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Learning and adaptation play an important role in solv-
ing numerous science and engineering problems, includ-
ing artificial intelligence, control engineering, and many
multidisciplinary topics. In this respect, a series of bio-
inspired methods, such as reinforcement learning, coevo-
lution learning, and approximate dynamic programming as
well as swarm evolutions, provide essential theoretical tools
for solving various optimization and control problems. This
has stimulated great research interests and developments on
learning and adaptation. This special issue aims at providing
a specific opportunity to review the state-of-the-art of this
recently emerging and cross-disciplinary field of bio-inspired
learning and adaptation. In this special issue, we bring
together researchers to present the latest progress, novel
research methodologies, and a broad spectrum of potential
research topics.

This special issue has been very successful. We have
attracted more than 100 submissions, and after a thorough
peer review process, more than 50 papers were accepted for
publication. These papers cover important research topics
in learning and adaptation for optimization and control,
including differential evolution, neural network, adaptive
control, system modeling, and identification, with particular
emphasis on applications for robotics, UAV, autonomous

vehicles, and so on. We believe that the original papers
collected in this special issue highlight the emerging and
state-of-the-art research topics related to the learning and
adaptation and will introduce readers to the latest advances
in this field. However, due to the huge number of papers
published in this special issue, it is obviously impossible for us
to review all papers in this editorial. Only several highlighted
papers will be mentioned here, and we refer to the special
issue for more details.

Evolutionary algorithms have been proved as an effi-
cient methodology for solving the optimization problem. Y.
Yu et al. proposed a simple and efficient multipopulation
management strategy to dynamically adjust the subpopu-
lation number in different phases throughout the evolu-
tion. Through determining the subpopulation number, this
method maintains the population diversity and enhances
the exploration capability. W. Ying et al. suggested an effi-
cient Conical Area Differential Evolution (CADE) algorithm,
which employs biased decomposition and dual populations
for constrained optimization by borrowing the idea of cone
decomposition for multiobjective optimization. B. Wang et
al. addressed a maintenance plan optimization problem for
building energy retrofitting with a novel multiscale differ-
ential evolution based algorithm. B. Xu et al. presented

Hindawi
Complexity
Volume 2019, Article ID 9325364, 3 pages
https://doi.org/10.1155/2019/9325364

http://orcid.org/0000-0002-3067-1580
http://orcid.org/0000-0001-8580-534X
http://orcid.org/0000-0001-7476-989X
http://orcid.org/0000-0003-2337-776X
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/9325364


2 Complexity

a multistrategy based multiobjective differential evolution
for optimal control in chemical processes. X. Peng and
Y. Wu investigated a Selective Multiple Population (SMP)
based Cooperative Coevolution (CC), a.k.a., CC-SMP, to
enhance the cooperation of subproblems by addressing two
challenges: finding informative collaborators whose fitness
and diversity are qualified and adapting to the dynamic
landscape.

Neural Networks (NN) have been widely adopted in
learning and adaptation for solving the optimization and
control problems during the past decades. In this field,
S. Xu et al. introduced a nonlinear autoregressive neural
network to address the problem of power loss prediction
for aging characteristics as well as condition monitoring for
parallel-connected power modules. K. Liang et al. proposed
a convolutional recurrent neural network for fault diagno-
sis of high-speed train bogie, and C. Lin et al. adopted
a recurrent neural network to achieve obstacle avoiding
for unmanned underwater vehicles. M. Liang et al. also
used a recurrent neural network to solve the optimization
problem for prediction of R245Fa flow boiling heat transfer
inside horizontal smooth tubes. X. Gao and R. Liu sug-
gested a multiscale Chebyshev neural network for identifi-
cation and adaptive control of systems with Backlash-Like
hysteresis.

Furthermore, the bio-inspired online learning and adap-
tation have been incorporated into control designs for var-
ious linear and nonlinear systems, which have attracted
a large number of researchers in control and automation
communities for decades. In this special issue, M. Wan et
al. introduced an adaptive sliding mode tracking control
mechanism for unmanned autonomous helicopters, where
neural networks are used to compensate the uncertainties
online. J. Zhang et al. investigated data-driven superheat-
ing control of organic Rankine cycle processes, where the
Quantized Minimum Error Entropy (QMEE) is adopted to
construct the performance index of superheating control
systems. C. Zhang et al. suggested a reconfigurable control
method based on cascade Active Disturbance Rejection
Controller (ADRC) for a hovering Planar Vertical Take-Off
and Landing (PVTOL) aircraft. W. Wei also extended the
idea of ADRC for disturbance rejection and synchronization
of Morris-Lecar neurons and nonlinear systems. C. Ming
et al. also addressed the velocity control for air-breathing
supersonic vehicles by using an active disturbance rejection
scheme. C. Yang et al. proposed a mechanism for model-
free composite control of flexible manipulators by further
tailoring the principle of adaptive dynamic programming
to achieve optimal control. The optimal control for a non-
linear boiler-turbine unit was considered by G. Zhao et
al. in their work, where an adaptive receding Galerkin
algorithm was proposed. Meanwhile, Q. Zhu et al. proposed
an efficient yet simple U-model based control paradigm for
complex dynamic rational systems using a new U-model
reformulation.

The practical applications of learning and adaptation for
control designs have been a major theme in this special issue.
These applications include robotic systems, servo systems,
hydraulic actuation, smart grid, multiagent system, and

supersonic vehicles, just tomention a few. In this special issue,
T. Zeng et al. developed an adaptive finite-time sliding mode
control for dual-motor driving systems, where a disturbance
observer was adopted to handle uncertainties. S. Li et al.
proposed a direct inverse controller for Permanent Magnet
Synchronous Motor (PMSM) with a Radial Basis Function
NN (RBFNN) as a compensator. The idea of adaptive robust
control was further tailored for disturbance compensation
and active vibration isolation by B. Zhao et al. in their paper.
R. Bai and D. Guo investigated sliding mode control of
active suspension systems configuredwith hydraulic actuator.
The hybrid steering control for unmanned driving electric
vehicle with in-wheel motors was addressed by Y. Li et al.,
who proposed to combine Back Propagation NN (BPNN)
with Genetic Algorithm (GA) to achieve a better response.
L. Xi et al. investigated a novel automatic generation con-
trol method for the islanded smart grid by developing a
mechanism of ecological population cooperative control. G.
Hou et al. studied model predictive control of gas turbine in
combined cycle unit, where a fuzzy system is incorporated
into the control synthesis. Furthermore, the leader-following
consensus control of multiagent systems was studied in
the work by X. Hou and Y. Liu, where an event-triggered
scheme was suggested and only the output feedback was
required.

Finally, the theoretical studies and applications of robotic
systems have also attracted significant attentions in this
special issue. J. Wu et al. studied the problem on path
planning of space robot for on-orbit detection, for which
the ideas of GA algorithm, Singular Value Decomposition
(SVD), and Damped Least Squares (DLS) were combined
to improve the tracking accuracy of a 6-degree-of-freedom
free-floating space robot. C.Wang et al. proposed amodeling
method for a flexible lower extremity exoskeleton robot
and proposed a method of deep locomotion mode identi-
fication. C. Wang et al. addressed the problem of terrain
adaptive estimation of instantaneous centers of rotation
for tracked robot. G. Gao et al. investigated the problem
of hybrid optimal kinematic parameter identification and
calibration for an industrial robot. In their work, a BPNNwas
adopted together with Particle Swarm Optimization (PSO)
to achieve enhanced performance. N. Wang et al. presented
an efficient method for the exploration of muscle fatigue
effects by analysing the surface ElectroMyoGraphy (sEMG)
signals in the framework of a bio-inspired robot learning
scheme.

The selected papers in the special issue could not exhaus-
tively cover all the recent advances of the bio-inspired learn-
ing and adaptation methods for optimization and control
of complex systems. Nevertheless, they provide an excellent
overview of the state-of-the-art progress in this area.We hope
these high-quality papers may enrich the knowledge of the
complex systems community and provide valuable insight
into this topic for the readers.
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The constraint-handling methods using multiobjective techniques in evolutionary algorithms have drawn increasing attention
from researchers. This paper proposes an efficient conical area differential evolution (CADE) algorithm, which employs biased
decomposition and dual populations for constrained optimization by borrowing the idea of cone decomposition for multiobjective
optimization. In this approach, a conical subpopulation and a feasible subpopulation are designed to search for the global feasible
optimum, along the Pareto front and the feasible segment, respectively, in a cooperative way. In particular, the conical subpopulation
aims to efficiently construct and utilize the Pareto front through a biased cone decomposition strategy and conical area indicator.
Neighbors in the conical subpopulation are fully exploited to assist each other to find the global feasible optimum. Afterwards,
the feasible subpopulation is ranked and updated according to a tolerance-based rule to heighten its diversity in the early stage of
evolution. Experimental results on 24 benchmark test cases reveal that CADE is capable of resolving the constrained optimization
problems more efficiently as well as producing solutions that are significantly competitive with other popular approaches.

1. Introduction

Most real-world optimization problems are subject to dif-
ferent types of constraints, and these problems are regarded
as the constrained optimization problems (COPs) [1–6]. In
general, a COP can be expressed as follows:

minimize 𝑓 (x)
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝑔𝑖 (x) ≤ 0, 𝑖 = 1, 2, . . . , 𝑞

ℎ𝑗 (x) = 0, 𝑗 = 𝑞 + 1, . . . , 𝑙
x = {𝑥1, 𝑥2, . . . , 𝑥𝑛} ∈ Ω

(1)

in which Ω is the decision space and 𝑥𝑖 is the 𝑖-th decision
vector with lower bound 𝐿 𝑖 as well as upper bound 𝑈𝑖. In
Eq. (1), 𝑔𝑖 ≤ 0 and ℎ𝑗 = 0 are, respectively, the 𝑖-th

inequality constraint and the 𝑗-th equality constraint. The
feasible region Ω𝑓 ⊆ Ω can be expressed as follows:

Ω𝑓 = {x | 𝑔𝑖 (x) ≤ 0, 𝑖 = 1, . . . , 𝑞 ∧ ℎ𝑗 (x) = 0, 𝑗 = 𝑞
+ 1, . . . , 𝑙} (2)

and the unfeasible region isΩ𝑢 = Ω −Ω𝑓. Given a point x ∈Ω𝑓, if 𝑔𝑖(x) = 0 or ℎ𝑗(x) = 0, the corresponding constraint
is regarded to be “active” at the point x.

In the past few years, because of their outstanding per-
formance, evolutionary algorithms (EAs) [7–12] have been
widely used to handle COPs. At the same time, differential
evolution (DE) has been employed to produce promising
offspring in a population. As unconstrained optimization
technique, EAs require additional mechanisms to resolve
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constraints. Thus, plenty of constraint-handling methods for
EAs have been proposed.

A large number of studies have employed DE as a
promising offspring generator to resolve COPs. A hybrid
approach using DE was proposed in [13], in which two addi-
tional operations are applied to the primary DE. A diversity
mechanism has also been incorporated into DE [14] so that
the infeasible solutions with promising objective function
values are capable of evolving in the next generation. Based on
culturalDEoperators, amethod for constrained optimization
proposed by Becerra and Coello [15] maintains both popu-
lation space and belief space. Dividing the population into
several subpopulations to do parallel search, a multipopu-
latedDE algorithm (MPDE) [16] was developed by Tasgetiren
and Suganthan. To handle nonlinear constraint functions,
Lampinen [17] extended DE to select the better option in
constraint space when both trial vector and target vector are
infeasible. A generalized DE (GDE) [18] was presented to
handle COPs, in which the trial vector takes the place of the
target vector when the trial vector dominates it weakly. A
DE control parameter [19] was suggested by Brest et al. for
picking one of three DE mutation strategies based on their
previous performance. In [20], a novel mutation operator was
applied to DE to combine the best individual and present
parent to favor search in promising directions. Moreover, a
modified selection procedure is employed to favor feasible
over infeasible individuals for constraint-handling in DE
[21]. Besides, selecting one out of several available learning
strategies according to adaptive probabilities, a self-adaptive
DE (SaDE) [22] utilizes gradient information to speed up the
convergence of constrained optimization.

In general, the constraint-handling methods for con-
strained optimization are classified into three categories: (1)
methods using penalty functions, (2) methods using the
feasibility rule, and (3) methods using multiobjective tech-
niques. The methods using penalty functions aim to make
infeasible solutions less likely survive into the next generation
than feasible solutions by a penalty related to the constraint
violation.Themethods using the feasibility rule [23] select the
better individual between a pair of given solutions according
to the following rule: (1) a feasible individual is preferred
over an infeasible one; (2) when both solutions are feasible,
the one with the better objective function value is picked;
(3) when both solutions are infeasible, the one with a lower
degree of constraint violation is chosen. Stochastic ranking
(SR) [24] is a method suggested by Runarsson and Yao, which
combines the penalty functions and feasibility rule to solve
COPs. Many variants of SR have been developed such as
stochastic ranking differential evolution algorithm (SRDE)
[25], annealing stochastic ranking algorithm (ASR) [26], and
differential evolution-based algorithm for constrained global
optimization (CDE) [27]. All of these methods are capable
of improving the search performance significantly, but they
still cannot find a global optimal solution for some complex
problems.

The constraint-handling methods using multiobjective
techniques transform a constrained optimization problem
with single objective into an unconstrained multiobjective

optimization problem in order that multiobjective optimiza-
tion techniques can be applied to solve it. It is beneficial
to handle constrained single objective optimization prob-
lems by applying multiobjective techniques for the reason
that multiobjective techniques help the population maintain
better diversity [28, 29]. In [30], methods converting a
COP into a multiobjective optimization problem (MOP) are
divided into two categories: turning a COP into a biobjective
optimization problem (BOP) and transforming a COP into a
MOP, in which each constraint violation becomes an objec-
tive function. Kalanmoy [31] suggested a method that com-
bines a biobjective evolutionary approach and the penalty
function technique in a complementary way. However, this
method is inefficient because of the exchange between the
biobjective evolutionary method and the classical penalty
function technique.Themethod of combining multiobjective
optimization with differential evolution (CMODE) [32] is a
successful algorithm with the state-of-the-art performance.
An infeasible solution replacement mechanism has been
utilized in CMODE for the purpose of improving the quality
and feasibility of individuals.

However, the existing constraint-handling methods using
multiobjective techniques, such as CMODE, borrow the ideas
only from the inefficient dominance-based multiobjective
techniques. As a result, in every generation of CMODE, 𝜆
offspring are generated once and it is necessary to perform
nondominated sorting between the 𝜆 offspring and their
parents. So far, there has been no efficient method of
nondominated sorting, which results in a high computational
complexity of CMODE. In addition, CMODE does not have
a scheme to construct the Pareto front (PF) systematically for
directing the search.

In the past years, more and more decomposition-based
multiobjective techniques such as the multiobjective evo-
lutionary algorithm based on decomposition (MOEA/D)
[33] have been proposed for the purpose of solving uncon-
strained MOPs. Decomposition-based multiobjective tech-
niques avoid inefficient nondominated sorting through con-
verting a MOP into a series of scalar objective optimization
subproblems and, in general, exhibit great advantages over
dominance-based multiobjective techniques. Recently, a con-
ical area EA (CAEA) [34] has achieved higher performance
and efficiency than the other popular decomposition-based
techniques by dividing an unconstrained BOP into a number
of scalar subproblems as well as assigning each subproblem
an exclusive subset.

However, as unconstrained multiobjective optimization
techniques, decomposition-based multiobjective techniques
such as CAEA cannot be utilized to solve COPs directly
and require some additional constraint-handling strategies to
guide the populations to search towards the optimal feasible
solutions. As a consequence, up to now the advantages
of decomposition-based multiobjective techniques have not
been exploited by any constraint-handling method using
multiobjective techniques.

In this paper, a conical area DE (CADE) algorithm is
proposed to take advantages of decomposition-based mul-
tiobjective techniques to improve both performance and
running efficiency of EAs for constraint optimization by
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borrowing the idea of an excellent decomposition-basedmul-
tiobjective technique, CAEA. For the gains of performance,
CADE adopts a dual-population scheme in which a feasible
subpopulation and a conical subpopulation are designed to
search for the optimal feasible solution, respectively, along the
feasible segment and the Pareto front (PF). For the improve-
ments of efficiency, due to a cone decomposition strategy,
CADE is able to avoid nondominated sorting and update
the conical subpopulation in a much more efficient way. In
addition, CADE can get a better diversity of population for
COPs by building the PF. To produce promising individuals,
a self-adaptive parameter for the DE selection operator is also
utilized to ensure that CADE can generate a more promising
offspring.

This paper is a revised and expanded version of a
conference paper by Wu and Ying et al. [35] and reports
the motivation and method in more detail as well as a
significant amount of additional experimental results and
analyses corresponding to a wider range of benchmark
test instances for constrained optimization. This paper is
organized as follows: Section 2 introduces the advantages
andmotivation of using decomposition-based multiobjective
techniques to handle constraints. In Section 3, the biased
cone decomposition and dual populations in CADE are
presented in detail. Section 4 describes the CADE framework
and procedure. Empirical results for and an analysis of 24
benchmark COPs are provided in Section 5. Finally, Section 6
concludes this paper.

2. Preliminaries

2.1. Decomposition Approaches for MOEAs. Decomposition-
based MOEAs, such as MOEA/D, explicitly decompose the
task of approximating the PF of a MOP into 𝑁 subtasks, i.e.,
scalar objective optimization subproblems. Each individual
in the population is in charge of optimizing a different
subproblem. Meanwhile, the current solutions to its neigh-
bouring subproblems help each other in a collaborative
manner. There are several approaches for constructing scalar
subproblems in decomposition-based MOEAs. The most
fundamental one for MOEA/Ds is the weighted sum (WS)
approach. Given a MOP f(x) and the 𝑘-th weight vector 𝜆𝑘,𝑘 ∈ [0..𝑁 − 1], the 𝑘-th scalar subproblem 𝑔𝑤𝑠(x | 𝜆𝑘) in the
WS approach is in the following form:

minimize 𝑔𝑤𝑠 (x | 𝜆𝑘) = 𝑚∑
𝑖=1

𝜆𝑘𝑖𝑓𝑖 (x) ,
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 x ∈ Ω.

(3)

Afterwards, the cone decomposition (CD) approach was
utilized in the CAEA for BOPs. It not only divides a BOP into𝑁 scalar subproblems, but also associates each scalar sub-
problem with an exclusive conical subregion and a specially
designed conical area indicator. More specifically, given the𝑘-th central observation vector 𝜆𝑘, 𝑘 ∈ [0..𝑁 − 1], the 𝑘-th
scalar subproblem 𝑔𝑐𝑑(x | 𝜆𝑘, z𝑖𝑑e) in the cone decomposition
approach is formulated as follows:

minimize 𝑔𝑐𝑑 (x | 𝜆𝑘, z𝑖𝑑𝑒) = 𝑆𝑘 (f (x) − z𝑖𝑑𝑒) ,
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 x ∈ Ω ∧ f (x) − z𝑖𝑑𝑒 ∈ C𝑘, (4)

where C𝑘 indicates the conical subregion associated with 𝜆𝑘,𝑆𝑘(⋅) denotes the conical area for the input vector in C𝑘, and
z𝑖𝑑𝑒 is the current ideal point.

2.2. Advantages of Using Decomposition-Based Multiobjec-
tive Techniques to Handle Constraints. In general, the most
ordinary penalty function approach for constraint handling
defines the constraint violation degree on the 𝑖-th constraint
of a solution x as

𝐺𝑖 (x) = {{{
max {0, 𝑔𝑖 (x)} , 1 ≤ 𝑖 ≤ 𝑞
max {0, ℎ𝑖 (x) − 𝛿} , 𝑞 + 1 ≤ 𝑖 ≤ 𝑙 (5)

in which 𝛿 represents an extremely small positive tolerance
value for the equality constraints. Thus, 𝐺(x) = ∑𝑙𝑖=1 𝐺𝑖(x)
indicates the overall constraint violation degree of the solu-
tion x. Thereafter, the penalty function can be expressed in
the following fundamental way:

minimize 𝑝 (x, 𝑅) = 𝑅 ⋅ 𝐺 (x) + 𝑓 (x) (6)

in which 𝑅 indicates a penalty factor. However, 𝑅 is very
sensitive for various COPs. Mezura [36] suggests that the
parameter value 𝑅 should be selected in a very proper way
so that the penalty function approach could avoid both
overpenalization and underpenalization.

Since the desired optimal feasible solution in fact pos-
sesses the lowest constraint violation as well as the best
objective function value, dominance-based multiobjective
approaches, such as CMODE, have been developed to handle
various constraints. Inmost of themultiobjective approaches,
the overall constraint violation degree is regarded as the first
objective value while the original objective function value
is considered as the second one. Consequently, a COP is
converted into a BOP without constraints, which can be
described as follows:

minimize f (x) = (𝑓1 (x) , 𝑓2 (x))
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 x ∈ Ω (7)

where 𝑓1(x) = 𝐺(x) and 𝑓2(x) = 𝑓(x). Thereafter the goal
of the BOP converted from the COP is to minimize both
objective function values.

So far, all the existing multiobjective approaches to
constraint handling are based on Pareto dominance. Nev-
ertheless, the advantages of using decomposition-based
multiobjective techniques for COPs are discovered in this
paper. First of all, there exists the mathematical association
between decomposition-based techniques for multiobjective
optimization and penalty function methods for constrained
optimization. For example, the most fundamental WS aggre-
gation function of the 𝑘-th scalar subproblem through
decomposition is in the following form:

minimize 𝑔𝑤𝑠 (x | 𝜆𝑘) = 𝜆𝑘1𝑓1 (x) + 𝜆𝑘2𝑓2 (x) (8)
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Figure 1: Mathematical association between decomposition approaches for multiobjective optimization and penalty function methods for
constrained optimization.

where 𝜆𝑘1 ≥ 0, 𝜆𝑘1 ≥ 0, and 𝜆𝑘1 + 𝜆𝑘2 = 1. Comparing Eq.
(6) with Eq. (8), it can be easily acquired that each different
scalar subproblem 𝑔𝑤𝑠(x | 𝜆𝑘) is essentially equivalent to a
penalty function with a different penalty value 𝑅 = 𝜆𝑘1/𝜆𝑘2.
Furthermore, a series of scalar subproblems 𝑔𝑤𝑠(x | 𝜆𝑘) in
a decomposition-based technique, 𝑘 = 1, 2, . . . ,𝑁, not only
take full advantage of the mathematical properties of penalty
functions, but also avoid their difficulties of determining a
proper penalty value by trying a series of various penalty
values from 0 to +∞ in parallel, as shown in Figure 1.
Afterwards, it has been proved that the optimal solution of
a scalar subproblem in Eq. (8) is a nondominated one within
the PF for any convex PF. It suggests that a series of various
weight vectors should result in a nondominated solutions’ set
well distributed along the PF.

Thus decomposition-based techniques can exploit the
diverse information about promising nondominated solu-
tions along the PF to guide search from infeasible regions
to feasible ones. In addition, due to the elimination of
expensive nondominated checking, decomposition-based
techniques usually have obviously higher running efficiencies
than dominance-based multiobjective ones. In view of the
above considerations, decomposition-based multiobjective
techniques are very suitable for constraint handling in EAs.

3. Biased Decomposition
and Dual Populations

To solve COPs using multiobjective technique, a COP is
generally converted into a BOP in which minimizing the
constraint violation degree 𝐺(x) is the first objective and the
primary objective function 𝑓(x) is regarded as the second
objective. Figure 2 illustrates how the BOP is converted

global optimum

f P1

P2

Feasible Segment

Pareto Front

f

Figure 2:Dual-population scheme for converting aCOP into aBOP.

from a COP. Here, all feasible individuals are on the feasible
segment while the nondominated individuals lie on the PF. In
particular, the intersection between the feasible segment and
the PF is just the desired global feasible optimum.

The advantage of constraint-handling methods using
multiobjective techniques, such as CMODE, is that they can
employ nondominated individuals to guide the population
towards the global optimal solution from infeasible regions to
feasible regions. How to utilize the nondominated solutions
has become the key to the search for the global optimum in
multiobjective techniques. Using a multiobjective technique,
CMODE is able to create competitive results for solving
a COP, but it has to construct nondominated sets by the
expensive process of nondominated sorting to update the
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population. In order to avoid the high cost of nondominated
sorting, a MOP is decomposed into N scalar subproblems
using a biased cone decomposition. To discover a local
nondominated individual in its associated decision subset, a
conical area indicator is employed in the proposed CADE.
However, in contrast to CAEA for multiobjective optimiza-
tion, CADE employs a special dual-population scheme for
constrained optimization. Figure 2 also illustrates the dual-
population scheme in CADE. This scheme consists of two
subpopulations: the feasible one and the conical one, denoted
as P1 and P2, respectively, which are designed to search for
the global feasible optimum, along the feasible segment and
the PF. In particular, the nondominated solutions of P2 are
utilized to explore the population on the PF to discover
feasible solutions, while P1 exploits the population to discover
the local optimal feasible solutions that are able to push the PF
forward.

3.1. Conical Subpopulation and Biased Cone Decomposition.
Let 𝐴 ∈ Ω be the current set of all solutions searched so far
by the CADE algorithm. For the purpose of the division of
the objective space and the calculation of the conical area,
the current ideal point z𝑖𝑑𝑒 and nadir point z𝑛𝑎𝑑 for 𝐴 are
first defined as z𝑖𝑑𝑒 = (𝑧𝑖𝑑𝑒1 , 𝑧𝑖𝑑𝑒2 ) and z𝑛𝑎𝑑 = (𝑧𝑛𝑎𝑑1 , 𝑧𝑛𝑎𝑑2 ),
where 𝑧𝑖𝑑𝑒𝑖 = minx∈𝐴𝑓𝑖(x) and 𝑧𝑛𝑎𝑑𝑖 = maxx∈𝐴𝑓𝑖(x), 𝑖 = 1, 2.
For the sake of clarity, any objective vector y in the original
coordinate system is transformed through y = y− z𝑖𝑑𝑒 so that
the current ideal point becomes the origin (0, 0) in the new
coordinate system.

Definition 1 (observation vector). The observation vector for
any converted point y = (𝑦1, 𝑦2) is V(y) = (V1, V2), where
V𝑖 = 𝑦𝑖/(𝑦1 + 𝑦2), 𝑖 = 1, 2.

It can be easily inferred that an observation vector has
the following features: V𝑖 ≥ 0 and V1 + V2 = 1. A series
of reference observation vectors V𝑘 in geometric proportion,
when a prescribed number of partitions 𝑁 are provided, can
be defined as follows:

V𝑘 = (𝑠 (1 − 𝑞𝑘)
1 − 𝑞 , 1 − 𝑠 (1 − 𝑞𝑘)

1 − 𝑞 ) ,
𝑘 = 0, 1, . . . , 𝑁2 − 1,

(9)

where V0 = (0, 1) is the first reference observation vector in
geometric proportion, where 𝑞 > 1 denotes the proportion.
All the reference observation vectors should be on the line𝑦 = 1 − 𝑥, and the last one V𝑁2−1 = (1, 0) should be(𝑠(1 − 𝑞𝑁2−1)/(1 − 𝑞), 1 − 𝑠(1 − 𝑞𝑁2−1)/(1 − 𝑞)), through
which it can be easily obtained that 𝑠 = (1 − 𝑞)/(1 − 𝑞𝑁2).
Furthermore, the region C = {y = (𝑦1, 𝑦2) | 𝑦1 ≥ 0 ∧ 𝑦2 ≥ 0}
can be decomposed into 𝑁 conical subregions where the 𝑘-
th subregion C𝑘 = {y ∈ C | 𝑡𝑎𝑘 ≤ V1(y) < 𝑡𝑏𝑘}, 𝑘 =
0, 1, . . . , 𝑁2−1, 𝑡𝑎𝑘 = 𝑠(1−𝑞𝑘−1+1−𝑞𝑘)/2(1−𝑞), and 𝑡𝑏𝑘 = 𝑠(1−
𝑞𝑘 + 1 − 𝑞𝑘+1)/2(1 − 𝑞). It can be inferred that the observation
vectors of the points in region C𝑘 are closer to the reference
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f1

５2

５1

，1
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Utopian point(O)

Observation vector

y

Figure 3: Biased cone decomposition in geometric proportion.

observation vectorV𝑘 than to the other reference observation
vectors. It is evident from Figure 2 that the individuals closer
to the global optimum on the PF can help the population
generate an offspring that is more likely to be near the global
optimum than the individuals that are farther away from
the global optimum. Hence, CADE employs a biased cone
decomposition with geometrical proportions, as shown in
Figure 3, rather than the uniform cone decomposition used
in CAEA. Similar to CAEA, the conical area is regarded as
a significant indicator. Further, CADE compares the conical
area of individuals in the same subregion and preserves
the one with the smallest conical area. However, because of
the biased cone decomposition in geometric proportion, the
calculation of the conical area is different from that used in
CAEA. The definition of a conical area is as follows.

Definition 2 (conical area). Let y ∈ Ck , 0 ≤ 𝑘 ≤ 𝑁 − 1, yr
represents the reference point, which is set as an approximate
infinity point, and all the other individuals dominate this
point. Then the conical area for y, referred to as 𝑆(y), is the
area of the portion C(y) = {y ∈ Ck | ¬(y ≺ y) ∧ y ≺ yr}.

In CAEA, the region is uniformly divided into 𝑁 subre-
gions and the 𝑚-th reference observation vector is located
at the center of the 𝑚-th subregion. It is clear from Figure 3
that the section nondominated by y in conical subregion Ck

(1 ≤ 𝑘 ≤ 𝑁 − 2) with which y is associated denotes 𝑆(y).
Moreover, the area 𝑆(y) can be calculated as follows:

𝑆 (y) = 12 ⋅ (𝑏𝑘 − 𝑎𝑘) (𝑦2)2 + 12 ⋅ 1𝑎𝑘 (𝑦1 − 𝑎𝑦2)2

= 12 ⋅ 1𝑎𝑘𝑦1
2 + 12 ⋅ 𝑏𝑘𝑦22 − 𝑦1𝑦2

(10)
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where 1/𝑎𝑘 is the slope of the upper boundary, 1/𝑏𝑘 denotes
the slope of the bottom boundary, and y = (𝑦1, 𝑦2) ∈
Ck. The portion Ck is concave quadrilateral 𝑂𝐿1y𝑈2, where𝑂 = (0, 0), 𝐿1 = (𝑏𝑘𝑦2, 𝑦2) is the node between the lower
boundary of Ck and line 𝑓2 = 𝑦2, and the intersection
point between 𝑓1 = 𝑦1 and the upper boundary of Ck is𝑈2 = (𝑦1, (1/𝑎𝑘)𝑦1). As a result, the conical area 𝑆(y) can
be calculated by adding the area of triangle △𝑂𝐿1𝑈1 to the
area of△𝑦𝑈2𝑈1.

However, because CADE employs a biased cone decom-
position strategy that is different from that used in CAEA, 𝑎𝑘
and 𝑏𝑘 should be calculated in a different way. In CADE, 𝑎𝑘
and 𝑏𝑘 are calculated, respectively, by 𝑎𝑘 = 𝑡𝑎𝑘/(1 − 𝑡𝑎𝑘) and𝑏𝑘 = 𝑡𝑏𝑘/(1 − 𝑡𝑏𝑘 ). For the purpose of guiding the population
towards discovery of the global optimal solution, if a feasible
individual is searched, it is more important to consider the
objective function value. Thus, a parameter 𝛼 = 0.9 is
employed when calculating the conical area to control the
population so that it searches in the direction of the objective
function value if solution 𝑦 ∈ Ck , where 1 ≤ 𝑘 ≤ 𝑁2 − 2 and
the 𝑦1 = 𝛼 × 𝑦1.

In addition, reference point yr is required to calculate𝑆(y) if y ∈ C0 or y ∈ CN2−1. The current nadir point
and ideal point are used to calculate the reference point by𝑦𝑟𝑖 = 𝑧𝑛𝑎𝑑𝑖 − 𝑧𝑖𝑑𝑒𝑖 , 𝑖 = 1, 2. If y ∈ C0, the portion C(y) is
a concave pentagon 𝑂𝐿1y𝑇1𝑇2, where 𝑇1 is the intersection
between 𝑓1 = 𝑦1 and 𝑦2 = 𝑦𝑟2 and 𝑇2 is the intersection
between 𝑓2 = 𝑦𝑟2 and 𝑦1 = 0. Therefore, 𝑆(y) is the sum
of the areas of a rectangle y𝑇1𝑇2𝑈1 and a triangle △𝑂𝐿1𝑈1:𝑆(y) = (1/2)⋅𝑏0(𝑦2)2+(𝑦𝑟2−𝑦2)𝑦1. Similarly, if y ∈ CN2−1,𝑆(y) = (1/2) ⋅ (1/𝑎𝑁2−1)(𝑦1)2 + (𝑦𝑟2 − 𝑦1)𝑦2.
3.2. Feasible Subpopulation and Tolerance-Based Rule. In this
paper, we define 𝜔 as a constraint tolerance value. Here,
tolerance-based sorting is used to sort the feasible subpopu-
lation P1 so that one individual having both a lower objective
value and constraint violation degree in range𝜔 precedes oth-
ers having higher objective values or the violation degree out
of the range 𝜔. The tolerance-based dominance relationship,
written as≤𝜔 between a pair of solutions x and x, is defined as
follows:

x≤𝜔x =
{{{{{{{{{

𝑓2 (x) ≤ 𝑓2 (x) , if 𝑓1 (x) ≤ 𝜔 and 𝑓1 (x) ≤ 𝜔
𝑓1 (x) ≤ 𝜔 and 𝑓1 (x) ≥ 𝜔
𝑓1 (x) ≤ 𝑓1 (x) , if 𝑓1 (x) > 𝜔 and 𝑓1 (x) > 𝜔

(11)

After the individuals are sorted using the tolerance-based
dominance relationship, the feasible subpopulation P1 in
CADE is grouped into 𝑀 levels in sequence. When one new
child is used to update P1, it is easy to determine the level at
which it lies. If the offspring’s objective values are better than
that of the last individual based on tolerance-based rule in the𝑘-th level, then this offspring belongs to that level.

Specifically, the constraint tolerance value 𝜔 in tolerance-
based sorting needs to be controlled over the function
evaluations (FES) so that the algorithms can eventually obtain
high quality solutions with lower constraint violations. In this
paper, 𝜔 is managed as follows:

𝜔 (𝐹𝐸𝑆) = 12 ⋅ (1 − 𝐹𝐸𝑆𝜃 ) ⋅ 𝑓1 (x𝑁2−1) ,
0 ≤ 𝐹𝐸𝑆 ≤ 𝜃 (12)

where x𝑁2−1 represents the individual associated with the last
conical subregion in the current conical subpopulation, 𝜃 =0.2𝑀𝑎𝑥 𝐹𝐸𝑆, and 𝑀𝑎𝑥 𝐹𝐸𝑆 denotes the maximum number
of FES.

4. Proposed Algorithm: CADE

4.1. Main Procedure. The framework of the proposed algo-
rithm, CADE, is presented in Algorithm 1. First, 𝑁 ini-
tial individuals are randomly generated from the decision

space Ω. Afterwards, function AssociateConicalSubpopula-
tion, described in Algorithm 2, is employed to form the
initial conical subpopulation P2 by preserving only one suit-
able initial individual for every conical subregion since the
objective space is divided to𝑁2 conical subregions according
to the biased cone decomposition in CADE. Specifically,
AssociateConicalSubpopulation calculates the index of the
subregion where each individual lies. Among the individuals
within the same subregion, only the one with the smallest
conical area is preserved for it.Then, every subregion without
any individual is associated with the individual closest to the
central observation vector of this subregion. The rest of the
individuals are used to form the initial feasible subpopulation
P1. Notice that function 𝑑(𝑉, 𝑉) in Algorithm 2 returns the
Euclidean distance between vectors 𝑉 and 𝑉.

Subsequently, in every generation, function Generate-
Child, presented in Algorithm 3 and explained in the next
subsection in detail, is called by CADE to generate the
offspring by adaptive selection of DE operators. Thereafter,
we calculate the index of the offspring and decide whether
to update the ideal point z𝑖𝑑𝑒. Afterwards, the conical
subpopulation P2 and the feasible subpopulation P1 are,
respectively, updated by functions ConeUpdatePopTwo and
UpdatePopOne, which are presented in Algorithms 4 and 5
and are explained in Section 4.3 in detail.WhenFESmod𝑁 =0, the 𝜔 and 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 are updated. Finally, the best optimal
solution with lowest constraint violation is outputted.
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Input: 𝑁1: the size of feasible sub-population P1; 𝑁2: the size of conical sub-population P2;𝑀𝑎𝑥 𝐹𝐸𝑆: the maximum number of function evaluations;𝐴𝑑𝑎 𝑟𝑎𝑡𝑒: the adaptive parameter to choose the operation to generate a child;𝑐𝑃2: the parameter control the individuals of P2 to generate an offspring.
Output: x∗:the best solution in the final population.

1 𝜃 ← 0.2𝑀𝑎𝑥 𝐹𝐸𝑆; 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 ← 0.5;
2 𝑁 = 𝑁1 + 𝑁2; 𝐹𝐸𝑆 ← 𝑁;
3 Create𝑁 initial solutions 𝑃 ← {y0, y1, . . . , y𝑁−1} by uniformly randomly sampling from the decision space Ω;
4 z𝑖𝑑𝑒 ← (𝑧𝑖𝑑𝑒1 , 𝑧𝑖𝑑𝑒2 ) where 𝑧𝑖𝑑𝑒𝑗 = miny∈𝑃𝑓𝑗(y), 𝑗 = 1, 2;
5 P2 ← 𝐴𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝐶𝑜𝑛𝑖𝑐𝑎𝑙𝑆𝑢𝑏𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛(𝑃, 𝑁2, z𝑖𝑑𝑒);
6 Rank the rest individuals through the tolerance-based sorting to form P1;
7 Group P1 into𝑀 levels in sequence;
8 while 𝐹𝐸𝑆 ≤ 𝑀𝑎𝑥 𝐹𝐸𝑆 do
9 y ← 𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝐶ℎ𝑖𝑙𝑑(P1,P2, 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒);
10 Update z𝑖𝑑𝑒;
11 if z𝑖𝑑𝑒 is successfully updated and 𝐹𝐸𝑆 ≤ 𝜃 then
12 Group the individuals in P1 through the tolerance-based sorting;
13 end
14 P2 ← 𝐶𝑜𝑛𝑒𝑈𝑝𝑑𝑎𝑡𝑒𝑃𝑜𝑝𝑇𝑤𝑜(P2, y, 𝑠, 𝑞);
15 P1 ← 𝑈𝑝𝑑𝑎𝑡𝑒𝑃𝑜𝑝𝑂𝑛𝑒(P1, y, 𝜃);
16 if 𝐹𝐸𝑆 mod𝑁 = 0 then
17 Update 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 and 𝜔;
18 if 𝐹𝐸𝑆 ≥ 𝜃 then
19 Update 𝑐𝑃2;
20 end
21 end
22 end
23 return x∗

Algorithm 1: The framework of CADE.

4.2. Selection and Reproduction. In CADE, the offspring is
created using function GenerateChild of Algorithm 3. For
stability, CADE employs two DE operators, DE/rand/exp and
DE/current-to-rand/exp, to generate offspring. Both of them
have demonstrated outstanding abilities to solve COPs. They
are presented, respectively, as follows:

(1) DE/rand/exp

V𝑖,𝑡 = 𝑥𝑝1,𝑡 + 𝐹 ⋅ (𝑥𝑝2,𝑡 − 𝑥𝑝1,𝑡) (13)

(2) DE/Current-to-rand/exp

V𝑖,𝑡 = 𝑥𝑝1,𝑡 + 𝐹 ⋅ (𝑥𝑝2,𝑡 − 𝑥𝑝1,𝑡) + 𝐹 ⋅ (𝑥𝑝3,𝑡 − 𝑥𝑝4,𝑡) (14)

where 𝑥𝑝𝑗,𝑡 represents the 𝑡-th variable of solution x𝑝𝑗, 𝑗 =1, 2, 3, 4. Because of the bias cone decomposition technique
utilized inP2, in different conical subregions, a solution closer
to theΩ𝑓 should have better conical area than the one further
away from Ω𝑓. Moreover, the solution with the smallest
conical area has local optimal property, compared with others
in the same subregions. Therefore, a conical area-based
tournament is employed to pick the first parent from the
whole population. Here, the solution with the better conical

area is chosen between two individuals selected randomly
from the whole population. The first parent employed in both
DE operators, referred to as x𝑝1, is chosen with a probability
of 0.75 according to the conical area-based tournament
and is chosen randomly from the whole population with
a probability of 0.25. In multiobjective optimization, the
neighborhood of one solution is beneficial to its local search.
In the proposed CADE, the individual in the first conical
subregion of P2 is attached to the last individual of P1, which
is the best one based on the 𝜔 comparison rule. Thus, P1 and
P2 are united as one and every individual is indexed. The
neighborhood of one solution consists of the first 𝑇 solutions
closest to it, where 𝑇 is the neighbor size. The rest of the
required parent individuals, referred to as either x𝑝2 and x𝑝3
or x𝑝2, x𝑝3, and x𝑝4, are picked from the neighborhood of the
first parent with a probability of 0.5 and are chosen randomly
from the entire population with a probability of 0.5, each of
which should be distinct from each other. Moreover, CADE
uses an adaptive selection parameter 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 to control the
probability in which the first DE operator is selected. In every
generation, 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 is updated as follows:

𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 = 0.5 × 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 + 0.5 × 𝑚1(𝑚1 + 𝑚2) (15)
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Input: 𝑃: the initial population; 𝑁2:the size of P2; z𝑖𝑑𝑒: the ideal point.
Output: P2: the conical subpopulation associated with individuals.

1 Create a subpopulation P2 ← {x0, x1, . . . , x𝑁2−1} where x0 = x1 = ⋅ ⋅ ⋅ = x𝑁2−1 = 𝑛𝑢𝑙𝑙;
2 for 𝑘 = 0 → 𝑁2 − 1 do
3 if 𝑃 ∩ C𝑘 ̸= 0 then
4 x𝑘 ← argminy∈𝑃∩C𝑘𝑆(f(y) − z𝑖𝑑𝑒);
5 𝑃 ← 𝑃 \ {x𝑘};
6 end
7 end
8 for 𝑘 = 0 → 𝑁2 − 1 do
9 if x𝑘 = 𝑛𝑢𝑙𝑙 then
10 x𝑘 ← argminy∈𝑃𝑑(V(f(y) − z𝑖𝑑𝑒),V𝑘);
11 𝑃 ← 𝑃 \ {x𝑘};
12 end
13 end
14 return P2

Algorithm 2: AssociateConicalSubpopulation.

Input: P1: the current feasible subpopulation; P2: the current conical subpopulation;𝐴𝑑𝑎 𝑟𝑎𝑡𝑒: the adaptive rate to choose the operator to generate a child.
Output: y: an offspring generated by the adaptive DE operators

1 x𝑝1 ← pick a individual according to the conical area-based tournament in
probability 0.75 and randomly in probability 0.25;

2 Generate a uniformly distributed random number rand between 0 and 1;
3 if 𝑟𝑎𝑛𝑑 ≤ 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 then
4 Randomly choose two different solutions, x𝑝2 and x𝑝3, from the neighborhood of x𝑝1

in probability 0.5 and from the entire population in probability 0.5;
5 Generate an offspring y by DE/rand/exp from x𝑝1, x𝑝2 and x𝑝3;
6 else
7 Randomly select three different solutions, x𝑝2, x𝑝3, and x𝑝4, from the neighborhood of x𝑝1

in probability 0.5 and from the entire population in probability 0.5;
8 Generate an offspring y by DE/current-to-rand/exp from x𝑝1, x𝑝2, x𝑝3 and x𝑝4;
9 end
10 return y

Algorithm 3: GenerateChild.

where 𝑚1 denotes the count of using DE/rand/exp to
update the individuals successfully while 𝑚2 represents the
count of using DE/current-to-rand/exp. To avoid the sit-
uation in which only one operator is used, 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 is
set to 0.95 when 𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 > 0.95 and to 0.05 when𝐴𝑑𝑎 𝑟𝑎𝑡𝑒 < 0.05.

In order to find the global feasible optimum finally, only
the individuals near the feasible region in P2 are considered
during the selection when FES ≥ 𝜃. That means that CADE
does not take the conical subregions far away from the feasible
region into account. Specifically, when FES ≥ 𝜃, only the
individuals with indexes less than 𝑐𝑃2 × 𝑁2 in P2 participate
in the selection, where

𝑐𝑃2 = 1 − 3 × 𝐹𝐸𝑆𝑀𝑎𝑥 𝐹𝐸𝑆 . (16)

In addition, 𝑐𝑃2 is set to 0.1 when 𝑐𝑃2 < 0.1.

4.3. Update of the Subpopulations. When an offspring is gen-
erated, both P1 and P2 need to be updated. When updating
P2, the subregion where the offspring lies is first located
according to the biased cone decomposition. In addition,
index 𝑘1 of the corresponding conical subregion is calculated,
as described in function ConeUpdatePopTwo of Algorithm 4.
If 𝑘1 = 0, the offspring y is used to update the solution in C0

according to the feasibility rule in order to make the solution
in C0 satisfied with the constraints. If not, the index 𝑘2 of the
current solution x𝑘1 associated with this conical subregion in
P2 is calculated. If 𝑘1 ̸= 𝑘2, then the offspring is saved and
associated with this conical subregion. Otherwise, if 𝑘1 = 𝑘2,
the conical areas of the offspring y and the solution x𝑘1 are
compared and the one with the smaller conical area is saved.

In contrast, the procedure for updating P1 is different. As
shown in function UpdatePopOne of Algorithm 5, when FES≤ 𝜃, offspring y is used to update the first individual y in the
level where y lies according to the tolerance-based dominance
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Input: y: an offspring for update; P2: the current conical subpopulation.
Output: P2: the updated conical subpopulation.

1 𝑘1 ← ⌊log𝑞 ( 21 + 1/𝑞 − (1 − 𝑞) (𝑓1 (y) − 𝑧𝑖𝑑𝑒1 )
𝑠 (1 + 1/𝑞) (𝑓1 (y) − 𝑧𝑖𝑑𝑒1 + 𝑓2 (y) − 𝑧𝑖𝑑𝑒2 ))⌋;

2 if 𝑘1 = 0 then
3 Use y to update the individual in C0 based on the feasibility rule;
4 else

5 𝑡𝑚𝑝 ← 21 + 1/𝑞 − (1 − 𝑞) (𝑓1 (x𝑘1) − 𝑧𝑖𝑑𝑒1 )
𝑠 (1 + 1/𝑞) (𝑓1 (x𝑘1) − 𝑧𝑖𝑑𝑒1 + 𝑓2 (x𝑘1) − 𝑧𝑖𝑑𝑒2 ) ;

6 𝑘2 ← ⌊log𝑞𝑡𝑚𝑝⌋;
7 if 𝑘1 ̸= 𝑘2 ∨ 𝑆(f(y) − z𝑖𝑑𝑒) < 𝑆(f(x𝑘1 ) − z𝑖𝑑𝑒) then
8 x𝑘1 ← y;
9 end
10 end
11 return 𝑃2

Algorithm 4: ConeUpdatePopTwo.

Input: y: an offspring for update; P1: the current feasible subpopulation; 𝜔: the constraint tolerance value.
Output: P1: the updated feasible subpopulation.

1 if 𝐹𝐸𝑆 ≤ 𝜃 then
2 Update the first individual y worse than y in the level of P1 where y belongs to based on the 𝜔-comparison rule.
3 else
4 Randomly select one individual y in P1, apply the feasibility-based rule to update y with y.
5 end
6 return 𝑃1

Algorithm 5: UpdatePopOne.

rule. This is because it makes P1 maintain diversity in the
constraint violation range 𝜔. In the later stage, i.e., FES > 𝜃,
CADE picks an individual randomly from P1 and uses the
feasibility-based rule to update it. In such a situation, the
feasibility-based rule helps P1 converge to the global optimum
more quickly.

4.4. Computational Complexity. Themain operation ofmajor
computational cost in CADE is updating the P1 and P2. In
the early stage, CADE needs to find the proper individual
to update 𝑃1 and it is easy to know that the average search
depth is 𝑁1/2𝑀, while the costs to update P2 in the whole
progress and P1 in the late stage are 1. Since the early stage
is set to 0.2 × 𝑀𝑎𝑥 𝐹𝐸𝑆, the computational cost of CADE is0.2×𝑁1/2𝑀+0.8+1 = 𝑁1/10𝑀+1.8.Thus, the computational
time complexity of CADE could be regarded as 𝑂(𝑁1/10𝑀).
4.5. Differences between CMODE and CADE. Regarded as a
successful constraint-handling method using multiobjective
techniques, CMODE performs very well compared with
other approaches. Both CADE and CMODE handle COPs
using multiobjective techniques. However, there are still the
following differences between CMODE and CADE.

(1) In CMODE, the nondominated individuals are pre-
served for evolution, and the PF is not constructed sys-
tematically. In contrast, CADE employs the biased cone
decomposition to construct the PF.

(2) CMODE does not have a mechanism to maintain the
diversity of nondominated solutions, which does not ensure
a wide distribution diversity of nondominated individuals.
Moreover, there is no neighborhood structure in CMODE.
Because of the bias cone partition strategy, CADE guarantees
a proportional sampling of PF, which provides it with a
neighborhood structure to accelerate searching.

(3) In order to find nondominated individuals, CMODE
has to perform nondominated sorting among the 𝜆 offspring
and their parents with a complexity of 𝑂(4𝜆) for each
offspring.On the contrary, CADEutilizes the decomposition-
based multiobjective technique to perfectly avoid the ineffi-
cient nondominated sorting and has a computational com-
plexity of 𝑂(1), which implies that the efficiency of CADE is
obviously higher than that of CMODE.

5. Empirical Results and Discussion

In this section, the general performance of CADE is firstly
validated on 24 widely used benchmark COPs containing
different types reported in [37]. Then, the performance of
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Table 1: 24 benchmark test instances.

Prob. n type of objective function LI NI LE NE a 𝑓(x∗)
𝑔01 13 Quadratic 9 0 0 0 6 -15.0000000000𝑔02 20 Nonlinear 0 2 0 0 1 -0.8036191041𝑔03 10 Polynomial 0 0 0 0 1 -1.0005001000𝑔04 5 Quadratic 0 6 0 0 2 -30665.5386717833𝑔05 4 Cubic 2 0 0 3 3 5126.4967140071𝑔06 2 Cubic 0 2 0 0 6 -6961.8138755802𝑔07 10 Quadratic 3 5 0 0 6 24.3062090682𝑔08 2 Nonlinear 0 2 0 0 0 -0.0958250414𝑔09 7 Polynomial 0 4 0 0 2 680.6300573744𝑔10 8 Linear 3 3 0 0 0 70492480205287𝑔11 2 Quadratic 0 0 0 1 1 0.7499000000𝑔12 3 Quadratic 0 1 0 0 0 –1.0000000000𝑔13 5 Nonlinear 0 0 0 3 3 0.0539415140𝑔14 10 Nonlinear 0 0 3 0 3 -47.7648884595𝑔15 3 Quadratic 0 0 1 1 2 961.7150222900𝑔16 5 Nonlinear 4 34 0 0 4 -1.9051552585𝑔17 6 Nonlinear 0 0 0 4 4 8853.5338748065𝑔18 9 Quadratic 0 13 0 0 0 -0.8660254038𝑔19 15 Nonlinear 0 5 0 0 0 32.6555929502𝑔20 24 Linear 0 6 2 12 16 0.2049794002𝑔21 7 Linear 0 1 0 5 6 193.7245100697𝑔22 22 Linear 0 1 8 11 19 236.4309755040𝑔23 9 Linear 0 2 3 1 6 -400.0551000000𝑔24 2 Linear 0 2 0 0 2 -5.5080132716

CADE on these test instances is compared against with
those of four popular existing algorithms, namely, SaDE
[22], MPDE [16], GDE [18], and CMODE [32]. Table 1 lists
some features of 24 test instances, in which the number of
decision variables is 𝑛, the number of constraints active at
the global optimum is 𝑎, and the objective function value
of the best known solution is 𝑓(x∗). Moreover, the four
kinds of constraints, which are linear equality constraints,
nonlinear equality constraints, linear inequality constraints,
and nonlinear inequality constraints, are represented as 𝐿𝐸,𝑁𝐸, 𝐿𝐼, and𝑁𝐼, respectively. Specially, for the reason that no
feasible solution for g20 has been found so far, the 𝑓(x∗) for
g20 in Table 1 which comes from [32], the optimal solution is
a little infeasible.

In our experiments, the sizes of feasible subpopulation
P1 and conical subpopulation P2 are set to 120 and 60,
respectively, giving a total population size of 180. In addition,
the size of neighborhood 𝑇 is set to 20. In CADE, the number𝑀 of levels for P1 and proportion 𝑞 for P2 are, respectively,
set to 2 and 1.1. In addition, scaling parameter 𝐹 is randomly
picked, respectively, from [0.5, 0.6] and crossover control
factor 𝐶𝑟 is from [0.8, 0.85] for DE/current-to-rand/exp
while [0.9, 0.95] for DE/rand/exp in the adaptive hybrid DE
operators. The termination criterion is satisfied when FES
gets to 5 × 105 for every algorithm on every test instance.
The other parameters for SaDE, MPDE, GDE, and CMODE
used the corresponding recommended values provided,
respectively, by [16, 18, 22, 32]. All the five algorithms are

implemented in C++ and executed on an Intel Core i5-4278U
2.60 GHz PC with 8GB RAM. To evaluate the performances
of these five methods, 25 statistically independent runs of five
approaches are executed for each test case.

5.1. General Performance of CADE. As suggested by Liang et
al. [37], if a feasible individual 𝑥 has the objective function
value 𝑓(x) − 𝑓(x∗) ≤ 0.0001, where x∗ represents the
global optimal feasible solution, solution x can be considered
as an individual that meets the requirement for success.
Consequently, the difference between 𝑓(x) and 𝑓(x∗) is
referred to as the function error value for the individual x
in our experiments. The experimental results of CADE are
presented in the manner proposed by Liang et al. [37]. Tables
2–5 record the best, median, worst, mean, and standard
deviation of 𝑓(x#) − 𝑓(x∗) in which x# is the best-so-far
individual when FES is, respectively, at 5 × 103, 5 × 104,
and 5 × 105. Here, the mean value of the violations of the
overall constraints at the median solution is expressed by
V, and sequence of 𝑐 represents the number of violations
(including inequality and equality constraints) by𝐺(x) > 1.0,0.01 < 𝐺(x) ≤ 1.0, 0.0001 < 𝐺(x) ≤ 0.01. Finally, the
numbers in the parentheses after the error values (for the
best, median, and worst solutions) indicate the number of
unsatisfied constraints.

Tables 2–5 show that, in each run, at least one feasible
solution could be discovered for 10 out of 24 test instances, i.e.,
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Table 2: General performance in terms of function error values achieved by CADE for test functions g01-g06.

FES Item g01 g02 g03 g04 g05 g06

5 × 103

Best 1.0019e+01(0) 4.1819e-01(0) 9.9606e-01(0) 1.3850e+02(0) 2.9616e+02(3) 8.1950e+01(0)
Median 1.2516e+01(0) 4.6526e-01(0) 9.9606e-01(0) 1.8195e+02(0) -2.0757e+01(3) 2.1331e+02(0)
Worst 8.2039e+00(1) 5.1730e-01(0) 9.9064e-01(1) 2.4131e+02(0) -4.2073e+01(3) 5.5703e+02(0)
c 0,0,0 0,0,0 0,0,0 0,0,0 3,0,0 0,0,0
v 7.1886e-02 0.0000e+00 4.5259e-04 0.0000e+00 5.6316e+00 0.0000e+00

Mean 1.0462e+01 4.7199e-01 9.7483e-01 1.7785e+02 8.8416e+01 2.2864e+02
Std 2.2425e+00 3.4614e-02 3.3375e-02 3.7263e+01 1.1190e+02 1.6962e+02

5 × 104

Best 3.4502e+00(0) 1.2228e-01(0) 1.2077e-01(0) 2.5507e+00(0) 1.8690e+00(3) 2.4484e-01(0)
Median 4.5006e+00(0) 1.2228e-01(0) 4.8250e-01(0) 3.7399e+00(0) 1.7565e+01(3) 2.0633e+00(0)
Worst 5.9370e+00(0) 2.2918e-01(0) 9.8971e-01(0) 6.8874e+00(0) 7.6184e+01(4) 2.5392e+01(0)
c 0,0,0 0,0,0 0,0,0 0,0,0 1,2,0 0,0,0
v 0.0000e+00 0.0000e+00 1.5020e-04 0.0000e+00 2.8626e-01 0.0000e+00

Mean 4.6377e+00 1.6855e-01 5.8456e-01 3.6371e+00 1.2538e+01 4.3982e+00
Std 7.4639e-01 3.7580e-02 2.5971e-01 1.1370e+00 2.3045e+01 7.0974e+00

5 × 105

Best 0.0000e+00(0) 8.2885e-12(0) -1.0003e-11(0) -2.9104e-11(0) -1.8190e-12(0) 3.3651e-11(0)
Median 0.0000e+00(0) 6.9388e-09(0) -1.0002e-11(0) -2.9104e-11(0) -1.8190e-12(0) 3.3651e-11(0)
Worst 0.0000e+00(0) 2.1762e-08(0) -1.0002e-11(0) -2.5466e-11(0) -1.8190e-12(0) 3.3651e-11(0)
c 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0
v 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

Mean 0.0000e+00 8.4495e-09 -1.0002e-11 -2.7649e-11 -1.8190e-12 3.3651e-11
Std 0.0000e+00 4.0419e-09 2.9606e-16 1.7822e-12 0.0000e+00 0.0000e+00

Table 3: General performance in terms of function error values achieved by CADE for test functions g07-g12.

FES Item g07 g08 g09 g10 g11 g12

5 × 103

Best 3.8889e+01(0) 5.0449e-04(0) 3.7054e+01(0) 1.6100e+04(0) 2.4117e-04(0) 1.4196e-04(0)
Median 4.9337e+01(0) 3.8840e-03(0) 5.7153e+01(0) 1.4906e+04(1) 7.6689e-03(0) 3.4115e-04(0)
Worst 7.9337e+01(0) 8.3131e-03(0) 2.5886e+02(0) 1.6175e+03(2) 1.8138e-01(1) 7.9159e-03(0)
c 0,0,0 0,0,0 0,0,0 0,1,0 0,0,0 0,0,0
v 0.0000e+00 0.0000e+00 0.0000e+00 1.1763e-01 3.0374e-05 0.0000e+00

Mean 6.7318e+01 2.8911e-03 8.5154e+01 8.6601e+03 2.9141e-02 1.1298e-03
Std 1.4768e+01 2.6133e-03 6.3287e+01 5.9987e+03 5.3485e-02 2.2659e-03

5 × 104

Best 1.1906e+00(0) 6.6944e-06(0) 3.2957e+00(0) 7.2014e+02(0) 2.0799e-06(0) 4.5076e-08(0)
Median 2.2255e+00(0) 1.7618e-05(0) 4.2117e+00(0) 1.0794e+02(1) 3.4848e-05(0) 4.5530e-07(0)
Worst 2.4811e+00(0) 2.9758e-04(0) 1.4487e+01(0) 1.0794e+02(1) 1.2432e-04(0) 4.2346e-05(0)
c 0,0,0 0,0,0 0,0,0 0,1,0 0,0,0 0,0,0
v 0.0000e+00 0.0000e+00 0.0000e+00 8.4681e-03 0.0000e+00 0.0000e+00

Mean 1.7385e+00 8.1565e-05 7.6103e+00 1.5275e+03 4.1823e-05 6.7478e-06
Std 3.9932e-01 9.3552e-05 3.3171e+00 2.0254e+03 3.4067e-05 1.2597e-05

5 × 105

Best -2.0229e-11(0) 1.8036e-11(0) 1.7053e-12(0) -3.8199e-11(0) -1.1102e-16(0) 0.0000e+00(0)
Median -2.0229e-11(0) 1.8036e-11(0) 1.7053e-12(0) -3.7289e-11(0) -1.1102e-16(0) 0.0000e+00(0)
Worst -2.0222e-11(0) 1.8036e-11(0) 1.8190e-12(0) -3.7289e-11(0) -1.1102e-16(0) 0.0000e+00(0)
c 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0
v 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

Mean -2.0228e-11 1.8036e-11 1.7280e-12 -3.7471e-11 -1.1102e-16 0.0000e+00
Std 2.8422e-15 0.0000e+00 4.5475e-14 3.6380e-13 0.0000e+00 0.0000e+00

g02, g04, g06, g07, g08, g09, g12, g16, g19, and g24, at 5 × 103
FES. For all test cases, the feasible solutions could be found
at 5 × 105 FES apart from for g20 and g22. These feasible
solutions satisfy the success condition, which reveals that

feasible subpopulation cooperate with conical subpopulation
in an effective way to search the global optimum along with
feasible segment and front, respectively. Moreover, Tables
2–5 show that CADE has the ability to discover a successful
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Table 4: General performance in terms of function error values achieved by CADE for test functions g13-g18.

FES Item g13 g14 g15 g16 g17 g18

5 × 103

Best 5.2884e-01(3) -1.9559e+01(3) 1.5862e-01(2) 9.5457e-02(0) 4.0663e+02(4) -4.1993e-03(7)
Median 5.4448e-01(3) -5.1944e+01(3) 3.9348e+00(2) 1.2002e-01(0) 2.5818e+02(4) 1.0617e+00(8)
Worst 1.5346e+02(3) -1.0743e+02(3) -8.7590e-01(2) 3.7129e-01(0) -2.3880e+02(4) 1.2335e-01(9)

c 0,3,0 2,1,0 0,2,0 0,0,0 3,1,0 8,0,0
v 4.8577e-01 2.0852e+00 3.1505e-01 0.0000e+00 6.0726e+00 1.8294e+00

Mean 1.5894e+01 -6.7887e+01 8.1095e-01 2.2827e-01 4.6156e+01 5.3222e-01
Std 4.5857e+01 2.3997e+01 1.3060e+00 9.2966e-02 3.4684e+02 1.4233e+00

5 × 104

Best 2.5676e-04(3) 2.0077e+00(3) 9.0520e-02(2) 2.1206e-02(0) 4.2563e+01(4) 4.7040e-01(0)
Median 2.5676e-04(3) 7.1756e+00(3) 9.0520e-02(2) 2.7016e-03(1) 8.3273e+01(4) 8.4874e-01(2)
Worst -6.5759e-04(3) -1.2915e+00(3) -5.8096e-04(2) -1.1755e-03(1) 5.9447e+01(4) 7.1524e-01(3)

c 0,0,3 2,1,0 0,2,0 0,1,0 0,4,0 0,1,1
v 6.2552e-03 3.9795e-02 2.2536e-02 4.8299e-05 1.7290e-01 2.2566e-03

Mean 1.2573e-04 3.8283e+00 1.8120e-01 2.2574e-02 5.0181e+01 6.5964e-01
Std 3.2821e-04 2.6577e+00 2.5239e-01 2.0683e-02 3.6762e+01 1.2267e-01

5 × 105

Best 4.1897e-11(0) 8.5123e-12(0) -3.9108e-11(0) -3.4786e-11(0) -1.8190e-11(0) 1.5561e-11(0)
Median 4.1897e-11(0) 8.5123e-12(0) -3.9108e-11(0) -3.4786e-11(0) -1.8190e-11(0) 1.5561e-11(0)
Worst 4.1897e-11(0) 8.5123e-12(0) -3.9108e-11(0) -3.4786e-11(0) -1.8190e-11(0) 1.5561e-11(0)

c 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0 0,0,0
v 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

Mean 4.1898e-11 8.5123e-12 -3.9108e-11 -3.4786e-11 -1.8190e-11 1.5561e-11
Std 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

Table 5: General performance in terms of function error values achieved by CADE for test functions g19-g24.

FES Item g19 g20 g21 g22 g23 g24

5 × 103

Best 1.5969e+02(0) 5.3337e+00(20) 3.0006e+02(5) 5.0661e+03(19) -7.7365e+02(4) 1.1476e-02(0)
Median 2.1692e+02(0) 8.5284e+00(20) 4.0330e+02(5) 5.3464e+02(19) -8.3952e+02(5) 4.1902e-02(0)
Worst 3.8249e+02(0) 7.6293e+00(20) -4.7567e+01(5) 3.3353e+03(19) 1.9358e+02(5) 7.5907e-02(0)
c 0,0,0 2,13,5 2,3,0 18,1,0 4,1,0 0,0,0
v 0.0000e+00 3.6135e+00 1.3235e+00 5.7146e+06 1.1465e+00 0.0000e+00

Mean 2.6193e+02 6.7814e+00 2.1449e+02 2.3106e+03 -6.5119e+02 4.1903e-02
Std 7.6441e+01 1.7735e+00 2.0049e+02 2.1771e+03 4.7236e+02 1.9796e-02

5 × 104

Best 1.9030e+00(0) 4.8246e-01(19) 3.7369e+00(4) -2.2863e+02(19) 2.7238e+02(4) 1.1897e-04(0)
Median 4.2276e+00(0) 8.0830e-01(20) -1.8928e+02(5) -2.2897e+02(19) -9.5580e+02(5) 4.4583e-04(0)
Worst 6.3510e+00(0) 1.9845e+00(20) -1.8928e+02(5) -1.1532e+01(19) -1.6631e+03(6) 1.8623e-03(0)
c 0,0,0 2,11,7 0,5,0 17,2,0 1,4,0 0,0,0
v 0.0000e+00 7.7876e-01 5.7351e-02 8.7773e+04 2.8224e-01 0.0000e+00

Mean 4.0062e+00 1.1667e+00 7.7144e+00 -1.7509e+02 -5.6276e+02 6.6728e-04
Std 1.3232e+00 5.6944e-01 1.6594e+02 8.5440e+01 6.4914e+02 5.1798e-04

5 × 105

Best 4.6327e-11(0) -1.1489e-01(1) -7.7904e-11(0) 4.5220e+02(19) -2.8422e-13(0) 4.6736e-12(0)
Median 4.6327e-11(0) -1.1489e-01(1) -2.5807e-11(0) 7.5375e+02(18) -2.8422e-13(0) 4.6736e-12(0)
Worst 4.6327e-11(0) -1.1489e-01(1) 1.3098e+02(0) -2.3643e+02(19) 4.5844e-10(0) 4.6736e-12(0)
c 0,0,0 0,0,1 0,0,0 2,8,8 0,0,0 0,0,0
v 0.0000e+00 2.0543e-04 0.0000e+00 4.3339e+01 0.0000e+00 0.0000e+00

Mean 4.6327e-11 -1.1489e-01 1.0478e+01 5.1261e+00 4.5668e-11 4.6736e-12
Std 0.0000e+00 0.0000e+00 2.5666e+01 3.7603e+02 1.3759e-10 0.0000e+00

solution for g08, g11, and g12 when the FES is 5 × 104. In
addition, the global optimum for each of g01, g03, g04, g05,
g07, g10, g11, g12, g15, g16, g17, and g18 can be discovered by
CADE at 5 × 105 FES in every run. Particularly, for g20, the
function objective values of the optimal solutions found by

CADE in each run are better than 0.2049794002, and only
one constraint, which has a value between 0.0001 and 0.001,
is not satisfied. Moreover, both function objective values and
constraint violation values are better than those reported
in [32]. Thus, in this paper, the success condition remains
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Table 6: Comparison of CADE with SADE, MPDE, GDE, and CMODE in terms of feasible rate.

Prob. SaDE MPDE GDE CMODE CADE
g02 100% 100% 100% 100% 100%
g03 100% 100% 96% 100% 100%
g05 100% 100% 96% 100% 100%
g11 100% 100% 100% 100% 100%
g13 100% 88% 88% 100% 100%
g14 100% 100% 100% 100% 100%
g15 100% 100% 100% 100% 100%
g17 100% 96% 76% 100% 100%
g18 100% 100% 84% 100% 100%
g19 100% 100% 100% 100% 100%
g20 0% 0% 0% 0% 0%
g21 100% 100% 88% 100% 100%
g22 100% 0% 0% 0% 0%
g23 100% 100% 88% 100% 100%
mean 95.83% 91% 88.17% 91.67% 91.67%

Table 7: Comparison of CADE with SADE, MPDE, GDE, and CMODE in terms of success rate.

Prob. SaDE MPDE GDE CMODE CADE
g02 84% 92% 72% 100% 100%
g03 96% 84% 4% 100% 100%
g05 100% 100% 92% 100% 100%
g11 100% 96% 100% 100% 100%
g13 100% 48% 40% 100% 100%
g14 80% 100% 96% 100% 100%
g15 100% 100% 96% 100% 100%
g17 4% 28% 16% 100% 100%
g18 92% 100% 76% 100% 100%
g19 100% 100% 88% 100% 100%
g20 0% 0% 0% 0% 0%
g21 60% 68% 60% 80% 92%
g22 0% 0% 0% 0% 0%
g23 88% 100% 40% 100% 100%
mean 83.5% 84% 74.17% 90.83% 91.33%

𝑓(x) − 𝑓(x∗) ≤ 0.0001, where x is feasible for g20. What is
more, the best solution found by CADE for g22 is still quite
far from the feasible region, which indicates that g22 is very
challenging for CADE to resolve.

The convergence graphs over the FES of the function
error values (in log scale) obtained by CADE in the median
runs for the 24 benchmark test instances except g20 and
g22 are displayed in Figure 4. Note that the points whose
function error values are less than or equal to 0 are not
plotted. Further, because CADE is not able to resolve g20 and
g22, Figure 4 does not plot the convergence graphs obtained
by CADE for these two test instances. Figure 4 shows that
CADE is able to find the global optimal solution for g04,
g06, g08, g11, g12, g16, and g24 by only using about 1.5 × 105
FES. In addition, Figure 4 also clearly indicates that CADE
requires about 3 × 105 FES for g01, g05, g09, g13, g14, g15,
g17, and g21. Furthermore, it can be inferred from Figure 4
that, for 13 out of 22 test instances, CADE can eventually
find the best known optimal solutions at 5 × 105 FES, from

which it can be inferred that the dual-population scheme is
able to make sure the population search the global optimal
solution in an outstanding manner. Moreover, CADE obtains
the solutionswith the function error values of atmost 10−10 in
themedian runs for all the 22 test functions except g02, which
demonstrates that the feasibility-based rule of updating P1
in the later stage enables CADE to search a global optimum
quickly.

5.2. Comparison with Popular DE-Based Approaches. In
order to clarify the advantages of CADE for constrained
optimization, CADE is further compared with four popular
DE-based approaches, SaDE, MPDE, GDE, and CMODE. As
suggested in [37], three performance metrics, feasible rate,
success rate, and function error value, are used to assess
performance of these algorithms. Tables 6 and 7, respectively,
record the mean feasible rates and success rates obtained by
these five DE-based algorithms for these test instances. It
is probably worth pointing out that Tables 6 and 7 do not
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Figure 4: Convergence curves for general performance in terms of function error values obtained by CADE for the benchmark test instances
except g20 and g22.

explicitly list the results of these algorithms for g01, g04,
g06, g07, g08, g09, g10, g12, g16, and g24 for the reason that
both their mean feasible rates and success rates are 100% for
these ten test cases. With respect to the mean feasible rate,
the performance of SaDE is better than that of the others,
especially for g22. Meanwhile, the feasible rate acquired by
CADE is equal to that by CMODE for each test instance.
However, although SaDE is able to obtain the highest feasible
rate for g22, it needs extra gradient information to find
a feasible optimal solution. Table 7 indicates that CADE
exhibits the substantially better success rates. Once a feasible
solution had been found, it is more important for algorithms
to optimize the objective value. Therefore, despite the fact
that SaDE obtains the better performance in terms of mean
feasible rate, the overall performances of CADE and CMODE
are much better than those of SaDE.

Specifically, CADE obtains the best success rate, followed
by CMODE and MPDE, while SaDE and GDE achieve the
worst rates. In particular, CADE is capable of acquiring the
success rate of 100% on all 24 test functions except g20,
g21, and g22 and 92% on g21 which is the best value of
the five approaches. Tables 6 and 7 imply that CADE can
not only find a feasible solution on most test cases, but also
guide the population search toward a lower objective value

by constructing the PF comprehensively using the bias cone
decomposition strategy.

Table 8 further presents the best, worst, and mean of
the function error values, respectively, returned by these five
algorithms at 5 × 105 FES for 17 test instances. Note that
if an infeasible solution is finally acquired in each of the
25 independent runs of one algorithm for one test case, the
mean function error value for this algorithm is not listed
because it has no comparative significance. In addition, the
numbers of unsatisfied constraints for the best and worst
solutions are displayed as numbers in the parentheses after
the error values. Because these algorithms obtain the nearly
same exact optimal solution for g01, g06, g11, g12, and
g24, Table 8 does not show the results for these seven test
instances. Moreover, g20 and g22 are difficult for these four
approaches to resolve, and none of them can find at least
one successful solution. Hence, the results of these two test
functions are not reported. In Table 8, the best results of the
five compared approaches for each test problem are specially
highlighted in boldface. It is evident from Table 8 that CADE
performs the best, followed by CMODE and MPDE, while
SaDE behaves the worst. Specifically, for 14 out of the 17 test
cases, CADE obtains obviously lower error values than do the
other four algorithms. Moreover, for g21, CADE can obtain
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Table 8: Comparison of function error values achieved by five DE-based approaches when FES = 5 × 105 for test instances g02-g05, g07-g10,
g13-g19, g21, and g23.

Prob. Item SaDE MPDE GDE CMODE CADE

𝑔02 Best 8.0719e-10(0) 2.3414e-06(0) 5.0812e-08(0) 4.1726e-09(0) 8.2885e-12(0)
Worst 1.8353e-02(0) 1.1014e-02(0) 2.2776e-02(0) 1.1836e-07(0) 2.1762e-08(0)
Mean 2.0560e-03 8.0224e-04 4.3170e-03 2.0387e-08 4.8107e-09

𝑔03 Best 1.3749e-10(0) -1.0003e-11(0) -9.8170e-12(0) 2.3964e-10(0) -1.0003e-11(0)
Worst 1.3389e-04(0) 4.0082e-01(0) 9.9739e-01(1) 2.5794e-09(0) -1.0002e-11(0)
Mean 1.3532e-05 2.5237e-02 - 1.1665e-09 -1.0002e-11

𝑔04 Best 2.1667e-07(0) 3.6380e-12(0) 8.0036e-11(0) 7.6398e-11(0) -2.9104e-11(0)
Worst 2.1667e-07(0) 3.6380e-12(0) 8.0036e-11(0) 7.6398e-11(0) -2.5466e-11(0)
Mean 2.1667e-07 3.6380e-12 8.0036e-11 7.6398e-11 -2.7649e-11

𝑔05 Best 0.0000e+00(0) 0.0000e+00(0) 0.0000e+00(0) -1.8190e-12(0) -1.8190e-12(0)
Worst 0.0000e+00(0) 1.8190e-12(0) 8.2996e+02(2) -1.8190e-12(0) -1.8190e-12(0)
Mean 0.0000e+00 7.2760e-14 - -1.8190e-12 -1.8190e-12

𝑔07 Best 6.8180e-08(0) -2.0190e-11(0) 7.9822e-11(0) 7.9783e-11(0) -2.0229e-11(0)
Worst 6.3431e-05(0) -2.0179e-11(0) 1.6532e-06(0) 7.9783e-11(0) -2.0229e-11(0)
Mean 4.7432e-06 -2.0186e-11 1.2966e-07 7.9783e-11 -2.0229e-11

𝑔08 Best 8.1964e-11(0) 4.1633e-17(0) 8.1964e-11(0) 8.1964e-11(0) -1.8036e-11(0)
Worst 8.1964e-11(0) 4.1633e-17(0) 8.1964e-11(0) 8.1964e-11(0) -1.8036e-11(0)
Mean 8.1964e-11 4.1633e-17 8.1964e-11 8.1964e-11 -1.8036e-11

𝑔09 Best 3.7440e-07(0) 1.1369e-13(0) -9.7884e-11(0) -9.8225e-11(0) 1.7053e-12(0)
Worst 3.7440e-07(0) 1.1369e-13(0) -9.7771e-11 (0) -9.8111e-11(0) 1.7053e-12(0)
Mean 3.7440e-07 1.1369e-13 -9.7884e-11 -9.8198e-11 1.7053e-12

𝑔10 Best 6.6393e-11(0) -1.8190e-12(0) 6.9122e-11(0) 6.2755e-11(0) -3.8199e-11(0)
Worst 7.8300e-06(0) -9.0949e-13(0) 6.9122e-11(0) 6.3664e-11(0) -3.7289e-11(0)
Mean 1.6907e-06 -1.0186e-12 6.9122e-11 6.2827e-11 -3.7471e-11

𝑔13 Best 4.1898e-11(0) -9.7145e-17(0) 4.1898e-11(0) 4.1897e-11(0) 4.1897e-11(0)
Worst 1.0696e-06(0) 9.2964e-01(0) 1.4403e+00(3) 4.1897e-11(0) 4.1897e-11(0)
Mean 8.0263e-08 2.5364e-01 - 4.1897e-11 4.1897e-11

𝑔14 Best 2.9050e-06(0) 8.5123e-12(0) 9.1518e-12(0) 8.5123e-12(0) 8.5123e-12(0)
Worst 2.5233e-04(0) 8.5123e-12(0) 1.9281e-02(0) 8.5194e-12(0) 8.5123e-12(0)
Mean 4.6979e-05 8.5123e-12 7.7373e-04 8.5194e-12 8.5123e-12

𝑔15 Best 6.0822e-11(0) 0.0000e+00(0) 6.0936e-11(0) 6.0822e-11(0) -3.9108e-11(0)
Worst 6.0822e-11(0) 2.1514e-05(0) 4.8047e+00(0) 6.0822e-11(0) -3.9108e-11(0)
Mean 6.0822e-11 8.6055e-07 1.9219e-01 6.0822e-11 -3.9108e-11

𝑔16 Best 6.5214e-11(0) 5.3291e-15(0) 6.5216e-11(0) 6.5213e-11(0) -3.4786e-11(0)
Worst 6.5214e-11(0) 5.3291e-15(0) 6.5217e-11(0) 6.5213e-11(0) -3.4786e-11(0)
Mean 6.5214e-11 5.3291e-15 6.5216e-11 6.5213e-11 -3.4786e-11

𝑔17 Best 8.1858e-11(0) 3.6380e-12(0) 1.8189e-12(0) 1.8189e-12(0) -1.8190e-11(0)
Worst 7.4058e+01(0) 7.4058e+01(0) 2.8637e+02(4) 1.8189e-12(0) -1.8190e-11(0)
Mean 6.9670e+01 5.1353e+01 - 1.8189e-12 -1.8190e-11

𝑔18 Best 2.7581e-011(0) 3.3307e-16(0) 1.5561e-11(0) 1.5561e-11(0) 1.5561e-11(0)
Worst 1.9163e-001(0) 4.4409e-16(0) -3.1844e+00(6) 1.5561e-11(0) 1.5561e-11(0)
Mean 1.5312e-002 4.2633e-16 - 1.5561e-11 1.5561e-11

𝑔19 Best 5.4456e-11(0) 4.6327e-11(0) 4.6448e-11(0) 1.1027e-10(0) 4.6327e-11(0)
Worst 3.1141e-09(0) 4.6526e-11(0) 1.8287e-04(0) 5.4446e-10(0) 4.6327e-11(0)
Mean 4.2052e-10 4.6348e-11 1.7894e-05 2.4644e-10 4.6327e-11

𝑔21 Best 0.0000e+00(0) 3.3498e-11(0) 3.4987e-11(0) -3.1237e-10(0) -7.7904e-11(0)
Worst 6.0712e-03(0) 1.3098e+02(0) 2.3612e+02(5) 1.3097e+02(0) 1.3098e+02(0)
Mean 7.6753e-04 4.1913e+01 - 2.6195e+01 1.0478e+01

𝑔23 Best 3.9790e-13(0) 3.9790e-13(0) 1.3112e-08(0) 1.8758e-12(0) -2.8422e-13(0)
Worst 1.3788e-03(0) 6.2527e-13(0) 6.4487e+02(4) 2.8063e-10(0) 4.5844e-10(0)
Mean 1.2061e-04 3.9790e-13 - 4.4772E-11 4.5668e-11
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a more stable performance than the other four algorithms
because, although each of them can find a successful solution,
CADE gains a better mean value than the other methods. In
particular, for g02 and g03, only CADE and CMODE can
discover solutions satisfying the success condition in each
run, and CADE performs better than CMODE.

In addition, the line charts of the average CPU time
(in seconds) over 25 runs spent by two algorithms using
multiobjective constraint-handling techniques, CMODE and
CADE, for g01-g24 are plotted in Figure 5, which clearly
indicates that, compared with CMODE, CADE spends
much less CPU time on constrained optimization of all
24 test problems. It can be easily inferred that, on aver-
age, CADE only needs about 50% of the time CMODE
requires. In conclusion, CADEnot only produces competitive
results due to the dual-population scheme, but also offers
an obviously higher efficiency than CMODE does as a
result of the biased cone decomposition for the conical
subpopulation.

6. Conclusion

In this paper, a constraint-handling method using decom-
position-based multiobjective techniques, CADE, is pro-
posed to solve COPs. CADE employs a dual population
scheme so that the information in the PF can be utilized to
find the global optimum in a more efficient way. Specifically,
more promising individuals can be preserved in the conical
subregion closer to the global optimum by the biased cone
decomposition. Moreover, the conical area indicator is used
to help the conical subpopulation approximate the PF. In
addition, the tolerance-based sorting for the feasible sub-
population in the early stage keeps a good diversity of pop-
ulation. The experimental results demonstrate that CADE,
by employing the dual population scheme and biased cone
decomposition, achieves competitive results for constrained
optimization.

Our ongoing research focuses on applications of CADE
for various engineering problems such as pressure vessel
design problems. In the future, we also intend to study the-
oretically whether CADE possesses the global convergence
property for constrained optimization. Specifically, we plan
to model the evolution of CADE as a finite Markov chain,
which is also widely utilized to prove the global conver-
gence property of evolutionary algorithms for unconstrained
optimization problems. Then, since the conical and feasible
subpopulations of CADEare designed, respectively, for global
and local searches, we expect to apply a finite Markov chain
analysis to prove that the conical subpopulation of CADE,
P2, finds and captures the global feasible optimum, x∗, with
probability 1 as the number of FES approaches infinity.
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Many optimization problems have become increasingly complex, which promotes researches on the improvement of different
optimization algorithms. The monarch butterfly optimization (MBO) algorithm has proven to be an effective tool to solve various
kinds of optimization problems. However, in the basic MBO algorithm, the search strategy easily falls into local optima, causing
premature convergence and poor performance on many complex optimization problems. To solve the issues, this paper develops a
novelMBO algorithm based on opposition-based learning (OBL) and random local perturbation (RLP). Firstly, the OBLmethod is
introduced to generate the opposition-based population coming from the original population. By comparing the opposition-based
population with the original population, the better individuals are selected and pass to the next generation, and then this process
can efficiently prevent the MBO from falling into a local optimum. Secondly, a new RLP is defined and introduced to improve the
migration operator.This operation shares the information of excellent individuals and is helpful for guiding some poor individuals
toward the optimal solution. A greedy strategy is employed to replace the elitist strategy to eliminate setting the elitist parameter
in the basic MBO, and it can reduce a sorting operation and enhance the computational efficiency. Finally, an OBL and RLP-based
improvedMBO (OPMBO) algorithmwith its complexity analysis is developed, following onwhichmany experiments on a series of
different dimensional benchmark functions are performed and the OPMBO is applied to clustering optimization on several public
data sets. Experimental results demonstrate that the proposed algorithm can achieve the great optimization performance compared
with a few state-of-the-art algorithms in most of the test cases.

1. Introduction

Many real-world tasks, which can be transferred to opti-
mization problems, have become increasingly complex and
are difficult to solve using the traditional optimization algo-
rithms [1]. Recently, a lot of nature-inspired metaheuristic
algorithms have been proposed and applied to deal with
various optimization problems [2]. Then, the researches on
tackling by optimization techniques in many applications
have become a fruitful field of research, especially those inter-
ested in solving global optimization problems. The swarm
intelligence optimization (SIO) algorithm is a kind of bionic
random method inspired by natural phenomena and biolog-
ical behaviors and can deal with certain high-dimensional
complex and variable optimization problems because of its
better computing performance and simple model [3, 4].

Over the past several decades, SIO has become an
attractive research area which leads to the emergence of a
large variety of intelligent optimization algorithms. Kennedy
and Eberhart [5] proposed a particle swarm optimization
(PSO) algorithm derived from the simulation of bird for-
aging behaviors. However, the PSO often faces premature
convergence problem, especially in multimodal problems
as it may get stuck in specific point [6]. Wu and Yang
[7] presented an elitist transposon quantum-based PSO to
solve economic dispatch problems. Eusuff and Lansey [8]
presented a shuffled frog-leaping algorithm (SFLA), which is
inspired from the memetic evolution of frogs seeking food in
a pond. It has been shown to be competitive with PSO, but
the SFLA is good at exploration but poor at exploitation and
easily gets trap in local optima when solving partial complex
multimodal problems. Meanwhile, its convergence speed is
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slower [9]. Tan and Zhu [10] designed a fireworks algorithm
(FWA) for the global optimization of complex functions.
The FWA has powerful global optimization capabilities to
solve classification problems, but there is no direct interaction
among the solutions found during the optimization process
of FWA; its convergence speed is slow and the computational
cost is high [11]. Yin et al. [12] introduced a hybrid FWA-
based parameter optimization into the nonlinear hypersonic
vehicle dynamics control to satisfy the design requirements
with high probability. Gandomi and Alavi [13] developed
a krill herd algorithm (KHA) which mimics the herding
behavior of ocean krill individuals. The herding of the krill
individuals is a multiobjective process, and the position of
an individual krill is time dependent. Unfortunately, the
performance of KHA is degraded by the poor exploitation
capability, and the basic KHA has a low convergence speed
and accuracy [14]. Singh and Khan [15] proposed an artificial
shark optimization (ASO) method to remove the limitation
of existing algorithms for solving the economical operation
problem of microgrid. Mirjalili et al. [16] established a grey
wolf optimizer (GWO) metaheuristic based on grey wolves.
The GWO algorithm is considered for learning method due
to its advantages, including high accuracy, effectiveness, and
competitiveness [17]. The paramount challenge in GWO is
that it is prone to stagnation in local optima [18]. Dif-
ferential evolution (DE) as a popular stochastic optimizer,
proposed by Storn and Price [19], is to exhibit consistent
and reliable performance in nonlinear and multimodal envi-
ronment and has proven to be effective for constrained
optimization problems [20]. Some empirical studies have
shown that DE outperforms PSO [21]. However, setting
different parameters has great impacts on the performances
of DE algorithm when solving various global optimization
problems or even the same problem at different evolutionary
stages [22]. The fruit fly optimization algorithm (FOA) as
a global optimization method was proposed by Pan [23],
who was inspired by the foraging behavior of fruit flies.
The FOA is simple in structure and easy to implement
[24]. However, the basic FOA often derives a local extreme
when solving high-dimensional functions and large-scale
combinational optimization problems [25]. The idea of ant
colony optimization (ACO) is to mimic the way that real
ants find the shortest route between a food source and their
nest. Recently, the ACO algorithm and its versions have been
investigated to tackle combinatorial optimization problems
[26]. But the efficiency of ACO is unsatisfactory since each
ant needs to search for a complete solution, and the runtime
is rather long [27]. Abedinia et al. [28] introduced a shark
smell optimization (SSO) algorithm, which is applied for
the solution of load frequency control problem in electrical
power systems. The monarch butterfly optimization (MBO)
algorithm was first presented by Wang et al. [29], and it
simulates the migration behaviors of monarch butterflies in
nature. Although most of these heuristic techniques have
the ability to provide fast and efficient solution, sometimes
they suffer from discovering global optimal solution, slow
convergence rate, and several parameters tuning [30]. Until
now, the MBO algorithm has become one of the most widely
used SIO algorithms, and it has two important operators, the

migration operator and the butterfly adjusting operator [31].
The former provides a certain local search capability and the
latter gives a global search capability. The search direction of
monarch butterflies is mainly determined by the migration
operator and the butterfly adjusting operator in MBO. Since
the migration operator and the butterfly adjusting operator
can be implemented simultaneously, MBO is ideally suited
for parallel processing and is capable of making trade-offs
between intensification and diversification [32]. In addition,
the MBO algorithm has simple calculation process, requires
less computational parameters, and is easy to implement
by a program. Furthermore, some advantages of MBO are
incomparable to many other intelligent optimization algo-
rithms. Therefore, the MBO algorithm and its versions have
been widely used in many fields, such as dynamic vehicle
routing problem [30], 0-1 knapsack problem [31], neural
network straining [32], optimal power flow problem [33], and
prevention of osteoporosis [34].

In the last few years, in order to improve the performance
of MBO, the scholars have made many improvements. In
the basic MBO algorithm, after implementing the migration
operator, the generated monarch butterfly will be accepted as
a new monarch butterfly in the next generation regardless of
whether it is better or worse. Then, Hu et al. [35] used self-
adaptive and greedy strategies to improve the performance
of the basic MBO. However, it suffers greatly from worse
standard deviations and average fitness on some benchmarks.
Wang et al. [36] developed a different version of MBO
with greedy strategy and self-adaptive crossover operator
(GCMBO), in which the greedy strategy can accelerate
convergent speed and the self-adaptive crossover operator
can significantly improve the diversity of population at later
run phase of the search. Feng et al. [37] proposed a chaotic
MBO algorithm, in which the chaos theory was employed to
enhance its global optimization ability. Feng et al. [38] intro-
duced neighborhood mutation with crowding and Gaussian
perturbation into MBO algorithm, in which the first strategy
enhances the global search ability, while the second strategy
strengthens local search ability and prevents premature con-
vergence during the evolution process. At present, the MBO
is usually combined with other SIO methods to improve the
optimization performance. The main objective is to improve
the balance between the characteristics of exploration and
exploitation in those algorithms in order to address the
issues of trapping in local optimal solution, slow convergence,
and low accuracy in complex optimization problems [39].
Ghanem and Jantan [40] presented ametaheuristic algorithm
that combined artificial bee colony optimization with the
MBO. Ghetas et al. [41] introduced the harmony search
algorithm into MBO to enhance the search ability of MBO,
in which mutation operators were added to the process of
adjusting operator to enhance the exploitation and explo-
ration ability and speed up the convergence rate of MBO.
Strumberger et al. [42] incorporated the searchmechanism of
firefly algorithm (FA) into MBO to overcome this deficiency
that in early iterations exceedingly directs the search process
toward the current best solution in MBO. However, most
of the abovementioned MBO algorithms still easily fall into
local optima and are rather slow in convergence. This inspires
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the authors to investigate new nature-inspired optimization
algorithm about MBO.

Based on the above analyses ofMBO, it is clear that falling
into local optima easily is one of the typical disadvantages of
MBO, and there are many ways to improve this drawback.
The OBL method, proposed by Tizhoosh [43], is one of the
most effective methods. It can prevent the algorithm from
falling into local optima to some degree. For example, Shang
et al. [44] introduced OBL, dynamic inertia weight, and a
postprocedure to improve PSO with mutual information as
its fitness function to detect SNP-SNP interactions, in which
OBL enhances the global explorative ability. Since the poor
exploration capabilities of SFLA sometimes get trapped in
local optima, which results in poor convergence, Sharma
and Pant [45] embedded the OBL into the memeplexes
before the frog initiates foraging, which enhances the local
search mechanism of SFLA but also improves the diversity.
Ahandani and Alavi-Rad [46] used new versions of the SFLA
which on the one hand employed the OBL to accelerate the
SFLA without making premature convergence and on the
other hand used the OBL strategy to diversify search moves
of SFLA. Yu et al. [47], inspired by the OBL, improved the
performance of the FA, in which the worst firefly is forced
to escape from the normal path after OBL operation and can
help it to escape from local optima. Yang et al. [48] presented
an improved artificial bee colony algorithm based on OBL
to overcome the shortcomings of the slow convergence rate
and sinking into local optima. Shan et al. [49] embedded the
OBL into the bat algorithm to enhance the diversity and con-
vergence capability. Park and Lee [50] combined differential
evolution with OBL to obtain a high-quality solution with
low-computational effort. Kumar and Sahoo [51] presented a
cat swarm optimization (CSO) algorithm via the OBL, which
can enhance the diversity of the algorithm. Sarkhel et al. [52]
applied OBL to the harmony search algorithm to overcome
slow convergence to the globally optimal solutions. Zhang
et al. [53] merged the OBL into the biogeography-based
optimization algorithm to prevent the algorithm from falling
into the local optima. Zhang et al. [54] added the OBL to the
GWO(OGWO) to prevent the algorithm from falling into the
local optima. In recent years, the OBL has become a widely
used technique in optimization algorithms. It is noted that
theOBL can increase population diversity and enhance global
search ability [55]. If the current best candidate solution falls
into the local optima, it may mislead the other candidate
solutions into the local optima. However, its opposite is often
far from the local optima.Therefore, this paper introduces the
OBL into the initial phase of MBO, effectively avoiding the
algorithm falling into the local optimum. Furthermore, the
opposition-based individuals are generated by the OBL such
that the best individual can be accepted. This operation can
efficiently prevent the algorithm from falling into the local
optima to some extent.

What is more, there exists much insufficiency for MBO
about its solution search mechanism which may bring the
premature convergence and the low search accuracy when
solving complex optimization problems [49].Then, consider-
ing that MBO converges very slowly, a perturbation operator
strategy can be used to ensure the diversity of monarch

butterfly against the premature convergence. For example,
Liu et al. [9] designed a perturbation operator strategy in a
convergence state to help the best frog to jump out of possi-
ble local optima to further increase the performance of SFLA.
Wang et al. [56] proposed an improved FOA using swarm
collaboration and random perturbation strategy to enhance
the performance. Li et al. [57] developed an artificial bee
colony algorithm with random perturbations for numerical
optimization, in which the self-adaptive population pertur-
bation strategy for the current colony is used by random
perturbation to enhance the population diversity. Yu et
al. [58] presented a teaching-learning-based optimization
with a chaotic perturbation mechanism, which produces
many solutions around the current best solution and thereby
enhances the searching ability and global convergence. Li et
al. [59] utilized the uniformity of Anderson chaotic mapping
and performed chaos perturbation to part of particles based
on the information of variance of the population’s fitness to
avoid the untimely aggregation of particle swarm. Based on
the ideas of random perturbation, a novel RLP operator is
proposed to prevent premature convergence in this paper,
and merged into the migration operator. The improved
migration operator with RLP shares the information of excel-
lent individuals, which is conducive to guiding individuals
to approach an optimal solution and accelerate convergence,
and the works are not considered in previous MBO.

The remainder of this paper is organized as follows:
Section 2 reviews some related theory of the MBO algo-
rithm. In Section 3, the OBL method and RLP-based migra-
tion operator are investigated, and the main procedure
of improved MBO and its complexity analysis are given.
Section 4 describes the experimental results and analysis.
Finally, the conclusion is summarized in Section 5.

2. Related Work

The theory of the MBO algorithm can be found in [29, 36].
In MBO, all monarch butterfly individuals are idealized and
located in only two lands as follows: the northern United
States and southern Canada (Land1), and Mexico (Land2).
Then, the location of monarch butterflies is updated in
two ways, namely, the migration operator and the butter-
fly adjusting operator. Firstly, the offspring are generated
(location update) through the migration operator. Secondly,
the location of other monarch butterflies is updated by the
butterfly adjusting operator. Thus, the search direction of the
monarch butterfly individual is determined by the migration
operator and the butterfly adjusting operator. Moreover, the
two operators can be performed simultaneously. Therefore,
the MBO algorithm is suitable for parallel processing, and
it has a good balance of strengthening and diversifica-
tion. The MBO algorithm abides by the following ideal
rules:(1) All the monarch butterflies are located only in Land1
and Land2. Namely, the population of the entire monarch
butterflies is composed by the monarch butterflies in Land1
and Land2.(2)The offspring of each monarch butterfly are generated
only by the migration operator in Land1 or Land2.
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(3) To keep the population constant, once a descen-
dant monarch butterfly is produced, a corresponding parent
monarch butterfly will disappear.(4) Monarch butterfly individuals with the best fitness
automatically enter the next generation without any oper-
ation, and then it ensures that the quality of the monarch
butterfly population does not decline as the number of
iterations increases.

The MBO algorithm contains two important operators,
which are described as follows.

The first operator is the migration operator, whose pur-
pose is to update the migration of the monarch butterflies
between Land1 and Land2. The total number of monarch
butterflies is NP, and the numbers of monarch butterflies in
Land1 and Land2 are NP1= ceil (𝑝 × 𝑁𝑃) and 𝑁𝑃2 = 𝑁𝑃 −𝑁𝑃1, respectively, where p is the migration rate of monarch
butterflies with p = 5/12 in MBO, ceil(x) rounds x to the
nearest integer greater than or equal to x, the subpopulation
of Land1 is denoted as Subpopulation1, and the subpopulation
of Land2 is denoted as Subpopulation2. Then, the migration
operator is expressed as

𝑥𝑡+1𝑖,𝑘 = {{{
𝑥𝑡𝑟1,𝑘, 𝑟 ≤ 𝑝
𝑥𝑡𝑟2,𝑘, 𝑟 > 𝑝, (1)

where 𝑥𝑡+1𝑖,𝑘 is the kth element of x𝑖 in generation t + 1;
similarly, 𝑥𝑡𝑟1 ,𝑘 denotes the kth element of 𝑥𝑟1 in generation
t, and 𝑥𝑡𝑟2 ,𝑘 is the kth element of 𝑥𝑟2 in generation t; the
current generation number is t, and the monarch butterflies
r1 and r2 are randomly selected from Subpopulation1 and
Subpopulation2, respectively. Here, r is calculated by 𝑟 =𝑟𝑎𝑛𝑑×𝑝𝑒𝑟𝑖, where peri is themigration period, which is equal
to 1. 2 in MBO and rand is a random number in [0, 1].

The second operator is the butterfly adjusting operator,
which is used to update the position of monarch butterfly in
Subpopulation2. The formula is described as

𝑥𝑡+1𝑗,𝑘
= {{{{{{{{{

𝑥𝑡𝑏𝑒𝑠𝑡,𝑘, 𝑟𝑎𝑛𝑑 ≤ 𝑝
𝑥𝑡𝑟3 ,𝑘, 𝑟𝑎𝑛𝑑 > 𝑝 & 𝑟𝑎𝑛𝑑 ≤ 𝐵𝐴𝑅
𝑥𝑡+1𝑖,𝑘 + 𝛼 × (𝑑𝑥𝑘 − 0.5) , 𝑟𝑎𝑛𝑑 > 𝑝 & 𝑟𝑎𝑛𝑑 > 𝐵𝐴𝑅,

(2)

where𝑥𝑡+1𝑗,𝑘 is the kth element of x𝑗 in generation t+1; similarly𝑥𝑡𝑏𝑒𝑠𝑡,𝑘 is the kth element of 𝑥𝑏𝑒𝑠𝑡 in generation t, which is the
best location for monarch butterflies in Land1 and Land2,𝑥𝑡𝑟3,𝑘 is the kth element of 𝑥𝑟3 in generation t, the monarch
butterfly r3 is randomly selected from Subpopulation2, and
BAR is the adjustment rate. If BAR is less than the random
number rand, the kth element of x𝑗 at t + 1 is updated, where𝛼 is the weighting factor, and 𝛼 = 𝑆max/𝑡2, where S𝑚𝑎𝑥 is the
maximum walk step. In (2), dx is the walk step of butterflies
j that can be calculated by the Levy flight such that dx =
Levy(𝑥𝑡𝑗).

3. Improved MBO Algorithm Based on
OBL and RLP

3.1. Motive of Improving MBO Algorithm. In the MBO
algorithm, the migration operator and the butterfly adjust-
ing operator can ensure the search direction of monarch
butterflies. Furthermore, the migration operator and the
butterfly adjusting operator can be executed simultaneously.
The advantages of MBO algorithm include its simplicity and
easy implementation. However, the drawbacks of MBO algo-
rithm cause poor optimization efficiency in solving complex
optimization problems, which aremainly described from two
aspects as follows: First, from (1), the monarch butterflies
r1 and r2 are randomly selected from Subpopulation1 and
Subpopulation2, respectively. Aworsemonarch butterflymay
be selected to share its features with a better one, leading to
the population degenerating. Second, from the main process
of MBO, when the elitist strategy is adopted, the population
must be sorted twice during each generation, thus causing
high time complexity. Thus, in order to overcome the above
drawbacks and improve the optimization efficiency of MBO,
several creative improvements are developed in this paper.

3.2. Opposition-Based LearningMethod. In the fields of com-
putational intelligence, the OBL is usually used to improve
the convergence rate of many optimization algorithms. Its
main idea is to take into account the current population as
well as its opposite population at the same time and further
obtain better candidate solution [55]. In recent years, the
scholars have applied the OBL method in population-based
optimization technique to enhance the convergence rate. It
can be concluded that an opposite candidate solution has a
better chance to be closer to the global optimum solution
than a random candidate solution [51]. The opposite solution
of OBL is denoted by the mirror point of the solution from
the center of the search space, and then its formula can be
mathematically expressed as

𝑥𝑖,𝑗 = 𝑎𝑖 + 𝑏𝑖 − 𝑥𝑖,𝑗, (3)

where 𝑥𝑖 = (𝑥𝑖,1, 𝑥𝑖,2, . . . , 𝑥𝑖,D) is a feasible solution in a D-
dimensional search space, 𝑥𝑖,𝑗 = [𝑎𝑖, 𝑏𝑗], 𝑗 = 1, 2, . . . , 𝐷, and
its opposition-based solution is 𝑥𝑖 = (𝑥𝑖,1, 𝑥𝑖,2, . . . , 𝑥𝑖,D).

Note that if the OBL approach is introduced into the
initialization of the MBO algorithm, it can produce the
opposition-based population.Then, the better individuals are
selected to participate in the evolution from the union of the
original populations and the opposition-based populations.
Thus, this operation increases the population diversity and
expands the exploration scope of MBO.

3.3. Random Local Perturbation-Based Migration Operator.
To overcome the shortcoming of the premature convergence
of MBO, a novel RLP is constructed and merged into the
migration operator of the MBO. For this, the RLP strategy
can be defined as

𝑥𝑡+1𝑖,𝑘 = 𝑥𝑡𝑝,𝑑 + 𝑟𝑎𝑛𝑑 × (𝑥𝑡𝑞,𝑑 − 𝑥𝑡𝑝,𝑑) , (4)
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for 𝑖 = 1 to𝑁𝑃1 do
for 𝑘 = 1 to 𝐷 do

R = 0. 5.
Set 𝑟 as a random number in [0, 1].
if 𝑟 < 𝑅 then

Calculate 𝑥𝑡+1𝑖,k by Eq. (4).
else

Calculate 𝑥𝑡+1𝑖,k by Eq. (1).
end if

end for
Calculate 𝑥𝑡+1𝑖,new with greedy strategy by Eq. (5).

end for

Algorithm 1

where 𝑥𝑡𝑝 is an optimal solution in generation t, 𝑥𝑡𝑞 is a
suboptimal solution in generation t, 𝑥𝑡+1𝑖,k is the kth element of
the ith individual in generation t + 1, 𝑥𝑡𝑝,𝑑 is the dth element
of the optimal solution in generation t, 𝑥𝑡𝑞,𝑑 is the dth element
of the suboptimal solution in generation t, and d can be
calculated by 𝑑 = ⌈𝐷 × 𝑟𝑎𝑛𝑑⌉.

Equation (4) shares the information of the optimal
solution and the suboptimal solution, which is conducive to
guiding the current individual to move toward the optimal
solution and the suboptimal solution. Then, the convergence
speed can be effectively accelerated. Meanwhile, to maintain
the diversity of the MBO search, a control parameter R is set
asR= 0. 5, whereR= 0. 5 is determined throughmany experi-
ments, and a randomnumber r from0 to 1 is generated.When
r<R, the locationupdating is performed according to (4); oth-
erwise the location updating is performed according to (1).

For the basic MBO, the parameters of the elitist strategy
need to be set. In each generation, the population will be
sorted twice, which brings about much computation com-
plexity. If the greedy selectionmethod is adopted inMBO, the
population at each generation is just sorted once. Thus, the
elitist strategy can be replaced by the greedy selection method
in the SIO algorithms [53]. Hence, during each generation,
the new generated monarch butterflies are compared with
the corresponding old ones, and the better one is selected.
So, this replacement eliminates the elitist parameters, gets rid
of a sorting, and further improves the operation efficiency.
It follows that the greedy strategy is introduced into the
improved migration operator with RLP, and the superior
candidate solution is retained by the principle of survival of
the fittest. Here, the greedy strategy can be expressed as

𝑥𝑡+1𝑖,𝑛𝑒𝑤 = {{{
𝑥𝑡+1𝑖 , 𝑓 (𝑥𝑡+1𝑖 ) < 𝑓 (𝑥𝑡𝑖)𝑥𝑡𝑖 , otherwise, (5)

where 𝑥𝑡+1𝑖,𝑛𝑒𝑤 is the generation t + 1 of new monarch butterfly
individuals, and𝑓(𝑥𝑡+1𝑖 ) and𝑓(𝑥𝑡𝑖) represent the fitness values
of two monarch butterflies 𝑥𝑡+1𝑖 and 𝑥𝑡𝑖 , respectively.

The special steps of the improvedmigration operator with
RLP are described in Algorithm 1.

For Algorithm 1, the improved migration operator with
RLP shows that our proposed method with sharing infor-
mation can make full use of the information of the high-
quality individuals in the current population, and improve
the local optimization ability. Moreover, the greedy strategy
only retains individuals who have a better fitness, which
efficiently enhances the convergence rate.

3.4. Main Procedure of Improved MBO Algorithm. All the
above improvements can enhance the optimization perfor-
mance of the MBO algorithm. The main process of OBL
and RLP-based improved MBO (OPMBO) algorithm can
be illustrated in Figure 1. The special steps of the OPMBO
algorithm are provided in Algorithm 2.

3.5. Complexity Analysis. Under the same software and hard-
ware on all systems, the computational complexity of the
optimization algorithm is mainly composed of two parts as
follows: one is the complexity of the objective function, and
the other is the complexity of the algorithm process. In the
comparison experiment, six kinds of SIO algorithms, namely,
the MBO algorithm [29], the GCMBO algorithm [36], the
OPMBO algorithm, the FOA based on hybrid location
information exchange mechanism (HFOA) [60], the GWO
algorithm [16], and theOGWOalgorithm [54], have the same
population number and maximum number of iterations, so
that their maximum function evaluation times are equal.
Thus, the complexity of OPMBO algorithm mainly focuses
on its operation process. For the OPMBOalgorithm, the time
complexity is polynomial. Assume that the maximum num-
ber of iterations of the OPMBO is MaxGen, the population
size is NP, the Subpopulation1 is NP1, the Subpopulation2 is
NP2 with NP2 = NP – NP1, and the dimension is D. In an
effort to avoid confusion and awkward phrasing, MaxGen is
replaced byT,NP is replaced byN, andNP1 is replaced byN1.
According to Figure 1, the time complexity of the algorithm
is mainly determined by each iteration cycle. The detailed
analysis of time complexity forOPMBO is as follows:The first
step is to calculate the fitness value of the monarch butterflies,
and then the time complexity is O(N). The second step is
sorting, and the time complexity of Quicksort algorithm in
[31] is 𝑂(𝑁 log𝑁). The third step is to divide the population
into two subpopulations, and the time complexity is O(N).
The fourth step is to firstly run the improved migration
operator, which has two inner loops, and then the time
complexity is 𝑂(𝑁1 × 𝐷). And secondly for the butterfly
adjusting operator, there are two inner loops, whose time
complexity is 𝑂((𝑁 − 𝑁1) × 𝐷). Therefore, the total time
complexity of OPMBO algorithm is 𝑇(𝑛) = 𝑂(𝑓(𝑛)) =𝑂(𝑇 ×(𝑁 + 𝑁 log𝑁 + 𝑁 + (𝑁1 × 𝐷) + ((𝑁 − 𝑁1) × 𝐷))) = 𝑂(𝑇 ×(2𝑁+𝑁 log𝑁+𝑁×𝐷)) = 𝑂(𝑇 ×𝑁 log𝑁). In the OPMBO
algorithm, since the variable storage space is affected by the
population size N and the variable dimension D, the space
complexity can be calculate by 𝑆(𝑛) = 𝑂(𝑓(𝑛)) = 𝑂(𝑁 × 𝐷).
4. Experimental Results and Analysis

4.1. Experiment Preparation. To verify the optimization per-
formance of OPMBO, a series of experiments are performed
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Start

Sort the population according to monarch butterfly fitness

Divide the monarch butterflies population into two subpopulations

Output the optimal values

End

Update Subpopulation2 according to the
butterfly adjusting operator

Update Subpopulation1 according to the
improved migration operator with RLP

Calculate fitness values according to the
location of each monarch butterfly

Generate the opposition-based population and select
individuals with better fitness to enter the next generation

Set the parameters and initialize the population
t = 1

t = t + 1

Y
N

t ⩽ MaxGen?

Figure 1: The main process of the OPMBO algorithm.

Step 1. Set the population quantity 𝑁𝑃, the maximum generation𝑀𝑎𝑥𝐺𝑒𝑛, the dimensions 𝐷, the max walk step size 𝑆𝑚𝑎𝑥,
the adjusting rate 𝐵𝐴𝑅, the migration period 𝑝𝑒𝑟𝑖 and the migration rate 𝑝. Let the current cycle counter 𝑡 = 1.
//Initialization operation

Step 2. Generate the opposition-based population according to OBL. Select the individuals with better fitness to enter
the next generation from the original and opposition-based populations.

Step 3. Calculate their fitness values according to the location of each monarch butterfly. //Fitness evaluation
Step 4. While 𝑡 ≤ 𝑀𝑎𝑥𝐺𝑒𝑛 do

Sort the population according to monarch butterfly fitness using Quicksort algorithm in [31].
Divide the monarch butterfly population into two subpopulations, i.e., Subpopulation1 and Subpopulation2.
for 𝑖 = 1 to𝑁𝑃1 do
Update Subpopulation1 using Algorithm 1.

end for
for 𝑗 = 1 to𝑁𝑃2 do
Update Subpopulation2 by Eq. (2).

end for
Merge two new subpopulations into a new population.
Recalculate the fitness values of each monarch butterfly according to the updated position.
Let 𝑡 = 𝑡 + 1.

Step 5. end while
Step 6. Output the optimal values.

Algorithm 2
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on various benchmark functions. The test of benchmark
functions is a common and popular method to verify the
performance of intelligent algorithms. For example, Wang
et al. [29] introduced 38 benchmark functions to demon-
strate the superior performance of the MBO algorithm,
and the results clearly exhibit the capability of the MBO
toward finding the enhanced function values on most of
the benchmark problems. Wang et al. [36] employed 18
benchmark functions to test the GCMBO algorithm, and
the results indicate that GCMBO significantly outperforms
the basic MBO method on almost all the test cases. Zhang
et al. [53] marked 21 benchmark functions to verify the
efficiency of biogeography-based optimization algorithm.
Zhang et al. [54] used 30 benchmark functions to illustrate
the performance of hybrid algorithm based on biogeography-
based optimization andGWO. In our experiments, the typical
12 benchmark functions are selected from [29, 36, 53, 54] to
test the performance of our OPMBO algorithm, which can
be rigorous to verify the effectiveness of all of the compared
algorithms. The information for 12 benchmark functions is
shown in Table 1, where the F𝑚𝑖𝑛 is the minimum value (ideal
optimal value) of the function. These benchmark functions
can be classified into two different types, unimodal functions
f 1-f 7 and multimodal functions f 8-f 12.

The experiments were performed on a personal com-
puter running Windows 7 with an Intel(R) Core(TM)CPU
operating at 3.10 GHz and 4 GB memory. All the simulation
experiments were implemented in MATLAB R2014a.

4.2. Comparison of OPMBO with MBO and GCMBO on
Different Dimensions. The objective of the following exper-
iments is to show the comparison results of 12 bench-
mark functions on different dimensions. The two state-of-
the-art algorithms, the MBO [29] and the GCMBO [36],
are selected as the comparison algorithms to evaluate the
effectiveness of the OPMBO. Following the experimental
techniques developed by Wang et al. [36] and Zhang et
al. [53], the three dimensions of the functions are set as
follows: the low-dimensional (20 dimensions), the medium-
dimensional (50 dimensions), and the high-dimensional (100
dimensions). As the dimension increases, the difficulty of
the problem increases, which verifies that OPMBO has
the ability to handle the complex optimization problems.
Then, the optimization experiments of the three algorithms
(MBO, GCMBO, and OPMBO) are performed on the three
different dimensions for the 12 benchmark functions to
verify the optimization performance of the OPMBO. The
related parameter values for testing the three algorithms are
shown in Table 2. Following the experimental techniques
designed by Wang et al. [29], the D describes the dimension,
the MaxGen is the maximum number of iterations, the
NP describes the number of monarch butterfly population,
and the Num represents the independent running times of
each optimization problem. It is known that along with
the increase of the dimension of the benchmark function,
the maximum number of iterations MaxGen will increase.
The monarch butterfly population of the three algorithms is
uniformly set to 50, and the other parameters are the same as
in [29, 36]. In order to reduce the random error, each method

is run 30 times independently for each optimization problem,
and the results are the average value of 30 time evaluations.
The experimental results for different dimensions (20, 50,
and 100 dimensions) on 12 benchmark functions are listed
in Tables 3–5, respectively, where the best values are in bold
font. Following the experimental techniques designed in [29,
36, 53, 54, 60, 61], the optimal value as Best, the worst value as
Worst, the mean value as Mean, and the standard deviation
as Std of the fitness values of benchmark functions for the
30 independent experimental results are employed to test the
MBO, GCMBO, and OPMBO algorithms. Here, Zhang et al.
[53] and Wang et al. [36] declared that the lower Mean and
Std values indicate a better algorithm with respect to search
ability and stability in their experimental analysis.

The first part of this experiment is conducted on the 20
dimensions, and the results are illustrated in Table 3. It can be
seen from Table 3 that on f 1-f 4, f 8-f 10, and f 12, the OPMBO
algorithm achieves the best optimization results on the Best,
Worst, Mean, and Std values. In particular, the theoretical
optimal value is obtained by OPMBO on f 12 . On f 5 and f 7 ,
although the Best value of OPMBO is not the best, it has
achieved the best optimization results on the Worst, Mean,
and Std values. The Best value of GCMBO is the same as
that of OPMBO, but OPMBO achieves the best results for the
other values on f 11. On f 6, the three algorithms achieve the
best value, but theMean and Std values of OPMBO are better.
Therefore, the experimental results on the 20-dimensional
benchmark function show that the performance of OPMBO
is excellent for the low-dimensional functions.

In what follows, this portion of our experiment is to
be performed on the 50 dimensions, and the results are
shown in Table 4. The values of OPMBO are not as well
as that of GCMBO on f 1 . However, the OPMBO algorithm
achieves the best results on f 2-f 4, f 8 , and f 9. Both the Mean
and Std values of OPMBO are optimal on f 5 and f 10-f 12.
As the dimensions increase, the optimization performances
of MBO and GCMBO decrease severely, whereas OPMBO
does not decrease on f 6. To more intuitively demonstrate the
convergence speed and the local and global search ability
of the three algorithms, the convergence curves of the three
algorithms of the experimental results on the 50-dimensional
functions in Table 4 are shown in Figure 2.

Figure 2 shows that for f 1, the convergence rate of
OPMBO is better than those of MBO and GCMBO in the
initial iterations, whereas the convergence of OPMBO is
slower than that of GCMBO in later iterations. Overall, both
GCMBO and OPMBO have a much better effect than MBO
on f 1. The convergence speed of OPMBO is clearly faster
than those of MBO and GCMBO on f 2-f 11. For f 2 , when
iterating to 200 times, the MBO and GCMBO algorithms
have stopped, but the OPMBO has been updating the search.
So, the convergence of OPMBO is faster. For f 3, although the
convergence rate of GCMBO is the best at the beginning, the
convergence of OPMBO gradually shows an optimal trend
as the iteration progresses. For f 4 , the convergence curves of
MBO and GCMBO are basically the same, but the curve of
OPMBO shows obviously a faster convergence speed. For f 5 ,
from the iteration of 100 times, both MBO and GCMBO are
caught in the search stagnation, but the OPMBO gradually
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(f) 𝑓6

Figure 2: Continued.
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(l) 𝑓12

Figure 2: The convergence curves of the three algorithms on the 50-dimensional functions.
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Table 2: The related parameter values for testing the three algorithms.

Dimension 𝐷 MaxGen NP Num
low 20 500 50 30
medium 50 2000 50 30
high 100 5000 50 30

Table 3: The comparison results of the three algorithms on the 20-dimensional benchmark functions.

Function Algorithm 𝐵𝑒𝑠𝑡 𝑊𝑜𝑟𝑠𝑡 𝑀𝑒𝑎𝑛 𝑆𝑡𝑑
𝑓1 MBO 2.1817e-08 1056671 10.2897 24.1542

GCMBO 1.4305e-12 2.2191e-08 4.0376e-09 6.1440e-09
OPMBO 1.7124e-18 2.8958e-09 1.9961e-10 5.6832e-10

𝑓2 MBO 2.0696e-05 45.8467 14.1370 14.5827
GCMBO 8.5651e-31 2.7743 0.1784 0.5239
OPMBO 1.1985e-32 1.9515e-25 9.6741e-27 3.6316e-26

𝑓3 MBO 467.5414 2.6400e+04 9.9164e+03 7.0557e+03
GCMBO 5.2744 1.1659e+04 5.7437e+03 3.6304e+03
OPMBO 4.7218e-16 105.8061 12.9713 25.4996

𝑓4 MBO 0.0656 69.6874 34.4202 23.9322
GCMBO 0.8478 65 21.8416 18.9365
OPMBO 6.4794e-08 9.7491 1.3394 2.5359

𝑓5 MBO 2.4859e-04 76.0287 19.5472 24.7662
GCMBO 0 18.8264 2.2732 5.8333
OPMBO 1.2577e-10 6.6586e-06 1.7297e-06 1.8097e-06

𝑓6 MBO 0 38189 8.2961e+03 1.3038e+04
GCMBO 0 2463 9.72000 449.5788
OPMBO 0 0 0 0

𝑓7 MBO 3.2274e-06 3.0575e+03 636.4260 1.0172e+03
GCMBO 1.7541e-07 342.4249 71.0668 96.0405
OPMBO 1.7164e-05 18.6066 14.1968 7.9660

𝑓8 MBO 6.8753e-12 3.3320e+08 4.1706e+07 8.7357e+07
GCMBO 1.0427e-14 4.4128e+06 1.6156e+05 8.0584e+05
OPMBO 1.5705e-32 1.0369e-12 7.8430e-14 2.4871e-13

𝑓9 MBO 4.3862e-10 4.9682e+08 5.5076e+07 1.3686e+08
GCMBO 2.3991e-14 1.1729e+07 7.9503e+05 2.5028e+06
OPMBO 5.6159e-28 5.2997e-12 3.5047e-13 1.0677e-12

𝑓10 MBO 5.0008e-04 20.1443 8.9263 7.9682
GCMBO 1.9918e-06 5.5369 0.2610 1.0806
OPMBO 1.6130e-10 1.6511e-05 6.9485e-06 5.0036e-06

𝑓11 MBO 2.5817e-04 4.8952e+03 2.3067e+03 1.6744e+03
GCMBO 2.5455e-04 3.0729e+03 1.1757e+03 1.0464e+03
OPMBO 2.5455e-04 2.3009e+03 76.6964 420.0823

𝑓12 MBO 1.1262e-04 255.8194 97.2892 96.4221
GCMBO 1.9541e-08 74.1824 10.7346 15.3041
OPMBO 0 2.4978e-07 2.9660e-08 5.3340e-08

has a very fast speed in convergence. For f 6, combining the
convergence graph with Table 4, the OPMBO has obtained
an ideal optimal value when iterating 100 times. For f 8,
although the OPMBO appears to stagnate at 100 iterations,
theOPMBO jumps out of the local optimumat 200 iterations.
The reason is that the migration operator with RLP of
OPMBO makes the algorithm jump out of local optimum

to some extent. For f 9-f 10, the convergence of OPMBO is
much better than those of MBO and GCMBO. Though the
convergence of OPMBO is better than MBO and GCMBO
on f 11 and f 7, it is not as well as f 10. Thus, the convergence
speed of OPMBO is significantly faster than those of the
other algorithms, especially on f 4-f 6 and f 9.The convergence
of GCMBO is better than those of MBO and OPMBO in
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Table 4: The comparison results of the three algorithms on the 50-dimensional benchmark functions.

Function Algorithm Best Worst Mean Std

𝑓1 MBO 0.1477 398.2232 209.3775 139.9068
GCMBO 1.8428e-13 1.0670e-08 1.1156e-09 2.1500e-09
OPMBO 1.5567e-10 2.7548e-08 8.8554e-09 7.5075e-09

𝑓2 MBO 0.0034 415.5476 153.3220 142.7727
GCMBO 1.9171e-07 133.2460 19.7500 29.8177
OPMBO 1.2181e-28 6.6022e-23 9.4507e-24 1.6826e-23

𝑓3 MBO 0.0010 1.6716e+05 7.1776e+04 5.1240e+04
GCMBO 2.3034e+03 7.4799e+04 2.8123e+04 1.7575e+04
OPMBO 9.7152e-10 4.7017e+04 1.9873e+03 8.6490e+03

𝑓4 MBO 0.0071 90.5485 35.3305 26.7642
GCMBO 0.0299 85.3000 33.9794 21.5405
OPMBO 1.4047e-06 22.7838 4.0685 6.5366

𝑓5 MBO 0.1832 227.1000 130.7104 79.0919
GCMBO 0 110.2839 23.6658 35.6746
OPMBO 1.0957e-06 7.7733e-05 2.7397e-05 1.6504e-05

𝑓6 MBO 0 132209 5.1815e+04 5.1859e+04
GCMBO 0 12346 1696 2.9548e+03
OPMBO 0 0 0 0

𝑓7 MBO 1.3455e-04 1.8360e+04 5.9326e+03 6.2480e+03
GCMBO 3.3925e-09 1.4881e+03 243.2459 353.8553
OPMBO 1.2070e-05 306.7838 46.0623 53.5043

𝑓8 MBO 3.4589e-11 1.1141e+09 2.4720e+08 4.0804e+08
GCMBO 2.0184e-17 5.4740e+07 3.2179e+06 1.0925e+07
OPMBO 4.5879e-19 9.7859e-13 1.1863e-13 2.1688e-13

𝑓9 MBO 6.5719e-10 1.9497e+09 3.6131e+08 6.4416e+08
GCMBO 9.8724e-16 1.4513e+08 1.0977e+07 3.1121e+07
OPMBO 1.2994e-16 9.2119e-12 1.9405e-12 2.1819e-12

𝑓10 MBO 3.0017 20.7867 15.9858 6.1167
GCMBO 6.6066e-07 19.8083 1.9658 4.6606
OPMBO 1.0861e-06 9.8438e-05 4.0379e-05 2.2417e-05

𝑓11 MBO 2.4511e+03 1.6770e+04 1.0050e+04 4.1486e+03
GCMBO 6.3638e-04 8.0438e+03 4.2775e+03 2.7433e+03
OPMBO 6.3638e-04 6.0967e+03 970.1854 2.2072e+03

𝑓12 MBO 26.7258 851.3496 489.7041 275.3819
GCMBO 1.9838e-10 98.6456 17.8949 31.4580
OPMBO 7.4206e-09 124.9711 4.1657 22.8165

early iterations, whereas the convergence of OPMBO is faster
than those of the other algorithms in the later iterations
on f 12. As a result, the OPMBO algorithm outperforms
the MBO and GCMBO algorithms from the convergence
curves. In conclusion, the performance of OPMBO on the
medium-dimensional benchmark function is excellent for
the experimental results in Table 4.

The third part of this experiment is to be carried out
on the 100 dimensions, and the results are demonstrated
in Table 5. The OPMBO algorithm achieves the excellent
performance from Table 5. Although OPMBO is not as good
as GCMBO for the Std on f 11 , it is the best in terms of
both the Mean and Std values on the other functions. Most
importantly, the performance of OPMBO does not decrease

with increasing dimensions on f 6. Therefore, OPMBO can
obtain the best optimization performance on the high-
dimensional.

From Tables 3–5, the GCMBO and OPMBO algorithms
have similar results in three different dimensions on the
identical benchmark functions, and both are better than
MBO on f 1. For f 2, the results of OPMBO in all three
dimensions are the best. In particular, there is no decline in
optimization performance as the dimension rises in the 20-
dimensional and 50-dimensional functions. On f 3 and f 4 ,
although the OPMBO has achieved the best results, the gap
between them is not obvious. The results of OPMBO are
superior to the other two algorithms, especially in the 20-
dimensional and 50-dimensional functions on f 5 . It is worth
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Table 5: The comparison results of the three algorithms on the 100-dimensional benchmark functions.

Function Algorithm Best Worst Mean Std

𝑓1 MBO 2.9655e-04 873.4768 483.6526 327.2392
GCMBO 1.6826e-11 200.0985 10.0288 40.1674
OPMBO 1.4014e-08 138.6132 4.8784 25.2979

𝑓2 MBO 0.0082 1.8812e+03 942.8625 653.6147
GCMBO 4.6673e-05 552.4148 139.0795 154.2869
OPMBO 2.7599e-23 301.3835 15.2540 59.7389

𝑓3 MBO 326.4544 8.2019e+05 3.6314e+05 1.7811e+05
GCMBO 4.5214e+03 2.4929e+05 1.1272e+05 6.3874e+04
OPMBO 3.8963e-08 1.4750e+05 9.4295e+03 2.8488e+04

𝑓4 MBO 2.3891 90.9853 38.9181 25.9349
GCMBO 0.7494 90.9000 40.2048 27.9953
OPMBO 1.0715e-05 33.5396 7.8364 9.4976

𝑓5 MBO 0.0807 484.7000 266.4036 175.1478
GCMBO 5.0299e-07 250.5469 56.1723 71.6008
OPMBO 5.4517e-05 2.2668 0.0760 0.4138

𝑓6 MBO 433 288070 1.7473e+05 1.0058e+05
GCMBO 0 106666 1.7420e+04 2.8532e+04
OPMBO 0 3 0.1000 0.5477

𝑓7 MBO 0.1632 4.2320e+04 1.3569e+04 1.4322e+04
GCMBO 1.0042e-08 8.8990e+03 1.0016e+03 2.0665e+03
OPMBO 1.9180e-05 6.8818e+03 432.4594 1.2535e+03

𝑓8 MBO 4.5486e-11 2.9628e+09 8.5431e+08 1.1962e+09
GCMBO 1.1964e-19 3.6385e+08 4.6229e+07 9.5275e+07
OPMBO 8.3732e-13 5.9931e-12 2.9010e-12 1.4209e-12

𝑓9 MBO 0.9237 5.0861e+09 1.4982e+09 1.7699e+09
GCMBO 3.2011e-15 9.8268e+08 1.3463e+08 2.7277e+08
OPMBO 9.2390e-12 0.4056 0.0135 0.0741

𝑓10 MBO 3.7907 20.8227 18.6499 3.9959
GCMBO 5.7380e-07 19.9186 8.6313 9.1342
OPMBO 4.5998e-05 1.0344 0.0393 0.1897

𝑓11 MBO 8.2058e+03 3.6580e+04 2.3230e+04 8.9660e+03
GCMBO 0.0013 1.8954e+04 9.3635e+03 5.8928e+03
OPMBO 0.0013 3.1905e+04 6.5790e+03 1.0764e+04

𝑓12 MBO 262.6423 1.8211e+03 1.4277e+03 422.1270
GCMBO 7.4610e-09 670.2994 113.0140 155.9463
OPMBO 2.1383e-06 665.6871 57.3632 152.5890

mentioning that OPMBOhas achieved an ideal optimal value
of f 6 in three dimensions, which can prove the excellent
performance of OPMBO. On f 8, the Mean of OPMBO in
20 dimensions is 7.8430e-14, the Mean in 50 dimensions is
1.1863e-13, and the Mean in 100 dimensions is 2.9010e-12. It
follows that the optimization performance of OPMBO does
not decrease as the dimension increases. So, the results of
the OPMBO are much better than the other two algorithms,
regardless of the three dimensions on f 9 and f 10 . On f 11,
OPMBO is better than the other two algorithms, except
for 100 dimensions. Furthermore, the Mean and Std values
of OPMBO are the best in three dimensions on f 7 and
f 12. Therefore, the results show that the performance of
OPMBO is more outstanding than the other two algorithms

on most of the 12 benchmark functions under three different
dimensions.

According to the above experimental results and analysis,
it can be proven that OPMBOnot only has great convergence
accuracy but also shows better global search capabilities on
multimodal functions of three different dimensions, and it
is superior to the contrast algorithms with relatively obvious
advantages. Since the OPMBOembeds the OBL, the diversity
of population has been enhanced and the global exploration
ability has been improved. Moreover, the RLP is added to
the migration operator such that the information of the
better individuals in the population is applied effectively, and
the convergence rate of the OPMBO algorithm is greatly
improved. In summary, OPMBO has better optimization
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Table 6: The two-tailed t-test of the experimental results on 100-dimensional benchmark functions.

Function OPMBO with MBO OPMBO with GCMBO
t p t p

f 1 791.0854 0 8.8112 1.4443e-18
f 2 946.4590 0 112.1480 0
f 3 692.0171 0 165.3924 0
f 4 395.9505 0 431.6215 0
f 5 938.4122 0 157.6091 0
f 6 1.2251e+03 0 97.7934 0
f 7 353.7764 0 15.2470 6.6025e-52
f 8 590.1854 0 32.2386 5.0606e-217
f 9 546.0571 0 48.7033 0
f 10 715.0020 0 272.3707 0
f 11 298.9920 0 16.7654 3.0813e-62
f 12 618.5786 0 10.6642 2.0751e-26
Better 12 12
Equal 0 0
Worse 0 0

Table 7: The comparison results of OPMBO with HFOA on 30 dimensions with a population size of 50.

Function Value HFOA OPMBO

f 1
Mean 1.30e−05 1.2160e-08
Std 6.37e−07 1.4345e-08

f 5
Mean 1.82e−02 2.3977e-05
Std 5.45e−04 2.1619e-05

f 6
Mean 0 0
Std 0 0

f 10
Mean 2.65e−03 2.7394e-06
Std 5.67e−05 3.7822e-06

f 12
Mean 2.60e−03 6.2990e-05
Std 1.34e−04 4.4079e-05

performance than the other two algorithms whether it is
on the unimodal function or the multimodal function.
Therefore, all the experimental results show that the OPMBO
algorithm is effective and feasible.

4.3. Two-Tailed t-Test of the Experimental Results on 100-
Dimensional Benchmark Functions. For the experimental
results of the 100 dimensions on the 12 benchmark functions
inTable 5, following the experimental techniques designed by
Zhang et al. [61], Table 6 shows the values of t and p for a
two-tailed t-test with a 5% level of significance between the
OPMBO algorithm and the other optimization algorithms
(MBOandGCMBO), inwhich “Better”, “Equal”, and “Worse”
indicate that OPMBO is better than, equal to, or worse than
the compared methods in this case, respectively.

Table 6 shows that OPMBO is significantly better than
MBO and GCMBO at a 95% confidence level, which demon-
strates the excellent performance of the OPMBO algorithm.

4.4. Comparison of OPMBO with HFOA on 30 Dimensions
and Population Size of 50. This portion of our experiments
further concerns the optimization performance of OPMBO

on the 30 dimensions and the population size of 50. The
OPMBO algorithm is compared with the HFOA algorithm
in [60]. Both algorithms have the 30 dimensions on the rep-
resentative 5 benchmark functions selected from Table 1, and
the population size is set as 50. Following the experimental
techniques in [60], the results are shown in Table 7, where the
bold font indicates the best.

Both HFOA and OPMBO obtain a theoretical optimal
value on f 6. However, on the other 4 benchmark functions,
OPMBO obviously outperforms the HFOA on theMean and
Std values. Hence, the results indicate that the optimization
ability of OPMBO is strong. In summary, the OPMBO algo-
rithm outperforms the HFOA algorithm on 30 dimensions
and population size of 50.

4.5. Comparison of OPMBO with GWO and OGWO on 30
Dimensions and Population Size of 20. To further illustrate
the optimization performance of the OPMBO algorithm,
similar to Section 4.4, the OPMBO is compared with the
GWO algorithm [16] and the OGWO algorithm [54]. Both
OPMBO and OGWO use the OBL method and have strong
comparability. Three algorithms have the 30 dimensions
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Table 8: The comparison of OPMBO with two GWOs on 30 dimensions with a population size of 20.

Function Value GWO OGWO OPMBO

f 1
Mean 0 0 1.2050e-11
Std 0 0 1.7997e-11

f 2
Mean 1.1120e-03 4.6172e-04 1.5053e-29
Std 7.6128e-04 5.6910e-04 2.5417e-29

f 4
Mean 0 0 1.5287
Std 0 0 2.2393

f 7
Mean 2.6505e+01 2.4281e+01 31.0143
Std 5.2458e-01 4.6388e-01 38.9259

f 8
Mean 4.6138e-02 1.7570e-06 1.4067e-15
Std 2.1483e-02 5.9634e-07 3.6039e-15

on the representative 5 benchmark functions selected from
Table 1, and the population size is 20. Following the experi-
mental techniques designed by Mirjalili et al. [16] and Zhang
et al. [54], the experimental results are demonstrated in
Table 8, where the best values are in bold font.

Table 8 shows that although the results of OPMBO are
not as well as those of GWO and OGWO on f 1, f 4, and
f 7, OPMBO is better than GWO and OGWO on f 2 and
f 8. In conclusion, the optimization performance of OPMBO
is better than those of GWO and OGWO on benchmark
functions.

4.6. Comparison of Clustering Optimization with Six SIO
Algorithms. Clustering is a way of the grouping of objects or
data according to similar criteria, which is done by a group
of data items close to each other based on several criteria
[62]. Data clustering refers to maximizing the similarity of
the members in a group (or cluster) as much as possible and
minimizing the similarity of the members in two different
groups as much as possible [53]. One of the well-known
techniques to handle the clustering problem is to convert
the clustering problem into an optimization problem. Then,
the clustering problem can be solved by any optimization
algorithm [63]. That is, clustering itself can be stated as
an optimization problem, so it can be solved by the SIO
algorithms [54]. Many scholars have been devoted to solving
clustering problem using SIO techniques [62–70].

For a data space, let X be the data set with n number of
objects or patterns, and each object is ofm dimension, where𝑋 = {𝑋1, 𝑋2, . . . , 𝑋𝑛}, and 𝑋 ∈ 𝑅𝑛×𝑚. Then, a clustering C
can be represented as K clusters {𝐺1, 𝐺2, . . . , 𝐺𝑘}, such that it
must satisfy the following conditions:

(1)⋃𝐾𝑖=1 𝐺𝑖 = 𝑋, where G𝑖 refers to the i
𝑡ℎ cluster.

(2) 𝐺𝑖 ̸= Ø, where 𝑖 = 1, 2, . . . , 𝐾.
(3) 𝐺𝑖 ∩ 𝐺𝑗 = Ø, where 𝑖 ̸= 𝑗, 𝑖, 𝑗 = 1, 2, . . . , 𝐾.
(4) sim(X1, X2) > sim(X1, Y1), where 𝑋1, 𝑋2 ∈ 𝐺𝑖 and𝑌1 ∈ 𝐺𝑗, 𝑖 ̸= 𝑗.
It is known that the clustering can be achieved by various

well-known similarity measures. In this experiment, when
the numeric data is analyzed, the Euclidean distance is
introduced to measure the similarity degree between two
objects. Since each individual of OPMBO is viewed as a
candidate solution for the clustering optimization problem, a

fitness value of the individual is used as an objective function
value of the corresponding candidate solution. What is more,
when the solution minimizes the objective function value,
the best can be achieved. Then, the formula of the objective
function [53] is described as

𝑓 = 𝐾∑
𝑘=1

∑
𝑋𝑖∈𝐺𝑘

𝑑 (𝑋𝑖, 𝑍𝑘) , (6)

whereZ𝑘 represents the kth clustering center, and 𝑑(𝑋𝑖 , 𝑍𝑘) =‖𝑋𝑖–𝑍𝑘‖ indicates the Euclidean distance between two m
dimensional objects X𝑖 and Z𝑘.

In Table 9, 13 data sets are adopted to test the cluster-
ing optimization performance of our proposed algorithm.
The specifications of the 13 data sets are shown in Table 9, in
which Mydata can be downloaded at http://yarpiz.com/64/
ypml101-evolutionary-clustering, and the other 12 data sets
are taken from UCI Machine Learning Repository, which
can be downloaded at http://archive.ics.uci.edu/ml/datasets
.htm.

The first section of this experiment is to illustrate the
efficiency of clustering optimization on the selected 10 data
sets from Table 9 with three MBO algorithms, which include
the MBO, GCMBO, and OPMBO algorithms. The common
parameter values of all three algorithms are set as follows:
the population size N is 50, the maximum number of
iterations MaxGen is 200, and the independent run number
on each data set is 30. Following the experimental techniques
designed in [29, 36], the Mean indicates the average mini-
mum distance between each spatial point and the center of
each cluster, the Std describes the standard deviation value,
and then the comparison results are shown in Table 10, where
the bold font indicates the best.

From Table 10, the OPMBO obtains the best Mean and
Std values on all the 10 data sets. TheMean values of OPMBO
are about nearly 5-6% larger than GCMBO and nearly 4-
7% on the Heart, Liver Disorders, and Statlog data sets,
respectively. However, the different values of Std with the
OPMBO, MBO, and GCMBO algorithms on the three data
sets are approximately 1%. Although the OPMBO achieves
the largest values of Mean and Std on the other seven data
sets, it is obvious that the values of OPMBO compared with
MBO and GCMBO are very close.

http://yarpiz.com/64/ypml101-evolutionary-clustering
http://yarpiz.com/64/ypml101-evolutionary-clustering
http://archive.ics.uci.edu/ml/datasets.htm
http://archive.ics.uci.edu/ml/datasets.htm
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Table 9: Overview of the thirteen data sets.

Data set Samples Attributes Clusters
Mydata 300 2 3
Abalone 4177 8 3
Balance Scale 625 4 3
Car 1728 6 4
Heart 270 13 2
Liver Disorders 345 7 2
Soy bean 47 35 4
Statlog 270 13 2
Yeast 2417 103 14
Zoo 101 17 7
Iris 150 4 3
Wine 178 13 3
Glass 214 9 6

Table 10: The comparison results of clustering optimization on the three different MBO algorithms.

Dataset Value MBO GCMBO OPMBO

Mydata mean 1.8159 1.7644 1.5715
std 0.1740 0.1710 0.1382

Abalone mean 1.8487 1.8430 1.6846
std 0.1259 0.1135 0.0904

Balance Scale mean 2.3613 2.3647 2.3250
std 0.0237 0.0238 0.0147

Car mean 2.0465 2.0478 2.0125
std 0.0227 0.0214 0.0193

Heart mean 52.6973 53.0394 48.2396
std 3.5966 3.5950 3.3478

Liver Disorders mean 46.1680 44.4722 39.9735
std 5.0187 4.2370 3.5294

Soy bean mean 3.5825 3.6082 3.3619
std 0.0852 0.0891 0.0715

Statlog mean 92.6813 92.3759 86.4422
std 12.2853 12.2129 10.6546

Yeast mean 0.3879 0.4006 0.3579
std 0.0352 0.0402 0.0286

Zoo mean 2.3883 2.3986 2.3412
std 0.0725 0.0716 0.0666

The following part of this experiment further concerns
the clustering optimization performance on the selected
three data sets from Table 9 with the four kinds of different
optimization algorithms, which include the OPMBO, the
PSO algorithm [5], the FA algorithm [42, 69], and the cuckoo
search (CS) algorithm [70]. The related parameter values of
OPMBO are the same as [5, 69, 70], where the population
size N is 40, the maximum number of iterations MaxGen
is 200, and the independent run number on each data set
is 20. Following the experimental techniques designed in
[5, 42, 69, 70], similar to Section 4.2, the Best, Worst, Mean,
and Std of the fitness values can be obtained. The comparison
results are illustrated in Table 11, where the bold font indicates
the best.

It can be observed from Table 11 that OPMBO exhibits
the largest values of Best, Worst, Mean, and Std on the Wine
and Glass data sets, except for Iris. For Wine, the values of
Best, Worst, Mean, and Std achieved by the PSO, FA, and CS
algorithms are 1000 times larger than those of the OPMBO
algorithm. For Glass, the values of Best, Worst, and Mean
achieved by the FA are 400-450 larger than those of OPMBO.
However, the value of Std of OPMBO is close to that of FA.
Meanwhile, the value of Std of the PSO is nearly 100 larger
than that of OPMBO. For Iris, the value of Std of the OPMBO
is 3-8 less than that of PSO, FA, and CS. However, the values
of Best, Worst, andMean obtained by the OPMBO are 40-80
larger than those of PSO, FA, and CS. The reason is that the
Iris data set may have too few attributes so that the OPMBO
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Table 11: The comparison of the clustering optimizations on the four different optimization algorithms.

Data set Algorithm Best Worst Mean Std

Iris

PSO 80.576 153.232 116.128 22.435
FA 81.176 152.347 106.476 19.547
CS 80.647 152.348 100.45 17.623

OPMBO 142.8859 199.5001 184.8284 14.7271

Wine

PSO 16529651 17292036 17019639 185396
FA 16695182 17963968 16962938 172644
CS 16209233 17325656 16940862 262499

OPMBO 1.6856e+04 2.0190e+04 1.8219e+04 913.9988

Glass

PSO 687.347 1140.445 882.098 115.025
FA 1023.533 1110.698 1079.931 22.597
CS 729.658 1095.603 957.901 81.275

OPMBO 612.3864 688.3899 653.4392 21.1229

algorithm performs very poorly in Mean. In general, the
OPMBO algorithm can obtain satisfactory results in solving
the clustering optimization problems.

5. Conclusion and Future Work

Recently, SIO algorithms have been widely employed for
solving complex optimization problems. MBO as one of the
most promising SIO methods is proposed to tackle global
optimization problems. In order to improve the optimization
efficiency of MBO algorithm and obtain an algorithm with
strong universal applicability, this paper introduces OBL into
MBO and proposes RLP to improved basic MBO algorithm.
The improvements are mainly from two aspects, one is to
enhance the optimization performance and the other is to
reduce the computation complexity. The OBL firstly prevents
the algorithm from falling into the local optima to some
degree. A new RLP is merged into the migration operator,
which can enhance the local search ability and accelerate the
convergence speed. Then, the greedy strategy is used instead
of the elitist strategy, and it can decrease the setting of elite
parameters and eliminate a sorting operation. Finally, the
OPMBO algorithm is proposed, and to verify the optimiza-
tion performance of OPMBO, a series of experiments are
performed on 12 benchmark functions and 13 public data
sets. The results verify that our OPMBO algorithm typically
outperforms the other algorithms considered. Based on the
comparison and analysis of our scheme with other schemes,
the contribution of our proposedmethod can be summarized
as follows:(1) The OBL as a widely used technique in optimization
algorithms is introduced into the MBO algorithm, an oppo-
site candidate solution generated by OBL has a better chance
to be closer to the global optimum solution than a random
candidate solution, and then this process can efficiently avoid
the MBO from falling into a local optimum.(2)TheRLP is proposed tomerge into themigration oper-
ator, which shares the information of the optimal solution
and the suboptimal solution, and it is helpful to guide the
current individual to move toward the optimal solution and

the suboptimal solution. Then, the premature convergence of
MBO can be eliminated effectively.(3) A greedy strategy is introduced into the improved
migration operator with RLP, and the superior candidate
solution is retained by the principle of survival of the fittest.
This operation eliminates the elitist parameters, gets rid of a
sorting, and further improves the operation efficiency.(4) Since each individual of OPMBO is viewed as a
candidate solution for clustering optimization problem, a
fitness value of the individual is used as an objective function
value of the corresponding candidate solution. When the
solution minimizes the objective function value, the best can
be achieved. Then, the OPMBO algorithm can be applied to
solve clustering optimization on public data sets.

It is well-known that there is not any SIO algorithm
that can effectively solve all optimization problems, and then
in our experiments the OPMBO algorithm cannot obtain
the satisfactory results on some benchmark functions. In
our future work, some interesting problems can be further
studied. We intend to hybridize MBO with the latest SIO
methods, further improve the OPMBO algorithm, and use
it to resolve multiobjective optimization problems. Further-
more, the OPMBOwill be applied to other engineering fields.
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Power modules connected in parallel may have different electrothermal performance variances resulting from aging because of the
nonuniform rate of degradation; different electrothermal performance variances mean different current sharing, different junction
temperature, and power losses, which will directly influence the overall characteristics of them. Thus, it is essential to monitor the
condition and evaluate the degradation grade to improve the reliability of large-scale power modules. In this paper, the impact of
thermal resistance difference on current sharing, junction temperature, and power loss of parallel-connected power modules has
been discussed and analyzed. Additionally, a methodology is proposed for condition monitoring and evaluation of the power
modules without intruding them by recognizing the increase in external power loss due to internal degradation from aging. In
this method, power modules are deemed as a whole system considering only external factors associated with them, all important
electrical and thermal parameters are classified as the inputs, and power loss is considered as the output. Firstly, power
dissipation is predicted by models using NARX (nonlinear autoregressive with exogenous input) neural network. Then, a
monitoring method is illustrated based on the prediction model; a reasonable criterion for the error between the normal and the
predicted real-time power loss is established. Finally, the real-time condition and the degradation grade of aging can be
evaluated so that the operator can take suitable operating measures by means of this approach. Experimental results validated
the effectiveness of the proposed methodology.

1. Introduction

Usually, the large-scale power module consists of several
parallel-connected devices in order to perform higher cur-
rents [1]. Similarly, the power devices consist of several
units connected in parallel internally, thereby sharing the
common terminal and providing a rated current for the
device. Although these units are usually manufactured by
the same process, there may be differences during the pro-
duction process. Therefore, the electrical and thermal
parameters of these devices are not equal, and these power
modules may have different rates of degradation, resulting

in different thermal resistances. Different thermal resis-
tance variances refer to different junctions or power losses,
which will directly affect the overall performances of them.
Thus, it is necessary for the power electronic system oper-
ator to supervise the condition of power modules, in order
to assess the degradation grade and enhance the real-time
reliability of parallel-connected power modules in large-
scale converters.

Many studies have been conducted to investigate the
enhancement of the reliability of power modules in con-
verters. The paper [2] presents a method to monitor solder
fatigue in a voltage source inverter IGBT power module by
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detecting the change of an inverter output harmonic. It is
shown that low-order harmonics, caused by nonideal switch-
ing, are affected by the device junction temperature, which in
turn depends upon the module solder condition. However, it
is difficult to detect the low-order harmonics, so detection
accuracy is not guaranteed. The paper [3] describes a method
to estimate power losses from simulation using ideal switches
combined with measured power loss data to gain the conver-
tor efficiency. However, the simulation process in this
method takes a long time, and if the training data for the sim-
ulation is not empirically determined from an experiment,
then the estimated results have not been in good agreement
with the measured power losses. Reference [4] proposes a
method for online condition monitoring of bond wires pres-
ent in insulated gate bipolar transistor (IGBT) package by
evaluating Vce at the inflection point irrespective of the junc-
tion temperature. Reference [5] presents a method for detect-
ing the condition of bond wires in the IGBT module by
identifying the short-circuit current of the IGBT module.
Reference [6] describes a monitoring unit in an intelligent
power module that detects internal thermal resistance
changes. Usually, a 20% increase in internal thermal resis-
tance from the junction to case is often accepted as the
threshold. This model needs the internal temperature of the
module, but in practice, it is very difficult to access the inside
of power modules during operation, and the accuracy of
measurements is affected by noise. Furthermore, in order to
place the sensor to measure the internal junction tempera-
ture, the package must be uncovered, which is intrusive and
can easily destroy them. Thus, this method is unfeasible for
practical application. Additionally, all of the aforementioned
conditions monitoring methods are used for an individual
power module. Thus, an alternative approach is therefore
required to monitor power modules connected in parallel
in large-scale inverters [7–9].

This paper provides a novel methodology to supervise the
parallel-connected power modules without intruding them
for real-time condition monitoring. First, we consider the
power modules as a whole system, as all parameters of work-
ing conditions are regarded as the input into the parallel-
connected power module system. These parameters include
the voltage of the power modules and the currents of each
of the parallel-connected power modules, respectively, ambi-
ent temperature, case temperature, the current of inductance,
output current, and output voltage; in turn, the power loss of
the power modules is deemed as the output of this parallel
system. Then, several models for parallel-connected power
modules are built using neural networks. These models can
be used to predict power losses at a given operating point;
these power losses are directly associated with the working
conditions and internal conditions. Finally, a reasonable
threshold for the error between the normal power loss and
the predicted power loss is set reasonably. Once the predicted
real-time power loss is much higher than the normal power
loss, a system operator could conclude that the parallel-
connected power module system is abnormal. Further, we
can evaluate the degradation grade of abnormal condition
by comparing the errors between the output of real-time
power loss and the normal power loss using several models.

At a given working condition, as long as the working condi-
tion is not changed, the predicted real-time power loss should
have almost the same value as the normal power loss [10–14].
Thus, a significant difference between real-time power loss
and normal power loss is an indication that there are some
problems. Since all of the input and output parameters of
the whole system for the parallel-connected power module
system can be measured or detected accurately, the electrical
operating point can be tracked from the large-scale power
module terminal measurements by measuring an individual
semiconductor [15–18]. This method is feasible in practice
without any internal detecting and intrusion; experimental
tests have verified the viability of this approach.

This paper uses experimental measurements and simula-
tions of parallel-connected power modules to understand
the impact of aging on module reliability. Simulations are
used to analyze the impact of thermal resistance variances
between them on junction temperature, current balance,
and overall power loss. This paper is organized as follows:
Section 2 has explained the mechanism of thermal aging
between the power modules, Section 3 explains conse-
quences of differences in thermal aging between the mod-
ules, and Section 4 presents the experimental setup, which
is used to investigate the problem of how thermal resistance
variance in parallel-connected modules affects overall reli-
ability, as well as to collect the important electrical parame-
ters which are critical to monitoring the parallel-connected
power modules. Section 5 introduces the monitoring method
of the parallel-connected modules based on the neural net-
work and put forward the working principle of the predicting
model based on ANN, which is verified in the laboratory
experiment. Section 6 discusses the application issues of con-
dition monitoring using the neural network; Section 7 con-
cludes the study.

2. Aging Mechanism of the Power Device

In general, the operational degradation of parallel devices
usually does not occur at the same speed for each of the
device. Parallel-connected power modules can start missions
with almost the same thermal and electrical parameters at the
beginning [19–21], but may vary over the entire operational
life due to uneven degradation rates of aging. Differences in
electrical and thermal parameters of individual devices can
cause other failure mechanisms [22, 23]. Therefore, if
parallel-connected power devices are affected by different
load currents, they will undergo different thermal cycles.
Therefore, as shown in Figure 1, because the thermal expan-
sion coefficient between the soldering layer and the substrate
does not match, different degrees of thermal mechanical
fatigue result in stress cycles. This means that the thermal
resistance will change at different rates, so that the device will
work at different junction temperatures, which in turn will
affect the thermal resistance of parallel-connected power
devices at different degrees and rates. For example, in general,
due to the emergence of thermal mechanical stress, solder
fatigue will lead to an increase in thermal resistance of power
devices [24, 25].
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3. The Simulation of Impact of Aging on
Parallel-Connected Power Module

Two power modules are connected in parallel for simulation
modeling using Simulink software in Matlab; one power
module labeled D1 has a thermal resistance which increases
from 1.5, 2.0, to 2.5 times of the original thermal resistance
to simulate the aging process gradually. The other power
module is labeled D2 and operates under normal conditions,
and its thermal resistance remains unchanged throughout
the simulation; a sine wave of voltage source is used as the
power source. The output of this sine wave is shown as (1);
the operating point of parallel-connected power modules is
located in the negative temperature coefficient (NTC) region
of power modules.

Output = Amp ∗ sin 2πf ∗ t + φ + bias, 1

where Amp = 600V, bias = 700, f = 12 kHz, φ = 0.
The results of Figures 2–7 are from simulation; Rth−normal

stands for the thermal resistance that is in the normal condi-
tion in all following figures and tables.

3.1. The Impact of Thermal Resistance Difference on Current
Sharing of Parallel-Connected Power Modules. At the earlier
stage of aging, there are no differences of current between
the parallel-connected power modules as shown in Figure 2,
but from Figure 3, we can find that the current of parallel-
connected power modules is not shared equally with the
accumulation and development of aging. Furthermore, the
current of D1 will rise gradually as the thermal resistance
increases due to dramatic aging over the operating life; in
the meantime, the current of D2 will decrease, so the average
current of D1 is greater than that of D2 and the imbalance of
current between parallel-connected power modules becomes
very serious once severe aging occurs on the parallel-
connected power modules.

3.2. The Impact of Thermal Resistance Difference on Power
Loss of Parallel-Connected Power Modules. If it is a slight
aging or degradation, power loss is almost equal between
the power modules as shown in Figure 4. From Figure 5,
we can get that the power loss of D1 will rise significantly
as thermal resistance increases, which is resulting from grad-
ual degradation over the operational life of the module. The
imbalance of power loss between parallel-connected power
modules becomes very grave, if the parallel-connected power
modules undergo severe aging.

3.3. The Impact of Thermal Resistance Difference on Junction
Temperature of Parallel-Connected Power Modules. The
impact of thermal resistance difference on junction tempera-
ture is different from that of current and junction; Figures 6
and 7 show that the junction temperature of parallel-
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connected power modules will increase evidently once the
power modules have an insignificant aging, because the
heat-dissipating potential degrades resulting from aging,
and the imbalance of junction temperature between parallel-
connected power modules becomes very serious once severe
aging occurs on the parallel-connected power modules.

4. Experiment of Aging Test

4.1. The Schematic of the Experimental Rig. It is a buck circuit
as shown in Figure 8.

4.2. Setup of the Test Rig. Figure 9 shows a test rig built for a
buck circuit containing connected power modules, which is
comprised of DC power supply; one switching IGBT; two
diodes connected in parallel, one inductive load (10mH),
one capacitive load (320μF), and one resistive load (0.5
ohm) load; and some measurement instruments including
voltage probes, current probes (Tektronix TCP303, PR1030),
and temperature sensors (Pico TC-08). A Semikron IPM
SKM50GB12T4 is used for this buck circuit. It is loaded by

an R load on the output side with capacitance smoothing.
The buck circuit is controlled from a real-time system pro-
grammed in LabVIEW. The case temperature is measured
using a 2-channel Pico temperature sensor which provides
high accuracy (±0.01°C), with fast and synchronized data
logging. The probes for the case and ambient temperatures
are placed underneath the case surface of the module and
next to the heat sink, respectively.

4.3. Experimental Simulation of Aging. One of the two diodes
connected in parallel is marked as D1, the other one is
marked as D2, and special thermal pads are put underneath
the case surface of the D1 module to experimentally simulate
the aging process, so D1 is simulated to be gradually degraded
from aging.

Then, the following aging experiments are carried out by
changing the number of thermal pads underneath the case
surface of the D1 module step by step as shown in Table 1;
the normal thermal resistance of D2 is 0.9442 k/w.

In the experiment, a square wave of the current source
whose amplitude is 35A is used as the power source. The
operating point of parallel-connected power modules is also
located in the negative temperature coefficient (NTC) region
of power modules.

After that, some important electrical parameters are mea-
sured and collected by the LabVIEW software automatically,
such as the voltage of the DC power supply, the voltage of
diodes, the currents of the two diodes, respectively, the
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Figure 5: Power losses of parallel-connected power modules (D1
aged to 2 5∗Rth−normal).
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current of inductance and the output current, and the output
voltage.

4.4. Experimental Results. Here, the coefficient of current
sharing, power loss sharing, and junction temperature shar-
ing is defined as Ki, Kp, and K t, which is shown as (2), (3),
and (4), respectively.

Ki =
ID1 + ID2 /2

Max ID1, ID2
, 2

Kp =
PD1 + PD2 /2

Max PD1, PD2
, 3

K t =
TD1 + TD2 /2

Max TD1, TD2
4

We can find that Ki becomes lower and lower, from the
experimental results shown in Figures 10 and 11; it means
that the current is different, while the current of D1 and
the difference of current between D1 and D2 rises gradually
as thermal resistance increases. A conclusion can be drawn
that as the aging on the parallel-connected power modules
becomes severe, the current imbalance of between them
becomes more serious.

From the experimental results shown in Figures 12 and
13, we can discover that the power loss is not equal and
Kp becomes more and more low, and the power loss of D1
rises gradually with thermal resistance increase; therefore,

we also get that the more serious the imbalance of power
loss between parallel-connected power modules becomes,
the more grave the aging occurs on them.

We can see that K t becomes more and more low, and the
junction temperature is also not shared equally from the
experimental results shown in Figures 14 and 15, and the
junction temperature of parallel-connected power module
D1 will rise significantly as thermal resistance increases; as
the aging on the parallel-connected power modules becomes
severe, the junction temperature imbalance between them
becomes more serious.

The simulation and experimental results show that cur-
rent, power loss, and junction temperature of D1 which is
in the process of degradation from aging will become high.
The reason for the rise is that the operating point of
parallel-connected power modules is located in the negative
temperature coefficient (NTC) region of power modules. As
module D1 begins to degrade from aging, its current share
increases, leading to an increase in power loss which in turn
increases the junction temperature. The rise in junction tem-
perature also impacts directly on the current distribution or
assignment of parallel-connected power modules, as modules

Power
module

Capacitor

Resistor

Figure 9: The picture of experiment rig.

Table 1: Thermal aging experiment.

Thermal resistance (k/w)
Aging experiment

D1 D2
Rth-normal Rth-normal Experiment 0

1.1∗Rth-normal Rth-normal Experiment 1

1.2∗Rth-normal Rth-normal Experiment 2

1.3∗Rth-normal Rth-normal Experiment 3

1.4∗Rth-normal Rth-normal Experiment 4
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Figure 10: The average current.
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with higher junction temperatures will conduct more current
than those with lower junction temperatures. Thus, the
system is weak in terms of its self-adjusting capability for
current sharing. As it is a positive feedback loop shown in

Figure 16, so it is not so suitable for the operational point
to locate in the NTC region of them.

4.5. The Models Are Built for Predicting the Power Loss. In
this section, we give an example of the power loss prediction
by means of neural networks with real measured data
obtained from the experiment described above.

The power loss predictive system in this paper is a high
nonlinear dynamic system with significant variability of per-
formance over time. The structure of a NARX (nonlinear
autoregressive with exogenous input) is a feedback one; it
feedbacks the difference of the previous outputs to the input
layer. NARX is also a kind of dynamic filtering, in which past
values of one or more time series are used to predict future
values, and it is able to identify the nonlinear system, which
has demonstrated a good performance. Thus, the NARX is
selected in this paper.

The NARX neural network is used to predict the power
dissipation series y t given d past values of y t and another
series x t [26, 27]; the problem definition is (5), and x t
consists of the thermal-electrical parameter of power mod-
ules such as the voltage of diodes, the currents of the two
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diodes, respectively, the current of inductance and the output
current, and the output voltage of the experimental circuit.

y t = F x t − 1 ,⋯, x t − d , y t − 1 ,⋯, y t − d 5

The model of the NARX neural network is designed by
programming in Matlab. The first step of modeling is train-
ing; 70% of all data from the experiment are used for training,
and they are presented to the network during training. The
network is adjusted according to its error across this training.
The second step of modeling is validation. 15% of the data are
used for validation; these data are used to measure network
generalization and to halt training when generalization stops
improving. The third step of modeling is testing; the remain-
ing 15% of data are used for testing, and they have no effect
on training and so provide an independent measure of net-
work performance during and after training.

Figure 17 shows the result of the power dissipation pre-
diction with the NARX neural network; the unit of the y
-axis is W. Making a contrast between output and the target
power loss of power modules connected in parallel, we can
see that the performance of the NARX model is good.
Table 2 and Figure 18 show the root mean square error
(RMSE) of the NARX model. As shown in Table 2, the
NARX model has a very low RMSE. Thus, this model has a
very high prediction precision.

5. Method of Monitoring Parallel-Connected
Power Modules

Simulation and experimental results have shown that the
power loss is affected by an increase in thermal resistance
which is regarded as the reflection of performance degrada-
tion from aging. Based on this, a new method can be pro-
posed to monitor power modules connected in parallel by
comparing the predicted real-time power loss with the nor-
mal power loss. This methodology mainly consists of three
steps: the “collecting important electrical parameters” step,
the “model building and prediction” step, and the postpro-
cess step. For a real large-scale inverter, it is designed so that
all important electrical parameters will be recorded online
during its operation. Thus, the initial power loss characteris-
tic, standing for normal condition of the power module
before degradation, can be obtained from these data, which
provides a standard or reference for condition monitoring.
During the operation, the inverter variables will be collected
periodically, e.g., every 1 or 2 weeks, to update the prediction
model. If degradation occurs, its condition can then be

monitored by comparing the change of power loss during
the operation.

The purpose of the “collecting important electrical
parameters” step is to measure and get the raw real-time data,
which is used to build, train, and validate the prediction
model. All data should be preprocessed by means of normal-
ization and data cleaning. The data includes currents and
voltage as well as case and ambient temperature.

The “model building and prediction” step is a look-up
table containing power loss for various operating conditions.
Several models are in this look-up table; each model is built
from the historic data of experiment 0–4, respectively, as
Table 3 shows.

The postprocess step is developed to compute the power
module power loss using the NARX models built in the
second step. Firstly, real-time data of electrical working con-
ditions are put into prediction model-0 to output the real-
time power loss during operation. Then, the real-time power
loss is compared with the normal power loss. After that, the
error in power loss is compared to an accepted threshold
K th (usually 20%), which is pre-setup reasonably according
to the actual condition, and it is determined whether the
error is within the range of the threshold range. Finally, once
the predicted real-time power loss is much higher than the
normal power loss at a certain working point, the conclusion
can be drawn that the condition of the power modules is
abnormal; since the working condition at a fixed certain
working point is unchanged, the predicted real-time power
loss should have nearly the same value as the normal power

Degradation
from aging Current Power loss

Junction
temperature

Figure 16: The positive feedback loop of power module
degradation.
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Table 2: RMSE and correlation.

Algorithm RMSE Correlation (R)

NARX 1.42062E − 0 0.99908
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loss. Therefore, the condition of aging can be determined in
the step of fault severity analysis by evaluating the change
in power loss.

When we find that the real-time condition is abnormal,
in order to further evaluate the degradation level of the
power modules connected in parallel, real-time data is also
put into the model (1–4). The predicted real-time power
loss of the models is compared with the measured value of
power loss. By examining the errors between the models’
prediction for power loss and the actual measured power

loss, the degradation grade of abnormal condition can be
determined by seeing which model has the least error
between the predicted power loss and the actual power loss
according to the evaluation criteria for condition as shown
in Table 4. Based on the result of the degradation grade,
the operator can take suitable operating strategies or main-
tenance measures as shown in Table 5.

6. Discussion of This Method

In Section 5, the concept and algorithm of the condition
monitoring and evaluation method were put forward by
experimental results. This section analyzes the application
problem of this approach.

Usually with more parameters, the NARXmodel can pre-
dict power dissipation better. The more sample data is used
for NARX model building and training, the more accurate
the model will become. Thus, further study should be con-
ducted to make this model even more precise and complete.

The prediction model based on one type of power mod-
ule cannot be used directly to predict another type of aging
condition without changing any parameters of the model.
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Table 3: The prediction model.

Model name Data

Model-0 Rth−normal Experiment 0

Model-1 1 1∗Rth−normal Experiment 1

Model-2 1 2∗Rth−normal Experiment 2

Model-3 1 3∗Rth−normal Experiment 3

Model-4 1 4∗Rth−normal Experiment 4
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This is because each manufacturer has produced many types
of power modules using different processes. Therefore, these
modules have various performance characteristics, but for
the same type of power modules from the same manufac-
turer, it is helpful for operators to use this method to monitor
and estimate power modules. For other types of modules
from other manufacturers, this method can also be used to
monitor parallel power modules, a model can be adopted
after only updating a few parameters of the prediction model
and adjusting the accepted threshold periodically.

7. Conclusion

Simulation and experimental results verified that the nonuni-
form rate of degradation from aging results in thermal resis-
tance variances of power modules connected in parallel.
Meanwhile, thermal resistance variances will lead to the
imbalance of current sharing between the parallel modules.
Furthermore, different thermal resistance variances mean
different junction temperatures and power losses between
modules, which directly affects the overall characteristics or
performances of them. This paper proposes an approach to
monitor the condition and evaluate the degradation grade
of large-scale power modules connected in parallel using
the estimation of external power loss measurements. The
external characteristics of power modules are the reflection
of internal conditions; the inputs to this model consist of all
important electrical parameters at certain working points,
and the output of the model is the power loss, which is used
as the indicator of internal degradation. The case study result
shows that power loss can be successfully estimated using

NARX neural networks. The advantages and challenges of
the method are analyzed in the paper, and it is desired that
the study makes a step forward to developing a cost-
effective technique to evaluate the degradation grade from
aging for enhancing the real-time reliability of power mod-
ules connected in parallel.
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We propose a deterministic population-based method for a global optimization, a Newton particle optimizer (NPO). The algorithm
uses the Newton method with a guiding function and drives particles toward the current best positions. The particles’ movements
are influenced by the fractal nature of the Newton method and are greatly diversified in the approach to the temporal best
optimums. As a result, NPO generates a wide variety of searching paths, achieving a balance between exploration and
exploitation. NPO differs from other metaheuristic methods in that it combines an exact mathematical operation with heuristics
and is therefore open to more rigorous analysis. The local and global search of the method can be separately handled as
properties of an associated multidimensional mapping.

1. Introduction

The most critical component of a random search algorithm is
balancing the trade-off between exploration and exploitation.
Exploration is to ensure that the algorithm examines a rather
wide region far from the current optimum in the search space
to avoid getting trapped in a local minimum. Exploitation is
the ability of the algorithm to search the surrounding area
nearby the current optimum, attempting to improve it. Since
these two objectives are to some extent in conflict, finding an
algorithm that could compromise both is challenging [1, 2].

The population-based methods are characterized by a
set of multiple potential solutions to the problem, moving
towards a near-optimal solution area. These algorithms
increase the capability of finding the global minimum since
they make a simultaneous search in many directions by using
a population of temporal solutions. Particle swarm optimi-
zation (PSO) is a popular method of choice in the field of
heuristic search, which tunes up between the best known
position and each particle’s local best optimum [3–6].

In this work, we introduce a new population-based meta-
heuristic method, the Newton particle optimizer (NPO),
which achieves a natural balance between exploration and
exploitation in global optimization problems. The algorithm

drives the particles (searching agents) in the search space
using the Newton method and therefore is deterministic in
contrast to most population-based methods. In those con-
ventional methods, each particle combines the currently
available information with a random walk to decide the next
movement. Hence, the final results may vary even with an
identical initial particle distribution. On the other hand,
NPO uses the Newton method and determines the searching
path exactly from the current positions of the particles.

While the searching paths are completely reproducible
from the initial distribution, they are very irregular, reflecting
the fractal nature of the Newton method. It is this complexity
of the paths that enables us to develop an efficient optimiza-
tion method. The Newton method with a proper guiding
function makes the particles search close around the current
optimums and intermittently pushes them away so that the
particles can explore distant potential optimums. However,
every particle eventually converges to one of the optimums
sooner or later. If a better optimum is found during this pro-
cess, it will be reflected in the guiding function accordingly.

The metaheuristic approach in optimization has been
often criticized for lack of scientific rigor [7]. There are
many “nature-inspired” methods for global optimizations,
which have been introduced without a detailed study of
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the mechanics underlying the methods. Since NPO combines
a well-established deterministic operation with heuristics, it
allows a more rigorous analysis.

2. Properties of Newton Paths

The Newton method is a fundamental numerical scheme for
finding successively better approximations to the roots of a
nonlinear function [8, 9]. For a real/complex-valued function
f , the corresponding scheme to find its zeros is

x← x −m
f x

f ′ x
1

If x starts close enough to one of the zeros of f , it con-
verges to the zero rapidly. While the sequence generated
from (1) eventually converges to the zero, its detailed behav-
iour can be very sensitive to the initial point and the values of
the degree coefficient m. For example, if f ℂ→ℂ is a com-
plex function, then the corresponding Newton iteration
exhibits a fractal structure in the complex plane [10]. This
implies that the trace of x, which we call the Newton path,
can be very irregular with a wide variety.

Consider a polynomial function

f x = x − p1 x − p2 ⋯ x − pn , 2

where p1, p2,… , pn are n locations of interest in ℝ. Applying
the Newton method in (1) to (2) iteratively yields the dynam-
ics of the particle x wandering around p1, p2,… , pn. Figure 1
illustrates such dynamics around a root.

The behavioural tendency of the sequence sensitively
depends on the choice of m. Refer to Figure 2. While the
sequence of a particle with m = 1 rapidly converges to one
of the roots, x = 2, in Figure 2(a), the sequences with m =
2 5 and m = 4 in Figures 2(b) and 2(c), respectively, seem to
keep wandering around the roots, x = 0, 1, or 2, along the
iterations. The particle with a higher value ofmmakes a more
irregular movement around the target, even taking a jump as
high as 60. However, it should be noted that the sequences
are bounded and never get away from x = 2.

The dynamics of a particle in the 2-dimensional search
space is even more diversified under the guiding function,
f = f z , z ∈ℂ. Sensitive dependence of the Newton method
on the initial point divides the domain into complicated
regions, called the Julia sets, according to where the result-
ing sequence converges. Figure 3 compares three Newton
paths with distinct values of m in the complex plane. Three
particles are initiated at the same point (5, 5) and are led to
the origin under the same guiding function f z = z z − 2i
z + 1 − i . While the particle with m = 1 makes a gradual
search toward the origin, the ones with m = 2 5 and m = 3 5
show rather wild swings around it. It is notable that the
movements of the latter two particles are an irregular mix
of jumping and mincing. Figure 4 shows that the Newton
paths sensitively change with the initial point near (3, 3),
while they eventually converge to the same point. This
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Figure 1: Illustration of the particle dynamics under a guiding
function in the 1-dimensional search space: a particle is searching
around a current optimum (boxed point) to find a better one,
moving from 1 to 5.
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“diversely convergent” searching paths promote a balanced
search between exploration and exploitation.

It is the complexity of the Newton paths that enables us to
develop an efficient optimization method. Suppose g is the
fitness function to be optimized. One constructs a guiding
function f such that the roots of f coincide with the current
best optimums of g. Then all particles are driven by (1) along
the Newton paths to the zeros of f , which are also the candi-
date optimum of g. The particles are likely to move close
around the current optimums, or sometimes take a sudden
jump away from them. If a better optimum is found during
this process, the guiding function f is updated accordingly.

3. Method

3.1. Algorithm. This section introduces the Newton particle
optimizer based on the Newton paths dealt in Section 2.

We begin with 2-dimensional examples to illustrate the
algorithm of NPO clearly. Suppose g ℂ→ℝ is the fitness
function, or the cost function to be optimized. We adopt
N particles zi, 1 ≤ i ≤N , as “searching agents,” assigning
them with the degree coefficient mi ∈ℂ. At each iteration
of the scheme, n best fitters with respect to the fitness func-
tion g are selected as leading particles. That is, we pick p1,
… , pn, such that

pi = zk, 3

where g zk is the ith minimum among g z1 ,… , g zN for
i = 1,… , n.

A guiding function f z is constructed as a polynomial of
degree n whose roots coincide with p1,… , pn, as

f z = z − p1 z − p2 ⋯ z − pn 4

Then, we update the particle’s position z1,… , zn by
applying the scheme

zi ← zi −mi
f zi
f ′ zi

5

Note that all the particles except the leading particles are
attracted toward leading particles. Once the position of all
particles are updated, we examine their fitness to choose the
next leading particles p1, p2,… , pn. Then, we refresh the
guiding function f accordingly, and reapply (5) to the parti-
cles. As long as the guiding function is a polynomial func-
tion, the convergence of the algorithm is guaranteed from
the convergence of Newton’s method and the monotone
convergence theorem. However, like other heuristic optimi-
zation methods, convergence here means convergence of the
sequence of solutions in which all particles have converged
to points of leading particles. In the search space, those
points may or may not be the optimum.

The pseudocode of the procedure is as described in
Algorithm 1.

In ℝd , d ≥ 3, we set a guiding function f x =
f x ,… , f d x T where x ∈ℝd and f i x is a real valued
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function in ℝd .Note that the updated scheme in (5) becomes
the following multidimensional Newton scheme:

x← x −MDf ∣−1x f x , 6

where M is a d-by-d constant matrix and Df ∣−1x is an inverse
of the Jacobian matrix of f at x. The eigenvalues of M are
generally associated with a local search tendency, m.

3.2. Criteria for Choice of m and M. In Section 3.1, it is illus-
trated that the parameterm in (5) determines the diversity of
the searching paths of NPO. We can show that particles
driven by NPO remain bounded if m satisfies 0 <m < 2n,
where n is the number of leading particles, or equivalently,
the degree of a polynomial guiding function f . For a small
m, the movement of particles slows down. On the other hand,
it becomes very irregular if m is close to 2n. We can also find
a more practical criterion for m from experiments. In prac-
tice, we assign different values of mi to each particle to diver-
sify the search. We usually pick them uniformly from the
interval 0,mmax . Figure 5 depicts that the optimal values
for mmax tend to be around the middle of the range, that is,
mmax ≈ n. When using a lesser number of particles, one
may choose mmax > n, so that the scheme generates more
irregular searching paths and therefore compensates for a

lack of diversity. In a higher dimensional NPO in (6), the
eigenvalues of M play a similar role of m that decides the
local search tendency. Practically, one can simply use a diag-
onal matrix of which diagonal entries follow the distribution
of mi as mentioned above.

From the above observation, we can see that adjusting
mmax is one way to control the trade-off between exploitation
and exploration in NPO. Let us define an exploration indica-
tor (EI) as

EI1 =
mmax
2n 7

Note that 0 < EI1 < 1. If EI1 is small, the particles tend to
search near the current optimums. If EI1 is close to 1, they
widely explore away from the current optimums along irreg-
ular Newton paths. We usually set EI1 ≈ 0 5.

3.3. Construction of Guiding Functions. The essence of NPO
lies in that the diversely exploring paths toward the temporal
optimums can be easily generated from the simple determin-
istic iteration working on a guiding function. Generating a
proper guiding function is therefore the main issue to balance
between the exploration and the exploitation. The three
desirable properties that a guiding function is expected to
have are as follows:

(i) The function has zeros at the designated points and
no zeros elsewhere

(ii) The function is symmetric

(iii) The inverse of its Jacobian is easy to compute

Condition (i) is necessary for the guiding function to
drive particles to a target. Condition (ii) is for unbiased
search. Polynomial functions are likely to satisfy condition
(iii) and reduce the computational cost. One can easily con-
firm that a factored polynomial such as (4) in 1- and 2-
dimensional search spaces naturally satisfies (i), (ii), and
(iii). Unfortunately, it is well known that such factored poly-
nomials do not exist in more than three-dimensional space.

for each particle do
Initialize particle zi with mi.

end for
while maximum iterations or minimum error criteria is not attained do
for each particle do

Calculate fitness value g.
end for
Choose n best members p1, p2,… , pn in the search domain.
Set the guiding function f z = z − p1 z − p2 ⋯ z − pn .
for each particle do

zi ← zi −mi
f zi
f ′ zi

end for
end while

Algorithm 1: Newton Particle Optimization (in ℂ).
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We therefore need to sacrifice condition (i), at least partly, to
construct a polynomial guiding function in ℝd , d ≥ 3.

In order to find a proper extension of (4) in a higher
dimensional domain, we rewrite (4) in the complex form as
f x + iy = u x, y + iv x, y and pi = qi + iri. Then the corre-
sponding component functions are

u x, y =
n

k=1
x − qk − 〠

n

l=1
x − ql

n

m=1,m≠l

y − rm ,

v x, y = −
n

k=1
y − rk + 〠

n

l=1
y − rl

n

m=1,m≠l

x − qm

8

Now we propose, as an extension of ((8), a general guid-
ing function in ℝd as

f j x = −1 j+1
n

k=1
xj+2 − pj+2,k

− 〠
n

l=1
xj − pj,l

n

m=1,m≠l

xj+1 − pj+1,m ,
9

where pi = pi,1,… , pi,d
T , 1 ≤ i ≤ n denotes a leading parti-

cle. Here, we use circular indexes like xd+1 = x1 in (9). One
can confirm that f x vanishes if x = pi, 1 ≤ i ≤ n. Note that
f x may have extra zero vectors at other than p1,… , pn ,
in ℝd , d ≥ 3. However, it is interesting that such extra zeros
do not lower the searching performance. Indeed, such
“phantom roots” occur irregularly and lead the particles
to more extensive search. This finding naturally brings us
to the issue of how to choose the leading particles for more
efficient exploration.

3.4. Criteria for Choice of Leading Particles. The choice of
leading particles p1,… , pn is crucial in searching perfor-
mance in that their relative positions determine other parti-
cles’ movement. One immediate idea is to adopt the current
best optimums as suggested in (3). That is, we simply choose
top n rank fitters from the population. However, this may
cause in many cases overly fast convergence to current opti-
mums, giving up further exploration.

To avoid being trapped at local minimums too soon and
to diversify global searching paths, we select leading particles
not only from the best fitters, but also from mediocre ones.
These less efficient performers prevent a situation where a
few similar local minimums happen to dominate all the other
particles. Figure 6 compares two cases of NPO, one of which
uses the top 5 rank fitters and the other uses the top 4 rank
fitters and 1 mediocre fitter with a low rank for leading par-
ticles. Interestingly, while the case with this “idle leader”
seems to be slow at first, it eventually becomes more success-
ful in finding the minimum value. This can be explained by a
balance between exploitation and exploration: when the best
fitters lead other particles to the temporal best, they may
cause overexploitation and make the particles neglect further
exploration. However, the existence of the idle leader may
distract the particles’ attention from the temporal best and

have them search for better optimums. That is, the idle leader
enhances the exploration of the search.

From the above observation, we can develop another
exploration indicator that is associated with the balance
between exploitation and exploration. Let us define

EI2 =
1
2 −

n n + 1
4σ + n n + 1

4 nN + n − σ
, 10

where σ is the summation of the ranks of the leading parti-
cles. One can see that 0 < EI2 < 1 and it becomes close to 0
when all leading particles are chosen from the top best fitters.
Hence, EI ≈ 0means low exploration (high exploitation). On
the contrary, if all leading particles come from lowest-rank
particles, the indicator increases to 1, implying high explora-
tion (low exploitation). One may adjust EI2 in the middle
range for a balanced search. In the examples in
Figure 6(a)EI2 = 0 015 and in Figure 6(b)EI2 = 0 366.

4. Numerical Results

This section compares the numerical performances of
NPO with those of PSO and the firefly algorithm. The firefly
algorithm (FA) is another stochastic population-based
method which has been applied in most areas of optimization
[11, 12]. We tested with 28 benchmark functions suggested
from the CEC 2013 competition for real-parameter optimi-
zation [13]. The functions were 10-dimensional and 51 opti-
mization tests were done for each problem. We kept the same
100,000 times of evaluation of functions for all methods.

NPO uses 4 leading particles, 3 from the top best and one
from the 50% performer. The matrixM for each particle was
chosen such that its eigenvalues lie between 0 and 4. The
parameters for PSO were set to the recommended values
which are widely used in the benchmark tests [14–16]. The
parameters for FA were taken from [17, 18].
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Figure 6: Choice of leading particles. (a) The top 5 rank performers
are adopted out of 100 particles as leading particles. (b) The four
best fitters and one 40th rank fitter are used. The blue and red
dots indicate the cost values of ordinary and leading particles,
respectively.
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Table 1: Benchmark for NPO, PSO, and FA: tested with 28 10-dimensional functions from CEC 2013 competition.

Function Best Worst Median Mean Variance

1

NPO 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08
PSO 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08
FA 2 413e − 06 1 526e − 05 8 771e − 06 9 311e − 06 8 862e − 12

2

NPO 1 935e + 04 1 056e + 06 2 269e + 05 3 291e + 05 2 670e + 05
PSO 3 686e + 04 2 911e + 06 2 767e + 05 4 520e + 05 5 253e + 05
FA 2 720e + 03 2 255e + 05 3 900e + 05 5 487e + 04 2 480e + 09

3

NPO 9 035e − 01 1 234e + 08 9 889e + 05 5 881e + 06 1 765e + 07
PSO 4 078e − 03 4 513e + 07 1 077e + 05 1 631e + 06 6 624e + 06
FA 2 429e + 00 1 877e + 03 6 572e + 01 2 622e + 02 1 854e + 05

4

NPO 4 565e + 01 1 671e + 03 2 231e + 02 3 531e + 02 3 360e + 02
PSO 3 972e + 02 3 814e + 03 1 223e + 03 1 340e + 03 6 479e + 02
FA 1 162e + 02 5 479e + 03 1 311e + 03 1 655e + 03 1 514e + 06

5

NPO 2 130e − 05 3 202e − 04 1 141e − 04 1 232e − 04 6 380e − 05
PSO 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08 1 000e − 08
FA 7 248e − 04 2 908e − 03 1 652e − 03 1 709e − 03 2 628e − 07

6

NPO 4 910e − 06 7 939e + 01 9 853e + 00 7 926e + 00 1 107e + 01
PSO 4 753e − 02 7 699e + 01 1 013e + 01 8 818e + 00 1 053e + 01
FA 3 314e − 03 9 820e + 00 9 814e + 00 9 440e + 00 3 505e + 00

7

NPO 8 153e − 03 1 650e + 01 1 586e + 00 3 488e + 00 4 058e + 00
PSO 4 003e − 01 8 370e + 01 2 790e + 00 7 079e + 00 1 384e + 01
FA 7 785e − 03 1 504e − 01 2 231e − 02 3 281e − 02 8 395e − 04

8

NPO 2 008e + 01 2 047e + 01 2 032e + 01 2 030e + 01 9 520e − 02
PSO 2 009e + 01 2 047e + 01 2 033e + 01 2 031e + 01 8 881e − 02
FA 2 014e + 01 2 050e + 01 2 038e + 01 2 036e + 01 6 315e − 03

9

NPO 1 324e + 00 6 142e + 00 3 495e + 00 3 493e + 00 1 098e + 00
PSO 7 067e − 01 5 864e + 00 3 123e + 00 3 045e + 00 1 214e + 00
FA 4 928e − 02 2 492e + 00 1 644e + 00 1 500e + 00 3 757e − 01

10

NPO 9 353e − 02 1 202e + 00 4 733e − 01 5 136e − 01 2 461e − 01
PSO 3 693e − 02 1 321e + 00 3 151e − 01 3 828e − 01 2 482e − 01
FA 1 751e − 02 2 833e − 01 8 426e − 02 9 841e − 02 3 595e − 03

11

NPO 8 060e − 09 2 989e + 00 4 997e − 01 6 962e − 01 7 574e − 01
PSO 1 000e − 08 4 975e + 00 1 990e + 00 1 974e + 00 1 272e + 00
FA 9 950e − 01 1 492e + 01 4 975e + 00 5 736e + 00 8 497e + 00

12

NPO 2 984e + 00 2 984e + 01 1 293e + 01 1 356e + 01 5 561e + 00
PSO 2 985e + 00 3 927e + 01 1 293e + 01 1 435e + 01 7 071e + 00
FA 9 950e − 01 1 691e + 01 5 970e + 00 6 438e + 00 1 150e + 01

13

NPO 7 426e + 00 3 828e + 01 2 293e + 01 2 271e + 01 8 047e + 00
PSO 4 003e + 00 3 909e + 01 2 258e + 01 2 215e + 01 7 815e + 00
FA 1 990e + 00 2 745e + 01 1 046e + 01 1 129e + 01 4 502e + 01

14

NPO 2 995e − 01 2 894e + 02 7 649e + 01 1 087e + 02 8 823e + 01
PSO 3 747e − 01 5 912e + 02 1 018e + 02 1 257e + 02 1 114e + 02
FA 1 189e + 01 9 208e + 02 4 004e + 02 4 424e + 02 3 466e + 04
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Table 1: Continued.

Function Best Worst Median Mean Variance

15

NPO 2 676e + 01 1 442e + 03 8 231e + 02 8 216e + 02 3 104e + 02
PSO 2 846e + 02 1 555e + 03 7 610e + 02 7 990e + 02 2 823e + 02
FA 1 303e + 02 8 364e + 02 2 537e + 02 2 984e + 02 2 719e + 04

16

NPO 5 424e − 02 1 021e + 00 4 327e − 01 4 365e − 01 2 474e − 01
PSO 5 023e − 01 1 634e + 00 9 331e − 01 9 553e − 01 2 372e − 01
FA 1 304e − 02 3 961e − 01 8 392e − 02 1 140e − 01 7 635e − 03

17

NPO 1 097e + 01 1 985e + 01 1 405e + 01 1 464e + 01 2 113e + 00
PSO 2 308e + 00 2 157e + 01 1 440e + 01 1 376e + 01 4 639e + 00
FA 1 242e + 01 3 003e + 01 1 757e + 01 1 808e + 01 1 674e + 01

18

NPO 1 400e + 01 4 754e + 01 2 411e + 01 2 558e + 01 7 811e + 00
PSO 7 196e + 00 5 724e + 01 3 009e + 01 3 051e + 01 9 823e + 00
FA 1 207e + 01 2 984e + 01 1 687e + 01 1 770e + 01 1 698e + 01

19

NPO 2 148e − 01 1 299e + 00 5 489e − 01 5 837e − 01 2 068e − 01
PSO 3 495e − 01 1 106e + 00 6 702e − 01 6 785e − 01 1 950e − 01
FA 4 368e − 01 1 703e + 00 8 771e − 01 9 387e − 01 8 351e − 02

20

NPO 9 732e − 01 3 876e + 00 2 744e + 00 2 733e + 00 6 217e − 01
PSO 9 494e − 01 3 621e + 00 3 202e + 00 2 979e + 00 6 406e − 01
FA 1 826e + 00 5 000e + 00 3 269e + 00 3 261e + 00 4 416e − 01

21

NPO 3 000e + 02 4 001e + 02 4 001e + 02 3 982e + 02 1 389e + 01
PSO 2 000e + 02 4 002e + 02 4 002e + 02 3 649e + 02 7 370e + 01
FA 4 002e + 02 4 002e + 02 4 002e + 02 4 002e + 02 2 201e − 14

22

NPO 1 250e + 01 4 068e + 02 1 682e + 02 1 741e + 02 9 757e + 01
PSO 2 879e + 01 4 089e + 02 2 098e + 02 2 039e + 02 1 028e + 02
FA 2 532e + 01 1 424e + 03 5 736e + 02 5 582e + 02 8 571e + 04

23

NPO 3 999e + 02 1 837e + 03 1 090e + 03 1 097e + 03 3 703e + 02
PSO 2 271e + 02 1 575e + 03 8 299e + 02 8 140e + 02 2 908e + 02
FA 3 874e + 01 1 993e + 03 4 077e + 02 4 849e + 02 1 019e + 05

24

NPO 1 106e + 02 2 175e + 02 2 079e + 02 2 022e + 02 2 309e + 01
PSO 2 001e + 02 2 211e + 02 2 098e + 02 2 099e + 02 5 524e + 00
FA 2 001e + 02 2 166e + 02 2 002e + 02 2 022e + 02 2 163e + 01

25

NPO 1 149e + 02 2 202e + 02 2 059e + 02 2 059e + 02 1 409e + 01
PSO 1 205e + 02 2 214e + 02 2 101e + 02 2 087e + 02 1 349e + 01
FA 2 001e + 02 2 111e + 02 2 002e + 02 2 009e + 02 5 615e + 00

26

NPO 1 039e + 02 2 000e + 02 2 000e + 02 1 736e + 02 3 938e + 01
PSO 1 060e + 02 3 176e + 02 2 000e + 02 1 864e + 02 7 060e + 01
FA 1 020e + 02 3 144e + 02 2 002e + 02 1 969e + 02 8 862e + 03

27

NPO 3 002e + 02 5 414e + 02 3 059e + 02 3 409e + 02 6 418e + 01
PSO 3 003e + 02 6 391e + 02 4 935e + 02 4 373e + 02 1 224e + 02
FA 3 010e + 02 4 000e + 02 4 000e + 02 3 559e + 02 2 416e + 03

28

NPO 1 000e + 02 6 426e + 02 3 000e + 02 3 423e + 02 1 239e + 02
PSO 1 000e + 02 3 000e + 02 3 000e + 02 2 882e + 02 4 706e + 01
FA 3 001e + 02 4 001e + 02 3 001e + 02 3 217e + 02 1 727e + 03
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Table 1 shows that the performances of the three schemes
are comparable. However, the summarized ranking of NPO,
PSO, and FA in Table 2 are, respectively, 1.821, 2.107, and
2.01, which indicates that NPO is practically better than
PSO and FA with these benchmark functions.

5. Discussion

NPO takes a deterministic approach based on a mathemati-
cal operation, the Newton method. Due to the inherent frac-
tal properties and strong convergence of the method, NPO
seems to enjoy both features of exploration and exploitation,
making effective optimizations for a wide range of functions.

One of major differences between NPO and other
random-walk-based metaheuristic methods is that NPO is a
combination of a well-established mathematical operation
and heuristics: its local and global search abilities can be
controlled as a property of a multidimensional mapping.
Since such mapping can be easily created like a polynomial
function that we suggested in this paper, the convergent/

divergent tendency of searching paths can also be ana-
lysed and finely tuned accordingly. This opens the door
to the future study of customizing the guiding functions
so that they can reflect the properties of a given set of
problem instances.
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According to the high control quality requirements of nuclear power plants and the features of the pressurizer pressure with large
inertia, time-varying, nonlinear, multi-interference, difficulty in obtaining accurate mathematical model, and open-loop unstable
dynamic characteristic, the advanced control strategy is needed for pressurizer pressure control performance optimization. To
tackle the problem, an adaptive predictive control method for pressurizer pressure is devised in this paper. Firstly, the non-
self-regulating system is stabilized and the adaptive dynamic matrix controller is designed by identifying the controlled object
online. In order to realize the engineering application for this controller, then the control signal output is obtained. Finally,
the control system simulation platform is built. Simulation results reveal a superior control performance, disturbance
rejection, and adaptability. Furthermore, it provides a solution for the application of dynamic matrix control algorithm in
non-self-regulating system.

1. Introduction

Load changes or core reactivity disturbances may cause pres-
sure changes in the primary circuit of a nuclear power plant.
If the primary circuit pressure is too high, it may lead to
equipment fatigue and pipeline rupture. If the pressure is
too low, the risk of melting the fuel element may increase
[1]. A pressurizer is a major component to control a system
pressure in primary circuit for a nuclear power plant. Most
of the existing pressurizer pressure control systems adopt
the PID control strategy. Because of the high control quality
requirements of nuclear power plants and the nonlinear
characteristics of pressurizer pressure under different operat-
ing conditions, PID sometimes does not guarantee good
control effect. Therefore, many studies have been done by
scholars to optimize the pressurizer pressure control effect.

An internal model PID control system is applied to the
pressurizer pressure control, which shows superior control
performance compared with PID [2]. A fuzzy PID joint
control system using logic judgment and switch shifting
[3] is designed, which shows good control results.

However, the selection of switching thresholds and the estab-
lishment of fuzzy controller came from experience, which is
not conducive to learning and promotion. On the other
hand, the pressurizer pressure has the features of large iner-
tia, time-varying, nonlinear, multi-interference, difficulty in
obtaining accurate mathematical model, and open-loop
unstable dynamic characteristic. All these features lead to
problem of choosing an appropriate method for control
performance optimization.

Predictive control algorithm has lower requirements on
model and has characteristics of rolling optimization and
feedback correction. Dynamic Matrix Control (DMC) has
been widely used in industrial process control, but it will pro-
duce truncation error when modeling non-self-regulating
objects. TheDMCalgorithm is improved based on the objects’
step response characteristics of an approximate straight line in
the final stage [4]. A stable generalized predictive controller
(SGPC) is designed by decomposing the non-self-regulating
model [5], which theoretically solves the non-self-regulating
system control problem. Rossiter et al. and Rossiter and
Kouvaritakis [6, 7] make use of the particularity of SGPC
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structure to carry on massive research to the constrained
predictive control, which obtains better stability results.
Constrained predictive control algorithm can improve the
dynamic performance and the disturbance rejection ability
to large-inertia, large-delay controlled objects, but it has poor
adaptability to time-varying and nonlinear controlled objects.

Adaptive control can adapt to changes in the dynamic
characteristics of objects and disturbances. Adaptive control
and fuzzy control are combined and applied to the pressur-
izer pressure regulation of nuclear power plant with pressur-
ized water reactor (PWR) [8] and vessel nuclear power plant
[9], which can improve the robustness, rejection of distur-
bances, and adaptability of model changes. Model-free adap-
tive control is used to optimize the steam generator water
level in nuclear power plant [10]. An adaptive output feed-
back structure is designed based on uncertain nonlinear sys-
tem with time-varying delay [11]. Comparing the nonlinear
model predictive control and the generalized predictive con-
trol [12], it shows that the former has a better control effect,
but it requires more calculation time. In order to optimize
operation speed, the offline calculation is converted to online
optimization and the model predictive control (MPC) is
improved [13]. However, few of the above methods have
been applied to a pressurizer pressure control system, and
fewof themmentioned in the collectionof engineering control
signal output.

Therefore, an advanced control strategy for non-self-
regulating system and its practical value of engineering are
two main problems of pressurizer pressure control perfor-
mance optimization. In this paper, the pressurizer pressure
adaptive predictive control method based on DMC algorithm
is designed. Firstly, a feedback structure is used to self-
stabilize the non-self-regulating system and the adaptive pre-
dictive controller is designed by identifying the controlled
object online. Then, the control signal output is solved to
make this controller easy to be implemented in engineering.
Finally, the feasibility of the controller design is verified by
simulation comparison and disturbance test.

In Section 2, the pressurizer of a nuclear power plant and
the equivalent nonparametric model of pressurizer pressure
are illustrated. Section 3 presents the control method and
the adaptive predictive controller. Section 4 analyzes the
performance of the proposed control method. Finally, con-
clusions are made in Section 5. Figure 1 shows an article
structure layout of the main content of this paper.

2. Description of the Pressurizer

2.1. Pressurizer in a Nuclear Power Plant. The pressurizer is
an important equipment in primary circuit for a nuclear
power plant. The basic functions of the pressurizer are pres-
sure control, pressure protection, and compensation of
primary circuit coolant volume change. According to the dif-
ferent structure and operating principles, the pressurizer can
be divided into gas tank pressurizer and electrothermal
pressurizer. The structure of the gas tank pressurizer is sim-
ple, but there are certain nuclear safety issues in the process
of compressing air or high-pressure inert gas. Therefore, the
electrothermal pressurizer is often used in modern nuclear
power plants.

The structure of the electrothermal pressurizer is
shown in Figure 2. The upper part is the steam space,
the lower part is the water space, and the bottom is con-
nected to the primary circuit heat pipe section through
the surge line. The conventional PWRs adopt a saturated
steam pressure regulation method to achieve pressure con-
trol by electric heating and spraying. More specifically, the
pressurizer is made up of the spray system, the electric
heater unit, the safety valve group, and the measuring
instrument. The spray system, which is primarily composed
of spray valves, is used to spray the coolant with a low tem-
perature to reduce the pressure of primary circuit. The elec-
tric heater unit, which consists of electric heating rods, is
used to heat the coolant in pressurizer to raise the pressure
of primary circuit.
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2.2. Establishment of Pressurizer Pressure Equivalent
Nonparametric Model. In order to obtain an equivalent
nonparametric model, it is necessary to self-stabilize the
non-self-regulating controlled object. The model of non-
self-regulating controlled object can be described as

G s =
ko

s Ts + 1
e−τs 1

Given the feedback channel gain K , the structure of the
controlled object with feedback is shown in Figure 3.

The model in Figure 3 can be expressed as follows:

G1 s =
G s

1 + K ×G s
=

ko
Ts2 + s + Kkoe−τs

e−τs 2

The stability of G1 s in (2) is related to the value of K .
When K is smaller than the reciprocal of the product of ko
and τ, G1 s is stable [14]. It can be seen that the pure delay
link in the denominator is too complex to be directly used
as a predictive controller internal model and needs to be
simplified. According to the differential deflection lineariza-
tion method of a univariate nonlinear system, the pure delay
link in denominator can be expanded to the Taylor series
near the steady-state point, and the high-order term is omit-
ted. The simplification is shown in

e−τs ≈ 1 − τs + τ2s2 3

Substituting (3) into (2) results in an equivalent model.

G2 s =
ko

T + Kkoτ2 s2 + 1 − Kkoτ s + Kko
e−τs 4

If G1 s is stable, the equivalent model G2 s in (4) can
be considered as a self-regulating controlled object to design
the initialization parameters of dynamic matrix controller.
Taking the opening of spray valve to adjust the pressurizer
pressure as an example, this paper obtains experimental data
from the nuclear power plant simulator and identifies the
transfer function G s in (1) under different operating con-
ditions. The full scope simulator has a 1 : 1 fidelity with the
nuclear power plant; hence, it is equivalent to the actual data
source of the nuclear power plant. G s that shows the
dynamic characteristics between the spray valve opening
and the pressurizer pressure is shown in Table 1.

The equivalent nonparametric model of DMC is easily
obtained from G2 s . Assuming the equivalent nonparamet-
ric model is A1 = a1, a2,… , aN

T , N is the modeling time
domain. The sampling period is selected as 100 s. It is easy
to get the equivalent nonparametric model A1–100

A1−100 = −0 0445, −0 0870, −0 1277, −0 1665, −0 2036,
− 0 2390, −0 2729, −0 3053, −0 3362, −0 3657,… ,
− 0 9999, −0 9999, −0 9999, −0 9999, −0 9999 T

5

where A1–100 is a 200-dimensional column vector and the
subscript of A represents A1 under 100% operating condi-
tion. The equivalent nonparametric model A1–90 is as follows:

A1−90 = −0 0975, −0 1855, −0 2650, −0 3366, −0 4013,
− 0 4597, −0 5124, −0 5600, −0 6029, −0 6416,… ,
− 0 9999, −1 0000, −1 0000, −1 0000, −1 0000 T,

6

where A1–90 is a 100-dimensional column vector, and the
subscript of A represents A1 under 90% operating condition.
The equivalent nonparametric model A1–80 is as follows:

A1−80 = −0 1154, −0 2175, −0 3078, −0 3876, −0 4583,
− 0 5208, −0 5761, −0 6250, −0 6683, −0 7066,… ,
− 1 0000, −1 0000, −1 0000, −1 0000, −1 0000 T,

7

where A1–80 is a 100-dimensional column vector and the sub-
script of A represents A1 under 80% operating condition.

3. Adaptive Predictive Control Method of
Pressurizer Pressure

3.1. Control System Structure. The structure of the pressurizer
pressure control system based on adaptive prediction algo-
rithm is shown in Figure 4. The self-regulating controlled

Input Output
K

G(s)-+

Figure 3: Structure of controlled object with feedback.

Nuclear
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generator
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S

Figure 2: Structure of the electrothermal pressurizer.
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object consists of feedback channel, actuator, and pressurizer
controlled object. Then, the control signal output uC k of
adaptive predictive controller is obtained by (8). And the pres-
surizer pressure adaptive predictive controller that directly
acts on non-self-regulating system is established.

uC k = u k − Ky k , 8

where k represents the time of simulation, u k is the control-
ler output at step k,K is the feedback channel gain, and y k is
the pressure output at step k.

The adaptive predictive controller is composed of
online identification algorithm module, DMC controller
module, and feedback channel module. The online identi-
fication algorithm module is an online identification layer.
The DMC controller module and the feedback channel
module are control layer. The online identification layer
and the control layer work in parallel. The online identifi-
cation algorithm uses the current and the historical values
of control increment Δu k and pressure output y k to
calculate the dynamic matrix A of DMC controller online,
which achieves the purpose of self-adaptation of the con-
troller. A consists of the element values in A1, which can
be obtained by (9). The DMC algorithm is a predictive
control algorithm based on device step response and appli-
cable to progressively stable linear device [15]. Its predic-
tive model is easy to obtain from engineering, and it has
less computations and strong robustness. The online cyclic
operation with prediction, correction, and control achieves
prediction and optimization.

A1 = ΔU2 k × Y2 k , 9

where ΔU2 k consists of the element values in ΔU1 k to
form an N-dimensional matrix, ΔU1 k is a sequence of N
control incremental historical values, Y2 k consists of the
element values in Y1 k to form an N-dimensional

column vector, and Y1 k is a sequence of N + 1 pressure
output historical values.

ΔU1 k = Δu k −N ,⋯, Δu k − 2 , Δu k − 1 T,

Y1 k = y k −N ,⋯, y k − 1 , y k T,

ΔU2 k =

Δu k −N 0 ⋯ 0

Δu k −N + 1 Δu k −N ⋯ 0

⋯ ⋯ ⋯ ⋯

Δu k − 2 Δu k − 3 ⋯ 0

Δu k − 1 Δu k − 2 ⋯ Δu k −N

−1

,

Y2 k =

y k −N + 1 − y k −N

y k −N + 2 − y k −N

⋯

y k − 1 − y k −N

y k − y k −N

10

3.2. Online Identification of Adaptive Predictive Controller

3.2.1. Online Identification Algorithm Structure. The online
identification algorithm continuously detects the instanta-
neous Δu k and the current y k and updates the vectors
ΔU1 k , Y1 k , and Y2 k and the matrix ΔU2 k in real
time. Then, A1 of the controlled object is calculated, and
finally, the dynamic matrix A is obtained for adaptive predic-
tive control, which completes online identification of the
controlled object model. The algorithm flowchart is shown
in Figure 5.

At each time k, the control increments of first k − 1 times
in ΔU1 k are shifted up by one, then the online identifica-
tion module detects the current Δu k to replace the original

Table 1: Mathematical model of the controlled object.

Operating condition 100% 90% 80%

Transfer function (MPa/%) −4 553 × 10−4/s −1 0261 × 10−3/s −1 2261 × 10−3/s

Actuator

Pressure transmitter

+-

Pressure
setting value

DMC controller Self-regulating controlled object

Feedback channel

+-

Adaptive predictive controller

u(k) uc(k) Pressurizer

Pressure
output value

Online identification
algorithm

y(k)

A

Control Correction Prediction

Δu(k)

Figure 4: Structure of control system based on adaptive predictive algorithm.
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Δu k‐1 . And the new vector ΔU1 k at that moment
is obtained that can be used to construct a new matrix
ΔU2 k . In the same way, the new vectors Y1 k and Y2
k at this moment are obtained. Multiply ΔU2 k and
Y2 k to get A1, then A is obtained.

3.2.2. Online Solution of Dynamic Matrix. In every moment,
the relationships between control increment, pressure out-
put, and nonparametric model elements are shown in (11).

y k −N + 1 = y k −N + a1 × Δu k −N ,

y k −N + 2 = y k −N + a1 × Δu k −N + 1 + a2 × Δu k −N ,

⋮

y k = y k −N + a1 × Δu k − 1 + a2 × Δu k − 2

+⋯ + aN × Δu k −N

11

Equation (11) can be rewritten as

y k −N + i = y k −N + 〠
N

j=1
aj × Δu k −N + i − j ,

 i = 1, 2,… ,N , j ≤ i

12

The matrix form of (12) can be written as

y k −N + 1

y k −N + 2

⋯

y k − 1

y k

=

y k −N

y k −N

⋯

y k −N

y k −N

+

Δu k −N 0 ⋯ 0

Δu k −N + 1 Δu k −N ⋯ 0

⋯ ⋯ ⋯ ⋯

Δu k − 2 Δu k − 3 ⋯ 0

Δu k − 1 Δu k − 2 ⋯ Δu k −N

×

a1

a2

⋯

aN−1

aN
13

The nonparametric model A1 can be deduced in (13).

A1 =

Δu k −N 0 ⋯ 0

Δu k −N + 1 Δu k −N ⋯ 0

⋯ ⋯ ⋯ ⋯

Δu k − 2 Δu k − 3 ⋯ 0

Δu k − 1 Δu k − 2 ⋯ Δu k −N

−1

×

y k −N + 1 − y k −N

y k −N + 2 − y k −N

⋯

y k − 1 − y k −N

y k − y k −N

14

Shi�

Δu(k−N−1)
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...

Replace
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Figure 5: Flowchart of online identification algorithm.

5Complexity



Equation (14) can also be expressed as (9), and the
elements in A1 are shown as follows:

It is easy to get a new dynamic matrix A at this moment
from the nonparametric model A1 of the controlled object.
Then, the original A of prediction algorithm is replaced to
complete the online model identification.

3.3. DMC of Adaptive Predictive Controller

3.3.1. Self-Regulating Controlled Object Prediction Model.
The prediction time domain P and the control time domain
M are selected, usually M ≤ P ≤N . Assume that the initial
predictive value of pressure at time k is ŷ0 k + i ∣ k , i = 1,
2,… ,N , where the subscript of y represents the number
of control action changes and k + i∣k represents the predic-
tion of time k + i at time k. When the opening of the spray
valve has an increment Δu k , the pressure predictor at the
next moment is

ŷ1 k + i ∣ k = ŷ0 k + i ∣ k + aiΔu k , 16

where ai is the value of the element in the nonparametric
model A1, i = 1, 2,… ,N . When M continuous spray valve
opening changes Δu k ,… , Δu k +M − 1 occur, the pre-
dicted value of pressurizer pressure is

ŷM k + i ∣ k = ŷ0 k + i ∣ k + 〠
min M,i

j=1
ai−j+1Δu k + j − 1 ,

17

where i = 1, 2,… ,N . Equation (17) is the predictive model of
the output under the effect of continuous control increment.

3.3.2. Scroll Optimization and Solution of Control Signal
Output. M changes of spray valve opening from each time
k are needed, which can make the pressure predictor value
ŷM k + i ∣ k for the next P moments as close as possible to
the expected pressure value ω k + i , i = 1, 2,… , P. The
drastic change of Δu k is usually undesirable during con-
trol. So a soft constraint can be added to the performance
optimization index.

min J k = 〠
P

i=1
qi ω k + i − ŷM k + i ∣ k 2 + 〠

M

j=1
rjΔu2 k + j − 1 ,

18

where qi is the error weighting coefficient and ri is the
control weighting coefficient, which, respectively, repre-
sents the restraint on tracking error and control variation.

The vector form of (17) can be written as

ŷPM k = ŷP0 k + AΔUM k , 19

where A is called the dynamic matrix.

ŷPM k =

ŷM k + 1 ∣ k

⋮

ŷM k + P ∣ k

,

ŷP0 k =

ŷ0 k + 1 ∣ k

⋮

ŷ0 k + P ∣ k

,

A =

a1 ⋯ 0

⋯ ⋯ ⋯

aM ⋯ a1

⋯ ⋯ ⋯

aP ⋯ aP−M+1

20

The vector form of (18) can be written as

min J k = ωP k − ŷPM k 2
Q + ΔUM k 2

R, 21

where ωP k = ω k + 1 ,⋯, ω k + P T, ΔUM k = Δu k ,
⋯ , Δu k +M − 1 T, the error weight matrix Q = diag
q1,⋯, qP , and R = diag r1,⋯, rM is the control weight
matrix.

Substituting (19) into (21),

min J k = ωP k − ŷP0 k − AΔUM k 2
Q + ΔUM k 2

R

22

The optimal control increment ΔUM k in (22) can be
deduced by the extremum requirement dJ k /dΔUM k = 0,

ΔUM k = ATQA + R
−1
ATQ ωP k − ŷP0 k 23

ai =

y k −N + 1 − y k −N
Δu k −N

, i = 1,

1
Δu k −N

× y k −N + j − y k −N − 〠
i−1

j=1
aj × Δu k −N + i − j , i = 2, 3,… ,N

15
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The “rolling optimization” strategy means that the
DMC only takes the immediate control increment Δu k
of ΔUM k to form a controller output u k = u k − 1 +
Δu k , and the next time, the same method is used to
obtain the instantaneous control increment Δu k + 1 to
complete a rolling optimization.

Since u k is the output acting on the self-regulating
model, which theoretically realizes the non-self-regulating
system predictive control. In order to solve the engineering
problem, the control signal output uC k directly acting on
spray device is required by (8). Equation (8) represents the
structural relationship of self-regulating process of controlled
object. Then, the structural relationship can be expressed as

uC k = u k − 1 + Δu k − Ky k , 24

where Δu k = dT ωP k − ŷP0 k , the control vector dT =
CT ATQA + R

−1
ATQ, and the M-dimensional column

vector CT = 1, 0,⋯, 0 which means to get the first element,
i = 1, 2,… ,M.

3.3.3. Feedback Correction. Model mismatch, environmental
disturbances (such as load changes or core reactivity dis-
turbances) and other factors, may cause the output error
e k + 1 = y k + 1 − ŷ1 k + 1 ∣ k . The weighting method
can be used to correct the error by introducing the correction
vector hcor = h1,⋯, hN

T. The corrected output prediction
vector is shown in

ŷcor k + 1 = ŷN1 k + hcore k + 1 , 25

where

ŷcor k + 1 =

ŷcor k + 1 ∣ k + 1

⋮

ŷcor k +N ∣ k + 1

,

ŷN1 k =

ŷ1 k + 1 ∣ k

⋮

ŷ1 k +N ∣ k

26

The initial prediction value at time k + 1 is obtained by
shifting, which can be expressed in vector form as follows:

ŷN0 k + 1 = Sŷcor k + 1 , 27

where S is the shift matrix

S =

0 1 ⋯ 0

⋯ ⋯ ⋯ ⋯

⋯ ⋯ 0 1

0 ⋯ 0 1

28

4. Simulation

The simulation test platform is based on Visual Studio2010
and MATLAB/Simulink. The function of adaptive DMC
controller of pressurizer pressure control system in nuclear
power plant is realized in Visual Studio2010. It is connected
with MATLAB/Simulink through OLE for Process Control
(OPC) interface. MATLAB/Simulink simulation model is
shown in Figure 6. The controller output calculated by adap-
tive DMC controller is transmitted to the OPC Read module
through OPC interface, and the control signal output acts on
the controlled object. The pressure output will be returned by
the OPC Write module to adaptive DMC controller for con-
troller output calculation via the OPC interface. Finally, the
tracking of pressure output value to set value is realized.
Compared with DMC and PID, the improvement of control
performance is verified by the proposed non-self-regulating
system adaptive predictive control method.

4.1. Tracking Performance of Control System. The feedback
channel gain K = 1meets the stability ofG1 s in (2). The dis-
turbance is set to zero, which temporarily ignores the effects
of disturbances. The initialization parameters of pressurizer
pressure dynamic matrix controller are designed by A1–90
under 90% operating condition (as shown in Table 1). The
set point of the pressure steps from 0 to 1MPa at t = 0 s,
and the control characteristics of pressure adaptive predictive
control, pressure dynamic matrix control, and pressure PID
control are shown in Figure 7. Figure 7 shows that the rise
time of ordinary DMC is 2.8 s, and the adjustment time of

u(k)

uc(k)

OPC read (cache):
OPCValue.Out

V

Q

T

OPC read

OPC write (Sync):
OPCValue.In

OPC write

Pressurizer pressure

−1.0261⁎10^(−3)
s

Controlled object

1

Feedback channel gain

Control output
Disturbance

Figure 6: Simulation model based on pressurizer pressure adaptive predictive control.
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DMC is 5 s (error is ±2%). It is observed that the rise time of
adaptive prediction control is 2.3 s and the adjustment time
of adaptive prediction control is 3.8 s (error is ±2%),
which is, respectively, 18% and 24% lower than DMC,
and the integral absolute error (IAE) is reduced by 13%
compared with DMC. PID control response curve can also
achieve an approximate rise time at the cost of overshoot
adjustment time. The rise time of PID is 2.7 s, the peak
time of PID is 7.2 s, the overshoot of PID is 15.6%, and
the adjustment time of PID is 18.2 s (error is ±2%). The
results show that the adaptive prediction control has faster
response and better static stability. The adaptive predictive
control signal output curve directly acting on spray device
and the controller output curve are shown in Figure 8
(from 0 to 10 s in an interval of 30 s). It is obvious that
this pressurizer pressure adaptive prediction controller
can be realized in engineering, and it can also be applied to
solve the same kind of non-self-regulating system predictive
control problems.

4.2. Responses with Disturbance. Disturbance is inevitable in
an industrial process. Load changes and core reactivity dis-
turbances are ultimately reflected in changes of pressure. It
is necessary to test the disturbance rejection ability of the
adaptive predictive controller with a pressure disturbance.
The feedback channel gain K is set to 1. The initialization
parameters of pressurizer pressure dynamic matrix controller
are designed by A1–90 under 90% operating condition
(as shown in Table 1). In an interval of 50 s, a step pressure
disturbance of 0.4MPa is added at t = 20 s after the system
is stable. The response curves with different control systems
under disturbance are shown in Figure 9. It is observed
that the adjustment time of ordinary DMC is 5.5 s (error
is ±2%) and the adjustment time of adaptive predictive
control is 4.8 s (error is ±2%). The latter is 13% shorter
than the former. And the adjustment time of PID is 15 s
(error is ±2%), which is about three times than that of
adaptive predictive control and DMC. The results show
that the disturbance rejection ability of adaptive predictive
controller is better than that of ordinary dynamic matrix
controller and PID controller, and it can achieve a faster
and more stable control effect.

4.3. Robustness of Control System. In order to further verify
the adaptability of adaptive predictive controller to the
change of controlled object model, take 90% operating condi-
tion (as shown in Table 1) as initial condition, 100% and 80%
(as shown in Table 1) as comparison conditions to compare
the adaptive predictive control effect with DMC and PID.

The feedback channel gain K is set to 1, and the distur-
bance is set to zero. The initialization parameters of pressur-
izer pressure dynamic matrix controller are designed byA1–90
under 90% operating condition (as shown in Table 1). The
operating condition is changed from 90% to 100% at t = 0 s,
and the characteristic curves of control systems are shown
in Figure 10. It is observed that the rise time of DMC is
2.5 s, the peak time of DMC is 5.3 s, the overshoot of DMC
is 9.3%, and the adjustment time of DMC is 8 s (error

0

Adaptive predictive control
Dynamic matrix control
PID control

0

0.2

0.4

0.6

0.8

1

1.2

5 10

Pr
es

su
re

 (M
Pa

)

15
Time (s)

20 25 30

Figure 7: Response curves with different control systems.

0

uc(k)
u(k)

−50

−40

−30

−20

−10

0

10

2 4

C
on

tro
l s

ig
na

l (
%

)

6
Time (s)

8 10

Figure 8: Control output curves.

0
0

0.2

0.4

0.6

0.8

1

1.6

1.4

1.2

10

Pr
es

su
re

 (M
Pa

)

20
Time (s)

30 40 50

Adaptive predictive control
Dynamic matrix control
PID control

Figure 9: Response curves with different control systems under
disturbance.

8 Complexity



is ±2%). The rise time of adaptive predictive control is 3.5 s,
the adjustment time of adaptive predictive control is 6 s
(error is ±2%) which is 25% shorter than DMC, and the
IAE is reduced by 2% compared with DMC. The rise time
of PID is 4.7 s, the peak time of PID is 12.2 s, the over-
shoot of PID is 25%, and the adjustment time of PID is
24.8 s (error is ±2%). It is clear that the adaptive predictive
control characteristic curve changes more smoothly and
there is no overshoot.

The operating condition is changed from 90% to 80% at
t = 0 s, and the characteristic curves of control systems are
shown in Figure 11. It shows that the rise time of ordinary
DMC is 3 s, the adjustment time of DMC is 5.3 s (error
is ±2%), the rise time of adaptive prediction control is
2 s which is 33% shorter than DMC, the adjustment time
of adaptive prediction control is 3.3 s (error is ±2%) which

is 38% shorter than DMC, and the IAE is reduced by 21%
compared with DMC. Similar to the performance in
Figure 10, the adaptability of PID controller to the change
of controlled object model is relatively poor. It can be seen
that adopting adaptive predictive controller not only makes
the control characteristic curve more stable but also has
better tracking ability and adaptability.

5. Conclusion

Stimulated by the control performance optimization of
pressurizer pressure, the adaptive predictive control method
based on DMC algorithm is proposed in this paper. Some
conclusions could be drawn as follows.

(1) The pressurizer pressure adaptive predictive control-
ler has good control performance and dynamic char-
acteristic. It is characterized by rapid response, small
overshoot, strong disturbance rejection ability, and
guaranteed robustness.

(2) The stabilization of non-self-regulating system
overcomes the disadvantages of DMC in modeling
non-self-regulating object.

(3) The acquisition of control signal output shows the
adaptive predictive controller is effective and practical
value of engineering application.

(4) The online identification of models helps to improve
the ability of predictive controller to adapt to changes
in controlled objects.

(5) The physical constraints of valve have been ignored
for the time being, and further research and improve-
ment are needed.
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In this paper, we present an online obstacle avoidance planning method for unmanned underwater vehicle (UUV) based on
clockwork recurrent neural network (CW-RNN) and long short-term memory (LSTM), respectively. In essence, UUV online
obstacle avoidance planning is a spatiotemporal sequence planning problem with the spatiotemporal data sequence of sensors
as input and control instruction to motion controller of UUV as output. And recurrent neural networks (RNNs) have proven to
give state-of-the-art performance on many sequence labeling and sequence prediction tasks. In order to train the networks, a UUV
obstacle avoidance dataset is generated and an offline training and testing is adopted in this paper. Finally, the proposed two types of
RNN based online obstacle avoidance planners are compared in path cost, obstacle avoidance planning success rate, training time,
time-consumption, learning, and generalization, respectively. And the good performance of the proposedmethods is demonstrated
with a series of simulation experiments in different environments.

1. Introduction

The online obstacle avoidance planner is one of the impor-
tant modules of UUV which reflects its intelligence level,
which requires the UUV to plan a collision-free trajec-
tory autonomously when it navigates in long range and
unknown environment. At present, the main obstacle avoid-
ance methods include traditional methods [1–6], bionics
algorithm [7–11], and reinforcement learning methods [12–
15]. Traditionally, a bottleneck restricting the development
of UUV obstacle avoidance technology is the uncertainty
of underwater sensing equipment. And, the performance of
obstacle avoidance in complex environment and even maze
environment is not satisfactory.

LSTM is a RNN architecture that employs three special
gating schemes to address the vanishing and exploding
gradient problems. It is able to process complex sequential
information for learning features from long-term input data
and has proven to give state-of-the-art performance onmany
challenging problems involving precipitation nowcasting,
predicting water table depth, traffic forecasting, object track-
ing, punctuation prediction, and so on.

The aim of precipitation nowcasting is to provide a
forecast of the rainfall intensity in a local region over a
relatively short period of time (e.g., 0-6 hours). Shi et
al. formulated precipitation nowcasting as a spatiotemporal
sequence forecasting problemwith the sequence of past radar
maps as input and the sequence of a fixed number of future
radar maps as output and proposed the convolutional LSTM
model, in which the convolutional structures are used to
extract features and LSTM is used to do forecasting problem
[16].

Long-termpredictions of water table depth in agricultural
areas face enormous challenges because of their complex, het-
erogeneous hydrogeological characteristics, boundary condi-
tions, and human activities. In addition, there are nonlinear
interactions among these factors. Zhang et al. proposed a time
series model based on LSTM to alternate computationally
expensive physical models, especially in areas where hydro-
geological data are difficult to obtain [17].

Accurate and real-time traffic flow prediction especially
short-term traffic flow information is an important part
of intelligent transportation system. However, due to the
stochastic and nonlinear nature of traffic flow, accurately
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Figure 1: Global and local coordinate systems.

predicting traffic state is a challenging task. The LSTM is
able to learn time series with long time dependency and
automatically determine the optimal time lags. Ma et al.
found this feature is especially desirable for traffic predic-
tion problems, where future traffic condition is commonly
relevant to the previous events with long time spans and
proposed a LSTM-based traffic flow prediction method to
capture nonlinear traffic dynamic in an effective manner [18].
Duan et al. explored a LSTM neural network model, which
can automatically reserve historical sequence information in
its model structure, for travel time prediction [19]. Chen et
al. trained a LSTM model to learn the patterns in traffic
condition sequences which utilized the historical traffic
conditions obtained fromAMAP, a webmap service provider
in China, to predict traffic conditions in the future [20].

Object tracking is a fundamental problem in computer
vision with a wide range of applications. The target of a
tracking system is to estimate the state sequence of the object
based on observation sequence. LSTM has been introduced
in object tracking for object representations via sequence
learning. Li et al. employed LSTM units to directly learn
temporally correlated representations of the objects in long
sequences [21]. Zhou et al. introduced a bidirectional LSTM-
based appearance model to learn the spatial contextual
dependency [22]. Wang et al. proposed a 3D fish tracking
method and multifish tracking method in which a LSTM
network is employed to model the fish’s motion process [23,
24].

In other fields, Chen et al. modeled and predicted China
stock returns using LSTMand improved the accuracy of stock
return prediction greatly [25]. Sak et al. demonstrated the
state-of-the-art performance of LSTM networks on speech
recognition tasks compared with RNN and deep neural
networks (DNNs) models [26]. Wu et al. utilized LSTM to
solve remaining useful life estimation problem and got good
remaining useful life prediction accuracy [27]. Chherawala
et al. presented a handwriting recognition model based on
LSTM network which automatically learns features from the
input image in a supervised fashion [28].

In 2014, Koutnı́k et al. introduced CW-RNN which
simplifies theRNNarchitecture, improves the performance of
network, and speeds up the network evaluation [29]. Achanta

et al. showed that CW-RNN is equivalent to the standard
RNN architecture with a time-varying leaky integration [30].

Two end-to-end online obstacle avoidance planners
based on LSTM and CW-RNN, respectively, are presented in
this paper. The obstacle avoidance planners take the infor-
mation obtained by multibeam forward looking sonar (FLS)
as input and directly output control instruction to motion
controller of UUV. The RNN based obstacle avoidance
planners remain robust performance even though the effects
of measurement noises are considered. And due to the strong
learning ability of RNN, the obstacle avoidance planners are
capable for obstacle avoidance in the environments which far
much complex than those environments existed in training
samples.

2. UUV System Modeling

The obstacle avoidance planning on the vertical plane is
usually achieved through depth adjustment, while the depth
adjustment strategy often brings large pitch adjustment,
which affects the attitude control of UUV. Therefore, this
paper adopts the strategy of horizontal plane obstacle avoid-
ance regulation priority and defines a horizontal 3 degrees-of
freedom (DPF) control model for UUV, which can not only
guarantee the safety of UUV collision avoidance planning,
but also facilitate the UUVmotion control.

The North East-fixed reference frame and body-fixed
reference frame are shown in Figure 1. The 3 DOF control
model of UUV is described as follows [31]:̇𝜂 = 𝑅 (𝜓)𝑉 (1)𝑀�̇� + 𝐶 (𝑉)𝑉 + 𝐷 (𝑉)𝑉 = 𝜏 (2)

where 𝜂 = [𝑥, 𝑦, 𝜓]𝑇 is position vector correspond to the
position of UUV in North East-fixed reference frame and
the heading of UUV, respectively, 𝑅(𝜓) is the transformation
matrix from North East-fixed reference frame to body-fixed
reference frame, 𝑉 = [𝑢, V, 𝑟]𝑇 denotes the velocity vector
including the surge, sway, and yaw of UUV in body-fixed
reference frame; the actuator input is denoted by 𝜏 =[𝜏𝑢 0 𝜏𝑟]𝑇, and𝑀 = 𝑀𝑅𝐵 + 𝑀𝐴, 𝐶(𝑉) = 𝐶𝑅𝐵(𝑉) + 𝐶𝐴(𝑉),
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and 𝐷(𝑉) = 𝐷𝑙 + 𝐷𝑛𝑙(𝑉) denote the system inertia matrix,
coriolis-centripetalmatrix, and dampingmatrix, respectively.
Specifically,

𝑅 (𝜓) = [[[
cos𝜓 − sin𝜓 0
sin𝜓 cos𝜓 00 0 1]]] (3)

𝑀𝑅𝐵 = [[[
𝑚 0 00 𝑚 𝑚𝑥𝐺0 𝑚𝑥𝐺 𝐼𝑧 ]]]

𝑀𝐴 = [[[
−𝑋�̇� 0 00 −𝑌 ̇V −𝑌 ̇𝑟0 −𝑌 ̇𝑟 −𝑁 ̇𝑟]]]

(4)

𝐶𝑅𝐵 (𝑉) = [[[
0 0 −𝑚 (𝑥𝐺𝑟 + V)0 0 𝑚𝑢𝑚 (𝑥𝐺𝑟 + V) −𝑚𝑢 0 ]]]

𝐶𝐴 (𝑉) = [[[
0 0 𝑌 ̇VV + 𝑌 ̇𝑟𝑟0 0 −𝑋�̇�𝑢−𝑌 ̇VV − 𝑌 ̇𝑟𝑟 𝑋�̇�𝑢 0 ]]]

(5)

𝐷𝑙 = [[[
𝑋𝑢 0 00 𝑌V −𝑌𝑟0 −𝑁V 𝑁𝑟 ]]]

𝐷𝑛𝑙 (𝑉) = [[[
𝑋|𝑢|𝑢 |𝑢| 0 00 𝑌|V|V |V| −𝑌|V|𝑟 |V|0 −𝑁|𝑟|V |𝑟| 𝑁|𝑟|𝑟 |𝑟| ]]]

(6)

A constant current is assumed in this paper which is
expressed as a vector [𝑢𝑐, V𝑐]𝑇 in body-fixed reference frame.
And then the kinematic and dynamic equations of UUV can
be described as �̇�𝑟 = (−𝑑11𝑢𝑟 + 𝜏𝑢)𝑚11

V̇𝑟 = (𝐴𝑚33 − 𝐵𝑚23)(𝑚22𝑚33 − 𝑚223)̇𝑟 = (𝐵𝑚22 − 𝐴𝑚23)(𝑚22𝑚33 − 𝑚223)�̇� = 𝑢 cos (𝜓) − V sin (𝜓)̇𝑦 = 𝑢 sin (𝜓) + V cos (𝜓)�̇� = 𝑟

(7)

where𝐴 = −𝑑22V𝑟 +(𝑑23−𝑢𝑟𝑐23 −𝑚𝑢𝑐)𝑟, 𝐵 = (𝑑32 −𝑢𝑟𝑐32)V𝑟 −𝑑33𝑟 + 𝜏𝑟, and 𝑚11 = 𝑚 − 𝑋�̇�𝑚22 = 𝑚 − 𝑌 ̇V

𝑚23 = −𝑌 ̇𝑟𝑚33 = 𝐼𝑧 − 𝑁 ̇𝑟𝑐23 = 𝑚 − 𝑋�̇�𝑐32 = 𝑋�̇� − 𝑌 ̇V𝑑11 = 𝑋𝑢
𝑟

+ 𝑋|𝑢
𝑟
|𝑢
𝑟

𝑢𝑟𝑑22 = 𝑌V
𝑟

+ 𝑌|V
𝑟
|V
𝑟

V𝑟𝑑23 = 𝑌𝑟𝑑32 = 𝑁V
𝑟𝑑33 = 𝑁𝑟 + 𝑁|𝑟|𝑟 |𝑟|

(8)

Assume there are twopropellers distribute in the horizon-
tal plane of UUV. And the force vector 𝜏 is modeled as

[𝜏𝑢𝜏𝑟] = [ 1 1𝑑𝑝 −𝑑𝑝][𝑇(𝑛𝑝)𝑇 (𝑛𝑠)] (9)

where 𝑛𝑝 and 𝑛𝑠 denote the speeds of propellers of UUV,
respectively, 𝑑𝑝 is the distance between the propeller and
central axis of UUV, and 𝑇(𝑛𝑝) and 𝑇(𝑛𝑠) denote propeller
coefficients.

3. Simulation Model of Sonar

The input data of obstacle avoidance planners proposed by
this paper are obtained by multibeam forward looking sonar.
A 2D simulation model of multibeam FLS based on SeaBat
8125 is established in this section. SeaBat 8125 is a state-of-
the-art high-resolution multibeam echosounder [32]. It has a120∘ field of view sector, 80 beams with width of 1.5∘, and
the maximum scan radius of 120𝑚. To simplify the input
information of network, define the distance vector 𝐷𝑡 =[120 − 𝑑0𝑡 , 120 − 𝑑1𝑡 , ⋅ ⋅ ⋅ , 120 − 𝑑79𝑡 ], where 𝑑𝑖𝑡 is the distance
information detected by 𝑖th ray of sonar at time step 𝑡 and
if 𝑑𝑖𝑡 > 120, then set 𝑑𝑖𝑡 = 120. The precision of sonar is
set as 5𝑚. And taking the uncertainty of sonar detection into
account, this paper sets the false alarm rate as 10%.

4. The Structures of Obstacle
Avoidance Planners

4.1. The Structure of CW-RNN. The forward propagation of
standard RNN is as follows:𝑠𝑡 = 𝜎 (𝑊𝑥𝑠𝑥𝑡 +𝑊𝑠𝑠𝑠𝑡−1 + 𝑏𝑠) (10)𝑜𝑡 = tanh (𝑊𝑠𝑜𝑠𝑡 + 𝑏𝑜) (11)

where 𝑊𝑥𝑠 and 𝑊𝑠𝑠 denote the weight matrices from input
layer and hidden layer to hidden layer respectively,𝑊𝑠𝑜 is the
weight matrix between hidden layer and output layer, 𝑥𝑡, 𝑠𝑡,
and 𝑜𝑡 are the input vector, hidden state vector, and output
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Figure 2: The network structure of CW-RNN. Bias units are omitted to simplify the visualization network.

vector at time step 𝑡, respectively, and 𝑏𝑠 and 𝑏𝑜 correspond to
the biases of hidden layer and output layer, respectively.

As shown in Figure 2, the neurons in hidden layer are
grouped into 𝑔modules of size 𝑘 in the forward propagation
of CW-RNN. Each module i is set an explicit clock 𝑇𝑖 = 2𝑖−1
to operate. For every module j, only if 𝑇𝑖 ≤ 𝑇𝑗, the recurrent
connections from module 𝑗 to module 𝑖 are existed. And
the state of modules i will be updated only if the modules
i satisfy (𝑡MOD𝑇𝑖) = 0 at each time step 𝑡. The long-
term memory is restored by the modules have long period.
The local information obtained from input data is solved by
modules with short period.

Therefore, 𝑊𝑥𝑠 and 𝑊𝑠𝑠 are partitioned into 𝑔 blocks-
rows corresponding to 𝑔 modules, and 𝑊𝑠𝑠 is a block-upper
triangular matrix:

𝑊𝑥𝑠 = (𝑊𝑥𝑠1...𝑊𝑥𝑠 g)
𝑊𝑠𝑠 = (𝑊𝑠𝑠1...𝑊𝑠𝑠 g)

(12)

where each block-row𝑊𝑠𝑠 𝑖 is partitioned into block-columns{0, ⋅ ⋅ ⋅ , 0,𝑊𝑠𝑠 𝑖,𝑖, ⋅ ⋅ ⋅ ,𝑊𝑠𝑠 𝑖,𝑔} and
𝑊𝑠𝑠 𝑖 = {{{𝑊𝑠𝑠 𝑖 if (𝑡MOD𝑇𝑖) = 00 otherwise

(13)

4.2. The Structure of LSTM. In LSTM, the memory blocks
are used to replace the hidden units in RNN. As shown in

Figure 3, such amemory block consists of a cell, an input gate,
an output gate, and a forget gate. The current state of hidden
layer is restored in cell, the three import gate units, which
control the input, output, and forget of cell, respectively. The
forward propagation of LSTM is as follows:𝑖𝑡 = 𝜎 (𝑊𝑥𝑖𝑥𝑡 +𝑊ℎ𝑖ℎ𝑡−1 + 𝑏𝑖) (14)𝑓𝑡 = 𝜎 (𝑊𝑥𝑓𝑥𝑡 +𝑊ℎ𝑓ℎ𝑡−1 + 𝑏𝑓) (15)𝑐𝑡 = 𝑓𝑡 ∙ 𝑐𝑡−1 + 𝑖𝑡 ∙ tanh (𝑊𝑥𝑐𝑥𝑡 +𝑊ℎ𝑐ℎ𝑡−1 + 𝑏𝑐) (16)𝑜𝑡 = 𝜎 (𝑊𝑥𝑜𝑥𝑡 +𝑊ℎ𝑜ℎ𝑡−1 + 𝑏𝑜) (17)ℎ𝑡 = 𝑜𝑡 ∙ tanh (𝑐𝑡) (18)

where 𝑖𝑡, 𝑓𝑡, 𝑐𝑡, 𝑜𝑡, and ℎ𝑡 are outputs of input gate, forget
gate, cell, output gate, and memory block at time step t,
respectively; 𝑥𝑡 is input vector of memory block at time step t;ℎ𝑡−1 is the output vector ofmemory block at t-1 time step;𝑊𝑥𝑖,𝑊𝑥𝑓,𝑊𝑥𝑐, and𝑊𝑥𝑜 are the weight matrices from input vector
to input gate, forget gate, cell, and output gate, respectively;𝑊ℎ𝑖, 𝑊ℎ𝑓, 𝑊ℎ𝑐, and 𝑊ℎ𝑜 are the weight matrices from the
output of memory block at previous time step to input gate,
forget gate, cell, and output gate, respectively; 𝑏𝑖, 𝑏𝑓, 𝑏𝑐, and𝑏𝑜 are biases of input gate, forget gate, cell, and output gate,
respectively; 𝜎(⋅) is activation function of gate unit, which
is set as logistic sigmoid function in this paper; ∙ represents
element-wise product.

5. Construction of UUV Autonomous Obstacle
Avoidance Planning Learning System

The principle framework of UUV autonomous obstacle
avoidance planning learning system is shown in Figure 4.
At first, the RNN based obstacle avoidance planners are



Complexity 5

  tanh

tanh

+ +

  tanh

tanh

  tanh

tanh

t−9x t−8x

tf

Full connection

23 units

2 units

th

Hidden layer

Middle layer

Input layer

Output layer

Lb Blocks

81 inputs

Full connection

+ + + + + + + + + + + +
ibfb cb ob ibfb cb ob ibfb cb ob

ti to

tx

1th −

tanh fbHyperbolic tangent

Element wise addition/ 
concatenation

Element wise multiplication

BiasSigmoid

Forget gate vector Input gate vector Output gate vectortf ti toGate vectors:

tx Input vector t−1h Output of previous block t−1c Memory from previous block

Operations:

Nonlinearities:

Inputs:

Outputs:
th ct



ctct−1

Output of current block Memory of current block

+

Figure 3: The network structure of LSTM.

trained offline. Then these fully trained planners are used
to do obstacle avoidance planning for UUV in real time
according to the environmental information obtained by FLS
and some information of UUV obtained by motion and atti-
tude sensor. The motion controller controls the UUV based
on control commands output by online obstacle avoidance
planners.

The flowchart of RNN based online obstacle avoidance
planning system is as follows.

Step 1. Initialize the start position and target position ofUUV,
and deploy UUV in the start position.

Step 2. Acquire data from sonar, motion, and attitude sen-
sors.

Step 3. The online RNN obstacle avoidance planner output
the desired yaw and velocity of UUV according to sensors
data.

Step 4. UUV adjusts its heading and velocity according to the
output instruction of onlineRNNobstacle avoidance planner.

Step 5. Determine whether the UUV reach the target posi-
tion, and if so, the obstacle avoidance planning algorithm is
stopped. Else, jump to Step 2.

6. Data Processing and Network Training

The input sequence 𝑥𝑡 of obstacle avoidance planners at time
step t consists of distance vector 𝐷𝑡 and the angle between
UUV and target in North East-fixed reference frame 𝜑𝑡. The
output vector of obstacle avoidance planners at time step t
is constituted by the adjustment of heading and the velocity
of UUV. The dataset consists of 120,000 training samples
and 4810 test samples. In the dataset, the start point, target
point, and obstacles are generated randomly. And Min–Max
normalization is used to preprocess input and output data.

The only difference between the two types of obstacle
avoidance planners is the structure hidden layers which are
composed by CW-RNN and LSTM, respectively. This setting
is convenient for comparison between the performance of
CW-RNN and LSTM on obstacle avoidance for UUV. The
two types of obstacle avoidance planners consist of input
layer, hidden layer, middle layer, and output layer. There
are 81 neurons in input layer, 23 neurons in middle layer,
and 2 neurons in output layer. To overcome the problem of
overfitting, dropout with 0.6 keep probability is used in the
process of train. The loss function is mean squared error
(MSE); the weights are updated using the backpropagation
through timeminibatch gradient descent tominimizeMSEof
which batch size is set as 10000. And the optimizer is Adam
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Figure 4: Principle framework of RNN based obstacle avoidance planning learning system.

optimizer; the maximum number of iterations is 20000. All
networks are trained at Core i3 CPU 2.00GHz×4.

The parameters of four networks are shown in Table 1.
And the MSE of the four networks on test dataset is shown
in Figure 5. Table 1 and Figure 5 show that, for the same
network, the offline training time of the networks increases
and the convergence slows down as the number of parameters
rises, but the best MSE reduces. And in the early stage of
training, the network with fewer parameters converges faster,
while in the later stage, the opposite happens. Compared with
CW-RNN, LSTM converges faster and obtains better results.

7. Results and Analysis

In this section, a statistical experiment and several illustrative
examples are present to validate the ability of obstacle avoid-
ance algorithms. The size of the map is set to 800𝑚 × 1200𝑚;
the velocity of UUV is set as a constant 8𝑘𝑛. And taking the
environmental factors into consideration, this paper added
10% false alarm rate to sonar data in simulation test cases.

7.1. Statistical Experiment. In order to verify the obstacle
avoidance planning effect of each network under different
environmental disturbances, the statistical experiment is
designed in this paper. The experiment counted the perfor-
mance of different networks on 100 random maps at the false

alarm rate of 5%, 10%, and 15%, respectively. The experi-
mental results are shown in Table 2. Table 2 shows that, for
the same network, the more parameters, the higher planning
success rate, the lower path cost, but more time the algorithm
takes. Compared with CW-RNN, LSTM has advantages in
path cost, success rate, and stability.The reasons for the failure
of each network planning are shown in Table 3. Among them,
‘nonarrival’ means that UUV stops near the target point, not
at the target point. ‘Disorientation’ means that UUV drifts
through the map after dodging obstacles, rather than moving
toward the target. The disorientation occurs when the obsta-
cle avoidance planner cannot extract the target information.
It can be seen from Table 3 that the increase of false alarm
rate makes the probability of collision and disorientation
path planned by CW-RNN increase, but it has little effect on
LSTM. This indicates that LSTM is superior to CW-RNN in
processing of long-term memory. As shown in Table 3, CW-
RNNs get a higher probability than LSTMs both in the terms
of collision and lost, which indicates that LSTM has better
ability to learn and extract detailed features than CW-RNN.

7.2. Simulation Test Case 1. For further analysis of the learn-
ing ability of the proposed obstacle avoidance algorithms, this
simulation test case tests the obstacle avoidance performance
of the four structures in two maps with the same complexity
as maps in training set. The tracks, yaw, and propeller
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Table 1: The performance of all structures in training.

Structure CW-RNN96 CW-RNN180 LSTM18 LSTM45
Number of units in hidden layer Rb=24 Rb=45 Lb=18 Lb=45
Number of parameters in hidden layer 6177(mean) 17253(mean) 5832 19440
Mean train time of each iteration/s 6.36 11.85 6.44 18.29
Initial error 0.454 0.645 2.800 4.600
Best MSE 1.74×10−3 1.26×10−3 1.52×10−3 8.7×10−4
Convergence generation 15000 18000 9500 13500

Table 2: The performance of all structures in statistical experiment.

False alarm rate (%) CW-RNN96 CW-RNN180 LSTM18 LSTM45

Success rate (%)
5 88 94 93 99
10 86 93 94 98
15 80 87 92 98

Mean path cost (m)
5 1309.3 1253.5 1298.3 1167.6
10 1322.8 1297.3 1303.3 1183.4
15 1376.4 1328.9 1311.6 1179.7

Time-consumption (ms)
5 52.73 185.36 45.56 198.98
10 52.44 186. 84 44.75 199.25
15 53.02 185.97 45.33 199.06

Table 3: The reasons for failure of obstacle avoidance planning in statistical experiment.

False alarm rate (%) Reason CW-RNN96 CW-RNN180 LSTM18 LSTM45

5
Collision (%) 2 1 0 0

Disorientation (%) 5 2 1 0
Non-arrival (%) 5 3 6 1

10
Collision (%) 3 2 0 0

Disorientation (%) 6 3 0 0
Non-arrival (%) 5 2 6 2

15
Collision (%) 5 4 0 0

Disorientation (%) 9 5 2 0
Non-arrival (%) 6 4 6 2
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Figure 6: Online planning results of four obstacle avoidance algorithms of UUV in simulation test cases 1(a) and (b).
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Figure 7: Curves of yaw adjustment output by the four obstacle avoidance algorithms in simulation test cases 1(a) and (b).

speed of UUV are shown in Figures 6–9, respectively. As
shown in the simulation results, in the maps with the same
complexity as the training environment, the four proposed
obstacle avoidance algorithms can quickly generate the path
without collision with obstacles, and the planning results
satisfy the UUV kinematics. In this simulation test case, all
the four obstacle avoidance algorithms show strong learning
ability. And compared with other structures, there are fewer
oscillations in the path planned by LSTM45.

7.3. Simulation Test Case 2. Assume that the start point is
(156, 39) and the target position of UUV is (630, 1070).
Figure 10 shows the tracks of UUV planned by the four
obstacle avoidance algorithms. As the simulation results show
that all methods are effectively controlling UUV to avoid

the obstacles and reach the target position. And all RNN
based obstacle avoidance planners have learned the ability
that adjusts UUV’s heading to navigate toward the target
position quickly after avoiding obstacles. As Figures 11 and
12 show, the yaw and propeller speed of UUV planned by
RNN based obstacle avoidance planners are conformed to
the actual practice. In the map with discrete distribution of
obstacles, even though the environment complexity of the
map is improved, the four obstacle avoidance algorithms can
generate noncollision paths. The simulation results indicate
that all the four algorithms have a degree of generalization
ability and adaptive capability.

7.4. Simulation Test Case 3. For further analysis of the ability
of the proposed obstacle avoidance planners, amuch complex
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Figure 8: Curves of left propeller speed controlling feedback corresponding with the different obstacle avoidance algorithms in simulation
test cases 1(a) and (b).
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Figure 9: Curves of right propeller speed controlling feedback corresponding with the different obstacle avoidance algorithms in simulation
test cases 1(a) and (b).

map than those maps is included in train and test dataset is
adopted in this simulation test case.The tracks, yaw, and pro-
peller speed of UUV are shown in Figures 13, 14, and 15,
respectively. As shown in the simulation results, in the com-
plex environment with continuous distribution of obstacles,
UUV is planned by CW-RNN96 to avoid obstacles with the
roam mode. This is because the CW-RNN96 cannot extract
the target point information, which is more detailed than
the obstacle information. And LSTM18, CW-RNN180, and
LSTM45 are still capable for obstacle avoidance, which exhi-
bit satisfactory abilities of learning and generalization in this

problem. Although LSTM18 has fewer parameters than CW-
RNN96, it has a better performance in complex environment.

7.5. Simulation Test Case 4. In order to test the generalization
and exploration ability of various methods, this simulation
test case adopts a maze map of continuous obstacles shown
in Figure 16. In the training set, the target is all set on the
east side of the map, and UUV always moves on the west
side of the target point, whichmeans the angle between UUV
and target in North East-fixed reference frame is 180∘ <𝜑𝑡 < 360∘. In this map, the target point is in the middle of
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Figure 10: Online planning results of four obstacle avoidance algorithms of UUV in simulation test case 2.
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Figure 11: Curves of yaw adjustment output by the four obstacle avoidance algorithms in simulation test case 2.
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Figure 12: Curves of propeller speed controlling feedback corresponding with the different obstacle avoidance algorithms.
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Figure 13: Online planning results of several obstacle avoidance algorithms of UUV in simulation test case 3.
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Figure 14: Curves of yaw adjustment output by the several obstacle avoidance algorithms in simulation test case 3.

the map, and UUV must move around the target and reach
the target, which means 0∘ < 𝜑𝑡 < 360∘. The simulation
results are shown in Figures 16–18. It can be seen from the
simulation results that all the methods performed well in
the early stage of planning (180∘ < 𝜑𝑡 < 360∘). As UUV
moves, the range of 𝜑𝑡 changes to (0∘, 180∘), collision exists
in the path CW-RNN96 planning, disorientations exist in the
path of CW-RNN180 planning disorientation, and nonarrival
exists in the path of LSTM18 planning. Only LSTM45 has the
capability of path generation in this maze environment and
shows excellent performance. The simulation results show a
strong generalization and exploration ability of LSTM45.

7.6. Simulation Test Case 5. The results of statistical experi-
ment and simulation test 2-4 show that, compared with the
three methods, LSTM45 is the best method for UUV obstacle
avoidance planning. In this test case, a series of simulations in
dynamic environments are used in to further test LSTM45’s

ability of obstacle avoidance. Figures 19 and 20 show the
simulation results of LSTM45 in several dynamic environ-
ments that the obstacle with different motions. And Figures
21 and 22 show the simulation results of LSTM45 in complex
environment with many static andmoving obstacles. Assume
that the dynamic obstacles always travel in straight lines with
constant velocity. The directions of motion of obstacles are
indicated by the arrow in obstacles.The velocities of obstacles
are set as 8kn in Figure 19(a) and 4kn in other cases. The
simulation results show that LSTM45 drives UUV navigates
toward the target, until a collision threat is found. After obsta-
cle avoidance,UUV is planned tomove toward the target con-
tinue. Although the training set does not contain any
dynamic obstacles, LSTM45 still explore the strategy to avoid
dynamic obstacles.

It can be seen from the above experiments that (1) when
the number of parameters is similar, CW-RNN and LSTM
also show similar performance in terms of training time,
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Figure 15: Curves of propeller speed controlling feedback corresponding with the different obstacle avoidance algorithms.
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Figure 16: Online planning results of several obstacle avoidance algorithms of UUV in simulation test case 4.

0 100 200 300 400 500 600 700 800
Time (s)

−10

−8

−6

−4

−2

0

2

4

6

8

10

９
；Ｑ

！
＞
ＤＯ
ＭＮ
Ｇ
？Ｈ

Ｎ
(∘
)

Figure 17: Curves of yaw adjustment output by LSTM45 in simulation test case 4.
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Figure 18: Curves of propeller speed controlling feedback corresponding with LSTM45.
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Figure 19: Online planning results of LSTM45 in several dynamic environments.
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Figure 20: The minimum distance between UUV and obstacle corresponding to Figure 19.

the best loss, and time-consumption, but LSTM shows better
path cost, success rate, generalization ability, and robustness
compared with CW-RNN. (2) It is worth noting that LSTM18
and CW-RNN180 have considerable learning ability and gen-
eralization ability, while the number of parameters, training
time, and time-consumption of LSTM18 are about 1/3, ½, and
1/4 of CW-RNN180, respectively. And LSTM18 has significant
advantages in learning capability, generalization ability, and
robustness compared with CW-RNN96 with similar number
of parameters. (3) For all the four algorithms, LSTM45 has
the best learning ability, generalization and exploration ability
and robustness. It is able to solve the problem of obstacle
avoidance for UUV in a dynamic or even complex dynamic
environment after being trained in simple and static environ-
ments.

8. Conclusion

Inspired by state-of-the-art performance of CW-RNN and
LSTM on many sequence prediction tasks, this paper
presented two types of obstacle avoidance algorithms based

on CW-RNN and LSTM, respectively, and compared the per-
formance of CW-RNNand LSTMon obstacle avoidance task.
The proposed obstacle avoidance algorithms based on LSTM
and CW-RNN achieved a very robust performance on the
online obstacle avoidance problem of UUV under unknown
environment and remained robust performance even though
the effects of measurement noises are considered. And due
to the strong learning ability and generalization ability,
the obstacle avoidance algorithms are capable for obstacle
avoidance in the environments which are much complex
than those environments existing in training samples. When
the number of parameters is similar, CW-RNN and LSTM
also show similar performance in terms of training time,
the best loss, and time-consumption, but in terms of path
cost, obstacle avoidance planning success rate, generalization
ability, and robustness, LSTM has a better performance.
For all the proposed four methods, LSTM45 obtained the
best performance in terms of learning ability, generalization,
and exploration ability and robustness. The simulation in
dynamic environment verified further the excellent ability in
obstacle avoidance planning.
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Figure 22: Curves of yaw adjustment output by LSTM45 in complex dynamic environment.
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This paper proposes an external archive-based constrained state transition algorithm (EA-CSTA) with a preference trade-off
strategy for solving the power dispatch optimization problem in the electrochemical process of zinc (EPZ). The optimal power
dispatch problem aims to obtain the optimal current density schedule to minimize the cost of power consumption with some
rigorous technology and production constraints. The current density of each production equipment in different power stages is
restricted by technology and production requirements. In addition, electricity price and current density are considered
comprehensively to influence the cost of power consumption. In the process of optimization, technology and production
restrictions are difficult to be satisfied, which are modeled as nonconvex equality constraints in the power dispatch optimization
problem. Moreover, multiple production equipment and different power supply stages increase the amount of decision variables.
In order to solve this problem, an external archive-based constrained state transition algorithm (EA-CSTA) is proposed. The
external archive strategy is adopted for maintaining the diversity of solutions to increase the probability of finding the optima of
power dispatch optimization problem. Moreover, a preference trade-off strategy is designed to improve the global search
performance of EA-CSTA, and the translation transformation in state transition algorithm is modified to improve the local
search ability of EA-CSTA. Finally, the experimental results indicate that the proposed method is more efficient compared with
other approaches in previous papers for the optimal power dispatch. Furthermore, the proposed method significantly reduces
the cost of power consumption, which not only guides the production process of zinc electrolysis but also alleviates the pressure
of the power grid load.

1. Introduction

Hydrometallurgical zinc is the main production approach of
zinc, accounting for more than 80% of zinc production in the
world [1]. The electrochemical process of zinc plays an
important role in the hydrometallurgical process of zinc
[2]. The power consumption decided by current efficiency
and cell voltage is an important economic indicator of elec-
trolytic zinc process. In the process, zinc is deposited in the
zinc sulfate solution under the action of direct current.
Current efficiency and cell voltage are influenced by current
density directly. If the current density is too low, the current
efficiency will drop sharply, and zinc deposited on cathodes
will be dissolved [3]. If the current density is too high, the

temperature of the electrolytic cell will rise and impurities
in the solution will increase. At the same time, the increased
current density will definitely lead to high cell voltage, which
affects the power consumption. The relationship between
current density and current efficiency is nonlinear, which
may not cause current efficiency to increase as expected. In
addition, the current density is also limited by the maximum
current strength that the plate can withstand. Due to the
complexity of zinc electrolysis process, it is difficult to find
a suitable current density for the optimal power dispatch.

Previously, power can be supplied at a constant current
density without changing the price of electricity. However,
the power sector adopts time-based pricing [4], which means
that the price of electricity is high at the peak of electricity
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consumption, while low at the valley of electricity consump-
tion. If the production process is running at the lowest price
period every day, there is no doubt that the daily output of
zinc will not be satisfied. It is the same on the basic electricity
price period. If the production process is running at the high-
est price every day, the daily output of zinc will be satisfied.
But, this does not achieve the goal of minimizing the cost
of power consumption. Our idea is to reasonably allocate
the power consumption at different electricity price periods
to minimize the cost of power consumption. Therefore, it is
necessary to find an optimal power dispatch in different
pricing periods [5]. The optimal power dispatch based on
time-sharing price counting policy can be formulated as a
constrained optimization problem (COP), which is to min-
imize electricity bills when production and technology con-
straints are satisfied.

In this paper, the main challenges of optimizing power
dispatch are given as follows.

(i) Nonconvex equality constraint function: in the
hydrometallurgical process of zinc, the equality con-
straint function is related to the daily output of zinc,
which need to satisfy consumer demand. Due to the
small feasible search space, it is difficult to satisfy
equality constraint in the search process

(ii) Multiple decision variables: the number of decision
variables is decided by the number of production
equipment and power supply stages. The value of
decision variable depends on not only the electricity
price of different periods but also the production
and technology requirements

In the literatures, many methods have been designed for
solving optimal power dispatch in the zinc electrolysis pro-
cess. Yang et al. [5, 6] proposed backpropagation and Hop-
field neural network for optimal power dispatch. Li and Gui
[4] solved power dispatch optimization problem by an
improved particle swarm optimization algorithm. Gui et al.
[7] designed a hybrid particle swarm algorithm to solve the
power dispatch optimization problem. Han et al. [8] tackled
this problem by two-stage constrained state transition algo-
rithm. Although these methods can obtain good solutions,
the cost of power consumption can be lower by further opti-
mizing the current density. Based on the study of those liter-
atures, the optimal solution can be improved from the daily
output of zinc and the current density of each production
equipment in different power supply stages.

The optimal power dispatch in EPZ can be formulated as
a constrained optimization problem (COP). Some basic tech-
niques have been applied to solve COPs, such as adaptive
penalty function technique [9], adaptive trade-off model
[10], and Deb’s rules [11]. Hybrid techniques in which two
or more strategies are integrated to solve COPs have been
designed, such as Deb-penalty technique [8]. Improved ver-
sion techniques have been applied for solving COPs, like
improved (μ + λ)-constrained differential evolution [12]
and improved adaptive trade-off model [13]. However, these
techniques rarely consider the diversity of solutions from the
perspective of feasible and infeasible solutions. Moreover, it

is difficult to find a good solution since the power dispatch
model contains the nonconvex equality constraint and multi-
ple decision variables. So maintaining the diversity of feasible
solutions and infeasible solutions can be instructive to find a
better solution.

In this paper, the constrained state transition algorithm
based on external archive with preference trade-off strategy
is proposed for the power dispatch problem in electrolytic
zinc process. The external archive-based constrained state
transition algorithm (EA-CSTA) is different from the con-
strained state transition algorithm (CSTA) [8] on selecting
solutions. The CSTA selects only a current best solution
from a set of candidate solutions, while the EA-CSTA
adopts an external archive to store multiple potential solu-
tions. In addition, a novel constraint-handling technique,
called preference trade-off strategy, is proposed to select
solutions from both feasible and infeasible candidates. The
novelty and the main contributions of the paper can be
summarized as follows.

(1) An external archive strategy is designed to save mul-
tiple potential feasible and infeasible solutions. The
EA-CSTA achieves the state transition by selecting
several potential solutions saved in an external
archive, which increases not only the diversity of
solutions but also the probability of finding the global
solution. In order to expand the search scope of the
candidate solutions, translation transformation in
STA [14] is modified to share information among
potential solutions

(2) The preference trade-off strategy in the proposed
method contains both preference and trade-off.
Firstly, it is able to adjust the number of feasible
and infeasible solutions. Secondly, strategies are dif-
ferent in dealing with feasible and infeasible candi-
dates, which avoid the direct comparison of feasible
and infeasible candidates. Also, it increases the diver-
sity of these selected solutions in an auxiliary manner.
Some preference strategies are adopted to select solu-
tions, such as adding a penalty factor to normaliza-
tion. The normalization is capable of dealing with
the different scale between cost of power consump-
tion and production constraints

(3) The proposed method is successfully applied to solve
the power dispatch optimization problem in EPZ that
can bring significant economic profits to the metal-
lurgy industry. In addition, it is conductive to relieve
the pressure not only on the power grid but also on
the peak power consuming period of power industry

The remainder of the paper is organized as follows.
Section 2 introduces the preliminary knowledge of power
dispatch model and constraint-handling techniques. In Sec-
tion 3, the proposed constrained STA with external archive
and preference trade-off strategy is elaborated. Results and
discussions are presented in Section 4. Finally, Section 5
draws a conclusion of this paper and gives the possible
future work.
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2. Preliminaries

In this section, the power dispatch model is expressed in
detail. It contains the objective function which is minimizing
the cost of power consumption, technology, and production
constraints. Then, some classical and effective constraint-
handling techniques are described.

2.1. Problem Formulation. The electrochemical process of
zinc is a considerable large amount of power consumption
process, which accounts for 80% of the total electrical energy
consumption in the hydrometallurgy process of zinc. To
encourage customers to consume more power in the valley-
load period and less power in the peak-load period, the power
sector adopts time-based pricing strategy as shown in
Table 1. It means that the price of electricity is high at the
peak of electricity consumption, while low at the valley of
electricity consumption. The cost of power consumption will
be decreased in the case that the electrochemical process of
zinc consumes a small amount of electricity in the period of
high price and vice versa. However, if the current density is
too high or too low, it will not only affect the power con-
sumption but also influence the product quality. To prevent
low quality of product and excessive power consumption, it
is essentially desired to seek for suitable current density in
different pricing periods.

Fc = 〠
Nt

i=1
PWi × Ti × Pi + Fc0, 1

where PWi (kW) decided by voltage and current is the power
consumption of ith price period, which can be formulated as
(2), Ti (h) is the duration of ith price, Pi is the electricity price
(RMB/kW·h) at ith period, and Nt is the number of the price
periods; Fc0 is the basic tariff charge of electrochemical pro-
cess of zinc.

PWi = 〠
Ne

j=1
Vij × Iij × Ncj, 2

where Vij (V) and Iij (A) are the voltage and current of ith
price period in the jth plant, respectively, Ncj is the number
of cells in the jth plant, and Ne is the number of plants.

Vij = a0 + a1 × Cdij,
Iij = Np j × S × Cdij,

3

where a0 and a1 are obtained by recursive least squares
method, Cdij (A/m2) is the current density ith price period
in the jth plant, Npj denotes the number of plates in a cell
in the jth plant, and S (m2) is the area of negative plate.

In order to satisfy the techniques and production require-
ments, the optimal goal should be subject to some con-
straints, such as the daily yield and the current density. The
detailed daily yield constraints can be expressed as follows:

h Cd = 〠
Nt

i=1
〠
Ne

j=1
q × Iij × Ncj × Eij × Ti =G, 4

Eij = b0 + b1 × Cdij + b2 × Cd2ij + b3

× Cd3ij + b4 × Cd4ij,
5

where h Cd and G denote the practical daily quantity of
zinc (t) and expected goal of daily yield, respectively, q is
the electrochemical equivalent of zinc (q = 1 2202 g/A ⋅ h),
Eij is the current efficiency of ith price period in the jth
plant, and b0, b1, b2, b3, and b4 are obtained by recursive
least squares method. Technological constraints can be
presented as follows:

Cdijmin
≤ Cdij ≤ Cdijmax

6

Here, Cdij denotes the current density of ith price
period in the jth plant.

To summarize, the power dispatch optimization model
based on the time-sharing policy can be presented as follows.

min  Fc Cd = 〠
Nt

i=1
PWi × Ti × Pi + Fc0

s t   h Cd = 〠
Nt

i=1
〠
Ne

j=1
q × Iij × Ncj × Eij × Ti =G,

7

where

PWi = 〠
Ne

j=1
Vij × Iij × Ncj,

Iij = Np j × S × Cdij,
Vij = a0 + a1 × Cdij,

Eij = b0 + b1 × Cdij + b2 × Cd2ij + b3 × Cd3ij + b4 × Cd4ij,
Cdijmin

≤ Cdij ≤ Cdijmax

8

2.2. Constraint-Handling Techniques. Up to now, there are a
large number of techniques for dealing with constraints [15].
In the following part, some common constraint-handling
techniques are presented in detail.

Table 1: Time-based pricing for the power consumption.

Price Period Duration

1.6B
7:00–11:00, 15:00–18:00 7

18:00–22:00 4

1.0B 11:00–15:00, 22:00–23:00 5

0.7B 23:00–7:00 8

B is the basic price (0.5627RMB/kW ⋅ h).
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2.2.1. Penalty Function Technique. Penalty function tech-
nique [16] is one of the most common way to convert con-
strained optimization problems (COPs) into unconstrained
optimization problem. The formula of penalty function can
be indicated as follows:

ϕ x = f x + 〠
q

i=1
μiGi x + 〠

m

j=1
μjH j x , 9

where ϕ x is the fitness function which contains the objec-
tive function f x and constraint violation Gi x ,Hj x ,
and μi and μj are the penalty factors of ith and jth con-
straint violations. The constraint violation can be described
as follows:

Gi x =max 0, gi x k, i = 1,… , q,

Hj x =max 0, hj x − ϵ
k, j = 1,… ,m,

10

where q and m are the number of inequality and equality
constraints, hj x is the jth equality constraint, such as the
h Cd in (4), gi x is the ith inequality constraint, ϵ is the
constraint tolerance, and k is normally 1 or 2.

2.2.2. Deb’s Rules. Deb’s rules originally proposed by Deb
[17] is effective for coping with constraints. In this strategy,
two solutions can be compared according to the following
criteria:

(i) If two solutions are feasible, the one with a better
objective function value is chosen

(ii) If two solutions contain a feasible and an infeasible
solution, the feasible one is chosen

(iii) If two solutions are infeasible, the one with lower
constraint violation is chosen

2.2.3. Adaptive Trade-Off Model. Adaptive trade-off model
is a novel constraint-handling technique proposed by Wang
et al. [10]. In this strategy, the current generated individuals
are divided into three categories according to the feasibility
proportion (fp) which is the ratio of the number of feasible
individuals to the total number of individuals. The potential
individuals used for generating offsprings can be selected
as follows.

(i) fp=0, nondominated individuals represent the
Pareto optimal set [18] of the population, which
can be identified in the population as the potential
solutions. The top k potential solutions can be
selected from the Pareto front

(ii) fp=1, individuals are sorted according to their
values of objective function. The top k individuals
can be selected as potential solutions to generate
offsprings

(iii) 0 <fp< 1, population is divided into a feasible and an
infeasible group. The objective function value of an
infeasible individual can be converted as follows:

F x =max f p ∗ fmin + 1 − f p ∗ fmax, f x , x ∈ Z, 11

where Z is the infeasible group and fmin and fmax are
the minimum and maximum objective function value of
solutions in the feasible group, respectively. Then, the
sum value of normalized objective function value and con-
straint violation of each solution is compared and sorted to
select the top k individuals as the potential solutions to
generate offsprings.

3. Constrained State Transition Algorithm
Based on External Archive

As previously mentioned, due to the complexity of the
power dispatch optimization problem, intelligent or evolu-
tionary algorithms with constraint-handling techniques are
introduced to deal with the optimal power dispatch in the
literatures. Those solutions of the optimal power dispatch
obtained from literatures can be improved from daily output
of zinc and current density. In this paper, we propose the
constrained state transition algorithm based on external
archive and preference trade-off strategy for the optimal
power dispatch.

3.1. Modified State Transition Algorithm. In recent years,
state transition algorithm (STA) [19] as a novel stochas-
tic intelligent algorithm for global optimization has been
broadly applied to different fields, such as image segmenta-
tion [20], fractional-order PID controller tuning [21], copper
removal and goethite process in the hydrometallurgical pro-
cess of zinc [22, 23], sensor network localization [24], and
other fields [25, 26]. The inspiration of STA is derived from
the concepts of state and state transition. A solution is con-
sidered as a state and the update of a solution is treated as
the process of state transition. The relationship of the current
state and the next state can be formulated as follows:

sk+1 = Aksk + Bkuk,
yk+1 = f sk+1 ,

12

where sk ∈ℝn represents the current state, which is a
candidate solution, sk+1 ∈ℝn×n is an updated state, and it
is a candidate solution set, Ak and Bk stand for state
transition matrices, uk is a function of sk and historical
solution, f is the evaluation function in the continuous STA
for constraint optimization problems, and yk+1 is the func-
tion value of sk+1.

In order to solve optimization problems, four state tran-
sition operators of continuous STA are designed, which are
rotation, translation, expansion, and axesion transforma-
tions. The original translation transformation is designed
for a line search with current best solution and historical
solution. Due to the difficulty of finding feasible space of
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optimal power dispatch, we not only need to maintain the
diversity of solutions but also need to utilize the information
in potential solutions. However, the original translation
transformation is invalid if the current best solution and
the historical solution are the same. Thus, a modified transla-
tion transformation is designed to share information in two
potential solutions and keep the validity of this operator.
The modified translation transformation can be expressed
as follows.

sk+1 = sk + βRt sk − sd , 13

where β is the translation factor, which is a positive con-
stant, Rt ∈ℝis a random variable distributed uniformly in
the range of 0, 1 , and sd is a solution randomly chosen from
the external archive.

3.2. Proposed External Archive Scheme. In this part, we adopt
an external archive scheme to keep diversity for potential
solutions and avoid dropping into local optimum. The differ-
ences between EA-CSTA and STA can be summarized as fol-
lows: (1) An external archive is designed for saving potential
solutions. (2) The STA achieves the state transition by select-
ing only one best solution, while EA-CSTA designs state
transition by selecting multiple potential solutions. EA-
CSTA increases the diversity of solutions and the proportion
of finding the global optimum.

The illustration of saving potential solutions by external
archive is shown in Figure 1. The removed solutions are
replaced by the new potential solutions which are selected
by preference trade-off strategy from both the current gener-
ated candidates and the old potential solutions selected in
the last iteration. This operation takes into account both
superiority and diversity of solutions, which are two basics
for finding global optimum.

3.3. Preference Trade-off Strategy of EA-CSTA. The proposed
preference trade-off strategy includes two parts, trade-off
and preference scheme, when dealing with rigorous con-
straints in the power dispatch optimization problem. In the
proposed strategy, the trade-off scheme is used to balance
the number of potential feasible and infeasible solutions to
avoid early-maturing, and the preference scheme is used to
select the potential solutions from feasible and infeasible
candidates, respectively.

Firstly, a trade-off scheme is designed to calculate the
number of potential feasible (feasi_num) and infeasible

solutions (infeasi_num). The feasi_num and infeasi_num
can be calculated as follows.

f easi num =
SA × 1 − f p , 0 < f p < 1,
SA, f p = 1,

inf easi num =
SA × f p, 0 < f p < 1,
SA, f p = 0,

14

where SA is a constant, which is the number of potential solu-
tions saved in the external archive and f p is the ratio of fea-
sible candidates in the total candidates. If the number of
infeasible candidates is larger than that of feasible candidates,
it is difficult to find a good feasible solution. Therefore, more
feasible solutions should be selected to guide candidates into
feasible region to find a better feasible solution. In contrary, if
the number of feasible candidates is larger than that of infea-
sible candidates, it is easy to mature in the early period and
drop into the local optimum. Therefore, more infeasible solu-
tions with lower objective function value should be selected
to guide candidates to find better solutions and avoid falling
into the local optimum.

Secondly, in the selection of feasible solutions, a prefer-
ence scheme is adopted to find several feasible potential solu-
tions. Feasible candidates are sorted in ascending order of
their objective function values. The top feasi_num solutions
are saved in the external archive as part of potential solutions.

Thirdly, in the selection of infeasible solutions, another
preference scheme, which is called normalized penalty func-
tion strategy, is adopted to find several infeasible potential
solutions. The normalized penalty function can be described
as follows:

f nor x = f x −min f x
max f x −min f x , x ∈ Z, 15

Gnor x = G x −min G x
max G x −min G x , x ∈ Z, 16

Fnor x = f nor x + μGnor x , 17

where f nor x and Gnor x denote the normalized objective
function value and the normalized constraint violation,
respectively, Fnor x is the sum value of normalized objective
function value and normalized constraint violation with pen-
alty factor, Z is a set of infeasible candidates, and μ is a con-
stant coefficient, called the penalty factor. There are two types
of candidates which contain infeasible solutions: (1) there is
no feasible candidate in the current candidates; it is vital to
find feasible space. In this case, the top infeasi_num candi-
dates with low constraint violation are preferred, and the
penalty factor is greater than 1. (2) there exist both feasible
and infeasible candidates; it is vital to find a better feasible
solution. In this case, the top infeasi_num candidates with
low objective function values are preferred, and the penalty
factor is less than or equal to 1.

The illustration of preference trade-off strategy is shown
in Figure 2. Then, in order to illustrate the normalized

External
archive

New potential
solutions

Removed
solutions

Figure 1: Schematic diagram to illustrate the process of saving
potential solutions in the external archive.
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penalty strategy with different penalty factors in selecting
infeasible solutions, an example is presented in Figure 3.

As shown in Figure 3, the left form is the original data,
and the right two forms are the normalized data obtained
by normalized penalty strategy with different penalty factors.
f and G are the objective function value and constraint viola-
tion, respectively. Fnor is the sum value of the normalized
objective function value and constraint violation with the
function of penalty factor. The red, blue, and green represent
the red, blue, and green points in Figure 4, respectively. The
red marked values in the right two forms are the five selected
candidates by sorting Fnor. The marked values of the first
form on the right give a preference to the candidates with
lower constraint violation, while the second form on the right
gives a preference to the candidates with lower objective
function value.

Figure 4 shows the results obtained by normalized pen-
alty strategy with different penalty factors. The circled points
in the left subfigure represent the normalized penalty strategy

with higher penalty factor. Apparently, a preference is given
to those solutions with less constraint violation which can
guide candidates to come into feasible region rapidly.
The circled points in the right subfigure show solutions
selected by normalized penalty strategy with lower penalty
factor. A preference is given to those solutions with lower
objective function value which can guide candidates find
better feasible solutions.

3.4. The Framework of EA-CSTA. The proposed constraint-
handling technique, preference trade-off strategy, can be con-
sidered as a criterion to choose potential solutions, which is
incorporated into EA-CSTA for dealing with COPs. The
main procedure of EA-CSTA is given in Algorithm 1.

SA represents the number of selected potential solu-
tions which are stored into external archive. archive saves
the potential solutions selected by preference trade-off

�휇1

Min

f

G0
Min

f

G0

�휇2

Figure 4: Schematic diagram to illustrate result comparison by
normalized penalty strategy with different penalty factors in
selecting solutions.
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(1.7, 2.0)
(1.3, 3.5)
(4.3, 2.7)
(2.2, 3.0)
(3.5, 3.8)
(2.0, 3.7)
(1.1, 4.7)

�휇 1

�휇
2

(5.0, 0.9) , 1.000 
(3.0, 1.5) , 0.645
(1.7, 2.0) , 0.443
(1.3, 3.5) , 0.736
(4.3, 2.7) , 1.294
(2.2, 3.0) , 0.835
(3.5, 3.8) , 1.379
(2.0, 3.7) , 0.968
(1.1, 4.7) , 1.000

(5.0, 0.9) , 1.000
(3.0, 1.5) , 0.678
(1.7, 2.0) , 0.501
(1.3, 3.5) , 0.872
(4.3, 2.7) , 1.389
(2.2, 3.0) , 0.945
(3.5, 3.8) , 1.531
(2.0, 3.7) , 1.115
(1.1, 4.7) , 1.200

(f , G ) , Fnor

(f , G ) , Fnor

Figure 3: Schematic diagram to illustrate the original data and the
normalized data.

Calculate the feasi_num
and infeasi_num

Strategy for selecting
infeasible candidates

Strategy for selecting
feasible candidates

Sort by the
objective

function value

Normalized
penalty function

strategy (�휇2)

Normalized
penalty function

strategy (�휇1)

fp fp= 0 ≠ 0

Figure 2: Schematic diagram to illustrate the preference trade-off
strategy. Input:

maxiter: the maximum number of iterations.
SE: the number of samples.
SA: the capacity of the external archive.
archive: the initial solutions.

Output:
Best∗: the optimal solution.

1: for iter= 1 to maxiter do.
2: if α< αmin then.
3: α← αmax.
4: end if.
5: if δ< δmin then.
6: δ← δmax.
7: end if.
8: archive ← expansion (archive, γ, SA, SE, ···).
9: archive ← rotation (archive, α, SA, SE, ···).
10: archive ← axesion (archive, δ, SA, SE, ···).
11: archive ← translation (archive, β, SA, SE, ···).
12: α← α/fc.
13: δ← δ/fc.
14: end for.
15: F_archive ← feval (funfcn, archive).
16: Best∗ ← sort(archive, F_archive).

Algorithm 1: Pseudocode of external archive-based STA for con-
strained optimization problems.
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strategy. γ, β, α, and δ are expansion, translation, rotation,
and axesion factors, respectively, and fc is decent efficient.
sort is an ascending order operation for F_archive to select
the best solution (Best∗) from archive. Its pseudocode can
be described in Algorithm 2.

State are candidates obtained from one of those four
transformation operators in EA-CSTA. feasi_num, infeasi_-
num, and fp can be calculated by the calculation function.
feasi_num and infeasi_num are the number of selected feasi-
ble and infeasible solutions, and fp is the feasibility propor-
tion. State can be divided into the feasi_x and infeasi_x by
the divide function, and feasi_x and infeasi_x are the feasible
and infeasible candidates. sort_feasi is an ascending order

operation for selecting the top feasi_num candidates as part
of solutions (S1). sort_infeasi_1 and sort_infeasi_2 are
ascending order operation for Fnor to select the top infeasi_-
num candidates as part of solutions (S2), and Fnor is pre-
sented in (17). archive is used to save these selected solutions.

4. Experimental Results and Analysis

The proposed EA-CSTA with preference trade-off strategy is
employed to solve the power dispatch optimization problem.
In this section, standard constrained benchmark problems
are used to verify the performance of the proposed EA-
CSTA. In addition, several experiments are designed to verify
the effectiveness of external archive-based modified STA and
the preference trade-off strategy. The optima of power dis-
patch optimization problem obtained by EA-CSTA are com-
pared with these algorithms, such as two-stage (Deb-penalty
technique) constrained state transition algorithm [8], called
CSTA, adaptive trade-off model with evolutionary strategy
[10], called ATMES, hybrid multiswarm particle swarm opti-
mization [27], called HMPSO, and tree-seed algorithm with
Deb’s rules [11], called CTSA. Parameter settings of EA-
CSTA are given in Table 2.

4.1. Standard Constrained Benchmark Problems. Some stan-
dard constrained optimization problems taken from [28]
are tested to verify the performance of EA-CSTA. Table 3
shows the details of the standard constrained benchmark
problems. The chosen test problems include different types
of objective functions (Fcn) and various kinds of constraints.
Constraints can be classified into four categories: linear
inequalities (LI), nonlinear inequalities (NI), linear equalities
(LE), and nonlinear equalities (NE). a is the number of con-
straints active at the optimal solution. The ratio of feasible
search region in the entire search region is represented as ρ,
and the number of decision variables is represented as n.
The results of 10 benchmark test functions obtained from
EA-CSTA are evaluated from several performance metrics:
the best, median, mean, and worst objective function values,
and the standard deviation in 30 independent runs. Each
independent run has 2000 iterations. The obtained results
are presented in Table 4.

Input:
State: the candidate solutions.
SA: the capacity of external archive.

Output:
archive: the selected potential solutions.

1: f← feval (funfcn, State).
2: [feasi_num, infeasi_num, fp] ← calculate(SA, f).
3: if 0 < fp< 1 then.
4: [feasi_x, infeasi_x, ···] ← divide(f, State, ···).
5: S1 ← sort_feasi (feasi_x, feasi_num, ···).
6: S2 ← sort_ infeasi_1(infeasi_x, infeasi_num, ···).
7: archive ← [S1; S2].
8: else.
9: if fp == 0 then.
10: infeasi_num ← SA.
11: S2 ← sort_infeasi_2(State, infeasi_num, ···).
12: archive ← S2.
13: else.
14: feasi_num ← SA.
15: S1 ← sort_feasi (State, feasi_num, ···).
16: archive ← S1.
17: end if.
18: end if.

Algorithm 2: Pseudocode of the preference trade-off strategy for
dealing with constraint functions.

Table 2: Parameter settings of EA-CSTA.

Parameter Value

αmax 1

αmin 1E-4

δmax 3

δmin 1E-4

maxiter 2000

γ 2

β 1

SE 30

μ1 1.2

μ2 1

SA 20

fc 2

Table 3: Summary of 10 benchmark functions.

Fcn n Function type ρ LI NI LE NE a

g01 13 Quadratic 0.0111% 9 0 0 0 6

g03 10 Polynomial 0.0000% 0 0 0 1 1

g04 5 Quadratic 52.1230% 0 6 0 0 2

g06 2 Cubic 0.0066% 0 2 0 0 2

g08 2 Nonlinear 0.8560% 0 2 0 0 0

g09 7 Polynomial 0.5121% 0 4 0 0 2

g11 2 Quadratic 0.0000% 0 0 0 1 1

g12 3 Quadratic 4.7713% 0 1 0 0 0

g13 5 Nonlinear 0.0000% 0 0 0 3 3

g23 9 Linear 0.0000% 0 2 3 1 6
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As illustrated in Table 4, according to the success condi-
tion f x − f x∗ ≤ 0 0001 , the optima of almost all test
functions can be found by EA-CSTA, which shows the per-
formance of global search of EA-CSTA. Moreover, the

similar “best” and “worst” results in test functions reflect
the robustness of EA-CSTA. It is worth noting that some
benchmark test functions (g03, g11, g13, and g23) contain
equality constraints while the power dispatch optimization
problem has equality constraint as well.

4.2. Optimal Power Dispatch under Time-Sharing Price. At
present, we take the electrolytic zinc process in the Zhuzhou
Smeltery as an example. The purpose of this problem is to
minimize the cost of power consumption and satisfy the
technology and production constraints [6]. Figure 5 presents
the distributed architecture of optimal power dispatch con-
trol system (OPDCS) which is consist of an optimal power
dispatch system (OPDS) and a distributed rectifier control
system (DRCS). There are 2 industrial computers (IC1,
IC2) used to transfer signal with 7 direct digit controllers
(DDC1 to DDC7) by RS-485 connection. Seven direct digit
controllers operate on 29 rectifiers. The DRCS is mainly used
for controlling and real-time monitoring of the electrochem-
ical process of zinc (EPZA, EPZB).

The model of power dispatch optimization problem is
given in Section 2. Parameters in the model is presented
in Table 5.

Table 4: Statistical results obtained by EA-CSTA for 10 benchmark test functions over 30 independent runs.

Fcn Optimal Best Median Mean Worst St. dev

g01 −15.0000 −15.0000 −15.0000 −15.0000 −15.0000 8.9926E-07

g03 −1.0005 −1.0005 −1.0005 −1.0005 −1.0005 1.0104E-07

g04 −30665.5538 −30665.5538 −30665.5538 −30665.5538 −30665.5537 2.4317E-04

g06 −6961.8139 −6961.8139 −6961.8139 −6961.8138 −6961.8135 1.0476E-04

g08 −0.0958 −0.0958 −0.0958 −0.0958 −0.0958 1.7681E-14

g09 680.6300 680.6301 680.6310 680.6310 680.6322 5.3803E-04

g11 0.7499 0.7499 0.7499 0.7499 0.7499 3.3850E-09

g12 −1.0000 −1.0000 −1.0000 −1.0000 −1.0000 1.0819E-15

g13 0.0539 0.0539 0.0539 0.0539 0.0539 3.0054E-10

g23 −400.0550 −399.9998 −399.9980 −399.9977 −399.9912 1.7320E-03

OPDS

IC1 IC2

DDC1——DDC4 DDC5——DDC7

Rectifier1——Rectifier19 Rectifier20——Rectifier29

EPZA
Series 1,2,3,4 of electrochemical cells

EPZB
Series 5,6,7 of electrochemical cells

RS-485 RS-485

Ethernet

DRCS

Figure 5: Schematic diagram to illustrate the distributed architecture of OPDCS.

Table 5: Parameter settings of the optimal power dispatch.

Parameter Value

bk [0.785037, 5.855E-4, 2E-6, 3.2094e-9, −1.9052E-12]
Nc j [240, 240, 246, 192, 208, 208, 208]

Npj [34, 46, 54, 56, 56, 57, 57]

j [1, 2, 3, 4, 5, 6, 7]

ak [2.76284, 0.00093]

i [1, 2, 3]

Fc0 164,000

Cdijmin 200

Cdijmax 650

G 960

S 1.13
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To verify the effectiveness of the preference trade-off
strategy, the proposed EA-CSTA combining preference
trade-off strategy is compared with EA-CSTA combining
Deb-penalty technique, and the detailed results are shown
in Tables 6 and 7. At the same time, to verify the effective-
ness of the modified STA, EA-CSTA combining Deb-
penalty technique is compared with CSTA combining Deb-
penalty technique, and the detailed results are shown in
Tables 7 and 8. As seen in Tables 6 and 7, the practical
daily output in Table 6 and the expected daily output
are the same, which means that the constraint in power

dispatch optimization problem is satisfied, and the practical
daily output in Table 7 is not satisfied. Furthermore, the cost
of power consumption represented in Table 6 is less than the
cost of power consumption represented in Table 7. The effec-
tiveness of preference trade-off strategy can be verified by
Tables 6 and 7. As seen in Tables 7 and 8, the cost of power
consumption shown in Table 7 is less than the cost of power
consumption represented in Table 8. The effectiveness of
modified STA can be verified by Tables 7 and 8.

Table 9 shows the cost (RMB/day) of five compared
algorithms for optimal power dispatch. The results of cost
of power consumption obtained by 5 different algorithms
are evaluated from 5 performance metrics: the best, median,
mean, and worst values, and the standard deviation in 30
independent runs. The number of iterations is set to 2000
in each independent run. Next, experimental results are
discussed from the following aspects.

(1) As presented in Table 9, EA-CSTA significantly
provides the best performance in terms of minimum
cost of power consumption compared with other
algorithms. For the other 4 performance metrics,
the values obtained by EA-CSTA are better than that
obtained by other algorithms, too. Therefore, it is not
easy to fall into local optimum by designing external
archive and preference trade-off strategy, which fully
maintain the diversity in the iterative process

(2) Compared with CSTA, a diversity mechanism is
added in EA-CSTA. In Table 9, the values of 5 perfor-
mance metrics obtained by EA-CSTA are better than
CSTA, which can verify the effectiveness of the pro-
posed external archive. In addition, the results
obtained by EA-CSTA are better than ATMES, which
can verify the validity of the proposed preference
trade-off strategy

Figure 6 shows the convergence curves of minimum cost
(RMB/day) over 2000 iterations for optimal power dispatch
problem in different algorithms. In Figure 6, a fast conver-
gence can be achieved by EA-CSTA in 300 iterations. A sub-
figure in Figure 6 illustrates the details among EA-CSTA,
HMPSO, and ATMES at the later stage of iteration. As seen
in the subfigure, the curve of ATMES vibrates up and down,
which means that it is hard to balance the constraints and
objective function of the power dispatch optimization prob-
lem. Therefore, EA-CSTA always has the extreme perfor-
mance of convergence and optimality.

5. Conclusions

In this paper, an external archive-based constrained state
transition algorithm (EA-CSTA) with preference trade-off
strategy was proposed for the power dispatch optimization
problem. The external archive was utilized to keep diversity
of potential solutions in the process of solving this problem,
while the preference trade-off strategy was designed for
selecting potential solutions. As the results show, EA-CSTA
not only solved almost all benchmark test functions well

Table 7: Statistical results obtained by EA-CSTA with Deb-penalty
technique for the optimal power dispatch.

Current density Value

Cd11, Cd21, Cd31 206.9061 566.8309 649.9998

Cd12, Cd22, Cd32 200.0079 643.6587 649.9994

Cd13, Cd23, Cd33 200.0001 611.4888 649.9994

Cd14, Cd24, Cd34 200.0415 555.8642 649.9987

Cd15, Cd25, Cd35 200.0733 506.6455 649.9999

Cd16, Cd26, Cd36 200.8771 545.8322 649.9998

Cd17, Cd27, Cd37 200.0007 638.6569 649.9984

G= 960 h(Cd) = 960.0008

Fc(Cd) 1.77913834E06

Table 8: Statistical results obtained by CSTA with Deb-penalty
technique for the optimal power dispatch.

Current density Value

Cd11, Cd21, Cd31 200.0000 649.6124 650.0000

Cd12, Cd22, Cd32 200.0000 649.9863 649.9999

Cd13, Cd23, Cd33 200.0000 649.9999 650.0000

Cd14, Cd24, Cd34 200.0000 311.9031 650.0000

Cd15, Cd25, Cd35 200.0000 523.2470 650.0000

Cd16, Cd26, Cd36 200.0000 650.0000 650.0000

Cd17, Cd27, Cd37 200.0000 649.7727 650.0000

G = 960 h(Cd) = 960.0039

Fc(Cd) 1.78178080E06

Table 6: Statistical results obtained by EA-CSTA with preference
trade-off strategy for the optimal power dispatch.

Current density Value

Cd11, Cd21, Cd31 200.0000 584.5866 650.0000

Cd12, Cd22, Cd32 200.0000 583.7330 649.9999

Cd13, Cd23, Cd33 200.0000 583.5669 650.0000

Cd14, Cd24, Cd34 200.0000 584.3070 650.0000

Cd15, Cd25, Cd35 200.0000 584.5311 650.0000

Cd16, Cd26, Cd36 200.0000 583.4249 650.0000

Cd17, Cd27, Cd37 200.0000 583.6394 650.0000

G = 960 h(Cd) = 960.0000

Fc(Cd) 1.77765823E06
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but also performed better than other algorithms in the litera-
ture in terms of the optimality of solution on the power dis-
patch optimization problem. The optima of the power
dispatch optimization problem can bring significant eco-
nomic profits to the metallurgy industry. In addition, it is
instructive to relieve the pressure not only on the power grid
but also on the peak power consuming of power industry.

In the future, the external archive and preference trade-
off strategy will be perfected. Moreover, we are considering
the possibility of applying the improved EA-CSTA with pref-
erence trade-off strategy to some optimization problems in
other fields.
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A fractional Kalman filter-based multirate sensor fusion algorithm is presented to fuse the asynchronous measurements of the
multirate sensors. Based on the characteristics of multirate and delay measurement, the state is reestimated at the time when the
delayed measurement occurs by using weighted fractional Kalman filter, and then the state estimation is updated at the current
time when the delayed measurement arrives following the similar pattern of Kalman filter. The simulation examples are given to
illustrate the effectiveness of the proposed fusion method.

1. Introduction

Multisensor information fusion has been a key issue in sensor
research since the 1970s and it has been applied in many
fields, such as navigation, tracking, control, and wireless
sensor networks. Due to the limitations of sensors, the sin-
gle sensor cannot accurately estimate the system states; var-
ious asynchronous sensors with multiple sampling rates are
used, such as visual sensors, position sensors, and inertial
sensors. Moreover, with the improvements of the complex-
ity of multisensor systems and design accuracy, the designs
of integer-order estimators cannot also meet the existing
requirements. Considering the high-accuracy estimation,
fractional-order and multisensor fusion are studied by more
and more scholars.

Because systems can be accurately described by fractional
calculus operator, fractional order has been widely applied
in many fields, such as electromagnetism, thermal, elec-
trochemical, robot, control system, and image processing
[1]. Sierociuk and Dzieliski [2] proposed fractional-order
Kalman filter to estimate the states and parameters of discrete
fractional-order state models. In [3], the fractional-order
Kalman filter was introduced to fuse the MEMS (microelec-
tromechanical systems) sensor data, which was successfully

applied in the estimation of motion problems. In [4], the
extended fractional Kalman filter is utilized for state esti-
mation strategy for fractional-order systems with noises
and multiple time delayed measurements. In [5], the con-
trol, estimation, and stability analysis for fractional-order
system were investigated. In [6–8], the stability theories of
fractional-order systems were studied to provide theoretical
basis for fractional-order systems state estimation methods.
The discrete-time differential systemmodeling was improved
in [9, 10]; fractional-order system modeling lays the founda-
tion for the discrete filter design. Although fractional-order
filters are used in some fields, the fractional-order-based
asynchronous multirate sensor fusion is not considered.

The state estimate plays an important role in practical
application, such as tracking control [11, 12]; multiple sen-
sors are utilized to achieve the higher estimate performance.
Since multisensor fusion can get more comprehensive and
refined information than any single sensor alone, the asyn-
chronous multirate sensor information fusion becomes an
important problem in the actual system. In [13], the asyn-
chronous multirate information fusion was modeled, and
Kalman filter-based information fusion algorithm was pro-
posed. In [14], the Kalman filter-based asynchronous opti-
mal estimation was presented for a class of 2D gauss
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Markov process. Xia et al. [15] designed multiple-lag out-of-
sequence measurement filtering algorithms for fusing the net-
work delayed data. The main drawback of the above methods
is only a consideration for the integer Kalman filters; thus, the
system states cannot be approximated accurately.

In this paper, we present a novel fractional fusion
algorithm to the asynchronous multirate sensor systems.
The fractional multirate sensor system is addressed, and the
fractional Kalman filter is used for asynchronous fusion algo-
rithm, such that the fusion results achieve high-precision and
economic storage space.

2. Problem Formulations

2.1. Discrete Linear System Model. Consider the state equa-
tion and measurement equation of integer systems as follows:

x k + 1 = Ax k + Bu k +w k ,

yi k = Cix k + v k ,
1

where Ci denotes the measurement matrix; i = 1 and i = 2
represent fast and slow sampling rate measurements,
respectively; v k is the measurement noise; w k is the
process noise.

Due to slow rate and delay, system states cannot be
measured accurately by slow sensor. Thus, fast sensor is
introduced to improve control performance of robotic sys-
tems. The relationship between slow sensor and fast sensor
is depicted in Figure 1, where l is a positive integer, and s1
and s2 are defined as the different rates of sensors, respec-
tively, and satisfy the following equation:

s1 = ls2 2

Because systems can be accurately described by frac-
tional calculus, the fractional-order Grunwald-Letnikov dif-
ference is introduced to transfer the original systems to
fractional systems.

According to the definition of the fractional-order
Grunwald-Letnikov difference,

Δnxk =
1
hn

〠
k

j=0
−1 j

n

j
xk−j, 3

where n ∈ R is the order of fractional difference; R is the set of
real numbers; h is the sampling interval, later assumed to be
1, and k is the number of samples for which the derivative is
calculated. The factor can be obtained from

n

j
=

1 j = 0,
n n − 1 ⋯ n − j + 1
j

j > 0
4

Using the definition in (3), the traditional discrete linear
stochastic state-space system can be rewritten as follows:

Δϒx k + 1 = Adx k + Bu k +w k , 5

x k + 1 = Δϒx k + 1 − 〠
k+1

j=1
−1 jϒjx k + 1 − j , 6

where

ϒj =

n1

j
0 ⋯ 0

0
n2

j
⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯
nN

j

, 7

tlk−1 tlk−1 tlk tlk+1 tlk+1 Time

lkth s2 measurement

(k−1)th s2
measurement

kth s2
measurement

⁎ s2 sensor measurements
• System states

° s1 sensor measurements

(k−2)th s2
measurement

Figure 1: The asynchronous measurement schematic diagram between different sampling rates.
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Δϒx k + 1 =

Δn1x1 k + 1

⋮

ΔnN xN k + 1

, 8

with Ad = A − I and n1,… , nN represent the orders of
systems.

According to (5)–(8), the system model is summarized
as follows:

x k + 1 = Adx k + Bu k +w k

− 〠
k+1

j=1
−1 jϒjx k + 1 − j ,

9

yi k = Cix k + v k 10

Assumption 1. The process noise w k and measurement
noise v k are Gaussian noises, which are independent from
each other and satisfy

E w k = 0,

E v k = 0,

E v j wT k = 0,

E w j wT k = R k δjk,

E v j υT k =Q k δjk,

11

where R and Q are variances of w k and v k , respectively.

Assumption 2. The initial state x 0 is irrelevant with process
noisew k andmeasurement noise v k ; moreover, it satisfies

E x 0 = μ0,E x 0 − μ0 x 0 − μ0
T = P0 12

2.2. Fractional Kalman Filter

Lemma 1 (see [2]). Considering the fractional discrete state
(9) and measurement (10), the fractional recursive Kalman fil-
ter is devised as follows:

x̂ k + 1 ∣ k = Adx̂ k ∣ k + Bu k

− 〠
k+1

j=1
−1 jϒjx̂ k + 1 − j ,

13

P k + 1 ∣ k = Ad +ϒ1 P k ∣ k Ad +ϒ1
T +Q k

+ 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j ,
14

x̂ k + 1 ∣ k + 1 = x̂ k + 1 ∣ k + K k + 1
y k + 1 − Cix̂ k + 1 ∣ k ,

15

P k + 1 ∣ k + 1 = I − K k + 1 P k + 1 ∣ k , 16

K k + 1 = P k + 1 ∣ k CT
i CiP k + 1 ∣ k CT

i

+ R k + 1 −1,
17

x̂ 0 ∣ 0 = μ0,

P 0 ∣ 0 = P0,
18

where

P k + 1 ∣ k = E x̂ k + 1 ∣ k − x k + 1

x̂ k + 1 ∣ k − x k + 1 T

= Ad +ϒ1 E x̂ k ∣ k − x k

x̂ k ∣ k − x k T Ad +ϒ1
T

+ E wkw
T
k + 〠

k+1

j=1
ϒjE x̂ k − j ∣ k − j

− x k − j × x̂ k − j ∣ k − j − x k − j T ϒT
j

= Ad +ϒ1 P k ∣ k Ad +ϒ1
T +Q k

+ 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j

19

From above, the prediction of the covariance error matrix
depends on the values of the covariance matrices in previous
time samples. This is the main difference in comparison with
an integer-order Kalman filter.

In the following section, the fractional Kalman filter-based
asynchronous multirate sensor fusion algorithm is elaborated.

3. Asynchronous Multirate Sensor
Information Fusion

According to the relationship between sensors shown in
Figure 1, it is known that the slow rate delay measurement is
the state measurement at the time tκ = tlk−l. As shown in
Figure 2, the key task of the fusionmethod is to utilize the delay
measurement with slow sampling rate to calculate x̂ lk .

The realization of the algorithm is mainly divided into
the following two steps:

Step 1 As shown in Figure 3, the slow rate delay mea-
surement and fast rate measurement at the time
tlk are applied to reestimate the state at the time
tκ by a weighted fusion method

Step 2 The fusion estimate xF κ ∣ lk is utilized to update
the current state estimate

Considering the smoothing and the weighted optimal
fusion, the weighted fusion method in [16] is introduced to
fuse multirate sensor measurements for reestimating the
state at the time tκ. Moreover, the optimal estimation at the
time tκ is used to update the state at the time tlk.
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Lemma 2 (see [16]). Considering the state at the time tκ, mul-
tisensor measurements are available simultaneously, and
then, system fusion estimation is formulated as follows:

x̂F κ = a1x̂1 κ + a2x̂2 κ , 20

PF = a21P1 + a22P2 + 2a1a2, 21

where

Pm =1,2,F = E x̂m − x x̂m − x Τ ,

P12 = E x̂1 − x x̂2 − x T ,

a1 =
tr P2 − tr P12

tr P1 + tr P2 − 2tr P12
,

a2 =
tr P1 − tr P12

tr P1 + tr P2 − 2tr P12
,

22

where tr ⋅ denotes trace of matrix. tr PF satisfies the follow-
ing equation:

tr PF ≤ tr P1 ,

tr PF ≤ tr P2
23

Remark 1. For convenience, the fusion weights can also be
chosen as follows:

a1 =
tr P2

tr P1 + tr P2
, 24

a2 =
tr P1

tr P1 + tr P2
25

In order to solve the fusion estimation (20), the frictional
Kalman filters are introduced to obtain x̂1 κ and x̂2 κ .

Firstly, considering the slow sensor, the state estimation
x̂2 k is solved at the time tκ, where the corresponding state
and measurement equations are denoted as follows:

x lk = Al
dx lk − l + Bu lk + 〠

l

j=1
Ajw lk

− 〠
lk

j=1
−1 jϒjx lk − j ,

26

y2 lk = C2x lk + v lk 27

According to (26) and (27), x̂2 k can be solved by
(13)–(18) as follows:

x̂2 κ ∣ κ − 1 = Al
dx̂2 κ − 1 + Bu κ

− 〠
κ

j=1
−1 jϒjx̂2 κ − j ,

28

P2 κ ∣ κ − 1 = Al
d +ϒ1 P2 κ − 1 κ − 1 Al

d +ϒ1
T

+ 〠
l−1

j=0
Aj−1
d Q κ − 1 〠

l−1

j=0
Aj−1
d

T

+ 〠
κ

j=1
ϒjP2 κ − j ∣ κ − j ϒT

j ,

29

x̂2 κ ∣ κ = x̂2 κ ∣ κ − 1 + K2 κ

y2 κ − C2x̂2 κ ∣ κ − 1 ,
30

P2 κ ∣ κ = I − K2 κ P2 κ ∣ κ − 1 , 31

K2 κ = P2 κ ∣ κ − 1 CT
2

C2P2 κ ∣ κ − 1 CT
2 + R κ

−1,
32

x̂2 0 ∣ 0 = μ0,

P2 0 ∣ 0 = P0
33

In the following, based on a reverse filter algorithm, the
state at the time tκ is estimated by fast rate measurement at
the time tlk. The fractional Kalman filter (13)–(18) is adopted
to obtain the estimation x̂1 lk ∣ lk at the time tlk.

x̂1 lk ∣ lk − 1 = Adx̂1 lk − 1 + Bu lk − 1

− 〠
lk

j=1
−1 jϒjx̂1 lk − j ,

34

Time

Arrival time of
measurements

tlk+ltlk(tk+1)

t(lk)

tlk−l(tk) tlk−l

C2x(lk − l) + v(lk − l)
C1x(lk) + v(lk) x(lk)ˆ

Figure 2: The core purpose of the proposed method.

Arrival time of
measurements

Timetlk+ltlk+ltlktlk−l(tk) tlk−l

x(lk − l)
C1x(lk − l) + v(lk − l)

ˆ
C2x(lk − l) + v(lk − l)

Figure 3: Calculate the xF κ ∣ lk by using weighted fusion method.
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P lk ∣ lk − 1 = Ad +ϒ1 P1 lk − 1 ∣ lk − 1
Ad +ϒ1

T +Q lk − 1

+ 〠
lk

j=1
ϒjP lk − j ∣ lk − j ϒT

j ,
35

x̂1 lk ∣ lk = x̂1 lk ∣ lk − 1 + K1 lk

y1 lk − C1x̂1 lk ∣ lk − 1 ,
36

P1 lk ∣ lk = I − K1 lk P1 lk ∣ lk − 1 , 37

K1 lk = P1 lk ∣ lk − 1 CT
1

C1P1 lk ∣ lk − 1 CT
1 + R lk

−1,
38

x̂1 0 ∣ 0 = μ0,

P1 0 ∣ 0 = P0
39

All the state transition matrixes of actual systems are
exponential matrixes, which are reversible, defined as A−1

d .
Reverse state transition equation from time tlk to tκ is shown
as follows:

x1 κ = A−l
d x1 lk − 〠

l−1

j=1
Aj−1
d w1 lk − j , 40

and the solution of x̂1 κ ∣ κ is revealed as follows:

x̂1 κ ∣ κ = A−l
d x̂1 lk ∣ lk − 〠

l−1

j=1
Aj−1
d ŵ1 lk − j , 41

which can be transformed to

x̂1 κ ∣ κ = A−l
d x̂1 lk ∣ lk − 1 + K1 lk y1 lk

− C1x̂1 lk ∣ lk − 1
42

Substituting (30) and (42) into (20), we can yield the opti-
mal fusion estimation at the time tκ.

x̂F κ = a1A
−l
d x̂1 lk ∣ lk − 1 + K1 lk y1 lk

− C1x̂1 lk ∣ lk − 1 + a2 x̂2 κ ∣ κ − 1
+ K2 κ y2 κ − C2x̂2 κ ∣ κ − 1

43

Defining x k = x k − x̂ k , one can find

x̂F κ − x κ = a1A
−l
d x̂1 lk ∣ lk − 1

+ K1 lk y1 lk − C1x̂1 lk ∣ lk − 1
+ a2 x̂2 κ ∣ κ − 1 + K2 κ y2 κ

− C2x̂2 κ ∣ κ − 1 − a1 + a2 x κ ,

44

x1 lk ∣ lk − 1 = Adx κ + K1 lk y1 lk

− C1x̂1 lk ∣ lk − 1
+ a−11 Al

dK2 κ y2 κ

− C2x̂2 κ ∣ κ − 1

45

It is known from (45) that there is relationship between
the current prediction error (or estimation error) and delay
measurement. Therefore, the slow rate delay measurement
can be applied to reestimate the current state.

Theorem 1. Consider asynchronous multirate sensor system
(9) and (10). The minimum variance unbiased estimator
can be described as (46)–(48) when the delayed measure-
ment arrives.

x̂∗ lk ∣ lk = x̂1 lk ∣ lk +W lk, κ yF κ , 46

yF κ = y2 κ − C2 κ x̂F κ ∣ lk , 47

W lk, κ =
1
2

2P1xx lk ∣ lk + P1xx lk, κ ∣ lk

+ P1xw lk, lk CT P1xx lk, κ ∣ lk
+ P1xx lk, κ ∣ lk + P1xx lk ∣ lk
+ a22P2 κ + CQ1 κ, lk

+ CP1xw lk, lk CT − R κ
−1,

48

where

C = a1C1 κ A1 κ, lk ,

P1xx lk ∣ lk = cov x1 lk ,

P1xw lk, κ ∣ lk = cov x lk ,w lk, κ ,

P2 κ = cov x2 κ ,

Q1 lk, κ = cov w2 lk, κ

49

Proof 1. In order to prove the unbiasedness of proposed
fuse algorithm, the update of coefficient W lk, κ of unbi-
ased estimator is derived as follows:

P2 κ is calculated in (31), and P1xx can be given by (37);
P1xw lk, κ ∣ lk and Q1 lk, κ are given as follows:

P1xw lk, κ ∣ lk =Q1 lk, κ − K1 lk C1 κ Q1 lk, κ ,

Q1 lk, κ = 〠
l−1

j=1
Aj−l−1
d Q1 lk − j Aj−l−1

d

T 50

Combining (31), (46), and (47), one has

x∗ lk ∣ lk = x1 lk ∣ lk −W lk, κ yF κ , 51

where x∗ lk ∣ lk = x lk ∣ lk − x̂ lk ∣ lk
For simplicity, W lk, κ is rewritten as W and we yield

x∗ lk ∣ lk = x1 lk ∣ lk −W y2 κ − C2 κ x̂F κ ∣ lk 52

Substituting the coefficient given by (24) and (25) yields

x∗ lk ∣ lk = x1 lk ∣ lk −Wy2 κ

+WC2 κ a2x̂2 κ ∣ lk + a1x̂1 κ ∣ lk ,
53
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which can be approximatively regard as follows:

x∗ lk ∣ lk ≈ x1 lk ∣ lk −W a2y2 κ − C2 κ a2x̂2 κ ∣ lk
+W a1y1 κ − C1 κ a1x̂1 κ ∣ lk

54

Moreover, one can obtain that

x∗ lk ∣ lk = x1 lk ∣ lk −Wa2 x2 κ + υ κ

−Wa1C1 κ A1 κ, lk
C

x1 lk −w1 lk, κ 55

Define C as a1C1 κ A1 κ, lk ; thus, (55) can be repre-
sented as follows:

x∗ lk ∣ lk = I −WC x1 lk ∣ lk −Wa2x2 κ

−Wv κ +WCw1 κ, lk
56

According to (56), P∗ lk ∣ lk = E x∗ lk ∣ lk x∗ lk ∣ lk T

can be deduced as follows:

P∗ lk ∣ lk = I −WC P1xx lk ∣ lk I −WC T

− I −WC P1xx lk, κ ∣ lk WT

− I −WC P1xw lk, lk WC T

+ a22WP2 κ WT +WR κ WT

+WCQ1 κ, lk WC T

57

Then, the trace of P∗ lk ∣ lk is introduced to solve W in
the sense of linear minimum variance, and one can obtain

∂ tr P∗ lk ∣ lk
∂W

= 2WP1xx lk ∣ lk + 2a22WP2 κ

− 2WR κ + 2WCWQ1 κ, lk CT

+ 2WP1xx lk, κ ∣ lk
+ 2WCP1xw lk, lk CT

− P1xx lk, κ ∣ lk − P1xw lk, lk CT

58

Let ∂ tr P∗ lk ∣ lk /∂W = 0, then it can be found that
2PNxx lk ∣ lk + PNxx lk, κ ∣ lk + PNxw lk, lk CT = 2W

PNxx lk ∣ lk + a2VPV κ + CQN κ, lk + PNxx lk, κ ∣ lk + C
PNxx lk ∣ lk CT − R κ Moreover, W can be shown as fol-
lows:

W =
1
2

2P1xx lk ∣ lk + P1xx lk, κ ∣ lk

+ P1xw lk, lk CT P1xx lk, κ ∣ lk
+ P1xx lk ∣ lk + a22P2 κ + CQ1 κ, lk

+ CP1xw lk, lk CT − R κ
−1

59

With the equation ofW, P∗ lk ∣ lk satisfies the following
inequality:

0 ≤ P∗ lk ∣ lk ≤ Pi lk ∣ lk , 60

where i = 1, 2

4. The Stability Analysis of Fractional
Kalman Filter

The stability of fractional Kalman filter is analyzed based on
Lyapunov stability theory in the section.

Theorem 2. Considering asynchronous multirate sensor sys-
tem (9) and (10), the fractional Kalman filter is given by
(13)–(18). Then, the error of estimation is exponentially
bounded in sense of mean square.

Proof 2. The Lyapunov function is chosen as follows:

V k = xT k P−1 k x k , 61

where x k = x k − x̂ k is error of estimation, and P k
denotes covariance matrix.

Due to the principle of stability, when k increases, if ΔV
k + 1 =V k + 1 − V k remains negative besides x k = 0,
then x k converges to 0.

ΔV k + 1 = V k + 1 −V k

= xT k + 1 P−1 k + 1 x k + 1
− xT k P−1 k x k

62

It is obtained from the fractional Kalman filter equation
that

x k + 1 = Ad I − K k + 1 C

A

x k − 〠
k+1

j=1
−1 jϒjx k + 1 − j ,

63

where C is the measurement matrix; Ad I − K k + 1 C is
written as A.

Moreover, ΔV k + 1 satisfies

ΔV k + 1 < xT k ATP−1 k + 1 A − P−1 k

ℙ

x k 64

ℙ < 0 is a sufficient condition for ΔV k + 1 < 0. One has

ATP−1 k + 1 A − P−1 k < 0 65

It is deduced from (65) that

P−1 k + 1 − A−TP−1 k A−1 < 0 66
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Moreover, multiplying P k + 1 on both sides of (66)
obtains

I − P k + 1 A−TP−1 k A−1 < 0 67

According to (14) and (20), one can get

P k + 1 = AP k AT + AdK k R k KT k AT
d

+Q k + 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j

68

Substituting (68) to (67), we can derive

− AdK k R k KTT k AT
d +Q k

+ 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j

× A−TP−1 k A−1 < 0

69

Due to A−TP−1 k A−1 > 0, (69) satisfies

AdK k R k KT k AT
d +Q k

+ 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j > 0
70

Since P k + 1 is positive definite, it is found that

P k + 1 = AdP k AT
d − AdK k CP k AT

d +Q k

+ 〠
k+1

j=1
ϒjP k + 1 − j ∣ k + 1 − j ϒT

j > 0
71

According to (70), to make sure the inequality (69) is
satisfied, one obtains that

AdP k AT
d − AdK k CP k AT

d < AdK k R k KT k AT
d , 72

where P ⋅ represents the positive definite error variance
matrix, and ϒjP k + 1 − j ∣ k + 1 − j ϒT

j is positive definite.
Due to the positive definite of R k , it can be derived from

(72) that

Ad K k R k KT k + K k CP k − P k AT
d > 0,

K k R k KT k

>0

+ K k C − I

>0

P k > 0 73

Thus, K k C − I > 0 can ensure the stability of fractional
Kalman filter.

K k C − I > 0 74

According to the fractional Kalman filter gain matrix K
k , it can be obtained that

K k C − I = P k CT CP k CT + R k
−1
C − I

> P k CT CP k CT −1
C − I

=0

, 75

where R k is positive definite to guarantee the stability of
fractional Kalman filter.

5. Simulation Results

To demonstrate the applicability of proposed method, the
fractional Kalman filter-based fusion algorithm with various
values is simulated. The system parameters and the system
initial values are shown as follows:

Ad =
0 0 1

−0 035 −0 01
,

n1

n2
=

0 5

0 4
,

B =
0

0 1
, C1 = 0 3 0 4 , C2 = 0 6 0 9 ,

w k ∼N 0,
0 0 1

0 1 0
, υ k ∼N 0 0 1 ,

l = 4, P0 =
100 0

0 100
, x0 =

0

0

76

The control law is designed as u = ur − −0 015 0 03 x,
and ur is a square signal with the period of 10s.

Based on the conclusions in [2], the order of system equa-
tion should be defined previously and the control accuracy is
infected by the value range of j in the sum term ∑k+1

j=1 −1 j

ϒjx k + 1 − j . Thus, the upper bound of j must be defined
previously in practice. In the simulation, as the width of
a circular buffer of past state vectors for fractional-order dif-
ference, memory length L is chosen as 200 or 50.

The fractional Kalman filter-based asynchronous multi-
rate sensor information fusion results are described from
Figures 4–8. The reference input and output signal in the sys-
tem as well as the multisensor measurement are shown in
Figure 4. Moreover, the system state fusion estimation, mea-
surement estimation results of sensor 1 and sensor 2 are
shown in Figures 5 and 6, where sensors 1 and 2 represent
fast sensor and slow sensor, respectively. The estimation
errors of x1 and x2 are described by Figures 5 and 6 in detail.

The simulation results of nN = 50 are depicted from
Figures 9–13. Figure 9 provides input signal, output signal,
and the measurement of output. The state estimation based
on fusion method and a single sensor are provided by
Figures 10 and 11, respectively. Finally, Figures 12 and 13
describe the error curves with different algorithms. From
the simulation results, one can conclude that the proposed
algorithm gives better control performance.
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In simulation results, the effectiveness of the proposed
fusion method is verified, and the system output value and
fusion accuracy are compared. It can be obtained that
high-precision and economic storage space requirement is
satisfied as L = 50.

6. Conclusion

The fractional Kalman filter-based fusion algorithm is pre-
sented to solve the problem of asynchronous multirate sensor
information fusion. According to the memory performance
of fractional order, which can accurately describe the essen-
tial characteristics of the system, the fractional filter is intro-
duced to improve the estimation accuracy. Based on the
relationship between slow rate delay measurement and the
current state estimation, the minimum variance unbiased
estimator is designed to update the current estimation. The
simulation results prove the superiority of this method.
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The recognition of human pose based onmachine vision usually results in a low recognition rate, low robustness, and low operating
efficiency. That is mainly caused by the complexity of the background, as well as the diversity of human pose, occlusion, and self-
occlusion. To solve this problem, a feature extraction method combining directional gradient of depth feature (DGoD) and local
difference of depth feature (LDoD) is proposed in this paper, which uses a novel strategy that incorporates eight neighborhood
points around a pixel for mutual comparison to calculate the difference between the pixels. A new data set is then established to
train the random forest classifier, and a random forest two-way voting mechanism is adopted to classify the pixels on different
parts of the human body depth image. Finally, the gravity center of each part is calculated and a reasonable point is selected as
the joint to extract human skeleton. The experimental results show that the robustness and accuracy are significantly improved,
associated with a competitive operating efficiency by evaluating our approach with the proposed data set.

1. Introduction

Human perception to the external world is mainly through
the sense organs such as sight, touch, hearing, and smell, of
which about 80% of information is obtained by the vision.
It is important for the next generation intelligent computers
to mount visual functions on computers so that they can
automatically recognize and analyze the activities of people
in the surrounding environment [1–3].

At present, pose and action recognition is widely used in
the many fields like advanced human-computer interaction,
intelligent monitoring system, motion analysis, and medical
rehabilitation [4–6]. Pose recognition is a challenging
research in motion analysis. The core target is to infer the
posture parameters from the image sequence on various
parts of the human body, such as the actual position in the
three-dimensional space or the angle between the various
joints. Human body motion can be reconstructed in three-
dimensional space through posture parameters mentioned
above. At present, the human pose recognition algorithms

based on machine vision are mainly divided into two catego-
ries: one is based on traditional RGB images and the other is
based on depth images. The biggest difference between them
is that pixels in the RGB image record the color information
of the object, while pixels in the depth image record the
distance between the object and the camera. Human pose
recognition based on RGB images mainly utilizes the appar-
ent features on the image, such as HOG (histogram of
oriented gradient) features [7] and contour features [8].
However, these methods are usually affected by the external
environment and are particularly vulnerable to the light,
resulting in low detection accuracy. In addition, due to the
large differences in the size of the human body, these algo-
rithms are only suitable for the limited environments and
people. In recent years, with the development of depth sen-
sors, especially the Kinect developed by Microsoft which
has color and depth information (RGB-D), the recognition
rate of human pose has been greatly improved compared
with ordinary sensors [9–13]. The main reason is that the
depth images have many advantages over the RGB images.
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First, depth images have robustness against changing of
color and illumination. Also, the depth image, which is
3D, has more information than the RGB image. Human
pose recognition methods can be divided into two catego-
ries: model-based method and feature learning. In model-
based human pose detection, the human body is divided
into multiple components which are combined into a
model and then the human pose is estimated by inverting
the kinematics or solving optimization problems. Pishchu-
lin et al. proposed a new articulated posture model based
on image morphology [14]. Sun and Savarese proposed
APM (articulated part-based model) based on the joint
detection [15], and Sharma et al. proposed an EPM
(expanded parts’ model) based on a collection of body
parts [16]. Siddiqui and Medioni used a Markov chain
Monte Carlo (MCMC) framework with head, hand, and
forearm detectors to estimate the body [17].

Feature learning tries to get advanced features from
depth images through analyzing each pixel, and uses vari-
ous machine learning algorithms to realize human pose
recognition [12, 18–23]. Shotton et al. proposed two differ-
ent methods for estimating human body poses [18]. One
of the methods uses a random forest to classify each pixel
in the depth image. Another method predicts the position
of a human joint. Both methods are based on random for-
est classifiers that train a large number of synthetic and
real human depth images. Hernández-Vela et al. proposed
graph cuts’ optimization based on Shotton’s method [24].
Kim et al. proposed another human pose estimation
method based on SVM (support vector machine) and
superpixel [25]. In addition, deep learning algorithms are
also used to solve the pose estimation of the target [26–28],
and the convolution neural network (CNN) is used for
large-scale data set processing [29–32].

In general, the advantage of model-based human pose
recognition is that there is no need to build a large data
set; instead, it only establishes some models. It has a
higher recognition rate for the pose as the model matched.
However, this method also has some disadvantages. For
example, it is difficult to construct complex human body
models mainly because of the diversity of human postures
in actual situations.

The main merit of feature learning is that it does not need
to establish a complex human body model, so it is not
restricted to the model and can be applied to various
situations. However, this method also has disadvantages.
On one hand, it has to build a huge data set to fit in
different environments. On the other hand, many feature
extraction methods have high complexity and cannot meet
real-time requirements. Therefore, a human pose recogni-
tion method based on depth image multifeature fusion is
proposed in this paper. First, the body parts were encoded
with number in depth images and a data set was
constructed. Afterwards, the LDoD and DGoD features
are extracted for training to get a random forest classifier.
Finally, the gravity center is calculated and possible joints
are screened out. The LDoD and DGoD have lower
computational complexity than other algorithms, so they
can satisfy the real-time requirement. Moreover, the

recognition rate of human pose improves by combining
LDoD and DGoD.

The rest of this paper is organized as follows: Section
2 introduces the algorithm flow about depth image multi-
feature fusion for recognizing human pose. Section 3
details each step of pose recognition and related algo-
rithms. Section 4 constructs a random forest classifier.
Section 5 describes the positioning of the joints in the
human body image. Section 6 analyzes the experimental
results. Section 7 is the conclusion.

2. Algorithm Overview

The flowchart of human pose recognition based on depth
image multifeature fusion is shown in Figure 1. Firstly,
the original depth image is segmented to extract the
human target so that the different parts of segmented
body is easily tagged with a specific code. And then LDoD
and DGoD features are extracted for training multiple
decision trees to obtain a random forest classifier. The
classifier is used to classify the body parts of the test sam-
ples. Finally, the position of the joints in the human body
image is calculated.

3. Human Pose Recognition

3.1. Depth Image Segmentation. In image processing, we
often focus on special areas which are called ROI (region of
interest) [33–35]. Usually, these areas have rich feature infor-
mation. Therefore, in order to identify and analyze the target,
the area, where the target is located, needs to be separated
from the background. On this basis, feature extraction and
human body recognition can be performed.

Segmentation of depth image

Extraction of LDoD
features 

Tagging body parts 

Extraction of DGoD
features

Feature fusion

Random forest training

Joint positioning

Bu
ild

in
g 

da
ta

 se
t

Classifying by random forest two-way voting

Figure 1: Flow chart of human pose recognition based on depth
image multifeature fusion.
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Due to the fact that the actual scene is fixed in this paper,
depth background difference is used to segment the human
body. The depth value is quantized to a grayscale space of
0–255, that is, little number is corresponding to large depth.
Therefore, the 3D image can be displayed as a 2D gray image,
where pixel value represents a different meaning from the
conventional RGB image.

Because the camera shoots downwards from head top,
the leg information of the human body cannot be considered.
The depth range is controlled between Dnear and Dfar, and it
can be expressed as Dnear,Dfar . First, Gaussian filtering is
performed on the original depth data to filter out noise and
suppress the drift of depth data. Then, the original depth
image is subtracted from the background image, and the
foreground target is extracted according to the threshold T ,
shown as follows:

D x, y = I x, y − B x, y ,

T x, y =
1,  D x, y ≥ T ,
0,  D x, y < T ,

1

where B x, y is the background image, I x, y is the orig-
inal image, and T x, y is the binary image. Then, the
depth image of the corresponding area is extracted, shown
as follows:

S x, y =
I x, y ,  D x, y ≥ T ,
0,  D x, y < T ,

2

where S x, y is the effective depth area and S x, y ⊆ Dnear,
Dfar .

3.2. Tagging Body Parts. Since there is no standard human
pose depth image library, we builds a data set, including
common human actions such as running, jumping, lifting,
bending, knee flexion, and interaction. Random forest
learning algorithm belongs to supervised learning; the data
samples are a known category, and these samples need to
be tagged [36–39]. The tagging method is to divide the
human body into 11 parts, and the rest is the background;
the approximate position of each part of the human body
in the depth image is observed, and then, the position is
tagged with the corresponding color. As shown in
Figure 2, the valid points inside the rectangle of the head
area are all marked in red.

The tagging result is shown in Table 1. This paper
divides the waist above the human body into the head, the
left shoulder, the right shoulder, the left upper arm, the right
upper arm, the left lower arm, the lower right arm, the left
hand, the right hand, the left body, the right body, and the
background.

3.3. LDoD Feature Extraction. According to the depth
image of the human body that has been manually tagged,
the features of 12 parts need to be extracted. This paper
uses the local difference feature as a feature representation

of the pixel, which can reflect the neighborhood informa-
tion of the pixel. It uses the difference between two pixels
among the eight neighborhood points to represent the
characteristics of the pixel. The location of the eight neigh-
borhood pixels is shown in Figure 3.

LDoD feature can be represented as

Ti,j I, p = ds pi − ds pj , 3

where i, j ∈ 1, 2, 3, 4, 5, 6, 7, 8 , i ≠ j, and ds pi is the depth
value of pi.

Assuming θ = θ1, θ2, θ3,… , θ28 , Tθk
S, p is replaced

by Ti,j S, p and k ∈ 1, 2, 3,… , 28 . The feature vector of a
point can be expressed as

Tθ I, p = Tθ1
I, p , Tθ2

I, p ,… , Tθ28
I, p 4

According to LDoD feature, features of the same type
of pixels are mostly similar and features of different pixel
types have large differences. Therefore, for various parts
of the human body, this feature has a good division
degree. Figure 4(a) shows the divided depth image, and
Figure 4(b) is an enlarged image of the left lower arm.
As can be seen from the figures, pixel p6 and pixel p7
are in the body area and pixel p4 is out of body area
and its value is 0. Therefore, the value of T6,7 S, p is
smaller and T4,7 S, p is larger. Figure 4(c) is an enlarged
image of the right lower arm. The value of T6,7 S, p is
larger, and the value of T4,7 S, p is smaller. Therefore,
these two values can distinguish the left and right lower
arms of the human body.

The computational complexity of this feature is very low.
Formula (3) only uses subtraction between values. In addi-
tion, it also has space translation and rotation invariance
and can be applied to people’s changes in postures.

3.4. DGoD Feature Extraction. Due to that, the depth infor-
mation represents the distance between the object and the
depth camera; the angle relationship between the plane
where the pixel is located and the plane where the depth cam-
era is located can be obtained by simply calculating the arc-
tangent of the gradient, that is, the DGoD feature, which
can be calculated as follows:

DGoDS x,y = tan−1 dy
dx

,

dy = S x, y + i − S x, y − i ,
dx = S x + i, y − S x − i, y ,

5

where i=1, 2, 3. Three DGoD features were selected,
which are represented as Gθ1 S, x, y , Gθ2 S, x, y , and Gθ3
S, x, y .

The range of directional gradients is 0°, 360° . When the
pixel points are on the same plane, the direction gradients are
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(a) (b)

Figure 2: (a) Original depth images. (b) Tagged depth images.

Table 1: The tagging result.

Body part no. 12 parts Tagged colors

1 Background Black

2 Head Red

3 Left shoulder Orange

4 Right shoulder Yellow

5 Left upper arm Light blue

6 Right upper arm Blue

7 Left lower arm Brown

8 Right lower arm Light brown

9 Left hand Dark green

10 Right hand Light green

11 Left body Green

12 Right body Purple

p
p1

p2p3p4

p5

p6 p7 p8

Figure 3: Neighborhood distribution of a pixel.
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similar in size; otherwise, the direction gradients are quite
different. The diagram of DGoD feature is shown in
Figure 5. The green dots from left to right are p1, p2, p, p3,
and p4. It can be seen from formula (5) that the value of D1
is smaller and the value of D2 is larger, which means that p2
and p3 are in the same plane, while p1 and p4 are in different
planes.

4. The Design of the Random Forest Classifier

4.1. Random Forest Model Construction. Decision tree is one
of the most widely used inductive inference algorithms at
present. Its generated rules are simple and easy to under-
stand. Pixels of depth images can be classified quickly and
efficiently by decision tree, so it can be widely used in tar-
get detection and recognition. However, a single decision
tree can easily lead to overfitting causing wrong classifica-
tion. The random forest is composed of multiple decision
trees [40, 41], and the decision tree is trained with differ-
ent data sets and parameters, which cannot only reduce
the degree of overfitting but also the classification accuracy
can be improved because its output is voted by multiple
decision trees.

The classification effect of random forest classifiers is
affected by many factors, including the size of the training
setD, the dimension of the sample feature vectorN , the num-
ber of the decision tree K , the maximum depth of each tree d,
the eigenvector dimension n, and the termination condition
for growth of each tree.

In the previous sections, the human body was divided
into 12 different parts and then LDoD and DGoD fea-
tures were extracted as the input of the random forest
classifier. All of preliminary works are prepared for the
design of the classifier model. The set of attributes can
be represented as

S = Tθ1
I, p , Tθ2

I, p ,… , Tθ28
I, p , DGoDS x,y 6

ID3 decision tree algorithm is used to train each deci-
sion tree in a random forest. Training sample set can be
expressed as

Q = P, C , 7

where P = p1,p2,p3,p4, … , pi,… , pn is a set of training
pixels and C = c1, c1, c1,… , c12 is a collection of catego-
ries to which a pixel belongs, that is, 12 parts of the
human body.

The set of parameters can be expressed as

φ = θ, τ1, τ2 , 8

where θ is the attribute parameter and τ1 and τ2 are the
thresholds.

The flow chart of the construction of a single decision
tree is shown in Figure 6. First, putting back is adopted in
the extraction method and the training set Di, which is the
same size of D, is extracted from D to get K subsets. Then,
a tree node is created, and if it reaches the termination condi-
tion, the process is stopped and the current node is set as a
leaf node. Otherwise, n features is extracted from the N

(a)

p7p6

p4

(b)

p7

p4

p6

(c)

Figure 4: (a) Depth image of human body. (b) LDoD characteristic component of the left lower arm. (c) LDoD characteristic component of
the right lower arm.

D1

D2

Figure 5: The diagram of DGoD feature.
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-dimensional feature set using a fixed-scale and nonreturned
extraction method. The one-dimensional feature is deter-
mined according to the metric of the feature attribute, and
the current node is split into the left subset Dl φ and the
right subset Dr φ :

pi ∈Dl φ ,  Tθ ≤ τ1,Gθ ≤ τ2,
pi ∈Dr φ ,  Tθ > τ1,Gθ > τ2

9

The information gain is used to select the partitioning
property of the decision tree, which can be calculated by as
follows:

φ∗ = arg max Gain D, φ ,

Gain D, φ = Ent D − 〠
v∈ l,r

Dv φ

D
Ent Dv φ , 10

where Ent D is information entropy.

4.2. Random Forest Two-Way Voting. In the traditional ran-
dom forest classification [42–44], the sample is judged by
every decision tree and voted by every tree. Every tree has
equal decision right. The random forest two-way voting

mechanism is adopted with different decision rights in this
paper. Data set is divided into in-of-bag and out-of-bag data.
The data subset is called in-of-bag data when it is used to
build a random forest. Otherwise, a data subset is called
out-of-bag. The decision right of a tree is gained according
to the result of testing out-of-bag data. When the result is
true, then the tree is voted. If a decision tree has more votes,
the weight will be higher. The basic algorithm steps for two-
way voting are as follows.

Step 1. Create K decision trees. And in-of-bag data and out-
of-bag data are generated for every tree.

Step 2. Perform a performance evaluation. That is, a tree
is evaluated by a certain amount of out-of-bag data. If
the decision tree’s classification result is true, the tree is
voted.

Step 3.Assign the total number of votes to the decision tree as
weight and normalize the weights of all decision trees.

Step 4. Input the test sample to the sorted random forest
model, and the obtained classification result multiplies
the weight to get the final classification result, shown as
follows:

R x = 〠
K

i=1
Tiri x , 11

where R x is the final classification result, Ti is the weight
coefficient corresponding to i-th decision tree, and T1 +
T2 + T3 +⋯ + Tk = 1. ri x is the evaluation result of i-th
decision tree.

5. Human Joint Positioning

Determining the human body joints is the final step in
human pose recognition [45]. The above chapters have
used the random forest classifier to classify 12 parts in
the human body image, but the joint position has not
still been determined. The joints will be determined by
calculating the gravity center of the 12 body parts in
this paper.

For the depth image with size M ×N , the p + qmoment
mpq and central moment at the pixel I x, y can be calculated
by formula (12) and (13), respectively.

mpq = 〠
N

y=1
〠
M

x=1
xpyq ⋅ I x, y , 12

μpq = 〠
N

y=1
〠
M

x=1
x − xc

p ⋅ y − yc
q ⋅ I x, y , 13

where xc, yc is the gravity center, which can be calculated by
formula (14) and (15).

Select sample data set

Get K subsets

Create tree nodes

Extract 𝜂-dimensional feature
through nonreturned method

Select one dimension from 𝜂
dimension 

Meet the termination
conditions?

Output leaf node 

Di

Figure 6: Flow chart of the construction of a single decision tree.
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The gravity center of the upper arm and the gravity cen-
ter of the lower arm are calculated to obtain the joint of the
left elbow or the right elbow, as shown in formula (16).

xc =
m10
m00

,

yc =
m01
m00

,
14

xc =
∑N

y=1∑
M
x=1x ⋅ I x, y

∑N
y=1∑

M
x=1I x, y

,

yc =
∑N

y=1∑
M
x=1y ⋅ I x, y

∑N
y=1∑

M
x=1I x, y

,
15

xelbow =
∑

Nup
y=1∑

Mup
x=1 x ⋅ I x, y /∑Nup

y=1∑
Mup
x=1 I x, y + ∑N low

y=1 ∑
Mlow
x=1 x ⋅ I x, y /∑N low

y=1 ∑
Mlow
x=1 I x, y

2 + Δx,

yelbow =
∑

Nup
y=1∑

Mup
x=1 y ⋅ I x, y /∑Nup

y=1∑
Mup
x=1 I x, y + ∑N low

y=1 ∑
Mlow
x=1 y ⋅ I x, y /∑N low

y=1 ∑
Mlow
x=1 I x, y

2 + Δy,

16

Figure 7: Results of human body part recognition and joint point positioning in different postures.
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where the size of area of the upper arm isMup ×Nup, the size
of the area of the lower arm is Mlow ×N low , and Δx and Δy
are the offsets.

6. Experimental Results and Analysis

In this paper, 1000 depth images are used for the training of
the classifier model and 100 images are used for the test,
including the poses of 10 different people. The algorithm is
programmed in C++ and compiled in Visual Studio 2013.
The test computer uses an Intel Core i5-4570 processor
clocked at 3.20GHz. The ToF (time of flight) depth camera
is used with the resolution of 320 × 240 in this paper.

6.1. Qualitative Analysis. The results of human body part rec-
ognition and joint positioning with 6 postures are shown in
Figure 7. The first column is the segmented depth images,
the second column is the outputs of the random forest classi-
fier, the third column is the gravity center of each part, and
the last column is the skeletons composed of the joints. As

can be seen from Figure 7, the random forest classifier can
correctly classify most of the pixels in the human body image,
such as the body and the head. Incorrect classification often
happens at the intersection of the two parts. Fortunately,
the joints are almost positioned accurately and a reasonable
human skeleton can be obtained. Finally, in the sixth picture,
one of the hands blocks the body, and according to the posi-
tioning result, the posture based on the fusion of DGoD and
LDoD features proposed in this paper can solve the mutual
fusion and occlusion.

6.2. Quantitative Analysis

6.2.1. Comparison of experimental results of different
parameters of classifiers. When constructing a random forest
model, the number of decision trees K , the maximum depth
of numbers d, and the minimum number of samples in leaf
nodes Nnode can affect the classifier performance. The
experiment first determines the optimal classifier parame-
ters by training five sample images. Figures 8–10 compare
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the classification accuracy and the training time of the algo-
rithm with different parameters.

From Figure 8, we can see that with the other param-
eters fixed, as the number of decision tree K increases, the
training time consumed and the accuracy of the classifica-
tion show an increasing trend. When d is 20, the classifi-
cation accuracy of the test sample reaches 77.2% and the
training time is 100 s. When d is 25, the correct rate of
classification only increased by 1% but the required train-
ing time is increased to 140 s. Therefore, the optimal K in
this paper is 20.

As shown in Figure 9, when the other parameters are
fixed, the greater the depth of the tree d is, the higher the
accuracy is. When the value of d is 30, the correct rate reaches
its maximum and then the correct rate is almost constant
with the increase of the depth. So the optimal number of
depth is 30.

The minimum number of samples in the leaf nodes can
be used as the termination condition for the growth of the
decision tree. When it is too large, the structure of the tree
will stop prematurely, which will affect the classification
accuracy. When it is too small, the structure of the tree will
become more complicated and will consume too much
time. In Figure 10, when other parameters are fixed, the
classification accuracy of the test sample reaches 78.4%
when Nnode = 40. When Nnode = 80, the test sample classi-
fication accuracy rate drops to 77.6%. So in this paper,
Nnode = 40.

6.2.2. Comparison of the recognition rate of various
algorithms. This paper compares the recognition rate of each
part with a single feature LDoD and the recognition rate with
the combination of two features of DGoD and LDoD, as
shown in Figure 11. The recognition rate of the random for-
est algorithm with multifeature fusion is obviously improved,
reaching about 80%. Among these 12 parts, the recognition
rates of the left and right arms are lower, mainly because of

the complex movements of the upper limbs. In addition, as
the amount of samples collected increases, the recognition
rate will increase.

The traditional voting mechanism of random forests and
the two-way voting mechanism are compared in this paper,
as shown in Figure 12. It can be seen from the figure that
the classification accuracy of the random forest two-way vot-
ing mechanism is significantly higher than the traditional
one-way voting mechanism.

Finally, we also compare our algorithm with the popu-
lar algorithms in other literatures, as shown in Table 2;
our classification method is superior to that of Shotton
and Kim. In addition, the computation time is about
54.9% of Shotton’s algorithm. Therefore, the proposed
method is more suitable for high real-time and high recog-
nition rate occasions.

7. Conclusion

In this work, we propose a human pose recognition algorithm
based on the fusion of LDoD and DGoD features. In human
pose recognition, we first establish our own sample data set
including depth images with a specific code. Then, we extract
the LDoD and DGoD features from the sample. It is simple to
calculate the above two features. Thus, the computation is
greatly reduced. In the next step, these two features are used
to train the random forest classifier. In order to improve the
accuracy of classification, a random forest two-way voting
mechanism is used to detect and classify different parts of
the human body. Finally, according to the classification
results, the gravity center of different body parts is calculated,
so that accurate joints and skeleton can be obtained.

The experimental results show that the random forest
classifier has higher classification accuracy and robustness.
In addition, our method has low computation cost compared
with the other methods and meets the real-time require-
ments. However, no method is perfect in terms of human
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Figure 11: Recognition rates of different parts under different algorithms.
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body pose recognition, so it is necessary to research the fol-
lowing aspects.

(i) Extracting better features for body part recognition
and classification

(ii) Using other classification algorithms or classifiers
for body part recognition and classification, such as
some efficient deep learning methods

(iii) Studying body part recognition with more complex
human poses, such as lying on the ground
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The Technique for Order Preference by Similarity to an Ideal Solution (TOPSIS) method is used to find optimal mixing scheme of
Zhaotong lignite, Fuyuan bituminous coal, and Xiaolongtan lignite in terms of combustion performance. Comparative evaluation
of different mixing schemes is also conducted, where the flammability index, comprehensive combustion characteristic index,
burnout temperature, and economic costs can be used to measure the advantages and disadvantages of different mixing schemes
with different parameters. Through analysis and optimization, it is found that when the lignite of Xiaolongtan, lignite of
Zhaotong, and bituminous coal of Fuyuan are mixed with a ratio 2 : 1 : 2, the mixed coal has the best performance; when the
lignite of Xiaolongtan, lignite of Zhaotong, and bituminous coal of Fuyuan are mixed with a ratio 0 : 2 : 1, the mixed coal has the
worst performance.

1. Introduction

With the development of the electric power industry, more
and more power plants have begun to use mixed coal com-
bustion technology, so that the application of mixed coal
combustion has brought more and more problems. However,
it is also well-known that the mix scheme for the coals is cru-
cial for the combustion performance. Hence, many scholars
have gradually paid attention to the research of mixed coal
[1, 2] to find appropriate optimal mix scheme to seek for
better combustion performance. In particular, they mainly
improve mixed coal combustion technology by mixing
methods, combustion characteristics, burn-up, slagging rate,
and emission reduction of pollutants in blended coal [3, 4].

Coal blending can be achieved by adopting and optimiz-
ing coal blending methods to improve the combustion tech-
nology of blended coal, increase the utilization of coal at all
levels, and reduce the slagging rate, the pollutant emissions,
and the costs [5]. The research on optimization of coal blend-
ing technology can potentially solve the energy shortage
problem from the supply and demand and ensure the stabil-
ity and reliability of production from the quality [6–8]. At the

same time, the optimization of coal blending technology can
provide additional benefits such as environmental protection
and effective use of resources [9]. There are differences in the
quality of various coals, and the dynamic coal blending
mainly uses this basic principle to remove inferior coal from
different coal quality [10, 11]. The excellent characteristics of
the blended coal species can be used to make the blended coal
show the best performance in comprehensive performance to
better meet the needs of end users [12].

Based on some latest research results, it has been found
that the characteristics of many blended coals are not with
a simple linear superposition relationship. Specifically, the
greater the difference in coal quality, the more significant this
situation is [13]. Peralta et al. [14] studied the interactions
among the blended coals and found that the quality of the
coals determines the combustion condition of the blended
coal. The combustion depends on the ratio of easily ignited
coal. The burnout characteristics of the blended coal depend
also on slow burning coal [15, 16].

There are mainly three viewpoints for power coal blend-
ing [17]. The first is that there is a linear weighted relation-
ship between the dynamic coal blending and the main
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indexes of each component coal, and thus, a linear program-
ming model may be established. The second view states that
there is a complex nonlinear relationship between the coal
blending and the main indexes of each coal composition,
and thus, neural network techniques and fuzzy logic systems
can be used to establish nonlinear optimization models. The
third point of view is that the linear and nonlinear relation-
ship between the coal blending and the main indexes of each
individual coal is not yet fully clear. In this case, the optimi-
zation of power blending is not yet clear, and thus, it is still
a challenge to develop an accurate, stable, and efficient
optimization algorithm.

Multiple Criteria Decision Analysis (MCDA) can be used
to analyze various problems in the system planning, design-
ing, and the subsequently encountered production phases
[18]. Moreover, this method also has the ability to predict
and analyze some problems to appear in the future effec-
tively. In general, this method can also solve the problems
with optimization such as formula ratio, which can be widely
encountered in the energy, environment, population, and
other areas and fields.

To solve complex optimization problem, the Technique
for Order Preference by Similarity to an Ideal Solution (TOP-
SIS) method has been used to study the relationship of the
ratio for the mixed coal among three kinds of coals (Zhao-
tong lignite, Fuyuan coal, and Xiaolongtan lignite mixed
ratio). TOPSIS has been proved as an effective approach in
many multiobjective decision analysis applications [19].
TOPSIS method has a more detailed name—the method of
distance between good and bad results. It is different from
the direct method of solving the solution of noninferior prob-
lems. When directly solving the noninferior solution, a series
of noninferior solutions will be obtained at the same time.
Then, it will be judged by the previously determined evalua-
tion criteria, and the most suitable solution will be found
therein. The TOPSIS method will use the existing solution
to approximate the previous ideal solution and sort them
according to this standard [20]. Therefore, we only need to
consider the monotonic or monotonic decreasing properties
of the utility functions by using this solution method. In
other words, this method first examines the distance between
the object under test and the best or worst solution. Then, we
can sort them and choose the best solution. The solution with
the longest distance from the worst solution is the best solu-
tion for the constituency. The opposite is considered as the
worst solution.

Motivated by the above discussions, this paper will fur-
ther tailor the TOPSIS method to study the optimization
problem of the coal blending, which aims to find the optimal
mix scheme for different coals with the best combustion per-
formance. We choose the flammability index, comprehensive
combustion characteristic index, burnout temperature, and
economic costs to measure the advantages and disadvantages
of different mixing schemes with different parameters. Then,
the optimal technique is conducted to find the best ratio of
different coals. Extensive experiments are carried out to vali-
date the proposed optimization technique. We divide the
experiment into 10 groups. Each group has three kinds of
coal (lignite of Xiaolongtan, lignite of Zhaotong, and

bituminous coal of Fuyuan) with different proportions. The
TOPSIS method is used to analyze the combustibility, econ-
omy, flammability, and comprehensive combustion charac-
teristics of the combustion of coal under different ratios.
The advantages and disadvantages of using TOPSIS method
to evaluate coal blending different proportional reference
assignment scheme are discussed. Analysis and experimental
results show that the Xiaolongtan lignite : Zhaotong lignite : -
bituminous coal of Fuyuan=2 : 1 : 2 mixed coal is the best
mix ratio with the best performance.

This paper is structured as follows: Section 2 gives the
formulation of the problem. Section 3 describes the proce-
dure of decision analysis of TOPSIS method. Section 4 gives
the research on Blended Coal Combustion. Section 5 gives
the method of TOPSIS for evaluation of mixed coal combus-
tion. Conclusions are given in Section 6.

2. Problem Formulation

Mixed coal combustion requires full consideration of its
ignition characteristics, volatile precipitation characteris-
tics, slagging, burn-up, and pollutant emissions [21]. How-
ever, the blending ratio of coal blending in most of the
actual process is blind and arbitrary so that the combus-
tion performance of this coal blending cannot be guaran-
teed. This article aims to discuss the pros and cons of
different proportions of mixed coal by TOPSIS method,
including its flammability index, comprehensive combustion
characteristics index, burnout temperature, and economic
cost, and finally get the best ratio of three kinds of coal
blended coal combustion.

Under different O2/CO2 atmospheres, thermogravimet-
ric experiments were performed on mixed coals of three
experimental coal samples [22, 23]. The TOPSIS method
was used to analyze and optimize the pros and cons of differ-
ent proportioning schemes to find the optimal ratio. Figure 1
provides the overall research methodology to be presented in
this paper.

First of all, the three kinds of coals are divided into several
groups according to different proportions; different groups
include one kind of coal and a mixture of three kinds of
coal, respectively. In the air atmosphere, 30% oxygen
atmosphere, 50% oxygen atmosphere and the heating rate
of 5K/min, 10K/min, and 20K/min, respectively, TOPSIS
method is used to study the properties and optimal ratio
of blending coal.

3. Blended Coal Combustion Studies

This paper mainly studies the characteristics of combustion
of mixed Xiaolongtan lignite, Fuyuan bituminous coal, and
Zhaotong lignite coal blended in Yunnan Province, China.
Through the study of the combustion characteristics of the
three kinds of coals with different mixing ratios, the TOPSIS
method was used to optimize the mix scheme, and finally, the
best mix ratio was determined.

Three kinds of different coal powders were selected as
experimental objects: Xiaolongtan lignite, Fuyuan bitumi-
nous coal, and Zhaotong lignite. The results of industrial
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analysis and elemental analysis of different pulverized coals
are shown in Tables 1 and 2. The coal sample was ground
by a ball mill, and the pulverized coal with a particle size of
53–75μm was selected. The atmosphere in the furnace uses
air and an O2/CO2 gas mixture of 30% oxygen and a high-
purity argon gas (purity of 99.9%).

In this paper, we carry out extensive experiments to vali-
date the different mix schemes. The schematic of the adopted
experimental equipment is shown in Figure 2.

Three kinds of coal samples including Xiaolongtan lig-
nite, Fuyuan bituminous coal, and Zhaotong lignite were
selected as the research objects. Under the oxygen concentra-
tions of 21% and 30%, the heating rates were set to 5K/min,
10K/min, and 20K/min, respectively.

The specific operation steps of the experiments are
described as follows:

(1) The coal sample carrier gas is O2/CO2, and the pro-
tection gas is high-purity argon. The gas from the cyl-
inder is regulated by the pressure-reducing valve and
enters the thermobalance. We turn on the instrument
and wait for the thermal analyzer to show a stable
number. After opening the oven cavity, we put in
the previously prepared open crucibles and wait for
the reading to become stable, then we clear the read-
ing, complete the baseline, and take out the empty
crucibles. After taking about 10 milligrams of coal
sample with a small spoon, we can place it in the

sample crucible. Using a pair of tweezers, we place
the file gently into the oven chamber of the thermo-
gravimetric analyzer. Then, we can close the oven
chamber and start the experiment

(2) During the experiment, the carrier gas flow rate
was 50mL/min, the shielding gas flow rate was
20mL/min, and the program temperature-rising
method was used to control the temperature that
increases from room temperature to 1000°C. The
heating rate was controlled to be 5K/min, 10K/min,
and 20K/min, respectively. The main experimental
subjects used a heating rate of 20K/min

(3) Finally, the data is collected and the experiment is
completed

Table 3 shows experimental data for the four indexes of
combustible coal flammability index, comprehensive com-
bustion characteristics index, burnout temperature, and eco-
nomic cost of each group. By comparing and calculating with
these data, the combustion results of the blended coal can be
obtained. Then, the optimal solution can be found by the
TOPSIS method.

4. Procedure of Decision Analysis of
TOPSIS Method

We first normalize the evaluation index. During the experi-
ments, we assume that the kinds of ratio of programs is m,
the number of indicators to evaluate the number is n. uij
can also be determined as the i-th program in the j-th index.
Then, the corresponding data for the initial evaluation matrix
U is

U =
u11 ⋯ u1n

⋮ ⋱ ⋮

um1 ⋯ umn

1

Table 1: Industrial analysis of coal samples.

Type of coal
Industrial analysis

Mad Aad Vad FCad

Xiaolongtan lignite 15.684 10.534 40.677 33.105

Fuyuan bituminous coal 2.861 37.601 14.740 44.798

Zhaotong lignite 6.293 29.642 42.253 21.812

One kind of
coal

Air
atmosphere

30% oxygen
atmosphere

50% oxygen
atmosphere

TOPSIS
method

5 K / min 10 K / min 20 K / min

Three kinds
of coal

Figure 1: Research method.
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In order to analyze and compare data in a better way
and avoid the influence of different dimensions on matrix
U, we need to normalize the representation of the initial
data (the specific dimension of each evaluation index is
different) as

Vij =
uij

∑m
i=1uij

2

The new nominalized evaluation criterion matrix is
obtained by the following calculation:

V = Vij m×n 3

Then, we need to calculate the weights of each index.
In mathematics, entropy is a measure of the uncertainty
of evaluation information which has been used in proba-
bility theory. The value of entropy would be large if the
data distribution is more dispersed or the uncertainty of
itself is greater. In the TOPSIS method, the weight formula
of the item j index can be expressed as

Qj =
pj

∑m
i=1pj

, 4

where pj is the degree of dispersion of the value of the first j
index. It is also the information entropy and the difference
between 1, which can be expressed as

pj = 1 − ej j = 1, 2,… , n, 5

where ej is the evaluation of information entropy index, and
its expression is given by

ej = −k〠
m

i=1
vij ln vij 6

The constants associated with m are expressed in
k, k = 1/ ln m .

If we evaluate the matching scheme by using TOPSIS
method on the new standard matrix V and weight factor
Qj, we can get the weighting evaluation matrix R of the
matching scheme:

R =
q1y11 ⋯ qny1n

⋮ ⋱ ⋮

q1ym1 ⋯ qnymn

=
r11 ⋯ r1n

⋮ ⋱ ⋮

rm1 ⋯ rmn

, 7

where Q = q1, q2,… , qn
Τ is the weight factor matrix.

V =
y11 ⋯ y1n

⋮ ⋱ ⋮

ym1 ⋯ ymn

8

is the new standard matrix.
Determine the most ideal and worst index weighted

value as R+ and R−, respectively. The negative ideal value
as mentioned is the minimum index in the collection.
And the set of the maximum value is represented by the
weighted ideal index.

R+ = max rij ∣ j ∈ J1 , min rij ∣ j ∈ J2 , i = 1, 2,… ,m ,
9

R+ = min rij ∣ j ∈ J1 , max rij ∣ j ∈ J2 , i = 1, 2,… ,m
10

Table 2: Elemental analysis of coal samples.

Type of coal
Elemental analysis

Mad Aad Cad Had Oad Nad Sad
Xiaolongtan lignite 15.684 10.534 47.264 6.991 16.683 1.741 1.103

Fuyuan bituminous coal 2.861 37.601 45.82 9.243 1.231 1.615 1.629

Zhaotong lignite 6.293 29.642 42.236 6.254 13.119 1.442 1.014

Electronic
balance

Quartz tube
Temperature

display

Computer

Hanging basket

Vacuum electric
thermal resistance

Argon

Figure 2: Blending coal combustion characteristics experimental
equipment schematic.
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In the formula, the efficiency index collection is deter-
mined by J1, and the cost index is determined by J2.

Then, we can calculate the distance between them. The
content of this part is the calculation of the distance
between the practical solution and the ideal solution (the
ideal solutions include positive ideal and negative ideal).
You can use the Euclidean formula, which can be given
as follows:

The distance between the positive ideal solutions is

L+1 = 〠n

j=1 rij − r+j
2
, i = 1, 2,… ,m 11

The distance between the negative ideal solutions is

L−1 = 〠n

j=1 rij − r−j
2
, i = 1, 2,… ,m 12

Then, we determine the relative proximity. The index
value of the best and the most ideal index set and the
selected ratio of the selected formula are determined by
the above formula. Similarity (proximity) between the
two is given by

Si =
L−i

L+i + L−i
13

Finally, in order to arrange the data of the similar
degree, we reorder them from large to small in this paper.
And then, we can choose the best matching scheme from
all the data of the similar degree.

In conclusion, the flow chart of TOPSIS method is shown
in Figure 3.

Currently, there are many multiobjective comprehensive
evaluation methods of sorting the problem [24–26]. Among
these, the TOPSIS method is simple and easy to calculate

the data, and the information of the original data can be fully
utilized [27]. Moreover, the calculation results can be very
accurate to reflect the gap between different matching

Table 3: Performance index of mixed coals with different proportions.

Program
Xiaolongtan :

Zhaotong : Fuyuan
Flammability index

C× 10−7
Comprehensive combustion
characteristic index S× 10−10

Burnout
temperature

Th/
°C

Economic cost
S/yuan per ton

1 1 : 1 : 1 35.95 3.37127 700 383

2 0 : 1 : 2 30.90 2.39214 706 490

3 0 : 2 : 1 28.15 2.08380 718 380

4 1 : 0 : 2 32.77 3.72810 711 493

5 1 : 2 : 0 38.25 3.23677 683 273

6 1 : 2 : 2 28.80 2.50959 698 404

7 2 : 0 : 1 30.88 3.06333 680 387

8 2 : 1 : 0 43.77 4.59559 689 277

9 2 : 1 : 2 51.48 5.57101 690 406

10 2 : 2 : 1 32.39 2.79062 720 340

Begin

Obtain the data

Obtain the decision matrix

Composition weight matrix

Determine the ideal solution and the worst solution

Calculate the distances between each solution
to the ideal solution and the worst solution

Calculate the approximate degree of each
solution to the ideal solution

Is it optimal
solution?

Yes

Output the optimal solution

End

No

Figure 3: The flow chart of TOPSIS method.
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schemes. The TOPSIS method is suitable for small sample
data, multiple evaluation objects, and multiple index large
sample data. Hence, in this paper, we use TOPSIS method
to comprehensively evaluate the scheme of the mixed coal
to get better evaluation results.

5. TOPSIS for Evaluation of Mixed
Coal Combustion

Three kinds of pulverized coals (bituminous coal of
Fuyuan, lignite of Xiaolongtan, and lignite of Zhaotong)
are mixed with different proportions. Selection of the four
indexes contains flammability index, comprehensive com-
bustion characteristic index, temperature of burnout, and
economic costs, which have been used as the performance
evaluation index of coal. Table 3 is the four index of the
flammability index, comprehensive combustion character-
istic index, burnout temperature, and economic costs of
the mixed coals based on the experiment and the corre-
sponding data analysis.

5.1. Matrix of Initial Data of Mixed Coal with Different Ratio.

U =
u11 ⋯ u1n

⋮ ⋱ ⋮

um1 ⋯ umn

=

35 95 3 37127 700 383
30 90 2 39214 706 490
28 15 2 08380 718 380
32 77 3 72810 711 493
38 25 3 23677 683 273
28 80 2 50959 698 404
30 88 3 06333 680 387
43 77 4 59559 689 277
51 48 5 57101 690 406
32 39 2 79062 720 340

14

In the formula, the number of matching scheme ism, the
number of performance indicators is n, i.e., m = 10, n = 4,
and Xij represents the element values in the matrix. For
example, the i blending scheme in the j index is defined as
Xij. Then, the normalization process is completed for each
evaluation index.

An example of flammability index is given by using the
following formula:

Vij =
uij

∑m
i=1uij

15

We can obtain

Similarly, we can seek out other data in turn and obtain
their corresponding values as

V11 = 0 101752399,
V12 = 0 087435362,
V13 = 0 079675474,
V14 = 0 092742019,
V15 = 0 108256791,
V16 = 0 081510122,
V17 = 0 087392729,
V18 = 0 123882589,
V19 = 0 145697422,
V110 = 0 091655093

17

In the same way, the 3 evaluation indexes are also nor-
malized, and we eventually get the following standard
matrix as

V = vij m×n =

0 1018 0 1011 0 1001 0 0999
0 0874 0 0717 0 1009 0 1278
0 0797 0 0625 0 1026 0 0991
0 0927 0 1118 0 1016 0 1286
0 1083 0 0971 0 0976 0 0712
0 0815 0 0753 0 0998 0 1054
0 0874 0 0919 0 0972 0 1010
0 1239 0 1378 0 0985 0 0723
0 1457 0 1671 0 0986 0 1059
0 0917 0 0837 0 1029 0 0887

18

5.2. Calculate the Weight of Each Index of Mixed Coal.
A case study of the flammability index is considered,

V11 =
35 95

35 95 + 30 90 + 28 15 + 32 77 + 38 25 + 28 80 + 30 88 + 43 77 + 51 48 + 32 39 = 0 101752399 16
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and the information entropy of flammability index is
given by

e1 = −k〠
m

i=1
vi1 ln vi1,

k = 1
ln m

= 1
ln 10 = 0 4343

19

Based on the data and the above analysis, we can
acquire the following formula:

e1 = −0 4343〠
10

i=1
yi1 ln yi1

= −0 4343 × 0 1018 × ln 0 1018 + 0 0874 × ln 0 0874
+⋯ + 0 0917 × ln 0 0917 = 0 99199

20

In order to calculate the evaluation information
entropy index, we have

e1 = 0 99199,
e2 = 0 98114,
e3 = 0 99993,
e4 = 0 99256

21

The degree of dispersion of j index is pj = 1 − ej .
The pj of each evaluation index can be obtained

p1 = 0 00801,
p2 = 0 01886,
p3 = 0 00007,
p4 = 0 00744

22

And then, we can use Formula (4) of weight as

Qj =
pj

∑m
i=1pj

,

Q1 =
0 00801

0 00801 + 0 01886 + 0 00007 + 0 00744 = 0 232916

23

In order to calculate the weight of other indicators,
the calculation results are as follows:

Q1 = 0 232916,
Q2 = 0 548634,
Q3 = 0 001943,
Q4 = 0 216507

24

5.3. Matrix of Weighted Standard Decision of Each
Scheme.

R =

q1y11 ⋯ qny1n

⋮ ⋱ ⋮

q1ym1 ⋯ qnymn

=

r11 ⋯ r1n

⋮ ⋱ ⋮

rm1 ⋯ rmn

=

0 023700 0 055473 0 000194 0 021634

0 020365 0 039362 0 000196 0 027678

0 018558 0 034288 0 000199 0 021464

0 021601 0 061345 0 000198 0 027847

0 025215 0 053260 0 000190 0 015420

0 018985 0 041294 0 000194 0 022820

0 020355 0 050406 0 000189 0 021860

0 028854 0 075619 0 000191 0 015646

0 033935 0 091669 0 000192 0 022933

0 021348 0 045919 0 000200 0 019205
25

5.4. Index of the Most Ideal and the Worst (Least)
Case. By using the above matrix, it can be obtained
that the most ideal index weighted value set R+ and
the most nonideal index weighted value set R−

R+ = R+
1 = r91, R+

2 = r92, R+
3 = r103, R+

4 = r44 ,
R− = R−

1 = r31, R−
2 = r32, R−

3 = r73, R−
4 = r54

26

5.5. Calculation of the Distance. The distance of each pro-
gram and positive ideal can be obtained by Formula (10):

L+1 = 0 034998,
L+2 = 0 050763,
L+3 = 0 056539,
L+4 = 0 029694,
L+5 = 0 038270,
L+6 = 0 049611,
L+7 = 0 040759,
L+8 = 0 018578,
L+9 = 0 006354,
L+10 = 0 045101

27

In a similar manner, the distance between each pro-
gram and negative ideal can be acquired as
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L−1 = 0 022798,
L−2 = 0 013280,
L−3 = 0 005864,
L−4 = 0 030052,
L−5 = 0 020267,
L−6 = 0 010229,
L−7 = 0 017588,
L−8 = 0 042780,
L−9 = 0 060033,
L−10 = 0 012672

28

5.6. The Determination of Comprehensive Evaluation Index
and Relative Approach Degree. The close degree between
each scheme and the optimal plan are calculated according
to the formula of Si = L−i / L+i + L−i :

S1 = 0 394454,
S2 = 0 207358,
S3 = 0 093975,
S4 = 0 502989,
S5 = 0 346227,
S6 = 0 170941,
S7 = 0 301438,
S8 = 0 697222,
S9 = 0 904285,
S10 = 0 219341

29

The relative closeness of the size of the order is
S9> S8> S4> S1> S5> S7> S10> S2> S6> S3, so that the
10 kinds ofmixed coal blending schemes are sorted by supe-
rior to inferior as program9> program8> program4> pro-
gram1> program5> program7> program10> program2>
program6> program3.

This analysis results indicate that the lignite of Xiaolong-
tan, lignite of Zhaotong, and bituminous coal of Fuyuan can
be mixed based on the ratio 2 : 1 : 2, which is the optimal ratio
of these proportions.

6. Conclusion

The combustion of single coal and mixed coal of Xiaolongtan
lignite, Fuyuan bituminous coal, and Zhaotong lignite are
studied, and the combustion characteristics are compared.
The thermogravimetric experiments were carried out on coal
samples. The flammability index, comprehensive combus-
tion characteristic index, burnout temperature, and eco-
nomic costs are used in TOPSIS method to measure the
advantages and disadvantages of the mixing scheme with dif-
ferent parameters of mixed coals. Calculations are carried out
and validate the proposed mix schemes of 10 groups. The
advantage and disadvantage of 10 groups of mixed coal
blending schemes are obtained. The best matching effect is
program 9 while the worst matching effect is program 3.

When the lignite of Xiaolongtan, lignite of Zhaotong, and
bituminous coal of Fuyuan are mixed with proportion
2 : 1 : 2, the mixed coal would have the best characteristics,
when the lignite of Xiaolongtan, lignite of Zhaotong, and
bituminous coal of Fuyuan are mixed based on the pro-
portion 0 : 2 : 1, the characteristics of mixed coal would be
the worst.
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Permanent magnet linear motors (PMLMs) are gaining increasing interest in ultra-precision and long stroke motion stage, such as
reticle and wafer stage of scanner for semiconductor lithography. However, the performances of PMLM are greatly affected by
inherent force ripple. A number of compensation methods have been studied to solve its influence to the system precision.
However, aiming at some application, the system characteristics limit the design of controller. In this paper, a new
compensation strategy based on the inverse model iterative learning control and robust disturbance observer is proposed to
suppress the influence of force ripple. The proposed compensation method makes fully use of not only achievable high tracking
accuracy of the inverse model iterative learning control but also the higher robustness and better iterative learning speed by
using robust disturbance observer. Simulation and experiments verify effectiveness and superiority of the proposed method.

1. Introduction

The linear motor originated in 1840, when Charles Wheat-
stone invented the first linear motor [1]. Today, with the
rapid development of technology such as material process-
ing and electronic technology, linear motor has entered a
new stage of vigorous development. Nowadays, it has become
an indispensable electric actuator in the industry field. The
PMLM has various advantages, such as high force density,
low heat loss, simple mechanical structure, long stroke,
and high accuracy. Therefore, the linear motor is widely
used in ultra-precision machining equipment. Among them,
the demand of ultra-precision motion platforms in IC
manufacturing industry is gradually increased. Obviously,
the PMLM has become the most widely used actuator in
semiconductor processes.

Different from rotary motors, linear motors do not require
coupling mechanisms such as gearboxes, chains, or screw
couplings. This feature greatly reduces the nonlinearity, flank

clearance, and frictional disturbances, especially under the
support of aerostatic bearing or magnetic bearing [2]. How-
ever, the advantages of using mechanical transmission have
disappeared either, such as its inherent ability to reduce
model uncertainty and external disturbance. The most
important and well-known nonlinear character of PMLM is
the force ripple [3], which is caused by the magnetic struc-
ture and depends on the position and velocity. From the
perspective of control, the force ripple is the key problem
affecting system performance. Hence, it is imminent to
solve this problem.

Nowadays, the force ripple suppression problem has
become the focus. The first one is to reduce the force ripple
from the design view by optimizing the motor structure.
Bianchi et al. compensated the force ripple by method of slid-
ing pole and verified the effectiveness of the method by
means of finite element analysis and experiments [4]. Jung
et al. suppressed the cogging force by optimizing the arrange-
ment of the permanent magnets and obtained the optimal
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length of the segmented permanent magnet model by three-
dimensional equivalent magnetic circuit network method,
which verified its applicability in the PMLM [5]. Chao pro-
posed a double-layer Halbach secondary structure for core-
less linear motor and verified the rationality of this motor
design by means of finite element simulation to optimize
the size parameters of the double-layer Halbach permanent
magnet array [6].

Although these methods are proved to be very effec-
tive, the improvement accuracy is limited. Moreover, in
some high-precision and high-speed applications, the
method of replacing the moving icon core with epoxy
resin material becomes worthless due to its lack of great
thrust. Therefore, it is extremely important to seek appro-
priate control strategy to reduce the influence of the force
ripple on system performance.

There are a lot of studies compensating the force ripple
by control strategy. Kim et al. designed a feedforward con-
troller to compensate force ripple in a coreless linear motor
using a T-type magnet array, and the experiment verified
its effectiveness [7]. Bascetta et al. identified the force ripple
model of brushless AC motors by frequency domain method
and performed direct compensation [8]. Zhu et al. extracted
and compensated the force ripple of the PMLM using the
vector control method [9]. Otten et al. combined feedback
control and neural network feedforward control based on
the simplified second-order model of linear motor, and the
results show that the online learning controller has great
application in tracking control tasks [10]. Tan et al. designed
a compound control structure in linear motor system,
including a simple feedforward part, a PID feedback part,
and an adaptive feedforward compensator. The computer
simulation and real-time experiments verified the effective-
ness of the proposed method in the application of high-
precision trajectory tracking [11]. Xu and Yao designed two
adaptive robust controllers and carried out experiments on
the linear motor with icon core [12]. Chen et al. proposed a
new method based on relay identification method to identify
parameters of force ripple and friction model in the linear
motor [13].

In addition, there are also a number of useful methods
for improving the performance of tracking control system,
which can also be used for suppressing the impact of force
ripple. Tseng et al. proposed a fuzzy control design method
for nonlinear systems with a guaranteed H∞ model refer-
ence tracking performance, and simulation example illus-
trated the design procedures and tracking performance of
the proposed method [14]. Tao et al. designed adaptive
laws for updating the controller parameters when both
the plant parameters and actuator-failure parameters are
unknown, and the simulation results showed that desired
system performance is achieved with the developed adap-
tive actuator failure compensation control designs [15].
Yin et al. developed a fractional-order sliding mode-based
extremum seeking controller for the optimization of nonlin-
ear systems, and simulation and experimental results show
that the method can have a faster convergence speed and a
smaller neighborhood around the optimal operational point
[16, 17]. Although the above methods can also effectively

improve tracking performance, they are too complex to apply
in practice. And the problem in linear motors is certain, that
is, the force ripple. So the most conventional means is to
reduce the effect of the force ripple via analysis of force rip-
ple’s characteristics and compensation strategy design.
Hence, the compensator design is considered in this paper.

Based on the aforementioned references, it was found
that the disturbance observer is a very common method to
compensate force ripple of linear motor. The basic idea of
disturbance observer is to estimate the real-time system dis-
turbance and output equivalent disturbance then conduct
compensation to the control output [18]. Hwang and Seok
designed Jacobian linearized observer for the hybrid stepper
linear motor to ensure that the state estimation converged
to the true value and designed an input-output feedback lin-
earization controller for the speed loop and position loop
[19]. Cho et al. proposed a periodic adaptive disturbance
observer to weaken the periodic disturbance in repeated
motions [20]. However, the traditional observer does not
use the previous system motion information, so that it could
not fully compensate for the spatial periodic force ripple,
which is common in many applications, such as lithography
machine, numerical control machine tool, and other high-
precision manufacturing equipment.

In recent years, iterative learning control (ILC) methods
have been widely used in practical engineering, such as
robotic arms, intelligent transportation systems, and bio-
medicine [21–23]. The iterative learning theory is applicable
to the controlled system with repetitive motion characteris-
tics. It memorizes and learns the factors that cause errors,
such as the uncertainties contained in the system. It uses
the deviation of the output trajectory and the input trajectory
to continuously correct the unsatisfactory control instruction
and improve the tracking performance [24]. A large part of
the PMLM force ripple is related to the position, which is
spatially periodic. Therefore, ILC is widely used in the com-
pensation of linear motor force ripple. Zhang combined
PID feedback control with iterative learning intelligent feed-
forward algorithm, which is applied to the PMLM to verify
the effectiveness of the method [24]. Mishra and Tomizuka
designed and analyzed the iterative learning controller based
on partial information for previous cycles to solve the repet-
itive error caused by phase-mismatch and force ripple [25].

Aiming at the practical problems of linear motor systems,
the paper presents a compensation structure combining
disturbance observer and ILC. It is expected that we can
use the previous motion information to improve the system
accuracy; at the same time, the disturbance observer is
adopted to speed up the iterative speed and deal with the
nonperiodic disturbances. However, it is difficult to achieve
high compensation accuracy for the design of conventional
disturbance observer is easy to be constrained by the con-
trolled object. Therefore, in this paper, a novel observer
with notch filter is used to suppress the resonant peak of
disturbance output gain caused by conventional distur-
bance observer. Consequently, the control performance is
improved comprehensively.

This paper is organized as follows. In Section 2, the prob-
lem description is presented. The method of IMILC-Robust
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DOB is illustrated in Section 3. And the effectiveness of the
proposed method is verified by experiments in Section 4.
Finally, Section 5 provides concluding remark of the paper.

2. Problem Description

The development of linear motor can be traced back to 1840,
and it has become an indispensable electric drive device in
today’s industrial field. The linear motor has the advantages
of high force density, low heat loss, simple mechanical struc-
ture, large stroke, high precision, and so on. Different from
rotary motors, linear motors do not require indirect coupling
mechanisms such as gearboxes, chains, or spiral couplings.
This feature greatly reduces the influence of nonlinearity,
side clearance, and friction disturbance in linear motor sys-
tem, especially after the air flotation support scheme is
adopted. However, the advantages of using mechanical actu-
ators also disappear, for example, their inherent ability to
reduce model uncertainty and to resist disturbance. Among
disturbances, the force ripple is one of the most adverse fac-
tors affecting the accuracy of the servo system, which is com-
posed by ripple disturbance, cogging effect, and end effect
[26, 27]. It would facilitate the compensator design by finding
out the mechanism of this disturbance.

Firstly, the generation principle of ripple disturbance is
studied. In the working process of linear motor, if the
three-phase currents passed into the primary winding are
exactly the same and symmetrical sinusoidal, namely three-
phase current amplitudes are equal and the phase difference
is 120°, the motor can generate an ideal thrust. In fact, the
output current obtained through the inverter contains some
high harmonics. Besides, due to the errors in machining
and assembly, there is a deviation between actual primary
winding spatial distribution and the designed values, which
will lead to asymmetrical three-phase currents. Therefore,
there is always a certain current harmonics during the oper-
ation of the motor, which is the root cause of the force ripple,
and this kind of disturbance is called ripple disturbance [28].

It is assumed that the linear motor is three sets, two poles
and the whole distance, regardless of the cogging effect or end
effect, and the secondary is infinitely long. Refer to [29], the
thrust of permanent magnet linear motor is

F = emaia + embib + emcic
V

= 3π
2pw F0 + F6 cos 6w + F12 cos 12w

+ F18 cos 18w +… ,

1

where w is angular frequency of the current (rad/s), ia, ib,
and ic are the three-phase currents passed into the primary
winding (A), p is the pole pitch of the motor (m), F0 is
the motor average thrust, and F6n n ≥ 1 is the ripple
amplitude of motor thrust.

From the above expression, it can be seen that there
is always a certain current harmonics during the operation
of the motor, which can be also called ripple disturbance. It

depends on both the input current and relative position
between the stator and the motor.

Secondly, the cogging force is analyzed briefly. Figure 1
shows the generation mechanism of cogging force.

(1) When the mover tooth is completely above the stator
magnet, as Figure 1(a) shows, the magnetic flux
entering into the mover teeth can neutralize each
other in the motion direction, and the mover is not
disturbed by other forces

(2) When the mover tooth moves above the gap of the
magnetic steel, as shown in Figure 1(b), the compo-
nents of the magnetic flux entering into the mover
teeth in the moving direction cannot offset each
other. The disturbance force generated by the mag-
netic field is called the cogging force

Due to the existence of iron core, the linear motor cog-
ging effect exists at any position at any time, and it depends
on the position rather than current.

Refer to [30], the cogging torque can be expressed as

Te =
p2LkτcB

2
r

2πμ0 1/Lm + 1/Lg
〠

k=a,b,c
Esk x ,

Esk x =
d 1−K0 τc

− 1−K0 τc
Ak x dx

dx
,

2

where p is the motor pole pairs, Lk is the length of iron
core (m), τc is the average width of air gap in magnetic
steel area (m), Br is magnetic induction in radial direction
(T), μ0 is the magnetic permeability, Lm is the thickness of
the magnetic steel (m), Lg is the air gap length (m), and K0
is the notch factor.

From the above formula, it can be seen that the cogging
force is only position dependable, which means that it will
still exist without current. In addition, the expression of
cogging torque is too complicated to use for compensating
force ripple.

Similar to the mechanism of cogging force, the end effect
also resulted frommagnetic force caused by uneven magnetic
flux, which is shown in Figure 2.

The linear motor core cannot be continuous or infinitely
long, and it must have two side ends. Similarly, the magnetic
field that enters the edge of moving iron core is deformed and
it will generate a magnetic field force, making the core edge
unbalanced, which is called the end effect.

N

(a)

N

(b)

Figure 1: A schematic of the cogging force generation in linear
motor.
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According to the above principle, it can be found that
the end effect is position dependable. Generally, it believed
that the moving iron core is long enough so that the force
on both ends of the core is not affected by each other,
which means that the coupling forces at both ends are
not considered [31]. Therefore, it can be considered that
the end forces are the sum of F+ and F−. Figure 3 shows
the one-sided end force.

The relationship between F+ and F− is

F− z=z′ = −F+ z=−z′, 3

where z′ is any position of permanent magnet.
Because the length of motor iron core is an integral of the

pole pitch, the relationship of F+ and F−s is

F− z=z′ = −F+ z=− z′+Δ ,

Δ = L + iτ,
4

where τ is the pole pitch (m) and L is the length of iron
core (m).

Expanding by Fourier series, the end force F+ and F− can
be expressed as

F+ = F0 + 〠
∞

n=1
Fsn sin

2nπ
τ

z + 〠
∞

n=1
Fcn cos

2nπ
τ

z,

F− = −F0 + 〠
∞

n=1
Fsn sin

2nπ
τ

z + Δ + 〠
∞

n=1
Fcn cos

2nπ
τ

z + Δ

5

It can be inferred from the above equation that the theo-
retical expression of end force is a periodic function that is
only related to the relative position between motor primary
and secondary, and the end effect exists at any moment of
the system.

However, since the expression of end force is too complex
and it cannot be directly applied to the control system, it is
necessary to design other schemes to improve the control
accuracy for the linear motor end effect problem.

From the above analysis, it is not hard to find that both
the motor input current and the relative position between
the stator and the motor can result in force ripple in the

linear motor system, whereas these factors are inherent in
the linear motor system when the motor structure cannot
be changed. And the expressions of ripple disturbance, cog-
ging force, and end force are too complicated and they
cannot be directly applied to the real-time control system.
It leads to that it is necessary to design other control strat-
egies to eliminate its impact on the system performance.
Even so, the above deriving results are meaningful because
they provide reference value for designing compensation
strategy hereinafter.

3. Method of IMILC-RDOB

Based on previous analysis, the paper proposes a control
strategy combining the inverse model iterative learning con-
trol (IMILC) and robust disturbance observer (RDOB) to
compensate for the influence of linear motor force ripple.
The structure diagram is shown in Figure 4.

Where P is the transfer function of control object, C is the
transfer function of feedback controller, CL is the transfer
function of iteration learning controller, Q̂ ⋅Qλ ⋅ P−1

n is the
transfer function of robust disturbance observer, Q̂ is the
transfer function of robust disturbance observer filter, r、y
are the system input and output, respectively, and d is the
system disturbance.

The robust disturbance observer can effectively alleviate
the contradiction between the disturbance suppression abil-
ity and antinoise ability that exists in conventional distur-
bance observer. Its input signal is the real-time actual
position, and it can compensate for nonperiodic and random
disturbances that appear in the system. But in the system
with a certain time delay, the compensation accuracy for
large and low frequency disturbances is limited because it
does not use the previous motion information. According
to the discussion in Section 1, the iterative learning compen-
sation strategy has a strong ability to compensate for periodic
force ripple. As a result, the compensation structure pro-
posed in the paper can not only handle the aperiodic and ran-
dom disturbances flexibly but also accurately compensate
large and low frequency disturbances. In the following, each
part of the compensation method is described in detail.
And at the end of this section, the compensation method pro-
posed in the paper is simulated and analyzed to verify the
validity and superiority.

3.1. Design of Inverse Model Iterative Learning Controller.
In order to achieve the faster convergence speed with sim-
pler control structure, the inverse model iterative learning
controller (IMILC) is selected. Refer to patent [32], if the ILC
law is the model inverse of feedback control closed-loop sys-
tem, it can achieve one step convergence theoretically,
namely that CL = L and L is

L = CP
1 + CP

−1
6

In fact, it is not physically possible to invert the feedback
control closed-loop system model. And the system noise may

N S

Figure 2: A schematic of the end effect generation in linear motor.
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result in instability. Therefore, it is improved to make the
iterative learning law be expressed as

CL =QL ⋅QL ⋅ L 7

The role ofQL is make the inverse model of feedback con-
trol system achievable. According to the control object and
feedback controller in the paper, a second-order filter is
selected and its expression is

QL s = 1
T2
Ls

2 + 2TLξLs + 1
, 8

while QL is a low-pass filter and its role is mainly to
weaken the unmodeled dynamics of the controlled object
and maintain the stability in the whole frequency band.

As a result, a first-order low-pass filter is chosen and its
transfer function is

QL s = 1
λLs + 1 9

Since the nonrepetitive interference and measurement
noise, a smaller learning gain K ILC is introduced to bal-
ance these adverse effects. Reducing the learning rate can
also lead to decrease in learning efficiency. Therefore, it
is necessary to increase iterative times to achieve ideal
tracking precision. The final inverse model iterative learn-
ing law is shown in Figure 5. And its expression is

CL = KILCQL ⋅QL ⋅ L 10

3.2. Design of Robust Disturbance Observer. The conven-
tional disturbance observer is modified in this section to

0 0

F+

F+ F−

F−
z′′

z′

z′

z′

Figure 3: A schematic of end force F+ and F− per edge.
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−

+
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Figure 4: The structure of IMILC-RDOB.
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Figure 5: The structure of inverse model iterative learning law.
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improve system performance while avoiding stimulating
system uncertainty. The structure of conventional distur-
bance observer (DOB) is simple, which only requires a
low-pass filter and an inverse model of the nominal model
[33]. Its structure is shown in Figure 6. The introduction
of filter Q is to handle the problem that conventional dis-
turbance observer need the model inverse; meanwhile, it
can filter out some measurement noise.

Pn is the system nominal model and Pn = Km ⋅ P. So
according to the system diagram, we have

uv = d + u″ ⋅ Km = 1 −Q d + Km ⋅ u′ 11

Considering that the filter must be matched with the
order of system inverse model and the order should be as

low as possible, the second-order low-pass filter is selected.
Its transfer function is

Q s = 1
Tq

2s2 + 2Tqξqs + 1
12

The filter break frequency is set as 60Hz. Analyzing the
frequency characteristics of 1 −Q , its transfer function is

1 −Q s =
2Tqξqs Tq/2ξq s + 1
Tq

2s2 + 2Tqξqs + 1
13

Figure 7 shows the Bode diagram of 1 −Q when
ξq varies.

Disturbance 
observer

Filter

Km Plant P
y

d

r (S Curve) Position 
controller C 
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u

−

−

−

+
+

+

+
+

u′ u″ uv

Figure 6: The structure of control system with conventional disturbance observer.
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Theoretically, the smaller the value of ξq is, the stronger
the suppression ability is and the higher the system track-
ing precision will be. Whereas, there is peak more than
0dB in the frequency characteristics of 1 −Q when the
value of ξq is too small, which will amplify the mechanical
resonance or plant uncertainty at the peak corresponding
frequency band. As a result, it is necessary to select appro-
priate filter parameters.

Considering the above requirements, a notch filter is
introduced to improve the 1 −Q in conventional distur-
bance observer, which can not only retain its strong distur-
bance suppression ability when ξq is small but also enhance
the system stability.

The transfer function of improved filter is Q̂, and there is

1 − Q̂ = 1 −Q GNF 14

The transfer function of notch filter GNF is

GNF s = T2
NF1s

2 + 2TNF1ξNF1s + 1
T2
NF2s

2 + 2TNF2ξNF2s + 1
15

First, the parameters of notch filter are designed, so that it
can make 1 − Q̂ keep better disturbance attenuation perfor-
mance when its frequency characteristics is under 0 dB.
Meanwhile, make sure that there is no peak above 0 dB.
Based on the above consideration, it is selected that TNF1 =
TNF2 = Tq, ξNF1 = ξq and makes the value of ξNF2 be much

larger than ξq, which can balance out the peak above 0 dB.
So the parameters are set as TNF1 = TNF2 = Tq = 1/2π × 60,
ξNF1 = ξq, and ξNF2 = 5 briefly. The Bode diagram of 1 − Q̂
is shown in Figure 8.

From Figure 8, it can be found that there is harmonic
peak of 14 dB in the vicinity of 60Hz. It will depress the peak
in the mid-high frequency band and retains the ability of dis-
turbance attenuation for the low frequency band, which can
make sure not to motivate the plant uncertainty.

Therefore, the parameters are set as TNF1 = TNF2 = Tq

and ξNF1 = ξq in the following applications. Then, the modi-
fied filter’s transfer function is

Q̂ s = 1 − 1 −Q s ⋅GNF s =
2Tq ξNF2 − ξq s + 1
T2
q + 2TqξNF2s + 1

16

The structure diagram of improved disturbance observer,
namely the robust disturbance observer, is shown in Figure 9.

Among them, the filterQλ is to make the inverse model of
system nominal model realizable. Usually, the inverse model
is P−1

n =ms2 and then the part of Q̂ ⋅ P−1
n cannot be physically

realized. So the filter Qλ is introduced to solve this problem.
About the problem of type selection for the filter Qλ, there
are three main considerations.

(1) The main function of the filter Qλ is to make up for
the order of robust disturbance observer, which make
sure the robust disturbance observer be physically
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realized. In consequence, the order of filter should be
as lower as possible

(2) Because the disturbance observer input is actual posi-
tion, noise is bound to be introduced into the system.
The filterQλ should have the ability to suppress high-
frequency noise

(3) Due to the large amount of uncertainty in the high
frequency band, the filter Qλ should avoid that the
plant uncertainty is motivated in the observer loop

Based on the above considerations, a first-order low-pass
filter is selected as the filter Qλ and its expression is

Qλ s = 1
λs + 1 17

3.3. Convergence Analysis. Convergence analysis is the core
problem of the iterative learning control, and this section will
provide convergence analysis of the above control structure.
According to Figure 4, it can be found that the system output
can be expressed as

y = KmCP
Q̂Qλ − Q̂ + 1 + KmCP

r + e + P Q̂ − 1
Q̂Qλ − Q̂ + 1 + KmCP

d,

18

where e is the output of iterative learning controller.
Therefore, the system error after (k + 1)th iterations is

ek+1 = r − yk+1 = r −
KmCP

Q̂Qλ − Q̂ + 1 + KmCP
r + ek+1

+ P Q̂ − 1
Q̂Qλ − Q̂ + 1 + KmCP

d

= 1 − KmCP
A

r −
B
A
d −

KmCP
A

ek+1,

A = Q̂Qλ − Q̂ + 1 + KmCP,
B = P Q̂ − 1

19

According to Figure 5, we have

ek+1 = ek + ek ⋅ CL,
e1 = 0

20

Therefore, ek+1 can also be expressed as

ek+1 =G 1 − KmCP
A

r −G
B
A
d − G

KmCP
A

ek,

G = 1 − KmCPCL

A

21

Therefore, it can be speculated that ek+1 is

ek+1 =Gk 1 − KmCP
A

r −Gk B
A
d −Gk KmCP

A
e1

=Gk 1 − KmCP
A

r −Gk B
A
d

22

The above result is only a corollary, so mathematical
induction is used to prove that the expression (22) is right.

When k = 0, the system error is

e1 = r − y1 = r −
KmCP
A

r + e1 + B
A
d

= 1 − KmCP
A

r −
B
A
d

23

So when k = 0, the expression (22) is right.
Next, k is set as (m − 1), and according to (22) em is

em =Gm−1 1 − KmCP
A

r −Gm−1 B
A
d 24

While according to the characteristics of system, em+1 can
be calculated.

−

−

−

+

+

+

+
+

Position
controller C

r (S Curve)

Filter Q̂
d

y
Km Plant P

Disturbance
observer

Figure 9: The structure of control system with robust disturbance observer.
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em+1 − em = r − ym+1 − r − ym = ym − ym+1

= KmCP
A

r + em + B
A
d

−
KmCP
A

r + em+1 + B
A
d

= KmCP
A

em − em+1

= KmCP
A

em − em + em ⋅ CL

= KmCPCL

A
em

25

Then, em+1 can be expressed as

em+1 = 1 − KmCPCL

A
em =G ⋅ em 26

Substituting (24) into (26), it follows that

em+1 = G ⋅ Gm−1 1 − KmCP
A

r −Gm−1 B
A
d

= Gm 1 − KmCP
A

r −Gm B
A
d

27

When k =m, (22) is equal to (27). By mathematical
induction, the expression (22) is right. And the convergence
condition is expressed as

1 − KmCPCL

A
< 1 28

According to parameter setting in simulation and exper-
iments, the Bode diagram of convergence condition can be
get as shown in Figure 10.

From Figure 10, it can be seen that in the 0~160Hz fre-
quency band, the convergence of proposed method can be
guaranteed. When in more than 160Hz frequency band,
the left side of (28) will be a little bigger than 1, which have
little effect on system convergence. And the force ripple
mainly exists in the 0~120Hz frequency band in the actual
system. Therefore, the convergence of proposed algorithm
in the frequency band that we cared about can be guaranteed.
In summary, the proposed method can satisfy the conver-
gence condition.

3.4. Simulation of IMILC-RDOB. According to Figure 9, the
simulation model is built up. The controlled object uses the
linear motor nominal model, namely P s = 1/ms2. So the
position controller is designed as PI-lead correction. The
parameters of position controller are set as frequency width
h = 100, cutting frequency ωc = 60Hz, and PI-type control-
ler’s break frequency ωI = 20Hz. The parameters of inverse
model iterative learning controller are TL = 1/2π × 1000,
ξL = 0 7, λL = 1/2π × 60, and K ILC = 0 7. The parameters of
robust disturbance observer are Tq = TNF1 = TNF2 = 1/2π ×
60, ξq = ξNF1 = 0 1, ξNF2 = 5, and λ = 1/2π × 200.

The system input is a third-order S curve, and its
parameters are set as follows: the jerk is 500m/s3, the accel-
eration is 8m/s2, the velocity is 0.3m/s, and the displace-
ment is 0.2m. System disturbance is replaced by the sum of
a set of sine functions at different frequency, which ampli-
tude is 16 and frequency includes 40Hz, 60Hz, 80Hz, and
164Hz, respectively.

In addition, since there are lots of uncertainties beyond
100Hz, the components that simulate the uncertainty must
be added in the simulation in order to simulate the actual sit-
uation as much as possible. In consequence, a first-order res-
onance is introduced to simulate the real plant uncertainty
and its transfer function is

Gres s = T2
res1s

2 + 2Tres1ξres1s + 1
T2
res2s

2 + 2Tres2ξres2s + 1
, 29

where damping ratio is ξres1 = ξres1 = 0 01, and the break
frequency are T res1 = 1/2π × 120 and Tres2 = 1/2π × 160,
respectively.

The simulation results of the proposed compensation
method are shown in Figure 11. And the comparison results
of the proposed compensation method with only ILC and
only disturbance observer are shown in Figure 12. Table 1
shows the maximum tracking error in the uniform velocity
section under three compensation methods.

Considering the situation that system tracks the reference
signal in the uniform velocity section emphatically, the fol-
lowing conclusions can be drawn.

(1) From Figure 11, it can be seen that the simulation
results verify the effectiveness of the IMILC-RDOB
compensation method

(2) From Figure 12, the conclusion can be drawn that
among the three compensation methods, the
IMILC-RDOB has the strongest disturbance com-
pensation capability and the simulation results vali-
date its superiority

(3) After the same 7 iterations, the tracking precision
obtained by IMILC-RDOB is much higher than that
of the single application of IMILC, which indirectly
verified that the proposed method has faster itera-
tive speed

The above conclusions all indicate that the proposed
compensation method has better disturbance suppression
ability and has stronger robustness. And specific experimen-
tal verification will be carried out in the actual platform.

4. Experiment

4.1. Introduction of Experimental Platform

4.1.1. Overview of Experimental Platform. In this paper, the
long-stroke stage in the double wafer stage system of lithog-
raphy machine is used as the platform to verify performance
of the proposed compensation structure, which is shown in
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Figure 13. The linear motor in the red dotted line box is the
motor used in the experiment.

The positive direction of X and Y in space is marked,
where the zero point of X-direction is at the center of the
guide rail. The linear encoder LIF471, with the measurement
resolution of 50nm, is used as the position sensor to provide
feedback signals to the closed-loop system. The control out-
put is computed by a motion control card according to the

feedback from linear encoder, then it is transmitted to the
motor driver through the optical fiber. In this experiment,
the sampling period is 200μs. The control cycle flow chart
is shown in Figure 14.

In the actual operating conditions, the motion of X-
direction motor is to track the step trajectory formed by
multiple S curves, whose parameters are set as same as the
above simulation.
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Figure 10: The Bode diagram of convergence condition expression.
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Besides, to analyze the tracking performance, two
indexes commonly used in the lithography machine should
be defined, which are MA and MSD, respectively [34]. Their
expressions are

MA t = 1
Te

t+Te/2

t−Te/2
e τ dτ, 30

MSD t = 1
Te

t+Te/2

t−Te/2
e τ −MA τ 2dτ, 31

where Te is the exposure time length (s) with expression
Te = s/v, s is the slit width (m), and v is the scanning speed
(m/s). In this experiment, the slit width is s = 10mm and
the scanning speed is v = 0 3m/s. From (30) and (31), it can
be seen that MA represents the uniformity of the motion
error, and MSD characterizes the accuracy rating of the
motion error.

The nominal values of X-direction linear motor parame-
ters are shown in Table 2.

4.1.2. Experimental Parameter Setting. For position loop con-
troller, the plant model contains not only the linear motor
but also the driver. To obtain a model with enough accuracy,
the frequency sweep experiment is designed and the result is
shown in Figure 15.

It should be noted that the signal noise ratio of high
frequency band is relatively low; the obtained actual plant
frequency characteristics have been covered by noise. As a
result, only the data in low and middle frequency band of
the frequency sweep experiment are available, shown as
second-order inertial component. This result could be ana-
lyzed as follows: First, the low signal noise ratio at low fre-
quency band cannot fully reflect the characteristics of
system. Next, because the control output in low frequency
band is small, the motor control is affected greatly by the
force ripple, as well as cable tension and air-film friction.
Due to the greatly changed position, the system character-
istics in low frequency band are mainly expressed by the
force ripple.

Synthesizing the above analysis, the data of middle fre-
quency band are selected to build up the plant model. Fitting
with double integral link model, its transfer function is

Grigid s = 1
ms2

, 32

wherem is the entire mass of motor mover. Since the driving
magnification is also taken into account in the experiment, in
fact, its value is m = 20 × movermass , the more smooth
and accurate frequency points are selected to calculate its
value and we have m = 529 5177.

Using classical automatic control theory, a reasonable
PI-lead correction controller is designed for the above motor
model, and its transfer function is

C s = 1 9962 × 105s2 + 3 2611 × 107s + 9 4570 × 109
2 6526 × 10‐4s2 + s

33

Table 1: Maximum tracking error in the uniform velocity section
under three compensation methods.

Method IMILC-RDOB IMILC DOB

Max error (μm) 0.9520 3.5866 115.0290

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Time (s)

−150

−100

−50

0

50

100

150

IMILC-RDOB k=7
IMILC k=7
DOB

0.2 0.21 0.22 0.23 0.24 0.25 0.26 0.27 0.28 0.29
-0.1

-0.05

0

0.05

0.1

Er
ro

r (
𝜇

m
)

Figure 12: Comparison of the three compensation methods.
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Theoretically, the closed-loop bandwidth of control sys-
tem can reach 91.3Hz, and the actual closed-loop bandwidth
obtained by frequency sweep experiment is approximately
81.37Hz. The reason why the actual closed-loop bandwidth

is slightly lower than the theoretical value mainly resulted
from the large number of mechanical resonance and uncer-
tainties, which lie nearby 100Hz. In consequence, the PI-
lead correction controller with the above parameters will be
adopted in the future work.

The theoretical formula of force ripple is usually too com-
plicated to derive available model. As a result, in order to rea-
sonably select the break frequency of robust disturbance
observer’s filter, the force ripple data must be obtained
through experiments. And then, the frequency analysis
should be performed. On the basis of the above requirements
and the existing experimental facilities, the data acquisition
experiment is designed.

Since the cogging force is only related to motor position,
the uniform velocity method for force measurement is
designed, shown in Figure 16. The principle of the method
is to obtain the controller output at each sampling point
under uniform velocity, which is the opposite number of
the cogging force at the corresponding position. Because

Wafer stage

Y Motor

X Motor

X

Y

Figure 13: The overview of the experimental platform.

Linear encoder Voltage signal
Data acquisition

card VME Bus

Optical fiber cable

Current signal Power amplifier
card

Motion control card

FPGA Module

DSP Module

Linear 
motor

Figure 14: The control cycle flow chart.

Table 2: The parameters of X-direction linear motor.

Parameters (25°C) Symbols Units Values

Phase resistance Rh Ω 2.41

Phase inductance Lh mH 18

Thrust coefficient Kht N/A 93

Phase back-EMF coefficient Khe V/m/s 76

Peak current Ih max A 15

Peak thrust Fh max N 1200

Pole pitch τ mm 24
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the motor is air-floating, there is no external disturbance the-
oretically. So the controller output under the uniform veloc-
ity is the opposite of the cogging force.

The cogging force with the position −0.1m to +0.1m is
shown in Figure 17. The statistical values of the cogging force
data are shown in Table 3. The velocity of motor is 0.025m/s
in the data acquisition experiment.

FFT analysis is performed on the cogging force data and
the frequency characteristics diagram is shown in Figure 18.

The fundamental frequency of the force ripple is approx-
imately f = v/τ = 0 025m/s/0 012m = 2 0833Hz, where τ is
the motor pole pitch. According to the cogging force fre-
quency characteristics, it can be seen that it includes funda-
mental frequency and harmonics with order of 2, 3, and 6.
Among them, the peak of fundamental frequency is larger,
so the filter break frequency should be at least twice of this
frequency. For the S curve which uniform velocity is 0.3m/
s, the fundamental frequency in the force ripple is about
25Hz. Combining with the situation that the closed-loop
bandwidth under the designed PI-lead correction controller
is 81.37Hz, the break frequency of the low-pass filter in the
robust disturbance observer is selected as Tq = 1/2π × 60.
Thus, the frequency components of the force ripple within
the bandwidth can be filtered out.

4.2. Experiments. In this section, the experiments of the above
compensation method will be performed. The parameters of
the robust disturbance observer are Tq = TNF1 = TNF2 = 1/2
π × 60, ξq = ξNF1 = 0 01, ξNF2 = 5, and λ = 1/2π × 200, respec-
tively. The parameters of the inverse model iterative learning
feedforward controller are TL = 1/2π × 1000, ξL = 0 7, λL =
1/2π × 60, and K ILC = 0 7. And other conditions are the
same as the simulation’s conditions. The tracking errors are
shown in Figure 19 and the kth maximum tracking errors
in the uniform velocity section are shown in Table 4.

It can be seen from the diagram that the system tracking
performance is improved greatly after the introduction of
iterative learning feedforward, and the effectiveness of the
method has been verified. In the same case, the comparison
among IMILC-RDOB, IMILC, and DOB is conducted.
Tracking error comparison diagram of the three compensa-
tion methods is shown in Figure 20. FFT analysis of tracking
error of the three compensation methods is shown in
Figure 21. MA and MSD comparison diagrams of the three
compensation methods are shown in Figure 22. The iterative
speed comparison diagram between IMILC-RDOB and
IMILC is shown in Figure 23. Various indexes of uniform
velocity section of the three compensation methods are
shown in Table 5. It is worth noting that, according to the
reason mentioned in the previous chapter, when the damp-
ing ratio of conventional disturbance observer is selected to
be smaller, the characteristics will arouse the resonance

oscillation in the system. Therefore, in the experiments, the
damping ratio of conventional disturbance observer is
selected as ξqDOB = 0 5.

The above results are analyzed and the conclusions can
be drawn.

(1) Firstly, according to Figure 20 and experimental
data from Table 5, the maximum tracking error of
uniform velocity section is analyzed. The IMILC-
RDOB compensation method can improve the sys-
tem tracking precision and reduce the times of
iterations. After 10 iterations, the tracking precision
using the IMILC-RDOB method can reach 0.30μm,
which is only 6 times of the sensor resolution. Com-
pared with only using iterative learning compensa-
tion, it increases by 33.33%. And it increases by
95.56% compared with disturbance observer

(2) Secondly, the maximumMA of uniform velocity sec-
tion is analyzed. According to experimental data
from Table 5, after 10 iterations, the index of MA
using IMILC-RDOB can reach 0.0265μm, which
increases by 89.32% compared with iterative learning
compensation and by 99.19% compared with distur-
bance observer

(3) Thirdly, the maximum MSD of uniform velocity
section is analyzed. It can be seen from Figure 23
and Table 5 that, after 10 iterations, the index of
MSD using IMILC-RDOB can reach 0.1497μm,
which increases by 39.95% compared with iterative
learning compensation and by 95.28% compared
with disturbance observer

(4) Next, the settling time is considered. After 10 itera-
tions, the settling time using the IMILC-RDOB
method is 10.4ms, which increases 82.31% compared
with iterative learning compensation. Although the
conventional disturbance observer seems to have a
shorter settling time, it has no real value because of
its large tracking error

(5) Finally, Figure 23 and experimental data show that the
IMILC-RDOB compensation method has higher con-
vergence speed and convergence accuracy than the
inversemodel iterative learning compensationmethod.
The proposed method can effectively compensate the
force ripple in a certain frequency band and ensure that
the system resonance not be motivated

The experimental results can fully verify the effective-
ness of the IMILC-RDOB compensation method. At the
same time, the comparison with DOB and IMILC proved
that the proposed method has extreme superiority in terms
of convergence speed, tracking precision, settling time, MA,
and MSD.

5. Conclusion

Since the force ripple of linear motor presents periodicity
in space and there are also nonperiodic disturbance in time,

Table 3: The statistics of cogging force data.

Data Minimum Maximum Average Variance

Input (m) −0.1000 0.1000 0 0.0033

Output (N) −7.6685 16.1804 3.9452 27.8808
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it is impossible to obtain high control precision and stability
by ILC only. The conventional disturbance observer is lim-
ited by the system structure in practical application so that
it cannot compensate the influence of force ripple either. In
view of their characteristics, the conventional disturbance
observer was modified and combined with the inverse model
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Figure 19: The tracking error curve using IMILC-RDOB.

Table 4: The maximum tracking error using IMILC-RDOB.

k 1 2 3 4 5

Error (μm) 1.40 1.10 0.75 0.65 0.50

k 6 7 8 9 10

Error (μm) 0.50 0.40 0.35 0.40 0.30
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iterative learning feedforward method. Based on that, the
paper proposed a novel control strategy for force ripple sup-
pression. The effectiveness of the proposed method is vali-
dated by simulation and experiments, respectively. The
results show that the proposed method can shorten the iter-
ation period and settling time while improving the system
tracking precision, reflecting the practical value of the pro-
posed method. However, there are also some shortcomings
in the paper. It is known from the experimental parameter

setting that the robust disturbance observer cannot handle
third and above harmonic components of force ripple.
Because of lack of inhibiting ability for middle- and high-
frequency force ripple components, the proposed robust dis-
turbance observer cannot compensate force ripple
completely. Therefore, for solving the above problem, there
are still lots of work to be done in the future. (The modeling
data used to support the findings of this study are available
from the corresponding author upon request.)
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Figure 20: Tracking error comparison of the three compensation methods.
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A state-derivative feedback (SDF) is added into the designed control protocol in the existing paper to enhance the robustness of a
fractional-order multiagent system (FMS) against nonuniform time delays in this paper. By applying the graph theory and the
frequency-domain analysis theory, consensus conditions are derived to make the delayed FMS based on state-derivative
feedback reach consensus. Compared with the consensus control protocol designed in the existing paper, the proposed SDF
control protocol with nonuniform time delays can make the FMS with SDF and nonuniform time delays tolerate longer time
delays, which means that the convergence speed of states of the delayed FMS with SDF is accelerated indirectly. Finally, the
corresponding results of simulation are given to verify the feasibility of our theoretical results.

1. Introduction

It is well known that the distributed coordination control
of multiagent systems has received extensive research
attention in various fields including robotics and physics.
In the distributed coordination control, it is a critical
problem for us to design control laws with the informa-
tion of states of the agents and their neighbors to insure
that multiple agents can agree on certain quantities of
interest and this problem is often referred to as the consensus
problem [1]. With the development of technologies such as
computers, networks, and communications, consensus of
multiagent systems has gradually shown enormous potential
applications in the field of swarming [2], flocking [3], forma-
tion control [4], unmanned air vehicles [5], and distributed
sensor networks [6].

With the development of traditional integer-order
derivatives and integrals, the concept of fractional calculus
has long been proposed. The earliest concept of fractional
calculus could be probably traced back to the 17th century
[7]. Generally, different from the integer-order derivatives
and integrals, the essential characteristic or behavior of an

object could be better revealed by the orders of fractional
calculus [8]. With the development of fractional-order deriv-
atives and integrals, its applications have been considered by
many scholars. The authors in [9] studied the fractional-
order derivatives and integrals to establish the stress-strain
relationships of viscoelastic materials. The authors in [10]
simulated the fractional-order dynamical characteristics of
self-similar protein. In [11, 12], the proportional-integral dif-
ferential (PID) controllers whose dynamics were fractional-
order dynamics were proposed and the performance of the
fractional-order PID controllers was superior to that of the
classical integer-order ones. Moreover, it has been stated in
[13] that fractional derivatives were excellent tools for
representing the memories and hereditary effects of all
manner of materials and processes.

Although fractional-order derivatives and integrals have
been studied for a long time, their applications in multiagent
systems have just attracted the attention of researchers in
recent years. As far as we know, the consensus problem of
FMSs was first investigated in [8]. Since then, many research
results have been continuously springing up about consensus
problems of FMSs [13–17]. The consensus problem of FMSs

Hindawi
Complexity
Volume 2018, Article ID 8789632, 12 pages
https://doi.org/10.1155/2018/8789632

http://orcid.org/0000-0002-3163-3420
http://orcid.org/0000-0002-0812-7095
http://orcid.org/0000-0002-3680-6458
http://orcid.org/0000-0003-1552-3480
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/8789632


with a reference state was studied in [13, 14]. The consensus
of FMSs about event-triggered control was investigated in
[15]. In particular, the authors in [16] studied consensus
control protocols for heterogeneous FMSs, which were
composed of two different kinds of agents. In [17], the
tracking of consensus for the FMSs based on the control
method of sliding mode was investigated. Because time
delays are ubiquitous in a FMS, some research results
begin to take the impact of delays into account. The
authors in [18] derived a consensus condition to guaran-
tee the consensus of FMSs whose input delays were
identical. In [19, 20], the authors successively studied
the FMS with communication delays, whose homogeneous
dynamics and heterogeneous dynamics were used to illus-
trate the agents of a system. In [21], the two types of
maximum tolerable delay were obtained to insure reaching
consensus for a FMS, whose nonuniform time delays
contained up to n n − 1 different values when the FMS
consisted of n agents. In [22, 23], a distributed consensus
protocol based on the delayed state-derivative feedback
(SDF) was designed to improve the robustness against
communication delays, which were identical. Hitherto, there
are few research works done on the improvement for
consensus performance of the FMSs with nonuniform time
delays and the consensus of FMSs with SDF and nonuniform
time delays.

Hence, we shall study the impact of time delays on the
consensus of FMSs based on SDF and how to enhance
robustness of the delayed FMSs to nonuniform time delays.
First of all, a control protocol based on delayed SDF is
designed and the closed-loop dynamics are built by applying
graph theory and matrix theory tools. Then, by employing
the Laplace transform of the Caputo derivative, the transfer
function matrix of the delayed FMS based on SDF is derived
and the consensus problems of the delayed FMS based on
SDF are transformed into the distribution problems of the
eigenvalues of the transfer function matrix in the complex
plane, that is, the stability problems of the delayed FMS based
on SDF. Finally, the two types of maximum tolerable delay
are obtained to guarantee consensus for the delayed FMS
based on SDF.

The main contributions of this article are as follows. First,
we consider the fractional-order dynamics. The fractional-
order dynamics can better reveal the essential characteristic
or behavior of an object in a complex environment. Second,
we consider the nonuniform time delays which contain
symmetric and asymmetric time delays, and obtain the two
types of maximum tolerable delay. Third, we can determine
the range of fractional-order α to improve the robustness of
the FMS with nonuniform time delays by using a graphical
method. Finally, we add a SDF into the designed control pro-
tocol to enhance the robustness of a FMS against nonuniform
time delays.

Compared to the previous research work, the following
merits exist in this paper. Firstly, unlike the results in [21],
this paper will enhance the consensus performance of the
FMS with nonuniform time delays in [21] under the same
conditions. Secondly, compared with research on the consen-
sus of integer-order systems based on SDF in [1, 24], this

paper mainly studies the consensus of FMSs based on SDF.
Finally, although the consensus of delayed FMSs based on
SDF in [22, 23] was investigated, all the time delays in [22,
23] were uniform time-delays, which contain the same
value. However, this paper considers nonuniform time-
delays, which contain up to n n − 1 different values when
the FMS consists of n agents.

The main contents of this paper are as follows. Section
2 introduces some basic preliminaries about graph theory,
fractional operator, and its Laplace transform. A control
protocol based on delayed SDF is designed and the
closed-loop dynamics is built in Section 3. The conver-
gence analysis of consensus and the sufficient conditions
are obtained in Section 4. In Section 4, we also study the
effect of the designed protocol with delayed SDF on the
robustness of the FMS against nonuniform time delays.
In Section 5, to verify the theoretical results, some examples
are simulated. Finally, the conclusions are presented in
Section 6.

2. Preliminaries

2.1. Graph Theory. Let G V ,ℰ,A be an interacted graph
with the node set V = v1, v2, v3,… , vn , the edge set ℰ ⊆
V ×V , and a weighted adjacency matrix A = aik ∈ℝn×n.
The node indices belong to a finite index set ℐ = 1, 2,… ,
n . An edge eik = vk, vi depicts that node vi can receive
information from node vk, which means aik > 0, otherwise
aik = 0. Besides, we assume aii = 0 for i ∈ℐ . Define Ni = k
∈ℐ , k ≠ i as the subscript set of neighbours of node vi. If
a graph describes all the edges eik ∈ℰ to satisfy aik = aki ≥ 0,
then the graph is called an undirected graph; if there exists
any aik ≠ aki, then the graph is called a directed graph. A
directed path is a sequence of edges in a directed graph with
the form v1, v2 , v2, v3 , v3, v4 ,… , where vi ∈V , and if
there is a path from every node to every other node, the graph
is said to be strongly connected. A spanning tree exists in a
directed graph, which means there is a node such that every
other node has a directed path to this node. The out-degree
of node vi is defined as degout vi =∑M

k=1aik, and the Lapla-
cian matrix of the interaction graph is L = Δ −A ∈ℝn×n,
where Δ ≜ diag degout v1 , degout v2 ,… , degout vi ,… ,
degout vn . For some graphs such as G1, G2,… , GM , and
graph G composed of the same nodes, the L of graph G is
the sum of the other graphs’ Laplacian matrix if the edge
set of graph G is the sum of that of the other graphs G1, G2
,… , GM , that is, L =∑m

m=1Lm.

Lemma 1 (see [25]). If graph G is an undirected connected
graph, then its Laplacian matrix L has a zero eigenvalue and
the other eigenvalues are positive real numbers.

Lemma 2 (see [25]). If graph G is a directed graph and has a
spanning tree, then its Laplacian matrix L has a zero eigen-
value and the other eigenvalues have a positive real part.

2.2. Fractional Operator. There are several common frac-
tional operator definitions such as the Caputo operator
and Grunwald-Letnikov operator. This paper will use the
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Caputo operator to analyze the asymptotic consensus
properties because it is widely used in engineering and
its physical meaning is easy to understand. The derivative
of the Caputo operator of f t is defined as follows:

C
0D

α
t f t = 1

Γ u − α

t

0

f u η

t − η α−u+1 dη, 1

where α is the order of the derivative of Caputo operator,
u − 1 < α ≤ u, u ∈ Z+, and Γ ⋅ is given by

Γ σ =
∞

0
e−t tσ−1dt, 2

where σ is an arbitrary real number.

2.3. Laplace Transform. In order to facilitate the development
of the subsequent results, we let f α t replace C

0D
α
t f t , and

let F s =L f t = ∞
0− e

−st f t dt, then the Laplace trans-
form of the Caputo derivative is obtained:

L f α t =
sαF s − sα−1 f 0− , α ∈ 0, 1 ,
sαF s − sα−1 f 0− − sα−2 f ′ 0− , α ∈ 1, 2 ,

3

where f 0− = limt→0− f t and f ′ 0− = limt→0− f ′ t .

3. Problem Formulation

Assume that a FMS is made up of n agents, each of which is
considered as a node in graph G . G V ,ℰ,A represents the
communication topology of the FMS. The dynamic model of
agent i is given as follows:

x α
i t = ui t , i ∈ℐ, 4

where the ith agent’s state is denoted by xi t ∈ℝ, the α order

Caputo derivative of xi t is denoted by x α
i t α ∈ 0, 1 ,

and the control input is denoted by ui t ∈ℝ.

Definition 1. The FMS in (4) can achieve consensus when the
states of all agents satisfy

lim
t→+∞

xi t − xk t = 0, 5

for ∀i, k ∈ℐ.

Authors in [21] studied the consensus problems of a FMS
with nonuniform time delays, and the distributed control
protocol is designed by

ui t = 〠
k∈Ni

aik xk t − τik − xi t − τik , i, k ∈ℐ, 6

where aik denotes the element of A , Ni denotes the subscript
set of neighbours of the agent i, and τik is the time delay it

takes agent i to receive the information of state of the
agent k. If τik = τki holds for all i, k ∈ℐ, the time delays
are said to be symmetric. Otherwise, the time delays are said
to be asymmetric.

In [21], it has been illustrated that the consensus of the
FMS in (4) with nonuniform time delays can be achieved
by the protocol in (6) when all the τik < τ, which is called
the maximum tolerable delay. Moreover, the FMS in (4) can-
not achieve consensus by the protocol in (6) when all the
τik > τ. Motivated by the method in [1, 24], we shall use the

information xk t − τik + γx α
k t − τik and xi t − τik + γx α

i
t − τik , respectively, instead of xk t − τik and xi t − τik to
reduce the impact of time delays on consensus, where γ
denotes the intensity of the delayed SDF. In addition, we also
assume that τm ∈ τik i, k ∈ℐ m = 1, 2,… ,M denote M
different time delays. Finally, the control protocol in (6) can
be rewritten to

ui t = 〠
k∈Ni

aik xk t − τm − xi t − τm

+ γ x α
k t − τm − x α

i t − τm

7

Define φ t = x1 t , x2 t ,… , xn t T . By the protocol in
(7), the closed-loop dynamics of the FMS in (4) with SDF and
nonuniform time delays can be written as

φ α t = − 〠
M

m=1
Lmφ t − τm − γ 〠

M

m=1
Lmφ

α t − τm , 8

where φ α t represents the Caputo derivative of φ t with α
order and Lm represents the Laplacian matrix of a subgraph,
which is associated with the time delay τm.

4. Consensus Convergence Analysis

4.1. Case 1: Symmetric Time Delays over Undirected Topology

4.1.1. Main Results of Case 1

Theorem 1. Consider a FMS with SDF and symmetric time-
delays over a connected and undirected graph G . By the
distributed control protocol in (7), the FMS in (8) with SDF
and symmetric time delays can asymptotically achieve consen-
sus if all τm < τ, and the FMS in (8) with SDF and symmetric
time delays cannot achieve consensus if all τm > τ.

τ = π 2 − α

2ω + 1
ω

arctan γωα sin πα/2
1 + γωα cos πα/2 , 9

where

ω =
γλ2n cos πα/2 + λn 1 + γ2 cos2 πα/2 λ2n − γ2λ2n

1 − γ2λ2n

1/α

, γ ∈ 0, 1
λn

,

10

and λn is the maximum eigenvalue of L.
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Proof 1. Here, the dynamic performance of the FMS in (8)
with SDF and symmetric time delays is studied, so it is not
necessary for us to consider the impact of the initial state.
Taking the Laplace transform to the FMS in (8) with SDF
and symmetric time delays, we have

sαInΨ s − sα−1Inφ 0− = − 〠
M

m=1
Lme

−sτm + γ 〠
M

m=1
Lms

αe−sτm Ψ s ,

11

where Ψ s is the Laplace transform of φ t , φ 0− is the
initial value of φ t , and In ∈ℝn×n is the unit matrix.

From (11), we have the characteristic equation of the
FMS in (8) with SDF and symmetric time delays:

det sαIn + γ 〠
M

m=1
Lms

αe−sτm + 〠
M

m=1
Lme

−sτm = 0 12

The roots of (12) are called the eigenvalues of the FMS in
(8) with SDF and symmetric time delays. First of all, we
assume that the FMS in (8) with SDF and symmetric time
delays is stable and can reach consensus when τm = 0. Then,
it is easy to obtain that as τm increases continuously from
zero, the eigenvalues of the FMS in (8) with SDF and

symmetric time delays in the complex plane will change
continuously from the LH (left half-plane) to the RH (right
half-plane). Once the trajectories of these eigenvalues reach
the RH through the imaginary axis, the FMS in (8) with
SDF and symmetric time delays will no longer be stable,
which results in the failure of the consensus condition. So,
it is essential for us to consider the time delay τ when the
nonzero eigenvalues of the FMS in (8) with SDF and sym-
metric time delays appear on the imaginary axis for the first
time, and the time delay τ, which is known as maximum tol-
erable delay, will become the critical point of stability of the
FMS in (8) with SDF and symmetric time delays. Now
set s = −jω and it is the imaginary eigenvalue of the FMS
in (8) with SDF and symmetric time delays, u ∈ℂn is
the corresponding eigenvector, u = 1, and let uH be the
conjugate transpose of u, then the following equation can
be obtained:

−jω αIn + γ 〠
M

m=1
Lm −jω αejωτm + 〠

M

m=1
Lme

jωτm u = 0

13

Since all the roots of (12) appear in the form of conju-
gate pairs, it is only necessary to study the case ω > 0. Let
the left side of (13) be multiplied by uH , then we have the
following series of equations:

Then, we define

uH −jω αIn + γ 〠
M

m=1
Lm −jω αejωτm + 〠

M

m=1
Lme

jωτm u = 0,

uHu −jω α + uH γ 〠
M

m=1
Lm −jω αejωτm + 〠

M

m=1
Lme

jωτm u = 0,

〠
M

m=1
uHLmue

jωτm γ −jω α + 1 = −uHu −jω α,

〠
M

m=1

uHLmu
uHu

ejωτm = − −jω α

γ −jω α + 1 = −ωα −j α

1 + γ −j αωα

= −ωα cos −π/2 + j sin −π/2 α

1 + e−j πα/2 γωα

= −ωαej −πα/2

1 + γωα cos πα/2 − jγωα sin πα/2

= ωαej π 2−α /2

1 + γωα cos πα/2 2 + γωα sin πα/2 2e−j arctan γωα sin πα/2 /1+γωα cos πα/2

14

F ω ≜ 〠
M

m=1
ame

jωτm = ωαej π 2−α /2

1 + γωα cos πα/2 2 + γωα sin πα/2 2e−j arctan γωα sin πα/2 /1+γωα cos πα/2
, 15
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where am = uHLmu/uHu.
According to (15) and Lemma 1, we can get

F ω = 〠
M

m=1
ame

jωτm ≤ 〠
M

m=1
am = uHLu

uHu
≤ λn 16

Since F ω = ωα/ 1 + γωα cos πα/2 2 + γωα sin πα/2 2,

we have ωα/ 1 + γωα cos πα/2 2 + γωα sin πα/2 2 ≤
λn, which leads to ω ≤ ω = γλ2n cos πα/2 + λn

1 + γ2 cos2 πα/2 λ2n − γ2λ2n/1 − γ2λ2n
1/α.

Next, we need to discuss the principal value of the
argument of F ω . Based on (15), we know that

arg F ω = π 2 − α

2 + arctan γωα sin πα/2
1 + γωα cos πα/2 ≜ θ ω ,

17

where θ ω ∈ π/2 + arctan γω, π .
If we suppose that δ = sin πα/2 and σ = cos πα/2 ,

then it is easy to arrive at δ2 + σ2 = 1 and we get

τ ω ≜
θ ω

ω
= π 2 − α

2ω
Γ1 ω

+ 1
ω

arctan γωα sin πα/2
1 + γωα cos πα/2

Γ2 ω

= π 2 − α

2ω
Γ1 ω

+ 1
ω

arctan γωαδ

1 + γωασ

Γ2 ω

18

According to (18), we can calculate the first derivative of
τ ω about ω:

Γ ω ≜
dτ ω

dω
= Γ1′ ω + Γ2′ ω , 19

where

Γ1′ ω = −
π 2 − α

2ω2 < 0, 20

and

Γ2′ ω = αγδωα−1 1 + γσωα − αγ2δσω2α−1

ω 1 + γσωα 2 + γ2δ2ω2α −
arctan γδωα/ 1 + γσωα

ω2

= αγδωα 1 + γσωα − αγ2δσω2α

ω2 1 + γσωα 2 + γ2δ2ω2α −
arctan γδωα/ 1 + γσωα

ω2

= αγδωα

ω2 1 + γσωα 2 + γ2δ2ω2α
−

arctan γδωα/ 1 + γωασ

ω2

= αγδωα/ 1 + γσωα 2 + γ2δ2ω2α − arctan γδωα/ 1 + γσωα

ω2

21

If we assume that there is a functionZ ω established by

Z ω = arctan γδωα

1 + γσωα
−

αγδωα

1 + γσωα 2 + γ2δ2ω2α
,

22

then the first derivative of Z ω is as follows:

Since Z′ ω > 0, Z ω is an increasing function. It
is very convenient to obtain that Z ω >Z 0 = 0 when
ω > 0. Since Z ω > 0, Γ2′ ω < 0, which means Γ ω =

Γ1′ ω + Γ2′ ω < 0. Since Γ ω < 0, τ ω is a decreasing
function of ω, and when ω ≤ ω, there is

τ = τ ω ≤ τ ω 24

Z′ ω = αγδωα−1 1 + γσωα − αγ2δσω2α−1

1 + γσωα 2 + γ2δ2ω2α −
α2γδωα−1 1 + γσωα 2 + γ2δ2ω2α − 2 1 + γσωα αγσωα−1 + 2αγ2δ2ω2α−1 αγδωα

1 + γσωα 2 + γ2δ2ω2α 2

= αγδωα−1 1 + γσωα 2 + γ2δ2ω2α − α2γδωα−1 1 + γσωα 2 + γ2δ2ω2α + 2 1 + γσωα αγσωα−1 + 2αγ2δ2ω2α−1 αγδωα

1 + γσωα 2 + γ2δ2ω2α 2

= α 1 − α γδωα−1 1 + 2γσωα + γ2ω2α + 2αγσωα−1 + 2αγ2ω2α−1 αγδωα

1 + γσωα 2 + γ2δ2ω2α 2

= αγδωα−1 1 − α + 2 1 − α γσωα + 1 − α γ2ω2α + 2αγσωα + 2αγ2ω2α

1 + γσωα 2 + γ2δ2ω2α 2

= αγδωα−1 1 − α + 2γσωα + 1 + α γ2ω2α

1 + γσωα 2 + γ2δ2ω2α 2 > 0

23
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On the other hand, when all τm < τ, the following
inequality can be obtained:

τ ω = θ ω

ω
=
arg ∑M

m=1ame
jωτm

ω
≤
max ωτm

ω
< ωτ

ω
= τ

25

The contradiction between the inequality in (25)
and the inequality in (24) is obvious. Accordingly,
when all τm are less than τ, we can avoid the eigen-
values of the FMS in (8) with SDF and symmetric time
delays crossing the imaginary axis to reach the unstable
RH, and the FMS in (8) with SDF and symmetric time
delays can reach consensus; when all τm are equal to τ,
s = −jω is an imaginary eigenvalue of the FMS in (8)
with SDF and symmetric time delays, whose corresponding
eigenvector u ω makes ∑M

m=1am = λn hold; when all τm
are more than τ, there must exist at least one eigenvalue
of the FMS in (8) with SDF and symmetric time delays
in the RH, and the states of the FMS in (8) with SDF
and symmetric time delays will no longer converge and the
FMS in (8) with SDF and symmetric time delays cannot
reach consensus.

Remark 1. From Theorem 1, we can get τ > 0 and ω > 0. γ
∈ 0, 1/λn is implied in (9). So it is necessary for achieving
consensus of the FMS in (8) with symmetric time delays that
γ ∈ 0, 1/λn .

Corollary 1. Consider a FMS with SDF and symmetric time
delays over a connected and undirected graph G . When α =
1, by the distributed control protocol in (7), the FMS in (8)
with SDF and symmetric time delays can asymptotically
achieve consensus if all τm < τ, and the FMS in (8) with
SDF and symmetric time delays cannot achieve consensus if
all τm > τ.

τ = π

2ω + 1
ω

arctan γω, 26

where ω = λn 1 − γ2λ2n/1 − γ2λ2n, γ ∈ 0, 1/λn , and λn is the

maximum eigenvalue of L.

4.1.2. Robustness Analysis for Case 1. According to Theorem
1, for the given FMS in (4), if applying the control protocol in
(6), that is, the control protocol in (7) with γ = 0, we obtain

τ γ=0 =
π 2 − α

2λ1/αn

≜ τup1 27

If applying the control protocol in (7), we obtain

τ 0<γ<1/λn =
π 2 − α

2ω + 1
ω

arctan γωα sin πα/2
1 + γωα cos πα/2 ≜ τup2,

28

where ω = γλ2n cos πα/2 + λn 1 + γ2 cos2 πα/2 λ2n − γ2λ2n/
1 − γ2λ2n

1/α

In order to show the effect of the protocol in (7) on the
robustness against symmetric time delays, we are supposed
to further determine the range of α to insure τup2 > τup1,
which means

τup ≜ τup2 − τup1 > 0 29

Obviously, the inequality in (29) contains multiple
parameters. However, for a fix undirected interconnection
topology, we can determine the range of α and find a proper
value of γ to improve the robustness of the FMS with sym-
metric time delays. Since it is very difficult for us to solve
the inequality in (29) by the analytic method, we shall analyze
it by the graphical method and let λn = 3 5229. Figure 1 is the
three-dimensional diagram of τup with respect to parameters
α and γ, and it is easy for us to find proper parameters α, γ to

�휏 u
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Figure 1: The three-dimensional diagram of τup with respect to
parameters α and γ in case 1.
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Figure 2: The relationship between τup and αwhen γ = 0 1 in case 1.
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ensure τup > 0 by the graphical method. According to
Figure 1, we can find that α ∈ α∗, 1 when γ changes from
0 to 1/λn and τup > 0, and α∗ which is decided by the
inequality in (29) is easy to obtain in Figure 1 when the
value of γ is determined.

In particular, if we assume γ = 0 1, then the relationship
between τup and α can be shown in Figure 2. According to
Figure 2, it is obvious that α ∈ 0 854,1 α∗ ≜ 0 854 when
τup > 0 and γ = 0 1.

4.2. Case 2: Asymmetric Time Delays over Directed Topology

4.2.1. Main Results of Case 2

Theorem 2. Consider a FMS with SDF and asymmetric time
delays over a directed interconnection graph G that has a
spanning tree. By the distributed control protocol in (7), the
FMS in (8) with SDF and asymmetric time delays can asymp-
totically achieve consensus if all τm < τ, and the FMS in (8)

with SDF and asymmetric time delays cannot achieve consen-
sus if all τm > τ.

τ = min
λi ≠0

π 2 − α /2 + arctan γωi
α sin πα/2 /1 + γωi

α cos πα/2 − arg λi
ωi

,

30

where ωi = γ λi
2 cos πα/2 + λi 1 + γ2 cos2 πα/2 λi

2 − γ2 λi
2

/1 − γ2 λi
2 1/α, γ ∈ 0, γ∗ γ∗ =min λi ≠0 1/ λi , λi is the

λi which makes τminimized, and λi is the ith eigenvalue of L.

Proof 2. Let one apply the above frequency-domain proof
method, which has been used in proving Theorem 1. Suppose
that s = −jω ≠ 0 is the eigenvalue of the FMS in (8) with SDF
and asymmetric time delays on the imaginary axis, u ∈ℂn is
the corresponding eigenvector, and u = 1. According to
Lemma 2, one can get

Taking the modulus of both sides of (31) and regarding ω
as the function of Ba , we can get

ω Ba =
γ Ba

2 cos πα/2 + Ba 1 + γ2 cos2 πα/2 Ba
2 − γ2 Ba

2

1 − γ2 Ba
2

1/α

,

32

where ω Ba is an increasing function of Ba .
Calculating the principal value of the argument of (31)

on both sides separately, and we have

arg Ba = π 2 − α

2 + arctan γωα sin πα/2
1 + γωα cos πα/2 33

According to the definition of Ba in (31), we have

arg Ba ≤ arg 〠
M

m=1
am +max ωτm , 34

and it yields that

max ωτm ≥
π 2 − α

2 + arctan γωα sin πα/2
1 + γωα cos πα/2 − arg 〠M

m=1am

ε

35

Since ∑M
m=1am = uHLu/uHu, the possible values of ∑M

m=1
am must be nonzero eigenvalues of L, that is, ∑M

m=1am =
λi λi ≠ 0 . So when γ <min λi ≠0 1/ λi and Ba ≤ λi ,

we have ω Ba ≤ ω λi = ωi = γ λi
2 cos πα/2 + λi

1 + γ2 cos2 πα/2 λi
2 − γ2 λi

2/1 − γ2 λi
2 1/α. If we let

all τm < τ, we can obtain

Ba ≜ 〠
M

m=1
ame

jωτm = − −jω α

γ −jω α + 1

= ωα

1 + γωα cos πα/2 2 + γωα sin πα/2 2
ej π 2−α /2+arctan γωα sin πα/2 /1+γωα cos πα/2

31

max ωτm < ωiτ = min
λi ≠0

π 2 − α /2 + arctan γωi
α sin πα/2 /1 + γωi

α cos πα/2 − arg λi
ωi

ωi

≤ ε = π 2 − α

2 + arctan γωα sin πα/2
1 + γωα cos πα/2 − arg 〠

M

m=1
am

36
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The contradiction between the inequality in (36) and the
inequality in (35) is obvious. Accordingly, when all τm < τ,
the eigenvalues of the FMS in (8) with SDF and asymmetric
time delays cannot reach or cross the imaginary axis, then
the FMS in (8) with SDF and asymmetric time delays will
remain stable and the FMS in (8) with SDF and asymmetric
time delays can reach consensus. On the other hand, when
all τm > τ, there must exist at least one eigenvalue of the
FMS in (8) with SDF and asymmetric time delays in the
RH, then the states of the FMS in (8) with SDF and
asymmetric time delays will no longer converge and the
FMS in (8) with SDF and asymmetric time delays cannot
reach consensus.

Remark 2. From Theorem 2, let one get τ > 0 and ωi > 0.
γ ∈ 0, γ∗ γ∗ =min λi ≠0 1/ λi is implied in (30). So it
is necessary for achieving consensus of the FMS in (8) with
SDF and asymmetric time delays that γ ∈ 0, γ∗ γ∗ =
min λi ≠0 1/ λi .

Corollary 2. Consider a FMS with SDF and asymmetric time
delays over a directed interconnection graph G with a span-
ning tree. When α = 1, by the distributed control protocol in
(7), the FMS in (8) with SDF and asymmetric time delays
can asymptotically achieve consensus if all τm < τ, and the
FMS in (8) with SDF and asymmetric time delays cannot
achieve consensus if all τm > τ.

τ = min
λi ≠0

π/2 + arctan γωi − arg λi
ωi

, 37

where ωi = λi 1 − γ2 λi
2/1 − γ2 λi

2
, γ ∈ 0, γ∗ γ∗ = min

λi ≠0

1/ λi , λi is the λi which makes τ minimized, and λi is
the ith eigenvalue of L.

4.2.2. Robustness Analysis for Case 2. According to Theorem
2, for the given FMS in (4), if applying the control protocol in
(6), that is, the control protocol in (7) with γ = 0, we obtain

τ γ=0 = min
λi ≠0

π 2 − α /2 − arg λi
λi

1/α ≜ τup1 38

When we apply the control protocol in (7), we obtain

where ωi = γ λi
2 cos πα/2 + λi 1 + γ2 cos2 πα/2 λi

2 − γ2 λi
2/

1 − γ2 λi
2 1/α, and γ∗ =min∣λi∣≠0 1/ λi .

In order to show the effect of the protocol in (7) on the
robustness against asymmetric time delays, we are supposed
to further determine the range of α to insure τup2 > τup1,
which means

τup ≜ τup2 − τup1 > 0 40

Obviously, the inequality in (40) contains multiple
parameters. However, for a fix directed interconnection
graph G that has a spanning tree, we can determine the range
of α and find a proper value of γ to improve the robust-
ness of the FMS with asymmetric time delays. Since it is
very difficult for us to solve the inequality in (40) by the
analytic method, we shall analyze it by the graphical method

and let γ∗ = 0 6967. Figure 3 is the three-dimensional dia-
gram of τup with respect to parameters α and γ, it is easy
for us to find proper parameters α, γ to ensure τup > 0 by
the graphical method. According to Figure 3, we can find that
α ∈ α∗, 1 when γ changes from 0 to γ∗ and τup > 0, and α∗

which is decided by the inequality in (40) is easy to obtain
in Figure 3 when the value of γ is determined.

In particular, if we assume γ = 0 1, then the relationship
between τup and α can be shown in Figure 4. According to
Figure 4, it is obvious that α ∈ 0 7503,1 α∗ ≜ 0 7503 when
τup > 0 and γ = 0 1.

5. Simulation Results

It is necessary for us to compare the conclusions of this paper
with those of [21], so the simulation conditions of this paper
must be consistent with those of [21].
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Figure 3: The three-dimensional diagram of τup with respect to
parameters α and γ in case 2.

τ 0<γ<γ∗ = min
λi ≠0

π 2 − α /2 + arctan γωi
α sin πα/2 /1 + γωi

α cos πα/2 − arg λi
ωi

≜ τup2, 39
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5.1. Example 1: Simulations for Case 1. Consider a FMS
described by (4) with four agents, whose communication
topology is given in Figure 5. The L which is associated with
this topology graph is

L =

2 6 −0 7 −0 9 −1
−0 7 1 5 0 −0 8
−0 9 0 0 9 0
−1 −0 8 0 1 8

, 41

and its four eigenvalues are 0, 0.8771, 2.4000, and 3.5229,
respectively. From the four eigenvalues of L, we can get
λn = 3 5229, which leads to γ < 1/λn = 0 2838.

According robustness analysis for case 1, α ∈ 0 854,1
α∗ ≜ 0 854 when τup = τup2 − τup1 > 0 and γ = 0 1. Accord-
ing to Theorem 1 and Remark 1, it is easy to obtain that the
maximum tolerable delay of the FMS in (4) by the protocol
in (6), that is, the protocol in (7) with γ = 0 is τup1 = τ =
0 4264 s and the maximum tolerable delay of the FMS in
(4) by the protocol in (7) with γ = 0 1 is τup2 = τ = 0 4474 s
when α = 0 9. Now let us suppose that the initial states of

the FMS (4) are taken as x1 t = 0 = −6 4, x2 t = 0 = −3 2,
x3 t = 0 = 3 2, and x4 t = 0 = 6 4. Here, a set of symmetric
time delays is used to simulate τ12 = τ21 = 0 430 s, τ13 =
τ31 = 0 435 s, τ14 = τ41 = 0 440 s, and τ24 = τ42 = 0 445 s.

It is obvious that all symmetric time delays τm are greater
than τup1 and less than τup2.

Figures 6 and 7 show the trajectories of xi t with the
symmetric time delays by applying the different control
protocols when τup1 < all τm < τup2. From these simulation
results, it is obvious that the given FMS in (4) by the control
protocol in (6) diverges and cannot reach consensus, whereas
the FMS in (4) applying the SDF control protocol in (7)
converges to the same states and can reach consensus. Hence,

1 2

3 4

Figure 5: The communication topology in example 1.
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Figure 6: The trajectories of xi t applying the protocol in (6) under
symmetric time delays when all τm > τup1.
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Figure 7: The trajectories of xi t applying the protocol in (7) under
symmetric time delays when all τm < τup2.
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the introduced SDF control protocol can enhance the
robustness of the FMS in (4) to symmetric time delays.

On the other hand, under the same conditions, we
suppose that τ12 = τ21 = 0 45 s, τ13 = τ31 = 0 46 s, τ14 = τ41 =
0 47 s, and τ24 = τ42 = 0 48 s. Figure 8 shows the trajectories
of xi t applying the protocol in (7) under symmetric time
delays when all τm > τup2. It is clear that the FMS in (4)
cannot reach consensus.

5.2. Example 2: Simulations for Case 2. Consider a FMS
described by (4) with four agents, whose communication
topology with a spanning tree is given in Figure 9. The L
which is associated with this topology graph is

L =

1 0 0 −1
−0 7 0 7 0 0
−0 9 0 0 9 0
0 −0 8 0 0 8

, 42

and its four eigenvalues are 0, 0.9000, 1.2500+ 0.7053i, and
1.2500− 0.7053i, respectively. From the four eigenvalues of
L, we can get γ∗ =min λi ≠0 1/ λi = 0 6967, which leads to
γ < γ∗ = 0 6967.

According robustness analysis for case 2, α ∈ 0 7503,1
α∗ ≜ 0 7503 when τup = τup2 − τup1 > 0 and γ = 0 1.
According to Theorem 2 and Remark 2, it is also easy to
obtain the maximum tolerable delay of the FMS in (4) by
the protocol in (6), that is, the protocol in (7) with γ = 0 is
τup1 = τ = 0 8126 s and the maximum delay of the FMS in
(4) by the protocol in (7) with γ = 0 1 is τup2 = τ = 0 8751 s
when α = 0 9. Now let us suppose that the initial states
of the FMS in (4) are taken as x1 t = 0 = −6 4, x2 t = 0 =
− 3 2, x3 t = 0 = 3 2, and x4 t = 0 = 6 4. Here, a set of

asymmetric time delays is used to simulate τ14 = 0 83 s,
τ21 = 0 84 s, τ31 = 0 85 s, and τ42 = 0 86 s.

It is obvious that all asymmetric time delays τm are
greater than τup1 and less than τup2.

Figures 10 and 11 show the trajectories of xi t with the
asymmetric time delays by applying the different control pro-
tocols when τup1 < all τm < τup2. From these simulation
results, it is obvious that the given FMS in (4) by the control
protocol in (6) diverges and cannot reach consensus, whereas
the FMS in (4) applying the SDF control protocol in (7)
converges to the same states and can reach consensus.
Hence, the introduced SDF control protocol can enhance
the robustness of the FMS in (4) to asymmetric time delays.

On the other hand, under the same conditions, we
suppose that τ14 = 0 88 s, τ21 = 0 89 s, τ31 = 0 90 s, and τ42 =
0 91 s. Figure 12 shows the trajectories of xi t applying
the protocol in (7) under asymmetric time delays when
all τm > τup2. It is clear that the FMS in (4) cannot
reach consensus.
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6. Conclusion

In order to enhance the robustness of a FMS against nonuni-
form time delays, a control protocol based on SDF and
nonuniform time delays is introduced in this paper. First of
all, the consensus problem is investigated for the FMS with
SDF and symmetric time delays over undirected topology.
Then, the consensus problem is investigated for the FMS
with SDF and asymmetric time delays over directed topology.
By the robustness analysis, it is obvious that the control
protocol-based on SDF with the appropriate intensity can
enhance the robustness for the FMS to nonuniform time
delays. Finally, the validity of the theoretical analysis is
verified by the corresponding simulation results. In addition,

inspired by [26, 27], the consensus problems or formation
control problems of delayed double-integrator FMSs based
on round-robin protocols or attacks will be one of the most
interesting topics of our future research work.
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The steering system is a key component of the unmanned driving electric vehicle with in-wheel motors (IWM-EV), which is closely
related to the operating safety of the vehicle. To characterize the complex nonlinear structure of the steering system of unmanned
driving IWM-EV, a hierarchical modeling and hybrid steering control approach are presented. Firstly the 2-DOF model is
introduced for the entire vehicle system, and then the models of the steering system and the in-wheel drive system are analyzed
sequentially. The steering torque control system based on electronic differential (ED) and differential assist steering (DAS) is
studied. The back propagation neural network (BPNN) is used to optimize the network structure, parameters, and the weight
coefficient of the hybrid steering system. The genetic algorithm (GA) is employed to optimize the initial weight of BPNN and
search within a large range. The GA-BPNN model is established with the yaw moment and differential torque as the input of
BPNN. Simulation and experimental results show that the proposed GA-BPNN-based hybrid steering control approach not
only accelerates the convergence speed of steering torque weight adjustment but also improves the response speed and flexibility
of the steering system. Through optimizing and distributing the steering torque dynamically, the proposed GA-BPNN-based
control approach has inherited the advantages of both vehicle stability under ED and the steering assistance under DAS, which
further guarantees the safety and stability of unmanned driving IWM-EV.

1. Introduction

Unmanned driving technology not only improves the driving
safety but also provides an effective way to solve traffic jam.
After decades of research, unmanned driving is gradually
evolving from semiautonomous to fully autonomous [1–3].
In-wheel motor drive electric vehicle is a kind of new energy
vehicle with the drive motor installed inside the wheel. It has
many advantages such as independently controllable drive
torque, fast and accurate torque response, compact structure,
and high energy efficiency [4–6]. Compared with traditional
vehicle, an unmanned driving electric vehicle with in-wheel
motors (IWM-EV) has significant advantages in safety, sta-
bility, and economy. It can improve vehicle safety, trajectory
tracking, and flexibility. Therefore, the unmanned driving
IWM-EV will be the main development direction of EV in
the future.

The vehicle steering system is an important part of the
IWM-EV, which is related to the operating safety of the
whole vehicle. Currently, there are very few studies on the
steering system of unmanned driving IWM-EV; however,
the research on steering control of wheel motor drive vehicle
provides a reference for the research on steering system of
unmanned driving IWM-EV [7–12]. There are two main
steering control approaches: the electronic differential (ED)
control and the differential assist steering (DAS).

The electronic differential (ED) control strategy is intro-
duced into the vehicle control system, which takes the speed
and turning angle required by the unmanned driving vehicle
as input and the speed of the two rear-drive motors as the
output. The results show the function of the mechanical dif-
ferential can be completely realized by ED controller [13].
The ED control system of in-wheel motor drive vehicle based
on neural network and PID is constructed. By coordinating
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the torque of four in-wheel motors, the ED control steering is
realized and the handling and stability of the low-speed steer-
ing of the vehicle are improved [14]. The vehicle yaw rate
response and the handling performance of the vehicle are
obviously improved through DAS control strategy, which
reduces the steering wheel torque under the premise of
ensuring the driver’s road feeling [15]. The DAS control sys-
tem is modeled and the wheel torque distribution control
strategy is studied [16]. The DAS control strategy not only
improves the vehicle driving stability but also satisfies the
steering handiness.

However, single ED or DAS control cannot meet the
differential and assist performance requirements of the in-
wheel motor drive electric vehicle at the same time, especially
in the case of turning operation, when the vehicle differential
system is coupled with the assist steering system. Though
theoretically both the ED control and the steering wheel
assist control are needed to carry out by the difference of
the in-wheel motor driving force, one single actuator cannot
achieve two different dynamic control targets. Therefore, it is
necessary to design a hybrid steering control strategy to coor-
dinate the ED and DAS control.

On the other hand, the steering system of unmanned
driving IWM-EV has exhibit characteristics of the complex
structure, nonlinearity, time-varying, and multiparameters
[17–19]. In addition, as a complex system of different com-
ponents involving many disciplines such as mechanics, con-
trol, and information, the steering system is closely related to

the vehicle operating safety. As a result, it motivates our in-
depth investigation of the steering system.

This paper contributes a novel hybrid steering control
strategy based on GA-BPNN for unmanned driving
IWM-EV. The weight of ED control and DAS control is
dynamically adjusted, and the steering torque is optimized
and distributed through the proposed GA-BPNN approach.
The hybrid control of ED and DAS for the steering system
is achieved. The proposed GA-BPNN method not only
improves the response speed and flexibility of the steering
system but also guarantees the operating safety of the
unmanned driving IWM-EV.

The paper is organized as follows. The configuration and
modeling of unmanned driving IWM-EV are analyzed in
Section 2. Section 3 presents the hybrid steering control
approach based on GA-BPNN. The torque controller of the
steering system is discussed in Section 4. In Section 5, the
DAS, ED, and hybrid steering control approach are simulated.
Section 6 is devoted to the road testing verification of DAS,
ED, and GA-BPNN-based hybrid steering control approach.
The conclusions of the work are presented in Section 7.

2. Configuration and Modeling of Unmanned
Driving IWM-EV

2.1. Structure and Configuration. The configuration of
unmanned driving IWM-EV studied in this paper is shown
in Figure 1.
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Figure 1: The configuration of the unmanned driving vehicle.
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It can be seen from Figure 1 that the unmanned driving
IWM-EV is mainly composed of the environment-detecting
module, the decision, control module, and the execution
module. The environment-detecting module is the core
control part of the unmanned driving vehicle, in which
the GPS, INS, and sensor information should be analyzed
and calculated. The operating performance of unmanned
driving IWM-EV mainly determines on the computing
ability of the environment-detecting module. GPS and INS
are used to calculate the driving position, vehicle speed, and
other information of the unmanned driving vehicle. The nav-
igation parameters are analyzed to guide the unmanned driv-
ing IWM-EV to operate along the selected route accurately
and safely [20–23].

Accurate and effective vehicle model provides a solid
foundation for simulation and control. The dynamic
model diagram of the unmanned driving vehicle is shown
in Figure 2. The steering system of an unmanned driving
electric vehicle with in-wheel motors has strong nonlinear
property, which makes the intelligent vehicle has complex
dynamic response [24, 25]. According to the vehicle
dynamics of the vehicle in real operation, block modelling
method is employed to reflect the vehicle motion condition,
dynamical coupling, and nonlinear steering mechanism.

2.2. 2-DOF Model of Unmanned Driving IWM-EV. The
dynamical steering process is complex with time variables.

Two wheels on the front and rear axle can be simplified
into one wheel. To analyze the unmanned driving vehicle
with in-wheel motors, 2-DOF model of unmanned driving
IWM-EV is established [26–28]. The linear reference model
of 2-DOF is shown in Figure 3. Fyf and Fyr are the lateral
force of tire, respectively.

vy
·

φ
··

=
−
V r +V f
mvx

V rlr − V f l f
mvx

− vx

−
l fV f + lrV r

Jzvx
−
l2fV f + l2rV r

Jzvx

vy

φ
·

+

V f
m

l fV f
Jz

δ,

1

where m is the vehicle mass. α is the slip angle of the vehicle.
V f and V r are the cornering stiffness of front and rear tires,
respectively. vx and vy are the longitudinal and lateral speed
of the vehicle, respectively. φ is the vehicle yaw rate. l f and
lr are the distance from the mass center to the front and rear
wheel, respectively. Jz is the moment inertia of the vehicle
around z-axis. δ is the steering angle of the front wheel.

The lateral control model can be expressed as

X = AX + BU + g X,U
Y = AX

, 2

where X = vy, φ, yL, εL
T , yL is the lateral deviation, εL is the

azimuth deviation. Y = yL, εL
T . u = δ . g = X,U is the

disturbance caused by unmodelled dynamics.
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Figure 2: The dynamic model diagram of unmanned driving IWM-EV.

lf

l

. �훿
�훼�휑

lrFyr
Fyfvy

vx

Figure 3: The linear model of 2-DOF unmanned driving IWM-EV.
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DL is the preview distance.
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2.3. Steering Model. The steering system performance plays
an essential role in the lateral stability control for an
unmanned driving vehicle with in-wheel motors [25, 29–
31]. To clearly describe the steering wheel and the steering
system, the equivalent model of the steering system is estab-
lished and shown in Figure 4.

Assuming the yaw rate is φ when the vehicle is turning
round, the equivalent dynamic equations of the steering
wheel and front wheel are described as

J1
d2θ1
dt2

+ dφ
dt

+ C1
dθ1
dt

+ Ks θ1 − θ2 = T1,

J2
d2θ2
dt2

+ dφ
dt

+ C2
dθ1
dt

− Ks θ1 − θ2 = T2,
5

where J1 is the equivalent moment of inertia of the steering
wheel. J2 is the equivalent moment of inertia of the tire.
θ1 is the steering angle of the steering wheel round the pin.
θ2 is the steering angle of the tire. C1 and C2 are the equiva-
lent damping coefficient of steering wheel around the pin,
and the equivalent damping coefficient of output shaft of
steering system, respectively. Ks is the torsional stiffness
coefficient. T1 is the torque of the steering wheel. T2 is the
torque on the tire caused by the tire cornering force around
the kingpin.

2.4. In-Wheel Motor Model. The dynamic response of the in-
wheel motor model can be simplified as a 2-order system
[32–34]. The transfer function can be expressed as

G s = 1
2ζ2s2 + 2ζs + 1

, 6

where ζ is the coefficient determined by the in-wheel motor
parameters.

The drive torque of the in-wheel motor is

T = p ψdiq − ψqid , 7

where p is the pole pair number of the in-wheel motor. ψd
and ψq are the flux of the d-axis and q-axis. id and iq is the
flux of the d-axis and q-axis.

3. GA-BPNN-Based Hybrid Steering
Control Approach

3.1. Hybrid Steering Control Scheme. To achieve the above-
mentioned control purpose, the hybrid control approach is
proposed as shown in Figure 5.

The hybrid control scheme consists of yaw-based elec-
tronic differential (ED) control, steering torque-based differ-
ential assist steering (DAS) control, and hybrid steering
control based on GA-BPNN approach. ED and DAS consti-
tute the upper layer controller, which is used to calculate
the yaw rate torque for ED and differential torque according
to the feedback vehicle speed, steering wheel torque, and
angle signals from the vehicle dynamic model. The hybrid
steering torque controller based on GA-BPNN in the lower
layer is employed to dynamically adjust the weight of yaw
rate torque and differential torque. The drive torque of the
in-wheel motor in the left and right side are obtained finally.
The weight is mainly determined by the vehicle speed. The
weight of ED can be set for a large value to guarantee the
vehicle stability in the high-speed range. The weight of DAS
can be set for a large value to decrease the steering load in
the low-speed range.

3.2. Back Propagation Neural Network. The 3-layer back
propagation neural network (BPNN) is adopted in this
paper. Assuming M is the node number in the input layer,
H is the node number in the hidden layer, and N is the node
number in the output layer. The control variable of ED is u1
and the control variable of DAS is u2. There are two nodes in
the input layer, one is connected with ED controller and the
other is connected with the DAS controller. Assuming the
input and output set Xp, Tp , p = 1, 2,… , P, where P is the
number of training samples. Xp is the input vector of the
p-th sample, Xp = xp1 ,… , xpM . Tp is the expected output
vector of the p-th sample, Tp = tp1 ,… , tpN , N is the number
of dimensions of the output vector. Op = op1 ,… , opN is the
real output vector of the neural network [35–37].

Ks
C1 C2

T1,J1,�휃1 T2,J2,�휃2

Figure 4: Equivalent model of the steering system.
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The single hidden layer is employed in the BPNN. vik
is the weight between the i-th node in the input layer and
the k-th node in the hidden layer. wkj is the weight between
the k-th node in the hidden layer and the j-th node in
the output layer.

Sigmoid described as (8) is the transfer function in the
hidden and output layer.

f x = 1
1 + e−x

8

The output of k-th node in the hidden layer is
described as

ypk = ηk f 〠
M

i=1
vikxpi , 9

where ypk is the output of k-th node in the hidden layer.
xpi is the input of i-th node in the input layer. ηk ∈ 0, 1
is the impact factor of the k-th node in the hidden layer.

The output of j-th node in the output layer is expressed as

opj = f 〠wkjηk f 〠vikxpi 10

Uniting (8), the differential of opj to ηk is

∂opj
∂ηk

=
opj 1 − opj ypkwkj

ηk
11

The impact factor change of ηk is shown as

△ηk =
λ∑P

p=1∑
N
j=1 tpj − opj opj 1 − opj ypkwkj

ηk
12

The estimated value of j-th node in the output layer is
expressed as

o∗pj = f 〠
H

k=1
wkj +△wkj ypk 13

where △ωkj is the weight change.
Combining (8) with (13), the weight change can be

described as

△wkj =
∑P

p=1φpj · ypk
∑P

p=1 ypk
2 14

The sum of squares for error E can be obtained through
△ωkj. Then, an optimized value of k-th node in the hidden
layer can be selected to get a minimum value for E.

3.3. Genetic Algorithm. Genetic algorithm (GA) is a new
global optimization search method based on Darwin’s theory
of evolution andMendel’s genetic theory. The algorithm with
strong robustness is suitable for parallel processing. It is
widely used in computer science, optimization scheduling,
transportation problems, combinatorial optimization, and
other fields [38–40].

The GA can be described as

GA = O 0 ,W, L, s, g, p, f , t , 15

where O 0 = a1 0 , a2 0 ,… , aW 0 ∈ IW is the initial
population? I = 0, 1 is the set of a binary string of L. W is
chromosome number in the population. L is the length of
the binary string. s IW → IW is the selection strategy. g is
the genetic operator, including the reproduction operation
Qr I → I, hybridization operation Qc I × I → I × I, and
mutation operation Qm I → I. p is the operation probabil-
ity, including reproduction probability pr , hybridization

Vehicle
controller

Torque
distributor

FL

FR

RL

RR

GPS/INS

ED
controller

DAS
controller

T

GA-BPNN based
hybrid steering

controller

.
�휑

Figure 5: The principle of the coordinate control strategy.
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probability pc, and mutation probability pm. f I → R+ is the
fitness function. t IW → 0, 1 is the stop criterion.

3.4. GA-BPNN Based Hybrid Control. The BPNN and GA are
hybridized as GA-BPNN to optimize the initial weight. The
weight and threshold value will be updated by heredity and
mutation to minimize the total square error of GA-BPNN
[41–43]. The flow chart of the proposed GA-BPNN is illus-
trated in Figure 6.

The procedures of GA-BPNN are shown as follows:

(1) The initial populationX t = x1 t , x2 t ,… , xW t
is generated randomly. The fitness values of all
samples xi t ∈ X t are also calculated. The new
population X′ t will be generated by hybridization
operation and mutation operation with hybridization
probability pc andpm, respectively

(2) Calculating the fitness of each sample in X′ t . The
next generation population X t + 1 will be obtained
by the optimization strategy

(3) The training will not end until the output training
error of the optimized sample in the newly generated
population is less than 10−3. Otherwise, the evolution
continues

The GA is employed to train the BPNN. The fitness
function of GA is expressed as

F = 1
2〠

st

i=1
y′ i − y i

2
−1

, 16

where y′ i is the output of i-th input sample. y i is the
expected output. St is the total learning sample number.

The error of the selected high-quality sample is guaran-
teed to be small through (16).

4. Torque Controller of Steering System

4.1. DAS Controller. The wheel dynamic can be described as

T = Frw + Jω
dω
dt

, 17

where F is the vertical drive force of the tire. rw is the radius
of the wheel. Jω is the moment inertia of the wheel. ω is the
angular speed of the wheel.

Assuming the drive torque of the in-wheel motors in the
left and right side are T l and Tr, respectively. The longitudi-
nal drive force of the tire are Fl and Fr , respectively. Tsl and
Tsr are the torque around the left and right drive wheels,
which can be expressed as

Tsl = Fl ⋅ rσ,
Tsr = Fr ⋅ rσ,

18

where rσ is the scrub radius.
Tsl is equal to Tsr in the traditional mechanical steering

system. However, drive torque difference Ts is caused by
the different drive force from the left and right in-wheel
motors.

Ts = Tsl − Tsr = Fl − Fr ⋅ rσ

= Tl − Tr − Jw
dωl

dt
−
dωr

dt
⋅
rσ
rw

19

The drive torque difference is delivered to the pinion and
rack system by the steering arm, which propels the steering
tie rod to move. Therefore, the steering assistance is achieved

Initialization
population

Individual fitness
calculation

High fitness sample reservation

Hybridization &
mutation operation

End ?

Best sample selection

Best weight value obtain

BPNN topology test

Weight adjustment

Error calculation &
weight value update

End ?

GA-BPNN output

N

Y

N

Y

Figure 6: The flow chart of the proposed GA-BPNN.
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through the proper control of in-wheel motors in the left and
right side [44].

4.2. Direct Yaw-Moment Controller. According to the 2-DOF
vehicle model, the expected yaw rate can be expressed as

φe =
vδ

nv2 + l
, 20

where φe is the expected yaw rate. v is the vehicle speed. n
is the vehicle stability coefficient.

The response of φ to the front wheel angle δ can be
described as

φ s
δ s

= gv
1 + uvs

, 21

where g and u are determined by the vehicle parameters,
respectively.

The above formula on the slip model surface is
expressed as

S = uvφ + φ − gvδ = 0 22

Eq. (20) should satisfy the following condition

S
·
+ zS = 0 z > 0 23

The yaw moment controlled can be obtained

Tγ =
−zγ + gvδ + zgvδ
uvs + zus + 1 Jz − Fy1l f + Fy2lr 24

The yaw moment controller based on the slide mode
control scheme can well track the expected value [45, 46].

5. Simulation Verification

5.1. Steering Torque Control

5.1.1. Differential Assist Steering Simulation. Steering handi-
ness is the basic criterion for testing the effect of differential
assistance. This section will carry out model simulation tests
with different steering wheel input at low vehicle speeds. Sim-
ulation results with DAS control and without torque distri-
bution are compared and analyzed. When the vehicle is
operating at low speed, steering wheel angle ramp input
model is simulated to emulate the low-speed and sharp-
turn test of the vehicle. The steering wheel angle ramp input
starts at 3 s. The steering wheel angle change rate is 180°/s.
One second later, the steering wheel input keeps at a constant
value 180°. The steering wheel torque and vehicle trajectory
are compared in Figures 7 and 8, respectively.

It can be seen from Figure 7 that DAS control scheme
effectively reduces the steering wheel torque and steering
load at low speed, especially in the process of the steering
wheel angle change. Figure 8 illustrates that the turning
radius of the vehicle is smaller under DAS control due to
the different drive torque of the left and right in-wheel motor

under DAS control. The left and right in-wheel motor torque
shown in Figure 9 generates an extra yaw moment to the
vehicle, which finally reduces the under-steering perfor-
mance of the vehicle and improves the cornering ability.
The response curve in Figure 10 also illustrates the yaw rate
is increased due to the extra yaw moment.

5.1.2. Electronic Differential Simulation. To verify the effec-
tiveness of the sliding mode control for ED, the steering
wheel angle step input and sine input are modeled and sim-
ulated. Simulation results under ED; the expected results in
the ideal state and without distribution are compared and
analyzed. The steering wheel angle step input is simulated
to emulate the obstacle avoidance condition for a real-time
vehicle, which is used to identify the ED performance and
vehicle stability. The steering wheel angle is shown in
Figure 11. The vehicle operates at a certain speed for 3 s. After
that, the steering angle turns 30° to the left for 1 second and
keeps the same angle.
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From the vehicle trajectory in Figure 12, it can be seen
that the vehicle’s turning radius under ED control is obvi-
ously smaller than that without ED control. The turning

performance of the vehicle is improved. This is mainly
caused by the different drive torque of the left and right
wheels, which are no longer the same under the ED control.
Figure 13 shows the drive torque of the outer wheel is larger
than that of the inner wheel, which means an extra yaw
moment is added to the vehicle. Figure 14 shows the yaw rate
curve of the vehicle under the step input of the steering wheel
angle. It can be seen the vehicle yaw rate under ED control
can better track the ideal yaw rate, even though there is a
slight overshoot a small steady-state deviation. Both of the
change response and the final steady-state value under ED
control are larger than that under without torque distribu-
tion. This is also caused by the additional yaw moment.

5.2. Hybrid Steering Control. To verify the effectiveness of the
weight generated by the proposed GA-BPNN, the simulation
of steering wheel angle step input in variable speed is
designed. The initial speed is set at 20 km/h. And it acceler-
ates with 3m/s2 from the 5 s. The speed curve and steering
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angle are shown in Figures 15 and 16, respectively. The sim-
ulation results of the vehicle rate of the proposed GA-BPNN-
based hybrid steering control and without torque distribu-
tion are compared in Figure 17. It can be seen that the vehicle
yaw rate without torque distribution is less than the ideal
value, and the vehicle has severe understeer characteristics.

The yaw rate of the vehicle with GA-BPNN control
approach is close to the ideal value. And the error increases
first and then decreases. The main reason is the weight of
ED is smaller than that of DAS at low speed shown in
Figure 18. That leads to increasing error of the vehicle yaw
rate. Figure 18 shows that the weight of ED goes up with
the increasing vehicle speed, and the weight of DAS
decreases. ED plays the major role in the hybrid steering con-
trol when the vehicle speed increases. That is why the yaw
rate of the vehicle is smaller than the ideal value.

Figure 19 illustrates the steering wheel torque is effec-
tively decreased due to the proposed GA-BPNN-based
hybrid steering control scheme. And the steering wheel tor-
que with hybrid steering control is close to the ideal value.
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Also, it can be seen that the error between the steering wheel
torque and the ideal value increases firstly and then keeps a
constant value. This is caused by the major ED control in
the hybrid steering process with the increasing vehicle speed.

6. Experimental Verification

To further verify the proposed GA-BPNN-based hybrid
steering control approach, the experiment is carried out
under snake testing. The test vehicle of UJS is shown in
Figure 20. The vehicle parameters are shown in Table 1.
The driver stays in the vehicle to guarantee the operating
safety during the road testing. The D2P-Moto Hawk is used
for designing the upper vehicle controller. And the signals
from the controllers and sensors are measured, recorded,
and passed by CAN bus.

The snake testing shown in Figure 21 is used to verify the
proposed approach. The pile spacing in the snake testing is
30m. The testing should be carried out on a sunny day with-
out wind to guarantee the INS can receive the satellite signals
accurately. The INS should be activated before the testing,
during which the vehicle must operate on straight campus
road. And, the test should be carried out on a smooth and

well-paved cement yard. The road surface with a 0.85 road
surface adhesion coefficient is used for the verification due
to the limited test condition.

6.1. Steering Torque Control Road Testing

6.1.1. Differential Assist Steering. The weight of ED is set to be
0 and the weight of DAS is set to be 1 initially during the
snake testing. Then, the steering wheel torque is used as the
control target, the GA-BPNN hybrid steering controller will
distribute the drive torque for the left and right in-wheel
motors. The measured vehicle speed is shown in Figure 22.
It can be seen that the speed of the vehicle basically keeps
constant at 15 km/h after the 20s. The speed fluctuation at
the 40s is mainly caused by the bumps on the test road.

Figure 23 shows the steering wheel angle and the torque
curve. The fluctuations of the steering wheel angle and torque
before the 20s are mainly caused by the adjustment of the
vehicle driving direction during acceleration. The amplitude
of the steering wheel angle keeps a constant value at around
50 degrees. Figure 24 shows the steering wheel torque
changes with the steering steel angle. It can be seen the peak
value of the steering wheel angle is about 50 degrees, and the
peak value of the steering wheel torque is about 1Nm under
DAS control. Compared with Figure 7, it can be seen that the
steering wheel torque is lower with DAS control shown in
Figure 24. That is caused by the torque distribution of the left
and right in-wheel motor under DAS control.

The control signals of the left and right in-wheel motors
are shown in Figure 25. It can be seen that the driving force
of the left and right in-wheel motors is redistributed by the
GA-BPNN hybrid steering control scheme. Therefore, the
abovementioned DAS effect is generated due to the driving
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Figure 19: Comparison of steering wheel torque.

Figure 20: Test vehicle of UJS.

Table 1: Vehicle parameters.

Symbol Parameter Value

m Vehicle mass 700 kg

L Axle distance 1.77m

Lf
Distance from the centroid to

the front axle
0.795m

Lr
Distance from the centroid

to rear axle
0.975m

Jz Moment of inertia 2000 kg·m2

rw Radius of wheel 0.245m

Vf Cornering stiffness of the front tire 30,000N/rad

Vr Cornering stiffness of the rear tire 30,000N/rad

J1 Moment of inertia of steering wheel 0.0015 kg/m2

J2
Moment of inertia on output

shaft of steering system
0.0036 kg/m2

C1
Damping coefficient of

steering wheel
0.27N/(m·s)

C2
Damping coefficient of output

shaft of steering system
386.408N/(m·s)

Ks Torsional stiffness 41039.6N/m
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force of the outer in-wheel motor is greater than that of the
inner in-wheel motor.

6.1.2. Electronic Differential Testing. The weight of ED is to be
1 and the weight of DAS is set to be 0 for the ED control. The
vehicle yaw rate is used as the control target. The driving
force of the left and right in-wheel motors is distributed by
the GA-BPNN-based hybrid steering control scheme.
Figure 26 illustrates the vehicle speed keeps a constant value
at 15 km/h after the 20s. The speed fluctuation at 45 s is
caused by the bumps on the test road.

Compared with Figure 7, it can be seen that the steering
wheel torque is lower with ED control shown in Figure 27.
That is caused by the torque distribution of the left and right
in-wheel motor under ED control. An extra yaw moment is
generated due to the different drive torque of the left and

right in-wheel motors, which has some certain of steering
assist effect.

Figure 28 shows the relationship between the steering
wheel torque and the angle. It can be seen that the torque
peak of the steering wheel is about 2Nm when the steering
wheel angle is about 50 degrees under ED control. Compared
with the steering wheel torque angle of 15 km/h vehicle speed
under without distribution control, it can be found that the
steering wheel torque is reduced after the ED control.
Figure 29 shows the control signals of the left and right in-
wheel motors. It can be seen the proposed GA-BPNN based
hybrid steering controller re-distributes the left and right
in-wheel motor drive forces. The driving force of the outer
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m

Figure 21: Overview of snake testing.
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in-wheel motor is greater than that of the inner in-wheel
motor, which generates the above additional yaw moment.

6.2. Hybrid Control Road Testing. When the hybrid steering
control is carried out for the snake testing, the weight of ED
and DAS changes with the vehicle speed. The weight of yaw

moment for ED control and the weight of differential torque
for DAS control are adjusted by the proposed GA-BPNN
hybrid steering controller according to the brake/acceleration
pedal signal. The steering wheel torque and vehicle yaw rate
are set as the control targets based on the current vehicle
speed to redistribute the driving force of the left and right
in-wheel motor. The vehicle speed is shown in Figure 30. It
can be seen the vehicle speed keeps a constant value at about
15 km/h after the 20s. The speed fluctuation occurring at
about 40s is also caused by the bumps on the test road.

The steering wheel angle and the torque curve are
shown in Figure 31. The steering wheel angle and torque
fluctuations before the 20s are mainly caused by the adjust-
ment of the vehicle operation direction during acceleration.
The steering wheel angle keeps a constant value at 50 degrees.
And the steering wheel torque changes with the steering
wheel angle.

Figure 32 shows the relationship between steering wheel
torque and rotation angle under the proposed GA-BPNN-
based steering control. It can be seen that the peak torque
of the steering wheel is about 1Nm when the steering wheel
angle is about 50 degrees. Compared with the steering wheel
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torque angle of 15 km/h vehicle speed under without torque
distribution control, it can be found that the steering wheel
torque is significantly reduced after the differential control.

Figure 33 shows the control signals of the left and right
in-wheel motors. It can be seen that the left and right in-
wheel motor driving force are redistributed by the proposed
GA-BPNN-based steering control approach. The abovemen-
tioned hybrid control effect is generated due to the driving
force of the outer in-wheel motor is greater than that of the
inner in-wheel motor.

Figure 34 illustrates the weight coefficient curves of ED
and DAS in the hybrid steering control. The weight of ED
control is adjusted to be 0.1 and weight of DAS control is
adjusted to be 0.9 when the vehicle accelerates from 0km/h
to 15 km/h. Figure 35 shows the weight coefficient curves of
ED and DAS in the hybrid steering control. The weight of
ED control increases and weight of DAS control decreases
when the vehicle accelerates from 0 km/h to 35 km/h. The
effectiveness of the proposed GA-BPNN steering control
approach is verified.
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Figure 33: The control signal of in-wheel motors.
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7. Conclusion

Aiming at the complexity of the steering system of the
unmanned driving IWM-EV, GA-BPNN-based hybrid steer-
ing control approach is proposed according to the analysis of
the dynamic characteristics of the steering system. CarSim/
MATLAB cosimulation and real vehicle test are carried out
on the proposed GA-BPNN hybrid control strategy. Both of
the simulation and experimental results show that the pro-
posed hybrid steering control approach can not only satisfy
the steering requirements of the unmanned driving vehicle
but also accurately realize the steering function with fast
response and stability performance. The GA-BPNN-based
hybrid steering control approach proposed in this paper pro-
vides a solid foundation for the research on the stability of
unmanned driving IWM-EV.
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Studies suggest that, within the hierarchical architecture, the topological higher level possibly represents the scenarios of the current
sensory events with slower changing activities. They attempt to predict the neural activities on the lower level by relaying the
predicted information after the scenario of the sensorimotor event has been determined. On the other hand, the incoming sensory
information corrects such prediction of the events on the higher level by the fast-changing novel or surprising signal. From this
point, we propose a predictive hierarchical artificial neural networkmodel that examines this hypothesis on neurorobotic platforms.
It integrates the perception and action in the predictive coding framework. Moreover, in this neural network model, there are
different temporal scales of predictions existing on different levels of the hierarchical predictive coding architecture, which defines
the temporalmemories in recording the events occurring. Also, both the fast- and the slow-changing neural activities aremodulated
by the motor action. Therefore, the slow-changing neurons can be regarded as the representation of the recent scenario which the
sensorimotor system has encountered.The neurorobotic experiments based on the architecture were also conducted.

1. Introduction

1.1. Prediction in Systems. Delays always exist in both biolog-
ical and engineering systems. They are typically caused by
the processing time in biological organs, electrical circuits,
or computer programs. Besides, noises, nonlinearities, delays,
uncertainties, and redundancies are also other factors that
caused delays in the system. In order to react and move
adaptively, the system needs to be compensated by two
means: firstly the system extrapolates the upcoming percept
within the delayed time taken for the signal to travel between
the various components of system; secondly, it plans ahead
the upcoming events based on the contextual background,
including its own perception and action, until it reaches the
end of the sensorimotor loop.

Basically, to solve such a delay problem, the critical point
for the system is to control the independent variables and

plan ahead the changes of the dependent variables. Here,
from the perspective of a control system, the independent
variables are those variables that can be adjusted by the
regulatory controllers or by the cognitive processes, while
the dependent variables are the processes that have relatively
slower responses compared with the changes of the inde-
pendent variables. For instance, in the muscular contraction
case, the muscle power is the dependent variable because
it runs relatively slowly compared with the changes of the
sensory transition and the cognitive commands from the
motor cortex, which makes the real-time feedback control of
the motor control infeasible [1, 2].

Such a planning-ahead prediction may be not a trivially
constant event as percept extrapolation [3] or may even be
complicated events such as competitive sports, when they
are related to the background knowledge or the contextual
information. For instance, in the biological system, such a
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delay in the dependent variables in processing time may be
caused by the neural processing. But the elimination of such
delays is crucial for safety and adaptivity in their behaviours.
The observation of such predictive models in behavioural
experiments showed that the prediction in the biological
world helps the diving birds to retract their wings before
entering water [4] and the houseflies as they land [5]. The
predictive nature has widely been explored and demonstrated
through studies in neural systems as well. For instance,
experiments demonstrated that monkeys have the ability to
conduct smooth pursuitmovements with zero retinal slip [6].

To solve the delay problems in a more complicated world
and to save the bandwidth in perception, it is widely accepted
that the predictive models should be used in many ways
of our brain system (see also, e.g., [7–10]). The predictive
model in biology should be able to adaptively compensate the
current delay and adjust the parameters of itself to adapt the
environment, both of which are based on learning from the
(noised) measurement of independent variables. When we
regard the sensorimotor system as a control system, such a
prediction is involved in the coordination in both perception
and action and it is accomplished by at least two strategies:

(1) An observation to the independent variables and
predicting the trend of them, which results in the
predictive control to the dependent variables.

(2) An understanding and classification of the world
which the system is interacting with, which provides
a cue for changing different prediction strategies (i.e.,
meta-learning).

Specifically, these two perspectives of control correspond
to the unconscious or conscious ways by which our cognitive
functions work, and they depend on the complexity of the
events in the sensorimotor loop. Note that none of them
works alone in the complete predictive sensorimotor system
of our own. Instead, the complete predictive system in
our brain incorporates different degrees of combination of
both strategies. For instance, catching a ball requires both
prediction and reflexive (feedback) mechanisms [11, 12]. Such
predictive responses can be even detected by the muscle
signals of the arm muscles (biceps and triceps) prior to
the ball reaching the hand, which indicates that such a
prediction mechanism is triggered unconsciously. Following
the contact, the reflexive feedback mechanisms are engaged
by the receptors in the hand and the arm. In such processes,
the cerebellar and the motor cortex output is a signal that
can be combined with delayed sensory feedback as well as
the predicted state of the limb from the history of motor
commands, which is from our conscious brain dynamics.

1.2. A Predictive Coding Answer. A stronger theory about
prediction is called predictive coding (PC). It is about our
brain that is constantly acting in a predictive loop and such
predictive perception not only works as a compensation of
the delay, but also forms part of higher level of cognitive func-
tions. It is realised by “predicting the error itself” in the hierar-
chical way. Considered to be a unified predictive framework
to integrate the perception and action, generally, PC asserts

that the sensorimotor loop works as a predictive machine
which utilises both perception and action to minimize the
prediction error. This minimization is actively processed
by the integral model of the functional explanation to our
sensorimotor experience and perceptual consciousness. This
integrative process can be specified as follows: to integrate the
predictive perception and action, the sensorimotor system
needs to predict an incoming flow of sensory stimuli from
the contextual factors and the internal model should be able
to deal with a priori provided by its perceptual experience.
In this context, the cognitive process runs as a predictive
machine unconsciously that actively generates predictions
of its sensory percept using the prelearnt internal model.
In the meanwhile, the internal model also learns about the
statistical structure of the world and infers the posterior of
one scenario or event following another in order to generate
a prediction of what the current state is likely to be and
adjust the parameters or the strategy of itself, if necessary.
This is based on the perceptual consciousness. Therefore, the
PC theory provides a unified explanation about how our
brain forms the conscious prediction from the unconscious
anticipation.

Quantitatively, such an estimation of the uncertainty can
be formulated by the (approximate) Bayesian inference [13],
which calculates the posterior percept that has the highest
posterior probability based on the prior:

𝑃 (𝐸 | 𝐴, 𝐼) ∝ 𝑃 (𝐴 | 𝐸) 𝑃 (𝐸 | 𝐼) (1)

where 𝐸 estimates the upcoming perception evidence given
an executed action 𝐴 and other prior information the brain
have already known (𝐼). The term 𝑃(𝐴 | 𝐸) suggests
a prelearnt model representing the possibility of a motor
action 𝐴will be executed given a (possible) resulting sensory
prediction (𝐸) is perceived from the higher-level prediction
(top-down computation). The equation assumes that the
decision of the current action depends on the perception at
the moment.

At the same time, it is also possible that we are allowed
to select an appropriate movement given possible perceptual
inputs as well as our goal.

𝑃 (𝐴 | 𝐸, 𝐺) ∝ 𝑃 (𝐸 | 𝐴) 𝑃 (𝐴 | 𝐺)𝑃 (𝐸 | 𝐺) (2)

where 𝐴 represents a particular action selected given the
(intended) sensory information 𝐸 and a goal 𝐺. Here we
assume that one’s action is only determined by the current
sensory input and the goal maymodulate the action selection
through the whole hierarchy.

To summarize both perspectives, the brain is always
attempting to build the active processes which minimize the
estimation error between such posterior estimation and the
truth, by changing its internal learning model (“perceptual
inference”) (see also [14, 15]) or by action execution (“active
inference”) (see also [16, 17]). As such, perceiving the world
(perceptual inference) and acting on it (active inference) are
two processes that aim at minimizing the prediction error in
the hierarchical architecture. To learn the Bayesian models
for perception and action, one needs to make continuous
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learning throughout childhood, through interaction with
the environment. For instance, the object-directed reaching
[18] and grasping [19] during the early stages of infant
development are considered to be the learning of movements
and sensory effects with the forward models [20], with
consideration of object affordances.

While the neural areas are organized in a hierarchi-
cal way [21], based on the PC framework, the neuronal
representations on the higher level generate predictions of
representation in lower levels. This kind of predicting neural
populations suppresses or inhibits prediction-error popula-
tions. And on each level, in turn, the bottom-up activities only
carry the residual errors which attempt to correct the pre-
dicting neural activities patterns that occur on each level. As
[22] discovered from the neurobiology evidence: “Predictive
coding theories posit that the perceptual system is structured
as a hierarchically organized set of generative models with
increasingly general models at high levels.” In the meanwhile,
on each level of this hierarchical generative model, the role
of action can also be found to suppress the proprioceptive
prediction errors at the level of the spinal cord and cranial
nuclei. These prediction-error minimization rules have been
formulated in [10] which suggested a mathematically elegant
way, namely, the free-energy principle, to describe a unified
story around perception, action, and their prediction.

Therefore, the notion of hierarchies in the sensorimotor
loop is essential for the PC system to make perceptual infer-
ence. Within the PC framework, many of the consciousness
issues related to perceptual experience and the mental state
may account for the intransient representations on the higher
level in the hierarchy, where there is an amodal experience on
all the modalities of transient inputs but without much effect
from the top-down knowledge [23]. And such a high level
understanding based on multiple modalities also provides
a source for extrapolation of the perception on the lower
level, through the top-down prediction in the hierarchies.
Mathematically, such kind of hierarchical generative models
enable the high level of neural representation to optimize our
own prior beliefs, and therefore, based on such prior per se,
that is the reason we can see (or predict) our interoceptive
inputs.

2. Related Works

2.1. The Amodal-Based Prediction. To solve the engineering
problem of controlling the dependent variables by predicting
the independent variables, some approaches tried to model
the trend of the independent variables. The amodal-based
approaches for predictive control are designingmodels which
can be used to predict the current values of the output
variables based on the prebuilt model. A typical predictive
model should consider the residuals, the differences between
the actual and predicted outputs, to generate the feedback
signal to this predictionmodel. TheModel Predictive Control
(MPC) method was firstly used to solve the control system
with long delays and containing a set of dependent variables
with long delays. It basically predicts the change in the
dependent variables of the system that will be caused by
changes in the independent variables. This is done by solving

an optimization problem to predict the future outputs and
control actions. It considers a finite sequence of control
actions occurring in the past fixed length of time (aka.
horizon). Since MPC controllers are mostly implemented in
digital systems which have been constrained and discrete-
time properties in an online manner, although MPC provides
nonoptimal solution, this trade-off is still acceptable for
control applications for which the optimal control problem
could not be solved in real-time.

Because of its real-time properties, MPC control has been
applied in various robotic applications, especially for trajec-
tory planning and controls. For instance, [24–26] investigated
the path-planning function of an autonomous mobile robot,
and it was realised by the learning-based MPC which took
a priori physical model of the world and a learned distur-
bance perception model into consideration. To guarantee
the robustness of the performance, [27] used a linear MPC
with bounds on its uncertainty to construct invariant in the
path planning. Reference [28] applied a linearised tracking-
error dynamics to predict future system behaviour using
a quadratic cost function. On the other hand, besides the
prediction of the robot itself, the predictivemodel can be used
in the world model as well [29–31].

To summarize, studies were based on the amodal-based
approaches focusing on the tracking of the change of the
independent variables by only describing the properties of
the variables, including the system and the environment.
However, the difficulty of these predictive problems is that
some of the independent variables of the system can be
only described by the higher-order variables which are
difficult to track. Such variables can be the goal positions
and orientations, which are not reachable asymptotically by
means of smooth and time invariant feedback control laws.

2.2. Multimodal Prediction by Interacting. In this article, the
concept of the multimodal learning methods usually employs
mechanisms to optimize both the perception and action as
an integral part by the observation from the environment.
Such embodied learning mechanism can be considered as a
kind of the internal models for animals too, which can be
considered foundational in cognitive science (e.g., [32, 33]).
Since the multimodal aspect of the sensorimotor model, such
kind of internalmodels usually emphasizes the embodied and
the situated nature of the agents and learns from interacting
with the world [34].

The predictive function of the internal model can range
from short- and mid-term time-scale prediction/delay com-
pensation to relatively long-term planning behaviours which
emerge from the short-term simulations. The short-term
predictive models are mostly related to sensorimotor control,
especially to the maintenance of the consistency of visuomo-
tor coordination (e.g., [35, 36]) or fast reaction (e.g., [37, 38]).

There are evidences that such kind of short-term neural
prediction may result in some predictive behaviours as well.
Papers [20, 39] studied how to apply internal models in
controlling the actual motor actions. The research [40] also
extends the model to learn imitation behaviours. All of the
three models built a forward predictive model to control the
robot and acquire certain behaviours. Similarly, a long-term
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planning behaviour can also emerge by internal simulation
if the prediction is well planned before (e.g., [41, 42]).
Reference [43] reported that experiments with amobile robot
with a two-level recurrent architecture implemented were
able to accomplish the linguistic and sensorimotor task.
An extension model has also been examined in symbolic
understanding tasks [44].

If we regard the unified learning scheme of prediction
with different time-scales, the Multiple Time-scale Neural
Network (MTRNN) was proposed by [45]. The model is
able to represent different temporal scales of sensorimotor
information in the hierarchical structure of the sensorimotor
sequences, such as the spelling of words [46] and object
features/movements [47]. Extended from theMTRNNmodel
with multiple modalities, the multiple spatiotemporal scales
RNN (MSTRNN) [48] integrates theMTRNNand the convo-
lutional neural networks [49, 50]. It includes two modalities:
the temporal properties and the receptive field, both of which
differ in the spatial sizes and the time constants in different
levels. The PredNet [51] also holds a similar concept of using
the convolutional network to capture the local features of the
visual streams, but the architecture only ensures the learning
of deterministic property of the temporal sequences.

In this paper, we propose a computational-feasible model
using deep neural network, based on the predictive coding
(PC) model to learn the datasets in the real world. Similar to
the PC framework, the model unifies two ways of prediction:

(1) the recognition of the scenarios based on the hierar-
chical sensorimotor interaction, which may result in
the higher-level cognitive computation;

(2) the prediction in visual percept modulated both by
the “understanding” of the world as well as the
voluntary ego-motion (Note that muscle contraction
should be considered as the dependent variables with
delay and disturbances.).

Note that prediction of these two perspectives by changing
of the dependent variables is not totally separate in the
sensorimotor systems. Instead, they can be combined and
mixed on different levels. This model also shows how this
integration of conscious and unconscious prediction occurs
determined only by a single parameter.

3. Model

3.1. The Action Modulated Predictive Model. In terms of the
architecture, the Multiple Time-scale Action Feedback Aug-
mented Predictive Network (MT-AFA-PredNet) (Figure 1)
is similar to our previous work called AFA-Prednet [52].
Consistent with the general concept of perception-action
integration, it integrates the motor action as an additional
signal which modulates the top-down generative process via
an attention mechanism. Moreover, the multiple time-scales
of the different levels result in the difference in updating rate
of such a perception-action integration.

As most of the deep learning architectures, the network
consists of a series of repeating stacked modules in a
hierarchical way which attempts to make local predictions
of the visual inputs. In general, the MT-AFA-PredNet is

functionally organized as an integration with two networks:
the left part is equivalent to a generative recurrent network
(top-down), while the right part is a standard convolutional
network (bottom-up). Each layer of the network consists of
three basic parts: a generative unit (𝐺𝑈, green) containing
the recurrent convolutional networks, a discriminative unit
(𝐷𝑈, blue) containing convolutional networks (CNN), and
the error representation layer (𝐸𝐿, red). The generative unit,𝐺𝑈, is usually a generative model that is able to give a
prediction of the next time-step given the current input.Here,
the convolutional LSTM [53] is employed to generate the
local prediction in the image region. We employ a number
of independent recurrent units as one layer of the 𝐺𝑈 units
to ensure they learn different possibilities of the prediction
based on the modulation value from the motor action. Dur-
ing training with various action-perception paring occasions,
each of these units implicitlymemorizes different possibilities
of the prediction (e.g., the moving direction) with respect to
the motor action in a self-organized way.

The 𝐷𝑈 networks calculate the differences between
convolutional output of the predicted signal from 𝐺𝑈 and
the bottom-up signal as an error representation, 𝐸𝐿, which
is split into separate rectified positive and negative error
populations. The error, 𝐸𝐿, is then passed forward through
a convolutional layer and becomes the input to the next layer.
The recurrent prediction layer 𝑅𝑙 receives a copy of the error
signal𝐸𝐿, alongwith top-down input from the representation
layer of the next level of the network (𝑅𝑙+1).
3.2. Multiple Time-Scales. The concept of the multiple time-
scales in artificial recurrent neural networks was firstly
proposed in [45]. In this hierarchical network, all neurons on
the same layer have the same updating rate, but the updating
rates of neurons ondifferent layers differ. Specifically, neurons
on the lower levels have faster updating rates, which are
called fast context neurons (or layers), while neurons on the
higher levels have slower updating rate, called slow context
neurons (or layers). This difference between the fast and slow
context layers is determined by the time constants 𝜏, which
determine the speed of the adaptation given a time sequence
with a specific length, when updating the neural activity.
The larger the value of 𝜏, the slower the neuron adaptation.
The difference of adaptation rate of the neurons further
assembles features of the input sequences in various time-
scales, which results in the representation of the long-term
context: given the temporal states 𝑆(0), 𝑆(1), . . . , 𝑆(𝑡), their
spatiotemporal features will be self-organized on different
levels of the network. Therefore, such oscillatory patterns in
the RNN are formed by self-organizing as fixed points and
the limited-cycle nonlinear dynamics are memorized.

In the context of the MT-AFA-PredNet, the time con-
stants 𝜏 are set in the generative units, i.e., the convolutional
LSTM units, in which the values are updated with influence
from the previous state.

𝑅𝑑𝑙 (𝑡) = (1 − 1𝜏)𝑅𝑑𝑙 (𝑡) + 1𝜏𝑅𝑑𝑙 (𝑡 − 1) (3)

where 𝑅(𝑡) is the output of the 𝑑-th generative unit (𝐺𝑈, i.e.,
ConvLSTM here) at time 𝑡 on 𝑙-th layer.
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Figure 1: A 2-layer MT-AFA-PredNet. A 2-layer MT-AFA-PredNet Example: the green (generative) units calculate (Eq. (9)) for prediction
and further combine proportionally by the attention unit (Eq. (10)). The red units calculate the error (Eq. (8)). The error is obtained from
blue units (Eq. (7) (Prediction) and Eq. (6) (Target)). Moreover, the time constant changes on different levels.

3.3. Action Modulation. We employ number 𝑁 of indepen-
dent recurrent units on one layer as a number of the 𝐺𝑈
units which independently memorize the possible changing
possibility of the pixels. Since we have multiple generative
units (𝐺𝑈), the role of the modulation of the motor action
is to selectively integrate different prediction results from the𝐺𝑈 units. This is loosely similar as the attention mechanisms
of visual systems (see also [54]), because only part of the
generative outputs contributed to the overall prediction. Such
kind of attention mechanisms have recently been used in
NLP [55], text translation [56, 57], and language models [58].
Inspired from the attention model, but considering the motor
modulated role works as a Markov model, we use the motor
action at the current time 𝑡 as the input of the attention model

(5).This attention model is further used as the normalization
term of the outputs from the multiple convolutional LSTM
units (6). Such possibility is further integrated by the soft-
max functions in the attention unit, calculated by the motor
actions.

𝑅𝑙 = 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 (𝑎) × 𝑅𝑑𝑙 (𝑡)∑𝑁𝑑=1 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 (𝑎) × 𝑅𝑑𝑙 (𝑡) (4)

where

𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 (𝑎) = exp (𝑎𝑖 ⋅ 𝑤𝑖𝑑)
∑𝑁𝑑=1 exp (𝑎𝑖 ⋅ 𝑤𝑖𝑑) (5)
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in here,𝑁 equals the number of convolutional LSTMunits on
each layer.With the soft-max function, we can have a normal-
ized combination to all the outputs from the convolutional
LSTM units.

3.4. Algorithm. We denote the indices of these perception
input image as 𝑖𝑡, and the target of the network prediction at
the lowest level is set to the actual percept at the next time-
step 𝑖𝑡+1. We directly put the image as the input of the lowest
layer, layer 1, so the input of the layer 1, 𝑋1, equals the actual
image data 𝑋𝑡1 = 𝑖𝑡.

The targets for higher layers at time-step 𝑡 is denoted as𝑋𝑙(𝑡). Except layer 1, 𝑋𝑙(𝑡)𝑡 is obtained by the higher-level
representation of the deep convolutional layer, which follows
a usual calculation process of the convolutional network as
shown in (6): the convolution kernel, the rectified linear unit
(ReLU) calculation, and the max-pooling are sequentially
used. This bottom-up process uses convolutional network to
extract the local features of the error.

At the GU unit, the generative process is determined by
the representation from the recurrent connection (i.e., from
the previous time-step)𝑋, the bottom-up error𝐸𝑙((𝑡−1), and
the top-down prediction 𝑅𝑙+1(𝑡). Such a prediction in a con-
volutional LSTM is calculated as (9): a deconvolution is used
to reconstruct a larger size of the (predicted) representation𝐴 after the rectified function (ReLU) (Eq. (7)).

To avoid the drawback of the ReLU which only captures
the positive and negative error, the error representation 𝐸𝑙(𝑡)
is calculated from the positive and negative errors (Eq. (8)),
as the original PredNet does.

During training with various action-perception paring
occasions, in the instance of mobile vehicle, with different
turning directions at the cross, each of these units implicitly
memorizes different possibilities of the prediction (e.g., the
moving direction) with respect to the motor action in a self-
organized way.

𝑋𝑙 (𝑡)
= {{{

𝑖 (𝑡) , if 𝑙 = 1,
𝑀𝐴𝑋𝑃𝑂𝑂𝐿 (𝑓 (𝐶𝑜𝑛V (𝐸𝑙−1 (𝑡)))) , if 𝑙 > 1

(6)

𝑋𝑙 (𝑡) = 𝑓 (𝐶𝑜𝑛V (𝑅𝑙 (𝑡))) (7)

𝐸𝑙 (𝑡) = [𝑓 (𝑋𝑙 (𝑡) − 𝑋𝑙 (𝑡)) ; 𝑓 (𝑋𝑙 (𝑡) − 𝑋𝑙 (𝑡))] (8)

𝑅𝑑𝑙 (𝑡) = (1 − 1𝜏)𝑅𝑑𝑙 (𝑡) + 1𝜏𝐶𝑜𝑛V𝐿𝑆𝑇𝑀(𝐸𝑙 (𝑡 − 1) ,
𝑅𝑙 (𝑡 − 1) , 𝐷𝑒V𝐶𝑜𝑛V (𝑅𝑙+1 (𝑡)))

(9)

𝑅𝑙 (𝑡) = 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 (𝑎 (𝑡)) × 𝑅𝑑𝑙 (𝑡) (10)

where 𝑓(⋅) is an activation function of the neurons, where
we apply the ReLu function to ensure a faster learning in
back-propagation, 𝑋(⋅)𝑡𝑙 is the neural representation of the
level 𝑙 at time 𝑡. The representation on the 𝐸𝐿 layer 𝑙 is 𝐸(⋅)𝑙.
The 𝑀𝐴𝑋𝑃𝑂𝑂𝐿, 𝐶𝑜𝑛V, 𝐶𝑜𝑛V𝐿𝑆𝑇𝑀, and 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛 are the
corresponding neural algorithms. The overall algorithm for
optimizing the network is shown in Algorithm 1.

Table 1: Parameters for Line Tracer Robot.

Parameters Value
𝜏0 1.0𝜏1 1.1𝜏2 1.3
Kernel 3 × 3
Padding 1
Pooling 2 × 2

4. Experimental Results

In this section, two experiments are conducted to inves-
tigate how the perception and action of the robots (or
autonomous car) can be integrated in the predictive coding
(PC) framework and how the hierarchical representation
differ in different scenarios.

4.1. Line Tracer Robot. Thefirst experiment was conducted in
a simulation scenario that multiple motor action possibilities
were executed with the same image input. From this we
analysed the performance of the network as well as the
representation of the units, especially the GU units. The
dataset from a robot simulation was recorded in the scenario
where the line tracer robot car is moving along the line from
the VRep simulator [59]. In this simulation (Figure 2), the
robot is equipped with three vision sensors as well as three
Line Finder sensors (Figure 2), so that the image sequences
can be captured while the robot car is tracing the line
autonomously. Using VRep, we were also able to record the
wheel velocity data and the camera data to train the network.
To gather the data, we captured the binary images with size
of 8 × 12 pixels from camera in the middle every 0.02s.

A 3-layer MT-AFA-PredNet was used for training the
sequence of both motor action vectors (i.e., the velocities
of the wheels) and images, with the Adam optimizer [60].
Three different values of 𝜏 were applied in three different
layers. With a larger 𝑡𝑎𝑢 on the upper levels, it indicates
slower neural activities would be expected. Compared with
the 𝜏 values selected in MTRNN works (e.g., [45, 47]),
a much smaller 𝜏 values are chosen, because the LSTM
networks perform longer-term memories by themselves. The
parameters are shown in Table 1.

Figures 3 and 4 show the comparison between the samples
of the original and the predicted images. Although Figure 3 is
the black-and-white binary inputs for trainingwhile the gray-
scale figures were used for generative outputs in Figure 4, we
can still observe the similarities.

We further visualise the neural activities on different
layers to examine how time parameters 𝜏 affect the rep-
resentation. Corresponding to the prediction samples, the
internal representations of the prediction on the 1st 𝐺𝑈 of
each layer are shown (Figures 5, 6, and 7), from which
we can observe that the predicted image on the higher
level (Figure 7) remains steady during almost the whole
movement of the robot compared with other two layers.
A demo of the experiment can be found on Youtube
(https://youtu.be/4w7RqeU42XY).
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Data: 𝑖(𝑡)&𝑎(𝑡) ∈ 𝑑𝑎𝑡𝑎
while 𝑒𝑟𝑟𝑜𝑟 > 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 or 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 > 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 do
for 𝑡 ← 0 to 𝑇 do

for 𝑙 ← 0 to 𝐿 do
if 𝑙 == 𝐿 then𝑅𝑑𝑙 (𝑡) =(1 − 1/𝜏)𝑅𝑑𝑙 (𝑡 − 1) + 1/𝜏 ⋅ 𝐶𝑜𝑛V𝐿𝑆𝑇𝑀(𝐸𝑙(𝑡 − 1), 𝑅𝑙(𝑡 − 1);
else𝑅𝑑𝑙 (𝑡) = (1 − 1/𝜏)𝑅𝑑𝑙 (𝑡 − 1) + 1/𝜏 ⋅ 𝐶𝑜𝑛V𝐿𝑆𝑇𝑀(𝐸𝑙(𝑡−1), 𝑅𝑙(𝑡 − 1), 𝐷𝑒V𝐶𝑜𝑛V(𝑅𝑙+1(𝑡)));
end𝑅𝑙(𝑡) = 𝑎𝑡𝑡𝑒𝑛𝑡𝑖𝑜𝑛(𝑎(𝑡)) × 𝑅𝑑𝑙 (𝑡);

end
/ ∗ Generative (top-down) Process ∗ /
for 𝑙 ← 𝐿 to 0 do�̂�𝑙(𝑡) = 𝑓(𝐶𝑜𝑛V(𝑅𝑙(𝑡)));𝐸𝑙(𝑡) = [𝑓(𝑋𝑙(𝑡) − 𝑋𝑙(𝑡)); 𝑓(𝑋𝑙(𝑡) − 𝑋𝑙(𝑡));

/ ∗ Discriminative (bottom-up) Process ∗ /
end

end
end

Algorithm 1: MT-AFA-PredNet Computation.

Figure 2: Data Collected from VRep Simulation.
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Figure 3: Image Samples from the Middle Vision Sensor.
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Figure 4: Predicted Images after training.
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Figure 5: Image generated from the 1st 𝐺𝑈 output (Layer 1), 𝜏 = 1.0.
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Figure 6: Image generated from the 1st 𝐺𝑈 output (Layer 2), 𝜏 = 1.3.
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Figure 7: Image generated from the 1st 𝐺𝑈 output (Layer 3), 𝜏 = 2.0.

4.2. Prediction of Different Probabilities. To investigate how
the 𝐺𝑈 representation differentiates various scenarios, we
manipulated a bit different lines in three different virtual
simulations. These differences are not very significant but the
line around the area 𝑥 ∈ [−2, −0.5], 𝑦 ∈ [1, 1.5] differs.
We trained the model with these three trajectories to inspect
whether the differences in the sensorimotor reaction in these
three scenarios can be encoded in different 𝐺𝑈 units. These
trajectories of three scenarios are shown in Figure 8.Then we
use 2-layer network with 3 𝐺𝑈 units on each layer. Similar
to the previous subsection, we visualise the representation of
the𝐺𝑈 outputs to see how they are different. We pick the time
when the robot reaches the coordinates (0, 0.5) and visualise
them every 0.2𝑠 for 0.8𝑠.

We found the most differences occur on the 1𝑠𝑡 level,
which visualise in Figures 9–12. Although it is not direct
mapping of the image prediction, they emerged in different
training scenarios. Relatively subtle differences can be found
on the 2𝑛𝑑 layer compared with the 1𝑠𝑡 layer, probably
because all the generation can be done on one layer in the
hierarchical architecture.

4.3. Learning Scenarios in Driving. We conducted the exper-
iments to examine the performances of the multiple time-
scale properties of the proposed network. The targets of the
experiments are twofold:

(1) The prediction of the incoming images compared
with other predictive models.

(2) The multitime scales properties of the proposed
network.

In accordance with the targets, we chose the driving
dataset (https://ccv.wordpress.fos.auckland.ac.nz/eisats/set-
1/). This dataset, provided by Daimler AG, contains five
different driving scenarios, each of which contains 250 or
300 images. Additionally, the driving information is also
included corresponding to the very time-stamp of each image
taken. The 5 units long of vector indicate the ego-motion
information:

(1) 𝜃 ∈ [−𝜋, 𝜋]: the angle of the steering wheel.
(2) {V1, V2, V3, V4} ∈ [0, 300]: the velocities of each wheel.
A 3-layer MT-AFA-PredNet was used for training the

sequence of both motor action vectors (i.e., the velocities
of the wheels) and images, with the Adam optimizer [60].
Three different values of 𝜏 were applied in three different
layers. With a larger 𝑡𝑎𝑢 on the upper levels, it indicates
slower neural activities would be expected. Compared with
the 𝜏 values selected in MTRNN works (e.g., [45, 47]),
a much smaller 𝜏 values are chosen, because the LSTM
networks perform longer-term memories by themselves. The
parameters are shown in Table 2. The epoch equals 300, each
of which includes 500 iterations for each sequence.

4.4. Synthesis of Image. Using the driving dataset, we calcu-
lated the error while the generative models predict the image
sequences. Similar as before, the epoch is set to be 300, each
of which includes 500 iterations for each sequence. After the
training, the RMS of each image are calculated as

𝑅𝑀𝑆 = 1𝑇√ ∑
𝑡∈(0,𝑇]

∑
𝑖∈𝑝𝑖𝑥𝑒l𝑠

(𝑖 (𝑡) − �̂� (𝑡))2 (11)
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(a) Trajectory 1 (b) Trajectory 2 (c) Trajectory 3

Figure 8: Different trajectories of the line tracing robot.
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Figure 9: The 𝐺𝑈 representation in different trajectory 1 of the line tracing robot.
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Figure 10: The 𝐺𝑈 representation in different trajectory 2 of the line tracing robot.
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Figure 11: The 𝐺𝑈 representation in different trajectory 3 of the line tracing robot.
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Figure 12: The 𝐺𝑈 representation in different trajectory 4 of the line tracing robot.
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(a) Frame 10 (b) Frame 20 (c) Frame 30 (d) Frame 40 (e) Frame 50

Figure 13: Image samples from the left camera (Crazy turn).

(a) Frame 10 (b) Frame 20 (c) Frame 30 (d) Frame 40 (e) Frame 50

Figure 14: Image samples from the left camera (Construction site).

Table 2: Parameters for EISATS Data-set.

Parameters Value
𝜏0 1.0𝜏1 1.3𝜏2 1.8
Kernel 3 × 3
Padding 1
Pooling 2 × 2

We compare the RMS error between the MT-AFA-
PredNet and the LSTM in Table 3. As a baseline, a single layer
LSTM is used to predict the image sequences without the
motor action as inputs. As we can see, the MT-AFA-PredNet,
which uses a multiple layer convolutional LSTM, performs
better in prediction than the single layer LSTM, probably
because the convolution calculation on each layer is beneficial
to detect the image features.

The qualitative comparison between the ground-true and
the synthesized images is shown below. Specifically, Figures
13 and 15 show the comparison between some samples
of the original and the predicted images in the scenario
“crazy turn,” and Figures 14 and 16 show the scenario of
“construction site.” Since we did the normalization after the
prediction, the synthesized images show inverted colour.

4.5. Scenario Classification. We further visualised the neural
activities on different layers to examine how time parameters𝜏 affect the representation. Due to the page limit, in this
subsection, only the quantitative results are shown: we first
visualise the representation on the layers 1 and 2 in the first
two scenarios (“crazy turn” and “construction site”). The
quantitative comparison will be conducted to see whether the
update on each layer has been differentiated. Then we will
observe if it has been categorized based on the representation
on layer 2.

Corresponding to the prediction samples, the internal
representations of 1st and 2nd layers of the GU units are
shown, respectively, in Figures 17, 18, 19, and 20. We can
observe that the higher-level representation (Layer 2) remains

steadier than the lower levels. And the representation seems
encoded in a sparse way. From this result, we can basically
categorize different driving scenarios as shown in Figure 21,
where we can see there are different representations with
different training sequences.

5. Discussion

5.1. From Predictive Perception to Planning. The feedback
affecting sensory input can be regarded as a kind of predictive
information retrieved from the internal memory [61]. Based
on the predictive coding theory, the hierarchical architecture
uses the feedback signals (especially the top-down signals)
to predict the forthcoming sensory input, while the sensory-
driven bottom-up signals only deliver the error of the esti-
mation. Our model further puts a hypothesis that, during
event-based prediction, such feedback may be based on
the categorization about the on-going sensorimotor events.
They are performed with the similar Bayesian inference and
are always updating the prior knowledge on the cognitive
processes level.

Similar, on the cognitive process level, if such kind of
prediction lasts as a closed-loop and is long enough in a
temporal domain, the higher level of representation might
play as a mental simulation about the future events. Such
an event can be represented in the higher level of the
hierarchy, in which the neural activities are updated slower.
Such a prediction is also about multimodality too. It captures
the structural regularities in each of the modality, and in
both spatial and temporal domains. As [62] suggested, the
accomplishment of such tasks about decision making and
planning is related to the Bayesian inference on the higher
level of cognitive functions. As such, the difference between
the sensorimotor prediction, the categorization of the events,
and the planning behaviour can be unified. This model
specifically focuses on the unification of the sensorimotor
prediction and the categorization of the events.

As specified at [63], such a planning process inherited
from the predictive process only exists when

(1) the specific goal is already determined at the very first
beginning;
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Table 3: RMS between LSTM and MT-AFA-PredNet.

LSTM MT-AFA-PredNet
Construction site 8.332 7.219
Crazy turn 10.315 8.287
Dancing light 9.834 7.314
Intern on bike 5.411 5.131
Safe turn 9.314 8.107
Squirrel 7.908 7.781
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Figure 15: Predicted images after training (Crazy turn).

(2) at a short- or mid-term planning problem.

When human is solving more complex planning prob-
lems, such as the multiobjective optimization problem (e.g.,
Traveller Salesman Problem, TSP), it needs a higher level of
cognitive processes to make decision of computation power
and time. Nevertheless, from the engineering perspective,
the short- and mid-term planning are sufficient in some
short- andmid-term planning applications, e.g., autonomous
driving, where the PredNet model was already examined to
predict the next frame of images from the vehicle camera.

5.2. Model-Free Perception-Action Learning. Traditional con-
trol problem usually requires an explicit description of the
plant model. Therefore, the quality of control relies not only
on the chosen control strategy, but also on the precision
of assumed plants model. For instance, the agent should
acquire the dynamics about the environment as well as the
description of the physicalmodel of itself. However, analytical
descriptions are usually hard to define because of the systems
nonlinearities and high order dynamics.

The development of recent reinforcement in robot con-
trol (e.g., locomotion [64], manipulation [65, 66]), and
autonomous vehicle control [67]) usually requires explicit
mathematical representation of the plant and environment
model. For instance, a reinforcement learning algorithm with
Monte-Carlo learning, whose value function is of a certain
policywithout a concretemodel, learns the perception-action
pairing by random sample placement.

Although our proposed model does not include the
reinforcement learning paradigm, it also maps such kind
of the perception and action pairing without the prior
knowledge of reward. It also makes our proposed model
more practical since an appropriate representation for the
policy or value function cannot be always chosen so that
the temporal sequence of the perception-action pairing is
difficult to achieve in the practical environment. On the
other hand, as the target of practical real-world applications
of reinforcement learner usually learns the reward after the

episodic tasks.The internalmemory of LSTMcan accomplish
similar job without explicit engineering job about hand-
crafting the reward function itself.

This also raises a problem in the bioinspired learning
problem for agents: when the “state space” and “action space”
are explicitly defined in reinforcement learning, the reward-
driving learning usually learns the mapping between these
two spaces with a trivial assumption that the action is purely
driven by the perception, which is not an obvious case if we
study the development of human cognition. Instead, most
of the cognitive studies propose that the perception and
action should hold an integrated relation. With the proposed
architecture, the perception-action integration can be easily
driven by the feedback loop in our future work. This kind of
perception-action pairing might become another alternative
to solve the sensorimotor problem of robot learning.

5.3. Multimodal and Cross-Modal Prediction. The first ver-
sion of proposed network (AFA-PredNet) model integrates
the perception and action under the predictive coding frame-
work. It depicts the possibility that perception and action
can be integrated in a hierarchical architecture. Furthermore,
the bidirectional feedback connections in this architecture
give rise to the cross-modal influence of both perception and
action.

In the human brain, such kind of influence has been
widely found in perception. For instance, the McGurk effect
indicates the possibility of interaction between the auditory
and visual modalities. Furthermore, under the framework
of predictive coding, both perception and action attempt to
minimize the prediction error.

Hierarchical architectures have been used for cross-
modal understanding, in which some intriguing higher level
of representation has been discovered (e.g., [68, 69]). Such
kind of representation may give a hint that our higher level
of cognition also exerts top-down signals to the lower level of
sensory data, about how the incoming sensory data looks like.
Such kind of higher-level cognition is also obtained when the
agent is interactingwith the environment, so that such kind of
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Figure 16: Predicted images after training (Construction site).
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Figure 17: Representation in GU Units (Layer 2) (Crazy turn).
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Figure 18: Representation in GU Units (Layer 3) (Crazy turn).
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Figure 19: Representation in GU Units (Layer 2) (Construction site).
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Figure 20: Representation in GU Units (Layer 3) (Crazy turn).
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Figure 21: Representation in GU Units (Layer 3, Frame 10) (6 Scenarios).

“worldmodel”, corresponding to the slow context layer in our
MT-AFA-PredNet, cannot be explicitlymodelled. Instead, the
pairing of different modalities, as well as perception-action, is
a model-free learning process.

5.4. Conclusion. The top-down prediction happens through
the whole brain, predictive coding proposes a framework
about such top-down prediction: the error runs through
the bottom-up in the hierarchical brain and corrects the
top-down prediction in the internal models. The higher
level of cognition plays a role about explaining the current
sensorimotor scenario in a mode of world models, which
are dynamically changing, and makes a prediction based on
such a model. During this process, the motor action also
works in as one of the prior knowledge to proceed with the
prediction. To build such an integration between perception
and action in the predictive coding, the Multiple Time-scale
Action Feedback Augmented Predictive Network (MT-AFA-
PredNet) is proposed, which realises the following function-
alities in the predictive coding framework in neurorobotic
experiments:

(1) The top-down feedback pathways in perception are
applied for sensory prediction. The prediction is
realised by extracting the prior knowledge from per-
ception and building the world models, embedded in
the higher level of cognition, about the sensorimotor
information of the agent itself.

(2) Such a representation of cognition about the long-
term sensorimotor context is encoded in a slow con-
text layer in our artificial neural network architecture.
The fast and slow context neurons are determined by
a time parameter.

(3) This “predictive coding” theory has been further
integrated with ego-motor action. And it is realised
by the attention mechanism.

Experiments were conducted in two simulations. The first
line tracer robot experiment shows that the independent gen-
erative units encode the prediction of different movements,
which are further modulated by the attention mechanism.
The second experiment on the driving dataset demonstrates
its ability to categorize different driving events, and its result
of prediction outperforms the LSTM.

Data Availability

The Pytorch implementation of the model and the driving
dataset used to support the findings of this study have
been deposited on GitHub: https://github.com/jonizhong/
MT AFAPrednet.
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[28] G. Klančar and I. Škrjanc, “Tracking-error model-based pre-
dictive control for mobile robots in real time,” Robotics and
Autonomous Systems, vol. 55, no. 6, pp. 460–469, 2007.

[29] D. Gu and H. Hu, “Receding horizon tracking control of
wheeled mobile robots,” IEEE Transactions on Control Systems
Technology, vol. 14, no. 4, pp. 743–749, 2006.

[30] Y. Gao, C. G. Lee, and K. T. Chong, “Receding horizon tracking
control for wheeled mobile robots with time-delay,” Journal of
Mechanical Science and Technology, vol. 22, no. 12, pp. 2403–
2416, 2008.

[31] T. P. Nascimento, A. P. Moreira, and A. G. Scolari Conceição,
“Multi-robot nonlinear model predictive formation control:
Moving target and target absence,” Robotics and Autonomous
Systems, vol. 61, no. 12, pp. 1502–1515, 2013.

[32] K. J. W. Craik, “The nature of explanation,” CUP Archive, vol.
445, 1967.

[33] E. C. Tolman, “Cognitive maps in rats and men,” Psychological
Review, vol. 55, no. 4, pp. 189–208, 1948.

[34] R. A. Brooks, “How to build complete creatures rather than
isolated cognitive simulators,” Architectures for intelligence, pp.
225–239, 1991.

[35] E. von Holst and H. Mittelstaedt, he reafference principle:
Interaction between the central nervous system and the peripheral
organs. selected papers of erich von holst: The behavioural
physiology of animals and man, 1950.

[36] R. C.Miall andD.M.Wolpert, “Forwardmodels for physiologi-
cal motor control,”Neural Networks, vol. 9, no. 8, pp. 1265–1279,
1996.

[37] N. L. Cerminara, R. Apps, andD. E.Marple-horvat, “An internal
model of a moving visual target in the lateral cerebellum,”The
Journal of Physiology, vol. 587, no. 2, pp. 429–442, 2009.

[38] J. Zhong, C. Weber, and S. Wermter, “A predictive network
architecture for a robust and smooth robot docking behavior,”
Paladyn. Journal of Behavioral Robotics, vol. 3, no. 4, pp. 172–180,
2012.

[39] D. M. Wolpert and M. Kawato, “Multiple paired forward and
inverse models for motor control,” Neural Networks, vol. 11, no.
7-8, pp. 1317–1329, 1998.

[40] Y. Demiris and B. Khadhouri, “Hierarchical attentive multiple
models for execution and recognition of actions,” Robotics and
Autonomous Systems, vol. 54, no. 5, pp. 361–369, 2006.



Complexity 15

[41] H. Hoffmann, “Perception through visuomotor anticipation in
a mobile robot,”Neural Networks, vol. 20, no. 1, pp. 22–33, 2007.
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In the hot rolling mill, a cold slab is reheated in reheating furnace and then rolled into thin coils through hot rolling process.
Traditional research on hot rolling mill generally takes the two processes as two separate single-objective scheduling problems,
though they are closely connected and their optimization objectives are conflicting with each other. In this paper, the integrated
scheduling of the reheating furnace and hot rolling is investigated in the view of multiobjective optimization. A mixed-integer
programming model with two objectives is formulated for this problem, and a multiobjective differential evolution (MODE)
algorithm is developed to solve this model. To make it easy for algorithm design, a hot rolling schedule (i.e., a sequence of slabs)
is used to represent a solution and for a given solution, a heuristic with consideration of energy consumption minimization is
presented to obtain the schedule of reheating furnace. To achieve the balance of exploration and exploitation, a novel mutation
operator with adaptive leader selection, a crossover operator with feasibility consideration, and a guided multiobjective local
search are designed. Computational results based on simulated data illustrate that the integrated scheduling is superior to the
traditional two-phase scheduling method used in practice and literature. Further results illustrate that the proposed MODE
algorithm is effective and superior to some other multiobjective evolutionary algorithms.

1. Introduction

Iron and steel industry is one of the pillar industries for the
national economy, and the typical production process in an
iron and steel enterprise can be divided into three parts
(Figure 1): primary steel making, hot rolling (or rough mak-
ing), and finishing making. In the primary making section,
raw materials such as iron ore and coals are firstly trans-
formed into hot metal through blast furnace, subsequently
refined into molten steel in melt shop, and finally casted into
solid slabs through continuous casting. The slabs are then
sent to hot rolling mill in which they are firstly reheated
and then rolled into thin hot rolled strips (or coils). Some
of the hot rolled coils can be directly sold as products, but
most of them will be sent to the finishing making section
for further complex processing. The first procedure in the
finishing making section is cold rolling, which makes the
coils even thinner at normal temperature. Subsequently,

some cold rolled coils are sold as products after continuous
annealing or further processed in the color coating line, and
the others will be consecutively processed through the con-
tinuous galvanizing line and the color coating line. According
to Figure 1, it can be found that the hot rolling mill, as the
rough making process, connects the logistics between the pri-
mary steel making and the finishing making. Therefore, the
hot rolling scheduling is one of the key important problems
for an iron and steel enterprise.

The detailed production process in the hot rolling mill is
illustrated in Figure 2. To guarantee the continuous produc-
tion of hot rolling, there are generally 2–4 reheating furnaces
supplying hot slabs for one hot rolling line. Different from
traditional batch processing equipment for which jobs enter
and leave in batch style, the continuous walking beam reheat-
ing furnace can simultaneously heat many slabs; however, the
slabs enter and leave it continuously, instead of the batch
style. That is, when the furnace is full, one slab can enter
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the furnace after the head slab leaves the furnace. Before leav-
ing the furnace, each slab must reach its required heating
temperature (i.e., it has a minimum heating time in the fur-
nace). On the contrary, a slab cannot leave the furnace even
if it has reached its maximum heating time, if there are other
slabs before it or the hot rolling line is processing another
slab. When such scenario occurs, this slab will be overheated,
which results in both energy waste and harm to rolling
quality. So the scheduling task of reheating furnace is to
allocate slabs to furnaces and determine the heating
sequence in each furnace so as to minimize the energy con-
sumption. After pulled out from the reheating furnace, the
heated slab further enters the hot rolling process that con-
sists of rough rolling and finishing rolling procedures. The
rough rolling machine first transforms the hot slab into a
thinner but longer slab (during rolling the width of the slab
has little change), and then the finishing rolling machine
with 5–7 groups of rollers will consecutively roll the slab
into a much thinner strip. Finally, the strip will become a
coil at the coiler after cooling. During rolling, if the width
of the next coil is smaller than that of its previous coil, then
a scar will be left on the next coil. So it is required that the
width of coils (slabs) in the hot rolling scheduling should be
in a nonascending order. In addition, to guarantee good
rolling quality, it is also preferred that the changes in
dimension and steel grade between any two slabs should

be as less as possible. The reason is that big change in
dimension or steel grade will cause significant disturbance
to rollers, which in turn deteriorate the rolling stability.
That is, the scheduling task of hot rolling is to determine
a rolling sequence of slabs so as to minimize the total
changeovers of all adjacent slabs.

Based on the above description of production process, it
can be found that the scheduling objectives between the
reheating furnace and the hot rolling are conflicting with
each other, especially in practical production. For example,
slabs in a typical iron and steel enterprise generally have
many types of dimension (width and thickness), minimum
reheating time, and steel grades. The reduction in energy
consumption in reheating furnaces may cause significant
changeovers of adjacent slabs. On the contrary, good change-
overs between adjacent slabs often result in significant
increase in energy consumption. Therefore, the integrated
scheduling of reheating furnace and hot rolling is a complex
multiobjective combinatorial optimization problem.

The rest of the paper is organized as follows. In Section 2,
related research results on reheating furnace and hot rolling
are reviewed and our research motivation is presented.
Section 4 constructs the biobjective mixed-integer program-
ming model for this problem. The multiobjective differential
evolution (MODE) algorithm developed for this problem is
proposed in Section 5. Section 6 is devoted to analyzing

Hot rolling mill
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Primary steel making
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Figure 1: Production process in a hot rolling mill.
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computational results based on simulated instances. Finally,
the paper is summarized in Section 6.

2. Literature Review and Motivation

As one of the most important production process related to
product quality and energy consumption in iron and steel
enterprise, scheduling problems of reheating furnace and hot
rolling have attracted considerable attentions in the literature.

For the reheating furnace scheduling, Mui et al. [1] devel-
oped a scheduling strategy for the reheating furnace without
consideration of the following hot rolling requirements.
Broughton et al. [2] investigated the integrated scheduling
and control of continuous walking beam reheating furnace
and presented a paradigm based on modified genetic algo-
rithm for a practical iron and steel enterprise. However, the
mathematical model for the problem was not provided.
Mohanty [3] developed an agent-based heuristic to determine
the slab sequence in the reheating furnace and hot rolling;
however, the overheating and sequence-dependent cost were
not considered.Wang and Tang [4] formulated the scheduling
of a single continuous walking beam reheating furnace as a
mixed-integer linear programming model and presented an
improved particle swarm optimization (PSO) algorithm to
obtain a near-optimal solution. The case of multiple parallel
continuous walking beam reheating furnace was considered
in [5], in which the scheduling task was to assign slabs to each
reheating furnace, sequence slab sequence for each reheating
furnace and determine the feed-in and residence time of each
slab so as to reduce unnecessary energy consumption. To solve
this problem, a scatter search algorithm was developed. It
should be noted that the scheduling problem in [5] was based
on a given hot rolling schedule (that is, the drop-out time of
each slab has been given by the hot rolling schedule).

With respect to the hot rolling scheduling, many research
results can be found in the literature. Lopez et al. [6] and
Balas and Martin [7] formulated the hot rolling scheduling
as a prize-collecting traveling salesman problem whose task
was to select a subset of slabs from the candidate slab yard
and determine their rolling sequence to minimize the pro-
duction cost. Such a modeling method can only obtain one
single turn (rollers should be replaced by new ones after roll-
ing a consecutive number of slabs and these consecutive slabs
between two roller changeovers are called a turn). To obtain
multiple rolling turns at the same time, the vehicle routing
problem (VRP) model, as well as its variants, was often
adopted. Cowling [8] developed a decision support system
for hot rolling scheduling based on the prize-collecting
VRP (PCVRP) model. Yadollahpour et al. [9] incorporated
more realistic constraints and hot charge rolling into the
PCVRP model and presented a guided local search algo-
rithm. Chen et al. [10] formulated the hot rolling scheduling
as a VRP model and proposed a hybrid PSO algorithm to
simultaneously obtain several rolling turns. Zhao et al. [11]
proposed a two-stage scheduling method for the hot rolling,
in which the first stage established several turns based on
VRP model with time windows and the second stage deter-
mined the sequence of these turns to achieve higher hot
charge ratios. Different from the two stage method of [11],

Wang and Tang [12] presented a VRP model that could
obtain multiple turns and at the same time determine their
sequence of these turns. Chakraborti et al. [13] presented a
biobjective genetic algorithm for the hot rolling scheduling
to minimize the standard deviation of lower yield strength
(or ultimate tensile strength) and standard deviation of width
of all adjacent slabs in a turn. Jia et al. [14] formulated the hot
rolling scheduling as a multiobjective PCVRP model and
proposed a Pareto max-min ant system algorithm. Tan
et al. [15] took into account the time-of-use electricity pricing
into the hot rolling scheduling and adopted NSGA-II algo-
rithm [16] to minimize two objectives: total jump penalties
of adjacent slabs (i.e., optimize product quality) and total
electricity cost (i.e., optimize energy consumption).

From the above literature review, it can be found that the
scheduling problems in hot rolling mill have always been an
active research topic due to the complexity of reheating and
hot rolling. However, current researches traditionally took
the reheating furnace scheduling and the hot rolling schedul-
ing as two separate optimization problems and often ignored
the close connection between reheating and hot rolling.
Moreover, most researches centered on the single-objective
optimization of hot rolling, though the objectives have
conflictions with each other. Tang and Wang [17] once
attempted to achieve the simultaneous optimization of the
reheating furnace scheduling and the hot rolling scheduling
and proposed a two-phase scheduling method. This method
tried to obtain a good hot rolling schedule with scatter search
in the first phase, and according to this schedule, the rolling
time of each slab, as well as the departure time of each slab
from a certain reheating furnace, could be determined. Based
on them, a heuristic was developed in the second phase to
establish the schedules for each reheating furnace. That is, this
two-phase method is a sequential schedulingmethod that can-
not achieve the real integrated optimization of both the reheat-
ing furnace and the hot rolling. Therefore, in this paper, we
investigated the integrated scheduling of reheating furnace
and hot rolling by formulating it as multiobjective mixed-
integer programming model and developed an improved
MODE algorithm for this problem to achieve the simulta-
neous optimization of reheating furnace and hot rolling.

3. Problem Formulation

3.1. The Model.

min  f1 = 〠
N

i=1
di − bi − ri,max , 1

min  f2 = 〠
N−1

j=1
〠
N

i=1
〠
N

i′=1,i′≠i
yijyi′,j+1Cii′, 2

s t  〠
K

k=1
〠
N

j=1
xijk = 1, i = 1, 2,… ,N , 3

〠
N

i=1
xijk ≤ 1, j = 1, 2,… ,N , k = 1, 2,… , K , 4
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The objective (1) is to minimize the total unnecessary
heating time (or the total overheating time) of all slabs,
which in turn can help to reduce the total energy consump-
tion. We choose such an objective based on the following
two considerations: firstly, overheating of slabs will deterio-
rate the product quality; secondly, energy consumption in
the reheating furnace is very large in iron and steel indus-
try and the reduction of energy consumption has become
one of the key challenging issues in scheduling optimiza-
tion [18, 19]. The objective (2) is to minimize the total
changeovers in width, thickness, steel grade, and so on,
between adjacent slabs in the hot rolling schedule so as to
improve the product quality. As analyzed before in Section
1, the two objectives are generally conflicting with each other
in practical production. Constraint (3) ensures that each slab

will be reheated by exactly one reheating furnace in the
reheating schedule, and constraint (4) guarantees that each
position of the reheating schedule can hold at most one slab.
Constraints (5) and (6) ensure that each slab must be proc-
essed in the hot rolling, and each position of the hot rolling
schedule must hold exactly one slab. Constraints (7) and
(8) require that the slab in the j + 1-th position should be
drawn in and drawn out after the slab arranged in the j-th
position in the reheating schedule. Constraint (9) represents
the reheating furnace capacity constraint requiring that a slab
cannot be drawn in unless the head slab in the furnace is
drawn out. Constraint (10) guarantees that each slab must
be reheated for its required heating time. Constraint (11)
ensures that a slab in the j + 1-th positon of the hot rolling
schedule cannot be drawn out from the furnace for process-
ing in the hot rolling unless the slab in the j-th position of
the hot rolling schedule has been completed through the
hot rolling production. Constraints (12) and (13) are the
maximum changeover constraints for width and thickness
of adjacent slabs in the hot rolling schedule. Constraints
(14) and (15) determine the value ranges for decision vari-
ables (please note that the value range for di has been defined
in constraint (10)).

4. Proposed Discrete Multiobjective Differential
Evolution Algorithm

4.1. Brief Introduction of Multiobjective Differential
Evolution. Different from single-objective optimization, the
task of multiobjective optimization is to achieve a set of opti-
mal nondominated solutions uniformly distributed in the
objective space. Due to the inherent ability of evolving a
swarm of solutions simultaneously at a generation, evolution
algorithms have been widely adopted in multiobjective opti-
mization [20, 21]. Among the multiobjective evolutionary
algorithms (MOEAs), multiobjective differential evolution
(MODE) has achieved a lot of successful applications, espe-
cially in practical industries, due to its simple but effective
search mechanism [22–29].

The main procedure of classical MODE algorithm is
illustrated in Figure 3, where g and gmax are, respectively,
the index of generations and the maximum available genera-
tions (i.e., the stopping criterion) and Xi,g is the i-th solution
in the population P at the g-th generation. There are three
main steps in MODE to generate a new solution, namely,
mutation, crossover, and selection. In the mutation step, a
perturbed vector Vi,g = v1i,g, v2i,g,… , vDi,g is generated

through a mutation operator for each solution Xi,g = x1i,g,
x2i,g,… , xDi,g with D dimensions in P. After mutation, a trial

solution Ui,g = u1i,g, u2i,g,… , uDi,g is constructed from Xi,g
and Vi,g according to

uj
i,g =

vji,g, if rand 0, 1 ≤ Cr or j = jrand,

xji,g, otherwise,
16
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where rand 0, 1 is a random number uniformly generated
in [0, 1] and jrand is a random integer generated in [1, D].
The adoption of jrand is to avoid the condition that Ui,g =
Xi,g. Finally, in the selection step, the new solution for next
generation Xi,g+1 is determined according to

Xi,g+1 =
Ui,g, if Ui,g dominates Xi,g,
Xi,g, otherwise

17

For a multiobjective optimization problem, solution X1 is
said to dominate solution X2 if all objectives of X1 are better
than or equal to those of X2 and there exists at least one
objective for which the objective value of X1 is strictly better
than that of X2.

4.2. Proposed MODE Algorithm. The mathematical model
defined by (1), (2), (3), (4), (5), (6), (7), (8), (9), (10), (11),
(12), (13), (14), and (15) is a multiobjective discrete combina-
torial optimization problem, and at the same time the inte-
grated scheduling of reheating furnace and hot rolling
further make the decision making more complex. This makes
it difficult to directly apply MODEs in the literature to solve
our problem. Therefore, we prefer to design an improved
discrete MODE algorithm for this complex problem based
on its characteristics. In the design of this MODE algorithm,
several issues should be handled such as solution encoding
and decoding that can consider the integrated scheduling
characteristics, generation method of new solutions (includ-
ing mutation, crossover, and selection) that can achieve
good balance between exploration and exploitation, and
management method of nondominated solutions during
evolution that can guarantee a uniform distribution in the
objective space.

4.2.1. Solution Encoding and Decoding. The decision making
of reheating furnace scheduling is to allocate slabs to each
furnace and at the same time determine their heating
sequence, which makes it very hard for the solution encoding
and decoding, as well as the neighborhood search designing.
So we prefer to adopt the hot rolling schedule (i.e., a sequence
of slabs S = s 1 , s 2 ,… , s N in which si is the slab
arranged at the i-th position) to encode a solution, and for

a given solution, a heuristic with consideration of energy con-
sumption minimization is presented to obtain the corre-
sponding schedule of the reheating furnace. The main idea
of this heuristic is that the current slab should be allocated
to one of the first available furnaces that can result in the
minimum energy consumption (i.e., the minimum overheat-
ing time). Let Ek represent the earliest available time of fur-
nace k k = 1, 2,… , K and H k denote the current head
slab (i.e., the slab holding the first position in furnace k,
and please see Figure 2) in furnace k. Then, the detailed pro-
cedure of the decoding heuristic can be described in Figure 4.

4.2.2. Population Initialization Method. To get an initial pop-
ulation P with good distribution in the objective space, a
three-step initialization method is adopted: the classical
NEH method [30], a modified multiobjective NEH method,
and a random method. In the NEH, the initial slab sequence
S is determined based on practical processing constraints:
first, sequence all the N slabs in the nonascending order of
width because it is preferred that the slab width changes from
wide to narrow; second, for slabs with the same width, use the
swap (swap two slabs) neighborhood search to improve the
total changeover cost. In the following, we first give the pop-
ulation initialization method and then present the modified
multiobjective NEH method. The population initialization
method can be described as follows.

Step 1. Use the classical NEH to generate the first two solu-
tions with the objectives (1) and (2), respectively, to obtain
two extreme solutions, and then add them to P.

Step 2. Generate some solutions with the modified multiob-
jective NEH method and then add them to P. If the total
number of initial solutions is larger than the population size
npop, repeatedly remove the most crowded solution in P until
P = npop and then terminate; otherwise, go to Step 3.

Step 3. Randomly select two slabs with similar width and
thickness in a solution S randomly selected from P and per-
form a swap move on them to generate a new random solu-
tion (please note that two similar slabs mean that the swap
of them will not result in violation for constraints (12) and

Set g=0, initialize F and Cr, and create the initial population P consisting of n solutions.

while g < gmax do

3: for each solution Xi,g in P do

4: Vi,g : = Mutation (Xi,g, F, mutation operator)

5: Ui,g : = Crossover (Xi,g, Vi,g, Cr)

6: Xi,g+1 : = Selection (Xi,g, Ui,g)

//mutation step

//crossover step

//selection step

7: end for
8: Set g = g + 1

9: end while
10: Output the non-dominated solutions in P.

1:

2:

Figure 3: Procedure of classical MODE.
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(13), i.e., the new random solution is still feasible). Repeat
this procedure for npop − P times.

Since the NEH method is very popular in scheduling
problems, we only present the modified multiobjective
NEH in the paper. Let S = s 1 , s 2 ,… , s K ,… , s N be
a given slab sequence, and Ψi denote the nondominated par-
tial solutions (a partial solution is defined as a sequence of
n n <N slabs) obtained in the i-th iteration. Since at each
iteration a new slab in S will be inserted into the nondomi-
nated partial solutions, each solution of Ψj is in fact a
sequence of j slabs. The multiobjective NEH method can be
given in Figure 5.

4.2.3. Improved Discrete Mutation, Crossover, and Selection
Operators. For the permutation-based combinatorial optimi-
zation problems such as permutation flowshop scheduling,
several kinds of discrete DE operators have been proposed
[31–33] by defining novel discrete mutation and crossover
operators. In [33], the computational results showed that
the P-DDE [31] was superior to the W-DDE [32] and that
the H-DDE [33], which could be viewed as an improvement
version of W-DDE, was the best. However, in our problem,
these discrete mutation and crossover operators cannot be
directly adopted. The main reasons are as follows. On one
hand, the new solution generated by the W-DDE and H-
DDE may often be much different with comparison to the
target solution. This may be good for the permutation flow-
shop scheduling problem since it can help to avoid being
trapped in local optimal regions. But for the problem with

constraints like ours, the new solution generated by them
may often be unfeasible and it is hard to restore feasibility.
On the other hand, the P-DDE used the discrete crossover
operators of genetic algorithm such as the partially mapped
crossover (PMX) [34]. When such crossover operator is
used in our problem, we have to handle not only the
infeasibility of duplicated jobs in the new solution but also
the violations with constraints (12) and (13). Therefore, we
prefer to develop some new mutation and crossover opera-
tors with consideration of our problem’s characteristics.

(1) Mutation Operator with Leader Selection. In the proposed
mutation operator, the adaptive leader selection mechanism
is inspired by the hybrid MOEA proposed in [35], in which
the concept of personal best and global best of particle swarm
optimization was incorporated into MOEA. Its main idea is
to adaptively select a nondominated solution in the external
archive to generate the perturbed solution Vi,g. For a target
solution Si,g, the definition of the mutation operator with this
mechanism is as follows:

Vi,g =

insertion SP,g−1 , if rand1 < pm and rand2 < ps,

insertion SG,g−1 , if rand1 < pm and rand2 ≥ ps,

insertion Sr,g−1 , otherwise,
18

where SP,g−1 is the solution randomly selected from the three
nondominated solutions in the external archive that are

1:
Input S = (s(1), s(2), …, s(K), …, s(N)). Set the first available time of each furnace to be 
zero (i.e., it is assumed that all the slabs have arrived at time zero).

2:
Allocate the first K slabs s(1), s(2), …, s(K) to furnace 1, 2, …, K, respectively, and set the 
drawing-in time of each slab to be bs(i) = 0.

3: Update the earliest available time of each furnace k (k=1, …, K) to be Ek = h.

4:
Update the drawing-out time of each slab to be ds(1) = rs(1) and ds(k) = max {ds(k-1) + ps(k-1),
rs(k)}, k=2, …, K.

5: for i := K+1 to N do

6: Determine the set of furnaces (denoted as U) having the minimum first available time, 
i.e., each furnace m in Usatisfying m = argmin {Ek, k=1, 2, …, K}.

7: Calculate the overheating time of slab s(i) when it is allocated to each furnace m in U
(denoted as Os(i)) according to Os(i) = max {ds(i) - bs(i) - rs(i), 0}.

8: Select the furnace k that can result in the least overheating time of slab s(i), allocate slab 
s(i) to the selected furnace, and update its drawing-in time bs(i) = Ek.

9:

Update the first available time of the selected furnace k (i.e., Ek) according to equation 

dH(k) + h, otherwise

Ek + h, if furnace k is not full
Ek , in which dH(k) can be easily obtained because the

drawing-out time of each slab is updated at each iteration.

10: Update the drawing-out time of slab s(i) to be ds(i) = max {ds(i-1) + ps(i-1), bs(i) + rs(i)}.

11: end for
12: Return the re-heating furnace schedule.

=

Figure 4: Procedure of the decoding heuristic.
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nearest to Si,g, SG,g−1 is the solution randomly selected from
the whole external archive, and Sr,g−1 is the solution ran-
domly selected from the population P r ≠ i . rand1 and
rand2 are two random number uniformly generated in [0,
1]. pm is called the mutation probability, and ps is the
leader selection parameter. Equation (18) means that if
rand1 is less than pm, we have two choices: perform a ran-
dom insertion move (delete a slab on its current position
and then insert it to another random position) on SP,g−1 if
rand2 is less than ps; otherwise, perform a random insertion
move on SG,g−1. If rand1 is equal to or larger than pm, then
a random insertion move will be performed on another
random solution in the current population to generate the
perturbed solution. According to (18), it can be found that
the first two items have good ability of accelerating the con-
vergence speed since the new perturbed solution is gener-
ated around the external archive. Furthermore, it should
be noted that the first item is focused on the local search
because SP,g−1 is one of the most nearest solutions to Si,g
while the second item pays more attention to search diver-
sity. Finally, the third item takes the advantage of search
diversity and can help to avoid being trapped in local opti-
mum. To make the mutation operator adaptively change
the focus from exploitation to exploration, the value of
parameter ps is updated according to

ps =
gmax − g
gmax

, 19

where gmax denotes the maximum number of generations.
That is, the first item will have more chance to be selected
during the early stage of evolution while the second item
will be selected with high probability during the later stage
of evolution.

(2) Crossover Operator with Feasibility Consideration. The
crossover operator follows the main idea of traditional DE
and incorporates the consideration of feasibility maintenance.

As mentioned above, there are two main feasibility require-
ments: one is defined by constraints (5) and (6) and
another is defined by constraints (12) and (13). According
to the two requirements, the crossover operator to generate
the trial solution Ui,g = ui,1,g, ui,2,g,… , ui,N ,g is defined in
Figure 6, in which si,j,g and vi,j,g denote the slab arranged
at the j-th position of the target solution Si,g and the per-
turbed solution Vi,g, respectively. The main idea of this
crossover operator is to determine the slab ui,j,g adaptively
according to different scenarios. Please note that the gener-
ated trial solution Ui,g will have no duplication of slabs, but
may also have violations for constraints (12) and (13),
which will be further fixed by swap or insertion moves.
For example, if a slab in a certain position j has violations
for constraint (12) or (13) with its adjacent slabs, we will
first try to swap it with another slab in this solution to
restore feasibility. If the swap does not work, then we fur-
ther try to use the insertion move: try to insert this slab
to another position, and if this does not work, try to insert
another slab to the position before or after this slab.
Because the set of slabs for hot rolling scheduling are care-
fully selected by the scheduler from a large number of can-
didate slabs, the violation of constraints (12) and (13) can
be easily fixed with the swap and insertion moves.

(3) Selection Operator. With the generated trial solution Ui,g,
the selection operator is applied according to traditional
MODE.

Si,g+1 =
Ui,g, if Ui,g is not dominated by Si,g,
Si,g, otherwise

20

4.2.4. Guided Multiobjective Local Search. In the multiobjec-
tive memetic algorithm proposed by Wang and Tang [36], a
machine learning-based multiobjective local search method
was developed. Its main idea was to first find the representa-
tive solutions in the external archive using clustering method

1: Set �훹1 = {S = (s(1))}.
2: for i : = 2 to N do
3: Set �훹i = �훷.
4: for each solution S in �훹i-1 do

5: for j := 1 to i do
6: if inserting slab s(i) to the position j of S does not violate constraints (12)-(13) do

7: Insert slab s(i) to the position j of S and generate a new solution S′.
8:
9:

10:

Add S′ to �훹i.
9: end if

10: end for
11: end for

12: Refine �훹i so that only the non-dominated partial solutions persist.
13: end for
14: Add the non-dominated solutions in �훹N to P.

Figure 5: Procedure of the multiobjective NEH.
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and then perform a two-phase local search on the selected
representative solutions. Considering that there are two
objectives and many constraints in our problem, we propose
another kind of multiobjective local search, which follows the
main idea of the method in [36] but has less complexity.
There are two main steps of our method: the first one is to
select a solution with better diversity in the objective space
from the external archive, and the second one is to apply a
Pareto-based variable neighborhood descent search on the
selected solution. For a given external archive, the detailed
procedure of the guided multiobjective local search is given
in Figure 7, in which the flag f lagi = 1 means that the i-th
solution in the external archive has been selected for local
search in previous generations (please note that we will mem-
orize this flag for each solution in the external archive during
evolution and that the flag will be set to be zero for a new
solution added to the external archive).

In the above guided multiobjective local search, only
the solution that has good diversity and has not been
selected in previous generations can be selected for local
search, which can help to improve the spread of nondomi-
nated solutions in the external archive. For the selected
solution, there are two kinds of neighborhoods that are
adopted, i.e., insertion (delete a slab in its current position
and then insert it in another different position) and swap
(swap two different slabs). Although the neighborhood
sizes of them are N N − 1 and N N − 1 /2, respectively,
the number of practical moves is much smaller because only
the feasible moves are permitted (line 8 and line 17). In addi-
tion, for each new generated solution Snew in the local search,
the decoding procedure in Section 4.2.1 will be used to con-
struct the corresponding reheating furnace schedule before
the evaluation.

4.2.5. Update of External Archive. The update of the external
archive follows traditional MOEAs, that is, for a new solution
Snew , it can be added into the external archive if and only if
there is no solution in the external archive that can dominate
Snew . After its addition, we will remove the solutions that are
dominated by Snew and may further remove the most
crowded solution if the size of the external archive exceeds
it maximum value nEA.

4.2.6. Whole Procedure of the Proposed Discrete
Multiobjective Differential Evolution. Based on the above sec-
tions, the procedure of the proposed discrete multiobjective
differential evolution can be given in Figure 8, in which
gmax denotes the maximum available generations.

5. Computational Results

5.1. Test Problems and Parameter Setting. To test the per-
formance of the proposed algorithm, there are two kinds
of test problems that are adopted in the experiments: a set
of 90 randomly generated problems and a set of 4 practical
production problems.

The random problems are generated according to practi-
cal data of heavy plate hot rolling as follows. The width of a
slab is uniformly generated in [1500mm, 2100mm], and
the thickness of a slab is uniformly generated in [200mm,
300mm]. The least residence time of a slab ri,min in the
reheating furnace is uniformly generated in [150min,
250min], and the corresponding maximum residence time
of this slab ri,max is set as the sum of ri,min and a random num-
ber uniformly generated in [50min, 100min]. The rolling
time of a slab is uniformly generated in [2.0min, 4.0min],
the setup time between two adjacent slabs in the same

1: for j := 1 to N do
2: if si,j,g and vi,j,g do not exist in Ui,g do
3: if the insertion of both si,j,g and vi,j,g to current Ui,g do not violate constraints (12)-(13)

4:
vi,j,g, if rand3 < Cr or j = jrandui,j,g
si,j,g, otherwise

5: else do

6:

vi,j,g, if insertion of vi,j,g is feasible

si,j,g, if insertion of si,j,g is feasible

vi,j,g, if insertion of vi,j,g results in smaller constraint violation

si,j,g, otherwise

 7: end if
8: else do

9:
vi,j,g, if vi,j,g does not exist in Ui,g
si,j,g, otherwise

(please note that it is impossible that the
two slabs exist simultaneously in Ui,g)

10: end if
11: end for
12: Fix the violation ofthe trial solution Ui,g for constraints (12)-(13).

=

=

=

ui,j,g

ui,j,g

Figure 6: Procedure of the crossover operator with feasibility consideration.
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reheating furnace is set to 1min, and the capacity of a reheat-
ing furnace is set to 30 slabs. The maximum permitted
changes of width and thickness are set to 500mm and
50mm, respectively. The changeover cost between two slabs
i and i′ is calculated as Cii′ = wi −wi′ + 10 ti − ti′ . There
are three values for the number of slabs {100, 150, 200} and
the number of reheating furnaces {3, 4, 5}, which can result

in 9 different problem groups. For each problem group N ×
K , 10 instances are randomly generated, and there is a total
of 90 random instances that are used in the experiments.

The proposed discrete multiobjective differential evolu-
tion algorithm (represented as DMODE) is implemented in
C++ and tested on a personal computer with Intel Core i7-
6700 (3.4GHz) and 8GB memory. Its parameters are set as

1: Calculate the crowding distance (as did in NSGA-II) of each solution in the external archive.

2: Sequence the solutions in the external archive in the non-ascending order of the crowding
distance (a larger value of the crowding distance means better diversity).

3: From the first one of the sequence, select the one whose flagi = 0 (denoted as S), and set its 
flag to be flagi = 1 (i.e., this selected solution will not be selected in next local search).

4: Set �훹 = �훷, and for the selected solution perform the following two neighborhood searches.
5: for i := 1 to N do //perform the insertion neighborhood search

6: Delete the slab arranged in position i (denote this slab as s(i)) of S.
7: for j := 1 to N do

8: if j ≠ i and the insertion of s(i) in position j does not violate constraints (12)-(13) do

9: Insert s(i) in position j and generate a new solution Snew.
10: Evaluate the new solution Snew, set its flag to be zero, and add it into �훹.
11: end if
12: end for
13: Restore solution S.
14: end for
15: for i := 1 to N do //perform the swap neighborhood search

16: for j := 1 to N do

17: if j ≠ i and the swap of s(i) and s(j) does not violate constraints (12)-(13) do

18: Swap s(i) and s(j) of S and generate a new solution Snew.
19: Evaluate the new solution Snew, set its flag to be zero, and add it into �훹.
20: Restore solution S.
21: end if
22: end for
23: end for
24: Update the external archive with �훹.

Figure 7: Procedure of the guided multiobjective local search.

1: Set g=0, initialize parameters, and create the initial population P.

2: Update the external archive withthe initial population P.

3: while g < gmax is not reached do

4: for each solution Si,g in P do

5: Vi,g : = Mutation (Si,g, pm)

6: Ui,g : = Crossover (Si,g, Vi,g, Cr)

7: Si,g+1 : = Selection (Si,g, Ui,g)

//apply mutation described in section 4.2.3.1

//apply crossover described in section 4.2.3.2

//apply selection described in section 4.2.3.3

8: end for
9: Update the external archive with the population P.

10: Apply the multi-objective local search (section 4.2.4) on the external archive.

11: Set g = g + 1.

12: end while
13: Output the non-dominated solutions in P.

Figure 8: Procedure of the discrete multiobjective differential evolution algorithm.
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follows according to the experiments: the size of population
is set to npop = 100, the size of the external archive is set to
nEA = 100, the mutation probability is set to pm = 0 8, the
crossover probability is set to Cr =N 0 5, 0 1 , and the
maximum CPU time is set to Tmax = 300 seconds for
instances with N = 100, Tmax = 500 seconds for instances
with N = 150, and Tmax = 600 seconds for instances with
N = 200. For each problem instance, a testing algorithm will
be performed for 30 independent runs to collect statistical
results. The parameters such as pm and Cr are set based
on a preliminary computation experiment. For example,
the value of pm can be selected from three levels {0.7, 0.8,
0.9} while the value of Cr can be selected from three levels
{0.3, 0.5, 0.7}. Then for each level of pm, the average IGD
obtained by all levels of Cr is taken for comparison to
determine a good value of pm. Similar method is used to
determine the value of Cr.

5.2. Performance Metrics. In the experiment, three kinds of
popular performance metrics are adopted [21], i.e., General
Distance (GD), Inverted Generational Distance (IGD), and
Hypervolume (HV).

The GD metric can be used to evaluate how close the
Pareto front obtained by a certain algorithm (e.g., A) is to
the true (or reference) Pareto optimal front (e.g., Aopt). Its
definition is given in

GD =
∑ A

i=1d
2
i

A
, 21

in which A is the sum of nondominated solutions in A
and di represents the Euclidean distance in the objective
space between the i-th solution in A and its nearest solution
in Aopt.

On the contrary, the definition of IGD is presented in

IGD = ∑
Aopt
i=1 d2i
Aopt

, 22

in which Aopt represents the sum of nondominated solu-
tions in the true (or reference) Pareto front Aopt and di
denotes the Euclidean distance in the objective space between
the i-th solution in Aopt and its nearest solution in A. The
IGD metric can be used to evaluate not only the distance
between A and Aopt but also the distribution of A. For exam-
ple, if all solutions in A are trapped in a local region that is
very close to Aopt in the objective space, then A will have a
very small (or good) value of GD metric, but it will have
a very large (or bad) value of IGD metric because it has
bad distribution.

Similar to IGD, the HV metric can also evaluate both the
closeness and distribution of A by accumulating the area cov-
ered by each solution in A with comparison to a reference
point (often set as [1.0, 1.0] after normalization).

Since the true Pareto optimal front of each problem can-
not be obtained, we prefer to use the reference Pareto optimal
front in our experiment. The reference Pareto optimal front
is obtained by selecting the true nondominated solutions
from the union of A obtained by all the testing algorithms
in the experiment (i.e., all the algorithms tested in Section
6). Moreover, we will normalize the objective values when
calculating the performance metrics.

5.3. Performance Analysis of the Mutation with Adaptive
Leader Selection. In this section, we first carried out experi-
ments using the random problems to evaluate the perfor-
mance of the adaptive leader selection method used in the
mutation procedure.

The computational results between our algorithm using
the mutation operator with leader selection (denoted as
DMODEleader) and the one using the tradition mutation
operator without leader selection (denoted as DMODEno)
are given in Table 1. In DMODEno, the mutation operator
only uses the third item in (18). In Table 1, the performance
value of each performance metric (GD, IGD, and HV) for
each problem group is the average of the ten problems in
this group and the better result is shown in a bold style. In
addition, the pair-wise T-test with a confidence level of
95% is used to test whether the difference of performance

Table 1: Performance metric (GD, IGD, and HV) analysis of the mutation with adaptive leader selection.

Problem GD IGD HV
K N DMODEno DMODEleader Sig DMODEno DMODEleader Sig DMODEno DMODEleader Sig

3

100 0.0046 0.0030 + 0.0391 0.0176 + 0.8103 0.8670 +

150 0.0042 0.0024 + 0.0439 0.0165 + 0.8117 0.8662 +

200 0.0039 0.0015 + 0.0422 0.0233 + 0.8276 0.8712 +

4

100 0.0038 0.0024 + 0.0303 0.0186 + 0.8249 0.8822 +

150 0.0066 0.0041 + 0.0432 0.0287 + 0.8254 0.8650 +

200 0.0041 0.0009 + 0.0467 0.0306 + 0.8349 0.8808 +

5

100 0.0053 0.0020 + 0.0315 0.0152 + 0.8418 0.9018 +

150 0.0046 0.0031 + 0.0398 0.0333 + 0.8292 0.8690 +

200 0.0025 0.0011 + 0.0670 0.0302 + 0.8154 0.8877 +

Average 0.0044 0.0023 0.0426 0.0238 0.8246 0.8768
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Figure 9: Evolution process of the IGD metric for the two algorithms.
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metrics between two testing algorithms are significant or
not. The symbol “+” in the column Sig means that the
performance difference is significant while the symbol “–”
means that there is no significant difference between their
performance metrics.

From Table 1, it can be seen that the DMODE using the
mutation with leader selection obtains significantly better
results of every metric for all the problem groups. In particu-
lar, as the problem size (K and N) increases, the performance
difference tends to increase. For example, for the largest
problem group with K = 5 and N = 200, the GD and IGD
metric values obtained by DMODEleader are less than a half
of those obtained by DMODEno.

Figure 9 gives the evolution process of IGD obtained by
the two algorithms (for simplicity, we use only an instance
randomly selected from the ten instances in each problem
group). It is clear that the DMODE can achieve a better
convergence speed and maintain good distribution during
evolution process with the help of the mutation with adap-
tive leader selection. Moreover, we can see that the IGD
obtained by DMODEleader can still decrease much faster
that obtained by the DMODEno. The main reasons can be
analyzed as follows. The first item of (18) focuses on the local
search of promising regions, the second item of (18) inte-
grates the local search and diversity maintenance, and the last
item of (18) focuses on diversity maintenance. Overall, their
adaptive selection can help to achieve a better balance of
exploitation and exploration.

5.4. Performance Analysis of the Multiobjective Local Search.
In this section, we further test the efficiency of the multiob-
jective local search for the DMODE algorithm. The computa-
tional results between our algorithm with the local search
(denoted as DMODE_LS) and the one without the local
search (denoted as DMODE_noLS) are shown in Table 2, in
which the performance metrics GD, IGD, and HV are given,
and the evolution process of IGD metric obtained by the two
algorithms is illustrated in Figure 10.

From Table 2, similar observations can be obtained.
The multiobjective local search can help DMODE to
achieve significantly better results for all problem groups
with respect to each performance metric. According to

Figure 10, it is clear that the IGD value obtained by DMO-
DE_noLS decreases very slowly at the middle and last evolu-
tion process and the difference between the IGD values
between DMODE_noLS and DMODE_LS tends to increase
during the evolution process, which shows the efficiency of
multiobjective local search.

5.5. Comparison with the Other MOEAs on Random
Problems. To further evaluate the performance of the pro-
posed DMODE algorithm, in this section, we compare it with
the other powerful MOEAs in the literature. Since NSGA-II
was often adopted in practical optimization problems such
as the hot rolling scheduling [15], it is selected as the compar-
ison algorithm in this experiment. To make NSGA-II appli-
cable in our problem, the following modifications are made:
first, the NSGA-II adopts the encoding and decoding method
described in Section 4.2.1; second, the PMX crossover is used
to generate new offsprings and the random insertion move is
taken as the mutation operator; third, since the new off-
springs generated by the crossover and mutation operator
may be infeasible, a feasibility restoring method based on
swap moves is used to guarantee feasibility; fourth, the
guided multiobjective local search in Section 4.2.4 is used at
each generation to improve a nondominated solution ran-
domly selected from the current population. The population
size of NSGA-II is set to 100, and the stopping criterion is the
same one used in our DMODE.

Besides the NSGA-II, we also take the multiobjective
iterated local search (MOILS) proposed by Xu et al. [37]
as the comparison algorithm because this algorithm shows
better results than the others for the biobjective permuta-
tion flowshop scheduling problem. The MOILS adopts the
block-based multiobjective local search in which a block
of jobs (slabs) will be removed first and then reinserted into
the partial schedule, which may result in many infeasible
solutions for our problem. So we use the guided multiobjec-
tive local search in Section 4.2.4 to replace the block-based
multiobjective local search in MOILS. Similarly, the MOILS
also adopts the same encoding and decoding method in
Section 4.2.1. Since at each generation of MOILS there is
only one solution selected for local search, we also use the
crossover and mutation operators to evolve its external

Table 2: Performance metric (GD, IGD, and HV) analysis of the multiobjective local search.

Problem GD IGD HV
K N DMODE_noLS DMODE_LS Sig DMODE_noLS DMODE_LS Sig DMODE_noLS DMODE_LS Sig

3

100 0.0110 0.0030 + 0.1085 0.0176 + 0.7092 0.8670 +

150 0.0061 0.0024 + 0.0714 0.0165 + 0.7768 0.8662 +

200 0.0062 0.0015 + 0.0808 0.0233 + 0.7692 0.8712 +

4

100 0.0091 0.0024 + 0.1062 0.0186 + 0.7213 0.8822 +

150 0.0080 0.0041 + 0.0902 0.0287 + 0.7658 0.8650 +

200 0.0072 0.0009 + 0.1048 0.0306 + 0.7473 0.8808 +

5

100 0.0073 0.0020 + 0.0801 0.0152 + 0.7810 0.9018 +

150 0.0095 0.0031 + 0.0982 0.0333 + 0.7242 0.8690 +

200 0.0109 0.0011 + 0.1506 0.0302 + 0.6630 0.8877 +

Average 0.0084 0.0023 0.0990 0.0238 0.7398 0.8768

12 Complexity



Lo
g1

0(
IG

D
)

Lo
g1

0(
IG

D
)

Lo
g1

0(
IG

D
)

Lo
g 1

0(
IG

D
)

Lo
g 1

0(
IG

D
)

Lo
g 1

0(
IG

D
)

Lo
g1

0(
IG

D
)

Lo
g 1

0(
IG

D
)

Lo
g 1

0(
IG

D
)

Generation ×10

Group 1: K=3, N=100

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 2: K=3, N=150

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 3: K=3, N=200

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 4: K=4, N=100

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 5: K=4, N=150

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 6: K=4, N=200

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 7: K=5, N=100

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 8: K=5, N=150

1

0.1

0.01
0 10 20 30 40 50

Generation ×10

Group 9: K=5, N=200

1

0.1

0.01
0 10 20 30 40 50

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

DMODE_noLS
DMODE_LS

Figure 10: Evolution process of the IGD metric for the two algorithms with and without local search.
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archive at each generation to ensure that MOILS have sim-
ilar computational effort with our DMODE.

The computational results of the three algorithms on the
random problem groups are shown in Table 3, in which the
symbols “+,” “=,” and “–”mean that DMODE is significantly
better than, equal to, and worse than a comparison algorithm
for a problem group, respectively. The best result for each
problem group is shown in a bold style.

From Table 3, it can be observed that the proposed
DMODE algorithm achieves much better results of average
GD, IGD, and HV metrics than NSGA-II and MOILS, which
means that the proposed DMODE algorithm is effective for
the problem considered in this paper. More specifically, for
the GD metric, the DMODE algorithm obtains significantly
better results for 8 problem groups than NSGA-II and for 7
problem groups than MOILS. Although NSGA-II obtains
the best GD result for problem group K = 5 and N = 150,
it can be seen that its IGD and HV metrics are quite worse
than ours. The reason is that most solutions in the Pareto
front obtained by NSGA-II are trapped in local optimal
regions that are close to the reference Pareto front and the
distribution of its Pareto front is not good (please see group
8 in Figure 11). For the IGD metric, the proposed DMODE
obtains significantly better results for all the 9 problem
groups than NSGA-II and for 7 problem groups than
MOILS. For the HV metric, the DMODE can achieve signif-
icantly better results for all the 9 problem groups than
NSGA-II and for 6 problem groups than MOILS.

The graphical results of the Pareto fronts obtained by
NSGA-II, MOILS, and DMODE for each problem group
are illustrated in Figure 11 (for simplicity, only one problem
instance is randomly selected for comparison). From this
figure, it is clear that the Pareto fronts obtained by our
DMODE have both good convergence and distribution for
most problems. In addition, the MOILS can obtain Pareto
fronts with better convergence and distribution than the
NSGA-II for most problems. The evolution process of IGD
metric for each algorithm is also given in Figure 12, from
which it can be seen that our DMODE can achieve much
faster IGD decrease for all the problem groups except group
5. The MOILS can succeed to obtain the best IGD perfor-
mance for problem group 5.

5.6. Comparison with the Other MOEAs on Practical
Problems. In this section, we further test the performance of
NSGA-II, MOILS, and our DMODE on the four practical
problem instances with K = 3 and N = 104, 145, 202, and
225. The computational results of the GD, IGD, and HVmet-
rics are shown in Table 4, and the Pareto fronts obtained by
them are illustrated in Figure 13.

From Table 4, it can be observed that the DMODE
obtains that best average value for each performance metric
and it succeeds to achieve the best results for all the perfor-
mance metrics for the last three problem instances with
larger size. Although MOILS obtains the best result of GD
metric for the first problem case, from the IGD and HV met-
rics, it can be concluded that the reason is that the Pareto
front obtained by MOILS does not have even distribution
in the objective space, which can be supported by the first fig-
ure in Figure 13. From Figure 13, it is quite clear that the pro-
posed DMODE algorithm can achieve the Pareto fronts with
better convergence and distribution, which means that the
DMODE algorithm can be used effectively to solve the prac-
tical problems.

After the Pareto near-optimal solutions are obtained by
our algorithm, the scheduler can select an appropriate one
from them according to the following rule. First, he can
determine a threshold value for the changeover cost in hot
rolling, which means that the solutions whose changeover
costs are less than this threshold value are acceptable. Second,
he selects the solution with the minimum overheating time to
act as the application schedule.

6. Conclusions

This paper investigates a new production scheduling prob-
lem in the hot rolling mill, namely, the integrated scheduling
of reheating furnace and hot rolling, with the motivation to
achieve the optimization of reheating scheduling and hot
rolling scheduling simultaneously. Two important but con-
flicting objectives are considered in this problem: minimiza-
tion of total changeover cost between adjacent slabs in the
hot rolling to improve coil quality and minimization of total
overheating times of slabs in the reheating furnace to reduce
energy consumption. We formulate this problem as a

Table 3: Performance metrics obtained by NSGA-II, MOILS, and DMODE for random problems.

Problem GD IGD HV
K N NSGA-II MOILS DMODE NSGA-II MOILS DMODE NSGA-II MOILS DMODE

3

100 0.0057+ 0.0036= 0.0030 0.1090+ 0.0195= 0.0176 0.6541+ 0.8681= 0.8670

150 0.0044+ 0.0038+ 0.0024 0.0822+ 0.0431+ 0.0165 0.6868+ 0.8361+ 0.8662

200 0.0041+ 0.0058+ 0.0015 0.1169+ 0.0403+ 0.0233 0.6781+ 0.8254+ 0.8712

4

100 0.0068+ 0.0044+ 0.0024 0.1250+ 0.0289+ 0.0186 0.7195+ 0.8660= 0.8822

150 0.0068+ 0.0039= 0.0041 0.1044+ 0.0276= 0.0287 0.7522+ 0.8677= 0.8650

200 0.0042+ 0.0040+ 0.0009 0.1318+ 0.0473+ 0.0306 0.7003+ 0.8358+ 0.8808

5

100 0.0092+ 0.0035+ 0.0020 0.1050+ 0.0329+ 0.0152 0.7281+ 0.8737+ 0.9018

150 0.0030= 0.0048+ 0.0031 0.1168+ 0.0464+ 0.0333 0.6951+ 0.8135+ 0.8690

200 0.0034+ 0.0062+ 0.0011 0.1658+ 0.0807+ 0.0302 0.6267+ 0.8203+ 0.8877

Average 0.0053 0.0044 0.0023 0.1174 0.0407 0.0238 0.6934 0.8452 0.8768
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biobjective mixed-integer programming model and pro-
posed a discrete MODE algorithm to solve it. To make the
MODE applicable, a novel encoding and decoding method
is developed, in which the energy consumption reduction
is taken into account in the decoding process. To handle
the complex constraints, new discrete mutation and cross-
over operators are proposed, in which the balance between
exploitation and exploration is tackled in the discrete muta-
tion operator and the feasibility maintenance is integrated in
the crossover operator. A guided multiobjective local search

is also used to further improve the search efficiency of the
DMODE. In the experiment, two kinds of problem instances
are used, i.e., random instances and practical instances. The
computational results illustrate the efficiency of the muta-
tion and crossover operators and the guided local search.
Further results show that the proposed DMODE algorithm
is superior to some other powerful algorithms such as
NSGA-II and MOILS for both random and practical prob-
lems. Future research may be the extension and application
of the DMODE algorithm in practical hot rolling mill.

Table 4: Performance metrics obtained by NSGA-II, MOILS, and DMODE for practical problems.

Problem GD IGD HV
K N NSGA-II MOILS DMODE NSGA-II MOILS DMODE NSGA-II MOILS DMODE

3

104 0.0045 0.0007 0.0032 0.145 0.0543 0.0189 0.7697 0.8599 0.8636

145 0.0014 0.0020 0.0009 0.0666 0.0484 0.0324 0.8194 0.9327 0.9611

202 0.003 0.0155 0.0019 0.0869 0.126 0.0382 0.8354 0.754 0.8833

225 0.0067 0.0049 0.0007 0.0908 0.0652 0.0248 0.8476 0.913 0.9331

Average 0.0039 0.0056 0.0017 0.0973 0.0735 0.0286 0.8180 0.8649 0.9103
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Parameters

i, i′: Index of slabs
j: Index of positions
k: Index of furnaces
N : Sum of slabs for reheating and hot rolling
K : Sum of available reheating furnaces
ri,min: Least residence time of slab i in the reheating furnace
ri,max: Maximum residence time of slab i in the reheating furnace
h: Setup time between consecutive fed-in slabs in the same furnace
pi: Processing time of slab i in the hot rolling
wi: Width of slab i
Wmax: Maximum change of width between adjacent slabs
ti: Thickness of slab i
Tmax: Maximum change of thickness between adjacent slabs
Q: Maximum number of slabs that can be held in a furnace (i.e., furnace capacity)
Cii′: Changeover cost between two adjacent slabs i and i′ in the hot rolling
M: A very large number.

Decision Variables

xijk =
1, if slab i is arranged at the j‐th position in furnace k,
0, otherwise,

 i, j = 1,… ,N , k = 1,… , K ,

yij =
1, if slab i is arranged at the j‐th position in hot rolling schedule,
0, otherwise,

 i, j = 1,… ,N ,

bi: Drawing-in time of slab i in a certain reheating furnace
di: Drawing-out (or departure) time of slab i from a certain reheating furnace, which is also the starting time for hot rolling.
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The data used to support the findings of this study are avail-
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Recommender systems suggest items to users based on their potential interests, and they are important to alleviate the search
and selection pressures induced by the increasing item information. Classical recommender systems mainly focus on the accuracy
of recommendation. However, with the increase of the diversified demands of users, multiple metrics which may conflict with
each other have to be considered in modern recommender systems, especially for the personalized recommender system. In this
paper, we design a personalized recommendation system considering the three conflicting objectives, i.e., the accuracy, diversity,
and novelty. Then, to let the system provide more comprehensive recommended items, we present a multiobjective personalized
recommendation algorithm using extreme point guided evolutionary computation (called MOEA-EPG). The proposed MOEA-
EPG is guided by three extreme points and its crossover operator is designed for better satisfying the demands of users. The
experimental results validate the effectiveness ofMOEA-EPGwhen compared to some state-of-the-art recommendation algorithms
in terms of accuracy, diversity, and novelty on recommendation.

1. Introduction

With the rapid development of Internet and Web 2.0, con-
sumers are facing a large amount of advertising and shopping
information. To alleviate the search and selection burden for
consumers, recommender systems (RSs) [1, 2] aim to suggest
the suitable items by deducing the interesting information
revealed from commodity. Nowadays, RSs have been success-
fully used in many applications; e.g., e-commerce websites
recommend commodities [3, 4], social websites push some
potential friends [5, 6] and link inferences [7], and e-learning
educational institutions assist students in choosing courses
and learning activities [8].

In recent years, many RSs have been proposed [9–12],
including the content-based RSs, the collaborative filtering
based RSs, the knowledge-based RSs, and the hybrid RSs.
The content-based RSs suggest similar items by extracting the
content’s features from the profiles of items and users; the
collaborative filtering based RSs exploit the community data
(e.g., feedback rating, tags, or clicks from other users) to

make recommendation, while the knowledge-based RSs use
knowledge bases and knowledge models (e.g., ontologies) for
recommendation. The hybrid RSs are the combination of the
above approaches. A comprehensive survey of the state-of-
the-art RSs can be found in [13, 14].

In general, most traditional RSs [15–19] mainly focus on
the accuracy of recommendations. However, with the in-
crease of diversified demands of users, multiple metrics are
often considered in personalized RSs, such as diversity and
novelty that may conflict with each other. As pointed out by
the studies in [20, 21], it is easy to guarantee the accuracy for
recommendation, but it is difficult to maintain the diversity
and novelty for recommendation. Generally, the increase of
diversity or novelty in RSswill decrease their accuracy.There-
fore, personalized RSs are often required to consider accu-
racy, diversity, and novelty simultaneously when making
recommendation.

Some research studies have been proposed to balance the
accuracy and diversity of recommendations [18, 22, 23].
In [22], the balancing problem between the accuracy and
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diversity was modeled as a quadratic programming problem
using a control parameter, which determines the importance
of diversity in the recommendation lists. Then, several opti-
mization strategies were accordingly designed to optimize
the target model [22]. Similarly, in [23], a hybrid recommen-
dation algorithm was proposed by combining heat-spread-
ing (HeatS) algorithm and probabilistic spreading (ProbS)
algorithm to improve the diversity and accuracy of recom-
mendations. Moreover, in [18], some item ranking techniques
were presented for giving diverse recommendations with
comparable levels of accuracy. However, these algorithms
[18, 22, 23] are limited to giving recommendations with both
high accuracy and good diversity, ignoring novelty.

Multiobjective optimization problems (MOPs) try to
simultaneously optimize a set of conflicting objectives, which
can be found in various research fields, such as engineering
design [25] and route planning [26]. When solving MOPs,
a number of nondominated solutions are returned, each of
which is a tradeoff among different objectives [27]. Based on
the studies in [28, 29], there is a tradeoff among multiple
conflicting objectives (i.e., accuracy, diversity, and novelty)
when modeling the MOPs for RSs. Recently, multiobjective
evolutionary algorithms (MOEAs) have been proposed to
solve the modeled MOPs for RSs. For instance, in [30], the
personalized recommendation was first modeled as an MOP
with two objectives (accuracy and diversity), and then an
MOEA with the ProbS technique was proposed. Following
this work, two novel MOEAs [31, 32] were designed based
on the frameworks of MOEA/D [32] and NSGA-II [24] for
recommendations with long tail items. These works [30–32]
have based their performances on balancing the accuracy
and diversity of recommendations. However, these MOEAs
are also limited to considering the two conflicting objectives
(accuracy and diversity) and do not consider the algorithm-
specific knowledge in their designs.

In this paper, a multiobjective personalized recommen-
dation algorithm, called MOEA-EPG, with extreme point
guided evolutionary computation is proposed. In MOEA-
EPG, the accuracy, diversity, and novelty of recommenda-
tions are chosen as the three conflicting objectives, and the
aimof our algorithm is to optimize themodeledMOP for per-
sonalized recommendation.Theprior knowledge inRSs is ex-
tracted from the MOP by finding the extreme value of each
objective, which is then incorporated into MOEA-EPG. As
revealed by our experiments, this knowledge can effectively
guide the population’s evolution, so as to improve the search
efficiency. Moreover, the crossover operator is further de-
signed for better satisfying the demands of users. To conclude,
the main contributions of this paper are summarized as
follows.

(1) The recommendation problem ismodeled as anMOP
with three conflicting objectives: accuracy, diversity,
and novelty. The first objective measures the accuracy
of recommendations determining whether the pre-
dicted ratings are similar to the true ones of users,
and the second one optimizes the diversity of rec-
ommendations by calculating the recommendation
coverage, while the last one reflects the capability of
RSs to recommend unknown items to users.

(2) An extreme point guided method is proposed based
on the prior knowledge of RSs, which is used to en-
hance the performance of personalized recommen-
dation. For each objective, we choose the solution
with the maximal value from the available items as
the extreme point. Then, the chosen extreme points
are embedded into the initialization of population to
guide the evolutionary search toward the Pareto-opti-
mal front.

(3) At the crossover process, the similarity between users’
interests is first evaluated, and then the users with a
higher similarity will be selected for crossover with a
larger probability. This process will help to generate
offspring solutions with a good quality.

(4) The experiments on two classical data sets (Movielens
and Netflix) show the superiority of our MOEA-EPG
over the currentMOEAs [30, 33] in terms of accuracy,
diversity, and novelty.

The rest of this paper is organized as follows. Section 2
introduces the related background, such as the definition of
RSs, MOPs, and classical recommendation algorithms. Sec-
tion 3 presents the proposed MOEA-EPG algorithm, includ-
ing the modeled MOP for RSs, individual representation,
and the extreme point guided MOEA. Section 4 provides the
experimental comparisons of MOEA-EPG with other com-
petitive recommendation algorithms.At last, conclusions and
future work are given in Section 5.

2. Related Background

2.1. Definition of RSs. RSs aim to predict potential likes and
interests of users, according to their historical data about
the users’ evaluations of items. Items in RSs may represent
any consumed content, like books, movies, news, and music.
Let U be a number M of users, and let I be a number N
of items. Based on the historical data, a rating matrix R is
generated tomeasure the users’ evaluations of items [34].The
aimof RSs is to push lists of personalized recommended items
to the users. To do recommendation, the ratings of all the
items should be assigned for all users. However, in practical
cases, some users may not give evaluations to all items, and
these evaluations need to be predicted. Let𝑅𝑀×𝑁 indicate the
true ratings of M users to N items, and let 𝑃𝑟𝑀×𝑁 represent
the predicted ratings. Then, a number of L items with the
highest predicted ratings for a given user will be added to
its recommendation list. Figure 1 gives a simple RS with four
users (𝑢1,𝑢2,𝑢3,𝑢4) and four items (𝑖1, 𝑖2, 𝑖3, 𝑖4), which records
the ratings of users to movies. Please note that each rating
in this recommendation would be “like” and “dislike”, while
the solid and dashed lines indicate their true and predicted
ratings, respectively.

2.2. Multiobjective Optimization Problems. Multiobjective
optimization problems (MOPs) often consist of several con-
flicting objectives. InMOPs, the optimization of one objective
would affect that of the others. Thus, the result of optimizing
all the objectives is not a single optimal solution, but a set
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Figure 1: Illustration of a simple RS.

of solutions, each of which is the best tradeoff among all the
objectives [35–37]. Generally, an MOP can be modeled by

Maximize 𝐹 (𝑥) = {𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑚 (𝑥)} (1)

where 𝑥 = (𝑥1, 𝑥2, ..., 𝑥𝑛) ∈ Ω is a decision vector with n
dimensions, Ω is the decision space, and m is the number of
objectives.TheMOP in (1) aims tomaximize all the objectives
simultaneously. In the following, some definitions about the
Pareto optimum theory [38] are given.

Definition 1 (Pareto-dominance). A decision vector 𝑥 domi-
nates a decision vector 𝑦 (noted as 𝑥 ≻ y) if and only if

(∀𝑖 ∈ {1, 2, . . . , 𝑚} : 𝑓𝑖 (𝑥) ≥ 𝑓𝑖 (𝑦))
∧ (∃𝑗 ∈ {1, 2, . . . , 𝑚} : 𝑓𝑗 (𝑥) > 𝑓𝑗 (𝑦)) . (2)

Definition 2 (Pareto-optimal). A solution 𝑥 is Pareto-optimal
if and only if

¬∃𝑦 ∈ Ω : 𝑦 ≻ 𝑥. (3)

Definition 3 (Pareto-optimal set, PS). This set PS includes all
the Pareto-optimal solutions.

𝑃𝑆 = {𝑥 | ¬∃𝑦 ∈ Ω : 𝑦 ≻ 𝑥} . (4)

Definition 4 (Pareto-optimal front, PF). This set PF contains
all the values of the objective functions related to the Pareto-
optimal solutions in PS.

𝑃𝐹
= {𝐹 (𝑥) = (𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑚 (𝑥))𝑇 | 𝑥 ∈ 𝑃𝑆} . (5)

2.3. Classical Recommendation Algorithms. User based col-
laborative filtering: It is one classical RS method [39, 40]
which predicts the ratings of a user for items based on the
preference of some users who show similar interests. For a
given user u, its K most similar users are denoted by S (u, K).
Let 𝐼𝑢 represent the items rated by the users in S (u, K), but
not by the user u. The predicted rating 𝑃𝑟(𝑢, 𝑖) of user u to an
item i in 𝐼𝑢 is computed by

𝑃𝑟 (𝑢, 𝑖) = ∑V∈𝑆(𝑢,𝐾) 𝑠𝑢V × 𝑟V𝑖∑V∈𝑆(𝑢,𝐾)
𝑠𝑢V , (6)

where suv is the similarity between users u and v, ||𝑠𝑢V||
is the absolute value of suv, and rvi is the rating of user v
to item i. Then, a number L of items in Iu with high 𝑃𝑟
values are recommended to user u, where L is the length of
recommendation list. There are many well-known methods
for computing the users’ similarity 𝑠𝑢V, such as Cosine Simi-
larity (CS) [34], Pearson Correlation Similarity (PCS) [41],
and Adjusted Cosine Similarity (ACS) [15]. In this paper, the
CS method [34] is chosen due to its simplicity, which com-
putes the similarity 𝑠𝑢V as follows:

𝑠𝑢V = 𝑟𝑢 ⋅ 𝑟V𝑟𝑢 𝑟V , (7)

where ru is the ratings of user u to all items and |𝑟𝑢| is the
length of ru.

MOEA with ProbS (MOEA-ProbS) [30]: This algorithm
proposed a multiobjective recommendation model to solve
the conflicts between accuracy and diversity. In MOEA-
ProbS, the accuracy is evaluated by the ProbS method [42],
while the diversity is measured by the coverage of the recom-
mendations. MOEA-ProbS can provide multiple recommen-
dations for users in an independent run, such that users can
choose what they want from the multiple recommendations
according to their preferences.However, the predicted ratings
in [30] are not so accurate when compared to the traditional
collaborative filtering (CF) algorithm, due to the lack of prior
knowledge of RSs.

Probabilistic MOEA (PMOEA) [33]: This algorithm
mainly introduced a new diversity indicator and a multipar-
ent probability crossover to have a better recommendation.
PMOEA was validated to obtain a good balance between the
two objectives (accuracy and diversity) in recommendations.

Following the MOEAs-based recommendation algo-
rithms in [30, 33], we propose a multiobjective personalized
recommendation algorithm using extreme point guided evo-
lutionary computation to enhance the performance of RSs,
which shows some advantages in terms of accuracy, diversity,
and novelty.

3. Our Algorithm: MOEA-EPG

In this section, we first model the MOP for RSs with three
conflicting objectives: accuracy, diversity, and novelty, and
thenpresent theMOEA-EPGalgorithm to solve this problem.
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3.1. Optimization Objectives. Three optimization objectives,
i.e., accuracy, diversity, and novelty, are used as the objectives
for personalized recommendations.

The accuracy of recommendations measures the similar-
ity between the predicted ratings and the true user’s ratings.
In fact, it is impossible to compute the true user’s ratings in
the training stage. Therefore, the predicted ratings of items
are used as the optimization objective. The predicted ratings
of items for all the users in one cluster C are computed as
follows:

𝑃𝑟 = ∑𝑢∈𝐶∑𝑖∈𝑆𝑢 𝑝𝑟𝑢𝑖|𝐶| ⋅ 𝐿 , (8)

where |𝐶| is the number of users in the cluster C, L is the
length of the recommendation list, and 𝑆𝑢 represents the list
of items recommended to user u. In MOEA-ProbS [30], the
predicted ratings 𝑝𝑟𝑢𝑖 are obtained by ProbS algorithm [42].
Here, following the work in [39], 𝑝𝑟𝑢𝑖 is modified as follows:

𝑝𝑟𝑢𝑖 = ∑V∈𝑆(𝑢,𝐾) 𝑠𝑢V ⋅ 𝑟V𝑖𝐾 , (9)

where 𝑆(𝑢, 𝐾) denotes the K most similar users to user u.
The diversity of recommendations reflects the difference

between items in a recommendation list. Classical diversity
metrics [43], such as interuser diversity, intrauser diversity,
and coverage, can be used in our algorithm. Here, the cover-
age is chosen to evaluate the diversity of recommendations,
which is computed as follows:

𝑐𝑜V = 𝑁𝑢𝑁 , (10)

where N is the total number of items and 𝑁𝑢 is the number
of nonduplicated items in the recommendation lists for the
users under the same cluster. Generally, RSs with a high cov-
erage in (9) are valuable to users as many choices can be pro-
vided for the decisions.

The novelty reflects the degree of recommendations, i.e.,
the number of the unknown items that are recommended to
users. Here, we chose the most common index, self-informa-
tion [30, 33], to evaluate the novelty of recommended items.
Let 𝑑𝑖 represent the popularity degree of an item i. The self-
information of item i is defined as follows:

𝑁𝑖 = log2
𝑀𝑑𝑖 , (11)

where M is the total number of users. Generally, items with
a low popularity degree are novel to users. For better recom-
mendations, the average novelty N(L) which represents the
mean self-information of all the items in the recommenda-
tion list is used, which is computed as follows:

𝑁 (𝐿) = 1𝑀
𝑀∑
𝑢=1

∑
𝑖∈𝑆𝑢

𝑁𝑖𝐿 , (12)

where Su is the recommendation list of user u.

3.2. Our Method

3.2.1. Extreme Point Guided Method. To accelerate the con-
vergence of recommendations, an extreme point guided me-
thod is used, which incorporates the prior knowledge of RSs.
In this method, three extreme points, each of which has
the maximal value for one objective, are used to extend the
Pareto-optimal front.

The accuracy of recommendations in (8) will be affected
by the coverage in (10) and the novelty in (12). In our
approach, an optimal value for (8) is found at the initialization
phase and it is treated as an extreme point to guide the -
process, aiming to search the extreme region toward the accu-
racy. For each user u in one cluster C, let 𝑆𝑢 be the set of avail-
able items for user u sorted by a descending order based on
the predicted ratings. Then, the first L items in 𝑆𝑢 are assigned
to the recommendation list 𝑠𝑚𝑎𝑥 𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦𝑢 and recommended to
user u. This extreme point 𝑒𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦 has a maximal accuracy,
as follows:

𝑃𝑅 (𝑒𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦) = ∑𝑢∈𝐶∑𝑖∈𝑠𝑚𝑎𝑥 𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦𝑢
𝑝𝑟𝑢𝑖|𝐶| ⋅ 𝐿 . (13)

Similarly, the second extreme point is found by only
optimizing the coverage. The optimal value for coverage can
include diverse categories of items.Therefore, assume that the
users in a cluster C are represented by 𝑈 = {𝑢

1
, 𝑢
2
, ..., 𝑢

𝑀
},

where 𝑀 is the number of users in the cluster C. To enhance
the coverage, the items that have been recommended to
previous users are removed and no longer pushed to the other
users. This method assures the diversity of items and reduces
duplicates in the cluster C. Thus, this extreme point 𝑒𝑐𝑜V𝑒𝑟𝑎𝑔𝑒
shows the property of maximal coverage, as follows:

𝑐𝑜V (𝑒𝑐𝑜V𝑒𝑟𝑎𝑔𝑒) = 𝑁𝑢max𝑁 , (14)

where 𝑁𝑢max is the number of distinct items for all the users
under the same cluster.

The third extreme point is obtained by only optimizing
the novelty of recommendations. Similarly, for each user u in
a cluster C, the L items in 𝑆𝑢 with the largest self-information
in (12) are first found, and then they are assigned to the re-
commendation list of user u. Based on (11), the items with
low degree will have high self-information. Thus, the L items
with the smallest degrees for each user u are actually recom-
mended, and they are recorded by 𝑆𝑚𝑎𝑥 𝑛𝑜V𝑒𝑙𝑖𝑡𝑦𝑢 . This extreme
point 𝑒𝑛𝑜V𝑒𝑙𝑖𝑡𝑦 has a maximal novelty, as follows:

𝑁𝐿 (𝑒𝑛𝑜V𝑒𝑙𝑖𝑡𝑦) = 1𝑀
𝑀∑
𝑢=1

∑
𝑖∈𝑆
𝑚𝑎𝑥 𝑛𝑜V𝑒𝑙𝑖𝑡𝑦
𝑢

𝑁𝑖𝐿 . (15)

Here 𝑁𝑖 is the self-information of item i as defined in (11).
These three extreme points are used to accelerate the con-

vergence of our algorithm toward the entire Pareto-optimal
front and also to enhance the population’s diversity.

3.2.2. Solution Encoding. The encoding formula in [30] is
used to convert the recommendation list as the solutions for
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User 1 46253618 · · · 88

User 2 3283916 · · · 17

User M 22 354121 · · · 26

Item 1 Item 2 Item 3 Item 4 · · · Item L

· · ·

Figure 2: Illustration of chromosome encoding.

User 1 18 462536 · · · 88

User 2 16 32839 · · · 17

User M 22 354121 · · · 26

Item 1 Item 2 Item 3 Item 4 · · · Item L

· · ·

User 1 46253618 · · · 88 User 2 29413618 · · · 88

Child 1 29413618 · · · 88 Child 2 46253618 · · · 88

Parent 1

User 1 66492816 · · · 72

User 2 29413618 · · · 88

User M 49 733652 · · · 24

Item 1 Item 2 Item 3 Item 4 · · · Item L

· · ·

Parent 2

Figure 3: Illustration of crossover operator for two similar users on two parent solutions (Parent 1 and Parent 2).

MOPs. In RSs, recommendation results should be provided
to all the users in the same cluster. Here, a solution represents
recommendation lists of all users in the same cluster. Given a
numberM of users in a cluster and a length L of recommen-
dation list, the solution is encoded by amatrix with sizeM×L.
Therefore, the matrix consists of all items recommended to
users in a cluster.The solution encoding is shown in Figure 2,
in which each row represents the L items recommended for
each user. In general, RSs are limited to recommend the same
items to a user twice.

3.2.3. Evolutionary Operators. The uniform crossover [30]
is used in our approach due to its simplicity. As shown in
Figure 3, in each crossover process, two similar users are
chosen to execute the crossover. To avoid generating invalid
solutions (i.e., one item is recommended to a user twice or
more), an additional operation which propagates the same
elements in the two parents to the offspring is executed. In the
remaining positions, the offspring will inherit from the first
parent if a randomly generated value in [0, 1] is larger than
0.5; otherwise, it will inherit from the second parent [30].The
above crossover is executed on all pairs of parent solutions.

A mutation operator is performed on each individual
generated by the crossover, which is detailed as follows: if
a gene from the parent matrix is selected for mutation, an
available item is randomly selected from the items. To avoid
useless solutions, we choose one of the remaining items that
does not exist in the parent.

3.2.4. Complete Algorithm of MOEA-EPG. The flowchart of
MOEA-EPG is shown in Figure 4. MOEA-EPG includes
two main parts: data processing and evolutionary algorithm.
Moreover, the framework of MOEA-EPG is also provided
in Algorithm 1, where N is the population size, T means
the maximum number of generations, K shows the ratio of
similar users,P records the recommendation lists for all users,
and L is the length of recommendation list.

In the phase of data processing, the users U are classified
into several clusters based on the K-means clustering [44]
in the training data. In this paper, we divide users into four
clusters, i.e., 𝑈1, 𝑈2, 𝑈3, 𝑈4, and four recommendation lists𝑝1, 𝑝2, 𝑝3, 𝑝4 are initialized as four empty sets, as shown in
lines (3)-(5). After that, the available items Iu of each user
and the predicted ratings 𝑝𝑟𝑢𝑖 of these items are calculated
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Input: the training and test data, a
matrix R

into four clusters

Compute the similarity 
between users

Compute the available 
items of users

Initialization Mating
Selection

Crossover
Mutation Update

Output

Data preprocessing

Evolutionary algorithm

g=g+1

Cluster users U in the training data

Figure 4: Flowchart for MOEA-EPG.

(1) Input the training data, the test data, and a binary matrix R(2) Set g=0, L=10, N=100, T=3000, K=0.5(3) Cluster all the usersU in the training data into four clusters with size 𝑀𝑗, 𝑗 = {1, 2, 3, 4}(4) 𝑈 = {𝑈1, 𝑈2, 𝑈3, 𝑈4} and 𝑈𝑗 = {𝑢1, 𝑢2, ..., 𝑢𝑀𝑗 }(5) Set 𝑃 = {𝑝1, 𝑝2, 𝑝3, 𝑝4} with 𝑝𝑗 = [], 𝑗 = 1, 2, 3, 4(6) for j=1 to 4(7) Compute the similarities of different users in 𝑈𝑗 based on Eq. (7)(8) Set 𝑝𝑟𝑗 = {0}𝑀𝑗×𝑀𝑗(9) for k=1 to 𝑀𝑗(10) Compute the available items of user 𝑢𝑘, as recorded by the set 𝐼𝑢𝑘 = {𝑖1, 𝑖2, ..., 𝑖𝑁𝑠}(11) for 𝑛=1 to Ns(12) Compute the predict rating 𝑝𝑟𝑢𝑖 for user 𝑢𝑘 to item 𝑖𝑛 by Eq. (8)(13) EPOP = Initialization(L, N, R, pr)(14) while g <T(15) Epa = Objective Func(EPOP)(16) Epa = Fast Non Dominated Sort(EPa)(17) EPOP = Selection(EPOP, Epa)(18) EPOP = Uniform Crossover(EPOP)(19) NPOP = Mutation(EPOP)(20) POP = [𝑁𝑃𝑂𝑃; 𝐸𝑃𝑂𝑃](21) EPOP = Update(POP, Epa, N)(22) g = g+1(23) 𝑝𝑖 = EPOP(24) Return P

Algorithm 1: Framework of MOEA-EPG.

according to the similarities of different users in lines (6)-(12). The framework of MOEA-EPG is given as follows.
In line (13), the three extreme points (𝑒𝑎𝑐𝑐𝑢𝑟𝑎𝑐𝑦, 𝑒𝑐𝑜V𝑒𝑟𝑎𝑔𝑒,

and 𝑒𝑛𝑜V𝑒𝑙𝑖𝑡𝑦) are calculated using (13)-(15) and then the
algorithm executes initialization. In line (15), the function

Objective Func(.) calculates the objective values of the indi-
viduals in the population EPOP based on (8), (10), and (12),
and it records the final results at Epa. After that, the function
Fast Non Dominated Sort(.) in Algorithm 2 is executed on
the evolutionary population to generate nondominated fronts
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(1) Input the population Epa(2) for each p∈Epa(3) Sp =⌀,MP = 0(4) for each q∈Epa(5) if (p≻q) then // If p dominates q(6) Sp = Sp ∪ {𝑞} // Add q to the set of solutions dominated by p(7) else if (q≻p) then(8) MP =MP +1 // Increment the domination counter of p(9) if MP = 0 then // p belongs to the first front(10) 𝐸𝑝𝑎rank = 1(11) F1 = F1 ∪ {𝑝}(12) i=1 // Initialize the front counter(13) while Fi ̸= ⌀(14) S =⌀ // Used to store the members of the next front(15) for each p∈Fi(16) for each q∈Sp(17) Mq =Mq -1(18) if Mq = 0 then // q belongs to the next front(19) q𝑟𝑎𝑛𝑘 = i+1(20) H = H∪{𝑞}(21) i = i+1(22) Fi = H(23) Return Fi

Algorithm 2: Fast Non Dominated Sort(Epa).

based on Epa which are the solutions on the first level in
line (16). Then, the function selection(.) in line (17) selects
parent solutions from the population EPOP by using the
binary tournament [45].The functionsUniform Crossover(.)
and Mutation(.) in lines (18)-(19) execute the crossover and
mutation operations in Section 3.2.3 on the parent population
EPOP, respectively, which produce the offspring population
NPOP. Finally, the function Update(.) chooses N individuals
as POP from EPOP and NPOP for the next evolution based
on the elitist selection strategy [24] (lines (20)-(21)). This
strategy is composed of a fast nondominated sorting and a
crowding distance comparison. Then, the loop of evolution-
ary algorithm is repeated until the current generationnumber
g reaches the predefined maximal generation T. If this
termination condition is satisfied, our algorithm will return
the recommendation resultsP and all users are recommended
(line (24)).

The functionFast Non Dominated Sort(.) inAlgorithm2
works as follows. Firstly, the solutions on the first level are
found based on the nondominated sorting strategy (lines (4)-(11) in Algorithm 2). Secondly, the solutions on the first
level are deleted, and the nondominated sorting strategy
works on the rest of solutions to find the solutions on the
top level (lines (13)-(20) in Algorithm 2). The steps above
are executed until all solutions are sorted in a ranking level
(lines (21)-(23) in Algorithm 2). In this case, all individuals
are divided into multiple levels. The detailed descriptions
for the Fast Non Dominated Sort(.) in Algorithm 2 can be
found in [24]. Here, a simple example is given in Figure 5
when optimizing the three conflicting objectives (accuracy,
coverage, and novelty). The tradeoff on these three objectives
can be well observed and the solutions plotted by the red
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Figure 5: A fast nondominated sorting procedure in NSGA-II re-
garding the three objective optimizations [24].

circles on the first level are preferred, as they are more effec-
tive and efficient to approach the PF.

4. Experimental Results

In this section, experiments on two data sets are executed
to examine the performance of MOEA-EPG. First, some
settings about the experiments are introduced, including
the experimental data, the performance metrics, and the
parameters settings. Second, comparisons of MOEA-EPG
with two state-of-the-art recommendation algorithms (i.e.,
User-based-CF [39] and MF [46]) and two competitive
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Table 1: Properties of the Movielens data sets.

Data sets Users Items Sparsity
Movielens 1 200 1682 1.39 × 10−2
Movielens 2 258 1682 5.17 × 10−2
Movielens 3 227 1682 2.38 × 10−2
Movielens 4 258 1682 6.89 × 10−2

Table 2: Properties of the Netflix data sets.

Data sets Users Items Sparsity
Netflix 1 191 3952 2.11 × 10−2
Netflix 2 250 3952 1.92 × 10−2
Netflix 3 375 3952 2.73 × 10−2
Netflix 4 184 3952 2.21 × 10−2

MOEAs for RSs (i.e., MOEA-ProbS [30] and PMOEA [33])
are made to demonstrate the effectiveness of MOEA-EPG in
the accuracy, diversity, and novelty of the recommendations.
Finally, the effectiveness of the extreme point guided method
and the impacts of some parameters are analyzed.

4.1. Experimental Data. In our experiments, two classical
benchmark data sets, i.e.,Movielens andNetflix, are used.The
Movielens data set includes 943 users and 1682movies, which
can be downloaded from the website of GroupLens Research
(http://www.grouplens.org/).The original ratings in this data
are assigned values from 1 to 5. Here, a binary rating system
is used by using “like” or “dislike”. An item is assigned to
the binary rating “like” by a user when his original rating
is larger than 3 [30]. Then, 80% of the data are randomly
selected as the training data set with known information for
recommendations, while the remaining data are used as the
test data set. To make a fair comparison, similar to [30], the
users in this data are divided into four clusters by using theK-
means algorithm [47], each of which is used as the test data.
The properties of these data sets are presented in Table 1 [23].

The Netflix data set was used for the Netflix prize, which
can be downloaded from the contest website (http://www
.netflixprize.com/). Here, a random subset of Netflix set is
used, containing 155177 ratings of 1000 users on 3952movies.
The properties of these data sets are shown in Table 2.

4.2. Performance Metrics. Here, the hypervolume (HV) met-
ric [27] is adopted to evaluate the convergence and diversity of
solutions, which is widely used for the evaluations of MOEAs
[36, 37]. Let 𝑧𝑟 = (𝑧𝑟1, ⋅ ⋅ ⋅ , 𝑧𝑟𝑚)𝑇 be a reference point in the
objective space that is dominated by all vectors in true PF.
The HV metric calculates the size of the objective space
dominated by the solutions in S and bounded by zr, which
is computed as follows:

𝐻𝑉 (𝑆)
= 𝑉𝑂𝐿 (⋃

𝑥∈𝑆

[𝑓1 (𝑥) , 𝑧𝑟1] × ⋅ ⋅ ⋅ × [𝑓𝑚 (𝑥) , 𝑧𝑟𝑚]) , (16)

Table 3: The related parameters in comparison algorithms.

Algorithms Parameters Settings
User-based-CF L=10
MF L=10
MOEA-ProbS 𝑝𝑐=0.8, 𝑝𝑚=1/L, L=10, N=100, T=3000, Tr=30

PMOEA 𝑝𝑛=5, 𝑝𝑚=1/L, L=10, N=100, T =3000, Tr=30,
n=20

MOEA-EPG 𝑝𝑐=0.8, 𝑝𝑚=1/L, L=10, N=100, T=3000, Tr=30,𝐾 = 0.5

where 𝑉𝑂𝐿(⋅) denotes the Lebesgue measure. In this paper,
the reference point zr is set to (0, 0) and (0, 0, 0) for biobjec-
tive and three-objective problems, respectively. A large HV
indicates the solution set has a good quality. In this experi-
ment, all the algorithms with the highest HV from 30 runs
are selected for comparisons.

Moreover, three performance metrics are used, i.e., preci-
sion, coverage, and novelty. Precision is the most important
metric for evaluating RSs. For a given user u, its precision
is defined as the ratio of relevant items, which are correctly
recommended, as defined by

𝑃𝑢 = 𝑁𝑅𝑢𝐿 , (17)

where 𝑁𝑅𝑢 is the number of common items in the recom-
mendation list of user u and the test data set preferred by user
u, and L is the length of recommendation list. The recom-
mendation accuracy in this paper is measured by the mean
precision of all the users.

The coverage metric of RSs illustrates the ratio of distinct
items in the recommendation list over all the available items.
Generally, RSswith a low coveragemay be ineffective to users,
as they are not enough to make decisions. In this paper, the
objective in (10) is used as a performance metric to measure
the diversity of RSs.

The novelty of RSs reflects how well RSs can recommend
unknown items to users. Generally, RSs with a large novelty
will extend user’s interests. In this paper, the objective in (12)
is used as a performance metric for this indicator.

4.3. Experimental Settings of Comparison Algorithms. The
related parameters in comparison algorithms are listed in
Table 3, and the length of recommendation list L is set to 10.
To allow a fair comparison, the related parameters for each
algorithm were set as suggested in the corresponding refer-
ences [30, 33, 39, 46].

In Table 3,N is the population size, 𝑝𝑐 and 𝑝𝑚 are, respec-
tively, the crossover probability and the mutation probability,𝑝𝑛 is the number of parents used for crossover in PMOEA
(PMOEA-ProbS and PMOEA-CF), n is the number of neigh-
bors, and Tr is the number of independent trials. Moreover,
inMOEA-EPG,𝐾means the ratio of themost similar users to
the target users within a cluster. The comparisons of MOEA-
EPG with these algorithms are comprehensive and effective
in validating its performance.

http://www.grouplens.org/
http://www.netflixprize.com/
http://www.netflixprize.com/
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Figure 6: Final solutions of MOEA-EPG under the accuracy-coverage-novelty space for (a) Movielens 1, (b) Movielens 2, (c) Movielens 3,
(d) Movielens 4, (e) Netflix 1, (f) Netflix 2, (g) Netflix 3, and (h) Netflix 4.

4.4. Effectiveness ofMOEA-EPG. To study the effectiveness of
our MOEA-EPG, a three-objective model is used to show the
experimental results of MOEA-EPG on all the eight data sets.
The nondominated solutions with the highest HV value [27]
are plotted as the final results for each data set. In Figure 6, the
final solutions ofMOEA-EPG are plotted for all the eight data
sets on the objective space. As observed from Figure 6, there

exists a tradeoff among the used three objectives, which forms
a nondominated front. Each solution in the nondominated
front is marked by the blue square. From these plots, we can
observe that the quality and distribution of solutions are quite
good.

To further show the distributions of HV results, Figure 7
gives the boxplots of different HV values for eight data sets
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Figure 7: The boxplots of HV values for MOEA-EPG under the
accuracy-coverage space for different data sets. 1: Movielens 1, 2:
Movielens 2, 3: Movielens 3, 4: Movielens 4, 5: Netflix 1, 6: Netflix
2, 7: Netflix 3 and 8: Netflix 4.

obtained by MOEA-EPG in the accuracy-coverage space
under 30 runs. On each box diagram, the central mark is the
median, while the upper and lower edges of the box mean
the 25th and 75th percentiles, respectively. Obviously, the
distribution of HV values of MOEA-EPG is robust, which
further confirms the effectiveness of our algorithm.

4.5. Comparisons with Other Competitors. In this subsection,
our algorithm is compared with five competitors on the
classical Movielens and Netflix data sets. As User-based-CF
andMFonly obtain one optimal value in one run, they cannot
be used as comparison algorithms using HV. In our exper-
iments, the performance comparisons are conducted under
different objectives, i.e., the accuracy-coverage, the accuracy-
novelty, and the accuracy-coverage-novelty spaces.

Since the computation difficulties under different objec-
tives are varied, the parameter T is set to 3000 for the accu-
racy-coverage and accuracy-novelty spaces and set to 6000
for the accuracy-coverage-novelty space, while the remaining
parameters are set the same as listed in Table 3. All the mean
HV values and the standard deviations are collected for
performance comparisons in Table 4, where the best result is
highlighted in boldface. FromTable 4, it can be observed that
MOEA-EPG shows the best performance among all the
MOEAs-based recommendation algorithms, especially in the
accuracy-novelty space and accuracy-coverage-novelty spaces.

To visually show the advantages of MOEA-EPG, Figures
8–10 give the final recommendation results with the best HV
values regarding the accuracy-coverage, accuracy-novelty,
and accuracy-coverage-novelty spaces, respectively. In Fig-
ure 8, it is observed that, when compared to User-based-CF
and MF, MOEA-EPG is advantageous, as it can find better
results in the accuracy and coverage. Moreover, for the data
sets of Movielens 2, Movielens 4, and Netflix 2, MOEA-EPG
has the advantages over MOEA-ProbS, PMOEA-ProbS, and
PMOEA-CF. For the rest of data sets, MOEA-EPG performs

competitively, as it can produce the best results among all the
competitors. Only a few results of MOEA-ProbS, PMOEA-
ProbS, and PMOEA-CF are better than those of MOEA-EPG
in the coverage. However, this performance enhancement for
coverage decreases a large proportion of accuracy. ForMovie-
lens 1, Movielens 3, and Netflix 1, the loss on their accuracy is
significant. In Figure 9, it is also confirmed that the advan-
tages of MOEA-EPG are particularly pronounced, as MOEA-
EPGcan always outperform the other algorithms to find good
recommendation solutions for all the data sets, regarding
both accuracy and novelty. In Figure 10, MOEA-EPG also
performs much better than MOEA-ProbS, PMOEA-ProbS,
and PMOEA-CF. This indicates that MOEA-EPG is able to
produce superior solutions in terms of the accuracy, coverage,
and novelty.

4.6. Effectiveness of the Extreme Point GuidedMethod. In this
section, the effectiveness of the extreme point guidedmethod
is studied. As introduced in Section 3.2.1, three extreme
points with respect to accuracy, coverage, and novelty will
be used in the evolutionary process to guide the search
processes. To further study the underlying rationality of our
proposed method, MOEA-EPG is compared to its three vari-
ants, i.e., MOEA-EPG-I, MOEA-EPG-II, and MOEA-EPG-
III. MOEA-EPG-I, MOEA-EPG-II, and MOEA-EPG-III are
implemented, to remove the accuracy extreme point, the
coverage extreme point, and the novelty extreme point from
the original MOEA-EPG, respectively. In this experiment, we
use Movielens data sets due to the limitation of paper.

All the mean HV values and the standard deviation
from 30 runs are recorded for performance comparisons in
Tables 5 and 6 for four data test sets (Movielens 1, Movielens
2, Movielens 3, and Movielens 4), where the best result is
highlighted in boldface. Based on the experimental results,
MOEA-EPG can find better solutions than MOEA-EPG-I
and MOEA-EPG-II in the accuracy-coverage space, and it
outperforms MOEA-EPG-III in the accuracy-novelty space.
In particular, the accuracy extreme point and the novelty ex-
treme point have a significant impact on the performance of
the algorithm. They facilitate the efficiency in evolutionary
search with better directions, and therefore the application of
extreme point guided strategy is effective.

Figure 11 shows the final recommendation results with
the bestHV values regardingMOEA-EPGwith three variants
(MOEA-EPG-I, MOEA-EPG-II, andMOEA-EPG-III) on the
accuracy-coverage and the accuracy-novelty spaces for all the
data sets, respectively. Figure 11(a) illustrates that MOEA-
EPG performance is superior to that of MOEA-EPG-I in
terms of accuracy. It can be seen that the accuracy of the
algorithm can be improved due to the introduction of the
extreme accuracy point. Figure 11(b) shows that MOEA-EPG
is better than MOEA-EPG-II on the coverage. Figure 11(c)
confirms that MOEA-EPG gets a performance superior to
that of MOEA-EPG-III regarding novelty. Similar to the
accuracy extreme point, the novelty extreme point also
has a great impact on the performance of the algorithm.
These results further validate the effectiveness of the extreme
point guided method on accelerating the convergence of our
algorithm.
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Figure 8: Final recommendation results of comparison algorithms under the accuracy-coverage space for (a) Movielens 1, (b) Movielens 2,
(c) Movielens 3, (d) Movielens 4, (e) Netflix 1, (f) Netflix 2, (g) Netflix 3, and (h) Netflix 4.

Table 5: HV comparison results of MOEA-EPG, MOEA-EPG-I,
and MOEA-EPG-II in the accuracy-coverage space.

Data sets MOEA-EPG MOEA-EPG-I MOEA-EPG-II
Movielens 1 3.203 7.74e-02 2.160 6.98𝑒−02 3.168 1.44𝑒−01
Movielens 2 4.677 3.46e-02 3.409 4.96𝑒−02 4.536 1.01𝑒−01
Movielens 3 3.343 1.07e-02 2.341 7.24𝑒−02 3.330 9.94𝑒−02
Movielens 4 6.385 5.62e-02 4.503 7.43𝑒−02 6.158 1.05𝑒−01

Table 6: HV comparison results of MOEA-EPG andMOEA-EPG-
III in the accuracy-novelty space.

Data sets MOEA-EPG MOEA-EPG-III
Movielens 1 36.89 6.05e-02 28.25 3.71𝑒−01
Movielens 2 35.43 7.83e-02 23.79 4.03𝑒−01
Movielens 3 36.10 7.62e-02 27.20 4.77𝑒−01
Movielens 4 38.24 1.22e-02 24.11 4.39𝑒−01

4.7. Impact of Parameters. In MOEA-EPG, the setting of
parameter K (i.e., the similar ratio of users in (9)) may affect
the performance of our algorithm. In this section, in order
to study the impact of parameter K in MOEA-EPG, MOEA-
EPG was run with different K values (i.e., 0.3, 0.5, 0.7, 0.9),
while the other parameters in MOEA-EPG are kept the same
as listed in Table 3. In Table 7, all the meanHV results and the

standard deviations over 30 runs are recorded for perform-
ance comparisons. The best result for each data set is high-
lighted in boldface.

Figure 12 further gives the final results with the best HV
values in data sets. From the comparison results, we observe
that the setting of parameter K would affect the performance
of MOEA-EPG. Moreover, the HV values of MOEA-EPG
under K=0.5 are large in most data sets, whereas the perfor-
mance of our algorithm becomes poor when K takes other
values. Therefore, in this paper, we select 0.5 as the similar
ratio of users.

4.8. Computational Complexity Analysis of MOEA-EPG. The
computational complexity of MOEA-EPG can be easily
deduced from its pseudocode introduced in Algorithm 1. Its
computational complexity is mainly determined by the evo-
lutionary search in lines (13)-(24). In this evolutionary loop,
the functions Objective Func(.) in line (15) and selection(.)
in line (17) take a computational complexity withO(N⋅m2⋅n),
where N is the population size, m denotes the number users,
and n represents the number of items. According to [24],
the functions Fast Non Dominated Sort(.) in line (16) and
Update(.) in line (21) own a computational complexity with
O(M⋅N2). Moreover, the functions Uniform Crossover(.)
andMutation(.) in lines (18)-(19) have a computational com-
plexity with O(N⋅m2⋅n).Therefore, the overall computational
complexity of MOEA-EPG is approximately O(T⋅N⋅m2⋅n) as
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Figure 9: Final recommendation results of comparison algorithms under the accuracy-novelty space for (a) Movielens 1, (b)Movielens 2, (c)
Movielens 3, (d) Movielens 4, (e) Netflix 1, (f) Netflix 2, (g) Netflix 3, and (h) Netflix 4.

Table 7: HV comparison results under different settings of K to MOEA-EPG on the accuracy-coverage space.

Data sets K=0.3 K=0.5 K=0.7 K=0.9
Movielens 1 2.861 6.05𝑒−02 3.203 7.74e-02 3.013 1.01𝑒−01 2.914 7.30𝑒−02
Movielens 2 3.944 3.06𝑒−02 4.4384.51𝑒−01 3.334 4.03𝑒−02 4.5922.86e-02
Movielens 3 2.597 1.35𝑒−02 3.343 1.07e-01 2.816 8.29𝑒−02 2.387 6.77𝑒−02
Movielens 4 5.659 3.46𝑒−02 5.985 5.62e-02 5.461 4.52𝑒−02 5.700 3.12𝑒−02
Netflix 1 2.762 8.49𝑒−02 2.877 7.49e-02 2.425 3.27𝑒−02 1.961 1.28𝑒−02
Netflix 2 7.102 5.00e-02 6.914 5.29𝑒−02 6.434 3.58𝑒−02 6.370 4.15𝑒−02
Netflix 3 4.619 2.66𝑒−02 5.082 3.62e-02 4.437 7.19𝑒−02 3.696 3.55𝑒−02
Netflix 4 1.791 4.82𝑒−02 1.975 1.05e-02 1.594 1.45𝑒−02 1.239 5.07𝑒−02

N⋅m2⋅n≫N2 generally, where T is the predefined maximal
generation number.

Table 8 further gives the computational complexities
of all comparison recommendation algorithms. User-based-
CF [39] and MF [46] have a computation complexity with
O(m2⋅n) while our computational complexity analysis is given
above with O(T⋅N⋅m2⋅n). Since MOEA-ProbS and PMOEA
adopt the same NSGA-II framework except for the crossover
operators, they share the same computational complexity
(i.e., O(T⋅N⋅m2⋅n)) with MOEA-EPG.

To show the actual running efficiency of all the MOEAs-
based recommendation algorithms, Table 9 records their

average execution times over 30 independent trials. From the
results in Table 9, it can be found that although they share the
same computational complexity, the actual running times are
different due to the running of different crossover operators
and some extra strategies. For example, MOEA-ProbS shows
the fast execution efficiency, as it adopts the original NSGA-
II [24] on the recommendation system. Since MOEA-EPG
has some extra processes, such as the calculation for the
three extreme points and the selection of similar parents for
crossover, its execution times are a little longer than that of
MOEA-ProbS on all the data sets. It is noted that PMOEA-
ProbS and PMOEA-CF consume the longest execution times,
as they need to run the crossover operators multiple times.
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Figure 10: Final recommendation results of comparison algorithms under the accuracy-coverage-novelty space for (a) Movielens 1, (b)
Movielens 2, (c) Movielens 3, (d) Movielens 4, (e) Netflix 1, (f) Netflix 2, (g) Netflix 3, and (h) Netflix 4.

5. Conclusions

In this paper, we presented a multiobjective personalized re-
commendation algorithm, MOEA-EPG, based on extreme
point guided evolutionary computation. In this algorithm,
we modeled the personalized recommendation as an MOP
with the three conflicting objectives, i.e., accuracy, diversity,
and novelty. The accuracy of recommendations considers

whether the predicted ratings are similar to the true ones
of users, and the diversity reflects the coverage on recom-
mendation, while the novelty evaluates the capability of RSs
to recommend unknown items to users. In MOEA-EPG,
three extreme points on accuracy, diversity, and novelty were
incorporated to guide its evolutionary search toward the PF,
and a novel crossover operator was designed to better satisfy
the demands of users.The experimental results demonstrated
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Figure 11: Final solutions of MOEA-EPG and comparison algorithms under the accuracy-coverage space for (a) MOEA-EPG-I and (b)
MOEA-EPG-II, and those under the accuracy-novelty space for (c) MOEA-EPG-III.
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Figure 12: Influence of similar ratio parameter K to MOEA-EPG under the accuracy-coverage space for (a) Movielens 1, (b) Movielens 2, (c)
Movielens 3, (d) Movielens 4, (e) Netflix 1, (f) Netflix 2, (g) Netflix 3, and (h) Netflix 4.

Table 8: Computational complexities of all comparison recommendation algorithms.

Comparison algorithms Computational complexity
User-based-CF O(m2⋅n)
MF O(m2⋅n)
PMOEA-ProbS O(T⋅N ⋅m2⋅n)
PMOEA-CF O(T⋅N ⋅m2⋅n)
MOEA-ProbS O(T⋅N ⋅m2⋅n)
MOEA-EPG O(T⋅N ⋅m2⋅n)

Table 9: Average execution times in seconds of all the MOEAs based recommendation algorithms over 30 independent trials.

Data sets MOEA-ProbS PMOEA-ProbS PMOEA-CF MOEA-EPG
Movielens 1 2.584e+03 6.386e+03 5.080e+03 3.937e+03
Movielens 2 2.793e+03 7.859e+03 6.627e+03 4.532e+03
Movielens 3 2.630e+03 7.096e+03 6.163e+03 4.227e+03
Movielens 4 2.887e+03 7.663e+03 1.338e+04 4.963e+03
Netflix 1 2.718e+03 7.149e+03 6.018e+03 5.539e+03
Netflix 2 2.960e+03 7.542e+03 6.548e+03 5.707e+03
Netflix 3 2.964e+03 8.128e+03 7.633e+03 6.532e+03
Netflix 4 2.237e+03 5.843e+03 5.639e+03 5.431e+03

the superior performance of the proposed MOEA-EPG over
two state-of-the-art recommendations (i.e., User-based-CF
[39] and MF [46]) and two competitive MOEAs for RSs
(i.e., MOEA-ProbS [30] and PMOEA [33]), in terms of the
accuracy, diversity, and novelty. Moreover, the effectiveness
of the extreme point guided method was also validated to
accelerate the convergence speed toward the PF, and the sen-
sitivity analysis on parameters was conducted to have a robust
performance for MOEA-EPG.

Our future work will focus on the performance metrics
for the recommendation algorithms and further study other
nature-inspired optimization algorithms (e.g., particle swarm
optimization and ant optimization algorithms) for RSs.
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This paper proposes novel randomized gossip-consensus-based sync (RGCS) algorithms to realize efficient time calibration in
dynamic wireless sensor networks (WSNs). First, the unreliable links are described by stochastic connections, reflecting the
characteristic of changing connectivity gleaned from dynamic WSNs. Secondly, based on the mutual drift estimation, each pair
of activated nodes fully adjusts clock rate and offset to achieve network-wide time synchronization by drawing upon the gossip
consensus approach. The converge-to-max criterion is introduced to achieve a much faster convergence speed. The theoretical
results on the probabilistic synchronization performance of the RGCS are presented. Thirdly, a Revised-RGCS is developed to
counteract the negative impact of bounded delays, because the uncertain delays are always present in practice and would lead to
a large deterioration of algorithm performances. Finally, extensive simulations are performed on the MATLAB and OMNeT++
platform for performance evaluation. Simulation results demonstrate that the proposed algorithms are not only efficient for
synchronization issues required for dynamic topology changes but also give a better performance in terms of converging speed,
collision rate, and the robustness of resisting delay, and outperform other existing protocols.

1. Introduction

Ad hoc wireless sensor networks (WSNs) without preexisting
infrastructures are composed of autonomous sensors [1], and
the sensors are a variety of low cost, low power, sensing
devices, which work cooperatively through ad hoc wireless
communications. In WSNs, many kinds of missions [2, 3],
such as transmission scheduling, event sequencing, infor-
mation fusion, and distributed filtering, rely heavily on a
consistent notion of time to keep running orderly. For
instance, Internet of Things’ perception layer provides a
ubiquitous access to the network, in which the multiple ter-
minals collaborate closely with each other, and accurate syn-
chronized clocks determine whether a multiterminal
cooperation is accomplished or not. Therefore, timing proto-
cols, which should concern with topologies, time delays, low

power consumption, and so on, is the premise of dealing with
services of ad hoc WSNs.

Two configurations of timing protocols are available:
hierarchical and distributed. Cluster-based and tree-based
protocols would both fall into the hierarchical configuration,
because they perform a special operation; that is, some
designated nodes are elected to be the reference (such as
cluster head, root, and master). The typical hierarchical
timing protocols include the one-way message dissemination
schemes [4], two-way message exchange schemes [5],
flooding schemes [6], pairwise broadcast synchronization
(PBS) [7], and reference broadcast synchronization (RBS)
[8]. Based on the message passing and filter methods, most
of the works have built an estimation and tracking frame-
work for the time synchronization problem, but these proto-
types are not purely decentralized in nature. The hierarchy
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structure of a network consists in the logical master–slave
relationship which is maintained by an actual infrastructure.
The timing messages in this structure are delivered from top
to bottom, while each node is labeled an equal identity tag in
a distributed configuration. In the absence of a preexisting
infrastructure, the distributed configuration is obviously
more suitable to WSNs.

Recently, based on distributed consensus algorithms
[9, 10] of multiagent networks, consensus-based approaches
for designing distributed timing protocols [11–21] have
received a lot of attention in WSNs. These protocols utilize
local information to achieve global synchronization and
easily adopt to WSNs’ distributed sensor property with
computational lightness. However, the common drawbacks
of existing consensus-based timing protocols are as follows:

(1) The changing connectivity is rarely considered [17].
In dynamic WSNs, it is not possible to deterministi-
cally forecast the activating timeslot of sensors due
to the uncertainties of nodes, such as uncontrollable
mobility, sleep scheduling, heterogeneous nodes with
various coverage levels, and so on. Radio signal
fading caused by environmental turbulence can also
severely corrupt the performance of wireless links.
The nodes in the design of the consensus-based
timing protocols sequentially update their own clocks
whenever they receive a timing message from a
geographical neighbor [11]. Because the logical rate
represents the slope of the linear logical clock model,
each node i is required to build a fixed link with the
same neighboring node in order to collect timing
messages and estimate the relative drift. In the
MTS [12], the authors assume that a larger B is
used to keep link i, j constant during a time
interval kB, k + 1 B . Although it enables the
MTS to behave robustly to work against topology
changes, in highly dynamic topology this assump-
tion will be unrealistic. This is because at a time-
slot t1, node i can exchange timing messages with
a neighbor only once to obtain clock reading. At
the next timeslot t2, the link i, j will lose the
connection. More generally, any pair of nodes
“gossip” only once in one timeslot. Thus, the ran-
domly changing connectivity between adjacent
nodes renders efficient relative drift estimation
challenging. This problem will directly affect the
implementation of the logical clock rate and offset
compensation, and become more paramount as the
change of connected relation of WSNs gets faster.
On this issue, the existing consensus-based timing
protocols can be classified into two categories: (1)
deterministic synchronization, which relies on a
fixed link, such as [11–18]; and (2) randomized
synchronization, such as [19–21]. Brown et al.
[19] investigated the transient consensus behavior
of the random pairwise consensus synchronization
(RPCS) algorithm. It is a pity that the reciprocal
delay model is supposed to be symmetric. Sun
et al. [20] proposed a randomized method to deal

with the random access problem. The method
proposed therein combines a partial-update rule
with a complete-update rule. However, the partial-
update rule is capable of compensating the offset in
nondeterministic instants which results in incom-
pletely compensating the clock rate. Bolognani et al.
[21] proposed a randomized linear algorithm for
the second-order consensus timing protocol. This
algorithm is based on the average-value-based crite-
rion, which have a slow speed of convergence.

(2) The speed of convergence may be relatively slow. A
major concern is the lower convergence speed which
increases the message complexity and consumes the
limited power of the sensor nodes. However, many
protocols [11, 13–16, 19–21] are proposed based on
the average-value-based criterion, which need more
iterations to achieve acceptable synchronization error.

(3) The delay model is unrealistic. Several protocols sup-
pose the uplink delay and the downlink delay among
two nodes are symmetric [13, 19] or obey a statistical
delay model [12, 14], such as normal distribution and
Gaussian distribution. Worse still, the uncertainty
regarding the delay is associated with the influence
of the exterior environment.

(4) The common broadcast period would give rise to the
timing message collision as pointed out in publica-
tions [11, 18, 20], but without being handled. The
existing consensus-based timing protocols employ a
deterministic communication protocol, in which
each node is allowed to communicate with its neigh-
boring nodes that are within its range in each deter-
ministic timeslot. Due to the hidden node problem
[22], the collisions become too serious to be further
ignored since a exposed node receives multiple
timing messages from hidden nodes with a common
broadcast period during the same timeslot.

The critical fact that the real-world delays would change
irregularly, and the more iterations and collisions would
waste energy, has a negative effect on synchronization
performances. Inspired by the rumor spreading of human
groups and the way how epidemics spread, gossip algo-
rithm [23, 24] has been widely investigated in the informa-
tion theory community for information dissemination. In the
context of the multiagent networks, randomized gossip
algorithm is attractive for solving the distributed and sto-
chastic consensus problems [25–27] due to its randomized
behavior and asynchronous processing. Faced with the
dynamic topology issue, the gossip consensus provides less
conservatism and higher efficiency than the existing consen-
sus approach. So they are perceived as uniquely suited for the
inherent dynamics of ad hoc WSNs whose topology is
randomly connected. The gossip consensus approach con-
tains two dimensions: gossip interaction and gossip update.
The gossip interaction mode is particularly well suited for
applications into wireless peer-to-peer and ad hoc sensor
networks, where a random pair of nodes is active at each
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iteration and that it out-syncs itself is a prior fact. In addition,
randomized gossiping may allow communication asynchro-
nously at random times to lower the probability of message
collisions. The gossip update policy is that each node has to
share its output with one of the neighboring nodes. That
being said, privacy issues could easily apply to a node which
participates in such updating. On the contrary, the existing
consensus approach allows a node to share its output with
multiple nodes, so privacy issues could discourage some
nodes from participating in such updating. Therefore, under
a more practical delay model, it is of great interest to study
randomized gossip algorithm for achieving the generalized
consensus timing protocol that has faster convergence speed
and lower collision rate in dynamic WSNs.

Motivated by these, this paper presents an innovative
randomized and efficient timing protocol for dynamic
WSNs, including the mutual drift estimation, clock rate and
offset compensation. The key novelty of the contribution lies
in a randomized algorithm for the extension of the general-
ized consensus-based timing protocol which implements
probabilistic synchronization using randomized gossip-type
interactions and updates. To achieve this goal, for the first
time, we design the idea of the randomized activation of the
synchronization links based on the preprogrammed Poisson
process to activate a pair of nodes, and use the gossip-
consensus-based approach with the converge-to-max crite-
rion to fully adjust the clock rate and offset of random pair-
wise nodes. Moreover, by exploiting a least square-based
low-pass filter, a revised version is improved to cope with
the bounded delays.

The major contributions of this paper are summa-
rized below:

(i) We first ignore the time delays and propose a
novel randomized gossip-consensus-based time
synchronization (RGCS) protocol by incorporating
the idea of randomized gossip algorithm into the
consensus-based timing protocol. Compared to
traditional mechanisms, the gossip consensus is
achievable in a fully decentralized, randomized,
and asynchronous fashion, even in highly dynamic
WSNs. The converge-to-max criterion is introduced
to achieve finite-time convergence, since the gossip
consensus is a not fast convergence algorithm. Then,
we prove that the expected logical clocks are
synchronized with probability one (w.p.1), and pro-
vide a lower bound of fast finite-time convergence.
In addition, we develop a Multi-RGCS protocol
based on the principle of the edge-coloring (EC)
technique to save finite-convergence time.

(ii) We consider the case where the delay obeys a
realistic bounded model compared to the particular
distribution communication delay model, and fur-
ther propose a Revised-RGCS protocol to work
against the uncertain bounded time delays. The filter
proposed therein is competent to deal with practical
delays which could be a basic constraint in the drift
estimation issue over real-world WSNs.

(iii) We conduct performance evaluations of the
proposed protocols through extensive simulation
experiments using the MATLAB and OMNeT++.
Simulation results demonstrate that RGCS fully
adjusts logical rate and offset to achieve network-
wide synchronization for randomly connected
WSNs, and Revised-RGCS gives a better perfor-
mance in terms of collision rate, converging speed,
and the robustness of resisting delays compared to
other existing protocols.

The rest of this paper is organized as follows. In Section 2,
we review the related literatures and state the novelty with
respect to the previous works. Section 3 formulates the time
synchronization problem. Section 4 elaborates the proposed
RGCS, Multi-RGCS, and Revised-RGCS. The simulation
results are given in Section 5. Section 6 concludes the paper.

2. Related Work

In the absence of preexisting infrastructures, distributed
configuration is a promising paradigm for distributed WSNs.
Within this context, tremendous research efforts have
already been devoted to distributed timing protocols. Based
on belief propagation, a fully distributed timing protocol
[28] developing from the two-way sender–receiver synchro-
nization scheme was used for the joint estimation of rate
and offset. Distributed asynchronous Clock Synchronization
(DCS) [29] protocol was proposed for delay-tolerant net-
works. DCS can achieve global time synchronization among
mobile nodes over intermittent connections with long delays,
but the rate and offset are adjusted separately. Ahmed et al.
[30] considered unreliable links to build an asynchronous
framework, but it is the same as an RFA without rate
compensation. An On-demand Time Synchronization
Protocol (AOTSP) [31] was proposed with the advantages
of weak spatial accumulative effect, low communication cost,
and high scalability. However, AOTSP suffers from a tempo-
ral accumulative effect on account of exchanging timestamps.

In recent years, distributed consensus concept [9, 10] has
become a hot topic in the distributed time calibration
research. Distributed timing protocol based on the idea of
the consensus algorithm was originally achieved with the
Average TimeSynch (ATS) [11] protocol which fully
compensates clock rate and offset. To accelerate convergence
speed, the Maximum Time Synchronization (MTS) [12]
protocol was developed by which the system trajectories of
rate and offset are updated to achieve the maximum-value
under a normal distribution delay model, and Saiah et al.
[14] proposed the Consensus-based Multi-hop Time Syn-
chronization (CMTS) protocol under the Gaussian delay
model. Panigrahi and Khilar [13] proposed a multiobjective
evolutionary strategy-based topological optimization for the
consensus timing protocol to deal with a trade-off between
the minimizing of delays and the selection of sync initiating
nodes, but the delays are assumed to be symmetric. The other
improved protocols include the Robust-ATS (RoATS) [15]
and Least Square estimation-based Time Synchronization
(LSTS) [16] aiming at the delays. Recent works contributed
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by Tian et al. [17] presented a very generalized model of the
Consensus-based Time Synchronization (CBTS) algorithm
without topological conditions. However, the RoATS, LSTS,
and CBTS designed for distributed WSNs with delays are
static scenarios and ignore the changing connectivity of
dynamic WSNs. Brown et al. [19] investigated the transient
consensus behavior of clock parameters in the Random
Pairwise Consensus Synchronization (RPCS). Similar to
DCS, RPCS adjusts rate and offset separately. He and Dong
et al. investigated consensus timing protocol under message
manipulation attacks [32] and sybil attacks [33], respectively.
In order to address the topology change issue, the MTS pro-
tocol supposes that link i, j should be kept constant within a
time width B; however, in a highly dynamic topology, this
assumption is unrealistic. Sun et al. proposed the Random
Broadcast-based Distributed time Synchronization (RBDS)
[20] protocol based on the random access mechanism, which
combines the partial-update rule with the complete-update
rule. However, the partial-update rule is capable of compen-
sating the offset in a nondeterministic timeslot which results
in incompletely adjusting the drift. Based on the gossip
consensus, we relax the basic condition of the MTS (that is,
compared with the MTS, we do not need link i, j kept
constant during a time interval kB, k + 1 B to collect
the clock states more than once) and also enable complete-
rate and complete-offset compensation.

There has been a surge of activity in ad hoc WSNs using
the idea of gossip protocols. Specific to time synchronization,
Marechal et al. [34] proposed a distributed gossip protocol
for only adjusting natural clock drifts. Bolognani et al. pro-
posed a Proportional Integral (PI) synchronization controller
[35] with gossip communication mode for time synchroniza-
tion. The PI controller proposed therein takes advantage of
the asynchronism of pairwise-exchange communication.
Coupling-based internal Clock Synchronization (CCS) [36]
which combines the gossip paradigm with a nature-inspired
approach was proposed to cope with disturbance. The logical
clock in the CCS is equal to the hardware clock plus an
adjustment. This is a special case of our logical clock model
which has both multiplicative and additive compensation.
Joerg et al. [37] proposed a hybrid protocol for distributed
microphones over a wireless network, which integrated the
two-way message exchange mechanism with the gossiping
technique. The idea of gossiping used therein mainly seeks
a virtual master clock. Based on broadcast gossiping,
Stankovic et al. [38] proposed two instrumental variable-
type distributed recursions for estimating parameters of
calibration functions with a general noise assumption. A
concern regarding distributed recursion is their excessive
use of communication, while the nodes of randomly con-
nected networks can only communicate with its immediate
neighbor in an opportunistic manner.

In summary, some of the above algorithms only
compensate offset or rate [27, 30, 34], and other algorithms
compensate offset and rate separately [4, 19, 29, 37]. Several
algorithms reconstruct clock parameters and perform reverse
reconstruction to align absolute time, so they usually
introduce more computational complexity [4, 30, 37]. The
distributed nature of the consensus-based timing protocols

is superior to other timing protocols, but the message
collision rate is relatively high. In particular, node i
announces a timing message when the hardware clock τi or
logical clock Ti is such that there exists an integer Ψ satisfy-
ing τi t = nΨ or Ti t = nΨ + ϕi, n = 1, 2, 3,… ,N . There is a
high probability of a timing message collision event in
algorithmic mechanisms when the hardware parameters or
bias ϕ are converging closely for at least two unidentified
and hidden nodes [11, 12, 18, 20, 33]. In addition, many algo-
rithms [11, 13–16, 18–21, 34] are still average-value-based
algorithms, which have a slow speed of convergence. Worse
still, under significant clock drifting, the average information
will remove after a few iterations with a slow speed of conver-
gence. Hence, taking the above reasons into consideration,
energy-efficient time synchronization for dynamic WSNs
may not be achieved by these consensus-based timing
protocols. The major advantage of the gossip idea is that
the iterative dynamics appear as a randomized and asynchro-
nous evolution, so that it is quite convenient for asynchro-
nous network and topological changes. Nevertheless, the
main drawbacks of the aforesaid gossip-based protocols have
been analyzed from the compensation quantity, the excessive
use of communication, and so on.

So, taking a hybrid approach, we first proposed the RGCS
algorithm without considering the delays, which combines
the advantage of the randomized gossip algorithm and
consensus-based TimeSync. The algorithm fully adjusts rate
and offset, and also fits into the dynamic topology of
randomly connected WSNs with lower collision. The
converge-to-max criterion was introduced to choose the
coefficients properly in order to enable fast convergence. A
Revised-RGCS algorithm was developed by adopting the
least square-based low-pass filter to counteract the impact
of bounded delays. Summing up the works for comparison
in this section, the features of representative distributed
timing protocols are summarized in Table 1. Our time
synchronization properties include:

(i) Rate and offset synchronization. Each clock rate and
offset should be fully adjusted to achieve a common
virtual clock.

(ii) Compatible with dynamic topology changes. A
time synchronization protocol has to explore the
changing connectivity to design compensation rules.

(iii) Energy-efficient. The number of message collisions
should be small. Synchronization should be finished
within a limited time, since the gossip consensus is a
not fast converging algorithm.

(iv) Robustness against bounded time delays. The
bounded convergence should be guaranteed even
when bounded uncertain delays are present.

3. Problem Formulation

Suppose N sensor nodes of a WSN indexed by i = 1, 2,… ,N .
Owing to the node dormancy or death and random failure of
links, a successful contact between a pair of nodes i and j
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depends on the probability distribution of the setup of
stochastic links. Thus, the topology of dynamic ad hocWSNs
is modeled as a time-varying graph G t = V ,ℰ t . V is
the set of vertices, and the existence of stochastic links ℰ
t = eij t ∣ i, j ∈V is determined independently. The
set of node i’s neighbors is denoted by N i = j ∈V , eij ∈
ℰ t . We use a notation ij to indicate eij which means
node i and j happen to link together, and the undirected
random graph is bidirectional.

Definition 1. A synchronization link ij or eij means that an
arbitrary random node i is coupled with its geographical
neighbor j ∈N i once to perform a synchronous operation.
Specifically, triggering node i sends a beacon to choose the
triggered neighbor j and confirm the ID of the synchroniza-
tion link eij; then, they swap timing messages with each other.
Due to the randomized activation of nodes, we need a neigh-
bor discovery protocol for nodes to discover each other when
they are neighbors.

Fortunately, a simple and useful neighbor discovery
protocol can be used as in [39].

Assumption 1. When node i i ∈V is activated at time t, the
cardinality N i t ≥ 1.

Assumption 2. The delays of the lth uplink and downlink
communication between node i and j is denoted by dij and
dji. They are unequal and bounded by upper bound D; that
is, 0 < dij <D, dij ≠ dji.

The oscillator generates the standard unit of frequency
Ω. The clock provides its reading τ t of the elapsed
absolute time t by accumulating the number of impulsive
signals τ t = κ t

to
Ω ε dε + τ t0 , where κ is an oscillator

frequency correction. The oscillation frequency is nearly
invariable in a short time horizon, so the clock reading of
the ith node possesses a linear dynamic behavior such as

τi t = ait + bi, 1

where ai and bi are the hardware clock rate and offset,
respectively. ai determines the timing rate of the clock and
bi represents the difference of the nodes’ clock reading. The

logical clock is a linear affine function of τi t . αi t is a
multiplicative compensation and βi t is an additive
compensation, as follows:

Ti t = αi t τi t + βi t = αi t t + βi t , 2

where αi t = aiαi t andβi t = αi t bi + βi t are called the
logical rate and offset, respectively. So, we have available
quantity τi t , and two variables αi t , βi t to be designed.

The objective is to design a randomized communica-
tion protocol and a gossip-consensus-based approach for
coupled nodes i, j ∈V announcing its timing messages
and adjusting the logical rate and offset, such that the log-
ical clocks Ti i ∈V is synchronized in the probability
sense, as follows:

∀i, j ∈V , ∃Pr lim
t→∞

Ti t − T j t = 0 = 1 3

Finally, notation Pr, o, O denote probability, infinitesi-
mal of higher order, and infinitesimal of the same order,
respectively.

4. RGCS, Multi-RGCS, and
Revised-RGCS Algorithms

4.1. RGCS Algorithm

4.1.1. Randomized Communication Protocol. A randomly
connected ad hoc WSN is specifically characterized in that
the nodes are randomly activating and sleeping, and the
RGCS algorithm is supposed to run independently in each
individual node. Firstly, the Poisson process is configured
to each node in order to generate the synchronization link
(Sync-L) beacon which is sent to a node of its neighborhood
by exploiting the broadcast nature of wireless communica-
tions. Thus, the randomized activation of eij i, j ∈V satisfies
the Poisson process with the constant intensity λij such that

Pr t ij l + σ − t ij σ = n = λijl
n/n eλi j l, n = 0, 1… , for

∀l, σ ≥ 0. Some special circumstances are as follows: if λij =
0, it means link eij is not activated forever, and if λij =∞, it
means link eij is activated infinitely in a given time interval.
The Sync-L beacon between node i and j is confirmed, which
is referred to the stochastic link activation event. Once the

Table 1: The comparison of representative distributed timing protocols.

Dynamic topology Delay Iterative way Interference Rate Offset

MTS [12] Yes Yes Max High Yes Yes

RoATS [15] No Yes Average High Yes Yes

RPCS [19] Yes Yes Average High Separate Separate

RBDS [20] Yes No Average High Incomplete Yes

RFA [27] No No — Low No Yes

DCS [29] Yes Yes Average High Separate Separate

AOTSP [31] No Yes — Low Yes Yes

CCS [36] No Yes Average Low No Yes

Ours Yes Yes Max Low Yes Yes
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randomized activation of link eij takes place, by using the
Media Access Control (MAC) layer time stamps, trigger-

ing node i pushes a multivariable message αi t
ij
l , βi t

ij
l ,

τi t
ij
l to node j. After that, the triggered node j pulls a

multivariable message αj t
ij
l , βj t

ij
l , τj t

ij
l to node i.

The overall procedure is illustrated in Figure 1.
Thus, accordingly, the set of activated synchronization

links ∪N
i=1,j=1eij t are an identically and independently dis-

tributed (i.i.d.) Poisson distribution. Suppose that function
ℱ N represents the amount of synchronization links of an
underlying graph. When it is a complete graph, we can max-

imize ℱ N as N N − 1 /2. Clearly, the set ∪∞
l=0∪

N
i=1,j=1t

ij
l

∣ eij ∈E t satisfies global Poisson distribution with the
intensity ℱ N λ, because all intensities have the same value.
Each global gossip instantly corresponds to an updating
event. We denote Δ l, ij as the intertime between consec-
utive gossip instants for the global Poisson process, and
Δ l, ij l∈N , ij ∈E t is an i.i.d. process with moments

E Δ l, ij = 1
ℱ N λ

,

E Δ2 l, ij = 2
ℱ N λ 2

4

The intensity λ increased, whereas Δ l, ij continuously
decreased. The physical significance of λij represents the
intermittent of activation events of link eij, and the mathe-
matical meaning of λij represents the mean value of the
occurrence of the activation events per unit time. In many
scenarios, environmental-temperature variations will be slow
to change around nodes. Hence, we can do that by increasing
intensity λij to enlarge the frequency of a link activation event
in order to work against slowly changing drifts.

As shown in Figure 2, we illustrate how the proposed
mechanism works under the hidden node problem. Node A
is visible from node B, and node C is visible from node B
too. However, node A and node B cannot sense with each
other, because they are out of the communication zone of
each other. In the deterministic communication protocol
(such as ATS, MTS, RoATS, etc.), each node transmits its
timing messages periodically with a common period based
on its own clock on chip. If nodes A and B have a small

difference in terms of the hardware rate and offset, they will
announce timing messages to node C simultaneously. Thus,
the collisions will occur endlessly. In our proposed mecha-
nism, each node announces a timing message asynchro-
nously based on its preprogrammed Poisson process, and
random pairwise node delivery timing messages in the uplink
and downlink successively. So node A randomly gossips,
then a sync timeslot is established between nodes A and C
with probability Pr tACl . The sync timeslot between nodes
B and C is established with probability Pr tBCl . The Poisson
intervals δAC and δBC are independent of each other. If the
transmission delay is negligible, the width of the sync
timeslot can be narrow such that the probability of colli-
sions will further down. Hence, with an appropriate λ,
the probability of collisions is lower than that in the deter-
ministic communication.

To defend against message manipulation attacks, secure
consensus timing protocols should contain a detecting and
excluding outlier mechanism for the logical clock checking
and hardware clock checking. From the analysis of logical
clock checking mechanism in the literature [32], we know
that the bounded communication cycle which was deter-
mined by Ψ ∣ τi t =NΨ,N = 1, 2,… ,Ψ > 0 is a pivotal
parameter of the secure protocols. However, the authors
suppose Ψ is invariable under malicious modification with
the purpose of preventing the attack nodes using outdated
receiving information to cheat, that is, it makes nodes to
collect messages from neighboring nodes within a constant
duration. The proposed gossip interaction mode which has
less conservatism to topology changes can remove this
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Figure 1: The Sync-L beacon and timing message exchanges in a dynamic wireless sensor network.
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Figure 2: Illustration of the proposed randomized communication
under the hidden node scene.

6 Complexity



limitation properly. Also, Ψ is the key parameter which
contributes to represent the conforming relationship of
Definition 1 in the literature [33] to defend against a sybil
attack, and RGCS is robust to the distortion of the bounded
communication cycle.

4.1.2. Gossip Consensus Approach for Clock Rate and Offset
Compensation. Let ΔS ij

i be the difference of hardware clock

readings τi of triggering node i in gossip instant t ij
l and t ij

l−1 ,

namely, ΔS ij
i = τi t

ij
l − τi t

ij
l−1 . The main idea of the

updating rule is to utilize the gossip consensus approach
based on the interchange of the gossiping neighbors’ mes-
sages. Triggered node j updates its logical rate αj t and offset

βj t by averaging them with the estimates of its gossiping

neighbors, namely, aj t
ij
l+1 = 1 − ρ1 aj t

j
k + ρ1ai t

ij
l . Each

node consists of estimating the logical rate with respect to the
virtual consensus rate, and local node j stores a new
compensation αj. Then, by dividing αj at both sides of
above equation, we have

aj t ij
l+1 = 1 = ρ1 aj t jk + ρ1

ai
aj

ai t ij
l , 5

where ρ1 ∈ 0, 1 The constant ρ1 defines the degree of

change of compensation α in gossip instant t ij
l+1 . If ρ1 is

set to a small value, the average information will be
removed in a few updates. Additionally, due to the discrete
observations of the relative drift, we can increase ρ1 to
guarantee the stationarity of the estimated α. Based on
the above analysis, the converge-to-max criterion is

applied to t jk. The time, t jk, indicates the previous gossip
instant of arbitrary edges which contain node j just before
activated edge eij’s lth gossip instant. Equation (5) counts
the absolute time on two scales, that is, updating the usage
round and communication round, to avoid confusion
between the updating iteration and the gossiping commu-

nication. Scrupulously, t jk is given as follows:

t jk =max t jp
s , t qj

r t jp
s < t ij

l , t qj
r < t ij

l ; p, q = 1,… , n ; s, r = 1, 2,…

6

When the Sync-L eij is activated in the next gossip

instant t ij
l , node i uses τi t

ij
l−1 which would be stored

in the flash memory of sensors to compute the number

of drift, namely, the relative drift aji t
ij
l for node j is

computed by

ai
aj

= aji tijl = ΔS ij
i

ΔS ij
j

7

During all iterations, each node i’s storage is O N i
for all possible synchronization links. It implies that, even
though the size of the network node increases, the storage

complexities of the RGCS per node per iteration will not
grow. This property ensures the scalability of the algorithm.

Substituting (7) into (5) yields the update equation of
compensating αj. Again, based on the converge-to-max
criterion, we design the rate compensation iteration rule of
random pairwise nodes. In this rule, the rate compensations
of triggering node i, triggered node j, and silent nodes evolve
as follows

aj t ij
l+1 = max aj tlk , aji t ij

l ai tijl ,

ai t ij
l+1 = max ai tik , aij t ij

l aj t ij
l ,

asilent t ij
l+1 = asilent tsilentk ,

8

which means that random pairwise nodes i and j reach the
maximum logical clock together at a random gossip instant

t ij
l+1 , and other nodes are silent. In (8), node i and j sequen-
tially iterate its own estimated logical clock only once per

gossiping interaction. Observing that whether tik and t jk will
be different or the same depends on the contiguous activa-
tion of the Sync-L of global Poisson process. After the rate
compensation is applied, the random pairwise nodes
compute the instantaneous estimated logical clock differ-

ence Ti t
ij
l − T j t

ij
l and try to adjust its offset β in

order to reduce the difference. Once again, the gossip
consensus approach and the converge-to-max criterion
are applied to local node i, j, and silent nodes for attaining
offset compensations, as follows

βj t ij
l+1 = βj t jk + ρ2 Ti t ij

l − T j t ij
l ,

βi t ij
l+1 = βi tik + ρ2 T j t ij

l − Ti t ij
l ,

βsilent t ij
l+1 = βsilent tsilentk ,

9

where ρ2 = 1 and Ti t
ij
l = αi t

ij
l τi t

ij
l + βi t

ij
l . The

flowchart of the RGCS algorithm is shown in
Figure 3(a), and the basic procedures are described as
follows: Step 1. Randomly initialize each local clock τi.
Step 2. Judge whether arbitrary node i activates its neighbor
or not, or whether it is activated by its neighbor or not.
Step 3. Perform update equations (6), (7), (8), and (9).
Step 4. Judge whether to meet the sync accuracy or not.
Otherwise, return to Step 2.

4.1.3. Convergence of RGCS. Substituting (2) into (3) yields an
intuitive translation of the time synchronization issue:

Pr limt→∞a t = av = 1, ∀i ∈ V ,

Pr limt→∞βi t = bv = 1, ∀i ∈ V ,

Pr ai t − aj t = o
1
t
, ∀i ∈ V ,

10

7Complexity



where av and bv are the parameters of a consistent virtual
clock. Equation (10) shows that whether the clocks achieve
synchronization or not depends not only on the convergence
of the logical rate and offset, but also on the convergence
speed of the logical rate errors Pr αi t − αj t , because
errors will tend to diverge if the convergence speed to zero
of Pr αi t − αj t is slower than 1/t.

Theorem 1. Consider the rate and offset update equations
given by (6), (7), (8), and (9), and there exist two variables

Δ > 0 and l > 0 such that the union graph G t ij
l , Δ l, ij =

∪ij∪lG t ij
l for ∀eij ∈ℰ t is connected with probability one.

Then, (10) holds true.

Proof 1. Firstly, two functions V v t and V v t are intro-
duced, where V v t is the set of nodes whose logical rate
and offset are equal to av and bv in instant t, and V v t is
the cardinality of set V v t . Define amax = max ai , ∀i ∈V ,
let node v be the node whose clock rate is equal to amax.
According to the initial sets, there is at least one node in
the network whose logic clock rate and offset are equal to
av and bv in the initial instant; that is, V v t ≠ ⊘, V v t ≥
1. With the loss of generality, assume node j has a larger

logical rate. If the link eij is activated at gossip time t ij
l , node

i will update its logical clock such that aiαi = ajαj and αi
bi + βi = αjbj + βj. Thus, the logical rate of each node is
less than or equal to amax during the iteration of RGCS.
For a pair of nodes i and j, i, j ∈V v, there is aiαi = amax,
αibi + βi = βv, and ajαj = amax, αjbj + βi = βv . Thus, we
can infer that aiαi or ajαj ≥ akαk holds for ∀k ∈V . Therefore,
a pair of nodes i and j in V v will no longer update its logical
clock and maintain its logical rate and offset during the latter
iterations, which means that V v t is nondecreasing.

The complement of a set V v is defined as V −V v, which
means that the set of nodes are not in V v. If node k is not in
the set V v, then node k is in V −V v . Since all nodes’ logical
rate is less than or equal to amax during the iteration of RGCS,
so we have akαk < av for ∀k ∈V −V v. Thus, if node i ∈V v is
coupled with node k by Sync-L, then it follows from (8)
and (9) that node k will update its logical clock such that
akαk = av, αkbk + βk = βv . Then, one obtains that V v t+ =
V v t + 1 and V −V v t+ = V −V v t − 1, where t+ is
the finish time of the iteration. Hence, V v t will strictly
increase when node i ∈V v is coupled with node j ∈V −V v .

If V v t =N in instant t, it implies that Pr limt→∞

αi t = ac = 1, Pr limt→∞βi t = bc = 1, for ∀i ∈V . Other-

wise, we have V v t <N . Since graph G t ij
l , Δ l, ij

Keep
silence

No

No

Yes

Yes

Node i activate sync
link eij with j?

i, j exchange at
time tl

(ij) [𝛼, 𝛽, 𝜏]

i, j update by equations
(6), (7), (8), (9)

Meet the required
accuracy

End

Initialization:
∀i ∈ V: 𝜏i, 𝜆, 𝛼i(0) = 1, 𝛽i(0) = 0

(a)

Keep
silence

Apply edge-coloring
method to obtain
M(n, tc) = {mtc

 (n)}

∀i ∈ mtc
 (n): i acitivate

sync link with neighbor?

tc = tc+1

No

No

No

Yes

Yes

Yes

Exchange at time tl 
[𝛼, 𝛽, 𝜏]

Meet the required
accuracy

Connectivity change?

End

Initialization:
∀i ∈ V: 𝜏i, 𝜆, 𝛼i(0) = 1, 𝛽i(0) = 0

𝛼i(tl+1) = max{𝛼i(ti−), 𝛼ij(tl)𝛼j(tl)}
𝛽i(tl+1) = 𝛽i(ti−)+[Tj(tl)−Ti(tl)]

(b)

Figure 3: Flowchart of the proposed algorithms. (a) Randomized Gossip-Consensus-based time Synchronization (RGCS). (b) Multi-RGCS.
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is jointly connected with probability one, there is at least
one link eik for i ∈V v and k ∈V −V v, which means
that there has λik > 0. The probability of the event that

link eik is activated satisfies 1 − e−λik t′−t . Therefore, we
have the probability of V v t ≥ V v t + 1 being equal to

1 − e−λik t′−t . Thus, V v t will strictly increase with proba-
bility one when t→∞. Hence, we have Pr limt−∞ V v

t = n = 1, which yields Pr limt→∞ai t = ac = 1, Pr
limt→∞βi t = bc = 1, for ∀i ∈V . Then, Pr aiαi t − aj
αj t can approximate to zero when t→∞. Clearly,
limt→∞ Pr aiαi t − ajαj t / 1/t = 0, Pr αi t − αj t = o 1/t
thus satisfied. The Theorem 1 is thus proved.

In practice, considering the thrift energy to a bigger
extent, the finite-time convergence of algorithms is very
important in WSNs. Next, we will give the lower bound of
the probability for the finite-time convergence of RGCS.
For node i, j, let us assume Wij represents the time cost for
a link activation event.

Then, uij,Uij
t
0uij s ds is the probability density function

and probability distribution function of Wij, respectively.

Theorem 2. Suppose the union graph G t ij
l , Δ l, ij = ∪ij

∪lG tijl for ∀eij ∈ℰ t is connected with probability one.
Then, we have Pr Ti t = τv t , i ∈V ≥ i∈VUvi t .

Proof 2. From the proof of Theorem 1, we can conclude that
node i in V −V v will become a node in V v after the link
evi is activated. When Ti t = τv t , there is Pr Ti t = τv
t =Uvi t , i ∈V . i∈V Pr Ti t = τv t ≤ Pr Ti t = τv
t , i ∈V which yields Pr Ti t = τv t , i ∈V ≥ i∈V
Uvi t . Theorem 2 is thus proved.

4.2. Multi-RGCS Algorithm. Obviously, RGCS is obtained by
the single-gossiping rule. Under this scenario, other silent
nodes are situated in the wait state, while only one synchro-
nization link is activated in a timeslot. We expect that more
coupling nodes are able to exchange and update states in a
timeslot, or more than a neighboring node can overhear a
triggering node’s messages (i.e., broadcast gossip manner).
Based on their positive effect on the performance of the
convergence rate, the multigossiping version of RGCS
(Multi-RGCS) is a topic which is worth exploring. In fact,
we can assume that more than two nodes i, j,… wake up

in tl simultaneously with probability P tl > 0. So the
single-gossiping version corresponds to specific implementa-
tion of the above assumption in which if and only if two
nodes i and j wake up.

Different from the foregoing single-gossiping, Multi-
RGCS requires an additional precondition that the synchro-
nization links cannot have a public vertex in the same slot.
In other words, we need to seek a multigossip sequence
M n, tc = mtc

n , where n is the color number, tc is
the switching time. So, the synchronization links are dyed
different colors, and those links that have the same color
are categorized as the group mtc

n . This problem could
be investigated by the idea of the edge-coloring (EC) [40].
The EC aims at an assignment of one color to each synchro-
nization link such that no two synchronization links on the
same node are assigned the same color. Here, we give a
straightforward EC algorithm to realize Multi-RGCS as in
Figure 3(b). Thereunto, the key procedures of obtaining the
multigossip sequence are summarized as follows. For tc, do
the following: Step 1. Generate a spanning tree ℋ of
graph G tc ; Step 2. Randomly pick a single edge in ℋ,
find a nonadjacent edge to the former, and then find a
nonstaining edge for coloring the third color until it
cannot find any nonstaining edge. Step 3. The edges of dif-
ferent colors constitute the multigossip sequence M n, tc =
mtc

1 ,mtc
2 ,… ,mtc

n . The probability characteristics

of the set tl, l = 1, 2,… is similar to the set ∪∞
l=0∪

N
i=1,j=1

t ij
l , and the physical meaning of t−i refers to the previous
gossip instant of any synchronization link involving node i.
In Multi-RGCS, several nodes are involved in multisynchro-
nization links mtc

n to increase the synchronization traffic
and enhance the convergence speed.

4.3. Revised-RGCS Algorithm. In RGCS, we suppose that the
delays are negligible. However, by considering various
disturbances, which act as an additive noise model (such as
the delay), the actual timestamp is truly noisy, and the delay
distribution is unknown. To deal with this issue, we proposed
a least square estimation-based low-pass filter against
bounded delays (Assumption 2). As shown in Figure 4, the
time delay of the lth communication between node i and

j is denoted by dij (i→ j, namely, dij influences ΔS
ij
j ). dij

is bounded by upper bound D; that is, 0 < dij <D. dji (j→ i,

Neighbor j
(triggered node)

Arbitrary i
(triggering node)

t

t
Sync-L

t l
(ij)  + dij

tl
(ij) tl

(ij) + dji

dij

dji

Figure 4: Illustration of gossip-consensus-based time synchronization with bounded delays.

9Complexity



namely, dji influences ΔS
ij
i ) is the same definition as dij, but

may be unequal.
Due to the symmetry, the following process takes the case

of dij. Based on the definition of the relative drift and dij, we
have a longspan estimator αij l for αij l as follows

â ij l =
τj t ij

l + dij l − τj t ij
0 + dij 0

τi t ij
l − τi t ij

0

=
aj ∑lδij l + dij l − dij 0

aiΣlδij

= aij 1 + ξ l ,

11

where ξ l = dij l − dij 0 /∑lδij and δij is the intertime
between consecutive gossip instants for link eij. Since dij is

bounded by D, we have ξˆ l ≤D/Σlδij. Hence, we know

that ξ l decays in a rate of O 1/δ .
Let α∗ij l be the optimal estimator for αij l , and

denote el = âij l τi t
ij
l − â∗ij l τi t

ij
l . A least square princi-

ple as J =∑l
l=1e

2
l is employed. For calculating the recursion of

α∗ij l , we apply a partial derivative for α
∗
ij l , namely

∂J
∂â∗ij

= 0, 12

which yields an optimal estimator as follows:

â ∗
ij l = 1 − γ∗ l â∗ij l − 1 + γ∗ l

τj t ij
l − τj t ij

0

τi t ij
l − τi t ij

0
,

13

where the weighting parameter

γ∗ l = δ2 1 + δ2 2 +⋯ + δ2 l

δ2 1 + δ2 1 + δ2 2 +⋯ + δ2 1 + δ2 2 +⋯ + δ2 l
,

14

and α∗ij 0 = 1. Substituting (11) into (13) yields

â ∗
ij l = aij 1 + ξ

∗
l , 15

where

ξ∗ l =
δ 1 + δ 1 + δ 2 +⋯ + δ 1 + δ 2 +⋯ + δ 1 dij l − dij 0

δ 1 + δ 1 + δ 2 2 +⋯ + δ 1 + δ 2 +⋯ + δ l 2

16

Then, bounded by dij, we notice that the denominator of

ξ
∗
l is δ’s quadratic term after accumulating, and the

numerator of ξ
∗
l is δ’s first degree term. It implies that

the decay rate of ξ
∗
l is also O 1/δ . This decay rate

ensures that the proposed least square estimation-based
low-pass filter avoids the divergence condition of Pr αi
t − αj t . Hence, we can utilize α∗ij l / δ 1 + δ 1 +
δ 2 +⋯ + δ l 1/2 to replace αij tl and modify the
rate-updating rule of the triggering node i of (6); thus,
there is

ai t ij
l+1 = 1 − ρ1

δ 1 + δ 1 + δ 2 +⋯ + δ l 1/2 ai tik

+
ρ1â

∗
ij l aj t ij

l

δ 1 + δ 1 + δ 2 +⋯ + δ 1 1/2

17

The criterion for selecting the appropriate weighting
parameter δ 1 + δ 1 + δ 2 +⋯ + δ l − 1/2 is based
on a piece-wise constant function, and it is chosen to be
a decreasing factor, which contributes to restraining the
negative effect of additive noise in stochastic approxima-
tion. Actually, the weighting parameter in this paper is a
special case of the standard conditions in stochastic
approximation methods: ∑∞

l δ 1 + δ 1 + δ 2 +⋯ +
δ l −1/2 =∞ and ∑∞

l δ 1 + δ 1 + δ 2 +⋯ + δ l −1 <∞
Since aij t

ij
l is an estimation of inverse relative drift

aij t
ij
l , the rate updating rule of triggered node j is

aj t ij
l=1 = 1 − 1 − ρ1

δ 1 + δ 1 + δ 1 +⋯ + δ l 1/2 aj t jk

+
1 − ρ1 ai t ij

l

â∗ij l δ 1 + δ 1 + δ 2 +⋯ + δ l 1/2

18

Then, the clock offset compensations of local node i, j is
updated as follows:

βi t ij
l+1 = βi tik + ρ2 T j t ij

l − Ti t ij
l + dji l ,

19

βj t ij
l+1 = βj t jk + ρ2 Ti t ij

l − T j t ij
l + dij l

20

The delays also have an impact on tik. The issue is caused
by the fact that node j would not instantly receive its gossip-
ing neighbor’s states due to uncertain delay, and if delay dij
satisfies the following two conditions: (i) delay dij greater
than intertime Δ; (ii) node j joins next gossip averaging; then
tik will change and needs to be modified. When d ij ≠ d ji ,
we call this asymmetric gossip, and this is a common case.

10 Complexity



To clearly explain how delay influences the local updating
equations, we might as well suppose link eij is activating.
After Δ, there are three possibilities of adjacent Sync-L: eik,
ejh, and ekh, ∀k, h ∈V , if:

Case 1. dij ≥ Δ l, ik + nΔ l, kh , n = 0, 1,… , then (18)

and (20) utilize â∗ik l and tik =max t ik
s , t ik

r ∣ sr = 12… .

Case 2. dji ≥ Δ l, jh + nΔ l, kh , n = 0, 1,… , then (17)

and (19) utilize â∗jh l and thj =max t jh
s , t hj

r ∣ sr = 12…

The discriminant of Case 1 and Case 2 is easy to
implement, because the comparison between the length
of delay and the interval time of node activation
depends on the local nodes themselves. The delays make
Revised-RGCS slightly complex, but it will not damage
the convergence. However, we should point out that
the update of the logical rate is based on the long-span

neighboring states τj t
ij
l − τj t

ij
0 , so the nodes should

set up a cached memory for forming a buffer queue of the
timing messages. To summarize the above process, a flow
diagram of the Revised-RGCS algorithm is described in
Figure 5.

5. Simulation Studies

To verify the superiority of novel proposed algorithms, we
carried out comparative simulations for RGCS and Multi-
RGCS with a delay-free case in the Matlab R2010b. Then,
using the OMNeT++ 5.1471 simulator, a more realistic
simulator for WSNs, we verified the Revised-RGCS
algorithm with delays.

5.1. Delay-Free Case. As shown in Table 1, DCS and RPCS
are two appropriate reference algorithms, so we compared
the performances of RGCS with them. All of them have been
investigated numerically for emulating a randomly con-
nected ad hoc WSN. The important parameter setting is
described as follows. The local hardware rate is chosen from
0 999, 1 0001 , and the local offset is chosen from 0, 0 002 .
αi 0 = 1 and βi 0 = 0. The number of nodes is 9, and the
number of local nodes that can be accessed by the other
nodes is 3. The initial synchronization period is 10 s. The
threshold of successful Sync-L is characterized by a Poisson
process with intensity λ, and the intensity reflects the
connection strength between individual nodes. The average
number of Sync-L per time interval is 10. It is feasible that
the joint topologies of the simulation model of dynamic
WSN are connected with probability one. The time unit is
one second. The required accuracy is ±1 millisecond. Because

Initialization:
∀i ∈ V: 𝜏i, 𝜆, d, 𝛼i(0) = 1, 𝛽i(0) = 0, 𝛼⌣

⁎

ij(0) = 1

Keep
silence

No

Yes

Yes No

End
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i update with
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j update with
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neighbor k
i update by

equations (17)(19)

i delete dij(l) or djh(l),
l = l + 1

j delete dij(l) or dik(l),
l = l + 1

Triggering node i send [𝛼, 𝛽, 𝜏]
to j at time tl

(ij), i wait j′s
response after dij(l)

Triggered node j wait i′s
message and reply [𝛼, 𝛽, 𝜏] to i,

then j store dij(l) 

j update by
equations (18)(20)

No

Case 2, true? Case 1, true?
NoYes

Node i activate sync
link eij with j?

Figure 5: Flowchart of Revised-RGCS algorithm.
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there are no reference nodes and random initial parameters,
we employed a metric to evaluate the synchronization error
of the algorithms: the maximum difference of the parameters
between any two nodes in overall WSN [18–20], that is,
η95% t ≥ 95%, where

η t =
max
i,j

Xi 0 − Xj 0 −max
i,j

Xi t − Xj t

max
i,j

Xi 0 − Xj 0
⋅ 100%, for∀i, j ∈V

21

Figure 6 shows the maximum error of logical rate αi t
and offset βi t under RGCS and DCS. In our algorithm,
the logical rate and offset synchronization can be achieved
simultaneously. So, RGCS designed for randomly connected
WSNs is an asynchronous and distributed configuration, and
can make a complete compensation for the rate and offset.
Due to the dense node density, DCS cannot achieve rate com-
pensation and offset compensation simultaneously. Because
DCS was devised for sparse node density to tolerate long
delays, this leads to the synchronous mode for the update
of the rate and offset. At the beginning of the compensation
in RPCS, the rate of compensation is faster than that in
RGCS, because RPCS employs a standard frequency estima-
tion technique to obtain an estimate of the pairwise drift.
However, the descending rate of the offset compensation is
relative slow, and the logical clock Ti t could not be
synchronized without the backward jumps phenomenon.

Figure 7 shows the maximum error of Ti t of RGCS
under λ = 1, 5, and 10, from which it can be observed that
it takes less time with λ = 10 to reach synchronization. This
is because a larger intensity of the Poisson process can
decrease intertime Δ l, ij between consecutive gossip
instants for any links. The results in Figure 6 validate the
theoretical features of (3). So the descent velocity of the

maximum error of logical clocks with λ = 10 becomes
more remarkable.

Figure 8 shows the comparative simulation results with
regard to single RGCS and Multi-RGCS. The green line
represents the convergence of logical clocks in Multi-RGCS.
The falling speed of the green line is faster than that of the
blue line (single RGCS), because more clocks exchange their
states and come close to the maximum-value at each gossip
instant. Then, Figure 9 shows the relationship between differ-
ent coloring edge’s numbers ranging from n = 5 to n = 12 and
95th percentile of synchronization errors. The performance
degrades as more coloring numbers increase; however, it
exhibits an approximate linear dependence; thus, it refers
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to the amount of gossip as a function of the coloring
number n. We can involve this feature to suppress drift
for different synchronization accuracies.

Based on the above simulation results and discussions, it
can be seen that the paper has proposed an RGCS algorithm
with superior performances compared to existing methods in
terms of dynamic adaptability and faster convergence speed.
A edge-coloring algorithm can be applied to constitute a
spanning tree so that Multi-RGCS has a faster convergence
speed than that in RGCS.

5.2. Bounded Delay Case. OMNeT++ is an extensible,
modular, component-based C++ simulation library and
framework, primarily for building network simulators. Based
on the MiXiM framework and Network Description (NED)
files, we implement an ad hoc WSN on the OMNeT++
5.1.1, and then run the Revised-RGCS algorithm on it. It
has been simulated for WSNs of N = 9 clocks placed on a
field with a size of 100m× 100m. Moving sensors are
indexed by bidimensional coordinates X and Y, namely, node
11, node 12, node 13, node 21, node 22, node 23, node 31,
node 32, and node 33. For those mobile nodes, we used
the Random Walk module to locate the coordinate posi-
tion of the node. In this module, each node was made to
move to the next coordinate position at random. Note that
the radios in a node could collect incident message sets
with higher layer module operation decoupled by buffers,
so a deferred message will be valid. Table 2 summarizes the
key parameters.

The probability density distributions of time delays dij
and dji are shown in Figure 10. We carried on the statistics
from 10 times simulations and obtained their distribution.
It can be seen that the maximum delay is bounded which
confirms the realistic bounded model. In reality, dij is often
different from dji because the uplink and downlink between

the head and tail are independent from one another. Obvi-
ously, the Revised-RGCS is an asymmetric gossip. In RPCS,
the authors assume reciprocal propagation delays dij = dji

in each synchronization round. The delay assumption in
this paper is more practical than that in the RPCS.

With the bounded delays, we compared the relative drift
estimation method, which is based on a low-pass filter, used
in the Revised-RGCS and that in RGCS. Figure 11 shows

the results of the relative drift estimation error ξ
∗
l of

random pairwise nodes. It is observed that using (15), the
relative drift αij can be estimated accurately as α∗ij l (the blue
line) will converge to the ideal value. Oppositely, the average
estimate error is diverging in RGCS (the green line) without
the low-pass filter. We see that the relative rate estimation
under the bound delay can be obtained with the Revised-
RGCS, on which an effective timing protocol depends.

5 6 7 8 9 10 11 12
100

120

140

160

180

200

220

240

Coloring numbers

N
um

be
r o

f g
os

sip
 to

 re
ac

h 
𝜂9

5%

Less than average section
Above average section

Maximum value curve

Minimum value curve

Average value curve

Figure 9: The relationship between the number of gossip and
coloring number (simulate it for 10).

Table 2: Simulation parameters.

Module Parameter and data value

Application 250 kbps data rate

Wireless channel
Bandwidth: 20MHz, data rate:

250 kbps, modulation type: BPSK

Radio
Sensitivity: −95 dBm, noise floor:
−100 dBm, transmit power: 0 dBm,

mode: ideal

Tunable MAC Timestamp and default parameters

Communication radius
10m, 20m, and 30m for

every three nodes

Mobility model
Random walk (mobility update

interval = 100ms, speed = 5m/sec)

Initial energy 28,080 J

Field size 100m× 100m
Simulation time 600 secs
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The simulation results of the Revised-RGCS, DCS, and
RPCS implementations are presented in Figure 12. It is
observed from Figure 12 that the Revised-RGCS takes about
20 synchronization rounds to reach within 10 ticks while
RPCS does not achieve the expected error before 20 rounds.
It is clear that the Revised-RGCS can ensure that the sync
error is bounded. In contrast, due to symmetric delay, the
maximum synchronization error of the RPCS is ceaselessly
growing. The results demonstrate that the Revised-RGCS
converges asymptotically while RPCS is diverging. Although
the DCS algorithm can reach time synchronization, its
convergence rate is relatively slow under the randomly
connected scene. This is because in DCS, the offset and rate
compensation are initiated by the updated table information
which is a weighted average of the neighborhoods. Most of
the existing timing protocols employ a deterministic periodic

synchronization scheme which results in message collisions,
and they concentrate on those which merely exploit a packet
in a collision timeslot or directly discard redundant packets.
These techniques are passive to a certain extent. The reason
for this is that WSNs require a nontrivial collision detection
scheme and invalid packets waste energy. In RGCS, we
assume that every gossiping of a pair of nodes costs the same
amount of energy Eeg and let Eg be the total energy cost

for gossiping to the expected accuracy, then, Es = Eg =
∑N

l=1;ei jδ l, ij × Eeg for ∀eij ∈E t . As discussed in Section

2, we know that in most of the distributed configuration
protocols, similar hardware clock states are the main rea-
son behind the message collisions of hidden nodes. Hence,
the number of clocks is considered to be an evaluation
indicator. Figure 13 shows the timing message collision
rate versus the number of clocks. The timing collision rate
of RPCS and DCS protocols achieve 23.4% and 19.2%
when the network scale is 100. In simulations, due to an
asynchronous pairwise policy and an appropriate λ, the
collision rate of RGCS is null. In the Revised-RGCS, the
collision rate is 2.1%, because the timing messages are
delivered to the MAC layer of the nodes with long delays
which collides with the Sync-L event at few instants.

Based on the above simulation results and discussions,
the Revised-RGCS can guarantee time synchronization
under the realistic bounded delay model with a low collision
rate compared to the current algorithms in practice.

6. Conclusions

This paper presents a new randomized and energy-efficient
time synchronization protocol called RGCS for dynamic
WSNs with randomly changing connectivity. The protocol
is based on distributed consensus TimeSync but incorporat-
ing the gossip algorithm. Therefore, it is superior to existing
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protocols in a generalized randomization framework, and
can be well adapted to the link variation of ad hoc WSNs
dynamically. The new idea of randomized scheduling of the
synchronization links is to lower the rate of collision, so the
RGCS dramatically relieves the collision phenomenon. Based
on the converge-to-max criterion, the method has been
deduced to accelerate the convergence speed. By combining
the idea of the EC, the Multi-RGCS has been proposed.
Moreover, the Revised-RGCS has been developed to specially
restrain the impact of uncertain bounded delays. Extensive
simulations have demonstrated the better performances of
the proposed protocols.

The proposed EC method is rough, since the dynamic ad
hoc WSNs need a global coordinator in order to produce a
spanning tree at each changing moment of topology. It is
worth investigating how to design a pure distributed EC
algorithm for Multi-RGCS. This will enhance the adaptabil-
ity for fast changing networks. However, pure distributed
edge-coloring is to be NP-Complete. In future work, we will
focus on developing a solution to find the maximum clique
of the sync edges.

Data Availability

In this paper, the simulation on Matlab can be done by sim-
ply using the proposed algorithms given in Section 4 as well
as the initial configuration given in Section 5, without any
other data. The relevant data of the OMNeT++ simulation
framework can be obtained by e-mail to the author.

Conflicts of Interest

The authors declare that there are no conflicts of interest.

Authors’ Contributions

Nan Xiong and Minrui Fei made substantial contributions
to the original ideas on RGCS, Multi-RGCS, and Revised-
RGCS. Nan Xiong carried out the simulations and wrote
the paper. Taicheng Yang provided critical guidance and
gave quite a lot of suggestions during the research and
paper revising.

Acknowledgments

This work was supported in part by the Natural Science
Foundation of China under Grant no. 61633016 and by a
project of the Science and Technology Commission of
Shanghai Municipality under Grant no. 15220710400.

References

[1] F.-J. Wu, Y.-F. Kao, and Y.-C. Tseng, “From wireless sensor
networks towards cyber physical systems,” Pervasive and
Mobile Computing, vol. 7, no. 4, pp. 397–413, 2011.

[2] A. Mahmood, R. Exel, H. Trsek, and T. Sauter, “Clock syn-
chronization over IEEE 802.11—a survey of methodologies
and protocols,” IEEE Transactions on Industrial Informatics,
vol. 13, no. 2, pp. 907–922, 2017.

[3] R.-H. Zhang, Z.-C. He, H.-W. Wang, F. You, and K. N. Li,
“Study on self-tuning tyre friction control for developing
main-servo loop integrated chassis control system,” IEEE
Access, vol. 5, pp. 6649–6660, 2017.

[4] P.-H. Huang, M. Desai, X. Qiu, and B. Krishnamachari, “On
the multihop performance of synchronization mechanisms in
high propagation delay networks,” IEEE Transactions on
Computers, vol. 58, no. 5, pp. 577–590, 2009.

[5] F.-Y. Gong and M. Sichitiu, “Temperature compensated
Kalman distributed clock synchronization,” Ad Hoc Networks,
vol. 62, pp. 88–100, 2017.

[6] K.-S. Yildirim and A. Kantarci, “Time synchronization based
on slow-flooding in wireless sensor networks,” IEEE Transac-
tions on Parallel and Distributed Systems, vol. 25, no. 1,
pp. 244–253, 2014.

[7] X. Cao, F. Yang, X. Gan et al., “Joint estimation of clock skew
and offset in pairwise broadcast synchronization mechanism,”
IEEE Transactions on Communications, vol. 61, no. 6,
pp. 2508–2521, 2013.

[8] F. Ren, C. Lin, and F. Liu, “Self-correcting time synchroniza-
tion using reference broadcast in wireless sensor network,”
IEEEWireless Communications, vol. 15, no. 4, pp. 79–85, 2008.

[9] Y. Meng, T. Li, and J.-F. Zhang, “Finite-level quantized
synchronization of discrete-time linear multi-agent systems
with switching topologies,” SIAM Journal on Control and
Optimization, vol. 55, no. 1, pp. 275–299, 2017.

[10] X. Zong, T. Li, and J.-F. Zhang, “Consensus conditions of
continuous-time multi-agent systems with additive and
multiplicative measurement noises,” SIAM Journal on Control
and Optimization, vol. 56, no. 1, pp. 19–52, 2018.

[11] L. Schenato and F. Fiorentin, “Average TimeSynch: a
consensus-based protocol for clock synchronization in wire-
less sensor networks,” Automatica, vol. 47, no. 9, pp. 1878–
1886, 2011.

[12] J. He, P. Cheng, L. Shi, J. Chen, and Y. Sun, “Time synchroni-
zation in WSNs: a maximum-value-based consensus
approach,” IEEE Transactions on Automatic Control, vol. 59,
no. 3, pp. 660–675, 2014.

[13] N. Panigrahi and P. M. Khilar, “An evolutionary based
topological optimization strategy for consensus based clock
synchronization protocols in wireless sensor network,”
Swarm and Evolutionary Computation, vol. 22, pp. 66–85,
2015.

[14] A. Saïah, C. Benzaïd, and N. Badache, “CMTS: consensus-
based multi-hop time synchronization protocol in wireless
sensor networks,” in 2016 IEEE 15th International Symposium
on Network Computing and Applications (NCA), pp. 232–236,
Cambridge, MA, USA, October-November 2016.

[15] E. Garone, A. Gasparri, and F. Lamonaca, “Clock synchroniza-
tion protocol for wireless sensor networks with bounded
communication delays,” Automatica, vol. 59, pp. 60–72, 2015.

[16] Y.-P. Tian, “LSTS: a new time synchronization protocol for
networks with random communication delays,” in 2015 54th
IEEE Conference on Decision and Control (CDC), pp. 7409–
7404, Osaka, Japan, December 2015.

[17] Y.-P. Tian, S. Zong, and Q. Cao, “Structural modeling and
convergence analysis of consensus-based time synchroniza-
tion algorithms over networks: non-topological conditions,”
Automatica, vol. 65, pp. 64–75, 2016.

[18] F. Lamonaca, A. Gasparri, E. Garone, and D. Grimaldi, “Clock
synchronization in wireless sensor network with selective

15Complexity



convergence rate for event driven measurement applications,”
IEEE Transactions on Instrumentation and Measurement,
vol. 63, no. 9, pp. 2279–2287, 2014.

[19] D. R. Brown, A. G. Klein, and R. Wang, “Monotonic
mean-squared convergence conditions for random pairwise
consensus synchronization in wireless networks,” IEEE Trans-
actions on Signal Processing, vol. 63, no. 4, pp. 988–1000, 2015.

[20] W. Sun, E. G. Strom, F. Brannstrom, and M. R. Gholami,
“Random broadcast based distributed consensus clock
synchronization for mobile networks,” IEEE Transactions on
Wireless Communications, vol. 14, no. 6, pp. 3378–3389, 2015.

[21] S. Bolognani, R. Carli, E. Lovisari, and S. Zampieri, “A
randomized linear algorithm for clock synchronization in
multi-agent systems,” IEEE Transactions on Automatic
Control, vol. 61, no. 7, pp. 1711–1726, 2016.

[22] K. Kosek-Szott, “A survey of MAC layer solutions to the
hidden node problem in ad-hoc networks,” Ad Hoc Networks,
vol. 10, no. 3, pp. 635–660, 2012.

[23] S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Randomized
gossip algorithms,” IEEE Transactions on Information Theory,
vol. 52, no. 6, pp. 2508–2530, 2006.

[24] A. G. Dimakis, S. Kar, J. M. F. Moura, M. G. Rabbat, and
A. Scaglione, “Gossip algorithms for distributed signal
processing,” Proceedings of the IEEE, vol. 98, no. 11,
pp. 1847–1864, 2010.

[25] J. Lavaei and R. M. Murray, “Quantized consensus by means of
gossip algorithm,” IEEE Transactions on Automatic Control,
vol. 57, no. 1, pp. 19–32, 2012.

[26] G. Picci and T.-J. Taylor, “Almost sure exponential
convergence to consensus of random gossip algorithms,”
International Journal of Robust and Nonlinear Control,
vol. 23, no. 9, pp. 1033–1045, 2013.

[27] M. Franceschelli, A. Giua, and C. Seatzu, “Fast discrete
consensus based on gossip for makespan minimization in
networked systems,” Automatica, vol. 56, pp. 60–69, 2015.

[28] J. Du and Y.-C. Wu, “Distributed clock skew and offset estima-
tion in wireless sensor networks: asynchronous algorithm and
convergence analysis,” IEEE Transactions on Wireless
Communications, vol. 12, no. 11, pp. 5908–5917, 2013.

[29] B. J. Choi, H. Liang, X. Shen, and W. Zhuang, “DCS:
distributed asynchronous clock synchronization in delay toler-
ant networks,” IEEE Transactions on Parallel and Distributed
Systems, vol. 23, no. 3, pp. 491–504, 2012.

[30] S. Ahmed, F. Xiao, and T. Chen, “Asynchronous consensus-
based time synchronisation in wireless sensor networks using
unreliable communication links,” IET Control Theory and
Applications, vol. 8, no. 12, pp. 1083–1090, 2014.

[31] G. Huang, A. Y. Zomaya, F. C. Delicato, and P. F. Pires, “An
accurate on-demand time synchronization protocol for
wireless sensor networks,” Journal of Parallel and Distributed
Computing, vol. 72, no. 10, pp. 1332–1346, 2012.

[32] J. He, P. Cheng, L. Shi, and J. Chen, “SATS: secure average-
consensus-based time synchronization in wireless sensor
networks,” IEEE Transactions on Signal Processing, vol. 61,
no. 24, pp. 6387–6400, 2013.

[33] W. Dong and X. Liu, “Robust and secure time-synchronization
against sybil attacks for sensor networks,” IEEE Transactions
on Industrial Informatics, vol. 11, no. 6, pp. 1482–1491, 2015.

[34] N. Marechal, J.-B. Pierrot, and J.-M. Gorce, “Fine synchroniza-
tion for wireless sensor networks using gossip averaging

algorithms,” in 2008 IEEE International Conference on
Communications, pp. 4963–4967, Beijing, China, May 2008.

[35] S. Bolognani, R. Carli, and S. Zampieri, “A PI consensus
controller with gossip communication for clock synchroniza-
tion in wireless sensors networks,” IFAC Proceedings Volumes,
vol. 42, no. 20, pp. 78–83, 2009.

[36] R. Baldoni, A. Corsaro, L. Querzoni, S. Scipioni, and S. Tucci
Piergiovanni, “Coupling-based internal clock synchronization
for large-scale dynamic distributed systems,” IEEE Transac-
tions on Parallel and Distributed Systems, vol. 21, no. 5,
pp. 607–619, 2010.

[37] S. Joerg, J. Patrick, and H.-U. Reinhold, “A gossiping approach
to sampling clock synchronization in wireless acoustic sensor
networks,” in 2014 IEEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP), pp. 7575–7579,
Florence, Italy, May 2014.

[38] M. S. Stankovic, S. S. Stankovic, and K. H. Johansson,
“Asynchronous distributed blind calibration of sensor net-
works under noisy measurements,” IEEE Transactions on
Control of Network Systems, vol. 5, no. 1, pp. 571–582, 2018.

[39] D. Zhang, T. He, Y. Liu, Y. Gu, F. Ye, and R. K. Ganti, “Poster:
neighbor discovery with distributed quorum system,” in Pro-
ceedings of the 9th ACM Conference on Embedded Networked
Sensor Systems, pp. 369-370, Seattle, WA, USA, November
2011.

[40] S. Gandham, M. Dawande, and R. Prakash, “Link scheduling
in wireless sensor networks: distributed edge-coloring revis-
ited,” Journal of Parallel and Distributed Computing, vol. 68,
no. 8, pp. 1122–1134, 2008.

16 Complexity



Research Article
A Novel Fuzzy Model Predictive Control of a Gas Turbine in the
Combined Cycle Unit

Guolian Hou ,1 Linjuan Gong,1 Xiaoyan Dai,1 Mengyi Wang,1 and Congzhi Huang1,2

1School of Control and Computer Engineering, North China Electric Power University, Beijing 102206, China
2Colleges and Universities Key Laboratory of Intelligent Integrated Automation, Guilin University of Electronic Technology,
Guangxi 541004, China

Correspondence should be addressed to Guolian Hou; hgl@ncepu.edu.cn

Received 11 July 2018; Accepted 8 September 2018; Published 5 November 2018

Guest Editor: Zhile Yang

Copyright © 2018 Guolian Hou et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The complex characteristics of the gas turbine in a combined cycle unit have brought great difficulties in its control process.
Meanwhile, the increasing emphasis on the efficiency, safety, and cleanliness of the power generation process also makes it
significantly important to put forward advanced control strategies to satisfy the desired control demands of the gas turbine
system. Therefore, aiming at higher control performance of the gas turbine in the gas-steam combined cycle process, a novel
fuzzy model predictive control (FMPC) strategy based on the fuzzy selection mechanism and simultaneous heat transfer search
(SHTS) algorithm is presented in this paper. The objective function of rolling optimization in this novel FMPC consists of two
parts which represent the state optimization and output optimization. In the weight coefficient selection of those two parts, the
fuzzy selection mechanism is introduced to overcome the uncertainties existing in the system. Furthermore, on account of the
rapidity of the control process, the SHTS algorithm is used to solve the optimization problem rather than the traditional
quadratic programming method. The validity of the proposed method is confirmed through simulation experiments of the gas
turbine in a combined power plant. The simulation results demonstrate the remarkable superiorities of the adopted algorithm
with higher control precision and stronger disturbance rejection ability as well as less optimization time.

1. Introduction

At present, thermal power generation still occupies the
leading position in the power generation industry in China
[1, 2]. Meanwhile, the increasing attention paid to energy
conservation and emission reduction [3] has promoted
the emergence and development of clean energy-based
power generation. As a readily available clean energy, nat-
ural gas shows outstanding superiorities in environmental
sustainability, energy efficiency, and security [4]. There-
fore, there are certain development prospects using natural
gas as fuel in power generation.

The combined cycle unit which consists of the gas tur-
bine, heat recovery boiler, and steam turbine [5] is one of
the maturely developed power generation devices using nat-
ural gas. In the generation process, the generator is driven
by the gas turbine; meanwhile, turbine exhaust enters the
heat recovery boiler and the residual heat of the gas is made

full use of through the steam circulation system [6]. In this
way, the characteristics of the gas turbine cycle with high
average endothermic temperature and the steam turbine
cycle with low average exothermic temperature are combined
based on the principle of thermal cascade utilization. Consid-
ering the aforementioned process, the gas turbine is regarded
as one of the most critical components in the combined cycle
unit. Accordingly, it needs to be precisely controlled. How-
ever, because of the complex characteristics of the gas turbine
with nonlinearity, variable coupling, and uncertainty, con-
ventional control methods have difficulty in achieving the
desired performance [7, 8]. Thus, it is remarkably significant
to select one of the advanced control strategies for the control
of the gas turbine.

With the flourishing development of control methods
in recent years, some advanced control algorithms have
emerged continuously and obtained great achievements,
such as fuzzy control [9–11], predictive control [12–15],
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and neural network control [16–19]. In all of those methods,
predictive control is developed in the industrial process
directly [20]. The predictive control consists of these three
main components: predictive model, rolling optimization,
and feedback correction [21]. Compared with the other
aforementioned control strategies, predictive control has
stronger ability to handle the time-varying processes with
variable constraints and disturbances. Furthermore, this
high-performance strategy also can combine the practical
requirements of the control process with theoretical deriva-
tion maximally. Consequently, the predictive control will be
the selected control method in this paper. Since its appear-
ance, predictive control has attracted the great attention of
experts and scholars of the world. Among all of the existing
predictive control algorithms, the generalized predictive con-
trol (GPC) method [22, 23] and the model predictive control
(MPC) method [24, 25] are commonly used. The most differ-
ence between these two predictive control strategies is that
the GPC algorithm is based on the controlled autoregressive
integrated moving average (CARIMA) model while the MPC
method is based on the state space model [26]. In view of the
state space model, it can not only reflect the internal state
of the system but also reveal the relationship between the
internal state and external input/output variables [27].
Therefore, the MPC algorithm will be used as the starting
point of the novel algorithm adopted in this paper. In El-
Ferik et al. [28], a distributed nonlinear model predictive
control (NMPC) method was put forward for formation con-
trol of constrained autonomous vehicles in consideration of
the communication bandwidth limitation and transmission
delays. The collision was avoided effectively through the spa-
tially filtered potential field, and the satisfactory performance
of the presented scheme was also demonstrated through sim-
ulation experiments in either strongly connected or weakly
connected networks. However, the model uncertainty and
disturbances were not taken into consideration which would
cause the reduction of control performance and universality
of the proposed algorithm. In addition to that, the model pre-
dictive control (MPC) algorithm was applied to the coal-
conveying process of a coal-fired power plant [29]. In that
control scheme, the energy models of the belt conveyor and
crusher were constructed and employed to formulate an
open-loop energy efficiency optimization problem. Then,
based on the open-loop optimization problem, a close-loop
MPC strategy was adopted and applied to handle the nonlin-
earity of the controlled system. This control strategy showed
strong robustness, adaptability, and energy-saving ability.
Unfortunately, the performance reduction caused by the
uncertainties of the system was inevitable. Considering the
control of the complex nonlinear process with strong cou-
pling and model mismatch, an extended nonminimal state
space predictive control (ENMSSPC) strategy combined with
a modified linear quadratic regulator (LQR) was put forward
for the improvement of the control performance [30].
Although this method showed better properties with ideal
tracking performance and strong disturbance rejection
ability, the accompanying increased calculation burden was
ignored at the same time. Furthermore, the distributed sto-
chastic MPC [31, 32] was adopted for these control systems

with uncertainty and probabilistic constraints as well as
disturbances. According to the distribution manner, only
one subsystem was selected at each time interval. Mean-
while, the probabilistic constraints were transformed into
a set of deterministic constraints through the probabilistic
distribution. The outstanding advantages of this strategy
with assurances of recursive feasibility and close-loop sta-
bility for any updated sequence had been verified through
numerical experiments. Nevertheless, the rapidity of the
control process should also be taken into account in the
design of the controller.

Considering that there are many values that cannot be
expressed accurately in most control processes, the concept
of “fuzzy” was introduced and applied in the construction
of the control strategy to handle uncertainties existing in
the controlled system [33, 34]. Aiming at a better dynamic
response and reduction in the low-frequency ripple of inte-
grated LED drivers, a fast fuzzy logic control algorithm based
on a Takagi-Sugeno-Kang fuzzy controller was put forward
[35]. The high-speed mathematical engine of a digital signal
controller was used to increase the calculation speed which
contributed to a less settling time of the control process.
Unfortunately, this method had a less positive effect on the
improvement of control precision. The accurate mobile posi-
tioning in the cellular network is a matter of great challenge
when it comes to the uncertainty in the signal intensity mea-
surement process. Therefore, the fuzzy reasoning was added
to a Kalman filter for improving the accuracy of localization
[36], and the formed fuzzy extended filter showed remark-
able feasibility and superiority compared with single Kalman
filter method or fuzzy control strategy [37]. What is more,
the fuzzy logic also can be satisfactorily combined with the
MPC algorithm. In Boulkaibet et al. [38], the T-S fuzzy model
of each typical operating condition was identified by particle
swarm optimization (PSO) clustering method and Kernel
ridge regression algorithm initially. Then, the predictive
control was introduced based on the fuzzy model, and the
resulting adaptive fuzzy predictive control strategy could deal
with the disturbances and parameter variations effectively.
Nevertheless, the output variations and operating time of
the control process were not taken into account. In view
of the nonlinearities and various disturbances inevitably
existing in a complex multivariable system, the fuzzy model
predictive control (FMPC) method has become a desired
candidate for the promotion of the control performance
[39]. The application of extended state observer-based
FMPC algorithms on the boiler-turbine system in the ultra-
supercritical unit of the power plant had handled these prob-
lems and obtained better tracking ability [40], whereas the
rapidity of this method needed to be verified. Thus, consider-
ing the complex characteristics of the controlled system and
the significant superiorities of the FMPC mentioned above,
a new FMPC strategy will be constructed for the control of
the gas turbine system in a combined cycle unit.

As one of the emerging intelligent algorithms in recent
years, the bionic algorithm has developed rapidly with many
branches, in which the swarm-based optimization technique
[41, 42] stands out and has been extensively applied in
modeling and control processes. Model identification of an
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unknown plant is important for the subsequent controller
design to meet desired control specifications. Therefore,
in the modeling process of an unknown digital system, a
multiple subpopulation-based modified particle swarm
optimization (PSO) algorithm was introduced to solve the
coefficients of the infinite impulse response (IIR) digital filter
[43]. Although this method was able to overcome the multi-
modal error surface problem effectively, its precise identifica-
tion would decrease when the order of the controlled system
has increased. In addition, an artificial bee colony (ABC)
algorithm and a grey wolf optimization (GWO) algorithm
were used for solving portfolio optimization problems with
cardinality constrains [44] and smart wind speed forecasting
[45], respectively. The solution approach combined with the
ABC algorithm had reduced the computational difficulties
from large-scale optimization problems to a certain extent.
Meanwhile, the proposed new hybrid strategy with the
addition of GWO algorithm had ensured high accuracy
and stability in the prediction process of wind speed.
However, similar to most other swarm intelligence algo-
rithms, it is difficult to achieve a win-win situation consider-
ing both the accuracy and the rapidity of the control process.
Heat transfer search (HTS) algorithm is a novel method for
solving the optimization problem which was presented in
2015 [46]. On the basis of the law of thermodynamics in
the heat transfer process, the molecule which consisted of
the decision variables of the optimization problem made
every effort to maintain the thermal equilibrium between
itself and the surrounding environment through the three
manners of heat transfer: conduction, convection, and radia-
tion. This algorithm had won the first place in the Friedman
rank test compared with some other optimization methods,
such as PSO algorithm, ABC algorithm, and Yin-Yang pair
optimization. Furthermore, in view of the expensive calculat-
ing burden in the iterative optimization process, a simulta-
neous heat transfer search (SHTS) was adopted and its
lower computational complexity had been verified through
simulation experiments [47]. Consequently, a SHTS algo-
rithm considering the variable constraints will be utilized in
this paper to decrease the computational complexity and
optimization time of the control process.

On account of the content mentioned above, a novel
fuzzy model predictive control (FMPC) which combined
fuzzy selection mechanism with the SHTS algorithm is
proposed for the promotion of control performance. Firstly,
the objective function of the presented algorithm is made
up of two parts which represent the state optimization and
output optimization. These two parts occupy different
weights according to the variations of state variables and out-
put error of the system. Then, considering the uncertainties
of the control system, the fuzzy selection mechanism is intro-
duced for the adaptive selections of the above two weighting
coefficients in each time interval. What is more, aiming at
the reductions of computational burden and optimization
time of the control process, the quadratic programming solv-
ing process in rolling optimization of conventional MPC is
replaced by a SHTS algorithm while taking the variable con-
straints into account. This SHTS method is a less subjective
strategy with two artificially defined parameters. Unlike the

original HTS method, the whole population of SHTS is
divided into three groups randomly, and each group is
assigned to one of three modes of heat transfer. In this way,
a great decline of the optimization time of the control process
is obtained easily. Finally, the proposed algorithm will be uti-
lized in the control of the gas turbine system in the combined
cycle unit and compared with some other similar algorithms.
The main contributions of this paper are summarized as
follows briefly:

(i) A novel FMPC algorithm is put forward based on
the fuzzy selection of parameters while taking the
state optimization problem and output optimization
problem into consideration simultaneously. The
addition of the fuzzy selection mechanism can over-
come the uncertainties of the complex control sys-
tem effectively. Furthermore, the precision of the
control process also has great promotion

(ii) Based on the FMPC algorithm described in (i), a
HSTS method which takes variable constraints into
account is adopted to replace the quadratic pro-
gramming solving process in rolling optimization
of the traditional MPC algorithm. This replacement
can decrease the optimization time of the control
system to a certain extent

(iii) The presented algorithm is firstly applied in the
control of the gas turbine in a combined cycle
unit. The simulation results demonstrate that this
control strategy can overcome the complex char-
acteristics of a multivariable system effectively.
Meanwhile, it is proved to be valuable in the pro-
motions of control precision, disturbance rejection
ability, and optimization speed.

The rest of paper is organized as follows. The gas tur-
bine system in the combined cycle unit is described briefly in
Section 2. The construction process of the proposed novel
FMPC algorithm is introduced in Section 3. Next, the simu-
lation results are shown to verify the superiorities of this algo-
rithm in Section 4. Finally, some general conclusions are
presented in Section 5.

2. Problem Description

2.1. The Combined Cycle Unit in a Power Plant. In order
to increase the overall efficiency of electric power plants,
multiple thermodynamic cycles can be combined to fully
utilize energy. The term “combined cycle” refers to the com-
bination of different thermodynamic processes. Compared
with the simple cycle, the combined cycle can achieve the
utmost utilization of energy and produce more electricity
from the same fuel.

The combined cycle is always assembled by a topping
cycle and a bottoming cycle, and its most common type is
combined with the Brayton cycle operated by a gas turbine
and the Rankine cycle operated by a steam turbine separately,
which is usually called the combined cycle gas turbine
(CCGT). The principle of the combined cycle is that the
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temperature of the working fluid is still high enough to
supply power for the subsequent engine after completing
the cycle in the first engine. The operating process of the
combined cycle can be described briefly as follows. The
gas is burned in a gas turbine and becomes exhaust gases
with temperature range from 550°C to 610°C. Meanwhile,
the heat obtained in the burning process is converted to
electric power through a coupled generator. Then a heat
recovery steam generator is employed to produce steam
and hot water by capturing exhaust heat. Next, a steam tur-
bine is driven by the steam to deliver additional electricity
by driving the corresponding generator. Finally, these two
electric powers are transported to the grid synchronously.
The diagram of the combined cycle unit described above
is structured in Figure 1.

The basic combined cycle unit consists of two cycles as
shown in Figure 2: the cycle 1-2-3-4-1 depicts the heat trans-
fer process existing in the high temperature region while the
cycle a-b-c-d-e-f-a represents the Rankine steam cycle exist-
ing in the lower temperature region. In addition, the heat
recovery steam generator captures the exhaust energy to heat
water into steam and deliver it to the steam turbine. Further-
more, the steam turbine transfers its energy to the generator,
where the energy is converted into additional electricity.

2.2. Description of the Gas Turbine System. The efficiency of
the combined cycle gas turbine depends on the performance
of the gas turbine which is regarded as the core equipment of
the combined cycle power plant. However, the existing con-
ventional control strategies cannot deal with the complex
characteristics of the gas turbine effectively. As a result, it is
necessary to develop advanced control schemes based on

the dynamic characteristics of the gas turbine to meet grid
dispatch requirements quickly.

There are three main components of the gas turbine
system diagram which are depicted briefly in Figure 3:
compressor, combustion chamber, and turbine. First, the
air is compressed by the gas turbine and mixed with fuel.
Then, the mixture is heated to a high temperature and high
pressure gas to move through the turbine blades and make
the turbine spin. Finally, a generator is driven by the
mechanical energy from high-speed rotation of the turbine
to produce electricity.

High generating efficiency and stable rotor speed, as well
as the ideal exhaust temperature and exhaust flow are main
control objectives of a gas turbine system. On the one hand,
the turbine inlet temperature cannot be too high when it
is limited by blade thermal stress. On the other hand, if this
temperature decreases excessively, the efficiency of the
combined cycle power plant is also reduced. Therefore, tur-
bine inlet temperature should be kept as close as possible to
the ideal value. What is more, to ensure the efficiency of the
power plant, not only the fuel flow but also the inlet guide
vane of the gas turbine should be adjusted to maintain a
certain fuel-air ratio when the load of the combined cycle
unit has changed.

Considering the most significant factors during the oper-
ating process, the gas turbine system can be simplified as a
system with two input variables and four output variables
as illustrated in Figure 4.

In Figure 4, Gf and IGV are two input variables which
represent the fuel flow and inlet guide vane, respectively; in
addition, the output variables Nop, nrs, Tex, and Gex stand
for output power, rotor speed, exhaust temperature, and
exhaust flow, respectively. Although this simplified multi-
variable model can reveal the main features of the gas tur-
bine, obviously, its complex characteristics with nonlinearity,
uncertainties, and coupling are also difficulties in the con-
troller design of the gas turbine system. Therefore, it is
remarkably significant to make further improvement of
the original control strategy to satisfy the aforementioned
control objectives of the gas turbine system in a combined
cycle unit.

3. Simultaneous Heat Transfer Search-Based
Fuzzy Model Predictive Control

The local linear models of the gas turbine system can be
obtained through the modeling method proposed in Hou
et al. [48] which overcomes the nonlinearity of the complex

Water

Fuel

Heat recovery
steam generator GeneratorSteam

turbine

Generator Grid

Steam

Hot exhaust gas

Electricity

Electricity

Gas
turbine

Figure 1: Combined cycle schematic diagram.
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Figure 2: Combined cycle temperature-entropy diagram (dashed
line: theoretical cycle process; solid line: real cycle process).
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system effectively. Therefore, on the basis of the identified
model, a novel simultaneous heat transfer search- (SHTS-)
based fuzzy model predictive control (FMPC) algorithm
is adopted in this part. Firstly, a novel FMPC strategy is
constructed to improve the control precision while consid-
ering the uncertainties in the control system. Then, the
SHTS optimization method is introduced for reducing
optimization time.

3.1. The Novel FMPC Algorithm. The proposed FMPC algo-
rithm is an improvement of the original MPC combined with
fuzzy selection mechanism; it mainly has the structure shown
in Figure 5.

In the diagram shown above, r k is the set point of
the k-th time interval, u k is the input variable vector
of the controlled process while y k is the output variable
vector, and x̂ k is the predictive state variable vector.
Furthermore, ŷ k + j stands for the predictive output of the
j-th steps later after the k-th time interval, e k is the error
vector between predictive outputs and actual outputs, c1
and c2 are the weight coefficients of output optimization
and state optimization, respectively, obtained by fuzzy rea-
soning from fuzzy selection mechanism.

A multivariable system with m input variables, n state
variables, and q output variables can be expressed as follows:

x k + 1 = Ax k + Bu k ,
y k = Cx k ,

 k = 1,… ,N ,
1

where N is the sampling time, x k = x1 k , x2 k ,… ,
xn k T is the state vector and u k = u1 k , u2 k ,… ,
um k T and y k = y1 k , y2 k ,… , yq k T are the input
variable vector and output variable vector, respectively;
meanwhile, matrices A, B, and C represent the state matrix,
input matrix, and output matrix, respectively, of the system.

Considering that Δx k = x k − x k − 1 and Δu k =
u k − u k − 1 , the increment vector of the output variables
is exhibited as

Δy k + 1 = CAΔx k + CBΔu k , k = 1,… ,N 2

Constructing a new state variable vector as x k =
Δx k y k T , the corresponding state space model shown
as (3) can be obtained.

x k + 1 = Ax k + B k Δu k ,
ŷ k = Cx k ,

 k = 1,… ,N ,

3

where

A =
A 0
CA I

,

B =
B

CB
,

C = 0 I

4

Set the predictive horizon as P while the control horizon
as M, then define the state vector X, control vector ΔU , and
predictive output vector Ŷ in future P steps as

Compressor Turbine

Fuel

Load

IGV
Exhaust gas

Air

High-temperature
gas

Combustion
chamber

Figure 3: Gas turbine system diagram.

IGV

Gf

Nop

nrs

Gex
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Gas
turbine
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Figure 4: Simplified gas turbine model diagram.
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X k =

x k + 1
x k + 2

⋮

x k + P

,

ΔU k =

Δu k

Δu k + 1
⋮

Δu k +M − 1

,

Ŷ k =

ŷ k + 1
ŷ k + 2

⋮

ŷ k + P

5

Next, the X, ΔU , and Ŷ can be calculated through

X k = Fxx k + ΓxΔU k ,
Ŷ k = Fyx k + ΓyΔU k ,
U k = lu k − 1 + LΔU k ,

 k = 1,… ,N ,

6

where

Γx =

B 0 0 ⋯ 0
AB B 0 ⋯ 0
A2B AB B ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮

AP−1B AP−2B AP−3B ⋯ AP−MB

,

Γy =

CB 0 0 ⋯ 0
CAB CB 0 ⋯ 0
CA2B CAB CB ⋯ 0
⋮ ⋮ ⋮ ⋱ ⋮

CAP−1B CAP−2B CAP−3B ⋯ CAP−MB

,

Fx =

A

A2

⋮

AP

,

Fy =

CA

CA2

⋮

CAP

,

l =

1
1
⋮

1

,

L =

1 0 ⋯ 0
1 1 ⋯ 0
⋮ ⋮ ⋱ ⋮

1 1 ⋯ 1
7

Then, the objective function should be structured and
minimized to obtain the control increment ΔU .

In view of the output optimization problem, the objective
function has the following expression.

J1 k = W k − Ŷ k
2
Qy

+ ΔU k 2
Ry
, k = 1,… ,N ,

8

in which, W k is the reference trajectory of the system and
Qy is the error weight coefficient while Ry is the control
weight coefficient of output optimization.

Furthermore, the state optimization-based objective
function can be defined as

J2 k = X k 2
Qx

+ ΔU k 2
Rx
, k = 1,… ,N , 9

where Qx is the state weight coefficient and Rx is the control
weight coefficient of state optimization.

Substituting (6) into (8) and (9), we omit items that are
not related to the control effect. The simplified objective
functions are formulated as

J1 k = ΔUT k ΓTy QyΓy + Ry ΔU k

+ 2ΓTy Qy Fyx k −W k ΔU k ,

J2 k = ΔUT k ΓTx QxΓx + Rx ΔU k

+ 2ΓTx QxFxx k ΔU k

10

Next, on account of constraints of control variables, a
new objective function J will be constituted based on the sub-
functions J1 k and J2 k .

J = c1 J1 + c2 J2 = ΔUT k HΔU k + 2GΔU k ,
s t  Umin ≤U k ≤Umax,

ΔUmin ≤ ΔU k ≤ ΔUmax,
11
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where

H = c1 ΓTy QyΓy + Ry + c2 ΓTx QxΓx + Rx ,

G = c1ΓTy Qy Fyx k −W k + c2ΓTx QxFxx k
12

c1 and c2 represent the weight coefficients of J1 and J2,
respectively.

Consequently, on the basis of objective function (11), the
following control law of presented FMPC can be achieved by
calculating the partial derivation of ΔU .

ΔU k = c1 ΓTy QyΓy + Ry + c2 ΓTx QxΓx + Rx

−1

c1ΓTy Qy W k − Fyx k − c2ΓTx QxFxx k

13

The first step of the control law will be used in the control
system in each time interval. Considering the parameter
uncertainties existing in the controlled system and inherent
fuzzy properties of variables, the fuzzy selection mechanism
described in the next part is introduced in the selection pro-
cess of weight coefficients c1 and c2.

3.2. Fuzzy Selection of the Weight Coefficients. In the fuzzy
selection mechanism of weight coefficients adopted in this
part, the sum of absolute value of system output error ei k
i = 1,… , q, k = 1,… ,N and the sum of absolute value of
state variable variation Δxi k i = 1,… , q, k = 1,… ,N
shown in (14) are taken as inputs of fuzzy rules while c1
and c2 are regarded as corresponding outputs.

E k = 〠
q

i=1
ei k ,

ΔX k = 〠
n

i=1
Δxi k ,

 k = 1,… ,N ,

14

where ei k = yi k − ŷi k i = 1,… , q and Δxi k = xi k
− xi k − 1 i = 1,… , n .

Set the fuzzy domains of E k and ΔX k as [0, 7] and
[0, 100], respectively. Meanwhile, the domains of fuzzy

outputs c1 and c2 are both assigned as [0, 1]. In addition, all
of the membership functions of inputs and outputs are
defined as Gaussian functions for its ideal properties and
the simplicity of the calculation process, and the shown seven
fuzzy degrees are used in the description of each variable.

S = NB, NM, NS, ZO, PS, PM, PB 15

Then, membership function curves of input variables
in this fuzzy selection system can be drawn as Figure 6.
The Gaussian function curves of the output variables are
equally available.

In the weight coefficient selection process, the value of c1
will be enlarged when the sum of output errors of the con-
trolled system is increased; at the same time, the value of c2
will be promoted when the sum of state variable variations
is increased. Combining this basic regulation principle with
expert experiences, the resulting fuzzy rules are illustrated as

If E = NB andΔX = NB, then c1 = PMand c2 = NM,
⋮

If E = PB andΔX = PB, then c1 = PB and c2 = ZO
16

In order to ensure the integrity of the fuzzy rules, all of
the rules are listed in following Table 1.

Consequently, the weight factors of output optimization
and state optimization can be chosen reasonably when
given the inputs of fuzzy rules. However, this parameter
selection process will increase the settle time of the whole
control system. Under this circumstance, a SHTS algo-
rithm will be presented for the replacement of the conven-
tional quadratic programming solving method to reduce the
optimization time.

3.3. Simultaneous Heat Transfer Search Algorithm in
Optimization Process. In order to solve a certain optimization
problem through the quadratic programming, an objective
function with standard quadratic programming form needs
to be structured. Nevertheless, this procedure has increased
the solving complexity to a great extent. On the contrary,
the standardization step is not necessary in the optimization
process of the simultaneous heat transfer search (SHTS)

Optimization
calculation

Controlled
process

Predictive
model

Feedback
correction

r(k)

−

−

y(k)
y(k+j)

y(k)u(k)

c1 c2
x(k)

Fuzzy selection
mechanism

e(k)

− x(k-1)

ˆ

ˆ

ˆ
ˆ

+

+

+
+

+

Figure 5: Simplified diagram of proposed FMPC strategy.
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algorithm mentioned. Therefore, the SHTS algorithm will
be applied in every iterative optimization process to realize
the promotions of optimization speed and control perfor-
mance. The main steps of the SHTS method are summarized
as follows.

Step 1. Initialize the population size NP, search dimension
D and maximum iteration number K , as well as the upper
bound ΔUmax and lower bound ΔUmin of the variable vector

to be optimized, in other words, the control variable vector
ΔU k k = 1,… ,N mentioned above.

Step 2. Generate the initial population ΔU k with size of N
P ×D through

ΔU k = ΔUmin + r ΔUmax − ΔUmin , k = 1,… ,N , 17

where r is a random NP ×D matrix with values between 0
and 1.

Step 3. Calculate the value of fitness function J k , in other
words, the aforementioned objective function, based on the
initial population. Then, select the member with minimum
fitness as the best one and denote as ΔUbest k , Jbest k
k = 1,… ,N .

Step 4. Divide the population into three equal parts ran-
domly and distribute each part to one of the three heat
transfer modes. Furthermore, denote the subpopulations
with conduction phase, convection phase, and radiation
phase as ΔUD k , ΔUV k , and ΔUR k , respectively.

Step 5. Implement following three heat transfer modes of
each subpopulation.

Conduction phase: obtain new population through the
equation described as

ΔU∗
D k = ΔUR k − rDΔUR k , k = 1,… ,N , 18

where rD is a random NP/3 ×Dmatrix with values between
0 and 1.

Convection phase: define c k = rVΔUbest k R, in which
rV is a random matrix of 1 ×D dimension with values
between 0 and 1 and R is a matrix of 1 ×D dimension
with values between 1 and 2. Then, generate a new matrix
Cc k which consists of NP/3 copies of c k ; therefore,
the size of matrix Cc k is NP/3 ×D. Then, obtain the
new population through.

NB NM NS ZO PS PM PB NB NM NS ZO PS PM PB
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Figure 6: Gaussian membership function curves of fuzzy input variables.

Table 1: Fuzzy rules of weight coefficients selection process.

(a)

c1
E

PB PM PS ZO NS NM NB

ΔX

PB PB PM PS ZO NS NM NB
PM PB PM PS ZO ZO NS NS
PS PB PM PM ZO ZO ZO NS
ZO PB PM PM PS ZO ZO ZO
NS PB PB PM PM PS PS ZO
NM PB PB PB PM PM PM PS
NB PB PB PB PB PB PB PM

(b)

c2
E

PB PM PS ZO NS NM NB

ΔX

PB ZO PS PM PM PM PB PB
PM ZO PS PS PM PM PM PB
PS NS ZO NS PS PS PM PM
ZO NM NS NM NS NS PS PM
NS NB NM NM NM NM ZO ZO
NM NB NB NB NM NM NS NS
NB NB NB NB NB NB NM NM
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ΔU∗
V k = ΔUV k + Cc k , k = 1,… ,N 19

Radiation phase: randomly divide the subpopulation
ΔUR k into two equal parts ΔUR1 k and ΔUR2 k . Next,
assign every member of these two parts to a partner which
is selected from ΔUR k and denote the partner popula-
tions as ΔUR1′ k and ΔUR2′ k , respectively. Then, generate
the new population determined as

ΔU∗
R1 k = ΔUR1 k − rR1 ΔUR1 k − ΔUR1′ k ,

ΔU∗
R2 k = ΔUR2 k − rR2 ΔUR2 k − ΔUR2′ k ,

 k = 1,… ,N ,

20

where rR1 and rR2 are both the random matrices of the
NP/6 ×D dimension with values between 0 and 1.

Step 6. Construct the new population ΔU∗ k = ΔU∗
D k ,

ΔU∗
V k , ΔU∗

R1 k , ΔU∗
R2 k based on the combination of

ΔU∗
D k , ΔU∗

V k , ΔU∗
R1 k , and ΔU∗

R2 k .

Step 7. Modify the new population through (21) considering
its feasibility in the search region.

ΔU∗ k =min ΔU∗ k , ΔUmax ,
ΔU∗ k =max ΔU∗ k , ΔUmin ,

 k = 1,… ,N
21

Step 8. Calculate the fitness J∗ k of the new population
and make a greedy choice with the initial optimal fitness
Jbest k . If the new fitness J∗ k is smaller than the origi-
nal Jbest k , the corresponding new population ΔU∗ k
will be selected as the updated optimum solution ΔUbest
k and Jbest k =min J∗ k , Jbest k , else, the new popu-
lation will be abandoned and search for another popula-
tion will begin.

Step 9. If the control precision has satisfied the ideal demands
or the number of iterations has reached the limitation, end
this optimization process and apply the first step of ΔUbest
k to the controller. Then, start a new optimization pro-
cess. Else, go back to step 2.

The above discussed optimization process combined with
SHTS can be simplified as Figure 7.

4. Illustrative Example

The remarkable advantages of the proposed control strategy
should be demonstrated through illustrative examples to
prove its feasibility and practicability. Therefore, the model
of the gas turbine system of a combined cycle unit in
Taiyanggong power plant which was identified through the
T-S fuzzy modeling [48] is introduced as (22) to verify the
performance of the adopted algorithm.

x k + 1 =

0 7108 0 1329 0 0118 0 1484 −0 0146 −0 1158 −0 0027 −0 0227

−0 1489 0 9345 0 0002 −0 0620 0 0090 0 0115 −0 0428 −0 1032

0 0746 −0 0043 0 9400 −0 0941 −0 0195 0 0741 −0 1209 −0 0988

−0 2143 −0 1906 0 0309 −0 1159 0 1166 0 1635 −0 4621 −0 2520

0 0286 0 0147 −0 0625 −0 3999 0 6278 0 3467 0 2930 −0 3420

0 0373 −0 0923 −0 0704 −0 3024 −0 5453 0 6718 0 3564 0 0141

−0 0817 −0 0243 −0 0668 0 1916 −0 3849 −0 1626 0 3355 −0 5698

0 0030 0 0077 0 0427 −0 1866 0 0161 0 2533 −0 4076 0 4210

x k

+
−0 0893 0 0286 0 0424 0 5522 0 3725 0 4867 −0 0914 0 0090

−0 0294 0 0615 −0 0016 0 5262 0 2295 0 3082 0 0382 0 1785

T

u k ,

y k =

4 4627 −5 4469 −11 5426 1 6233 −0 9642 3 0510 −4 0003 1 8654
−14 6745 19 4560 −22 0502 −0 3933 4 9559 −5 7160 3 4771 −7 5768
−19 5587 −7 9487 4 7670 −2 9125 −1 6163 0 5313 0 2333 0 6256
33 3914 −7 8619 −38 9117 12 5980 3 2824 1 1853 0 1514 17 1651

x k

22
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The verification process is made up of the comparison
experiments of tracking performance and disturbance rejec-
tion ability with conventional MPC (MPC), fuzzy MPC
(FMPC), FMPC with PSO (FMPC+PSO), and FMPC with
GWO (FMPC+GWO).

4.1. Parameter Selections. Parameter selection is a signifi-
cantly important part in the controller design. The empirical
method is adopted in this paper because of its easy operation.
In addition, some parameters in PSO, GWO, and SHTS can
be obtained or fixed automatically through the stochastic
technique. Thus, there are only two parameters that need to
be determined, namely, the population size NP and maxi-
mum iteration number K . Considering the fairness of com-
parison experiment, the corresponding parameters in each
algorithm are selected as equal values in every simulation
process and listed in Table 2.

What is more, the error weight coefficient vector and
control weight coefficient vector of output optimization are
set as Qy = diag 1,10,1,10 and Ry = diag 0 1,0 1 , respec-
tively; meanwhile, the state weight coefficient vector and
control weight coefficient vector of state optimization are

set as Qx = diag 1,1,1,1,1,1,1,1,0 1,1,1,0 1 and Rx = diag
1, 1 , respectively. The lower limitations of U k and
ΔU k are set as Umin = 60 5, 22 8 T and ΔUmin = −0 12,
− 0 18 T , respectively; at the same time, their upper limita-
tions are set as Umax = 70 5, 28 6 T and ΔUmax = 0 36,
0 25 T , respectively.

4.2. Simulation Results. This part is made up of the tracking
performance test and disturbance rejection verification of
the proposed controller. At first, based on the selected
parameters, the following simulation experiment is executed
to test the tracking performance of the controller.

The initial stable operating point of the gas turbine
system, in other words, the output variable vector of the
controlled system, is set as 180 79, 3000, 642 27, 1106 8 T .
Then, the set point of the system is changed to
164 98, 3000, 652 7, 1040 8 T at 20 s; the responses of the

Initialize the population size NP, search dimension D,
maximum iteration number K as well as the upper and

lower bound of optimal variables

Calculate the fitness J(k) of population ΔU(k) and select
the best member (ΔUbest(k), Jbest(k))

Divide the population into three equal parts randomly and
assign one of the three heat transfer modes to each part

Conduction
phase

Convection
phase

Radiation
phase

Generate the new population ΔU⁎(k)

Modify the new population ΔU⁎(k) into search region

Calculate the fitness J⁎(k) of the new population and
make greedy choice with initial minimum fitness Jbest(k)

Does the
optimization process satisfy the

terminal criteria?

Y

N

Generate the initial population ΔU(k)

∆UD(k) ∆UV(k) ∆UR(k)

Start

End

∆UD(k)
⁎

∆UR2(k)
⁎

∆UR1(k)
⁎

∆UV(k)
⁎

Figure 7: Flow chart of the SHTS algorithm.

Table 2: Parameter selection results of the control process.

Parameter q P M NP D K

Value 8 20 10 39 20 12
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system output variables, input variables, and correspond-
ing state variables are shown as Figures 8–10, respectively.

In Figures 8 and 9, the black dotted lines present the
reference trajectories of the system and the blue solid lines
stand for responses of variables controlled by MPC while
the magenta dotted lines are the responses of variables
controlled by the FMPC. Besides, the cyan solid lines,

green solid lines, and red solid lines present the responses
of variables controlled by the FMPC which are combined
with PSO, GWO, and SHTS, respectively. It is clear from
these two figures that when the set point of the system has
changed, the variables of the system controlled by the pre-
sented algorithm show high tracking performance with lower
overshoot and shorter settling time compared with other
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Figure 8: Responses of output variables when the set point has changed.
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methods. On account of the state stability of the proposed
algorithm, the state variable responses of the system con-
trolled by MPC-, FMPC-, and SHTS-based FMPC are
selected for comparison and illustrated in Figure 10. x1, x2,
… , x8 stand for eight state variables of the system. Although
not all of the used control methods are included in Figure 10,
it is enough for the state stability verification. Because the
number of state variables in this gas turbine system is set
as 8; therefore, Figure 10 consists of four subfigures and
each subfigure obtains two state variables of the system
controlled by the aforementioned three strategies. More-
over, the dot-dash lines, dotted lines, and solid lines stand
for the state variables of the system controlled by MPC,
FMPC, and FMPC which is combined the SHTS (FMPC+
SHTS), respectively. From Figure 10, it is obvious that the
responses of state variables of the system controlled by the
presented algorithm illustrate smoother trends and reach a
new steady state in a shorter period of time. Thus, the high
state stability of the proposed control method is demon-
strated through this comparative experiment.

Apart from tracking performance, the disturbance
rejection ability is also an indispensable index to judge the
performance of a controller. As a result, the following distur-
bance rejection experiments are finished for the further per-
formance verification of the adopted algorithm.

(i) Apply a negative step signal with amplitude of 5 to
the power output of the system while keeping the
other three output variables unchanged. Then, the
responses of the output variables and input variables
are shown in Figure 11.

(ii) Apply a negative step signal with amplitude of 1 to
the rotor speed of the system while keeping the other
three output variables unchanged. The responses of
the output variables and input variables are shown
in Figure 12.

(iii) Apply a negative step signal with amplitude of 10 to
the temperature of the exhaust gas while keeping the
other three output variables unchanged. Then, the
responses of the output variables and input variables
are depicted in Figure 13.

(iv) Apply a negative step signal with amplitude of 50
to the exhaust gas flow of the system while keeping
the other three output variables unchanged. The
responses of the output variables and input variables
are shown in Figure 14.

It is very clear from Figures 11–14 that the output vari-
ables of the system controlled by the presented control
method have the smallest overshoot, and the three other
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Figure 10: Responses of state variables when the set point has changed.
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output variables except for the output variable with distur-
bance can return to the original stable states over the shortest
period of time. What is more, the responses of input variables
also illustrate the stronger disturbance rejection ability of the
controller. It is worth mentioning that the FMPC which is
combined with GWO also has the highest settling speed
among these five algorithms; however, there are high stable
errors existing in the input and output variables which would
not be ignored in the control process. Therefore, the pre-
sented algorithm is proved to be the best one with
remarkable high control performance compared with the
other four control methods.

In order to verify the rapidity of the rolling optimization
process of the proposed algorithm, the optimization times of
above five control strategies in tracking performance tests
and disturbance rejection experiments are recorded and
listed in following table for comparison.

As is shown in Table 3, the optimization times of MPC
are smallest among all of the used controllers because of the
absence of the fuzzy selection mechanism. Although the
fuzzy selections of the weight coefficients in the objective
function have decreased the optimization speed, the higher
control performance of FMPC with lower overshoot and
shorter settling time as well as higher accuracy has exhibited
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Figure 11: Responses of (a) output variables and (b) input variables when a negative step signal with amplitude of 5 is applied to the power
output of the system.

13Complexity



its remarkable superiority compared with traditional MPC.
Furthermore, aiming at promoting the optimization speed
of FMPC while maintaining its priorities, the quadratic pro-
gramming solving process of the initial FMPC is replaced by
a swarm-based optimization method such as PSO, GWO,
and SHTS listed in this table. It is obvious that both the
FMPC+GWO and the FMPC+SHTS have shorter periods

of optimization time compared with FMPC and FMPC+
PSO, whereas the control process of FMPC+GWO is a poor
regulation process with high steady state errors. Thus, the
proposed improved FMPC which is combined with SHTS
has demonstrated the shortest optimization time, the highest
tracking performance, and stronger disturbance rejection
ability simultaneously.
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Figure 12: Responses of (a) output variables and (b) input variables when a negative step signal with amplitude of 1 is applied to the rotor
speed of the system.
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5. Conclusions

A novel FMPC algorithm which combined fuzzy selection
mechanism and the SHTS while considering the variable
constraints is put forward in this paper. Initially, a new objec-
tive function is constructed based on the comprehensive con-
sideration of the state optimization problem and output
optimization problem. Then, in view of the weight coefficient
selections of these two parts in the objective function, a fuzzy

selection mechanism is established to deal with the uncer-
tainties existing in the control process and improve the con-
trol precision of the controller. Next, in order to promote the
optimization speed for the compensation of time increase
caused by the fuzzy selection process, the SHTS is adopted
in the rolling optimization of FMPC as a replacement of
the initial quadratic programming method. Furthermore,
the proposed novel FMPC strategy is applied to the gas tur-
bine system of a combined cycle unit in a power plant. The
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Figure 13: Responses of (a) output variables and (b) input variables when a negative step signal with amplitude of 10 is applied to the
temperature of the exhaust gas.
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Figure 14: Responses of (a) output variables and (b) input variables when a negative step signal with amplitude of 50 is applied to the exhaust
gas flow of the system.

Table 3: Optimization times of tracking performance tests and disturbance rejection experiments.

Algorithm MPC FMPC FMPC+PSO FMPC+GWO FMPC+ SHTS

Tracking performance test (s) 3.7687 4.8732 10.6927 4.7982 4.1245

Apply disturbance to Nop (s) 3.3575 5.3149 10.2229 4.7277 4.1673

Apply disturbance to N (s) 3.9810 4.9629 10.4244 4.7782 4.1007

Apply disturbance to Tex (s) 3.0809 4.9979 10.7982 4.9096 4.3660

Apply disturbance to Gex (s) 3.0049 4.6834 11.0637 4.9561 4.3375
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simulation results demonstrate its remarkable advantages
with higher control accuracy, stronger disturbance rejection
ability, and less optimization time.

Data Availability

The identified state space model of the gas turbine system
in a combined cycle power plant which was used to sup-
port the findings of this study is included within the arti-
cle. However, we are so sorry that the actual operating
data of the power plant used to identify the gas turbine
system model is unavailable due to the confidentiality
requirement of Taiyanggong power plant. Furthermore, the
parameter selections of the control algorithms are described
in the manuscript.
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An optimal prediction model for flow boiling heat transfer of refrigerant mixture R245fa inside horizontal smooth tubes is
proposed based on the GRNN neural network. The main factors strongly affecting flow boiling such as mass flux rate (G), heat
flux (q), quality of vapor-liquid mixture (x), evaporation temperature (Tev), and tube inner diameter (D) are used as the inputs
of the model and the flow boiling heat transfer coefficient (h) as the output. Neural network model is used to optimize the
prediction of flow boiling heat transfer coefficient of R245fa in horizontal light pipe through training and learning. The
prediction results are in good agreement with the experimental results. For the network model of heat transfer, the average
deviation is 7.59%, the absolute average deviation is 4.89%, and the root mean square deviation is 10.51%. The optimized
prediction accuracy of flow boiling heat transfer coefficient is significantly improved compared with four frequently used
conventional correlations. The simulation results reveal that the modeling method based on R245fa neural network is feasible to
calculate the flow boiling heat transfer coefficient, and it may provide some guidelines for the optimization design of tube
evaporators for R245fa.

1. Introduction

At present, in the study of the overall efficiency improvement
of ORC, it is found that evaporator is a key part of organic
Rankine cycle. In recent years, many researchers have been
in the study of the improvement of the heat transfer effi-
ciency of the evaporator. In the ORC system, the working
medium is also a very important factor affecting the stable,
safe, and efficient operation of the system [1]. R245fa is one
of the ideal low-temperature waste heat powers generating
organic Rankine’s cycle fluids [2]. Considering the safe oper-
ation and technical economy of R245fa organic Rankine’s
circulatory system’s evaporator, it must be accurately grasped
the fluid’s flow boiling heat transfer performance [3]. How-
ever, as the result of complex flow boiling heat transfer

process and many influencing factors, there are strong cou-
pling, uncertainty, and nonlinear characteristics among vari-
ous factors [4–6]. It is difficult to obtain accurate model
through the traditional modeling method. Most existing
correlations are summarized from the experiment data of
empirical and semiempirical correlation [7, 8]. Moreover,
experiment research and correlation for R245fa flow boiling
heat transfer are still very rare at present. The calculations
associated with R245fa still have rather large errors.

Therefore, based on the R245fa, a GRNN network
optimization model for R245fa flow boiling heat transfer in
a saturated state horizontal smooth tubes is established to pre-
dict the flow boiling heat transfer performance of R245fa [9,
10] and compared with the results of traditional associated
equations and then to optimize the traditional association.
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The structure of this paper is as follows: Section 2 is the
formula of the problem. Section 3 is the establishment of
the flow boiling heat transfer neural network model. Section
4 is the optimization of the prediction results and analysis,
and the conclusion is in Section 5.

2. Problem Formulation

The flow boiling heat transfer of a horizontal smooth tube is
mainly focused on the influence of mass flux rate, heat flux,
quality of vapor-liquid mixture, and pipe diameter on the
boiling heat transfer coefficient [11] and the deduction and
improvement of the correlation of heat transfer and pressure
drop during the flow boiling process. Besides, as the fourth-
generation refrigerant, R245fa also plays an important role
in the study of flow boiling.

In this paper, R245fa is used as the working medium to
establish an optimized prediction model of flow boiling heat
transfer based on the GRNN neural network in horizontal
smooth tube. In the GRNN neural network, mass flux rate,
heat flux, quality of vapor-liquid mixture, evaporation tem-
perature, and inner diameter of light tube are used as the
network inputs, and the flow boiling heat transfer coefficient
is used as the network output. And the model can be used to
predict the boiling heat transfer coefficient of R245fa in hor-
izontal smooth tube by learning. By comparing the results of
four traditional associated equations, we can see which is
closer to the experimental results. It is proved that the predic-
tion model of flow boiling heat transfer of the GRNN neural
network is more accurate than the four traditional associated
equations and further illustrates that the model can achieve
the optimization of the traditional formula.

3. The Establishment of a Neural Network
Model for Flow Boiling Heat Transfer

The GRNN network training speed is fast, design is simple,
and it is appropriate for nonlinear function’s approximation.
It could deal with complex and highly nonlinear problems
well. The GRNN network can obtain better learning effect
under the circumstances of less sample data. However, the
selection of the GRNN network training samples is very
important for the construction of network; it must be repre-
sentative, as it will directly determine the right value of
network and affect the final prediction results [12].

3.1. Parameter Selection.ANOVA (analysis of variance) tech-
nique was used to select the significant parameter influencing
boiling heat transfer coefficient. This paper studied the most
influencing ambient parameter affecting boiling heat transfer
coefficient. The ANOVA technique was used to study the
effect of ambient parameters on boiling heat transfer coeffi-
cient. Here, four ambient parameters (atmospheric pressure,
ambient temperature, ambient relative humidity, and ambi-
ent wind velocity) were considered with three levels (low,
medium, and high conditions) having 34 factorial designs of
81 ambient conditions. The control factors (ambient param-
eters) considered for the ANOVA study are listed in Table 1.
The minimum number of ambient conditions required for
ANOVA is calculated using the following equation [13]:

N = 1 + n L − 1 1

Here, N represents the minimum number of ambient
data required for ANOVA, n represents the number of
ambient parameters, and L represents the number of
levels, and n = 4 and L = 3. So, nine ambient conditions
are simulated using the GRNN. The ambient parameters
considered at three levels are listed in Table 2. The stan-
dard L9 orthogonal array used for ANOVA is shown in
Table 2. The GRNN-simulated boiling heat transfer coeffi-
cient as per the standard L9 orthogonal array is shown in
Table 3. The following equations are used to calculate the
ANOVA parameters [13].

The sum of squares due to mean (SSm) is given by

SSm =N × Y2 2

Here, N represents the minimum number of ambient
data, and Y2 represents the average of sum of squares. The
sum of squares due to each parameter SS is given by the fol-
lowing equation:

SS = L × P2
L1
+ P2

L2
+ P2

L3
− SSm 3

Table 1: Ambient conditions.

Parameter
levels

Atmospheric
pressure
(kPa)

Ambient
temperature

(°C)

Ambient
relative
humidity

(%)

Ambient
wind

velocity
(m/s)

L1 80.735 30 15 2.7

L2 80.735 26 20 2.1

L3 80.735 22 25 1.5

Kunming is about 1860 meters above sea level, and the standard atmospheric
pressure is 1 013 × 105 Pa. For every 12-meter elevation, the atmospheric
pressure drops by 133 Pa, so the atmospheric pressure of Kunming is
80.735 kPa.

Table 2: Standard L9 orthogonal array.

Simulated
ambient
conditions

Atmospheric
pressure
(kPa)

Ambient
temperature

(°C)

Ambient
relative
humidity

(%)

Ambient
wind

velocity
(m/s)

1 L1 L1 L1 L1

2 L1 L2 L2 L2

3 L1 L3 L3 L3

4 L2 L1 L2 L3

5 L2 L2 L3 L1

6 L2 L3 L1 L2

7 L3 L1 L3 L2

8 L3 L2 L1 L3

9 L3 L3 L2 L1
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Here, L represents the number of levels; PL is the param-
eter at different levels. The total sum of squares (TSS) is given
by the following equation:

TSS = SS1 + SS2 + SS3 + SS4 4

The degrees of freedom (DOF) is given by

DOF = Level − 1 5

The mean sum of squares (MSS) is given by

MSS =
SS

DOF
6

Pure sum of squares (PSS) is calculated by the following
equation:

PSS =MSS −MSSPE × DOF 7

Percentage contribution (PC) is given by

PC =
PSS
TSS

× 100 8

Based on the above equations, the influence of ambient
conditions on mass flux rate, heat flux, quality of vapor-
liquid mixture, and evaporation temperature is calculated.

3.2. The GRNN Network Structure. Make the mass flux rate
(G), heat flux (q), quality of vapor-liquid mixture (x), and
the evaporation temperature (Tev) as the GRNN neural net-
work inputs. Work with the flow boiling heat transfer coeffi-
cient (h) as the output of the network to build the GRNN
network. In this work, mass flux rate means the quality of
fluid flowing across unit cross-sectional area per unit time.
For heat flux firstly, heat that passes through a given area
per unit time is heat transfer rate; hence, heat transfer rate
per unit area is called the heat flux. Quality of vapor-liquid
mixture means mass fraction of dry steam in wet steam per
kilogram. Evaporation temperature means gas temperature
during vaporization of fluids. The GRNN network structure
includes four layers: input layer, model layer, add layer, and
output layer. Among these layers, model layer and add layer
constituted the intermediate network.

Flow boiling heat transfer GRNN model of network
structure is shown in Figure 1 [14].

3.3. Data Collection, Training Samples, and Test Samples. The
selection of sample data has important influence on the
learning speed and generalization ability of neural network.
The sample size is too small to make the network’s expression
insufficient and it will reduce the network’s generalization
ability. Meanwhile, the excess of the sample number may
have the redundancy problem, increase the training time of
the network, and may even appear “overfitting” phenome-
non, which will lead to the network’s generalization ability.
Therefore, the selection of sample data must be representa-
tive and comprehensive. At present, the research on R245fa
is still prevalent in the thermodynamic cycle analysis of the
experimental study, while it is rare on the flow boiling heat
transfer and it is difficult to obtain the experimental data.

Table 3: Standard L9 orthogonal array of simulated ambient parameters and boiling heat transfer coefficient.

Simulated
ambient
conditions

Atmospheric
pressure (kPa)

Ambient
temperature

(°C)

Ambient
relative

humidity (%)

Ambient wind
velocity (m/s)

Mass flux rate
(kgm−2 s−1)

Heat flux
(Wm−2)

Quality of
vapor-liquid
mixture (%)

Evaporation
temperature

(K)

1 80.735 30 15 2.7 763.4 532.32 0.5429 313.15

2 80.735 26 20 2.1 294.9 509.18 0.3722 313.15

3 80.735 22 25 1.5 491.5 231.54 0.4996 313.15

4 80.735 30 20 1.5 688.1 300.78 0.7061 323.15

5 80.735 26 25 2.7 786.3 240.62 0.5957 323.15

6 80.735 22 15 2.1 393.2 694.33 0.3920 323.15

7 80.735 30 25 2.1 196.6 416.60 0.1660 333.15

8 80.735 26 15 1.5 678.3 891.73 0.4425 333.15

9 80.735 22 20 2.7 589.8 601.64 0.1981 333.15

G

q

h
x

Tev

P1

P1

⫶

⫶

⫶

⫶

SD

SN1

SNj

P1

Input layer Pattern layer Sum layer Output layer

Figure 1: Flow boiling heat transfer GRNN network model
structure chat.
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Therefore, the data of R245a in this paper is based on the
experimental study of the R245fa boiling heat transfer perfor-
mance of Huang et al. [15].

After excluding the experimental data, 108 groups of
valid data are obtained as the total sample. The condi-
tion scopes of sample data are as follows: evaporation
temperature (40°C to 60°C), refrigerant mass flux rate
(393.2~786.3 kgm−2 s−1), and refrigerant heat flux
(208.3~1380.7Wm−2).

In order to establish the neural network model, the
sample data is divided into two parts: the training set
and testing set, which are based on the principle of ergo-
dicity data grouping. Get access to every item of the total
sample of 108 datasets. After the first time, all items
should be divided into two parts: 54 groups of odd num-
ber items and 54 groups of even number items. Then,
ongoing the second time, the latter is divided into 27
groups of odd number items and 27 groups of even
number items. In order to cover all test conditions, the
training samples take the odd number items in the first
time and take the even number items in the second time.
By far, the total sample data is divided into two parts:
the former 81 groups as the training set and the remain-
ing 27 groups as the test set. Part of experimental data is
shown in Table 4.

3.4. The Preprocessing and Postprocessing of the Data. The big
data is bound to the annihilation of the small role of neural
networks for data, because of the disparity of the various
components of the data; even some of them have different
several orders of magnitude, so it is needed for data normal-
ization; all the input data is converted to [0, 1], which can
effectively reduce the input of data redundancy and speed
up the training of the network, and through the data after
normalization is used to train the neural network, it can
improve the accuracy of the model.

Normalized formula is as follows:

X∧ =
X − Xmin

Xmax − Xmin
9

In the formula, Xmax is the maximum value of experi-
mental data; Xmin is the minimum value of experimental
data; X is the experimental data; X∧ is the normalized data
of one of the posts.

To ensure the consistency of the format of input and out-
put data, training and testing samples of neural networks
need to be normalized pretreatment. The collected sample
data normalized after treatment is shown in Table 5.

Table 4: Part of the experimental data.

Sequence
number

Mass flux rate
(kgm−2 s−1)

Heat flux
(Wm−2)

Quality of vapor-liquid
mixture (%)

Evaporation
temperature (K)

Optical tube inner diameter
(mm)

1 294.9 532.32 0.3722 313.15 4473.3

2 393.2 601.76 0.4996 313.15 5056.8

3 491.5 601.76 0.4066 313.15 5421.2

4 589.8 578.61 0.1981 313.15 5786.1

5 688.1 509.18 0.0541 313.15 4546.2

6 688.1 740.62 0.5957 313.15 6223.7

7 786.3 694.33 0.392 313.15 6943.3

8 196.6 416.60 0.712 323.15 3893.5

9 294.9 439.74 0.7061 323.15 4071.7

10 393.2 462.89 0.5429 323.15 4628.9

11 491.5 439.74 0.3026 323.15 4997.1

12 589.8 416.60 0.1483 323.15 5080.5

13 688.1 370.31 0.0407 323.15 4069.4

14 688.1 555.47 0.4425 323.15 5673.2

15 786.3 509.18 0.2938 323.15 6445.3

16 196.6 254.59 0.4526 333.15 3264

17 294.9 254.59 0.1785 333.15 3536

18 393.2 231.44 0.0462 333.15 3127.6

19 393.2 300.88 0.4157 333.15 4011.7

20 491.5 300.88 0.2920 333.15 4490.7

21 589.8 277.73 0.1660 333.15 4408.5

22 688.1 254.59 0.0820 333.15 4243.2

23 786.3 231.44 0.0231 333.15 3454.4

24 786.3 347.17 0.2563 333.15 5586.6

… … … … … …
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After the GRNN network model training is completed,
the outputs of the network are normalized values, which need
to postprocess, which is the say that the real output value is
the antinormalized value, in order to easily and intuitively
compare with the original experimental data.

Antinormalization formula is as follows:

X = X∧ ∗ Xmax − Xmin + Xmin 10

3.5. The GRNN Neural Network Training and Learning. The
GRNN neural network chose improved newgrnn of neural
network toolbox () function in MATLAB R2008 to design.
The invocation of the format for its function is as follows:

net = newgrnn (inputn_train, outputn_train, spread)
among,
inputn_train: training set of sample input;
outputn_train: training set of sample output;
spread: GRNN network smooth factor.
Considering that the sample data is still not enough, this

paper tries to use the method of cross-validation (CV) to
train the GRNN network and to find out the best spread.
Under normal circumstances, the smaller the spread, the bet-
ter the approximation of the network, but the approaching
process is not smooth; conversely, the faster the spread, the

more smooth the network approximation, but the error will
be increased greatly. The spread can be an interval [0.1, 0.5]
by experience during the GRNN network creation [16],
increasing by 0.01 circuit training for optimization in order
to achieve the best predictive effect after training the network.
Results of the program after the operation show that the per-
formance of the training data is optimum when the spread
value was 0.14 [17–19]. The process of heat transfer predic-
tion of the GRNN network is shown in Figure 2 [20].

The average relative error between the simulation output
value and the experimental value is 1.56%, and the maximum
relative error is 10.17%, which shows that the GRNN net-
work has a good learning on the internal relationship among
the quality of the working medium flow rate, heat flux, qual-
ity of vapor-liquid mixture, and evaporation temperature
which are represented by the GRNN network [21, 22].

4. The Prediction Results and Analysis

4.1. Comparing the Experimental Results with the Prediction
Results. Figure 3 is the comparison of simulation results with
the experimental results of the GRNN network model. The
abscissa is the experimental results, and the ordinates are
the simulation results of network model. The figure shows
the anastomosis of network simulation results and

Table 5: Some of the experimental data after being normalized.

Sequence
number

Mass flux rate
(kgm−2 s−1)

Heat flux
(Wm−2)

Quality of vapor-liquid
mixture (%)

Evaporation
temperature (K)

Coefficient of heat transfer
(W/(m2 K))

1 0.1667 0.2982 0.4011 0 0.3589

2 0.3334 0.3621 0.5492 0 0.4773

3 0.5001 0.3621 0.4411 0 0.5513

4 0.6668 0.3408 0.1988 0 0.6254

5 0.8335 0.2769 0.0315 0 0.3737

6 0.8335 0.4899 0.6608 0 0.7142

7 1.0000 0.4473 0.4241 0 0.8603

8 0 0.1917 0.7960 0.5000 0.2412

9 0.1667 0.2130 0.7891 0.5000 0.2774

10 0.3334 0.2343 0.5995 0.5000 0.3905

11 0.5001 0.2130 0.3202 0.5000 0.4652

12 0.6668 0.1917 0.1409 0.5000 0.4822

13 0.8335 0.1491 0.0159 0.5000 0.2769

14 0.8335 0.3195 0.4828 0.5000 0.6025

15 1.0000 0.2769 0.3100 0.5000 0.7592

16 0 0.0426 0.4945 1.0000 0.1134

17 0.1667 0.0426 0.1760 1.0000 0.1686

18 0.3334 0.0213 0.0223 1.0000 0.0857

19 0.3334 0.0852 0.4517 1.0000 0.2652

20 0.5001 0.0852 0.3079 1.0000 0.3624

21 0.6668 0.0639 0.1615 1.0000 0.3457

22 0.8335 0.0426 0.0639 1.0000 0.3122

23 1.0000 0.0213 −0.0045 1.0000 0.1521

24 1.0000 0.1278 0.2664 1.0000 0.5849

… … … … … …
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experimental results. There is about 88% of the training data
points fall in the range of ±10% error; the experimental data
of the GRNN network prediction effect is better. This shows
that the network has high accuracy and generalization. It is
worth noting that although the predicted results and experi-
mental results of individual data points have larger deviation,
this basically because there are no enough training samples
and data distribution. It can increase the training dataset fur-
ther and use the optimization of the center of web Ci, width
σi, and link weight wik to solve.

4.2. Comparison of the Results of the GRNN Network Model
and the Experimental Results. After the completion of the

training of the GRNN network, the network will begin to pre-
dict. Figure 4 shows the predicted output curve of the GRNN
network. In the figure, it can be seen that the predicted out-
put of network and expected output can accord mostly, but
it cannot completely reflect the change trend of experimental
data point distribution in some places. After calculation, the
average relative error between the output value of the GRNN
network and the output value of the test set is 2.04%, and the
maximum relative error is 13.58%. Although the prediction
error of the RBF network in the last section is increased, the
GRNN network model has better generalization after train-
ing. The GRNN network forecast curve is shown in Figure 4.

4.3. The Comparison of the Predicted Results and the
Traditional Relational Calculation Results. In order to inves-
tigate the precision of the calculation results between the net-
work model and the traditional relational, choose the typical
correlations of the cooling flow boiling heat transfer. From
Table 6, compared with the calculation accuracy of the Chen
[23] correlations, Gungor and Winterton [24] correlations,
Liu and Winterton [25] correlations, and Shah [26] correla-
tions, the prediction accuracy of the GRNN network model
has some extent improvement. It is proved that the model
is suitable for the prediction of R245fa flow boiling heat
transfer in a horizontal pipe and it can satisfy the precision
requirement of engineering application.

4.4. The Influence of Input Parameter Analysis. For further
investigating the prediction accuracy of the GRNN net-
work prediction model’s calculation results and verifying
the model prediction results in accordance with the exper-
imental results along with the change of input parameters,
it makes an impact analysis of the change of input
parameters working on the prediction properties of the
GRNN network.

Figure 5 shows when the nominal mass flux rate, evapo-
ration temperature, boiling heat transfer coefficient are
changing with dryness of the GRNN network and other four

Start

Training GRNN network

Test sample-modified
forecast model

Forecast accuracy to
meet the requirements

Output results

End

Smooth factor
regulation

No

Yes

Figure 2: The process of heat transfer prediction of the GRNN
network.
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relational model calculation results compared with the exper-
imental data. Experimental condition is Tev = 40°C,G =
491 5 kgm−2 s−1, q = 509 18~671 19Wm−2.

From the distribution of the experimental data points
of Figure 6, under the condition of the same mass flux
rate, with the quality of vapor-liquid mixture increases in
the low degree of dry area, the heat transfer coefficient
of working medium increases. However, with the increase
of quality of vapor-liquid mixture in the high degree of
dry area, heat transfer coefficient trends reduce. The calcu-
lation results of the Chen correlations, Gungor and Win-
terton correlations, and Shah correlations have bigger
difference with the experimental results. The prediction
accuracy of Liu and Winterton correlations accords with
the experimental values well. The predicted results of the
GRNN network model accord with the tendency of distri-
bution of the experimental data points more accurate.
Meanwhile, it demonstrates that the GRNN network that
accords with both is closer [27].

Figures 6 and 7 show that when the evaporation temper-
atures are 50°C and 60°C, respectively, transfer coefficients
of the GRNN network model’s prediction results are
changing with quality of vapor-liquid mixture and mass

flux rate compared with the experimental data. From the
experimental distribution data points from the picture,
the heat transfer coefficient increases with the increasing
of mass flux rate. Under the same mass flux rate condi-
tion, heat transfer coefficient increases with the increasing
of dryness; it generally showed the tendency of increasing
firstly and then decreasing [28]. It is important to empha-
size that the prediction results of the GRNN network
model can roughly reflect such change rule, but in some
parts of the predicted data and experimental data points
has a large deviation. This is mainly due to the current
experiment data is not enough and the covering range of
operation condition is not wide enough. It leads to the
GRNN network training learning is not sufficient, so it is
necessary to expand the experiment working range and
database further.

5. Conclusion

(1) The aim at the pure substance R245fa to establish
level light pipe flow boiling heat transfer of the
GRNN network optimal prediction model is feasible;
the network learning speed is fast and without people
to determine the number of hidden layer neurons. It
avoids analysis R245fa complex internal mechanism
of the flow boiling heat transfer process. It cannot
only improve the prediction accuracy but also reduce
the cost of research effectively, reduce the experimen-
tal workload, and shorten the time [29]

(2) The GRNN network model’s optimal prediction
result of average error (Bias) is 7.59%, the absolute
error (AAD) is 4.89%, and the root mean square
(RMS) error is 10.51%. It also has about 92% data
point error within ±10%. By comparing with the
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GRNN
Liu and Winterton[5]
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Figure 5: When the evaporation temperature is 40°C, the heat
transfer coefficient of R245fa changes with dryness andmass flux rate.

Table 6: Comparison of calculation error between the GRNN
network prediction results and traditional relational calculation
results.

Deviation
(%)

Chen
[23]

Gungor and
Winterton [24]

Liu and
Winterton

[25]

Shah
[26]

GRNN

AAD 17.77 39.94 10.52 27.76 7.59

Bias 15.65 −39.94 7.99 16.76 4.89

RMS 21.82 41.90 15.76 50.07 10.51

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

G=393.2, experiment[15]
G=393.2, RBF

G=688.1, experiment[15]
G=688.1, RBF
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Figure 6: When the evaporation temperature is 50°C, the heat
transfer coefficient of R245fa changes with quality of vapor-liquid
mixture and mass flux rate.
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calculation result of four common correlations, it
shows that the optimal prediction precision is supe-
rior to the traditional associated equations. Along
with quality of vapor-liquid mixture, mass flux rate
and heat flux change trend predicted results can
accord with the experimental result tendency

(3) Using the neural network technique combined with
experimental study, it can accurately predict the
flow boiling heat transfer in the light pipe R245fa
and reduce the experimental workload, and to use
the optimization design of R245fa cooling system’s
tube evaporator provides the beneficial reference.
However, there is still a problem that needs to be
studied further, such as experimental data source
of R407C is not complete and the choice of net-
work type and training algorithm needs to be
improved and optimize the GRNN. It effectively
improves the accuracy of R245fa flow boiling heat
transfer optimal prediction
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Economic dispatch (ED) is of cardinal significance for the power system operation. It is mathematically a typical complex nonlinear
multivariable strongly coupled optimization problem with equality and inequality constraints, especially considering the valve-
point effects. In order to effectively solve the problem, a simple yet very young and efficient population-based algorithm named
across neighborhood search (ANS) is implemented in this paper. In ANS, a group of individuals collaboratively navigate through
the search space for obtaining the optimal solution by simultaneously searching the neighborhoods of multiple superior solutions.
Four benchmark test caseswith diverse complexities and characteristics are firstly employed to comprehensively verify the feasibility
and effectiveness of ANS. The experimental and comparison results fully demonstrate the superiority of ANS in terms of the final
solution quality, convergence speed, robustness, and statistics. In addition, the sensitivities of ANS to variations of population size
and across-search degree are studied. Furthermore,ANS is applied to a practical provincial power grid of China. All the comparison
results consistently indicate that ANS is highly competitive and can be used as a promising alternative for ED problems.

1. Introduction

Economic dispatch (ED), playing an important role in the
power system operation and planning, has received sig-
nificant attention in recent years. The purpose of ED is
to schedule the committed generating unit outputs so as
to simultaneously minimize the operating cost and meet
the load demand of a power system while satisfying all
the equality and inequality constraints [1]. Traditionally,
an approximate quadratic function is utilized to make the
mathematical formulation of ED problem convex to reduce

the computational difficulty. However, in practice, on one
hand, the multi-valve steam turbines make the input–output
curves of generators inherently present highly nonlinear
characteristic. On the other hand, faults in the machines
themselves or the associated auxiliaries prohibit generators
from operating in some zones [2]. Therefore, the solution
space of ED problem with the presence of valve-point effects
and prohibited operating zones is highly nonlinear and dis-
continuous, making the optimization hard to be tractable. In
this context, conventional solution methods including linear
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programming, Lagrange relaxation, nonlinear programming,
quadratic programming, dynamic programming, and inte-
rior point method are likely to encounter dire difficulties and
challenges mainly due to their heavy imposition of various
restrictions such as continuity, convexity, and differentiability
on the objective functions, and high sensitivity to the initial
values of involved optimized variables.

As a promising alternative to the conventional solution
methods, metaheuristic methods for ED problems have
attracted considerable attention recently. They have no strict
requirements on the form of optimization problems and can
avoid the influences of the initial condition sensitivity and
gradient information. Up to now, the successfully imple-
mented metaheuristic methods include simulated annealing
[3], genetic algorithm [4, 5], particle swarm optimization [6–
8], differential evolution [9, 10], artificial bee colony [11, 12],
harmony search [13–17], biogeography-based optimization
[18–22], teaching-learning-based optimization [23–25], fire-
fly algorithm [26], crisscross optimization algorithm [27, 28],
bat algorithm [29], grey wolf optimizer [30, 31], cuckoo
search [32–34], ant lion optimizer [35], exchange market
algorithm [36], symbiotic organisms search [37, 38], back-
tracking search algorithm [39, 40], interior search algorithm
[41], whale optimization algorithm [42],mine blast algorithm
[43], and hybrid methods [44–56].

The abovementioned metaheuristic methods have ver-
ified their efficacy in solving the ED problems. Regard-
less of the achieved promising results, the no free lunch
theorem [57] indicates that there is no specific method
which can be adopted as a gold standard for all kinds of
optimization problems. Namely, there is no single universal
superior method that, theoretically, always performs best
in solving the ED problems. Therefore, there are still some
possibilities to attempt new ones to providemore alternatives,
which inspires the authors to apply a recently developed
metaheuristic method named across neighborhood search
(ANS) [58] to obtain high quality solutions for the ED
problems.

As a simple yet versatile metaheuristic method, ANS
is motivated by two common straightforward assump-
tions existing in different population-based algorithms: that
searching around a superior solution has a higher probability
to find another better solution and that high-quality solutions
possess good solution components. In this context, ANS,
following the law of parsimony, attempts to simultaneously
search across the neighborhoods of multiple superior solu-
tions to get as many potential good solution components as
possible. The merits of ANS are its simple structure, ease of
implementation, and strong robustness. In this paper, ANS
is employed for the ED problems. The main contributions of
this work are as follows.

(1) Four benchmark test cases with diverse complexities
and characteristics are firstly used to verify the feasibility
and effectiveness of ANS comprehensively. The superior
performance of ANS is experimentally verified by comparing
with four popular population-based algorithms and some
recently proposed ED solution methods.

(2) The sensitivities of ANS to variations of population
size and across-search degree are empirically investigated.

(3) ANS is finally applied to a practical provincial power
grid of China. Its performance is further verified. In addition,
the experimental results reflect the necessity and importance
of the power construction policy of “replacing small power
plants with large ones” in China.

The remainder of this paper is organized as follows.
Section 2 briefly introduces the mathematical formulation
of ED problems. In Section 3, ANS is described. Next, in
Section 4, the flowchart of ANS in solving the ED problems
is illustrated. In Section 5, four benchmark test cases are
employed to verify ANS. ANS is then applied to a practical
provincial power grid of China in Section 6. Finally, Section 7
is devoted to conclusions and future work.

2. Problem Formulation

2.1. Objective Function. The mathematical model of ED can
be formulated as follows [59]:

min �퐶 (�푃) =
𝑁𝑔

∑
𝑖=1

�퐹𝑖 (�푃𝑖) , �푃 = [�푃1, �푃2, . . . , �푃𝑁𝑔] ∈ �푅
𝑁𝑔

�푠.�푡. ℎ𝑗 (�푃) = 0, �푗 = 1, 2, . . . , �푚

�푔𝑗 (�푃) ≤ 0, �푗 = 1, 2, . . . , �푞

(1)

where �퐶(�푃) is the total generation cost (in $/h), �푁𝑔 is the
number of operating generators, �푃𝑖 is the active power output
of the i-th generator (in MW), �푖 = 1, 2, . . . , �푁𝑔, �퐹𝑖(�푃𝑖) is
the generation cost function of the i-th generator (in $/h),
�푖 = 1, 2, . . . ,�푁𝑔, �푚 and �푞 are the number of equality
constraints and inequality constraints, respectively, ℎ𝑗(�푃) is
the j-th equality constraint, �푗 = 1, 2, . . . , �푚, and �푔𝑗(�푃) is the
j-th inequality constraint, �푗 = 1, 2, . . . , �푞.

The objective function of traditional ED problem is
approximately formulated as follows [1, 2, 4]:

�퐹𝑖 (�푃𝑖) = �푎𝑖 + �푏𝑖�푃𝑖 + �푐𝑖�푃2𝑖 (2)

where �푎𝑖, �푏𝑖, and �푐𝑖 are cost coefficients of the i-th generator.
In practice, modelling valve-point effects is necessary and

can be formulated as follows [60]:

�퐹𝑖 (�푃𝑖) = �푎𝑖 + �푏𝑖�푃𝑖 + �푐𝑖�푃2𝑖 + �儨�儨�儨�儨�푒𝑖 ⋅ sin (�푓𝑖 × (�푃𝑖,min − �푃𝑖))�儨�儨�儨�儨 (3)

where �푒𝑖 and �푓𝑖 are valve-point effects coefficients of the i-th
generator and �푃𝑖,min is the minimum active power generation
limit of the i-th generator (in MW).
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2.2. Equality and Inequality Constraints

2.2.1. Active Power Balance Constraint. The total active gen-
erated power must be equal to the sum of the total system
demand (�푃𝐷) and the total transmission network loss (�푃𝐿):

𝑁𝑔

∑
𝑖=1

�푃𝑖 = �푃𝐷 + �푃𝐿 (4)

where �푃𝐿 is commonly calculated using the following B-
coefficient method [9]:

�푃𝐿 =
𝑁𝑔

∑
𝑖=1

𝑁𝑔

∑
𝑗=1

�푃𝑖�퐵𝑖𝑗�푃𝑗 +
𝑁𝑔

∑
𝑖=1

�퐵0𝑖�푃𝑖 + �퐵00 (5)

where �퐵𝑖𝑗, �퐵0𝑖, and �퐵00 are loss coefficients.

2.2.2. Generation Capacity Constraints. The active power
output of each generator should be within its minimum and
maximum limits:

�푃𝑖,min ≤ �푃𝑖 ≤ �푃𝑖,max (6)

where�푃𝑖,max is the maximum active power generation limit of
the i-th generator (in MW).

2.2.3. RampRate Limits Constraints. Theadjustment of active
power output of each generator should be in an acceptable
range:

�푃𝑖 − �푃pr𝑖 ≤ �푈�푅𝑖
�푃pr𝑖 − �푃𝑖 ≤ �퐷�푅𝑖

(7)

where �푃pr𝑖 is the previous active power output of the i-th
generator and �푈�푅𝑖 and�퐷�푅𝑖 are the up-ramp and down-ramp
limits of the i-th generator, respectively.

2.2.4. Prohibited Operating Zones Constraints. Generators
should avoid operating in prohibited zones [2]:

�푃𝑖 ∈
{{{{
{{{{
{

�푃𝑖,min ≤ �푃𝑖 ≤ �푃𝐿𝑖,1
�푃𝑈𝑖,𝑘−1 ≤ �푃𝑖 ≤ �푃𝐿𝑖,𝑘, �푘 = 2, 3, . . . , �푝�푧𝑖
�푃𝑈𝑖,𝑝𝑧𝑖 ≤ �푃𝑖 ≤ �푃𝑖,max

(8)

where �푝�푧𝑖 is the number of prohibited operating zones of
the i-th generator and �푃𝐿𝑖,𝑘 and �푃𝑈𝑖,𝑘 are the lower bound and
upper bound of the k-th prohibited zone of the i-th generator,
respectively.

3. Across Neighborhood Search

ANS is a very young population-based algorithm proposed
by Wu [58] in 2016. ANS, following the law of parsi-
mony and showing good performance compared with other
methods [61], attempts to simultaneously search across the
neighborhoods of multiple superior solutions to achieve

as many potential good solution components as possible.
At the same time, it needs to dynamically maintain and
update the superior solutions to guarantee the advancement
and convergence of the population. The main difference
between ANS and other population-based algorithms is that
other algorithms mainly utilize some operations such as
crossover and mutation to generate new solutions, whereas
ANS directly searches across the neighborhoods of multiple
superior solutions to produce new solutions.

Like other population-based algorithms, ANS starts with
a population of �푝�푠 individuals 𝑋 = [�푋1, �푋2, . . . , �푋𝑝𝑠]
representing the potential solutions. Each individual �푋𝑖 =
[�푥𝑖,1, �푥𝑖,2, . . . , �푥𝑖,𝐷] (�푖 = 1, 2, . . . , �푝�푠) consists of �퐷 variables
and it is initialized as

�푥𝑖,𝑑 = �푙𝑑 + rand (0, 1) × (�푢𝑑 − �푙𝑑) (9)

where �푑 = 1, 2, . . . , �퐷, rand(0,1) is a uniformly distributed
random real number in (0,1), and �푙𝑑 and �푢𝑑 are the lower
bound and upper bound of the d-th dimension, respectively.

In ANS, a group of individuals collaboratively navigate
through the search space for obtaining the optimal solu-
tion. Each individual searches across the neighborhoods of
multiple superior solutions. These superior solutions, being
archived in a collection 𝑆 = (�푆1, �푆2, . . . , �푆𝑐) where �푐 is the
cardinality and is generally set to be the population size �푝�푠,
are directly derived from the individuals’ best positions found
so far. The searching strategy is as follows:

�푥𝑖,𝑑 =
{
{
{

�푠𝑖,𝑑 + �퐺(0, �휎2) × �儨�儨�儨�儨�푠𝑖,𝑑 − �푥𝑖,𝑑�儨�儨�儨�儨 if �푑 ∉ �푂
�푠𝑟,𝑑 + �퐺 (0, �휎2) × �儨�儨�儨�儨�푠𝑟,𝑑 − �푥𝑖,𝑑�儨�儨�儨�儨 else

(10)

where �푂 is a pool used to record the randomly selected �푛
(�푛 is called across-search degree, 1 ≤ �푛 ≤ �퐷) dimensions
for individual �푖, �푟 ( ̸= �푖) is a randomly superior solution
selected from the superior solution collection 𝑆, and �퐺(0, �휎2)
is a Gaussian random value with mean zero and standard
deviation �휎 which is usually set to be 0.5.

It can be seen from (10) that each individual, on one
hand, searches across the neighborhood of the individual’s
best position achieved so far. On the other hand, it also
simultaneously searches across the neighborhoods of other
individuals’ best positions found so far. After updating
individual �푋𝑖, �푖 = 1, 2, . . . , �푝�푠, its own superior solution �푆𝑖
will be replaced by�푋𝑖 if �푋𝑖 has a better fitness value.

Themain procedure of ANS is given in Algorithm 1. It can
be seen that the individuals are guided by multiple superior
solutions and the structure, following the law of parsimony,
is very simple, making the implementation easy.

4. Implementing ANS for Solving ED Problem

The flowchart of implementing ANS for solving ED problem
is depicted in Figure 1. The main steps are as follows.

Step 1. Initialize a random population using (9).

Step 2. Handle the quality and inequality constraints using
the following strategy [18, 59]:
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(1) Generate a random initial population𝑋
(2) Evaluate the fitness for each individual
(3) Set𝑋 to be the superior solutions 𝑆 = (�푆1, �푆2, . . . , �푆𝑐)
(4) Initialize the iteration counter �푡 = 1
(5) While the stopping condition is not satisfied do
(6) for �푖 = 1 to �푝�푠 do
(7) Generate a pool �푂 to record the randomly selected �푛

(1 ≤ �푛 ≤ �퐷) dimensions for individual �푖
(8) for �푑 = 1 to�퐷 do
(9) if �푑 ∉ �푂 then
(10) �푥𝑖,𝑑 = �푠𝑖,𝑑 + �퐺(0, �휎2) × |�푠𝑖,𝑑 − �푥𝑖,𝑑|
(11) else
(12) Select a random superior solution �푟 (�푟 ̸= �푖) from 𝑆
(13) �푥𝑖,𝑑 = �푠𝑟,𝑑 + �퐺(0, �휎2) × |�푠𝑟,𝑑 − �푥𝑖,𝑑|
(14) end if
(15) Evaluate the fitness for individual �푋𝑖
(16) if �푋𝑖 is better than �푆𝑖 then
(17) Replace �푆𝑖 with �푋𝑖
(18) end if
(19) end for
(20) end for
(21) �푡 = �푡 + 1
(22) End while

Algorithm 1: The main procedure of ANS.

(1) Truncate �푥𝑡𝑖,𝑑 according to

�푥𝑡𝑖,𝑑 =
{
{
{

�푃𝑑,min, if �푥𝑡𝑖,𝑑 < �푃𝑑,min

�푃𝑑,max, if �푥𝑡𝑖,𝑑 > �푃𝑑,max

(11)

where �푖 = 1, 2, . . . , �푝�푠, �푑 = 1, 2, . . . , �푁𝑔, and �푡 = 1, 2, . . . , �푡max;
�푡max is the maximum number of allowed iterations.

(2) For the prohibited operating zones constraints, if �푥𝑡𝑖,𝑑
locates in the k-th prohibited operating zone, i.e.,
�푃𝐿𝑑,𝑘 < �푥𝑡𝑖,𝑑 < �푃𝑈𝑑,𝑘, �푘 = 2, 3, . . . , �푝�푧𝑑, it is truncated to
the closest boundary of the k-th prohibited operating
zone as follows:

�푥𝑡𝑖,𝑑 =
{{{
{{{
{

�푃𝐿𝑑,𝑘, if �푃𝐿𝑑,𝑘 < �푥𝑡𝑖,𝑑 <
�푃𝐿𝑑,𝑘 + �푃𝑈𝑑,𝑘

2
�푃𝑈𝑑,𝑘, if

�푃𝐿𝑑,𝑘 + �푃𝑈𝑑,𝑘
2 ≤ �푥𝑡𝑖,𝑑 < �푃𝑈𝑑,𝑘

(12)

(3) Calculate the corresponding transmission network
loss �푃𝐿(�푖).

(4) Calculate the amount of the active power balance
violation �푃𝑉(�푖):

�푃𝑉 (�푖) =
𝑁𝑔

∑
𝑑=1

�푥𝑡𝑖,𝑑 − (�푃𝐷 + �푃𝐿 (�푖)) (13)

(5) If |�푃𝑉(�푖)| = 0, go to Step (7). Otherwise, randomly
select a generator �푟 (�푟 ̸= �푑) that has not been

selected before and then use (14) to eliminate the
power violation:

�푥𝑡𝑖,𝑟 =
{
{
{

�푥𝑡𝑖,𝑟 −min {�푃𝑉 (�푖) , �푥𝑡𝑖,𝑟 − �푃𝑟,min} , if �푃𝑉 (�푖) > 0
�푥𝑡𝑖,𝑟 +min {�儨�儨�儨�儨�푃𝑉 (�푖)�儨�儨�儨�儨 , �푃𝑟,max − �푥𝑡𝑖,𝑟} , if �푃𝑉 (�푖) < 0

(14)

(6) Go back to Step (2) to handle the r-th generator.
(7) Handle the next individual.

Step 3. Evaluate the fitness for each individual.

Step 4. Replace the superior solution �푆𝑖 with �푋𝑡𝑖 if �푋𝑡𝑖 has a
better fitness value.

Step 5. Update the position of each individual.

Step 6. Go to Step 2 to handle constraints if the stopping
condition is not satisfied.Otherwise, stop theANS and output
the obtained results. In this study, the maximum number
of fitness evaluations (Max FEs) is used as the stopping
condition.

5. Experimental Results on
Benchmark Test Cases

In this section, we employ four benchmark test cases with
different characteristics to verify the proposed ED method.
These cases are described as follows.

Case I. A 13-generator system considering valve-point effects
[62].
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Start

Read system data

Set parameters for ANS

Generate a random initial population

Initialize the iteration counter t = 1

Handle the quality and inequality
constraints for each individual

Evaluate the fitness for each individual

Is the updated individual better
than its own superior solution?

No

Yes

Yes

Update the superior solution

Is the stopping
condition satisfied?

No
Update each individual using (10)

Output the results, including the optimal
dispatching schedule and the corresponding cost

End

t = t + 1

Figure 1: Flowchart of implementing ANS for solving ED problem.

Case II. A 15-generator system considering ramp rate limits,
prohibited operating zones, and transmission network losses
[63].

Case III. A 38-generator system without considering valve-
point effects [15].

Case IV. A 40-generator system considering valve-point
effects [62].

In order to validate the feasibility and effectiveness of the
proposed ED method, four popular population-based algo-
rithms, i.e., biogeography-based optimization (BBO) [64],
competitive swarm optimizer (CSO) [65], differential evolu-
tion (DE) [66], and particle swarm optimization (PSO) [67],
are employed for comparison. Their involved parameters
are listed in Table 1. For the following experiments, �푝�푠 and
Max FEs are, respectively, set to be 10 and 1×103×�푁𝑔 for the
test caseswithout considering the valve-point effects, whereas
they are 40 and 1 × 104 ×�푁𝑔 for the test cases with the valve-
point effects unless a change is mentioned. 50 independent
runs are conducted to eliminate contingency. All experiments
are executed in MATLAB 2017b.

Table 1: Parameter settings of different algorithms.

Algorithm Parameters settings
BBO �퐼 = �퐸 = 1.0,�푚max = 0.05
DE �퐹 = 0.5, �퐶�푅 = 0.9
CSO �휑 = 0.1
PSO �푤 = 0.9�㨀→0.5, �푐1 = �푐2 = 2.0
ANS �푛 = 1, �휎 = 0.5

5.1. Experimental Results and Comparison

5.1.1. Solution Quality. The experimental results of Cases I to
IV are summarized in Tables 2–5, respectively. The results
include the minimum (Min), maximum (Max), mean costs,
and standard deviation (Std Dev). These tables also list some
recently proposed ED solution methods’ reported results for
comparison.

Case II is a canonical traditional ED problem with a
smooth and continuous solution space. Although the solution
space of Case III is discontinued by the prohibited operating
zones, its objective function is also quadratic. Therefore,
both cases are typical multiconstraint unimodal optimization
problems which have high requirement on the solution
methods’ local searching ability. It can be observed from
Tables 3 and 4 thatANSoutperformsBBO,CSO,DE, andPSO
on both cases in terms of minimum, maximum, and mean
costs. In addition, ANS is also better than other reported
solution methods. The comparisons demonstrate that ANS is
able to search local range meticulously and thereby possesses
good exploitation ability.

Cases I and IV, whose solution spaces are highly non-
convex due to the valve-point effects, are multiconstraint
multimodal optimization problems. The number of local
minima increases at an exponential rate with the problem
scale. They demand a lot on the solution methods’ global
searching ability.The experimental results tabulated in Tables
2 and 5 consistently indicate that ANS is significantly better
than BBO, CSO, DE, and PSO in both cases in terms of
minimum, maximum, and mean costs. Furthermore, the
larger the system scale, the more significant the superi-
ority. Additionally, ANS also can achieve better or highly
competitive results compared with other reported solution
methods. The comparisons fully conclude that ANS is with
the capability of breaking away from the local minima and
locating the global or near-global range. Namely, ANS has
good exploration ability.

Theobtained optimal dispatching schedules for these four
cases are presented in Tables 6–9, respectively.

In conclusion, the abovementioned comparison results
sufficiently demonstrate that ANS is able to achieve a strong
equilibrium between the local exploitation and global explo-
ration.

5.1.2. Convergence Property. The convergence curves of the
mean costs for the four cases are plotted in Figures 2–5,
respectively. It can be seen that although CSO and DE
are slightly faster than ANS at the very beginning, both
methods are quickly trapped into local search later and thus
suffer from prematurity. The convergence speed of BBO
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Table 2: Comparison of simulation results ($/h) for 13-generator system (Case III).

Method Min. Max. Mean Std Dev
FCASO-SQP [1] 17964.08 NA 18001.96 NA
TSARGA [4] 17963.94 18089.61 17974.31 3.18
DE [10] 17963.83 17975.36 17965.48 NA
ABC [11] 17963.86 17995.11 17987.22 NA
IHSWM [14] 17963.83 18041.3456 17976.4750 25.6079
aBBOmDE [20] 17963.8521 17975.0552 17967.3560 NA
TLBO [24] 18115 NA NA NA
CTLBO [25] 17972.81 18159.34 18013.38 43.2
FA [26] 17963.83 18168.80 18029.16 148.542
CBA [29] 17963.8339 17995.2256 17965.4889 6.8473
GWO [30] 18051.11 NA NA NA
GA–PS–QSP [44] 17964 NA 18199 NA
HMAPSO [48] 17969.31 17969.31 17969.31 NA
CE-SQP [54] 17963.85 NA 17965.97 NA
ANS-SDP [68] 17964 17985 17973 NA
BFO [69] 17974.48 17997.12 18018.75 NA
RTO [70] 17969.8024 18204.6303 18056.9358 NA
CMSFLA [71] 18294.9953 18297.3126 18295.7308 NA
OIWO [72] 17963.83 NA NA NA
IA EDA [73] 17961.4331 18052.3155 17980.1898 21.6666
NSS [74] 17976.9512 17976.9512 17976.9512 NA
MSOS [75] 17963.8292 17963.8292 17963.8292 6.80E-12
QOSLTLBO [76] 18421.1718 NA NA NA
BBO 17973.1883 18090.6042 17993.9942 27.0827
CSO 17972.8619 18136.4236 18073.9003 56.1710
DE 17972.8105 18075.5913 17993.5153 38.8380
PSO 17981.3621 18312.9831 18127.7452 85.8468
ANS 17963.9031 17973.4437 17969.1487 3.0015
NA means not available in the corresponding literature.

and PSO, especially the latter, is slow. ANS can consistently
improve the solution quality and converge towards the global
optima throughout the whole evolutionary process in all
cases especially in Cases I and IV, which, from another
perspective, indicates that ANS possesses better exploration
and exploitation abilities of jumping out of local search and
finding a more promising searching direction.

5.1.3. Robustness. Since population-based algorithms use
random numbers to initialize the population and employ
randomization procedures to promote the search process,
randomness is inevitable. In this context, it may be inap-
propriate to comprehensively assess their performance just
through one single run.Thus, a number of independent runs
with different initial populations can be used to measure
their stability and consistency, i.e., robustness. The standard
deviation results provided in Tables 2–5 clearly illustrate that
the recorded values of ANS are significantly smaller than
those of BBO, CSO, DE, and PSO. Moreover, they are also
very competitive with those of other recently proposed ED
problem solution methods. The comparisons indicate that
ANS has strong robustness and it can achieve a relatively
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Figure 2: Convergence curves for the 13-generator system (Case I).

stable optimal result in each trial. In addition, through careful
observation, we can see that the standard deviation values
of Cases I and IV are bigger than those of Cases II and III.
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Table 3: Comparison of simulation results ($/h) for 15-generator system (Case II).

Method Min. Max. Mean Std Dev
MPSO [8] 32738.4177 NA NA NA
PVHS [13] 32780.00 NA 32892.463 35.331
IHSWM [14] 32693.1304 32721.3988 32699.5168 4.6937
FA [26] 32704.5 33175.0 32856.1 147.1702
ICS [32] 32706.7358 32752.5183 32715.4669 NA
EMA [36] 32704.4503 32704.4506 32704.4504 NA
BSA [39] 32704.4504 32704.5816 32704.4721 0.0280
GAAPI [46] 32732.95 32756.01 32735.06 NA
DSPSO-TSA [47] 32715.06 32730.39 32724.63 8.40
HHS [50] 32692.8571 NA 32740.1885 24.6697
ABF-NM [51] 32784.5024 NA 32976.81 85.7743
ANS-SDP [68] 32693 32693 32693 NA
RTO [70] 32701.81 32715.18 32704.53 5.07
AIS [77] 32854 32892 32873.25 10.8079
MVMO [78] 32704.47 32709.32 32706.65 NA
SCKF-PSO [79] 32725.8431 NA NA NA
SFS [80] 32702 NA NA NA
BBO 32692.3988 32693.7153 32692.6927 0.2592
CSO 32692.3972 32875.3601 32718.8607 38.0358
DE 32692.3966 32755.3193 32699.1724 12.9351
PSO 32692.3991 32781.9374 32701.0786 13.8044
ANS 32692.3962 32692.4016 32692.3973 0.0009

Table 4: Comparison of simulation results ($/h) for 38-generator system (Case III).

Method Min. Max. Mean Std Dev
New-PSO [6] 9516448.312 NA NA NA
PSO TVAC [6] 9500448.307 NA NA NA
HS [15] 9419960 9427466 9421056 NA
HHS [15] 9417325 9417466 9417336 NA
BBO(Model 6) [22] 9417557.25 9419854.237 9418394.069 NA
GWO [30] 9419270.188 9421100 9419978.978 NA
BBO [81] 9417633.6376 NA NA NA
DE/BBO [81] 9417235.7864 NA NA NA
BBO 9417446.0804 9418959.2333 9418143.6500 390.1769
CSO 9417307.5544 9417745.6891 9417494.7251 103.1130
DE 9417235.7977 9417235.8465 9417235.8184 0.0136
PSO 9426679.1431 9461023.8147 9441014.5256 9278.1375
ANS 9417235.7864 9417235.7864 9417235.7864 8.4314E-09

This is because the valve-point effects make the ED problems
exhibit highly multimodal characteristic and the solution
methods are more likely trapped into different local minima
in different trials. Therefore, the valve-point effects are more
challenging for solution methods.

5.1.4. Statistical Analysis. A nonparametric statistical test
called Wilcoxon’s rank sum test for independent samples is
employed to compare the significance differences between
ANS and its competitors. The results based on the Wilcoxon’s
rank sum test at a 0.05 confidence level are summarized in
Table 10. The mark “†” symbolizes that ANS is statistically

better than its competitor. It can be seen that ANS performs
significantly better than BBO, CSO, DE, and PSO in all cases,
meaning that ANS is capable of obtaining overall higher
quality of the final solutions than the other four popular
population-based algorithms.

5.2. Influence of Population Size. Choosing an appropriate
population size is always critical for population-based algo-
rithms in solving different problems. In this subsection, an
experiment is conducted to investigate the sensitivity of ANS
to variations in population size. The population size �푝�푠 is set
as 10 to 100with interval 10.The results are shown in Figure 6.
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Table 5: Comparison of simulation results ($/h) for 40-generator system (Case IV).

Method Min. Max. Mean Std Dev
FCASO-SQP [1] 121456.98 NA 122026.21 NA
TSARGA [4] 121463.07 124296.54 122928.31 NA
DE [10] 121416.29 121431.47 121422.72 NA
ABC [11] 121441.03 122023.77 121995.82 NA
IABC-LS [12] 121488.7636 121582.2525 121526.0333 NA
PVHS [13] 121415.4560 NA 121567.0292 94.1498
IHSWM [14] 121416.2652 121855.5521 121553.4208 90.1271
THS [16] 121425.15 NA 121528.65 NA
NTHS [17] 121412.7374 NA 121549.95 NA
BBO [19] 121426.953 121688.6634 121508.0325 NA
aBBOmDE [20] 121414.8734 121568.3254 121487.8532 NA
BBO(Model 5) [22] 121418.70 121954.4 121635.4 NA
TLBO [24] 12996 NA NA NA
CTLBO [25] 121553.83 122116.18 121790.23 150
FA [26] 121415.05 121416.57 121424.56 1.784
CBA [29] 121412.5468 121436.15 121418.9826 1.611
EMA [36] 121412.5355 121426.1548 121417.1328 NA
BSA [40] 121415.6139 121524.9577 121474.8823 NA
GA–PS–SQP [44] 121458 NA 122039 NA
HMAPSO [48] 121586.90 121586.90 121586.90 NA
FAPSO-NM [49] 121418.3 121419.8 121418.803 NA
HHS [50] 121415.5922 NA 121615.8544 114.5632
ABF-NM [51] 121423.6379 NA 121814.9465 124.8756
CE-SQP [54] 121412.88 NA 121423.65 NA
ANS-DSP [68] 12141E+05 12187E+05 12185E+05 NA
OIWO [72] 121412.54 NA NA NA
IA-EDA [73] 121436.9729 121648.4401 122492.7018 182.5274
NSS [74] 122186.9048 122186.9048 122186.9048 NA
MSOS [75] 121412.5355 121412.5355 121412.5355 2.47E-11
NGPSO [82] 121513.4808 122697.7672 122065.1193 267
C-GRASP-SaDE [83] 121414.621 122245.696 121736.025 166.896
BBO 121669.9298 122446.1176 121865.0181 150.4038
CSO 121440.8040 122092.4350 121637.1868 141.5265
DE 121420.9029 121618.6298 121509.0360 42.6215
PSO 122636.1149 125429.5349 123836.7368 603.6246
ANS 121412.6226 121472.9213 121427.7107 13.6539

The following can be seen: (i) For the unimodal ED
problems, i.e., Cases II and III, the smaller the population
size, the better the performance ANS yields. (ii) For the
multimodal ED problems, i.e., Cases I and IV, the bigger or
smaller the population size, the worse the performance ANS
obtains, and ANS can achieve the best results in �푝�푠 = 40.
The reason might be that, for the unimodal ED problems, it is
relatively easy for ANS to find the correct searching direction
and there is no need for exploring the entire solution space.
Therefore, a small population can swarm towards the global
optimum easily. While for the multimodal ED problems,
on one hand, a small population tends to converge very
fast before fully exploring the entire solution space, thus
resulting in prematurity. On the other hand, although a large
population can increase the population diversity significantly,

the distribution of individuals is sparse and the probability of
finding the correct searching direction is sharply reduced. In
addition, a large population size will consume a large number
of fitness evaluations in each iteration, which is not proper
for computationally expensive problems. In general, for the
traditional ED problems without considering the valve-point
effects, a small population size is recommended, whereas
for the nonconvex ED problems, it is safe to set a moderate
population size.

5.3. Influence of the Across-Search Degree. The across-search
degree �푛 in ANS is utilized to control the amount of
information deriving from other superior solutions. In this
subsection, an experiment is conducted to investigate the
influence of �푛 on the performance of ANS.The experimental
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Table 6: Best output power for 13-generator system (Case III).

Generator BBO CSO DE PSO ANS
P1 628.1947 628.3185 628.3185 538.5587 628.3187
P2 223.4227 223.8651 297.5488 299.5838 223.2845
P3 298.6788 298.0833 224.3995 224.8434 149.0866
P4 60.0000 60.0000 60.0000 109.8666 60.0000
P5 109.8650 60.0000 109.8666 60.0000 109.8661
P6 60.0000 60.0000 60.0000 60.0000 109.8615
P7 60.0000 60.0000 109.8666 109.8666 109.8603
P8 60.0000 109.8665 60.0000 60.0004 109.8603
P9 109.8388 109.8665 60.0000 109.8666 109.8620
P10 40.0000 40.0000 40.0000 40.0063 40.0000
P11 40.0000 40.0000 40.0000 40.0062 40.0000
P12 55.0000 55.0000 55.0000 92.4002 55.0000
P13 55.0000 55.0000 55.0000 55.0012 55.0000
TPa (MW) 1800.0000 1800.0000 1800.0000 1800.0000 1800.0000
TCb ($/h) 17973.1883 17972.8619 17972.8105 17981.3621 17963.9031
aTP denotes the total power output.
bTC denotes the total generation cost.

Table 7: Best output power for 15-generator system (Case II).

Generator BBO CSO DE PSO ANS
P1 455.0000 455.0000 455.0000 455.0000 455.0000
P2 380.0000 380.0000 380.0000 380.0000 380.0000
P3 130.0000 130.0000 130.0000 130.0000 130.0000
P4 130.0000 130.0000 130.0000 130.0000 130.0000
P5 170.0000 170.0000 170.0000 170.0000 170.0000
P6 460.0000 460.0000 460.0000 460.0000 460.0000
P7 430.0000 430.0000 430.0000 430.0000 430.0000
P8 69.9471 68.8487 69.7626 70.4928 69.4768
P9 59.6421 60.7332 59.8226 59.0961 60.1079
P10 159.9943 160.0000 160.0000 159.9999 160.0000
P11 80.0000 80.0000 80.0000 80.0000 80.0000
P12 80.0000 80.0000 80.0000 80.0000 80.0000
P13 25.0000 25.0000 25.0000 25.0000 25.0000
P14 15.0020 15.0000 15.0006 15.0005 15.0000
P15 15.0011 15.0000 15.0001 15.0000 15.0000
TLa (MW) 29.5866 29.5819 29.5859 29.5893 29.5847
TP (MW) 2659.5866 2659.5819 2659.5859 2659.5893 2659.5847
TC ($/h) 32692.3988 32692.3972 32692.3966 32692.3991 32692.3962
aTL denotes the total transmission network loss.

results in different across-search degrees are presented in
Figure 7.

It can be observed that the best values of �푛 for all cases
are all 1. Besides, for the unimodal ED problems, the bigger
the value �푛 is, almost the worse the performance of ANS
gets. For the multimodal ED problems, a temperate value of
�푛 will considerably deteriorate ANS though a bigger value
is also not good for ANS. The reason might be that, for
both unimodal and multimodal ED problems, bigger values
of �푛 will damage individuals’ solution components vastly in
each iteration, which is not conducive to the consistency of
convergence. In addition, for the multimodal ED problems,

although a more bigger value of �푛 can fully recombine each
individual to maintain the population diversity, it will make
individuals trap into different local optima frequently and
thus slow down the convergence considerably. Generally, the
recommendation value of �푛 for different ED problems is 1.

6. Application to a Practical Provincial Power
Grid of China

In the previous section, the feasibility and effectiveness of
ANS in solving ED problems are comprehensively validated
on four benchmark test cases. In this section, ANS is applied
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Table 8: Best output power for 38-generator system (Case III).

Generator BBO CSO DE PSO ANS
P1 417.4699 431.4435 426.6061 423.2786 426.6061
P2 428.6549 432.7667 426.6061 447.2694 426.6061
P3 430.7266 432.4754 429.6632 377.7218 429.6631
P4 429.5193 426.7217 429.6632 391.1059 429.6632
P5 438.8225 425.0443 429.6632 371.5138 429.6632
P6 436.7947 426.7682 429.6632 417.4801 429.6631
P7 424.1592 429.8489 429.6632 468.3885 429.6632
P8 427.7913 433.0439 429.6632 376.9151 429.6631
P9 114.0000 114.0000 114.0000 137.9410 114.0000
P10 114.1613 114.0001 114.0000 155.5833 114.0000
P11 114.7729 120.6554 119.7680 142.6568 119.7681
P12 127.0026 128.0361 127.0728 187.8007 127.0729
P13 110.0000 110.0000 110.0000 110.0000 110.0000
P14 90.0025 90.0000 90.0000 90.0000 90.0000
P15 82.0000 82.0000 82.0000 82.0000 82.0000
P16 120.0000 120.0000 120.0000 120.0000 120.0000
P17 160.1416 158.7822 159.5980 161.4797 159.5980
P18 65.0008 65.0000 65.0000 65.0000 65.0000
P19 65.0000 65.0000 65.0000 65.0000 65.0000
P20 272.0000 272.0000 272.0000 271.9999 272.0000
P21 272.0000 272.0000 272.0000 272.0000 272.0000
P22 259.3185 260.0000 260.0000 260.0000 260.0000
P23 130.9561 129.4275 130.6486 138.0732 130.6486
P24 10.0000 10.0000 10.0000 10.0002 10.0000
P25 116.3424 108.7907 113.3050 110.9243 113.3050
P26 90.6858 87.3194 88.0669 88.8202 88.0669
P27 35.0000 36.1978 37.5051 39.1707 37.5051
P28 20.0000 20.0000 20.0000 20.0000 20.0000
P29 20.0000 20.0000 20.0000 20.0000 20.0000
P30 20.0005 20.0000 20.0000 20.0000 20.0000
P31 20.0000 20.0000 20.0000 20.0000 20.0000
P32 20.0000 20.0000 20.0000 20.0000 20.0000
P33 25.0000 25.0000 25.0000 25.0000 25.0000
P34 18.0000 18.0000 18.0000 18.0000 18.0000
P35 8.0000 8.0000 8.0000 8.0000 8.0000
P36 25.0000 25.0000 25.0000 25.0000 25.0000
P37 21.6764 21.5606 21.7821 21.3068 21.7821
P38 20.0000 21.1175 21.0622 20.5701 21.0622
TP (MW) 6000.0000 6000.0000 6000.0000 6000.0000 6000.0000
TC ($/h) 9417446.0804 9417307.5544 9417235.7977 9426679.1431 9417235.7864

to a practical power grid of China. This system is more
large-scale and has 46 operating generators which contain
four different rated capacities, i.e., 150MW (#1∼#2), 200MW
(#3∼#8), 300MW (#9∼#38), and 600MW (#39∼#46). The
load demand is 10048MW. It is worth pointing out that
the ED objective of this system is minimization of the total
coal consumption rather than the total generation cost. The
main reasons are twofold. On one hand, the price of coal
fluctuates frequently. On the other hand, utilizing the coal
consumption instead of coal cost to measure the generation

efficiency of generators is more intuitive and reasonable. The
objective function is a canonical traditional ED problemwith
a smooth and continuous solution space. The experimental
results are tabulated in Table 11. It can be seen that ANS
is better than the other involved methods in terms of the
minimum, maximum, and mean values of the total coal
consumption. The statistical results based onWilcoxon’s rank
sum test also further confirm the conclusion. With respect
to the standard deviation, the value of ANS is significantly
smaller than those of compared methods, indicating that
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Table 9: Best output power for 40-generator system (Case IV).

Generator BBO CSO DE PSO ANS
P1 112.2570 111.5065 110.8699 111.7714 110.8020
P2 114.0000 112.0271 110.8626 75.1768 110.8004
P3 101.5985 97.3999 97.3999 97.4000 97.4001
P4 179.8608 179.7331 179.7331 129.8666 179.7330
P5 97.0000 89.0477 97.0000 93.8081 87.8004
P6 140.0000 140.0000 140.0000 140.0000 140.0000
P7 260.2515 300.0000 259.5997 260.1252 259.5998
P8 284.8846 284.6023 284.5997 285.0625 284.6000
P9 285.6941 284.5997 284.5999 287.7589 284.5997
P10 131.2062 130.0000 130.0000 204.7998 130.0000
P11 168.4760 168.7998 168.7998 168.7998 94.0000
P12 168.7683 94.0000 94.0000 243.5997 94.0000
P13 215.2662 214.7598 214.7598 304.5196 214.7598
P14 393.1850 394.2794 394.2794 394.2794 394.2794
P15 306.7599 394.2794 394.2794 394.2794 394.2796
P16 305.2877 304.5196 304.5196 304.5196 394.2793
P17 488.9168 489.2794 489.2794 489.2794 489.2795
P18 489.2538 489.2794 489.2794 489.2794 489.2793
P19 511.3833 511.2794 511.2794 511.2794 511.2794
P20 512.0211 511.2794 511.2794 511.2794 511.2795
P21 523.1479 523.2794 523.2794 433.7901 523.2793
P22 524.9892 523.2794 523.2794 523.4705 523.2794
P23 523.5749 523.2794 523.2794 523.2794 523.2793
P24 524.6906 523.2794 523.2794 523.2794 523.2798
P25 523.6776 523.2794 523.2794 523.2939 523.2794
P26 526.3109 523.2794 523.2794 523.2794 523.2794
P27 10.0000 10.0000 10.0000 10.0000 10.0000
P28 10.0000 10.0000 10.0000 10.0000 10.0000
P29 10.0000 10.0000 10.0000 10.0000 10.0000
P30 93.4661 88.0999 87.8236 88.2486 87.8000
P31 190.0000 190.0000 190.0000 190.0000 190.0000
P32 190.0000 190.0000 190.0000 161.4680 189.9998
P33 190.0000 190.0000 190.0000 161.6225 190.0000
P34 199.8577 165.1100 164.8006 165.0999 164.7997
P35 168.7132 165.1627 200.0000 168.0133 199.9752
P36 184.9895 200.0000 200.0000 165.3862 194.4181
P37 110.0000 110.0000 110.0000 91.6051 110.0000
P38 109.1741 110.0000 110.0000 110.0000 110.0000
P39 110.0000 110.0000 110.0000 110.0000 110.0000
P40 511.3378 511.2794 511.2794 511.2794 511.2794
TP (MW) 10500.0000 10500.0000 10500.0000 10500.0000 10500.0000
TC ($/h) 121669.9298 121440.8040 121420.9029 122636.1149 121412.6226

Table 10: Statistical analysis results based on Wilcoxon’s rank sum test.

ANS vs. BBO CSO DE PSO
Case III † † † †
Case II † † † †
Case III † † † †
Case IV † † † †
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Table 11: Comparison of simulation results (t/h).

Method Min. Max. Mean Std Dev Statistical result
BBO 3357.2587 3358.3753 3357.6023 0.2373 †
CSO 3356.9538 3363.8324 3357.5218 1.6223 †
DE 3356.9533 3357.2138 3357.0257 0.1061 †
PSO 3357.1167 3366.9071 3359.2455 2.4471 †
ANS 3356.9528 3356.9533 3356.9529 9.9122E-05 †

Table 12: Operation performance of various capacity generators.

Performance indicator Generator capacity
150MW 200MW 300MW 600MW

Mean load rate (%) 70.00 58.73 65.61 67.28
Mean coal consumption (g/kWh) 373.95 391.77 337.64 321.73
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Figure 3: Convergence curves for the 15-generator system (Case II).

ANS is the most robust method among the five methods. In
addition, the convergence curves in Figure 8 show that CSO
converges the fastest in the early phase, followed byDE, ANS,
PSO, and BBO. However, both CSO and DE stagnate quickly
and are surpassed byANS after about 7500 FEs. BBOandPSO
are very slow during the whole evolutionary process. ANS is
able to converge to the optimal solution.

In order to learn the operation performance of each
generator, the detailed load rate and coal consumption values
are presented in Figure 9. It is worth noting that the 150MW
generators (#1∼#2) are combined heat and power (CHP)
generators whose peak regulation depth must not exceed
30%; namely, the adjusting range is from 70% to 100% of the
rated capacity. For the other generators, their peak regulation
depths are all 50%. It can be seen from Figure 9 that the
operation performance indicators of different generators vary
from one to another. The mean values of load rate and coal
consumption of various capacity generators are summarized
in Table 12. It is obvious that, except the 150MW generator,
the larger the rated capacity of the generator, the higher
the load rate, and the lower the coal consumption. For the
150MWgenerator, the load rate equals the allowed minimum
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Figure 4: Convergence curves for the 38-generator system (Case
III).
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Figure 5: Convergence curves for the 40-generator system (Case
IV).
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Figure 6: Influence of population size. (a) Case I. (b) Case II. (c) Case III. (d) Case IV.

limit, meaning that its operation performance is poor. In
addition, although its load rate is greater than those of the
300MWand 600MW generators, its coal consumption is sig-
nificantly higher, which indicates that its energy conservation
is inefficient. The abovementioned results fully reflect the
necessity and importance of the power construction policy
of “replacing small power plants with large ones” in China.

7. Conclusions and Future Work

In this paper, a simple yet very young and efficient
population-based algorithm named across neighborhood
search (ANS) is applied to ED problems. Four benchmark
test cases with diverse complexities and characteristics are
firstly employed to comprehensively verify the feasibility and
effectiveness of ANS. The experimental results demonstrate
thatANS is able to effectively coordinate the local exploitation
and global exploration. It significantly outperforms four
popular population-based algorithms (BBO, DE, CSO, and
PSO) in terms of the final solution quality, convergence speed,
robustness, and statistics. ANS is also capable of achieving
better or competitive results compared with some recently

proposed ED solution methods. In addition, the sensitivities
of ANS to variations of population size and across-search
degree are investigated.The experimental results indicate that
a small population size is recommended for the traditional
EDproblems, whereas amoderate population size is relatively
safe for the nonconvex ED problems with valve-point effects.
For both convex and nonconvex ED problems, the across-
search degree with value 1 is appropriate. In addition to
the benchmark test cases, ANS is further applied to a
practical provincial power grid of China. The experimental
results strongly verify ANS once again and fully reflect the
necessity and importance of the power construction policy
of “replacing small power plants with large ones” in China.
In conclusion, ANS can be used as an efficient and reliable
alternative for the ED problems.

ANS is a young and promising population-based algo-
rithm. In future work, we will employ some advanced learn-
ing strategies such as orthogonal learning and oppositional
learning to further enhance its performance and then apply
it to solve other power system optimization problems such
as combined economic and emission dispatch and optimal
power flow.
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Figure 7: Influence of across-search degree. (a) Case I. (b) Case II. (c) Case III. (d) Case IV.
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Figure 8: Convergence curves for the practical provincial power grid of China.
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Although multiobjective particle swarm optimization (MOPSO) has good performance in solving multiobjective optimization
problems, how to obtain more accurate solutions as well as improve the distribution of the solutions set is still a challenge. In
this paper, to improve the convergence performance of MOPSO, an improved multiobjective quantum-behaved particle swarm
optimization based on double search strategy and circular transposon mechanism (MOQPSO-DSCT) is proposed. On one hand,
to solve the problem of the dramatic diversity reduction of the solutions set in later iterations due to the single search pattern
used in quantum-behaved particle swarm optimization (QPSO), the double search strategy is proposed in MOQPSO-DSCT. The
particles mainly learn from their personal best position in earlier iterations and then the particles mainly learn from the global best
position in later iterations to balance the exploration and exploitation ability of the swarm.Moreover, to alleviate the problem of the
swarm converging to local minima during the local search, an improved attractor construction mechanism based on opposition-
based learning is introduced to further search a better position locally as a new attractor for each particle. On the other hand, to
improve the accuracy of the solutions set, the circular transposon mechanism is introduced into the external archive to improve
the communication ability of the particles, which could guide the population toward the true Pareto front (PF). The proposed
algorithm could generate a set of more accurate and well-distributed solutions compared to the traditional MOPSO. Finally, the
experiments on a set of benchmark test functions have verified that the proposed algorithm has better convergence performance
than some state-of-the-art multiobjective optimization algorithms.

1. Introduction

Optimization problems widely exist in fields including eco-
nomics [1], natural science [2], and industrial production [3].
Compared to single-objective optimization problems (SOPs),
the theories and methods of multiobjective optimization
problems (MOPs) are more complicated and usually incom-
plete. Moreover, it is difficult to find the feasible Pareto front
(PF) for most optimization algorithms due to the equality
and inequality constrains as well as multivariable constrains
in a MOP [1]. Since the objectives in MOPs are conflict
in many cases, there exists a set of solutions which are
superior to the rest of solutions in the search space when all
objectives are considered but are inferior to other solutions
in the space in one or more objectives [4]. These solutions

are termed nondominated solutions. How to obtain a set of
well-distributed nondominated solutions is a crucial task of
multiobjective optimization.

As an efficient evolutionary algorithm, particle swarm
optimization (PSO) algorithm has been widely used for
various optimization problems [5]. Due to its fast conver-
gence speed and good convergence accuracy, multiobjective
optimization based on PSO has attracted much more atten-
tion. In [6], the multiobjective particle swarm optimization
(MOPSO) algorithm was first proposed to handle various
kinds of MOPs, in which Pareto dominance was used to
generate nondominated solutions. In MOPSO, a secondary
archive was first used to store the nondominated solutions
found by the algorithm to guide the particles toward the
true PF. Although the convergence performance of the
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algorithm is improved greatly by this mechanism, the dis-
tribution of the PF generated by the algorithm could not
be guaranteed. In [7], the mechanism of crowding distance
computation was introduced into MOPSO to maintain the
external archive, which couldmake the algorithm obtain a set
of well-distributed nondominated solutions. Based on these
theories, the external archive was widely used in different
kinds of MOPSO and many mechanisms were applied to
maintain the external archive. In [8], a new archive called
nondominated local set was proposed to store the personal
best solutions obtained by one particle during the search
process, which showed a superiority in terms of capturing
the shape of the true PF and obtaining nondominated
solutions with satisfactory diversity characteristics. In [9],
a new multiobjective particle swarm optimizer based on 𝜀-
Dominance was proposed to utilize 𝜀-Dominance to generate
a new archive and the crowding distance to maintain the
archive. In [10], a novel hybrid multiobjective particle swarm
optimization was proposed, which used a teaching-learning-
based optimization algorithm to promote the diversity of
the algorithm and circular crowded sorting to select gbest
and teacher solution from the archive. In [11], a niching
multiobjective particle swarm optimization was proposed
to solve the MOPs of contractors in circuits, in which the
entropy weight ideal point theory was proposed to ensure
the diversity of the nondominated solutions. Different from
the algorithms mentioned above, a multiobjective particle
swarm optimization algorithm based on a decomposition
approach (dMOPSO) was proposed in [12], which decom-
posed a continuous and constrained MOP into many SOPs.
Although this algorithm does not need an external archive
to store the nondominated solutions, the solutions generated
by the algorithm cannot cover the entire true PF for some
complicated MOPs. It can be seen that an external archive is
crucial for most algorithms to select the leading particle.

The traditional search strategy of the particles in PSO has
the deficiency of the particles not being able to traverse the
entire search space, which may lead to an incomplete search
in the search space andmiss some solutions. To overcome this
deficiency, a new PSO based on probability called quantum-
behaved particle swarm optimization (QPSO) was proposed
in [13], in which particles could appear in any position of the
feasible region. Since the faster convergence speed of QPSO
than classical PSO, multiobjective optimization algorithms
based on QPSO have been studied by many researchers. In
[14], QPSO and adaptive grid were introduced to improve
the performance of MOPSO (MOQPSO-AG), which showed
a superior convergence performance when compared with
other algorithms, especially in terms of convergence speed.
In [15], a novel quantum Delta potential well with two
local attractors named double-potential well was established
for QPSO and applied to deal with MOPs, which showed
a better convergence and distribution performance when
handling high-dimensional MOPs. In [16], QPSOwas used to
handle constrained multiobjective optimization problems, in
which two strategies were investigated to combine constraint
processing mechanism with a multiobjective QPSO. It can
be seen that QPSO has a great potential to deal with
MOPs.

Despite the fact that QPSO shows superior performance
over PSO in terms of convergence speed when handling
MOPs, the leadership of the average best position may be
reduced dramatically due to the single search pattern in
QPSO, which is not beneficial to obtain more potential solu-
tions for MOPs. Moreover, the mechanism of constructing
an attractor for each particle may reduce the ability of the
particles to jump out of local optima when its personal best
position is equal to the global best position. Finally, most
MOPSO algorithms only use the external archive to select the
global and local best individuals without fully utilizing the
potential significant informationhidden in the archive, which
may reduce the convergence accuracy of the algorithm.

To alleviate the situation mentioned above, an improved
multiobjective quantum-behaved particle swarm optimiza-
tion based on double search strategy and circular transposon
mechanism (MOQPSO-DSCT) is proposed in this paper.
On one hand, the double search strategy is proposed to
adjust the relationship between the exploration and the
exploitation ability, which is beneficial for the diversity
of the solutions set as well as the convergence speed. To
implement the double search strategy, a search probability
parameter is proposed to make the two search patterns
execute alternatively to maintain the diversity of the swarm.
Moreover, an improved attractor construction mechanism
based on opposition-based learning is used to construct
a better attractor for one particle when its personal best
position is equal to the global best position, which improves
the ability of the particles to escape from local optimum.
On the other hand, the circular transposon mechanism is
introduced into the external archive to help the particles
find more useful information between each other, which
can make the population move toward the true PF with
a higher probability and maintain the distribution of the
PF. Therefore, the MOQPSO-DSCT algorithm has improved
the performance in convergence accuracy and kept the
reasonable distribution of the solutions.

The reminder of the paper is organized as follows. In
Section 2, the concepts of multiobjective optimization, the
basic model of QPSO, and some related strategies are briefly
described.The details of the proposed algorithm (MOQPSO-
DSCT) are depicted in Section 3. The experiment results
on several benchmark test functions are given in Section 4.
Finally, the conclusions and our future work are included in
Section 5.

2. Preliminaries

2.1. Multiobjective Optimization. In general, the model of a
minimization MOP can be defined as follows:

min 𝐹 (𝑥) = (𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑘 (𝑥))
s.t. g𝑖 (𝑥) ≤ 0, 𝑖 = 1, 2, . . . , 𝑚

h𝑗 (𝑥) = 0, 𝑗 = 1, 2, . . . , 𝑝
(1)

where 𝑥 is a vector with𝐷 decision variables, 𝑘 is the number
of objectives, 𝑓𝑘(𝑥) is the function value of the 𝑘-th objective,
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and 𝑚 and 𝑝 are the number of inequality and equality
constraints, respectively.

To better understand how a given MOP 𝐹(𝑥) produces
a large number of nondominated solutions in the feasible
region Ω, some definitions related to Pareto Optimality are
described as follows [17].

Definition 1 (Pareto dominance). A vector 𝑢 = (𝑢1, 𝑢2,. . . , 𝑢𝑘) is said to dominate another vector V = (V1, V2, . . . , V𝑘),
denoted by 𝑢 ≺ V, if and only if

∀𝑖 ∈ {1, 2, . . . , 𝑘} , 𝑢𝑖 ≤ V𝑖 ∧ ∃𝑖 ∈ {1, 2, . . . , 𝑘} ,
𝑢𝑖 < V𝑖

(2)

Definition 2 (Pareto optimal). A solution 𝑥∗ ∈ Ω is said to be
a Pareto optimal or a nondominated solution, if and only if

¬∃𝑥 ∈ Ω,
𝑥 ≺ 𝑥∗ (3)

Definition 3 (Pareto optimal set). A set 𝑃 containing all the
Pareto optimal is a Pareto optimal set, which can be defined
as

𝑃 = {𝑥∗ ∈ Ω | ¬∃𝑥 ∈ Ω : 𝐹 (𝑥) ≺ 𝐹 (𝑥∗)} (4)

Definition 4 (Pareto front). The region 𝑃𝐹 generated by the
objective function values of all Pareto optimal solutions is
Pareto front, which can be defined as

𝑃𝐹 = {𝑢 = 𝐹 (𝑥) | 𝑥 ∈ 𝑃} (5)

2.2. Quantum-Behaved Particle Swarm Optimization. In
2004, a quantum-behaved particle swarm optimization algo-
rithm was proposed to overcome the deficiency of PSO
not being able to traverse the entire search space. Particles
in QPSO only have positions without velocities, which is
extremely different form the particles in PSO. In quantum
world, the positions of particles can not be determined
because of the uncertainty principle so that particles can
appear anywhere in the feasible search region with a certain
probability, which guarantees the ability of QPSO to converge
to the global optimal.

Each particle in PSO is considered as an individual with
two attributes in D-dimensional search space. The position
and velocity of each particle can be represented as 𝑥𝑖 =(𝑥𝑖1, 𝑥𝑖2, . . . , 𝑥𝑖𝐷) and V𝑖 = (V𝑖1, V𝑖2, . . . , V𝑖𝐷) 𝑖 = (1, 2, . . . ,𝑀),
respectively, where M is the size of population. Then the
position and velocity of each particle can be updated by the
following equations [18]:

V𝑖𝑗 (𝑡 + 1) = 𝜔 ∗ V𝑖𝑗 (𝑡) + 𝑐1𝑟1 [𝑝𝑖𝑗 − 𝑥𝑖𝑗 (𝑡)]
+ 𝑐2𝑟2 [𝐺𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡)] (6)

𝑥𝑖𝑗 (𝑡 + 1) = 𝑥𝑖𝑗 (𝑡) + V𝑖𝑗 (𝑡 + 1) (7)

where 𝑗 = (1, 2, . . . , 𝐷); 𝑝𝑖 = (𝑝𝑖1, 𝑝𝑖2, . . . , 𝑝𝑖𝐷) is the personal
best position of the 𝑖-th particle; 𝐺(𝑡) = (𝑔1, 𝑔2, . . . , 𝑔𝐷) is the

global best position in the current iteration; 𝜔 is the inertial
weight of PSO; 𝑡 denotes the iteration number; 𝑐1 and 𝑐2 are
two acceleration factors which can balance the impact of 𝑝𝑖
and 𝐺(𝑡); 𝑟1 and 𝑟2 are two numbers randomly generated in[0, 1].

Different from the traditional PSO, the main idea of
QPSO is to establish a potential field to bind the particles.
In [19], the convergence behavior of particles was analyzed
by Clerc M and Kennedy J, which demonstrated that the 𝑖-
th particle in PSO is attracted by an attractor 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖 =(𝑎𝑖1, 𝑎𝑖2, . . . , 𝑎𝑖𝐷). Obviously, the attractor directly influences
the convergence behavior of the particles in QPSO. The
position of 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖 is described as

𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡) = 𝜑𝑖𝑗 (𝑡) ∗ 𝑝𝑖𝑗 (𝑡) + [1 − 𝜑𝑖𝑗 (𝑡)] ∗ 𝐺𝑗 (𝑡) (8)

where 𝑝𝑖(𝑡) is the personal best position of the 𝑖-th particle;𝐺(𝑡) is the global best position in the current iteration;𝜑𝑖𝑗(𝑡) = 𝑐1𝑟1𝑗(𝑡)/[𝑐1𝑟1𝑗(𝑡) + 𝑐2𝑟2𝑗(𝑡)]. In QPSO, 𝜑𝑖𝑗(𝑡) is a
uniformly distributed random number between [0, 1]. Then,
the position of the 𝑖-th particle in QPSO can be updated as
shown in

𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡) − 𝐿 𝑖𝑗 (𝑡)2 ln( 1𝑢𝑖𝑗 (𝑡))
if 𝑢𝑖𝑗 (𝑡) > 0.5

𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡) + 𝐿 𝑖𝑗 (𝑡)2 ln( 1𝑢𝑖𝑗 (𝑡))
otherwise

(9)

𝐿 𝑖𝑗 (𝑡) = 2𝛼 𝑐𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡) (10)

𝑐𝑗 (𝑡) = 1𝑀
𝑀∑
𝑖=1

𝑝𝑖𝑗 (𝑡) (11)

where 𝑐(𝑡) is the average best position in population; 𝐿(𝑡)
is the length of the Delta potential well, which denotes the
creativity of the individual in the population, 𝐿(𝑡) with a
larger value usually means the particle has a relatively large
search range and is more likely to find more solutions; 𝑢𝑖𝑗(𝑡)
is a uniformly distributed random number between [0, 1]; 𝛼
is a contraction-expansion coefficient usually less than 1.782
[20]. In our experiments, 𝛼 is set to be positive and linearly
decreasing from 1.0 to 0.5 as proposed in [21].

𝛼 = 𝛼0 + (𝛼1 − 𝛼0) (𝑡max − 𝑡)𝑡max
(12)

where 𝛼0 and 𝛼1 are set to 1.0 and 0.5, respectively; 𝑡 is the
current iteration; and 𝑡max is the maximum iteration number.

2.3. Opposition-Based Learning Strategy. In [22], the concepts
of opposition-based learning were proposed, which demon-
strated that the opposite solution has a higher probability
to find a better solution than the current solution. On the
other words, we can get the opposite position of the particle



4 Complexity

A B C D E

FF HH II JJG

transposon

A B D E G

FF HH II C JJ

C1

C2

transposon

insertion position

insertion position

S1

S2

Figure 1: Cut-and-paste transposon operation on two particles.

according to opposition-based learning. If the opposite posi-
tion is better than the original position, the original position
will be replaced with the opposite position. Currently, this
mechanism is often combined with intelligent algorithms to
deal with optimization problems. In [23], opposition-based
learning was introduced into a new intelligent algorithm
named chicken swarm optimization to improve the diver-
sity of the population. In [24], opposition-based learning
was used to generate the transformed population in the
population initialization, which enhanced the performance
of constrained differential evolution algorithms. In [25],
opposition-based learning was executed by the current best
individual to generate an opposition search populations in its
dynamic search boundaries, which improved the balance and
exploring ability of the algorithm. In [26], the opposite pro-
cess of the opposition-based learning strategy was combined
with the refraction principle of light to improve the global
search ability of PSO. Therefore, in this paper, opposition-
based learning will be used to construct a new attractor for
the particle when its personal best position is equal to the
global best position to help the particle to escape from local
optimum in this paper. Some definitions of opposition-based
learning are as follows.

Definition 5 (opposite number). Let 𝑥 be a real number
defined on a certain interval 𝑥 ∈ [𝑎, 𝑏]. The opposite number𝑥 is defined as follows:

𝑥 = 𝑎 + 𝑏 − 𝑥 (13)

Definition 6 (opposite point). Let𝑃(𝑥1, 𝑥2, . . . , 𝑥𝐷) be a point
in a D-dimensional coordinate system and 𝑥𝑗 ∈ [𝑎𝑗, 𝑏𝑗].
The opposite point �̃� is completely defined by its coordinates𝑥1, 𝑥2, . . . , 𝑥𝐷 where𝑥𝑗 = 𝑎𝑗 + 𝑏𝑗 − 𝑥𝑗 𝑗 = 1, 2, . . . , 𝐷 (14)

2.4. Transposon Mechanism. Transposon, also known as
jumping genes, was a special chromosomal genetic phe-
nomenon firstly discovered by Barbara McClintock in 1950
[27, 28]. In her work on maize chromosomes, she found
that genes can jump from one position to another on
the same chromosome when existing dissociation elements
and genes can jump between different chromosomes when
existing activator elements. She also found that there were
two methods to make a gene move on the chromosome. One
method is cut-and-paste transposon, in which one part of

DNA is cut then pasted to another part. The other is called
copy-and-paste transposon, in which the information on one
position in DNA is copied and pasted to RNA, then the
information in one position is copied from RNA to another
position in DNA. In [29], the transposon mechanism was
first adopted to replace the operations of crossover, mutation,
and selection in traditional evolutionary algorithms, which
enhanced the diversity of the population. In PSO, a particle
in the search space can be considered as a chromosome, then
this operation can also be executed on a particle. In this paper,
the copy-and-paste transposon operation will be performed
on the individuals in the external archive, which can greatly
improve the information exchange ability of the particles in
the external archive and guide the population toward the
true PF. This operation is easily implemented only with a
probability parameter 𝑡𝑝. For example, a transposon and an
insertion position are generated for two particles C1 and C2,
respectively. Then, the transposon of C1 is cut and pasted
to the insertion position of C2; the transposon of C2 is cut
and pasted to the insertion position of C1. Two new particles
S1 and S2 can be generated after this operation. The copy-
and-paste transposon operation on two particles is shown in
Figure 1.

3. The Proposed MOQPSO-DSCT Algorithm

TheproposedMOQPSO-DSCTalgorithm is aimed at dealing
with the two problems about how to find more potential
solutions for different MOPs and how to improve the con-
vergence accuracy and the distribution of the nondominated
solutions. In the MOQPSO-DSCT algorithm, the double
search strategy is proposed to balance the exploration and
exploitation ability of the swarm and obtain a large number
of solutions, in which an improved attractor construction
mechanism based on opposition-based learning can help
each particle to escape from local optima. The double
search strategy combined with the opposition-based learning
strategy could solve the former problem. To solve the latter
problem, the circular transposon mechanism is proposed to
improve the communication ability of the particles in the
external archive, which can make the solutions have a higher
accuracy and a better distribution. Therefore, the MOQPSO-
DSCT algorithm can generate a set of well-distributed and
accurate nondominated solutions. The double search strategy
and circular transposon mechanism are depicted in detail in
the following subsections.
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3.1.TheDouble Search Strategy Combinedwith theOpposition-
Based Learning. To improve the diversity of the solutions set
and keep a balance between the exploration and exploitation
ability of the swarm, the double search strategy is proposed in
the MOQPSO-DSCT algorithm to replace the single search
pattern in QPSO. In earlier iterations, the particles domi-
nantly learn from their personal best position to improve
the ability of the particles to discover new regions. In later
iterations, the particles dominantly learn from the global best
position to improve the convergence performance. A search
probability parameter 𝑠𝑝 is used to control the two search
patterns to be executed alternately.

Inspired by the social and individual cognition in PSO,
two search patterns are proposed in the MOQPSO-DSCT
algorithm to replace the single search pattern in QPSO. One
search pattern called global search pattern is described in (15)
as follows:

𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡)
− 𝛼 𝑝𝑖𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡) ln( 1𝑢𝑖𝑗 (𝑡))

(15)

where 𝑝𝑖(𝑡) is the personal best position of the 𝑖-th particle.
Obviously, this search pattern focuses on the individual
cognition, which canmake all the particles freely diverge into
the whole search space and improve the probability of the
particles to find more global best solutions. So the global
search pattern is suitable to be executed in earlier iterations.

The other search pattern called local search pattern is
described in (16) as follows:

𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡)
+ 𝛼 𝑙𝑒𝑎𝑑𝑒𝑟𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡) ln( 1𝑢𝑖𝑗 (𝑡))

(16)

where 𝑙𝑒𝑎𝑑𝑒𝑟(𝑡) is a particle selected from the external archive
with a large crowding distance. Obviously, this search pattern
focuses on the social cognition, which can make the particles
search around the elite individuals to improve the ability to
converge to an optimum. Since 𝑙𝑒𝑎𝑑𝑒𝑟(𝑡) has a large crowding
distance, it can directly guide the particle to move toward
the sparse region of the search space, which can keep the
distribution of the nondominated solutions set. So the local
search pattern is suitable to be executed in later iterations.

To keep a balance between the implementation of the
two patterns, a search probability parameter 𝑠𝑝 is introduced.
In [30], the exponential decrease rule and randomness were
integrated into the dynamical control of the inertial weight𝜔 instead of decreasing 𝜔 simply with iterations. Inspired by
this idea, this method is introduced to dynamical adjust the
value of 𝑠𝑝, then 𝑠𝑝 is shown as

𝑠𝑝 = exp( 1 − 𝑡2𝑡max
2 − 1) ∗ rand (17)

where 𝑡 is the number of the current iteration and 𝑡max is
the maximum number of iterations. It can be seen that the
value of 𝑠𝑝 is decreased with the increasing of iterations

on the whole but maintains an oscillatory trend because
the curve is affected by a random number between [0, 1].
If 𝑠𝑝 is more than 0.5, the swarm will perform the global
search represented by (15); otherwise, the swarm will turn
to the local search represented by (16). Thus, the particles in
MOQPSO-DSCT can be updated as follows:

𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡)
− 𝛼 𝑝𝑖𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡) ln( 1𝑢𝑖𝑗 (𝑡))

if sp > 0.5
𝑥𝑖𝑗 (𝑡 + 1) = 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟𝑖𝑗 (𝑡)

+ 𝛼 𝑙𝑒𝑎𝑑𝑒𝑟𝑗 (𝑡) − 𝑥𝑖𝑗 (𝑡) ln( 1𝑢𝑖𝑗 (𝑡))
otherwise

(18)

Therefore, the two search patterns alternatively executed can
not only avoid the situation that all the particles in QPSO
converge to the same position 𝑐(𝑡), but also make the particles
move toward the sparse region, which is beneficial for the
diversity of the nondominated solutions set.

However, the particle will get trapped into local optimum
if its personal best position is equal to the global best
position in (8) because the attractor can not be updated for
a long time. In MOQPSO-DSCT, opposition-based learning
is adopted to further search a better attractor for an individual
locally when its personal best position is equal to the
global personal. According to (14), the opposite attractor𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟∗(𝑥∗1 , 𝑥∗2 , . . . 𝑥∗𝐷) of the 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟(𝑥1, 𝑥2, . . . 𝑥𝐷) can
be described as

𝑥∗𝑗 = 𝑢𝑎𝑗 + 𝑙𝑏𝑗 − 𝑥𝑗, 𝑗 = 1, 2, . . . , 𝐷 (19)

where 𝑢𝑎𝑗 and 𝑙𝑏𝑗 are the upper bound and the lower bound of
the 𝑗-𝑡ℎ dimension of population, respectively. If 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟∗
is dominated by 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟, the current attractor will be kept;
If 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟 is dominated by 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟∗, the current attractor
will be replaced with 𝑎𝑡𝑡𝑟𝑎𝑐𝑡𝑜𝑟∗; otherwise, one of the two
attractors will be selected randomly as the current attractor.

3.2. The Circular Transposon Mechanism. It is evident that
the external archive is crucial for mostMOPSO algorithms to
store the nondominated solutions and select the best position
of the population. However, individuals in the external
archive can not exchange useful information between each
other, which is not beneficial for the population to move
toward the true PF. To improve the communication ability of
the particles in the external archive, the circular transposon
mechanism is introduced into the external archive in the
proposed algorithm.

The flowchart of the circular transposon mechanism is
given in Figure 2. To adopt this mechanism into the external
archive, the 50% nondominated solutions with the largest
crowding distance in the external archive 𝐴 will be stored to
a new archive 𝐸. For each solution 𝐴 𝑖 = (𝑥𝑖1, 𝑥𝑖2, . . . , 𝑥𝑖𝐷)(𝑖 =
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Start

j = 1

j > D

rand() < tp

N

Consider j as a transposon for Ai and e, generate a new 
insertion position for Ai and e, respectively

Y

Execute the operation shown in 
Figure 1 for Ai and e

EndY

Obtain two children

Randomly select one from the two  children 
and add it to S

N

j = j + 1 

Figure 2: The flowchart of the circular transposon mechanism.

1, 2, . . . , |𝐴|), a solution 𝑒 = (𝑥1, 𝑥2, . . . , 𝑥𝐷) is randomly
selected from 𝐸, then a probability parameter 𝑡𝑝 will be
introduced to control the operation described as Figure 1 on𝐴 𝑖 and 𝑒. For each dimension of 𝐴 𝑖 and 𝑒, if the value of 𝑡𝑝 is
less than an uniformly distributed random number between[0, 1], this operation will be performed on 𝐴 𝑖 and 𝑒 for once.
After this operation, a new set 𝑆 containing the children of𝐴 𝑖 and 𝑒 will be generated. Therefore, the solutions in 𝑆 are
the results of the information exchange among the particles
in 𝐴. Finally, the algorithm for updating the external archive
is used to update the external archive𝐴, which can be referred
to Algorithm 3 in [31].

3.3. The Steps of the Proposed MOQPSO-DSCT Algorithm.
The steps of the MOQPSO-DSCT algorithm are given in
Figure 3, and the detailed steps are summarized as follows.

Step 1. Initialize the position of each particle, the correspond-
ing parameters, and the external archive 𝐴.
Step 2. Evaluate all the particles and store the nondominated
solutions to the external archive 𝐴 according to Pareto
dominance.

Step 3. For each particle in population, select one particle
from the external archive 𝐴 as a leader according to the
crowding distance.

Step 4. If the personal best position of the current particle
is equal to the best position of the population, opposition-
based learning described as (19) will be used to construct an
attractor for the current particle; otherwise, an attractor will
be constructed according to (8) for the current particle.

Step 5. Calculate the value of 𝑠𝑝 according to (17) and update
the position for each particle according to the double search
strategy described as (18).
Step 6. Evaluate all the particles and update 𝐴; the 50%
solutions in 𝐴 with the largest crowding distance are stored
to another archive 𝐸.
Step 7. For each particle in 𝐴, randomly select one solution
from 𝐸, perform the operation of Figure 2 on the two
individuals, then randomly select one from the offspring
generated by the circular transposon mechanism, and add it
to a new set 𝑆.
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Start

Parameters and particles initialization

Evaluate all the particles and add non-dominated solutions into the external archive A

Calculate the crowding distance of the particles in A

Y

Select one particle from A according to the crowding distance as the leader

The personal best position of the current particle
 is equal to the global best position 

Use opposition-based learning to construct an attractor

Y

Construct an attractor according to (8)

N

Calculate sp according to (17)

Evaluate all the particles and update A

Store the 50% particles in A with the largest crowding distance to another archive E

While i≤ numel(A)

Randomly select one particle e from E, perform the operation in Figure 2 on e and the particle Ai

Y

i=i+1

Use Algorithm 3 in [31] to update the archive 

N

t=t+1 

N

Update the position of all the particles according to (18)

Output the PF

While FEs≤FE max

End

Figure 3:The flowchart of the MOQPSO-DSCT algorithm.

Step 8. Use Algorithm 3 in [31] to update 𝐴.
Step 9. If the termination condition is satisfied, the optima
results are output; otherwise repeat Steps 3–8.

3.4. Time Complexity of the MOQPSO-DSCT Algorithm.
According to Section 3.3, the time complexity of the
MOQPSO-DSCT algorithm is determined by the main loop

from Steps 3 to 8. This main loop can also be divided into
three parts. The time complexity of the proposed algorithm
is mainly influenced by the number of the objectives 𝑘, the
size of the population 𝑀, the size of the archive 𝑁, and the
number of the decision variables 𝐷.

The first part is the double search strategy from Steps
3–6. The time complexity of this part is determined by the
size of the population because the double search strategy is
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Figure 4: PFs obtained by seven algorithms on ZDT1.

performed on each particle. Therefore, the time complexity
of this part is 𝑂(𝑘𝐷𝑀).

The second part is Step 7, which contains the circular
transposon mechanism. It can be observed from Section 3.2
and Figure 3 that the time complexity of the circular trans-
poson mechanism is determined by the size of the archives𝐴 and 𝐸 and the number of decision variables. Since not all
the decision variables are affected by this mechanism and the
number of decision variables is much smaller than the size of𝐴, the influence of the number of decision variables can be

ignored. Therefore, the time complexity of the second part is𝑂(𝑘𝐷𝑁2).
The last part is Step 8, in which Algorithm 3 in [31] is used

to update the external archive. The time complexity of this
part is also 𝑂(𝑘𝐷𝑁2), which can be obtained from [31].

Therefore, the time complexity of the MOQPSO-DSCT
algorithm is 𝑂(𝑘𝐷 ∗ (𝑁2 + 𝑁2 + 𝑀)) ∼ 𝑂(𝑘𝐷𝑁2) in
each iteration. Since the values of 𝐷 and 𝑘 are much smaller
than 𝑀 and 𝑁, the time complexity of the MOQPSO-DSCT
algorithm is 𝑂(𝑁2) in each iteration.
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Figure 5: PFs obtained by seven algorithms on ZDT2.

4. Experiment Results and Discussion

4.1. Test Functions and Parameters Setting. In this section,
to verify the performance of the proposed algorithm on
ZDT (ZDT1∼4, ZDT6) [32] and DTLZ (DTLZ2, DTLZ5,
and DTLZ6) [33] function sets, the MOQPSO-DSCT algo-
rithm will be compared to other multiobjective optimiza-
tion algorithms. These algorithms can be divided into two
categories, multiobjective PSO including MPSO/D [34],
MOQPSO-AG [14], dMOPSO [12], SMPSO [35], and other
multiobjective optimization algorithms including NSGA-II

[36] and MOEA/D [37]. MOQPSO-AG and dMOPSO are
both mentioned above. MPSO/D is a multiobjective particle
swarm optimization that uses objective space decomposition
to maintain the diversity of the solutions. SMPSO is a new
multiobjective swarm optimization algorithm, in which one
mechanism is used to limit the velocity of the particles to
enable the particles search the space sufficiently. NSGA-II
is a multiobjective genetic algorithm without an external
archive, which uses a fast nondominated sorting to make the
algorithm find the true PF at a high speed and crowding
distance computation to get a well-distributed solutions.
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Figure 6: PFs obtained by seven algorithms on ZDT3.

MOEA/D is a multiobjective evolutionary algorithm based
on decomposition, which can optimize a number of subprob-
lems simultaneously instead of treating a MOP as a whole
to deal with. It is necessary to compare the performance of
MOQPSO-DSCT and MOQPSO-AG because they all based
on QPSO. Since the particles in QPSO do not have velocities,
the comparison between SMPSO and MOQPSO-DSCT can
sufficiently test the performance of the quantum model.
The comparison of SMPSO, MOQPSO-AG, and MOQPSO-
DSCT can test the performance of the circular transposon
mechanism because they all use an external archive. The per-
formance difference between the algorithm with an external
archive and the algorithm without an external archive can

be seen from the comparison of MOQPSO-DSCT, MPSO/D,
and dMOPSO. The comparison of MOQPSO-DSCT, NSGA-
II, and MOEA/D can test whether PSO is more competitive
than other evolutionary algorithms. The details of test func-
tions are listed in Table 1.

In the experiments, the size of population is 100, the
maximum evaluation is 30000, and the maximum iteration
is 300 for all the algorithms. The size of the external archive
is 100 for ZDT and DTLZ function sets. Parameters in all the
algorithms are shown inTable 2. 30 test runs are done for each
test function in each algorithm. The algorithms are executed
on MATLAB R2015b, Intel(R) Core(TM) i5-6500, 3.20GHz,
4GB RAM.
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Table 1: The details of test functions.

Test functions Objective functions Features of PF Variables Range

ZDT1

min𝑓1 (𝑥) = 𝑥1
Convex 30 𝑥𝑖 ∈ [0, 1]min𝑓2 (𝑥) = 𝑔 (𝑥) (1 − √ 𝑥1𝑔 (𝑥))

s.t. 𝑔 (𝑥) = 1 + 9 (∑𝐷𝑖=2 𝑥𝑖)(𝐷 − 1)

ZDT2

min𝑓1(𝑥) = 𝑥1
Concave 30 𝑥𝑖 ∈ [0, 1]min𝑓2 (𝑥) = 𝑔 (𝑥)(1 − ( 𝑥1𝑔 (𝑥))

2)
s.t. 𝑔 (𝑥) = 1 + 9 (∑𝐷𝑖=2 𝑥𝑖)(𝐷 − 1)

ZDT3

min𝑓1 (𝑥) = 𝑥1
Disconnected multi-modal 30 𝑥𝑖 ∈ [0, 1]min𝑓2 (𝑥) = 𝑔 (𝑥)(1 − √ 𝑥1𝑔 (𝑥) − 𝑥1 sin (10𝜋𝑥1)𝑔 (𝑥) )

s.t. 𝑔 (𝑥) = 1 + 9 (∑𝐷𝑖=2 𝑥𝑖)(𝐷 − 1)
ZDT4

min𝑓1 (𝑥) = 𝑥1
Convex multi-modal 10

𝑥1 ∈ [0, 1];𝑥𝑖 ∈ [−5, 5];𝑖 = 2, . . . , 𝐷min𝑓2 (𝑥) = 𝑔 (𝑥) (1 − √ 𝑥1𝑔 (𝑥))
s.t. 𝑔 (𝑥) = 1 + 10 (𝐷 − 1) + 𝐷∑

𝑖=2

(𝑥2𝑖 − 10 cos (4𝜋𝑥𝑖))

ZDT6

min𝑓1 (𝑥) = 1 − exp (−4𝑥1) sin (6𝜋𝑥1)6
Concave non-uniform disconnected 10 𝑥𝑖 ∈ [0, 1]min𝑓2 (𝑥) = 𝑔 (𝑥)(1 − ( 𝑥1𝑔 (𝑥))

2)
s.t. 𝑔 (𝑥) = 1 + 10 (𝐷 − 1) + 𝐷∑

𝑖=2

(𝑥2𝑖 − 10 cos (4𝜋𝑥𝑖))

DTLZ2

min𝑓1 (𝑥) = (1 + 𝑔 (𝑥)) cos (𝜋𝑥12 ) cos (𝜋𝑥22 )
Concave 10 𝑥𝑖 ∈ [0, 1]min𝑓2 (𝑥) = (1 + 𝑔 (𝑥)) cos (𝜋𝑥12 ) sin (𝜋𝑥22 )

min𝑓3 (𝑥) = (1 + 𝑔 (𝑥)) sin (𝜋𝑥12 )
s.t. 𝑔 (𝑥) = 𝐷∑

𝑖=3

(𝑥𝑖 − 0.5)2

DTLZ5

min𝑓1 (𝑥) = (1 + 𝑔 (𝑥)) cos(𝜃1𝜋2 ) cos(𝜃2𝜋2 )

– 10 𝑥𝑖 ∈ [0, 1]
min𝑓2 (𝑥) = (1 + 𝑔 (𝑥)) cos(𝜃1𝜋2 ) sin(𝜃2𝜋2 )
min𝑓3 (𝑥) = (1 + 𝑔 (𝑥)) sin(𝜃1𝜋2 )
s.t. 𝑔 (𝑥) = 𝐷∑

𝑖=1

(𝑥𝑖 − 0.5)2
𝜃𝑖 = 𝜋4(1 + 𝑔(𝑥)) (1 + 2𝑔(𝑥)𝑥𝑖)

DTLZ6

min𝑓1 (𝑥) = (1 + 𝑔 (𝑥)) cos(𝜃1𝜋2 ) cos(𝜃2𝜋2 )

Non-uniform 10 𝑥𝑖 ∈ [0, 1]
min𝑓2 (𝑥) = (1 + 𝑔 (𝑥)) cos(𝜃1𝜋2 ) sin(𝜃2𝜋2 )
min𝑓3 (𝑥) = (1 + 𝑔 (𝑥)) sin(𝜃1𝜋2 )
s.t. 𝑔(𝑥) = 𝐷∑

𝑖=1

𝑥𝑖0.1
𝜃𝑖 = 𝜋4(1 + 𝑔(𝑥)) (1 + 2𝑔(𝑥)𝑥𝑖)
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Table 2: Parameters setting in the seven algorithms.

Algorithms Parameters setting
MOQPSO-DSCT 𝛼 : 1.0 − 0.5, 𝑡𝑟 = 0.2
MPSO/D 𝜔 : 0.9 → 0.1, 𝑐1 = 𝑐2 = 2.0, 𝐶𝑅 = 0.5, 𝑝𝑐 = 1.0, 𝑝𝑚 = 0.1, 𝑇 = 20, 𝐹 = 0.5
MOQPSO-AG 𝛼 : 1.0 − 0.5, 𝑝𝑚 = 0.1, 𝑛𝐺𝑟𝑖𝑑 = 30
dMOPSO 𝜔 : 0.9 → 0.4, 𝑐1 = 𝑐2 = 1.5
SMPSO 𝜔 : 0.9 → 0.4, 𝑐1 = 𝑐2 = 1.5, 𝑝𝑚 = 1/𝑛, 𝜇𝑚 = 20
NSGA-II 𝑝𝑐 = 0.9, 𝑝𝑚 = 1/𝑛, 𝜂𝑐 = 𝜇𝑚 = 20
MOEA/D 𝑝𝑐 = 1.0, 𝑝𝑚 = 1/𝑛, 𝜇𝑚 = 20, 𝑇 = 20, 𝐹 = 0.5

Table 3: The IGD values of all the algorithms in the eight test functions.

MOQPSO-DSCT MPSO/D MOQPSO-AG dMOPSO SMPSO NSGA-II MOEA/D
ZDT1 Mean 2.8115e-3 3.8276e-3 7.8213e-3 1.4360e-2 5.0019e-3 5.9674e-1 1.5134e-2

Std 5.84e-5 4.54e-3 6.64e-4 6.57e-3 9.55e-4 3.46e-2 1.46e-2
ZDT2 Mean 3.9237e-3 4.7723e-3 8.3342e-3 4.0957e-1 4.8600e-3 1.3533e-1 1.0239e-2

Std 3.57e-5 5.64e-3 7.56e-4 3.01e-1 1.21e-4 7.63e-2 7.85e-3
ZDT3 Meas 4.4523e-3 9.8854e-3 9.7834e-3 1.5570e-2 5.2183e-3 9.8741e-2 2.0824e-2

Std 3.28e-5 5.39e-3 1.46e-3 1.14e-3 2.49e-4 5.28e-2 1.08e-2
ZDT4 Mean 3.7716e-3 2.2094e+1 1.6469e+1 8.0307e-3 4.8343e-3 3.0449e-1 1.8829e-2

Std 4.55e-5 5.01e+0 5.67e+0 3.06e-3 5.14e-3 1.69e-1 8.19e-3
ZDT6 Mean 3.3158e-3 3.7869e-3 7.2344e-3 3.3020e-3 4.1433e-3 8.8106e-3 4.2676e-3

Std 2.45e-5 3.84e-6 6.07e-4 1.30e-6 4.86e-4 5.07e-3 9,92e-4
DTLZ2 Mean 6.6844e-2 5.4732e-2 1.1113e-1 1.3527e-1 7.5454e-2 6.9344e-2 5.4467e-2

Std 2.02e-3 1.37e-4 5.42e-3 4.79e-3 3.75e-3 2.11e-3 1.58e-6
DTLZ5 Mean 4.3522e-3 3.7595e-2 1.9358e-2 4.1346e-1 5.4218e-3 5.7790e-3 8.3766e-1

Std 2.20e-5 2.23e-3 3.34e-3 6.06e-3 3.02e-4 2.95e-4 3.53e-5
DTLZ6 Mean 4.0435e-3 3.1749e-2 1.5366e-2 3.3606e-2 8.6849e-3 6.8228e-3 3.3847e-2

std 2.31e-5 8.97e-4 5.87e-3 7.81e-5 2.82e-3 3.82e-4 7.85e-5

4.2. Performance Indicator. In order to better evaluate the
performance of MOQPSO-DSCT, IGD (Inverted Genera-
tional Distance) [38] will be used as an indicator in this paper.
IGD is the distance from the PF obtained by the algorithm to
the true PF. Let 𝑃 be the true Pareto optimal set and 𝐴 be the
solutions set obtained by our proposed algorithm. The IGD
of 𝐴 to 𝑃 can be calculated by the following equation:

𝐼𝐺𝐷 = 1|𝑃|
|𝑃|∑
𝑖=1

𝐷𝑖𝑠𝑡𝑖 (20)

where𝐷𝑖𝑠𝑡𝑖 =min|𝐴|𝑗=1√∑𝑘𝑙=1((𝑓𝑙(𝑝𝑖) − 𝑓𝑙(𝑎𝑗))/(𝑓max
𝑙

− 𝑓min
𝑙

))2
is the minimum normalization Euclidean distance; 𝑓max

𝑙 and𝑓min
𝑙 are the maximum and minimum value of the 𝑙-th

objective in 𝑃, respectively; 𝑙 = 1, 2, . . . , 𝑘; 𝑘 is the number
of the objectives; 𝑝𝑖 ∈ 𝑃, 𝑖 = 1, 2, . . . , |𝑃|; 𝑎𝑗 ∈ 𝐴, 𝑗 =1, 2, . . . , |𝐴|; |𝑃| is the size of the solutions set obtained by our
proposed algorithm. The value of |𝑃| is set to roughly 1000
for ZDT test functions and 5000 for DTLZ test functions.
It can be seen that a value of zero for IGD means the PF
obtained by the algorithm has completely coincided with the
true PF.

4.3. Experimental Results and Discussion. The mean values
and standard deviations (std) of IGD for all the algorithms
in each test function are all summarized in Table 3, where
the best values are highlighted in bold and italic font.
The PFs obtained by all algorithms in each test function
are shown in Figures 4–11. The convergence curves of all
algorithms in each test function are shown in Figure 12. It
can be seen from Table 3 that MOQPSO-DSCT obtains best
results on six test functions in terms of both mean and std
values, including ZDT1, ZDT2, ZDT3, ZDT4, DTLZ5, and
DTLZ6, which demonstrates that MOQPSO-DSCT has a
better convergence and distribution performance than other
compared algorithms.

ZDT1 is a two-objective function with a convex PF and
ZDT2 is a two-objective function with a concave PF. Almost
all the algorithms can converge to the PF. It can be seen
from Table 3 that MOQPSO-DSCT, MPSO/D, MOQPSO-
AG, and SMPSO all perform better than dMOPSO, NSGA-II,
and MOEA/D. As shown in Figures 4, 5, and 12, MOQPSO-
AG has a relatively faster convergence speed than other
algorithms, but it can not generate a set of well-distributed
solutions, which will lead to a slightly worse IGD value
than other algorithms. NSGA-II has the slowest convergence
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Figure 7: PFs obtained by seven algorithms on ZDT4.

speed in all the algorithms and cannot find the true PF on
ZDT1. Although the IGD value of MOQPSO-DSCT, SMPSO,
and MPSO/D are very close, the std value of MOQPSO-
DSCT is significantly better than SMPSO and MPSO/D in
terms ofmagnitude.Therefore,MOQPSO-DSCT has the best
performance on ZDT1 and ZDT2.

ZDT3 is a two-objective function with a disconnected PF.
It can be observed from Figure 6 that the worst performance
on ZDT3 is NSGA-II, which is unable to find the true
PF; MOEA/D, dMOPSO, and MPSO/D all have the similar
performance; they can converge to the true PF but fail to

obtain a set of satisfactory solutions. It can be seen from
Table 3 that the IDG values of MOQPSO-DSCT, MOQPSO-
AG, and SMPSO are very close, but the std of MOQPSO-
DSCT is significantly better than MOQPSO-AG and SMPSO
in terms of magnitude. Therefore, MOQPSO-DSCT has the
best performance on ZDT3.

ZDT4 is a two-objective function with 219 local PFs and
a global PF. Many algorithms can not converge to the true
PF because of their low ability to escape from local optimal.
As shown in Figure 7, both MPSO/D and MOQPSO-AG
get trapped at a local PF far away from the true PF; the



14 Complexity

MPSO/D

MPSO/D
True Pareto Front

MOQPSO-AG

MOQPSO-AG
True Pareto Front

dMOPSO

dMOPSO
True Pareto Front

SMPSO

SMPSO
True Pareto Front

NSGA-II

NSGA-II
True Pareto Front

MOEA/D

MOEA/D
True Pareto Front

MOQPSO-DSCT

MOQPSO-DSCT
True Pareto Front

0

0.2

0.4

0.6

0.8

1
f 2

0.4 0.6 0.80.2 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.4 0.6 0.80.2 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.4 0.6 0.80.2 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.2 0.4 0.6 0.80 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.4 0.6 0.80.2 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.4 0.6 0.80.2 1
f1

0

0.2

0.4

0.6

0.8

1

f 2

0.4 0.6 0.80.2 1
f1

Figure 8: PFs obtained by seven algorithms on ZDT6.

PFs produced by NSGA-II and MOEA/D are closer to the
true PF; it can be deduced that NSGA-II and MOEA/D have
the potential to converge to the true PF if the maximum
evaluation is set to a larger number. Only MOQPSO-DSCT,
dMOPSO, and SMPSO can find the true PF. It can be seen
from Figure 12 that the convergence speed of MOQPSO-
DSCT is significantly faster than other algorithms. The values
in Table 3 indicate that MOQPSO-DSCT can find best
convergence and better spread solutions along the entire true
PF than other compared algorithms with the lowest value of
IGD.

ZDT6 is a two-objective function with a nonconvex and
nonuniformly spaced PF. All the algorithms can converge
easily to the true PF. It can be observed from Figure 8 that
SMPSO and MOQPSO-AG cannot push all the solutions
to the true PF. In Table 3, MOQPSO-DSCT, MPSO/D,
dMOPSO, andMOEA/Dhave the similar IGDvalue.Thebest
performance on ZDT6 is dMOPSO with the lowest std value
of IGD.MOQPSO-DSCTperforms the second best onZDT6.

DTLZ2 is a three-objective function with a spherical PF.
As shown in Figure 9, the PFs obtained by dMOPSO are far
away from the true PF; MOQPSO-DSCT and NSGA-II have



Complexity 15

0 0

MPSO/D

f1f2 f1
f2 f1

f2

1 1
2 2

MPSO/D
True Pareto Front

00

MOQPSO-AG

1 1
22

MOQPSO-AG
True Pareto Front

0 0

dMOPSO

1 1
2 2

dMOPSO
True Pareto Front

00

SMPSO

11
22

SMPSO
True Pareto Front

00

NSGA-II

1 1
22

NSGA-II
True Pareto Front

0 0

MOEA/D

1 1
22

MOEA/D
True Pareto Front

00

MOQPSO-DSCT

11
2 2

MOQPSO-DSCT
True Pareto Front

f1
f2 f1f2 f1

f2

f1
f2

0

0.5

1

1.5
f 3

0

1

2

3

f 3

0

0.5

1

1.5

f 3

0

0.5

1

1.5

f 3

0

0.5

1

1.5

f 3

0

0.5

1

1.5

f 3

0

0.5

1

1.5

f 3

Figure 9: PFs obtained by seven algorithms on DTLZ2.

similar performance such that they can converge to the true
PF but cannot make solutions spread well along the entire
PF; MOQPSO-AG and SMPSO can find the true PF but fail
to obtain a set of satisfactory solutions. It can be seen from
Table 3 and Figure 9 that both MOEA/D and MPSO/D can
not only converge easily to the true PF but also generate
a set of well-distributed solutions. MOEA/D performs best
on DTLZ2 with the lowest IGD value and MOQPSO-DSCT
performs the third best on DTLZ2.

DTLZ5 and DTLZ6 are all 3-objective functions that test
the ability to converge into a degenerated curve and the search
ability in disconnected area, respectively. As shown in Figures

10 and 11, NSGA-II and SMPSO can converge to the true PF
but cannot keep the distribution of the solutions; MPSO/D,
MOEA/D and dMOPSO all have a bad performance on
DTLZ5 andDTLZ6.MOQPSO-AGhas good performance on
DTLZ5while it cannot push all the solutions to the true PF on
DTLZ6.The values in Table 3 indicate that MOQPSO-DSCT
performs significantly better than other algorithms.

4.4. The Comparison of the Diversity of the Solutions. The
diversity of the nondominated solutions set indicates the
number of the nondominated solutions obtained by the algo-
rithm and the distribution of the nondominated solutions
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Figure 10: PFs obtained by seven algorithms on DTLZ5.

set. To measure the diversity of the nondominated solutions
set, SP (Spacing Metric) [38] is introduced as an indicator.
Let 𝐴 = (𝑎1, 𝑎2, . . . , 𝑎|𝐴|) be the nondominated solutions set
obtained by the algorithm, so the indicator SP can be defined
as

𝑆𝑃 = √ 1|𝐴| − 1
|𝐴|∑
𝑖=1

(𝑑 − 𝑑𝑖)2 (21)

where 𝑑𝑖 = min|𝐴|𝑗=1{∑𝑘𝑙=1 |𝑓𝑙(𝑎𝑖) − 𝑓𝑙(𝑎𝑗)|}, 𝑖 = 1, 2, . . . , |𝐴|; |𝐴|
is the size of 𝐴; 𝑑 is the mean value of 𝑑𝑖(1 < 𝑖 < |𝐴|); 𝑘 is the

number of the objectives. A value of zero for SPmeans a good
diversity of the nondominated solutions set. To demonstrate
that the double search strategy inMOQPSO-DSCT canmake
the particles find more nondominated solutions and improve
the diversity of the nondominated solutions set, we will
compare the SP values of MOQPSO-DSCT and MOQPSO-
AG on each test function. To highlight the effectiveness of
the double search strategy, the value of 𝑡𝑝 will be set to 0 to
exclude the influence of the circular transposon mechanism
on the diversity of the nondominated solutions set. 30 test
runs are done for each algorithm. Themean and std values of
SP are shown in Table 4, where the best values are highlighted
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Figure 11: PFs obtained by seven algorithms on DTLZ6.

in bold and italic font. It can be seen from Table 4 that
MOQPSO-DSCT get the best results in all test functions.
Therefore, the double search strategy can be said to have the
ability to improve the diversity of the nondominated solutions
set.

4.5. Discussion on Probability Parameter. In our proposed
algorithm, parameter 𝑡𝑝 is used to control the frequency of

the implementation of the circular transposon mechanism,
which directly influences the information exchange ability
of the particles in the archive. The mean values of IGD
obtained by MOQPSO-DSCT with 𝑡𝑝 changing from 0 to
1.0 for ZDT1, ZDT2, ZDT3, ZDT4, ZDT6, DTLZ2, DTLZ5,
and DTLZ6 are shown in Figure 13. 30 test runs are done for
each test function. It can be seen that some test functions
are insensitive to the change of 𝑡𝑝, such as ZDT1, ZDT2,
ZDT3, DTLZ2, and DTLZ5. It can be observed from Figures
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Figure 12: The convergence curves of seven algorithms on each test function.
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14 and 15 that the value of 𝑡𝑝 has a great influence on
ZDT4, ZDT6 and DTLZ6. MOQPSO-DSCT will not find
the true PF of ZDT4 and some solutions cannot be pushed
to the true PF of ZDT6 if 𝑡𝑝 is set to 0. The convergence
speed of MOQPSO-DSCT on DTLZ6 can be greatly reduced
without this mechanism. It can be seen from Figure 14 that
the logarithm of IGD values of MOQPSO-DSCT on all test
functions almost has nodifferenceswith 𝑡𝑝 changing from0.2
to 1.0, but the computing resources will be severely consumed
if 𝑡𝑝 is set to a large value. Therefore, the value of 𝑡𝑝 is set to
0.2 in this paper.

5. Conclusions

In this paper, an improved multiobjective quantum-behaved
particle swarm optimization based on double search strategy
and circular transposon mechanism (MOQPSO-DSCT) was
proposed. In MOQPSO-DSCT, the double search strategy
with a search probability parameter 𝑠𝑝was used to update the
position of all the particles. To help the particles escape from
local optimal, opposition-based learning was introduced
to construct a better attractor for each particle when its
personal best position is equal to the global best position.
The double search strategy can make the algorithm generate
more solutions for MOPs. Then, the circular transposon
mechanism was added to the external archive to exchange
useful information betweenparticles, which greatly improved
the convergence accuracy of the algorithm and made the
true PF be covered with the nondominated solutions evenly
and dispersively. The experiment results have demonstrated
the best performance of MOQPSO-DSCT in most MOPs
when comparing with other multiobjective optimization
algorithms. However, the experiment results on 3-objective
problems (DTLZ function sets) are worse than the results
on 2-objective problems (ZDT function sets) and 3-objective
optimization problems are less involved in this paper. There-
fore, our next improvements will be aimed at 3-objective
problems. The future work will include two aspects. Firstly,
some information hidden in the swarm will be considered
to guide the particle to select the appropriate search pattern
instead of introducing a new search probability parameter,
because the new parameter will increase the complexity
of designing the algorithm and adjusting the parameter.
Secondly, this algorithm will be applied to solve some real-
world problems on gene selection. For example, our proposed
algorithm will be combined with other classical machine
learning algorithms to deal with a multiobjective optimiza-
tionmodel with two problems about how to obtain predictive
geneswith lower redundancy and higher prediction accuracy.
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Tool geometric parameters have a huge impact on tool wear. Up to now, there are only a few researches on tool geometric
parameters and optimization, and the single objective function of parameter optimization used by researchers during high-speed
machining (HSM) mainly is the minimum cutting force. However, the elevated cutting temperature also greatly affects tool wear
due to the numerous cutting heat generation. Thus, to reduce tool wear, it is the most fundamental approach to taking into
account the comprehensive control of the cutting force and cutting temperature because they are the two most important
physical quantities in metal cutting processes. This work proposes a new optimization idea of the cutting-tool’s multi geometric
parameters (three main parameters: rake angle, clearance angle, and cutting edge radius) with two objective functions (the
cutting force and the temperature). Based on the response surface method (RSM), we have established the modified functional
relation models of the influence of tool geometric parameters on the cutting force and temperature according to the finite
element simulation results in high-speed cutting of Ti6Al4V. Then the models are solved by using a genetic algorithm, and the
optimal tool geometric parameters values that can concurrently control the two objectives in their minimum values are
obtained. The advantages lie in the strategy of the separate models of the cutting force and cutting temperature owing to their
different dimensions and the solution of the models through giving the cutting force and cutting temperature different weight
coefficients. The optimal results are verified by experiments, which shows that the optimal tool geometric parameters are very
effective and vital for ensuring both the cutting force and the cutting temperature not too high. This work is of great significance
to the cutting tool design theory and its manufacturing for reducing tool wear.

1. Introduction

In a metal cutting process, a cutting tool is the most direct
factor affecting the cutting process. The cutting force, cut-
ting heat, tool life, and surface quality of the workpiece are
closely related to the tool geometric parameters. Ai et al.
[1] pointed out that the tool geometric parameters have
a tremendous influence on the tool durability. Denkena
and Biermann [2] believed that tool life and performance
are decisively determined by cutting edge geometry. On
the premise of some fixed factors such as machine tools,
cutting tool material, workpiece material, and cutting
parameters, tool geometric parameters will influence the
cutting performance of the cutting tool, prolong tool life,
and greatly improve productivity.

Up to now, there are only a few researches on tool
geometric parameters and optimization of high-speed
machining (HSM), and the single objective function of
parameter optimization for reducing tool wear used by
researchers mainly is the minimum cutting force. Lo [3] con-
ducted cutting simulations under different tool rake angles to
explore the effect of the tool rake angle on cutting force in
machining of oxygen-free high conductivity copper (OFHC).
The findings indicate that an increase in the tool rake angle
leads to a decrease in the cutting force and the cutting-force
reduction is most evident as the rake angle increases from
10° to 15°. Wyen and Wegener [4] investigated the influence
of the cutting edge radius on cutting forces in machining
titanium, and the results show that the cutting force compo-
nents increase with the increase of rounded cutting edges.
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However, tool geometry involves more than one, such as
other basic and important tool angles including the rake
angle and clearance angle, so we need to further deal with
cutting-tool’s multi parameter problems. Saglam et al. [5]
studied the effect of rake angle and approaching angle (main
cutting edge angle) on the main cutting force and tool tip
temperature while machining AISI 1040 steel hardened at
HRC 40 and found that the optimum approaching angle is
75° and the rake angle is 12° by considering the cutting force
and temperature together. This conclusion is meaningful and
referable for the research of metal cutting principle, but since
the cutting process is quite complicated, the absence of the
clearance angle will significantly affect the magnitudes of
the cutting force and cutting zone temperature. It is necessary
to explore the comprehensive influence of tool’s multi geo-
metric parameters on the cutting force and temperature in
the cutting process. Sultan and Okafor [6] investigated the
effects of four geometric parameters (the wavelength, wave
magnitude, axial shift of the linear part, and the helix angle
of the wavy cutting edges) of wavy-edge bull-nose helical
end-mill (WEBNHE) on cutting force prediction in end-
milling. As far as the helix angle of the cutting edge is con-
cerned, the result shows that increasing the helix angle of
the wavy cutting edges of the WEBNHE from 25° to 30° will
decrease the magnitudes and ranges of the cutting force com-
ponents Fy (in the feed direction) and Fx (radial direction)
and the resultant cutting force FR, but does not affect the cut-
ting force component Fz (axial direction) significantly. And
increasing the helix angle from 30° to 35° will not signifi-
cantly affect any cutting force components. This indicates
that the helix angle has an optimal value that needs further
study. It was found by Kountanya et al. [7] that edge radius
did not alter the chip geometry during hard turning of
100Cr6 (HRC60) but machining forces decreased with the
increase of cutting speed and chip formation frequency.
Bouzakis et al. [8] obtained that a cutting performance in
milling Inconel 718 and Ti6Al4V is improved by increasing
the wedge radius because of a significant cutting edge load
reduction. However, it is expected to give more attention
and further study on the effect of edge rounding on the
cutting processes.

In respect of the tool geometric parameter optimization,
Pan et al. [9] studied on the optimization of one tool geomet-
ric parameter (helix angle of end milling tool) and cutting
parameters (axial and radial depth of cut) for high-speed
milling aviation aluminum alloy with minimum cutting force
as a single objective function. This work depicted that when
axial and radial depth of cut were in the ranges of 5–7mm
and 3–5mm, respectively, the helix angle of end milling tool
between 35° and 40° could acquire a minimum cutting force.
Wan et al. [10] studied the working mechanism of peripheral
milling tool’s helix angle on peak cutting force through strict
analytical formulation. The conclusion is that the optimal
helix angle corresponding to the minimum peak cutting force
can be designed according to the axial depth of cut, the num-
ber of flutes, and the diameter of the milling cutter. Mia et al.
[11] explored the optimization of the minimum quantity
lubrication (MQL) flow rate for the minimum cutting force
and surface roughness in end milling of hardened steel

(HRC40), and the grey-based Taguchi method suggested that
a flow rate of 150ml/h ensures the minimum cutting force
and surface roughness. But the complex relation between
the cutting force and the surface roughness is yet hardly
defined and the attention needs to be paid by researchers in
a future work.

It is noteworthy that in a high-speed machining process,
when the cutting force is the minimum, the tool wear degree
is not necessarily in direct proportion to it. Narutaki [12]
investigated the change rule of cutting temperature and
cutting force in the turning of the titanium alloy Ti6Al4V
in the speed range of 20–200m/min. It is found that at
this range the change of cutting force is not significant
with the increase of the cutting speed, but the cutting tem-
perature is very high and even exceeds 1000°C at the speed
of 200m/min. This indicates that the cutting temperature
is the main reason of cutting tool wear.

A considerable research effort has been made on the
cutting temperature in metal cutting. Abukhshim et al. [13]
stated that high cutting temperatures strongly influence tool
wear and contribute to the thermal deformation of the cut-
ting tool. Jiang et al. [14] hold that cutting temperature is a
key factor which directly affects tool wear, so they conducted
the analytical modeling of tool and workpiece temperatures
and experimental investigation in the interrupted cutting of
1045 steel. The results showed that there exists a critical
cutting speed for the workpiece temperature and tool insert
temperature, respectively, and the peak temperature of the
workpiece appears at 1500m/min, while the peak tool insert
temperature appears at 1250m/min approximately. Xie et al.
[15] experimentally studied the cutting temperature and
cutting force in dry turning of titanium alloy using tools with
microgrooves on the rake face, and it is shown that micro-
grooves on the tool rake surface contribute to the decrease
of cutting temperature by 103°C and more against a tradi-
tional plane tool. And the 25μm depth microgrooved tool
decreases cutting temperature and cutting force more greatly
in larger material removal rate of turning.

Shaw [16] presented (1) of the cutting temperature
as follows:

q ≈ Ec
vd
λρc

, 1

where Ec is the specific cutting energy; v is the cutting
speed; d is uncut chip thickness; and λ, ρ, and c are the
thermal conductivity, density, and specific heat of the work-
piece material, respectively.

Since both the density ρ and thermal conductivity λ
of Ti6Al4V material are much smaller among the metallic
materials, ρ=4.43 g/cm3 (by contrast, the density of iron
is 7.87 g/cm3), λ=6.8W/m·K (at the temperature of
20°C) (for iron, λ=76.2W/m·K), and c=0.5263 J/g·°C (for
iron, c=0.44 J/g·°C). So Ti6Al4V material has very large
(λρc)−1/2. This means that the cutting temperature in
machining of Ti6Al4V can be very high. Therefore, the
cutting temperature is an indispensible aspect when we study
the cutting process of titanium alloy Ti6Al4V.
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From the above literature, we know that the cutting force
and the cutting temperature are two important physical quan-
tities which are independent and interact with each other. The
cutting force directly affects the generation of the cutting heat,
and in turn, the cutting heat affects the cutting temperature.
When the cutting temperature is high, the thermal softening
of the workpiece material will occur and the cutting force
will decrease. Meanwhile, tool materials may diffuse to the
workpiece, which will cause chemical wear of the tool and
shorten the tool life. Thus, to prolong the tool life in high-
speed machining of difficult-to-cut materials, only the cutting
force and the cutting temperature are considered together and
control both within their optimum values, respectively, can
the cutting ability of the cutting tool be ensured.

Therefore, the purpose of this work is to study the
multiobjective optimization of cutting-tool’s multi geometric
parameters (rake angle, clearance angle, and cutting edge
radius of cutting tool) in high-speed machining of Ti6Al4V.
Taking cutting force and cutting temperature as multiobjec-
tive functions, functional relations of the influence of tool
geometric parameters on the cutting force and cutting tem-
perature using response surface method (RSM) are estab-
lished based on finite element (FE) simulation results of
high-speed cutting of Ti6Al4V under different levels of cut-
ting tool geometric parameters. Then the optimized tool geo-
metric parameters are calculated, such that both the cutting
force and temperature are concurrently controlled.

2. FE Simulation of High-Speed
Cutting of Ti6Al4V

During the cutting process, the workpiece material undergoes
severe plastic deformation, and the process is characterized by
“three highs,” that is, a high temperature which results in
thermal softening of the material and high strain and high
strain rate which cause the material hardening. Hence, it is a
process with a thermal-mechanical coupling effect. The two-
dimensional orthogonal cutting model that considers this
effect is established by using professional cutting simulation
software AdvantEdge, illustrated in Figure 1. The workpiece
is a rectangle, which is 5mm in length and 2mm in width,
and the workpiece is set as a deformable body. For the cutting
tool, we only focus on its force and the heat situation without
considering the deformation, so it is assumed to be a rigid
body. The adaptive triangular mesh element is used. In the
cutting process, the workpiece is fixed and the cutting tool
moves horizontally from the right to the left.

Since Johnson-Cook (J-C) empirical constitutive model
takes into account the work hardening, strain rate hardening,
and thermal softening of the workpiece material during high-
speed cutting, J-C failure model can be used not only as the
chip separation criterion but also as its fracture model. There-
fore, the J-C material constitutive model and J-C failure model
are adopted, which are represented in (2) and (3), respectively.

σ = A + B εpl
n

1 + C ln
ε
pl

ε0
1 −

T − T0
Tmelt − T0

m

,

2

where σ is the flow stress, εpl the equivalent plastic strain; ε
pl

the equivalent plastic strain rate (s−1), and ε0 the reference
plastic strain rate (s−1). Coefficient A (MPa) is the yield
strength, B (MPa) the hardening modulus, C the strain rate
sensitivity coefficient, n the hardening coefficient, and m the
thermal softening coefficient. T (°C) is the work temperature,
Tmelt is the melting temperature of the work material, and
T0 (20

°C) is the room temperature.

εplf = d1 + d2 exp
d3σn

σMise
1 + d4 ln

ε
pl

ε0

1 + d5
T − T0

Tmelt − T0
,

3

where εplf is the failure plastic strain for damage initiation,
d1~d5 are failure parameters which can be determined by
experiments, σn is the pressure stress, σMise is the Mises stress,

and ε
pl
and ε0 are defined above in (2).

The parameters of the J-C constitutive model and failure
model for Ti6Al4V are listed in Table 1 (Lee and Lin [17])
and Table 2, respectively.

The thermodynamic parameters of Ti6Al4V are as
follows: hardness HB 320; Young’s modulus 108 (Gpa);
Poisson’s ratio 0.33; shear strength 760 (Mpa); yielding
strength 860 (Mpa); specific heat 526.3 (J/kg); thermal
conductivity 6.8 (W/m·K) (20°C), 8.7 (200°C), and 11.8
(500°C); linear expansion rate 9.1E− 6 (m/m) (20° C), 9.2E
− 6 (250°C), and 9.7E− 6 (500°C); and melting point 1650
(°C). The thermodynamic parameters for carbide cutting tool

v
c

Cutting tool

Workpiece

Y

X

Figure 1: FE simulation model.

Table 1: J-C constitutive parameters for Ti6Al4V alloy.

Material A (Mpa) B (Mpa) n m C

Ti6Al4V 782 498 0.28 1 0.028

Table 2: J-C failure parameters for Ti6Al4V [18].

d1 d2 d3 d4 d5
−0.09 0.25 −0.5 0.014 3.87
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are as follows: Young’s modulus 640 (Gpa); Poisson’s ratio
0.22; linear expansion rate 4.5E− 6 (m/m); specific heat
220 (J/kg); and thermal conductivity 75.4 (W/m·K).

The friction coefficient μ between the tool and the work-
piece is taken as μ = 0 45, which is obtained by calculations;
the initial temperature of the cutting system is set as 20°C.

2.1. Scheme of Orthogonal Cutting Simulations. To study the
influence of tool geometric parameters on the cutting force
and cutting temperature, tool geometric parameters should
be variables, and the three factor-five level orthogonal
experimental scheme is designed, as presented in Table 3.
The cutting speed vc and the feed rate f are fixed values:
vc =122.5m/min and f =0.085mm/rev, respectively. They
are the maximum speed and the maximum feed rate that
the cutting tool has cutting ability according to the corre-
sponding specifications of the lathe used in the experiments
(see Section 5).

2.2. FE Simulation Results of the Chip Shape and Cutting
Force. Table 4 presents the orthogonal array of tool geometric
parameters based on the experimental conditions in Table 3
by using Taguchi’s method, because it is difficult to graphi-
cally display the variation trend of multiobjectives with the
concurrent changes of three parameters. Therefore, we study
the influence laws of the single parameter on single objec-
tive first and then combine them to describe the complex
relations with mathematical models.

In Table 4, Fx is simulated main cutting force; Fy simu-

lated thrust force; F simulated total cutting force; F̂ predicted
cutting force by the optimization model; εF cutting force
prediction error; T simulated cutting temperature; T̂ pre-
dicted cutting temperature by the optimization model; εT
cutting temperature prediction error.

During high-speed machining of Ti6Al4V, serrated chips
are always obtained under various different cutting condi-
tions, and all finite element simulations show that when
two of tool geometric parameters keep unchanged, the varia-
tion trends of cutting forces and cutting temperatures are
almost the same with the change of the remaining one.
Therefore, we give only one typical case of all simulation
results, shown in Figures 2, 3, 4, 5, and 6, respectively.
Figures 2–4 show the simulated chip shapes at different
geometric parameters. The simulated cutting forces in a
steady state are listed in Table 4.

As can be seen from Figure 2, the serrated degrees of the
chip vary significantly with the change of the rake angle, and
the small rake angle will increase the serrated degree. It can

be seen from Figure 3 that when other conditions keep
unchanged (γo=10

°, rε=0.07mm), the chip shapes have a
little change at different clearance angles. Figure 4 shows that
the larger the cutting edge radius is, the more obvious the
saw-tooth phenomenon is. The saw-tooth chip will result in
high-frequency periodic vibration of the machine tools,
hence cause cutting force change periodically. As a result,
the tool wear increases.

Figure 5 illustrates the change trend of cutting forces at
different tool geometric parameters under single factor
condition (one parameter varies, and the others remain
unchanged). Figure 5(a) shows that main cutting force Fx ,
thrust force Fy, and total cutting force F have the same
decrease trend with the increase of the rake angle γo. This is
because the tooltip becomes sharp and the cutting becomes
easy when γo increases. Also, the total force has a linear
relationship with γo. It can be seen from Figure 5(b) that
the main cutting force Fx has no obvious change when the
clearance angle αo increases from 2° to 10° and the thrust
force Fy is greatly influenced by αo. With the increase of αo,
Fy decreases obviously. The total cutting force F varies slowly
with the increase of αo, and there is a linear relationship
between them. The role of the cutting edge radius is to
increase the strength of the tooltip that is directly involved
in cutting. Figure 5(c) shows that Fx, Fy , and F increase with
the increase of the cutting edge radius rε and Fy is the most
affected by rε. It can be seen that F basically has a quadratic
relation with rε.

2.3. FE Simulation Results of the Cutting Temperature. The
cutting tool directly cuts the material, and its geometric
parameters are the important factors that affect the cutting
temperature. The simulated average cutting temperature
results at a steady state are presented in Table 4. Figure 7
shows the temperature field distributions at a given cut-
ting condition (γo=15

°, αo=10
°, and rε=0.07mm). From

Figure 7, we can see that the highest cutting temperature
is distributed near the tooltip.

Figures 6(a)–6(c) show the simulated cutting tempera-
tures at different geometric parameters under a single factor
condition.

From Figure 6(a), we can see that the temperatures of the
chip and the machined surface decrease with the increase of
the tool rake angle. This is because during the cutting
process, the increase of the tool rake angle makes the cutting
tool sharp and the metal deformation of the cutting layer
decreases; thus, the heat generation reduces. In Figure 6(b),
the temperatures decrease as the clearance angle increases.
This is because the increase of the tool clearance angle can
reduce the contact length between the tool flank and the
machined surface, and the contact friction becomes small
and the corresponding heat generation goes down. However,
when the tool clearance angle increases to a certain degree
(αo> 6

°), the influence of the contact length will weaken.
Figure 6(c) shows the temperatures increase with the increase
of the cutting edge radius. This is directly related to the blunt
cutting edge, which causes the increase of heat generation. It
can also be seen that when rε> 0.1mm, the temperature

Table 3: Cutting tool geometric parameters.

Level
Rake angle

γo (
o)

Clearance angle
αo (

o)
Cutting edge radius

rε (mm)

1 0 2 0.01

2 5 4 0.04

3 10 6 0.07

4 15 8 0.1

5 20 10 0.13
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curves become flat and even show a declining trend, which is
due to the increase of the heat dissipation volume of the
tool tip or the improved heat dissipation condition in
the cutting zone.

3. The Establishment of Mathematical
Model for Tool Geometric
Parameter Optimization

In metal cutting simulation, the flow stress behavior of the
workpiece material in the cutting region and the friction at

the tool-chip interface are the two main factors, which
are described by Childs et al. [19] and Ozel [20]; among
these, the constitutive parameters of the workpiece mate-
rial have been determined by experiments (Table 1), and
the friction coefficient at the tool-chip interface is derived
through our previous study related to this work by using
FE analysis and experiments. Therefore, we can prelimi-
narily believe that to a certain degree the above FE
modeling and analysis results in this work are correct.
(To reduce the experiments and the cutting tool sharpen-
ing, the verification experiments of the FE model will be

Table 4: Simulated and predicted results in high-speed cutting of Ti6Al4V.

No.
Combination Simulated results Predicted results Errors

γo (
°) αo (

°) rε/mm Fx/N Fy/N F/N T/°C F̂/N T̂/°C εF/% εT /%

1 0 2 0.01 606 250 655.5 548 652.2 599.7 0.5 9.4

2 0 4 0.04 565 321 649.8 568 632 602.5 2.7 6.08

3 0 6 0.07 555 402 682.8 655 657.8 621.7 3.6 5.08

4 0 8 0.1 543 503 740 630 729.5 657.3 1.4 4.33

5 0 10 0.13 574 606 834.6 670 847.2 709.1 1.5 5.84

6 5 2 0.04 521 290 596 620 622.8 609 4.5 1.77

7 5 4 0.07 537 400 669 700 649.6 622.2 2.9 11.11

8 5 6 0.1 534 490 724 635 722.3 651.8 0.2 2.64

9 5 8 0.13 575 602 832 780 841 697.6 1.08 10.56

10 5 10 0.01 569 220 610 625 616.2 609 1.01 2.55

11 10 2 0.07 510 374 632 670 644.9 633.9 2.05 5.38

12 10 4 0.1 529 489 720 640 718.7 657.4 0.18 2.73

13 10 6 0.13 558 561 791 710 838.4 697.3 6 1.78

14 10 8 0.01 563 204 598.8 595 600.5 583.7 0.28 1.9

15 10 10 0.04 513 247 569 575 588.4 616.6 3.5 7.23

16 15 2 0.1 521 475 705 710 718.7 674.4 1.95 5.01

17 15 4 0.13 582 621 851 690 839.5 708.3 1.35 2.65

18 15 6 0.01 530 177 558 600 588.4 569.6 5.4 5.07

19 15 8 0.04 493 253 554 520 577.7 596.4 4.3 14.7

20 15 10 0.07 502 373 625 660 613 639.6 1.9 3.08

21 20 2 0.13 566 587 815 700 844.1 730.5 3.6 4.35

22 20 4 0.01 497 152 519 570 579.9 566.7 11.73 0.59

23 20 6 0.04 504 286 579 601 570.2 587.5 1.52 2.08

24 20 8 0.07 550 324 595 639 606.5 624.8 1.93 2.23

25 20 10 0.1 530 487 719 656 688.7 678.3 4.22 3.4

(a) γo = 0° (b) γo = 5° (c) γo = 10° (d) γo = 15°
(e)

γo = 20°

Figure 2: Chip shapes at different rake angles (αo= 6
°, rε= 0.07mm).
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carried out after the optimal tool geometric parameters
are obtained.)

Based on simulated cutting force and cutting temperature
results, we use the response surface method (RSM) to estab-
lish the mathematical model of tool geometric optimization.

3.1. Response Surface Method (RSM). The RSM is a statistical
data processing method based on experimental design
and a number of experimental data, which uses multi-
variable linear or quadratic regression equations to fit
the functional relationship between the response and

(a) αo = 2° (b) αo = 4° (c) αo = 6° (d) αo = 8° (e) αo = 10°

Figure 3: Chip shapes at different clearance angles (γo= 10
o, rε= 0.07mm).

(a) rε = 0.01mm (b) rε = 0.04mm (c) rε = 0.07mm

(d) rε = 0.10mm (e) rε = 0.13mm

Figure 4: The chip shape at different cutting edge radii (γo= 10
°, αo= 6

°).
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Figure 5: The influence of geometric parameters on cutting force: (a) at different rake angles (αo= 6
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the experimental factors to establish a mathematical
model. The response surface method finds out the relation
model between the variables and the response in the way
of the fitting surface. If the model is fully approximated
to the actual relation, then the distribution of the fitting
surface is approximately equal to the actual characteristic
of the response.

Assuming there are independent experimental factors
xi (i = 1, 2,… , n), they have a relationship of the second-
order response surface model with the response ŷ, as
presented in

ŷ = β0 + 〠
n

i=1
βixi + 〠

n

i=1
βiix

2
i + 〠

n

i=1
〠
k

j=1
βijxixj + εy, 4

where βo is a constant, βi are linear term coefficients, βii
are the quadratic term coefficients, βij are the interaction
term coefficients, and εy is the fitting error.

The undetermined coefficients β0, β1,… , βn can be
determined by using formula (5) based on the observed
experimental data x11, x21,… , xn1, y1 ,… , x1k, x2k,… ,
xnk, yk , and

β = β0, β1, β2,… , βn
T = xTx −1xTy, 5

where,

x =

1, x11, x21,… , xn1,… , x n−1 1xn1

1, x12, x22,… , xn2,… , x n−1 2xn2

1, x1k, x2k,… , xnk,… , x n−1 kxnk

,

y =

y1

y2

yn

6

3.2. The Establishment of Mathematical Model of Cutting
Force and Cutting Temperature. From the analysis of
Figure 5, it can be seen that the relationship between the
tool rake angle and the cutting force can perform linear
fitting, the clearance angle has the same linear relation
with the cutting force, and the cutting edge radius and
the cutting force can be fitted in quadratic relation. Based
on the analysis of Figure 6, the influence of the rake angle
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Figure 6: The influence of tool geometric parameters on cutting temperature: (a) at different rake angles (αo= 6
°, rε= 0.07mm); (b) at
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Figure 7: Temperature field distributions.
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on temperatures has obvious linear characteristics, and the
temperatures roughly display the parabolic shape with the
change of the clearance angle and the cutting edge radius.
Therefore, when establishing the mathematical model of
cutting temperature, the rake angle should be kept linear
terms, and the clearance angle and cutting edge radius
should be kept quadratic terms. Thus, when the second-
order RSM is used to establish the mathematical model
of the cutting force and the cutting temperature, the
matrix x in formula (6) should be modified, as shown in
formulas (7) and (8), respectively.

xF =

1, γo1, αo1, rε1, r2ε1, γo1αo1, γo1 rε1, αo1rε1

1, γo2, αo2, rε2, r2ε2, γo2αo2, γo2 rε2, αo2rε2

1, γo25, αo25, rε25, r2ε25, γo25αo25, γo25 rε25, αo25rε25

,

7

xT =

1, γo1, αo1, rε1, α2o1, r2ε1, γo1αo1, γo1rε1, αo1rε1

1, γo2, αo2, rε2, α2o2, r2ε2, γo2αo2, γo2rε2, αo2rε2

1, γo25, αo25, rε25, α2o25, r2ε25, γo25αo25, γo25rε25, αo25rε25

8

According to the orthogonal test scheme of three
factor-five level in Table 4, there are three independent
experimental factors (γo, αo, and rε), so substituting n = 3
into formula (4), let

x1 = γo,

x2 = αo,

x3 = rε,

β0 = b0,

β1 = b1,

β2 = b2,

β3 = b3,

β11 = b4,

β22 = b5,

β33 = b6,

β12 = b7,

β13 = b8

9

By replacing the response ŷ in formula (4) with the
cutting force F̂ and the cutting temperature T̂ , the
mathematical models between the two responses and tool

geometric parameters (γo, αo, and rε) can be obtained,
respectively, as presented in

F̂ = b0 + b1γo + b2αo + b3rε + b4r
2
ε + b5γoαo + b6γorε + b7αorε = xFbF ,

T̂ = b0 + b1γo + b2αo + b3rε + b4α
2
o + b5r

2
ε + b6γoαo + b7γorε + b8αorε = xTbT

10

The expressions of 25 groups of cutting forces and
temperatures can be obtained by putting 25 groups of
orthogonal simulated data in Table 4 into formula (10).
Therefore, the four expressions of the column vectors can
be written as

F̂ =

F1

F2

F25

,

bF =

b0

b1

b7

,

T̂ =

T1

T2

T25

,

bT =

b0

b1

b8

11

Combining formulas (7) and (8) with (5), matrices are
computed with MATLAB programming, and the least square
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estimation of the coefficient matrices bF and bT in formula
(10) is obtained as follows:

bF = 672 −3 −2 −1851 8 24107 0 27 4 21 T,

bT = 614 −1 −10 1 127 5 1 4407 8 −0 1 25 5 0 T

12

By substituting the two coefficient matrices into formula
(10), the mathematical models of the cutting force and the
cutting temperature are obtained when tool geometric
parameters (γo, αo, and rε) are within the range of the values
in Table 4.

F̂ = 672 − 3 γo − 2 αo − 1851 8 rε + 24107r2ε + 27 4 γorε + 21αorε,

T̂ = 614 − γo − 10 1 αo + 127 5 rε + α2o + 4407 8 r2ε − 0 1 γoαo + 25 5γorε
13

The prediction results of cutting force and cutting tem-
perature using formula (13) are listed in Table 4. We can
see that the prediction results have good agreement with
the simulated results when 0° < γo< 20°, 2° < ao< 10°, and
0.01mm< re< 0.13mm. The average prediction errors of
the cutting force and the cutting temperature are 2.77% and
4.86%, respectively.

4. Optimization of Tool Geometric Parameters
Using Genetic Algorithm

The genetic optimization algorithm is used for randomly
searching the optimal solution of the objective function by
referring natural genetic and selection mechanism in the
restricted area. After generating the initial population,
according to the principle of “survival of the fittest,” succes-
sive generations evolve to produce a better improved approx-
imate solution. In each generation, the individual is selected
according to the individual fitness in the problem domain,
and the population representing the new solution set is
produced by implementing the crossover and mutation of
the genetic operators of natural genetics. This process will
lead to a more environmentally adaptive population than
the previous generation. The optimal individuals in the last
population can be accepted as approximate optimal solutions
after decoding.

The genetic algorithm not only can solve the single
objective optimal problem in a given region but also provide
a perfect solution to some common multiconstraint and
multiobjective optimization problems. Figure 8 is the flow
chart of the improved genetic algorithm.

In formula (13), the cutting force and the cutting
temperature are two objective functions of the optimization
program of the genetic algorithm. For the convenience of
description, three independent variables γo, αo, and rε in
formula (13) are expressed with the variables x1, x2, and x3,
and the dependent variables F̂ and T̂ are expressed with f1
and f2, respectively. Because the cutting force has the differ-
ent dimension from the cutting temperature, so the objective

functions of parameter optimization are separately expressed
in formula (14).

min  f1 = 672 − 3x1 − 2x2 − 1851 8x3 + 24107x23 + 27 4x1x3 + 21x2x3
min  f2 = 614 − x1 − 10 1x2 + 127 5x3 + x22 + 4407 8x23 − 0 1x1x2 + 25 5x1x3

14

The constraint conditions of formula (14) are given with

s t  

0 ≤ x1 ≤ 20

2 ≤ x2 ≤ 10

0 01 ≤ x3 ≤ 0 13

15

The control parameters of the genetic algorithm have
the key effect on the calculation results. They are the
population size (NIND), binary encoding length (PRECI),
genetic generations (MAXGEN) and generation gap GGAP,
and the values are as follows:

Do the termination
conditions meet?

Start

Encode

Calculation of fitness function

Determination of fitness function

Generating initial population

Determination of adaptive value

No

Selection

Judgement of similarity

MutationCross over

Determine the optimal solution

Decode

Output optimal solution

End

Yes

Figure 8: Flow chart of improved genetic algorithm.
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(i) NIND=25; % the number of individuals in the
population

(ii) MAXGEN=20; % maximum genetic generation

(iii) NVAR=3; % the dimension of variables

(iv) PRECI=20; % binary digits of variables

(v) GGAP=0.9; % generation gap

Among these parameters, NIND directly affects the
convergence or computational efficiency of genetic algo-
rithms. Too small size will bring about the convergence to
the local optimal solution, and a large number of individuals
will result in lower computation speed. Population size is
generally selected between 10 and 200 according to the actual
situation. The number of individuals in this work is 25, so
NIND=25. There are three independent variables in the
objective function; thus, NVAR=3. To ensure optimization
accuracy, each variable is represented by 20-bit binary encod-
ing; that is, PRECI= 20. The size of the generation gap will
affect the atavistic heredity of some excellent characteristics
of individuals. The possibility of the destruction of the excel-
lent mode in the population will increase if the generation
gap is large, and the search will tend to randomize; too small
generation gap will make more individuals directly copy to
the next generation, and genetic search may fall into a
stagnant state; in the optimization process, ensure that 10%
of the most adaptable individuals in each generation will
always be transferred to the next generation and 90% of the
new individuals of each generation will be generated. Hence,
the generation gap is determined as GGAP=0.9.

After the above parameters have been determined, it is
found that through running the program, the performance
of the optimization result is best traced when the maximum
genetic generation is 20. Therefore, MAXGEN=20.

In the high-speed machining process, the main factor of
tool wear is the high cutting temperature, and the influence
of cutting force is relatively weak. So in multiobjective opti-
mization, the different weight coefficients are used; i.e., the
weights of f1 and f2 are taken as 0.3 and 0.7, respectively.
After 20 iterations, the result is x1 = 18.5, x2 = 5.6, and
x3 = 0.02; that is, when the tool rake angle γo=18.5

°, clearance
angle αo=5.6

°, and cutting edge radius rε=0.02mm, the
optimal solutions of the cutting force and the temperature
under the above weights are 582.76N and 573.4°C, respec-
tively. The performance tracking of the optimization
program is shown in Figure 9.

5. Experimental Verification of High-Speed
Cutting Titanium Alloy

To verify the validity of the genetic algorithm optimization
results, grooving experiments are conducted according to
the same cutting conditions as the establishment of the
mathematical model of cutting force and cutting tempera-
ture. The experimental devices are shown in Figures 10(a)
and 10(b). Because there is no feed in the axial direction
when grooving, so only two force components, namely,

the main cutting force Fc and the radial thrust force Fr ,
are measured.

Experimental details of the machine tools, thermometer,
dynamometer, workpiece, and cutting tool are shown in
Table 5. The workpiece is the Ti6Al4V cylindrical bar, and
its chemical compositions are listed in Table 6.

Figure 11 shows the waveforms of the cutting force and
the distribution of cutting temperature field, respectively. It
can be seen from Figure 11 that the main cutting force and
the thrust force fluctuate periodically, which is related to
the formation of saw-tooth chip in high-speed cutting of
Ti6Al4V. From Figure 11(b), we can see that during the
cutting process, the current maximum temperature of the
workpiece surface is 285°C.

The basic principle of the infrared thermograph uses
Stefan-Boltzmann law, as presented in

E = εσT4, 16

where E is the radiation energy per unit area of the
radiation unit of an object (W/m2), ε is the radiation
coefficient or the surface radiant rate of radiation unit
(depending on the surface property of the object; for an
absolute black body, ε=1), σ is the Stefan-Boltzmann
constant (σ = 5 76 × 10−8W/m2 ⋅ K4), and T is the surface
temperature (K) of the radiation unit.

The measured temperature with the infrared thermo-
graph is a relative temperature, which lags behind the
actual cutting temperature, but the temperature change
law and dynamic distribution of the workpiece (or tool)
can be obtained based on the heat transfer reverse calcula-
tion method.

Using the cutting edge grinder in the laboratory, the
carbide cutting tool is ground to meet the requirement
according to the optimal tool geometric parameters. Eight
groups of repeated experiments are carried out under the
same condition, and the experimental results are presented
in Table 7. It is found that the errors between the optimal
results and the experimentally measured total cutting force
and cutting temperature are quite small, and the average
errors are about 3%. This proves the validity of the
optimization results. Therefore, the optimized tool geomet-
ric parameter values are ideal, and the cutting force and
the cutting temperature can be concurrently controlled to
the minimum.

6. Discussion

Here, we investigate the optimization of cutting-tool’s multi
geometric parameters (three main tool geometric parameters
including rake angle, clearance angle, and cutting edge
radius) aiming at multiobjectives (two important physical
quantities including cutting force and cutting temperature)
in high-speed machining of Ti6Al4V. Therefore, (1) we study
the influence laws of single parameter on single objective
using finite element simulations first; (2) we combine them
to establish the modified functional relations models between
three tool geometric parameters and two objectives based on
the response surface method (RSM); (3) the models are

10 Complexity



solved using the genetic algorithm, and the optimal tool geo-
metric parameter values that can concurrently control the
two objectives in their minimum values are obtained. The
results show that when the tool rake angle γo=18.5

°, clear-
ance angle αo=5.6

°, and cutting edge radius rε=0.02mm,
the optimal solutions of the cutting force and the cutting
temperature are 582.76N and 573.4°C, respectively. These
optimal values can ensure both the cutting force and the cut-
ting temperature are not too high. This is very beneficial to
the reduction of tool wear.

We conduct finite element simulations of high-speed
machining of Ti6Al4V with 0°, 5°, 10°, 15°, and 20° tool
rake angles, and the findings indicate that an increase of
the tool rake angle from 10° to 15° leads to an obvious
decrease of the cutting force, but the increase of the tool

rake angle from 15 to 20° brings about small changes to
the physical phenomenon (see Figure 5), which is in
accordance with the study of the orthogonal cutting of
oxygen-free high conductivity copper (OFHC) by Lo [3].
To reach the goal of reducing the cutting force so as to
extend tool life, it is recommended that a tool rake angle
of 15° instead of 20° be adopted for cutting [3], and the
optimum rake angle is 12° in machining of AISI 1040 steel
hardened at HRC 40 by considering the cutting force and
temperature together [5], which slightly differs from the
optimal value γo=18.5

° in this work. This is because we
go beyond the single rake angle study of [3] and we
integrate the cutting temperature into the physical phe-
nomena occurring in the actual metal cutting process besides
the cutting force. Furthermore, we study the different
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geometric angles from [5], and the workpiece materials are
also different.

With respect to the study of the effect of clearance angle
αo on cutting force and cutting temperature, so far, there is
no literature available. The reason why our work involves this
angle is that it is a crucial angle in metal cutting pro-
cesses. If the clearance angle equals zero, then the cutting
tool may squeeze the workpiece rather than the machining
of workpiece.

Regarding the influence of cutting edge radius rε on the
cutting force in machining titanium alloy, the results show
that the cutting force components increase with the increase
of rounded cutting edges, which is in line with previous
research [4]. And we also have found that total cutting force
basically has a quadratic relation with rε.

At a theoretical level, an important way of our work is
that we study the comprehensive effects of tool geometric
parameters on physical phenomena of the metal cutting pro-
cess by means of establishing modified mathematical models
according to the dependence of cutting force and cutting
temperature on the three tool geometric parameters based
on the existing response surface method (RSM) instead of
simply using it. This may open the door to future studies
aiming at the influence of more tool geometric parameters
combining with cutting parameters (cutting speed, feed rate,
and depth of cut) on multiphysical phenomena in metal
cutting processes.

From an applied perspective, the optimal tool geometric
parameter values acquired in our work can be used in the tool
design and tool manufacturing for reducing tool wear. It is
feasible because the values are verified valid by experiments
with the carbide cutting tool, which is ground using a grinder
in the laboratory to meet the requirement of the optimal tool
geometric parameters values. Moreover, eight groups of
repeated experiments are carried out under the same condi-
tion. It is found that the errors between the optimal results
and the experimentally measured total cutting force and
cutting temperature are quite small, and the average errors
are about 3% (see Table 7).

7. Conclusions

The conclusions are as follows:

(1) The complex relations between multiparameters
and multiobjectives can be studied by investigation
of the influence laws of a single parameter on
single objective using finite element simulations
first and combine them to establish the modified
functional relation models between multiparame-
ters and multiobjectives based on the response
surface method (RSM)

Table 5: Experimental specifications and conditions.

Name Parameters

Lathe CY6140
Maximum speed 1600 rev/min;

power 7.5 kW

Dynamometer BeiHang SDC-C4M

Infrared thermograph
FLIR T400

Measuring range: −20°C to +1200°C

Workpiece
Ti6Al4V material;

diameter Φ150mm; length 200mm

Cutting condition
v c = 122.5m/min; feed rate

f = 0.085mm/rev

Carbide cutting tool
γo = 18.5o; αo = 5.5

o; rε = 0.02mm;
cutting edge width 2mm

Table 6: The chemical compositions of Ti6Al4V.

Element Al V Ti Fe C N+O

Wt % 5.5–6.8 3.5–4.5 Balance 0.30 0.10 0.57

Workpiece

Cutting tool

Dynamometer

(a) (b)

Figure 10: (a) Experimental setup; (b) infrared thermograph FLIR T400.
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(2) Under considering the constraints, the modified
functional relation models are solved using the
genetic algorithm, and the results show that when
the tool rake angle γo=18.5

°, clearance angle
αo=5.6

°, and cutting edge radius rε=0.02mm, the
optimal solutions of the cutting force and the cutting
temperature are 582.76N and 573.4°C, respectively.
These optimal values can ensure both the cutting
force and the cutting temperature are not too high.
This is very beneficial to the reduction of tool wear

(3) The validity of optimized tool geometric parameter
values is verified by experiments, and the optimal
results have a good agreement with the experimen-
tally measured total cutting force and cutting temper-
ature, and the average errors are about 3%, indicating
that the optimization results are correct and the
multiobjective optimization method of multitool
geometric parameters in this work is feasible
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As a type of skid-steering mobile robot, the tracked robot suffers from inevitable slippage, which results in an imprecise kinematics
model and a degradation of performance during navigation. Compared with the traditional robot, the kinematics model is able to
reflect the influences of slippage through the introduction of instantaneous centres of rotation (ICRs). However, ICRs cannot be
measured directly and are time-varying with terrain variation, and thus, here, we aim to develop an online estimation method to
acquire the ICRs of a robot by means of data fusion technologies. First, an innovation-based extended Kalman filter (IEKF) is
employed to fuse the readings from two incremental encoders and a GPS-compass integrated sensor, to provide a real-time ICR
estimation. Second, a decision tree-based learning system is used to classify the terrains that the robot traverses, according to the
vibration signals gathered by an accelerometer. The results of this terrain classification are improved via a Bayesian filter, by
utilizing temporal correlation in the terrain time series. Third, the performances of the ICR estimation and terrain classification
are mutually promoted. On one hand, terrain variation is detected with the aid of the terrain classification, and therefore, the
process noise variance of IEKF can be automatically adjusted. Hence, the results of ICR estimation are smooth if the terrain
does not change and converge rapidly upon terrain variation. On the other hand, the sudden changes in innovation are used to
adjust the state transition probability during the recursive calculation of the Bayesian filter, thus increasing the accuracy of the
terrain classification. A real-world experiment was undertaken on a tracked robot to validate the effectiveness of the proposed
method. It is also demonstrated that the terrain adaptive odometry outperforms the traditional approachwith the knowledge of ICRs.

1. Introduction

Tracked robots are able to govern their headings by adjusting
the relative speed between the left and right driving wheels
rather than resorting to independent steering mechanisms.
Due to their robustness, the simplicity, and the ability of
zero-radius rotation, tracked robots have become the pre-
ferred all-terrain robots in agriculture, industry, and military.
However, due to the presence of the large contacting patches
between the tracks and the ground, unpredictable slip is inev-
itable, which makes it difficult to build a precise kinematics
model [1]. Because most strategies that concern navigation,
motion control, obstacle avoidance, and route planning
are designed based on the kinematics model, a robot’s per-
formance can be significantly improved by the online

identification of terrain-related slip parameters included
in the kinematics model [2–8]. Therefore, this paper con-
centrates on designing a data fusion approach to acquire
slip parameters in real time.

Due to fact that the instantaneous centres of rotation
(ICRs) of the chassis and tracks are almost constant when
the robot is moving on the same terrain, the ICR kinematics
model (as illustrated in Figure 1) was proposed by introducing
ICRs into the traditional kinematics model of a difference-
driven mobile robot [9]. The ICR locations are able to reflect
a robot’s lateral and longitude slippage, so they can be consid-
ered as a kind of slip parameters, and therefore, we are in the
position to develop an ICR estimationmethod. In [9], two dif-
ferent methods were presented for the offline estimation of
ICRs: the stationary response simulation of the dynamics
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modelwithin thewhole range of velocity, and the genetic algo-
rithm based model parameters extracted from the gathered
readings of sensors. In [10, 11], an empiricalmodel combining
ICRs and a robot’s kinematics state (i.e., the forward speed
and radius of the path curvature) was established experimen-
tally, which has been proven to improve the performance of
dead reckoning significantly. Similarwork in [12, 13] has been
described. The primary issue of these off-line methods is that
the robot-terrain mapping database should be established in
advance, so that the ICR estimation cannot proceed when
the robot enters the terrains which are not included in this
database. Therefore, the current methods are converted to
assist in the development of on-line ICR estimation methods.

Because the states of an ICR kinematics model are com-
posed of the robot’s pose and ICRs, we can estimate the ICRs
by means of pose measurements, which are implemented by
fusing two incremental encoders and a GPS-compass inte-
grated sensor. In [14], an extended Kalman filter (EKF) was
employed to realize the ICR estimation, and its effectiveness
was verified by a number of experiments in which the robot
traverses terrains in different motion patterns. With a more
precise kinematics model, the robot’s trajectory can be
accurately calculated by incorporating the readings from
on-board sensors into the model [15]. However, due to
the uncertainties in the ICR kinematics model and the
linearization-induced errors produced in EKF, the EKF-
based ICR estimation method may lose accuracy or even
become unreliable. The sudden terrain change and variation
kinematics states may result in the degradation of system per-
formance as well. In [16], a strong tracking filter (STF) and
standard Kalman filter were applied to estimate the robot’s
kinematics states and ICRs, respectively.By introducing subop-
timal fading scaling factors, the filtering gain can be adjusted to
guarantee the orthogonality of the innovation series. Hence,
this method has a better state tracking ability and higher
robustness against model uncertainties and state jump. The
work was also accomplished by using a sliding mode observer
and error-tolerant switched robust filter [17, 18].

To the best of our knowledge, the aforementioned
research represents state-of-the-art technologies concerning

ICR estimation. The existing studies focus on the fusion
approach, such as the Kalman filter and its extensions, which
commonly suffer from the following two issues. The process
noise covariance of ICRs should be set as a relatively large
constant to enable the rapid convergence of ICR estimation,
but the ICR estimation results will oscillate significantly
around the true values. On the contrary, to guarantee
smoothness, the process noise covariance should be set to a
relatively small constant at the cost of slow convergence.
Hence, the setup of the process noise covariance faces the
inevitable trade-off between the convergence rate and the
smoothness of the ICR estimation. Second, due to the model
uncertainties rendered by linearization, parameter variation,
and the measurement variance change, the filter-computed
filtering gain may not maintain the optimality, so an adapta-
tion mechanism should be introduced to automatically
adjust the filtering gain.

In this paper, we propose a solution to tackle these issues
by using the terrain-adaptive innovation-based extended
Kalman filter (TA-IEKF). First, an innovation-based Kalman
filter (IKF) is employed to fuse the readings from two incre-
mental encoders and a GPS-compass integrated sensor, to
provide a real-time ICR estimation. Second, a decision tree-
based learning system is utilized to classify the terrain over
which the robot is traversing, according to vibration signals
gathered by an accelerometer. The results of the terrain
classification are improved via a Bayesian filter, by utilizing
temporal correlation in the terrain time series. Third, the
performances of the ICR estimation and terrain classification
are mutually promoted. On one hand, any terrain variation is
detected with the aid of terrain classification, and therefore,
the process noise variance of the IEKF can be automatically
adjusted. Hence, the results of the ICR estimation are smooth
if the terrain does not change and converge rapidly upon ter-
rain variation. On the other hand, the sudden changes in
innovation are used to adjust the state transition probability
during the recursive calculation of the Bayesian filter, thus
increasing the accuracy of the terrain classification.

The remainder of the paper is organized as follows.
Section 2 presents the ICR kinematics model. Section 3
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Figure 1: Schematic of the ICR locations of a tracked robot.
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describes the details of the proposed terrain adaptive
innovation-based extended Kalman filter. Section 4 presents
a real-world experiment and an analysis of its results. A
conclusion is provided in Section 5.

2. ICR Kinematics Model

The section presents the ICR kinematics model for a tracked
robot. As shown in Figure 1, the body coordinate system
(BCS) is assumed to have its origin on the geometric centre
of robot body. The X-axis and Y-axis are aligned with the
longitudinal forward direction and lateral rightward direc-
tion, respectively. The ICR location of the robot body on
the Y-axis, yc, is

yc =
vx
ω
, 1

where vx denotes the robot velocity along the X-axis and ω
denotes the turning rate. The ICR locations of the left and
right tracks on the Y-axis, yℓ and yr, are

yℓ =
vx − vxℓ

ω
, 2a

yr =
vx − vxr

ω
, 2b

where vxℓ and vxr denote the left- and right-track velocities
along the X-axis, respectively. The ICR location of the robot
chassis on the X-axis, xc, is

xc = −
vy
ω
, 3

where vy denotes the robot velocity along the Y-axis. The
ICR locations of the left and right tracks on the X-axis, xℓ
and xr, are

xℓ = −
vy − vyℓ

ω
,

xr = −
vy − vyr

ω
,

4

where vyℓ and vyr denote the left- and right-track velocities
along the Y-axis, respectively.

It is assumed that the rotating tracks do not produce the
track motion along the Y-axis, so vyℓ = vyr = 0, and therefore,
we have

xc = xℓ = xr = −
vy
ω

5

Hence, in the ICR locations of the chassis, the left and
right tracks are on the same line parallel to the Y-axis.

As seen in (1), when the robot moves in a straight line,
i.e., ω = 0, yr ranges within −∞, +∞ . However, the numer-
ators and denominators of (2a), (2b), and (3) are infinitesi-
mals of the same order, which result in bounded values of
yℓ, yr, and xc [9].

Solving the velocities with respect to BCS, i.e., vx, vy, and
ω, from (2a), (2b), and (3), we have

vx =
vryℓ − vℓyr
yℓ − yr

,

vy =
vℓ − vr xc
yℓ − yr

,

ω = −
vℓ − vr
yℓ − yr

,

6

the denominators of which are nonzero values. Here, since
vyℓ = vyr = 0, the superscripts of vxℓ and vxr are discarded,
i.e., vℓ = vxℓ and vr = vxr . The ICRs lie on or outside the tracks’
central lines when slippage does or does not occur [10].
Hence, yℓ − yr ≥ −W where W denotes the robot width.

Now, we are in the position to transform the kinestates
with respect to BCS to those with respect to the world coor-
dinate system (WCS). As illustrated in Figure 2, the E-axis
and N-axis of WCS are eastward and northward, respec-
tively. To establish the ICR kinematics model, the following
assumptions are made:

(i) All tracks are in contact with the ground, so the
robot does not separate from the ground

(ii) The moving plane is planar, so the height, pitch, and
roll are ignored

(iii) All the driving wheels are the same in size, and they
do not suffer from deformation

The kinestates with respect to BCS and WCS can be
related by

e = vx sin θ + vy cos θ,
n = vx cos θ − vy sin θ,

θ = ω,

7
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Figure 2: Coordinate systems on a tracked robot. The blue axes
represent the body coordinate system, and the green ones
represent the world coordinate system.
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where e and n denote the eastward and northward location
coordinate with respect to WCS and θ denotes the heading
angle which is defined by the angle from the N-axis and the
X-axis.

3. Terrain Adaptive IKF

The schematic of the proposed ICR estimation based on
TA-IEKF is illustrated in Figure 3. For the ICR estimation,
we assign a relatively small value to the process noise vari-
ance of ICR, thus to guarantee the estimation smoothness.
At the moment that the terrain changes, a relatively large
value is assigned to the process noise variance of the ICR,
thus accelerating the estimation of the convergence. After
obtaining several sampling points, the previously assigned
value is reassigned to the process noise variance of ICR.
Therefore, the smoothness and rapid convergence of the
ICR estimation can both be guaranteed.

In order to identify the event at which the terrain
changes, we resort to vibration-based terrain classification.
First, the vibration signals for different terrains are gath-
ered by using an accelerometer. After the data segmenta-
tion, feature extraction, and model training, the classifier
is obtained, and therefore, the terrain on which the robot
is moving can be recognized in real time. Among various
classification methods, the efficiency is the primary factor
to be considered, because a tracked robot prefers low
energy consumption and low computational complexity.
Second, the lost accuracy rendered by the employment
of simple features and a weak classifier is compensated
by using a Bayesian filter, based on the temporal correlation
in the terrain time series. To guarantee a higher filtering
accuracy, the diagonal elements of the state transition
probability matrix should be set at a value approximating

to 1. However, massive errors occur at the moment that
the terrain changes. Fortunately, a sudden increase in
innovation is read as a sign indicating terrain variation,
and consequently, the state transition probability matrix
can be adjusted to reduce the error rate. It is noted that
a sudden change in innovation cannot be used to activate
the adjustment in the process noise variation of ICR,
because it is a rough indicator of the terrain variation.
A wrong indicator does not give rise to a large error in
terrain classification, but a significant degradation in
ICR estimation.

et+1

nt+1

θt+1

yℓ,t+1

yr,t+1

xc,t+1

=

et + T
vr,tyℓ,t − vℓ,tyr,t

yℓ,t − yr,t
sin θt +

xc,t vℓ,t − vr,t
yℓ,t − yr,t

cos θt

nt + T
vr,tyℓ,t − vℓ,tyr,t

yℓ,t − yr,t
cos θt −

xc,t vℓ,t − vr,t
yℓ,t − yr,t

sin θt

θt + T
vr,t − vℓ,t
yℓ,t − yr,t

yℓ,t

yr,t

xc,t

+ T ⋅

we,t

wn,t

wθ,t

wℓ,t

wr,t

wc,t

,

8
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Raw acceleration
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Figure 3: Schematic of the proposed terrain adaptive innovation-based extended Kalman filter. TC stands for terrain classification, BF stands
for Bayesian filter, and KF stands for Kalman filter.
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FK+t =

1 0 T
vr,t ŷℓ,t − vℓ,t ŷr,t

ŷℓ,t − ŷr,t
cos θt +

x̂c,t vr,t − vℓ,t
ŷℓ,t − ŷr,t

sin θt

0 1 T
vℓ,t ŷr,t − vr,t ŷℓ,t

ŷℓ,t − ŷr,t
sin θt +

x̂c,t vr,t − vℓ,t
ŷℓ,t − ŷr,t

cos θt

0 0 1

,

9a

FS ,t = T vℓ,t − vr,t

ŷr,t sin θt

ŷℓ,t − ŷr,t
2 −

x̂c,t cos θt
ŷℓ,t − ŷr,t

2
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2

cos θt
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ŷℓ,t − ŷr,t
2

−ŷℓ,t cos θt
ŷℓ,t − ŷr,t
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2

−sin θt
ŷℓ,t − ŷr,t

−1
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2
1
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3.1. ICR Estimation Using Terrain Adaptive IKF. First, the
process model is established as

s = g s, vℓ, vr +w, 10

where s = e, n, θ, yℓ, yr , xv ′. The specific form of (10) is

e = vx sin θ + vy cos θ +we,
n = vx cos θ − vy sin θ +wn,

θ = ω +wθ,
yℓ =wℓ,
yr =wr ,
xv =wv,

11

where w = we,wn,wθ,wℓ,wr ,wv ′ represents an additive
Gaussian white noise vector. Each noise in w is unrelated
to another. Previous research has demonstrated that the
ICR locations are almost constant when moving on the
same terrain, regardless of the robot manoeuvres [14].
Hence, the ICR locations can be modelled as a Markov-
Gaussian stochastic process, that is, the ICR location at
the current sampling point equals the sum of those at
the last sampling point and an additive Gaussian white.

Furthermore, to facilitate the calculation in the digital
devices, we derive the discrete-time form of (10) as

st+1 = f st , vℓ,t , vr,t + Twt , 12

where st = et , nt , θt , yℓ,t , yr,t , xv,t ′ denotes the state vector and
wt = we,t ,wn,t ,wθ,t ,wℓ,t ,wr,t ,wv,t ′~ℕ 0,Q denotes the
process noise vector. The process noise variance Q = diag
q1, q2, q3, q4, q5, q6 = block diag Qk,Qs where Qk = diag
q1, q2, q3 and Qs = diag q4, q5, q6 . The specific form of
(12) is shown in (8), where T denotes the sampling period.

Second, to estimate st , the observation model is
established as

zt =Hst + vt, 13

where zt = ze,t , zn,t , zθ,t ′ denotes the observation vector,
vt = ve,t , vn,t , vθ,t ′~ℕ 0, R denotes the observation noise
vector which is assumed to be Gaussian white noises,
and H = I3×3,O3×3 denotes the observation matrix
where O3×3 and I3×3 denote a 3 × 3 null matrix and
identity matrix, respectively. The observation can be real-
ized by using a GPS-compass integrated sensor, which
provides real-time measurements of robot’s location and
heading. Now st is estimated recursively by using the
following estimation method.

3.1.1. Process Noise Variance Adjustment. Check λ consecu-
tive recognized terrains provided by the Bayesian filter. If
more than half of them are another terrain different from
the current one, Qs is set as diag qmax, qmax, qmax where
qmax is a relatively large value, say 100. Otherwise, Qs is set
as diag qmin, qmin, qmin where qmin is a relatively small value,
say 0 01.

The setup of λ is according to the classification accuracy.
First, λ is an odd. Second, defining the minimum classifica-
tion accuracy by p, the probability that more than λ/2 of
the λ recognized terrains are correct is

ρ = 〠
λ

i= λ
2

λ
i

· pi · 1 − p λ−i 14

Let p = 0 8, then setting λ = 3 can guarantee ρ = 0 9. If
ρ = 0 98 is desired, then λ must be larger than 9.

3.1.2. Priori Estimation. Calculate the a priori estimation
st by

ŝt+1 = f st , vℓ,t , vr,t , 15

and the corresponding error variance by

Pt+1 = FtP̂t Ft′ + LtQLt′ 16

In (16), Ft and Lt denote the Jacobian matrices of
f · , that is,

Ft =
∂f
∂st st=ŝt

=
FK ,t FS ,t

O3×3 I3×3
,

Lt =
∂f
∂wt st=ŝt

= T · I6×6,
17

where On×n and In×n denotes n × n null matrix and
identity matrix, respectively. The specific form of FK ,t
and FS ,t is shown in (9a) and (9b), respectively.
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3.1.3. Posterior Estimation. Calculate the innovation δt+1 by

δt+1 = zt+1 −Hst+1, 18

and its covariance is estimated by

Vt+1 =
1
N

〠
t+1

i=t−N+2
δiδi′ =Vt +

1
N

δt+1δt+1′ − δt−N+1δt−N+1′ ,

19

where N denotes windowing size.
Furthermore, calculate the filtering gain Kt by

Kt+1 = Pt+1H′V−1
t+1 20

Finally, the a posteriori estimation ŝt+1 can be calculated
by

ŝt+1 = st+1 + Kt+1δt+1, 21

coupled with its error variance

P̂t+1 = I6×6 − Kt+1H Pt+1 22

3.2. Vibration-Based Terrain Classification. The vibration
is measured by an accelerometer mounted on the robot
perpendicularly. The vertical acceleration time series
describes the vibration caused by irregular terrain sur-
faces. First, experiments on different terrains should be
conducted to constitute training samples. Second, we use
a decision tree (DT) to learn the relationship between
the vibration and terrain classes. Third, the classifier out-
puts are imported into an adaptive Bayesian filter, thus
increasing the classification accuracy. The following sec-
tions will cover the feature extraction, DT classification,
and Bayesian filter.

3.2.1. Feature Extraction. In [19–21], frequency domain-
based features and deep features are employed in terrain
classification. Using these features may improve the classi-
fication accuracy to some extent. However, their extraction
algorithms are time-consuming and resource-intensive,
which affects the real-time terrain classification imple-
mented at low-performance digital computer. For example,
in order to extract frequency domain-based features, the
Fourier transform, which is relatively complex in computa-
tion, is an essential step. Hence, we extract features in time
domain directly.

Between two successive sampling points, the robot
vibration is measured at an accelerometer every T/n time,

so n samples are obtained. Define at = a 1
t , a 2

t ,⋯, a n
t

as the raw acceleration vector gathered from sampling
point t − 1 to t. Due to the presence of gravity, the accel-
erometer does not detect a pure vibration, but the vertical
acceleration mixed with gravitational acceleration. Owing

to gravity G being relatively stable, which can be read as
a DC component, at is preprocessed by

â i
t = a i

t −G, 23

where ât = â 1
t , â 2

t ,⋯, â n
t is the pure vibration vector.

The feature vector ϕt = ϕ 1
t , ϕ 2

t , ϕ 3
t is extracted from

ât , and its entries are shown as follows:

(i) ϕ 1
t : the number of sign changes

ϕ
1
t = 〠

n

i=2
ζi, 24

where

ζi =
1, if sign â i

t · â i−1
t < 0,

0, if sign â i
t · â i−1

t > 0
25

The case â i
t = 0 is ignored since it is singular. This fea-

ture is an approximation of the frequency of ât .

(ii) ϕ 2
t : the mean of ât

ϕ
2
t = 1

n
〠
n

i=1
â i
t 26

Although the DC component of the raw data has been
eliminated by (23), the mean of ât may considerably diverge
from zero for some course terrain.

(iii) ϕ 3
t : the variance of ât

ϕ
3
t = 1

n
〠
n

i=1
â i
t − ϕ

2
t

2
27

Intuitively, the variance is higher when the terrain
becomes coarser.

3.2.2. DT Classification. The decision tree (DT) is a fre-
quently used machine learning method, the purpose of which
is to establish a tree with high generalization ability. It is
characterized by high classification efficiency and interpret-
ability. A DT can be generated by using a ID3 algorithm.
The core of a ID3 algorithm is to select features on each node
of a DT by applying information gain, and then structuring
the DT recursively. First, starting from the root node, calcu-
late the information gain of all possible features on each
node. Assign the feature with the highest information gain
to the node, and then structure the child node based on dif-
ferent values of this feature. Second, apply the method in step
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1 to the child nodes recursively, until the information gains of
all the features are small or there is no feature that could be
selected, thus structuring a DT. The ID3 algorithm is similar
to the probability model selection using the method of
maximum likelihood.

The generated DT usually has high classification accu-
racy on the training data, but low accuracy on the test data,
namely, overfitting occurs. This is due to an overcomplicated
DT being trained during the learning process to fit the train-
ing data. Hence, it is necessary to simplify the DT to reduce
its complexity, which is usually called pruning. Specifically,
pruning means cutting some subtrees or leaf nodes from
the generated DT, and treating their root or father nodes as
new leaf nodes. The pruning is realized via minimizing the
cost function. First, calculate the empirical entropy of each
node. Second, retract upwards from each leaf node. Third,
if the cost function value of the retracted DT is smaller than
that of the unretracted DT, then conduct the pruning.
Fourth, return to step 2 until it cannot be continued, thus
obtaining a simplified DT.

3.2.3. Bayesian Filter. The recursive form of Bayesian filter
can be seen in [22]. Define χt ∈ 1, 2,⋯, k as the label of real
terrain at sampling point t, ct ∈ 1, 2,⋯, k as the classifier
output, and Ct = c1, c2 ⋯ , ct as the measurement set. The
purpose is to acquire P χt ∣ Ct , the a posteriori possibility
distribution function (pdf) of χt in the condition of Ct . Given
P χt−1 ∣ Ct−1 , the a priori pdf of χt is

P χt = i ∣ Ct−1 = 〠
k

j=1
P χt = i ∣ χt−1 = j P χt−1 = j ∣ Ct−1 ,

28

and the a posteriori pdf is calculated by

P χt = i ∣ Ct = P ct = j ∣ χt = i P χt = i ∣ Ct−1

∑k
i=1 P ct = j ∣ χt = i P χt = i ∣ Ct−1

, 29

where P χt = i ∣ χt−1 = j denotes the probability that the
robot moves from terrain j to i at time t and P ct = j ∣
χt = i denotes the probability that the classifier outputs ter-
rain j while the robot locates at terrain i. P χt ∣ χt−1 , which
is needed during the time-update procedure, describes the
intrinsic rules of terrain variation. Given k terrains, a k × k
square matrix M with elements mij =P χt = i ∣ χt−1 = j

should be defined. The diagonal elements mii where
i = 1, 2,… , k should be assigned a relatively large value not
greater than 1. By assigning mii = μ, a large value can enable
most misclassified results to be corrected, but a succession
of mistakes may appear after terrain variation. This is
becausemii should be reassigned a small value andmij should
be relatively large at the moment that terrain changes from i
to j. Hence, the terrain transition probability matrix should
be dynamically adjusted when the terrain changes. In this

1 2

3 4

Figure 4: Photos of the traversed terrains.

Table 1: Confusion matrix of 10-fold cross-validation with all
terrains.

Soil Grass Asphalt Paving

Soil 71 18 3 8

Grass 13 75 7 5

Asphalt 8 1 89 2

Paving 11 2 4 83
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Figure 5: Filtering results. “GT” stands for the real terrain,
“classifier” stands for the classifier output, and “filter” stands for
the filter output.
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study, if terrain does not change, then Vt tends to be steady
state; if the terrain changes, then a sudden change occurs in
Vt . After detecting this event, we decrease mii and increase
the related nondiagonal elements, and therefore, the accuracy
of the Bayesian filter is increased.

4. Experiment and Analysis

In this section, a real-world experiment based on a tracked
robot, equipped with two incremental encoders, a GPS com-
pass integrated sensor and an accelerometer, is presented to
verify the effectiveness of the proposed terrain adaptive IEKF.
We mainly focus on the convergence rate and smoothness of
the ICR estimation. Additionally, it is demonstrated that the
accuracy of dead reckoning could be improved with knowl-
edge of the ICRs.

The experimental robot was 260 millimeters in length,
210millimeters in width, and 200millimeters in height. Each

driving wheel was equipped with an incremental encoder of
540 resolutions. The GPS-compass integrated sensor was
able to provide the robot’s pose (including the position and
heading) at 1Hz with accuracies of 2 meters and 1 degree.
As shown in Figure 4, during the experiment, the robot tra-
versed soil, grass, asphalt, and paving successively. The accel-
erometer worked at the rate of 200Hz, and the other sensors
were read by the data collector at 1Hz. After the data gather-
ing, these data were sent to a computer (3 2 GHz with 8 GB
RAM) and processed using MATLAB. It was noted that if
the robot was equipped with a suspension system, or soft
wheels, the vibration would be dampened or even absorbed.
Hence, the accelerometer needed to be directly mounted on
the robot chassis.

4.1. Terrain Classification. In order to collect the data for
the classifier training, the tracked robot traversed the
aforementioned four terrains at a speed of between 0 4m/s
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Figure 7: Results of ICR estimation test.
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and 1 3m/s. The test on each terrain lasted for about 1000
seconds, that is, 1000 samples were obtained for each terrain.
We randomly divided these data into 10 parts on average and
used each part to test the trained classifier once while used
the remainder for training. The confusion matrix is shown
in Table 1. Observing the diagonal elements, it can be seen
that the classifier performs best at recognizing asphalt. This
may be caused by the fact that most asphalt roads are flatter
compared with soil, grass, and paving. When soil is exposed
to the air, it turns dry and hard. After covering grass and then
soil, the terrain becomes flatter and softer. However, the two
terrains still share similar roughness, and therefore, the clas-
sifier performs worse at distinguishing soil and grass. It can
also be observed that about one-tenth of the paving samples
were misclassified as soil and vice versa. This is because soil
and paving have the same hardness and roughness.

We use the trained DT classifier to recognize terrains
when the robot is in actual operation. The classifier outputs
are shown in Figure 5. Its misclassification rate is 20 39%,
which cannot be acceptable. After using Bayesian filter, the
misclassification rate can be decreased to a great extent.
The filtering accuracy under assigning μ with different values
is summarized in Figure 6. Observe that the misclassification
rate can be reduced to a level under 2%. If Vt is introduced to
adjust μ, the misclassification rate can be further reduced to a
level under 0 6%.

4.2. ICR Estimation. The results of the ICR estimation test are
shown in Figure 7. In Test 1 where qmin = 0 12, as shown in
Figure 7(a), the convergent tendency is obvious, but it took
too much time to track the reality of the ICRs. If the terrain
changes frequently, the ICR estimation may not track the
truths. The results of Test 2 where qmax = 202 are shown in
Figure 7(b). The ICR estimation is able to converge rapidly,
but not in a smooth manner. In Tests 3 and 4, by introducing
terrain classification, the ICR estimation can track the truths
rapidly when the terrain changes. After the estimation
becomes stable, it does not oscillate around the truths sig-
nificantly. In contrast to Test 3, IEKF is adopted in Test 4
to reduce the effect brought by uncertainties in the model
and the measurements. Comparing Figures 7(c) and 7(d),
TA-IEKF outperforms TA-EKF. A commonmethod to verify
the correctness of the ICR estimation is by terrain adaptive
odometry (also known as terrain adaptive dead reckoning).
As shown in Figure 8, we incorporate the ICRs obtained in
Tests 1 to 4. Obviously, the TA-IEKF is able to provide the
robot’s ICRs with the highest accuracy, so the trajectory
obtained from the terrain adaptive odometry is consistent
with the outputs of the GPS, which has no cumulative errors.

5. Conclusion

In this paper, we propose an online estimation method to
acquire robot’s ICRs by means of data fusion technologies.
First, an innovation-based extended Kalman filter (IEKF) is
employed to fuse the readings from two incremental
encoders and a GPS-compass integrated sensor, to provide
a real-time ICR estimation. Second, a decision tree-based
learning system is used to classify the terrains over which

the robot is traversing, according to the vibration signals
gathered by an accelerometer. The results of the terrain
classification are improved via a Bayesian filter, by utilizing
temporal correlation in the terrain time series. Third, the
performances of the ICR estimation and terrain classification
are mutually promoted. On the one hand, terrain variation is
detected with the aid of terrain classification, and therefore,
the process of the noise variance of the IEKF can be automat-
ically adjusted. Hence, the results of the ICR estimation are
smooth on the same terrains and converge rapidly on terrain
variation. On the other hand, sudden changes in the innova-
tion are used to adjust the state transition probability during
the recursive calculation of the Bayesian filter, thus increas-
ing the accuracy of the terrain classification. The experiment
indicates that the TA-IEKF-based ICR estimation has rela-
tively higher accuracy, because it is able to converge rapidly
at the moment the terrain changes and maintain the estima-
tion smoothness when the robot is on the same terrain. Using
the obtained ICRs to correct the odometry can retard its
accumulation of localization errors, which is of great signifi-
cance to the localization in GPS-denied areas.
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The current paper presents a soft-sensor method based on belief-rule-base (BRB) system for solving the problem of tipping paper
permeability measurement in the tobacco industry. Firstly, BRB is utilized to establish a model between the feature variables in the
tipping paper image and the corresponding paper permeability obtained by the traditional measuring device. Unlike the traditional
case of BRB, this paper adds the output attribute as the optimization parameters. In this way, the feasible solution space can be
enlarged to obtain an effective BRB model. Second, in order to find the reasonable parameters of BRB in a complex nonconvex
solution space, an enhanced differential evolutionary (DE) algorithm is developed to train BRB, which not only embeds a
simplex method to stress the balance between the global and local search but also designs a perturbation operation and an
adaptively selected mutation strategy to maintain the diversity of search direction. The test results and comparisons based on
the data collected from a cigarette factory in China show that the presented method is effective and robust.

1. Introduction

Cigarette smoke contains tar, nicotine, and other harmful
substances. The research on the technology in reducing the
tar and harmful components of cigarette smoke has been
the important research and application field in the tobacco
industry since the 1970s. Now many countries have made
strict restrictions on the content of tar, nicotine, and CO in
commercial cigarettes. There are some existing tar reduction
techniques, such as the use of tobacco with low tar, the
improvement of tobacco formula and cigarette structure,
the addition of expanded tobacco, and the application of tip-
ping paper. Since the perforations on tipping paper are help-
ful for introducing air into cigarette smoke to dilute tar, the
use of perforated tipping paper to package cigarette butt
has become one of the most common methods for reducing
tar. Considering the air permeability of tipping paper is
directly related to the dilution of smoke and have greatly
influenced on the cigarette taste, the tobacco industry must
strictly control the tipping paper permeability [1, 2]. As

people’s requisition for health and cigarette quality is increas-
ing constantly, the permeability measuring technology is
becoming more and more important and valuable.

The tipping paper permeability is a measurement of the
amount of air per unit of time that flows through the vertical
given area of tipping paper under a certain pressure condi-
tion, whose unit isCU (1CU = cm3/min ⋅ cm2 ⋅ kPa). A repre-
sentative of existing detection devices is BASTANCompany’s
online air permeability tester. It utilizes the conversion of the
photoelectric signal to obtain a measurement value of perme-
ability. Nevertheless, the existing online testing equipments
are very expensive and complicated to repair, which have
become a burden on enterprise. Therefore, the development
of a more economical, simple, and effective detection system
is necessary for enterprise.

Recently, with the technological advances in CCD sensors
and integrated semiconductors, industrial machine vision
cameras can deliver great features and functionality at out-
standing price-performance ratios. In fact, the sizes of the
perforations on tipping paper directly affect the permeability.
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In addition, the surface roughness and the thickness of tip-
ping paper also have some influence on the permeability.
These factors can be utilized to build a model for measuring
it. Figure 1 shows a cigarette with a wrapping of perforated
tipping paper on its filter, where the perforations have small
diameters (30–90 μm). The gray image of the corresponding
tipping paper is given in Figure 2. The light points in this
image are the perforations produced by a laser-beam drilling
machine. The area of perforations can be calculated by using
image processing technique, and the surface roughness as
well as the thickness of tipping paper can be reflected by
the gray value of tipping paper’s image. Thus, we are moti-
vated to design a permeability measuring device based on
machine vision system. That is, an industrial camera with
microlens can be utilized to capture the image of tipping
paper with microperforations in a certain small region, and
a soft-sensor model can be built between the intermediate
variables and the tipping paper permeability. Since a high-
quality camera and other hardwares are easy to buy directly
from manufacturers, the key issue for this new device is
how to develop an effective soft-sensor method.

BRB is a kind of expert system in nature, which can effec-
tively use various types of information to establish the non-
linear model between input and output. The belief-rule-
base concept and its inference methodology were proposed
by Yang et al. [3], which are based on the evidential reasoning
approach (ER) [4]. Compared with traditional rule-based
systems, a BRB system can not only be used to analyze the
decision problems by handling both quantitative data and
qualitative information with uncertainties but also can
capture more complicated nonlinear causal relationships
between antecedent attributes and consequents. By now, it
has been successfully used in the safety analysis of offshore
systems [5, 6], leakage detection of oil pipeline [7, 8], product
life assessment [4], evaluation of gastric cancer [9–11], hid-
den behavior prediction [12], safety assessment for complex
system [13, 14], and information fusion [15]. Due to BRB’s
wide applications in a variety of fields, the current paper pre-
sents a novel soft-sensor method based on BRB for measur-
ing the permeability of tipping paper.

In the traditional methods, BRB systems are built by the
decision maker according to the experience and knowledge
or other original model. However, for complex systems, it is
often unable to use the traditional methods to establish an
accurate analytical model. A BRB represents functional map-
pings between inputs and outputs. Compared with the tradi-
tional IF-THEN rule, it provides a more informative and
realistic knowledge expression. In BRB, the input data, the
belief structure, the attribute weight, the rule weight, the acti-
vation weight, and all the activation belief rules are combined
to generate the corresponding outputs. Thus, it can be seen
that these BRB parameters are important factors to affect
the performance of the BRB system. In the traditional
methods, the experts set the parameters of BRB according
to their experience and knowledge. However, for the com-
plexity and uncertainty of many decision-making problems,
in reality, it is often unable to use the traditional method to
establish an accurate model, which limits the ability of BRB
to simulate the actual system. Therefore, in order to improve

the modeling precision of a complex system, it is necessary to
train and optimize the parameters of BRB.

The parameters’ optimization or training for BRB is a
nonlinear constrained optimization problem (NCOP), whose
objective function is a complex nonlinear formula. From
equations (4)–(11), it can be seen that the objective function
is a multivariate compound one with strong nonconvexity.
Since there is still no general method for obtaining global
optimum of NCOP, the NCOP of BRB is usually solved by
using an effective gradient-based solver (i.e., f mincon) in
MATLAB. Yang et al. [16] first proposed the generic BRB
learning model and a parameter optimization method by
using f mincon. An essential feature of f mincon is sensitively
dependent on initial conditions, which determines that f mi
ncon is applicable to small-scale optimization problem but
is not suitable for solving complex problems. After that, Zhou
et al. [17] proposed an online update algorithm based on
expectation maximization estimation algorithm, but the
effectiveness of the algorithm is related to the completeness
of the data and the set of referenced values. Subsequently,
Chen et al. [18] added the premise attribute as the new
training parameters and used f mincon to optimize the
system. Chang and Zhang [19] developed a self-learning
parameter training algorithm based on the optimization step

Figure 1: A cigarette with perforated tipping paper.

Figure 2: A gray image of perforated tipping paper.
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and gradient method. The accuracy of BRB is improved, but
the algorithm has the defects of large implementation com-
plexity and low convergence. Chang et al. [20] first used
standard differential evolution algorithm to train the param-
eter learning model, which can effectively improve the
efficiency and precision of BRB. However, all the above
papers focus on the traditional case of BRB with predeter-
mined referenced values of the input and output attributes.
From an optimization point of view, the more adjustable
parameters or decision variables the BRB model has the
larger area of feasible solutions it owns. That is, the BRB
model with more decision variables is helpful in finding a
more reasonable model by using optimization methods.
Moreover, in many real-life applications, not all the expert
knowledge is explicit, which means the overuse of it may
decrease the accuracy of BRB. Thus, how to model an effec-
tive BRB with less expert knowledge or predetermined
parameters is an important issue. Therefore, this paper adds
the referenced values of input and output attributes as the
optimization parameters of the BRB system. Obviously, this
new BRB model is more flexible than the traditional one and
the latter is just a subset of the former.

Traditional mathematical approaches are usually applied
to optimize the parameters of BRB, which are guaranteed to
converge only under certain convexity assumptions and are
sensitive to the initial solution. Unfortunately, the BRB
model is nonconvex and has more than one local optimal
solution. That is to say, mathematical approaches are limited
to solving its simple and small-scale cases. When the refer-
enced values of both input and output attributes are added
as the optimization parameters, the NCOP of BRB becomes
more complex and its feasible solution region is enlarged.
Under such circumstances, it is difficult for the traditional
approaches to obtain high-quality solutions within a reason-
able time. Recently, some intelligent algorithms have been
proposed to deal with different complex optimization prob-
lems, such as differential evolutionary (DE) algorithm and
estimation of distribution algorithm (EDA) for flow shop
scheduling problems [21–24], particle swarm optimization
(PSO) algorithm for multiobjective optimization problem
[25], DE and PSO for parametric identification problem
[26], and evolutionary algorithm (EC) and genetic algorithm
(GA) for interval multiobjective optimization problems
[27, 28]. These algorithms utilize their own evolutionary
mechanisms to perform an effective search in complex solu-
tion space and obtain very satisfactory results. Among them,
differential evolutionary (DE) algorithm is one of the most
successful evolutionary optimization techniques, which uses
a simple operator to create new candidate solutions and a
one-to-one competition scheme to select the new candidate
[29]. Although having some advantages in finding the global
or near-global optimum, the local search ability of DE is rel-
atively weak and sometimes the searching process of DE may
be trapped in local minima [30]. NM simplex method (NMS)
was first introduced by Nelder and Mead [31] and is one of
the most widely used local direct search methods for nonlin-
ear unconstrained optimization. NMS is a derivative-free line
search method that was specially designed for solving tradi-
tional unconstrained problems of minimization type, like

nonlinear least-squares problem, non-linear simultaneous
equations, and function minimization. It has been success-
fully applied to the low dimensional unconstrained optimiza-
tion problem [32]. Thus, in this paper, an enhanced DE is
proposed for the NCOP of extended BRB. The contribution
of this paper can be outlined in the following aspects:

(1) The presented BRB model adds the referenced values
of input and output attributes as the optimization
parameters to construct a more flexible model, which
is beneficial to obtaining a more accurate model in an
extended solution space

(2) To avoid the drawback of traditional mathematical
methods, a hybrid differential evolutionary algo-
rithm, namely MNMSDE, is proposed to efficiently
determine the extended model’s parameters, which
combines DE, NMS, perturbation operation, and an
adaptive Meta-Lamarckian learning strategy for
improving the global and local search ability

(3) A soft-sensor method based on extended BRB
model and MNMSDE is presented, whose effective-
ness is verified by the data collected from a Chinese
cigarette factory

The structure of this paper is as follows. In the second
part, BRB is described. The third part introduces the optimi-
zation problem and the proposed MNMSDE algorithm. The
fourth part is the experimental analysis. Finally, the work in
this paper is summarized in the last part.

2. Problem Description

2.1. Belief Rule Base. A BRB consists of a series of belief rules,
and the expression of the kth rule is as follows:

Rk Ifx1 isAk
1 ∧ x2 isAk

2 ∧⋯∧ xM isAk
M

then D1, β1,k , D2, β2,k ,⋯, DN , βN ,k
1

with a rule weight θk and attribute weights δ1, δ2,… , δM ,
where Rk k = 1, 2,⋯, L denotes the kth rule of BRB. Each
rule is provided with a rule weight θk, which indicates the
importance of it relative to other rules. xi i = 1, 2,⋯,M is
the input of BRB. Ak

i i = 1, 2,⋯,M, k = 1, 2,⋯, L represents
the referenced values of the prerequisite attribute xi of the kth
rule. M represents the number of prerequisite attributes. L
represents the number of belief rules in BRB. δi i = 1, 2,⋯,
M represents the weight of xi, which reflects the importance
of xi relative to the other premises. Dj j = 1, 2,⋯,N is the
referenced value of the output in the kth rule. βj,k j = 1, 2,⋯,
N , k = 1, 2,⋯, L is the belief degree j assessed to Dj.

2.2. The Reasoning Mechanism of BRB. Belief-rule-base infer-
ence methodology is based on ER. ER can be directly applied
to combine activated belief rules and generate final conclu-
sions as follows. First, transform the inputs into the probabil-
ity mass corresponding to the referenced values and generate
a series of βj,k j = 1, 2,⋯,N , k = 1, 2,⋯, L . Then, aggregate
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all activated rules to generate the combined degree of belief
in each possible consequent Dj by ER. Finally, the output
S x is generated by aggregating all Dj and βj,k, which can be
represented as follows:

S x = Dj, βj ,  i = 1, 2,  j = 1, 2,⋯,N 2

Detail reasoning process is as follows.

(1) Transform Input. Using the information transfor-
mation technology, the matching degrees of the
inputs relative to each reference level can be
described as

S xi = Ai,j, αi,j ,  i = 1, 2,⋯,M,  j = 1,⋯, Ji ,
3

where αi,j is the belief degree assessed to input xi. The
calculation method is as follows:

αi,j =
Ai,j+1 − xi
Ai,j+1 − Aj

, Ai,j ≤ xi ≤ Ai,j+1,  j = 1, 2,… , Ji − 1,

4

αi,j+1 = 1 − αi,j, Ai,j ≤ xi ≤ Ai,j+1,  j = 1, 2,… , Ji − 1,
5

αi,s = 0, s = 1, 2,… , Ji s ≠ j, j + 1 6

(2) Calculate the Activation Weight. wk is the activation
weight of Ak, which measures the degree to which
the kth rule is weighted and activated. The calculation
formulas of the activation weight of the kth rule can
be calculated by the following formula:

wk =
θk

M
i=1 αki

δi

∑L
i=1θl

M
i=1 αli

δi
,

δk,i =
δi

max
i=1,2,…,M

δi
,

7

where θk k = 1, 2,⋯, L is the relative weight of the
kth rule, and δi i = 1, 2,⋯,M represents the ith
antecedent attribute weight of the kth rule. If wk >0,
the kth rule is activated. δi,k is generally set to 1.

(3) Aggregate the Belief Rules Using the Evidential Reason-
ing Approach. Using ER to combine all the rules and
the following output S x can be obtained as follows:

where wk is calculated by equation (7), and βj is the belief
degrees relative to the evaluation result Dj.

(4) Calculate the Expected Utility. Assuming the utility of
evaluation result Dj is u Dj , then the expected utility
of S xi can be calculated by the following formula:

ŷm = u S xi = 〠
N

j=1
u Dj βj 9

3. Optimization Model and Algorithm

3.1. Optimization Model of BRB.

P = θk, β j,k, δi , k = 1, 2,… , L,  j = 1, 2,… ,N ,  i = 1, 2,… ,M

10

are the adjustable parameters in BRB. The objective of the
training is to minimize ξ P by adjusting the parameters
P. δk,j is 1 in this paper.

The processes of BRB system parameter optimization are
shown in Figure 3. The optimization model for training BRB
parameters is defined as follows:

min ξ P 11

In order to obtain a more stable and effective BRB,
some related optimization methods have been put forward
[5, 8, 16], mainly for the optimization of parameters and
structures. Predecessors had taken the optimization of the
belief degree, the prerequisite attribute weight, and the rule
weight into account, but the referenced values are usually
given by experts according to their experience. Each belief
rule is obtained by adding the belief degrees, the prerequi-
site attribute weights and the rule weights to a traditional
IF-THEN rule, whose parameters are largely influenced

βj =
u × L

k=1 wkβj,k + 1 −wk∑
N
i=1βi,k − L

k=1 1 −wk∑
N
i=1βi,k

1 − μ × L
k=1 1 −wk

,

u = 〠
N

j=1

L

k=1
wkβj,k + 1 −wk 〠

N

i=1
βi,k − N − 1

L

k=1
1 −wk 〠

N

i=1
βi,k

−1

,

8
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by their corresponding referenced values. This means the rel-
atively reasonable referenced values are conductive to build a
more accurate BRB model. Therefore, in this paper, we con-
sider adding all referenced values as the parameters to be
optimized.

Since the hole area and the average gray value in an
image largely determine the perforated tipping paper per-
meability, we chose these two factors as inputs and the
air permeability as output to establish a BRB. Denote
A1 = A1,p1, A1,p2,⋯, A1,J1 as the reference level of the hole
area, A2 = A2,q1, A2,q2,⋯, A2,J2 the reference level of gray
value, and D = D1,D2,⋯,DN−1,DN the reference level of
air permeability.

Here is an example of the evaluation level of the out-
put. D1 and DN represent the lower and upper bounds
of each referenced value of the output, respectively.
When the referenced values are trained, the new refer-
enced values are generated in the referenced value inter-
val as follows:

D1 <Di <DN , i = 2,… ,N − 1, 12

whereD = D1,D2 ,⋯,DN−1 ,DN and the referenced values
are arranged in sequence according to the order of small
to large.

The column vector of the parameters to be optimized is
as follows:

P = A1,p,A2,q,Dj, θk, βj,k , 13

where p = 2,… , J1 − 1,q = 2,… , J2 − 1,j = 2,… ,N − 1,
k = 1, 2,… , L,j = 1, 2,… ,N , and the dimension DM of this
problem is J1 + J2 +N + L + L ×N − 6.

In (11), ξ P = 1/T ∑T
m=1 ym − ŷm

2, and ŷm represents
the expected output utility of the BRB system. The smaller
the ξ P is, the more accurate the BRB system can simulate
the actual system. According to [4], the definitions of con-
straints are given as follows:

(1) The rule weight is changed between 1 and 0, i.e.,

0 ≤ θk ≤ 1, k = 1, 2,… , L 14

(2) The belief degree shall not be greater than 1 or less
than 0, i.e.,

0 ≤ βj,k ≤ 1, j = 1, 2,… ,N , k = 1, 2,… , L 15

(3) If the rule is complete, the rule outputs part of
confidence is equal to 1; otherwise, it is less than
1, i.e.,

〠
N

j=1
βj,k ≤ 1, k = 1, 2,… , L 16

(4) Ai,jrepresents the jth referenced value of xi, and it
should be in the range of input data, i.e.,

li < Ai,j < Ai,j+1 < ui, i = 1, 2,… , j = 2, 3,… , Ji − 1,
17

where li represents the lower limit of the input range
and ui represents the upper limit of the input range.

(5) Dj represents the jth referenced value of ym, and it
should be in the range of output data, i.e.,

l < μ Dj < μ Dj+1 < u, j = 1, 2,…N , 18

where l represents the lower limit of the output range
and u represents the upper limit of the output range.

3.2. MNMSDE for BRB Model

3.2.1. Differential Evolution Algorithm. Differential evolution
algorithm is an intelligent algorithm that is based on popu-
lation evolution, and it solves the optimization problem by
the cooperation and competition among the individuals in
the population. In this paper, the objective function is min
f x   x = P = x1, x2,⋯, xDM .

Denote gen as the generation, xgeni the individual at gen-
eration gen, and tgeni the mutant vector relative to xgeni . The
initial population xi = xgeni,1 , x

gen
i,2 ,⋯, xgeni,DM , i = 1, 2,⋯, NP

is randomly generated by the following formula:

x0i,j = l j + rand ⋅ uj − l j , j = 1,… ,N 19

The three core operations of DE are as follows.
Mutation operation: DE creates a mutant vector tgeni by

employing the following mutation operation:

tgeni = xgenr1
+ F ⋅ xgenr2

− xgenr3
, 20

where r1, r2, r3 ∈ 1, 2,⋯, NP is randomly selected, and
i ≠ r1 ≠ r2 ≠ r3. F is the scaling factor that is usually less than 1.

x1, x2

Real system

Belief rule base

Parameter
optimization

ym

ym
𝜉(P)−

Figure 3: Basic ideas and processes of BRB system parameter optimization.
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Crossover operation: after mutation, the crossover oper-
ation is applied to replace partial variables of xgeni with the
corresponding variables of tgeni to generate a trial vector vgeni
by the following formula:

vgeni,j =
tgeni,j ,  rand j < cr or j = rand N i ,

xgeni,j , other,
j = 1,… ,N ,

21

where rand j is the jth evaluation of a random number
uniformly distributed in the range of [0, 1], rand N i is a
randomly chosen index from the set 1, 2,… ,N , and cr ∈
0, 1 is the crossover probability.

Selection actions: the greedy selection method is used to
select the better individual between vgeni and xgeni for creating
the next generation, which is shown as follows:

xgen+1i =
vgeni , f itness vgeni < f itness xgeni ,

xgeni , other
22

3.2.2. Adaptive Meta-Lamarckian Learning Strategy. In the
recent years, methods for automated tuning of mutation
strategies attract increasing attention [33–35], it has been
verified that the application of the multimutation strategies
can enhance the performance of DE. Ong and Keane [36]
proposed an adaptive Meta-Lamarckian learning strategy to
dynamically decide which neighborhood to be chosen for
local search, which is conducive to improve search perfor-
mance and reduce the probability of utilizing an inappropri-
ate local search method. This learning strategy widely is used
in local search [37, 38]. Inspired by the work of Ong and
Keane, we dynamically determine the selected probability of
each mutation strategy, which can gradually evolve the most
suitable learning strategy at different learning stages. That is,
we select three mutation strategies as candidates: “DE/best/
1”, “DE/rand/1” and “DE/rand to best/1”. In the initial stage
of evolution, the selected probability p strt t = 1, 2, 3 of each
mutation strategy strt t = 1, 2, 3 is set to the same value. As
evolution continues, p strt is updated at every K generations.
In each generation, the mutation strategy adopted by each
trial individual is determined by the roulette wheel rule.
Denote NP the population size, sum strt gen the total times
of strt be selected at generation gen, suc strt gen the total
success times of strt at generation gen, and p suc strt the suc-
cess probability of strt . Summing up the above symbols, we
present the procedure of calculating p strt as follows:

Step 1. Set gen = 0, sum strt gen = 0, suc strt gen = 0, and
p strt = 1/3 for t = 1, 2, 3;

Step 2. Set gen = gen + 1 and i = 0;

Step 3. Set i = i + 1 and apply a roulette wheel rule based on
p strt to select one strategy str for the individual xgeni ;

Step 4. If str = str1, then sum str1 gen = sum str1 gen − 1
+ 1 ;

if str = str1 and the trial individual tgeni is better than xgeni ,
then

suc str1 gen = suc str1 gen − 1 + 1 ; 23

if str = str2, then sum str2 gen = sum str2 gen − 1 + 1;
if str = str2 and the trial individual tgeni is better than
xgeni , then

suc str2 gen = suc str2 gen − 1 + 1 ; 24

if str = str3, then sum str3 gen = sum str3 gen − 1 + 1;
if str = str3 and the trial individual tgeni is better than
xgeni , then

suc str3 gen = suc str3 gen − 1 + 1 ; 25

Step 5. If i < NP, then go to Step 3;

Step 6. If gen mod K = 0, then
p suc strt = suc strt gen /sum strt gen for t = 1, 2, 3,
p strt = p suc strt/∑3

l=1p suc strl for t = 1, 2, 3,
and sum strt gen = 0, suc strt gen = 0;

Step 7. If p strt < ρ t = 1, 2, 3 , then p strt = ρ;

Step 8. If gen < themaximum generation, then go to Step 2.

Step 7 is used to prevent a mutation strategy from being
completely eliminated in the process of evolution.

3.2.3. NM Simplex Method. The NM simplex method forms
a simplex by setting individuals xgen1 , xgen2 ,… , xgenNMS size as
vertices, where NMS size is the size of the vertices.
Through a series of geometric operations (i.e., reflection,
expansion, contraction, and reduction), a new vertex can
be created. After each geometric operation, the current
worst vertex is replaced by the new vertex if the latter is
better than the former. With the help of these geometric
operations, the simplex can improve itself and come closer
to the optimum. The steps of the simplex method are con-
cluded as below:

Step 1. Set k = 1 and vgeni = xgeni , i = 1, 2,… , NMS size;

Step 2. Sort and renumber all the individuals by f vgen1 ≤
f vgen2 ≤⋯≤ f vgenNMS size ;

Step 3. Reflection: calculate the reflection point pgenr as follows:

pgenr = vgencenter + α ⋅ vgencenter − vgenNMS size , 26

where the geometric center vgencenter =∑NMS size‐1
i=1 vgeni / NMS si

ze − 1 and the reflection coefficient α is greater than 0;
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if f itness vgen1 ≤ f itness pgenr < f itness vgenNMS size−1 , then

vgenNMS size = pgenr ,
k = k + 1,

27

and go to Step 7;
if f itness pgenr < fitness vgen1 , then go to Step 4;
if f itness pgenr ≥ f itness vgenNMS size−1 , then go to Step 5.

Step 4. Expansion: generate the expansion point pgene as
follows:

pgene = vgencenter + β ⋅ pgenr − vgencenter , 28

where the expansion coefficient β is greater than 1;
if f itness pgene ≤ f itness pgenr , then

vgenNMS size = pgene ; 29

otherwise,

vgenNMS size = pgenr ,
k = k + 1 ;

30

Go to Step 7;

Step 5. Outside contraction: if f itness pgenr < f itness
vgenNMS size , then produce the external contraction point
pgenc as follows:

pgenc = vgencenter + γ ⋅ pgenr − vgencenter , 31

where γ is the contraction coefficient between 0~1;
if f itness pgenc ≤ f itness pgenr , then

vgenNMS size = pgenc ,
k = k + 1,

32

and go to Step 7;
otherwise,
go to Step 6;
Inside contraction: if f itness pgenr ≥ f itness vgenNMS size , then
produce the internal contraction point pgenc by the follow-
ing formula:

pgenc = vgencenter − γ ⋅ vgencenter − vgenNMS size ; 33

if f itness pgenc ≤ f itness vgenNMS size , then

vgenNMS size = pgenc ,
k = k + 1,

34

and go to Step 7;
otherwise,
go to Step 6;

Step 6. Shrink: calculate new vertices new vgeni as follows:

new vgeni = vgen1 + δ ⋅ vgeni − vgen1 , i = 2, 3,… , NMS size,
35

where δ is the collapse coefficient between 0~1;

vgeni = new vgeni , i = 2, 3,… , NMS size ; 36

Step 7. If k ≤NMS size, then go to Step 2;

Step 8. Output vgen1 , vgen2 ,… , vgenNMS size .

3.2.4. MNMSDE. For the n-dimensional optimization prob-
lem, the initial population is generated randomly. At each
generation, the new individuals are generated by using
the standard DE’s operations with the adaptive Meta-
Lamarckian learning strategy in Subsection 3.2.3, and then
the NM simplex method is applied to the new population
for stressing local search. The details are given by the fol-
lowing steps:

Step 1. Set NMS size = NMS Popsize = NP/3;

Step 2. Reindex the individuals in the new population in the
increasing order of their fitness values;

Step 3. Select the worst NP/3 individuals as the vertexes to
perform the NM simplex method in Subsection 3.2.3. In this
stage, we use the best NP/3 individuals in the population to
find the geometric center vgencenter to guide the simplex search.
vgencenter is calculated by the following formula:

vgencenter = 〠
NP/3

i=1
xgeni /NP/3, i = 1, 2,… , NP/3 ; 37

Step 4. Replace xgen+12NP/3+1, x
gen+1
2NP/3+2,… , xgen+1NP (i.e., the worst

NP/3 individuals) with vgen+11 , vgen+12 ,… , vgen+1NP/3 .

For the purpose of increasing the diversity of the popula-
tion and preventing the algorithm from falling into local
optimum, we add a perturbation operation in the algorithm.
That is, at the beginning of each generation, the standard
deviation of fitness function values is calculated as a criterion
for judging the degree of individual differences. If the stan-
dard deviation is less than the set value σ, randomly select
half individuals of the population and update them by the
following formula:

xgenrand P i ,j = g best xgen + 2 ⋅ rand 0, 1 − 1

⋅ g best xgen − sel xgenj ,
38

where rand P i is a randomly chosen index from the set
1, 2,… , NP , j represents the index of the selected indi-

viduals, sel xgenj is a randomly selected individual, and g be
st xgen is the best individual at generation gen.
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In addition, when any individual violates the constraints
of BRB’s corresponding NCOP, its corresponding elements
(see Equation (13)) should be repaired by the following
equations:

Ai,j =
2ui − Ai,j, if Ai,j > ui,
2li − Ai,j, if Ai,j < li,

μ Dj =
2u − μ Dj , if μ Dj > u,

2l − μ Dj , if μ Dj < l,

θk =
0, if θk ≤ 0,
1, if θk ≥ 1,

βj,k =
0, if βj,k ≤ 0,
1, if βj,k ≥ 1

39

On the one hand, the local search and global search abil-
ity get the balance due to the combination of the geometric

search based on NMS and the evolutionary search based
on DE. On the other hand, as NMS uses the center of the
good individuals in the population to implement geometric
search, the local search ability will be enhanced.

The MNMSDE algorithm’s visual diagram is shown in
Figure 4.

4. Experimental Study

4.1. BRB Model Construction. The number of referential
points of each input and output determines the size of the
rule base, a reasonable size of the BRB is conducive to the
accuracy of the results. In this paper, for each input and out-
put attributes, 5 referenced values are selected as follows:

Ak
i ∈ VSi, Si,Mi, Bi, VBi , i = 1, 2,

Dk ∈ D1,D2,D3,D4,D5
40

Suppose we choose the following referenced values:

A1 ∈ 0, 1 5, 2 5, 3 5, 4 75 , 41

A2 ∈ 11, 15, 20, 24, 29 , 42

D ∈ 245, 650, 1800, 2800, 4500 43

According to the above-referenced values, the prerequi-
site attribute of input of each rule is calculated by formulas
(4)–(6), and the belief degree of its corresponding input
and output is given by the expert. Then the tipping paper
permeability BRB detection model can be constructed. The
rule base is shown in Table 1. As there are 25 belief rules
in BRB and 5 referenced values for the two inputs and the
corresponding output, the total number of optimization
parameters is 159. Precisely speaking, the optimization
parameters include the rule weight θk, the belief degree βj,k,
the referenced values of input attribute Ak

i , and the output
attribute Dk.

4.2. Experimental Results and Comparisons. In order to ver-
ify the effectiveness of the proposed model and method, we
used 1000 data samples, in which 800 samples are ran-
domly selected for training and the rest of the samples
are used for testing. The training and testing samples are
collected from a Chinese cigarette factory. Each sample
includes the hole area, the average gray value, and the cor-
responding permeability on a unit area. The former two are
the input values, and they are calculated by using the image
captured with an industrial camera of our designed device.
The last one is the output value, which is obtained via tra-
ditional instruments. All compared algorithms are coded in
MATLAB, and experiments are executed on an Intel
2.6GHz PC with 8GB RAM. To make a fair comparison,
each algorithm is independently run 30 times under the
same evaluation times.

For the purpose of demonstrating the effectiveness of
MNMSDE, we carry out some comparisons with f mincon
[16] and standard DE [20]. The mutation strategy used in

Start

Training data Testing data

Constructthe
MNMSDE-BRB

End

Initialize population

Replace 1/3 part of the worst
individuals by using NMS

DE with Meta-Lamarckian
mutation

Calculate the standard deviation of
fitness function value

Perturbation

The standard
deviation<set value

gen = 1

Updata best solution

gen<Max_gen

No

No

Yes

Yes

gne = gen+1

Figure 4: Schematic diagram of MNMSDE.
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standard DE is “DE/rand/1”. Moreover, two variants of
MNMSDE are also compared, whose abbreviations are as
follows:

(1) MNMSDE_V1. Standard DE with Meta-Lamarckian
learning strategy

(2) MNMSDE_V2. MNMSDE_V1 with NM simplex
method

The traditional BRB model optimized by f mincon, stan-
dard DE, MNMSDE, MNMSDE_V1, and MNMSDE_V2
are denoted as F-TBRB, DE-TBRB, MNMSDE-TBRB,
MNMSDE_V1-TBRB, and MNMSDE_V2-TBRB, respec-
tively. Similarly, the new BRB model optimized by f mincon,
standard DE, MNMSDE,MNMSDE_V1, andMNMSDE_V2
are denoted as F-BRB, DE-BRB, MNMSDE-BRB, MNMS
DE_V1-BRB, and MNMSDE_V2-BRB, respectively.

Based on the previous experiments, parameters of
MNMSDE and its variants are suggested as follows:

(1) The population size NP can be set to [50, 80], which
is useful in ensuring the diversity of the population

(2) To keep the width of global search, the scaling fac-
tor F and the crossover probability cr can be set to
[0.5, 0.7] and [0.8, 0.9], respectively

(3) To enhance the depth of local search, the reflection
coefficient α, the expansion coefficient β, and the
contraction coefficient γ can be set to [0.8, 1.1],
[1.6, 2.2], and [0.4, 0.6], respectively

(4) The evaluation times can be set to [42,000, 45,000],
which is helpful in getting a reasonable model

In the experiment, DE, MNMSDE_V1, MNMSDE_V2,
and MNMSDE use the same parameters as follows: NP = 60,
F = 0 65, cr = 0 87,α = 1,β = 2,γ = 0 5,δ = rand, and the eval-
uation times are 44,000.

Let MaxRE denote the maximum relative error, MinRE
the minimum relative error, ARE the average relative error,
RMSE the root mean square error, RSD the relative standard
deviation, and ASD the absolute standard deviation. Test
results are shown in Figures 5–17 and Tables 2 and 3, the
optimized model parameters in Table 1 and (41)~(43) are
displayed in the attachment.

Table 1: The belief rules.

Rule number Prerequisite attribute The belief degree of air permeability

1 VS1 AND VS2 D1, 0 1 , D2, 0 , D3, 0 567 , D4, 0 289 , D5, 0 044
2 VS1 AND S2 D1, 0 13 , D2, 0 03 , D3, 0 31 , D4, 0 37 , D5, 0 16
3 VS1 AND M2 D1, 0 04 , D2, 0 12 , D3, 0 6 , D4, 0 03 , D5, 0 21
4 VS1 AND B2 D1, 0 06 , D2, 0 54 , D3, 0 28 , D4, 0 05 , D5, 0 07
5 VS1 AND VB2 D1, 0 39 , D2, 0 09 , D3, 0 14 , D4, 0 09 , D5, 0 29
6 S1 AND VS2 D1, 0 1 , D2, 0 4 , D3, 0 , D4, 0 4 , D5, 0 1
7 S1 AND S2 D1, 0 37 , D2, 0 , D3, 0 28 , D4, 0 32 , D5, 0 03
8 S1 AND M2 D1, 0 48 , D2, 0 35 , D3, 0 16 , D4, 0 01 , D5, 0
9 S1 AND B2 D1, 0 09 , D2, 0 09 , D3, 0 07 , D4, 0 6 , D5, 0 15
10 S1 AND VB2 D1, 0 01 , D2, 0 04 , D3, 0 04 , D4, 0 63 , D5, 0 28
11 M1 AND VS2 D1, 0 05 , D2, 0 09 , D3, 0 15 , D4, 0 46 , D5, 0 25
12 M1 AND S2 D1, 0 8 , D2, 0 2 , D3, 0 , D4, 0 , D5, 0
13 M1 AND M2 D1, 0 44 , D2, 0 06 , D3, 0 14 , D4, 0 26 , D5, 0 1
14 M1 AND B2 D1, 0 06 , D2, 0 47 , D3, 0 27 , D4, 0 2 , D5, 0
15 M1 AND VB2 D1, 0 12 , D2, 0 25 , D3, 0 14 , D4, 0 18 , D5, 0 31
16 B1 AND VS2 D1, 0 2 , D2, 0 31 , D3, 0 04 , D4, 0 07 , D5, 0 38
17 B1 AND S2 D1, 0 08 , D2, 0 23 , D3, 0 31 , D4, 0 27 , D5, 0 11
18 B1 AND M2 D1, 0 33 , D2, 0 02 , D3, 0 5 , D4, 0 135 , D5, 0 015
19 B1 AND B2 D1, 0 01 , D2, 0 , D3, 0 05 , D4, 0 12 , D5, 0 82
20 B1 AND VB2 D1, 0 1 , D2, 0 3 , D3, 0 22 , D4, 0 19 , D5, 0 19
21 VB1 AND VS2 D1, 0 06 , D2, 0 13 , D3, 0 22 , D4, 0 36 , D5, 0 23
22 VB1 AND S2 D1, 0 1 , D2, 0 09 , D3, 0 29 , D4, 0 22 , D5, 0 3
23 VB1 AND M2 D1, 0 23 , D2, 0 17 , D3, 0 06 , D4, 0 33 , D5, 0 21
24 VB1 AND B2 D1, 0 25 , D2, 0 13 , D3, 0 02 , D4, 0 42 , D5, 0 18
25 VB1 AND VB2 D1, 0 07 , D2, 0 46 , D3, 0 19 , D4, 0 05 , D5, 0 23
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Figures 5 and 6 show the permeability detection or
measurement results of original BRB and MNMSDE-
BRB, respectively. From Figures 5 and 6, it is shown that
MNMSDE-BRB has better fitting and predicted precision
than original BRB. That is to say, the special designed
DE (i.e., MNMSDE) with the new BRB model has the
ability to build a more reasonable model for the consid-
ered problem.

The relative errors are listed in Table 2. From Table 2, it
can be seen that the new BRBs with referenced values opti-
mized perform better than the traditional BRBs (i.e., TBRBs).
This manifests the validity and rationality of adding the
referenced values of both input and output attributes as the
optimization parameters of BRB. As for DE-BRB, MNMS
DE-BRB, MNMSDE_V1-BRB, and MNMSDE_V2-BRB,
the sequence (DE-BRB, MNMSDE_V1-BRB, MNMSDE_
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Figure 6: The testing samples and output MNMSDE-BRB.
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Figure 7: The absolute error of MNMSDE-BRB and MNMSDE-
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Figure 8: The relative error of MNMSDE-BRB and MNMSDE-
TBRB.

F-BRB
F-TBRB

0

100

200

300

400

500

600

700
Ab

so
lu

te
 er

ro
r c

ur
ve

 o
f F

-B
RB

 an
d 

F-
TB

RB

150100 2000 50
Data number

Figure 9: The absolute error of F-BRB and F-TBRB.
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V2-BRB, MNMSDE-BRB) can be obtained in the decreasing
order of their corresponding ARE/MaxRE/MinRE values,
which demonstrates the effectiveness by incorporating the
Meta-Lamarckian learning strategy, NM simplex method,
and the perturbation operation into standard DE. Moreover,
Figures 7–16 show the absolute and relative errors of testing
samples for the BRBs and TBRBs trained by different optimi-
zation algorithms, and Figure 17 shows the evolutionary
curves of DE, MNMSDE_V1, MNMSDE_V2, and MNM
SDE for training the new BRB model. It can be seen from
Figures 7–17 that MNMSDE-BRB provides the best fitting
precision among the compared methods. So, it is concluded
that our proposed MNMSDE-BRB are more effective than
the other compared BRB-based methods.

In order to reflect the dispersion degree of the testing sam-
ples and the corresponding estimated permeability values, the

RSD, ASD, and RMSE values of the compared methods are
given in Table 3. The smaller the RSD/ASD/RMSE is, the
more stable the soft-sensormethod is. So, it is concluded from
Table 3 that MNMSDE-BRB is a robust method.

To sum up, MNMSDE-BRB is an effective and robust
method for tipping paper permeability measurement.

5. Conclusion

With a view to modelling an effective BRB with less expert
knowledge for the tipping paper permeability measurement
problem, this paper proposes a novel soft-sensor method
based on BRB and DE. Simulations and comparisons based
on real data of a China tobacco factory demonstrate the effec-
tiveness and robustness of the proposed method.
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Figure 11: The absolute error of DE-BRB and DE-TBRB.
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Figure 10: The relative error of F-BRB and F-TBRB.
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Figure 12: The relative error of DE-BRB and DE-TBRB.
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Figure 13: The absolute error of MNMSDE_V1-BRB and
MNMSDE_V1-TBRB.
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There are two main features of the proposed method.
First, in order to improve the reasoning or fitting ability
of the traditional BRB model and reduce the dependence
on the expert knowledge, the referenced values of both
input and output attributes are added as the optimization
parameters of the traditional one, which can construct a
more flexible model for the considered problem. Second, a
hybrid DE algorithm, namely, MNMSDE, is designed to
find the reasonable parameters of the BRB model in a more
complex solution space, which incorporates the NM sim-
plex method, the perturbation operation, and the Meta-
Lamarckian learning strategy into a standard DE to enhance
its search ability. That is, we consider the improvements of
both the accuracy of the BRB model and the effectiveness of
the optimization algorithm.
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Figure 14: The relative error of MNMSDE_V1-BRB and
MNMSDE_V1-TBRB.
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Figure 15: The absolute error of MNMSDE_V2-BRB and
MNMSDE_V2-TBRB.
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Figure 16: The relative error of MNMSDE_V2-BRB and
MNMSDE_V2-TBRB.
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compared algorithms.

Table 2: Comparison of MaxRE, MinRE, and ARE.

Algorithm-model MaxRE MinRE ARE

F-TBRB 0.2573 0.0004 0.0373

F-BRB 0.1936 0.0002 0.0324

DE-TBRB 0.3672 0.0004 0.0447

DE-BRB 0.3423 0.0004 0.0347

MNMSDE_V1-TBRB 0.2753 0.0004 0.0325

MNMSDE_V1-BRB 0.2337 0.0003 0.0298

MNMSDE_V2-TBRB 0.1434 0.0002 0.0248

MNMSDE_V2-BRB 0.1316 0.0002 0.0223

MNMSDE-TBRB 0.1431 0.0001 0.0218

MNMSDE-BRB 0.1007 0.0001 0.0195
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The proposed MNMSDE-BRB has been used in our
designed permeability measuring device. This new device
has so far been applied to a famous tobacco factory in China
and proved to be quite effective and economical. In our
future work, we will generalize MNMSDE-BRB to the diag-
nosis problem of respiratory disease, which needs to dynam-
ically change the size of the belief rule in accordance with the
actual situation and remove the noise in the data.
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In this paper, an adaptive sliding mode tracking control scheme is developed for the medium-scale unmanned autonomous
helicopter with system uncertainties and external unknown disturbances. A simplified mathematical model is established, which
is divided into position subsystem and attitude subsystem. The uncertainty term of the system is handled by the inherent
approximation ability of the neural network. The sliding model control scheme under the backstepping frame is developed for
tackling disturbances. The stability of the simplified system is proved by using the Lyapunov theory, and the tracking errors are
guaranteed to be uniformly bounded. Numerical simulation results show that the proposed control strategy is effective.

1. Introduction

The unique flight capabilities of unmanned autonomous
helicopters (UAHs), such as vertical take-off and landing,
hovering, low-altitude flying, make them have an irre-
placeable position in military and civil fields. The UAHs
are widely used in battlefield reconnaissance, information
collection, earthquake relief, and fire detection [1]. Com-
pared with small-scale UAHs, medium-scale UAHs which
weigh between 500 kg and 1000 kg have significant and
remarkable advantages of high altitude, long cruise, large
payload, and strong robustness [2]. However, the dynam-
ics of the UAH are highly nonlinear, strong coupling,
and underactuated. Meanwhile, autonomous flight control
technology is an extremely complex system engineering,
which involves flight dynamics, aerodynamics, microelec-
tronics, image processing, wireless transmission technology,
advanced control technology, and other fields. These features
make the flight difficult to control. Thus, the design of high-
performance flight control system is a very challenging
research topic.

Recently, some efficient control methods have been
explored and utilized for the UAH [3–5]. Traditional

linear control methods are based on a linearized model
which cannot accurately describe the actual state of the
UAH. Ignoring the nonlinear term will lead to the
decrease of control performance and even the instability
of the system. Thus, various nonlinear control strategies
have been proposed for the helicopters including feedback
linearization [6], predictive control [7], backstepping
control [8–11], sliding mode control (SMC) [12–16], and
neural network (NN) control [17–25]. In [6], a flight con-
troller with the approximate feedback linearization method
and active disturbance rejection control was designed for
the helicopter, which had good robustness. In [7], a nonlin-
ear model predictive control combined with the disturbance
observer was proposed for helicopter tracking control.
Among various control methods, backstepping has become
a widespread control design technique for nonlinear control
systems due to a systematic design process [8, 9]. In [10], the
control design based on backstepping provided asymptotic
tracking and bounded tracking for a model of the UAH. In
[11], the backstepping technique combined dynamic inversion
with command filters was designed for the trajectory tracking
of an uncertain system. The flight environment of the UAH is
always changing, so that modeling uncertainties and external

Hindawi
Complexity
Volume 2018, Article ID 7379680, 11 pages
https://doi.org/10.1155/2018/7379680

http://orcid.org/0000-0001-6500-3745
http://orcid.org/0000-0001-7158-8575
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/7379680


disturbances should be taken into account during the design of
flight control.

SMC has the advantages of fast response, insensitivity to
system parameter changes, good adaptability to unmodeled
dynamics and external disturbances, and the design is simple
and easy to implement [12, 13]. In [14], a SMC design
approach was adopted to globally stabilize some underactu-
ated systems. Literature [15] designed a sliding mode con-
troller for the stability of the UAH in suspension and
forward flight and to ensure that the system can track the
expected reference trajectory. In [16], two nonlinear control
methods were compared and adaptive SMC can handle
sensor noise and model uncertainty better than feedback
linearization control.

On the other hand, NNs have been widely used as uni-
versal approximators to compensate the unmodeled dynam-
ics of the system [17]. In [18], an adaptive predictive control
combined with a high-order NN observer was presented to
obtain predictions of future system states, which was applied
to avoid input delay and nonlinearity. In [19], an adaptive
neural dynamic surface control scheme was designed for a
class of time-delay systems with an unknown dead-zone
input. A novel high-order NN was adopted to account for
unknown nonlinearities. High-order sliding mode observer
combined with NNs was applied for nonlinear pure-
feedback systems in [20].

In [21], an optimal output feedback controller based on
the NN observer was designed for tracking the trajectory of
the UAH. In [22], a nonlinear adaptive controller based on
the NN was designed under a backstepping framework and
tracking errors were restricted within ultimate bounds. In
[23], a modified NN dynamic inversion control method for
the helicopter has been presented and the inversion model
was based on the linearized aerodynamics of hover. In
[24, 25], neural control was proposed for strict-feedback
systems with unknown dynamics, using the dynamic sur-
face control. The simulation results of hypersonic flight
dynamics were presented to demonstrate the effectiveness.
The ability of the NN was to reconstruct and cancel the
errors caused by simplifications, nonlinearity, and varia-
tions in operating conditions. Combining SMC with the
NN can improve the control performance.

This paper is motivated by the tracking control of the
UAH with the effect of unknown uncertainties and distur-
bances. The adaptive SMC scheme based on the NN is devel-
oped for tracking reference trajectory.

The rest of this paper is organized as follows: in Section 2,
the UAH model with uncertainties and disturbances is
established; in Section 3, the design processes of the adap-
tive SMC method with NNs are presented and stability
analysis is carried out to guarantee the feasibility of the
proposed controller; Section 4 provides simulations to ver-
ify the effectiveness of the proposed control method; and
Section 5 concludes the paper.

2. Problem Formulation and Preliminaries

2.1. UAH Model. In this paper, the medium-scale UAH is
regarded as a rigid-body model. Then, the simplified

nonlinear dynamic model of the 6 degrees of freedom
(DOF) can be expressed as follows [26]:

P = V ,

V = 0 0 g T + 1
m
RF,

Λ =HΩ,
Ω = J−1 −Ω × JΩ +M ,

1

where P = xg, yg, zg
T represents the positional vector in

the inertial coordinate, V = u, v,w is velocity vector, m
is the mass of the helicopter, g is the acceleration due to
gravity, Ω = p, q, r is the attitude angular velocity vector,
Λ = ϕ, θ, ψ T is the attitude angle vector in the body-fixed
frame, F and M are external forces and moments acting on
the airframe, respectively, F ≈ 0, 0, −Tm

T , Tm is the thrust
generated by the main rotor, J = diag Jxx , Jyy, Jzz is the
inertia matrix, R is the transformation matrix from the body
coordinate to the inertial coordinate, and H is the attitude
kinematic matrix [27].

Considering the system uncertainties and external dis-
turbances, system (1) will be reformulated. Define x11 = P,

x12 =V , e3 = 0, 0, 1 T , x1 = xT11, xT12
T
, and u1 = RF. The

position dynamics of the UAH can be transformed into
the following affine nonlinear form:

x11 = x12,

x12 = ge3 + Δf p x1 + 1
m
u1 + d1,

2

where Δf p x1 indicates modeling error and d1 indicates
disturbances.

Define x21 =Λ, x22 =Ω, and x2 = xT21, xT22
T
. The attitude

dynamics of the UAH can be transformed into the following
affine nonlinear form:

x21 =Hx22,
x22 = f a x2 + Δf a x2 + ga x2 u2 + d2,

3

where

f a x2 =

Jyy − Jzz
Jxx

qr

Jzz − Jxx
Jyy

pr

Jxx − Jyy
Jzz

pq

,

ga x2 = J−1,

u2 = Γϕ, Γθ, Γψ
T ,

4
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u2 indicate the control input of the attitude subsystem, Δf p
x2 indicates modeling error, and d2 indicates disturbances.

2.2. Preliminaries. In view of the problem of handling the
UAH robust trajectory tracking control, the relevant assump-
tions and lemmas are described as follows.

Assumption 1 [28]. The attitude kinematic matrix H is
considered to be nonsingular, so that the roll angle and pitch
angle always change in the range of − π/2 < θ < π/2 ,
− π/2 < ϕ < π/2 .

Assumption 2 [29]. The external disturbances d1 and d2 are
unknown and bounded, and there exists positive constants
d1, d2 such that d1 ≤ d1 and d2 ≤ d2.

Assumption 3 [29]. The desired trajectories are bounded, and
their derivatives are bounded. Furthermore, all system states
can be measured.

Lemma 1 [30]. In the case of initial bounded conditions, if there
exists a C1 continuous and positive definite Lyapunov function
V z which satisfies φ1 z ≤V z ≤ φ2 z and V z ≤ −
μ1V z + μ2, where φ1, φ2: R

n → R are class K functions, μ1
> 0, and μ2 > 0, then the solution is uniformly bounded.

Lemma 2 [31–33]. The NN has the inherent ability of learning
and implements nonlinear mapping through training of sam-
ple data. The radical basis function NN (RBFNN) is a class of
linearly parameterized NNs, which is widely employed to
approximate the continuous unknown function f Z : Rq →
R. It can be represented in the form of

f Z =ΘTΦ Z + ξ Z , 5

where Z = z1, z2,… , zq T ∈ Rq is the input vector of the NN,

Θ ∈ Rp is aweight vector of theNN, ξ is the approximation error
which satisfies ξ Z ≤ ξ, ξ is an unknown bound parameter,
and Φ Z = ϕ1 Z , ϕ2 Z ,… , ϕp Z T ∈ Rp is the Gaussian
radial basis function which can be chosen as the form

ϕi Z = exp − Z − ρi
T Z − ρi

ς2i
, i = 1, 2,… , p, 6

where ρi is the center and ςi is the width of the hidden layer
neuron.

The continuous function f Z can be smoothly approxi-
mated over the compact set ΩZ to arbitrary precision by
RBFNN as

f Z =Θ∗TΦ Z + ξ∗ Z , ∀Z ∈ΩZ ⊂ Rq, 7

where ξ∗ Z is the least approximation error in the special case

of Θ =Θ∗ and the optimal weight value Θ∗ can be defined as

Θ∗ = arg min
Θ∈Sf

sup
Z∈ΩZ

f̂ Z ∣Θ − f Z , 8

where Sf = Θ Θ ≤Θ is a valid field of the estimate

parameter Θ and Θ is a design constant.

3. Adaptive Sliding Mode Tracking
Controller Design

Borrowing the backstepping control method, the inner-
outer-loop control scheme is adopted in this section. The
position loop is considered as an outer loop; then, the attitude
loop is considered as an inner loop.

3.1. Scheme of Position Control. In this section, an adaptive
SMC based on RBFNN will be established for the UAH posi-
tion system.

Step 1. Consider (2) and define the position and velocity
tracking errors

z11 = x11 − x1d , 9

z12 = x12 − α1, 10

where x1d is the desired position vector and α1 as the virtual
control law will be defined in the next step.
Differentiating z11, we obtain

z11 = x11 − x1d = x12 − x1d 11

Consider the Lyapunov function candidate

V11 =
1
2 z

2
11 12

Its time derivative is

V11 = zT11z11 = zT11 x12 − x1d 13

Choose the following virtual control law as

α1 = −K1z11 + x1d , 14

where K1 = KT
1 > 0 is a design parameter.

Substituting (10) and (14) into (11), we have

z11 = z12 + α1 − x1d = −K1z11 + z12 15

Step 2. Consider the second equation in (2). Δf p x1 is
unknown function, so that the RBFNN is adopted to approx-
imate Δf p x1 . Thus, we obtain

Δf p x1 =Θ∗T
1 Φ x1 + ξ1, 16

where Θ∗
1 is the optimal weight value and ξ1 is the least
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approximation error of RBFNN, which satisfies ξ1 ≤ ξ1
with ξ1 > 0. Define ε1 = ξ1 + d1. The external disturbance d1
is bounded, which satisfies d1 ≤ d1 with d1 > 0. Therefore,
we have that ε1 ≤ β1, β1 is a positive constant.
Substituting (16) into the second equation in (2) results in

x12 = ge3 +Θ∗T
1 Φ x1 + 1

m
u1 + ε1 17

Differentiating z12 and invoking (20) yield

z12 = x12 − α1 = ge3 +Θ∗T
1 Φ x1 + 1

m u1 + ε1 − α1 18

Define the sliding surface as

s1 = c1z11 + z12, 19

where c1 = diag c11, c12, c13 > 0 is a design parameter.
Then, the time derivative of s1 is

s1 = c1z11 + z12 20

Choose the Lyapunov function candidate

V12 =
1
2 s

2
1 21

Its time derivative is

V12 = sT1 s1 = sT1 c1z11 + z12

= sT1 c1z11 + ge3 +Θ∗T
1 Φ x1 + 1

m
u1 + ε1 − α1

22

Choose the Lyapunov function candidate

V1 =
1
2 z

2
11 +

1
2 s

2
1 + tr ΘT

1 Γ−11 Θ1 , 23

where Γ1 = ΓT1 > 0 is a design parameter, Θ1 is the estimate

value of Θ∗
1 , and Θ1 =Θ∗

1 −Θ1 is the estimate error.
The time derivative of V1 is

V1 = zT11z11 + sT1 s1 + tr ΘT
1 Γ−11 Θ1

= −zT11K1z11 + zT11z12 + sT1 s1 + tr ΘT
1 Γ−11 Θ1

24

Choose the following SMC law as

u1 =m c1 K1z11 − z12 − ge3 −ΘT
1Φ x1

+ α1 − z11 − h1s1 − η1 sgn s1 ,
25

where h1 and η1 are positive constants and η1 ≥ β1.

Substituting (25) into (24), we obtain

V1 = −zT11K1z11 + zT11z12 + sT1 −z11 − h1s1 − η1 sgn s1

+ ε1 +ΘT
1Φ x1 + tr ΘT

1 Γ−11 Θ1

= −zT11 K1 + c1 z11 + sT1 −h1s1 − η1 sgn s1 + ε1

+ sT1Θ
T
1Φ x1 + tr ΘT

1 Γ−11 Θ1

26

The time derivative of Θ1 is

Θ1 =Θ∗
1 −Θ1 = −Θ1 27

Then, we obtain

tr ΘT
1 Γ−11 Θ1 = −tr ΘT

1 Γ−11 Θ1 28

The updated law of the NN is designed as

Θ1 = Γ1 Φ x1 sT1 + γ1Θ1 , 29

where γ1 > 0 is a design parameter.
Substituting (29) into (26), we have

V1 = −zT11 K1 + c1 z1 + sT1 −h1s1 − η1 sgn s1 + ε1

− γ1tr ΘT
1Θ1

30

Consider the following inequality:

2tr ΘT
1Θ1 = Θ1

2 + Θ1
2
− Θ∗

1
2 ≥ Θ1

2 − Θ∗
1

2

31

Substituting (31) into (30), we have

V1 ≤ −zT11 K1 + c1 z11 − sT1 h1s1 −
γ1
2 Θ1

2 + γ1
2 Θ∗

1
2

32

Remark 1. It is well known that the control input u1 is discon-
tinuous due to the use of sign function sgn ⋅ , which may
cause the chattering effect. In order to overcome this short-
coming, φ ⋅ is a continuous approximation of the sign
function and defined as follows [34]:

φ s = 2
π
arctan μs , 33

where μ is a positive constant. Furthermore, as μ increases,
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the approximation error can be reduced. This approximation
also allows the control law u1 to be derivable.
Define δ = sgn s − φ s . From δ = sgn s − φ s ≤ 2,
we have

sT1 −h1s1 − η1φ s1 + ε1

= sT1 −h1s1 − η1 sgn s − δ + ε1

= −sT1 h1s1 − sT1 η1 sgn s − δ + sT1 ε1
= −sT1 h1s1 − sT1 η1 sgn s + η1s

T
1 δ + sT1 ε1

≤ −sT1 h1s1 + η1s
T
1 δ ≤ −sT1 h1s1 +

1
2 s

T
1 s1 +

1
2 η

2
1δ

2

≤ −sT1 h1 −
1
2 s1 + 2η21

34

The inequality (32) can be written as

V1 ≤ −ℏ1V1 + ℓ1, 35

where ℏ1 = min λmin K1 + c1 , h1 − 1/2 , γ1/2 and ℓ1 =
γ1/2 Θ∗

1
2 + 2η21.

3.2. The Calculation of the Reference Attitude Angle. Consid-
ering the underactuated characteristics of the UAH, it is nec-
essary to calculate the reference roll angle and the reference
pitch angle of the attitude subsystem with the virtual control
input of the position subsystem.

DefineΩr = ϕr , θr , ψr
T as the reference signal of the atti-

tude subsystem, where ψr is directly indicated by the signal
generator given and ϕr and θr are obtained by the position
loop output.

Considering u1 = ux , uy , uz T , then ϕr , θr , and Tm can be
expressed as follows [35]:

θr = arctan
ux cos ψr + uy sin ψr

uz
,

ϕr = arctan
cos θr ux sin ψr − uy cos ψr

uz
,

−Tm = uz
cos ϕr cos θr

36

3.3. Scheme of Attitude Control. Similar to the position
system, the control law based on SMC and RBFNN will be
designed to achieve the purpose of tracking the reference
attitude signal.

Step 3. Consider (3) and define the tracking errors of attitude
angular and angular velocity

z21 = x21 − x2d , 37

z22 = x22 − α2, 38

where x2d is the desired attitude vector and α2 will be defined.

Differentiating z21, we obtain

z21 = x21 − x2d =Hx22 − x2d 39

Choose the Lyapunov function candidate

V21 =
1
2 z

2
21 40

Its time derivative is

V21 = zT21z21 = zT21 Hx22 − x2d 41

Choose the following virtual control law

α2 =H−1 −K21z21 + x2d + c2H
Tz21 , 42

where K2 = KT
2 > 0 and c2 = diag c21, c22, c23 > 0 are design

parameters.
Substituting (38) and (42) into (39), we have

z21 =H z22 + α2 − x2d = −K21z21 +Hz22 + c2H
Tz21 43

Step 4. Similar to the position subsystem, Δf a x2 is
unknown, so the RBFNN is used to approximate Δf a x2 .
Thus, we obtain

Δf a x2 =Θ∗T
2 Φ x2 + ξ2, 44

where Θ∗
2 is the optimal weight value and ξ2 is the least

approximation error of RBFNN, which satisfies ξ2 ≤ ξ2
with ξ2 > 0. Define ε2 = ξ2 + d2. The external disturbance d2
is bounded, which satisfies d2 ≤ d2 with d2 > 0. Therefore,
we have that ε2 ≤ β2, β2 is a positive constant.
Substituting (47) into the second equation in (6) results in

x22 = f a x2 +Θ∗T
2 Φ x2 + ga x2 u2 + ε2 45

Differentiating z12 with respect to time and invoking (48)
yield

z22 = x22 − α2 = f a x2 +Θ∗T
2 Φ x2 + ga x2 u2 + ε2 − α2

46

Define the sliding surface as

s2 = c2z21 + z22, 47

where c2 = diag c21, c22, c23 > 0 is a design parameter.
Then, the time derivative of s2 is

s2 = c2z21 + z22 48

Choose the Lyapunov function candidate

V22 =
1
2 s

2
2 49
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Its time derivative is

V22 = sT2 s2 = sT2 c2z21 + z22
= sT2 c2z21 + f a x2 +Θ∗T

2 Φ x2 + ga x2 u2 + ε2 − α2

50

Consider the Lyapunov function candidate

V2 =
1
2 z

2
21 +

1
2 s

2
2 + tr ΘT

2 Γ−12 Θ2 , 51

where Γ2 = ΓT2 > 0 is a design parameter, Θ2 is the estimate

value of Θ∗
2 , and Θ2 =Θ∗

2 −Θ2 is the estimate error.
The time derivative of V2 is

V2 = zT21z21 + sT2 s2 + tr ΘT
2 Γ−12 Θ2

= −zT21K21z21 + zT21Hz22 + zT21c2H
Tz21

+ sT2 s2 + tr ΘT
2 Γ−12 Θ2

52

Choose the following virtual control law as

u2 = g−1a x2 c2 K21z21 −Hz22 − c2H
Tz21 − f a x2

−ΘT
2Φ x2 + α2 −HTz21 − h2s2 − η2 sgn s2 ,

53

where h2 and η2 are positive constants and η2 ≥ β2.
Substituting (53) into (52), we obtain

V2 = −zT21K2z21 + zT21Hz22 + zT21c2H
Tz21 + sT2 −HTz21 − h2s2

− η2 sgn s2 + ε2 +ΘT
2Φ x2 + tr ΘT

2 Γ−12 Θ2

= −zT21K21z21 + zT21Hz22 + zT21c2H
Tz21

− c2z21 + z22
THTz21 + sT2 −h2s2 − η2 sgn s2 + ε2

+ sT2Θ
T
2Φ x2 + tr ΘT

2 Γ−12 Θ2

= −zT21K21z21 + sT2 −h2s2 − η2 sgn s2 + ε2

+ sT2Θ
T
2Φ x2 + tr ΘT

2 Γ−12 Θ2

54

The time derivative of Θ2 is

Θ2 =Θ∗
2 −Θ2 = −Θ2 55

The updated law of the NN is designed as

Θ
˙

2 = Γ2 Φ x2 sT2 + γ2Θ2 , 56

where γ2 > 0 is a design parameter.

Substituting (56) into (54), we have

V2 = −zT21K21z21 + sT2 −h2s2 − η2 sgn s2 + ε2

− γ2tr ΘT
2Θ2

57

Considering the following inequality:

2tr ΘT
2Θ2 = Θ2

2 + Θ2
2
− Θ∗

2
2 ≥ Θ2

2 − Θ∗
2

2

58

Substituting (58) into (57), we have

V2 ≤ −zT21K2z21 − sT2 h2s2 −
γ2
2 Θ2

2 + γ2
2 Θ∗

2
2 59

Similar to the position loop, the approximation function is
used to replace a symbolic function, the proof is the same
as before (34). The inequality (59) can be written as

V2 ≤ −ℏ2V2 + ℓ2, 60

where ℏ2 = min λmin K2 , h2 − 1/2 , γ2/2 and ℓ2 = γ2/2
Θ∗

2
2 + 2η22.

Consider the Lyapunov function candidate of the overall
closed-loop system

V =V1 + V2 61

Consider (35) and (60), differentiating V yields

V = V1 +V2 ≤ −ℏV + ℓ, 62

where ℏ =min λmin K1 + c1 , h1 − 1/2 , γ1/2, λmin K2 , h2
− 1/2 , γ2/2 and ℓ = γ1/2 Θ∗

1
2 + γ2/2 Θ∗

2
2 + 2η21 +

2η22.

From (62), if appropriate parameter which satisfying
h1 > 1/2 and h2 > 1/2 is chosen, all the closed-loop sys-
tem signals are bounded under the action of developed con-
troller (25) and (53) according to Lemma 1. Thus, all the
tracking errors and the sliding mode surfaces are bounded.
The UAH can track the desired trajectory without the effect
of unknown disturbances and model uncertainties. Then,
z11, s1, Θ1, z21, s2, and Θ2 are uniformly bounded according
to Lemma 1. Then, proof is completed.

4. Simulation Results

In this section, the simulation results are presented to inves-
tigate the effectiveness of the proposed adaptive SMC scheme
for the medium-scale UAH with model uncertainties and
external unknown disturbances. The parameters of the
medium-scale UAH are given as m = 800 kg, g = 9 8m/s2,
Jxx, Jyy, Jzz = 360, 780, 600 kg ⋅m2 . The parameter un-
certainty of the simulation system is set to 20%, and the
disturbance is chosen as d1 = 1 5 sin 0 4t , 1 2 sin 0 4t ,
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1 2 sin 0 4t T and d2 = 2 5 sin 0 3t , 1 2 sin 0 5t , 1 8
sin 0 2t T .

In order to illustrate the effectiveness of the proposed
control scheme, two different simulation cases are studied
based on these state conditions.

Case 1. The initial state conditions are assumed as x0 = 1m,
y0 = −1m, and z0 = −269m, and the desired trajectory is
given by x1d = 0 0 −270 Tm and ψd = 0 5 sin 0 5t
rad. The design parameters are chosen as K1 = diag 5, 5,
10 , K2 = diag 15, 10, 10 , c1 = diag 5, 5, 2 , c2 = diag 1,
1, 1 , h1 = 0 55, h2 = 1, η1 = 10, and η2 = 50, and the updated

law of NN parameters is chosen as Γ1 = 5, γ1 = 2, Γ2 = 5,
and γ2 = 2.

Figure 1 illustrates the tracking results of the position
control, and Figure 2 illustrates tracking results of the atti-
tude control for Case 1. The control inputs of thrust and
moments for Case 1 are shown in Figure 3. From Figures 1
and 2, we can see that the tracking performance is good
and tracking error quickly converges. From Figure 3, we note
that the control inputs are bounded and convergent.

Case 2. The initial state conditions are assumed as x0 = 0 5m,
y0 = −0 5m, and z0 = −265m, and the desired trajectory
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Figure 1: Tracking result of the position control for Case 1.
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Figure 2: Tracking result of the attitude control for Case 1.
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is given by x1d = 5 sin 0 5t 4 sin 0 4t −270 Tm and
ψd = 0 2 rad. The design parameters are chosen as K1 = diag
5, 5, 5 , K2 = diag 20, 5, 30 , c1 = diag 5, 5, 2 , c2 = diag
1, 1, 1 , h1 = 0 55, h2 = 1, η1 = 5, and η2 = 50, and the
updated law of NN parameters is chosen as Γ1 = 5, γ1 =

2, Γ2 = 5, and γ2 = 2. The tracking results of the position
control and attitude control for Case 2 are shown in
Figures 4 and 5, respectively. According to Figures 4 and 5,
the simulation results show that the tracking errors are
small and the output can rapidly track the reference signal.
The control inputs of thrust and moments for Case 2 are
presented in Figure 6. From Figure 6, the bounded control
inputs are observed.

It can be observed from tracking results for two cases that
the position and the attitude angles can track the desired tra-
jectory in a satisfactory way in the presence of system uncer-
tainties and external unknown disturbances. We note that

0 5 10 15 20 25 30
0.6
0.8
1

1.2
1.4
1.6
1.8
2

2.2 ×104

t(s)

T m
r(N

)

0 5 10 15 20 25 30

−1

−0.5

0

0.5

1
×105

t(s)

M
x(
N
.m

)

0 5 10 15 20 25 30

−1

−0.5

0

0.5

1

×105

t(s)

M
y(
N
.m

)

0 5 10 15 20 25 30
−2

−1

0

1

2

3

4
×104

t(s)

M
z(N

.m
)

Figure 3: The control inputs of thrust and moments for Case 1.
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Figure 4: Tracking result of the position control for Case 2.
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the system has strong robustness. From Figures 3 and 6, it is
obvious that the control input commands are bounded and
convergent. Thus, we can conclude that the proposed adap-
tive SMC tracking control strategy is effective for the UAH
with system uncertainties and disturbances.

5. Conclusion

In this paper, an adaptive sliding controller has been devel-
oped for the UAH system on the basis of the neural network
and backstepping, which can make the UAH tracks the
desired trajectory accurately even if it has the parameter

uncertainties and the external disturbances. Firstly, a mathe-
matical model has been established and simplified appropri-
ately. Then, an adaptive sliding mode controller has been
designed for tackling the unknown disturbances. In addition,
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the RBFNN has been utilized to estimate the UAH system
uncertainty. Finally, the proposed control scheme can ensure
that all signals of the closed-loop system are uniformly
bounded by using the Lyapunov analysis method. The effec-
tiveness of the method has been verified by simulation.
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The paper investigates a novel sparse false data injection attack method in a smart grid (SG) with incomplete power network
information. Most existing methods usually require the known complete power network information of SG. The main objective
of this paper is to propose an effective sparse false data injection attack strategy under a more practical situation where attackers
can only have incomplete power network information and limited attack resources to access the measurements. Firstly,
according to the obtained measurements and power network information, some incomplete power network information is
compensated by using the power flow equation approach. Then, the fault tolerance range of bad data detection (BDD) for the
attack residual increment is estimated by calculating the detection threshold of the residual L2-norm test. Finally, an effective
sparse imperfect strategy is proposed by converting the choice of measurements into a subset selection problem, which is solved
by the locally regularized fast recursive (LRFR) algorithm to effectively improve the sparsity of attack vectors. Simulation results
on an IEEE 30-bus system and a real distribution network system confirm the feasibility and effectiveness of the proposed new
attack construction method.

1. Introduction

The traditional power systems operate in an isolated physical
environment, where their security mainly focuses on the ran-
dom failures of the system components [1]. With the deep
integration of electricity infrastructure and modern informa-
tion and communication technology, a smart grid (SG) uses
two-way flows of electricity and information to create a widely
distributed automated energy delivery network [2–10], lead-
ing to the great improvement of the comprehensive level of
automation and management. However, SG has been found
vulnerable to cyberattacks as a large number of smart devices
are deployed over unencrypted cyber communication envi-
ronments [11–15]. Malicious cyberattacks are one type of
the most popular cyberattacks, which may trigger the cata-
strophic damage to power supplies and widespread power
outages [16, 17]. For example, during the Christmas of
2015, a synchronized and coordinated cyberattack compro-
mised three Ukrainian regional electric power distribution
companies, resulting in power outages and further affecting

approximately 225,000 customers for several hours [18].
Moreover, the US PJM system received 4090 cyberattacks
in one month in 2015, which was equivalent to 5.5 times
per hour [19]. Moreover, the Israeli power supply system
was hit by a major cyberattack in 2016, forcing a large num-
ber of computers in the power supply system to run offline
[20]. Therefore, cyber security of SG is an important and
open problem, which has attracted great interests from the
government, industry, and academia. Cyber security can be
studied from two perspectives to improve the system reliabil-
ity. The remote state estimation was investigated from the
perspective of defense [21] under possible false data injection
attacks, where the whole knowledge of the system model
must be known. However, this paper is aimed at finding the
vulnerability of the power system with incomplete power grid
information by developing an effective sparse false data injec-
tion attack strategy from the attackers’ perspective.

State estimation is usually employed to estimate or pre-
dict the system operational states, which provides real-time
information and effective supervision of SG. The traditional

Hindawi
Complexity
Volume 2018, Article ID 8503825, 16 pages
https://doi.org/10.1155/2018/8503825

http://orcid.org/0000-0003-0412-0280
http://orcid.org/0000-0001-8552-9349
http://orcid.org/0000-0002-4691-0160
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/8503825


state estimation based on the least squares (LS) method and
the fast decoupling method derived from the LS has been
applied for many years [22]. As the scale of the power system
continues to increase, the dispatch center puts higher and
higher requirements on the accuracy and stability of state
estimation. Some power grids use a weighted least squares
method based on a fixed Jacobian matrix and introduce
orthogonalization [23]. This state estimation method has
better numerical stability and faster calculation speed. Others
use a two-level distributed state estimation method [24],
which makes full use of a large amount of redundant mea-
surement information in the substation: the first step is to
perform high-precision local estimation and the second one
is to perform global coordination, so that a more reliable
real-time state estimation result of the whole network can
be obtained. Moreover, the distributed state estimation has
also been employed for a large-scale power system to support
the system operation [25].

False data injection attacks (FDIAs), as one typical type of
malicious cyberattacks, can purposely manipulate measure-
ments to perturb the results of state estimation without pos-
ing any anomalies to the bad data detection (BDD) while
producing a serious threat or damage to SG operations [26,
27]. A common assumption on FDIAs in most works is that
the attacker must obtain complete knowledge of the power
network information [8, 26–28], i.e., topology information
and transmission line parameters of the power grid. How-
ever, a practical attacking situation needs to be usually con-
sidered from two aspects: (1) it is difficult for an attacker to
know all power network information of a power grid due to
the strict protection of the control center and the lack of
knowledge of real-time grid parameters such as the position
of circuit breaker switches and transformer tap changers
and (2) the attacker may access only a part of smart meters
due to the limited attack resources and the physical protec-
tion of some important smart instruments.

For the first case, an attacker cannot gain the complete
network information; i.e., the Jacobian matrixH is an incom-
plete matrix, but it is critical for the construction of a perfect
FDIA strategy [26]. To overcome the strong requirement of
knowing the full topology and parameter information of a
power grid, the first attempt is made successfully to design
false data injection attacks with incomplete power informa-
tion [29]. Here, the limited parameter information obtained
by the attacker is expressed as H =H + δ, where δ represents
the difference between the complete parameter information
H and the obtained partial parameter information H. Then,
two cases of perfect attacks and imperfect attacks are studied,
and the residual increments caused by perfect attacks and
imperfect attacks are zero and nonzero, respectively. Further-
more, the range of residual increments caused by the unde-
tectable imperfect FDIAs is given as 0 ≤ τa ≤ a 2 ⋅ cos γ in
[30], where τa denotes the residual increments caused by
the attacks and γ represents the angle between the null space
of the real Jacobian transpose matrixHT and the image space
of the inaccurate Jacobian matrix H. The attackers only need
to obtain the power network information of the local attack-
ing region to inject false data into smart meters in the local

region of the power grid without being detected [31], and a
strategy is designed to determine the optimal attacking
region of a single load bus by obtaining less power network
information [32]. The phenomenon of intermittent faults is
described by Bernoulli distribution in [33], as the intermit-
tent faults in the nonuniformly sampled multirate systems
occur randomly. However, the incomplete power network
information in this paper is the incomplete power informa-
tion of the system parameter; i.e., the parameter information
of the whole power network is known well. The above works
do not consider the compensation for the incomplete infor-
mation in the measurement Jacobian matrix to reduce the
estimation error of the predesigned false data to be injected
into certain measurements. Furthermore, the fault tolerance
range of the BDD unit for the residual increment caused by
an imperfect false data is not analyzed in detail, which cannot
ensure the high success rate for an attack to avoid the BDD.

For the second case, the attackers always tend to compro-
mise as fewer measurements as possible to implement suc-
cessful attacks, namely, constructing sparse attack vectors.
It has stimulated several research works [34–37]. These
sparse attack models still require the full-power network
information. Moreover, to the best of our knowledge, there
is no feasible algorithm that can efficiently construct highly
sparse undetectable attack vectors with incomplete power
network information.

It seems to be much more difficult to launch an undetect-
able sparse attack when considering both aspects of the prac-
tical attacking situation. However, to improve the robustness
of SG, it is very necessary to find the system vulnerability by
developing a new and practical FDIA strategy. However, the
following challenges and difficulties need to be addressed:

(1) The first challenging problem is how to compensate
unknown power information in the measurement
Jacobian matrix and distinguish the secure measure-
ment set and the attackable measurement set after
the compensation

(2) How to estimate the fault tolerance range of the BDD
unit for the attack residual increment is another diffi-
cult problem

(3) The third difficult problem is how to design and solve
a sparse imperfect attack model to obtain an effective
sparse imperfect strategy

To address these difficulties, this paper investigates a
novel sparse imperfect FDIA construction method by modi-
fying only a much smaller number of measurements. The
main contributions of the paper include: (1) according to
the obtained measurements and power network information,
some unknown information in the measurement Jacobian
matrix is compensated by solving the power flow equation,
and the secure measurement set and the attackable measure-
ment set are constructed by determining whether the
attackers can inject false data. (2) To ensure that the attack
can bypass the BDD with a high success rate, the fault toler-
ance range of the BDD unit for the attack residual increment
is estimated by calculating the detection threshold of the
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residual L2-norm test based on the largest normalized resid-
ual (LNR) test. (3) Based on the attackable measurement set,
an effective sparse imperfect strategy is proposed by regard-
ing the choice of measurements as a subset selection prob-
lem of a linear regression model with noise. This can then
be solved by the locally regularized fast recursive (LRFR)
algorithm, which can effectively improve the sparsity of the
attack vector.

The rest of the paper is organized as follows. Section 2
describes the problem formulation of the sparse imperfect
attack strategy. In Section 3, the LRFR algorithm is used for
the smallest subset selection of attack vector elements. Simu-
lation results are provided in Section 4, followed by conclud-
ing remarks in Section 5.

2. Problem Formulation

Considering the practical attacking situation, the schematic
block diagram of a power network control system under
FDIAs is shown in Figure 1. The attacker can only inject false
data into certain measurements. That is, the system contains
an attackable measurement set zF and a secure measurement
set zS, which will be defined in detail in the later section.
Then, the contaminated measurements za = zS, zFa are
transmitted to the state estimator for the identification of
state variables. Furthermore, the bad data detector is used
to identify and detect anomaly data based on the results of
state estimation. If the attack cannot be detected by the
BDD, the misleading state estimate results will be transmitted
to the control system, which may pose seriously potential
threats to system security and economic operation. There-
fore, for SG with unknown power information, how to design
a new sparse imperfect attack strategy is the following work.
It will lay the foundation for finding system vulnerabilities
and designing the corresponding protection strategies.

2.1. State Estimation in a DC System Model. We focus on a
steady-state and lossless power transmission system with a
set N = 0, 1, 2,… , n of buses and a set L = 1, 2,… , l of
transmission lines. Each bus i ∈N corresponds to an active
power injection pi (generator active power minus load) and
a bus phase angle θi. Each branch k = i, j ∈ L connects
two buses and corresponds to an active power flow f ij. Then,
the branch active power flow is defined as positive if it is in
the direction of the branch; otherwise, it is negative if it is
in the opposite direction. Therefore, f ji = −f ij for ∀ i, j ∈ L
[38]. To describe the network topology and transmission line
parameters of the electricity grid better, let A ∈ −1, 0, 1 l×n
denote the branch-bus connection matrix; i.e.,

Aki =
0,  if the branch k is not connected to bus i,
1,  if the direction of branch k begins from bus i,
−1,  if the direction of branch k ends towards bus i

1

Then, let the diagonal matrix D ∈ℜl×l describe the phys-
ical properties of the transmission lines, and the kth diagonal

element of D (i.e., Dk) is the negative admittance of branch
k = i, j , i.e., Dk = −bij. Therefore, the power network infor-
mation matrix H is constructed as

H =
AΤDA
DA
−DA m×n

2

According to the DC power flow model, the relationship
between measurements z and state variables x can be
expressed as

z =Hx + v, 3

where z ∈ℜm×1 is the measurement vector consisting of
branch active power flow measurements and bus active
power injection measurements, m is the total number of
measurements, x ∈ℜn×1 is the state vector of bus phase
angles except for the reference angle fixed as θo = 0, n + 1 is
the total number of buses, and v ∼N 0, R is the Gaussian
measurement noise vector with a diagonal covariance matrix
R = diag σ2

1, σ22,… , σ2m [39].
Real-time state information is important to provide oper-

ation supports such as ensuring system stability. However,
we consider that the power system is static and the measure-
ment equation is linear. For the system, the weighted least
square (WLS) method [39] is used for state estimation
because it is able to handle regression situations in which
data points are of varying quality. The state of system x,
which is estimated by the WLS method, follows

x̂ = HΤR−1H −1HΤR−1z 4

Remark 1. A recursive filter algorithm to deal with dynamic
state estimation problem for power systems with quantized
nonlinear measurements is proposed in [40], which is for
dynamic nonlinear systems. However, the main objective of
this paper is to design an effective sparse attack strategy so
that the attackers can compromise as fewer measurements
as possible to destroy the measurement information accu-
racy. This paper considers that the power system is static
and the measurement equation is linear, where the weighted
least square (WLS) method is employed to estimate the sys-
tem state. Thus, an attack regression model can be obtained
and the choice of measurements can be treated as a subset
selection problem, which can be solved by the locally regular-
ized fast recursive (LRFR) algorithm to effectively improve
the sparsity of attack vectors.

Further, the measurement estimates can be obtained as

ẑ =Hx̂ =H HΤR−1H −1HΤR−1z 5

When the system is attacked, false data in measure-
ments may mislead the results of state estimation. Tradi-
tional BDD methods identify and detect bad data by testing
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the measurement residual, which is denoted as the difference
between the observed measurements z and the estimated
measurements ẑ, i.e., r ≜ z − ẑ = z −Hx̂. Generally, if the L2-
norm of the residual vector r exceeds a certain threshold
(i.e., r 2 > τ), bad data may exist in the measurements z.

Remark 2. The selection of threshold τ is a key issue for BDD
based on residual L2-norm, which can be determined accord-
ing to the LNR test [39]. The process is as follows:

The normalized residuals [41] are defined as

rN ,i =
ri
∑ii

, i = 1,… ,m, 6

where∑ii is the i
th diagonal element of Σ and Σ = diag WR ,

W = I −H HΤR−1H −1HΤR−1, is called the sensitivitymatrix.
Referring to the literature [39], the normalized residual
threshold τN can be chosen, where the normalized resid-
ual generally follows the standard normal distribution,
i.e., rN ,i~N 0, 1 , and τN is determined by looking up the
standard normal distribution table. For example, if the prob-
ability of false detection is set as Pe = 0 005, i.e., P rN ,i <

τN = 1 − 0 005, the range of the normalized residuals is
expressed as

rN ,i =
ri
∑ii

< τN = 2 81, i = 1,… ,m 7

Then, the range of normal residuals can be obtained as
ri < 2 81 ∑ii, i = 1,… ,m, and the threshold τ of the
residual L2-norm test is further solved as

r 2 = r21 +⋯ + r2m < 2 812 Σ11 +⋯ + Σmm = τ 8

With the wide application of the communication tech-
nology in SG, the attackers can access the SCADA system
through a communication network. If the attackers can
obtain the full network information of the power grid
and enough measurements, they can then inject purposely
the predesigned false data into some measurements with-
out posing any anomalies to the traditional BDD based
on the residual L2-norm test, which will inevitably bring
serious security threats to SG.
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Figure 1: Power network control system under false data injection attacks.
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2.2. Undetectable Attacks with Complete Power Network
Information. Generally, the attackers intrude into the power
system by compromising the readings of certain smart
devices intentionally. That is, the original measurements
z are manipulated by the false data a, i.e., za = z + a. The
state estimation deviation caused by the attack is denoted as
x̂a = x̂ + c, where c ∈ℜn×1 is the arbitrary error vector
injected into state estimation. Thus, the attack residual
L2-norm can be expressed as

ra = za −Hx̂a = z + a −H x̂ + c = z −Hx̂
+ a −Hc ≤ z −Hx̂ + a −Hc = r + Δa < τ,

9

where Δa = a −Hc is defined as the attack residual incre-
ment. There are two cases for an attack to bypass the
BDD. In the first case, the attack vector is carefully con-
structed to satisfy a =Hc, namely, Δa = 0. Then, the attack
will not be detected by the traditional BDD because the
injected false data no longer affect the original residual L2-
norm, i.e., ra = r . Such attacks are thus called perfect
FDIAs. In the second case, there is a ≠Hc, namely, Δa ≠ 0,
but the condition Δa < τ − r ≜ τa must be met. Such
attacks can also successfully bypass the traditional BDD,
which are called imperfect FDIAs.

Remark 3. For the first case, the perfect FDIAs depend on a
strong assumption that the attackers have complete knowl-
edge about the network information of the power grid and
are capable of accessing all measurements. However, it is
more practical for the attackers to obtain incomplete power
network information and limited measurements, which
makes the attackers unable to launch perfect FDIAs success-
fully in the practical attack situation. Therefore, how to
design a new attack strategy with limited network informa-
tion and attack resources is an interesting and open problem.

Remark 4. For the second case, the threshold τa represents
the fault tolerance ability of the BDD, which is related to
the measurement noises contained in the original measure-
ments z. If the measurement noises are smaller, the original
residual L2-norm r is smaller and then the threshold τa
is larger; otherwise, if the measurement noises are larger,
the original residual L2-norm r is larger and then the
threshold τa is smaller. When the measurement noises are
given, the fault tolerance ability of the BDD τa is determined.
Therefore, if the attack residual increment is set within the
range of τa, the attack can bypass the BDD with a high suc-
cess rate.

Remark 5. Recent researches have shown that an undetect-
able false data injection attack can still be accomplished even
with the incomplete power network information. However,
there is shorting of the more practical FDIA strategies with
both incomplete power network information and limited
attack resources considered.

2.3. Sparse Imperfect FDIA Strategy with Incomplete Power
Network Information andMeasurements. It is analyzed above
that the attackers cannot have complete power network
information and measurements due to the practical issues.
However, we find that some unknown information, i.e.,
transmission line admittances Dk, can be calculated accord-
ing to the obtained measurements and power network infor-
mation. Thus, more information about the measurement
Jacobian matrix H can be known indirectly. In terms of the
unknown Dk, we have the following theorem.

Theorem 1. When the phase angle difference θi − θj between
the two buses of the branch k = i, j can be calculated indi-
rectly and the branch power flow f ij is known, the unknown
element Dkk = −bij in the branch admittance matrix D can
be calculated by using the branch active power flow equation
f ij = −bij θi − θj .

Proof 1. Firstly, a generator bus needs to be selected as the ref-
erence bus o, and the adversary needs partial knowledge of
the network topology to find the paths from bus o to bus i
and bus j separately (at least one path can be found according
to the network topology connectivity). Assuming that the
path o→ i passes through a sequence of intermediate buses
o1, o2,… , oq , the attacker needs to know the branch

admittances boo1 , bo1o2 ,… , boqi and the branch power flows

f oo1 , f o1o2 ,… , f oqi . Then, the phase angle θi can be calcu-

lated as

θi = θi − θo = θi − θoq +⋯ + θo1 − θo

= −
f ioq
bioq

−⋯ −
f o1o
bo1o

10

Next, the phase angle θj can be calculated in a similar
way, and the adversary needs to further know the branch
power flow f ij. Then, the unknown element Dk in the branch
admittance matrix D can be obtained finally by Dk = −bij =
f ij/ θi − θj . Therefore, the proof is completed.

Remark 6. According to Theorem 1, some unknown infor-
mation in H can be mathematically compensated. But there
is still some unknown power information that cannot be
compensated. Thus, according to the sufficient condition
a =Hc for constructing false data inject attacks, namely,
ai =∑n

j=1hijcj, when the ith row of the Jacobian matrix H
contains unknown elements due to the incomplete power
network information after the compensation, set ai = 0.
Meanwhile, when the measurement zi cannot be obtained,
set ai = 0 similarly. Thus, we can divide all the measure-
ments into the secure set S (or zS) and the attackable set
F (or zF), where ai = 0, ∀i ∈ S.

Assume that the number of elements in the set F is M;
i.e., an attacker can tamper with M smart devices at most.
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Thus, an attack vector a with at most M nonzero elements
can be expressed as

a = … , ai1 , 0,… , 0, ai2 , 0,… , 0, aiM ,…
T 11

By removing the zero elements from a, it gets a =
ai1 , ai2 ,… , aiM

T with M elements. Then, we have

Δa = a −Hc =
aS

a
−

HS

H
c =

aS −HSc
a −Hc

,

12

where aSi = 0, ∀i ∈ S.

Remark 7. The reason that the Jacobian matrix H can be
divided into two parts HS andH is as follows. After the com-
pensation for some unknown information inH, if the ith row
of the Jacobian matrix H contains unknown elements, set ai
= 0. Meanwhile, if the measurement zi cannot be obtained,
set ai = 0 similarly. Thus, we can divide all the measurements
into the secure set S and the attack set F, where ai = 0, ∀i ∈ S.
Then, the attack vector a can be divided into the secure sec-
tion aS and the attack section a. Correspondingly, the Jaco-
bian matrix H can be divided into two parts HS and H by
the row.

Suppose that there exists a vector c satisfyingHSc = 0 = aS,
but there is no guarantee that a =Hc will be met. Accord-
ing to (12), we thus have

Δa =
aS −HSc = 0
a −Hc ≠ 0

= a −Hc ≠ 0, 13

where H = hTi1 , h
T
i2
,… , hTiM

T
is known completely by the

attacker and hi j = hij ,1, hij ,2,… , hij,n 1 ≤ j ≤M is the ij
th

row of the matrix H. According to (13), the construction
of an imperfect attack needs to be considered. Therefore,
considering the attackable set F, we formulate the imper-
fect attack subvector as

a =Hc + ε, 14

where ε is defined as an attack deviation vector. According
to the BDD detection mechanism, if ε 2 = Δa < τa is sat-
isfied, the attack can bypass the BDD well.

Remark 8. Calculating the test threshold τ and the fault toler-
ance range of the BDD τa requires the complete Jacobian
matrix H and all the measurements z, which cannot be
obtained completely by the attackers in the practical situa-
tion. Thus, we take the obtained measurements and parame-
ter information to calculate the approximation thresholds τ

and τa. We can have W = I −H HΤR−1H −1HΤR−1 by using
H and R and calculate τ by (8). Furthermore, due to r =

zF −Hx , the approximation fault tolerance range of the
BDD τa = τ − r 2 is then calculated by (9). If ε 2 < τa is
satisfied, the attack can bypass the BDD well.

For the convenience of subsequent calculation, define the
attack vector as a = a1, a2,… , aM T . The state error vector c
is unknown, so the attack vector a cannot be calculated
directly. However, the attackers can find an attack vector a
as follows. Let Ψ =H HTH −1HT and B =Ψ − I. It is easy
to see that ΨH =H [28]. The attackers can simply multiply
Ψ to both left sides of the relation a =Hc + ε to obtain a
sequence of equivalent equations as

a =Hc + ε⇔Ψa =ΨHc +Ψε =Hc +Ψε⇔Ψa
= a − ε +Ψε⇔ Ba = Bε,

15

where B = b1, b2,… , bM ∈ℜM×M and bi = b1,i,… , bM,i ∈
ℜM×1, i = 1,… ,M. For constructing an attack vector a, it is
the first step to determine an exploitable measurement such
as the ith measurement in the attackable set F and inject the
predesigned false data ai into it. According to Ba − Βε = b1
a1 +⋯ + bmam − Βε = 0, we move the term biai to the right
of the equation. Then, we have b1a1 +⋯ + bi−1ai−1 + bi+1
ai+1 +⋯ + bmam − Βε = −biai.

Next, the attack vector can be constructed by using the
identification estimation method. Let −biai = Y, and the
attack regression model is obtained as

Y = B′a′ + Ξ, 16

where B′ = b1,… , bi−1, bi+1,… , bM ∈ℜM× M−1 , a′ = a1,
… , ai−1, ai+1,… , aM T ∈ℜ M−1 ×1, and Ξ = −Βε is defined
as the residual error vector. ε is the system residual incre-
ment caused by an attack, which is time-varying and usu-
ally regarded as Gaussian white noise; thus, Ξ is treated
as the Gaussian noise. And if Ξ = Β ⋅ ε < Β ⋅ τa is
satisfied, the attack can bypass the BDD well. For conve-

nience, define the vectors again as a′ = a1′, a2′,… , aM−1′
Τ
,

B′ = b1′, b2′,… , bM−1′ , and bj′ = b1,j′, b2,j′,… , bM,j′
T , j = 1,

… ,M − 1.

Remark 9. Based on the attack regression model with noise,
the fast stepwise forward algorithms, i.e., the fast regression
algorithm (FRA) [42], can be used to choose the nonzero
attack vector elements one by one, each time maximizing
the model error reduction ratio. However, the existence of
the residual error vector Ξ can lead to overfitting of the attack
model with more measurements selected, which is inconsis-
tent to attackers’ wish that as few measurements as possible
need to be manipulated for an undetectable attack with the
limited resources. To improve the sparsity of attack vectors
and the generalization performance of the attack model, the
locally regularized fast recursive (LRFR) algorithm [43] is
used next to choose significant attack vector elements by
associating each candidate attack vector element with an
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individually regularized parameter, which is optimized within
the Bayesian evidence framework.

3. The Locally Regularized Fast
Recursive Algorithm

When the LRFR algorithm is used to construct the attack
vector, each attack vector element corresponds to a candi-
date (i.e., the column vector bi′) in the regression matrix B′.
Then, identifying the smallest set of attacked measurements
is equivalent to the selection of the significant model candi-
dates in the regression matrix B′. In this paper, a regulariza-
tion technique is used to bind a regularization parameter to
each candidate, and the Bayesian evidence framework is
used to optimize the regularization parameters. Next, the
significant candidates are directly selected according to the
model error reduction contribution of each candidate term
with a regularization parameter, leading to the construc-
tion of a compact regression model. To reduce the compu-
tational complexity, some proper regression contexts are
further defined which allows fast implementation of the
proposed method.

3.1. Generalization of Sparse Attack Vectors. The regulariza-
tion technique, which introduces a decay term into the cost
function, has been proposed to overcome the overfitting
problem. A regularized cost function J based on the attack
regression model (16) is shown as

J = ΞTΞ + 〠
M−1

i=1
λi ai′

2
= Y − B′a′

T
Y − B′a′

+ a′
T
Λa′,

17

where λ = λ1,… , λM−1
T is the regularization parameter

vector that has the same dimension as the column vectors
in the regression matrix B′ and Λ = diag λ1,… , λM−1 is a
diagonal matrix. To ensure that the attack can bypass the
BDD well, the value of J needs to satisfy the corresponding
condition (e.g., J < Β ⋅ τa

2) by Ξ = Β ⋅ ε < Β ⋅
τa. Thus, to guarantee that the condition is established, the
appropriate termination criterion needs to be set. Then, the
least-squares estimate of the attack vector elements that min-
imizes (17) is given as

â′ = B′
T
B′ +Λ

−1
B′

T
Y 18

Remark 10. As can be seen from (18), each attack vector ele-
ment âi′ is bound to a regularization parameter λi. It has been
demonstrated that Bayesian evidence framework inference
can be used to optimize the regularization parameter vector
λ. During the optimization process, if the values of some reg-
ularization parameters are getting larger and larger, the cor-
responding attack vector elements will become smaller and
smaller and approach zero. That is, the corresponding mea-
surements will not be selected to attack as the false data

injected into them approach zero. This provides an effective
way to guarantee the sparsity of attack vectors.

In forward subset selection, suppose that k out of M − 1
attack regression vectors p1, p2,… , pk has already been
selected. The remaining vectors (corresponding to the candi-
date attack vector elements) from the regression matrix B′
are pk+1, pk+2,… , pM−1 . For an attack regression model
with k elements, it follows that

Sk ≜ Bk′
T
Bk′ +Λk, 19

âk′ = Sk−1 Bk′
T
Y, 20

J âk′ = YT I − Bk′S−1k Bk′
T

Y, 21

where Bk′ = p1, p2,… , pk and Λk = diag λ1′,… , λk′ . The
latter contains the corresponding k regularization parameters
from the full vector λ in terms of the original indexing of pi
1 ≤ i ≤ k in B′.

If a new attack vector element bj′ ∈ pk+1,… , pM−1 is
selected, the selected regression matrix increases by one
column, becoming Bk+1′ = Bk′, bj′ . The corresponding λj′ ∈
λk+1′,… , λM−1′ is also selected for bj′, producing the new

regularization parameter matrix Λk+1 = diag Λk, λj′ . The
regularized cost function is then updated as

J âk+1′ = YT I − Bk+1′S−1k+1 Bk+1′
T

Y, 22

and the contribution of bj′ as the k + 1 th attack vector
element is given as

ΔJk+1 bj′ = Jk âk′ − Jk+1 âk+1′ 23

To select a new attack vector element, the contribution
in (23) has to be computed for each of the M − k − 1
remaining candidate elements as ΔJk+1 bj′ , ∀bj′ ∈ bk+1′,… ,
bM−1′ . The one that produces the largest error reduction

to the cost function is then chosen as the k + 1 th attack
vector element.

In this way, the compact attack regression model is con-
structed in a forward selection way; i.e., the attack vector
elements are selected to attack, one at a time according to
the size of their contributions. The selection of the attack vec-
tor element continues until some attack vector construction
criterion is satisfied.

The use of the LRFR will generate an initial subset of
measurements to be attacked. To further reduce the number
of the measurement subsets, the level 2 inference of the
Bayesian evidence framework will be used to optimize the
regularization parameters.

7Complexity



3.2. Optimization of the Regularization Parameters. Define
h = h1,… , hM−1

T as the vector of hyperparameters and β
as the noise parameter, i.e., the inverse of the variance of
the noise Ξ. The regularization parameters are equivalent to
the ratio of the hyperparameters to the noise parameter
explained by the level 1 inference of the Bayesian evidence
framework [41]; i.e.,

λi =
hi
β
, 1 ≤ i ≤M − 1 24

The second level of inference can determine the values of
h and β by maximizing the posterior distribution. To further
optimize the regularization parameters by the level 2 infer-
ence of the Bayesian evidence framework, the Hessian matrix
G is given as

G = β B′
T
B′ +Λh, 25

where Λh = diag h1,… , hM−1 . From (16) and (21), it is
clearly shown that G = βS.

Defining quantities γi = 1 − Viihi, where Vii is the ith

diagonal element of G−1, yields

hnewi = γi

ai′
2 26

Then, define γ =∑M−1
i=1 γi; it follows that

βnew = M − γ

ΞTΞ
27

Substituting (23) and (24) into λi = hi/β, the updating
formulas for the regularization parameters can be given as

λnewi = γi
M − γ

ΞTΞ

ai′
2 , 1 ≤ i ≤M − 1 28

3.3. Reduction of the Computational Complexity. To reduce
the computational complexity, the following two steps need
to be achieved: firstly, the updating of the regularization
parameters λi 1 ≤ i ≤M − 1 is relieved by using a recursive
formula derived below and, secondly, some proper regression
contexts are defined to significantly reduce the computation
effort of the updating process (23).

Before further reducing the computational complexity,
two steps are achieved as follows.

For the first step, suppose that the inverse of S−1k+1 is
defined as

S−1k+1 ≜
Fk gk
gTk uk

, 29

where Fk ∈ℜk×k, gk ∈ℜk×1, and uk ∈ℜ. Also, another two

definitions are introduced: b′jλ ≜ bj′
Tbj′ + λ j′ and B′jk ≜ Bk′

T

bj′. Then, (29) can be computed by using the following recur-
sive formulas:

Fk = S−1k +
S−1k B′jk B′ jk

T
S−1k

b′jλ − B′jk
T
S−1k B′jk

,

gk = −
FkB′

j
k

b′ jλ
,

uk =
b′jλ + B′jk

T
FkB′

j
k

b′ jλ
2

30

According to (25) and (29), it is obvious that the inverse
of the Hessian matrix can be updated using the recursive for-
mula G−1

k+1 = β−1S−1k+1.
For the second step, define a residual matrix series as

Rk ≜ I − Bk′ Bk′
T
Bk′ +Λk

−1
Bk′

T
= I − Bk′S−1k Bk′

T
,

31

where Rk, 1 ≤ k ≤M − 1 is of full-column rank and R0 ≜ I.
Then, Rk+1 can be expressed using the following recur-
sive formula:

Rk+1 = Rk −
Rkpk+1 pk+1j

T
Rk

pk+1 TRkpk+1 + λj′
32

According to (32), (23) can be computed as

ΔJk+1 bj′ = YTRkY − YTRk+1Y = YTRkpk+1 pk+1 TRkY
pk+1 TRkpk+1j + λj′

33

To further simplify the computation of (33), another
quantity involving bj′ ∈ pk+1,… , pM−1 is now introduced:

Rj
k ≜ Rkbj′ 34

From (32), Rj
k can be recursively updated as

Rj
k = Rkbj′ = Rk−1 −

Rk−1pkpTkRk−1
pTkRk−1pk + λk′

bj′

= Rj
k−1 −

Rk
k−1 Rk

k−1
Tbj′

pTkRk
k−1 + λk′

35
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Substituting (34) into (33), the reduction contribution of
bj′ to the cost function can be explicitly expressed as

ΔJk+1 bj′ =
YTRj

k

2

bj′
T
Rj
k + λj′

36

3.4. Complete Algorithm. The procedure for the proposed
attack strategy can be summarized in Figure 2.

4. Simulation and Results

To verify its effectiveness and feasibility, the proposed new
sparse imperfect attack strategy is tested on a IEEE 30-bus
system as shown in Figure 3. Firstly, the sparsity of the
imperfect attack vectors constructed by FRA and LRFR is
compared. Then, from the operator’s viewpoint, the proba-
bility that the attackers can successfully construct an attack
vector bypassing the BDD is calculated. Finally, a practical
coastal area distribution network system is tested to further
demonstrate the effectiveness of the proposed approach in
practical systems.

4.1. Case 1. The IEEE 30-bus system consists of 30 buses and
41 transmission lines. Bus 1 is selected as the reference bus
with the reference phase angle θ1 = 0. The unknown admit-
tances and the unknown measurements by attackers are
summarized in Table 1.

4.1.1. The Feasibility of the New Attack Strategy. There are a
total of 112 measurements in the IEEE 30-bus system, where
the 1st–30th measurements are bus active power injections,
the 31st–71st measurements are power flows at “from” buses,
and the 72nd–112th measurements are power flows at “to”
buses. However, the system is assumed to be measured with
97 measurements except for 15 unknown measurements
in Table 1, and the noise of each measurement follows
vi ∼N 0, 0 052 . It is assumed that the attackers are able
to obtain the topology information but unable to acquire
3 admittances shown in Table 1. According to Theorem 1, an
attacker can take the line flow measurements f1−2, f1−3, f3−4,
f4−6 and the line parameters b1−2, b1−3, b3−4, b4−6 to calculate
the phase angle difference between buses 2 and 6; i.e.,

θ2 − θ6 = θ2 − θ1 − θ6 − θ1 = −
f2−1
b2−1

− −
f6−4
b6−4

−
f4−3
b4−4

−
f3−1
b3−1

= −
0 0880
16 67

− −
0 1458
5 263 −

0 1188
25 −

0 2133
25 = 0 0357

37

Then, the unknown element D6 = −b2−6 in the branch
admittance matrix D can be calculated according to the
branch active power flow equation f2−6 = −b2−6 θ2 − θ6 .

That is,

D6 = −b2−6 =
f2−6

θ2 − θ6
= 0 1925
0 0357 = 5 392 38

However, the unknown elements D27 = −b10−21 and
D18 = −b12−15 cannot be calculated by Theorem 1 as the line
flow measurements f10−21 and f12−15 are unknown. The 10th
, 12th, 15th, 21st, 48th, 57th, 89th, and 98th rows of the Jacobian
matrix H contain unknown elements due to the unknown
line parameters b10−21 and b12−15. Thus, set a10, a12, a15, a21,
a48, a57, a89, a98 = 0. Moreover, since the measurements p2,
p8, p17, p19, p24, and f6−10, f10−6, f12−15, f15−12, f10−21, f21−10,
f10−22, f22−10, f28−27, f27−28 cannot be obtained due to the
attacker’s limited resources or the physical protection of
some smart meters, set a2, a8, a17, a19, a24, a42, a48, a57, a58,
a66 = 0 and a83, a89, a98, a99, a107 = 0 similarly. According to
(8) and (9), we can calculate the approximation threshold
τ = 1 1063 and τa = 1 1063 − 0 0198 = 1 0865.

The proposed new sparse imperfect attack strategy based
on LRFR is used to construct the sparse attack vector. The
10th measurement in the attackable set F is set as the initial
attacked measurement, and the corresponding attack vector
element (i.e., injected false data) is set as a10 = 0 0970. Each
element of the residual error vector Ξ is set to follow Ξi ∼N
0, 0 252 . The initial value of ρ for terminating the attack
vector element selection is chosen to be as small as possible
such that in the first iteration of regularization parameter
optimization, a large measurement subset is produced. This
ensures that the significant measurements are not missed
when λ is far from its optimal value, and the attack can
bypass the BDD well.

Compensate some unknown
information in H by (10)

Divide all measurements
into zF and zS 

Determine a predesigned
false data ai, obtain the attack
model Y = B′a′ + 𝛯 by (16)

Solve the attack model by the
LRFR algorithm 

Estimate the fault tolerance
range 𝜏a of BDD by 𝜏a = 𝜏 -||r||2

Figure 2: The procedure for the proposed attack strategy.
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After the first iteration, there are 40 candidate attack
vector elements. The attack model is then refined until the
regularization parameter λ converges at the 114th iteration.
Some values of the regularization parameters and false data
are listed in Table 2. It is shown that all attack vector ele-
ments added after the 25th measurement have very large
regularization parameters and their corresponding values
(i.e., the false data injected into the measurements) are very
close to zero. Therefore, the final attack vector is con-
structed by this new method effectively with only 25 non-
zero elements.

The change of the resultant attack model error is shown
in Figure 4 and Table 3, respectively. The parameter estima-
tion process when 25 measurements are selected is shown
in Figure 5. Table 4 shows the final selection order of the
measurements and the estimation values of the attack vec-
tor elements.

4.1.2. The Sparsity Comparison of the Attack Vectors
Constructed by LRFR and FRA. The sparse attack strategy
based on FRA is used firstly to construct the sparse attack
vector. Then, the sparsity of attack vectors constructed by
LRFR and FRA is compared. It can be seen from Figure 6 that
the strategy based on FRA selected 55 measurements and the

new proposed strategy based on LRFR only selected 25 mea-
surements. Thus, the proposed new attack strategy is able to
produce a sparser attack vector.
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Unknown admittance

Bus number Unmeasured line

Unmeasured bus

Unknown admittance and unmeasured line

Figure 3: The modified IEEE 30-bus system.

Table 1: Unknown admittances and unknown measurements.

Unknown measurements

f6−10, f10−6, f12−15, f15−12, f10−21
f21−10, f10−22, f22−10, f27−28, f28−27

p2, p8, p17, p19, p24
Unknown admittances b2−6, b10−21, b12−15

Table 2: Regularization parameters and false data for selected
measurements.

Number l False data al Regularizer λl
21 −0.0164 15.9775

22 −0.0047 72.3036

23 0.0029 97.5222

24 0.0122 119.5453

25 −0.0123 144.3983

26 −4 5797e − 04 151.0655

27 −2 5728e − 04 145.7458

28 2 6321e − 04 398.5669

29 2 1098e − 04 863.9326

30 1 1179e − 04 1 0191e + 03
31 1 2722e − 04 4 7434e + 03
32 −1 2481e − 04 1 0839e + 04
33 7 0177e − 06 1 7708e + 04
34 1 3973e − 05 1 9152e + 04
35 −1 3771e − 05 3 1378e + 04
36 1 6981e − 06 3 8401e + 04
37 4 6776e − 07 5 7022e + 04
38 −1 1456e − 06 6 6393e + 04
39 −5 0220e − 07 1 0695e + 05
40 9 5805e − 07 3 8948e + 05
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4.1.3. The Probability of Constructing Attack Vectors
Successfully from the Operator’s Viewpoint. The full Jacobian
matrix H and the full measurements z are known for the
operators. Then, the detection threshold can be calculated
as τ = 1 2771. The distribution of the measurement noise
vector v and the distribution of the residual error vector Ξ
are the same as in Section 4.1. Firstly, a measurement zi ∈ F
is randomly selected and a random false data ai is injected
into it to construct an imperfect attack regression model;
500 groups of imperfect attack regression models are then
generated repeatedly in the same way. For each attack regres-
sion model, the LRFR method is used to solve the attack
vectors and the attack residual is calculated to determine
whether the attack vectors can successfully bypass the BDD.
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Figure 4: The change of the attack model error by the LRFR.

Table 3: The change value of the attack model error by the LRFR.

Number l Model errors Number l Model errors

1 0.3502 16 0.2604

2 0.3380 17 0.2594

3 0.3261 18 0.2586

4 0.3179 19 0.2580

5 0.3100 20 0.2577

6 0.3026 21 0.2575

7 0.2948 22 0.2572

8 0.2881 23 0.2570

9 0.2823 24 0.2569

10 0.2760 25 0.2567

11 0.2714 26 0.2567

12 0.2681 27 0.2567

13 0.2650 28 0.2567

14 0.2627 29 0.2567

15 0.2615 30 0.2567
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Figure 5: Parameter estimation process when 25 measurements
are selected.

Table 4: Final selection order and estimation values of attack vector
elements.

Initial number in
set F

Estimation
âi′

Initial number in
set F

Estimation
âi′

82 0.1366 55 0.0322

68 −0.0854 58 −0.0176
60 −0.0828 71 −0.0337
32 −0.0699 66 0.0162

16 0.0847 53 0.0127

75 0.0774 11 0.0093

12 0.0780 70 0.0062

54 0.0779 25 −0.0164
24 −0.0646 43 −0.0047
61 0.0705 15 0.0029

64 0.0514 39 0.0122

89 0.0405 49 −0.0123
27 0.0429 — —
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Figure 6: The change of the attack model error based on the FRA
and LRFR.
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The attack residuals calculated in the 500 simulations are
shown in Figure 7, which indicates that 15 residuals exceed
the threshold τ. Thus, the success rate of constructing attack
vectors Ps is calculated as

Ps =
500 −NF

500 × 100% = 500 − 15
500 × 100% = 97%, 39

where NF represents the number of detected attacks.
This shows that the proposed novel attack strategy can

effectively construct the attack vectors with high success rate
while ensuring the sparsity of attack vectors.

4.2. Case 2. The proposed new sparse attack strategy is next
tested on a practical coastal area distribution network system
[44] as shown in Figure 8. The distribution network system
consists of 23 buses, 12 transformers, and 15 transmission
lines (including overhead lines and underground cables). It
covers 4 voltage levels containing one 110 kV/35 kV substa-
tion, two 35 kV/10 kV substations, and five 10 kV/0.4 kV sub-
stations. All branch impedance parameters (named values)
are given in Table 5. Table 6 shows the active requirements
of all 15 loads C1~C15 in the system.

There are a total of 67 measurements in the coastal area
distribution network system. The acquisition of the measure-
ments used in this simulation is from “Matpower” [45]
directly, which is modified by [44]. Firstly, we can get the
topology and parameter in [44] (i.e., all branch impedance
parameters and the active demand of loads and voltage
levels). And the distribution network system has 23 nodes
and 22 branches. Then, we set the settings (e.g., system
MVA base, bus data, generator data, and branch data) of
the “Matpower case” according to the information of the dis-
tribution system. Finally, we set the number of measure-
ments m = 23 + 22 × 2 = 67, and the measurements are got
by power flow calculation for the modified “Matpower case.”
Therefore, the simulation can be performed well by using the
sufficient measurements. Moreover, if only a small number of
measurements are available, the state estimation can still be
used. For example, a new state estimation method referred
to as the “mean squared estimator” (MSE) [46] is proposed,
which is accurate with a limited number of measurements
with guaranteed convergence.

However, considering the practical attacking situation
where only partial topology and parameter information of
the power grid are available and the attackers can only have
access to limited smart meters, the system is assumed to be
measured with 54 measurements except for the 13 secure
measurements p6, p9, p19 and ±f2−4, ±f8−11, ±f8−16, ±f12−14, ±
f20−21. Thus, set a6, a9, a19 = 0 and a26, a32, a34, a39, a44, a48,
a54, a56, a62, a66 = 0. According to (10), we can then calculate
the approximation threshold τ = 0 7948 and τa = 0 7948 −
0 0160 = 0 7788. The distribution of the measurement noise
vector v and the distribution of the residual error vector Ξ
are the same as in Section 4.1.

The proposed new sparse attack strategy is then used to
construct the sparse attack vector against the practical
coastal area distribution network system. The 40th measure-
ment is selected from the attackable set F as the initial

attack measurement, and the corresponding attack vector
element (i.e., injected false data) is set as a40 = 0 1873. The
candidate measurement set after the first iteration con-
tained 36 candidate measurements. The regularization
parameters and the elements of the attack vector (injected
false data) after λ converges at the 155th iteration are listed
in Table 7. According to Table 7, the regularization param-
eters relating to the false data from the 23rd to the 36th are
all very large and the associated attack vector elements are
effectively close to zero. Thus, the final attack vector with
22 nonzero elements is produced. The parameter estima-
tion process when 22 measurements are selected is shown
in Figure 9. Table 8 shows the final selection order of the
measurements and the estimation values of the attack vec-
tor elements.

Compared to the attack strategy based on FRA, Figure 10
shows that the LRFR algorithm produced a sparser attack
vector with a reduction of 8 nonzero elements. The results
confirm that the proposed method can produce a smaller
number of measurements to attack again.

The full Jacobian matrix H and the full measurements z
are known for the operators. Then, the detection threshold
can be calculated as τ = 0 9425. The LRFR method is tested
on a separate set of 500 imperfect attack regression models
generated by the same way in Section 4.1.3. The attack
residuals calculated in the 500 simulations are shown in
Figure 11, which indicates that 30 residuals exceed the
threshold τ. Thus, the success rate of constructing attack
vectors is calculated as

Ps =
500 −NF

500 × 100% = 500 − 30
500 × 100% = 94%, 40

where NF represents the number of detected attacks.
This shows that the proposed novel attack strategy can

effectively construct the attack vectors with high success rate
while ensuring the sparsity of attack vectors again.
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Figure 7: The attacked residuals calculated in 500 detection
experiments.
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5. Conclusion

The paper has proposed a novel sparse false data injection
attack method in SG with incomplete power network

information. Firstly, according to the obtained measure-
ments and network information, some incomplete network
information is compensated by the power flow equation.
Then, the fault tolerance range of the BDD for the attack
residual increments is estimated by calculating the detec-
tion threshold of the residual L2-norm test. Finally, an
effective sparse imperfect strategy is proposed by treating
the choice of measurements as a subset selection problem,
which is solved by the LRFR algorithm to effectively
improve the sparsity of the attack vector. The effectiveness
of the proposed attack strategy is verified by the two cases

Table 5: Impedance parameters of network lines.

Branches Resistance (ohm) Reactance (ohm)

N1~N2 10.380 6.4740

N2~N3 0.4704 0.2163

N2~N4 0.4704 0.2163

N2~N7 0.3750 0.1781

N5~N6 9.6300 0.9125

N5~N7 0.4704 0.2163

N7~N8 2.4030 0.5360

N8~N9 0.0721 0.1126

N8~N11 0.2424 0.3789

N8~N12 0.1231 0.1925

N8~N16 0.2603 0.1511

N8~N18 0.1231 0.1925

N8~N22 0.1231 0.1925

N9~N10 0.0706 0.0410

N12~N13 28.500 0.0800

N12~N14 0.1129 0.0655

N14~N15 28.500 0.0800

N16~N17 14.250 0.0400

N18~N19 28.500 0.0800

N18~N20 0.1207 0.0701

N20~N21 0.1333 0.0774

N22~N23 35.910 0.0635

Table 6: The active demand of loads.

Load name Network level (kV) P (MW)

C1 10 4.200

C2 10 7.267

C3 10 3.840

C4 10 21.36

C5 10 2.950

C6 0.4 1.752

C7 0.4 3.306

C8 0.4 3.600

C9 0.4 0.280

C10 10 1.424

C11 10 1.088

C12 0.4 0.742

C13 0.4 2.039

C14 35 7.723

C15 35 12.46
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Figure 8: Topology diagram of the generic distribution network (N: node, T: transformer, L: line, and C: customer).
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studied. For further work, considering that the attack does
not rely on any prior power system network information
but only uses the measurements, this will save attack
resources and bring more complex effects on the smart
grid. Thus, a blind sparse attack construction strategy is
important and meaningful for finding the vulnerabilities
of the power system.

Table 7: The values of attack vector elements when converged at the
155th iteration.

Number l False data al Regularizer λl
18 0.0097 4.3561

19 −0.0061 7.4107

20 −0.0153 22.7431

21 0.0021 52.6785

22 0.0054 2 1333e + 03
23 −5 2091e − 04 2 6064 e + 03
24 1 3981e − 05 4 5212e + 03
25 9 1153e − 06 3 4857e + 04
26 1 1554e − 06 8 5604e + 05
27 4 2074e − 08 7 2734e + 05
28 9 2636e − 09 3 1392e + 06
29 2 2372e − 07 3 7652e + 06
30 −1 6126e − 08 3 5070e + 07
31 8 6451e − 10 3 9174e + 07
32 2 6888e − 09 1 9947e + 08
33 −2 0263e − 10 1 8797e + 08
34 −1 6745e − 10 2 2747e + 08
35 −1 3460e − 10 3 6586e + 08
36 −3 8601e − 10 8 3411e + 08
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Figure 9: The parameter estimation process when 22
measurements are selected.

Table 8: Final selection order and estimation values of attack vector
elements.

Initial number in
set F

Estimation
â

Initial number in
set F

Estimation
â

32 −0.1418 35 −0.0225
6 0.1387 30 0.0218

22 0.1016 11 −0.0179
23 −0.1252 4 −0.0128
1 −0.0854 18 0.0097

26 −0.0722 2 −0.0128
45 −0.0480 17 0.0097

47 0.0405 8 −0.0060
25 −0.0370 51 −0.0153
37 0.0357 53 0.0021

24 −0.0285 38 0.0054
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Figure 10: The change of the attack model error based on the FRA
and LRFR.
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Figure 11: The attacked residuals calculated in 500 detection
experiments.
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In order to guarantee the passivity of a kind of conservative system, the port Hamiltonian framework combined with a new energy
tank is proposed in this paper. A time-varying impedance controller is designed based on this new framework. The time-varying
impedance control method is an extension of conventional impedance control and overcomes the singularity problem that
existed in the traditional form of energy tank. The validity of the controller designed in this paper is shown by numerical
examples. The simulation results show that the proposed controller can not only eliminate the singularity problem but can also
improve the control performance.

1. Introduction

In recent years, as a result of the social needs of the robot
industry, especially, robots can easily help humans work
in some dangerous areas, so in the past few years, robot
technologies have been developing rapidly. Robots have
been used in many fields, such as medical, neurosurgery
[1, 2], and orthopedic [3, 4], to help doctors complete the
operation. In the exploration of the unknown environment
[5, 6], the remote operating robot system is very popular
because it can provide remote monitoring for the operator.
Franchi et al. have studied the multirobot control technol-
ogy and proposed a multirobot control method [7]. Multi-
robot collaborative work can improve the efficiency of
environmental exploration. Shahbazi et al. [8, 9] have pro-
posed a multimaster teleoperation control technology,
which can help people practice in a real-world environment
that greatly facilitates the development of technology. There
are many control methods for the robot system, such as
impedance control [10], bilateral control [11, 12], adaptive
neural network control [13], neural network-based robot
obstacle avoidance planning control [14], and dynamic
hybrid control [15].

In order to deal with the relationship between the envi-
ronmental force and the tracking error, the concept of time-
varying impedance control was proposed [16, 17]. This
time-varying impedance control method has been applied
to the medical fields [18, 19]. Ferraguti et al. combined
the impedance control with the concept of energy tank
[20] and proposed an energy-based impedance control.
Afterwards, they combined the concept of a two-layer net-
work with this energy tank method and then had a further
extension in [21].

The energy tank has a virtual storage energy structure
[22], which can store the energy consumed by the system,
and when the system needs energy, it can provide energy
for the system. This means that the energy tank can regulate
the energy of the system. In order to guarantee the stability of
the time-varying impedance control system, the impedance
controller is adopted with a combination of energy tanks.
However, this control strategy will appear with singular
problems. To alleviate this problem, it is necessary to inject
a certain amount of energy into the energy tank before the
system works to ensure that there is no singularity problem
in the control system, but this will increase the complexity
of control and worsen the performance of the system.
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The port Hamiltonian system is used for analyzing
energy flow and has been applied to many control systems
[23, 24]. If a system can be written into a port Hamiltonian
system, it means the system is a passive system. In this paper,
a new type of energy tank structure is proposed and the struc-
ture of this energy tank can overcome the singularity of the
traditional energy tank. Combining this new type of energy
tank and port Hamiltonian form, we proposed a time-
varying impedance controller based on this new framework.
The proposed control method can not only solve the singu-
larity problem in the energy tank but can also guarantee the
passivity of the whole system.

The structure of this paper is as follows: in the second sec-
tion, the basic knowledge of the port Hamiltonian system
and impedance control is introduced, and the combination
of new energy tank and port Hamiltonian form is also
described. The third section analyzes the problem of the orig-
inal impedance control. The fourth section presents the time-
varying impedance controller equipped with new energy
tank. In the fifth section, the effectiveness of the proposed
controller in different circumstances is verified by simulation.
The last part is the conclusions of this paper.

2. Port Hamiltonian System and
Impedance Control

2.1. Port Hamiltonian System. The Hamiltonian system is
close to the Euler-Lagrangian model, and the generalized
expression of the port Hamiltonian system can be derived
from the Lagrangian equation. The Lagrangian quantity is
expressed by the difference between kinetic energy and
potential energy, and the energy of the port Hamiltonian sys-
tem is the sum of them. The port Hamiltonian system has the
property of dissipation; this framework can be widely used to
a lot of physical systems, and the port Hamiltonian system is
expressed as follows [23]:

x = J x − R x
∂H
∂x

+ g x u,

y = gT x
∂H
∂x

,
1

where x ∈ℝn is the state vector, H x ∈ℝn →ℝ is the
Hamiltonian function that represents the total energy stored
in the system, and H x has a lower bound. J x is an inter-
connection matrix, and J x = −J x T indicates the intercon-
nection structure within the system. R(x) is the damping

matrix, R x = R x T ≥ 0 indicates the dissipation damping
structure of the port, g(x) is an external interconnect matrix
that represents port characteristics, u is the input, and y is
the output. The internal structure of the port Hamiltonian
system is shown in Figure 1.

Now take the derivative of energy function:

H x = ∂HT

∂x
J x

∂H
∂x

−
∂HT

∂x
R x

∂H
∂x

+ uT t y t 2

Since J x is an antisymmetric matrix, (2) can be trans-
formed into the following form:

H x + ∂HT

∂x
R x

∂H
∂x

= uT t y t 3

And u, y is the port where the system exchanges infor-
mation with the external environment, and the product of
them represents the exchange of energy with the external
environment. It can be seen from (3) that the port Hamilto-
nian system is a passive system for the pair u, y . That is, if a
system can be realized in the form of port Hamilton, this sys-
tem is passive. The energy of the dissipated part of the system
is represented by D x .

D x = ∂HT

∂x
R x

∂H
∂x

4

D x indicates the power dissipated by the system and
represents the passive margin of the system, that is, the
degree of passivity of a system. The more the energy of a sys-
tem dissipates, the higher the degree of its passivity. How-
ever, the control performance and passivity are two
contradictory aspects; when most of the energy is consumed,
the energy used to change the state will be little, and this is
not what we expect.

2.2. New Energy Tank and Port Hamiltonian System. The
energy tank is a virtual storage energy structure that can tem-
porarily store the energy dissipated by the system, and when
the system needs energy to change the existing state, the
energy tank could provide the stored energy to the system.
The energy tank can be added to a system to better complete
the energy dispatch work. To equip with energy tank is to
increase the performance of the system and make the system
achieve a stable state.

Damping element

Energy storage
components

Energy conservation
forms of

Interconnection
External input

Figure 1: Internal interconnection structure.
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Combining port Hamiltonian system with the energy
tank, the state expression of the system becomes the fol-
lowing form:

x = J x − R x
∂H
∂x

+ g x u,

xt =
σ

ext
D x + ut ,

y′ = y
yt

,

5

where xt ∈ℝ is the state of the energy tank, and the
total energy of the energy tank can be expressed by
the following equation:

T xt = ext 6

(ut , yt) is the power port where the energy tank can
exchange energy with external, and yt = ∂T/∂xt = ext . The
parameter σ ∈ 0, 1 is used to limit the energy that can be
stored in the energy tank. The energy tank is a transit station
of energy; it aims at making the energy deployment better.
Like a pool, too much water will overflow; for the system,
too much energy may lead to system instability, so we need
set a threshold σ to limit the storage of the energy tank.

Derivation of T xt leads to the following equation:

T xt = σD x + ext ut 7

When the energy in the energy tank has not reached the
upper bound, let σ = 1, the energy tank can store the energy
consumed by the system and exchange energy through the
port ut , yt . When the energy in the energy tank reaches
the upper bound, let σ = 0, it stops absorbing the energy
released by the system. Previous literature on energy tank
needs to ensure xt ≠ 0 to avoid singularity problem [20],
and the combination of the energy tank and the port Hamil-
tonian system still needs to ensure xt ≠ 0. However, the new
energy tank in this paper does not have an existing singular-
ity problem; it is not necessary to initialize the energy tank at
the beginning of the control to ensure that there is a suitable
energy in the energy tank to avoid the occurrence of the sin-
gularity problem. The energy tank in this paper only needs to
ensure the energy within a certain range.

Now define the upper bound T of the energy tank, and
the expression of σ is as follows:

σ =
1, T xt ≤ T ,
0, otherwise

8

T is the upper limit of the energy tank, and the selection
of this upper limit depends on the specific control system and
certain specific requirements for system performance.

The energy stored in the tank can be used for passively
implementing any desired input ω ∈ℝn to the port Hamilto-
nian system where the tank is associated with. This can be
realized by joining the port (ut , yt) and the port u, y
through the following interconnection:

u = ω

ext
yt =

ω

ext
ext = ω,

ut = −
ωT

ext
y

9

According to (9), we can get the following relationship:

uTy = −utyt 10

It can be seen from (10) that the energy output and
inflow of the port Hamiltonian system are exactly equal to
the energy stored and supplied by the energy tank. This
means that no energy is generated. The overall system is kept
stable through implementing the desired input in a way to
preserve passivity.

2.3. Impedance Control. Position control is important in
robot systems. In order to make the robot follow the wishes
of mankind to complete a task, position tracking is a neces-
sary requirement. In particular, for medical robots with
higher precision, it is important to make the robot move pre-
cisely according to the intended trajectory. There are many
ways to control the position of the robot, such as mixed force
control and impedance control [10]. Especially, impedance
control is an effective method of controlling the interaction
between a robot and a partially known environment. Instead
of controlling either the force or the position of the end
effector, the goal of impedance control is to establish a
desired dynamical relationship between the motion of the
robot and the force applied by the environment. A common
example of impedance control is a nonlinear feedback law
that makes a manipulator equivalent to a multidimensional
mass-spring-damper system with desired inertia, stiffness,
and damping properties [20].

The impedance control diagram is shown in Figure 2,
where xd is the desired position, Fτ is the control force gener-
ated by the impedance controller, Fext is the force of the
external environment for the robot system, and x is the posi-
tion vector output of the robot system. Our goal is to make
the actual position x as close as possible to the desired posi-
tion xd . The purpose of impedance control is to establish a
dynamic response relationship between the desired position
and contact force between the robot and the external

xd F�휏

Fext

External
environment

Robot system xx Impedance
control(13)

−

+

~

Figure 2: Impedance control diagram.
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environment. As long as the actual impedance meets the
desired impedance, the robot can track the desired trajectory.

The kinetic model of the robot system with n degrees of
freedom can be expressed as follows:

Λ x x + μ x, x x + Fg x = Fτ + Fext, 11

where Λ x ∈ℝn×n is the positive definite inertia matrix,
μ x, x ∈ℝn×n is the Coriolis and the centrifugal matrix,
Fg x represents the gravity matrix, Fτ is the input vector,
Fext is the vector of external forces, x is the robot end
position in the Cartesian coordinate, and x = J q q. And
q is the joint position in the joint space, and J q is the
Jacobian conversion matrix, which can be converted from
the joint space to the Cartesian coordinate.

The goal of impedance control is to establish a tracking
relationship between the location error and the external
force, which can be expressed as follows:

Λdx +Ddx + Kdx = Fext, 12

where Λd ,Dd , andKd are the desired stiffness, damping, and
inertia matrices, respectively, and all of them are nonnegative
matrix; x t = x t − xd indicates the tracking error. It can be
seen that the impedance control is a combination of the
tracking error and the external force of the environment.
The proper relationship of impedance can make the robot
exhibit flexible characteristics.

The input vector can be obtained from (11) and (12)

Fτ =Λ x x + μ x, x x + Fg x − Fext 13

The impedance control method used here is a passive
control method with the power port (x, Fext). The energy
expression of the robot system using impedance control is

V x, x = 1
2 x

TΛdx +
1
2 x

TKdx 14

Take the derivative of (14) to analyze the energy change
of the robot system under impedance control.

V x, x = x
TΛdx + xTKdx 15

The expected impedance (13) is brought into (15); then
we have

V x, x = x
T
Fext − x

T
Ddx 16

Since x
T
Ddx ≥ 0, we can get V ≤ x

T
Fext, which implies

the following passivity condition:

V t − V 0 ≤
t

0
x
T
τ Fext τ dτ 17

From (17), we can see that the total energy of the system
at time t which subtracts the energy at the initial moment is

less than the input energy. In other words, the robot system
with impedance control is a passive system for the power port
(x, Fext), that is, the system is a stable system.

3. Problem Statement

From (12), we can see that the expected impedance relation-
ship is a fixed relationship, but the robot environment is
often complex and varied, such as exploratory robot; it may
be in the collision-free search or blocked by vegetation and
rocks, the change of external environment Fext is very large,
and it is clear that this fixed impedance relationship cannot
meet our needs. The following analysis shows the time-
varying impedance control method.

When the inertia matrix, the damping matrix, and the
stiffness matrix in the impedance control are both time-
varying matrices, the expression of the impedance control
becomes the following form:

Λd t x +Dd t x + Kd t x = Fext 18

The expression of the total energy of the robot system
becomes

V x, x = 1
2 x

TΛd t x + 1
2 x

TKd t x 19

And then

V x, x = x
TΛdx + xTKdx +

1
2 x

TΛd t x + 1
2 x

TKd t x

20

From (18) and (20), we have

V x, x = x
T
Fext − x

T
Dd t x + 1

2 x
TΛd t x + 1

2 x
TKd t x

21

From (21), it does not guarantee the passivity of system
(18) with power port (x, Fext), because the time-varying com-
ponent is added to the coefficient matrix in the impedance
control, that is, the system may be unstable.

Compared with traditional impedance control, time-
varying impedance control can improve its adaptability to
complex environmental forces, but this may lead to the insta-
bility of the system.

In the next section, we will analyze the time-varying
impedance control in the port Hamiltonian system with
a new energy tank. We could guarantee the system passiv-
ity when using impedance control after adding the new
energy tank.

4. Controller Design

If the coefficient matrix in the impedance control is time-
varying, it becomes more difficulty to guarantee the passivity
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and then the stability of the system. Then, the purpose of our
control is to deal with this difficulty and ensure the stability of
the system under time-varying impedance control.

The time-varying impedance introduces the time-varying
components in the coefficient matrix and now separates the
time-varying parts of the three matrices.

Λd t = Λc + Λ′ t ,
Dd t =Dc +D′ t ,
Kd t = Kc + K′ t ,

22

where Λc,Dc, and Kc are the constant matrices of the inertia
matrix, the damping matrix, and the stiffness matrix, and
they are all symmetric matrices, and Λ′ t , D′ t , andK′ t
are time-varying parts.

Define the total energy expression of the system as
follows:

V x, p = 1
2 p

TΛ−1
c p + 1

2 x
TKcx, 23

where p =Λcx, and the expression of system state can be
represented as

Now, we introduce the concept of energy tank into the
robot system. The energy tank is a virtual energy storage
implement. After adding the energy tank, it can guarantee
passivity by storing the energy dissipated by the controlled
system. The states of the impedance control system are aug-
mented with the state of the energy tank, and then the
extended dynamics is

x

p
=

0 I

−I −Dd t

∂V
∂x
∂V
∂p

+
0
I

Fext +
0
I

ω,

xt =
σ

ext
x
T
Dcx − x

T
ω t ,

y = x,
25

where xt ∈ℝ represents the state of the energy tank and the
total energy of the energy tank is T xt = ext . The introduc-
tion of the energy tank is to deal with the time-varying parts
of the impedance control. In order to achieve the better con-
trol effect, we need to set the upper and lower limits for the
energy tank. σ and ω t are expressed as follows:

σ =
1, T xt ≤ T ,
0, otherwise,

ω t =
K′ t x +D′ t x +Λ′ t x

ext
, T xt ≥ T ,

0, otherwise,

26

where T and T represent the upper and lower bounds of the
energy tank, and this range is chosen based on different robot
systems and different control requirements. When the energy
of the tank stores beyond the limits, we set (the energy tank
stores too much energy or the energy in the energy tank is
only a little to support the energy required for the state
change) the port of energy exchange between the energy tank
and the external environment will be closed.

The total energy expression of the robot system after add-
ing the energy tank is as follows:

W =V x, p + T xt = 1
2 p

TΛ−1
c p + 1

2 x
TKcx + ext 27

The expected impedance is changed as

Λcx +Dcx + Kcx − ω t ext = Fext 28

According to (28) and (11), the control force can be
obtained.

Fτ = Λ x x −Λcx −Dcx − Kcx

+ ω t ext + μ x, x x + Fg x
29

The state equation of the system can be rewritten as the
following form:

0
I
=

0 I

−I −Dd t

∂V
∂x
∂V
∂p

+
0
I

Fext +
0
I

−K′ t x − Λ′ t x ,

y = x

24
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where Q = Kcx +Λcx/x, P = X
T
Λcx +Dcx − σDcx + Kcx /

e2xt , andR = x
T /ext . It means that the time-varying imped-

ance control system can be written as the form of a port
Hamiltonian system. Considering (29), the time derivative
of W can be computed as follows:

W = pTΛcp + xTKcx + xte
xt 31

And according to (20),

W = x
T
Fext − x

T
Dcx + σxTDcx 32

For σ ∈ 0, 1 , we have −x
T
Dcx + σxTDcx ≤ 0, that is,

W ≤ x
T
Fext 33

And therefore,

W t −W 0 ≤
t

0
x
T
τ Fext τ dτ, 34

which proves passivity.
It shows that after adding the new energy tank, the robot

impedance control system has realized the passivity and can
adapt to the addition time-varying parts. The corresponding
simulation illustration is shown in the next section.

5. Simulation

Consider the kinetic model of (11) with the following param-
eters:

Λ x = 10 kg,
μ x, x = 0 05

35

According to (27), set the expected parameters as
Λd t =Λc +Λ′ t = 10 + 10 sin 0 1t ,Dd t =Dc +D′ t =
1 + 0 6 sin t, andKd t = Kc + K′ t = 12 + 10 sin t t, respec-
tively, and the desired trajectory is xd = 10 sin 0 1t , assum-
ing that the robot is doing free movement, which is Fext = 0.

For this kind of system with time-varying impedance
parts, when using conventional impedance control method,
the simulation results are shown as follows:

Figure 3 shows the desired position xd t (red dotted
line) and the tracking position x t (green solid line) by con-
ventional impedance control. From Figure 3, we can see that
the general impedance control for this time-varying relation-
ship is unable to get good performance, and the entire track-
ing trajectory has been completely divergent. From the
energy perspective, the reason for the divergence of the sys-
tem is that the energy flow in the system changes greatly
and cannot be managed with the time-varying parameters.

From Figure 4, it can be seen that the energy curve is also
divergent, which means for the time-varying impedance rela-
tionship, the conventional impedance control is unable to
meet the control requirements.

The following simulation is obtained by using the
new controller presented in this paper, and the result are
as follows:

Figure 5 shows the desired position xd t (red dotted
line) and the tracking position x t (green solid line) by the
impedance control proposed in this paper. The figure shows
that the time-varying impedance control based on the new
energy tank can track the desired position without diver-
gence and shows good tracking performance.

The state of the energy tank is shown in Figure 6; we
can see that during the simulation period, the state of the
energy tank has been changing continuously, which indi-
cates that the port of the energy tank has continuous energy
flow and outflow. The introduction of the energy tank can
manage the energy flow better, which means that the control
performance can be enhanced while ensuring the stability of
the system.

The state expression for the previous energy tank is in the
following form:

xt =
σ

xt
x
T
Ddx − ωT t x , 36

ω t = −
K′ t x
xt

, T xt ≥ T ,

0, otherwise
37

From (36), it can be seen that in order to make the energy
tank work, we must ensure that the state of the energy is tank
xt ≠ 0, which will increase the complexity of the control. To
overcome this shortcoming, a new energy tank is proposed

x

p

xt

=
0 I 0
−I 0 0
0 0 0

−

0 0 0
0 −Q 0
0 0 P

∂W
∂x
∂W
∂p

∂W
∂xt

+
0
0
R

Fext

y = x,

, 30
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in this paper. The following simulations compare the control
effects based on different energy tanks.

Figure 7 illustrates the desired position xd t (red dotted
line), the tracking position by impedance control proposed in
this paper (green solid line);, and the tracking position by
impedance control based on (36) (blue solid line). It can be
seen that the control curve of the controller proposed by
(36) has more fluctuations.

Figure 8 shows the tracking error caused by the conven-
tional method (34) (green dotted line) and caused by our
new method (29) (red solid line). It can be seen that the over-
all error of the controller proposed in this paper is smaller
than that of the original controller.

Figure 9 shows the energy changes of the energy tank,
where Figure 9(a) is the energy tank of the previous type,
and Figure 9(b) is the one proposed in this paper. It can be
seen that the energy storage changes of the two energy tanks
are not the same type, and the energy tank proposed in this
paper is more regularly.

Now, consider the case of Fext ≠ 0; when the robot sud-
denly enters into a new environment, the contact force will
change suddenly. We will use the step signal to simulate this
situation. The position tracking curves are shown in
Figure 10 and the tracking errors are shown in Figure 11.

In Figure 10, the desired trajectory xd t is plotted in red
dotted line, the tracking trajectory by impedance control pro-
posed in this paper is expressed in green solid line, and the
blue solid line shows the tracking result obtained from the
conventional impedance control.
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In Figure 11, the red solid curve is the tracking error of
the new energy tank and the green dotted curve is the con-
ventional energy tank.

Figures 10 and 11 show that due to the sudden introduc-
tion of external forces, the control precision of the two kinds
of controllers has different degrees of decline, but the control
effect based on the new energy tank is still better than the
conventional one. That means the controller proposed in this

paper has better ability to adapt the changing external
environment.

The energy changes in the two energy tanks are shown in
Figure 12, where Figure 12(a) is the tank proposed in this
paper and Figure 12(b) is the conventional one.

It is known that the force of the real environment is often
complex and varied, so we consider a random external force
as the simulation of external forces to test the performance of
controller based on our new energy tank.

The random external force is shown in Figure 13, and the
trajectory of control systems is shown in Figure 14, where the
desired trajectory xd t is plotted in red dotted line, the
tracking trajectory by our new impedance control is plotted
in green solid line, and the conventional control result is plot-
ted by blue solid line. It can be seen that both control
methods are robust and can track the desired trajectory in
the face of random external force but the control effect of
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the controller based on the new energy tank proposed in this
paper is better than that of the conventional one.

In the case of random external forces, the tracking
errors of the two control methods are shown in Figure 15,
where the red solid curve is the tracking error of the new
energy tank and the green dotted curve is the tracking error
of the conventional energy tank. Compared with Figure 11,
it can be seen that the tracking errors only have slightly
increased. It indicates that the energy tank-based impedance
controller has strong ability to adapt the time-varying ran-
dom external forces.

6. Conclusions

In this paper, the time-varying impedance control based on
a new energy tank is combined with the port Hamiltonian
system and then rewritten in the form of port Hamiltonian
system. This new energy tank-based impedance control
method can not only meet the time-dependent expectation
relationship between external force and tracking error but
can also avoid the singularity problem in the conventional
type of energy tank. For the control system proposed in this
paper, the robot system with energy tank is designed as the
port Hamiltonian system, that is to say, the whole control
system is a passive system, which ensures the stability of
the control system. The simulation results show that the
controller proposed in this paper has better position track-
ing in the face of different types of external forces than the
conventional one.
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This paper investigates the identification problem for a class of input nonlinear systems whose disturbance is in the form of the
moving average model. In order to improve the computation complexity, the key term separation principle is introduced to
avoid the redundant parameter estimation. Based on the decomposition technique, a hierarchical Newton iterative identification
method combining the key term separation principle is proposed for enhancing the estimation accuracy and handling the
computational load with the presence of the high dimensional matrices. In the identification procedure, the unknown internal
items or vectors are replaced with their iterative estimates. The effectiveness of the proposed identification methods is shown via
a numerical simulation example.

1. Introduction

In the modern cyber-physical system, including robotics sys-
tems [1, 2], railway control systems [3, 4], etc., system identi-
fication plays an important role in establishing relationship
between the virtual system and the real world by using the
modeling technique [5, 6]. Generally, modeling techniques
can be split into two groups: nonparametric modeling and
parametric modeling. Nonparametric modeling, so-called
black or grey box modeling, ignores the mechanism of the
system and instead concentrates on studying the relationship
between the system input and output [7, 8]. In contrast, para-
metric modeling focuses on estimating the parameters where
the model structure is fixed on the basis of the first principle
or others [9, 10].

The parametric modeling or parameter estimation
relies deeply on adaptive algorithm [11, 12]. The core idea
of adaptive parameter estimation is to recursively adjust
the parameters by using the residuals, which makes the
estimates approximately approach the true value. Under

this framework of adaptation, the recursive least squares
algorithms [13, 14], the stochastic gradient algorithms
[15], and the iterative algorithms [16, 17] are well devel-
oped and underpin several heuristic or bioinspired learn-
ing algorithms [18–20]. For example, we use the adaptive
algorithms such as gradient descent algorithm for learning
the weights in the neural networks or training the fitness
in the genetic algorithms.

Under the adaptive identification framework, the
Newton iterative algorithm can produce high accuracy esti-
mation with fast convergence property [21–23]. However,
the identification process involves heavy matrix computa-
tion. In the industry field, the wireless embedded devices
are so vulnerable to the complexity of the algorithm that
high power-consumed computation needs be avoided. The
decomposition technique, as an effective tool to improve
the computation efficiency, is applied into many identifica-
tion algorithms. For example, Ding et al. decomposed
Hammerstein-controlled autoregressive systems into three
subsystems and employed the auxiliary model identification
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idea for handling unknown parameters coupled in each
subsystem [24]. Ma et al. proposed a decomposition-based
recursive least squares identification methods for multi-
variate pseudolinear systems using the multi-innovation
theory [25].

Block-oriented identification of the nonlinear systems
such as the Hammerstein models [26, 27], theWiener models
[28], or the Hammerstein-Wiener models has become the
active topic in the research of nonlinear parametric model-
ing, and many identification methods have been developed
[29–31]. Liu and Bai presented an iterative identification
algorithm for Hammerstein systems and studied its conver-
gence [32]. The iterative algorithms utilize the batch of data
for parameter estimation and are used in various off-line
applications. Ding et al. focused on on-line identification
and proposed a recursive least squares parameter estima-
tion algorithm for output nonlinear autoregressive systems
[33]. Recently, Ma et al. used the variational Bayesian
approach to identify the Hammerstein parameter varying
systems for chemical dynamic processes, which often work
under various conditions bringing the varying model
parameters [34].

The general Hammerstein model or input nonlinear model
presented by a memoryless nonlinear block and a linear
dynamic subsystem can be formulated.

y t =G z u t +N z v t , 1

where y t ∈ℝ and u t ∈ℝ are the measured system
output and input, v t ∈ℝ is the stochastic white noise,
G z and N z are the transfer functions of the system
model and the noise model, the intermediate variable x t =G
z u t denotes the noise-free system output, and w t =
N z v t denotes the noise model output. The unmeasur-
able variable u t is the output of the nonlinear block
and can be represented as the linear combination of the
known parameter vectors γ1, γ2,⋯, γm and the known basis
f = f1, f2,⋯, f m :

u t = γ1 f1 u t + γ2 f2 u t +⋯ + γmf m u t

= 〠
m

j=1
γj f j u t = f u t γ,

2

where the nonlinear block f u t ≔ f1 u t , f2 u t ,⋯,
f m u t ∈ℝ1×m and γ≔ γ1, γ2,⋯, γm

T ∈ℝm. The super-
script T denotes the matrix/vector transpose.

It is worth noting that the model in (1) can represent vari-
ous input nonlinear systems, e.g., when G z = B z /A z ,
and the system is corrupted by the colored noise, i.e., N z =
D z , system (1) denotes an input nonlinear equation-error
moving average (IN-EEMA) system,

A z y t = B z u t +D z v t , 3

where

A z ≔ 1 + a1z
−1 + a2z

−2 +⋯ + anaz
−na ,

B z ≔ b0 + b1z
−1 + b2z

−2 +⋯ + bnbz
−nb ,

D z ≔ 1 + d1z
−1 + d2z

−2 +⋯ + dndz
−nd

4

Recently, a key variable separation-based (multi-
innovation) Newton iterative algorithm has been proposed
for nonlinear finite response moving average systems [22] and
an identificationmodel-based (multi-innovation) Newton itera-
tive algorithm has been proposed for nonlinear finite response
autoregressive moving average systems [23]. On the basis of
the works in [22, 23], this paper studies several Newton iterative
parameter estimation methods for IN-EEMA systems.

The objective of this work is to develop algorithms for
improving the computational efficiency and achieving
accurate parameter estimation for system (3). We develop
three extended Newton iterative parameter estimation
algorithms using the key term separation principle and
the decomposition technique. The simulation results show
that the algorithms are effective for identifying the
proposed systems.

Briefly, this paper is organised as follows. Section 2
derives the identification model and develops an extended
Newton iterative identification algorithm. Section 3 proposes
a key term separation-based extended Newton iterative algo-
rithm. Section 4 presents a key term separation-based
extended Newton iterative algorithm using the decomposi-
tion technique. Section 5 provides an illustrative example to
show the effectiveness of the algorithms. Finally, concluding
remarks are offered in Section 6.

2. The Extended Newton Iterative
Identification Algorithm

For the identification of Hammerstein system, in order to
reduce the sensitivity of the projection algorithm to noise
and to improve convergence rates of the stochastic gradi-
ent algorithm, Ding et al. proposed a Newton recursive
and a Newton iterative identification algorithms by using
the Newton method (Newton-Raphson method) [35].
Based on the work in [35], this paper considers identifica-
tion of input nonlinear systems with colored noise and the
disturbance is an autoregressive moving average process.
Consider system (3) and define the parameter vectors a,
b, d, γ, and η as

a≔ a1, a2,⋯, ana
T ∈ℝna ,

b≔ b0, b1, b2,⋯, bnb
T ∈ℝnb+1,

d ≔ d1, d2,⋯, dnd
T ∈ℝnd ,

γ≔ γ1, γ2,⋯, γm
T ∈ℝm,

η≔ a1, a2,⋯, ana , d1, d2,⋯, dnd
T ∈ℝna+nd ,

5
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and the information vector φ t and the information
matrix F t as

φ t ≔ −y t − 1 , −y t − 2 ,⋯, − y t − na ,

v t − 1 ,⋯, v t − nd
T ∈ℝna+nd ,

F t ≔ f u t , f u t − 1 ,⋯, f u t − nb
T ∈ℝ nb+1 ×m

6

The output of system (3) can be expressed as

y t = 1 − A z y t + B z u t +D z v t

= −〠
na

i=1
aiy t − i + 〠

nb

i=0
biu t − i + 〠

nd

i=1
div t − i + v t

= φT t η + bTF t γ + v t

7

Assume that the input/output data is u t , y t : t = 1, 2,
⋯, L , where L denotes the data length. Define the stacked
matrices:

Y L ≔ y 1 , y 2 ,⋯, y L T ∈ℝL,

Φ0 L ≔ φ 1 , φ 2 ,⋯, φ L T ∈ℝL× na+nd ,

Φ γ ≔

γTFT 1

γTFT 2

⋮

γTFT L

∈ℝL× nb+1 ,

Ψ b ≔

bTFT 1

bTFT 2

⋮

bTFT L

∈ℝL×m

8

Define the cost function:

J θ = J η, b, γ ≔ Y L −Φ0 L η −Φ γ b 2

= Y L −Φ0 L η −Ψ b γ 2 9

The Hessian matrix of J θ is computed by

H J η, b, γ

≔

ΨT
0 L Φ0 L ΦT

0 L Φ γ ΦT
0 L Ψ b

ΦT γ Φ0 L ΦT γ Φ γ M η, b, γ

ΨT b Φ0 L MT η, b, γ ΨT b Ψ b

∈ℝn×n,

10

where n≔ na + nd + nb + 1 +m.

Let k be an iterative variable,

θk ≔

ηk

b̂k

γk

11

be the iterative estimate of

θ≔

η

b

γ

12

at the kth iteration. Using the similar method in [35], minimiz-
ing J θ , we have

θk = θk−1 H J ηk−1, b̂k−1, γk−1
−1

× gradθ J ηk−1, b̂k−1, γk−1
13

Here, the question is that it is impossible to accomplish

computing θk because the unmeasurable noise vk t − i , i = 1,
2,… , nd, contained in φ t leads to an unknown Φ0 in
H J ηk−1, b̂k−1, γk−1 . Inspired by the former work in [36, 37],
these unknown issues can be dealt with by replacing the
unknown items with their estimates. Let the iterative estimate
of φ t be φk t :

φk t ≔ −y t − 1 , −y t − 2 ,⋯, − y t − na , v̂ t − 1 ,

v̂ t − 2 ,⋯, v̂k−1 t − nd
T

14

According to (7), we have

v t = y t − φTη − bTF t γ 15

Replacing the unknown parameters and vectors in the
above equation with their iterative estimates ηk, b̂k, γ, and
φk t , we can compute v̂k t − i through

v̂ k t = y t − i − φT
k t − i ηk − b̂

T
k F t − i γk 16

Then the extended Newton iterative (E-NI) algorithm for
IN-EEMA systems is summarized as follows:

θk = θk−1 +Ω−1
k

ΦT
0 L

ΦT γk−1

ΨT b̂k−1

Y L −Φ0 L ηk−1 −Φ γk−1 b̂k−1 ,

17
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Ωk =

ΦT
0 L Φ0 L ΦT

0 L Φ γk−1 ΦT
0 L Ψ b̂k−1

ΦT
γk−1 Φ0 L ΦT γk−1 Φ γk−1 M̂ θk−1

ΨT b̂k−1 Φ0 L M̂
T

θk−1 ΨT b̂k−1 Ψ b̂k−1

,

18

M̂ θk−1 = 〠
L

t−1
F t −y t + φT t ηk−1 + b̂

T
k−1F t γk−1

+ΦT γk−1 Ψ b̂k−1 ,
19

Y L = y 1 , y 2 ,⋯, y L T, 20

Φ0 L = φk 1 , φk 2 ,⋯, φk L T, 21

Ψ b̂k−1 = FT 1 b̂k−1, FT 2 b̂k−1,⋯, FT L b̂k−1
T
, 22

Φ γk−1 = F 1 γk−1, F 2 γk−1,⋯, F L γk−1
T, 23

φk t = −y t − 1 , −y t − 2 ,⋯, − y t − na ,

v̂ t − 1 , v̂ t − 2 ,⋯, v̂k−1 t − nd
T,

24

F t =

f1 u t f2 u t ⋯ f m u t

f1 u t − 1 f2 u t − 1 ⋯ f m u t − 1

⋮ ⋮ ⋮

f1 u t − nb f2 u t − nb ⋯ f m u t − nb

, 25

v̂k t = y t − i − φT
k t − i ηk − b̂

T
k F t − i γ k

26

Notice that the Hessian matrix in (18) requires more
computational effort as the number of system parameters
grows.

3. The Key Term Separation-Based Extended
Newton Iterative Algorithm

In this section, the key term separation principle is employed
to parameterize the IN-EEMA systems. The core idea of the
key term separation technique is to express the system output
as a linear combination of the system parameters [38, 39].
Therefore, the redundant parameter estimation can be
avoided. Let the first parameter of B z be 1, and the system
in (7) can be rewrite as

y t = −〠
na

i=1
aiy t − i + 〠

nb

i=1
biu t − i + 〠

nd

i=1
div t − i + v t

27

Substituting the key term u t into (2) gives

y t = −〠
na

i=1
aiy t − i + 〠

m

j=1
γi f i u t + 〠

nb

i=1
biu t − i

+ 〠
nd

i=1
div t − i + v t

28

Define the parameter vector ϑ and the information vectors
φa t , φd t , and ϕ t as

ϑ≔ aT, γT, b1, b2,⋯, bnb , d
T T

∈ℝn, n = na + nb +m,

φa t ≔ −y t − 1 , −y t − 2 ,⋯, y n − na ∈ℝna ,

φd t ≔ v t − 1 , v t − 2 ,⋯, v t − nd ∈ℝnd ,

ϕ t ≔ φT
a t , f u t , u t − 1 , u t − 2 ,⋯, u t − nb ,

φT
d t

T ∈ℝn

29

Then system (3) takes the form of the identification
model as

y t = ϕT t ϑ + v t 30

Consider L sets of data and define the stacked vector
Y L and the stacked matrix Φ L as

Y L ≔

y 1

y 2

⋮

y L

∈ℝL,

Φ L ≔

ϕ 1

ϕ 2

⋮

ϕ L

∈ℝL×n

31

Define the cost function

J ϑ ≔ Y L −Φ L ϑ 2 32

Let ϑk be the iterative estimation of ϑ at the kth iteration,
and using the Newton method to minimize J ϑ gives

ϑk = ϑk−1 − H J ϑk−1
−1

grad J ϑk−1

= ϑk−1 + ΦT L Φ L
−1ΦT L Y L −Φ L ϑk−1

33

Replace the unknown variables u t − i at the kth iteration
with the iterative estimates ûk−1 t − i and define

ϕk t ≔ φT
a t , f u t , uk−1 t − 1 , uk−1 t − 2 ,⋯,

uk−1 t − nb , φT
d,k−1 t

T
∈ℝn,

ϑk ≔ aTk , γTk , b̂1,k, b̂2,k,⋯, b̂nb ,k, d̂
T
k

T
∈ℝn

34
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Replacing γi,k in (2) with γi, the iterative estimates of
u t − i can be computed through

u t − i = γ1,k f1 u t − i + γ2,k f2 u t − i +⋯ + γm,k f m u t − i

= 〠
m

j=1
γj,k f j u t − i f u t − i γk

35

From (28), we have

v t − i = y t − i − ϕT t − i ϑ, 36

Replacing ϕ t − i and ϑ with ϕk t − i and ϑk respec-
tively, the iterative estimates of v t − i is computed by

v̂ k t − i = y t − i − ϕ
T
k t − i ϑk 37

Substituting unknown ϕ t in the stacked matrix Φ L
with its estimate, the iterative estimate of Φ L is given by

Φ L ≔ ϕk 1 , ϕk 2 ,⋯, ϕk L
T
∈ℝL×n 38

Then we replace the Φ L in (33) with Φ L and
summarize the key term separation-based extended Newton
iterative (KT-NI) algorithm for the IN-EEMA model:

ϑk = ϑk−1 + ΦT
k L Φk L

−1
ΦT

k L Y L −Φk L ϑk−1 ,

39

Y L = y 1 , y 2 ,⋯, y L T, 40

Φk L = ϕk 1 , ϕk 2 ,⋯, ϕk L
T
, 41

ϕk t = φT
a t , f u t , uk−1 t − 1 , uk−1 t − 2 ,⋯,

uk−1 t − nb , φT
d,k−1 t

T
,

42

φa t = −y t − 1 , −y t − 2 ,⋯, − y t − na
T, 43

f u t = f1 u t , f2 u t ,⋯, f m u t , 44

φd,k t = v̂k t − 1 , v̂k t − 2 ,⋯, v̂k t − nd
T, 45

uk t − i = f u t − i γk, 46

v̂k t − i = y t − i − ϕ
T
k t − i ϑk, 47

ϑk t = â1,k, â2,k,⋯, ân,k, γ
T
k , b̂1,k, b̂2,k,⋯, b̂nb ,k, d̂1,k, d̂2,k,⋯, d̂nd ,k

T
,

48

γk = γ1,k, γ2,k,⋯, γm,k
T 49

4. Extended Newton Iterative Algorithm Using
the Decomposition Technique

Define the information vectors φa t and φd t as

φa t ≔ −y t − 1 , −y t − 2 ,⋯, − y t − na
T ∈ℝna ,

φd t ≔ v t − 1 , v t − 2 ,⋯, v t − nd
T ∈ℝnd

50

Rewrite the IN-EEMA system in (7) as

y t = 1 − A z y t + B z u t +D z v t

= −〠
na

i=1
aiy t − i + 〠

nb

i=0
biu t − i + 〠

nd

i=1
div t − i + v t

= φT
a t a + bTF t γ + φT

d t d + v t

51

By applying the decomposition technique to the IN-
EEMA system, we divide model (51) into two subsys-
tems. One subsystem contains the system parameter vector
ϑ1 ≔ a, b T, and the other subsystem contains the system
parameter vector ϑ2 ≔ γ, d T. Define two auxiliary outputs:

y1 t ≔ y t − φT
d t d, 52

y2 t ≔ y t − φT
a t a 53

Combining (51), (52), and (53), it gives

S1 y1 t = φT
a t , γTFT t ϑ1 + v t ,

S2 y2 t = bTFT t , φT
d t ϑ2 + v t

54

Let ϑ1,k ≔ âk, b̂k
T and ϑ2,k ≔ γk, d̂k

T be the iterative esti-
mates of ϑ1 and ϑ2 at the kth iteration, respectively. Define the
cost functions:

J1 ϑ1 ≔ J ϑ1, ϑ2,k−1 = 〠
L

t=1
y1 t − φT

a t , γTk−1F t ϑ1
2

〠
L

t=1
y t − φT

a t a − bTFT t γk−1 − φT
d t d̂k−1

2
,

J2 ϑ2 ≔ J ϑ1,k, ϑ2 = 〠
L

t=1
y2 t − bTk F t , φT

d t ϑ2
2

〠
L

t=1
y t − φT

a t a − bTk F
T t γ − φT

d t d
2

55

5Complexity



Notice that the unknown parameter vectors ϑ1 and ϑ2 in
cost functions above are replaced by their iterative estimates.
For the sake of brevity, define the stacked matrices:

Γ L ≔

φT
a 1

φT
a 2

⋮

φT
a L

∈ℝL×na ,

Φ γ, L ≔

φT
a 1 γTFT 1

φT
a 2 γTFT 2

⋮ ⋮

φT
a L γTFT L

∈ℝL× na+nb+1 ,

Ω L ≔

φT
d 1

φT
d 2

⋮

φT
d L

∈ℝL×nd ,

Ψ b, L ≔

bTF 1 φT
d 1

bTF 2 φT
d 2

⋮ ⋮

bTF L φT
d L

∈ℝL× na+nb+1

56

Then the cost functions can be rewritten as

J1 ϑ1 = Y L −Φ γ, L ϑ1 −Ω L d 2,

J2 ϑ2 = Y L − Γ L a −Ψ b, L ϑ2
2

57

Minimizing J1ϑ1 and J2 ϑ2 by using the Newton
method, it yields

ϑ1,k = ϑ1,k−1 − H J1 ϑ1,k−1
−1

grad J1 ϑ1,k−1

= ϑ1,k−1 + ΦT γ, L Ψ γ, L −1ΨT γ, L

× Y L −Φ γ, L ϑ1,k−1 −Ω L d ,

ϑ2,k = ϑ2,k−1 − H J2 ϑ2,k−1
−1

grad J2 ϑ2,k−1

= ϑ2,k−1 + ΨT b, L Ψ b, L −1ΨT b, L

× Y L − Γ L a −Ψ b, L ϑ2,k−1

58

The similar issue arises that the information vector φd t

contains the unknown items v t − i ; hence, ϑ1,k and ϑ2,k in
the two equations above cannot be directly calculated. Here,
following the solution carried out in the last two sections and
replacing the unknown noise items with their iterative

estimates v̂k−1 t − i at iteration k − 1, the iterative estimate
of φd t can be represented as

φ d,k t ≔ v̂k−1 t − 1 , v̂k−1 t − 2 ,⋯, v̂k−1 t − nd
T ∈ℝnd

59

From (51), we have

v t = y t − φT
a a − bTF t γ − φT

d t d 60

Replacing unknown vectors a, b, γ, and φd t with their
iterative estimates âk, b̂k, γk, and φd,k t , the estimated noise
v̂k t can be calculated from

v̂ k t = y t − φT
a t âk − bTk F t γk − φT

d,k t d̂k 61

Substituting the estimated vectors γk−1, d̂k−1, âk, and b̂k for

the unknown vectors γ, d, a, and b and substituting ΨT
b̂k, L

and Ω L for ΨT b, L and Ω L , respectively, we can sum-
marize the decomposition-based extended Newton iterative
(D-KT-NI) identification algorithm for IN-EEMA systems
i.e., the hierarchical extended Newton iterative algorithm

ϑ1,k = ϑ1,k−1 + ΦT
γk−1, L ΦT

γk−1, L
−1
ΦT

γk−1, L

Y L −ΦT
γk−1, L ϑ1,k−1 −Ωk L d̂k−1 ,

62

ϑ2,k = ϑ2,k−1 + ΨT
k b̂k, L Ψk b̂k, L

−1
ΨT

k

b̂k, L Y L − Γ L âk −Ψk b̂k, L ϑ2,k−1 ,
63

Y L = y 1 , y 2 ,⋯, y L T, 64

Γ L = φa 1 , φa 2 ,⋯, φa L T, 65

Φ γk,−1, L =

φT
a 1 γTk−1F

T 1

φT
a 2 γTk−1F

T 2

⋮ ⋮

φT
a L γTk−1F

T L

, 66

Ψ b̂k, L =

b̂
T
k F 1 φT

d,k 1

b̂
T
k F 2 φT

d,k 2

⋮ ⋮

b̂
T
k F L φT

d,k L

, 67

Ω L = φT
d,k 1 , φT

d,k 2 ,⋯, φT
d,k L

T
, 68

φa t = −y t − 1 , −y t − 2 ,⋯, − y t − na
T, 69

φd,k t = v̂k t − 1 , v̂k t − 2 ,⋯, v̂k t − nd , T, 70
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v̂k t = y t − φT
a t âk − bTk F t γk − φT

d,k t d̂k, 71

F t =

f1 u t f2 u t ⋯ f m u t

f1 u t − 1 f2 u t − 1 ⋯ f m u t − 1

⋮ ⋮ ⋮

f1 u t − nb f2 u t − nb … f m u t − nb
72

The steps for computing the parameter estimates ϑ1,k and

ϑ2,k in (62), (63), (64), (65), (66), (67), (68), (69), (70), (71),
and (72) are as follows.

(1) Set the data length L, collect input output data
u t , y t : t = 1, 2,⋯, L , form Y L , and preset
a small threshold value ϵ > 0

(2) Let k = 1, and set the initial values ϑ1,0 = 1na+nb ,
ϑ2,0 = 1m+nd , v̂ t − i = a random vector, i = 1, 2,… ,
nd , p0 = 106

(3) Formφa t using (69), Γ L using (65), andΦ γk−1, L
using (66)

(4) Update ϑ1,k using (62)

(5) Form Ω L using (68) and Ψ b̂k, L using (67)

(6) Update ϑ2,k using (63)

(7) Compute vk t − i using (71)

(8) If ϑ1,k − ϑ1,k−1 + ϑ2,k − ϑ2,k−1 > ϵ, increase k by 1,
go to step 4; otherwise, terminate the procedure and

obtain k, ϑ1,k, and ϑ2,k

5. Example

Consider the following nonlinear simulation system:

A z y t = B z u t +D z v t ,

A z = 1 + a1z
−1 + a2z

−2 = 1 − 1 10z−1 + 0 70z−2,

B z = b0 + b1z
−1 + b2z

−2 = 1 + 0 55z−1 + 0 90z−2,

D z = 1 + d1z
−1 = 1 − 0 30z−1,

u t = γ1u t + γ2u
2 t = 0 45u t + 0 60u2 t ,

ϑ = a1, a2, b1, b2, γ1, γ2, d1
T

= −1 10, 0 70, 0 55, 0 90, 0 45, 0 60, −0 30 T

73

In this simulation, the input vector u t is taken as
an uncorrelated persistent excitation signal sequence with
zero mean and v t as a white noise sequence with zero
mean and variances σ2 = 0 102 and σ2 = 0 502. Taking the
data length L = 1000 data, we apply the proposed E-NI
algorithm in (17), (18), (19), (20), (21), (22), (23), (24),
(25), and (26), the KT-NI algorithm in (39), (40), (41),
(42), (43), (44), (45), (46), (47), (48), and (49), and the
D-KT-NI algorithm in (62), (63), (64), (65), (66), (67),
(68), (69), (70), (71), and (72) to estimate the parameters
of the example system; the parameter estimates of each

Table 1: The parameter estimates and errors of the E-NI algorithm.

σ2 k a1 a2 b1 b2 γ1 γ2 d1 δ (%)

0.102

1 −1.08845 0.71303 0.74340 0.98758 0.58515 0.65293 −0.00146 18.66607

2 −1.11208 0.71639 0.61498 0.96651 0.49424 0.63639 0.11693 20.41973

3 −1.09042 0.70042 0.55489 0.90946 0.45489 0.60967 −0.13144 8.02220

4 −1.09966 0.69927 0.54109 0.89591 0.44933 0.60349 −0.28284 0.95099

5 −1.10337 0.70316 0.54118 0.89811 0.44974 0.60455 −0.30211 0.53527

10 −1.10207 0.70266 0.54220 0.89854 0.45006 0.60491 −0.30147 0.47475

15 −1.10207 0.70265 0.54220 0.89854 0.45006 0.60491 −0.30147 0.47471

20 −1.10207 0.70265 0.54220 0.89854 0.45006 0.60491 −0.30147 0.47471

0.502

1 −1.07028 0.70468 0.73066 0.99064 0.57906 0.65907 −0.01324 17.96686

2 −1.06241 0.69400 0.56781 0.90670 0.45678 0.62211 −0.19086 5.65096

3 −1.09391 0.69393 0.50848 0.87623 0.43431 0.60337 −0.29842 2.42364

4 −1.10633 0.70643 0.51112 0.89287 0.43789 0.60902 −0.31520 2.17016

5 −1.10194 0.70632 0.51319 0.89320 0.43879 0.60950 −0.31016 1.98764

10 −1.10163 0.70488 0.51303 0.89271 0.43855 0.60934 −0.30986 1.98664

15 −1.10165 0.70490 0.51301 0.89269 0.43856 0.60933 −0.30988 1.98745

20 −1.10165 0.70490 0.51301 0.89269 0.43856 0.60933 −0.30988 1.98744

True values −1.10000 0.70000 0.55000 0.90000 0.45000 0.60000 −0.30000
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algorithm and their errors are shown in Tables 1–3, and

their parameter estimation errors δ≔ θ t − θ / θ and

δ≔ ϑ t − ϑ / ϑ versus t of each algorithm are illus-
trated in Figures 1–3.

From the simulation results in Tables 1–3 and
Figures 1–3, we can conclude following markers.

(i) For all three algorithms, the parameter estimation
errors are getting smaller (in general) as the iterative
steps k increases

(ii) Both algorithms can produce highly accurate
parameter estimates under different noise variances

(iii) When the sizes of Hessian matrices ΦT
k L Φk L

and ΨT
k L Ψk L in E-NI algorithm and KT-NI

algorithm expand, two algorithms cost massive
computational loads. While using the decompo-
sition technique in the D-KT-NI algorithm, the
dimensions of two matrices are trimmed from
na + nb +m + nd + 1 × na + nb +m + nd + 1 and

Table 2: The parameter estimates and errors of the KT-NI algorithm.

σ2 k a1 a2 b1 b2 γ1 γ2 d1 δ (%)

0.102

1 −1.39971 0.79168 −0.00123 −0.00620 0.41797 0.80328 −0.00689 62.45484

2 −1.11611 0.71412 0.41512 0.72162 0.45094 0.56978 −0.01914 19.38946

3 −1.10182 0.69537 0.57541 0.93598 0.45429 0.60462 −0.07944 12.09068

4 −1.09800 0.70092 0.54331 0.88549 0.45409 0.59402 −0.26185 2.25872

5 −1.09991 0.69509 0.55565 0.90284 0.45388 0.59980 −0.29063 0.69445

10 −1.10056 0.69884 0.54936 0.89586 0.45383 0.59723 −0.30489 0.43470

15 −1.10040 0.69837 0.55037 0.89703 0.45382 0.59763 −0.30442 0.38602

20 −1.10043 0.69844 0.55022 0.89685 0.45382 0.59757 −0.30453 0.39353

0.502

1 −1.35007 0.75506 −0.01352 −0.00620 0.43528 0.80979 −0.00969 62.02069

2 −1.11307 0.71565 0.40087 0.75740 0.46839 0.56276 −0.13437 14.43024

3 −1.10170 0.68286 0.58704 0.95127 0.47074 0.60626 −0.26416 4.17881

4 −1.10217 0.70483 0.52615 0.85580 0.46942 0.57888 −0.30066 3.12057

5 −1.10021 0.68548 0.56763 0.90326 0.46933 0.59731 −0.29752 1.62874

10 −1.10403 0.69630 0.54549 0.87854 0.46914 0.58844 −0.30854 1.76861

15 −1.10348 0.69460 0.54940 0.88304 0.46914 0.59008 −0.30751 1.56660

20 −1.10359 0.69491 0.54869 0.88222 0.46914 0.58978 −0.30772 1.59993

True values −1.10000 0.70000 0.55000 0.90000 0.45000 0.60000 −0.30000

Table 3: The parameter estimates and errors of the D-KT-NI algorithm.

σ2 k a1 a2 b1 b2 γ1 γ2 d1 δ (%)

0.102

1 −1.23155 0.79509 0.52286 0.89348 0.41594 0.56889 −0.00553 16.11602

2 −1.03367 0.65908 0.54663 0.90391 0.47140 0.62599 −0.26604 4.33402

3 −1.15708 0.72762 0.52849 0.89594 0.43727 0.57773 −0.34233 3.94531

4 −1.05106 0.67958 0.56540 0.91451 0.46594 0.62016 −0.27119 3.26187

5 −1.13731 0.71586 0.53839 0.89625 0.44084 0.58372 −0.24959 3.23833

10 −1.08228 0.69163 0.55344 0.90582 0.45739 0.60709 −0.28489 1.30713

15 −1.10542 0.70184 0.54666 0.90170 0.45054 0.59746 −0.29649 0.38449

20 −1.09554 0.69756 0.54952 0.90347 0.45350 0.60164 −0.29610 0.39095

0.502

1 −1.18817 0.76494 0.54458 0.93310 0.42779 0.57102 0.01268 15.85345

2 −1.00303 0.63606 0.57278 0.94755 0.47960 0.61914 −0.23259 7.02860

3 −1.13160 0.70802 0.53521 0.91149 0.45152 0.58110 −0.33064 2.46460

4 −1.05647 0.67685 0.55353 0.91567 0.47439 0.61744 −0.27791 3.02136

5 −1.12083 0.70421 0.53813 0.90975 0.45345 0.58761 −0.33396 2.11972

10 −1.08063 0.68732 0.54608 0.91189 0.46725 0.60713 −0.30157 1.52877

15 −1.09787 0.69440 0.54221 0.91065 0.46138 0.59886 −0.31698 1.18714

20 −1.09061 0.69140 0.54374 0.91111 0.46387 0.60236 −0.31068 1.19411

True values −1.10000 0.70000 0.55000 0.90000 0.45000 0.60000 −0.30000
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na + nb +m + nd × na + nb +m + nd to na +
nb + 1 × na + nb + 1 and m + nd × m + nd .
The slimmer Hessian matrices bring better
computational efficiency, which is favorable for cer-
tain real-time computational situation

6. Conclusions

In this work, we have presented extended Newton iterative
algorithm, a key term separation-based extended Newton
iterative algorithm, and a decomposition-based extended
Newton iterative algorithm using the key term separation

principle for a class of input nonlinear systems. The illustra-
tive example shows that the decomposition-based extended
Newton iterative algorithm using the key term separation
principle can produce the high accurate estimates at a rela-
tively lower computational expense. The proposed methods
can be further extended to engineering systems [40–42] or
other nonlinear scalar or multivariable systems [43–45].
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This study aims to improve the operating stability of the resistance strain weighing sensor and eliminate fuzzy factors in fault
diagnosis. Based on fuzzy techniques for fault diagnosis, the proposed fuzzy Petri net model uses the fault logical relationship
between a sensor and an improved Petri net model. A formula for confidence-based reasoning is proposed using an algorithm,
which combines neural network regulation algorithm with a transition-enabled ignition judgment matrix. This formula can yield
an accurate assessment of the operating state of the sensor. Backward inference and theminimumcut set theory are also combined to
obtain the priority of faults, which helps avoid blind and ambiguous maintenance.The sensor model was analyzed, and its accuracy
and validity were verified through statistical analysis and comparison with other methods of fault diagnosis.

1. Introduction

The resistance strain weighing sensor (hereinafter referred to
as “the sensor”) is a core component of electronic weighing
instruments, and its quality directly influences the accuracy
of measurement. In practical applications, due to the influ-
ence of raw materials, manufacturing processes, installation
methods, service conditions, and the external environment,
electronic weighing instruments are prone to various faults
with uncertainty. Therefore, accurately predicting and diag-
nosing faults in these instruments are significant to ensure
their accuracy and stability.

As an effective method of parallel computing and behav-
ioral analysis [1], the Petri net has a rigorous mathematical
formulation as well as a straightforward graphic description.
In [2–5], fuzzy technology (a new technology based on fuzzy
mathematics) was combined with the Petri net to propose the
fuzzy Petri net (FPN) method of modeling, which has
exhibited powerful parallel processing capability. However,
optimizing the model structure and developing the matrix
implementation remain to be further researched. It is impor-
tant to find a model that is representative of real environ-
ments.

For calculations in FPN, although the problem in the FPN
related tomatrix reasoning was solved in [1, 6], its weight and

other parameters remain undetermined, and accurate data
are needed to ensure the correctness of the diagnosis.

Based on the operator’s diagnostic experience, a method
for fault diagnosis in expert systems (ES) can be used as the
operating logic of the protection relay and circuit breakers
and has been applied to power systems. Methods of fault
analysis based on ES have been reported in the literature [7–
9]. For example, an advanced logic-based ES was applied in
[7]. The General Diagnosis Engine was used to analyze place
information and evaluate security [9]. However, ES-based
methods of analysis have shortcomings, such as requiring
complex knowledge acquisition and maintenance and slow
reasoning. Modeling based on directivity was proposed in
[10] to reduce the dimensionality of the incidence matrix and
simplify the calculation model, but it fails to provide a suf-
ficient description ofweight.Themethod proposed in [11] sig-
nificantly improves the fault tolerance of the Petri net, but the
Petri net model based on a time sequence does not apply to a
static Petri net with adjustable weights.

Owing to fuzzy behavior in the FPN, a number of meth-
ods for data determination have been proposed. The BP
(back propagation) algorithm endows the Petri net with the
capability of self-learning [12–14], resulting in clear weight
values. However, the model does not improve accordingly.
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The BP neural network has been combined with the tra-
ditional fuzzy fault Petri net to develop the adaptive FPN
[15, 16], which improves the capability of the traditional fuzzy
fault Petri net to learn weights. However, it fails to explicitly
show how to determine the transition confidence coefficient,
leaving the system with a large number of uncertainties. The
forward-backward algorithm was used to implement reason-
ing pertaining to unobservable place events in the model
[17]. Many other fault diagnosis methods, such as data fusion
and the support vector machine (SVM), were proposed as
well. Reference [18] has been applied to effectively solve such
problems as nonlinearity and high dimensionality. However,
due to the characteristics of the SVM, multiple dichotomies
are currently used to solve multiclassification problems; in
this context, the excessive classification is associated with
unnecessary complexity of calculation, and hence a faster
method is needed to ensure system stability.

This study proposes a method to diagnose sensor faults
based on fuzzy neural Petri net. With the resistance strain
weighing sensor as the research object, its FPN fault model
is created. The neural network is applied to adjust the
weight, with the abandonment of the transition confidence
coefficient. The MYCIN confidence reasoning algorithm is
optimized based on the sigmoid function and, consequently,
fault diagnosis is accomplished based on the minimum cut
set of fault rate.

2. Improved Fuzzy Fault Petri Net

2.1. Structure of the Fuzzy Fault Petri Net. Based on the Petri
net and fuzzy Petri net theory [19–22], a nine-parameter
model is defined as 𝑆𝑃 = (𝑃, 𝑇, 𝐼, 𝑂, 𝐾,𝑊, 𝛼, 𝑓, 𝜆).

The variables are as follows:
(1) 𝑃 = (𝑝1, 𝑝2, . . . , 𝑝𝑛)𝑇 is a set of place faults, including

all faults relating to the sensor, such as “broken gate of
the output-adjusting resistance,” “overloaded weighing,” and
“excessively large sensitivity of diaphragm shunting.”

(2)𝑇 = (𝑡1, 𝑡2, . . . , 𝑡𝑛)𝑇 is a set of transitions. If a transition
is enabled, 𝑡𝑗 = 1; otherwise, 𝑡𝑗 = 0.

(3) 𝐼 is the input matrix of the Petri net.
(4) 𝑂 is the output matrix of the Petri net.
(5) 𝐾 = (𝑘1, 𝑘2, . . . , 𝑘𝑛)𝑇 denotes the place label vector.

When a fault occurs in place 𝑖, 𝑘𝑗 = 1; otherwise, 𝑘𝑗 = 0.
(6)𝑊 = {𝜔𝑖𝑗} is an 𝑛×𝑚matrix of the weight of the place.

When ∀𝑡 ∈ 𝑇, 𝑃𝑘 ∈ 𝐼(𝑡),∑𝑛𝑗=1 𝜔𝑘 = 1.
(7) 𝛼 = (𝛼1, 𝛼1, . . . , 𝛼𝑛)𝑇 is an n-dimensional vector of the

confidence coefficients of the place, denoting the confidence
of occurrence of a fault event.

(8) 𝑓 = (𝑓1, 𝑓1, . . . , 𝑓𝑛)𝑇 is a set of probabilities of
the fuzzy occurrence of place events, where 𝑓𝑗 denotes the
probability of occurrence of place event 𝑝𝑖.

(9) 𝜆 = (𝜆1, 𝜆1, . . . , 𝜆𝑛)𝑇 is the threshold vector of
transition.

2.2. Structure of the Improved Fuzzy Fault Petri Net. The con-
nection of sensor components is tight, multiple mappings
between faults, with the complex and diverse fault propaga-
tion mode. Based on this, firstly, the structure of the sensor

Trigger

Weight
Sigmoid
function

P1 P2

Figure 1: Improved Petri net model.

is analyzed, according to the fuzzy relation to obtain the
fault logic relationship, and then the FPNmode is established
following the basic rules of Petri net, where the confidence
reasoning algorithm is optimized based on the sigmoid func-
tion. In other words, based on the original fuzzy Petri net, the
sigmoid function replaces the initial transition confidence 𝜇
to describe the rules to deduce the FPNmodel and the expres-
sion of fuzzy information. The confidence values of fault
events occurring in different places can be obtained through
reasoning, which provides the necessary conditions for the
positive and negative instances of reasoning pertaining to
faults. Figure 1 shows the basic elements of the improved
Petri net.

3. Algorithms for FPN Fault Reasoning

To clearly and concisely present the reasoning and calculation
of each matrix during the reasoning for the FPN model, the
Petri net is used to describe the capability of the concurrency
system and the mathematical theory of the FPN to define five
special operators [23]:

(1) The comparison operator �: 𝐶 = 𝐴�𝐵, where 𝐴, 𝐵,
and𝐶 are𝑚×𝑛matrices.When𝑎𝑖𝑗 > 𝑏𝑖𝑗, 𝑐𝑖𝑗 = 1; when𝑎𝑖𝑗 < 𝑏𝑖𝑗,𝑐𝑖𝑗 = 0, 𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛.

(2)Theminimum operator ∧:𝐶 = 𝐴∧𝐵, where𝐴, 𝐵, and𝐶 are𝑚 × 𝑛matrices; 𝑐𝑖𝑗 = min(𝑎𝑖𝑗, 𝑏𝑖𝑗), where 𝑖 = 1, 2, . . . , 𝑚;𝑗 = 1, 2, . . . , 𝑛.
(3)Themaximum operator ∨:𝐶 = 𝐴∨𝐵, where𝐴, 𝐵, and𝐶 are𝑚× 𝑛matrices; 𝑐𝑖𝑗 = max(𝑎𝑖𝑗, 𝑏𝑖𝑗), where 𝑖 = 1, 2, . . . , 𝑚;𝑗 = 1, 2, . . . , 𝑛.
(4) The direct product operator ∗: 𝐶 = 𝐴 ∗ 𝐵, where 𝐴,𝐵, and 𝐶 are 𝑚 × 𝑛 matrices; 𝑏 is an n-dimensional vector;𝑐𝑖𝑗 = 𝑎𝑖𝑗 ∗ 𝑏𝑖, where 𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛.
(5) The multiplication operator ⊗: 𝐶 = 𝐴 ⊗ 𝐵, where 𝐴,𝐵, and 𝐶 are 𝑚 × 𝑞, 𝑞 × 𝑛, and 𝑚 × 𝑛 matrices, respectively;𝑐𝑖𝑗 = max𝑖≤𝑘≤𝑞(𝑎𝑖𝑗, 𝑏𝑖𝑗), where 𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛.

3.1. Confidence Algorithm. The confidence algorithm is mod-
ified to achieve higher computational efficiency. Following
the reasoning calculation, the confidence values of all places
are obtained and function as the basis of fault evaluation and
diagnosis.

Weight matrix𝑊 = {𝜔𝑖𝑗}, where 𝜔𝑖𝑗 ∈ (0, 1). When there
is a directional arc𝑝𝑖 to 𝑡𝑗,𝜔𝑖𝑗 is theweight from𝑝𝑖 to 𝑡𝑗.When
there is a directional arc 𝑡𝑗 to 𝑝𝑖, 𝜔𝑖𝑗 = 0.

The reasoning formula is

𝛼𝑘+1 = 𝛼𝑘 ∨ [1 + exp (𝜌𝑘)]−1 (1)

where 𝜌𝑘 = 𝑂 ∙ (𝑊𝑇 ⋅ 𝛼𝑘), 𝑎𝑖+1 = 𝛼𝑖; when and only when
the reasoning is concluded; otherwise, it is continued.
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3.2. Forward Reasoning. The forward reasoning based on the
FPN model reflects the characteristics of fault propagation
and predicts faults according to the work environment, the
detection of components, or symptom-related information
obtained by professionals. The faults that may occur are
evaluated through the judgment matrix of transition firing
and the flow of fault-state marking, and the corresponding
response measures are then taken.

3.2.1. Transition Judgment

Definition 1. ∀𝑃𝐼𝑗 ∈ 𝐼(𝑡), ∑𝑛𝑗=1 𝛼(𝑃𝐼𝑗) ∙ 𝜔𝐼𝑗 ≥ 𝜆𝑡, where t is
enabled by potential transition.

Definition 2. If transition 𝑇 can trigger ignition, there is a
new confidence coefficient in the output place 𝑃𝑂𝑗; if not, the
output place is 0.

𝛼 (𝑃𝑂𝑗)

=
{{{{{{{{{

(exp(∑
𝑗

𝛼 (𝑃𝐼𝑗 ∙ 𝜔𝑗)) + 1)−1 , ∑
𝑗

𝛼 (𝑃𝐼𝑗) ∙ 𝜔𝐼𝑗 ≥ 𝜆 (𝑡) ,
0, ∑

𝑗

𝛼 (𝑃𝐼𝑗) ∙ 𝜔𝐼𝑗 < 𝜆 (𝑡) ,
(2)

The transition-triggering ignition matrix is 𝑌, where 𝑌 =(𝑦1, 𝑦2, . . . , 𝑦𝑛)𝑇.
𝑌 = (𝑊𝑇 ∙ 𝛼)�𝜆 (3)

If the ignition conditions are met, 𝑦𝑖 = 1; otherwise,𝑦𝑖 = 0. According to the rules of ignition, the transition-
enabled ignitionmatrix reasoning corresponding to the token
containing the place is calculated out based on [1]

𝑌𝑖 = 𝑦 ∧ [(𝐼 ∗ 𝐾𝑖−1)𝑇 ∙ 𝑙𝑚] , 𝑖 = 1,
𝑌𝑖 = 𝑦 ∧ [𝐼 ∗ (𝐾𝑖−1 − 𝐾𝑖−2)]𝑇 ⋅ 𝑙𝑚, 𝑖 = 2, 3, . . . , (4)

where 𝐾𝑖−1, 𝐾𝑖−2 denote the label vector of the i-1th
ignition and 𝑙𝑚 = (1, 1, . . . , 1)𝑇 is an m-dimensional vector.

3.2.2. Reasoning Matrix of Fault-State Label Vector

𝐾𝑖 = 𝐾𝑖−1 ⊕ (𝐴 ⊗ 𝑌𝑖) (5)

where𝐴 is the incidence matrix,𝐴 = [𝑎𝑖𝑗] ∈ 𝑅𝑛×𝑚, 𝑛 is the
number of places, and 𝑚 is the number of transitions [10].

3.3. Backward Reasoning. FPN backward reasoning deduces
the cause of a fault if it occurs. To avoid blind maintenance
and improve the efficiency of tracking the source of the
fault, the minimum cut set is introduced as the basis of fault
derivation and diagnosis.

Definition 3. If the minimum cut set𝐺 = {𝑝1, 𝑝2, . . . , 𝑝𝑛}, the
rate of fault occurrence is

𝑓 (𝐺) = (𝛼1 + 𝛼2 + . . . + 𝛼𝑛)𝑛 , 𝑛 > 0 (6)

The input and output places of FPN backward reasoning
are the output and input places of FPN forward reasoning,
respectively; namely, 𝐼− = 𝑂,𝑂− = 𝐼.

The backward reasoning matrix is given by

𝑌− = [(𝐼−𝐾−𝑖−1) ⊗ 𝑙𝑚] ∧ 𝑦,
𝐾−𝑖 = 𝐾−𝑖−1 ⊕ (𝑂− ⊗ 𝑌−𝑖 ) ,

𝑖 = 1, 2, 3, . . . ,
(7)

where 𝑌−𝑘 is the backward-enabled transition sequence of
the kth backward ignition.

4. Fault Analysis of the
Resistance Strain Weighing Sensor

4.1. Determination of FPN Data. In reasoning relating to
the fuzzy Petri net, the confidence coefficient of the ini-
tial place (the bottom place of FPN model) needs to be
entered externally, whereas those of the middle place and the
concluding places are generally obtained by the reasoning.
Thus, the determination of the confidence coefficient (fuzzy
token) pertaining to place mainly refers to the initial place. In
this study, the method proposed in [24] is used to combine
historical data with expert opinion to set the confidence
coefficient of the initial place.

In the fuzzy Petri net, weight 𝜔 represents the degree
to which each condition influences the conclusion and is
mainly determined based on past studies. This is significantly
subjective and uncertain. As the improved fuzzy Petri net
possesses certain characteristics of a neural network, the
neural network algorithm can be used to train, learn, and
adjust the network. The adjustment algorithm is as follows:𝑑𝑖 is the due output (expected output) of the ith element
and 𝑦𝑖 is its actual output. The element’s error signal is given
by

𝑒𝑖 = 𝑑𝑖 − 𝑦𝑖 (8)

yi = vi ∙ (∑𝛼i ∙ 𝜔i) (9)

V𝑖 (𝑥) = 1
(exp (𝑥) + 1) (10)

𝑥𝑖 = ∑𝛼𝑖 ∙ 𝜔𝑖 (11)

The adjustment of weight is mainly reflected in the
backpropagation of the error, where the square error 𝐸 =(1/2)𝑒2𝑖 is propagated as a regulatory signal. The gradient of
the modifier is

𝜕𝐸𝜕𝜔𝑖 =
𝜕𝐸𝜕𝑒𝑖

𝜕𝑒𝑖𝜕𝑦𝑖
𝜕𝑦𝑖𝜕𝑥𝑖

𝜕𝑥𝑖𝜕𝜔𝑖 = −𝑒𝑖V

𝑖 (∑𝛼𝑖 ∙ 𝜔𝑖) 𝛼𝑖 (12)
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The correction value of the weight is 𝜔𝑖 = −𝜂(𝜕𝐸/𝜕𝜔𝑖),
where 𝜂 is the learning rate. A new weight 𝜔(1)𝑖 = 𝜔𝑖 + 𝜔𝑖 is
obtained and substituted back into the above formula to con-
duct an iterative operation. Weight adjustment is complete
when the square error is within the range of tolerance.

4.2. Determining the Model. The sensor is primarily com-
posed of a strain gauge and a measuring circuit. The fault
model is established by analyzing the structure of the
weighing sensor and fault sampling and by considering the
influence of the external environment on the sensor, as
shown in Figure 8 in Appendix. See Appendix for fault events
corresponding to each place.

As the scale of the model is large, writing the input and
output matrices is cumbersome. To show the reasoning and
calculation process, the “bridge circuit fault” is used as an
example in this study to illustrate faults in the resistance strain
weighing sensor, and its FPN faultmodel is shown inFigure 2.
The remaining part of the reasoning process is the same as the
example.

4.3. Original Data. According to the method mentioned in
Section 4, the vector form of the confidence coefficient of the
underlying place was obtained as follows: 𝛼0 = (0.89, 0.87,
0.84, 0.71, 0.88, 0.93, 0.89, 0.8, 0.87, 0, 0, 0.69, 0, 0.88, 0.9, 0, 0,
0, 0)𝑇.

Taking transition 𝑇5, 𝑇7 as an example, the weights of 𝑃4,𝑃5, 𝑃6, 𝑃7, and 𝑃8 are adjusted using the method described in
Section 4. Hypothesis: 𝜔45 = 0.3, 𝜔55 = 0.4, 𝜔65 = 0.3, 𝜔77 =0.33,𝜔87 = 0.65. From statistical calculations, the expectation𝛼(𝑃30) = 0.6937, 𝛼(𝑃32) = 0.7003, 𝜂 = 0.1, the largest number
of learning steps was set to 4,000, and the square error was0.1 × 10−5. The training results are shown in Figures 3 and 4.

The square error after 3928 steps of iterative operationwas
within the allowable range. The weights of 𝑃4, 𝑃5, 𝑃6, 𝑃7, and𝑃8 obtained at this point were 0.3936, 0.5160, 0.0904, 0.5177,
and 0.4823, respectively. Weight matrix is used to calculate
the confidence of the entire Petri net:
𝜔

=

[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[
[

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.39 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.52 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0.09 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0.52 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0.48 0.42 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0.58 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]]
]

(13)

According to the results of the calculation and an analysis
of this model, the threshold value of all transitions was set to
0.5.𝛼0, 𝑊, 𝑂, and 𝐼 were substituted into (1). The reasoning
was not concluded until 𝛼4 = 𝛼3, 𝛼3 = (0.89, 0.87, 0.84, 0.71,
0.88, 0.93, 0.89, 0.8, 0.87, 0.7089, 0.72, 0.69, 0.7, 0.88, 0.9, 0.84,
0.67, 0.71, 0.71)T. Thereafter, the confidence coefficients of
each place were obtained and used as the basis for the forward
and backward reasoning.

4.4. Forward and Backward Reasoning

4.4.1. Forward Reasoning. The sensor ran normally and
no fault occurred, but symptoms of fault were detected,
including “excessively high supply voltage,” “broken out-
put lead,” “insufficient soldering of cable,” “humid envi-
ronment,” and “broken gate of the output adjusting resis-
tance.” The initial labeling vector obtained was 𝐾0 =(1, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)𝑇, and 𝛼3 was sub-
stituted into (2) and (3) to calculate the potential transition-
enabled matrix y = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,
1, 1)T. 𝐾0 and 𝑦 were substituted into (4) to conduct the
reasoning calculation. The final results gained were 𝐾3 =(1, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 1, 1, 1, 1)𝑇, and 𝑌3 = 𝑌4.
The reasoning was concluded, 𝑌3 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,0, 0, 0, 0, 0, 0, 1)T, the final labeling vector was 𝐾3, and the
fault transmission path is shown in Figure 5. The foregoing
conclusions can be used as the basis for fault checking
and maintenance to improve the operational stability of the
sensor.

4.4.2. Backward Reasoning. Backward reasoning was car-
ried out using the example of “no signal output or small
signal output after loading.” The initial labeling vector𝐾−0 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0)T, and the
potential transition-enabled matrix obtained by the forward
reasoning 𝑦− = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)T.𝐾−0 , 𝑦−, 𝐼−, 0− were substituted into (6). As indicated
by the reasoning calculation, when 𝑦−3 = 𝑦−2 , the rea-
soning was concluded, and the labeling vector and back-
ward transition matrix were obtained: 𝐾−2 = (1, 1, 1,1, 1, 1, 1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 1, 0, 1)T and 𝑦−2 = (1, 1, 1, 1, 1, 1,1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)T. The distribution of places is
shown in Figure 6.

As shown in Figure 6, the minimum cut set enabling 𝑃49
was𝐺1 = {𝑝1},𝐺2 = {𝑝2},𝐺3 = {𝑝3},𝐺4 = {𝑝4},𝐺5 = {𝑝4∙𝑝5},𝐺6 = {𝑝5}, 𝐺7 = {𝑝5 ∙ 𝑝6}, 𝐺8 = {𝑝4 ∙ 𝑝5 ∙ 𝑝6}, and 𝐺9 = {𝑝7}.
According to (6), f(𝐺1) = 0.89, f(𝐺2) = 0.87, f(𝐺3) = 0.84, f(𝐺4)
= 0.88, f(𝐺5) = 0.795, f(𝐺6) = 0.71, f(𝐺7) = 0.93, and f(𝐺8) =
0.89. The fault occurrence probability is shown in Figure 7.

As indicated by Figure 7, the order of diagnosis should
be 𝐺7, 𝐺1, 𝐺9, 𝐺6, 𝐺2, 𝐺3, 𝐺5, and 𝐺4. Thus, the speed of
diagnosis can be improved.

5. Statistics and Verification of
Fault Reasoning

5.1. Fault Statistics. In this study, the maintenance record of
CSY-3000 (an instrument manufactured by Zhejiang Golink
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Figure 2: Part of the FPN model.
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Figure 5: Token distribution after forward reasoning.

Technology Development Co., Ltd., China) for the last two
years (2016–2017) and data from themanufacturer’s reliability
manual (“other” fault causes were introduced due to loss of
data records; we render the data true and reliable, including
the statistics) were statistically analyzed and compared with
the results of reasoning. The data on “no signal output or
small signal output after loading” were sorted out, as shown
in Table 1.

The correlation coefficient can be obtained based on the
data mentioned in Table 1, which can then be used to verify

the correctness of the results of reasoning. The correlation
coefficient is calculated as follows:

𝑟 = ∑𝑛𝑖=1 (𝑥𝑖 − 𝑥) (𝑦𝑖 − 𝑦)
√∑𝑛𝑖=1 (𝑥𝑖 − 𝑥)2 ∙ ∑𝑖𝑛=1 (𝑦𝑖 − 𝑦)2 (14)

The average values were calculated first: 𝑥=43.4 and 𝑦
= 0.74766. 𝑥𝑖 and 𝑦𝑖were substituted into (14) to obtain
the correlation coefficient r = 0.8865. As indicated by the



Complexity 7

P1 P2 P3 P4 P5 P6 P7 P8 P9

P29 P30
P31 P32 P33 P34

T1 T2 T3 T4 T5 T6 T7 T8

T28 T29

T50 T51

P35

P50P49

P58

T30 T31 T32 T33 T34

Figure 6: Token distribution after backward reasoning.

0.89 0.87 0.84
0.71

0.795 0.88 0.905 0.84 0.89

G1 G2 G3 G4 G5 G6 G7 G8 G9

co
nfi

de
nc

e

Minimal Cut Sets

Figure 7: Fault occurrence probability of the minimum cut set.

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15 P16 P17 P18 P19 P20 P21 P22 P23 P24 P25 P26 P27 P28

P29 P30
P31 P32 P33 P34 P39 P40 P41 P42 P43 P44 P45 P46 P47 P48

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T12 T13 T14 T15 T16 T17 T18 T19 T20 T21 T22 T23 T24 T25 T26 T27

T35 T36 T37 T38 T39 T40 T41 T42 T43 T44 T45 T48 T49T34T33T32T31T30T29T28

T50

T59

T51 T52 T53 T54 T55 T56 T57

P49

P58

T60 T61

P59 P60

T62

P61

P62

P50 P51

P35 P36 P37 P38

P52 P53 P54 P55 P56

T58

P57

Figure 8: FFPNmodel diagram of the sensor fault system.



8 Complexity

Table 1: Fault-related data.

Causes of fault Number of faults/frequency (xi) Confidence of place (yi)𝑃1 60 0.89
𝑃2 46 0.87
𝑃3 40 0.84
𝑃4 47 0.88
𝑃5 70 0.93
𝑃6 58 0.89
𝑃29 34 0.7089
𝑃30 32 0.72
Others 4 0

Table 2: Comparison and validation of different methods.

Reference [18] [13] This study
Source of weight None BP algorithm BP algorithm
Confidence of transition None Experts’ experience Sigmoid function
Reasoning method Data integration Calculation and reasoning The modified reasoning method
Case # Case 1 Case 2 Case 1 Case 2 Case 1, Case 2
Field fault p1, p4, p5 p9 p1, p4, p5 p9 p1, p4, p5 p9
Diagnosis results p1, p4 p9 p1, p4, p5 p9 p1, p4, p5 p9
Undetected p5 None None
Correlation 0.7516 0.8865

results of the calculation, those of the diagnosis were strongly
correlated with actual statistics.

5.2. Case Analysis. To further verify the accuracy of this
method, the techniques proposed in [13, 18] were used to ana-
lyze two cases: “no signal output or small signal output
after loading” and “unstable indicating instrument.” The re-
sults are shown in Table 2.

It can be seen from the table that, in terms of effectiveness,
compared with the results of [13], the results were verified
as valid. From the aspect of fault tolerance, the authors of
[13] and this paper observed no leakage detection, whereas
the work in [18] reported leakage in “insufficient soldering
of cable.” In terms of data selection, the other methods were
excessively dependent on expert experience, whereas this
paper used a neural network and the sigmoid function as
trigger modes, thus increasing the value of the correlation
coefficient in the final diagnosis and bringing it closer to the
actual fault state.

6. Conclusion

Amethod of fault diagnosis in Petri net sensors was proposed
in this study based on a new confidence reasoning method
and was applied to the fault prediction and diagnosis of a
resistance strain weighing sensor.(1)A fault diagnosis model of the resistance strain weigh-
ing sensor was established based on the structure, operating
characteristics, and fault occurrence of the sensor.(2)A neural network algorithm was applied to determine
the parameters of the model, and a confidence reasoning

formula proposed to deduce the pathway and mode of fault
propagation, which improved speed and diagnosis efficiency.(3) Forward and backward reasoning were combined to
obtain the order of occurrence of faults for each component,
which helps avoid blind detection and maintenance. The
relationship between events was clearly presented by the Petri
net diagrams.

Despite the contributions of this study, the proposed
method has some limitations. The logical relationship, the
optimization of threshold setting in the sensormodel, and the
numerical simulation of the model will be studied in future
work.
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See Figure 8 and Table 3.
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This paper presents a bioinspired lower extremity exoskeleton robot. The proposed exoskeleton robot can be adjusted in structure
to meet the wearer’s height of 150–185 cm and has a good gait stability. In the gait control part, a method of identifying different
locomotion modes is proposed; five common locomotion modes are considered in this paper, including sitting down, standing up,
level-ground walking, ascending stairs, and descending stairs. The identification is depended on angle information of the hip, knee,
and ankle joints. A deep locomotion mode identification model (DLMIM) based on long-short term memory (LSTM) architecture
is proposed in this paper for exploiting the angle data. We conducted two experiments to verify the effectiveness of the proposed
method. Experimental results show that the DLMIM is capable of learning inherent characteristics of joint angles and achieves
more accurate identification than the other models. The last experiment demonstrates that the DLMIM can recognize
transitions between different locomotion modes in time and the real-time performance varies with each individual.

1. Introduction

Lower extremity exoskeleton robots have drawn increasing
attention and developed prosperously in recent decades.
They can be used for rehabilitation training in hospital,
walking assistance in daily life, and carrying load over
unstructured terrain-like forests and disaster area [1, 2].
However, at present, only a handful of robots have been
successfully commercialized, such as ReWalk, Ekso, Indego,
and HAL. Such exoskeleton robots are generally bulky and
expensive, which is difficult for the general population to
pay such a high cost. If the medical institutions buy exoskel-
eton robots, they will invest a lot of manpower and material
resources to maintain, and the users need a special trip to
the hospital for rehabilitation training, which makes the users
difficult to have convenient services. Therefore, we intend to
propose a lower extremity exoskeleton robot that is suitable
for sharing. The realization of this idea will be encountered
by a problem as the different gaits for different wearers in

locomotion modes. How to solve this problem is the key to
achieve convenience.

Each locomotion mode has its unique characteristics.
Five locomotion modes that we usually encounter in daily
life are considered, i.e., sitting down (SD), standing up
(SU), level-ground walking (LW), ascending stairs (AS),
and descending stairs (DS), as shown in Figure 1. A task is
analyzed based on kinematic and biological information
and divided into a number of phases according to specific
motion intentions like “swing the leg” or “lift the body.”
For each task, a sequence of phases is transformed into the
motion for the humanoid robot [3–5]. It is necessary for
the control system to identify different locomotion modes
and deliver corresponding assistive. In different locomotion
modes, the angle of each joint is different. In order to realize
the sit down function, the exoskeleton robot should have at
least the flexion and extension degree of the hip, knee, and
ankle joint. In [6], the researchers tested multiple sets of
healthy people sitting data; the ranges of the hip, knee, and
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ankle joint activities were (0°–120°), (0°–100°), and (−7°–20°).
Walking process can be divided into upstairs, downstairs, flat
walk, and turn. Among them, the hip and knee flexion and
extension of the main step to complete the function is to
achieve the main factors of body advance. At the same time,
in the bipedal support phase, back ankle plantar flexion
movement on the center of gravity also plays an important
role. Therefore, considering the turning function, the
exoskeleton robot should have at least hip, knee, and ankle
flexion and extension and hip rotation 4 degrees of freedom.

Authors of [7] tested the range of activities of various
groups of healthy people walking: (−18°–28°), (0°–66°),
and (−7°–18°). In general, the hip, knee, and ankle flexion
and extension of the range of activities are (−18°–120°),
(0°–100°), and (−7°–20°). Therefore, the paper will make
full use of the hip, knee, and ankle joint angles and inves-
tigate a more advanced technique based on context model-
ing to identify locomotion modes, which is called deep
locomotion mode identification model (DLMIM). This
DLMIM only uses joint angles as input vector, so it could
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Figure 1: One subject performing different locomotion modes and corresponding joint position curves.
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greatly reduce the installation of extra sensors. Then, the
whole component of the exoskeleton robot is simplified
and can be applied to different wearers. Make it possible
to realize the sharing of exoskeleton robot.

The remainder of this paper is organized as follows.
Section 2 is the related works. Section 3 introduces the
structure of exoskeleton robot and gait data collection.
Section 4 presents data processing and establishes the
DLMIM. Section 5 reports and analyzes experimental
results. Conclusions are drawn in the final section.

2. Related Works

The recognition of locomotion mode is the key technology of
exoskeleton robot. Electromyography (EMG) signal is one of
the most important biological signals for the locomotion
mode identification. Kim et al. converted acquired EMG sig-
nals into six time domain features and used a transformed
correlation feature analysis to recognize different locomotion
modes [8]. Joshi et al. collected EMG data from seven leg
muscles when able-bodied subjects walked on the floor,
ascended stairs, and performed the transition between them.
Then, a spectrogram-based approach with prior knowledge
was used to classify these two locomotion modes and their
transition [9]. Ground reaction force (GRF) is another fre-
quently used signal, for it can be collected easily and stably
[10–12]. GRF is usually merged with other signals as input
features, such as EMG [13], joint angles [11], and inertial
measurement units (IMU) [14]. As for locomotion mode
identification methods, machine learning methods are usu-
ally employed, such as principal component analysis (PCA)
[11], linear discriminate analysis (LDA) [14], support vector
machine (SVM) [10–13], and dynamic Bayesian network
[15]. Yuan et al. divided five locomotion modes into static

modes and dynamic modes by the variation of the relative
hip angles. The former was further classified into sitting
and standing still according to the absolute hip angle, while
a fuzzy logic-based method was proposed for the latter [16].

In a word, great efforts have been made in locomotion
mode identification. However, there are still limitations and
challenges. First, as the above analysis, EMG is a common
and important biological signal in locomotion mode identifi-
cation, but its electrodes have to be firmly attached to human
skin, which makes it inconvenient in practical application
[17]. Besides, the shifting of electrodes and the presence of
sweating skin may negatively impact the performance of col-
lection data. Second, GRF is popular for locomotion mode
identification for it can be measured directly by various kinds
of pressure sensors. However, it will be invalid while walking
on rugged terrains. In addition, the life span of pressure sen-
sors is limited due to constant pressures [18]. Third, there are
several widely used methods for classification problems, such
as LDA, Bayesian network, SVM, boosting, C4.5 decision
trees, random forests, and neural network. But most of these
models focus on extracting features from each moment,
while characteristics based on a period of time may be bet-
ter and more visible according to the observation from
Figure 1. Thus, sensor fusion strategy is usually used to
improve their recognition performance. However, Yuan
et al. pointed out a better identification model that should
meet four different requirements and minimal sensors
which should be embedded into the mechanism was one
of the significant factors [19].

3. The Structure of Exoskeleton Robot and Gait
Data Collection

3.1. Structure of the Exoskeleton Robot. In this paper, the
SIAT exoskeleton robot will be studied. It is independently
developed by Shenzhen Institutes of Advanced Technology,
Chinese Academy of Sciences. Its mechanical structure is
shown in Figure 2. Similar to human, the SIAT exoskeleton
robot has hip joints, knee joints, and ankle joints, totaling
ten joint degrees of freedom (DoF).

In normal locomotion, hip abduction/adduction (A/A) is
for moving the center of body gravity in the lateral direction.
The flexion/extension (F/E) of the hips, knees, and ankles is
mainly for moving the body forward in the sagittal plane.
The distribution of DoFs and actuator types of joints are
shown in Table 1. Additionally, the length of thighs and
shanks of SIAT exoskeleton robot is adjustable so as to
fit for the height of 150 cm–185 cm wearers; this device
will be structurally satisfied with the requirements of
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D

I
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K

L

Figure 2: Mechanical structure of the SIAT exoskeleton robot. A:
backpack with controller and battery; B: waist part; C: encoder; D:
thigh segment whose length is adjustable; E: baffle of knee joint; F:
shank segment whose length is adjustable; G: ankle joint; H:
wearable shoes; I: DC motor; J: hip joint; K: baffle of buttock; and
L: knee joint.

Table 1: Actuator types and parameters of joints.

Joints Actuator type DoFs Range of DoF

Hip F/E Motor-actuated 2 −20–110°

Hip A/A Spring-actuated 2 —

Knee F/E Motor-actuated 2 0–110°

Ankle F/E Spring-actuated 2 —

Ankle A/A Spring-actuated 2 —
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sharing exoskeleton robots. Its mechanical structure is
shown in Figure 3.

The SIAT exoskeleton robot is designed for people who
have difficulties in walking. It could provide gait assistance
on the hip and knee joints in the sagittal plane, while the
ankle joint behaves passively with a spring. Except for the
power-assisted mode, it can also work in zero-torque mode
to collect gait data.

In different locomotion modes, postures of the leg seg-
ment are very important information. Thus, six encoders
are installed in the left hip F/E (notated lh), right hip F/E
(rh), left knee F/E (lk), right knee F/E (rk), left ankle F/E
(la), and right ankle F/E (ra), to collect angle information.
These encoders are produced by Shenzhen PONREED
Technology Co. Ltd., whose model is WDG-AM23-360.
They can measure the rotation angle ranging from 0° to
360° with 12-bit resolution and the precision of 0.087°. The
schematic of the whole data collection system is presented
in Figure 4.

3.2. Experiment Protocol. To evaluate the performance of the
proposed DLMIM, twenty-two male subjects with no physi-
cal or cognitive abnormalities were recruited. And all of them
have provided the written and informed consent. These
subjects have an average height of 172± 3 cm and an average
age of 25± 2 years old.

Before wearing the exoskeleton robot, the length of the
exoskeleton legs was adjusted to the subject’s shank and
thigh, to make the joint axes of the exoskeleton robot align
the subject. Then, the subject wore the exoskeleton robot
without actuation and performed a random movement to
find a comfortable wearing pattern. The observations of the
encoders were acquired and saved on the upper computer.
Before experiments, subjects were divided into two groups
randomly: the first group contains eighteen subjects, whose
experimental data would be used for training the DLMIM;
the second group contains the remaining four subjects,
whose gait data would help to test the performance of the
DLMIM fully.

We carried out three experiments to validate the pro-
posed DLMIM. In the first experiment, subjects were asked
to perform the five locomotion modes for five trials, as shown
in Figure 2. During each trial, subjects started from standing
or sitting still for three seconds and then directly finished the

motion in their own comfortable way. At last, the subjects
stopped and stood or sat still for several seconds. The joint
angle data of all the trials were recorded for building and test-
ing the DLMIM. In the second experiment, several common
machine learning models were established based on the same
data acquired in the first experiment, which are SVM, back
propagation (BP) neural network, and extreme gradient
boosting (XGBoost). Then, we make comparisons among
these models. In the last experiment, the subjects in the second
group were asked to perform planned routes for two trials, the
first one is “standing still, sitting down, standing up, level-
ground walking, climbing up stairs, level-ground walking,
and standing still,” and the second one is “standing still, sitting
down, standing up, level-ground walking, descending stairs,
level-ground walking, and standing still.” These two planned
routes are used for testing the real-time performance of the
DLMIM. The subjects started from standing still, finished each
route continuously, and stopped and stood still finally.

4. Deep Locomotion Mode Identification Model

4.1. Gait Data Processing. Considering that measurement
noises may cause small fluctuation, joint angle data is first
processed by a mean filter with a window length of five:

θi t−j′ =
1
5
〠
2

j=−2
θi t−j , i = lh, rh, lk, rk, la, ra , 1

where θ is the joint angle at time t before filtering and θ′ is the
corresponding joint angle after filtering. Here, i denotes one
of the six joints and j is the tag of a window.

Thus, the features of the DLMIM are composed of six
joint angles:

x = θlh, θrh, θlk , θrk, θla, θra
T 2

Then, we normalize the data. When the input vectors
have a wide range of values, neural network may be adversely
affected and produces dissatisfactory results [20]. Therefore,
we use the following formula to restrict the input vector ele-
ments to the range of [−1, 1]:

xi′ = ymax − ymin ⋅
xi − xmin

xmax − xmin
+ ymin, 3

where xi′ is the ith element of input vector and ymax and ymin
are the upper limit and lower limit of a normalization vector,
respectively. In this paper, we set ymax = 1 and ymin = −1 xmax
and xmin is the maximal and minimal values of the whole
input vector set.

Next, we split the gait data of the same locomotion mode
with the sliding window method. The main idea is shown in
Figure 5. Each time, we move the sliding window from one
sampling point to another, so as to obtain a new train sample.
In the paper, the fixed length of the sliding window is set as
50, i.e., the time step of the DLMIM is 50.

As for the output, we use “one-hot vector” to represent
the true distribution, i.e., one locomotion mode will be

Figure 3: Thigh and calf adjustable parts.
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denoted as a vector whose dimensions are “0” except one “1.”
Therefore, all the locomotion modes are denoted as follows:

sitting down 1 0 0 0 0 ,

standing up 0 1 0 0 0 ,

level‐groundwalking 0 0 1 0 0 ,

ascending stairs 0 0 0 1 0 ,

descending stairs 0 0 0 0 1

4

4.2. LSTM-Based Deep Locomotion Mode Identification
Model. To learn the inherent characteristics of joint angles
from the perspective of time, a deep locomotion mode iden-
tification model based on long short-term memory (LSTM)
architecture is proposed. LSTM was originally proposed in
[21] and only contained input and output gates at first. Later
in [22], the authors introduced forget gates to allow the mem-
ory cells to reset themselves whenever the network needs to
forget past inputs. Thus, each memory block consists of
input, output, forget gate units, and one or more self-
connected memory cells at present. The basic architecture
of an LSTM memory block with one memory cell is shown
in Figure 6. The overall effect of the gate units is that the
LSTM memory cells could store and access information over

long periods of time and thus successfully avoid the vanish-
ing gradient problem.

From Figure 6, xt , ht are the input and output vectors of
the LSTM memory block at time t. Here, we can compute
the values of the input gate it , the candidate value for the
states of the memory cells Ct , the activation of the memory
cells’ forget gate f t , and the values of the output gate Ot [23].

it = σ Wixt +Uiht−1 + bi , 5

Ct = tanh Wcxi +Ucht−1 + bc , 6

f t = σ Wf xt +Uf ht−1 + bf , 7

ot = σ Woxt +Uoht−1 + bo , 8

where σ ⋅ is the sigmoid function; Wi,Wc,Wf ,Wo,Ui,
Uc,Uf ,Uo are weight matrices; bi, bf , bo are bias vectors.

Then, we can compute Ct , the memory cells’ new state at
time t:

Ct = it ∗ Ct + f t ∗ Ct−1 9

Therefore, the output of the memory block is as follows:

ht =Ot ∗ tanh Ct 10
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Figure 4: Schematic of the whole data collection system.
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Then, “softmax” regression is used to assign probabilities
to different locomotion modes based on the outputs of the
memory block.

The structure of the proposed DLMIM is shown in
Figure 7. We adopt a two-layer LSTM network, and each
layer has 128 nodes. As for every time step t, we can get an
output of the memory block ht . To take full advantage of
all the ht , the weighted average method is used in the paper.
Thus, ht is calculated as follows:

ht =
∑L

k=1khtk
∑L

k=1k
, 11

where L is the total number of time steps. In the paper,
L = 50, for the length of the sliding window is set to 50.

Therefore, the evidence for a locomotion mode is as
follows:

zj =Ws ∗ ht + bs, j = 1, 2,… ,N , 12

where Ws is the weights, bs is the bias, and N is the total
number of locomotion modes. In the paper, we discuss
five locomotion modes, so N = 5. We then convert the evi-
dence tallies into predicted probabilities using the “soft-
max” function:

yj =
ez j

∑N
j=0e

z j
13

In order to train the DLMIM, “cross-entropy” is used
for calculating the loss in this paper. And it is defined as
follows:

loss = −〠
i

yi′ log yi , 14

where yi is our predicted probability distribution, and yi′ is
the true distribution.

Finally, Adadelta optimization algorithm is used to
reduce the loss and improve the DLMID. Adadelta is an

adaptive learning rate method and widely used for training
neural networks [21].

4.3. Performance Evaluation. To evaluate the proposed
DLMIM, we need some criterion. Generally, identification
success rate (ISR) is used for evaluating the accuracy of a clas-
sifier, which is defined as follows:

ISR =
Nc

Nt
, 15

where Nc is the number of correct identification data, and Nt
is the total number of testing data.

To better illustrate the identification performance and
quantify the error distribution, the confusion matrix is
defined as follows:

C =

c11 c12 c13 c14 c15

c21 c22 c23 c24 c25

c31 c32 c33 c34 c35

c41 c42 c43 c44 c45

c51 c52 c53 c54 c55

, 16

where each element is defined as follows:

cij =
mij

mi
, 17

wheremij is the number of testing data in locomotion mode i
that is identified as mode j; mi is the total number of testing
data in locomotion mode i. It is obvious that the diagonal ele-
ments of the confusion matrix are the ISR and the off diago-
nal elements denote the error rates.

In order to judge whether transitions between different
locomotion modes can be identified in time, we should calcu-
late the time difference between the critical moment (the
moment when a new locomotion mode starts) and the iden-
tification moment (the moment when the new locomotion
mode is recognized for the first time). In [19], the critical
moment is defined as the moment when the leading leg
touches the ground. This definition is in line with the actual
situation, for we may recognize the locomotion mode is
level-ground walking, ascending stairs, or descending stairs
more correctly at this time. But such definition is relatively
loose. The paper not only employs the above description
but also defines another strict critical moment. The strict crit-
ical moment refers to the moment when the wearer begins to
change the current locomotion mode. The identification
delay rate (IDR) is defined as follows:

IDR = Ti − Tc

T
× 100%, 18

where Ti is the identification moment, Tc is the critical
moment, and T is the average time of a gait cycle.

Weighted mean

C1

h0
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h1 ht

x0 x1 xt

C2
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CN

Figure 7: The structure of the proposed DLMIM.
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5. Experiments Results and Analysis

5.1. Experiment 1: The Establishment of the DLMIM. Based
on the open source software library of TensorFlow, the paper
writes code of the DLMIM according to the procedure
described in Section 4. 20% of the randomized training sam-
ples are used as a validation set for evaluating the DLMIM
during training. The number of iterations is set to 500. To
avoid overfitting, the training would be early terminated
when the accuracy of the validation set fails to improve after
ten continuous iterations. The weights of the DLMIM are ini-
tialized to the uniform distribution of [−0.01, 0.01].

After establishing the DLMIM offline, the testing data
from the second-group subjects is fed into it. Considering
the randomness of initial weights, the paper will generate
10 DLMIMs and calculate the mean and unbiased standard
deviation of their ISR. The confusion matrix is shown in
Table 2.

As Table 2 shows, the ISR of the five locomotion modes is
all over 95% and the total ISR is up to 98.30%. So, it can be

concluded that the proposed DLMIM is able to achieve accu-
rate recognition. Besides, sitting down and standing up are
more likely to be mistaken for each other than other locomo-
tion modes. Likewise, level-ground walking, ascending stairs,
and descending stairs are hardly identified as sitting down or
standing up. These results can obtain good explanation from
gait curves. As Figure 2 shows, gait curves of sitting down and
standing up are mirror symmetrical, which may lead to
mistake between their recognitions. Similarly, there are many
analogical features between level-ground walking and
ascending/descending stairs, so error identification rate
among them is relatively high.

5.2. Experiment 2: Comparison with Other Machine Learning
Methods. As for classification tasks, SVM, BP, and XGBoost
are all common machine learning methods. Thus, we estab-
lish these three models and compare the ISR with the pro-
posed DLMIM. The processed data above is fed into these
three models and the results are shown in Figures 8 and 9.
The SVM model is built by the tool of [22], and XGBoost

Table 2: Experimental results of the proposed DLMIM.

Modes SD (%) SU (%) LW (%) AS (%) DS (%)

SD 99.38± 0.39 0.42± 0.33 0.01± 0.04 0.06± 0.15 0.13± 0.22
SU 2.86± 1.37 95.95± 1.80 0.21± 0.34 0.97± 1.21 0.00± 0.02
LW 0.00± 0.01 0± 0 99.40± 0.40 0.27± 0.31 0.33± 0.30
AS 0± 0 0.12± 0.25 2.66± 0.53 97.22± 0.55 0± 0
DS 0± 0 0± 0 3.94± 0.49 0.04± 0.06 96.02± 0.46
Total 98.30± 0.38

SD SD LW AS DS

99.52 0.48 0.00 0.00 0.00

1.94 98.01 0.00 0.05 0.00

0.00 0.00 99.68 0.08 0.24

0.00 0.00 2.40 97.60 0.00

0.00

SD

SU

LW

AS

DS 0.00 3.68 0.00 96.32

(a) DLMIM

SD SD LW AS DS

SD

SU

LW

AS

DS

34.68 32.87 28.13 3.07 1.24

26.06 39.40 27.33 6.26 0.94

0.23 0.70 80.15 6.88 12.03

1.40 2.11 13.99 70.83 11.67

0.73 0.79 21.49 8.46 68.53

(b) SVM

SD SD LW AS DS

SD

SU

LW

AS

DS

48.36 50.52 0.00 0.34 0.78

35.36 60.72 0.00 1.06 2.86

1.29 2.19 72.79 11.28 12.45

4.21 3.78 6.10 81.15 4.75

2.56 2.68 9.80 5.66 79.31

(c) BP

SD SD LW AS DS

SD

SU

LW

AS

DS

39.08 55.92 1.38 1.95 1.67

27.94 66.16 1.92 2.83 1.16

0.29 0.54 78.00 9.33 11.84

2.05 2.70 7.62 79.63 8.00

1.28 1.10 11.81 9.43 79.38

(d) XGBoost

Figure 8: Confusion matrix of four locomotion mode identification models.
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model is established by the library of [24]. Besides, to make
the comparison more persuasive, the structure of the BP net-
work is set according to the DLMIM, e.g., it has two hidden
layers and 128 nodes of each layer.

Figure 8 shows that SVM, BP, and XGBoost models fail to
accurately recognize locomotion modes of sitting down and
standing up. As analyzed above, gait curves of these two loco-
motion modes have left-right mirror symmetry. So their
characteristics are similar from the perspective of the time
point, which brings about the high error identification rate
of these methods. However, ISR of level-ground walking,
ascending stairs, and descending stairs is relatively higher.

The total accuracy of these four machine learning models
and each locomotion mode is shown in Figure 9. The ISR of
the proposed DLMIM is almost 100%, while most results of
SVM, BP, and XGBoost models are less than 80%, especially
the ISR of sitting down and standing up. So, it is obvious that
the proposed DLMIM can fully discover features of different
locomotion modes and achieve accurate recognition results.
So, its identification effect is much better than other common
machine learning models. Besides, SVM, BP, and XGBoost
are all more likely to mistake sitting down for standing up,
which is similar to the proposed DLMIM.

5.3. Experiment 3: Real-Time Performance Evaluation.
According to our planned routes in Section 2, the paper takes
six transitions into account, including SD to SU, SU to LW,
LW to AS, AS to LW, LW to DS, and DS to LW. The IDRs
of these transitions are shown in Table 3.

As Table 3 shows, the proposed DLMIM is able to
recognize transitions between different locomotion modes
successfully before the leading leg contacts with the ground.
Results from the strict definition show that the identification
delay between level-ground walking and ascending/descend-
ing stairs is relative bad. It may account for the similarity of
gait curves between level-ground walking and ascending/
descending stairs. So, the DLMIM needs more gait data to
identify locomotion correctly. Besides, transitions between
ascending stairs and level-ground walking and descending
stairs and level-ground walking are semblable, for both of

their IDRs are approximate 30%. There is relatively small
IDR from sitting down to standing up, which indicates that
the proposed DLMIM is good at finding different character-
istics between these two locomotion modes and obtains
excellent real-time results.

Furthermore, the unbiased estimation standard deviation
of IDR is relatively large, which illustrates that the real-time
performance varies from person to person. For example, dur-
ing the transition between sitting down and standing up,
there is no delay for some wearers, while the IDR of some
wearers may be up to 23.08%. Meanwhile, experimental
results of the conversion from standing up to level-ground
walking vary from 1.93% to 56.43%.

6. Conclusions

In this paper, we propose a kind of adjustable lower extremity
exoskeleton robot combined with sharing economic concept.
The structure is an adjustable structure designed in the part
of the thigh and calf section, so that the exoskeleton robot
is suitable for the wearer with the height of 150–185 cm. In
the control method, we have proposed LSTM-based deep
locomotion mode identification model to recognize five com-
mon locomotion modes, including sitting down, standing up,
level-ground walking, ascending stairs, and descending stairs.
In order to reduce the installation of sensors for exoskeleton
robots, the proposed DLMIM is performed with only joint
angles of encoders, which are often embedded on the exo-
skeleton legs. Experimental results show that the DLMIM is
able to mine inherent characteristics of gait curves and
achieve satisfactory identification accuracy and real-time
performance. Therefore, with the DLMIM, we may avoid
installing additional sensors on lower extremity exoskeleton
robots for locomotion identification and reduce the difficulty
and cost of the maintenance, at the same time, enhancing
suitability for different wearers. To sum up, sharing economy
can be integrated into the lower extremity exoskeleton robot
proposed in this paper, so that the robot can provide conve-
nient service for people who have difficulties in walking.

Although the proposed DLMIM could identify different
locomotion modes with high accuracy and low latency, there
are some limitations of our current study. First, the DLMIM
was only trained and tested with healthy subjects, while the
disable and elder may generate different locomotion features.
Second, experiments were all conducted in zero-torque mode
of the SIAT exoskeleton robot, but exoskeleton robots may
work under the power-assisted mode in more situations.
Therefore, related researches will continue to carry out.
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Figure 9: ISR comparison between different locomotion mode
identification models.

Table 3: IDR of transitions between locomotion modes.

Transition IDR (%) Strict IDR (%)

SD to SU 11.37± 5.91 11.37± 5.91
SU to LW −43.55± 20.27 23.52± 17.17
LW to AS −11.53± 28.50 37.51± 29.04
AS to LW −30.75± 15.16 33.75± 10.87
LW to DS −10.96± 31.56 47.69± 28.77
DS to LW −46.60± 21.43 31.29± 13.30

8 Complexity



Data Availability

The joint angle data of the trials to support the findings of
this study are available from the corresponding author
upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The work described in this paper is partially supported
by the National Key Research and Development
Program of China (2017YFB1302303) and the Shenzhen
Fundamental Research and Discipline Layout Project
(JCYJ20150925163244742).

References

[1] T. Yan, M. Cempini, C. M. Oddo, and N. Vitiello, “Review of
assistive strategies in powered lower-limb orthoses and
exoskeletons,” Robotics and Autonomous Systems, vol. 64,
pp. 120–136, 2015.

[2] D. Novak and R. Riener, “A survey of sensor fusion methods in
wearable robotics,” Robotics and Autonomous Systems, vol. 73,
pp. 155–170, 2015.

[3] H. Kawamoto and Y. Sankai, “Power assist method based on
phase sequence and muscle force condition for HAL,”
Advanced Robotics, vol. 19, no. 7, pp. 717–734, 2005.

[4] H. Imai, M. Nozawa, Y. Kawamura, and Y. Sankai, “Human
motion oriented control method for humanoid robot,” in
Proceedings. 11th IEEE International Workshop on Robot and
Human Interactive Communication, pp. 221–226, Berlin,
Germany, September 2002.

[5] Y. Kawamura and Y. Sankai, “Humanoid control method
based on human knack for human care service,” in IEEE
International Conference on Systems, Man and Cybernetics,
Yasmine Hammamet, Tunisia, October 2002.

[6] R. Riener and T. Fuhr, “Patient-driven control of FES-
supported standing up: a simulation study,” IEEE Transactions
on Rehabilitation Engineering, vol. 6, no. 2, pp. 113–1124,
1998.

[7] D. Liu, M. Li, and L. Shen, “Experimental study on walking gait
of normal young people,” Journal of University of Shanghai for
Science and Technology, vol. 1, pp. 67–70, 2008.

[8] D.-H. Kim, C.-Y. Cho, and J. Ryu, “Real-time locomotion
mode recognition employing correlation feature analysis using
EMG pattern,” ETRI Journal, vol. 36, no. 1, pp. 99–105, 2014.

[9] D. Joshi, B. H. Nakamura, and M. E. Hahn, “High energy
spectrogram with integrated prior knowledge for EMG-based
locomotion classification,” Medical Engineering & Physics,
vol. 37, no. 5, pp. 518–524, 2015.

[10] Z. Peng, C. Cao, J. Huang, and W. Pan, “Human moving
pattern recognition toward channel number reduction based
on multipressure sensor network,” International Journal of
Distributed Sensor Networks, vol. 9, no. 11, 2013.

[11] Y. Long, Z. J. Du, W. D. Wang et al., “PSO-SVM-based online
locomotion mode identification for rehabilitation robotic
exoskeletons,” Sensors, vol. 16, no. 9, article 1408, 2016.

[12] B. Shen, J. Li, F. Bai, and C.-M. Chew, “Motion intent recogni-
tion for control of a lower extremity assistive device (lead),” in
2013 IEEE International Conference on Mechatronics and
Automation, pp. 926–931, Takamatsu, Japan, August 2013.

[13] H. Huang, F. Zhang, L. J. Hargrove, Z. Dou, D. R. Rogers, and
K. B. Englehart, “Continuous locomotion-mode identification
for prosthetic legs based on neuromuscular–mechanical
fusion,” IEEE Transactions on Biomedical Engineering,
vol. 58, no. 10, pp. 2867–2875, 2011.

[14] B. Chen, E. Zheng, and Q.Wang, “A locomotion intent predic-
tion system based on multi-sensor fusion,” Sensors, vol. 14,
no. 7, pp. 12349–12369, 2014.

[15] A. J. Young, A. M. Simon, N. P. Fey, and L. J. Hargrove, “Intent
recognition in a powered lower limb prosthesis using time
history information,” Annals of Biomedical Engineering,
vol. 42, no. 3, pp. 631–641, 2014.

[16] K. Yuan, A. Parri, T. Yan et al., “A realtime locomotion mode
recognition method for an active pelvis orthosis,” in 2015
IEEE/RSJ International Conference on Intelligent Robots
and Systems (IROS), pp. 6196–6201, Hamburg, Germany,
September-October 2015.

[17] E. Zheng, L. Wang, K. Wei, and Q. Wang, “A noncontact
capacitive sensing system for recognizing locomotion modes
of transtibial amputees,” IEEE Transactions on Biomedical
Engineering, vol. 61, no. 12, pp. 2911–2920, 2014.

[18] E. Zheng, N. Vitiello, and Q. Wang, “Gait phase detection
based on non-contact capacitive sensing: preliminary results,”
in 2015 IEEE International Conference on Rehabilitation
Robotics (ICORR), pp. 43–48, Singapore, August 2015.

[19] K. Yuan, Q. Wang, and L. Wang, “Fuzzy-logic-based terrain
identification with multisensor fusion for transtibial ampu-
tees,” IEEE/ASME Transactions on Mechatronics, vol. 20,
no. 2, pp. 618–630, 2015.

[20] J.-Y. Jung, W. Heo, H. Yang, and H. Park, “A neural network-
based gait phase classification method using sensors equipped
on lower limb exoskeleton robots,” Sensors, vol. 15, no. 11,
pp. 27738–27759, 2015.

[21] M. D. Zeiler, “ADADELTA: an adaptive learning rate
method,” 2012 http://arxiv.org/abs/1212.5701.

[22] C.-C. Chang and C.-J. Lin, “LIBSVM: a library for support
vector machines,” ACM Transactions on Intelligent Systems
and Technology, vol. 2, no. 3, pp. 1–27, 2011.

[23] D.-X. Liu, W. Du, X. Wu, C. Wang, and Y. Qiao, “Deep reha-
bilitation gait learning for modeling knee joints of lower-limb
exoskeleton,” in 2016 IEEE International Conference on Robot-
ics and Biomimetics (ROBIO), pp. 1058–1063, Qingdao, China,
December 2016.

[24] T. Chen and C. Guestrin, “XGBoost: a scalable tree boosting
system,” in Proceedings of the 22Nd ACM SIGKDD Interna-
tional Conference on Knowledge Discovery and Data Mining,
pp. 785–794, San Francisco, California, USA, August 2016.

9Complexity

http://arxiv.org/abs/1212.5701


Research Article
Convolutional Recurrent Neural Network for Fault Diagnosis of
High-Speed Train Bogie

Kaiwei Liang, Na Qin, Deqing Huang , and Yuanzhe Fu

Institute of Systems Science and Technology, School of Electrical Engineering, Southwest Jiaotong University, Chengdu 611756, China

Correspondence should be addressed to Deqing Huang; elehd@home.swjtu.edu.cn

Received 10 July 2018; Revised 9 October 2018; Accepted 17 October 2018; Published 23 October 2018

Guest Editor: Liang Hu

Copyright © 2018 Kaiwei Liang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Timely detection and efficient recognition of fault are challenging for the bogie of high-speed train (HST), owing to the fact that
different types of fault signals have similar characteristics in the same frequency range. Notice that convolutional neural networks
(CNNs) are powerful in extracting high-level local features and that recurrentneural networks (RNNs) are capable of learning long-
term context dependencies in vibration signals. In this paper, by combining CNN and RNN, a so-called convolutional recurrent
neural network (CRNN) is proposed to diagnose various faults of the HST bogie, where the capabilities of CNN and RNN are
inherited simultaneously. Within the novel architecture, the proposed CRNN first filters out the features from the original data
through convolutional layers.Then, four recurrent layers with simple recurrent cell are used tomodel the context information in the
extracted features. By comparing the performance of the presented CRNNwith CNN, RNN, and ensemble learning, experimental
results show that CRNN achieves not only the best performance with accuracy of 97.8% but also the least time spent in training
model.

1. Introduction

As a prevalent and economical means of transportation, the
development of high-speed train (HST) has been an interest
of many countries, especially in China. Meanwhile, with the
increasing of train speed and the application of lightweight
design, it is crucial to ensure the safe operation and ride
stability ofHST. Since it becomes an accepted practice that the
HST must fail safe, the fault diagnosis of HST has attracted
a surging amount of attention. When the fault occurs, train
safety monitoring device might issue an alarm signal, which
ensures that the fault would not be developed to a serious
failure. Nevertheless, certain key components of train are still
not effectively monitored, such as bogie. According to [1],
the main factors influencing the stable running of HST are
closely related to the performance state of bogie.The effective
diagnosis and identification of the fault conditions of bogie
have become a focus of earlywarning and healthmaintenance
of HST.

Bogie is one of the most important components in the
structure of railway vehicles. Since the structure of bogie is
designed to facilitate the installation of springs and dampers,

bogie exerts a good performance in vibration damping. Train
can be reliably supported on railway track by bogie that
includes the wheelsets and suspension elements, as shown
in Figure 1. To be more specific, the suspension elements
of bogie consist of air springs, lateral dampers, antiyaw
dampers, and so on. Due to track irregularities, the train has
to experience irregular vibration. The bogie can mitigate the
interaction between vehicles and rails to effectively reduce
vibration. However, the abnormal vibration caused by bogie
failure may result in poor ride comfort and even side rollover.

Themechanism of bogie failure is so complicated and the
signal features are so obscure tomaster the fault laws of bogie.
Compared with traditional signal processing methods, deep
learning methods can adaptively extract fault features and
achieve intelligent diagnosis. This paper will employ a deep
learningmethod called convolution recurrent neural network
(CRNN) to identify various faults of HST bogie.

1.1. Related Work. Many researches have been conducted
on the fault diagnosis of HST bogie, where the main ideas
include signal-processing-based methods, machine learning,
and deep learning.
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Figure 1: Structure of the bogie.

The signal-processing-based methods are generally used
to analyze the collected signals and extract the time-
frequency-domain features that are most relevant to the fault
information. In [2], the features of the bogie acceleration
signal are analyzed in the time and frequency domains so as
to diagnose faults. In [3], the combination of power spectrum
and principal component analysis is proposed to extract
signal characteristics for fault diagnosis. The traditional
spectral analysis method is based on Fourier transform,
and suitable for the feature extraction of stationary signals.
However, the vibration signal of the actual system is the
nonstationary signal, so modern time-frequency analysis
methods represented by wavelet transform [4–6], empiri-
cal mode decomposition (EMD) [7–9], and Hibert-Huang
transform [10–12] are widely used in the fault diagnosis. The
ensemble empirical mode decomposition (EEMD) method
presented by Wu and Huang [13] is the improvement of the
EMD method and can decompose the signal into several
intrinsic mode functions (IMF), which reflects the time-
frequency characteristics of the signal.WithEEMDapplied to
fault diagnosis of bogie, [14] studied the relationship between
fault types and energy moment features in each IMF of bogie
signals.

Traditional pattern recognition only focuses on the
classification stage. Feature extraction is considered as an
independent problem, which is mainly based on manual
methods such asmodern signal processing and expert knowl-
edge. In contrast, feature extraction and classification are

simultaneously trained in deep learning [15]. In addition,
deep learning is more suitable for big data analysis than
modern signal processing methods. Therefore, deep learning
has become the technology of choice for fault diagnosis in
recent years.

At present, the most studied and applied models of
deep learning systems are convolutional neural networks
(CNNs) and recurrent neural networks (RNNs). The biggest
advantage of CNN is feature extraction. Since CNN can
utilize the accumulated experience in the training process
to select features, it avoids relying on artificial processes
to extract features. Furthermore, as the neuron weights on
the same convolution kernel are identical, the network can
improve training speed through parallel learning. Therefore,
convolutional networks have the advantages of faster training
speed and higher feature extraction efficiency than traditional
deep neural networks. 1D-CNN [16–18], a CNN that uses
one-dimensional filters to process time series, has achieved
success in natural language processing tasks and voice recog-
nition.

Similar to CNN, RNN is another well-performing neural
network, which is also used in many natural language
processing tasks. The Long Short-TermMemory (LSTM) [19,
20] is a variation of the RNN. In contrast to standard RNN,
LSTM is amenable to overcome the problem of long-term
dependencies. Bruin [21] put forward to apply LSTM neural
network to fault identification of track circuits. However, the
dependencies of time series make it difficult to use LSTM
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for parallel computation. The calculation speed is far less
than that of the CNN. Reference [22] proposed the Simple
Recurrent Unit (SRU) model based on the study of the RNN
models. Under the premise of guaranteeing the speed, the
accuracy of the recognition task using the SRU model was
hardly affected.

To benefit from both CNN and RNN, the two approaches
can be integrated into a combined network, which has
several convolutional layers followed by multiple recurrent
layers. Ullah [23] combined CNN and a Deep Bidirectional
LSTM network into a kind of CRNN, which is adopted
to process video data for action recognition. Also, Lopez
[24] put forward a CRNN method, which incorporated two-
dimension convolutional neural network into LSTM and was
used to classify the network traffic. Similar methods had been
applied to the classification mask in audio signals [25, 26] and
electrocardiography signals [27].

This paper presents a joint neural network CRNN that
integrates 1D-CNN and SRU. For recognizing the bogie
vibration signals, the proposed CRNN has the advantages of
1D-CNN and SRU respectively:(1)The convolutional layers of the presented CRNN have
the same properties as 1D-CNN, which can detect hidden
features directly from the time series data effectively and does
not depend on manual selection.(2) The recurrent layer of the recommended CRNN has
the same advantages as RNN, and it has the ability to mine
timing related information.(3) Compared with the LSTM, the proposed CRNN
containing SRU cell can better improve the training speed
with the effective recognition accuracy.

The 1D-CNN part of the presented CRNN extracts the
depth characteristics of the bogie signals. The stacked SRU
section learns the sequence information of the signal frame
in each layer of forward delivery. Therefore, the proposed
method can quickly identify bogie sequence information to
ensure the real-time and accuracy requirements of diagnosis.
These advantages make the presented method more suitable
for the fault diagnosis of bogie.

The rest of this paper is organized as follows. Section 2
analyzes bogie signals. The recommended CRNN structure
is explained in Section 3. Section 4 discusses experimental
results, including evaluation indicators and comparisonswith
the other state-of-the-art methods. Section 5 concludes the
paper and summarizes the potential future works.

2. Analysis of Signals for Bogie

2.1. Acquisition of Original Signal. For specific diagnostic
objects, it is necessary to select the appropriate diagnostic
method by analyzing the characteristics of the signals. For this
reason, the bogie vibration signals need to be collected and
analyzed before realizing fault diagnosis of the bogie. It will be
at highly risk to install the bogie with faults on real operating
HST. In order to simulate the characteristics of faulty bogie
in actual operation, the multibody dynamic model of bogie is
built by SIMPACK software [28, 29].

In this paper, the data for analysis are collected from
SIMPACK. The Simulation Data Set (SDS) consists of seven

Table 1: Seven kinds of health conditions of the bogie.

Condition Label Health conditions
0 normal condition
1 failure of the air springs
2 failure of the anti-yaw damper
3 failure of the lateral damper
4 failure of the air spring + the antiyaw damper
5 failure of the air spring + the lateral damper
6 failure of the lateral damper + the antiyaw damper

Vehicle Body

Bogie Frame

Wheelset

Secondary 
Suspension

Primary
Suspension

(a)

(b)

Figure 2: Suspension system and multibody dynamic model of the
HST. (a) Suspension system and (b) multibody dynamic model.

subsets, which are relevant to seven different conditions
showed in Table 1. The SDS is essentially a mechanical vibra-
tion signal, which consists of the acceleration and relative
displacement of the main components of the bogie. The
connection of the main components of the simulation model
is shown in Figure 2(a). As can be seen from this figure,
the bogie is connected to the vehicle body by the secondary
suspension, while the wheelset is also connected to the bogie
by the primary suspension. Figure 2(b) shows the simulation
model of HST, which uses LMA treads and CN60 tracks. The
Wuhan-Guangzhou track spectrum [30] is adopted as the
excitation of simulation. Based on this model, the nonlinear
relationship of wheel-rail contact and suspension can be fully
considered.
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Table 2: The description of parameters of simulation.

Parameter Value
Sampling frequency 243Hz
Track spectrum Wuhan-Guangzhou track spectrum
Vehicle speed 200 km/h
Sensor channels 58

There are 58 sensor channels installed on the HST to
monitor the bogie operation status. Table 2 lists the simu-
lation parameters in the experiments. Each subset of SDS
indicates the vibration signal with a specific health condition,
containing 51030 sampling points and 58 channels. In each
sample, the extracted signals contain 486 sample points of the
simulation data. Since the sampling frequency is 243 Hz, each
sample records a signal with a length of 2 seconds. Hence,
there are totally 105 samples for each health condition.

2.2. Frequency-Domain Analysis of Signal

2.2.1. Fast Fourier Transform. The traditional fast Fourier
transform (FFT) is a method of analyzing signals, which can
convert time-domain signals into frequency-domain signals
[31–33], thereby providing more frequency-domain informa-
tion. As displayed in Figure 3, the time-domain vibration sig-
nals of bogie are transformed into frequency-domain signals
by FFT. By comparing Figure 3(a) with Figure 3(b), it can be
seen that they are extremely similar in frequency domain.
Comparing Figures 3(c) with 3(e), they both have relatively
prominent frequency components during the frequency band
of 0-5 Hz. In Figures 3(d) and 3(f), there are frequency
multiplication characteristics in the frequency band of 0-20
Hz. Further, in Figure 3(g), the peak points are 25 Hz and 36
Hz.

2.2.2. A Method Combining EEMD and Autoregressive Spec-
trum Analysis. FFT method could cause spectral aliasing,
spectral leakage, and barrier effects. To overcome the defi-
ciencies of FFT method, a method combining EEMD and
Autoregressive (AR) spectrum analysis is proposed to analyze
bogie signals. The ARmodel is the widely used mathematical
model in the time series analysis [34–37], and it has the
characteristics of accurate frequency location, which can
reflect the peak information in the power spectrum. EEMD
decomposes the complex unsteady vibration signals into
several single-component signals with a mean value of zero
and a local symmetry with respect to the time axis. The
EEMDmethod is equivalent to the smoothing of the original
signal. Therefore, more effective analysis results could be
achieved by applying this combined method.

First, EEMD is applied to deal with the vibration signals of
bogie, and the 12 IMF components (from IMF0 to IMF11) and
a residual component can be sequentially obtained.Thefirst 8
components after decomposition contain themost significant
information of the original signals. Accordingly, the AR
spectrum analysis based on Burg algorithm is performed on
the first 8 IMF components. The peak positions of EEMD-
AR power spectrum can be clearly observed in Figure 4.
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Figure 3: Comparison of frequency-domain analysis of bogie
signals under 7 health condition: (a) normal condition; (b) failure
of the air springs; (c) failure of the antiyaw damper; (d) failure of the
lateral damper; (e) failure of the air spring + the antiyaw damper; (f)
failure of the air spring + the lateral damper; (g) failure of the lateral
damper + the antiyaw damper.
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Figure 4: Comparison of EMD-AR spectra of the first 8 IMF components of bogie signals in 7 health conditions: (0) normal condition; (1)
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Under different operating conditions ofHST bogie, the center
frequency of each IMF component gradually decreases. In
addition, the components from IMF3 to IMF5 reflect the
signal characteristics under different operating conditions.
From the power spectrum of these components as shown
in Figure 4, the bogie generates resonance with the track
spectrum mainly containing low-frequency orbit excitation
of 5-25 Hz, and the maximum amplitude appears in the
corresponding frequency band.However, EEMD-AR spectral
method is a fault diagnosis method based on signal process-
ing technology, and it depends onmanual processes in feature
selection and extraction. Hence, it is difficult to automatically
acquire and analyze the deep features of HST bogie based on
the EEMD-AR spectrum method.

3. Fault Diagnosis of the Bogie
Based on CRNN

Since the fault mechanism of bogie is complicated and the
features of signal are not evident, the signal processing
method cannot extract the signal features effectively and
timely. Hence, CRNN was used as the model for the fault
diagnosis of bogie. As depicted in Figure 5, the framework
contains five parts:(1) SDS, considered as the input, is fed to a one-dimension
convolutional block, which is composed of �푙𝑐 ∈ N alternat-
ing one-dimension convolutional layers and one-dimension
pooling layers;(2) the feature maps output by the last convolutional layer
are unstacked over the time axis;(3) the feature maps of the unstack layer are passed to �푙𝑟 ∈
N recurrent layers;(4) �푙𝑓 ∈ N fully connected layers with tanh activation
functions receive the outputs of the last recurrent layer and
encode them to retain the useful information;(5) output layer with softmax function estimates the
prediction probabilities of the sample for each class.

3.1. Convolutional Layers. CNN has the characteristics of
sparse weights, which can detect small and meaningful
features by using convolutional filters that are much smaller
in size than the input. This means that CNN reduces the
number of parameters that need to be stored and significantly
improves the efficiency of feature extraction. The convo-
lutional layer of CNN generally consists of two parts: (1)
the first part performs the convolution operation to extract
features; (2) the second part performs the pooling operation
to adjust the output of convolutional layer.

In CRNN, the convolutional layer function is regarded
as a feature extractor. The bogie vibration signals under
each health condition are passed as inputs to the CNN
layer with one-dimension convolution filters. The feature
maps �푥𝑙𝑗 are obtained through convolution operation for �푙-th
convolutional layer (�푙 ∈ �푙𝑐), which is elaborated below:

�푥𝑙𝑗 = �푓( ∑
𝑖∈𝑀𝑗

�푥𝑙−1𝑖 ∗ �푘𝑙𝑖𝑗 + �푏𝑙𝑗) (1)

Input data

Shuffle data

1D-Conv 1

1D-Pool 1

1D-Conv 2

1D-Pool 2

Unstack layer

SRU_1

SRU_2

SRU_3

SRU_4

Output layer

FC1

RN
N

 b
lo

ck
CN

N
 b

lo
ck

am
pl

itu
de

 (m
m

)

Sampling point

0.4

0.2

0

−0.2

−0.4
0 1000 2000 3000 4000 5000

Figure 5: Framework of the proposed CRNN.

where �푘𝑙𝑖𝑗 and �푏𝑙𝑗 represent the weight and bias of �푗-th
convolutional filter, respectively, and �푀𝑗 is the number of
input feature maps.

The pooling process follows the convolution process,
which plays a role of secondary extraction. In this paper, max
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Figure 6:The structure diagram of the LSTM cell: �휎𝑓, �휎𝑖, and �휎𝑜 are
the logistic sigmoid activation function of forget gates, input gates,
and output gates. �푥𝑡, ℎ𝑡−1, �푐𝑡−1 are the inputs of the LSTM cell; ℎ𝑡 and�푐𝑡 represent the outputs of the LSTM cell.

pooling method is adopted to reduce the dimension of data
and to preserve useful information as

�푥𝑙𝑗 = �푓 (�훽𝑙𝑗�푑�표�푤�푛 (�푥𝑙𝑗) + �푏𝑙𝑗) (2)

where�훽𝑙𝑗 and �푏𝑙𝑗 represent the weight and bias of max pooling;�푑�표�푤�푛() means the max pooling function. After performing
operation in �푙𝑐 layers, the output of CNNblock is a tensorwith
deep features, which contains the most effective information
in a small dimension.

3.2. Recurrent Layers. RNN is the neural network for mod-
elling sequential data. At the current time �푡 the network
learns the lossy refinement ℎ𝑡 from relevant information
of the past sequences (�푥𝑡, �푥𝑡−1,..., �푥1). In this way, RNN
can adaptively model information captured from the past
sequences. Here, the RNN block of the CRNN uses the
SRU cell, which has faster computational capability than the
LSTM. The structural characteristics of the SRU and LSTM
are compared below.

3.2.1. LSTM Cell. Standard RNN architecture performs poor
when using long-term information to process tasks. As the
length between the relevant information increases, the ability
of the RNN to concatenate related information becomes
weaker. LSTM is an advanced RNN architecture aiming to
handle long-term dependencies. Compared with standard
RNN, LSTM adds a new state referred to cell state, which is
used to preserve long-term information. The LSTM controls
the cell state through the structure called “gate”, which can
store the information in the cell state. The architecture of
LSTM cell is displayed in Figure 6. The LSTM cell outputs a
hidden vector ℎ𝑡 and a cell state vector �푐𝑡 at each time step.
More specifically, the computation of ℎ𝑡 and �푐𝑡 at the time step�푡 can be explained as follows:

�푓𝑡 = �휎𝑓 (�푊𝑓 ⋅ [ℎ𝑡−1, �푥𝑡]) + �푏𝑓 (3)

�푖𝑡 = �휎𝑖 (�푊𝑖 ⋅ [ℎ𝑡−1, �푥𝑡]) + �푏𝑖 (4)
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Figure 7: The structure diagram of SRU cell: �휎𝑓 and �휎𝑟 are the
logistic sigmoid activation function of forget gates and reset gates.�푥𝑡 and �푐𝑡−1 mean the inputs of the SRU cell; ℎ𝑡 and �푐𝑡 represent the
outputs of the SRU cell.

�표𝑡 = �휎𝑜 (�푊𝑜 ⋅ [ℎ𝑡−1, �푥𝑡]) + �푏𝑜 (5)

�푐 = tanh (�푊𝑐 ⋅ [ℎ𝑡−1, �푥𝑡]) + �푏𝑐 (6)

�푐𝑡 = �푓𝑡 ⊙ �푐𝑡−1 + �푖𝑡 ⊙ �푐 (7)

ℎ𝑡 = �표𝑡 ⊙ tanh (�푐𝑡) (8)

where �휎𝑓, �휎𝑖, �휎𝑜,�푊𝑓,�푊𝑖,�푊𝑜,�푊𝑐, and �푏𝑓, �푏𝑖, �푏𝑜, �푏𝑐, respectively,
represent the logistic sigmoid activation functions, weight
matrices, and bias vectors of forget gates, input gates, output
gates, and cell states. ⊙means element-wise multiplication.

3.2.2. SRU. Time series tasks such asmachine translation and
speech recognition all rely on the RNN model. However, the
sequence dependency of RNNmakes it difficult to parallelize
computations, so its computational speed is not as fast as
CNN. In addition, as the scale of the deployment model
enlarges, the real-time nature of the model will also be
seriously affected. Reference [22] proposed the SRU model
based on the research of LSTM and other models. Under
the premise of guaranteeing speed, there is not much loss in
accuracy.The architecture of SRU cell is displayed in Figure 7.
More concretely, SRU cell simplifies the calculation of the
LSTM cell, parallelizing the calculation process. In [22], the
computation of SRU cell at the time step �푡 is defined as
follows:

�푥𝑡 = �푊 ⋅ �푥𝑡 (9)

�푓𝑡 = �휎𝑓 (�푊𝑓 ⋅ �푥𝑡) + �푏𝑓 (10)

�푟𝑡 = �휎𝑟 (�푊𝑟 ⋅ �푥𝑡) + �푏𝑟 (11)

�푐𝑡 = �푓𝑡 ⊙ �푐𝑡−1 + (1 − �푓𝑡) ⊙ �푥𝑡 (12)

ℎ𝑡 = �푟𝑡 ⊙ tanh (�푐𝑡) + (1 − �푟𝑡) ⊙ �푥𝑡 (13)

where �휎𝑓, �휎𝑟 are the logistic sigmoid activation functions of
forget gate �푓𝑡, reset gate �푟𝑡.�푊,�푊𝑓,�푊𝑟, respectively, represent
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Table 3: Result of the CRNNmodels with different layer in the structure (%).

No The Structure of CRNN Accuracy (%) Iterations
CNN layers (cells) RNN layers (cells)

1 1 (116) 1 (450) 88.2% 1620
2 1 (116) 2 (450∗2) 93.6% 1200
3 2 (116/232) 1 (450) 95.6% 920
4 2 (116/232) 2 (450∗2) 96.3% 940
5 2 (116/232) 4 (450∗4) 97.4% 800
6 2 (116/232) 5 (450∗5) 96.5% 1020

weight matrices of linear transformation �푥𝑡, forget gate, and
reset gate. �푏𝑓 and �푏𝑟, respectively, represent bias vectors of
forget gate and reset gate.

Combining equations (3)-(8), it can be figured out that
the output ℎ𝑡 of LSTM cell at the time step �푡 depends on theℎ𝑡−1 from the previous step �푡 − 1. However, the main design
principle of SRU is that the gate calculation only depends
on the current input �푥𝑡. For input �푥𝑡 of SRU cell, (9)-(11)
can be calculated in parallel, so linear transformation �푥𝑡,
forget gate �푓𝑡, and reset gate �푟𝑡 are amenable to parallelize
calculation in the computer. Moreover, as shown in (7)-(8),
the element-wise multiplication is adopted to update the cell
state �푐𝑡, which depends on the calculation of previous step.
The matrix multiplications in SRU take up less computing
resources and time. Due to the independent architecture of
SRU, SRU can be trained as fast as CNN.

In CRNN, recurrent layers with SRU cell are used to
learn the extracted features. After staking the feature maps
output by convolutional layers, the output of staking layer
is transmitted to SRU as frames. Hence, the RNN block
of the presented CRNN is capable of mining the context
information ℎ𝑡, which is used as the inputs of the fully
connected layers.

3.3. Fully Connected Layer. In this paper, the RNN block of
the presented CRNN is followed by a fully connected layer
with a hyperbolic tangent activation function, which acts as
the output layer of CRNN mapping the hidden features ℎ𝑙𝑟+𝑙𝑐𝑡
learned from the stack layers of CNN and RNN to the tag
space ℎ𝑙𝑟+𝑙𝑐+𝑙𝑓𝑡 of the sample as

ℎ𝑙𝑟+𝑙𝑐+𝑙𝑓𝑡 = tanh (�푊 ⋅ ℎ𝑙𝑟+𝑙𝑐𝑡 + �푏) . (14)

In softmax layer, the softmax function is adopted to turnℎ𝑙𝑟+𝑙𝑐+𝑙𝑓𝑡 into probabilities �푎𝑖 for each class. The process of
training the neural network is the process to optimize the
cost function. To minimize the value of cross-entropy cost
function, the weights and biases of convolutional, recurrent,
and fully connected layers are iteratively updated by back-
propagation method. The computation of cross-entropy cost
function in softmax layer is elaborated below.

�퐶 = −1�푛
𝑛∑
𝑖=1

�푦𝑖 ln �푎𝑖 (15)

where �푎𝑖 means the probability distribution of predic-
tion for each category (�푖 = 1, 2, . . . , �푛) after performing

softmax operation and �푦𝑖 is the true class distribution of
sample.

CNN and RNN can be considered as two special cases
of the CRNN in this paper: (i) CNN is equivalent to CRNN
with multiple convolutional layers and zero recurrent layers;
(ii) RNN is composed of CRNN with zero convolutional
layers and several recurrent layers. In order to evaluate
the effectiveness of using CRNN for fault diagnosis of the
bogie, in Section 4, we conduct comparison experiments
on different structures such as LSTM, 1D-CNN, ensemble
learning (i.e., random forest (RF), Gradient Boost Decision
Tree (GBDT), and XGBoost and CRNN.

4. Experimental Results

For the sake of evaluating the proposed method, different
methods are compared based on the same HST datasets
and experimental environment. The experiments are all per-
formed onTensorflow and a desktopmachinewith Inter Core
i5-7400 Processor.The advantages of the CRNN structure are
further explained by analyzing the recognition accuracy rate
and time-consuming situation of different methods.

4.1. Setting. The acquisition of HST simulation data is
described in Section 2. In order to avoid the occasionality of
the experiment, the experimental data is randomly sorted.
The data is divided into 735 samples. Each sample contains
2 seconds vibration signals. From the samples created, 80%
are for training and 20% are adopted for testing. The recom-
mended method is tested on test datasets.

4.1.1. CRNN Structure Testing Result. The results of the
proposed CRNN model with different layers are presented
in Table 3. As can be seen from the results, the fifth CRNN
model that contains 2 1D-CNN layers and 4 SRU layers
achieves the best result. The first five experiments indicated
that the fitting ability of the model will be gradually increased
as the number of neural network layers expands. However,
the experimental data contains noise. If themodel overfits the
data, the recognition accuracy of the model will be degraded,
which confirms that the last experiment model is overfitting.
Therefore, the CRNN structure that consists of 2 1D-CNN
layers and 4 SRU layers is adopted.

4.1.2. DifferentArchitecture Testing Result. Wehave compared
the proposed CRNN with the state-of-the-art methods. The



Complexity 9

Table 4: Hyperparameters used for comparison experiments.

(a) The architectures based on CNN, RNN, and CRNN

HST SDS200
CRNN 1D-CNN LSTM

Conv 1d cells 116/232 116/232 -
pool 1d size 3 3 -
RNN cells 450/450/450/450 - 450/450/450/450�푙𝑐 1D-CNN layers 2 2 -�푙𝑟 RNN layers 4 - 4�푙𝑓 Fully-connected layers 1 1 1
learning rate 0.005 0.0003 0.001

(b) The architectures based on ensemble learning

RF XGboost GBDT
estimators size 1000 1000 1000
learning rate - 0.15 0.01
max depth 500 3 8
max features sqrt - sqrt

hyperparameters used in the evaluation for each different
methods are presented in Table 4. The number of iterations
of training is set to 2000, and a dropout rate of 50% is used
to prevent overfitting. Adam optimizer [38] is an efficient
optimizer that occupies less computer resources and allows
the model to converge faster. In addition, it can iteratively
update neural network weights based on training data. So
Adam optimizer is used to train the proposed model and
make comparisons.

4.2. EvaluationMetrics. In this work, the classification report
function in Sklearn library [39] of Python is used to dis-
play the main classification metrics. It can enumerate the
precision rate, recall rate and f1-score of each category. For
the effect evaluation of the fault diagnosis of the bogies, the
classification results can be divided into true positive (TP),
false positive (FP), and false negative (FN). These statistical
indicators are calculated based on the real category of the
sample and the category predicted by the machine. Precision
rate �푃 and recall rate �푅 are defined as

�푃 = �푇�푃�푇�푃 + �퐹P
�푅 = �푇�푃�푇�푃 + �퐹:. (16)

F1-score is a harmonic mean based on P and R, which
comprehensively considers the performance metrics of P and
R as

�퐹1 = 2 ⋅ �푃 ⋅ �푅�푃 + �푅 . (17)

As shown in Table 5, CRNN performs best on precision rate,
recall rate, and f1-score compared to other methods. The
experiment results show that all the neural networks based
on deep learning framework have better performance in the

Table 5: Classification report of comparison experiments.

classification report
method Precision Recall F1-score
CNN 1d 0.95 0.95 0.95
LSTM 0.95 0.95 0.95
RF 0.94 0.93 0.93
GBDT 0.94 0.94 0.94
XGBoost 0.95 0.95 0.95
CRNN 0.98 0.98 0.98

above three statistical indicators than those methods based
on the ensemble learning framework. It is worth pointing
out that the neural networks with different kinds of hidden
units have a stronger ability to learn nonlinear models than
ensemble learning.

4.3. Time-Consuming Situation. It can be seen from Table 5
that CRNN, 1D-CNN, and LSTM all have higher precision
rate than ensemble learning methods such as RF. However,
CRNN obtains the best performance of 98% in accuracy, and
the accuracy of 1D-CNN and LSTM also exceeds 95%. To
further illustrate the superiority of the presented method, it
needs comprehensive consideration of the time-consuming
conditions and accuracy between CRNN, 1D-CNN, and
LSTM. After each iteration of the training network, the
accuracy and loss values of the test set are calculated once.
As can be seen from the Figure 8(a), the CRNN method’s
testing loss curve remains at 0.08, and the diagnostic accuracy
rate is 97.8%. In Figure 8(b), the testing loss curve of the
1D-CNN method also remains at 0.08, but a diagnostic
accuracy of 95.2% is obtained. As displayed in Figure 8(c),
the LSTM method testing loss curve remains at 0.21, and
the diagnostic accuracy rate is 95.2%. The analysis results
show that the CRNNmethod adopts a deeper neural network
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Figure 8: The accuracies (y-axis) of CRNN, 1D-CNN, and LSTM for 2000 iterations on HST test sets. x-axis: training iterations used.

after integration of 1D-CNN and SRU. Therefore, CRNN has
better detection capabilities than single-structure methods
such as 1D-CNN and LSTM. Comparison of accuracy and
time-consuming situations is shown in Table 6, from which
it can be seen that CRNN maintains an accuracy rate of97.8% on the test sets after 800 iterations and takes 24m35s.

For the same test sets, the CRNN is significantly better than
1D-CNN and LSTM. Compared with 1D-CNN, CRNN does
not consume much time while obtaining higher accuracy.
In addition, compared with LSTM, CRNN not only reduces
the time-consuming amount by 10 times, but also improves
the accuracy by 2%. This means that the high accuracy and
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Table 6: Comparison of the time-consuming conditions and accu-
racy between CRNN, 1D-CNN, and LSTM.

Method
CRNN 1D-CNN LSTM

highest precision iterations 800 1600 1500
time-consuming situations 24m35s 6m40s 4h53m15s
accuracy 0.974 0.952 0.952

CRNN Confusion Matrix
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Figure 9: The confusion matrix of CRNN. The definition of the
condition label of each fault is shown in Table 1.

low time-consuming situation of CRNN can be explained by
the integrated structural advantages rather than the model
parameter settings.

4.4. Misclassifications. To specifically analyze CRNN’s iden-
tification of each test sample, the true class and the predicted
class assigned the highest probability are compared on the
each sample. Based on the comparison results for the each
sample, the Sklearn library gives a CRNN confusionmatrix as
shown in Figure 9. Of the 147 test samples, 144 are accurately
identified. It can be seen that the network is very sensitive
to the faults of HST bogie and can completely distinguish
whether the bogie operation status is normal. Moreover, the
network also has a good ability to recognize the various faults
of bogie. Compared to the 144 correctly classified samples,
the 3 misclassified samples are more interesting. The sample
with condition label 3 is misclassified as the faults with the
label 6. A sample with fault label 4 is considered as the fault
with the label 1, and a sample with fault label 1 is identified as
the fault with the label 4.These misclassifications correspond
to the results of the analysis in Section 2.Themultifault signal
features contain the feature components of single fault, which
makes it difficult to distinguish between multiple faults and
corresponding single faults. Faults with condition labels of 3
and 6 all contain failure factor of lateral dampers, and those
with the labels of 1 and 4 both contain failure factor of air
spring, which will inevitably cause misclassifications.

In order to visualize the classification result of the test
set, the t-SNE [40] method is used to map the features of
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Figure 10: t-SNE visualization of the output layer of CRNN. The
condition label of each fault is defined in Table 1.

the last layer of the proposed CRNN to the low-dimensional
space, which is shown in Figure 10. In the low-dimensional
space, the boundary between different types is very clear, and
the three misclassified test samples are also distributed on
the edge of the misclassified class. This verifies that CRNN
is very effective in feature extraction and fault recognition
of HST bogies. In addition, CRNN also has time-saving
advantages over the other welcomed methods. Therefore,
CRNNcanmeet the high-precision and low-time-consuming
requirements for fault diagnosis of HST bogie.

5. Conclusion

In this paper, the proposed CRNN is a combination method
of 1D-CNN and SRU, which inherits the advantages of two
complementary methods. The method first extracts features
from bogie signals through a plurality of convolution lay-
ers (having a one-dimensional small filter). Then features
extracted are passed to the stacked SRU recurrent layers
to obtain hidden features with time series correlation. The
hidden features are sent to the fully connected layer to calcu-
late the probability of signal classification. The experimental
results in Section 4 show that the deep learning method
is more effective than the ensemble learning method for
the fault diagnosis of HST bogie. More importantly, the
recommended CRNN method has significant performance
improvements over 1D-CNN and SRU. Specifically, the
CRNN not only has a higher accuracy than the conventional
model structure (i.e., 1D-CNN and LSTM), but also can
significantly reduce the time spent in training. This means
CRNN can simultaneously ensure the high efficiency and
time saving of HST bogie fault diagnosis.

The experimental results we obtained in this work need
to be further studied; i.e., it deserves applying more different
methods based on deep learning to the fault diagnosis of HST.
As a future direction of work, CRNN and other deep learning
methods can be used to solve the pattern recognition of the
gradual deterioration of key components that occur during
actual operation ofHST. For instance, monitoring data can be
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utilized to estimate the degree of change in train performance
and conduct safety assessments. It is even possible to detect
early dangers of HST by mastering the deterioration law of
fault states.
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In this paper, a data-driven superheating control strategy is developed for organic Rankine cycle (ORC) processes. Due to non-
Gaussian stochastic disturbances imposed on heat sources, the quantized minimum error entropy (QMEE) is adopted to
construct the performance index of superheating control systems. Furthermore, particle swarm optimization (PSO) algorithm is
applied to obtain optimal control law by minimizing the performance index. The implementation procedures of the presented
superheating control system in an ORC-based waste heat recovery process are presented. The simulation results testify the
effectiveness of the presented control algorithm.

1. Introduction

Organic Rankine cycle (ORC) processes have been widely
used to utilize low-grade thermal energy [1–4]. The energy
efficiency of an ORC system is closely related to the thermo-
dynamic states of working fluid at various components in
the cycle. The superheating is one of the key operating
parameters involved with safety and energy efficiency; hence,
superheating control plays an important role in organic
Rankine cycle (ORC) processes. However, it is not easy to
design a high-quality superheating control system for ORC
processes because ORC processes are complex in terms of
nonlinearities, coupling, and stochastic disturbances.

Some efforts have been made to develop superheating
control algorithms for ORC processes [5–15]. In [6], tradi-
tional PID controller was applied to control the superheating
of an ORC-based waste heat recovery process by manipulat-
ing pump flow rate. Combining PID controller with feedfor-
ward controller, a composite controller was developed for
superheating control systems [7–9]. Another compound
controller was proposed for designing ORC control system
by incorporating a linear quadratic regulator with a PI

controller [10]. A constrained model predictive controller
was applied into a controlled ORC system to deal with
constraints on inputs and outputs [11]. Later on, auto
disturbances rejection, gain scheduling, and robust control
strategies were applied to ORC processes in [13–15], respec-
tively. In practical ORC processes with stochastic distur-
bances, the abovementioned control methods may be a
little bit strict or conservative. In [12], generalized minimum
variance controller was employed to deal with stochastic
disturbances induced from heat sources, in which the key
goal is to minimize the uncertainties of the closed-loop sto-
chastic systems. However, stochastic disturbances that
existed in ORC processes are not necessarily Gaussian; the
spread area of the tracking error cannot be indicated pre-
cisely using variance or mean value.

With the rapid development of precision instrument,
communication network, statistical analysis, image process-
ing, and data processing technology, the probability density
function (PDF) can be measured directly in many actual
industrial processes. Recently, a series of control strategies
for the output PDF have been developed [16–18]. On the
other hand, the tracking error has played an important role
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for assessing closed-loop control performance; some control
strategies have also been proposed for non-Gaussian systems
based on minimizing entropy of tracking error [19–23]. In
addition, entropy optimization principle has been utilized
to design filter [24] and machine learning as well [25].

The most summarized argument of entropy is h, φ
-entropy, which has been employed to form performance
index for control systems [26, 27]. Renyi entropy [28] is
the most significant and commonly applied. In order to
decrease the computational complexity of the entropy, a
quantized minimum error entropy (QMEE) criterion was
proposed in [29].

In this paper, following the recent developments on
shape control of the output PDF, tracking control, and infor-
mation theoretic learning using minimum error entropy
principle, we cast superheating control of ORC processes into
a stochastic control framework. Within this framework, a
data-driven tracking control strategy is further investigated
for ORC systems with non-Gaussian disturbances.

The remaining of this paper is organized as follows:
Section 2 describes the ORC-based waste heat recovery pro-
cess. Section 3 presents the proposed superheating controller
using a quantized minimum error entropy criterion and par-
ticle swarm optimization (PSO) technique. The simulation
results are then shown in Section 4. Finally, several conclu-
sions are given in Section 5.

2. ORC Process

An ORC-based waste heat recovery power plant shown in
Figure 1 converts waste heat into electrical power. The
organic working fluid in the evaporator is heated up into
a superheated vapour state. The heated vapour enters the
turbine expander and generates power energy. The work-
ing fluid after expansion is then cooled to liquid state in
the condenser.

In order to ensure the safety and energy conversion effi-
ciency of the ORC process, the temperature of working fluid
at the outlet of evaporator must be controlled within a proper
range; hence, superheating that is one of the most important
parameters in ORC processes is usually controlled by manip-
ulating the rotating speed of the pump.

The physical model of the evaporator was established
based on both mass balance and energy balance equations
in our previous work [10, 11], where both sides of working
fluid and waste heat were analyzed based on some proper
assumptions and necessary simplification. The model of the
pump was also built based on similarity principle in [10,
11]. The quality of waste heat characterized by the inlet tem-
perature and the mass flow rate of waste heat has influence
on the superheating. In practical ORC processes, the distur-
bances on the temperature and the mass flow rate of waste
heat are not necessarily Gaussian. Therefore, the dynamics
of an ORC process is nonlinear and non-Gaussian; the dis-
cretized model of controlled ORC superheating processes
can be formulated as follows:

yk = f yk−1,… , yk−n, uk, uk−1,… , uk−m,wk, vk , 1

where f ⋅ is a known nonlinear function that represents
the ORC superheating process dynamics. yk and uk are the
superheating and the rotating speed of the pump, respec-
tively. wk and vk are the mass flow rate and the tempera-
ture of waste heat source, respectively. In practice, the
stochastic disturbances on the mass flow rate and the
temperature of waste heat source are usually bounded,
generally non-Gaussian, and mutually independent. Hence,
the superheating yk and the tracking error ek are also
non-Gaussian stochastic variables. Denote the set point
of the superheating as rk, the tracking error ek can be
described by

ek = rk − yk
= rk − f yk−1,… , yk−n, uk, uk−1,… , uk−m,wk, vk
= g yk−1,… , yk−n, uk, uk−1,… , uk−m,wk, vk, rk
= g ηk, uk,wk, vk ,

2

where g ⋅ is a known nonlinear function; ηk = yk−1 ,
… , yk−n, uk−1,… , uk−m, rk T is a known term at instant k.
The PDF of the tracking error ek can then be formulated
using probability theory when the PDFs of both the mass
flow rate and the temperature of waste heat source are
known. In practical ORC processes, the PDFs of the track-
ing error, the mass flow rate, and the temperature of waste
heat source can be directly obtained by numerical estima-
tion methods. Likewise, the entropy can be estimated; for
example, the information potential that is the argument
of the logarithm in Renyi entropy can be computed by a
double summation over all samples. In this context, data-
driven superheating control strategy can be investigated
in this work.

Remark 1.When the PDFs of the mass flow rate and the tem-
perature of waste heat source are known, the evolution of the
PDF of the tracking error can be obtained based on (2) using
probability theory; the relationship between the PDF of the
tracking error and control input can be revealed. In addition,
(2) can be used to develop model-based control algorithms or
analyze stability of closed-loop control systems.

Waste heat
sources

Evaporator

Expander

Condenser

Pump

Generator

Figure 1: Schematic diagram of ORC-based waste heat recovery.
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3. Superheating Control of ORC Process

3.1. Schematic Diagram. It has been demonstrated by exper-
imental studies and theoretical analysis that superheating
plays an important role in the safety and efficiency of ORC
processes. A data-driven stochastic control method is pro-
posed to ensure the superheating yk approach to its set point
rk. Figure 2 shows the control diagram, in which the con-
trolled variable and the manipulated variable are the super-
heating and the rotating speed of the pump, respectively.
The fluctuations of superheating can be represented by the
shape of its PDF. As a result, the entropy of the tracking error
can be used to represent the uncertainty of superheating or its
tracking error.

3.2. Performance Index. It is clear from (2) that the PDF of
the tracking error is controlled by manipulating the rotating
speed of the pump. Ideally, the goal of designing the super-
heating controller is that the shape of the PDF of the track-
ing error becomes as narrow as possible. It means that the
entropy of the tracking error H ek should be minimized.
In addition, the mean value of the squared tracking error
E e2k = τ2ρek ηk, uk, τ dτ should also be included to
drive the tracking error approach to zero. Moreover, the
control energy should be minimized as well. In this con-
text, the following performance index is employed:

J uk = R1H ek + R2E e2k + 1
2R3u

2
k, 3

where R1 and R2 are weights assigned for the entropy of
the tracking error and the mean value of the squared
tracking error function, respectively, and R3 is the weighting
factor for the control input. Consequently, the manipulated
variable can be solved by minimizing the performance index
at instant k.

The entropy of the tracking error H ek can be estimated
via estimating the information potential. Although it can be
realized with an affordable computational burden, it is neces-
sary to estimate the entropy as soon as possible for large-scale
datasets so that the real-time ability of the control system can
be improved.

The quadratic information potential IP2 ek = γ2ek ηk,
uk, τ dτ is an alternative way to characterize the quadratic
entropy of tracking error H2 ek . Further on, the quantized
quadratic information potential proposed in [29] can be
applied to deal with computational complexity of the

information potential by simplifying the inner summation.
Therefore, the performance index (3) can be reformulated by

J uk = R1
1

IPQ
2 ek

+ R2E e2k + 1
2R3u

2
k, 4

where IPQ
2 ek is the quantized quadratic information poten-

tial, which can be estimated as follows:

IPQ
2 ek = 1

N2 〠
k

i=k−N+1
〠
k

j=k−N+1
G 2σ ei − ej

≈
1
N2 〠

k

i=k−N+1
〠
k

j=k−N+1
G 2σ ei −Q ej

= 1
N2 〠

k

i=k−N+1
〠
M

m=k−N+1
MmG 2σ ei − cm

= 1
N

〠
k

i=k−N+1

∑
M

m=k−N+1
MmG 2σ ei − cm

N
,

5

where N is the number of error samples. Q ⋅ stands for a
quantizer with a codebook containing M real valued code
words, which can map the error samples into the M code
words in the codebook. Gσ x = 1/ 2πσ exp − x2/2σ2
is the Gaussian kernel with bandwidth σ.

It can be observed that the quantizer plays a significant
role. A competent and simple quantizer was proposed in
[30]. Following [31], the detailed procedures to estimate the
quantized quadratic information potential of the tracking
error using N error samples within a sliding window at
instant k are summarized as Algorithm 1.

In addition, the mean value of the squared tracking error
E e2k can be estimated from the superheating measurement;
hence, the performance index (4) can be obtained.

Remark 2. Themain advantage ofQMEE is that it candecrease
the computational complexity compared with MEE. When
calculating IP2 ek in MEE based on sliding window, whose
width is N , the computational complexity is O N2 due to
the existence of inner summation; meanwhile, IPQ

2 ek can
be calculated according to (5) adopting the quantizing error
samples, which reduces the number of inner summations.

Constraints on
control input

Rotating
speed of

pump

PSO
U

k

W
k

V
k

Y
k

Disturbances

Superheating
ORC

process
Mean value of
squared error

Quantized entropy
of tracking error

Set-point r
k

Error e
k

–

Figure 2: Schematic diagram of the proposed control system.
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And its computational burden is O MN withM≪N , espe-
cially for large-scale datasets.

Remark 3. Tracking error samples should contain the
dynamic characteristics of the ORC process. N error samples
ek, ek−1,… , ek−N+1 , which are used to estimate IPQ

2 ek at
instant k, can be collected using a sliding window whose
width is N .

3.3. Optimal Controller via PSO. The optimal control input
u∗k can be obtained by minimizing the performance index
(4) using particle swarm optimization (PSO) algorithm.
PSO is a bio-inspired optimal algorithm, which adopts
global search strategy based on population and a simple
velocity-displacement model. The fundamental notion of
PSO can be represented by the following description.
Assuming that G is the maximum generation, in each
iteration, the particle updates itself by tracking two opti-
mal values: (1) Pbesti t symbolizes the individual optimal
value, which represents the optimal location of the cur-
rent particle; (2) another optimal value is the optimal
solution Gbest founded in the whole group. Then, the
particles pursue the current optimal particles and search
in the solution space.

Assuming a D dimension target search space, a group of
L particles, and the expressions of the position and velocity
of the ith particle are as follows:

ui tk = ui1 t
k , ui2 t

k , ui3 t
k ,… , uiD t

k ,

Vi t = vi1 t , vi2 t , vi3 t ,… , viD t ,

i = 1, 2, 3,… , L,
6

where t is the pointer of iterations. The updated position
and velocity of the particle in the t + 1 generation can then
be acquired with the following formulas:

Vi t+1 =w ⋅ Vi t + c1 ⋅ rand ⋅ Pbesti t − ui tk

+ c2 ⋅ rand ⋅ Gbestt − ui tk ,

ui t+1k = ui tk +Vi t+1 ,

i = 1, 2, 3,… , L,
7

where w is the inertia weight factor and satisfies 0 ≤w < 1. c1
and c2 are the acceleration factors.

In order to maintain the global searching ability of the
particle in the early stages and the local search ability in the
later period, the inertia weight reduction strategy is adopted,
that means using a larger inertia weight at the beginnings of
the algorithm to search the whole problem space effectively,
and using a smaller inertia weight in the later period ensure
the convergence of the algorithm. The basic idea can be
described by

w =wmax −
wmax −wmin

G
⋅ t 8

After G generations, the homologous Gbest can be
deemed as the optimal control law at instant k; it leads to

u∗k = Gbest 9

Instead of the traditional gradient descent method, PSO
is used to obtain the optimal control law at instant k, in which
the performance index (4) is used as the fitness function; the

Algorithm
Input error samples ei

k
i=k−N+1

Output quantized errors Q ei
k
i=k−N+1

Initialization Set the quantization threshold ε andC1 = ek−N+1 , where
Ci denotes the codebook at the iteration i
Compution
for i = k‐N + 1 k do
1 Calculate the distance between ei andCi−1 j∗ :

dis ei, Ci−1 j∗ = ei − Ci−1 j∗ , where j∗ = arg min
1≤j≤size Ci−1

ei − Ci−1 j∗ ,

Ci−1 j represents the jth element of Ci−1
2 if dis ei, Ci−1 j∗ ≤ ε

Ci = Ci−1 ;Q ei = Ci−1 j∗ ;
3 else

Update the codebook Ci = Ci−1, ei and quantize
ei to itself Q ei = ei ;
end if

end for

Algorithm 1: Pseudocode of estimating IPQ
2 ek .
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procedures to solve the optimal control input u∗k are summa-
rized in Algorithm 2.

Remark 4. The control signal generated by the PSO
method constructs an output feedback law for nonlinear
and non-Gaussian systems. Following the stability analysis
in [32], the stability of the closed-loop system can be
analyzed as well. The uniform boundedness of all the
variables inside the closed loop can be guaranteed if the
absolute value of the incremental control input is
bounded, i.e., Δuk ≤Umax −Umin, where Umax and Umin
stand for the maximum and minimum of rotor speed of
the pump.

The implementation procedures of the presented super-
heating control system are summarized as follows:

Step 1. Initialize the parameters of the proposed control
algorithm

Step 2. Calculate the performance index (4) by combing
the quantized quadratic information potential
of tracking error using samples within sliding
window, mean value of squared errors, and
constraints on control input

Step 3. Solve the optimal control law by minimizing the
performance index (4) using the PSO algorithm

Step 4. Apply the optimal control input to regulate
the superheating. Then, repeat the procedures

from step 2 to step 4 for the next instant,
k = k + 1

4. Simulation Results

The proposed control approach is applied to control the
superheating of an ORC process [11]. Simulation experi-
ments are carried out with MATLAB 2014b, running in
i7-4790, 3.6GHz CPU. The sampling period is T = 20s.
In this simulation, the rotating speed of the pump is lim-
ited in terms of 2810 rpm ≤uk ≤ 2855 rpm. The probabil-
ity distributions of the mass flow wk and temperature vk
of waste heat source are shown in Figure 3. It is clear
that the data of wk and vk cannot be fitted exactly to a
straight line in the normal probability plot. As a result,
it indicates that wk and vk are non-Gaussian. The param-
eters in the simulation are set as Table 1.

In order to testify the effectiveness of the proposed con-
trol method, it is compared with an optimal control
method called PSO-MEE and optimal PID controller,
respectively. The PSO-MEE-based optimal control law
solves optimal control using performance index (3). The
proposed control law called PSO-QMEE is obtained by
minimizing performance index (4) which contains the
quantized entropy of (the tracking) error. The optimal
parameters of the PID controller whose transfer function
is GPID s = kp + ki/s + kds are tuned by MATLAB 2014b
software; it leads to kp = 10 315, ki = 8 022, and kd = 1.

Figure 4 shows the superheating response curves under
three kinds of controller, in which the black dash-dot line
shows the set point changes from 17°C to 19°C at 1500 s.

Algorithm PSO
Output u∗k
Calculation
1 t← 1 ;
2 for i = 1 Ldo

Initialize velocityVi t and position ui tk for particle i ;
Set Pbesti t = ui tk ;

end for
3 Gbestt =min f itness Pbestt

4 while t ≤ Gdo
for i = 1, 2,… L do
update theVi t and ui tk
if f itness ui tk < f itness Pbesti t

Pbesti t ← ui tk ;
if f itness Pbesti t < f itness Gbestt

Gbestt ← Pbesti t ;
end if

end if
end for

t← t + 1 ;
endwhile

5 return the best vector Gbest ;
6 u∗k ←Gbest ;

Algorithm 2: Pseudocode of solving optimal control input.
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The red solid line, blue solid line, and green solid line
represent superheating responses under PSO-QMEE,
PSO-MEE, and PID controller, respectively. Compared
with the PID controller, both the proposed control algo-
rithm and the conventional entropy-based control obtain
smaller overshoot and shorter settling time. Table 2 lists
detailed comparative results when using three controllers.

The proposed controller achieves the smallest mean
square error (MSE) and mean absolute error (MAE);
moreover, it consumes shorter time than the conventional
entropy-based controller due to using quantized entropy
estimation method. Figure 5 demonstrates variations of
the rotating speed of the pump under three control laws;
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Figure 3: Probability of wk and vk.

Table 1: Parameters in the simulation.

Parameter Value Parameter Value

c1 1.49445 Vmin, Vmax [−5, 5]
c2 1.49445 wmin,wmax [0.1, 0.9]

ε 0.1 G 50

R1 0.1 L 5

R2 0.5 R3 0.01

Time/s
Set point
PSO-QMEE

PSO-MEE
PID
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Figure 4: Response curves of superheating.

Table 2: Comparative results using three controllers.

Controllers MSE
Times for computing
control laws in overall
simulation process

MAE

Proposed control 0.0258 82.77661 s 0.0526

PID 0.0527 0 0.0826

Conventional
entropy-based control

0.0271 1213.08278 s 0.0709
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Figure 5: Variations of the rotating speed of the pump.
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it can be observed that the manipulated signals are all reason-
able and feasible.

5. Conclusions

In this paper, a data-driven superheating controller is pre-
sented to regulate the superheating in ORC processes. Since
the disturbances coming from the mass flow rate and the
temperature of waste heat are not necessarily Gaussian, the
performance index is constructed by combing the entropy
of the tracking error, the mean value of the squared tracking
error, and constraints on control input. The entropy of the
tracking error is replaced by quantized information potential
of the tracking error for decreasing computational burden.
Consequently, the superheating control problem is solved
using the PSO method. When applying the proposed
controller, conventional entropy-based controller, and a
PID controller to the ORC system, respectively, the proposed
controller can decrease dispersion of the tracking error distri-
bution and computational burden.
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The study focuses on the modelling and estimation of a class of discrete-time uncertain systems, including network-induced
random delays, packet dropouts, and out-of-order packets during the data transmission from the plant to the estimator. In order to
improve system performance, event-triggered signal selection method is used to establish the system model. Based on this model,
a distributed measurement and centralized fusion estimation scheme is designed using a robust finite horizon Kalman-type filter.
Since the phenomena caused by the network-induced deteriorate estimation accuracy, a time-based reorganization measurement
is employed to design a linear delay compensation strategy based on estimation. Moreover, in order to obtain the optimal linear
estimation, weighted fusion estimation approach is used to perform information collaboration through the error cross-covariance
matrix. Simulation results demonstrate that the proposed method has higher estimation performance than the existing methods in
this study.

1. Introduction

Thenetworked system is spatially distributed systembased on
shared communication technology [1, 2].They have attracted
a large number of subjects of intensive researches and
possessed the successful applications in a wide range, such as
intelligent transportation [3], environmental monitoring [4],
remote diagnostics and troubleshooting [5], and smart grids
[6]. Note that the communication networks are introduced
[7, 8] into distributed systems inevitably produce network-
induced phenomena, which usually deteriorate the perfor-
mance of networked systems. Such network-induced phe-
nomena include but are not limited to transmission delays,
packet dropouts,missing/fadingmeasurements, our-of-order
packets, and variable sampling/transmission intervals [9].
Therefore, the research on distributed information percep-
tion and fusion estimation issue for networked systems with

network-induced phenomena is significant and challenging
[10].

There are excellent results for the problem of state estima-
tion. In engineering applications, stochastic uncertainties are
described using the multiplicative noise [10–13] to simplify
the systemmodel. And the cross-correlation between process
noise and measurement noise in [11, 14–16] is taken into
account for data transmission over networks. In order to
alleviate the negative influence of network-induced phe-
nomena and improve system performance, some distributed
estimation and filtering methods are proposed. Liu et al. [17]
presented distributed fusion estimation based on Kalman-
type filtering, which introduced two level weighted fusion
scheme. For unknown nonlinear system, a robust adaptive
finite-time parameter estimation [18] and control based on
parameter estimation errors was studied. Furthermore, an
adaptive law [19] is used to achieve precise estimation of
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essential parameters, where the parameter estimation error
is obtained explicitly and then used as a new leakage term.
Event-triggered communication schedules [20] are used
for the distributed estimation problem employing Kalman
consensus filter. Furthermore, filtering methods play an
important role in networked systems for signal processing
and communications. For example, event-based 𝐻∞ filter-
ing [7, 21] is insensitive to the uncertainties appearing in
stochastic system models and/or exogenous input signals.
Considering the parametric uncertainty [22], robust filtering
[23] has the robustness to suppress the noise disturbance.The
finite-horizon filtering [24, 25] can obtain the upper bound
to the steady-state error covariance. Using the discrete-
time stochastic bounded real lemma and the matrix anal-
ysis approach, Chen et al. [26] presented the distributed
robust fusion estimation with stochastic and deterministic
parameter uncertainties. Since the actual error covariance of
estimated state is less than the upper bound, it has a better
transient performance.

In order to deal with network-induced transmission
delays and/or packet dropouts phenomena [27], there are
some results available in the current investigations. The one-
step prediction compensation scheme is used to describe the
random delays, which applies the augmented state approach
[28, 29] to obtain more accurate estimated value. For a
class of networked multisensor fusion systems with mul-
tiple uncertainties, robust reduced-dimension observation-
fusion Kalman filters were proposed [30] to further reduce
the computation burden. On the other hand, measurement
reorganization [24, 31] is an effective strategy employing
the measurement transformation method to transform the
random delayed system into the delay-free counterpart. In
addition, the systemmodel is established by randomvariables
of Bernoulli distribution [1, 13, 28, 32], so that the measure-
mentmodel is augmented bymultiple random delayed states.
However, the compensation and state augmentation schemes
increase the computational complexity of state estimation via
networked systems.

For modelling problem, Brizhinev et al. [33] proposed
a modelled method through the notions of power transi-
tion and power diffusion. Miao et al. [34] investigated the
containment control of multi-agent systems with constant
time delays under event-triggered conditions, and Li et
al. [35] presented an event-triggered sampling mechanism
and develops a sampled-data-based stabilizer for switching
linear systems. Considering that random transmission delays
inevitably generate out-of-order packets phenomenon in the
communication, holding or dropping packet disorders is
necessary to signal processing in networked systems. There
are extensive reports on dealing with out-of-order packets.
For example, to receive the most recent arrived data packet,
the zero-order-holder (ZOH) scheme is applied and the
stored packet is replaced until the next arrived data packet
[36, 37]. The signal sequence reordering method of the logic
ZOH [7, 38–41] scheme is introduced a function based on
ZOH to judge an out-of-order packet. So only the latest time-
stamped data packet is received. The scheme then actively
drops the out-of-order packets. Note that logic ZOH is
widely applied in networked control systems for event-trigger

mechanism. However, with regard to the effect of out-of-
order packets, the analysis and design of the finite-horizon
filter based on event-triggered signal selection method are a
complex problem, and it is difficult to detect the appropriate
filter parameters.

Summarizing the above discussion, the estimation prob-
lem includes designing the filter with multi-step random
delays, packet dropouts and correlated noises. However, for
uncertain systems, the distributed fusion estimation based on
finite horizon filtering are seldom studied.Thismay be due to
the difficulty of dealing with the disordered and missing data
packets, as well as probing the appropriate upper bounds for
filter parameters.

Motivated by the above analysis, this study focuses
on establishing system model and probing estimator of
stochastic time-varying systems. For the received measure-
ment with network-induced random transmission delays,
packet dropouts, and out-of-order packets, these phenomena
are synthetically considered; moreover, the system model
is established by the signal selection method. The main
contributions of this study are summarized as follows:

(i) Analyze the performance of time series signal pro-
cessing for network-induced random transmission delays,
packet losses, and disorders employing. Meanwhile, in order
to effectively discard the out-of-order packets and improve
system performance, the system model depending on the
event-triggered signal selection method of logic ZOH is
established for achieving state estimation.

(ii) The linear delay compensation strategy based on
estimation is proposed for dealing with random transmission
delays. In order to suppress the computational burden, the
delayed estimation is transformed into the equivalent delay-
free one by re-ordering measurement sequence with a time-
stamp.

(iii) Considering the delayed system with packet
dropouts, the one-step prediction estimation approach is
presented for compensating the missing packets with an
artificial delay. Furthermore, the weighted fusion criterion is
introduced using the distributed estimation based on each
subsystem, and the fusion center is used to obtain more
precise estimation accuracy than each local system.

The rest sections of this study are organized as follows.
The uncertain system modelling problem is described in
Section 2. In order to use the event-triggered signal to
choose method, Section 3 designs distributed fusion estima-
tion approach based on finite horizon robust Kalman-type
filtering. Simulation results and analysis are given in Section 4
and the conclusions are outlined in Section 5.

Notations. Throughout this paper, the symbol 𝐸(⋅) denotes
the mathematical expectation operator and the superscript 𝑇
is the transpose. R𝑟 represents the 𝑟-dimensional Euclidean
space, and R𝑟×𝑟 denotes the set of all 𝑟 × 𝑟 real matrices. A
real symmetric matrix 𝑀 > 0 expresses that 𝑀 is a positive-
definite matrix, 𝑀−1 stands for the inverse of the positive-
definite matrix 𝑀, while 𝑡𝑟(𝑀) is the trace of matrix 𝑀. 𝛿𝑘,𝑙
is the Kronecker function; i.e., 𝛿𝑘,𝑙 = 1 if 𝑘 = 𝑙; otherwise𝛿𝑘,𝑙 = 0 if 𝑘 ̸= 𝑙.
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Figure 1: Sorting procedure for packet sequence based on event-triggered signal selection method.

2. Problem Formulation and Analysis

2.1. System Description. The considered uncertain system of
each sensor is described by the following linear discrete-time
system, which is investigated in [10, 13]𝑥 (𝑘 + 1) = (𝐴𝑘 +F𝑘𝐹𝑘𝐸𝑘) 𝑥 (𝑘) + 𝐵𝑘𝑤𝑘, 𝑘 = 1, 2, ⋅ ⋅ ⋅ (1)

𝑧𝑖 (𝑘) = (𝐶𝑖𝑘 +H
𝑖
𝑘𝐹𝑘𝐸𝑖𝑘) 𝑥 (𝑘) + V𝑖𝑘, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐿 (2)

where 𝑥(𝑘) ∈ R𝑟 represents the state to be estimated and𝑧𝑖(𝑘) ∈ R𝑚𝑖 expresses the measurement output of the 𝑖-
th sensor at time instant 𝑘. 𝐴𝑘 ∈ R𝑟×𝑟, 𝐵𝑘 ∈ R𝑟, 𝐶𝑖𝑘 ∈
R𝑚𝑖×𝑟,F𝑘, 𝐸𝑘,H𝑖𝑘 and 𝐸𝑖𝑘 are known time-varying matrices,
and 𝐹𝑘 denotes the time-varying parameter uncertainties.𝑤𝑘 ∈ R and V𝑖𝑘 ∈ R𝑚𝑖 denote the process noise and
measurement noise of the 𝑖-th sensor, which are zero mean
white noise with covariance matrices𝑄𝑘 and 𝑅𝑖𝑘, respectively.
The initial state 𝑥(0) with mean 𝜇0, and covariance 𝑃0 is
assumed to be uncorrelated with other noise signals. Note
that the uncertainties 𝐹𝑘 satisfies 𝐹𝑘𝐹𝑇𝑘 ≤ 𝐼.
2.2. System Modelling Based on Event-Triggered Signal Selec-
tion Method. Taking the limited bandwidth into account,
the data transmission from sensors to processors is limited
and it would inevitably generate the network congestion. In
this paper, the random transmission will inevitably bring
packet drops and out-of-order packets. If the system model
is established for each network-induced phenomenon, the
system computation cost is significantly increased. Based on
the abovementioned problem, network-induced phenomena
are synthetically considered. Therefore, the event-triggered
signal selectionmethod of logic ZOH is designed to deal with
packet dropouts and out-of-order packets.

Remark 1. For the time-stamped data packets in the net-
work, the logic ZOH stores the latest data packet, and
other time-stamped packets are discarded. It means that the
stored data packets will be updated until the output of the
logic ZOH being received to a latest signal. Because the
latest data packet before being transmitted is close to the
newest actual signal, the network-induced packet disorders
during the transmission are dropped via the logic ZOH
[38–40].

Without loss of generality, it is assumed that the mea-
surement is sampled at a constant sample period 𝑇 for an
arbitrary subsystem, and the sampling time instant is denoted
by 𝑡 ∈ {𝑘𝑇, 𝑘 ∈ N}. Set the largest transmission delays
to be no more than 𝑁 steps, and 𝑁(𝑘) ≤ 𝑘 represents the
largest data delays at time instant 𝑘. To further describe the
networked systems in the presence of random transmission
delays, packet dropouts, and out-of-order packets, a typical
scenarios are represented in Figure 1.

Suppose that the upper boundary of time delays is no
more than 5 sample periods (i.e., 𝑁 ≤ 5), wherein 𝜂(𝑡𝑘)
denotes the network-induced transmission delays at time
instant 𝑘. Figure 1 demonstrates the received valid data
packets according to the logic ZOH. From the time interval,
there are three cases to be listed.

Case 1. At the same time interval, the arrived data packets
with time-stamp contain out-of-order and in-order phenom-
ena. When the sampling time 𝑡 ∈ [2𝑇, 5𝑇), the transmission
delays are 𝜂(𝑡2) = 2𝑇 + 𝜂(𝑡2) and 𝜂(𝑡3) = 1𝑇 + 𝜂(𝑡3),
respectively; here 𝜂(𝑡𝑘) is the transmission delay in one
sample period. Due to 𝜂(𝑡2) > 𝜂(𝑡3) shown in Figure 1, the
out-of-order packets generate from signals 𝑧(3) and 𝑧(2) in
the transmission.Note that 𝑧(2) is themost recent data packet
and 𝑧(3) represents the latest packet. And then, signal 𝑧(2) is
discarded depending on the role of the logic ZOH.
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Case 2. The arrived data packets with time-stamp are out-
of-order and in-order, at the neighboring time interval.
For the sampling time 9𝑇 and 10𝑇, there exist the out-of-
order packets, and the transmitted data are 𝑧(8) and 𝑧(7),
respectively. Adopting the latest packets using the logic ZOH,𝑧(7) is dropped at time instant 10𝑇; meanwhile, the latest
time-stamped data packet 𝑧(8) is held.
Case 3. The time interval is more than one sampling period
for the arrived out-of-order and in-order packets. At the
sampling time 𝑡 ∈ [12𝑇, 14𝑇), the transmitted data are𝑧(11), 𝑧(10), and 𝑧(9) sequentially, which are the most recent
data package. However, signals 𝑧(10) and 𝑧(9) are dropped
according to the criteria of receiving the latest data packet for
the logic ZOH.

As mentioned before, at the current time instant 𝑘, the
time-stamp of the received valid data packet is denoted by 𝑘1
and 𝑘2 represents the time-stamp for the most recent trans-
mission signal. The corresponding transmission delays from
sensor to estimator are represented as 𝜂(𝑘1) and 𝜂(𝑘2) and
satisfy 0 ≤ 𝜂(𝑘1) ≤ 𝜂(𝑘2) ≤ 𝑁. To clearly describe the time
sequence, 𝜏(𝑘1) ∈ N and 𝜏(𝑘2) ∈ N denote the received data
packetwith delays using logic ZOHand random transmission
delays at the sampling time, respectively, which satisfy𝑘 = 𝜏 (𝑘1) + 𝑘1 = 𝜏 (𝑘2) + 𝑘2 (3)

Take into account that the latest data packet is more
approximate the current data packet, and an artificial variable𝛽(𝑘) ≥ 0 is introduced to express the relationship between 𝑘1
and 𝑘2, that is, 𝑘1 = 𝑘2 + 𝛽 (𝑘) (4)

Note that the selected data packet with latest time-stamp
is a relatively larger value than the data packet with random
transmission delays. Without loss of generality, the delays
are obtained from (3) and (4) i.e., 𝜏(𝑘1) = 𝜏(𝑘2) − 𝛽(𝑘)
satisfies 𝜏(𝑘1) ≤ 𝜏(𝑘2). It implies that the data packet with
less transmission delay is used to estimate the actual system
state, improve the estimation accuracy, and further reduce the
computation burden. Therefore, using logic ZOH scheme is
more reasonable to dealwith random transmission delays and
further improve the system performance [39].

Remark 2. Adopting the signal selection method of logic
ZOH, the transmission signal with packet dropouts and
out-of-order packets is transferred into random transmis-
sion delay with time-stamped data packets. To alleviate
the computational burden, the measurement reorganization
approach is investigated. When the logic ZOH receives the
time-stamped data packet 𝑧(𝑘1), the stored signal 𝑦𝐿𝑍(𝑘) is
reorganized as 𝑦𝐿𝑍 (𝑘) = 𝑧 (𝑘 − 𝜏 (𝑘1)) (5)

It implies that when the time-stamped data packets transmit
from a sensor to processor (or estimator) over a communica-
tion network, the processor (or estimator) is able to obtain
the knowledge of packet delay and dropout value at every
sampling time [24].

2.3. Cross-Correlated Noise. In the engineering applications,
the distributed systems involve the cross-correlated noise [10,
13, 28] during data transmission, which exist in a common
noisy environment.

At the same time instant, it is assumed that the process
noise 𝑤𝑘 and measurement noise V𝑖𝑘 are correlated; mean-
while, the measurement noises V𝑖𝑘 of the 𝑖th subsystem and
V𝑗
𝑘
of the 𝑗th subsystem are cross-correlated. The statistical

properties satisfy as following:𝐸 (𝑤𝑘) = 0,𝐸 (V𝑖𝑘) = 0,
𝐸((𝑤𝑘

V𝑖𝑘
)(𝑤𝑇𝑙 (V𝑗

𝑘
)𝑇)) = ( 𝑄𝑘𝛿𝑘,𝑙 𝑆𝑗

𝑘
𝛿𝑘,𝑙(𝑆𝑖𝑘)𝑇 𝛿𝑘,𝑙 𝑅𝑖,𝑗
𝑘
𝛿𝑘,𝑙) , (6)

where 𝑄𝑘 = 𝑄𝑘𝑇, 𝑅𝑖,𝑗𝑘 = (𝑅𝑗,𝑖
𝑘
)𝑇, and 𝑆𝑖,𝑗

𝑘
= (𝑆𝑗,𝑖
𝑘
)𝑇.

For the stored measurement sequence with random
transmission delays, packet dropouts and packet disorders,
the issue of distributed estimation is translated into finding
the optimal state estimation 𝑥𝐿𝑍(𝑘 | 𝑘) using logic ZOH,
which are fused and compensated by each local estimation𝑥𝑖𝐿𝑍(𝑘 − 𝜏𝑖(𝑘1) | 𝑘 − 𝜏𝑖(𝑘1)).
3. Estimation for Event-Triggered
Signal Selection Method

For the considered uncertain system (1)-(2), a distributed
fusion estimation based on robust finite horizon filtering
approach is investigated. Firstly, the augmented state vec-
tors are presented to determine the upper bounds of the
filtering and the prediction covariance matrices. Secondly,
a linear delay compensation scheme based on estimation is
proposed for dealing with the random transmission delays,
which improves the computational efficiency. Thirdly, the
packet dropouts are compensated by introducing one-step
prediction estimation approach. At last, a weighted fusion
estimation is presented to improve the estimation accuracy
for the distributed system.

3.1. Augmented State Vector for Subsystem. For the 𝑖-th
subsystem, suppose the current sampling time instant is 𝑘,
and the stored data packet is 𝑦𝑖𝐿𝑍(𝑘). According to the role
of logic ZOH, the received valid data packet is 𝑧𝑖(𝑘 − 𝜏𝑖(𝑘1))
with data delay 𝜏𝑖(𝑘1). Owing to 𝜏𝑖(𝑘1) = 𝜏𝑖(𝑘2) − 𝛽𝑖(𝑘) and𝛽𝑖(𝑘) > 0, define 𝑡 = 𝑘 − 𝜏𝑖(𝑘1), and the measurement is
reorganized from (2) and (5):𝑦𝑖𝐿𝑍 (𝑘) = 𝑧𝑖 (𝑡) = (𝐶𝑖𝑡 +H

𝑖
𝑡𝐹𝑡𝐸𝑖𝑡) 𝑥 (𝑡) + V𝑖𝑡 (7)

Assume that the estimator has enough processing capa-
bility to calculate the optimal state estimation 𝑥𝑖𝐿𝑍(𝑡 | 𝑡)
depending on the stored data {𝑦𝑖𝐿𝑍(0), ⋅ ⋅ ⋅ , 𝑦𝑖𝐿𝑍(𝑘−1), 𝑦𝑖𝐿𝑍(𝑘)}.

The objective of the robust finite horizon Kalman-type
filtering for each subsystem is to obtain an optimal state
estimation 𝑥𝑖𝐿𝑍(𝑘 | 𝑘), which is derived from the guaranteed
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upper bound of estimation error covariance matrices. Apply-
ing the projection formula, the state estimation with random
transmission delays is designed by the following recursive
method based on the reorganized data packets:𝑥𝑖𝐿𝑍 (𝑡 | 𝑡) = 𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)+ 𝐾𝑖𝐿𝑍,𝑡 (𝑧𝑖 (𝑡) − 𝐶𝑖𝐿𝑍,𝑡𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)) , (8)

𝑥𝑖𝐿𝑍 (𝑡 + 1 | 𝑡) = 𝐴𝑖𝐿𝑍,𝑡𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)+ 𝐿𝑖𝐿𝑍,𝑡 (𝑧𝑖 (𝑡) − 𝐶𝑖𝐿𝑍,𝑡𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)) , (9)

where 𝑥𝑖𝐿𝑍(𝑡 | 𝑡) denotes the filter and 𝑥𝑖𝐿𝑍(𝑡 + 1 | 𝑡) is
the predictor of the state 𝑥(𝑡) at time instant 𝑡 before being
transmitted. Define 𝑒𝑖𝐿𝑍(𝑡) ≜ 𝑥(𝑡) − 𝑥𝑖𝐿𝑍(𝑡 | 𝑡 − 1) and𝑒𝑖𝐿𝑍(𝑡) ≜ 𝑥(𝑡) − 𝑥𝑖𝐿𝑍(𝑡 | 𝑡). Note that the prediction error
and filtering error are forced to be smaller than the positive-
definite matricesΘ𝑖𝐿𝑍(𝑡) and Σ𝑖𝐿𝑍(𝑡). For all uncertainties, the
upper bounds are represented as following:𝐸((𝑥 (𝑡) − 𝑥𝑖𝐿𝑍 (𝑡 | 𝑡)) (𝑥 (𝑡) − 𝑥𝑖𝐿𝑍 (𝑡 | 𝑡))𝑇)≤ Θ𝑖𝐿𝑍 (𝑡) (10)

𝐸((𝑥 (𝑡) − 𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)) (𝑥 (𝑡) − 𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1))𝑇)
≤ Σ𝑖𝐿𝑍 (𝑡) . (11)

Set𝐶𝑖𝐿𝑍,𝑡,𝐾𝑖𝐿𝑍,𝑡,𝐴𝑖𝐿𝑍,𝑡, and 𝐿𝑖𝐿𝑍,𝑡 be filter parameters. Inspired
by the adaptive gain [42], filter parameters are time-varying
matrix which is online updated. It is worth noting that the
system noise and measurement noise are different and the
corresponding state-space model can be transformed the
form as in (1) and (7) by using the augmentationmethod [26].
To solve the upper bounds from the filtering and prediction
covariance matrices, the augmented state vectors are defined
as follows: Ψ̃𝑖𝐿𝑍 (𝑡) = [ 𝑒𝑖𝐿𝑍 (𝑡)𝑥𝑖𝐿𝑍 (𝑡 | 𝑡 − 1)] ,

Ψ𝑖𝐿𝑍 (𝑡) = [ 𝑒𝑖𝐿𝑍 (𝑡)𝑥𝑖𝐿𝑍 (𝑡 | 𝑡)] . (12)

The reorganizedmeasurement from (7) contains stochas-
tic terms due to delayed sensor measurement. Therefore,
it is necessary to derive the estimation error and obtain
a corresponding upper bound. And then, an augmented
state-space model combining system (1) and (8)-(12) are
represented asΨ𝑖𝐿𝑍 (𝑡) = (𝐴𝑖𝐿𝑍,𝑡1 + 𝐻𝑖𝐿𝑍,𝑡1𝐹𝑡𝐸i

𝐿𝑍,𝑡1) Ψ̃𝑖𝐿𝑍 (𝑡)+ 𝐷𝑖𝐿𝑍,𝑡1V𝑖𝑡, (13)

Ψ̃𝑖𝐿𝑍 (𝑡 + 1) = (𝐴𝑖𝐿𝑍,𝑡2 + 𝐻𝑖𝐿𝑍,𝑡2𝐹𝑡𝐸𝑖𝐿𝑍,𝑡2) Ψ̃𝑖𝐿𝑍 (𝑡)+ 𝐵𝐿𝑍,𝑡2𝑤𝑡 + 𝐷𝑖𝐿𝑍,𝑡2V𝑖𝑡, (14)

with

𝐴𝑖𝐿𝑍,𝑡1 = [[𝐼 − 𝐾𝑖𝐿𝑍,𝑡𝐶𝑖𝑡 𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)𝐾𝑖𝐿𝑍,𝑡𝐶𝑖𝑡 𝐼 + 𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡)]] ,
𝐻𝑖𝐿𝑍,𝑡1 = [−𝐾𝑖𝐿𝑍,𝑡H𝑖𝑡𝐾𝑖𝐿𝑍,𝑡H𝑖𝑡 ] ,
𝐸𝑖𝐿𝑍,𝑡1 = [𝐸𝑖𝑡 𝐸𝑖𝑡] ,
𝐷𝑖𝐿𝑍,𝑡1 = [−𝐾𝑖𝐿𝑍,𝑡𝐾𝑖𝐿𝑍,𝑡 ] ,
𝐴𝑖𝐿𝑍,𝑡2
= [[𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡 𝐴 𝑡 − 𝐴𝑖𝐿Z,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡 𝐴𝑖𝐿𝑍,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡) ]] ,

𝐻𝑖𝐿𝑍,𝑡2 = [F𝑖𝑡 − 𝐿𝑖𝐿𝑍,𝑡H𝑖𝑡𝐿𝑖𝐿𝑍,𝑡H𝑖𝑡 ] ,
𝐸𝑖𝐿𝑍,𝑡2 = [𝐸𝑖𝑡 𝐸𝑖𝑡] ,
𝐵𝐿𝑍,𝑡2 = [𝐵𝑡0 ] ,
𝐷𝑖𝐿𝑍,𝑡2 = [−𝐿𝑖𝐿𝑍,𝑡𝐿𝑖𝐿𝑍,𝑡 ] .

(15)

Note that the augmented system (13)-(14) is a stochas-
tic parameter system [43], and set the covariance matri-
ces to be Σ̃𝑖𝐿𝑍(𝑡) = 𝐸(Ψ̃𝑖𝐿𝑍(𝑡)(Ψ̃𝑖𝐿𝑍(𝑡))𝑇) and Θ̃𝑖𝐿𝑍(𝑡) =𝐸(Ψ𝑖𝐿𝑍(𝑡)(Ψ𝑖𝐿𝑍(𝑡))𝑇). Under (13)-(15), the Riccati-like equa-
tions for estimation error covariances are evolved as follows:Θ̃𝑖𝐿𝑍 (𝑡) = (𝐴𝑖𝐿𝑍,𝑡1 + 𝐻𝑖𝐿𝑍,𝑡1𝐹𝑡𝐸𝑖𝐿𝑍,𝑡1) Σ̃𝑖𝐿𝑍 (𝑡)⋅ (𝐴𝑖𝐿𝑍,𝑡1 + 𝐻𝑖𝐿𝑍,𝑡1𝐹𝑡𝐸𝑖𝐿𝑍,𝑡1)𝑇+ 𝐷𝑖𝐿𝑍,𝑡1𝑅𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡1)𝑇 ,

(16)

andΣ̃𝑖𝐿𝑍 (𝑡 + 1) = (𝐴𝑖𝐿𝑍,𝑡2 + 𝐻𝑖𝐿𝑍,𝑡2𝐹𝑡𝐸𝑖𝐿𝑍,𝑡2) Σ̃𝑖𝐿𝑍 (𝑡)⋅ (𝐴𝑖𝐿𝑍,𝑡2 + 𝐻𝑖𝐿𝑍,𝑡2𝐹𝑡𝐸𝑖𝐿𝑍,𝑡2)𝑇+ 𝐵𝐿𝑍,𝑡2𝑄𝑡𝐵𝑇𝐿𝑍,𝑡2 + 𝐷𝑖𝐿𝑍,𝑡2𝑅𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡2)𝑇+ 𝐵𝐿𝑍,𝑡2𝑆𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡2)𝑇 + 𝐷𝑖𝐿𝑍,𝑡2 (𝑆𝑖𝑡)𝑇⋅ 𝐵𝑇𝐿𝑍,𝑡2.
(17)

It is noted that the deterministic uncertainty𝐹𝑡 appears in
(16) and (17).Therefore, it is impossible to have the exact value
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of the covariance matrices Θ̃𝑖𝐿𝑍(𝑡) and Θ̃𝑖𝐿𝑍(𝑡). An alternative
approach is to find a set of upper bounds and then obtain the
minimum with respect to filter parameters.

3.2. Upper Bound for Estimation Covariance. Based on the
augmented state vectors, the corresponding filtering error
covariance and prediction error covariance are calculated.
The objective of designing the robust finite horizon Kalman-
type filter needs to probe the appropriate filter parameters
from estimation error covariance matrices.

To obtain a guaranteed upper bound for minimizing
the estimation error covariance, the following lemmas are
introduced.

Lemma 3. Assume that matrices 𝐴, 𝐻, 𝐸, and 𝐹 have
compatible dimensions such that 𝐹𝐹𝑇 ≤ 𝐼. �e inequality𝛼−1𝐼−𝐸𝑋𝐸𝑇 > 0 lets𝑋 be a symmetric positive definite matrix
and lets 𝛼 > 0 be an arbitrary positive constant. �en, the
following inequality holds:(𝐴 + 𝐻𝐹𝐸)𝑋 (𝐴 + 𝐻𝐹𝐸)𝑇≤ 𝐴 (𝑋−1 − 𝛼𝐸𝑇𝐸)−1 𝐴𝑇 + 𝛼−1𝐻𝐻𝑇, (18)

and (𝑋−1−𝛼𝐸𝑇𝐸)−1 = 𝑋+𝑋𝐸𝑇(𝛼−1𝐼−𝐸𝑋𝐸𝑇)−1𝐸𝑋 is obtained
from the matrix inversion lemma [24, 43].

Lemma 4. When 0 ≤ 𝑡 ≤ 𝑘, supposing that 𝑋 and 𝑌 are
symmetric positive definite matrices, the functions meet the
conditions 𝑠𝑡(𝑋) = 𝑠𝑇𝑡 (𝑋) ∈ R𝑛×𝑛 and ℎ𝑡(𝑋) = ℎ𝑇𝑡 (𝑋) ∈ R𝑛×𝑛.
If there exists 𝑌 > 𝑋, such that 𝑠𝑡(𝑌) ≥ 𝑠𝑡(𝑋) and ℎ𝑡(𝑌) ≥𝑠𝑡(𝑌), then the solutions 𝑀𝑡 and 𝑁𝑡 in terms of the recursive
equations 𝑀𝑡+1 = 𝑠𝑡 (𝑀𝑡) ,𝑁𝑡+1 = ℎ𝑡 (𝑁𝑡) ,𝑀0 = 𝑁0 > 0 (19)

satisfy𝑀𝑡 ≤ 𝑁𝑡 [24, 43].
Theorem 5. For the formula (𝐴 + 𝐻𝐹𝐸)𝑋(𝐴 + 𝐻𝐹𝐸)𝑇 from
(16) and (17) according to Lemmas 3 and 4, if there exists
a positive scalar 𝛼𝑡 and a symmetric positive definite matrixΣ𝑖𝐿𝑍(𝑡) satisfying 𝛼−1𝑡 𝐼 − 𝐸𝑖𝐿𝑍,𝑡2Σ𝑖𝐿𝑍(𝑡)(𝐸𝑖𝐿𝑍,𝑡2)𝑇 > 0, thenΣ̃𝑖𝐿𝑍(𝑡) ≤ Σ𝑖𝐿𝑍(𝑡) and Θ̃𝑖𝐿𝑍(𝑡) ≤ Θ𝑖𝐿𝑍(𝑡), where Σ̃𝑖𝐿𝑍(𝑡) andΘ̃𝑖𝐿𝑍(𝑡) are evolved from (16) and (17), respectively. �erefore,
the upper bounds Θ𝑖𝐿𝑍(𝑡) and Σ𝑖𝐿𝑍(𝑡 + 1) are computed by the
following recursive equations:Θ𝑖𝐿𝑍 (𝑡) = 𝐴𝑖𝐿𝑍,𝑡1Σ𝑖𝐿𝑍 (𝑡) (𝐴𝑖𝐿𝑍,𝑡1)𝑇+ 𝛼−1𝑡 𝐻𝑖𝐿𝑍,𝑡1 (𝐻𝑖𝐿𝑍,𝑡1)𝑇+ 𝐷𝑖𝐿𝑍,𝑡1𝑅𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡1)𝑇 + 𝐴𝑖𝐿𝑍,𝑡1Σ𝑖𝐿𝑍 (𝑡)⋅ (𝐸𝑖𝐿𝑍,𝑡1)𝑇

× (𝛼−1𝑡 𝐼 − 𝐸𝑖𝐿𝑍,𝑡1Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝐿𝑍,𝑡1)𝑇)−1⋅ 𝐸𝑖𝐿𝑍,𝑡1Σ𝑖𝐿𝑍 (𝑡) (𝐴𝑖𝐿𝑍,𝑡1)𝑇
(20)

andΣ𝑖𝐿𝑍 (𝑡 + 1) = 𝐴𝑖𝐿𝑍,𝑡2Σ𝑖𝐿𝑍 (𝑡) (𝐴𝑖𝐿𝑍,𝑡2)𝑇+ 𝛼−1𝑡 𝐻𝑖𝐿𝑍,𝑡2 (𝐻𝑖𝐿𝑍,𝑡2)𝑇 + 𝐴𝑖𝐿𝑍,𝑡2Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝐿𝑍,𝑡2)𝑇⋅ (𝛼−1𝑡 𝐼 − 𝐸𝑖𝐿𝑍,𝑡2Σi
𝐿𝑍 (𝑡) (𝐸𝑖𝐿𝑍,𝑡2)𝑇)−1× 𝐸𝑖𝐿𝑍,𝑡2Σ𝑖𝐿𝑍 (𝑡) (𝐴𝑖𝐿𝑍,𝑡2)𝑇 + 𝐵𝑖𝐿𝑍,𝑡2𝑄𝑖𝑡 (𝐵𝑖𝐿𝑍,𝑡2)𝑇+ 𝐷𝑖𝐿𝑍,𝑡2𝑅𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡2)𝑇 + 𝐵𝐿𝑍,𝑡2𝑆𝑖𝑡 (𝐷𝑖𝐿𝑍,𝑡2)𝑇+ 𝐷𝑖𝐿𝑍,𝑡2 (𝑆𝑖𝑡)𝑇 𝐵𝑇𝐿𝑍,𝑡2.

(21)

Proof. The proof is derived from Lemmas 3 and 4. Mean-
while, the similar derivation process is referred in [24,
43].

Based onTheorem 5 and Kalman-type filtering, referring
to (17), suppose that the error covariancematrix is denoted as
the following form:

Σ𝑖𝐿𝑍 (𝑡) = [[Σ𝑖𝐿𝑍 (𝑡) 00 𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)]] , (22)

where Σ𝑖𝐿𝑍(𝑡) = 𝐸(𝑒𝑖𝐿𝑍(𝑡)(𝑒𝑖𝐿𝑍(𝑡)𝑇)) and 𝑃(𝑡) = 𝐸(𝑥(𝑡)𝑥𝑇(𝑡)).
Then, the upper bound of error covariance matrix is

defined as follows:

𝐸(𝑒𝑖𝐿𝑍 (𝑡) (𝑒𝑖𝐿𝑍 (𝑡))𝑇) = [𝐼 0] Θ̃𝑖𝐿𝑍 (𝑡) [𝐼0]
≤ [𝐼 0]Θ𝑖𝐿𝑍 (𝑡) [𝐼0] = Θ𝑖𝐿𝑍 (𝑡) (23)

and𝐸(𝑒𝑖𝐿𝑍 (𝑡 + 1) (𝑒𝑖𝐿𝑍 (𝑡 + 1))𝑇)
= [𝐼 0] Σ̃𝑖𝐿𝑍 (𝑡 + 1) [𝐼0] ≤ [𝐼 0] Σ𝑖𝐿𝑍 (𝑡 + 1) [𝐼0]= Σ𝑖𝐿𝑍 (𝑡 + 1) .

(24)

In order to obtain Σ𝑖𝐿𝑍(𝑡) and 𝑃(𝑡), the optimal values of
the proposed robust finite horizon Kalman-type filtering in
(8) and (9) are derived from the followingTheorem 6.

Theorem 6. At the current time instant 𝑘, the received valid
measurement 𝑦𝑖𝐿𝑍(𝑘) contains the received transmission delay
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𝜏𝑖(𝑘1). Set 𝑡 = 𝑘−𝜏𝑖(𝑘1), and 𝛼𝑡 be a positive scalar. Σ𝑖𝐿𝑍(𝑡) and𝑃(𝑡) are the positive definite solutions for the following discrete-
time Riccati-like iterations:Θ𝑖𝐿𝑍 (𝑡)= Σ𝑖𝐿𝑍 (𝑡) + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡Σ𝑖𝐿𝑍 (𝑡)− Λ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 (Λ𝑖𝐿𝑍 (𝑡))𝑇 ,

(25)

Σ𝑖𝐿𝑍 (𝑡 + 1)= 𝐴 𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐼 + (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡Σ𝑖𝐿𝑍 (𝑡))𝐴𝑇𝑡− Δ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 (Δ𝑖𝐿𝑍 (𝑡))𝑇 + 𝐵𝑡𝑄𝑡𝐵𝑇𝑡+ 𝛼−1𝑡 F𝑡F𝑇𝑡 ,
(26)

𝑃 (𝑡 + 1)
= 𝐴 𝑡 (𝑃−1 (𝑡) − 𝛼𝑡 (𝐸𝑖𝑡)𝑇 𝐸𝑖𝑡)−1 𝐴𝑇𝑡 + 𝛼−1𝑡 F𝑡F𝑇𝑡+ 𝐵𝑡𝑄𝑡𝐵𝑇𝑡 ,

(27)

whereΛ𝑖𝐿𝑍(𝑡)=Σ𝑖𝐿𝑍(𝑡)(𝐶𝑖𝑡)𝑇+Σ𝑖𝐿𝑍(𝑡)(𝐸𝑖𝑡)𝑇(𝑀𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡Σ𝑖𝐿𝑍(𝑡)(𝐶𝑖𝑡)𝑇
and Δ𝑖𝐿𝑍(𝑡) = 𝐴 𝑡Σ𝑖𝐿𝑍(𝑡)(𝐼 + (𝐸𝑖𝑡)𝑇(𝑀𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡Σ𝑖𝐿𝑍(𝑡))(𝐶𝑖𝑡)𝑇 +𝛼−1𝑡 F𝑡(H𝑖𝑡)𝑇 + 𝐵𝑡𝑆𝑖𝑡. �ey satisfy 𝑃−1(𝑡) − 𝛼𝑡(𝐸𝑖𝑡)𝑇𝐸𝑖𝑡 > 0 and𝑀𝑖𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼 − 𝐸𝑖𝑡Σ𝑖𝐿𝑍(𝑡)(𝐸𝑖𝑡)𝑇 > 0, respectively.

�en, the robust Kalman-type filtering given in (8)-(9) is
designed by the filter parameters:

𝐶𝑖𝐿𝑍,𝑡 = 𝐶𝑖𝑡 (𝐼 + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡) , (28)

𝐾𝑖𝐿𝑍,𝑡 = Λ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 , (29)

𝐴𝑖𝐿𝑍,𝑡 = 𝐴 𝑡 (𝐼 + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡) , (30)

𝐿𝑖𝐿𝑍,𝑡 = Δ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 , (31)

in whichΞ𝑖𝐿Z(𝑡)=𝐶𝑖𝑡Σ𝑖𝐿𝑍(𝑡)(𝐼+(𝐸𝑖𝑡)𝑇(𝑀𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡Σ𝑖𝐿𝑍(𝑡))(𝐶𝑖𝑡)𝑇+𝛼−1𝑡 H𝑖𝑡(H𝑖𝑡)𝑇 + 𝑅𝑖𝑡 and �̃�𝑖𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼 − 𝐸𝑖𝑡𝑃(𝑡)(𝐸𝑖𝑡)𝑇.
Proof. This theorem follows from the upper bounds of
minimizing estimation error covariance matrices. The proof
procedure is proved in Appendix A.

3.3. Linear Compensation for Delays. The obtained local
optimal state estimation 𝑥𝑖𝐿𝑍(𝑡 | 𝑡) is used for compensating
the estimated value 𝑥𝑖𝐿𝑍(𝑘 | 𝑡) at the current time instant 𝑘.
Meanwhile, the proposed linear delay compensation method
based on estimation is employed to reduce the computational
burden.

In order to estimate the state 𝑥𝑖𝐿𝑍(𝑘 | 𝑡) depending
on the largest delay 𝑁 and the current received signal with

transmission delay 𝜏(𝑘1), the predicted value 𝑥𝑖𝐿𝑍(𝑡 + 1 | 𝑡) is
used for the linear compensation method:

𝑥𝑖𝐿𝑍 (𝑘 | 𝑡) = (1 − 𝜏𝑖 (𝑘1) − 1𝑁 )𝑥𝑖𝐿𝑍 (𝑡 + 1 | 𝑡) . (32)

Remark 7. When the estimator receives the valid signals at
the time instant 𝑘 = 𝑡 + 𝜏(𝑘) with transmission delay𝜏(𝑘), the sensor sends an acknowledgement (ACK) signal
to the estimator. The ACK signal is assigned the highest
transmission priority, and then the transmission delay is
negligible [2]. Once the estimator receives the ACK signal,
the estimated state is used by the measurement 𝑧(𝑡). Then,
for the 𝑖th sensor using logic ZOH, take the criterion into
account that the ACK data packet before being transmitted is
allocated the highest transmission priority, and the received
data delay would be ignored for this reason. Therefore, the
filter 𝑥𝑖𝐿𝑍(𝑡 | 𝑡) is used for the state estimation 𝑥𝑖𝐿𝑍(𝑘 | 𝑡)
given in (32).

Remark 8. The local state estimation 𝑥𝑖𝐿𝑍(𝑘 | 𝑡) is an
approximate estimation with delay-free. Using the logic
ZOH, the estimated state for the most recent data packet𝑥𝑖𝐿𝑍(𝑡 | 𝑡) is stored, and the estimated state 𝑥𝑖𝐿𝑍(𝑘 | 𝑘) can
be computed. Otherwise, if there is no arrived signal from
the 𝑖th sensor at time instant 𝑘, the estimated state will be
compensated by one-step prediction of {𝑥𝑖𝐿𝑍(𝑘 − 1 | 𝑘 −1), ⋅ ⋅ ⋅ , 𝑥𝑖𝐿𝑍(𝑘 − 𝜏 | 𝑘 − 𝜏)} [29]. Therefore, the estimation
accuracy is less than the one-step predication compensation
strategy. However, due to the growing error accumulation
and computation burden using the one-step predication,
the proposed linear delay compensation method is used
to suppress the computational complexity and alleviate the
negative effect of the transmission delays.

For the next sampling time 𝑘+1, the arrived data is𝑦𝑖𝐿𝑍(𝑘+1) with delay 𝜏𝑖(𝑘1 + 1); meanwhile, the received measured
output is 𝑧𝑖(𝑠) with time-stamp before being transmitted,
which satisfies 𝑠 = 𝑘 + 1 − 𝜏𝑖(𝑘1 + 1). Since the disordered
packets are discarded using the logic ZOH, 𝑠 ≥ 𝑡 is satisfied.
Therefore, two cases for calculating the filter 𝑥𝑖𝐿𝑍(𝑠 | 𝑠) is
shown as follows.

Case 1. If 𝑠 = 𝑡 or 𝑠 = 𝑡 + 1, the state estimation 𝑥𝑖𝐿𝑍(𝑠 | 𝑠) is
derived from (8), and the filter parameters are calculated by
the iterative equations based onTheorem 6.

Case 2. If 𝑠 > 𝑡 + 1, the estimated state 𝑥𝑖𝐿𝑍(𝑠 | 𝑠) will be
compensated by one-step prediction 𝑥𝑖𝐿𝑍(𝑡 + 1 | 𝑡 + 1) given
in (8)-(9) with the artificial delay 𝜏𝑠𝑡(𝑘) = 𝑠 − 𝑡 > 1 and
the reorganized state estimation sequence is compensated
by{𝑥𝑖𝐿𝑍 (𝑡 + 1 | 𝑡 + 1) , ⋅ ⋅ ⋅ , 𝑥𝑖𝐿𝑍 (𝑡 + 𝜏𝑠𝑡 (𝑘) | 𝑡 + 𝜏𝑠𝑡 (𝑘))} . (33)

Under the given systems (1) and (2), the compensated
estimation error covariancematrices and filter parameters are
computed by the recursion formulas in (25)-(31).
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Remark 9. It is worth noting that the artificial delay is
determined by the current received data packet and the
previous received data packet with time-stamp. For the
random transmission delays, an optimal artificial delay is
obtained from the signal selection scheme of logic ZOH.
More importantly, due to the packet dropout phenomenon,
the objective of one-step prediction with the artificial delay is
used to establish the fusion estimation for each subsystem at
the same sampling time.

3.4. Distributed Weighted Fusion Estimation. Based on
Theorem 6, the local state estimation is obtained. For each
subsystem, taking into account of the network-induced
random transmission delays, packet dropouts, and out-of-
order packets, the current estimated state is approximately
calculated from (32). In order to improve the state estimation
accuracy, the distributed fusion estimation is investigated.
With the aid of the linear delay compensation strategy based
on estimation and weighted fusion criterion, minimizing
estimation error cross-covariance matrices are applied to
perform information exchange between any two subsystems.

Theorem 10. For the linear discrete-time system (1) and (2),
based on the linear delay compensation scheme, the upper
bound of filtering error cross-covariance matrix Θ𝑖,𝑗𝐿𝑍(𝑡) and
prediction error cross-covariance matrix Σ𝑖,𝑗𝐿𝑍(𝑡 + 1) between𝑖th and 𝑗th subsystems at time instant 𝑘 have the following
expressions:

Θ𝑖,𝑗𝐿𝑍 (𝑡) = [𝐼 0]Θ𝑖,𝑗𝐿𝑍 (𝑡) [𝐼0] = (𝐼 − 𝐾𝑖𝐿𝑍,𝑡𝐶𝑖𝑡) Σ𝑖,𝑗𝐿𝑍 (𝑡)
⋅ (𝐼 − 𝐾𝑗𝐿𝑍,𝑡𝐶𝑗𝑡)𝑇 + (𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)) (𝑃 (𝑡)
− Σ𝑖,𝑗𝐿𝑍 (𝑡)) (𝐾𝑗𝐿𝑍,𝑡 (𝐶𝑗𝐿𝑍,𝑡 − 𝐶𝑗𝑡))𝑇 + (Σ𝑖𝐿𝑍 (𝑡)+ 𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) − 𝐶𝑖𝑡𝑃 (𝑡))) (𝐸𝑖𝑡)𝑇⋅ (�̃�𝑖,𝑗𝐿𝑍,𝑡)−1 𝐸𝑗𝑡 × (Σ𝑗𝐿𝑍 (𝑡)+ 𝐾𝑗𝐿𝑍,𝑡 (𝐶𝑗𝐿𝑍,𝑡 (𝑃 (𝑡) − Σ𝑗𝐿𝑍 (𝑡)) − 𝐶𝑗𝑡𝑃 (𝑡)))𝑇
+ 𝛼−1𝑡 𝐾𝑖𝐿𝑍,𝑡H𝑖𝑡 (H𝑗𝑡)𝑇 (𝐾𝑗𝐿𝑍,𝑡)𝑇+ 𝐾𝑖𝐿𝑍,𝑡𝑅𝑖,𝑗𝑡 (𝐾𝑗𝐿𝑍,𝑡)𝑇

(34)

andΣ𝑖,𝑗𝐿𝑍 (𝑡 + 1) = [𝐼 0] Σ𝑖,𝑗𝐿𝑍 (𝑡 + 1) [𝐼0] = (𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡)
⋅ Σ𝑖,𝑗𝐿𝑍 (𝑡) (𝐴 𝑡 − 𝐿𝑗𝐿𝑍,𝑡𝐶𝑗𝑡)𝑇 + 𝐵𝑡𝑄𝑡𝐵𝑇𝑡+ 𝐿𝑖𝐿𝑍,𝑡𝑅𝑖,𝑗𝑡 (𝐿𝑗𝐿𝑍,𝑡)𝑇 + (𝐴 𝑡 − 𝐴𝑖𝐿𝑍,𝑡+ 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)) (𝑃 (𝑡) − Σ𝑖,𝑗𝐿𝑍 (𝑡)) × (𝐴 𝑡

− 𝐴𝑗𝐿𝑍,𝑡 + 𝐿𝑗𝐿𝑍,𝑡 (𝐶𝑗𝐿𝑍,𝑡 − 𝐶𝑗𝑡))𝑇 + ((𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡)⋅ Σ𝑖𝐿𝑍 (𝑡) + (𝐴 𝑡 − 𝐴𝑖𝐿𝑍,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡))× (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡))) (𝐸𝑖𝑡)𝑇 (�̃�𝑖,𝑗𝐿𝑍,𝑡)−1 𝐸𝑗𝑡 (Σ𝑗𝐿𝑍 (𝑡)⋅ (𝐴 𝑡 − 𝐿𝑗𝐿𝑍,𝑡𝐶𝑗𝑡)𝑇 + (𝑃 (𝑡) − Σ𝑗𝐿𝑍 (𝑡))⋅ (𝐴 𝑡 − 𝐴𝑗𝐿𝑍,𝑡 + 𝐿𝑗𝐿𝑍,𝑡 (𝐶𝑗𝐿𝑍,𝑡 − 𝐶𝑗𝑡))𝑇) + 𝛼−1𝑡 (F𝑡
− 𝐿𝑖𝐿𝑍,𝑡H𝑖𝑡) (F𝑡 − 𝐿𝑗𝐿𝑍,𝑡H𝑗𝑡)𝑇 − 𝐵𝑡𝑆𝑗𝑡 (𝐿𝑗𝐿𝑍,𝑡)𝑇− 𝐿𝑖𝐿𝑍,𝑡 (𝑆𝑖𝑡)𝑇 𝐵𝑇𝑡 ,

(35)

where �̃�𝑖,𝑗𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼 − 𝐸𝑖𝑡𝑃(𝑡)(𝐸𝑗𝑡 )𝑇 and 𝑀𝑖,𝑗𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼 −𝐸𝑖𝑡Σ𝑖,𝑗𝐿𝑍(𝑡)(𝐸𝑗𝑡 )𝑇.
Without loss of generality, according to the estimated

state 𝑥𝑖𝐿𝑍(𝑘 | 𝑡) and 𝑥𝑗𝐿𝑍(𝑘 | 𝑡) of the 𝑖th and 𝑗-th
subsystems, respectively, the upper bound of estimation error
cross-covariance matrix Π𝑖,𝑗𝐿𝑍(𝑘) ≜ 𝐸[𝑥𝑖𝐿𝑍(𝑘 | 𝑡)(𝑥𝑗𝐿𝑍(𝑘 | 𝑡))𝑇]
is obtained as following:Π𝑖,𝑗𝐿𝑍 (𝑘) ≤ Π𝑖,𝑗𝐿𝑍 (𝑘)

= (1 − 𝜏𝑖 (𝑘1) − 1𝑁 )(1 − 𝜏𝑗 (𝑘1) − 1𝑁 )Σ𝑖,𝑗𝐿𝑍 (𝑡 + 1) . (36)

Proof. The proof procedure is similar to the previous
derivation of Theorem 6 for logic ZOH signal selection
method.

A parallel-series hybrid meta-heuristic optimisation
method is then proposed in [44], which combines a hybrid
topology binary particle swarm optimization. Therefore, this
paper employs the linear minimum variance [15], and the
optimal weighted fusion estimation can be used to minimize
the trace of the fusion estimation error cross-covariance. Let𝑥𝑖𝐿𝑍(𝑘 | 𝑘), 𝑖 = 1, ⋅ ⋅ ⋅ , 𝐿 represent the local estimation of an𝑟-dimensional stochastic vector 𝑥(𝑘) with network-induced
phenomena. The distributed fusion estimator is designed as𝑥𝐿𝑍(𝑘 | 𝑘) also an 𝑟-dimensional vector, which is given as
follows:𝑥𝐿𝑍 (𝑘 | 𝑘) = Ω1𝑘𝑥1𝐿𝑍 (𝑘 | 𝑘) + ⋅ ⋅ ⋅ + Ω𝐿𝑘𝑥𝐿𝐿𝑍 (𝑘 | 𝑘) . (37)

Therefore, referring to the result of [10, 29], the dis-
tributed fusion estimation performance is optimal, if and only
if the weighted matrix given in (37) is determined by

[Ω1𝑘, ⋅ ⋅ ⋅ , Ω𝐿𝑘] = (𝐼𝑇0 Π−1𝐿𝑍 (𝑘) 𝐼0)−1 𝐼𝑇0 Π−1𝐿𝑍 (𝑘) , (38)

where 𝐼0 = [𝐼𝑟, ⋅ ⋅ ⋅ , 𝐼𝑟]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐿

𝑇 is an 𝑟𝐿 × 𝑟matrix and ∑𝐿𝑖=1Ω𝑖𝑘 = 𝐼𝑟.
Moreover,
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Figure 2: Computational procedure of distributed fusion estimation based on robust finite horizon filtering for logic ZOH.

Π𝐿𝑍 (𝑘) = [[[[[[
Π1,1𝐿𝑍 (𝑘) ⋅ ⋅ ⋅ Π1,𝐿𝐿𝑍 (𝑘)...Π𝐿,1𝐿𝑍 (𝑘) ⋅ ⋅ ⋅ Π𝐿,𝐿𝐿𝑍 (𝑘)

]]]]]]
(39)

is a symmetrical positive definite matrix. The corresponding
cross-covariance of the optimal information fusion estimatorΠ̃(𝑘 | 𝑘) ≜ 𝐸[(𝑥(𝑘) −𝑥(𝑘 | 𝑘))(𝑥(𝑘) −𝑥(𝑘 | 𝑘))𝑇] is calculated
as Π̃(𝑘 | 𝑘) = (𝐼𝑇0 Π−1𝐿𝑍(𝑘)𝐼0)−1, which satisfies Π̃(𝑘 | 𝑘) ≤Π𝑖𝐿𝑍(𝑘) ≤ Π𝑖𝐿𝑍(𝑘) if 𝑖 = 𝑗; otherwise, Π̃(𝑘 | 𝑘) ≤ Π𝑖,𝑗𝐿𝑍(𝑘) ≤Π𝑖,𝑗𝐿𝑍(𝑘).

The solution approach of distributed fusion estimation
using robust finite horizon Kalman-type filtering is demon-
strated in Figure 2.

Remark 11. The uncertain system introduces the logic ZOH
signal selection method to deal with the network-induced
transmission delays, packet dropouts, and out-of-order pack-
ets. Meanwhile, the packet disorders are dropped, and the
received valid data are the latest data packet. As mentioned
before, the linear compensation approach based on the
estimation 𝑥𝑖𝐿𝑍(𝑡 | 𝑡) is used to obtain the local state,
and the one-step prediction-based compensation approach
is used to estimate the state 𝑥𝑖𝐿𝑍(𝑡 + 𝜏𝑠𝑡(𝑘) | 𝑡 + 𝜏𝑠𝑡(𝑘)),
which is dependent on the artificial delay 𝜏𝑠𝑡(𝑘) for the
missing packets. On the other hand, to achieve informa-
tion exchange, the distributed fusion estimation based on
the weighted fusion criterion is obtained the consistent
expression of state by the linear minimizing on variance
matrix. As a theoretical basis, the fusion scheme pos-
sesses higher estimation accuracy than each local estima-
tor.

4. Numerical Simulation

In this section, the results of a numerical example are
demonstrated to illustrate the effectiveness of the proposed
distributed fusion estimation strategy.

The considered target tracking systems with intermittent
measurements are uncertain systems described in [10, 11, 24,
28]:

𝑥 (𝑘 + 1) = ([[[[[
0.9 𝑇 𝑇220 0.9 𝑇0 0 0.9

]]]]] +F𝑘𝐹𝑘𝐸𝑘)𝑥(𝑘)
+ [[[[[

𝑇22𝑇1
]]]]]𝑤𝑘, 𝑘 = 1, 2, ⋅ ⋅ ⋅

(40)

𝑧𝑖 (𝑘) = (𝐶𝑖𝑘 +H
𝑖
𝑘𝐹𝑘𝐸𝑖𝑘) 𝑥 (𝑘) + V𝑖𝑘, 𝑖 = 1, 2, 3 (41)𝑤𝑘 = 𝜂𝑘, (42)

V𝑖𝑘 = 𝜁𝑖𝑘𝑤𝑘, (43)

where the sample period 𝑇 is set as 0.1𝑠, the maximum of
transmission delay is assumed to be 𝑁 = 5, and the time-
varying parameter uncertainties satisfy 𝐹𝑘 = sin(0.6𝑘). The
state 𝑥(𝑘) = (𝑠𝑘 ̇𝑠𝑘 ̈𝑠𝑘)𝑇 denotes the position, velocity, and
acceleration, respectively, of the target at time instant 𝑘𝑇. Set
matrices to beF𝑘 = [0.1 0.1 0.1]𝑇, 𝐸𝑘 = [0.02 0.02 0.02],𝐶1𝑘 = [0.6 0.8 1], 𝐶2𝑘 = [1 0.8 0.5], 𝐶3𝑘 = [0.3 1 0.7], and
H1𝑘 = H2𝑘 = H3𝑘 = 0.8. 𝜂𝑘 ∈ R is zero mean white noise
with variance𝜎2𝜂 = 0.09. Due to the cross-correlation between
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Figure 3: Comparison of proposed method and IRFHKF.

process noise and measurement noise, the variable 𝜁𝑖𝑘 in (43)
determines the correlated strength and set 𝜁1𝑘 = 2 and 𝜁2𝑘 =0.8, 𝜁3𝑘 = 1, respectively. The process noise 𝑤𝑘 from (42) with
unity variance 𝑄𝑘, while, the covariance 𝑅𝑖,𝑗

𝑘
is denoted as𝑅𝑖,𝑗

𝑘
= 𝜁𝑖𝑘𝜁𝑗𝑘𝑄𝑘 and the cross-covariance is 𝑆𝑖𝑘 = 𝜁𝑖𝑘𝑄𝑘 given

in (43).
Without loss of generality, the initial values are set as𝛼𝑘 = 3, 𝑥(0 | 0) = 𝜇0 = 𝐸(𝑥(0)) = [1 1 1]𝑇, and 𝑃(0 |0) = 0.01𝐼3. The proposed method is verified from 300 time

taken sampling points, and the results are obtained based on
100 Monte Carlo simulations. The comparison for the trace
of estimation error covariance matrices is demonstrated in
Figures 3(a)–3(d). The estimated state 𝑥(𝑘 | 𝑘) is verified
by employing the improved robust finite-horizon Kalman
filtering (IRFHKF) in [24], and the proposed distributed
fusion estimation approach (DFERFH) with delay-free. As
shown in Figure 3(a), the proposed estimator possesses less
upper bound for the estimation error covariance matrices
than IRFHKFmethod. It is worth noting that the fused upper
bound of the estimation error cross-covariance matrix is

minimum compared to other covariance matrices, since the
weighted fusion criterion is again optimal in the minimum
covariance sense. Comparing the estimation accuracy of the
both methods from Figures 3(b)–3(d), the proposed method
is suitable for designing the appropriate estimator to probe
the optimal filter parameters. Taking the cross-correlation
for noise into account, if the cross-correlation for noise is
stronger, the dynamic tracking trajectory is closer the actual
state to be estimated.

And then, the range of the performance indicator from
minimum to maximum is presented in Table 1. It implies
that the upper bound of estimation error covariance matrices
for the proposed method is less than the IRFHKF method.
For the distributed networked system, the processing effec-
tiveness of each subsystem is different, and it is determined
by the system parameters and cross-correlated strength for
noise. Note that the estimation performance is more accurate
if the process and measurement noise have stronger cross-
correlation.

To further illustrate the effectiveness of the proposed
method, the distributed estimation results of the estimated
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Table 1: Comparison of the filtering error covariance matrices.

Method Position state Velocity state Acceleration state Trace of covariance
DFERFH 1 0.0096-0.0150 0.0016-0.0100 0.0100-0.0372 0.0300-0.0533
DFERFH 2 0.0056-0.0100 0.0033-0.0100 0.0100-0.1258 0.0291-0.1313
DFERFH 3 0.0084-0.0109 0.0004-0.0100 0.0100-0.0823 0.0279-0.0883
IRFHKF 0.0100-0.0267 0.0100-0.0235 0.0100-0.1779 0.0300-0.2280
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Figure 4: Comparison of distributed estimation results using logic ZOH.

states are shown in Figures 4(a)–4(c). The simulation results
are obtained from the state estimation (8)-(9) by calculating
the recursive equations inTheorems 6 and 10.Meanwhile, the
robust finite horizon filtering and distributedweighted fusion
estimation criteria are investigated for the logic ZOH.

From Figures 4(a)–4(c), the logic ZOH scheme is able to
discard out-of-order packets induced from random transmis-
sion delays and packet dropouts. Therefore, the distributed
fusion estimation has the better performances for target
tacking and computational efficiency with the linear delay
compensation and one-step prediction estimation schemes.

In order to further analyze the performance of the pro-
posed distributed fusion estimation approach with network-
induced phenomena, the mean square error (MSE) [10, 29,

45] values are displayed in Table 2. The comparison of the
MSE values is composed of the states of position, velocity,
and acceleration, as well as their estimated values for each
subsystem, respectively.

Table 2 shows that based on robust finite horizon filtering
of each subsystem, the proposed distributed fusion estima-
tion is able to obtain the better estimation performance than
each one.

The simulations are carried out, and the reordering error
covariance criteria are used for comparing the dynamic
tracking results. The comparison between the DFERFH and
IRFHKF methods implies that the proposed estimation has
better accuracy than IRFHKF method for the multi-step
random delays, packet dropouts and out-of-order packets.
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Table 2: Comparison of mean square errors.

Scheme Mean of error covariance
position velocity acceleration

Sensor 1 0.0042 0.0076 0.0330
Sensor 2 0.0023 0.0065 0.0299
Sensor 3 0.0016 0.0045 0.0241
Fusion 0.0005 0.0007 0.0006

Since the actual estimation error covariance is below the
upper bound, for the actual estimated values, the proposed
distributed fusion estimation method for network-induced
phenomena has the better performance including close track-
ing of the system state and rapid convergence to a steady state.

5. Conclusion

This paper has investigated a class of uncertain systems
with network-induced phenomena. To deal with packet
dropouts and out-of-order packets generating from random
transmission delays, the system model has been established
by the event-triggered signal selection method of the logic
ZOH. With the aid of a linear delay compensation strategy,
the optimal state estimation has been presented to overcome
the influence of the limited communication capacity and
suppress the computational burden. For the packet dropouts,
the one-step prediction estimation method has been pro-
posed to compensate the missing packets. The finite horizon
filtering has been designed subsequently, so that the actual
estimation error variance is less than the upper bound.
Furthermore, the distributed estimation approach based on
filtering has been introduced the weighted fusion criterion
to obtain the consistent expression of the state. Thus, the
fused estimation possesses higher accuracy than each local
subsystem. As a theoretical result, the proposed modelling
and distributed fusion estimation have better performance
for dropping packet disorders. The numerical simulations
for target tracking systems on three sensors have been
performed to demonstrate the tracking performance and the
effectiveness of the acquired theoretical results.

Appendix

A. Proof of Theorem 6

Since the solution of Θ𝑖𝐿𝑍(𝑡) and Σ𝑖𝐿𝑍(𝑡 + 1) are derived fromΣ𝑖𝐿𝑍(𝑡) defined in (23) and (24), the upper bound Σ𝑖𝐿𝑍(𝑡) can
be represented as follows [23, 24]:Σ𝑖𝐿𝑍 (𝑡) = [Σ11 (𝑡) Σ12 (𝑡)Σ21 (𝑡) Σ22 (𝑡)]

= [[Σ𝑖𝐿𝑍 (𝑡) 00 𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)]] . (A.1)

Taking into account of the given recursive equations forΣ𝑖𝐿𝑍(𝑡 + 1) and 𝑃(𝑡 + 1) in (26) and (27), respectively, as well

as the estimation 𝑥𝑖𝐿𝑍(𝑡 | 𝑡) in (8), the estimated parameters𝐶𝑖𝐿𝑍,𝑡 and 𝐾𝑖𝐿𝑍,𝑡 are determined by minimizing measurement
and filtering error covariance matrices, respectively.

Step 1 (calculate filter parameter 𝐶𝑖𝐿𝑍,𝑡). In the first place, set𝑡 = 𝑘−𝜏𝑖(𝑘1) and the measurement error 𝑦𝑖𝐿𝑍(𝑘) is defined as𝑦𝑖𝐿𝑍 (𝑘) = 𝑦𝑖𝐿𝑍 (𝑘) − 𝑦𝑖𝐿𝑍 (𝑘)= (𝐴𝑖𝐿𝑍,𝑡3 + 𝐻𝑖𝐿𝑍,𝑡3𝐹𝑡𝐸𝑖𝐿𝑍,𝑡3) Ψ̃𝑖𝐿𝑍 (𝑡) + V𝑖𝑡, (A.2)

where 𝐴𝑖𝐿𝑍,𝑡3 = [𝐶𝑖𝑡 𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡] ,𝐻𝑖𝐿𝑍,𝑡3 = H
𝑖
𝑡,𝐸i

𝐿𝑍,𝑡3 = [𝐸𝑖𝑡 𝐸𝑖𝑡] .
(A.3)

Next, minimize the measurement error covariance
matrix. Solve the upper bound of the measurement error
covariance based on Lemmas 3 and 4 and (A.1):𝐸(𝑦𝑖𝐿𝑍 (𝑘) (𝑦𝑖𝐿𝑍 (𝑘))𝑇) = (𝐴𝑖𝐿𝑍,𝑡3 + 𝐻𝑖𝐿𝑍,𝑡3𝐹𝑡𝐸𝑖𝐿𝑍,𝑡3)⋅ Σ̃𝑖𝐿𝑍 (𝑡) (𝐴𝑖𝐿𝑍,𝑡3 + 𝐻𝑖𝐿𝑍,𝑡3𝐹𝑡𝐸𝑖𝐿𝑍,𝑡3)𝑇 + 𝑅𝑖𝑡≤ 𝐴𝑖𝐿𝑍,𝑡3 (Σ𝑖𝐿𝑍 (𝑡) + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝐿𝑍,𝑡3)𝑇

× (𝛼−1𝑡 𝐼 − 𝐸𝑖𝐿𝑍,𝑡3Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝐿𝑍,𝑡3)𝑇)−1
⋅ 𝐸𝑖𝐿𝑍,𝑡3Σ𝑖𝐿𝑍 (𝑡)) (𝐴𝑖𝐿𝑍,𝑡3)𝑇 + 𝛼−1𝑡 𝐻𝑖𝐿𝑍,𝑡3 (𝐻𝑖𝐿𝑍,𝑡3)𝑇
+ 𝑅𝑖𝑡 = Π𝑖𝐿𝑍 (𝑡) = 𝐶𝑖𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐶𝑖𝑡)𝑇 + (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡)⋅ (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡)𝑇+ 𝛼−1𝑡 H𝑖𝑡 (H𝑖𝑡)𝑇 + 𝑅𝑖𝑡 + (𝐶𝑖𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇+ (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡) (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐸𝑖𝑡)𝑇) × (𝛼−1𝑡 𝐼
− 𝐸𝑖𝑡𝑃 (𝑡) (𝐸𝑖𝑡)𝑇)−1 × (𝐶𝑖𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇
+ (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡) (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐸𝑖𝑡)𝑇)𝑇 .

(A.4)
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Therefore, the first order derivative for 𝐶𝑖𝐿𝑍,𝑡 is𝜕Π𝑖𝐿𝑍 (𝑡)𝜕𝐶𝑖𝐿𝑍,𝑡 = − (𝐶𝑖𝑡 − 𝐶𝑖L𝑍,𝑡) (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡))
− 𝐶𝑖𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡))− (𝐶𝑖𝑡 − 𝐶𝑖𝐿𝑍,𝑡) (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1⋅ 𝐸𝑖𝑡 (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) = 0.

(A.5)

And then,𝐶𝑖𝐿𝑍,𝑡 is derived by the straightforward transforma-
tion:𝐶𝑖𝐿𝑍,𝑡 = 𝐶𝑖𝑡 (𝐼 + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡

× (𝐼 + (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡)−1) , (A.6)
where �̃�𝑖𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼 − 𝐸𝑖𝑡𝑃(𝑡)(𝐸𝑖𝑡)T.

For the sake of simplified calculation, (𝐸𝑖𝑡)𝑇(�̃�𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡 is
transformed into the following equalities:

(𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 = (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 × (𝐼
− ((Σ𝑖𝐿𝑍 (𝑡) − 𝑃 (𝑡))−1 + (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡)−1
⋅ (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡) = (𝐼 − (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1
⋅ 𝐸𝑖𝑡 ((Σ𝑖𝐿𝑍 (𝑡) − 𝑃 (𝑡))−1
+ (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡)−1) × (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡,

(A.7)

where𝑀𝑖𝐿𝑍,𝑡 = 𝛼−1𝑡 𝐼−𝐸𝑖𝑡Σ𝑖𝐿𝑍(𝑡)(𝐸𝑖𝑡)𝑇. Using thematrix inverse
lemma, (𝐸𝑖𝑡)𝑇(�̃�𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡 is replaced by the equivalent forms:(𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 = (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1⋅ 𝐸𝑖𝑡 (𝐼 + (Σ𝑖𝐿𝑍 (𝑡) − 𝑃 (𝑡)) (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡)−1

= (𝐼 + (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 (Σ𝑖𝐿𝑍 (𝑡) − 𝑃 (𝑡)))−1
⋅ (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡.

(A.8)

Next, (𝐼 + (𝑃(𝑡) − Σ𝑖𝐿𝑍(𝑡))(𝐸𝑖𝑡)𝑇(�̃�𝑖𝐿𝑍,𝑡)−1𝐸𝑖𝑡)−1 in (A.6) is
calculated from (A.7) and (A.8), i.e.,(𝐼 + (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡)−1= 𝐼 + (Σ𝑖𝐿𝑍 (𝑡) − 𝑃 (𝑡)) (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡. (A.9)

Summarizing the above analysis and substituting (A.8)-
(A.9) into (A.6), 𝐶𝑖𝐿𝑍,𝑡 is determined as follows:

𝐶𝑖𝐿𝑍,𝑡 = 𝐶𝑖𝑡 (𝐼 + Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡) . (A.10)

Finally, similar to the derivation of𝐶𝑖𝐿𝑍,𝑡, filter parameters𝐾𝑖𝐿𝑍,𝑡, 𝐴𝑖𝐿𝑍,𝑡, and 𝐿𝑖𝐿𝑍,𝑡 are probed.
Step 2 (calculate the covariance matrix Θ𝑖𝐿𝑍(𝑡), Σ𝑖𝐿𝑍(𝑡 + 1),
and 𝑃(𝑡 + 1)). Theorem 5 defines the Θ𝑖𝐿𝑍(𝑡) and Σ𝑖𝐿𝑍(𝑡 + 1).
The upper bound of filtering and prediction error covariance
matrices Θ𝑖𝐿𝑍(𝑡) and Σ𝑖𝐿𝑍(𝑡 + 1) are derived as follows:

Θ𝑖𝐿𝑍 (𝑡) = [𝐼 0]Θ𝑖𝐿𝑍 (𝑡) [𝐼0] = (𝐼 − 𝐾𝑖𝐿𝑍,𝑡𝐶𝑖𝑡) Σ𝑖𝐿𝑍 (𝑡)
⋅ (𝐼 − 𝐾𝑖𝐿𝑍,𝑡𝐶𝑖𝑡)𝑇 + (𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)) (𝑃 (𝑡)
− Σ𝑖𝐿𝑍 (𝑡)) (𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡))𝑇 + (Σ𝑖𝐿𝑍 (𝑡)+ 𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) − 𝐶𝑖𝑡𝑃 (𝑡)))
× (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 × (Σ𝑖𝐿𝑍 (𝑡)+ 𝐾𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) − 𝐶𝑖𝑡𝑃 (𝑡)))𝑇
+ 𝛼−1𝑡 𝐾𝑖𝐿𝑍,𝑡H𝑖𝑡 (H𝑖𝑡)𝑇 (𝐾𝑖𝐿𝑍,𝑡)𝑇+ 𝐾𝑖𝐿𝑍,𝑡𝑅𝑖𝑡 (𝐾𝑖𝐿𝑍,𝑡)𝑇 ,

(A.11)

and

Σ𝑖𝐿𝑍 (𝑡 + 1) = [𝐼 0] Σ𝑖𝐿𝑍 (𝑡 + 1) [𝐼0] = (𝐴 𝑡
− 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡) Σ𝑖𝐿𝑍 (𝑡) (𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡)𝑇 + 𝐵𝑡𝑄𝑡𝐵𝑇𝑡+ 𝐿𝑖𝐿𝑍,𝑡𝑅𝑖𝑡 (𝐿𝑖𝐿𝑍,𝑡)𝑇 + (𝐴 𝑡 − 𝐴𝐿𝑍,𝑡+ 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡)) (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡)) × (𝐴 𝑡− 𝐴𝑖𝐿𝑍,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡))𝑇+ ((𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡) Σ𝑖𝐿𝑍 (𝑡)+ (𝐴 𝑡 − 𝐴𝑖𝐿𝑍,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡))× (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡))) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡 (Σ𝑖𝐿𝑍 (𝑡)⋅ (𝐴 𝑡 − 𝐿𝑖𝐿𝑍,𝑡𝐶𝑖𝑡)𝑇 + (𝑃 (𝑡) − Σ𝑖𝐿𝑍 (𝑡))⋅ (𝐴 𝑡 − 𝐴𝑖𝐿𝑍,𝑡 + 𝐿𝑖𝐿𝑍,𝑡 (𝐶𝑖𝐿𝑍,𝑡 − 𝐶𝑖𝑡))𝑇)
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+ 𝛼−1𝑡 (F𝑡 − 𝐿𝑖𝐿𝑍,𝑡H𝑖𝑡) (F𝑡 − 𝐿𝑖𝐿𝑍,𝑡H𝑖𝑡)𝑇− 𝐵𝑡𝑆𝑖𝑡 (𝐿𝑖𝐿𝑍,𝑡)𝑇 − 𝐿𝑖𝐿𝑍,𝑡 (𝑆𝑖𝑡)𝑇 𝐵𝑇𝑡 .
(A.12)

In summary, substituting filter parameters into (A.11) and
(A.12), respectively, the upper bounds of estimation error
covariance matrices are rewritten asΘ𝑖𝐿𝑍 (𝑡) = Σ𝑖𝐿𝑍 (𝑡)+ Σ𝑖𝐿𝑍 (𝑡) (𝐸𝑖𝑡)𝑇 (�̃�𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡Σ𝑖𝐿𝑍 (𝑡)− Λ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 (Λ𝑖𝐿𝑍 (𝑡))𝑇 ,

(A.13)

andΣ𝑖𝐿𝑍 (𝑡 + 1)= 𝐴 𝑡Σ𝑖𝐿𝑍 (𝑡) (𝐼 + (𝐸𝑖𝑡)𝑇 (𝑀𝑖𝐿𝑍,𝑡)−1 𝐸𝑖𝑡Σ𝑖𝐿𝑍 (𝑡))𝐴𝑇𝑡+ 𝐵𝑡𝑄𝑡𝐵𝑇𝑡 + 𝛼−1𝑡 F𝑡F𝑇𝑡− Δ𝑖𝐿𝑍 (𝑡) (Ξ𝑖𝐿𝑍 (𝑡))−1 (Δ𝑖𝐿𝑍 (𝑡))𝑇 .
(A.14)

Furthermore, the state covariance with time-varying
parametric uncertainties is defined as�̃� (𝑡 + 1) = 𝐸 (𝑥 (𝑡 + 1) 𝑥𝑇 (𝑡 + 1))= (𝐴 𝑡 +F𝑡𝐹𝑡𝐸𝑡) �̃� (𝑡) (𝐴 𝑡 +F𝑡𝐹𝑡𝐸𝑡)𝑇+ 𝐵𝑡𝑄𝑡𝐵𝑇𝑡 .

(A.15)

Following the upper bound, the state covariancematrix is
obtained as�̃� (𝑡 + 1) = (𝐴 𝑡 +F𝑡𝐹𝑡𝐸𝑡) 𝑃 (𝑡) (𝐴 𝑡 +F𝑡𝐹𝑡𝐸𝑡)𝑇+ 𝐵𝑡𝑄𝑡𝐵𝑇𝑡⩽ 𝐴 𝑡 (𝑃−1 (𝑡) − 𝛼𝑡𝐸𝑇𝑡 𝐸𝑡)−1 𝐴𝑇𝑡+ 𝛼−1𝑡 F𝑡F𝑇𝑡 + 𝐵𝑡𝑄𝑡𝐵𝑇𝑡= 𝐴 𝑡𝑃 (𝑡) 𝐴𝑇𝑡 + 𝐴 𝑡𝑃 (𝑡) 𝐸𝑇𝑡 �̃�−1𝑡 𝐸𝑡𝑃 (𝑡) 𝐴𝑇𝑡+ 𝛼−1𝑡 F𝑡F𝑇𝑡 + 𝐵𝑡𝑄𝑡𝐵𝑇𝑡 = 𝑃 (𝑡 + 1) ,

(A.16)

with the initial value𝑃(0) = 𝑥(0)𝑥𝑇(0)+𝑃0, which is similarly
calculated in [11].

Data Availability

The results of a numerical example are demonstrated to illus-
trate the effectiveness of the proposed distributed fusion esti-
mation strategy. The considered target tracking systems with
intermittent measurements are uncertain systems, which
contains three sensors.
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In the paper, the effect of the charging behaviours of electric vehicles (EVs) on the grid load is discussed. The residential traveling
historical data of EVs are analyzed and fitted to predict their probability distribution, so that the models of the traveling patterns can
be established. A nonlinear stochastic programming model with the maximized comprehensive index is developed to analyze the
charging schemes, and a heuristic searching algorithm is used for the optimal parameters configuration.With the comparison of the
evaluation criteria, the multiobjective strategy is more appropriate than the single-objective strategy for the charging, i.e., electricity
price. Furthermore, considering the characteristics of the normal batteries and charging piles, user behaviour and EV scale, a Monte
Carlo simulation process is designed to simulate the large-scale EVs traveling behaviours in long-term periods. The obtained
simulation results can provide prediction for the analysis of the energy demand growth tendency of the future EVs regulation.
As a precedent of open-source simulation system, this paper provides a stand-alone strategy and architecture to regulate the EV
charging behaviours without the unified monitoring or management of the grid.

1. Introduction

With the gradually deteriorated air quality, environments
and energy crisis caused by the fuel-powered vehicles around
the world, renewable vehicles, i.e., electric vehicles (EVs) are
greatly promoted by all the governments, and many policies
have been issued related to their development, where EVs
will become the main transportation tools in the future along
with the increasing improved technologies and infrastructure
construction. However, the continuous energy demand
growth of EVs puts a heavy pressure on the power grid with
serious uncertainties in grid regulation [1]. Generally, one
EV connection to the grid is roughly equal to the load
requirement from one small household, where the con-
struction of the grid in California, the most popular states
of EVs in America, is facing the grid update problem cur-
rently [2]. The effect of EVs on the distributed power grid

has been investigated in [3–5], and the involved impact
factors can be summarized as traveling patterns, battery
characteristics, charging schedule, and EV penetration, as
shown in Figure 1.

From the analysis of the Danish national transportation
survey data, the EV traveling model can be established with
the driving distance and driving periods as the statistical data,
so that the power demand and expected charging time from
EVs can be determined [6]. The data demonstrate that the
average driving distance of the EVs is 29.48 km, while the
daily driving distance of 75% of the EVs is less than 40 km.
Therefore, 40 km driving distance can be used to determine
whether the EV battery capacity can meet the daily traveling
requirement. Moreover, EVs can be considered as the mobile
load connected between the power system and the transpor-
tation system, where the random mobility and charging of
the EVs are dependent on the stochastic traveling patterns
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of the EV owners [7]. The graph theory was used to analyze
the traffic and power network based on the driving pat-
terns, and the randomly mobilized characteristics of the
EV charging load was modelled accordingly.

Besides the requirement of the power quality (i.e., voltage
and frequency) during EV charging, the required charging
power is the most concerned for the power supply utilities
[8]. According to the standard J1772 of the Society of
Automotive Engineers [9], charging power can be divided
into three levels, where grade 1 (1.5–3 kW) and grade 2
(10–20 kW) are suitable for family use, and grade 3 (40 kW
and above) is more suitable for EV fast charging, by which
EV charging can be completed within one hour; however, it
is mostly used in centralized charging scenarios due to overly
high power.

The charging plan is normally determined by two factors,
charging availability (charging situation) and charging
strategy [10]. Since the energy consumption of the daily
EV journey is less than the battery-rated capacity, it is
unnecessary to charge the EV on daily basis. The EV
can start to be charged only when its battery state-of-
charge (SOC) is less than the threshold. The EV charging
strategies play an important role in the evaluation of the
EV influence on the power system [11], which can be
divided into (1) simple charging (dumb charging), i.e.,
the unplanned “plug and play” pattern, generally charged
at the end of the trip in one day or when the charging
facility is available; (2) tariff-driven charging, i.e., charg-
ing during off-peak periods with cheaper cost; and (3)
intelligent charging, i.e., the extra battery energy can be
used as the energy resource to provide assistant service
during high-peak hours, which is beneficial to the stable
grid operation.

Another important aspect to analyze the EVs influence
on the grid is to design the evaluation index quantitatively.
In [12], based on the insular power system of Crete in
Greece, it studied the impact of plug-in EVs with smart
and direct charging patterns on the grid energy schedul-
ing and cost. An EV aggregator that participates in the

market is proposed with the price-taking approach for
solving optimally self-scheduling problem. Compared with
different scenarios of EV penetration, an irregular perfor-
mance would be presented on the unit commitment
schedule while the number of EVs reaches 21,000. Paper
[13] introduces an architecture for the intelligent energy
management system, which is composed of an admission
control, a pricing module, and a power scheduling module
that determines the charging sequence of EVs. The queuing
problem of power dispatch is formulated as a stochastic
dynamic programming problem, and a threshold admission
and greedy scheduling method is adopted to minimize the
electricity cost.

Based on the review of EVs impacts on the grid, it
can be shown that EVs popularization will bring nonne-
glectful new electric load. At present, however, most
research conclusions about large-scale EVs charging are
drawn from simulation experiments. There are obvious
discrepancies of gas station facilities and EV supporting
facilities among different cities. How to improve the cred-
ibility and universality of the prediction results is still a
challenge. Therefore, many involved issues should be
addressed to improve the load prediction accuracy, i.e.,
driving and charging models with appropriately practical
condition, traveling probability distribution model, and
multiobjective EV charging patterns.

Furthermore, most works merely consider the price
incentive in the charging modes, and the relation between
EVs traveling behaviours and charging schemes has not been
accurately described by mathematical models [14, 15]. This
paper investigates large-scale EV charging behaviours as a
multiobjective optimization problem, and the main contribu-
tions are summarized as follows:

(1) From the benefits of the EV users and power sup-
pliers perspectives, the comprehensive evaluation
index system has been developed with three key
factors: load peak value, charging bills, and traveling
rate, which are used as the objective to describe the
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Figure 1: The impact factors of EV charging to the power system.
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prediction and optimization problems of the EVs
power usage requirement

(2) Based on the actual traffic data, the probability distri-
bution model of the traveling patterns is established;
Monte Carlo (MC) is adopted to establish the large-
scale EVs traveling and charging simulation system
to improve the load prediction accuracy

(3) A multiobjective charging strategy has been devel-
oped under multiple constraints, and the involved
parameters are determined via a novel constraint
mechanism which transfers the equality-boundary
constraints into binary feature selection

(4) Besides, the nonlinear model of the charging behav-
iour and the MC simulation algorithm have been
fully open-source [16]. Based on the proposed frame-
work shown in Figure 2, more grid-impact assess-
ments can be focused on the situation of EVs in
different districts and their charging facilities

The remainder of the paper is organized as follows.
Section 2 analyzes the energy usage status of the EVs, and
the optimized indexes are determined. The statistical model
of the traveling pattern and the charging strategies of the
EVs are introduced in Section 3. Monte Carlo simulation
algorithm is used to calculate the solution of the nonlinear
programming model in the same section. In Section 4, a
multiobjective charging strategy is developed with optimal
parameters, and the proposed strategies are compared via
simulation experiments as well. Conclusions and future work
are given in Section 5.

2. Problem Formulation

2.1. System Description. According to the traffic survey in
Beijing [17], the traveling periods of private EVs during
working days are concentrated among 6:00–9:00 (early
peak) and 16:00–19:00 (evening peak), and 40.3% of the
parking time (slack time >5 hours) of EVs are distributed
among 18:00–21:00, which are depicted in Figure 3. If
EVs charging is performed without any guidance, peak load
would be generated due to the large-scale charging concen-
trated at parking periods. According to the 2020 Shenzhen
EVs growth plan [18], the current power grid will be diffi-
cult to satisfy the energy demand of EVs, which would
result in power supply tension, or even endanger the safety
of the grid operation [19]. Furthermore, more investment
should be put to satisfy higher load peak requirement,
resulting in large-scaled equipment upgrade and capital
budget pressure. On the other hand, due to the constrained
battery capacity and limited charging piles, the EVs traveling
plan would be hindered if without appropriate charging
schedule, which is currently one of the most important rea-
sons to limit the popularity of EVs.

Therefore, an objective to study the effect of large-scaled
EV charging on the grid load (hereinafter referred to as “EV
charging problem”) is summarized as: based on the routine
traveling habits of EV users, the optimal charging strategy
is proposed to reduce the grid peak load, lower the cost of
EV users, and guarantee the success of traveling plan, which
can be ascribed as one of the NP-hard problems.

First, the relationship between the traveling patterns and
charging behaviour are analyzed so as to extract the involved
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Figure 2: The framework for EVs traveling and charging behaviours analysis.
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key factors and determine the evaluation indices. The total
required power of the EV charging from the grid system at
the specific moment is determined by the four main impact
factors, i.e., battery characteristics Cap ∼ SOC , charging
piles Wc , users behaviour (Fd ∼Qc), and the current EV
number Nev . As it is shown, the characteristics of the
battery pack, charging piles, and current EV number can be
assumed as known variables. The variables describing user
behaviours are unknown variables which will be determined
by mathematical models.

For this type of NP-hard problems which cannot be
solved directly, the MC simulation method is adopted to
simulate the EVs operation system under different charg-
ing strategies for the purpose of optimal EV charging
mode obtainment. Based on the statistics, different proba-
bility distributions are selected to describe the EVs driving
behaviours to improve the credibility of the MC simula-
tion results. Finally, several commonly used optimization
algorithms are introduced to adjust the parameters config-
uration of the charging modes so as to realize the optimal
comprehensive index.

According to the technical specifications of the small EVs
and common characteristics of urban residents’ vehicle trav-
eling habit, several assumptions have been made to describe
the complex EVs charging problem without loss of generality.

(1) The EV battery and parameters related to the
charging piles are set similar to those of the
commercial products

(2) Each day (24 hours) will be divided equally into 96
intervals, i.e.,15 minutes as the sampling period

(3) The traveling frequency, departure-parking time,
and driving mileage are the main factors directly
affecting the EV charging behaviour, i.e., the
charging period (Tc), initial SOC (SOCini), and the
required charging quantity (Qc). So the traveling
patterns and the charging strategies are the two
key factors to be focused

(4) In order to guarantee the success of the expected
traveling plan, it is assumed that the battery packs
will be fully charged at each charging

(5) The traveling patterns of the personal EVs on the
working days are considered; other types of EVs or
driving patterns under holidays/weekends will not
be addressed unless otherwise specified

(6) The urban residents in Shenzhen and in Beijing share
the same traveling pattern

Replacing the input module (shown in Figure 2) with
specific traffic data, the problem formulation and models
can be extended to other urban areas or holiday/weekend
driving patterns. Thus, the designed framework has the
advantage of solving a universal problem and benefits to
obtain reasonable results in different situations.

2.2. The Evaluation Index System. The different evaluation
indices are listed in Nomenclature after Conclusions, which
are developed from the perspectives of power suppliers
Wpeak,Waverage, APR, Rload and EV owners C, Cmax,

Rsave, Rtrip . Since the average-peak ratio (APR), saving rate
(Rsave), and traveling rate (Rtrip) are the most concerned
indices for the energy suppliers and EV owners [10, 20], they
are used to form the comprehensive index Y , which is
defined as

Y = α ⋅ APR + β ⋅ Rsave + γ ⋅ Rtrip ,

1 0 = α + β + γ,
1

x =
x − Xmin

Xmax − Xmin
, 2

where α, β, and γ are the positive weight coefficients (≤1 0),
and they can be set flexibly. Here, α = 0 4, β = 0 3, and
γ = 0 3, denoting load balance index taken as priority.
The higher value of Y means higher system performance.
⋅ is used to normalize the index value by equation (2),

and Xmin, Xmax are bound of X. The normalization can
improve the sensitivity of the optimization algorithm to
the index variation so as to avoid premature convergence.
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Figure 3: Daily traveling and parking behaviours of EVs in Beijing.
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3. The Ev Load Estimation Based on Monte
Carlo Simulation

After the optimal objective and key impact factors are
determined, the EV charging problem can be configured as
a nonlinear programming model. Under the constraints of
the EV battery characteristics and user traveling patterns,
the objective functions can be established based on different
demands from the power suppliers and EV users so as to
obtain the optimal charging schemes. The undetermined
variables in the model, i.e., Wi, are quantified via MC simu-
lation tool to simulate the daily EV traveling, charging, and
slack state. Furthermore, the statistic models of the traveling
habit and EV charging behaviour have been established to
improve the MC simulation credibility level.

3.1. The Probability Distributed Fitting Model for the
Traveling Variables. According to the data collected from
the GPS installed on 112 private EVs in Beijing [17], totally,
4892 data from June 2012 to March 2013 are recorded and
used as the relevant information are outlined in Table 1.
Here, from the analysis of the EVs driving data in working
days, the probabilistic density function (PDF) and its
parameters of the traveling variables can be determined as
follows (see Figure 4):

(1) To select the PDF from the generally used probabi-
listic functions, i.e., exponential, gamma, normal,
and Poisson distribution functions, which are called
“PDF-x”

(2) To estimate the scale and shape parameters of the
“PDF-x” through the maximum likelihood estima-
tion (MLE) [21]

(3) To verify whether the generated 1000 groups of data
accept the original hypothesis at a confidence level of
95% (significance level α = 0 05) by the K-S, F-test,
and T-test such statistical methods [22]

(4) According to the P value results, the fitting degree
between the “PDF-x” model is obtained

(5) To evaluate the best fitting of the “PDF” as “PDF-
best” after iterative comparison

Then the obtained “PDF-best” of each variable is applied
to the simulated system so the input values satisfied
specific probabilistic distributions are in accordance with
the actual vehicles traveling patterns. Although there are
certain biases existence at FdD

am
t and Dpm

t (shown as
Figures 5(a) and 5(d)), different hypotheses testing
methods (including chi-square test, Kolmogorov-Smirnov
test, and t-test) are adopted and verified that these deviations

are acceptable with sufficient statistical samples, the detailed
results are achievable in our open-source project [16]. There-
fore, the designed MC simulation model is quite reliable with
high credibility.

(1) The daily traveling frequency, Fd , follows Γ dis-
tribution,

f x ∣ a, b =
1

baΓ a
xa−1e −x/b ,

Γ a =
∞

0
ta−1e−tdt,

3

where Γ a is the gamma function, x is the ran-
dom variable, f ⋅ is the PDF of Fd , and a and
b are the shape parameter and scale parameter,
respectively. Through the MLE, a = 3 71, b = 0 64,
the expectation mean = 2 39, and the variance var =
1 24 can be obtained. The comparison between the
actual data and the fitted curve of the traveling
frequency is shown in Figure 5(a)

(2) The driving mileage of each traveling, Md , follows
Birnbaum-Saunders (BS) distribution,

f x β, γ =
1
2π

⋅ exp −
x/β − β/x

2

2γ2

⋅
x/β + β/x

2γx
,

4

where f ⋅ is the PDF of the BS distribution; β
and γ are the scale parameter and shape parame-
ter, respectively. Through the MLE, β = 10 57, γ =
0 97, mean = 15 52, and var = 15 09 can be obtained.
The probability density distribution curves of the
actual data and the BS fitting curve are shown
in Figure 5(b)

(3) The duration of each traveling, Td , follows Γ distribu-
tion. Suppose each traveling duration also obeys
gamma distribution as expressed in equation (3),
the parameters can be acquired via MLE, i.e., a =
1 87, b = 18 35, mean = 34 4, and var = 25 12. The
fitted curve with gamma distribution and the actual
data curve are depicted in Figure 5(c).

Table 1: The involved five factors for EV traveling pattern analysis.

Total distance Distance per trip Travel duration Duration per trip Travel times

35.4 km 15.5 km 1.51 h 0.63 h 2.29
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(4a) The departure time of each traveling (AM),
Dam
t , follows a location-scale distribution,

f Dam
t

x ∣ μ, σ, ν =
Γ ν + 1 /2

σ ⋅ νπ ⋅ Γ ν/2

⋅
ν + x − μ /σ 2

ν

− ν+1 /2

,

5

where f ⋅ is the PDF of Dam
t , Γ ⋅ is the

gamma function, and μ, σ, ν are the location
parameter, scale parameter, and shape param-
eter, respectively. Through the MLE, mean =
μ = 8 36, σ = 1 08, ν = 2 16, and var = 3 98
can be obtained.

(4b) The departure time of each traveling (PM),Dpm
t ,

follows normal distribution,

f Dpm
t

x μ, σ =
1

σ 2π
⋅ e − x−μ 2 / 2σ 2

6

Through the MLE, the expectation μ = 18 2 and
the standard variance σ = 2 84. The fitted curve
with probability density distribution and the
actual data curve are shown in Figure 5(d).

3.2. Modelling the Charging Strategies. EV users would select
different charging strategies, i.e., to set a specific target or
to charge at optimal periods. For instance, under the
incentive of the time-of-use (ToU) electricity prices [23],
the users would charge EVs during parking periods with
lower electricity prices, which is called the tariff-guiding
strategy. The usually used three charging strategies are
described in Table 2.

Equation (7) describes the unified quantization formula
of the users’ charging motivation. By changing the weight
coefficient Wi i = 1,2,3 of the three charging strategies,
the charging strategy models can be derived quantitatively
as follows:

P =W1R +W2 1 5 −
C

CTOC
+W3 1 5 −

Tcharge

Tslack
+U s ,

1 0 = 〠
3

i=1
Wi, Wi ∈ 0 0,1 0 ,

7

U s =
+∞, SOCcurr ≤ SOCmin,

0, otherwise,
8

where P is the charging priority to be arranged at certain
period, i.e., EV starts charging when P > 0 5; R is the ran-
dom priority factor following the uniform distribution
with R ∈ 0, 1 , in order to simulate the random charging
behaviour; Tcharge and T slack are the predicted time intervals
required for the fully charged and the slack time intervals,
respectively; U s denotes that if the current SOC of the
EV, SOCcurr ≤ SOCmin, the EV would be charged immedi-
ately. In order to ensure the reliability of the traveling plan,
SOCmin = 0 2. C and CTOC are the average charging cost at
certain periods and the average charging cost of one day,
which can be calculated as follows:

C =
∑T

i=1Ci

T
, 9

where T is the continuous charging duration and Ci is the
ToU price at the ith moment, as listed in Table 3; here,
CTOC = 0 57 Yuan/kWh.

Through the comparison of the priority level at each
interval during EV slack periods, the charging moment can

Estimate the parameters
via the MLE

Larger P value?
Select a ‘PDF-x’

from the common PD-functions

Test the simulation data
with alpha = 0.5

  

Set ‘PDF-x’ as ‘PDF-best’

�e best PDF is found

Input the statistics data

Next PDF?

No

No

Yes

Yes

Figure 4: Diagram of the distribution function selection of the involved traveling variables.
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be regarded as the highest priority (e.g., the maximum
random value, the least cost, or the longest parking time) to
achieve the maximum benefit. The pseudocode of the
charging procedure is shown in Algorithm 1.

3.3. Monte Carlo Simulation. Based on the EV traveling and
charging statistics, the MC is used for numerical simulation
to solve the output performance index of the different
charging schemes.

3.3.1. The Basic Concept of the MC Method. MC method is
known as a stochastic simulation method or statistical testing
method to use random sampling for mathematical function
estimation. MC has statistical convergence where the fitting
deviation converges to a certain threshold.

The predicted model of the EV charging capacity calcula-
tion is developed based on MC random sampling tests. The
capacity of the battery charging is calculated per day evenly
divided into 96 intervals, and the total charging capacity in
the ith time interval is described as

Hi =
1
D

⋅ 〠
D

d=1
〠
N

j=1
hij d , 10
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Figure 5: Fitting analysis of the EVs traveling historical data.

Table 2: Description of the charging strategies.

Strategy Description

Randomness
When W1 = 1 0 and SOCcurr > SOCmin, charging at P = R > 0 5 denotes that charging is a random behaviour that

accords with the uniform distribution.

Tariff guidance
When W2 = 1 0 and SOCcurr > SOCmin, charging at P = 1 5 − C/CTOC > 0 5 denotes that the charging starts when
the current average cost of the charge is lower than that of the daily average cost, i.e., C < CTOC, that encourages users to

charge EVs at the parking period with the lowest electricity prices.

Charging at
parking

When W3 = 1 0 and SOCcurr > SOCmin, charging at P = 1 5 − Tcharge/Tslack > 0 5 denotes that the charging will be
started immediately after the arrival if the parking time is longer than the required full charging time, i.e., Tcharge < Tslack ;

since Tslack decreases over time, the maximum priority value P can be achieved at the just parking moment.

Table 3: Time-of-use electricity prices per day (unit Yuan/kWh)
[23].

[0–7]h [7–9]h [9–11]h [11–14]h [14–16]h

0.23 0.61 0.92 0.61 0.92

[16–19]h [19–21]h [21–23]h [23-24]h

0.61 0.92 0.61 0.23

1: Pmax ← 0; Tsc ← 0;
2: for i = 1 to T do
3: Pi ← calculate the priority by Eq. (7);
4: if Pmax < Pi then
5: Update the highest known priority: Pmax ← Pi;
6: Update the best charging interval: Tsc ← i;
7: end if
8: end for
9: if Pmax > 0 5 then
10: Start the EV charging at Tth

sc interval;
11: end if

Algorithm 1: The EV charging procedure.
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where hij d represents the charging capacity of the jth EV in

the ith time slot on the dth workday, N represents the number
of the EVs acquiring power supply from the grid in the ith

time period, and D is the total counted days. Several con-
straints are set in the simulation. Consider the condition
that the battery should be in fully charged status before
driving, the starting time of the battery charging should
be limited as

ΔT j =
Qcj
Wc

=
1 − SOCini,j ⋅Cap ⋅Vol

Wc
,

t j ∈ T0j, T1j − ΔT j ,
11

where T0j and T1j are the starting and ending slack status

of the jth EV, ΔT j is the maximum continuous charging
duration, Qcj is the charging capacity, SOCini,j is the initial

state of the jth battery capacity that is related to the driving
distance per trip, and t j delegates the starting charging
moment under fully charged conditions. The condition of
convergence adopted in MC sampling model is expressed as

βi =
Vi y
yi

= σi y
yi

, 12

where βi is the variance coefficient of the system indicator at
the ith moment; Vi, yi, and σi are the variance, expectation,
and standard deviation. The repeated times in MC simula-
tion is at least 100, and the variance coefficient βi is set to less
than 0.5%.

3.3.2. The Comprehensive Index Calculation via MC
Simulation. Firstly, according to the users traveling model,
the daily driving duration and mileage are determined, while
the EV charging time period is dependent on the traveling
status, characteristics of the battery, and the adopted charg-
ing strategy. After the determination of the EV driving/
charging period, the total driving mileage, charging power,
and charging bills can be calculated in the 96 time intervals
per day. Finally, the comprehensive index and related
variance coefficients can be studied based on equations (1)
and (12) to complete the whole day simulation.

According to the Shenzhen EVs demonstration and
promotion plan, the number of private EVs will reach
240,000 in 2020, which will be used for the charging load
calculation. Based on the probability distribution model of
the traveling pattern and three types of charging strategies,
the simulated large-scale EVs operation procedure via MC
simulation is shown in Figure 6. The related indices of the
predicted grid load per day in 2020 are shown in Table 4.

It can be seen from Table 4 that there are large difference
for the peak loads or APR with different charging strategies.
Compared to the traveling habits of EV users, the EVs charg-
ing behaviours are more controllable via certain guidance.
Hence, the charging strategy is one of the most feasible
optimization objectives.

4. Multiobjective Charging Strategies for the
Large-Scale Evs

According to the government report, the grid load of the
Shenzhen exceeded 15598.6MW at 11:10 AM of 27th
June 2016, and the EV total charging load will exceed
5000MW per day in 2020. Moreover, with random and
parking-charging patterns, EV owners select to perform
charging during peak periods, i.e., 9 AM–14 PM and
20–23 PM, which is 1.57% and 1.97% of the historical
peak value, respectively. From the grid safety perspective,
it could easily cause peak superposition of the electricity
usages, thus putting heavy pressure on the grid accom-
modation capacity obviously.

On the other hand, EVs charging with tariff guidance can
avoid the charging during high-peak periods but could gen-
erate another charging peak value 824.64MW in shorter
periods between 23:00–2:00, which is shown in Figure 7.
Thus, with only the adoption of ToU pricing mechanism, it
would result in other concentrated charging periods and
abruptly steep high-peak electricity usage would endanger
the stability of the grid operation seriously.

From the comprehensive index perspective, the three
charging strategies cannot provide satisfied performance
under single factor consideration. For instance, the charging
at arrival pattern can guarantee the success of traveling but
also can produce higher bills; moreover, charging too fre-
quently would be harmful to the battery life. If only the
pricing-based charging mode is adopted, the tariff could
be least during midnight; however, in addition to a sharp
peak would be caused in short period of time, the required
electricity could not be guaranteed if the emergency traveling
is required.

Here, considering the impact factors involved in the
system indicator in equation (1), the three single indices
and the compressive index are configured as the objective
set, which is denoted by f obj. Then a combined multiobjec-
tive charging strategy can be proposed with the developed
nonlinear programming model, which is defined as

Y =W1R +W2 1 5
C

CTOC
+W3 1 5

Tcharge

Tslack
+U s + δ,

s t  

SOCmin,Wi, δ ∈ 0, 1 , i = 1,2,3,

1 0 = 〠
3

i=1
W,

max   f obj = APR, Rsave, Rtrip, Y ,

13

where Wi are the coefficients as described in equation (7);
SOCmin directly impacts the required energy supply and the
traveling distance of next trip. Given that EV starts charging
when P > 0 5, so δ is added as the model bias to make
the charging decision threshold more reasonable. These
parameters are set to be optimized.
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For the multiobjective problems, previous studies suggest
the gradient-based solution [24, 25]. As described in [25],
when the objective function is nondifferentiable, gradient-
based optimization techniques are not suitable for dynamic
programming models with constraints. Moreover, there are

many potential local extrema in the charging model, and
the gradient descent algorithm can easily lead to pseudocon-
vergence. Considering that our problem has constraints of
equality and inequality, the objective function is not required
to be continuous and differentiable in heuristic algorithm; the

Table 4: The EV daily charging load index prediction in 2020 (unit: MW).

Charging strategy Peak value Average value Average-peak ratio (APR) Load rate Total load High-peak periods Low-valley periods

Randomness 245.01 53.32 0.22 1.57% 5119.06 9:00~ 14:00 3:00~ 6:00
Tariff guiding 824.64 54.70 0.07 5.29% 5251.20 23:00~ 2:00 4:00~ 21:00
Parking-charging 306.92 54.87 0.18 1.97% 5267.27 20:00~ 23:00 13:00~ 17:00

Simulate EV behaviour

Initial daily traveling time
and the mileage

Initial daily charging time

Battery properties

Charging strategy

Time-of-Use price

PDF of traveling
behavior

Divide one day into different periods
by EV states (treveling/charging/idle)

EV state

Time for traveling Time for charging

Sufficient power
for the trip

Cancel
mileages

No

No

Yes

Yes
Next state?

Update SOC a�er travel/charge

Charged
power

Electric
cost

Calculate the required
duration for full charging

Calculate the indices and its variance �훽

Completing the daily simulation

Figure 6: The MC simulation of the EV driving and charging behaviour per day.

10 Complexity



multiobjective optimization algorithm based on feature
selection is proposed to find the global optimal combination
of system parameters.

First, the objective function is established as f obj; three
most popular heuristic algorithms, i.e., particle swarm
optimization (PSO) [26], genetic algorithm (GA) [27],
and simulated annealing (SA) [28] are selected to search
the nondominated set. Then the maximized comprehensive
index, max Y , can be extracted from the Pareto-front space,
so that a unique optimal solution can be obtained via the
proposed algorithm.

4.1. Optimal Searching Algorithm under Constraints.Accord-
ing to the constraints expressed in equation (13), a feature
selection-based algorithm is proposed to solve the problem
from continuous optimization transformed into discrete
optimization. First, the involved variables are coded into
binary form. Then the feature selection is applied to optimize
the feature code of each individual so as to improve the
quality of the variables combination under constraints. The
related open-source algorithms can be referred in [16], and
the detailed steps are described as follows.

Step 1. Preprocess each input variables, Wi, SOCmin, and δ
with 8-bit binary coded data, as Algorithm 2

Step 2. Initialize the particles swarm; each is expressed by an
8-bit × 5 (variables)

Step 3.With the adoption of feature selection algorithms, e.g.,
BPSO, optimize the feature code of each individual so as to
improve the quality of the variable combination

Step 4. Perform the inverse procedure of Step 1 and trans-
form the binary code of each individual into variables set
form in order to calculate the individual fitness. The
pseudocode (Algorithm 3) are displayed to describe the
equation constraint

Step 5. Implement the MC procedure to acquire the fitness,
and the converged negative index (1 − f obj) is regarded as
the individual fitness. The related parameters are set to speed
up the calculation and guarantee convergence as days = 30,
EVs = 100, and variance = 0 005

Step 6. If the optimality condition is satisfied or the
maximum number of iterations has been reached, the
procedure stops and the optimal variable combination
solution is obtained; otherwise, go to Step 3 to continue
the next iteration

Compared to the general constraint-handling methods,
such as penalty function [29], the proposed method pos-
sesses simplicity and high efficiency by transforming the
continuous combination problem into a binary feature
optimal problem. It can avoid invalid searching due to a
variable out of bound in each iteration. Therefore, binary
feature optimization can be applied in multiple intelligent
optimal algorithms.
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Figure 7: The hourly charging loads under 3 different strategies.

1: Var is a variable and its value is at 0.0–1.0
2: NVar ← Convert float values (Var × 255) to integer values
3: BVar ← Convert integer values (NVar) to binary values with 8 bits

Algorithm 2: Convert variables to binary.
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The PSO, GA, and SA are the typical algorithms for the
solution of multiobjective problems with constraints. Com-
bined with the basic feature selection method, they are used
to solve the objective in equation (13) with multiconstraint.
The involved parameter settings are listed in Table 5.

4.2. Experimental Results and Analysis. In order to investigate
the access impact of the large-scale EVs to the grid load fea-
tures, the simulations are kept running for 3 days with two
cluster servers, whose hardware are listed in Table 6. The
EV charging behaviours are analyzed with multiple charging
strategies, and the performance index difference with multi-
objective schemes are also discussed.

4.2.1. The Convergence Analysis of the MC Process. The
results of the EVs charging in 100 days under different
charging strategies via MC simulation are shown in
Figure 8. The variance coefficient of the comprehensive Y
value (calculated by equation (13)) can be converged lower
than 0.5%, where the reliability is satisfied with the MC
simulation requirement.

Based on the traveling model with certain credibility and
different charging modes, MC is used to simulate the 240,000
EVs driving in 100 working days. After the convergence of
the simulated system is achieved, the daily average charging
load curves can be acquired with four different strategies, as
shown in Figures 9 and 10(a).

4.2.2. The Performance Comparison of the Charging
Strategies. The index comparison of different charging
schemes is illustrated in Figure 10. First, under the random
strategy, there will be new loads added as a superposition
during the peak periods of daytime, and the scheduled trips
of EV could be cancelled with higher probability due to
insufficient capacity (see Figure 10(c)). Moreover, a sharp
peak load could be generated in the midnight with the
tariff-guiding strategy. As for the parking-charging strategy,
a peak load as well as the highest electricity payment during
the evening period could be generated (see Figure 10(b)).

However, themultiobjective charging strategy can achieve
a compromise among different indicators (see Figure 9).
The essence of the multiobjective is to balance the resource
allocation among indicators, and the selection of weights in
the formula is rather subjective. Therefore, heuristic algo-
rithm is used to determine the Pareto optimum of variables.

Table 7 summarizes the indexes of different charging
strategies during daily driving. The APR is the highest with
random charging mode; the charging tariff is the least with
tariff-guiding mode; the highest rate of success traveling
can be achieved via parking-charging model; the best com-
prehensive index is achieved via the multiobjective charging
strategy. The results demonstrate that the combination
model described in equation (13) and the parameters config-
uration obtained via SA can guide the charging behaviour
effectively and improve the performance indices greatly.

4.2.3. Observations and Discussion. The experimental results
shown in Figure 10(a) indicate that the power load will reach
245.01MW during peak periods in 2020 with 240,000 EVs
charging without any guidance in Shenzhen. The power
suppliers have to take measures to update the current grid
infrastructure and develop the smart grid to reduce the
obviously peak-valley difference. Thus, based on the feature

Table 5: Parameters settings for three heuristic algorithms.

(a)

BPSO algorithm
Iterations Population Dimension ω C1 C2

200 100 40 0.9 1.5 1.5

(b)

Genetic algorithm
Operation Methods Ratio

Selection To keep certain elite individuals 0.1

Crossover Double point 0.7

Mutation Uniform 0.2

(c)

SA algorithm

Iteration Dimension
Reanneal
interval

Acceptance
function

Initial
temperature

1000 40 50
Boltzmann
probability

100

1: for each variable i = 1,… , 5 do
2: NVar i ← Convert binary with 8 bits, BVar(i), to integer value
3: Bound constraint: Var i ←NVar i /255
4: end for
5: Sw ← Var 1 +Var 2 + Var 3
6: for each W j coefficient j = 1,2,3 do
7: Linear equality constraint: W j ← Var j /Sw
8: end for
9: Smin ←Var 4
10: δ←Var 5

Algorithm 3: Process constraints.
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selection, three optimal searching algorithms considering
constraints are proposed and applied for solving multiobjec-
tive charging problem. As listed in Table 7, under the
multiobjective strategy and its optimized parameters config-
uration, the APR is increased by 11%, charging cost is saved
by 66.2%, and the successful traveling rate is 99.5%. There-
fore, the multiobjective combination of charging strategy
can provide a maximized comprehensive benefit for the EV
users and power suppliers. From the users perspective, it is
suggested that the EV should be charged timely if its SOC
is less than 56 9%.

Differentiating from other literatures that concern about
the accuracy verification of the load prediction [30, 31], this
paper designs a universal model to determine the optimal
periods for stand-alone charging behaviours, which has no
direct communication between the grid and EVs [11, 13] or
the online adjustment on the electricity price [12]. Referring
to the multiobjective strategy, the on-board programmable

control system can estimate the optimal periods to charge
the EV automatically during EV slack periods set by the EV
owners. Not only the traveling plan can be guaranteed but
also the electricity bills saving and off-peak energy usage
can be achieved simultaneously.

5. Conclusions

This paper investigates the EVs large-scale charging behav-
iours and discusses intelligent charging strategies. First, the
probability distribution model of the traveling pattern based
on the actual traffic data is established to improve the credi-
bility of the prediction. Considering the benefits for the EV
users and power suppliers, the evaluation indices are selected,
including load peak value, charging bills, and traveling rate.
Under the constraints of the EV battery features and users
traveling statistics characteristics, the multiobjective charging
strategy has been developed, where the Pareto optimum of
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Figure 8: MC convergence under 4 different charging strategies.
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Figure 9: The hourly charging load via the multiobjective strategy.

Table 6: The hardware environment of the experiments.

Machine CPU Memory

Cisco, UCSC-C240-M4L 2×E5-2609 v4 (1.7 GHz) 2×DDR4 (8G, 1866MHz)

DELL, PowerEdge R630 E5-2640 v4 (2.4GHz) DDR4 (8G, 2133MHz)
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the parameters are determined via a novel constraint-
handling method with feature selection. Monte Carlo tool is
adopted to simulate the EVs activities, and an open-source
system with a universal framework is released to promote

the research on access impact of the large-scale EVs to the
local grid load.

In summary, the adopted probability distribution statis-
tics, MC simulation, evaluation indices, and EV charging
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Figure 10: Index comparison of the hourly charging under four different charging strategies.
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model can provide an alternative for the discussion of large-
scale EVs development and grid resources assignment.
Further research will investigate the MC-based modelling
for different EVs (i.e., public transportation) in holidays
and the EV connection mode in the real-world grid network.
Besides, more work should be focused on the statistical
analysis of EVs access to distributed grid nodes, which can
give insights on how to realize the proposed methods in the
local distribution grids.

Nomenclature

Battery

Cap: Battery capacity, 100Ah
Vol: Voltage, 230V
Ec: Charging efficiency, 0.9
T fc: Full charged duration, 5 h
Wd : Energy consumption, 0.175 kW/h/km
SOC: State-of-charge = remainder capacity/rated capacity.

Pillar

Wc: Demand power from grid, constant power, 15 kW.

User

Fd : Traveling frequency (times) per day
Md : The driving mileage of each traveling, unit: km
Td : The duration of each traveling
Dt : The departure time of each traveling
Tc: Charging periods
SOCini: The SOC at the initial charging moment
Qc: The required charging power, unit: kW/h

Qc = 1 0 − SOCini × Cap × Vol.

EV scale

Nev: The amount of EVs.

Evaluation index

Wpeak : Daily charging peak value
Waverage: Total load/time interval
APR: Waverage/Wpeak
Rload: Load rate =Wpeak/grid peak
C: Charging cost = electricity price×power

consumption
Cmax: The highest price × charging quantity
Rsave: Saving rate = 1 − C/Cmax

Rtrip: Actually driving mileage/planned mileage
Y : The comprehensive index; the higher value means

higher system performance.

Multiobjective optimization model

f obj: Three single indices and the comprehensive index
make up the objective set

Wi: The coefficients of the factors (i = 1,2,3, i.e.,
randomness, price guidance, and slack time)

SOCmin: The lowest limit of the battery SOC
δ: The model bias.
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This paper addresses a maintenance plan optimization problem for building energy retrofitting with a novel differential evolution-
based algorithm. The problem manifests substantial complexity due to the parallel optimization of the maintenance time scale,
maintenance instants, and maintenance rates, with multiple objectives and time scales. The problem is formulated based on an
impulsive and switched phenomenon, with objectives of maximizing the energy performances and economic indicators for the
retrofitting project over a finite horizon. A multiscale differential evolution algorithm is accordingly proposed to be the
numerical solver. The proposed algorithm is able to optimize the decision variables simultaneously, especially the maintenance
time scale that can influence the number of other decision variables. Simulation results illustrate the effectiveness of the
proposed approach.

1. Introduction

While buildings result in a significant amount of energy
consumptions [1], the building energy efficiency now
becomes a topic that receives massive attention. The building
energy retrofitting is considered to be a major method to sur-
pass the energy efficiency in existing buildings. One major
research focus for the building retrofitting is the retrofitting
planning [2–4]. In addition, studies also reveal that the main-
tenance of retrofitted items makes significant contributions
to the final performance of a building energy retrofitting
project, due to the negative impact from item malfunctions
and deterioration [5–7].

The building energy retrofitting refers to activities in
existing buildings that apply energy conservation interven-
tions to improve efficiency or conserve energy or water, or
manage demand [8]. A common category of interventions
is the replacement of less efficient equipment, such as
lighting devices, air conditioners, and geysers [9, 10]. In

a retrofitting project, a large amount of retrofitted items
are involved, as well as substantial magnitude of capital
investment. During operation, malfunctions and deteriora-
tions are inevitable to the retrofitted items. Such a deteri-
oration results in loss of energy performance according to
the measurement and verification principle [8]. As the
maintenance can reverse the deterioration, it plays an
important role in the sustainability of building energy
efficiency. Therefore, the maintenance plan optimization
is incorporated into the retrofitting planning.

The maintenance plan optimization problem introduced
in [6] involves selecting the maintenance rate for a number of
retrofitted items over fixed time scheduling, such that as
much energy as possible can be saved and satisfying
economic performance can be achieved, based on limited
amount of capital investment. The term “maintenance rate”
describes such a scenario that only a proportion of the failed
items are maintained or repaired. The joint effects of item
failures and maintenance actions result in dynamics of the
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overall energy performances over time. Therefore, the
maintenance plan optimization problem is modelled to be
an optimal control problem. Given that the aggregated
performances of the retrofitted items are the main concern,
the number of the working items is selected to be the state
variable, and the maintenance rate is selected to be the
control variable.

Wang et al. [7] further take into account the perfor-
mance deterioration and failures simultaneously in the
preceding maintenance plan optimization problem. A
multistate system approach is employed, where retrofitted
items are considered to have multiple working states and
a failure state [11, 12]. The transition between working
states describes the performance degradations over time.
To reverse such a degradation, two types of maintenance
actions are introduced, namely, the preventive mainte-
nance (PM) and corrective maintenance (CM). The PM
is defined as a maintenance action that restores the system
to a specified better condition when the system is still
functioning, and CM refers to any action that restores the
failed system to its working state [11]. Similarly, the
multistate-based maintenance plan optimization problem
is interpreted into an optimal control problem, where
numbers of items subject to each working state are the state
variables and maintenance rates for PM and CM are the
control variables. The maintenance time scheduling is pre-
decided; i.e., the time instants where maintenance actions
take place are known a priori and fixed. This also suggests
that the time scale of the maintenance plan is bounded
and fixed. The maintenance plan optimization problem is
thereby a finite dimensional problem that is solved by
varying the PM and CM rates.

Obviously, the aforementioned investigation is limited by
the constraint of fixed time scheduling. In fact, the time
scheduling is a common decision variable in the reliability
engineering area [13]. It is straightforward to take into
account time scheduling optimization in addition to the
maintenance plan optimization for building energy retrofit-
ting, for the sake of further improvement of the aggregate
performances. However, such an idea can lead to two difficul-
ties. Firstly, the preceding control system modelling has to be
improved. Due to the joint effects of the maintenance rate,
maintenance time scheduling, and maintenance time scale,
it is necessary to collectively optimize the three categories
of decision variables to achieve the optimum performance.
A control system modelling that includes the involved
decision variables is required. Secondly, taking into
account maintenance scale develops the optimization
problem to be a multiscale one; i.e., the candidate solu-
tions can have different scales. Such a fact results in a dif-
ficulty to employ conventional numerical solvers. Although
multiscale optimization has been investigated in literatures
[14–17], the existing approaches often develop reduced
models and require detailed understanding of specific
problems. As a result, the investigated problem is a com-
plex one, and there lacks a proper approach to interpret
and solve such a maintenance plan optimization.

In this paper, the preceding control system modelling
is extended, where an impulsive and switched approach

is employed and solved. The maintenance actions are con-
sidered to be a sequence of impulsive effects at variable
instants that switch the retrofitted items to different work-
ing states. The numbers of items under the different work-
ing states, i.e., the system states, jump with such impulsive
effects, whose impacts are indicated by the maintenance
rates of PM and CM. The time scheduling describes the
sequence of the impulsive effects, where the number of
time instants is also variable. In this way, a hybrid system
with impulsive effects and switching phenomena [18] is
employed to model the system dynamics, namely, an
impulsive and switched maintenance planning. The retro-
fitting items are categorized into several groups; each
consists of items that are considered to be homogeneous
ones, i.e., with the same inherent energy and reliability
performances, the same operating schedules, and similar
operational environment. Thereafter, the performances of
the totality of the item groups can be characterized by
the population of each item group. Further discussions
about the item grouping can be found in [19]. Such a
problem is translated into a parameter optimization prob-
lem. There are two objectives: maximizing the overall
energy savings and internal rate of return (IRR) over the
sustainability period, according to [7]. A weighted sum
of the two objectives is employed to allow the numerical
solver. The evolutionary algorithms (EAs) were a good
choice to many complicated engineering problems [20, 21].
However, the conventional approach is less efficient as a
solver to the investigated problem. It has to apply a
trial-and-error process to find out a proper scale, based
on which the maintenance rates and instants are opti-
mized. Such a process can repeat substantial iterations to
figure out a satisfying solution. Given the difficulties, a
multiscale differential evolution (MSDE) approach is
hereby proposed as the numerical solver. The MSDE
employs a multiple population mechanism that has been
employed in other studies of EA algorithms for the sake
of better performances [22]. In MSDE, the major concern
is the parallel searching of the maintenance scale, rates,
and instants, namely, the optimal combination. It divides
the candidate solutions into several small subgroups, each
subject to a different maintenance scale. A candidate solu-
tion consists of several pairs of maintenance rates and
instants. The number of pairs is decided by the mainte-
nance scale. The competitions simultaneously take place
among the candidate solutions within same group and
among the subgroups that pertain to different maintenance
scales. As a random heuristic search algorithm, MSDE can
hopefully, although not guaranteed, discover a satisfactory
solution with optimum scale after sufficient iterations.
Simulation results illustrate the effectiveness of the pro-
posed approach.

The remainder of the paper consists of four sections.
Section 2 gives the maintenance plan optimization problem
formulation on an impulsive and switched basis. Section 3
explains the MSDE algorithm and the corresponding numer-
ical solver design. Section 4 introduces the case study, the
simulation results, and analysis. Section 5 draws conclusion
and discusses future researches.

2 Complexity



2. Maintenance Plan Optimization Formulation

2.1. Problem Statement. The maintenance plan optimiza-
tion problem is established based on the retrofitting prob-
lem. Given a retrofitting project, the performances over
time are estimated on a life-cycle cost analysis basis;
i.e., the varying performances, operational costs, and
maintenance costs are all taken into account. More details
about such a retrofitting planning problem can be referred
to [23]. Accordingly, maintenance planning aims at
selecting proper maintenance actions to further optimize
the performances of retrofitted items over the sustainabil-
ity period.

The maintenance plan optimization problem is modelled
on a discrete time system basis. Given a series of time instants
tk = kS with k = 0,1,2,… , T , let tk denote the sampling
instants where the system state is obtained, S the sampling
interval. A finite time horizon 0, TS is identified, i.e., the
sustainability period. As introduced above, the decision
variables of the maintenance plan optimization are the
combination of the maintenance time scale, maintenance
time scheduling, and maintenance rates. Let tkp and tkc
denote the preventive and corrective maintenance instants,
where kp = p1, p2,… , pNp

and tkc , kc = c1, c2,… , cNc
. Accord-

ingly, Np and Nc denote the maintenance scale. The mainte-
nance time schedule is decided via identifying the
maintenance instants. Let Qp = p1, p2,… , pNp

and Qc =
c1, c2,… , cNc

denote the indices of preventive and cor-
rective maintenance instants, respectively. The elements
of Qp and Qc are selected from k = 0,1,2,… , T , imply-
ing that the maintenance instants are commensurate with
sampling instants tk.

As aforementioned, the performances reveal a dynamic
nature under the joint impacts of failures (malfunctioning)

and maintenance. As a result, an idea of the control system
approaches is employed for the maintenance plan optimiza-
tion. Generally, we employ x tk to represent the variable
population of the working items, and x tk the maintenance
rates. The optimization is to find proper Np, Nc, Qp, and Qc,
and corresponding u tk , such that a set of optimal x tk can
be achieved to maximize the performance indicators, e.g., the
energy savings and IRR. The contents of x tk and u tk are
explained based on the optimization problem formulation
as the following.

2.2. System Dynamics Modelling. The mathematical descrip-
tion of the system dynamics is hereby explained. Consider
the following discrete dynamical system over 0, TS :

x tk+1 = f x tk , k ∈ 0, T ; k ≠ ki, i = 1, 2,… ,N , 1

where f · is a continuously differentiable function. Let the
system state x tki jump at instants tki , i = 1, 2,… ,N ,
namely, the switching instants. Such jumps are represented
by the following:

x tki = x tki +△x tki , i = 1, 2,… ,N ,

x tki + 1 = f x tki ,
2

where △x tki denotes an impulsive effect at tki that

incurs a jump of the system state. tki is employed to
describe the moment right after the impulsive effect.
Accordingly, x tki denotes the system state prior to the

impulsive jump and x tki the system state after. The system
dynamics of a maintenance planning problem is established
as the following:

Equation (3) describes such a homogeneous retrofitted
item group l that contains Nl items with Ml working
states; Ml denotes the best working states, and 1 denotes
the worst. The system state xl,i tk , i = 1, 2,… ,Ml denotes
the numbers of working items that are corresponding with

group l and state i. f li,j xl,i tk , tk denotes the proportion of
items that degrades from state i to a worse state j over
interval tk, tk+1 . gl,i xl,i tk , tk denotes the malfunction-
ing items from state i, namely, the population decay model.
For the convenience of discussion, (3) is abbreviated to

xl,Ml
tk+1 = xl,Ml

tk − f lMl ,Ml−1 xl,Ml
tk , tk − gl,Ml

xl,Ml
tk , tk , tk ≠ tkc , kc = c1, c2,… , cNc

xl,Ml−1 tk + 1 = xl,Ml−1 tk + f lMl ,Ml−1 xl,Ml
tk , tk − f lMl−1,Ml−2 xl,Ml−1 tk , tk − gl,Ml−1 xl,Ml−1 tk , tk , tk ≠ tkp , kp = p1, p2,… , pNp

⋮

xl,1 tk+1 = xl,1 tk + f l2,1 xl,2 tk , tk − gl,1 xl,1 tk , tk , tk ≠ tkp = p1, p2,… , pNp

xl,n t0 = xl,n0 , 1 ≤ n ≤Ml

3
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xl tk+1 = F xl tk , where xl tk = xl,Ml
tk , xl,Ml−1 tk ,… ,

xl,1 tk . The impulsive jumps are described as the following:

△xl,Ml
tk = ucl xl,0 tk , tk , tk = tkc ,

△xl,Ml
tk = 〠

Ml−1

i=1
ul,i xl,i tk , tk , tk = tkp ,

△xl,Ml−1 tk = −ul,Ml−1 xl,Ml−1 tk , tk , tk = tkp ,
⋮

△xl,1 tk = −ul,1 xl,1 tk , tk , tk = tkp ,

xl,i tk = xl,i tk +△xl,i tk , 1 ≤ i ≤Ml,

xl tk+1 = F xl tk , xl,0 tk =Nl − 〠
Ml

i=1
xl,i tk ,

kc ∈Qc, kp ∈Qp

4

Similarly, △xl,i tk denotes the impulsive effects and

tk the moment post to jumps. ul,i xl,i tkp , tkp , i = 1, 2,
… ,Ml − 1 denotes the preventive maintenance rate and
ucl xl,0 tkc , tkc the corrective maintenance rate. xl,0 tk
denotes the number of malfunctioning items. The control
of (3) and (4) is to identify proper Np and Nc, Qp and

Qc, and ucl and ul,i, namely, a maintenance plan. Let upl
tk denote the overall rate of preventive maintenance
and ucl tk the overall rate of corrective maintenance at tk:

upl tk = ul,Ml−1 xl,Ml−1 tk , tk ,… , ul,1 xl,1 tk , tk , tk = tkp ,

upl tk = 0, tk ≠ tkp ,

ucl tk = ucl xl,0 tk , tk , tk = tkc ,
ucl tk = 0, tk ≠ tkc ,

5

According to (3), (4), and (5), there is a dependence of
the maintenance plan and system states xl,i tk ; i.e., (3), (4),
and (5) describe a closed-loop system.

2.3. Performance Indicator Formulation. The estimation of
the aggregate performances requires two parts of informa-
tion, the population and individual item performances. The
population is estimated by the preceding system dynamics
modelling, and the item performances are characterized by
a series of performance indicators that are explained as the
following. Firstly, an assumption is made such that the retro-
fitted items can be categorized into several groups; items
from the same group are considered as homogeneous ones
with the same energy and reliability performances. Let N
denote the number of groups of homogeneous items. There
are three categories of performance indicators, including
the average energy savings, cost savings, and maintenance

costs per item. For an item group l, the performance
characteristics are represented by the following:

al tk = al,1 tk , al,2 tk ,… , al,Ml
tk ,

bl tk = bl,1 tk , bl,2 tk ,… , bl,Ml tk ,
Cl tk = C1,1 tk , Cl,2w tk ,… , Cl,Ml−1 tk , Cc

l tk ,
6

where al tk denotes the average energy savings over sam-
pling interval tk−1, tk and bl tk the cost savings. al,i tk
and bl,i tk are corresponding with xl,i tk . Cl tk denotes
the maintenance costs per item, where C1,i tk is correspond-
ing with preventive maintenance rate ul,i tk and Cc

l tk the
corrective maintenance rate ucl tk . The overall energy
savings over the sustainability period 0, TS are then
represented by

ES tk = 〠
N

l=1
〠
Ml

i=1
al,i tk xl,i tk ,

ES∣all = 〠
T

k=1
ES tk ,

7

and the corresponding cost savings are obtained:

B tk = 〠
N

l=1
〠
Ml

i=1
bl,i tk xl,i tk ,

B∣all = 〠
T

k=1
B tk ,

8

and the maintenance cost at each time instant is obtained:

h tk = 〠
N

l=1
〠
Ml−1

i=1
Cl,i tk ul,i tk + 〠

N

l=1
Cc
l tk ucl tk +Mc tk ,

9

where Mc tk denotes a constant cost that is charged when
maintenance action takes place at tk. Such a cost refers to
the expenditure of activate maintenance actions. The total
expenditure of the retrofitting project is represented by

h∣all = h0 + 〠
T

k=1
h tk , 10

where h0 denotes the initial investment to the retrofitting
project. The profit of the project is then obtained by P =
B∣all − h∣all. The net present value (NPV) of the project
over 0, TS is formulated as following:

NPV = 〠
T

k=1

B tk − h tk
1 + d ϕ tk −1 − h0, 11
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where d is the discount rate, d > 0. ϕ tk = 1, 2, 3… indi-
cates that the sampling instant tk lies within a specific year
after the initial stage. Let dR∣T denote the IRR. It is solved
by letting the following equation equals to 0:

〠
T

k=1

B tk − h tk
1 + dR∣T

ϕ tk −1 − h0 = 0, 12

i.e., the IRR is the discount rate that makes NPV = 0 over
horizon 0, TS . The IRR cannot be represented analyti-
cally, but still a bounded value subject to initial investment
h0 [24].

2.4. Optimization Problem. Let P = P1, P2,… , PN denote
the initial populations of the respective item groups, up ·
denote the collection of upl kp , and uc · denote the collec-
tion of ucl kc , l = 1, 2,… ,N . Taking advantage of the
preceding impulsive and switched system modelling (3),
(4), and (5) and performance indicator formulations (6),
(7), (8), (9), (10), (11), and (12), the maintenance plan
optimization problem is established as the following.

2.4.1. Optimization ProblemℳPO. For a dynamical system
consisting of N subsystems in (3), (4), and (5) with state
variables x t = x1 t ,… , xl t ,… , xN t and initial
state x 0 , find the proper maintenance scale Np and

Nc, maintenance time schedule Qp and Qc, PM rates up ⋅
= up1 kp ,… , upl kp ,… , upN kp , and CM rates uc ⋅ =
uc1 kc ,… , ucl kc ,… , ucN kc , to minimize the following
performance index

J P,Qp,Qc, up ⋅ , uc ⋅ = −λ1
ES∣all
α

− λ2dR∣T , 13

subject to system dynamics (3), (4), and (5) and the following
constraints,

ES∣all ≥ α,
T

t=0
h t dt ≤ β,

Tp ≤ T′

14

In the above equations, α is the minimal acceptable
energy saving value, namely, the targeted energy saving. α is
usually given by the energy performance contract of a retro-
fitting project. d∣TR is the IRR. λ1 and λ2 denote the weighting
factors. The objective function formulation indicates that the
energy and economic performances are simultaneously taken
into account, where the weighting factors adjust the impor-
tance of the two objectives. β is the maintenance budget limit
over 0, T , and T′ is the payback period limit. Tp is the
payback period, which is computed from the last tn that
makes NPV < 0. LetMN denote the total number of working
states for the N item groups, up · ∈ℛ MN−N ×Sp and uc · ∈
ℛN×Sc ; i.e., the minimization problem (13) and (14) is a finite

dimensional problem. Equations (13) and (14) are differ-
ent with the conventional optimal control problem. Firstly,
the control inputs to be solved are a set of parameters.
Secondly, the objective function is a weighted sum of
two different performance indicators, instead of the qua-
dratic performance index. Thirdly, dR∣T is nonanalytic; as a
result, the gradient method becomes infeasible to (13) and
(14). Furthermore, Np and Nc can change upon searching
the optimum, implying that multiple scales can exist in such
one optimization problem. As a result, a multiscale differen-
tial evolution (MSDE) algorithm is hereby proposed as the
numerical solver.

3. A Multiscale DE Solver

A general form of the multiscale problem is employed as
the following:

min J x , y , y = y1, y2, y3,… , yD ∈ℛD, 15

to represent the investigated optimal control problem. x
and y constitute a candidate solution. x indicates an
implicit vector with a variant scale N x y that is deter-
mined by another vector y . y is an explicit vector with
a fixed scale D. To the minimization problem (13) and
(14), x denotes the time schedule Qp, Qc and maintenance

rate up · , uc · , y denotes themaintenance scaleNp,Nc. The

maximum possible scale of x can be a large number denoted
as N N ≠D . Apparently, x ∈ℛ MN−N+1 ×Np× N+1 ×Nc and
y ∈ℛ2. The constraints are realized by a stationary pen-
alty function in the objective function:

J = −λ1
ES∣all
α

− λ2dR∣T + ω〠
3

n=1
max 0, Pn 16

ω is a large positive coefficient that adjusts the penalty
from the violation of constraints. The penalty functions
Pn with n = 1,2,3 are given as the following:

Pn =

α − ES∣all, n = 1,

〠
T

k=1
h tk − β, n = 2,

−NPV∣Tp
0 , n = 3

17

To solve such a multiscale minimization problem, we
propose a multiscale-based approach, namely, multiple-
scale DE (MSDE). The MSDE is actually an improvement
of the conventional DE algorithm. Therefore, the concepts
of basic DE will be introduced firstly and thereafter the
implementation of MSDE.

3.1. Basic Differential Evolution. The differential evolution
(DE) is a popular category of the evolutionary algorithm that
is suitable to solve the continuous optimization problem.
The DE algorithm can hopefully, although not guaranteed,
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discover a satisfactory solution after sufficient iterations for
most types of optimization problems. In the DE algorithm,
the term “individuals” are adopted to refer to the candi-
date solutions that represent the possible values of the
decision variables. These individuals are moved around
in the search-space via a series of mathematical operations
including Mutation, Crossover, and Selection.

In order to implement the DE algorithm, a population of
NP individuals is generated at the initial state to cover as
more search space as possible. Therefore, a uniform ran-
domization is usually adopted at the initial stage. As
fixed-scale problems can be regarded as a special case of
multiscale problems, the following minimization problem
min f x , x = x1, x2,… , xN ∈ℛN is adopted for discus-
sion. The search space is constrained in N

j=1 Lj,Uj , Lj ≤
Uj, where Lj is the lower bound of search space and U j the
upper bound.

At each generation, an individual x i,G = x1,i,G, x2,i,G,… ,
xD,i,G (namely, a target vector) is mutated to create a mutant
vector v i,G = v1,i,G, v2,i,G,… , vD,i,G by the mutation
operation. There are many possible mutation operators from
literatures, such as the following:

v i,G = x i,G + F ⋅ xbest,G − x i,G + F ⋅ x r1,G − x r2,G

18

More mutation operators can be found in [25]. In the
above equations, the indices r1 and r2 are distinct integers
uniformly randomized from the set i = 1, 2,… , NP .
x r1,G − x r2,G is a difference vector to mutate the corre-
sponding target vector x i,G. The parameter F is the mutation
factor which usually ranges on the interval (0,1). xbest,G is the
best solution at the current generation G. v i,G is the obtained
mutant vector of x i,G.

After the mutation phase, DE performs a binomial cross-
over operation to x i,G and v i,G to generate a trial vector
u i,G = u 1,i,G, u 2,i,G,… , u D,i,G for each i = 1, 2,… , NP,
according to the following:

u j,i,G =
v j,i,G, if rand 0, 1 ≤ CR or j = jrand,

x j,i,G otherwise,
19

where j = 1, 2,… ,D. jrand is a random integer that ranges
between 1,D . j = jrand implies that an element in vector
u j,i,G is chosen, i.e., the acceptance of the mutant vector

v i,G. rand 0, 1 is a random real number that ranges
between [0,1]. For each pair of j and i, rand 0, 1 is random-
ized independently and compares with a constant crossover
rate CR, CR ∈ 0, 1 . With such an operation, the trail vector
u i,G is guaranteed to be different with the target vector
x i,G on at least one dimension. Such operation can result

in violation of the boundary limits. In that case, the following
repair is applied:

u j,i,G =
min Uj, 2Lj − u j,i,G , if u j,i,G < Lj,

max Lj, 2U j − u j,i,G , if u j,i,G >Uj

20

The offspring are selected from the target vectors and the
trail vectors, which is called selection operation. DE employs
a greedy “one-to-one” replacement scheme. For each pair
of x i,G and u i,G, the fitness of solutions f · is compared
to find out a better solution that is selected to enter the
next generation:

x i,G+1 =
u i,G, if f u i,G ≤ f x i,G ,

x i,G, otherwise
21

3.2. Multiple-Scale Differential Evolution. In MSDE, several
subpopulations constitute the whole population of candi-
date solutions. Each subpopulation corresponds with a
specific explicit variable y k,G, and individuals from one
subpopulation share the same explicit variable. While
individuals, i.e., the implicit vectors from the same sub-
population, are moved around to search better performances
over iterations, the explicit variable is also changed by
comparing the performances between subpopulations.
Thereby, the MSDE employs a parallel processing mecha-
nism to improve the basic DE and is able to address
multiscale problems.

The procedure of MSDE can be illustrated in the
following steps:

(1) A population of NP individuals is initialized into n
subpopulations. Explicit variables are firstly initial-
ized as y k,G = k = 1, 2,… , n . For the k − th
subpopulation, NS individuals are then initialized
with a specific scale determined by y k,G

(2) At each iteration, within subpopulation k, the basic
DE is implemented to search a better implicit vector
x k,G subject to given explicit variable y k,G, following
(18), (19), (20), and (21). Let x best,k,G denote the
solution with best fitness value, namely, the local best

(3) After every m iteration, namely, the shuffling
period, comparing the local best from subpopula-
tions. Such a number refers to the period that
allows each subpopulation to evolve. The fitness
of the local best is also identified to be the fitness
of the corresponding explicit variable. Copy the
best-performing explicit variable to the worst-
performing subpopulation, and mutate explicit var-
iables of other subpopulation other than the best
and worst ones. For subpopulations with changing
scale of explicit variables, all implicit variables have
to be randomly generated in the search space in
accordance with the new scale. If stopping criteria
are not satisfied, go to step 2.
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The pseudocode of MSDE is given in Algorithm 1, and
a flowchart is given in Figure 1. The idea of MSDE is
further explained as the following. By decomposing the
solution population into several subpopulations (islands),
the individuals can evolve separately. There are double
levels of evolution in MSDE. On the first level, individuals
from the same subpopulation live in a local environment
and interact only with the neighbors. On the second level,

the subpopulations are connected by comparing the fitness
of its local best.

The better fitness of the local best reveals a trend to
find a better solution subject to the corresponding scale.
Therefore, such an explicit variable is kept after the
competition, and the other explicit variables have to be
modified. Furthermore, a growth of the subpopulation with
best explicit variable is encouraged; as a result, the worst

Definition: NP denotes the population size; n denotes the quantity of subpopulations; NS denotes the subpopulation size; m denotes
the shuffling period; D denotes the dimension of the explicit variable; N denotes the dimension of the implicit variable; F denotes the
mutation factor; CR denotes the crossover rate; SF,CR denotes the set of mutation factor F and CR for each subpopulation.
1: BEGIN
2: G = 1;
3: Initialize n subpopulations (including n explicit variables and NP implicit vectors);
4: Evaluate the fitness for each individual;
5: Set m, SF,CR;
6: while the stopping criterion is not satisfied do
7: while k = 1 to n do
8: Randomly choose (Fk, CRk) from SF,CR;
9: Find the local best y k,G, x best,k,G ;
10: while i = 1 to NS do
11: Randomly choose x r1,k,G and x r2,k,G from the k-th subpopulation, x r2,k,G ≠ x r1,k,G ≠ x i,k,G;

12: v i,k,G = x i,k,G + Fk ⋅ xbest,k,G − x i,k,G + Fk · x r1,k,G − x r2,k,G ;
13: while j = 1 to D do
14: if rand 0, 1 < CRk then
15: u j,k,i,G = v j,k,i,G;
16: else
17: u j,k,i,G = x j,k,i,G;
18: end if
19: end while
20: if f u i,k,G, y k,G ≤ f x i,k,G, y k,G then

21: x i,k,G + 1 = u i,k,G;
22: else
23: x i,k,G+1 = x i,k,G;
24: end if
25: if f u i,k,G, y k,G ≤ f x i,k,G, y k,G then

26: x i,k,G+1 = u i,k,G;
27: else
28: x i,k,G+1 = x i,k,G;
29: end if
30: end while
31: end while
32: G =G + 1;
33: if mod G, m == 0 then
34: Find the best subpopulation kb,G and worst one kw,G;
35: y kw,G

, G = y kb,G
,G;

36: Mutate y k,G where k ≠ kb,G ≠ kw,G;
37: Initialize subpopulations k ≠ kb,G according to new y k,G;
38: end if
39: end while
40: Find global best solution ybest , xbest ;
41: Return xbest ;
42: END

Algorithm 1: Pseudocode of MSDE.
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subpopulation has to adopt a same explicit variable of the
best subpopulation.

The major differences between the basic DE and
MSDE are as the following. The MSDE has several
subpopulations and accordingly multiple scales over its
iterations, while basic DE has only one population and
one fixed scale. During iterations of MSDE, the proper
scale is identified simultaneously upon searching the
optimum of other decision variables, while original DE
lacks a mechanism to optimize the problem scale as well
as the implicit vectors. Therefore, computation burden of
the MSDE base solution is less than original DE to a
multiscale problem.

4. Simulation Results and Analysis

In order to verify the effectiveness of the proposed approach,
a case study is established and a simulation is performed
based on the case study data. The case study is a part of a
practical office building retrofitting project. Two categories
of retrofitted items are involved. The first category is the
compact fluorescent lamp (CFL). A type of 15W CFLs is

applied to replace the old inefficient lights. The CFLs are
considered to be unrepairable items, with only one working
state. The population decay model of the CFLs is given by

xcf l tk+1 = bcf lxcf l tk −
bcf lccf lx

2
cf l tk

x0cf l
, 22

where xcf l denotes the population of the CFL group, and x0cf l
denotes the initial group, xcf l t0 = x0cf l. bcf l and ccf l are the
parameters of the decay model. The parameters can be esti-
mated by experimental data fitting. More details about decay

Start

Initialize
parameters

Decompose
population

Subpopulation
2

Subpopulation
n

Subpopulation
1

DE operation

Stopping
criterion? EndY

N

N

Y

Shuffle period
reached?

Sort the fitness of each
subpopulation, duplicate the

explicit variable of the best to the
worst, mutate the rest, and shuffle

DE operationDE operation

Figure 1: The flowchart of MSDE.

Table 1: Parameters for population decay and state transition
models.

Retrofits bcf l ccf l ζpac,i ζcac,i

15W retrofit CFL 0.0947 0.775 N/A N/A

Air conditioner i = 3 N/A N/A 0.095 0.029

Air conditioner i = 2 N/A N/A 0.04 0.033

Air conditioner i = 1 N/A N/A N/A 0.05
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model (22) can be found from [26]. The second category is
the air conditioner. More efficient air conditioners are
installed to replace the old ones. The air conditioners are con-
sidered to be repaired items, with three working states: good,
average, and bad. Based on the multistate model (3), the
working state transition as well as the population decay of
the air conditioner group is estimated by

f a,ci,i−1 xac,i tk , tk = xac,i tk 1 − eς
p
ac,i , i = 3, 2,

gac,i xac,i tk , tk = xac,i tk 1 − e−ς
c
ac,i , i = 3, 2, 1,

23

where xac,i denotes the number of air conditioners under
working state i. i = 3 denotes the good state, i = 2 the
average state, and i = 1 the bad state. xac,3 t0 = x0ac, where
x0ac denotes the initial population of the air conditioner
group. xac,3 t0 = xac,1 t0 = 0. f aci,i−1 denotes the amount of
air conditioners that transit from working state i to i − 1,
and gac,i denotes the number of items that become mal-

functioning from state i. The parameters ζpac,i and ςcac,i
are small positive constants that indicate the interval of
the state transition. Equation (23) is obtained from the
constant failure rate model, a common model from the
reliability engineering. Detailed discussions of such a
model can be found from [27]. Table 1 gives the values of
bcf l, ccf l, ζ

p
ac,i, and ςcac,i in the case study.

Table 2 gives the average performance characteristics per
item. There are five categories of performance characteristics.
The unit price is the initial cost of applying such an interven-
tion, i.e., installing an item in this case study. The unit energy
savings are the estimated monthly savings against the pre-
retrofit items. Such a saving is verified following the M&V
principles. Accordingly, the monthly cost savings, i.e., the
reduced operational costs from energy savings, are estimated.

The preventive costs and corrective costs refer to the expen-
diture of applying a preventive maintenance or corrective
maintenance to a failed item. Such expenditure includes the
cost of both appliances and manpower. Furthermore, the
initial quantities of the respective item group are given as
well. At the initial stage, all the air conditioners are consid-
ered to be under good working state; therefore, quantities
under average (i = 2) and bad (i = 1) are 0. From the unit
prices and quantities, it can be identified that the initial
capital investment h0 is $20,692.

Some configurations of the simulation are given as the
following. For this case study, the sustainability period is set
to be 10 years. The sampling interval is one month; i.e., there
are 120 time instants over the sustainability period. The base-
line energy performance is 8,685,311.7 kWh, which covers
the pre-retrofit consumptions of lights and air conditioners.
The baseline performance is extracted from a three-year
energy bill of the inspected building. A 12% targeted energy
saving is to be achieved by the retrofitting; as a result, the
minimal energy saving is 1,042,237.4 kWh. Furthermore,
for the economical performance calculation, the payback
period time limit is set to be 24 months, which is a common
acceptable payback period limit in practice. For the mainte-
nance cost calculation, a constant cost at each maintenance

Table 2: Characteristics of retrofitted items.

Retrofits Quantities Unit price ($) Unit energy saving (kWh) Unit cost saving ($) Preventive cost ($) Corrective cost ($)

15W retrofit CFL 338 14 105.6 11.9 N/A 14

Air conditioner i = 3 42 380 4320 486.65 N/A 175

Air conditioner i = 2 0 380 3542.3 397.95 52 N/A

Air conditioner i = 1 0 380 2651.75 278.35 70 N/A

Table 3: Performances of maintenance plans with different budget limits.

Cases
Budget limit

($)
Energy savings

(kWh)
Percentage saved

over target
IRR

Payback period
(months)

NPV ($)
Maintenance

cost ($)
Total

investment ($)

Fixed schedule 20,000 1,167,215 11.99% 72.15% 18.72 51427.78 19,986 40,678

Optimal schedule 20,000 1,190,464 14.22% 76.23% 16.92 52949.3 19,998 40,690

Fixed schedule 40,000 1,670,773 60.30% 79.20% 18.12 68393.86 39,987 60,679

Optimal schedule 40,000 1,702,041 63.31% 79.27% 17.64 70076.16 39,986 60,678

Fixed schedule 65,000 1,829,741 75.56% 78.81% 18.64 70608.34 52,382 73,074

Optimal schedule 65,000 2,001,191 92.01% 80.44% 17.28 77670.84 58,046 78,738

Table 4: Optimal maintenance time schedules.

Time
schedule

Budget limit
($)

Maintenance
number

Maintenance instants

Qp 20,000 6 {14,26,38,50,62,74,86}

Qc 20,000 5 {14,26,38,50,62,74}

Qp 40,000 12 {8,18,28,…,98}

Qc 40,000 12 {8,18,28,…,98}

Qp 65,000 34 {5,8,11,…,104}

Qc 65,000 34 {8,11,14,…,107}
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instant is set to be $200. Several maintenance budgets
are provided to establish different maintenance scenarios:
$20,000 indicates a scenario with limited budget, $40,000
indicates a relatively insufficient one, and $65,000 indicates a
sufficient one. As the comparison, a set of fixed maintenance
time schedules are employed as the following: Qp = 7, 13,
19, 25,… , 115 and Qc = 13, 25, 37, 49,… , 109 . The fixed
time schedules are also applied to the three scenarios of
different maintenance budgets. The weights of the objective
function (13) are λ1 = 0 5 and λ2 = 0 5, which is an equal
consideration of the two objectives. For the MSDE config-
uration, 30 subpopulations are initialized, each containing
60 individuals. The mutation factor F linearly decreases
from 1.0 to 0.2 over the iterations. It is selected such that
the individuals can better converge to an optimum at the
end of iterations. The crossover rate CR is 0.7 that encour-
ages the crossover of individuals. The shuffling period is
set to be 100 iterations, and the stopping criterion is
1000 iterations.

Some simulation results are illustrated as the following.
Table 3 shows the simulation results and Table 4 the obtained
maintenance time schedules. Figure 2 the maintenance rates
over time, and Figure 3 depicts the timely energy savings of
the optimal maintenance plan with three different budget
limits. The numbers are obtained by an average of 5-run
results. From the tables, the optimal solution outperforms
the fixed schedules; especially when the budget is sufficient,

such an increment becomes larger. From Table 4, the
maintenance actions take place more frequently than the
fixed schedule. This reveals that the time scheduling can

150

100

50

0
0 20

M
ai

nt
en

an
ce

 ra
te

s

40 60

CM and PM, budget $65000, optimal

Time instant ts in months
80 100 120 0 20 40 60

Time instant ts in months
80 100 120

0 20 40 60
Time instant ts in months

80 100 120 0 20 40 60
Time instant ts in months

80 100 120

25

35

30

20

15

5

10

0

M
ai

nt
en

an
ce

 ra
te

s

CM and PM, budget $20000, optimal

150

100

50

0

150

100

50

0

M
ai

nt
en

an
ce

 ra
te

s

CM and PM, budget $65000, fixed

M
ai

nt
en

an
ce

 ra
te

s

CM and PM, budget $20000, fixed

Corrective maintenance
Preventive maintenance

Figure 2: The maintenance rates over time with different maintenance budgets.
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further improve the maintenance planning performances, as
a proper scale can imply a better solution in many cases.

From the simulation, the most important difference
between the MSDE and the comparative results are the main-
tenance scale. A proper selection of the maintenance scale
can result in significant improvement in the performances.
A preliminary investigation reveals that, with a fixed time
maintenance time scale, the population size can be reduced
to half to achieve a similar performance. However, identify-
ing a proper scale takes quite a number of trail-and-error
processes. The conventional method can spend a lot more
time than the MSDE approach. In general, the effectiveness
of employing MSDE to solve maintenance plan optimization
problems with multiple categories of decision variables is
verified by the simulation, and the MSDE is promising to
solve impulsive and switched optimal control problems with
similar formulation.

5. Conclusions

In this paper, a maintenance plan optimization problem for
building energy retrofitting that simultaneously involves
variable maintenance time scale, maintenance time schedul-
ing, and maintenance rates, is investigated and addressed.
An impulsive and switched optimal control formulation is
employed to model the novel problem based on existing
maintenance plan optimization studies. By adopting a
weighted sum of two objectives, the aggregate energy savings
and internal rate of return over a finite time horizon, an
optimal control problem that aims at finding the optimal
combination of the maintenance time scale, instants, and
rates is formulated. Given that the maintenance time scale
can vary upon searching optimum, the problem becomes a
multiscale one. A multiscale differential evolution algorithm
is proposed to find the numerical solution to the multiscale
optimal control problem with acceptable computational
burdens. We believe that this approach can be applied to a
general category of minimization problems with variant
scales and facilitates the solution of other impulsive and
switched optimal control problems. The effectiveness of the
proposed approach is verified by simulation results.

The current stage work calls for further studies from two
major aspects: firstly, the maintenance plan optimization
problem with variable time scheduling needs more investiga-
tion, such as the controller design and discussion on the
robustness of the impulsive and switched modelling; sec-
ondly, the MSDE requires detailed studies on the mutation
mechanism and shuffling period, such that the performance
of MSDE can be further improved.
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The mind status of college students is important since it can reflect how the public opinion is going. Only with the
accurate prediction, the corresponding actions can be conducted to prevent the situation from going worse. This paper
focused on the data analysis using the recent developed broad learning method to obtain the learning model and then
the prediction can be done. Firstly, the questionnaire related to the ideological state is designed. Secondly, the data are
collected and classified using the typical questions and answers. Thirdly, for each pair of the question and the answer,
the score is obtained and considered as data training of the system. Fourthly, the input and the output are selected
according to the key questions and conclusions. Finally, the broad learning using flat network is employed for data
analysis without deep structure. Tests show that the design using broad learning can efficiently deal with the regression
problem and the learning network can be used for prediction.

1. Introduction

Social phenomenon is complex and challenging since the
potential dynamics cannot be known exactly or cannot
be obtained. For example, it is noted that civic education
is a basic education subject that all countries around the
world attach high importance to. Civic education in the
UK mainly includes moral education, political education,
and religious education, while in the USA, it is implied
in patriotic education and moral education. In Japan, civic
education is called “social science,” while it is called “life
education” and “state consciousness education” in Singa-
pore, and called “ideological and political education” in
China. Due to the difference of the countries in state
nature, political system, cultural tradition, education sys-
tem, etc., their civic education differs quite a lot in form,
content, and method. However, the purpose of civil educa-
tion in whatever culture or system is the same: the ruling

class tries to have purposeful and planned impact on the
citizens by applying a certain political ideas and moral
norms, so that the citizens form social moral practice in
line with the needs of the ruling class. From the imple-
mentation effect of the education of all countries, we can
see that the civic education of each country presents spe-
cific goals according to the national needs and by integrat-
ing the characteristics of the times. Therefore, “political,
ideological, and advancing with times” are the characteris-
tics of the civic education of each country.

Due to the significance of civic education, it is impor-
tant to know how the status is. Furthermore, with analy-
sis, it is key point to find some relation between factors
and the results, while in this way, some actions can be
taken before the consequence comes. Using questionnaire
to obtain the quality of the status is a useful way. The
questionnaire should be designed with specific aim so
that the results can reflect a certain intention. However,
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the data is not easy to analyze. If only the mean value
and the ratio are calculated, only the status of inter-
viewers can be reflected while the deep information can-
not be digged out for test and the design cannot be
used for prediction. For comprehensive analysis, the goal
for questionnaire survey is not restricted to the statistics.
The possible target is to model the public opinion while
the prediction is available and then the possible action
can be taken. With the abovementioned consideration,
the study using machine learning is of great interest. In
literature, many methods have been analyzed using the
bioinspired technique such as genetic algorithm (GA)
[1], neural networks (NNs) [2, 3], fuzzy logic system (FLS)
[4], particle swarm optimization (PSO) [5, 6], extreme learn-
ing machine (ELM) [7–9], deep learning [10], and broad
learning [11]. The methods are mimicking the behavior of
biology. For example, the GA is using initialization, selec-
tion, and variants. ELM is using the feedforward NN, and
the basic idea is using the way of random assignment for
generalization. Deep learning is using the learning data
representations. Recently, the broad learning is gaining
attention. The method is using random vector functional
link NN, and the key point is to expand the network by
randomly adding the functions instead of increasing the
depth. In [12], the feature nodes are replaced with
Takagi-Sugeno fuzzy system and the fuzzy broad learning
system is proposed.

For data analysis and system control, NN is widely
studied in [13, 14]. For data analysis, in [15], the complex
sale forecasting problem is studied due to the requirement
of reliable prediction where the fuzzy NN is used while the
initial weights are generated by genetic algorithm. In [16],
the fuzzy NN learning is proposed while the continuous
genetic algorithm is used to improve the performance.
One case of global supply chain management is studied
with data collection, construction of learning method,
and decision integration model. In [17], the study is on
importance-performance analysis while the relationship is
nonlinear and multicollinearity where the backpropagation
NN is used to train the model. In [18], similar work has
been done while the case study is with gathering data of
customer perception about focal delivered service, fuzzy
set design, and attributes’ implicity. In [19], the market
segmentation is studied using self-organizing feature maps
NN and genetic K-means algorithm. In the test, the proce-
dure includes questionnaire design, importance analysis,
satisfaction analysis, performance evaluation of the satis-
faction, and the discussion. In [20], the restaurant service
recovery is studied to see how much the consumer will
return with the recovery plan. In the design, support vec-
tor machine and multilayer perceptions are used to predict
the consumer expectations. In [21], the learner’s prefer-
ence for the visual complexity on small screens of mobile
computers is studied by NN. Using RBF-NN model, the
accuracy can be guaranteed while the investigation efforts
can be avoided. In [22], the fruit fly optimization algo-
rithm is adopted to optimize the NN model while the
principal component regression is used for the question-
naire survey.

From the abovementioned discussion, the question-
naire survey is widely used in many applications since it
includes the principal component while the data indicates
the potential nonlinear model. Using questionnaire survey
is an effective way to analyze the status of mind. The chal-
lenge is on how to design the questionnaire survey and
how to analyze the data. Many methods are adopted for
data analysis and optimization where the basic idea is
using NN while some other evolutionary algorithms are
used to make the NN more efficient. However, the struc-
ture and the parameters should be selected step by step.
Deep learning is widely studied recently, and the great
breakthrough has been achieved. But the design is time-
consuming. Broad learning is interesting with randomly
adding new functions while updating the results using
pseudoinverse method. In this way, though the flat work
might grow fast, the computation is not increasing so fast.

In this paper, the work is on questionnaire survey-
based data analysis and prediction. The mind status of col-
lege students is collected while the inputs and the output
for the training network are selected. Furthermore, the
BL algorithm is employed for optimization. The obtained
model is verified via test data. The organization of the
paper is given as follows. In Section 2, the questionnaire sur-
vey is discussed. In Section 3, the broad learning is described
and the data optimization is given. In Section 4, the conclu-
sions and future works are discussed.

2. Questionnaire Survey and Analysis

This survey takes some college and university students in
Shaanxi Province as the objects determine the total sample
size required for the survey according to the conservative for-
mula for calculating the sample size and the average expected
sample size and samples randomly by the level. A total of
1236 questionnaires are distributed, 1202 effective ques-
tionnaires are recovered, and the effective recovery rate is
97%. The questionnaires do a comprehensive survey to
the ideological and political quality of the college and uni-
versity students, including their outlook in life and values,
dynamic focus on social events, and degree of ideological
and political identity. Statistical analysis is conducted after
the questionnaire data is input into the database through
the SPSS software.

The three dimensions of the ideological and political
quality of the college and university students are intercon-
nected and complementary. Therefore, when evaluating
the ideological and political quality level of the college
and university students, we need to take the three dimen-
sions as the correlation coefficients with the same impor-
tance (the three dimensions, respectively, account for
33.3%), take 2.5 scores (totally 5 scores) as the total score
for the evaluation standard through the expert consulta-
tion method according to the confidence interval and
actual needs, work out the general mean distribution
map, and determine poor ideological and political quality
index (2.5–3) of the college and university students, quite
poor ideological and political quality index (3–3.5), aver-
age ideological and political quality index (3.5–4), quite
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high ideological and political quality index (4–4.5), and
high ideological and political quality index (4.5–5), so as
to judge the overall ideological and political quality level
of the college and university students, wherein the ideolog-
ical and political quality level of 64.8% college and univer-
sity students is [4, 5]. Therefore, we can see that the
current ideological and political quality level of the college
and university students is quite high and at the middle
and upper levels.

In the analysis, it is interesting to see that college stu-
dents are more interested in career-related topics such as
“New joint cooperation with Jingdong Company” (ratio
30.12%) “Accommodation Condition Improvement with
Air-conditioner” (ratio 49.33%) while high technology-
related news which can exhibit the university’s reputation is
gaining attention such as “The Unmanned Aerial Vehicle
Show in National Day” (ratio 45.01%). Oppositely, they pay
little attention to the speech on politics (ratio 15.47%) or
the results of Outstanding Young Investigator Award of
National Natural Science Foundation (ratio 21.13%).

3. Data Representation and Broad Learning

In the questions, 34 items are included for the data regres-
sion. In the question, different answers are labeled as “1–5.”
Furthermore, the gender is considered while the grade is used
as input. Male is labeled as “0” while female is labeled as “1.”
For different grades, different number “1–6” is used as a label.
In this way, the input dimension is 36. The status is consid-
ered as regression output, while in the questionnaire survey,
the option is 4 levels between “positive” and “negative.” Con-
sidering the diversity, 404 samples are used for data analysis
and learning.

For the broad learning, it is proposed in [11], the main
idea is using pseudoinverse to update the learning weight
since the new weights Wn+1 are obtained form the previous
weights Wn using new enhancement nodes with the follow-
ing equation:

Wn+1 =
Wn − dbTYn

bTYn

1

Furthermore, the sparse features can be included to solve
the optimization problem.

The learning scheme is given as follows. Consider that
the training sample is X304×36 while the output is Y304×1.
For j = 1, j ≤m, the parameters are randomly generated
as Whj

and βhj
. Furthermore, the new function is calcu-

lated as follows:

Hj = ξ XWhj
+ βhj

2

The enhancement node group is written as Hm = H1,
H2,H3,… ,Hm . The critical step is to calculate the pseu-
doinverse as follows:

Am = X Hm 3

Furthermore, the weights are calculated as follows:

Wm = Am +Y 4

If the training error threshold is not satisfied, the new
generation of Whj+1

, βhj+1
, Hm+1, and Am+1 will be randomly

given. The process will continue until the training error
threshold is satisfied.

Remark 1. The idea is interesting since the adding of nodes is
easy while the calculation will not take up too much time.
In this way, the broad learning can be applied in an effi-
cient way.

In the test, the performance using broad learning is given.
Two kinds of learning are shown as training accuracy and
testing accuracy. For the all 404 samples, if “P” samples are
used for test, the rest “404 − P” samples will be employed
for model training.

In Figures 1–3, the cases using 20 test samples are
studied. The results show that with the nodes adding,
the training accuracy is increasing while the testing accu-
racy is changing. But in all, the trend of the accuracy is
good and the difference is due to the characteristics of
randomness of the algorithm.

In Figures 4–6, the cases using 30 test samples are
studied. The training accuracy increases with nodes add-
ing while the testing accuracy is changing. This is depen-
dent on the quality of the test samples. It can be
concluded that the quality is important for data analysis
while the broad learning can efficiently fulfill the require-
ment of regression.

In Figures 7–9, the cases using 40 test samples are stud-
ied. The training accuracy increases with nodes adding while
the testing accuracy is stable.

Through the 3 sets of tests, it can be known that the
broad learning-based design can efficiently build the rela-
tion between the input signals and the output information,
though the model is nonlinear and unknown. During the
process, the random vector functional link neural network
is generated using the function and the network can grow
with more features while the computation efficiency
remains very high. For the prediction, due to the random-
ness of the samples, the accuracy is also highly dependent
on the data quality.

4. Conclusions and Discussions

In this paper, the broad learning is given as data analysis and
optimization. The questionnaire survey data is firstly ana-
lyzed and then the label is given for the inputs and the output.
Using broad learning, the design shows the performance of
the learning algorithm. It is also shown that data quality is
important for accuracy.

For future work, the pruning of the nodes is interesting.
Also due to the randomness, the performance is not so stable.
Maybe some statistics can apply on the randomness, and the
results can be more robust. More complex questionnaire
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Figure 2: Performance using 20 test samples—case 2.
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Figure 1: Performance using 20 test samples—case 1.
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Figure 4: Performance using 30 test samples—case 1.
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Figure 3: Performance using 20 test samples—case 3.
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Figure 7: Performance using 40 test samples—case 1.
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can be designed to collect more information, and the learning
scheme is expected to obtain some critical features for
mental test.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.
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In this study, a multitrack and multilayer finite element model was developed to simulate the temperature field and molten pool
contours during selective laser melting (SLM) of 316L stainless steel powder under different scanning strategies. The simulated
temperature field and its evolution over time were compared with experimental measurement results. Furthermore, a correlation
was established by the presented results between the predicted thermal behavior and the microstructure of SLM specimens. It
was found that the maximum temperature of the molten pool rose slightly with the increase of scanning tracks, but when laser
scanned multilayer, the maximum temperature rose first and then decreased. There are large columnar crystals in molten pools,
growing in the direction of the maximum temperature gradient. The microstructure defects are more likely to occur at the
bonding regions between adjacent layers and islands, where the heat and stress are concentrated. Moreover, the results also
showed that the scanning strategy affects the microstructure and microhardness. Also, the SLM 316L parts under the S-shaped
strategy had finer grains and a higher Vicker hardness than that formed under the island strategy.

1. Introduction

Selective laser melting (SLM), as an important branch of
additive manufacturing technique, is a highly promising
technology. It integrates advanced technologies, such as pow-
der metallurgy technology, laser technology, computer-aided
design and manufacturing technology, and computer control
technology. SLM technique is based on local melting of metal
powder bed by a high-energy laser beam, and it is widely used
in fields such as automotive, aerospace, defense, and biomed-
ical. The SLM-processed complex parts can be fabricated
directly by powder material and put into use without post-
processing treatment [1].

However, in the process of SLM, powder materials expe-
rienced fast local melting and solidification, which results in
severe temperature gradients. As a result, the stress of parts
is increased, and defects such as pores and cracks are likely
to occur, which seriously affects the manufacturing quality
of parts. The problems above become one of the important
factors restricting the development of SLM [2]. Besides, the
processing parameters such as laser power, scanning speed,

scanning strategy, and preheat temperature all affect the dis-
tribution of the temperature field to a great extent, thereby
affecting the quality of manufacturing, too. These parameters
are usually optimized by experimental means, but the process
is obviously time-consuming and costly. Using experimental
methods, it is still hard to obtain the dynamic temperature
change process of the SLM material inside the powder bed
[3–5]. Meanwhile, up to now, some researchers mainly focus
on the effect of processing parameters on the microstructures
and the mechanical properties of the SLM parts, but the
formation mechanism of defects formed during the SLM
process was not clarified systematically. The Lawrence Liver-
more Laboratory in the United States used physical models
and simulation experiments to study how the melt flow in
the molten pool causes defects, such as voids, material
splashes, and cracks [6, 7]. It was demonstrated that the effect
of recoil pressure and theMarangoni flow on the molten pool
contours. When the direction of the scanning track was
changed, the laser intensity should be reduced, otherwise
additional thermal deposition may result in a deep and
narrow depression. Therefore, in recent years, several finite
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element models (FEMs) of the SLM process have been devel-
oped, focusing on specific topics (molten pool, heat affected
zone, grain morphology, residual stresses, etc.), which are
the most commonly used methods for predicting the temper-
ature field and improving the quality of parts.

Shi et al. developed a three-dimensional transient FEM to
simulate temperature field and molten pool size in the pro-
cess of SLM. The simulation results are consistent with the
experimental results, which highlight the validity of this sim-
ulation [8]. However, the temperature field of multilayer dur-
ing SLM has not yet been studied by using this model.
Meanwhile, Liu et al. and Hu et al. proposed a single-track
and multilayer FEM for SLM. They found that subsequent
laser scanning of a new layer alters the temperature field in
the previous layers [9, 10]. But the integral multitrack and
multilayer temperature distribution has not been further
studied. Foroozmehr et al. simulated the effect of the process
parameters on the size of molten pool in SLM, and the heat
transfer and material morphology inside the molten pool
were comprehensively considered [11]. It was found that as
the laser power increases or the scanning speed decreases,
the speed of melt zone increasing in length is faster than that
in width. Thus, the different parameters can result in differ-
ent microstructures and further lead to different mechanical
properties. A thermomechanical simulation model was
established to predict the temperature distribution and stress
fields in SLM by Hussein et al. [12]. The cyclic melting and
cooling rates result in high von Mises stress. Parry et al. used
the thermomechanical simulation model to investigate the
influence of the scanning strategy on the residual stress of
SLM parts. The results showed that a shorter path can be
taken to reduce the residual stress [13].

Currently, most of the reported simulated works were
conducted in a single-layer or single-track and multilayer
conditions. However, limited reports focused on the inte-
grated temperature field distribution of multitrack and
multilayer in the SLM process, which is more consistent
with the actual layer-by-layer printing conditions. Some
scholars investigated the mechanism of grain growth, the

molten pool contours, and the effect of microstructure
on the mechanical behavior through experimental means
[5, 14, 15]. However, the internal connection between the
thermal behavior and microstructure characteristic of
SLM parts has not been studied enough. Besides, there
are few studies on the influence of different scanning strat-
egies on the temperature distribution, and there is no
more effective method to verify the validity of the simula-
tion results by combining the experimental method.

This paper is aimed at associating the thermal behav-
ior with microstructure characteristic of the SLM parts.
Thus, a 3D transient FEM was developed in the COMSOL
Multiphysics simulation software to predict the temperature
field distribution and analyze molten pool contours. In order
to explore the impact of different scanning strategies on the
temperature distribution, two groups of samples with 316L
SS were manufactured by SLM, respectively: one group
was under S-shaped path, and the other was under island
path. The FEM was designed as multitrack and single-layer
style and multitrack and multilayer style. Temperature-
dependent physical properties (specific heat capacity,
thermal conductivity) of material and latent heat of fusion
are taken into account. Moreover, the microstructure was
observed, the microhardness was measured, and the relation-
ship between grain growth mechanism and temperature field
distribution was analyzed.

The second part introduces the experimental procedure
and experimental results. The third part is FEM analysis.
The fourth part is to simulate the correlation between
thermal behavior and microstructure of parts.

2. Experimental Procedure

2.1. Materials. Multitrack samples were manufactured on a
SLM machine (EP-M100, e-Plus 3D). The machine is
equipped with a laser power of 300W continuous wave-
length of 1064 nm ytterbium fiber laser. Focusing optics
produces a focused beam spot size of 70μm in diameter.
The region which is irradiated by laser beam is melted
and solidified, forming melting tracks, while the other
regions remain powder state.

In this work, the material in use was gas-atomized
316L stainless steel powder. The diameter of particles is
between 15μm and 53μm, and the chemical compositions
are presented in Table 1. It is convenient to identify the
microstructure within the samples owing to the 316L
powder’s single-phase austenite.

2.2. Experimental Methods. Based on a series of preliminary
experiments, the processing parameters used to prepare
samples are seen in Table 2. Two different scanning strategies
were applied: S-shaped and island, which are illustrated

Table 1: Chemical composition of the traditional wrought 316L and the powder used for SLM-produced 316L (WT. %).

Material Ni Cr Mo C Mn Si P S N Fe

Powder 11.08 17.36 2.02 0.013 1.19 0.36 0.032 0.002 0.052 Bal.

Wrought 11.14 17.25 2.08 0.016 1.23 0.38 0.035 0.003 0.054 Bal.

Table 2: Processing parameters during SLM.

Parameter Value

Laser spot size D 200 μm

Laser power P 300W

Scanning speed V 2000mm/s

Hatch spacing H 0.12mm

Powder layer thickness T 0.02mm

Melting point Tm 1653K

2 Complexity



schematically in Figures 1(a) and 1(b), respectively. The
scanning, vertical, and building directions are referred here-
after as X, Y, and Z, respectively.

The specimens were cut through the inner, and then the
cross sections were polished on the sandpaper and etched
(using ferric chloride etchant, i.e., 50ml distilled water, 50 g
FeCl3, and 50ml HCl). Microstructure of the cross section
was observed on an optical microscope (OM) and a scanning
electron microscope (SEM) [14].

The electron back-scattered diffraction (EBSD) measure-
ments were carried out at 20 kV with a scanning step of 2μm.
The samples were electropolished using 20% perchloric acid
in liquid nitrogen for about 30 seconds prior to the measure-
ments. In order to obtain the grain orientations and the
grain-boundary densities, the EBSD data were analyzed by
TSL OIM Analysis 7.

3. Description of 3D Thermal Finite
Element Model

The numerical solution was carried out using the COMSOL
Multiphysics heat transfer module to obtain a thorough
understanding of thermal behaviors. The 3D FEM was
meshed and swept by a free quadrilateral mesh as shown
in Figure 2. The thickness of a layer can be expressed by
only one thin element, and an appropriate simplified
model can obtain the dynamic temperature field of the
SLM manufacturing process quickly. The mesh of the laser
scanning area is refined locally, and coarser mesh is used
for the surrounding loose powder, reducing the degree of
freedom of the solution, which ensures the mesh a suffi-
cient density to obtain sufficient calculation accuracy and
reduce computational time.

In this study, the temperature fields andmolten poolmor-
phology under two kinds of scanning strategies in the process
of SLMwere simulated. Figure 3 shows the schematic diagram
of multitrack and multilayer manufacturing process. In addi-
tion, due to the complexity of some modeling parameters in
the process of actual processing, it is impossible to make rea-
sonable settings. The simulating results need to be constantly
revised and improved in the experiment and application.

3.1. Thermal Modeling. The 316L stainless steel powder
absorbs abundant energy of the laser beam and forms a
molten pool that joins adjacent scanning tracks, and the heat
dissipates during this process mainly through conduction,

convection, and radiation. The temporal and spatial distribu-
tion of the temperature field satisfies the classical Fourier heat
conduction equation [16]:

ρc
∂T
∂t

=
∂
∂x

k
∂T
∂x

+
∂
∂y

k
∂T
∂y

+
∂
∂z

k
∂T
∂z

+Q,

1

where ρ is the material density (kg/m3); c is the heat capacity
coefficient (J/kgK); T is temperature; t is the interaction time;
k is the heat conductivity coefficient (W/mK); and Q is the
volumetric heat generation (W/m3).

The initial condition of uniform temperature distribution
at time t = 0 can be set as

T x, y, z, t t=0 = T0, 2

where T0 is the ambient temperature taken as 323K (50°C).
The heat loses in powder bed mainly through thermal

conduction, thermal convection, and thermal radiation,
belonging to the third type of boundary conditions.

‐k ∂T
∂z

+ h T − T0 + σε T4 − T4
0 =Q, 3

where ε is the thermal radiation coefficient of 316L stainless
steel powder which is taken as 0.25; h is the convection heat
transfer coefficient; σ is the Stefan-Boltzmann constant
(5 67 × 10−8 W/ m2 ∗K4 ).

Because the layers are built on a large powder bed which
was assumed as a continuous and homogeneous media, the
heat transfer at the bottom of loose powder can be negligible.

‐k ∂T
∂z z=∝

= 0 4

3.2. Heat Source Modeling. The moving laser beam was con-
sidered as the Gaussian distribution of energy which is the
most common beam profile, as shown in Figure 4.

q =
2AP
πR2 exp −

2r2

R2 , 5

where q is the input heat flux; R is the laser beam radius; A is
the absorptivity of the 316L stainless steel which is taken as
0.2; and r is the radial distance from the beam center which
can be applied as

r = x − x0
2 + y − y0

2 6

3.3. Material Properties. In the process of SLM, the
temperature-dependent thermal conductivity and specific
heat capacity of the material were defined. The phase trans-
formation occurs when the material is completely melted,
and the latent heat is released and absorbed during the
phase transformation process, affecting the temperature
distribution. Therefore, it is necessary to take the latent
heat of fusion into account.

(a) S-shaped scanning

strategy (b) Island scanning strategy

Figure 1: Scanning strategies during the SLM process.
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In this article, the method of equivalent specific heat
capacity is applied. The specific heat capacity Ce at this stage
includes two parts: the specific heat capacity of the object Cs
and the specific heat capacity L0 caused by latent heat.

Ce = Cs + C0, 7

L0 =
L

TL − Ts
, 8

where TL and Ts are the temperature of liquidus and solidus,
which are taken as 1723K and 1650K, respectively; L is the
latent heat and is taken as 273,000 J/mm3.

4. Results and Discussion

4.1. Analysis of the FE Simulation Results in Single Layer

4.1.1. Effect of Scanning Strategy on the Temperature
Distribution. In this work, the S-shaped and island scanning
strategies are selected. The S-shaped scanning strategy is
commonly used in the SLM process, with the scanning
lines starting from the opposite side, and all the scanning
lines are parallel to each other, as shown in Figure 5(a). In
addition, the powder bed is divided into four square areas
in the island scanning strategy, and each square area is
under S-shaped path [3]. The five points marked in

1st layer
2nd layer
3rd layer
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Figure 3: Schematic of multitrack and multilayer manufacturing during the SLM process.
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Figure 5(b) are points P1, P2, P3, P4, and P5 from left to
right.

In the SLM process, the temperature distribution in the
powder bed changes rapidly with time and space. The molten
pool moves along with the laser beam, and its shape is similar
to comet tail profile (see Figure 6). The forepart temperature
contours of the molten pool are more intense than the rear
side, indicating that the temperature gradient in forepart of
the moving laser beam is much larger. This phenomenon
can be owed to the fact that the thermal conductivity of the
untreated powder in front of the laser is much lower than
the molten material [17].

Figures 6(a) and 6(b) further show that the transient tem-
perature distribution on the top view of the molten pool as
laser beam reaches point P1 and P2 (X=1mm, 5mm;
Y=0mm; Z=0mm), respectively. The width of the molten
pool is measured from molten region along y-axis [18], and
the average is about 104μm.

Figure 7(a) depicts the temperature contour plots with
time at point P5. With the increasing of the number of scan-
ning tracks, the temperature distribution becomes more and

more asymmetric. Besides, the temperature contour plots of
the previously laser-scanned tracks are sparse, and the tem-
perature gradient is also smaller. Figure 7(b) shows the tem-
perature contour plots at the time when laser beam reaches
the last island. Due to thermal conduction between the
islands, the temperature in the scanned area decreases with
time, and the heat spreads to the unscanned areas. Mean-
while, there is heat transfer between the scanned and cooled
area and neighboring scanning islands. Thus, the tempera-
ture distribution of island strategy is wider than that of the
S-shaped strategy.

4.1.2. Effect of Scanning Strategy on the Temperature History.
In the process of S-shaped scanning strategy, it can be seen
from Figure 8 that the maximum temperature increases with
the increasing of laser scanning tracks, but the range of
growth is getting smaller. The maximum temperature is
rising rapidly at the start of the next track, owing to that
the heat is concentrated when the laser beam changes direc-
tion at the scanning corner. The global maximum tempera-
ture curve is shown in Figure 8.
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Figure 7: Temperature contour plots: (a) S-shaped scanning strategy and (b) island scanning strategy.
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Figure 9 shows the temperature variation with time at
points P1, P2, and P3 during multitrack manufacturing
process along the vertical direction. The peak temperatures
are at the start of each track. The highest temperature of
the molten pool is 2442K at point P1 and exceeds the
melting temperature of 316L stainless steel (1653K). Here-
after, the temperature of point P1 falls below the melting
temperature of the material and then cools to the ambient
temperature, so do the other four points. However, the
maximum temperature of the first track is reduced to
2303K at the end. The heat is concentrated when the laser
beam changes direction at point P3. Thus, the maximum
temperature of P3 is rising rapidly to 2591K.

Figure 10 predicts the temperature variation with time at
points P2, P4, and P5 under the S-shaped scanning strategy
along the longitudinal direction. When the laser beam irradi-
ates point P2, the maximum temperature is 2439K, and it
drops rapidly to a lower position after the laser beam moves

away. The maximum temperature of points P4 and P5 are
2585K and 2656K, respectively. The highest temperature of
P4 is 146K higher than that of point P2, and the highest tem-
perature of point P5 is 71K higher than that of point P4. The
figures above indicate that with the increasing of the number
of scanning tracks, the increase of the maximum temperature
of the molten pool is smaller and smaller and finally tends to
be stable.

In the process of island scanning strategy, the highest
temperatures of points P1 to P5 are 2013K, 2117K, 2134K,
2097K, and 2100K, respectively, as shown in Figure 11.
When the first island is scanned, the energy is transmitted
to the unscanned island, resulting in energy diffusion, which
reduces the temperature in the region. Especially, the energy
is not accumulating on the edge of the island, and the tem-
perature inside the island is higher than the temperature at
the island boundaries.
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Figure 9: Temperature variation curves of P1, P2, and P3.
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Figure 8: Global highest temperature variation curve.
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Figure 10: Temperature variation curves of P2, P4, and P5.
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4.2. Analysis of the FE Simulation Results in Multilayer

4.2.1. Temperature Distribution. In order to study the
transfer form of temperature in SLM multilayer process-
ing, this paper uses the COMSOL Multiphysics software
to establish a multitrack and multilayer temperature field
model, which can reveal the energy transfer process of
multilayer processing.

The numerical solution is carried out to obtain a thor-
ough understanding of thermal behaviors. The dimensions
of the FEM are 10mm ∗ 3mm ∗ 0 1mm with five layers
and five tracks in each layer. Figure 12 shows the distribu-
tion of the temperature field corresponding to the midpoint
position of the first scanning track in the first and fifth layer.
It can be seen from Figure 12 that heat is concentrated in the
area where it is sintered into a solid. As the number of layers
increases, heat spreads to the surrounding powder regions

gradually, and the heat-affected regions also become larger
and larger.

4.2.2. Temperature History. The highest temperatures at the
midpoint of the first scanning track in each of the first to fifth
floors are 2275K, 2516K, 2698K, 2863K, and 2907K,
respectively (see Figure 13). At the beginning of the process,
the material is in a powder state, which requires a large
amount of laser energy to melt the material, so the maximum
temperature of the first layer is lower. But when the laser
scans the second layer, the heat of the first layer is transmit-
ted upwards to the new powder after powder coating, which
plays the role of preheating. Therefore, the temperature of
the second layer is slightly higher than that of the first layer.
So does the third, the fourth, and the fifth layer. It is worth
noting that solid regions are increasing at the bottom layers,
so part of the heat is transferred downwards through the
solid regions. Due to the reasons above, the increase in the
maximum temperature of the third, the fourth, and the fifth
floor reduced gradually.

As laser beam scanning at 0.024 s, the highest temper-
atures of the same position on each of the first to fifth
floors are 2551K, 2722K, 2701K, 2640K, and 2607K in
turn. The temperature variation curves of the five layers
are shown in Figure 14.

Figure 15 shows the temperature curves at the midpoint
of the first scanning track of the first layer, when laser
beam scans the same position of the second, third, and
fourth layer. This indicates that point P2 is melted twice
to bond adjacent tracks.

4.3. Experimental Investigation. The current temperature
field simulation technology is still far from the actual
processing. The fundamental reason is that the simulation
conditions are not considered comprehensively, such as the
settings of material properties. Some parameters, such as
the absorptivity and emissivity of the material, need to be
set based on empirical values, and no specific parameter
values can be obtained during the actual processing. There-
fore, there are many uncertain factors in the simulation
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layer and (b) fifth layer.
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process that affect the accuracy and effectiveness of the sim-
ulation model.

In order to ensure that the simulation model is accurate
and effective, it is necessary to combine experimental
methods to set the same processing parameters with the sim-
ulation model for experimentation. To achieve the purpose of
verifying the validity of the simulationmodel, we need to pre-
pare metallographic specimens, observe the microstructure
of the specimens, and compare them with simulation results.
This process can be combined with the experimental results
to modify the model parameters continuously so that the
simulation model is in good agreement with the actual
machining process.

4.3.1. Optical Micrographs. In this experiment, two different
scanning strategies were used to fabricate two kinds of spec-
imens. Sample 1 was under the S-shaped strategy, and sample
2 was under the island strategy. 3D optical micrographs
showing the three orthogonal sections (X-Y plane, X-Z plane,
and Y-Z plane) are displayed in Figures 16(a) and 16(b).

Figure 17(a) shows the microscopic structure of the Y-Z
plane of sample 1, and half cylindrical contours are formed
because of the hatch overlapped regions [19]. In the SLM
process, molten pools are generated by the radiation of laser
beam, which are connected to each other. Samples are com-
posed of many molten pools, and each pool contains several
grains, as indicated in Figure 17(a). The molten pool bound-
aries are noticeable after etching. Molten pools’ width is sim-
ilar to each other (about 100μm), depending on printing
parameters, such as the input power, the laser beam size,
and the exposure time [20, 21]. Almost all of the powder is
melt by the laser beam, whereas some pores and cracks still
existed at the bottom of the molten pool.

According to Figure 17(b), melted tracks are stacked
layer by layer along the manufacturing direction. In the
SLM process, the depth of molten pools (about 80μm) are
deeper than the layer thickness, so the layers can be well con-
nected together. Due to the cumulative effect of heat, holes,

cracks, and other defects are easily formed at the metallurgi-
cal joint between layers, as marked in Figure 17(b) [22]. The
growth direction of grains is substantially perpendicular to
the molten pool boundaries, along the maximum tempera-
ture gradients. Grains are stretched along adjacent layers in
the manufacturing direction, and a large number of grains
existing at the molten pool boundaries indicated an epitaxial
growth of new grains from adjacent top layers. The epitaxial
growth is strongly influenced by the temperature gradient
and the curvature of the molten pool. The new zone prevents
the continuation of the epitaxial growth, and the new zone
has a higher temperature gradient and a lower solidification
rate at the bottom of the molten pool. Meanwhile, the differ-
ent curvature between the bottom and upper of the molten
pool may prevent the epitaxial growth of grains.

Optical micrograph of top of the sample 2 shows clear
solidification tracks of S-shaped. The melted tracks are paral-
lel and overlapping with each other in the horizontal X-Y
plane, as shown in Figure 18(a). The molten pool presents
an arc-shaped configuration, which can be attributed to the
Gaussian energy distribution of the laser beam [23]. In order
to get a further understanding of the solidification behavior
of the molten pool, optical images show that there are large
columnar crystals in molten pools, indicating an epitaxial
growth of new grains from remelted areas, growing in the
direction of the maximum temperature gradient through
the boundaries of molten pools. In addition, the heat is con-
centrated at the bottom of the molten pool, resulting into
cracks, pores, and other defects at the bottoms and bound-
aries of molten pools [6, 24]. The defects are indicated by
black arrows in Figure 18(b).

At higher magnifications, two types of molten pool
boundaries can be identified in Figure 19 typical for the
SLM process. The molten pool boundaries of sample 2 were
generated from layer-by-layer overlapping along the z-axis
which are called as “layer–layer” molten pool boundaries.
Correspondingly, those generated through track-by-track
overlapping in the X-Y plane are referred to as “track–track”
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molten pool boundaries [25]. Melt tracks were partially
remelted, resulting in an increase in density of SLM parts.
As shown in Figure 19, the zone “1” is part of the molten pool
“B,” which was remelted by the adjacent molten pool “A.”
Similarly, the zone “3” is part of the molten pool “B,” which
was remelted by the adjacent molten pool “C.” The zone
“2” is part of the molten pool “B,” which was remelted by fol-
lowing laser scans of the adjacent top layer [26].

It is easy to observe that different regions of the molten
pool are characterized by different crystallization types; a
typical cellular structure was found in zone A, and cellular
dendrites was in zone B marked in Figure 20. Such struc-
tures, widely existed in laser processed parts, are mainly
due to the elevated cooling speed (~103–108K/s) resulting
in nonequilibrium solidification conditions [27]. The cell
size varies in the molten pools but usually never exceeds
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Figure 16: Representative optical micrographs of the SLM 316L SS on the three orthogonal planes showing the X-Y, Y-Z, and X-Z views of (a)
sample 1 and (b) sample 2.
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Figure 17: (a) Optical micrographs of the Y-Z plane and (b) of the X-Z plane of sample 1.
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Figure 18: (a) Characteristic optical micrographs of the X-Y plane and (b) of the Y-Z plane of the pool boundaries in sample 2.
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about 2μm. The cell morphology is mainly presented as
equiaxed polygons or elongated, depending on the growth
direction of the metallographic structures and thermal gra-
dient direction. Besides, the growth direction of cellular
dendrites is not only affected by convective heat flux direc-
tion but also influenced by the Marangoni flow, which
causes heat-mass transfer, hence affecting the growth
orientation of dendrites [15].

When the laser scans on the current island, the previ-
ous island’s boundaries are remelted. Due to the effect of
heat accumulation and a high interface stress, defects such
as holes and cracks are more easily formed at the bound-
aries between adjacent islands [28, 29], as indicated by the
black arrows in Figure 21(a). To further study the effect of
scan strategy on the microstructure of the 316L steel, the
EBSD experiments were conducted, and the results were
displayed in Figures 21 and 22. As can be seen, the differ-
ent scan strategies lead to a different grain growth
direction, as shown in Figure 21(b) where the junction
zone was a disorder site. We can see from the kernel aver-
age misorientation map of the red mark in Figure 21(a)
that the stress distribution is higher at the crack in
Figures 21(c) and 21(d). Figure 22 displayed the EBSD
results of the sample 1 and the grain size distribution of
these two samples. We can see from Figure 22(b) that
there was a higher stress distribution in sample 1, which
was attributed to the higher temperature gradient, as con-
firmed by the simulation test. Meanwhile, we can see from

Figure 22(c) that the average grain size for the sample 1
was a little smaller than that of the sample 2, which also
attributes to the difference in temperature gradient.

4.4. Microhardness Tests. The two samples were polished and
then measured by the HXD-100TMC microhardness tester.
The aim of microhardness tests was to highlight possible dif-
ferences in microhardness induced by different scanning
strategies of the laser beam. Microhardness measurements
were carried out on samples produced with S-shaped and
island scanning strategies, respectively. Table 3 shows the
microhardness results measured on the five sample points
(see Figure 23) for the X-Z planes of SLM parts.

It can be seen that with the increasing of the number
of scanned islands, the microhardness of parts decreased.
Owing to the fact that defects easily occurred in the bond-
ing areas between two neighbor cladding islands, where
the grains are coarsening, it causes limited microhardness.
The samples under the S-shaped strategy had a higher
average Vicker hardness of 265.1HV, and under the island
strategy, the average hardness at the boundaries between
adjacent islands is 255.1HV. This can be anticipated form
the kernel average misorientation results, and higher tem-
perature gradient leads to more dislocations, which can
retard or block the migration of newly formed dislocations
under external force, leading to a higher microhardness
[30]. But overall, the microhardness of SLM parts is rela-
tively uniform, fluctuating within 10%, and is higher than
traditional casting parts of about 220HV [31].

5. Conclusions

In the process of SLM, a multitrack and multilayer FEM is
established to study the influence of scanning strategy on
temperature field distribution and molten pool contours of
SLM parts. Furthermore, the corresponding experiment was
conducted to verify the FEM. The microstructure of parts is
observed, and the experiment results are consistent with the
simulation results of the temperature field. The following
conclusions can be drawn:

(1) When laser scans a single layer, the maximum tem-
perature is recorded at the start of every track scan
and then drops subsequently. Meanwhile, with the
increasing number of layers, the maximum tempera-
ture increases at first and then decreases because the
thermal conductivity of the scanned area is larger
than that of the powdered entity.

(2) Grains are mainly made up of columnar crystals and
cellular dendrites, growing in the direction of the
maximum temperature gradient through the bound-
aries of the molten pool. Besides, the average grain
size for sample 1 was a little smaller than that of sam-
ple 2, which was also attributed to the difference in
temperature gradient.

(3) The microstructural defects (cracks) are more
likely to locate at the bonding areas between two
adjacent layers and the boundaries of the various

100 𝜇m

Figure 19: The pool boundaries of the sample 2 fabricated by SLM.

5 𝜇m

Figure 20: Representative SEM images at high magnification
showing the typical cellular structure observed in sample 2.
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Figure 21: (a) SEM of the junction area in sample 2, (b) inverse pole figure of the junction area, (c) inverse pole figure of the enlarged area in
(a), and (d) the kernel average misorientation map.
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Figure 22: (a) Inverse pole figures of sample 1 through EBSD and (b) kernel average misorientation map and (c) grain size distribution.
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islands, owing to the effect of heat accumulation at
the bonding areas.

(4) The Vicker microhardness at the bonding areas
under the island strategy is relatively lower (about
255.1HV) than that of the SLM 316L parts under
the S-shaped scanning strategy (265.1HV), and the
latter was attributed to the higher stress distribution
under bigger temperature gradient.
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An adaptive control based on a new Multiscale Chebyshev Neural Network (MSCNN) identification is proposed for the backlash-
like hysteresis nonlinearity system in this paper. Firstly, a MSCNN is introduced to approximate the backlash-like nonlinearity of
the system, and then, the Lyapunov theorem assures the identification approach is effective. Afterward, to simplify the control
design, tracking error is transformed into a scalar error with Laplace transformation. Therefore, an adaptive control strategy
based on the transformed scalar error is proposed, and all the signals of the closed-loop system are uniformly ultimately
bounded (UUB). Finally, simulation results have demonstrated the performance of the proposed control scheme.

1. Introduction

As one of the typical nonlinearity, hysteresis exists in many
intelligent materials, servo motor systems, mechanical sys-
tems, and others [1–3], and it has attracted much interest
for many years. Many hysteresis models have been investi-
gated including mathematical model and physical model.
For these models, Preisach model [1, 4], Prandtl-Ishlinskii
(P-I) model [5, 6], Bouc-Wen model [7, 8], and backlash-
like model [2, 3] are important in hysteresis research.

Backlash-like model has been firstly investigated for hys-
teresis systems with a differential equation in [2]. A robust
adaptive control strategy was designed without constructing
inverse hysteresis nonlinearity in [2]. Zhou et al. [3] have uti-
lized backstepping technique designing a robust adaptive
backstepping control to deal with the unknown backlash-
like hysteresis nonlinearity with bounded external distur-
bances. H. J. Lee and J. J. Lee [9] applied the results for Shape
memory alloy (SMA) actuators, and a control strategy was
adopted for the time delay control of the backlash-like hys-
teresis system.

The investigation of backlash-like hysteresis model has
attracted attention for these years. Compared with the back-
stepping technique, sliding mode control has less calculated

amount. Zhang et al. [10] have designed a sliding mode
control for the backlash-like hysteresis system based on
Ackermann’s formula. Different from the above literatures,
Dong et al. [11] investigated nonsmooth predictive control
backlash-like hysteresis mechanical transmission systems.
The backlash-like model was described by a nonsmooth
function, and a model predictive control was presented
with a nonsmooth receding horizon strategy. Liu et al.
[12] have investigated multiple-input multiple-output
(MIMO) systems with backlash-like hysteresis model and
proposed an adaptive prescribed performance control to
precision control the system. More and more researchers
pay great attentions to the prescribed performance control
[13–20] in recent years. But prescribed performance con-
trol for hysteresis system investigation needs more atten-
tion from researchers.

Chebyshev neural network (CNN) is one of the
functional-link neural network (FLNN) which is only one
layer and omit the hidden layer compared with other multi-
neural networks. Therefore, CNN has lower computation
for its simple structure. The CNN has been widely utilized
in permanent magnet synchronous motor (PMSM) system
[21, 22], spacecraft system, and others [23, 24]. Zou et al.
[23] proposed a terminal sliding mode control (TSMC) and
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CNN for spacecraft. The attitude and velocity error have
been transformed into a double integrator for the spacecraft
system, and then, a switch function was adopted to generate
a switching between the adaptive NN and the robust control-
ler. An adaptive TSMC-based CNN was proposed for track-
ing the attitude of the spacecraft. Different from [23], Lin
[21] investigated a hybrid recurrent CNN for the PMSM of
the continuously variable transmission (CVT) system. The
gradient descent method of the adaptive law in the HRCNN
was introduced, and the stability was assured by Lyapunov
function. Sun et al. [22] adopted a modified dynamic surface
control with high-order sliding mode (HOSM) differentiator
approximating the unknown velocity of the multimotor ser-
vomechanism. The unknown friction and disturbance were
estimated by CNN. Above literatures all investigated system
control with CNN but not applied to system identification.
Patra and Kot [25] firstly proposed CNN to identify the
dynamic nonlinear system where it needed less computation.
As a whole, system identification with CNN has few research
for the researchers. Meanwhile, adaptive control [26–29] is an
extensive control strategy that has been investigated for many
years. In this paper, an adaptive CNN controller will be inves-
tigated for the backlash-like hysteresis nonlinear system.

Multiscale identification was adopted in [30, 31] for sin-
gularly perturbed nonlinear system with multitime-scale
recurrent high-order neural networks (MSRHONN). A new
optimal bounded ellipsoid algorithm was applied for
MSRHONN which had faster convergence due to the adap-
tively adjusted learning rate. Different from Zheng et al.
[30, 31], we will propose a CNN to identify the backlash-
like hysteresis system and design an adaptive control strategy
for this system. Firstly, the CNN identification will be
designed and guaranteed by Lyapunov function with update
law. Then, the tracking error will be transformed into scalar
form through Laplace transportation to simplify the control-
ler design. Finally, an adaptive neural network will be pro-
posed for the backlash-like hysteresis nonlinearity system
and assured by Lyapunov theorem.

2. Problem Formulation

The backlash-like hysteresis system of this paper is described
as follows:

x = f1 x + f2 x v,
v = f3 v, u ,

1

where f1, f2 are unknown nonlinear smooth functions, and x,
v have different time scale; v represents hysteresis nonlinear-
ity; it is formulated by nonlinear smooth function f3; in this
paper, the function f3 is defined by backlash-like model,
i.e., f3 is described by the following equation:

v = f3 v, u = α u βu − v + γu, 2

where α is positive coefficient, and u means the input signal
of the nonlinear system; β, γ are constants of the hysteresis
nonlinearity, and β > 0 satisfying β > γ.

According to the literature [2], (2) is solved as follows:

v = βu + Ξ u , 3

where

Ξ u = v0 − βu0 e−α u−u0 sign u

+ e−αu sign u
u

u0

γ − β eαζ sign u dζ
4

The backlash-like hysteresis curves are illustrated in
Figure 1 where the model parameters are listed in Table 1.
The input signals of the backlash-like hysteresis model are
selected as u t = Ki sin 2 5t , i = 1, 2, 3, respectively; Ki is
chosen in Table 1.

3. Multiscale Neural Network
Identification Design

In order to identify the hysteresis system (1), a multiscale
CNN is introduced and then is applied for the backlash-like
hysteresis nonlinearity to approximate the system.

3.1. Chebyshev Neural Network. The CNN is one kind of FLN
based on Chebyshev polynomials actually which is only
single-layer and omits hidden layer compared with other
neural network such as Multilayer Neural Network (MNN).
CNN structure includes two sections: Chebyshev expansion
block and learning block. A structure of CNN is shown in
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Figure 1: The curve of the backlash-like hysteresis model.

Table 1: The backlash-like model parameters.

Backlash-like parameters α β γ K1 K2 K3

Value 1.6 0.22 2.1 6.5 4.5 2.5
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Figure 2 in this paper. Then, the CNN is defined as

F x =W∗Φ x + ε, 5

whereW∗ ∈ℝn×n means the weight matrix of the CNN, and ε
denotes the bounded approximation error of the CNN.

Φ x = 1, C1 x1 ,⋯, Cn x1 , C1 x2 ,⋯, Cn x2 ,
⋯ , C1 xm ,⋯, Cn xm

T ,
6

and x1, x2,⋯, xm is the m-dimensional input vector; n
denotes the order of the Chebyshev polynomial; the k + 1th
order Chebyshev polynomial Ck+1 x is selected as the well-
known two-term recursive formula:

Ck+1 x = 2xCk x − Ck−1 x , 7

where C1 x = x, C0 x = 1.

3.2. Multiscale Identification. Considering the hysteresis sys-
tem (1) with backlash-like hysteresis model (2), the new
CNNs are utilized to estimate the system as follows:

x̂ = Ax̂ + Ŵ1Φ1 x + Ŵ2Φ x v, 8

where x̂ is the estimation of the hysteresis system states; A is
the designed diagonal stable matrix; Ŵ1 ∈ℝn×n, Ŵ2 ∈ℝn×n

are the weights of the CNN.
The backlash-like hysteresis nonlinearity system can be

approximated by the optimal CNN as

x = Ax +W∗
1Φ1 x +W∗

2Φ2 x v + ε, 9

where ε represents the modeling error.
Define the error e as

e = x − x̂ 10

Then, according to (8) and (9), the derivative of e can be
deduced as

e = x − x̂ = Ae + W∗
1 − Ŵ1 Φ1 x + W∗

2 − Ŵ2 Φ2 x v + ε

11

Defining W1 =W∗
1 − Ŵ1, W2 =W∗

2 − Ŵ1, (11) can be
rewritten as

e = Ae +W1Φ1 x +W2Φ2 x v + ε 12

The following assumptions are desired for the identifica-
tion of the backlash-like hysteresis system:

Assumption 1. The CNN modeling approximation error ε
is bounded such that ε ≤ εM , where εM is a known posi-
tive bound.

Assumption 2. The optimal CNN weight matrixW∗
i , i = 1, 2,

is bounded, such that

tr W∗T
1 W∗

1 ≤W1M ,

tr W∗T
2 W∗

2 ≤W2M ,
13

whereW1M ,W2M are known positive constants, respectively.

For the system (9) with diagonal stable matrix A, the fol-
lowing equation holds:

ATP + PA ≤ −Q, 14

where Q is a positive definite symmetric matrix.
The update law of CNN can be designed as

Ŵ1 = δ1e
TPΦ x − δ1δ2Ŵ1,

Ŵ2 = δ3e
TPΦ x v − δ3δ4Ŵ2,

15

where δi, i = 1, 2, 3, 4, are designed positive constants,
respectively.
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Figure 2: The Chebyshev neural network structure.

3Complexity



Next, the identification of the backlash-like hysteresis
system will be guaranteed by Lyapunov theorem; a Lyapunov
function is selected as

V0 =
1
2 e

TPe + 1
2δ1

tr W
T
1W1 + 1

2δ3
tr W

T
2W2 16

Considering Assumption 1 and Assumption 2, (12),
(14), and the CNN update law (15), the derivative of V0
is deduced as

V0 =
1
2 eTPe + eTpe −

1
2δ1

tr W
T
1 Ŵ1 −

1
2δ3

tr W
T
2 Ŵ2

≤ −
1
2 e

TQe − ε + δ2
2 tr W

T
1 Ŵ1 + δ4

2 tr W2Ŵ2

≤ −
1
2 e

TQe + εM + δ2W1M
2 + δ4W2M

2 ,

17

where the fact that

δ2
2 tr W

T
1 Ŵ1 ≤

δ2W1M
2 ,

δ4
2 tr W2Ŵ2 ≤

δ4W2M
2

18

are utilized, and c1 = εM + δ2W1M/2 + δ4W2M/2 ; thus,
V0 satisfies the following inequality:

V0 ≤ −ρ1V0 + ρ2, 19

where ρ1 > 0, ρ2 > 0.
Therefore, the error e can be solved as

e ≤ 2 ρ2
ρ1

+V0 0 e−ρ1t 20

Considering t→∞, we have

e t→∞ ≤ lim
t→∞

2 ρ2
ρ1

+ V0 0 e−ρ1t = 2 ρ2
ρ1

21

Then, the proposed CNNs can identify the backlash-like
hysteresis nonlinearity system (1), and all the signals of the
closed-loop are UUB. Next, an adaptive controller will be
designed to control the system, and the Lyapunov theorem
will guarantee the UUB of the closed-loop system.

Remark 1. CNN is a FLNN consists of two parts: the numer-
ical transformation and learning. It has been proven that
CNN has stronger approximation capabilities and has less
calculate quantities since it is a single-layer neural network

based on Chebyshev polynomials. In this paper, we designed
two CNNs to estimate the unknown system parameters
where the two CNNs have different scales. The multiscale
CNN can be separated into the different unknown nonlinear
dynamics where it will reduce the system order and simplify
the structure of the controller.

4. Adaptive Controller Design

4.1. Error Transformation. The control objective of this paper
is to design an adaptive controller for the backlash-like hys-
teresis nonlinearity system such that the tracking follows
the reference model as

xr = Arxr + brur , 22

where Ar , Br are known controllable state coefficient matri-
ces, and ur represents the reference input signal.

In order to simplify the controller design, the following
assumption and lemma are introduced.

Assumption 3. There exist positive constant vector ϑ∗x and
known nonzero constant ϑ∗r such that the following equa-
tions are satisfied:

Ar = A + Bϑ∗x ,
br = Bϑ∗r

23

Then, the following lemma exists:

Lemma 1 [32]. Let

x = Amx + bm,
λ s = s + r H s ,

24

where Am is a diagonal stable matrix; λ s denotes character-
istic polynomial of Am; r represents a designed positive con-
stant; H s is Hurwitz, and Am, b are controllable. Then, ∃η
such that

ηT sI − Am
−1b = 1

s + r
25

The tracking error is defined as

et = x − xr 26

In view of (3), (9), (22), and (23), the derivative of et can
be expressed as

et = x − xr

= Aret + br ur −
ϑ∗x
ϑ∗r

x +W∗
1Φ1 x

+W∗
2Φ2 x βu + Ξ u + ε

27

The Laplace transformation is utilized for the derivative
of the tracking error et in (27) as
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et s = sI − Ar
−1br ur s −

ϑ∗x
ϑ∗r

x s +W∗
1Φ1 x s

+W∗
2Φ2 x s βu s + Ξ u s + ε s

28

Defining es = ηTet , considering (25), both sides of (28)
multiply ηT , and then utilize inverse Laplace transformation,
one has

es = −res + ϑ∗r ur − ϑ∗x x + W∗
1Φ1 x +W∗

2Φ2 x βu + Ξ u + ε

br
29

4.2. Adaptive Controller Design. In order to design an adap-
tive controller for the backlash-like hysteresis nonlinearity
system, the following variables are firstly defined as

ϑx = ϑ∗x − ϑx,

ϑr = ϑ∗y − ϑr ,
30

where ϑx, ϑr are the estimation of ϑ∗x , ϑ
∗
r , respectively.

The controller is designed as

u = br
Ŵ2Φ2 x β

ϑxx̂ − ϑrur −
Ŵ1Φ1 x − Ξ u

Ŵ2Φ2 x β
, 31

and the adaptive law is selected as

ϑr = δ5ur , 32

where δ5 > 0 is designed constants.
Then, the following theorem holds.

Theorem 1. The backlash-like hysteresis nonlinearity system
is described as (1), which is approximated by CNN in (8);
the reference model is selected as (22); the controller is designed
as (31), and the adaptive law is selected as (32). Then, the
tracking error and other signals in closed-loop are UUB.

Proof 1. Select a Lyapunov function as

V = 1
2 e

2
s +

1
2δ5

ϑ
2
r 33

Considering (29) and (30), the derivative of V can be
deduced as

V = eses +
1
δ5

ϑrϑr

= es −res + ϑ∗r ur − ϑ∗x x + W∗
1Φ1 x +W∗

2Φ2 x βu + Ξ u + ε

br

+ 1
δ5

ϑrϑr

34

Substituting (31) and (32) into (34), one has

V = −re2s + es ϑ∗r ur − ϑ∗x x +
W∗

1Φ1 x
br

− ϑrur + ϑxx̂

−
Ŵ1Φ1 x + Ξ u + ε

br
+ 1
δ5

ϑrϑr

≤ −re2s + es
W1Φ1 x

br
− ϑxe +

W2Φ2 x

Ŵ2Φ2 x
+ ε

br

≤ −re2s + es
W1M
br

− ρ 2 ρ2
ρ1

+ ς + εM
br

35

Therefore, we have

V ≤ −ψ1V + ψ2 36

Then, the error es is deduced as

es ≤ 2 ψ2
ψ1

+V 0 e−ψ1t 37

According to Lyapunov theorem, the error es is bounded
and converged to a compact set, and others signals are
all bounded.

Remark 2. The proposed approach can be tracked in the ref-
erence model through the transformed tracking scalar error
under Assumptions 1, 2, and Assumption 3. For CNN,
Assumption 1 and Assumption 2 require that the approxi-
mation error ε and the weight matrixW are bounded. It suits
the real condition since the weight cannot select infinity.
Assumption 3 and Lemma 1 can transform the vector error
into a scalar error to simplify the controller design but
degrade the control precision in fact.

5. Simulations

To verify the effectiveness of the CNN identification and
adaptive control, the following system is considered:

x1 = x2,
x2 = g1 x + g2 x v,
v = 1 4 u 4 2u − v + 0 38u,

38

where g1 x = 0 5 sin x1 x22 + 1 8 cos x1 , g2 x = 0 2 cos
x1 + 1, α = 1 4, β = 4 2, γ = 0 38, and u = 2 sin 2t .

The reference model is selected as

xr = Arxr + brur , 39
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where

Ar =
0 1
−2 −3

, 40

and br = 3.
The parameters of the CNN and adaptive law are chosen;

W1 0 = 0, W2 0 = 0, εm = 0 05, δ1 = 100, δ2 = 0 002, δ3 =
150, δ4 = 0 001, δ5 = 0 15, and r = 3. Figures 3–5 illustrate
the proposed adaptive control results in this paper. Figure 3
shows the adaptive control results versus the reference
model; Figure 4 shows the tracking errors of the proposed
approaches, and Figure 5 illustrates the control input.

From Figure 3, it is clearly shown that the adaptive
control results are well tracking the reference model for
ur = π/6 sin t . The tracking errors are illustrated in
Figure 4 and that demonstrates CNN identified the backlash-
like hysteresis system, and the proposed approaches are
effective. From these figures, we can find that oscillation
is reduced at the beginning and this is due to the fact
for the adaptive control.

We chose ur = π/5 sin t ; the tracking results and
errors are shown in Figures 6–8. With large amplitude of
the sinusoid wave reference input, the tracking results are
shown in Figure 6; the tracking errors are illustrated in
Figure 7, and the control input is shown in Figure 8.
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Figure 3: The adaptive control results of x versus xr for ur = π/6
sin t .
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Figure 4: The errors of adaptive controller for ur = π/6 sin t .
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Figure 5: The control input of the proposed adaptive control for
ur = π/6 sin t .
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Compared with the results for ur = π/6 sin t , it is shown
that the tracking precision is declined with large sinusoid
wave amplitude. The same results are clearly shown in
Figure 7, and the oscillation time is longer than the results
of ur = π/6 sin t . It is declared that more sinal amplitude
has more adjustment time and less control precision. This
phenomenon is due to the fact and it verified the
effectiveness of the proposed approaches.

In order to verify the effectiveness of the proposed adap-
tive CNN controller, we compare the proposed adaptive
CNN controller, adaptive fuzzy controller [33–35], and PID
controller in this paper. The system and parameters are cho-
sen same as before, and the reference input is ur = π/6 sin
t . For PID controller, we chose Kp = 50, Ki = 0 83, Kd =
0 6, and the adaptive fuzzy controller similar reference [35]
is used in this paper. The results are illustrated in Figures 9
and 10. It is clearly shown that the proposed adaptive CNN
controller and adaptive fuzzy controller are better than the

PID controller. PID controller has longer dynamic procedure
and more violent fluctuation. Adaptive CNN controller and
adaptive fuzzy have similar performance in x1 , but adaptive
CNN controller has more accuracy in dynamic procedure
than adaptive fuzzy in x2. It is illustrated that the proposed
adaptive CNN controller has better performance for the hys-
teresis nonlinear system with backlash-like model.

6. Conclusion

This paper proposed a CNN multiscale identification and
an adaptive control strategy to control the hysteresis non-
linearity where the hysteresis model was described by
backlash-like model. The proposed multiscale CNN was
firstly introduced approximating the backlash-like hysteresis
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Figure 7: The errors of adaptive controller for ur = π/5 sin t .
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Figure 8: The control input of the proposed adaptive control for
ur = π/5 sin t .
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system; a Lyapunov function guaranteed the effectiveness of
the proposed identification method. Afterward, the tracking
error was transformed into scalar error through Laplace
and inverse Laplace transformation for simplifying the con-
trol design. Then, a new adaptive controller was designed
with CNN based on the transformed error, and the Lyapunov
theorem assured that all the signals included the tracking
error in the closed-loop were UUB. Finally, simulations are
designed that have verified the effectiveness of the proposed
CNN identification and adaptive control.
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This paper studies the problems of tip position regulation and vibration suppression of flexible manipulators without using the
model. Because of the two-timescale characteristics of flexible manipulators, applying the existing model-free control methods
may lead to ill-conditioned numerical problems. In this paper, the dynamics of a flexible manipulator is decomposed into two
subsystems which are linear and controllable at different timescales by singular perturbation (SP) theory and a model-free
composite controller is designed to alleviate the ill-conditioned numerical problems. To do this, a model-free composite control
strategy is constructed which facilitates in designing the controller in slow and fast timescales. In the slow timescale, the slow
subsystem controller is designed by adaptive dynamic programming (ADP) based on the measurements of the slow inputs and
the position, while the vibration in the slow timescale is estimated by the least square method. In the fast timescale, the vibration
is reconstructed based on the measurements of vibration and its estimate in the slow timescale, by which the fast controller is
designed using ADP. Stability of the closed-loop system is proved by SP theory. Finally, simulations are given to show the
feasibility and effectiveness of the proposed methods.

1. Introduction

Flexible manipulators are widely applied in aero crafts,
construction industries, and other areas because of their
many advantages such as fast motion, higher payload-to-
robot weight ratio, lower manufacturing consumption, and
larger workspace [1, 2]. Taking the physical forces caused
by actuation and inertial effect into consideration, the motion
of flexible manipulators includes macro rigid-body rotation
and micro flexible vibration, which are strongly coupled with
each other [3]. Flexible manipulators are known as nonlinear,
infinite-order, and uncertain systems [4]. Thus, it is a
challenging problem to improve the positioning accuracy
and avoid vibration caused by flexibility simultaneously.

Based on the dynamic model of flexible manipulators,
researchers have made many studies on the topic of flexible
manipulator control. On the one hand, some effective control
strategies are investigated based on the coupling system

model, such as the traditional PID control [5, 6], optimal
control [7, 8], sliding mode control [9, 10], H∞ control
[11], robust control [12–14], boundary control [15], and neu-
ral network control [16, 17]. On the other hand, taking the
two-timescale characteristics into account, the SP approach
is successfully introduced into the modeling and control of
the complex flexible manipulator systems [18, 19]. In [20],
a composite controller based on a computed torque control
and linear-quadratic control was proposed to suppress the
joint and link vibration satisfactorily and achieve a perfect
trajectory tracking performance. In [21], an adaptive bound-
ary control scheme using hyperbolic functions was developed
to suppress the vibration and regulate the tip position. In
[22], the dual sliding-mode scheme was employed to track
a desired trajectory and stabilize the link vibration. Using
output redefinition, a two-performance enhanced controller
based on PD control and neural networks was designed
for flexible manipulators in [23]. It can be seen that the
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controller design for the subsystems is more efficient and
can achieve a higher performance using various effective
controllers based on SP theory.

Though many results have been achieved about the
flexible manipulator control, most of the control strategies
are based on the dynamic model. However, flexible manipu-
lators are usually subject to uncertainties. So studying the
control of flexible manipulators using the measurements of
the inputs and states is a hotpot. In [24, 25], neural networks
are designed for system uncertainty approximation. In [26], a
nonlinear partial differential equation observer was proposed
to estimate the positions and the velocities of a flexible pen-
dulum. And the sliding-mode scheme was designed for the
vibration suppression based on SP theory. It can be seen that
these studies just talk about the controller design in the case
that the dynamics are partially unknown, but model-free
composite controller design has not been discussed. In [27],
a fuzzy logic controller by the SP approach for a single
flexible arm was proposed. The slow subsystem fuzzy
controller realized the trajectory tracking, and the fast sub-
system hybrid fuzzy controller was designed to damp out
the vibration caused by the elasticity of the system structure.
But it is not easy to tune the fuzzy controller parameters to
achieve the optimal performance. In [20, 28, 29], the optimal
control schemes were used to realize the vibration suppres-
sion based on the subsystem models. Experimental results
showed that these methods had a good performance, but they
required accurate system parameters. Thus, it is of great
significance to study the model-free optimal control of
flexible manipulators.

In recent years, using ADP theory to solve optimal
control problems for unknown systems has received much
attention [30–32]. ADP uses a function approximation
structure to obtain the approximate optimal control strategy.
Thus, the optimal control problem of linear or nonlinear
systems can be effectively solved [33]. By employing the
ADP theory, the optimal controller can be designed by
solving the algebraic Riccati equation based on the mea-
surements of the inputs and states of the system. This
learning process greatly simplifies the design of the
controller [34]. Based on SP theory [35, 36], the flexible
manipulator dynamics can be decomposed into slow and
fast subsystems, which are linear and controllable. Inspired
of the two-timescale characteristics of flexible manipula-
tors, we will apply the ADP theory to solve the optimal
control problem of flexible manipulators without using
the system model.

In this paper, a model-free composite controller of
flexible manipulators is proposed based on ADP. By
employing this method, the dual control targets of posi-
tion regulation and vibration suppression are achieved.
First, the dynamics of a flexible manipulator is decom-
posed into two subsystems at different timescales by SP
theory. Then, a slow subsystem optimal controller is
designed by the inputs and the position in the slow time-
scale using ADP. At the same time, the vibration in the
slow timescale is estimated by the least square (LS) method,
which lays the foundation of the fast subsystem controller
design. A fast subsystem optimal controller is designed by

the fast states in the fast timescale using ADP. The contri-
butions of this paper include the following points. (1) This
paper proposes a novel controller for flexible manipulators
based on ADP without using the model. And simulation
results show that the design leads to a better control perfor-
mance. (2) It is proved that the close-loop system is stable
under the model-free composite controller by SP theory.
(3) The proposed composite control structure based on
dual ADP lays the theory foundation for model-free control
of general two-timescale systems.

In Section 2, the dynamic model is established using
Lagrange and assumed-mode methods and is decomposed
into two subsystems by SP theory. And the problem under
consideration is formulated. In Section 3, a model-free
composite controller is designed by ADP. In Section 4,
the numerical simulations are performed to verify the
effectiveness of the proposed methods. Section 5 concludes
the paper.

2. Problem Description

Figure 1 gives a mechanical structure diagram of the single
manipulator system. As shown in Figure 1, X0OY0 and X1
OY1 represent the inertia axis and the local rotating reference
axis, respectively. u is the control input, m is the beam mass,
M is the payload mass, and L is the beam length. The variable
θ represents the rotating angle, and ω represents the actual
vibration which can be measured by sensor S.

The flexible manipulators’ dynamic model is estab-
lished by using Lagrange and assumed-mode methods [18]
as follows:

M θ, θ, q, q
θ

q
+

Gθ θ, θ, q, q

Gq θ, θ, q, q +Kq
=

1
0

u,

1

where M is the positive definite inertia matrix. Gθ and
Gq are the nonlinear terms. K is the stiffness matrix. u
is the vector of the joint torque. θ is the vector of the
rotating angle. q is the generalized coordinate vector of
modes used to describe the actual vibration measured
by sensor S. When the system model is unknown, it is a
challenging problem to realize the position regulation and
vibration suppression.

Define

H =M−1 =
H11 H12

H21 H22
2

Then, (1) can be written as

θ = −H11Gθ −H12Gq −H12Kq +H11u, 3

q = −H21Gθ −H22Gq −H22Kq +H21u 4

2 Complexity



Suppose ε = 1/k, εz = q, and β = εK, where k is the
minimum eigenvalue of the stiffness K. Then, (3) and (4)
can be rewritten as

θ = −H11Gθ −H12Gq −H12βz +H11u, 5

εz = −H21Gθ −H22Gq −H22βz +H21u 6

Based on SP theory, (1) can be decomposed into two sub-
systems at different timescales. Since ε is small enough [18],
by letting ε = 0 in (5) and (6), the state z in the slow timescale
can be obtained as

zs = β−1 Hs
22

−1 −Hs
21Gs

θ −Hs
22Gs

q +Hs
21u

s 7

Substituting (7) into (5), the slow dynamics can be
written as

θ = −Hs
12Hs−1

22 Hs
21 +Hs

11 us, 8

where the superscript “s” means the slow dynamic. us is the
control torque of the slow subsystem (slow controller). θ is
the approximation of θ in the slow timescale. Considering
the two-timescale characteristics of flexible manipulators
[35], we define zf = z − zs and τ = t/ ε. Setting ε = 0 yields

dθ
dτ

= d2θ
dτ2

= 0,

dzs

dτ
= d2zs

dτ2
= 0

9

Thus, the slow variables are regarded as constants in the
fast timescale. Taking (6), (7), (8), and (9) into account, the
fast dynamics can be written as

d2zf

dτ2
= −Hs

22βz
f +Hs

21u
f , 10

where uf is the control torque of the fast subsystem
(fast controller).

Figure 2 gives the block diagram of the classical compos-
ite control. Combining the slow and fast controllers together,

the full control of flexible manipulators can be achieved by
the following composite controller:

u = us + uf 11

Based on the Tikhonov theorem [37], the relationship
between the subsystems (8) and (10) and the full-order
system (1) is as follows:

θ = θ +O ε , 12

q = 1
k

zs + zf +O ε , 13

where O ε stands for the infinitesimal of the higher order of
ε. From (13), the flexible mode trajectory includes zs and zf .
zs relies on us in the slow timescale, and zf relies on uf as well
as on the flexible mode trajectory in the fast timescale. When
the parameters of the dynamics are known, zs can be
obtained by (7). The fast state zf can be reconstructed for
the fast controller design.

Most of the existing controller design methods for
flexible manipulators are based on fully known or partially
unknown dynamics [24–26]. When the dynamic model is
unknown, the abovementioned methods are invalid. This
paper will consider the model-free composite control
problems for flexible manipulators.

3. ADP-Based Model-Free Composite Control

In this section, ADP is adopted to design a model-free com-
posite controller for flexible manipulators. In the framework
of ADP, the controller is designed by using the measure-
ments of the inputs and states where the rotating angle and
actual vibration can be measured in engineering. However,
the states of the slow subsystem (8) and the fast subsystem
(10) cannot be measured directly. From (7), (12), (13), the
position information θ can be used to design an ADP-based
slow controller. The vibration zs in the slow timescale should
be estimated to reconstruct the fast state zf , which can be
used to design the ADP-based fast controller. The flow chart
is shown in Figure 3.

3.1. ADP-Based Slow Controller Design. As shown in (8), the
slow subsystem represents the rigid body motion of the flex-
ible manipulator system. From (12), θ can be approximated
by the state variable θ which is easy to be measured.

Define the trajectory tracking error as

ec = θ − θd , 14

where θd is the desired joint angle of an end-effector. New
variables are defined as xs1 = ec and xs2 = ec. Then, the slow
subsystem (8) can be rewritten as

xs = Asxs + Bsus, 15

M

m, L
𝜔 (X,t)

Y0

X0

X1

O

S

u

𝜃 (t)

Figure 1: The diagram of the single flexible manipulator system.
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where

xs = xs1x
s
2
T ,

As =
0 1

0 0
,

Bs =
0

−Hs
12 Hs

22
−1Hs

21 +Hs
11

16

Choose the performance index [38] as follows:

∞

0
xs TQsxs + us TRsus dt, 17

where Qs = Qs T ≥ 0, Rs = Rs T > 0, and As, Qs 1/2 is
observable.

Implement the algorithm mentioned in Section 3.3
with x = xs, u = us, and Κs

0 being a stabilizing feedback
gain matrix for (15). Then, the slow controller can be
obtained as

us = −Ks∗xs 18

3.2. Estimation of the Vibration in the Slow Timescale.
According to (13), the vibration caused by flexibility
includes zs and zf . To design the fast controller using
ADP, zs must be estimated first. In the slow timescale, the
LS method is a good way to estimate zs. As shown in (7),
the approximate structure of the mathematical model
between zs and us is as follows:

zs = a + bus, 19

where a and b are the parameters to be estimated.

Considering the existence of a random error, (19) can be
rewritten as

zsi = a + busi + vi, 20

where vi represents the random error and zsi is the measured
data. According to the LS method, the weighted function J is
defined as

J = 〠
N

i=1
v2i = 〠

N

i=1
zsi − a + busi

2 21

To minimize the weighted function, the method of
finding the extremum was used to get

∂J
∂a a=â

= −2〠
N

i=1
zsi − a − busi = 0,

∂J
∂b b=b̂

= −2〠
N

i=1
zsi − a − busi u

s
i = 0

22

Furthermore, the estimated values of a and b are
derived as

â = ∑N
i=1z

s
i∑

N
i=1u

s2
i −∑N

i=1z
s
iu

s
i∑

N
i=1u

s
i

N∑N
i=1u

s2
i − ∑N

i=1u
s
i

2 ,

b̂ = N∑N
i=1z

s
iu

s
i −∑N

i=1z
s
i∑

N
i=1u

s
i

N∑N
i=1u

s2
i − ∑N

i=1u
s
i

2

23

Therefore, we have the estimate of zs as follows:

zs = â + b̂us 24

Slow subsystem
controller 

Fast subsystem
controller 

Flexible
manipulator q

𝜃d

uf

uus

zf = k · q − zs

𝜃

𝜃

−

−

Figure 2: Block diagram of the classical composite control.

ADP-based
slow controller

ADP-based
fast controller

Flexible
manipulator q

𝜃d

uf

uus

Estimation of the
vibration in the
slow timescale

zs

𝜃

zf = k · q − zs−

−𝜃

Figure 3: Flow chart of the controller design.
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3.3. ADP-Based Fast Controller Design. The fast subsystem
represents the flexible-mode motion of flexible manipula-

tors as shown in (10). By defining new state variables xf1
= zf and xf2 = dzf /dτ, the state space equation of the fast
subsystem described in (10) can be expressed as

xf = Af xf + Bf uf , 25

where

xf = xf1 xf2
T ,

Af =
0 I

−Hs
22β 0

,

Bf =
0

Hs
21

26

By combining (13) and (24), zf , that is xf , can be
obtained as follows:

zf = k ⋅ q − zs 27

In the fast timescale, choose the performance index
[38] as follows:

∞

0
xf

T
Qf xf + uf

T
Rf uf dt, 28

where Qf = Qf T ≥ 0, Rf = Rf T > 0, and Af , Qf 1/2
is

observable.
Implement the algorithm mentioned in Section 3.3 with

x = xf , u = uf , andΚf
0 being a stabilizing feedback gain matrix

for (25). Then, the fast controller can be obtained as

uf = −Kf∗xf 29

The ADP algorithm [34] was used to solve optimal
control problems for uncertain systems, which is shown
as follows:

(1) Design an initial controller on the time interval
t0, tl , in which l is a positive integer:

u = −K0x + κ, 30

where K0 ∈ Rm×n is any stabilizing feedback gain
matrix and κ is the exploration noise. Compute
δxx, Ixx, and Ixu until (31) is satisfied.

rank Ixx, Ixu = n n + 1
2 +mn 31

In (31), δxx, Ixx, Ixu, and μ are the matrices used to
collect state and input information in the learning

process. The matrices δxx, Ixx, and Ixu are defined
as follows:

δxx = μ x t1 − μ x t0 , μ x t2
− μ x t1 ,… , μ x tl − μ x tl−1 ,

Ixx =
t1

t0

x ⊗ xdτ,
t2

t1

x ⊗ xdτ,… ,
tl

tl−1

x ⊗ xdτ

T

,

Ixu =
t1

t0

x ⊗ udτ,
t2

t1

x ⊗ udτ,… ,
tl

tl−1

x ⊗ udτ

T

,

μ x = x21 x1x2 ⋯ x1xn x
2
2 x2x3 ⋯ xn−1xn x

2
n

T ,
 0 ≤ t0 < t1 <⋯ < tl,

32

where ⊗ represents the Kronecker product.

(2) Solve Pk and Kk+1 from (33), where Pk is the real
symmetric positive definite solution of the Riccati
equation during the convergence process and Kk is
the real feedback gain.

γ Pk

vec Kk+1
= ϑTk ϑk

−1
ϑTkΞk, 33

where

ϑk = δxx − 2Ixx In ⊗KT
kR − 2Ixuf

In ⊗ R ,

Ξk = −Ixxvec Qk , Qk =Q +KT
kRKk,

γ Pk = p11 p12 ⋯ 2p1n p22 2p23 ⋯ 2pn−1 pnn T

34

vec M represents the vectorization of matrix M,
namely,

vec Mg×h = m11 m21 ⋯m1h m2h ⋯mgh
T 35

(3) Let k⟵ k + 1, if Pk − Pk−1 > α, α > 0, where α is a
small threshold; then, return to step 2.

(4) By letting K∗ =Kk, the approximated optimal control
law can be solved as

u = −K∗x 36

3.4. Composite Controller Design. As described in (11), the
composite controller of the SP system can be achieved as

u = us + uf = −K∗x, 37

where K∗ = Ks∗ Kf∗ and x = xs xf
T .
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Theorem 1. Choose Qs ≥ 0, Rs > 0, Qf ≥ 0, and Rf > 0 with

As, Qs 1/2 and Af , Qf 1/2
being observable. Let Ks

0
and Kf

0 be any stabilizing feedback gain matrix, such that
(15) and (25) are asymptotically stable. Then, the obtained
composite controller (37) stabilizes the whole system.

Proof 1. Since As, Qs 1/2 and Af , Qf 1/2
are observable

and Ks
0 and Kf

0 are stabilizing feedback gain matrices, the
obtained Ks∗ and K f∗ make the subsystems (15) and (25)
asymptotically stable [34, 39]. Then, according to the SP
theory [37], the system (1) is asymptotically stable under
the obtained composite controller.

Figure 4 shows the model-free composite control
algorithm flowchart of flexible manipulators based on ADP.

4. Simulation and Analysis

To verify the effectiveness of the method proposed in this
paper, simulation results of flexible manipulators made of
aluminum alloy are given. The parameters of a flexible
manipulator are shown in Table 1.

In the framework of ADP, a model-free composite con-
troller for flexible manipulators by using the measurements
of the inputs and states is designed by the proposed method
which does not rely on the system parameters. According
to the SP theory, the nonlinear system can be decomposed
into two subsystems describing the rid and the flexible
motion of flexible manipulators, respectively. For the slow
subsystem, θ is equal to θ approximately as mentioned in
(12); then, it can be directly applied for designing the optimal
controller using ADP introduced in Section 3.3, where the

initial stabilizing feedback gain is chosen as Ks
0 = 3 5

and the weighted matrices are set as Qs = diag 1, 0 1 and
Rs = I. After finite iteration, the final optimal feedback gain
matrix is obtained as follows:

Ks∗ = 0 9986 2 1310 38

By solving directly the algebraic Riccati equation, where
A = As, B = Bs, Q =Qs, and R = Rs, the optimal solution is

Ksd = 1 2 1406 39

It can be seen that Ks∗ is equal to Ksd approximately.
And the slow controller can be obtained by using ADP
with the inputs and the states of the system. Figure 5 gives
the convergence of Ks

k to the optimal value Ksd . It is
noticed that the feedback gain converges to the optimal
values after four iterations.

No
k ← k + 1

k ← k + 1

𝛾(P
k
)

vec(K
k+1)

Solve P
k
 and K

k+1 from
Let us = −K0x

s + Ks and t ∈ [t0, t
l
],

= (𝜗
k
 𝜗
k
)−1 𝜗

k
 Ξ

k

ss

s

s
T T

𝛾(P
k
)

vec(Kk+1)

Solve P
k
 and K

k+1 from

= (𝜗
k
 𝜗
k
)−1 𝜗

k
 Ξ

k

ff

𝐏
k
 − 𝐏

k−1
f f ≤ f

f
T T

s

and compute 𝛿
xsxs

, I
xsxs,

 and I
xsus

Let uf = −K0x
f + Kf and t ∈ [t0, t

l
],f

and compute 𝛿
xfxf

, I
xfxf,

 and I
xfuf

Flexible
manipulator

𝜃,

q, q

z = k · q zf = z − zs

zf = z − zsz = k · q

𝜃

·

·

· ·
z, z·

zs, zs·
Estimate

·

StartEnd

No

Yes

𝛼 for k > 1

𝐏
k
 − 𝐏

k−1
s s ≤

𝛼 for k > 1

Yes

us = −K
k
xs s 

uf = −K
k
xff 

u = us + uf

Figure 4: Model-free composite control algorithm flowchart of flexible manipulators based on ADP.

Table 1: Parameters of the flexible manipulator.

Physical parameters (unit) Parameter values

Beam length L (m) 1.2

Joint inertia Jh (kg·m2) 2

Payload inertia Jp (kg·m2) 0.001

Beam mass m (kg) 0.2

Payload mass M (kg) 0.1

Flexural rigidity EI (N·m2) 60

Density ρ (kg/m3) 2500
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For the fast subsystem controller design, by the LS
method, the estimated value zs can be obtained as

zs1 = −0 107us + 1 45 ⋅ 10−3,
zs2 = − 7 44 ⋅ 10−4 us + 2 63 ⋅ 10−6

40

Thus, according to (27), the fast state variables zf are
obtained, which can be applied for designing the fast
subsystem controller based on the algorithm introduced in

Section 3.3. We choose Kf
0 = −10 12 1 1 as the initial

feedback gain, and the weighted matrices are set as Qf =
diag 1, 0 1, 1, 0 1 and Rf = I. The final optimal feedback
gain matrices are obtained as

Kf∗ = −0 0547 −0 6758 −0 0667 −0 2636 41

By solving directly the algebraic Riccati equation, where
A = Af , B = Bf , Q =Qf , and R = Rf , the optimal solution is

Kf d = −0 0556 −0 6739 −0 0674 −0 3017 42

It can be seen that Kf∗ is equal to Kf d approximately.

Figure 6 gives the convergence of Kf
k to the optimal values

Kf d . As shown in Figure 6, after five iterations, K f
k converges

to the optimal values. Figure 7 gives the control inputs under
the ADP-based composite controller.

In order to verify the performance of the model-free
composite controller designed in this paper, the comparison
experimental results between the ADP-based composite
controller and the fuzzy logic composite controller designed
in [27] are given.

Figure 8 shows the trajectory of the flexible manipulator
from 0 to 1 rad. As shown in Figure 6, the system achieves
the steady state after 5 seconds under the ADP-based
composite controller. But the fuzzy logic composite con-
troller takes about 12 seconds to achieve the steady state.
The flexible manipulator under the composite controller
designed based on ADP can reach the ideal position quickly
and accurately.

4
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1

0
0 2 4 6 8

Number of iterations

K
k
 − (Ks)ds

Figure 5: Convergence of Ks
k to its optimal value Ksd during the

learning process.
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Figure 6: Convergence of Kf
k to its optimal value Kf d during the

learning process.
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The performances of the first two modes of the flexible
manipulator are shown in Figures 9 and 10, respectively,
which show that the controller designed in this paper has a
better vibration suppression effect than the fuzzy logic
composite controller.

5. Conclusion

This paper has proposed a novel composite controller of
flexible manipulators with completely unknown dynamics.
By SP theory, the dynamics can be decoupled into two linear
and controllable subsystems. In the slow timescale, the vibra-
tion is estimated by the LS method, while the slow subsystem
controller is designed by ADP based on the measurements of
the information of input and slow states. In the fast timescale,
the fast states are reconstructed based on the vibration and its
estimate in the slow timescale. Then, the fast subsystem
controller is designed by ADP. Finally, a model-free compos-
ite controller based on ADP is designed to realize the goals of

tip position regulation and vibration suppression. Compared
with the existing methods, the proposed composite controller
design approach is model-free and can guarantee the stability
of the closed-loop system, and the dual-ADP structure gives
an example for the model-free control design of general
two-timescale systems.
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This paper investigates a precise tracking control method based on an adaptive disturbance observer for the dual-motor driving
system. The unknown matched disturbance is fully considered and estimated in this paper, and the estimation error is proven to
be finite-time convergent. A sliding mode controller based on the multiple sliding surface technique is proposed in which the
disturbance is compensated. The overall system containing both the observer and the controller is proven to be stable. The
tracking error is within the neighbourhood of the origin before the observer completes its convergence and converges to zero
thereafter. Simulation results verify the effectiveness of the disturbance observer and the sliding mode controller.

1. Introduction

In the past decades, the motor driving system has found its
application from industry to military. Due to the existence
of nonlinearities caused by the friction, transmission gears,
and model uncertainties, the satisfactory control perfor-
mance cannot be guaranteed by linear control methods [1].
To improve the control performance of the motor driving
system, many advanced control method has been adopted,
such as adaptive control [2] and robust control [3]. In addi-
tion, although the advanced controller is with the robustness,
disturbances caused by model uncertainties and external
environments still have significant influence on the control
precision. For the load tracking control problem on the
motor driving system, the main concerns are the stability,
the tracking accuracy, and the robustness subject to distur-
bances. To ensure a precisely tracking performance, model
uncertainties, measurement errors, and external disturbances
should be fully considered.

Due to the demand of the driving force, a multimotor
driving strategy is adopted in the tracking control problem
of the large inertia system, such as radar control systems,
crane control systems, et al. However, the load tracking con-
trol researches are mostly focused on the single-motor

driving scheme [4–6]. The control performance can be
degraded if the single motor-based control method is
adopted directly in the multimotor driving system due to
the potential motor collision caused by existence of the syn-
chronization problem between driving motors. To achieve
the synchronization of multiaxis motions, a cross-coupled
strategy was proposed in [7]. Sun developed an adaptive
control scheme including cross-coupled strategy-based syn-
chronization to guarantee the convergence of both synchro-
nization and position errors of multiaxis motions [8]. An
observer-based synchronization controller is presented for
two coupling permanent magnet synchronous motors system
in [9] with the adoption of the cross-coupled strategy. How-
ever, most research results focus on the motor control with-
out considering the load tracking problem. To achieve the
precise control performance of the dual-motor driving sys-
tem, a cross-coupled synchronization strategy is developed
with the consideration of load tracking controller design.

Finite-time or fixed-time convergence theory have been
widely used in the controller and the observer design to
achieve the satisfactory performance [10]. Several researches
based on sliding mode control have been done to tackle the
disturbance and the uncertainty [11–14]. In the first category,
a switching function is designed to keep the system state
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switching repeatedly around the equilibrium point. This kind
of high-frequency chattering can offset and compensate the
disturbance. Furfaro and Wibben proposed a multiple sur-
face sliding mode guidance for the landing on asteroids mis-
sions, which is proven to be finite-time stable and effective to
cope with unknown environmental uncertainties [15]. Song
et al. designed a finite-time controller for the nonlinear
spacecraft attitude system, which applied fast terminal slid-
ing mode control to ensure a fast transient response [16].
Guo and Zhou proposed an active disturbance rejection
control method for multidimensional boundary control
wave equation, in which the disturbance is compensated
in the feedback loop together with a collocated stabilizing
controller [17]. These methods are basically proven effective
by assuming the upper limit of the disturbance is known.
However, this assumption is not realistic and the actuator
can hardly achieve high-frequency outputs in practical
applications. Therefore, to achieve a better performance
on tackling unknown disturbances, not only the upper
bound of the disturbance but also its detailed information
should be estimated.

In the second category, the disturbance at each time
instant is estimated online by designing disturbance observers.
Chen et al. proposed a nonlinear disturbance observer for the
robotic manipulator system, which is exponentially stable
[18]. Sariyildiz and Ohnishi designed a reaction torque distur-
bance observer which enhances the robustness and the overall
system is proven to be stable [19]. Chen et al. proposed a dis-
turbance observer for multi-input and multioutput (MIMO)
cascade systems and designed a robust-constrained con-
troller to address the input saturation problem [20]. Xu
et al. investigated a fuzzy controller for the unknown dead
zone system based on the disturbance observer, and the
controller updates its fuzzy law according to the distur-
bance estimation [21]. Mobayen and Javadi designed a ter-
minal sliding mode controller for a third-order chained-
form nonholonomic system based on a finite-time stable
disturbance observer, and the closed-loop system is proven
to be finite-time convergent [22]. However, by using these
methods, the disturbance is usually assumed to be slowly
varying so that the time derivative of the disturbance is
sufficiently small to be ignored. Since this assumption is
not applicable for the motor driving system, it is necessary
to investigate an adaptive observer to estimate the known
disturbance online without assuming that the disturbance
is bounded by a known constant or assuming that the dis-
turbance is slowly varying.

Main contributions of this paper are as follows:

(1) An adaptive disturbance observer is designed based
on the sliding mode method, which is proven to be
finite-time stable

(2) The tracking and synchronization controller is
designed by applying the multiple sliding surfaces
technique

(3) The overall system is proven to be stable, and the
tracking error can be driven within the neigh-
bourhood of the origin before the estimation error
converges to zero. After the disturbance observer
completes its convergence, the load can track the
desired trajectory with a high accuracy

The rest of this paper is organized as follows. The dual-
motor driving system is introduced and its state space model
is given in Section 2. The adaptive disturbance observer is
designed in Section 3, in which the finite-time stability of
the observer is given. The controller based on the multiple
surface technique is proposed in Section 4. With the pro-
posed observer and controller, the stabilization for the overall
system is proven. Section 5 gives the simulation results on the
disturbance observer and the controller, which verify the
effectiveness of this paper. Finally, we conclude this paper
in Section 6.

2. Problem Formulation

In this section, we consider the position tracking control
problem of the dual-motor driving system. Dynamic models
for both the single-motor driving system and the dual-motor
driving system are established and simplified for the control-
ler and the state observer design.

2.1. Dual-Motor Driving Scheme. The block diagram of the
dual-motor driving system is shown in Figure 1. The dynamic
model of the dual-motor driving system is

Jmθi + bmθi = ui − τi,

JLθL + f L θL = 〠
2

i=1
τi

1

Here, i = 1, 2 represent two driving motors; θi are angular
positions of the two driving motors; θL is the angular position
of the load; Jm and JL aremoments of inertia of drivingmotors
and the load; ui are control inputs of the two motors; bm is the

viscous friction coefficient of motor; f L θL is the friction
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Figure 1: Block diagram of the dual-motor driving system.
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torque; τi represent transmission torques between the two
motors and load and expressed as

τi = kf δi + cf δi , 2

where δi = θi − θL; k and c are the torsional coefficient and the
damping coefficient. A continuously differentiable friction
model is adopted in this paper, where the friction torque can
be expressed as

f L θL = A1 tanh ρ1θL − tanh ρ2θL

+ A2 tanh ρ3θL + A3θL,
3

where A1, A2, A3, ρ1, ρ2, and ρ3 are positive parameters. A1
and A2 stand for static friction coefficients; the Stribeck effect
is described by tanh ρ1θL − tanh ρ2θL ; A2 tanh ρ3θL
stands for the coulomb friction; and A3θL is the viscous dissi-
pation. Define the parameters as A1 = 0 25, A2 = 0 5, A3 =
0 01, ρ1 = 100, ρ2 = 1, and ρ3 = 100 [23]. The friction model
is shown in Figure 2.

2.2. Single-Motor Driving System. The dual-motor driving
scheme is developed based on the single-motor driving sys-
tem. To simplify the controller design, a control-oriented
model for single-motor driving system is established in
this section.

Jmθm + bmθm = u − τ,

JLθL + f L θL = τ
4

Here, θm is the angular position of the driving motor;
u is the control input; τ is the transmission torque of the
gear box can be expressed as

τ = kf δ + cf δ 5

Here, δ is the angle position error between the motor
and the load, i.e., δ = θm − θL; f δ is a function for a
deadzone:

f δ =

δ − dc, δ ≥ dc

0, δ < dc

δ + dc, δ ≤ −dc

6

Here, dc is the gear clearance width parameter. By
ignoring the deadzone nonlinearity, there is a proportional
relationship that θm = nθL with n is the gear ratio [24]. To
simplify the controller design, the system (4) can be
replaced by the following form.

nJm + JL θL + nbmθL + f L θL = u 7

Choose system states as x1 = θL and x2 = θL; the state-
space equation can be expressed as follows:

x1 = x2,

x2 = J u − nbmx2 − f L x2 + d,
8

where J = 1/ nJm + JL and d denotes the uncertainty
caused by the model reduction and other external distur-
bances. With (8), the tracking controller can be developed
for each driving motor. The synchronization problem will
also be taken into consideration in the control scheme. In
this paper, we aim to develop a disturbance observer
based control scheme to achieve the precision load track-
ing control.

3. Adaptive Disturbance Observer

In this section, the adaptive sliding mode observer (ASMO)
is proposed, in which an adaptive law and a sliding variable
are designed to track the variation of the actual excitation
force. The main idea of the adaptive disturbance observer
(ADO) is to design a sliding variable that connects the esti-
mated disturbance with the system state. The adaptive law
is designed in the form of the super-twisting structure.
Unlike other sliding mode observers, the proposed observer
does not use the information of the upper bound of the dis-
turbance but only assume that the disturbance is bounded
with unknown boundary.

The proposed ADO is as follows:

σ = x2 + h,

h = −J u − nbmx2 − f L x2 − d̂,

d̂ = L1 σ
1/2 sign σ + L2y,

y = sign σ ,

9
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Figure 2: Friction model.
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where σ is the sliding variable and h and y are internal
variables with no physical meanings. The gain parameters
L1 and L2 are designed as

L1 = x2 σ 2,

L2 =
ε

2
L1 +

1
2
ε2 +

1
2
λ,

10

where ε, λ > 0 are constants.

Theorem 1. Suppose that the disturbance is bounded, and
there always exist a positive constant δ such that d < δ

σ 1/2 holds. For the system (8), the estimated disturbance d̂
converges to the actual disturbance d in a finite time by the
proposed ADO (9).

Proof 1. From (8) and (9), the time derivative of the sliding
variable σ can be written as

σ = x2 + h = d − L1 σ
1/2 sign σ − L2y 11

Define a new vector as γ = γ1, γ2
T = σ 1/2 sign σ ,

− L2y
T, we have γ

2 = σ + L22y
2, sign σ = sign γ1 , and

γ1 = σ 1/2.
The time derivative of γ is

γ1 =
1
2
σ −1/2 −L1γ1 + γ2 + d ,

γ2 = −L2y = −L2 sign σ = − σ −1/2L2γ1

12

So we have

γ = A γ γ + B γd,

A γ = σ −1/2 −
L1
2

1
2

−L2 0
,

B γ = σ −1/2
1
2
0

13

Select a Lyapunov candidate as

Vob = γ
T
P γ , P =

λ + ε2 −ε

−ε 1
14

Since ε and λ are any positive constants, P is a positive
definite matrix.

Its time derivative is

Vob = γ
T
P γ + γ

T
P γ

= γ
T

P A γ + A
T
γ P γ + 2d B

T
γ P γ

= − σ −1/2 γ
T
Q γ + 2d B

T
γ P γ,

15

where

Q = L1 λ + ε2 − 2L2ε L2 −
L1
2
ε −

1
2

λ + ε2

⋆ ε

16

Since

2 B
T
γ P = σ −1/2G , G = λ + ε2 − ε , 17

(15) can be rewritten as

Vob = − σ −1/2 γ
T
Q γ + dG γ 18

We assume that the wave excitation force is bounded, so
there is always a positive constant δ such that d ≤ δ σ 1/2

holds. It follows

Vob = − σ −1/2 γ
T

Q + J γ , 19

where

J = − σ −1/2 −δ λ + ε2
1
2
δε

⋆ 0
20

Then, we have

Q + J =
L1 − δ λ + ε2 − 2L2ε L2 − 1/2εL1 − 1/2 λ + ε2 + 1/2δε

⋆ ε
21
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Substituting (10) into (21), it follows

Q + J = L1λ − ε + δ λ + ε2
1
2
δε

⋆ ε
22

Therefore, we have (23), if L1 ≥ ε + δ λ + ε2 + ε/2
δ2 + 1 /λ holds.

Vob = −RV1/2
ob ,

R =
λmin Q + J λ1/2min P

λmax P
,

23

where λmin • and λmax • denote the minimum and max-
imum eigenvalues of the matrix •.

Since σ→ 0 holds if γ → 0, we have h = x2 and h = x2,
which gives d = d̂ once Vob = 0 holds.

It can be seen that the Lyapunov function Vob is decreas-
ing, which implies the attenuation of the estimation error by
the proposed ADO.

By applying the finite-time stabilization theorem, the
convergence time of the proposed ADO is

T ≤
2V1/2

ob t0
R

24

4. Multiple Surface Sliding Mode Controller

In this section, a sliding mode-based control scheme for
the motor driving system is designed considering both the
tracking control and the synchronization control. Due to
the strong robustness, the multiple sliding mode surface
technique is applied to design the load tracking controller.
The stability of the overall system is proven. Before the esti-
mation error converges to zero, the tracking error converges
within the neighbourhood of the origin. After the estimation
error converges to zero, the tracking error converges to zero.
The synchronization controller is developed based on the
cross-coupled strategy.

4.1. Load Tracking Control. Since the model (8) is a second-
order nonlinear system with matched disturbances, two slid-
ing surfaces are designed.

We firstly define the first sliding surface as

σ1 = x1 − x1d , 25

where x1d is the desired trajectory of x1. The first reaching
law is designed in a finite-time convergent form:

σ1 = −k1 σ1
α sign σ1 , 26

where k1 > 0 and α > 1 are constants.

To ensure that the relation between σ1 and its time deriv-
ative σ1 holds, the second sliding surface is given as

σ2 = σ1 + k1 σ1
α sign σ1 27

Its time derivative is

σ2 = σ1 + αk1 σ1
α−1σ = x2 − x1d + αk1 σ1

α−1σ

= J u − nbmx2 − f L x2 + d − x1d + αk1 σ1
α−1σ1

28

Theorem 2. For the system (8), the tracking error converges to
zero with the following control law by using the ADO (9).

ut = J x1d − αk1 σ1
α−1σ1 − k2σ2 − d̂ + nbmx2 + f L x2 ,

29

where k2 > 0 is a constant.

Proof 2. Substituting (29) into (28), we have

σ2 = −k2σ2 + d − d̂ 30

Expanding the vector by adding the second sliding
surface σ2 as an element, we have the close-loop vector as

θ = σ2 C γ
T

T
, where C is a positive constant.

Let Pe = C2 and select a Lyapunov function of the overall
system as

V = θ
T
P w θ , P w =

1
2

Pe 0

0 I 2

, 31

where Pe > 0 is the weighting parameter.
Its time derivative is

V = Peσ2σ2 +Vob = −Pek2σ
2
2 +Vob + σ2 d − d̂ 32

From (23), we know that the estimation error cannot
escape to infinity by the ADO, so we have a large enough
constant F such that d − d̂ ≤ F holds, where F > 0.

Then, (32) can be rewritten as

V ≤ −Pek2σ
2
2 − RV1/2

ob + σ2 d − d̂ ≤ −Pek2σ
2
2 − RV1/2

ob + F σ2

33

Defining θ ∈ 0, 1 as an arbitrary constant, we have

V ≤ − 1 − θ Pek2σ
2
2 − RV1/2

ob + F σ2 − Pek2θσ
2
2 34

So we have

V ≤ −Pek2 1 − θ σ2
2, if σ2 ≥

F
Pek2θ

35
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Therefore, the second sliding surface can converge
within the neighbourhood of the origin: Dσ2 = σ2 σ2 ≤
F/ Pek2θ .

Select a Lyapunov function as Vσ1 = 0 5σ2
1, with (26),

its time derivative is

Vσ1 = σ1σ1 = −k1 σ1
α+1 = −k12α+1/2Vα+1/2 36

From (27) and (35), we have

σ1 + k1σ
α
1 = ϕ, 37

where ϕ ≤Φ = F/ Pek2θ .
From (37), we have

Vσ1 ≤ 0, if 1 −
ϕ

k1σ
α
1
> 0 38

So the position tracking error converges within the
neighbourhood of the origin

σ1 ≤
Φ
k1

1/2
, 39

and velocity tracking error converges within the neighbour-
hood of the origin

σ1 ≤ k1 σ1
2 + ϕ ≤ 2Φ 40

So before ADO completes its convergence, the overall
system is stable, and the tracking error is decreasing since
the estimation error is decreasing. After the ADO completes
its convergence, i.e., the estimation error is zero if t > T , we
have F = 0, which implies Φ = 0. So the tracking error con-
verges to zero.

Therefore, the whole system is stable by using the pro-
posed ADO (9) and the proposed controller (29).

4.2. Dual-Motor Synchronization Control. To the dual-motor
driving system, the synchronization of driving motors is
essential. Even if the driving motors are chosen as the same
type, the position error exists due to the gear clearance, mea-
surement errors, and external disturbances. To avoid the
potential motor collision, a synchronization control strategy
is developed embedded within the tracking controller of the
dual-motor driving system.

Design a sliding mode surface as

σs1 = θ1 − θ2 41

The reaching law is designed as

σs1 = −ks1 σs1
αs sgn σs1 , 42

where αs ≥ 1, ks1 > 0.

With the similar procedure of the tracking controller
design, the second sliding surface is expressed as

σs2 = σs1 + αsks1 σs1
αs−1 σs1 43

According to dual-motor system (1), we have

σs2 =
1
Jm

u1 − τ1 − bmθ1 −
1
Jm

u2 − τ2 − bmθ2

+ αsks1 σs1
αs−1 σs1

44

The synchronization controller is designed as follows:

usi =
−1 i+1 Jm

2
−αsks1 σs1

αs−1 σs1 − ks2σs2 + τi + bmθi,

45

where ks2 > 0 is the tuning parameter.
The overall controller considering both tracking and syn-

chronization problem is developed as follows:

ui = Ξusi + ut , 46

where Ξ is the synchronization coefficient and expressed as

Ξ = 1 −
1

exp ψ σs1
, 47

where ψ is a positive parameter.

Remark 1. The synchronization extent between two driving
motors can be described by the designed synchronization
coefficient Ξ. When the two driving motors are not synchro-
nized because of the gear clearance and the external distur-
bance, Ξ converges to 1 which makes the synchronization
controller accounts. Then, the position error convergence
can be guaranteed by the designed synchronization control-
ler (45). On the other hand, when the position error σs1 →
0, Ξ→ 0 and the load tracking control will not be influenced.
Therefore, the load tracking problem can be dealt with the
proposed controller ui while considering the synchronization
problem of driving motors.

5. Simulation Results

The system parameters and controller parameters are shown
in Tables 1 and 2. Contrastive results are demonstrated to
illustrate the efficacy of the proposed method.

5.1. Disturbance Observer Verification. To show the effective-
ness of the proposed disturbance observer, d = 0 2 sin t rad
is chosen as an equivalent external disturbance in (8). The
observation performance and the observation error are
shown in Figures 3 and 4.

We can see from Figure 3 that with the designed observer,
the external disturbance can be achieved precisely. The high
convergence speed illustrates the advantage of the finite-
time observer. In Figure 4, the observation error is relatively
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small. The maximum estimation error is 15% and the most
estimation errors are located within 0.01 rad.

5.2. Controller Verification. A sinusoidal signal yd = 2 sin t
rad is chosen as a reference signal in model (1). With param-
eters shown in Table 2, contrastive results with and without
disturbance compensation are shown in Figures 5–7.

From Figures 5 to 7, we can see that with the proposed
control scheme, the load can be driven to track the reference
signal. With the disturbance compensation based on the
developed disturbance observer, the better control perfor-
mance and the smaller tracking error can be achieved. In
Figure 6, with the disturbance compensation, the maximum
tracking error is 4%. Hence, the precise tracking control
can be achieved. To further demonstrate the advantage of
the proposed controller, the PID control which has been

Table 1: Parameters of dual-motor driving system.

Parameter Value Unit

Jm 0.0026 kg·m2

JL 0.0113 kg·m2

n 70/6 /

bm 0.015 Nm·s/rad
k 560 Nm/rad

c 0.15 Nm·s/rad
dc 0.2 Rad

Table 2: Controller and observer parameters.

Parameter k 1 k 2 k s1 k s2

Value 20 15.5 10 9

Parameter α αs ψ ε

Value 4 2.5 1.5 15

Parameter λ kp ki kd
Value 12 20 8 4
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widely used in the control of motor driving system is intro-
duced for comparison. The control performance of the PID
controller with parameters shown in Table 2 is shown in
Figure 8.

From Figure 8, we can see that the largest tracking error is
0.2 rad. Hence, better dynamic and steady state performance
with smaller tracking error can be achieved when using the
proposed controller. Due to the structure of dual-motor driv-
ing system, the satisfactory control performance can be
achieved based on the synchronization of the two driving
motors. The trajectories of the two driving motors are shown
in Figure 9.

In Figure 9, we can see that with the developed synchro-
nization controller, a satisfactory synchronization perfor-
mance is achieved without any influences on the tracking
performance. Therefore, the effectiveness of the proposed
disturbance-based control scheme for dual-motor driving
system is demonstrated.

6. Conclusions

In this paper, the high accuracy tracking control problem
of the dual-motor driving system was investigated. A slid-
ing mode control scheme based on adaptive disturbance
observer was developed. To deal with the unknown matched
disturbance, a finite-time convergent adaptive observer was
proposed. The sliding mode controller based on the multi-
surface technique was designed considering both the tracking
and the synchronization problems. The stability of the overall
system including both the observer and the controller was
analyzed. The tracking error was within the neighbourhood
of the origin before the observer completes its convergence
and converges to zero thereafter. Simulation results demon-
strated the efficacy of the proposed finite-time observer and
the sliding mode controller. The finite-time controller design
method for the high-order system can be considered to avoid
the model uncertainty in the future work.
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Parallel attribute reduction is one of the most important topics in current research on rough set theory. Although some parallel
algorithms were well documented, most of them are still faced with some challenges for effectively dealing with the complex
heterogeneous data including categorical and numerical attributes. Aiming at this problem, a novel attribute reduction
algorithm based on neighborhood multigranulation rough sets was developed to process the massive heterogeneous data in the
parallel way. The MapReduce-based parallelization method for attribute reduction was proposed in the framework of
neighborhood multigranulation rough sets. To improve the reduction efficiency, the hashing Map/Reduce functions were
designed to speed up the positive region calculation. Thereafter, a quick parallel attribute reduction algorithm using MapReduce
was developed. The effectiveness and superiority of this parallel algorithm were demonstrated by theoretical analysis and
comparison experiments.

1. Introduction

With the rapid development of information technology,
especially in the aspects of sensing, communication, network,
and calculation, the amount of accumulated data in many
fields is increasing at striking speeds. The inestimable value
in big data has become a common understanding in acade-
mia and industry [1] and has garnered great attention in
many counties; thus, big data technology development was
announced as a national strategy by many countries [2].
However, most of the vast array of data that comes to us
may be chaotic, irrelevant, and redundant. How to extract
and express such implicit information in the form of explicit
knowledge hidden in the given complex information systems
has been an active area of research in the past number of
decades. In practice, rough sets [3] have been widely used
as a mathematical tool to deal with uncertain data. As one
of the core research contents of rough set theory, attribute
reduction can remove redundant attributes and reduce data
dimensions under the premise of stable dependencies

between decision attributes and conditional attributes in a
decision table. Scholars have designed a large number of
attribute reduction algorithms in recent years, which can
generally be divided into three methods [4]: positive region
[5–7], discernible matrix [8–11], and information entropy
[12–15]. However, the execution of these algorithms is a typ-
ical serial operation. Although these kinds of algorithms
with serial operation are possible to handle small data effi-
ciently, their computational complexity, which depends on
attribute number ∣C∣ and sample size ∣U ∣, may inevitably
lead to lower efficiency and/or even complete failure when
facing massive data.

In order to solve this problem, some scholars have
proposed parallel algorithms for high-dimensional or large-
scale data. Based on the divide and conquer strategy, Xiao
et al. [16] used parallel computing to divide the reduction
task into multiple processors that process simultaneously.
Rough entropy was used to measure attribute significance
by Lv et al. [17], and a parallel minimum reduction set algo-
rithm was proposed. However, the dataset should be loaded
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at once into the memory when implementing these algo-
rithms. To make up for the defects of the aforementioned
parallel algorithms, the Google File System- (GFS-) based
distributed file system and the MapReduce parallel program-
ming model were utilized by Qian et al. [18, 19]. The decision
table was divided into several subdecision tables, and thus, a
large amount of data did not need to be loaded into a single
memory bank when calculating attribute reduction. More-
over, the machines in the cluster can cooperate with each
other to solve problems that the single machine could not
address. Zhang et al. [20] proposed a parallel method for
computing rough set approximations based on the MapRe-
duce technique to deal with the massive data. The equiva-
lence classes for each subdecision table were calculated
parallelly in Map step; thereafter, these equivalence classes
were combined in Reduce step if their information sets are
the same. Qian et al. [21] further analyzed that the key to
improving the reduction efficiency is the effective computa-
tion of equivalence classes and attribute significance. Conse-
quently, a structure of <key, value> pair to speed up the
computation of equivalence classes and attribute significance
was designed and the traditional attribute reduction process
was parallelized based on MapReduce mechanism. However,
these abovementioned algorithms were based on the Paw-
lak’s classic rough set model with an equivalence relation,
which is only suitable for categorical data.

To break the limit of the equivalence relation, Lin [22]
proposed the concept of the neighborhood model and
adopted the neighborhood relation instead of the equivalent
relation, which can directly deal with numerical data through
the neighborhood granulation in the universe. The mono-
tonic relation between the positive region and attribute set
in the neighborhood rough set model was proved by Hu
et al. [23, 24], and an attribute reduction algorithm with
lower computational complexity, which is suitable for het-
erogeneous data including categorical and numerical attri-
butes, was put forward. Qian et al. [25] extended Pawlak’s
rough set model to a multigranulation rough set (MGRS)
model, where the set approximations are defined by using
multiple equivalence relations on the universe. Based on the
pessimistic multigranulation rough set model, Sang and Qian
[26] analyzed a granular space selection under multiple gran-
ular spaces, defined the importance measure of the granular
space, and designed a granular space reduction algorithm.
Subsequently, Lin et al. [27] expanded the neighborhood
rough set model to multiple granular spaces and proposed
the concept of a neighborhood multigranulation rough set
(NMGRS) model by constructing the universe through a
hierarchical division of attribute set sequences. Furthermore,
Yong et al. [28] hashed a dataset by dividing data into a series
of hash buckets according to the Euclidean distance, which
dramatically decreased the calculation time and reduced time
complexity to O m ∣U ∣ for getting positive regions. A
quick and efficient attribute reduction algorithm with the
time complexity of O m2 ∣U ∣ was also given. In addition,
Qian et al. discussed local rough set to deal with big data
[29, 30]. However, these aforementioned algorithms based
on different extended rough set models were still involved
in the serial computation.

To the best of our knowledge, it is still a challenging
task to perform parallel attribute reduction on complex
and massive data. In particular, the existing algorithms
could not effectively deal with the complex heterogeneous
data, which include categorical and numerical attributes,
in the parallel way from the multiple granular computing
perspectives. Due to the rampant existence of heteroge-
neous datasets in real-life applications, it is therefore neces-
sary to investigate effective parallel approaches to deal with
this issue. For the purpose of parallelizing the traditional
attribute reduction algorithm for complex heterogeneous
data, the neighborhood multigranulation rough set model
was considered in this paper, and the parallelization points
of the hashing, positive region calculating, and boundary
objects pruning are analyzed based on MapReduce mecha-
nism. Thereafter, a fast parallel attribute reduction algorithm
is developed. The effectiveness and superiority of this parallel
algorithm were demonstrated by theoretical analysis and
comparison experiments.

Different from available algorithms, the contribution of
this paper is twofold. (1) Motivated by the aforementioned
MapReduce technology, hash algorithm, and neighborhood
multigranulation rough set model, the parallelization
methods of multiple granular spaces and hashing Map/
Reduce functions for heterogeneous data are brought to light;
2) a neighborhood multigranulation rough set model-based
parallel attribute reduction algorithm using MapReduce,
which has never been done before, is proposed.

The paper is organized as follows. Section 2 outlines
some preliminary knowledge. In Section 3, we present the
parallelization strategies of multiple granular spaces for het-
erogeneous data and the parallel fast attribute reduction algo-
rithm based on the neighborhood multigranulation rough set
model. Next, experiments are conducted to evaluate the
efficiency of the proposed algorithm in Section 4. Finally, in
Section 5, we present the conclusion and the future work.

2. Preliminary Knowledge

In this section, 1-type and 2-type neighborhood multigranu-
lation rough sets and MapReduce programming model will
be briefly described.

2.1. Neighborhood Multigranulation Rough Set. Neighbor-
hood rough set model uses neighborhood relation to replace
equivalence relation, which can directly process numerical
data and heterogeneous data. For further processing hetero-
geneous data from the perspective of multiple granular
spaces and multiple levels of granularity, neighborhood
rough set theory has been extended from single attribute sub-
set to multiple attribute subsets. Two types of neighborhood
multigranulation rough set models have been developed [27].

2.1.1. 1-Type Neighborhood Multigranulation Rough Sets
(1-Type NMGRS)

Definition 1 (see [25]). Let <U , Δ > be a nonempty metric
space; U = x1, x2,… , xn is a nonempty finite set of objects,
called the universe. A closed ball taking x ∈U as its center
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and δ as its radius is called the δ neighborhood of x and is
defined as follows:

n x = y ∈U ∣ Δ x, y ≤ δ , 1

where δ ≥ 0, and Δ is a distance function. For two points
in the universe, xi = xi1, xi2,… , xin and xj = xj1, xj2,… ,
xjn , the distance function can usually use the Euclidean
distance formula.

Δ xi, xj = 〠
n

l=1
xil − xjl

2 2

Definition 2 (see [25]). Let <U , Δ > be a nonempty metric
space. When categorical and numerical attributes coexist,
let B1 and B2 be categorical and numerical attributes, respec-
tively. The neighborhood of x can be defined as follows:

nB1
x = xi ∈U ∣ ΔB1

x, xi = 0 ,

nB2
x = xi ∈U ∣ ΔB2

x, xi ≤ δ ,

nB1∪B2
x = xi ∈U ∣ ΔB1

x, xi = 0 ∧ ΔB2
x, xi ≤ δ

3

Definition 3 (see [25]). Given a decision system, NIS = U ,
C ∪D, V , f ,N , where C = c1, c2, c3,… , cm is the set of
condition attributes and D is the set of decision attributes,
and C ∩D =∅. V = ∪a∈RVa is a set of attribute values and
Va is a domain of the attribute a. f U × R→ V is a function
such that f x, a ∈ Va for every a ∈ C and x ∈U . N is the
neighborhood relation. Let A ⊆ C be a categorical attribute
set and B ⊆ C be a numerical attribute set, so A ∪ B ⊆ C is
an mixed attribute set; U/A, U/B, and U/ A ∪ B represent
two partitions and a covering of the universe U , respec-
tively. For any X ⊆U , the optimistic multigranulation lower
and upper approximations of X with respect to A and B in
U are defined as follows:

A + B O X = x ∈U ∣ nA x ⊆ X∨nB x ⊆ X ,

A + B
O
X = ~ A + B O ~X ,

4

whereas the pessimistic multigranulation lower and upper
approximations of X are defined as follows:

A + B P X = x ∈U ∣ nA x ⊆ X∧nB x ⊆ X ,

A + B
P
X = ~ A + B P ~X

5

2.1.2. 2-Type Neighborhood Multigranulation Rough Sets
(2-Type NMGRS). Comparing with that just the single
neighborhood relation was used in the 1-type neighborhood
multigranulation rough sets, multiple neighborhood rela-
tions were fully considered in the 2-type neighborhood mul-
tigranulation rough sets, which were denoted by 2-type
NMGRS by Qian et al. [25].

Definition 4 (see [27]). Given a decision system NIS = U , C
∪D, V , f ,N , let N = n1, n2,… , nm be a neighborhood
m-relation on the universe U induced by Ai and Bi, where
Ai is a categorical attribute subset, and Bi is a numerical attri-
bute subset. For any X ⊆U , the optimistic lower and upper
approximations of X in U are defined as follows:

〠
m

i=1
Ni

O

X = x ∈U ∣ n A1+B1
x ⊆ X ∨ ⋯ ∨

n Ai+Bi
x ⊆ X ∨ ⋯ ∨ n Am+Bm

x ⊆ X ,

〠
m

i=1
Ni

O

X = ~〠
m

i=1
Ni

O

~X ,

6

whereas the pessimistic multigranulation lower and upper
approximations of X are defined as follows:

〠
m

i=1
Ni

P

X = x ∈U ∣ n A1+B1
x ⊆ X ∧ ⋯ ∧

n Ai+Bi
x ⊆ X ∧ ⋯ ∧ n Am+Bm

x ⊆ X ,

〠
m

i=1
Ni

P

X = ~〠
m

i=1
Ni

P

~X

7

Definition 5 (see [31]). Given a decision system NIS = U ,
C ∪D, V , f ,N , let B = B1, B2,… , Bm be an attribute sub-
set of C, Y = Y1, Y2,Λ, Yr is a partition of universe U
induced by decision attribute D, and δ = δ1, δ2,… , δn is
a set of n neighborhood radii. The attribute dependency of
Bi for decision class Y with the neighborhood radius δj is
defined as follows:

γ
δ j

Bi
Y =

POSδ j

Bi
Y

U
=

∪N
δ j

Bi
Yk

U
8

Definition 6 (see [31]). Given a decision system NIS = U ,
C ∪D, V , f ,N , let B = B1, B2,… , Bm be an attribute
subset of C, Y = Y1, Y2,Λ, Yr is a partition of universe
U induced by decision attribute D, and δ = δ1, δ2,… , δn
is a set of n neighborhood radii. ∀a ∈ Bi, if γ

δ j

Bi− a Y <
γ
δ j

Bi
Y , then the attribute a is necessary for Bi; else, if

γ
δ j

Bi− a Y = γ
δ j

Bi
Y , then regardless of whether the attribute

a is removed from Bi, the decision positive region of the
system is unchanged; in other words, the attribute a is
redundant for Bi.
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Given the attribute subset R ⊆ Bi, ∀a ∈ R, if γ
δ j

R− a

Y < γ
δ j

R Y , and γ
δ j

R Y = γ
δ j

Bi
Y , then R is a relative reduc-

tion of Bi with the neighborhood radius δj.

Definition 7 (see [19]). Given a decision system NIS = U ,
C ∪D, V , f ,N , let S = ∪

m

i=1
Si = ∪

m

i=1
Ui, C ∪D, V , f ,N , ∀j,

k ∈ 1, 2,… ,m and j ≠ k, if U = ∪m
i=1Ui and Uj ∩Uk =∅,

the decision system NIS can be divided into m-subdeci-
sion systems, and Si is called the subsystem of S.

2.2. MapReduce Programming Model. MapReduce is a
parallel processing framework that breaks down large tasks
into many small tasks. With the small tasks independent of
each other, big tasks and small tasks are just different in size.
The MapReduce parallel programming model also breaks
down the computational process into two main stages: the
Map stage and the Reduce stage.

In the MapReduce model, the whole dataset is split
into many splits in natural sequence and then is passed
to the Map stage. Data in the MapReduce programming
model can be represented as <key, value> pairs. The
Map function takes pairs <K1, V1> as input and generates
a set of intermediate <K2, V2> pairs. The Reduce function
groups together all intermediate values V2 associated with
the same K2 and then merges together a set of values for
each K2 to form a possibly smaller set of values and finally
outputs <K3, V3> pairs. The Map and Reduce functions
are given as follows:

Map: <K1, V1 >→ <K2,V2 >
Reduce: <K2, V2 >→ <K3, V3 >
Here, Ki and Vi i = 1,… , 3 represent the user-defined

data types; is used to denote a list.

3. Parallel Attribute Reduction
Algorithm for NMGRS

Aiming at the numerical or the heterogeneous data, many
attribute reduction algorithms based on neighborhood multi-
granulation rough sets have been developed. However, it is
still a challenging task to parallelize these attribute reduction
algorithms for massive heterogeneous data. Motivated by the
works of Qian et al. [21] and Yong et al. [28], quick paralleli-
zation strategies to speed up the computation of neighborhood
classes and positive regions are proposed, and a parallel attri-
bute reduction algorithm is designed in this section.

3.1. Parallelization Strategies. To parallelize the attribute
reduction algorithm based on the neighborhood multigranu-
lation rough set model, the MapReduce model was adopted.
Thus, it is the key point that how to design the Map and
Reduce functions for quickly getting neighborhood classes
and positive regions. The work of Yong et al. [28] demon-
strated that the neighborhood of a sample can only exist in
its adjacent hash buckets or its own hash bucket. Therefore,
to find possible neighborhoods, it is only necessary to group
the samples according to their hash values. So, in the Map
function, the hash value of each sample could be firstly

calculated, and then the hash values and sample IDs are out-
put. In the Reduce function, the sample IDs in the hash
bucket are merged according to the same hash value.

Thus, the Map and Reduce functions for hash buckets
calculation are designed as follows.

Example 1.We take the decision table shown in Table 1 as an
example to illustrate the calculation process of Algorithms 1
and 2, where the decision attribute is listed in the last column.

According to Definition 7, the decision information
system was divided into S1 = U1, C ∪D, V , f ,N and S2 =
U2, C ∪D, V , f ,N , where U1 = x1, x2 , and U2 = x3,
x4 . The neighborhood radius is given as 0.08, and the con-
dition attribute subset is given as B = c1, c2 .

The Map process:
The <KEYHM, VALUEHM> pairs that output from Map 1

are <0,1>, and <1,2>.
The <KEYHM, VALUEHM> pairs that output from Map 2

are <1,3>, and <3,4>.
The Reduce process:
The <KEYHR, VALUEHR> pair that outputs from Reduce

1 is <0,{1}>.
The <KEYHR, VALUEHR> pair that outputs from Reduce

2 is <1,{2,3}>.
The <KEYHR, VALUEHR> pair that outputs from Reduce

3 is <3,{4}>.
After Algorithms 1 and 2, samples were hashed into three

hash buckets with hash values of 0, 1, and 3.
Next, we calculated the positive regions under the current

subset. According to Definition 4, the process of neighbor-
hood computation and positive region judgment based on
the multigranulation neighborhood rough sets could be
divided into two parts. First, calculate the neighborhood of
x under one condition attribute subset and then take the
intersection of the positive region set of multiple condition
subsets (applicable to the pessimistic neighborhood multi-
granulation rough set model) or take the union of the positive
region set (applicable to the optimistic neighborhood multi-
granulation rough set model).

As to the neighborhood calculation of a single condition
attribute subset, according to the work in literature [26],
whether the sample belongs to the positive region can be
judged by a distance function after traversing the hash bucket
where a neighborhood probably exists. The hash value of a
sample was calculated by the Map function firstly, and then,
possible hash buckets can be searched in the output files
(named after the hash value) by Algorithm 2. Consequently,
the sample can be judged whether it belongs to the positive
region or not by scanning the found hash buckets of this

Table 1: Decision table.

U c1 c2 c3 c4 D

x1 0.10 0.20 0.61 0.20 Yes

x2 0.13 0.22 0.56 0.10 Yes

x3 0.14 0.23 0.40 0.31 No

x4 0.16 0.41 0.30 0.16 No
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sample according to the distance function and decision attri-
bute, where key values of samples in the positive region were
assigned by 1, while key values of samples in the boundary
were assigned by 0. The positive region for the whole uni-
verse U could be obtained by combining each positive region
of Si in the Reduce function.

Map and Reduce functions for neighborhood calculation
by a single condition attribute subset are designed as follows.

The positive region of the whole universe U under single
attribute granularity can be obtained by this algorithm
through the intersection or union of the single granularity
positive region sequence. Thus, the significant attribute could
be calculated and added to current reduction subsets.

Example 2. We continue using the decision table in Table 1
and the same conditions as in Example 1 to illustrate the
operation process.

The Map process:
The <KEYM,VALUEM> pairs that output fromMap 1 are

<0,1>, and <0,2>.
The <KEYM,VALUEM> pairs that output fromMap 2 are

<0,3>, and <1,4>.

The Reduce process:
The <KEYR, VALUER> pair that outputs from Reduce 1

is <0,{1,2,3}>.
The <KEYR, VALUER> pair that outputs from Reduce 2

is <1,{4}>.
The above operation results show that the positive and

boundary region of the current universe can be acquired by
Algorithms 3 and 4, where the positive region includes 4
and the boundary region includes 1,2,3 .

According to the monotonic proof of the work of
Ma et al. [32] that the situation of one sample belonging to
a certain positive region will not be changed when additional
attributes are added. In other words, in this case, it is
unnecessary that these samples are repeatedly calculated
in the second Reduce stage. So the Reduce function could
focus the boundary samples.

The Map and Reduce functions for updating positive
regions are designed as follows.

Example 3. Here, we are taking Table 1 and the results of
Example 2 to illustrate the operation process on parallel
boundary set updating and forming a new decision table.

Input: condition attribute subset, C; a data split Si
Output: <KEYHM, VALUEHM> // let KEYHM be the set of hash value of each sample, and VALUEHM be the set of sample ID

begin
<KEYHM, VALUEHM>=∅
for each xi ∈U do
let key=hash(xi);

// hash xi = Δ x0, xi /δ =key, where x0 is a special sample in universe U, which is satisfied with ∀a∈C,xi∈U f x0, a =min
f xi, a , and f is the information function.

let value=the ID of xi
<KEYHM, VALUEHM>=<KEYHM, VALUEHM>= ∪ <key, value>

end for
end

Algorithm 1: Hash-Map function.

Input: <KEYHM, VALUEHM>
Output: <KEYHR, VALUEHR> // let KEYHR be the set of different hash value key', and VALUEHR be the set of sample IDs subset value'

with the same hash value key'.
begin

<KEYHR, VALUEHR>=∅
for <key, value>in <KEYHM, VALUEHM>do
if key is not appeared in <KEYHR, VALUEHR>

<key', value'>=<key, value>
else
if key=key'k

<KEYHR, VALUEHR>=<KEYHR, VALUEHR>-<key', value'>
value'k=value'k ∪ value // combine samples with the same hash value, obtain the hash bucket

end if
end if
<KEYHR, VALUEHR>=<KEYHR, VALUEHR> ∪ <key', value'>

end for //output with multi-file; a file named after a hash value is a hash bucket
end

Algorithm 2: Hash-Reduce function.
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It can be seen from Example 2 that the current positive region
set is 4 , and thus, this update should remove the sample
with the ID of 4 from the decision table.

The Map process:
The <KEYUM, VALUEUM> pairs that output from Map

1 are <1, (1 0.10 0.20 0.61 0.20 Yes)> and <1, (2 0.13 0.22
0.56 0.10 Yes)>.

The <KEYUM, VALUEUM> pair that outputs from Map
2 is <1, (0.14 0.23 0.40 0.31 No)>.

The Reduce process:
The <KEYUR, VALUEUR> pairs that output from

Reduce1 are <1 (0.10 0.20 0.61 0.20 Yes)>, <2 (0.13 0.22
0.56 0.10 Yes)>, and <0.14 (0.23 0.40 0.31 No)>.

After the above operation, the boundary region updat-
ing was finished, and the actual storage situation is shown
as follows:

S1: 1 0.10 0.20 0.61 0.20 Yes
2 0.13 0.22 0.56 0.10 Yes

S2: 0.14 0.23 0.40 0.31 No
The above results show that the subsequent attribute

reduction can be processed directly on the basis of the whole
dataset without any extra splitting.

3.2. Parallel Attribute Reduction Algorithm. On the basis
of parallel algorithms given in Section 3.1, a neighbor-
hood multigranulation rough set-based parallel attribute
reduction algorithm using MapReduce is presented. For

Input: Single condition attribute subset, C; the hash bucket B; and a data split Si
Output: <KEYM, VALUEM>

//key∗ represents whether the sample belongs to the positive region; let key∗ of the sample in positive region be 1, and key∗ of
the sample in boundary be 0; value∗ represents all samples’ ID that have the same key∗

begin
<KEYM, VALUEM>=∅
for each xi ∈U do
let key∗i=0 //assuming that this sample does not belongs to the positive region under C
let value∗=the ID of xi and given that xi ∈ Bk
for each xj ∈ Bk−1 ∪ Bk ∪ Bk+1 //traversing the hash bucket where a neighborhood probably exists

if xj is the neighborhood of xi, but they have different decision attribute values
let key∗i=1

else
break

end if
end for
<KEYM, VALUEM>=<KEYM, VALUEM> ∪ <key∗i, value∗i>

end for
end

Algorithm 3: Single condition attribute subset neighborhood-Map.

Input: <KEYM, VALUEM>
Output: <KEYR, VALUER>

// let KEYR be the set of different key
∗, and VALUER be the set of sample IDs subset value' with the same key'.

begin
<KEYR, VALUER>=∅
for <key∗, value∗>in <KEYM, VALUEM>do

if key is not appeared in <KEYR, VALUER>
<key∗′, value∗′>=<key∗, value∗>

else
if key∗=key∗′k
<KEYR, VALUER>=<KEYR, VALUER>-<key∗′, value∗′>
value∗′k=value∗′k ∪ value∗ // combine samples with the same key∗

end if
end if
<KEYR, VALUER>=<KEYR, VALUER> ∪ <key∗′, value∗′>

end for
end

Algorithm 4: Single condition attribute subset neighborhood-Reduce.
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convenience, this algorithm is denoted as PARA_NMG in
this paper.

3.3. Algorithm: Time Complexity Analysis. It is assumed
that the neighborhood decision information system has
∣U ∣-samples andm-condition attributes. The positive region
calculation is still the key step for the proposed PARA_NMG
algorithm. In step 2.1, the calculation method in literature
[28] is used to calculate the positive region of each attri-
bute set, the time complexity of which is O m U . As
to step 2.3, suppose that there are l-attributes eventually
selected, with each attribute is added into the reduction
subset, U /l-samples will convert from the boundary sample
to the positive region (in term of probability). Therefore,
the time complexity of serial calculation is O m U l + 1 .
Furthermore, the MapReduce model was used in the
PARA_NMG algorithm to parallelize the attribute reduction
algorithm; assuming that there are k-nodes, the time com-
plexity of the algorithm is O m U l + 1 /k , which is supe-
rior to the time complexity of max O m2 U ∑m

t=1lnct +
ln d /k ,O m2 U /k in literature [22] and time complexity
of O C 2 U 2/k in literature [33].

4. Experiment Analysis

In this section, we conducted some numerical experiments to
assess the efficiency of our proposed algorithm. The experi-
ments were implemented on a PC cluster of nine nodes,
where one was set as a master node and the rest were config-
ured as slave nodes. Each node is equipped with Inter Core
i5-2400M CPU (four cores in all, each 3.1GHz), 4GB RAM

memory, and the software of Ubuntu 14.0, Hadoop 2.6.0,
and Java 1.6.20. All algorithms were coded in Java.

To illustrate the efficiency of our proposed PARA_NMG
algorithm, the representative parallel algorithm for reduction
algorithm based on positive region, which was denoted as
PAAR_PR, proposed in literature [21] was used for compar-
isons. The difference is that the PAAR_PR algorithm is based
on the classical rough set model, while the PARA_NMG
algorithm is based on the neighborhood multigranulation
rough set model.

To test the efficiencies of above two algorithms on differ-
ent types of data, the experiments were carried out with the
real datasets Soybean,US Census Data (1990), Susy, PAMAP2
Physical Activity Monitoring, and Poker Hand from UCI
Machine Learning Repository [34] and another dataset
KDD99. Here, Soybean and US Census Data (1990) are cate-
gorical datasets, Susy and PAMAP2 Physical Activity Moni-
toring are numerical datasets, and Poker Hand and KDD99
are heterogeneous datasets. To create a big data environment,
the dataset Soybean was duplicated 100,000 times as a new
dataset. For convenience, these above six datasets were
denoted as DS1~DS6, respectively. The characteristics of
these datasets are shown in Table 2.

4.1. Comparison and Analysis of Reduction Results. For
neighborhood rough set model, it is important to select a
proper neighborhood radius when calculating neighborhood
classes. According to the work of Hu et al. [24], the reason-
able neighborhood radius should be selected in the interval

Table 2: Datasets.

Dataset Record number Attribute number Class number

1 DS1 30,700,000 35 19

2 DS2 2,458,285 68 3

3 DS3 5,000,000 18 2

4 DS4 3,850,505 52 2

5 DS5 1,025,010 11 10

6 DS6 4,898,421 41 23

Table 3: Reduction results of the two algorithms.

Dataset PAAR_PR PARA_NMG

DS1
18, 26, 29, 1, 22, 3,
6, 10, 7, 9, 7, 17

18, 26, 29, 1, 22, 3, 6,
10, 7, 9, 4, 16

DS2 53, 25, 50, 14, 66 32, 67, 53, 35, 14

DS3 / 1, 17, 6

DS4 / 7, 19, 57, 2, 61, 5

DS5 / 4, 8, 2, 10

DS6
12, 6, 5, 3, 1, 23, 33,

36, 2, 24, 40
12, 6, 5, 3, 1, 23, 33, 36,
8, 11, 29, 34, 39, 27

Input: a data split Si
Output: <KEYUM, VALUEUM>

// key^ represents the sample does not belongs to the positive region; value^ represents the sequence of the sample’s
attribute value

begin
<KEYUM, VALUEUM>=∅
for each xi ∈ Si do

if xi ∉ POS key
^
i=1, value

^
i=xi

else key^i=0, value
^
i=xi

end if
<KEYUM, VALUEUM>=<KEYUM, VALUEUM> ∪ <key^i, value^i>
end for

end

Algorithm 5: U_REDUCE-Map.
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0 1, 0 3 . Qian et al. [29] analyzed the monotonicity of pos-
itive region with the neighborhood radius, and they found
that the classification accuracy will be deduced with neigh-
borhood radius increase. Considering these factors and char-
acteristics of selected datasets, the neighborhood radius for
our PARA_NMG algorithm was set to be 0.1 when facing
numerical data. The reduction results of the PARA_NMG
algorithm and the PAAR_PR algorithm are shown in Table 3.

It can be seen from Table 3 that the PAAR_PR algorithm
obtained effective reduction results on categorical datasets
DS1 and DS2. Notwithstanding that there are few numerical
attributes in DS6, the equivalence classes could be obtained,
so the PAAR_PR algorithm is still practicable. However,
for numerical datasets DS3 and DS4 and heterogeneous
dataset DS5, PAAR_PR could not get the reduction results
because equivalent classes could not be obtained in these
datasets. Thus, the applicability of PAAR_PR algorithm
depends on the characteristics of datasets. Comparatively
speaking, the PARA_NMG algorithm was not limited by
data types when calculating attribute reduction on differ-
ent datasets. Considering the rampant existence of hetero-
geneous datasets in real-life applications, the neighborhood
multigranulation rough set-based PARA_NMG algorithm
has better applicability.

In addition, for datasets DS1, DS2, and DS6, although
the attribute reduction results were all obtained, there was a
little difference between the selected attribute subsets by both
algorithms. To further analyze the two algorithms’ effects on
reduction results from the perspective of classification

Table 4: Classification accuracies with two algorithms’ reduction
results.

Classifier Dataset PAAR_PR PARA_NMG

SMO

DS1 82.1037 86.4802

DS2 84.5962 87.6572

DS6 91.5151 97.9569

Naive Bayes

DS1 75.4451 84.7014

DS2 87.4395 93.1425

DS6 67.0616 75.6389

NBM

DS1 57.4696 77.7349

DS2 87.6570 89.6472

DS6 97.1868 97.9569

Logistic

DS1 83.6540 88.0672

DS2 87.7754 90.7764

DS6 99.9873 99.9898

LWL

DS1 91.7377 96.5833

DS2 70.9932 80.4851

DS6 67.0616 67.0616

J48

DS1 90.5104 97.9103

DS2 82 82

DS6 97.1868 98.1967

MultiClassClassifier

DS1 81.6033 82.8716

DS2 95.1595 98.5344

DS6 96.1977 99.9781

Input: NIS = U , C ∪D,V , f ,N , β
Output: reduction reduct

begin
Step 1: initialize reduct←∅, Q←U , Max POS =∅;
Step 2: if (C-reduct)= ∅, go to Step 3; while if (C-reduct) ≠∅, execute the following loop operations:

Step 2.1: for each condition attribute ck ∈ C − reduct , use algorithms 1~4 to calculate the positive region POSk of reduct ∪ ck ;
Step 2.2: compare the positive region POSk of condition attribute subset reduct ∪ ck after each attribute ck added. Find current

maximum positive region Max_POS; if ∣Max POS∣ =∅ then keep attribute reduction invariant, and go to Step 3.
Otherwise, add ck into reduct, reduct = reduct ∪ ck ;

Step 2.3: update boundary sample set Q with algorithms 5~6, Q =Q −Max POS, and return to Step 2.1
Step 3: output reduction reduct
end.

Algorithm 7: PARA_NMG algorithm.

Input: <KEYUM, VALUEUM>
Output: <KEYUR, VALUEUR>

// let KEYUR be the sequence number in the case of key^=1, and VALUEUR be the set of value
^ sequence subset.

begin
KEYUR=0 and VALUEUR=∅
if key^k=1

KEYUR=KEYUR++
VALUEUR=VALUEUR ∪ value^k

end if
end

Algorithm 6: U_REDUCE-Reduce.
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Table 5: Average computational time of two algorithms (s).

Dataset Algorithm
Number of nodes

1 2 3 4 5 6 7 8

DS1
PARA_NMG 14,958 8499 6420 4953 4132 3596 3317 2968

PAAR_PR 1724 894 607 492 418 364 312 272

DS2
PARA_NMG 55,423 28,717 19,515 17,820 14,031 11,996 10,226 8854

PAAR_PR 8732 4961 3731 2960 2591 2140 2003 1815

DS3 PARA_NMG 64,035 34,992 24,820 19,583 16,504 14,927 13,481 12,338

DS4 PARA_NMG 16,006 8559 6428 4694 3942 3572 3163 2663

DS5 PARA_NMG 13,226 6961 4863 4032 3157 2738 2458 2249

DS6
PARA_NMG 21,371 11,264 7714 6333 5304 4847 3961 3533

PAAR_PR 2091 1384 1124 987 816 723 651 624
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Figure 1: Average speedup on different number of nodes.
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accuracy, seven well-known typical classifiers, namely,
sequential minimal optimization (SMO), naive Bayes, naive
Bayesian model (NBM), logistic regression model (LRM),
locally weighted learning (LWL), J48, and MultiClassClassi-
fier , were selected to further test the classification accuracy
associated with different attribute reduction subsets. The test
results are shown in Table 4.

We can see from Table 4 that classification accuracies,
according to the reduction subsets of PARA_NMG algo-
rithm, are better for most of these classifiers. In fact, the clas-
sification accuracy is the important factor that should be
considered in real-life applications. So, from a practical point
of view, our neighborhood multigranulation rough set-based
PARA_NMG algorithm also has better applicability.

4.2. Comparative Analysis on Computational Time. To
illustrate the influence of the number of computer nodes
on the two algorithms’ computational time, the experiments
were implemented on a cluster with different number of
nodes. The average running times of the two algorithms
were recorded, which are shown in Table 5 as follows. For
datasets DS3~DS5, only the results of PARA_NMG algo-
rithm are given.

As can be seen from Table 5, PAAR_PR is faster than
PARA_NMG because of the different rough set models were
used. PAAR_PR is based on the classical rough set model,
and the time complexity of the classical heuristic serial reduc-
tion algorithm based on the positive region is O m U 2 .
Conversely, PARA_NMG is based on the neighborhood
multigranulation rough set model, and the time complexity
of the classical serial reduction algorithm is O m2 U 2 .
To minimize the times of computation for getting positive
regions, the hash function was introduced into the Map
and Reduce stages for neighborhood multigranulation rough
sets, and the time complexity of our parallel attribute
reduction algorithm was reduced to O m ∣U ∣ l + 1 /k .
To some extent, the computational time of our algorithm
is still comparable.

In fact, except for the computational time, the speedup is
really an important performance index for evaluating the effi-
ciency of a parallel algorithm, which is defined as follows:

Speedup p = T1
Tp

, 9

where p is the number of nodes, T1 is the execution time at
one node, and Tp is the execution time at p nodes.

The speedup of two algorithms was tested with different
number of nodes. To be more intuitive, the average speedup
of two algorithms on each dataset with different computer
nodes is presented in Figure 1 as follows, where the x axis
represents the number of computer nodes, the y axis repre-
sents the speedup, and the red star point denoted by liner
represents the theoretical speedup of a parallel algorithm.

As shown in Figure 1, the parallel reduction algorithm
proposed in this paper could achieve better speedup on
different data types. With the number of nodes increase, the
superiority of our PARA_NMG algorithm in speedup is

more and more obvious. Therefore, the PARA_NMG algo-
rithm is more suitable for processing heterogeneous massive
data parallelly on a large number of computing nodes.

5. Conclusion

Attribute reduction is one of the important research issues in
rough set theory. In current big data era, traditional attribute
reduction algorithms are now faced with big challenges for
dealing with massive data. Most existing parallel algorithms
have seldom taken granular computing into consideration,
especially for dealing with complex heterogeneous data
including categorical attributes and numerical attributes.
To address these issues, aiming at heterogeneous data, a
quick parallel attribute reduction algorithm using MapRe-
duce in the framework of neighborhood multigranulation
rough sets was developed in this paper. The hash function
was introduced into the Map and Reduce stages to speed
up the positive region calculation. The effectiveness and
superiority of the developed algorithm were verified by com-
parison analysis.

However, just the static data was considered in this paper;
in fact, datasets in real-world applications often vary dynam-
ically over time. How to parallelize the incremental attribute
reduction algorithm in the framework of neighborhood mul-
tigranulation rough sets is a focus for future research.
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This paper proposes an observer-based fuzzy control scheme for a class of memristive chaotic circuit systems. First, the
Takagi-Sugeno fuzzy model is adopted to reconstruct the nonlinear chaotic circuit system. Next, based on the proposed fuzzy
model, an observer-based fuzzy controller is developed to estimate the states and stabilize the origin. Third, the results are
extended to explore the L∞-gain observer-based fuzzy control for the chaotic system with disturbances. Finally, simulation
results are also addressed to show the effectiveness of the proposed control scheme.

1. Introduction

In 1971, Chua postulated the existence of a fourth circuit
element [1], called memristor, which was realized by
Williams’s group of HP Labs only 37 years later [2]. In recent
years, the memristor has attracted much attention due to its
potential application in associative memory [3], image
processing [4], filter [5], programmable analog circuits [6],
and so on. In particular, Pershin and Ventra experimentally
demonstrated the formation of associative memory in a
simple neural network, which consists of three electronic
neurons using memristor-emulator synapses [3]. A new
image encryption algorithm was presented in [4] based on
chaos with the piecewise-linear memristor in Chua’s circuit.
The authors in [5] experimentally demonstrated an adaptive
filter by introducing a memristor and using the memristive
properties of vanadium dioxide. In [6], a memristor was
designed for a pulse-programmable midband differential
gain amplifier with fine resolution.

The HP memristor is described by a nonlinear constitu-
tive relation as introduced in [7]

v =M q i,

or i =W φ v,
1

between the device terminal voltage v and terminal current i,
where φ = vdt, M q = dφ q /dq, and W φ = dq φ /dφ,

where M q and W φ are the memristance and memduc-
tance. Memristor-based systems may exhibit complex
behaviors, such as chaotic and hyperchaotic dynamics.
Recently, chaos control, hybrid control, and synchroniza-
tion of memristor-based or memristive chaotic systems have
received intensive investigation [8–14]. However, the
“piecewise-linear” nonlinearity characterization by introduc-
ing a memristor may lead to challenges in dealing with the
chaotic systems. Fuzzy modeling approaches result in a
way that the original systems can be decomposed into a
number of linear subsystems. In the context of the
Takagi-Sugeno fuzzy models, Zhong et al. [8] addressed
fuzzy modeling and impulsive control of the memristor-
based Chua chaotic system. Cafagna and Grassi presented
a novel fractional-order memristor-based chaotic system
and carried out the theoretical analysis of the system dynam-
ics [9]. The Takagi-Sugeno fuzzy method emerged as a
promising approach for approximating nonlinear systems
[8, 15, 16]. More recently, a new fuzzy model of the
memristor-based Lorenz circuit, which was employed to
synchronize with the memristor-based Chua circuit, was
explored in [14].

Despite the rich achievements, most of the above results
mainly focused on stability or synchronization of memristive
chaotic circuit systems rather than state estimation [17, 18].
However, in real chaotic circuits, it is often the case that only
partial information about the states (for instance, voltage) is
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available in the system outputs. Therefore, in order to utilize
the memristive chaotic circuit systems, one often needs to
estimate the system state through available measurement,
and then use the estimated system to achieve synchroniza-
tion, optimal control [19], or tracking performances. In addi-
tion, general results on state estimation and observer-based
control for such memristive systems do not seem to have
received much attention so far. To the best of our knowledge,
there is a lack of effort in the observer-based control and
synchronization of memristive systems [18].

Inspired by [16], this paper aims at investigating the
observer-based fuzzy control for the stabilization of the
memristive Chua circuit systems with or without external
disturbances. An observer-based fuzzy control scheme based
on the Takagi-Sugeno fuzzy model of the Chua systems is
proposed. The controller design based on linear matrix
inequality (LMI) conditions is developed. The results are
extended to explore the L∞-gain control problem for the
chaotic system with disturbances using the observer-based
fuzzy control approach. In addition, the nonlinear L∞-gain
control problem is transformed into a suboptimal control
problem, that is, to minimize the upper bound of the L∞-gain
of the closed-loop system subject to LMI constraints.

Notations. ℝn denotes the n-dimensional Euclidian space.
Given a vector x ∈ℝn, xT denotes its transpose. ∣x∣ =
∑n

i=1x
2
i

1/2 denotes the Euclidean norm. For a function s ∈
0, +∞ →ℝn, s t ∞ ≜ supt s t AT and A−1 represent
the transpose of matrixA and the inverse of matrixA, respec-
tively. We use A > 0 A < 0 to denote a positive- (negative-)
definite matrix A, and I (resp., 0) denotes the identity matrix
(resp., zero matrix) of appropriate dimension. diag ·
denotes a block diagonal matrix. The symbol “⋆” within
a matrix represents the symmetric term of the matrix.
λmax P and λmin P represent the maximum andminimum
eigenvalue of the real symmetric matrix P, respectively.
Matrix dimensions, if not explicitly stated, are assumed to
be compatible for algebraic operations.

2. Modeling and Control of Memristive
Chua Systems

2.1. Memristive System without Disturbances. Consider the
memristive Chua circuit system [7]:

x1 = σ1 x2 −W x4 x1,
x2 = x3 − x1,
x3 = −σ2x2 + σ3x3,
x4 = x1,

2

with the output y = x4, and

W x4 =
dq x4
dx4

=
a, x4 < 1,

b, x4 > 1,
q x4 = bx4 + 0 5 a − b x4 + 1 − x4 − 1

3

When taking the parameters σ1 = 4, σ2 = 1, σ3 = 0 65,
a = 0 2, and b = 10, (2) exhibits the chaotic behavior in [8]
as shown in Figure 1.

Our aim is to estimate the states of (2) and stabilize the
origin of the system. To do this, by imposing a controller into
the system, one gets

x t = f x t + Bu t ,
y t = Cx t ,

4

where x t = x1 t ,… , x4 t T ∈ℝ4 denotes the vector of the
states, u t = u1 t ,… , um t T ∈ℝm denotes the vector of
the control inputs, C = 0 0 0 1 , B ∈ℝ4×m, and

f x =

σ1 x2 −W x4 x1

x3 − x1
−σ2x2 + σ3x3

x1

5

According to [19], we construct the Takagi-Sugeno fuzzy
model for (2) as follows:

Rule 1. If y t is M1, then

x t = A1x + Bu 6

Rule 2. If y t is M2, then

x t = A2x + Bu, 7

where M1 is ∣y t ∣ < 1, and M2 is ∣y t ∣ > 1,

A1 =

−aσ1 σ1 0 0

−1 0 1 0

0 −σ2 σ3 0

1 0 0 0

,

A2 =

−bσ1 σ1 0 0

−1 0 1 0

0 −σ2 σ3 0

1 0 0 0

8

Through a center-average defuzzifier, the overall fuzzy
system is represented as

x = 〠
2

i=1
hi t Aix t + Bu t , 9
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where the membership functions are

h1 t =
1, y t < 1,

0, y t > 1,

h2 t =
0, y t < 1,

1, y t > 1

10

Suppose that the state variables are not fully measurable
and only the flux of the capacitor (i.e., x4) is measurable
(when choosing other partial states, the results are also
applicable), we propose the following fuzzy state observer
for fuzzy model (9).

Observer rule i: if y t is Mi, i ∈ 1, 2 , then

x̂ =Aix̂ t + Bu t + Li y t − Cx̂ t , 11

where x̂ is an estimate of x and Li is the observer gain for
the ith observer rule.

Note that y t is applied for the observer rule as it is
available from the system (2). Similarly, the overall fuzzy
observer is represented as follows:

x̂ = 〠
2

i=1
hi t Aix̂ t + Bu t + L y t − Cx̂ t 12

To stabilize the memristive chaotic system (2), the
observer-based fuzzy controller is given by

u t = 〠
2

j=1
hj t Kjx̂ t , 13

where j ∈ 1, 2 is the observer rule index, Kj is the control
gain for the jth controller rule.

The proposed observer-based fuzzy control scheme is
depicted in Figure 2. The fuzzy observer estimates the states
of the memristive chaotic systems based on the measurable
output. Then, the estimated states are utilized in the
observer-based fuzzy controller and the output of the
controller will be imposed on the chaotic systems.
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Figure 1: Memristive Chua system.
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We denote the estimation error as e t = x t − x̂.
Hence, (9) is equivalent to

x = 〠
2

i=1
〠
2

j=1
hi t hj t Aix t + BKjx̂ t

= 〠
2

i=1
〠
2

j=1
hi t hj t Ai + BKj x t − BKje t

14

By differentiating e t , one can readily obtain

e = 〠
2

i=1
hi t Ai − LiC e t = 〠

2

i=1
hi t 〠

2

j=1
hj t Ai − LiC e t ,

15

where we used the fact ∑2
j=1hj t = 1.

Combining with (14)-(15) yields

x t

e t
= 〠

2

i=1
〠
2

j=1
hi t hj t A ij

x t

e t
, 16

where A ij =
Ai + BKj −BKj

0 Ai − LiC
, i, j ∈ 1, 2

Let us define

η =
x t

e t
, 17

then the augmented system in (16) can be rewritten as

η = 〠
2

i=1
〠
2

j=1
hi t hj t A ijη 18

Proposition 1. For the augmented system (16), if there
exists a symmetric positive-definite matrix P > 0 and a positive
scalar α > 0 such that the following matrix inequality

P
A ij +A ji

2

T
+ P

A ij +A ji

2
+ αP < 0, 19

holds for all i ≤ j i, j ∈ 1, 2 , then the augmented system
(16) is asymptotically stable.

Proof. Consider the Lyapunov function candidate

V t = ηT t Pη t , 20

where η = xT t eT t T
, P > 0 is symmetric. After calculating

the derivative of V along the trajectories of (18), we have

V t = 〠
2

i=1
〠
2

j=1
hi t hj t η

T t AT
ijP + PA ij η t

=〠
2

i=1
h2i t ηT t P A ii +A ii

2

T
+ P A ii +A ii

2
+ αP η t

+〠
2

i=1
hi t 〠

2

i<j
hj t η

T t

P
A ij +A ji

2

T
+ P

A ij +A ji

2
+ αP η − αηTPη t ,

21

where α > 0 is an arbitrary scalar. Using (19), we get

V ≤ −αηTPη t 22

It is obvious that V t is positive definite and V t < 0,
∀x ≠ 0, and ∀e ≠ 0. According to the Lyapunov stability
theorem [20], Theorem 5.16, the origin of (16) is globally
asymptotically stable. This completes the proof.

Remark 1. It is worth pointing out that this matrix inequality
(19) is hardly tractable numerically. Moreover, linearizing
the matrix inequality is also a very difficult task due to the
presence of the coupling term in PA ij.

For the convenience of design, let P =
P1 0

0 P2

.

Hence, the matrix inequalities in (19) are equivalent to
the following matrix inequalities:

Φ11 + αP1 −Φ12

⋆ Φ2 + αP2

< 0, 23

where

Φ11 =Ω11 +ΩT
11,

Ω11 =
P1 Ai + BKj + P1 Aj + BKi

2
,

Φ12 =
P1BKj + P1BKi

2
,

Φ22 =Ω22 +ΩT
22,

Ω22 =
P2Ai − YiC + P2Aj − YjC

2
,

Yi = P2Li,

24

for all i ≤ j, i, j ∈ 1, 2 .
Since there are no effective algorithms for solving P1,

Ki, P2, andYi simultaneously, we use the separation method
to solve the problem. Note that (23) can be decoupled
as follows:

Memristive circuit systems

Fuzzy
observer

y = Cxu

u(t) =
2

hj(t)Kjx(t)
j=1

ˆ x̂

Figure 2: Observer-based fuzzy control structure diagram.
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Φ11 + αP1 −Φ12

⋆ Φ2 + αP2

=
Φ11 + αP1 −Φ12

⋆ −βP1

+
0 0

⋆ Φ22 + αP2 + βP1

,

25

where β is a positive scalar. It is obvious that if

Φ11 + αP1 −Φ12

⋆ −βP1

< 0, 26

and

0 0

⋆ Φ22 + αP2 + βP1

< 0, 27

then (23) holds.
Note that (26) is related to the controller part (the

parameters are P1 and Ki) and (27) is related to the observer
part (the parameters are P1, P2 and Li), respectively. Now
we can determine P1,Ki, P2, andYi simultaneously by the
following arrangement.

It follows by pre- and postmultiplying the inequality (26)
by the matrix diag P−1

1 , P−1
1

Ξ11 + αX1 −Ξ12

⋆ −βX1

< 0, 28

where

X1 = P−1
1 ,

Ξ11 =Θ11 +ΘT
11,

Θ11 =
AiX1 + BWj + AjX1 + BWi

2
,

Ξ12 =
BWj + BWi

2
, Wi =KiX1

29

By the well-known Schur complement [21], the inequal-
ity (28) is equivalent to

Φ22 + αP2 I

⋆ −β−1X1

< 0 30

Based on the above analysis, we can obtain the following
observer-based control theorem.

Theorem 1. System (2) is asymptotically stabilizable by (13)
if for fixed scalars α > 0 and β > 0, there exist two positive-
definite matrices X1 ∈ℝ4×4 and P2 ∈ℝ4×4 and two matri-
ces Wi and Yi, so that the following two LMI conditions
are feasible:

Ξ11 + αX1 −Ξ12

⋆ −βX1

< 0, 31

Φ22 + αP2 I

⋆ −β−1X1

< 0, 32

for all i ≤ j,i, j ∈ 1, 2 , where

Ξ11 =Ω11 +ΩT
11,

Ω11 =
AiX1 + BWj + AjX1 + BWi

2
,

Ξ12 =
BWj + BWi

2
,

Φ22 =Ω22 +ΩT
22,

Ω22 =
P2Ai − YiC + P2Aj − YjC

2

33

Moreover, the stabilizing observer-based control gains
are given by Ki =WiX−1

1 , Li = P−1
2 Yi.

According to the analysis above, the design procedure is
summarized as follows:

Design procedure:

Step 1. Construct the fuzzy plant rules in (9) and the observer
rules in (12).

Step 2. Take a set of positive scalars α > 0 and β > 0
iteratively.

Step 3. Solve the following linear matrix inequality problem

Ξ11 + αX1 −Ξ12

⋆ −βX1

< 0,

Φ22 + αP2 I

⋆ −β−1X1

< 0,

34

to obtain X1, P2,Wi, andYi (thus Ki =WiX−1
1 , Li = P−1

2 Yi
can also be derived).

Step 4. IfX1 > 0 and P2 > 0 cannot be found, try another set of
α > 0, β > 0, and c > 0 iteratively and repeat Steps 3-4.

Step 5. Construct the fuzzy observer (12).

Step 6. Construct the fuzzy controller (13).

2.2. Memristive System with Disturbances. In this subsection,
we will extend the above results to deal with the L∞-gain
control problem for the memristive chaotic system with
external disturbances.

Consider the following the memristive Chua system with
external disturbances

x = 〠
2

i=1
hi t Aix t + Bu t +Diw t , 35

where Di ∈ℝ4×p and w t = w1 t ,… ,wp t T ∈ℝp denotes
the vector of the bounded external disturbances.
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Applying the same fuzzy observer (12) and the observer-
based fuzzy control law (13), we have

x t

e t
= 〠

2

i=1
〠
2

j=1
hi t hj t A ij

x t

e t
+

Di

0

0

Di

w t

w t
,

36

where A ij =
Ai + BKj −BKj

0 Ai − LiC
Denote

η =
x t

e t
,

w t =
w t

w t
,

Di =
Di 0

0 Di

37

Then (36) can be expressed as

η = 〠
2

i=1
〠
2

j=1
hi t hj t A ijη t +Diw t 38

The objective is to determine a fuzzy controller for the
closed-loop system (38) with the following L∞-gain perfor-
mance as small as possible. Given a disturbance attenuation
ρ, we need to achieve

∥η t ∥∞ ≤ γ∣η 0 ∣ + ρ∥w t ∥∞, 39

where γ and ρ are some positive scalars.
Following [16], to extend the results in the previous

subsection, the L∞-gain control performance in (39) is
guaranteed for an attenuated level ρ = c/ αλmin P , and
β = λmax P /λmin P .

The L∞ control problem can be transformed to solve the
following minimization problem:

min  
c

αλmin P

s t   X1 =XT
1 > 0,

P2 = PT
2 > 0,

Wi,

Yi,

β > 0,

α > 0,

c > 0,

Ξ11 + αX1 −Ξ12 Ξ13

⋆ −βX1 0

⋆ ⋆ −
c
2
I

< 0,

Φ22 + αP2 I Φ23

⋆ −β−1X1 0

⋆ ⋆ −
c
2
I

< 0,

40

for all i ≤ j, i, j ∈ 1, 2 , where
Ξ11 =Ω11 +ΩT

11,

Ω11 =
AiX1 + BWj + AjX1 + BWi

2
,

Ξ12 =
BWj + BWi

2
,

Φ22 =Ω22 +ΩT
22,

Ω22 =
P2Ai − YiC + P2Aj − YjC

2
,

Ξ13 =
Di +Dj

2
,

Φ23 =
P2Di + P2Dj

2

41

Note that X1 instead of P1 is formulated in the constraint
conditions, thus, the term c/αλmin P should be modified as
follows to solve the minimization problem. It is observed that
c/αλmin P < ε2 if c/α I < λmin P ε2I < ε2P, that is,

c
α
I 0

0
c
α
I

<
ε2P1 0

0 ε2P2

, 42

which is equivalent to

X1 <
ε2α

c
I, 43

and

c
ε2α

I < P2 44

Therefore, we can summarize the theorem for the
L∞-gain performance as follows.

Theorem 2. The closed-loop system (38) has the L∞-gain
performance

∥η t ∥∞ < γ∣η 0 ∣ + ε∥w t ∥∞, 45

if for fixed scalars α > 0 and β > 0, there exist two positive-
definite matrices X1 ∈ℝ4×4 andP2 ∈ℝ4×4, and two matrices
Wi, Yi and i ∈ 1, 2 , the following minimization problem
is solved,
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min
X1,P2,Wi ,Yi ,β,α,c

 ε2

s t   X1 =XT
1 > 0,

P2 = PT
2 > 0,

Wi,
Yi,
β > 0
α > 0,
c > 0,
Ξ11 + αX1 −Ξ12 Ξ13

⋆ −βX1 0

⋆ ⋆ −
c
2
I

< 0,

Φ22 + αP2 I Φ23

⋆ −β−1X1 0

⋆ ⋆ −
c
2
I

< 0,

X1 <
ε2α

c
I,

c
ε2a

I < P2

46

Design procedure:

Step 1. Construct the fuzzy plant rules in (9) and the observer
rules in (12).

Step 2. Take a set of positive scalars α > 0, β > 0, and c > 0
iteratively.

Step 3. Given an initial ε2.

Step 4. Solve the following linear matrix inequality problem

Ξ11 + αX1 −Ξ12 Ξ13

⋆ −βX1 0

⋆ ⋆ −
c
2
I

< 0,

Φ22 + αP2 I Φ23

⋆ −β−1X1 0

⋆ ⋆ −
c
2
I

< 0,

X1 <
ε2α

c
I,

c
ε2α

I < P2,

47

to obtain X1, P2,Wi, andYi (thus Ki =WiX−1
1 and Li = P−1

2 Yi
can also be derived).

Step 5. Decrease ε2 and repeat Steps 4-5 until X1 > 0 and
P2 > 0 cannot be found. If X1 > 0 and P2 > 0 cannot be found
for all possible ε2, try another set of α > 0, β > 0, and c > 0
iteratively and repeat Steps 3–5.

Step 6. Construct the fuzzy observer (12).

Step 7. Construct the fuzzy controller (13).

3. Numerical Simulations

The numerical simulations are carried out using the
fourth-order Rune-Kutta method (via ode45 in MATLAB).
Consider the memristive Chua circuit system (2) with the
parameters σ1 = 4, σ2 = 1, σ3 = 0 65, a = 0 2 and b = 10.
Then, the overall fuzzy system to be stabilized can be
represented as (9) and the corresponding fuzzy observer
is given by (12). By Theorem 1, we need to verify (31)
and (32). Take α = 0 0003 > 0 and β = 11 48 > 0. Using
MATLAB to solve the LMIs (31) and (32), we can obtain
a feasible solution as follows

X1 =

136 9592 55 5789 1 1645 −19 9132

55 5789 74 5034 38 5401 −46 3594

1 1645 38 5401 44 8794 −62 5622

−19 9132 −46 3594 −62 5622 155 0652

> 0,

48

and

P2 =

13 9891 −3 4107 0 2092 −26 6232

−3 4107 11 5482 −5 6816 −58 0015

0 2092 −5 6816 6 3545 0 0344

−26 6232 −58 0015 0 0344 950 4500

> 0

49
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u

Figure 3: Time response of the control input under observer-based
fuzzy control.
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Consequently, we can obtain the gains

K1 =W1X−1
1 = −2 6536 3 1573 −8 4596 −2 6001 ,

K2 =W2X−1
1 = 36 5464 3 1573 −8 4596 −2 6001 ,

L1 = P−1
2 Y1 = 150 7265 197 9643 162 8277 16 4382 T,

L2 = P−1
2 Y2 = 350 5547 528 3090 451 4756 42 1846 T

50

Therefore, all conditions of Theorem 1 are satisfied,
which means that the closed-loop system (16) asymptotically
converges to the origin. By observation, the initial states of
the original Chua system and the observer are set as
0 1, 0 2, 0 3, 0 4 T and 0, 0, 0, 0 T. Figure 3 shows the time
evolution of the control input u t . Figure 4 shows the

0 5 10 15
t

20 25 30
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

x̂1

x1

(a) x1 and x̂1

t

x̂2

x2

0 5 10 15 20 25 30
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

(b) x2 and x̂2

x̂3

x3

0 5 10 15 20 25 30
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

t

(c) x3 and x̂3

x̂4

x4

0 5 10 15 20 25 30
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

t

(d) x4 and x̂4

Figure 4: Time responses of the state variables under observer-based fuzzy control.
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Figure 5: Time response of the control input for (35).
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time evolutions between the state xi t and its estimation
x̂i t , i = 1, 2, 3, 4 It is revealed from Figure 4 that the
states xi t (i = 1, 2, 3, 4) are estimated, and converge to
the origin, which implies that the memristive Chua system
is stabilized.

Next, we consider the memristive Chua system (35)
with external disturbances with w t as the bounded
external disturbances with zero mean and variance 0 52

The disturbance matrices are taken as D1 =D2 =
0 11 0 12 0 13 0 14 T and apply the same fuzzy observer
in (12). Set α = 10 > 0, β = 13 > 0, and c = 1. Then, using
MATLAB to solve the LMIs in Theorem 2, we can solve
the minimization problem in Theorem 2 and obtain the

minimum value ε = 7 99. Consequently, we can obtain
the gains

K1 =W1X−1
1 = −12 8045 7 2009 −8 1336 −1 5516 ,

K2 =W2X−1
1 = −12 0583 34 1065 −27 8910 −2 8660 ,

L1 = P−1
2 Y1 = 103 × 0 7551 3 2292 4 6485 0 0185 T,

L2 = P−1
2 Y2 = 103 × 0 9316 4 0538 5 8366 0 0200 T

51

Therefore, all conditions of Theorem 2 are satisfied,
which means the closed-loop system (38) with external
disturbances asymptotically converges to the origin. To
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Figure 6: Time responses of the state variables in (35) under observer-based fuzzy control.
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see the simulation easily, the initial states of the orig-
inal Chua system and the observer-based control are set
as −1 0, 0 8, 2 0, 0 4 T and 0, 0, 0, 0 . Figure 5 shows the
time evolution of the control input u t . Figure 6 shows
the time evolutions between the state xi t and its estima-
tion x̂i t , i = 1, 2, 3, 4 Initial time evolutions are shown in
the subfigures. It is revealed from Figure 6 that the states
xi t (i = 1, 2, 3, 4) are estimated, and converge to the
origin, which implies that the memristive Chua system
with external disturbances is stabilized.

4. Conclusion

In summary, we provide the fuzzy model for the memristive
Chua system and an observer-based fuzzy control
scheme to stabilize the system. Sufficient conditions that
are easily verified based on LMI have been derived, with
which the observer-based fuzzy controllers can be designed
conveniently. The L∞-gain observer-based fuzzy control
design for the chaotic system with disturbances has also been
discussed. Finally, numerical simulations have been carried
out to show the effectiveness of the proposed method for
one system with chaotic behavior used as an example.
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According to the surface state of the product, a process quality monitoring technology based on a Qualitative Trend Analysis
method is proposed. The construction of the product surface defect knowledge base provides a basis for online monitoring of
the nozzle status of the fused deposition modeling (FDM) machine. Ten workpieces are designed in all, and each one conducts
two prints which are normal and abnormal, respectively. An infrared thermal imager is used to obtain the temperature image of
each layer of the workpiece surface; the feature values are extracted, and the difference between the feature values in the two
kinds of printing is calculated. The Qualitative Trend Analysis method is used to analyze the difference in order to obtain the
corresponding sensitive feature parameters corresponding to the starting points in different phases of the product printing. The
change rules of the sensitive feature values are summarized, and the threshold of each starting point is solved. Base on that, the
knowledge rules are defined and the defect knowledge base is constructed. Finally, a new experiment is designed to obtain the
theoretical starting point of each state of the product surface in the building process. By comparing the theoretical starting point
with the actual starting point, the feasibility of the knowledge rules in monitoring the nozzle working state is verified.

1. Introduction

As an achievement in the development of new technologies
and materials, additive manufacturing (AM) has largely
made up for the shortcomings of traditional manufactur-
ing industry and promoted the development of modern
manufacturing. Additive manufacturing is also called 3D
printing. Fused deposition modeling (FDM) is the simplest
additive manufacturing technology. Its appearance is a major
breakthrough in the history of rapid manufacturing. It has
not only reformed the traditional production methods but
also simplified the manufacturing process and improved
the production efficiency [1]. However, due to the limitations
such as immaturity of the technology, there are still many
problems to be resolved in the process of FDM in production.
Many products built by FDM have the defects such as
insufficient precision, warping, short filling [2–4], string
shearing, or nozzle failure [5–7], which seriously restrict the
application of FDM. For print failure often occurs in the
building process, the improvement of the intelligent moni-
toring of the FDM building process is particularly important.

The complexity of machining processes results that
online quality control procedures are expensive and difficult.
In order to monitor the process quality, much research work
has been done and many intelligent algorithms for quality
control are researched. Hybrid incremental model with
optimal parametrization is used to predict surface rough-
ness in milling processes [8]. Fuzzy x and s control charts
are used to monitor the surface roughness of optical lenses
in the online manufacturing process [9]. A two-stage neural
network-based scheme to enhance the accurate identification
rate is used in statistical process control and engineering
process control, and satisfactory result is got [10]. Profile
monitoring method is used to detect the geometric error in
the manufacturing process of FDM [11].

At present, the research on the quality of the FDM build-
ing process mainly focuses on two aspects. One is to study the
working status of the machine in the building process, such
as obtaining the diagnostic method of machine failure
through the processing of the sound signal. In this kind of
research work, the acoustic emission original waveform data
are collected directly using signal processing methods such as
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wavelet analysis and empirical mode decomposition to
extract the relevant eigenvalues according to the extracted
eigenvalues of the process state identification in the FDM
building process [12–14]. Another focus is to directly analyze
the quality of the product in the building process. The
product contour, temperature, and other parameters are
studied by using CCD cameras or embedded optical sen-
sors, and then, the quality of the product can be judged
[15, 16]. In this paper, these two aspects mentioned above
are combined to research the type of nozzle blockage.
Firstly, the quality of the surface of the workpieces under
different working conditions of the nozzle is summarized
and the knowledge base is constructed. Secondly, the pro-
cess parameters of FDM are monitored and the work con-
dition of the nozzle can be judged according to the rules
in knowledge base.

In the process of FDM, the modeling material undergoes
two major phase changes. In order to ensure that the material
can be successfully deposited on the substrate, the interaction
of materials, FDM machine, parameters, and other factors
are needed to work together and any lose efficacy of the fac-
tors above can lead to nozzle clogging.

It is found that FDM machine nozzle plugging failure
is mainly due to machine errors, impurities of modeling
materials, unreasonable printing parameters’ setting, and
nonstandard operation.

In reality, the nozzle clogging phenomenon usually
happens after working for a certain period of time rather
than happens suddenly. In different periods, due to the
clogging of the nozzles, the processed parts will show dif-
ferent states. Specifically, in the process of normal printing
to blockage of the nozzle, the modeling surface of the
products generally goes through five stages: normal print-
ing, insufficient filling, warping, serious fault printing, and
printing failed.

2. Construction of Product Surface Defect
Knowledge Base

2.1. Extraction of Temperature Field Feature Parameters. The
properties such as viscosity, shrinkage, and other properties
of the FDM material will be affected by temperature param-
eters, which are important factors affecting the surface
quality of the products [13, 17, 18]. Through the analysis of
the temperature field of the product surface, the correspond-
ing relation between the temperature and the surface quality
state can be found, which can provide a theoretical basis for
improving the product quality. It is found that there is a
distinct segmentation point between two adjacent states
and the sensitivity of different feature parameters to each
state is different [19]. In order to acquire the variation rules
of the feature parameters in each phase, thermal images of
every layer need to be collected.

The thermal imaging system used in the experiment is
VarioCAM® hr-HS. The temperature it can measure ranges
from −40°C to 600°C. Through the actual building process
analysis, it is found that the temperature value of the
extruded string has three states: the initial value, the steady-
state value, and the final value. The initial value refers to

the temperature value of modeling material after going
through the heated nozzle. The steady-state value refers to
the temperature value at the end of the building of each
layer, and the last value refers to the temperature value
at the beginning of the building of the next layer. The sur-
face of the product mainly goes through two major phases
of cooling.

The distance between the nozzle and current layer is
too close, so it is difficult to measure the temperature
change in the first cooling stage. The condition of the first
cooling stage will affect the second stage. So, in this paper,
the changes in value are taken as the main parameters to
be researched [20, 21].

In order to get the value changes of temperature field
feature parameters of every layer on a part’s surface over a
certain period of time, two workpieces are built at the same
time and one of them is taken as the research object. In
addition, two sets of experiments are needed for each work-
piece: normal printing and nonnormal printing. The nozzle
temperature for normal building is 220°C, while the nozzle
temperature for nonnormal building is gradually reduced
from 220°C to 180°C during the printing process.

In order to simplify the process of data processing, the
feature parameters of the product surface temperature field
need to be extracted, including the mean value, minimum
value, maximum value, temperature difference, and variance.
The reasons for selecting the five parameters above are that
the mean value acts as a measure of the trend in the set of
temperature data for the selected section, with the maximum
and minimum values being the upper and lower limits,
respectively, and the temperature difference expresses the full
range of temperature fluctuations at each point in the section,
while variance shows the degree of dispersion of the temper-
ature. With the above five parameters, it is conducive to make
a quantitative analysis of sample data trends between groups
and data dispersion within the group.

The process to get the research parameters is listed
as follows.

For the first step, the basic feature parameter values of
the surface temperature of each layer are to be obtained.
The theoretical formulas are as follows:

(i) Mean T :

T =
∑n

i=m∑
k
j=gTij

n −m + 1 k − g + 1
1

(ii) Minimum value Tmin:

Tmin = min Tij 2

(iii) Maximum value Tmax:

Tmax = max Tij 3

(iv) Cross-sectional temperature difference T f :

T f = Tmax − Tmin 4
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(v) Variance S2:

S2 = 1
n −m + 1 k − g + 1
Tmg − T 2 +⋯ + Tnk − T 2

5

In the above equations, m refers to the abscissa value of
the starting point of the product in each layer’s printing, g is
the ordinate value of the starting point of the product in each
layer’s printing, n refers to the abscissa value of the end point
of the product in each layer’s printing, k is the ordinate value
of the end point of the product in each layer’s printing, and
Tij represents the temperature value of the point at i, j .

The image processing system with an infrared thermal
imager can be used to get these parameters. The external
outline of the product can be sketched out by using the mea-
suring tools in the software, and the basic feature parameter
on the surface of the product can be shown directly.

The second step is to calculate the change of the basic
feature parameter value in a certain period of time as follows:

(i) Mean value change Ti:

Ti = Ti b − Ti e 6

(ii) Minimum value change Ti min :

Ti min = Ti min b − Ti min e 7

(iii) Maximum value change Ti max :

Ti max = Ti max b − Ti max e 8

(iv) Section temperature change Ti f :

Ti f = Ti f b − Ti f e 9

(v) Variance Si
2:

S2i = S2i b − S2i e 10

In the above equations, i refers to the number of layers,
Ti b indicates the temperature at which each layer is printed
at the end of the printing process, that is, the time when the
nozzle has just left the object of the study, and Ti e refers
to each point’s temperature value acquired before the next
layer starts printing.

The third step is to calculate the difference of the basic
feature parameters in different building states, which is the
main parameter value of the analysis, as follows:

(i) Difference in mean value change Tic:

Tic = Ti n − Ti un 11

(ii) The difference Ti min c of the minimum value
change:

Ti min c = Ti min n − Ti min un 12

(iii) The difference Ti max c of the maximum value
change:

Ti max c = Ti max n − Ti max un 13

(iv) Cross-sectional temperature difference between the
value of the difference Ti f c:

Ti f c = Ti f n − Ti f un 14

(v) Difference between variance value Sic
2:

Sic
2 = Si n

2 − Si un
2 15

In the above equations, Tic refers to the final parameters
to be studied and Tn and Tun refer to the values of the feature
parameters of the temperature field under normal printing
and abnormal printing, respectively.

In order to simplify the expression in the following, the
change trend of Tic with layers increasing is represented by
Tc. And the change trend of Ti min c, Ti max c,Ti f c, and Sic

2

with layers increasing is represented by Tmin c , Tmax c ,
T f c , and Sc

2, respectively.

2.2. Acquisition of Sensitive Feature Parameters. In this paper,
the main method of data processing is Qualitative Trend
Analysis, which was first put forward in the 1990s and now
becomes an important tool for process condition monitor-
ing and early fault diagnosis. The main idea of Qualitative
Trend Analysis is to extract valuable information from the
process data and then use qualitative symbols to show the
entire state [16]. It mainly includes four steps: trend extrac-
tion, trend identification, transformation into primitives,
and merging fragments.

2.3. Experimental Product Design. In order to get the sensitive
feature parameters of different states, a total of 10 kinds of
workpieces with different shapes and sizes are designed, as
shown in Figure 1.

2.4. The Acquisition of Sensitive Feature Parameters for
Starting Points. As shown in the results of these 10 groups
of experiment, the distinction between different stages of
the product surface is conspicuous in the process of nozzle
clogging. Different building stages begin from a certain layer
or several adjacent layers, so different stages can be divided
by the layers.

Theoretical segmentation points are extracted based on
the extremum points. Take the experimental group d16h20
as an example.

In the first step, the original time series is divided into
several segments according to the point-based segment
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detection technology. According to the difference of the
mean value of the experimental group d16h20, the first point
A and the last point B are connected. The farthest point C
from line AB is found. Point C is the first segment point as
Figure 2 shows.

With curves fitting each segment, the root mean square
error (RMSE) can be calculated. The calculation formula of
RMSE is listed as follows:

RMSE = ∑k
i=1 yi − ŷi

2

k
, 16

where k is the total number of data, yi is the actual value, and
yi is the fitting value.

The second step is to linearize and segment. The RMSE of
each segment is compared with the threshold set in advance
(Table 1 in detail). When RMSE< th, the fitting effect is ideal.
And the current fitting equation is the main factor for trend
identification in this segment basis. For the subsequence of
RMSE≥ th, it is needed to carry on the next processing.

The curve is divided into two segments (AC and BC).
MATLAB is used for the linear fit of the two segments; fitting
curves are as follows:

(i) AC:

y = 0 2244x − 0 681,

RMSE = 1 591
17

(ii) BC:

y = 0 008717x + 2 294,

RMSE = 1 592
18

In the third step, according to the principle of the most
value, the maximum value and the minimum value of the
subsequence, where RMSE≥ th, are extracted to get the most
value sequence x′ and then the final segment point is
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20 mm

16 mm

20 mm

16 mm

20 mm

20 mm

16 mm 20 mm

16 mm

20 mm

16 mm
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d14h20 d18h20 d18h20d16h20

d24h20 k20h20

Figure 1: Shape and size diagram of workpieces.
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determined by the principle of the extreme value. By compar-
ison, it is found that the AC segment meets the require-
ments and the segment BC needs to be reselected. At
this point, the maximum point D (32, 5.5) and the mini-
mum point E (66, −1.39) of the BC segment are extracted.
These two points are also extremum points in this segment.
Therefore, point D and point E are newly extracted seg-
ment points. With curve fitting CD, DE, and EB, the linear
equation is as follows:

(i) CD:

y = −0 02061x + 2 767,

RMSE = 1 643
19

(ii) DE:

y = −0 04512x + 5 132,

RMSE = 1 508
20

(iii) EB:

y = 0 3287x − 21 36,

RMSE = 1 462
21

By comparing with the threshold value, it is found that
the CD segment does not meet the requirements. There-
fore, CD segment needs to be segmented to extract the
maximum point and the minimum point. The maximum
point just locates at point D (32, 5.5). The minimum point
is F (23, 0.97). Points D and F are the extremum point
too, so point F is the newly extracted segment point. Here,

the CD section is divided into CF section and FD section.
The fitting curves are listed as follows:

(i) CF:

y = −0 5002x + 11 92,

RMSE = 1 4
22

(ii) FD:

y = 0 2444x − 4 687,

RMSE = 1 709
23

In the fourth step, the newly acquired subsequences are
fitted linearly with the least square method. The RMSE is
calculated and compared with the threshold. The third step
will be repeated if RMSE≥ th until all subsequences meet
the requirement of RMSE< th. Here, the segmentation of
the whole set of data is completed and a linear function of
each subsequence is obtained and all subsequences have
met the conditions. Thus, the segmentation points of
d16h20 are completely extracted. They are the 16th, 23rd,
32nd, and 66th layer, respectively. Layers printed after 66th
do not need to be studied for the process is failed.

The thickness of each layer in the building process is set
to 0.25mm. There are 10 groups of workpieces in total, 9
for 20mm high and 1 for 16mm. Five kinds of feature
parameters for each layer are extracted, and the total of data
number is 3920.

These 3920 sets of data are processed using the
Qualitative Trend Analysis method to obtain the theoretical
segmentation points, which then are compared with the
actual segmentation points. At the same time, the fitting
curve and the fitting values of the starting and ending
points of each line segment can be obtained, which is
conducive to the calculation of the control limit of the
fitting value. The results are shown in Table 2. The actual
segmentation points are mainly based on the experimental
phenomenon to obtain.

As is shown in Table 1, the sensitivity of different feature
parameters for different building stages is different. It can
also be found through the results that the sensitivity order

Table 1: The setting of threshold for d16h20.

Slope <0.01 0.01~0.05 0.05~0.1 >0.1
Threshold (th) 1 1.6 1.8 2
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Figure 2: Segmentation point extraction for d16h20.
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Table 2: The actual initial stage and the theoretical initial stage of 10 pairs of samples.

Product Feature value Theoretical segmentation point Actual segmentation point Coincidence point

d14h20

Mean 14, 20, 44, 55

14, 52, 69

14

Minimum value 14, 29 14

Maximum value 10, 52, 69, 70 52, 69, 70

Cross-sectional temperature difference 10, 52, 69, 70 52, 69, 70

Variance 10, 15, 17 15

d16h20

Mean 16, 23, 32, 66

16, 55, 66

16, 66

Minimum value 17, 26, 39, 65 17, 66

Maximum value 42, 55, 60, 66 42, 66

Cross-sectional temperature difference 42, 55, 60, 66 42, 66

Variance 42, 55, 60, 66 42, 66

d18h20

Mean 14, 20, 33

12, 29, 76

14

Minimum value 14, 35, 42, 69 14

Maximum value 27, 31, 72, 76 27, 76

Cross-sectional temperature difference 27, 31, 72, 76 27, 76

Variance 41, 61, 75, 76 75, 76

d20h20

Mean 9, 15, 36, 51

10, 36, 56

9, 36

Minimum value 5, 16, 39, 51

Maximum value 35, 36, 57, 59 35, 36, 57

Cross-sectional temperature difference 35, 36, 57, 59 35, 36, 57

Variance 35, 36, 57, 59 35, 36, 57

d24h20

Mean 18, 24, 32, 43

24, 43, 60

24, 43

Minimum value 24, 32, 40 24

Maximum value 5, 43, 60 43, 60

Cross-sectional temperature difference 5, 43, 60 43, 60

Variance 5, 49, 60 60

k20h20

Mean 7, 42, 75

9, 42, 75

7, 42, 75

Minimum value 9, 10, 41 9, 10, 41

Maximum value 7, 32, 75 7, 75

Cross-sectional temperature difference 9, 42, 75 9, 42, 75

Variance 7, 42, 75 7, 42, 75

c16h20

Mean 10, 13, 18

13, 37, 51

13

Minimum value 2, 9, 28, 56

Maximum value 8, 12, 37, 51 12, 37, 51

Cross-sectional temperature difference 12, 37, 51 12, 37, 51

Variance 11, 12, 37, 51 11, 12, 37, 51

c20h20

Mean 10, 13, 30, 39

8, 26, 58

10

Minimum value 5, 13, 26 26

Maximum value 51, 58, 65 58

Cross-sectional temperature difference 17, 26, 53, 58, 65 26, 58

Variance 7, 49, 59, 65 7, 59

c20h16

Mean 12, 14, 36

13, 23, 37

12, 14, 36

Minimum value 6, 13, 22, 37 13, 22, 37

Maximum value 12, 14, 23 12, 14, 23

Cross-sectional temperature difference 12, 14, 39 12, 14, 39

Variance 12, 13 12, 13
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for the initial layer of the insufficient filling stage is mean
value, minimum value, variance, cross-sectional temperature
difference, and maximum value. The sensitivity order for the
initial layer of the warping stage is cross-sectional temper-
ature difference, maximum value, variance, mean value,
and minimum value. The sensitivity order for the initial
layer of the serious fault stage is maximum value, cross-
sectional temperature difference, variance, mean value,
and minimum value.

2.5. Constructing Knowledge Base of Product Surface Defect.
One-to-one correspondence between defect types and

variables is required to construct the knowledge base
of product surface defect, which can be used to solve
practical problems.

Knowledge needs to be expressed with established rules.
In this paper, there are two main rules for judging product
failure. One is the change trend of the curve segment, and
the other one is the threshold at the starting point corre-
sponding to the failure. Defect judgment flow is shown
in Figure 3.

2.6. The Trend of Sensitive Feature Parameters in Different
Stages. When the nozzle becomes clogged, the performance

Table 2: Continued.

Product Feature value Theoretical segmentation point Actual segmentation point Coincidence point

yt17h20

Mean 20, 26, 71, 73

14, 26, 54

26

Minimum value 20, 35, 70

Maximum value 44, 54, 67, 73 54

Cross-sectional temperature difference 16, 26, 44, 73 16, 26

Variance 16, 26, 49, 73 16, 26

Note: each segment point is allowed 1 to 2 layers of deviation.

Initial value

Extract the segmentation points and the
subsegmentation trends and calculate the
value corresponding to the segment point

Qualitative Trend Analysis method

Is the value corresponding
to the segmentation point within

the threshold range?

Y

Y

No such type of defect
N

N

Select the first eligible segmentation point except
the first point to be the starting point for this state

Is the interval after the
segmentation point rising?

The point is not the
starting point for this state

Begin

End

Next segmentation point

Figure 3: Defect judgment flow.
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of the modeling material gradually changes. The cooling
rate of string in the first phase increases, resulting in the
difference between the ambient temperature and surface
temperature becoming smaller. The heat transfer efficiency
between them is reduced, and the temperature decrease
rate of the workpiece surface in the second stage is also
reduced. In the normal printing, the second phase of the
cooling is more stable. The difference of each feature
parameter in different printing statuses is rising.

The above theoretical analysis can be verified by summa-
rizing the variation of the sensitive feature parameters at the
corresponding stage. The temperature field feature parame-
ters of the 10 groups of workpieces to be obtained are divided
into four stages, including normal printing stage, insufficient
filling stage, warping stage, and serious fault stage. Among
them, normal printing refers to the state that there are no
quality problems in the printing. Insufficient filling stage
refers to the state that there is a small gap between two
adjacent filaments because the nozzle is gradually clogged
and the diameter of the string is slightly smaller than that
in the normal state. Uneven shrinkage of the building part
leads to uneven distribution of internal stress, which results
in warping deformation of the product. This is the warping
stage. When the string continues to deteriorate, more serious
failures eventually emerge. This is the fourth stage, which is
the serious fault stage. According to the different stages of
division mentioned above, the variation rule of the sensitivity
feature parameters is determined by the Qualitative Trend
Analysis method.

2.6.1. The Variation Rules of Feature Parameters in the
Normal Printing Stage. Since the starting point of the normal
stage is fixed at the first layer, it must be determined
according to the phase’s end point in order to judge the
layers’ range of the number in this phase. The end point of
this phase is also the starting point of the next phase. There-
fore, Tc, Tmin c , and Sc

2 need to be taken into consideration
according to different sensitivities of different feature param-
eters in the normal printing phase in order to summarize the
rules of the feature parameters changing during normal
printing. The changing rules of different parameters are
shown in Figure 4.

By summarizing the variation of feature parameters
Tc, Tmin c , and Sc

2 in 10 samples under normal printing
conditions, it can be found that the initial states of the
parameters in different experiments are different. For Tc,
the initial values in 6 of the 10 groups are positive and 5 of
6 groups have a decreasing trend, while the feature parame-
ters of 4 groups with initial values less than 0 show a rising
trend. For Tmin c , the initial values in 4 of the 10 groups
are positive and those of the remaining 6 groups are negative.
In the 4 groups mentioned above, feature parameters of 2
groups show a decreasing trend while feature parameters of
other 2 groups and the other 6 groups show a rising trend.
For Sc

2, the initial values in 9 of the 10 groups are positive,
in which 4 groups show a decreasing trend and 5 groups
show a rising trend. Feature parameters of the groups with
negative initial values show a rising trend in the data.

Judging from the data above, when the nozzle tempera-
ture is at the normal working condition, 220°C, or at the
abnormal working condition, 180°C, and the quality of the
workpieces under both cases is fine, the variation of the sen-
sitive feature parameters is determined by the positive and
negative of the initial value. When the initial value is positive,
the sensitive feature parameters show a decreasing trend.
When the initial value is negative, the sensitive feature
parameters show a rising trend.

2.6.2. The Rules of Feature Parameters Changing during the
Insufficient Filling Stage. In order to study the variation rules
of the products in the stage of insufficient filling, the changes
of Tc, Tmin c , and Sc

2 need to be considered in the
corresponding interval. The changes of three parameters
are summarized in Figure 5.

From the changes in the average under insufficient filling
phase, it can be seen that Tc shows a rising trend in 5 groups
out of 10, while the other 5 groups show a decreasing trend.
Tmin c in 6 groups shows a rising trend, and that in 4 groups

shows a decreasing trend. Sc
2 in 8 groups out of 10 shows a

rising trend, and only 2 groups are in a decreasing trend.
Using the Qualitative Trend Analysis method to analyze

30 sets of data, it can be judged that the sensitive feature
parameters show a rising trend in the insufficient filling stage,
which is the same as the theoretical analysis.
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Figure 4: Variation of feature parameters in the normal
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2.6.3. Variation of Feature Parameters in the Warping Stage.
The change rule of Tmax c , T f c , and Sc

2 can be obtained
during the warping stage as shown in Figure 6.

Through the analysis of T f c and Tmax c , it is found that
the parameters of 6 groups out of 10 are in a rising trend and
those of the other 4 groups are in a descending trend.
For Sc

2, there are 8 groups in 10 showing a rising trend
and 2 groups showing a decreasing trend.

The difference of the sensitivity parameters between the
nonnormal printing parts and the normal printing parts
shows an increasing trend, which is coincident with the
theoretical analysis.

2.6.4. Variation of Feature Parameters in the Serious Fault
Stage. The rule of the change of three parameters above is
shown in Figure 7.

The experimental results show that the trend of T f c rises
at this stage. Among them, 7 of 10 groups of samples show a
rising trend and 3 of them show a decreasing trend. For
Tmax c , a total of 9 groups show a rising trend and only
1 group shows a decreasing trend. There are 8 groups in
10 of Sc

2 data showing a rising trend, and only 2 groups
show a decreasing trend.

As a whole, the sensitive feature parameters obtained by
experiments show a rising trend in the serious fault stage,
which is the same as the theoretical analysis.

2.7. Determining the Threshold for Sensitive Features of the
Beginning of Each Phase. In order to guarantee the universal-
ity of the setting of threshold, a control chart is adopted as the
main method to obtain the threshold of sensitive feature
parameters at the starting point of the phases. According to
the control theory, the design parameters of the mean x are
listed as follows:

UCLx = x + A2R,

LCLx = x + A2R
24

In this study, only the upper limit of the minimum value
of the most sensitive feature parameter in each phase is
needed. For example, to determine the threshold of the
insufficient filling phase, only the data Tc of 800 groups
should be calculated. The specific calculation process is listed
as follows.

In the first step, according to the Qualitative Trend
Analysis method, the starting point can be extracted
and the fitted function of the fragment where the start-
ing point locates can be constructed to obtain the differ-
ence of the changing value of the sensitive feature
parameter corresponding to the starting point in different
building states.

In the second step, the function values of the sensi-
tive feature parameters corresponding to the starting
points of the 10 kinds of workpieces are, respectively,
obtained. The means and the ranges of the 10 sets of data
are calculated.

In the third step, (16) is used to calculate the size of the
threshold as the criterion for subsequent judgments.

2.7.1. The Threshold Setting of Tc at the End of the Normal
Printing Phase. In the normal printing state, the trend of
the sensitive feature parameters is related to the positive
and negative of the starting point. Therefore, the setting of
the threshold value of Tc parameter should also be calculated
according to the starting point.

The corresponding difference of the surface temperature
field Tc of the 10 groups of workpieces can be obtained at the
end of the normal phase, as shown in Table 3.

The initial values in 4 groups out of 10 are less than 0, and
6 groups’ initial values are greater than 0. The mean and the
extremum are calculated, respectively. The results are listed
as follows:

x = −2 673,
R = 7 6552,
 initial value > 0,

x = 1 59886,
R = 2 9206,
 initial value < 0

25

Then, results are taken into (1) and the upper and lower
limits are calculated. A2 is related to n in (1). It can be seen
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Figure 6: Feature parameters’ variation in the warping phase.
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from related tables that when n equals to 4, A2 equals to
0.729 and when n equals to 6, A2 equals to 0.483.

UCLx = 2 03446,
LCLx = −6 3705,

 initial value > 0
UCLx = 3 72798,
LCLx = −0 3026,

 initial value < 0

26

2.7.2. The Threshold Setting of Tc at the Beginning of the
Insufficient Filling Stage. The threshold at the beginning of
the insufficient filling phase is set the same as the threshold
at the end of the normal printing phase.

2.7.3. Threshold Setting of T f c at the Start of the Warping
Stage. The most sensitive feature parameter for the beginning
of the warping phase is the temperature difference of the
cross section. According to calculation, T f c values of 10
groups of workpieces at the starting point of the warping
phase are shown in Table 4.

When n = 10, related table shows that A2 =0.308. The
results are taken into (1):

LCLx = −0 4945,

UCLx = 9 3696
27

2.7.4. Threshold Setting of Tmax c at the Start of the Serious
Fault Stage. At the beginning, the serious fault stage is more
sensitive to cross-sectional temperature difference and maxi-
mum value. Since the cross-sectional temperature difference
can also result warping deformation, only the threshold

value of the maximum value is considered in calculating
the sensitive parameter of the serious fault stage.

The Tmax c values of the 10 groups of workpieces at
the beginning point of the serious fault stage are shown
in Table 5.

The results are taken into (1):

LCLx = 1 51488,

UCLx = 13 5939
28

2.8. Construction of Knowledge Base. The rules of knowledge
act as the main form of knowledge base. According to the
description, a knowledge base of product surface defects is
built in connection with the experimental subjects in this
paper. Specific knowledge rules are listed as follows:

(1) IF the sensitive feature parameter is mean AND
initial value> 0 AND data trend is ascending AND
value of the starting point of the phase< 2.03446
THEN this starting point is the start of the insuffi-
cient filling stage

(2) IF the sensitive feature parameters are mean AND
initial value< 0 AND data trend is ascending AND
value of the starting point of the phase< 3.72798
THEN this starting point is the start of the insuffi-
cient filling stage

(3) IF the sensitive feature parameter is the cross-
sectional temperature difference AND data trend is
ascending AND value of the starting point of the
phase< 9.3696
THEN the beginning of the interval is the start of the
warping stage

Table 3: Tc of the 10 products at the end of the normal printing stage.

Product d20h20 d14h20 yt17h20 c16h20 c20h16 d24h20 k20h20 d16h20 d18h20 c20h20

Tc −3.189 −1.512 5.83 −3.906 −2.67 4.466 0.007 2.909 4.232 1.461

Table 4: T f c values for the 10 workpieces at the beginning of the warping stage.

Product d20h20 d14h20 yt17h20 c16h20 c20h16 d24h20 k20h20 d16h20 d18h20 c20h20

T f c −11.4 8.28 1.4266 11.701 9.8166 0.836 2.425 4.862 −2.872 3.274

Table 5: Tmax c values for the 10 products at the beginning of the severe fault stage.

Product d20h20 d14h20 yt17h20 c16h20 c20h16 d24h20 k20h20 d16h20 d18h20 c20h20

Tmax c −23.69 5.45 2.408 14.24 13.523 1.708 2 3.208 −1.952 −26.82
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(4) IF the sensitive feature parameter is maximum value
AND data trend is ascending AND value of the
starting point of the phase< 13.5939
THEN the starting point of this interval is the starting
point of the serious fault stage

The criterion for the normal printing stage mainly
depends on the value of the end point of the normal printing
stage, which is also the starting value of the insufficient
filling stage.

3. Experimental Verification

To validate the rules, two groups of experimental samples are
designed. Every group includes normal printing and
abnormal printing. In the two statuses for every group, two
workpieces are printed with identical shape and size but with
different nozzle temperatures. In the normal printing, the
nozzle temperature is maintained at 220°C throughout the
building process, while the nozzle temperature of abnormal
printing gradually decreases from 220°C to 180°C. Except
for the nozzle temperature, the other print parameters for
each group of experiments are the same. Parameter settings
are shown in Table 6.

Although the fill rate is set at 90%, the actual filling rate of
the product surface is 100% in the actual building process.
The reason is that the string material has a certain width. If
the filling rate is set to 100%, the adjacent squeeze between
the filaments will result in uneven product surface, affecting
the accuracy of experimental data acquisition. During the
building process, the ambient temperature is maintained at
25°C and the filming frequency of the thermal infrared
imager is one picture per second.

The shape and size of the product used for the experi-
mental verification are shown in Figure 8.

When verifying the rules of knowledge, Tc, Tmax c ,
and T f c are needed to be analyzed with Qualitative
Trend Analysis.

3.1. Data Acquisition and Processing of Tc. For the printing
process, six segment points are extracted. The 64 groups of
data are divided into seven segments, and the semiquantita-
tive information for each subsequence is as follows:

(i) Subsequence 1: ascending, 1, −3.022, 6, 5.313

(ii) Subsequence 2: decline, 6, 5.313, 15, −3.7

(iii) Subsequence 3: ascending, 15, −3.7, 17, 7.28

(iv) Subsequence 4: decline, 17, 7.28, 17, 2.083389

(v) Subsequence 5: unchanged, 17, 2.083389, 62,
2.083389

(vi) Subsequence 6: decline, 62, 2.083389, 62, −2.49

(vii) Subsequence 7: ascending, 62, −2.49, 64, 2.72

The original data and extracted trends of Tc are shown
in Figure 9.

The judgment criteria for the starting point of the
insufficient filling stage are that the value of the point is less
than the threshold, 3.72798, and the variation trend of the
following points is rising. It can be found that except for
the starting point, the points coinciding with the judgment
criteria are point A and point B. Choosing point A as the
starting point for the insufficient filling status, the corre-
sponding layer is the 15th one. So, the normal stage is
between the first layer and 14th layer.

3.2. Data Acquisition and Processing of T f c . T f c can be
divided into 5 subsequences by a Qualitative Trend Analysis

Table 6: Print parameter settings.

Thickness Number of outer covering Filling rate Feed rate Speed of idle motion Nozzle diameter

0.25mm 1 90% 42mm/s 56mm/s 0.4mm

16 cm

16 cm

Figure 8: Product shape and size value.
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Figure 9: Initial value and extracted trends of Tc.
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method. Four segment points are extracted. The semiquanti-
tative information of each segment is listed as follows:

(i) Subsequence 1: ascending, 1, −2.4995, 24, 12.43

(ii) Subsequence 2: decline, 24, 12.43, 35, 2.75

(iii) Subsequence 3: rise, 35, 2.75, 55, 24.95

(iv) Subsequence 4: decline, 55, 24.95, 58, 2.48

(v) Subsequence 5: ascending, 58, 2.48, 64, 18.368

The original data of T f c and the extracted trends are
shown in Figure 10.

According to the judgment criteria of the starting
point of the warping stage, it can be found that, except
for the starting point, the points that meet the rule of
“the value corresponding to the subdivision point is less
than the threshold value and in a rising trend in the
following period of time” are point C and point D. So,
point C is the starting point of the warping stage, which
is corresponding to layer 35.

3.3. Data Acquisition and Processing of Tmax c . Tmax c can
be divided into three subsequences by a Qualitative Trend
Analysis method, which are divided by two piecewise points.
The semiquantitative information of each segment is listed
as follows:

(i) Subsequence 1: ascending, 1, −0.4554, 55, 25.98

(ii) Subsequence 2: decline, 55, 25.98, 58, 4.128

(iii) Subsequence 3: ascending, 58, 4.128, 64, 16.054

The raw data of Tmax c and the extracted trends are
shown in Figure 11.

According to the rules of knowledge for serious failure,
except for the starting point, the eligible segment point is
point E. So, the point E is the starting point of the serious
fault stage. The corresponding layer number is 55.

The actual printing process shows that the insufficient
filling stage begins when it is printed to 20%. The warping
stage begins at 53%, and the serious fault stage begins at
88% of the printing process. The corresponding layer
numbers are 13, 34, and 56, respectively.

The results of the experiment show that with the
knowledge rules constructed based on the surface defects of
products, the starting points of different phases can be
calculated accurately.

4. Conclusion

With researching, experimenting, and analyzing, the follow-
ing conclusions can be achieved.

Different temperature field feature parameters have
different sensitivities to different building phases. By summa-
rizing the variation rules of the sensitive feature parameters
in the corresponding phase, it can be found that in the pro-
cess of the nozzle from normal to jam, rising is the dominant
trend for each sensitive feature parameter.

(1) The starting point of every phase can be accurately
calculated according to the knowledge base built with
the Qualitative Trend Analysis method.

(2) It should also be pointed out that the method and the
thresholds in this paper are applicable to the kinds of
workpieces referred in this paper, such as circles and
rectangles. For other types of products, the applica-
bility of the method and the thresholds in this article
needs a further validation.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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Optimal control problems with multiple conflicting objectives in chemical processes are quite challenging. To solve such problems,
we put forward a multistrategy-based multiobjective differential evolution, in which (1) a hybrid selection strategy is incorporated
from the motivation of no single strategy outperforming all other ones in every stage; (2) a multipopulation strategy is applied to
represent the main population and current optimum, and a cyclic crowding estimation is developed to maintain these optimum;
and (3) a multimutation strategy is constructed to improve both exploration and exploitation ability. The effectiveness and
efficiency of the proposed algorithm are validated by comparisons with some representative multiobjective evolutionary
algorithms over 12 test instances. Moreover, the proposed algorithm is applied to solve 3 multiobjective optimal control
problems in chemical processes. The obtained results indicate the efficiency and effectiveness of the proposed algorithm for
solving multiobjective optimal control problems.

1. Introduction

Almost all optimal control problems (OCPs) in engineering
have been considered to be single-objective optimization
problems. In practical, for most of OCPs in chemical process,
they involve multiple conflicting objectives [1]. For instance,
some chemical processes are characterized by improving
both product quality and yield with low energy consumption
[2]. For such multiobjective optimal control problems
(MOOCPs), there does not exist a trajectory which optimizes
all objectives simultaneously. On the contrary, there exist
many optimal trajectories, called Pareto optimal solutions
in a multiobjective optimization community, which repre-
sent some trade-off between the conflicting objectives.

One common and straightforward manner to solve a
given MOOCP is transforming the original problem into a
single-objective optimal control problem (SOOCP) using
some weighted sum methods and then optimizing it [3–5].
One intrinsic characteristic common in the single-objective-
based methods is that they aim at locating just one optimal

solution rather than multiple optimal solutions in a single
run. Thus, many runs should be conducted to obtain the
multiple optimal solutions. Furthermore, the relation between
a uniform grid of weights and the spread on the Pareto
front is unclear.

With the development of evolutionary algorithms (EAs),
multiobjective evolutionary algorithms (MOEAs) have been
widely used in plenty of fields [6]. One advantage of using
MOEAs to solve such problems is that they can find a set of
representative optimal solutions in a single run [7]. Recently,
some researchers have demonstrated that MOEAs not only
are effective for common multiobjective problems (MOPs)
but also can be extended to solve MOOCPs. Sarkar and
Modak used the enhanced version of a nondominated sorting
genetic algorithm (NSGA-II) to solve two fed-batch bioreac-
tors [8]. Logist et al. used the freely available toolkit named
ACADO, to solve different types of MOOCPs appearing in
chemical engineering with different objective numbers [1].
Chen et al. improved the performance of MODE by using a
ranking-based mutation operator and then applied the new
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MODE to solve 4MOOCPs in chemical process [9]. Fan et al.
proposed a multiobjective differential evolution with perfor-
mance metric-based self-adaptive mutation operator for typ-
ical MOOCPs in chemical and biochemical processes [10].
Results showed that the proposed new approach is suitable
for solving actual problems and can obtain some Pareto opti-
mum for decision makers.

When solving the MOOCP by MOEAs, the principle of
it, as shown in Figure 1, can be summarized as follows: firstly,
transforming the MOOCP into common MOPs and then
MOEAs can be applied to solve the transformed problems.
Therefore, questions arising naturally in solving MOOCP
are twofold: how to perform transforming and how to design
effective MOEAs. In this paper, we focus on the second issue
and take the most used control vector parameterization
(CVP) method to meet the first one.

The last two decades have witnessed major developments
in EA-based algorithms for MOPs. Differential evolution
(DE) [11], a simple yet effective nature-inspired stochastic
algorithm, has been widely and successfully applied for solv-
ing various complex problems [9, 12–14]. However, it must
be emphasized that DE was originally proposed for single-
objective problems, while the main goal of a multiobjective
optimization algorithm is to find a set of trade-off solutions.
Thus, to solve MOPs effectively via DE, the following two
issues should be considered:

(1) How to select and/or retain the best solutions? That
is, how to perform elitism.

(2) How to promote diversity into the population.

In fact, the basic DE can be directly applied to solve
MOPs by replacing the selection component [6]. Thus, one
key issue in designing a MODE is designing a proper selec-
tion component. In general, the selection component
includes assigning a fitness value for each candidate solution
and selecting the promising ones for the new population. As
pointed out in [15], different selection components in DE
makes an algorithm differ from others. During the last three
decades, plenty of selection components with different strat-
egies have been developed for solving MOPs. One notable
difference among these strategies is how the Pareto domi-
nance concept is used. From this aspect, we classify the cur-
rent selection strategies into three categories:

1.1. No Pareto Dominance Used. It combines all the multiple
objectives into a single one, such as weighted sum approach,
and then the original EAs can be applied, such as [16–19] and
so on. Among all these algorithms, MOEA/D is a recent
multiobjective evolutionary algorithmic framework which
is based on conventional aggregation approaches [18].
MOEA/D has a fast execution speed and some improved
MOEA/D-based algorithms are proposed [7, 20]. However,
they need to provide a set of uniformly distributed weights
and a decomposition method. This extra information
highly affects MOEA/D’s performance.

1.2. Use Pareto Dominance as a Ranking Method. In this
group, Pareto ranking, also called the nondominated sorting

method [21, 22], is used for fitness assignment for the con-
flicting objectives first and then the selection based on the
ranking numbers can be performed. Much research uses this
method as a selection strategy [21–29].

1.3. Use Pareto Dominance as a Filter. Here, a filter means
finding a set of better solutions from a given set. In this situ-
ation, Pareto dominance is often used in tournament selec-
tion to find a better solution among several candidates or to
identify a set of nondominated solutions [30–37]. Since this
group of strategies puts more efforts on the elitists, it has a
very fast convergence speed. However, it easily gets the
search stuck at local optima for multimodal problems.

According to the no free lunch theorem [38], it is impos-
sible for a single-selection strategy to outperform all other
strategies on all problems at different search stages. In other
words, depending on several selection strategies can be effec-
tive for different problems during different search stages.
Motivated by these observations, we propose a new MOEA
named DEHC using DE with a hybrid selection strategy
(HSS) and cyclic crowding estimation (CCE) for MOOCPs.
For the hybrid selection strategy, the decomposition-based
strategy [18], nondominated sorting strategy [22], and non-
dominated neighbor-based strategy [33] are adopted as the
selection strategy. As for the diversity estimation, in this
paper, we introduce an external population to store all the
found nondominated solutions and then use a cyclic crowd-
ing estimation to maintain this population. Furthermore, a
multiple-mutation strategy-based mutation component is
used as the main reproduction operator.

The remainder of this paper is arranged as follows.
Section 2 briefly presents a basic concept of MOOCP and
conventional DE. Section 3 presents our DEHC in detail.
Section 4 presents simulation and comparative results of
DEHC with other competing algorithms. In Section 5,
DEHC is applied to solve 3 MOOCPs in chemical processes.
Section 6 draws conclusions.

2. Basic Concepts

2.1. MOOCP: Multiobjective Optimal Control Problem.
Consider the system x = f x t , u t , t with state variables
x t ∈ℝD, initial condition x t0 = x0, and control variables
u t ∈ℝK . Then the main goal of solving the problem is to
find the optimal control variables u∗ t , t ∈ t0, t f that drive
the plant along the trajectory x∗ t , t ∈ t0, t f such that all

A set of optimization
problems

An optimal control
problem

Transformation

Evolutionary algorithms
(EAs)

Solving

Figure 1: The schematic graph to illustrate the principle of solving
an OCP by EAs.
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the cost functions are minimized where the final time t f is
fixed. The structure of a typical MOOCP for a continuous
process can be generally described as follows:

min J1, J2,… JM , 1

subject to

dx
dt

= f x t , u t , t , t ∈ t0, t f ,

L ≤ u ≤U
2

Each of the objective functions Ji i = 1, 2,… ,M in (1)
can be formulated as follows:

Ji u t = φi x t f , t f +
t f

t0

ψi x t , u t , t dt, 3

whereM is the objective number, Ji ⋅ is the total cost func-
tion, ϕi ⋅ is the final time performance index, ψi ⋅ is the
integrated performance during the operation, t0 is the initial
time, and t f is the final time; L ∈ℝK and U ∈ℝK are the
lower and upper boundary of control variables, respectively.

2.2. Multiobjective Optimization. Multiobjective optimiza-
tion algorithms are aimed at optimizing conflicting objectives
simultaneously. To aid descriptions, some definitions regard-
ing multiobjective optimization are introduced.

Definition 1. Solution u1 is said to dominate solution u2,
denoted as u1 ≻ u2, if and only if ∀i ∈ 1,… ,M , Ji u1 ≤ Ji
u2 , and ∃j ∈ 1,… ,M , J j u1 < J j u2 . Reciprocally,
solution u2 is said to be dominated by solution u1, denoted
as u2≺u1.

Definition 2. Solution u∗ is said to be a Pareto optimum only
if ¬∃u ∈ S, u ≻ u∗. All Pareto optima constitute a Pareto opti-
mal set, denoted as X∗.

Definition 3. Pareto optimal front is defined as PF = J u∗

∣ u∗ ∈ X∗ , that is, the mapping of the Pareto optimal set in
the objective space.

2.3. Differential Evolution Algorithm. Like other EAs, DE
begins with a randomly initialized population in the search
space and then adopts trial vector generation and selection
operators sequentially at each generation to move the main
population toward the global optimum.

The trial vector generation comprises two operators:
mutation and crossover operators. The following are the five
frequently used mutation strategies in the literature:

(1) DE/rand/1

vgi = xgr1 + F ⋅ xgr2 − xgr3 4

(2) DE/best/1

vgi = xgbest + F ⋅ xgr1 − xgr2 5

(3) DE/current-to-best/1

vgi = xgi + F ⋅ xgbest − xgi + F ⋅ xgr1 − xgr2 6

(4) DE/best/2

vgi = xgbest + F ⋅ xgr1 − xgr2 + F ⋅ xgr3 − xgr4 7

(5) DE/rand/2

vgi = xgr1 + F ⋅ xgr2 − xgr3 + F ⋅ xgr4 − xgr5 8

where indices ri, i = 1,… , 5 are mutually exclusive integers
randomly generated within 1,N , respectively, that are also
different from index i; xgbest is the best vector in the popula-
tion at generation g; F is the scale factor and is usually chosen
between 0 and 1.

The most frequently used binomial crossover operation is
performed as follows:

ugi,j =
vgi j, if rand ≤ CR or j = sn,

xgi,j, otherwise,
 j = 1,… , n,

9

where sn is an arbitrary number in 1, 2,… , n and ui,j is the
jth element of the ith new trial vector.

After generating the trial vectors, a greedy selection oper-
ator is performed as follows:

xg+1i =
ugi , if f ugi ≤ f xgi ,

xgi , otherwise,
10

where xg+1i is the ith solution in the main population of the
next generation.

3. Our Proposed DEHC

Because of the conflicting objectives, the DE can not be
applied to solve MOPs directly. To overcome this limitation,
the proposed DEHC has the following features:

(1) In the mutation step, (4) and (5) constitute a strategy
candidate population pool and a random strategy is
determined fromthis candidate pool for each solution.
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(2) In the selection step, the greedy strategy-based selec-
tion component is replaced by a new selection com-
ponent based on hybrid selection strategy.

(3) An external population is introduced to store the best
solutions found so far and to provide best solutions
when strategy (5) is adopted.

The overall flowchart of DEHC is shown in Figure 2.
Below, we elaborate on some of the main steps in detail.

3.1. Mutation Component with Two Strategies. For any
MOPs, there is always more than one best solution, which
are also called nondominated solutions. In our approach,

an external population, denoted as E, is introduced and the
best solutions found are stored in it. This has two purposes:

(1) The solutions in the external population are the final
results reported to the performer(s).

(2) The external population is the best solution candidate
pool for the best solution based on mutation strategy.

In DEHC, (4) and (5) are selected to constitute a strategy
candidate pool. In the mutation step, a strategy is randomly
selected from the pool for each solution. To perform the best
solution-based strategy (5), a best solution must be deter-
mined. Inspired by Coello et al.’s method [39], the best

Start

Initialize the parameters

Evaluate each population

Add all the nondominated solutions to the external population

Exceed the size limit?

Yes

No

Truncate the external population using CCE

Selection using the HSS strategy

Meet stopping criterion?

Stop and output the archived solutions as the final results

Yes

No

Evaluate each population

Initialize
Xg

2

Initialize
Xg

1

Initialize
Xg

3

Offspring
Ug

2

Offspring
Ug

1

Offspring
Ug

3

Xg + 1
1

Xg + 1
2

Xg + 1
3

Figure 2: The flowchart of DEHC.
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solution is determined as follows: first, the crowding distance
of every solution in E is calculated [22], and then two solu-
tions are randomly selected from the population. Their
crowding distances are compared and the greater will be
the final best solution for participating in the mutation oper-
ator. Note that a new best solution needs to be selected for
each solution if the mutation strategy is (5). The purposes
for this extension are twofold:

(1) Strategy (4) has advantage of putting more effort into
improving the search engine’s exploration ability.

(2) Strategy (5) has advantage of putting more effort into
improving the search engine’s exploitation ability.
Furthermore, it has advantage of putting more effort
into exploiting the less crowded area.

3.2. Selection Component Based on Hybrid Selection Strategy.
Selection component is the most essential step for any
MOEAs because it is responsible for guiding the selection
process at the various stages of the algorithm toward a Pareto
optimal front. Many selection components with different
selection strategies have been proposed for solving MOPs.
Here, in DEHC, we use a new selection component called
hybrid selection strategy (HSS) from the view of multipopu-
lation. The HSS consist of three selection strategies and each
strategy has its own subpopulation. These three strategies are
called decomposition-based strategy [18], nondominated
sorting strategy [22], and nondominated neighbor-based
strategy [33]. These three strategies fall into the above
three groups in Sections 1.1, 1.2, and 1.3, respectively.
The reasons for hybridizing these three selection strategies
are as follows:

(1) Decomposition-based strategy has high execution
speed; however, it needs providing a set of uniformly
distributed weight. Although determining a set of
weight is an easy job for problems with 2 objectives
and 3 objectives, it becomes a tough thing as the
number of objectives increases. Furthermore, it needs
a decomposition approach. Most important of all,
these weight values and decomposition approach
highly affect the final results.

(2) Nondominated sorting strategy canmaintain the diver-
sity of the main population. But it has a O mN2

computational complexity (where N is the popula-
tion size). So, less population size means lower
computational time.

(3) Nondominated neighbor-based strategy has a very
fast convergence speed because it puts more efforts
on the best solutions. This high selection pressure
may mislead the search into local optima.

The proposed HSS works as follows: generating the off-
spring for each subpopulation and then assigning the fitness
value of each solution in the combination of its subpopula-
tion and offspring subpopulation according to the corre-
sponding selection strategy and finally selecting a proper

number of best solutions to form its subpopulation of next
generation. This process is described in Figure 3.

The main characteristic of HSS is that it utilizes the
advantage of every selection strategy such as the high execu-
tion speed of the decomposition based-strategy, high popula-
tion diversity of the nondominated sorting strategy, and fast
convergence speed of the nondominated neighbor-based
strategy. So, different selection strategies have different
trade-offs between the conflicting objectives and the hybrid
strategy can take advantage of all these trade-off. Although
each strategy has its own subpopulation, these subpopula-
tions are not independent. In the mutation step, all 3 subpop-
ulations are combined together to generate new offspring
individuals. Furthermore, all the best solutions found are
stored in an external population and this population provides
guiding information in performing the best solution-based
mutation strategy in Section 3.1.

3.3. Maintenance of External Population Based on Cyclic
Crowding Estimation. Maintaining an external population is
beneficial [29, 30], but two issues arise in the maintenance.
One is how to add the currently found best solutions into
the population and the other is how to remove the inferior
ones. Denote the external population as E and the currently
found best solutions in the offspring as Z. Then we can add
Z into E by Algorithm 1.

After adding Z into E, we need to check whether its size
exceeds the size limit since the number of nondominated
solutions can be huge and the computational complexity of
maintaining all of them is high. Hence, we truncate the pop-
ulation to a predefined number. To do this, the crowding dis-
tance is the most commonly applied mechanism as for its
simplification and free of parameters [22, 29, 33]. This
method removes all redundant solutions at once. However,
the removing of a solution will lead to the change of its neigh-
borhood’s crowding distance value. From this perspective, the
one-time operator does not provide good result in all cases.

To overcome this drawback, CCE is presented. The
main characteristic of CCE is to remove the most crowded

① The 1st selection strategy; ② The 2nd selection
strategy; ③ The 3rd selection strategy.

1 2 3

Xg
1

Xg
2

Xg
3

Ug
1

Ug
2

Ug
3

Xg + 1
1

Xg + 1
2

Xg + 1
3

Figure 3: The main selection process using HSS.
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solution one by one or cyclically instead of retaining the
least crowed solutions at a time. This process can be described
by Algorithm 2.

3.4. Computational Complexity of DEHC. As pointed
above, the DEHC differs from other MOEAs in three main
features, that is, multiple-mutation operators, hybrid selec-
tion strategy, and cyclic crowding estimation. To use
multiple-mutation strategies, we need to find the current best
vector in each generation loop. This procedure depends
solely on M-independent sortings at N solutions, which has
a O MN log N computational complexity.

For the hybrid selection strategy, each selection strategy has
a subpopulation with size Ns = 1/3 N. The decomposition-
based strategy has a time complexity of O MNsT , where

T is the neighborhood size. For the nondominated sorting
strategy, the computational complexity is O M Ns

2 . As
for the nondominated neighbor-based strategy, the worst
computational complexity is O Ns lg Ns . So, the worst
total computational complexity of HSS is

O MNsT +O M Ns
2 +O Ns log Ns 11

As for the CCE, in the worst case, the time complexity
for calculating the distances is N Q2 ; the time complexity
for adding the K + 1 values is O KQ ; the time complexity
for removing K solutions from E is O KQ 2 .

Based on the above analysis, the procedure of HSS does
not increase any burden on the runtime complexity than

1: for each zi ∈ Z do
2: if zi is dominated by any member of E then
3: discard zi
4: end if
5: if zi dominates a set of members D zi from E then
6: E = E \D zi ;
7: E = E ∪ zi
8: end if
9: if AHC and zi are non-dominated with each other then
10: E = E ∪ zi
11: end if
12: end for

Algorithm 1: Pseudocode of CCE.

Input: The external population E with Q solutions
Output: The truncated external population E with N solutions
1: Let K =Q −N ;
2: for each xi ∈ E do
3: Calculate the Euclidean distance d i, j between xi and xj, where j = i,… ,Q;
4: Sort d i, j , j = i,… ,Q, in ascending order;
5: Add the first K + 1 values and the corresponding solutions as K + 1

records into D;
6: end for
7: while K > 0 do
8: Find the record with minimal distance in D and denote this value as

Vab and the corresponding two solutions as Pa and Pb, respectively;
9: Remove this record from D;
10: Find the record with minimal distance values associated with Pa and

Pb in D, respectively; denote the values as Va and Vb, respectively;
11: if Va ≤Vb then
12: Remove Pa from E
13: Remove all records associated with Pa in D
14: else
15: Remove Pb from E
16: Remove all records associated with Pb in D
17: end if
18: K = K − 1
19: end while

Algorithm 2: The main truncating process by the CCE process.
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using the single-selection strategy. As for the multiple-
mutation strategies, it needs higher computational complex-
ity, but it does not dramatically impose any serious burden
on the runtime complexity than the single-mutation
strategy-based operator. As for the CCE procedure, it needs
much higher computational complexity than the complexity
of crowding distance, which is only O MQ log Q .

4. Experimental Study on Test Functions

This section presents the numerical results that we have con-
ducted. First, we describe a set of MOPs and state the quality
indicators for evaluating DEHC’s performance. Then we
evaluate DEHC by comparison with some other algorithms.

4.1. Test Problems and Performance Indicators. Twelve fre-
quently used test MOPs from the literature are used here to
evaluate the performance of DEHC. The first 5 are ZDT
problems with two objectives and the next 7 are DTLZ prob-
lems with three objectives [22, 40]. Among all the test prob-
lems, ZDT1, ZDT2, ZDT3, and ZDT6 have 30 decision
variables and the others have 10.

In order to make a quantitative assessment on the perfor-
mance of DEHC, two performance indicators are employed
to evaluate the obtained approximation sets. The first is an
inverted generational distance indicator (IGD) [41]. Given
an approximation set A and a reference set R, IGD is defined
as follows:

IGD A, R = ∑v∈Rd v, A
R

, 12

where d v, A is the minimum Euclidean distance between v
and the points in R. If R is large enough to represent the PF
very well, IGD A, R could measure both the diversity and
convergence of in a sense. To have a low value of IGD A, R ,
A must be very close to the PF and cannot miss any part of
the whole PF.

The second is a spread indicator (IS), which measures the
distribution of an approximation set [22]. However, this

indicator works well only for bi-objective problems and can
not be applied directly to problems with more than two
objectives. Inspired by the work in [34, 35, 42], an extended
IS is used here

IS =
∑M

i=1 dei +∑N
i=1∑

M−1
j=1 dij − d

∑M
i=1 dei + M − 1 Nd

, 13

whereM is the objective number and dei is the Euclidean dis-
tance between the ith extreme solutions in A and R and di,j is
the Euclidean distance between the ith solution and its jth
nearest solution in A. This one is a harmonic distance-
based indicator because it takes all M − 1 nearest neighbors
around one solution into consideration. So, this works espe-
cially effectively for problems whose Pareto fronts consist of
curved surfaces. A smaller value of this indicator means a
better distribution. Particularly, a value of zero indicates that
all the Pareto optima are equidistantly spaced.

4.2. Comparative Study. In order to assess DEHC, the final
results are compared with those obtained by MOEA/D [18],
NSGA-II [22], and NNIA [33] since they can be treated as
algorithms with a single-selection strategy. Moreover, a
recently proposed multiobjective DE (MODE) for dynamic
optimization in chemical engineering is also selected as
competing algorithm [43]. For all the 5 algorithms, the
population sizes are set to 100 for the 2-objective and 300
for 3-objective problems, respectively. The maximal FFEs
(fitness function evaluations) are set to 250.00 and 750.00
for the 2-objective and 3-objective problems, respectively.
In DEHC, F = 0 5 and CR = 0 1. As for the other algorithms,
their other parameters are kept the same as those in the cor-
responding references.

For each test problem, 25 independent runs are con-
ducted and the statistical values are analyzed in detail.
Table 1 shows the mean and standard deviation (Std) of IG
D by 5 algorithms. It can be observed in Table 1 that DEHC
is able to achieve the lowest values on most problems,

Table 1: The IGD comparison results of DEHC with 4 MOEAs on 12 problems.

MOEA/D NSGA-II NNIA MODE DEHC
Mean± Std Mean± Std Mean± Std Mean± Std Mean± Std

ZDT1 6.15E − 3± 4.40E − 3 5.19E − 3± 2.10E − 4 4.57E − 3± 2.68E − 4 3.56E − 2± 3.48 E − 3 3.87E − 3± 5.75E − 5
ZDT2 4.37E − 3± 1.39E − 3 5.16E − 3± 2.25E − 4 4.66E − 3± 2.42E − 4 6.78E − 2± 7.49E − 3 3.92E − 3± 4.55E − 5
ZDT3 1.71E − 2± 1.14E − 2 1.30E − 2± 1.29E − 2 5.19E − 3± 2.05E − 4 5.02E − 2± 5.22E − 3 4.61E − 3± 9.56E − 5
ZDT4 9.74E − 3± 3.71E − 3 6.36E − 3± 1.15E − 3 5.61E − 3± 1.44E − 3 3.88E − 1± 3.12E − 1 3.83E − 3± 5.70E − 5
ZDT6 5.52E − 3± 8.22E − 4 7.94E − 2± 6.84E − 3 3.64E − 3± 8.87E − 5 2.30E − 1± 2.02E − 2 3.054E − 3± 2.17 E − 5
DTLZ1 1.53E − 2± 1.58E − 4 1.79E − 2± 1.70E − 3 2.10E − 2± 2.22E − 2 6.99E − 1± 5.62E − 1 1.13E − 2± 7.71E − 5
DTLZ2 3.84E − 2± 8.70E − 5 4.00E − 2± 9.06E − 4 4.03E − 2± 8.82E − 4 6.34E − 2± 2.08E − 3 3.04E − 2± 1.39E − 4
DTLZ3 3.85E − 2± 2.88E − 4 4.31E − 2± 4.10E − 3 1.04E + 0± 4.99E + 0 3.45E + 0± 1.43E + 0 3.51E − 2± 1.51E − 3
DTLZ4 2.51E − 1± 3.05E − 1 3.89E − 2± 6.71E − 4 3.94E − 2± 8.05E − 4 6.48E − 2± 1.87E − 3 3.03E − 2± 1.06E − 4
DTLZ5 4.61E − 3± 1.21E − 5 1.78E − 3± 4.75E − 5 1.86E − 3± 8.18E − 5 5.48E − 3± 2.94E − 4 1.48E − 3± 2.12E − 5
DTLZ6 5.51E − 3± 3.68E − 4 4.50E − 2± 2.23E − 2 6.07E − 2± 2.37E − 2 3.44E + 0± 1.90E − 1 1.36E − 3± 6.58E − 6
DTLZ7 1.65E − 1± 1.49E − 1 5.36E − 2± 5.94E − 2 4.24E − 2± 1.56E − 3 7.72E − 2± 3.32E − 3 3.14E − 2± 2.96E − 4
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which means that DEHC converges better than any other
algorithms.

Table 2 shows the mean and Std of IS by 5 algorithms. It
can be observed in Table 2 that DEHC is able to obtain a bet-
ter distributed Pareto optima set than any other algorithms
on most problems. Although MOEA/D achieves better Std
values on DTLZ1, DTLZ3 and NNIA achieve better Std
values on DTLZ3 and DEHC achieves better mean values
than MOEA/D and NNIA.

In order to determine whether DEHC is significantly bet-
ter than other algorithms, statistical significance tests of IGD
and IS are conducted between DEHC and MOEA/D, NSGA-
II, NNIA, and MODE via Mann–Whitney rank sum test,
respectively. Table 3 gives the comparison results. h = 1 indi-
cates a significant difference between the compared algo-
rithms with a level of significance β = 0 05, whereas h = 0
indicates that the performance is not significantly different.
It can be observed from the table that DEHC performs signif-
icantly better on almost all of the problems except for ZDT1
in terms of IGD with a level of significance β. As for ZDT1,
the results do not show a significant difference between
DEHC and NSGA-II in terms of IGD indicator. As for IS,
the results show that DEHC performs better than other algo-
rithms with a level of significance β.

To provide more information about the convergence per-
formance of the 5 MOEAs, we calculate IGD and IS values of
found optimal solutions every 25 generations. Because in our
study, all the 5 algorithms employ the same initialized popu-
lation to avoid difference at the initialization stage, we do not
calculate the indicators for the initial population but simply
assume that they are at 1. Figures 4–7 illustrate the 2 indica-
tors of the above 5 algorithms versus the evolution time over
25 runs in all the 12 instances.

For illustration, we also show some typical fronts obtained
by the 5 algorithms. Figure 8 presents the fronts on DTLZ1.
Please note that these fronts correspond to the run with a
median value with respect to IS. This figure clearly demon-
strates that for DTLZ1, the 5 algorithms can visually converge
to Pareto optimal fronts. However, the distributions have an

obvious difference. DEHC provides the most uniformly dis-
tributed fronts among the four.

Figure 9 presents the fronts on DTLZ6 and these fronts
correspond to the run with a median value with respect to I
GD. DTLZ6’s Pareto front is a line in three-dimensional
space. Figure 9 demonstrates that NSGA-II and NNIA have
some difficulties in converging to the optimal front and
MOEA/D gets a point far from the real Pareto optimal front.
Among all the 5 algorithms, DEHC seems to perform best on
DTLZ6 because it converges to a curve exactly.

From the above comparisons and analyses, we can draw
the conclusion that in terms of IGD and IS, DEHC generates
approximation sets with competitive diversity, uniformity,
and proximity to the Pareto front. Our proposed DEHC
can deal with MOPs with different types of Pareto front, that
is, continuous, and disjoint, having 2 and 3 objectives.

4.3. Some Studies on Scalability of DEHC. To study how the
performance of DEHC varies as the number of decision

Table 2: The IS comparison results of DEHC with 4 MOEAs on 12 problems.

MOEA/D NSGA-II NNIA MODE DEHC
Mean± Std Mean± Std Mean± Std Mean± Std Mean± Std

ZDT1 3.78E − 1± 1.23E − 1 4.90E − 1± 3.20E − 2 3.52E − 1± 2.89E − 2 4.23E − 1± 1.34E − 1 1.43E − 1± 1.39E − 2
ZDT2 2.43E − 1± 1.68E − 1 4.62E − 1± 3.33E − 2 3.42E − 1± 3.21E − 2 5.81E − 1± 3.71E − 2 1.49E − 1± 1.13E − 2
ZDT3 8.86E − 1± 1.48E − 2 6.08E − 1± 3.97E − 2 5.30E − 1± 1.94E − 2 7.47E − 1± 6.26E − 2 4.50E − 1± 1.34E − 2
ZDT4 6.28E − 1± 3.27E − 1 3.60E − 1± 2.70E − 2 3.28E − 1± 2.56E − 2 1.33E + 0± 3.33E − 1 1.23E − 1± 1.18E − 2
ZDT6 1.98E − 1± 3.10E − 2 5.87E − 1± 2.92E − 2 3.23E − 1± 2.51E − 2 7.17E − 1± 2.65E − 1 1.37E − 1± 1.27E − 2
DTLZ1 6.14E − 1± 6.95E − 3 4.63E − 1± 3.54E − 2 4.92E − 1± 8.08E − 2 9.80E − 1± 4.17E − 1 8.65E − 2± 5.43E − 3
DTLZ2 6.47E − 1± 4.90E − 3 4.42E − 1± 2.54E − 2 4.55E − 1± 2.15E − 2 5.85E − 1± 2.41E − 2 9.50E − 2± 3.22E − 3
DTLZ3 6.57E − 1± 1.01E − 2 4.53E − 1± 3.24E − 2 4.81E − 1± 2.95E − 2 1.23E + 0± 3.24E − 1 1.94E − 1± 2.94E − 2
DTLZ4 7.82E − 1± 1.60E − 1 4.16E − 1± 2.03E − 2 4.34E − 1± 1.82E − 2 5.93E − 1± 2.53E − 2 9.54E − 2± 3.85E − 3
DTLZ5 1.15E + 0± 3.99E − 3 3.54E − 1± 1.24E − 2 3.68E − 1± 1.82E − 2 8.59E − 1± 1.01E − 2 1.66E − 1± 7.53E − 3
DTLZ6 8.43E − 1± 1.00E − 1 4.86E − 1± 3.79E − 2 5.35E − 1± 4.98E − 2 3.73E − 1± 2.63E − 2 1.59E − 1± 7.99E − 3
DTLZ7 1.04E+ 0± 4.34E − 2 5.15E − 1± 3.58E − 2 4.87E − 1± 2.47E − 2 4.65E − 1± 4.13E − 2 2.39E − 1± 8.57E-3

Table 3: The distribution of IGD and IS using Mann–Whitney rank
sum test.

(DEHC,
MOEA/D)

(DEHC,
NSGA-II)

(DEHC,
NNIA)

(DEHC,
MODE)

IGD IS IGD IS IGD IS IGD IS
ZDT1 1 1 0 1 1 1 1 1

ZDT2 1 1 1 1 1 1 1 1

ZDT3 1 1 1 1 1 1 1 1

ZDT4 1 1 1 1 1 1 1 1

ZDT6 1 1 1 1 1 1 1 1

DTLZ1 1 1 1 1 1 1 1 1

DTLZ2 1 1 1 1 1 1 1 1

DTLZ3 1 1 1 1 1 1 1 1

DTLZ4 1 1 1 1 1 1 1 1

DTLZ5 1 1 1 1 1 1 1 1

DTLZ6 1 1 1 1 1 1 1 1

DTLZ7 1 1 1 1 1 1 1 1
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variable increases, we have tried on ZDT1 with different
numbers of decision variables, that is, 30, 40, 50, 60, 70, 80,
90, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000, 1500,

2000, 2500, and 3000. In these experiments, MOEA/D,
NSGA-II, NNIA, and MODE are also conducted with the
above numbers of decision variable. All the parameters are
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Figure 4: Median IGD values versus the evolution time. (a) ZDT1, (b) ZDT2, (c) ZDT3, (d) ZDT4, (e) ZDT6, and (f) DTLZ1.
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kept the same as in Section 4.2. Figure 10 gives the mean IGD
values versus the numbers of decision variables. We found
that among the 25 independent runs for each number of

decision variables, DEHC achieves lower IGD values on
ZDT1 with different numbers of decision variable, especially
from 60 to 1000. Furthermore, the mean IGD values almost
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Figure 5: Median IGD values versus the evolution time. (a) DTLZ2, (b) DTLZ3, (c) DTLZ4, (d) DTLZ5, (e) DTLZ6, and (f) DTLZ7.
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linearly scale up as the number of decision variables
increases. This experiment indicates that DEHC is able to
handle large-scale MOPs efficiently and this ability may

profit from HSS because a different selection strategy is
effective for different problems during different stages of
the search.
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Figure 6: Median IS values versus the evolution time. (a) DTLZ2, (b) DTLZ3, (c) DTLZ4, (d) DTLZ5, (e) DTLZ6, and (f) DTLZ7.
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4.4. Discussion about CCE. In order to demonstrate an
improved performance of CCE, we replace CCE in DEHC
with other four truncating methods and then compare them

with DEHC. These four methods are crowding distance [22],
an improved version of crowding distance [44], crowding
entropy [35], and harmonic distance [31]. We denote the
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Figure 7: Median IS values versus the evolution time. (a) DTLZ2, (b) DTLZ3, (c) DTLZ4, (d) DTLZ5, (e) DTLZ6, and (f) DTLZ7.
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algorithms with the four methods as DEHCD, DEHCD2,
DEHCE, and DEHHD, respectively. For all the five algo-
rithms, 25 independent runs are conducted to see the consis-
tency of the algorithms.

It can be observed from Table 4 that for the five 2-
objective problems, MOECD2 performs very well because
MOECD2 achieves the best values for all problems except
ZDT4. As for DEHC, it follows DEHCD2 because it has the
best IS on ZDT4 and ranks 2nd for the other four 2-
objective problems. As for the seven 3-objective problems,
DEHC generates the most uniformly distributed Pareto front
among all the five algorithms. From this experiment, we can
deduce that CCE is able to maintain a uniformly distributed
result especially for many-objective problems.

To confirm that CCE is really suited for MOPs with many
objectives, here, we expand DTLZ2 to 5, 7, and 9 objectives
and then study IS. Figure 11 gives the mean IS on DTLZ2
with 3, 5, 7, and 9 objectives. It can be observed that for many
objectives, CCE still works very well and it provides the most
competitive results.

5. Applications to Solve MOOCPs

In this section, DEHC is applied to solve three MOOCPs in
chemical processes taken from the literature. To apply DEHC
for MOOCPs, the MOOCP is first transformed into common
MOPs by the commonly used CVP approach. For the CVP
method, the time range t0, t f is divided into T equal
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Figure 8: The typical Pareto front obtained by 5 algorithms on DTLZ1. (a) MOEA/D, (b) NSGA-II, (c) NNIA, (d) MODE, and (e) DEHC.
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segments, that is, t0, t f = t0, t1 × t1, t2 ×⋯× tT−1, tT ,
tT = t f , and the control variables can be approximated by
basic functions, such as piece-wise constant function and
piece-wise linear functions [43, 45]. Here, we assume u t
as piecewise constant function. As a result, T × K parameters
determine u t over t0, t f . In terms of the jth segments; the
control variables over the entire time span are as follows:

ctk =
uk, t ∈ t j−1, t j ,
0, otherwise,
 j = 1, 2,… , T

14

So, the total control variables over the entire time span
can be described as the summation below:

u t = 〠
T

j=1
cj t , t ∈ t j−1, t j 15

Ones the control variables are discretized, DEHC can be
applied to find the best control profile of the discrete time
system as an approximation of the continuous problem. So,
the major steps to optimize the MOOCP are outlined as the
following steps:
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Figure 9: The typical Pareto front obtained by 5 algorithms on DTLZ6. (a) MOEA/D, (b) NSGA-II, (c) NNIA, (d) MODE, and (e) DEHC.
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Step 1. Divide the time range t0, t f into T equal segments
and denote the jth segment as t j−1, t j , where j = 1, 2,… , K
and tT = t f .

Step 2. Assume that the value of the ith input variable within
the jth segment is uj

i , where i = 1, 2,… ,m and j = 1, 2,… , T .

Step 3. Once the value of u t is determined within the time
range t0, t f , a numerical integral method, such as the stan-
dard Runge-Kutta method, can be employed to obtain the
objective value, that is, J u v .

Step 4. Apply DEHC to obtain the optimal uj
i and J u t as

an approximation of the continuous problem, where i = 1,
2,… , K and j = 1, 2,… , T .

5.1. Case I: Catalyst Mixing Problem in a Tubular Reactor.
This problem considers a steady-state plug flow reactor of
fixed length t f . The reactor is packed with two catalysts
which are required to stimulate a series of reactions (one
reversible and one irreversible S1↔ S2→ S3). These
assumptions give rise to the following model [46]:

dx1
dt

= u 10x2 − x1 ,

dx2
dt

= u x1 − 10x2 − 1 − u x2,

x t0 = 1, 0 T , 0 ≤ u ≤ 1, t f = 12,

16

where x1 and x2 are the concentrations of S1 and S2, u is
the fraction of catalyst A, and t is the spatial coordinate.
The objective is to determine the optimal mixing policy of
the two catalysts in order to maximize the production S3

at the reactor outlet and minimize the amount of the most
expensive catalyst A.

max J1 = 1 − x1 t f − x2 t f ,

min J2 =
t f

0
udt

17

For this problem, we set T = 10, the population size is
N = 50, and the maximum generation is 100. The obtained
Pareto optimal fronts by DEHC and MODE are illustrated
in Figure 12. Figure 12 shows that both the two algorithms
achieve a wide variety of solutions which also uniformly
spread along the Pareto optimal front, but DEHC provides a
more uniformly and widely distributed result along the front.

When considering maximizing the production of S3 only,
Vassiliadis et al. obtained a best value of 0.0480238 by a
single-objective optimization method [46] and Chen et al.
obtained a best value of 0.04798 by a multiobjective DE with
a ranking-based mutation operator [9]. The result of our
obtained Pareto front is 0.04800, which is very close to
0.04798. To assist decision making, five Pareto optimal reac-
tion temperatures, that is, u1, u2, u3, u4, and u5 in Figure 12,
with equal distribution along the front are shown in Table 5
and the corresponding Pareto optimal trajectories of these
are illustrated in Figure 13. It can be observed that the trajec-
tories of mixing policy of the catalysts in the entire interval
gradually decrease from 1 to 0, that is, from u1 to u5, leading
to the reduction of the use of catalyst A.

5.2. Case II: Optimal Operation of a Fed Batch Reactor. The
third case is a batch reactor based on the two reaction sys-
tems [47]:

A + B →k1 C,

B + B →k2 D
18

This process can be described by the following mechanis-
tic model:

d A
dt

= −k1 A B −
A
V

u,

d B
dt

= −k1 A B − 2k2 B 2 + bfeed − B
V

u,

d C
dt

= k1 A B −
C
V

u,

d D
dt

= 2k2 B −
D
V

u,

d V
dt

= u,

 0 ≤ u ≤ 0 01, t f = 120 min,
19

where A , B , C , and D are the concentrations of A, B, C,
and D, respectively; V is the current reaction volume, u is the
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reactant feed rate, and k1 = 0 5 and k2 = 0 5 are the reaction
rate constants. At the start of reaction, the reactor contains
A 0 = 0 2 mole/L of A; no B B 0 = 0 and is fed to 50%
(V 0 = 0 5m3). The objective is to maximize the amount
of product C and minimize the amount of by-product D.

For this problem, we set T = 10, the population size is
N = 50, and the maximum generation is 100. The obtained
Pareto fronts by DEHC and MODE are showed in
Figure 14. It can be observed form Figure 14 that both DEHC
and MODE achieve very high-quality results in approximat-
ing the true Pareto front. However, DEHC achieves a higher
distribution behavior.

The obtained Pareto optimal front is illustrated in
Figure 14. When the complete focus is put on maximizing
the amount of product C, Chen et al. obtained a best value

Table 4: Comparison results of CCE and other truncating methods on IS.

DEHCD DEHCD2 DEHCE DEHHD DEHC
Mean± Std Mean± Std Mean± Std Mean± Std Mean± Std

ZDT1 2.774E − 1± 2.383E − 2 1.406E − 1 ± 1.199E − 2 3.623E − 1± 3.416E − 2 4.254E − 1± 3.093E − 2 1.425E − 1± 1.390E − 2
ZDT2 2.885E − 1± 2.474E − 2 1.420E − 1 ± 1.063E − 2 3.702E − 1± 3.298E − 2 4.273E − 1± 3.389E − 2 1.492E − 1± 1.134E − 2
ZDT3 5.021E − 1± 1.324E − 2 4.427E − 1 ± 1.064E − 2 5.565E − 1± 2.896E − 2 5.803E − 1± 3.071E − 2 4.497E − 1± 1.341E − 2
ZDT4 2.769E − 1± 2.869E − 2 1.241E − 1± 1.099E − 2 3.898E − 1± 3.178E − 2 4.487E − 1± 3.238E − 2 1.229E − 1 ± 1.175E − 2
ZDT6 3.049E − 1± 2.767E − 2 1.231E − 1 ± 1.030E − 2 3.841E − 1± 3.080E − 2 6.152E − 1± 2.915E − 1 1.373E − 1± 1.275E − 2
DTLZ1 3.860E − 1± 2.015E − 2 3.885E − 1± 1.938E − 2 3.986E − 1± 1.911E − 2 2.381E − 1± 2.997E − 2 8.648E − 2 ± 5.427E − 3

DTLZ2 3.604E − 1± 9.635E − 3 3.557E − 1± 1.431E − 2 3.682E − 1± 1.879E − 2 2.445E − 1± 8.816E − 3 9.496E − 2 ± 3.217E − 3
DTLZ3 3.707E − 1± 2.048E − 2 3.718E − 1± 1.773E − 2 3.732E − 1± 1.904E − 2 1.065E + 0± 6.659E − 1 1.939E − 1 ± 2.940E − 2
DTLZ4 3.578E − 1± 1.537E − 2 3.568E − 1± 1.741E − 2 3.612E − 1± 1.920E − 2 2.369E − 1± 1.005E − 2 9.538E − 2 ± 3.852E − 3
DTLZ5 3.505E − 1± 1.374E − 2 1.962E − 1± 5.629E − 3 3.929E − 1± 1.847E − 2 3.996E − 1± 2.107E − 2 1.657E − 1 ± 7.528E − 3
DTLZ6 3.258E − 1± 1.225E − 2 1.904E − 1± 8.794E − 3 3.936E − 1± 1.432E − 2 4.098E − 1± 1.460E − 2 1.592E − 1 ± 7.995E − 3
DTLZ7 4.400E − 1± 1.966E − 2 4.440E − 1± 2.472E − 2 4.468E − 1± 1.997E − 2 2.575E − 1± 1.166E − 2 2.395E − 1 ± 8.573sE − 3
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Table 5: Five solutions selected from the front for case I.

Segment u1 u2 u3 u4 u5

0.0–1.2 1.0000 1.0000 0.7555 0.2663 0.0000

1.2–2.4 0.5477 0.3310 0.0000 0.0392 0.0000

2.4–3.6 0.1534 0.1307 0.0447 0.0143 0.0000

3.6–4.8 0.2784 0.0953 0.0096 0.0191 0.0000

4.8–6.0 0.2354 0.0000 0.0229 0.0214 0.0000

6.0–7.2 0.2482 0.0840 0.0000 0.0000 0.0000

7.2–8.4 0.1683 0.0000 0.0000 0.0038 0.0000

8.4–9.6 0.0657 0.0043 0.0000 0.0000 0.0000

9.6–10.8 0.0011 0.0000 0.0003 0.0000 0.0000

10.8–12.0 0.0000 0.0000 0.0000 0.0000 0.0000
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of 0.07936 and we obtained 0.08079 [9]. To assist decision
making, five Pareto optimal reaction temperatures along
the front in Figure 14 with equal distribution are shown in
Table 6 and the corresponding Pareto optimal trajectories

of these are illustrated in Figure 15. It can be observed from
the multiple trajectories that as the reduction of the amount
of by-productD, the feed rate in the entire time interval grad-
ually reduces to the low value.

max J1 = C t f V t f ,
min J2 = D t f V t f

20

5.3. Case III: Foreign Protein Production Using Recombinant
Bacteria. The fourth problem is a model of foreign protein
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Figure 13: The Pareto optimal trajectories of five selected solutions for case I. (a) u1, (b) u2, (c) u3, (d) u4, and (e) u5.
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Figure 14: The Pareto optimal front for case II.

Table 6: Five solutions selected from the front for case II.

Segment u1 u2 u3 u4 u5

0.0–12.0 0.0100 0.0100 0.0096 0.0031 0.0000

12.0–24.0 0.0100 0.0100 0.0029 0.0017 0.0000

24.0–36.0 0.0100 0.0075 0.0044 0.0001 0.0000

36.0–48.0 0.0100 0.0073 0.0029 0.0027 0.0000

48.0–60.0 0.0100 0.0099 0.0045 0.0006 0.0000

60.0–72.0 0.0100 0.0029 0.0041 0.0062 0.0000

72.0–84.0 0.0100 0.0094 0.0031 0.0000 0.0000

84.0–96.0 0.0100 0.0070 0.0036 0.0020 0.0000

96.0–108.0 0.0100 0.0071 0.0072 0.0011 0.0000

108.0–120.0 0.0100 0.0002 0.0009 0.0000 0.0000
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production using recombinant bacteria [48]. In this case,
thereare7 statevariableswhichare reactionvolume(x1, L), cell
density (x2, g/L), nutrient concentration (x3, g/L), foreign pro-
tein concentration (x4, g/L), inducer concentration (x5, g/L),

inducer shock factor on the cell growth rate (x6), and
the inducer recovery factor on the cell growth rate (x7).
The two control variables are glucose feed rate (u1, L/h)
and inducer feed rate (u2, L/h). The model was described
as follows [49]:

dx1
dt

= u1 + u2,

dx2
dt

= ux2 + λx2,

dx3
dt

= Cnf
u1
x1

+ λx3 −
μ

Y
x2,

dx4
dt

= Rf p
x2 + λx4,

dx5
dt

= Cif
u2
x1

+ λx5,

dx6
dt

= −k1x6,

dx7
dt

= k2 1 − x7 ,

x t0 = 1, 0 1, 40, 0, 0, 1, 0 T ,
  0 ≤ u1 ≤ 10−2, 0 ≤ u2 ≤ 10−2, t0 = 0, t f = 10 h,
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Figure 15: The Pareto optimal trajectories of five selected solutions for case II. (a) u1, (b) u2, (c) u3, (d) u4, and (e) u5.
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Figure 16: The Pareto optimal front for case III.

18 Complexity



where

μ = 0 407x3
0 108 + x3 + x23 / 14814 8 × x6 +

0 22x7
0 22 + x5

,

Rf p =
0 095x3

0 108 + x3 + x23 /14814 8 × 0 0005 + x5
0 022 + x5

,

λ = −
u1 + u2
x1

,

k1 = k2 =
0 09x5

0 034 + x5
,

Cnf = 100 0,
Cif = 4 0,
Y = 0 51

22

As the price of the inducer, that is, Pr , is expensive,
here, the two objectives are set as maximizing foreign pro-
tein production and minimizing the consumption of the
inducer by controlling the glucose feed rate and the
inducer feed rate, which are modeled as follows:

max J1 = x1 t f x4 t f ,

min J1 =
t f

0
u2dt

23

For this problem, we set T = 10, the population size is
N = 50, and the maximum generation is 100. The obtained
Pareto fronts by DEHC and MODE are showed in
Figure 16. It can be observed form Figure 16 that both
DEHC and MODE generate very close approximations to
the Pareto front. But the attained Pareto front with MODE
cannot spread along the front as much as DEHC.

To assist decision making, five Pareto optimal reaction
temperatures along the front in Figure 16 with equal

distribution are shown in Table 7 and the corresponding
Pareto optimal trajectories of these are illustrated in Figure 17.

max J = x1 t f x4 t f − Pr

t f

t0

u2 t dt 24

Roubos et al. setPr = 5 and solve (24) usingGAwith a pop-
ulation size of 40 and generation of 25000 and obtained an
optimum of 0.8149 [50].We calculate the combined objective
values with Pr = 5 and obtain an optimal value of 0.81345.
Figure 18 also shows the combined objective values along the
Pareto front by setting Pr = 5.

6. Conclusions

In this paper, we put forward an extended multiobjective
differential evolution algorithm called DEHC by integrat-
ing multistrategies from three aspects, that is, hybrid selec-
tion strategy, external archivewith cyclic crowding estimation,
and a two-strategy based on mutation component. We
have systematically studied the performance of DEHC by
testing it on a set of MOPs. The numerical results show
that DEHC is suitable for solving MOPs with different
types of Pareto front and that it is superior to or compet-
itive with MOEA/D, NSGA-II, and NNIA. Our proposed
DEHC is able to generate very competitive results in terms
of IGD and IS indicators. Finally, three well-known multi-
objective optimal control problems in chemical process
have been solved to further demonstrate the effectiveness
and applicability of DEHC for real-world complex MOOCPs.

The numerical results validate that DEHC is an advanta-
geous approach to solving complex MOPs. This advantage
comes from three aspects: (1) the hybrid selection strategy
can deal with the conflicting objectives from different aspects
which is advantageous to different problems during different
search processes, (2) the cyclic crowding estimation is helpful
to maintain a uniformly distributed nondominated solutions,
and (3) the candidate pool of mutation strategies for DE
mutation component is beneficial for improving DEHC’s
exploration and exploitation.

Table 7: Five solutions selected from the front for case III.

u1 u2 u3 u4 u5
u1(1) u1(2) u2(1) u2(2) u3(1) u3(2) u4(1) u4(2) u5(1) u5(2)

0.0-1.0 0.0000 0.0000 0.0000 0.0000 0.0072 0.0000 0.0079 0.0002 0.0040 0.0000

1.0–2.0 0.0001 0.0000 0.0053 0.0000 0.0003 0.0000 0.0002 0.0017 0.0057 0.0000

2.0–3.0 0.0039 0.0006 0.0050 0.0045 0.0002 0.0006 0.0100 0.0000 0.0098 0.0000

3.0–4.0 0.0000 0.0100 0.0011 0.0095 0.0000 0.0100 0.0000 0.0008 0.0000 0.0000

4.0–5.0 0.0012 0.0100 0.0001 0.0100 0.0063 0.0000 0.0025 0.0000 0.0094 0.0000

5.0–6.0 0.0000 0.0100 0.0020 0.0100 0.0021 0.0000 0.0042 0.0000 0.0044 0.0000

6.0–7.0 0.0004 0.0100 0.0000 0.0000 0.0045 0.0002 0.0068 0.0000 0.0055 0.0000

7.0–8.0 0.0002 0.0100 0.0061 0.0001 0.0002 0.0000 0.0060 0.0001 0.0095 0.0000

8.0–9.0 0.0003 0.0100 0.0058 0.0000 0.0002 0.0000 0.0056 0.0000 0.0094 0.0000

9.0–10.0 0.0013 0.0096 0.0055 0.0000 0.0055 0.0000 0.0096 0.0000 0.0064 0.0000
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What remain interesting for future work would be
constrained MOOCPs and MOOCPs with uncertainties.
Another aspect is developing effective CVP methods to
convert the original MOOCPs.
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This work pertains to the study of the synchronization problem of a class of coupled chaotic neural systems with parameter
mismatches. By means of an invariance principle, a rigorous adaptive feedback method is explored for synchronization of a class
of coupled chaotic delayed neural systems in the presence of parameter mismatches. Finally, the performance is illustrated with
simulations in a two-order neural systems.

1. Introduction

Pecora and Carroll firstly addressed the chaotic synchroniza-
tion in systems and used the drive-response conception in
[1]. The idea is to control the response signal by using the
output signal of drive system such that the two kinds of
signals synchronize. The problems of synchronization in
chaotic dynamical systems have received increasing attention
in the control areas [2–6]. Different approaches including
adaptive design control [2], intermittent control [3],
adaptive-impulsive control [4], and sliding mode control
[6] have been proposed. In particular, Liu et al. [3] obtained
novel synchronization criteria for exponential synchroniza-
tion of chaotic systems with time delays via periodically
intermittent control. By an adaptive feedback control tech-
nique, the synchronization of a class of chaotic systems
with unknown parameters is achieved via mimicking
model reference adaptive control-like structure in [2].
Tam et al. [5] addressed adaptive synchronization of com-
plicated chaotic systems with unknown parameters via a
set of fuzzy modeling-based adaptive strategy. Chen et al.
[6] designed a sliding mode control scheme for adaptive
synchronization of multiple response systems under the
effects of external disturbances.

Recently, there has sprung up hot research topics in the
synchronization of chaotic neural systems (CNSs) due to
possible chaotic behaviors in such systems [7–13]. For
instance, synchronization of coupled delayed CNSs and
applications to memristive CNSs in [12] have resulted in a
theoretical condition under an irreducible assumption on
coupling matrix. Cao and Lu [13] proposed a simple adaptive
method for the synchronization of uncertain CNSs with or
without variable delay via invariant principles. In particular,
some efforts have been devoted to adaptive synchronization
of CNSs [10–12, 14]. However, most existing works were
applicable only for the CNSs with parameter matching.
While in practical implementation of synchronized CNSs, it
is well known that parameter mismatch in systems is gener-
ally inevitable [15–17], which will result in poor performance
or loss of synchronization [17, 18]. For example, Zhang et al.
[18] discussed asymptotic synchronization for delayed CNSs
with fully unknown parameters based on the Lyapunov
method and the inverse optimal method. Therefore, it is of
importance to explore the effects of parameter mismatch in
synchronization of CNSs.

In this paper, we present theoretical analysis and
numerical simulations of the parameter mismatch effect on
synchronization for a class of coupled CNSs. By using
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adaptive control approaches [13, 19, 20] instead of traditional
linear coupling scheme, and combining the invariance
principle, we show that adaptive synchronization of such
CNSs with parameter mismatches under loose conditions
can be rapidly achieved. In addition, by adjusting the update
gain of coupling strength introduced in this work, one can
control the synchronization speed.

The organization of this work is as follows. In Section 2,
we present needed formulation of synchronization of CNSs.
Section 3 presents an adaptive control scheme in CNSs and
provides two criteria for synchronization for CNSs. In
Section 4, numerical simulations on a two-order CNS are
provided to show the effectiveness of the proposed results.
Section 5 concludes the paper.

Notation 1. Throughout the paper, we denote AT and A−1

the transpose and the inverse of any square matrix A
A > 0 A < 0 denotes a positive- (negative-) definite matrix
A; and I is used to denote the n × n identity matrix. A
denotes the spectral norm of matrix A Let R denote the set
of real numbers, Rn denotes the n-dimensional Euclidean
space, and Rn×m denotes the set of all n ×m real matrices.
λmax · or λmin · denotes the largest or smallest eigenvalue
of a matrix, respectively.

2. Formulation of Synchronization in
Neural Networks

Consider the following CNS in a general form:

x t = −C1x t + A1 f x t + B1 f x t − τ t + J , 1

where x t = x1 t ,… , xn t T ∈ Rn denotes the state vector;
C1 represents a diagonal matrix with c1i > 0, i = 1, 2,… , n;
A1 = a1ij n×n denotes the weight matrix; B1 = b1ij n×n
denotes the delayed weight matrix; J = J1,… , Jn

T ∈ Rn is
the input vector function; τ t represents the transmission
variable delay; and f x t = f1 x1 t ,… , f n xn t T

represents the activation function.
Throughout the paper, we have the following two

assumptions:
A1 Each f j:R→ R satisfies the Lipschitz condition,

that is, there exist positive scalars kj > 0 such that

f j x − f j y ≤ kj x − y , j = 1, 2,… , n, 2

for any x, y ∈ R
A2 τ t ≥ 0 is a function satisfying τ∗ =maxt τ t and

0 ≤ τ t ≤ σ < 1, for all t
xi t = ϕi t ∈C −τ∗, 0 , R denotes initial conditions of

(1), where C −τ∗, 0 , R represents the set of continuous
functions from −τ∗, 0 to R

To synchronize the drive (or master) system (1), the
controlled response (or slave) system is given by

y t = −C2y t + A2 f y t + B2 f y t − τ t + J + u t ,
3

where u t is the driving signal, y t = y1 t ,… , yn t T ∈
Rn. C2, A2, and B2 are generally different from C1, A1, and
B1, respectively. Namely, parameter mismatches exist
between the drive system and the response system. The initial
conditions of system (3) denote yi t = ψi t ∈C −τ∗, 0 ,R
i = 1, 2,… , n Denote the mismatch errors by ΔC = C2 −
C1, ΔA = A2 − A1, and ΔB = B2 − B1.

We aim to design an appropriate controller u t in order
to make the coupled CNSs remain synchronized in the
presence of even large parameter mismatches. First, consider
the feedback controller u t = ϵ ∘ y t − x t , where ϵ =
ϵ1,… , ϵn

T ∈ Rn is the coupling strength, and the symbol
∘ is defined as

ϵ ∘ y t − x t ≜ ϵ1 y1 t − x1 t ,… , ϵn yn t − xn t T

4

Define the synchronization error as e t = y t − x t ,
which leads to the following synchronization error system:

e t = −C2e t + A2g e t + B2g e t − τ t

− C2 − C1 x t + A2 − A1 f x t

+ B2 − B1 f x t − τ t + ϵ ∘ e t ,
5

or

e t = −C2e t + A2g e t + B2g e t − τ t − ΔCx t

+ ΔAf x t + ΔBf x t − τ t + ϵ ∘ e t ,
6

where

e t = e1 t ,… , en t T,

g e t = g e1 t ,… , g en t T,
7

with gi ei t = f i ei t + xi t − f i xi t , i = 1, 2,… , n
Obviously, using the assumption A1 , gi · has the

following properties:

gi ei ≤ ki ei 8

3. Adaptive Control Scheme

In this section, based on Lyapunov function and an
invariance principle by combining an adaptive control
approach, we consider the adaptive synchronization for two
CNSs with time-varying delay and parameter mismatches.
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Theorem 1. Suppose that χ = x ∈ Rn ∣ x ≤ α1 and the
parameter mismatches satisfy ΔC + ΔA + 1/1 − σ ΔB
K2 ≤ α2, where K =max1≤i≤n ki Under the assumptions
A1 and A2 , let α = α1 · α2 and the controller u t = ϵ
∘ y t − x t = ϵ ∘ e t with the following update law:

ϵi = −δi e2i +
α

ϵi + l
x2i t , 9

where δi > 0 i = 1, 2,… , n are arbitrary constants, and
l > 0 is a constant to be determined. Then, the controlled
uncertain response system (3) will globally synchronize
with the drive system (1).

Proof 1. Consider the following Lyapunov function for the
error dynamical system:

V t = eT t e t + 〠
n

i=1

1
δi

ϵi + l 2 +
1

1 − σ

t

t−τ t
gT e s g e s ds

+
1

1 − σ

t

t−τ t
f T x s ΔBTΔBf x s ds

10

Calculating the derivative of (10) along the trajectories
of (6), we have

V t = 2eT t e t − 2〠
n

i=1
ϵi + l e2i +

α

ϵi + l
x2i t

+
1

1 − σ
gT e t g e t +

1
1 − σ

f T x t ΔBTΔBf x t

−
1 − τ t
1 − σ

gT e t − τ t g e t − τ t

−
1 − τ t
1 − σ

f T x t − τ t ΔBTΔBf x t − τ t

≤ 2eT t −C2e t + A2g e t + B2g e t − τ t

− 2eT t ΔCx t + 2eT t ΔAf x t

+ 2eT t ΔBf x t − τ t + 2eT t ϵe t

− 2〠
n

i=1
ϵi + l e2i +

α

ϵi + l
x2i t +

1
1 − σ

gT e t g e t

+
1

1 − σ
f T x t ΔBTΔBf x t

− gT e t − τ t g e t − τ t

− f T x t − τ t ΔBTΔBf x t − τ t

≤ 2eT t −C2e t + A2g e t + B2g e t − τ t

− 2eT t ΔCx t + 2eT t ΔAf x t

+ 2eT t ΔBf x t − τ t − 2α〠
n

i=1
x2i t − leT t e t

+
1

1 − σ
gT e t g e t +

1
1 − σ

f T x t ΔBTΔBf x t

− gT e t − τ t g e t − τ t

− f T x t − τ t ΔBTΔBf x t − τ t

11

Using (8) and the Lemma 2 in [21], one can obtain

2eT t A2g e t ≤ eT t A2A
T
2 e t + gT e t g e t , 12

2eT t B2g e t − τ t ≤ eT t B2B
T
2 e t

+ gT e t − τ t g e t − τ t ,
13

−2eT t ΔCx t ≤ e t + ΔC x t , 14

2eT t ΔAf x t ≤ e t + ΔA K2 x t , 15

2eT t ΔBf x t − τ t ≤ e t + f T x t − τ t ΔBTΔBf
x t − τ t ,

16

1
1 − σ

f T x t ΔBTΔBf x t ≤
1

1 − σ
ΔB K2 x t

17

Substituting (12), (13), (14), (15), (16), and (17) into
(11) and combining

ΔC + ΔA +
1

1 − σ
ΔB K2 x t ≤ 2α 18

yield

V t ≤ eT t −2C2 + A2A
T
2 + B2B

T
2 + 3 − l I e t

+ gT e t g e t + 1
1 − σ

gT e t g e t

≤ eT t 2λmax −C2 + λmax A2A
T
2 + λmax B2B

T
2

+ K2 +
1

1 − σ
K2 + 3 − l e t

19

We properly choose the constant l as

l = 2λmax −C2 + λmax A2A
T
2 + λmax B2B

T
2

+ K2 +
1

1 − σ
K2 + 4,

20

then we have V ≤ −eT t e t
It is obvious that V = 0 if and only if ei = 0, i = 1, 2,… , n

It implies that the set E = e t , ϵ T ∈ R2n e t = 0, ϵ =
ϵ0 ∈ Rn is the largest invariant set included in M = V = 0
for system (6). Then, using the well-known Lyapunov-
LaSalle-type theorem, the error converges asymptotically to
E, that is, e t → 0 and ϵ→ ϵ0 as t→∞ Therefore, the
synchronization of the CNSs (1) and (3) is achieved under
the coupling (9). The proof is completed.

For the coupled CNSs without time-varying delay (i.e.,
B1 = 0 in (1) and B2 in (3)), one can easily derive the
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following corollary for two CNSs without delay (drive system
and response system, resp.):

x t = −C1x t + A1 f x t + J , 21

and

y t = −C2y t + A2 f y t + J + ϵ ∘ y t − x t 22

Corollary 1. Suppose that χ = x ∈ Rn ∣ x ≤ α1 and the
parameter mismatches satisfy ΔC + ΔA K2 ≤ α2, where
K =max1≤i≤n ki Under the assumptions A1 and A2 ,
set α = α1 · α2 and the controller u t = ϵ ∘ y t − x t = ϵ ∘
e t with the following update law:

ϵi = −δi e2i +
α

ϵi + l
x2i t , 23

where δi > 0 i = 1, 2,… , n are arbitrary constants; l is
chosen as

l = 2λmax −C2 + λmax A2A
T
2 + K2 +

1
1 − σ

K2 + 3

24

Then, the controlled uncertain response system (3) will
globally synchronize with the drive system (1).

Remark 1. It is noted from Theorem 1 that one can choose
the constant δi properly to adjust the synchronization
speed. Large adaptive gain δi will lead to fast synchroniza-
tion, while small adaptive gain δi will result in slow synchro-
nization. In addition, such a way is robust against the
effect of noise. An extension effort that extends the results
for systems with hybrid characteristics as in [7, 22–24] is
possible, which remains an open problem.

Remark 2. In [9, 11, 13], the derived results are applicable
for CNSs with parameter matches. While the results here
are suitable for parameter mismatches. Therefore, our
results have more expansive application foreground. In
addition, using adaptive feedback method, the criterion
obtained here improves and extends the results reported
in [9, 11, 13].

4. Numerical Simulations

In this section, a numerical example is employed to illustrate
our results. Simulation results show that the proposed
adaptive synchronization scheme is valid.

Example 1. Consider the following two-order CNSs with
time-varying delay:

x t = −C1x t + A1 f x t + B1 f x t − τ t + J , 25

with

C1 =
1 0

0 1
, A1 =

2 1 −0 12

−5 1 3 2
, B1 =

−1 6 −0 1

−0 2 −2 4
, J =

0

0
,

26

and
τ t = et/ 1 + et , where x t = x1 t , x2 t T, f x t =

tanh x1 t , tanh x2 t T

It is seen that k1 = k2 = 1, and thus K = 1 Moreover,

τ∗ = 1, τ t =
et

1 + et 2 ∈ 0,0 5 , 27

that is, σ = 0 5 Therefore, A1 and A2 hold.

Note that the neural system in this example is chaotic.
Figure 1 shows the phase plot of the CNS, and Figure 2
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Figure 1: Attractor of neural network model [21].
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Figure 2: Power spectral plot of neural network model [21].
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illustrates the power spectral with initial values ϕ1 s = −0 5
and ϕ2 s = 0 3, ∀s ∈ −1, 0 It is found in Figure 1 that the
double-scroll attractor is confined within the set.

χ = x = x1, x2 T ∣ −1 ≤ x1 ≤ 1, −5 ≤ x2 ≤ 5 28

In this case, it is verified that α1 ≃ 5 0990
To verify the effectiveness of the proposed method, con-

sider the output signals of drive system in CNS (25). Then,
the controlled response system is given by

y t = −Cy t + Af y t + Bf y t − τ t + J + u t ,
29

where τ t = 1 + 1/2 sin t , y t = y1 t , y2 t T and

C2 =
1 1 0

0 0 8
, A2 =

2 2 −0 1

−5 0 3 1
, B2 =

−1 7 −0 05

−0 3 −2 3
, J =

0

0

30

Therefore, we obtain

ΔC + ΔA +
1

1 − σ
ΔB K2 ≤ α2 = 0 7128, 31

then α = α1 · α2 = 3 6345

By Theorem 1, since

2λmax −C2 + λmax A2A
T
2 + λmax B2B

T
2 + K2 +

1
1 − σ

K2 + 4 = 48 9486,

32

take l = 50 Then, we can design the controller u t = ϵ ∘
y t − x t with the adaptive update laws

ϵ1 = −0 5 y1 t − x1 t 2 +
α

ϵ1 + l
x21 t ,

ϵ2 = −0 5 y2 t − x2 t 2 +
α

ϵ2 + l
x22 t

33

Here, the adaptive gains are taken as δ1 = δ2 = 0 5
Next, suppose the initial conditions are

ϕ1 s , ϕ2 s T = 0 2, 0 5 T, = ψ1 s , ψ2 s T

= −1 3, 2 1 T, s ∈ −1, 0 ,
34

respectively, and ϵ1 0 = ϵ2 0 = 0 The simulation results
are depicted in Figures 3–6. Figure 3 shows the temporal
evolution of states and errors for δ1 = δ2 = 0 5 When
δ1 = δ2 = 0 3, namely, decreasing the update gain of cou-
pling strength, Figure 4 shows the corresponding simula-
tion results and it is revealed that it takes longer to
achieve synchronization. From Figures 3 and 4, we found
that less time is needed to achieve synchronization when
larger δ1 and δ2 are taken. When δ1 = 0 and δ2 = 0 5,
Figure 5 shows the results for the case that only x2 is chosen
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Figure 3: The temporal evolution of each variable and the plot of synchronization errors when the adaptive gains are δ1 = δ2 = 0 5.
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as the drive signal. When δ1 = 0 5 and δ2 = 0, Figure 6 shows
the results for the case that only x1 is chosen as the drive
signal. It can be seen that the coupling between x1 and y1
would drive the two CNSs (25) and (29) synchronized, while
the coupling between x2 and y2 is invalid.

5. Conclusions

This paper has analyzed the adaptive synchronization
between two coupled CNSs with parameter mismatches by
applying an invariance principle and a simple adaptive
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feedback approach. Practical and less restrictive conditions
have been presented for adaptive synchronization of CNSs.
Numerical simulations of two-order-coupled CNSs have also
been provided to verify the usefulness and practicability of
proposed theoretical results.

Data Availability

The main results of our work are proved in detail, which can
be seen in the context. All data related to the simulation part
of our results are given in Section 4. The readers can replicate
the analysis clearly.
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In this paper, a speed tracking and synchronization control approach is proposed for a multimotor system based on fuzzy active
disturbance rejection control (FADRC) and enhanced adjacent coupling scheme. By employing fuzzy logic rules to adjust the
coefficients of the extended state observer (ESO), FADRC is presented to guarantee the speed tracking performance and
enhance the system robustness against external disturbance and parametric variations. Moreover, an enhanced adjacent
coupling synchronization control strategy is proposed to simplify the structure of the speed synchronization controller through
introducing coupling coefficients into the conventional adjacent coupling approach. Based on the proposed synchronization
control scheme, an adaptive integral sliding mode control (AISMC) is investigated such that the chattering problem in
conventional sliding mode control can be weakened by designing an adaptive estimation law of the control gain. Comparative
simulations are carried out to prove the superiorities of the proposed method.

1. Introduction

The demands of control systems with large inertia and
high power load are increasing in modern engineering sys-
tems [1]. However, due to the limited output torque,
single-motor drive often fails to meet the control perfor-
mance requirements when driving large inertia load and
further affects the production efficiency. Recently, research
on multimotor synchronous drive systems provides an
effective way to solve the problem of large inertia load
control and multimotor synchronous control has been
applied in many manufactures [2]. However, there is a
mutual coupling between motors in the multimotor sys-
tem, which makes it difficult to ensure the system’s trajec-
tory tracking and synchronous control accuracy at the
same time. Therefore, a superior speed synchronization
control design is significant to achieve better synchroniza-
tion performance of multimotor systems [3].

Some effective synchronous control strategies have
been investigated in recent decades, such as master-slave
synchronization strategy [4], adjacent coupling control [5],
ring coupling synchronization technique [6], cross-coupling

synchronization strategy [7, 8], virtual line-shaft synchroni-
zation scheme [9], and relative coupling synchronization
method [10]. Among all the above mentioned synchroniza-
tion schemes, adjacent coupling control is designed based
on minimum relative axial thought, which means that the
torque of each motor should be able to make the tracking
error of itself converge to zero and lead the synchronization
error to converge to zero stably between any motor and
adjacent motors. An adjacent cross coupling strategy com-
bining with sliding mode control [5] is designed for a multi-
ple induction motor synchronization control system. The
speed tracking error and synchronize error are both guaran-
teed to converge to zero by Lyapunov stability theory. A total
sliding mode control method based on adjacent cross cou-
pling structure in [11] is proposed for the multiple induction
motors. The speed tracking of each motor is stabilized by
synchronizing with other motors, such that the synchro-
nized errors can be converged to zero. However, the two
methods cannot solve the chattering problem in the control-
ler. Compared with other synchronization approaches, the
adjacent coupling control has better synchronization perfor-
mance with respect to faster convergence rate and smaller
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steady-state error. However, there is an obvious disadvan-
tage which is that conventional adjacent coupling control
has a complex structure and difficult stability proof [12].
An enhanced adjacent coupling synchronization method
with coupling coefficients is developed in this paper so that
the controller structure is simplified and stability is proved
more easily.

To further improve the tracking control performance,
various modern control algorithms combined with afore-
mentioned synchronization schemes are investigated and
have acquired good results. Reference [13] combined an
adaptive sliding mode technique with a ring coupling
scheme to achieve rapid and accurate tracking and syn-
chronization performance. Reference [14] designed a
master-slave consensus tracking algorithm via observer
for coordination control of multimotor systems, which
could guarantee the synchronization precision. Reference
[15] constructed a synchronization controller using a fuzzy
neural network to deal with the nonlinear problem effec-
tively. Reference [16], investigated a fast terminal sliding
mode synchronization scheme of a dual-motor driving
system, which accelerated the convergence rates of track-
ing error and synchronization error. Moreover, more
advanced control methods are also employed for multimo-
tor systems, such as H∞ control [17], fuzzy control [18],
and integral terminal sliding mode [19].

Compared to other control methods, active distur-
bance rejection control (ADRC) is a new-fashioned appli-
cation algorithm and has acquired wide application in
various fields, such as aerospace and vehicle manufacture
[20–23]. There are some excellent merits of ADRC
including error-based character, strong robustness for
external disturbance and parametric variations, and supe-
rior response rate [24–28]. A nonlinear ADRC [24] is
investigated for induction motors to guarantee the robust
control and high performance by employing the ESO to
observe the derivative signals and precise decoupling of
the motor without accurate prior knowledge. An
enhanced linear ADRC [25] is designed for an interior
permanent magnet synchronous motor on the basis of a
HF pulse voltage signal injection scheme. The cascaded
ESO is proposed to ensure the timely and accurate esti-
mation of the lumped disturbance. A novel control
scheme is proposed for ball screw feed drives in [26] to
improve the tracking performance and robustness of the
system by combining ADRC and the proportional inte-
gral method. The ESO is employed to estimate and com-
pensate the unmodeled dynamics, disturbances, and
cutting load. However, as one of the most important
parts in ADRC, the parameters of ESO mentioned in
above literatures are chosen in advance, which may
restrict its flexibility and cause poor dynamic system per-
formance [29].

Since the parameters of ESO directly affect the observa-
tion of disturbances and uncertainties and then affect the
control performance of ADRC, the optimization design of
the parameters of ESO has been studied. An ant colony opti-
mization (ACO) algorithm [30] is investigated to optimize
the six parameters of ESO for an induction motor system

by the self-learning ability of ACO. Thus, the robustness of
the proposed optimization scheme is better than traditional
ADRC when perturbation is produced. An adaptive hybrid
biogeography-based optimization and differential evolution
(AHBBODE) is represented in [31] for vessels with a
dynamic positioning system to achieve the accurate move-
ment and positioning. AHBBODE is employed to optimize
the parameters of ADRC, which are not easily obtained by
the trial and error method. A new Levy fight-based whale
optimization algorithm [32] is proposed to estimate the
parameters of ADRC for an automatic carrier landing system
with internal dynamics and external disturbance. The accu-
rate tracking performance and robustness are obtained by
using the proposed optimization algorithm. However, the
optimizations of [30–32] are all offline optimization algo-
rithms and the implements are more complex. When the
system is suddenly influenced by the external environment,
the control of offline parameter identification may not fully
guarantee the system performance. The neural network
observer is designed in [33] to estimate the unmeasurable
system state variables, and the weight parameter is adaptive
updating online. But the weight parameter is not easy to
converge to the optimal value by traditional adaptive tech-
nique [34]. Among the numerous parameter optimization
methods, the fuzzy logic is a powerful tool in parameter
adjustment because of its simple structure, online optimiza-
tion, and easy implementation [35], and thus, it is possible
to use the optimization method based on fuzzy logic to
adjust the ESO parameters, so as to further improve the
system control performance.

Besides, for the purpose of keeping high synchroniza-
tion control performance of a multimotor system, the
lumped disturbances including nonlinearities and uncer-
tainties should be compensated. In practical multimotor
applications, the lumped disturbances always follow the
operation of the system, which may arise internally, such
as friction and parametric variations, or externally, such
as change of the load. Among the numerous feedback con-
trol schemes, the sliding mode control (SMC) technique is a
superior approach which can guarantee an efficient antidis-
turbance performance [36–41]. A total SMC is proposed to
achieve speed tracking and synchronization for multimotor
induction by employing adjacent cross coupling structure
in [37]. Reference [38] designed an observer-based sliding
mode controller for stochastic systems. By designing the
observer and a product of sliding mode variable and negative
definite matrix, the sliding mode variable can be stabled
almost in the beginning and the sliding mode motion can
be confirmed. Reference [39] managed to attenuate chatter-
ing based on a composite controller which is set by the sliding
mode feedback and disturbance compensation with a new
second-order model for the speed loop.

Motivated by the discussions mentioned above, the main
contributions of this paper are summarized as follows:

(1) A fuzzy active disturbance rejection control
(FADRC) is developed for multimotor systems to
guarantee tracking performance and enhance the sys-
tem robustness. Since the ESO parameters are
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optimized by using fuzzy logic rules, the proposed
FADRC can achieve a faster response than ADRC.

(2) By introducing coupling coefficients into adjacent
coupling approach, an improved adjacent coupling
scheme is proposed so that the controller structure
is simplified and stability is proved more easily.
Moreover, an AISMC approach is developed and
incorporated into the synchronization control
scheme to attenuate the chattering phenomenon
in SMC.

The rest of this paper is organized as follows. The math-
ematical model of the multimotor system and the adjacent
coupling scheme are shown in Section 2. In Section 3, two
control schemes including a FADRC and an AISMC using
improved adjacent coupling are designed for the multimotor
system. The stability analysis is given in Section 4. Simula-
tions are presented in Section 5, and a concise conclusion is
provided in Section 6.

2. Problem Formulation

2.1. Mathematical Model of the Single-Motor System. The
mathematical model of a surface-mounted permanent mag-
net synchronous motor (PMSM) under the d-q axis can be
described as

ud = Rid + ψd t − ωψq,

uq = Riq + ψq t − ωψd ,
ψd = ψf + Ldid ,
ψq = Lqiq,

1

where ud , uq are the stator voltages of d-axis and q-axis,
respectively; id , iq denote the stator currents of d-axis and
q-axis; ψd t , ψq t are the stator flux linkages of d-axis and
q-axis; Ld , Lq are the inductances of d-axis and q-axis; ψf is
the rotor flux linkage; ω is the angular speed of the the motor.
It can be easily concluded that the model is strongly coupled
between id and iq according to (1) and id = 0 is often used to
achieve decoupling for id and iq. The control schematic dia-
gram of each PMSM in a multimotor control system is given
in Figure 1.

The electromagnetic torque of PMSM can be represented
as

Te = 1 5m ψdiq − ψqid = 1 5m ψf iq + Ld − Lq idiq ,

2

where m is the number of motor pole pairs. As a surface-
mounted PMSM is employed, the permeability of permanent
magnets and air permeability are almost the same. Hence, it
is reasonable to think that Ld − Lq = 0. Thus, (2) is written as

Te = 1 5mψf iq 3

The motion dynamics of PMSM can be shown as

Jω t = Te − TL − bω t , 4

where J denotes the rotary inertia; TL and b represent the
load torque and viscous coefficient of friction, respectively.
Due to the great influences of load torque, it is regarded as
an external system disturbance.

Substituting (3) into (4), the following equation is
obtained:

ω t = 1 5mψf
J

iq −
b
J
ω t −

1
J
TL 5

2.2. Mathematical Model of the Multimotor System. The
mathematical model of the multimotor system is

ωi t =
1 5mψf ,i

J i
iq,i −

bi
Ji
ωi t −

1
Ji
TL, 6

where ωi t , i = 1,… , n, represents the angular speed of the
ith motor and n denotes the motor number.

In order to facilitate the controller design, defining
equivalent variables xi t = ωi t , Ai = 1 5mψf ,i/Ji, Bi = −bi/Ji,
Ci = −1/Ji, and iq,i = ui. Then (6) can be rewritten as

FADRC PI

PI

PMSM

DC supply
iq �휇q �휇�훼�휒d

�휒i

id = 0 �휇d �휇�훽

a b c

SV
PWM

dq

dq

�훼�훽

�훼�훽

�훼�훽

abc
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−

⁎ ⁎

⁎⁎

Figure 1: The control schematic diagram of each PMSM.
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Figure 2: Block diagram of the controller for each motor.
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Figure 3: Simplified structure of synchronization control.
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xi t = Aiui + Bixi + CiTL 7

Considering the external disturbance and parameter
variations, (7) can be transformed into

xi t = Aiui + Bixi +Di, 8

where Di denotes the sum of external disturbance and
parameter variations, which satisfies the boundness condi-
tion that Di ≤ Υ, and Υ is the upper bound. The expression
of Di is

Di = ΔAiui + ΔBixi + Ci + ΔCi TL, 9

where ΔAi, ΔBi, and ΔCi denote the parameter variations.

2.3. Adjacent Coupling Scheme. The speed tracking error of
the conventional adjacent coupling scheme can be defined
as follows:

ei t = xd − xi, 10

where xd represents the identical speed reference signal of
each motor for the multimotor system.

The speed synchronization errors of adjacent motors are
defined as

ε1 t = e1 t − e2 t ,
⋮

εi t = ei t − ei+1 t ,
⋮

εn t = en t − e1 t

11

In general, the larger synchronization errors will be gen-
erated at the initial stage of the system or when the external
disturbances are encountered. Once εi t → 0, all the motors
have achieved a good synchronization performance.

For the purpose of keeping good synchronization perfor-
mance for the multimotor system, the adjacent coupling
errors are defined for the conventional adjacent-coupling
synchronization technique

eε1 t = ε1 t − εn t ,
⋮

eεi t = εi t − εi−1 t ,
⋮

eεn t = εn t − εn−1 t

12
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Figure 4: Schematic diagram of enhanced adjacent coupling.
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It should be noted that in order to enhance the synchro-
nization performance of the multimotor control system, both
synchronization error and adjacent coupling error should
be considered simultaneously in the controller design.
However, the approach may greatly increase the complex-
ity of controller and lead to the difficulty of the system
stability analysis.

In this paper, the control objective is to design the speed
tracking and synchronization controllers for the multimotor
system such that

(1) the rotor speeds of all the motors can track the
command speed signal, that is, ei → 0, i = 1,… , n ;

(2) each motor can synchronize other motors, that is,
εi → 0, i = 1,… , n

3. Controller Design

In this section, two controllers are proposed for the
speed tracking and synchronous control of the multimo-
tor system based on ADRC and AISMC, respectively.
The design objectives of speed tracking and synchroniza-
tion controllers are to ensure that the speed tracking
errors and synchronization errors, respectively, can effec-
tively converge to zero. The block diagram of the con-
troller for each motor is given in Figure 2.

3.1. Enhanced Adjacent Coupling Scheme. An enhanced
adjacent coupling scheme is developed for the multimo-
tor system (total number of motors is n) to reduce the
synchronization errors between the adjacent motors. The
speed signal of each motor and adjacent motor are used
as the input of the controller. Simultaneously, coupling
coefficients are added to ensure that the synchronization
errors converge to zero and simplify the design of the
synchronous controller. The simplified structure of syn-
chronization control is given in Figure 3, and Figure 4
shows the control schematic diagram of the enhanced
adjacent coupling scheme.

In the enhanced adjacent coupling synchronization
scheme, coupling coefficients are introduced into adjacent
coupling errors to ensure the stability of the multimotor
system and simplify the controller design. Consequently,
the adjacent coupling errors are defined as

e∗1 t = pε1 t − qεn t ,
⋮

e∗i t = pεi t − qεi−1 t ,
⋮

e∗n t = pεn t − qεn−1 t ,

13

where p > 0 and q > 0 and satisfying pn ≠ qn.
Let

E = A ∗ ε, 14

where

A =

p 0 ⋯ ⋯ 0 −q

⋮ ⋱ 0
0 −q p ⋯ ⋯ ⋮

⋮ ⋯ −q p ⋮ ⋮

⋮ ⋮ ⋱ 0
0 ⋯ ⋯ 0 −q p

,

ε =

ε1 t

⋮

εi t

⋮

εn t

,

E =

e∗1 t

⋮

e∗i t

⋮

e∗n t

15
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Figure 5: Schematic diagram of FADRC.
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The abovematrix A can be transformed into the following
triangular form by a reasonable equivalent transformation

A =

p 0 ⋯ ⋯ 0 −q

⋮ ⋱ ⋮

0 ⋯ p ⋯ ⋯ ⋮

0 ⋯ 0 p −
qi

pi−1

⋮ ⋮ ⋱ ⋮

0 ⋯ 0 0 p −
qn

pn−1

16

It can be obtained that (14) has a unique solution when A
is a full-rank matrix, that is, pn ≠ qn. Once that condition E
converges to a minimal domain is satisfied, then ε converges
to a minimal domain, which means that the synchronization
control objective can be transformed to design the speed
synchronization controller to ensure that E converges to a
minimal domain.

3.2. Speed Tracking Controller. ADRC is a powerful antidis-
turbance technique, including tracking differentiator (TD),
ESO, and nonlinear state error feedback (NLSEF) controller.
Smoother input signals and smaller overshoot can be
obtained by using TD when the system starts. And the multi-
motor states and lumped disturbances including nonlinear-
ities and uncertainties can be effectively observed by
designing the ESO. The NLSEF is employed to realize lumped
disturbance compensation with the feedback state errors.
Figure 5 shows the detailed schematic diagram of FADRC.

From (7), the ith motor’s tracking FADRC is designed as
(17), (18), (19), and (20).

Firstly, the TD is given as

η0i = v1i − xd ,
v1i = −rfal η0, α, δ ,

17

where v1i denotes the output of TD, which indicates the
tracking of the identical speed reference signal xd ; η0i repre-
sents the error between v1i and xd ; a > 0, δ > 0 are the tuning
parameters; fal indicates a nonlinear function and is
expressed as

fal η, α, δ =
η

δ1−α
,  η ≤ δ,

η α sign η ,  η > δ

18

Secondly, the ESO is designed as

ηi = z1i − xi,
z1i = z2i − β1 fal η, a, δ + Aiuti + Biz1i,
z2i = −β2 fal η, a, δ ,

19

where z1i is the observation value of xi and z2i =Di is the
lumped disturbance; ηi is the observation error of xi; β1 > 0
and β2 > 0 are the tuning gains.

Remark 1. According to (18), the nonlinear function fal(.)
will produce a larger gain when observation error ηi is small;
on the contrary, fal(.) will produce a smaller gain when ηi is
large. Reference [40] pointed out that fal(.) could stabilize
the observation state by choosing the appropriate size of βi
(i=1,2), which means that xi − z1i ≤ d1, Di − z2i ≤ d2,
where d1 and d2 are all small positive constants.

Finally, the NLSEF is designed as

η1i = v1i − z1i,
u0i = β3 fal η1i, a, δ ,

uti = u0i −
z2i
b0

,
20

where u0i and uti indicate the control input without consider-
ing disturbance and speed tracking control signal with
considering disturbance, respectively, of the ith motor; η1i
denotes the error between the output v1i of TD and the
output z1i of ESO; b0 > 0 is a constant, which represents the
estimated value of Ai and is given by experience.

It is pointed out in [20] that a ADRC-based single-input
and single-output system is absolutely stable, and thus, the
speed tracking errors are ensured to converge to zero through
the speed tracking controller.

3.3. Coefficient Determination via Fuzzy Logic Rules. In the
following, we define that

e01 = ηi,
e02 = ηi

21

In practical applications, the coefficients of ESO, βi,
i = 1, 2 , are usually adjusted based on prior knowledge
to acquire a good estimation performance. However, it may
restrict its flexibility and cause poor dynamic system perfor-
mance. In the following, the error variables e01 and e02 are
utilized by the fuzzy logic rules to determine the coefficients
βi, which can be optimally adjusted online.

The error variables e01 and e02 are employed as the fuzzy
inputs, and five linguistic rules, that is, positive big (PB),

Table 1: Fuzzy rules of Δβi i = 1, 2

e01
e02

PB PS ZO NB NS

PB PB/NB PS/NS PS/NS ZO/ZO PS/NS

PS PB/NS PS/NS PS/NS NS/PS ZO/ZO

ZO PS/NS PS/NS ZO/ZO NS/PS NS/PS

NB ZO/ZO NS/PS NS/PS NB/PB NS/PS

NS PS/NS ZO/ZO NS/PS NB/PS NS/PS
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positive small (PS), zero (ZO), negative big (NB), and nega-
tive small (NS), are given as the membership functions.
Table 1 shows the fuzzy rules of Δβi. And a Gaussian func-
tion and a triangle function are chosen as the input e01, e02
membership function and the output Δβi (i=1, 2) member-
ship function, respectively. In this subsection, the basic uni-
verse of e01 and the basic universe of e02 are [−1, +1] and
[−0.5, +0.5], and Δβi are chosen within [−0.1, +0.1] and
[−0.5, +0.5], respectively. The Mamdani type is adopted as
the fuzzy inference, and the weighted average method is uti-
lized for the defuzzification.

According to Table 1 and after fuzzy inference and defuz-
zification, the coefficient βi is rectified as

β1 = β1′ + Δβ1,
β2 = β2′ + Δβ2,

22

where βi
′ and Δβi are the initial value and rectified value,

respectively, of the ESO coefficients.

3.4. Speed Synchronization Controller. In this subsection, we
employ AISMC to design the speed synchronization
controller.

The integral sliding mode surface can be designed as

Si t = e∗i + λ
t

0
e∗i τ dτ, 23

where λ > 0 denotes a tuning parameter. From (8) and (23),
the general sliding mode surface controller based on ESO is
given as

usi′ =
1
Ai

−z2i + Bixi +
p

p + q
xi+1 +

q
p + q

xi−1

+ λ

p + q
e∗i+1 − li sign Si ,

24

where li is the control gain that satisfies that li ≥ d2 ≥ 0. The
state variables can be stabilized to the sliding surface by the
designing of controller (24).

However, it is difficult to determine the accurate value of
li since the upper bounds of estimation errors are not easy to
obtain. Therefore, in the following, an AISMC combined
with ESO is designed as

usi =
1
Ai

−z2i − Bixi +
p

p + q
xi+1 +

q
p + q

xi−1

+ λ

p + q
e∗i − l̂i sign Si ,

25

where the adaptive law of l̂i is

l̂i =
σm Si sign Si − ε , l̂i > σ,

σ, l̂i ≤ σ,
26

where σm > 0 and σ > 0 are used to guarantee that l̂i > 0.

Substituting (25) into (8), we have

xi t = −z2i +
p

p + q
xi+1 +

q
p + q

xi−1

+ λ

p + q
e∗i − l̂i sign Si +Di

27

4. Stability Analysis

Lemma 1 (see [42]). For the given nonlinear uncertainty sys-
tem (8) with the sliding mode (23), the control gain l̂i t has an
upper bound, which satisfies that l̂i t ≤ li.

Lemma 2 (see [43]). Suppose that there is a continuous and
positive definite functionV t , which satisfies the follow differ-
ential equation:

V t ≤ −α0V
ξ, V t0 > 0 , 28

where α0 > 0 and 0 < ξ < 1 are positive constants. Then for any
given t0, there is a finite time t1 that satisfies

V1−ξ t ≤V1−ξ t0 − α0 1 − ξ t − t0 , t0 ≤ t ≤ t1,
V t ≡ 0, ∀t ≥ t1,

29

where t1 = t0 + V1−ξ t0 /α0 1 − ξ .

Theorem 1. Considering multimotor system (8), integral slid-
ing mode surface (23), and controller (25), the integral slid-
ing mode surface Si can converge to be uniformly ultimately
bounded in finite time and the synchronization error can
stably converge to be uniformly ultimately bounded when
ρ ≤ σmε/ kα + ε with ϵ and ka being two positive constants.

Proof 1. Considering system (8), the Lyapunov function is
designed

Vi =
1
2 S

2
i +

1
2ρ l

2
i , 30

where li = l̂i − li.

Differentiating (30) and substituting into (13), we can obtain

Vi = Si ∗ Si +
1
ρ
lili = Si e

∗
i t + λe∗i t + 1

ρ
lili

= Si p ei t − ei+1 t − q ei−1 t − ei t + λe∗i + 1
ρ
lili

31

Substituting (10) into (31), we have

7Complexity



Vi = Si pxi+1 t − px t i + qxi−1 t − qxi t + λe∗i

+ 1
ρ
lili = Si pxi+1 t − p + q xi t + qxi−1 t + λe∗i + 1

ρ
lili

32

Substituting (27) into (32), then

Vi = Si −z2i − l sign Si +Di t + 1
ρ

l̂i − li l̂i

= Si Di t − z2i − l̂i sign Si

+ 1
ρ

l̂i − li l̂i ≤ Si Di t − z2i − l̂i Si

+ li Si − li Si +
1
ρ

l̂i − li l̂i ≤ − li − d2 Si

− l̂i − li Si +
1
ρ

l̂i − li l̂i = − li − d2 Si

+ l̂i − li
1
ρ
l̂i − Si

33

Introducing parameter ka > 0, (33) can be equivalently
transformed into

Vi = − li − d2 Si − l̂i − li Si −
1
ρ
l̂i

+ ka l̂i − li − ka l̂i − li

34

According to Lemma 1, we can obtain

Vi ≤ kb Si − ϱ − ka l̂i − li , 35

where kb = li − d2 > 0, ϱ = 1/ρ l̂i − Si − ka l̂i − li . Ulti-
mately, the derivative of Vi is

Vi ≤ kb Si − ϱ − ka l̂i − li

= − 2kb
Si
2
− 2ρka

l̂i − li

2ρ − ϱ

≤ −kmV
1/2 − ϱ,

36

where km =min 2kb, 2ρka .

Case 1. If S i > ϵ, then according to (26), we have

l̂i = σm S i , ϱ = 1
ρ
σm S i − S i − ka l̂i − li 37

When the parameter ρ is selected to satisfy ρ ≤ σmε/ kα + ε ,
we can conclude from (37) that ϱ > 0, which leads to
Vi ≤ −kmV1/2

i from (36).

Case 2. Supposing that S i ≤ ϵ, we have the function ϱ in

(35) which is negative and l̂i is also negative. So, l̂i will
decrease until less than d2. From (33), we can conclude that
Vi will be positive, which means that Si will increase until
larger than ϵ. Therefore, the case becomes the same as Case
1, in which Vi ≤ −kmV1/2

i can be finally guaranteed by choos-
ing the appropriate parameter ρ.

From Case 1 and Case 2, we have Vi ≤ −kmV1/2
i . Accord-

ing to Lemma 2, the sliding surface Si could be guaranteed
to converge to the domain Si ≤ ϵ in finite time. Accord-
ing to Vi ≤ −kmV1/2

i , we have Si Si ≤ 2/2 km Si so
Si ≤ 2/2 km. Differentiating both sides of (23), we have
e∗i + λe∗i ≤ 2/2 km and the solution is e∗i ≤ e−λt + ϵ,
which means that e∗i converges to domain e∗i ≤ 2/2 km
when t→ +∞. According to (14), we can conclude that εi
converges to be uniformly ultimately bounded. This com-
pletes the theorem proof.

From (20) and (25), the complete speed controller for the
ith motor can be obtained as

ui = uti + usi = u0i −
z2i
b0

+ Bixi + pxi+1/ p + q + qxi−1/ p + q + λe∗i / p + q − li sign Si
A

38

Table 2: Parameters of four motors.

Parameter Motor 1 Motor 2 Motor 3 Motor 4

RS Ω 2.875 2.875 2.88 2.86

Ld H 0.0085 0.0085 0.0085 0.0085

Lq H 0.0085 0.0085 0.0085 0.0085

ψf Wb 0.067 0.072 0.076 0.068

J kg∙m2 0.008 0.0083 0.0073 0.0065

B N∙m∙s 0.00051 0.00047 0.00056 0.00061

m kg 1 1 1 1
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Remark 2. To further improve the control performances, the
function sign • , which may cause sliding mode chattering,
is replaced by a saturation function sat •

sat Si =

Si
ξ ,  Si < ξ,

1, Si ≥ ξ,
−1, Si ≤ −ξ,

39

where ξ is a small positive constant, which indicates the
thickness of the boundary layer.

5. Simulation Results

In this section, numerical simulations are performed on a
four-motor synchronization control system to evaluate the

effectiveness of the proposed control scheme. In order to
show the superior synchronization and tracking performance
of the proposed method, two other different approaches and
two different reference signals are provided for the fair com-
parison. For notation convenience, all the three methods are
denoted as (M1) the proposed method, (M2) master-slave
scheme with ADRC [44], and (M3) adjacent coupling
scheme with SMC [12].

In the simulation, all the parameters of the four motors
are shown in Table 2. The simulation time and step size are
set as 0.5 s and 0.001 s, respectively. The load torque is given
as 2N and changes to 11.8N at 0.2 s. The detailed parameters
are set as follows.

5.1. M1: The Proposed Method. The parameters in tracking
controllers (17), (18), and (19) are a = 0 3, δ = 0 5, b0 = 50,
β1′ = 5000, β2′ = 50000, and r = 2000; the parameters in
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Figure 6: Speed synchronization performance comparison.
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synchronization controller (25) are p = 2, q = 1, λ = 30, l =
100, and ξ = 0 5; the parameters of adaptive law (26) are set
as σm = 0 15 and σ = 0 01.

5.2. M2: Master-Slave Scheme with ADRC. The synchroniza-
tion controller can be avoided to design for this method,
because the command signals of other slave motors are the
output signals of the master motor. The speed tracking con-
troller has been shown in (20), and the relevant parameters
are given as a = 0 3, δ = 0 5, b0 = 50, β1′ = 5000, β2′ = 50000,
β3′ = 500, and r = 2000.

5.3. M3: Adjacent Coupling Scheme with SMC. In this control
approach, the speed tracking and synchronization controller
are designed according to the procedures of [10], which can
be expressed as follows, respectively.

u∗ti =
1
Ai

xd − Bixi + li sign Si + λei ,

u∗si =
1
Ai

−Bixi +
p

p + q
xi+1 +

q
p + q

xi−1 +
λ

p + q
e∗i − li sign Si ,
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where li = 500, i = 1,… , 4 and p, q, λ, Ai, Bi are set the same
as M1.

In the following, two different command signals are given
for comparison.

(1) xd=1000 r/min.

The speed synchronization performance comparison of
four motors is shown in Figure 6. From Figure 6, we can
see that the output speed signals of four motors with M1
can achieve the best synchronization performance when
command signal is xd = 1000 r/min. Moreover, M1 has a fas-
ter convergent speed than the other two methods when

motors suffer to load torque variations. The corresponding
synchronization errors and tracking errors are shown in
Figures 7 and 8, respectively. In Figure 7, ei,j, i, j = 1,… , 4
and i ≠ j, indicates the synchronization error between the it
h motor and jth motor and we can see that the maximum
synchronization error withM2 is about 40 r/min and the syn-
chronization error with M3 is about 10 r/min. However,
the maximum synchronization error with M1 is no more
than 5 r/min. Consequently, we can conclude that com-
pared with M2 and M3, M1 has a good performance with
respect to small synchronization errors. As seen in
Figure 8, it is clear to see that tracking error using M1
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has a faster convergence rate when suffering to load vari-
ation. The control input signals with M1 and M3 are com-
pared in Figure 9, which shows that the chattering
problem with M1 is much smaller than M3.

(2) xd=100sin (8πt) r/min.

All the parameters are chosen the same as those in the
former case. The speed synchronization performance com-
parison of four motors is shown in Figure 10. From
Figure 10, we can see that speed synchronization perfor-
mance with M1 is superior to that with the other two
methods. The corresponding synchronization errors and
tracking errors are provided in Figures 11 and 12, respec-
tively. It is clear to see from Figure 11 that the synchroniza-
tion errors of M1 have faster convergence rate and smaller
steady-state values than those of M2 and M3. Figure 12
shows that M1 has smaller tracking errors compared to M2
and M3. The control input signals with M1 and M3 are

compared in Figure 13. From Figure 13, we can see that M1
can attenuate the chattering problem compared to M3, which
verified the effectiveness of the proposed method.

From all the simulations above, we can conclude that

(1) Compared with M2, M1 has faster convergence rate
when suffering to load variation;

(2) Compared with M3, M1 has a much smaller chatter-
ing problem;

(3) For different command signals, M1 can achieve bet-
ter synchronization and tracking performance com-
pared with M2 and M3.

6. Conclusion

Two kinds of controllers are investigated in this paper to
improve the synchronization and tracking performances of
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the multimotor system. The synchronous controller is
designed to ensure the speed synchronous performances
and reduce the SMC chattering of the adjacent motor by uti-
lizing an enhanced adjacent coupling approach with an adap-
tive integral sliding mode control. For the second tracking
controller, the fuzzy logic rules are employed to design the
active disturbance rejection control technique, and thus, a
fast performance response and better robustness can be
achieved. Simulation results prove the superior synchroniza-
tion and tracking performance of the proposed method. The
future work is aimed at simplifying the controller design and
applying the proposed method to a practical system, such as a
straight wire drawing machine.
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As an important application in video surveillance, person reidentification enables automatic tracking of a pedestrian through
different disjointed camera views. It essentially focuses on extracting or learning feature representations followed by a matching
model using a distance metric. In fact, person reidentification is a difficult task because, first, no universal feature representation
can perfectly identify the amount of pedestrians in the gallery obtained by a multicamera system. Although different features
can be fused into a composite representation, the fusion still does not fully explore the difference, complementarity, and
importance between different features. Second, a matching model always has a limited amount of training samples to learn a
distance metric for matching probe images against a gallery, which certainly results in an unstable learning process and poor
matching result. In this paper, we address the issues of person reidentification by the ensemble theory, which explores the
importance of different feature representations, and reconcile several matching models on different feature representations to an
optimal one via our proposed weighting scheme. We have carried out the simulation on two well-recognized person
reidentification benchmark datasets: VIPeR and ETHZ. The experimental results demonstrate that our approach achieves state-
of-the-art performance.

1. Introduction

Person reidentification aims to recognize and associate a tar-
get pedestrian at different occasions after having previously
appeared in several cameras with nonoverlapping views.
Rather than manual searching, such a reidentification system
can intelligently identify targets from images or videos taken
from a different camera, and thus has been commonly used
in surveillance, security, forensics, healthcare, robotics, retail,
transportation, and so on. Person reidentification has
become increasingly popular in the community due to its
application and research significance. Therefore, many
researchers have studied this topic from different aspects of
feature level and measurement level, and proposed a variety
of approaches to improve the performance of human identity
systems. However, they still face many challenges in practical
applications: (a) chaotic public scenes, similar pedestrian

characteristics, and obstructed pedestrians and (b) obvious
changes in appearance due to different lighting conditions,
camera parameters, body posture, and so on. In order to
solve the above problems, researchers were committed to
(1) find out the optimal feature representations and (2)
develop robust matching models for promising accuracy.

Feature representation is a fundamental and important
part of the person reidentification system. Low-level features
[1] such as shape, color, and texture are usually easily and reli-
ably used in visual recognition. Such features are normally
encoded into fixed-length format, for example, in the form
of histograms [2], covariances [3, 4], or fisher vectors [5],
which constitute simple but efficient feature representations.
Color histograms have been studied in association with vari-
ous color spaces [6], and such feature representation is nor-
mally robust to the changes of photometric settings of
cameras and lighting condition. However, color-based
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feature representations alone do not have enough discrimina-
tive power to deal with a large number of pedestrians with a
similar appearance. Therefore, it also needs to exploit the tar-
get pedestrian images with other more prominent features
such as texture and shape. Shape context constitutes a global
shape feature representation. It uses log-polar coordinates to
obtain the relative distribution of points in the plane relative
to each point on a detected edge or contour. On the other
hand, the histogram of oriented gradients (HOG) captures
the local details of shapes by constructing histograms of the
gradient directions on densely and uniformly spaced cells.
Normal shape-based feature representations are sensitive to
the changes of poses and variations of viewpoints, hence a
local photometric normalization is always applied to the his-
tograms for improved accuracy. On the other hand, some tex-
ture filters and descriptors are also used in person
reidentification [7], such as the Gabor filter [8, 9] and other
linear filter banks [2], color SIFT [10, 11], LBP [12], and
region covariance [12, 13]. Some works [14–18] have also
studied how to obtain low-level features with high discrimi-
nation directly from data. Moreover, deep learning
approaches [19–22] have been applied to person reidentifica-
tion. Although a number of feature representations have been
proposed from different perspectives, the results of the study
show that no single feature representation can perfectly
describe miscellaneous pedestrian images under different
visual conditions. Therefore, it is more likely that the afore-
mentioned low-level features need to be concatenated into a
composite representation with high dimensionality [23],
and consequently, many dimension reduction techniques
[24, 25] have to be employed to retain the most effective fea-
ture representations for subsequent matching. LFDA [26] is
one of the best dimensionality reduction algorithms in many
metric learning methods, which can automatically find a suit-
able distance transformation matrix to capture different clas-
ses of data. Different from LFDA, marginal Fisher analysis
(MFA) [27] is proposed as a new supervised dimensionality
reduction algorithm by designing two graphs that represent
the intraclass compactness and interclass separability.

The matching model is another important part of person
reidentification. Given a suitable representation obtained
from pedestrian images, the matching model aims to match
the probe images against a gallery of pedestrian images by
measuring the similarity between different images (e.g.,
Euclidean or Bhattacharyya), or using some model-based
matching procedure [28, 29]. Matching models are generally
categorized into unsupervised [5, 15, 30–32] and supervised
methods [2, 28, 33–35]. The main purpose of the unsuper-
vised method is to design and extract more robust visual fea-
tures. This method has its special advantages in that it can be
extended to different camera fields without any training pro-
cess. However, it ignores the role of guidance information. In
contrast, a method is considered as a supervised approach if
it uses labeled samples to adjust parameters of the model
and finds relationships between data and corresponding cat-
egories. Common works include KISS [36], LMNN [34],
ITML [35], LDML [37], PCCA [38], RankSVM [2], and so
on. In general, supervised approaches have better perfor-
mance due to the effective use of prior knowledge. However,

in practical applications, the available labeled training set is
still quite limited and expensive, which significantly affects
its learning quality. Besides, RVM [2], multiple instance
learning [39, 40], and partial least squares (PLS) have also
been applied to person reidentification, with the same idea
of improving the performance of the matching model.

A robust feature representation should be discriminative
for miscellaneous pedestrian images under lighting and view-
point [2, 3, 41], while effective machine learning techniques
are essential for the matching model of the reidentification
system [10]. There have been many algorithms that have
made efforts in the above two directions. Actually, few of
the studies have been proposed to reconcile different features
and combine the multiple matching results into an optimal
solution simultaneously. In this paper, we therefore propose
an effective solution by exploiting the difference, comple-
mentarity, and importance between different features via
the proposed weighting scheme, and the matching model
using the RS-KISS distance metric is individually learned
on each of selected feature representations. Finally, multiple
matching results obtained from different features are
combined into an optimal one via the weighted ensemble
learning approach.

The main innovations and contributions of this paper are
as follows: First, we develop a robust reidentification method
to overcome the deficiencies of a single feature representation
or composite representation of concatenating multiple fea-
tures by merging multiple feature representations via an
ensemble framework. Second, a novel weighting scheme is
proposed to optimally reconcile multiple matching results
into an optimal consensus solution, where the weights evalu-
ate the importance of each feature, and take full advantage of
the complementarity between different features via the train-
ing process. Formal analysis of deriving the weights has also
been carried out. Finally, for evaluating the effectiveness
and efficiency of our algorithm, we conducted experiments
on person reidentification benchmark datasets, and experi-
mental results show that our approach achieves state-of-
the-art performance.

The rest of this paper is organized as follows: Section 2
describes the details of our proposed model and its modules.
Section 3 reports the testing and simulation results on VIPeR
and ETHZ benchmarks. Section 4 discusses the reported
experimental results and the issues related to our approach.
Finally, the conclusion is drawn in Section 5.

2. Our Approach

In this section, we systematically describe the weighted
ensemble model on different feature representations for
person reidentification, which includes multiple feature
representations, RS-KISS distance metric learning [42],
and weighted ensemble learning approach.

2.1. Model Description. The method proposed in this paper
is mainly composed of three important parts, including
feature representation, parameter learning, and weighted
ensemble of matching modules. In our approach, the
identification procedure on the size of the target dataset
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as n incurs the computational complexity of O n2 . As
shown in Figure 1, the main functions of each model will
be described as follows:

(1) The feature representation module plays an impor-
tant role as the basis of the entire model. In this part,
different features are extracted from the original
pedestrian image and constitute a complementary
set of feature representations. This will provide the
necessary support for the subsequent ensemble
learning module, the different features. The features
used in this module are described in Section 2.2.

(2) In the parameter learning module, the RS-KISS met-
ric is initially learned by estimating its covariance
matrix on the training set as described in Section
2.3, then a novel weighting scheme is proposed to
access the importance of different feature represen-
tations according to its discriminative power, which
is correspondingly defined as a normalized ratio
between interperson distance and intraperson dis-
tance on the training set. Intuitively larger weights
should be assigned to the matching models on the
better feature representations.

(3) In the weighted ensemble of the matching module,
we integrated the matching results on different fea-
tures via the ensemble learning schema so that the
result fully takes into account the difference and

complementarity of different features, and finally
combines them into the optimal solution. This is
described in detail in Section 2.4.

2.2. Feature Representations. In general, low-level features
such as color and texture features are commonly used in per-
son reidentification due to the fact that these features have
good generalization capability to different camera views. In
our simulation, we thus exploit three color models of
red-green-blue (RGB), hue-saturation-value (HSV), luma-
blue difference chroma-red difference chroma (YCbCr),
and one texture descriptor of local binary pattern (LBP)
to obtain four feature representations in the form of a
histogram. A histogram represents the distribution of
differently binned pixels in an image. The number of bins
in a histogram relates to the number of bits in each pixel
of an image.

2.2.1. RGB Color Model. The RGB color model [43, 44] is
defined by three chromaticities of the red, green, and blue
additive primaries, which can be combined to produce any
chromaticity. Thus, the RGB histogram is a combination
of three histograms based on the red, green, and blue
channels of the RGB color space, which indicates the
frequency of occurrence of the corresponding color in
the image. The RGB histogram represents a discriminative
global feature of the image because each image has a
unique RGB histogram. It is robust to the changes in
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Figure 1: Person reidentification model by weighted ensemble learning with multiple feature representations.
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rotation, translation, and scaling. But it sometimes does
not provide the correct color information due to the prob-
lem of luminance effects.

2.2.2. YCbCr Color Model. The YCbCr color model [45, 46]
is defined by three components including a luminosity Y ,
blue-difference chrominance Cb and red-difference chro-
minance Cr. In fact, the conversions between different
color spaces can be made via translation of the representa-
tion of a color from one basis to another. YCbCr intends
to construct the image into a luminosity component and
chrominance components independently; therefore, color
and intensity information can be easily separated by using
such a color model, which results in a significant discrim-
inative power for recognizing the complex color images
with uneven illumination.

2.2.3. HSV Color Model. The HSV color model is commonly
employed to describe the color perceived by a human being.
In this color model, color information is carried byH (hue or
color depth) referring to red, blue, and yellow in the range of
0 to 360° and S (saturation or color purity) taking value from
0 to 1, while the intensity component is represented by V
(value or color brightness) in the range of 0 to 1. Although
the HSV color model is commonly used for color-based
detection and color analysis, the transformation from RGB
to HSV is quite time consuming, and if there is a dramatic
change in the value of the color information (hue and satura-
tion), pixels with small and large intensities are not consid-
ered in such color space.

2.2.4. LBP Descriptor. The LBP descriptor stands for local
binary pattern. It is an effective operator for representing
the local texture feature that is centered on a pixel as
well as local information near the pixel and then results
in a binary number. The local binary pattern is a feature
description that has received a lot of attention from
both the research community and industry due to its
two important properties: (1) LBP operator is robust to
monotonic gray-scale changes caused by illumination
variations and (2) it is possible to analyze images in
challenging real-time settings because of its computa-
tional simplicity.

In our simulation, the RGB histogram, YCbCr histo-
gram, and HSV histogram are extracted from overlap-

ping blocks with a size of 8× 16 and a stride of 8× 8
on each image, which encoded the different color distri-
bution information in different color spaces, respectively.
On other hand, LBP descriptors are used to extract
texture features.

2.3. RS-KISS Distance Metric Learning. RS-KISS is a modified
version of the KISS metric [36] by introducing both a
smoothing technique [47] and a regularization technique
[48], where a robust estimation of covariance matrices can
be obtained on a limited amount of training set by averaging
the small eigenvalues of a covariance matrix and regulating
large eigenvalues of the covariance matrix simultaneously.
In such distance metric, with the difference of the feature vec-
tor pair xij = xi − xj, the distance between xi and xj can be
measured in (1):

δ xij = xTij Σ−1
1 − Σ−1

0 xij, 1

Σ0 =
1
N0

〠
yij=0

xijx
T
ij =

1
N0

〠
yij=0

xi − xj xi − xj
T , 2

Σ1 =
1
N1

〠
yij=1

xijx
T
ij =

1
N1

〠
yij=1

xi − xj xi − xj
T

3

In (1), the covariance matrices are defined in (2) and (3),
where yij is the label of xij yij = 1 as xi and xj represent the
identical person, otherwise yij = 0. N0 is the number of simi-
lar feature vector pairs, and N1 is the number of dissimilar
feature vector pairs. The above covariance matrix Σi can be
further derived as follows:

Σi =ΦiΛiΦT
i , 4

where λij is an eigenvalue of Σi, Λi = diag λi1, λi2,… , λid ,
and ϕij is an eigenvector of Σi, Φi = ϕi1, ϕi2,… , ϕid .

In RS-KISS, the smoothing technique replaces the first
d − k smallest eigenvalues of the estimated covariance matrix
Σi by their average value βi = 1/d − k∑d

n=k+1λin ⋅Λi = diag
λi1,… , λik, βi,… , βi , while the regularization technique
interpolates the covariance matrix Σi by an identity matrix
I. Consequently, it redefines the estimated covariance matrix
Σi shown in (4) as follows:

where αi = 1/d tr Σi , and parameter 0 < γ < 1 controls the
shrinkage degree of Σi toward the identity matrix. It practi-
cally improves the prediction performance [48, 49] due to

the fact that a certain degree of shrinkage resulted in the
covariance matrix significantly reduces the effect of its large
eigenvalues.

Σi = 1 − γ Σi + γαiI =Φi diag 1 − γ λi1 + γαi,… , 1 − γ λik + γα, 1 − γ βi + γαi,… , γα, 1 − γ βi + γαi

d−k

ΦT
i , 5
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By substituting (5) to (1), we then obtain the RS-KISS
distance measure as follows:

δ xij = xTij Σ−1
1 − Σ−1

0 xij

= 〠
k

n=1

1
1 − γ λ1n + γα1

ϕT1nxij
2

+ 1
1 − γ β1 + γα1

xij
2 − 〠

k

n=1
ϕT1nxij

2

− 〠
k

n=1

1
1 − γ λ0n + γα0

ϕT0nxij
2

−
1

1 − γ β0 + γα0
xij

2 − 〠
k

n=1
ϕT0nxij

2

= 1
1 − γ λ1n + γα1

−
1

1 − γ β1 + γα1
〠
k

n=1
ϕT1nxij

2

+ 1
1 − γ β1 + γα1

−
1

1 − γ β0 + γα0
xij

2

−
1

1 − γ λ0n + γα0
−

1
1 − γ β0 + γα0

〠
k

n=1
ϕT0nxij

2

6

Eventually, matching or retrieval can be achieved by
ranking the individual image xj from the target gallery based
on the above RS-KISS distance δ xij between a probe image
xi and gallery image xj. As a result, a gallery image with a
smaller value of δ xij will be ranked near the top.

2.4. Weighted Ensemble of Matching Models. We have devel-
oped several ensemble approaches [50–55] for unsupervised
learning tasks. These attempt to improve the robustness of
the learning process by combining multiple base learners into
a solution, which normally is generally obtained with respect
to the average performance of a given individual base learner,
leading an effective enabling technique for the joint use of
different representations in many pattern recognition sys-
tems [56–58]. Although these studies have made significant
progress, how to measure the importance of multiple match-
ing results without any a priori information and how to har-
monize them together is still a challenging task. To this end,
we have introduced a novel weighting scheme that makes the
integration process smart and efficient.

2.4.1. Formulation of Weighted Ensemble Approach. Similar
to the theoretical framework of the weighted clustering
ensemble approach [52], a specific matching result Ri
obtained by matching specified probe images or tracks
against a target gallery, can be theoretically interpreted
as a noisy version of the ground-truth Rc with the same
matching task. In other words, the entire solution space
can be theoretically constructed from all possible match-
ing results R = Ri with normal distribution, and the
ground-truth Rc should be the “mean” of all possible
matching results:

RC = arg min
R

〠
i

Pr Ri = Rc d Ri, R , 7

where Pr Ri = Rc is the probability that Rc is randomly dis-
torted to be R = Ri , and its value is proportional to the sim-
ilarity between Ri and Rc. d ⋅ , ⋅ is a distance metric.

However, the subset Rm
M
m=1 ⊆ R of all possible match-

ing results is normally available in practical situations. The
ensemble approach intends to determine an optimal solution
by finding the weighted “mean” ofMmatching results closed
to the ground-truth Rc, which was formulized by minimizing
the following cost function:

J R = 〠
M

m=1
wmd Rm, R , 8

wherewm ∝ Pr Rm = Rc and∑M
m=1wm = 1. By giving (6), the

matching result can be represented as a RS-KISS distance
vector R = δ xr1 , δ xr2 ,… , δ xrn , where xr represents
the query target, and xn represents the reference images in
the gallery. Thus (8) can be rewritten as

J R = 〠
M

m=1
wm Rm − R 2

= 〠
M

m=1
wm Rm − R∗ + R∗ − R 2

= 〠
M

m=1
wm Rm − R∗ 2 + 2 〠

M

m=1
wm Rm − R∗ R∗ − R

+ 〠
M

m=1
wm R∗ − R 2 = 〠

M

m=1
wm Rm − R∗ 2

+ 2 R∗ − R 〠
M

m=1
wmRm − R∗

+ 〠
M

m=1
wm R∗ − R 2 = 〠

M

m=1
wm Rm − R∗ 2

+ 〠
M

m=1
wm R∗ − R 2

9

Let R∗ =∑M
m=1wmRm, thus 2∑M

m=1wm Rm − R∗ R∗ − R =
0 is applied in the evolution of (9), and the actual cost of
the weighted ensemble is now decomposed into two terms
in the last step.

2.4.2. Weighting Scheme. In (9), the first term corresponds to
the quality of multiple matching results, for example, how
close they are to the optimal solution, solely determined by
the discriminative power of selected feature representations
regardless of the ensemble approach. In fact, a feature repre-
sentation with more discriminative power can determine a
better matching result, and theoretically result in a smaller
value of Rm − R∗ 2. Intuitively, the weights could be
determined by minimizing the cost of the first term, where
larger weights should be assigned to the better matching
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result obtained on the feature representation of more dis-
criminative power. In our approach, we define the discrimi-
native power of a feature representation as the level of
“High cohesion and low coupling”, which can be quantified
by a normalized ratio between interperson distance and
intraperson distance on the training set:

wm =
∑yij=0δm xij + Z / ∑yij=1δm xij + Z

∑M
m=1 ∑yij=0δm xij + Z / ∑yij=1

δm xij + Z

10

Here, RS-KISS distance is measured with either a pos-
itive or negative value, which causes the difficulty in cal-
culating such a ratio. Therefore, we further normalize
both interdistance and intradistance into a range of nonneg-
ative values by adding the minimum intradistance Z =
min δm xij yi j=1

on them, and then the ratio can be calcu-

lated in a nonnegative value that appropriately corresponds
to the weights of the feature representation.

Once the input matching results Rm
M
m=1 are

obtained for the target dataset, the first term is fixed,
and hence the performance of the ensemble approach
is primarily controlled by the second term referring to
how close the ensemble solution is to the weighted
“mean” of the input matching results Rm

M
m=1. Thus,

the optimal solution to minimizing the second term of
(9) is obtained as follows:

R∗ = arg min
R

〠
M

m=1
wmd Rm, R ⇒ 〠

M

m=1
wmRm 11

3. Simulation

In this section, we conducted several experiments to verify
the efficiency of our algorithm on the VIPeR [41] dataset
and ETHZ [59] dataset, which have been widely used in per-
son reidentification validation. Four feature representations
described in Section 2.2 have been used to represent each
normalized image in each dataset. The proposed method is
also compared with several similar approaches. Given the
ground truth, the performance reported in our simulation
is significantly better than others.

3.1. Person Reidentification Datasets. The proposed approach
has been experimentally validated on two person reidentifi-
cation datasets (namely the VIPeR and ETHZ datasets).
Although it is quite challenging to conduct person reidentifi-
cation on these datasets since many visual variations includ-
ing pose changes, viewpoint and lighting variations, and
occlusions have to be considered, they has been widely recog-
nized as a benchmark of testing person reidentification
approaches. Moreover, it is recognizable to compare our
approach with other state-of-the-art techniques on these
datasets. In our early work [42], we also conducted the exper-
iment on the iLIDS dataset, but we abstained from using it in
this study for fairness. This is because such dataset has many
versions available that arbitrarily crops patches from the inte-
grated iLIDS dataset, resulting in various matching results.
The image examples of the two selected datasets are shown
in Figures 2 and 3, respectively. The details of datasets are
given in Sections 3.1.1 and 3.1.2.

3.1.1. VIPeR. VIPeR was established by Gray et al. [41]. It
contains 632 pairs of images of persons taken from two
different camera views under various conditions. As
shown in Figure 2, each intrapersonal image pair is pre-
sented in one column, and appearance variation of the

(a) (b)

Figure 2: Image examples of the VIPeR dataset.

(a) (b)

(c) (d)

Figure 3: Image examples of the ETHZ dataset.
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same person is mainly caused by a viewpoint change of a
certain degrees. Other variations including light condi-
tions, shooting locations, and the image qualities are also
considered accordingly.

3.1.2. ETHZ. ETHZ was collected by Ess et al. [59], and was
originally proposed for pedestrian detection. Later it was
modified for benchmarking person reidentification tasks
[60]. The ETHZ dataset has 8580 images collected from 146
subjects. Some example images are shown in Figure 3. Unlike
the VIPeR dataset, the ETHZ dataset collects more sample
images from each subject as shown in one row of Figure 3.
In fact, it consists of three video sequences. The first one
has 4857 images of 83 pedestrians, the second one has 1961
images of 35 pedestrians, and third one has 1762 images of
28 pedestrians. It is quite challenging to perform person rei-
dentification tasks on such a dataset due to the illumination
changes, scale variations, and occlusions resulting from
images of these video sequences.

3.2. Data Preprocessing with Selected Feature Representations.
Following the method [36], all of the images are initially nor-
malized to a standard size of 128× 64 by dividing the original
images into overlapping blocks with a size of 8× 16 and a
stride of 8× 8. Then, HSV, RGB, Ycbcr histograms, and
LBP descriptors are extracted from the resized images. As
color feature representations, HSV, RGB, and Ycbcr histo-
grams with 24 bins per channel represent the different color
distribution information in the HSV, RGB, and Ycbcr color
spaces, respectively. As a texture feature representation, the
LBP descriptor is used to represent the local information of
target images in a binary format. Finally, principal compo-
nent analysis (PCA) is applied to further reduce the dimen-
sionality of the extracted features in order to accelerate the
learning process and remove signal noise.

3.3. Experimental Setups and Evaluations. The extensive
experiments are designed to include two phases: (1) The first
phase examines the performance on different feature repre-
sentations on the two datasets, which includes HSV, RGB,
Ycbcr, LBP, and a composite representation of concatenating
the four feature representations mentioned above, to see if
the use of each feature representation or composite feature
representation is enough to achieve a satisfactory perfor-
mance. (2) Following that, further experiments are carried
out to facilitate comparative testing with the state-of-the-art
reidentification approaches including feature-based methods
and metric learning-based methods on the two datasets.
These approaches including LFDA [26], MFA [27], RS-
KISS [42], RDC [61], Adaboost [62], Bhat [61], PLS [60],
and Xing’s [63] have also been reported in [42, 61].

Given the fact that the average cumulative match charac-
teristic (CMC) [41] is commonly adopted by many existing
reidentification approaches in the published literature, we
also evaluate the performance of all the compared
approaches using this criterion. Indeed, it treats person rei-
dentification as a ranking problem. By providing a set of
query images, the images in the target gallery are ranked
according to their similarities to the query image. CMC

curves measures the probability of a correct match. As the
gallery size increases, it normally becomes more difficult to
find the correct match and CMC curves become lower.

3.4. Experiment Results. Initially, we carried out the simula-
tion tests on the VIPeR dataset. Such dataset is normally con-
sidered as the standard benchmark for a single-shot
reidentification task. First, the images of P subjects are
selected as the training set, while the rest are used as the test-
ing set. In this experiment, we set P = 100 and P = 316,
respectively, for training, where similar pairs are obtained
from intraperson images of P subjects, and dissimilar pairs
are obtained by randomly selecting interperson images from
P subjects. Then, both similar pairs and dissimilar pairs are
used to learn the RS-KISS metric on different feature spaces.
Once the RS-KISS metric is learned, we are able to estimate
weights of different feature representations by (10). Finally,
the testing set is separated into the probe set and gallery set.
The probe set consists of several single images from different
subjects, while other single images of the same subjects are
included in the gallery set. For the matching process, we
select a single image from the probe set, and match it with
all images from the gallery set based on the RS-KISS metric.
This process is repeated for all images of the probe set. Fol-
lowing the same experimental protocol reported in [42], the
average performance in the form of CMC curves over 10 dif-
ferent constructions of the probe set and gallery set is pre-
sented in Figure 4. To further investigate the effectiveness
of the proposed approach, we further compared our
approach with other popular person reidentification
approaches. The results in terms of rank score are shown in
the Table 1.

As shown in Figure 4, P = 100 samples are selected as the
training data in Figure 4(a). While in Figure 4(b)P = 316
samples are selected as the training data. In each subfigure,
the x-axis represents the rank score and y-axis represents
the matching rate. The top 150 matching results are dis-
played in the figure. It is observed from Figure 4 that there
is no single feature that can always achieve the best perfor-
mance on the target dataset. Although composite representa-
tion is relatively better than single representation, its
performance could not be guaranteed. In contrast, via
weighted ensemble learning, our approach of combining four
matching results obtained from four different feature repre-
sentations always outperforms others.

Furthermore, we conduct one additional experiment
on the VIPeR dataset to compare our approach with six
other state-of-the-art person reidentification techniques
mentioned in Section 3.3. For this experiment, we also
set P = 100 and P = 316, respectively, for training, and
report the averaged matching rates of 10 runs correspond-
ing to rank scores = 1, 10, 25, and 50. As shown in
Table 1, the results obtained by RS-KISS on composite
representation is generally better than five competitive
approaches including RDC, Adaboost, Bhat, PLS, and
Xing’s. On other hand, our approach further boosts the
RS-KISS-based matching model, and achieves the best
result by introducing the proposed weighted ensemble
learning with multiple feature representations.
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Next, we carry out the experiments on the ETHZ dataset.
Such dataset provides a more realistic scenario of a multishot
person reidentification task. For every target subject, it col-
lects several images taken with a moving camera in different
street scenes. All of the images of one person are obtained by
the same camera with less viewpoint variation. In this part of
the experiment, all sample images of P = 76 and P = 106 sam-
ples are selected as the training data, while the rest is used for
testing. Following the same experimental setup on the VIPeR
dataset, we also generate a set of similar and dissimilar pairs
for the training process where the RS-KISS metric is learned
and weights of different feature representations are esti-
mated. Then, we randomly select one sample from every

subject included in the testing set for the probe set and the
rest for the gallery set. Both the probe and gallery sets are
then used for testing.

The CMC curves of setting P = 76 and P = 106 are shown
at Figures 5(a) and 5(b), respectively. Due to the fact that
there are several images of a person in the gallery set on the
ETHZ dataset, only the top 30 ranking positions are selected
and shown in the figure. As a result, once again our approach
achieves the best result when comparing either single feature
representations or composite representation. Table 2 reports
the averaged matching rates of 10 runs on the top 1, 5, 10,
and 20 ranks for various person reidentification approaches.
Of these, our approach also has the best performance.

Table 1: Matching rates of different approaches on the VIPER dataset.

Rank
P = 100 P = 316

1 10 25 50 1 10 25 50

Our approach 0.147 0.513 0.701 0.867 0.285 0.763 0.915 0.987

RS-KISS 0.098 0.405 0.608 0.765 0.245 0.666 0.847 0.930

RDC 0.091 0.344 0.535 0.697 0.157 0.539 0.752 0.879

LFDA 0.101 0.388 0.593 0.766 0.202 0.632 0.826 0.928

MFA 0.100 0.391 0.596 0.769 0.201 0.655 0.843 0.938

Adaboost 0.042 0.020 0.350 0.503 0.082 0.366 0.582 0.909

Bhat 0.038 0.124 0.203 0.295 0.047 0.166 0.266 0.402

PLS 0.023 0.082 0.142 0.232 0.27 0.109 0.204 0.329

Xing’s 0.036 0.121 0.203 0.295 0.047 0.166 0.266 0.415
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Figure 4: Performance on the VIPeR dataset in terms of CMC curves (top 150 ranking positions). P = 100 samples are selected as the training
data in (a). P = 316 samples are selected as the training data in (b).
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By close observation on both Figures 4 and 5, we can
further release that our approach achieves much more per-
formance gain on the ETHZ dataset than on the VIPeR
dataset in comparison with second best one. On Tables 1
and 2, we are also able to observe that the performance
gain at the top one rank is also much higher on the ETHZ
dataset than on the VIPeR. Although few papers have
published the matching results on multishot person rei-
dentification, such results strongly indicate that our
approach not only performs well on a single-shot person
reidentification task but also achieve outstanding perfor-
mance on multishot person reidentification.

4. Discussion

As the first and most straightforward visual feature, color
plays an important role for the person reidentification task,
but changes in brightness may lead to instability in such fea-
tures. On the other hand, texture and structure features give
us information on the structural arrangement of surfaces and
objects in the image, and take much more effect when the
appearance contains distinct partial patterns. Conceptually,
different kinds of feature representations obtained from dif-
ferent aspects, for example, color versus texture, and on dif-
ferent scales, for example, local versus global, as well as fine

Table 2: Matching rates of different approaches on the ETHZ dataset.

Rank
P = 76 P = 106

1 5 10 20 1 5 10 20

Our approach 0.852 0.958 0.981 0.994 0.918 0.987 0.997 0.999

RS-KISS 0.770 0.921 0.962 0.985 0.835 0.963 0.984 0.996

RDC 0.690 0.858 0.922 0.969 0.727 0.901 0.956 0.988

LFDA 0.725 0.897 0.949 0.981 0.761 0.912 0.965 0.993

MFA 0.672 0.860 0.922 0.970 0.721 0.897 0.951 0.990

Adaboost 0.656 0.840 0.905 0.956 0.692 0.878 0.935 0.980

Bhat 0.555 0.761 0.840 0.906 0.610 0.809 0.878 0.941

PLS 0.483 0.694 0.780 0.868 0.546 0.751 0.833 0.924

Xing’s 0.544 0.752 0.833 0.904 0.608 0.803 0.874 0.936

Cumulative matching characteristic (CMC) curves−ETHZ dataset
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Figure 5: Performance on the ETHZ dataset in terms of CMC curves (top 30 ranking positions). P = 76 samples are selected as the training
data in (a). P = 106 samples are selected as the training data in (b).
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versus coarse, always tend to be complementary in improv-
ing reidentification accuracy. Therefore, it is nontrivial to
fuse various feature representations for robust person reiden-
tification. In this work, we only select four simple feature rep-
resentations for demonstration purposes. It will be an
interesting future research to systematically explore the com-
plementary nature between different feature representations.
Even so, our experiment results still show that the matching
model on the ensemble of four selected feature representa-
tions significantly outperforms the one with a single repre-
sentation; moreover, a single matching model working on a
composite representation formed by concatenating four
selected feature representations together is often inferior to
an ensemble of multiple matching models on different repre-
sentations. Therefore, we strongly believe that the proposed
weighted ensemble learning model is more effective and effi-
cient than a single learning model on the composite repre-
sentation of a much higher dimension.

Ensemble learning provides an underpinning yet
enabling technique of combining multiple matching
obtained from different feature representations for reidentifi-
cation tasks. But a fundamental weakness in ensemble learn-
ing is that different base learners are normally treated equally
during reconciliation. In this work, the equation derived in
(9) reveals that the performance of ensemble learning
depends on both the quality of multiple matching results
and a weighted ensemble scheme. The first term of (9) indi-
cates that the quality of matching results is essentially deter-
mined by the discriminative power of corresponding feature
representations, which are quantified by a set of weights.
Theoretically, the bigger value of the weights should be
assigned to the better matching results with a greater dis-
criminative power of the feature representation, and vice
versa. Then, an optimal result can be finally obtained by com-
bining these matching results via a weighted ensemble
scheme. Our previous works [51, 52] also confirm that the
weighted ensemble scheme normally outperforms the aver-
aged ensemble in terms of both effectiveness and efficiency.
As a wrapper learning technique, ensemble learning has been
widely used in many applications, and aims to boost the per-
formance of a learning-based system by combining multiple
base learners into an optimal consensus solution.

Our experiment results also show that the performances
of the tested approaches are improved by increasing the size
of the training set. In other words, the available amount of
the training image pairs crucially decide whether a distance
metric is sufficiently learned for person reidentification.
However, in practice, it is quite expensive to obtain the
desired amount of training set with label information. There-
fore, the RS-KISS metric is adopted in our approach due to its
outstanding ability of dealing with limited training data. In
fact, RS-KISS intends to improve the original version of KISS
when the size of the training set is small, because the learning
process of the covariance matrix in KISS is always biased on a
small-size training set. Although RS-KISS performs compa-
rably to KISS when the training sample set is large enough,
it normally incurs a higher computational burden due to
the composite representation of a much higher dimension.
In contrast, our approach provides an optimal solution by

constructing a weighted ensemble of multiple matching
results obtained on different feature representations, which
significantly improves the performance of reidentification.

5. Conclusions

In this paper, we present a novel person reidentification tech-
nique by proposing weighted ensemble learning with different
feature representations. In our approach, we adopt the RS-
KISS metric in the matching process which keeps its excellence
of dealing with an insufficient training set. Initially, the RS-KISS
metric is correspondingly learned on four selected feature
spaces of the training set. Then, a set of weights are estimated
to access the importance of different feature representations
according to its discriminative power. Finally, the testing stage
is carried out by combining the multiple matching results
obtained from different feature representations into an optimal
one via the weighted ensemble scheme. As a generic framework,
our weighted ensemble module generally allows any feature
representation to be incorporated directly. In our experiments,
results show that our approach is very competitive in compari-
son with several state-of-the-art approaches, and thus provides
a promising technique for person reidentification.
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To improve comprehensive performances of hydraulic systems with complex speed regulation processes, this paper proposes a
new control scheme, valve-pump parallel variable mode control, which can change control modes according to control
requirements and adjust the proportion of valve control and pump control in the speed regulation process. In this paper, we
design a valve-pump parallel variable mode control system, explain its working principle, establish its mathematical model,
analyse the influences of valve control on the system parameters, and at last, build an experimental system to carry out an
experimental research. The experimental results show that during the speed regulation process, control modes could vary with
control requirements, the switch between different control modes is smooth and meets expectations, and the proposed control
approach can achieve excellent comprehensive performances for complex speed regulation, such as low-speed stability, fast
response to load disturbance, and high efficiency. The valve-pump parallel variable mode control makes hydraulic control
systems more flexible and suitable and enrich the current control schemes of hydraulic speed regulation systems.

1. Introduction

Hydraulic control has the characteristics of large power to
mass ratio, high speed stiffness, and easy regulation and
is widely used in aerospace, engineering machinery, and
machine tools [1, 2]. The hydraulic hoists are the main
equipment to lift materials, equipment, and personnel in
high gas mines. Hydraulic hoists adopts hydraulic transmis-
sion with complex speed regulation process, since the process
includes five stages of start, acceleration (acc.), constant
speed, deceleration (dec.), and stop, and requires different
control performances at different operating phase [3, 4].
The traditional hydraulic control has two basic forms: valve
control and pump control. The dynamic response of the
valve control is fast, but the efficiency is low [5, 6]; the
efficiency of the pump control is high, but the dynamic
response is slow [7–9]. Therefore, the independent pump
control or valve control cannot solve the conflict between
efficiency and response, and is not suitable to the complex
speed regulation.

Recently, the valve-pump combined control has become
the development direction of hydraulic control, which

integrates the advantages of valve control and pump control,
and could strike a balance between energy efficiency and
dynamic response. The valve-pump combined control is a
complex electrohydraulic control with nonlinearity [10–12]
and includes two types, series control and parallel control.
Manasek [13] proposed a valve-pump series control to fasten
the pump control response. Shen et al. and Jin et al. [14, 15]
added energy-regulating device to above series control to
improve the response at acceleration stage. Xu et al. [16]
proposed a pump/valve coordinate control of the indepen-
dent metering system for mobile machinery, which is also
valve-pump series control and could work at work in multi-
modes. However, valve-pump series control is not suitable
for applications with high power, because the control valve
connected in series on the main circuit limits the maximum
system flow.

The valve-pump parallel control could avoid this disad-
vantage, for the control valve is mounted in parallel on the
main circuit. Qi et al. [17], Cochoy et al. [18], and Rongjie
et al. [19] applied the parallel control to electrohydraulic
actuators (EHA) to improve the flight’s dynamic charac-
teristics, which are position servo systems. At present,
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the valve-pump parallel control is mainly used in the position
control system with a single control model and has not yet
been used to speed regulation systems. In order to achieve
excellent control performances for speed regulation systems,
such as low-speed stability, fast response, and high efficiency,
the valve-pump parallel control should change its control
model during the adjustment process, but it is a challenging
work, and nobody has studied it so far.

To improve comprehensive performances for complex
speed regulation process, this paper puts forward a new kind
of hydraulic control scheme: valve-pump parallel variable
mode control, which can change control mode according to
control requirements and can also adjust the proportion of
valve control and pump control in the speed regulation pro-
cess. In this paper, we design a valve-pump parallel variable
mode control system, clarify its working principle, establish
its mathematical model, and set up an experimental system
to study control performances. The valve-pump parallel
variable mode control could enrich the current hydraulic
control method and make the hydraulic control system more
flexible and adaptable. It has a wide application value in
engineering with complex speed regulation process.

2. System Design and Working Principle

The valve-pump parallel variable mode control system
mainly consists of a proportional variable pump (PVP), a
proportional directional valve (PDV), a hydraulic motor,
and a variable model controller, as shown in Figure 1. In
the new system, the PDV is connected in parallel with the
PVP outlet, the control valve and pump work together to
regulate the rotating speed of hydraulic motor. Figure 2
shows the control principle of the proposed system; it is
obvious that the control system is a multiple input and single
output control system, and the variable model controller
outputs two control signal, one to the PVP to regulate its
displacement, another to the PDV to control its opening.

In order to show the regulation role of the valve control
circuit and pump control circuit in the combined regula-
tion [20], we propose a concept of valve-pump weight
ratio: kvp = kv kp, where kv is the weight of valve control
circuit, and kp is the weight of pump control circuit.

If kvp ≥ 1, it indicates that the function of valve control is
greater than the pump control, so the system is mainly
controlled by PDV.

If kvp < 1, it means that the function of pump control
is greater than the valve control, so the system is mainly
controlled by PVP.

In the new system, the PDV can work in two states:
leaking and replenishing, so the parallel control system
could work at following three control models in a working
cycle, as shown in Figure 3.

(1) Under leaking parallel valve control (LPVC) mode at
the start and stop stages. Under LPVC mode, the
PDV works at the leaking state, and the oil from the
hydraulic motor high pressure cavity leaks into the
tank through PDV, and the flow supply into the

hydraulic motor is equal to the pump flow minus
the valve flow, meanwhile, kvp ≥ 1, so the system is
mainly controlled by PDV to enhance low-speed
stability of hydraulic motor.

(2) Under replenishing parallel valve control (RPVC)
mode at the constant speed stage. Under RPVC
mode, the PDV works at the replenishing state, and
the oil source supplies fluid to the hydraulic motor
high pressure cavity through PDV, and the flow
supply into the motor is equal to the pump flow plus
the valve flow, meanwhile, kvp ≥ 1, so the system is
mainly controlled by PDV to improve the dynamic
response to load disturbance.

(3) Under parallel pump control (PPC) mode at the
acceleration and deceleration stages. Under PPC
mode, the PDV could work at both leaking status
and replenishing status, meanwhile, kvp < 1, so the
system is mainly controlled by PVP to keep high effi-
ciency. The PPC mode is regarded as the transition
phase between LPVC and RPVC.

3. System Mathematical Modeling

The valve-pump parallel variable model control system is
made up of pump control circuit, valve control circuit, and
hydraulic motor circuit [21]. In the section above, three
control links will be established, respectively, and combined
into a control block diagram.

3.1. Pump Control Circuit. The variable mechanism of PVP is
usually considered as a first-order inertia element [22], and
its flow rate can be written as

qp = qp0 − CpPh,

qp0 =
Kuup

s/ωbp + 1 ,
1

3 5 6

7

8
1

2 W

Load
4

Figure 1: The schematic diagram of valve-pump parallel variable
mode control. 1: oil source; 2: PDV; 3: PVP; 4: shuttle valve;
5: replenishing arrangement; 6: hydraulic motor; 7: speed encoder;
8: variable mode controller.
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where qp and qp0 are the pump flow rate under load and
without load, respectively, Cp is the pump total leakage
coefficient, Ph is the pump outlet pressure, Ku is the gain of
input voltage-unload flow, ωbp is the break frequency of the
variable mechanism, and up is the pump control input.

3.2. Valve Control Link. The orifice flow equation of the PDV
can be expressed as

qv = Csvuv ΔP, 2

where qv is the PDV flow rate, Csv is the valve constant,
and uv is the control voltage, ΔP is the pressure drop
across orifice, ΔP = Ph when PDV works at leaking status,
ΔP = Ps − Ph when PDV works at replenishing status, in
which Ps is the oil supplying pressure for PDV.

Using the Taylor series methods, the linearized orifice
flow equation under LPVC mode is written as

qvl = Kqluv + KclPh,

Kql =
∂qvl
∂uv

= Csv Ph,

Kcl =
∂qvl
∂Ph

= Csv
uv

2 Ph
,

3

where qv, Kql, and Kcl are the flow rate, flow gain, and
flow-pressure gain of PDV under LPVC mode, respectively.

Similarly, the linearized orifice flow equation under
RPVC mode could be given by

qvr = Kqruv − KcrPh,

Kqr =
∂qvr
∂uv

= Csv Ps − Ph,

Kcr =
∂qvr
∂Ph

= Csv
uv

2 Ps − Ph
,

4

where qvr, Kqr, and Kcr are the flow rate, flow gain,
flow-pressure gain of PDV under RPVC mode, respectively.

The PDVC is usually considered as a second-order
oscillating link [23, 24], and its unload flow rate is given by

qv0 =
Kqxuv

s2/ωv
2 + 2ξv/ωv s + 1 , 5

where Kqx represents Kqr and Kql, ωv, and ξv are the
hydraulic natural frequency and damping ratio of the
PDV, respectively.

3.3. Hydraulic Motor Circuit. The continuity equation of the
whole system is

qp ± qv = CmPh +Dmω + V0
sPh

βe
, 6

where ω is the motor angular speed, Cm is a motor leakage
coefficient, Dm is the motor displacement, and V0 is the
average volume of high-pressure chamber. In (6), “−” is used
under LVPC model, and “+” is used under RVPC model.

PDVKv

Kp PVP Hydraulic
motor 

Speed feedback

Speed 

Ref.

Figure 2: Control principle of valve-pump parallel variable mode control.

LPVC PPC

M
ot

or
 sp

ee
d

Start ConstantAcc. Stop

LPVC

RPVC

Dec.

Figure 3: Speed regulation process in a working circle.
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The torque balance equation for the hydraulic motor is

DmPh = Jsω + Bmω + TL, 7

where J is the equivalent total inertia, Bm is the viscous
damping coefficient, and TL is the load torque produced by
the loading pump.

Combining (1), (3), (4), (5), (6), and (7), the open loop
dynamic equations of the parallel control system are given by

ω =
Kpqp0 ± Kvqv0 /Dm − Cx/Dm

2 1 + s/2ωxξx TL

s2/ωx
2 + 2ξx/ωx s + 1 ,

8

where the subscript x represents r and l, so Cl = Cp + Cm +
Kcl, ωl = βeDm

2/V0 J , ξl = Cl/2Dm βe J/V0, and Cl, ξl,
and ωl are the total leakage coefficient, damping ratio,
and natural frequency under LPVC mode, respectively; Cr =
Cp + Cm + Kcr, ωr = βeDm

2/V0 J , ξr = Cr/2Dm βe J/V0,
and Cr , ξr , and ωr are the total leakage coefficient, damping
ratio and natural frequency under RPVC mode, respectively.

When PDV closed, valve-pump parallel control switches
to single pump control, and its open loop dynamic equation
[25, 26] is

ω =
qp0/Dm − Ct/Dm

2 1 + s/2ωmξm TL

s2/ωm
2 + 2ξm/ωm s + 1 , 9

where Ct = Cp + Cm, ωm = βeDm
2/V0 J , ξm = Ct/2Dm

βe J/V0, Ct , ξm, and ωm are the total leakage coefficient,
damping ratio, and hydraulic natural frequency under single
pump control mode. Comparing (8) and (9), the single pump
control may be considered a special case of valve-pump
combined control.

The encoder used to measuring to hydraulic motor
speed. It responds fast and could be simplified as a
proportional element:

Km = um
nm

, 10

where Km is the feedback gain, um is the feedback voltage,
and nm = 30ω/π is the motor angular velocity.

3.4. Total System Mathematical Model. Combining the three
links above, the block diagram of the parallel control system
is obtained, as shown in Figure 4. The block diagram indi-
cates that the valve-pump parallel system is a type-0 system,
and the valve control circuit and pump control circuit are all
unstable. To obtain good control performances, the integral
correction is applied to control circuits. After correction,
the open loop transfer functions of the two control circuits
are, respectively, given by:

Gvk =
Ksx

s s2/ωv
2 + 2ξv/ωv s + 1 s2/ωx

2 + 2ξx/ωx s + 1 ,

Gpk =
Ksp

s s/ωbp + 1 s2/ωx
2 + 2ξx/ωx s + 1 ,

11

where Ksx = 30KmKvIKqx/ πDm , and Ksv and KvI are the
open loop gain and integral gain of the corrected valve
control circuit, respectively; Ksp = 30KmKpIKuDp/ πDm ,
and Ksp and KpI are the open loop gain and integral gain of
the corrected pump control circuit, respectively.

Therefore, the synthetical open loop gain under LPVC
mode is

Ksl = KvKsl + KpKsp 12

Similarly, the synthetical open loop gain under RPVC
mode is

Ksr = KvKsr + KpKsp 13

4. System Parameters Analysis

Comparing with the single pump control system, the system
parameters in valve-pump parallel variable model control
have the following characteristics:

(1) The same hydraulic natural frequency. Equations (8)
and (9) indicate that the introduction of valve control

C
on
tr
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r

Valve control circuit
Kv

Kqx qv0

qp0

(s/𝜔bp) + 1

(s2/𝜔v
2) + (2𝜉v/𝜔v) + 1

uv

um up
Kp

Ku

Km

𝜔 60

2𝜋

nm

TL

Pump control circuit Hydraulic motor control circuit

Dm

1 1

(s2/𝜔x
2) + (2𝜉x/𝜔x) s + 1

s

2𝜔x𝜉x
+

Dm
2

Cx
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Figure 4: Block diagram of the valve-pump parallel variable mode control system.
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does not change the system’s hydraulic natural
frequency, and the system both under LPVC mode
and RPVC mode has the same hydraulic natural
frequency as the single pump control system.

(2) Larger and variable total leakage coefficients. After
the introducing valve control to a pump control
system, the flow-pressure gain Kcl and Kcr are added
into the total leakage coefficient, and there are Cl =
Ct + Kcl under LPVC mode and Cr = Ct + Kcr under
RPVC mode. Generally, Ct is small and stable, but
Kcl and Kcr are greater than Ct and vary widely with
operating points, such as pressure Ph and control
input uv , according to Kcl = Csvuv/2 Ph and Kcr =
Csvuv/2 Ps − Ph. Therefore, Cl and Cr are larger
and vary widely with operating points.

(3) Greater and variable damping ratios. Since the
damping ratio is proportional to the total leakage
coefficient, damping ratios in the valve-pump parallel
control system are much greater than that of single
pump control systems, and there are ξr ≫ ξm and
ξl ≫ ξm. Moreover, both ξr and ξl also vary widely
with operating points. In general, greater damping
ratios will contribute to system stability, but great
variation of damping ratios might cause difficulty
of parameter prediction.

(4) Faster dynamic response. As we know, increasing
the open loop gain will speed up system response.
As long as the weighting factors Kv andKp are set
reasonably, the open loop gain of the valve-pump
parallel control systems will be always greater than
that of single pump control systems, that is, Ksl > Ksp
and Ksr > Ksp. Therefore, the valve-pump parallel
control systems will respond faster than the single
pump control system.

(5) RPVC mode more flexible. Increasing the flow gain
will increase the open-loop gain and then fasten
system response. Comparing the expressions of
flow gain under RPVC mode and LPVC mode,
Kql = Csv Ph and Kqr = Csv Ps − Ph, and Kqr can
be further increased by increasing the supplying
pressure Ps, and if Ps > 2Ph, there is Kqr > Kql, and
RPVC will respond faster than LPVC.

5. Experiment and Analysis

5.1. Experimental System. According to the schematic dia-
gram in Figure 1, we build a valve-pump parallel variable
mode control experimental system, as shown in Figures 5
and 6. The experimental system mainly consists of the
driving subsystem, load subsystem, and measurement and

Ph

BT

M
P

Ps
A
3

2
1
3 4

5
6

7 8 9 10

11

Loading subsystem

Measurement
and controller

Driving subsystem

Figure 5: Schematic framework of the experimental system. 1: electric motor; 2: fixed displacement pump; 3: PDV; 5: shuttle valve;
6: replenishing arrangement; 7: hydraulic motor; 8: inertia; 9: encoder; 10: loading motor; 11: PRV.

Operation desk Valve unit Loading subsystem

Pump station

Loading 
pump

Driving 
motor

EncoderInertia

Figure 6: Experimental system in valve-pump parallel variable mode control.
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control subsystem. The driving subsystem is a closed hydrau-
lic circuit, and the PVP and PDV work together under
different control modes to drive a hydraulic motor. The load
subsystem shown in Figure 6 mainly includes a loading
motor and a proportional relief valve (PRV), the loading
pump has the same displacement with the driving motor,
and its loading pressure is regulated by the PRV. The main
system configuration is listed in Table 1. The nominal pres-
sure of the system is 25MPa, total power 11 kW, system
flow 50L/min (including pump control flow 40L/min
and valve control flow 10L/min), hydraulic motor displace-
ment 468mL/r, maximum speed 90 r/min, and rotational
inertia 48 kg·m2, replenishing pressure 0.8MPa, flushing
pressure 0.5MPa.

The measurement and control subsystem is developed on
the LabVIEW platform, as shown in Figure 7. Various types
of sensors are used to measure the system pressures, flow of
pump and valve, and hydraulic motor speed. These signals
are captured by the acquisition card 6229 and inputted into
the IPC for data processing, display, and storage. The
motor speed is fed back to the variable mode controller
and compared with the command. After the calculation,
the controller output control signals to the PVP, PDV,
and PRV via the acquisition card to realize the variable
mode control. By using the variable mode controller, the
proposed control system could work under LPVC mode,
RPVC mode, and PPC mode.

5.2. Experiments and Analysis. From Section 3, we know that
the pump control circuit and valve control circuit is unstable,

so before the valve-pump parallel variable model control,
the two control circuit should be compensated. The PI
compensation is applied to the two control circuits, and
its transfer function is given by

Gc = Kc 1 + 1
T is

= Kc +
KI
s
, 14

where Kc is the proportional gain, T i is the internal time,
K I is the internal gain and K I = Kc/T i.

The optimal PI parameters are obtained through step
response experiments. As shown in Table 2, there is always
a relationship, KI ≫ Kc in the two control circuits, so the
PI compensation can be considered as an internal com-
pensation, as discussed in Section 3.4.

Then, the valve-pump parallel variable mode control is
applied to a trapezoidal speed regulation process, which is a
complexed process and consists of the stages of start-up,
acceleration, constant speed, deceleration, and stop. The
LPVC mode is used to the star-up and stop stages with speed
below 10 r/min, the PPC mode is used to the acceleration
and deceleration stages, and the RPVC mode is used to
the constant speed stage with speed of 60 r/min, and the
setting of valve-pump weight ratio in each speed regula-
tion stage is shown in Table 3. Figure 8 shows the
dynamic response of valve-pump parallel variable mode
control in a working cycle, where a 2MPa step pressure
is applied to PRV to produce step load disturbance at

Table 1: System configuration.

Components Specification

Electric motor Power 11 kW, rated speed 1500 r/min

PVP Axial piston pump, geometric displacement 40mL/r, electrohydraulic control with proportional solenoid, 0–10V input

PDV 4/3 version, direct operated, size 6, rated flow 9 L/min at Δp = 10 bar, frequency 60Hz, damping ratio 0.7, 0–10V input

PRV Pilot operated, pressure rating 25MPa, maximum flow 200 L/min, 0–10V input

Hydraulic motor Speed range 0–90 r/min, displacement 468mL/r, rated pressure 40MPa

Rotational inertia 48 kgm2, modular design

Encoder 2000 P/r, TTL output
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Pressure 
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Flow sensors

Rotary encoder

PVP

PDV

PRV

Data processing

Controller

Display 
and 

storage

Reference input

Ctr0-1 

AI0-8
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AO1
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LabVIEW platform 

Industrial computer

Speed 
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Figure 7: Measurement and control subsystem.
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the uniform speed stage. Here we can obtain the following
results from the experiment results.

(1) The hydraulic speed below 10 r/min keeps stable by
LVPC, so that LPVC improves the low-speed stability
at the start-up and stop stages; the motor speed
quickly returns to 60 r/min by RPVC when subjected
to load disturbance, so RPVC contributes to realize
the fast response to load disturbance at the constant
speed stage; the PPC achieves the fast tracking of
speed at the acceleration and deceleration stages.
Therefore, during the complex speed regulation pro-
cess, the valve-pump parallel variable mode control
obtains excellent comprehensive characteristics.

(2) During the speed adjustment process, the working
state of control valve and control pump is in line with
expectations, and the switch between different con-
trol modes is smooth and continuous. In particular,
the valve control voltage changes from a negative
value, about −3.8V to a positive value, about 1.5V,
and then to a negative value, about −5V, and the
conversion between the oil leaking status and oil
replenishing status is achieved.

(3) During the whole speed adjustment process, the
variable pump provides most of the flow, about 90%
of total system flow, while the control valve only
works at a small flow state, about 10% of total system
flow, so the proposed system could work efficiently as
pump control systems [27].

6. Conclusion

To improve the comprehensive performances for a complex
speed regulation process, we propose a new hydraulic control
scheme, that is, valve-pump parallel variable mode control,
and its control mode could vary with control requirements
during the process of speed regulation. At the start-up and
stop stages, the LPVC mode is used to improve the low-
speed stability; at the constant speed stage, the RPVC mode
is applied to realize the fast response to load disturbance; at

the acceleration and deceleration stages, the PPC mode is
used to achieve the fast tracking of motor speed.

The valve-pump parallel variable mode control estab-
lishes a flexible control mechanism by using double channels
of valve control and pump control. Therefore, the new
control scheme will enrich the control form of the current
hydraulic system, make the electro-hydraulic control system
more flexible and adaptive to achieve excellent control
performances, and has wide value in future application.

During the control process, the system parameters,
such as leakage coefficient and damping ratio, change

Table 2: PI parameter setting of each control circuit.

Control circuit Kc T i K I
Adaptation

speed

Pump control 0.3 0.18 1.67 All

Valve control for oil leaking 0.6 0.12 5 0~15 r/min

Valve control for oil replenishing 0.7 0.12 5.8 55~70 r/min

Table 3: kvp at different speed regulation stages.

Speed regulation stage kv kp kvp Control Model

Start-up and stop 1 0.1 10 LPVC

Acc. and dec. 0.1 1 0.1 PPC

Constant speed 1 0.2 5 RPVC
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greatly with the operation points, which will increase the
difficulty of system parameter prediction and control. To
demonstrate the control characteristics of the proposed
scheme itself, this work only uses the traditional PID con-
trol. In the future, advanced control strategies will be used
to adapt to the parameters variation to further improve
comprehensive performances.
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We propose a cooperative multiagent Q-learning algorithm called exploring actions according to Q-value ratios (EAQR). Our aim
is to design a multiagent reinforcement learning algorithm for cooperative tasks where multiple agents need to coordinate their
behavior to achieve the best system performance. In EAQR, Q-value represents the probability of getting the maximal reward,
while each action is selected according to the ratio of its Q-value to the sum of all actions’ Q-value and the exploration rate ε.
Seven cooperative repeated games are used as cases to study the dynamics of EAQR. Theoretical analyses show that in some
cases the optimal joint strategies correspond to the stable critical points of EAQR. Moreover, comparison experiments on
stochastic games with finite steps are conducted. One is the box-pushing, and the other is the distributed sensor network
problem. Experimental results show that EAQR outperforms the other algorithms in the box-pushing problem and achieves the
theoretical optimal performance in the distributed sensor network problem.

1. Introduction

Reinforcement learning (RL) uses a scalar numeric feedback
from the environment to improve the behavior of the
learner. In the case with only one agent, RL is an effective
unsupervised learning method to solve problems with the
Markov property [1, 2]. Many researchers have been trying
to extend RL to optimize performance indices in circum-
stances where multiple agents exist and a lot of multiagent
reinforcement learning (MARL) algorithms, and their appli-
cations have been proposed [3–5]. In a multiagent system
(MAS), on one hand, the state transition distribution and
the local immediate reward received by each agent are not
determined by the behavior of any single agent but the
behavior of all the agents in the system. Thus, each agent
has to adapt to the environment and the other agents at
the same time, which leads to the invalidity of the Markov
property. On the other hand, if all the agents in the system
are viewed as a single one, the joint action space will
grow exponentially, which deteriorates the scalability of
MARL algorithms.

This paper investigates methods coordinating multiple
agents through MARL techniques. In recent years, many
MARL algorithms with different assumptions and goals have
been presented to solve coordination issues in MAS. Some
algorithms require sharing each agent’s local immediate
reward; some algorithms require sharing each agent’s
selected actions and even value functions or Q-value func-
tions as well. The learning goal depends on the problems
at hand. Nash equilibria have been used in optimal con-
trol [6, 7] and are also adopted as the learning goal by
many MARL algorithms. Hu and Wellman [8] proposed
Nash-Q which could converge to a Nash equilibrium in
some repeated games. However, Nash-Q needed Q-value
functions to be shared as well. Infinitesimal gradient ascent
(IGA) [9] was proposed and guaranteed that the agents’
strategies would converge to a Nash equilibrium, or average
rewards would converge to the expected rewards of a Nash
equilibrium in two-player two-action repeated games. Win-
or-learn fast policy with IGA (WoLF-IGA) [10] was pro-
posed to address the issue that IGA would not converge to
any Nash equilibrium in some repeated games. For IGA
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and WoLF-IGA, each agent has to know its own payoff
matrix and the other agent’s strategy. Besides, Nash-Q,
IGA, and WoLF-IGA would suffer the curse of dimen-
sionality for joint action space.

To mitigate the above problems, some algorithms with
less requirement of sharing were studied. WoLF-policy hill-
climbing (WoLF-PHC) [10] only needed to share states and
local immediate rewards of each agent, but the convergence
property was not guaranteed any more. The exponential
moving average (EMA) Q-learning [11] and the weighted
policy learner (WPL) [12] empirically converged to a Nash
equilibrium in some typical repeated games. To design
scalable MARL algorithms that can gain the optimal total
sum of reward in fully cooperative games is our motivation.

NewMARL algorithms can be obtained by designing new
action exploration method. Babes et al. [13] pointed out that
more robust algorithms could be produced by inserting tools
from nonlinear dynamics into Q-learning to modify the
exploration or learning rate. So far, the dynamics of indepen-
dent Q-learning (IQL) in two-player two-action repeated
games have been extensively studied. Tuyls and Nowé, Tuyls
and Parsons, and Bloembergen et al. [14–16] firstly built the
model of IQL with Boltzmann exploration in three typical
repeated games. They pointed out that the IQL model was
similar with dynamic replication equations, and they pre-
sented graphical representation of the relation between the
temperature parameter T and the critical points. Kianercy
and Galstyan [17] further studied the dynamics of IQL. They
analyzed the position and the stability of the critical points of
IQL in some types of two-player two-action repeated games.
Babes et al. [13] analyzed the dynamics of IQL with ε-greedy
exploration. For ε-greedy exploration, since the action with
the maximal Q-value will be selected for exploitation, the
Q-value can be viewed as the switching signal. Thus results
on stability analysis for switching systems [18, 19] might be
beneficial to the analysis of IQL with ε-greedy exploration.
Awheda and Schwartz [11] proposed EMA Q-learning and
proved its ability to converge to a Nash equilibrium in
two-player two-action games.

Nash equilibrium is important when analyzing the
interaction between agents. Some multiagent reinforcement
(MARL) algorithms do focus on convergence on Nash equi-
librium, and most of these algorithms consider general sum
games. In contrast, for cooperative tasks, reaching better
performance indices is more important than converging
to Nash equilibrium and becomes the prime concern for
MARL algorithms.

To obtain the maximal expected total cumulative reward,
this paper proposes a multiagent Q-learning algorithm
called exploring actions according to Q-value ratios (EAQR).
In standard fictitious play [20], each player’s strategy is a
function of the other players’ empirical frequency, while
in EAQR, each agent selects an action according to its
Q-value function of its own actions and updates its Q-value
function only according to the frequency of its own action
selection. The maximal total immediate reward can still be
achieved in some cooperative repeated games, which is the
first contribution. The second contribution is that EAQR
can be naturally extended to apply to stochastic games.

Simulation results show that EAQR outperforms the other
algorithms in the box-pushing problem and achieves the
theoretical optimal performance in the distributed sensor
network problem.

The remainder of this paper is organized as follows.
Section II introduces stochastic games and repeated games.
Section III proposes EAQR in repeated games. Section IV
studies the dynamics of EAQR in seven different repeated
games which are analyzed. Section V compares EAQR with
EMA Q-learning, WoLF-PHC, and single-agent RL in two
stochastic games—box-pushing and the DSN problem.
Section VI summarizes the conclusions.

2. Preliminaries of Stochastic Games and
Repeated Games

2.1. Stochastic Games. A stochastic game [5] is a tuple
<S, A1, A2,… , An, p, r1, r2,… , rn > , where n is the number
of agents in the game; S is the set of environment states; Ai
is the set of agent i’s available actions; and Ai for all agents i
constitutes the joint action setA = A1 × A2 ×⋯× An; the state
transition function p S × A1 × A2 ×⋯× An × S→ 0, 1 is a
conditional probability determining the probability of tran-
siting to the next state s′ if the joint action a ∈ A has been
executed in the current state s, and ri S × A1 × A2 ×⋯×
An × S→ R is the local immediate reward function of
agent i. The global immediate reward function is the
sum of local immediate reward functions of all agents
and is defined as r =∑n

i=1ri. In cooperative MAS, the learning
objective is to maximize the discounted global cumulative
reward at each time t,

R t = r t + 1 + γr t + 2 + γ2r t + 3 +⋯ = 〠
K

k=0
γkr t + k + 1 ,

1

where γ is the discount factor within (0, 1) (smaller γ values
correspond to a greater importance of near future rewards);
K is the ending time of an episode; and r t + 1 is the global
immediate reward received at time t + 1.

2.2. Repeated Games. There still exists interacting between
agents, although this paper focuses on optimization problem.
Repeated game is an ideal tool to depict interaction and build
the model of EAQR. In a repeated game, the set of state is
null. Each agent’s local immediate reward depends solely
on the joint action. In a fully cooperative repeated game, we
are concerned with only the global immediate reward repre-
senting the team benefit. Figure 1 shows the payoff matrix of
a two-player two-action game. Each row represents an action
of agent A, and each column represents an action of agent B.
Each element of the payoff matrix is a numerical global
immediate reward. For example, if agent A chooses action
a1 while agent B chooses action b2, then both agents will
receive a global immediate reward of 2. The optimal global
immediate reward of 6 is marked with parentheses.
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3. EAQR: A Multiagent Q-Learning
Algorithm for Coordination of
Multiple Agents

EAQR is designed for optimizing performance indices of
fully cooperativeMAS. EAQR requires each agent to have full
observation of states and local immediate reward of all
agents. One merit of EAQR is that each agent does not need
to observe any other agent’s action. Thus the size of the
Q-table maintained by agent i is ∣S∣ × ∣Ai∣. Sharing local
immediate reward is to achieve the optimal global immediate
reward. EAQR manages to converge to (a2, b2) in Figure 1
through the procedures depicted in Algorithm 1. For agent
i, the probability of selecting action j is

pj t =

Qj t

∑k∈Ai
Qk t

 with probability 1 − ε,

1
Ai

 with probability ε,
2

where Qj t is the probability of obtaining the maximum
global immediate reward by taking action j at time t; the
exploration rate ε is within (0,1); Ai is the action set of agent
i; Ai is the number of available actions for agent i. The
nonnegativity of Qj t can be guaranteed by setting the
learning rate α and the initial value ofQj t to a positive value
within (0, 1). ∑k∈Ai

Qk t will be strictly greater than zero if
each action is visited by infinite times. To avoid being divided
by zero in practical application, we randomly select an action
if ∑k∈Ai

Qk t = 0. In EAQR, the exploration rate ε balances
exploration and exploitation. When ε = 0, pj t is equal to
the ratio ofQj t to∑k∈Ai

Qk t . When ε = 1, a random action
is selected according to the uniform distribution.

In a repeated game, all agents keep their strategies
unchanged and play the game forNs times. Then they update
the Q-value of each action j according to

Qj t + 1 =Qj t + α f j t −Qj t , 3

where α ∈ 0, 1 is the learning rate; f j t is the frequency of
obtaining the maximum global immediate reward by taking
action j. It is evaluated according to

f j t =
nmax j t

nj t
, 4

where nj t is the number of times for agent i selecting action
j during the previous Ns games, and nmax j t is the number
of times for agent i achieving the maximum global immediate
reward in history when selecting action j during the previous
Ns games. Before playing the next Ns games, all agents need
to update their strategies according to (3).

In stochastic games with deterministic state transition,
a state can be viewed as a repeated game, and the ele-
ments of the payoff matrix are cumulative rewards if
EAQR can converge to a joint action at each of its subse-
quent states. In this situation, the frequency of obtaining
the maximum global cumulative reward by taking action
j in each state is to be evaluated to update Q-value functions.
In stochastic games with nondeterministic state transition,
each state cannot be simply regarded as a repeated game.
Yet we can try to treat each state in an optimistic way (The
frequency of maximal global cumulative reward instead of
the average global reward is concerned) and employ the same
Q-value updating rule.

4. Dynamics of EAQR in Cooperative
Repeated Games

In this section, the dynamics of EAQR in seven cooperative
repeated games are analyzed. A theorem about the dynamics
of EAQR is presented, and seven cases of repeated games are
analyzed. If the updating of Q-value function is regarded as a
continuous process, the EAQR can be modeled with differen-
tial equations. According to [14, 17], the continuous-time
form of Q-value updating rule of EAQR can be obtained
as follows:

Qj t = α f j t −Qj t 5

After rescaling t→ αt, we can obtain the following:

Qj t = f j t −Qj t 6

Theorem 1. For a cooperative repeated game with n (n ≥ 3)
players and m optimal pure joint strategies, if for any optimal
pure joint strategy each of its component actions is different
from the corresponding component action of the other optimal
pure joint strategies, then only the m optimal pure joint
strategies are the stable critical points of the model of
EAQR with ε = 0.

Proof 1. aij is used to denote player i′s component action of

the optimal pure joint strategy j, and Qi
j is used to denote

the Q-value of aij for i = 1, 2,… , n and j = 1, 2,… ,m. For
any optimal pure joint strategy, each of its component
actions is different from the corresponding component
action of the other optimal pure joint strategies, which is
saying that ∀p ≠ q, aip, and aiq should not be the same action
for player i for i = 1, 2,… , n. According to (6), the Q-value
of actions that can never reach the optimal global reward will

3

(6)2

2

Agent B

Agent A

a1

a2

b1 b2

Figure 1: The payoff matrix of a fully cooperative repeated game.
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decrease to zero. Then the model of EAQR with ε = 0 can be
expressed by the following equations.

Q
i
j =

n

k=1 k≠i

Qk
j

∑m
l=1Q

k
l

−Qi
j, 7

for i = 1, 2,… , n and j = 1, 2,… ,m. Ifm = 1, it can be proved
trivially that there is only one stable critical point which is the
optimal pure joint strategy. It can be obtained from (7) that
the critical points have to satisfy

n

k=1 k≠i

Qk
j

∑m
l=1Q

k
l

=Qi
j, 8

for i = 1, 2,… , n and j = 1, 2,… ,m. It can be further
obtained that Q1

j =Q2
j =⋯ =Qn

j for j = 1, 2,… ,m at the

critical point. Suppose Qi
j/∑m

k=1Q
i
k = pj for j = 1, 2,… ,m

at the critical point, the following can be obtained according
to (8):

pj =
pj

n−1

∑m
k=1 pk

n−1 ,
9

for j = 1, 2,… ,m. It can be seen that the value of pj can only
be 1, 0, or 1/m. pj = 1 and pj = 0 correspond to them optimal
pure joint strategies, while pj = 1/m corresponds to a mixed
strategy. Thus the critical points include all the m optimal
pure joint strategies and the strategy equally choosing an
action that has reached the optimal global reward, namely,

Qi
j = 1/m n−1 for i = 1, 2,… , n and j = 1, 2,… ,m. The

stability of the critical points can be judged by the eigenvalues
λ of the Jacobin matrix J .

For the m optimal pure joint strategies, the determinant
of J − λI can be expanded according to rows and columns
step by step. The following can be obtained:

det J − λI = λ + 1 mn 10

All eigenvalues are −1 which is negative. Thus the m
optimal pure joint strategies are stable critical points.

For the mixed strategy, we just need to transform the
determinant of J − λI and extract a common factor of it for
n = 2k + 2 and n = 2k + 1, k ∈ Z+, respectively. Although the
transformation processes are different in the two cases, the
following can be obtained for both the cases:

det J − λI = λ − n − 2 f λ , 11

where f λ is a polynomial of λ of degreemn − 1. Thus, there
always exists at least one positive eigenvalue λ = n − 2 when
n ≥ 3, which means the mixed strategy is unstable. Thus, only
the m optimal pure joint strategies are the stable critical
points of the model of EAQR.

Cases 1–4 are two-player two-action repeated games.
Case 5 and case 6 are two-player three-action repeated
games. Case 7 is a three-player two-action repeated
game. The corresponding payoff matrices are displayed in
Figures 2–4, respectively. The numeric number represents
the global immediate reward. The optimal global immediate
reward is displayed in parentheses. In all cases, pij represents
the probability of obtaining the maximum global immediate
reward when player i chooses action j. Qj, Pj, and K j repre-
sent the Q-value of action j for player 1, 2, and 3, respectively.

1: for each agent i, do
2: initialize Q ai with a number within (0,1) for ai ∣ ai ∈ Ai ,
3: initialize ε with a number within (0,1)
4: f ai = 0: frequency of getting the maximum global immediate reward after selecting action ai
5: sampleGameCnt = 0: number of sample games played
6: repeat for each game
7: select an action ai with the probability of

p ai =
Q ai /∑a∈Ai

Q a with probability 1 − ε

1/ Ai with probability ε
8: sampleGamesCnt = sampleGamesCnt + 1
9: execute action ai, update information about reward
10: if sampleGamesCnt =Ns then
11: for each action ai ∈ Ai do
12: evaluate f ai according to (4)
13: Q ai =Q ai + α f ai −Q ai
14: end for each action
15: sampleGamesCnt = 0
16: end if
17: until the predefined number of games have been played
18: end for each agent
19: return Q-value function for each agent

Algorithm 1: EAQR for repeated games.
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In Cases 1–4, player 1 and player 2 are literally the
row player and the column player, respectively. We
assume that a matrix B exists and that each element of
B − bij is strictly smaller than a scalar a (bij, a ∈ R). Cases
1–4 are examined first.

Case 1. There is only one optimal global immediate reward.

We can see that p11 = 0, p12 = ε/ A2 + 1 − ε P2/
P1 + P2 , p21 = 0, and p22 = ε/ A1 + 1 − ε Q2/ Q1 +Q2 .
Thus, we arrive at the following equations from (6):

Q1 = −Q1, 12

Case 2Case 1

b11

b21

b12

(a) b21

b12

(a)

(a)

b21 b22 b22

(a) (a)

(a)

(a)(a)

Case 4Case 3

Figure 2: The payoff matrices of Cases 1–4.

b21

b31 b32

b23

b13b12 b11 b13

b31 b33

b22

(a)

(a)

(a)

(a)

(a)

(a)

(a)

Case 6Case 5

Figure 3: The payoff matrices of Case 5 and Case 6.

(a)

b21 b22

b12

If player 3 chooses
action 1

Case 7

If player 3 chooses
action 2

c11

c21

c12

c22

Figure 4: The payoff matrix of Case 7.

Q2 =
ε

2 + 1 − ε
P2

P1 + P2
−Q2, 13

P1 = −P1, 14

P2 =
ε

2 + 1 − ε
Q2

Q1 +Q2
− P2 15

It can be seen from (12) and (14) that Q1 and P1 will be
stable at zero after an infinite long time. Suppose at time t0,
Q1 and P1 are both very close to zero. Then we can obtain
the following from (13) and (15) when t > t0:

Q2 = 1 − ε

2 −Q2, 16

P2 = 1 − ε

2 − P2 17

If we let Q̂2 = 1 − ε / 2 −Q2 and P̂2 = 1 − ε / 2 − P2 ,
then (16) and (17) can be transformed to a set of linear
differential equations. And it is easy to see that Q̂

∗
2 , P̂

∗
2 =

0, 0 , namely, Q∗
2 , P∗

2 = 1 − ε /2, 1 − ε /2 is a globally
stable node. To sum up, there is only one globally stable
critical point Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 = 0, 1 − ε /2, 0, 1 − ε /2 in

Case 1. This point is corresponding to the strategy x∗, y∗ =
Q∗

1 / Q∗
1 +Q∗

2 , P∗
1 / P∗

1 + P∗
2 = 0, 0 , which corresponds

to the optimal global immediate reward. In Case 1, this
conclusion is also valid for ε = 0 and ε = 1.

To validate our analysis, we present the plot of the
learning process of EAQR in Case 1 with Figures 5–10.
The learning rate α is 0.1, and the number of samples
Ns is 200. Twelve different points (Q1, Q2, P1, P2) are
used as initial conditions and marked with solid circles.
It can be seen in Figures 5 and 8 that the learning trajecto-
ries converge to the point Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 = 0, 1, 0, 1

when ε = 0. It can also be seen in Figures 6 and 9 that the
learning trajectories converge to the point Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 =

0, 0 55, 0, 0 55 when ε = 0 9. Both points are literally the
critical point Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 = 0, 1 − ε /2, 0, 1 − ε /2 we

have obtained earlier. The joint strategy (x, y) is illustrated
in Figures 7 and 10. It converges to (0, 0). This indicates that
our analysis is reasonable.

Case 2. There are two optimal global immediate reward in
diagonal positions.

We arrive at the following equations from (6):

Q1 =
ε

2 + 1 − ε
P1

P1 + P2
−Q1, 18

Q2 =
ε

2 + 1 − ε
P2

P1 + P2
−Q2, 19

P1 =
ε

2 + 1 − ε
Q1

Q1 +Q2
− P1, 20

P2 =
ε

2 + 1 − ε
Q2

Q1 +Q2
− P2 21
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If we let Q =Q1 +Q2 and P = P1 + P2, then the following
system can be derived from (18)–(21):

Q = 1 −Q, 22

P = 1 − P 23

It is obvious that Q∗, P∗ = 1, 1 is a globally stable
node of the above system. Suppose at time t0, Q and P are

both very close to 1. Then the system described by
(18)–(21) degenerates to the following one when t > t0:

Q1 = −Q1 + 1 − ε P1 +
ε

2 , 24

P1 = 1 − ε Q1 − P1 +
ε

2 25
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Figure 5: P1 and Q1 during the learning process of EAQR in
Case 1 (ε = 0).
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Figure 6: P2 and Q2 during the learning process of EAQR in
Case 1 (ε = 0).
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Figure 8: P1 and Q1 during the learning process of EAQR in
Case 1 (ε = 0 9).
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The interior critical point must satisfy

Q1 = 1 − ε P1 +
ε

2 ,

P1 = 1 − ε Q1 +
ε

2

26

Thus, we have the critical point Q∗
1 , P∗

1 = 0 5, 0 5
when ε ∈ 0, 1 . Then we examine the stability of this critical

point. The Jacobin matrix of the system described by (24),
(25) is

J =
−1 1 − ε

1 − ε −1
27

of which the eigenvalues are λ1,2 = −1 ± 1 − ε . When
ε ∈ 0, 1 , we have λ1 < 0, λ2 < 0. According to the theorem
of stability of almost linear systems, this critical point is
stable. To sum up, there is only one stable critical point
Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 = 0 5, 0 5, 0 5, 0 5 in Case 2 when ε ∈

0, 1 . This point is corresponding to the strategy x∗, y∗ =
Q∗

1 / Q∗
1 +Q∗

2 , P∗
1 / P∗

1 + P∗
2 = 0 5, 0 5 . The greedy joint

action may not correspond to either of the optimal global
immediate reward.

The above conclusion does not hold when ε = 0. This
is because we use the condition ε ∈ 0, 1 when determin-
ing the position and the stability of the critical point of
the system described by (24) and (25). When the system
described by (22) and (23) is stable, the point Q1,Q2
is on the line Q1 +Q2 = 1; the point P1, P2 is on the
line P1 + P2 = 1, and Q1 = P1. The converged strategy is
determined by initial conditions.

Case 3. There are two optimal global immediate reward in the
same row.

The system is described by the following differen-
tial equations:

Q1 = 1 −Q1,

Q2 = −Q2,

P1 =
ε

2 + 1 − ε
Q1

Q1 +Q2
− P1,

P2 =
ε

2 + 1 − ε
Q1

Q1 +Q2
− P2

28

The analysis process is similar with that in Case 1.
There is only one stable critical point Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 =

1, 0, 1 − ε /2, 1 − ε /2 for ε ∈ 0, 1 . This point is cor-
responding to the strategy x∗, y∗ = Q∗

1 / Q∗
1 +Q∗

2 , P∗
1 /

P∗
1 + P∗

2 = 1, 0 5 , which corresponds to either of the
optimal global immediate reward.

Case 4. There are three optimal global immediate reward.

The system is described by the following differen-
tial equations:

Q1 = 1 −Q1,

Q2 =
ε

2 + 1 − ε
P1

P1 + P2
−Q2,

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Q2

P
2

Figure 9: P2 and Q2 during the learning process of EAQR in
Case 1 (ε = 0 9).
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Figure 10: x and y during the learning process of EAQR in
Case 1 (ε = 0 9).
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P1 = 1 − P1,

P2 =
ε

2 + 1 − ε
Q1

Q1 +Q2
− P2 29

It is obvious that Q1, P1 = 1, 1 is a globally stable
node. Suppose at time t0, Q1 and P1 are both very close
to 1. Then the system degenerates to the following one
when t > t0:

Q2 = 1 − ε
1

1 + P2
+ ε

2 −Q2,

P2 = 1 − ε
1

1 +Q2
+ ε

2 − P2

30

The interior critical point must satisfy

Q2 =
ε

2 + 1 − ε
1

1 + P2
,

P2 =
ε

2 + 1 − ε
1

1 +Q2

31

It can be derived that the critical point is Q∗
2 , P∗

2 = c, c
where c = − 1 − ε /2 + 1 − ε /2 2 + 4 1 − ε /2 /2.
We can further get c ∈ 0 5, 0 618 when ε ∈ 0, 1 . Thus at
the critical point, x = y, and they are both within [0.618,
0.667] when ε ∈ 0, 1 . The examination of stability follows
the way in Case 2. It can be determined that the critical point
is a stable node. This means that the converged greedy joint
action corresponds to the top left optimal global immediate
reward. This conclusion holds forε ∈ 0, 1 .

We want to examine cases with more than two actions.
Thus, Case 5 and Case 6 repeated games with two agents
and three actions are given. In Case 5 and Case 6, xj and yj
represent the probability of selecting action j for player 1
and 2, respectively.

Case 5. There are three optimal global immediate reward in
the diagonal line.

The system is described by the following differen-
tial equations:

Qj =
ε

3 + 1 − ε
Pj

P1 + P2 + P3
−Qj,

Pj =
ε

3 + 1 − ε
Qj

Q1 +Q2 +Q3
− Pj

32

If we let Q =Q1 +Q2 +Q3 and P = P1 + P2 + P3 and
follow the way in Case 2, then it can be obtained that there
is only one stable node Q∗

1 ,Q∗
2 ,Q∗

3 , P∗
1 , P∗

2 , P∗
3 = 1/3, 1/3,

1/3, 1/3, 1/3, 1/3 when ε ∈ 0, 1 . This critical point is corre-
sponding to the strategy x∗1 , x∗2 , x∗3 , y∗1 , y∗2 , y∗3 = 1/3, 1/3,
1/3, 1/3, 1/3, 1/3 . The greedy joint action may not corre-
spond to any optimal global immediate reward.

As in Case 2, the above conclusion does not hold
when ε = 0. In this situation, when the system is stable,

the point Q1,Q2,Q3 is on the plane Q1 +Q2 +Q3 = 1,
the point P1, P2, P3 is on the plane P1 + P2 + P3 = 1, Q1 =
P1, and Q2 = P2. The converged strategy is determined by
initial conditions.

Case 6. There are four optimal global immediate reward.

The system is described by the following differen-
tial equations:

Q1 =
ε

3 + 1 − ε
P2

P1 + P2 + P3
−Q1, 33

Q2 =
2ε
3 + 1 − ε

P1 + P3
P1 + P2 + P3

−Q2, 34

Q3 =
ε

3 + 1 − ε
P2

P1 + P2 + P3
−Q3, 35

P1 =
ε

3 + 1 − ε
Q2

Q1 +Q2 +Q3
− P1, 36

P2 =
2ε
3 + 1 − ε

Q1 +Q3
Q1 +Q2 +Q3

− P2, 37

P3 =
ε

3 + 1 − ε
Q2

Q1 +Q2 +Q3
− P3 38

If we let M1 =Q1 +Q2, M2 =Q2 +Q3, N1 = P1 + P2,
and N2 = P2 + P3, the following system can be derived
from (33)–(38):

M1 = 1 −M1,
M2 = 1 −M2,
N1 = 1 −N1,
N2 = 1 −N2

39

It is obvious that M1,M2,N1,N2 = 1, 1, 1, 1 is a
globally stable node of the above system. Suppose at time
t0, the state of the above system is very close to the stable
state (1, 1, 1, 1), that is

Q1 = 1 −Q2, 40

Q3 = 1 −Q2, 41

P1 = 1 − P2, 42

P3 = 1 − P2 43
Then the system described by (33)–(38) degenerates to

the following one when t > t0:

Q2 =
2ε
3 + 1 − ε

2 − 2P2
2 − P2

−Q2, 44

P2 =
2ε
3 + 1 − ε

2 − 2Q2
2 −Q2

− P2 45
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The critical point has to satisfy

Q2 =
2ε
3 + 1 − ε

2 − 2P2
2 − P2

,

P2 =
2ε
3 + 1 − ε

2 − 2Q2
2 −Q2

46

It can be obtained that there is only one critical point Q∗
2 ,

P∗
2 = c, c where c = 2 − 2ε /3 − 2 − 2ε /3 1 − 2ε /3 .

It can be further determined that c ∈ 2 − 2, 2/3 for
ε ∈ 0, 1 . The Jacobin matrix of the system described
by (44), (45) is

J =
−1 −2 1 − ε

2 − P∗
2

2

−2 1 − ε

2 −Q∗
2

2 −1
47

of which the eigenvalues are λ1,2 = −1 ± 2 1 − ε / 2 − P∗
2

2 −Q∗
2 . There are two repeated roots λ1,2 = −1 when

ε = 1. In this situation, the system described by (33)–(38) will
be stable at the point Q∗

1 ,Q∗
2 ,Q∗

3 , P∗
1 , P∗

2 , P∗
3 = 1/3, 2/3,

1/3, 1/3, 2/3, 1/3 which corresponds to the point x∗1 , x∗2 ,
x∗3 , y∗1 , y∗2 , y∗3 = 0 25, 0 5, 0 25, 0 25, 0 5, 0 25 . When ε ∈
0, 1 , let k = 2 − 2ε /3, k ∈ 4/3, 2 , then the eigenvalues

can be rewrote as λ1,2 = −1 ± 3k − 4 / 2 − k + k k − 1 2
.

We want to show that in this situation there are two dif-
ferent negative real eigenvalues. The following condition
will suffice:

3k − 4

2 − k + k k − 1
2 < 1 48

It is trivial to prove (48). To sum up, the system described
by (33)–(38) has a stable node for ε ∈ 0, 1 , and the greedy
action for both players is the second action. Unfortunately,
this joint action does not correspond to any optimal global
immediate reward.

When ε = 0, there is only one stable node that satisfies
(40)–(43) and

Q2 + P2 =
1
2Q2P2 + 1 49

The converged strategy is determined by initial condi-
tions, and the greedy joint action does not necessarily
correspond to any optimal global immediate reward.

Case 7. There is only one optimal global immediate reward in
a three-player three-action game.

Player 1 and player 2 are literally the row player and the
column player, respectively. Player 3 can be viewed as a
matrix player. If player 3 chooses the first action, the left
payoff matrix will be adopted. Otherwise, the right payoff
matrix will be adopted. We assume that there are matrix B,

matrix C, and each element of B and C − bij, cij is strictly
smaller than a scalar a (bij, cij, a ∈ R). Let Qj, Pj, and Kj

denote the Q-value of action j for player 1, 2, 3, respectively,
and let x, y, z denote the probability of selecting the first
action for player 1, 2, 3, respectively. The system is described
by the following differential equations:

Q1 = 1 − ε
K1

K1 + K2

ε

2 + 1 − ε
P1

P1 + P2

+ ε

2
ε

2 + 1 − ε
P1

P1 + P2
−Q1,

Q2 = −Q2,

P1 = 1 − ε
K1

K1 + K2

ε

2 + 1 − ε
Q1

Q1 +Q2

+ ε

2
ε

2 + 1 − ε
Q1

Q1 +Q2
− P1,

P2 = −P2,

K1 =
ε

2 + 1 − ε
P1

P1 + P2

ε

2 + 1 − ε
Q1

Q1 +Q2
− K1,

K2 = −K2

50

The analysis process is similar with that in Case 1.
There is only one stable node Q∗

1 ,Q∗
2 , P∗

1 , P∗
2 , K∗

1 , K∗
2 =

1 − ε /2 2, 0, 1 − ε /2 2, 0, 1 − ε /2 2, 0 for ε ∈ 0, 1 .
This critical point corresponds to the strategy
x∗, y∗, z∗ = Q∗

1 / Q∗
1 +Q∗

2 , P∗
1 / P∗

1 + P∗
2 , K∗

1 / K∗
1 + K∗

2 =
1, 1, 1 , which literally corresponds to the optimal global
immediate reward.

To sum up, it can be seen that the optimal global
immediate reward can be achieved in Cases 1, 3, 4, 7 and
may not be achieved in Cases 2, 5, 6. In the next section, we
will show the performance of EAQR in two stochastic games:
box-pushing and the DSN problem.

5. Simulations on Stochastic Games

Case A. Box-pushing

The box-pushing problem is illustrated in Figure 11. Four
boxes are represented with grey solid circles, and empty
positions are represented with white circles. Four agents
(which are not shown in the figure) need to collaborate with
each other to make the boxes distribute uniformly. Each
agent is responsible for moving one box and has three kinds
of actions: pushing the box to the adjacent clockwise posi-
tion, pushing the box to the adjacent anticlockwise position,
or doing nothing. In the beginning of an episode, four boxes
are located in random positions. Each agent selects an action,
and the boxes are pushed to the new positions. An episode
ends when the number of empty positions between any two
adjacent boxes are the same, or 100 steps have occurred. If
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one episode ends, the positions of the four boxes, reward, and
step for each agent will be reset for the next episode (but the
Q-value function for each agent will be restored until the next
run). Each agent receives a reward of −1 at each step and
receives a reward of 10 at the end of an episode.

The rules of the box-pushing problem are as follows.
First, all agents push boxes simultaneously. Second, if a
conflict occurs, then the boxes in the conflict will stay still.
A conflict occurs in the following cases: a box being pushed
to a static box, two boxes being pushed to the same empty
positions, two adjacent boxes being pushed in the opposite
direction, and a string of adjacent boxes being pushed in
the same direction while the head box is in a conflict. Third,
a box can be pushed successfully if it is not in a conflict.

In the experiment, EMA (exponential moving average)
Q-learning [11], WoLF-PHC [10], and SARSA (state-
action-reward-state-action) [21] are chosen as comparison
algorithms. EMA Q-learning and WoLF-PHC are MARL
algorithms while SARSA is a type of single-agent RL algo-
rithm corresponding to centralized learning in the context
of multiple agents.

The parameters were fine tuned after many trials. For
EAQR, the sample times Ns = 50. The learning rate α follows

α = αini −
αinin
1 05L , 51

where the initial learning rate αini = 0 7, L is the predefined
number of learning episodes, and n is number of experienced
learning episodes. The exploration rate ε follows

ε =

0 9 1 ≤ n ≤ 0 2L,
0 8 0 2L < n ≤ 0 4L,
0 7 0 4L < n ≤ 0 6L,
0 6 0 6L < n ≤ 0 8L,
0 5 0 8L < n ≤ L

52

For EMA Q-learning, ε = 0 2, k = 2, and the discount
factor γ = 0 9. The learning rate α follows (51) with
αini = 0 7; ηl = 0 001ηw and ηw follows

ηw = 1
10 + 0 2n 53

For WoLF-PHC, δw = 0 003, δl = 0 01, γ = 0 9, ε = 0 8,
and the learning rate α follows (51), with αini = 0 7. For
SARSA, α, γ, and ε are the same as those in WoLF-PHC.

The prime performance metric is the average number of
steps per episode, which needs to be minimized. The second
important performance metric is the success rate, which
reflects the stability of the algorithm. A success means the
minimum steps are used in an episode. The theoretical
minimum number of steps of an episode is determined by a
specially designed program. Thus, the success rate over a
number of episodes can be evaluated. The experimental
results in Tables 1 and 2 are averaged over 100 runs. The
standard deviation is also presented in Table 1. Table 3 shows
the worst run for each algorithm. Each run has experienced
L learning episodes and 50,000 evaluation episodes. During
each of L learning episodes, the agents update their strate-
gies to try to obtain more cumulative reward. During each
of 50,000 evaluation episodes, the agents do not update
their strategies. For the sake of fairness, in the same col-
umns of Tables 1 and 3, the initial positions of the boxes
for the evaluation episodes are the same.

In Tables 1 and 2, it is noted that all algorithms perform
better as the number of learning episodes L grows. Optimal
represents the theoretical minimum number of steps. EAQR
presents the best performance for all different values of L,
which means EAQR learns faster than any of the other

Table 1: Average steps for 4-agent/12-vertex box-pushing
(evaluation episodes = 50,000).

L = 100,000 L = 500,000 L = 1000,000

Optimal 1.71 1.71 1.71

EAQR 2.53± 0.11 1.76± 0.03 1.74± 0.02

WoLF-PHC 2.83± 0.23 2.24± 0.11 1.99± 0.06
EMA Q-learning 4.53± 0.49 3.66± 0.40 3.47± 0.34
Single-agent RL 14.78± 0.60 3.29± 0.14 2.03± 0.06

Table 2: Average success rate for 4-agent/12-vertex box-pushing
(evaluation episodes = 50,000).

L = 100,000 L = 500,000 L = 1000,000

EAQR 82.6% 98.6% 99.6%

WoLF-PHC 80.7% 87.1% 91.7%

EMA Q-learning 66.7% 76.6% 78.7%

Single-agent RL 60.2% 91.2% 95.9%

Table 3: Maximal steps for 4-agent/12-vertex box-pushing
(evaluation episodes = 50,000).

L = 100,000 L = 500,000 L = 1000,000

EAQR 2.77 1.85 1.81

WoLF-PHC 3.45 2.55 2.18

EMA Q-learning 5.90 4.66 4.61

Single-agent RL 15.89 3.66 2.20

Figure 11: Four-agent/12-vertex box-pushing.
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algorithms. Besides, EAQR can obtain an average success rate
of 99.6% when L is 1,000,000, which means that it can use the
minimum steps to complete the box-pushing task with a
probability of 99.6%. This result is sufficiently good to com-
plete the task satisfactorily. Single-agent RL performs poorly
in the beginning, but it performs fairly well when L is
1,000,000 in the aspect of average success rate. Still, single-
agent RL is outperformed by EAQR. It is noted from
Table 3 that EAQR also has the better worst run compared
with the other algorithms.

Case B. Distributed sensor network

The DSN problem is used as the second test bed for
MARL algorithms. It was part of the NIPS 2005 bench-
marking workshop [22]. Figure 12 shows a DSN composed
of eight sensors. Each sensor is viewed as an agent. The
sensors have to cooperate to capture both targets wandering
in a grid of three cells. At each time step, each target moves
to its left side, moves to its right side, or keeps still with
equal probability. Each cell can be occupied by only one
target at any time. The targets move sequentially. Thus, if
a target moves out of the grid or moves to a cell which
has been occupied by another one, it just stays where it
was. Each sensor also has three actions: focus on its left
side, focus on its right side, or no focus at all. For example,
sensor 4 can focus on cell 1 which is on its left side, focus
on cell 0 which is on its right side, or make no focus.
Although there is only one cell near sensor 0, 1, 2, and 3,
respectively, these four sensors can still focus on the side
with no cells. To capture a target, the sensors must accom-
plish three hits on the same target. One hit happens if at least
three sensors focus on the cell occupied by a target. A target is
removed from the grid if it is captured. The reward allocation
rules follow [23]. If a target is captured by four sensors, the
sensor with the minimum index gets null reward, and the
other three sensors are rewarded by 10, respectively. The
action of focus gains a local immediate reward of −1, and
no focus gains a local immediate reward of 0.

The goal of the DSN problem is to capture the targets
with as many cumulative rewards as possible in an episode.

At the beginning of each episode, both targets are randomly
located in the grid. At each time step, all sensors take actions
at the same time. The judgment of focus, no focus, hit, and
capture is made, and the local immediate rewards are fed
back to each sensor. Then it is the turn for targets to move,
and the new state is fed back to each sensor. An episode ends
if both targets are captured, or 1000 time steps have elapsed.
Each sensor can perceive the state and the local immediate
rewards. However, they do not have any a priori knowledge
like what is a hit, what is a capture, or the goal of the problem.
They do not know the reward allocation rules either.

There are 37 states and 38 = 6, 561 joint actions in the
DSN problem. Single-agent RL algorithm needs to store
and learn Q-value of 37 × 6561 = 242, 757 state-action pairs,
and this number grows exponentially as the number of
sensors increases. By learning each agent’s own action
instead of joint action, the number of state-action pairs will
be reduced to 37 × 3 × 8 = 888, and it grows linearly as the
number of sensors increases.

The optimal strategy for a DSN problem is that every
three sensors focus on a target while the rest of the sensors
make no focus at all. It is obvious that the optimal global
cumulative reward is 42, and the optimal number of steps
is 3. According to the credit assignment rules in [23],
there will be no punishment if all agents do not focus at
all. This can lead to more steps in an episode. Thus, we
select average global cumulative rewards per episode as
the main performance metric and select average number
of steps as the secondary performance metric. A success
is made if a global cumulative reward of 42 is obtained
in an episode.

For EAQR, the learning rate α is constant and is set
to 0.2; Ns is set to 50, and the exploration rate ε follows
(52). For EMA Q-learning, the learning rate α follows
(51) with αini = 0 7; the exploration rate ε is constant
and is set to 0.8, k = 2, γ = 0 9, ηl = 0 001ηw, and ηw fol-
lows (53). For WoLF-PHC, the parameters δw = 0 003,
δl = 0 01, the learning rate α follows (51) with αini = 0 7;
the exploration rate ε is constant and is set to 0.2, and γ =
0 9. For single-agent RL, α, ε, and γ are the same with those
of WoLF-PHC.

Cell 0

0 4 5 1

3 7 6 2

Cell 1 Cell 2

Figure 12: A distributed sensor network with eight sensors ⊗ and two targets ●.
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Tables 4 and 5 show that after 100, 000 learning episodes
the success rate of EAQR is 100%, and it gains an average
global cumulative reward of 42 which is just the theoretical
optimal cumulative reward in an episode. The standard
deviation is also presented in Table 5. EAQR has great advan-
tages over the other algorithms in terms of success rate.
Table 5 shows that for WoLF-PHC and single-agent RL,
higher average cumulative reward might be achieved if more
learning episodes are given. However, there is no such a trend
for EMA Q-learning. More learning would probably not
improve the performance of EMA Q-learning. Table 6 shows
the worst run of cumulative reward for each algorithm. It is
noted from Table 6 that EAQR also has the better worst
cumulative reward compared with the other algorithms.

Table 7 shows that EAQR consumes less steps to capture
both targets than the other algorithms. The standard devia-
tion is also presented in Tables 7. Table 8 shows the worst
run of steps for each algorithm. Due to the large joint action
space in the DSN problem, single-agent RL shows the
worst performance among all algorithms. This experiment
shows that solving multiagent reinforcement problem
through single-agent view is inadvisable.

EAQR shows good performance in both stochastic
games, which indicates that most of the time EAQR can
converge to one of the optimal global cumulative reward
under any initial strategies. Otherwise, EAQR will not gain
a success rate of 99.6% in Case A and 100% in Case B. EAQR
also alleviates the curse of dimensionality of joint action
space. Yet the same problem for joint state space remains to
be addressed. For some stochastic games such as box-
pushing [24, 25] and hunting game [26, 27], the circle and
the grid can be viewed as images. Many states are actually
the same one if the translation operation is performed on
the “images”. Thus, the structure of convolutional neural
networks [28, 29] can be employed to realize an autoencoder
[30] which automatically extracts features in the original
state space and uses these features to construct a compressed
state space.

6. Conclusions

In this paper, we deal with the problem of how to
achieve optimal coordination in fully cooperative multiagent
systems. Firstly, we propose a cooperative multiagent Q-
learning algorithm called EAQR and analyze its dynamics
in seven repeated games. The results in these games show
that if there is only one optimal global immediate reward,
then EAQR can converge to it. However, if more than
one optimal global immediate reward exist, then EAQR
may not necessarily converge to any optimal global imme-
diate reward. Secondly, we test EAQR in two stochastic
games—one with four agents and the other with eight
agents. EAQR shows excellent performance in both tasks.
It achieves the theoretical optimal cumulative reward in
the DSN problem.

We will carry on our work towards three directions in the
future. Firstly, we have to find a way to depict the learning
process for stochastic games to help us find out why EAQR
works well in these tasks. Secondly, we will learn from
solutions to consensus [31, 32] to design new action
exploration methods that can be analyzed more trivially
and has rigorous theoretical proof in general cases. Thirdly,
we will employ convolutional neural networks and auto-
encoders to alleviate the curse of dimensionality of state
space in some collaborative tasks.

Table 4: Success rate for the DSN problem (evaluation
episodes = 5000).

L = 10,000 L = 50,000 L = 100,000

EAQR 47.4% 99.9% 100%

WoLF-PHC 22.8% 34.1% 33.7%

EMA Q-learning 7.8% 6.8% 7.1%

Single-agent RL 0 0 0

Table 5: Average cumulative reward for the DSN problem
(evaluation episodes = 5000).

L = 10,000 L = 50,000 L = 100,000

EAQR 41.23± 0.52 41.99± 0.003 42± 0

WoLF-PHC 39.96± 0.89 40.69± 0.73 40.74± 0.68
EMA Q-learning 36.59± 1.76 36.14± 1.82 36.21± 1.80
Single-agent RL 29.88± 1.57 33.16± 1.33 34.96± 1.05

Table 6: Minimal cumulative reward for the DSN problem
(evaluation episodes = 5000).

L = 10,000 L = 50,000 L = 100,000

EAQR 39.26 41.97 42

WoLF-PHC 37.65 38.71 38.82

EMA Q-learning 32.92 32.08 32.53

Single-agent RL 25.12 29.38 32.21

Table 7: Average steps for the DSN problem (evaluation
episodes = 5000).

L = 10,000 L = 50,000 L = 100,000

EAQR 3.65± 0.35 3.22± 0.26 3.12± 0.20

WoLF-PHC 3.64± 0.63 3.58± 0.64 3.69± 0.61
EMA Q-learning 3.81± 0.43 3.94± 0.44 3.93± 0.45
Single-agent RL 5.57± 0.25 5.3± 0.29 5.06± 0.27

Table 8: Maximal steps for the DSN problem (evaluation
episodes = 5000).

L = 10,000 L = 50,000 L = 100,000

EAQR 4.81 3.93 3.77

WoLF-PHC 5.34 5.34 5.67

EMA Q-learning 4.72 4.94 4.80

Single-agent RL 6.00 6.00 5.66
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This paper presents the robust stability analysis based on LMI for force feedback haptic interface systems with uncertain delay. A
full-order state observer is introduced to estimate states of the haptic device so as to directly obtain the feedback force, which
expands the stability range of the system environment parameters when comparing with that of the system without an observer.
By using the delay partitioning idea and the augmented state vector, the Lyapunov-Krasovskii functional is constructed, and
then the new stability criterion based on LMI is given in the paper. With this new stability criterion, the observer gains can also
be obtained directly. At last, a concrete example is used to prove the effectiveness and less conservativeness of this new approach.

1. Introduction

In recent years, the haptic interaction technique has been
widely used in various fields such as remote surgery, virtual
assembly, CAD (computer-aided design), maintenance in
space, undersea or nuclear facilities, and telerobot and virtual
prototyping [1]. The haptic interaction system is a typical
force feedback system, which consists of three parts: a haptic
device, a human operator, and a remote or virtual environ-
ment. The haptic device and the environment form a
closed-loop feedback system, which is known as the haptic
interface system [2, 3]. For this system, stability is the basic
requirement. Since people with subjective initiative are also
included in the system and the instabilities may hurt people,
the importance of stability for this kind of system becomes
more important [4, 5].

Many researchers use passivity as an analysis and design
tool for the haptic interface systems [1, 3, 6–8]. For example,
Colgate et al. consider the passivity of a haptic system and
derive the passivity condition by using the frequency domain
lifting technique [3]. Colgate et al. give the same passivity
condition by considering the whole haptic interface system
as a pure discrete time system. Woo and Lee derive a passiv-
ity condition for haptic interface systems including the

impedance of the operator [9]. By using the real frequency
characteristics of the system, Liu et al. give new passivity
and active boundaries [5]. Bianchini et al. present a passivity
condition in terms of LMI [10].

Although these passive conditions are almost accepted by
many researchers, the passive design is only a very conserva-
tive design approach, and the range of stability is generally
much larger than that of the passivity [11, 12]. Thus, for a sta-
ble human-computer interaction, the condition for passivity
is only a sufficient but not necessary condition, and seeking
for a less conservative stability condition becomes a crucial
issue to researchers [13–16].

It needs to be emphasized that for most of the control sys-
tems, especially for computer control systems, there are usu-
ally various time delays due to program calculation, data
processing, and communication [15]. Similarly, there are also
such delays in the haptic interface systems, which as a major
source of instability may not be ignored. Therefore, to study
the stability of the system, we must consider the influence of
time delays [17]. In order to obtain a more conservative
delay-dependent stability criterion for the system with time
delays, many methods have been proposed based on the
Lyapunov-Krasovskii functional [18–21]. By far, researchers
have made significant progress in this field. For example,
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the descriptor system approach [22], the free-weighting
matrix technique [23, 24], and the delay partitioning
approach [25–27].

In this paper, the haptic interface system with a virtual
environment for virtual wall implementation is studied. This
system is in fact a typical sampled-data control system with
an uncertain time-varying delay; thus, most of the research
on such system is based on the discrete time control theory.
For instance, based on LMIs, Dang et al. give the stability
conditions of the haptic interface systems implemented by
the virtual wall [2, 13, 15, 17]. In literatures [13, 15],
observers are also used to directly obtain the states of the
haptic device, but the state estimate errors are not included
in the Lyapunov-Krasovskii functional and the observer
gains cannot be directly obtained by solving the stability cri-
terion in terms of LMIs (linear matrix inequality). Allowing
this, a full-order state observer is used in this paper to esti-
mate the states of the haptic device so as to calculate the force
feedback [1, 3, 12]. The observer gains can be obtained by
solving the stability criteria in terms of LMI. An augmented
vector composed of states and state estimate errors is defined
and used in the Lyapunov-Krasovskii functional candidate.
Moreover, the utilization of the delay partitioning idea may
further improve the conservatism of the stability condition
given in this paper.

Other parts of the paper are arranged as follows. Section 2
gives the structure diagram and the model of the haptic inter-
face system. In Section 3, the discretized state space model for
the plant is constructed, and the full-order state observer is
presented. Section 4 gives the mathematical preliminaries
used in the paper. By using the delay partitioning idea and
the augmented state vector, a novel Lyapunov-Krasovskii
functional is constructed in Section 5, and then the new
stability criterion based on LMI is given in this section.
In Section 6, the effectiveness and less conservativeness of
the proposed approach are testified through a simulation
example. The conclusions are given in Section 7.

2. Model of the System

Figure 1 shows the structure diagram of the haptic system,
which is a one degree of freedom system and with an envi-
ronment for stiff virtual wall implementation. In Figure 1,
the haptic device is equivalent to the continuous plant, and
the virtual wall environment is equivalent to the discrete con-
troller. td denotes the uncertain delay. For the convenience of
the following analysis, we use the discrete-time form delay by
defining d = td/T and assuming that d k satisfies 1 ≤ dm ≤
d k ≤ dM , where dm and dM are both constant positive sca-
lars. H is a ZOH (zero order hold), f denotes the force sig-
nal exerted by a human operator, q is the displacement
output of the haptic device, u is the feedback signal from
the environment, which is also a force signal, and T is the
sampling period.

Since a human operator is also a part of the haptic inter-
face system, its dynamic model is also considered in some
studies. Simulation and experimental results in the literature
[7, 11, 12, 14, 16] show that the human operator may actually
make the system more stable, and this conclusion can be

further proved by Figure 2 in this paper. Therefore, the
dynamic model of the human operator can be ignored in
the stability analysis of the haptic interface system.

If the human operator model is considered and it is
assumed that the mass of the haptic device ism, the damping
coefficient of the haptic device is b, the mass of the human
operator is mh, the damping coefficient of the human opera-
tor is bh, the stiffness coefficient of the human operator is kh,
then the dynamic model of the human operator and haptic
device can be described as

m +mh q + b + bh q + khq = u + f 1

In view of the above analysis, the human operator model
will be ignored in the following parts of the paper. Thus, the
dynamic model of the haptic device (plant) is described as
x1 = q

mq + bq = u + f 2

The state vector x = x1 x2 T is chosen as and x2 = q = v
(v is the velocity of the haptic device); the output is cho-
sen as y = x1 = q; then the state space expression for the
haptic device is

f

−

Virtual
environment 

q
⁎

Fe
⁎

qHaptic
device

e−tds

T

u(t-td)

H

𝑢

Figure 1: Structure diagram of the haptic interface system.
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x = Ax + B1u + B2 f ,
y = Cx,

3

where

A =
0 1

0 −
b
m

,

B1 = B2 =
0
1
m

,

C = 1 0

4

For the stiff virtual wall environment, it is composed of a
virtual spring and a damper in mechanical parallel. Defining
the stiffness of the spring as Ke and the damping coefficient of
the damper as Be and assuming the position of the virtual
wall is equal to zero, the virtual force is then given by

Fe =
Keq + Beq, contact ;
0, noncontact ;

5

where q in (5) is the displacement of the haptic device.

3. Realization of the State Observer

In order to obtain the discrete state observer, we should first
derive the discretized model of the haptic device. By combin-
ing ZOH, the sampler, and the delay d k with the haptic
device, we can get the following discretized model of the
haptic device:

x k + 1 = Adx k + B1du k − d k + B2d f k ,
y k = Cdx k ,

6

where

Ad = eAT ,

B1d = B2d =
T

0
eAtB1dt,

Cd = C

7

Since the discrete-time signals q∗ and v∗ are needed to
compute the feedback force F∗

e , a full-order state observer is
used here to estimate the discrete-time states (q∗ and v∗) of
the haptic device.

According to the systemmodel in expression (6), the full-
order state observer is of the following form:

x̂ k + 1 = Adx̂ k + B1du k − d k + Ld y k − ŷ k ,
ŷ k = Cd x̂ k

8

Defining the state estimation error as e k = x k − x̂ k ,
we can get the following dynamic equation:

e k + 1 = Ad − LdCd e k + B2d f k 9

Considering the following control law:

u k = −Kd x̂ k = − Ke Be x̂ k 10

And defining the augmented vector as

α k =
x k

e k
11

The following augmented closed-loop system can be
obtained:

α k + 1 = Aα k + B1u k − d k + B2 f k ,
y k = Cα k ,

12

where

A =
Ad 0
0 Ad − LdCd

,

B1 =
−B1dKd B1dKd

0 0
,

B2 =
B2d

B2d
,

C = Cd 0

13

From expression (12), we can get the discrete-time
state space (14), which will be used for the next asymptotic
stability analysis:

x k + 1

e k + 1
=

Ad 0

0 Ad − LdCd

x k

e k

+
−B1dKd B1dKd

0 0

x k − d k

e k − d k

14

4. Mathematical Preliminaries

The following lemmas are prepared for the next derivations.

Lemma 1 [28]. For the given matrices X and Y with appropri-
ate dimensions, one has

XTY + YTX ≤ εXTX + ε−1YTY , ∀ε > 0 15

Lemma 2 [13]. For any symmetric positive definite matrix
R ∈ℝn×n, integers q ≥ p > 0, and vector function x p, q →
ℝn, the following inequality holds

− q − p + 1 〠
q

i=p
xT i Rx i ≤ 〠

q

i=p
x i

T

−R 〠
q

i=p
x i

16
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Lemma 3 (Schur complement) [29]. Given the constant
matrices M, N, and Q with appropriate dimensions, where
MT =M andQT =Q > 0, thenM +NTQ−1N < 0 if and only if

M NT

N −Q
< 0, 17

or equivalently

−Q N

NT M
< 0 18

5. Main Results

A novel Lyapunov-Krasovskii functional is constructed for
the discrete-time haptic interface system (14), and then a
new stability criterion based on LMI will be given in this sec-
tion. The main result is as follows.

Theorem 1. For the given positive integers τ and dM , the
discrete-time system (14) is asymptotically stable if the LMI
in inequality (19) holds. Where the variables should satisfy
ε > 0 and P1, P2,Q1,Q2,Q3,Q4,Q5,Q6, R1, R2, R3, R4, Z1,
andZ2 are positive matrices with appropriate dimensions,

where ρ = dM − dm = dM − 3τ.

Ω11′ = −P1 +Q1 + R1 + ρ + 1 R3 − Z1,
Ω22′ = ε−1AT

d Ad − P2 +Q2 + R2 + ρ + 1 R4
20

Proof. Firstly, by using the delay partitioning idea [25], the
lower bound of delay d k can be described as dm =Nτ,
where N and τ are integers. Then one can express the
time delay d k as d k = dm + δ k =Nτ + δ k , where
δ k ∈ 0, dM −Nτ . In the following derivations, one
chooses dm = 3τ (N = 3) to divide dm into three parts.

Now, one chose the Lyapunov-Krasovskii functional as

V k = 〠
7

i=1
Vi k , 21

where

V1 k = αT k
P1 0
0 P2

α k ,

V2 k = 〠
k−1

i=k−τ
αT i αT i − τ αT i − 2τ

Q1 0

0 Q2

0 0

0 0

0 0

0 0

0 0

0 0

Q3 0

0 Q4

0 0

0 0

0 0

0 0

0 0

0 0

Q5 0

0 Q6

α i

α i − τ

α i − 2τ

,

V3 k = 〠
k−1

i=k−dM
αT i

R1 0
0 R2

α i ,

Ω11′ 0 0 0 Z1 0 0 0 0 0 0 0 AT
d P1 Ad − I TZ1 Ad − I TZ2 0 0 0

∗ Ω22′ 0 0 0 0 0 0 0 0 0 0 0 0 0 AT
d P CT

dV CT
d V

∗ ∗ −R3 − 2Z2 0 0 0 0 0 Z2 0 Z2 0 −KT
d B

T
1dP1 −KT

d B
T
1dZ1 −KT

d B
T
1dZ2 0 0 0

∗ ∗ ∗ −R4 0 0 0 0 0 0 0 0 KT
d B

T
1dP1 KT

d B
T
1dZ1 KT

d B
T
1dZ2 0 0 0

∗ ∗ ∗ ∗ Q3 −Q1 − Z1 0 0 0 0 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ Q4 −Q2 0 0 0 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Q5 −Q3 0 0 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Q6 −Q4 0 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q5 − Z2 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q6 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −R1 − Z2 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −R2 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P1 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −

1
τ2

Z1 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −
1
ρ2

Z2 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P2 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −P2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε−1I

< 0,

19
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V4 k = 〠
k−1

i=k−d k

αT i
R3 0
0 R4

α i ,

V5 k = 〠
−dm

j=dM+1
〠
k−1

i=k+j
αT i

R3 0
0 R4

α i ,

V6 k = τ 〠
−1

j=−τ
〠
k−1

i=k+j
ΔxT i Z1Δx i ,

V7 k = dM − dm 〠
−dm−1

j=−dM
〠
k−1

i=k+j
ΔxT i Z2Δx i ,

Δx k = x k + 1 − x k

22
Defining ΔV k =V k + 1 − V k . Then by using the

state-space (14), one can get

ΔV1 k = xT k + 1 P1x k + 1 − xT k P1x k

+ eT k + 1 P2e k + 1 − eT k P2e k

= xT k AT
d P1Ad − P1 x k − 2xT k AT

d P1B1dKdx

k − d k + 2xT k AT
d P1B1dKde k − d k

+ xT k − d k KT
d B

T
1dP1B1dKdx k − d k

− 2xT k − d k KT
d B

T
1dP1B1dKde k − d k

+ eT k − d k KT
d B

T
1dP1B1dKde k − d k

+ e k AT
d P2Ad − P2 − AT

d P2LdCd

− CT
d L

T
d P2Ad + CT

d L
T
d P2LdCd e k ,

23

By using Lemma 1, one has

ΔV1 k ≤ xT k AT
d P1Ad − P1 x k − 2xT k AT

d P1B1dKdx

k − d k + 2xT k AT
d P1B1dKde k − d k

+ xT k − d k KT
d B

T
1dP1B1dKdx k − d k

− 2xT k − d k KT
d B

T
1dP1B1dKde k − d k

+ eT k − d k KT
d B

T
1dP1B1dKde k − d k

+ e k AT
d P2Ad − P2 + εCT

d L
T
d P2P2LdCd

+ ε−1AT
d Ad + CT

d L
T
d P2LdCd e k ,

24

ΔV2 k = xT k Q1x k + eT k Q2e k + xT k − τ

Q3 −Q1 x k − τ + eT k − τ Q4 −Q2 e k − τ

+ xT k − 2τ Q5 −Q3 x k − 2τ + eT k − 2τ
Q6 −Q4 e k − 2τ − xT k − dm Q5x k − dm

− eT k − dm Q6e k − dm ,
25

ΔV3 k = xT k R1x k + eT k R2e k − xT k − dM R1x

k − dM − eT k − dM R2e k − dM ,
26

ΔV4 k = 〠
k+1

i=k+1−d k+1
αT i

R3 0

0 R4

α i

− 〠
k

i=k−d k

αT i
R3 0

0 R4

α i

≤ αT k
R3 0

0 R4

α k − αT k − d k

R3 0

0 R4

α k − d k

+ 〠
k−dm

i=k−dM+1
αT i

R3 0

0 R4

α i ,

27

ΔV5 k = dM − dm αT k
R3 0

0 R4

α k

− 〠
k−dm

i=k−dM+1
αT i

R3 0

0 R4

α i

28

Define ρ = dM − dm, then from (27) and (28), one can get

ΔV4 k + ΔV5 k

≤ xT k ρ + 1 R3 x k

+ eT k ρ + 1 R4 e k

− xT k − d k R3x k − d k

− eT k − d k R4e k − d k

29

By using Lemma 2, one has

ΔV6 k = τ2ΔxT k Z1Δx k − τ 〠
k−1

i=k−τ
ΔxT i Z1Δx i

≤ τ2xT k Ad − I TZ1 Ad − I x k

− 2τ2xT k Ad − I TZ1B1dKdx k − d k

+ 2τ2xT k Ad − I TZ1B1dKde k − d k

+ τ2xT k − d k KT
d B

T
1dZ1B1dKdx k − d k

− 2τ2xT k − d k KT
d B

T
1dZ1B1dKde k − d k

+ τ2eT k − d k KT
d B

T
1dZ1B1dKde k − d k

−
x k

x k − τ

T −Z1 Z1

Z1 −Z1

x k

x k − τ

30

Similarly, by using Lemma 2, one can get
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ΔV7 k = ρ2ΔxT k Z2Δx k − ρ 〠
k−dm−1

j=k−d k

ΔxT i Z2Δx i

− ρ 〠
k−d k −1

j=k−dM
ΔxT i Z2Δx i

≤ ρ2xT k Ad − I TZ2 Ad − I x k

− 2ρ2xT k Ad − I TZ2B1dKdx k − d k

+ 2ρ2xT k Ad − I TZ2B1dKde k − d k

+ ρ2xT k − d k KT
d B

T
1dZ2B1dKdx k − d k

− 2ρ2xT k − d k KT
d B

T
1dZ2B1dKde k − d k

+ ρ2eT k − d k KT
d B

T
1dZ2B1dKde k − d k

−
x k − dM

x k − d k

T −Z2 Z2

Z2 −Z2

x k − dM

x k − d k

−
x k − d k

x k − dm

T −Z2 Z2

Z2 −Z2

x k − d k

x k − dm
31

Denoting

ξT k = xT k , eT k , xT k − d k ,
eT k − d k , xT k − τ , eT k − τ ,
xT k − 2τ , eT k − 2τ , xT k − dm ,
eT k − dm , xT k − dM , eT k − dM

32

Then, from (23), (24), (25), (26), (27), (28), (29), (30),
and (31), one has

ΔV k = 〠
7

i=1
ΔVi k ≤ ξT k Ωξ k , 33

where

with

Ω11 = AT
d P1Ad − P1 +Q1 + R1 + ρ + 1 R3

+ τ2 Ad − I TZ1 Ad − I − Z1

+ ρ2 Ad − I TZ2 Ad − I ,

Ω13 = −AT
d P1B1dKd − Ad − I TZ1B1dKd

− Ad − I TZ2B1dKd ,

Ω14 = AT
d P1B1dKd + Ad − I TZ1B1dKd

+ Ad − I TZ2B1dKd ,

Ω22 = AT
d P2Ad + εCT

d L
T
d P2P2LdCd + ε−1AT

d Ad

+ CT
d L

T
d P2LdCd − P2 +Q2 + R2 + ρ + 1 R4,

Ω33 = KT
d B

T
1dP1B1dKd − R3 + KT

d B
T
1dZ1B1dKd

+ KT
d B

T
1dZ2B1dKd − 2Z2,

Ω =

Ω11 0 Ω13 Ω14 Z1 0 0 0 0 0 0 0
∗ Ω22 0 0 0 0 0 0 0 0 0 0
∗ ∗ Ω33 Ω34 0 0 0 0 Z2 0 Z2 0
∗ ∗ ∗ Ω44 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ Q3 −Q1 − Z1 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ Q4 −Q2 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ Q5 −Q3 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ Q6 −Q4 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q5 − Z2 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q6 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −R1 − Z2 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −R2

, 34
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Ω34 = −KT
d B

T
1dP1B1dKd − KT

d B
T
1dZ1B1dKd

− KT
d B

T
1dZ2B1dKd ,

Ω44 = KT
d B

T
1dP1B1dKd + KT

d B
T
1dZ1B1dKd

+ KT
d B

T
1dZ2B1dKd − R4

35

Then, the delay-dependent stability condition for system
(14) is Ω < 0.

Defining LTd =VP−1
2 , then the condition Ω < 0 is equiva-

lent to the inequality (19) by using the Schur complement
(Lemma 3). This completes the proof.

Remark 1. In the Lyapunov-Krasovskii functional V k , the
summation term V4 k and double summation term V5 k
use the same matrix variables R3 and R4. On one hand,
the number of matrices that need to be solved is reduced,
and the total amount of calculation is reduced. On the
other hand, in the process of solving the forward difference
ΔV4 k and ΔV5 k , the terms

+ 〠
k−dm

i=k−dM+1
αT i

R3 0
0 R4

α i , 36

and

− 〠
k−dm

i=k−dM+1
αT i

R3 0
0 R4

α i , 37

cancelled each other, which simplifies the final result of
Theorem 1.

Remark 2. By introducing the partitioned delay τ into the
double summation term V6 k , the time delay information
of the system is fully utilized, and it is expected that the
results obtained in this paper are less conservative.

Remark 3. The double summation term V7 k introduces
the time delay bound information dm and dM . During
the process of solving the forward difference ΔV7 k , the

term −ρ∑k−dm−1
j=k−dMΔxT i Z2Δx i is divided into two parts:

−ρ∑k−dm−1
j=k−d k ΔxT i Z2Δx i and −ρ∑k−d k −1

j=k−dM ΔxT i Z2Δx i ,

then the time delay information d k is increased, which
is expected to reduce the possible conservatism. This can
be further proved by the following examples.

6. Numerical Simulation Results

We adopt the parameters of the haptic interface in literatures
[3, 5, 30]: m = 0 5 kg and b = 0 1 N·s/m. Supposing the sam-
pling period is T = 0 001 s.

According to expression (3), the continuous plant of the
system is given by

x =
0 1
0 −0 2

x +
0
2

u +
0
2

f ,

y = 1 0 x
38

With

A =
0 1
0 −0 2

,

B =
0
2

,

C = 1 0

39

According to (6), the corresponding discretized state
space matrixes are

Ad =
1 0 9999 × 10−3

0 0 9998
,

Bd =
0 9999 × 10−6

0 1999 × 10−2
,

Cd = 1 0

40

The special case of d k = 0 is firstly considered here. For
comparison with the passivity conditions in previous litera-
tures, we define two dimensionless parameters α = Be/ KeT
and β = b/Be. The passivity and stability regions in the α − β
plane with d k = 0 are shown in Figure 3. Where the dotted
line is the passivity bound provided by the literature [3, 30],
the dashed line is the passivity bound by the literature [5],
and the solid line shows the stability bound. From Figure 3,
we can conclude that the passivity domain is only a small
region contained in the stability domain.

To further testify the influence of the human operator
model, the stability regions of the system with different oper-
ator models are given in Figure 2. Parameters [11, 14] for the
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100
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Figure 3: Passivity and stability regions in the α–β plane (without
delay).
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human operator model are shown in Table 1. The curve 0 in
Figure 2 is the stability region for the system without the
human operator model for d k = 0, and curves 1 to 6
denotes the stability regions for different operator parameters
in Table 1. As can be seen from Figure 2, the stability region
for the system without considering the human operator
model is the smallest one. That is to say, the human operator
can actually make the system more stable.

We now add the time-varying delay d k into the haptic
system. Parameters of the feedback control law (virtual wall)
in expression (10) are selected as Ke = 760, Be = 40 (α ≈ 52
and β = 0 0025). Supposing that the lower delay bound is
dm = 3τ. According to the main results of Theorem 1 in this
paper, we can see that system (14) is asymptotically stable
for dM ≤ 15. The allowable maximum dM for different τ is
presented in Table 2.

The observer gains for different cases are as follows:

Ld1 = 2 651 1748 T , dm = 3, τ = 1, dM = 6, 41

Ld2 = 2 996 2220 T , dm = 6, τ = 2, dM = 10,
Ld3 = 3 7117 3442 T , dm = 9, τ = 3, dM = 15

42

Introducing the maximum delay dM = 15, the real and
observed states (displacement q and velocity v) of the haptic
interface system under the sinusoidal input of f t are shown
in Figures 4 and 5. In Figure 5, curve 0 denotes the real veloc-
ity and curves 1 to 3 denote the observed velocity with the
observer gain Ld1 to Ld3, respectively. From Figures 4 and 5,
we can see that the minimum state estimate errors are
obtained by using the observer gains Ld3 in (42). Thus, the
observer gains Ld3 will be used in the following simulations.

Figure 6 shows the stability regions in the B–K paramet-
ric plane with different dM . As can be seen from Figure 6, the
maximum time delay is closely related to the stability of the
system. The larger the upper delay bound dM is, the smaller
is the stability region.

Table 3 lists the maximum stiffness Ke and the corre-
sponding damping coefficient Be under different dM . As can
be seen from Figure 3, Table 3, and Figure 6, the allowable
virtual wall parameters are far greater than the passive ones.

To further testify advantages of the stability criterion
proposed in this paper, we also use other methods in
existing literatures for the above plant (40). Table 4 lists
the allowable maximum delay upper bounds dM for different

Table 1: Parameters for different operator models [11, 14].

Model mh (kg) bh (N·s/m) kh (N/m)

1 17.51 175.12 175.12

2 4.54 6.83 12.5

3 2.0 2.0 10.0

4 1.0 12.6 39.5

5 0.8 5.5 568

6 0.15 0.5 7.0

Table 2: Allowable maximum dM for different τ.

dm 3 6 9

τ 1 2 3

dM 6 10 15
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dm. From Table 4, we can see that the results by using the
approach proposed in this paper are obviously superior to
those of the existing literatures, so the advantages and less
conservativeness of the stability criterion given in this paper
are further proved.

7. Conclusions

This paper presents the robust stability analysis based on
LMI for force feedback haptic interface systems with uncer-
tain delay. By using the delay partitioning approach and aug-
mented vector composed of states and state estimate errors, a
novel less conservative stability criterion is obtained based on
LMI. Through a concrete haptic example, it can be concluded
that the passive condition is only a small region contained in
the stability domain, and the maximum time delay has a great
effect on the stability of the system. By comparing with the
results available in the existing literatures, the advantages
and less conservativeness of the stability criterion given in
this paper are further proved.
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To achieve automatic generation control coordination in the islanded smart grid environment resulted from the increasing
penetration of renewable energy, a novel ecological population cooperative control (EPCC) strategy is proposed in this paper.
The proposed EPCC, based on the new win-loss criterion and the time tunnel idea, can compute the win-loss criterion
accurately and converge to Nash equilibrium rapidly. Moreover, based on a multiagent system stochastic consensus game
(MAS-SCG) framework, a frequent information exchange between agents (AGC units) is implemented to rapidly calculate
optimal power command, which achieves the optimal cooperative control of the islanded smart grid. The PDWoLF-PHC(λ),
WPH strategy (wolf pack hunting), DWoLF-PHC(λ), Q(λ)-learning, and Q-learning are implemented into the islanded smart
grid model for the control performance analysis. Two case studies have been done, including the modified IEEE standard two-
area load frequency control power system model and the islanded smart grid model with distributed energy and microgrids. The
effectiveness, stronger robustness, and better adaptability in the islanded smart grid of the proposed method are verified.
Compared with five other smart ones, EPCC can improve convergence speed than that of others by nearly 33.9%–50.1% and the
qualification rate of frequency assessment effectively by 2%–64% and can reduce power generation cost.

1. Introduction

Microgrid is an effective way to improve the utilization
and permeability of distributed energy, which has attracted
widespread attention from many researchers [1–3]. How-
ever, the lack of support from the power grid and the
uncertainty of environment and load fluctuations make
the control strategy of microgrid a focus research point
[4, 5]. The concept of a virtual synchronous generator in
microgrid was proposed in [6], and the feasibility of
applying centralized frequency control of a traditional
power system into microgrid was analyzed in detail. In [7],
a centralized automatic generation control (AGC) controller
based on reinforcement learning in an island operation mode
was proposed, which realized the AGC and frequency regula-
tion in microgrid. However, considering utilization of

distributed energy, it is difficult to realize cooperative control
between provincial dispatching and regional dispatching in
AGC-centralized control mode [8]. As to the control method,
the reinforcement learning has been applied into traditional
centralized AGC for interconnected power grid to solve the
stochastic disturbance caused by distributed energy access
to the power grid in our previous studies [9–14].

However, all the above are centralized control methods,
which require lots of remote information and have slow
dynamic response and dis-satisfactory control performance
of the centralized control method. Consequently, a study of
the distributed control method becomes particularly neces-
sary. In [15], the energy storage system in microgrid based
on the distributed control multiagent consensus method
was proposed, which solved the active power fluctuation on
the common coupling point. Then a distributed stable
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modular control method for independent microgrid was put
forward in [16], which solved the stability and convergence
of complex microgrid. Moreover, it demonstrated in [17]
that a distributed control method for daily voltage and daily
power could handle the nonlinear integer programming in
distribution grid.

The authors have also completed some previous studies
on distributed control. In the authors’ published paper [18],
based on the heterogeneous multiagent system stochastic
game (MAS-SG) principle, the decentralized win or learn fast
policy hill-climbing(λ) (DWoLF-PHC(λ)) was proposed to
obtain dynamic optimization control on AGC total com-
mand, in which average mixed strategy is used instead of
equilibrium strategy. However, the total power command of
the provincial dispatch center was achieved through a fixed
proportion of the adjustable capacity rather than a dynamic
optimization, and multisolution problem may emerge when
agent number explodes, which may lead to a severe system
stability collapse. So a method should be sought to solve the
above problem.

Homogeneous multiagent system collaborative consen-
sus (MAS-CC) is not only used in military, shipping, robot,
and so on but also used in the power system control field
[19]. In addition, the incremental consensus acceleration
algorithm was proposed to obtain optimal operation of
microgrids in [20]. In [21], the problem of decentralized
autonomy for economic dispatch was effectively resolved
through a collaborative dynamic agent framework. It was
demonstrated in [22] that the PI controller was widely used
to obtain the total power command, while the homogeneous
MAS-CC theory was used to dynamically dispatch the total
power command. However, the distributed dynamic optimal
control is usually ignored in the study of the total power
command. There are so rare available literatures that
included a study on the dynamic optimal control and dis-
patch of AGC total power command simultaneously, which
means a true intelligence from the whole and the part.

Therefore, this paper attempts to explore an AGC
method with a hierarchical and distributed control (HDC)
structure to solve the above problem. Based on authors’
previous work [23–25], a novel multiagent system stochastic
consensus game (MAS-SCG) framework was designed
through the combination of MAS-SG and MAS-CC frame-
works to solve the basic problem of “homogeneous/heteroge-
neous multiagent mixed stochastic game.” Based on this
framework, an ecological population cooperative control
(EPCC) strategy is proposed, which can realize the total
cooperative control and optimization of a distributed HDC
system, to resolve the multisolution problem and stochastic
disturbance problems arising from distributed energy access.
Two case studies have been done, including the modified
IEEE standard two-area load frequency control power system
model and the islanded smart grid model with distributed
energy and microgrids. The effectiveness, stronger robust-
ness, and better adaptability in the islanded smart grid of
the proposed algorithm are verified. Compared with five
other smart methods, EPCC can improve convergence speed
and the qualification rate of frequency assessment and can
reduce power generation cost.

2. AGC Control Framework Based on
HDC Structure

Taking the high voltage DC separatrix as the boundary,
the large power grid can be virtually divided into multiple
small regional power grids through a graph cut method.
Figure 1 describes the islanded smart grid with an HDC
structure [26], which can obtain the total power command
through the game among each area, along with the unit’s
own optimal power command through the communica-
tion over each unit with its adjacent unit. The distributed
energy group is regarded as a “virtual generation ecosys-
tem (VGE)” in Figure 1. Here, the ecosystem indicates
that various distributed energies are equivalent to a natu-
ral biological population, whose characteristics can be
used to solve the control system. Cyber connection refers
that each VGE area will be disconnected from the main
power grid automatically into the island operation when
a serious failure occurs in the system; the physical con-
nection refers that each VGE area maintains the system
steady-state operation through a physical and network
information connection.

3. Ecological Population Cooperative Control

The ecological population cooperative control (EPCC)
proposed in this paper is developed by the combination of
MAS-SG and MAS-CC to get the distributed equilibrium
solution for the islanded smart grid, which can obtain global
control and optimization of this grid.

3.1. MAS-SG Theory. Based on the MAS-SG, the novel
PDWoLF-PHC(λ) with the idea of time tunnel is put
forward to obtain dynamic optimal power command,
such that the optimal control for the islanded smart grid
is acquired.

The win or learn fast (WoLF) principle has already been
studied thoroughly by many scholars. The learning rate will
be accelerated when the player fails and will be decelerated
when the player wins to maintain the original strategic
advantage [27]. The player’s win-loss is determined by
comparing the current strategy with the average strategy.
But in the 2× 2 game, the player cannot accurately calculate
over WoLF win-loss criterion. The decision of its extended
algorithm can only be gained based on a valuation equilib-
rium reward, such as WoLF-PHC. Therefore, an improved
WoLF version, policy dynamics-based WoLF (PDWoLF)
principle, was put forward in [28], in which the decision
change rate and the decision space slope value were adopted
to be the assessment factors. If the product of them is less
than 0, the player wins.

In [28], by combining the policy hill-climbing (PHC)
with PDWoLF, the extended PDWoLF-PHC algorithm is
proposed. With variable learning rate, the algorithm con-
verges to the optimal solution by reacting to the environmen-
tal changes and adjusting the adaptive self-strategy in the
multiagent system. The algorithm is rational as well as
convergent. In general, WoLF-PHC can estimate the value
directly to acquire decisions based on the valuation
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equilibrium reward. But the way of comparison between the
average strategy and the current strategy cannot be used as a
win-loss criterion in more than 2× 2 games. However,
PDWoLF-PHC can directly obtain the decision according
to the dynamic development of the joint trajectory in its
phase space. This principle provides PDWoLF-PHC a faster
convergence, a lower decision-making error rate, and a better
stability of the global learning process.

For a given agent, the win-loss criterion of PDWoLF-
PHC is determined by two parameters φwin and φlose. Let
the agent in state sk and with reward function R, based on a
mixed strategy table π sk, ak , and after an exploration action
ak, it will transit to state sk+1. The updating rules of π sk, ak
are as follows:

π sk, ak ← π sk, ak + Δskak
,

Δskak
=

−δskak ,  if ak ≠ arg maxak+1Q sk, ak+1 ,

〠δskak+1 ,  otherwise,

δskak =min π sk, ak , φ

Ai − 1 ,

1

where Δskak
is variable quantity during the strategy update,

Ai is the number of action under state sk, φ is the vari-
able learning rate, and φlose > φwin. The updating rule is
described as

φ =
φwin,  if Δ sk, ak ⋅ Δ2 sk, ak < 0,
φlose,  otherwise,

2

where Δ sk, ak is the decision change rate and Δ2 sk, ak
is the decision space slope value. If the product of the
decision change rate Δ sk, ak and the decision space slope
Δ2 sk, ak is less than 0, then the agent wins and selects
φwin, otherwise selects φlose. Δ sk, ak and Δ2 sk, ak are
individually updated by

Δ2 sk, ak ← Δskak
− Δ sk−1, ak−1 ,

Δ sk, ak ← Δskak

3

The PDWoLF-PHC(λ) algorithm which integrates
PDWoLF-PHC [28] and time tunnel idea is put forward
in the paper, and it is based on the Q-learning framework.
Q-learning [29] presented by Watkins in 1989 is a rein-
forcement learning algorithm with a strong self-learning
ability and can obtain the optimal solution through
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Figure 1: AGC control framework based on HDC structure for the islanded smart grid.
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continuous trial-and-error and environmental interaction.
The optimal target value function Vπ∗

s and strategy
π∗ s are as follows:

Vπ∗
s =max

a∈A
Q s, a ,

π∗ s = arg max
a∈A

Q s, a ,
4

where A is the set of actions.

The time-varying multi-step backtrack eligibility trace
[30] can be considered a time tunnel. The frequency of
each joint action strategy is recorded into the time tunnel
to update the iterative Q value of each action strategy.
Furthermore, in each iterative process, the joint state and
action are recorded into the time tunnel, which gives the
reward and punishment of the multistep historical
decision-making in the learning process. The Q function
and time tunnel are recorded in the form of a two-
dimensional state-action lookup table. The frequency and

Evaluate the SARSA(0) value function error Mk (6)

Choose variable learning rate 𝜑 (2)

MAS-SG

Output the total power command ΔP𝛴

Output power command of each unit

Apply a consensus algorithm (11) or (12)

Calculate regulation power ΔPGi (20)

Calculate the consensus variable ωi and the unit
regulation power ΔPGi (14)

Is the generation constraint
exceeded? 

AGC units

Power disturbance

Frequency deviation 𝛥f, generation cost
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Calculate regulation power deviation ΔPerror (13)

max
≤ΔPerrorΔPerror

Yes

No
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No
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Calculate the single-step Q function error (6)

Let ek+1(s, a)= ek(s, a);
update the Q function Qk(s, a) from Qk+1(s, a) (7)

Resolve the mixed strategy 𝜋 (s, a) (1)

Update the Q function Qk(sk, ak) to Qk+1(sk, ak) (7)

Update the time tunnel element (5); let e(sk, ak)←e(sk, ak)+1

Update Δ(sk, ak) and Δ2 (sk, ak) (3)

The islanded
smart grid 

Figure 2: The execution steps of the EPCC.
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the recency information of the historical decision-making
process are combined in the time tunnel to obtain the
optimal Q function of the AGC controller. The multistep
information updating mechanism of the Q function is
obtained by the backward valuation of the time tunnel.

In the paper, the SARSA(λ) algorithm [31] based on the
time tunnel idea is chosen. The tunnel time based on
SARSA(λ) is expressed as

ek+1 s, a =
γλek s, a + 1,  if s, a = sk, ak ,
γλek s, a ,  otherwise,

5

where ek s, a is the time tunnel at kth step iteration under
state s and action a, γ is the discount factor, and λ is time
tunnel attenuation factor.

The agent calculates the evaluation of the current value
function errors through reward value R obtained in the
current exploring, which is given as

ρk = R sk, sk+1, ak + γQk sk+1, ag −Qk sk, ak ,

Mk = R sk, sk+1, ak + γQk sk+1, ag −Qk sk, ag ,
6

where R sk, sk+1, ak is the agent’s reward function from
state sk to sk+1 under the selected action ak, ag is the
greedy action strategy, ρk is the Q function error of the
agent at the kth iteration, and Mk is the evaluation of Q
function error.

Q λ algorithm [32] is updated iteratively as follows:

Qk+1 sk, ak =Qk+1 sk, ak + αMkek sk, ak ,
Qk+1 sk, ak =Qk+1 sk, ak + α ρk,

7

where α is the learning rate.
With sufficient trial-and-error iterations, the state value

function Qk s, a will converge to Q∗ matrix with the proba-
bility of 1, and finally, an optimal control strategy repre-
sented by Q∗ matrix will be acquired.

3.2. MAS-CC Theory. Based on the MAS-CC, the consensus
algorithm based on the equal incremental principle is
adopted to achieve dynamic optimal AGC unit dispatch, so
that the optimization for the islanded smart grid system is
realized.

3.2.1. Graph Theory. The topology of the MAS can be
expressed as a digraph G = V , E,A with a set of nodes
V = v1, v2,… , vn , the edge set E ⊆V × V , and the weighted
adjacency matrix B = bij R

n×n, where vi represents the ith
agent and the edge stands for the relationship among agents;
constant bij bij ≥ 0 is the weight factor among agents. If
there is a connection between any two vertexes, then the
graph G is called a directed strongly connected graph. The
Laplace matrix L = lij R

n×n of digraph G is given as

lii = 〠
n

j=1,j≠i
bij, lij = −bij, ∀i ≠ j, 8

where L determines the topology of MAS.

3.2.2. The First-Order Consensus Algorithm of a Discrete
System. For the digraph G, an MAS consisting of n autono-
mous agents is treated as a node. The purpose of the consen-
sus algorithm is to obtain a consensus among each agent and
to update state in real time after communicating with adja-
cent agents. Due to the communication delay among agents,
the first-order consensus algorithm of a discrete system can
be written by

xi k + 1 = 〠
n

j=1
dij k xj k , 9

where xi is the state of the ith agent, k represents the discrete
time series, and dij k denotes the i, j item of the row sto-
chastic matrix D = dij k ∈ Rn×n at discrete time k, which is
given as

dij k =
lij

〠n
j=1 lij

, i = 1, 2,… , n 10

The collaborative consensus can be achieved if and only if
the digraph is strongly connected on the condition of contin-
uous communication and constant gain bij.

3.2.3. Consensus Algorithm Based on Equal Incremental
Principle. According to (9), the consensus algorithm based
on equal incremental principle is expressed as

ωi k + 1 = 〠
n

j=1
dij k ωj k , i = 1, 2,… , n 11

When the power deviation is introduced to the con-
sensus update of the chief unit who communicates with
other units and sends an optimal power command to
them [23], which meets the power constraints, it can be
calculated by

ωi k + 1 = 〠
n

j=1
dij k ωj k + εΔPerror, 12

where the ΔPerror is the difference between the total power
and the total regulation power of all units, which is calculated
by

ΔPerror = ΔPΣ − 〠
n

i=1
ΔPGi 13

Therefore, considering the consensus of the generation
constraints, the equation is updated as follows:

ωi = ωi,lower, if ΔPGi < ΔPmin
Gi ,

ωi k + 1 = 〠
n

j=1
dij ωj k , if ΔPmin

Gi ≤ ΔPGi ≤ ΔPmax
Gi ,

ωi = ωi,upper, if ΔPGi > ΔPmax
Gi ,

14

where ωi,lower and ωi,upper are the consensus variables of the
ith agent.
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3.2.4. Virtual Consensus Variable. From (14), it can be seen
that the update of the consensus variable is restricted by the
maximum and minimum of the regulation capacity of the
unit. Basically, if the unit capacity exceeds the active power
limitation, this limitation will be selected as a consensus
variable and will not update anymore. The jump change of
update rules means that the dimensions of the topology
matrix D and its element dij will change frequently. In
addition, it is necessary to seek an effective method to solve
real-time varying topology to meet the demand of plug-
and-play for the islanded smart grid.

Hence, the virtual consensus variable is proposed in this
paper to deal with the above issue. As shown in (14), it is
not necessary to consider the unit power constraint under a
self-update condition, so that the amount of calculation can
be greatly reduced.

Moreover, the real consensus variable ωi can be achieved
by the virtual connection between one and reserve unit
through virtual consensus variables ωi,virtual along with cor-
rection on power constraints. So plug-and-play function
can be accomplished without any further modification of
the system topology.

The real consensus variable ωi is obtained as

ωi =
ωi,lower,  if ωi,virtual < ωi,lower,
ωi,virtual,  if ωi,lower ≤ ωi,virtual ≤ ωi,upper,
ωi,upper,  if ωi,virtual > ωi,upper

15

3.2.5. AGC Power Dispatch Model for the Islanded Smart
Grid. In the islanded smart grid, the generation cost is chosen
as the consensus variable for all units, which is usually
expressed by the following equation:

Ci PGi = aiP
2
Gi + biPGi + ci, 16

where PGi represents the active power of the ith unit, Ci is the
power generation cost of the ith unit, and the positive con-
stants ai, bi, and ci are the coefficients of the power genera-
tion, respectively.

Therefore, the power generation cost for the power dis-
patch of the specified AGC is given as follows:

Ci PGi,actual = Ci PGi,plan + ΔPGi = σiP
2
Gi + βiPGi + ψi,

17

where PGi,actual is the actual active power of the ith unit,
PGi,plan represents the planned generation power of the ith
unit, ΔPGi means the AGC regulation power of the ith unit,

and the positive constant σi, βi, ψi indicates the dynamic
coefficient under the power disturbances, in which σi = ai,
βi = 2aiPGi,plan + bi, and ψi = 2 aiP2

Gi,plan + bi + ci.
For a system consisting of n AGC units, the objective

function of AGC can be written by

min  Ctotal = 〠
n

i=1
σiP

2
Gi + βiPGi + ψi

s t  ΔPΣ − 〠
n

i=1
ΔPGi = 0

ΔPmin
Gi ≤ ΔPGi ≤ ΔPmax

Gi ,

18

where Ctotal is the total actual generation cost, ΔPΣ is the total
power, and ΔPmin

Gi and ΔPmax
Gi are the minimum and maxi-

mum of regulation power, respectively.
According to the equal incremental principle, Ctotal will

reach the minimum when all partial derivatives of the gener-
ation cost to the AGC regulation power of each unit are
equal. The constraint equation is established as

dC PG1,actual
dΔPG1

= dC PG2,actual
dΔPG2

=⋯ = dC PGn,actual
dΔPGn

= ω,

19

where ω denotes the equal incremental rate of generation
costs. ω is selected as the MAS consensus variable which is
calculated as follows:

ωi = 2σi ΔPGi + βi, 20

where ωi is described as the equal incremental rate of the ith
unit generation cost.

3.3. EPCC Procedure. The execution steps of the EPCC are
shown in Figure 2.

3.4. AGC Based on EPCC. This section aims to design the
AGC based on the EPCC strategy. During each iteration,
the PDWoLF-PHC(λ) controls the current operation state
online to update the value function and Q function and then
executes an action based on the mixed strategy.

3.4.1. Reward Function Selection. In general, the absolute
value of the frequency deviation Δf can affect the long-
term benefit of the control effect and restrain the power
fluctuation, while the effect of the energy management sys-
tem to the economy is considered inside generation costs.
As a result, the weighted sum of Δf and Cinstantaneous is
chosen as the reward function, in which the greater

Table 1: Parameter values of EPCC.

Parameters Value

λ (time tunnel attenuation factor) 0.9

γ (discount factor) 0.9

α (Q-learning) 0.5

φ (variable learning rate) 0.06

𝛴 1/(s + TEV)Kp

Time delay
+

—
𝛥PDroop

s
–K

𝛥f 𝛥PEV

𝛼EV

Figure 3: Static frequency control model for electric vehicles.
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weighted sum will lead to the smaller reward. The reward
function is chosen as

R sk, sk+1, ak = − 1 − μ Cinstantaneous
50000 −μ Δf 2, 21

where Δf and Cinstantaneous represent the instantaneous
absolute values of the frequency deviations and the actual
generation costs of all units in the kth iteration, respectively.
μ and 1 − μ are the reward weighted ratios of Δf and
Cinstantaneous, where μ = 0 5.

3.4.2. Parameter Setting. In the paper, the design of the con-
trol system requires a reasonable set of four parameters λ, γ,
α, and φ. Through the repeated simulations and trial-and-
error, it proves that pretty good effects can be obtained by
setting the parameters as shown in Table 1.

4. Example Analysis

4.1. Improved IEEE Standard Two-Area LFC Power System.
Considering the rapid popularization and development
of electric vehicles (EVs), the static frequency characteris-
tic model of EVs is embedded to the traditional IEEE
standard two-area LFC model. EVs are both loads and
power supplies, whose charging power can vary between
the maximum and the minimum charge powers, so each

electric vehicle can be equivalent to a distributed power
supply.

When participating in load primary frequency modula-
tion (FM), the frequency linear droop is adopted by EVs.
When the frequency fluctuation is detected, the droop
control will change the charge and discharge power of EVs
by the frequency deviation in a certain ratio, as shown in

ΔPdroop = kp ⋅ Δf , 22

where ΔPdroop denotes the charging power of the EVs due to
the droop control change, kp is the characteristic coefficient
of EVs, and Δf is the system frequency deviation.

If the frequency of the system is automatically restored
to operate at the rated frequency, secondary regulation will
be needed, which is similar to the secondary FM of the
traditional power system. According to the integral
frequency method, the integral controller is added to the
EVs model for meeting the demand for a transient
response, and the dead zone is applied to it for avoiding
frequent discharge/charge. The EVs frequency control
model is established in Figure 3, in which the frequency
deviation integral signal is obtained after the deviation
signal passing through the integrator, and traditional unit
and EVs are distributed according to a certain proportion,
where αEV is the integral coefficient of EVs. Considering
the delay effect in the communication and control, the
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first-order inertia link is adopted to simulate the delay in
the control process of EVs, where TEV indicates the charge
and discharge time.

In order to test the control performance of the proposed
PDWoLF-PHC(λ), the improved IEEE standard two-area
LFC power system model is chosen, whose parameter set-
tings are from the literature [33]. After adding the static fre-
quency characteristic model of EVs, the frame structure of
the improved model is shown in Figure 4.

The work cycle of the AGC is 4 sec with a 20 sec time
delay Ts in the secondary FM. Note that PDWoLF-PHC(λ)
has to undergo sufficient prelearning through offline

trial-and-error before the final online operation, which
involves a mass of exploration in CPS state spaces to opti-
mize Q function and state value function. In the prelearn-
ing stage, a continuous sinusoidal load disturbance with a
period of 1200 sec and an amplitude of 1000MW is
applied to the improved model. The simulation results
of the typical prelearning procedure of the PDWoLF-
PHC(λ) controller are given by Figure 5. In Figure 5(a),
the output of the PDWoLF-PHC(λ) controller has
completely tracked the load disturbance after a trial-and-
error of about 2530 sec. In addition, Figures 5(b) and
5(c) are the CPS1/ACE index change curves for each
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10min assessment of A and B regions, which shows that
in area A, the index value of CPS1 reaches to 200% from
6600 sec and the index value of ACE keeps 0MW about
6000 sec and in area B, the index value of CPS1 remains
200% from 3000 sec and the index value of ACE keeps
0MW from 5405 sec. When the average index of CPS1/
ACE in the two regions eventually tends to a stable value,
the controller approaches a deterministic optimal strategy
and can be put into the real environment. It is obvious
that the proposed PDWoLF-PHC(λ) converges to both
regions with the best strategy for qualified CPS1 (the aver-
age of 10min CPS1) and EAVE-10-min (the average of
10min ACE).

4.2. The Islanded Smart Grid Model. As shown in Figure 6,
the islanded smart grid model which contains both distrib-
uted energy (small hydro power, wind farms, biomass,
etc.) and several typical microgrids (hybrid diesel genera-
tor-wind, hybrid micro gas-photovoltaic, etc.) has been
built, where inertia constant H and load damping coeffi-
cient D are equal to 20 sec and 1Hz, respectively.

Considering that the PDWoLF-PHC(λ) controller is used
to obtain total power command in the first stage of
AGC, the output of the controller is obtained by frequency
deviation value and regulation cost. The islanded smart
grid contains 5 hydropower units, 2 biomass units, 6
micro gas turbine units, 2 fuel cell units, 4 diesel generator
units, and other units with uncontrollable generation
power, of which total regulation power is 2760 kW.

Note that photovoltaic, wind farms, and EVs are con-
sidered disturbance loads and not included in FM, so the
model is simplified in a certain degree. The models for
small hydropower units, biomass generators, micro gas
turbines, fuel cells, diesel generators, flywheel energy stor-
age, and so on are applied according to typical models in
[34–37], respectively. The corresponding models of photo-
voltaics are built by imitating light intensity changes of the
full day in [38]; the wind farm model is established by
adopting stochastic wind of the finite bandwidth white
noise with a 3m/sec cut-in wind speed and a 20m/sec
cut-off wind speed; the model of EVs access to power grid
is selected from [33]. In addition, the relevant parameters
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of each unit, as shown in Table 2, are taken from the lit-
eratures [23, 24, 39]. Moreover, each regulation unit has a
corresponding agent, while connection weight bij between
agents is set as 1.

4.2.1. Prelearning of Model. Note that EPCC has to under-
take sufficient prelearning through offline trial-and-error
before the final online operation; a given continuous sinu-
soidal load disturbance (the light blue line in Figure 7(a))
is applied. The prelearning result of the islanded smart
grid model is demonstrated in Figure 7, and it is obvious
that the EPCC can converge to the optimal strategy.

Besides, in this optimal strategy, Q matrix 2 norm
Qik s, a –Qi k−1 s, a 2 ≤ ς (ς = 0 0001 is a specified pos-

itive constant) is chosen as the termination criterion for
the prelearning. Both the Q values and look-up table will
be saved after prelearning to ensure the application of
EPCC into a real power system. The deviation conver-
gence of the Q function during the prelearning process is
shown in Figure 8, in which the convergence speed of
EPCC is faster than those of other algorithms by nearly
33.9%–50.1%.

4.2.2. Step, Impulsive, andWhite Noise Load Disturbance. For
online operation mode, the step load disturbance (the light
blue line in Figure 9(a)) is introduced into the model to
simulate an often occurring sudden load increase in the

islanded smart grid, taking the 24-hour load disturbance as
the assessment period to evaluate the control performance
of the EPCC strategy.

Six types of controllers are tested: EPCC strategy, WPH
[25], PDWoLF-PHC(λ), DWoLF-PHC(λ) [18], Q(λ)-learn-
ing [32], and Q-learning [29]. Figure 9 shows the control
performances of different methods under step load distur-
bance. Figure 9(a) indicates that the EPCC strategy can
quickly track a given power curve. And Figure 9(b) pre-
sents that the overshoots of six controllers are around
2.6%, 8.3%, 2.8%, 3.3%, 4.8%, and 4.9%, respectively, while
the average of Δf is 0.0013Hz, 0.0017Hz, 0.0033Hz,
0.0065Hz, 0.0413Hz, and 0.0452Hz, respectively. Com-
pared with other smart methods, EPCC can decrease over-
shoots than that of others by 0.2%–5.7% and Δf by
0.0004–0.04Hz. It can be seen that the EPCC controller
has a significant control effect on Δf with less output fluc-
tuation, which can provide better control performance for
AGC units in the condition of reducing control costs and
the unit abrasion.

A more practical operation is considered in this study,
which can further verify the control performance of the
proposed strategy. The impulsive load disturbance (the
light blue line in Figure 10(a)) is introduced into the
islanded smart grid model to simulate a series of sudden
regular load increase and decrease, and white noise load
disturbance (the light blue line in Figure 11(a)) is

Table 2: System parameters of units used in the islanded smart grid model.

Unit type Unit number ΔPmax
Gi (kW) ΔPmin

Gi (kW)
Ci/($/h)

ai bi ci
Microgrid 1

Hydropower

G1 250 −250 0. 0001 0. 0346 8. 5957

G2 150 −150 0. 0001 0. 0335 8. 0643

G3 150 −150 0. 0001 0. 0335 8. 0643

G4 100 −100 0. 0001 0. 0314 7. 6248

Small hydropower G5 100 −100 0. 0001 0. 0314 7. 6248

Biomass
G6 200 −200 0. 0004 0. 0656 8. 7657

G7 200 −200 0. 0004 0. 0656 8. 7657

Microgrid 2

Micro gas turbine

G8 100 −100 0. 0002 0. 1088 5. 2164

G9 100 −100 0. 0002 0. 1088 5. 2164

G10 150 −150 0. 0002 0. 1164 5. 4976

G11 150 −150 0. 0002 0. 1164 5. 4976

Microgrid 3

Micro gas turbine
G12 150 −150 0. 0002 0. 1164 5. 4976

G13 150 −150 0. 0002 0. 1164 5. 4976

Fuel cell
G14 150 −150 0. 0003 0. 1189 3. 5442

G15 150 −150 0. 0003 0. 1189 3. 5442

Microgrid 4

Diesel generator

G16 120 −120 0. 0004 0. 2348 10. 9952

G17 120 −120 0. 0004 0. 2348 10. 9952

G18 120 −120 0. 0004 0. 2348 10. 9952

G19 120 −120 0. 0004 0. 2348 10. 9952
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employed to simulate stochastic load disturbance after
unknown distributed energy accessing into. The output
of each unit is controlled by its own governor and control-
ler, of which the set value is obtained according to the
optimal allocation principle.

In the assessment period with 24-hour load disturbance,
six types of controllers are tested: EPCC strategy, WPH,

PDWoLF-PHC(λ), DWoLF-PHC(λ), and Q(λ)-learning,
and Q-learning.

Figures 10 and 11 show the controller output curves and
frequency curves of different methods under impulsive load
disturbance and white noise load disturbance, respectively.
As shown in these two graphs, compared with other
methods, the EPCC strategy can track impulsive load
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disturbances and white noise load disturbances more quickly
and accurately and has small output fluctuations, good stabil-
ity, and accuracy.

In addition, considering Δf , if 50± 0.2 is selected as the
operating frequency range of the islanded smart grid, the
evaluation of the frequency index of the different algorithms
under impulsive load disturbance and white noise load dis-
turbance is shown in Table 3. From the data in the table, it
can be seen that compared with other methods, EPCC signif-
icantly reduces the average value of Δf under impulsive
load disturbance, and the qualification rate increases by
4.52% to 11.09%. The average value of Δf in EPCC
under white noise load disturbance is decreased by
0.0005–1.6484Hz, and the maximum value is decreased
by 0.0404–90.8175Hz. The standard deviation is decreased
by 0.0023–1.2359Hz, and the frequency qualification rate
is increased by 2%–64%. It is further proved that EPCC
has optimal control performance under load disturbance
conditions, as well as faster dynamic optimization speed
and stronger robustness.

4.2.3. Stochastic Load Disturbance.A real-time simulation of
24-hour stochastic load is conducted in the islanded smart
grid model, in which the stochastic load disturbance

consisting of square wave, wind farms, photovoltaics, and
electric vehicles can be regarded as a square stochastic
load with a cycle of 3600 sec and a disturbance amplitude
smaller than 2000 kW.

The active power of wind farms, photovoltaics, and EVs
produced during 24 hours is shown in Figure 12(a).
Figure 12(b) illustrates that the total active power can
accurately and quickly track the load disturbance. Note that
the peak of AGC active power is used to balance the stochas-
tic power disturbance of wind farms, photovoltaics, and EVs.
The 24-hour power regulation for each type of AGC is given
by Figure 12(c). It can be seen from the figure that for a
positive disturbance, small hydropower plants and micro
gas turbines with low regulation cost will be regulated posi-
tively at first; otherwise, biomass units and diesel generators
with high regulation cost will be regulated negatively at first.
Due to the output power of the AGC unit, the principle of
equal increment is met. Therefore, each unit can achieve
the economic dispatch.

For further verification of the application of EPCC, the
simulation comparison of the WPH [25], gray wolf
optimizer (GWO) [40], PROP method [41], quadratic pro-
gramming (QP) [42], and genetic algorithm (GA) [43] has
been made here.
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The generation costs of different algorithms and the
24-hour total power generation cost are represented in
Figure 13. As shown in Figure 13(a), the generation costs
of PROP are the highest among the six algorithms while
those of EPCC are the lowest. In Figure 13(b), the EPCC
can save about $8878 than that of PROP.

Consequently, the EPCC has better adaptability and self-
learning capability than other algorithms in various opera-
tion conditions, especially when the system is affected by
the stochastic load disturbance. Based on the application of
both joint decision actions and historical state action, EPCC
uses the condition that the product of the decision change
rate and the decision space slope value is less than 0 to design
variable learning rate, so that win-loss judgment criterion can
be calculated easily by EPCC without knowing the equilib-
rium strategy. This rate can adapt to the learners’ learning
rate of the instantaneous location in the joint strategic space,
so cooperative control for the islanded smart grid model can
be obtained.

Moreover, it is easy to obtain a related weight of each
unit, which can dynamically update its Q function look-up
table by experience sharing, so that the controller can
properly and timely regulate its mixed strategy table to obtain
the total optimal control performance. The real-time
information interaction among multiagents ensures the

convergence speed and robustness of the algorithm. The
experimental results verify that the utilization rate of distrib-
uted energy has been effectively increased with reduced
generation costs.

5. Conclusion

The contribution of this paper can be summarized as follows.
Considering the basic theory, mixed homogeneous and

heterogeneous MAS-SCG problem is solved by the proposed
EPCC strategy and the multisolution problem due to explo-
sion in the number of agents is solved too. From an engineer-
ing application, the strategy can acquire the total optimal
power command and dynamic optimal dispatch, so the dis-
turbance caused by the access of large-scale distributed
energy into power grid can be handled.

Based on the MAS-SG principle, a novel PDWoLF-
PHC(λ) algorithm with new win-loss criterion along with
the time tunnel idea is proposed to solve the agent problem
without a strict knowledge system in comparison to the tra-
ditional MAS-SG system and also solve inaccurate calcula-
tion and slow convergence to Nash equilibrium under the
traditional MAS-SG win-loss criterion in 2× 2 game. And
its effectiveness is verified by simulation on the improved
IEEE standard two-area LFC power system model.
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When multimode disturbances such as step, impulsive,
and white noise disturbances are introduced to the
islanded smart grid model, compared with other smart
methods, the proposed EPCC strategy has a faster

convergence speed and can significantly improve the
robustness and adaptability of the islanded smart grid, to
increase the qualification rate of frequency assessment
and decrease the cost of power generation.
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Figure 11: The control performance of different methods during white noise load disturbance.

Table 3: Frequency index assessment under impulsive load disturbance and white noise load disturbance.

Type of disturbances Algorithms
Frequency index

Average value
(Hz)

Maximum value
(Hz)

Standard deviation
(Hz)

Qualification rate
(100%)

Impulsive load disturbance

EPCC 0.0341 0.6147 0.0058 94.24

PDWoLF-PHC(λ) 0.0476 0.6145 0.0030 89.72

WPH 0.0512 0.6677 0.0015 89.43

DWoLF-PHC(λ) 0.0521 0.6573 0.0020 89.14

Q(λ) 0.0733 0.6973 0.0375 86.71

Q 0.1439 1.9009 0.0272 83.15

White noise load disturbance

EPCC 0.0042 0.3736 0.0006 99.96

PDWoLF-PHC(λ) 0.0047 0.4140 0.0029 99.94

WPH 0.0055 0.4144 0.0046 99.91

DWoLF-PHC(λ) 0.0074 0.4728 0.0029 99.81

Q(λ) 0.0091 0.6193 0.0032 99.48

Q 1.6531 91.1911 1.2365 99.32
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The wafer stage in dual-stage lithographic system is an air-bearing servo motion platform requiring high positioning accuracy and
high transient performance. However, the residual vibration, resulting from almost zero damping, high velocity, parallel decoupling
structure, and direct drive, brings about unacceptable overshoot and settling time. To suppress these unfavorable elements in high
dynamic motion, a novel motion profile planning method combined with input shaping is proposed in this paper. Firstly, a
trajectory named all free S-curve (AFS-curve) is derived, which has less constraints and better performance than traditional
S-curve profile. Then, AFS-curve combined with a zero vibration shaper (ZV) is developed to further suppress residual
vibration. Due to the very complex parameter adjustment, the online tuning may cause system oscillation that leads to damage
of the precision stage. This paper, furthermore, proposes an online-offline method to optimize the parameters in the motion
profile. Online step is performed to collect input and output data. Offline step includes the system model identification based on
I/O data and parameter self-learning based on particle swarm optimization (PSO). The simulation and experimental results
indicate that the proposed method achieves significant reduction of the positioning time and the overshoot in the dual-stage system.

1. Introduction

The wafer stage of lithography is a high-speed and high-
accuracy motion platform [1], which is used for bearing
wafers. To improve throughput of lithography, there are
always two wafer stages constituting the dual-stage system
[2]. The two wafer stages work at the same time, one for pre-
processing and the other for exposure. From this working
mode, we know that when exchanging two wafer stages, there
is no wafer to be exposed. Thus, reducing the exchanging
time is crucial to the improvement of the lithographic
throughput. However, the mechanical structure of the system
is fixed, so the exchanging path is constant. Therefore,
shorter exchanging time means larger average velocity.
Meanwhile, the aerostatic guide supporting the platform
leads to light damping. As a result, the residual vibrations
are easily introduced in wafer stage systems. Considering
the above adverse factors and the system requirements
comprehensively, the trajectory planning method is widely
concerned. Motion profile is a technique that can reduce

the residual vibration, and the trapezoidal velocity curve is
the most primitive type [3, 4]. The trapezoidal velocity curve
involves infinite jerk that can describe the changes of acceler-
ation, which is usually positively related with the residual
vibration. Hence, jerk value should be limited. Compared to
the trapezoidal curve, S-curve constrains the jerk to a con-
stant value, which is more widely used for motion profile
due to less residual vibration [5–12]. Traditional symmetric
S-curve profiles have been widely adopted in many motion
control fields [7–9]. The generating methods of symmetric
S-curve include finite-impulse response filtering technique
[10] and optimal control approach [11, 12]. However, there
are still constraints in generating traditional S-curve, for
example, the jerk at acceleration period should have equal
value, resulting in limited performance. Thus, this paper
presents a method to generate the S-curve profile named
AFS-curve, which could relax the constraint maximally.

As long as the motion profile and natural frequency of
the system are known exactly, the input-shaping method
(IS) could be very effective to suppress the residual vibration
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and the overshoot [13–15]. Meanwhile, as a prefilter, the
S-curve could also be beneficial to the vibration abatement.
To achieve desired performance, the motion profile should
be shaped by input shaper. Input shaper [16], one kind of
feedforward controllers, shapes the reference input signal
based on the characteristics of the controlled system. It
consists of two or more groups of signals with different
amplitudes and delay times. These signals result in different
responses, the superposition of which could reduce the oscil-
lation amplitude, even to zero. References [17–19] proposed
concepts of zero-vibration (ZV), zero-vibration-derivative
(ZVD), and extra insensitive (EI) shapers. Furthermore, to
enhance the robustness against parameter uncertainty, the
ZVDk input shaper was proposed, but produced a longer
time delay with smaller step size. As the settling time is the
major concern during the swap of the wafer stages, the ZV
shaper has been selected in this paper.

As mentioned above, both of the AFS-curve and ZV
shaper have at least three parameters, which depend on the
accurate model of the controlled system; however, it is a
tough task to build the model of a highly coupled system.
Thus, a reliable optimization algorithm [20–23] is more
suitable for the trajectory planning. Furthermore, both of
the overshoot and error should be considered in the opti-
mization object, so a multiobjective optimization based on
PSO [24–29] (particle swarm optimization) is adopted in
this paper.

Subsequently, if the AFS-curve and input shaper parame-
ters are optimized online, it is easy to cause a serious system
shock, even damage some components. Therefore, the param-
eter optimization phase should be carried out offline. Finally,
an online-offline method to optimized motion profile is pro-
posed in this paper to suppress the residual vibration of rotary
motor and reduce the positioning time of the dual stage.

2. Problem Formulation

In order to increase the wafer throughput, the dual-stage
structure is adopted in lithographic machine, as seen in
Figure 1, whose working region is composed by preprocess-
ing part and exposure part. In preprocessing region, the
wafer stage conducts leveling, focusing, and measuring the
surface topography of the wafer. The exposure operation is
carried out simultaneously in the exposure region. As a
result, there is no need to adjust the wafer before exposure,
just exchanging two wafer stages, saving much time than
conventional single-stage lithography equipment. To imple-
ment the exchanging operation, three rotary electric motors
are involved, one named common revolution motor and

the others named private rotation motors. The communal
motor is used to exchange the positions of stage 1 and
stage 2, and the two private motors are designed for adjusting
stages during rotation, avoiding cable twining. In this paper,
we focus on the control problems of communal motor that
occur in exchanging period. In the other words, for light
damping and heavy load, the performance of overshoot and
settling time should be considered.

For the synchronization of the three motors, different
disturbances should be dispelled at the same time, which
include thrust ripple, frictional force, cable force, and interac-
tion force caused by asynchronous motion. These distur-
bances are relevant to different physical quantities. For
instance, thrust ripple is related with position, and it can be
calculated by a rough mechanism model, but the tracking
error from modeling indeterminacy may be increased for
the synchronized motion. Frictional forces from cable dis-
turbing and relative motion between the stator and mover
are related with velocity, and it can be obtained by the for-
mula of the friction force; however, different positions have
different friction coefficients for tooling problems, that is to
say, it is difficult to obtain a series of accurate friction coeffi-
cients. Similarly, different speeds lead to different centrifugal
forces, which signify different frictional forces. Interaction
force is related with acceleration and deceleration, and it
should be pointed out that the controlled system is high-
speed high-precision equipment, which indicates that accel-
eration and deceleration always exceed the rated values that
the motors can provide. As a result, the motors may work
under nonlinearity when the system requires high accelera-
tion or deceleration. Meanwhile, different motors have dif-
ferent saturation nonlinearity characters; thus, the output
of different motors may not be completely synchronized,
leading to an interaction force between communal motor
and the private motor. In a word, these disturbances make
it hard to obtain the accurate model of the dual stage based
on mechanism.

Although these disturbances are not easy to be measured
and modeled, most of them are repeatable based on the same
tracking trajectory, and the repeatable disturbances are the
main factors that influence the system dynamic performance.
Therefore, a black box method, which is a high-order linear
system model identification based on input/output data, is
proposed to build the mathematical model of the system.
The implementation of this method is based on MATLAB
system identification toolbox. In detail, firstly, define the
upper limit nmax to be the highest order of model’s numerator
and denominator. Thus, the dual-stage system model can be
expressed as follows:

G s = ans
n + an−1s

n−1 +⋯ + a1s + a0
bmsm + bm−1sm−1 +⋯ + b1s + b0

, 1

where n ≦ nmax,m ≦ nmax , and a0, a1,… , an and b0, b1,… , bm
are the coefficients of numerator and denominator. Then,
reduce the highest order of model’s numerator and denomi-
nator; meanwhile, make use of the actual sampling data to
identify the system model corresponding to every order

Wafer
stage 1

Wafer
stage 2

Figure 1: The sketch diagram of dual stage.
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change, until n = 0 and m = 0. Comparing the modeling
errors, this paper selects the most suitable system model
according to the least mean square error principle.

3. AFS-Curve Combined Input Shaping

The aforementioned disturbances are relevant to the actual
position, speed, and acceleration of the stage. Once a
closed-loop system is determined, a better motion profile that
suits the controlled system could suppress the disturbance
and residual vibration to achieve a better dynamic perfor-
mance. Usually, trajectory planning and input shaping tech-
nique are the two most popular methods to get a desired
motion profile. It should be pointed out that the S-type tra-
jectory is more widely used in reference trajectory planning
than the trapezoidal curve. For its less residual vibration
characteristic, zero vibration input shaping is widely applied
in many practical applications. Hence, we will emphatically
discuss how to formulate an S-curve in conventional and all
free ways, then propose a new method for all free S-curve
combined with input shaping (AFS-IS). Two basis conditions
of the S-type trajectory compared in this paper should be
assured by the following constraints. Firstly, position should
start at 0 and end at Smax. Secondly, velocity, acceleration,
and jerk at the starting and ending points must be zero.
Figure 2 shows S-curve motion profiles and notations, with
the absolute values of variables.

3.1. Conventional S-Curve. The acceleration, deceleration,
and velocity of conventional S-curve are all symmetric, which
means the four parameters are equaled, which could be
expressed as follows:

J1 = J2 = J3 = J4 = J ,
aL = aS = A,

t2 − t1 = t6 − t5 = ta

2

Then, the function of time and position can be derived.

s1 =
Jt3

6 ,

s2 =
at2

2 −
a2t
2J + a3

6J2
,

s3 = −
Jt3

6 + a + Jta
2 t2 −

a2

J
+ ata +

Jt2a
2 t + Jt3a

6 + at2a
2

+ a2ta
2J + a3

3J2 ,

s4 = ta +
a
J

at −
a
2 t2a +

3ata
J

+ 2a2
J2

,

s5 = −
Jt3

6 + Jt2

2 tv +
2a
J

+ ta

J1

0

0

0

0
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Figure 2: S-curve motion profiles and notations.
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−
Jt2v
2 + 2atv + Jtatv +

a2

J
+ ata +

Jt2a
2 −

a
2 t

a
J
+ ta

2

−
a2

2J
a
J
+ ta −

J
6 tv +

2a
J

+ ta
3
,

s6 = −
at2

2 + 2ata + atv +
7a2
2J t −

ata
2

a
J
+ ta

−
a
2 tv +

2a
J

+ ta
2
−
a2

2J tv +
2a
J

+ ta −
a3

6J2 ,

s7 =
Jt3

6 − 2a + Jta +
Jtv
2 t2 + Jt26

2 + a2

2J + at6 t −
Jt36
6

−
at34
2 −

a2t4
2J −

at22
2 −

a2t2
2J −

a3

6J2 ,

3

where t2 = a/ J + ta , t4 = tv + 2a / J + ta .

3.2. All Free S-Curve

3.2.1. Formulating All Free S-Curve. All free S-curve
(AFS-curve) is a novel method to describe S-curve.
AFS-curve does not constrain any variable, which is used for
generating the motion profile. That is to say, J1, aL, t2, J2, t4,
J3, and aS are independent to each other. Thus, AFS-curve
can represent all the characteristic of S-curve with J1, aL, t2,
J2, t4, J3, and aS. The time position function of AFS-curve
can be expressed by

s1 =
J1t

3

6 ,

s2 =
aLt

2

2 −
a2Lt
2J1

+ a3L
6J21

,

s3 = −
J2t

3

6 + aL + J2t2 t2

2 −
J2t

2
2 + a2L /J1 t

2 + J2t
3
2

6 + a3L
6J21

,

s4 =
a2L
2J2

+ aLt2 −
a2L
2J1

t −
a2t

2
2

2 −
a2Lt2
2J2

−
a3L
6J22

+ a3L
6J21

,

s5 = −
J3t

3

6 + J3t4t
2

2 + a2L
2J2

+ aLt2 −
a2L
2J1

−
J3t

2
4

2 t + J3t
3
4

6

−
a2Lt

2
2

2 −
a2Lt2
2J2

−
a3L
6J22

+ a3L
6J12

,

s6 = −
ast

2

2 + a2L
2J2

+ aLt2 −
a2L
2J1

+ a2s
2J3

+ ast4 t −
ast

2
4

2

−
aLt

2
2

2 −
a2Lt2
2J2

−
a3L
6J22

+ a3L
6J21

−
a3s
6J32

−
a2s t4
2J3

,

s7 =
a2s t

3

12v6
−

as + a2s t6 /2v6 t2

2 + ast6 +
a2s t6

2

4v6
+ v6 t −

ast
2
6

2

−
a2s t

3
6

12v6
− v6t6 + s6

4

The computational process of t6 will be given later.

3.2.2. Constraints of AFS-Curve. In AFS-curve, the time
points increases from t1 to t7; however, t1, t3, and t5 are
expressed by forward free variables. Thus, t2 > t1 = aL/J1,
t4 > t3 = t2 + aL/J2, and t6 > t5 = t4 + aS/J3. To facilitate
different application environment, a few conditions should
be clarified.

(1) The maximum shock is limited, then it follows that

J1 ≤ Jmax, J2 ≤ Jmax, J3 ≤ Jmax, J4 ≤ Jmax, 5

Because J4 = aS
2/ 2v6 ≤ Jmax, where v6 = −aSt6 +

aL
2 / 2J2 + aLt2 − aL

2 / 2J1 + aS
2/ 2J3 + aSt4 is

the velocity at time t6, so the following is derived.

t6 < −
as

2Jmax
+ as
2J3

+ aL
2

2J2as
−

aL
2

2J1as
+ aLt2

as
+ t4

6

(2) The maximum force is limited, then it follows that

aL = t3 − t2 J2 ≤ amax, as = t5 − t4 J3 ≤ amax

7

Thus,

t3 ≤
amax
J3

+ t2, t5 ≤
amax
J3

+ t4 8

(3) The maximum centrifugal force or friction force is
limited, then it follows that

v3 = v4 ≤ vmax 9

Thus,

J2 ≥
a2L

2 vmax + a2L/2J1 − aLt2
10

(4) The maximum distance is fixed, then it follows that

S7 = S6 +
2v26
3aS

= Smax, 11

where S6 is the position at time point t6, following
that

S6 = −
ast

2
6

2 + a2L
2J2

+ aLt2 −
a2L
2J1

+ a2s
2J3

+ ast4 t6 −
ast

2
4

2

−
aLt

2
2

2 −
a2Lt2
2J2

−
a3L
6J22

+ a3L
6J21

−
a3s
6J23

−
a2s t4
2J3

12
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Then, we can get two solutions for t6, but it is easy to
proove that “+” does not satisfy the condition. Only “−” is
saved, as follows.

Moreover, t6 in (11) satisfied the condition of (5).

3.3. Input Shaping Controller. During dual-stage exchanging
process, we pay attention on the communal motor, then all
the other kindof forces canbe regarded as disturbances.More-
over, the communal motor is a light damping second-order
system, with the residual vibration as its typical problem.
Input shaping technique can solve this problem based on
the information of the closed-loop system, and the demon-
stration is given as follows. A second-order system’s closed-
loop transfer function usually can be described as follows:

Φ s = ω2
n

s2 + 2ξωns + ω2
n
, 14

where ωn is the damping-free frequency and ξ is the damping
ratio. Then, the impulse response of the system at time
t t ≧ ti can be written as

y t = Ai

1 − ξ2
e−ξωn t−Ti sin ωd t − Ti ,

ωd = ωn 1 − ξ2,
15

where Ai is the amplitude, T i is the starting time of
impulse, and ωd is the system damping frequency.

If the input is C s =∑n
i=1Aie

−Tis, the response of the
system can be expressed as

y t = 〠
n

i=1

Ai

1 − ξ2
e−ξωn t−Ti sin ωn 1 − ξ2 t − Ti , 16

Videlicet,

y t =M sin ωdt + β , 17

where Bi = Aiωn/ 1 − ξ2 e−ξωn t−Ti , M =

∑n
i=1Bi cos ϕi 2 + ∑n

i=1Bi sin ϕi
2, β = arctan ∑n

i=1 Bi cos
ϕi/Bi sin ϕi , and ϕi = ωdTi.

Thus, the residual vibration V ωn, ξ can be defined
as follows:

V ωn, ξ = e−ξωnTnM 18

Subsequently, to achieve residual vibration V ωn, ξ = 0,
the two pulse zero vibration shaper (ZV) is adopted. By
shaping the original reference input, the value of M turns
to be zero; thus, no residual vibration exists. In general,
defining T1 = 0 could avoid the response delay. At the same
time, it is required that the sum of the impulse amplitudes is
unity, which ensures that the rigid body actual motion is the
same as the unshaped command. Thus, the parameters are
given by

T1 = 0,

A1 =
1

1 + K
,

T2 =
π

ωd
,

A2 =
K

1 + K
,

19

where K = e− ξπ/ 1−ξ2 .

3.4. AFS-IS Method. As Figure 3 shows, the motion profile
named AFS-IS is generated by all free S-curve and input
shaper. AFS-IS inherits the advantages of both AFS method
and input shaping technology, bringing out the best in each
other. For example, AFS method could tune the constraints,
for example, distance, force, and impact of motors, while
the input shaper cannot do so. Thus, AFS-IS get better
performance in constrained motors than input shaping
technique. And AFS method can suppress residual vibration
in a certain extent, but which cannot be fully eliminated
in theory. However, input shaping technique can totally
suppress the residual vibration theoretically. In practice,
AFS-IS’s performance in the residual vibration dispelling is
better than both AFS method and input shaping technique.
AFS-IS method can be expressed as

RMP = IS ⋅ AFS = 〠
Nk

i=1
Akδ t − Ti ⋅ S J1, aL, t2, J2, t4, J3, aS ,

20

where δ t is the impulse function at time t.
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2J3
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2J2as

−
a2L

2J1as
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−
3aLt22
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−
3aLt2
J3

+ 3a2Lt4
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−
3a2Lt4
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+ a3L
J22as

−
a3L
J21as

−
a2L
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2J1 J3

+ a2s
4J23

−
3a4L
4J22a2s

+ 3a4L
2J1 J2a2s

−
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J2a2s

−
3a4L
4J21a2s

+ 3a3Lt2
J1a2s

−
3a2Lt22
a2s

+ 6Smax
as

13
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4. Online/Offline Optimizing Method for
Parameters of AFS-IS

AFS-IS method brings into eight free variables, and it is hard to
give analytic solutions to all nine parameters based on the infor-
mation of the physical system. The optimization method is an
alternative solution to get a suitable value of these parameters
at the same time. However, there are two objectives, settling
time and overshoot, so this paper introduces a common
method that uses instrumental variables ω1 and ω2 as weight
factors to convert dual-objective problem into single objective
problem, which can be served as the objective function of the
particle swarm optimization (PSO) algorithm. However, using
optimization algorithm to optimize AFS-IS method’s parame-
ters online could cause a serious system shock, whichmay result
in instability of the system during iterations, even damage the
motor. Therefore, an online/offline method is introduced,
which gets the experimental data for modeling online, whereas
optimizes the parameters offline.

4.1. Objective Function and Constraints for PSO. The goal of
dual-objective optimization in this paper is to find a vector
X∗ = x1∗, x2∗,… , x9∗ = J1, aL, t2, J2, t4, J3, aS, A1, T2 that
can minimize the settling time and the overshoot. The objec-
tive function is described as follows:

min  ω1F1 X + ω2F2 X

s t  ω1 + ω2 = 1,
21

where F1 and F2 represent the settling time and the overshoot
objective functions, respectively.

It is worth mentioning that the object function of the
settling time in this paper is not limited by the steady-
state error in twenty-five percent as usual, but the accu-
mulated error from the reference input reaching its target
location at time Tη to termination time T f inal. And the
object function of the overshoot is calculated by the differ-
ence between the maximum value of the output Yσ and
the target location Smax.

F1 X = 〠
T f inal

Tη

R t − Y t = 〠
T f inal

Tη

e t ,

F2 X = Yσ − Smax

22

Thus, the objective function can be expressed as

F X = ω1F1 + ω2F2 = ω1 〠
T f inal

Tη

e t + ω2 Yσ − Smax ,

ω1 + ω2 = 1
23

As mentioned in AFS method, there are other inequal-
ity constraints in AFS-IS. In detail, the maximum value of
output Yσ should be larger than that of the target location
Smax; the settling time Ts should be limited less than the

All free S-curve
S(J1, 𝛼L, t2, J2, t4, J3, 𝛼S)

Input shaper
ZV (A1,td)

Motion profile

Figure 3: Motion profile generated by AFS-IS.
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maximal allowable movement time Tmax. Therefore, inequal-
ity constraint g X can be expressed as

Yσ ≥ Smax

Tmax ≥ Ts

AFS inequality constraints
⇔g X ≥ 0 24

Thus, equation constraint h X is that in AFS method,
and then objective function with equation constraint can be
expressed as

AFS equality constraints⇔h X = 0 25

As described earlier, the optimization problem is to find a
vector X∗ = x1∗, x2∗,… , x8∗ that satisfies the constraints
(21) to minimize the objective vector function.

g X ≥ 0,
h X = 0,

min  F X

26

4.2. An Online-Offline Optimize Motion Profile Generated
Method Based on PSO. The diagram of online-offline opti-
mized control system is shown in Figure 4. Firstly, online
procedure is using shaped R as the system reference input,

(b) The experimental platform

Figure 5: Flow chart of the optimization process and the experimental platform.
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and after running one time, the actual system output Y is
obtained. Secondly, the offline procedure identifies the sys-
tem model by using MATLAB identification toolbox based
on input R and output Y , followed by optimizing the param-
eters in AFS-curve and ZV shaper using PSO algorithm.

The optimizing procedure utilizing PSO is described
as follows. Firstly, initialize the parameters X in AFS-IS
as same as the ones in conventional S-curve-IS, which
means Xk

i = J1, aL, t2, J2, t4, J3, aS, A1, T2 = J1, aL, t2, J1, t4,
J1, aL, A1, T2 , and initialize a random velocity Vk

i = vki1,
vki2,… , vki9 , where i = 1, 2,… ,N and N is the total number
of particles in the swarm, and k is the iteration index.
Secondly, update Xk

i by (27), then test each particle to
judge whether it satisfies the constraints of AFS and IS
methods. If no, recreate a particle until it satisfies the con-
dition. If yes, run the simulation with the estimated model
that is calculated by the input and output data to acquire
the overshoot and the settling time. If g X < 0, recreate a
particle until that satisfies h X and g X ; otherwise, calcu-
lating every particle’s fitness value based on the output and
the tracking error. Update the best position Xk+1

i if it is better
than the best previous position Pk

i . Finally, update X
k+1
i if it is

better than the best position Pk
g found by the whole particles,

and then begin the next iteration until k ≥ kmax.

V k+1
ij =Vk

ij + c1r1 Pk
ij − Xk

ij + c2r2 Pk
g − Xk

ij ,

vk+1ij =min vkmax j, max −vkmax j, vkij ,

X k+1
ij = Xk

ij +V k+1
ij ,

27

where c1 and c2 are acceleration coefficients. r1 and r2 are
random values from 0 to 1.

4.3. Experimental Result. In this section, the proposed AFS-IS
method is validated through an experiment on the rotary
electric motor shown in Figure 5. The rotary electric motor
is driven by proportional-integral-derivative control with a
rotary transformer as the feedback signal. To fulfill the

prescribed motion profile, a motion control board is used
to generate driving signals with a sampling period of 2ms.
To demonstrate that the orders of identified system’s
numerator and denominator selected are the best one,
Table 1 gives the mean square error (MSE) between real out-
puts and identified system’s outputs under different numer-
ator and denominator orders. It can be observed that the
system with 6 zeros and 6 poles achieves the least MSE
1.24∗10−4. Figure 6 shows system actual outputs in the pos-
itive and negative direction with 30 degrees and 25 degrees,
respectively, compared with the simulation outputs of the
identified 6-order system.

To verify the effectiveness of the proposed AFS method,
an experiment comparing the AFS method and the conven-
tional S-curve is established. Two constraints for tracking
trajectory should be noted. One is distance limitation set to
be 30 degrees on the positive direction, and the other is
limiting 3 seconds as the longest time for stages to reach at
30 degrees. Meanwhile, two kinds of conventional S-curve
as the tracking trajectory are introduced to compare with
the AFS method. One is S-S-curve set up with the large
maximum jerk, acceleration, and velocity, so it is fast to reach
at the object position. On the opposite side, the other is
named as L-S-curve with the small maximum jerk, accelera-
tion, and velocity, which is designed to reach at 30 degrees in
3 seconds. The results of the two comparisons are shown in
Figures 7(a) and 7(b), respectively, from which it can be
observed that the optimized AFS-curve excites less residual
vibration. The settling time is reduced by 41%, which is 1 s
with a tolerance, that is, ±0.3 degree and overshoot is reduced
by 17.4%.

To demonstrate that an additional input shaper can
improve the performance of the reference trajectory, the sys-
tem outputs of AFS and AFS-IS are compared in Figure 8(a),
while the system outputs of S-curve with input shaper as the
reference trajectory and AFS-IS are compared in Figure 8(b).
As Figure 8(a) shows, the input shaper reduces the settling
time by 77.2% and the overshoot by 27.65%. Figure 8(b)
demonstrates that, although the S-curve with an input shaper
as the reference input gets better system output than a
pure S-curve as the reference input, the system output has a

Table 1: MSE between real outputs and identified systems outputs.

Den
1 2 3 4 5 6 7 8 9 10

Number

1 8.22 1.21e−3 1.65e−3 2.01 9.53e−3 2.51 4.77e−2 2.92e3 2.03e−1 2.74e3

2 — 6.40e−4 2.03e−2 6.41e−4 4.64e−3 5.75e−3 19.5 2.79e−3 1.45e−1 2.69e3

3 — — 3.35e−2 6.11e−4 3.21e−4 4.16e−4 5.04e−2 55.6 3.37e3 1.99e3

4 — — — 2.34e−4 4.05e−4 4.01e−3 4.21e3 3.11e−2 3.50e3 3.40e3

5 — — — — 1.61e−4 1.46e−4 4.32e−4 7.6e−1 3.91e3 3.33e3

6 — — — — — 1.24e−4 4.11e3 6.41e−2 4.04e3 1.20e3

7 — — — — — — 3.59 2.20e−2 4.27e3 2.36

8 — — — — — — — 1.50e3 4.11e3 1.35e−1

9 — — — — — — — — 1.96e−3 1.42e−2

10 — — — — — — — — — 9.92e−3
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Figure 7: Conventional S-curve and AFS-curve as the motion profile.
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Figure 6: Identified 6-order system simulation outputs and system actual outputs.
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2.45% overshoot and 1.6% settling time increment on the sys-
tem output compared with AFS-IS.

Finally, the online-offline method is verified in the dual-
stage system. AFS-IS is taken as the motion profile for both

simulation system and actual system, and the outputs of
two systems are compared in Figure 9(a). With the time
changing from 3 seconds to 8 seconds, the actual output is
a little larger than the simulation output, and the difference

System output with AFS as reference input
System output with AFS-IS as reference input
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Figure 8: Input shaper combined with S-curve and AFS-curve as the motion profile.
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between them is within a certain range of 0.035 degrees.
Moreover, the difference is caused by the unmodeled dynam-
ics and random disturbances. Figure 9(b) shows the error
between the actual output and the AFS-curve. It could be
observed that the error changes from 0 to 7 degrees before
the 3rd second, but still in a limitation of 0.05 degrees from
the 3rd second to the 8th second. For the point to point con-
trol, we focus on the error after the 3rd second; thus, the
overshoot and the settling time of AFS-IS are significantly
reduced compared with the conventional S-curve.

5. Conclusion

An all free S-curve combined with a zero-vibration shaper has
been proposed to suppress the residual vibration in this paper.
The AFSmethod requires no parameter symmetry during the
acceleration and deceleration period, which is more flexible
for a better reference trajectory. Furthermore, combined with
the input shaping technology, AFS method could achieve a
better performance by reducing the overshoot and the resid-
ual vibration more effectively. The online-offline method
can further enhance the suppression of the residual vibration
and avoid the system shock during optimization. The effec-
tiveness of the proposed unified framework is validated on a
dual-stage lithographic system. The zero overshoot and the
short settling time is achieved by the proposed approach.
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An improved model of the active suspension system is proposed. Compared with the existing model of active suspension
system, the dynamics of a hydraulic actuator in the active suspension system is fully considered in the proposed model.
Based on the proposed model, a sliding-mode control method is designed to control the active suspension system. Stability
proof and analysis of the closed-loop system of the active suspension is given by using Lyapunov stability theory. At last, the
reliability and feasibility of the proposed sliding-mode control method are evaluated by computer simulation. Simulation
research shows that the proposed sliding-mode control method can obtain good control performance for the active
suspension system.

1. Introduction

The main function of suspension system in the vehicle is to
improve the riding comfort and the road-holding ability. By
using the suspension system, acceleration amplitude of the
sprung mass in a vehicle can be suppressed and tire deflection
can be reduced. Therefore, the riding comfort and the road-
holding ability mentioned above can be enhanced effectively.
The suspension system includes the passive, semiactive, and
active suspension. Compared with the passive and semiactive
suspension, active suspension can regulate the suspension
force according to the operation state of the vehicle. There-
fore, in the research community and automotive industry,
the active suspension system has attracted more and more
attention of many researchers and engineers dedicated to
improving vehicle performance.

In the past few years, some control methods of the active
suspension system were proposed to improve the riding
comfort and the road-holding ability of the vehicle. In [1], a
quadratic-finite-horizon-optimal control method with the
robust stability of the uncertain active suspension system is

presented. In [2], a new exponential stabilization criterion
of the suspension system via the dynamic state feedback con-
trol is derived, and the optimization problem of exponential
stabilization is solved by using the PSO method. In [3], a
robust sampled-data H∞ control method of the active sus-
pension system is proposed. A Lyapunov functional approach
is employed to establish the H∞ performance. In [4, 5], a
finite frequency approach of the active suspension is
designed. The finite frequency approach can suppress the
vibration more effectively for the concerned frequency range.
In [6], the multiobjective H∞ optimal control method with
the actuator delay of the active suspension system is pro-
posed, and the effectiveness of the proposed control method
is demonstrated by using an actual example. In [7], an adap-
tive control method of the active suspension with unknown
nonlinearities is designed. By using the proposed control
method, the transient and steady-state suspension responses
are guaranteed. In [8], an adaptive control method with the
new robust adaptive law of the active suspension is proposed.
The mitigation of the vertical and pitch displacements can be
achieved with the proposed control to improve the ride
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comfort. In [9], a robust adaptive control method of an anti-
lock braking system with an active suspension is proposed,
where a Takagi-Sugeno (T-S) fuzzy-neural network is intro-
duced to estimate the unknown model. In [10], an indirect
adaptive interval type-2 fuzzy-neural network (FNN) control
method of the active suspension is designed to control the
quarter-car suspension system. Both riding comfort and
good handling can be achieved by using the proposed control
method. In [11], a sampled-data H∞ control method of the
active suspension system is developed, and the T-S fuzzy
model is introduced to estimate the uncertain unknown
function in the active suspension system.

Although these existing works have obtained acceptable
control performance for the active suspension in the vehicle,
there are some important issues that should be discussed fur-
ther. For example, the input control signal in the existing
works for the active suspension control system is always con-
sidered as the suspension force. However, in the actual prac-
tice, suspension force cannot directly act as the suspension
system. The suspension force is performed by using the
hydraulic actuator. Therefore, the dynamics of the hydraulic
actuator is an important factor that affects the operation per-
formance of the active suspension system. However, in the
existing works mentioned above for the active suspension
control, the dynamics of the hydraulic actuator is rarely con-
sidered. To improve the control performance of the active
suspension, an improved nonlinear model of the active sus-
pension system is proposed. Compared with the existing
model of the active suspension system, the dynamics of a
hydraulic actuator in the active suspension system is fully
considered in the proposed model. Based on the proposed
model, a sliding-mode control method is presented to control
the active suspension system.

The rest of this paper is organized as follows. The
dynamic model of quarter-car active suspension with the
dynamics of hydraulic actuator is described in Section 2.
The sliding-mode control method of the active suspension
is designed in Section 3. Section 4 is the presentation and
analysis of the simulation results. At last, some conclusions
are given in Section 5.

2. System Description and Dynamic Model of
the Active Suspension

A simplified quarter-car model of the active suspension
system is shown in Figure 1.

In this section, sprung mass ms is the mass of the
vehicle body. The unsprung mass mu is the assembled
mass of the axle and wheel. When the vehicle is traveling,
the tire is assured contact with the road surface. The tire
can be modeled as a linear spring, whose stiffness coefficient
is kt.

According to Newton’s second law, the dynamic equa-
tion of active suspension system is derived as

mszs + bs zs − zu + ks zs − zu = Fa, 1

muzu + bs zu − zs + ks zu − zs + kt zu − zr = −Fa 2

In many existing works for the active control strategy
of the suspension system, the hydraulic actuation force Fa
is often considered as the control command in the
closed-loop control system. However, hydraulic force is
not a direct control command. In fact, the hydraulic cylin-
der is an actuator. The hydraulic force Fa is regulated by
the servo-valve control current if in the hydraulic servo
system. That is, in the actual control process of the suspen-
sion system, the current if is controlled to regulate the
hydraulic actuation force, and the hydraulic force Fa is
acted on the suspension system. Therefore, the dynamic
characteristics between the if and Fa are an important fac-
tor to affect the operation performance of the active sus-
pension system.

In this paper, the dynamic characteristics between the if
and Fa are considered during the design process of the con-
trol method. The dynamic characteristics between if and Fa
can be modeled as

Fa = −k1Fa + k2 zs − zu + k3if , 3

where k1, k2, and k3 are positive constants. k1, k2, and k3 are
determined by the servo-valve flow gain, the cross-section
area of the cylinder, and some other parameters in the
hydraulic cylinder.

In this paper, the control signal is selected as

u = if 4

State variables are defined as

x1 = zs,
x2 = zs,
x3 = zu,
x4 = zu,
x5 = Fa

5

Sprung mass

Unsprung mass

ms

mu

ksFa bs

kt

Zs

Zu

Zr

Figure 1: Simplified model of a quarter-car active suspension
system.
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According to (1), (2), (3), (4), and (5), the system dynam-
ics are rewritten as the following state-space form model:

x1 = x2,

x2 = −
bs
ms

x2 +
bs
ms

x4 −
ks
ms

x1 +
ks
ms

x3 +
1
ms

x5,

x3 = x4,

x4 = −
bs
mu

x4 +
bs
mu

x2 −
ks
mu

x3 +
ks
mu

x1 −
kt
mu

x3 +
kt
mu

zr −
1
mu

x5,

x5 = −k1x5 + k2 x2 − x4 + k3u,

6

y = zs − zu = x1 − x3, 7

where y is the suspension displacement.

3. Sliding-Mode Control of the
Suspension System

3.1. Sliding-Mode Control Design. The control objective of the
active suspension system is to make the actual suspension
displacement y fast and accurately track its set point yd.

The tracking error of a suspension system is defined as

e = yd − y 8

s is the sliding-mode surface, which is described as

s = c1e + c2e + e, 9

where c1 and c2 are positive constants.
The sliding-mode control signal consists of two parts,

including the equivalent control signal and the switching
control signal [12]. The physical meaning of the equivalent
control signal is to keep the trajectories of the dynamical sys-
tem on the sliding-mode surface. It can be solved from s = 0.
The physical meaning of switching control is to make the tra-
jectories of the dynamical system move towards the sliding-
mode surface.

The sliding-mode control signal is

u = ueq + usw, 10

where ueq is the equivalent control signal and usw is the
switching control signal.

The derivative of s is given by

s = c1e + c2e +   ⃛e 11

From (7) and (8), the derivative of e is

e = yd − y = yd − x1 − x3 = yd − x2 + x4 12

Neglecting the external disturbance kt/mu zr, the second
derivative of e is

e = yd − x2 + x4 = yd +
ks
ms

+ ks
mu

x1 +
bs
ms

+ bs
mu

x2

+ −
ks
ms

−
ks
mu

−
kt
mu

x3 + −
bs
ms

−
bs
mu

x4 + −
1
ms

−
1
mu

x5

13

The third derivative of e is

   ⃛e =    ⃛yd +
ks
ms

+ ks
mu

x1 +
bs
ms

+ bs
mu

x2 + −
ks
ms

−
ks
mu

−
kt
mu

x3

+ −
bs
ms

−
bs
mu

x4 + −
1
ms

−
1
mu

x5

14

Substituting (7) and (8) into (14), the third derivative of e
can be rewritten as

   ⃛e =    ⃛yd + −
bs
ms

+ bs
mu

ks
ms

−
bs
ms

+ bs
mu

ks
mu

x1

+ ks
ms

+ ks
mu

−
bs
ms

+ bs
mu

bs
ms

−
bs
ms

+ bs
mu

bs
mu

−
1
ms

+ 1
mu

k2 x2 +
bs
ms

+ bs
mu

ks
ms

+ bs
ms

+ bs
mu

ks
mu

+ bs
ms

+ bs
mu

kt
mu

x3 +
bs
ms

+ bs
mu

bs
ms

−
ks
ms

+ ks
mu

+ kt
mu

+ bs
ms

+ bs
mu

bs
mu

+ 1
ms

+ 1
mu

k2 x4

+ bs
ms

+ bs
mu

1
ms

+ bs
ms

+ bs
mu

1
mu

+ 1
ms

+ 1
mu

k1 x5

−
1
ms

+ 1
mu

k3u
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Substituting (12), (13), and (15) into (11), we have

s = c1yd + c2yd +   ⃛yd

+ c2
ks
ms

+ ks
mu

−
bs
ms

+ bs
mu

ks
ms

−
bs
ms

+ bs
mu

ks
mu

x1

+ −c1 + c2
bs
ms

+ bs
mu

+ ks
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+ ks
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mu

ks
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−
ks
ms

+ ks
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k2 x4 + c2 −
1
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−
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1
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mu

1
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+ 1
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+ 1
mu

k1 x5

−
1
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+ 1
mu

k3u
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Letting

α1 = c2
ks
ms

+ ks
mu

−
bs
ms

+ bs
mu

ks
ms

−
bs
ms

+ bs
mu

ks
mu

,

α2 = −c1 + c2
bs
ms

+ bs
mu

+ ks
ms

+ ks
mu

−
bs
ms

+ bs
mu

bs
ms

−
bs
ms

+ bs
mu

bs
mu

−
1
ms

+ 1
mu

k2,

α3 = c2 −
ks
ms

−
ks
mu

+ bs
ms

+ bs
mu

ks
ms

+ bs
ms

+ bs
mu

ks
mu

+ bs
ms

+ bs
mu

kt
mu

,

α4 = c1 + c2 −
bs
ms

−
bs
mu

+ bs
ms

+ bs
mu

bs
ms

−
ks
ms

+ ks
mu

+ kt
mu

+ bs
ms

+ bs
mu

bs
mu

+ 1
ms

+ 1
mu

k2,

α5 = c2 −
1
ms

−
1
mu

+ bs
ms

+ bs
mu

1
ms

+ bs
ms

+ bs
mu

1
mu

+ 1
ms

+ 1
mu

k1,

β = 1
ms

+ 1
mu

k3,

17

then (16) can be rewritten as

s = c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3 + α4x4 + α5x5 − βu

18

Letting s = 0, u in (18) is the equivalent of control signal
ueq. From (18), ueq is

ueq =
1
β

c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3 + α4x4 + α5x5

19

Letting zr = kt/mu zr satisfies the following inequation:

zr ≤D 20

According to the designing principle of the sliding-mode
control, the switching control signal usw is designed as

usw = 1
β
Ksgn s , 21

where K is a positive constant. K satisfies the following
condition:

zr ≤D < K 22

Therefore, sliding-mode control is designed as

u = 1
β

c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3 + α4x4 + α5x5

+ 1
β
Ksgn s

23

Remark 1. For stability, K is usually chosen to be conserva-
tively large. This is not very desirable due to the chattering
introduced. To improve the response time, c1 and c2 should
be chosen to be conservatively large.

3.2. Stability Proof of the Closed-Loop System. The Lyapunov
function candidate v is given as

v = 1
2 s

2 24

The time derivative of v is

v = ss 25

Substituting (18) into (25), and considering the external
disturbance kt/mu zr, we have

v = ss = s c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3

+ α4x4 + α5x5 − βu + kt
mu

zr

26

Substituting the controller (23) into (26), we have

v = ss = s c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3 + α4x4

+ α5x5 − c1yd + c2yd +   ⃛yd + α1x1 + α2x2 + α3x3 + α4x4

+ α5x5 − Ksgn s + kt
mu

zr ,

v = ss = s −Ksgn s + kt
mu

zr = −kssgn s + s
kt
mu

zr

= −k s + s
kt
mu

zr

27

Considering the inequation (20), we have

v ≤ 0 28

Therefore, according to the Lyapunov stability theory
[13–15], the closed-loop control system is stable from (28).

4. Simulation Results

In this section, a simulation analysis case is given to evaluate
the effectiveness and applicability of the controller design
method described above.
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A sinusoidal roadway is introduced as the input distur-
bance signal in the suspension system, which is assumed as
zr = 0 1 sin t . The vertical road profile is shown in Figure 2.

Some main parameters of active suspension in the simu-
lation are shown in Table 1.

With the active suspension control, the vibration of the
suspension displacement can be effectively suppressed. This
effective suppression can avoid damage to the vehicle struc-
ture safety. Meanwhile, the service life of the suspension
system is also extended with the effective suppression of
the vibration of the suspension displacement. In this sec-
tion, the proposed sliding-mode control method is applied
to control the suspension system, which is as the active con-
trol. In Figure 3, the control performances of the active
control and the passive control are shown for comparison.
Suspension passive control means that the suspension force
is fixed.

InFigure 3, the solid line is the suspensiondisplacement by
using the proposed sliding-mode control method as the active
control. The dashed line denotes the suspension displacement
response with the passive control. It can be observed that the
vibration of the suspension displacement is suppressed to
within a small range with the active control.

The control input signal, that is, the servo-valve control
current if in the hydraulic servo system, is shown in Figure 4.

5. Conclusions

The dynamical model of the active suspension system is pro-
posed in this paper. The dynamics of the hydraulic system is
introduced in the proposed model. Based on the improved
model, the sliding-mode control method is designed as
the active control for the suspension system. Stability of
the closed-loop control system is proven via the Lyapunov
stability theory. From the simulation case results, we know
that the proposed sliding-mode control method can obtain
the satisfactory operation performance for the active sus-
pension system.

Nomenclature

ms: Sprung mass
mu: Unsprung mass
kt: Equivalent stiffness coefficient of the tire
bs: Equivalent damping coefficient of the damper
ks: Equivalent stiffness coefficient of the spring: hydraulic

force
zs: Vertical displacement of the sprung mass
zu: Vertical displacements of the unsprung mass
zr: Vertical road profile.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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Table 1: Parameter values.

ms = 275 mu = 50 kt = 157,750
ks = 12,015 bs = 1200 c1 = 10
c2 = 5

0.4
0.3
0.2
0.2

0
−0.1
−0.2
−0.3
−0.4Su

sp
en

sio
n 

di
sp

la
ce

m
en

t
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Time

Passive control
Active control
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The event-triggered consensus control for leader-following multiagent systems subjected to external disturbances is investigated, by
using the output feedback. In particular, a novel distributed event-triggered protocol is proposed by adopting dynamic observers to
estimate the internal state information based on the measurable output signal. It is shown that under the developed observer-based
event-triggered protocol, multiple agents will reach consensus with the desired disturbance attenuation ability and meanwhile
exhibit no Zeno behaviors. Finally, a simulation is presented to verify the obtained results.

1. Introduction

Consensus is a basic problem in the cooperative control
of multiagent systems [1–5], which is generally realized
through the behavior-based method or the leader-following
approach. To be specific, the leader-following consensus
problem has been studied in [6–12] from different perspec-
tives, where all the following agents can reach consensus by
tracking a real or virtual leader based on local interactions.
However, all the work mentioned above requires that the
control system is implemented in a continuous or time-
sampled triggered way, which would consume some unnec-
essary energy and computing resources in applications.

To reduce the resource consumption, the event-triggered
scheme has been applied to the consensus control problem.
In particular, the event-triggered consensus of leader-
following multiagent systems was studied in [13–16], where
the dynamics of agents was restricted to single- or double-
integrator. Furthermore, the general linear multiagent system
was considered in [17–21]. In [18], a distributed event-
triggered strategy was proposed with state-dependent thresh-
old so that the following agents could asymptotically track
the leader without continuous communication. But it was
assumed that all the following agents were aware of state

information of the leader. In [19], the distributed, central-
ized, and clustered event-triggered schemes were proposed
for different network topologies, which could reduce the fre-
quency of controller updates. In [21], an existing continuous
control law was extended with a novel event-triggered condi-
tion, and it was proved that the system remained the desired
performance with much lower controller updating fre-
quency. In the literatures mentioned above, the consensus
protocols and event-triggered conditions are both designed
using the internal state information that is very hard or even
impossible to be accurately obtained in real systems [22]. In
addition, the external disturbance always exists in realistic
situations, whose influence also has to be taken into account.

In this paper, the output-feedback event-triggered con-
sensus is investigated for leader-following multiagent sys-
tems with high-order linear dynamics, subject to external
disturbances. A novel distributed control protocol is pro-
posed with an observer form, by using the local output infor-
mation. Then, sufficient conditions are derived to guarantee
that the system can reach consensus asymptotically with
the desired disturbance attenuation ability but without Zeno
behavior. The contributions of our research are as follows.
The difficulties in directly obtaining full states is overcome
by designing a local state observer, whose output is used to
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generate the event-triggered consensus protocol. Besides, in
the developed scheme, the consensus algorithm, the state
observer, and the event-triggering monitor are all imple-
mented in a distributed and asynchronous way, which is
applicable in practice and can reduce the controller updat-
ing frequency.

The rest of the paper is arranged as follows. Section 2
gives the preliminaries on graph theory and the problem
formulation. In Section 3, the event-triggered scheme is
proposed with a state observer, in which the internal states
of each agent are estimated by using its output information.
And it is proved that the desired consensus performance
can be realized with no Zeno behavior. A simulation is given
in Section 4, and Section 5 concludes the whole paper.

2. Preliminaries and Problem Formulation

2.1. Preliminaries. In a leader-following multiagent system,
the communication topology among following agents is
described by a graph G = V , ℰ,A . Assume that there are
n agents and let N = 1,… , n . Then, V = v1, v2,… , vn
denotes the set of nodes with node vi standing for the ith
agent, and ℰ ⊆V ×V denotes the set of edges, in which
the edge vj, vi means information is transferred from
agents j to i. Besides, if vj, vi ∈ ℰ, node vj is called a neigh-
bor of vi.A = aij is named the adjacency matrix with aij ≥ 0,
where the positive element aij is the weighing factor of edge
vj, vi . On this basis, the Laplacian matrix of G can be
defined as ℒ =D −A , in which D == diag d1,… , dn is
called the degree matrix of G with di =∑n

j=1aij.
On the other hand, for the leading agent represented by

node v0, the edge v0, vi / vi, v0 represents that the informa-
tion is exchanged between the ith agent and the leader, whose
weighing factor is denoted by a0i = ai0. In other words, the
edges between following agents and the leader are bidirec-
tional. Note that there is no control input for the leader,
and the information from its neighboring agents is just used
to determine the triggering time. To summarize, let ℰ be the
edge set related to n agents and one leader, then the set of
neighbors of node vi is N i = vj ∈ V ∪ v0 \ vj, vi ∈ ℰ .
The interaction matrix of the leader-following system is
defined as H = L + Λ, whereΛ = diag a10,… , an0 .

To realize the consensus control of leader-following
multiagent systems, the assumption on interaction graphs is
made as follows [7].

Assumption 1. It is supposed that the interaction graph of the
leader-follower system with directed communication has a
spanning tree with the leader as root, or at least one agent
in each connected component of G is connected to the leader
for the undirected case.

2.2. Problem Formulation. Consider a leader-following mul-
tiagent system with n followers and one leader. The ith fol-
lower is modeled by a linear dynamic system with external
disturbances:

xi t = Axi t + Bui t + B1ωi t ,
yi t = Cxi t , i = 1, 2,… , n,

1

where xi t ∈Rm is the state, ui t ∈Rm1 is the control input,
yi t ∈Rp is the measuring output, and ωi t ∈Rm2 is the
external disturbance satisfying ωi t ∈ L2 0,∞ . The dynam-
ics of the leader is

x0 t = Ax0 t ,
y0 t = Cx0 t ,

2

where x0 t ∈ℝm and y0 t ∈ℝp denote the state and output
of the leader, respectively. Without loss of generality, it is
assumed that (A, B) is stabilizable, (A, C) is observable, and
C is of full row rank.

Protocol ui t is said to solve the consensus problem if
and only if the following equality is satisfied:

lim
t→∞

xi t − x0 t = 0, ∀i ∈N 3

However, the accurate consensus is hard to reach when
there exist external disturbances. So the following controlled
output is defined to measure the disagreement of agent i to
the leader agent:

zi t = xi t − x0 t , i = 1,… , n 4

Let

ω t = ωT
1 t ⋯ ωT

n t
T ∈Rm2n,

z t = zT1 ⋯ zTn t
T ∈Rmn,

5

Obviously, if z t = 0, then zi t = 0 for any i ∈N and
equivalently (3) holds. Therefore, the H∞ norm of the trans-
fer function matrix from ω t to z t , denoted by Tzω s , can
quantitatively measure the attenuation ability of the multia-
gent system against external disturbances. Combining with
the definition of H∞ norm, the control objective is to make

Tzω s ∞ = sup
v∈ℝ

σ Tzω jv = sup
0≠ω t ∈L2 0,∞

z t 2
ω t 2

< γ

6

satisfied, which is equivalent to

∞

0
z t 2dt < γ2

∞

0
ω t 2dt, ∀ω ∈ L2 0,∞ , 7

where γ > 0 is the given H∞ performance index [23]. When
(7) is satisfied for the closed-loop system, we say consensus
is realized with the disturbance attenuation ability γ.

3. Protocol Design and Consensus Analysis

3.1. Output-Feedback Event-Triggered Protocol. To realize the
consensus control using output information, state observers
are first designed for the following agents and the leader as
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xi t = Axi t + Bui t +G yi t − yi t ,
yi t = Cxi t ,

8

and

x0 t = Ax0 t +G y0 t − y0 t ,
y0 t = Cx0 t ,

9

in which xi t ∈ Rm and x0 t ∈ Rm are, respectively, the
estimated states of the ith agent and the leader. Combining
with observers (8) and (9), the event-triggered protocol is
developed as

ui t = K〠
j∈Ni

aij eA t−tik xi t
i
k − eA t−t jk xj t jk , 10

where tik denotes the kth triggering time of the ith agent
determined by the event-triggered condition

ei t = σ 〠
j∈Ni

aij xi t − xj t , 11

with ei t = eA t−tik xi t
i
k − xi t , t ∈ tik, tik+1 .

Remark 1. Totally, (8), (9), (10), and (11) form the output-
feedback event-triggered protocol, which is implemented in
a distributed and asynchronous way. Notice that there is an
item eAt in the definition of ei t that can be regarded as a
predictive factor. By this, the trigger frequency can be
reduced, and the redundant triggers after achieving consen-
sus can be also avoided. Similarly, to decrease the effect of
sampling error to the control effect, the predictive factor is
also used in the designed protocol ui t .

3.2. Model Transformation. For analyzing the consensus
performance, the nonzero consensus trajectory of a closed-
loop multiagent system is firstly converted into the origin by
model transformations. Define the observing error as hi t =
xi t − xi t , i = 0,… , n, and let xi t = xi t − x0 t , hi t =
hi t − h0 t , and ei t = ei t − e0 t . By (8), (9), and (10), it
is derived that

xi t = xi t − x0 t

= Axi t + Bui t + GChi t − Ax0 t − GCh0 t

= A xi t − x0 t + Bui t +GC hi t − h0 t

= Axi t + Bui t + GChi t ,

hi t = hi t − h0 t

= A +GC hi t − B1ωi t − A +GC h0 t

= A +GC hi t − B1ωi t ,
12

and

ui t = K〠
j∈Ni

aij ei t + xi t − ej t + xj t

= K 〠
j∈Ni ,j≠0

aij ei t + xi t − ej t + xj t

+ Kai0 ei t + xi t

13

Furthermore, by letting

x t = xT1 t ⋯ xTn t
T ∈Rmn,

u t = uT1 t ⋯ uTn t
T ∈Rm1n,

y t = yT1 t ⋯ yTn t
T ∈Rpn,

h t = h
T
1 t ⋯ h

T
n t

T
∈Rmn,

e t = eT1 t ⋯ eTn t
T ∈Rmn,

14

we have

u t = H ⊗ K e t + x t , 15

and then

x t = In ⊗ A +H ⊗ BK x t + H ⊗ BK e t + In ⊗GC h t ,

h t = In ⊗ A +GC h t − In ⊗ B1 ω t

16

Let ξ
T
t = xT t h

T
t

T
and εT t = eT t 01×mn

T ,

then (16) and (4) can be rewritten as

ξ t = Aξ t + Eε t +Wω t ,

z t = Cξ t ,
17

where

A =
In ⊗ A +H ⊗ BK In ⊗GC

0 In ⊗ A + GC
,

E =
H ⊗ BK 0

0 0
,

W =
0

− In ⊗ B1
,

C = Inm −Inm

18

According to the definition equations of xi t and hi t , if
they are asymptotically stable at the origin, xi t and hi t
would asymptotically equal to x0 t and h0 t , respectively.
Then xi t can asymptotically reach x0 t by xi t = xi t −
hi t and x0 t = x0 t − h0 t . Therefore, the consensus of
leader-following multiagent systems (1) and (2) is reformu-
lated as the asymptotical stability problem of system (17).
In other words, if (17) is asymptotically stable at the origin,
then the multiple agents reach consensus. Furthermore, the
norm Tzω s ∞ remains unchanged before and after the
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model transformation, and thus the H∞ performance of
system (17) is equivalent to that of the multiagent system.
In conclusion, if (17) is asymptotically stable with the dis-
turbance attenuation performance Tzω s ∞ < γ, then the
multiagent system can reach consensus with the disturbance
attenuation level γ.

3.3. Consensus Analysis

Lemma 1. (Schur complement formula): Let S be a symmetric
matrix of the partitioned form S = Sij with S11 ∈Rr×r , S11 ∈
Rr× n−r , and S22 ∈R n−r × n−r . Then, S < 0 if and only if

S11 < 0, S22 − S21S
−1
11S12 < 0, 19

or equivalently

S22 < 0, S11 − S12S
−1
22S21 < 0 20

Theorem 1. For a given index γ > 0, system (17) is asymptot-
ically stable with the disturbance attenuating performance
Tzω s ∞ < γ, if there exists a positive definite matrix P
and a positive parameter α so that the following inequality
is satisfied

PA + ATP + CTC + 2ασ HTH + ΛTΛ PE PW

ETP −αI 0
WTP 0 −γ2I

< 0,

21

where A, E, W, and C are defined in (18), H = H ⊗ Im
0nm×nm , and Λ = n1TnΛ ⊗ Im 01×nm . That is, under
the event-triggered protocol (8), (9), (10), and (11), the leader-
following multiagent systems (1) and (2) can reach consensus
with the disturbance attenuation ability γ.

Proof. Firstly, the asymptotical stability is demonstrated
under the assumption ω t = 0. According to the event-
triggered condition (11), it is derived that

e t ≤ σ H ⊗ Im x t ,

≜ σ Hξ t ,
22

with e t = eT1 t ⋯ eTn t
T , and e0 t = σ 1TnΛ

⊗ Im x t . From the definition of ε t and the equality e t
= e t − 1n ⊗ e0 t , ε t = e t ≤ e t + n e0 t fol-
lows and then ε t ≤ σ Hξ t + Λξ t is obtained.

Define a Lyapunov function V = ξ
T
t Pξ t with a posi-

tive definite matrix P. The derivative of V satisfies

V = ξ
T
t Pξ t + ξ

T
t Pξ t

= Aξ t + Eε t
T
Pξ t + ξ

T
t P Aξ t + Eε t

= ξ
T
t ATP + PA ξ t + 2ξT t PEε t

≤ ξ
T
t ATP + PA + α−1PEETP ξ t + αεT t ε t

≤ ξ
T
t ATP + PA + α−1PEETP + 2ασ HTH +ΛTΛ ξ t ,

23

Applying Lemma 1 to the inequality (21) indicates V < 0,
and therefore, system (17) is asymptotically stable.

Secondly, consider the H∞ performance of system (17)
with disturbance ω t ≠ 0. Define a cost function as follows:

JT =
T

0
z t 2dt − γ2

T

0
ω t 2dt 24

Then, under the zero initial condition, the following
result is derived:

JT =
T

0
z t z t − γ2ω t ω t dt

=
T

0
zT t z t − γ2ω t ω t + V t dt − V T

=
T

0
ξ
T
t CTCξ t − γ2ωT t ω t + 2ξT t P

· Aξ t + Eε t +Wω t dt − V T

=
T

0

ξ t

ε t

ω t

T
PA + ATP + CTC PE PW

ETP 0 0

WTP 0 −γ2I

ξ t

ε t

ω t

dt − V T

=
T

0

ξ t

ε t

ω t

T
PA + ATP + CTC PE PW

ETP 0 0

WTP 0 −γ2I

ξ t

ε t

ω t

· dt + αεT t ε t − αεT t ε t − V T

≤
T

0

ξ t

ε t

ω t

T
PA + ATP + CTC PE PW

ETP 0 0

WTP 0 −γ2I

ξ t

ε t

ω t

· dt + 2ασξT t HTH +ΛTΛ ξ t − αεT t ε t − V T

≤
T

0

ξ t

ε t

ω t

T PA + ATP + CTC + 2ασ HTH +ΛTΛ PE PW

ETP −αI 0

WTP 0 −γ2I

·

ξ t

ε t

ω t

dt − V T

25

According to the inequality condition (21), it is
proved that
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JT + V T < 0, 26

from which it yields

T

0
z t 2dt + V T < γ2

T

0
ω t 2dt 27

Let T →∞, we get

∞

0
z t 2dt +V T < γ2

∞

0
ω t 2dt, 28

which is equivalent to Tzω s ∞ < γ. Combining with Sec-
tion 3.2, it is demonstrated that the closed-loop multiagent
system reaches consensus with the desired disturbance atten-
uation ability Tzω s ∞ < γ. This completes the proof.

Remark 2. Based on Theorem 1, the gain matrices in the pro-
posed event-triggered protocol, that is,K andG, can be deter-
mined by the following steps.

Firstly, applying Lemma 1 to (21) yields an equivalent
inequality

Then pre- and postmultiplying (29) with diag P−1, P−1

leads to the following equivalent result

which can be guaranteed by

according to the inequality −P−1P−1 ≤ I − 2P−1. Again, by
Lemma 1, we get an equivalent inequality to (31) as

To summarize, it is shown that if (32) holds, then the
consensus condition (21) is satisfied. In order to calculate
the gain matrices, let P−1 take the form

P−1 = In ⊗ diag P, P , 33

where P is a positive definite matrix. Then, by substituting
(18) and (33) into (32) and denoting

PA + ATP + CTC + 2ασ HTH +ΛTΛ + γ−2PWWTP PE

ETP −αI
< 0 29

AP−1 + P−1AT + P−1CTCP−1 + 2ασP−1 HTH +ΛTΛ P−1 + γ−2WWT EP−1

P−1ET −αP−1P−1
< 0, 30

AP−1 + P−1AT + P−1CTCP−1 + 2ασP−1 HTH + ΛTΛ P−1 + γ−2WWT EP−1

P−1ET
α I − 2P−1

< 0, 31

AP−1 + P−1AT + γ−2WWT EP−1 P−1HT P−1ΛT
P−1CT

P−1ET
α I − 2P−1 0 0 0

HP−1 0 −0 5 ασ −1I 0 0

ΛP−1 0 0 −0 5 ασ −1I 0

CP−1 0 0 0 −I

< 0 32
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KP ≜Q,
GCP ≜ R,

34

we obtain a linear matrix inequality (LMI) in terms of matrix
variables P, Q, and R. Once the above three matrices are fig-
ured out by using the LMI toolbox of Matlab, the feedback
matrices can be determined as K =QP−1 and G = RP−1C−1

R ,
where C−1

R is right-inverse matrix of C.

Theorem 2. Under the event-triggered protocol (8), (9), (10),
and (11), the leader-following multiagent system does not
exhibit Zeno behavior.

Proof. Let tik be the current time of agent i. If tik+1 − tik
is proved to be strictly positive, then there exists no
Zeno behavior in the system. By the event-triggered condi-
tion (11), ei t ≤ σ ∑j∈Ni

aij xi t − xj t , t ∈ tik, tik+1
holds. For the following agents, the derivative of ei t
satisfies

d
dt

ei t ≤ ei t = AeA t−tik xi t
i
k − xi t

= Aei t − Bui t −GChi t

≤ A ei t + B ui t + GC hi t

35

From hi t = A +GC hi t − B1ωi t , we get

d
dt

hi t ≤ hi t ≤ A +GC hi t + B1ωi t

≤ A + GC hi t +wmi,
36

where wmi = max
t∈ tik ,tik+1

B1ωi t . So, hi t ≤ h mi holds

with

h mi =
wmi

A + GC
e A+GC tik+1−t

i
k − 1

+ hi t
i
k e A+GC tik+1−t

i
k

37

Combining the expression of ui t with the property of
continuous functions, there exists

u mi = max
t∈ tik ,tik+1

K〠
j∈Ni

aij eA t−tik xi t
i
k − eA t−t jk xj t jk ,

38

to make ui t ≤ u mi hold. Thus, the derivative of ei t
satisfies

d
dt

ei t ≤ A ei t + φi
k, 39

in which φi
k = GC h mi + B1 u mi.

Similarly, for the leading agents, the derivative of e0 t
satisfies

d
dt

e0 t ≤ e0 t = AeA t−t0k x0 t0k − x0 t

= Ae0 t −GCh0 t ≤ A e0 t

+ GC h0 t ,

40

which can be rewritten as

d
dt

e0 t ≤ A e0 t + φ0
k, 41

with φ0
k = GC h0 t .

To summarize, for both leading and following agents,
d/dt ei t ≤ A ei t + φi

k holds, and then it follows
that

ei t ≤
φi
k

A
e A t−tik − 1 , t ∈ tik, tik+1 42

Before the consensus is achieved, ∑j∈Ni
aij xi t − xj t

> 0 holds between any two triggering times, and there is a
ηik satisfying

σ 〠
j∈Ni

aij xi t − xj t ≥ ηik > 0, t ∈ tik, tik+1 43

Obviously, there exists only one solution t∗ to φi
k/ A

e A t−tik − 1 = ηk, which satisfies t∗ − tik > 0 and t∗ ≤ tik+1.
Consequently, it is derived that tk+1 − tk ≥ t∗ − tik > 0, which
completes the proof.

4. Simulation

In this section, a numerical simulation is given to verify
the theoretical results. A multiagent system consisting
of one leader and four following agents is considered,

0

13

4

2

Figure 1: Communication topology of the leader-following system.
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whose dynamics are modeled as (1) and (2) with system
matrices

A =
0 −2 0
1 0 0 5

−0 5 −2 −1
,

B = B1 =
1 0
0 2
0 −1

,

C =
0 1 0
1 0 0
0 0 1

44

The external disturbances are simulated by white noises
with brand limit 0, 0 1 and action period 0, 4s . Set the initial
states as x0 = 1 2 −2 T , x1 = x2 = x3 = x4 = 0 0 0 T .
The communication topology among agents is given by

Figure 1 with interaction factor aij = 0 2. Besides, take α = 5,
σ = 0 05, and γ = 1, and the gain matrices are determined as

K =
−12 1723 0 9520 1 4748
0 1182 −4 3205 2 0867

,

G =
−0 0008 −2 2198 0 2356
−1 4996 0 0146 0 1125
0 0366 −0 2269 −1 3914

45

The state trajectories of the multiagent system are shown
in Figures 2–4, from which we can see that the following
agents can reach consensus with the leader approximately
during the first four seconds when there exist external dis-
turbances and then achieve the exact consensus after the dis-
appearance of disturbances. From Figure 5, it is obvious that
the energy of the controlled output is lower than that of
external disturbances, which indicates that the system realizes
the H∞ disturbance attenuation performance with γ = 1.
Besides, the triggering times of each agent are n0 = 144, n1 =

Th
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Figure 2: The first state component of each agent.
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Figure 3: The second state component of each agent.
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223,n2 = 262,n3 = 302, and n4 = 354, and no Zeno behavior
occurs in the system.

5. Conclusion

In this paper, the output-feedback event-triggered consensus
was addressed for the linear leader-following multiagent sys-
tem with external disturbances. A distributed observer-based
event-triggered protocol was proposed using the output
information, under which the system could reach consensus
with the desired disturbance attenuation ability and no Zeno
behavior occurred. The effectiveness of the developed proto-
col was demonstrated by a numerical simulation.

Data Availability

In this paper, the simulation can be done byMatlab just using
the model dynamics and proposed controller given in Section
4, without any other data.
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An inertial measurement unit-based pedestrian navigation system that relies on the intelligent learning algorithm is useful for
various applications, especially under some severe conditions, such as the tracking of firefighters and miners. Due to the
complexity of the indoor environment, signal occlusion problems could lead to the failure of certain positioning methods. In
complex environments, such as those involving fire rescue and emergency rescue, the barometric altimeter fails because of the
influence of air pressure and temperature. This paper used an optimal gait recognition algorithm to improve the accuracy of gait
detection. Then a learning-based moving direction determination method was proposed. With the Kalman filter and a zero-
velocity update algorithm, different gaits could be accurately recognized, such as going upstairs, downstairs, and walking flat.
According to the recognition results, the position change in the vertical direction could be reasonably corrected. The obtained
3D trajectory involving both horizontal and vertical movements has shown that the accuracy is significantly improved in
practical complex environments.

1. Introduction

Pedestrian navigation refers to a user achieving real-time
navigation and positioning by carrying different sensors,
which can transmit the movement information to moni-
toring personnel; thus, it is extremely significant for those
personnel who need to work in an unknown or dangerous
environment. As an important branch of navigation,
pedestrian navigation has been paid increasing attention
in various industries.

At present, technologies suitable for pedestrian naviga-
tion can be divided into two technologies, satellite-based
Global Navigation Satellite System (GNSS) [1] providing
global position solution and ground-based positioning using
radio signals. The first kind is relatively mature, but the sig-
nals are blocked by tall buildings or when users are indoor
or inside places like caves or jungles. The second kind based
on the wireless frequency signal (such as wireless fidelity [2],
radio frequency identification [3], and ultrawideband [4])
requires preinstallation of signal transmitting equipment in

the positioning area, which is costly and has a limited appli-
cation range. It cannot be used in the positioning area and in
rooms where there are no signal transmitting/receiving
devices. People who have dangerous occupations, such as
firefighters or police officers, usually work in such situations
and have a high demand for precise locations. This is because
the pedestrian navigation system is used in an unknown
environment. Compared with other positioning technologies
based on self-contained sensors, the inertial measurement
unit (IMU) has the advantage of strong independence and
mainly adopts sensors, such as accelerometers and gyro-
scopes, to calculate pedestrian position information [5, 6].

Thanks to miniaturization technologies, such as micro-
electromechanical systems or nanoelectromechanical sys-
tems, IMUs have become smaller, low-cost, less power
consuming, and can be fixed to a pedestrian foot. The
foot-mounted IMU has many indoor applications, such
as in antiterrorism efforts and in providing help for fire
and other dangerous situations [7]. For example, in the
antiterrorism application, the IMU system can provide
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locations to facilitate smooth conduct of police operations
and indoor cooperation; this has great application value.

The main algorithm structure of the pedestrian navigation
system was proposed by Foxlin [8]; this is a shoe-mounted
method using the extended Kalman filter, zero-velocity
updates, and a strapdown inertial navigation system (SINS).
Over the past few years, some researchers have tried to add
other information sources to this main algorithm structure,
such as building heading information proposed by Cai et al.
[9], prior maps used by Lategahn et al. [10], and visual sensors
used by Flores et al. [11], to solve the problem of system error
drift. However, the applications of these methods are limited to
only some specific situations, and the system accuracy is
affected heavily by the selected sensors.

For the 3D positioning of indoor floors [12, 13], due to
the drift and integral error of the IMU, the positioning results
are very unstable, especially in the vertical direction. Further-
more, because of the influence of gravity acceleration, there is
a great deviation in the calculation of the height displace-
ment. To solve this problem, some researchers used the
IMU to combine building structures, such as Fei et al. who
proposed a method using a building heading-aided low-cost
inertial navigation [14]. However, firefighters often execute
rescue missions where there are no prior maps. Additionally,
Jiang et al. used visual tracking assists in IMU calibration to
avoid the bias drift during pedestrian navigation [15]; exper-
imental results show that the IMU and visual tracking are
complementary to each other. However, visual sensors may
be useless when it is dark or when the environment is full
of smoke. Furthermore, Zeng et al. used UWB/IMU sensor
fusion for indoor pedestrian tracking, which has the advan-
tage of higher accuracy and stronger anti-interference capa-
bility due to the features of UWB [16]. Its disadvantage is
that the UWB base station must be arranged beforehand. A
conventional solution uses the IMU with the barometer
height to achieve vertical positioning of the stairs [17], but
the barometer is easily affected by temperature flow intensity
and other factors in fire and other harsh environments.

This paper used an optimal gait recognition algorithm to
improve the accuracy of gait detection. Then we combined
this with Kalman filter and the zero-velocity update algo-
rithm to accurately recognize gait using our proposed mov-
ing direction learning method. According to the results of
direction determination, we took different coping methods.
Finally, accurate tracking between floors was obtained. The
proposed method was evaluated with walking experiments
and comparisons with other methods without using our
method and only applying SINS and the method using the
IMU and barometric pressure fusion to solve 3D pedestrian
trajectory. The experimental results show the effectiveness
of the proposed method. The error in the horizontal direc-
tion was less than 0.08m per 10m, and the error in the
vertical direction was less than 0.14m per 10m. The main
contribution of this paper is that the proposed method is
independent of various kinds of sensors. It even achieved
better performance than the existing multisensor fusion
methods [12, 18]. In addition, the optimal gait recognition
and the moving direction learning method will also bring
much benefit to indoor positioning problems.

This paper is organized as follows. Section 2 intro-
duces the system structure of the proposed pedestrian
navigation system (PNS), including hardware structure
and algorithm composition. The optimal gait recognition
algorithm, which plays an important role throughout the
system, is discussed in Section 3. In Section 4, Kalman filter
is applied for online computation of attitude transform
matrix, position, and velocity. Then, the moving direction
learning method is proposed in Section 5. Section 6 shows
the evaluation results of two sets of experiments. In Section
7, we give the main conclusions drawn from this work.

2. System Structure

The PNS used in this paper only included one IMU, which
was fixed on the left foot, as shown in Figure 1. The IMU
adopted in our system was the MTi integrated sensor from
Holland Xsens company as in Figure 2 [19]. It contains a
three-axis accelerometer, three-axis gyroscope, and three-
axis magnetometer, which can be connected to a computer
by an RS232 interface or USB interface. The sampling rate
was set as 100Hz, and its dynamic range was ±50 m/s2, ±
300 deg/s, and 600mg.

The algorithm flow of the PNS was as follows: (1) An
improved zero-velocity update algorithm that could more

z
x

y

Figure 1: The IMU fixed on the shoe.

Figure 2: Xsens IMU.
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accurately determine when the IMU should be stationary and
could be used as a reference in the Kalman filter to correct the
predicted position, velocity, and attitude angle of SINS; and
(2) a linear gait discrimination method used to judge the
walking state of pedestrians and solve the inaccurate posi-
tioning problem on floor height estimation, thus realizing
accurate indoor trajectory reconstruction. The algorithm
architecture is shown in Figure 3.

3. The Optimal Gait Recognition Algorithm

3.1. Zero-Velocity Detection. Zero-velocity detection deter-
mines whether the pedestrian foot is on the ground. The
detected zero-velocity state could be used as the external
measurement information for the system to reduce speed
error and improve positioning accuracy. One of two different
states, that is, moving and static, was an output of the zero-
velocity detection algorithm based on the signal source.
Zero-velocity detection [20, 21] plays an important role in
the whole system.

In this study, a generalized likelihood ratio test algo-
rithm was used, where the equivalent moving variance of

acceleration and the moving mean square value of angular
velocity are used for zero-velocity detection.

The output of IMU was defined as

xn = xan, xwn , 1

where xan and xwn ∈Ω3 are the specific acceleration and angu-
lar velocity measurement vectors, respectively and n repre-
sents the index for sampling instants when the sensor data
was collected. By the Neyman–Pearson rule, we assumed
the value zn = xn, xn+1, … , xn+W−1 , where W represents
the number of samples. We can get the T zn model as
follows:

T zn = 1
W

〠
n+W−1

k=n

1
δa

2 xak − g
xak
xak

2
+ 1
δw

2 xak 2 ,

2

where T zn is the test statistics as shown by the red curves in
Figure 4, g represents the acceleration due to gravity, xak and
xwk represent the means of the samples, respectively, and δ2a
and δ2w represent the noise variances of accelerometers and
gyroscopes, respectively.

In the stage of gait division, detection threshold Td zn
must be preset. In this study, we set Td zn = 0 3 × 105, as
shown by the blue line in Figure 4. By comparing the detec-
tion statistic T zn with the threshold Td zn , the gait detec-
tion results were obtained. Gait detection results were
expressed as follows:

Sk =
0, T zn > Td zn ,
1, T zn < Td zn ,

3

where Sk stands for the detection result, corresponding to the
black solid lines shown in Figure 5. When Sk equaled to 1, it
indicated the static phase; when it equaled to 0, it indicated
the moving phase.

Read IMU data
ax, ay, and az
wx, wy, and wz

Zero bias
correction

Zero velocity
detection and

labeled motion
state

Calculated
position

/velocity by
integration

Zero velocity
correction

Position/veloci
ty/transform

matrix update
by Kalman

Linear gait
discriminant

function

Update
according to

different
states

Output (position
and velocity)

Up, down, and flat walk

Figure 3: The algorithm architecture.
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3.2. Improved Zero-Velocity Detection Algorithm. When the
foot steps on the floor, it is actually static. However, due to
the drift of the measurement data of IMU, the data shows
that the foot is moving. Therefore, we call this phase the
pseudomoving phase, which can be induced by the local
uplift fluctuation of the static phase and usually lasts a short
time. The test result is shown in Figure 5. The improved zero-
velocity detection algorithm added a preset time threshold Tl
on the basis of the generalized likelihood ratio detection algo-
rithm. The improved zero-velocity detection results were
expressed by the following formula:

Sk =
0, L T zn > Td > Tl,
1, L T zn > Td < Tl,

4

where L T zn > Td represents the duration of the gait
phase. The modified gait detection result is shown in
Figure 6. Traditional zero-velocity detection results contain
a lot of pseudomoving phases, which results in inaccurate
location calculations. The improved gait detection algorithm
segmented the gait effectively.

4. Position Estimation Based on Kalman Filter

After getting the gait detection result, we needed to estimate
and correct the location of pedestrians through the zero-
velocity reference combined with the Kalman filter
algorithm.

4.1. Calculation of Attitude Transform Matrix. Data in body
coordinate b and navigation coordinate nmeets the following
equation:

xn, yn, zn T = Cn
b xb, yb, zb T , 5

where the attitude transform matrix Cn
b represents the rota-

tion relationship between the two coordinates, xn, yn, and
zn represent the geographical coordinates east, north, and
up, respectively, while xb, yb, and zb indicate the forward, left,
and upward directions in the body coordinate system.

Therefore, we could get the acceleration f of the naviga-
tion system as follows:

f =Cn
b × accX accY accZ T − 0 0 g T , 6

where accX, accY , and accZ represent the acceleration along
three axes in the body coordinate system. Besides, f can be
expressed as f 1 f 2 f 3 T , which represent the accelera-
tion along the xn-, yn-, and zn-axes, respectively. Based on
the acceleration data in the navigation coordinate, we could
obtain the pedestrian location and speed information via
integration computation. Therefore, the accuracy of Cn

b , acc
X, accY , and accZ were very important for accurate pedes-
trian trajectory reconstruction. The method of calculating
the attitude matrix by quaternion has been discussed by
many researchers [22], and thus, we just list them as follows:

q = q0 q1 q2 q3
T 7

Considering the relation between quaternions and gyro
measurement data in the body coordinate system, the
updated equation of quaternions is as follows, and we sup-
pose the quaternion is set as

q t = 1
2M w q t , 8

M w =

0 −wx −wy −wz

wx 0 −wz wy

wy wz 0 −wx

wz −wy wx 0

, 9

where wx, wy, and wz represent the x-axis, y-axis, and z-axis
angular velocity, respectively. According to (8), the quater-
nion matrix was obtained through the Picard approximation
method:

q t = cos Δθ0
2 I + sin Δθ0/2

Δθ0
Δθ q 0 , 10
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Figure 5: Gait recognition results based on zero-velocity detection.
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Figure 6: Gait recognition results based on improved zero-velocity
update algorithm.
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where q 0 is the initial quaternion and Δθ denotes the
change in angle, which can be obtained as follows:

Δθ =
t+Δt

t
Ωb

nb t dt =

0 −△θx −△θy −△θz

△θx 0 △θz −△θy

△θy −△θz 0 △θx

△θz △θy −θx 0

,

Δθ20 = Δθx 2 + Δθy
2 + Δθz 2,

11

where Δθx, Δθy, and Δθz are changes in angles and can be
obtained by Δθx =wx × Δt, Δθy =wy × Δt, and Δθz =wz × Δ
t, respectively. Then the attitude transform matrix Cn

bk can
be expressed in the form of quaternions, as shown in

Cn
bk =

2 q20 + q21 − 1 2 q1q2 − q0q3 2 q1q3 + q0q2

2 q1q2 + q0q3 2 q20 + q22 − 1 2 q2q3 + q0q1

2 q1q3 + q0q2 2 q2q3 − q0q1 2 q20 + q23 − 1
12

4.2. Prediction of Pedestrian Position and Velocity. Since the
IMU will have a certain drift and error will be accumulated
over time, the Kalman filter was applied here to correct the
distortion. In a regular walking cycle, the foot-mounted
IMU will periodically swing. Using the gait detection results,
the Kalman filter could estimate the errors of attitude, veloc-
ity, and position effectively.

The model of zero-velocity correction for the Kalman fil-
ter was constructed as follows [23]:

x = Fx +Gw, 13

where x is the system state vector, which is defined as

x = δsx δsy δsz δvx δvy δvz δρ δξ δψ
T 14

In the expression above, δsx, δsy , and δsz represent the
position errors of the target, δvx, δvy , and δvz are the velocity
errors of the target, δρ, δξ, and δψ are the errors in attitude
angles. w is the process noise with covariance Qw.

F in (13) is the state transition matrix with 9 rows and 9
columns:

F =
03×3 I3×3 03×3
03×3 03×3 Fm
03×3 03×3 03×3

, 15

and Fm is structured as follows:

Fm =
0 f 3 −f 2

−f 3 0 f 1
f 2 −f 1 0

16

Formula (13) introduces a continuous state model, and
the discretized equation is as follows:

xk+1 =Axk +wk, 17

where A = I + FΔt + 1/2 FΔt 2, xk represents the state of
time instant tk, and wk represents process noise. The covari-
ance of wk is calculated by Qk as

Qk =Qdt + 1
2 FQ +QFT dt2 + 1

6 2FQFT + FFQ +QFTFT dt3

18

Q is computed by Q =GkQwGT
k , where Gk is a matrix

with 9 rows and 6 columns:

Gk =
0 0

−Cn
bk 0

0 Cn
bk

19

The observation model is

zk =Hxk + τk, 20

where zk is the measurement matrix and τk is the white
Gaussian noise. H is the measurement matrix:

H =
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0

21

Based on the output of IMU and the estimated state var-
iable at time tk−1, the velocity and position were calculated
with the acceleration f in the navigation coordinate obtained
by (6) as follows:

vk = vk−1 + f × Δt,

sk = sk−1 + sk−1 × Δt + 1
2 f × Δt2,

22

where the vk matrix is the velocity at time tk and vk =
vx, vy, vz . The sk matrix is the position vector at time
tk and sk = sx, sy, sz . vk−1 and sk−1 are the estimated
velocity and position at time tk−1, respectively. Δt is the
sampling time. It is known that vk and sk will gradually
drift away from the true value due to the error of the
measured accelerations accX, accY , and accZ.

4.3. Update Based on Kalman Filter. After the Kalman filter
predicted the velocity and position, the zero-velocity infor-
mation was used to correct the velocity. When the foot was
stationary, we used the measurement data

zk = 0 0 0 T 23

Then using the Kalman filter, we update the current state
as follows:

x̂k,k = x̂k,k−1 +Kk zk −Hx̂k,k−1 , 24

where x̂k,k−1 and x̂k,k are the estimated states updated by the
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measurement zk. Kk is the filter gain of the Kalman filter,
which can be calculated by

Kk = Pk,k−1HT Rk +HPk,k−1HT −1 25

The error covariance of the state estimation is calculated
by

Pk,k−1 =Ak−1Pk−1,k−1Ak−1
T +Qk−1 26

The error covariance of the update process can be com-
puted by

Pk,k = I −KkHk Pk,k−1, 27

where k, k − 1 refers to the predicted value from the sam-
pling k − 1 to k, k, k refers to the k point estimates, and
Pk,k−1 is the step prediction covariance.

We set the prediction error d as d = x̂k,k − x̂k,k−1,
where d is a 9-dimensional vector and can be described
as d = d 1 d 2 d 3 ⋯ d 9 T .

Then the updated position and velocity are calculated
as follows:

sk = sk + λd 1 − 3 ,
vk = vk + λd 4 − 6 ,

28

where sk is the position corrected at time tick tk and vk is the
velocity corrected at time tick tk. d 1 − 3 is the first, second,
and third elements of d; d 4 − 6 is the fourth, fifth, and sixth
elements of d; and λ is denoted as the coefficient of deviation.
By adjusting the value of λ, the errors of position and velocity
could be adjusted. It needs to be pointed out that λ is depen-
dent on the step length, which is related to the height of the
pedestrian.

In order to correct the rotation matrix, the correction
matrix Pe was constructed as follows:

Pe =
0 −d 9 d 8

d 9 0 −d 7
−d 8 d 7 0

29

With the above matrix, the transform matrix can then be
updated via the following equation:

Cn
bk = I + βPe ×Cn

bk−1, 30

where β is the coefficient closely related to the step length of
people and step length is usually proportional to the height.
The average height of adults is 1.5m to 2m; therefore, the
range of the parameter β is set to be 1.5–2.

5. Moving Direction Learning Method

In order to get the exact vertical height, we presented a
linear discriminant function based on the pedestrian gait.
First, we judged whether the pedestrian was climbing the
stairs or walking on the flat ground; then, if they were
climbing the stairs, we judged whether they went up or

down the stairs. According to the results of different judg-
ments, we presented a linear discriminant function based
on the pedestrian gait, by which the walk pattern of every
step, such as up or down the stairs, can be detected. Our
specific methods are as below.

The step size calculation formula is defined as follows:

dxy = xend − xstart
2 + yend − ystart

2, 31

where dxy is the displacement of each step, xend and yend are
the surface coordinates of the last point during the moving
phase, and xstart and ystart are the first points during the
moving phase.

According to the actual measurement, when an adult
walks, the horizontal displacement of each step is 0.9m–
1.15m. Meanwhile, when taking a step up or down, the hor-
izontal displacement is 0.3m–0.38m; taking two steps up or
down, the horizontal displacement is 0.6m–0.75m. It can be
seen that the two scenes are very different in step size. We set
the threshold ds = 0 8 m, by comparing horizontal displace-
ments, to distinguish between taking the stairs and walking
on a flat plane.

If the direction of vertical movement is necessary, some
further rules need to be investigated as well. Here, the z-axis
displacement was calculated by using SINS. As we all know,
the vertical displacement cannot be obtained directly by inte-
grating the z-axis acceleration due to the drift of IMU data.
However, through a large number of experiments, we found
out that although there will always be a drift, the calculation
results can accurately reflect the going up or down the stairs.
Therefore, the difference between the upper and lower posi-
tion dz was computed as follows:

dz = zend − zstart, 32

where zstart and zend are the coordinates in the vertical
direction at the start and end points that are the same
as those in (31).

In summary, the linear gait discrimination function can
be obtained as follows:

l =
upstairs dxy < ds,dz > 0,

downstairs dxy < ds,dz < 0,
walking on a f lat plane dxy > ds

33

If it is judged that a staircase was climbed, the thresh-
old was further set to judge whether one or two steps were
climbed at a time; we set another threshold as dsl = 0 5 m.
If dz > dsl , then the z coordinate of the end point is
assigned zstart plus twice the stair height, that is, zend =
zstart + 2h. If dz < dsl, then the z coordinate of the end
point is assigned zstart plus the stair height, that is, zend
= zstart + h. If the pedestrian went downstairs, then zend =
zstart − 2h or zend = zstart − h; this is similar to going
upstairs. If it was judged that the pedestrian was walking
on a flat plane, then we set zend = zstart.
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The h value needed to be calculated at the first step of the
stairs. At the beginning of the test, the stair height calculation
was accurate. Because the drift was weak, acceleration could
be used for position computation in the vertical direction.
Besides, with the relationship between zend and zstart, the
value h could then be determined. If one step was climbed
at a time, then h = dz1 = zend1 − zstart1; if two steps were
climbed at a time, then 2h = dz1 = zend1 − zstart1. Here, dz1 is
the height of the first step of the staircase. The first step
height h was used in each subsequent calculation.

The verification result of the proposed stair height calcu-
lation method is shown in Table 1. Three different bench
heights were chosen as 0.15m, 0.16m, and 0.165m; each
group was verified by 20 sets of experiments; and the average
stair height was used as the h value.

6. Case Study

In this section, two different cases were discussed to illustrate
the effectiveness of the developed method. In Case 1, posi-
tioning in the 2D plane was considered and a reasonably
accurate result was derived. Furthermore, a 3D scenario
was implemented in Case 2, where the performance of the
linear gait discrimination method was verified.

Case 1. The experiment was conducted in the corridor of
Number 3 Teaching Building in Beijing Technology and

Business University, as shown in Figure 7. After using the
optimized zero-velocity detection algorithm and selecting
the appropriate parameters, the positioning results of the
2D horizontal plane were shown in Figure 8.
The actual walking distance in the corridor was 39.6m, while
the calculated value was 39.95m. In this case, the experimen-
tal error was 0.35m. The accuracy of the horizontal experi-
ment results were verified by Case 1.

Case 2. In Case 2, the linear gait discrimination method was
used to obtain an accurate 3D indoor trajectory reconstruc-
tion. The experiment was carried out in the stairwell in the
building, as shown in Figure 9.

Table 1: Performance of the stair height calculation method.

Bench height
(m)

Calculated average stair height h
(m)

Error
(m)

0.15 0.1503 0.0003

0.16 0.1603 0.0003

0.165 0.1646 0.0004

Figure 7: Experimental environment in Case 1.

39.6 m

End point
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Figure 8: 2D plane trajectory optimized by the algorithm.

Figure 9: Experimental environment in Case 2.
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Pedestrian attitude discrimination experiment. Five people of
different height, weight, and sex were selected to carry out
this experiment. The heights of the test personnel were
160–185 cm. During the test, the testers walked randomly
up/down the stairs and along flat planes. They were asked
to keep a real walking posture. The actual pedestrian walking
posture and gait discrimination results were compared, and
the comparison results are shown in Table 2. It could be
clearly seen that the error rate of the algorithm was less than
1.35%. The results showed that the linear gait discrimination
method proposed in this paper had a high recognition rate.
In the table above, the error rate was calculated by
the formula

re =
le
2L ,

34

where re is the error rate, le is the wrong number of steps, and
L is the total steps walked, and the number of actual walked
steps was equal to the number of test steps.
Validation of height estimation algorithm. The subject
started from the sixth floor staircase, climbed to the ninth
floor, and then walked a distance in the corridor. The actual
floor height was 3.5m, and with three stories, this resulted to
10.5m in total. We carried out three experiments: Experi-
ment 1, without using our method and only applying SINS;
Experiment 2, using the linear gait discrimination method;
and Experiment 3, using the IMU and barometric pressure

fusion to solve the 3D pedestrian trajectory. All the starting
points were 0, 0, and 0.
The sampling frequency of the barometer was 0.01 s, and
the formula for calculating the height of the barometer
was as follows:

H = 44, 330∗ 1 − p
p0

0 19026
, 35

whereH is the current height value of the calculation, p is the
barometric value at a specific moment, and p0 is the initial
barometric value. Then the IMU and barometer results were
calculated by the fusion method [23]. The measured height of
the barometer was 10.74m.
The result of Experiment 1 was shown in Figure 10, and the
results of Experiments 2 and 3 were given in Figures 11
and 12, respectively. To better show the different perfor-
mances of these methods, a detailed comparison result was
given in Table 3. It could be clearly seen that the error in
Experiment 1 was large, up to 3.5m, and the proposed
method also behaved a bit better than the IMU/barometer
fusion method with the error of 0.14m only.
The above three experiments were carried out 30 times in
each group, and the errors of Experiment 2 and Experiment
3 were within 0.3m per 10m. However, in an environment
such as in a fire rescue, the barometer will fail, and therefore,
the combination of the barometer and IMU is used to
increase the computational complexity. The improved

Table 2: Comparison of gait discriminant results among different pedestrians with actual walking posture.

Person Case Up 1 step Up 2 steps Down 1 step Down 2 steps Flat ground Error rate (%)

Person 1 (male)
Actual 15 78 21 52 210

1.33
Test 14 80 20 55 207

Person 2 (male)
Actual 9 89 14 45 323

0.625
Test 10 87 15 47 321

Person 3 (female)
Actual 15 58 19 103 403

0.84
Test 14 61 18 105 400

Person 4 (female)
Actual 14 59 17 89 201

1.32
Test 13 57 20 87 203

Person 5 (male)
Actual 8 78 17 105 326

1.12
Test 9 81 15 101 328
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Figure 10: Using only SINS 3D indoor positioning results.
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Figure 11: 3D positioning results of the proposed linear gait
discriminant method.
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method using only the IMU not only overcame the
redundancy of multisensor fusion but also completed the
3D trajectory reconstruction.

7. Conclusions

The foot-mounted IMU-based pedestrian indoor navigation
is useful for various indoor applications, such as finding
and rescuing firefighters or other emergency first responders.
This paper presented an optimal gait recognition algorithm
to obtain more accurate gait detection results. Then the
Kalman filter was combined with the zero-velocity update
algorithm to accurately recognize gait using our proposed
moving direction learning method. The proposed method
was evaluated with walking experiments, and comparisons
of results illustrated the effectiveness of the proposed algo-
rithm. The error in the horizontal direction was less than
0.08m per 10m, and the error in the vertical direction was
less than 0.14m per 10m. In future work, we will study more
complicated movement cases, such as jumping and walking
backwards, as well as movement via elevators.
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This paper proposed the H∞ state feedback and H∞ output feedback design methods for unstable plants, which improved the
original H∞ state feedback and H∞ output feedback. For the H∞ state feedback design of unstable plants, it presents the
complete robustness constraint which is based on solving Riccati equation and Bode integral. For the H∞ output feedback
design of unstable plants, the medium-frequency band should be considered in particular. Besides, this paper presents the
method to select weight function or coefficients in the H∞ design, which employs Bode integral to optimize the H∞ design. It
takes a magnetic levitation system as an example. The simulation results demonstrate that the optimal performance of
perturbation suppression is obtained with the design of robustness constraint. The presented method is of benefit to the general
H∞ design.

1. Introduction

Some constraints are often ignored in theory design so
that the designed system could not been achieved [1].
The unstable poles should be considered in the design of
unstable plants, which will have an impact on the system
running [2]. For example, the performance index of fight
aircraft is with a phase margin of 45° and however, the
phase margin is 35° at last after lots of money is poured
[3]. There is another type of unstable plants such as a
magnetic levitation system, which has been built in some
universities at home and abroad. But these systems could
not run, and there exists a large peak in the data of sensi-
tivity function [4]. And after X-29, the unstable poles
are considered under the research on the Fight Aircraft
JAS-39 and X-30, which succeeds. This paper solves the
problem that it is how to make the control system
obtained the optimal disturbance suppression.

There are two types of H∞ design, which are cycle for-
mation based on coprime factorization, H∞ state feedback
and H∞ output feedback such as DGKF [5, 6]. Cycle for-
mation applies to control design of the flexible system

such as instances in [7]. This paper proposes H∞ state
feedback and H∞ output feedback design together with
the magnetic levitation system, which is applicable to
unstable plants.

The key to achieve the H∞ control design is up to the
weight function. The weight function is considered partic-
ularly for an unstable plant in H∞ control design. There
are two different types of unstable plants. The first type
is that the frequency band of mathematical model is 10
times larger than unstable mode, for example, in designing
autopilot, the unstable mode is less than 1 rad/sec but the
bandwidth is larger than 40 rad/sec [2, 8]. These systems
will utilize the common H∞ design in general. The second
type is that the unstable mode and the bandwidth of the
closed-loop system are approximate, for example, in mag-
netic levitation systems in [9, 10], the unstable mode is
60~70 rad/sec and the bandwidth is 100 rad/sec. For the
latter, there is obvious feature and it is to be considered
in particular when using H∞ control design. This paper
mainly discusses the second type of unstable plants, and
the analysis results will benefit the explanation of the
design of the first type.
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2. Control Problem of Unstable Plants

In terms of control theory, there may be instability in control
design for an unstable plant. Feedback characteristics must
be considered in the design of the feedback system. Feedback
systems have some performance such as robustness, sen-
sitivity, and disturbance rejection, which can be changed
only by feedback. The low sensitivity and disturbance
rejection are the reasons why a system needs feedback
control, but the robustness is essential performance in
the feedback system. Therefore, the purpose of feedback
control system design is to achieve low sensitivity and
disturbance rejection.

2.1. Control System Performance Description. It is known that
the sensitivity function describes the performance of the
control system. The schematic of the feedback control system
is shown in Figure 1, where K is the controller and G is the
controlled plant. Then, its transfer function is given by

T =
KG

1 + KG
1

Define the sensitivity function S of the system as

S = d ln T
d ln G

= dT/T
dG/G

, 2

which shows the sensitivity function is the change of closed-
loop function T with respect to the controlled plant. If the
sensitivity of the designed system is low, it demonstrates that
the designed system is robust to modeling error.

Taking derivative of (1) with respect to G and substitut-
ing into (2), the sensitivity function S is given by

S =
G
T
dT
dG

=
1

1 + KG
, 3

which demonstrates the robustness and also other charac-
teristics of the control system.

Figure 2 shows the Nyquist curve of a system, K jω
G jω , and p is the minimum distance between KG and
(−1, j0), which can be obtained by

p =min 1 + KG 4

Define the maximum peak of sensitivity as MS,

MS =max S jω =
1
p

5

It is known that the response curve for open-loop systems
is closer to the point (−1, j0) asMS is larger, which will make
the system unstable while there is parameter perturbation of
the plant G. The peak MS is an index to robustness of the
closed-loop system.

As is shown in Figure 3, the relation between sensitivity
function and phase margin γ is formulated as

1
S jω

= 1 + KG = 2 sin
γ

2
6

The inequation can be obtained by

p ≤ 2 sin
γ

2
, 7

which shows that phase margin γ just decides the upper
limit value but not the truth value of MS. In fact, MS
may be very large and not robust while the system owns
good phase margin and amplitude margin. Therefore, the
maximum MS of sensitivity is the real index reflecting
the robustness of the system, which is often in the range
of 1.2~2.0. If MS in the designed system is 3, the system
is unable to control [11, 12].

Equation (3) gives the method to measure the sensitivity.
Figure 4 shows the systematic scheme with disturbance, and
S can be seen as the transfer function from d to y. Equation
(3) gives a method to measure the sensitivity. Figure 4 is
the schematic with perturbation d, and S is the transfer
function from d to y. The small S means that the output
is not sensitive to perturbation, which is an important

K G
r yue

−

Figure 1: Feedback control system.
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Re (KG)
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Figure 2: Nyquist curve of a system.
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K(j𝜔)G(j𝜔)
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1 + KG

p 𝛾

Figure 3: The relationship between phase margin γ and p.
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characteristic of the feedback system. But it will enlarge
the perturbation with S > 1.

As shown in Figure 4, the transfer function from
reference input r to error signal e is the sensitivity,

E s
R s

=
1

1 + KG
= S 8

Then, the sensitivity reflects the ability of the sys-
tem to track the input signal and smaller response to
little error.

The sensitivity demonstrates that the effect of the system
and the robustness could be reflected by its peak. The
performance of the system is often reflected by the
sensitivity function, which should be decreased in the
design. Therefore, the purpose of this paper is to obtain the
optimal peak of sensitivity function.

2.2. Unstable Plant Performance Limitation. In this section,
the characteristic of the system in combined design and the
limitation of the characteristic in an unstable plant are
discussed.

Theory 1. Assuming that the open-loop transfer function
K s G s owns unstable poles p1,… , pN , relative degree
ν = n −m > 1 and the closed-loop system is stable. Then,
the sensitivity function of the system satisfies the fol-
lowing equation:

∞

0
ln S jω dω = π〠

N

i=1
Re pi , 9

where n and m are the order of the denominator and
numerator, respectively. The proof is seen in [3]. The
Bode integral theory is of the linear system, and the design
of the linear system will be limited by this integral.

If the controlled plant is stable, the integral is zero,
∞
0 ln S jω dω = 0. Equation (9) is the logarithm of the

sensitivity function, and S = 1 is the boundary which
decides whether the integral is positive or negative. The
sensitivity is above 1 in some frequency band, and then,
it will be below 1 in others, which means that the shadow
area is fixed in Figure 5. The positive area is larger than
the negative are for unstable plants [2].

There, Bode integral is not a real limitation and the
negative area is limited between some frequency bands while
the positive area is distributed over others small in average. It

means ln s = ε in the wide-frequency band, and the Nyquist
curve of open-loop transfer function is a circle with center
−1, j0 and radius ≈1 − ε. Therefore, the open-loop trans-
fer function could not decrease in the high-frequency band
due to the plant with uncertainty and unmodel dynamics.
The bandwidth is generally finite in designing the control
system, in which the unmodeled dynamics is described
by multiplied uncertainty with its perturbation much less
than 1. This means that the characteristics of the system
are in coincident with the mathematical model and GK
is much less than 1 beyond the bandwidth Ωa. The out-
side logarithmic integral is zero in terms of the sensitivity
S = 1/ 1 + GK ≈ 1. Then, the Bode integral is given by

Ωa

0
ln S jω dω = 0  stable plants , 10

Ωa

0
ln S jω dω = π〠

N

i=1
Re pi   unstable plants 11

This is the real constraint with the integral interval Ωa
in application.

From (10) and (11), the integral constrains unstable
plants more important than stable plants because the pos-
itive area must be larger than the negative area, to be say
that MS is bigger. The minimal MS is the value of S with
rectangular sensitivity characteristics (Figure 6), of which
the robustness is optimal. The constraint (11) is fixed
for unstable plants, which is the key and the difficulty.
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Figure 5: Sensitivity reduction at low frequency unavoidably leads
to sensitivity increase at higher frequencies.
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This instance adjusts the weight coefficients to keep the
logarithmic sensitivity horizontal flat in bandwidth, which
derives the minimal Ms.

There is an unstable pole 6 rad/s and a bandwidth of
40 rad/sec about the fighter jet X-29 in [2], and the opti-
mal sensitivity peak MS ≈ 1 73 is derived in terms of (11)
[2, 13]. The standard performance is a phase margin of
45° for the fighter jet, but the phase margin of the
designed optimal system is 35°, which is not able to
improve [2].

Although this is theoretical analysis without the practical
system and the constraint of Bode integral is independent of
design methods, it can be used to assist the design. The H∞
control design for the unstable magnetic levitation system is
detailed in the following.

3. Linearized Model of the Unstable Magnetic
Levitation System

Figure 7 shows a model of the electromagnetic levitation sys-
tem [10]. For a nominal operating point z0 = 4 0 × 10−3 m,
i0 = 3 054A with N = 280, m = 15 kg, am = 1 024 × 10−2 m2,
and Rm = 1 1Ω; the linearized equations of the levitation
system can be given as [14]

x = Ax + B1w + B2u

=

0 1 0

4900 0 −6 4184

0 763 45 −8 7228

x +

0
1
15
0

w +

0

0

7 9298

u,

12

where the state vector x t = z t z t i t T, x1 = z is the gap
between electromagnet and rail, x2 = z is the derivative of
x1 = z, and x3 = i is the current in the coil. w is the perturba-
tion force applied to magnetically levitated train, and u is the
voltage in the coil.

4. H
∞

Optimal Performance Design of the
Unstable Magnetic Levitation Control System

4.1. H∞ State Feedback Design. State feedback is the basic
control method, and H∞ state feedback design is the simplest
control method in H∞ control. But state feedback is not a
standard problem in H∞ [6] and it is very different from
H∞ output feedback design, which will be discussed in this
section and next section. The relation between the solution
of state feedback and H∞ norm γ is focused by previous
articles about state feedback [13] such as bounded real
lemma [6] and HJI inequality in a nonlinear problem [10].
However, the real design is not equal to bounded real lemma
and HJI inequality. The whole design is that the robustness is
restricted by the conditions of solving Riccati equation and
Bode integral theory.

4.1.1. H∞ Norm γ in State Feedback. The weighted output is
first set in H∞ design and define the output q as

q =C1x +D12 u =

β1 0 0

0 β2 0

0 0 β3

0 0 0

x1

x2

x3

+

0

0

0

Wu

u,

13

where βi and Wu are weighted coefficients.
Assume that the transfer function from inputw to output

q is Tqw, then the goal in H∞ design is

Tqw ∞
< γ 14

The solution of H∞ state feedback is the central con-
troller in the full information problem, and the Riccati
equation is

ATP + PA + P γ−2B1BT
1 − B2D−1BT

2 P +CT
1C1 = 0,

15

where D =DT
12D12.

Theory 2. Assuming that C1,A is detectable, there exists a
state feedback control law,

u = Kx, 16

which make the system asymptotic stability and the
necessary and sufficient condition of Tqw ∞

< γ is that the
solution in (4) is greater than or equal to zero. Then,

K = −D−1BT
2P 17

This theory is a proof result [1, 15].
From Theory 2, the feedback control law (16) could be

obtained by solving (15) with MATLAB full information
problem function hinffi() if the weight coefficients and γ are
given. Therefore, to confirm weight coefficients and γ is the
main problem in H∞ design. But the norm γ in H∞ state
feedback should not be set directly to γ = 1 because it has a
dimension. For example, γ = 1 means 1N responds 1m with

u (t)
i (t)

F (i,z)

Electromagnet

Guideway

mg

z

Figure 7: Model of the electromagnetic levitation system.
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disturbance force and displacement in (12), which requires
the index of the system smaller than 1m/N = 103 mm/N.
This is available for the system with mm dimension, which
is an index with γ =∞ and is of no use.

So, γ should be confirmed in practical applications
and the output q is the weight product of x and u in
(13). Take the displacement x1, for example. If the unit
of displacement is millimeter and the weight coefficient
is 1000, γ = 1 just means 1mm/N. So it is appropriate
to set γ = 0 1 or 0.2.

4.1.2. Robustness and Constraints of the State Feedback
System. Theoretically, it is possible to minimize γ because
H∞ state feedback design is just to solve Riccati equation
(15). But it makes nonsense without any constraints, which
may lead to much larger bandwidth. Therefore, it is a
complete design to add robustness constraint. There are
two problems, unmodeled dynamics and model error under
parameter perturbation, in robustness design. The robust-
ness due to unmodeled dynamics could be controlled by
the bandwidth and the robustness due to model error is
described in terms of the sensitivity S.

It is considerable that H∞ state feedback is to suppress
disturbance signal w in the state feedback scheme and
then the bandwidth could be optimized by the LQR
method [16].

Together with weighted output (13), the index using the
LQR method is given by

J =
∞

0
xTQx + uTR u dt, 18

where Q and R are DT
12D12 and DT

12D12, respectively.
Define the open-loop transfer function of the state

feedback system as

L s =Kc sI −A −1B2 19

The crossover frequency can be approximated by [3, 16]

ωc =
σ C1B2

ρ
, 20

where σ is the maximum singular value and ρ is DT
12D12.

Substituting (12) and (13) into (20),

ωc =

σ

β1 0 0

0 β2 0

0 0 β3

0 0 0

0

0

7 9298

Wu
=
7 9298β3

Wu

21

The weight coefficients is set as

β3 = 1,

Wu = 0 12
22

And the crossover frequency is

ωc = 66 08 rad/sec, 23

where ωc is a proper value. The natural frequency of the
unstable plant is ω0 = 4900 = 70 rad/sec in terms of
(13), and if ωc and ω0 is in the same order matching with
mathematical model, the system will not be affected by
nonmodel high-frequency dynamics, which has an impact
on the robustness.

The bandwidth is controlled by weight coefficients using
(22), and then, the robustness is up to the sensitivity S.
Figure 8 shows signal flow graphic of state feedback.

The plant is the part after the input current of electro-
magnetic coils, and the controlled input is the current i as
shown in Figure 8. The power amplifier and the read and
amplifier circuits of all the state variables belong to the con-
troller. Then, the controller equation of the state feedback
system in robustness analysis is given by

di
dt

= −8 7228i + 7 9298 k3i + k2z + k1z 24

The corresponding transfer function is as follows:

K s =
I s
Z s

=
7 9298 k1 + k2s

s + 8 7228 − 7 9298k3
25

And the transfer function of the plant is given by

Z s =G s I s + αW s , 26

where

G s =
−6 4184
s2 − 4900

m/A 27

α is the coefficient of input force to current,

α = −
1/15
6 4184

= −0 0104A/N, 28

where the coupling term (763.45 in (12)) is not included in
(27), which is equal to the counter electromotive force caused
by the velocity z and is calculated combining with feedback

u

w

i

k1

k2

k3

1/s1/s 1/s
1/15

−6.4184
−8.7228

763.45

7.9298

4900

z = x1

x2

Figure 8: Signal flow diagram of the system with state feedback.
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gain k2. The input sensitivity function of the plant is
described by K s in (25) and G s in (27).

From (27), the plant owns an unstable pole p1 =
4900 = 70 and the result in (11) is π × 70 = 220 rad/sec,

which means that the logarithmic integral of the sensitivity
is 220 in terms of Bode integral law. Then, the design’s
purpose is to make the logarithmic sensitivity same as
shown in Figure 6 and minimize MS by selecting weight
coefficient under the constraint Ωa

0 ln S jω dω = 220.

4.1.3. Choice of Weight Coefficient and Controller Design. It
should be noted that gamma is just a design parameter
in designing H∞ state feedback and the purpose is to
achieve the minimum peak MS of sensitivity function
under bandwidth constraint. In terms of 4.1.1, it is reason-
able to set γ = 0 2 and β1 = 1000 in this case. In terms of
(22) and (27), β3 = 1 and Wu = 0 12 could be set. The
parameter β2 could be computed by solving (15) under
the condition that S jω of the system mostly approximates
the curve in Figure 6.

When β2 = 25, a flat curve of sensitivity function S jω is
obtained and all the parameters own proper values. The
parameters in this design is as follows:

β1 = 1000,

β2 = 25,

β3 = 1

29

When γ = 0 2, using the function hinffi() in MATLAB,
the state feedback matrix is obtained by

K = 30954 68 387 86 −25 40 30

4.2. H∞ Output Feedback Design. Notice that the H∞
standard problem is an output feedback problem [7]. In this
case, if x1 is used as an output feedback variable, a H∞
controller is theoretically possible to design. However, if
considered from the point of view of engineering practice,
the system should add current feedback to suppress various
disturbances in the current loop to improve the response
characteristic of the current (i.e., electromagnetic force) [3].
First, the current feedback is applied to the system (12), in
this example. The equation of the current feedback is
combined with formula (30); if the feedback coefficient is
set to k3 = −25, then the bandwidth of the current loop is
206 97 rad/sec, see the data in the following formula (32).
For system (12), the bandwidth is wide, but it can be
realized. Substituting the formula (31) into the (12), the
state equation of the system with current feedback is gained
as follows:

u = k3x3 + v, 31

x =
0 1 0

4900 0 −6 4184

0 763 45 −206 97

x +
0

0

7 9298

v,

y = 1 0 0 x

32

Let us discuss with the most commonly used mixed
sensitivity problem in H∞ control. The following H∞ opti-
mization problem is alluded to as mixed sensitivity problem:

γ =min
W1S

W2T ∞

≤ 1 33

In the formula, S refers to the sensitivity of the system,
which stands for the system performance. T is the closed-
loop transfer function, also known as the complementary
sensitivity, and its high frequency is constrained by robust
stability.W1 andW2 are the corresponding weight functions.
The H∞ controller is designed to ensure the stability of the
system, while the performance and robustness correspond
to the low-frequency and high-frequency characteristics of
the system, so the weight function of S and T is generally con-
sidered only from the requirements of the low-frequency and
high-frequency segments but not the requirements of the
medium-frequency band. But it is dissimilar for the control
of the unstable plant, because according to the Nyquist stabil-
ity criterion, the frequency characteristic of the system is
required in encircling counterclockwise the point −1 + j0
and this part is exactly in the middle-frequency section. So
for unstable plants, weighting functions should take into
account the performance characteristics of the middle-
frequency band. In addition, the effect of Bode’s integral
constraint (11) should also be considered in the determina-
tion of the weighting function. This limitation is more several
if the plant is open-loop unstable.

The rectangular characteristic shown in Figure 6 can be
considered as an ideal characteristic for system design.
Therefore, the weight function W1 s of sensitivity should
be determined according to this characteristic. Its amplitude
should be kept flat before bandwidth and not be greater
than 1/MS.

W1 jω ≤
1
MS

34

In the Nyquist diagram shown in Figure 9, notice that the
vector p from the point −1 to a point on the frequency char-
acteristic curve K jω G jω is just the 1 + K jω G jω . So, if
S is the constant value shown in Figure 6, the frequency
characteristic K jω G jω of the system at ω>0 will be the
next half circle with −1 + j0 point as the center of the circle.
Certainly, this is an ideal case. Generally, the Nyquist curve
of the unstable plant system will be in the shadow area as
shown in Figure 9. This area is composed of two rings with
a radius of 0.5 and 0.7, corresponding to S = 2 and 1 43,
respectively. Due to the constraint of Bode integral, S is not
smaller and it is not expected to make S bigger than 2.
Figure 2 shows the unit circle, and the crossover frequency
ωc is the point of intersection of KG and unit circle. From
the layout of the curves in Figure 9, it can be seen that the
nearest distance between KG and the critical point −1 occurs
near the crossover frequency ωc, that is, the sensitivity S jω
reaches the maximum value Smax near ωc and then gradually
attenuates to 1. This case should be considered in the weight
function W1 s .
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Figure 9 shows the readable M circle in the closed-loop
magnitude-frequency characteristics. Define the intersection
of KG and M= 1 in Figure 9 as ωb, and the value of closed-
loop transfer function T jωb is 1. After passing the peak
and then a long section of frequency, the closed-loop transfer
function will decrease to 1, which appears only in unstable
plants. The weight functionW2 should be calculated in terms
of this.

If the designed control law includes integral law, K jω
G jω will get into the shallow area in the third quadrant
from the second quadrant as shown Figure 9. The shallow
area is just up to the performance and Bode integral con-
straint. The responding sensitivity S jω increases from zero,
and as ω rises, the integral in control law decreases and S
increases gradually, which derives the flat curve of S in
Figure 6. Because Ωa could reach 300 rad/sec much larger
than the low-frequency band (<10 rad/sec) in second quad-
rant, the sensitivity could also be approximated in Figure 6.
It is applicable for the design of integral control law based
on Figures 6 and 9.

If the unstable pole of the magnetic levitation system is
70 rad/sec and the bandwidth is designed in the same order
of 70 rad/sec, the mathematical model in (12) is applicable
in the work frequency band without nonmodeled dynamics
problem in high frequency. Considering this point, the
weight function W1 s in this case is given by

W1 s =
0 65 × 180
s + 180

, 35

where it limits the horizontal section by set MS = 1/0 65 =
1 538, which is a good index under Bode integral constraint,
to make S jω decrease before 180 rad/sec is set by 180 in
(35), which could limit the bandwidth.

The sensitivity design in conventional S/T is to limit
bandwidth depending on the weight function T and it is to
obtain optimal performance by maximizing the weight func-
tion of S. But the weight function W1 in (35) determines the

bandwidth in controlling unstable plants. In this paper, the
purpose is to use W1 to control MS and bandwidth by
adjusting W2.

The weight function W2 is given by

W2 s =
s2

ρ2
, 36

where ρ is an adjustable frequency at the intersection of
W2 and 0dB. If ρ is large enough in H∞ design, the solu-
tion to (33) is mainly demonstrated by W1S in the much-
frequency band. Here, the H∞ optimal solution is all-pass
characteristics and if demonstrated by W1S, S will rise up
to meet the all-pass characteristics due to W1 decreasing
when ω is over 180 rad/sec, which make Smax lager than
the designed MS. For this case, ρ should be decreased
and substituted W2T for W1 to keep all-pass characteristics.
That means the optimal solution is composed of W1S and
W2T , which makes the sensitivity characteristics flat and
meet the bandwidth. The weight function W1 s should be
fixed to adjust ρ of W2 s to make the optimal solution
γ→ 1 in (33).

Figure 10 is the block diagram of the S/T problem in this
case. The dashed line is the generalized plant P, G is the
system formula (32), W1 and W2 are the corresponding
weight functions, w and u are the inputs of the generalized
plant, and z1 z2

T and y is the output of the generalized
plant. K is the H∞ controller to be designed. From
Figure 10, the generalized plant P in the form of transfer
function matrix can be written as

0

W1 W1GP11 P12P(s) = = W2GP21 P22 I G
. 37

It is noted that the P12 matrix of the formula (37) does
not satisfy the requirement of the rank of the D12 matrix.
Because takeW2G, for example, the denominator of the plant
G is three-order (see (32)), while the numerator of W2 is the
two-order (see (36)). Therefore, a term 0 001s + 1 is added
toW2 s to make P12 ∞ full column rank. So, the weighting
functionW2 is now chosen (38), using (35), (37), and (38), to
solve the H∞ optimization problem. We use MATLAB
function hinfsyn() to get ρ = 185 3248 when γ = 1 0000.

G

K

z2

W1(s)

W2(s)

z1w

u y

P

+

+

Figure 10: Black diagram of the S/T problem.
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The resulting H∞ controller (after neglecting the high-
frequency term 1010) is

W2 s =
s2 0 001s + 1

ρ2
, 38

K1 s =
674833 866 s + 173 1 s + 155 4 s + 95 3

s + 951 7 s + 307 2 s + 180
,

39

where the unit of the controller K1 s is V/mm and
K1 0 = 32 873V/mm could be achieved in practical appli-
cation if using mm.

5. Simulation Results

5.1. Results Analysis of H∞ State Feedback Design

5.1.1. Sensitivity Characteristics. Figure 11 shows the Bode
plot of sensitivity function S jω with the controller (30) in
H∞ state feedback design, and its logarithmic integral equals
to 220 in coincident with (11). Although Figure 11 is not
rectangular like Figure 6, it can be approximated as a rectan-
gle with average height MS = 1 9 = 5 57 dB. The equivalent
bandwidth is Ωa = 342 76 rad/sec From (11) and Figure 6,
the value 1.9 is the minimum sensitivity peak MS achieved
by using state feedback.

5.1.2. The Relation between Disturbance Suppression and
Sensitivity. The purpose of H∞ state feedback is to suppress
disturbance so that the norm from w to q is smaller than
γ. There, γ is set to be 0.2. The curve 1 is a singular
value σ Tqw of the last section in Figure 12, and the sys-
tem norm is Tqw ∞

= −22 8 dB = 0 0724< 0.2. Here, q is
weighted output in design and the real output is displace-
ment variable z of the magnetic levitation system. Due to
amplifying z = x1 multiplied by β1 = 1000, the curves in
Figure 12 are the output β1 ⋅ σ Tzw multiplied by β1 and its
norm is −31 8 dB and it is Tzw ∞ = 0 0257 × 10−3 m/N,
equivalent to that the gap in the magnetic levitation system
changes within 0 257mm under perturbation force of 10N.

This is the best performance of this system for the relation-
ship of perturbation suppression and sensitivity. The transfer
function of disturbance suppression is given by

Tzw s =
Gw s

1 + K s G s
=Gw s S s , 40

where Gw s is the transfer function w from z disturbance
input to output as shown in Figure 8,

Gw s =
1

15 s2 − 4900 41

Because Gw s is fixed for the given plant, the pertur-
bation suppression is up to sensitivity function. The curve
3 in Figure 12 is amplitude-frequency characteristics of
(41), and the difference of curves 2 and 3 is sensitivity
characteristics of Figure 4. Therefore, the performance of
perturbation suppression is directly up to the designed
minimal MS.

5.2. Result Analysis of H∞ Output Feedback Design. The
sensitivity function S jω is approximately the same as in
Figure 11 under the controller (39) in H∞ output feedback
design, and it is rectangular in practical application, which
decreases after the bandwidth. It shows that the area of the
rectangle is equivalent in Figure 6 and is the limitation of
Bode integral and flat S. The sensitivity function S jω of
H∞ output feedback design under the controller (39) is the
same as Figure 6.

Figure 13 shows the characteristics with the H∞ con-
troller (39). γ = 1 in σ Tzw is the optimal solution and
all-pass characteristics with 0 dB. W1S and W2T are
the components of this solution. The closed-loop char-
acteristics T jω and sensitivity S jω are also drawn
in Figure 13.
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Figure 11: The Bode plot of S jω .
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The crossover frequency KG of open-loop characteris-
tics is ωc = 80 rad/sec, and the sensitivity S is flat with peak
frequency 90 rad/sec, which is because W2T rises up to
complement W1S . W2T will shift right with large ρ in
W2 due to that S is increased by the all-pass solution and a
large peak comes out after ωc. This case demonstrates the
effect of the adjustable parameter ρ of weight function
W2 in H∞ optimal design.

The above is designed according to the weight function
W1 of (35), so there is no integral control law in the control-
ler K1 s . If we need to add integral law, we can add PI to the
designed K1 s . And the obtained controller is

K2 s = 1 +
ki
s

K1 s , 42

where ki = 1 sec−1. Figure 14 shows the sensitivity charac-
teristics with and without integral law, and it can be seen
from the figure that the peak of the sensitivity with inte-
gral law is a little larger. Increasing ki, the peak will also
be enlarged, even over 6 dB, which causes the robustness
of the system to decline. So the good design is to keep
the sensitivity flat. The integral law mainly affects the sen-
sitivity when ω < 10 rad/sec. When Ωa ≥ 300 rad/sec, the
medium-frequency band is very narrow and the design
method above is feasible by Figure 6.

Of course, this kind of sensitivity characteristic with inte-
gral control can also be obtained by specifying the weight
function in the H∞ design. For example, when the perfor-
mance weighting function W1 s is as the following

W1 s =
a
s
, 43

where a is the design parameter and in this case as shown
in Figure 14, a is set as 2 rad/sec. The crossover frequencies
ωc1 of W1 and ωc2 of W2 are set as ωc1 = a = 2 rad/sec

and ωc2 = ρ = 185 32 rad/sec. However, in the common
H∞ mixed sensitivity design, the approximate equation
ωc1 ≈ ωc2 [8] is established when the optimal solution is
reached. The large difference between ωc1 and ωc2 is due
to the particular demand for the medium-frequency band
in the unstable plant, which demonstrates the difficulty of
(43) in general design. This instance is too much between
ωc1 and ωc2 because unstable plants have a particular request
for the medium-frequency band. Therefore, the designW1 s
in (43) is not feasible.

The first kind of unstable plants with a small unstable
mode will not be discussed because the difference between
ωc1 and ωc2 is small while achieving the optimal solution.
The general S/T design could not achieve the needed per-
formance for the plants with a large unstable mode, and
the weight function and H∞ design could be applied in
terms of the flat curve in Figure 6. For the small unstable-
mode plants as discussed in Section 1, when achieving opti-
mal solution, ωc1 is almost equal to ωc2. However, for the
large unstable-mode objects, the traditional design S/T is
not able to provide necessary performance and the weight
function is needed by the characteristics in Figure 6 to
use H∞ design.

6. Conclusions

This paper presents H∞ state feedback control and H∞ out-
put feedback control with respect to the unstable plant, of
which the key is the design of weight function or coefficients.
In this paper, the weight function or coefficients are obtained
subject to the Bode integral constraint, avoiding the repeated
attempt. The deficiency in usual designs has been modified,
which adds robustness constraint under Bode integral law
into H∞ state feedback control design and points out that
the purpose of H∞ design is to achieve optimal performance
by adjusting γ and weight coefficients, not to minimize γ.
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The medium-frequency band should be considered to select
weight function in H∞ output feedback design, and together
with the magnetic levitation system, it is pointed that the
sensitivity function is an adjustable weight function to
obtain all-pass and weight sensitivity to control sensitivity
peak and bandwidth. Simulation results demonstrate that
the H∞ design of state feedback control and output feedback
control subject to the Bode integral constraint could achieve
optimal performance.
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Community structure, one of the most popular properties in complex networks, has long been a cornerstone in the advance of
various scientific branches. Over the past few years, a number of tools have been used in the development of community
detection algorithms. In this paper, by means of fusing unsupervised extreme learning machines and the k-means clustering
techniques, we propose a novel community detection method that surpasses traditional k-means approaches in terms of
precision and stability while adding very few extra computational costs. Furthermore, results of extensive experiments
undertaken on computer-generated networks and real-world datasets illustrate acceptable performances of the introduced
algorithm in comparison with other typical community detection algorithms.

1. Introduction

As one of the most popular research fields over the past
decades, complex networks have stimulated scientific
advances in various fields such as biology [1], social net-
works [2], epidemiology [3], computer science [4], and
transportations [5]. Numerous articles have explored dif-
ferent types of properties in complex networks. Among
these articles, the study on community structure, which
means vertices in a given network are inherently segregated
into groups inside which the connections are relatively
denser than those outside, has been one of the most popu-
lar [6]. Finding out the divisions of nodes in networks,
which is called community detection or network clustering,
is a hot spot for investigators because it is a good means to
uncover the underlying semantic structure, mechanisms,
and dynamics of certain networks [7]. Using such extracted
information, internet service providers (ISPs) could set
up a dedicated mirror server for intense web visits from
the same geographic region to improve their customers’
internet surfing experiences [8], and/or online retailers
could provide more efficient recommendations to cus-
tomers in favor of creating a more friendly purchase
environment [9].

To address the community detection problem, researchers
have developed numerous algorithms. Social network scien-
tists used to solve this problem by traditional methods such
as graph partitioning, hierarchical clustering, partitional
clustering, and spectral clustering [7, 10]. Girvan and
Newman proposed the first divisive algorithm named after
them, which is a milestone historically because it introduced
more physicists and computer scientists to this field [11].
Divisive algorithms use the concept of betweenness as criteria
to judge how often an edge participates in a graph process
and break up connections one by one to determine the most
significant community structure [10]. A byproduct of Girvan
and Newman’s algorithm, called modularity Q, a quality
function originally proposed as a criterion to decide when
to stop the calculation, is another landmark that supports
clustering methods focusing on the modularity optimization
problem [12]. Although it has been proven impossible to list
all the feasible divisions to determine the best strategy in
deterministic polynomial time (the problem is np-hard)
[13], many alternative approximate optimization techniques,
including greedy algorithms [14], random walks [15], fast
unfolding algorithm [16], information-theoretic framework
[17], belief propagation [18], extremal optimization [19],
simulated annealing [20], and genetic algorithms [21], have
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been deployed to solve the problem. Along with the optimi-
zation tools of interest, many instruments have been involved
in this field. For example, spectral algorithms explore eigen-
values of Laplacian matrices of graphs using traditional
clustering techniques [22]. Similar to spectral clustering,
similarity matrix factorization and blocking can also be
applied [23]. Label propagation, that is, attaching labels to
each node based on the neighbor information, is known as
a fast and effective clustering method [24].

k-means clustering has long been one of the best off-
the-shelf tools that exhibit relatively high precision and
low computational complexity [25]. However, the perfor-
mance of k-means relies too heavily on the selection of the
initial centroids; hence many updates have been proposed
to overcome this drawback. k-means++ chooses distinct
initial seeds far from each other in a probabilistic manner,
which leads to more stable clustering results but involves
increased complexity [26]. Through ranking nodes in the
same manner as Google’s cofounders did [27] and picking
the center nodes from the highest ranking ones, k-rank
achieves small fluctuation in the community detection
output although it requires additional running time [28].
Another defect of k-means, explained by Ng et al. [29], is that
it is only capable of finding clusters corresponding to convex
regions. To address this problem, one could map the original
data into a more suitable feature space. For example, Li et al.
made use of principal component analysis (PCA) to imple-
ment k-means in a lower-dimensional space for community
detection tasks [30].

The prevalence of extreme learning machines (ELM),
originally proposed by Huang et al., should be largely cred-
ited to the simplicity of its implementation [31]. It has been
demonstrated that given random input weights and biases
of the hidden layer, a single-layer feedforward network
(SLFN) could approximate any continuous functions simply
by tuning the output weights [32]. As a result, the abstracted
task in ELM is equivalent to a regularized least squares
problem which can be solved in closed form using the
Moore-Penrose generalized inverse [33]. Recently, semisu-
pervised and unsupervised ELMs have been exploited based
on the manifold regularization framework [34]. Regarding
the clustering task, the unsupervised ELM can be interpreted
as an embedding process that maps the input data into
low-dimensional space.

In this paper, we propose an extreme learning machine
community detection (ELM-CD) algorithm based on the
combination of k-means and unsupervised ELM to fulfill
the community detection task. Unsupervised ELM, inherit-
ing the efficiency of ELM, has been utilized as a mapping
mechanism that transforms the adjacency matrix to low-
dimensional space, where k-means can be employed to label
the groups. In consideration of no additional computational
load, we prefer the original lite weighted k-means to other
reinforced editions. Extensive comparison trials on both
artificial networks and realistic networks indicate that
ELM-CD outperforms traditional k-means in light of dif-
ferent precision criteria. Meanwhile, the introduced algo-
rithm has remarkably low complexity, approaching that of
k-means, and outperforms all other competitors evaluated.

The remainder of this article is organized as follows.
Section 2 provides details of our algorithm. In Section
3, evaluations and comparisons are made in artificial
and real-world networks. Finally, we conclude our work
in Section 4.

2. Model and Algorithm

2.1. Preliminaries. We focus on an undirected network
G V,E , where V represents the set of vertices numbering
in totalN andE represents the set of edges with total number
M. Neglecting self-loops, which mean an edge starts and ends
at the same point, connections among nodes are expressed as
a symmetric adjacency matrix A ∈ℝN×N .

Aij =
1, if vertex i and j are connected,

0, otherwise,
1

where i = 1,… ,N and j = 1,… ,N .
According to A, the Laplacian matrix L ∈ℝN×N is

defined as

Lij =

−1, if Aij = 1,

di, if i = j,

0, otherwise,

2

in which di =∑N
j=1Aij is the degree of vertex i, i = 1,… ,N ,

and j = 1,… ,N .
A community detection algorithm segregates V into

mutually exclusive districts by means of attaching labels on
each node to indicate which group it belongs to. Because A
is symmetric, each row or column of A can be considered
as an input sample denoted by ai ∈ℝN , i = 1,… ,N . Instead
of directly assigning each node with a community label,
ELM-CD first embeds A into a smaller matrix E ∈ℝN×n in
the n dimensional feature space, where k-means clustering
proceeds to output a vector t ∈ℕN

+ whose items are the
community labels of each node.

2.2. Embedding Process. Following the universal semisuper-
vised and unsupervised ELM framework [34], given Nh
neurons in the hidden layer, we define Ei ∈ℝn as the
output vector from ELM with respect to input vector ai.

Ei = 〠
Nh

j=1
βjg wT

j ai + bj , 3

in whichw j ∈ℝN and bj ∈ℝ represent input weights and bias
of the jth neuron in the hidden layer, respectively; βj ∈ℝn is
the output weight from the jth neuron to n dimensional
output elements; and g · is the sigmoid function

g x =
1

1 + e−x
4
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Assume that the input dataset A can be classified as unla-
beled set ai , i = 1,… , u, and that u represents the number
of unlabeled nodes and labeled set ai, yi , i = 1,… , l, where
yi ∈ℝn is the corresponding community label and l is the
number of labeled nodes so that u + l =N . The calculation
of ELM would fall into two parts. In the first part, we ran-
domly decide the input weights and biases according to a
uniform distribution. In the second, let (3) be expressed
as the inner product

E =Hβ, 5

where

H =

g wT
1 a1 + b1 ⋯ g wT

Nh
a1 + bNh

⋮ ⋯ ⋮

g wT
1 aN + b1 ⋯ g wT

Nh
aN + bNh

∈ℝN×Nh ,

6

β =
βT1
⋮

βTNh

∈ℝNh×n 7

We define each line of H as hi ∈ℝ1×Nh , indicating
the output with respect to ai. The target of the second
stage could be interpreted as a manifold-regularized opti-
mization problem:

minβ 
1
2
〠
l

i=1
Ci ei 2 +

1
2

β 2 +
λ

2
Tr ETLE

s t  eTi = yTi − hiβ, i = 1,… , l,

8

in which ∥·∥ is the Euclidean distance, Tr · calculates the
trace of a matrix, and λ is a trade-off parameter. The first
term of (8) is the loss function taking into account all labeled
nodes with diverse penalty coefficients Ci. The second term
refers to the classical antioverfitting regularization item that
constrains the output weight to be as small as possible. The
third term is the manifold regularization where the unlabeled
data comes into play. Concretely speaking, the manifold
regularization framework believes in the assumption that
if two points on the manifold sphere are close to each
other, then they would also result in similar predicted out-
comes [35]. Consider the adjacency matrix as a measure of
distance that two nodes are close to (connected to) each other
if Aij = 1, otherwise they will be far away (disconnected) from
each other. The approximation of the manifold regulariza-
tion is provided as

Rm =
1
2
〠
N

i=1
〠
N

j=1
Aij Ei − Ej

2 = Tr ETLE 9

This regularization penalizes the large difference in
prediction of two connected nodes.

When there exist no labeled nodes in the input dataset
and substituting (5) into (8), the optimization formulae could
be reformulated as

minβ  β 2 + λTr βTHTLHβ

s t   Hβ THβ = In
10

The additional constraint abides by the suggestion of
Belkin and Niyogi in the case of the degeneration of the
solution [36], and In is an n dimensional identity matrix.

Let γ and v denote the eigenvalue and the corresponding
eigenvector, respectively. When N ≥Nh and H have full
column rank, it has been proven in [34] that solving (10) is
equivalent to selecting n generalized eigenvectors corre-
sponding to the n smallest eigenvalues of the problem.

INh
+ λHTLH v = γHTHv 11

To organize the matrix β, we abandon the first eigenvec-
tor because it corresponds to eigenvalue 0 and contributes
little in the embedding process. Thus, given the first n + 1
smallest eigenvalues γ1, γ2,… , γn+1 sorted by ascending
order and their corresponding eigenvectors v1, v2,… , vn+1,
the output weights β are

β = v2, v3,… , vn+1 , 12

in which vi = vi/ Hvi , i = 2,… , n + 1, indicates the nor-
malized eigenvectors.

If N <Nh, meaning that the dimension of A is smaller
than the number of neurons in the hidden layer, the
proven formulation of (11) is underdetermined and has
the following alternative formulation:

In + λLHHT v = γHHTv 13

In turn, the solution is

β =HT v2, v3,… , vn+1 , 14

where the normalized eigenvectors are given by vi =
vi/ HHTvi ,i = 2,… , n + 1.

Finally, we substitute β into (5) to obtain the embedding
matrix E that would be fed into a k-means clustering
algorithm to determine the community labels t.

2.3. Clustering Process. In this article, an implementation of
the original k-means clustering [25], owing to its low com-
putational complexity, has been integrated into ELM-CD.
First, ELM-CD randomly selects k rows in E as the initial
centroids of k clusters. Second, taking the Euclidean dis-
tance as the standard, each row in E, which is represented
byei, i = 1,… ,N , is assigned to a cluster whose centroid is
closest to a certain row. Then, for each cluster, we calculate
the mean value of all its members and designate this mean
vector as the new centroid. We then iterate the cluster assign-
ment and the centroid update processes until no row in E
changes its community label.

We show the entire procedure of the ELM-CD algorithm
in Pseudocode 1.

3Complexity



3. Experiments and Results

In this section, we deploy our proposed algorithm ELM-CD
on computer-generated networks as well as four well-
known real-world networks to compare its performance with
that of three competitors, including two divisive algorithms:
GN [11] and NF [37], and conventional k-means [30]. All
experiments took place using MATLAB R2016a running on
an AMD Athlon(tm) X4 740 3.2GHz desktop with 4GB
RAM. The constructed ELM network has Nh = 2000 neurons
and randomly initialized input weights between −1 to 1 with
all biases being ignored (set to 0). Following the empirical
configuration in [34], we set the embedding feature space
dimension n = 3 and the trade-off parameter λ = 0 1.

3.1. Modularity and NMI. Our first criterion, the modularity
Q proposed by Newman and Girvan [38], is defined as the
margin between the density of intracommunity edges on
the estimated network and the density on a randomly reorga-
nized network with the same number of nodes and edges.

Q =
1
2M

〠
N

i=1
〠
N

j=1
Aij −

didj

2M
δG iG j

, 15

where di =∑N
j=1Aij still represents the degree of vertex i as

before and G i indicates the group label of node i. δij is the
Kronecker delta, leading to

δG iG j
=

1, if vertex i and j belong to the same group,

0, otherwise
16

A larger Q corresponds to a more apparent community
structure in the underlying network and vice versa.

The normalized mutual information (NMI), another de
facto benchmark for community detection, has also been
deployed to evaluate the accuracy of algorithms [39]. Based
on information theory, the NMI of two division methods A
and B to partition N nodes is defined as

I A, B =
−2∑CA

i=1∑
CB
j=1Nij log NijN/Ni N j

∑CA
i=1Ni log Ni /N +∑CB

j=1N j log N j/N
,

17

where CA and CB are the numbers of communities in A
and B, respectively, and Nij denotes the number of nodes
that both appear in group i of A and in group j of B,
where Ni =∑CB

j=1Nij and N j =∑CA
i=1Nij. The larger I A, B

indicates the more similar A is to B. Given the exact com-
munity distribution result B and the candidate algorithm A,
I A, B = 1 means that the algorithm has found all the com-
munities identical to the real structure while I A, B = 0
indicates a complete failure of the algorithm.

3.2. Computer-Generated Networks. We fabricate networks
with community structures per Girvan and Newman’s
method [11]. In this case, 128 vertices are separated into four
communities uniformly, meaning 32 nodes in each group,
and edges are randomly added between each pair of nodes
with probability Pin when the two nodes come from the same
community and Pout for vertices belonging to different
groups. In restraint of Pin > Pout and the average degree of a
vertex z = 16, through changing Pout or the average number
of intercommunity edges per vertex zout (the two are

ELM-CD (A)
1 initialize constant parameters, including λ, Nh, n
2 generate L from A
3 normalize A
4 randomly generate input weights and biases of neurons in hidden layer
5 calculate H according to Eq. (6)
6 if N ≥Nh
7 select the first n + 1 smallest eigenvalues of Eq. (11) and assemble β

using the corresponding eigenvectors as in Eq. (12)
8 else
9 select the first n + 1 smallest eigenvalues of Eq. (13) and assemble β

using the corresponding eigenvectors as in Eq. (14)
10 archive the embedding matrix E =Hβ
11 randomly select k rows from E as centroids, say c1, c2,… , ck
12 while t changed
13 for i = 1 to N
14 for j = 1 to k
15 dist j = ei − c j
16 find the smallest element in dist and its corresponding index s
17 ti = s
18 for i = 1 to k
19 update ci to be the mean value of all members in cluster i
20 return t

Pseudocode 1: (pseudocode of the ELM-CD).
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equivalent), we can achieve different networks with obvious
(small zout) or ambiguous (large zout) community character-
istics. These computer-generated networks with decided
graph knowledge are then fed into our algorithm and its
competitors to calculate their NMI, and the results are
presented in Figure 1.

Each point in Figure 1 represents the average NMI of a
certain algorithm on 50 randomly generated scenarios with
predefined zout varying from 0 to 8. The error bars accompa-
nying those points mark the normalized deviation of NMI in
1000 experiments. Lines connecting points are included
solely as a guide. The community detection resolution of all
methods drops with increasing zout; however, our algo-
rithm outperforms all competitors, especially when zout is
approaching 8, which means the community structure is
becoming extremely ambiguous, Even when zout = 8, ELM-
CD could still correctly classify half the number of nodes.
Another outstanding feature of our algorithm is its compar-
ative robustness. Different from what happens to ELM-CD,
both GN and k-means run competitively in terms of accu-
racy until zout = 6, but performance noticeably deteriorates
after that.

3.3. Real-World Networks. In this part, four real-world net-
works with decided numbers of communities have been
selected as test beds for measurement of our algorithm’s
accuracy as well as its running times. Table 1 shows the four
datasets in detail. For each scenario, we took 1000 trials for
each of the three probabilistic algorithms NF, ELM-CD,
and k-means. For the decided algorithm GN, only one trial
is sufficient.

First, we checked each algorithm’s understanding of
community structures based on the definition of modularity.
For GN, ELM-CD, and k-means, we need to predefine the
number of communities as one of the input parameters.
Practically, we varied this parameter from 1 to 10 for the first
three networks (Karate, Dolphins, and Polbooks) and from 1
to 20 for the last (football). Among all partition results, the
clustering scheme with the highest Q was chosen along with
its corresponding NMI scores. Table 2 lists these experi-
mental results and shows that ELM-CD exhibits obvious
but not dominant superiority compared with the other
algorithms. Specifically, compared with k-means, ELM-CD
demonstrates a stronger capability to determine more modu-
lar structures, simultaneously with higher NMI in most
instances. We cannot ignore the higher modularity scores
of GN and NF obtained in the dolphin network, but we
should also bear in mind that in this test, GN and NF
determined five and four clusters, respectively, compared to
ELM-CD’s three clusters.

Second, we fixed the predefined number of communities
as the inherent number for each network and calculated the
NMI of each algorithm to evaluate how close the difference
between the discovered community structure and the given
underlying structure could be. Meanwhile, the consumed
time was recorded to compare the complexity of the algo-
rithms. We display the maximum NMI accompanied by
the corresponding modularity and the calculation time in
Table 3. From this table, in spite of the minor improvement

in precision, GN is much slower in comparison with the
other three algorithms. Regarding NF, although it runs fast
enough, the low modularity and NMI results represent a
shortfall in the overall performance. ELM-CD no doubt
consumes more time than k-means, whose computational
complexity is O N · k where k is the predefined number of

zout

0.4

0 1 2 3 4 5 6 7 8

0.5

0.6

0.7

0.8

0.9

1

1.1

N
or

m
al

ize
d

m
ut

ua
li

nf
or

m
at

io
n

GN [11]
NF [37]
k-means [30]
ELM-CD

Figure 1: NMI of different algorithms on computer-generated
networks.

Table 1: Information of datasets.

Dataset
Number of

nodes
Number of

edges
Number of
communities

Karate 34 78 2

Dolphins 62 159 2

Polbooks 105 441 3

Football 115 613 12

Table 2: Maximum Q values and corresponding NMI of different
algorithms.

Dataset Index GN NF k-means ELM-CD

Karate
Modularity 0.4013 0.3807 0.3715 0.4198

NMI 0.7072 0.6925 0.1.0 0.6873

Dolphins
Modularity 0.5196 0.4955 0.4216 0.4617

NMI 0.5016 0.5727 0.4964 0.6548

Polbooks
Modularity 0.5120 0.5020 0.4509 0.5221

NMI 0.4018 0.4396 0.5525 0.5538

Football
Modularity 0.5950 0.5682 0.5779 0.5797

NMI 0.4237 0.4436 0.8490 0.8207
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communities, because ELM-CD requires the ELM calcula-
tion expenditure, which costs O Nh time. Theoretically,
once k is determined and when N ≫Nh, the complexity of
ELM-CD is asymptotically O N , of the same as k-means.
On the other hand, owing to the application of ELM, the
stability of ELM-CD is much better than that of k-means.
We demonstrate this by listing the average modularity and
NMI results of the three fast algorithms in Table 4.

In Table 4, k-means illustrates very poor stability (even
worse than that of NF) in light of the large differences
between the average results and the maximum results shown
in Table 3. In contrast, ELM-CD overcomes this inherited
shortcoming due to the inclusion of the manifold regulariza-
tion term in the equivalent optimization process as depicted
in (8). Another trend exposed is that the robustness of
k-means and ELM-CD is stronger for large networks with
higher numbers of communities. The graphical clustering
results of ELM-CD in Table 2 and Table 3 have been illus-
trated in the left and right parts of Figures 2–5, respectively.

3.3.1. Zachary’s Karate Club Network. From 1970 to 1972,
Zachary observed a karate club as an example of a social net-
work, which captures 34 members in the club and documents
78 pairwise links between members who interacted outside
the club [40]. The decided community structure formed after
a series of factional confrontations between the administrator
“John” and instructor “Mr. Hi” (pseudonyms) led to the split
of the club into two. Half of the members formed a new club
around Mr. Hi, and members from the other part found a
new instructor or gave up karate.

Figure 2 shows the partition results of our algorithm
corresponding to the scenarios in Table 2 and Table 3,
respectively. We use triangles to mark the new group belong-
ing to the administrator, and circles represent the instruc-
tor’s. From Figure 2(a), ELM-CD converges to four groups
to reach the largest modularity, although it redundantly
separates each new club into two smaller ones. When the
number of communities is decided, ELM-CD was able to
detect the difference after the confrontation occurred in the
club, which is demonstrated in Figure 2(b).

3.3.2. Dolphin Social Network. The second network we make
use of here is an undirected social network of frequent
associations between 62 dolphins in a community living off
Doubtful Sound, New Zealand [41]. These dolphins, natu-
rally separated by their sex into two categories, were studied
by Lusseau et al. for several years.

In Figure 3, we present snapshots of ELM-CD clustering
results for the largestQ and the maximum NMI, respectively.
Again, triangle and circle markers have been used to repre-
sent the two identical genders known ahead of time. For the
best effort segregation in light of the modularity criteria,
ELM-CD splits the female community into two subgroups,
as shown in Figure 3(a). Node 40 appears to be the key factor
that has the greatest effect on NMI results. In both images of
Figure 3, node 40 is the only one that has been incorrectly
classified. As a matter of fact, in Figure 3(b), the maximum
NMI would be 1 rather than 0.8888 if node 40 could be
assigned to the correct group.

3.3.3. Political Book Network. The third benchmark is a
network of books on US politics published around the
time of the 2004 presidential election and sold by https://
www.amazon.com/ [42]. Edges between books represent
frequent copurchasing of books by the same buyers. In total,
105 books, denoted as nodes, have been classified into three
categories as liberal, neutral, and conservative according to
their political orientations.

In Figure 4, these political tendencies have been identified
by triangle (conservative), circle (liberal), and pentagon
(neutral) markers, respectively. The identifications made by
our algorithm, on the other hand, are shown in three differ-
ent colors. Red and blue colors represent the conservative
and liberal groups, respectively, while green indicates the
neutral part, which occupies a small number of nodes. It is
clear from Figure 4 that people tend to have relatively stable
opinions on politics as indicated by the obvious segregation
of these books. However, it is not very uncommon that some
neutral books appear more liberal or conservative oriented in
the eyes of some critical readers, while the political orienta-
tions of some liberal or conservative books are obscure and
may be considered as neutral. This explains why our algo-
rithm can make mistakes on the boundaries between
different classes. Moreover, from these two images, some
books could have been classified more reasonably. For exam-
ple, node 78 has four connections to conservative books

Table 3: Compared results for maximum NMI, corresponding Q
values, and time elapsed (s) of different algorithms.

Dataset Index GN NF k-means ELM-CD

Karate

Modularity 0.3600 0.3870 0.3715 0.3715

NMI 0.8365 0.6925 1.0 1.0

Running time 5.5980 7.6e− 4 8.6e− 4 0.0098

Dolphins

Modularity 0.3787 0.4923 0.3555 0.3787

NMI 0.8888 0.6208 0.8084 0.8888

Running time 10.2244 0.0020 0.0012 0.0171

Polbooks

Modularity 0.4831 0.5020 0.4248 0.4530

NMI 0.5754 0.5308 0.4144 0.6650

Running time 199.2434 0.0064 0.0033 0.0293

Football

Modularity 0.5973 0.5773 0.5523 0.5585

NMI 0.9214 0.7624 0.8954 0.8944

Running time 808.1076 0.0120 0.0021 0.0308

Table 4: Average NMI and Q values of the three fastest algorithms.

Dataset Index NF k-means ELM-CD

Karate
Modularity 0.3807 0.1071 0.2374

NMI 0.6925 0.3960 0.4340

Dolphins
Modularity 0.4941 0.2818 0.2788

NMI 0.5943 0.3336 0.5728

Polbooks
Modularity 0.5019 0.3360 0.4861

NMI 0.5282 0.3739 0.5461

Football
Modularity 0.5680 0.5126 0.5086

NMI 0.7424 0.8396 0.8262
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Figure 2: Communities extracted from Zachary’s karate club network using ELM-CD. Different shapes indicate the inherent classification,
while different colors show the detection results of ELM-CD. (a) Clustering result with the largest Q. (b) Given k = 2 the scenario with
the best NMI (=1).
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Figure 3: Communities extracted from the dolphin social network using ELM-CD. Different shapes indicate the inherent classification,
while different colors show the detection results of ELM-CD. (a) Clustering result with the largest Q. (b) Given k = 2 the scenario with
the maximum NMI.
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Figure 4: Communities extracted from the political book network using ELM-CD. Different shapes indicate the inherent classification,
while different colors show the detection results of ELM-CD. (a) Clustering result with the largest Q. (b) Given k = 3 the scenario with
the maximum NMI.
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while only sharing two connections with liberal ones; never-
theless, it is defined as a liberal book. Another example is the
neutral node 77 that has no link to any other neutral books.
Both the best efforts in Figures 4(a) and 4(b) have success-
fully corrected these two unreasonable classifications.

3.3.4. US College Football Network. The last example is the US
college football network. Girvan and Newman introduced

this network of American football games between Division
I colleges during the 2000 regular season, where 115 teams
(nodes) from 12 conferences played 613 games (edges) in
total [11]. On average, there are seven intraconference games
and four interconference games, meaning that each team has
a greater chance of confronting a competitor in the same
conference. This feature gives us a good opportunity to
deploy our algorithm to evaluate its accuracy.
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Figure 5: Communities extracted from the US college football network using ELM-CD. Twelve conferences have been placed in groups with
conference names as labels. The detection results of ELM-CD are highlighted in different colors, each of which indicates one detected
community. (a) Clustering result with the largest Q. (b) Given k = 12 the scenario with the maximum NMI.
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In Figure 5, each conference has been located in a cluster
relatively far from the other conferences and the community
detection results have been recolonized using different colors.
Aiming at the highest score in modularity, ELM separates
these teams into eight classes. From Figure 5(a), except for
the Southeastern and the Atlantic Coast conferences, all
others have been misunderstood to some extent. Some of
them, say the Pacific Ten and the Mountain West in dark
blue, have been merged into a larger group. Some have been
disassembled and displaced into other groups, such as the
Independents and the Sun Belt. Such categorization could
be rational because conferences in a larger group do compete
with each other more frequently than smaller conferences. In
contrast, teams in the Independent conference, except for
nodes 81 and 83, share no game with each other; hence, it
is no surprise to see them in other categories. When the
number of communities is restrained to 12, as shown in
Figure 5(b), ELM-CD performs well, with NMI = 0 8944
according to Table 3. This time, most conferences have
retained the majority of nodes to organize independent com-
munities, except for the Sun Belt, which has been fragmented,
and the Mountain West, which contains two subclasses.
However, we also have to note some unusual clustering
behavior in this procedure, such as node 37 being placed in
the same group with nodes 81 and 83, having nothing to do
with 37 at all. Both of the snapshots in Figure 5 on some level
expose the irrationality of the original conference definitions.
For instance, node 111 belongs to Conference USA, but
this team has always played its games with opponents
from other conferences, which is contrary to the definition
of a community.

4. Conclusions

In this article, we have proposed a community detection
algorithm by combining the extreme learning machine
and k-means techniques. Compared with the traditional
k-means clustering method, the most evident advantages
of the introduced algorithm, named ELM-CD, are the
increase in precision and stability while adding very little
calculation. ELM-CD has also been tested on Girvan and
Newman’s artificial networks and on four real-world net-
works and has been compared to GN, NF, and conventional
k-means based on modularity and NMI benchmarks. From
the implementation of ELM as an embedding procedure
ahead of k-means clustering, ELM-CD demonstrates com-
petitive performances both in accuracy and complexity.
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System control techniques have been developing for a long time. For advanced system requirements, sophisticated control
algorithms are necessary for the nonlinear systems with uncertainties and disturbances. Disturbance attenuation or
rejection control has been attracting an increasing attention from both control theory researchers and control engineering
practitioners. In this paper, a new disturbance rejection control is proposed. Controllable canonical form is taken as the
standard form of system dynamics, and a disturbance observer is taken to estimate the discrepancy between system
dynamics and its standard form. Then the discrepancy could be compensated by control laws. Conditions of the closed-loop
stability and ultimate bound of the tracking error have been obtained. Numerical results have also been presented to support the
proposed approach.

1. Introduction

Automatic control plays a critical role in most of the
engineering fields. Automatic control technology, which
is capable of realizing the desired objectives without
interference of human beings, has been developing all
the time. For complex processes and advanced system
requirements, a sophisticated control approach, which is
able to optimize system performance and deal with inter-
actions, nonlinearities, operating constrains, time-delay,
and uncertainties, is of great necessity. For the sake of
improving system performance in the presence of various
uncertainties and disturbances, numerous advanced con-
trol algorithms and intelligent control methods, such as
adaptive control, robust control, sliding mode control,
model predictive control, neural network control, fuzzy
control, and evolutionary computing techniques, have
been proposed. Štefan Kozák has made an overview for
the development of control engineering methods and
structures in [1].

Actually, interactions, nonlinearities, time delays,
and uncertainties are ubiquitous in industrial processes.
Those are key factors degrading system performance.

Therefore, practically, the control problem is how to
deal with those undesired factors so as to keep system
performance still be satisfied [2]. If we define those
issues as disturbance, then disturbance is a critical fac-
tor to corrupt a nominal course of actions. From this
point of view, disturbance rejection is the key target in
control [2, 3].

If disturbance is available, feed-forward control is a natu-
ral and optimal choice to attenuate or reject disturbance.
However, disturbance is difficult to be available in advance.
Thus, estimating disturbance is an alternative and effective
way to solve this problem. Based on the estimation of distur-
bance, a control algorithm can be designed to suppress or
cancel disturbance. Consequently, the closed-loop system
performance could be guaranteed.

Motivated by such idea, researchers and practitioners
have proposed a wide variety of disturbance attenuation/
rejection control algorithms. Since the 1960s, numerous
disturbance estimation techniques, that is, the core of
disturbance attenuation/rejection control algorithms, have
been reported, such as disturbance observer (DOB) tech-
nique in disturbance observer-based control (DOBC) [4–6],
unknown input observer (UIO) technique in disturbance
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accommodation control (DAC) [7], extended-state observer
(ESO) technique in active disturbance rejection control
(ADRC) [8], perturbation observer (POB) technique [9],
and generalized proportional integral observer (GPIO) tech-
nique [10]. A review on the reported disturbance estimation
techniques can be found in [3, 11, 12].

Among the reported techniques, DOB has been
initiatively put forward by Ohishi et al. in the early
1980s to improve torque and speed control [13]. In
DOBC, disturbance distinctly refers to something external
[2], while, ESO, first proposed by Han in the 1990s
[14], is developed to be the key part of ADRC. In ADRC,
any discrepancy between the standard form (i.e., cascade
of integrators) and system dynamics will be viewed as
the generalized disturbances. Therefore, not only external
disturbances but also internal unmodeled dynamics and
unknown uncertainties are within the range of general-
ized disturbance.

Also, considering that physical processes may be subject
to different types of disturbance, composite hierarchical
antidisturbance control (CHADC) has been proposed to
avoid the conservativeness of disturbance estimation and
rejection in the presence of multiple disturbances [15, 16].

Now, disturbance attenuation/rejection control has
become a hot topic in recent years [2, 3]. Within such frame-
work, a nonlinear or linear controller is designed based on a
nominal or standard model in the absence of disturbances
and uncertainties, and its main work is to stabilize the system
and achieve desired tracking performance. Then a nonlinear
or linear disturbance observer is designed to estimate
external disturbances and/or internal uncertainties and
unmodeled system dynamics. Since disturbance attenua-
tion/rejection control approaches are effective in engineering,
it is not surprising that a large number of applications could
be found in various industrial sectors, such as mechatronics
systems, chemical and process systems, and aerospace
systems [3, 17–20].

In this paper, we also focus on the disturbance attenu-
ation/rejection control. The major contribution of this
paper is to develop a general framework of a new distur-
bance rejection control design approach. Unlike ADRC,
controllable canonical form is taken as the standard
system dynamics. Disturbance observer is utilized to esti-
mate the disturbance, which is defined as the discrepancy
between the controllable canonical form and practical
system dynamics. Based on the disturbance estimation
and compensation, the system is dynamically linearized.
Poles of the closed-loop system and the state observer
can be assigned by setting tunable parameters of the base-
line controller and the state observer. Clear physical expla-
nations of parameters are helpful for controller design and
its tuning. The input-to-state stability and ultimate bound
of tracking error are obtained for a class of uncertain
nonlinear systems.

The paper is organized as follows. A class of nonlinear
system with uncertainties is presented in Section 2. A new
disturbance rejection control, including its closed-loop
stability and the tracking error, is analyzed in Section 3. In
Section 4, numerical simulations are performed to support

the proposed algorithm, and then conclusions and outlooks
are drawn in Section 5.

2. Problem Statement

Consider an nth order nonlinear dynamical system

xi = xi+1,
xn = f x, t + d t + u t ,
y = x1,

1

where x = x1, x2,… , xn T ∈ Rn, f x, t ∈ R, d t ∈ R, u t ∈ R,
and y ∈ R. f x, t is an unknown differentiable nonlinear
function, which represents internal uncertainties and unmo-
delled dynamics. d t is the unknown differentiable exter-
nal disturbance, u t is the control input, and y is the
system output.

System control input u t is designed to drive system
output y to track desired output yr in the presence of
unknown dynamics and external disturbances.

If we let

Ax =

0 1 0 ⋯ 0 0

0 0 1 ⋯ 0 0

0 0 0 ⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 ⋯ 0 1

0 0 0 ⋯ 0 0

∈ Rn×n,

B =

0

0

0

⋮

0

1

∈ Rn,

CT =

1

0

0

⋮

0

0

∈ Rn,

D = f x, t + d t ∈ R,

2

system (1) can be rewritten as
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x =Axx + B u +D ,
y = Cx

3

Solving (3), we have

y =C exp Axt x 0 +C
t

0
exp Ax t − τ B u +D τ dτ

4

Obviously, D, that is, internal uncertainties, unmodelled
dynamics, and unknown external disturbance, definitely
affects system output. System output y can be decoupled
from D, if control input u includes a part which is able to
cancel D.

Let u = utr + uD, where utr is designed to stabilize the
system and track the desired trajectory, and uD is designed
to cancel D. Then we have

y =C exp Axt x 0 +
t

0
exp Ax t − τ Butr τ dτ

+
t

0
exp Ax t − τ B uD +D τ dτ

5

Apparently, when uD +D = 0, system output will not be
corrupted by D.

Hence, in this paper, we focus on the control algorithm,
which is capable of cancelling uncertainties, unmodelled
dynamics, and unknown external disturbances. A new dis-
turbance rejection control approach is proposed for a class
of nonlinear systems with uncertainties.

3. Disturbance Rejection Control

3.1. Disturbance Rejection Control Design. Disturbance
rejection control law can be designed as

u = u0 − D̂,
u0 = −aT x̂ + aTyr ,

6

where u0 is the baseline controller, which is utilized to stabi-
lize the system and track the desired trajectory, and D̂ is
the disturbance observer, which is designed to estimate
the unknown nonlinear dynamics f x, t and external
disturbance d t , that is, D̂ = f̂ + d̂. u is the control signal.
a = an, an−1,… , a1 T ∈ Rn is the parameter vector, x̂ =
x̂1, x̂2,… , x̂n T ∈ Rn is the estimation of the system state,

and yr = yr , yr ,… , y n−1
r

T
∈ Rn is the vector composed

of the desired output signal and its derivatives.
Substituting (6) into (1), we have closed-loop system

x =Ax + BU ,
y =Cx,

7

where U = aTx + aTyr +D ∈ R, x = x − x̂ ∈ Rn, D ≜D − D̂
∈ R, and

A =Ax − BaT

=

0 1 0 ⋯ 0 0

0 0 1 ⋯ 0 0

0 0 0 ⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 ⋯ 0 1

−an −an−1 −an−2 ⋯ −a2 −a1

∈ Rn×n

8

Apparently, system (7) is of controllable canonical form.
In other words, by disturbance rejection control law (6),
uncertain nonlinear system (1) is dynamically linearized
to a linear time-invariant (LTI) system, which has the
controllable canonical form.

Here, the state observer for system (3) is designed as

x̂ =Axx̂ + Bu0 + L y − ŷ ,
ŷ =Cx̂,

9

where x̂ = x̂1, x̂2,… , x̂n T ∈ Rn, L = l1, l2,… , ln T ∈ Rn,
u0 ∈ R, and ŷ ∈ R.

Subtracting (9) from (3), we have

x = Ax − LC x + BD, 10

where x = x − x̂ ∈ Rn and let AG =Ax − LC.
For disturbance observer, it can be designed as [5]

D̂ = ξ + p x̂ ,
ξ = −ln+1ξ − ln+1 p x̂ + u ,

11

where ξ ∈ R, ln+1 ∈ R, and p x̂ ∈ R.
The derivative of D is designed as D ≜D − D̂. In general,

there is no prior information about the derivative of the
disturbance D. It is reasonable to suppose that D = 0, which
implies that the disturbance varies slowly relative to the
observer dynamics. Hence,

D ≜ −D̂ = − ξ + p x̂ = ln+1ξ + ln+1 p x̂ + u − p x̂ 12

If we choose p x̂ = ln+1x̂n, then (12) can be rewritten as

D = ln+1D̂ + ln+1 u − x̂n 13

Since x̂n = u0 + lnCx, we have

D = ln+1D̂ + ln+1 u − u0 − lnCx = −ln+1lnCx 14
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For the estimation error systems (10) and (14), we have

z =Azz, 15
where

z =
x

D
∈ Rn+1 16

and

Az =
AG B

−ln+1lnC 0
∈ R n+1 × n+1 17

The solution of system (15) is z t = eAztz 0 .
Since Az is a finite constant matrix, if we choose proper
L⋮ln+1 such that all eigenvalues of Az are negative, we
have z t ≤ z 0 = δz, that is,

x

D
≤ δz 18

Control block diagram is shown in Figure 1.
Next, the definition of input-to-state stability is given,

and then the stability analysis has been presented.

Definition [21]. The system is said to be input-to-state stable
if there exist a class KL function β and a class K function
γ such that for any initial state x t0 and any bounded
input u t , the solution x t exists for all t ≥ t0 and satisfies
x t ≤ β x t0 , t − t0 + γ sup

t0≤τ≤t
u τ .

Accordingly, we have Theorem 1.

Theorem 1. Closed-loop system (7) is input-to-state stable, if
we choose a proper parameter vector a and L⋮ln+1 , such that
system matrix A is Hurwitz and estimation error is bounded.

Proof. For closed-loop system (7), its solution can be
written as

x = exp At x 0 +
t

0
exp A t − τ BU τ dτ 19

Coefficients of characteristic polynomial are deter-
mined by a, that is, λI −A = λn + a1λ

n−1 +⋯ + an−1λ + an.

(Here, I is the unit matrix.) If a is chosen properly, system
matrix A will be Hurwitz. Let eigenvalues of system matrix
A be −λi, i = 1, 2,… , n. There exists κ > 0, such that ∀i,
Re −λi < −κ, then exp At ≤M exp −κt . Therefore,
we have

x ≤M exp −κt x 0 +
t

0
M exp −κ t − τ B U τ dτ

≤M exp −κt x 0 + M B
κ

sup
0≤τ≤t

U τ

20

It shows that zero-input response decays to zero
exponentially and zero-state response is proportional to the
bound of the input.

Considering that

x

D
≤ δz 21

(when L⋮ln+1 is properly chosen) and yr is also bounded,
we have U = aTx + aTyr +D which is a bounded input signal.
According to the definition of input-to-state stable, we can
conclude that closed-loop system (7) is input-to-state
stable. q.e.d.

3.2. Tracking Error. For input-to-state stable system (7), let
tracking error be e = yr − y, we have

e = e1 = yr − x1,
e2 = yr − x1,
e3 = yr − x1,… ,
en = y n−1

r − x n−1
1

22

Accordingly,

e1 = e2,
e2 = e3,
,… ,

en−1 = en,
en = y n

r − x n
1

23

According to system (7), we have

State
observer

yr u0 u
Plant

d

y

D̂

Disturbance
observer

x̂
x̂

a

− −

Figure 1: New disturbance rejection control diagram.
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e1 = e2,
e2 = e3,
,… ,

en−1 = en,
en = y n

r + aT x̂ − aTyr −D

24

The last equation of system (24) can be written as

en = y n
r + aT x̂ − aTyr −D

= y n
r + anx̂1 + an−1x̂2 +⋯ + a1x̂n − anyr −⋯− a1y

n−1
r −D

25

Since e1 = yr − x1, e2 = yr − x1, e3 = yr − x1,… , and

en = y n−1
r − x n−1

1 , that is,

e1 = yr − x1,
e2 = yr − x2,
e3 = yr − x3,… ,
en = y n−1

r − xn,

26

we have x1 = yr − e1, x2 = yr − e2, x3 = yr − e3,… , and

xn = y n−1
r − en.

For x1 = x1 − x̂1, x2 = x2 − x̂2,… , and xn = xn − x̂n, then

x̂1 = x1 − x1,
x̂2 = x2 − x2,… ,
x̂n = xn − xn

27

Thus,

x̂1 = yr − e1 − x1,
x̂2 = yr − e2 − x2,… ,
x̂n = y n−1

r − en − xn

28

Substituting (28) into (25), we have

en = −ane1 − an−1e2 +⋯− a1en − anx1 − an−1x2

+⋯− a1xn −D + y n
r

29

If we define e = e1, e2,… , en T ∈ Rn, x = x1, x2,… , xn T

∈ Rn, then (29) can be rewritten as

en = −aTe − aTx + y n
r −D 30

According to (24) and (30), we have

e1 = e2,
e2 = e3,
,… ,

en−1 = en,
en = −aTe − aTx + y n

r −D

31

Equation (31), that is, the closed-loop tracking error
system, can be written in a compact form

e =Ae + ε t , 32

where ε t = 0, 0,… , 0, −aTx + y n
r −D

T
∈ Rn,

A =

0 1 0 ⋯ 0 0
0 0 1 ⋯ 0 0
0 0 0 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 ⋯ 0 1
−an −an−1 −an−2 ⋯ −a2 −a1

∈ Rn×n 33

Since

x

D
≤ δz 34

and y n
r are also bounded, without loss of generality, we can

assume that ε t ≤ δ, where δ is a constant.
Before giving out the bound of tracking error, the

following lemma can be presented.

Lemma [21]. Let D ⊂ Rn be a domain that contains the
origin and V 0,∞ ×D→ R be a continuously differen-
tiable function such that

α1 x ≤V t, x ≤ α2 x

∂V
∂t

+ ∂V
∂x

f t, x ≤ −W3 x , ∀ x ≥ μ > 0
35

∀t ≥ 0 and ∀x ∈D, where α1 and α2 are class K functions
and W3 x is a continuous positive definite function. Take
r > 0 such that Br ⊂D and suppose that

μ < α−12 α1 r 36

Then there exists a class KL function β for every
initial state x t0 , satisfying x t0 ≤ α−12 α1 r , and there
is T ≥ 0 (dependent on x t0 and μ) such that the solution of
x = f t, x satisfies

x t ≤ β x t0 , t − t0 , ∀t0 ≤ t ≤ t0 + T ,
x t ≤ α−11 α2 μ , ∀t ≥ t0 + T

37

Moreover, if D = Rn and α1 belongs to class K∞, then (37)
holds for any initial state x t0 , with no restriction on how
large μ is.

Then Theorem 2 can be obtained.

Theorem 2. For closed-loop tracking error system (32), if
λmax A < − δ/ e 2 , the tracking error e =O 1 , and the
ultimate bound is − δ/ λmax A λmax P / λmin P .

Proof. Note that, if parameters of controller (6) have been
selected properly, negative eigenvalues of matrix A in system
(32) is distinct. Considering that the systemmatrixA is of the
controllable canonical form, it can be transformed to a
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diagonal matrix by a Vandermonde matrix. The transforma-
tion matrix is

T =

1 1 1 ⋯ 1
−λ1 −λ2 −λ3 ⋯ −λn
−λ1

2 −λ2
2 −λ3

2 ⋯ −λn
2

⋮ ⋮ ⋮ ⋱ ⋮

−λ1
n−1 −λ2

n−1 −λ3
n−1 ⋯ −λn

n−1

,

38

where −λ1, −λ2,… , − λn are eigenvalues of matrix A, and
supposing that λn >⋯ > λ2 > λ1 > 0, we have the nonsingular
transformation e = Te, which transforms system (32) to be

e =Ae + T−1ε t , 39

where A = T−1AT = −diag λ1, λ2,… , λn .

Let P = T−1 T T−1 , we can define a Lyapunov function
candidate as

V e = 1
2 e

TPe = 1
2 Te TP Te = 1

2 e
TTTPTe

= 1
2 e

TTT T−1 T T−1 Te = 1
2 e

TTT TT −1 T−1 Te

= 1
2 e

Te,

40
then we have the derivative of V e along system (39),

V e = 1
2 eTe + eTe = 1

2 Ae + T−1ε t
Te + 1

2 e
T Ae + T−1ε t

= 1
2 eTAT + εT T−1 T T

e + 1
2 e

T Ae + T−1ε

= 1
2 eTATe + εT T−1 Te + eTAe + eTT−1ε

= 1
2 2eTAe + eTT−1ε T + eTT−1ε = eTAe + eTT−1ε,

V e = eTAe + eTT−1ε ≤ −λ1 e 2
2 + e 2 T−1

2 ε 2

≤ − λ1 −
δ

e 2
T−1

2 e 2
2

41

If V e < 0, we have e 2 > μ, μ = δ/λ1 T−1
2.
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Figure 2: Chaotic dynamics and attractor of a microcantilever in the AFM system.

Table 1: Control parameters of NDRC and ADRC (i).

Controller ωo l3/ωc λ1/b0 λ2/β1 a1/β2 a2/β3 k1 k2
NDRC (i) 120 36 −8 −9 17 72 — —

NDRC (ii) 100 36 −12 −21 33 252 — —

ADRC 75 15 1 225 16,875 421,875 30 225
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For e = Te, we have e = T−1e; then, e 2 = T−1e 2 ≤
T−1

2 e 2. Therefore,

μ < e 2 ≤ T−1
2 e 2, 42

that is, e 2 > μ0, μ0 = δ/λ1. Here, −λ1 is the maximum
eigenvalue of matrix A.

Define the maximum eigenvalue of matrix A is λmax A ,
and the minimum eigenvalue of matrix A is λmin A ; then,
λmax A = −λ1 and λ1 = −λmax A .

Therefore, if e 2 > μ0, μ0 = −δ/ λmax A , that is,
λmax A < −δ/ e 2, V e < 0.

Moreover, considering that V e = 1/2 eTPe and
1/2 λmin P e 2

2 ≤ 1/2 eTPe ≤ 1/2 λmax P e 2
2, let α1 r =

1/2 λmin P r2 and α2 r = 1/2 λmax P r2, we have α−11 r =
2r/ λmin P .
According to lemma, we have

e ≤ α−11 α2 μ0 = 2α2 μ0
λmin P

= λmax P μ20
λmin P

= −
δ

λmax A
λmax P
λmin P

,

43

that is, e =O 1 , and the upper bound of the tracking error
is − δ/ λmax A λmax P / λmin P . q.e.d.

3.3. Design Procedures. For the disturbance rejection control
law (6), state observer (9), and disturbance observer (11),
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Figure 3: System response of a microcantilever in AFM by NDRC.
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parameters a, L, ln+1 have to be determined. Design proce-
dures can be summarized as follows.

Step 1. Design the state observer according to (9). Let the
eigenvalue of the state observer be

λI −AG = λI − Ax − LC = λ + ωo
n, 44

where ωo is the bandwidth of the state observer. For the

second-order system, we have L = l1, l2 T = 2ωo, ω2
o
T , and

for the third-order system, we have L = l1, l2, l3 T =
3ωo, 3ω2

o, ω3
o
T .

Step 2. Design a disturbance observer according to (11).
Choose a proper gain ln+1.

Step 3.Choosing system eigenvalues to be −λ1, −λ2,… , − λn,
then we have A = −diag λ1, λ2,… , λn .

Step 4. According to Vandermonde matrix T, we have
A = TAT−1.

Step 5. The last row of matrix A = TAT−1 is the oppo-
site number of the control parameter vector a =
an, an−1,… , a1 T .

4. Numerical Simulations

In this section, three nonlinear systems are selected to con-
firm the new disturbance rejection control (NDRC) proposed
in this paper. Cases in the absence and presence of external
sinusoidal disturbance are considered. In all simulations,
external disturbances d t are set to be sin 2πt .

In addition, NDRC and ADRC have been compared.
Integral of time-multiplied absolute value of error (ITAE)
values are listed to present the difference. Parameters of
ADRC are chosen according to the bandwidth parameteriza-
tion approach proposed by Gao [22].

Example 1. The dynamics of microcantilever in atomic force
microscope (AFM) system is [23]

x1 = x2,
x2 = −δx2 − x1 + F cos Ωt + FIL x1 t ,

45

where t is the time, x1 and x2 are dimensionless position
and velocity of the microcantilever tip, F and Ω are
amplitude and frequency of the forcing term, and δ is
the damping factor. FIL x1 t = σ6d1/ 30 α + x1 t 8 −
d1/ α + x1 t 2 denotes the attraction/repulsion interaction
force derived from Lennard-Jones interaction potential.

System parameters are chosen to be δ = 0 04, σ =
0 3, α = 0 8, F = 2 0, Ω = 1, d1 = 4/27, and initial states
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Figure 4: Comparisons between NDRC and ADRC.

Table 2: Comparisons of NDRC and ADRC for microcantilever in
the AFM system.

Controller
Simulation
time (s)

Control
on (s)

External
disturbance on (s)

ITAE

NDRC 10 0 5 0.0402

ADRC 10 0 5 0.0493

Table 3: Control parameters of NDRC and ADRC (ii).

Controller ωo l3/ωc λ1/b0 λ2/β1 a1/β2 a2/β3 k1 k2
NDRC 120 36 −10 −9 19 90 — —

ADRC 75 15 1 225 16,875 421,875 30 225
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x1 0 , x2 0 = 0 1, 0 2 T . Chaotic dynamics behaviors
and attractor of microcantilever in AFM are given in
Figure 2.

In this simulation, we try to make the output of the
chaotic dynamic system to track a fixed value. Simulation is
performed for 10 seconds. Disturbance is introduced from
the 5th second, and it lasts to the end of the simulation.
Controller parameters are shown in Table 1 (see NDRC
(i)). System responses are presented in Figure 3.

From Figure 3, we can see that NDRC is able to get satis-
fied performance even if there exists sinusoidal disturbance.

In order to make a comparison with active distur-
bance rejection control (ADRC), simulations have been
performed. Numerical results are shown in Figure 4.
Control parameters are also given in Table 1 (see NDRC
(ii) and ADRC).

From Figure 4, we can see clearly that, when control
signals are close, oscillation amplitudes of NDRC are smaller
than those of ADRC in the presence of sinusoidal distur-
bance. It signifies that NDRC is superior to ADRC in
suppressing sinusoidal disturbance. ITAE values shown in
Table 2 also confirm the fact.

Example 2. The inverted pendulum system dynamics is [24]

x1 = x2,

x2 =
g sin x1 −mlx22 cos x1 sin x1/ mc +m

l 4/3 −m cos2x1/ mc +m

+ cos x1/ mc +m
l 4/3 −m cos2x1/ mc +m

u,

y = x1,

46
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Figure 5: System response of inverted pendulum by NDRC.
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where x1, x2 are the angular position and velocity of the pole.
g = 9 8m/s2 is the acceleration due to gravity, mc = 1 kg is
the mass of the cart, m = 0 1 kg is the mass of the pole,
l = 0 5m is the half-length of the pole, and u is the applied

force. Our objective is to maintain the system output to track
the desired trajectory yr = π/30 sin t . The initial states
are chosen to be −π/60, 0 T . Controller parameters are
listed in Table 3.

Simulation results are shown in Figure 5.
Figure 5 shows that NDRC is also capable of

tracking sinusoidal signal in the presence of sinusoidal
disturbance.

Comparisons between NDRC and ADRC have also
been performed. Parameters of NDRC and ADRC are
taken in which the values are given in Table 3. Simulation
results are presented in Figure 6. ITAE values are listed in
Table 4.
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Figure 6: Comparisons between NDRC and ADRC.

Table 4: Comparisons of NDRC and ADRC for the inverted
pendulum system.

Controller
Simulation
time (s)

Control
on (s)

External
disturbance on (s)

ITAE

NDRC 20 0 10 0.1933

ADRC 20 0 10 1.7943
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Figure 6 shows that with less control energy (see
Figure 6(b)), NDRC is able to track the sinusoidal signal with
no phase delay (see Figure 6(a)). Figure 6(c) also depicts the
fact vividly. Additionally, when sinusoidal disturbance is
introduced, NDRC can achieve much less tracking error,
which means that NDRC is more effective in estimating
and rejecting sinusoidal disturbance. ITAE values given in
Table 4 show that the value of NDRC is improved by
89.23%. It also verifies the disturbance estimation and
rejection ability of NDRC.

Example 3. The uncertain Genesio-Tesi chaotic system can
be written as [25]

x1 = x2,
x2 = x3,

x3 = −cx1 − bx2 − ax3 +mx21 + Δf x, t + d t + u t ,
y = x1,

47

where x = x1, x2, x3 T ∈ R3 is the system state vector,
constants a, b, c,m are positive, Δf x, t is a time-varying
function representing not precisely known and uncertain
dynamics of chaotic systems, d t is the external disturbance,
and u t is the control input.

In simulations, a = 1 2, b = 2 92, c = 6, m = 1, Δf x, t =
0 5 sin πx1 sin 2πx2 sin 3πx3 , d t = sin 2πt , and ini-
tial states are chosen to be x1 0 , x2 0 , x3 0 T = 0, 0, 1 T .
The chaotic attractor is shown in Figure 7.

In this case, we also drive system output to track a
fixed value. Parameters of chaos control are given in
Table 5.
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Figure 7: Chaotic attractor of Genesio-Tesi system.

Table 5: Control parameters of NDRC and ADRC (iii).

Controller ω o l 4/ωc λ 1/b0 λ 2/β1 λ 3/β2 a 1/β3 a 2/β4 a 3/k1 k 2 k 3

NDRC 120 36 −10 −9 −8 27 242 720 — —

ADRC 45 9 1 180 12,150 364,500 4,100,625 729 243 27
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System response can be found in Figure 8.
Figure 8 shows that, with the help of disturbance

observer, NDRC is able to track desired trajectory regardless
if sinusoidal disturbance exists or not. Comparisons between
NDRC and ADRC have been performed; Figure 9 and
Table 6 give out the difference.

From Figure 9, we can see that both NDRC and
ADRC are capable of estimating and compensating
disturbance to guarantee system performance. However,
in the presence of sinusoidal disturbance, NDRC is able
to provide much smaller oscillation amplitudes with sim-
ilar control energy. ITAE values shown in Table 6 also
confirm that NDRC is more effective in estimating and
cancelling uncertainties and disturbances.

5. Conclusion and Outlook

Driven by practical engineering needs, disturbance attenu-
ation/rejection control methods have been developed in
various industrial sectors. In this paper, a new disturbance
rejection control algorithm has also been put forward to
realize the control of nonlinear systems with uncertainties.
With the help of a disturbance observer and a baseline
controller, nonlinear systems can be dynamically linearized
and system dynamics is approximate to a LTI system with
controllable canonical form. Furthermore, based on the
results obtained, any effective control algorithms, which
are suitable for controllable canonical form, are also able
to be utilized in the disturbance rejection control scheme
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Figure 8: System response of the Genesio-Tesi system by NDRC.
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proposed in this paper. In addition, although numerical
simulation results are presented, the experimental results
are also on the way.
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The boiler-turbine unit is really a complex system in thermal power engineering due to its large-scale nonlinearity, unmeasured
state, unknown disturbances, and constraints imposed on both controls and outputs. To design a controller with appropriate
performance in above synthetical cases, this paper intends to propose an adaptively receding Galerkin optimal controller design
method, in which, the mathematical dynamics of unit can be directly used as a predictive model without any linearization, and
the unmeasured state in the predictive model is adaptively estimated using a predesigned state observer. With the help of a
mathematical predictive model, optimal control law is then obtained based on a Galerkin optimization algorithm. Due to the
application of the useful information measured at every sampling time instant, the proposed method can deal with the tracking
problem with constraints rather than the stabilization problem that can be only done by the traditional Galerkin optimal
control. Furthermore, it can also be easily extended to estimate and thus eliminate constant disturbances in an output channel
using an independent model strategy. Some simulations suggest that satisfactory tracking performance can be achieved even
when the unit experiences wide-range load change.

1. Introduction

The boiler-turbine unit plays a critical role in a thermal
power plant. Due to its genuine nonlinearity, serious cou-
plings among state variables, and physical constraints, it is
difficult to design a controller with appropriate transient
performance for the boiler-turbine unit [1]. In particular,
some key unmeasured state variables as well as unknown dis-
turbances bring much more difficulties in controlling the
boiler-turbine unit.

Conventionally, the boiler-turbine unit was usually oper-
ated in a local load range. In this way, the proportional-
integral-differential (PID) controller can achieve acceptable
performance [2]. However, the unit should be run now in
a large-scale load range, which leads the unit’s dynamics
to be inherently nonlinear [3]. In this case, it is challenging
to design a PID controller with appropriate performance,

especially when some physical constraints are required for
a safe and correct functioning of the unit. To achieve better
performance, recent years witness a surge of interests on
designing an advanced controller for the popular oil-fired
drum-type boiler-turbine unit [1], for example, see [3–19]
and the literature therein. As for the boiler-turbine unit, it
is interesting and imperative to derive new control strategy
that can maximize or minimize a specified control perfor-
mance index while honoring the constraints imposed on
the unit. Until now, several optimal controllers such as model
predictive control have been investigated and achieved better
performances for the unit [4, 10–13, 15, 16]. Nevertheless,
most of these controllers were designed on the basis of
either the black-box nonlinear model identified from run-
ning data of the unit or linear models obtained by lineariz-
ing the unit’s mathematical model. More attentions recently
have been paid to optimal controller design, for example,
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see [20]. How to design an optimal controller directly based
on the unit’s mathematical model with appropriate tracking
performance is still open.

When designing an optimal controller for either the unit
or other nonlinear systems, it has been well recognized as an
extremely challenging problem to analytically solve a state-
and control-constrained nonlinear optimal control problem
in particular in real-time applications. As a matter of fact,
due to the genuine large-scale nonlinearity of the unit, it is
widely considered to be difficult to solve an optimal control-
ler for the unit even in nonreal time. The main difficulty
arises in seeking a closed-form solution to the Hamilton-
Jacobi equation or in solving the canonical Hamiltonian
equations resulting from an application of the minimum
principle [21]. Alternatively, a Galerkin pseudospectral
method [22, 23] is one of the most efficient computational
approaches, intending to solve the optimal state and control
sequences through transforming the state- and control-
constrained nonlinear optimal control problems into a non-
linear programming problem [18, 24]. There are some obsta-
cles on the path to design a Galerkin optimal controller to
make the unit track large-scale load demand/reference.
Firstly, either the Galerkin method or other pseudospectral
methods usually pay much more attentions to the stabiliza-
tion problem rather than the tracking problem. To solve
the tracking problem, the Galerkin method should be reced-
ing or rolling in some sense by making use of the useful infor-
mation measured at every sampling time instant. Secondly,
to make use of information at every sampling time instant,
it requires all state variables to be measurable. It will be seen
that the key unmeasured state fluid density in the drum of the
unit is unmeasurable. Finally, some unknown (constant) dis-
turbances in the output channels bring much more difficul-
ties. How to compensate uncertainties/disturbances so as to
enhance control performance can be referred, for example,
to [25–27].

Motivated by above statements, this paper aims to pro-
pose an adaptively receding Galerkin optimal control
method for an oil-fired drum-type boiler-turbine unit with
some unmeasured states as well as some unknown constant
disturbances in the output channels. More precisely, a state
observer is first designed to adaptively estimate the key
unmeasured state so as to make the information available at
every sampling time instant; then, a receding Galerkin opti-
mal controller is constructed by sufficiently taking into
account information observed at each sampling time,
through borrowing the basic idea from the model predictive
control method; after this, an independent model strategy is
embedded into the receding Galerkin controller structure to
estimate and thus eliminate the constant disturbances in
the output channels. Evidently, the main contributions of this
paper are in twofold: an adaptively receding Galerkin optimal
control strategy with estimations of unmeasured state and
unknown constant output disturbances and its application
for a boiler-turbine unit.

The rest of the paper is organized as follows. Section 3
briefly recalls the Galerkin method. In Section 5, the receding
Galerkin optimal control strategy is proposed after introduc-
ing the boiler-turbine unit, including the state observer and

the independent model strategy. Simulation results are pre-
sented in Section 4. The last section concludes this paper.

2. Galerkin Method

The main purpose of the optimal control is to solve out the
admissible control sequences minimizing a cost function
based on the mathematical model of an object. The mathe-
matical description of an optimal control problem can be
described as follows: determine the state-control function
pair, t→ x, u ∈ RNx × RNu minimizing the following cost
functional (or called a performance index)

J =
t f

t0

F x t , u t dt + E x t f , 1

subject to the dynamics

x t = f x t , u t , 2

initial conditions

x t0 = x0, 3

endpoint conditions

e x t f = 0, 4

and path constraints

h x t , u t ≤ 0, 5

where the running (or Lagrange) cost F RNx × RNu → R, the
endpoint (or Mayer) cost E RNx × RNx → R, f RNx × RNu

→ RNx , e RNx × RNu → RNe , and h RNx × RNu → RNh are
all Lipschitz continuous.

A Galerkin method transforms the above problem into a
nonlinear programming problem through the following four
steps: approximating state and control variables, discretizing
the system dynamics, integrating the cost function, and dis-
cretizing other constraints.

To realize approximation or discretization, it needs to
introduce the concept of the node. By converting the real-
time domain t ∈ t0, t f into a closed interval τ ∈ −1, 1
according to

τ = 2t − t f + t0
t f − t0

, 6

a series of Legendre-Gauss-Lobatto (LGL) nodes can be cal-
culated as the roots of

ξ τ = 1 − τ2 LN τ , 7

where LN τ is the Nth order Legendre polynomial defined
by LN τ = −1 N /2NN dN /dτN 1 − τ N . Obviously, there
are N + 1 LGL nodes in τ-space such that

τi
N
i=0  τ0 = −1 < τ1 < τ2 <⋯ < τN = 1 , 8

which correspond to t Ni
N
i=0 = t0 = t N0 < t N1 <⋯ <

t NN = t f in the real-time domain.
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In this way, one has x t = x τ , u t = u τ , or more
specifically xNi = x tNi = x τi , u

Ni = u tNi = u τi , i = 0, 1
,… ,N . With the help of LGL nodes, a Galerkin method
approximates the state and control by the Nth order
Lagrange interpolation polynomial defined on LGL nodes
as follows:

x τ ≈ 〠
N

j=0
ϕNj τ ⋅ xN j ,

u τ ≈ 〠
N

j=0
ϕNj τ ⋅ uN j ,

9

where ϕNj τ is the Nth order Lagrange interpolation basis

function defined by ϕNj τ =∏N
i=0,i≠j τ − τi / τj − τi

Using (9), the differential equation (2) can be approxi-
mated using the following integral formulation:

1

−1
ψi τ x τ −

t f − t0
2 f x τ , u τ dτ = 0, 10

with test functions ψi τ . When defining test function as
equal to the basis function ϕNj τ , (10) can be rewritten as

〠
N

j=0

1

−1
ϕi τ

Nϕ
N
j τ dτ ⋅ xN j −

t f − t0
2

1

−1
f x τ , u τ dτ = 0

11

For simplicity, define Dij = 1
−1 ϕi τ

Nϕ
N
j τ dτ and Δi =

t f − t0 /2 1
−1 f x τ , u τ dτ. The following two approxi-

mate equalities can be induced:

Dij ≈ 〠
N

k=0
ϕi τk

Nϕ
N
j τk wk ≈ ϕ

N
j τi wi =Aijwi,

Δi ≈
t f − t0
2 f x τi , u τi wi,

12

where Aij is the Legendre differentiation matrix calculated by
Aij = LN τi /LN τj 1/ τi − τj for i ≠ j, Aij = −N N + 1
/4 for i = j = 0, and Aij = N N + 1 /4 for i = j =N , other-

wise 0, i = j ∈ 1,… ,N − 1 , and wi′s are the quadrature
weights, and the LGL version of quadrature weights can be
calculated as

wi =
2

N N + 1 LN τi
, i = 0, 1,… ,N 13

With the help of Dij and Δi, (11) can thus be finally sim-
plified as

〠
N

j=0
Dij ⋅ x

N j − Δi = 0, i = 0, 1,… ,N 14

In a relatively easy way, the cost function (1) can then be
approximated according to the Gauss-Lobatto integration
rule as follows:

J =
t f

t0

F x t , u t dt + E x t f

= t f − t0
2 〠

N

j=0
F xN j , uN j wj + E xNN

15

Finally, together with the following approximations

xN0 = x0, e xNN = 0, h xNi , uNi ≤ 0, i = 0, 1,… ,N , 16

the Galerkin method transforms the continuous optimal
control problems (2), (3), (4), and (5) into the following dis-
crete nonlinear programming problem:

min
xN j ,uN j

 J = t f − t0
2 〠

N

j=0
F xN j , uN j wj + E xNN

s t   〠
N

j=0
Dij ⋅ xN j − Δi

∞

≤ δN ,

xNo − x0 ∞ ≤ δN ,

eNN
∞ ≤ δN ,

h xNi , uNi ≤ δN , i, j = 0, 1,… ,N ,
17

where δN is a constant tolerance used to guarantee feasibility
of the nonlinear programming problem [21].

To solve a discrete nonlinear programming problem (17),
a nonlinear programming solver such as SNOPT and IPOPT
is usually used [21].

3. Main Results

3.1. Problem Formulations and Adaptively Receding Galerkin
Strategy. This paper considers a 160MW oil-fired drum-type
boiler-turbine unit [1], whose flow diagram is summarized
in Figure 1. The mathematical model of this unit has been
established in a form of

x1 = f1 x, u = −0 0018u2x1 125
1 + 0 9u1 − 0 15u3, 18

x2 = f2 x, u = 0 073u2 − 0 16 x1 1251 − x2, 19

x3 = f3 x, u = 141u3 − 1 1u2 − 0 19 x1
85 , 20

y1 = x1, 21

y2 = x2, 22

y3 = h x, u = 0 05 0 13073x3 + 100αcs +
qe

9 − 67 975
23

where x1 is drum pressure (kg/cm2); x2 is electrical output
(MW); x3 is fluid density in the drum (kg/cm3); outputs
y1, y2, and y3 are, respectively, the drum steam pressure,
electrical output, and drum water level; u1, u2, and u3
are, respectively, the normalized fuel flow rate, control
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valve position, and feedwater flow rate; and the coefficient
αcs and evaporation rate of steam qe (kg/s) are defined, respec-
tively, as

αcs =
1 − 0 001538x3 0 8x1 − 25 6
x3 1 0394 − 0 0012304x1

, 24

qe = 0 854u2 − 0 147 x1 + 45 59u1 − 2 514u3 − 2 096
25

For safety consideration, models (18), (19), (20), (21),
(22), and (23) should satisfy the following constraints [1, 5]:

uis ∈ 0, 1 ,
u1 ≤ 0 007,
u2 ≤ 0 02,
u3 ≤ 0 05,
y1 ∈ 70, 150 ,
y2 ∈ 10, 190 ,
y3 ∈ −0 1, 0 1

26

Remark 1. Models (18), (19), (20), (21), (22), and (23) indi-
cate that the unit’s behaviors are genuinely nonlinear and
state variables are seriously coupled. In particular, the state
x3 is unmeasurable. Furthermore, as will be seen, (constant)
output disturbances will be considered. All these facts put
some obstacles on the path to design a receding Galerkin
optimal controller for the unit straightforwardly.

Galerkin optimal control for boiler-turbine unit: define
v = v1, v2, v3 ′ such that v1 = u1/c1, v2 = u2/c2, and v3 = u3/c3
with expansion coefficients ci′s, the optimal control problem
for the unit can be formulated as (utilizing (18), (19), (20),
(21), (22), and (23))

min
x,v

 JBT =
t f

to

y − yr ′P y − yr + v′Qv dt

s t  u1 = c1v1,
u2 = c2v2,
u3 = c3v3,

27

where the outputs y = y1, y2, y3 ′, output references yr =
y1r , y2r , y3r ′, and u = u1, u2, u3 ′; u is the controllers’ deriv-
atives; P and Q are positive definite weight matrices. By
introducing c = c1, c2, c3 ′, the states and change of controls
can now satisfy

70 ≤ x1 ≤ 150,
10 ≤ x2 ≤ 190,
0 ≤ u1, u2, u3 ≤ 1,

∣v1∣ ≤
0 007
c1

,

∣v2∣ ≤
0 02
c2

,

∣v1∣ ≤
0 05
c3

,

28
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Figure 1: Structure of a 160MW boiler-turbine unit in a thermal power plant.
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and the path constraints h x, u − 0 1 ≤ 0 and −h x, u −
0 1 ≤ 0.

It is evident that the current Galerkin method interpreted
in Section 3 is only feasible for the stabilization problem
rather than the tracking problem. To deal with the tracking
problem, it should take into account the useful information
measured at each sampling time instant, including the infor-
mation of states, outputs, and references. To solve this prob-
lem, a receding version of Galerkin optimal control strategy
is proposed straightforward by borrowing the basic idea from
model predictive control as below.

(i) At current time instant tk, let the current state x tk
and control u tk be the initial conditions, that is,
x0,k = x tk , u0,k = u tk ; then, obtain the optimal dis-
crete state and control sequences xN j ,k and uN J ,k

by minimizing JBT through the Galerkin method
over the prediction horizon t0, t f = tk, tk + ΔT ,
where ΔT is the length of horizon. More precisely,
we have

min
xN j,k ,uN j,k ,vN j,k  JBT = ΔT

2 〠
N

j=0
yN j ,k − y

N j ,k
r ′P

· yN j ,k − y
N j ,k
r

+ vN j,k′QvN j ,k wj

s t   〠
N

j=0
Dij

xN j ,k

uN j ,k
− Δi

∞

≤ δN ,

xN0,k − x0,k
∞
≤ δN ,

uN0,k − u0,k
∞
≤ δN ,

h xN j ,k, uN j,ki − 0 1 ≤ δN ,

−h xN j ,k, uN j ,ki − 0 1 ≤ δN , i, j = 0, 1,… ,N ,

29

with yN j ,k = x
N j ,k
1 , xN j,k,

2 , h xN j ,k, uN j,k ′ and Δi =
f1 · , f2 · , f3 · , c1v

Ni ,k
1 , c2v

Ni ,k
2 , c3v

Ni ,k
3 ′. Note that

the superscript k in variables such as xN j ,k and uN j ,k

is just used to distinguish optimal solutions at differ-
ent sampling time instants.

(ii) Apply the optimal control law uN1,k on the unit and
repeat the above operations in step (i) at the coming
time instant tk+1.

3.2. Receding Galerkin Optimal Control with a State Observer.
In order to implement the receding Galerkin optimal con-
troller, all the states should be known in advance. However,
the state variable x3, that is, the fluid density in the drum,

cannot be measured online. Therefore, we design a state
observer to estimate the unmeasured state x3 as follows.

Proposition 1. The following observer can render the unmea-
sured state in the unit (18), (19), (20), (21), (22), and (23)
asymptotically to its true value:

x̂3 =
141u3 − 1 1u2 − 0 19 x1

85 + l y3 − ŷ3
, 30

where ŷ3 = 0 05 0 13073x̂3 + 100αcs + qe/9 − 67 975 with
αcs = 1 − 0 001538x̂3 0 8x1 − 25 6 /x̂3 1 0394 − 0 0012304
x1 , and constant l is observer gain.

Proof.Define the error e = x3 − x̂3, whose derivative results in

e = x3 − x̂3 = −l y3 − ŷ3 = −l ⋅ 0 05 0 13073 x3 − x̂3

+ 100 αcs − αcs = −l ⋅ 0 05 0 13073 − β x1
100
x3x̂3

e,

31
with β x1 = 0 8x1 − 25 6 / 1 0394 − 0 0012304x1 .

Note that x1 ∈ 70,150 , then one can conclude β x1 ≤
110 43 (when x1 = 150, β x1 takes the maximum value),
which together with x3 ≥ 299 6 leads to

β x1
100
x3x̂3

≤ 110 43 · 100
x3x̂3

≤ 110 43 · 100
299 6x̂3

≤
36 86
x̂3

32
If x̂3 > 299 6, like the real range of the state x3, one has

0 13073 − β x1
100
x3x̂3

> 0 13073 − 36 86
x̂3

> 0 33

It means that as long as x̂3 0 > 299 6, we can achieve
e = −le with a positive coefficient l. In fact, it is reasonable
to preset any initial value for state x̂3 in its practical range.
To this end, the estimated value of state x̂3 can asymptot-
ically converge to its true value.

Remark 2. To show the performance of the above state
observer, a simple simulation is conducted here with x̂3 0 =
440 kg/cm3 and x1 0 = 100 kg/cm2 under constant con-
trol inputs u = 0 2,0 6,0 3 ′. The performance is shown in
Figure 2, where the true trajectory of x3 is obtained according
to (20) with initial condition x3 0 = 449 5 kg/cm3 and other
conditions as the same as the observer. It suggests that the
larger the constant l is, the observer approaches to the true
trajectory faster.

With the help of Proposition 1, the estimated state x̂3 k
at the kth sampling time instant will be taken as the initial
condition for real x3 k to implement the receding Galerkin
method. Figure 3 presents the block diagram of the receding
Galerkin optimal control strategy with the state observer for
the unit.

3.3. Receding Galerkin Optimal Control with an Independent
Model. There are always different versions of disturbances in
practice for the unit. By considering the fact that the unit is
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usually slowly time-varying, we just consider constant distur-
bance d = d1, d2, d3 ′ in the output channels in this paper.
More precisely, we hold (18), (19), (20), and the following

y1 = x1 + d1,
y2 = x2 + d2,

y3 = 0 05 0 13073x3 + 100αcs +
qe

9 − 67 975 + d3

34

In order to estimate the constant output disturbances, an
independent model strategy can be introduced into the
receding Galerkin optimal control strategy with the state
observer, as shown in Figure 4.

It can be seen from Figure 4 that the constant output
disturbance d can be estimated according to

d̂ = yp − ym, 35

where yp = y + d is the practical output and ym is the output
of an independent model. Here, the independent model is
simply defined as the same as models (18), (19), (20), (21),
(22), and (23). To this end, the estimated disturbances d̂ are
fed back instead of d in (33) to implement the receding
Galerkin method.

Remark 3. The existence of constant output disturbance d does
not affect the estimation of unmeasured state x3. This is because
the error ed = d − d̂ in e = −l e + ed will disappear at the com-
ing sampling time instant once the constant output disturbance
d appears. In practice, the mathematic model of the unit is
not accurate, which means (34) cannot estimate d perfectly.
In this case, the error ed cannot be zero but be bounded. In
this way, the estimate error e will just approach zero.

Remark 4. For either the unit (18), (19), (20), (21), (22), and
(23) or the one with constant output disturbances like (18),
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Figure 2: Performance of state observer for x3

Boiler-turbine unit

y
x1 = −0.0018u2x1

x2 =

x3 =

y1 = x
1
,

x
1
, x

2
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2
,
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+ q

e
/9 − 67.975)).

x3 = (141u3 −(1.1u
2
− 0.19)x1)/85 + l(y3 − y3)

1.125

1.125

+ 0.9u1 − 0.15u3,
(0.73u2 − 0.16)x1

− (1.1u2 − 0.19)x1

− x2 /10,

/85,141u3
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uyr min J
BT

 =
t
f

t
0

x3
x3
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x(t

0
) = x

0
,

u(t
0
) = u

0
,

y = f(x, u).

dt(y − y
r
)′P(y − y

r
) + v′Qv

Figure 3: Block diagram used to implement the receding Galerkin method with the state observer.
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(19), (20), (21), (22), (23), (24), (25), (27), (28), (29), (30),
(31), (32), and (33), the solutions of problem (27) do in fact
exist by selecting appropriate feasibility tolerance δN and
the order of approximation N , as remarked in [21, 23]. Pre-
cise bounds for δN can be found experimentally using a
recursive refinement process through increasing the order
of approximation N until all the constraints in a nonlinear
programming problem like (27) are satisfied.

4. Simulation

In this section, some simulations are conducted to validate
the performance of receding Galerkin optimal control strat-
egy for the oil-fired drum-type boiler-turbine unit.

To implement the receding Galerkin optimal control
strategy, a nonlinear programming solver SNOPT is adopted
and some controller parameters should be preset in advance
such as l,N , δN, ci′s, t0, t f , P, and Q. Suppose the sampling
time for the unit is Ts. Due to the fact that only the second
component in the optimal control sequence should be
applied on the unit, the first two approximate time points
in t-time domain should satisfy tN1 − tN0 = Ts. Therefore,
with a given node number N , according to (6), we can deter-
mine the terminal time t f as

t f = t0 + 2 t
N1 − tN0

τ1 − τ0
= t0 +

2Ts
τ1 + 1 , 36

where t0 = tk at the kth sampling time instant, and τ1 can
be calculated by (7). During our simulations, we suggest
Ts = 1 s

We choose l = 30, δN = 10−5 in what follows and will
discuss the influences of N , ci′s, P, and Q on the closed-loop
system in Section 4.1. In Section 4.2, we continuously validate
the controller performance through several study cases.

4.1. Influences of Controller Parameters. For simplicity in this
section, the states, outputs, and control inputs are initialized
for all study cases as follows: x 0 = 100,50,449 5 ′, y3 0 = 0,
x̂3 0 = 445, and u 0 = 0 271,0 604,0 337 ′. The outputs
yi′s aim to track constant references y1r = 110, y2r = 55,
and y3r = 0, respectively.

Firstly, we focus on the influence of the node number
N on the performance of the closed-loop system by consid-
ering N = 10,20,30 . Given cj′s = 0 001, i = 1, 2, 3, P = diag
1, 1, 2000 ,Q = diag 2, 1, 2 , where diag · indicates a

diagonal matrix. The simulation results are shown in
Figure 5, from which we can see that too small value of
N (e.g., N = 10 here) usually leads to unappropriate perfor-
mance and that a larger value of N leads to faster responses
as well as control inputs. While N raises up to a certain limit,
the responses and control inputs will change slightly but with
an increasing heavy burden of computation. In what follows,
we prefer to select N = 20. Correspondingly, the length of
prediction horizon can be calculated as ΔT = t f − t0 =
103 63 s

With fixing N = 20, P = diag 1, 1, 2000 , and Q = diag
2, 1, 2 , we can now test the influence of expansion

coefficients ci′s on the performance of the closed-loop sys-
tem. Here, we just consider identical ci′s by taking values in
0 1,0 01,0 001 for all i = 1, 2, 3. Simulation results are illus-

trated in Figure 6, which indicates that larger ci′s usually result
in faster responses with drastic changes of control inputs. To
guarantee the constraints imposed on the changes of con-
trols, we prefer smaller ci′s, that is, we suggest ci′s = 0 001 for
all i = 1, 2, 3.

Besides N and cj′s, matrixes P and Q in the perfor-
mance index JBT also play a critical role. To see an insight,
by fixing N = 20 and cj′s = 0 001, we consider the following
three cases: (1) P = diag 1,1,2000 ,Q = diag 2,1,2 , (2)

yr

Galerkin optimal controller
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Independent model

Boiler-turbine unit
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yp
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x= f(x,u),

− d

d

y
+

+

+

⌃
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x(t0) = x0,
u(t0) = u0,
y =g(x,u)+d.⌃

⌃
d

⌃x ⌃x
.

State observer∫

Figure 4: Block diagram used to implement the receding Galerkin method with the independent model.
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Figure 5: Outputs and controls of the unit when taking different number N of nodes.
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Figure 6: Outputs and controls of the unit when taking different values of expansion coefficients ci′s.
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P = diag 10,10,20000 ,Q = diag 2,1,2 , and (3) P = diag
1,1,2000 ,Q = diag 10,5,10 .

The results are shown in Figure 7. It can be seen from
Figure 7 that the responses of the unit will arrive at their
static setpoints faster by increasing P or relatively decreasing
Q and that smaller control laws can be achieved when taking
a larger value of Q. One can select appropriate P and Q by
considering the trade-off between the constraints on the out-
put and control inputs.

From above discussions, we select the controller parame-
ters as P = diag 1, 1, 2000 , Q = diag 2, 1, 2 , N = 20, and
ci′s = 0 001 for the consequent performance validations in
what follows.

4.2. Performance Validation. This subsection presents the fol-
lowing three different study cases so as to further validate the
performance of the receding Galerkin optimal controller.

Case 1. Receding Galerkin optimal control versus PID.
In this case, we compare the performances of receding
Galerkin optimal control strategy and PID. We aim to
drive the outputs to yr = 110,55,0 ′ from initial condition
x 0 = 100,50,449 5 ′, y3 0 = 0, x̂3 0 = 445, and u 0 =
0 271,0 604,0 337 ′. The 2-freedom PID controller saturated
in bound 0, 1 is designed as

uPID s = kp kbyr s − y s + ki
s

yr s − y s

+ kd
kN

1 + kN /s
kcyr s − y s ,

37

with the following parameters

kp = 0 7646, 0 0118, 21 0424 ′,

ki = 0 0455, 0 0023, 9 437 ′,
kd = −0 6708, −0 0005, −58 22 ′,
kb = 0 8722, 0 0088, 0 3667 ′,
kc = 01 68, 0 0088, 0 3667 ′,
kn = 0 5917, 22 415, 0 3119 ′

38

The results are shown in Figures 8, which demon-
strates that the receding Galerkin method outperforms
the 2-freedom PID controller. As can be seen from
Figure 8, the outputs of the receding Galerkin method
are much more smooth than that of PID and the control
inputs’ rate of change can be well guaranteed by the
receding Galerkin method. Note that the receding Galer-
kin method can guarantee y3 ∈ −0 1,0 1 , whereas the
PID does not. Furthermore, it is difficult to guarantee
the constraints imposed on the control inputs when apply-
ing PID.

Case 2. Wide-range load tracking.
In the second case, we intend to validate the tracking perfor-
mance of the receding Galerkin method when the unit expe-
riences in a wide-range load change. More precisely, we
suggest here that the electrical output y2 MW tries to track
load demand 80MW from a static condition 60MW with a
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Figure 7: Outputs and controls of the unit when taking different values of P and Q.
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rate of 0 1MW/s and then back to 50MW with the same rate
at time t = 500 s. Correspondingly, the drum steam pressure
y1 (kg/cm

2) rises from 110 (kg/cm2) to 120 (kg/cm2) with a
rate of 0 05 (kg/cm2/s) and descents back to 100 (kg/cm2)
with a rate of 0 067 (kg/cm2). The drum water level y3 has
to vary in range −0 1,0 1 .

The simulation results are shown in Figure 9. It shows
that the electrical output y2 can track the load demands/ref-
erences well and the drum water level y3 satisfies output con-
straint −0 1,0 1 . As well, the drum steam pressure y1 can
also track the predefined reference well during the changes
of load demands.

Case 3. Eliminating constant output disturbances using an
independent model.
In the last case, we intend to show the performance of the
receding Galerkin method with an independent model when
constant disturbances exist in output channels. On the basis
of Case 1, we suggest now that some constant disturbances
appear in output channels at different times. More precisely,
we define d t = d1 t , d2 t , d3 t ′ such that

d t = 0, if t < 400,
d t = 5, 5, 0 03 ′, if 400 ≤ t < 600,
d t = −5, −10, −0 05 ′, otherwise

39

Figure 10 shows that the constant output disturbances d
can be eliminated and the outputs of unit can track back to
their original reference points. However, the control inputs

settle at their new steady points. It suggests that the indepen-
dent model strategy is effective to estimate and thus eliminate
the constant output disturbances.

Remark 5. From above simulations and discussions, we can
see that optimal solutions can be really found by selecting
appropriate tolerance δN and the order of approximation
N , as already stated in Remark 4. The curves of the perfor-
mance index are shown in Figure 11 in the cases of wide-
range load tracking and existing constant output distur-
bances. We can see from Figure 11 that the performance
indexes can finally converge to zero and then the unit arrived
at static setpoints. This fact may suggest the stability of the
closed-loop systems in an intuitive way.

Remark 6. The proposed receding Galerkin optimal control
method can be in fact a general approach for a wide range
of nonlinear systems rather than only for the boiler-turbine
unit. For any nonlinear system, one just needs to design
a state observer to estimate the unmeasurable states for
this nonlinear system and then embed it into the receding
Galerkin optimal controller, as that has been done for the
boiler-turbine unit in this paper.

5. Conclusions

In summary, this paper proposes an adaptively receding
Galerkin optimal control strategy for a nonlinear boiler-
turbine unit. To deal with the problem of unmeasured state
variable fluid density, a state observer is designed and
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Figure 8: Outputs and controls of the unit by comparing with PID.
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embedded into the receding Galerkin strategy. Meanwhile,
an independent model structure is constructed in order
to estimate and thus eliminate constant disturbances in
output channels. Simulation results suggest that the unit
can track load reference during wide-range operations

with satisfactory performance via this receding Galerkin
optimal control strategy.

There are still some further interests. One most possible
interest is to extend the proposed method to deal with
lumped disturbances.
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Figure 10: Outputs and controls of the unit in the case of existing constant output disturbances.
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Figure 9: Outputs and controls of the unit in the case of tracking large-scale load reference.
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An adaptive high-order neural network (HONN) control strategy is proposed for a hysteresis motor driving servo system with the
Bouc-Wen model. To simplify control design, the model is rewritten as a canonical state space form firstly through coordinate
transformation. Then, a high-gain state observer (HGSO) is proposed to estimate the unknown transformed state. Afterward, a
filter for the tracking errors is adopted which converts the vector error e into a scalar error s. Finally, an adaptive HONN
controller is presented, and a Lyapunov function candidate guarantees that all the closed-loop signals are uniformly ultimately
bounded (UUB). Simulations verified the effectiveness of the proposed neural network adaptive control strategy for the
hysteresis servo motor system.

1. Introduction

The servo motor system has been widely utilized in industry
and military (vehicle systems [1–3], robotic systems [4–7],
radar systems [8–10], and nonlinear turn table systems
[11–15]). But hysteresis nonlinearity exists in thesemotor driv-
ing servo systems. The existence of the hysteresis can increase
the control difficulty and decrease the controller performance;
even more seriously, it can damage the stability of the motor
servo system. Since the accuracy requirement becomes more
and more strict today, hysteresis nonlinearity must be dealt
with under a higher precision in these motor servo systems.

Hysteresis nonlinearity is a classic nonlinearity, and it has
been investigated for many years. Plenty of results are
obtained, and the hysteresis model can be roughly divided into
two classes: the physical-based model and the mathematical-
based model. The typical hysteresis physical-based model is
the Jiles-Atherton (J-A) model [16–18]. The physical model
is constructed with the physical parameters of the hysteresis
systems. Different from the physical-based model, the
mathematical-based model has no connection with real
physical parameters, and it is described by mathematical
arguments. The mathematical-based model includes the

Preisach model [19–21], Bouc-Wen model [22–24], and
Prandtl-Ishlinskii (P-I) model [25–27].

The Preisach model is the earliest mathematical-based
model and has been used for system identification and con-
trol. Gao et al. [19] proposed new identification approaches
and a controller for an unknown-order Hammerstein system
where hysteresis nonlinearity was modeled through the Pre-
isach model. The Hankel matrix and blind identification esti-
mated the order and the linear section. Afterward, a new
triangle matrix approach was proposed to identify the dis-
crete Preisach model. Finally, a composite controller was
designed for the hysteresis system. In [20], by utilizing the
so-called Preisach plane, the Preisach model was reexpressed
into a control-oriented form, in which the input signal was
explicitly expressed. And a prescribed adaptive control
approach was adopted to ensure the performance.

The P-I model is another popular hysteresis
mathematical-based model. Many researchers focus on the
P-I model investigation. Zhang et al. [26] proposed a fuzzy
approximator for unknown time-delay asymmetric hystere-
sis nonlinear systems with a shifted Prandtl-Ishlinskii (ASPI)
model through an adaptive dynamic surface control scheme,
and the Krasovskii functionals have been adopted without
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the inverse ASPI model. An asymmetric hysteresis P-I
model was presented in [27] for piezoelectric actuators,
and two different hybrid controllers were compared to ver-
ify the control strategy where the proposed approach had
better tracking precision.

The Bouc-Wen model was firstly proposed by Bouc in
1971 [28]. In 1976, Wen [29] expanded the model into a
mathematical model. In recent years, the Bouc-Wen model
has attracted more and more researchers’ interest. Ahmad
[22] proposed a new robust controller with two degrees of
freedom for a Bouc-Wen hysteresis system. The proposed
controller had better performance and robustness. In [23], a
Bouc-Wen model was identified by the bat-inspired algo-
rithm for a piezoactuated hysteresis system. A sliding mode
control method was designed suppressing the hysteresis non-
linearity. Comparing with another two mathematical-based
hysteresis models, the Bouc-Wen model has more parame-
ters, but it only needs differential calculation. Then, it is eas-
ier to implement. Thus, the Bouc-Wen hysteresis model
should attract more attention for hysteresis investigations.

For nonlinear systems, the HONN has been focused on
for many years [30–32]. Ge et al. [30] investigated a
HONN-adaptive control strategy for the MIMO systems. A
HONN controller with adaptive laws was designed, and the
tracking errors were convergent to an adjustable compact
set. In [33], a HONN control was designed by the back-
stepping. However, to the author’s knowledge, HONN is
rarely utilized to approximate the Bouc-Wen hysteresis non-
linearity for control systems.

This paper investigates an adaptive HONN control for
hysteresis nonlinearity motor driving servo system with the
Bouc-Wen model. The system with hysteresis is first refor-
mulated as a canonical state space form, where the unknown
dynamics are all lumped together to simplify the control
design. In order to estimate the unknown transformed states,
a HGSO is proposed and then the adaptive HONN controller
is designed. Next, to simplify the controller design, a filter
will be adopted to transform the tracking error into a scalar
error s, and a Lyapunov function candidate guarantees all
the signals bounded in the closed-loop system. Finally, simu-
lation results will demonstrate the effectiveness of the
HONN-adaptive controller for hysteresis nonlinearity with
the Bouc-Wen model of the motor driving servo system.

2. Problem Formulation

2.1. Hysteresis Servo Motor Driving System with the Bouc-
Wen Model. Based on the literature [34], considering the
hysteresis servo motor driving system as

Jθ + bθ = u − τ,

Jmθm + f m θm = τ,
1

where θ and θm describe angle positions of the motor and
load, respectively; θ and θm are their velocities, respectively;
J and Jm represent the moments of inertia of the motor and
load, respectively; b is the viscous friction coefficient of the

motor; u is the input torque of the motor; f m is the friction
torque of the load; and τ represents transmission torque,
which can be formulated with the Bouc-Wen hysteresis
model as

τ = μ1u t + μ2ζ t ,

ζ t = u t − α u t ∥ζ t n−1ζ t − βu t ζ t n

= u t − F u t , ζ t ,
2

where sign μ1 = sign μ2 , ζ t0 = 0, α > ∣β∣, and F u t ,
ζ t = α u t ∥ζ t n−1ζ t + βu t ζ t n. The structure of
the hysteresis servo motor system is illustrated in Figure 1.

In the Bouc-Wen model, the parameter β decides the
hysteresis shape and hysteresis amplitude, the parameter
n denotes the smoothness of the slope, and μ1 means the
direction of the hysteresis nonlinearity. If the input is chosen
as u t = 4 sin 2πt , the Bouc-Wen parameters are selected
in Table 1. Then, the images of the Bouc-Wen model are
illustrated by Figures 2(a) and 2(b).

2.2. Hysteresis Servo Motor Driving State Space Model. The
hysteresis servo motor driving system (1) will be rewritten
as a state space status to facilitate the controller design. The
state space variables can be defined as

z1 = θm,
z2 = θm,
z3 = θ,
z4 = θ

3

Then, the hysteresis servo motor driving system (1) is
rewritten as

Jm 𝜃m

J, 𝜃

.

.

Figure 1: The hysteresis servo motor system structure.

Table 1: The Bouc-Wen model parameters.

Hysteresis parameters μ1 μ2 α β n ζ t0
Positive direction 3 5 3.2 0.5 2 0

Negative direction −3 −5 3.2 0.5 2 0
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z1 = z2,
z2 = a1 μ1u + μ2ζ − a1 f m z2 ,
z3 = z4,
z4 = a2u 1 − μ1 − μ2ζ + a3z4,

4

where a1 = 1/Jm, a2 = 1/J , and a3 = b/J .
Considering that z1 = θm represents angle positions of

load, which is the output of the nonlinear system, we, there-
fore, have y = z1.

In order to simplify the design of the control strategy, the
state space model (4) should be rewritten in a pure-feedback
form. In view of reference [35], Na et al. proposed a new
coordinate transformation to transform the pure-feedback
system into a canonical system. Similar to the approach of
[35], we also adopted a coordinate transformation to trans-
form (4) into a canonical state space form.

Define the alternative state variables as

x1 = z1,
x2 = x1,
x3 = x2,
x4 = x3,
y = x1 = z1

5

According (4) and (5), it has x2 = x1 = z2; then, the follow
equation can be deduced as

x2 = x⋅⋅1 =
∂z2
∂x1

x1 +
∂z2
∂x2

x2 = a2 z1, z2 + b2 z1, z2, z3 z3

6

As an analogy, the system (4) is obtained as

x1 = x2,
x2 = x3,
x3 = x4,
x4 = ax + b x, u u,
y = x1,

7

where x = x1, x2, x3, x4 T .

3. High-Gain State Observer Design

Considering (7), the high-gain state observer (HGSO) is
proposed as

x̂1 = x̂2 + l1 y − x̂1 ,
x̂2 = x̂3 + l2 y − x̂1 ,
x̂3 = x̂4 + l3 y − x̂1 ,

x̂4 = âx̂ + b̂ x̂, u u + l4 y − x̂1 ,
ŷ = x̂1,

8

where li, i = 1, 2, 3, 4 are the designed parameters; x̂ =
x̂1, x̂2, x̂3, x̂4 T is the estimation of x, and â and b̂ are the esti-
mation of a and b, respectively. Based on the HGSO, the fol-
lowing Lemma is hold.

Lemma 1. Considering the servo motor system (4), it trans-
formed into the canonical state space form (7) and then define
the HGSO as (8); then, the HGSO can approximate the system
with designed l.

Proof 1. Define xi = xi − x̂i, y = y − ŷ, a = a − â, b = b − b̂.
When (7) subtracts (8), one has

Positive direction

−3 −2 −1 0 1 2 3 4−4
u(t)

−15
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0
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10

15

𝜏

(a) The Bouc-Wen positive curve

Negative direction

−15

−10

−5

0
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10
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−3 −2 −1 0 1 2 3 4−4
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(b) The Bouc-Wen negative curve

Figure 2: The curve of the Bouc-Wen model.
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x1 = x2 − l1x1,
x2 = x3 − l2x1,
x3 = x4 − l3x1,
x4 = ax + b x, u u + l4x1,
y = x1

9

Rewriting (9) as

x = Ax + Bu,
y = x1,

10

where

A =

−l1 1 0 0
−l2 0 1 0
−l3 0 0 1

−l4 + a1 a2 a3 a4

,

B =

0
0
0

b x, u

,

11

and all designed parameters li should be properly chosen
so that the polynomial m z = p4 + l1p

3 + l2p
2 + l3p + l4 is

Hurwitz. Thus, for the matrix A, select a positive definite
symmetric matrix P = PT > 0; there exists a positive defi-
nite symmetric matrix Q =QT > 0 such that the following
inequality holds:

ATP + PA ≤ −Q 12
Select the Lyapunov candidate V0 for the state observer

estimate errors as follows:

V0 =
1
2 x

TPx 13

Considering (10), (11), and (12), the derivative of V0 is
deduced as

V0 =
1
2 x

⋅ T
Px ≤ −

1
2 x

TQx 14

Then, based on the method of reference [36], we have

V0 ≤ −ρ1V0 + ρ2, 15

where ρ1 > 0 and ρ2 > 0. Therefore, the proposed high-
gain state observer can estimate the unknown states of the
hysteresis system.

4. Controller Design

Considering the transformed motor servo system, in order to
estimate the unknown parameters, a new HONN will be
designed for the servo motor system. Moreover, an adaptive

controller will be presented based on the new HONN, and
a Lyapunov function candidate will guarantee all the signals
bounded in the closed-loop of the hysteresis system.

4.1. HONN. In this section, a new HONN will be designed
through the states x = x1, x2, x3, x4 T . To account for
unknown friction f m x2 and unknown torque τ, a NN
approximation [35] is adopted over a compact set Ω as

Q x =W∗TΦ x + ε ∀x ∈Ω ⊂ℝn, 16

where W∗ = ω∗
1 , ω∗

2 ,… , ω∗
L

T ∈ℝL are the bounded NN
weights; ε ∈ℝ is a bounded error, that is, ∥W∗∥≤WN
and ∣ε∣ ≤ εN where WN and εN are positive constants; and
Φ x = Φ1 x ,Φ2 x ,… ,ΦL x T ∈ℝL is the NN base vec-

tor. High-order functions Φjk x =∏j∈Jk σ xj
dk j , k = 1, 2,

… , L are used, where Jk are L-not-ordered subsets of 1, 2,
… , n , dk j are nonnegative integers, and σ · equals to
σ x = κ/ 1 + e−gx + q, where g and κ are positive bounded
parameters and the real number q is also bound.

4.2. Tracking Error Definition. In this section, we define a

reference input as yd = yd , yd ,… , y n−1
d

T
∈ℝn for the

HONN-adaptive controller design, and the tracking error is
selected as

e = x − yd ,
s = ΛT1 e,

17

where Λ = Λ1,Λ2,… ,Λn−1
T is a filter vector and sn−1 +

Λn−1s
n−2 +⋯ +Λ1 is Hurwitz. Therefore, e is bounded when

s is bounded.
The estimation of states is defined as x̂ = x̂1, x̂2, x̂3, x̂4 T .

Then, we have

ê = x̂ − yd ,
ŝ = ΛT1 ê,

18

where the reference yd is bounded, that is, ∥yd∥≤rd . Then, the
errors e and s are denoted as

e = e − ê = x − x̂ = x,
s = s − ŝ = ΛT1 x

19

Substituting (4) into (17), we have

s = 0ΛT e + W∗T
1 Φ1 x2, x3 + ε1 x3

+ a2u 1 − μ1 − μ2ζ + a3x4 − y 4
d

20

4.3. Adaptive NN Controller Design. For the hysteresis servo
motor system (4), the designed HONN control is adopted as

u = 1
a2 1 − μ1

−k̂s + ŴΦ x + y 4
d + a2μ2ζ , 21

where k > 0 and Ŵ is the estimated weights.
The HONN weights are defined as
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Ŵ = φŝΦT x − ϖ∣̂s∣Ŵ, 22

where the adjustment coefficients φ > 0 and ϖ > 0 are the
designed parameters.

Then, the Lemma is held.

Lemma 2 [35]. The Ŵ in (22) are bounded with ∥Ŵ∥≤cϕ/ϖ,
where cϕ is bounded, that is, ∥Φ∥≤cϕ. If the errorW is defined

as W =W∗ − Ŵ, then it has ∥W∥≤cW , where cW =WN +
cϕ/ϖ andWN is a positive constant which suits ∥W∗∥≤WN .

We define F1 ê, x3 = 0ΛT ê + W∗T
1 Φ1 x2, x3 + ε1 x3;

then, it has F1 ê, x3 =W∗TΦ x + ε. The update law of x is
defined as

x4 = −a3s 23

The control structure diagram is shown in Figure 3.

4.4. Stability Analysis. From Lemma 2, considering the
designed HONN, the adaptive law (23), and the HONN
weights (22), the following theorem is held.

Theorem 1. Considering the hysteresis servo motor system (4),
the controller (21) with adaptive law (23), the HONN (16)
with update law (22), all the signals in a closed loop, therefore,
are UUB and the tracking errors are convergent to a small
compact set as ∣s∣ ≤ 2 ς/ρ +V 0 e−ρt with V defined in
(25) and ς and ρ defined in (30).

Proof 1. The derivative of the s is deduced from (19), (20),
and (21) as

s = 0ΛT ê + x + a2u 1 − μ1 − μ2ζ

+ W∗T
1 Φ1 x2, x3 + ε1 x3 + a3x4 − y 4

d

= 0ΛT ê + 0ΛT x + a2u 1 − μ1 − μ2ζ

+ W∗T
1 Φ1 x2, x3 + ε1 x3 + a3x4 − y 4

d

= F1 ê, x3 + 0ΛT x − kŝ + Ŵ
TΦ x

− a3x̂4 + y 4
d + a2μ2ζ − a2μ2ζ + a3x4 − y 4

d

=W∗TΦ x + 0ΛT x − kŝ + Ŵ
TΦ x + a3x4

=W
TΦ x + ε + 0ΛT x − kŝ + a3x4

24

The selected Lyapunov function candidate is

V = 1
2 s2 + x24 25

The derivative of V can be deduced by (19) and (24):

V = s W
TΦ x + ε + 0ΛT x − kŝ + a3x4 + x4x4 26

Substituting (19) and (23) into (26), one has

V = s −ks + ks +W
TΦ x + ε + 0ΛT x + a3x4 + x4x4

= −ks2 + kss + sW
TΦ x + sε + s 0ΛT x

27
In view of the method of reference [35], considering

Lemma 2, substituting (19) into (27), the derivative of V in
(27) can be deduced as

V ≤ −ks2 + s cWcϕ + εN + k s ΛT1 x + s 0ΛT x 28

Since yd is bounded, considering (18) and (19), the
error x is bounded, that is, x − x̂ ≤ χ, where χ is a pos-
itive constant. Then, we define ρ1 = ∣ ΛT1 x∣ ≤max Λi, 1
χ and ρ2 = ∣ 0ΛT x∣ ≤max Λi χ as small positive con-
stants. It follows

V ≤ −ks2 + s cWcϕ + εN + kϱ1 s + ϱ2 s = −ks2 + kw s + εN ,
29

where kw = cWcϕ + kϱ1 + ϱ2.

By applying Young’s inequality ab ≤ a2 + b2 /2 on the
term km∣s∣, the following inequation can be deduced as

V ≤ −ρV + ς, 30

where ς = εN + kx4
2 + k2m/2 and ρ = 2k − 1 are guaranteed

positive. According to the Lyapunov theorem, the tracking
error s is bounded then V is UUB.

Integrating both sides of (30) over 0, T , we have

V ≤V 0 e−ρt + ς

ρ
1 − e−ρt ≤

ς

ρ
+ V 0 e−ρt 31

Then, considering (25), it follows that

∣s∣ ≤ 2 ς

ρ
+V 0 e−ρt 32

So that limt→∞∣s∣ ≤ limt→∞ 2 ς/ρ +V 0 e−ρt =

Filter Controller Motor driving servo
hysteresis system 

HONN

High-gain state
observer

y
d e

x

s u x

‹

‹ ‹

Figure 3: The control structure.
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2 ς/ρ holds then s is convergent to a small compact set.
Therefore, all the signals in the closed loop are bounded.

5. Simulations

In this section, the proposed controller in a hysteresis servo
motor system will be verified by simulations. The system
parameters are shown in Table 2. To verify the applicability
of the neural adaptive controller, reference sinusoidal signals
yd = 2 sin 2/3 πt and yd = 2 8 sin 2/3 πt are employed
and the parameters of the Bouc-Wen model are listed in
Table 3.

In the simulation, the tracking error is defined in (18) and
Λ is adopted as Λ = 1, 5, 6 T . The controller (21) with adap-
tive law (23) and HONN update law (22) are implemented

with parameters k = 6, z = 3, and ϖ = 0 001; the function is
chosen as σ x = 3/ 1 + e−7x + 1 and L = 10.

The control results and the tracking errors are expressed
in Figures 4–11. It is shown that the proposed neural adaptive
controller has good control precision and shortened conver-
gence time. But the control precision is concerned with the
amplitude of the reference input. Different reference input
amplitude has different control precision. The control results
of motor position tracking and velocity tracking are illus-
trated in Figures 6 and 7 with yd = 2 sin 2/3 πt . From
Figure 6, one can obtain that the motor has tracked the refer-
ence position within 1 second and the mean absolute error
(MAE) is equal to 0.0686. Then, the velocity of motor track-
ing has similar results from Figure 7. The control results of
load position tracking and velocity tracking are shown in

Table 2: The system physical parameters.

J 0.16 kgm2

Jm 0.0736 kgm2

b 1.47Nm s/rad

θ 1.52 rad/s

Table 3: The parameters of the Bouc-Wen hysteresis model.

μ1 1.148

μ2 2.191

α 3.213

β 0.114

n 2

ζ t0 0
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Figure 4: The control results and tracking error of x1 with yd = 2
sin 2/3 πt
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Figure 5: The control results and tracking error of x2 with yd = 2
sin 2/3 πt .
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Figure 6: The control results and tracking error of x3 with yd = 2
sin 2/3 πt .
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Figures 4 and 5 with yd = 2 sin 2/3 πt . It is illustrated that
the load position can track the reference signals rapidly as
well as the velocity tracking of the load.

If the input signals have larger amplitude, for example,
yd = 2 8 sin 2/3 πt , the control results and errors are
shown in Figures 8–11. From Figures 8 and 10, the maximum
errors are 0.9566 and 1.0054, respectively. But in Figures 4
and 6, the maximum errors are 0.3121 and 0.2042, respec-
tively. It is clearly illustrated that the amplitude of the refer-
ence input can influence the tracking precision of the
adaptive control. But in velocity tracking, the accuracy of
the control results are similar at a different reference input,
and that can be seen from Figures 5, 7, 9, and 11. In short,
the simulation results have verified the effectiveness of the
proposed neural adaptive control.

6. Conclusion

This paper proposed an HGSO and an adaptive HONN
controller for hysteresis nonlinearity of a motor driving
servo system where the hysteresis nonlinearity was modeled
through the Bouc-Wen model. The hysteresis motor driv-
ing servo system first has been transformed to a state space
form by coordinate transformation. Then, a new HGSO
was proposed, and in order to simplify the controller design,
a filter was adopted for tracking errors and the adaptive
HONN control was designed. Finally, a Lyapunov function
candidate guaranteed all the signals of the bounded system.
Simulations verified that the proposed approaches can
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Figure 7: The control results and tracking error of x4 with yd = 2
sin 2/3 πt .
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Figure 8: The control results and tracking error of x1 with yd =
2 8 sin 2/3 πt .
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Figure 9: The control results and tracking error of x2 with yd =
2 8 sin 2/3 πt .
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Figure 10: The control results and tracking error of x3 with yd =
2 8 sin 2/3 πt .
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accurately control the hysteresis nonlinearity motor driving
servo system with Bouc-Wen model.
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This paper considers the parameter identification of Wiener systems with colored noise. The difficulty in the identification is that
the model is nonlinear and the intermediate variable cannot be measured. Particle swarm optimization is an artificial intelligence
evolutionary method and is effective in solving nonlinear optimization problem. In this paper, we obtain the identification model of
the Wiener system and then transfer the parameter identification problem into an optimization problem. Then, we derive a particle
swarm optimization iterative (PSOI) identification algorithm to identify the unknown parameter of the Wiener system.
Furthermore, a gradient iterative identification algorithm is proposed to compare with the particle swarm optimization iterative
algorithm. Numerical simulation is carried out to evaluate the performance of the PSOI algorithm and the gradient iterative
algorithm. The simulation results indicate that the proposed algorithms are effective and the PSOI algorithm can achieve better
performance over the gradient iterative algorithm.

1. Introduction

Almost all practical systems are nonlinear [1–3]. Many
identification methods have been developed for linear sys-
tems [4, 5], bilinear systems [6–8], and nonlinear systems
[9]. The Wiener models are a typical class of nonlinear sys-
tems and are widely used in industrial production process
[10, 11]. The Wiener nonlinear system consists of a dynamic
linear subsystem and a static nonlinear subsystem and has
the characteristics of complex structure between subsystems
[12, 13]. One of the difficulties in identifying Wiener nonlin-
ear model parameters is that the intermediate variable (the
output of the linear subsystem) cannot be measured, and
the identification issues for Wiener systems have attracted
great attention [14].

The iterative identification method is generally used to
identify the system with unknown item in the model infor-
mation vector [15–17]. The basic idea of iterative identifica-
tion is to estimate the unknown items in the information
vector by using the iterative parameter estimation of the

previous step [18, 19]. The iterative identification method is
an important branch of system identification, which can be
realized by using gradient search, least squares principle,
and Newton optimization [20–22].

The particle swarm optimization algorithm is an evo-
lutionary computing technique which is based on the
simulation of birds’ flock [23, 24]. The basic idea of par-
ticle swarm optimization algorithm is to find the optimal
solution through collaboration and information sharing
among individuals in the group [25]. This algorithm has
attracted the attention of academia with the advantages
of easy implementation, high precision, and fast conver-
gence [26]. Compared with the conventional optimization
methods, it has excellent optimized performances and
characteristics [27]. The particle swarm optimization algo-
rithm has been widely used in function optimization, sys-
tem identification, and fuzzy control [28–30]. Recently,
Chen and Wang proposed a stochastic gradient algorithm
and a particle swarm optimization algorithm to estimate
all the unknown parameters of the Hammerstein system
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[31]. In this paper, we use the particle swarm optimiza-
tion algorithm and the gradient iterative algorithm to
identify the unknown parameters of the Wiener systems
with colored noise.

The rest of the paper is organized as follows. Section 2
gives the system description for the Wiener model. Section
3 gives the particle swarm optimization algorithm forWiener
nonlinear systems. Section 4 derives a gradient iterative
algorithm for the discussed system. Section 5 provides an
example for illustrating the results in this paper. Finally,
some conclusions are given in Section 6.

2. System Description

Consider the Wiener system shown in Figure 1 with the
following expressions:

y t ≔ f x t +D z v t ,

x t ≔
B z
A z

u t ,
1

where A z , B z , and D z are polynomials in the shift oper-
ator z−1 z−1y t = y t − 1 with

A z ≔ 1 + a1z
−1 + a2z

−1 +⋯ + anaz
−na ,

B z ≔ b1z
−1 + b2z

−2 +⋯ + bnbz
−nb ,

D z ≔ 1 + d1z
−1 + d2z

−2 +⋯ + dnd z
−nd

2

Assume that the degrees na, nb, and nd are known and
y t = 0, u t = 0, and v t = 0 for t ≤ 0

Define the linear subsystem output x t as

x t ≔
B z
A z

u t , 3

and the noise model output w t as

w t ≔D z v t 4

The static nonlinear block is a nonlinear function

f x t ≔ γ1 f1 x t + γ2 f2 x t +⋯ + γnγ f nγ x t , 5

where the basis g≔ f1, f2,… , f nγ are known nonlinear

functions of x t , the unknown parameters γi are the coef-
ficients of the nonlinear functions and assume that the
degree nγ is known. Without loss of generality, let the first
coefficient of nonlinear block γ1 be unity and rewrite the
f x t as

f x t = x t + γ2x
2 t +⋯ + γnγx

nγ t 6

In the above equations, u t and y t are the system input
and output, respectively, and v t is a Gaussian distributed
white noisewith zeromean and varianceσ2. From (3), we have

x t = 1 − A z x t + B z u t

= −a1x t − 1 −⋯− anax t − na

+ b1u t − 1 +⋯ + bnbu t − nb

= φT
1 t θ1,

7

where

φ1 t ≔ −x t − 1 ,… , − x t − na , u t − 1 ,… , u t − nb
T

∈ℝna+nb ,

θ1 ≔ a1, a2,… , ana , b1, b2,… , bnb
T

∈ℝna+nb

8

From (4), we can obtain

w t =D z v t

= d1v t − 1 + d2v t − 2 +⋯ + dndv t − nd

= φT
d t θd ,

9

where

φd t ≔ v t − 1 , v t − 2 ,… , v t − nd
T ∈ℝnd ,

θd ≔ d1, d2,… , dnd
T ∈ℝnd

10

Thus, the Wiener nonlinear system model can be written
as follows:

y t = f x t +w t

= x t + γ2x
2 t +⋯ + γnγx

nγ t +D z v t

= φT
1 t θ1 + φT

2 t θ2 + φT
d t θd + v t

= φT t θ + v t ,

11

where

φ2 t ≔ x2 t , x3 t ,… , xnr t T ∈ℝnγ−1,

θ2 ≔ γ2, γ3,… , γnγ
T
∈ℝnγ−1,

φ t ≔ φT
1 t , φT

2 t , φT
d t

T ∈ℝn,

θ≔ θT1 , θ
T
2 , θ

T
d

T
∈ℝn,

n≔ na + nb + nγ − 1 + nd

12

3. The Particle Swarm Optimization Algorithm

With the development of optimization theory, some new
intelligent algorithms have been proposed to solve the
problem of traditional system identification, such as the

B (z)
A (z) f (.) +

x (t) y (t)

D (z)
v (t)

w (t)
u (t)

Figure 1: The Wiener system model.
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genetic algorithm [32], the ant colony algorithm [33], and
the particle swarm algorithm [34, 35], these algorithms
enrich the system identification technology. Particle swarm
optimization algorithm is a nature-inspired evolutionary
algorithm, and it has been successful in solving a wide
range of real-value optimization problems [36]. In the
following, the particle swarm optimization algorithm is
used to identify the unknown parameters of the Wiener
nonlinear systems.

Suppose that the search space is n-dimensional and a
particle swarm consists of M particles.

Define the information vector as

φ t ≔ −x t − 1 ,… , − x t − na , u t − 1 ,… ,

u t − nb , x2 t , x3 t ,… , xnr t ,

v t − 1 , v t − 2 ,… , v t − nd
T ∈ℝn

13

Let p represent the data length. Define the stacked output
vector Y p and the stacked information matrix Φ p as

Y p ≔ y p , y p − 1 ,… , y 1 T ∈ℝp,

Φ p ≔ φ p , φ p − 1 ,… , φ 1 ∈ℝn×p
14

Define the independent position of each particle θi and
the independent velocity Qi as follows:

θ i
≔ â1i, â2i,… , ânai, b̂1i, b̂2i,… , b̂nbi, γ2i

,

γ3i,… , γnγi , d1i, d2i, … , d̂ndi
T
∈ℝn,

Qi ≔ q1i, q2i,… , qni
T ∈ℝn, i = 1, 2,… ,M

15

Let θ k denote the estimates of θ at iteration k k = 1, 2,
3,… Define θih k as the best position of each particle at
iteration k

θ ih k ≔ â1ih k ,… , ânaih k , b̂1ih k ,… , b̂nbih k ,

γ2ih k ,… , γnγih k , d̂1ih k ,… , d̂ndih k
T
∈ℝn

16

Let φ1,k t and φk t denote the estimates of φ1 t and
φ t at iteration k

φ1,k t ≔ −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb
T ∈ℝna+nb ,

φk t ≔ −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb , x̂2k−1 t ,

x̂3k−1 t ,… , x̂nrk−1 t , v̂k−1 t − 1 ,

v̂k−1 t − 2 ,… , v̂k−1 t − nd
T ∈ℝn

17

Then, the estimates Φk p can be obtained as follows:

Φk p = φk p , φk p − 1 ,… , φk 1 18

According to the basic principle of the particle swarm

algorithm, the best position of each particle θih k satisfies
the following cost function:

θ ih k ≔ arg min

Y p −ΦT
k p θi k , Y p −ΦT

k p θih k − 1

19

Let θg k denote the global best position of all the
particles

θg k ≔ â1g k ,… , ânag k , b̂1g k ,… , b̂nbg k ,

γ2g k ,… , γ
nγg

k , d̂1g k ,… , d̂ndg k
T
∈ℝn,

20

where θg k satisfies

θg k = arg min Y p −ΦT
k p θih k 21

Define θg1 k ≔ â1g k ,… , ânag k , b̂1g k ,… , b̂nbg k
T

According to (7), we can obtain the estimation of x̂k t

x̂k t = φT
1,k t θg1 k 22

According to the principle of particle swarm optimiza-
tion, each particle goes to a new position and a new velocity
at iteration k + 1 as follows:

θi k + 1 = θi k + Q̂i k + 1 ,

Q̂i k + 1 = βQ̂i k + ξ1ζ1 θih k − θi k

+ ξ2ζ2 θg k − θi k

23

Replacing φ t and θ with φk t and θg k in (11), we can

obtain the estimate v̂k t = y t − φT
k t θg k Thus, we can

obtain the particle swarm optimization iterative (PSOI) iden-
tification algorithm as follows:

θi k + 1 = θi k + Q̂i k − 1 , i = 1, 2,… ,M, 24

Q̂i k + 1 = βQ̂i k + ξ1ζ1 θih k − θi k

+ ξ2ζ2 θg k − θi k , i = 1, 2,… ,M,
25

φ k t = −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb , x̂2k−1 t ,

x̂3k−1 t ,… , x̂nrk−1 t , v̂k−1 t − 1 ,

v̂k−1 t − 2 ,… , v̂k−1 t − nd
T,

26
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Start

Initialize: k = 0

Set 𝜃i (0), Qi(0), 𝜃ih (0), 𝜃g(0)ˆ ˆ ˆˆ

Collect u (t) and y(t)
Form Фk(p), Y(p)ˆ

Update Qi (k + 1)

ˆUpdate 𝜃i (k + 1)

Compute 𝜃ih (k + 1)ˆ

Compute 𝜃g (k + 1)ˆ

k = k + 1

Figure 2: The flowchart of PSOI algorithm.

φ 1,k t = −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb
T,

27

x̂k t = φT
1,k t θ

g1 k , 28

θ ih k = â1ih k ,… , ânaih k , b̂1ih k ,… , b̂nbih k ,

γ2ih k ,… , γnγih k , d̂1ih k ,… , b̂ndih k
T
,

29

θg k = â1g k ,⋯, ânag k , b̂1g k ,⋯, b̂nbg k ,

γ2g k ,⋯, γ
nγg

k , d̂1g k ,⋯, d̂ndg k
T,

30

Y p = y p , y p − 1 ,… , y 1 T, 31

Φk p = φk p , φk p − 1 ,… , φk 1 , 32

θ ih
k = arg min

Y p −ΦT
k p θi k , Y p −ΦT

k p θih k − 1 ,

33

θg k = arg min Y p −ΦT
k p θih k , 34

θ g1 k = â1g k ,… , ânag k , b̂1g k ,… , b̂nbg k
T
, 35

v̂k t = y t − φT
k t θg k 36

The steps of the PSOI algorithm are listed as follows:

(1) Let k = 0, set the initial values as θi 0 , Q̂i 0 , θih 0 ,
and θg 0 , i = 1, 2,… ,M Set the initial factor β, ξ1,
ξ2 and give a small positive number ε. Set x̂0 t =
1/p0, p0 = 106, and v̂0 t = 0.

(2) Collect the input and output data u t and y t , t =
1, 2,… , p, form φ1,k t by (27) and φk t by (26).
Construct Y p and Φk p by (31) and (32),
respectively.

(3) Update the velocity of each particle Q̂i k + 1 , i = 1,
2,… ,M, according to (25).

(4) Update the position of each particle θi k + 1 by (24).

(5) Compute the best position of each particle θih k + 1
by (33).

(6) Determine the best position of all the particles

θg k + 1 by (34).

(7) Compute v̂k+1 t by (36). Form θg1 k + 1 by (35),
compute x̂k+1 t by (28).

(8) Compare θg k + 1 and θg k : if θg k + 1 − θg k
≤ ε, then terminate the procedure and obtain the

estimate θg k + 1 ; otherwise, increase k by 1 and go
to Step 2.

The flowchart of PSOI algorithm is shown in Figure 2.

Remark 1. The major factors that influence the performance
of the particle swarm optimization include ξ1,ξ2, and β. ξ1
and ξ2 are positive constants between 0 and 2. ξ1 is the step
size that adjusts the particle to its own best position. ξ2 is
the step size that regulates the particle to the global best posi-
tion. β is called the inertia factor and is an important adjust-
ing parameter of the PSOI algorithm. A larger β can facilitate
global optimization; otherwise, a smaller one can facilitate
local optimization. It can be chosen as a constant between
0.1 and 0.9 generally. ζ1 and ζ2 are two independent random
numbers uniformly distributed in the range of [0, 1].

4. Gradient Iterative Algorithm

The gradient search is a very basic and ancient searchmethod
[37, 38]. It is widely used in parameter identification of non-
linear systems [39–41]. In the following, based on the gradi-
ent search principle, a gradient iterative identification
algorithm for Wiener nonlinear model is derived.
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Consider the latest p group data from i = t − p + 1 to i = t
and define the stacked output vector Y t , the stacked infor-
mation matrix Φ t , and the stacked noise vector V t as
follows:

Y t ≔ y t , y t − 1 ,… , y t − p + 1 T ∈ℝp,

Φ t ≔ φ t , φ t − 1 ,… , φ t − p + 1 T ∈ℝp×n,

V t ≔ v t , v t − 1 ,… , v t − p + 1 T ∈ℝp

37

From (11), we have

Y t =Φ t θ +V t 38

Define the criterion function

J1 θ ≔ Y t −Φ t θ 2 39

Let k = 1, 2, 3,… , n as an iterative variable and θk t is
the kth iterative estimation of parameter vector θ at time t
For the optimization problem (39), the gradient iterative
algorithm is obtained by using the negative gradient search

θk t = θk−1 t −
μk t
2

grad J1 θk−1 t

= θk−1 t + μk t ΦT t Y t −Φ t θk−1 t ,
40

where μk t is the iterative step-size. However, in the upper for-

mula of (40), the gradient iterative estimate θk t impossible to
calculate because the stacked information vector Φ t contains
unknown intermediate variables x t and v t The solution is
to replace the unknown variables x t and v t by x̂k−1 t and
v̂k−1 t , respectively. Let φ1,k t , φ2,k t , and φk t denote the
estimates of φ1 t , φ2 t , and φ t at iteration k, respectively

φ1,k t ≔ −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb
T ∈ℝna+nb ,

φ2,k t ≔ x̂2k−1 t , x̂3k−1 t ,… , x̂nrk−1 t
T ∈ℝnγ−1,

φd,k t ≔ v̂k−1 t − 1 , v̂k−1 t − 2 ,… , v̂k−1 t − nd
T ∈ℝnd ,

φk t ≔ φT
1,k t , φT

2,k t , φT
d,k t

T
∈ℝn

41

Let Φk t denote the estimates of Φ t at iteration k

Φk t ≔ φk t , φk t − 1 ,… , φk t − p + 1 T ∈ℝp×n, 42

and let θ1,k t denote the estimates of θ1 at iteration k

θ1,k t ≔ â1,k t , â2,k t ,… , âna ,k t , b̂1,k t ,

b̂2,k t ,… , b̂nb ,k t
T
∈ℝna+nb

43

Thus, x̂k t can be calculated by the following:

x̂k t ≔ φT
1,k t θ1,k t 44

Define θk t = θT1,k t , θT2,k t , θTd,k t
T
as the estimates of

θ = θT1 , θT2 , θTd
T
at iteration k and then the estimates of vk t

can be obtained by the following:

v̂k t ≔ y t − φT
k t θk t 45

Replacing Φ t by Φk t in (40) and rewriting θk t give

θk t = θk−1 t + μk t ΦT
k t Y t −Φk t θk−1 t

T
46

Thus, we can obtain the gradient iterative (GI) estimation
algorithm for Wiener models

θk t = θk−1 t + μk t ΦT
k t

Y t −Φk t θk−1 t , k = 1, 2, 3,… ,
47

Φk t = φk t , φk t − 1 ,… , φk t − p + 1 T, 48

Y t = y t , y t − 1 ,… , y t − p + 1 T, 49

φk t = φT
1,k t , φT

2,k t , φT
d,k t

T
, 50

φ 1,k t = −x̂k−1 t − 1 ,… , − x̂k−1 t − na ,

u t − 1 ,… , u t − nb
T,

51

φ2,k t = x̂2k−1 t , x̂3k−1 t ,… , x̂nrk−1 t
T, 52

φd,k t = v̂k−1 t − 1 , v̂k−1 t − 2 ,⋯, v̂k−1 t − nd
T, 53

v̂k t = y t − φT
k t θk t , 54

x̂k t = φT
1,k t θ1,k t , 55

θ1,k t = â1,k t , â2,k t ,… , âna ,k t ,

b̂1,k t , b̂2,k t ,… , b̂nb ,k t
T
,

56

0 < μk t ≤
2

λmax ΦT
k t Φk t

57

The steps of the GI algorithm are listed as follows:

(1) Let k = 1, θ0 t = 1/p0, x̂0 t = 1/p0, and p0 = 106 and
give a small positive number ε.

(2) Collect the input and output data μ t and y t and
form Y t by (49) and φ1,k t by (51).

(3) Form θ1,k t by (56), compute x̂k t by (55), and form
φ2,k t by (52).

(4) Compute v̂k t by (54) and form φd,k t by (53).

(5) Form φk t by (50) and form Φk t by (48).

(6) Choose a suitable μk t by (57) and compute θk t by
(47).
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(7) Compare θk t and θk−1 t : if θk t − θk−1 t ≤ ε,
then terminate the procedure and obtain θk t ; other-
wise, increase k by 1 and go to Step 2.

5. Examples

Consider the following Wiener nonlinear systems:

y t = f x t +D z v t ,

x t =
B z
A z

u t ,

A z = 1 + a1z
−1 + a2z

−2 = 1 − 0 43z−1 + 0 35z−2,

B z = b1z
−1 + b2z

−2 = 0 76z−1 + 0 62z−1,

D z = 1 + d1z
−1 + d2z

−2 = 1 + 0 20z−1 − 0 10z−2,

f x t = γ1x t + γ2x
2 t + γ3x

3 t

= x t + 0 98x2 t + 1 15x3 t ,

θ = a1, a2, b1, b2, γ2, γ3, d1, d2
T

= −0 43, 0 35, 0 76, 0 62, 0 98, 1 15, 0 20, −0 10 T

58

In simulation, the input u t is taken as an uncorrelated
stochastic signal sequence with zero mean and unit variance
and v t as a Gaussian white noise sequence with zero mean
and variance σ2 = 0 102 Applying the GI algorithm and the
PSOI algorithm to estimate the parameters of this system,
the parameter estimates and their errors are shown in
Tables 1 and 2 and Figures 3 and 4. In the PSOI algorithm

Table 1: The GI estimates and errors (σ2 = 0 102).

k α1 α2 b1 b2 γ2 γ3 d1 d2 δ (%)

1 0.00000 0.00000 0.58390 0.68393 0.00000 0.00000 −0.04169 −0.02620 86.40246

5 −0.02316 0.00425 0.61143 0.71531 0.02417 0.09941 0.13680 −0.03462 80.62844

10 −0.05236 0.01690 0.65537 0.75735 0.06610 0.28009 0.31492 −0.05635 72.44222

50 −0.19707 0.17193 0.77823 0.85545 0.55958 1.11096 0.34000 −0.01365 31.03963

100 −0.26799 0.23558 0.76378 0.81452 0.78248 1.08091 0.26414 −0.03625 18.93492

500 −0.40949 0.33611 0.75852 0.64487 0.96516 1.14748 0.20235 −0.07345 2.45484

700 −0.42263 0.34486 0.75695 0.62722 0.98006 1.16077 0.20205 −0.07432 1.59965

True values −0.43000 0.35000 0.76000 0.62000 0.98000 1.15000 0.20000 −0.10000 0.00000

Table 2: The PSOI estimates and errors (M = 60).

k α1 α2 b1 b2 γ2 γ3 d1 d2 δ (%)

10 −0.70817 0.59244 0.68145 0.44089 0.69816 1.06690 0.32058 −0.04582 27.79105

20 −0.74261 0.64034 0.84768 0.63585 0.98413 1.08805 0.19259 0.03973 24.33881

30 −0.58252 0.36827 0.80718 0.54617 0.99907 1.13505 0.10336 −0.10655 10.69988

60 −0.42770 0.35023 0.74459 0.60637 0.98132 1.15542 0.19161 −0.09934 1.21353

90 −0.43027 0.35147 0.75416 0.61506 0.97971 1.15157 0.19172 −0.09235 0.72682

120 −0.43132 0.35162 0.75594 0.61617 0.97964 1.15089 0.19158 −0.09109 0.71978

True values −0.43000 0.35000 0.76000 0.62000 0.98000 1.15000 0.20000 −0.10000 0.00000

0 100 200 300 400 500 600 700
k
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Figure 3: The GI estimation errors versus k.
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Figure 4: The PSOI estimation errors versus k.

6 Complexity



simulation, each swarm generation contains 10 position par-
ticles. The coefficients β, ξ1, and ξ2 in (25) are set to 0.8, 1.2,
and 1.8, respectively.

From the simulation results in Tables 1 and 2 and
Figures 3 and 4, we can draw the following conclusions:

(i) As k increases, the parameter estimation errors given
by the GI algorithm and PSOI algorithm gradually
become smaller (see Tables 1 and 2).

(ii) The PSOI algorithm has a faster convergence rate
than the GI algorithm (see Figures 3 and 4).

(iii) The PSOI algorithm has a higher estimation accu-
racy than the GI algorithm, which can be seen from
Tables 1 and 2.

6. Conclusions

In this paper, we derived the particle swarm optimization
iterative algorithm and the gradient iterative algorithm
for Wiener nonlinear systems. Compared with the gradient
iterative algorithm, the particle swarm optimization algo-
rithm has a higher estimation accuracy and has a faster
convergence rate. The proposed approaches in the paper
can be combined with other mathematical tools [42–47]
to study the performances of some parameter estimation
algorithms and can be applied to other multivariable sys-
tems with different structures and disturbance noises and
other literature [48–52].
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The cooperative coevolution (CC) algorithm features a “divide-and-conquer” problem-solving process. This feature has great
potential for large-scale global optimization (LSGO) while inducing some inherent problems of CC if a problem is improperly
decomposed. In this work, a novel CC named selective multiple population- (SMP-) based CC (CC-SMP) is proposed to
enhance the cooperation of subproblems by addressing two challenges: finding informative collaborators whose fitness and
diversity are qualified and adapting to the dynamic landscape. In particular, a CMA-ES-based multipopulation procedure is
employed to identify local optima which are then shared as potential informative collaborators. A restart-after-stagnation
procedure is incorporated to help the child populations adapt to the dynamic landscape. A biobjective selection is also
incorporated to select qualified child populations according to the criteria of informative individuals (fitness and diversity). Only
selected child populations are active in the next evolutionary cycle while the others are frozen to save computing resource. In
the experimental study, the proposed CC-SMP is compared to 7 state-of-the-art CC algorithms on 20 benchmark functions with
1000 dimensionality. Statistical comparison results figure out significant superiority of the CC-SMP. In addition, behavior of the
SMP scheme and sensitivity to the cooperation frequency are also analyzed.

1. Introduction

Large-scale global optimization (LSGO) is a kind of optimi-
zation problem that includes hundreds or even thousands
of decision variables. The huge number of decision variables
may induce the curse of dimensionality and an extremely
complex interdependency of variables, both of which are
challenging for conventional optimization approaches. In
addition, the increase of the decision variables may also lead
to a change in the problem’s properties.

Cooperative coevolution (CC) algorithms have great
potential to conduct LSGO in a divide-and-conquer manner.
The original problem is decomposed into several subprob-
lems each of which is optimized by a separate coevolutionary
population. Since these subproblems are relative small and
optimized concurrently, highly efficient problem solving
is expected.

To properly use CC, two issues should be carefully
considered: cooperation among subproblems and problem

decomposition (also called variable grouping). Since each
subproblem just represents a segment of the original
problem, one subproblem needs to persistently combine its
individuals with collaborators provided by the other sub-
problems. The resultant whole solutions are then evaluated
according to the objective function of the original problem.
Obviously, improper collaborators may misguide the fitness
evaluation and therefore be harmful for global optimization.
In fact, early theoretical works have proved that the conven-
tional CC algorithms are likely to converge to a Nash equilib-
rium rather than a global optimum if the collaborators cannot
provide sufficient information for cooperation.

Plenty of work has been conducted on problem decom-
position to minimize the interdependency among subprob-
lems [1–6]. If the subproblems are fully independent from
each other, the divide-and-conquer feature of CC algorithms
could be directly utilized to optimize large-scale problems.
However, fully accurate decomposition is usually impractical
especially for large-scale problems. Although some pioneer
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works [7–10] have studied the way to address the inhabi-
tation problems of CC through collecting informative
collaborators, they cannot be directly applied to LSGO.

In our previous work [11], niching-based multimodal
optimization (NMMO) was incorporated into the optimiza-
tion procedure of each subproblem. The optima found by
the NMMO procedures are exchanged among subproblems,
which enhances the collection of informative collaborators
and significantly improves the performance on LSGO.
Nevertheless, in [11] we just trigger the NMMO optimizer
occasionally because the convergence efficiency of NMMO
is relatively low due to the simultaneous search in different
regions. Therefore, the optimization is still mainly conducted
by another local search optimizer.

According to our further study, we found that it is not
necessary to locate and refine all optima of a subproblem. If
some regions are properly selected to be searched, the con-
struction of informative collaborators can still be achieved.
In addition, since the number of the regions or nichings are
reduced the convergence rate of the NMMO procedure is
accordingly improved. Thus, a proper selection scheme is
expected to be helpful for optimizing subproblems and
providing informative collaborators simultaneously.

Bearing this idea in mind, in this work a selective
multipopulation scheme is proposed to enhance the cooper-
ation among subproblems. To find informative collaborators,
multiple populations are used to search different regions
simultaneously. Different from common multipopulation-
or niching-based methods that are essentially for multimodal
optimization, in our algorithm only some representative ones
are selected according to fitness and diversity, and evolved at
each iteration. Thus, only one multipopulation-based opti-
mizer is used to not only find an informative collaborator
but also conduct global optimization in each subproblem.
Besides, the collaborative information is adaptively updated
among subproblems. The proposed algorithm is tested on
20 LSGO benchmark functions [12] launched at the 2010
IEEE Congress on Evolutionary Computation (CEC’10)
and compared with 7 state-of-the-art CC algorithms. Exper-
imental results validate the effectiveness.

The remainder of this paper is organized as follows.
Background knowledge and motivation are presented in
Section 2. In Section 3, the detail of the proposed method is
described. Behavior analysis and comparison are given in
Section 4. In the last section, we summarize our work and
draw the conclusions.

2. Background and Motivation

In this section, we briefly introduce the CC algorithm and
CMA-ES. Then, the background knowledge and challenges of
CC are presented.We figure out that the optimizer of subprob-
lems should not only provide informative collaborators with
good diversity andfitness but also adapt to dynamic landscapes.

2.1. Background

2.1.1. CC Algorithm. The pseudocode of the general CC
framework is shown in Algorithm 1. At first, the original

problem is decomposed into N subproblems with a certain
grouping method, then the context vector is initialized. Note
that each subproblem is only a part of the original problem.
Therefore, we need collaborative information (CI) from
other subproblems to evaluate individuals in the current
subproblem. Typically, the collaborative information is the
current best solution in each subproblem. After initializing
the subproblem populations (SP), subproblems will be opti-
mized in a round-robin fashion. The optimizer could be
any evolutionary algorithm. The historical best solution of
each subproblem is often stored as the collaboration infor-
mation. The algorithm terminates when the number of fit-
ness evaluations (FEs) exceeds the maximum number. In
line 10, the best solution is output as the final result.

2.1.2. CMA-ES. In the multiple population framework used
in this work, each population is evolved by an independent
local search optimizer. The covariance matrix adaptation
evolution strategy (i.e., CMA-ES) is proposed by Hansen
and Ostermeier [13]. By sampling and updating a normal
distribution adaptively, the CMA-ES shows a powerful local
search ability in continuous space. The main formula of
CMA-ES is shown as follows:

xi =m + σNi 0, C , 1

where m is the sampling center, σ is step size, and C is the
covariance matrix which determines the shape of the distri-
bution. The parameters m, σ, and C update in different
recombination, cumulation, and selection strategies [14].

2.2. Challenges for CC

2.2.1. Dynamic Landscapes. Due to the divide-and-conquer
nature of CC, fitness evaluation in a subproblem is related
to the other subproblems, in other words, the fitness land-
scape is dynamic when there exists interdependency among
the decision variables in different subproblems. This can be
demonstrated by the following example.

Equation (2) is the Ackley function withD dimensions. A
D ×D orthogonal matrix M is used to rotate the coordinate,
which makes the function nonseparable. The Ackley function
is widely used to build benchmark functions for assessing
optimization methods. In this case, let D = 4 and the four
decision variables are arbitrarily grouped into two

1 Decompose the original problem into N subproblems;
2 Randomly initialize the context vector CI;
3 Initialize SP i , i = 1,…N ;
4 while Termination= false do
5 for i = 1 N do
6 CI =Optimizer SP i , CI ;
7 end
8 end
9 Best =Output CI ;
10 return Best

Algorithm 1: CC Algorithm.
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subproblems (each consists of 2 decision variables). Thus, the
resultant two subproblems are interdependent.

Fackley X = 20 + e − 20 exp −0 2
1
D
〠
D

i=1
x2i

− exp
1
D
〠
D

i=1
cos 2πxi ,

2

Frot−ackley X = Fackley Z , Z = X ×M 3

Figure 1 shows the corresponding landscapes of the first
subproblem when cooperating with four different collabora-
tors from the second subproblem. It can be seen that not only
the shape of the landscape but also the location of the
optimum may vary accordingly. This reveals the dynamic
nature of the optimization procedure in subproblems in the
context of CC. Therefore, the optimizer of subproblems
should be able to respond to the change of landscapes.

2.2.2. Inherent Problems of CC. The evolutionary game
theory (EGT) has been used to theoretically analyze the CC
[8, 15]. It has been proved that conventional CC is likely to
converge to the Nash equilibrium which is relatively easy to
reach. Specifically, if the Nash equilibrium is a local optimum
with a large attractive basin, local rather than global opti-
mization will be the resultant of conventional CC. We use
the maximum of two quadratics (MTQ) function to
visually demonstrate this phenomenon. The MTQ function
(formulated in (4)) is a typical function that may lead to

local optimization of CC and is widely used in the litera-
ture [7, 15–18] to test CC algorithms. H determines the
height of a peak, S affects the covering area, and X, Y
is the coordinate of a peak.

MTQ x, y =max←

H1 ∗ 1 −
16 ∗ x − X1

2

S1
−
16 ∗ y − Y1

2

S1
,

H1 ∗ 1 −
16 ∗ x − X2

2

S2
−
16 ∗ y − Y2

2

S2
,

4

Figure 2 shows the landscape of a MTQ function with
two optima. The global optimum (i.e., opt1 −0 6, −0 6 )
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Figure 1: Demonstration of the dynamic nature of CC landscapes.
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Figure 2: Landscape of the MTQ function with H1 = 50, S1 = 16,
X1 = 0 2, Y1 = 0 2, H2 = 70, S2 = 2 3, X2 = −0 6, and Y2 = −0 6.
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locates on the small peak (covers a small attractive basin)
while the local optimum (i.e., opt2 0 2,0 2 ) locates on the
large peak. According to the principle of EGT, it is easy to
reach the Nash equilibrium on a large peak (i.e., opt2) where
each subproblem could be awarded easily. From the perspec-
tive of optimization, global optimization is not necessary
until the global optimum locates in a large attractive basin
where the Nash equilibrium is easy to reach. Notably, this
is not similar to the premature genetic algorithms which
could be addressed by maintaining proper population diver-
sity. As for the CC, if the optimization of a subproblem has
converged (taking Figure 2 for instance, the population for
variable y converges to 0.2), due to the cooperative nature
of the CC, the search area for the other subproblem will be
particularly restricted (the search space of x is restricted to
the solid blue line L1). In such case, the population cannot
search the remaining area where the global optimum may
actually be located.

2.3. Motivation. The inherent problem of CC is caused by
its cooperative nature. Thus, the proper cooperation
scheme should be accordingly designed to provide and
utilize informative collaborators. Intuitively, representative
information is found and sent to the other subproblem
so as to help it “understand” the counterpart. We take
Figure 2 as an example, in case that x = −0 43 and the
search space for y is actually the solid red line L3. If both
the current best optimum (on large peak) and local optimum
(on small peak) can be properly obtained and provided to x,
the solid blue line L2 that represents an additional search
space of x could be drawn. Along L2, CC will definitely find
the real global optimum. Therefore, the current global and
local optima are good representatives of a subproblem. They
can be used as informative collaborators to help CC jump out
from the locally optimal Nash equilibrium.

Nevertheless, there is no need to find all optima like
multimodal optimization. To save the computing resource
and improve converging rate, only the optima with great
potential to be the real global optimum is worthy of being
exploited. Thus, selective property should be additionally
incorporated into multimodal optimization.

In this paper, we particularly designed a multipopulation
optimizer for CC. In such optimizer, a selection strategy is
used to allow potential optima to use more computing
resource. Besides, the populations in each subproblem can
be adaptively restated to address the dynamic landscape
challenge of CC.

3. Proposed Algorithm

In this paper, we propose a selective multipopulation (SMP)
scheme to enhance the cooperation among subproblems.
The resultant CC algorithm is named CC-SMP for short.
The main extension of the CC-SMP is obtaining and
sharing more information among subproblems in a uniform
selection-based multipopulation framework.

3.1. Algorithm Framework. The pseudocode of the CC-SMP
is described in Algorithm 2. First, the original problem is

decomposed into several subproblems with a given grouping
method (line 1). Then, the coevolutionary populations and
information pool are initialized. Specifically, each subprob-
lem is allocated a coevolutionary population with a size of
group i . These populations are randomly generated
according to the grouping result group i (lines 3–6).
Besides, 50 additional complete solutions are randomly
generated and evaluated. The fittest solution is copied to
the information pool as the initial collaborative information
(lines 7–10). The initial coevolutionary populations for
subproblems are evaluated via collaborating with initial
collaborative information (line 11).

After the initialization procedure, the main optimization
procedure is executed (lines 12–24) till the number of fitness
evaluations (FEs) exceedsMaxFes. A multipopulation-based
optimizer is used for each subproblem. This optimizer differs
from conventional multipopulation optimizers, since not all
of the child populations will have the same opportunity to
evolve. A biobjective selection is conducted to identify child
populations with good fitness and diversity (lines 14-15)
and let them be active to evolve. As for the child populations
that are not selected, they will be frozen in the current
iteration to save computing resources.

To address the challenge of dynamic landscape, a
stagnation check is made for the child populations in each
subproblem (line 17). The stagnated child populations are
restarted to react in response to the dynamic landscapes. In
order to efficiently find and exploit local optima, the CMA-
ES, a popular local search algorithm, is used for each child
population. Accordingly, several active child populations
may simultaneously search different areas of a subproblem.
If any child population gets stuck a new local optimum has
been found and sufficiently exploited. Since we use the
information of optima to construct collaborative information
(CI) of CC, a newly raised optimum means the CI should be
updated. In such case, CI is updated by selecting elements
from the information pool which consists of the historical
best solution (history best) and centers of the CMA-ES opti-
mizers (line 20). Those elements are also selected according
to fitness and diversity like the selection of active populations
to avoid combinational explosion.

3.2. Selective Multiple Populations (SMP). In this work, mul-
tiple child populations are used to continually explore and
exploit local optima in each subproblem. As mentioned
before, not all child populations evolve at every iteration.
For improving the converge rate and saving computing
resources, only some child populations with great potential
will be selected to evolve. The following biobjective selection
is proposed to identify potential child populations.

For a given subproblem, Np child populations are
randomly initialized at first with their own evolutionary
parameters (e.g., center, step size, and covariance matrix for
the CMA-ES). At each generation, a biobjective selection is
conducted to select child populations which have competi-
tive fitness and diversity. Then, the selected child populations
can evolve while the remaining child populations will be
frozen till the next generation. Particularly, the diversity of
a given child population is defined as its minimum
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Manhattan distance between other child populations. The
Manhattan distance indicates the similarity between vectors.
The Manhattan distance between n-dimensional vectors xi
and x j is formulated in (5).

dij = 〠
n

k=1
xi k − x j k , 5

where xi k is the kth dimension of vector xi. The diversity
of xi is measured as

D xi = min
j=1,…,Np ,j≠i

dij, 6

where Np is the number of vectors. Note that in this
work the diversity of a given population refers to its

center (in the context of CMA-ES). In other words, the
vectors xi, i = 1,… , n, used in (5) are actually the centers
of the child populations, and Np is the number of child
populations. Given the diversity D xi and fitness f xi of
the centers, selection could be conducted according to the
following biobjective minimization:

argmin −D xi , f xi 7

The nondominated sorting method used in NSGA-II [19]
is employed to rank the centers. Child populations with non-
dominated centers are selected to evolve in the next iteration.
Algorithm 3 shows the detail of the selection process.

Comparing with conventional multipopulation evolu-
tionary algorithms, the SMP is easy to conduct and evolves

Input: Dim,MaxFes, Pop size, Func,Ubound, Lbound
Result: One run of CC-SMP

1 group, FEused = grouping Func ; MaxFEs =MaxFEs − FEused;
2 FEs = 0;
3 for i = 1 to group do
4 sdim = group i ;
5 pop i = Lbound + rand Pop size, sdim ∗ Ubound − Lbound ;
6 end
7 inisolu = Lbound + rand 50, Dim ∗ Ubound − Lbound ;
8 inif it = evaluate inisolu ;
9 min ind =min inif it ;
10 CI = inisolu min ind ;
11 Evaluate all pop i via collaborating with CI;
12 while FEs <MaxFEs do
13 for i = 1 to group do
14 active ind = select pop i , f itness // see Algorithm 3;

active pop = pop i active ind ;
15 for j = 1 to active pop do
16 FEs1, active pop j , f itness =Multiple CMA-ES

group i , active pop j , CI ;
17 FEs2, active pop j , f itness, CI = check restart active pop j , inf pool

// see Algorithm 4;
18 end
19 pop i active ind = active pop;
20 Inf pool← history best, centers CMA − ES ;
21 FEs = FEs + FEs1 + FEs2;
22 end
23 end

Algorithm 2: Framework of CC-SMP.

Input: pop, f itness
Output: active ind
// active ind = select pop, f itness

1 for i = 1 to Np do
2 for j = 1 to Np do
3 Dij = diversity pop i , pop j // (6);
4 end
5 end
6 active ind = sorting −Dij, pop, f itness //nondominated sorting;

Algorithm 3: Select Active Populations.
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efficiently. In conventional algorithms, the management of
the child populations including parameters (search space,
step size, etc.), life time, and update strategy are relatively
complex and additional parameters may also be involved.
In contrast, in SMP, selected child populations evolve and
restart (as presented in Section 3.3) separately without a
merging/splitting operation. The biobjective selection makes
the child populations search in the distributed area with good
diversity. Besides, selecting potential populations to be active
for evolution also saves computing resources and speeds up
the rate of convergence.

3.3. Stagnation and Restart. In this work, we propose a restart
scheme so that multiple child populations are capable of
exploring local optima continually. In addition, this restart
scheme enhances the optimizer of each subproblem to react
to a dynamic landscape. In particular, the best fitness of
active optima is kept to identify stagnation. Stagnated popu-
lations are then restarted to maintain the proper diversity
which is essential to continually search (exploring new
optima and searching in a dynamic landscape).

The pseudocode of stagnation identification is shown in
Algorithm 4. As mentioned before, the CMA-ES is used as
the optimizer of each child population. Stagnation criteria
for a child population are borrowed from [20]. As for a given
child population, the best and median fitness values (termed
subbest and submedian, resp.) in the last 120 + 30D/lamda
generations are persistently archived and updated. D is the
dimension of the subproblem and lamda is the number of
the sampling points of CMA-ES in a generation. In this work,
lamda is set to 4 + 3 ∗ ln D as suggested in [21].

Three criteria (C1, C2, and C3) are used to check whether
a CMA-ES optimizer gets stuck. C1 and C2 depend on the
data sets in subbest and submedian. In particular, the
20 newest values in subbest and submedian should be
smaller than the 20 oldest ones. As for C3, the difference
between the maximum and minimum of the recent 10 +
30D/lamda fittest values should be larger than a prede-
fined threshold Tol. If either of these three criteria is not
fulfilled, the corresponding CMA-ES optimizer is identified
as stagnation.

In this work, we restart a child population in its opposite
position [22] (line 6). The opposite position of x is defined as
a + b − x. a, b bounds variable x. Reference [23] shows that

hybridization opposition-based learning (OBL) and CC can
improve the performance of CC. The key idea of OBL is that
the opposite of a candidate solution has relatively high
probability to obtain a better fitness value.

3.4. Select Collaborative Information. In the CC algorithm,
the cooperation between subproblems is achieved by
exchanging collaborative information. Each subproblem is
just a part of the original problem, but only complete
solutions can be evaluated. To evaluate individuals of a given
subproblem, the individuals needs to be combined with
collaborative information to form complete solutions. In
traditional CC algorithms, only the best individual of each
subproblem is provided as collaborative information. As
mention before, such cooperation will lead to the conver-
gence to Nash equilibrium which may be suboptimal.

To address this issue, it is necessary to provide collabora-
tors which are more informative to enhance the cooperation
among subproblems. According to the description of CC-
SMP, each subproblem provides its historical best solution
and centers of active CMA-ES populations. An intuitive
way to construct complete solutions is to fully mix the collab-
orators and the individual at hand. However, as the number
of subproblems increase, the number of the resultant
complete solutions increases exponentially, which may lead
to a large number of fitness evaluation. To avoid such combi-
natorial explosion, the number of informative collaborators
should be properly limited. In this work, the collaborative
information (historical best solution and centers of active
CMA-ES populations) is offered in terms of complete
solutions and archived in the information pool. As shown
in Figure 3, a complete solution consists of a solution
segment of the subproblem and the very collaborator which
is used to conduct fitness evaluation. Then, few informative
collaborators with good diversity and fitness are selected
according to the selection scheme illustrated in Algorithm 3.

Input: active pop i , inf pool, f itness
Output: FEs 2, active pop, CI, f itness

1 FEs2, active pop i , CI, f itness = check restart active pop i , f itness, inf pool ;
2 C1 = subbest 1 20 − subbest end − 19 end ;
3 C2 = submedian 1 20 − submedian end − 19 end ;
4 C3 = max xbest −min xbest ;
5 if C1 < 0 C2 < 0 C3 < Tol then
6 active pop i =Ubound + Lbound − active pop i ;
7 CI = select Inf pool ;
8 FEs, f itness = evaluate active pop ;
9 end

Algorithm 4: Check Stagnation and Restart.

Subproblem 1 Subproblem N

Active populations
History best solution

Active populations
History best solution

Information pool
Subproblem 2 ……

Active populations
History best solution

Figure 3: Demonstration of information pool.
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4. Experiments

In this section, we test and verify the proposed CC-SMP
algorithm. First, the CC-SMP is compared with seven state-
of-the-art CC algorithms for LSGO. Second, the behavior of
CC-SMP is analyzed in the context of CC. Third, parameter
sensitivity is analyzed to further understand the performance
of the CC-SMP.

4.1. General Parameter Settings. The following experiments
are conducted using the benchmark suite for LSGO which
was launched at CEC’10 (2010 IEEE Congress on Evolutionary
Computation). This benchmark suite includes twenty 1000-
dimensional real-valued functions. As shown in Table 1, differ-
ent basic functions and separability are considered to generate
the benchmark functions. According to the separability, the
benchmark functions can be classified into five categories:

(i) C1: fully separable (F1–F3)

(ii) C2: partially separable with a single 50-dimensional
nonseparable group (F4–F8)

(iii) C3: partially separable with 10 50-dimensional
nonseparable groups (F9–F13)

(iv) C4: partially separable with 20 50-dimensional
nonseparable groups (F14–F18)

(v) C5: fully nonseparable (F19–F20)

Unless otherwise specified, a given algorithm is run for
25 times on a function to obtain the average performance

for comparison. As for each run, an algorithm termi-
nates when the number of fitness evaluations (FEs)
exceeds 3 × 106. As for the CC-SMP, the subproblems
evolve one by one, and each subproblem evolves one genera-
tion in a single cycle. The differential grouping (DG) [2] is
used to decompose the original problem into several
subproblems before the CC-SMP algorithms are conducted.

Note that according to our preliminary experimental
results, in each cycle of the proposed CC-SMP the number
of active optimizers (i.e., the CMA-ES) is always limited
(from 1 to 6) even if there are 50 optimizers. In addition,
the number of optimizers will not significantly affect the
effectiveness and efficiency, because most of the optimizers
will not be selected to be active and run in the optimization
procedure according to our selection strategy. To make sure
there are enough to be selected, we set such number to be
10 in our following experiments.

4.2. Performance Comparison. Here we compare the CC-
SMP with seven state-of-the-art CC algorithms: DECC-D
[5], MLCC [24], DECC-DML [5], DECC-DG [2], DECC-I
[2], CBCC-1 [25], and CBCC-2 [25]. The grouping methods
of these CC algorithms are presented in Table 2. Note that in
some algorithms (i.e., CC-SMP, DECC-DG, CBCC-1, and
CBCC-2) problem decomposition has been conducted before
optimization. In the following experiments, the number of
FEs that are used for grouping is not counted. The accurate
FEs consumed by variable grouping on each function are
given in [2]. The optimizer of these seven large-scale optimi-
zation algorithms is the SaNSDE [26]. It is a self-adaptive
differential evolution algorithm with neighborhood search.

Table 1: Description of the CEC’2010 benchmark suite.

Category Functions Description

C1: fully separable
1000D-separable variables

F1 Shifted elliptic function Unimodal

F2 Shifted Rastrigin’s function Multimodal

F3 Shifted Ackley’s function Multimodal

C2: partially-separable
Single 50D-nonseparable group
950D-separable variables

F4 Shifted and rotated elliptic function Unimodal

F5 Shifted and rotated Rastrigin’s function Multimodal

F6 Shifted and rotated Ackley’s function Multimodal

F7 Shifted and Schwefel’s problem 1.2 Unimodal

F8 Shifted and Rosenbrock’s function Multimodal

C3: partially-separable
Ten 50D-nonseparable groups
500D-separable variables

F9 Shifted and rotated elliptic function Unimodal

F10 Shifted and rotated Rastrigin’s function Multimodal

F11 Shifted and rotated Ackley’s function Multimodal

F12 Shifted and Schwefel’s problem 1.2 Unimodal

F13 Shifted and Rosenbrock’s function Multimodal

C4: partially-separable
Twenty 50D-nonseparable groups

F14 Shifted and rotated elliptic function Unimodal

F15 Shifted and rotated Rastrigin’s function Multimodal

F16 Shifted and rotated Ackley’s function Multimodal

F17 Shifted and Schwefel’s problem 1.2 Unimodal

F18 Shifted and Rosenbrock’s function Multimodal

C5: fully-nonseparable
1000D-nonseparable variables

F19 Shifted Schwefel’s problem 1.2 Unimodal

F20 Shifted Rosenbrock’s function Multimodal
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The mean and standard deviation values of the
algorithms over 25 independent runs are compared in
Table 3. As for each function, the best result (with a signifi-
cance level of 0.05) is marked in bold. As can be seen, the
proposed CC-SMP performs the best on 12 out of 20
functions followed by DECC-I (4/20), DECC-DG (2/20),
and CBCC-2 (2/20). In addition, in Table 4 pairwise
Wilcoxon test comparisons between the CC-SMP and each
peer algorithm are made on each test function. The CC-
SMP performs significantly better in 77 8% (109 out of 140)
comparing cases but significantly worse in only 16 4%
(23 of 140) of the cases. Therefore, the selective multipo-
pulation strategy effectively enhances the CC algorithm
on LSGO problems.

To better understand the dynamics of the CC-SMP,
Figure 4 shows the average fitness values of the CC-SMP
and three compared algorithms over 25 independent runs.
It can also be seen that on most of the test functions the
CC-SMP converges more quickly.

The Friedman average rankings are given in Table 5 to
conduct multiple statistical comparison according to differ-
ent separabilities (fully, partially, and nonseparable) and
function features (unimodal and multimodal). It can be seen
that the CC-SMP also obtains the best ranking results.

4.3. Behavior Analysis. Although ten child populations are
initialized for each subproblem, at each iteration, only some
of them are selected to be active for evolution. In this section,
the behavior of SMP is studied to deeply understand how
does the SMP select active populations. For each subproblem,
we record the fittest value of each active (selected by SMP)
child population during the evolution process. Three typical
selective behaviors could be observed in Figures 5–7 which
are described as follows:

First, several child populations evolve simultaneously and
the best performed one is always selected to be active.
Figure 5 shows the dynamics of the selected child populations
in the 22nd subproblem when optimizing F1 (forty 25-D sub-
components). It can be seen that the 10th child population is
always selected to evolve till the number of FEs reaches about
9 × 105. Actually, the 10th child population has discovered
the global optimum and restarted after 9 × 105 FEs (avoiding
getting stuck for a long time). This means that the SMP
can provide the best-performed child population more
evolution opportunity. In addition to the best-performed

child population, the diversity-controlling criterion in the
SMP can also keep several other child populations from
occasionally being active to search the global optimum.

Second, if the landscape is unimodal or the diversity of
the child populations is relatively small only, the best-
performed child population is selected to persistently evolve.
Figure 6 shows the dynamics of the selected child populations
in the 17th subproblem when optimizing F9 (unimodal). It
can be seen that the 10th child population is always selected
to be active. Although several other child populations are also
selected at the beginning, only the 10th one is persistently
selected after about 1 × 105 FEs. In such case, the correspond-
ing subproblem could be optimized by only one child popu-
lation and computing resource is saved.

Third, in a multimodal landscape the always-being-
selected child populations easily get stuck but can be
restarted by the SMP to keep a proper level of diversity.
Figure 7 shows the dynamics of the selected child populations
in the 29th subproblem when optimizing F10 (multimodal).
It can be seen that the stagnation takes place in the 2nd and
7th child population, respectively. However, due to the
restart scheme in the SMP both can be selected to be active
again. In addition, every time a child population is restarted
an alternative one is selected to have the lead role of evolution
and to persistently evolve till stagnation.

4.4. Sensitivity Analysis to Cooperation Frequency. According
to the description in Section 3.2, the main idea of the SMP is
to improve the cooperation among subproblems by sharing
collaborators which are more informative. Whenever a
subproblem updates its collaborators from the information
pool, a cooperation takes place.

In the CC-SMP, a subproblem triggers a cooperation only
when it is stagnated and about to be restarted. To further
investigate the impact of the frequency with which the
subproblems cooperate, in the following experiments the
CC-SMP is implemented with four cooperation frequencies,
i.e. M = 1,100,500, restart . Note that M denotes the num-
ber of cycles (line 13–22 in Algorithm 2) that are executed
between every two occurrences of cooperation.

Table 6 shows the performance with M = 1,100,500,
restart . It can be seen that in 13 out of 20 functions
the performance changes obviously (the maximal value is
larger than 1.5 times the minimal value). In particular,
M = 1 always leads to a relatively poor performance and
therefore an obvious change of performance. This is
because M = 1 means that the subproblems need to update
their collaborators in each cycle. In such case, the landscape
may change in a high frequency and there is not sufficient
time for the optimizer to explore the new landscape. Accord-
ingly, the quality of the informative collaborators and the
resultant cooperation is decreased. This can also be verified
by convergence curves on selected functions, as shown in
Figure 8. It can be seen that the algorithm withM = 1 always
obtains the lowest convergence rate.

Although a clear superiority of M = restart (used in CC-
SMP by default) is not observed in Table 6 and Figure 8 com-
paring with M = 100,500 , the restart strategy implies an
adaptive behavior when conducting cooperation. There is

Table 2: Description of compared algorithms.

Algorithm Grouping method

DECC-D Delta grouping

MLCC
Random grouping with a pool of potential

subcomponent sizes

DECC-DML
Delta grouping with a pool of potential

subcomponent sizes

DECC-DG Differential grouping (DG)

DECC-I Ideal grouping

CBCC-1 DECC-DG with contribution-based CC algorithm

CBCC-2 DECC-DG with contribution-based CC algorithm
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Table 3: Performance comparison on CEC’10 LGSO benchmark functions.

Functions DECC-D MLCC DECC-DML DECC-DG DECC-I CBCC-1 CBCC-2 CC-SMP

F1
Mean
Std

0.00E+ 00
0.00E+ 00

8.24E− 07
4.28E− 7

2.77E− 07
9.60E− 07

2.08E+ 06
2.05E+ 06

3.83E+ 05
6.51E+ 05

1.96E+ 06
1.99E+ 09

6.38E+ 06
1.82E+ 07

0.00E+ 00
0.00E+ 00

F2
Mean
Std

6.52E+ 01
4.47E+ 01

2.61E− 03
5.34E− 03

1.04E+ 01
2.24E+ 01

4.22E+ 03
3.80E+ 02

4.39E+ 03
2.96E+ 02

4.33E+ 03
3.04E+ 02

4.18E+ 03
5.38E+ 02

1.31E+ 03
4.03E+ 01

F3
Mean
Std

2.29E+ 00
1.75E− 01

1.27E− 02
2.65E− 02

2.57E− 01
7.06E− 01

1.09E+ 01
8.53E− 01

1.10E+ 01
6.23E− 01

1.12E+ 01
8.96E− 01

1.10E+ 01
7.32E− 01

0.00E+ 00
0.00E+ 00

F4
Mean
Std

2.98E+ 12
9.35E+ 11

1.17E+ 14
4.12E+ 13

1.18E+ 14
1.69E+ 14

5.06E+ 11
1.96E+ 11

2.71E+ 10
1.24E+ 10

1.81E+ 11
1.08E+ 11

1.65E+ 10
3.62E+ 09

1.87E+ 11
5.08E+ 10

F5
Mean
Std

2.86E+ 08
1.08E+ 08

5.04E+ 08
1.36E+ 08

4.99E+ 08
1.28E+ 08

7.36E+ 07
9.56E+ 06

6.86E+ 07
1.24E+ 07

7.02E+ 07
1.05E+ 07

6.43E+ 07
1.31E+ 07

8.69E+ 07
1.66E+ 07

F6
Mean
Std

5.89E+ 06
5.43E+ 06

1.90E+ 07
2.12E+ 06

1.68E+ 07
6.08E+ 06

1.58E+ 01
7.30E− 01

1.63E+ 01
9.69E− 01

8.14E+ 04
2.84E+ 05

4.11E+ 04
2.05E+ 05

1.10E+ 03
2.78E+ 03

F7
Mean
Std

1.47E+ 05
2.47E+ 05

4.88E+ 10
1.64E+ 10

3.42E+ 10
5.19E+ 10

2.79E+ 04
2.03E+ 04

1.17E+ 04
3.96E+ 03

1.23E+ 05
1.09E+ 05

1.26E+ 10
1.48E+ 10

1.06E+ 08
8.94E+ 07

F8
Mean
Std

1.27E+ 08
1.52E+ 08

8.23E+ 08
1.92E+ 08

3.10E+ 10
6.90E+ 10

2.78E+ 07
3.19E+ 07

8.06E+ 05
1.63E+ 06

7.50E+ 06
1.84E+ 07

3.72E+ 07
3.47E+ 07

5.83E+ 07
2.65E+ 07

F9
Mean
Std

1.01E+ 08
9.09E+ 06

1.69E+ 09
2.54E+ 08

1.05E+ 09
1.13E+ 09

3.65E+ 07
1.49E+ 07

4.76E+ 07
5.30E+ 07

1.02E+ 07
3.84E+ 06

3.40E+ 08
2.67E+ 08

1.41E+ 03
1.64E+ 03

F10
Mean
Std

4.07E+ 03
1.26E+ 03

5.19E+ 03
1.72E+ 03

4.30E+ 03
1.77E+ 03

3.33E+ 03
1.92E+ 02

3.13E+ 03
1.68E+ 02

2.59E+ 03
1.48E+ 02

4.90E+ 03
6.37E+ 02

1.59E+ 03
7.16E+ 1

F11
Mean
Std

9.98E+ 01
1.01E+ 02

2.00E+ 02
2.24E+ 00

1.91E+ 02
3.56E+ 01

2.64E+ 01
2.95E+ 00

2.51E+ 01
2.72E+ 00

2.69E+ 01
2.64E+ 00

2.75E+ 01
3.18E+ 00

0.00E+ 00
0.00E+ 00

F12
Mean
Std

9.14E+ 03
1.08E+ 03

8.68E+ 05
1.24E+ 05

4.76E+ 05
4.69E+ 05

3.21E+ 04
1.06E+ 04

2.44E+ 04
7.12E+ 03

3.53E+ 04
1.11E+ 04

5.07E+ 04
1.10E+ 04

0.00E+ 00
0.00E+ 00

F13
Mean
Std

5.44E+ 03
2.76E+ 03

3.24E+ 04
2.61E+ 04

8.62E+ 04
1.95E+ 05

2.89E+ 07
1.57E+ 07

1.29E+ 04
4.34E+ 03

9.06E+ 04
6.11E+ 04

1.29E+ 07
7.36E+ 06

1.51E+ 03
1.39E+ 03

F14
Mean
Std

3.00E+ 08
2.19E+ 07

3.62E+ 09
5.43E+ 08

2.22E+ 09
2.04E+ 09

2.10E+ 07
2.25E+ 06

2.14E+ 07
2.06E+ 06

2.24E+ 07
2.27E+ 06

5.35E+ 09
6.00E+ 08

0.00E+ 00
0.00E+ 00

F15
Mean
Std

1.30E+ 04
2.18E+ 02

1.17E+ 04
2.05E+ 03

1.10E+ 04
2.77E+ 03

2.88E+ 03
2.76E+ 02

2.84E+ 03
1.86E+ 02

2.84E+ 03
2.65E+ 02

3.22E+ 03
4.17E+ 02

1.69E+ 03
3.96E+ 01

F16
Mean
Std

2.02E+ 02
1.58E+ 02

3.99E+ 02
3.43E+ 00

3.62E+ 02
1.09E+ 02

1.97E+ 01
3.61E+ 00

1.93E+ 01
3.77E+ 00

1.87E+ 01
3.83E+ 00

1.91E+ 01
2.76E+ 00

0.00E+ 00
0.00E+ 00

F17
Mean
Std

7.47E+ 04
4.72E+ 03

1.79E+ 06
1.78E+ 05

9.71E+ 05
1.05E+ 06

7.76E+ 00
1.89E+ 00

7.08E+ 00
1.76E+ 00

1.49E+ 01
7.01E+ 00

1.24E+ 02
5.72E+ 01

0.00E+ 00
0.00E+ 00

F18
Mean
Std

1.44E+ 04
1.27E+ 04

1.07E+ 05
2.68E+ 04

7.77E+ 04
1.75E+ 05

2.01E+ 10
4.82E+ 09

1.15E+ 03
1.65E+ 02

4.10E+ 09
1.83E+ 09

1.23E+ 11
1.45E+ 10

2.42E+ 04
1.62E+ 04

F19
Mean
Std

1.59E+ 06
1.32E+ 06

2.96E+ 06
4.29E+ 05

2.70E+ 06
3.37E+ 06

9.01E+ 05
6.14E+ 04

8.95E+ 05
6.24E+ 04

9.12E+ 05
7.11E+ 04

9.11E+ 05
6.02E+ 04

1.05E+ 06
1.49E+ 05

F20
Mean
Std

2.27E+ 03
2.44E+ 02

1.75E+ 05
2.08E+ 05

5.42E+ 03
1.46E+ 04

6.53E+ 08
6.71E+ 08

1.67E+ 07
3.30E+ 07

1.41E+ 07
1.96E+ 07

6.97E+ 09
1.12E+ 09

1.19E+ 03
1.76E+ 02

Table 4: Wilcoxon test with a significant level of 0.05. +, −, and ~ denote significantly better, significantly worse and not significantly
different, respectively.

Function number
F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 F16 F17 F18 F19 F20

DECC + − + + + + − + + + + + + + + + + − ~ +

MLCC + − + + + + + + + + + + + + + + + + + +

DECC-DML + − + + + + + + + + + + + + + + + ~ ~ +

DECC-DG + + + + − ~ − − + + + + + + + + + + − +

DECC-I + + + − − ~ − − + + + + + + + + + − − +

CBCC-1 + + + ~ − ~ − − + + + + + + + + + + − +

CBCC-2 + + + − − ~ + − + + + + + + + + + + − +
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no need to carefully set a fixed cooperation frequency. A
cooperation is triggered as long as a stagnation takes
place. Seen from Figure 9, on different functions the algo-
rithm with a restart scheme may adaptively adjust its
cooperation frequency. More cooperation takes place
when solving multimodal functions (see F5 and F8),

because more child populations are needed to search
simultaneously to obtain better informative collaborators
from the multimodal landscape. These child populations
need to jump out from the local optima and update
collaborative information, which increases the number of
occurrences of cooperation.

DECC−DG
CCBC−1

CCBC−2
CC−SMP
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Figure 4: Convergence curves on CEC’10 benchmark function.
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Table 5: Friedman average rankings.

Algorithm
Friedman average rankings

Fully separable Partially separable Nonseparable Unimodal Multimodal

DECC-D 2.83 4.13 3.5 3.68 4.0

MLCC 2.33 6.26 5.5 6.37 5.08

DECC-DML 2.66 5.60 4.5 5.62 4.66

DECC-DG 5.66 3.06 3.5 2.75 4.0

CBCC-1 6.33 2.86 4.0 3.0 3.74

CBCC-2 6.0 4.26 4.5 4.5 4.58

CC-SMP 2.16 1.79 2.5 2.06 1.91
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Figure 5: Convergence curves of active child populations in the 22nd subproblem when optimizing F1.
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5. Conclusions

In this paper, we have proposed a novel CC named CC-SMP
whose cooperation among subproblems is enhanced by the
selective multiple population (SMP) scheme. The main moti-
vation of this paper is to provide informative collaborators

among subproblems throughout the CC process. By properly
utilizing those collaborators, the inherent problem of CC
algorithms caused by inaccurate problem decomposition is
expected to be addressed. We have argued two challenges
to obtain informative collaborators. First, the informative
collaborators should be some representative individuals with
good fitness and diversity. Second, due to the interactive
nature of CC algorithms the landscape of the subproblems
is dynamic rather than static.

To address two such challenges, the SMP scheme has
been proposed to enhance the cooperation of CC algorithms.
A multipopulation scheme with a restart-after-stagnation
procedure has been designed to conduct optimization for
each subproblem. Several child populations simultaneously
search in different local areas and locate corresponding
local optima as the informative collaborators. The restart-
after-stagnation procedure has been incorporated to help
the child populations adapt to a dynamic landscape. To
save computing resource and speed up converging rate,
not all child populations can evolve all the time. A biob-
jective selection has also been incorporated to identify
the qualified child populations according to the criteria
of representative individuals (fitness and diversity). Only
selected child populations are active in the next evolution-
ary cycle while the others are frozen to save computing
resource. In the experimental studies, the proposed CC-
SMP has been compared with 7 state-of-the-art CC
algorithms on twenty 1000D benchmark functions. Both
pairwise comparison (Wilcoxon test) and multiple com-
parison (Friedman ranking) results figure out the signifi-
cant superiority of the proposed CC-SMP. In addition,
behavior analysis of the SMP scheme and sensitivity to
the cooperation frequency have been conducted to further
understand the CC-SMP.

More work can focus on realizing cooperation among
subproblems more efficiently and accurately in the future.
Some techniques from the machine learning field may be
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Figure 7: Convergence curves of active child populations in the 29th subproblem when optimizing F10.

Table 6: Performance comparison with different M. Bold values
denote the best performance. Bold function number indicates that
in such function the maximal value is larger than 1.5 times the
minimal value.

Function 1 100 500 Restart

F1 7.1E+ 04 0.00E+ 00 0.00E+ 00 0.00E+ 00

F2 1.54E+ 03 1.21E+ 3 1.36E + 3 1.27E+ 3

F3 3.56E− 02 0.00E+ 00 0.00E+ 00 0.00E+ 00

F4 1.35E+ 11 6.83E+ 10 1.45E + 11 2.06E+ 11

F5 9.47E+ 07 6.08E+ 07 6.87E + 07 9.17E+ 07

F6 6.43E+ 04 3.14E− 02 2.60E− 03 9.94E+ 01

F7 1.09E+ 08 4.59E+ 06 4.47E+ 06 2.41E+ 07

F8 5.93E+ 07 4.63E+ 07 4.71E + 07 4.76E+ 07

F9 1.94E+ 07 3.34E+ 02 1.44E + 03 9.31E+ 01

F10 1.58E+ 03 1.43E+ 03 1.52E + 03 1.65E+ 03

F11 3.60E-02 0.00E+ 00 0.00E+ 00 0.00E+ 00

F12 6.29E+ 03 0.00E+ 00 0.00E+ 00 0.00E+ 00

F13 1.67E+ 04 1.29E+ 03 7.93E + 02 6.88E+ 02

F14 1.34E+ 06 0.00E+ 00 0.00E+ 00 0.00E+ 00

F15 1.62E+ 03 1.67E+ 03 1.69E + 03 1.77E+ 03

F16 0.00E+ 00 0.00E+ 00 0.00E + 00 0.00E+ 00

F17 0.00E+ 00 0.00E+ 00 0.00E + 00 0.00E+ 00

F18 2.26E+ 06 3.01E+ 04 2.07E + 04 1.84E+ 04

F19 1.06e + 06 5.22E+ 05 1.30E + 06 9.46E+ 05

F20 4.12E+ 08 1.24E+ 03 1.02E+ 03 1.32E+ 03
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Figure 8: Convergence curves of the CC-SMP with a different collaboration frequency.
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used to settle the combinatorial explosion problem between
subproblems. The data generated in the optimization process
may be utilized to improve the quality of collaboration
information in our follow-on work.
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The identification problem of multivariable controlled autoregressive systems with measurement noise in the form of the moving
average process is considered in this paper. The key is to filter the input–output data using the data filtering technique and to
decompose the identification model into two subidentification models. By using the negative gradient search, an adaptive data
filtering-based gradient iterative (F-GI) algorithm and an F-GI with finite measurement data are proposed for identifying the
parameters of multivariable controlled autoregressive moving average systems. In the numerical example, we illustrate the
effectiveness of the proposed identification methods.

1. Introduction

Parameter estimation plays an important role in system
control [1–4], system analysis [5–8], and signal processing
[9–13]. Parameter estimation is significant in system model-
ing [14, 15]. Multi-input multi-output systems widely exist in
industrial control areas, which are also called multivari-
ate systems or multivariable systems [16–18]. They are more
complex in model structures than single-input single-output
systems and always have high dimensions and numerous
parameters, which make the parameter estimation more
difficult. In this literature, Ding et al. proposed a filtering
decomposition-based least squares iterative algorithm for
multivariate pseudolinear ARMA systems [19]. Ma et al.
studied the parameter estimation problem of multivariate
Hammerstein systems and presented a modified Kalman
filter-based recursive least squares algorithm to give the
parameter estimates [20]. Pan et al. proposed a filtering-
based multi-innovation extended stochastic gradient algo-
rithm for multivariable systems [21].

The data filtering technique is an important approach in
system identification [22] and state estimation. Chen and
Ding applied the data filtering technique to identify the
multi-input and single-output system based on themaximum
likelihood recursive least squares algorithm [23]. Mao et al.
derived an adaptive filtering-based multi-innovation stochas-
tic gradient algorithm for the input nonlinear system with
autoregressive noise [24]. They introduced a linear filter to fil-
ter the input and output signals and decomposed the identifi-
cation model into two subidentification models (i.e., a noise
model and a system filtered model), which can improve the
convergence rate and computation efficiency [25]. The
identification methods can be applied to many areas [26–29].

The gradient search is useful for identification as an opti-
mization method [30, 31]. Many gradient-based algorithms,
including the stochastic gradient algorithms [32–34] and
the gradient-based iterative algorithms, have been developed
using the multi-innovation identification theory, the maxi-
mum likelihood estimation methods [35, 36], the key-term
separation principle [37, 38], and the data filtering theory.
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For example, Ma et al. presented an iterative variational
Bayesian method to identify the Hammerstein varying sys-
tems with parameter uncertainties. Chen et al. studied the
identification problem of bilinear-in-parameter systems and
presented a gradient-based iterative algorithm by using the
hierarchical identification principle and the gradient search
[39]. Deng and Ding developed a Newton iterative identi-
fication method for an input nonlinear finite impulse
response system with moving average noise [40]. Other
methods can be referred as to the transfer function identi-
fication [41–45], linear system identification [46–51], and
nonlinear system identification [52–59].

This paper uses the hierarchical identification principle
to study the data filtering-based iterative identification
methods for a multivariable controlled autoregressive mov-
ing average (M-CARMA) system. The basic idea is to intro-
duce a linear filter to decompose the original identification
model into two subidentification models and then obtain
the parameter estimates using the negative gradient search.
The main contributions are as follows:

(i) A filtering-based gradient iterative (F-GI) algorithm
is proposed using the data filtering technique and
the gradient search.

(ii) A filtering-based gradient iterative algorithm with
finite measurement data is developed to obtain the
parameter estimates.

The layout of the remainder of this paper is as follows.
Section 2 derives the identification model for the M-
CARMA system. In Section 3, we derive a data filtering-
based gradient iterative algorithm based on the data filtering
technique. A filtering-based gradient iterative algorithm with
finite measurement data is developed to estimate the
unknown parameters in Section 4. A numerical example is
shown in Section 5 to illustrate the benefits of the proposed
methods in this paper. Finally, some concluding remarks
are given in Section 6.

2. The Problem Formulation

Some notation is introduced for convenience: θ t denotes
the estimate of θ at time t; “A≕ X” or “X ≔ A” stands for“
A is defined as X”; the symbol I (In) represents an identity
matrix of appropriate size (n × n); the symbol 1n represents
an n-dimensional column vector whose elements are 1; z
denotes a unit forward shift operator like zx t = x t + 1
and z−1x t = x t − 1 ; the superscript T symbolizes the vec-
tor/matrix transpose; and the norm of a matrix X is defined
by ∥X∥2 ≔ tr XXT .

The following multivariable controlled autoregressive
moving average system in Figure 1 is considered,

A z y t = B z u t +D z υ t , 1

where u t ∈ℝr is the system input vector, y t ∈ℝm is
the system output vector, v t ∈ℝm is a white noise vector
with zero mean, A z and B z are the matrix polynomials

in the unit backward shift operator z−1, and D z is the
polynomial in z−1.

A z ≔ I +A1z
−1 +A2z

−2 +⋯ +Ana
z−na , Ai ∈ℝm×m,

B z ≔ B1z
−1 + B2z

−2 +⋯ + Bnb
z−nb , Bi ∈ℝm×r ,

D z ≔ 1 + d1z
−1 + d2z

−2 +⋯ + dndz
−nd , di ∈ℝ

2

Assume that the orders na, nb, and nd are known, and
u t = 0, y t = 0, and v t = 0 for t ≤ 0. The intermediate
variable is defined as

w t ≔D z υ t ∈ℝm 3

The system information vector φs t , the noise informa-
tion vector ψ t , the system parameter matrix θs, and the
noise parameter vector θn are defined as

φs t ≔ −yT t − 1 , −yT t − 2 ,… , − yT t − na ,

uT t − 1 , uT t − 2 ,… , uT t − nb
T

∈ℝmna+rnb ,
ψ t ≔ υ t − 1 , υ t − 2 ,… , υ t − nd ∈ℝm×nd ,

θTs ≔ A1,A2,… ,Ana
, B1, B2,… , Bnb

∈ℝm× mna+rnb ,

θn ≔ d1, d2,… , dnd
T ∈ℝnd

4

Equations (3) and (1) can be written as

w t = 1 + d1z
−1 + d2z

−2 +⋯ + dndz
−nd υ t

= d1υ t − 1 + d2υ t − 2 +⋯ + dndυ t − nd + υ t

= ψ t θn + υ t ,

5

y t = I −A z y t + B z u t +D z υ t

= θTs φs t + w t = θTs φs t + ψ t θn + υ t
6

Equation (5) is the noise identification model. For the
M-CARMA system in (1), choose the polynomial L z ≔
1/D z as a filter. Define the filtered input vector uf t , the
filtered output vector y f t , and the filtered information
vector φf t as

u(t)

v(t)
A−1(z)D(z)

A−1(z)B(z)
y(t)

Figure 1: A multivariable controlled autoregressive moving average
system.
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uf t ≔ L z u t =
1

D z
u t ∈ℝr ,

y f t ≔ L z y t = 1
D z

y t ∈ℝm,

φf t ≔ L z φs t =
1

D z
φs t

= −yTf t − 1 , −yTf t − 2 ,… , − yTf t − na ,

uTf t − 1 , uTf t − 2 ,… , uTf t − nb
T

∈ℝmna+rnb

7

Multiplying both sides of (1) by L z obtains

A z L z y t = B z L z u t + υ t , 8

or

A z y f t = B z uf t + υ t 9

Then we have

y f t = I −A z y f t + B z uf t + υ t = θTs φf t + υ t

10

Equations (10) and (5) form the filtered identification
models of the M-CARMA system.

3. The F-GI Algorithm

In this section, a linear filter L z is applied to deal with the
moving average noise. A gradient-based iterative identifica-
tion algorithm is proposed for M-CARMA systems by using
the data filtering technique [60–63].

Considering the newest p data from i = t − p + 1 to i = t,
the stacked filtered output matrix Yf p, t , the stacked fil-
tered information matrix Φf p, t , the stacked noise vector
W p, t , and the stacked noise information matrix Φn p, t
are defined as

Yf p, t ≔ y f t , y f t − 1 ,… , y f t − p + 1 ∈ℝm×p,

Φf p, t ≔ φf t , φf t − 1 ,… , φf t − p + 1 ∈ℝ mna+rnb ×p,

W p, t ≔ w t ,w t − 1 ,… ,w t − p + 1 T ∈ℝpm,

Φn p, t ≔ ψ t , ψ t − 1 ,… , ψ t − p + 1 T ∈ℝ pm ×nd

11

Define a quadratic criterion function:

J1 θs = Yf p, t − θTs Φf p, t
2
,

J2 θn = W p, t −Φn p, t θn 2
12

Let k = 1, 2, 3,… be an iterative variable. Let θs,k t and

θn,k t be the estimates of θs and θn at iteration k. Minimizing
J1 θs and J2 θn and using the negative gradient search will
give the following iterative relations for obtaining the param-
eter estimates of θs and θn:

θs,k t = θs,k−1 t −
μ1,k t

2
grad J1 θs

= θs,k−1 t + μ1,k t Φf p, t

Yf t − θTs,k−1 t Φf p, t
T
,

13

θn,k t = θn,k−1 t −
μ2,k t

2
grad J2 θn

= θn,k−1 t + μ2,k t ΦT
n p, t

W t −Φn p, t θn,k−1 t ,

14

where μ1,k t ≥ 0 and μ2,k t ≥ 0 are the iterative step size or
the convergence factor. However, the difficulty is that the
noise information matrix Φn p, t (i.e., ψ t ) contains the
unmeasured vector v t − i . So the gradient-based iterative
algorithm in (13) and (14) cannot give the parameter esti-

mate θn,k t directly. The solution is to use the hierarchical
identification principle and to replace the unknown variable
v t − i with its corresponding estimates υk−1 t − i at itera-
tion k − 1, and to define the estimate of ψ t as

ψk t ≔ υk−1 t − 1 , υk−1 t − 2 ,… , υk−1 t − nd ∈ℝm×nd

15

Using ψk t to construct the estimate ofΦn,k p, t obtains

Φn,k p, t ≔ ψk t , ψk t − 1 ,… , ψk t − p + 1 T ∈ℝ pm ×nd

16

Replacing t in (6) with t − i gives

w t − i = y t − i − θTs φs t − i 17

Replacing θs in (17) with θs,k−1 t obtains the estimate of
w t − i at iteration k:

ŵk t − i = y t − i − θTs,k−1 t φs t − i 18

From (6), we have

υ t − i = y t − i − θTs φs t − i − ψ t − i θn 19

Replacing θs, θn, and ψ t − i with θs,k t , θn,k t ,
and ψk t − i obtains the iterative estimate of v t − i at
iteration k:

υk t − i = y t − i − θTs,k t φs t − i − ψk t − i θn,k t 20

Then, using ŵk t to construct the iterative estimate of
W p, t at iteration k gives

Ŵk p, t = ŵk t , ŵk t − 1 ,… , ŵk t − p + 1 T ∈ℝpm

21

Use θn,k t = d̂1,k t , d̂2,k t ,… , d̂nd ,k t
T

to construct
the estimate of D t, z as
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D̂k t, z = 1 + d̂1,k t z−1 + d̂2,k t z−2 +⋯ + d̂nd ,k t z−nd

22

Using D̂k t, z to filter y t and u t gives the filtered esti-
mates ŷ f ,k t and ûf ,k t of y f t and uf t :

ûf ,k t = u t − d̂1,k t ûf ,k t − 1 − d̂2,k t ûf ,k t − 2
−⋯− d̂nd ,k t ûf ,k t − nd ,

ŷ f ,k t = y t − d̂1,k t ŷ f ,k t − 1 − d̂2,k t ŷ f ,k t − 2
−⋯− d̂nd,k t ŷ f ,k t − nd

23
Furthermore, we use ŷ f ,k t to construct the estimate of

Yf p, t , use ŷ f ,k t and ûf ,k t to construct the estimate of
φf t , and use φf ,k t to construct the estimate of Φf p, t
at iteration k:

Ŷf ,k p, t ≔ ŷ f ,k t , ŷ f ,k t − 1 ,… , ŷ f ,k t − p + 1 ∈ℝm×p,

φf ,k t ≔ −ŷTf ,k t − 1 ,… , − ŷTf ,k t − na ,
ûTf ,k t − 1 ,… , ûTf ,k t − nb

T ∈ℝmna+rnb ,

Φf ,k p, k ≔ φf ,k t , φf ,k t − 1 ,… , φf ,k t − p + 1

∈ℝ mna+rnb ×p

24
From the above derivation, we can summarize a filtering-

based multi-innovation gradient iterative identification
algorithm:

θs,k t = θs,k−1 t + μ1,k t Φf ,k t

Ŷf ,k t − θTs,k−1 t Φf ,k t
T
,

25

Ŷf ,k p, t = ŷ f ,k t , ŷ f ,k t − 1 ,… , ŷ f ,k t − p + 1 , 26

Φf ,k p, t = φf ,k t , φf ,k t − 1 ,… , φf ,k t − p + 1 , 27

θn,k t = θn,k−1 t + μ2,k t ΦT
n,k t

Ŵk t −Φn,k t θn,k t ,
28

Ŵk p, t = ŵk t , ŵk t − 1 ,… , ŵk t − p + 1 T, 29

Φn,k p, t = ψk t , ψk t − 1 ,… , ψk t − p + 1 T, 30

φf ,k t = −ŷTf ,k t − 1 ,… , − ŷTf ,k t − na ,

ûTf ,k t − 1 ,… , ûTf ,k t − nb
T,

31

ψk t = υk−1 t − 1 , υk−1 t − 2 ,… , υk−1 t − nd , 32

φs t = −yT t − 1 ,… , − yT t − na ,
uT t − 1 ,… , uT t − nb

T,
33

ûf ,k t = u t − d̂1,k t ûf ,k t − 1 − d̂2,k t ûf ,k t − 2 ,
−⋯− d̂nd,k t ûf ,k t − nd ,

34

ŷ f ,k t = y t − d̂1,k t ŷ f ,k t − 1 − d̂2,k t ŷ f ,k t − 2 ,
−⋯− d̂nd ,k t ŷ f ,k t − nd ,

35

ŵk t − i = y t − i − θTs,k−1 t φs t − i , 36

υk t − i = y t − i − θTs,k t φs t − i − ψk t − i θn,k t , 37

θn,k t = d̂1,k t , d̂2,k t ,… , d̂nd ,k t
T
, 38

μ1,k t ≤ 2 Φf ,k t
2 −1

, 39

μ2,k t ≤ 2 Φn,k t
2 −1

40

The identification steps of the algorithm in (25), (26),
(27), (28), (29), (30), (31), (32), (33), (34), (35), (36), (37),

(38), (39), and (40) to compute θs,k t and θn,k t are listed
as follows:

(1) Set the initial values: let t = 1, give the data length
p, and give a small positive number ε. Set the ini-

tial values θs 0 = 1 mna+rnb ×m/p0, θn 0 = 1nd /p0,
p0 = 106.

(2) Collect the input–output data u t and y t and
construct φs t using (33).

(3) Let k = 1 and set the initial values ŵ0 t − i = 1m/
po, υ0 t − i = 1m/p0, ŷ f ,0 t − i = 1m/p0,,ûf ,0 t − i =
1r/p0, i = 1, 2,… , max na, nb, nd

(4) Construct ψk t and φf ,k t using (31) and (32).

(5) Compute ŵk t using (36) and form the stacked
noise vector Ŵk p, t using (29) and the stacked
noise matrix Φn,k p, t using (30).

(6) Choose μ2,k t using (40) and update the noise

parameter estimates θn,k t using (28).

(7) Read d̂i,k t from θn,k t in (38). Compute ûf ,k t
and ŷ f ,k t using (34) and (35).

(8) Construct Φf ,k p, t using (27) and Ŷf ,k p, t using
(26).

(9) Choose μ1,k t using (39) and update the system

parameter estimates θs,k t using (25).

(10) Compute υk t − i using (37).

(11) Compare θs,k t with θs,k−1 t and compare θn,k t

with θn,k−1 t : if ∥θs,k t − θs,k−1 t ∥>ε and ∥θn,k t

− θn,k−1 t ∥>ε, increase k by 1 and turn to Step 4;
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otherwise, obtain k and the parameter estimate

vector θs,k t and θn,k t , let θs,0 t + 1 ≔ θs,k t ,

θn,0 t + 1 ≔ θn,k t , increase t by 1 and turn to
Step 2.

The flowchart of computing θs,k t and θn,k t from the
F-GI algorithm is shown in Figure 2.

4. The F-GI Algorithm with Finite
Measurement Data

Consider the data from t = 1 to t = L and define the
stacked filtered output matrix Yf L , the stacked filtered
information matrix Φf L , the stacked noise vector W L ,
and the stacked noise information matrix Φn L as

Yf L ≔ y f L , y f L − 1 ,… , y f 1 ∈ℝm×L,

Φf L ≔ φf L , φf L − 1 ,… , φf 1 ∈ℝ mna+rnb ×L,

W L ≔ w L ,w L − 1 ,… ,w 1 T ∈ℝLm,

Φn L ≔ ψ L , ψ L − 1 ,… , ψ 1 T ∈ℝ Lm ×nd

41

Note that Yf L andΦf L contain all the measured data
u t , y t : t = 1, 2,… , L .

Start

Initialize: t = 1

Collect u(t) and y(t)

Initialize: k = 1

Construct ψ
k
(t) and ϕf,k(t) and compute ω(t)

Construct W
k
(p,t) and 𝜱n,k(p,t)

k: = k + 1

t: = t + 1

Update 𝜭n,k(t)

Compute uf,k(t) and yf,k(t) and construct 𝜱f,k(p,t)

Update 𝜭s,k(t) and compute v
k
(t−i)

||𝜭s,k(t)−𝜭s,k−1(t)|| > ε?
||𝜭n,k(t)−𝜭n,k−1(t)|| > ε?

No

Yes

Obtain k, 𝜭s,k(t), and 𝜭n,k(t)

ˆ ˆ ˆ
ˆ ˆ

ˆ

ˆ

ˆ ˆ

ˆ ˆ

ˆ ˆ
ˆ ˆ

ˆ ˆ

Figure 2: The flowchart of computing the F-GI parameter
estimates.

Start

Collect {u(t), y(t):
t = 1, 2, ⋯ , L}

Initialize: k = 1

Construct ϕ
k (t) and ϕf,k (t)

Compute w 
k
(t), construct W

k
(L) and 𝜱n,k(L)

Choose 𝜇2,k(t) and update 𝜭n,k

Choose 𝜇1,k(t), update 𝜭s,k, and compute v
k
(t)

Compute uf,k(t) and yf,k(t) and construct 𝜱f,k (L) and Yf,k (L)

ˆ ˆ

ˆ ˆ

ˆ

ˆ

ˆ ˆ ˆ ˆ

ˆˆ

||𝜭s,k(t)−𝜭s,k−1(t)|| > ε?
||𝜭n,k(t)−𝜭n,k−1(t)|| > ε?

ˆ

ˆ ˆ

ˆ
ˆ ˆ

Obtain k, 𝜭s,k, and 𝜭n,k

End

No

Yes

k := k + 1

Figure 3: The flowchart of computing the F-GI parameter estimates
with finite measurement data.

The two gradient criterion functions are defined as

J3 θs ≔ Yf L − θTs Φf L
2
,

J4 θn ≔ W L −Φn L θn 2
42

Similarly, minimizing J3 θs and J4 θn , we can derive a
filtering-based gradient iterative (F-GI) algorithm with the
data length L for the M-CARMA system:

θs,k = θs,k−1 + μ1,k t Φf ,k L

Ŷf ,k L − θTs,k−1Φf ,k L
T
,

43

Ŷf ,k L = ŷ f ,k L , ŷ f ,k L − 1 ,… , ŷ f ,k 1 , 44

Φf ,k L = φf ,k L , φf ,k L − 1 ,… , φf ,k 1 , 45

θn,k = θn,k−1 + μ2,k t ΦT
n,k L

Ŵk L −Φn,k L θn,k−1 ,
46

Ŵk L = ŵk L , ŵk L − 1 ,… , ŵk 1 T, 47
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Φn,k L = ψk L , ψk L − 1 ,… , ψk 1 T, 48

φf ,k t = −ŷTf ,k t − 1 ,… , − ŷTf ,k t − na ,
ûTf,k t − 1 ,… , ûTf ,k t − nb

T,
49

ψk t = υk−1 t − 1 , υk−1 t − 2 ,… , υk−1 t − nd , 50

φs t = −yT t − 1 ,… , − yT t − na ,
uT t − 1 ,… , uT t − nb

T,
51

ûf ,k t = u t − d̂1,k t ûf ,k t − 1 − d̂2,k t ûf ,k t − 2
−⋯− d̂nd ,k t ûf ,k t − nd ,

52

ŷ f ,k t = y t − d̂1,k t ŷ f ,k t − 1 − d̂2,k t ŷ f ,k t − 2
−⋯− d̂nd ,k t ŷ f ,k t − nd ,

53

ŵk t = y t − θTs,k−1φs t , 54

υk t = y t − θTs,kφs t − ψk t θn,k, 55

θn,k = d̂1,k t , d̂2,k t ,… , d̂n,d ,k t
T
, 56

μ1,k t ≤ 2 Φf ,k L 2 −1
, 57

μ2,k t ≤ 2 Φn,k L 2 −1
58

The identification steps of the F-GI algorithm with finite
measurement data in (43), (44), (45), (46), (47), (48), (49),
(50), (51), (52), (53), (54), (55), (56), (57), and (58) to com-

pute θs,k and θn,k are listed as follows.

(1) Collect the input–output data u t , y t , t = 1,
2,… , L and give a small positive number ε. Con-
struct φs t using (51).

(2) Let k = 1 and set the initial values θs,0 =
1 mna+rnb ×m/p0, θn,0 = 1nd /p0, ŵ0 t = 1m/p0, υ0 t =
1m/p0, ŷ f ,0 t = 1m/p0, ûf ,0 t = 1r/p0, p0 = 106

(3) Construct ψk t and φf ,k t using (49) and (50).

(4) Compute ŵk t using (54), construct Ŵk L using
(47), and construct Φn,k L using (48).

(5) Choose μ2,k t using (58) and update θn,k using (46).

(6) Read d̂i,k t from θn,k in (56) and compute ûf ,k t
and ŷ f ,k t using (52) and (53).

(7) Construct Φf ,k L using (45) and construct Ŷf ,k L
using (44).

(8) Choose μ1,k t using (57) and update θs,k using (43).

(9) Compute υk t using (55).

(10) Compare θs,k with θs,k−1 and compare θn,k with

θn,k−1: if ∥θs,k − θs,k−1∥>ε and ∥θn,k − θn,k−1∥>ε,
increase k by 1 and turn to Step 3; otherwise, obtain

k and the parameter estimate vector θs,k and θn,k.

Table 1: The F-GI parameter estimates and errors (L = 1000).

σ2 k a11 a12 b11 b12 a21 a22 b21 b22 d1 δ %
0 52 1 0.14294 0.09843 0.00868 0.00915 0.00296 0.08637 0.00937 −0.00661 −0.27864 86.50364

10 0.42310 0.34081 0.15604 0.12072 −0.02498 0.29864 0.20824 −0.15361 −0.70856 56.91872

50 0.63701 0.59049 0.44414 0.30015 −0.21622 0.83432 0.36331 −0.32901 −0.77686 16.06327

200 0.65476 0.60674 0.46465 0.31821 −0.31707 1.02684 0.38855 −0.39407 −0.56444 3.58517

500 0.65477 0.60673 0.46466 0.31824 −0.31710 1.02689 0.38857 −0.39418 −0.56441 3.58655

1 22 1 0.14514 0.09935 0.00228 0.00199 0.00410 0.08912 0.00243 −0.00127 −0.28184 86.71589

10 0.52198 0.41436 0.13005 0.04549 −0.05221 0.40777 0.16182 −0.15682 −0.91038 54.85474

50 0.65005 0.60460 0.37591 0.17468 −0.29039 0.97368 0.33485 −0.29105 −0.60764 13.34916

200 0.65652 0.60385 0.46751 0.25681 −0.31942 1.02762 0.38992 −0.36323 −0.56348 6.73257

500 0.65706 0.60351 0.48224 0.27468 −0.31970 1.02832 0.39775 −0.37791 −0.56279 5.95620

True values 0.65000 0.60000 0.45000 0.35000 −0.30000 1.00000 0.38000 −0.40000 −0.60000

0 50 100 150 200 250 300 350 400 450
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

k

𝜎2 = 0.52

𝜎2 = 1.22

Figure 4: The CARMA-FGI estimation errors δ with different noise
variances L = 1000
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The flowchart of computing θs,k and θn,k from the F-GI
algorithm with finite measurement data is shown in Figure 3.

The algorithm in (43), (44), (45), (46), (47), (48), (49),
(50), (51), (52), (53), (54), (55), (56), (57), and (58) for mul-
tivariable CARMA systems is based on the filtering technique
and the gradient search and can be extended to more com-
plex multivariable systems with cooled noises.

5. Numerical Example

Consider a two-input two-output CARMA system:

A z y t = B z u t +D z υ t , 59

where

y t =
y1 t

y2 t
,

u t =
u1 t

u2 t
,

υ t =
υ1 t

υ2 t
,

A z = I +A1z
−1 =

1 0

0 1
+

a11 a12

a21 a22
z−1

=
1 + 0 65z−1 0 60z−1

−0 30z−1 1 + 1 00z−1
,

B z = B1z
−1 =

b11 b12

b21 b22
z−1 =

0 45z−1 0 35z−1

0 38z−1 −0 40z−1
,

D z = 1 + d1z
−1 = 1 − 0 60z−1,

θTs = A1, B1 ,

θn = d1
60

In simulation, u1 t and u2 t are taken as two per-
sistent excitation signal sequences with zero mean and unit
variance, and v1 t and v2 t as two white noise
sequences with σ21 = σ22. Take the data length L = 1000 and
L = 2000 and apply the F-GI algorithm with finite measure-
ment data in (43), (44), (45), (46), (47), (48), (49), (50),
(51), (52), (53), (54), (55), (56), (57), and (58) to estimate
the parameters of this M-CARMA system. The parameter
estimates and errors are shown in Table 1 with L = 1000,
σ2
1 = σ2

2 = 0 52, and σ2
1 = σ2

2 = 1 22, and the parameter estima-
tion errors versus t are shown in Figure 4. For comparison
with the different data length L = 2000, the simulation results
are shown in Table 2 and Figure 5.

From Tables 1–3 and Figures 4 and 5, we can draw the
following conclusions.

(1) The parameter estimation errors obtained by the pre-
sented algorithms gradually become smaller with the
iterative variable k increasing. Thus, the proposed
algorithms for M-CARMA systems are effective.

(2) The system parameter estimates converge to their
true values with the increasing of the data length.

(3) Under the same data length, a smaller noise variance
leads to higher parameter estimation accuracy and a
faster convergence rate.

Table 2: The F-GI parameter estimates and errors (L = 2000).

σ2 k a11 a12 b11 b12 a21 a22 b21 b22 d1 δ %
0 52 1 0.14346 0.09808 0.01067 0.00762 0.00511 0.08406 0.01113 −0.00704 −0.27896 86.56006

10 0.39890 0.32288 0.22390 0.15247 −0.01745 0.27349 0.21267 −0.15857 −0.68297 57.02995

50 0.63521 0.59550 0.44755 0.31132 −0.21207 0.82865 0.34932 −0.32757 −0.77919 16.41676

200 0.65416 0.60726 0.45998 0.33687 −0.31265 1.01818 0.37903 −0.40383 −0.58336 1.98279

500 0.65417 0.60725 0.45998 0.33691 −0.31269 1.01824 0.37904 −0.40396 −0.58332 1.98657

1 22 1 0.14560 0.09899 0.00315 0.00157 0.00466 0.08794 0.00329 −0.00156 −0.28174 86.73735

10 0.51092 0.41373 0.17192 0.06708 −0.05673 0.42188 0.14417 −0.12991 −0.91458 53.92889

50 0.64851 0.60875 0.38838 0.20796 −0.28513 0.96729 0.30507 −0.28172 −0.62099 12.59343

200 0.65613 0.60516 0.46036 0.30206 −0.31371 1.01919 0.36807 −0.38499 −0.58216 3.60147

500 0.65684 0.60452 0.47158 0.31970 −0.31423 1.02001 0.37658 −0.40343 −0.58126 2.91324

True values 0.65000 0.60000 0.45000 0.35000 −0.30000 1.00000 0.38000 −0.40000 −0.60000

𝜎2 = 1.22

𝜎2 = 0.52
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0
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Figure 5: The CARMA-FGI estimation errors δ with different noise
variances L = 2000 .
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(4) A longer data length L leads to a smaller estimation
error under the same noise level.

6. Conclusions

An F-GI algorithm and an F-GI algorithm with finite mea-
surement data are proposed for identifying the multivariable
controlled autoregressive system with measurement noise in
this paper. The linear filter is introduced to filter the input–
output data, and the hierarchical identification principle is
applied to decompose the identification model into two
subidentification models. The simulation results show that
the proposed algorithms can generate accurate estimates.
The proposed approaches in the paper can combine other
mathematical tools [64–69] and statistical strategies [70–75]
to study the performances of some parameter estimation
algorithms and can be applied to other multivariable systems
with different structures and disturbance noises and other
literature [76–86] such as system identification [87–92].
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Hammerstein systems are formed by a static nonlinear block followed by a dynamic linear block. To solve the parameterizing
difficulty caused by parameter coupling between the nonlinear part and the linear part in a Hammerstein system, an
instrumental variable method is studied to parameterize the Hammerstein system. To achieve in simultaneously identifying
parameters and orders of the Hammerstein system and to promote the computational efficiency of the identification algorithm,
a sparsity-seeking orthogonal matching pursuit (OMP) optimization method of compressive sensing is extended to identify
parameters and orders of the Hammerstein system. The idea is, by the filtering technique and the instrumental variable method,
to transform the Hammerstein system into a simple form with a separated nonlinear expression and to parameterize the system
into an autoregressive model, then to perform an instrumental variable-based orthogonal matching pursuit (IV-OMP)
identification method for the Hammerstein system. Simulation results illustrate that the investigated method is effective and has
advantages of simplicity and efficiency.

1. Introduction

Nonlinear system modeling and identification are very
important in theory and application [1–6]; block-oriented
nonlinear systems, which combine nonlinear and linear
blocks in various styles, are the typical representation of
nonlinear systems. Hammerstein systems, a static nonlinear
block plus a dynamic linear block, are a type of commonly
used block-oriented nonlinear systems, and a lot of work
has contributed in identification methods for Hammerstein
systems. The traditional identification methods for Ham-
merstein systems mainly include the overparameterization
model-based methods [7–10] and the recursive/iterative
identification methods [11–14]. The highly efficient identi-
fication methods include the key-term separation principle-
based identification methods [15–17], the hierarchical
identification methods [18, 19], the filtering technique
based-identification methods [20–22], the maximum likeli-
hood estimation methods [23–25], and the evolution optimi-
zation methods [26–28]. Recently, Chen et al. investigated a

particle swarm optimization method [29], Krishnanathan
et al. discussed a continuous-time nonlinear systems using
approximate Bayesian computation [30], and Wang et al.
studied a model recovery for Hammerstein systems using
the auxiliary model-based orthogonal matching pursuit
method [31] and so on.

It is difficult to parameterize Hammerstein systems due
to existing parameter coupling between the nonlinear part
and the linear part of Hammerstein systems. In order to solve
this problem, an instrumental variable-based method is stud-
ied to parameterize the Hammerstein systems. Further, to
achieve in simultaneously identifying parameters and orders
and to promote the computational efficiency of the esti-
mated method, a sparsity-seeking orthogonal matching pur-
suit optimization method of compressive sensing is extended
to identify parameters and orders of the Hammerstein
systems. The idea is, by the filtering technique and the
instrumental variable method, to transform the Hammer-
stein system into a simple form with a separated nonlinear
expression, so as to easily parameterize the system into
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autoregressive form, and to perform the instrumental
variable-based orthogonal matching pursuit (IV-OMP)
identification method for the Hammerstein systems.

In the compressive sensing theory [32–34], there mainly
exist two sparse signal recovery methods: the orthogonal
matching pursuit algorithms and the basis pursuit algo-
rithms. The orthogonal matching pursuit (OMP) algorithm
is a kind of greedy parameter recovering method [35–37], it
selects the best fitting column of the measurement matrix
and the corresponding sparse signal in each selected step.
Due to the selection being orthogonal, the OMP algorithm
has a lower computational complexity compared with the
basis pursuit algorithms [38–40].

Recently, Mao et al. investigated parameter estimation
algorithms for Hammerstein time-delay systems based on
the OMP scheme to estimate the system parameters and
the time delay [41] by means of the compressed sensing
recovery theory and the auxiliary model identification idea.
In this paper, an instrumental variable-based orthogonal
matching pursuit (IV-OMP) algorithm is investigated to
simultaneously estimate the orders and parameters of a
Hammerstein system. The contributions lie in four aspects:

(i) To solve the parameterizing difficulty caused by the
coupling between the nonlinear part and the linear
part in Hammerstein systems, a filtering technique-
based instrumental variable method is studied to
parameterize the Hammerstein systems.

(ii) To achieve in simultaneously identifying parame-
ters and orders and to promote the computational
efficiency of the system, an instrumental variable-
based orthogonal matching pursuit (IV-OMP) opti-
mization method of compressive sensing is extended
to identify parameters and orders of the systems.

(iii) The advantage of the proposed IV-OMP method
over the traditional methods is that it is not nec-
essary to collect a lot of data and invest a lot of
power into the parameter identification based on
the sparse principle.

(iv) Simulation results illustrate that the investigated
method is effective and has advantages of simplicity
and efficiency.

The rest of the paper is organized as follows. Section 2
demonstrates the identification problem of a Hammerstein
system. Section 3 studies the parameterizing method of the
Hammerstein system. Section 4 presents the IV-OMP
identification algorithm by using the instrumental variables.
Section 5 provides a numerical example for the proposed
method. Finally, the concluding remarks are involved in
Section 6.

2. The Problem Formulation

For the narrative convenience, we define some notation. “M
≕N” represents “M is defined as N”; z represents a unit for-
ward shift operator: zy t = y t + 1 and z−1y t = y t − 1 ;

x̂ t stand for the estimate of x at time t. The input nonlinear
and output linear functions of a Hammerstein CARMA sys-
tem in Figure 1 are expressed as

x t = f u t = 〠
nc

k=1
ck f k u t , 1

A z y t = B z x t +D z v t , 2

where u t and y t are the system input and output, x t is
an internal variable, and v t is stochastic white noise with
zero mean; the input nonlinearity f is modeled as a linear
combination of basis functions f k; nc is the number of the
basis functions; the linear block is a CARMA model; A z ,
B z , and D z are polynomials in the unit backward shift
operator z−1 z−1y t = y t − 1 and defined by

A z ≔ 1 + a1z
−1 + a2z

−2 +⋯ + anaz
−na ,

B z ≔ 1 + b1z
−1 + b2z

−2 +⋯ + bnbz
−nb ,

D z ≔ 1 + d1z
−1 + d2z

−2 +⋯ + dndz
−nd

3

If the order na is known and the orders nb, nc, and nd are
unknown, then we face two parameterizing problems for the
Hammerstein system:

(i) The coupling between the nonlinear part and the lin-
ear part in a Hammerstein system makes the param-
etrization of the Hammerstein system more difficult.

(ii) Simultaneous and efficient identification of system
parameters and orders is difficult to be achieved,
due to existing unknown orders.

3. The Parametrization of The Hammerstein
CARMA System

Divide both sides of (2) by the filtering function B z , we get

A z
B z

y t = x t +
D z
B z

v t 4

Define the instrumental variables z t and w t as

z t ≔
A z
B z

y t , 5

w t ≔
D z
B z

v t 6

Then, (4) can be written as

u(t) x(t)

D(z)

A(z)

y(t)

v(t)

B(z)

A(z)
f(u) +

Figure 1: A system described by the Hammerstein CARMAmodel.
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z t = x t +w t 7

Replacing the expressions of A z and B z and B z and
D z into (5) and (6), respectively, we can get

z t = −〠
nb

i=1
biz t − i + y t + 〠

na

i=1
aiy t − i , 8

w t = −〠
nb

i=1
biw t − i + v t + 〠

nd

i=1
div t − i 9

Substituting z t and w t in (8) and (9) and x t in (1)
into (7) gives

y t = −〠
na

i=1
aiy t − i + 〠

nc

i=1
ci f i u t

+ 〠
nb

i=1
bi z t − i −w t − i

+ 〠
nd

i=1
div t − i + v t

10

Since the orders nb, nc, and nd are unknown, we assume a
sufficient length of order L for nb, nc, and nd (L > nb, L > nc,
L > nd). Then, (10) can be rewritten as

y t = −〠
na

i=1
aiy t − i + 〠

L

i=1
ci f i u t

+ 〠
L

i=1
bi z t − i −w t − i

+ 〠
L

i=1
div t − i + v t

11

Define the information vectors φ t , φu t , and φv t as

φ t ≔
φu t

φv t
∈ℝN , N ≔ 3L + na,

φu t ≔ −y t − 1 , −y t − 2 ,… , − y t − na ,

f 1 u t , f 2 u t ,… , f L u t T ∈ℝL+na ,

φv t ≔ z t − 1 −w t − 1 , z t − 2 −w t − 2 ,… ,

z t − L −w t − L , v t − 1 , v t − 2 ,… ,

v t − L T ∈ℝ2L

12

and the parameter vectors Θ, θu and θv , as

Θ≔
θu
θv

∈ℝN ,

θu ≔ a1, a2,… , ana , c1, c2,… , cnc , 0, 0,… , 0
L−nc

T

∈ℝL+na ,

θv ≔ b1, b2,… , bnb , 0, 0,… , 0
L−nb

, d1, d2,… , dnd , 0, 0,… , 0
L−nd

T

∈ℝ2L

13

Then, (11) can be written as

y t = φT
u t θu + φT

v t θv + v t = φT t Θ + v t 14

Sampling m sets of data t = 1, 2,… ,m and substituting
them into (14) get

y 1 = φT 1 Θ + v 1 ,

y 2 = φT 2 Θ + v 2 ,

… ,

y m = φT m Θ + v m

15

Define the accumulated information vectors and the
matrix,

Y≔

y 1

y 2

⋮

y m

∈ℝm,

V≔

v 1

v 2

⋮

v m

∈ℝm,

Φ≔

φT 1

φT 2

⋮

φT m

∈ℝm×N ,

16

then (15) can be described as

Y =ΦΘ +V 17

If there are enough measurements, that is, m reaches
several thousands, we can get the least squares estimate of
Θ, as follows:

ΘLS = ΦTΦ −1ΦTY 18

But with an assumed big order length L (≥5) and N , the
above least squares algorithm leads a big computational bur-
den and is not suitable for solving system parameters and
orders on line. To avoid this problem and get an efficient
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identification algorithm, we choose a more advantageous
method over the traditional least squares method; the
aim is to identify the parameter vector Θ with less obser-
vations (K <m < n) by using the OMP theory based on the
mentioned instrumental variable method.

According to the CS theory, we can regard the parameter
vector Θ as a sparse signal. Let Θ 0 = K be the number of
the nonzero entries in Θ, that is, the sparsity level of Θ, then
the identification problem can be described as an orthogonal
matching pursuit (OMP) method:

Θ = arg min Θ 0,

s t   y − φT t Θ 2 < ε,
19

where Θ is the estimate of Θ and ε ε > 0 is the error
tolerance.

4. The IV-OMP Identification Algorithm

For the sparse parameter vectorΘ, if K = Θ 0 K <N , there
will be K nonzero scalar components in Θ. What we should
do in this identification method is to pick out and recover
valid data in Θ from Φ by using the OMP theory.

Define ϕi as the ith column vector ofΦ (a ϕi is also called
an atom), and θi as the ith element of Θ i = 1, 2,… ,N ,
that is,

Φ = ϕ1, ϕ2,… , ϕN ,

Θ = θ1, θ2,… , θN
T

20

Then, the vector Y in (17) can be written as

Y = 〠
N

i=1
ϕiθi +V 21

Obviously, the output vector Y contains a linear combi-
nation of all atoms ϕi i = 1, 2,… ,N . The main idea is to
find the K nonzero items and corresponding valid atoms at
the right-hand side of (21).

To describe the IV-OMP recovery algorithm, we need to
give some notations. Let k = 1, 2,… be the iterative number
and λk be the index of the solution support ϕλk in Φ at the
kth iteration; Λk is a set composed of λi, i = 1, 2,… , k; ΦΛk
is the submeasurement matrix composed by the k columns
of Φ indexed by Λk; rk denotes the residual at the kth itera-
tion; and Θk is the parameter estimation at the kth iteration.
The algorithm is initialized as r0 = Y,Λ0 =∅ and ΘΛ0

= 0.
Define a cost function at the kth iteration

J θi = rk−1 − ϕiθi 2, i = 1, 2,… ,N 22

Remark 1.Minimizing J θi with respect to θi means that the
derivation of J θi with respect to θi is equal to 0, that is,

∂J θi
∂θi

= −2ϕTi rk−1 − ϕiθi = 0, 23

and we get

θi =
ϕTi rk−1
ϕi

2 24

Substitute the above θi into (22) to get a minimized
J θi as

J θi min = ϕi
ϕTi rk−1
ϕi

2 − rk−1

2

=
ϕiϕ

T
i rk−1
ϕi

2 − rk−1

T
ϕiϕ

T
i rk−1
ϕi

2 − rk−1

=
rTk−1ϕiϕ

T
i

ϕi
2 − rTk−1

ϕiϕ
T
i rk−1
ϕi

2 − rk−1

=
rTk−1ϕiϕ

T
i ϕiϕ

T
i rk−1

ϕi
2 ϕi

2 −
rTk−1ϕiϕ

T
i rk−1

ϕi
2

−
rTk−1ϕiϕ

T
i rk−1

ϕi
2 + rTk−1rk−1

= rk−1
2 −

ϕTi rk−1
2

ϕi
2

25

Remark 2. The result J θi min = rk−1
2 − ϕTi rk−1

2/ ϕi
2

says that minimizing J θi is equivalent to the quest for
the largest inner product between the residual rk−1 and the
normalized column vector ϕi of Φ.

The next step is to find the index i and the column ϕi cor-
responding to the largest inner product between the residual
rk−1 and the normalized column vectors ϕi and assign them
into λk and ϕλk at the kth step:

λk = arg max
i=1,2,…,N

rk−1,
ϕi
ϕi

26

Remark 3. Minimizing the least squares cost function
J ΘΛk

= Y −ΦΛk
ΘΛk

2 is equal to taking the derivation of
J ΘΛk

with respect to ΘΛk
,

∂J ΘΛk

∂ΘΛk

=ΦT
Λk

Y −ΦΛk
ΘΛk

=ΦT
Λk
rk = 0 27

It means that the residual rk is orthogonal to the subinforma-
tion matrix ΦΛk

. Therefore, the index corresponding to the
largest inner product between the residual rk−1 and the nor-
malized column vector ϕi is computed by

λk = arg max
i∈S\Λk−1

rk−1,
ϕi
ϕi

, S = 1, 2,… ,N 28

Update the support setΛk and the subinformation matrix
ΦΛk

by

Λk = Λk−1, λk ,

ΦΛk
= ΦΛk−1

, ϕλk
29
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With the obtained index set Λk and the corresponding
subinformation matrix ΦΛk

, the least squares estimation for
the nonzero parameters at the kth iteration can be achieved.
Define a cost function:

J ΘΛk
= Y −ΦΛk

ΘΛk

2 30

Minimizing J ΘΛk
should get the least squares estimates

of the nonzero parameters. But there exist the unknown
instrumental variables z t − i and w t − i and the unmea-
surable noise term v t − i in the information vector φ t
of Φ; the parameter vector ΘΛk

cannot be estimated by using
the standard OMP methods in the CS theory. The method is
to use their estimates ẑ t − i , ŵ t − i , and v̂ t − i to replace
them; the computation of the estimates ẑ t − i , ŵ t − i , and
v̂ t − i is as follows:

(i) Expand the orders nb, nc, and nd in (1), (2), (8),
and (9).

(ii) ẑ t − i is computed by replacing ai and bi with their
estimates âi,k

andb̂i,k in (8).

(iii) v̂ t − i is computed by replacing ai, bi, ci, and di
with their estimates âi,k, b̂i,k, ĉi,k, and d̂i,k in (2) with
(1) being inserted.

(iv) ŵ t − i is computed by replacing bi and di with
their estimates b̂i,k and d̂i,k in (9). The results are

ẑk t = −〠
L

i=1
b̂i,kẑk t − i + 〠

na

i=1
âi,ky t − 1 + y t ,

v̂k t = 〠
na

i=o
âi,ky t − i − 〠

L

i=0
b̂i,k 〠

L

i=1
ĉi,k f k u t − i

− 〠
L

i=1
d̂i,kv̂ t − i , b̂i,0 = 1

ŵk t = −〠
L

i=1
b̂i,kŵk t − i + 〠

L

i=1
d̂i,kv̂ t − i + v t ,

31

and the estimates of φv t , φ t , and Φ at iteration k
can be written as

φv,k t ≔ ẑ t − 1 − ŵ t − 1 , ẑ t − 2 − ŵ t − 2 ,… ,

ẑ t − L − ŵ t − L , v̂ t − 1 , v̂ t − 2 ,… ,

v̂ t − L
T ∈ℝ2L,

φk t ≔
φu t

φv,k t
≕ −y t − 1 , −y t − 2 ,… ,

− y t − na , f1 u t , f2 u t ,… ,
f L u t , ẑk t − 1 − ŵk t − 1 , ẑk t − 2
− ŵk t − 2 ,… , ẑk t − L − ŵk t − L ,
v t − 1 , v t − 2 ,… , v t − L T ,

Φk ≔

φT
k 1

φT
k 2

⋮

φT
k m

≕ ϕ1,k, ϕ2,k,… , ϕN ,k

32
With replacing the above unknown variables with their

estimates, the least squares estimate ΘΛk
for the parameter

vector ΘΛk
at the k step is given:

ΘΛk
= ΦT

Λk
ΦΛk

−1
ΦT

Λk
Y 33

Remark 4. At the beginning, the IV-OMP algorithm with the
estimates ẑ t − 1 , ŵ t − i , and v̂ t − i in the subinforma-
tion matrix ΦΛk

causes an inaccurate support atom selecting.
With the iteration k increasing, these estimated variables
become more accurate, the misselected support atoms
certainly unmeet the threshold requirement, and the cor-
responding element in the estimated parameter support set
will be a small nonzero value. Thus, we set an appropriate
small threshold ε to filter the parameter estimate ΘΛk

. If

θh,k < ε (where θh,k is the hth element of ΘΛK
), eliminate

θh,k from ΘΛK
and the corresponding ϕh,k from ΦΛk

,

ΘΛkε
=

ΘΛkε

θh,k
∉ΘΛkε

,

ΦΛkε
=

ΦΛk

ϕh,k
∉ΦΛk

34

Because θh,k is the hth element in ΘΛk
and ϕh,k is the hth

column in ΦΛk
, the expressions of eliminating θh,k from

ΘΛk
and ϕh,k from ΦΛk

in MATLAB are

ΘΛkε
ΘΛk

h = ,

ΦΛkε
ΦΛk

h =
35

Then we have

rk = Y −ΦΛkε
ΘΛkε

36

Briefly, the proposed IV-OMP algorithm can be imple-
mented as in Algorithm 1.
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5. Examples

Consider the following Hammerstein CARMA system

A z y t = B z x t +D z v t ,

x t = −1 70u t + 0 80u2 t ,

A z = 1 + 1 20z−1 + 0 60z−2,

B z = 1 + 0 12z−1 − 0 06z−2,

D z = 1 + 0 11z−1 − 0 10z−2,

Θ = 1 20, 0 60
na=2

, −1 70, 0 80, 0, 0, 0
L=5

, 0 12, −0 06, 0, 0, 0
L

, 0 11, −0 10, 0, 0, 0
L

T

37

IV-OMP for CS Recovery
Measurement matrix: Φ = ϕ1, ϕ2,… , ϕN ,.
output vector: Y , sparsity level: K,
parameter vector Θ = θ1, θ2,… , θN

T

Initialization: k = 0, r0 = Y ,Λ0 =∅,ΘΛ0
= 0,Θk = 0 repeat

k = k + 1 ;
Form φk t by Equation (32);

Φk =

φT
k 1

φT
k 2

⋮

φT
k m

= ϕ1,k, ϕ2,k,… , ϕN ,k ;

λk = index of the highest amplitude component of ϕ
T
i,krk−1 ;

Λk = Λk−1, λk ;

ΘΛk
= ΦT

Λk
ΦΛk

−1
ΦT

Λk
Y ;

If θh,k < ε, let ΘΛk
h = to get ΘΛkε

,.
and let ΦΛk

h = to get ΦΛkε
;

rk = Y −ΦΛkε
ΘΛkε

;
let Θk Λkε =ΘΛkε

to get Θk ;
â:,k =Θk 1 na , ĉ:,k =Θk na + 1 na + L ,
b̂:,k =Θk na + L + 1 na + 2L ,
d̂:,k =Θk na + 2L + 1 na + 3L ;

ẑk t = −〠
L

i=1
b̂i,kẑk t − i + 〠

na

i=1
âi,ky t − i + y t ,

v̂k t = 〠
na

i=0
âi,ky t − i − 〠

L

i=0
b̂i,k 〠

L

i=1
ĉi,k f k u t − i

−〠
L

i=1
d̂i,kv̂ t − i ,

ŵk t = −〠
L

i=1
b̂i,kŵk t − i + 〠

L

i=1
d̂i,kv̂ t − i + v t ;

until k= a fixed positive integer k > K , s,.t. rk < ε ; .
Estimated parameter vector: ΘΛkε

and Θk with ΘΛkε
= 0

Algorithm 1: (IV-OMP algorithm).
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In the simulation, the input u t is taken as an uncor-
related persistently excited signal vector sequence with zero
mean and unit variance, and v t is taken as a white noise
sequence with zero mean and variance σ2 = 0 102. Applying
the proposed IV-OMP algorithm to estimate the parameters
and the orders of this system, the parameter estimates and
their errors are shown in Table 1 and Figures 2 and 3. The
relative error of the parameters is

δ≔
Θk −Θ

Θ × 100% 38

From Table 1 and Figures 2–3, we can get the following:

(1) The parameter estimation errors become (generally)
smaller and smaller with the iteration k increasing.

(2) There exist 3 wrongly selected atoms corresponding
to parameters ĉ4,k, ĉ5,k, and d̂3,k (black-colored lines
in Figure 3). With the iteration k increasing, the
wrongly chosen atoms are deleted, and the parameter
estimation errors become smaller.

6. Conclusions

This paper is aimed at exploring the identification of both the
parameters and orders of the Hammerstein CARMA system
with limited sampling data. To solve the parameterizing dif-
ficulty caused by parameter coupling between the nonlinear
part and the linear part in a Hammerstein system, firstly,
by filtering the equation of the linear block with the coeffi-
cient function of the controlled term, we separate the param-
eter coupling between the linear block and the nonlinear
block. Moreover, by using two instrumental variables, the
Hammerstein system is parameterized into an autoregres-
sive form. To achieve in simultaneously identifying param-
eters and orders and to promote the computational efficiency
of the identification algorithm, an instrumental variable-
based orthogonal matching pursuit (IV-OMP) optimiza-
tion method of compressive sensing is extended to identify
parameters and orders of the Hammerstein system. Simula-
tion results illustrate that the investigated method is effective
and has advantages of simplicity and efficiency. The pro-
posed IV-OMP optimization method can be extended to
the colored noise systems, the networked dynamic systems
[42–46], and so on.
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Active vibration isolation system (AVIS) has attracted increasing attention of researchers in precision engineering. In this paper, a desired
compensation adaptive robust controller (DCARC) is proposed for an AVIS developed in our laboratory. The AVIS composed of one
platform and three active isolators is required to achieve high-performance vibration isolation as well as low trajectory tracking error
for positioning. The vertical three degrees of freedom (DOFs) and horizontal three DOFs are decoupled by the joint bearing of the
isolators. The dynamic model of the system is built and is simplified to three single-input-single-output (SISO) systems. The DCARC
control scheme is then proposed, which contains a deterministic robust control (DRC) term and an adaptive control (AC) term. The
high performance in vibration isolation and positioning can be subsequently achieved, even the actual load and system stiffness are
unknown and there exists direct bounded disturbance on the platform. The AC term is designed to estimate the unknown
parameters of the system. The DRC term can improve the robustness of the system, which is used to reject the direct disturbance and
the parameter estimation error. Furthermore, the computing time and the influence of the measurement noise can be reduced
effectively by reason of desired compensation. The numerical simulation and comparative experiments are carried out under the
conditions of using DCARC, DRC, and AC controllers. The experimental results validate that the proposed DCARC control
strategy outperforms other control method and possesses both high-performance vibration isolation and low tracking error.

1. Introduction

Vibration isolation system is widely used in industrial equip-
ment [1, 2], building structure [3, 4], and commercial vehicles
[5–7], to protect the isolating object, such as human and struc-
ture, from being damaged by vibration with certain frequency
regions. Especially in recent years, with the rapid development
of nanoprecision technology, ultraprecision positioning
devices, nanolevel measuring instruments, which are exten-
sively used in medical research, biotechnology, semiconduc-
tor manufacturing, and space exploring, are demanding an
increasingly need for high-performance vibration isolation
system [8–14]. According to the source, vibration can be
divided into two categories, the ground vibration which is
caused by geodetic pulsation, wind blowing, automobile mov-
ing, people walking, and so forth, transferred via the suspen-
sion of the system, and the load vibration which is caused by
inertial force from amoving load or other disturbance directly
acted on the isolation system [15]. To reduce the ground

vibration, an isolation system with low suspension stiffness
is more susceptible, the zero stiffness is ideal, and the perfor-
mance of transmissibility is the priority of the isolation sys-
tem. However, the load capacity of the system will decrease
with the reducing stiffness [16]. To reduce the load vibration,
an isolation systemwith high suspension stiffness is more sus-
ceptible, the infinite stiffness is ideal, and the performance of
compliance is the priority of the isolation system. However,
the isolation systemwill bemore sensitive to the ground vibra-
tion with the increasing stiffness. So in the conventional pas-
sive vibration isolation system, a trade-off between load
capacity and isolation performance is inevitable [17].

Active vibration isolation system (AVIS) has attracted
significant research attention in recent years, which can give
consideration to both load capacity and isolation performance
[18]. The focus of AVIS research lies on three things, mechan-
ical design without cross-coupling in each actuator, low-
frequency vibration sensing, and control of the isolation system
[19]. With the increasing demands to AVIS performance of
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broad frequency, high positioning accuracy, low transmissi-
bility, and high compliance, the research interest is brought
much to the control method [20]. Holterman and de Vries
proposed an active damping method based on decoupled col-
located control in combination with a passive multiple-input-
multiple-output (MIMO) control law to avoid the modelling
uncertainty [21]. The modal damping can be realized under
the mild condition by using piezoelectric Smart Discs made
by piezoelectric material [22], and the robust stability can be
retained based on a simple kinematic model rather than a
complex dynamic model with specific parameters of the sys-
tem. Heertjes et al. proposed a switching control method with
two regimes to enhance both the steady-state noise properties
of the passive isolation system and disturbance rejection
properties of transients [23]. The transient oscillations can
be removed from the velocity response, and the steady-state
noise can be avoided at small velocity by sky-hook damping.
To resolve the subcritical vibration isolation problem, which
is the natural frequency of the uncoupled source body larger
than that of the uncoupled receiving body, Alujevic et al. used
an inerter element to enhance the stability margins of the
feedback disturbance rejection scheme of two degrees of free-
dom (DOFs) system [24]. The specific kinetic energy index
monotonically decreased with the increase in the feedback
gain, and the higher the gain, the lower the velocity response.
Beijen et al. proposed a self-turning feedforward control
method for an air mount systems to compensate the static
damping and stiffness [25]. A higher-order weak integrator
can limit the gain of the controller to prevent drift and actua-
tor saturation, and an infinite impulse response (IIR) filter
with fixed poles and self-turning zeros was implemented to
online adjust the parameters by using filtered least mean
squares (FLMS) optimization and residual noise shaping.

In this paper, a desired compensation adaptive robust
control (DCARC) strategy for an active vibration isolation
system in the vertical three degrees of freedom is proposed.
The focused indexes of the AVIS are transmissibility, ability
to disturbance rejection, and positioning error. The DCARC
control scheme is composed of a deterministic robust control
(DRC) term and an adaptive control (AC) term. The AC term
is designed to estimate the unknown parameters of the sys-
tem. The DRC term can improve the robustness of the sys-
tem, which is used to reject the direct disturbance and the
parameter estimation error. The performance of DCARC is
validated by both numerical simulation and experiment.
The DRC and AC controllers are also tested as a comparison.
The results show that the proposed DCARC control strategy
outperforms other control method and possesses both high-
performance vibration isolation and low tracking error.

2. System Description and Dynamic Modeling

2.1. System Description. The schematic illustration of the iso-
lator is shown in Figure 1. Each isolator contains two voice
coil motor (VCM), which can provide a vertical force Fz
and a horizontal force Fy . The inclination of the platform
can be decoupled into vertical movement and horizontal
movement by the joint bearing. So, the vertical 3 DOFs, which
are Z, θx, and θy, and the horizontal 3 DOFs, which are X, Y ,

and θz , can be considered as two independents because the
tilt angle of the platform is extreme small. The compressed
air in the main air chamber from external source is used to
support the platform and the load. The air spray out from
the orifice can form a thin film which is the air bearing in this
paper. There is no interference between the horizontal air
bearing and the vertical air bearing, so the vertical movement
and the horizontal movement of the AVIS are decoupled by
the mechanical structure. The horizontal stiffness kh of the
isolator is close to zero without the active control of the hor-
izontal actuator, and the vertical stiffness kf is related to the
load. The horizontal damping coefficient ch and the vertical
damping coefficient cf are close to zero. The travel range
along z-axis is 1mm and that along x-axis and y-axis is 2mm.

The AVIS in this paper is composed of one platform and
three isolators, as shown in Figure 2. The centers of the three
isolators are at the vertexes of an isosceles triangle, O repre-
sents the center of the platform, and O1, O2, and O3 are the
supporting points of the isolators to the platform. The plat-
form is controlled by three horizontal forces Fh1, Fh2, and
Fh3 and three vertical forces Fv1, Fv2, and Fv3. As shown in
Figure 2, the parameters Lh and Lv represent the arm of force
to point O, for example, Lh2z and Lv1x, respectively, represent
the arm of horizontal force Fh2 to z-axis and the vertical
forces Fv1 to x-axis, and each force has two arms. The param-
eters L1x and L1y represent the distances from O1 to XOZ
plane and YOZ plane. The air pressure in the main chamber
of AVI-2 is larger than the other two because of the configu-
ration of the isolators. The platform will move suddenly at
the moment when the high-pressure air source is open,
because once the air bearings work, the friction coefficient
changes from a large value to nearly zero. So, the mechanical
limits are mounted around the horizontal air bearing to
restrict the horizontal travel range. The linear travel ranges
of the AVIS are 2mm along the x-axis and y-axis and
0.8mm along the z-axis. The rotational travel ranges are
179 arc second around x-axis, 541 arc second around y-axis,
and 448 arc second around z-axis.

2.2.DynamicModeling.Duetokh, ch, and cf are close to zero, the
dynamic equations of the six degrees of the AVIS are given by

mx = −Fh2,
my = Fh1 + Fh3,
Izθz = Fh1Lh1z + Fh2Lh2z − Fh3Lh3z ,

mz + 3kf z − z0 = Fv1 + Fv2 + Fv3,

Ixθx + kf L21x + L22x + L23x θx − θx0

= Fh1Lh1x + Fh3Lh3x + Fv2Lv2x

− Fv1Lv1x − Fv3Lv3x,

Iyθy + kf L21y + L23y θy − θy0

= Fh2Lh2y + Fv2Lv2y + Fv3Lv3y − Fv1Lv1y,
1
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where (1) can be represented in matrix form as

Mq +Kq −Kq0 =Φ ⋅ f , 2

where

q = x, y, θz , z, θx, θy
T ,

q0 = x0, y0, θz0, z0, θx0, θy0
T ,

f = Fh1, Fh2, Fh3, Fv1, Fv2, Fv3
T ,

M = diag m,m, Iz ,m, Ix, Iy ,

K = diag 0, 0, 0, 3kf , kf L21x + L22x + L23x , kf L21y + L23y ,

Φ =

0 −1 0 0 0 0
1 0 1 0 0 0

Lh1z Lh2z −Lh3z 0 0 0
0 0 0 1 1 1

Lh1x 0 Lh3x −Lv1x Lv2x −Lv3x
0 Lh2y 0 −Lv1y Lv2y Lv3y

3

The driving forces of VCMs are given by

f = KFII 4

where KFI is the thrust coefficient of the VCM; I =
I1, I2, I3, I4, I5, I6 T is the control current vector.

Single-input-single-output (SISO) controllers can be
designed to generate control currents. Define the imagi-
nary SISO controllers output as uc = u1, u2, u3, u4, u5, u6 T .
The relationship between uc and control currents can be
derived as

uc =Φ ⋅ f = KFIΦ ⋅ I 5
Substituting (5) into (2), the dynamic equation can be

written as

Mq +Kq −Kq0 = uc 6

Equation (6) shows that the model of AVIS has been
decoupled. As we concern the vertical three DOFs, the
main object of this paper is to design control input uv =
u4, u5, u6 T to achieve active control of the vertical three
DOFs of the system.

3. Desired Compensation Adaptive Robust
Control (DCARC) Approach

3.1. Controller Design. Consider the Z-direction motion of
the platform described as

mz + 3kf z − z0 = u4 7

Defining the state variables x1 = z and x2 = z, the
dynamic equation in (7) can be rewritten in the following
state-space form

x1 = x2,

x2 =
1
θ1

u − θ2x1 + d x, t ,
8

where u = u4 is controller output, θ1 =m and θ2 = 3kf are
unknown model parameters, and d x, t is external distur-
bance and unmodeled dynamics including ground vibration.
Define a vector as θ = θ1, θ2 T .

It is assumed that

θi ∈Ωθ ≜ θi θi,min < θi < θi,max , i = 1, 2,
d x, t ≤ δ,

9

where θmin = θ1 min, θ2 min
T , θmax = θ1 max, θ2 max

T , and δ
are known.

Main air chamber

Joint bearing

Orifice

Vertical air bearing

Horizontal air bearing

Base

Support

Fz

Z

X

Fy

Y

Vertical actuator

Horizontal actuator

Figure 1: Conceptual design of the isolator.
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Figure 2: Scheme of active vibration isolation system.
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Define an error operator as

s = e + k1e, 10

where e = x1 – x1d , x1d is the reference trajectory, and k1 is a
positive gain. Differentiating (10) and noting (8), derivative
of error can be written as

θ1s = θ1 x1 − x1d + k1e = u − θ2x1 + d x, t − θ1x1d + θ1k1e

= u + φTθ + d x, t ,
11

where φ = k1e − x1d , −x1 T , and φd and φ are defined as

φd = k1e − x1d , −x1d T and φ = φ − φd . There exists a certain
function δφ satisfying

φTθ = φTθ − φT
d θ ≤ δφ s 12

The DCARC control law is designed as

u = ua + ur ,

ua = −φT
d θ,

ur = ur1 + ur2, ur1 = −kss,

13

where ua is the model compensation term, and θ is the
estimate of θ. The parameter adaptation law is given by

θ = Pr oj
θ
Γφds ,

Pr oj
θi
•i =

0, if θi = θi max, •i > 0,

0, if θi = θi min, •i < 0,
•i, otherwise,

14

where Γ is a diagonal symmetric positive definite matrix. The
projection mapping is a simple output limitation treatment

for θ and it guarantees

i θ ∈Ωθ ≜ θ θmin ≤ θ ≤ θmax ,

ii θ
T Γ−1 Pr oj

θ
Γφds − φds ≤ 0,

15

where θ = θ − θ is the estimation error. Due to the reason
that using the desired trajectory instead of the measurement
output to calculate φ, the computing time and the influence
of the measurement noise can be reduced effectively.

ur is the deterministic robust control term. ur1 is a linear
feedback control to stabilize the nominal system, and the
feedback gain ks satisfies

ks ≥ ks1 + δφ, 16

where ks and ks1 are positive; ur2 is a robust feedback term
which can reduce the influence of parameter uncertainty
and disturbance and should satisfy

i sur2 ≤ 0,

ii s ur2 − φT
d θ + d x, t ≤ ε,

17

where ε is a small real positive constant which can be
designed; ur2 can be chosen as

ur2 = −h tanh κh
ε
s , 18

where κ = 0 2785, h ≥ θM φd + δ, and θM = θmax – θmin.
The DCARC control block diagram is shown in Figure 3.

The DRC can reduce the influence of disturbance, but it is
difficult to realize zero tracking error. The AC can eliminate
the influence of parametric uncertainties by using adaptive
law to estimate model parameters and realize asymptotic
tracing. Adaptive robust control (ARC) which combines
DRC and AC features accurate trajectory tracking with
parametric uncertainty and high robustness. Furthermore,
due to the reason that using the desired trajectory instead
of measurement output to calculate regressor, the comput-
ing time and the influence of the measurement noise can
be reduced effectively.

3.2. Stability Analysis

Theorem 1. For the system in (8), with the DCARC control
law (13) and the parameter adaptation law (14), the following
results hold

(A) In general, all signals in system (8) are bounded.
Furthermore, the positive definite function Vs is
defined as

Vs =
1
2 θ1s

2, 19

which is bounded above by

Vs ≤Vs 0 exp −λt + ε

λ
1 − exp −λt , 20

where λ = 2ks1/θ1 max

(B) If, after a finite time, the system is subjected to para-
metric uncertainties only (i.e., all the disturbances
vanish after a finite time), in addition to results in
(A), the tracking error will converge to zero asymptot-
ically, that is, e→ 0 and s→ 0 as t→∞.

Proof. Differentiating Vs results in

Vs = θ1ss = s −kss + ur2 − φT
d θ + φTθ + d x, t

= −kss
2 + s φTθ − φT

d θ + s ur2 − φT
d θ + d x, t

≤ −kss
2 + δφs

2 + s ur2 − φT
d θ + d x, t

≤ −ks1s
2 + s ur2 − φT

d θ + d x, t

21
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Noting condition ii of (17) and selecting λ = 2ks1/θ1 max,
we have

Vs ≤ −ks1s
2 + ε = −

2ks1
θ1

Vs + ε ≤ −
2ks1
θ1 max

Vs + ε = −λVs + ε,

22

which can further result in (20) and thus proves the results in
(A) of Theorem 1.

If the disturbances vanish after a finite time, that is,
d x, t = 0, ∀t ≥ t0, choose a positive definite functionVa as

Va =Vs +
1
2 θ

TΓ−1θ 23

Noting condition i of (17) and condition ii of (15), we
can obtain

Va = Vs + θ
TΓ−1θ = −kss

2 + s φTθ − φT
d θ + s ur2 − φT

d θ

+ θ
TΓ−1θ ≤ −kss

2 + δφs
2 + s ur2 − φT

d θ + θ
TΓ−1θ

≤ −ks1s
2 + sur2 + θ

TΓ−1θ − θ
T
φds ≤ −ks1s

2

+ θ
T Γ−1θ − φds = −ks1s

2 + θ
T Γ−1 Pr oj

θ
Γφds − φds

≤ −ks1s
2 ≤ 0

24

Therefore, Va t ≤Va 0 , that is, Va has an upper bound.
Integrating both sides of (24), we can obtain

t

0
s2 τ dτ = −

1
ks1

t

0
Va τ dτ = −

1
ks1

Va t −Va 0

≤
1
ks1

Va 0
25

Therefore, s ∈ L2, that is, s is square integrable. Noting s is
bounded; s is uniformly continuous. By Barbalat’s lemma, s
converges to zero as t→∞, and thus, e→ 0.

4. Numerical Simulation

The proposed control strategy is validated by numerical
simulation. The common performance indexes of AVIS
which are transmissibility, position tracking error, and com-
pliance are applied to evaluate the quality of the control
strategy. Besides the DCARC controller, the DRC controller,
the AC controller, and the passive system are all simulated
for a comparison.

The parameters of the AVIS used in the simulation are
listed in Table 1.

The transmissibility of system (8) with the DCARC con-
troller, DRC controller, and AC controller is simulated as
shown in Figure 4. The natural frequency of the system is
1.4Hz. With the AC controller, the transmissibility is larger
than 0dB when the frequency is lower than 0.7Hz, which

x1 = x2
ˆ ˆ𝜃 =Proj𝜃 (𝛤𝜑ds)

−ks

−𝜑T

ur2 = − h tanh 𝜅h

𝜀

s = e + k1e
x1d e s ˆ u

Controller Plant

Adaptive law Adaptive model
compensation

Linear stable
feedback

Nonlinear robust
feedback

s
ur2

ur1

ur

ua
d

+ +

+
+

+−

𝜃

x2 = 1
𝜃1

(u − 𝜃2x1 + d(x,t))

Figure 3: DCARC block diagram.

Table 1: Parameters of the AVIS.

Parameter Value

m 1300–1500 kg

Ix 6.2–7.2 kgm2

Iy 1.6–1.8 kgm

Iz 7.7-8.9 kgm2

kf 32–38 kN/m

L1x = L3x 0.935m

L2x 0.905m

L1y = L3y 0.305m

Lh1x = Lh3x = Lh2y 0.291m

Lh1z = Lh3z 0.519m

Lh2z 1.119m

Lv1x = Lv3x 1.148m

Lv1y = Lv3y 0.305m

Lv2x 0.905m

Lv2y 0.213m
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means the vibration from the groundwith the frequency lower
than 0.7Hz will be amplified. With the DCARC controller or
DRC controller, the transmissibility is less than −12 dB for
the entire frequency range. So both the DCARC and DRC
controllers can restrain ground vibration effectively.

Figure 5 shows the ability of trajectory tracking with the
DCARC controller, DRC controller, or AC controller. The
desired trajectory is 1mm, and there is no external distur-
bance on the platform.With the DRC controller, the tracking
error is not zero due to parametric uncertainties. With the
AC controller, the tracking error can be close to zero but
transient time is long. DCARC can realize zero tracking error
and short transient time in theory.

The external disturbing force shown in Figure 6(a) is
applied to the system (8) with the DCARC controller, DRC
controller, or AC controller. The displacement response is
shown in Figure 6(b). The maximum displacement is 8μm
with the DCARC controller or DRC controller while it is
50μm with the AC controller. The external disturbance
can be restrained effectively with the DCARC controller or
DRC controller.

5. Experiment

5.1. Experiment Setup. The DCARC control strategy is tested
on an AVIS in the laboratory as shown in Figure 7. The
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platform is supported by three active vibration isolators. Each
isolator has two VCMs, and each VCM needs one current
amplifier which is TA115 in this paper. The gas tanks con-
nected to the isolators are used to increase the volume of
the main chamber for stabilizing the pressure. The 941B
vibration sensors are used to measure the velocity of the plat-
form and the velocity of ground. The velocity data is collected
by INV 3020 data acquisition system and is transmitted to
PXI controller for feedback control and also to PC for result
display by data acquisition and signal processing (DASP)
software. The vertical position of the platform is measured
by three eddy current sensors which are fixed on the isolators.
The resolution of the eddy current sensor is 1μm, and the

measuring range is 2mm to 5mm; the linearity is 0.12% FS.
The analog voltage signal from the sensor can be collected
and processed by the PXI controller. The vibration on the
ground comes from the environment. The disturbance acted
on the platform is generated by the interference source. The
output force of the interference source is programmable.

5.2. Experiment Result.Measured transmissibility is shown in
Figure 8. The blue curve shows that the natural frequency of
the passive vibration isolation system is about 1.4Hz, which
is close to the simulation result and the magnitude crosses
the 0 dB line at 2Hz. With the AC controller, the vibrations

Linear current
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941B vibration sensors
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DASP system
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Figure 7: Experiment setup.
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Figure 11: Velocity response to external disturbing force: (a) passive vibration isolation system, (b) AVIS with DCARC controller, (c) AVIS
with DRC controller, and (d) AVIS with AC controller.
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below 0.6Hz are amplified due to the transmissibility
larger than 0dB. With the DCARC controller or DRC
controller, the transmissibility is less than −10 dB for the
entire frequency range and the system achieves good vibra-
tion isolation performance. By using the proposed DCARC
controller, the transmissibility is reduced obviously below
9Hz.

To test the tracking performance, an experiment is car-
ried out. The reference input is 0.1mm step signal, and the
position error is shown in Figure 9. With the DRC controller,
the tracking error is about 10μm.With the AC controller, the
tracking error is close to zero but transient time is as long as
3 s. With the DCARC controller, the tracking error is nearly
zero and the transient time is less than 1 s.

With the external disturbing force, the displacement
response and the velocity response of AVIS are tested and
shown in Figures 10 and 11. With the AC controller, the
maximum displacement and velocity of the platform are
about 60μm and about 0.5mm/s, respectively. In the case
of the DCARC controller and DRC controller, the maximum
displacement and velocity are 20μm and less than 0.2mm/s,
respectively. Compared with passive vibration isolation sys-
tem, the maximum displacement is reduced from 200μm to
20μm by using the proposed DCARC controller and the
maximum velocity is reduced from 1.2mm/s to less than
0.2mm/s.

6. Conclusion

In this paper, a DCARC control strategy is proposed for an
AVIS to achieve high-performance vibration isolation as well
as low trajectory tracking error for positioning. The following
conclusions can be drawn.

(1) The system composition of the AVIS is introduced.
The dynamic model of the AVIS is deduced in
the vertical three DOFs and is simplified into three
SISO systems.

(2) The DCARC control scheme is proposed where the
AC term is designed to estimate the unknown param-
eters and the DRC term is designed to improve the
robustness of the system. Different from the tradi-
tional ARC control strategy, desired compensation
is employed to reduce the computing time and the
influence of the measurement noise.

(3) The numerical simulation and comparative experi-
ments are carried out under the conditions of using
the DCARC, DRC, and AC controllers. The experi-
mental results validate that the proposed DCARC
control strategy outperforms other control method
and possesses both high-performance vibration isola-
tion and low tracking error.
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Clustering aims to differentiate objects from different groups (clusters) by similarities or distances between pairs of objects.
Numerous clustering algorithms have been proposed to investigate what factors constitute a cluster and how to efficiently find
them. The clustering by fast search and find of density peak algorithm is proposed to intuitively determine cluster centers and
assign points to corresponding partitions for complex datasets. This method incorporates simple structure due to the
noniterative logic and less few parameters; however, the guidelines for parameter selection and center determination are not
explicit. To tackle these problems, we propose an improved hierarchical clustering method HCDP aiming to represent the
complex structure of the dataset. A k-nearest neighbor strategy is integrated to compute the local density of each point, avoiding
to select the nonnecessary global parameter dc and enables cluster smoothing and condensing. In addition, a new clustering
evaluation approach is also introduced to extract a “flat” and “optimal” partition solution from the structure by adaptively
computing the clustering stability. The proposed approach is conducted on some applications with complex datasets, where the
results demonstrate that the novel method outperforms its counterparts to a large extent.

1. Introduction

Clustering is a process of partitioning data objects into sub-
sets. Each subset is a cluster whose objects are similar to each
other while dissimilar to objects in other clusters. For
decades, numerous clustering algorithms have been pro-
posed and widely used in many fields, including business
intelligence, image pattern recognition, web search, compu-
tational biology. The clustering by fast search and find of
density peak (CDP) algorithm is proposed by Rodriguez
and Laio in Science [1]. It is based on the assumption that
the density peaks are candidates for cluster centers, and clus-
ter centers are far away from each other. After determining
the cluster centers, the remaining objects will be directly
assigned to the nearest clustering center. Compared to most
clustering algorithms, the CDP algorithm does not require
to design an objective function for iterative optimization,

and it can find clusters in spite of their shapes. However,
the CDP algorithm has following shortcomings:

(i) There is no explicit criterion for the selection of the
key parameter dc, which is the threshold of scanning
radius for density calculation, and it greatly affects
the clustering results. The authors claimed that when
the average density of data objects is 1 − 2% of the
datasets, one can get good results, without giving an
explicit method of determining the optimal dc to
achieve the best clustering effect.

(ii) Initial cluster centers are selected interactively but
not automatically, whereas it is quite difficult to get
a correct selection of some datasets.

To overcome the above issues, this paper proposes a new
algorithm where
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(1) k-nearest neighbors method is introduced to estimate
local density so that the deficiencies of CDP in com-
puting the local density of an object can be avoided;

(2) instead of directly clustering, a hierarchical clustering
method is used to generate a complete clustering
structure;

(3) the task of extracting a set of significant clusters is
formulated as an optimization problem and a control
algorithm that finds the globally optimal solution to
this problem is proposed.

The rest of this paper is organized as follows. Related
works are introduced in Section 2. Section 3 describes the
proposed method in detail. In Section 4, experimental results
are presented and discussed. Conclusions and future work
are stated in Section 4.

2. Related Works

As a novel and efficient algorithm, the clustering using den-
sity peak algorithm is brought into sharp focus. However,
there are still some shortcomings that cannot be ignored. In
this section, we will first review CDP briefly and then intro-
duce a hierarchical clustering method to represent the clus-
tering structures of datasets.

2.1. Cluster Using Density Peaks. The clustering using den-
sity peak (CDP) algorithm is on the basis of the assump-
tion that cluster centers are characterized by a higher
density than their neighbors and by a relatively large
distance from points with higher density. By calculating
these two quantities of each data object, CDP builds a
decision graph for users to pick up cluster centers and
exclude outliers.

Formally speaking, let D denote a dataset of n objects,
for each data object i, its local density ρi is defined by (1),
and its nearest distance δi from points of higher density is
defined by (2).

ρi〠
j

χ dij − dc , 1

δi = min
j ρ j>ρ j

dij, 2

where dij is the Euclidean distance between points i and j,
dc is a cutoff distance specified by the users, and χ t = 1 if
t < 0 and otherwise χ t = 0. For the point with the highest
density, it takes δi =max j dij .

For small datasets, the algorithm turns to the exponential
kernel for density calculation, as described as follows:

ρi〠
j

exp −
d2ij
d2c

3

The cluster centers are then recognized as points for
which the values of both δi and ρi are anomalously large.
After the cluster centers are determined, the algorithm

assigns each remaining objects to the same cluster as its near-
est neighbor of higher density.

The problem is there is no objective metric to decide
whether the dataset is large or small, so users might face
a dilemma in selecting methods for computing density
indicators. Moreover, clustering results may vary greatly
according to the selection of dc. In [1], the authors sug-
gested to choosing dc so that the average number of
neighbors is around 1-2% of the total number of points
in the dataset. However, it is easy to find out that the sug-
gested choice is not always applicable when the size of
dataset changes.

Some subsequent researchers attempt to solve this
problem. Mehmood et al. [2] introduced heat diffusion
method [3] to estimate point density and used the time
parameter of heat diffusion to efficiently create clusters.
This method is similar to the kernel density estimation,
and the bandwidth parameter is determined according
to [3]. Chen and He [4] calculated the field intensity
and distance of every data point and fit them by a
regression analysis. The cluster centers are determined
by a residual analysis. Reference [5] computed local den-
sity of each point using its k-nearest neighbors instead of
dc in a kernel density estimation. Reference [6] also
adopted a new local density metric using k-nearest neigh-
bors in a kernel density estimation too. Reference [7]
analyzed the local density metrics using k-nearest neigh-
bors and tried to discriminate points belonging to differ-
ent clusters more accurately.

Besides considering a single cutoff distance dc (or band-
width), some studies also analyzed the case of multiple densi-
ties. In [8], a cover map procedure was applied iteratively
with a decreasing locally adaptive window to build a multidi-
mensional density map, which allows cluster center selection.
Wang and Xu [9] proposed an adaptive peak detection with
nonparametric multivariate kernel density estimation. The
algorithm treats the dataset as a multivariate normal distribu-
tion, and the bandwidth matrix H ∈ℝd×d of kernel density
estimation is correlated to the dataset’s dimensions d. By nar-
rowing down the possible ranges of H and the number of
clusters k, the optimal values are chosen from all possible
combinations of H and k. Mehmood et al. [10] considered
density regions instead of cluster centers. They used CDP
to find local clusters and merge them using the concept of
shared density regions.

The other flaw of the algorithm is the vague, dull, and
unclear choice of cluster centers. Some works [4, 11, 12]
tried to identify the number of clusters by finding out sin-
gular points from the indicator curves; the others focus
on merging microclusters [8, 10, 13] or splitting clusters
[14] until some stopping conditions are satisfied. In this
paper, we extract the optimal result from the hierarchical
clustering structure, which will be introduced in the fol-
lowing section.

2.2. Hierarchical Clustering. The cluster centers are interac-
tively determined in [1] rather than using explicit criteria.
Some existing works [4, 11, 12] determined the number of
clusters k first, then they sorted the data points based on
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both indicators ρi and δi in descending order and chose the
first k-largest points as cluster centers. Instead of directly
calculating k, hierarchical methods try to depict the cluster-
ing structure of the dataset. For an easier interpretation of
the structure, some automatic techniques are provided to
extract a “flat” solution.

Hierarchical clustering (HC) methods represent data
objects in a hierarchy or “tree” structure of clusters [15].
They are effective in detecting true clustering structures of
datasets. Many works of HC have been published in recent
years. They can be categorized into two classes: one uses
distance-based methods and the other adopts density-
based methods.

For distance-based HC methods, the core idea is to
agglomerate or divide clusters according to the distance
between two clusters, where each cluster contains a set of
data points. The most common measure of cluster distance
calculates the closest pair of points belonging to different
clusters. It can be regarded as a nearest-neighbor clustering
algorithm. Moreover, if there is a threshold to terminate the
clustering process, it is called single-link method [16]. The
merging process repeats until all the points eventually form
one cluster. Similar approaches such as average-link or
complete-link are also widely used [17]. If we take data
objects as nodes of a graph, with distance-weighting edges,
the clustering algorithm that uses the minimum distance
measure is called a minimal spanning tree (MST) algorithm
[15, 18]. Usually, a single, global threshold cutting through
the hierarchical cluster representation can give a “flat” parti-
tion of the data, which users are most interested in.

To the contrast, density-based HC methods received less
attention. The main idea of these methods is to investigate
the reachable distance of all data points and form hierarchical
structures using the concept of “density connectivity.” The
most famous OPTICS algorithm [19] is able to represent a
density-based clustering structure of the dataset. Although a
postprocessing procedure to extract a simplified clustering
result was proposed, the procedure did not become as popu-
lar as OPTICS itself since it has heavy reliance to the reach-
ability plot and is sensitive to the choice of a critical
parameter that cannot be determined easily. Gupta et al.
[20] proposed a density-shaving strategy applying to the
hierarchical structure referring to the work [21] to achieve
cluster extraction. Campello et al. [22] presented HDBSCAN
as an improvement over OPTICS. By defining cluster stabil-
ity, they turned the cluster extraction problem to an optimi-
zation problem of maximizing the overall stability of the set
of clusters extracted from the HDBSCAN hierarchy.

3. The Proposed Method

In this section, we describe the proposed method in detail.
Generally speaking, the proposed method consists of three
steps: local density calculation, hierarchy representation,
and optimal cluster extraction. Local density calculation is
conducted based on the k-nearest neighbors. Hierarchical
clustering method is then applied to depict the cluster struc-
ture. Finally, by introducing a concept of cluster stability, we

propose an algorithm to solve the extraction problem from a
cluster hierarchy.

3.1. Local Density Estimation Using k-Nearest Neighbors.
Most of the extended works for CDP attempt to improve
density estimation from the perspective of kernel method
assuming that the data points are in the same or different
Gaussian distribution(s). These works did not solve the
problem of choosing dc, on the contrast, they just turn
the problem of selecting a suitable dc into the problem
of determining a suitable bandwidth of the Gaussian dis-
tribution kernel. Unlike these works, we incline to assess
an object’s local density using the information of its neigh-
bors. k-nearest neighbor (kNN) has been shown to be a
powerful technique for density estimation [23], clustering
[24–26]. The goal of this approach is to find k-nearest
neighbors (kNN) of each data object in the dataset. By
using this approach, no assumptions on the distribution
of the dataset are required, which means that the dataset
can have arbitrary shapes and different density peaks.

To determine the density of a data object, we con-
sider k-nearest neighbor distance of the object. We call
this k-nearest density and it is formally defined as
follows:

Definition 1 (k-nearest density). Given a datasetD and dist ·
be a distance function on points in D, for k ∈ℝ, point i’s
k-nearest density is defined as

ρi = max
j∈kNN i

dist i, j , 4

where kNN i = j ∈D ∣ dist i, j ≤ dist i,NNk i , and
NNk i is the kth nearest point to i according to dist · .

In general, the distance dist · can be any distance mea-
sured. The most common choice is standard Euclidean dis-
tance. The most naive implementation of kNN search
involves the brute-force computation of distances between
all pairs of data points in the dataset, which scales as O
n2 , where n is the size of the dataset. In order to avoid
the computation inefficiencies, spatial indexing structures
such as KD tree [27] and ball tree [28] can be applied,
leading to O n log n computation cost.

3.2. Hierarchical Clustering Based on Density Peaks. In this
section, we propose to construct a hierarchy structure to rep-
resent the original dataset. The cluster hierarchy based on
density peaks enables to represent the fact that each level cor-
responds to objects’ distance from their nearest neighbor
with higher density.

First of all, for each data object i in the dataset, we com-
pute its local density ρi according to (4), and its distance δi
from points with higher density, which is shown below.

δi = min
j ρ j>ρ j

dist i, j 5

Then, we treat the data objects as nodes in a graph. For
each node i (except the node of maximal density), we connect
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it with its nearest neighbor of higher density by an edge
weight δi. It is obvious that we finally get a tree, whose root
is the point with maximal density, and each other node’s den-
sity is lower than its ancestors and higher than its descen-
dants. Comparing to the MST method, this tree efficiently
integrates information on not only distance but also
density.

We can sort the edges and iteratively remove them from
the tree in decreasing order of weights. After each edge cut-
ting, the tree might be split, shrunk, or even disappeared, as
defined below:

Definition 2 (tree split, shrink, and disappear). For a tree T ,
remove edge(s) with weight w.

(1) If the number of children in the subtree is less than a
given threshold, all child nodes in the subtree will be
regarded as “noise” and this subtree disappears.

(2) If there is only one subtree with “nonnoise” nodes, we
say that T is shrunk.

(3) If there are more than one subtrees with “nonnoise”
nodes, we say that T is split.

Algorithm 1 shows the main steps of our HCDP algo-
rithm, which requires 2 input parameters k and th. It pro-
duces a clustering tree that contains all partitions
obtainable by CDP in a nested way. This “HCDP hierarchy”
can be implemented in O n log n time. Applying this algo-
rithm transforms the clustering problem into a subtree parti-
tion problem.

3.3. Clustering Extraction and Evaluation. As mentioned
above, the “HCDP hierarchy” can present the cluster struc-
ture of the dataset; however, interpreting the structure into
a more understandable result, that is, extracting a “suitable”
partition from the hierarchy to demonstrate the “focal”
clusters, remains a problem. HCDP contains all possible
CDP solutions with respect to given parameters of k and
th. When decreasing the value of edge weight w, more
and more edges are cut, and clusters get split or shrunk
until they disappear. Obviously, the significant clusters
“last” longer than the insignificant ones. To capture these
significant clusters, we hope to evaluate the quality of the
generated clusters instead of simply providing a single,
global threshold.

For the sake of simplicity, we consider a modified
version of cluster stability from [22]. It is based on
Hartigan’s model [29] and try to construct a tree of
nested clusters by varying the threshold of density level.
The power of Hartigan’s model is mainly relying on the
following aspects:

(1) It allows the concept of noise to be modeled as those
objects lying in sparse regions of the data space.

(2) It allows clusters of varied shapes to be modeled as
the connected components of the density level sets.

Such components are not restricted to the region of
a single density peak; they can possibly represent
the union of multiple density peaks.

(3) It allows one to model the presence of nested
clusters of varied densities in data, through the
hierarchical relationships described by the density-
contour tree.

Though the original definition is applied to density-based
clustering algorithms such as DBSCAN, there is similar
property between clustering by density peaks and clustering
by density, that is, they both search dense regions based on
density connectivity. So the original definition can also be
employed after modification in clustering algorithms based
on density peaks.

Given a cluster Ci, we define its stability as

S Ci = 〠
xj∈Ci

1
δexclude xj, Ci

−
1

δemerge Ci
, 6

where δexclude is the maximal weight of which removing
edges excludes point xj from the cluster, and δemerge is the
maximal weight by removing edges of which cluster Ci
emerges (gets separated from the previous cluster).

Let C1, C2,… , Cκ be the collection of nonoverlapping
clusters extracted from the hierarchy, and let S Ci denote
the stability value of each cluster. We can treat the extraction
problem as an optimization problem with the objective of
maximizing the sum of stabilities of the clusters:

max S = 〠
κ

i=1
S Ci 7

To solve (7), we start from the edge of the highest
weight. Every time we cut an edge from the tree, we deter-
mine the current number of clusters and calculate their sta-
bility. Algorithm 2 gives the pseudocode for finding the
optimal solution to (7). Here, we use k for both neighbor-
hood calculation and “noise” threshold as a classic smooth-
ing factor whose effect can be well understood referencing
[19, 20, 30, 31].

4. Experiments, Results, and Discussion

In this section, we conduct experiments to assess the effec-
tiveness of the proposed method. To demonstrate that HCDP
is effective to clusters with both convex and nonconvex
shapes, we benchmarked the algorithm on some 2-
dimensional datasets for easy visualization. Artificial datasets
1, 2, and 3 are selected. Dataset 1 is from [32], which consists
of clusters with both convex and nonconvex shapes in a hier-
archical structure; dataset 2 [33] consists of 3 nonconvex
shape clusters; dataset 3 is a synthetic dataset consisting of
2 isotropic Gaussian blobs and 2 interleaving half-circles.
By choosing an appropriate k ∈ 3, 7 , the intuitive visualiza-
tion of hierarchical structure and clustering results is shown
in Figure 1.
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We also considered datasets from the UCI Machine
Learning Repository [34–37] and compare HCDP with
DBSCAN and CDP algorithms. For the clustering results,
we evaluated them using normalized mutual information
(NMI) score, which can be information theoretically inter-
preted. It is defined as below:

NMI ℂ, L = 2 × I ℂ, L
H ℂ +H L

, 8

where ℂ = C1, C2,… , Cκ is the set of clusters and L = L1
, L2,… , Lι is the set of known labels.

I is mutual information:

I ℂ, L =〠
i

〠
j

P Ci ∩ Lj log
P Ci ∩ Lj

P Ci P Lj
, 9

where P Ci , P Lj , and P Ci ∩ Lj are the probabilities of an

object being in cluster Ci, labeled Lj, and in the intersection of
Ci and Lj.

H is entropy defined as

H ℂ = −〠
i

P Ci log P Ci , 10

and

H L = −〠
j

P Lj log P Lj 11

The NMI score ranges from 0 (no mutual informa-
tion) to 1 (perfect correlation). The NMI scores of the
clustering results in the experiment are shown in
Table 1.

Require: dataset D, neighborhood k, child threshold th.
1: Compute k-nearest density ρi and distance δi for each point xi ∈D
2: Generate a tree T by connecting from one point to its nearest point with higher density, and assign the whole tree as a single cluster.
3: Sort all the edges of the tree with respect to the weights in descending order.
4: repeat
5: Remove the highest edge(s) in T (in case of same weights, edges must
be cut simultaneously) to get subtrees Tsub = t1,… , tκ , κ ≥ 1
6: for ti ∈ Tsub do
7: if children of ti < th then
8: All children nodes in this subtree are assigned as “noise”.
9: else
10: assign a new cluster to subtree ti
11: end if
12: end for
13: until some stopping condition is satisfied.

Algorithm 1: HCDP main steps

Require: dataset D, parameter k
1: Generate a tree T of D using Algorithm 1 and assign the whole tree as a single cluster.
2: Sort all the edges of the tree with respect to the weights in descending order Es.
3: Tprev = T
4: S T = 0 0
5: for e ∈ Es do
6: Tnext = ,
7: Remove e and split previous subtrees Tprev = t1, t2 … into new subtrees t11, t12,… , t21, t22,… , where tij denotes subtrees split
from previous tree ti
8: for ti ∈ Tprev do
9: if then S ti < S ti1 + S ti2 +⋯
10: Tnext ← ti1, ti2,…
11: else
12: Tnext ← ti
13: end if
14: end for
15: Tprev = Tnext

16: end for

Algorithm 2: HCDP extraction
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5. Conclusion

This paper presented a hierarchical clustering method
and introduced clustering stability which enables HCDP

to extract an optimal clustering result. We used k-near-
est neighbors to calculate the local density of data objects
and construct clustering hierarchy according to the con-
cept of density peaks. Clustering stability was computed
to evaluate and extract “suitable” partitions from the hier-
archy. Our experiments have shown that our methods are
robust and accurate compared to the original density
peak clustering algorithm and DBSCAN algorithm.
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Figure 1: Hierarchical structures and clustering results for easy visualization.

Table 1: Experiment results on UCI datasets.

HCDP CDP DBSCAN

Iris 0.9595 0.9159 0.8851

Wine 0.9611 0.9366 0.7469

Seeds 0.8736 0.8564 0.8975

WDBC 0.8702 0.8764 0.7300
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The pressure control for a liquid nature gas (LNG) ship is vital for the cargo handling system which is a nonlinear, unstable, and
controllable complex system accompanied by the dynamics of time delay. To improve the control effect, this article proposed a
robust controller based on closed-loop gain shaping algorithm by mirror-mapping approach. In addition, the complete
mechanism models for the system are established to predict the changes of temperature, pressure, and liquid inventory in the
cargo tank. The heat exchanges and evaporation of liquid are also considered. By collecting the data from the LNG ship
“Dapeng,” the system models are validated. At the same time, the comparative experiment is introduced to verify the reliability
and effectiveness. The scheme has been compared with the 2-DOF structure control law of modified Smith predictor. The
comparative experimental results show that the scheme proposed in this note has a strong disturbance rejection ability and
steady-state performance. The controller designed in this note has advantages of simplified construction method, satisfactory
control effect and robustness.

1. Introduction

The use of natural gas has been increasing rapidly all over the
world because the gas contains low amounts of pollutants.
LNG shipping is therefore an economic way of transporting
large quantities of natural gas over long distances. LNG car-
riers are purpose-built tank vessels for transporting LNG at
sea [1, 2]. During handling, LNG is transferred between the
onshore storage tanks and ship tanks at high flow rates
through single or parallel pipelines. It is always influenced
by external disturbances outside. In general, these operations
are energy intensive and involve stringent safety consider-
ations [3–5]. It is very important and critical to control the
temperature and pressure in order to reduce the risk of acci-
dents. Thus, dynamic integration models of the handling
operation are needed to be established first. The model can
also predict the tank level, temperature, and pressure within
design limits and can help to prevent overfilling or excessive
unloading [6]. Temperature and pressure are connected with
the gas mass of the control volume inflow or outflow in unit
time. If the control performance is unsatisfactory, the

pressure and flow rate will greatly vary which heavily influ-
ences the operation. In the worst case scenario, equipments
such as the LNG pumps will fall below the required mini-
mum flow rate and trip, resulting in suspended handling or
LNG disaster [7, 8].

Therefore, it is very important to design a robust control-
ler to maintain pressure stability in the system. External dis-
turbances must be taken into account in the controller design
so that the closed-loop system has a good response even in
such dynamics [9]. Robustness is critical to the pressure con-
trol system. In [10], closed-loop gain shaping algorithm
(CGSA) was put forward based on robust control theory.
The advantages were obvious physical meaning and simple
design procedure. With the algorithm, the controller was
designed and applied to the nonlinear model of rudder roll-
damping SIMO system [11]. In [12], the robust adaptive con-
trol design problem was studied for a class of nontriangular
nonlinear systems with unmodeled dynamics and stochastic
disturbances and a robust adaptive output feedback control
scheme was then proposed. An adaptive neural network-
based fin control design method was proposed in [13], which
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combined the adaptive backstepping technique with the neu-
ral network. Guan et al. [14] proposed a robust control
scheme based on the closed-loop gain shaping algorithm that
offered a simplifying controller for processes with time delay.
Padhan and Majhi [15] proposed a modified Smith predictor
control scheme for controlling stable and integrating and
unstable processes with time delay.

Recently, there has been a plentiful interest focusing on
the problem of robust control design for unstable processes
or nonlinear system. Mirror-injection technology was first
proposed in [16] which could map the unstable process or
unstable system to a stable one. To control these mapped sta-
ble one, the same effectiveness could be achieved. In [17],
robust control method was addressed for a class of pure
unstable system with time delay by mirror-mapping tech-
nique. A general scheme was proposed in [18] for the high
order unstable delay process with one or more positive poles,
using the mirror mapping technique. Robustness analysis
and design for the integrating unstable delay systems were
discussed in [19]. From the above studies, it is obvious to
note that the controller of pressure maintenance system for
the LNG carrier is not discussed.

The work in this paper is inspired by [16–19]. This
applies the mirror-mapping technique and CGSA to LNG
carrier pressure control system that is an unstable nonlinear
system with time delay. In this paper, a set of dynamic
models are established by analyzing the equipment condi-
tions in LNG cargo handling system. Then, verification of
the model with real ship data is provided. In order to explain
the controller design, we take the insulation space as a control
plant. Linearization of the model is required. The system is
converted into a regular unstable process. Consequently, sta-
bility of the system is analyzed. Then the loop-shaped unsta-
ble process is transformed into a minimum-phase system
through mirror-mapping technique. Robust controller with
hybrid control strategy is designed based on the mirror-
mapping with second-order CGSA. The proposed control
scheme is compared with 2-DOF control law. The transient
and steady-state performance are analyzed when different
disturbance is introduced into the system. The simulation
results show that the scheme proposed in this paper has bet-
ter robustness and disturbance rejection.

2. System Description

LNG carrier cargo operations includes the following steps:
(1) Insulation space inerting; (2) cargo tank drying; (3)

cargo tank inerting; (4) cargo gassing-up; (5) cargo tank
cooling-down; (6) losading; (7) loaded voyage; (8) ballast
voyage; (9) unloading; (10) cargo tank warm-up; (11) and
cargo tank aeration. A complete description of the process
can be found at [6]. Here, it only focuses on the loading
and unloading process. During the loading process, the
boil-off gas is forced to return to the shore tank by high-
duty (HD) compressors. HD heaters heat the LNG vapor
delivered by the HD compressors to the specified tempera-
ture. Low-duty (LD) compressors are provided in the cargo
machinery room for maintaining constant cargo tank pres-
sure and delivering boil-off gas according to the boiler

demand. It is necessary to keep the cargo tank pressure
between 90~120mbar. While during the discharging process,
LNG vapor is supplied from the shore to maintain pressure
in the cargo tanks. If the shore does not supply return-
vapor to the cargo tank, the LNG vaporizer produces vapor
by bleeding LNG from the main line and supplies it to the
cargo tanks. It need not to start HD compressors in this pro-
cess. So the plants in the LNG carrier cargo handling system
are mainly composed of storage tanks, pumps, compressors,
gas pipe line, and valves. The outline of the whole plants is
shown in the flowing part of Figure 1. Some duplicate plants
of the process are removed for clarity.

For different type of the LNG ship, the cabin pressure
range will be different. Usually, it is important to maintain
the tank’s pressure at least 100mbar in order to avoid cav-
itations and ensure having good suction at the pumps. If
the tank’s pressure falls to 60mbar, the returned gas is
requested to increase from the shore. If two main cargo
pumps are in use in a tank, the discharge valve on one
pump should adjust to 40% and pump should be stopped
when the level reaches 1.1m. This is in order to reduce
turbulence around the pump suction.

3. Dynamic Model

In this section, a dynamic model for the cargo handling oper-
ation is developed. The dynamic model for the cargo han-
dling operation involves modeling the heat transfer and the
dynamics of the liquid and vapor in the storage tank. Several
main models and connections are shown in [20, 21]. The
development of the dynamic model for each of these compo-
nents is described below.

3.1. Pump. The liquid pump head depends on the charac-
teristics of the pump itself and the characteristics of the
piping. The head of liquid pump can be solved by the
Bernoulli equation between the center of the pump inlet
and the suction liquid surface. Equation (1) gives the
formula for direct solution.

H = pdr − psr
ρg

+ hs + hd + Δh + 〠f s +〠f d

= pdr − psr
ρg

+ h +〠f ,
1

where H is the head of the pump. The unit is m. pdr is the
pressure of the pump discharges the liquid surface, and the
unit is kPa. psr is the suction surface pressure, and the unit
is kPa; ρ is the density of cargo pumped cargo, and the unit
is kg/m3. g is gravity acceleration, and the value is 9.8m/s2;
h = hs + hd + Δh is the total height difference between the
suction level and the discharge level, and the unit is m; ∑f
=∑f s +∑f d is the total resistance of the pipeline between
suction and discharge, and the unit is m.

Using polynomial curve fitting technique, the HQ
characteristic curve of the liquid cargo pump is a second-
order polynomial as shown in below.

H = a1Q
2 + a2Q + a3 2

2 Complexity



Here, H is the total head of the pump, and Q is the total
flow of the pump. a1, a2, and a3 are the constant determined
by the characteristics of the cargo pump.

Equation (3) gives the characteristics of the supply pipe-
line of a single liquid cargo pump.

Hpipe =Hst +〠f = h + pdr − psr
ρg

+ KQ2, 3

whereHst is the static head which is independent of flow. K is
the proportional constant depending on the resistance char-
acteristics of the pipeline.

3.2. Pipeline Resistance Calculation Model. According to the
length and diameter distribution of the pipeline system, (4) is

used to distribute the gas pressure difference between the gas
supply and tank pressure of the liquid pump head reasonably.

hf liquid = ξ
l
d
v2

2g ,

Δpfgas = ξ
l
d
ρv2

2 ,
4

where hf liquid represents the head loss of the liquid along the
way (m). Δpfgas represents resistance loss of the gas along the
way (m); l represents pipeline length (m); d represents pipe
diameter (m); v represents the average fluid velocity (m/s);
g represents gravity acceleration(m/s2); ξ is the coefficient
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Figure 1: LNG cargo handling system plant.
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of resistance along the way which is related to the viscosity of
the fluid, the flow rate, the inner diameter of the pipe, and the
roughness of the pipe wall.

3.3. Tank Mechanism Model. A nonlinear function curve of
the liquid surface height and the compartment volume can
be obtained by polynomial curve fitting or piecewise linear
interpolation. The mathematical model of tank volume and
level can be written as

VLNG = VLNG0 +
t

0
Qdt,

h = f non VLNG ,
V liquid =V −VLNG,

5

where VLNG is the volume of LNG gas (m3). VLNG0 is the vol-
ume of LNG gas at initial state (m3). h is the height of liquid
surface (m).Q is flow rate of the liquid into the cargo tank per
unit time (m3/h). The leakage of external heat into the cargo
tank is accompanied by three heat exchanging stages: con-
ducted heat transfer, convection heat transfer, and radiation
heat transfer. The heat transfer equation in the cargo tank
is shown below.

q =
tg − td
rk

= k tg − td 6

In the formula, q represents the heat flux (which is passed
from thermal fluid outside to cold fluid inside), W/m2; rk rep-
resents the total thermal resistance of the series heat transfer
process, (m2·°C)/W; k indicates the heat transfer coefficient,
W/(m2·°C). tg indicates the temperature of the thermal fluid
(water, air) outside the tank, °C; td indicates the temperature
of the cold fluid (gas cargo, liquid cargo) in the tank, °C.

3.4. Mathematical Model of Tank Temperature and Pressure.
During loading and discharging, the change of pressure and
temperature is unstable with the heat exchanging. In order
to model the pressure and temperature in the cargo tank,
the upper vapor (ideal gas) space of the cargo tank is taken
as the control volume. According to the hypothesis [22],
the heat transferred to the cargo tanks is used for the evapo-
ration of the surface fluids in the tanks. According to the first
law of thermodynamics, energy is conserved. Thus, the
energy equation of the control volume is expressed in (7).

Therefore, in the loading and unloading operation, the
heat from the external into the cabin can also be regarded
as the heat exchange with the cabin air.

dq
dt

+ h1
dm1
dt

− h2
dm2
dt

= dU
dt

+ dW
dt

, 7

where dq/dt indicates the heat transfer rate from outside
into the tank (cal/s); h1 dm1/dt is the heat brought into
control volume in the unit time (cal/s); h2 dm2/dt is the
heat taken away from control volume in the unit time
(cal/s); du/dt is the change of internal energy in the con-
trol volume per unit time (cal/s); dW/dt is heat consump-
tion for external work in control volume per unit time
(cal/s). Here, it is a rigid volume, dW/dt = 0; let the gas

temperature in the tank be T , then the relationship dq/d
t and T can be expressed as dq/dt = k1 − k2T .

In addition, the vaporization of liquid cargo in cargo tanks
will absorb a part of the heat. According to the literature [23],
the amount of heat transferred into the cargo tanks in the unit
time can be expressed in (8), (9), and (10) as follows.

dq
dt

= k1 − k2T , 8

h1
dm1
dt

= cp1T1
dm1
dt

− z
dm1
dt

, 9

h2
dm2
dt

= cpT
dm2
dt

, 10

where the values of k1 and k2 are determined by the
design parameters of the cargo tank and the external envi-
ronmental conditions. z is the latent heat of vaporization
of LNG (cal/g). cp the specific heat of constant pressure
at temperature T (cal/(mol·K)). cp1 is the specific heat of
constant pressure at the temperature T1, cal/(mol·K).

Equation (11) indicates the energy change in the control
volume per unit time. According to the assumption that the
gas in the control volume is ideal gas, (12) is established by
the basic theory of engineering thermodynamics.

dU = d mu =mdu + udm =mcvdT + cvTdm1 − cvTdm2,
11

dU
dt

= mcvdT + cvTdm1 − cvTdm2
dt

, 12

where m is the mass of natural gas in the tank (kg); cv is the
constant volume specific heat of natural gas (cal/(mol·K)).
Substituting (7) with (8), (9), (10), and (12), (13) is achieved.

mcv
dT
dt

= cv
dm2
dt

− cp
dm2
dt

− cv
dm1
dt

− k2 T

+ k1 − z
dm1
dt

+ cp1T1
dm1
dt

13

In (13),m is the mass of the gas in the tank (kg); cp and cv
meet the following relationship [24, 25] as follows.

cp − cv = Rg,

cp = A + BT + CT2 +DT3,
14

whereA, B, C, andD are constants in the literature [25]. Con-
sidering that the average daily vaporization rate of the tank is
0.15%, the critical temperature under the tank pressure still
needs to be considered. The tank temperature mathematical
model can be written as

mcv
dT
dt

= k1 − z
dm11
dt

+ cp11T11
dm11
dt

+ cp10T10
dm10
dt

− k2 + cp
dm2
dt

+ cv
dm1
dt

− cv
dm2
dt

T ,

15
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where dm1/dt = dm10/dt + dm11/dt , dm10/dt is the mass
of gas flowing into the control volume per unit time, and
dm11/dt is the mass of vaporization gas in tank per unit time;
T10 is the temperature of the gas entering the control volume;
T11 is the critical temperature at the current pressure; cp10
and cp11 are the specific heat of constant pressure at temper-
ature T10 andT11.

The mathematical model of exhaust flow is shown in
(16). That means that the pressure relief valve will work when
the pressure in the tank exceeds the set value.

qs =
P
RT

P′/8ξρ πd2,

 ρ = PT0
P0T

M
22 4

16

Equation (17) can be used to solve the current gas quality
in the tank.

m =m0 +min −mout, 17

where m0 denotes the gas quality in the tank at the previ-
ous moment; min denotes the gas quality entering the
tank; mout is the quality of discharges gas. It should be
noted that min and mout have different sources in different
cargo handling operations.

With (8), (13), (15), and (17), the temperature and gas
quality can be obtained as function of time. The mass of gas
flowing in and out of the tank can be expressed by the equa-
tion of state PV =mrT and r = R/M. According to the ideal
gas state equation at any moment, the pressure can be
obtained as function of time.

4. Model Validation

To validate the above model, data was collected from a LNG
ship named “Dapeng.” Substitute the values of parameter in
Table 1 and Table 2 into the equations above, the liquid level,
temperature, pressure, and liquid volume of tanks can be
obtained as functions of time.

All the constant parameters that appear in the formula
are listed in Table 1. Other parameters depend on the
material properties of different ships. These parameters for
specific conditions from “Dapeng” are listed in Table 2.

The actual data of pressure, temperature, and liquid volume
during loading and unloading are also collected to verify model
outputs in this note. The results of verification are shown in
Figures 2(a)–2(c). The curves of gas temperature, tank pressure,
and liquid volume in the tank are achieved below.

It is shown from Figures 2(a) and 2(b) that the gas tem-
perature and volume are consistent with the actual situation.
At the beginning, the temperature rises, because the ingress
heat is introduced into the cargo tank. Subsequently, evapo-
ration is caused by the large return-gas; thus, the temperature
tends to drop slowly. This is suitable for large LNG ship. The
results is consistent with the actual situation.

For the pressure shown in Figure 2(c), it tends to be con-
sistent at the beginning. After that, the pressure will gradually
increase. This is because the dynamic models are the uncon-
trolled model. If the controller is added, the pressure will be
within a certain range. This will be studied in the following
part of this note. There are several reasons for this inaccuracy
of model predictions such as compressor performance curve
used in compressor model is not exact. Furthermore, a single
heat transfer coefficient is used in a particular heat exchanger.
However, this difference in prediction is acceptable since this
is not huge.

5. Robust Control Studies

5.1. Control Plant Description. Take the model of insulation
space for example to discuss the pressure control. A control-
ler is designed to control the pressure difference in the insu-
lating layer. The pressure in insulation space is required
between 0.2 kPa and 0.4 kPa. The pressure is maintained by
inputting nitrogen or withdrawing nitrogen from the space.
The relationship between pressure difference and nitrogen
supply rate is expressed as follows.

ρN2
gPe = Fr − κ

u2

P
2
e
, 18

Where Pe is the pressure difference of the primary and
secondary insulating layers. u is nitrogen supply rate. ρN2

is
the nitrogen density supplied, kg/m3; g is the gravitational
acceleration; Fr is the damping force under nonideal condi-
tions; κ is a constant, determined by the material properties
of the insulating layer. According to [26], (18) can be linear-
ized near the equilibrium point Pe0 =2.0mbar, u0 =42m

3/h.
A system transfer function of linearization is given below.

G s = ΔPe s
Δu s

= 3 25
s s − 0 78 e−0 25s 19

The time delay e−0 25s of the insulating space pressure
difference system G s is less than 0.5 s, so the 1st order
Padé approximation of the time delay can be obtained
as follows.

G1 s = e−0 25s = 1
0 25s + 1 20

Take the nominal model below.

G0 s = 3 25
s s − 0 78 21

Table 1: Nomenclature of the parameters appearing in the formula.

Parameter Value Parameter Value

Rg 0.514 (kj/(kg·K)) z 121.7 (cal/g)

P0 101.325 kPa R 8.314 (J/(mol·K))
T0 273.5 K P′ 121.40 kPa
M 16 g 9.8 m/s2
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Figure 2: The comparison with real ship.

Table 2: Parameters of liquid cargo tanks for thermal load calculation.

Name Value Name Value

Liquid capacity V0 41743.5 m3 Surface area of cargo tank S1 7028 m2

Tanker waterline external surface area S2 3968 m2 The surface area of the liquid cargo ship S3 3060 m2

Surface area of fuel channel S4 93.6 m2 Surface area of ballast tank S5 3536 m2

Isolated space side area S6 230 m2 Main shielding thickness δ1 0.7mm

Main shielding thermal conductivity λ1 45 W/(m⋅K) Main insulation thickness δ2 230mm

Thermal conductivity of the main insulation layer λ2 0.04 W/(m⋅K) Secondary shielding thickness δ3 0.7mm

Secondary shielding thermal conductivity λ3 45 W/(m⋅K) Secondary insulation thickness δ4 300mm

Secondary insulation thermal conductivity λ4 0.04 W/(m⋅K) Resin thickness δ5 10mm

Thermal conductivity of resin layer λ5 0.302 W/(m⋅K) Thickness of tank inner shell δ6 20mm

Thermal conductivity of tank inner shell λ6 45 W/(m⋅K) Fuel temperature T f 40°C
Sea water heat exchange coefficient α1 2908 W/(m⋅K) Fuel heat transfer coefficient α2 2368 W/(m2⋅K)
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So G s is expressed as

G s = ΔPe s
Δu s

=G0 s G1 s = 3 25
s s − 0 78

1
0 25s + 1

22

Let s s − 0 78 0 25s + 1 = 0. The root of characteristic
equation 0.78> 0. There is the right half plane (RHP) pole
at s=0.78 in (22); hence, the system is unstable. It is a
nonminimum-phase plant (NMP) system with an unstable
controlled plant, which is shown in Figure 3.

5.2. System Stabilization Process. It is necessary to investigate
stability and limitations on performance imposed by RHP
zeros and poles. Mirror-mapping technique provides a novel
design tool in [16–19]. The basic principle is that the largest
singular value curve of the mirror-mapping process is similar
to one of the original unstable process. Hence, the results
from mirror-mapping can also stabilize the original system.

Definitions 1 and 2 give the brief description on the mirror
mapping technique.

Definition 1. The symmetric values of the zero-poles in the
open right half plane of unstable process about the imaginary
axis are referred to as their mirror-images.

Definition 2. The process that zero-poles in the open right half
plane of unstable process are substituted for their mirror-
images and then a minimum-phase system is constructed is
called mirror-injection process.

In order to obtain better results, normalizing (23) is
as follows.

G s =G0 s G1 s = 3 25/0 78
s 1/0 78s − 1

1
0 25s + 1 , 23

After mirror-mapping, (24) is acquired as follows.

G s =G 0 s G1 s = 3 25/0 78
s 1/0 78s + 1

1
0 25s + 1 24

From the bode plots of the two system models in
Figure 4, it can be seen that their spectrums are similar.
The root locus of G s is shown in Figure 5. There are
no poles in the RHP. The closed-loop system step
response curve of the controlled plant without perturba-
tion is shown in Figure 6. The system steady-state error
is 0, so the system is stable.

5.3. Controller Design. The controller is designed with
closed-loop gaining shaping algorithm (CGSA). CGSA is
a simplified H∞ mixed sensitivity algorithm [10] by shap-
ing directly the singular value curves of S (the sensitivity
function) and T (the complementary sensitivity function).
According to the H∞ robust control theory, the closed-
loop frequency spectrum (i.e., equal to T) of a typical con-
trol system has a low pass characteristics to guarantee
robust performance. The frequency asymptote of the fre-
quency spectrum determines how much the system is sen-
sitive to the frequency outside the valid frequency
bandwidth, that is, the disturbance frequency. In order to
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obtain better robustness and appropriate order form, the
slope −40 dB/dec is adopted which can be derive from
Figure 4, so bandwidth frequency is 1/T1 (here T1 =0.2).

The controller is designed through shaping the fre-
quency spectrum curve of T which can be approximately
regarded as the frequency spectrum curve of a second-
order inertial system with the largest singular value of 1.
This is equal to the condition that the damping ratio is
1 compared to a standard oscillating second-order system,
so it guarantees that there is no peak value in the fre-
quency spectrum of T . According to the closed-loop gain
shaping algorithm in [10], then (25) is obtained.

1
T1s + 1 2 = GK

1 + GK
, K = 1

GT1s T1s + 2 25

The S&T singular value curves of the controlled plant are
shown in Figure 7. It is shown that the designed controller
has better robustness from the aspect of H∞ control mix
sensitivity algorithm.

To eliminate the steady-state error, a minor constant ɛ
(0.001) is added into the denominator of the G0 s Then
(26) is obtained.

G 0 s = 3 25/0 78
s 1/0 78s + 1 + ε

26

Thus, substitute (26) into (24) and (25), according to
closed-loop gain shaping algorithm, a linear proportional-
integral-differential (PID) plus the first order filter control-
ler is obtained.

K1 =
1

T1s + 2
1/0 78

3 25/0 78T1
s + 1

3 25/0 78T1
+ ε

3 25/0 78T1s

27

Actually, ɛ< 0.001 is the smallest constant; ɛ can derive
the integral effect for the designed controller and it also
reproduces the effect of uncertain constant disturbance upon
the closed-loop system. In order to eliminate the effect of
G1 s , (28) is obtained.

K = 0 25s + 1
T1s + 2

1/0 78
3 25/0 78T1

s + 1
3 25/0 78T1

+ ε

3 25/0 78T1s

28

The block diagram of pressure difference control for
insulating spaces is shown in Figure 8. G s in (19) is
substituted into Figure 8.

6. Simulation and Analysis

In order to verify the effectiveness of the controller in this
paper, a comparative experiment is conducted. The com-
pared control scheme comes from the literature [27]. The
compared law is derived from (29) which is designed as 2-
DOF structure based on modified Smith predictor and
includes two parts: Kf f s and K s .

K f f s = 1 982 0 20s2 + 0 77s + 1
5 342 0 25s3 + 0 99s2 + 1 64s ,

K s = 5 02s2 + 1 28s + 1 98
0 12s2 + 1 282s

29

The block of 2-DOF structure control laws based on
modified Smith predictor is shown in Figure 9. F s is a filter.

The comparative results are given in Figures 10–12. The
real line represents control performance by using the pro-
posed method. The dashed line describes the control perfor-
mance in [27]. Figure 10 shows that the rise time of response
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(Tr) is shorter than the later one. Also, the percent overshoot
in the proposed scheme is 2.51% lower than that in 2-DOF
scheme. The setting time (Ts) to reach its output final value
is obviously shorter than the later one. The compared results
are shown in Table 3.

In order to verify the robustness of the proposed scheme,
disturbances are added at 30 s. Disturbance of the step signal
−1 is added at 30 s as shown in Figure 11. The disturbance of
ramp signal is added in Figure 12. The comparison of output
responses is presented in Figures 11 and 12.

From the results of the simulation above, it is obvious
that the proposed scheme in this paper can tackle the load
disturbances along with the control input more efficiently.
In addition, the time delay is treated by one order Padé
approximation. But the simulation uses the original time
delay term. That means the controlled plant has a certain
perturbation. The results show that the proposed control
scheme has better control performance and robustness. The
designed controller order use lower order and easy to be real-
ized. The control law proposed in this paper has a quick
adjust in time and strong anti-interference ability and can
quickly recover to the initial control state after the distur-
bance is introduced. The control performance is satisfactory
and the proposed control method is robust.

7. Conclusion

This paper establishes a mechanism model based on thermo-
dynamics and dynamics for LNG carrier cargo handling sys-
tem. Models are validated with actual data from LNG ship
“Dapeng.” Results show that the model outputs are basically
consistent with actual situation, and the system is controlla-
ble. To control the gas pressure, a robust controller is
designed with the closed-loop gain shaping algorithm by
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Figure 9: The block diagram of pressure control for the insulation space.
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mirror-mapping method. Insulation space is taken as con-
trolled plant. Comparative simulations are conducted by
comparing with the 2-DOF structure based on modified
Smith predictor. The results show that the scheme proposed
in this note has stronger robustness and steady-state perfor-
mance. The mathematical models established in this paper
can be applied to the LNG carrier handling simulator. And
it also helpful to shipbuilding and optimizing the process of
handling. The control scheme proposed in this paper can
be used for other system models and provides a good refer-
ence for LNG control system design.
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Economic dispatch (ED) plays an important role in power system operation, since it can decrease the operating cost, save energy
resources, and reduce environmental load. This paper presents an improved particle swarm optimization called biogeography-
based learning particle swarm optimization (BLPSO) for solving the ED problems involving different equality and inequality
constraints, such as power balance, prohibited operating zones, and ramp-rate limits. In the proposed BLPSO, a biogeography-
based learning strategy is employed in which particles learn from each other based on the quality of their personal best
positions, and thus it can provide a more efficient balance between exploration and exploitation. The proposed BLPSO is
applied to solve five ED problems and compared with other optimization techniques in the literature. Experimental results
demonstrate that the BLPSO is a promising approach for solving the ED problems.

1. Introduction

Economic dispatch (ED) is an important optimization task in
power system operation and planning. The main objective of
ED problems is to allocate generation among the committed
generating units so as to meet the required load demand at
minimum operating cost, with various physical constraints
[1]. The cost of power generation is high, and economic dis-
patch can help in saving a significant amount of revenue [2].

In the original ED problem, the cost function for each
generation unit is approximately represented by a single qua-
dratic function, and traditional approaches based on mathe-
matical programming techniques have been utilized to solve
the ED problem, including the lambda-iteration method,
gradient method, Newton’s method, linear programming,
interior point method, and dynamic programming [3–5].
Usually, these methods are highly sensitive to starting points
and rely on the assumption that the cost function needs to be
continuous and convex. However, the practical ED problems

exhibit nonconvex and nonsmooth characteristics because of
valve-point effects, ramp-rate limit, multifuel cost, prohib-
ited operating zones, and so on [6]. The traditional methods
are not capable of efficiently solving the ED problems with
these characteristics.

In the past decades, more and more researchers are turn-
ing to metaheuristic search (MS) algorithms for solving the
ED problems. These methods have the ability to identify
higher-quality solutions and can be grouped into three cate-
gories, as original, improved, and hybrid MS algorithms.

The first category consists of methods applied in their
original version, such as genetic algorithm (GA) [7], parti-
cle swarm optimization (PSO) [8], differential evolution
(DE) [9], ant colony optimization (ACO) [10], harmony
search (HS) [11], artificial bee colony (ABC) [12], teaching-
learning-based optimization (TLBO) [13], gravitational
search algorithm (GSA) [14], firefly algorithm (FA) [15],
biogeography-based optimization (BBO) [16, 17], bacterial
foraging optimization (BFO) [18], imperialist competitive
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algorithm (ICA) [19], seeker optimization algorithm (SOA)
[20], grey wolf optimization (GWO) [21], backtracking search
algorithm (BSA) [22], and root tree optimization (RTO) [23].

The second refers to improved or modified methods
derived from the original version, and the following are
included: self-adaptive real-coded genetic algorithm (SARGA)
[24], random drift PSO (RDPSO) [25, 26], fuzzy adaptive
modified PSO (FAMPSO) [27], improved differential evolu-
tion (IDE) [28], shuffled differential evolution (SDE) [29],
improved harmony search (IHS) [30], modified artificial bee
colony (MABC) [31], incremental artificial bee colony (IABC)
[32], ramp-rate biogeography-based optimization (RRBBO)
[33], dynamic nondominated sorting biogeography-based
optimization (Dy-NSBBO) [34], multistrategy ensemble
biogeography-based optimization (MsEBBO) [35], and modi-
fied group search optimizer (MGSO) [36].

The third is the hybrid method in which two or more
optimization techniques are combined, including hybrid
genetic algorithm (HGA) [37], chaotic PSO with sequential
quadratic programming (CPSO-SQP) [38], hybrid PSO and
gravitational search algorithm (HPSO-GSA) [39], hybrid
differential evolution algorithm based on PSO (DEPSO)
[40], hybrid differential evolution with biogeography-based
optimization (DE/BBO) [41], hybrid chemical reaction
optimization with differential evolution (HCRO-DE) [42],
and hybrid imperialist competitive-sequential quadratic pro-
gramming (HIC-SQP) [43].

In this paper, an improved PSO algorithm with
biogeography-based learning strategy is proposed to solve
the ED problems. The main contributions of this paper are
listed as follows:

(1) A biogeography-based learning particle swarm
optimization (BLPSO) algorithm which employs a
biogeography-based learning strategy (BLS) is pre-
sented. The computational complexity of BLPSO is
also analyzed.

(2) By combining the feature of EDproblems, theBLPSO-
based economic dispatch method is developed.

(3) BLPSO is applied to solve five ED problems with
various practical constraints, and the experimental
results demonstrate that the proposed method can
obtain promising results for ED problems.

This paper is organized as follows: Section 2 briefly
introduces the formulation of ED problems. Section 3
introduces the original PSO and its three variants. In addi-
tion, a biogeography-based learning particle swarm optimi-
zation algorithm is presented in this section. Section 4
addresses the implementation of BLPSO for solving ED
problems. Section 5 provides the experimental results on five
test systems. Finally, the paper is concluded in Section 6.

2. Formulation of ED Problems

The objective of the ED problem is to minimize the fuel cost
of thermal power plants for a given load demand subject to
various physical constraints.

2.1. Objective Function. The traditional fuel cost or objective
function of the ED problem is the quadratic fuel cost equa-
tion of the thermal generating units and is given by

min  F = 〠
Ng

j=1
Fj Pj = 〠

Ng

j=1
aj + bjPj + cjP

2
j , 1

where Ng is the total number of generating units or gen-
erators, Fj Pj is the cost function of the jth generating
unit ($/hr), Pj is the real output of the jth generating units
(in MW), and aj, bj, and cj are fuel cost coefficients of the
jth generator.

In some ED problems, the admission valves control the
steam entering the turbine through separate nozzle groups.
When the valve opens, the fuel cost will increase dramatically
because of the wire drawing effect, and this makes the practi-
cal objective function have many nondifferentiable points
[44]. Therefore, the fuel cost function often contains many
nonsmooth ripple curves due to the presence of valve-point
effects. The objective function when the valve-point effect is
taken into account is represented as

min  F = 〠
Ng

j=1
Fj Pj = 〠

Ng

j=1
aj + bjPj + cjP

2
j

+ ej sin f j Pmin
j − Pj ,

2

where ej and f j are nonsmooth fuel cost coefficients of the jth

generator with valve-point effects and Pmin
j is the minimum

power generation limit of the jth generator (in MW).

2.2. Optimization Constraints

2.2.1. Power Balance Constraint. The total generated power
should be equal to the sum of the total system demand (PD)
and the total transmission network loss (PL):

〠
Ng

j=1
Pj = PD + PL 3

The B coefficient method is widely utilized to calculate
the total transmission network loss PL. In such a way, PL
can be calculated as follows:

PL = 〠
Ng

j=1
〠
Ng

i=1
PjBjiPi + 〠

Ng

j=1
B0jPi + B00, 4

where Bji, Bj0, and B00 are the loss coefficients or B coeffi-
cients. It can be seen that Bji is an Ng ×Ng matrix.

2.2.2. Power Generation Limits. The power generation
of each generator should be within its minimum and
maximum limits:

Pmin
j ≤ Pj ≤ Pmax

j , 5
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where Pmin
j and Pmax

j are the minimum and maximum power
generation limits of the jth generator.

2.2.3. Ramp-Rate Limits. The physical limitations of starting
up and shutting down of generators impose ramp-rate limits,
which are modeled as follows. The increase in generation is
limited by

Pj − P0
j ≤UR j 6

Similarly, the decrease is limited by

P0
j − Pj ≤DR j, 7

where P0
j is the previous output power and URj and DRj

are the up-ramp limit and the down-ramp limit of the jth
generator, respectively.

Combining 6 and 7 with 5 results in the change of the
effective operating or generation limits to

max Pmin
j , P0

j −DRj ≤ Pj ≤min Pmax
j , P0

j +URj 8

2.2.4. Prohibited Operating Zones. The prohibited operating
zones (POZ) are due to steam valve operation or vibration

1 Input: particle index i immigration rate λk and emigration rates μk
2 Output: learning exemplar indices τi = τi 1 ,… , τi d ,… , τi D
3 For k = 1 to D Do // for each dimension
4 If rand < λrank i Then
5 Utilize a roulette wheel to select a particle index j with probability ∝ μrank j ;

6 τi k = j; // learn from other particle
7 Else
8 τi k = i; // learn from itself
9 End If
10 End For
11 If τi k = i in all dimension Then
12 Randomly select a particle index l l ≠ i ;
13 Randomly select a dimension d;
14 τi d = l;
15 End If
16 Return τi = τi 1 ,… , τi d ,… , τi D

Algorithm 1: (biogeography-based exemplar generation method).

1 Stage 1: Initialization
2 For each particle i = 1, 2,… ,N Do
3 Initialize position xi and velocity vi;
4 Evaluate the fitness f xi and store the personal best position pbesti;
5 Generate the learning exemplar indices τi using Algorithm 1;
6 Set the refreshing gap G;
7 End For
8 Stage 2: Main loop
9 For each particle i = 1, 2,… ,N Do
10 If the stagnation number stagnated i >G Then
11 Generate the exemplar vector index τi using Algorithm 1;
12 Set stagnated i = 0;
13 End If
14 Update velocity vi using Eq.16;
15 Update position xi using Eq.17;
16 Evaluate the new position f xi ;
17 If xi is better than pbesti Then
18 Set pbesti = xi, stagnated i = 0;
19 Else
20 stagnated i = stagnated i + 1;
21 End If
22 End For
23 Store swarm’s gbest with the best pbesti
24 Stage 3: If the stop criterion is satisfied, the process is terminated. Otherwise, return to Stage 2.

Algorithm 2: (BLPSO).
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in shaft bearing. The feasible operating zones of the jth gen-
erator can be described as follows:

Pj ∈

Pmin
j ≤ Pj ≤ Pl

j,1,

Pu
j,k−1 ≤ Pj ≤ Pl

j,k,
Pu
j,nj−1 ≤ Pj ≤ Pmax

j ,

k = 2, 3,… , nj, j = 1, 2,… ,Ng,

9

where nj is the number of prohibited zones of the jth gener-

ator. Pl
j,k and P

u
j,k are the lower and upper power output of the

kth prohibited zone of the jth generator, respectively.
Combining the equations from 2 to 9, the ED problem

can be formulated as

min  F = 〠
Ng

j=1
Fj Pj = 〠

Ng

j=1
aj + bjPj + cjP

2
j

+ ej sin f j Pmin
j − Pj ,

s t  〠
Ng

j=1
Pj = PD + PL,

max   Pmin
j , P0

j −DRj ≤ Pj ≤ Pl
j,1,

Pu
j,k−1 ≤ Pj ≤ Pl

j,k,

Pu
j,k−1 ≤ Pj ≤min Pmax

j , P0
j +URj ,

k = 2, 3,… , nj, j = 1, 2,… ,Ng

10

3. Particle Swarm Optimization and Its
Three Variants

3.1. Particle Swarm Optimization. The PSO algorithm is a
population-based metaheuristic algorithm which was firstly

proposed by Eberhart and Kennedy [45]. It is based on
the swarm intelligence theory, and the fundamental idea
is that the optimal solution can be found through cooper-
ation and information sharing among individuals in the
swarm. In the past decade, PSO has gained increasing
popularity due to its effectiveness in performing difficult
optimization tasks.

In PSO, each individual is treated as a particle in the
D-dimensional space, with a position vector xi t = xi1 t ,
xi2 t ,… , xiD t and a velocity vector vi t = vi1 t , vi2 t ,
… , viD t . The particle updates its velocity and position
according to the following equations:

vij t + 1 =wvij t + c1r1 pbestij t − xij t

+ c2r2 gbestj t − xij t ,
11

xij t + 1 = xij t + vij t , 12

where pbesti t = pbesti1 t , pbesti2 t ,… , pbestiD t is the
personal best position of particle i; gbest t = gbest1 t , gbe
st2 t ,… , gbestD t is the position of the best particle in
the population; w is the inertia weight; c1 and c2 are acceler-
ation coefficients; and r1 and r2 are two random real numbers
distributed uniformly within [0,1].

3.2. Comprehensive Learning Particle Swarm Optimization.
Liang et al. [46] proposed a comprehensive learning PSO
(CLPSO) which uses a novel comprehensive learning strategy
whereby all other particle personal best positions are used to
update a particle velocity. This strategy can preserve the
diversity of the swarm to discourage premature convergence.
CLPSO uses the following velocity updating equation:

vij t + 1 =wvij t + cr1 pbestτi j ,j t − xij t , 13

1 Initialize a set I = 1, 2,… ,D
2 If ∑Ng

j=1Pij ≤ PD + PL Then
3 Randomly select a component k from the set I;
4 While Pik = Pmax

i

5 Exclude k from I, and let the new set be I′;
6 Randomly select a component k′ from I′;
7 k = k′, I = I′;
8 End While

9 Add an amount w = ∑Ng
j=1Pij ≤ PD − PL to Pik, such as Pik =min Pik +w, Pmax

i ;

10 Else If ∑Ng
j=1Pij ≤ PD + PL

11 Randomly select a component k from the set I;
12 While Pik = Pmin

i

13 Exclude k from I, and let the new set be I′;
14 Randomly select a component k′ from I′;
15 k = k′, I = I′;
16 End While

17 Add an amount w = ∑Ng
j=1Pij ≤ PD − PL to Pik, such as Pik =max Pik +w, Pmin

i ;
18 End If

Algorithm 3: (the repair operator for power balance constraint).
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where pbestτi t = pbestτi 1 ,1 t , pbestτi 2 ,2 t ,… , pbestτi
D ,D t is the learning exemplar for particle i and τi =
τi 1 , τi 2 ,… , τi D is the learning exemplar indices for
particle i, which is generated based on tournament selec-
tion procedure. The CLPSO does not introduce any com-
plex operations to the original simple PSO framework, and
the main difference from the original PSO is the velocity
update equation.

3.3. Social Leaning Particle Swarm Optimization. Cheng
and Jin [47] proposed a social learning PSO (SLPSO)
inspired by learning mechanisms in social learning of ani-
mals. The SLPSO is performed on a sorted swarm, and
particles learn from any better particles in the current
swarm. The particles learn from different particles based on
the following equations:

xij t + 1 =
xij t + Δxij t if pi t ≤ PL

i ,
xij t , otherwise,

14

Δxij t + 1 = r1Δxij t + r2 xkj t − xij t

+ r3ε xj t − xij t ,
15

where PL
i is the learning probability for particle i, pi t is

a randomly generated probability that satisfies 0 ≤ pi t ≤
PL
i ≤ 1, xkj t is the demonstrator of particle i in the jth

dimension, xj t =∑N
i=1xij/N is the mean position of the all

particles in the current swarm, and ε is the social influence
factor. In addition, the SLPSO adopts dimension-dependent
parameter control methods to determine the three parame-
ters, that is, the swarm size N , PL

i the learning probability,
and the social influence factor ε.

3.4. Biogeography-Based Learning Particle Swarm
Optimization. In this paper, a biogeography-based learning
particle swarm optimization (BLPSO) which employs a new
biogeography-based learning strategy (BLS) [48] is proposed
for the ED problems.

Table 1: Table of abbreviations.

Optimization algorithms Abbreviation

Backtracking search algorithm BSA

Biogeography-based optimization BBO

Chaotic bat algorithm CBA

Chaotic improved honey bee mating optimization CIHBMO

Continuous quick group search optimizer CQGSO

Differential evolution DE

Enhanced Hopfield neural network EHNN

Firefly algorithm FA

Genetic algorithm-ant colony optimization GAAPI

Group search optimizer GSO

Honey bee mating optimization HBMO

Hybrid chemical reaction optimization
with differential evolution

HCRO-DE

Hybrid differential evolution with
biogeography-based optimization

DE/BBO

Harmony search HS

Hopfield modeling framework HM

Hybrid harmony search HHS

Hybrid differential evolution with
biogeography-based optimization

DE/BBO

Hybrid differential evolution with particle
swarm optimization

DEPSO

Immune algorithm IA

Improved differential evolution IDE

Improved orthogonal design particle swarm
optimization-global version

IODPSO-L

Improved orthogonal design particle swarm
optimization-local version

IODPSO-G

Improved random drift particle swarm optimization IRDPSO

Modified artificial bee colony MABC

Multiple tabu search MTS

Multistrategy ensemble biogeography-based
optimization

MsEBBO

New particle swarm optimization New-PSO

New particle swarm optimization
with local random search

NPSO-LRS

Oppositional invasive weed optimization OIWO

Oppositional real-coded chemical reaction
optimization

ORCCRO

Particle swarm optimization PSO

Particle swarm optimization with chaotic
sequences and crossover operator

CCPSO

Particle swarm optimization with
time-varying acceleration coefficients

PSO-TVAC

Random drift particle swarm optimization RDPSO

Self-tuning improved random drift particle
swarm optimization

ST-IRDPSO

Simulated annealing SA

Stochastic weight trade-off particle swarm
optimization

SWT-PSO

Tabu search TS

Table 2: Optimal generations and cost obtained by BLPSO for test
system 1 (6-unit system, PD = 1263 MW).

Unit Pmin
j Pmax

j POZ Generation

1 100 500
(210, 240);
(350, 380)

447.0682

2 50 200
(90, 110);
(140, 160)

173.5899

3 80 300
(150, 170);
(210, 240)

263.2341

4 50 150
(80, 90);
(110, 120)

142.6879

5 50 200
(90, 110);
(140, 150)

162.5776

6 50 120
(75, 85);
(100, 105)

86.5033

Cost ($/hr) 15447.34

Transmission loss (MW) 12.6619
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3.4.1. Biogeography-Based Learning Strategy. BLS is inspired
from both from the comprehensive learning strategy of
CLPSO [46] and biogeography-based optimization [49, 50].
It has two characteristics:

(1) Each particle updates itself by using the combina-
tion of its own personal best position and per-
sonal best positions of all other particles, which
is similar to the comprehensive learning strategy
of CLPSO. This updating method enables the diver-
sity of the swarm to be preserved to discourage
premature convergence.

(2) The migration operator of biogeography-based opti-
mization is used to generate the learning exemplar
for each particle, in which a ranking technique is
employed to make particles learn more from particles
with high-quality personal best positions. This can
provide a more effecient balance between exploration
and exploitation for the new PSO algorithm.

In BLS, each particle updates its velocity and position
according to the following equations:

Table 3: Comparison of fuel costs and statistical results for test system 1 (6-unit system, PD = 1263 MW).

Algorithm Minimum cost ($/h) Mean cost ($/h) Maximum cost ($/h) Standard deviation Time (s)

NPSO-LRS [54] 15,450 15,454 15,452 NA NA

MTS [55] 15450.06 15451.17 15450.06 0.9287 1.29

TS [55] 5454.89 15472.56 15454.89 13.7195 20.55

SA [55] 15461.1 15488.98 15461.1 28.3678 50.36

GAAPI [56] 15449.78 15449.81 15449.85 NA NA

HCRO-DE [42] 15443.075 15443.327 15443.916 0.067 4.17

DE [57] 15449.5826 15449.62 15449.6508 NA 3.634

MABC [31] 15449.8995 15449.8995 15449.8995 6.04E-08 0.62

CBA [58] 15450.2381 15454.76 15518.6588 2.965 0.704

RDPSO [26] 15449.89 15458.01 NA 13.647 0.707

IRDPSO [26] 15449.89 15456.55 NA 10.9865 0.676

ST-IRDPSO [26] 15449.89 15450.7 NA 1.416 0.727

CLPSO 15447.72 15449.83 15452.88 1.28 0.48

SLPSO 15447.34 15447.46 15447.62 0.08 0.84

BLPSO 15447.34 15447.45 15447.67 0.09 0.50

NA means the data are not available in the literature.
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Figure 1: Convergence characteristics for test system 1.

Table 4: Optimal generations and cost obtained by BLPSO for test
system 2 (15-unit system, PD = 2630 MW).

Unit Pmin
j Pmax

j Generation

1 150 455 455.0000

2 150 455 450.0000

3 20 130 130.0000

4 20 130 130.0000

5 150 470 200.0000

6 135 460 460.0000

7 135 465 430.0000

8 60 300 60.0000

9 25 162 35.1998

10 25 160 91.2383

11 20 80 80.0000

12 20 80 80.0000

13 25 85 25.0000

14 15 55 15.0000

15 15 55 15.0000

Cost ($/hr) 32587.33

Transmission loss (MW) 12.6619
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vij t + 1 =wvij t + cr1 pbestτi j ,j t − xij t , 16

xij t + 1 = xij t + vij t , 17

where pbestτi t = pbestτi 1 ,1 t , pbestτi 2 ,2 t ,… , pbestτi
D ,D t is the learning exemplar for particle i; τi = τi 1 ,
τi 2 ,… , τi D is the learning exemplar indices for parti-
cle i, which is generated by the biogeographic migration.

In the biogeographic migration, all particles are firstly
sorted based on the value of their pbest from best to worst
and assigned with ranking values. For a minimization
problem, assume

f pbests1 ≤ f pbests2 ≤⋯ ≤ f pbestsN , 18

where s1 is the subscript of the particle with the best pbest, s2
is the subscript of the particle with the second best pbest, and
sN is the subscript of the particle with the worst pbest; N is
the population size. Then, the rankings of particles are
assigned as below:

rank xsk =N − k, k = 1, 2,… ,N 19

Table 5: Comparison of fuel costs and statistical results for test system 2 (15-unit system, PD = 2630 MW).

Algorithm Minimum cost ($/h) Mean cost ($/h) Maximum cost ($/h) Standard deviation Time (s)

CCPSO [60] 32704.4514 32704.4514 32704.4514 0 16.2

HBMO [59] 32637.6219 32663.19 32676.07 NA 2.8

CIHBMO [59] 32548.58588 32548.58588 32548.58588 NA 3.1

FA [15] 32,704.50 32,856.10 33,175.00 147.17 NA

MsEBBO [35] 32,692.40 32,692.40 32,692.40 0 NA

DEPSO [40] 32588.81 32588.99 32591.49 4.02 1.88 s

SWT-PSO [61] 32704.45 NA NA NA NA

IA [62] 32,698.20 32,750.22 32,823.78 9.3 NA

IODPSO-G [63] 32,692.39 32,692.39 32,692.39 NA NA

IODPSO-L [63] 32,692.39 32,692.39 32,692.39 NA NA

CLPSO 32608.83 32649.9 32705.5 23.13 2.77

SLPSO 32674.25 32707.46 32758.69 14.67 4.93

BLPSO 32587.33 32607.17 32667.2 17.06 2.85

NA means the data are not available in the literature.

×104

×1041 2 3 4 50
FES

CLPSO
SLPSO
BLPSO

3.25

3.26

3.27

3.28

3.29

3.3

3.31

3.32

A
ve

ra
ge

 fu
el

 co
st

Figure 2: Convergence characteristics for test system 2.

Table 6: Optimal generations and cost obtained by the BLPSO for
test system 3 (20-unit system, PD = 2500 MW).

Unit Pmin
j Pmax

j Generation

1 150 600 512.2358

2 50 200 169.7731

3 50 200 126.4272

4 50 200 102.6131

5 50 160 113.9049

6 20 100 73.6208

7 25 125 115.506

8 50 150 116.631

9 50 200 100.2842

10 30 150 105.5532

11 100 300 150.2329

12 150 500 293.3209

13 40 160 118.8701

14 20 130 30.6567

15 25 185 115.3421

16 20 80 36.2973

17 30 85 67.0567

18 30 120 87.9775

19 40 120 101.2398

20 30 100 54.4584

Cost ($/hr) 62456.58

Transmission loss (MW) 92.0046
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Second, immigration and emigration rates are assigned
for all particles. The immigration and emigration rates for
all particles can be calculated as follows:

λ xsk = 1 − N − k
N

2
,

μ xsk = N − k
N

2
,

k = 1, 2,… ,N

20

According to 20, the solution xs1 with the best pbests1 will
have the lowest immigration rate and highest emigration
rate; and the solution xsN with the worst pbestsN will have
the highest immigration rate and lowest emigration rate.

Third, the biogeography-based exemplar indices τi =
τi 1 , τi 2 ,… , τi D for particle i can be generated based
on the biogeography-based exemplar generation method,
see Algorithm 1.

3.4.2. Procedures of BLPSO. Using the BLS, the procedures of
BLPSO can be outlined in Algorithm 2. It can be seen from
Algorithm 2 that the structure of BLPSO is as simple as the
classic PSO.

In addition, based on lines 10–13 in Algorithm 2, it can
be seen that Algorithm 1 is executed to generate new learn-
ing exemplar indices τi only when there is a stagnation for
G generations, which is used to save computational cost of
the BLPSO. In other words, if new learning exemplar indi-
ces τi are generated for all particles in each generation,
Algorithm 2 will be executed too frequently, and this may
cost a large computational time, which is inappropriate
for real-world ED problems.

3.4.3. Remarks

(1) Complexity Analysis. The computational costs of the
original BLPSO algorithm involve the initialization (T ini),
biogeography-based exemplar generation method (Tbio),
velocity and position update (Tupd), and evaluation (Teva)
for each particle. Assume D is the dimensionality of the

optimization problem, N is the population size, and maxF
ES is maximum number of functional evaluations allowed
for the algorithm. The complexity of initialization, velocity
and position update, and evaluation are O D , O 2D , and
O D , respectively. The computational costs of biogeography-
based exemplar generation method Tbio include population
sorting O N · log N , ranking assignment O N , immi-
gration and emigration rate assignment O 2N , and
migration operator O N ·D . Therefore, Tbio =O N · log
N + O N + O 2N + O N · D =O 3N + N · log N +
N ·D .

The total computational complexity of BLPSO is
TBLPSO = T ini + Teva + Tupd + 1/G Tbio · maxFE =O D +
D + 2D + 3N +N · log N + N · D /G · maxFES . In
general, the population size N is often set to be propor-
tional to the problem dimension D (i.e., N = kD) [47].
Thus, the complexity of BLPSO is TBLPSO =O D + D + 2
D + 3kD + kD · log kD + kD2 /G · maxFES =O D2 ·
maxFES .

Table 7: Comparison of fuel costs and statistical results for test system 3 (20-unit system, PD = 2500 MW).

Algorithm Minimum cost ($/h) Mean cost ($/h) Maximum cost ($/h) Standard deviation Time (s)

EHNN [65] 62,610 NA NA NA 0.11

λ-iteration [64] 62456.6391 NA NA NA 33.757

HM [64] 62456.6341 NA NA NA 6.355

GSO [66] 62456.6332 62456.6336 62456.6353 NA 30.45

CQGSO [66] 62456.633 62456.6331 62456.63337 NA 11.13

BBO [22] 62456.7793 62456.7928 62456.7928 NA NA

BSA [22] 62456.6925 62457.1517 62458.1272 NA 14.477

CBA [58] 62456.6328 62456.6348 62501.6714 0.3879 1.16

CLPSO 62456.44 62456.84 62457.10 0.17 2.68

SLPSO 62456.92 62457.38 62458.06 0.28 3.80

BLPSO 62456.58 62456.64 62456.65 0.01 2.75

NA means the data are not available in the literature.
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Figure 3: Convergence characteristics for test system 3.
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(2) Compared with Previous Hybrid PSO/BBO Algorithms.
Several hybrid PSO/BBO algorithms have been proposed in
the literature. For example, Guo et al. [51] presented a
biogeography-based particle swarm optimization with fuzzy
elitism (BPSO-FE) for constrained engineering problems.
In this BPSO-FE algorithm, the whole population is split into
several subgroups, and BBO is employed to search within
each subgroup while PSO for the global search. Mo and Xu
[52] applied the position updating strategy of PSO to increase

the diversity of population in BBO and develop a biogeogra-
phy particle swarm optimization algorithm (BPSO) to opti-
mize the paths in path network. However, there are some
differences between BLPSO and them. First, the hybrid strat-
egies of BLPSO, BPSO-FE, and BPSO are different. In
BLPSO, the biogeography-based migration is used to gener-
ate the learning exemplar for each particle; while in BPSO-
FE and BPSO, the biogeography-based migration is used as
search operator. Second, the application areas of BLPSO,
BPSO-FE, and BPSO are different. BLPSO is presented for
ED problems, while BPSO-FE and BPSO are proposed for
classical engineering optimization problems and robot path
planning, respectively.

4. Implementation of BLPSO for ED Problems

When solving the ED problems using BLPSO, the following
three important issues should be considered: initialization
of population, constraint handling, and stopping criterion.

4.1. Initialization of Population. In BLPSO, each individual of
the population is a solution of an ED problem. If there areNg

units that must be operated to provide power to load, then
the current position of the ith particle can be given by

Xi = Pi1, Pi2,… , Pij,… , PiNg
, k = 1, 2,… ,N , 21

where N is the population size, j is index of the generating
unit, and Pij is the generation power output of the jth gener-
ating unit in the ith particle.

4.2. Constraint Handling. One of the most important issues
in solving ED problems is how to handle the quality and
inequality constraints. There are four types of constraints in
the ELD problems: power generation limits, ramp-rate limits,
prohibited operating zone, and power balance constraint.

For power generation limit and ramp-rate limit con-
straints, the following strategy is employed:

Pij =

max Pmin
j , P0

j −DRj if Pij ≤max Pmin
j , P0

j −DRj ,

min Pmax
j , P0

j +URj if Pij ≥min Pmax
j , P0

j +URj ,

Pij, otherwise
22

For prohibited operating zone constraints, if Pij is located

in the kth prohibited operating zone, that is, Pl
j,k ≤ Pij ≤ Pu

j,k, it
is truncated to the closest boundary of the kth prohibited
operating zone as follows:

Pij =
Pl
j,k if Pl

j,k < Pij ≤
Pl
j,k + Pu

j,k

2 ,

Pu
j,k if

Pl
j,k + Pu

j,k

2 < Pij < Pu
j,k,

23

Table 8: Optimal generations and cost obtained by the BLPSO for
test system 4 (38-unit system, PD = 6000 MW).

Unit Pmin
j Pmax

j Generation

1 220 550 426.5025

2 220 550 426.7865

3 200 500 429.5064

4 200 500 429.6401

5 200 500 429.7661

6 200 500 429.5265

7 200 500 429.7083

8 200 500 429.5542

9 114 500 114

10 114 500 114

11 114 500 119.7279

12 114 500 127.1661

13 110 500 110

14 90 365 90

15 82 365 82

16 120 325 120

17 65 315 159.6378

18 65 315 65

19 65 315 65

20 120 272 272

21 120 272 272

22 110 260 260

23 80 190 130.682

24 10 150 10

25 60 125 113.3391

26 55 110 88.0312

27 35 75 37.5497

28 20 70 20

29 20 70 20

30 20 70 20

31 20 70 20

32 20 60 20

33 25 60 25

34 18 60 18

35 8 60 8

36 25 60 25

37 20 38 21.7594

38 20 38 21.0902

Cost ($/hr) 9417208.19
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where Pl
j,k and Pu

j,k denote the lower and the upper bounds of
prohibited operation zone k of generator j, respectively.

For the power balance constraint, a repaired opera-
tor together with a common penalty is employed [28]. The
repaired operator is shown in Algorithm 3, and the objective
function becomes

min  F = 〠
Ng

j=1
Fj Pj + K 〠

Ng

j=1
Pj − PD − PL , 24

where K is the penalty coefficient and the penalty term

∑
Ng

j=1Pj − PD − PL is the measure of violation of the equality
constraint.

4.3. Stopping Criterion. The BLPSO algorithm will be termi-
nated if the maximum number of functional evaluations ma
xFES is reached.

5. Results and Discussion

To test the effectiveness of the proposed BLPSO algorithm,
five different test systems of varying computational difficulty
levels have been solved using BLPSO. The results obtained by
BLPSO are compared with two PSO algorithms, comprehen-
sive learning PSO (CLPSO) [46] and social leaning PSO
(SLPSO) [47]. The results are also compared with several
techniques reported in the literature whose abbreviations
are listed in Table 1.

To compare the performance of the BLPSO, 50 indepen-
dent trial runs are made, and the statistical results including
the minimum, mean, maximum fuel cost, and standard
deviation, as well as average run time, are tabulated for each
test system. The parameters of BLPSO are set as follows:
population size N = 40, inertia weight w linearly decreases
from 0.9 to 0.2, acceleration coefficient c = 1 496, and
refreshing gap G = 5. The parameters of CLPSO and SLPSO
are set as those recommended in their original papers. The
maximum number of functional evaluations maxFES is set
as 10,000; 50,000; 50,000; 50,000; and 200,000 for the five test
systems, respectively. The programs are implemented in
MATLAB language on a personal computer with a 3.2GHz
processor and 8GB RAM.

5.1. Test System 1. This is a small system comprising 6 gener-
ators and meeting a load demand of 1263MW and includes
transmission loss, POZ, and ramp-rate limits. The system
data are taken from [8, 53] and listed in Table S1. Table 2
presents the optimal generation values and fuel cost
obtained by BLPSO. The obtained optimal cost is 15447.34
$/hr. It can be seen that the generation values satisfy the
generation limit constraints and do not fall in the POZs.

Table 3 shows the comparison of the statistical results of
different algorithms. In the table, the results obtained by
BLPSO are compared with CLPSO, SLPSO, NPSO-LRS
[54], MTS [55], TS [55], SA [55], GAAPI [56], HCRO-DE
[42], DE [57], MABC [31], CBA [58], RDPSO [26], IRDPSO
[26], and ST-IRDPSO [26]. It can be seen that the minimum
and mean fuel costs obtained by BLPSO are similar to SLPSO
and less than all the other methods with the exceptions of

Table 9: Comparison of fuel costs and statistical results for test system 4 (38-unit system, PD = 6000 MW).

Algorithm Minimum cost ($/h) Mean cost ($/h) Maximum cost ($/h) Standard deviation Time (s)

New-PSO [67] 9516448.312 NA NA NA NA

PSO-TVAC [67] 9500448.307 NA NA NA NA

HS [68] 9,419,960 9,421,056 9,427,466 NA 10.02

HHSÂ [68] 9,417,325 9,417,336 9,417,466 NA 5.06

BBOÂ [41] 9417633.638 NA NA NA NA

DE/BBO [41] 9417235.786 NA NA NA NA

MsEBBO [35] 9417235.776 9417235.779 9417235.778 0.0032 NA

IDE [28] 9417235.786 9417235.786 9417235.786 6.00E-09 9.149

CLPSO 9418283.79 9419255.18 9420192.8 526.51 2.86

SLPSO 9418407.11 9419560.62 9425492.54 1312.2 3.53

BLPSO 9417208.19 9417234.16 9417235.9 5.23 2.89

NA means the data are not available in the literature.
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HCRO-DE [42]. In addition, the smaller value of standard
deviation indicates that BLPSO is consistent. It is also
important to note that the BLPSO is very efficient accord-
ing to the average computational time (0.50 s), which is
less than most of other methods. Figure 1 presents the
convergence characteristics obtained by CLPSO, SLPSO,
and BLPSO. From Figure 1, SLPSO has the fastest conver-
gence speed, and BLPSO has the second. Both BLPSO and
SLPSO can converge to the optimal cost after about 6000
functional evaluations.

5.2. Test System 2. This test system consists of 15 generators
meeting a load demand of 2630MW and includes transmis-
sion loss, POZ, and ramp-rate limits. The system data are
taken from [8, 59] and listed in Table S2. Table 4 presents
the optimal generations and the costs obtained. The
optimal cost obtained by BLPSO is 32587.33 $/hr, and the
generations satisfy the generation limit constraints.

Table 5 shows the comparison of the statistical results of
the BLPSO and other algorithms, including CLPSO, SLPSO,
CCPSO [60], HBMO [59], CIHBMO [59], FA [15], MsEBBO
[35], DEPSO [40], SWT-PSO [61], IA [62], IODPSO-G [63],
and IODPSO-L [63]. The minimum and mean fuel costs
obtained by BLPSO are the least of all methods with the
exceptions of HBMO [59]. The average computation time
of BLPSO (2.85 s) is also very small. The convergence charac-
teristics obtained by CLPSO, SLPSO, and BLPSO are plotted
in Figure 2. SLPSO has the fastest convergence speed in the

beginning, but it is surpassed by BLPSO and CLPSO in the
end. Only BLPSO can get the optimal cost in this case.

5.3. Test System 3. This test system consists of 20 generators
supplying a demand of 2500MW. Transmission losses are
included in this system. The cost coefficient and B coefficient
data are taken from [22, 64] and listed in Table S3. Table 6
presents the optimal generation values and fuel cost
obtained by the BLPSO. The optimal obtained fuel cost is
62456.58 $/hr. It is seen that the all the generation limit
constraints are satisfied.

Table 7 shows the comparison of the statistical results
of different algorithms. In the table, the results obtained
by BLPSO are compared with CLPSO, SLPSO, EHNN [65],
λ-iteration [64], HM [64], GSO [66], CQGSO [66], BBO
[22], BSA [22], and CBA [58]. It can be seen that the best fuel
cost obtained by BLPSO is the least of all methods, and the
mean fuel cost is the least of all methods with the sole excep-
tion of CBA [58]. In addition, the standard deviation and
average computation time of BLPSO are both very small.
Again, the BLPSO is efficient for this case. The convergence
characteristics obtained by CLPSO, SLPSO, and BLPSO are
plotted in Figure 3.

5.4. Test System 4. This test system consists of 38 generators,
and the demand of this system is 6000MW. The system data
are taken from [28, 41] and listed in Table S4. Table 8
presents the optimal generation values and cost obtained by

Table 10: Optimal generations and cost obtained by the CBA for test system 5 (110-unit system, PD = 5000 MW).

Unit Generation Unit Generation Unit Generation Unit Generation Unit Generation

1 2.4 23 68.9 45 660 67 70 89 82.7308

2 2.4 24 350 46 616.4766 68 70 90 89.7172

3 2.4 25 400 47 5.4 69 70 91 57.9161

4 2.4 26 400 48 5.4 70 360 92 100

5 2.4 27 500 49 8.4 71 400 93 440

6 4 28 500 50 8.4 72 400 94 500

7 4 29 200 51 8.4 73 105.0721 95 600

8 4 30 100 52 12 74 190.995 96 471.2608

9 4 31 10 53 12 75 90 97 3.6

10 64.6059 32 20 54 12 76 50 98 3.6

11 62.3474 33 80 55 12 77 160 99 4.4

12 36.3769 34 250 56 25.2 78 295.3172 100 4.4

13 56.6463 35 360 57 25.2 79 174.949 101 10

14 25 36 400 58 35 80 98.2904 102 10

15 25 37 40 59 35 81 10 103 20

16 25 38 70 60 45 82 12 104 20

17 155 39 100 61 45 83 20 105 40

18 155 40 120 62 45 84 200 106 40

19 155 41 156.791 63 185 85 325 107 50

20 155 42 220 64 185 86 440 108 30

21 68.9 43 440 65 185 87 13.9066 109 40

22 68.9 44 560 66 185 88 24.4992 110 20

Cost ($/hr) 197988.16
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BLPSO. The optimal cost is 9417208.19 $/hr. It is seen that
the generations satisfy the generation limit constraints.

The results obtained by BLPSO are compared with those
obtained by CLPSO, SLPSO, New-PSO [67], PSO-TVAC
[67], HS [68], HHS [68], BBO [41], DE/BBO [41], MsEBBO
[35], and IDE [28], as shown in Table 9. It can be seen that
the minimum and mean fuel costs obtained by BLPSO are
the least of all the methods. The average computation time
of BLPSO is 2.89 s, smaller than all methods, with the excep-
tion of CLPSO. The convergence characteristics obtained by
CLPSO, SLPSO, and BLPSO are plotted in Figure 4.

5.5. Test System 5. In order to study the performance of the
BLPSO on high-dimensional ED problems, a large system
with 110 generators is considered. The demand of this system
is 15,000MW, and the system data are taken from [69, 70]
and listed in Table S5. Table 10 presents the optimal
generation values and cost obtained by BLPSO. The
optimal cost is 197988.16 $/hr.

Table 11 shows the comparison of the statistical results of
BLPSO and other algorithms, including CLPSO, SLPSO, SAB
[71], SAF [71], SA [71], ORCCRO [72], BBO [72], DE/BBO
[72], and OIWO [69]. The minimum, mean, and maximum
fuel costs obtained by BLPSO are the least of all the methods.
Meanwhile, the smaller value of standard deviation indicates
that BLPSO is consistent. The average computation time of
BLPSO is also very small compared with other methods.
The convergence characteristics obtained by CLPSO, SLPSO,
and BLPSO are presented in Figure 5.

6. Conclusion

This paper has presented a biogeography-based learning par-
ticle swarm optimization (BLPSO) for solving the economic
dispatch (ED) problems, which is nonlinear, nonconvex,
and discontinuous in nature, with numerous equality and
inequality constraints. In the BLPSO, a biogeography-based
learning strategy is used to generate the learning exemplar
for each particle, in which particles learn more from high-
quality particles. The biogeography-based learning strategy
can provide a more effective balance between exploration
and exploitation for the BLPSO.

The BLPSO was applied to five test systems with various
constraints such as power balance, POZs, and ramp-rate
limits. Transmission losses have also been included in some
systems. The experimental results show that the fuel costs
obtained by BLPSO are either comparable or lower than
those reported by other methods. The application to a 110-
unit system shows that the BLPSO is also capable of handling
high-dimensional ED problems.

In the future, we are planning to extend the BLPSO to
solve other more complicated ED problems, such as
dynamical ED problems and environmental ED problems.
We are also interested in applying the BLPSO to other
optimization problems in energy field such as solar photo-
voltaic modeling [73].

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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Table 11: Comparison of fuel costs and statistical results for test system 5 (110-unit system, PD = 15,000 MW).

Algorithm Minimum cost ($/h) Mean cost ($/h) Maximum cost ($/h) Standard deviation Time (s)

SAB [71] 206912.9057 207764.73 NA NA NA

SAF [71] 207380.5164 207813.37 NA NA NA

SA [71] 198352.6413 201595.19 NA NA NA

ORCCRO [72] 198016.29 198016.32 198016.89 NA 0.15

BBO [72] 198241.166 198413.45 199,102.59 NA 115

DE/BBO [72] 198231.06 198326.66 198,828.57 NA 132

OIWO [69] 197989.14 197989.41 197989.93 NA 31

CLPSO 198137.7 198200.37 198257.56 27.88 23.43

SLPSO 198240.4 198351.62 198602.16 96 22.59

BLPSO 197988.16 197988.18 197988.19 0 22.81

NA means the data are not available in the literature.
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This paper proposes an adaptive barrier controller for servomechanisms with friction compensation. A modified LuGre model is
used to capture friction dynamics of servomechanisms. This model is incorporated into an augmented neural network (NN) to
account for the unknown nonlinearities. Moreover, a barrier Lyapunov function (BLF) is utilized to each step in a backstepping
design procedure. Then, a novel adaptive control method is well suggested to ensure that the full-state constraints are within the
given boundary. The stability of the closed-loop control system is proved using Lyapunov stability theory. Comparative
experiments on a turntable servomechanism confirm the effectiveness of the devised control method.

1. Introduction

The high-performance modeling and motion control of ser-
vomechanisms have been of great importance in practical
engineering application and have also drawn significant
attention in academic fields [1–6] due to their compact struc-
ture and efficiency. Nevertheless, the nonsmooth dynamics,
including nonlinear friction [7–9] and dead-zone [10–12],
introduced by transmission devices may deteriorate the
control performance. To reduce the effect of the nonlinear
friction, various control algorithms have been proposed such
as sliding mode technique (SMC) [13–18] and adaptive
control [19–23]. In addition, intelligent control methods
(e.g., fuzzy logic systems (FLS) [24–26] and neural networks
(NN) [27–29]) have also been utilized to approximate the
nonlinearities using their learning abilities. For example, an
adaptive prescribed performance tracking control was devel-
oped for servomechanisms to achieve position tracking [28].
In [26], an adaptive fuzzy control based on command filter
was proposed for nonlinear systems, and an adaptive neural
network control method was devised for permanent magnet
synchronous motor (PMSM) system [19].

Moreover, the unknown disturbances can also deterio-
rate the control precision of servomechanisms. To overcome

this issue, an effective method is to design a disturbance
observer (DOB) to estimate the unknown disturbances
[30–32]. In [31], Ohnishi proposed a DOB-based control
method. Then, the disturbance observer technique-based
control methods were widely utilized in practice. In [32], a
neural network disturbance observer (NNDOB) was devel-
oped for servosystem to estimate the unknown dynamics.
In [33], a nonlinear disturbance observer (NDOB) was
devised for robotic manipulators to compensate for the
unknown friction. Recently, Han proposed a new distur-
bance estimation technique named extended state observer
(ESO) [34]. The main feature is that the ESO can not only
estimate the unmeasured system states but also observe the
unknown disturbances. The ESO has been widely applied in
many control fields [35–39]. In [40], an ESO was employed
to estimate mismatched disturbances of power converter sys-
tems. In [41], an ESO was used to observe state vectors and
system uncertainties and an adaptive controller was designed
using the feedback linearization method for a robotic system.
In [42], to estimate unknown disturbances and system uncer-
tainties, an event-triggered active disturbance rejection con-
trol (ADRC) was proposed for physical servosystems. In
[1], an ESO based on an adaptive funnel control scheme
was developed to achieve position tracking control of
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servomechanisms, where the ESO was used to estimate the
unknown disturbance and system states. Although the afore-
mentioned control methods can improve the control perfor-
mance of the servosystem, it is noted that the transient
performance can not be guaranteed.

In recent years, a new constraint function called pre-
scribed performance function (PPC) was proposed by
Rovithakis et al. in [43, 44]. The main feature of this tech-
nique is to provide the prescribed performance function
(PPF) so that the tracking error of an original nonlinear sys-
tem can be transformed into a new error of a transformed
system. Then, the tracking error can be guaranteed within a
given prescribed boundary. The PPC method has been
widely applied in practice such as vehicle active suspension
systems [45, 46], unmanned surface vehicle systems [47],
nonlinear systems [48, 49], fault-tolerant control [50], and
robot manipulators [51]. On the other hand, the barrier Lya-
punov function (BLF) is used as a constraint control which is
utilized to transform the error into a new error without con-
straint [52]. In [53], a boundary controller with BLF was pro-
posed for flexible marine riser to suppress the riser vibration.
In [54], a BLF is used to constraint the error and integrated
into the adaptive backstepping control design to guarantee
the states within the barrier. A BLF-based learning control
was presented for hypersonic flight vehicle with AOA con-
straint and actuator faults [55]. In [56], an adaptive BLF con-
troller was devised for PMSM with full-state constraints. An
adaptive neural control strategy was designed for multiple
input multiple output (MIMO) nonlinear systems with vari-
ous constraints [57].

This paper proposes an adaptive barrier control method
for servomechanisms with friction compensation. A modi-
fied continuous friction model is developed to capture the
friction dynamics. The NN is employed to estimate unknown
dynamics (e.g., nonlinear friction, external disturbances,
and system uncertainties) and is incorporated into an adap-
tive controller to reduce the effect of unknown dynamics.
Moreover, a BLF is introduced to each step in a backstep-
ping design procedure to improve the control perfor-
mance. Then, a new adaptive controller is devised using
a recurrent feedback form to ensure the states within the
given constraints. The semiglobal boundedness of all
closed-loop signals is ensured, and the tracking error con-
verges to a neighborhood of zero. Finally, the effectiveness
of the proposed control method is validated via experi-
mental results.

The main contributions are summarized:

(1) A new friction model is presented by using the
modified LuGre friction model to describe the
nonlinear friction. The NN is used to approximate
friction dynamics and unknown disturbances of
servomechanisms.

(2) To improve the control performance, a BLF is used to
transform the error into a new error without con-
straint, a novel adaptive neural backstepping design
procedure is designed, and the new-type adaptation
law is developed. We prove that all signals of the

closed-loop system are bounded and the tracking
error can converge to a small region.

(3) Extensive comparative experiment results provide
evidence of the advantage of suggestion approach in
comparison to adaptive neural dynamic surface con-
troller (ANDSC) and PID.

The remainder of this brief is organized as follows. Sys-
temmodel is given in Section 2. Controller design is provided
in Section 3, and Section 4 presents system stability analysis.
Experiment results are shown in Section 5 and Section 6
describes the conclusions.

2. Preliminaries and Problem Statement

2.1. System Model. Considering the motion tracking control
of a class of nonlinear servomechanisms [39] (see Figure 1),
the dynamic mathematical model of such system can be
described as

id

iq

q

=
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−npq 0

−npq
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0
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1

where id and iq are the d-axis and q-axis stator voltages,
respectively; ud and uq are the d-axis and q-axis stator cur-
rents, respectively; np is the number of pole pairs; R and L
are the stator resistance and stator inductance, respectively;
T l is the load torque; KT is the torque constant; Td is the dis-
turbance torque; ψf is the rotor flux linkage; q is the angular
position; q is the angular speed; T f is the friction torque; J is
the motor inertia; and f q, q stands for the unknown reso-
nances and uncertainties.

In practice, the parameter L/R is smaller than the
mechanical time constant. Thus, the parameter Ldiq/dt
decays very rapidly to zero. In addition, to eliminate the cou-
plings between the angular speed and current, the d-axis ref-
erence current i∗d is set to zero. In this case, (1) can be
simplified as
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=
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where KE = npψf .

Choose the state vector x = x1, x2
T = q, q T ; then, the

(2) can be simplified as

x1 = x2,

x2 =
1
J
K1u − K2x2 − f x1, x2 − Td − T l − T f ,

y = x1,

3

where K1 = KT/R, K2 = KTKE/R are positive constants and
u = ud is the control input voltage.

2.2. Modified LuGre Friction Model. Over the past years,
various friction models have been proposed to describe the
friction dynamics. Among these models, the LuGre model
is widely used to capture the friction behaviors. To describe
the friction dynamics of servomechanisms, the LuGre model
is described by

T f = σ0z + σ1z1 + σ2ω, 4

where σ0, σ1, and σ2 are the friction coefficients; ω denotes
the angular velocity; and z is the unmeasurable internal
friction state which can be represented by

z = ω 1 − 1
g w

z , 5

where g w is the nonlinear function. Usually, the nonlinear
function is given as

g ω = f c + f s − f ce
−ω/ωs

2 sgn ω , 6

where f c denotes the coulomb friction and f s is the stiction
force; ωs is the Stribeck velocity.

It is worth to note that the Stribeck function g ω is a
discontinuous function due to signum function in g ω .
The conventional LuGre model can not be used in the

backstepping controller design. To overcome this issue,
we will employ a modified Stribeck function g ω in this
paper. Hence, the modified nonlinear function g ω [58]
is given as

g ω = f s − f c tanh c1ω − tanh c2ω + f ctanh c3ω , 7

where c1, c2, and c3 are the positive constants.
Defining a new function N ω = ω/g ω , the modified

model can be written as

T f = σ0z + σ1z1 + σω,

z = ω −N ω z
8

When z = 0, the stead-steady friction f ss can be obtained

f ss = σ0 f s − f c tanh c1ω − tanh c2ω

+ σ0 f ctanh c3ω + σ2ω
9

2.3. NN Approximation. NNs have been widely used in
modeling and control of nonlinear functions using their
approximations and learn abilities [59–61]. In this paper,
the NN is employed to approximate a continuous func-
tion f x . f x : Rm → R over a compact domain Ω ∈ Rm

is defined as

f x =W∗
0X x + ε∗ ∀x ∈Ω ⊂ Rm, 10

where ε∗ denotes the approximation error of NN and
ε∗ ≤ εm; W∗

0 is the ideal value of NN weights that mini-
mizes the approximation error ε∗. Therefore,

W∗
0 = arg min

W0∈RL
sup
x∈Ω

f x −W∗T
0 X x 11

Because the ideal NN weight W∗
0 is unknown, we can

only use the estimation value Ŵ
∗
0 of W∗

0 in the control
design, which can be updated online via an adaptive law.
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3. Controller Design

3.1. Barrier Function. Barrier Lyapunov function (BLF) is
used as constraint control, which has been widely used in
some fields [55–57]. In this paper, we will adopt the following
BLF candidate [52]:

V1 =
1
2
log

k2b1
k2b1 − z21

, 12

where log · represents the natural logarithm of · and kb1 is
the constraint on z1, that is, z1 < kb1 (see Figure 2). Then,
we have the following Lemma 1.

Lemma 1 [52]. For any positive constant kb1, the following
inequality holds for all z1 in the interval z1 ≤ kb1

log
k2b1

k2b1 − z21
<

z21
k2b1 − z21

13

Assumption 1. The desired trajectory xd and its first- and
second-time derivatives exist and satisfy xd ≤ A0 ≤ kc1, xd
≤ A1 and xd ≤ A2, where kc1, A0, and A2 are positive
constants.

3.2. Adaptive Controller Design. In this section, an adaptive
barrier controller will be designed using the backstepping
technique for servomechanisms with error constraints to
achieve position tracking. The control structure is shown in
Figure 3. The design steps are given as follows.

Step 1. The tracking error is defined as z1 = x1 − xd , where xd
represents the reference signal. Thus, the derivative of z1 is

z1 = x1 − xd = x2 − xd 14

Select a BLF as

V1 =
1
2
log

k2b1
k2b1 − z21

, 15

where kb1 is a design parameter and kb1 = kc1 − A0.
Defining the second error surface z2 = x2 − α1, the time deriv-
ative of V1 is computed by

V1 =
z1

k2b1 − z21
z1 =

z1
k2b1 − z21

z2 + α1 − xd 16

The virtual controller α1 is designed as

α1 = −λ1z1 + xd , 17

where λ1 is the design parameter.
Then, (15) can be written as

V1 = −λ1
z1

k2b1 − z21
z1 +

z1
k2b1 − z21

z2 18

Step 2. The time derivative of z2 is

z2 = x2 − α1 19

Substituting the second equation of system (3) into (19), we
have

z2 =
1
J
K1u − K2x2 − f x1, x2 − Td − T l − T f − α1

=
1
J
K1u − F x − α1,

20

where F x = K2x2 + f x1, x2 + Td + T l + T f is the unknown
function which cannot be measured. Thus, we employed the
NN to approximate F x which can be written as

F x =W∗TX x + ε, 21

where ε is the approximation error.
Choose the barrier Lyapunov function as

V2 =
J
2
log

k2b2
k2b2 − z22

+
1
2ΓW

2, 22

where W =W − Ŵ denotes the estimation error and Γ is the
design parameter.
Then, differentiating V2 yields

V2 =
z2z2

k2b2 − z22
+
1
ΓWŴ =

z2 K1u − F x − α1
k2b2 − z22

+
1
ΓWŴ

23

Using (21), (22) becomes

V2 =
1

k2b2 − z22
z2K1u −

1
k2b2 − z22

z2W
∗TX x

−
1

k2b2 − z22
ε −

1
ΓWŴ

24

Using Young’s inequality, we obtain
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where a is a design parameter.
The control signal u can be designed as

u = J −λ2z2 −
1
2

1
k2b2 − z22

z2 −
1
2a2

1
k2b2 − z22

z2Ŵ X x 2 ,

26

where λ2 is a positive constant. The adaptation law Ŵ is
designed as

Ŵ = Γ 1
k2b1 − z22

2
1
2a2

z22 X x 2 − σŴ , 27

where Γ and σ are the design parameters.

4. Stability Analysis

In this section, the stability of the closed-loop system is
proven by the Lyapunov stability theory. Based on the design
procedure in Section 3, our main result can be summarized in
the following theorem.

Theorem 1. Consider servomechanism (1) with Assumption
1. By designing an adaptive controller (26) and virtual con-
troller (17) and choosing the adaptation law (27), it can be
guaranteed that all signals of the closed-loop system are semi-
globally bounded and the tracking error z1 can be kept within
a compact set.

Proof 1. Choose a Lyapunov function:

V =V1 +V2 28

DerivingV and substituting (18) and (23) into (28),wehave

V ≤ −
λ1z

2
1

k2b1 − z21
−

λ2z
2
2

k2b2 − z22
+ z1z2
k2b1 − z21

+ 1
2
a2 + 1

2
ε2 − σWŴ

29

Using Young’s inequality, one has

−σWŴ ≤ −
1
2
σW

2 +
1
2
σW2 z1z2

k2b1 − z21
≤
1
2

z21
k2b1 − z21

+
1
2
z2

30

Then, (29) can be written as

V ≤ −
λ1z

2
1

k2b1 − z21
−

λ2z
2
2

k2b2 − z22
+
1
2

z21
k2b1 − z21

+
1
2
z22 +

1
2
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1
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1
2
σW

2 +
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2
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31

Let

μ =
λ1 − 1/2
k2b1 − z21

,
λ2

k2b2 − z22
−
1
2
,
1
2
σW

2 ,

ϱ =
1
2
a2 +

1
2
ε2 +

1
2
σW2

32

From (32), (31) can be represented as

V = −µV + ϱ 33

Multiplying both sides by eμt , (33) can be written as
d V t eµt /dt ≤ ϱeµt , and integrating it over 0, t , one has

V t ≤ V 0 −
ϱ

μ
eμt +

ϱ

μ
≤ V 0 +

ϱ

μ
34

From (28) and (34), one can see that log k2bi/ k
2
bi − z2i

and W, i = 1, 2 are bounded. Since x1 = z1 + xd and xd ≤
A0~

, one has x1 ≤ z1 + xd ≤ kb1 + A0 ≤ kc1. Because W
and W are bounded, the boundness of Ŵ =W +W can
be obtained. From z2 ≤ kb2 and x2 = z2 + α1, one has x2
≤ kb2 + α1 ≤ kc2. From (26), one has log k2bi/ k

2
bi − z2i ≤ V

W = Γ 1 1
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0 − ϱ/µ eµt + ϱ/µ. Taking exponentials on both sides of
the inequality yields

k2b1
k2b1 − z21

≤ e2 V 0 +ϱ/µ e−µt + 2
ϱ

µ
35

From (35), we have z1 ≤ kb1 1 − e−2 e
2 V 0 +ϱ/μ e−μt+2ϱ/μ 1/2

=
△ If V 0 ≠ ϱ/μ, it can be concluded that given any △>kb1
1 − e−2ϱ/µ 1/2, there exists T such that for any t > T , one
has z1 ≤△. As t→∞, z1 ≤ kb1 1 − e−2ϱ/µ 1/2. One can see
that z1 can be made arbitrarily small by choosing the appro-
priate design parameter.

The proof is completed.
In the following, the tuning guideline for controller

parameters is given. The controller parameters include three
parts: barrier variables kb1 and kb2 should fulfill the initial
conditions; the controller gains λ1 and λ2; and the adaptive
parameters Γ, and σ should be chosen based on the estima-
tion error. Here, the tuning steps are listed as follows:

(1) Select the adaptive parameters Γ and σ to make the
estimation values to precisely achieve true values.

(2) The barrier parameters kb1 and kb2 can be selected to
fulfill with zi 0 < kbi, i = 1, 2.

(3) The feedback term λii = 1, 2 should be depended on a
trial-and-error way to maintain tracking perfor-
mance and smoothness of the tracking signals. Large
gains λi will lead to the vibration.

5. Experiment Results

5.1. Experiment Setup. To validate the effectiveness of the
developed adaptive barrier control scheme, a turntable servo-
mechanism is used as the experimental platform. The servo-
system constituted of servomotor as a controlled plant, a DSP
(TMS3202812) connected a personal computer via an A/D
converter. The controller is implemented by C++ program
on a PC. The sampling time is 0.01 s. In this experiment,
the motor position signal is measured by an encoder. The

schematic of the servomotion control system is illustrated
in Figure 4, and the system parameters are given in Table 1.

5.2. Controller Design. To test the effectiveness of the sug-
gested method. An adaptive neural dynamic surface control-
ler (ANDSC) [62] and PID are employed as a comparison.

(1) Adaptive control (AC): the adaptive control (AC) is
developed in this paper. The controller parameters
are selected as λ1 = 8 and λ2 = 4. The barrier function
parameters are kb1 = 1 5 and kb2 = 2. The NN param-
eters are chosen as Γ = 100 and σ = 0 1.

(2) ANDSC [62]: the errors are defined as z1 = x1 − xd
and z2 = x2 − s1 with μ1s1 + s1 = α1 and α1 = −k1z1 −
θ̂z1ΦT

1Φ1/2 − ε̂1tanh z1/ω1 , and the controller u is
u = −k2z2 − θ̂z2ΦT

2Φ2/2 − ε̂2tanh z2/ω2 and adap-
tive laws are θ̂i = Γi z2iΦT

i Φi − σiθ̂i /2. The controller
parameters are k1 = 9, , k2 = 4, Γ1 = Γ2 = 100, μ1 =
0 01, Γa1 = Γa2 = 10, σ1 = σa1 = σa2 = 0 01, and ω1 =
ω2 = 1.

(3) PID: the control law is defined as u = kp x1 − xd +
ki

t
0 x1 − xd dt + kdd x1 − xd /dt, and control gains

are chosen as kp = 30, ki = 0 05, and kd = 25.

5.3. Experimental Results

Case 1. To test the effectiveness of the proposed adaptive bar-
rier controller, a sinusoidal signal xd = 0 5sin 2πt/4 with
amplitude 0.5 and period 4 is adopted in this experiment.
The experimental results are shown in Figures 5 and 6.
Figure 5 describes the position tracking result for the differ-
ent controllers (AC, ANDSC, and PID), and Figure 6 gives
the tracking error of three controllers. From these figures,
we can see that the tracking effectiveness of the proposed
adaptive control scheme is better than the other two control-
lers (e.g., ANDSC and PID). This is mainly because the
proposed adaptive controller scheme contains the state
constraints and friction compensation. Moreover, ANDSC
method produces the smaller tracking error than PID scheme
because ANDSC employed NN to compensate for the
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Figure 4: Structure of the two-axis servosystem.
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friction dynamics of the servomechanism. Among the three
controllers, PID provides the worst tracking performance.

Case 2. To further test the effectiveness of the proposed adap-
tive controller, another sinusoidal signal xd = 0 8sin 2πt/5 5
with large amplitude 0.8 and large period 5.5 is employed in
this experiment. The experimental results are depicted in
Figures 7 and 8. From these figures, one can find that the pro-
posed adaptive control method provides the best control per-
formance in three controllers. The tracking error is smaller
than the ANDSC and PID control schemes. Nevertheless,
we may find that the position tracking signal produces fluctu-
ations in comparison to Case 1. This is reasonable because
the proposed adaptive controller is able to capture the trig-
gered high-frequency time-varying dynamics and thus to
compensate for their effects by calling for corresponding con-
trol actions.

6. Discussion

All the aforementioned simulation and experiment results
show that the control performance of the suggested adaptive
control scheme is better than the ANDSC and PID control
schemes in terms of the friction dynamics for different tra-
jectories. The reason is that the NN is employed to estimate
the friction dynamics and incorporated into the controller
design to compensate for the friction. Thus, the developed
adaptive control method is more useful for the position
tracking of the servosystem.

7. Conclusions

This paper proposed an adaptive barrier controller for servo-
mechanisms with LuGre friction compensation. A modified
LuGre friction model is used to capture unknown friction
dynamics. Then, the NN is employed to approximate
unknown dynamics (i.e., friction, disturbance, and unknown
nonlinearities). Moreover, a barrier Lyapunov function
(BLF) is introduced to each step in a backstepping design
procedure. Then, a novel adaptive control scheme is well
suggested to ensure that the full-state constraints are not

Table 1: System parameters.

Parameters Quantities

J (kg·m2) 0.025

R (Ω) 10

L(H) 0.043

KT (N/A) 1.25

KE (V/m/s) 0.1
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violated. The stability analysis of the design scheme is verified
based on the Lyapunov stability theory. Comparative experi-
ments on a turntable servomechanism confirm the effective-
ness of the devised control method.
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This paper investigates the problem on simultaneously estimating the velocity and position of the target for range-based multi-USV
positioning systems. According to the range measurement and kinematics model of the target, we formulate this problem in a
mixed linear/nonlinear discrete-time system. In this system, the input and state represent the velocity and position of the target,
respectively. We divide the system into two components and propose a three-step minimum variance unbiased simultaneous
input and state estimation (SISE) algorithm. First, we estimate the velocity in the local level plane and predict the corresponding
position. Then, we estimate the velocity in the heave direction. Finally, we estimate the 3-dimensional (3D) velocity and
position. We establish the unbiased conditions of the input and state estimation for the MLBL system. Simulation results
illustrate the effectiveness of the problem formulation and demonstrate the performance of the proposed algorithm.

1. Introduction

Since electromagnetic signal decays quickly in the water, the
well-known GPS cannot be used [1, 2]. The acoustic posi-
tioning systems play an important role for underwater posi-
tioning [3–5]. These systems are widely applied in many
underwater tasks, including salvage operations, minehunt-
ing, animal tracking, marine archaeology, oceanographic sur-
vey, and military activities. Classical underwater acoustic
positioning systems include long baseline (LBL) system,
short baseline (SBL) system, and ultrashort baseline (USBL)
system [6–8]. Among these systems, LBL system has the best
positioning accuracy [9]. However, it has several drawbacks,
for example, difficult to obtain the positions of the seabed
transponders, fixed and limited positioning regions, and hard
to place and recover the transponders [10–12].

Moving long baseline (MLBL) system is a generaliza-
tion of LBL system by replacing the precalibrated arrays
of static transponders with unmanned surface vessels
(USVs). Figure 1 shows the schematic of multi-USV posi-
tioning system. It overcomes the shortcomings of LBL system
described above. The recent researches of MLBL system are

concentrated on the positioning algorithms, the optimal for-
mation, and formation control. References [13–15] studied
the optimal formation of MLBL system. Accordingly, the
optimal range between the USV and the target is studied in
[16]. References [17–19] provided some resource-reducing
data transmission approaches in the sensor network. Refer-
ences [20, 21] studied the formation control of the underwa-
ter vehicles. In past few years, many positioning algorithms
based on the range measurements have been proposed in
the literature, such as least squares (LS) [22], Kalman filtering
(KF) [23, 24], particle filtering (PF) [25], and maximum like-
lihood estimation (MLE) [26–28]. In LS and MLE algo-
rithms, the target position is estimated by the current range
measurements and unrelated with the velocity of the target.
In KF and PF algorithms, the target position is estimated by
the current range measurements, the previous position, and
the velocity of the target. Among all these positioning algo-
rithms, the KF and PF algorithms have better positioning
accuracies. In both algorithms, more information, such as
the velocity of the target, is used to estimate the position of
the target. In some underwater tasks, such as salvage opera-
tions and marine archaeology, the velocity of the underwater
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vehicle can be measured by doppler velocity log (DVL)
fitted to it, and the velocity of the target is the key to pre-
dict the position of the target in advance. However, in other
tasks, such as animal tracking, the velocity of the target is
hard to be measured. Hence, in this paper, we propose a
method to simultaneously estimate the velocity and posi-
tion of the target based on simultaneous input and state
estimation (SISE).

In recent years, the unbiased minimum variance SISE for
linear systems has been extensively studied. Li et al. presented
extensive reviews for state filtering with unknown inputs
[29]. Kitanidis proposed an unbiased recursive filter to esti-
mate the state of linear systems without prior information
about the unknown input [30]. Gillijns and De Moor pro-
posed the unbiased minimum variance SISE for linear
discrete-time systems with/without direct feedthrough [31,
32]. Floquet and Barbot designed an input and state delayed
estimator for discrete-time linear systems even if some well-
known matching condition does not hold [33]. Yong et al.
presented an exponentially stable filter for linear discrete-
time stochastic systems that simultaneously estimates the
state and unknown input [34]. Su et al. investigate the prop-
erties of the Kalman filter for linear stochastic time-varying
systems with partially observed inputs [35]. Fang et al. ana-
lysed the stability conditions of SISE algorithms for linear
discrete-time systems with/without direct feedthrough [36].
Among all these SISE algorithms, the input is obtained by
least square estimation and the state estimation problem
is transformed into a KF problem. The main objective of
this paper is to design a simultaneous velocity and position
estimation method for range-based multi-USV positioning
system. The main contributions of this paper are mainly
three-fold. First, we formulate the positioning system in a
mixed linear/nonlinear discrete-time system. In this system,
the velocity and position of the target are seen as the input
and state, respectively. Second, a three-step minimum vari-
ance unbiased SISE algorithm is proposed by converting
the nonlinear measurement equation into two linear mea-
surement equations. Finally, we analyse the estimation con-
ditions for this system.

The remainder of this paper is organized as follows. In
Section 2, we formulate the velocity and position estimation
for the multi-USV positioning system. The unbiased mini-
mum variance velocity and position estimation algorithms
are designed in Sections 3 and 4, respectively. Section 5
derives the unbiased SISE conditions for this system. Section
6 illustrates simulation results to verify the effectiveness of
problem formulation and demonstrate the performance of
the proposed algorithm. In Section 7, we conclude with a
brief discussion of ongoing and future work.

2. Problem Formulation

The notations used throughout the paper are as follows. ℝn

denotes the n-dimensional Euclidean space and In is the
identity matrix of size n. For matrix X, XT, and X−1 are its
transpose and inverse, respectively. We use rank X to
denote the rank of X. For random variable d, the expectation
is denoted by E d . We use d and d̂ to indicate the prediction
and estimation of d. Some basic notions from estimation the-
ory are defined as follows.

Definition 1. (see [37]). Let θ denotes a statistic, one say θ is

an unbiased estimator of θ if E θ − θ = 0.

Definition 2. (see [37]). The estimator θ is the minimum

variance unbiased estimator (MVUE) of θ, if θ is unbiased,

and if the variance of θ, var θ ≔ E θ − θ θ − θ
T
, is

less than or equal to the variance of every other unbiased
estimator of θ.

Consider an earth fixed reference frame O ≔ x0, y0,
z0 with z = 0 on the water surface and the z-axis pointing
downward from the water surface. Suppose there aremUSVs
to locate the target. The coordinate of the target at stamp
k is xk, yk, zk , i = 1, 2,… ,m. The kinematics models of the
target is described as [38]

xk+1 = xk + vxktk,

yk+1 = yk + vyktk,

zk+1 = zk + vzktk,

1

where tk is the sampling period at stamp k, and vxk , v
y
k, vzk is

the velocity of the target. Due to the USVs are on the water
surface, we have zi,k = 0. Hence, the coordinate of USVi at
stamp k is xi,k, yi,k, 0 . Define ri,k as the range between the
USVi and the target, we have

r2i,k = xk − xi,k
2 + yk − yi,k

2 + z2k 2

In order to simultaneously estimate the velocity and posi-
tion of the target, we transform the multi-USV positioning
system into a time-variant discrete-time system. The kine-
matics model of the target and the range measurement are
regarded as the process equation and measurement equation,
respectively. Combining the kinematics model (1) and the

Figure 1: MLBL system consists of four USVs [16].
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range (2), we formulate this system in a mixed linear/nonlin-
ear, time-variant, discrete-time system.

Xk+1 =Xk + TkVk +wk, 3

rk = f Xk + ξr,k, 4

with

Tk ≔ diag tk, tk, tk ,

f Xk ≔ f1, f2,… , f m
T,

f i ≔ xk − xi,k
2 + yk − yi,k

2 + z2k,

5

where Xk ≔ xk, yk, zk
T ∈ℝ3 is the state at stamp k, Vk ≔

vxk, v
y
k, vzk

T ∈ℝ3 is the unknown input. rk ≔ r21,k,… , r2m,k
T

∈ℝm is the measurement. wk ∈ℝ3 and ξr,k ≔ ξr1,k,… ,
ξrm ,k

T ∈ℝm are the noises. According to the error model of
range measurement ri,k [39, 40], we have

εi,k = 1 + ηri,k ε, 6

where εi,k is the measurement error of range measurement
ri,k, ε is a Gaussian stochastic process with ε ∼N 0, σ2 ,
and η is the parameter for the range-dependent error
component. Simultaneously, we define

ξri ,k = 1 + ηri,k
2εr , 7

where εr is a Gaussian stochastic process with εr ∼N 0, σr
2 .

Since system in (3) and (4) is a mixed linear/nonlinear
time-variant discrete-time system, it is hard to simulta-
neously estimate the state and input. Hence, we design a
three-step unbiased minimum variance SISE algorithm to
solve this problem.

Define rj,k as the range between the USVj and the target,
we have

r2j,k = xk − xj,k
2 + yk − yj,k

2
+ z2k 8

Combining (2) and (8), we have

γi,jk = αi,jk xk + βi,j
k yk, 9

with

γi,jk ≔ r2i,k − r2j,k − x2i,k − y2i,k + x2j,k + y2j,k,

αi,jk ≔ −2 xi,k − xj,k ,

βi,j
k ≔ −2 yi,k − yj,k

10

It follows that

γk = BkXk + ξ1,k, 11

where γk≔ γ1,2k , γ2,3k ,… , γm−1,m
k

T ∈ℝm−1 is the measure-

ment and ξ1,k ≔ ξr1,k − ξr2,k,… , ξrm−1,k
− ξrm ,k

T ∈ℝm is the

zero mean white noise with covariance R1,k. Bk and R1,k are
known matrices with

Bk ≔

α1,2k β1,2
k 0

α2,3k β2,3
k 0

⋮ ⋮ ⋮

αm−1,m
k βm−1,m

k 0

,

R1,k ≔

σ2r1,2 −σ2
r2

0 0 0

−σ2r2 σ2r2,3 −σ2r3 0 0

0 −σ2
r3

σ2
r3,4

⋱ 0

0 0 ⋱ ⋱ −σ2rm−1

0 0 0 −σ2rm−1
σ2
rm−1,m

,

 σ2
ri
≔ 1 + ηri,k

4σ2r ,

 σ2ri, j ≔ 1 + ηri,k
4σ2r + 1 + ηr j,k

4σ2r

12

Based on the above analysis, the mixed linear/nonlinear
system in (3) and (4) is transformed into a linear system in
(3) and (11). In measurement (11), Bk is not of full column
rank and the coefficient of zk is zero. Hence, by using the SISE
algorithm for linear system (3) and (11), we could only esti-
mate xk and yk. Hence, we redefine the system equation
and design a three-step unbiased minimum variance SISE
algorithm. We divide the process (3) into two parts: the kine-
matics model in the local level plane and the kinematics
model in the heave direction,

X1,k =X1,k−1 + T1,k−1V1,k−1 +w1,k−1, 13

zk = zk−1 + tk−1v
z
k−1 +w2,k−1, 14

where X1,k−1 ≔ xk−1, yk−1
T ∈ℝ2, V1,k−1 ≔ vxk−1, v

y
k−1

T ∈ℝ2,
and T1,k−1 ≔ diag tk−1, tk−1 . The noises w1,k−1 ∈ℝ2 and
w2,k−1 ∈ℝ are uncorrelated white Gaussian noise with
known covariances Q1,k−1 and Q2,k−1. According to the
measurement (11) and (4), we rewrite the measurement
equation as

Y1,k =C1,kX1,k + ξ1,k, 15

Y2,k = Im×1zk + ξ2,k, 16

Yk =CkXk + ξk, 17

where Y1,k is the same as γk, Yk ≔ YT
1,k, YT

2,k
T ∈ℝ2m−1, and

ξk ≔ ξT1,k, ξ
T
2,k

T
∈ℝ2m−1. Im×1 is the m × 1 array of ones.

ξ2,k is the zero mean white noise with covariance R2,k. C1,k,
Ck, R2,k, and Y2,k are known matrices and vector with

3Complexity



C1,k ≔

α1,2k β1,2
k

α2,3k β2,3
k

⋮ ⋮

αm−1,m
k βm−1,m

k

,

Ck ≔
C1,k 0

0 Im×1

,

R2,k ≔ diag σ21, σ
2
2,… , σ2

m, ,

σ2i ≔ 1 + ηri,k
2σ2,

Y2,k ≔ φ1,k, φ2,k,… , φm,k
T,

φi,k ≔ r2i,k − xk − xi,k
2 − yk − yi,k

2 1/2

18

Note that, in (18), xk and yk are the position predic-
tions of target in local level plane. Hence, in measurement
(16), zk is the only unknown variable to be estimated. The
details about them will be explained in the algorithm. As
shown in Figure 2, the unbiased minimum variance SISE
algorithm for the multi-USV positioning system is divided
into three steps.

Step 1. For the system in (13) and (15), we design the gain
matrices M1,k and K1,k to estimate the input V1,k−1 and pre-
dict the state X1,k.

V̂1,k−1 =M1,k Y1,k −C1,kX̂1,k−1 , 19

X1,k = X̂1,k−1 + T1,k−1V̂1,k−1

+K1,k Y1,k−1 −C1,k−1X̂1,k−1 ,
20

where V̂1,k−1 and X̂1,k−1 represent the estimations of V1,k−1
and Xk−1 at stamp k − 1, respectively. X1,k ≔ xkyk is the pre-
dictions ofX1,k at stamp k.M1,k andK1,k are the gain matrices
that will be designed.

Step 2. According to the predicted state X1,k, Y2,k is calcu-
lated. For the system in (14) and (16), we design the gain
matrix M2,k to estimate the input vzk−1 and predict the
state zk.

v̂zk−1 =M2,k Y2,k − Im×1ẑk−1 , 21

zk = ẑk−1 + tk−1v̂
z
k−1, 22

where v̂zk−1 and ẑk−1 represent the estimations of vzk−1 and
zk−1, respectively. zk is the prediction of zk. M2,k is the gain
matrix that will be determined. According to the definition

of V1,k−1, we have Vk−1 = VT
1,k−1, vzk−1

T T
. Hence, combining

the estimated inputs V̂1,k−1 and v̂zk−1, we get the estimated
input V̂k−1 .

Step 3. For the system in (3) and (17), the state Xk is esti-
mated from the results of two previous steps.

X̂k = Xk +Kk Yk −CkXk , 23

where Xk ≔ XT
1,kz

T
k

T
is the prediction of Xk. Kk is the gain

matrix that will be designed.
Note that the order of the algorithm cannot be changed.

The framework of the three-step minimum variance unbi-
ased simultaneous velocity and position estimation algo-
rithm is illustrated in Algorithm 1. In the next two sections,
we will discuss the details of this algorithm.

3. Velocity Estimate

Based on the above analysis, the velocity of the target is seen
as the input. In this section, we establish the estimation of the
unknown input Vk−1. We divide the unknown input into two
components, namely, the velocity in the local level plane
V1,k−1 and the velocity in the heave direction vzk−1. The esti-
mation errors of the input and state are expressed as

Vk−1 ≔Vk−1 − V̂k−1,

Xk−1 ≔Xk−1 − X̂k−1,
24

where Vk−1 ≔ V
T
1,k−1, v

zT
k−1

T
, Xk−1 ≔ X

T
1,k−1, z

T
k−1

T
.

3.1. Velocity Estimate in Local Level Plane. By minimizing the
covariance matrix of the estimation error V1,k−1, we obtain
the unbiased velocity estimate in the local level plane V̂1,k−1 .

Substituting the state estimate (19) and the system (13)
and (15) into the estimation error of V1,k−1, we obtain

V1,k−1 =V1,k−1 −M1,k Y1,k −C1,kX̂1,k−1

= I2 −M1,kC1,kT1,k−1 V1,k−1

−M1,k C1,k X1,k−1 +w1,k−1 + ξ1,k

25

Since w1,k−1 and ξ1,k are uncorrelated white Gaussian
noises, then we have

Input and state estimate Input estimate State estimate
Y1,k Y1,k‒1 Y2,k

X1,k = X1,k−1 + T1,k−1V1,k−1

V1,k−1

X1,k−1

z
k−1

v
k−1
z

X
k

Y
k

X = X
k−1 + T

k−1Vk−1

Y
k
 = C

k
X
k

z
k
 = z

k−1 + t
k−1v

z

Y2,k = I
m×1zk

Y1,k = C1,kX1,k

X1,k
k−1

Figure 2: Block diagram of three-step SISE algorithm for multi-USV positioning system.
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E V1,k−1 = I2 −M1,kC1,kT1,k−1 E V1,k−1

−M1,kC1,kE X1,k−1
26

In MLBL, E V1,k−1 is not equal to zero, and it changes
with time. Hence, for the system in (13) and (15), V̂1,k−1 is
an unbiased estimator of V1,k−1 if and only if the following
conditions are satisfied.

E X1,k−1 = 0,

I2 =M1,kC1,kT1,k−1

27

Theorem 1. Let V̂1,k−1 is an unbiased estimator and M1,k is
given by

M1,k = TT
1,k−1CT

1,kL
−1
1,kC1,kT1,k−1

−1
TT
1,k−1CT

1,kL
−1
1,k, 28

where L1,k = C1,k PX1
k−1 +Q1,k−1 CT

1,k + R1,k, then (19) is the
MVUE of V1,k−1.

Proof. Under the unbiasedness (27), the estimation error of
V1,k−1 is simplified as

V1,k−1 = −M1,k C1,k X1,k−1 +w1,k−1 + ξ1,k 29

Substituting (29) into the covariance matrix s, then
we have

PV1
k−1 =M1,k C1,k PX1

k−1 +Q1,k−1 CT
1,k + R1,k MT

1,k 30

For the minimum variance estimation, the problem is
equivalent to finding the gain matrix M1,k which minimizes
the trace of (30) subject to (27). The Lagrangian is [41]

Input:
Positions of USVs xi,k, yi,k, zi,k , i = 1, 2,… ,m;
Position estimation X̂k−1 and variance PX

k−1;
Measurements Y1,k−1 and Y1,k;

Output:
Position estimation X̂k and velocity estimation V̂1,k−1;
Step 1: Estimate velocity V̂1,k−1 and predict position X1,k

1: L1,k = C1,k PX1
k−1 +Q1,k−1 CT

1,k + R1,k;

2: M1,k = TT
1,k−1C

T
1,kL

−1
1,kC1,kT1,k−1

−1
TT
1,k−1C

T
1,kL

−1
1,k;

3: V̂1,k−1 =M1,k Y1,k − C1,kX̂1,k−1 ;

4: Sk = I2 − T1,k−1M1,kC1,k PX1
k−1C

T
1,k−1;

5: Fk = C1,k−1P
X1
k−1C

T
1,k−1 + R1,k−1;

6: K1,k = SkF
−1
k ;

7: X1,k = X̂1,k−1 + T1,k−1V̂1,k−1
+K1,k Y1,k−1 − C1,k−1X̂1,k−1 ;

8: PX1
k∣k−1 = I2 − T1,k−1M1,kC1,k PX1

k−1 +Q1,k−1

I2 − T1,k−1M1,kC1,k
T;

9: PX∗
1

k = PX1
k∣k−1 + T1,k−1M1,kR1,kM

T
1,kM

T
1,k−1 − SkF

−1
k STk ;

Step 2: Estimate velocity v̂zk−1 and predict position zk
10: Hk = Im×1 Pz

k−1 +Q2,k−1 ITm×1 + R2,k;

11: M2,k = tTk−1I
T
m×1H

−1
k Im×1tk−1

−1
tTk−1I

T
m×1H

−1
k ;

12: v̂zk−1 =M2,k Y2,k − Im×1Ẑ k−1 ;
13: zk = ẑk−1 + tk−1v̂

z
k−1;

14: Pz∗
k = I − tk−1M2−kIm×1 Pz

k−1 +Q2k−1
I − tk−1M2,kIm×1

T + tk−1M2,kR2,kM
T
2,kt

T
k−1;

15: V̂k−1 = V̂
T
1,k−1 v̂xk−1

T T
;

Step 3: Estimate position X̂k

16: Jk = CkP
X∗
k CT

k + Rk, PX∗
k = diag PX∗

1
k , Pz∗

k ;

17: PX∗
k = diag PX∗

1
k , Pz∗

k ;
18: Kk = PX∗

k CT
k J

−1
k ;

19: X̂k = Xk + Kk Yk − CkXk ;

20: PX
k = PX∗

k − PX∗
k CT

k CkP
X∗
k CT

k + Rk
−1
CkP

X∗
k ;

Return Position estimation X̂k and variance PX
k ;

Algorithm 1: Framework of three-step SISE algorithm.
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tr PV1
k−1 λk−1 = tr M1,k C1,k PX1

k−1 +Q1,k−1 CT
1,k + R1,k MT

1,k

− 2tr I2 −M1,kC1,kT1,k−1 λTk−1 ,

31

where λk−1 is the matrix of Lagrange multipliers. The mini-
mum value of tr PV

k−1 λk−1 is reached when the following
equation is satisfied.

2 C1,k PX
k−1 +Q1,k−1 CT

1,k + R1,k MT
1,k − 2C1,kT1,k−1λTk−1 = 0

32

Substituting (27) into (32), we have

λk−1 = TT
1,k−1CT

1,kL
−1
1,kC1,kT1,k−1

−1 33

Define l1,k =C1,k X1,k−1 +w1,k−1 + ξ1,k, then we have
L1,k = E l1,kl

T
1,k . It is obvious that L1,k is positive definite

and reversible. Combining (32) and (33), we obtain the gain
matrix (28).

From Theorem 1, we get the gain matrix M1,k and prove
that (19) is the MVUE of V1,k−1.

3.2. Velocity Estimate in Heave Direction. The velocity esti-
mator in the heave direction is shown as (21). We esti-
mate the velocity vzk−1 in two stages. Firstly, according to
(20), we predict the position of the target in the local level
plane X1,k. Then, based on the predicted position X1,k, we
estimate the velocity in the heave direction v̂zk−1. In this sec-
tion, we will discuss the unbiased property of v̂zk−1 and design
the gain matrix M2,k.

Similar to the velocity estimate in local level plane, by
minimizing the covariance matrix of the estimation error
vzk−1, we get the unbiased velocity estimate in heave direction.
The following conclusions are obtained.

For the system in (14) and (16), v̂zk−1 is an unbiased
estimator of vzk−1 if and only if the following conditions
are satisfied.

E zk−1 = 0,

I1 =M2,kIm×1tk−1
34

Let v̂zk−1 is an unbiased estimator and M2,k is given by

M2,k = tTk−1ITm×1H
−1
k Im×1tk−1

−1
tTk−1ITm×1H

−1
k , 35

where Hk = Im×1 Pz
k−1 +Q2,k−1 ITm×1 + R2,k, then (21) is the

MVUE of vzk−1.
Note that under the unbiasedness (34), (21) is simpli-

fied as

vzk−1 = −M2,k Im×1 zk−1 +w2,k−1 + ξ2,k 36

4. Position Estimate

In Section 3, we estimated the velocity of the target. In this
section, we will estimate the position of the target. As was
mentioned above, the position of the target is seen as the

state. First, we predict the states X1,k and zk and then estimate
the minimum variance unbiased state X̂k.

4.1. Position Predict. The position predictors are shown as
(20) and (22). Based on the estimated velocity in the
heave direction v̂zk−1, we can easily predict the target posi-
tion in the heave direction. In order to predict the target
position in the local level plane, we will design the gain
matrix K1,k in this section. The unbiased properties of zk
and X1,k are also analysed.

Define z∗k = zk − zk as the prediction error of zk. From
(14) and (22), we obtain

z∗k = zk−1 + tk−1v
z
k−1 +w2,k−1 37

Since E w2,k−1 = 0, then we have

E z∗k = E zk−1 + tk−1E vzk−1 38

Then, for the system in (14), zk is an unbiased estimator
of zk if and only if the following conditions are satisfied.

E zk−1 = 0,

E vzk−1 = 0
39

Define X
∗
1,k =X1,k − X1,k as the prediction error of X1,k.

Substituting the estimator (20) and the system (13) and
(15) into this prediction error, we obtain

X
∗
1,k =X1,k − X̂1,k−1 − T1,k−1V̂1,k−1

−K1,k Y1,k−1 − C1,k−1X̂1,k−1

= I2 −K1,kC1,k X1,k−1 + T1,k−1V1,k−1

+w1,k−1 −K1,kξ1,k−1

40

Since w1,k−1 and ξ1,k−1 are uncorrelated white Gaussian
noises, then the prediction error of X1,k is simplified as

E X
∗
1,k = I2 −K1,kC1,k E X1,k−1 + T1,k−1E V1,k−1 41

It is obviously that, for the system in (13) and (15), X1,k is
an unbiased estimator of X1,k if and only if the following con-
ditions are satisfied.

E X1,k−1 = 0,

E V1,k−1 = 0
42

Theorem 2. Let X1,k is an unbiased estimator and the gain
matrix K1,k is given by

K1,k = SkF
−1
k , 43

where Sk = I2 − T1,k−1M1,kC1,k PX1
k−1CT

1,k−1 and Fk =C1,k−1

PX1
k−1CT

1,k−1 + R1,k−1, then (20) is the MVUE of X1,k. The covari-

ance matrix of the prediction error X
∗
1,k is

PX∗
1

k = PX1
k k−1 + T1,k−1M1,kR1,kMT

1,kT
T
1,k−1 − SkF

−1
k STk , 44

where
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PX1
k k−1 = I2 − T1,k−1M1,kC1,k PX1

k−1 +Q1,k−1

I2 − T1,k−1M1,kC1,k
T

45

Proof. Substituting the estimation error (29) into (40), the
prediction error X

∗
1,k is simplified as

X
∗
1,k = I2 − T1,k−1M1,kC1,k X1,k−1 +w1,k−1

−K1,kC1,k−1X1,k−1 −K1,kξ1,k−1 − T1,k−1M1,kξ1,k
46

Then, the covariance matrix PX∗
1

k ≔ E X
∗
1,kX

∗T
1,k is written

as

PX∗
1

k =K1,kFkKT
1,k −K1,kS

T
k − SkKT

1,k + PX1
k k−1

+ T1,k−1M1,kR1,kMT
1,kT

T
1,k−1,

47

where PX1
k−1 ≔ E X1,k−1X

T
1,k−1 . Taking the derivatives with

respect to the gain matrix K1,k equal to zero yields

2FkKT
1,k − 2STk = 0 48

Define f k =C1,k−1X1,k−1 + ξ1,k−1, then we have Fk =
E f k f

T
k . It is obvious that Fk is positive definite and revers-

ible. Based on the above analysis, we get (43). Substituting
(43) into (47), we obtain the covariance matrix (44).

4.2. Position Estimate. In Section 4.1, we predicted the posi-
tion of the target. In this section, we will estimate the position
of the target by using the estimated velocity and the predicted
position. First, we discuss the unbiased property of X̂k and
then design the gain matrix Kk.

Define X
∗
k ≔Xk − Xk and Xk ≔Xk − X̂k as the prediction

and estimation errors of Xk, respectively. From (17) and (23),
we obtain

Xk =Xk − Xk −Kk CkXk + ξk − CkXk

= I3 −KkCk X
∗
k −Kkξk,

49

where I3 is the 3× 3 identity matrix. Since E ξk = 0, then
we have

E Xk = I3 −KkCk E X
∗
k 50

By definition, we have

E X
∗
k =

E X
∗
1,k

E z∗k

51

It can be seen that X̂k is an unbiased estimator if and only
if the following equations are satisfied.

E X
∗
1,k = 0,

E z∗k = 0
52

Based on the results in Section 3, we get that X̂k is an
unbiased estimator of Xk if and only if the following condi-
tions are satisfied.

E Xk−1 = 0,

E Vk−1 = 0
53

Theorem 3. Let X̂k is an unbiased estimator and the gain
matrix Kk is given by

Kk = PX∗
k CT

k J
−1
k , 54

where Jk = CkPX∗
k CT

k + Rk,,PX∗
k = diag PX∗

1
k , Pz∗

k , Pz∗
k = tk−1

M2,kR2,kMT
2,kt

T
k−1 + tk Pz

k−1 +Q2,k−1 tTk , and tk = I − tk−1M2,k
Im×1, then (23) is the MVUE of Xk. The covariance matrix of
the estimation error Xk is

PX
k = PX∗

k − PX∗
k CT

k CkPX∗
k CT

k + Rk
−1CkPX∗

k 55

Proof. Substituting (37) and (40) into (49), the estimation
error of Xk can be written as

Table 1: Simulation parameters.

X0 P0 Q1 Q2

(0,0,300) diag 103, 103, 103 diag 10, 10 10

Table 2: Parameters of USVs and target in optimal formation.

Vehicle
Initial position

(m)
Forward speed

(knots)
Heading

(°)
Pitch
(°)

Target (0,0,300) 2.0003 90–0.5 t 1

USV1 (400,0,0) 2 90–0.5 t 0

USV2 (0,400,0) 2 90–0.5 t 0

USV3 (−400,0,0) 2 90–0.5 t 0

USV3 (0,−400,0) 2 90–0.5 t 0

−150
−100

−50
0

50
100

−100
0

100
200

300

x (m)y (m)

Estimated trajectory
True trajectory

290

300

310

320

330

340

z
 (m

)

Figure 3: True and estimated trajectories of the target in optimal
formation.
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Xk = I3 −KkCk

X
∗
1,k

z∗k
−Kkξk, 56

with

X
∗
1,k = I2 −K1,kC1,k X1,k−1 + T1,k−1V1,k−1

+w1,k−1 −K1,kξ1,k−1,
57

z∗k = zk−1 + tk−1v
z
k−1 +w2,k−1 58

From (56), (57), and (58), ξk is unrelated with X
∗
1,k and z

∗
k .

Then, the covariance matrix PX
k ≔ E XkX

T
k is written as

PX
k = PX∗

k −KkCkPX∗
k − PX∗

k CT
kKT

k +Kk JkKX
k , 59

where

PX∗
k =

E X
∗
1,kX

∗T
1,k E X

∗
1,kz

∗T
k

E X
∗
1,kz

∗T
k

T
E z∗k z

∗T
k

≔
PX∗

1
k PX∗

1 ,z∗
k

PX∗
1 ,z∗

k

T
Pz∗
k

60

Substituting (36) into (37), the prediction error of zk is
written as

z∗k = I − tk−1M2,kIm×1 zk−1 −w2,k−1 − tk−1M2,kξ2,k 61

It follows that

Pz∗
k = I − tk−1M2,kIm×1 Pz

k−1 +Q2,k−1 I − tk−1M2,kIm×1
T

+ tk−1M2,kR2,kMT
2,kt

T
k−1,

62

where Pz
k−1 ≔ E zk−1z

T
k−1 . The prediction errors X

∗
1,k and

z∗k are shown in (46) and (61). It is obvious that X
∗
1,k and

z∗k are independent, then we have PX∗
1 ,z∗

k = 0. Taking the
derivatives of (59) with respect to the gain matrix Kk equal
to zero yields

−2PX∗
k CT

k + 2Kk Jk = 0 63

Define jk =CkX
∗
k + ξk, we have Jk = E jk j

T
k . Since Jk is

positive definite and reversible, we obtain the gain matrix
(54). Substituting (54) into (59), we get the covariance
matrix (55).

5. Estimation Conditions

In Sections 3 and 4, we have derived the necessary and suffi-
cient conditions for unbiased estimators V̂1,k−1, v̂

z
k−1, and X̂k,

respectively. In this section, we will analyse the correspond-
ing conditions in multi-USV positioning system.

From the results about unbiased velocity estimates in
Sections 3.1 and 3.2, we obtain that V̂k−1 is an unbiased esti-
mator if and only if the following conditions are satisfied.

E Xk−1 = 0, 64

I3 =MkCkTk−1 65

Combining it with the unbiased result in Section 4.2, we
obtain that X̂k and V̂k−1 are unbiased estimators if (64) and
(65) are satisfied. By inductive arguments, for the system in
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Figure 4: Comparison of the true and estimated values in optimal formation. (a) True and estimated position. (b) True and estimated
velocity.
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(3) and (17), X̂k and V̂k−1 are unbiased estimators if and only
if the following conditions are satisfied.

E X0 = 0,

I3 =MkCkTk−1,
66

where Mk = diag M1,k,M2,k .
From (65), we get that CkTk−1 is a full column rank. The

following constraint should be satisfied.

rank CkTk−1 = rank Ck = 3 67

It follows that

rank C1,k = rank

xp,k − x1,k yp,k − y1,k

xp,k − x2,k yp,k − y2,k

⋮ ⋮

xp,k − xm,k yp,k − ym,k

= 2

68

Hence, the following equation should be satisfied.

xp,k − xq,k
xp,k − xr,k

≠
yp,k − yq,k
yp,k − yr,k

, 69

where p, q, r ∈ 1, 2,… ,m . That is to say, two conditions
should be satisfied: at least three USVs are required to locate
the target, these three USVs should be noncollinear.

6. Simulations

In this section, we illustrate the effectiveness of the problem
formulation and demonstrate the performance of the pro-
posed algorithm. We assume that the MLBL system consists
of four USVs. The system runs at the sampling period of
tk=20 s. We choose the parameters of the range measure-
ment error as η=0.001m−1 and σr=1m. The positioning
error of USVi εxi,k , εyi,k follows standardized normal distri-

bution. Table 1 shows the parameters used in the algorithm.
The matrices of the time-variant, discrete-time system

are described by

Tk = diag 20, 20, 20 ,

C1,k ≔

α1,2k β1,2
k

α2,3k β2,3
k

α3,4k β3,4
k

,
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Figure 5: Estimation error in optimal formation. (a) Estimation error of position. (b) Estimation error of velocity.
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Figure 6: True and estimated trajectories of the target in
general formation.

Table 3: Parameters of USVs and target in general formation.

Vehicle
Initial position

(m)
Forward speed

(knots)
Heading (°) Pitch (°)

USV1 (400,0,0) 3 90–0.25 t 0

USV2 (0,400,0) 1.5 90 0

USV3 (−400,0,0) 1 90-2 t 0

USV4 (0,−400,0) 2 90–0.5 t 0
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Ck ≔
C1,k 0

0 I4×1
,

Y1,k = γ1,2k , γ2,3k , γ3,4k
T,

Y2,k ≔ φ1,k, φ2,k, φ3,k, φ4,k
T

70

Two examples are presented to verify the effectiveness of
the proposed algorithm. In the first example, we identify the
effect of the proposed algorithm in the optimal formation. In
the second example, the validity of this algorithm is demon-
strated in a general formation.

6.1. Example in Optimal Formation. In this example, the
USVs are in the optimal formation. That is to say, four USVs
are on the vertices of the square centered at the target. The
parameters of the USVs and the target are shown in
Table 2. The true and estimated trajectories of the target are
shown in Figure 3. It can be seen that the target is well posi-
tioned. Figure 4 shows the comparison of the true and esti-
mated values. The estimation errors of position and velocity
are illustrated in Figure 5. These results demonstrate that
the proposed algorithm can simultaneously estimate the
position and velocity of the target in optimal formation.

6.2. Example in General Formation. In this example, the
parameters of the target are the same as the parameters in
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Table 2 and the USVs are in a general formation. The param-
eters of the USVs are shown in Table 3.

Figures 6–8 show the true and estimated trajectories of
the target, comparison of the true and estimated values, and
the estimation errors, respectively. The max and average
values of absolute estimation errors in optimal and general
formations are shown in Table 4. Simulation results show
that the target is well positioned and the velocity of the target
is effectively estimated.

7. Conclusion

In this paper, we consider the problem on how to simulta-
neously estimate the velocity and position of the target for
multi-USV positioning system. Firstly, we formulate the
MLBL system in a linear discrete-time system without direct
feedthrough. In this system, the velocity and position of the
target are seen as the input and state, respectively. Then, we
propose a three-step minimum variance unbiased SISE algo-
rithm to simultaneously estimate the velocity and position.
The unbiased SISE conditions for this system are analysed.
Finally, simulation results show the correctness of the prob-
lem formulation and the effectiveness of the algorithm.
Besides, the existence condition for asymptotic stability and
the experimental validation of the proposed algorithm may
be explored and demonstrated in the future work.
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A novel hybrid algorithm that employs BP neural network (BPNN) and particle swarm optimization (PSO) algorithm is proposed
for the kinematic parameter identification of industrial robots with an enhanced convergence response. The error model of the
industrial robot is established based on a modified Denavit-Hartenberg method and Jacobian matrix. Then, the kinematic
parameter identification of the industrial robot is transformed to a nonlinear optimization in which the unknown kinematic
parameters are taken as optimal variables. A hybrid algorithm based on a BPNN and the PSO is applied to search for the
optimal variables which are used to compensate for the error of the kinematic parameters and improve the positioning accuracy
of the industrial robot. Simulations and experiments based on a realistic industrial robot are all provided to validate the efficacy
of the proposed hybrid identification algorithm. The results show that the proposed parameter-identification method based on
the BPNN and PSO has fewer iterations and faster convergence speed than the standard PSO algorithm.

1. Introduction

The nominal parameters of industrial robots for the mechan-
ical design are usually not accurate due to manufacturing and
assembly errors, limited precision of components, flexible
deformation of linkages and joints and so on, which will lead
to the decrease of the positional accuracy of industrial robots
in practical applications. Kinematic calibration is an effective
way to improve the accuracy of industrial robots, and param-
eter identification is a key step of calibration [1]. Hence,
many research works have been focusing on this area.
Parameter identifications are usually realized through mini-
mizing the residuals of the end-effectors’ poses of industrial
robots. It is a nonlinear or standard linear least-squares opti-
mization process. As a commonly used algorithm, the least-
squares method [2, 3] does not need to consider any prior
information of the system, but its low computationality and
the noise sensitivity limit its application [4, 5]. The extended
Kalman filter [6, 7] is a useful method for dealing with
nonlinear problems, which is possible to realize the state
estimation under some mild conditions on the measuring

error. However, the actual distribution of the positioning
errors is not taken into account in the above work, result-
ing in a situation where the state estimate is not accurate
enough and the filter is divergent. The Levenberg–Marquardt
algorithm [8, 9] is used to solve nonlinear least-squares
problems; however, it generally can only find the local
minimum, which is not necessarily for the global mini-
mum. Daney et al. [10] proposed an algorithm based on
a constrained optimization method to select a set of mea-
surement configurations in the calibration of robots. Jiang
et al. [1] proposed a hybrid kinematic calibration method
based on the extended Kalman filter and particle filter
algorithm that can significantly improve the positioning
accuracy of the robot. Xiong et al. [11] presented a systematic
and practical calibration method based on the global
product-of-exponential formula considering some practical
constraints for an industrial robot to improve its absolute
accuracy, in which all the kinematic parameters are identified
via the linear least-squared iteration.

In recent years, many intelligent bionic algorithms have
been used in parameter identification. Gong et al. [12]
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proposed a new hybrid optimization algorithm based on the
bee swarm particle swarm optimization algorithm to obtain
the optimum structural parameters of a manipulator. Fan
et al. [13] conducted the parameter identification of a parallel
mechanism based on genetic algorithm.Wang et al. [14] pro-
posed a universal index and an improved PSO algorithm for
optimal pose selection. Shi et al. [15] proposed a quantum
particle swarm optimization (QPSO) algorithm based on
the path-planning method, so that the base position and
the end position can simultaneously reach the desired state.
Fang and Dang [16] proposed a method based on the QPSO
algorithm, which is suitable for the kinematic calibration of
both serial and parallel robots.

As an evolutionary algorithm, PSO starts from a random
solution and searches the optimal solution through iteration.
However, it needs much iteration in dealing with parameter
identification of industrial robots since there are more than
20 dimensions in the optimization model. BPNN can
improve the convergence ability of PSO [17, 18]. Inspired
by this fact, this paper proposes a kinematic parameter-
identification method based on BPNN-PSO, which can
greatly improve the convergence speed of the PSO algorithm.
To maintain the positioning accuracy and repeatability,
industrial robots are required to be calibrated regularly, espe-
cially after collisions and overload operations. Thus, the pro-
posed method can improve the efficiency of identification
greatly in the follow-up calibration of industrial robots.

This paper is organized as follows. Section 2 presents the
kinematic modelling of the industrial robots with MDH
model. In Section 3, the kinematic identification of the struc-
tural parameter is formulated as a nonlinear optimization
problem. Simulations and experiments are conducted to ver-
ify the identification model and search for the optimal set-
tings of PSO and BPNN in Section 4 and Section 5,
respectively. Section 6 provides the conclusion.

2. Kinematic Modeling of the Industrial Robot

ER20-C10 is a kind of universal industrial robot, which is a
six-degree-of-freedom (6-DOF) joint-type industrial robot,
as shown Figure 1. According to the D-H modified method
[19], the coordinate systems for each joint of the robot are
built, as shown in Figure 2. There are a base coordinate sys-
tem F0 and six joint coordinate systems F1, F2,… , F6
in the coordinate systems, where F6 is the end-flange coordi-
nate system. A laser tracker shown in Figure 1 will be used to
acquire the end position data of the robot in experimental
verification, which is a portable, highly accurate coordinate
measuring system with an ADM (absolute distance measure-
ment) accuracy of ±10μm. An active target (AT) is installed
at the end of the robot as the end effector, which can assure
that the tracker will not lose the laser in the process of mea-
surement. In addition, the tool coordinate system Ftool and
the world coordinate system FWorld must also be considered.
FWorld is set at the measurement coordinate system of the
laser tracker. Ftool is set at the center of the active target
(AT) mounted on the flange, and its direction is the same
as the end-flange coordinate system F6.

2.1. Kinematics and Error Identification Modelling. Given the
joint variable vector q = θ1, θ2,… , θ6 , the end-effector’s
pose is represented as follows:

H q = T0
worldT

6
0T

tool
6 , 1

where T j
i is the homogeneous matrix representing the pose of

frame Fj with respect to Fi. These three homogeneous matri-
ces are calculated as follows:

T0
world =

R0 t0

0 0 0 1
,

T6
tool =

1 0 0 xt

0 1 0 yt

0 0 1 zt

0 0 0 1

,

T6
0 = T1

0T
2
1T

3
2T

4
3T

5
4T

6
5,

2

where R0 is the rotation matrix representing the orientation
of the base frame with respect to the world frame and t0 is

Figure 1: Experimental setup with ER20-C10 robot and Radian™
laser tracker.
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Figure 2: The coordinate systems of the robot.
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the position of the origin of the base frame with respect to the
world frame. xt , yt , and zt are the position of the tool frame
with respect to the end-flange frame. For i = 1, 2,… , 6, the
homogeneous matrix of each successive pair of frames is
obtained using the MD-H parameters as follows:

Ti
i−1 = RX αi−1 DX ai−1 RZ θi DZ di

=

cθi

sθicαi−1

sθisαi−1

0

−sθi

cθicαi−1

cθisαi−1

0

0

−sαi−1

cαi−1

0

ai−1

−disαi−1

dicαi−1

1

,

3

where αi−1, ai−1, and di are theMD-H parameters, sθi = sin θi,
cθi = cos θi, sαi = sαi, and cαi = cos αi. The nominal values of
the industrial robot are shown in Table 1.

2.2. Preliminary Identification of the Base Frame and the
Tool Frame

2.2.1. Preliminary Identification of the Base Frame. As we
know, the location of the base frame of a robot can be mea-
sured directly if the robot is properly mounted. But unfortu-
nately, the location of the base frame in the robot is difficult
to measure with instruments directly; hence, we will get the
location through preliminary identification. Firstly, we define
the base frame F0 with respect to frame F1 [20]. The steps of
defining the base frame F0 can be described as follows.

(1) One keeps the robot at zero position (the value of
each joint angle θi is 0).

(2) One keeps joints 2–6 unchanged and joint 1 rotating;
the position of the AT is measured at a certain angle
interval using a laser tracker. Based on these positions
measured, we can get circle 1.

(3) Similar to step 1, one rotates joint 2 and we can get
circle 2.

(4) According to the normals of circle 1 and circle 2, their
common vertical line can be obtained.

(5) The intersection of the common vertical line and the
normal of circle 1 is set as the origin of the frame F1.

The normal of circle 1 is taken as the z-axis and the
vertical is the x-axis.

(6) One translates d1 along the negative direction of the
z-axis of F1; the base frame F0 can be obtained.

After establishing the base frame of the robot, we could
transfer the measurement coordinate system to the base
frame. Then the world frame FWorld is unified with F0.

2.2.2. Preliminary Identification of the Tool Frame. The tool
frame also needs to be preliminarily identified, where the
values of xt and yt depend primarily on the concentricity of
the AT and the end flange. With high machining accuracy
of the connecting flange, we can set the value of xt and yt to
be 0. And the value of zt could be obtained by the method
as follows. Rotating joint 5 with the others being blocked,
the position of the AT is measured at a certain angle with
the laser tracker. Based on these positions, a circle is fitted.
Then, the radius of this circle is the sum of the length of zt
and d6.

Once the sum of the length of zt and d6 is obtained, we
can compensate the length of zt to d6, and zt will not partic-
ipate in the following identification calculation.

2.3. Design of Fitness Function. After preliminary identifica-
tion and unification of the base frame and measurement
coordinate system, we can describe the position of the tool
frame with respect to the base frame as follows:

T tool
0 = T1

0T
2
1T

3
2T

4
3T

5
4T

6
5T

tool
6 4

Therefore, the complete kinematic model consists of
24 kinematic parameter errors as shown in Table 2. The kine-
matic model of the robot can be expressed as

p = f k, q , 5

where p is the position vector of the end-effector calculated
by the model, k is the vector of 24 kinematic parameters,
and q is the vector of six joint variables. The vector of kine-
matic parameters k can also be written as

k = k0 + δk, 6
where k0 is the nominal set of kinematic parameters and δk is
the kinematic parameter error. Then, the residuals for such a
model are

Table 1: Nominal values of DH kinematic parameters of the
industrial robot.

Number of linkage ai−1 (mm) di (mm) θi (
°) αi−1 (

°)

1 0 504 θ 1 0

2 166.605 0 θ 2 −90
3 782.270 0 θ 3 0

4 138.826 761.35 θ 4 −90
5 0 0 θ 5 90

6 0 125 θ 6 −90

Table 2: The complete kinematic parameters of the industrial robot.

Number of
linkage

ai−1 (mm) di (mm) θi (
°) αi−1 (

°)

1 Δa0 504 + Δd1 θ1,c + Δθ1,0 0 + Δα0
2 166 605 + Δa1 Δd2 θ2,c + Δθ2,0 −90 + Δα1
3 782 270 + Δa2 Δd3 θ3,c + Δθ3,0 Δα2
4 138 826 + Δa3 761 35 + Δd4 θ4,c + Δθ4,0 −90 + Δα3
5 Δa4 Δd5 θ5,c + Δθ5,0 90 + Δα4
6 Δa5 125 + Δd6 θ6,0 + Δθ6,0 −90 + Δα5

3Complexity



e δk = pR − f k, q , 7

where pR is the position vector measured by the laser
tracker; the identification problem is to select δk to minimize
a cost function:

L = eT δk e δk = pR − f k, q 2 8

Then, the identification problem will be referred to as the
nonlinear least-squares method, and the optimization of L
could be accomplished through evolutionary algorithms.

3. Kinematic Parameter Identification

The identification is transformed into an optimization prob-
lem of nonlinear systems, and a novel hybrid algorithm of
BPNN-PSO is applied to solve the problem.

3.1. PSO. Particle swarm optimization (PSO) algorithm is a
parallel global optimization algorithm based on swarm intel-
ligence. In PSO, the potential solutions, called particles,
search through the problem space by following their own
experiences and the current best particles. Due to its simple
structure, fast convergence speed, and advantages in dealing
with high-dimensional problems, it has been widely used in
science and engineering in recent years [21]. The specific
steps are as follows.

Assuming the number of particles as N , the number
of iterations is denoted by t and the maximum number of
iterations is denoted by tmax.

(1) One selects N groups of poses in the robot’s work-
space and gets the actual position error ei, where
i = 1, 2,… ,N .

(2) Initializing the positions of particle swarms, the posi-
tion vector and the velocity vector of the ith particle
are set as Xi t and Vi t , respectively. In this step,
the initial positions of particles are used as the input
of BPNN.

(3) One calculates the fitness of the ith particle according
to the fitness function. pid is set as the current posi-
tion of the particle i, and pgd is set as the position of
the best particle in the initial population.

(4) One determines whether iteration termination con-
ditions are met. If the termination conditions are
met, the algorithm will stop running and output
the optimal result; otherwise, the algorithm will go
to step 5.

(5) One calculates velocity and position of each particle
with the following two equations.

Vi t + 1 =wVi t + c1r1 t pid − Xi t

+ c2r2 t pgd − Xi t ,
9

Xi t + 1 = Xi t + Vi t + 1 , 10

where c1 and c2 are accelerating constants, r1 and r2
are two independent random functions, and w is a
nonnegative number which is called the weight.

(6) One calculates the fitness of each particle, updates the
new local optimal position pid of each particle, and
updates the global optimal position pgd of the particle
swarm.

(7) One determines whether the iteration termination
conditions are met. If met, the algorithm will stop
running and output the optimal result; otherwise,
the algorithm will go to step 5.

3.1.1. Design of Objective Function. According to (1), there
are various errors in the robot error model which can
affect the positioning accuracy of the robot. In the PSO
identification model, each particle represents a set of solu-
tions for optimizing the robot parameters, through which
one optimization variable Δk will be reached for the opti-
mization problem.

In Section 2.3, we constructed the objective functions of a
set of data for parameter identification. However, in the cal-
ibration process, we collected multiple sets of robot data for
parameter identification. Therefore, the objective function
is set as the sum of fitness functions for multiple sets of robot
data. Then the objective function can be expressed as follows:

min F Δk = 〠
N

i=1
Li = 〠

N

i=1
pi

R − f i k, q
2, 11

where N indicates the number of positions acquired by mea-
surement instruments and Li represents the fitness function
(8) which means the sum of squared errors of point i.

3.1.2. Parameter Setting of PSO. The parameters that need to
be determined in the particle swarm optimization algorithm
[22] are the search space dimension D, the number of parti-
cles in the population n, the acceleration factors c1 and c2,
and the inertia weight w. The search space dimension D is
the same as the number of robot kinematic parameters that
need to be identified, which is 24 in this paper. For such a
high-dimensional search space, the number of particles n is
selected as 200. According to [23], we set acceleration factor
c1 equal to 0.5, c2 equal to 1.25, and inertia weight w equal
to 0.9.

3.2. BPNN-PSO. The BP neural network (BPNN) is a repre-
sentative neural network, which is widely used in many prac-
tical systems [24]. The training of neural network is a process
that makes the neural network interactive to the external
environment in a new way. In the process of training, the free
parameters of the neural network will be adapted by the stim-
ulating effect of the environment. The BP neural network is
usually composed of an input layer, hidden layer, and output
layer. The adjacent layers are fully interconnected, but the
nodes of the same layer are not connected. In this paper, a
BPNN with a single hidden layer is chosen to combine with
particle swarm optimization (PSO) algorithm to solve the
parameter error vector Δk.
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3.2.1. Training of BPNN. A three-layer BP neural network
with a hidden layer (enough of hidden nodes) can approxi-
mate any nonlinear continuous function with arbitrary preci-
sion in the closed set [25]. In this paper, we use a three-layer
BP neural network with a hidden layer as our network archi-
tecture. The model of a neural network based on BPNN is
established as shown in (12), where wij is the neural net-
work’s weight from neuron j to i, xj is the input (the positions
of particle swarms), T j is the threshold of the neuron j, f is the

activation function of neurons, and P is the position of the
best particle.

P = f 〠
n

j=1
wijxj − T j 12

The structure of the BPNN used in this paper is shown in
Figure 3. There are n neurons in the input layer which are the
locations of particle swarms initialized in the second step of

Particle swarm optimal location

70 neurons

�e location of partial swarm initialized

Figure 3: The structure of BPNN.
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Figure 4: The flow chart of BPNN-PSO.
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PSO.When the iteration of PSO stops, we will get the optimal
value of Δk which is used as the output of BPNN. The num-
ber of hidden nodes is a key parameter of the neural network.
Determination of the optimal number of hidden nodes has
always been a problem that is raised in neural network appli-
cations [26]. In this paper, the reference value of the number
of nodes in the hidden layer is calculated by the empirical for-
mula n1 = m + na, where m, n, and n1 represent the num-
ber of neurons in the output layers, input layers, and
hidden layers, respectively. a is a constant, and its value is
usually between 1 and 10. Then the number of nodes in the

hidden layer is determined through a step-by-step experi-
ment method. As described in Figure 4, the number of parti-
cle swarm particles can be regarded as the size of the training
data of the BP neural network. When the particle swarm
algorithm is used to identify parameters, the number of par-
ticles in the swarm is set to 200, so the training data of the BP
neural network are 200 groups.

3.2.2. Parameter Identification Based on BPNN-PSO. After
training, the BPNN model will be added to the PSO algo-
rithm on the next identification procedure of the same

Data input

Particle and
velocity

initialization

Particle fitness
calculation

Find individual
extremes and

group extremes

Speed and location
updates

Particle fitness
calculation

Individual extremes and
group extremes updates

Meet the
termination
condition?

N

Neural network
input value

Neural network
output value

Trained neural
network

Get the
optimal value

of △x

Y

Neural network
prediction

Figure 5: The training flow chart of BPNN-PSO.

Table 3: The settings of kinematic parameter errors.

Number of linkage ai−1 (mm) di (mm) θi (
°) αi−1 (

°)

1 0 + 0.1 504+ 0.05 θ 1,c + 0.01 0 + 0.01

2 166.605+ 0.05 0 + 0.1 θ 2,c + 0.015 −90+ 0.005
3 782.270+ 0.065 0 + 0.05 θ 3,c + 0.003 0 + 0.015

4 138.826+ 0.06 761.35+ 0.008 θ 4,c + 0.012 −90+ 0.006
5 0 + 0.03 0 + 0.36 θ 5,c + 0.008 90+ 0.004

6 0 + 0.25 125+ 0.01 θ 6,c + 0.025 −90+ 0.125
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industrial robot. Comparing with PSO, the objective function
is the same, but the proposed BPNN-PSO uses the trained
neural networks to predict the location of particles before
updating the particles, which can increase the convergence
ability and global search capabilities. The training flow chart
of BPNN is shown as Figure 5.

4. Simulations

4.1. Error Settings. To verify the identification model of
industrial robots, we set errors with the kinematic parameters
and the kinematic parameter-identification simulations are
carried out based on PSO and BPNN-PSO. First, we acquired
joint angle data, and set errors with kinematic parameters for
each joint, as shown in Table 3. The theoretical position can

be calculated by (1) with the nominal kinematic parameters
(shown in Table 1). Similarly, we can obtain the reference
position (which is considered as the real one) with the kine-
matic parameter. Then the position error before identifica-
tion and compensation is calculated, as shown in Figure 6.

The simulation results of the PSO algorithm and the
BPNN-PSO algorithm are used to solve (10), and the conver-
gence speed of the fitness is shown in Figures 7 and 8, respec-
tively. The PSO algorithm achieves the minimum fitness of
5.5519E− 5 with 404 iterations. The BPNN-PSO achieves
the minimum fitness of 6.6432E− 5 with 71 iterations. The
parameter error Δk identified by the two methods is shown
in Tables 4 and 5, respectively. Compared with the setting
error of the kinematic parameters, not all parameters are
accurately identified, which is due to the existence of a cou-
pling relationship among them, but it does not affect the
accuracy of compensation [27, 28]. The position error of
the two methods after compensation is shown in Figures 9
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Figure 6: The position error before compensation in simulations.

N = 200

X = 404
Y = 5.5519E − 05

0

1000

2000

3000

4000

5000

6000

Fi
tn

es
s

100 200 300 4000
Generation

Figure 7: Iteration calculation results of PSO in simulations.
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Figure 8: Iteration calculation results of BPNN-PSO in simulations.

Table 4: The identified error with PSO in simulations.

Number of linkage Δai−1 (mm) Δdi (mm) Δθi ,0 (
°) Δαi−1 (°)

1 0.0994 0.0508 0.01 0.01

2 0.0577 0.5017 0.0146 0.005

3 0.065 −0.3564 0.0022 0.0149

4 0.0396 0.0115 0.012 0.0065

5 0.035 0.9515 0.0039 0.0043

6 0.229 0.0098 0.9910 −0.0260

Table 5: The identified error with BPNN-PSO in simulations.

Number of linkage Δai−1 (mm) Δdi (mm) Δθi ,0 (
°) Δαi−1 (°)

1 0.1000 0.0503 0.0101 0.01

2 0.0508 −0.1087 0.0149 0.0049

3 0.0643 0.2521 0.0028 0.0148

4 0.0561 0.0086 0.0129 0.0064

5 0.0306 −0.3314 0.0352 0.0046

6 0.3562 0.0122 0.2028 0.3001
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Figure 9: The error after simulation compensation with PSO.
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and 10. Compared with the compensation effect based on
PSO algorithm, the identification based on BPNN-PSO
can achieve nearly the same precision, but BPNN-PSO
has much fewer iteration times and faster convergence
speed. To compare the time spent in parameter identification
of the two algorithms, we performed parameter identification
on the same computer, whose configurations are 64-bit
Windows 10 operating system, 8GB RAM, and an Intel i7
processor. The simulation results show that the time for the
identification of the two algorithm parameters is 1067 s and
183 s, respectively.

5. Experimental Verification

5.1. Experimental Data Acquisition. The data-acquisition
process consists of moving the end effector to some positions
in the workspace of the robot and recording the joint dis-
placements. In this paper, we obtained the location of the
end effector with the laser tracker. The data-acquisition
experiment platform is shown in Figure 1. We measured
the position data of the robot in 100 different poses and
recorded the joint angle data in the corresponding pose. Dur-
ing the measuring process, the position data of the robot
should be distributed evenly in the working space as much
as possible. Of the 100 groups of acquired data, 50 groups
of data are used to identify the kinematic parameters of the
robot, and the other 50 groups of data are used for indepen-
dent verification.

5.2. Experimental Results. Following data acquisition, the
identification process is performed by PSO algorithm and
BPNN-PSO algorithm. The parameters identified by the
two algorithms are given by Tables 6 and 7. Figure 11 shows
the position errors of the 50 groups of the robot before iden-
tification and compensation. The identification results of the
two algorithms are used to compensate the kinematic param-
eters’ error, and the position error after compensation is
shown in Figures 12 and 13. Figures 14 and 15 show the
iteration results and convergence rates, respectively, of
the two algorithms. From the two figures, we can know
that the PSO algorithm has a slower convergence speed
in the late stage of the search, which is due to the fact that
the particle swarm tends to be homogenous and the global
search capability becomes worse. Compared with PSO, the
BPNN-PSO has a faster convergence speed. In Table 8, the
effects of the two algorithms are compared. The experiment
results show that, compared with the PSO algorithm, the
position error after compensation based on the BPNN-PSO
algorithm is nearly the same but the convergence rate is
improved by 89%. Particularly, the time consumed by the
identification-based PSO is 1235 seconds, while the time
consumed by BPNN-PSO is only 162 seconds, which means
the identification efficiency increased by 86%.

6. Conclusions

A novel hybrid parameter-identification method based on
BPNN-PSO was proposed for industrial robots to solve the
convergence efficiency of standard PSO. The kinematic

model was established based on the MDH model. To unify
the position data of the industrial robot and measurement
instrument, a preliminary identification of the base frame
and the tool frame were presented. The modeling and train-
ing method of BPNN-PSO were conducted to identify the
kinematic parameters. Simulations and experiments were
carried out to verify the efficiency of the proposed method.
The results showed that the identification method based on
BPNN-PSO can identify the error kinematic parameters
and improve the position accuracy of industrial robots. Com-
pared with standard PSO, the identification accuracy of
BPNN-PSO is nearly the same, but its convergence efficiency
can be significantly improved.

This work mainly aimed at improving the conver-
gence efficiency of parameter identification for industrial
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Figure 10: The error after simulation compensation with BPNN-
PSO.

Table 6: The identified error with PSO in experiments.

Number of linkage Δai−1 (mm) Δdi (mm) Δθi ,0 (
°) Δαi−1 (°)

1 −0.303 1.055 0.292 0.006

2 0.323 −1.227 0.039 0.006

3 0.389 −1.380 0.063 −0.074
4 −1.487 −1.400 0.069 0.229

5 0.204 −1.385 0.441 −0.304
6 0.053 0.572 0.195 0.338

Table 7: The identified error with BPNN-PSO in experiments.

Number of linkage Δai−1 (mm) Δdi (mm) Δθi,0 (°) Δαi−1 (°)
1 −0.3025 1.055 0.292 0.006

2 0.352 −1.515 0.040 0.009

3 0.381 −1.545 0.063 −0.037
4 −1.487 −1.527 0.069 0.286

5 0.204 −1.374 0.172 −0.281
6 0.033 0.592 0.447 0.332
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Figure 11: The position errors of the industrial robot before compensation.
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Figure 12: The errors after compensation of PSO in experiments.
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Figure 13: The errors after compensation of BPNN-PSO in
experiments.
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Figure 14: Iteration calculation results of PSO in experiments.
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Figure 15: Iteration calculation results of BPNN-PSO in
experiments.

Table 8: The movement errors after identification and
compensation in experiments.

Method
Mean
(mm)

Std
(mm)

Max
(mm)

Generation Fitness
Time
cost (s)

PSO 0.4614 0.1843 0.650 492 17.1724 1235

BPNN-
PSO

0.4600 0.1836 0.637 51 17.2219 162
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robots. Our future work will focus on improving the identifi-
cation accuracy.
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Temperature is a crucial state to guarantee the reliability and safety of a battery during operation. The ability to estimate battery
temperature, especially the internal temperature, is of paramount importance to the battery management system for monitoring
and thermal control purposes. In this paper, a data-driven approach combining the RBF neural network (NN) and the extended
Kalman filter (EKF) is proposed to estimate the internal temperature for lithium-ion battery thermal management. To be
specific, the suitable input terms and the number of hidden nodes for the RBF NN are first optimized by a two-stage stepwise
identification algorithm (TSIA). Then, the teaching-learning-based optimization (TLBO) algorithm is developed to optimize the
centres and widths in every neuron of basis function. After optimizing the RBF NN model, a battery lumped thermal model is
adopted as the state function with the EKF to filter out the outliers of the RBF model and reduce the estimation error. This
data-driven approach is validated under four different conditions in comparison with the linear NN models. The experimental
results demonstrate that the proposed RBF data-driven approach outperforms the other approaches and can be extended to
other types of batteries for thermal monitoring and management.

1. Introduction

Rising crude prices of fossil fuels and worldwide concerns of
environmental pollution have resulted in the increasing
development of clean energy options and energy storage
systems [1]. The lithium-ion (Li-ion) battery has exhibited
outstanding behaviours such as fast charge capability, no
memory effect, long cycle life, and high energy density in
comparison with other types of batteries [2]. These excellent
performances promote the Li-ion battery to be widely
applied as the power sources and energy storage systems in
many areas especially for the electric vehicles (EVs) [3, 4].
Among the applications of existing EVs, a proper battery
thermal management system (BTMS) is a key issue to ensure
efficient and safe operations for Li-ion battery use [5]. Some
battery states including the state of health (SOH) [6, 7] and

the state of charge (SOC) [8, 9] are key parts for the applica-
tions of BTMS. Temperature is also a key indication for
BTMS, and it affects battery behaviour in many ways such
as round trip efficiency, energy and power capability, cycle
life, reliability, and charge acceptance.

Estimating the battery temperature is essential for BTMS
since it is substantial for managing battery temperature
utilization efficiently, prohibiting the battery from being
superheat or overcool [10, 11]. Besides, there is a significant
difference between battery internal temperature and surface
temperature in high-power applications (e.g., sometimes
larger than 15°C [12]). Superheated internal structure will
trigger thermal runaway of the battery and result in safety
problem such as electrolyte leakage, even fires and explosion
[13, 14]. Accurate estimation for the battery internal temper-
ature can not only prevent the battery from being damaged
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and further improve battery cycle life but also allow the
BTMS to make reasonable control and monitoring strategies
to save energy [15]. Therefore, monitoring the surface tem-
perature of the battery is not adequate enough to ensure the
battery safety. Estimating the battery internal temperature
is crucial for EVs’ wider application.

To date, a number of approaches have been presented to
obtain the battery internal temperature. One simple and
direct approach is to inject the proper microtemperature
sensors into the battery cell and get the internal temperature
data based on these embedded sensors [16]. However, this
approach would cause huge cost and complexity due to the
accessional manufacturing requirements and instrumenta-
tion challenges especially for the large battery packs that
contain several thousand cells.

Some improved approaches for obtaining the battery
temperature are to use the numerical thermal models such
as the distributed battery thermal model [17] or lumped-
parameter battery thermal model [18, 19]. Kim et al. [17]
presented a model-based method combining a reduced-
order thermal model and the dual Kalman filter (DKF) for
battery temperature estimation under unknown convective
conditions. Lin et al. [18] proposed an electrothermal model
combining an equivalent-circuit electrical model and a
two-stage thermal model to capture the battery surface
and internal temperature. These thermal models depend
on the information of the battery thermal behaviours, heat
generation properties, and battery temperature boundary
conditions. However, these numerical thermal models suffer
from drawbacks such as the difficulty to get the required
information and model parameters.

According to the electrochemical impedance spectros-
copy (EIS) [20], some other methods for estimating the
battery temperature have been also researched [21, 22].
Richardson et al. [21] proposed an approach based on the
EIS to estimate the internal temperature distribution of a
battery by using a radial 1-D model and measured battery
surface temperature. And in [22], a thermal model together
with the electrical impedance measurement, rather than with
the direct battery surface temperature measurement, was also
developed to estimate the battery internal and surface
temperatures. All these EIS-based temperature estimation
approaches can be divided into two parts: frequency design
and parameter estimation. The former part means to select
a proper frequency range which is thermal sensitive but
insensitive to other states including SOH and SOC. The latter
part means to use measured impedance based on the selected
excitations for battery temperature estimation. It should be
noticed that different decisions for these two parts would
result in significant differences in the accuracy of battery
temperature estimation. Determining the suitable frequency
and EIS parameters is also difficult, while the selections of
these two parts play important roles in designing EIS.

Establishing data-driven models to estimate the battery
states based on the artificial intelligence methods including
neural networks (NN) [23–25] and support vector machines
(SVM) [26, 27] has become another hot research area. These
data-driven approaches are free of background knowledge
and can be applied to capture the highly nonlinear dynamic

behaviours of a battery, which are caused by the complicated
internal electrochemical reactions. However, to our knowl-
edge, these data-driven approaches are primarily applied to
estimate the battery SOH or SOC, but very few attempts have
been done for the battery temperature estimation, especially
for the internal temperature. The battery internal tempera-
ture is also a crucial internal state because it affects the safety
and behaviours of a battery directly. Our early research [28]
proposed a linear NN model-based approach to estimate
Li-ion battery internal temperature. Although the internal
temperature has been successfully estimated by training the
NN model, the results are still less satisfactory in some
temperature conditions due to the poor generalization ability
of the linear NN model.

In this paper, a hybrid RBF NN-based approach together
with the EKF is presented to estimate the battery internal
temperature. The battery dynamics is a complicated process
characterized by nonlinearity, uncertainty, and multivariable
coupling, and the RBF NN model is used to capture and
describe the dynamics of the battery. Elements including
terminal voltage, battery current, and surface temperature
are selected as the RBF inputs, while the internal tempera-
ture of the battery is selected as the output of the RBF NN
model. In order to remove the redundant terms which may
lead to overfitting, a TSIA [29] is first developed to deter-
mine the most significant input terms. And the number
of the hidden layer neurons of RBF is also determined by
the FRA [30] in the forward selection stage of the TSIA,
where the structure of the RBF NN model is optimized.
In order to get the optimized parameters in the radial ker-
nel function, a newly developed meta-heuristic algorithm
named TLBO [31] is then developed to optimize the centres
and widths in every neuron of basis function. After that, a
battery lumped thermal model is adopted as the state func-
tion with the EKF to filter out the outliers in the RBF NN
estimation, aimed at reducing the estimation errors of the
RBF NN model.

The remainder of this paper is organized as follows. The
detailed preliminaries of the RBF NN, the linear NN, the
TSIA, the TLBO procedure, and the battery lumped thermal
model are presented in Section 2. Section 3 illustrates the
complete TSIA-based RBF NN procedure for estimating the
battery internal temperature, followed by the EKF to reduce
the estimation errors. Section 4 gives the estimation results
of our hybrid approach, and the effectiveness of the pro-
posed RBF NN EKF-based approach is analysed in compar-
ison with the solo RBF NN approach, the solo linear NN
approach, and the linear NN EKF-based approach. Finally,
Section 5 concludes the paper.

2. Preliminaries

This section presents the preliminaries of the proposed
method, including the RBF NN, the TSIA, the TLBO proce-
dure, and the battery lumped thermal model. In order to
analyse the effectiveness of the hybrid approach with other
types of the NN model, the linear NN is also reviewed briefly
in this section.
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2.1. Principle of the Neural Network

2.1.1. Radial Basis Function of the Neural Network. The
neural network is the artificial intelligence technology which
has been widely adopted in the system modelling area [32].
The RBF NN is a forward network model with good general-
ization capacity [33]. It has a strong approximation ability to
identify the nonlinear system with the simple structure and is
widely used as a strong computational tool in the state
estimation area. For the RBF NN, the activated function of
the hidden layer neurons is the radial basis function, and
every neuron has two key parameters to describe the func-
tion’s centre and its width, respectively. The structure of the
typical RBF NN is illustrated in Figure 1. The Gaussian
function is the former of the ith RBF hidden neuron
illustrated as follows:

φi X = exp −
X − ci

2

2σ2
i

, for i = 1, 2,… , n, 1

where ci and σi are the centre and width of the ith hidden
neuron, respectively, in the hidden layer. Thus, a general
multi-input and single-output (MISO) RBF NN can be
formulated as

y t = 〠
n

i=1
ωi · φi X t , ci, σi + e t , 2

where y t and X t stand for the model output and input
vector at time instant t, respectively. ωi is the output weight
for the ith hidden neuron with a total number of n neurons.
e t stands for the RBF modelling error. A set of j samples
is applied for training the RBF model; then, the output is
shown as

Ŷ =Φ ·W, 3

where Ŷ = ŷ1, ŷ2,… , ŷn
T , Φ = φ1, φ2,… , φn

T , and W =
ω1, ω2,… , ωn Defining the actual system output as Y =
y1, y2,… , yn , then the RBF modelling error function can
be given as

e = Y − Ŷ = Y −Φ ·W 4

In order to minimize the error function in (4) after fixing
the centres and widths in the RBF NN, the least square
method can be applied to determine the linear output
weights W as

W = ΦTΦ −1ΦT · Y 5

So for constructing the RBF NN model, one of the main
challenges is the input selection. For system modelling,

some data sets would be irrelevant or have little effect on
the output; thus, the inclusion of them may result in over-
fitting problem and high computational cost [34]. Remov-
ing these redundant input terms is essential to improve
the accuracy and generalization capacity of the NN model.
On the other side, the number of neurons in the hidden
layer also plays important role in the accuracy of the
NN model. Too many neurons will lead to a risk of over-
fitting and bad generalization capacity, while too few neu-
rons will also cause the underfitting problem. Determining
the number of hidden neurons which can be adequate
enough to cover the space of the input vector is also a dif-
ficult problem. Some approaches can be adopted to deter-
mine the optimal input terms for the RBF NN and quantify
the number of hidden neurons, but there is no general
solution. The TSIA is applied to select the proper input terms
and determine the number of the hidden layer neurons of
RBF in this study. The principles of the TSIA and the corre-
sponding optimizing procedure are described in Sections 2.2
and 3.1, respectively.

2.1.2. Linear Neural Network. In order to demonstrate the
effectiveness of the proposed hybrid approach using the
RBF NN, a linear NN is also adopted and compared. The
typical structure of the linear NN with m dimension inputs
and one output is shown in Figure 2. It consists of a mass
of simple neurons. The main elements of the linear NN
can be divided into five parts: (1) the input vector X =
x1, x2, x3,… , xm

T , (2) the weights between the input and
the hidden layer w1,w2,w3,… ,wm, (3) the summation unit
Z, (4) the continuously differentiable transfer function f x ,
and (5) the output y.

... ...
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Figure 1: Structure of a MISO RBF NN.
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Figure 2: Structure of a linear NN.
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As shown in Figure 2, z =∑m
i=1xiωi + b and y =

f ∑m
i=1xiωi + b . In this study, the transfer function in the

linear NN model is selected as f x = x for the battery
internal temperature estimation.

2.2. Principle of a Two-Stage Stepwise Identification
Algorithm. The TSIA is a method to both optimize the model
structure and estimate the model parameters [29]. In this
study, (2) is approximated with a polynomial nonlinear-
autoregressive-exogenous (NARX) model, and the input
selection of the NNmodel can be transformed to a procedure
of model term selection; then, the TSIA is adopted to choose
the most significant input terms. Besides, the optimal num-
ber of hidden layer neurons is also determined by the forward
selection step named FRA in the TSIA.

The TSIA for input selection can be divided into a
forward selection step and a second refinement step. The
forward selection is similar to a FRA researched in [30]. For
this step, a recursive matrix Mk and a residual matrix Rk
are first introduced and defined as

Mk = PT
k Pk, k = 1,… , n,

Rk = I − PkM
−1
k PT

k , R0 = I,
6

where Pk = p1, p2 … , pk includes the first k selected terms of
the full regression matrix. Rk is the matrix term with the
following attractive properties [30]:

RT
k = Rk,

Rk
2 = Rk,

7

RkRj = RjRk = Rk, for all k ≥ j, 8

Rk+1 = Rk −
Rkpk+1p

T
k+1R

T
k

pTk+1Rkpk+1
, k = 0, 1,… , n − 1, 9

R1,…,p,…,q,…,k = R1,…,q,…,p,…,k, p, q ≤ k 10

According to (10), any changes in the selection order of
the regressor terms p1, p2,… , pk would make no difference
to the residual matrix Rk. This property is able to decrease
the computation cost for the second refinement step. Sup-
pose Ek means the square error after determining k terms
which is also the cost function for the forward selection step,
and it can be defined as

Ek = yTRky 11

According to (11), the cost function decreases after
adding new k + 1th term. The net contribution of pk+1 will
be calculated as

ΔEk+1 = yT Rk − Rk+1 y =
yTRkpk+1p

T
k+1Rky

pTk+1Rkpk+1
=

yTp k
k+1

2

pTk+1p
k
k+1

12

To further simplify calculation and reduce the compu-
tational cost, two quantities are denoted as

ak,i = p k−1
k

T
p k−1
i ,

a1,i = pT1 pi,

i = k,… , n,

bk = p k−1
k

T
y, k = 1, 2,… , n,

b1 = p 0
1

T
 y = pT1 y

13

We can define an auxiliary matrix A ∈ Rn×n and a vector
b ∈ Rn×1 with elements given by

ak,i = pTk pi −
〠k−1

l=1 al,kal,i
al,l

,

bk = pTk y −
〠k−1

l=1 al,kbl
al,l

14

Then, the net contribution of an added term to decrease
the cost function value is denoted as

ΔEk+1 =
b2k+1

ak+1,k+1
15

By this method, the terms from the candidate pool
will be chosen continuously for which term makes the
largest contribution in the forward selection stage. The
sum squared error (SSE) is selected as the terminal cri-
terion for the selection process, which means that the
forward selection process would stop when the total
net contribution of the selected terms is larger than a
predetermined value.

After that, the procedure will move to the second
refinement step, which is aimed at eliminating the insig-
nificant input selection terms caused by the constraint in
forward construction.

Suppose a selected item pk is shifted to the nth
position in Pk. Two adjacent terms will be interchanged
repeatedly as

p∗q = pq+1,

p∗q+1 = pq,

q = k,… , n − 1,

16

where ∗ indicates the updated value. Then, the Rq will be
updated using

R∗
q = Rq−1 −

Rq−1p
∗
q p∗q

T
RT
q−1

p∗q
T
Rq−1p∗q

17
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The following terms will be also updated at the
same time:

For the matrix A, the qth and the q + 1 th columns with
the elements from row 1 to q − 1 will be modified by

a∗i,q = ai,q+1,

a∗i,q+1 = ai,q,

i = 1,… , q − 1

18

The qth row with elements from column q to column n is
also modified according to

a∗q,j =

aq+1,q+1 + a2q,q+1
aq,q

, j = q,

aq,q+1, j = q + 1,
aq+1,j + aq,q+1aq,j

aq,q
, j ≥ q + 2

19

And the q + 1 th row aq+1,j for j = q + 1,… , n is also
modified according to

a∗q+1,j =

aq,q − a2q,q+1
a∗q,q

, j = q + 1,

aq,j − aq,q+1a
∗
q,j

a∗q,q
, j ≥ q + 2

20

For the vector b, the qth and the q + 1 th elements will
be only changed by

b∗q =
bq+1 + aq,q+1bq

aq,q
,

b∗q+1 =
bq − aq,q+1b

∗
q

a∗q,q

21

This updated process will continue until the kth term is
set to the nth position; then, the shifted new regression
matrix and the residue matrix series become

P∗
n = p1,… , pk−1, pk+1,… , pn, pk ,

R∗
k = R1,… , Rk−1, R∗

k ,… , R∗
n

22

As the term has been moved to the nth position in Pk,
contributions of the moved term will be reviewed by (15).
The moving and comparing process is repeated until all
of the selected terms become more significant than those
remaining in the candidate term pool. Finally, the satis-
factory terms will be chosen to constitute the optimal
NN inputs.

2.3. Principle of Teaching-Learning-Based Optimization. The
TLBO algorithm is a population-based method that mimics
the nature of a typical teaching and learning procedure in a
class [35, 36]. The optimization procedure can be divided
into two parts, namely, the teaching stage and learning stage.
For the teaching stage, a teacher will be first selected in every
learning generation and improve the knowledge of students.

Then, for the learning stage, students will gain potential use-
ful information from a mutual interaction with counterparts.

The conventional training process for the RBF NN
applies the stochastic gradient method to adjust the nonlin-
ear parameters including centres and widths in the RBF
NN. The primary drawback by using the stochastic gradient
method is that the training method is easily prone to being
trapped in a local minimum. The TLBO is applied to train
the RBF NN by optimizing the RBF centre ci and width σi
in this study. It is convenient and easy to adopt TLBO for
the parameter optimization of the RBF NN since there is no
algorithm-specific parameter that needs to be adjusted by a
user during algorithm implementation. The typical frame-
work of TLBO is shown in Figure 3.

2.4. Principle of a Battery Lumped Thermal Model. In order to
use the EKF to filter out the outliers of the estimation results,
a proper battery model which is capable of describing the
battery thermal behaviour needs to be selected as the state
function. Because the simple structure and parameters are
easy to be identified, a battery lumped thermal model is
adopted with the EKF to filter out outliers in this study.

Assuming that the battery surface and internal tempera-
tures are both uniform, the battery has a uniform distribution
of heat generation. Heat conduction is the only heat transfer
form between the ambience and the battery surface and also
between the battery interior and the surface, and a two-stage
battery cell thermal model is then described as [37, 38]

C1 · dT in
dt

= k1 · Tsh − T in + I2 · R,

C2 · dTsh
dt

= k1 · T in − Tsh + k2 · Tamb − Tsh ,
23

where I stands for the battery current. T in and Tsh are the
battery interior temperature and shell temperature, respec-
tively. Tamb is the ambient temperature of the battery. R is
the internal resistance of the battery. Both C1 and C2 stand
for the heat capacities. k1 is a thermal dissipation rate to
represent the heat conduction happening between the battery
interior and surface, while k2 is another thermal dissipation
rate to stand for the heat conduction between the ambience
and battery surface [39].

Supposing dT k + 1 /dt = T k + 1 − T k /Ts, the bat-
tery lumped thermal model is then further denoted as

T in k + 1 = A1 × T in k + A2 × Tsh k + A3 × I2 k ,

Tsh k + 1 = B1 × T in k + B2 × Tsh k + B3 × Tamb,
24

where Ts stands for the sampling time period. A1 = 1 −
T s · k1 /C1, A2 = Ts · k1 /C1, A3 = Ts∙R /C1, B1 = Ts · k1 /
C2, B2 = 1 − Ts · k1 + k2 /C2, and B3 = Ts · k2 /C2.

3. RBF NN Model-Based Internal
Temperature Estimation

The RBF NN model is first trained and optimized by the
TSIA and TLBO, respectively. Then, the well-designed RBF
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NN model is applied for the internal temperature estimation
of the Li-ion battery. The terminal voltage V , battery current
I, and surface temperature Tsh are selected as the elements of
the RBF NN inputs, and the battery internal temperature T in
is chosen as the only one neuron of the NN output layer. On
the one hand, Tsh is an important index to describe the bat-
tery thermal behaviour and has the direct impacts on T in.
On the other hand, there is a nonlinear relationship between
the V and T in. Besides, the battery current I will result in the
battery heat generation and further affects T in. Therefore,
three essential factors including Tsh, V , and I are chosen as
the input elements for the RBF NN model to estimate T in.

The overall flow diagram for the TSIA-based RBF NN
internal temperature estimation approach is illustrated in
Figure 4. The proposed hybrid T in estimation approach is
described summarily in the following steps:

Step 1. Collect the battery operating data by the battery oper-
ation platform. The data includes the battery terminal volt-
age, current, surface temperature, and internal temperature.

Step 2. Normalize all of the battery operating data.

Step 3. Prepare the data candidate pool for the RBF NN
training. The data for the V , I, and Tsh are selected as

the candidate inputs, and the T in is the output for the
RBF training.

Step 4. Use the TSIA to determine the significant input terms
for RBF NN and the FRA in the first stage of the TSIA to
optimize the numbers of hidden layer neurons of RBF; then,
optimize the structure of the RBF NN.

Step 5. Use the TLBO to optimize the centres and widths
in the RBF NN. The corresponding weights between RBF
hidden and output layers are calculated by the least
square approach.

Step 6. When the optimizing procedure is finished, save the
centres, widths, and the corresponding weights between
hidden and output layers in the RBF NN model.

Step 7. Use the trained RBF NN model for the battery T in
estimation. An identified lumped thermal model is combined
with the EKF to filter out the outliers and improve the model
estimation accuracy.

3.1. Structure Optimization of the RBF NN Model. In this
study, the TSIA approach is used firstly by calculating the
net contribution of every added input term and then the most

Initialize a number of students

Calculate the mean Xmean

For each student, update
Xnew = Xold + rand⁎ (Xteacher − Xmean)

Xnew = Xold + rand⁎ (Xi − Xi) Xnew = Xold + rand⁎ (Xi − Xi)

Is Xnew better
than Xold?

Is Xnew better
than Xold?

Is Xi better
than Xj?

AcceptReject

Select two random student Xi and Xj

AcceptReject

Is termination

End

YesNo

YesNo

YesNo

Yes

No

Teaching
phase

Learning
phase

(1/N) N

i = 1

Identify the best solution Xteacher

= Σ Xi

criterion satisfied?

Figure 3: Typical framework of the TLBO.
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significant inputs are selected. After that, the forward
selection stage which is also named FRA in the TSIA method
is applied to determine the proper number of hidden layer
neurons of the RBF NN; then, the structure of the RBF NN
can be optimized.

The detailed procedure to determine the construction of
the RBF NN for estimating the battery T in by using the TSIA
method is shown as follows.

(1) Select the significant terms for the RBF NN input.

(a) Formulate the candidate input term pool that
consists of Tsh, V , I, and their delays Tsh t − ksh ,
V t − kv , and I t − ki . (ksh, kv, and ki are the
delays of the surface temperature, terminal
voltage, and battery current, resp.)

(b) For the forward selection stage, compute the
input term net contributions according to (15)
and select the largest contributors until the ter-
minal criterion SSE is achieved.

(c) For the second refinement stage, move and com-
pare the selected terms to eliminate the insignifi-
cant input selection terms. These processes are
repeated until nomore reduction can be achieved.

(2) Determine the optimal number of hidden neurons.

After choosing the satisfactory input terms for the
RBF model, the contributions of the hidden neurons
need to be calculated. The selected input terms will
form a new term pool. And the SSE can provide an
effective criterion to determine the RBF hidden neu-
rons by using the FRA. This process will continue
until the expected total net contribution value of the
added hidden neurons is achieved. Then, the number
of the hidden layer neurons is optimized as well as the
construction of the RBF NN.

3.2. Parameter Optimization of the RBF NN Model. After
determining the construction of the RBF NN model by the
TSIA method, the nonlinear parameters including ci and σi
in the radial kernel function need to be optimized by the
TLBO algorithm. The root mean squared error (RMSE) is
selected as the fitness function to be minimized, and it can
be expressed as follows:

min f = RMSE =
1
N

·〠N

i=1 ŷ − ym , 25

where ŷ is the value by estimation and ym stands for the
actual data by measurement.

The initial particles of TLBO are obtained by randomly
assigning values for ci and σi. A better set of nonlinear
parameters is determined through the TLBO process; then,
a more accurate model with lower RMSE will be obtained.
The detailed optimization procedure for RBF nonlinear
parameters by TLBO is described as follows:

(1) TLBO initialization:

(a) Set the numbers of generations Gm, population
sizes Np, maximum and minimum bounds of
the solutions Stmax and Stmin.

(b) Randomly generate the particles in which each
hidden neuron can contain two unknowns ci
and σi.

(2) Teaching stage:

(a) The values of the fitness function f for all
solutions are computed to determine the best
result as the teacher Xteacher.

(b) The mean Xmean of the population is calculated
column-wise.

(c) The teacher will try to move the mean from
Xmean to Xteacher. Then, the difference DMt
between Xmean and Xteacher is calculated.

(d) The obtained difference DMt is added to the
current solution to improve the knowledge
of learners.

(e) The better solution in learners after the effect of
the teacher is then accepted.

Start

Collect the battery operating data

Normalize the data

Prepare the candidate training pool

Use the TSIA to determine the significant
input terms and the FRA to optimize the

structure of the RBF neural network

Use the TLBO to optimize the
parameters in the RBF neural network

Is the optimizing procedure finished?

Save the optimized RBF neural
network

Use the EKF for filtering

Estimate the internal temperature of the battery

End

Yes
No

Figure 4: The overall flow diagram of the proposed TSIA-based
RBF NN internal temperature estimation.
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(3) Learning stage:

(a) Students share knowledge to each other and
obtain improvement through the interactions.

(b) Select better solutions after the interaction of
students.

(c) Go back to the teaching stage until the final
generation is reached or the defined criterion
is met.

3.3. Application of the EKF to Improve Accuracy. After
determining the construction and the corresponding param-
eters, the well-trained NN model is applied to estimate the
battery T in. An EKF is also used to filter out the outliers of
the NN model output, aimed at reducing the errors and at
improving the estimation accuracy.

The summary process of the EKF is depicted in Table 1.
The battery T in outputs from the NN model are deter-

mined as the noisy measurement to develop a normal bat-
tery state-space model for the estimation of the EKF.
Therefore, the state function is the battery lumped thermal
model. And the measurement function consists of the well-
trained NN model. The target of the EKF is to filter out the
outliers in the NN output and decrease the estimation
errors [40]. The state-space model for the EKF is described
as follows:

State function:

T in k + 1

Tsh k + 1
=

A1 A2

B1 B2

T in k

Tsh k
+

A3 × I2 k

B3 × Tamb

+ υ

26

Measurement function:

NN k

Tsh k
=

T in k

Tsh k
+ ω, 27

where NN k stands for the T in estimated by the NN model
at an instant period k. υ is the state noise, while ω is the
measurement noise.

The developed approach which consists of the well-
trained NN model and EKF for battery T in estimation is
shown in Figure 5.

4. Experiments and Results

4.1. Battery Data and Platform. The experiment data of the
Li-ion battery were tested from our EV lab in Queen’s
University Belfast. These data are applied for the training
and validation of the NN model. The operation platform of
the battery consists of a charger to charge the battery, an elec-
tric load to discharge the battery, and a thermal cabinet to
control the testing environment, as shown in Figure 6 [41].
The battery applied for testing in our lab is a prismatic
LiFePO4-graphite battery. The nominal capacity and the
operation voltage of the battery are 10Ah and 3.2V, respec-
tively. Some charging and discharging tests under different

current levels are operated to obtain the corresponding data
including I,V , Tsh, and T in. Tamb is set as 24

°C by the thermal
cabinet for these tests.

According to the proper normalization of data, the
training procedure of the NN model will be more efficient
with higher robustness. Therefore, before training the NN
model, the data will be normalized by

x =
2 x − xmin

xmax − xmin − 1
, 28

where xmax and xmin are the upper and lower limits for the
data vector x of the NN. When validating the model accu-
racy, the testing data will be also scaled by the same xmax
and xmin adopted in the training step.

4.2. Identification of the Battery Lumped Thermal Model.
Before filtering out the outliers and decreasing the output
noises in the NN model by the EKF algorithm, the battery
lumped thermal model (state function) should be first
identified based on the experimental data. The self-heating
experimental data are adopted for battery thermal model
identification. The constant parameters are identified by the
least square method. Details about the corresponding identi-
fication procedure can be found in our previous work [41]
and will not be presented due to page limit.

Under our laboratory test conditions [41], it is found that
the internal resistance is mainly affected by T in and it only
increases slightly at a low SOC state. Therefore, we consider
the internal resistance R a function of the battery internal
temperature T in. The relationship for the internal resistance
with different internal temperatures can be described as
R = R T in and is shown in Table 2. Then, for different
T in conditions, the corresponding R will be calculated by
the linear interpolation approach.

Table 1: Summary process of the EKF.

State-space model:
sk+1 = f sk, uk +wk,
yk = g sk, uk + vk,

where wk and vk are independent, zero-mean Gaussian noise
processes.
Definitions:
Ak = ∂f sk, uk /∂s ∣sk=ŝ+k ,
Ck = ∂g sk, uk /∂s ∣sk=ŝ−k

Initialization: for k = 0,
Set ŝ+0 = E s0 ,

〠+
s,0 = E s0 − E s0 s0 − E s0

T

Computation: for k = 1, 2,… , compute
Time update:

ŝ−k = f ŝ+k−1, uk−1 ,
〠−

s,k = Ak−1〠
+
s,k−1A

T
k−1 +〠w

Measurement update:

Lk =〠−
s,kC

T
k Ck〠

−
s,kC

T
k +〠v

−1,
ŝ+k = ŝ−k + Lk yk − g ŝ−k , uk ,
〠+

s,k = I − LkCk 〠−
s,k
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After R is obtained, the constant parameters of the
battery lumped thermal model will be identified by the
least square method and are illustrated in Table 3. Then,
the identified thermal model is determined as the state
function with the EKF to filter outliers.

4.3. Determination of the Neural Network. The candidate
input pool for the battery NN model is composed of
Tsh k − ksh , V k − kv , and I k − ki , where Tsh k , V k ,
and I k stand for the surface temperature, terminal voltage,
and current of the battery at a time instant k, respectively. ksh,
kv, and ki denote the delay factors of the corresponding ele-
ments, respectively. In the experiment, the delay factors
are all fixed as 4. Then, all varieties with delay up to 4
(the total number is 15) comprise the candidate pool.
The elements in the candidate pool need to be evaluated
by the TSIA approach.

According to the TSIA approach, 7 terms from the
candidate pool that make the most significant contribu-
tions to reduce the SSE are chosen as the input terms of
the battery NN model, including Tsh k , Tsh k − 3 , I k ,
I k − 3 , V k , V k − 1 , and V k − 3 .

After selecting the satisfactory input terms, the number
of the hidden neurons in the RBF NN model needs to be
determined. The contributions of the hidden neurons are
computed by the algorithm also named FRA in the forward
selection stage of the TSIA. This process continues until the
SSE criterion is achieved. In this experiment, the selected 7
inputs form a new term pool for determining the optimal
number of neurons in the hidden layer. The initial number
of the RBF neurons is preset as 25, and the stopped SSE
percent value is set as 1e−2 which means that the hidden
neuron determination process is terminated on the condition
that the total contribution of the selected hidden neurons is
larger than the tolerance percent value 1 − 1e−2. Then, the
optimal number of neurons in the hidden layer of the RBF
NN is finally determined as 12, while the construction of
the RBF NN model and the corresponding generalization
capability are also determined and optimized. After that,
the number of generations Gm and the number of popula-
tions Np for TLBO are set to 50 and 20, respectively. The
TLBO algorithm is then adopted to optimize the centres
and widths in every neuron of basis function, while the
linear output weights W between the RBF hidden layer
and output layer are calculated by the least square approach
shown in (5).

4.4. Validation Results of the Hybrid Approach. In this study,
four various testing data sets are conducted as the validation
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Figure 5: The developed approach combines the NN and EKF to estimate T in.

Charger Load

Thermal cabinet 

Anode Cathode

Surface thermocouple

Internal thermocouple

Figure 6: Schematic diagram of the battery operation platform
(adapted from [41]).

Table 2: Battery R under different T in.

T in (
°C) −10 0 10 23 32 39 52

R (ohm) 0.0261 0.0182 0.0165 0.0154 0.0124 0.0127 0.0118

Table 3: Constant thermal model parameters.

Constant model parameters Value

C1 264.1

C2 30.8

k1 1.284

k2 0.301
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data, aimed at validating the robustness and the generaliza-
tion performance of the well-trained NN model. All these
testing data are obtained under 24°C constant ambient tem-
perature. Then, the effectiveness of the RBF NN model is
compared with that of the linear NN model.

Figure 7 illustrates the validation results of the battery T in
estimation by the solo linear NN model under four different
test cases. Figure 7(a) shows the test data with T in that varied
in a relatively large range under the charging condition
denoted as LC − T in, and Figure 7(b) illustrates another test
data with T in that varied in a small range under the charging
condition denoted as SC − T in; Figure 7(c) shows the dischar-
ging test data with T in that varied in a relatively large range
denoted as LD − T in, while Figure 7(d) illustrates another
discharging test data with T in that varied in a small range
denoted as SD − T in. Because the temperature variation in
the battery is a relatively slow process in comparison with
terminal voltage and battery current, which means that
battery temperature cannot change dramatically within a

very short sample period (e.g., 1 s), therefore, the sampling
time T s in all these data are set as 4 s. The red line stands
for the estimated battery T in by the solo linear NN model,
while the green line denotes the measured battery T in by
the thermocouple in the experiment. The estimation errors
for these four validated data by using the solo linear NN
model are shown in Table 4. It can be seen clearly that for
charging conditions, the RMSE is within 0.2 and the maxi-
mum estimated errors are within 0.5°C for both LC − T in
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Figure 7: Validation results for T in estimation by using the solo linear NN model: (a) LC − T in; (b) SC − T in; (c) LD − T in; (d) SD − T in.

Table 4: Estimation errors for four validation data by using the solo
linear NN model.

Case RMSE Max error (°C)

LC − T in (a) 0.1801 0.458

SC − T in (b) 0.1262 0.221

LD − T in (c) 0.5645 1.302

SD − T in (d) 0.1995 0.325
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and SC − T in. These errors primarily appear with the form of
fluctuant noises especially in some inflection points. In
discharging conditions, the RMSE is 0.5645 while the
maximum error is over 1.3°C for the LD − T in, which is not
accurate enough for estimating the battery T in. Besides, more
fluctuant noises appear for the SD − T in; this result illus-
trates that estimating the battery T in using only the solo
linear NN model may lose its generalization ability under
different conditions.

As discussed in the previous section, the trained RBF NN
model is also applied for battery internal temperature estima-
tion. Figure 8 illustrates the validation results by using the
solo RBF NN model to estimate the battery T in under four
test cases. It can be seen from the figures that the trained
RBF NN model captures the evolution of most T in for all
conditions. Table 5 illustrates the estimation errors by using
the solo trained RBF NN model. In charging conditions, the
RMSE reduces to 0.0475 and 0.0193 for the LC − T in and
SC − T in, respectively, which is more accurate than the
results by using the solo linear NN model. The errors are less

than 0.2°C for most temperature points except a few inflec-
tion points with maximum errors up to 0.4°C. In discharging
conditions, the RMSE for the cases of LC − T in and SC − T in
are only 0.0939 and 0.0367, while the maximum errors
reduce to 0.366°C and 0.192°C, respectively. Validation
results demonstrate that the established RBF NN model
captures the battery T in behaviours with great accuracy
and robustness except a few fluctuant noises happening
in inflection points.
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Figure 8: Validation results for T in estimation by using the solo RBF NN model: (a) LC − T in; (b) SC − T in; (c) LD − T in; (d) SD − T in.

Table 5: Estimation errors for four validation data by using the solo
RBF NN model.

Case RMSE Max error (°C)

LC − T in (a) 0.0475 0.431

SC − T in (b) 0.0193 0.233

LD − T in (c) 0.0939 0.366

SD − T in (d) 0.0367 0.192
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As discussed in Section 3.3, the EKF is adopted to filter
the outliers in the battery NN models. Figure 9 illustrates
the filtering results by combining the linear NN model and
EKF under four different conditions. It is clear that the
fluctuant outliers can be filtered out by using the EKF.
Table 6 illustrates the estimation errors for four validation
data by combining the linear NN model and the EKF algo-
rithm. Both the RMSE and maximum errors are reduced by
using the combined method compared with the solo linear

NN model estimation. For the result of LC − T in validation,
the RMSE is 0.1801 while the maximum error reaches
0.458°C by the solo linear battery NN model. After using
the EKF to filter out the outliers, the RMSE decreases to
0.0809 that is nearly half of the former, while the maximum
error reduces to 0.267°C. For the result of SC − T in validation,
the RMSE is 0.1262 and the maximum error is 0.221°C by
using the solo linear NN model. By combining the linear
NN model and the EKF algorithm, the RMSE and the
maximum error both decrease to 0.0746 and 0.202°C,
respectively. In discharging conditions, the RMSE and the
maximum error are 0.5251 and 1.242°C, respectively, for
the LD − T in after using the EKF, while the RMSE and the
maximum error are 0.1246 and 0.297°C, respectively, for
the SD − T in. Therefore, the approach combining the linear
NN model and the EKF algorithm is effective in filtering
out the outliers and in reducing the T in estimation error in
the linear NNmodel. It should be known that both the RMSE
and maximum error of the validation results will decrease
by using the EKF, but the T in estimated results also seem
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Figure 9: Validation results for T in estimation by combining the linear NN and EKF: (a) LC − T in; (b) SC − T in; (c) LD − T in; (d) SD − T in.

Table 6: Estimation errors for four validation data by combining
the linear NN and EKF.

Temperature range RMSE Max error (°C)

LC − T in (a) 0.0809 0.267

SC − T in (b) 0.0746 0.202

LD − T in (c) 0.5251 1.242

SD − T in (d) 0.1246 0.297
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to be not accurate enough due to the bad robustness and
generalization ability of the linear NN model.

The EKF is also applied to verify the T in estimation per-
formance of the RBF NN model. The battery T in estimation
results for four different cases by using the approach combin-
ing the RBF NN model and the EKF are shown in Figure 10.
The corresponding estimation errors are also illustrated in
Table 7. It can be seen from Figure 10 that the EKF captures
the evolution process of battery T in for all cases, and most
fluctuant noises are successfully filtered out by the EKF algo-
rithm. In charging conditions, the results show that the
RMSE between actual T in and estimated T in for LC − T in is
0.0407—an improvement by 14%, and that for SC − T in is
0.0154—an improvement by 20%, relative to the solo RBF
NN model. The maximum error for the EKF could be within
0.25°C. In discharging conditions, the RMSE for LD − T in
after the EKF is 0.0647—an improvement by 31%, and that
for SD − T in after the EKF is 0.0294—an improvement by
20%. The maximum errors could be within 0.25°C, reflecting
that the hybrid approach combining the RBF NN model and
EKF has higher T in estimation accuracy compared with the

solo RBF NN model. Therefore, combining the well-trained
RBF NN model and the EKF should be an effective method
to filter out the fluctuant noises and reduce the errors for
battery T in estimation. However, a more accurate T in estima-
tion using the EKF requires accurate parameters for a battery
state model, which limits its wide application. So to select the
hybrid approach combining the trained RBF NN model and
EKF or just the solo trained RBF NN model for battery T in
estimation should be highly dependent on the required accu-
racy for battery application.
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Figure 10: Validation results for T in estimation by combining the RBF NN and EKF: (a) LC − T in; (b) SC − T in; (c) LD − T in; (d) SD − T in.

Table 7: Estimation errors for four validation data by combining
the RBF NN and EKF.

Case RMSE Max error (°C)

LC − T in (a) 0.0407 0.221

SC − T in (b) 0.0154 0.194

LD − T in (c) 0.0647 0.243

SD − T in (d) 0.0294 0.168
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5. Conclusion

In this paper, a data-driven approach is developed in
the application of estimating the internal temperature
for Li-ion battery thermal management. This novel approach
combines a well-trained RBF NN model and the EKF algo-
rithm, which is distinctively different from existing methods.
In order to capture the dynamics of the battery, multiple
measurements including battery current, terminal voltage,
and surface temperature are chosen as the inputs of the
RBF NN, while battery internal temperature is chosen as
the output. In order to determine the suitable inputs and
remove the superfluous terms to prevent overfitting and
decrease the cost of computation, a TSIA is first adopted to
select the most significant inputs. And the number of RBF
hidden neurons is also determined by the FRA in the forward
selection stage of the TSIA, where the structure of the RBF
NN is optimized to achieve satisfied generalization capability.
To reduce the estimation errors and further increase the
accuracy of battery T in estimation, a lumped thermal model
is applied as the state function with the EKF to filter out the
outliers in the NN model. The experiments demonstrate that
the proposed RBF NN-based hybrid T in approach achieves
the reliable and accurate estimation of the battery internal
temperature under different conditions. By using the EKF,
the RMSE of estimation is within 0.07, while the maximum
error is less than 0.25°C for various testing conditions.

The contributions of this work are mainly threefold: (1) a
two-stage stepwise identification algorithm is adopted to
select the proper inputs and determine the optimal number
of the hidden neurons of the RBF NN, where the structure
of the RBF NN model is optimized to achieve satisfactory
performance. (2) A novel state-space model combining the
lumped thermal model and the well-trained battery NN
model is proposed. Moreover, the EKF algorithm is applied
to filter out the outliers of the solo NN model and decrease
the estimation errors, and the accuracy for battery inter-
nal temperature estimation under different conditions is
improved. (3) The NN is a data-driven approach without
the requirement of any battery background knowledge, so
the developed hybrid approach is capable of estimating
other types of batteries conveniently to achieve reasonable
thermal management.
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Contactors are important components in circuits. To solve the multiobjective optimization problems (MOPs) of contactors, a
niching multiobjective particle swarm optimization (NMOPSO) with the entropy weight ideal point theory is proposed in this
paper. The new algorithm selecting and archiving the nondominated solutions based on the niching theory to ensure the
diversity of the nondominated solutions. To avoid missing the extreme solutions of each objective during the multiobjective
optimization process, extra particle swarms used to search the independent optimal solution of each objective are supplemented
in this algorithm. In order to determine the best compromise solution, a method to select the compromise solution based
on entropy weight ideal point theory is also proposed in this paper. Using the algorithm to optimize the characteristics
of a typical direct-acting contactor, the results show that the proposed algorithm can obtain the best compromise solution
in MOPs.

1. Introduction

Contactors are very important electrical equipment used to
control the circuit. The performance of contactors directly
influences the safety and stability of the circuit. In recent
years, with the improvement of the demand for contactor
performance, the optimization problem of contactors has
become a hot issue. The optimization problem of contactors
is a typical multiobjective optimization problem. The charac-
teristics and power consumption are all the optimization
objectives. In the past, due to the limitation of calculation effi-
ciency of the contactors’ characteristics, the optimization
problem of the contactor was mostly based on the orthogonal
experiment which is more emphasized on the single-objective
optimization [1, 2]. In recent years, with the development of
approximation models, the calculation efficiency of the con-
tactors’ characteristics has been improved. It is possible to
apply multiobjective optimization algorithm to the optimiza-
tion problem of contactors [3–5].

In the early days, the multiobjective optimization algo-
rithm is realized by the linear weighting, setting constraints,

and other methods which can integrate the multiobjective
into a single objective. These methods were complicated
and easily subjected to subjective experience. In recent years,
with the development of intelligent optimization algorithms,
combining the intelligent optimization algorithms with the
Pareto optimal solution to achieve the multiobjective opti-
mization has got wide attention. In all these algorithms,
multiobjective genetic optimization (GA) algorithms devel-
oped fastest. Some of these algorithms are based on nondo-
minance sorting such as nondominated sorting genetic
algorithm (NSGA), nondominated sorting genetic algorithm
II (NSGA-II), and niched Pareto genetic algorithm (NPGA)
[6–9]. And some others are based on decomposition, such
as multiobjective evolutionary algorithm based on decom-
position (MOEA/D) and MOEA/D-M2M [10, 11]. All these
multiobjective GA algorithms can realize the multiobjective
optimization.However, due to the limitations of theGA, these
algorithms still have some disadvantages in optimizing effi-
ciency and effectiveness. Particle swarm optimization (PSO)
algorithm is more effective than GA in many cases because
of its simple operation, fast convergence rate, and excellent
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searching ability; some researchers study the multiobjective
particle swarm optimization (MOPSO) [12–14]. Parsopoulos
and Vrahatis have solved the dual-objective optimiza-
tion problem by using a two-particle swarm optimization
algorithm [15]. Coello et al. have proposed MOPSO based
on adaptive grid and introduced the concept of archive
[16]. Brits et al. have proposed a NichePSO based on the
niching theory borrowed from the idea of EA which has been
widely used for solving MOP [17]. In [12], Qu et al. have pro-
posed a distance-based locally informed particle swarm
(LIPS) and eliminate the need of niching parameter of PSO.
In [18], a recently developed multiobjective particle swarm
optimizer (D2MOPSO) is proposed; a new archiving tech-
nique that facilitates attaining better diversity is used in this
algorithm. In [19], a dynamic multiple-swarm PSO in which
the number of swarms is adaptively adjusted throughout the
search process via the proposed dynamic swarm strategy is
proposed. Lin et al. have proposed a novel MOPSO algorithm
using multiple search strategies (MMOPSO), where two
search strategies are designed to update the velocity of each
particle [20]. Most of these algorithms focus on the selection
of the best and the archiving strategy to make the solution
set more diverse; some similar algorithms can be found in
[21–24]. Campos et al. proposed a bare bone particle swarm
optimization with scale matrix adaptation (SMA-BBPSO) to
avoid premature convergence problem [25]. In [26], an
information sharing mechanism (ISM) is proposed to
improve the performance of a particle. In [27], Qin et al.
has proposed an improved PSO algorithm with an inter-
swarm interactive learning strategy (IILPSO) by overcoming
the drawbacks of the canonical PSO algorithm’s learning
strategy. These scholars care more about the convergence
and the learning strategy of PSO that improve the MOPSO
indirectly [28–30]. Most of the above algorithms are based
on archiving and these algorithms have been used in many
fields [31–34].

The above MOPSO focuses on the diversity not the lim-
iting case of each objective, so these algorithms often miss
the independent optimal solution due to the selection and
archiving strategy. At the same time, the results obtained by
the above MOPSO are mostly Pareto optimal sets. In engi-
neering, a compromise solution needs to be selected from
the set. The above algorithms do not propose the method
to select the compromise solution. In view of the above prob-
lems, this paper proposes a NMOPSO that considers the
independent optimal solutions and gives a method to deter-
mine the compromise solution based on the entropy weight
ideal point theory.

Taking a typical high-power DC contactor as an example,
this paper first establishes an approximate model of its static
and dynamic characteristics based on radial basis function
(RBF) network to ensure that the computational efficiency
of the contactor characteristics meets the need of the
NMOPSO. Then, according to the NMOPSO proposed in
this paper, the compromise solution is obtained. The objec-
tives obtained before and after the optimization are compared
to prove the effect of the algorithm. This multiobjective
optimization algorithm is also suitable for the field of simi-
lar optimization problem.

2. Approximate Model of Contactors’ Static and
Dynamic Characteristics

The optimization objectives of contactors contain static and
dynamic characteristics, power consumption, quality, and
so on, so the optimization problem of contactors is a typical
multiobjective optimization problem. Among all these opti-
mization objectives, static and dynamic characteristics are
the most important. They directly influence the contactors’
switch speed and indirectly influence the life and reliability
of contactors. The static characteristics of the contactors con-
tain the electromagnetic flux and the electromagnetic force.
The dynamic characteristics of the contactors include mak-
ing time and speed of the armature. The dynamic character-
istics can be solved by the 4th Runge-Kutta according to the
flux and the force. Therefore, the key to get the static and
dynamic characteristics is the calculation of the flux and the
force. Finite element method (FEM) is widely used to calcu-
late the magnetic field. However, it takes minutes even hours
to solve the dynamic characteristic by FEM. Its computa-
tional efficiency limits its application in the optimization
problem. It is necessary to replace the FEM by an approxi-
mate model to realize the fast calculation of static and
dynamic characteristics. RBF network model is an accurate
approximate model. It is suitable for the calculation of con-
tactors’ characteristics because of its fast convergence speed
and strong bureau approximation ability.

The principle of RBF network is representing the objec-
tive function by the sum of a series of radial basis functions,
that is, assume the objective function is [35]

y = y + ε = 〠
m

i=1
λiϕi ri, c + ε, 1

where y is the real value of the objectives, y is the value
obtained by the RBF network, ε is the error, λi is the weight;
φ is the RBF, ri = x − xi is the distance between the input
vectors and centers, x is the input vectors, xi is the centers
of the RBF, m is the number of centers, and c is a real
constant. Equation (3) can also be expressed as

Y =Φλ + ε, 2

Φ =
ϕ11 … ϕ1m

⋮ ⋱ ⋮

ϕn1 … ϕnm

, 3

where Y = T y1, y2,… , yn , λ = λ1, λ2,… , λm T , and ε =
ε1, ε2,… , εn T .

The RBF networks are built by two steps. The first step
is selecting the centers of the RBF. The second is the
determination of weights. The weights can be obtained by

λ = ΦT ∗Φ −1ΦT∗Y 4

The selection of the centers is the key to RBF network, which
directly influences the accuracy of the approximate model.
The most common methods of center selection are random
selection, k-means clustering, orthogonal least square
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(OLS), and so on. In these methods, OLS is a relatively accu-
rate method. The OLS selects the centers one by one from the
sampling points by judging the contribution rate of each
sampling point to the error. The RBF network built by the
OLS has relatively few center points. So the RBF network is
computationally efficient, and it is suitable for calculating
the characteristics of contactors. Calculating the dynamic
characteristics by the RBF networks needs only about 1.5 s.
The computational efficiency satisfies the need of optimiza-
tion algorithms. The multiobjective optimization problem
of contactor can be achieved by combining the RBF network
and multiobjective optimization algorithms.

3. NMOPSO with the Entropy Weight Ideal
Point Theory

3.1. The Multiobjective Optimization Problems. The MOPs
can be described by the following equation [36]:

min  F X = f 1 X , f 2 X ,… , f i X , i = 1, 2,… ,m,
s t   gj X = 0, j = 1, 2,… , s,

 hk X ≤ 0, k = 1, 2,… , l,
5

where F X is the objective vector, f i X is the ith optimiza-
tion objective, m is the number of optimization objectives,
X = x1,… , xn is the decision vectors, and gj X and hk X
are the constraints. The optimization objectives of the MOPs
are all interrelated. The improvement of one objective is
often accompanied by the deterioration of others. The solu-
tions of MOPs cannot easily compare with each other, and
there is not a solution that can make all the objectives reach
the optimum. So the Pareto dominance is always used in
the MOPs, and the Pareto optimal set is obtained in these
problems instead of the only one best solution.

Definition 1. Pareto dominance: Xa and Xb are the decision
vectors of MOPs, only if ∀i = 1, 2,… ,m f i Xa ≤ f i Xb
and ョi = 1, 2,… ,m f i Xa < f i Xb ; Xa dominates Xb,
which is defined as Xa≺Xb.

Definition 2. Pareto optimal: Xa is the Pareto optimal only
if ¬∃Xc Xc≺Xa.

Definition 3. Pareto front: all the objective vectors corre-
sponding to Pareto optimal make up the Pareto front of the
multiobjective problem.

3.2. NMOPSO considering the Independent Optimal
Solutions. The particle swarm optimization (PSO) is pro-
posed by Kennedy and Eberhart in 1995 [37]. They com-
pared the optimization process with the process of birds
searching for food and designed optimization strategies
based on the behavior of the bird flock. The basic PSO is used
for single-objective optimization. The core of PSO is the
updated rules of the position and velocity of the particle.
When birds are searching for food, they both follow its own
experience and move to the birds who performed better. So,

the velocity and position of each particle in the swarm can
be updated according to the following:

vij t + 1 =Wvij t + c1r1 t P∗
ij − xij t

+ c2r2 t P∗
gj − xij t ,

xij t + 1 = xij t + vij t + 1 ,

6

where t is the iterations, vij is the jth dimension velocity of
particle i, W is the inertia weight which determines whether
particles have better global ability or better local ability, c1
is the cognition weight, c2 is the social weight. r1 and r2 are
two random values uniformly distributed in the range of
(0, 1), P∗

ij is the jth dimension of personal best (pbest) of par-
ticle i, and P∗

gj is the jth dimension of the global best (gbest)
of the swarm.

There are two main differences between MOPSO and
PSO. First, the results of MOPSO are not one best solution
but a Pareto optimal set. Second, the solutions in theMOPSO
often cannot compare with each other; it is hard to select the
P∗
ij and the P

∗
gj. In view of the above differences, the following

two optimization strategies can be used in MOPSO. And the
algorithm is called NMOPSO.

(1) The archiving strategy based on the niching theory.
In the optimization process, an external archive is
established to retain the nondominated solutions that
have been obtained in the optimization process. By
sorting and deleting the solutions in the external
archive, the final Pareto optimal set is obtained. To
maintain the diversity of the solutions in the archive,
the solutions are sorted by the fitness which is
obtained according to niching theory through for-
mula (7). If the number of solutions in the archive
exceeds the defined value, the last solutions is deleted:

Ft i = 1
〠j=Pj

s d i, j ,

s d i, j =
1 − d i, j

σ

α

,  d i, j < σ,

0,  others,
7

where Pj is the solutions in the archive, Ft i is the
fitness of Pj, s d i, j is the sharing function of the
solutions, d i, j is the Euclidean distance between
the ith and jth solutions, σ is the niche radius, and
α is a constant coefficient.

(2) The selection strategy of the pbest and the gbest.
For each particle, if its new solution is dominant
of its predecessors in one iteration, the new solu-
tion is set as the pbest of the particle, otherwise
the new solution is set as the pbest with a proba-
bility of 50%. For all the particles, the gbest is
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selected by the roulette in the external archive
according to the fitness.

In analyzing the optimal solutions of each objective inde-
pendently in the MOPs, the limiting case of these objectives
can be obtained. These solutions are called independent opti-
mal solution here. The independent optimal solution is rep-
resentative in the optimization and can be used to evaluate
the optimization effect. However, in the optimization pro-
cess, NMOPSO does not care about finding the independent
optimal solution for each objective but converges to the
Pareto optimal set. And the particle density near the inde-
pendent optimal solution is high; the independent optimal
solutionmaybemistakenlydeletedwhendeleting the last solu-
tions in the archive. To solve this problem, single-objective
particle swarms are added to search for the independent opti-
mal solution of each objective. And the independent optimal
solution of each objective is stored in the archive to prevent
that the final Pareto optimal set does not contain the limiting
case of each objective. And it also provides data support for
the determination of the best compromise solution.

The NMOPSO always converges to one or more solu-
tions prematurely because of its high convergent rate. This
phenomenon is more obvious when independent optimal
solutions of each objective are added. Therefore, it is neces-
sary to add appropriate mutation in the NMOPSO to main-
tain the diversity of the solution. Here, each dimension of
the particles is mutated with a probability Cb before each cir-
cle, where Cb is calculated by the following:

Cb = Cb0 1 − t
N

e

, 8

where Cb is the mutation probability, Cb0 is the initial muta-
tion probability, t is the iterations, N is the maximum itera-
tions, and e is a constant coefficient. Cb initially declines
fast and then tends to be flat. That ensures the PSO has
strong global search ability at the beginning of the optimiza-
tion process, to avoid falling into the local optimal solution.
At the same time, PSO can quickly converge to the Pareto
optimal set at the end of the optimization process.

According to the above strategy, the Pareto optimal set
can be obtained by 8 steps.

Step 1. Initialize the multiobjective particle swarm, the
single-objective particle swarms, and the external archive.

Step 2. Search the independent optimal solutions of each
objective by the single-objective particle swarms.

Step 3. Calculate the value of each particle in the multiob-
jective particle swarm according to F X . Keep the nondomi-
nated solutions and the independent optimal solutions in the
external archive.

Step 4. Delete the dominated solutions and the repeated
solutions in the archive. Calculate the fitness of the solutions
in the archive. Sort the solutions by the fitness, and if the
number of solutions in the archive exceeds the defined value,
delete the last solutions.

Step 5. Select the gbest by the roulette in the external
archive according to the fitness.

Step 6. For each particle in the present iterations, judge if
it is dominated by the previous solution and select the pbest.

Step 7. Update the velocity and position of each particle
according formula (6). Mutate the particle according to
formula (8).

Step 8. If the number of iterations is equal to N , stop the
algorithm or else return to Step 3.

In order to verify the performance of the NMOPSO pro-
posed in this paper, 3 standard test functions ZDT1, ZDT2,
and ZDT3 are used [38]. The Pareto front of ZDT1 is convex,
the Pareto front of ZDT2 is concave, and the Pareto front of
ZDT3 is discontinuous. According to formula (9), the dis-
tance between the solutions in the archive and the true Pareto
front can be calculated. That is called the generational
distance [39].

GD =
〠n

i=1disti
2

n
, 9

where n is the number of solutions in the archive and disti is
the Euclidean distance between the objective vector of ith
nondominated solution and the nearest member of true
Pareto optimal set. GD=0 means all the nondominated solu-
tions are on the Pareto front.

TheNMOPSO is comparedwith two classical algorithms—
NSGA-II and MOPSO. Moreover, the NMOPSO is also com-
pared with two typical up-to-date algorithms—AGMOPSO
and CDMOPSO [14]. Here, the number of particles is set to
50 and the number of nondominated solutions in the archive
is set to 100. The maximum iterations are set to 100. The
results of each algorithm are obtained from 20 times inde-
pendent runs. Figure 1 shows the typical figure of each algo-
rithm and Table 1 shows the comparison results.

Figures 1(a)–1(c) show the comparison of NMOPSO
with classical algorithms, and Figures 1(d)–1(f) show the
comparison of NMOPSO with up-to-date algorithms. In
Figure 1, all five algorithms can converge to the Pareto opti-
mal set and have good diversity. However, from the data in
Table 1, NMOPSO works significantly better than others
when ZDT3 was optimized and can get the same even better
results compared with up-to-date algorithms when ZDT1
and ZDT2 are optimized. At the same time, the NMOPSO
proposed in this paper can better get the limiting case of
each objective because of the searching and archiving strat-
egy of the independent optimal solutions. Especially for
ZDT3, NMOPSO can get the limiting case of objective more
reliably. NMOPSO in this paper can get the limiting case of
each objective and is helpful to determine the best compro-
mise solution.

3.3. Selection of Compromise Solution Based on the Entropy
Weight Ideal Point Theory. The result obtained by NMOPSO
is a Pareto optimal set; however, in an engineering applica-
tion, a decision is needed to select a compromise solution in
the set. Here, an entropy weight ideal point theory is pro-
posed to select the best compromise solution.

Ideal point is an important definition in the MOP. For
multiobjective optimization problems, the Pareto optimal
set is P, if the f 0i satisfy (10). The F0 = f 01, f 02,… , f 0m is
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called the ideal point of this MOP, which is corresponding to
the independent optimal solutions of each objective.

f 0i ≤min
x∈P

 f i X , ∀i = 1, 2,… ,m 10

Due to the mutual restraint relationship among the
objectives in the MOP, the ideal point cannot be obtained
generally. The ideal point method is to find X on the solution

set which makes the distance between the F(X) and F0 to be
minimum by solving the following:

min
x∈P

 U X = F X − F0 = 〠
m

i=1
wi f i X − f 0i

2
1/2

,

11
where wi is the inertia weight. Because the unit and the mag-
nitude of each objective are different, the w in (11) needs to
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Figure 1: The performance of five algorithms.
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be determined according to the actual situation of each objec-
tive. In order to avoid the influence of subjective experience,
an entropy weight method is used to determine the weight
here. And the relative rate of change f i X − f 0i /maxx∈P f i
X is used here to replace the f i X − f 0i so that can elim-
inate the impact of the unit and characterize the degree of
change of each objective more accurately.

The entropy weight method determines the weight
according to the amount of information carried by each
objective. In this method, the higher amount of information
the objective contains, the bigger the weight of the objective
is. In order to obtain the entropy weight of each objective
in the Pareto solution set, each objective should be standard-
ized according to the following:

pbij =
pkij −min pki

max pki −min pki
,

Ei =
〠n

j=1peij ln peij
−ln n

,

wi =
1 − Ei

〠m
i=1 1 − Ei

,

12

where PK = pkij is a nondominated solution set contain-
ing n solutions and m objectives, i = 1, 2,… , n and j = 1,
2,… ,m, respectively. pbij is the standardized data. Ei is
the entropy of the ith objective. peij = pbij/∑n

j=1pbij is the
probability of each value of the ith objective if peij = 1/n,
j = 1, 2,… , n. That the probability of each value is the
same means this objective contains no information and
the weight is set to 0.

4. The Optimization Results of Contactor

The structure of the typical direct-acting contactor is clear
and its working principle is simple. So here, a typical direct-
acting contactor is selected to verify the effect of NMOPSO
proposed in this paper. The structure of the contactor is
shown in Figure 2. Select the retention force of the contactor,
making time, coil power, and the mass of the armature as the
optimization objectives to represent the static and dynamic
characteristics of the contactor, power consumption, and
other needs. Here, the retention force of the contactor is
expected to be bigger, while other objectives are expected to
be smaller. The main parameters that affect the objectives
are the size parameters X1, R1, R2, R3, and the coil resistance
RΩ . To ensure there is no interference between the compo-
nents of the contactor, the initial values and constraints of
each parameter are given in Table 2.

In the above four objectives, the coil power and the mass
of armature can be directly calculated according to the coil
resistance and the size parameters. However, the retention
force of the contactor and the making time need to be
obtained by establishing the approximate model of contac-
tors’ static and dynamic characteristics. The dynamic charac-
teristics of the contactor are obtained by iterative solution of
the static characteristic. To ensure the effect of the approxi-
mate model, only the accuracy of solving the dynamic char-
acteristic of the contactor needs to be verified. Here, get the
coil current by the oscilloscope monitors and the armature
displacement by the laser displacement sensor. Figure 3
shows the comparison of the RBF network approximate
model results, the FEM results, and the actual data.

In Figure 3, the three curves of results basically coincide.
The making time of this contactor is 23ms in practice, the

Table 1: The performance of five algorithms.

NMOPSO MOPSO NSGA-II AGMOPSO CDMOPSO

ZDT1

GD
Mean 1.49e − 4 2.02e − 3 1.01e − 3 6.23e − 4 7.80e − 4

Variance 1.82e − 9 1.12e − 5 7.70e − 7 3.17e − 6 2.02e − 7

Obj1
Best 0 0 0 0 0

Worst 0 0.009 0 0 0

Obj2
Best 0 0.002 0 0 0

Worst 0 0.178 0.329 0.031 0.050

ZDT2

GD
Mean 9.14e − 5 5.28e − 4 9.94e − 4 9.61e − 5 1.23e − 4

Variance 2.58e − 8 2.91e − 8 4.76e − 7 2.25e − 9 6.75e − 9

Obj1
Best 0 0 0 0 0

Worst 0 0 0 0.011 0

Obj2
Best 0 0 0 0 0

Worst 0.027 0.040 0.243 0.037 0.004

ZDT3

GD
Mean 1.53e − 4 4.65e − 4 2.70e − 3 3.31e − 3 1.22e − 3

Variance 4.32e − 9 3.05e − 8 6.61e − 6 3.17e − 5 9.75e − 6

Obj1
Best 0 0 0 0 0

Worst 0 0.002 0 0 0

Obj2 Best −0.773 −0.744 −0.773 −0.773 −0.773
Worst −0.773 −0.506 −0.355 −0.592 −0.563
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making time is 22.6ms by the FEM, and the making time
is 22ms by the approximate model. The error is within
5%. The approximate model needs 1.5 s to calculate the
dynamic characteristics; however, the FEM requires
15min. The approximate model greatly improves the com-
putational efficiency. It can be seen that the accuracy and
computational efficiency of the approximate model meet
the requirements of NMOPSO and can be used for the
MOP of contactors.

To verify the performance of the NMOPSO used in the
field of contactor, here the retention force of the contactor
and the making time are optimized, and the result is com-
pared with the MOPSO. Here, the number of particles is set
to 50, and the number of particles in the archive is set to
100 in three algorithms. The maximum iterations are set to
100. Figure 4 shows the Pareto front of the force and making
time. Both of the two algorithms can find the Pareto front of

the MOP. However, due to the mutation and the retention
of independent optimal solution, the results obtained by
the NMOPSO are more closed to the limiting case of each
objective, and some solutions obtained by the NMOPSO
obviously outperform those by the MOPSO. The perfor-
mance of the NMOPSO is better and suits the optimiza-
tion of the contactor.

Using the NMOPSO, optimize the above four contactor’s
objectives which are the retention force of the contactor,
making time, coil power, and the mass of the armature. The
entropy weight of each objective is calculated by formula
(12), and the independent optimal solution of each objective
is recorded in Table 3. It can be seen that the objectives of the
contactor have a great optimized space according to Table 3.

The result of each objective after the optimization is
shown in Table 4. In these objectives, the optimization of
the retention force of the contactor and the coil power is
more obvious. The force is increased by 32.3N, the coil
power is decreased by 1.2W, and the making time and the
mass are not obviously improved but still maintain the orig-
inal level. At this point, if a parameter is changed to improved
one objective, the other objectives will be worse. For example,
reducing the coil resistance to 40Ω and keeping the other
parameters constant will reduce the making time to 21.3ms
and increase the rate of optimization from 1.8% to 3.2%.
However, that will make the coil power increase to 19.6W
and the rate of optimization from 6.1% to 0%. It can be seen
that the compromise solution optimized by the entropy
weight ideal point method is relatively better.

Electrical
contactor

Coil

Yoke ironArmature

Connecting
rod

Spring

R1

R2

X1

R3

Figure 2: Structure of the typical direct-acting contactor.

Table 2: The initial values of each parameter.

Parameters Initial values Constraints

R1 8.00mm (7, 9) mm

R2 6.00mm (5.5, 6.5) mm

R3 6.00mm (6, 7) mm

X1 12.80mm (11.8, 13.8) mm

RΩ 40.00Ω (36, 44) Ω
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5. Conclusion

For solving the MOP of the contactors, a NMOPSO which
considers the independent optimal solutions and mutation
is proposed in this paper. The NMOPSO realizes selecting
and sorting of the nondominated solutions by archiving
strategy which is based on the niching technique. And an
entropy weight ideal point idea is also contained in this
method to get the best compromise solution.

Taking a typical high-power DC contactor as an example,
an approximate model of the static and dynamic characteris-
tics of the contactor is established based on the RBF network
so that the solving efficiency of the objectives of the static and
dynamic characteristics satisfies the requirements of the
MOP. Then, the objectives such as the retention force of
the contactor, making time, coil power, and the mass of the
armature are optimized by the NMOPSO proposed in this
paper, and the best compromise solution is determined. After
the optimization, the retention force of the contactor has
increased 30%, and the coil power has reduced 6%. The other
two objectives maintain the original level. In conclusion, the
method proposed in this paper is good at the optimization of
the contactors and can get good optimization result. The
multiobjective optimization algorithm also suits the similar
field with good promotion.
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Nowadays, haze has become a big trouble in our society. One of the significant solutions is to introduce renewable energy on a large
scale. How to ensure that power system can adapt to the integration and consumption of new energy very well has become a
scientific issue. A smart generation control which is called hierarchical and distributed control based on virtual wolf pack
strategy is explored in this study. The proposed method is based on multiagent system stochastic consensus game principle.
Meanwhile, it is also integrated into the new win-lose judgment criterion and eligibility trace. The simulations, conducted on the
modified power system model based on the IEEE two-area load frequency control and Hubei power grid model in China,
demonstrate that the proposed method can obtain the optimal collaborative control of AGC units in a given regional power
grid. Compared with some smart methods, the proposed one can improve the closed-loop system performances and reduce the
carbon emission. Meanwhile, a faster convergence speed and stronger robustness are also achieved.

1. Introduction

Recently, the thermal power generation makes the environ-
mental pollution more serious, especially the air pollution.
Therefore, more and more clean energies such as wind and
photovoltaics are continuously merged into the strongly cou-
pling interconnected power grid [1]. However, new troubles,
such as voltage over limit and power fluctuations as well as
frequency instability [2–4], are brought out. Meanwhile, the
safe operation of the power grid is also affected. The
traditional centralized automatic generation control (AGC)
cannot obtain the similar control performance with the
decentralized AGC since the energy distributions are more
dispersed. It will be an inevitable trend for the future smart
grid to research the decentralized AGC.

In recent years, many scholars have devoted to the opti-
mal control strategy of decentralized AGC [5–13]. Authors
in [6] put forward the concept of optimal AGC by using
the original dual transformation method, which is based on
the optimal control theory. It showed that the dynamic
equation and the constructed AGC control strategy of the

interconnected system could realize multiarea decentralized
optimal AGC control. However, the used optimal AGC con-
troller needed to feedback all the state variables which were
difficult to be obtained directly in the actual system. In [8],
a new method was proposed based on the model predictive
control. It focused on a decentralized optimal AGC control
strategy based on cooperative synchronous power grid.
While the stability and robustness of the multivariable
predictive control method including the application in actual
AGC system needed to be further studied, the method was a
great amount of calculation and time-consuming. Yu et al.
[11] demonstrated that an optimal AGC can be achieved
under the circumstance that the agents are in small number.
However, the algorithm is only applicable to systems with a
small number of agents and its application is limited. In the
same way, the decentralized control has been studied by the
author in the early stage, namely, decentralized correlated
equilibrium Q(λ)-learning (DCEQ(λ)) [12] based on multia-
gent (MA). It can solve the complex stochastic dynamic char-
acteristics and optimal coordination control of AGC after the
access of distributed energy. Nevertheless, if the number of
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MA increases, the searching time for the MA equilibrium
solution is geometric growth, which will limit the application
of DCEQ(λ) in larger systems. Therefore, the decentralized
win or learn fast policy hill-climbing(λ) (DWoLF-PHC(λ))
[13] based on MA was developed, in which by using aver-
age mixed strategy instead of equilibrium strategy. Thus,
the dynamic characteristics of the system are effectively
improved, and the dynamic optimization control of the total
power is also obtained. However, the DWoLF-PHC(λ) still
has multisolution problem. It results in system instability
when the number of MA increases sharply.

The above literatures have some limitations that they
only focus on the control strategy of the total power in the
AGC. However, the dynamic optimal allocation of the total
power is not involved. In fact, the modern power grid has
gradually been developed into a hierarchical and distributed
control (HDC) structure, which integrates the large-scale
new energy. For this reason, a single control strategy is diffi-
cult to meet the requirements of control performance
standards (CPS). Therefore, a hierarchical and distributed
control based on virtual wolf pack strategy (HDC-VWPS)
is proposed in order to attenuate the stochastic disturbance
problem caused by massive integration of new energy to the
power grid. The proposed strategy is based on multiagent
system stochastic consensus game (MAS-SCG). It is divided
into two parts. The first part is an AGC optimal control
method which combines a new win-lose judgment criterion,
policy hill-climbing algorithm (PHC) [14], and eligibility
trace [15]. Especially, the new win-lose judgment criterion
is named as policy dynamics-based WoLF (PDWoLF) [16].
Moreover, the control method, which is called PDWoLF-
PHC(λ), is based on multiagent system stochastic game
(MAS-SG) theory. Meanwhile, the second part is the collab-
orative consensus (CC) algorithm [17] which is based on
multi-agent system collaborative consensus game (MAS-
CC) theory. This algorithm is used to distribute the total
power dynamically and optimally. Consequently, the perfect
combination of AGC control and distribution is realized. At
the same time, the intelligence from the whole to the branch
is truly obtained. The significant difference between smart
generation control (SGC) and AGC is that the original
proportional-integral (PI) control in AGC is replaced by
the smart control in SGC.

The rest of the paper is as follows. The SGC framework
based on HDC structure is proposed in Section 2. The HDC-
VWPS is expounded in Section 3. Meanwhile, Section 4 is
the AGC design based on HDC-VWPS. Section 5 covers the
case study, and Section 6 summarizes the full text, respectively.

2. SGC Framework Based on HDC Structure

Hierarchical reinforcement learning (HRL) [18] is a hierar-
chical control method that can solve the problem of “curse
of dimensionality” in traditional reinforcement learning
effectively. A new method, namely, HDC-VWPS, is put for-
ward to obtain the optimal total power and its optimal
dispatch dynamically. The term “virtual wolf pack” is a gen-
erator set group (GSGs) of a certain control area. The
PDWoLF-PHC(λ) with the win or learn fast (WoLF)

attribute based on heterogeneous MAS-SG theory is adopted
to obtain the total power of each GSG. Meanwhile, the ramp
time CC algorithm based on homogeneous MAS-CC theory
is used to distribute the total power to each unit dynamically
in order to achieve the optimal coordination control of each
GSG. The “leader” of virtual wolf pack refers to a new dis-
patcher who is responsible for communicating, contacting
and cooperating with the leaders of the other GSGs, and
sending the instructions to each unit in the GSGs. Each
GSG only has one leader. The SGC framework based on
HDC structure is shown in Figure 1, where ΔPtie is the tie-
line exchange power, Δf is the interconnected power grid fre-
quency error, ΔPi is the total power of GSGi i = 1, 2,… , n ,
and ΔPiu is the regulation power of the uth unit in GSGi.

3. HDC-VWPS

A HDC-VWPS is designed to coordinate and optimize the
operation of GSGs in the SGC system with HDC structure
through the integration of MAS-SG and MAS-CC.

3.1. MAS-SG Framework. Based on the MAS-SG frame-
work, a PDWoLF-PHC(λ) algorithm is proposed to the
game among GSGs to obtain total power command of
each GSG.

The WoLF principle can meet the convergence require-
ment by changing the learning rate without sacrificing ratio-
nality, namely, learn quickly when losing and cautiously
when winning [14]. However, in more than 2 × 2 games,
the players cannot accurately calculate the win-lose criterion
and can only rely on the estimation. Therefore, an improved
WoLF version, PDWoLF, whose judgment criterion can be
accurately computable in more than 2× 2 games, was
explored in [16]. Also, it can converge to Nash equilibrium
in more than 2 action games.

It indicates that PHC algorithm can meet the require-
ment of the rationality in [14]. Therefore, PDWoLF-PHC
can satisfy the requirements of the convergence and the
rationality at the same time. It also converges faster with
a higher learning rate ratio [16]. The PDWoLF-PHC is
the extension of the classical Q-learning [19]. It combines
the multistep backtracking idea of the SARSA(λ) [15] to
search the optimal action-value function through the con-
tinuous trial and error dynamically. The parameter λ refers
to the use of an eligibility trace. It can solve the temporal
credit assignment of time-delayed reinforcement learning.
The optimal value function Vπ∗ s and strategy π∗ s are
as follows.

Vπ∗
s =max

a∈A
Q s, a ,

π∗ s = argmaxQ
a∈A

s, a ,
1

where A is the set of possible actions under state s.
The eligibility trace is updated by

ek+1 s, a =
γλek s, a + 1,  if s, a = sk, ak ,
γλek s, a ,  otherwise,

2

2 Complexity



where ek s, a denotes the eligibility trace at the kth step
iteration under state s and action a, γ is the discount factor,
and λ is the trace-attenuation factor.

The Q function will be iteratively updated according to

Qk+1 sk, ak =Qk sk, ak + a

R sk, sk+1, ak + γ max
a ∈A

Qk sk+1, a′

−Qk sk, ak ek sk, ak ,

3

where 0 < α < 1 is the Q-learning rate and R sk, sk+1, ak is the
reward function value from state sk to sk+1 under the selected
action ak Q s, a is the Q value function when executing
action a in state s, which uses look-up table method. a′ is a
greedy action. After sufficient trial and error iterations are
done, the state-value function Q s, a will converge to the
Q∗ matrix with the probability of one. Finally, an optimal
control strategy, represented by the optimal Q function
(Q∗ matrix), can be obtained.

The win-lose criterion of PDWoLF-PHC(λ) is deter-
mined by two parameters δwin and δlose for a given agent.
Strategy π sk, ak is updated for an agent according to (4)
in the state state-action pair sk, ak .

πk+1 sk, ak = πk sk, ak + Δskak
, 4

where Δskak
is the variable quantity of the updating strategy.

The updating rule is described as follows.

Δskak
=

−δskak k ,  if ak ≠ arg maxa Qk+1 sk, a′ ,

〠
a ≠ak

δska k ,  otherwise,

5

δskak k =min πk sk, ak , δ

A − 1 6

In (6), ∣A∣ is the number of possible actions. δ is the var-
iable learning rate and δwin < δlose ∈ 0, 1 . Also, φ = δlose/δwin
is defined as the variable learning rate ratio. δ is updated by

δ =
δwin,  if Δk sk, ak ⋅ Δ2

k sk, ak < 0,
δlose,  otherwise,

7

where Δ2
k sk, ak is the decision space slope value and Δk

sk, ak is the decision change rate at the kth step iteration.
Meanwhile, Δ2 sk, ak and Δ sk, ak are updated by

Δ2
k+1 sk, ak = Δskak − Δk sk, ak ,

Δk+1 sk, ak = Δskak

8
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Figure 1: The SGC framework based on HDC structure.

3Complexity



3.2. MAS-CC Framework. The MAS-CC framework is intro-
duced into the HDC-VWPS to dynamically allocate the total
power command to each unit.

3.2.1. Graph Theory. The topology of MAS can be expressed
as a directed graph G = V , E, B with a set of nodes V =
v1, v2,… , vn , edges EIV ×V , and a weighted adjacency
matrix B = bij ÎR

n×n. Among them vi denotes the ith agent,
edge means the relationship among agents, and constant
bij ≥ 0 is the weight factor between vi and vj. If there is
a connection between any two vertices, then the graph G
is called a strongly connected graph. The Laplacian matrix
L = lij ÎR

n×n of graph G can be written as follows.

lii = 〠
n

j=1,j≠i
bij, lij = −bij, ∀i ≠ j, 9

where the matrix L reflects the topology of the MA network.

3.2.2. Collaborative Consensus. In a MAS, it is usually called
collaborative consensus (CC) [20] while an agent interacts
with the adjacent one to reach the consensus. AMAS consist-
ing of n autonomous agents is regarded as a node in a
directed graph G. The purpose of CC is to obtain a consensus
in each agent and to update state in real time after communi-
cating with neighboring agents. Due to the communication
delay among agents, the first-order CC algorithm of a dis-
crete system is chosen as follows.

ψi k + 1 = 〠
n

j=1
dij k Ψj k , 10

where ψi is the state of the ith agent, k represents the discrete
time series, and dij k denotes the i, j entry of the row

stochastic matrix D = dij ÎR
n×n at discrete time. k dij k is

given by

dij k =
lij

〠n
j=1 lij

11

The CC algorithm can be achieved if and only if the
directed graph is strongly connected on the condition of the
continuous communication and constant gain bij.

3.2.3. Ramp Time Collaborative Consensus. The ramp time is
chosen as the consensus variable among all units in a GSG. A
unit which has a higher ramp rate will be distributed with
more disturbances. The ramp time of the uth unit in GSGi
can be obtained as follows.

tiu =
ΔPiu

ΔPrate
iu

, 12

where ΔPiu is the regulation power of the uth unit in
GSGi. ΔPrate

iu is the ramp rate of the unit and is calculated
as follows.

ΔPrate
iu =

Prate+
iu ,  ΔPi > 0,

Prate−
iu ,  ΔPi < 0,

13

where ΔPrate+
iu and ΔPrate−

ui are the upper and lower bounds of
the ramp rate, respectively.

The ramp time of the uth unit in GSGi can be updated
according to (10) as follows.

tiu k + 1 = 〠
Ui

v=1
d i
uv k tiv k , 14

where Ui is the total number of units in GSGi. D i = d i
uv

∈ RUi×Ui is the row stochastic matrix.
Then the ramp time of the GSGi leader can be updated

as follows.

tiu k + 1 =
〠
Ui

v=1
d i
uv k tiv k + ξiΔPerror−i,  ΔPi > 0,

〠
Ui

v=1
d i
uv k tiv k − ξiΔPerror−i,  ΔPi > 0,

15

where ξi > 0 represents the GSGi’s adjustment factor of the
power error. ΔPerror−i denotes the power error between the
GSGi total power and the total power of all units. It is
obtained from

ΔPerror−i = ΔPi − 〠
Ui

u=1
ΔPiu 16

In the condition of the total power command ΔPi > 0, if
ΔPerror−i > 0, the ramp time tiu needs to be increased; other-
wise tiu needs to be reduced. Oppositely, tiu will be increased
or decreased in condition that ΔPi < 0.

As a ramp time CC algorithm among units is adopted,
the power of some units may exceed their maximum power.
At the same time, the smaller the unit maximum ramp time
tmax
iu is adopted, the faster the power limit is reached. While
the power limit is reached, the uth unit’s power and ramp
time are as follows.

ΔPiu =
ΔPmax

iu ,  ΔPiu > ΔPmax
iu ,

ΔPmin
iu ,  ΔPiu < ΔPmin

iu ,

tiu = tmax
iu =

Δ Pmax
iu

Prate+
iu

,  ΔPiu > ΔPmax
iu ,

Δ Pmin
iu

Prate−
iu

,  ΔPiu < ΔPmin
iu ,

17

where ΔPmax
iu and ΔPmin

iu are the maximum and minimum
reserve capacity of the uth unit in GSGi, respectively. Fur-
thermore, if the power ΔPiu of the uth unit exceeds its limit,
the weight factor becomes as follows.

b i
uv = 0, v = 1, 2… ,Ui 18
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where B = b i
uv ∈ RUi×Ui is the weighted adjacency matrix of

the GSGi.

4. AGC Design Based on HDC-VWPS

4.1. Reward Function Selection. The impact of energy man-
agement system (EMS) on the environment is considered,
and carbon emission (CE) as part of the reward function
is also introduced. Meanwhile, in the load frequency con-
trol (LFC), each regional power grid will control the gen-
erator set in this area according to its own area control

error (ACE). The main purpose is the ACE is zero when
the steady state is reached. Therefore, in the reward func-
tion, the weighted sum of CE and ACE is taken as the
objective function. The reward function in GSGi is defined
as follows.

R sk, sk+1,ak = −η
〠Ui

u=1Ciu ΔPiu k

1000 − 1 − η ACE k 2

 s t  ΔPmin
ui ≤ ΔPiu k ≤ ΔPmax

iu ,
19

Initialize Q0 s, a , π0 s, a and e0 s, a , for all s ∈ S, a ∈ A;
Set parameters δwin, δlose, φ, γ, λ, α, and Tstep = AGC decision time;
Give the initial state s0, k = 0;
Repeat
(1) Choose an exploration action ak based on the mixed strategy set π sk, ak ;
(2) Execute the exploration action ak to AGC units and run LFC system for the next Tstep sec;
(3) Observe a new state sk+1 via CPS1 and ACE;
(4) Obtain a short-term reward R sk, sk+1, ak using Eq. (19);
(5) Update eligibility trace according to Eq. (2);
(6) Update Q function using Eq. (3);
(7) Select variable learning rate δ with Eq. (7);
(8) Compute Δskak

by Eq. (5) and Eq. (6);

(9) Calculate Δ2 sk, ak and Δ sk, ak according to Eq. (8);
(10) Update the mixed strategy π sk, ak according to Eq. (4);
(11) Obtain the total power ΔPiu of the GSGi;
(12) Determine the ramp rate according to Eq. (13);
(13) Execute CC algorithm according to Eq. (14) and Eq. (15);
(14) Calculate the uth unit power ΔPiu in GSGi;
(15) If the power limit is not exceeded, then execute step 17;
(16) Calculate ΔPiu and tiu according to Eq. (17). And update D i using Eq. (9), Eq. (11) and Eq. (18);
(17) Calculate the power error ΔPerror−i according to Eq. (16);
(18) If ΔPerror−i < ΔPmax

error−iis not satisfied, execute step 13;
(19) Output the uth unit power ΔPiu;
(20) Set k = k + 1, and return to step 1.
End

Algorithm 1: Execution steps of the HDC-VWPS.
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Figure 2: Modified power system model based on IEEE two-area LFC.
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where ΔPiu k is the actual output power of the uth unit
in GSGi at the kth iteration; ACE k indicates the instan-
taneous value of ACE at the kth iteration; η and 1 − η
represent the weight factor of controlled area’s CE and

ACE, respectively. Here, η equals 0.5. Ciu is the CE inten-
sity coefficient of the uth unit in GSGi, whose unit is kg/
kWh. ΔPmax

iu and ΔPmin
iu are the upper and lower bounds

of the uth unit’s capacity in GSGi, respectively. The CE

Table 1: Model parameters of GSG units in the Hubei power grid.

GSG number Plant types Unit number ΔPmax
iu (MW) ΔPmin

iu (MW) GRC (MW/min) Ciu (kg/kWh)

GSG1

Coal-fired power plants

G1 200 −200 5 0.99

G2 200 −200 5 0.99

G3 200 −200 5 0.99

G4 176.5 176.5 4.4 0.89

G5 300 −300 7 0.99

G6 300 −300 7 0.99

G7 300 −300 7 0.99

G8 350 −350 8.2 0.89

G9 185 −185 4.6 0.99

Pumped storage power plant

G10 300 0 300 0

G11 300 0 300 0

G12 300 0 300 0

G13 300 0 300 0

GSG2 Coal-fired power plants

G14 220 −220 5.5 0.89

G15 220 −220 5.5 0.89

G16 600 −600 12 0.89

G17 600 −600 12 0.89

G18 300 −300 6 0.99

G19 300 −300 6 0.99

GSG3

Coal-fired power plants

G20 300 −300 6 0.99

G21 300 −300 6 0.99

G22 300 −300 6 0.99

G23 300 −300 6 0.99

G24 600 −600 12 0.89

G25 600 −600 12 0.89

Hydropower plants

G26 150 0 150 0

G27 150 0 150 0

G28 150 0 150 0

G29 150 0 150 0

G30 150 0 150 0

G31 150 0 150 0

G32 170 0 170 0

G33 170 0 170 0

GSG4

Coal-fired power plants

G34 300 −300 6 0.99

G35 300 −300 6 0.99

G36 300 −300 6 0.99

G37 300 −300 6 0.99

G38 1000 −1000 20 0.87

Hydropower plants

G39 1000 −1000 20 0.87

G40 300 0 300 0

G41 300 0 300 0

G42 300 0 300 0

G43 300 0 300 0
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intensity coefficients for each type of generator set are
as follows.

Cwater
iu = 0,

Ccoal−f ired
iu =

0 87,  ΔPiu > 600,
0 89,  300 < ΔPiu ≤ 600,
0 99,  ΔPiu ≤ 300,

20

where ΔPiu is the uth unit regulation power of the GSGi
in MW.

4.2. Parameter Setting. A reasonable set of six parame-
ters λ, γ, α, δ, φ, and ξi is required in the design of the
control system.

The trace-attenuation factor λ allocates the credits
among state-action pairs. Usually, the parameter λ is located

between 0 and 1. It determines the convergence rate and the
non-Markov decision process (MDP) effects for large time-
delay systems. Generally, the factor λ can be interpreted as
a time scaling element in the backtracking. For Q-function
errors, a small λmeans that few credit will be given to the his-
torical state-action pairs while a large λ denotes that much
credit will be assigned. Through trial and error, it shows that
0.7<λ < 0.95 is acceptable. Here, λ = 0 9 is selected.

The discount factor γ is between 0 and 1, which discounts
the future rewards in Q functions. A value close to 1 should
be chosen as the latest rewards in the thermal-dominated
LFC process which is the most important. Experiments dem-
onstrate that 0.6< γ < 0.95 is proper. Here, γ = 0 9 is chosen.

The Q-learning rate α is set between 0 and 1, which
weighs the convergence rate of the Q-functions, namely,
algorithm stability. Note that a larger α can accelerate the
learning rate, while a smaller α can enhance the system
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stability. In the prelearning process, the initial value of α is
chosen to be 0.1 to obtain the overall search. After that, in
order to gradually increase the stability of the system, it will
be reduced in a linear way.

The variable learning rate δ is between 0 and 1, which
derives an optimal policy by maximizing the action value.
Especially, the algorithm will be degraded into Q-learning if
δ equals 1. The main reason is that a maximum value action
is permanently executed in every iteration. For a fast con-
vergence rate, the greedy strategy with a variable learning
rate ratio φ = δlose/δwin = 4 is selected in a stochastic game.
Through trial and error, it shows that δwin = 0 06 can obtain
stable control characteristics.

The value of power error adjustment factor ξi in GSGi is
related to ΔPi, which is shown in

ξi =

0 0025,  ΔPi > 500,
0 005,  0 < ΔPi < 500,
0 008,   − 500 < ΔPi < 0,
0 02,   − 1000 < ΔPi < −500,
0 03,  ΔPi < −1000

21

ΔPi is the total power of GSGi in MW.

4.3. HDC-VWPS Procedure. The Overall HDC-VWPS Proce-
dure Is Described in Algorithm 1.

5. Case Study

5.1. The Modified Model with Two-Area LFC Power System in
IEEE. In order to test the control performance of the pro-
posed strategy, an IEEE-modified model with two-area LFC
power system [21] is selected as the simulation object, whose
framework is shown in Figure 2. The system parameters are
taken from [22], and those of GSG1 and GSG2 are provided
in Table 1.

The work cycle of the AGC is set to be 4 s. Note that
HDC-VWPS has to undergo a sufficient prelearning through
off-line trial and error before the final online implementa-
tion. It includes extensive explorations in CPS state space
for the optimization of Q-functions and state-value functions
[23]. Figure 3 presents the prelearning of each area produced
by a continuous 10min sinusoidal disturbance. It is obvious
that the HDC-VWPS can converge to the optimal strategy
in each GSG with qualified CPS1 (the average of 10min
CPS1) and EAVE 10 min (the average of 10min ACE).

Furthermore, a Q matrix Qik s, a –Qi k−1 s, a 2 ≤ ς

with 2 norms is used as the criterion for the prelearning ter-
mination of an optimal strategy [24]. ς = 0.1 is a specified
positive constant. Both the Q value and look-up table will
be automatically saved after the prelearning, such that
HDC-VWPS can be applied into a real power system. The
convergence result of Q-function differences is given in
Figure 4. The result is obtained in each GSG during the
prelearning, in which the HDC-VWPS can accelerate the
convergence rate by nearly 26.7%~40% over that of Q(λ).
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In order to evaluate the robustness of each algorithm,
the control performances of DWoLF-PHC(λ), Q(λ), and
Q-learning are compared with that of HDC-VWPS under
a step and a stochastic load disturbance in GSG1. The sim-
ulation results under a step load disturbance are shown in
Figure 5. In Figure 5(a) it is shown that the overshoots are
around 6.3758%, 4.907%, 7.2614%, and 13.0435%, respec-
tively. Meanwhile, in Figure 5(b), it refers that the average
values of ACE are 0.1261MW, 1.0682MW, 1.2216MW, and

1.0438MW, respectively. In addition, in Figure 5(c), it is illus-
trated that the minimum CPS1 is 189.6487%, 186.7696%,
189.6426%, and 190.1703%, respectively. In the meantime,
the simulation results under a stochastic load disturbance
are described in Figure 6. In Figure 6(a), it is demonstrated
that HDC-VWPS has the strongest robustness. Besides, in
Figure 6(b), it refers that the average values of ACE are
22.7175MW, 45.1846MW, 66.6484MW, and 75.7486MW,
respectively. Moreover, in Figure 6(c), it is presented that
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the minimum CPS1 is 167.7471%, 159.4400%, 150.6757%,
and 127.3168%, respectively. Therefore, HDC-VWPS can
provide better control performances for AGC units.

The stochastic white noise is used as the load distur-
bance after the prelearning process, in which the control
performance of each algorithm obtained in each GSG is
summarized in Figure 7. CE, Δf (average values of the fre-
quency deviation), EAVE 1 min (average values of 1min

ACE), and CPS1 are the average values over 24 h. It can
be seen from Figure 7 that compared with the other
methods, HDC-VWPS can reduce CE by 1.21%~1.51%, Δ
f by 4.5647× 10−4~7.5851× 10−4Hz, and EAVE 1 min by
5.79%~44.22% and increase CPS1 by 0.0007%~0.02%.

5.2. Four-Area Model of Hubei Power Grid. Four-area model
of Hubei power grid is shown in Figure 8. As shown in
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Figure 9, an AC/DC hybrid Hubei power grid model, which
consists of totally 43 units of four GSGs, is analyzed in the
paper. The control performance is CPS, and the work cycle
of AGC is set to be 4 s. The L10 of Hubei power grid model
is 118MW.ΔXg is the governor output, andΔPg is the turbine

output. At the same time, Tg is the time constant of the gov-
ernor, T t is the time constant of the turbine, andKp/ 1 + sTp
is the equivalent function of AC frequency response,
respectively. Related parameters are set as follows. Tg =
0 078, T t = 0 32, Kp1 = 0 0027, Kp2 = 0 0029, Kp3 = 0 0027,
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Kp4 = 0 0025, and Tp = 20. Generation rate constraint
(GRC) is the Prate+

iu / Prate−
iu in this study. GRC and all the

other system parameters are given in Table 1.
The system includes coal-fired power plants, hydro-

power plants, and pumped storage power plants. The out-
put of each plant is relative to its own governor, and the
setting point of AGC is obtained according to the optimal
dispatch. The long-term AGC control performance based
on MA is evaluated by a statistic experiment with 30-day
stochastic load disturbance. Four types of controllers are
simulated, that is, Q-learning, Q(λ), DWoLF-PHC(λ),
and HDC-VWPS. The statistic experiment results obtained
under the impulsive perturbations and stochastic white
noise load fluctuation are showed in Figures 10 and 11,
respectively. Especially, Δf and ACE are the average
values of the frequency deviation and ACE. CPS1, CPS2,
and CPS are the monthly compliance percentages. The
same weight of HDC-VWPS in each GSG is chosen, which
has a more effective joint cooperation than other policvies.
As a result, a higher scalability and self-learning efficiency
can be achieved.

Figure 10 shows that the HDC-VWPS in GSG1, com-
pared with other methods, reduces CE by 11.48%~29.45%,
Δf by 0.237~0.0325Hz, and ACE by 8.57%~90.37% and
increases CPS1 by 1.03%~29.9%.

Figure 11 shows that the HDC-VWPS in GSG1,
compared with other methods, reduces CE by
0.17%~20.24%, Δf by 0.003~0.078Hz, ACE by 45%~94%
and increases CPS1 by 0.03%~4%. Similar results can be
obtained in other GSGs.

It can be seen from the simulation results that the
HDC-VWPS has stronger adaptability and better control
performance than that of other three methods. In each
GSG area, the win-lose criteria of the unit depend on
the sign of the product of Δ sk, ak and Δ2 sk, ak . By
determining the “lose” or “win” of an agent, the corre-
sponding variable learning rate is selected to obtain the
optimal Q function through updating the Q value
dynamically. Meanwhile, the variable quantity is deter-
mined in the mix strategy updating. Finally, the optimal
mixed strategy is gained by the dynamic updating con-
tinuously. The results also demonstrate that the proposed
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Figure 9: Hubei power grid model.
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strategy can effectively reduce the CE and improve the
utilization rate of new energy.

6. Conclusion

Based on theMAS-SCG theory, a novel HDC-VWPSmethod
with new win-lose judgment criterion and eligibility trace is
proposed to dynamically obtain the optimal total power
and its optimal dispatch. Also, it can attenuate the stochastic
disturbance caused by massive integration of new energy to
the power grid.

Based on MAS-SG, a PDWoLF-PHC(λ) algorithm is
proposed to solve the universality problem which usually a
strict knowledge system is required for agents under the tra-
ditional MAS-SG system. It also solved the problem which
the agents cannot accurately calculate the judgment criterion
and converge to Nash equilibrium slowly in more than 2× 2
games. Based on MAS-CC theory, the ramp time CC algo-
rithm is used to allocate the total power command to each
unit dynamically.

The simulation results verify the effectiveness of the
proposed strategy using modified power system model in
the IEEE two-area LFC and Hubei power grid model in
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Figure 10: Statistic experiment results obtained under the impulsive perturbation in the Hubei power grid model.
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China. Compared with other four smart methods, the pro-
posed one can satisfy the CPS requirements and improve
the performance of the closed-loop system. Also, it can
reduce the CE and maximize the utilization rate of energy.
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To investigate the effects of muscle fatigue on bioinspired robot learning quality in teaching by demonstration (TbD) tasks, in this
work, we propose to first identify the emergingmuscle fatigue phenomenonof the humandemonstrator by analyzing his/her surface
Electromyography (sEMG) recordings and then guide the robot learning curve with this knowledge in mind. The time-varying
amplitude and frequency sequences determining the subband sEMG signals have been estimated and their dominant values over
short time intervals have been explored as fatigue-indicating features. These features are found carrying muscle fatigue cues of the
human demonstrator in the course of robot manipulation. In robot learning tasks requiring multiple demonstrations, the fatiguing
status of human demonstrator can be acquired by tracking the changes of the proposed features over time. In order to model data
frommultiple demonstrations, Gaussian mixture models (GMMs) have been employed. According to the identified muscle fatigue
factor, a weight has been assigned to each of the demonstration trials in training stage, which is therefore termed as weighted
GMMs (W-GMMs) algorithm. Six groups of data with various fatiguing status, as well as their corresponding weights, are taken
as input data to get the adapted W-GMMs parameters. After that, Gaussian mixture regression (GMR) algorithm has been applied
to regenerate the movement trajectory for the robot. TbD experiments on Baxter robot with 30 human demonstration trials show
that the robot can successfully accomplish the taught task with a generated trajectory much closer to that of the desirable condition
where little fatigue exists.

1. Introduction

Muscle fatigue is a complicated phenomenon which is rel-
evant to the functionality of muscles. Generally speaking,
it is the decline in ability of a muscle to generate force,
which could be a result of excessive exercise. According
to the physiological mechanisms causing fatigue, there are
two classes of muscle fatigue; among them, neural fatigue is
due to the limitations in generating sustained signal by the
nerve, while the metabolic fatigue is caused by the falling
contraction capacity of muscle fibre. Fatigue limits the sport

performance of people. Research found that fatiguedmuscles
produce reduced voluntary force, throwing velocities, and
kicking power. Meanwhile, less accuracy and endurance
capacity in performing these activities has been reported by
Montgomery et al. [1] and Knicker et al. [2]. Pathologists
take fatigue assessment as crucial information source of
disease progression for diagnosis and treatment. In clinical
practice, nowadays qualitative measurements like subjective
questionnaires and clinical rating scales are taken as themain
protocols of assessing fatigue (Féasson et al. [3] andMcdonald
et al. [4]).
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The EMG is a bioelectricity generated bymuscle cells. It is
known to reflect the activation of neurons controlling muscle
contractions. sEMG signals can be collected by attaching
surface electrodes on the skin where the target muscle is just
beneath. Raw sEMG signals are usually first band filtered to
remove noises and retaining the useful information. sEMG
related features are characteristics describing the property
of the signal in various forms, for example, the amplitude
and frequency of the signal, which are computed within
a finite time segment of the signal (Wang et al. [5]), the
power spectrum (Phinyomark et al. [6]), and so on. Since
its noninvasive nature, sEMG has been applied as a research
technique to assess muscle recruitment in a variety of
scenarios for about three decades. Fatigue generally causes
increases in sEMG data, which relates to exercise/sport
performance degradation (Carneiro et al. [7] and Beneka
et al. [8]). The usefulness of mean frequency (MNF) and
median frequency (MDF) of the sEMG signal has beenwidely
investigated in clinical studies and engineering applications
(Phinyomark et al. [6] and Mugnosso et al. [9]). To estimate
the MNF and MDF of the sEMG signal, a Fourier transform
of the autocorrelation of the sEMG signal, that is, the power
spectrum or the power spectral density of the sEMG, is first
obtained, usually through Periodogrammethod.The average
frequency estimated from the power spectrum is defined as
the MNF of the signal. MDF is the frequency that divides the
total sum of the sEMG power spectrum into two segments
that are equal in amplitude (Oskoei et al. [10]). It has been
found that a decreasing MDF over time indicates fatigue
(Hollman et al. [11]). Besides these frequency-based features,
the other spectral variables which have been employed in
sEMG signal analysis include the power spectrum, root
mean square values, peak frequency, and the spectral indexes
(Farina and Merletti [12] and Phinyomark et al. [6]).

With the advance of robot control strategies under vari-
ous dynamic scenarios or with even uncertain manipulators,
robots nowadays play more proactive roles in coordinat-
ing and collaborating with human beings in accomplishing
complicated tasks, with skills such as haptic identification
(Yang et al. [13]) and human-robot interaction (HRI) (Wolf
et al. [14]). Neural interfaces have been introduced for user
to control a robot or other intelligent systems through
neural commands, such as brain-computer interfaces (BCIs)
(Muelling et al. [15] and Yang et al. [16]) or via haptic inter-
action like teleoperation (Yin et al. [17]). These technologies
have been widely employed in complex dynamic scenarios
such as robot-assisted surgical operation (Taylor et al. [18])
and disability assistance and rehabilitation (Kaufmann et al.
[19]). For tasks requiring physical movements, for example,
in manufacturing, sEMG-based neural interface is widely
adopted in HRI scenarios (Zucker et al. [20] and Yang
et al. [21]). Knowledge and implementation skills transfer
by sEMG to telerobot makes it controllable in a remote
place and manageable when accomplishing hazardous jobs
(Artemiadis and Kyriakopoulos [22], Fukuda et al. [23], and
Yang et al. [24]). In our previous studies, sEMG signal has
been employed to estimate robot joint stiffness and related
muscle tensions (Wang et al. [5]).The sEMG amplitudes from
only the very high frequency band have been engaged in

impedance and force control, where desirable robot control
performance has been achieved. Nowadays, the development
of modern controllers has been employed in complex robotic
systems, including telerobots. Controller parameters have
been estimated to minimize the tracking errors in robot
manipulation (Na et al. [25] and Wang et al. [26]). Adaptive
methods like unknown input observer and time-varying
parameter estimation have also been proposed and applied
in complex systems such as vehicle engine system (Na et al.
[27]).

TbD is another important HRI research subject. A TbD
method is to teach a robot to perform specific tasks through
showing the operation by an experienced demonstrator, at
once or at multiple times. This flexible way of HRI enables
the robot to acquire human-like manipulation skills without
complicated steps and at the same time ensures the robot’s
adaptation to new working conditions (Calinon et al. [28]
and Peternel et al. [29]). Nowadays, the taught tasks become
more and more complex, for example, carrying on heavy
load and obstacles avoidance (Zhang et al. [30]). In these
dynamic scenarios, the demonstrator has to conductmultiple
demonstrations, where muscle fatigue might occur. Yang
et al. have made efforts to remove the tremor’s influences
on skills transfer when teleoperating a robot (Yang et al.
[31]). However, in current TbD research, there has little
fatigue-related information been considered. In the field of
HRI, fatigue phenomena widely exist, and the challenge of
investigating these effects lies in how to inspect and estimate
them in dynamic environments. Unlike in clinical studies
where fatigue could be measured by subjective ratings, for
an engineering application, a systematic method to quantify
one’s developing fatigue condition over time is essential. On
the other hand, the underlying fatigue mechanism is still
under research, and their effects in many scenarios are quite
subtle to detect, which increases the difficulty of examining
them precisely.

In this paper, we present a fatigue-aware robot learn-
ing method where the human muscle fatigue issues have
been taken into account in the human-robot interaction
process. The sEMG data from the human demonstrator
have been acquired through a MYO armband worn on
the forearm. Fatigue-related parameters have been gener-
ated from the collected sEMG recordings thereby. These
parameters are derived from the low frequency bands of the
sEMG signal where muscle fatigue is generally examined.
The instantaneous amplitude and frequency variables which
are time-varying sequences of the subband sEMG signal
have been estimated. These variables are viewed indicators
of the fatiguing status of the demonstrator and are taken
into consideration in the robot trajectory learning process.
In a complex robot learning application requiring multiple
human demonstrations, the detected muscle fatigue status
forms the basis of weighing among the different trials.
The final learning outcomes will then be generated from
the weighted training samples through model adaptation
techniques. This work delivers the early efforts of exploring
themuscle fatigue effects resulting from real-worldHRI tasks,
which has brought new perspectives into this research area.
With hand-free sEMGmeasurements, the proposed working
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approach will not cause any disturbance to the human
operator. Meanwhile, the computational costs required for
fatigue scrutiny are manageable in real time as well. With the
growing employment of HRI related techniques in a wider
social and industrial community nowadays, the efforts made
here are expected to inspire more future contributions.

2. Muscle Fatigue Assessment from sEMG

During multiple demonstrations, the human demonstrator
will feel tired. It is mainly reflected by the emerging muscle
fatigue, which will affect the quality of robot learning. The
changes in muscle electricity can describe the underlying
muscular activity. As a noninvasive method, sEMG has been
taken to measure the muscle fatigue. According to Petrofsky
et al. [32], muscle length change causes the amplitude and
frequency components of sEMG to vary throughout the
duration of fatiguing exercise. This section investigates the
intrinsic amplitude and frequency variables in sEMG and
how they connect with human muscle fatigue.

For a band-limited signal of a sufficiently small band-
width, for example, the subband sEMG signal, there is a dom-
inant frequency component assuming the majority of signal
power. The amplitude and frequency of this component are
viewed as the primary features of the signal. This amplitude-
frequency representation is defined as follows (Maragos et al.
[33]):

𝑥 (𝑛) = 𝐴 (𝑛) cos [Θ (𝑛)] + 𝜂 (𝑛)
= 𝐴 (𝑛) cos[Ω𝑐𝑛 + 𝑛∑

𝑟=1

𝑞 (𝑟)] + 𝜂 (𝑛) , (1)

where 𝐴(𝑛) and Θ(𝑛) stand for signal 𝑥(𝑛)’s amplitude and
phase sequence, respectively. The instantaneous frequency is
defined asΩ(𝑛) = Θ(𝑛) −Θ(𝑛 − 1) = Ω𝑐 + 𝑞(𝑛) = (2𝜋/𝑓𝑠)𝑓𝑐 +𝑞(𝑛), where 𝑓𝑠 and 𝑞(𝑛) denote the sampling frequency
(200Hz) and frequency modulation variable, respectively.𝜂(𝑛) delivers any noise and possible errors.

Figure 1 illustrates a segment of sEMG signal and its
subbands obtained from band-pass filtering. In each of these
subbands, the envelope sequence is estimated and presented
by magenta dashed line. Over a short time interval, the mean
value of the envelope sequence has been calculated to indicate
the dominant amplitude of the subband in green color.
Due to the sampling frequency limitation, we choose three-
band signal decomposition (<10Hz, 10–50Hz, and >50Hz).
We name the average instantaneous amplitude of subband
sEMG signal from the three bands as AIE[0,10]

𝑠b , AIE[10,50]sb , and
AIE[50,100]sb , respectively. The identified parameters in Figure 1
are AIE[0,10]sb = 39.55, AIE[10,50]sb = 22.29, and AIE[50,100]sb =16.81, respectively. In Figure 2, the instantaneous frequencies
of the subband sEMG signals have been tracked, and the
principal frequency components are identified as the mean
values of the instantaneous frequency sequences over time.
Likewise, they have been named as AIF[0,10]sb , AIF[10,50]sb , and
AIF[50,100]sb , respectively. The detected dominant frequencies
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Figure 1: The subband sEMG signals and their envelopes (in
magenta dash line). The green dot-dash line in each subband
indicates its dominant amplitude.

are 4.57Hz for band [0, 10Hz], 31.36Hz for band [10Hz,
50Hz], and 62.95Hz for band [50Hz, 100Hz].

Lower frequency sEMG signals have been found more
prominent in identifying muscle fatigue than the higher fre-
quency bands (Petrofsky et al. [32] and Venugopal et al. [34]).
The following exploration of fatiguing effects hereby only
involves the lower band of sEMG to avoid other irrelevant
factors.

3. Robot Movement Representation

Dynamic movement primitive (DMP) is to model the move-
ment streams of a system in discrete time, for example,
the trajectory of robot motions (Schaal [35]). DMPs are
motion elements or short segments, formed as nonlinear
dynamic systems. The robotic joint space can be formulated
by multiple DMPs, one per joint state. A DMP system is
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composed of a spring-damper system and an external forcing
component, which is defined as follows:

𝜏�̇� = 𝑘 (𝑔 − 𝜃) − 𝑐𝜔 + (𝑔 − 𝜃0) 𝑠𝑓 (𝑠) ,
𝜏 ̇𝜃 = 𝜔, (2)

where the variables and constants are explained as follows:

𝜃 ∈ 𝑅: joint angle,
𝜔 ∈ 𝑅: angular velocity of the joint,
𝑔 ∈ 𝑅: system goal,
𝜃0 ∈ 𝑅: start angle,
𝜏 > 0: temporal scaling factor,
𝑘 > 0: spring constant,
𝑐 > 0: damping coefficient.

𝑓 : 𝑅 → 𝑅 is assumed as a nonlinear continuous bounded
function and 𝑠 ∈ 𝑅 is the state of a first-order dynamic system
formulated by

𝜏 ̇𝑠 = −𝛼𝑠𝑠, (3)

where 𝛼𝑠 > 0 is a time constant and the state 𝑠 is regarded
as a phase variable. This system is referred to as a canonical
system. Since it is not dependent on time, the described DMP
system in (2) is autonomous, which will finally converge to
zero. Empirically, the initial value of 𝑠0 is set to be 1.

DMP is found stable and robust in the presence of
external disturbances. It can also adjust the speed of the
discrete movement it represents by spatial and temporal
scaling.

The original DMPpredefines the nonlinear function𝑓(𝑠),
which can be expressed as

𝑓 (𝑠) = 𝑁∑
𝑖=1

𝛾𝑖𝜙𝑖 (𝑠) , (4)

where 𝛾𝑖 ∈ 𝑅 are the weights of 𝜙𝑖(𝑠) and 𝜙𝑖(𝑠) are normalized
radial basis functions defined by

𝜙𝑖 (𝑠) = exp (−ℎ𝑖 (𝑠 − 𝑐𝑖)2)
∑𝑁𝑗=1 exp (−ℎ𝑗 (𝑠 − 𝑐𝑗)2) , (5)

where 𝑐𝑖 > 0 are the centres and ℎ𝑖 > 0 are the widths of the𝑁 Gaussian basis functions, with 𝑖 = 1, . . . , 𝑁.

4. Robot Learning from Multiple
Human Demonstrations

In order to model data from multiple demonstrations,
Gaussian mixture models (GMMs) have been employed.
GMMs are a probabilistic model with unknown parameters,
consisting of a group of Gaussian distributions.

Each individual demonstration trial produces a set of
joint angles of the robot. Therefore, there are 𝑁 groups of
joint angles {𝜃𝑡,𝑖, ̇𝜃𝑡,𝑖, ̈𝜃𝑡,𝑖}𝑇𝑖 ,𝑁𝑡=0,𝑖=1 in our data set, where𝑁 is the
number of demonstration trials. For the 𝑖th trial, 𝜃𝑡,𝑖 ∈ 𝑅
is the joint angle and 𝑇𝑖 is the duration of demonstration.
Additionally, the 𝑠𝑡,𝑖 ∈ 𝑅 is the state of system (3) at time step𝑡, and a muscle fatigue factor from the corresponding sEMG
data has been calculated as MF𝑖, where 𝑖 = 1, . . . , 𝑁.

To learn from the data vector set {𝑠, 𝑓}, where𝑓 are values
of function 𝑓(𝑠) in system (2), GMMs have been applied to
formulate the joint distribution 𝑃(𝑠, 𝑓) as described by

𝑃 (𝑠, 𝑓) = 𝐾∑
𝑘=1

𝛼𝑘N (𝑠, 𝑓; 𝜇𝑘, Σ𝑘) . (6)

Given the dimension 𝑑 of the input data vector equal to
2, the probability distribution of a Gaussian component
N(𝑠, 𝑓; 𝜇𝑘, Σ𝑘) is elaborated as follows:

N (𝑠, 𝑓; 𝜇𝑘, Σ𝑘) = 𝑒−(1/2)([𝑠,𝑓]𝑇−𝜇𝑘)𝑇Σ−1𝑘 ([𝑠,𝑓]𝑇−𝜇𝑘)
(2𝜋)𝑑/2 Σ𝑘1/2

= 𝑒−(1/2)([𝑠,𝑓]𝑇−𝜇𝑘)𝑇Σ−1𝑘 ([𝑠,𝑓]𝑇−𝜇𝑘)
2𝜋√Σ𝑘

.
(7)

The GMMs are composed of 𝐾 Gaussian components here,
where the unknown parameters are 𝛼𝑘, 𝜇𝑘, and Σ𝑘, with 𝑘 =1, 2, . . . , 𝐾. 𝛼𝑘 ≥ 0 is the prior probability satisfying∑𝐾𝑘=1 𝛼𝑘 =1, while 𝜇𝑘 ∈ 𝑅2×1 andΣ𝑘 ∈ 𝑅2×2 are themean and covariance
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matrix of the 𝑘th Gaussian component referred as follows,
respectively:

𝜇𝑘 = [𝜇𝑠,𝑘𝜇𝑓,𝑘] ,

Σ𝑘 = [ Σ𝑠,𝑘 Σ𝑠𝑓,𝑘
Σ𝑓𝑠,𝑘 Σ𝑓,𝑘] .

(8)

These unknown parameters can be retrieved through
the Expectation-Maximization (EM) algorithm. We propose
to involve weighted Gaussian components rather than the
conventional Gaussians in this work in order to take the
muscle fatigue effects into account. Considering the fatiguing
status during the demonstration phase is varying, the weights
across all demonstration data have to vary accordingly.There-
fore, compared with the conventional GMMs algorithm, the
training data of weighted GMMs (W-GMMs) is scaled by the
fatigue factor first.Themodified EM algorithm forW-GMMs
is elaborated as follows:

(1) Initialization: set initial values of the parameters.

(2) 𝐸-step: calculate the response of the 𝑘th Gaussian
model, 𝑘 = 1, 2, . . . , 𝐾, over the upcoming data
points,

𝛾𝑗𝑘 = MF𝑗𝛼𝑘𝜙 (𝑥𝑗 | 𝜇𝑘, Σ𝑘)
∑𝐾𝑘=1MF𝑗𝛼𝑘𝜙 (𝑥𝑗 | 𝜇𝑘, Σ𝑘) , (9)

where 𝑥𝑗 = {𝑠𝑇𝑗 , 𝑓𝑇𝑗 } and MF𝑗, 𝑗 = 1, 2, . . . , 𝑁 are
data vectors and muscle fatigue factor from the 𝑗th
demonstration, respectively.

(3) 𝑀-step: update model parameters by maximum like-
lihood estimation at new round of iteration to be

𝜇𝑘 = ∑𝑁𝑗=1 𝛾𝑗𝑘𝑥𝑗
∑𝑁𝑗=1 𝛾𝑗𝑘 ,

Σ̂𝑘 = ∑𝑁𝑗=1 𝛾𝑗𝑘 (𝑥𝑗 − 𝜇𝑘)2
∑𝑁𝑗=1 𝛾𝑗𝑘 ,

�̂�𝑘 = ∑𝑁𝑗=1 𝛾𝑗𝑘𝑁 .

(10)

(4) Repeat the 𝐸-step and𝑀-step until convergence.

The 𝑓 function can be estimated through Gaussian mix-
ture regression (GMR) algorithm. In GMR, the conditional
probability 𝑃(𝑓 | 𝑠) is elaborated by

𝑃 (𝑓 | 𝑠) ∼ 𝐾∑
𝑘=1

𝛽𝑘N (𝜂𝑘, �̂�2𝑘) , (11)

Figure 3: The Baxter robot.

where

𝜂𝑘 = 𝜇𝑓,𝑘 + Σ𝑓𝑠,𝑘 (Σ𝑠,𝑘)−1 (𝑠 − 𝜇𝑠,𝑘) ,
�̂�2𝑘 = Σ𝑓,𝑘 − Σ𝑓𝑠,𝑘 (Σ𝑠,𝑘)−1 Σ𝑠𝑓,𝑘,
𝛽𝑘 = 𝛼𝑘N (𝑠; 𝜇𝑠,𝑘, Σ𝑠,𝑘)∑𝐾𝑖=1 𝛼𝑖N (𝑠; 𝜇𝑠,𝑖, Σ𝑠,𝑖) .

(12)

According to the linear transformation property of Gaus-
sian distributions,𝑃(𝑓 | 𝑠) can be approximated as 𝑃(𝑓 | 𝑠) ∼
N(𝜂, �̂�2), with 𝜂 = ∑𝐾𝑘=1 𝛽𝑘𝜂𝑘 and �̂�2 = ∑𝐾𝑘=1 𝛽2𝑘�̂�2𝑘 , where 𝜂 is
the expectation.

Finally, the nonlinear function 𝑓(𝑠) is estimated by

𝑓 (𝑠) = 𝜂 = 𝐾∑
𝑘=1

𝛽𝑘 (𝜇𝑓,𝑘 + Σ𝑓𝑠,𝑘 (Σ𝑠,𝑘)−1 (𝑠 − 𝜇𝑠,𝑘)) , (13)

where 𝑓(𝑠) is bounded since 𝛽𝑘 ∈ [0, 1] and 𝑠 ∈ (0, 1].
5. Experiments

In this section, we setup our experimental platform and verify
the proposed method by a robot teaching by demonstration
experiment which consists of a demonstration phase, a
learning phase, and a reproduction phase.

5.1. Platform Setup. The Baxter robot has been employed
to verify the proposed method. Baxter is a semihumanoid
industrial robot developed by Rethink Robotics, whose head
is of 2-DOF and the two arms are of 7-DOF (shoulder joint:𝑆0 and 𝑆1; elbow joint: 𝐸0 and 𝐸1; wrist joint: 𝑊1, 𝑊2, and𝑊3). Figure 3 gives us a picture of the Baxter robot. Besides
industrial usage, it has been employed in HRI and human-
robot collaboration (HRC) research widely (Reddivari et al.
[36]). In the experiment, the human demonstrator will drag
the end effector of the robot to complete a demonstration
task, during which the robot joint angles will be recorded.

Figure 4 shows the way of sEMG data collection in
the experiments. During the manipulation, MYO armband
is worn on the arm of the demonstrator to record the
sEMG signals generated, where the movement of human
arm is mainly driven by biceps brachii. The MYO armband
is composed of 8 sEMG electrodes and a 9-axis inertial
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Figure 4: Demonstrator wearing the MYO armband.
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Figure 5: A scene captured in the experiment.

measurement unit.These electrodes capture the bioelectricity
changes of the arm muscle of the human subject who wears
it.The default sampling frequency of sEMG signal acquisition
is 200Hz. The acquired sEMG recordings are transmitted to
the client computer through Bluetooth.

5.2. Demonstration Phase. As shown in Figure 5, there is a
pen fixed at the end effector of the Baxter robot.The rest place
of the pen is on the top of the obstacle (the stacked cylinder).
Dragged by the human demonstrator, the robot will complete
the following action: at first, the pen at the end effector pokes
the first circle (A); it then bypasses the obstacle and pokes the
second circle (B); and then it bypasses the obstacle again and
pokes the third circle (C), and finally it returns to its rest place.
In this way, the passing path of the pen is A → O → B →
O → C → O.

This demonstration is repeated 30 times. In the course
of each demonstration, the joint angles of the robot and
the sEMG signals of the human demonstrator are recorded.
Although the passing path is fixed, the trajectory of robot
motion and the duration of teaching in each trial vary.
However, all trajectories share the exact same starting and end
places.

5.3. Learning Phase and Reproduction Phase. The sEMG data
for fatigue investigation in this task is from the sensors
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Figure 6: The smoothed curve of the proposed fatigue-related
features (average instantaneous amplitude of sEMG signal) across
all trials during the human demonstration to robot.

attached to the biceps brachii, since the movement of human
arm is mainly driven by it. As described in Section 2,
we extract the instantaneous amplitude sequence of sEMG
subband [0, 10Hz] captured by the second channel of
MYO armband and compute the mean values of that time-
varying sequence at every 2 s time interval to acquire the
fatigue parameters across all 30 demonstrations. To reveal the
most significant trend and remove fluctuations, a 3rd-order
polynomial function has been used to fit the data samples
AIE[0,10]sb . Figure 6 shows the smoothed data samples over all
30 trials after curve fitting. We define an Onset of Fatigue
(OF) index as the flex point of the cubic function in the
figure. When training W-GMMs, six groups of data have
been chosen to learn the new robot trajectory; three of them
are from demonstrations before the OF, while the others
are from trails after the OF. Their muscle fatigue factors are
taken as weights in theW-GMMs training process, which are
calculated and normalized to be 0.9, 0.8, 0.7, 0.4, 0.3, and 0.2,
respectively.

Both the duration and the data amount recorded in each
demonstration vary from one to another. In Figure 7(a), we
randomly select three samples of data to observe, which are
the angles of shoulder joint 𝑆0. It is found that they are
different in duration and misaligned in time. Dynamic Time
Warping (DTW) algorithm is therefore applied to align the
data along the timeline. Figure 7(b) shows the aligned data
after the DTW processing.

As mentioned, six groups of data, including three before
the OF, and three after that, as well as their corresponding
weights are taken as training data to build the W-GMMs.
Figure 8 illustrates the learning process of the W-GMMs.
Figure 8(a) shows the training data samples in the joint space.
Figure 8(b) reveals the GMMs after training, which encodes
the joint distribution with sixteen Gaussian components.
Figure 8(c) demonstrates the learning results fromW-GMMs,
with the training samples depicted in dotted lines. It is
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Figure 7: (a) Three original samples of the joint angle 𝑆0. (b) The
processed samples after DTW time alignment.

observed that, by involving the fatigue-related weights in
GMMs training, the training data with larger weights counts
more in the training results, which means in this way the
demonstrations when less fatigue occur are more influential
in robot learning outcomes.

Angle data of all seven joints, including two shoulder
joints 𝑆0 and 𝑆1, two elbow joints 𝐸0 and 𝐸1, and three
wrist joints 𝑊1, 𝑊2, and 𝑊3, have been taken into account
in the robot learning experiment. Figure 9 illustrates the
learning results for each joint from theW-GMMs.The Baxter
robot then successfully accomplishes the taught task by the
human demonstrator after receiving these learned joint angle
data. Figure 10 demonstrates the trajectory of the Baxter end
effector in Cartesian space when accomplishing the task.

6. Conclusion

Robot learning manipulation skills from human demonstra-
tion is a straightforward yet effective way of knowledge trans-
fer. However, the manipulation, especially for complex tasks
with heavy loads, will make the human demonstrator feel
tired. The purpose of this study is to inspect the influences of
muscle fatigue on robot learning fromhumandemonstration.
We propose new fatigue-indicating sEMG features, which
have been explored from analyzing the varying amplitude
and frequency components within the sEMG during biceps
brachii muscle contractions. These newly presented features
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Figure 8: The learning process of the W-GMMs. (a) Training data
samples in the joint space 𝑆0. (b) Gaussian mixture components
formed by the training data. (c) Regenerated (learned) trajectory
from the W-GMMs.

have been employed to identify the fatigue onset in the
process of a fatiguing TbD task, which has been further taken
to guide the learning curve of the robot. A weighted GMM
has been employed to learn the robot joints angle from data
of multiple demonstration trials, where the muscle fatigue
factors identified in each of these trials have been considered.
In this way, the regenerated movement trajectory shows its
closeness with the ideal condition when less fatigue detected.
In the TbD experiments carried out, the Baxter robot suc-
cessfully completes the task taught by the human demon-
strator with desirable performance. This work describes the
efforts on investigating the muscle fatigue effects under the
environments of HRI manipulation. With growing interests
and needs of applying HRI techniques in various working
conditions, it is expected that the efforts made here would
bring new perspectives into relevant research areas.
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In association with the development of intermittent renewable energy generation (REG), dynamic multiobjective dispatch faces
more challenges for power system operation due to significant REG uncertainty. To tackle the problems, a day-ahead, optimal
dispatch problem incorporating energy storage (ES) is formulated and solved based on a robust multiobjective optimization
method. In the proposed model, dynamic multistage ES and generator dispatch patterns are optimized to reduce the cost and
emissions. Specifically, strong constraints of the charging/discharging behaviors of the ES in the space-time domain are considered
to prolong its lifetime. Additionally, an adaptive robust model based on minimax multiobjective optimization is formulated to
find optimal dispatch solutions adapted to uncertain REG changes. Moreover, an effective optimization algorithm, namely, the
hybrid multiobjective Particle Swarm Optimization and Teaching Learning Based Optimization (PSO-TLBO), is employed to
seek an optimal Pareto front of the proposed dispatch model. This approach has been tested on power system integrated with
wind power and ES. Numerical results reveal that the robust multiobjective dispatch model successfully meets the demands of
obtaining solutions when wind power uncertainty is considered. Meanwhile, the comparison results demonstrate the competitive
performance of the PSO-TLBO method in solving the proposed dispatch problems.

1. Introduction

The traditional economic dispatchmethod aims to determine
a generation schedule that minimizes total generation cost
while being subjected to generator and system operating
limits [1–3]. With increasing concerns of environmental
pollution, harmful emissions, such as SO2, NO𝑥, CO, and
CO2, have attracted widespread attention. Therefore, simul-
taneously minimizing total generation cost and emissions
has become a crucial research topic. In some studies, the
separate economic and environmental dispatch problems
are converted to an economic and emission dispatch (EED)
problem, formulating a multiobjective optimization issue [3–
5]. The EED can provide a set of dispatch solutions for
decision marker to choose from with different preferences
in economic and emission. Many methods and approaches
have been proposed to solve the multiobjective EED problem

[6–13]. In the initial studies [6–8], researchers attempted to
transform the EED problem into a single-objective model
based on a linear combination of different objectives as a
weighted sum. However, this method cannot obtain Pareto
front solutions in a single run and does not address how to
select weighting factors for the system operators. Moreover,
these approaches fail to achieve optimal solutions when the
objective functions are not convex or when the objective
functions have a discontinuous variable space. To address
these problems, several artificial intelligent techniques have
shown good performance. An improved Hopfield neural
network (NN) in [9] and an improved back-propagation NN
in [10] were reported to optimize EED problems. However,
these approaches are readily trapped within the local opti-
mum, since the achieved results are not sufficiently accurate.
On the other hand, multiobjective evolutionary algorithms
have been successfully applied to solve the EED problem
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[3, 11, 12]. In [3], a novel modified adaptive 𝜃-particle swarm
optimization is presented to investigate the multiobjective
EED.The fuzzy IF/THEN rule is used to self-adaptively adjust
the cognitive and social parameters in the PSO to avoid the
evolution stagnation for continuous generation. Reference
[11] presents a multiobjective differential evolution algorithm
for EED problems. In [12], a robust EED model based on an
effective function is built to handle wind power uncertainties.
Carbon capture and storage are considered in the model
formulation to reduce carbon emission, and a multiobjective
bacterial colony chemotaxis method is adopted to solve the
proposed robust EED model. However, none of these papers
consider energy storage (ES) integration.

Due to the long-term fossil fuel energy crisis and the
recent Paris agreement tasks to reduce fossil fuel dependency
in traditional power generation, significant renewable energy
generation (REG), for example, wind power, photovoltaic
energy, and tidal energy, is integrated into multiple levels
of the power grid. The uncertainty and variability of the
power production provided by REG raise the risk of system
instability, particularly in distribution networks. To solve this
problem, the integration of ES is an effective solution to
alleviate the negative effects caused by the intermittent nature
of REG. According to reviews [14–16], ES plays a vital role
in smoothing the production of REG, improving the REG
penetration level and peak shaving, ensuring system reliabil-
ity, and increasing the economic and environmental benefits
of the power system [17]. Improper dispatch scheduling of
generation may lead to undesired cost increases or system
reliability deterioration. Typical ES has dynamic power and
energy formulations in which the constraints are coupled
along the time and space domain.The operation of ES in one
time step affects the evolving operation in the other time slots.
Therefore, a multistage EED integrated with ES is a strong
coupling and dynamic problem in the space-time domain
[18, 19].

In past studies, some economic or EED dispatch ap-
proaches are presented. First, some literature has focused
on economic ES dispatch or EED focused on single-interval
(1 hour) dispatch [12, 20, 21]. In this setup, the economic
or emission objectives in one time interval are optimized
and then shifted to the next time interval. Second, in day-
ahead scheduling problems, current research is focused on
investigating the composite economic cost with ES within
multiperiods [22–25]. Multiobjective, multistage, dispatch
optimization problems with ES are rarely considered. In
addition, the prediction error in day-ahead REG prediction is
inevitable in real cases, which should be carefully taken into
consideration in the EED process. At the most time, chance
constraint is used to ensure that the loss of load probability
is lower than predefined risk level to deal with uncertain
REG problems [26, 27]. However, it is difficult to obtain the
distribution function of REG.

To the best of the authors’ knowledge, very few research-
ers emphasized the study on ES scheduling in dynamic,
multiperiod, EED while simultaneously dealing with the
uncertainty of intermittent REG [17]. Motivated by the above
concerns, this paper proposes a dynamic EED approach
to schedule the output of ES together with controllable

generations over the next 24-hour time span. The main con-
tributions of this paper are organized as follows. (i) To address
the uncertainties of REG, robust multiobjective optimization
is proposed based on minimax optimization approach. (ii)
The EED dispatch problem with REG prediction error is
converted to a robust multiobjective dispatch model. (iii)
Aiming at effectively solving the proposed model, a novel
multiobjective PSO-TLBO is proposed and employed to seek
the Pareto solutions.

The organization of this paper is decomposed into seven
sections. Section 2 introduces the energy storage model
followed by the day-ahead generators and ES dispatch prob-
lem formulation presented in Section 3. Further, the robust,
multiobjective, day-ahead dispatch model is explained in
Section 4. Section 5 proposes the multiobjective algorithm
to solve the given complex problem. The numerical case
study and conclusions are then presented in Sections 6 and
7, respectively.

2. Energy Storage Model

ES is connected to the gird by converters capable of flexibly
operating in charge and discharge modes [25, 28]. It is
therefore promising for ES to handle the intermittent REG
integration problem and to improve the flexibility of energy
dispatch. However, ES has significant dynamic and evolving
power and energy characteristics, leading to a batch of techni-
cal limits with time-evolving decision variables, particularly
in multistage scheduling operation [22]. Details of the ES
general model and its dynamic constraints are expressed as
follows [29].

ES charge/discharge power limits are as follows:

−𝑃ES,𝑖 ≤ 𝑃ch,𝑖 (𝑡) ≤ 0,
0 ≤ 𝑃dis,𝑖 (𝑡) ≤ 𝑃ES,𝑖, (1)

where 𝑃ch,𝑖(𝑡) and 𝑃dis,𝑖(𝑡) denote the charge and discharge
power of the 𝑖th ES at the hour 𝑡, with the power output of
ES being positive when discharging, and vice versa. 𝑃ES,𝑖 is
the power capacity of 𝑖th ES.

The state of charge (SOC) is a crucial state variable in the
process of ES schedule and operation.

When the ES is charging (𝑃(𝑡) < 0),
𝑆oc,𝑖 (𝑡 + 1) = 𝑆oc,𝑖 (𝑡) − 𝜂𝑐𝑃 (𝑡) Δ𝑡𝐸max . (2)

When the ES is discharging (𝑃(𝑡) > 0),
𝑆oc,𝑖 (𝑡 + 1) = 𝑆oc,𝑖 (𝑡) − 𝑃 (𝑡) Δ𝑡/𝜂𝐷𝐸max . (3)

When the ES is idling (𝑃(𝑡) = 0),
𝑆oc,𝑖 (𝑡 + 1) = 𝑆oc,𝑖 (𝑡) , (4)

where 𝑆oc,𝑖(𝑡) is the SOC of the 𝑖th ES at the hour 𝑡, 𝑃(𝑡) is the
charge or discharge power at the hour 𝑡, 𝜂𝑐 is the charging
efficiency, 𝜂𝐷 is the discharging efficiency, Δ𝑡 is the schedule
interval, and 𝐸max is the ES energy capacity.
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Figure 1: Scheme of economic emission dispatch problem.

The ES SOC limits are as follows:

𝑆oc,min ≤ 𝑆oc,𝑖 (𝑡) ≤ 𝑆oc,max, (5)

where 𝑆oc,𝑖(𝑡) is the SOC of the 𝑖th ES at the hour 𝑡, and 𝑆oc,min
and 𝑆oc,max are the minimum and maximum limits of the
SOC, respectively.

The initial SOC of each ES is the same at the beginning of
each day, where 𝑇 stands for all the time slots [30].

𝑆oc,𝑖 (𝑇) = 𝑆oc,𝑖 (0) . (6)

To prolong the lifetime of the ES, it is assumed that it
is only eligible for one charge-discharge cycle per day for
optimal operation [31, 32]. Meanwhile, in this paper, ES is
used for peak shaving. It stores energy during off-peak and
return the power during peak-load hours.

3. Problem Formulation

The day-ahead dispatch performs the generation dispatch
every 24 hours, scheduling all generators and ES units the
next day in hourly time slots [33, 34]. The scheme of EED
model is illustrated in Figure 1. This is a typical, dynamic,
multiperiod decision problem.The decision variables at each
hour influence the decisions at the remaining hours. The
dynamic multiobjective dispatch problem is described as
follows.

3.1. Variables. The input variables of the dispatch problem are
the REG power, load demand, and ES parameters over the
planning period. The decision (control) variables set 𝑃 is the
power outputs of all the controllable units.

𝑃 = [𝑃1 (1) ⋅ ⋅ ⋅ 𝑃1 (𝑇) ⋅ ⋅ ⋅ 𝑃𝑖 (𝑡) ⋅ ⋅ ⋅ 𝑃𝑁 (𝑡) ⋅ ⋅ ⋅ 𝑃𝑁 (𝑇)] , (7)

where 𝑃𝑖(𝑡) stands for the power generation of the 𝑖th unit at
the time slot 𝑡, 𝑁 is the number of control variables, and 𝑇
presents the total number of time slots.

3.2. Objective Function. The overall objective function of the
day-ahead dispatch problem includes the total generation
cost of the whole system 𝑓1 and the pollutant emissions 𝑓2.

min𝑓 = (𝑓1, 𝑓2) . (8)

The controllable generations are the fuel-based gener-
ators. The operational costs of renewable generation and

ES within the short-term dispatch optimization horizon
under strong constraints mentioned above are ignored [22].
Therefore, the first objective 𝑓1 is the accumulated economic
cost of all the conventional generators.These generation costs
are normally modeled using a quadratic function of their
power outputs [27]. The economic objective is minimized
over the scheduling period, for example, 24 hours of the next
day, which can be described as follows:

𝑓1 = 𝑇∑
𝑡=1

(𝑁𝐺∑
𝑖=1

(𝑎𝑖𝑃2𝑖 (𝑡) + 𝑏𝑖𝑃𝑖 (𝑡) + 𝑐𝑖)) . (9)

The environmental objective is to minimize the total
emission pollutants of all generators as much as possible.
These emission costs are also formulated as a quadratic
function of their power outputs [27], and the emissions of the
ES are taken to be zero.The objective function𝑓2 is expressed
as follows:

𝑓2 = 𝑇∑
𝑡=1

(𝑁𝐺∑
𝑖=1

(𝛼𝑖𝑃2𝑖 (𝑡) + 𝛽𝑖𝑃𝑖 (𝑡) + 𝛾𝑖)) . (10)

In (9) and (10), 𝑇 is the total number of time slots for
next day, which is 24 hours in this paper, 𝑁𝐺 is the number
of conventional generators, 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 are the cost coefficients
of the generators, and 𝛼𝑖, 𝛽𝑖, 𝛾𝑖 are the emission coefficients of
the generators.

3.3. Technical Constraints. To maintain the power grid oper-
ation, a set of equation and in-equation constraints should be
considered.The system constraints include the overall system
constraints and the ES constraints. The ES constraints are
shown in Section 2, and the overall system constraints are
expressed as follows.(1) Power flow balance constraint is

𝑁𝐺∑
𝑖=1

𝑃𝑖 (𝑡) = 𝑙∑
𝑖=1

𝐿 𝑖 (𝑡) + 𝑃loss (𝑡) − 𝑃REG (𝑡) − 𝑁ES∑
𝑖=1

𝑃𝑖ES (𝑡) , (11)

𝑃loss (𝑡) = 𝑁𝐺∑
𝑖=1

𝑁𝐺∑
𝑗=1

𝑃𝑖 (𝑡) 𝐵𝑖𝑗𝑃𝑗 (𝑡) , (12)

where 𝑃REG(𝑡), 𝑃𝑖(𝑡), and 𝑃𝑖ES(𝑡) are the active power injected
by the REG, 𝑖th controllable generator, and 𝑖th ES at time𝑡, respectively; 𝑁𝐺, 𝑁ES, and 𝑙 are the total number of
controllable generator, energy storage, and load, respectively;𝐵 is the power loss coefficient.(2) Generation output limits are

𝑃𝑖,min ≤ 𝑃𝑖 (𝑡) ≤ 𝑃𝑖,max (𝑖 = 1, 2, . . . , 𝑁𝐺) . (13)

(3) Generators ramp up and down limits are

𝑃𝑖 (𝑡) − 𝑃𝑖 (𝑡 − 1) ≤ UR𝑖,
𝑃𝑖 (𝑡 − 1) − 𝑃𝑖 (𝑡) ≤ DR𝑖,

(𝑖 = 1, 2, . . . , 𝑁𝐺) ,
(14)
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where𝑃𝑖,min and𝑃𝑖,max represent theminimumandmaximum
power output of 𝑖th generator, respectively; UR𝑖 and DR𝑖
are the ramp up and ramp down limits for 𝑖th generator,
respectively.

4. Robust Multiobjective Day-Ahead Dispatch

It is well known that renewable energy is intermittent and
uncertain. The error in REG prediction is inevitable for any
prediction technique. Hence, dealing with the uncertainty of
renewable energy is a key issue.

4.1.Worst-Case BasedOptimization. Therobust optimization
with the worst-case scenario is one of the most common
approaches. The worst-case optimization, in a minimization
problem, can be formulated as follows:

min
𝑥∈𝑋

max
𝑝∈𝑃

𝑓 (𝑥, 𝑝) , (15)

where 𝑥 is the decision variable over a feasible region 𝑋 and𝑝 is an uncertain parameter in the uncertainty set 𝑃.
For environmental uncertainties, the function values of𝑓(𝑥) become 𝐹(𝑥) [35, 36]:

𝐹 (𝑥) = 𝑓 (𝑥, 𝑦, 𝑝) , 𝑝 = 𝑐 + 𝛿, (16)

where 𝑥 = [𝑥1, . . . , 𝑥𝑛] are the decision variables and 𝑦 =[𝑦1, . . . , 𝑦𝑚] are the configuration variables, defined by 𝑦 =𝜑(𝑥). 𝑐 is the nominal value of the environmental parameter
and 𝛿 is the change condition. Once a decision variable 𝑥 is
implemented, the configuration variable 𝑦 can be termed as
the solution’s adaptability. The value of 𝑦 will be determined
according to uncertain environmental parameter. The above
robust optimizationwith theworst-casemethod is focused on
the best decision to worst-case performance and to minimize
the risk of severe consequences.

4.2. Robust Multiobjective Optimization. Most robust opti-
mal dispatch problems considering REG uncertainty are
single-objective models or are converted from the multiob-
jective EED problems to a single objective. They ignore the
importance of Pareto optimality, which could provide multi-
ple optimal solutions for operators in the dispatch decision-
making process. Robust optimization means to search for
the solution that is the least sensitive to perturbations of
the decision variables in its neighborhood [12]. The REG
forecast error is unavoidable, resulting in the possibility that
the optimal deterministic solutions may not be practically
suitable in reality. On the other hand, stochastic methods
based on the probability model have difficulty obtaining
accurate probability functions. In this paper, we utilize the
minimax multiobjective optimization method based on the
worse case in day-ahead generator and ES dispatch problems.

We assume a robust, multiobjective optimization prob-
lem:

min𝐹 (𝑋) = (𝑓1 (𝑋, 𝑌, 𝑃) , . . . , 𝑓𝑘 (𝑋, 𝑌, 𝑃)) ,
𝑃𝑖 = 𝑃 + 𝛿𝑖; 𝑋 ∈ Ω, 𝑌 ∈ Ω𝑦, (17)

where 𝑋, 𝑌, and 𝑃 are the decision, configuration, and
uncertain input variables, respectively, 𝑓𝑘 is the 𝑘th objective
function, 𝛿 = (𝛿1, 𝛿2, . . . , 𝛿𝑛) denotes the perturbation points,
and Ω and Ω𝑦 are the feasible space of 𝑋 and 𝑌.

The following robust multiobjective optimization
approach is defined in (18), where a robust multiobjective
solution, 𝑋∗, is defined as the Pareto-optimal solution with
respect to a 𝛿-neighborhood:

min𝐹 (𝑋) = (𝑓1Ro (𝑋) , 𝑓2Ro (𝑋) , . . . , 𝑓𝑘Ro (𝑋)) . (18)

Subject to 𝑋 ∈ Ω, where Ω is the feasible region of the
decision variables, the function 𝑓𝑘Ro(𝑋) is defined as follows:

𝑓𝑘Ro (𝑋) = max (𝑓𝑘 (𝑋, 𝑌, 𝑃 + 𝛿1) ⋅ ⋅ ⋅ 𝑓𝑘 (𝑋, 𝑌, 𝑃 + 𝛿𝑖)
⋅ ⋅ ⋅ 𝑓𝑘 (𝑋, 𝑌, 𝑃 + 𝛿𝑛)) , (19)

where 𝑛 denotes the sampling point number in the perturba-
tion domain and 𝛿𝑖 is the 𝑖th perturbation sampling point.

4.3. Robust EED Dispatch. In the day-ahead predispatch
stage, the intermittent renewable power, such as wind, usually
deviates from its forecasted value. The forecast error of an
REG exists in any prediction models. In view of this, a robust
EED dispatch model is developed to adapt to the uncertainty
of wind power (WP) and handle its prediction error when
spinning reserve is not considered. In order to balance the
generated power with the power demand and power loss,
one of generators is chosen as the slack generator with
output limits. According to (11) and (12), the power output
of the slack generator, 𝑃1(𝑡), can be calculated by solving the
following quadratic equation [37]:

0
= 𝐵11𝑃12 (𝑡) + (2𝑁𝑔∑

𝑖=2

𝐵1𝑖𝑃𝑖 (𝑡) − 1) 𝑃1 (𝑡)

+ (𝑃𝐷 (𝑡) + 𝑁𝑔∑
𝑖=2

𝑁𝑔∑
𝑖=2

𝑃𝑖 (𝑡) 𝐵𝑖𝑗𝑃𝑗 (𝑡) − 𝑁𝑔∑
𝑖=2

𝑃𝑖 (𝑡)) ,

𝑃𝐷 (𝑡) = 𝑙∑
𝑖=1

𝐿 𝑖 (𝑡) − 𝑃REG (𝑡) − 𝑁ES∑
𝑖=1

𝑃𝑖ES (𝑡) .

(20)

According to (20), once the other controlled units is
determined, the output of the slack generator 𝑃1(𝑡) is tem-
porarily fixed. 𝑃1(𝑡) is regarded as a configuration variable.
Then, the adaptive adjustment of the slack generator out-
put, associated with other fixed control variables, allows
the robust dispatch solutions to follow other operational
conditions. In other words, only the output of the slack
generator 𝑃1(𝑡) will be adjusted with robust optimal dis-
patch solutions according to the realization of different REG
output.
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Sampling 𝐻 schemes (𝑃WP(𝑡)) for each time slot (𝑡 = 1, 2, . . . , 24) for WP generation with certain error by LHS;𝑃WP,min(𝑡) = max(min(𝑃WP(𝑡)), 0, 𝑃WP(𝑡) − 1.96𝛿(𝑡));𝑃WP,max(𝑡) = min(max(𝑃WP(𝑡)), 𝑃WP(𝑡) + 1.96𝛿(𝑡), 𝑃WP,cap);𝑃WP(𝑡) = max(min(𝑃WP(𝑡), 𝑃WP,max(𝑡)), 𝑃WP,min(𝑡));
The first extreme scenario:

WP(1) = ⋃
𝑡∈𝑇

𝑃WP,min(𝑡) (𝑇 = {1, 2, . . . , 24});
The second extreme scenario:

WP(2) = ⋃
𝑡∈𝑇

𝑃WP,max(𝑡) (𝑇 = {1, 2, . . . , 24});
Other 𝑛 − 2 stochastic scenarios:
For 𝑖 = 3 : 𝑛

Randomly select 𝑃WP,stochastic(𝑡) from samples of 𝑃WP(𝑡);
WP(𝑖) = ⋃

𝑡∈𝑇

𝑃WP,stochastic(𝑡) (𝑇 = {1, 2, . . . , 24});
End for

Algorithm 1: 24-hour WP scenarios selection.

The original EED dispatch objective functions that min-
imize cost and emissions in (9) and (10) are transformed in
the robust model, which can be expressed as follows:

𝑓1RO (𝑃) = max (𝑓1 (𝑃, 𝑃WP + 𝛿1) , 𝑓1 (𝑃, 𝑃WP + 𝛿2)
⋅ ⋅ ⋅ 𝑓1 (𝑃, 𝑃WP + 𝛿𝑛)) = max (𝑓1 (𝑃, 𝑃WP (𝛿))) ,

𝛿 ∈ {𝛿1, 𝛿2 ⋅ ⋅ ⋅ 𝛿𝑛} ,
𝑓2RO (𝑃) = max (𝑓2 (𝑃, 𝑃WP + 𝛿1) , 𝑓2 (𝑃, 𝑃WP + 𝛿2)

⋅ ⋅ ⋅ 𝑓2 (𝑃, 𝑃WP + 𝛿𝑛)) = max (𝑓2 (𝑃, 𝑃WP (𝛿))) ,
𝛿 ∈ {𝛿1, 𝛿2 ⋅ ⋅ ⋅ 𝛿𝑛} ,

(21)

where 𝑃 is the power output of controllable power units and𝑃WP(𝛿) is the uncertain set of WP.
The robust day-ahead EED dispatch model is expressed

as follows:

min (𝑓1RO, 𝑓2RO) . (22)

The constraints are formulated as (1)–(6) and (11)–(14).

4.4. Uncertainty Wind Power. To further analyze the uncer-
tainty of WP, the actual WP output at time 𝑡 (𝑃WP(𝑡)) limits
can be described as follows:

0 ≤ 𝑃WP (𝑡) ≤ 𝑃WP,cap. (23)

Commonly, the minimum output of WP is 0, and the
maximum is defined as the installed capacity.

In the robust optimization, the uncertainty has a direct
impact on its performance. WP generations follow the Gaus-
sian distribution, with the predicted value as themean𝑃WP(𝑡)
and prediction error 𝛿(𝑡) as the standard variance. A 95%
percentage of 𝑃WP(𝑡) samples fall in the range [𝑃WP(𝑡) −1.96𝛿(𝑡), 𝑃WP(𝑡) + 1.96𝛿(𝑡)]. To generate typical scenarios,
Latin hypercube sampling (LHS) has been utilized to generate
WP uncertain dates each time slot [38]. To efficiently capture

𝑓1RO and 𝑓2RO with uncertainty in 24-hour time slots in (21),
two extreme scenarios, as well as several stochastic scenarios,
are selected using LHS. To ensure robust optimal solutions,
the method to obtain 24-hour WP scenarios is shown as
Algorithm 1.

5. Multiobjective PSO-TLBO to
Solve the Problem

The robust dispatch problem is formulated as a mathematic
model, and the task in this section is to rapidly and effectively
seek a balance between the total economic and emission
benefits over all intervals during the next day. We adopt a
novel, multiobjective, metaheuristic based method called the
PSO-TLBO to solve the problem.

5.1. Multiobjective PSO-TLBO. To find the optimal solutions
in the aforementioned multistage, day-ahead dispatch prob-
lem, an effective and efficient multiobjective optimization
method is required. It is noted that PSO is a popular tech-
nique but lacks sufficient exchange within different parti-
cles. Its premature convergence limits the performance of
the MOPSO [39]. The multiobjective Teaching Learning
Based Optimization (TLBO) can achieve the satisfactory
performance on some benchmark functions with respect
to convergence rate and calculation time but sometimes
weak in diversity and distribution, especially in nonconvex
Pareto functions and multimodal function [40]. Meanwhile,
EED dispatch problem has lots of equation and in-equation
constraints. When energy storages with strong coupling
constraints incorporated into EED, EED problem becomes
more complex. The current multiobjective PSO or TLBO
cannot simultaneously capture satisfactory optimal solutions
with respect to good convergence and well-spread goals for
such a complex EED problem. To capture better dynamic and
robust EED schemes, the effective PSO update is employed
for the global search and gives a good direction to the optimal
region. In addition, the TLBO algorithm is activated peri-
odically to improve the exploration and exploitation ability
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of the PSO. Meanwhile, a circular crowded sorting (CCS)
strategy is proposed to truncate the nondominated solutions
archive. The multiobjective PSO-TLBO is implemented in
[41].

5.2. Constraints Handling. To satisfy the power balance in
(11), one generator is assumed to be in slack generator opera-
tion, and the limit constraints will be handled using the static
penalty method [37]. The constraints of other generators and
ES outputs will be handed using their boundaries. If the
dimension of the particle moves outside of its boundaries, it
will be assigned the value of the corresponding boundary.The
constraint of the ES charge/discharge power will be handled
by the following equations:

𝑃ch,𝑖 (𝑡) = max(𝑃ch,𝑖 (𝑡) , −𝑃ES,𝑖, (𝑆oc,min − 𝑆oc,𝑖 (𝑡))
× 𝐸max

𝜂𝑐 ) ,
𝑃dis,𝑖 (𝑡) = min (𝑃dis,𝑖 (𝑡) , 𝑃ES,𝑖, (𝑆oc,max − 𝑆oc,𝑖 (𝑡))

× 𝐸max × 𝜂𝐷) .

(24)

The slack generator limits, generator ramp limits and SOC
level in the end constraint will be handled using the static
penalty method with the penalty function below.The penalty
function will be expressed as (25) when the constraints are
violated:

𝑓V = 𝐶 𝑁∑
𝑖=1

𝛿𝑖, (25)

where 𝑁 is the total number of constraints handled using
the static penalty method, and 𝐶 is the penalty coefficient
(𝐶 = 1𝐸5 in subsequent simulation of this paper). 𝛿 = 0 if
there are no constraint violations in the given variable and𝛿 = 1 if a constraint is violated for a given variable. The
penalty function will be added to the objective function, and
the infeasible particles have a lower chance to be selected.

5.3. Solution Framework of the Dispatch Problem. Theoutline
of the multiobjective PSO-TLBO to solve the robust day-
ahead EED problem is presented as follows.

Step 1. Choose the appropriate parameters of the multiobjec-
tive PSO-TLBO, such as the population size, the maximum
iteration numbers, inertia weight, and social coefficient.

Step 2. Initialize all particles in the swarm randomly and
ensure that the positions of the particles are in the problem
space.

Step 3. Obtain the REG prediction data during the 24 hours
of the next day. Obtain the robust day-ahead EED model
from Section 4. Update the particle positions according to
themultiobjective PSO-TLBO from Section 5.1. Compute the
fitness (𝑓1Ro, 𝑓2Ro) (objective functions) of all particles in the
swarm.

Table 1: Algorithm parameters.

Size Population 100, archive 50
Iterations Maximum 200

Other
Parameters

TV-MOPSO [42], PSO-TLBO [41](𝐷1 = 1, 𝐷2 = 1, INV = 7):𝑤1 = 0.7, 𝑤2 = 0.4, 𝑐1𝑖 = 2.5, 𝑐1𝑓 = 0.5, 𝑐2𝑖 = 0.5, 𝑐2𝑓 =2.5
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Figure 2: Predicted wind power for the 24 hours, next day.

Step 4. Judge the constraints of the control and state variables.
If constraints are violated, handle the constraints with the
references from Section 5.2.

Step 5. Iterative process continues if the maximum iteration
is not reached. Otherwise, output the optimal Pareto solu-
tions.

6. Case Study

The six generators bus system is used for the case study.
The algorithm parameters are listed in Table 1. The detailed
generator limit and the economic and emission coefficients
[27] are shown in Table 2. Generator G1 is assumed to be a
slack generator. A wind farm is connected and its prediction
power production for the 24 hours next day is shown in
Figure 2.Theprediction load information in the next 24 hours
is illustrated in Figure 3. It is assumed that load prediction
is accurate. The storage is incorporated with a capacity of
200MWh and maximum charge/discharge power is 80MW.
The charge and discharge efficiencies of ESS are 92%. It is
assumed that the initial SOC is 0.5 before day-ahead dispatch,
and the limit of the SOC is [0.2, 1].

To verify the efficiency of the robust EED optimization in
the dispatch problem with ES, three cases are tested.

Case 1. The deterministic EED with ES test without WP
prediction error is considered.

Case 2. The robust EED with ES test with different WP
prediction errors is considered.

Case 3. Repeat Cases 1 and 2 without ES, respectively.
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Table 2: Generator parameters.

Generators G1 G2 G3 G4 G5 G6
𝑃min (MW) 10 15 15 15 15 15𝑃max (MW) 200 170 150 180 130 120
UR (MW/h) 60 40 40 40 40 40
DR (MW/h) 60 40 40 40 40 40
Cost𝑎 ($/(MW)2 h) 0.00375 0.0175 0.0625 0.00834 0.025 0.025𝑏 ($/MWh) 2 1.75 1 3.25 3 3𝑐 ($/h) 0 0 0 0 0 0
Emission𝛼 (lb/(MW)2 h) 0.0649 0.05638 0.04586 0.03380 0.04586 0.05151𝛽 (lb/MWh) −0.05554 −0.06047 −0.05094 −0.03550 −0.05094 −0.05555𝛾 (lb/h) 0.04091 0.02543 0.04258 0.05326 0.04258 0.06131
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Figure 3: Predicted load demand for the 24 hours, next day.

6.1. Simulation Results of Cases 1 and 2. For comparison, the
Pareto fronts obtained from the deterministic EED without
WP prediction error in Case 1 and withWP prediction errors
of 10%, 15%, and 20% in Case 2, both of which use the PSO-
TLBO, are shown in Figure 4. We can see from Figure 4 that
there is a shift in the Pareto front in Case 2 from the Pareto
front in Case 1 without the WP prediction error. This means
that the acquisition of the robustness is at the expense of a
greater generation cost and more emissions. It is clear that as
theWPprediction error increases, the gap between the robust
Pareto fronts in Case 2 and original front in Case 1 enlarges.
This reveals that more accurate WP prediction techniques
result in lower costs and emissions.

The aforementioned results can be understood as follows.
In Case 1, the output of the generator and ES is controlled
to satisfy the power consumption and to maintain the
system reliability while ensuring that all equations and in-
equation constraints are satisfied. In the robust EED with
WP prediction in Case 2, the methods attempt to find the
best Pareto fronts under the worst-case problem, for example,
to minimize the maximum objective values in (21). In this
situation, the generators and ES dispatch have to remarkably
change their output when the WP shows dramatic changes.
Compared with the deterministic EED in Case 1, the robust
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Figure 4: Pareto fronts obtained from the PSO-TLBO inCases 1 and
2.

EED has to schedule with more costs and emissions when
dealing with the uncertainty of the WP.

6.2. Robustness Analysis. To obtain the extreme and stochas-
tic scenarios in uncertainty sets, we use the LHS method to
generate 1,000 variables in each time slot. Figures 5(a), 5(b),
and 5(c) represent the boxplots of theWP values at each hour
with errors of 10%, 15%, and 20%, respectively. Fifty deter-
ministic solutions (DS) in Case 1 and fifty robust solutions
(RS) in Case 2 (WP error of 10%) shown in Figure 4 are
used for the robustness analysis. As generator G1 is assumed
to be a slack generator, its output is determined by other
decision variables and WP output. The adaptive adjustment
of the slack generator allows the dispatch solutions to adapt
to otherWP scenarios. Twenty new stochastic scenarios from
the boxplots with a 10% WP error in Figure 5(a) are selected
for the case study. Figure 6 shows the Boxplot for function
values of DS and RS under worse case on twenty 24-hourWP
stochastic scenarios. It is clearly that most 𝑓1 and 𝑓2 values of
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Figure 5: Boxplot for the wind power at each hour: WP error of (a) 10%; (b) 15%; and (c) 20%.
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Figure 6: Boxplot for results of deterministic solutions (DS) and robust solutions (RS): (a) 𝑓1 (cost); (b) 𝑓2 (emission).

DS are larger than the penalty coefficient 𝐶 (1𝐸5). However,
the 𝑓1 and 𝑓2 values of the Pareto front in Figure 4 with a
10%WP error are smaller than the penalty coefficient𝐶 (1𝐸5).
This means that most DS are not all feasible simultaneously
for twenty 24-hourWP stochastic scenarios and punished by
the penalty when dealing with the dispatch problem with a
10% WP error. Most of RS in Figure 6 are feasible and less
sensitive to WP changes. It is proved that RS have a better
robustness to uncertain WP.

6.3. Generators and ESDispatch Analysis. Thegenerators and
ES dispatch of the compromise solutions [11] in Case 1 and
in the scenario of Case 2 (10% WP error) are given as the
examples in Tables 3 and 4, respectively. All generator outputs
and ES at each time period properly satisfy the output limits.
The functional values are smaller than the penalty coefficient𝐶 (1𝐸5), which reveals that no constraints are violated. This
means that the constraints have been properly handled.

The results of the ES dispatch analyses are reported in
this part. The compromise solutions from the PSO-TLBO in
Tables 3 and 4 are listed for the ES SOC analysis. Figure 7
reports the daily SOC profiles during the entire dispatch
process. Under the SOC profiles with relevant ES dispatch
patterns in Figure 7, ES helps to successfully ensure that all
system operation constraints are satisfied during all intervals
and to improve the economic and environmental benefits. As
foreseeable in Figure 7, the SOC varies within the admissible

range between 0.2 and 1. The ES works in charging mode
followed by discharging mode and is then charged to the
same SOC level as the initial SOC. The ES nearly follows
this same pattern each day. The ES has an average of one
complete charge-discharge cycle every day. Therefore, the
ES constraints in each period, and over the entire dispatch
period, are properly satisfied.

6.4. ES Benefits Analysis. ES in this paper is used for simul-
taneously improving flexibility of energy dispatch and peak
shaving. To test the benefits of ES, the deterministic dispatch
without WP error and the robust dispatch with a 15% WP
error but without ES in Case 3 are shown in this part. The
Pareto solutions of EED problem with ES and without ES
are compared in Figures 8(a) and 8(b), respectively. It is
observed that the Pareto solutions without ES are dominated
by the Pareto solutions with ES. The results reveal the test
without ES performance worse in minimizing 𝑓1 and 𝑓2
compared with that with ES in both cases. This is because
the dispatch problem becomes more flexible and generators
with lower cost and emission can be better utilized when
ES is incorporated. Also, peak shaving characteristics of
compromise dispatch solutions in Cases 1 and 2 are shown
in Table 5 with respect to the distance ratio between peak to
valley in (26). It is clear in Table 5 that the demands at the
peak hours decrease and shift to the valley periods when ES
is incorporated.
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Table 3: Dispatch of the compromise solution in Case 1 (𝑓1 = 5.08 × 104 $, 𝑓2 = 5.81 × 104 lb).
Time (hour) G1 G2 G3 G4 G5 G6 ES
1 53.27 30.85 41.48 28.48 26.9 24.44 −12.61
2 45.88 46.27 26.49 23.02 38.86 42.25 −9.72
3 38.99 45.65 32.56 39.6 45.32 42.52 −8.33
4 40.78 45.11 64.94 39 60.48 38.59 −9.57
5 88.32 66.12 72.25 53.66 63.38 69.15 −54.33
6 97.2 56.28 59.75 71.9 72.63 64.73 −4.86
7 106.61 86.18 83.87 105.92 64.47 73.74 −9.28
8 127.06 116.34 93.11 100.54 73.32 84.63 13.41
9 124.86 109.06 89.42 105.96 86.69 94.63 29.77
10 120.41 102.49 70.25 141.36 94.7 87.39 8.52
11 136.58 103.87 89.66 129.37 98.85 79.82 24.15
12 135.9 82.26 68.89 113.08 92.82 94.07 30.02
13 128.22 104.8 93.64 105.04 84.43 88.42 31.17
14 132.36 84.37 80.3 115.45 77.72 87.26 0.28
15 115.21 95.3 83.49 106.53 76.27 83.03 0.19
16 91.46 103.48 78.6 107.01 99 81.27 0.05
17 118.7 103.1 71.09 127.9 92.72 80.86 0
18 154.22 109.19 85.57 102.39 92.99 99.43 0
19 139.11 111.71 88.38 127.77 98.15 100.93 0
20 140.49 98.68 78.61 123.96 93.34 90.99 9.64
21 137.55 101.58 71.77 112.9 103.39 83.06 −3.45
22 122.81 68.01 89.6 93.44 96.03 57.54 −18.33
23 100.69 64.17 72.42 90.62 75.74 76.17 −28.42
24 93.36 79.35 51.95 83.01 51.45 61.56 −15.01
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Figure 7: ES SOC at different scenarios in Cases 1 and 2 with 10%WP error.

peak to valley% = 100 × (𝑑max (𝑡) − 𝑑min (𝑡)𝑑max (𝑡) ) . (26)

6.5. Comparison of PSO-TLBO with TV-MOPSO. To investi-
gate the performance of the PSO-TLBOalgorithm in themul-
tiobjective, day-ahead dispatch problem, comparison simula-
tions for Cases 1 and 2 are studied. One of the most popular
and effectivemultiobjective PSOalgorithms, the TV-MOPSO

[42], is used for the comparison. The typical Pareto fronts
using two algorithms on the aforementioned cases are shown
in Figure 9. We observe from the subfigures in Figure 9
that most of the solutions obtained with the TV-MOPSO
are dominated by those achieved with the PSO-TLBO. It is
observed that the TV-MOPSO performs worse when finding
the whole Pareto front. The multiobjective PSO-TLBO has
been found to have better convergence and better spread
solutions compared with the TV-MOPSO in both cases. This
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Table 4: Dispatch of compromise solution in Case 2 with 10%WP error (𝑓1 = 5.40 × 104 $, 𝑓2 = 5.89 × 104 lb).
Time (hour) G1 G2 G3 G4 G5 G6 ES
1 67.44 31.08 28.13 39.32 36.69 26.67 −26.51
2 46.61 64.89 40.54 26.51 30.4 44.1 −30.9
3 38.48 55.98 36.54 52.33 51.71 41.29 −30.64
4 77.74 47.07 33.83 40.97 44.74 50.78 −6.84
5 72.70 70.97 50.29 71.59 62.51 50.34 −11.63
6 78.61 75.09 40.84 93.95 60.51 81.07 −2.17
7 81.01 72.53 75.83 122.63 92.47 78.24 0
8 112.36 85.84 100.78 123.58 94.26 83.11 20.16
9 119.64 115.73 90.14 131.42 90.07 89.42 16.44
10 125.53 107.33 91.92 122.56 84.18 84.98 20.01
11 137.45 117.5 103.57 131.07 84.56 87.13 14
12 112.97 111.29 103.12 119.69 75.22 87.97 19.73
13 121.49 111.47 96.76 120.98 85.95 85.91 27.72
14 109.81 93.87 93.1 94.69 94.94 85.2 19.76
15 113.29 78.4 85.93 122.17 88.09 84.79 2.41
16 118.15 102.18 75.63 108.19 79.71 90.43 0.11
17 107.40 119.08 107.5 97.57 92.2 84.85 0.04
18 137.97 119.81 114.21 121.28 79.75 85.1 0.02
19 150.10 114.49 81.82 134.86 91.27 107.44 0.27
20 123.53 103.15 88.78 140.77 95.99 89.9 6.54
21 104.54 112.51 95.79 118.86 98.05 98.86 −9.87
22 93.75 89.26 96.22 90.31 79.08 76.69 −5.15
23 61.87 74.43 94.08 103.8 90.16 71.67 −32.87
24 65.48 67.08 72.02 90.89 67.11 71.49 −17.33
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Figure 8: Pareto fronts obtained in scenarios with ES and without ES from the PSO-TLBO.

is because that hybrid PSO-TLBO search strategy and CCS
strategy in multiobjective PSO-TLBO algorithm promote the
population diversity.They are helpful in improving the search
ability. The performance of multiobjective PSO-TLBO has
been improved by comparing with single PSO evolution.
Hence, the PSO-TLBO performs well in solving day-ahead
EED dispatch problems.

7. Conclusion

The increasing development and penetration of REG are
a major challenge for transmission and distribution net-
works. ES presents the potential to supportively optimize
system operations with REG and reduce other excessive
participations to grid operation, such as voltage and VAR
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Figure 9: Pareto fronts obtained using the PSO-TLBO and TV-MOPSO in Cases 1 and 2.

Table 5: Peak to valley in different scenarios.

Scenarios Peak to valley%
Without ES 66.67%
Case 1 without WP error 64.92%
Case 2 with 10%WP error 62.97%
Case 2 with 15%WP error 63.81%
Case 2 with 20%WP error 62.96%

regulation. In this paper, based on conventional EED expe-
riences, we combine a robust, multiobjective optimization
method and an EED problem formulation to solve the day-
ahead ES dispatch problemwith REG uncertainty.The robust
optimal dispatch solutions are adaptive to uncertain REG
and only one generator (slack generator) production needs
to be adjusted. The numerical study explores the different
WP prediction errors on the impact of the robust objective
function values.The results show that a higherWPprediction
error will lead to more economic cost and greater emissions.
Moreover, the ES dispatch patterns provide ancillary services,
such as peak shaving, to provide economic, emission, and
technical benefits. The simulation case results also reveal
that the multiobjective PSO-TLBO performs well in solving
robust EED dispatch problems compared with TV-MOPSO.

In future research, the complex dispatch tasks require
more objective functions that could be added, such as
the REG penetration rate, and carbon emission, especially
technical objective functions.Theproposed robust generators
and ES dispatch method can be verified in real power
systemwith a high penetration of REG, and REG curtailment
can be considered. Moreover, the increasing number of
ES deployments to active distribution networks will be an
increasingly complex problem.These will be dealt with in the
future improvements.
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Face representation andmatching are two essential issues in face verification task. Various approaches have been proposed focusing
on these two issues. However, few of them addressed the joint optimal solutions of these two issues in a unified framework. In this
paper, we present a second-order face representation method for face pair and a unified face verification framework, in which
the feature extractors and the subsequent binary classification model design can be selected flexibly. Our contributions can be
summarized in the following aspects. First, a novel face-pair representation method that employs the second-order statistical
property of the face pairs is proposed, which retains more information compared to the existing methods. Second, a flexible
binary classification model, which differs from the conventionally used metric learning, is constructed based on the new face-
pair representation. Finally, we verify that our proposed face-pair representation can benefit from large training datasets. All
the experiments are carried out on Labeled Face in the Wild (LFW) to verify the algorithm’s effectiveness against challenging
uncontrolled conditions.

1. Introduction

Face recognition has been extensively studied in the field of
computer vision and pattern recognition, which in general
can be categorized into two tasks, that is, face verification and
face identification. In this paper, we focus on the former one.
Face verification normally works on the data of face pairs;
that is, given a face pair, we need to decide whether they
are from the same person or not. However, this is not an
easy task due to various challenges, such as position, back-
ground, pose, lighting, and occlusion (Figure 1). Like most
pattern recognition systems, face verification task has two key
components, that is, face representation and face matching.
These two components are the central parts that most of
the researchers are concerned about. Althoughmiscellaneous
algorithms have been proposed focusing on these two com-
ponents, few of them considered both in a unified framework.
Intuitively, jointly formulating these two components may
result in a promising performance.

Over the years,many face representation approaches have
been proposed. According to the intrinsic characteristics that

are depicted, these can be classified into three simple cate-
gories: (1) local features descriptors, (2) holistic features de-
scriptors, and (3) features descriptors based on deep learning.

Local features descriptors have been proven to be very
effective for texture description. For instance, the local binary
pattern (LBP) [1, 2] encodes the structure distribution into
a histogram by computing the relative intensity magnitude
difference between each pixel and its neighbors based on the
predefined rules. Harr-like features [3] are rule-based local
feature descriptors. However, such handcrafted encoding
methods are suspected to get optimal encoding for a specific
task. Alternatively, more flexible and uniformly distributed
local descriptors can be learned for face recognition task [4].
HoG [5] and SIFT features [6] can also be categorized into
local features descriptors. And SIFT also considers robust-
ness to scale variations by building the scale spaces. Local
features descriptors are more stable to local changes such as
illumination, expression, and inaccurate alignment. Gabor
wavelets [7–9] captured the local structure corresponding to
specific spatial frequency (scale), spatial locality, and selective
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(a) (b)

Figure 1: Confusing face pairs selected from LFW [25]. (a) shows images from different people, while (b) shows the opposite case.

orientation. They have been demonstrated to be discrimina-
tive and robust to illumination and expression changes.

The holistic features descriptors mainly focus on feature
transformation, which consists of various algorithms that cre-
ate newbut fewer featureswhile having higher discriminatory
power in a different space than the original feature space.This
can also be used for feature reduction. In such transformation
process, the advantages of statistical techniques are employed.
The typical techniques are PCA [10, 11], LDA [12], ICA [13],
LPP [14], and so forth. These techniques are categorized as
subspace learning methods and are distinguished by their
ability to preserve some desired properties of the data. The
holistic feature represents the visual features of thewhole face.
In general, the efficiency of holistic features relies heavily on
well aligned face, that is, uniform in scale, pose, illumination,
and so forth. Consequently, holistic feature is more sensitive
to misalignment [15] and other variations from intrinsic
changes (e.g., expression, pose) and ambient environment
changes (e.g., side lighting).

Deep learning [16–18] has received increasing interest in
computer vision and face verification recently, and a number
of deep learning methods have been proposed in the litera-
ture.Onemerit of deep learningmethods is that they preserve
the face image’s neighborhood relations and spatial locality
in their latent higher-level feature representations. However,
the deep learning methods need a huge number of labeled
samples, which brings about the computation assumption
issues.

Face matching is the other important component of face
verification. Usually, a metric is necessary for measuring the
similarity of an input face pair, and then a learned threshold is
used to perform the matching task. Considering the optimal
similarity (or distance) metric with regard to the specific fea-
ture space, lots of automatic metric learning algorithms have
been proposed under different objectives. For instance, Guil-
laumin et al. [19] learned a Mahalanobis-like metric using
the logistic discriminant method with the objective that
positive pairs have smaller distances than negative pairs;
Davis et al. formulated the Mahalanobis learning problem as

that of minimizing the differential relative entropy between
two multivariate Gaussians, while adding an additional reg-
ularization term that emphasizes a prior of the covariance
matrix in their objective [20]. There are some other metric
learning methods which are different in their objective for
the specific tasks in the literature [21–23] as well, while they
share the same framework of face verification that is depicted
in Figure 2.

Mahalanobis-like distance learning can also be viewed
as an Euclidean distance in the linearly transformed feature
space. This refers to a more extensively researched topic, that
is, kinds of projection techniques, which we have described
in the above section as a feature representation approach.
However, all these projections are independent of the subse-
quent classifiers. Reconsidering the face verification task, if
we can represent a face pair using a unified vector, then the
face verification task can subsequently be treated as a simple
binary classification problem. That is, we determine whether
face pairs are mismatched (i.e., the different persons) or
matched (i.e., the same person). The representation not only
is able to describe the dissimilarities between face pairs, but
also naturally implies a simile classifier [24]. Therefore, this
data representation strategy endows great flexibility for the
subsequent classification model design.

Motivated by this idea, classification-related data orga-
nization for face pairs is proposed, which is more flexible
and valid to the following classification model design. And
consequently, a joint optimal approach to put face representa-
tion and face matching into a unified framework is provided.
This paper is organized as follows. Section 2 briefly reviews
the fundamental knowledge, which is used to introduce the
motivation of the proposed approach. In Section 3, a novel
representation of a face pair, which employs the second-order
statistical property, is proposed. And a framework of a face
verification system based on the proposed face-pair repre-
sentation is proposed in Section 3 too. Three basic experi-
ments under the framework are implemented to illustrate
the efficiency of the proposed method in Section 4. All the
experiments are carried out on Labeled Face in the Wild.
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Figure 2: The overall framework of face verification based on conventional Mahalanobis distance learning.

Finally, a conclusion is presented at the end of the paper in
Section 5.

2. Preliminaries

In this section, we will briefly review the conventional Maha-
lanobis distance metric learning and some classical binary
classifiers.

2.1. Mahalanobis Distance Metric Learning. Metric learning
algorithms have been proposed and some of them have
already been applied to tackle the problem of face verification
over the decades. The common objective of these methods
is to learn a suitable metric, which can be used to reduce
the distance between positive face pairs and enlarge that of
negative pairs. Since the metric can be parameterized using
a positive semidefinite matrix𝑀, the metric learning can be
transformed into learning the positive semidefinitematrix𝑀.

Let 𝑋 = {(𝑥1, 𝑥2, . . . , 𝑥𝑛} ∈ R𝑑×𝑛 be a training set of
𝑛 samples, where 𝑥𝑖 ∈ R𝑑 is the 𝑖th sample and 𝑛 is the
total number of training samples. The task of the traditional
Mahalanobis distance metric learning is to seek a square
matrix𝑀 ∈ R𝑑×𝑑. Based on the matrix𝑀, we can define the
squared distance between two samples using the following
equation:

𝑑𝑀 (𝑥𝑖, 𝑥𝑗) = (𝑥𝑖 − 𝑥𝑗)
𝑇𝑀(𝑥𝑖 − 𝑥𝑗) , (1)

where 𝑥𝑖 ∈ R𝑑 is the 𝑖th sample in the training set and𝑀 ∈
R𝑑×𝑑 is a symmetric and positive semidefinite matrix. It can
be decomposed as follows:

𝑀 = 𝐿𝑇𝐿, (2)

where 𝐿 ∈ R𝑝×𝑑 performs a linear transformation and nor-
mally 𝑝 ≪ 𝑑.

Therefore, the squared distance defined in (1) can be
reformulated by

𝑑𝑀 (𝑥𝑖, 𝑥𝑗) = (𝑥𝑖 − 𝑥𝑗)
𝑇𝑀(𝑥𝑖 − 𝑥𝑗)

= (𝑥𝑖 − 𝑥𝑗)𝑇 𝐿𝑇𝐿 (𝑥𝑖 − 𝑥𝑗)

= 𝐿 (𝑥
𝑖 − 𝑥𝑗)

2

2
.

(3)

Equation (3) shows that learning a Mahalanobis metric
is equivalent to learning a linear transformation 𝐿, which
actually projects an original sample into a low dimensional
subspace due to the fact that 𝑝 ≪ 𝑑. TheMahalanobis metric
in the original space is degenerated into anEuclidean distance
between two samples in the transformed space.

2.2. Logistic Regression. Consider a set of𝑚 training samples,
denoted by {𝑥𝑖, 𝑦𝑖}𝑛𝑖=1, where𝑥𝑖 ∈ 𝑅𝑑 is the 𝑖th sample and𝑦𝑖 ∈
{−1, +1} denotes its corresponding class label. The likelihood
function of these 𝑛 samples is defined by∏𝑛𝑖=1Prob(𝑦𝑖 | 𝑥𝑖),
and the average logistic loss is defined as [26]

𝑓 (𝑤, 𝑐) = −1𝑛 log
𝑛

∏
𝑖=1

Prob (𝑦𝑖 | 𝑥𝑖)

= 1
𝑛
𝑛

∑
𝑖=1

log (1 + exp (−𝑦𝑖 (𝑤𝑇𝑥𝑖 + c))) .
(4)

Therefore, we can determine the parameters 𝑤 and 𝑐 by
minimizing the average logistic loss; that is,

min 𝑓 (𝑤, 𝑐) = 1
𝑛
𝑛

∑
𝑖=1

log (1 + exp (−𝑦𝑖 (𝑤𝑇𝑥𝑖 + c))) . (5)

The minimization problem will lead to a smooth convex
optimization problem because the average logistic loss func-
tion is a smooth and convex function.

2.3. Support Vector Machine. Given training samples 𝑥𝑖 ∈
𝑅𝑑 (𝑖 = 1, 2, . . . , 𝑚) in two classes and a label vector 𝑦𝑖 ∈
{−1, +1} denoting the corresponding label of samples 𝑥𝑖, the
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Support Vector Machine can determine the weight of the
samples by solving the following optimization problem [27]:

min
𝜔,𝑏,𝜉𝑖

1
2𝜔
𝑇𝜔 + 𝐶

𝑛

∑
𝑖=1

𝜉𝑖

subject to 𝑦𝑖 (𝜔𝑇𝜙 (𝑥𝑖) + 𝑏) ≥ 1 − 𝜉𝑖,

𝜉𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑛,

(6)

where 𝜙(𝑥𝑖) maps the sample 𝑥𝑖 into a higher-dimensional
space and 𝐶 > 0 is the regularization parameter. Considering
the dimensionality of the vector variable 𝜔, we usually solve
its dual problem:

min
𝛼

1
2𝛼
𝑇𝑀𝛼 − 𝑒𝑇𝛼

subject to 𝑦𝑖𝛼 = 0,
0 ≤ 𝛼𝑖 ≤ 𝐶, 𝑖 = 1, 2, . . . , 𝑛,

(7)

where 𝑒 = [1, 1, . . . , 1]𝑇 is the vector of all ones and 𝑀
is a positive semidefinite matrix, with the element 𝑚𝑖𝑗 =
𝑦𝑖𝑦𝑗𝐾(𝑥𝑖, 𝑥𝑗), where 𝐾(𝑥𝑖, 𝑥𝑗) = 𝜙(𝑥𝑖)𝑇𝜙(𝑥𝑗) is called the
kernel function.

3. Face Verification Based on
Second-Order Face-Pair Representation

In this section, a novel face-pair representation approach is
proposed. We firstly present a second-order face-pair repre-
sentation, and therefore the task of face verification can be
viewed as a binary classification problem in a unified frame-
work. On the one hand, the second-order representation
should keep more discriminant information; therefore, we
expect that such novel viewpoint of face verification problem
can benefit from large training samples. On the other hand,
since the proposed unified framework integrates feature
extraction and classifier selection for the face verification
problem, it should enhance the flexibility of the system.

3.1. Reformulate Face Verification. Face verification is a prob-
lem of determining whether two face images depict the same
person or not. Its formal description is as follows.

Given two faces, denoted by 𝑥1 and 𝑥2, the task of face
verification is to decide whether these two faces (a face pair)
are from different persons or the same one.

The conventional solution to the face verification is for-
mulated as ametric learning problem, for example, learning a
Mahalanobis distance between 𝑥1 and 𝑥2, which is employed
to present the similarity of a face pair. The final results are
obtained by checking the predicted distance based on a prop-
erly chosen threshold, which actually implements a matching
procedure.

However, there are four shortcomings in the metric-
learning-based face verification process: (1) the positive
definiteness of 𝑀 is required; (2) it is difficult to obtain a
closed solution to 𝑀; (3) some prior domain knowledge is

difficult to be embedded flexibly; (4) it is hard to choose the
appropriate threshold to determine the final result.

To overcome these drawbacks, we propose a unified face
verification framework, in which the face-pair representation
is employed instead of a single-face representation. Based on
the face-pair representation, the face verification problem can
be transformed into a binary classification problem defined
on a face-pair measurement space. In order to distinguish
it from single-face representation, we refer to this face-pair
representation.

For a pair of faces, denoted by𝑥1 and𝑥2, themeasurement
between a face pair is defined as

𝑋𝑘 = 𝑑 (𝑥1𝑘, 𝑥2𝑘) , (8)

where 𝑘 = 1, 2, . . . , 𝑛. Then, the face verification problem can
be transformed into binary classification problem on a face-
pair measurement space.

As a result, the target of the face verification is equivalent
to training a function 𝑓, which is defined on the transformed
face-pair measurement space𝑋:

𝑓 (𝑋𝑘) = 𝑓 (𝑑 (𝑥1𝑘, 𝑥2𝑘)) , (9)

where 𝑘 = 1, 2, . . . , 𝑛, 𝑓(𝑋𝑘) ∈ {0, 1} functions as a binary
classifier, 0 denotes that the face pair 𝑋𝑘 is from different
persons, and 1 denotes that the face pair𝑋𝑘 is from the same
person.

Specifically, the classifier is degenerated into a linear
classifier when we obtain a linear function.

𝑓 (𝑋𝑘) = 𝑊𝑇𝑋𝑘, (10)

where𝑊 corresponds to the weight to be learned in a binary
classification problem.

3.2. A Second-Order Face-Pair Representation. In the refor-
mulated binary classification task of face verification, it is
essential to construct a representation space for face pairs.
First, we define positive samples and negative samples,
respectively, as face pairs from the same person and those
from different persons. We intend to find a unified rep-
resentation of a face pair 𝑋𝑘, which is different from the
conventional single-face representation. Intuitively, the rep-
resentation should keepmore discriminant information so as
to facilitate the following verification task.

Since face verification aims to find the similarity between
two faces in the given face pairs, we can simply represent the
face pair as the difference between the measures of two faces.
Kumar et al. [24] utilized the absolute value of the difference
between two trait vectors and the weighted product was
defined to measure the similarity of two faces. However, the
definition is given subjectively, and less similarity informa-
tion is retained.

It is well known that the Mahalanobis distance computes
the distance between two samples, while taking into account
the covariance structure across the 𝑛-dimensional features.
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Motivated by this characteristic, we rewrite the initial Maha-
lanobis distance defined in Section 2 as follows:

𝑑𝑀 (𝑥1, 𝑥2) = (𝑥1 − 𝑥2)
𝑇𝑀(𝑥1 − 𝑥2)

= tr ((𝑥1 − 𝑥2)𝑇𝑀(𝑥1 − 𝑥2))

= tr (𝑀(𝑥1 − 𝑥2) (𝑥1 − 𝑥2)𝑇)

= tr ((𝑥1 − 𝑥2) (𝑥1 − 𝑥2)𝑇𝑀)

= (𝑀(:))𝑇 ((𝑥1 − 𝑥2) (𝑥1 − 𝑥2)
𝑇)
(:)
,

(11)

where (:) denotes the operation that rearranges a matrix into
a column vector.

If we denote ((𝑥1 − 𝑥2)(𝑥1 − 𝑥2)𝑇)(:) in (11) by𝑋, that is,

((𝑥1 − 𝑥2) (𝑥1 − 𝑥2)𝑇)
(:)
≜ 𝑋, (12)

then (11) can be rewritten as

𝑑𝑀 (𝑥1, 𝑥2) = (𝑀(:))𝑇 ((𝑥1 − 𝑥2) (𝑥1 − 𝑥2)
𝑇)
(:)

= 𝑊𝑇𝑋,
(13)

where the weight𝑊 corresponds to𝑀(:); it can be learned by
training a binary classifier. 0 denotes that the face pair 𝑋 is
from different persons and 1 denotes that the face pair 𝑋 is
from the same person.

Remark 1. The definition of 𝑋 in (12) contains covariance-
like feature representation; such second-order representation
of 𝑋 reserves more information for the face verification
problem.

Remark 2. Due to the symmetry of the feature matrix for
face-pair representation, we can use the upper triangle data
only to reduce the storage and computation burden without
any information loss.

The second-order feature representation has close rela-
tionship withMahalanobis distance metric. When we choose
the linear model as the binary classifier in the above architec-
ture (Figure 3), then the face verification process is equivalent
to computing a Mahalanobis-like distance between two
faces, while face verification process can be implemented
nonlinearly as well when the binary classifier is chosen as a
nonlinear classifier. Throughout this paper, we will apply this
mechanism for face-pair representation, while the basic re-
presentation of a single face can be various.

3.3. A Face Verification Framework Based on the Second-Order
Face-Pair Representation. The proposed second-order face-
pair representation transfers the face verification problem as
a more general two-category classification task.The overview
of face verification based on our proposed face-pair represen-
tation method is illustrated in Figure 4. The architecture can

be decomposed into three main processes: (1) basic feature
extraction for a single face, which can be implemented using
an appropriate feature extractor; (2) second-order face-pair
representation based on the difference of two faces; (3) amore
flexible two-category classifier.

It is worth noting that this is a general framework based
on second-order face-pair representation. In practice, the
basic feature extraction can be implemented with great
flexibility while incorporating prior knowledge from the
specific problem domain. For instance, a face can be encoded
by global feature descriptors or local feature descriptors. The
classification module can also be implemented with great
flexibility. For instance, logistic regression can be employed
to tackle the linear classification problem, while the kernel
support vector machine is more suitable to nonlinear classi-
fication problem.

Another advantage of our proposed framework is that
the system can benefit from learning with a large amount of
data. Intuitively, most statistical-based learning methods will
benefit from the large amount of training data. Because there
is some second-order statistical information embedded in the
proposed face-pair representation, the proposed method will
make use of the large amount of training datamore effectively.
The experiment results in Section 4do verify that.Thedimen-
sion of the second-order face-pair representation grows in
quadratic speed with the dimension of the single-face rep-
resentation, which may limit its applications in high-dimen-
sional data settings. That is, if the dimension of the feature
vector of single face is 𝑑, then that of face-pair measure space
will be 𝑑(𝑑 + 1)/2. Therefore, a feature dimension reduction
technique is necessary. Usually, dimension reduction tech-
niques are exploited to tackle this problem. However, there
is a limited compression ratio while attempting to preserve as
much information as possible to facilitate the analysis of the
latter classification process.

4. Implementation

In this section, experiments are conducted to verify the per-
formance and effectiveness of our proposed method.

4.1. Dataset. We choose the Labeled Faces in the Wild [25]
dataset as our testing bed, which is the de facto standard
dataset for face verification. The dataset is highlighted by
three characteristics: (1) enriched in both people number
and image number per people; (2) challenges of variations
in scale, pose, lighting, background, hairstyle, clothing,
expression, color saturation, image resolution, focus, and so
forth; (3) flexibility in data organization. Data can be used in
both “restricted” and “unrestricted” settings. In “restricted”
setting, data are provided in the form of paired faces. In
“unrestricted” setting, a large amount of paired faces can be
generated as needed. Following the standard performance
reporting protocol, we report our performance on the 10-
folder sets of view 2 [25]. These 10-folder sets are indepen-
dently divided, that is, one person only in one set, 300 positive
pairs, and 300 negative pairs for each set. While reporting
performance, each one set is held out for testing and another
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Figure 3: The overall framework of face verification based on the second-order face-pair representation.
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Figure 4: The proposed face verification framework based on the second-order feature representation.

9 sets are used for training.This will generate 10 sets of testing
scores. The estimated averaged accuracy and standard devia-
tion are computed following the standard definition in [25].

We use the aligned version of this dataset referred to
as “funneled,” in which all the faces are globally aligned.
Semantic facial parts are localized using an off-the-shelf
facial feature detector [34], which outputs 9 points about
corners of eyes, mouth, and nose. Based on these points, we
induce another 3 points as the center of each eye and mouth.
Then, we extract a 128-dimensional feature vector using SIFT
descriptor at these 12 localized points with three patch sizes
(16, 32, and 46) and three blur scales, leading to a 9 × 128 =
1152-dimensional descriptor for each facial part.

4.2. Experimental Setup. The performance of a face verifi-
cation system relies on many factors, such as basic feature
representation, feature transformation, metric learning, and
classification design. We try to fully consider the effects of
these factors while evaluating the proposed method. The
main consideration and the corresponding methods are
summarized in several aspects below.

First, the issue of misalignment of face image will affect
the performance of the proposed system. However, what we

focus on in this paper is the face-pair representation and its
influence on the performance of face verification system. It is
not necessary to make accurate global face alignment, since
geometric alignment based on some specified facial parts
locationwill not performwell with larger changes of pose and
expression. What is more, facial parts detection is a hard job,
and incorrect localization of one part will lead to great mis-
alignment of a whole face.

Second, we consider the basic feature representation of
a single face. Kinds of feature extraction methods can be
utilized to represent a single face and each feature extraction
method has its own advantages and deficiencies. Here, we
employ SIFT feature [6] as the basic feature for single-face
representation, considering its robustness against the com-
mon challenges, such as the variations of scale, lighting, and
rotation, especially in real-life scenarios.

Third, local feature representation of a single face is useful
in practical face verification systems, especially for enhanc-
ing the system’s robustness against great changes of pose,
expression, and lighting, since incorrect localization of one
local part will not affect other components. In this imple-
mentation, we use the facial feature detector proposed in [34]
to extract several semantic local facial components, which
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are assembled together to form the face, such as eyes, nose,
mouth corners, and eyebrows.

The final process of the pipeline is classifier design. Most
popular classifiers can be exploited to perform such two-
category classification task. Besides this, the face identifier
can also be constructed in two ways: one global classifier for a
whole face and one classifier for each facial part. The popular
techniques as logistic regression and support vector machine
are chosen as our classificationmodel. In this paper, we utilize
the off-the-shelf implementation of these two techniques for
our experiments, that is, SLEP [35] for logistic regression and
libSVM [36] for SVM.

Based on these above settings, we design three exper-
iments. The first one is used to illustrate the performance
of our method with different feature descriptors (i.e., global
features and local features) and with different classifiers (i.e.,
logic regression and kernel-SVM). The second experiment is
implemented to illustrate that the verification accuracy of our
approach can benefit from the growing number of training
face pairs. Finally, a comparison between several face verifi-
cation algorithms and our method is carried out in terms of
the verification accuracy and ROC curves.

4.3. Experimental Results. We first evaluate the performance
of the system using the proposed face-pair representation
in a global way, where all the SIFT features extracted on
these points are concatenated into a single vector as the
single-face descriptor. Since the dimension of a single face
is high, we apply PCA to obtain a more compact single-face
representation. The dimension of features reduced by PCA is
also an important issue; we experimentally chose 100 as the
best trade-off between accuracy and complexity. However, in
the global way, we find that if we choose 100 principle compo-
nents, the preserved energy is only approximately 67%. Such
low energy ratio implies that much information was lost in
the dimension reduction process. In order to preserve more
useful information within an endurable source cost, we train
a local classifier for each facial point.The process is similar to
the global way, and we also select the appropriate dimension
for each local descriptor, and then we simply average all
the local classifiers results to make the final decision. The
experimental results are listed in Table 1.

Table 1 shows that when we choose logistic regression as
the binary classifier, the performance of the system with local
feature descriptors is enhanced compared to the one with
global feature descriptors. Since different binary classifiers
can be adopted as the classifier model in our proposed frame-
work, we can also choose SVM with RBF kernel (KSVM) as
the classification model; the performance of the system with
local feature descriptors is enhanced from 80.35% to 83.07%
compared to the one with global feature descriptors. We also
noted that integrating the nonlinear classifier into the system
will improve the performance compared to using a linear clas-
sifier, that is, logistic model. The corresponding ROC curve
is shown in Figure 5.

Due to the second-order statistical property of the pro-
posed face-pair representation method, the corresponding
face verification model will benefit from a large amount
of training data. A single-face encoding method [24] has

Table 1: Performance of the proposedmethod with different feature
descriptors and classifiers.

Data organization manner Classifier Recog. rate (%)
Global LR 76.10 ± 0.67
Local LR 78.12 ± 0.47
Global KSVM 80.35 ± 0.64
Local KSVM 83.07 ± 0.52

Table 2: Recognition rates of the method used in [24] and
performance of our method with large training data.

Methods Recog. rate (%)
Abs. prod. [24] 80.79 ± 0.75
Our method 82.74 ± 0.63
Our method with large data 84.02 ± 0.52

Table 3: Face verification accuracy of differentmethods in the LFW-
restricted setting.

Method Recog. rate (%) AUC
Eigenfaces [28] 60.02 ± 0.79 0.6483
Nowak [29] 73.93 ± 0.49 0.8131
Hybrid descriptor-based [30] 78.47 ± 0.51 0.8532
V1-like/MKL [31] 79.35 ± 0.55 0.8742
APEM (fusion) [32] 84.08 ± 1.20 0.8541
Spartans [33] 87.55 ± 0.21 0.8982
Our method 86.08 ± 0.62 0.8783

shown its efficiency in face verification problem, where only
73 attributes scores are used to encode each face. Based on
this single-face encoding method, we get a 1701-dimensional
vector for a face pair. In order to enlarge the size of the
training dataset, we randomly add 1000 positive pairs and
the same number of negative samples, to verify the trend of
performance improvement with the number of training data.
The final results show that improved performance is obtained
with increased number of training samples. From Table 2, we
can see that more than one percent point improvement is
obtained compared to the trained model under the restricted
setting, andnearly four percent point improvement is achieved
compared to the initial abs. prod. [24].

Finally, a comparison between several face verification
algorithms and ourmethod is carried out in terms of the veri-
fication accuracy and ROC curves.The experiments are care-
fully performed with the protocol of Image-Restricted, No
Outside Data. All experiments use centered 150 × 150 crops
of “LFW-funneled” images. The recognition rate and AUC
of different methods are shown in Table 3, and the corre-
sponding ROC curve is shown in Figure 6. It shows that our
method outperforms most of the existing methods except for
Spartans, which preprocessed the data more delicately.

5. Conclusions

In this paper, we derived a second-order face-pair represen-
tation based on the formula of the conventional Mahalanobis
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Figure 5: ROC curves of the system with different settings.
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Figure 6: ROC curves of our method and typical techniques in LFW-restricted settings.

distance metric learning. This face-pair representation pro-
vides more discriminate information. Based on the face-
pair representation, a unified face verification framework
is put forward, which makes the proposed approach more
flexible. The flexibility can be summarized in two aspects:
(1) flexibility of choosing feature extractor for a single face

and (2) flexibility of selecting the classifiers. What is more,
this novel face-pair representation brings the second-order
statistical property of the difference between two faces.
Three basic experiments on LFW have been implemented
to illustrate the efficiency and validation of the proposed
method.
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Face verification is a complex problem that has substantial
connections with deep convolutional neural networks, and
their integration could improve the performance, both in
theory and in application aspects. In our future work, we will
try to integrate the deep CNN into the unified framework, to
obtain more satisfied feature representation and improve the
performance of face verification task.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This research is supported by the Natural Science Foundation
of Hebei Province (F2018201115, F2018201096) and the Youth
Scientific Research Foundation of Education Department of
Hebei Province (QN2015026, QN2017019).

References
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Nonlinear rational systems/models, also known as total nonlinear dynamic systems/models, in an expression of a ratio of two
polynomials, have roots in describing general engineering plants and chemical reaction processes. The major challenge issue in
the control of such a system is the control input embedded in its denominator polynomials. With extensive searching, it could
not find any systematic approach in designing this class of control systems directly from its model structure. This study expands
the U-model-based approach to establish a platform for the first layer of feedback control and the second layer of adaptive
control of the nonlinear rational systems, which, in principle, separates control system design (without involving a plant model)
and controller output determination (with solving inversion of the plant U-model). This procedure makes it possible to achieve
closed-loop control of nonlinear systems with linear performance (transient response and steady-state accuracy). For the
conditions using the approach, this study presents the associated stability and convergence analyses. Simulation studies are
performed to show off the characteristics of the developed procedure in numerical tests and to give the general guidelines
for applications.

1. Introduction

This section justifies the reasons for designing controllers
for rational models by introducing model expression and
representations, achieved results in model identification,
and a critical review of controller-designing approaches.

1.1. Nonlinear Dynamic Rational Systems

Definition 1 [1]. Assign a triplet X, f , h , where X is an irre-
ducible real affine variety and f , h are mapping functions. A
system Σ, with input U ∈ℝm and output Y ∈ℝr , is defined as
polynomial/rational, while the functions f = f α ∣ α ∈U and
h X→ℝr both on X are mappings from input space to state
space and from state space to output space polynomial/ratio-
nal, respectively. That is, for polynomial systems, hi ∈ A
for all i = 1,… , r where A is the algebra of all polyno-
mials on the variety X, and for rational systems, hi ∈Q

for all i = 1,… , r where Q is the algebra of all rational
functions on the variety X.

For a single-input and single-output (SISO) nonlinear
dynamic rational system, it can be generally modelled with
a ratio of two polynomials [1, 2].

y k =
Np k

Dp k
+ e k

=
Np Yk−1,Uk−1, Ek−1
Dp Yk−1,Uk−1, Ek−1

+ e k

=
〠num

j=1 pnj k θnj

〠den
j=1pdj k θdj

+ e k ,

1

where y k ∈ℝ, u k ∈ℝ, and e k ∈ℝ denote measured out-
put, input, and model error/noise/uncertainties, respectively,
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at time instant k = 1, 2,… . Np k and Dp k are real val-
ued and smooth numerator and denominator polynomials,
respectively. Yk−1 ∈ℝn ⊃ y k − 1 ,… , y k − n , Uk−1 ∈ℝn ⊃
u k − 1 ,… , u k − n , and Ek−1 ∈ℝn ⊃ e k − 1 ,… , e k − n
denote the delayed outputs, inputs, and model noises,
respectively. pnj k ∈ℝ and pdj k ∈ℝ for regression terms
θnj ∈ℝ and θdj ∈ℝ, respectively, are the coefficients and num
and den for numbers of total regression terms of the polyno-
mials. The major properties of the rational model (1) are
summarised below:

It is also defined as a total nonlinear model [2] as it covers
many different linear and nonlinear models as its subsets
(such as NARMAX (nonlinear autoregressive moving aver-
age with exogenous input) models [3] and intelligent models
for neurofuzzy systems [4]). Rational systems have been
observed in general engineering, chemical processes, physics,
biological reactions, and econometrics; for example, rational
models are a class of mechanistic models in describing
catalytic reactions in chemical kinetics [5, 6]; metabolic,
signal, and genetic networks in systems biology [1]; and
movement of satellites in Earth orbit [1]. There have also
been reports of rational modelling applications [7–9].

This is more concise in structure than a polynomial; the
example below uses a Taylor series expansion to approximate
a simple rational model below.

y k = sin u k − 1
1 + y2 k − 3

= sin u k − 1 1 − y2 k − 3 + y4 k − 3
2

The other characteristic of the rational models is the
power to quickly change the model output while input has
small variations. Consider a simple system output below

y k = 1
1 + u k − 2 3

Clearly the model output will be dramatically increased,
as the input u k − 2 approaches −1. This comes from the
function of the denominator.

Introducing a denominator polynomial makes the model
concise in describing complexity and adds more functions in
describing nonlinearities. On the other side, in contrast to
polynomial systems, this makes identification and control
system design noticeably different and more difficult with
the inherent nonlinear parameters and control inputs [2].
Therefore, comprehensive studies of this class of systems in
theoretical and application aspects are required. This study
takes the pioneer step towards the control of rational systems.

1.2. Model Identification. Model identification has been
relatively mutual to some extent. So far, the identification
aspect has gone through data-driven model structure
detection, parameter estimation, and model validation from
noise-contaminated input and output data. The major work
on rational model identification is summarised in the follow-
ing categories: linear least squares (LLS) algorithms for
parameter estimation—extended LLS estimator [10], recur-
sive LLS estimator [11], orthogonal LLS structure detector

and estimator [12], fast orthogonal algorithm [13], and
implicit least squares algorithm [14], and nonlinear least
squares algorithms—prediction error estimator [15] and
globally consistent nonlinear least squares estimator [16].
Other algorithms include the following categories: back
propagation (BP) algorithm [17] and enhanced linear
Kalman filter (EnLKF) [18].

There are two model validation methods: higher order
correlation tests [19] and omnidirectional cross-correlation
tests [20].

A summary of the representative publications till 2015
can be found in a survey of rational model identification [2].

1.3. Controller Design. As surveyed above, rational models
have been increasingly used to represent nonlinear dynamic
plants. Consequently, the control system design should have
been considered on the agenda in the follow-up studies.
However, up to now, there is no reference found for design-
ing such controllers directly referred to the model analytical
knowledge. The paramount difficulty is that part of the con-
troller output is embedded in the denominator polynomial
Dp k . For example, y k = 0 5y k − 1 − y k − 2 u k − 1 +
0 1u5 k − 1 / 1 + y2 k − 2 + 0 2u2 k − 1 . With extensive
investigations through major academic publication search-
ing engines, it can be concluded that this study is the first
trial with analytical approaches to design a controller for
rational systems.

Regarding controller design approaches possibly referred
to the rational systems, these could be the reduction of ratio-
nal model structure complexity, which are neural network
models, linear approximation models, linearization, and
iterative learning control and U-model enhanced control. A
brief critical review of the approaches is presented.

Reference [21] on neural controllers is probably the first
publication relating to control of rational models. However,
the design approach has merely used rational models as
extreme nonlinear examples; it has not designed controllers
by taking the model structure into consideration (even if
known in advance), except for taking the models as the
representatives of complex nonlinear dynamic systems.

Piecewise linearization [22, 23] around operating points
has been widely studied to simplify controller-designed pro-
cedures when plants are subject to mild nonlinear dynamics.
It should be mentioned that a group of piecewise linear
models can be admitted as a linear model, with varying order
and parameters in different operating intervals. The prom-
ising property is using linear control design strategies
directly. However, it could induce inaccuracy and dynamic
uncertainty because of ignoring some inherent nonlinear-
ities from their original nonlinear representations. Further,
this method may also increase computational burden/
complexity while overborrowing piecewise linear intervals
to match severe nonlinearities.

Pointwise linearization has been claimed by neural
network-based control and/or adaptive control, which uses
linear models to approximate predominant dynamics around
an operating point or every input-output dynamic gain at
each time instance and then employs a neural network to
determine the error induced by the linearization [24, 25].
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Once again, it uses linear control system design to construct
nonlinear control systems. However, this involves online
neural network learning or online model iden parameter
estimation, and therefore, the constructed nonlinear control
system is operated under adaptive principles (the controller
parameters are updated with the neural network output),
even for deterministic nonlinear plants. The other related
issue is the selection of neural network topology, which has
no systematic procedure available to find the best fitted
neural network representative.

Feedback linearization is a well-developed subject [26]. A
general SISO nonlinear system is described as

x = f x = g x u

y = h x
4

where x is the state vector and u and y are the input and
output, respectively. f ⋅ , g ⋅ , and h ⋅ are real valued
and smooth mapping functions. With this model structure,
a series of analogies with some fundamental features of linear
control systems have been established, which provides a very
useful concept in the design of nonlinear control systems
using linear design methodologies. Obviously, the model
has u in an explicit position. The studied nonlinear rational
model has no such explicit expression for input u to be
designed, and this immediately reveals that the methodolo-
gies rooted in the approach, although useful references, are
not directly applicable in designing control of nonlinear
rational systems. The other input-output linearization tech-
niques [27] have had similar requirements for an explicit u
expression and special skills for state variable transformation.

Iterative learning/data-driven control/model-free control
is another possible control system design methodology in
avoiding model structure complexity. The approaches do
not require a clear plant model structure but still need plants
with some mild conditions in control [28, 29]. Again, if a
rational model is available, it is wasteful without using
the model information in the control system design. It is
believed, particularly for man-made engineering systems/
products (built up by rules/models), that any repetitive
process and motion has a model existing in operation even
though the model is yet to be identified.

U-Model-based control has claimed to radically relieve
the dependence of plant model-oriented design foundation.
The use of the plant model is effectively reduced as a refer-
ence for converting to U-model and accordingly to work
out the control output [30]. U-Model-based control assumes
the feasibility of using linear system design procedures to
design the control of nonlinear dynamic plants with assigned
response performances. The U-model control platform is
illustrated in Figure 1.

The U-model systematically converts smooth (polyno-
mial and extended including transcendental functions)
models, derived from principles or identified from measure-
ments, into a type of U-based model to equivalently describe
plant input-output relationship, so that it establishes a
general platform to facilitate control system design and
dynamic inversion. It should be mentioned that there is
nothing lost with the derived U-models from the original

nonlinear models. The difference between the two types of
model expressions is that those original nonlinear models
could be obtained from principles, such as Newton’s law, or
identified directly from measured data; the U-models are
derived from the original models in control design-oriented
expressions. Regarding the U-control (U-model-based con-
trol) research status, Zhu and Guo [31] have brought forward
a fundamental framework in terms of pole placement control
for nonlinear systems. More recently, U-control has been
expanded to general predictive control [32] and sliding
mode control [30]. To accommodate the U-control of state
space models, a backstepping algorithm is being expanded
to extract the controller output within multiloop U-
models. With the nature of separating control system design
(specifying closed-loop performance) and controller output
calculation (by resolving plant dynamic inversion through
U-model), it can be forecast that the other classical control
issues could be similarly formulated within a general and
concise framework.

1.4. Organisation of the Study. The remaining study is
organised into five major sections. Section 2 is used to
define a generic framework of control-oriented U-model
for representing smooth nonlinear dynamic plants. It is then
expanded by including a rational model and transcendental
functions as its subsets to lay a basis for applying linear con-
trol system design techniques. Section 3 proposes a general
pole placement controller for nonlinear rational systems
within the U-model framework. Section 4 shows design of
an adaptive UPPC for the control of stochastic nonlinear
rational systems. Section 5 tests a number of typical rational
systems with the developed procedures and shows the
exemplary procedures for potential users.

2. U-Model: A Generic Framework of
Control-Oriented Nonlinear Plant Models

2.1. U-Model Foundation: Polynomial [30]. Consider a
general polynomial description of

y k =Np Yk−1Uk−1 = 〠
L

i=0
pi k θi, 5

where y k ∈ℝ and u k ∈ℝ denote the plant output and
input, respectively, at time instant k = 1, 2,… . Np ⋅ ∈ℝ
is a real valued and smooth polynomial function and
Yk−1 ∈ℝn ⊃ y k − 1 ,… , y k − n and Uk−1 ∈ℝn ⊃ u k − 1
,… , u k − n denote the delayed outputs and inputs, respec-
tively. pi k ∈ℝ denotes the model structure variables, e.g.,
u k − 2 y3 k − 1 , u k − 1 u2 k − 3 , y k − 2 y k − 3 , and
θi ∈ℝ denote the coefficients. To convert the above

U-Model
Linear
control
system

Polynomial
and state space
plant models

Figure 1: U-Model-based control system design.
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polynomial into a U-model, which is a polynomial with an
argument of control input u k − 1 (also called controller
output while talking about control system design), it
gives [30]

y k = 〠
M

j=0
λj k uj k − 1 , 6

where degree M is of controller output u k − 1 and
λ k = λ0 k … λM k ∈ℝM+1 is the time-varying parame-
ter vector, a function of absorbing past inputs Uk−2, outputs
Yt−1, and parameters θnj in the original polynomial. An
example illustrating the conversion to U-model from an
ordinary polynomial is shown here. Consider a polynomial,

y k = 0 2y k − 1 y k − 3 + 0 5u k − 1 u k − 3
− 0 9y k − 2 u2 k − 1

7

Rearrange polynomial (7) with

y k = λ0 k + λ1 k u k − 1 + λ2 t u2 k − 1 , 8

where λ0 k = 0 2y k − 1 y k − 3 , λ1 k = 0 5u k − 3 , and
λ2 k = −0 9y k − 2 .

Clearly, the time-varying λj k is absorbing the past
inputs/outputs and parameters of the original polynomial,
associated with uj k − 1 .

Property 1. Assign φ ℝL+1 →ℝM+1 a U-mapping to convert
the classical polynomial expression of (5) to its U-expression
of (6) and the inverse be φ−1, that is

f pi, θi →φ f uj, λj 9

Thus, it has good mapping properties [30].

2.2. U-Mode: Rational. With reference to (1), its determinis-
tic parametric rational expression is given below:

y k =
Np

∗

Dp
∗ =

〠num
j=1 pnj k θnj

〠den
j=1pdj k θdj

10

Its U-model realisation can be determined by removing
the denominator to the left-hand side of (10); it gives

y k Dp
∗ =Np

∗ 11

Convert (11) into U-model form to yield

y k 〠
L

i=0
γi k ui k − 1 = 〠

M

j=0
λj k uj k − 1 , 12

where λj k ∈ℝ is a function of past inputs Uk−2 and outputs
Yk−1 and parameters θnj in the numerator polynomial.
Similarly, γi k ∈ℝ is a function of past inputs Uk−2 and
outputs Yk−1 and parameters θdj in the denominator

polynomial. M and L are the degrees of the model input
u k − 1 in the numerator and denominator, respectively.
Here is a simple example to show the conversion of

y k = y k − 1 1
u k − 1 13

Inspection of (12) gives

y k γ1 k u t − 1 = λ0 k , 14

where γ1 k = 1 and λ0 k = y k − 1 .
In the following sections of the controller design, it is

required to make a dynamic inversion of (12) to solve
for roots.

There are many standard root-solving algorithms for
such polynomial equations [30].

Remark 1. Compared with polynomial U-realisation, it can
be noted that rational model U-realisation is an implicit
expression of y k due to the multiplicative item y k Dp k .

2.3. U-Model: Extended. To describe more general nonlinear
terms including those transcendental functions, define the
extended U-model below:

y k f b u k − 1 = f a u k − 1 , 15

where f b u k − 1 ∈ℝ and f a u k − 1 ∈ℝ are smooth
functions. In general, these can be expressed as

f b u k − 1 =〠
j

f bj u k − 1 ,

f a u k − 1 =〠
j

f aj u k − 1
16

Here is a simple example to show its U-model represen-
tation; consider

y k = y k − 1 sin u k − 1
1 + cos2 u k − 1 17

For its U-model of (15), it gives

f b u k − 1 = γ0 k + γ1 k cos2 u k − 1 ,
f a u k − 1 = λ1 k sin u k − 1 ,

18

where γ0 k = 1, γ1 k = 1, and λ1 k = y k − 1 .

3. Pole Placement Controller: A Show Case of
the Design Procedure

The control objective is, for a desired trajectory v k , to
determine a control input u t to drive the underlying system
output y k to follow the desired trajectory v k with an
acceptable performance (such as transient response and
steady-state error), while all the inputs and outputs of the
control system are bounded within the permitted ranges.
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3.1. U-Control System Design. In general, there are three steps
in the U-control system design routine:

Form a proper linear feedback control system structure,
as shown in Figure 2. The controller, in the dashed line block,
consists of two functions, the invariant controller Gc1 and the
dynamic inverter G−1

p . The plant model is Gp.
Design the invariant controller Gc1 by linear control

system approach. By letting Gp = 1, therefore G−1
p = 1, and

specifying the desired closed-loop transfer function G, it
gives Gc1 = G/ 1 −G and the invariant controller output
v t is the desired output while the plant model is a
unit constant.

Determine dynamic inverter G−1
p to work out the control-

ler output u k − 1 . Assuming the plant model is bounded-
input/bounded-output (BIBO) stable and the inverse of Gp

exists, expressing the plant model Gp in forms of U-model,
lettingy k = v k in the U-model, gives model (15) in
expression of v k f b u k − 1 = f a u k − 1 . To determine
control input u t − 1 is to find the inverse by resolving the
equation of v k f b u k − 1 − f a u k − 1 = 0.

It should be noted that the arrow line from the plant to
the dashed line block represents the U-model update from
the plant model at each time instance.

Proposition 1. Generality: the U-model-based control allows
a once-off design for all linear and nonlinear polynomial
models. This is due to the controller Gc1 design being indepen-
dent of model Gp.

Proposition 2. Simplicity: the U-model-based control requires
no repeated computation if a plant model is changed. Again,
this is due to the controller Gc1 design being once-off and inde-
pendent of model Gp, and changes to plant model Gp only
change the U-model to resolve different roots. In comparison,
almost all classical and modern control approaches are plant
model-based designs; that is, the controller design is a func-
tion of both system performance and plant; accordingly,
if the plant model is changed, the controller must be
redesigned.

Proposition 3. Feasibility for controller design of rational
systems: this can be proved directly from Proposition 1 and
U-realisation of the rational model in (12).

In formality, the U-adaptive control is very similar to
deterministic U-model control. The difference is that the plant
model is required to be estimated or updated online in the
adaptive control.

For simplicity, but without losing generality, in formu-
lation of the U-model (polynomial), once the invariant

controller is designed, the real controller output can be
determined by letting

v k = 〠
M

j=0
λj k uj k − 1 19

Then resolving one of the roots from

v k − 〠
M

j=0
λj k uj k − 1 = 0 20

3.2. Stability and Robust Analysis of U-Model Control
Systems. There are two typical situations: ideal case—deter-
ministic systems without modelling error and disturbance,
and nonideal case—deterministic systems with modelling
errors and/or disturbance.

Theorem 1. (bounded-input, bounded-output (BIBO) stabil-
ity of deterministic U-model control systems). Regarding the
U-model control system shown in Figure 2, it is BIBO stable
and tracks the bounded reference signal r properly while the
following conditions are satisfied:

(i) Invariant controller Gc1 is closed-loop stable; that
is, all poles of the closed loop are located with the
unit circle.

(ii) Plant model Gp is a bounded-input/bounded-output
(BIBO).

(iii) The inverse of the plant model G−1
p exits.

Proof. With reference to Figure 2, it has G−1
p Gp = 1 from the

conditions (ii) and (iii). Accordingly, the closed-loop transfer
function is given in terms of Gc1/ 1 + Gc1 , which is stable
from (i), and thus, the tracking performance is given by
rGc1/ 1 +Gc1 .

Remark 2. This establishes a framework for designing control
for both linear and nonlinear dynamic plants. It is feasible,
simple, general, and with no repetition of controller design
on changes to the plant model, except the computation
of the inversion of the changed plant U-model polynomial.
In other words, this is a new methodology for minimising
the complexity induced by the plant model in control sys-
tem design, which is particularly important for nonlinear
plants. U-model, as a universal dynamic inverter, is the
key to achieve the goals.

Theorem 2. (BIBO stability of uncertain U-model control
systems). Regarding the U-model control system structured
in Figure 2, modelling error and/or disturbance εU t can be
treated as an external disturbance as shown in Figure 3. It is
BIBO stable and tracking the reference signal with a bounded
error while the following conditions are satisfied:

(i) Invariant controller Gc1 is closed-loop stable.

(ii) Plant model Gp is a bounded-input/bounded-output
(BIBO).

−1
Gp Gc1 Gp−

v ur y
(U-model)

Figure 2: U-Model control system.
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(iii) The inverse of the plant model G−1
p exits.

(iv) The upper bound of modelling error and/or distur-
bance εU t is satisfied with the conditions of small
gain robust stability [33].

Proof. In Figure 3, G−1
p Gp = 1; this gives y = rGc1/ 1 +Gc1 +

εU / 1 +Gc1 .
Then the stability of Figure 3 is the same as in Figure 2

while the upper bound εU t is satisfied with the small gain
robust stability criterion.

Remark 3. It should be noted that the tracking error is deter-
mined by εU / 1 +Gc1 ; therefore, a properly designedGc1 will
have a degree of robustness against uncertainties/disturbance.

4. Design of Pole Placement Controller

A classical approach [34] has been selected to formulate
the U-model-enhanced pole placement controller (UPPC)
[30, 31]. Here, a further refined version of UPPC is pre-
sented. Within the U-model framework, closed-loop con-
trol system performance is independently specified without
involving the plant model. Therefore, the classical version
involving plant model can be simplified as below.

Rv k = Tr k − Sy k , 21

and

R = zn + r1z
n−1 +⋯ + rn,

T = t0z
m + t1z

m−1 +⋯ + tm,
S = s0z

l + s1z
l−1 +⋯ + sl,

22

with r k for reference, v k for invariant controller Gc1
output, and y k for plant output. The polynomials R, S,
and T , with backward shift operator z−1 and proper orders
(n, m, and l), are used to specify closed-loop control
system performance.

To guarantee that the control system is realistically
implementable, specify

O S <O R ⇔l < n, O T ≤O R ⇔m ≤ n, 23

where the operator O ∗ = order ∗ denotes the order of the
concerned linear polynomial.

With reference to (19), two control roles can be assigned
with negative feedback −R/S for stabilising the closed-loop
system with requested dynamics and feedforward T/R for
reducing steady-state errors. The structured control system
is shown in Figure 4.

For designing an invariant controller, let v t = y t in
(19); thus, it gives the closed-loop transfer function

y k = T
R + S

r k = T
Ac

r k 24

Accordingly, the required design task is to assign the
closed-loop denominator polynomial Ac and the numerator
polynomial T .

It should be noted that after Ac is specified (by customers
and/or designers), a routine for resolving Diophantine is
needed to work out the parameters of polynomials R and S
from the following relationship:

R + S = Ac 25

To achieve zero steady state, T can be designed with

T = Ac 1 26

The detailed design procedure and examples can be
refereed to [31].

Remark 4. Compared with classical pole placement control
design procedures [34], the UPPC is more concise and
independent of the plant model, which results in the UPPC
being generalised to any plant model structure and once-off
designed. For each different plant model, this task is merely
the resolving of the U-model to obtain one of the roots as
the operational controller output. The relevant comparison
details can be referred in [30].

5. U-Model-Based Pole Placement Control with
Adaptive Parameter Estimation

The U-model-based adaptive control schematic diagram is
shown in Figure 5. Again, this U-model adaptive control is
different from those classical adaptive/self-tuning control
approaches in terms of control structure. The feedback
controller parameters are not tuned and thereafter are fixed:
the only adaptation is to update U-model parameters to
accommodate the plant model parameter variation and/or
external disturbance, which is consistent with Propositions
1, 2, and 3.

In general, an adaptive control system can be considered
as a two-layer system, that is:

(i) Layer 1: conventional feedback control

(ii) Layer 2: adaptation loop

In this study, the UPPC presented in Section 3 is selected
to form the conventional feedback control. Thus, this section
mainly develops this adaptation loop formulation.

In recursive formulation, there are two ways to estimate
the U-model parameters in the adaptation loop.

(i) Indirect parameter estimation: estimate the original
rational model parameters (θnj k , θdj k ) first and
then convert into U-model parameters λj k . The
challenging issue is that classical recursive least

−1
Gp (U-model)Gc1 Gp−

v ur y
+

𝜀U

Figure 3: Uncertain U-model control system.
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squares estimation algorithms give biased estimates
and recursive rational model estimators need noise
variance information in advance [11, 18].

(ii) Direct parameter estimation: estimate the U-model
parameters λj k directly. The challenging issue is
that the parameters λj k , while converted from a
rational model, are time varying at every sampling
time. It has been proved [35] that for time-varying
stochastic models, the parameter estimation errors
(PEE) with the well-known forgetting factor least
squares (FFLS) algorithm are bounded and the
FFLS is capable of reducing the squared measure-
ment error (the difference between measured output
and model-predicted output); even the time-varying
parameter estimates are not converged to their
real values.

In this study, a FFLS estimator [36] is selected with the
following formulations:

εU k = y k −ΨT k λ k − 1 ,

K k = P k − 1 Ψ k

ρ +ΨT k P k − 1 Ψ k
,

λ k = λ k − 1 +K k εU k ,
P k = Ι −K k ΨT k P k − 1 ,

27

where vector λ k = λ 0 k λ1 k … λM k
T
∈ℝM is the

estimate of λ k ; ε k ∈ℝ is the error, that is, the difference
between the measured output and the model-predicted
output; K t ∈ M + 1 × 1 is the weighting factor vector
indicating the effect of ε t to change the parameter vector;
Ψ k = 1 u k − 1 … uM k − 1 T ∈ℝM is the input
vector at time k− 1; ρ is the forgetting factor (a number less
than 1, e.g., 0.99 or 0.95, represents a trade-off between fast

tracking and noisy estimate), the smaller the value of ρ, the
quicker the information in previous data will be forgotten;
and P k ∈ℝ M+1 × M+1 is the covariance matrix.

In presenting the stability of the proposed adaptive U-
control, expand the virtual equivalent system (VES) concept
and methodology [37] for the analysis, which is an alternative
insight and judgement of the stability/convergence for
adaptive control systems. Following the similar arguments
as shown before, we assume G−1

p Gp = 1, and the invariant
controller Gc1 is well defined to stabilise conventional feed-
back control systems and track the bounded reference signal
in terms of mean squares. Then for a slow time-varying
parameter model (because it is converted from its original
time-invariant parameter model referred to in (5) and (6)),
the U-model parameter estimation errors εU t are bounded
with FFLS or the other recursive algorithms [35, 38]. In this
case, using Figure 3 again, knowing εU t includes U-model
parameter estimation errors. Hence, in terms of VES, the
adaptive control system can be treated as a summation of
two subsystems of

y = y1 + y2 =
rGc1

1 +Gc1
+ εU

1 +Gc1
28

As εU t is bounded, the adaptive control system is stable
and the tracking control error will converge to a bounded
compact set around zero, whose size depends on the ultimate
bounds of estimation error εU .

Remark 5. The U-model provides a platform for simplifying
control system design, and VES provides a platform for sim-
plifying the analysis of stability and convergence of general
adaptive control systems.

6. Simulation Studies

Four case studies have been conducted to initially vali-
date the new design procedure. It should be made clear

Rv(k) = Tw(k) − Sy(k)
Linear or NL

plant

r(k) y(k)
u(k − 1)v(k)

𝛹 (v(k), u(k − 1))

Figure 4: Structured UPPC control system.

Gc1 Gp−
v ur y

U-Model
parameters
estimation

−1
Gp (U-model)

Figure 5: Adaptive U-model control system.
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that there is no comparison result that can be provided
as this is the first study in the control of such nonlinear
rational systems.

As described before, the design is split into two stages,
design invariant control Gc1 (thus, v k by pole placement)
and determination of the controller output u k − 1 by
resolving plant U-model equation.

To design the pole placement controller, assign the
characteristic equation

Ac = z2 − 1 3205z + 0 4966 29

Factorisation of (29) gives the closed-loop poles as
0 6603 ± 0 2463i; this gives a decayed oscillatory response
(ωn = 1, ζ = 0 7), which is a commonly used dynamic
response index. For steady-state error performance, making
its error zero gives

T = Ac 1 = 1 − 1 3205 + 0 4966 = 0 1761 30

From the causality condition, specify the structures of
R and S with

R = z2 + r1z + r2,
S = s0z + s1

31

Form a Diophantine equation with polynomials Ac, R,
and S [30] to yield

r2 + s1 = 0 4966,
r1 + s0 = −1 3205

32

To make polynomial R stable and having the requested
response, assign r1 = −0 06 and r2 = 0 0005, which give two
poles z − 0 05 and z − 0 01 . Then the coefficients of poly-
nomial S are resolved in the Diophantine equation of (32)
as follows.

s0 = −1 2605,
s1 = 0 4961

33

Consequently, controller (19) can be recursively imple-
mented to calculate the virtual controller output v t :

v k + 1 = 0 06v k − 0 0005v k − 1 + 0 1761r k − 1
+ 1 2605y k − 0 4961y k − 1

34

Case 1 (feasibility test of U-control of nonlinear rational
systems). Consider a rational system modelled by

y k = 0 5y k − 1 u k − 1 + u3 k − 1
1 + y2 k − 1 + u2 k − 1 , 35

where y k is the plant output and u k is the input of the
model or controller output. This is used to test determin-
istic feedback control. The model structure has been

typically investigated in system identification. Accordingly,
its U-realisation can be expressed as

y k 1 + y2 k − 1 + u2 k − 1 = 0 5y k − 1 u k − 1 + u3 k − 1
36

To obtain the dynamic inverter G−1
p output, that is, the

controller output u t , let y k = v k ; then it gives rise to

v k 1 + y2 k − 1 + u2 k − 1 = 0 5y k − 1 u k − 1 + u3 k − 1
37

To determine the control input u k − 1 , form a U-model
equation from (37) as

λ0 k − λ1 k u k − 1 + λ2 k u2 k − 1 − λ3 k u3 k − 1 = 0,
38

where

λ0 k = v k 1 + y2 k − 1 ,
λ1 k = 0 5y k − 1 ,
λ2 k = v t ,
λ3 k = 1

39

In this simulation, the operation time length was config-
ured with 400 sampling points and the reference was a
sequence of multiamplitude steps. The achieved output
response and controller output are shown in Figures 6(a)
and 6(b), respectively.

Case 2 (test of external disturbance). Consider a stochastic
rational system modelled by

y k = 0 5y k − 1 u k − 1 + u3 k − 1
1 + y2 k − 1 + u2 k − 1 + e k , 40

where y k is the plant output, u k is the input of the model
or controller output, and e k is Gaussian noise representing
an unknown disturbance acting on the controlled plant
output.
This case study was used to test adaptive feedback control.
The feedback control loop has been designed as in Case 1;
that is, all configurations for feedback control were kept as
those used in Case 1. For the adaptation loop, the disturbance
was configured with e k ~N 0, 0 01 , the initial covariance
matrix with P k = 106I4, and the forgetting factor with ρ =
0 95 to deal with fast time-varying parameter estimation;
the initial parameter vector was randomly assigned with

λ 0 = λ 0 0 λ1 0 λ3 0 λ4 0
T
= 0 3 0 2 0 1 0 1 T ;

and the input vector was specified with Ψ k =
1 u k − 1 u2 k − 1 u3 k − 1 T . The achieved output
response and controller output are shown in Figures 7(a)
and 7(b), respectively.

Case 3 (test of internal parameter variation). The same model
structure as Case 1 is used, but the parameter associated with
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y k − 1 and u k − 1 is time varying representing internal
parameter disturbances, such as worn parts in mechanical
and electrical systems.

y k = a k y k − 1 u k − 1 + u3 k − 1
1 + y2 k − 1 + u2 k − 1 41

In simulation, all the setups were the same as those used in
Case 1. The parameter variation was configured as

a k =
0 9, 120 ≤ k ≤ 250,
0 5, otherwise

42

The adaption loop, specified as in Case 2, was used to
follow the plant model internal structure variation. The
achieved output response and controller output are
shown in Figures 8(a) and 8(b), respectively. Inspecting
the simulation results, the output of the systems are seen
to track the reference signals after a short transient phase.
U-model parameter estimation is shown in Figure 9. It
should be noted that this estimated parameter vector is
to achieve smaller squared error between the measured
output and model-predicted output. Therefore, the esti-
mates are not converged to those real time-varying
parameters in the U-model. In the future, studies to deal
with time-varying parameter estimation will be conducted
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in terms of reducing both squared measurement errors
and squared dynamic errors [39].

Case 4 (feasibility test of U-control of extended nonlinear
rational systems). This study is used to test the U-control of
extended rational systems with transcendental input and
delayed output.

y k = 0 5y k − 1 + sin u k − 1 + u k − 1
1 + exp −y2 k − 1 , 43

where y k is the plant output and u k is the input of the
model or controller output. Accordingly, the extended U-
model can be expressed as

y k 1 + exp −y2 k − 1 = 0 5y k − 1 + sin u k − 1
+ u k − 1

44

With the same controller designed in (44) above, assigning
the output y k of (44) with the desired output v k of
(34) gives

v k 1 + exp −y2 k − 1 = 0 5y k − 1 + sin u k − 1
+ u k − 1

45

Therefore, the control input u k − 1 can be solved by

v k 1 + exp −y2 k − 1
− 0 5y k − 1 − sin u k − 1 − u k − 1 = 0

46

The achieved output response and controller output are
shown in Figures 10(a) and 10(b), respectively. Once
again, the computational experiment confirms the feasibility
of U-control.

7. Conclusions

A fundamental question is raised in this study and those for
the other U-model-enhanced controls: after two generations
of plant model- (polynomial and state space) centered
control system design research/applications, what is the next
generation of development? Should the research for new
model structures continue, or should control systems be
designed without such plant model requirements (possibly
implying separation of control system design and controller
output determination)?

One of the feasible choices in the future progression
could be the U-control design methodology, which radically
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reduces the complexity of plant model-oriented design
methods. The proposed U-control method provides a plat-
form (1) with a universal control-oriented structure to repre-
sent existing models, (2) separating closed control system
design from plant model structure (no matter whether linear
or nonlinear or polynomial or state space), (3) where all well-
developed linear control system design methods can be
expanded in parallel to nonlinear plant models, (4) with a
supplementary to all existing control design methods.
Accordingly, this study is a show case using the U-model
framework to design the control of the nonlinear rational
systems with classical linear design approaches. Further
study on the rational model control could derive concise
algorithms for robust and adaptive control with reference
to the recent research development [40, 41].

This foundation work has put an emphasis on formula-
tion of structure in a systematic approach. Rigorous mathe-
matical considerations should be followed to establish a
comprehensive description and explanation.
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The state estimation of a complex dynamic stochastic system is described by a discrete-time state-space model with large
parameter (including the covariance matrices of system noises and measurement noises) uncertainties. A new scheme of
weighted multiple-model adaptive estimation is presented, in which the classical weighting algorithm is replaced by a new
weighting algorithm to reduce the calculation burden and to relax the convergence conditions. Finally, simulation results
verified the effectiveness of the proposed MMAE scheme for each possibility of parameter uncertainties.

1. Introduction

Kalman filter (KF) [1] can be viewed as a sensor fusion or
data fusion algorithm. It has many applications in informa-
tion technology and engineering, such as in the guidance,
navigation, and control of vehicles, particularly aircraft and
spacecraft [2]. It is also a widely applied concept in signal
processing and econometrics. Currently, Kalman filters are
one of the main topics in the field of robotic motion planning
and control.

Practical implementation of the Kalman filter is often
difficult due to the uncertainties and nonlinearities of the
modeling of dynamic systems. Extensive research has been
done to address the modeling uncertainty and nonlinearity
problems in state estimation, filtering, and control. Among
others, the multiple model adaptive estimation (MMAE)
and multiple model adaptive control (MMAC) schemes
have received much attention. The multiple model concept
coincides with the logic of “divide and conquer.”

The thought of using multiple models for adaptive
estimation come from Magill [3]. Later on, Lainiotis [4],
Athans et al. [5, 6], Anderson and Moore [7], and Li and
Bar-Shalom [8] studied MMAE/MMAC for different pur-
poses of applications.

Since the late 1990s, MMAC is an important research
direction in the adaptive control area, including switching
MMAC [9–14] and weightedMMAC [15–20]. With MMAC,
it is expected that the limitations of classical adaptive control
(mainly self-tuning control and model reference adaptive
control), such as poor transient performance and stabiliz-
ability of an online estimated model, could be overcome.
Simultaneously, there are also more and more research
works conducted in the field of MMAE [21–23].

There are mainly three aspects to complete an MMAE
system in the design stage: first, to construct a “local” model
set to cover the parameter uncertainty or nonlinearity of the
system as described in (1); second, to design a local KF set
according to the local model set, in which each local KF is
designed for each local model; and third, to design a weight-
ing algorithm to calculate weights for each local KF. After
that, each local KF generates its own state estimates and a
corresponding output error (residual) to feed the weighting
algorithm. The “global” MMAE state estimate is then a
weighted summation of each local KF’s estimates. We use
Figure 1, which was borrowed from reference [22], to
describe the logic structure of an MMAE system. In
Figure 1, x k ∈ℝn is the state of the system, u k ∈ℝm is
the control input, y k ∈ℝq is the system output, ω k ∈ℝq
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is the measurement noise that cannot be measured with
uncertain covariance E ω k ω k T = R k = R1,⋯, RN ,
andv k ∈ℝn is the systemnoise that cannotbemeasuredwith
uncertain covariance E v k v k T =Q k = Q1,⋯,QN .

In this paper, a new weighting algorithm adapted from
reference [19] is adopted with two purposes: one is to sim-
plify the classical weighting algorithm that depends on the
dynamic hypothesis test concept and Bayesian formula
[3, 16]; the other is to relax the convergence condition
of the classical weighting algorithm.

It should be noted that the preliminary version of this
manuscript has been published on the proceedings of the
2018 International Conference on Artificial Life and Robotics
[24]. In this augmented version, the following changes
have been made: (1) The weighting algorithm was further
improved, that is, weighting Algorithm 2 was presented to
get a faster convergence rate than weighting Algorithm 1;
(2) the proof of the convergence of the MMAE system
was further polished in details; and (3) simulation results
were presented to support the theoretical analysis.

The reminder of this paper is organized as follows.
Section 2 provides a brief description of an MMAE system;
Section 3 includes the development and convergence analysis
of two weighting algorithms; Section 4 gives the main results
about the performance (convergence) of the MMAE system;
Section 5 demonstrates simulation results in four cases; and
finally, Section 6 presents conclusions and future works.

It should also be noted that all the limit operations in this
section are in the sense of probability one.

2. The Multiple-Model Adaptive Estimator

Consider a discrete-time system P ϑ described by the
following state-space equation

x k + 1 = A k, ϑ x k + B k, ϑ u k + v k ,
y k = C k, ϑ x k +w k

1

The matrices A k, ϑ , B k, ϑ , C k, ϑ , R k, ϑ , andQ k, ϑ
are assumed piecewise continuous, uniformly bounded in
time, and contain unknown constant parameters denoted
by vector ϑ ∈ℝl. The initial condition x 0 of (1) is assumed
deterministic but unknown. Consider a finite set of candidate
parameter values Θ≔ ϑ1, ϑ2,… , ϑN indexed by i ∈ 1,… ,N .

The MMAE can be described as follows:

x̂ k = 〠
N

i=1
pi k x̂i k , 2

where x̂ k is the estimate of the state x k at time k, and
pi k ; i = 1,… ,N are time-varying weights generated by
the weighting algorithm, which will be given in the next
section. In (2), each local state estimate x̂i k , i = 1,… ,N
is generated by a corresponding local KF, which is
described as follows.

x̂i k k − 1 = Aix̂ k − 1 + Biu k − 1 ,
Pi k k − 1 = AiPi k − 1 AT

i +Qi,

Ki k = Pi k k − 1 + CT
i CiPi k k − 1 CT

i + Ri
−1,

x̂i k k = x̂i k k − 1 + Ki k y k − Cix̂i k k − 1 ,
P k = I − Ki k Ci P k k − 1 ,

3

whereAi ≔ A k, ϑi ,Bi ≔ B k, ϑi ,Ci ≔ C k, ϑi ,Qi ≔Q k, ϑi ,
and Ri ≔ R k, ϑi ; x̂i k ∣ k is x̂i k in (2).

We expect that if the jth model Mj in the model set is
(or close to) the real plant model, then the corresponding
jth KF will generate the optimal state estimation x̂ j k . In
addition, if the jth weight pj k converges to 1, and others
to 0, then the state estimates of the MMAE will converge
to x̂ j k .

w v
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xp2x2

p1x1

pNxN

p1
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p
N

x1
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xN

×

×

×
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Dynamic weighting
signal generator

Nth estimator (𝜃N)

2nd estimator (𝜃2)
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P(𝜃)

yN

y2

y1

Figure 1: The block diagram of an MMAE [16].
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Thus, the key point for an MMAE system is to construct
an effective weighting algorithm as well as an appropriate
model set to include the real model or the closest model to
the plant. The weighting algorithm will be described in the
next section.

3. Weighting Algorithm

First of all, we give the residual/error signal of each
local KF.

ri k = y k − y1 k = y k − Cix̂i k 4

The classical weighting algorithm can be described by the
following equations:

pi k + 1 =
β1 e− 1/2 ri′ k+1 S−1i ri k+1

〠N
j=1βj e− 1/2 ri′ k+1 S−1j r j k+1 pj k

pi k ,

pi 0 = 1
N
, i = 1,… ,N ,

5

where ri k , i = 1,…N is the residual of the jth Kalman filter;
Si, i = 1,…N is the steady-state constant residual covariance
matrix of ri k , βi = 1/ 2π m/2√ det Si is a constant scal-
ing factor, and m is the number of measurements. For more
details of design and convergence analysis of the classical
weighting algorithm, see references [3, 16].

To relax the convergence condition of the classical
weighting algorithm, a novel weighting algorithm was put
forward in [19] for MMAC systems, to replace the classical
weighting algorithm.

Algorithm 1

li 0 = 1
N

; pi 0 = li 0 , 6

li′ k = 1 + 1
k
〠
k

q=1
ri q

2, 7

lmin k =min
i
li′ k , 8

li k = li k − 1 lmin k

li′ k
, 9

pi k = li k

〠N
i=1li k

, 10

where ⋅ denotes the Euclidean norm.

According to [19], we have the following convergence
result of weighting (6), (7), (8), (9), and (10). For more
details of the proof of the theorem, see Lemma A.1 in
the appendix.

Theorem 1. IfMj ∈M is the model closest to the true plant in
the following sense with probability one,

〠
k

q=1
r j q

2 < 〠
k

q=1
r j q

2, ∀k ≥ 1,

1
k
〠
k

q=1
rj q

2 → σj,

1
k
〠
k

q=1
ri q

2 → σi,

σj < σi, i ≠ j,

11

where σj is a constant and σi may be a constant or infinity.

Then, the weighting algorithm (6), (7), (8), and (10)
leads to

pj k → 1 ; pi k → 0, i,… ,N , i ≠ j 12

It is worth pointing out that the convergence condition
for the weighting algorithm (6), (7), (8), and (10) is fewer
than that for the classical weighting algorithm. To be specific,
the convergence condition (11) means the discriminability of
ri k , while the convergence conditions for the classical
weighting algorithm include ergodic, stationary, and dis-
criminability of ri k ; for more details, please be referred to
reference [16].

In order to get a sharper convergence rate, reference [25]
proposed another weighting algorithm.

Algorithm 2

li 0 = 1
m

; pi 0 = li 0 , 13

li′ k = 1 + 1
k
〠
k

q=1
ri q

2, 14

lmin k =min
i
li′ k , 15

βi k = lmin k

li′ k
, 16

li k =
li k − 1 if βi k = 1,

li k − 1 β k ceil 1/1−β k if βi k < 1,
17

pi k = li k
〠m

i=1li k
, 18

where ceil x is the ceiling function that generates the
smallest integer not less than x, that is,

ceil x =min n ∈ℤ x ≤ n 19
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According to [25], we have the following convergence
result of the weighting algorithm (13), (14), (15), (16), (17),
and (18). For more details on the proof of the theorem, see
Lemma A.2 in the appendix.

Theorem 2. IfMj ∈M is the model closest to the true plant in
the following sense with probability one,

〠
k

q=1
ri q

2 < 〠
k

q=1
ri q

2, ∀k ≥ 1, i ≠ j 20

Then, the weighting algorithm (13), (14), (15), (16), (17),
and (18) leads to

pi k → 1 ; pi k → 0, i = 1,… ,N , i ≠ j 21

Remarks. These two algorithms, that is, (6), (7), (8), (9),
and (10) and (13), (14), (15), (16), (17), and (18), both
can be used in MMAE; it should be chosen according
to specific engineering conditions, such as software and
hardware configurations.

4. Main Results

We only consider the situation that the model set includes
the unique real model of system (1). Other complicated
situations will be considered in the future research work.
We have the following results about the convergence analysis
of the proposed MMAE system.

Theorem 3. If the following conditions are satisfied:
(1) Mj ∈M is the only real model of system (1) in the

following sense with probability one

〠
k

q=1
r j q

2 < 〠
k

q=1
ri q

2, ∀k ≥ 1,

1
k
〠
k

q=1
r j q

2 → σj,

1
k
〠
k

q=1
ri q

2 → σj,

σj < σi, i ≠ j,

22

where σj is a constant and σi may be a constant or infinity.
(2) Each Kalman filter is designed with assurance of

stability, that is, the state estimates of each Kalman filter
are bounded.

Then, the state estimates of MMAE with a weighting
algorithm (6), (7), (8), (9), and (10) will converge to the
optimal estimates given by the jth KF corresponding to Mj,
that is,

x̂ k → x̂ j k 23

Proof. According to Theorem 1, condition (1) of Theorem 3,
that is, (22), leads to

pj k → 1 ; pi k 0, i = 1,… ,N , i ≠ j 24

Further, condition (2) of Theorem 3 guarantees that

x̂i k <∞, i = 1,… ,N 25

Then, based on (24) and (25), we have

x̂ k = 〠
N

i=1
pi k x̂i k

= pj k x̂j k + 〠
N

i=1,i≠j
pi k x̂i k → 1 ⋅ x̂ j k

+ 〠
N

i=1,i≠j
0 ⋅ x̂i k → x̂ j k

26

That completes the proof.

Theorem 4. If the following conditions are satisfied:
(1) Mj ∈M is the only real model of system (1) in the

following sense with probability one

〠
k

q=1
rj q

2 < 〠
k

q=1
ri q

2, ∀k ≥ 1, i ≠ j 27

(2) Each Kalman filter is designed with assurance of
stability; that is, the state estimates of each Kalman filter
are bounded.

Then, the state estimates of MMAE with the weighting
algorithm (13), (14), (15), (16), (17), and (18) will converge
to the optimal estimates given by the jth KF corresponding
to Mj, that is,

x̂ k → x̂ j k 28

Proof. According to Theorem 2, condition (1) of Theorem 4,
that is, (27), leads to

pj k → 1 ; pi k → 0, i = 1,… ,N , i ≠ j 29

Further, condition (2) of Theorem 4 guarantees that

x̂i k <∞, i = 1,… ,N 30

Then, based on (29) and (30), we have

x̂ k = 〠
N

i=1
pi k x̂i k

= pj k x̂j k + 〠
N

i=1,i≠j
pi k x̂i k → 1 ⋅ x̂ j k

+ 〠
N

i=1,i≠j
0 ⋅ x̂i k → x̂i k

31

That completes the proof.
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5. Simulation Results

To test the effectiveness of the proposed MMAE scheme,
specifically the effectiveness of the weighting algorithms, four
cases of simulation have been conducted with MATLAB®
2014a. The simulation programm was coded in M-file.

In system (1), we adopt the following settings for all
four cases.

A =

1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1

,

B = 0,

C =
1 0 0 0
0 0 1 0

,

Q =

2 0 0 0
0 2 0 0
0 0 2 0
0 0 0 2

,

R =
2 0
0 2

,

x 0 ≠ 0, u k = 0

32

Case 1. The parameters of A are uncertain, and the other
parameters are constants. The real model of plant is in the
model set.

In the model set, we have 4 models:

Model 1.

A1 = 0 96 ∗ A,
B1 = B,
C1 = C,
Q1 =Q,
R1 = R

33

Model 2.

A2 = 0 97 ∗ A,
B2 = B,
C2 = C,
Q2 =Q,
R2 = R

34

Model 3.

A3 = A,
B3 = B,
C3 = C,
Q3 =Q,
R3 = R

35

Model 4.

A4 = 1 01 ∗ A,
B4 = B,
C4 = C,
Q4 =Q,
R4 = R

36

And the initial state xT 0 = −100, 2, 200, 20 is known.
The simulation results of the weight signals pi k ,

i = 1, 2, 3, 4 obtained by three weighting algorithms are
shown in Figure 2.

Case 2. The parameters of C are uncertain, and the other
parameters are constants. The real model of the plant is in
the model set.

In the model set, we have 4 models:

Model 1.

A1 = A,
B1 = B,
C1 = 0 95 ∗ C,
Q1 =Q,
R1 = R

37

Model 2.

A2 = A,
B2 = B,
C2 = 0 9 ∗ C,
Q2 =Q,
R2 = R

38

Model 3.

A3 = A,
B3 = B,
C3 = C,
Q3 =Q,
R3 = R

39
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Model 4.

A4 = A,
B4 = B,
C4 = 1 05 ∗ C,
Q4 =Q,
R4 = R

40

And the initial state xT 0 = −100, 2, 200, 20 is known.
The simulation results of the weight signals pi k ,

i = 1, 2, 3, 4 obtained by three weighting algorithms are
shown in Figure 3.

Case 3. The covariance matrix of system noises, that is, Q, is
uncertain, and the other parameters are constants. The real
model of the plant is in the model set.

In the model set, we have 4 models:

Model 1.

A1 A,
B1 B,
C1 C,
Q1 Q,
R1 R

41

Model 2.

A2 = A,
B2 = B,
C2 = C,
Q2 = 0 5 ∗Q,
R2 = R

42

0 20 40 60
0

0.05

0.1

0.15

0.2

k

p
1 

(k
)

Algorithm 1
Algorithm 2
Classical

(a)

0 20 40 60
0

0.05

0.1

0.15

0.2

k

p
2 

(k
)

Algorithm 1
Algorithm 2
Classical

(b)

0 20 40 60
0.2

0.4

0.6

0.8

1

Algorithm 1
Algorithm 2
Classical

(c)

0 20 40 60
0

0.2

0.4

0.6

0.8

k

p
4 

(k
)

Algorithm 1
Algorithm 2
Classical

(d)

Figure 2: The weight signals of three weighting algorithms in Case 1.
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Model 3.

A3 = A,
B3 = B,
C3 = C,
Q3 = 0 6 ∗Q,
R3 = R

43

Model 4.

A4 = A,
B4 = B,
C4 = C,
Q4 = 0 7 ∗Q,
R4 = R

44

And the initial state xT 0 = −100, 2, 200, 20 is known.

The simulation results of the weight signals pi k ,
i = 1, 2, 3, 4 obtained by three weighting algorithms are
shown in Figure 4.

Case 4. The covariance matrix of measurement noises, that is,
R, is uncertain, and the other parameters are constants. The
real model of the plant is in the model set.

In the model set, we have 4 models:

Model 1.

A1 = A,
B1 = B,
C1 = C,
Q1 =Q,
R1 = R

45
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Figure 3: The weight signals of three weighting algorithms in Case 2.
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Model 2.

A2 = A,
B2 = B,
C2 = C,
Q2 =Q,
R2 = 1 2 ∗ R

46

Model 3.

A3 = A,
B3 = B,
C3 = C,
Q3 =Q,
R3 = 1 3 ∗ R

47

Model 4.

A4 = A,
B4 = B,
C4 = C,
Q4 =Q,
R4 = 1 4 ∗ R

48

And the initial state xT 0 = −100, 2, 200, 20 is known.
The simulation results of the weight signals pi k ,

i = 1, 2, 3, 4 obtained by three weighting algorithms are
shown in Figure 5.

From the simulation results, in all cases, the weight
signals converge correctly and identify the correct local KF.

Another observation is that the bigger the differences
between the real (or the closest) model to the plant and the
other models, the sharper the weight convergence rate.
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Figure 4: The weight signals of three weighting algorithms in Case 3.
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6. Conclusions

A new MMAE scheme is proposed with improved weighting
algorithms which were adapted from that of MMAC systems.
Both theoretical analysis and simulation results verified the
effectiveness of the proposed MMAE scheme. In the future,
our research will be focused on three aspects: (1) to improve
the weighting algorithm to have a more rapid convergence
rate and good disturbance rejection performance; (2) to
adapt the weighting algorithm for time-varying and nonlin-
ear systems; and (3) to consider the situation that the true
model of the plant is not included in the model set, that is,
to add an online self-tuning model based on the machine
learning algorithm (Traditionally, it is also well-known as
parameter identification algorithm.) It is worth pointing
out that the weighting algorithms adopted in this paper
are actually online machine learning algorithms.

Appendix

Lemma A.1. Consider weighting algorithm (6), (7), (8),
(9) and (10). Suppose Mj is closest in the model set

M = Mi, i = 1, 2,… ,N to the true plant in the following
sense with probability one

1
k
〠
k

q=1
r2j q < 1

k
〠
k

q=1
r2i q , ∀k ≥ k∗, i ≠ j, A 1

lim
k→∞

1
k
〠
k

q=1
r2j q = σj,  lim

k→∞

1
k
〠
k

q=1
r2i q = σi, σj < σi, i ≠ j,

A 2

where k∗ is an unknown limited time instant, σj is a constant,
and σi may be a constant or infinity.

Then, we have

lim
k→∞

pj k = 1 ;  lim
k→∞

pi k = 0, i ≠ j A 3

Proof. It is not difficult to see that algorithms (6) to (10)
together with (A.1) guarantee with probability one that
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Figure 5: The weight signals of three weighting algorithms in Case 4.
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lmin′ k = l j′ k ,

lmin′ k

lj′ k
= 1 ∀k ≥ k∗, i ≠ j,

lmin′ k

li′ k
< 1

A 4

Further, considering (A.2), we have

lim
k→∞

lmin′ k

li′ k
=
1 + σ j

1 + σi
< 1, i ≠ j A 5

Putting (A.4), (A.5), and (9) together, we obtain

lim
k→∞

l j k = l j k
∗ > 0 ;  lim

k→∞
li k = 0, i ≠ j A 6

Then, from (10), we have

lim
k→∞

pj k = 1 ;  lim
k→∞

pi k = 0, i ≠ j A 7

That completes the proof of Lemma A.1.

Lemma A.2. Consider the weighting algorithm (13), (14),
(15), (16), (17), and (18). Suppose there is a model, say
Mj ∈M, which is closest to the true plant in the following
sense with probability one

〠
k

q=1
r j q

2 < 〠
k

q=1
ri q

2, ∀k ≥ d, i ≠ j, A 8

where d is an unknown limited time instant.
Then, the weighting algorithm (13), (14), (15), (16), (17),

and (18) guarantees

pj k → 1 ; pi k → 0, i = 1,… ,N , i ≠ j A 9

Proof. It is not difficult to see that algorithms (13), (14), (15),
(16), (17), and (18) together with (A.8) guarantee with
probability one that

lmin k = lk′ k ,
lmin k

lj′ k
= 1 ∀k ≥ d, i ≠ j,

lmin k

li′ k
< 1

A 10

Further, we know that if βi k = lmin k /li′ k < 1 and

lim
k→∞

βi k = lim
k→∞

lmin′ k

li′ k
= 1, i ≠ j, A 11

then we still have

lim
k→∞

βi k
ceil 1/ 1−βi k = 1

e
< 1 A 12

Putting (A.10), (A.12), and (17) together, we obtain

l j k → l j d ; li k → 0, i ≠ j A 13

Thus, from (18), we have

pj k → 1 ; pi k → 0, i ≠ j A 14

That completes the proof of Lemma A.2.
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Considering the system uncertainties, such as parameter changes, modeling error, and external uncertainties, a radial basis function
neural network (RBFNN) controller using the direct inverse method with the satisfactory stability for improving universal function
approximation ability, convergence, and disturbance attenuation capability is advanced in this paper. The weight adaptation rule of
the RBFNN is obtained online by Lyapunov stability analysis method to guarantee the identification and tracking performances.
The simulation example for the position tracking control of PMSM is studied to illustrate the effectiveness and the applicability
of the proposed RBFNN-based direct inverse control method.

1. Introduction

In engineering systems, various uncertainties exist including
parameter uncertainties, unmodeled dynamics, and unknown
external disturbances, which often bring adverse effects to
stability and performance of the whole control systems. With
growing interests of high-precision control systems, how to
develop efficient control approaches to counteract the adverse
effects, caused by various uncertainties, is an active topic in
both the control theory and application [1], for example,
robust control [2], sliding model control [3, 4], adaptive
control [5, 6], backstepping control [7, 8], and disturbance
estimation-based compound control [8–12]. The effective-
ness of these control methods has been proved by their appli-
cations in some industrial areas. Unfortunately, due to the
need of exact knowledge of these control systems, the
improvement of performance is limited. Moreover, some of
these control methods lack online learning mechanism. The
control performance cannot be guaranteed while the indus-
trial systems are subjected to drastic internal and external
disturbances. Considering the limitation of the kinds of
disturbances estimate methods, some researches proposed
many other disturbances estimation methods [13, 14]. In

[13], an approximation-free funnel function is proposed to
guarantee the transient and asymptotic behavior of the
tracking performance. In order to approximate unknown
nonlinearities and to dramatically diminish the computa-
tional costs, a novel high-order neural network with only a
scalar weight is introduced in [14].

On the basis of approachability, neural networks have
been used to control unknown nonlinear dynamic systems,
since it can be proved that a neural network can be trained
to approximate any nonlinear function with the any given
accuracy under certain condition [15–19]. The use of neural
network learning ability avoids complex mathematical analy-
sis in solving the control problem of plant dynamics with
high complexity and nonlinearity. It is commonly known
that this ability of neural network is the obvious advantage
compared with traditional control methods.

However, effectively handling of the presence of distur-
bances is not well developed within the adaptive neural
network control method. So reinforcing adaptive neural
network controllers with disturbance attenuation capabilities
still remains a challenging task in enormous practical appli-
cations. An initial approach is provided in [20], since then,
many works have been emerged in [21–27]. Recently, the
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output feedback control scheme combining a model-based
controller with a neural network feed-forward compensator
to model the unknown system dynamics is proposed in
[23, 24]. For the purpose of enhancing the stability, an addi-
tional robust controller is needed to be introduced to solve
the problems arising from approximation errors of the neural
network. The RBFNN-based disturbance observer is pro-
posed in [21, 22] to estimate the lumped disturbances, that
is, external disturbance from uncertain external condition
and internal disturbance caused by parameter variations or
modeling errors. A method of indirect adaptive neural
network control is presented in [23] to identify high-order
nonlinear continuous plant. Moreover, control parameters
will be updated with the identified model information to
increase the control performance.

Generally, weight matrix parameters of neural networks
are adjusted with gradient method; however, there is cur-
rently no systematic way of ensuring when these methods
will be successful. And analysis becomes very complicated
when learning and control are attempted simultaneously,
even the simplest control situation, such as a linear, time-
invariant process, and a linear feedback control law, becomes
a high-dimensional, coupled, nonlinear problem with the
addition of online tuning of the neural network controller
parameters [28]. And for the purpose of stable and efficient
online control, the sufficiently accurate identified informa-
tion system by using the gradient method is a necessary
prerequisite. That is to say, the off-line training which is
time-consuming is needed to provide a good starting point
for the online adaptive control. Application of gradient
optimization methods contains instability mechanisms, since
there exists parameter variations and internal and external
disturbances. Some adaptive neural network control
strategies employ the enhanced gradient algorithm or avoid
the gradient method to obtain high performance, since the
neural network trained by gradient algorithm may not
exactly reconstruct a certain required nonlinear function.
From the reliability point of view, adding more components
to a system will involve a higher probability of malfunction.
Motivated by the fact that the existence of a robust control
Lyapunov function is a necessary and sufficient condition
for robust stabilization via a suitable control law. In this
paper, an adaptive neural network-based direct inverse
controller (NBIC) with a RBFNN with guaranteed stability,
convergence, and disturbance attenuation capabilities is
investigated for the lumpeddisturbances, that is, the unknown
nonlinear system with parameter variations, unmodeled
dynamic response, and bounded external disturbances. The
scheme does not need to design extra controllers but only
using one RBFNN which acts not only on the feedback con-
troller but also can compensate for the external disturbances.
Thus, the structure of the control system is less complicated.
Theweights of RBFNN is tuned online based on the Lyapunov
theory which will not only guarantee the given performance
for this system but will also illuminate the relationships
between performance and the parameters of the NBIC.More-
over, the control scheme not only guarantees the stabilities of
the closed-loop system but also the tracking error will astrin-
gents to a small neighborhood of the origin. And the neural

network controller can obtain the benefits of model-based
control without a priori knowledge of system dynamics or
without the computational burden of classical dynamic. Also,
under the circumstance without disturbances, the proposed
control strategy can ensure the uniformultimate boundedness
property if tracking error with respect to a compact set around
the origin of any small area.

The structure of this article is as follows. In Section 2,
some theoretical preliminaries are addressed, including
mathematical notations, the description of the unknown
nonlinear system under research, control objective, and the
description of the RBFNN. In Section 3, the design procedure
of adaptive neural network using a direct inverse controller is
introduced and stability analysis is also given in this section.
The application on the high-precision position tracking of
PMSM servo system and the simulation comparisons and
analysis with the model-based inverse controller are pre-
sented in Section 4. Finally, some conclusions are described
in Section 5.

2. Preliminaries

Let R and Rn be the real number set and the n-dimensional
vector space, respectively. Define Rm×n and let m × n be
the real matrix space. The parameters of λmin P and
λmax P are the minimum and maximum eigenvalue of
matrix P, respectively. The symbol tr • indicates the
trajectory of the matrix • , • denotes the Euclidean
norm, W F is the Frobenius norm (F norm). Accord-
ing to the particularity of F norm, there are W 2

F =
∑i,j wi,j

2 = tr WWT = tr WTW and tr WWT = tr W
T

W −W ≤ W
T

W F − W
2
F

2.1. The Statement of the Problem. A class of single-input
single-output (SISO) nonlinear system with unknown dis-
turbances can be described with the following Brunovsky
form [29]:

x1 = x2,
⋮

xn−1 = xn,
xn = f x + g x u + d,
y = x1,

1

where x = x1, x2,… , xn T ∈ Rn means the state vector of this
system, u ∈ R and y ∈ R are the input and output, f x ∈ Rn

and g x ∈ Rn Rn are the unknown continuous functions
including internal uncertainties, and d denotes external dis-
turbances. In practice, many systems such as chemical reac-
tions, PMSMs, and robots are essentially nonlinear, whose
input variables may enter in the systems nonlinearly as
described by the above general form. In terms of nonlinear
control literatures, these systems are feedback linearizable
and have a relative degree equal to note. The smooth function
satisfies g x ≠ 0 with ∀x ∈ Rn, and it implies that the func-
tion g x is bounded away from zero with strictly positive
or negative value. The control goal addressed here is to find
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a suitable control law u, so that the system output y can track
a bounded reference trajectory yd with a satisfactory accuracy
in the presence of internal disturbances caused by parameter
uncertainties and external disturbances d, while all involved
variables, such as u, y, x, and d, should be bounded.

Assumption 1. In the compact sets S ⊂ R, g x has inverse
function and boundary, as g x ≤ a <∞, and a is arbitrary
nonnegative constant.

Assumption 2. The system state variable x can be observable.

Assumption 3. The system external disturbance d is defined
by a known constant d0 > 0, that is d ≤ d0.

Assumption 4. The reference trajectory xd is continuous and
bounded known function of time with bounded known
derivatives up to the nth order.

The vectors xd and the tracking error e ∈ Rn are defined as
the following two equations.

xd = xd xd ⋯ xn−1d ∈ Rn,

e = x − xd = e1 e2 ⋯ en
T = e1 e1 ⋯ en−11

T

2

If the exact knowledge of the system dynamics and the
external disturbances can be obtained precisely, that is, func-
tions f x , d, and g x are known exactly, the following
model-based inverse controller (MBIC) can be obtained
as follows:

u = g−1 x r − f x − d , 3

r = xnd − kne1 − kn−1e2 −⋯− k1en, 4

where k1,… , kn is the system coefficients related to transient
performance of the closed-loop system. Therefore, the
closed-loop system constituted by (1), (2), (3), and (4) can
be redescribed as follows:

en1 = KTe, 5

where K = kn, kn−1,… , k1 T is the coefficient matrix. And
this matrix should be reasonably chosen so that the roots
of the Hurwitz polynomial p s = sn + k1s

n−1 +⋯ + kn are
all in the open left-half plane. Furthermore, (5) can be
overwritten as

e = Ae, 6

where A =

0 1 ⋯ ⋯ 0
0 0 1 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋮

0 0 ⋯ ⋯ 1
−kn −kn−1 −kn−2 ⋯ −k1

is a stable

matrix. By choosing Lyapunov, it represents as Ve = 1/2eTPe

and assumes that the positive-definite matrices P = PT > 0
and Q =QT > 0 satisfy the following:

ATP + PA = −Q 7

Then, taking the derivative of Ve along the trajectory of
(6), the following can be obtained:

Ve =
1
2 eTPe + eTPe

= 1
2 e

T PA + ATP e

= −
1
2 e

TQe

≤ −
1
2 λmin Q e 2 ≤ 0

8

On the basis of the Lyapunov theorem, the stability of this
closed-loop system can be ensured with control law (3). And
the tracking error e also can be astringented to zero. That is to
say, the system state variable x will asymptotically approxi-
mate the desired trajectory xd from any initial conditions,
that is, lim

t→∞
e = 0.

The control law of MBIC in (3) depends highly on the
exact knowledge of the nonlinear functions f x and g x
and external disturbance d of the nonlinear dynamics
systems. So, precise parameters in the dynamic model in
(1) have to be known. However, in many practical engineer-
ing projects, the perfect model of the system is difficult to
obtain and external disturbances are impossible to ignore
or impossible to measure directly or to obtain a precise
mechanism model for them. In an effort to solve the problem
of unknown nonlinearly parameterized f x and g x , adap-
tive control schemes employing function approximation
techniques have been studied in [15, 18, 21, 27]. In these
approaches, the nonlinear functions f x and g x , related
to the system dynamics, are usually approximated by esti-
mated function f̂ x, Ŵ and ĝ x, Ŵ with neural networks
or fuzzy systems, respectively. The parameter Ŵ denotes
the estimated weights. Therefore, additional precautions are
necessary to be made for avoiding possible singularities of
the control action, that is, ĝ x, Ŵ ≠ 0. In order to solve this
problem, the initial values of the NN weights are chosen
sufficiently close to the ideal values in [27]. Hence, offline
training phases are needed before the controller is put
into operation.

Remark 1. The MBIC method is unattractive to industry
applications since the exact knowledge of system dynamics
and lumped disturbances is hard to be obtained. But the
MBIC method could not be neglected in designing the con-
troller for uncertain nonlinear systems, as it is readily
understood with good performance. An MBIC method with
an appropriate compensative controller, proposed in [24],
is valid for controlling uncertain nonlinear MIMO system
with uncertainties and disturbances.

2.2. Description of RBFN. The radial basis function neural
network (RBFNN) with Gaussian activation functions is the
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most popular type of artificial neural network architectures.
The RBFNN with desirable features of local adjustment
of the weight and mathematical tractability has been
successfully applied to various issues [17, 21, 22, 30–32].
And RBFNN has been proven that, for any given real con-
tinuous function, there exists an RBFNN that can
uniformly approximate over a compact set with arbitrary
accuracy. A schematic diagram of a simple type of RBFNN
with three-layer is described in Figure 1.

The RBFNN is a kind of feed-forward neural networks,
which forms mappings from an input vector x to an output
vector u. From Figure 1, the structure of the employed
RBFNN, with n inputs, two outputs, and m hidden units,
can be described by

Φi x = exp −
x − ci

2

σ2i
, i = 1, 2,… ,m, 9

where x = x1, x2,… , xn T ∈ Rn is the input vector, Φ =
Φ1,Φ2,… ,Φm

T represents Gaussian activation function
of the hidden layer, and u = u1, u2 T is the RBFNN controller
output. The parameterWi,j is the weight, which connects the
jth output unit with the ith radial basis function, ci is defined
as the central values of the ith hidden layer node, and σi > 0
means the radius of Gaussian function, respectively. It can
be seen that each hidden node in the RBFNN computes an
output that depends on a radially symmetric function, and
the sum of the hidden layer outputs export to three-layer
with a linear weighted. It is common that stronger output
can be obtained when the input is nearer at the centroid of
the node.

It has been already proved that, under mild assumptions,
the RBFNN can approximate any continuous function over a
compact set to any degree of accuracy.

Assumption 5. The output of the neural network û x,W is
continuous with respect to its arguments for all finite x,W .

Assumption 6. For an arbitrarily small positive number ε0,
there is an optimal neural network output û x,W that
makes max û x,W∗ − u ≤ ε0.

Theoretical and numerical studies show that perfor-
mance of RBFNN is highly dependent on the locations of
centers. The structure of the RBFNN will be simpler with
the less number of second layer. Unfortunately, satisfactory
performance would not be easily obtained. On the contrary
side, the identification precision is higher with the bigger
number of hidden nodes, but the structure of RBFNN will
be very complicated. So, we choose the nearest neighbor clus-
tering algorithm to calculate the hidden nodes to fix the
structure of the neural network, which is ignored here,
similar to the authors’ the previous studies [17, 21, 22]. The
detailed process of this learning algorithm is also proposed
in these researches.

3. Design of the RBFNN-Based Direct Inverse
Control Scheme

Following the above conclusions in Section 2, the inverse
controller based on (3) cannot be acted, since the param-
eter variation and external disturbances is hard to get
directly. According to the superiorities of RBFNN, (3)
can be realized online and adaptively by the RBFNN,
which can be represented as (10). The structure of the
novel neural network using direct inverse control system
is shown in Figure 2.

u = g−1 x r − f x − d

= g−1 x r − f x − g−1 x d

= uf − uc

= ûf x,W1 − ûc x,W2

= 〠
m

i=1
W1iΦi x − 〠

m

i=1
W2iΦi x

= Ŵ
T
1Φ x − Ŵ

T
2Φ x

10

x
1

W
21

Φ
1

Φ
2

Φ
3

Φ
m

W
11

W
12

W
13

W
1m

u
1

u
2

W
22

W
23

W
2m

x
2

x
n

Figure 1: The structure of a radial basis function network in three-layers.
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From (10) and Figure 2, we can see that the unknown
nonlinear function uf and uc are parameterized by an
RBFNN with output ûf x,W1 and ûc x,W2 , respectively.
And the matrices of adjustable weights are described by the
parameters W1 and W2. By calling up the NN theory and
Assumption 6, on a compact set Mx ⊂ Rn, for every ε > 0,
there exists a Gaussian basis function Φ x and two weights
vectors Ŵ1 ⊂Ω1 and Ŵ2 ⊂Ω2 such that

uf − Ŵ
T
1Φ x < ε, uc − Ŵ

T
2Φ x < ε 11

The compact sets of Ω1 ∈ Ŵ1 Ŵ1 ≤M and Ω2
∈ Ŵ2 Ŵ2 ≤M are the known subsets of Rm.
Therefore, the optimal weights W∗

1 and W∗
2 , which can

minimize the functions uf − Ŵ
T
1Φ x and uc − Ŵ

T
2Φ x ,

can be defined as

W∗
1 = arg min

Ŵ1∈Ω1

sup
x∈Mx

uf − ûf x, Ŵ1 ,

W∗
2 = arg min

Ŵ2∈Ω2
sup
x∈Mx

uc − ûc x, Ŵ2

12

The parameters of weight coefficient matrix Ŵ1 and Ŵ2
are estimated byW∗

1 andW
∗
2 .Mx andM represent a compact

set of system states and a design parameter, respectively. The
parameters W∗

1 and W∗
2 are constrained by W∗

1 ≤W1 max
and W∗

2 ≤W2 max.
The parameter η is described as the optimal estimation

error of neural network, that is,

η = u − ûπ x,W∗ 13

The estimation error η is bounded by a finite constant η0,
that is, η0 = sup u − û x,W∗ . The error between (10)

realize by the RBFNN and the ideal control law (3) can be
described as

u − û x,W = uf − uc − ûf x, Ŵ1 + ûc x, Ŵ2

= uf − ûf x,W∗
1 + ûf x,W∗

1 − ûf x, Ŵ1

− uc − ûc x,W∗
2 + ûc x,W∗

2 − ûc x, Ŵ2

= η1 +W
T
1Φ x − η2 −W

T
2Φ x

= η +W
T
1Φ x −W

T
2Φ x ,

14

where W1 =W∗
1 − Ŵ1, W2 =W∗

2 − Ŵ2, and η = η1 − η2. So,
the designed control law of the proposed NBIC can be
obtained as

u − û x,W1,W2 = u + η +W
T
1Φ x −W

T
2Φ x 15

The output of control law (15) is applied to (1), so the
closed-loop system can be described as

xn = f x + g x u + η +W
T
1Φ x −W

T
2Φ x + d

= f x + g x
r − f x − d

g x

+ g x η +W
T
1Φ x −W

T
2Φ x + d

= r + g x η +W
T
1Φ x −W

T
2Φ x

16

Let B = 0 0 ⋯ 1 T . The closed-loop system (16)
can be rewritten as follows combining with (4), (6), and (16):

e = Ae + B g x η +W
T
1Φ x −W

T
2Φ x 17

Although the imperfect neural network controller will
generally lead to degradation of the tracking performance,
the system can possess acceptable performance. If the neural

y
r e

+
−

dn

dtn

d

dt

d2

dt2

dn − 2

dtn − 2
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Figure 2: The structure of neural network-based direct inverse controller using RBF.
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network controller can approximate the ideal controller of the
system, that is, the controller estimation η→ 0 and the
parameter estimation errorW1 → 0 andW2 → 0, the tracking
error can be achieved to zero, that is, e→ 0 as t→∞.

3.1. The Stability Analysis. To synthesize an adaptive NBIC
with convergence capability, guaranteed stability, and dis-
turbance attenuation, it is first necessary to ensure the cho-
sen architecture of the RBFNN is capable. It can be seen
from the theoretical and numerical studies that the perfor-
mance of RBFNN highly depends on the locations of cen-
ters ci. The radius σi determines the number of the
clusters and affects the learning speed and accuracy. So,
the choice of appropriate ci and σi is particularly
significant. In order to make it easier to analyze, parame-
ters ci and σi of RBFNN are learned by the nearest neigh-
bor clustering algorithm and then kept fixed, since the

weight matrix parameters and the structure of RBFNN
can be adjusted by the nearest neighbor clustering algo-
rithm, synchronously. The next work is to determine the
adaptive weights of the NBIC according to Lyapunov
stability analysis. And the Lyapunov function can be given
as the follows:

V = 1
2 e

TPe + 1
2γ1

tr W
T
1W1 + 1

2γ2
tr W

T
2W2 , 18

where γ1, γ2 > 0 is the learning rate of RBFNN. Assume A
is a stable matrix, so there are positive-definite matrices
P = PT > 0 and Q =QT > 0 satisfy the following

ATP = PA = −Q 19

Along the trajectories of (17), the differential of
Lyapunov function V can be obtained as follows:

Noting that PT = P,ΦT x W1B
TPe = tr BTPeΦT x W1 ,

and ΦT x W2B
TPe = tr BTPeΦT x W2 , so the differential

Lyapunov function V can be re-described by

V = −
1
2 e

TQe + ηTBTPe + 1
γ1

tr γ1B
TPeΦT x W1 +W

T

1W1

+ 1
γ2

tr γ2B
TPeΦT x W2 +W

T

2W2

21

There is W = −Ŵ, if the weights adaptive update law of
the RBFNN is chosen as

Ŵ1 = γ1 Φ x eTPB − e Ŵ1 ,

Ŵ2 = γ2Φ x eTPB
22

Substituting (22) into (21) yields

V = −
1
2 e

TQe + ηTBTPe + e tr W
T
1 Ŵ1 23

According to the characteristic of the F norm in the pre-
liminaries, (23) can be changed as follows:

V = −
1
2 e

TQe + ηTBTPe + e tr W
T
1 W∗

1 −W1

≤ −
1
2 e

TQe + ηTBTPe + e W1 F
W∗

1 F − e W1
2
F

≤ −
1
2 λmin Q e 2 + η0λmax P e + e W1 F

W∗
1 F

− e W1
2
F

≤ − e 1
2 λmin Q e − W1 F

W1 max + W1
2
F
− η0λmax P

≤ − e 1
2 λmin Q e + W1 F

−
W1 max

2
2

−
1
4W

2
1 max − η0λmax P

24

V = 1
2 eTPe + eTPe + 1

γ1
tr W

T

1W1 + 1
γ2

tr W
T

2W2

= 1
2 eTP Ae + B η +W

T
1Φ x −W

T
2Φ x + eTAT + η +W

T
1Φ x −W

T
2Φ x

T
BTPe

+ 1
γ1

tr W
T

1W1 + 1
γ2

tr W
T

2W2

= 1
2 eT PA + ATP e + eTPBη + eTPBWT

1Φ x − eTPBWT
2Φ x + ηTBTPe +ΦT x W1B

TPe −ΦT x W2B
TPe

+ 1
γ1

tr W
T

1W1 + 1
γ2

tr W
T

2W2

= −
1
2 e

TQe + ηTBTPe +ΦT x W1B
TPe −ΦT x W2B

TPe + 1
γ1

tr W
T

1W1 + 1
γ2

tr W
T

2W2

20
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We can see that, in order to make V < 0, the following
inequality is presented

1
2 λmin Q e ≥

1
4W

2
1 max + η0λmax P , 25

or

W1 F
−
W1 max

2
2
≥
1
4W

2
1 max + η0λmax P 26

We can get

e ≥
2

λmin Q
η0λmax P + 1

4W
2
1 max , 27

or

W1 F
≥

1
4W

2
1 max + η0λmax P + W1 max

2 28

The closed-loop control system is supposed to be globally
stable, since all the variables of the RBFNN are bounded.
Better track performance can be received from (27) when
the characteristic value of Q is larger, and the smaller
upper-bound η0 of the estimation error of the RBFN, the
eigenvalues of P and the W1 max. That is to say, the conver-
gence problem of the weights of neural network is solvable,
and bounded neural network weights ensure bounded
control input.

3.2. Design Procedure of Neural Network-Based Direct
Inverse Controller with Disturbance Rejection. The design
steps about the proposed neural network-based direct inverse
controller (NBIC) with disturbance rejection are summarized
as follows:

Step 1. Specify the design parameters of the NBIC.
Specify k1, k2,… , kn to get all roots in the left-half plane

for the polynomial sn + k1s
n−1 +⋯ + kn = 0, solve the equa-

tion −Q = ATP + PA to obtain a symmetric matrix P based
on a positive-definite matrix Q, and choose the RBF neu-
ral network, specifying the inputs and the initial weights
of RBFNN.

Step 2. Structure the proposed method.
Considering the characteristics of the PMSM, choose a

small value as the central value of the hidden layer node ci

and an appropriate number of the cluster σi = 5. Further-
more, calculate the hidden node parameters ci, σ, i = 1,… ,m
based on the nearest neighbor clustering algorithm and
then obtain the structure of RBFNN. Calculate the hidden
node output vector Φ for input x, based on (9); get the
approximated control law û from (10).

Step 3. Adapt the weight parameters.
Apply the control law (10) to the dynamic system

expressed by (1). Use (22) to train the weight parameters
W1 andW2 of RBFN, with the initial weight matrix parame-
ters Wi,j for subtle differences.

4. Position Tracking Control of PMSM Servo
System with the Proposed NBIC Method

4.1. Control Design for PMSM Based on NBICMethod. In this
section, a numerical simulation example will be performed to
evaluate the effectiveness and applicability of the proposed
RBFNN-based direct inverse control method. The dynamic
equation of PMSM servo system can be described as

θ

ω
=

0 1

0 −
B
J

θ

ω
+

0
Kt

J

i∗q +
0
1
J

TL ,

y = 1 0
θ

ω
,

29

where the coefficient Kt means torque constant, ω represents
the angular velocity, and θ refers to rotor position. The
parameters B and J are the viscous friction coefficient and
the moment of inertia which are always vary with the differ-
ent working conditions, i∗q is the desired current input, and
TL denotes load torque which can be seen as the external
disturbances. The following state space can be obtained with
x1 = θ, x2 = ω, u = i∗q , and d = 1/J TL:

x1 = x2,

x2 = −
B
J
x2 +

Kt

J
u + d,

y = x1

30

PMSM servo systems always confront load disturbances,
friction force, and parameter uncertainties in some real
industrial applications. The performance of the whole system
will be degraded by these variations, disturbances, and
uncertainties. Moreover, the control performance usually
cannot be guaranteed with the fix control parameters. So,
the adaptive position tracking control based on the proposed
NBIC can be realized with as follows:

i∗q = K ‐1
t Jr + Bθ − K ‐1

t d

= Ŵ
T
1Φ x − Ŵ

T
2Φ x ,

r = θr − k1e − k2e

31

where the parameter θr represents the reference position, and
the position error between reference position and feedback
position of the closed-loop system is e = θr − θ. The details
of the proposed method for PMSM position control can be
seen from Figure 3.

4.2. Simulation Comparison Results. Simulations on PMSM
system have been performed to show the effectiveness of
the proposed control method. For the purpose of compari-
son, two control methods, that is, model-based inverse con-
troller (MBIC) and neural network-based adaptive direct
inverse controller (NBIC), are applied for the position
tracking control of PMSM servo system in the case of
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nominal model and the case under load disturbance and
parameter variations, respectively.

The parameters of PMSM are given as rated torque
TL = 2 4N ⋅m, torque constant Kt = 2 412Nm/A, moment
of inertia Jn = 1 068 × 10−3 kg ⋅m2, and viscous coefficient
B = 7 4 × 10−5 Nms/rad. The reference position is given as
θr = 0 5 sin t rad. For the sake of fair comparison, the
control inputs of the two algorithms have the same control
parameters. The sampling interval of the control process-
ing in the simulations is set at 0.001 s. The controller
parameters k1 and k2 are selected as k1 = 5 5 and k2 = 0 5,

respectively. So the system matrix A =
0 1

−0 5 −5 5
is the

Hurwitz matrix, further choosing Q =
8 0
0 8

, P =

13 3467 0 04
0 04 0 0135

, and γ = 5. The initial structure of the

RBFNN is chosen as 3–4–2. The input layer vector is chosen

as θr , e, e
T
, the function of hidden layer is defined based on

(9), the initial values of the weight matrices are selected as
W1 0 = 0 and W2 0 = 0, and the hidden nodes and the
radius of the RBFNN are decided by the nearest neighbor
clustering algorithm, that is, m = 4, σ = 4 5, and c = 0 1. A
nomenclature summarizing all the symbols throughout this
brief is furnished in Table 1.

There are many literatures that show the superiority with
respect to a standard approach, such as PID method and
MPC. The RBFNN-based control methods with the nearest
neighbor clustering algorithm, in the authors’ previous
studies [17, 21 and 22], verify that it permits to gain in terms
of performance with respect to a PID-based method. Com-
pared with the traditional control methods, the effectiveness
of the MBIC method is also proposed in many literatures.
Considering these facts, the effectiveness of the proposed
control method is only supported by a comparison with the
traditional model-based inverse controller (MBIC). The

RBFN

N
B
I
C

Generalized PMSM

1 1

sJs + B

d2

dt2

k1

k2

e

d

dt

d

𝜃r 𝜃𝜔i⁎q

Figure 3: The PMSM position tracking control diagram based on the proposed NBIC.

Table 1: Nomenclature.

Symbol Description (unit) Symbol Description (unit)

Rm×n m × n real matrix space tr • Trajectory of the matrix •
R Real number set • Euclidean norm

λmin P The minimum eigenvalue of matrix W F Frobenius norm (F norm)

λmax P The maximum eigenvalue of matrix u Input

x State vector of (1) y Output

Rn Unknown continuous functions including internal
uncertainties

yd , xd Bounded reference trajectory

d External disturbances a Arbitrarily nonnegative constant

f x Approximated by estimated function f̂ x, Ŵ with
neural networks systems

g x Approximated by estimated function ĝ x, Ŵ with neural
networks or fuzzy systems

Ŵ Estimated weights x Input vector

u RBFNN controller output Φ Gaussian activation function of the hidden layer

Wi, j Weight ci Central values of the ith hidden layer node

ε0 Arbitrarily small positive number û Output of the neural network

σi Number of the clusters η Estimation error

ω Angular velocity Kt Torque constant (Nm/A)

B Viscous friction coefficient (Nms/rad) θ Rotor position (rad)

i∗q Current input J Inertia (kg·m2)

θr Reference position TL Load torque (N·m)

8 Complexity



0 2 4 6 8 10 12 14 16 18 20
−0.5

0

0.5

Time (s)

Po
sit

io
n 

tr
ac

ki
ng

0 2 4 6 8 10 12 14 16 18 20
−8

−6

−4

−2

0

2
×10−3

Time (s)

Po
sit

io
n 

er
ro

r

Reference position
Position under MBIC

(a)

0 2 4 6 8 10 12 14 16 18 20
−0.5

0

0.5

Time (s)

Po
sit

io
n 

tr
ac

ki
ng

 

0 2 4 6 8 10 12 14 16 18 20
−0.01

0

0.01

0.02

0.03

Time (s)

Po
sit

io
n 

er
ro

r

Reference position
Position under NBIC

(b)

Figure 4: Position tracking and error performance in the nominal model case: (a) under the MBIC method and (b) under the NBIC method.
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NBIC based on RBFNN is training by the nearest neighbor
clustering algorithm with clustering radius, which can ensure
the real-time performance of the control method. So the
position tracking and error performance in the cases with
nominal model without any disturbance and with load dis-
turbances and parameter variations are shown in this paper
under MBIC and NBIC, respectively.

4.2.1. Case I: Comparison Results under Nominal Model. The
position tracking performance is tested under no load distur-
bances and parameter variations in this part, that is, in case of
a nominal model.

Figure 4 shows the position tracking and error perfor-
mance in the nominal model case under the MBIC and NBIC

methods, respectively. Figure 5 gives the output curves of the
controllers MBIC and NBIC under the nominal model case,
respectively. From Figure 4, we can see that both methods
have good dynamic position tracking and error perfor-
mances. However, obviously, the position tracking error
of the NBIC in Figure 4(b) is a little bigger than the MBIC
in Figure 4(a) at the beginning, since the initial network
approximations may be quite poor during the early stages
of learning. But due to the characteristics of the neural
network, the position tracking error of the NBIC will be
close to zero which is much better than the MBIC
method. It is can be indicated from Figure 5(b) that the
output of the MBIC asymptotically converged to a small
region because of the learning ability of the neural
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Figure 5: The output values of different control methods in the nominal model case: (a) the control output of MBIC and (b) the control
output of NBIC.
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Figure 6: Position tracking and error performance in case II: (a) the MBIC method and (b) the NBIC method.
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network. The NBIC controller has the satisfactory guaran-
teed stability and convergence capability.

4.2.2. Case II: Performance Comparisons with Load
Disturbances andParameterVariations.Theposition tracking
performance is tested under unknown load disturbances TL
and parameter variations in inertia J and viscous coefficient
B, which are supposed to happen on PMSM at the very
beginning. The system response of position tracking and
its errors are shown in Figure 6. In order to clarify the
comparison performances, the partial enlargement of the
position tracking for Figure 6 is represented in Figure 7.
The controller outputs i∗q are the same as those in Figure 5.

The position tracking performance of PMSM using the
MBIC is affected considerably by the load disturbances and
parameter variations based on Figure 6(a). It can be con-
cluded that superior robustness performance in such case of
uncertainties can be obtained with the proposed NBIC
method from Figure 6(b). At the beginning, we can see from
Figure 7(a) that the tracking performance is affected a little
by the case of parameters and load variations. As times goes
on, the NBIC makes the error between the position and the
reference very close to zero due to the self-learning and adap-
tive ability of the RBFNN. The results can be indicated from
Figure 7(b). The reason is that the parameter uncertainties
and disturbances are modelled by the neural network at every
time step and finally eliminated by feed forward channel.

5. Conclusion

Considering the adaptive self-learning ability of neural
networks, an adaptive neural network-based direct inverse
controller (NBIC) for a nonlinear system with uncertain
parameters and unknown external disturbances is presented
to achieve satisfactory tracking performance in this paper.
The proposed NBIC is realized by one RBFNN which has

two outputs, one output of the RBFNN acts as the main
controller to handle the parameter uncertainties, and the
other output of RBFNN is used to handle external distur-
bances. The problems of the uncertainties and the ability of
the self-adaptive control can all be handled in one single
neural network framework, since the accuracy of the system
identification and the ability of antidisturbance can satisfy
the requirements of the system. Moreover, the stable
online weight matrices adjustment mechanism of the
RBFNN is determined by the Lyapunov theory to achieve
the stability and guarantee attenuation of the disturbances.
Simulation results of position tracking for the PMSM
servo system illustrate that the proposed method NBIC has
the robust and effective control performance with good
disturbance rejection.
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To explore the performance of hybrid sail and overcome the congestion of geostationary orbit, this work proposes a method
intended to optimize the trajectories of the spacecraft formation and extend the concept of displaced geostationary orbit by
loosening the relative distance and introducing a station-keeping box. The multispacecraft formation is a typical complex system
with nonlinear dynamics, and the hybrid propulsion system introduces additional complexity. To solve this problem,
suboptimal trajectories with constant relative distance constraints are first found with inverse methods, which were referred to
as ideal displaced geostationary orbits. Then, the suboptimal trajectories are used as a first guess for a direct optimization
algorithm based on Gauss pseudospectral algorithm, which loosens the relative distance constraints and allows the spacecraft to
be placed anywhere inside the station-keeping box. The optimization results show that the loosely formation and station-
keeping box can create more flexible trajectories and achieve higher efficiency of the hybrid sail propulsion system, which can
save about 40% propellant consumption.

1. Introduction

The geostationary orbit (GEO) is a circular, equatorial orbit
whose period equals the Earth’s rotational period, enabling
the use of applications, such as telecommunications and
geoscience monitoring. The GEO allows a satellite to be sta-
tionary above a certain point on the Earth’s equator. For
this reason, it is a unique and currently congested orbit,
especially at longitudes above densely populated areas [1].
To ease the congestion of the GEO slot, the concept of replac-
ing the GEO with a non-Keplerian orbit (NKO) has been
proposed [2].

The NKOs are spacecraft trajectories which can be
achieved by a continuous control acceleration, and McKay
et al. gave comprehensive introduction about NKOs in a sur-
vey [3]. However, continuous propulsion is necessary for
NKO maintenance, and it can be provided either by a solar
electric propulsion (SEP) thruster [4] or by a hybrid of SEP
and solar sailing [5].

Solar sailing demands many high-technology require-
ments on materials, control, and structures [6]. Recently,
several solar sail demonstrator missions have been achieved
with Japan Aerospace Exploration Agency (JAXA), the Inter-
planetary Kite-Craft Accelerated by Radiation of the Sun
(IKAROS), National Aeronautics and Space Administration
(NASA), NanoSail-D2, and the Planetary Society, LightSail
1 [7–9]. For NKOs, there have been some solid conclusions
that adding the propulsion-saving propellant such as solar
sails is helpful to reduce the propellant consumption, which
ensures a longer mission lifetime [5].

Previous works proposed that there be possibility of
combining a relatively small sail and SEP, which will be
more feasible than equipping a big sail for a near-term space-
craft [5, 10–12]. Guided by this concept, several researches
have been done to enhance the overall performance of the
hybrid propulsion system, especially to minimize the long-
term propellant consumption for Earth pole-sitter [5] and
other planets’ pole-sitter [13], transferring from Earth to
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other planets [14, 15] and from north/south to south/north
pole-sitter orbits [11]. According to those studies, the hybrid
sail is an effective solution for the long-term NKO mainte-
nance, which has better performance on propellant con-
sumption than pure SEP and less complexity than a large sail.

The displaced GEO through solar radiation pressure was
first shown to be feasible by Baig and McInnes [16]. After
that, Heiligers et al. [1, 2] have demonstrated that the hybrid
sail-displaced GEO is more feasible with strict position con-
straints. Then, Arnot et al. proposed that new families of rel-
ative orbits for spacecraft formation flight will be generated
by applying continuous thrust with minimal intervention in
the dynamics of the problem [17].

However, we believe that loosening the formation rela-
tive distance constraints is helpful to release the potential
of hybrid sail. In this paper, we extend the previous works
by keeping several spacecrafts in an assigned station-
keeping box with loosely formation. The concept of a
station-keeping box is found to have the drawback that
the spacecraft does not always have constant relative posi-
tion with respect to an Earth observer; it is not truly “geo-
stationary”. Yet, if the station-keeping box is small enough,
the negative effects of pointing problems can be restricted
to an acceptable level so that this displacement will not be
perceivable from the Earth.

The structure of this paper is organized as the following.
In Section 2, the system dynamics and the satellite formation
model are described. In Section 3, mission profiles for space-
craft strict formation on displaced GEOs are presented and
an inverse method to minimize the SEP thrust and obtain
the corresponding solar sail control is introduced. In Section
4, the optimization method used to discover the trajectories
of loosely formation spacecraft in a station-keeping box to
minimize the propellant mass is described.

2. Equations of Motion

The displaced GEO is an NKO whose period equals that of
the Earth’s rotation [1]. Compared with the distance from
the Sun, a spacecraft in a displaced GEO is much closer to
the Earth. Therefore, the dynamics are defined as two-body,
Earth-centered dynamics, neglecting perturbations from the
higher order harmonics and from the Earth’s potential, the
Moon, Sun, and so on. Figure 1 shows a rotating reference
frame A X A , Y A , Z A , which is centered at the Earth cen-
ter, with the X A axis pointing towards the slot of an ideal
GEO and the Z A axis aligning with the angular momentum

vector of the Earth and perpendicular to the equatorial plane.
Then, the Y A axis completes the right-handed Cartesian ref-
erence frame.

The basic idea of displaced GEO spacecraft is that its
relative movement with an Earth surface observer can be
neglected and its period exactly equals that of the ideal
GEO. The equations that describe the dynamics of the
spacecraft in the frame (A) are

x A = 2ωey
A + ωe

2x A −
μex

A

r3
+ a A

X ,

y A = −2ωex
A + ωe

2y A −
μey

A

r3
+ a A

Y ,

z A = −
μez

A

r3
+ a A

Z

1

The spacecraft position vector is r A = x A , y A , z A T
,

r = r A , ωe is the Earth’s constant angular velocity, and
μe is the gravitational parameter of the Earth. For a hybrid
sail propulsion system, the thrust-induced acceleration

a A = a A
X , a A

Y , a A
Z

T
can be written as

a A = a A
SEP + a A

S , 2

where a A
SEP is the acceleration of the SEP thruster and a A

S is
the acceleration of the solar sail.

a A
SEP =

f A
SEP
m

,

a A
S = β0

m0
m

μ
A
s

s2
n̂ A ⋅ ŝ A 2

n̂ A ,

3

in which f A
SEP = f A

X  f A
Y  f A

Z
T
is the SEP thrust vector,

f SEP = f A
SEP , and m is the spacecraft mass. Because of the

consumption of SEP propellant, m can be profiled as the
following:

m = −
f SEP
ISP

g0, 4

in which ISP is the specific impulse (we adopt the value of
ISP = 3200s, which can be obtained with current engine tech-
nology [12]) and g0 is the standard Earth surface gravity
acceleration.

Furthermore, in this paper, a perfect solar sail force
model is used to account for specular reflection, where μs is
the gravitational parameter of the Sun, n̂ is the vector normal
to the sail surface, m0 is the initial mass at time t = 0, s is the
Sun-sail vector, and ŝ is the unit vector along s. In our work,
s is approximated by a constant Sun-Earth distance of one

astronomical unit (AU). The parameter β0 indicates the
lightness number, the value of β0 = 0 is plausible for a near-
term mission, and a value of β0 = 0 1 for a long-term mission
[18]. The unit vectors n̂ and ŝ can be expressed in the easiest
way in an auxiliary frame B X B , Y B , Z B (see Figure 2).
The X B axis coincides with the Sun-sail vector (neglecting

X(A) 

Y(A)

Z(A)

E

GEO

Displaced GEO

z(A)

y(A)

x(A)

O(A)

�휔

Figure 1: Displaced GEO in the rotating reference frame (A).
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the tiny variation in the direction of the Sun-sail vector over
one orbit, assuming it to be aligned with the Sun-Earth vec-
tor), the Z B axis is perpendicular to the X B axis and lies
in the plane spanning the Sun-sail vector and the Earth’s
rotation axis, and the Y B axis completes the right-handed
reference frame. Using the pitch angle α and yaw angle θ as
given in Figure 2, n̂ can be expressed as

n̂ B = sin α cos θ  sin α sin θ  cos α T 5

Because n̂ B should always point away from the Sun, in
the frame (B), the following attitude constraints apply:

0 ≤ α ≤ π,

−
π

2
≤ θ ≤

π

2
6

Using ψ to describe the angle between ŝ and the equa-
torial plane, which reaches its maximum value (equals the
Earth’s obliquity to the ecliptic, δ) at winter solstice and
reaches its minimum value −δ at summer solstice, ŝ B can
be expressed as

ŝ B = cos ψ 0  sin ψ T 7

The evolution of the displaced spacecraft state X A =
r A r A m

T
can be expressed in the differential form:

X A =
r A

r A

m

8

We assume that there is one leader and n n ≥ 1 followers
in each formation. In this paper, we consider a test case of a
formation with one leader and two followers, and the details
are defined and shown in Table 1.

3. Strict Formation-Displaced
Geostationary Orbits

This section deals with the strict formation-displaced GEO
analyses by assuming that the problem is approximated as a
formation with each spacecraft in a constant flat non-
Keplerian-displaced GEO. The assumption that trajectories
and the corresponding controls are used as the first guess
for the optimization algorithm will be presented in Section 4.

3.1. Approach. For a strict spacecraft formation, the relative
positions between each two agents are always constant (see
Figure 3). If one formation is placed on an ideal displaced
GEO (which keeps still for the observers on Earth), each

spacecraft will be a fixed point in the frame (A). r A
L is the

position of the leader, meanwhile, Δr A
F,i is the relative posi-

tion of ith follower spacecraft with the leader, and r A
L =

r A
L = Δr A

F,i = Δr A
F,i = 0. Once the trajectory of every space-

craft is known, the inverse method can be used to find
uniquely required accelerations from (8).

For a hybrid propulsion system (both pure SEP, β0 = 0,
and pure sail, f SEP = 0, are special cases), the optimal controls
of spacecraft require that the SEP consumes as little propel-
lant as possible, which can be achieved by the following steps:

(1) Divide one day (Earth’s rotation period) into several
equal instants.

(2) Use MATLAB’s genetic algorithm toolbox to find the
optimal control of solar sail (including the pitch angle

α and yaw angle θ) and to minimize the a A
SEP at each

instant.

(3) Assume that the a A
SEP remains constant between two

adjacent instants and update the m according to the
integration of (4).

Plane spanning the sun-sail vector
and the earth’s rotation axis plane

X(B)

Z(B)

n̂(B)

Sail surface
Ŝ(B)

Y(B)

X(B)

Z(B)

n̂(B)

�훼

�휃

Figure 2: Frame (B) with sail normal vector n̂, pitch angle α, and
yaw angle θ.

Table 1: Spacecraft parameters.

Parameters Leader Follower 1 Follower 2

Initial mass (kg) 1000 900 800

Initial propellant mass (kg) 700 500 550

ISP (s) 3200 3200 3200

β0 0.2 0.1 0.1

X(A) 

Y(A)

Z(A)

E

GEOO(A)
Leader

Follower

Strict formation 

rL

ΔrF,i , i = 1, 2, ..., n

�휔

(A)

(A)

Figure 3: Strict formation in the rotating reference frame (A).
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(4) Repeat steps 1 to 3 until the orbit is complete at
the time t = t f , where t f equals one Earth’s rotation
period.

3.2. Results. In the test, the spacecraft’s positions are

defined as r A
L = 40 km + rGEO0 km0 km T , Δr A

F,1 = 0 km
5 km 5 km T , Δr A

F,2 = 0 km −5 km 5 km T , where r A
L

= r A
F,i + Δr A

F,i i = 1, 2,… , n . In the pure SEP case, the
SEP provides the whole acceleration for orbital mainte-
nance. In a relative short period like one day, ignoring
the impact of orbit perturbation, the accelerations pro-
vided by SEP are constant, which lies at a separation of
6.375× 10−4m/s2 for leader and 6.381× 10−4m/s2 for both
followers 1 and 2. As to the hybrid sail case, because the
Sun-Earth direction changes with the period of one year,

the accelerations of SEP and solar sail are no longer con-
stant and show symmetrical characteristic on different
days with different Sun-Earth directions (see Figures 4
and 5). Obviously, with the help of the solar sail, the
SEP provided less acceleration than the pure SEP case at
most of the time. This means that a part of propellant is
saved, and the spacecraft formation will be maintained
for a longer time.

Figure 6 shows the mass of the simulation result. To
make the comparison clear, we assume that the spacecraft’s
parameters are as described in Table 1. In the pure SEP case,
the mass of the spacecraft decreased at a constant rate. After
one-day formation maintenance, the leader’s mass drops
from 1000 kg to 998.252 kg, the follower 1’s mass drops from
900 kg to 898.425 kg, and the follower 2’s mass drops from
800 kg to 798.600 kg. For the hybrid sail case, compared with
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Figure 4: Strict formation on ideal displaced GEO for the hybrid sail case: acceleration provided by SEP (a) leader, (b) follower 1, and (c)
follower 2 in the frame (A).
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Figure 5: Strict formation on ideal displaced GEO for the hybrid sail case: acceleration provided by solar sail (a) leader, (b) follower 1, and (c)
follower 2 in the frame (A).
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the pure SEP case, significant mass saving is achieved, which
proves the effectiveness of hybrid sail on the propellant sav-
ing. In the next section, we try to get more mass saving by
introducing a station-keeping box and loosening the relative
distance constraints between each two spacecrafts.

4. Optimal Loosely Formation-Displaced
Geostationary Orbits

For a loosely spacecraft formation, the relative distances
between any two agents are variable and are limited to a min-
imum value of dmin (to avoid collision dmin > 0) and to a

maximum value of dmax. The value of dmax − dmin is defined
as the loosely distance. In addition, to ensure the loosely for-
mation to be nearly geostationary (not truly geostationary)
for an Earth observer, the concept of a station-keeping box
placed around a real GEO is introduced and all the space-
crafts are required to be in the station-keeping box all the
time (see Figure 7). For a loosely spacecraft formation, with
loosely relative distance and the station-keeping box, it is
possible for the spacecraft to enable propellant optimal tra-
jectories to save more mass. However, because the trajecto-
ries of spacecraft are functions of time and the expression
of them is unknown, the optimal trajectories cannot be sim-
ply obtained with the inverse method. Hence, a method is
used to find both optimal trajectories and controls, which
minimizes the whole formation’s propellant usage and allows
the formation to be kept in a displaced GEO.

4.1. Approach. The problem is to find optimal periodic orbits
with minimum propellant consumption. Therefore, the cost
function can be simply defined as

J = − mL t f + 〠
n

i=1
mF,i t f , 9
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Figure 6: Strict formation on ideal displaced GEO: mass of pure SEP (a) leader, (b) follower 1, and (c) follower 2 and mass of hybrid sail (d)
leader, (e) follower 1, and (f) follower 2 in the frame (A).
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that is, to maximize the whole final mass of all spacecrafts
after one period (for displaced GOE t f equals one day).
In the frame (A), the leader spacecraft’s dynamics can be
described as (1), the followers’ relative dynamics (with the

leader) Δr A
F,i = Δx A

F,i , Δy
A
F,i , Δz

A
F,i

T
i = 1, 2, 3,… , n can

be written as

Δx A
F,i = x A

L − x A
F,i = 2ωe y A

L − y A
F,i

+ ωe
2 x A

L − x A
F,i − μe

x A
L
r3L

−
x A
F,i
r3F,i

+ a A
X,L − a A

X,F,i,

Δy A
F,i = y A

L − y A
F,i = −2ωe x A

L − x A
F,i + ωe

2 y A
L − y A

F,i

− μe
y A
L
r3L

−
y A
F,i
r3F,i

+ a A
Y,L − a A

Y,F,i,

Δz A
F,i = z A

L − z A
F,i = −μe

z A
L
r3L

−
z A
F,i
r3F,i

+ a A
Z,L − a A

Z,F,i

10

When the spacecrafts in it are close to each other, the
formation is rL ≈ rF,i. Therefore, (9) can be simplified as

Δx A
F,i = 2ωeΔy

A
F,i + ωe

2Δx A
F,i − μe

Δx A
F,i
r3L

+ Δa A
X,F,i,

Δy A
F,i = −2ωeΔx

A
F,i + ωe

2Δy A
F,i − μe

Δy A
i

r3L
+ Δa A

Y,F,i,

Δz A
F,i = −μe

Δz A
F,i
r3L

+ Δa A
Z,F,i

11

By introducing the follower’s relative state vector

ΔX A
F,i =

Δr A
F,i

Δr A
F,i

mF,i

, 12

the state of the formation can be written as X A = X A
L ,

ΔX A
F,1 ,… , ΔX A

F,n .
The center of the station-keeping box is located at an

ideal displaced GEO, which is a fixed point in the frame

(A). Its position is defined as r A
SKB = rGEO + dX, dY, dZ

T ,
where the constants dX, dY, and dZ are position correc-
tion values and the rGEO is the GEO orbit radius. To
allow the spacecraft to move freely within the box, the
station-keeping box is defined as K = x, y, z ∣ x ∈ rGEO +
dX − ρX, rGEO + dX + ρX , y ∈ dY − ρY, dY + ρY , z ∈ dZ − ρZ,
dZ + ρZ ρX, ρY, ρZ ≥ 0 , where ρX, ρY, and ρZ are relax-
ing parameters.

The problem is solved with a numerical direct pseudos-
pectral method implemented in the software tool PSOPT
[19], which makes use of the automatic differentiation by

overloading in C++ (ADOL-C) library for the automatic dif-
ferentiation of the objective, dynamics, constraint functions
and the initial guess for the problem. We use the optimal tra-
jectories and controls of strict formation-displaced GEO
(results of Section 3) as the suboptimal initial guess for
PSOPT, which allows the Gauss-pseudospectral algorithm
to converge quickly and smoothly.

4.2. Results. In the test, the spacecraft’s parameters are listed
in Table 1 and the station-keeping box is defined in Table 2.
According to Table 2, dmin = 1 km, dmax = 10 km, and the
loosely degree is 9 km. The efficiency of solar sail is greatly
affected by the sunlight direction which is the same as that
of the Sun sail. Ignoring the minor differences between
Sun-sail vector and the Sun-Earth vector in the simulation,
we use the Sun-Earth vector rather than the Sun-sail vector
to describe the sunlight direction. Considering the universal
situations, we select the Sun-Earth vectors of winter solstice,
spring equinox, summer solstice, and autumn equinox as the
typical values. Unlike the strict formation, with the optimal
trajectories of one orbital period (one day, see Figure 8), the
relative distances between each two agents are not constant,
which is always larger than dmin and smaller than dmax.
Furthermore, the trajectories of the leader, follower 1, and
follower 2 in a day are shown in Figure 9. It is obvious that
the positions of all spacecrafts are restricted in the station-
keeping box at any time. Because of the symmetry character-
istic of the Sun-sail direction (see Figure 9), the shapes of
spacecraft trajectories at winter solstice and summer solstice
are symmetric (the same as the shapes at spring equinox and
autumn equinox).

The mass consumption of each spacecraft is listed in
Table 3, and the overall mass consumption (according to
(9)) is listed in Table 4. With the station-keeping box
and loosely formation, the mass consumption is greatly
reduced both in the whole formation and each spacecraft.
In the whole formation, the 2.805 kg, 3.022 kg, 2.808 kg, and
3.021 kg propellants are needed to maintain the strict forma-
tion at the ideal displaced GEOs for the winter solstice, spring
equinox, summer solstice, and autumn equinox, respectively.
By loosening the relative distance constraints and applying
the station-keeping box, propellant mass is saved corre-
sponding to the four seasons, 39.89% for winter solstice,
42.19% for spring equinox, 41.67% for summer solstice, and
42.04% for autumn equinox.

5. Conclusions

In this paper, with a hybrid (solar sail and solar electric
propulsion, SEP) propulsion system, by inviting two con-
cepts, the loosely relative distance constraints and the
station-keeping box, a method to find the optimal trajectories
of spacecraft formation for displaced geostationary orbits

Table 2: Station-keeping box and relative distance parameters.

dmin
(km)

dmax
(km)

dX
(km)

dY
(km)

dZ
(km)

ρX
(km)

ρY
(km)

ρZ
(km)

1 10 40 0 0 10 10 10

6 Complexity



0
2
4
6
8

10

D
ist

an
ce

 (k
m

)

0 5 10 15 20 25
Time (h)

Leader-
follower 1
Leader-
follower 2
Follower 2-
follower 3

Upper
boundary
Lower
boundary

(a)

0
2
4
6
8

10

D
ist

an
ce

 (k
m

)

0 5 10 15 20 25
Time (h)

Leader-
follower 1
Leader-
follower 2
Follower 2-
follower 3

Upper
boundary
Lower
boundary

(b)

0
2
4
6
8

10

D
ist

an
ce

 (k
m

)

0 5 10 15 20 25
Time (h)

Leader-
follower 1
Leader-
follower 2
Follower 2-
follower 3

Upper
boundary
Lower
boundary

(c)

0
2
4
6
8

10

D
ist

an
ce

 (k
m

)
0 5 10 15 20 25

Time (h)

Leader-
follower 1
Leader-
follower 2
Follower 2-
follower 3

Upper
boundary
Lower
boundary

(d)

Figure 8: Loosely formation with station-keeping box: the relative distance of hybrid sail on (a) winter solstice, (b) spring equinox, (c)
summer solstice, and (d) autumn equinox in the frame (A).
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Figure 9: Loosely formation with station-keeping box: the trajectories of hybrid sail on (a) winter solstice, (b) spring equinox, (c) summer
solstice, and (d) autumn equinox in the inertial frame.
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(GEOs) is introduced, which can be used as a solution to the
congestion of the GEO. The hybrid sail spacecraft will con-
sume less propellant to maintain the formation. For a
10× 10× 10 km3 station-keeping box, which centers 40 km
outside a real GEO and a 9 km loosely degree, propellant con-
sumption saved 39.89%, 42.19%, 41.67%, and 42.04% for the
winter solstice, spring equinox, summer solstice, and autumn
equinox, respectively. The obvious mass saving shows that
the station-keeping box and loosely relative distance con-
straints can improve the efficiency of the hybrid propellant
system more efficiently than the ideal displaced GEO and
strict relative distance formation. Besides, the optimization
trajectories show that the station-keeping box can success-
fully restrict all the spacecrafts of the formation inside it. Fur-
thermore, their relative distance is always larger than the
lower boundary and smaller than the upper boundary.
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Iterative learning control (ILC) is one of the most popular tracking control methods for systems that repeatedly execute the same
task. A system model is usually used in the analysis and design of ILC. Model-based ILC results in general in fast convergence and
good performance. However, the model uncertainties and nonrepetitive disturbances hamper its practical applications. One of the
commonly used solutions is the introduction of a low-pass filter, namely, the Q-filter. However, it is indicated in this paper that the
existing Q-filter configurations compromise the servo performance, although improving the robustness. Motivated by the
combination of performance and robustness, a novel Q-filter configuration in ILC is presented in this paper. Some practical
considerations, such as the configuration of ILC in a feedback control system, the time delay compensation, and the learning
coefficient, are provided in the implementation of the proposed ILC algorithm. The effectiveness and superiority of the proposed
ILC versus existing Q-filter ILC are demonstrated by both theoretical analysis and experimental verification on a wafer stage.

1. Introduction

High-performance motion is typically required in many
manufacturing environments [1–4] where a tool must track
a prescribed reference trajectory with high speed as well as
high accuracy. One of the examples is the wafer stage which
is responsible for the precision positioning of the wafer used
in the IC (integrated circuit) manufacturing. The wafer stage
performs a constant velocity scanning during exposure, after
which acceleration takes place to bring the stage to the next
exposure position [5]. In the next-generation photolithogra-
phy, the wafer stage is subject to tightening requirements on
the servo performance due to larger throughput and smaller
critical dimension [6]. However, feedback controllers such as
the PID controller alone cannot achieve these requirements
due to the closed loop bandwidth limitation frommechanical
resonances and electrical amplifiers [7, 8]. More and more
efforts are thus devoted to feedforward control techniques.

Considering the repetitive nature of wafer scanning, it is
natural to seek to incorporate the information from previous
iterations somehow into the control command of the current
iteration for the sake of eliminating the recurring servo error.
As one such algorithm, iterative learning control (ILC) has
found widespread applications in trajectory tracking and dis-
turbance rejection [9–12] since it was initially proposed by
Uchiyama [13] and Arimoto et al. [14]. For instance, an iter-
ative learning controller achieves about 93% improvement
over the feedback controller in terms of the tracking accuracy
in the wafer stage described in [15].

The early work on ILC focused on the design of a single
learning filter (called L filter). It uses one gain times the error
from the last iteration to update the control input as follows:

uj+1 k = uj k + L q ej k , 1

where the superscript j denotes the iteration index, k denotes
the discrete time index defined on the interval 0N − 1 ,
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q represents the forward time-shift operator, u is the control
input, e is the error signal, and L q is the learning filter.

The ILC algorithm in (1) seems to be very effective
from a mathematical perspective and can converge to the
zero-tracking error [16]. However, in practice, it usually
exhibits unacceptable learning performance, as illustrated
in Figure 1. This can be explained by the following:

(1) Most of the ILC algorithms like frequency-domain
ILC [17], optimal ILC [18], and so on are to a certain
extent model based from the perspective of conver-
gence conditions and performance properties. How-
ever, it is intractable in practice to obtain the
accurate systemmodel, especially at high frequencies.
Frequency domain analysis reveals that the robust-
ness of (1) to model uncertainty is limited [19]. The
poor robustness would lead to initial convergence
followed by divergence or instability when high fre-
quencies propagate through iterations. (See [20] for
more discussion of this phenomenon from several
points of view.)

(2) Although attenuating the repetitive disturbances, ILC
leads to propagation of noise and nonrepetitive dis-
turbances which could degrade the servo perfor-
mance [21].

For the improvement of ILC robustness, it is recom-
mended to use a low-pass filter to prevent the high fre-
quencies and noise from entering the learning feedback loop
[22, 23]. The widely used ILC algorithm is given as follows:

uj+1 k =Q q uj k + L q ej k , 2

whereQ q is the low-pass filter, often called theQ-filter. The
Q-filter restricts the bandwidth of the learning process,
thereby avoiding the propagation of high frequencies.

Remark 1. For a system with relative degree m, define L0
q = q−mL q ; then the ILC algorithm in (2) can be
written as uj+1 k =Q q uj k + L0 q ej k +m which is
an equivalently popular ILC formulation as (2) [24].

The design of the Q-filter in (2) has been addressed in
numerous literature. In [25], a nonparametric Q-filter which
has no requirement on any explicit properties of nonrepeti-
tive disturbances is developed. A zero-phase Q-filter is
designed to eliminate the bad learning transient in [16]
where, however, it is indicated that the ILC algorithm in (2)
leads to a trade-off between robustness and performance.
More clearly, a Q-filter with high bandwidth results in
improved performance but at the expense of robustness,
and vice versa. Although the time-varying Q-filters in
[22, 26, 27] and the nonlinear Q-filters in [28] extend
the robustness and performance boundaries given by the
fixed Q-filter in [16], the ILC algorithms in the form of (2)
cannot converge to zero-tracking error unless Q q = 1
[24]. This motivates the following work in the paper:

(1) Three different ILC configurations under the two
DOF (degree of freedom) control architecture are
compared in terms of both theoretical analysis and
practical considerations.

(2) A novel Q-filter configuration in model-based ILC is
proposed. It adjusts the control input utilizing the fil-
tered error signal along with the original control sig-
nal from the previous iteration, rather than the
filtered one as in (2). The proposed algorithm pro-
vides improved performance (zero-tracking error)
versus the Q-filter configuration in (2) while main-
taining high robustness.

(3) Some additional considerations, such as the zero-
phase filter design, time delay compensation, and
the learning coefficient, are provided in the imple-
mentation of the proposed ILC algorithm.

The rest of the paper is organized as follows: Section 2
describes the wafer stage considered in this paper, followed
by its modelling. Section 3 presents the proposed model-
based ILC algorithm with a novel Q-filter configuration. In
addition, some considerations in the practical implementa-
tion are given. In Section 4, experimental results are provided
to validate the effectiveness and superiority of the proposed
algorithm. Concluding remark is finally given in Section 5.

2. Application Context

2.1. Wafer Stage. In order to reduce the overhead time cre-
ated by wafer exchange, thereby improving throughput, two
wafer stages are used during wafer scanning. While the first
stage performs overhead activities such as wafer unload/load,
horizontal alignment, and measurement of the surface topog-
raphy, the second one exposes the previously measured wafer
[29]. When both stages are finished with their tasks, the
stages are swapped and a new cycle begins. As shown in
Figure 2, each of the stages consists of two modules: a long-
stroke module and a short-stroke module. The former used
for coarse positioning has an H-bridge design, the work
range of which is 400mm with micrometer-level positioning
accuracy. The latter is responsible for fine positioning with a
2mm work range and nanometer-level positioning accuracy.

10 20 30 40 50 60
Iteration index
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∥ 2 (×

10
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 m
)
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Divergence

Figure 1: The phenomenon of initial convergence followed by
divergence in ILC with only a learning filter.
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The wafer stage is controlled in six logical axes: three
translations: x, y, and z, and three rotations: rx, ry, and rz .
The control system adopts a 6-degree of freedom (DOF) con-
troller structure in combination with force and measurement
decoupling designs. Scanning of every field on a wafer is
performed in the y-direction by conducting a series of
point-to-point motions with constant velocity. After an
exposure scan, simultaneous x and y accelerations bring the
stage to the next exposure position. Motion in the xy-plane
enables the full wafer exposure. Motions in z, rx, ry, and rz
are used to keep the wafer surface in the focal plane of the
lens. In this paper, for reasons of clarity, only the x-direc-
tion long-stroke module is considered. This choice is rather
arbitrary but basically captures features that also exist in the
remaining directions.

2.2. Modelling. The frequency response of the x-direction
long-stroke wafer stage is measured by a sine sweep experi-
ment with a sampling time Ts = 200 μs. A series of sinusoidal
input signals in the range from 1.0Hz to 1000Hz are injected
to the stage. The amplitude gain and phase shift are measured
by comparing the discrete Fourier transforms of the position
and the control signal. Figure 3 shows the measured fre-
quency characteristic, from which it can be observed that
the long-stroke wafer stage can be modeled as a double-
integrator-based system with a mass of approximately
23.85 kg, in series connection with several resonances at high
frequencies. These resonances characterize the structural flex-
ibilities of the stage. In addition, the phase decline below−180°
indicates the existence of time delay due to several sources
such as the actuator system and current control circuits.

By considering the rigid mode, vibration modes, and the
time delay component, the following P s can be formulated
as the model of the wafer stage:

P s = K t
1

Ms2
+ 〠

2

i=1

Ki

s2 + 2ζiωis + ω2
i

e−Tds, 3

where K t is the gain including the torque constant and ampli-
fier with current control,M is the mass of the wafer stage, Ki

is the modal constant of the ith vibration mode, ωi is the nat-
ural angular frequency, ζi is the damping coefficient, and Td
is the delay time.

Table 1 lists the parameters in P s , while the solid curves
in Figure 3 show the frequency response of P s .

1

2

Figure 2: Wafer stage.① short-stroke module; ② long-stroke module.
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Figure 3: Frequency response functions in Bode representation of
the x-direction long-stroke wafer stage.

Table 1: Parameters in the wafer stage model.

Parameter Value Parameter Value Parameter Value

K t 1/20 M 23.85 Td 580 μs

K1 0.0130 ζ1 0.040 ω1 2π × 150 rad/s
K2 0.0023 ζ2 0.018 ω2 2π × 292 rad/s
K3 0.0038 ζ3 0.027 ω3 2π × 510 rad/s
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3. Model-Based ILC with a Modified Q-Filter

In this paper, the learning filter L and the Q-filter are
designed separately although they can be simultaneously
designed in some one-step procedures [30]. This kind of
ILC design procedure is usually referred to as a two-
step ILC design [26]. Note that the following develop-
ments are presented in the frequency domain using the
z-domain presentation. The z-transformation of a system
can be obtained by replacing q with z. The frequency
response is given by replacing z with eiθ for θ ∈ −ππ .
Hereafter, the argument of z will be omitted for compact-
ness of notation.

3.1. ILC Configurations. Since ILC is incapable of attenuating
the nonrepetitive disturbances, a two DOF control struc-
ture is typically used in practice, where ILC is integrated
into an existing closed-loop system as an add-on scheme.
Based on the choice of (1) the learning signal and (2)
the injection point of the learned control signal, three
alternative ILC configurations are usually adopted in preci-
sion motion systems [31]. They are illustrated in Figure 4
where C fb denotes the feedback controller designed in
advance, uf f is the control effort learned by ILC, e is the
error signal, and d and v denote the input and output dis-
turbance of the plant, respectively.

In configurations I [32] and II [25], the learning
signal used in ILC is the tracking error, that is, r − yj.
The learned control signal uj

f f in configuration I is
injected to the input of the plant, whereas the one in
configuration II is injected to the input of the feedback
controller. In configuration III [31], the learning signal
is C fb r − yj , and the learned control signal is injected
into the input of the plant. In general, the ILC algo-
rithms involved in the configurations can be given as
follows, respectively:

Conf iguration I:

uj+1
f f = uj

f f + Lej, uj = uj
f f + C fbe

j

Conf iguration II:

uj+1
f f = uj

f f + Lej, uj = C fb uj
f f + ej

Conf iguration III:

uj+1
f f = uj

f f + LC fbe
j = uj

f f + C fbe
j

4

The analysis and comparison of three ILC configurations
are performed in the following.

−

ILC

Cfb (q)

u
dj
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vj

yj
r

ej
P (q)

j
ff

(a) ILC configuration I

−
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ujej
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(b) ILC configuration II
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(c) ILC configuration III

Figure 4: Two DOF control structures with different ILC configurations.
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3.1.1. Theoretical Analysis. Simple derivations reveal the
tracking error propagation from the iteration j to the itera-
tion j + 1 as follows:

Conf iguration I:

ej+1 = 1 − P
1 + PC fb

L ej −
P

1 + PC fb
dj+1 − dj

−
1

1 + PC fb
vj+1 − vj

Conf iguration II:

ej+1 = 1 − PC fb
1 + PC fb

L ej −
P

1 + PC fb
dj+1 − dj

−
1

1 + PC fb
vj+1 − vj

Configuration III:

ej+1 = 1 − PC fb
1 + PC fb

L ej −
P

1 + PC fb
dj+1 − dj

−
1

1 + PC fb
vj+1 − vj

5

From (5), the ideal learning filters for three configura-
tions can be given as follows, respectively:

Conf iguration I:

L∗ = P
1 + PC fb

−1

Conf igurations II and III:

L∗ =
PCf b

1 + PCf b

−1

6

From (6), it seems that there is no difference between the
three ILC configurations since each of them can achieve zero
convergence rate with the ideal learning filter. However, from
the frequency characteristics of the ideal learning filters
shown in Figure 5, it can be observed that configurations II
and III are well suited for the frequency domain design since
the DC gain of the learning filter is close to 1, whereas the DC
gain in configuration I tends to be infinite, which may lead to
numerical issues.

3.1.2. Practical Considerations. From an implementation
point of view, the choice of ILC configurations depends firstly
on the availability of the control signals. In precision motion
systems, commercial amplifiers and motor drivers are usually
used. They provide either an open-loop control where the
input is a control signal or a closed-loop control where the
input is a reference signal. ILC configurations I and III
require direct access to the control input of the plant, which
is, however, infeasible if a closed-loop commercial controller
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(b) ILC configurations II and III

Figure 5: Frequency responses of ideal learning filters for ILC configurations I, II, and III.
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is used. The choice of closed-loop controllers will restrict the
user from implementing only ILC configuration II. All ILC
configurations can be implemented if an open-loop control-
ler is used.

On the other hand, in ILC configurations I and III, if
the ILC algorithm yields a large undesired control signal
(resulting from the incorrect numerical computation or
the unstable ILC algorithm), the direct injection of this
signal would saturate even damage the plant. However,
this can be avoided in ILC configuration II since the ILC
signal will be filtered by the feedback controller C fb before
being injected to the plant.

3.2. Learning Filter Design. Based on all the above discussions,
for the sake of implementation and safety, ILCconfiguration II
is adopted in this paper. From (6), the model-inversion
learning filter is given as follows:

L = PC fb
1 + PC fb

−1
7

Remark 2. If the relative degree of the closed-loop system sat-
isfies l ≥ 1, then the learning filter in (7) will be noncausal.
Unlike the usual notion of noncausality, the ILC algorithm
with a noncausal learning filter is still implementable in prac-
tice because of the availability of the entire data from all pre-
vious iterations.

Remark 3. If the learning filter in (7) is unstable which usually
happens when sampling a continuous-time system with a fast
sampling time [33], model-inverse techniques for
nonminimum-phase systems can be adopted, such as the
ZPETC method in [34], the ZMETC method in [35], and
the noncausal series approximation method in [36]. See
[37] for their comparisons.

Remark 4. From Figure 5(b), it can be observed that the
learning filter can be approximated by L = 1 at low frequen-
cies. This approximation can be used in practice if a Q-filter
is well designed. Despite to its popularity, ILC configuration
I is more complicated in terms of the calculation of the learn-
ing filter L = P/ 1 + PC fb

−1. This is another reason why we
choose ILC configuration II rather than I.

3.3. Preexisting Q-Filter Configuration. As we discussed in
Section 1, if only a single learning filter is used in the
model-based ILC, divergence or instability may happen as
the iteration increases due to the model uncertainty at high
frequencies. A Q-filter is thus often introduced to enhance
the robustness of the learning process. Referring to ILC
configuration II, the Q-filter is usually configured in ILC
as follows:

uj+1
f f =Q uj

f f + Lej 8

3.3.1. Convergence. The frequency-domain condition for the
convergence of the ILC algorithm in (8) is given as follows:

Theorem 1. Consider ILC configuration II in Figure 4(b) and
the ILC algorithm in (8). The ILC algorithm is convergent if

Q 1 − PC fb
1 + PC fb

L
∞
< 1 9

Proof. From Figure 4(b), the tracking error in the jth iteration
can be given as follows:

ej = Sr −Guj
f f − PSdj − Svj 10

where S = 1/ 1 + PC fb is the sensitivity function and
G = PC fb/ 1 + PC fb is the closed-loop system function.

From (8) and (10), the tracking error in the j + 1 th iter-
ation can be obtained by

ej+1 = Sr −G Q uj
f f + Lej − PSdj+1 − Svj+1 11

From (10), we have Guj
f f = Sr − ej − PSdj − Svj substitut-

ing which into (11) yields

ej+1 =Q 1 −GL ej + 1 −Q Sr − PS dj+1 −Qdj − S vj+1 −Qvj

12
The above error propagation indicates that the ILC

algorithm in (8) is convergent if

Q 1 −GL ∞ < 1 13

3.3.2. Performance. Suppose that the input and output dis-
turbances of the system in Figure 4(b) are repetitive. If the
ILC algorithm in (8) is convergent, then it follows that
from (12).

e∞ =Q 1 − GL e∞ + 1 −Q Sr − PS 1 −Q d − S 1 −Q v

14
Therefore, the converged tracking error is

e∞ = 1 −Q S
1 −Q 1 −GL

r − v − Pd 15

It can be obviously observed that e∞ = 0 holds for all r, d,
and v, if and only if the ILC algorithm in (8) is converged and
Q = 1. Therefore, perfect tracking necessitates Q = 1 at the
cost of robustness. This indicates that the Q-filter configu-
ration in (8) leads to a tradeoff between robustness and
performance.

3.4. Proposed Q-Filter Configuration. As discussed in Section
3.3, the existing ILC algorithm in (8) cannot converge to
zero-tracking error unless Q = 1, which motivates the follow-
ing ILC algorithm:

uj+1
f f = uj

f f +QLej 16

The Q-filter in the proposed algorithm is configured only
in the filtering of the error signal.
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3.4.1. Convergence. The following theorem presents the con-
vergence condition of the proposed ILC algorithm in (16).

Theorem 2. Consider ILC configuration II in Figure 4(b) and
the ILC algorithm in (16). The ILC algorithm is convergent if

1 − PC fb
1 + PC fb

QL
∞
< 1 17

Proof. From (5), we can easily get the tracking error propaga-
tion from the iteration j to j + 1 as follows:

ej+1 = 1 − PC fb
1 + PC fb

QL ej −
P

1 + PC fb
dj+1 − d

−
1

1 + PC fb
vj+1 − vj ,

18

from which, it straightforwardly leads to the frequency-
domain convergence condition as shown in (17).

3.4.2. Performance. The converged tracking error yielded by
the proposed ILC algorithm in (16) can be given as follows
under the assumption on the repetitiveness of d and v:

e∞ = 1 − PC fb
1 + PC fb

e∞, 19

which leads to

e∞ = 0 20

The zero asymptotic tracking error indicates that the pro-
posed algorithm achieves perfect tracking performance,
meanwhile maintaining the robustness to uncertainties at
high frequencies.

3.5. Practical Considerations. In the real implementation of
the proposed algorithm (16), some practical aspects should
be considered.

3.5.1. Zero-Phase Q-Filter. The Q-filter is used to maintain
the convergence for all frequencies even in the face of model
uncertainties. Although any low pass filter could be used as
the Q-filter, the zero-phase filter is generally preferable in
ILC since it allows no phase sacrifice. In [16, 32], a forth-
and-back filtering principle is provided to apply a regular
low pass filter in a zero-phase manner. In [19], several ways
of representing the zero-phase filter are offered using matri-
ces and transforms.

A comparison about the frequency characteristics of a
second-order regular Q-filter and a second-order zero-
phase Q-filter is illustrated in Figure 6.

3.5.2. Learning coefficient. In practice, more than one iter-
ations may be desired to average out the influence of non-
repetitive disturbances and measurement noise, although
zero convergence rate can be achieved theoretically. There-
fore, the learning filter L is usually multiplied by a coefficient
0 < γ < 1 to reduce the convergence rate, thereby making the

error converge smoothly and averaging out uncertainties
through iterations. Note that a large learning coefficient
induces fast convergence but is associated with large noise
amplification, and vice versa.

3.5.3. Delay Compensator. A time ahead zα is usually incor-
porated into the ILC controller in order to compensate (1)
the relative degree of the system, (2) the time delay resulting
from mechanical dynamics, sensors, actuators, and ampli-
fiers as discussed in Section 2.2, and (3) the phase delay
caused by the nonzero-phase Q-filter. The proper time ahead
is of significant importance to the ILC performance. Insuffi-
cient or too much time ahead would lead to slow convergence
even divergence.

In summary, the proposed ILC algorithm is presented as
follows:

uj+1
f f = uj

f f + zαγQLej 21
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Figure 6: Frequency characteristic comparison of regular Q-filter
and zero-phase Q-filter.

Figure 7: Long-stroke wafer stage motion system.
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Referring to (17), the frequency-domain convergence
condition of the ILC algorithm in (21) can be given as follows:

1 − γzα
PC fb

1 + PC fb
QL

∞
< 1 22

4. Experimental Verification

In this section, the proposed ILC algorithm in (21) is exper-
imentally validated on a wafer stage as shown in Figure 7.

The wafer stage is mounted on an air bearing with
400 kPa air pressure. The position of the linear motor is mea-
sured by a Renishaw linear incremental encoder with the
effective resolution of 0.1μm and maximum velocity of
0.5m/s. The stage is driven by an all-digital power ampli-
fier based on the field-programmable gate array (FPGA)
XC3S400. The bandwidth of the drives is about 2.0 kHz.
The wafer stage system is stabilized by a PID feedback
controller. The bandwidth of the position loop is about
60Hz. The drives and the controllers communicate with
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each other through high-speed fibers. The proposed algo-
rithm is realized by using C language on a
TMS320C6414TGLZ DSP controller. The sampling period
of the control system is Ts = 200 μs. The internal data of
the DSP is transmitted to the computer through the net-
work cable and then displayed on the screen.

Although it is a common industrial practice to use a
second-order reference trajectory based on a rigid body con-
sideration of a system, high-order motion profiles are more
preferred in ultraprecision motion systems since by which
less resonant dynamics are excited. In this paper, a third-
order polynomial motion trajectory with constraints on the
1st to the 3rd derivatives is used, as shown in Figure 8. It is
generated by a trajectory planning algorithm that takes sys-
tem dynamics into account.

4.1. Effectiveness of the Proposed Algorithm. In the experi-
ments, the learning coefficient γ is set as 0.95, and the follow-
ing zero-phase Q-filter is used as an alternative to the regular
low pass filter.

Q = b0 + b1z
−1

1 + a1z−1
⋅
b0 + b1z
1 + a1z

23

where a1 = 2 +wcTs / −2 +wcTs , b0 = b1 = wcTs / −2 +
wcTs , and wc = 2π × 100 is frequency in rad/s.

In order to determine the best time ahead α, experiments
withα in the range of 14 to 39 are performed. After conver-
gence, the stable error signals are shown in Figure 9, from
which it can be observed that when the time ahead is set as
α = 29, the best servo performance is achieved. The conver-
gence process is shown in Figure 10. Figure 11 shows the fre-
quency responses of the error propagation functions under
α = 14, α = 29, and α = 39. The following indications can be
obtained from Figures 10 and 11.

(1) The proposed algorithm is convergent, although
the nonrepetitive disturbances and measurement
noise could lead to slight fluctuation in the converged
error signal.

(2) The learning is most efficient under α = 29 since the
corresponding error propagation function has the
lowest magnitude at each frequency.

(3) Insufficient α = 14 or too much α = 39 time
ahead would lead to slow convergence even diver-
gence. It can be forecasted that high-frequency
errors at about 70Hz to 100Hz will be amplified
for the learning process with α = 14 and diver-
gence would happen as the iteration increases
since 1 − γzα PC fb/ 1 + PC fb QL ∞ > 1.

4.2. Superiority of the Proposed Algorithm. To further ver-
ify the high performance of the proposed method, experi-
mental comparison with the existing ILC algorithm in (8)
is performed. The Q-filter in (8) is set as the same as the
one in (23). The time ahead is set as 29. The tracking
error in each iteration is shown in Figure 12, from which
the following observations can be obtained:

(1) The conventional ILC algorithm improves robust-
ness against uncertainties, but at the cost of perfor-
mance. The tracking error converges to 4μm during
the constant-velocity phase and 20μm during the
acceleration phase.

−50

1.5

0

e (
�휇

m
)

101.0

50

Times (s)

8

Iteration

60.5 420

(a) Tracking error

Iteration

0

500

1000

1500

2000

||
e|
| 2 (�휇

m
)

20

50

80

1 2 3 4 5 6 7 8 9 10

3 4 5 6 7 8 9 10

(b) Norm of the tracking error

Figure 10: Convergence of the proposed algorithm under α = 29.

100 101 102 103

Frequency (Hz)

−40

−32

−24

−16

−8

0

M
ag

ni
tu

de
 (d

B)

�훼 = 14
�훼 = 29
�훼 = 39

Figure 11: Frequency characteristics of error propagation functions
under different times ahead.

9Complexity



(2) The proposed algorithm in (21) achieves high robust-
ness and high performance simultaneously. The con-
verged tracking errors during the constant-velocity
phase and the acceleration phase are 0.25μm and
2μm, respectively.

5. Conclusion

In order to deal with the trade-off between servo perfor-
mance and robustness against model uncertainties in the
existing model-based ILC, a novel Q-filter configuration is
proposed in this paper. Three commonly used ILC configura-
tions in the two DOF control structure are compared from
the perspective of theory and practice. Theoretical analysis
reveals the compromise of the existing ILC algorithms on
the servo performance. Different from conventional Q-filter
configurations, the Q-filter in this proposed ILC algorithm
is only configured in the error signal. It avoids the weakening
of the control signal and ensures the filtering of the high fre-
quencies in the error signal. Some additional practical con-
siderations are provided when implementing the proposed
ILC algorithm. Experimental results confirm the effectiveness
and superiority of the proposed method.

The observation in the experimental results that the tracking
error in the acceleration phase is always larger than that in
the constant-velocity phase would motivate the development
of a cut-off frequency-varying Q-filter in the further work.
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Synchronization of biological neurons is not only a hot topic, but also a difficult issue in the field of bioelectrical physiology.
Numerous reported synchronization algorithms are designed on the basis of neural model, but they have deficiencies like relatively
complex and poor robustness and are difficult to be realized. Morris-Lecar neuron is considered, and linear active disturbance
rejection control (LADRC) is designed. Only one control input signal is utilized to synchronize membrane potentials of biological
neurons. Meanwhile, in order to verify the robustness of synchronization, sinusoidal signal and parameter perturbations are
introduced in numerical simulations. LADRC can still achieve satisfactory synchronization. Both theoretical and numerical
simulation results show that LADRC is capable of estimating and cancelling disturbances and uncertainties. Neither accurate neural
models nor concrete disturbance signal models are indispensable. Amore practical and effective thought is provided to address the
synchronization between neurons.

1. Introduction

Complex and powerful biological nervous systems are com-
posed of a great number of connected neurons. By organizing
and analysing experimental data of membrane potentials
of biological neurons, it is found that synchronization of
neuronal membrane potentials plays a crucial role in bio-
logical information processing and transmission. The syn-
chronization and synchronized degree between biological
neurons are vital for physiological function [1]. Actualizing
the synchronization of biological neurons has become a
hot and difficult topic in bioelectricity physiology, nonlinear
system theory, control, and many other areas.

For quantitative analysis of discharging characteristics,
Hodgkin-Huxley (HH) model [2] was proposed by Hodgkin
and Huxley in 1950s. It is the first mathematic model
that describes dynamics of biological neuronal membrane
potentials, which has turned into a milestone of bioelectric
physiology. Subsequently, various neuronal models describ-
ing different biological neuronal discharging modes have
been proposed, such as FitzHugh-Nagumo (FHN)model [3],

Ghostburster model [4], Hindmarsh-Rose (HR) model [5],
and Chay model [6].

Based on the above models, in order to assist the
abnormal nervous systems to operate normally, scholars
from nonlinear control area began to study how to exert an
external control signal, i.e., an external electrical stimulation,
to drive different discharging modes between neurons to be
synchronized. A variety of quantitative analyses, control, and
synchronization studies have been carried out. For instance,
according to HH neuron model, accurate feedback [7] has
been applied to realize the discharging synchronization
between two HH neurons; under assumptions that all states
are available, nonlinear control is proposed [8], additionally,
when only membrane potential is available, linear adaptive
control has also been designed to realize the discharging
synchronization of HR neurons [8]; when system states and
model are known, stable feedback control [9] based on Lya-
punov stability theory has been designed and the synchroni-
zation of FitzHugh–Nagumo (FHN) neurons is achieved;
adaptive neural network H∞ approach proposed in [10] is
utilized to synchronize two Ghostburster neurons.
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Table 1: Variables of a Morris-Lecar neuron.

Variables Values
C 5
𝑔𝐿 2
𝑉𝐿 −60
𝑔Ca 4
𝑉Ca 120
𝑔K 8
VK −80
𝜙 1/15
v1 −1.2
v2 18
v3 2
v4 17.4

Morris-Lecar neuron is a kind of simplified biological
neuronmodel, its asymptotic behaviour has been analysed in
[11, 12]. González has explained the pacemaker dynamics in
special parameter space [13]. For the purpose of describing
memory features of Morris-Lecar neuron, fractal dimension
Morris-Lecar neuron model has also been proposed in [14].
In order to achieve the synchronization of Morris-Lecar neu-
rons, linear feedback control [12], adaptive 𝐻∞ control [15],
and other control algorithms have been reported, respect-
ively.

Actually, two points are of great importance in the syn-
chronization of neurons by external stimulations. Firstly, the
synchronization approach should be robust enough to dis-
turbance. Owing to the weakness of electrical signals created
by neurons, the neuronal membrane potentials are sensitive
to disturbance. Model based control, whose performance
largely depends on the controlled system model, cannot
keep the satisfactory performance in presence of disturbance.
Therefore, control algorithmswhich are robust enough to dis-
turbance are able to guarantee the synchronization. Secondly,
low power electrical stimulations play a critical role in the
synchronization [16]. As we know, a high power electrical
stimulation is harmful to biological tissues.Therefore, reduc-
ing the power of a stimulationwill guarantee the safe of tissues
and lengthen the lifetime of neurological implant.

Active disturbance rejection control (ADRC) is the very
kind of control, which has strong ability to reject disturbance.
By rethinking the essence of control andmaking a discussion
on control theory (i.e., a model analysis approach or a direct
control approach?) Han clarified the nature of control [17]
in the late 1980s and proposed ADRC [18]. It does not need
faithful model information. Before disturbance corrupting
system output, ADRC estimates and cancels disturbance to
guarantee the system output to be still desired. Therefore, in
presence of disturbance, less oscillations of a control signal
are needed to regulate system output. In other words, less
power is consumed in regulation. So far, theoretical and
applied researches on ADRC have been becoming a hot topic
andnumerous results have been reported in such area [19–21].

However, for ADRC, many parameters have to be deter-
mined. Performance of a closed-loop system, to a great extent,

depends on the experience of tuning parameters. It does
limit the applications of ADRC. In order to reduce difficulty
of parameter tuning, Gao proposed linear active distur-
bance rejection control (LADRC) and provided bandwidth-
parameterization based tuning method for LADRC [22].

In this paper, the synchronization of Morris-Lecar neu-
ronal membrane potentials is considered and LADRC is uti-
lized to reject disturbance and achieve desired synchroniza-
tion. The rest of the paper is organized as follows: problem
description is presented in Section 2, basic LADRC and the
design of linear active disturbance rejection synchronization
are provided in Section 3, simulation results are given in
Section 4, and, finally, the concluding remarks are given in
Section 5.

2. Problem Description

2.1.Morris-LecarNeuronModel. Morris-Lecar neuronmodel
can be expressed as follows [12]:

𝐶𝑑𝑉𝑑𝑡 = 𝐼ext − 𝑔𝐿 (𝑉 − 𝑉𝐿) − 𝑔Ca𝛽 (𝑉) (𝑉 − 𝑉Ca)
− 𝑔K𝑛 (𝑉 − 𝑉K) ,𝑑𝑛𝑑𝑡 = 𝜏 (𝑉) (𝛼 (𝑉) − 𝑛) ,

(1)

where

𝛼 (𝑉) = 0.5 (1 + tanh((𝑉 − V3)
V4

)) ,
𝛽 (𝑉) = 0.5 (1 + tanh((𝑉 − V1)

V2
)) ,

𝜏 (𝑉) = 𝜙 cosh((𝑉 − V3)
V4

)
(2)

𝑉 is the membrane potential, 𝐼ext is the externally applied
DC current, 𝑡 denotes the time measured in milliseconds,𝑛 is the activation variable for potassium, 𝑉K, 𝑉Ca, 𝑉𝐿 are
equilibrium potentials of potassium, calcium, and leakage
currents, respectively. 𝑔K, 𝑔Ca, 𝑔𝐿 represent corresponding
maximum conductance of corresponding ionic currents and𝐶 stands for membrane capacitance. V1 is the midpoint
potential at which the calcium current is half-activated, V2 is
a constant that corresponds to the steepness of the activation
voltage dependence, V3 is the activationmidpoint potential at
which the potassium current is half-activated, and V4 denotes
the slope factor of the potassium activation. 𝜙 represents a
constant. Here, values of each variable are listed in Table 1.

2.2. Discharge Characteristic of a Morris-Lecar Neuron. Neu-
ron owns different discharge characteristics according to
different values of external electric fields. Discharge charac-
teristics of a Morris-Lecar neuron, when 𝐼ext = 50 and 𝐼ext =200, are shown in Figure 1, respectively.

2.3. Synchronization of Morris-Lecar Neurons. Master and
slave Morris-Lecar neurons are defined as follows:

𝑑𝑉𝑚𝑑𝑡 = [𝐼ext𝑚 − 𝑔𝐿 (𝑉𝑚 − 𝑉𝐿) − 𝑔Ca𝛽 (𝑉𝑚) (𝑉𝑚 − 𝑉Ca)
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Figure 1: Membrane potential of a Morris-Lecar neuron when 𝐼ext are different.

− 𝑔K𝑛𝑚 (𝑉𝑚 − 𝑉K)] 1𝐶 ,
𝑑𝑛𝑚𝑑𝑡 = 𝜏 (𝑉𝑚) (𝛼 (𝑉𝑚) − 𝑛𝑚) ,
𝑑𝑉𝑠𝑑𝑡 = 1𝐶 [𝐼ext𝑠 − 𝑔𝐿 (𝑉𝑠 − 𝑉𝐿) − 𝑔Ca𝛽 (𝑉𝑠) (𝑉𝑠 − 𝑉Ca)
− 𝑔K𝑛𝑠 (𝑉𝑠 − 𝑉K)] + 𝑢,

𝑑𝑛𝑠𝑑𝑡 = 𝜏 (𝑉𝑠) (𝛼 (𝑉𝑠) − 𝑛𝑠) ,
(3)

where footnotes 𝑚 and 𝑠 represent the master neuron and
the slave neuron, respectively. u is the external control input,
i.e., the external electrical stimulation, which drives the slave
neuron to act the same as the master neuron.

In this paper, the synchronization of Morris-Lecar neu-
ronal membrane potentials is to realize lim𝑡→∞(𝑉𝑚 − 𝑉𝑠) = 0
by LADRC.

3. Linear Active Disturbance
Rejection Synchronization

3.1. Brief Introduction to Linear Active Disturbance Rejection
Control. In this paper, second-order linear active disturbance
rejection control is designed to realize the synchronization.
Assuming that a first-order unknown nonlinear controlled
system can be described as

̇𝑦 = 𝑓 (𝑦, ̇𝑦, 𝑤) + 𝑏𝑢, (4)

where 𝑦 is the system output, 𝑤 is external disturbance,𝑓 denotes unknown system dynamics, 𝑏 is the control
coefficient, and 𝑢 is the control input signal. Here, LADRC
is utilized, and the control input can be designed as

𝑢 = 𝑘𝑝 (𝑦𝑟 − 𝑧1) − 𝑧2𝑏0 , (5)

where 𝑘𝑝 is the proportional coefficient, 𝑦𝑟 is the desired
output, 𝑏0 is a tunable parameter, 𝑧1, 𝑧2 are outputs of the
extended state observer (ESO), and ESO is designed as

�̇�1 = 𝑧2 + 𝑙1 (𝑦 − 𝑧1) + 𝑏0𝑢,
�̇�2 = 𝑙2 (𝑦 − 𝑧1) , (6)

where 𝑧1 estimates the system output 𝑦, 𝑧2 estimates the
integrated disturbance including internal uncertainties and
unmodeled dynamics, and external disturbances, 𝑦 is the
system output, 𝑙1, 𝑙2 are gains of ESO, and 𝑢 is the control
input defined in (5).

If we let z = [𝑧1, 𝑧2]𝑇, 𝑒𝑜 = 𝑦 − 𝑧1, then extended state
observer (6) can be rewritten as

ż = A𝑜z + B𝑜𝑢 + L𝑒𝑜, (7)

where

A𝑜 = [0 1
0 0] ,

B𝑜 = [0𝑏0] ,

L = [𝑙1𝑙2] .

(8)

For the first-order unknown nonlinear controlled system,
it can be rewritten as

̇𝑦 = 𝑓 (𝑦, ̇𝑦, 𝑤) + 𝑏𝑢
= 𝑓 (𝑦, ̇𝑦, 𝑤) + (𝑏 − 𝑏0) 𝑢 + 𝑏0𝑢
≜ 𝑓 + 𝑏0𝑢.

(9)

Here, 𝑓 is defined as 𝑓 ≜ 𝑓(𝑦, ̇𝑦, 𝑤) + (𝑏 − 𝑏0)𝑢, which
represents the integrated disturbance.
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Figure 2: Synchronization structure of Morris-Lecar neurons by LADRC.

According to control input (5), when ESO performs well,
i.e., 𝑧1 ≈ 𝑦, 𝑧2 ≈ 𝑓, we have the closed-loop system as

̇𝑦 = 𝑓 + 𝑏0𝑢
= 𝑓 + 𝑘𝑝 (𝑦𝑟 − 𝑧1) − 𝑧2
≈ 𝑘𝑝 (𝑦𝑟 − 𝑧1) .

(10)

Here, a nonlinear controlled system, by LADRC, is
approximately linearized. By setting proper parameters, one
can get the desired performance.

3.2. Closed-Loop Stability of Linear Active Disturbance Rejec-
tion Synchronization. LADRC is taken to realize the synchro-
nization of Morris-Lecar neurons; synchronization structure
of Morris-Lecar neurons is given in Figure 2.

In Figure 2, 𝑉𝑚 is the membrane potential of the master
neuron, and𝑉𝑠 is themembrane potential of the slave neuron,
respectively. Let x1 = [𝑉𝑚, 𝑛𝑚]𝑇, x2 = [𝑉𝑠, 𝑛𝑠]𝑇, system
model of the master and slave neurons can be rewritten as

ẋ1 = Ax1 + F (x1) ,
ẋ2 = Ax2 + F (x2) + B𝑢, (11)

where

A = [
[
−𝑔𝐿𝐶 0
0 0]]

,

B = [10] ,

F (x1) = [𝑓1 (x1)𝑓2 (x1)] ,

F (x2) = [𝑓1 (x2)𝑓2 (x2)] ,

𝑓1 (x1)
= 𝐼ext𝑚 + 𝑔𝐿𝑉𝐿 − 𝑔Ca𝛽 (𝑉𝑚) (𝑉𝑚 − 𝑉Ca) − 𝑔K𝑛𝑚 (𝑉𝑚 − 𝑉K)𝐶 ,
𝑓1 (x2)
= 𝐼ext𝑠 + 𝑔𝐿𝑉𝐿 − 𝑔Ca𝛽 (𝑉𝑠) (𝑉𝑠 − 𝑉Ca) − 𝑔K𝑛𝑠 (𝑉𝑠 − 𝑉K)𝐶 ,
𝑓2 (x1) = 𝜏 (𝑉𝑚) (𝛼 (𝑉𝑚) − 𝑛𝑚) ,
𝑓2 (x2) = 𝜏 (𝑉𝑠) (𝛼 (𝑉𝑠) − 𝑛𝑠) .

(12)

Consider the disturbance, system (11) can be rewritten as

ẋ1 = Ax1 + F (x1) ,
ẋ2 = Ax2 + F (x2) + B𝑑 + B𝑢, (13)

where 𝑑 is bounded disturbance signal.
Let e𝑐 = x2 − x1 = [ 𝑒V𝑒𝑛 ] = [ 𝑉𝑠−𝑉𝑚𝑛𝑠−𝑛𝑚 ] be synchronization

error vector, and synchronization error system of Morris-
Lecar neuronal membrane potentials can be obtained from
(13):

ė𝑐 = Ae𝑐 + F (x2) − F (x1) + B𝑑 + B𝑢; (14)

i.e.,

̇𝑒V = −𝑔𝐿𝐶 𝑒V + 𝑓1 (x2) − 𝑓1 (x1) + 𝑑 + 𝑢,
̇𝑒𝑛 = 𝑓2 (x2) − 𝑓2 (x1) .

(15)

The first synchronization error equation in (15) can be
written as

̇𝑒V = −𝑔𝐿𝐶 𝑒V + 𝑓1 (x2) − 𝑓1 (x1) + 𝑑 + 𝑢
= −𝑔𝐿𝐶 𝑒V + 𝑓1 (x2) − 𝑓1 (x1) + 𝑑 + (1 − 𝑏0) 𝑢 + 𝑏0𝑢
= 𝐺 (𝑒V, x1, x2, 𝑢, 𝑑) + 𝑏0𝑢,

(16)
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where 𝐺(𝑒V, x1, x2, 𝑢, 𝑑) can be regarded as the integrated
disturbance that includes internal uncertainties, un-modeled
dynamics, and external uncertainties.

From Figure 2, we can see that 𝑦 = 𝑉𝑠 −𝑉𝑚. The output 𝑧1
of ESO estimates 𝑦 = 𝑉𝑠 − 𝑉𝑚, i.e., the synchronization error𝑒V, and 𝑧2 estimates integrated disturbance 𝐺(∙).

Let ℎ = �̇�(∙), and then

̇𝑒V = 𝐺 (𝑒V, x1, x2, 𝑢, 𝑑) + 𝑏0𝑢,
�̇� (⋅) = ℎ. (17)

Let 𝜀 = [ 𝜀1𝜀2 ] = [ 𝑒V−𝑧1𝐺−𝑧2 ] be observation error of ESO;
then observation error equation of ESO can be obtained by
subtracting system (6) from system (17); i.e.,

�̇� = A
𝜀
𝜀 + Eℎ, (18)

where

A
𝜀
= [−𝑙1 1−𝑙2 0] ,

E = [01] .
(19)

Lemma 1 (see [23]). If ℎ is globally Lipschitz on x1, x2, then
extended state observer gain L = [𝑙1, 𝑙2]𝑇 can be selected to
make observation errors converge to zero asymptotically; i.e.,
lim𝑡→∞𝜀1 = lim𝑡→∞𝜀2 = 0.
Lemma 2 (see [23]). If observation errors of the extended
state observer are asymptotically convergent to zero, and then
there exist appropriate parameters, for the closed-loop system,
which can force the synchronization error to converge to zero
asymptotically.

According to Lemmas 1 and 2, we have the following
theorem.

Theorem 3. If ℎ is globally Lipschitz on x1, x2, appropriate
parameters of controller and extended state observer, i.e., 𝑘𝑝
and L = [𝑙1, 𝑙2]𝑇, can be chosen so as to make synchronization
error system (15) be asymptotically stable; i.e., asymptotic syn-
chronization of the membrane potentials can be realized.

Proof. Substitute linear active disturbance rejection control
law (5) into system (16); considering 𝑦𝑟 = 0 in synchroniza-
tion, we have

̇𝑒V = 𝐺 (𝑒V, x1, x2, 𝑢, 𝑑) + 𝑏0𝑢
= −𝑘𝑝𝑧1 + 𝜀2
= −𝑘𝑝𝑒V + 𝑘𝑝𝜀1 + 𝜀2;

(20)

i.e.

̇𝑒V = −𝑘𝑝𝑒V + 𝑘𝑝𝜀1 + 𝜀2. (21)

Choosing suitable ESO gain vector L = [𝑙1, 𝑙2]𝑇, one can
make observation errors converge to zero. At the same time,

suitable control parameter 𝑘𝑝 will drive the tracking error (21)
to converge to zero asymptotically; i.e., synchronization error
between 𝑉𝑠 and 𝑉𝑚 is asymptotic to zero.

When 𝑒V = 𝑉𝑠 − 𝑉𝑚 = 0, i.e., 𝑉𝑚 = 𝑉𝑠, we have
̇𝑒𝑛 = 𝑓2 (x2) − 𝑓2 (x1)
= 𝜏 (𝑉𝑠) (𝛼 (𝑉𝑠) − 𝑛𝑠) − 𝜏 (𝑉𝑚) (𝛼 (𝑉𝑚) − 𝑛𝑚)
= 𝜏 (𝑉𝑚) (𝛼 (𝑉𝑚) − 𝑛𝑠 − 𝛼 (𝑉𝑚) + 𝑛𝑚)
= 𝜏 (𝑉𝑚) (𝑛𝑚 − 𝑛𝑠)
= −𝜏 (𝑉𝑚) 𝑒𝑛.

(22)

Since 𝜏(𝑉) = 𝜙 cosh((𝑉 − V3)/V4), then
𝜏 (𝑉) = 𝜙 cosh (⋅) = 𝜙exp (⋅) + exp−1 (⋅)2 ≥ 𝜙 > 0. (23)

Hence, the zero dynamic of synchronization error system
(15) is also asymptotically stable.

Therefore, selecting suitable ESO gain vector L = [𝑙1, 𝑙2]𝑇
and control parameter 𝑘𝑝, one can synchronize the mem-
brane potentials ofMorris-Lecar neurons asymptotically.

4. Simulation Studies

In order to verify LADRC in the synchronization of Morris-
Lecar neurons, initial conditions are chosen the same as
the ones taken in [12], and three groups of simulations are
performed. In the first group, no disturbance is considered,
and synchronization performance has been compared. In the
second group, numerical results have been compared, and the
synchronization of LADRC has been confirmed in presence
of sinusoidal disturbance. In the last group, parameters of
slave neurons are changed to simulate parameter perturba-
tions of a controlled plant. Results also verify LADRC.

Parameters of LADRC are chosen according to the
approach proposed in [22]. Let control bandwidth 𝜔𝑐, band-
width of ESO 𝜔𝑜, and control parameter 𝑘𝑝 satisfy 𝑘𝑝 = 𝜔𝑐,𝜔𝑜 = 10𝜔𝑐.
Group I. Synchronization is achieved in absence of distur-
bance. Control parameters and integral of absolute error
(IAE, which can be calculated as ∫ |𝑒V|𝑑𝑡) are present in
Table 2.

In Table 2, 𝑘1, 𝑘2 are the same values chosen as those given
in [12]. IAE1 is the IAE value generated by controllers taken
in [12], IAE0 is the IAE value produced by LADRC. 𝜔𝑐, 𝑏0 are
parameters of LADRC. Synchronous response and compar-
isons of control inputs are shown in Figure 3. Figure 3(a)
presents the synchronous response of LADRC. Figure 3(b)
exhibits the comparison of synchronization errors between
controllers presented in [12] and LADRC. In Figure 3(b),𝑒V is the synchronization error generated by LADRC, while𝑒V1 represents synchronization error generated by controllers
proposed in [12]. Figure 3(c) is the comparison of 𝑒𝑛, which
is produced by LADRC, and 𝑒𝑛1, which is generated by con-
trollers utilized in [12]. Figure 3(d) is the comparisons among
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Table 2: Control parameters and IAE values (in absence of disturbance).

Control parameters Values IAE indexes Values
𝑘1 20 IAE1 54.8163𝑘2 20
𝜔𝑐 26 IAE0 8.6921𝑏0 −50
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Figure 3: Synchronous performance of Morris-Lecar neurons and the comparison of control inputs (in absence of disturbance).

control input 𝑢 of LADRC and two control inputs 𝑢1 and 𝑢2
designed in [12].

From Table 2 and Figure 3, it can be seen that LADRC,
compared with two controllers used in [12], is able to get
smaller synchronization error and IAE values with less con-
trol energy.

Group II. For the purpose of verifying synchronization in
presence of disturbance, sinusoidal disturbance (𝑑(𝑡) =10 sin 𝑡) is taken. Synchronizations have been compared
between controllers designed in [12] and LADRC. Con-
troller parameters and IAE values are shown in Table
3.
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Table 3: Control parameters and IAE values (in presence of sinusoidal disturbance).

Control parameters Values IAE indexes Values
𝑘1 20 IAE1 275.2547𝑘2 20
𝜔𝑐 26 IAE0 21.0479𝑏0 −50

Table 4: Control parameters and IAE values (in presence of parameter perturbations).

Control parameters Values IAE indexes Values
𝑘1 20 IAE1 259.0081𝑘2 20
𝜔𝑐 26 IAE0 22.7972𝑏0 −50

In Table 3, 𝑘1, 𝑘2, 𝜔𝑐, 𝑏0 are the same values taken as those
given in Table 2. IAE1 and IAE0 are IAE values generated by
controller taken in [12] and LADRC, respectively. Control is
activated at 200ms, and the sinusoidal disturbance signal is
introduced from 400ms. Simulation lasts 600ms. Synchro-
nization response and the comparisons are given in Figure 4.

Figure 4(a) presents trajectories of neurons as time passes;
Figure 4(b) is the phase trajectories between Vm and Vs. It
will be a line when synchronization is achieved. Obviously,
Figure 4(b) shows that synchronization is obtained. Figures
4(c), 4(d), and 4(e) and IAE values given in Table 3 depict
the fact that, with less control energy, smaller synchronization
errors and IAE values can be obtained by LADRC. Simulation
results manifest that ESO can estimate the disturbance signal
effectively and then disturbance will be compensated to
guarantee satisfactory synchronization.

Group III. For the purpose of verifying synchronization,
parameters of slave neurons have also been changed. Accord-
ing to [13], 𝑔Ca, 𝑔K can be chosen from [0, 12] and [0, 24],
respectively. In simulations, 𝑔Ca, 𝑔K of slave neurons have
been changed by 100%; i.e., 𝑔Ca = 8 and 𝑔K = 16, from
400ms to the end of simulation. Controller parameters and
IAE values are listed in Table 4.

In Table 4, 𝑘1, 𝑘2, 𝜔𝑐, 𝑏0 are the same values taken as those
listed in Table 3. Control is also activated from 200ms, and
the changed parameters (see Figure 5(f)) are introduced from
400ms. Simulation lasts 600ms. Synchronization response
and the comparisons are given in Figure 5.

Figure 5 shows that when 𝑔Ca and𝑔K are changed, smaller
synchronization errors can be achieved by LADRC. Both
Figure 5 and IAE values given in Table 4 show the same
fact that, with the help of ESO, LADRC is able to get better
synchronization.

Numerical results show that LADRC is able to achieve
desired synchronization with stronger robustness and less
power. It does satisfy two important issues in the synchro-
nization of neurons with external electrical stimulations.

5. Conclusion

In this paper, LADRC is adopted to discuss the synchroniza-
tion of Morris-Lecar neuronal membrane potentials. Theo-
retically, it has been analysed that LADRC can get asymp-
totic synchronization of neuronal membrane potentials by
selecting appropriate parameters of ESO and controller.
Meanwhile, from numerical results, it has been verified that
LADRC can perform well in the synchronization, no matter
disturbance and (or) uncertainties exist or not.

Precise model is not necessary and less control energy
is needed, both of the facts guarantee that LADRC is able
to achieve better synchronization. Broader prospects in
practical synchronization of membrane potentials in nervous
systems can be expected.
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Figure 4: Synchronous response of Morris-Lecar neurons and the comparisons of control inputs (in presence of sinusoidal disturbance).
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Figure 5: Synchronous response of Morris-Lecar neurons and the comparisons of control inputs (in presence of parameter perturbations).



10 Complexity

National Key Research and Development Program of China
(2016YFD0401205).

References

[1] T. Womelsdorf and P. Fries, “The role of neuronal synchroniza-
tion in selective attention,” Current Opinion in Neurobiology,
vol. 17, no. 2, pp. 154–160, 2007.

[2] A. L. Hodgkin and A. F. Huxley, “A quantitative description of
membrane current and its application to conduction and excita-
tion in nerve.,”The Journal of Physiology, vol. 117, no. 4, pp. 500–
544, 1952.

[3] R. Fitzhugh, “Thresholds and plateaus in the Hodgkin-Huxley
nerve equations,”The Journal of General Physiology, vol. 43, pp.
867–896, 1960.

[4] B. Doiron, C. Laing, A. Longtin, and L. Maler, “Ghostbursting:
A novel neuronal burst mechanism,” Journal of Computational
Neuroscience, vol. 12, no. 1, pp. 5–25, 2002.

[5] J. L. Hindmarsh and R. M. Rose, “A model of neuronal bursting
using three coupled first order differential equations,” Pro-
ceedings of the Royal Society of London B: Biological Sciences, vol.
221, no. 1222, pp. 87–102, 1984.

[6] T. R. Chay, “Chaos in a three-variablemodel of an excitable cell,”
Physica D: Nonlinear Phenomena, vol. 16, no. 2, pp. 233–242,
1985.
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As a new on-orbit detection platform, the space robot could ensure stable and reliable operation of spacecraft in complex space
environments. The tracking accuracy of the space manipulator end-effector is crucial to the detection precision. In this paper, the
Cartesian path planning method of velocity level inverse kinematics based on generalized Jacobian matrix (GJM) is proposed. The
GJM will come across singularity issue in path planning, which leads to the infinite or incalculable joint velocity. To solve this
issue, firstly, the singular value decomposition (SVD) is used for exposition of the singularity avoidance principle of the damped
least squares (DLS) method. After that, the DLS method is improved by introducing an adaptive damping factor which changes
with the singularity. Finally, in order to improve the tracking accuracy of the singularity-robust algorithm, the objective function is
established, and two adaptive parameters are optimized by genetic algorithm (GA). The simulation of a 6-DOF free-floating space
robot is carried out, and the results show that, compared with DLS method, the proposed method could improve the tracking
accuracy of space manipulator end-effector.

1. Introduction

With the development of space technology, the demand
for longer life and higher reliability of future spacecraft
is increasing. On-orbit detection has currently become a
crucial technology which can guarantee the stability and
reliability of spacecraft in complex environment of space
[1]. At present, typical on-orbit detection platforms include
XSS [2] and MiniAERCam [3]. Due to good mobility, space
robot, as a new on-orbit platform, will play an important
role in on-orbit detection [4]. Through the motion of the
space manipulator, the sensors like line structure light sensor
carried by the end-effector can accurately track the specified
detection trajectory and achieve the detailed detection of the
spacecraft surface. Therefore, the Cartesian trajectory track-
ing accuracy of the space robot is very important for on-orbit
detection.

Comparedwith a ground fixed-base robot, themovement
of space manipulator would cause reaction and change the
position and attitude of its carrier. Usually, the kinematic
equation of position level cannot be used to plan the space

robot joint motion.Therefore, when the velocity level inverse
kinematics is applied, the GJM [5] will come across singu-
larity issue. If the solution based on Jacobi matrix inverse
is still adopted, it will lead to the infinite or incalculable
joint velocity, which makes the path planning and control
algorithm invalid. Therefore, the singular avoidance and
robustness of Jacobi matrix is necessary.

The problem of kinematic singularity is widely studied
for base-fixed ground robot. Many researches have been pro-
posed to realize singularity-robust algorithm in the proximity
of singularities. The kinematics singularity of robot arm such
as PUMA type robot was analyzed by Angeles, and it can
be classified into three categories: shoulder singularity, elbow
singularity, and wrist singularity [6]. To handle singular-
ity problems, the DLS method is often utilized [7–10]. A
framework for handing robotic singularities was proposed
by Carmichael et al. The damping is applied asymmetrically
depending on whether the robot is heading towards or
away from singular configurations [11]. Cui et al. proposed
a singularity avoidance algorithm, and singularity avoidance
is achieved by replacing the common reciprocal with the
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improved Gaussian distribution damped reciprocal [12]. Xu
et al. proposed a method to isolate the singularity condition
and decompose the workspace of a class of manipulators
without spherical wrists, either redundant or nonredundant
[13]. Lai et al. proposed an algorithm to form a new path for
the pivot that can avoid the discretization near the singularity
points [14].

The singularity analysis and avoidance of free-floating
space robots are much more complicated. The kinematics
and dynamics of a free-floating space robot are coupled, and
the GJM contains not only the kinematic parameters, but
also the dynamic parameters. Papadopoulos and Dubowsky
first proposed the concept of dynamic singularity in the
literature [15], the free spacewas divided into space robot path
independent work space (PIW) and path dependent work
space (PDW), avoiding dynamic singularity by transposed
GJM. They also proposed an avoiding dynamic singularity
by finding a trouble-free space in PIW [16]. Lampariello et
al. proposed a parameterization method in joint space and
planned the point to point Cartesian trajectory only through
forward kinematics, so it is not affected by the dynamic
singularity [17, 18]. The workspace of 3R robot was analyzed
by Xu et al., and some suggestions were put forward for the
design of space robot to reduce the influence of dynamic
singularity [19]. Jin et al. proposed a reactionless control, and
the dynamic singularity avoidance is achieved by singular
value filtering method [20].

In this paper, the kinematic model of a space robot with
coupling dynamic parameters is first established, and the
dynamic singularity characteristics are illustrated based on
SVD. A damping adaptive singular avoidance method with
varying value of singularity is proposed. An optimization
objective function is established with the target of tracking
accuracy of space manipulator end-effector. The selection
of two parameters for adaptive damping factor is achieved
by GA. Singularity-robust path planning of space robot is
realized by using this method, and the difficult of GJM
singular control is overcome. It achieves better tracking
accuracy compared with the DLS method.

2. Cartesian Path Planning

Free-floating space robot is a typical nonholonomic system.
The position and attitude of end-effector is not only related
to the current joint angle, but also related to the previous
motion of the joint. It cannot obtain the joint angle through
the analytical position level inverse kinematics as the ground
fixed-base robot. Therefore, a numerical method in velocity
level inverse kinematics is usually employed. An 𝑛-DOF
free-floating space manipulator vector model is shown in
Figure 1.

Figure 1 is reproduced from Wu et al. [4]. (2016) (under
the Creative Commons Attribution License/public domain).
The velocity of position and attitude of space manipulator
effector can be expressed as

[k𝑒
𝜔𝑒
] = J𝑔�̇�, (1)
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Figure 1:The 𝑛-DOF free-floating space manipulator vector model.

Start

End

Update position and
attitude of carrier

Yes
No

Desired Cartesian trajectory Calculation of Jg

singularity-robust method
Calculation of Jg+ by

̇(t) = Jg
+ [e(t)

e(t)
]

 =  + ̇Δt

t = t + Δt

The calculation

t = tf?

ve(t) e(t)

of v0(t) 0(t)

pe(t), e(t)

Figure 2: Calculation flow chart of the Cartesian path planning for
free-floating space robot.

where J𝑔 is the GJM of the space robot, which is related to
the attitude of the space robot carrier, the joint angle, and the
mass and inertia of the whole system.

As shown in Figure 2, the position and attitude velocity
of the end-effector are determined by desired Cartesian
position trajectory p𝑒(𝑡) and attitude trajectory 𝜑𝑒(𝑡), which
are expressed as

k𝑒 (𝑡) = ṗ𝑒 (𝑡)
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𝜔𝑒 (𝑡) = →r �̇�𝑒 (𝑡) ,
(2)

where →r is the axis unit vector of rotation from the initial
attitude to the target attitude.

The GJM J𝑔 is calculated according to the initial condi-
tions, and the robust inverse J𝑔+ of the GJM is obtained by
using the corresponding singularity-robust algorithm. Based
on the velocity level inverse kinematics, the joint angular
velocity �̇�(𝑡) is planned:

�̇� (𝑡) = J𝑔
+ [k𝑒 (𝑡)
𝜔𝑒 (𝑡)] (3)

To calculate the GJM at next calculation period, the
position and attitude of carrier need to be updated before the
next period started.

3. Adaptive Singularity-Robust Algorithm

3.1. Damped Least Squares (DLS) Method. DLS method was
first introduced to robot kinematics by Wampler in 1986
[8]. The idea of DLS is to make a compromise between the
tracking accuracy and the joint velocity and minimize the
function B which is expressed in

B = J�̇� − ẋ + 𝜆2 �̇� , (4)

where ẋ is the terminal velocity vector [k𝑒(𝑡) 𝜔𝑒(𝑡)]𝑇. 𝜆2 is
the damping factor, which can be explained as the relative
weight factor of ‖J�̇� − ẋ‖ and ‖�̇�‖. By solving the normal
equation,

[ J
𝜆I] �̇� = [

ẋ
0] (5)

Then we can get the unique solution to make (12)
minimized:

�̇� = J𝑇 (JJ𝑇 + 𝜆2I)−1 ẋ (6)

or

�̇� = J+𝑔 ẋ (7)

3.2. GA Based Singularity-Robust Algorithm. The principle
of DLS method is further clarified through the SVD. The
singular value of J𝑔 can be expressed as

J𝑔 = 𝜎1u1k1𝑇 + 𝜎2u2k2𝑇 + ⋅ ⋅ ⋅ + 𝜎𝑟u𝑟k𝑟𝑇, (8)

where 𝜎𝑖 is the singular value of J𝑔, u𝑖 and v𝑖 are the singular
vectors of J𝑔, and

J𝑔
𝑇J𝑔 + 𝜆2I =

𝑟∑
𝑖=1

(𝜎𝑖2 + 𝜆2) u𝑖k𝑖𝑇 (9)

Putting (9) into (6) and (7),

�̇�
(𝜆) = (J𝑔𝑇J𝑔 + 𝜆2I)−1 J𝑔𝑇 [k𝑒 (𝑡)

𝜔𝑒 (𝑡)]

= 𝑟∑
𝑖=1

𝜎𝑖𝜎𝑖2 + 𝜆2 k𝑖u𝑖
𝑇 [k𝑒 (𝑡)
𝜔𝑒 (𝑡)]

(10)

The velocity vector of the manipulator end-effector
[k𝑒(𝑡) 𝜔𝑒(𝑡)]𝑇 can be represented as a the output vector u𝑖
linear combination:

[k𝑒 (𝑡)
𝜔𝑒 (𝑡)] =

𝑟∑
𝑖=1

ẋ𝑖u𝑖 (11)

u𝑖 and u𝑗 are orthogonal to each other, and 𝑖 is not equal
to 𝑗; ẋ𝑖 can be expressed as

ẋ𝑖 = u𝑖
𝑇 [k𝑒 (𝑡)
𝜔𝑒 (𝑡)] (12)

Putting (12) into (10),

�̇�
(𝜆) = 𝑟∑
𝑖=1

𝜎𝑖𝜎𝑖2 + 𝜆2 k𝑖ẋ𝑖 (13)

Let �̇�𝑖
(𝜆) = (𝜎𝑖/(𝜎𝑖2 + 𝜆2))v𝑖ẋ𝑖, then (13) can be rewritten

as 𝜃(𝜆) = ∑𝑟𝑖=1 𝜃(𝜆)𝑖 , and obviously 𝜃(𝜆)𝑖 are orthogonal to each
other. So

�̇�
(𝜆)
2 = 𝑟∑
𝑖=1

�̇�𝑖
(𝜆)
2 = 𝑟∑
𝑖=1

( 𝜎𝑖𝜎𝑖2 + 𝜆2)
2

ẋ𝑖
2 (14)

Tracking errors can be expressed as

[
k𝑒
𝜔𝑒
] − J𝑔�̇�(𝜆)


2

= 𝑟∑
𝑖=1

ẋ𝑖
2 ( 𝜆2
𝜎𝑖2 + 𝜆2)

2

+ 𝑚∑
𝑖=𝑟+1

ẋ𝑖
2, (15)

where 𝑟 and 𝑚 are the rank of the GJM when the rank is full
and not full, and the error consists of two parts. ∑𝑚𝑖=𝑟+1 ẋ𝑖2 is
caused by the singular value being zero and the output speed
being zero; that is to say, no matter how fast the joint is, there
is no speed at the end-effector, which leads to tracking errors.
This part of the errors exists objectively, which theoretically
cannot be overcome. However, the error ∑𝑟𝑖=1 ẋ𝑖2(𝜆2/(𝜎𝑖2 +𝜆2))2 can be reduced by adjusting the damping 𝜆.

Considering the velocity continuity of end-effector and
minimizing the tracking error, an adaptive damping factor 𝜆
is introduced:

𝜆𝑖 =
{{{{{
𝜆max (1 + cos (𝜋𝜎𝑖/𝜀))2 𝜎𝑖 < 𝜀
0 𝜎𝑖 ≥ 𝜀,

(16)

where 𝜆max is the maximum damping factor; 𝜀 is a parameter
for evaluating the singularity of GJM.Different from theDLS,
it is not to introduce damping for every 𝜎𝑖 but to introduce
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it at a certain degree. The selection principle of 𝜆max and 𝜀
is to make the joint speed smooth and the tracking error as
small as possible. If the value of 𝜆max is too large, although
the singularity avoidance is effective, a large tracking error
is introduced. On the contrary, if the singularity is not
effectively solved, the motion of manipulator is not good. It is
generally necessary to adjust these two parameters to get the
appropriate value. Usually 𝜆max and 𝜀 are on the same order
of magnitude, and the intelligent optimization algorithm can
be used to select these two parameters. In this paper, GA is
adopted, and an objective function 𝐵 is established as shown
in formula (17).

𝐵 = 𝑤1Δ𝑝 + 𝑤2Δ𝑝𝜙 + 𝑃𝑙, (17)

whereΔ𝑝 andΔ𝑝𝜙 are the position errors, respectively, which
can be expressed by (18). In the process ofmodel, the objective
function of the dimensionless unified approach and the target
weight coefficients are explored.Through the introduction of
weight coefficients 𝑤1 and𝑤2, we can transform the problem
of multiobjective optimization to that of single objective
optimization. According to the different attentiveness, we can
appropriately choose 𝑤1 and 𝑤2 and make a compromise
between position and attitude errors.

Δ𝑝 = √Δ𝑝2𝑥 + Δ𝑝2𝑦 + Δ𝑝2𝑧
Δ𝑝𝜙 = √(Δ𝑝𝑥 ⋅ Δ𝜙𝑥)2 + (Δ𝑝𝑦 ⋅ Δ𝜙𝑦)2 + (Δ𝑝𝑧 ⋅ Δ𝜙𝑧)2

(18)

𝑃𝑙 is the limitation factor of joint velocity range, which is
given by the following expression:

𝑃𝑙 =
{{{{{{{{{

+∞ 𝜃𝑖 > 𝜃+𝑖 limit

+∞ 𝜃𝑖 < 𝜃−𝑖 limit

0 𝜃−𝑖 limit ≤ 𝜃𝑖 ≤ 𝜃+𝑖 limit

(19)

In the calculation, if the max joint velocity exceeds the
limit range (𝜃−𝑖 limit, 𝜃+𝑖 limit), 𝑃𝑙 is equal to positive infinity.
Therefore, the smoothness of motion can be guaranteed
automatically by introducing the limitation factor 𝑃𝑙 in
optimization algorithm.

The calculation steps of GA are as follows.

Step 1 (the generation of the initial population). The initial
population of the parameters (𝜆max, 𝜀), which contains 𝑀
individuals, is randomly generated with the search range.
Therefore, according to the parameterized equation,𝑀 sin-
gularity avoidance trajectories are obtained.

Step 2 (evaluation of individual fitness). The opportunity
of each individual is determined by GA according to the
probability that it is proportional to the fitness. To calculate
the probability correctly, the fitness of all individuals must be
nonnegative. So, the fitness function is the objective function𝐵 in this paper.

Step 3 (selection). Selection operations employ the roulette
selectionmethod.The probability for each individual is equal
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Figure 3: Linkage coordinate frames for a 6-DOF manipulator.

to a proportion of its fitness and individual fitness sum in
the whole population. If there are 𝑀𝑐 individuals of the
population and the fitness of individual 𝑖 is 𝑓𝑖, then the
probability of individual 𝑖 can be expressed as

𝑃𝑖 = 𝑆𝑖
∑𝑀𝑐
𝑘=1
𝑆𝑘 (20)

When the selection is given, a random number of 0 to 1
is generated to determine which individuals will cross at next
step.The individual which has large selection probability will
be selected many times, and its genetic gene will be expanded
in the population. On the contrary, it will be eliminated.

Step 4 (cross). Select two individuals randomly after selection
operation, and a crosspoint of two individuals is generated. By
exchanging part of the gene code at the crosspoint, two new
individuals are formed.

Step 5 (mutation). According to the probability of gene
mutation, the small probability change of binary genetic code
of some individuals in the population is realized.

Step 6 (new population). The new population is generated by
inserting new individuals.

4. Simulation

The simulation object is a typical free-floating 6-DOF space
robot, whose reference coordinate system is shown in Fig-
ure 3.The linkage parameters 𝑎𝑖, 𝑏𝑖 and the moment of inertia
are listed in Table 1. The definition of 𝑎𝑖, 𝑏𝑖 can be referred to
in literature [4].

Figure 3 is reproduced from Wu et al. [4] (2016) (under
the Creative Commons Attribution License/public domain).

In the simulation, a point to point linear trajectory is
planned, the initial and expected position and attitude of
the end-effector are 1.37, −0.08, 0.64, −3.14, 0, and −2.97 and
1.50, 0, −0.2, −3.16, −0.26, and −3.14. The initial value of the
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Table 1: Linkage parameters of the space robot.

Parameters Carrier Linkage 1 Linkage 2 Linkage 3 Linkage 4 Linkage 5 Linkage 6
Mass (kg) 450.0 1.5 9.6 1.5 9.0 1.5 10.5

𝑎𝑖 (mm)
0 0 −492.5 0 292.0 0 −136.0
0 0 54.0 −121.0 −150.0 121.0 0
0 124.0 0 0 0 0 0

𝑏𝑖(mm)
500.0 0 −492.5 124.0 349.0 −124.0 −164.0
0 121.0 −54.0 0 29.0 0 0

751.0 0 0 0 0 0 0
Moment of inertia (kg/m2)
𝐼𝑥𝑥 200.00 3.31 × 10−3 3.10 × 10−2 3.31 × 10−3 0.73 3.31 × 10−3 0.10
𝐼𝑦𝑦 200.00 3.31 × 10−3 1.50 3.31 × 10−3 0.60 3.31 × 10−3 0.10
𝐼𝑧𝑧 200.00 3.31 × 10−3 1.48 3.31 × 10−3 0.63 3.31 × 10−3 0.09
𝐼𝑥𝑦 0 0 0 0 0 0 0
𝐼𝑥𝑧 0 0 0 0 0 0 0
𝐼𝑦𝑧 0 0 0 0 −0.01 0 0
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Figure 9: The joint velocity path planned by singularity-robust algorithm based on SVD.

joint angel is 175∘, −60∘, −60∘, 0∘, 210∘, and 5∘. In accordance
with the practical sampling period, time step length Δ𝑡 is
250ms in the simulation. In order to make the motion more
smooth, the trapezoidal velocity planning is adopted to the
joint motion, as shown in Figure 4.

In the calculation of the path planning, the GJM will
come across singularity issue. The determinant value of the
GJM is close to zero in 7.5 seconds, as shown in Figure 5. If
the calculation through the inverse of GJM is still adopted,
the joint velocity will become very large (Figure 6), which
is unacceptable in practical application, so it is necessary to
employ the singular avoidance method.

In the algorithmmentioned in Section 3.2, the parameters
of the objective function need to be determined. In (17) and
(19), we determine that 𝑤1 = 0.5, 𝑤2 = 0.5, 𝜃+𝑖 limit = 6∘/s,
and 𝜃−𝑖 limit = −6∘/s. Through the GA optimization, the value
of objective function is improved in each generation, which
is shown as in Figure 7. The optimization results are 𝜆max =
0.0571 𝜀 = 0.0677.

The angle and angular velocity of each joint planned
by the adaptive singularity-robust algorithm are shown in
Figures 8 and 9, respectively. It can be seen that the joints’

velocity is obviously restricted in the singularity region of
GJM when the adaptive and optimized damping is intro-
duced in the calculation. The angular velocity of each joint
is smooth and the range of each joint velocity is within
6∘/s.

In order to verify the operability of the calculation
results, the planned motion of the free-floating space robot
is simulated by software ADAMS (Figure 10). The simulation
shows that the position and attitude of the floating carrier are
changed with the motion of manipulator, and the Cartesian
trajectory tracked by the end-effector is a straight line, which
is consistent with the desired trajectory. The tracking errors
of position and attitude in three directions are shown in
Figure 11. The tracking errors change with the singularity
value, and the maximum tracking error is introduced when
the singularity value isminimal.Theobjective function values
of DLS method and our method are 0.0030 and 0.0022,
respectively. Compared with the DLS method, the error is
decreased about 26.7%. The position errors of 𝑥 and 𝑧 direc-
tion are obviously reduced, and the errors of other directions
are basically the same. This shows that in the simulation task
presented in this paper the tracking errors of𝑥 and 𝑧direction
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Figure 10: 3D dynamic simulation to the Cartesian path planning for space robot.

have a great influence on the value of optimization objective
function, which have a good potential to be optimized. In
other directions, the proportion of the errors in the objective
function is small, so the effect of optimization is not obvious.
If it requires a very strict accuracy in a certain direction,
we can achieve the requirements by changing the weight
coefficient in the objection function.

5. Conclusions

A space robot can be employed to detect the spacecraft
surface through accurate tracking the Cartesian trajectory. It
is a typical nonholonomic system, whose Cartesian trajectory
planning can only be obtained through the velocity level kine-
matics. Therefore, in the path planning based on the inverse
GJM, the singularity issue will possibly be encountered. To
solve this issue and improve the Cartesian tracking accuracy,
the following work is conducted:(1) The path planning method of Cartesian trajectory
planning is given based on the velocity level inverse kinemat-
ics model.(2) Based on the SVD method, the singular avoidance
characteristics of GJM are illustrated. The DLS method is
improved by introducing an adaptive damping factor which
changed with the singularity. For the method introducing a
damping, which is adaptively adjusted by 𝜆max and 𝜀, in the

singular region, the tracking accuracy is not influenced by the
singularity-robust algorithm.
(3) In order to improve the tracking accuracy of the

singularity-robust algorithm, the objective function includ-
ing 𝜆max and 𝜀 is established, which is optimized by GA.
(4)Through the simulation of a 6-DOF free-floating space

robot, the optimized parameters are obtained. Compared
with the DLS method, the tracking accuracy of the end-
effector is increased by 26.7%.
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This paper investigates a velocity tracking control approach for air-breathing supersonic vehicles with uncertainties and external
disturbances. Considering angle of attack is difficult to be precisely measured in practice, extended state observer technique is
introduced into the state reconstruction design. In order to avoid possible oscillations in the design of the traditional extended state
observer (TESO), a modified extended state observer (MESO) is developed, where a new smooth function is proposed to replace
nonsmooth function of TESO. On the basis of it, an active disturbance rejection controller (ADRC) is designed for velocity control
systems. Simultaneously, the closed-loop stability is rigorously proved by using Lyapunov theory. Finally, numeric simulations are
conducted to validate the effectiveness of the proposed method.

1. Introduction

Air-breathing supersonic vehicles (ASV) are becoming cru-
cial in recent decades because they may provide a feasible
and cost-efficient access to space for both civilian and
military applications [1]. In comparison to traditional rocket
propulsion weapon systems, ASV represents a series of
advantages of higher payload capacity, lower flight cost, and
rapid global precision strike capability. However, most ASV
adopt the design of airframe integrated with scramjet engine
configuration [2], which leads to strong couplings between
the flight attitude and propulsion. For instance, the compres-
sion of the flow through the scramjet engine inlet depends
on the characteristic of the bow shock wave under the vehicle
fore-body, which is mainly up to the angle of attack (AOA).
In addition, the dynamic model built by using aerodynamic
experiments is usually imprecise due to the unmodelled dy-
namics and external disturbances in practice. Thus, the con-
trol design of such flight control systems is a challenging
issue due to its high nonlinearities, strong couplings, and
significant uncertainties.

In recent decades, plenty of control strategies have also
been explored for air-breathing hypersonic vehicles (AHV),
for example, feedback linearization [3], backstepping [4],

adaptive control [5, 6], and sliding mode control (see [7, 8]
and references therein). Generally speaking, feedback lin-
earization is an effective means to analyse stability of the
nonlinear system, and it was used to design AHV control sys-
tem in [3]. However, the feedback linearization excessively
depends on the accurate information of the dynamic model,
and it cannot deal with the unknown changes of the dynamic
system. Additionally, a backstepping control scheme is pro-
posed by combining the dynamic surface control technique
in [4], but there still exist the fatal shortcomings of “explosion
of term” in the backstepping design, because of the repetitive
computation of differentiation for virtual control laws. From
[5, 6], adaptive control technique has provided a new way
to design the control system. However, adaptive control-
lers always have overly complicated computation and the un-
known parameters of system need to be recognized online,
which cannot be implemented in engineering. Among previ-
ous control approaches, sliding model control (SMC) attracts
extensive attention due to its simplicity and robustness to
parameter uncertainties and external disturbances [7, 8].
Unfortunately, there are also somedisadvantages in SMC, and
the well-known one is chattering phenomenon, which limits
application of SMC in the AHV control system.

Hindawi
Complexity
Volume 2018, Article ID 6217657, 11 pages
https://doi.org/10.1155/2018/6217657

http://orcid.org/0000-0001-9761-3863
https://doi.org/10.1155/2018/6217657


2 Complexity

It is worthwhile to mention that the active disturbance
rejection controller (ADRC) has been well developed as an
effective robust control strategy to achieve satisfactory perfor-
mance for nonlinear systems with uncertainties and external
disturbances [9, 10]. Compared with the methods mentioned
above, ADRC does not depend on the accurate information
of unknown dynamic model. It can retain better static and
dynamic performances and stronger robustness and adapt-
ability, where a nonlinear control strategy is designed by
estimating and compensating the internal and external dis-
turbances in real time. Thus, the ADRC is widely applied in
industrial control, for example,motion control [11, 12],micro-
electromechanical gyroscopes [13, 14], wind energy system
[15, 16], and robot control [17, 18]. In recent research, the
concept of ADRC has also been applied in the field of AHV
[19–21]. Reference [19, 20] presented ADRC control schemes
forAHVattitude tracking control system. Based on thiswork,
a novel ADRC approach was designed for hypersonic vehicle
attitude tracking system by introducing trajectory lineariza-
tion control technique in [21]. In all these attitude system con-
trol designs for AHV, there are two aspects of issues. One is
that AOA is assumed to be precisely measurable. In practice,
AOA is unfortunately difficult to be measured. The other is
that in the framework of ADRC the extended state observer
(ESO) is used to estimate the lumped uncertainties without
any parametric condition [22, 23], and estimation error can
converge to zero in the specified condition. Nevertheless, the
traditional ESO (TESO) is not able to obtain high precision
and enough smooth response because the general nonlinear
function used in TESO is nonderivable at the dividing point.
Consequently, there is a potential unsatisfactory chattering
phenomenon in the estimated dynamics if the width of frac-
tion is fairly small [24].

In terms of these two issues, the objective of this paper is
to further study the ADRC design for nonlinear ASV velocity
systems subject to parameter uncertainties, external distur-
bances, and immeasurable AOA. Firstly, we investigate a
MESO by introducing a new smooth function to obtainmore
precise estimation of lumped unknown dynamics.Then con-
sidering the AOA cannot be measured directly, the MESO-
based reconstruction design of AOA is conducted in the
ADRC velocity systems, and the closed-loop system stability
is also proved based on Lyapunov theory. Finally, extensive
simulations are conducted to verify the performance of the
proposed control method.

The remainder of this paper is organized as follows.
Section 2 describes the longitudinal dynamic model of ASV
and states the problem formulation and some preliminaries.
In Section 3, a MESO is developed by using a new smooth
function and theMESOconvergence is analysed. In Section 4,
the ADRC-based controller is designed in detail and the
closed-loop system stability is also proved. Comparative
simulations are conducted in Section 5 and some conclusions
are involved in Section 6.

2. Problem Formulation

This paper will investigate the velocity control design for
air-breathing supersonic vehicle systems. A typical velocity
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Figure 1: Velocity control process of ASV systems.

control process of nonlinear air-breathing supersonic vehicle
systems can be given in Figure 1. The task of the velocity
controller is to calculate the control𝑚𝑐 (i.e., fuelmass flow) in
terms of the desired velocity command𝑉𝑐 (i.e., control input)
and current velocity 𝑉. The thrust force 𝑇 is produced by the
scramjet engine system, which can be decided by the velocity,
fuel mass flow, and angle of attack 𝛼. The current velocity is
measured by inertial navigation system while angle of attack
is not precisely measurable in practice. Thus it is essential
to reconstruct the angle of attack by using the measurable
attitude, which will be discussed in the next section.

With design simplification and without loss of generality,
we only consider the longitudinal dynamics of ASV here.The
nonlinear dynamics can be described by a set of differential
equations in terms of velocity 𝑉, flight-path angle 𝜃, altitudeℎ, angle of attack 𝛼, pitch rate 𝜔𝑧, and vehicle mass𝑚, respec-
tively. Define the state vector [𝑥1, 𝑥2, 𝑥3, 𝑥4] = [𝑉, 𝜃, 𝛼, 𝜔𝑧],
and the nonlinear dynamics can be written in a state-space
form [25] as follows:

�̇�1 = 𝑓1 + 𝑔1𝑚𝑐 + 𝑑𝑡
�̇�2 = 𝑓2
�̇�3 = 𝑥4 − 𝑓2
�̇�4 = 𝑓4 + 𝑔4𝛿𝑧.

(1)

Here

𝑓1 = (𝑞𝑆𝐶𝑇0 cos𝛼 − 𝐷)
𝑚 − 𝑔 sin 𝜃,

𝑔1 = 𝑞𝑆𝐶𝑚𝑐
𝑇

cos𝛼
𝑚 ,

𝑓2 = (𝑇 sin𝛼 + 𝐿)
𝑚𝑉 + 𝑔cos 𝜃𝑉 ,

𝑓4 = [𝑞𝑆𝑙 (𝐶𝛼𝑀𝛼 + 𝐶𝜔𝑧
𝑀
𝜔𝑧)]𝐽𝑧 ,

𝑔4 = 𝑞𝑆𝑙𝐶𝛿𝑧
𝑀𝐽𝑧 ,

(2)

where 𝑔, 𝐽𝑧 represent the acceleration of gravity and the
moment of inertia, respectively; fuel mass flow 𝑚𝑐 is the
control;𝑑𝑡means the total disturbance of velocity system.The
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lift 𝐿, drag𝐷, thrust force𝑇, and pitchingmoment𝑀𝑧 can be
formulated as

𝐿 = 𝑞𝑆𝐶𝐿
𝐷 = 𝑞𝑆𝐶𝐷
𝑇 = 𝑞𝑆𝐶𝑇

𝑀𝑧 = 𝑞𝑆𝑙 (𝐶𝛼𝑀𝛼 + 𝐶𝜔𝑧
𝑀
𝜔𝑧 + 𝐶𝛿𝑧

𝑀
𝛿𝑧) ,

(3)

where dynamic pressure 𝑞 = 0.5𝜌𝑉2, and 𝑆 and 𝑙 denote
reference area and length, respectively. 𝜌 is density of air; 𝐶𝐿,𝐶𝐷, and 𝐶𝑇 define the lift, drag, and thrust force coefficient,
separately.𝐶𝛼𝑀,𝐶𝜔𝑧𝑀 , and𝐶𝛿𝑧𝑀 represent themoment coefficient
due to the angle of attack, pitch rate, and deflection of the
control surface 𝛿𝑧, respectively. Here, 𝐶𝐿 and 𝐶𝐷 are usually
obtained by wind tunnel test.

Owing to the couplings between the aerodynamic force
and the propulsion system, a precise curve-fitted approxima-
tion of thrust coefficient is expressed as

𝐶𝑇 = 𝐶𝑚𝑐
𝑇 (ℎ,Ma, 𝛼) ⋅ 𝑚𝑐 + 𝐶𝑇0 (ℎ,Ma, 𝛼) , (4)

where the coefficients 𝐶𝑚𝑐
𝑇

and 𝐶𝑇0 depend on the altitude ℎ,
Mach number Ma, and 𝛼.

Meanwhile, the parameter uncertainties and external dis-
turbance are considered in this study, and the parametric
uncertainties are depicted as a perturbation Δ to its nominal
values; that is,

𝐶𝐷 = 𝐶𝐷0 (1 + Δ𝐶𝐷)
𝜌 = 𝜌0 (1 + Δ𝜌) , (5)

where subscript 0 denotes the nominal value. The total dis-
turbance 𝑑𝑡 is unknown and boundedwith the parameter un-
certainties and external disturbances 𝑑 in the velocity system,
which is expressed as

𝑑𝑡 = −𝑆𝑉22𝑚 (𝜌0Δ𝐶𝐷 + 𝐶𝐷0Δ𝜌 + Δ𝜌Δ𝐶𝐷) + 𝑑. (6)

3. Modified ESO Design

In this section, MESO is developed based on a new smooth
function to prevent undesirable chattering phenomenon in
TESO, and the MESO will be employed to address the un-
known lumped dynamics and the unmeasured AOA.The de-
sign of MESO can be processed as follows.

To begin, the concept of the traditional ESO is presented,
and an 𝑛th order nonlinear dynamic system is considered as

𝑧(𝑛) = 𝑓 (𝑧, �̇�, . . . , 𝑧(𝑛−1), 𝑤) + 𝑏𝑢, (7)

where𝑓(⋅) is the function of the system states 𝑧 and unknown
disturbance 𝑤.

By introducing an extended state 𝑧𝑛+1, system (7) can be
rewritten in a state-space form; that is,

�̇�1 = 𝑧2
�̇�2 = 𝑧3

...
�̇�𝑛 = 𝑧𝑛+1 + 𝑏𝑢

�̇�𝑛+1 = �̇�
𝑦 = 𝑧1,

(8)

where the uncertain item �̇� is unknown and bounded. Con-
sequently, we can estimate the uncertain item by using state
observer technique, which is defined as follows:

̇̂𝑧1 = �̂�2 + 𝛽01𝑔1 (𝑒1)
̇̂𝑧2 = �̂�3 + 𝛽02𝑔2 (𝑒1)

...
̇̂𝑧𝑛 = �̂�𝑛+1 + 𝛽0𝑛𝑔𝑛 (𝑒1) + 𝑏𝑢

̇̂𝑧𝑛+1 = 𝛽0𝑛+1𝑔𝑛+1 (𝑒1) ,

(9)

where 𝑒1 = 𝑦 − �̂�1 is observer output error, and �̂�𝑛+1 is esti-
mation value of the unknown disturbance. 𝛽0𝑖 is the 𝑖th
observer gain and 𝑔𝑖(𝑒1) represents a set of suitably con-
structed nonlinear functions satisfying 𝑒1𝑔𝑖(𝑒1) > 0, ∀𝑒1 ̸= 0
and 𝑔𝑖(0) = 0. If the nonlinear functions 𝑔𝑖(⋅) and the related
parameters are chosen properly, the estimated state variables�̂�𝑖 are expected to converge to the respective states of the
system 𝑧𝑖; that is, �̂�𝑖 → 𝑧𝑖, 𝑖 = 1, 2, . . . , 𝑛 + 1.

Obviously, the nonlinear function is crucial for the design
of ESO [26], and it can be expressed as

fal (𝑒1, 𝑎, 𝛿) = {{{
𝑒1𝛿𝑎−1 𝑒1 ≤ 𝛿
𝑒1𝑎 sgn (𝑒1) 𝑒1 > 𝛿, (10)

where 𝛿 > 0 and 0 < 𝑎 < 1.
It is easily seen that fal(𝑒1, 𝑎, 𝛿) is not derivable in the

dividing point ±𝛿. Furthermore, if 𝛿 is too small, the deriva-
tive of function fal(𝑒1, 𝑎, 𝛿) will become nonsmooth, which
will degrade the performance of the system and even seri-
ously trigger divergent phenomenon.

Consequently, it is imperative to find a smooth and deriv-
able function fal2(𝑒1, 𝑎, 𝛿) to replace the traditional fal(𝑒1,𝑎, 𝛿), and the modified function fal2(𝑒1, 𝑎, 𝛿) is depicted as
follows.

When |𝑒1| > 𝛿, fal2(𝑒1, 𝑎, 𝛿) is same as (10) such that

fal2 (𝑒1, 𝑎, 𝛿) = 𝑒1𝑎 sgn (𝑒1) . (11)

When |𝑒1| < 𝛿, we choose
fal2 (𝑒1, 𝑎, 𝛿) = 𝑝𝑒1 + 𝑞𝑒12 + 𝑟 (1 − exp (𝑒1)) (12)
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subject to

fal2 (𝑒1, 𝑎, 𝛿) = 𝛿𝑎 𝑒1 = 𝛿
fal2 (𝑒1, 𝑎, 𝛿) = −𝛿𝑎 𝑒1 = −𝛿
fal2 (𝑒1, 𝑎, 𝛿) = 𝑎𝛿𝑎−1 𝑒1 = 𝛿, −𝛿,

(13)

where (13) can guarantee that (12) is smoothly convergent to
zero; exp(⋅) is the exponential function based on the natural
constant 𝑒.

Substituting (12) into (13), then we can obtain that

𝑝
= 𝛿𝑎−1 (2 − 4 ⋅ exp (𝛿) + 2 ⋅ exp (2𝛿) + 𝑎 + 2𝛿 − 𝑎 ⋅ exp (2𝛿))

2𝛿 + exp (2𝛿) − 4 ⋅ exp (𝛿) + 3
𝑞 = 𝛿𝑎−2 (1 − 𝑎) ⋅ (exp (𝛿) − 1)2

2𝛿 + exp (2𝛿) − 4 ⋅ exp (𝛿) + 3
𝑟 = −2𝛿𝑎 ⋅ exp (𝛿) ⋅ (𝑎 − 1)

2𝛿 + exp (2𝛿) − 4 ⋅ exp (𝛿) + 3 .

(14)

Then, we analyse the convergence of the general second-
order MESO based on the self-stable region method [27] by
introducing the following lemmas.

Lemma 1. In terms of the defined observer estimation errors𝑒1 = 𝑧1 − �̂�1, 𝑒2 = 𝑧2 − �̂�2 and (8)-(9), the MESO errors are
modelled as

̇𝑒1 = 𝑒2 − 𝛽01𝑔1 (𝑒1)
̇𝑒2 = 𝑤 (𝑡) − 𝛽02𝑔2 (𝑒1) , (15)

where 𝛽01, 𝛽02 are the observer gain.
Define the function ℎ𝑐(𝑒1, 𝑒2) = 𝑒2 − 𝛽01𝑔1(𝑒1) +𝑘𝑓𝑐(𝑒1) sgn(𝑒1), where 𝑓𝑐(𝑒1) is a positive definite function,𝑓𝑐(0) = 0, 𝑘 > 1 is a constant. Then, the self-stable region of

system (15) is the region 𝐺 = {(𝑒1, 𝑒2) : |ℎ𝑐(𝑒1, 𝑒2)| ≤ 𝑓𝑐(𝑒1)}.
Proof. Assume (𝑒1, 𝑒2) remains in the region 𝐺 after time 𝑇;
that is, the condition (𝑒1(𝑡), 𝑒2(𝑡)) ∈ 𝐺 is established in terms
of ∀𝑡 > 𝑇. Meanwhile, according to the construction of the
region 𝐺, we can obtain that

− 𝑘𝑓𝑐 (𝑒1) sgn (𝑒1) − 𝑓𝑐 (𝑒1) ≤ 𝑒2 − 𝛽01𝑔1 (𝑒1)
≤ −𝑘𝑓𝑐 (𝑒1) sgn (𝑒1) + 𝑓𝑐 (𝑒1) . (16)

Introduce the function 𝑉1 as follows:
𝑉1 = 1

2𝑒21. (17)

The time derivative of 𝑉1 is conducted as

�̇�1 = 𝑒1 ̇𝑒1 = 𝑒1 (𝑒2 − 𝛽01𝑔1 (𝑒1))
≤ − (𝑘 − 1) 𝑓𝑐 (𝑒1) 𝑒1 .

(18)

As 𝑘 > 1, 𝑓𝑐(𝑒1) > 0, we can obtain

�̇�1 < 0. (19)

Then the conditions 𝑒1(𝑡) → 0 (𝑡 → ∞) and 𝑒2(𝑡) →0 (𝑡 → ∞) hold. Thus, the region 𝐺 is the self-stable region
of system (15). This completes the proof.

Lemma 2. In terms of system (15), if the inequation 𝛽201𝑔1 >4𝛽02|(𝑔2/𝑔1)| holds, the error of the observer will converge to
zero when𝑤(𝑡) = 0, and 𝑔1(𝑒1) is a strictly increasing function;
that is, 𝑒1(𝑡) → 0, 𝑒2(𝑡) → 0 (𝑡 → ∞), where 𝑔 = 𝑑𝑔/𝑑𝑒1.
Proof. (1) For (𝑒1(𝑡), 𝑒2(𝑡)), which is in the self-stable region𝐺 = {(𝑒1, 𝑒2) : |ℎ𝑐(𝑒1, 𝑒2)| ≤ 𝑓𝑐(𝑒1)}, the error of the observer
will converge to zero; that is, 𝑒1(𝑡) → 0, 𝑒2(𝑡) → 0 (𝑡 → ∞)
based on Lemma 1.(2) For (𝑒1(𝑡), 𝑒2(𝑡)), which is out of the self-stable region𝐺, for example, (𝑒1, 𝑒2) is satisfied with |ℎ𝑐(𝑒1, 𝑒2)| > 𝑓𝑐(𝑒1).

Introduce the function 𝑉2 as follows:

𝑉2 = 1
2 (ℎ2𝑐 (𝑒1, 𝑒2) − 𝑓2𝑐 (𝑒1)) . (20)

The time derivative of 𝑉2 is conducted as

�̇�2 = ℎ𝑐 (𝑒1, 𝑒2) ℎ̇𝑐 − 𝑓𝑐 (𝑒1) ̇𝑓𝑐 (𝑒1)
= ℎ𝑐 ( ̇𝑒2 + 𝜕ℎ𝑐𝜕𝑒1 ̇𝑒1) − 𝑓𝑐 d𝑓𝑐d𝑒1 ̇𝑒1
= ℎ𝑐 [−𝛽02𝑔2 + 𝜕ℎ𝑐𝜕𝑒1 (ℎ𝑐 − 𝑘𝑓𝑐 sgn (𝑒1))]

− 𝑓𝑐 d𝑓𝑐d𝑒1 (ℎ𝑐 − 𝑘𝑓𝑐 sgn (𝑒1))

= ℎ𝑐 [𝜕ℎ𝑐𝜕𝑒1 ℎ𝑐 − (𝛽02
𝑔2𝑓𝑐 + 𝑘𝜕ℎ𝑐𝜕𝑒1)𝑓𝑐 sgn (𝑒1)]

− 𝑓𝑐 d𝑓𝑐d𝑒1 ℎ𝑐 + 𝑘𝑓𝑐 d𝑓𝑐d𝑒1 𝑓𝑐 sgn (𝑒1) .

(21)

Select the function 𝑓𝑐(𝑒1) as

𝑓𝑐 (𝑒1) = 𝛽02 𝑔2 (𝑒1)𝑘𝛽01𝑔1 (𝑒1) . (22)

Hence

𝛽02
𝑔2𝑓𝑐 + 𝑘𝜕ℎ𝑐𝜕𝑒1 = 𝑘𝛽01𝑔1

+ 𝑘(−𝛽01𝑔1 + 𝑘d (𝑓𝑐 sgn (𝑒1))
d𝑒1 )

= 𝑘2 d (𝑓𝑐 sgn (𝑒1))
d𝑒1 .

(23)



Complexity 5

Substituting (23) into (21) yields

�̇�2 = ℎ𝑐 (𝜕ℎ𝑐𝜕𝑒1 ℎ𝑐 − 𝑘2 d (𝑓𝑐 sgn (𝑒1))
d𝑒1 𝑓𝑐 sgn (𝑒1))

− 𝑓𝑐 d𝑓𝑐d𝑒1 ℎ𝑐 + 𝑘𝑓𝑐 d𝑓𝑐d𝑒1 𝑓𝑐 sgn (𝑒1)

≤ 𝜕ℎ𝑐𝜕𝑒1 ℎ
2

𝑐 + (𝑘2𝑓𝑐ℎ𝑐 + 𝑓𝑐ℎ𝑐 + 𝑘𝑓2𝑐 )

d𝑓𝑐
d𝑒1

 .

(24)

Since

𝛽201 > 4𝛽02𝑔1
(
𝑔2𝑔1)
 >

(𝑘 + 1)2 𝛽02𝑘𝑔1
[
𝑔2𝑔1 ]


= (𝑘 + 1)2 𝛽01𝑔1

d𝑓𝑐
d𝑒1


(25)

then

𝜕ℎ𝑐𝜕𝑒1 = −𝛽01𝑔1 + 𝑘d (𝑓𝑐 sgn (𝑒1))
d𝑒1

< − (𝑘 + 1)2 
d𝑓𝑐
d𝑒1

 + 𝑘 
d𝑓𝑐
d𝑒1

 < 0.
(26)

We can obtain that

𝜕ℎ𝑐𝜕𝑒1

 =
−𝛽01𝑔



1 + 𝑘d (𝑓𝑐 sgn (𝑒1))
d𝑒1


> 𝛽01𝑔1 − 𝑘 

d𝑓𝑐
d𝑒1

 .
(27)

Based on (25), we have

𝛽01𝑔1 > (𝑘 + 1)2 
d𝑓𝑐
d𝑒1

 . (28)

Substituting (28) into (27) yields

𝜕ℎ𝑐𝜕𝑒1

 > 𝛽01𝑔1 − 𝑘 
d𝑓𝑐
d𝑒1

 > (𝑘 + 1)2 
d𝑓𝑐
d𝑒1

 − 𝑘 
d𝑓𝑐
d𝑒1


= (𝑘2 + 𝑘 + 1) 

d𝑓𝑐
d𝑒1

 .
(29)

Furthermore,

𝜕ℎ𝑐𝜕𝑒1

 ℎ
2

𝑐 > (𝑘2ℎ2𝑐 + 𝑘ℎ2𝑐 + ℎ2𝑐)

d𝑓𝑐
d𝑒1


> (𝑘2𝑓𝑐ℎ𝑐 + 𝑓𝑐ℎ𝑐 + 𝑘𝑓2𝑐 )


d𝑓𝑐
d𝑒1

 .
(30)

According to (24) and (30), we can obtain that

�̇�2 < 0. (31)

Thus, the error of the observer will converge to zero, that
is, 𝑒1(𝑡) → 0, 𝑒2(𝑡) → 0 (𝑡 → ∞). This completes the proof.

z z 
MESOAttitude

System

Figure 2: The structure of AOA reconstruction.

In terms of (11)-(12), the functions 𝑔𝑖(𝑒1) are
𝑔1 (𝑒1) = 𝑒1
𝑔2 (𝑒1) = 𝑝𝑒1 + 𝑞𝑒12 + 𝑟 (1 − exp (𝑒1)) .

(32)

According to Lemma 2, the self-stable condition of (15) is

𝑓𝑐 (𝑒1) = 𝛽02 𝑝𝑒1 + 𝑞𝑒12 + 𝑟 (1 − exp (𝑒1))𝑘𝛽01 ,
𝛽201 > 4𝛽02 𝑝 + 2𝑞𝑒1 − 𝑟 ⋅ exp (𝑒1) .

(33)

Therefore, the MESO can be employed to estimate the
total disturbances and reconstruct the unmeasured AOA.

4. Control System Design

In this section, a robust control method is proposed based
on the ADRC technique to handle parameter uncertainties
and external disturbances. It is assumed that the attitude had
been adjusted to the command value when velocity control
design is proceeding; that is, the velocity is mainly related
to fuel mass flow 𝑚𝑐 since the thrust force 𝑇 is affected by𝛼. Additionally, AOA reconstruction method is developed by
using the available input/output information of attitude sys-
tem via MESO.

4.1. AOA Reconstruction. Practically, the deflection of the
control surface 𝛿𝑧 and the pitch rate 𝜔𝑧 are measurable, but
the AOA 𝛼 is difficult to be precisely measured. To address
this problem, themodified extended state observer technique
is introduced into the design of the reconstruction for AOA.
From the AOA reconstruction depicted in Figure 2, it can
be seen that this strategy only needs the information of the
measured 𝛿𝑧 and 𝜔𝑧.

The AOA reconstruction based on the MESO is formu-
lated as

𝑒 = 𝑧1 − 𝜔𝑧
�̇�1 = 𝑓4 + 𝑔4𝛿𝑧 − 𝛽01𝑒
�̇�2 = 𝑧3 − 𝛽02fal2 (𝑒, 𝑎, 𝛿) + 𝑧1
�̇�3 = −𝛽03fal2 (𝑒, 𝑎, 𝛿) ,

(34)
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where 𝛽0𝑖 (𝑖 = 1, 2, 3) is the observer gain. If 𝛽0𝑖 is chosen
appropriately, the state variables of MESO will converge as
follows:

𝑧1 → 𝜔𝑧,
𝑧2 → 𝛼,
𝑧3 → −𝑓2.

(35)

Obviously, 𝛼 is reconstructed by 𝑧2 without 𝑓2; that is,�̃� = 𝑧2.Thus, the reconstruction 𝑧2 can be used in the velocity
system instead of the measured AOA.

4.2. Velocity Controller Design. In this subsection, the ADRC
is designed for the velocity control of nonlinear ASV system
in the presence of uncertainties and disturbances. From the
structure of the ADRC for ASV velocity control shown in
Figure 3, it can be seen that theADRC systemmainly includes
three parts. In part 1, MESO is designed to estimate the
total disturbances. Then, a nonlinear state error feedback
(NLSEF) law is conducted to obtain the initial control law𝑢0 according to the error between state values and command
values in part 2, and the velocity control law 𝑢 is implemented
by augmenting the NLSEF law 𝑢0 with the disturbance
compensation 𝑧V2 which is completed by MESO in part 3.

In this way, the velocity can be controlled in set value, and
the ADRC design procedure of velocity control is presented
in detail as follows.

4.2.1. Total Disturbance Estimation. The key of this design is
to interpret the total disturbance including the uncertainties
anddisturbances as an additional state to be estimated.Differ-
ent from the traditional ADRC, the MESO with the modified
smooth function fal2(𝑒1, 𝑎, 𝛿) is adopted to estimate the total
disturbances 𝑑𝑡. For this purpose, we add an extended state𝑥5 as the total disturbance 𝑑𝑡 which is calculated by (6), and
then the velocity system is rewritten as

�̇�1 = 𝑓1 + 𝑢V + 𝑥5
�̇�5 = ℎ (𝑡) , (36)

where 𝑢V = 𝑔1𝑚𝑐 and the function ℎ(𝑡) is the derivative of 𝑑𝑡,
which is unknown and bounded.Then a second-orderMESO
is proposed as

𝑒1 = 𝑧V1 − 𝑥1
�̇�V1 = 𝑧V2 − 𝛽01𝑒1 + 𝑓1 + 𝑢V
�̇�V2 = −𝛽02fal2 (𝑒1, 𝑎, 𝛿) ,

(37)

where the observer gains are 𝛽01 > 0, 𝛽02 > 0, and corre-
sponding to (24) the stability condition of MESO is satisfied.
That is, 𝑧V1 → 𝑥1, 𝑧V2 → 𝑑𝑡 can be guaranteed in finite time.
In this case, 𝑧V2 is the estimated value of the total disturbances;
that is, the estimated errors can converge to zero in finite time.
This indicates that an improved tracking performance can be
achieved by using the estimated state 𝑧V2 in the controller
design to compensate for the total disturbances 𝑑𝑡.

4.2.2. Nonlinear State Error Feedback Law. A nonlinear feed-
back control law is the nonlinear combination of the errors
between the command and the real state. Here, by introduc-
ing fal2(𝑒1, 𝑎, 𝛿), the feedback control law is selected as

𝑒2 = 𝑥∗1 − 𝑥1
𝑢V0 = 𝑏fal2 (𝑒2, 𝑎, 𝛿) , (38)

where 𝑥∗1 = 𝑉𝑐 is the velocity command and 𝑏 is the ADRC
parameter.

4.2.3. Disturbance Dynamic Compensation. In order to
reduce the influence of the disturbances, the disturbance
dynamics need to be substituted into the control law based
on the estimated state 𝑧V2 which is obtained by the MESO.
According to the structure of ADRC, the final control law of
system (36) can be expressed as

𝑢V = 𝑢V0 − 𝑓1 − 𝑧V2. (39)

Then the control

𝑚𝑐 = (𝑢V0 − 𝑧V2 − 𝑓1)𝑔1 . (40)

4.3. Stability Analysis. This subsection will study the stability
and the convergence of the closed-loop system. Define the
estimation errors of total disturbance

𝑒3 = 𝑧V2 − 𝑑𝑡. (41)

Substituting (39) into (36), then the velocity control
system is rewritten as

�̇�1 = 𝑓1 + 𝑢V + 𝑑𝑡 = 𝑓1 + (𝑢V0 − 𝑓1 − 𝑧V2) + 𝑑𝑡
= 𝑢V0 − 𝑒3. (42)

Choose the following Lyapunov function:

𝑉3 = 1
2 (𝑥∗1 − 𝑥1)2 . (43)

Then calculate the time derivate of 𝑉3; that is,
�̇�3 = (�̇�∗1 − �̇�1) (𝑥∗1 − 𝑥1) = (�̇�∗1 + 𝑒3 − 𝑢V0) (𝑥∗1 − 𝑥1)

= −𝑢V0 (𝑥∗1 − 𝑥1) + (�̇�∗1 + 𝑒3) (𝑥∗1 − 𝑥1)
= 𝑏fal2 ((𝑥∗1 − 𝑥1) , 𝑎, 𝛿) + (�̇�∗1 + 𝑒3) (𝑥∗1 − 𝑥1)
= −𝑏 𝑥∗1 − 𝑥1𝑎+1 + (�̇�∗1 + 𝑒3) (𝑥∗1 − 𝑥1) .

(44)

If |𝑏||𝑥∗1 − 𝑥1|𝑎 ≥ |𝑒3 + �̇�∗1 |, then �̇�3 ≤ 0 is satisfied; that is,
the control system is stable.

5. Simulation Results and Discussions

In this section, a numerical simulation is conducted to
illustrate the effectiveness of the control method and the state
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Figure 3: The structure of the ADRC.
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Figure 4: Velocity tracking and tracking error.

Table 1: Parameter uncertainties of different cases.

Case Δ𝐶𝐷 Δ𝐶𝐿 Δ𝜌 𝑑 (m/s2)
1 0 0 0 0
2 −20% +5% +3% +2.5 sin (0.1𝜋𝑡)
3 +20% −5% −3% −2.5 sin(0.1𝜋𝑡)

reconstruction strategy. In order to show the performance
improvement of the MESO, the total disturbances of the sys-
tem are estimated by comparing with TESO method. Three
conditions with uncertainties and external disturbance are
listed in Table 1.

Here, the initial values of velocity𝑉, 𝜃, ℎ, and𝑚 are set to
be 𝑉(0) = 800m/s, 𝜃(0) = 0 deg, ℎ(0) = 15 km, and 𝑚(0) =500 kg.The controller parameters are given in Table 2, and the
simulation results are presented in Figures 4–13.

As shown in Figure 4, the system state 𝑉 can accu-
rately and quickly track the given command. Moreover, the

Table 2: Control parameters.

ADRC
parameter 𝛽01 𝛽02 𝛽03 𝑎 𝛿 𝑏
Value 100 300 1000 0.5 0.01 4

tracking error remains remarkably small and converges to
zero asymptotically in all cases; that is, a fairly satisfactory
tracking error response is achievedwith no steady-state error,
which indicates the effectiveness of the suggested control
method. Figures 5 and 6 show that the AOA reconstruction
error rapidly converges to zero with a maximal error about
0.1∘, which indicates that the developed state reconstruction
method is efficient by using the MESO. From the altitude
and flight-path angle histories presented in Figures 7 and 8,
it is apparent that there are no significant differences among
the listed cases. Notably the control 𝑚𝑐 is fairly smooth
without chattering phenomenon (see Figure 9). From Figures
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10–13, it is shown that the suggested MESO can estimate the
total disturbances.Meanwhile, a fairly satisfactory estimation
error response is achieved, while both the transient and
steady-state performance are retained with theMESO. Also it
is found that TESO leads to significant estimation steady-state
error, and the convergence rate is slower than that of MESO.
Furthermore, the influence of uncertainties and disturbances
in the flight control system is inhibited by compensating the
estimated value into the control system, which is owing to
the precise and rapid estimation of the total disturbances
via MESO. Consequently, the simulation results demonstrate
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that the proposed control scheme achievesgoodvelocity track-
ing performance and enhanced robustness against parameter
uncertainties and external disturbances.

6. Conclusions

In this paper, a novel robust controller is addressed for the
velocity system of a generic ASV. A MESO is proposed by
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Figure 10: Estimations of the total disturbances.

developing a new smooth function to replace the tradi-
tional nonderivable function. Then an ADRC technique is
introduced to track the desired velocity by using the MESO
to estimate and compensate the total disturbance so as to
improve the robustness performance against the parameters
uncertainties and external disturbances. Additionally, a state
reconstructionmethod by utilizing the available input/output
information is presented based on the MESO to reconstruct
the unmeasured AOA. Simulation results demonstrate the
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Figure 11: Estimation error of the total disturbances.
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Figure 12: Estimations of the total disturbances.

effectiveness of the suggested control approach. The exten-
sion of presented control method to a flexible ASV and the
influence of structural flexibility on control system will be
potential areas of further research.

Data Availability
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A novel fuzzy control scheme with adaptation algorithms is developed for robot manipulators’ system. At the beginning, one
adjustable parameter is introduced in the fuzzy logic system, the robot manipulators system with uncertain nonlinear terms as the
master device and a reference model dynamic system as the slave robot system. To overcome the limitations such as online learning
computation burden and logic structure in conventional fuzzy logic systems, a parameter should be used in fuzzy logic system,
which composes fuzzy logic system with updated parameter laws, and can be formed for a new fashioned adaptation algorithms
controller. The error closed-loop dynamical system can be stabilized based on Lyapunov analysis, the number of online learning
computation burdens can be reduced greatly, and the different kinds of fuzzy logic systems with fuzzy rules or without any fuzzy
rules are also suited. Finally, effectiveness of the proposed approach has been shown in simulation example.

1. Introduction

Technologies of learning and adaptation in complex dynam-
ical systems have been become an indispensable part of
modern high-tech and attracted the attention in different
range of engineering fields. More recently, much effort has
been made to handle applications in medical researches [1],
virtual reality [2], teleoperation and entertainment [3], and so
on. In robotic systems, many technologies about dynamical
complex systems can be described as learning human-like
skills, such as making the states following a given reference
model in [4]; the robot slave arm is employed to drive the
adaptation algorithms according to human tutors behavior
[5]. Usually, the motion of a master device is controlled by
human operator controls, and the master device generates
commanding trajectories that are passed to slave systems in
order to execute the task by the communication channels [6].
Many kinds of learning and adaptation algorithms control
strategies for teleoperated robot systems have been reported
in order to improve the controllability and reliability in
[7, 8]. Based on wave variables and corrections, a novel
control scheme is established to deal with the stability

of the closed-loop systems in [9]. From the viewpoint of
mathematics, ordinary differential equations (ODE) can be
represented between the master and slave of robot systems,
so the synchronization between them is closely similar to
observer problem [10, 11], which means that some math-
ematical methods in control theory may be employed to
solve the problem of synchronization for master-slave robot
systems. A novel shared control system with task motion
and self-motion is to achieve accurate object manipulation
for Baxter robot manipulator by users mind in [12]. In
order to ensure robustness and realization capability of the
controllers, disturbance observer is designed by using linear
matrix inequality (LMI) in [13].

Generally speaking, it is difficult to research on control-
ling system with unknown parameters or uncertainties mod-
els [14, 15], and hence how to control complexity systems such
as robot manipulator systems with uncertain terms becomes
a topic deserving of study. Adaptive learning algorithm of
parameter estimation is utilized to control robot arm systems
with unknown parameters [16]. In [17], an extended state
observer is designed to estimate the unknown friction and
disturbances in systems such that tracking performance is
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achieved. For the problem of unknown model of vehicle
engine torque, unknown input observer and adaptive param-
eters estimation are proposed in [18]. Many other results have
shown that neural network (NN) [19–23] and fuzzy logic sys-
tems (FLSs) are universal approximators [24–26] with online
learning capability to emulate complicated nonlinearity and
uncertain functions. For an uncertain three-link flexible-
joint electrically driven manipulator with complex nonlinear
functions, an adaptation algorithms observer combiningwith
NNs is used to estimate the uncertain information such as
the link and actuator velocity in systems in [27]; a link
position tracking controller with estimated states is proposed.
A novel control is investigated in [28], incorporatedwithNNs
and adaptation algorithms technology; the output feedback
controller with an observer is built to stabilize the closed-
loop systems, and the NN is to satisfy or improve some
performance of robot dynamical systems. In order to extend
the semiglobal stability to global stability by using NNs
controller, a switchingmechanism in [29] is formatted for the
control task of bimanual robots systems. An augmented NN
combining with prescribed performance function is utilized
to compensate for unknown active vehicle suspension sys-
tems in [30], which can ensure that the transient and steady-
state suspension response is guaranteed. Because the extreme
learning machine (ELM) has many advantages compared
to the traditional neural network, such as convenience for
implementation, the fast training speed, and the least manual
intervention, [31] brought a novel ELM control to tackle the
problems of uncertain robot manipulators. In [32], an ampli-
tude limited controller was employed to active compensation
for unknown parameters effects in dynamical systems, and
the controller designed can guarantee semiglobal asymptotic
stability of the task-space errors. Because FLSs have high
interpretability of rich expert experience comprised with
NNs, many researchers incline to deal with uncertainties
terms in systems by using FLSs combining with the adap-
tation algorithms technology. From a mathematical point of
view, the fuzzy adaptation algorithms control ideas in [24,
25, 32] depend on the output of fuzzy logic systems, mainly
represented as a linear basis function, and the combinatorial
coefficients can be adjusted automatically online. On one
hand, many fuzzy rules must be used in order to improve
the accuracy of approximation, so great rules are used for this
intent. But, on the other hand, toomany fuzzy rules will make
much more burdens of online learning computation, and
time delay must be required; these phenomena can destroy
or violate the stability and performance index of the robots
dynamical systems.

As an attempt to solve the above discussed problem, the
bounded norm about the optimal fuzzy parameter vector is
assumed in [33, 34], withwhich the amount of online learning
updated laws is decreased to only one. However, these
design methods induced another trouble that the number
of the input variables increases greatly with the increase of
dimension in systems. Besides, the parameter of bounded
norm is assumed to be known previously in these references.
It should be also noted that the above fuzzy adaptation
algorithms methods can not be used in different forms of
FLSs, such as FLSs without if-then rules, or the outputs of

FLSs can not be written as the linear functions [35, 36]. So it
is noteworthy to exploit another design adaptation algorithm
that can be utilized in the FLSs with linear combinatorial
parameters or a great variety of the outputs forms of FLSs.
In order to achieve this purpose, we consider the approxi-
mation accuracies of FLSs, utilized to be parameter estimated
online instead of online estimation of the linear combination
coefficients or the ideal norm of weighted vectors. The
advantage of this design is that the adaptive online learning
laws only focus on the approximation accuracies. However,
only the index of approximation accuracy is not enough
to synthesize the adaptation algorithms fuzzy controller.
Therefore, other parameters independent of the structure of
FLSs are necessary to be considered. For this objective, a
time-varying parameter is introduced in FLSs, and a design
method is used in the master robot system which guarantees
good tracking effect compared with the conventional fuzzy
adaptation algorithms controller.

This paper puts forward a fuzzy logic system with time-
varying parameter, which is proposed to design adaptation
algorithms controller for the problem of synchronization
between the robot manipulators dynamical system with
unknown nonlinear terms and reference model system; we
design the fuzzy adaptation algorithms controller based on
sliding surface and Lyapunov stabilized theory analysis. In
Section 2, some assumptions and descriptions of dynamical
system are given. FLS based on linguistics is introduced
in Section 3. An adaptation algorithm control is designed
in Section 4. Simulation example is performed to test the
designed controller, and conclusion is given in the end.

2. System Description and Assumptions

The dynamic equation of the robot manipulators can be
represented as follows:

𝑀(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑑 ̇𝑞 + 𝐹𝑠 (𝑞) + 𝑇𝑑 = 𝜏, (1)

where 𝑞(𝑡) is the 𝑛 × 1 vector of joint angular positions.𝑀(𝑞) ∈ 𝑅𝑛×𝑛, 𝐶(𝑞, ̇𝑞) ̇𝑞 ∈ 𝑅𝑛, 𝐺(𝑞) ∈ 𝑅𝑛 are the inertial
matrix, Coriolis and centrifugal matrix, and gravity vector,
respectively. 𝐹𝑑 ̇𝑞 ∈ 𝑅𝑛 is viscous friction, 𝐹𝑠(𝑞) ∈ 𝑅𝑛 denote
a positive definite matrix with bounded constant satisfying‖𝐹𝑠(𝑞)‖ ≤ 𝜏𝑠, and 𝜏𝑠 is a known constant. 𝑇𝑑 ∈ 𝑅𝑛 is
continuous external disturbance, which satisfied ‖𝑇𝑑‖ ≤ 𝜏𝑑.𝜏 ∈ 𝑅𝑛×1 denotes vector of applied joint torques and will be
designed.

Assumption 1. Matrix vector 𝐺(𝑞) = [𝑔1(𝑞), . . . , 𝑔𝑛(𝑞)]𝑇 is
uniformly bounded and uniformly continuous if 𝑔𝑖(𝑞) (𝑖 =1, 2, . . . , 𝑛) is uniformly bounded and continuous and satisfies|𝑔𝑖(𝑞)| ≤ 𝜏𝑖𝑔, and 𝜏𝑖𝑔 is a known positive scalar.

From Assumption 1, we denote 𝜏𝑔 = max{𝜏1𝑔, . . . , 𝜏𝑛𝑔} and
obtain ‖𝐺(𝑞)‖ ≤ 𝜏𝑔.
Assumption 2. Function vector 𝐹𝑑 ̇𝑞 = [Δ 1, . . . , Δ 𝑛]𝑇 is
unknown on the compact set �̃�, and Δ 𝑖 satisfies Lipschitz
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condition. That is to say, there exists Lipschitz coefficient 𝑙𝑖
satisfying |Δ 𝑖(𝑧1) − Δ 𝑖(𝑧2)| ≤ 𝑙𝑖|𝑧1 − 𝑧2|.
Property 3. Matrix 𝑀(𝑞) is a known positive symmetric
matrix, the inverse matrix𝑀−1(𝑞) exists, satisfying𝑀−1min ≤‖𝑀−1(𝑞)‖ ≤ 𝑀−1max, and 𝑀−1min and 𝑀−1max are two known
positive constants.

If we define state vector 𝑥 = [𝑞𝑇, ̇𝑞𝑇]𝑇, dynamic system
(1) can be rewritten as

�̇�
= [ ̇𝑞

−𝑀−1 (𝑞) [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑑 ̇𝑞 + 𝐹𝑠 (𝑞) + 𝑇𝑑]]

+ [𝑂𝐼] +𝑀−1 (𝑞) 𝜏,
(2)

where 𝑂 ∈ 𝑅𝑛×𝑛 is a matrix with all elements 0, and 𝐼 ∈𝑅𝑛×𝑛 denotes identity matrix.The following desired reference
model for the plant can be represented as in [37]:

[ ̇𝑞𝑚̈𝑞𝑚] = [
𝑂 𝐼
𝑃 𝑄][

𝑞𝑚̇𝑞𝑚] + [
𝑂
𝐵1] 𝑟 ≜ 𝐴𝑚𝑥𝑚 + 𝐵𝑚𝑟, (3)

where 𝑃 = diag{𝑝1, . . . , 𝑝𝑛}, 𝑄 = diag{𝑞1, . . . , 𝑞𝑛}, and 𝐵1 =
diag{𝑏1, . . . , 𝑏𝑛} are all constant matrices, 𝑝𝑖, 𝑞𝑖, and 𝑏𝑖 (1 ≤𝑖 ≤ 𝑛) are chosen such that the reference model (3) can be
stable. In this paper, vectors 𝑟, 𝑞𝑚, and ̇𝑞𝑚 are assumed to be
measurable.

Defining 𝜀 = 𝑞 − 𝑞𝑟, 𝑒 = [𝜀𝑇, ̇𝜀𝑇]𝑇, then we get the error
dynamical system as

̇𝑒 = 𝐴𝑚𝑒 + 𝐵ℎ (𝑞, ̇𝑞, 𝜏, 𝑟) , (4)

where ℎ(𝑞, ̇𝑞, 𝜏, 𝑟) = 𝑀−1(𝑞)𝜏 − 𝐵1𝑟 − 𝑃𝑞 − 𝑄 ̇𝑞 −𝑀−1(𝑞)[𝐶(𝑞, ̇𝑞) ̇𝑞 + 𝐺(𝑞) + 𝐹𝑑 ̇𝑞 + 𝐹𝑠(𝑞) + 𝑇𝑑] and 𝐵 = [𝑂, 𝐼]𝑇.
Assumption 4. Thematrix pair (𝐴𝑚, 𝐵) is completely control-
lable; it is means that, for any given matrix 𝑄 > 0, there must
exist a matrix 𝐾 ∈ 𝑅𝑚×𝑛 such that the Lyapunov equation
as follows has only one positive definition symmetry matrix
solution 𝑃:

(𝐴𝑚 + 𝐵𝐾)𝑇 𝑃 + 𝑃 (𝐴𝑚 + 𝐵𝐾) + 𝑄 = 0. (5)

The control gain matrix 𝐾 can be obtained by solving
linearmatrix inequality (LMI)𝑋𝐴𝑇𝑚+𝐴𝑚𝑋+𝑌𝑇𝐵𝑇+𝐵𝑌 ≤ −𝑄
for any positive matrix 𝑄 > 0 and matrices 𝐾 = 𝑌𝑋−1,𝑋 = 𝑃−1, and 𝑌 = 𝐾𝑋.
3. Description of Fuzzy Logic Systems

In this section, the Mamdani type FLS with 𝑞 fuzzy rules and
the 𝑙th rule is to be considered as the following format:

If 𝑥1 is 𝐴𝑙1 and 𝑥2 is 𝐴𝑙2 and ⋅ ⋅ ⋅ and 𝑥𝑛 is 𝐴𝑙𝑛,
then 𝑦𝑙 is 𝐵𝑙, 𝑙 = 1, 2, . . . , 𝑞, (6)

where 𝐴𝑙𝑠 and 𝐵𝑙 represent fuzzy sets of variable linguistics;𝜇𝐴𝑙
𝑠
(𝑠 = 1, 2, . . . , 𝑛) and𝜇𝐵𝑙 denote themembership function,

respectively.
According to the reference in [26], then the output of

fuzzy logic system (6) can be written by the following form:

𝑦 = 𝐹 (𝑦) = ∑𝑞𝑙=1 𝑦𝑙∏𝑛𝑠=1𝐴𝑙𝑠 (𝑥𝑠)∑𝑞
𝑙=1
∏𝑛𝑠=1𝐴𝑙𝑠 (𝑥𝑠) , (7)

where 𝑦𝑙 = max𝑦∈𝑅𝜇𝐵𝑙(𝑦𝑙). Now, a nonzero time-varying
parameter 𝜌 = 𝜌(𝑡) is introduced in (7); then we can get the
following result:

𝑦 = 𝐹 (𝑦) = ∑𝑞𝑙=1 𝑦𝑙∏𝑛𝑠=1𝐴𝑙𝑠 (𝑥𝑠/𝜌)∑𝑞
𝑙=1
∏𝑛𝑠=1𝐴𝑙𝑠 (𝑥𝑠/𝜌) . (8)

Remark 5. The work mechanism of the time-varying 𝜌 is to
make the input signal enter ‖𝑥‖ ≤ 𝛼|𝜌|; the final output of the
FLS is obtained as the form of (8); then the approximation
accuracy can be online updated by parameter 𝜌.
Lemma 6. If the uncertain continuous nonlinear functions𝜉𝑖(𝑧) ∈ 𝑅𝑛 satisfy Lipschitz condition with coefficients 𝜃𝑖 and
FLS 𝐹𝑖 exists, making sup𝑧∈�̃�|𝜃𝑖(𝑧) − 𝐹𝑖(𝑧)| ≤ 𝑁𝑖, where �̃� ={𝑧 | ‖𝑧‖ ≤ |𝜌|𝛼}, then the following inequality holds:

sup
‖𝑧‖≤|𝜌|𝛼

𝜉𝑖 (𝑧) − 𝐹𝑖 (
𝑧𝜌)
 ≤ 𝜃𝑖𝛼 𝜌 − 1 + 𝑁𝑖. (9)

Proof. Since 𝜉𝑖(𝑧) satisfies Lipschitz conditionwith coefficient𝜃𝑖, then |𝜉𝑖(𝑧) − 𝜉𝑖(𝑧/𝜌)| ≤ 𝜃𝑖‖𝑧 − 𝑧/𝜌‖. If 𝑧 ∈ {𝑧 | ‖𝑧‖ ≤ |𝜌|𝛼}
is true, we have the following result:

𝜉𝑖 (𝑧) − 𝐹𝑖 (
𝑧𝜌)
 ≤
𝜉𝑖 (𝑧) − 𝜉𝑖 (

𝑧𝜌)


+ 𝜉𝑖 (
𝑧𝜌) − 𝐹𝑖 (𝑧𝜌)


≤ 𝜃𝑖 ‖𝑧‖𝜌

𝜌 − 1
+ 𝜉𝑖 (

𝑧𝜌) − 𝐹𝑖 (𝑧𝜌)


≤ 𝜃𝑖𝛼 𝜌 − 1 + 𝑁𝑖.

(10)

This is the process of the proof for Lemma 6.

Remark 7. From the analysis of Lemma 6, we know that the
approximate accuracy of (8) can be deduced by employing
(7) and the time-varying parameter 𝜌, which reveals that the
accuracy of approximation can be guaranteed by the time-
varying 𝜌 and the Lipschitz coefficient of unknown functions.

Assumption 8. There exist 𝑛 positive unknown constants 𝑁𝑘
and fuzzy logic systems such as the form of (7) such that
sup𝑧∈�̃�|Δ 𝑖 − 𝐹𝑖(𝑧)| ≤ 𝑁𝑖.
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If Assumption 8 is true, then we introduce the symbols𝐹(𝑧) = [𝐹𝑇1 (𝑧), . . . , 𝐹𝑇𝑛 (𝑧)]𝑇, and we can easily get inequality
sup𝑧∈�̃�‖Δ(𝑧) − 𝐹(𝑧)‖ ≤ √∑𝑛𝑖=1𝑁2𝑖 ≜ 𝑁. From Assumption 2,

we define sup𝑧∈�̃�‖(𝑙1, . . . , 𝑙𝑛)‖ ≤ √∑𝑛𝑖=1 𝑙2𝑖 ≜ 𝐿. For brevity, we
denote �̂� = �̂�(𝑡) and �̂� = �̂�(𝑡) to represent the estimation
values of 𝑁 and 𝐿, respectively, and let �̃� = �̂� − 𝑁 and �̃� =�̂� − 𝐿 represent the estimate errors.

Control Objective. In this paper, a fuzzy adaptive controller is
designed to make the output of robot manipulator system (1)
track reference model (3) in finite time. Meanwhile, all the
signals can be ensured to be bounded in the desired closed-
loop system.

4. Fuzzy Adaptation Algorithms
Control Design

In the light of the control target, the following designed
scheme fuzzy adaptive switching controller is given:

𝑢 = {{{
𝐹 (𝑥) , ‖𝑒‖ > 𝛼 𝜌 ,
𝑢𝑎 + 𝑢𝑏, ‖𝑒‖ ≤ 𝛼 𝜌 , (11)

where 𝑢𝑎 = 𝑀(𝑞)𝐾𝑒 + V, V = −𝐵𝑇𝑃𝑒𝑀−1max[‖𝐺‖ + ‖𝐶‖ + 𝜏𝑠 +𝜏𝑑]/‖𝑒𝑇𝑃𝐵‖𝑀−1min, and 𝑢𝑏 = 𝐹(𝑥/𝜌).

̇𝜌 = {{{{{{{

12𝛼2𝜌 (𝜆 + 𝜋1) , ‖𝑒‖ > 𝛼 𝜌
− 12𝜎1 𝜌 −

2𝛾𝛼 ‖𝑃𝐵‖ 𝜋2, ‖𝑒‖ ≤ 𝛼 𝜌 ,

̇̂𝐿 = {{{{{
0, ‖𝑒‖ > 𝛼 𝜌
− 1𝜎2 �̂� +

2𝛿𝛼 𝜌 ‖𝑃𝐵‖ 𝜋3, ‖𝑒‖ ≤ 𝛼 𝜌 ,
̇̂𝑁

= {{{{{{{

2𝜇 ‖𝑒‖ ⋅ ‖𝐵‖ ⋅ 𝑀−1 (𝑞) , ‖𝑒‖ > 𝛼 𝜌
− 1𝜎3 �̂� +

2𝛼𝛽 𝜌 ‖𝑃𝐵‖ 𝑀−1 (𝑞) , ‖𝑒‖ ≤ 𝛼 𝜌 ,

(12)

where 𝜋1 = 2‖𝐴𝑚‖ ⋅ ‖𝑒‖2 + 2‖𝑒‖ ⋅ ‖𝐵‖[(‖𝑃𝑞‖ + ‖𝑄 ̇𝑞‖ +‖𝐵1𝑟‖) +𝑀−1max(�̂� + ‖𝐶(𝑞, ̇𝑞)‖ ⋅ ‖ ̇𝑞‖ + ‖𝐺(𝑞)‖ + ‖𝐹𝑠(𝑞)‖ + ‖𝑇𝑑‖)],𝜋2 = ‖𝑀−1(𝑞)‖[(𝛼 + (‖𝑥𝑚‖/|𝜌|)|1 − 𝜌|)�̂� + �̂� + ‖𝐵1𝑟‖ +‖𝑃𝑞‖ + ‖𝑄 ̇𝑞‖]s̃ign(𝜌), s̃ign(𝜌) = {1, 𝜌 > 0; −1, 𝜌 ≤ 0},𝜋3 = ‖𝑀−1(𝑞)‖(𝛼 + (‖𝑥𝑚‖/𝜌)|1 − 𝜌|). The parameters 𝛼, 𝜎1,𝜎2, 𝜆, 𝛾, 𝛿, and 𝛽 are the given positive constants.

Theorem9. Consider the robotmanipulators (1) and reference
model (3) with Assumptions 1–8. The controller (11) with the
adaptation algorithms (12) can be synchronized between the
velocity and acceleration system (1) with reference model (3).
At the same time, the parameter 𝜌 and estimate values �̂� and�̂� all can be ensured to be uniformly ultimately bounded.
Proof. The procedure of the proof of Theorem 9 includes the
following two cases.

Case 1 (‖𝑒‖ > 𝛼|𝜌|). With this condition, we make 𝑠 =𝑠(𝑒, 𝜌, 𝜀, �̃�) = ‖𝑒‖2−𝛼2𝜌2+(1/2)𝜂�̃�2+(1/2)𝜇�̃�2. It is clear that𝑠 > 0; we define the positive function 𝑉 = (1/2)𝑠2, by using
controller (12) with the case of Lipschitz coefficient under
Assumption 2, and then the derivative of𝑉 which relates to 𝑡
along the error dynamical system (4) can be obtained as

�̇� = 𝑠 ( ̇𝑒𝑇𝑒 + 𝑒𝑇 ̇𝑒 − 2𝛼2𝜌 ̇𝜌 + 𝜂 ̇̂𝐿�̃� + 𝜇 ̇̂𝑁�̃�) 𝑠 {2𝑒𝑇𝐴𝑇𝑚𝑒
+ 2𝑒𝑇𝐵𝑀−1 (𝑞) (𝜏 − Δ) − 2𝑒𝑇𝐵 (𝑃𝑞 + 𝑄 ̇𝑞 + 𝐵1𝑟)
− 2𝑒𝑇𝐵𝑀−1 (𝑞) [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑠 (𝑞) + 𝑇𝑑]
− 2𝛼2𝜌 ̇𝜌 + 𝜂 ̇̂𝐿�̃� + 𝜇 ̇̂𝑁�̃�} ≤ 𝑠 {2 𝐴𝑚 ⋅ ‖𝑒‖2
+ 2 ‖𝑒‖ ⋅ ‖𝐵‖ (𝑃𝑞 + 𝑄 ̇𝑞 + 𝐵1𝑟) + 2 ‖𝑒‖ ⋅ ‖𝐵‖
⋅ 𝑀−1max [�̂� + 𝐶 (𝑞, ̇𝑞) ⋅  ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑠 (𝑞)
+ 𝑇𝑑] − 2𝛼2𝜌 ̇𝜌 + 𝜇 ̇̂𝑁�̃� − 2 ‖𝑒‖ ⋅ ‖𝐵‖𝑀−1max (𝑞) �̃�
+ 𝜂 ̇̂𝐿�̃�} = −𝜆𝑠.

(13)

According to [38], (13) implies that the extended state vector𝐸 = (𝑒𝑇, 𝜌, �̂�𝑇, �̂�𝑇)𝑇 can reach the sliding surface 𝑠 = 0 in a
limited period of times.

Case 2 (‖𝑒‖ ≤ 𝛼|𝜌|). We choose the candidate Lyapunov
function 𝑉 = 𝑒𝑇𝑃𝑒 + (1/2)𝛾𝜌2 + (1/2)𝛿�̃�2 + (1/2)𝛽�̃�2. If
Assumptions 1–8 are all satisfied, then the derivative of 𝑉(𝑡)
following the error dynamical system (4) is given by

�̇� = 𝑒𝑇 (𝐴𝑇𝑚𝑃 + 𝑃𝐴𝑚) 𝑒 + 2𝑒𝑇𝑃𝐵ℎ (𝑞, ̇𝑞, 𝜏, 𝑟) + 𝛾𝜌 ̇𝜌
+ 𝛿 ̇̂𝐿�̃� + 𝛽 ̇̂𝑁�̃� = −𝑒𝑇𝑄𝑒 + 2𝑒𝑇𝑃𝐵 {V
−𝑀−1 (𝑞) [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑠 (𝑞) + 𝑇𝑑]
+ 𝑀−1 (𝑞) [𝑢𝑏 − Δ (𝑞, ̇𝑞)] − 𝐵1𝑟 − 𝑃𝑞 − 𝑄 ̇𝑞} + 𝛾𝜌 ̇𝜌
+ 𝛿 ̇̂𝐿�̃� + 𝛽 ̇̂𝑁�̃�.

(14)

By using controller (11), we can obtain that

2𝑒𝑇𝑃𝐵 {V −𝑀−1 (𝑞) [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑠 (𝑞) + 𝑇𝑑]}
= {{{{{

−2𝑒𝑇𝑃𝐵𝐵𝑇𝑃𝑒𝑀−1max (𝐶 (𝑞, ̇𝑞) + 𝐺 (𝑞) + 𝜏𝑠 + 𝜏𝑑)𝑒𝑇𝑃𝐵𝑀−1min
, 𝑒𝑇𝑃𝐵 ̸= 0

0, 𝑒𝑇𝑃𝐵 = 0,
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− 2𝑒𝑇𝑃𝐵𝑀−1 (𝑞) [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝐹𝑠 (𝑞) + 𝑇𝑑] ≤ 2
𝑒𝑇𝑃𝐵 (𝐶 (𝑞, ̇𝑞) + 𝐺 (𝑞) + 𝜏𝑠 + 𝜏𝑑)𝑀−1max𝑀−1min

− 2 𝑒𝑇𝑃𝐵 [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝜏𝑠 + 𝜏𝑑]𝑀−1 (𝑞)
≤ 2 𝑒𝑇𝑃𝐵 [𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) + 𝜏𝑠 + 𝜏𝑑] (1 − 𝑀

−1
max𝑀−1min
) ≤ 0 .

(15)

Since 𝑒 = 𝑥 − 𝑥𝑚 and the inequality ‖𝑥‖ − ‖𝑥𝑚‖ ≤ ‖𝑥 − 𝑥𝑚‖ ≤𝛼|𝜌| is known, then we have the following inequality:

‖𝑥‖ ≤ 𝑥 − 𝑥𝑚 + 𝑥𝑚 ≤ 𝛼 𝜌 + 𝑥𝑚 . (16)

From Lemma 6 and controller (11), we can obtain

�̇� ≤ −𝑒𝑇𝑄𝑒 + 2𝑒𝑇𝑃𝐵𝑀−1 (𝑞) {[𝑢𝑏 − Δ (𝑞, ̇𝑞)] − 𝐵1𝑟
− 𝑃𝑞 − 𝑄 ̇𝑞} + 𝛾𝜌 ̇𝜌 + 𝛿 ̇̂𝐿�̃� + 𝛽 ̇̂𝑁�̃� ≤ −𝑒𝑇𝑄𝑒
+ 2𝛼 𝜌 ‖𝑃𝐵‖ ⋅ 𝑀−1 (𝑞) [𝐿(𝛼 +

𝑥𝑚𝜌
1 − 𝜌)

+ 𝑁 + 𝐵1𝑟 + 𝑃𝑞 + 𝑄 ̇𝑞] + 𝛾𝜌 ̇𝜌 + 𝛿 ̇̂𝐿�̃�
+ 𝛽 ̇̂𝑁�̃� = −𝑒𝑇𝑄𝑒 + 2𝛼 𝜌 ‖𝑃𝐵‖ ⋅ 𝑀−1 (𝑞)
⋅ [�̂� (𝛼 + 𝑥𝑚𝜌

1 − 𝜌) + �̂� + 𝐵1𝑟 + 𝑃𝑞
+ 𝑄 ̇𝑞] + 𝛾𝜌 ̇𝜌 + 𝛿 ̇̂𝐿�̃� − 2𝛼 𝜌 ‖𝑃𝐵‖ ⋅ 𝑀−1 (𝑞)
⋅ (𝛼 + 𝑥𝑚𝜌

1 − 𝜌) �̃� + 𝛽 ̇̂𝑁�̃� − 2𝛼 𝜌 ⋅ ‖𝑃𝐵‖
⋅ 𝑀−1 (𝑞) �̃�.

(17)

In terms of adaptive laws (12), the inequality holds as follows:

�̇� ≤ −𝜆min (𝑄) ‖𝑒‖2 − 𝛾2𝜎1 𝜌
2 − 𝛿𝜎2 �̂��̃� −

𝛽𝜎3 �̂��̃�. (18)

This is because the following inequality is true:

− 𝛿𝜎2 �̂��̃� = −
𝛿𝜎2 �̃�
2 − 𝛿𝜎2 𝐿�̃� ≤ −

𝛿𝜎2 �̃�
2 + 𝛿2𝜎2 �̃�

2 + 𝛿2𝜎2 𝐿
2

≤ − 𝛿2𝜎2 �̃�
2 + 𝛿2𝜎2 𝐿

2.
(19)

Similarly, we have

− 𝛽𝜎3 �̂��̃� ≤ − 𝛽2𝜎3 �̃�
2 + 𝛽2𝜎3𝑁

2. (20)

Substituting (19) and (20) into (18), it follows that

�̇� ≤ −𝜆min (𝑄) ‖𝑒‖2 − 𝛾2𝜎1 𝜌
2 − 𝛿2𝜎2 �̃�

2 − 𝛽2𝜎3 �̃�
2

+ 𝛿2𝜎2 𝐿
2 + 𝛽2𝜎3𝑁

2.
(21)

Let 𝜛 = min{𝜆min(𝑄)/𝜆max(𝑃), 𝛾/𝜎1, 𝛿/𝜎2, 𝛽/𝜎3} and 𝜙 =(𝛿/2𝜎2)𝐿2 + (𝛽/2𝜎3)𝑁2; then (21) becomes

�̇� ≤ −𝜛𝑉 (𝑡) + 𝜙, (22)

and multiplying 𝑒𝜛𝑡 on both sides in the above inequality we
have

𝑑𝑑𝑡 {𝑉 (𝑡) 𝑒𝜛𝑡} ≤ 𝜙𝑒𝜛𝑡; (23)

integrating both sides of (23) over [0, 𝑡], the following
inequality holds:

0 ≤ 𝑉 (𝑡) ≤ [𝑉 (0) − 𝜙𝜛] 𝑒−𝜛𝑡 + 𝜙𝜛. (24)

The above inequality means that all signals in the closed-loop
systems are uniformly ultimately bounded, so the state 𝐸 =(𝑒𝑇, 𝜌, �̂�𝑇, �̂�𝑇)𝑇 of error dynamical system (4) is bounded.
This is the whole proof of Theorem 9.

5. Simulation Example

To illustrate the control design method in this section,
the dynamic equations given as follows with a two-link
manipulator are studied:

[𝛼11 (𝑞2) 𝛼12 (𝑞2)𝛼21 (𝑞2) 𝛼22 ][ ̈𝑞1̈𝑞2]

= [𝛽12 (𝑞2) ̇𝑞21 + 2𝛽12 (𝑞2) ̇𝑞1 ̇𝑞2−𝛽12 (𝑞2) ̇𝑞22 ]

+ [𝛾1 (𝑞1, 𝑞2) 𝑔𝛾2 (𝑞1, 𝑞2) 𝑔] − 𝐹𝑑 ̇𝑞 − 𝐹𝑠 + 𝑇𝑑 + [
𝜏1
𝜏2] ,

(25)

where 𝛼11(𝑞2) = (𝑚1 + 𝑚2)𝑟21 + 𝑚2𝑟22 + 2𝑚2𝑟1𝑟2 cos(𝑞2) + 𝐽1,𝛼12(𝑞2) = 𝛼21(𝑞2) = 𝑚2𝑟22 + 𝑚2𝑟1𝑟2 cos(𝑞2), 𝛼22 = 𝑚2𝑟22 + 𝐽2,
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Figure 1: (a) The output of tracking of joint 1. (b) The output of tracking error of joint 1.

𝛽12(𝑞2) = 𝑚2𝑟1𝑟2 sin(𝑞2), 𝛾1(𝑞1, 𝑞2) = −[(𝑚1+𝑚2)𝑟1 cos(𝑞2)+𝑚2𝑟2 cos(𝑞1 + 𝑞2)], 𝛾2(𝑞1, 𝑞2) = −𝑚2𝑟2 cos(𝑞1 + 𝑞2), 𝐹𝑑 =[ 5 cos( ̇𝑞1) sin(𝑞1)𝑞2sin(𝑞2)𝑞1 3 cos( ̇𝑞2) ], 𝐹𝑠 = [ 1.8 sgn( ̇𝑞1)1.2 sgn( ̇𝑞2) ], and 𝑇𝑑 = [ 0.8 cos(𝑞2)1.5 sin(𝑞1) ] .We
know 𝜏g = 10, 𝜏𝑠 = 1.8, and 𝜏𝑑 = 1.5. The parameters in (25)
are given as 𝑔 = 9.8m/s, 𝑟1 = 1m, 𝑟2 = 0.8m, 𝐽1 = 5 kg⋅m2,𝐽2 = 5 kg⋅m2, 𝑚1 = 0.5 kg, and 𝑚2 = 1.5 kg. The reference
model is given by

�̇�𝑚 = 𝐴𝑚𝑥𝑚 + 𝐵𝑚𝑟 (𝑡) (26)

in which 𝐴𝑚 = [ 0 0 1 00 0 0 1
−4 0 −5 0
0 −4 0 −5

], 𝐵𝑚 = [ 0 00 01 0
0 1

], 𝑟(𝑡) = [ 55 ],
𝑡 > 0, and the initial conditions of system (25) and (26) are
selected as 𝑥(0) = (0.2, 2, 0, 0)𝑇 and 𝑥𝑚(0) = (0.3, 1.9, 0, 0)𝑇,
respectively. Initial values of update laws are chosen as 𝜌(0) =0.5, �̂�(0) = 0.3, and �̂�(0) = 0.7, and the parameters in the
simulation are chosen as 𝜂 = 3, 𝜇 = 1, 𝜆 = 0.1, 𝛼 = 20, 𝛾 = 2,𝛿 = 5, 𝛽 = 6, 𝜎1 = 0.001, 𝜎2 = 0.002, and 𝜎3 = 0.003. We
assume that 𝐹𝑑 ̇𝑞 = Δ(𝑞, ̇𝑞) = Δ(𝑥1, 𝑥2, 𝑥3, 𝑥4) is unknown.
We choose �̃� = �̃�1 × �̃�2 × �̃�3 × �̃�4 = [−20, 20] × [−20, 20] ×[−20, 20] × [−20, 20], and the membership functions are
chosen as 𝜇𝑁𝐵(𝑥𝑖) = 1/(1+𝑒(𝑥𝑖+20)), 𝜇𝑁𝑀(𝑥𝑖) = 1/(1+𝑒(𝑥𝑖+10)),𝜇𝑁𝑆(𝑥𝑖) = 1/(1+𝑒(𝑥𝑖+0.1)), 𝜇𝑃𝑆(𝑥𝑖) = 1/(1+𝑒(𝑥𝑖−0.1)), 𝜇𝑃𝑀(𝑥𝑖) =1/(1 + 𝑒(𝑥𝑖−10)), and 𝜇𝑃𝐵(𝑥𝑖) = 1/(1 + 𝑒(𝑥𝑖−20)). The FLS (fuzzy
logic system) 𝐹1(𝑞) is comprised of selecting 6 fuzzy rules𝐴𝑙1 ×𝐴𝑙2 ×𝐴𝑙3 ×𝐴𝑙4 → 𝐵𝑙 (𝑙 = 1, 2, . . . , 6) to represent Δ 1(𝑞) =5 cos( ̇𝑞1) ̇𝑞1 + sin(𝑞1)𝑞2 ̇𝑞2 = 5 cos(�̇�1)�̇�1 + sin(𝑥1)𝑥2�̇�2.

If 𝑥1 is𝑁𝐵, 𝑥2 is𝑁𝑀, �̇�1 is 𝑃𝑆, and �̇�2 is 𝑃𝐵,
then Δ 1 is𝑁𝐵.
If 𝑥1 is𝑁𝑀, 𝑥2 is𝑁𝑆, �̇�1 is 𝑃𝑆, and �̇�2 is 𝑃𝑀,
then Δ 1 is𝑁𝑀.
If 𝑥1 is 𝑃𝑆, 𝑥2 is𝑁𝑀, �̇�1 is 𝑃𝐵, and �̇�2 is𝑁𝑀,
then Δ 1 is𝑁𝑆.
If 𝑥1 is 𝑃𝑀, 𝑥2 is 𝑃𝐵, �̇�1 is𝑁𝑆, and �̇�2 is𝑁𝐵,
then Δ 1 is 𝑃𝑆.
If 𝑥1 is 𝑃𝐵, 𝑥2 is 𝑃𝑆, �̇�1 is𝑁𝐵, and �̇�2 is𝑁𝑀,
then Δ 1 is 𝑃𝑀.
If 𝑥1 is𝑁𝑆, 𝑥2 is 𝑃𝐵, �̇�1 is𝑁𝑀, �̇�2 is𝑁𝑆,
then Δ 1 is 𝑃𝐵.

Similarly, the FLS 𝐹2(𝑞) is constituted by following 6 fuzzy
rules 𝐴𝑙1 × 𝐴𝑙2 × 𝐴𝑙3 × 𝐴𝑙4 → 𝐵𝑙 to represent Δ 2(𝑞) =
sin(𝑞2)𝑞1 ̇𝑞1 + 3 cos( ̇𝑞2) ̇𝑞2 = sin(𝑥2)𝑥1�̇�1 + 3 cos(�̇�2)�̇�2 as
follows:

If 𝑥1 is 𝑁𝐵, 𝑥2 is 𝑃𝐵, �̇�1 is 𝑃𝑆, and �̇�2 is 𝑁𝑆, then Δ 2
is 𝑃𝐵.
If 𝑥1 is 𝑃𝑀, 𝑥2 is𝑁𝑆, �̇�1 is 𝑃𝐵, and �̇�2 is𝑁𝑀, then Δ 1
is𝑁𝑀.
If 𝑥1 is𝑁𝑆, 𝑥2 is 𝑃𝑀, �̇�1 is𝑁𝐵, and �̇�2 is 𝑃𝐵, then Δ 1
is 𝑃𝑀.
If 𝑥1 is 𝑃𝐵, 𝑥2 is 𝑃𝑀, �̇�1 is𝑁𝑆, and �̇�2 is𝑁𝐵, then Δ 1
is 𝑃𝑆.
If 𝑥1 is 𝑃𝑆, 𝑥2 is 𝑃𝐵, �̇�1 is𝑁𝐵, and �̇�2 is 𝑃𝑀, then Δ 1
is𝑁𝑆.
If 𝑥1 is 𝑁𝑆, 𝑥2 is 𝑃𝑆, �̇�1 is 𝑃𝐵, and �̇�2 is 𝑁𝐵, then Δ 1
is𝑁𝐵.

Figures 1, 2, and 3 show the simulation results of the
two-linkmanipulators with fuzzy adaptive controller scheme,
respectively.

Figures 1 and 2 show the output and tracking errors
between system (25) and references signals in (26), by use
of the fuzzy adaptive control in the paper; the adaptive
laws about time-varying parameter, approximation errors,
and unknown Lipschitz coefficients laws converge to zero in
Figure 3, and good tracking performance is achieved.

6. Conclusions

This paper develops a novel adaptation algorithm fuzzy
controller for robotmanipulators with uncertain nonlinearity
terms; the fuzzy logic systems with parameters are used
to compensate for the unknown nonlinear terms in the
dynamical robot manipulators. From the analysis and the
simulation results, we know that no matter what types of
FLSs are used, the approximation accuracies of FLSs can
be estimated automatically by online learning, making the
number of adaptation algorithms have no relation to the
structure of original FLSs; this new design idea can make
the person who uses his/her experience focus on high
interpretability and neglecting the adaptive parameters to
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Figure 2: (a) The output of tracking of joint 2. (b) The output of tracking error of joint 2.
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Figure 3: The time response of estimation of parameters.

synthesize fuzzy controller. The final simulation example has
shown the effectiveness of the design method in this paper.
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Multipopulation is an effective optimization strategy which is often used in evolutionary algorithms (EAs) to improve optimization
performance. However, it is of remarkable difficulty to determine the number of subpopulations during the evolution process
for a given problem, which may significantly affect optimization ability of EAs. This paper proposes a simple multipopulation
management strategy to dynamically adjust the subpopulation number in different evolution phases throughout the evolution.The
proposedmethodmakes use of individual distances in the same subpopulation as well as the population distances betweenmultiple
subpopulations to determine the subpopulation number, which is substantial in maintaining population diversity and enhancing
the exploration ability. Furthermore, the proposed multipopulation management strategy is embedded into popular EAs to solve
real-world complex automated warehouse scheduling problems. Experimental results show that the proposedmultipopulation EAs
can easily be implemented and outperform other regular single-population algorithms to a large extent.

1. Introduction

Evolutionary algorithms (EAs) are fast and robust computa-
tion methods for global optimization and have been widely
applied in solving numerous real-world problems [1–5]. In
recent years, the concept ofmultipopulation is frequently dis-
cussed and used to improve the optimization performance of
EAs. In this regard, firstly, the original population is divided
into several small subpopulations for special purposes such
as large-scale problems and dynamic optimization problems.
Then, particular evolution mechanisms and operations, for
example, crossover and mutation for genetic algorithms
(GAs), are executed. The purpose of multipopulation is to
maintain population diversity and enhance exploration abil-
ity, which is the crucial factor to avoid premature convergence
when handling optimization problems.

Existing studies on multipopulation demonstrate that
such strategy has become one of the most effective methods
to enhance EA performance [6, 7]. The key reasons for
this are categorized as follows: (1) it divides the overall
population into multiple subpopulations, in which the pop-
ulation diversity can be maintained due to the fact that

different subpopulations can be located in different search
domains; (2) it is able to search different areas simultaneously,
leading the separated populations to rapidly find the optimal
solutions; and (3) various population-based EAs can be fast
and easily integrated within multipopulationmethods. In the
research work carried out by Chang [8], a modified particle
swarm optimization (PSO) with multiple subpopulations
was utilized for multimodal function optimization problems.
Simulation results on complex multimodal functions showed
that the global and local system solutions were solved
by these best particles of subpopulations. Nseef et al. [9]
proposed an adaptive multipopulation artificial bee colony
(ABC) algorithm for dynamic optimization problems, where
multiple subpopulations were used to cope with dynamic
changes and to maintain the diversity. Experimental results
showed that the proposedmultipopulationABCwas superior
to regular ABC on all tested instances. In the research work
carried out by Wu et al. [10], differential evolution (DE)
with multipopulation-based ensemble of mutation strategies
was used for optimizing benchmark functions, where each
subpopulation performed a mutation strategy. Experimental
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comparisons showed the competitive performance of the pro-
posed method. A hybrid multipopulation GA was employed
in [11] for the dynamic facility layout problem, where the
entire solution space was separated into different parts and
each subpopulation represented a separate part. Simulation
results showed that the proposed algorithm enjoyed the
superiority over other algorithms. Niu et al. [12] proposed a
symbiosis-based alternative learning multi-swarm PSO algo-
rithm, where the communication between subpopulations
used a learning method to select one example out of the
center position, the local best position, and the historical
best position including the experience of the internal and
external multiple subpopulations, to keep the diversity of
the population. The experimental results exhibited better
performance in terms of the convergence speed and opti-
mality. Xiao et al. [13] presented a novel multipopulation
coevolution immune optimization algorithm (IOA) for most
of the existingmultimodal benchmarks, where coevolution of
three subpopulations was promoted through a self-adjusted
clone operator to enhance exploration and exploitation. The
authors proved that their method outperformed three known
immune algorithms and several other EAs. The introduction
of external archiving into a multipopulation harmony search
(HS) algorithm to solve dynamic optimization problems
was presented by Turky and Abdullah [14]. The results
on moving peak benchmarks showed that their modified
version was better than the original harmony search algo-
rithms. A multipopulation cooperative bat algorithm (BA)
was used in [15] for an artificial neural network model,
which mainly depended on the connection weights and
network structure. Experimental results showed that there
was a significant improvement by applying the proposed
algorithm to all the test cases. Ozsoydan and Baykasoǧlu
[16] employed a multipopulation firefly algorithm (FA) to
tackle dynamic optimization problems. The experiments on
moving peak benchmarks showed that the proposed algo-
rithm significantly improved system performance. Mauša
and Galinac Grbac [17] proposed a coevolutionary mul-
tipopulation genetic programming (GP) which combined
colonization and migration with three ensemble selection
strategies for classification in software defect prediction.
Computational results demonstrated the efficiency of the
proposed method.

Although multipopulation methods have shown success
for solving optimization problems, most of them use a preset
constant number of subpopulations during optimization
process [18]. The subpopulation number has an important
impact on performance of multipopulation EAs, because it
is related to the difficulty of the problem, which is not known
in advance. For a given problem, each EA may have different
subpopulation numbers during different phases of the search
process. For example, an algorithm with many subpopula-
tionsmay have effective search ability during the initial phase
of the optimization process, whereas the algorithmwith a few
subpopulationsmay have better search ability during the later
phase of the optimization process.Therefore, it is of potential
to dynamicallymanage the number of subpopulations during
evolution process, based on the difficulty of the problem. It
may result in outstanding results without the essential use of

dedicated evolution operators. Nonetheless in most of multi-
population EA literature [19, 20], the dynamic management
of subpopulation number is rarely mentioned.

In order to address this issue, this paper proposes a mul-
tipopulation management strategy to improve EA optimiza-
tion performance. The proposed method uses some simple
rules to dynamically manage the subpopulation number to
maintain population diversity. To verify its effectiveness, the
proposed multipopulation management strategy is embed-
ded into various popular algorithms to construct multipop-
ulation EAs. Then they are tested on a set of CEC bench-
mark functions and further applied to real-world complex
automated warehouse scheduling problems. Experimental
results show that the proposedmultipopulationmanagement
strategy can help EAs to obtain excellent results and outper-
form some state-of-the-art single-population algorithms in
the literature.

The following are the original contributions of this paper:(1) a dynamic management strategy of the subpopulation
number is proposed to boost population diversity while pre-
serving simplicity for EAs; (2) the proposed multipopulation
management strategy is embedded into several popular EAs,
including the stud genetic algorithm (SGA), population-
based incremental learning (PBIL), self-adaptive differential
evolution (SaDE), and standard particle swarm optimization
(PSO2011); (3) the optimization ability of these multipopu-
lation EAs is investigated on a set of benchmark functions,
and further they are applied to solve real-world automated
warehouse scheduling problems.

The remainder of the paper is organized as follows.
Section 2 gives detail descriptions of multipopulation man-
agement strategy. Section 3 discusses the integration of
multipopulation management strategy with popular EAs.
Section 4 compares the performance of several EAs in
conjunction with multipopulation management strategy on
benchmark functions and complex warehouse scheduling
problems. Section 5 provides conclusions and suggestions for
future research.

2. Multipopulation Management Strategy

This section presents the basic challenges formultipopulation
EAs, as well as our proposed dynamic management for the
subpopulation number.

2.1. Challenges forMultipopulationMethods. In EAs, diversity
refers to differences among candidate solutions. As men-
tioned in most of EA literature, evolution progress lies
fundamentally on the existence of variation of population,
and the high diversity of a population greatly contributes to
EA performance. Diversity loss often results in premature
convergence, because EAs find themselves trapped in local
optimal solutions and lack population diversity to escape. So
the crucial point for EAs solving optimization problems is
how to maintain population diversity. In recent years, mul-
tipopulation methods are introduced into EAs and become
one of the most successful methods to improve optimization
performance, because such methods deal with candidate
solutions scattering over the entire search space. This feature
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helps population-based EAs to quickly achieve the global
optimal solutions.

Tomakemultipopulationmethodsmore efficient, several
crucial challenging issues in algorithm design need to be
addressed.The first question is how to determine the number
of subpopulations. If too many subpopulations distribute
in the problem, this may waste the limited computational
resources.However, too small number of subpopulationsmay
lead to limited effect of the multipopulation strategy. The
second question is how to determine the search area of each
subpopulation. If the search area of a subpopulation is too
small, there is a potential problem that the small isolated
subpopulation may converge to a local optimal solution.
In this case, the diversity will lose and the algorithm can
hardly make any progress. On the contrary, if the search
area of a subpopulation is too large, it is almost equal to
the search area of the original population, and it is very
hard to obtain better optimization performance compared
with the regular algorithms. The third question is how
to communicate between subpopulations. Many researchers
believe that communication between subpopulations is very
helpful during optimization because information can be
shared among subpopulations and, hence, this will accel-
erate the search process and promising solutions may be
found as well. In some current studies, the communication
between subpopulations is controlled by four parameters: (i)
a communication rate that defines the number of solutions
in a subpopulation to be sent to other subpopulations; (ii)
a communication policy that determines which solutions
are to be replaced by ones from other subpopulations; (iii)
a communication interval that sets up the frequency for
executing communication; and (iv) a connection topology
that defines how to connect between subpopulations.

For these challenges, most existing multipopulation
methods just use predefined values, which are based on
empirical experience, to determine the parameter setting of
subpopulations. Some other studies assume that some infor-
mation of optimization problems is known. In these cases,
problem information can be used to guide the configuration
of multipopulation parameters. However, for most of the
cases, we need to deeply explore these challenging issues to
develop excellent multipopulation EAs.

For the first challenge mentioned above, it is a good
method that we use the appropriate number of subpopula-
tions tomaintain population diversity.This issue includes two
ways.The first way is to use a fixed number of subpopulations.
Most of currentmultipopulationmethods fall into this group.
The advantage of this way is that it can be implemented
simply, and we only need to create a fixed number of subpop-
ulations in advance for the optimization problem. Generally
speaking, the more the peaks are in the fitness functions,
the more the subpopulations are needed. However, it is not
efficient to obtain the number of peaks of fitness functions
for practice problems. In addition, the distribution and shape
of fitness functions may also play a role in configuring the
subpopulation number. The second way is to use a variable
number of subpopulations. It is a difficult problem when
the number of subpopulations is increased or decreased. To
maintain population diversity, the subpopulation number

might be different at different states during evolution process.
For example, in the early stages, it needs a large number of
subpopulations because candidate solutions can scatter over
the entire search space, which leads to high population diver-
sity. But, in the later stages, a small number of subpopulations
are in favor of reducing diversity to fast converge to global
best solutions. So the dynamic change of the subpopulation
number should be in line with the population diversity. In
many previous studies [21, 22], it often splits off from a main
population into multiple parts to increase the subpopulation
number and merges a set of small subpopulations into a
main population to decrease the subpopulation number. The
common characteristic of these methods is that they often
adopt a specific cluster method to complete these operations.
Therefore, additional knowledge about clustering is needed
meanwhile increasing the complexity of algorithms, which
is not desirable for solving some complex problems with the
limitation of computational resource.

Undoubtedly, it is a good idea to dynamically manage
the number of subpopulations during evolution process,
without introducing additional complex mechanisms and
considering the difficulty of the optimization problems in
advance.

2.2. Ways to Manage Subpopulation Number. This part intro-
duces a simple and effective multipopulation management
strategy, to dynamically increase or decrease the subpopula-
tion number. Compared with other multipopulation meth-
ods, the proposed method highlights the challenge of deter-
mining the number of subpopulations.

In the ways to manage the subpopulation number, four
basic rules are considered:

(1) Themaximumnumber of subpopulations is limited in
order to prevent computational burden on too many
coevolving subpopulations.

(2) The subpopulation number decreases, when we
merge the same subpopulations or delete the existing
subpopulations.

(3) The subpopulation number increases, when we create
some new subpopulations or divide the existing sub-
population.

(4) The interaction of subpopulations is not considered
because it is so smart that it affects the investigation
on multipopulation management strategy.

Based on the above basic rules, two open problems need
to be solved in the proposed multipopulation management
strategy. First, what is the best condition to increase or
decrease the subpopulation number? Before answering this
question, we firstly consider that the purpose of multipopu-
lation methods is to maintain population diversity. So it is an
effectivemethod to build the relationship betweenpopulation
diversity and control condition of the subpopulation number.
Quantitatively, we need some simple approaches to measure
diversity. Euclidean distance is probably themost widely used
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type of diversity measure nowadays. Euclidian distance 𝑑𝐸
between two solutions 𝑠𝑖 and 𝑠𝑗 can be calculated as

𝑑𝐸 (𝑠𝑖, 𝑠𝑗) = √ 𝑛∑
𝑙=1

(𝑠𝑖𝑙 − 𝑠𝑗𝑙)2, (1)

where 𝑠𝑖𝑙 and 𝑠𝑗𝑙 denote the 𝑙th solution variables in the
solutions 𝑠𝑖 and 𝑠𝑗, respectively, and 𝑛 is the number of
solution variables.

Equation (1) is used to measure individual distance
between two solutions. In the multipopulation method, we
need to further consider population distance between two
subpopulations. To calculate population distance, the concept
of average population is introduced, which is a vector of
average value of all solutions in the same population. We
use 𝑠 to represent average population, which is calculated as
follows:

𝑠 = ∑𝑁𝑖=1 𝑠𝑖𝑁 , (2)

where𝑁 is the size of the population.
The corresponding standard deviation of average popula-

tion is calculated as

𝜎𝑠 = √∑𝑁𝑖=1 (𝑠𝑖 − 𝑠)𝑁 . (3)

Then, we define population distance 𝐷𝐸(𝑃𝑖, 𝑃𝑗) between two
subpopulations 𝑃𝑖 and 𝑃𝑗, which is represented as

𝐷𝐸 (𝑃𝑖, 𝑃𝑗) = 𝑑𝐸 (𝑠, 𝑡) − 𝑘 [𝑑𝐸 (𝑠, 𝜎𝑠) + 𝑑𝐸 (𝑡, 𝜎𝑡)] , (4)

where 𝑑𝐸(𝑠, 𝑡), 𝑑𝐸(𝑠, 𝜎𝑠), and 𝑑𝐸(𝑡, 𝜎𝑡) are Euclidean distances,𝑠 and 𝑡 are average populations, and 𝜎𝑠 and 𝜎𝑡 are standard
deviations for subpopulations 𝑃𝑖 and 𝑃𝑗, respectively. Equa-
tion (4) denotes the fact that population distance between
two subpopulations is related to Euclidean distances between
their average populations, and solution distribution in each
subpopulation. If 𝐷𝐸 is small, areas occupied by subpopula-
tions 𝑃𝑖 and 𝑃𝑗 are overlapping, which means that they have
great similarity. The coefficient 𝑘 is set to 2 on the basis of
normal distribution characteristic [23], according to 95% of
solutions being located in distance of two standard deviations
from average populations.

Next, we consider several diversity cases, and they are
defined by the following ways:

(1) As a diversity between individuals in the same sub-
population;

(2) As a diversity between a subpopulation and other
subpopulations;

(3) As a diversity between the current subpopulation and
its parent subpopulation.

Note that the first case is taken as individual diversity; the
second and third cases are taken as population diversity.

Once we have the method of measuring diversity, only a
threshold value 𝑇 is set to decide the condition to increase

or decrease the subpopulation number. For individuals in the
same subpopulation, if 𝑑𝐸 > 𝑇 for any one of individual
distances, we reckon that they are different, and if 𝑑𝐸 < 𝑇 for
all individual distances, they are considered to be similar. In
the same way, for any two subpopulations, if𝐷𝐸 > 𝑇, they are
regarded as of diversity, and if𝐷𝐸 < 𝑇, we think that they have
similarity. Note that similarity is the opposite of diversity; 𝑇
can be a parameter by a user or can be an adaptive parameter.

Second, how do we increase or decrease the subpopula-
tion number during evolution process? That is, how do we
create new subpopulations, or delete redundant subpopu-
lations? Based on the diversity concepts mentioned above,
multipopulation management strategy can be roughly clas-
sified into three cases. In the first case, when all individuals
are similar in the certain subpopulation, we firstly randomly
preserve one of individuals because they are almost the same
and then delete this subpopulation. Meanwhile, we create a
new subpopulation consisting of the following individuals:
1/3 of individuals are copies of the preserved individual, 1/3
of individuals are from the best individuals in the entire
population, and 1/3 of individuals are randomly generated.
In the second case, when a subpopulation is similar to other
subpopulations within the whole population, we directly
delete this subpopulation to save computational resources.
In the third case, when a subpopulation is similar to its
parent subpopulation, we create a new subpopulation, and it
consists of the following individuals: 50% of individuals are
copies of the best individual in the latest generation, and the
other 50% are generated randomly from the neighborhood
of the best individual with the normal distribution. Note that
the maximum number of subpopulations is limited to the
preset number to prevent too many subpopulations of being
involved. Figure 1 shows the multipopulation management
strategy during evolution process.

3. Integration with EAs

Now we integrate the proposed multipopulation manage-
ment strategy with EAs, called multipopulation EAs, and
the flowchart is shown in Figure 2. It starts by setting the
parameters. It creates a population of candidate solutions
and evaluates them. Next, the population of solutions is
divided into multiple subpopulations. Each subpopulation
runs an EA paradigm to generate its own offspring. Then,
subpopulations perform diversity judgement, and, based on
diversity levels, it creates or deletes subpopulations. Finally,
it checks the stopping condition. In this way, EAs always
can dynamically manage the subpopulation number, lead-
ing to better performance than the corresponding single-
population EAs. The pseudocode of multipopulation EAs is
shown in Algorithm 1.

The main steps of the proposed multipopulation EAs are
further described in detail below.

Step 1 (set parameters). Themain parameters of the proposed
multipopulation EAs are initialized.They include the param-
eters of EA paradigms, the maximum number of iterations,
the size of population, the number of initial subpopulations,
and the maximum number of subpopulations.
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Figure 1: Multipopulation management strategy during evolution process.

Step 2 (initialize the population of solutions). It randomly
generates a set of candidate solutions between the lower and
upper boundaries.

Step 3 (evaluate the population of solutions). The fitness
of the generated solutions is calculated using the objective
function.

Step 4 (divide the population). The initial population is
divided into multiple subpopulations with the same popula-
tion size, and each subpopulation is randomly assigned from
solutions in the population.

Step 5 (create offspring subpopulations). Different subpop-
ulations are executed independently by EA paradigms to
generate their own offspring subpopulations. Note that, for
EAparadigms,we can use the sameEA for all subpopulations,
or we also can use the different EA for each subpopulation.

Step 6 (judge diversity and manage subpopulations). If a
subpopulation is similar to other subpopulations, directly
delete this subpopulation. If it is similar to its parent subpop-
ulation, create a new subpopulation. If individuals are similar
in a subpopulation, firstly delete this subpopulation and then
create a new subpopulation. For details see Section 2.2.

Step 7 (evaluate offspring subpopulations and check the
stopping condition). If the termination criterion is not met,
go to Step 5; otherwise, terminate and output the evaluation
results. Here the termination criterion is the maximum
number of function evaluations.

4. Experimental Results

In this section the performances of the proposed multipopu-
lation EAs are investigated. Section 4.1 describes the experi-
mental setup, Section 4.2 presents performance comparisons
on the 2013 CEC benchmark functions, and Section 4.3
applies the proposed multipopulation EAs to a real-world
complex automated warehouse scheduling problem.

4.1. Simulation Setup. The performances of the proposed
multipopulation EAs are evaluated on the 28 benchmark
functions presented in Table 1, which are from the 2013
Congress on Evolutionary Computation (CEC) [24].

The popular EAs used in this paper include SGA, PBIL,
SaDE, and PSO2011. We select SGA because it is an improve-
ment of the basic GA that uses the best individual in each
generation for crossover [25]. We select PBIL because it
is the most successful variant of estimation of distribution
algorithms [26]. We select SaDE because it is one of the
most powerful DE algorithms and has demonstrated excel-
lent performance on many problems [27, 28]. We select
PSO2011 because it is popular in the literature and contains
improvements gained as a result of many years of PSO studies
[29, 30].

The next step is to set the parameters of each multi-
population EA. For SGA we use real coding, roulette-wheel
selection, single-point crossover with a crossover probability
of 1, and a mutation probability of 0.001. For PBIL we
use learning rate 𝜂 = 0.1, the number of best and worst
individuals used to update probabilities in each generation is
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(1) Set the parameters of the proposed multi-population EAs(2) Randomly initialize the entire population(3) Evaluate the fitness of all candidate solutions in the population(4) Divide the population into multiple subpopulations(5)While the halting criterion is not satisfied do(6) For each subpopulation do(7) Perform an independent EA to create its own offspring subpopulation(8) End for(9) Judge diversity and manage offspring subpopulations, and the detail sees Section 2.2(10) Evaluate the fitness of all offspring subpopulations(11) End while

Algorithm 1: Pseudocode of the proposed multipopulation EAs.

𝑁best = 𝑁worst = 5, and the standard deviation for mutation
linearly decreases from 10% of the parameter range at the
first generation to 2% of the parameter range at the final
generation [26]. The SaDE parameter settings are adapted
according to the learning progress [27]: the scaling factor 𝐹 is
randomly sampled from the normal distribution𝑁(0.5, 0.3),
and the crossover rate CR follows the normal distribution𝑁(0.5, 0.1). For PSO2011, we use an inertia weight 𝑤 = 1/(2 ⋅
log(2)), a cognitive constant 𝑐1 = 0.5 + log(2), and a social
constant 𝑐2 for neighborhood interaction that is the same as𝑐1.

In addition, we initially use three subpopulations, and the
maximum subpopulation number is set to six. Each subpop-
ulation uses the same EA, and the population size of each
subpopulation is 25. For fair comparisons, the population
size of single-population EAs is set to 150. We evaluate each
function in 𝐷 = 30 dimensions with the function evaluation
limit of 𝐷 × 10,000. All algorithms are terminated after the
maximum number of function evaluations is reached, or if
the objective function error value is below 10–6.

4.2. Performance Comparisons. We simulate each algorithm
25 times on each benchmark, and the results are shown
in Tables 2 and 3. The tables show that multipopulation
SaDE (M-SaDE) performs best on 18 functions (F4, F6,
F7, F9, F10, F11, F12, F13, F14, F15, F16, F18, F19, F20,
F21, F22, F26, and F28), and multipopulation PSO2011 (M-
PSO2011) performs best on 9 functions (F2, F3, F5, F8,
F17, F23, F24, F25, and F27). For function F1, both M-
SaDE and M-PSO2011 obtain the global optimal solutions.
Furthermore, we briefly consider the types of functions
for which the various algorithms are best-suited. Tables 2
and 3 show that the best-performing algorithm on each of
the unimodal functions (F1–F5) is always M-PSO2011, and
the best-performing algorithm on each of the multimodal
functions (F6–F20) is always M-SaDE. We also note from
these tables that M-PSO2011 performs as well as M-SaDE
on the composition functions (F21–F28). This implies that
no single algorithm can be the best for every problem, and,
for different optimization problems, different algorithmshave
their own superiority to obtain the best performance.

Tables 2 and 3 also show that the total performances of
multipopulation EAs, including M-SGA, M-PBIL, M-SaDE,
and M-PSO2011, are better than their corresponding single-
population EAs. This may be due to the proposed multi-
population management strategy that enhances population
diversity to improve optimization performance.

The average running times of all algorithms are shown in
the last rows of Tables 2 and 3. Here MATLAB� is used as
the programming language, and the computer is a 2.40 GHz
Intel Pentium� 4 CPU with 4GB of memory. We find that
the average running times of the multipopulation EAs are
less than their corresponding single-population algorithms.
For example, the average running time of multipopulation
SGA (M-SGA) is less than single-population SGA (S-SGA).
The reason is that multipopulation EAs use multiple parallel
subpopulations to reduce computation time with the same
total population size as the corresponding single-population
algorithms. So multiple subpopulations are also amenable to
parallel processing, and they can further reduce computa-
tional effort.

In order to further compare the performance of the mul-
tipopulation and single-population EAs, we use theWilcoxon
method to test for statistical significance. The Wilcoxon
method is a nonparametric statistical test to determine
whether differences between groups of data are statistically
significant when the assumptions that the differences are
independent and identically normally distributed are not
satisfied [31–33]. The Wilcoxon test results are shown in
Table 4, where the pairs are marked if the difference between
each pair of algorithms is statistically significant.

The results in Table 4 are divided into S-SGA versus M-
SGA group, S-PBIL versus M-PBIL group, S-SaDE versus M-
SaDE group, and S-PSO2011 versus M-PSO2011 group. For
each pair of algorithms we calculate B/S/W scores, where “B”
denotes the number of times that the left algorithm performs
better than the right one, “S” denotes the number of times
that the left algorithm performs the same as the right one
(statistically speaking), and “W” denotes the number of times
that the left algorithm performs worse than the right one.

Table 4 shows that, for S-SGA versus M-SGA, the B/S/W
score is 1/7/20, which indicates that S-SGA outperforms M-
SGA one time, S-SGA is statistically the same as M-SGA



Complexity 7

Start

Set the parameters
(EA parameters, number of iterations, maximum

subpopulation number)

Yes

No

No

Yes

No

Initialize the population
(randomly generate a population of solutions)

Evaluate the population

Divide the population into multiple
subpopulations

Subpopulation 1 Subpopulation 2 Subpopulation m

EA paradigm EA paradigm EA paradigm

……

……

Subpopulation similar to other
subpopulations

Subpopulation similar to its parent
subpopulation

Individual similar to other individuals
in the same subpopulation

Delete the
subpopulation

Create a new
subpopulation

Create a new
subpopulation

Evaluate the population, and stopping
condition satisfied?

Yes

End

Yes

No

Figure 2: Flowchart of the proposed multipopulation EAs.
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Table 1: 2013 CEC benchmark functions, where the search range of all functions is −100 ≤ 𝑠𝑖 ≤ 100. More details about these functions can
be found in [24].

Function Function Name Minimum

Unimodal functions

F1 Sphere Function −1400
F2 Rotated High Conditioned Elliptic Function −1300
F3 Rotated Bent Cigar Function −1200
F4 Rotated Discus Function −1100
F5 Different Powers Function −1000

Basic multimodal functions

F6 Rotated Rosenbrock Function −900
F7 Rotated Schaffer F7 Function −800
F8 Rotated Ackley Function −700
F9 Rotated Weierstrass Function −600
F10 Rotated Griewank Function −500
F11 Rastrigin Function −400
F12 Rotated Rastrigin Function −300
F13 Discontinuous Rotated Rastrigin Function −200
F14 Schwefel Function −100
F15 Rotated Schwefel Function 100
F16 Rotated Katsuura Function 200
F17 Lunacek Bi Rastrigin Function 300
F18 Rotated Lunacek Bi Rastrigin Function 400
F19 Expanded Griewank plus Rosenbrock Function 500
F20 Expanded Schaffer F6 Function 600

Composition functions

F21 Composition Function 1 (𝑛 = 5, rotated) 700
F22 Composition Function 2 (𝑛 = 3, unrotated) 800
F23 Composition Function 3 (𝑛 = 3, rotated) 900
F24 Composition Function 4 (𝑛 = 3, rotated) 1000
F25 Composition Function 5 (𝑛 = 3, rotated) 1100
F26 Composition Function 6 (𝑛 = 5, rotated) 1200
F27 Composition Function 7 (𝑛 = 5, rotated) 1300
F28 Composition Function 8 (𝑛 = 5, rotated) 1400

seven times, and M-SGA outperforms S-SGA twenty times.
For S-PBIL versus M-PBIL, the B/S/W score is 2/3/23, which
indicates that S-PBIL outperforms M-PBIL two times, S-
PBIL is statistically the same as M-PBIL three times, and M-
PBIL outperforms S-PBIL twenty-three times. For S-SaDE
versus M-SaDE, the B/S/W score is 0/5/23, which indicates
that S-SaDE does not outperform M-SaDE in any time, S-
SaDE is statistically the same as M-SaDE five times, and
M-SaDE outperforms S-SaDE twenty-three times. For S-
PSO2011 versusM-PSO2011, the B/S/W score is 1/5/22, which
indicates that S-PSO2011 outperforms M-PSO2011 one time,
S-PSO2011 is statistically the same as M-PSO2011 five times,
and M-PSO2011 outperforms S-PSO2011 twenty-two times.
From the results we see that multipopulation versions of
these algorithms are significantly better than their single-
population versions on the CEC 2013 benchmark functions,
which further verifies the conclusions obtained in Tables
2 and 3. Such statistical results show that the proposed
multipopulation management strategy is a good method to
improve the optimization performance for EAs. The reason
for its competitive performance is that multipopulation EAs
effectively manage the number of subpopulations in different

evolution phases throughout the evolution, which can sig-
nificantly maintain population diversity, compared to single-
population EAs.

4.3. Application to Complex Warehouse Scheduling Problems.
In this section, the proposedmultipopulation EAs are applied
to a real-world complex automated warehouse scheduling
problems described in [34], which are formulated as a con-
strained single-objective optimization problem. Warehouse
scheduling in the supply chain is challenging because it is
proved as a typicalNP-hard problem,which is one of themost
challenging types of combinatorial optimization problem [35,
36]. Layout of the warehouse system we study is shown in
Figure 3, and more details about cost function, constraints,
and parameter settings of the warehouse scheduling problem
can be referred to [34].

In this experiment, we use the same simple-population
and multipopulation EAs as those in the benchmark simu-
lations. The constraint-handling method is based on feasi-
bility rules by Deb [37], which has demonstrated promising
performance in dealing with constraints. We consider five
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Table 2: Comparisons of the best error values of the 2013 CEC benchmark functions for SGA and PBIL. In the table, “S-” and “M-”
denote the single-population version and multipopulation version of algorithms, respectively. Here [𝑎 ± 𝑏] indicates the mean value and
the corresponding standard deviation of 25 independent simulations. Average CPU times (minutes) are shown in the last row of the table.

Function S-SGA M-SGA S-PBIL M-PBIL
F1 1.35E + 02 ± 5.29E + 01 8.43E + 00 ± 1.90E + 00 6.70𝐸 − 14 ± 4.39𝐸 − 15 6.76E + 00 ± 7.85E + 00
F2 3.27E + 08 ± 1.52E + 07 5.76E + 06 ± 3.74E + 05 5.72E + 06 ± 1.54E + 05 3.34E + 06 ± 7.89E + 05
F3 3.21E + 10 ± 6.65E + 09 7.81E + 10 ± 5.48E + 09 1.65E + 09 ± 2.48E + 08 1.23E + 08 ± 5.54E + 07
F4 7.20E + 08 ± 1.40E + 07 2.64E + 07 ± 6.86E + 06 2.32E + 07 ± 4.90E + 06 5.70E + 06 ± 6.36E + 05
F5 3.26E + 04 ± 5.75E + 03 2.43E + 04 ± 1.47E + 03 2.45E + 05 ± 5.76E + 04 7.89E + 02 ± 2.65E + 01
F6 9.04E + 07 ± 1.23E + 06 6.34E + 05 ± 2.75E + 04 1.22E + 04 ± 4.65E + 03 4.32E + 04 ± 9.08E + 03
F7 3.17E + 07 ± 2.44E + 06 8.86E + 05 ± 4.23E + 04 7.32E + 06 ± 6.87E + 05 4.43E + 05 ± 1.24E + 04
F8 5.32E + 06 ± 1.72E + 05 9.09E + 03 ± 8.32E + 02 5.70E + 05 ± 1.66E + 04 5.54E + 02 ± 8.89E + 01
F9 4.40E + 07 ± 8.16E + 06 7.13E + 04 ± 7.09E + 03 7.73E + 04 ± 1.45E + 03 1.28E + 04 ± 5.43E + 03
F10 8.90E + 07 ± 3.53E + 06 2.35E + 06 ± 5.47E + 05 3.43E + 03 ± 2.80E + 02 6.54E + 02 ± 3.34E + 01
F11 2.19E + 06 ± 2.80E + 05 7.52E + 07 ± 1.66E + 06 6.68E + 04 ± 1.58E + 03 4.72E + 02 ± 7.80E + 01
F12 5.43E + 03 ± 1.10E + 02 6.60E + 01 ± 8.93E + 00 7.70E + 03 ± 5.43E + 02 1.23E + 01 ± 4.45E + 00
F13 7.04E + 04 ± 5.76E + 03 6.44E + 02 ± 1.68E + 00 3.43E + 03 ± 6.65E + 02 8.65E + 02 ± 3.34E + 01
F14 5.44E + 03 ± 8.09E + 02 5.21E + 03 ± 9.06E + 02 7.98E + 04 ± 2.43E + 03 1.82E + 02 ± 4.37E + 01
F15 1.17E + 05 ± 3.56E + 04 3.46E + 05 ± 5.32E + 03 1.21E + 05 ± 5.63E + 04 2.58E + 05 ± 6.74E + 04
F16 4.56E + 05 ± 2.17E + 04 8.97E + 03 ± 4.33E + 02 3.65E + 05 ± 3.03E + 04 8.91E + 03 ± 6.65E + 02
F17 3.40E + 04 ± 8.90E + 03 8.05E + 02 ± 1.12E + 01 1.25E + 04 ± 7.70E + 03 3.43E + 02 ± 1.54E + 01
F18 1.14E + 08 ± 6.83E + 07 3.54E + 06 ± 2.65E + 05 2.17E + 05 ± 4.54E + 04 7.78E + 03 ± 1.87E + 02
F19 2.44E + 07 ± 3.27E + 06 1.32E + 07 ± 9.04E + 06 8.39E + 05 ± 2.78E + 04 5.34E + 03 ± 6.65E + 02
F20 1.81E + 05 ± 2.59E + 04 1.88E + 04 ± 5.39E + 03 2.12E + 05 ± 1.50E + 04 4.23E + 03 ± 1.16E + 02
F21 6.16E + 05 ± 7.05E + 04 2.17E + 03 ± 3.54E + 02 5.56E + 05 ± 4.43E + 04 6.54E + 03 ± 1.56E + 02
F22 9.12E + 06 ± 4.76E + 05 2.90E + 03 ± 2.57E + 02 4.42E + 04 ± 7.87E + 03 3.50E + 03 ± 7.71E + 02
F23 2.35E + 05 ± 1.32E + 04 2.16E + 06 ± 4.56E + 05 1.87E + 04 ± 1.21E + 03 6.63E + 04 ± 2.19E + 03
F24 6.88E + 06 ± 2.51E + 05 3.32E + 04 ± 4.51E + 03 2.33E + 05 ± 5.67E + 04 4.35E + 03 ± 1.26E + 02
F25 9.02E + 06 ± 1.43E + 05 1.68E + 04 ± 6.39E + 03 7.09E + 05 ± 4.80E + 05 4.92E + 03 ± 3.58E + 02
F26 2.53E + 05 ± 7.12E + 04 7.77E + 05 ± 6.30E + 04 1.45E + 05 ± 8.91E + 04 1.32E + 04 ± 6.07E + 03
F27 3.75E + 06 ± 4.66E + 05 1.47E + 04 ± 2.83E + 03 3.76E + 04 ± 4.32E + 03 1.87E + 02 ± 4.16E + 02
F28 1.89E + 07 ± 5.25E + 06 2.41E + 05 ± 1.38E + 04 5.98E + 07 ± 7.54E + 06 3.65E + 05 ± 6.87E + 04
CPU time 117.86 96.35 217.85 176.37

simulation schemes. Scheme 1 (𝑔 = 20, ℎ = 20) is described
as follows.

p1: (12, 6, 2, 50, 1), p2: (51, 8, 1, 45, 1), p3: (40, 3, 5, 46,
1), p4: (37, 3, 4, 113, 1),
p5: (14, 7, 1, 40, 1), p6: (13, 5, 2, 50, 1), p7: (45, 5, 5, 50,
1), p8: (18, 7, 3, 33, 1),
p9: (7, 3, 2, 35, 1), p10: (11, 4, 3, 110, 1), p11: (15, 2, 1, 34,
1), p12: (36, 8, 4, 40, 1),
p13: (8, 6, 5, 47, 1), p14: (56, 2, 3, 34, 1), p15: (42, 8, 3, 30,
1), p16: (23, 4, 1, 50, 1),
p17: (4, 6, 2, 50, 1), p18: (13, 1, 1, 36, 1), p19: (39, 6, 4, 42,
1), p20: (45, 6, 5, 55, 1)
p21: (50, 8, 1, 67, 2), p22: (3, 1, 2, 74, 2), p23: (55, 4, 3, 68,
2), p24: (6, 7, 4, 85, 2),
p25: (17, 4, 5, 74, 2), p26: (60, 7, 3, 80, 2), p27: (35, 6, 2,
67, 2), p28: (15, 2, 1, 70, 2),
p29: (57, 4, 2, 80, 2), p30: (2, 1, 4, 62, 2), p31: (25, 8, 2, 76,
2), p32: (5, 2, 4, 64, 2),

p33: (17, 5, 3, 76, 2), p34: (41, 2, 5, 91, 2), p35: (19, 3, 2, 70,
2), p36: (20, 1, 1, 82, 2),
p37: (42, 6, 2, 88, 2), p38: (32, 6, 3, 75, 2), p39: (9, 7, 1, 82,
2), p40: (58, 5, 4, 69, 2)

In Scheme 1, 𝑔 is the number of storage products, and ℎ is the
number of retrieval products. 𝑝𝑖 is the storage unit, and it is
denoted by (𝑥, 𝑦, 𝑧, 𝑤, 𝜃), where 𝑥, 𝑦, and 𝑧 are the Euclidean
coordinates of each storage unit, 𝑤 is the weight coefficient
that affects the scheduling quality, and 𝜃 = 1 indicates a
storage product and 𝜃 = 2 indicates a retrieval product.

Scheme 2 (𝑔 = 20, ℎ = 16) includes all the storage
products of Scheme 1 but only the first 16 retrieval products of
Scheme 1. Scheme 3 (𝑔 = 20, ℎ = 12) includes all the storage
products of Scheme 1 but only the first 12 retrieval products.
Scheme 4 (𝑔 = 16, ℎ = 20) includes the first 16 storage
products of Scheme 1 and all of the retrieval products. Scheme
5 (𝑔 = 12, ℎ = 20) includes the first 12 storage products of
Scheme 1 and all of the retrieval products.

Optimization results of different simple-population and
multipopulation EAs are summarized in Table 5. From the
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Table 3: Comparisons of the best error values of the 2013 CEC benchmark functions for SaDE and PSO2011. In the table, “S-” and “M-”
denote the single-population version and multipopulation version of algorithms, respectively. Here [𝑎 ± 𝑏] indicates the mean value and the
corresponding standard deviation of 25 independent simulations.The best result in each row (Tables 2 and 3 combined) is shown in bold font.
Average CPU times (minutes) are shown in the last row of the table.

Function S-SaDE M-SaDE S-PSO2011 M-PSO2011
F1 5.43𝐸 − 10 ± 1.36𝐸 − 11 0.00E + 00 ± 0.00E + 00 6.89𝐸 − 19 ± 7.97𝐸 − 20 0.00E + 00 ± 0.00E + 00
F2 4.25𝐸 + 05 ± 3.12𝐸 + 04 3.92𝐸 + 05 ± 5.76𝐸 + 04 1.32𝐸 + 06 ± 4.80𝐸 + 05 1.34E + 05 ± 5.67E + 04
F3 5.99𝐸 + 07 ± 3.76𝐸 + 06 1.89𝐸 + 07 ± 7.54𝐸 + 06 7.86𝐸 + 07 ± 9.92𝐸 + 06 2.43E + 06 ± 4.72E + 05
F4 1.25𝐸 + 06 ± 4.68𝐸 + 05 1.40E + 05 ± 4.35E + 04 1.17𝐸 + 06 ± 5.54𝐸 + 05 6.76𝐸 + 06 ± 5.31𝐸 + 05
F5 5.34𝐸 + 02 ± 3.70𝐸 + 01 7.44𝐸 + 00 ± 2.31𝐸 + 00 1.15𝐸 + 02 ± 6.18𝐸 + 01 0.00E + 00 ± 0.00E + 00
F6 1.45𝐸 + 02 ± 6.34𝐸 + 01 5.67E + 00 ± 4.78E + 00 5.37𝐸 + 04 ± 6.76𝐸 + 03 4.32𝐸 + 03 ± 7.98𝐸 + 02
F7 2.91𝐸 + 02 ± 4.56𝐸 + 01 7.07E + 00 ± 8.92E − 01 1.25𝐸 + 04 ± 7.08𝐸 + 03 1.54𝐸 + 02 ± 6.97𝐸 + 01
F8 8.32𝐸 + 03 ± 1.57𝐸 + 02 5.65𝐸 + 01 ± 1.23𝐸 + 00 9.43𝐸 + 02 ± 2.12𝐸 + 01 2.82E + 01 ± 9.33E + 00
F9 6.43𝐸 + 03 ± 5.54𝐸 + 02 3.47E + 01 ± 6.38E + 00 4.41𝐸 + 03 ± 3.56𝐸 + 02 5.23𝐸 + 02 ± 4.34𝐸 + 01
F10 2.32𝐸 + 03 ± 1.17𝐸 + 02 7.81E + 00 ± 1.22E − 01 3.76𝐸 + 01 ± 1.89𝐸 + 00 5.67𝐸 + 01 ± 3.21𝐸 + 00
F11 6.33𝐸 + 02 ± 2.25𝐸 + 01 8.90E + 00 ± 3.86E + 00 6.65𝐸 + 03 ± 8.54𝐸 + 02 1.45𝐸 + 01 ± 2.54𝐸 + 00
F12 4.19𝐸 + 03 ± 4.32𝐸 + 02 7.78E + 01 ± 5.47E + 00 2.43𝐸 + 03 ± 1.26𝐸 + 02 7.87𝐸 + 01 ± 6.23𝐸 + 01
F13 5.76𝐸 + 03 ± 2.45𝐸 + 02 6.60E + 01 ± 3.71E + 00 6.54𝐸 + 04 ± 6.13𝐸 + 03 1.34𝐸 + 02 ± 8.98𝐸 + 01
F14 2.65𝐸 + 01 ± 1.36𝐸 + 00 5.65E + 01 ± 8.89E + 00 5.48𝐸 + 02 ± 3.87𝐸 + 01 6.34𝐸 + 01 ± 5.26𝐸 + 00
F15 5.20𝐸 + 04 ± 6.65𝐸 + 03 4.36E + 03 ± 2.17E + 02 4.19𝐸 + 05 ± 6.22𝐸 + 04 4.55𝐸 + 04 ± 3.29𝐸 + 03
F16 3.76𝐸 + 03 ± 6.72𝐸 + 02 5.54E + 00 ± 2.16E + 00 1.00𝐸 + 03 ± 4.55𝐸 + 02 7.40𝐸 + 02 ± 1.23𝐸 + 01
F17 4.32𝐸 + 03 ± 9.24𝐸 + 02 4.45𝐸 + 01 ± 3.92𝐸 − 01 1.32𝐸 + 02 ± 7.64𝐸 + 01 6.76E + 00 ± 1.65E − 01
F18 1.18𝐸 + 03 ± 4.80𝐸 + 02 1.23E + 01 ± 7.89E + 00 2.28𝐸 + 03 ± 6.59𝐸 + 02 2.45𝐸 + 02 ± 7.89𝐸 + 01
F19 5.92𝐸 + 02 ± 6.43𝐸 + 01 7.76E + 01 ± 4.37E + 00 8.98𝐸 + 03 ± 1.66𝐸 + 02 5.36𝐸 + 02 ± 4.75𝐸 + 01
F20 1.32𝐸 + 01 ± 5.44𝐸 + 00 6.67E + 01 ± 3.41E + 00 1.45𝐸 + 03 ± 9.81𝐸 + 02 2.38𝐸 + 02 ± 7.62𝐸 + 01
F21 3.46𝐸 + 03 ± 1.84𝐸 + 02 2.48E + 02 ± 7.80E + 01 5.99𝐸 + 04 ± 4.13𝐸 + 03 5.43𝐸 + 02 ± 8.90𝐸 + 01
F22 7.79𝐸 + 02 ± 5.62𝐸 + 01 1.22E + 01 ± 3.17E + 00 1.76𝐸 + 03 ± 3.32𝐸 + 02 5.32𝐸 + 03 ± 4.54𝐸 + 02
F23 2.33𝐸 + 05 ± 1.75𝐸 + 04 8.92𝐸 + 03 ± 3.44𝐸 + 03 5.53𝐸 + 05 ± 6.96𝐸 + 04 1.26E + 03 ± 3.33E + 02
F24 4.46𝐸 + 04 ± 8.08𝐸 + 03 7.28𝐸 + 02 ± 5.38𝐸 + 00 6.87𝐸 + 06 ± 5.43𝐸 + 05 6.43E + 02 ± 9.09E + 01
F25 3.42𝐸 + 04 ± 1.37𝐸 + 03 9.03𝐸 + 02 ± 1.28𝐸 + 01 9.06𝐸 + 05 ± 8.85𝐸 + 04 1.21E + 02 ± 4.58E + 01
F26 6.60𝐸 + 02 ± 2.76𝐸 + 01 4.22E + 02 ± 5.76E + 01 1.79𝐸 + 03 ± 5.41𝐸 + 02 2.14𝐸 + 03 ± 8.66𝐸 + 02
F27 2.52𝐸 + 03 ± 4.41𝐸 + 02 8.09𝐸 + 02 ± 8.90𝐸 + 01 3.99𝐸 + 04 ± 3.72𝐸 + 03 6.43E + 02 ± 1.37E + 01
F28 7.72𝐸 + 03 ± 8.58𝐸 + 02 3.60E + 02 ± 5.81E + 01 1.18𝐸 + 04 ± 2.56𝐸 + 03 9.13𝐸 + 03 ± 6.55𝐸 + 02
CPU time 185.32 149.05 138.70 118.52

table, it is seen that M-SaDE performs best for all of scheme
cases because of its lowest scheduling quality effect. Further-
more, we find thatmultipopulation EAs perform significantly
better than single-population EAs on these scheme cases of
the warehouse scheduling problem, which again verifies the
conclusions obtained in the test of benchmark functions.

A sample multipopulation SaDE scheduling route output
is shown in Table 6 for Scheme 1. It is seen that the warehouse
scheduling problem is divided into 5 routes, where machine 1
implements routes 1 and 2, and machine 2 implements routes
3, 4, and 5. Each route includes 8 storage units, where the
first 4 storage units are used to store products, and the last
4 storage units are used to retrieve products.

5. Conclusions

In this paper, we first propose a management strategy for the
number of multiple subpopulations based on individual dis-
tance and population distance, and it dynamically increases

or decreases the subpopulation number during evolution
process to maintain population diversity. Then we integrate
the proposed multipopulation management strategy into
EAs, including SGA, PBIL, SaDE, and PSO2011, to develop
new multipopulation EAs. Next, the proposed multipopu-
lation EAs are tested on CEC benchmark functions, and
empirical results show that any single-population EA can be
easily extended to a multipopulation EA by the proposed
strategy, and the proposed multipopulation methods can
obtain the better optimization performance than single-
population EAs. Finally, these multipopulation EAs are used
to solve real-world complex automatedwarehouse scheduling
problems, and experimental results show that the proposed
multipopulation EAs can obtain satisfied solutions.

In future research, at least three directions are envisioned.
First, the proposed multipopulation management strategy
has been combined into several EAs and improves their opti-
mization performance. The multipopulation management
strategy presented here could be extended for more EAs
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Table 4: Wilcoxon test results for pairwise algorithm comparisons. If the difference between the algorithms is statistically significant, the
pairs are marked as follows: “x-o” shows that the left algorithm is better than the right one; “o-x” shows that the right algorithm is better than
the left one. The B/S/W row at the bottom shows the total scores, where “B” denotes the number of times the left algorithm performs better,
“S” denotes the number of times the two algorithms perform the same, and “W” denotes the number of times the left algorithm performs
worse than the right one.

Function S-SGA versus M-SGA S-PBIL versus M-PBIL S-SaDE versus M-SaDE S-PSO2011 versus M-PSO2011
F1 o-x o-x o-x o-x
F2 o-x – – –
F3 – o-x – o-x
F4 o-x o-x o-x –
F5 – o-x o-x o-x
F6 o-x x-o o-x o-x
F7 o-x o-x o-x o-x
F8 o-x o-x o-x o-x
F9 o-x – o-x o-x
F10 o-x o-x o-x –
F11 x-o o-x o-x o-x
F12 o-x o-x o-x o-x
F13 o-x o-x o-x o-x
F14 – o-x – o-x
F15 – – o-x o-x
F16 o-x o-x o-x –
F17 o-x o-x o-x o-x
F18 o-x o-x o-x o-x
F19 – o-x o-x o-x
F20 o-x o-x – o-x
F21 o-x o-x o-x o-x
F22 o-x o-x o-x x-o
F23 – x-o o-x o-x
F24 o-x o-x o-x o-x
F25 o-x o-x o-x o-x
F26 – o-x – –
F27 o-x o-x o-x o-x
F28 o-x o-x o-x o-x
B/S/W 1/7/20 2/3/23 0/5/23 1/5/22

Table 5: Optimization results for 5 schemes of the warehouse scheduling problem. Here 𝑎(𝑏) denotes the mean value and corresponding
standard deviation of the scheduling quality effect. The best results in each row are shown in boldface font.

Problem (𝑔, ℎ) S-SGA M-SGA S-PBIL M-PBIL
Scheme 1 (20, 20) 2629.3 (75.4) 2317.7 (47.6) 2613.1 (55.9) 2304.1 (28.3)
Scheme 2 (20, 16) 1627.1 (66.2) 1423.7 (48.6) 1599.4 (57.3) 1398.4 (66.4)
Scheme 3 (20, 12) 914.5 (32.7) 852.3 (53.2) 973.4 (44.1) 886.0 (53.7)
Scheme 4 (16, 20) 1533.2 (82.1) 1295.4 (59.6) 1436.1 (72.4) 1266.7 (36.7)
Scheme 5 (12, 20) 884.4 (26.4) 712.6 (52.0) 804.3 (36.7) 699.4 (45.1)
Problem (𝑔, ℎ) S-SaDE M-SaDE S-PSO2011 M-PSO2011
Scheme 1 (20, 20) 2322.5 (79.3) 2003.7 (56.6) 2395.6 (47.5) 2113.8 (39.1)
Scheme 2 (20, 16) 1453.6 (46.2) 1205.4 (47.3) 1490.1 (29.3) 1347.6 (61.7)
Scheme 3 (20, 12) 812.6 (39.8) 705.3 (55.4) 884.2 (16.7) 783.3 (24.5)
Scheme 4 (16, 20) 1233.8 (38.0) 1100.9 (41.2) 1312.5 (53.4) 1194.2 (29.9)
Scheme 5 (12, 20) 711.5 (36.7) 621.8 (55.1) 746.3 (28.4) 686.3 (33.1)
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Table 6: Scheduling orders as optimized bymultipopulation SaDE. “Machine” denotes themachine number index, “Route” denotes the route
number index, and “Scheduling orders” denote the scheduling orders that one machine implements in one route.

Machine index Route Scheduling orders

Machine 1 1 p11 → p2 → p9 → p15 → p34 → p29 → p22 → p37
2 p5 → p8 → p19 → p13 → p27 → p35 → p28 → p32

Machine 2
3 p1 → p16 → p4 → p12 → p24 → p26 → p36 → p38
4 p17 → p6 → p10 → p18 → p31 → p23 → p40 → p25
5 p7 → p14 → p20 → p3 → p30 → p21 → p39 → p33
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Figure 3: Layout of the warehouse system.

and swarm intelligence algorithms, for example, fireworks
algorithm (FWA) [38, 39], brain storm optimization (BSO)
algorithm [40, 41], teaching-learning based optimization
(TLBO) algorithm [42–44], and Jaya optimization algorithm
[45]. Second, in this paper, we do not consider the communi-
cation between subpopulations. Undoubtedly, the interaction
of subpopulations is important to enhance optimization per-
formance by information share between subpopulations. So
how to implement the adaptive interaction of subpopulations
is additional direction for future study. Third, solving real-
world application problems is the perpetual goal for EAs, and
it would be fruitful to apply the proposed multipopulation
EAs to various complex real-world problems. There is no
doubt that more applications of the proposed multipopula-
tion EAs can emerge in the near future with focused research.
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