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Methods of numerical linear algebra are concerned with the
theory and practical aspects of computing solutions of mathematical problems in engineering such as image and signal
processing, telecommunication, data mining, computational
finance, bioinformatics, optimization, and partial differential equations. In recent years, applications of methods of
numerical linear algebra in engineering have received a lot
of attention and a large number of papers have proposed
several methods for solving engineering problems. This
special issue is devoted to publishing the latest and significant
methods of numerical linear algebra for computing solutions
of engineering problems.
We received thirty-two papers in the interdisciplinary
research fields. This special issue includes eight high quality
peer-reviewed articles.
In the following, we briefly review each of the papers that
are published.
(1) In the paper entitled “Application of the Least
Squares Method in Axisymmetric Biharmonic Problems” V.
Chekurin and L. Postolaki develop an approach for solving
the axisymmetric biharmonic boundary value problems for
semi-infinite cylindrical domain.
(2) In the paper entitled “Explicit Determinantal Representation Formulas of 𝑊-Weighted Drazin Inverse Solutions
of Some Matrix Equations over the Quaternion Skew Field” I.
I. Kyrchei obtains explicit formulas for determinantal representations of the 𝑊-weighted Drazin inverse solutions (analogs of Cramer’s rule) of the quaternion matrix equations.
(3) In the paper entitled “A General Solution to Least
Squares Problems with Box Constraints and Its Applications”

Y. Teng et al. introduce a flexible solution to the boxconstrained least squares problems. This solution is applicable to many existing problems, such as nonnegative matrix
factorization, support vector machine, signal deconvolution,
and computed tomography reconstruction.
(4) In the paper entitled “A Novel Control Strategy of
DFIG Based on the Optimization of Transfer Trajectory at
Operation Points in the Islanded Power System” Z. Mi et al.
propose a novel control strategy based on the optimization of
transfer trajectory at operation points for DFIG.
(5) In the paper entitled “A Joint Scheduling Optimization Model for Wind Power and Energy Storage Systems considering Carbon Emissions Trading and Demand Response”
Y. Aiwei et al. introduce energy storage systems (ESSs) and
demand response (DR) to the traditional scheduling model of
wind power and thermal power with carbon emission trading
(CET).
(6) In the paper entitled “Parallelization of EigenvalueBased Dimensional Reductions via Homotopy Continuation”
S. Bi et al. investigate a homotopy-based method for embedding with hundreds of thousands of data items which yields
a parallel algorithm suitable for running on a distributed
system.
(7) In the paper entitled “Application of the Value Optimization Model of Key Factors Based on DSEM” C. Su and
Z. Ren establish a value optimization model of key factors to
control the simulation accuracy and computational efficiency
of the soil-structure interaction.
(8) In the paper entitled “Computing the Pseudoinverse
of Specific Toeplitz Matrices Using Rank-One Updates” P.
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S. Stanimirović et al. present application of the pure rankone update algorithm as well as a combination of rank-one
updates and the Sherman-Morrison formula in computing
the Moore-Penrose inverse of the particular Toeplitz matrix.

Acknowledgments
The editors of this special issue would like to express their
gratitude to the authors who have submitted manuscripts for
consideration. They also thank the many individuals who
served as referees of the submitted manuscripts.
Masoud Hajarian
Jinyun Yuan
Ivan Kyrchei

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2016, Article ID 9065438, 16 pages
http://dx.doi.org/10.1155/2016/9065438

Research Article
Computing the Pseudoinverse of Specific Toeplitz
Matrices Using Rank-One Updates
Predrag S. StanimiroviT,1 Vasilios N. Katsikis,2 and Igor StojanoviT3
1

University of Niš, Faculty of Sciences and Mathematics, Višegradska 33, 18000 Niš, Serbia
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Application of the pure rank-one update algorithm as well as a combination of rank-one updates and the Sherman-Morrison
formula in computing the Moore-Penrose inverse of the particular Toeplitz matrix is investigated in the present paper. Such Toeplitz
matrices appear in the image restoration process and in many scientific areas that use the convolution. Four different approaches
are developed, implemented, and tested on a number of numerical experiments.

1. Introduction
Let C𝑚×𝑛 and C𝑚×𝑛
denote the set of all complex 𝑚 × 𝑛
𝑟
matrices and the set of all complex 𝑚 × 𝑛 matrices of rank 𝑟,
respectively. The identity matrix of an appropriate order is
denoted by 𝐼. The conjugate transpose, the range, the rank,
and the null space of 𝐴 ∈ C𝑚×𝑛 are denoted by 𝐴∗ , R(𝐴),
rank(𝐴), and N(𝐴), respectively.
Representation and computation of various generalized
inverses are closely related to the following Penrose equations:
𝐴𝑋𝐴 = 𝐴,
𝑋𝐴𝑋 = 𝑋,
(𝐴𝑋)∗ = 𝐴𝑋,

(1)

(𝑋𝐴)∗ = 𝑋𝐴.
The set of all matrices obeying the conditions contained in
a subset S ⊆ {1, 2, 3, 4} is denoted by 𝐴{S}. Any matrix
from 𝐴{S} is called S-inverse of 𝐴 and is denoted by 𝐴(S) .

By 𝐴{S}𝑠 we denote the set of all S-inverses of 𝐴 with
rank 𝑠. For any matrix 𝐴 there exists a single element in the
set 𝐴{1, 2, 3, 4}, called the Moore-Penrose inverse of 𝐴 and
denoted by 𝐴† .
A rank-one modification of a matrix 𝐴 ∈ C𝑚×𝑛 is the
matrix 𝑀 = 𝐴 + 𝑏𝑐∗ , which is created from 𝐴 and two vectors
𝑏 ∈ C𝑚 and 𝑐 ∈ C𝑛 . The Sherman-Morrison formula (S-M
shortly) gives the basic relationship between the inverses 𝑀−1
and 𝐴−1 (for more details see, e.g., [1]):
𝑀−1 = 𝐴−1 −

1
𝐴−1 𝑏𝑐∗ 𝐴−1 .
1 + 𝑐∗ 𝐴−1 𝑏

(2)

The identity (2) provides a numerically efficient way to
compute the inverse 𝑀−1 of the rank-one update 𝑀. The SM formula is important in many different fields of numerical
computation; see for example [2–7].
On the other hand, Toeplitz matrices arise in a number of
various theoretical investigations and applications. A number
of iterative processes for finding generalized inverses of an
arbitrary Toeplitz matrix by modifying Newton’s method
have been developed so far. The main results were stated in

2
[8–13]. Adaptations of the iterative processes to the Toeplitz
structure are based on the usage of the displacement operator
as well as the concept of displacement representation and 𝜀displacement rank of matrices.
A variety of methods for computing the Moore-Penrose
inverse of a rank-one modified matrix have been developed
so far. Main results were derived in [14–18]. Relationships
between various generalized inverses of an arbitrary matrix
and corresponding generalized inverses of its rank-one modifications were investigated in [19]. The leading idea in [15, 16]
was successive computation of the symmetric rank-one (SR1)
updates (𝐴 𝑖−1 + 𝑎𝑖 𝑎𝑖∗ )† of a given matrix 𝐴, where 𝑎𝑖∗ denotes
∗
the 𝑖th row of 𝐴 and 𝐴 𝑖−1 = ∑𝑖−1
𝑗=1 𝑎𝑖 𝑎𝑖 . The authors of
the paper [15] introduced a computational procedure for the
Moore-Penrose inverse of a symmetric rank-one perturbed
matrix. Using this method, the authors of [16] proposed
a finite method for computing the minimum-norm leastsquares solution of the linear system 𝐴𝑥 = 𝑏.
The results derived in [20] reveal that both the SR1
updates techniques and the S-M recursive rule are useful tools
in the computation of various matrix products involving the
Moore-Penrose inverse of certain symmetric matrices. Particularly, the algorithms introduced in [20] are numerically
efficient in computation of {2, 4} and {2, 3} inverses.
In the present paper, we investigate the possibilities to
apply the SR1 update procedure and the S-M formula in
the computation of the Moore-Penrose inverse of specific
Toeplitz matrices that appear in the image restoration process. Our main motivation arises from the convenience to
apply the SR1 update and the S-M procedure in removing the
blur which is always present in digital images. Firstly, both
the SR1 update and the S-M formula are based on the usage
of columns (or rows) of the input matrix. On the other hand,
the matrices which appear in the mathematical model of blur
in computer-generated images possess very specific structure
which can be used to accelerate SR1 and S-M procedures.
Namely, entries in Toeplitz matrices are constant along
main diagonal parallels and, moreover, possess a significant
proportion of zero elements.
The paper is organized as follows. Some basic notations
and necessary facts are restated in Section 2. Also, some
additional motivation is presented in the same section. Usage
of the pure SR1 update algorithm, proposed in [15], in
the computation of the Moore-Penrose inverse of a kind
of Toeplitz matrices is considered in Section 3. A hybrid
combination of the SR1 and the S-M recursive rules is
defined in Section 4. An improvement of the SR1 procedure,
which is derived on the basis of the specific structure of the
underlying Toeplitz matrix, is presented in the same section.
An application of introduced methods in image restoration is
presented in Section 5.
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where ℓ defines the blurring process. In what follows, let us
consider the Toeplitz matrix of such form:
𝐻
[
[
[
[
[
[
[
[
[
=[
[
[
[
[
[
[
[
[
[

𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0

0

0

0

0

0 𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0

0

0

0

..
.
. d d d d .. d d d d
0 0

0 𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0 0

0

0 0

0

0

0

𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0

0

0 𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

..
. d d d d d d d 𝑡3

[ 0 0

0

0

0

0

0

..
.

𝑡1 𝑡2 𝑡3

]
0 0 ]
]
.. .. ]
]
. . ]
]
]
0 0 ] (3)
].
0 0 ]
]
]
0 0 ]
]
]
.. ]
d . ]
]
⋅ ⋅ ⋅ 𝑡ℓ ]

The assumption 𝑡1 ≠ 0 is active.
To clarify notation, Toeplitz matrices of the general form
(3) will be denoted shortly by
Tpl ({𝑡1 } , {𝑡1 , . . . , 𝑡ℓ }) .

(4)

We investigate the use of the SR1 update method, as described
in [15, Algorithm 2], during the numerical computation of
the Moore-Penrose inverse of Toeplitz matrices satisfying
the Tpl ({𝑡1 }, {𝑡1 , . . . , 𝑡ℓ }) pattern. Also, we examine different
improvements of the original method. The improvements are
based on appropriate adaptations of the SR1 method and the
S-M formula to the characteristic structure of underlying
matrices of type Tpl ({𝑡1 }, {𝑡1 , . . . , 𝑡ℓ }). The method of SR1
updates is based on the expression which computes the
Moore-Penrose inverse of the first 𝑘 columns of the initial
matrix 𝐴 using the Moore-Penrose inverse of its first 𝑘 − 1
columns. In detail, the SR1 method from [15] starts from the
well-known representation 𝐴† = (𝐴∗ 𝐴)† 𝐴∗ of the MoorePenrose. If the 𝑖th row of 𝐴 is denoted by 𝑎𝑖∗ , then
𝑚

𝐴∗ 𝐴 = ∑𝑎𝑖 𝑎𝑖∗ .

(5)

𝑖=1

Chen and Ji in [15] defined the matrix sequences 𝐴 𝑘 and 𝑋𝑘 ,
as
𝐴 0 = O ∈ C𝑛×𝑛 ,
𝑘

𝐴 𝑘 = ∑𝑎𝑖 𝑎𝑖∗ , 𝑘 = 1, . . . , 𝑚,

(6)

𝑖=1

𝑋𝑘 = 𝐴†𝑘 𝐴∗ ,

𝑘 = 1, . . . , 𝑚.

Clearly, 𝐴 𝑘 = 𝐴 𝑘−1 + 𝑎𝑖 𝑎𝑖∗ is the rank-one modification of
𝐴 𝑘−1 and

2. Preliminaries and Motivation
Toeplitz matrices or diagonally constant matrices are matrices having constant diagonal entries. Toeplitz matrices which
are applicable in the image restoration process contain ℓ
nonzero main diagonal parallels above the main diagonal,

0

0 0

𝑋𝑚 =

𝐴†𝑚 𝐴∗

=

†
∗
(∑𝑎𝑖 𝑎𝑖 )
𝑖=1
𝑚

𝐴∗ = 𝐴† .

(7)

Recall that the Moore-Penrose inverse of a general rankone modified matrix 𝑀 = 𝐴 + 𝑏𝑐∗ , where 𝐴 is an arbitrary
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Table 1: Comparison of the rank-one updates method and the BP method.
Sizes 𝑛, ℓ, 𝑠
50, 15, 10
50, 15, 10
50, 20, 10
50, 20, 10
50, 15, 500
50, 15, 500
50, 20, 500
50, 20, 500
250, 15, 500
250, 15, 500
400, 20, 500
400, 20, 500

Method
BP
SR1
BP
SR1
BP
SR1
BP
SR1
BP
SR1
BP
SR1

𝑟1
2.0011e − 15
2.2762e − 14
6.9626e − 16
6.16e − 14
8.0717e − 16
1.9666e − 14
6.8218e − 16
2.0844e − 14
3.4724e − 15
7.81e − 12
4.731e − 15
3.8409e − 11

CPU time
0.0025
0.0490
0.0028
0.0364
0.0029
0.0501
0.0016
0.0362
0.0059
23.9762
0.0135
320.0578

matrix and 𝑏, 𝑐 are arbitrary vectors, is obtained in [14,
Theorem 3.1.3]. The general theorem from [14] suggests six
different cases that one has to follow in order to establish
a relation between 𝑀† and 𝐴† . In [15], the authors proved
that the real number 𝛽𝑙 = 1 + 𝑎𝑙∗ 𝐴†𝑙−1 𝑎𝑙 , corresponding to
the term 1 + 𝑐∗ 𝐴−1 𝑏 in (2), satisfies 𝛽𝑙 ≥ 1. Later using
this result in conjunction with the fact that 𝐴 𝑙 is a positive
semidefinite matrix, the six cases of Theorem 3.1.3 from [14]
can be reduced to the two-case problem. This reduction
simplifies the SR1 updates formulas.
Let us denote the first 𝑘 columns of 𝐻 by
𝐻{𝑘} = [ ℎ1 ⋅ ⋅ ⋅ ℎ𝑘 ] .

(8)

Also, the last 𝑛 − 𝑘 columns of 𝐻 are denoted by
Then the matrix 𝐻 is given in the block form

{𝑘+1}

𝐻{𝑛} .

𝐻 = [𝐻{𝑚} | {𝑚+1} 𝐻{𝑛} ] ∈ C𝑚×𝑛 ,
𝑛 = 𝑚 + ℓ − 1,

ℓ ≥ 1,
(9)

𝐻{𝑚} ∈ C𝑚×𝑚 ,
{𝑚+1}

𝐻{𝑛} ∈ C𝑚×(𝑛−𝑚) ,

where the square block

𝐻{𝑚}

𝑡1
[
[0
[
[.
[.
[.
[
[
[0
=[
[0
[
[
[0
[
[
[.
[ ..
[
[0

𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0

0

𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ

0

..
.
. d d d .. d
0

0 𝑡1 𝑡2 𝑡3 ⋅ ⋅ ⋅

0

0

0

𝑡1 𝑡2 𝑡3

0

0

0

0 𝑡1 𝑡2

d d d d d d
0

0

0

0

0 ⋅⋅⋅

𝑟3
3.773e − 15
1.2594e − 14
3.4226e − 15
1.3341e − 14
3.7149e − 15
8.979e − 15
3.2663e − 15
7.9594e − 15
1.5467e − 14
1.2707e − 13
2.6494e − 14
2.2311e − 13

𝑟4
1.6463e − 14
4.0623e − 13
2.7706e − 14
1.3718e − 12
7.0839e − 15
3.5898e − 13
6.0107e − 15
4.1980e − 13
7.4894e − 14
2.2523e − 11
9.909e − 14
8.0923e − 11

is the nonsingular band Toeplitz matrix and

{𝑚+1}

𝐻{𝑛}

0
[.
[.
[.
[
[
[ 𝑡ℓ
=[
[⋅ ⋅ ⋅
[
[
[
[𝑡
[ 3

⋅⋅⋅ 0

0

]
]
d d d]
]
]
⋅⋅⋅ 0 0 ]
]
𝑡ℓ 0 0 ]
]
]
.. ]
⋅⋅⋅ d . ]
]

(11)

[ 𝑡2 𝑡3 ⋅ ⋅ ⋅ 𝑡ℓ ]
collects the last 𝑛 − 𝑚 columns of 𝐻.
An application of Greville’s partitioning method from [21]
and the block partitioning method (BP method, shortly) from
[22] in computing the Moore-Penrose inverse of the matrix
𝐻 is presented in [23]. According to Algorithms 1 and 2 and
Lemma 3 from [23], it is clear that the specific structure of
matrix 𝐻 enables computation 𝐻† simply by computing the
inverse of the nonsingular block 𝐻{𝑚} .
In this paper, we investigate some alternative methods for
computing 𝐻† using the SR1 updates and the S-M formula.
Our intention is to decrease computational complexity as
much as possible using a specific structure of Toeplitz
matrices of the general form Tpl ({𝑡1 }, {𝑡1 , . . . , 𝑡ℓ }).

3. Computing the Pseudoinverse of a Toeplitz
Matrix by Rank-One Updates

0

]
0]
]
.. ]
]
.]
]
]
𝑡ℓ ]
]
⋅ ⋅ ⋅]
]
]
𝑡3 ]
]
]
.. ]
.]
]
𝑡1 ]

𝑟2
2.0385e − 14
5.5984e − 13
2.8774e − 14
2.0705e − 12
1.6354e − 14
4.8611e − 13
2.1407e − 14
5.3265e − 13
2.3693e − 13
3.6574e − 11
3.7769e − 13
1.4246e − 10

(10)

Our first attempt consists in applying the unmodified SR1
method from [15] in order to compute the pseudoinverse of
the matrix 𝐻 that belongs to the class Tpl ({𝑡1 }, {𝑡1 , . . . , 𝑡ℓ }).
Obtained results are compared with corresponding results
derived by applying Algorithm 2 from [23] (the BP method).
The results of this comparison are presented in Table 1, where
𝑛, ℓ, and 𝑠 are the parameters which define the Gaussian blur
modeled by the Toeplitz matrix 𝐻. In the rest of the paper,
it is assumed that the matrix 𝐻 is of the order 𝑚 × 𝑛, where
𝑛 = 𝑚 + ℓ − 1 and ℓ ≥ 1 represents the width of the blurring
function.
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Table 2: Comparison of the combination of AlgSR1 and AlgBP methods and the block partitioning method.

Method
BP
HSR1 + BP
BP
HSR1 + BP
BP
HSR1 + BP
BP
HSR1 + BP
BP
HSR1 + BP
BP
HSR1 + BP

Sizes 𝑛, ℓ, 𝑠
50, 15, 10
50, 15, 10
50, 20, 10
50, 20, 10
50, 15, 500
50, 15, 500
50, 20, 500
50, 20, 500
250, 15, 500
250, 15, 500
400, 20, 500
400, 20, 500

CPU time
0.0037
0.0592
3.4243e − 04
0.0305
0.0019
0.0411
3.2256e − 04
0.0288
0.0048
21.9978
0.0132
306.1949

𝑟1
2.0011e − 15
2.6951e − 14
6.9626e − 16
5.3084e − 14
8.0717e − 16
2.1453e − 14
6.8218e − 16
6.029e − 15
3.4724e − 15
1.8868e − 12
4.731e − 15
7.3251e − 12

If an approximation of 𝐻† is denoted by 𝑋, then the
residual norms are denoted by
𝑟1 = ‖𝐻𝑋𝐻 − 𝐻‖2 ,
𝑟2 = ‖𝑋𝐻𝑋 − 𝑋‖2 ,


𝑟3 = (𝐻𝑋)∗ − 𝐻𝑋2 ,


𝑟4 = (𝑋𝐻)∗ − 𝑋𝐻2 .

(12)

For the sake of simplicity, let us denote Algorithm 2 from [15]
by SR1 and Algorithm 2 from [23] by BP.
From Table 1, it is observable that the SR1 method is
marginally efficient in terms of accuracy, but it is time
consuming, especially for larger dimensions. There is a
theoretical explanation for these results. The number of
multiplications and divisions included in the SR1 algorithm
is about 𝑂(𝑚2 𝑛 + 𝑚𝑛) in the case 𝑚 < 𝑛 and 𝑂(𝑛2 𝑚 + 𝑚𝑛) in
the case 𝑛 < 𝑚. Therefore, as it is stated in [15], the rank-one
updates algorithm works efficiently in cases where it holds
𝑚 ≪ 𝑛 or 𝑚 ≫ 𝑛. In our case, 𝑛 = 𝑚 + ℓ − 1, where
ℓ ≥ 1 represents the width of the blurring process. Since, in
the general case, ℓ is a relatively small integer, the conditions
𝑚 < 𝑛 and 𝑚 ≈ 𝑛 are satisfied. This fact causes relative
inefficiency of the SR1 method.
Our second attempt is to apply Algorithm SR1 to the
matrix 𝐻{𝑚} , from (10), in order to generate its inverse.
Then the Moore-Penrose inverse of 𝐻 comes from the block
partitioning method (called BP), as it was described in [23].
This approach is shortly denoted by HSR1 + BP.
It is observable from Table 2 that the method HSR1 +
BP is marginally efficient in terms of accuracy, but it is time
consuming; see, for example, the case 𝑛 = 400.
From the previous analysis of data included in Tables
1 and 2, we conclude that both algorithms SR1 and HSR1
+ BP are not efficient approaches for computing 𝐻† with
respect to the BP method in terms of computational speed,
especially for large matrices. But both approaches show
marginal efficiency in terms of the accuracy.

𝑟2
2.0385e − 14
2.9305e − 13
2.8774e − 14
4.1354e − 13
1.6354e − 14
2.2518e − 13
2.1407e − 14
1.3385e − 13
2.3693e − 13
3.4807e − 10
3.7769e − 13
2.7048e − 09

𝑟3
3.773e − 15
1.3171e − 13
3.4226e − 15
3.1072e − 13
3.7149e − 15
7.0401e − 14
3.2663e − 15
2.6565e − 14
1.5467e − 14
1.154e − 11
2.6494e − 14
6.4634e − 11

𝑟4
1.6463e − 14
4.0769e − 14
2.7706e − 14
9.9898e − 14
7.0839e − 15
3.2624e − 14
6.0107e − 15
1.3927e − 14
7.4894e − 14
4.0825e − 12
9.909e − 14
2.0001e − 11

4. A Combination of SR1 Updates
and S-M Formula
Two additional algorithms are defined in the current section.
The first one uses the SR1 updates to compute the matrix
𝐻𝑚 = 𝐻{𝑚} (𝐻{𝑚} )∗ in the first step and the S-M formula to
compute 𝐻𝑚† in the subsequent step. The second algorithm
replaces the usage of the SR1 updates from the first step by
a direct construction of the matrix 𝐻𝑚 . The matrix 𝐻𝑚 can
be generated efficiently in view of the specific structure of the
input matrix 𝐻.
4.1. SR1 Updates in Conjunction with the S-M Formula. As
usual, the 𝑖th column of 𝐻 is denoted by ℎ𝑖 . Then, since 𝐻
is of full row rank, it is advantageous to define a proper SR1
recursive computational method for generating the MoorePenrose inverse of 𝐻 on the basis of the relation
−1

𝐻† = 𝐻∗ (𝐻𝐻∗ )

𝑛

∗

−1

= 𝐻∗ (∑ℎ𝑖 (ℎ𝑖 ) ) .

(13)

𝑖=1

For that purpose, it is necessary to define the matrix sequence
𝐻0 = O ∈ C𝑚×𝑚 ,
𝑘

∗

∗

𝐻𝑘 = ∑ℎ𝑖 (ℎ𝑖 ) = 𝐻𝑘−1 + ℎ𝑘 (ℎ𝑘 ) , 𝑘 = 1, . . . , 𝑛.

(14)

𝑖=1

Lemma 1 reveals some of basic properties of the sequence
𝐻𝑘 . Following the notation from [20], the notation ℎ𝑘 ∈
L(ℎ1 , . . . , ℎ𝑘−1 ) means that a column ℎ𝑘 is linearly dependent on the previous columns ℎ1 , . . . , ℎ𝑘−1 and ℎ𝑘 ∉
L(ℎ1 , . . . , ℎ𝑘−1 ) indicates that ℎ𝑘 is linearly independent of
ℎ1 , . . . , ℎ𝑘−1 .
Lemma 1. The following statements are valid:
(i) ℎ𝑘 ∉ L(ℎ1 , . . . , ℎ𝑘−1 ), for each 1 < 𝑘 ≤ 𝑛.
(ii) rank(𝐻𝑘 ) = rank(𝐻𝑘−1 ) + 1, for each 1 < 𝑘 ≤ 𝑛.
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(iii) rank(𝐻𝑘 ) < 𝑚, for each 1 ≤ 𝑘 < 𝑚, and rank(𝐻𝑘 ) =
rank(𝐻𝑘−1 ) = 𝑚, for each 𝑘 = 𝑚 + 1, . . . , 𝑛.

Proof. The proof of lemma follows from the fact that 𝐻𝑘−1 is
regular, for each 𝑘 = 𝑚 + 1, . . . , 𝑛.

(iv) The following concluding relation is valid:

Now, we turn our attention to (20). Since the matrices
𝐻𝑘−1 , 𝑘 = 𝑚 + 1, . . . , 𝑛 are regular, it is possible to find a
−1
relation between 𝐻𝑘−1 = (𝐻𝑘−1 + ℎ𝑘 (ℎ𝑘 )∗ )−1 and 𝐻𝑘−1
by
applying the Sherman-Morrison formula (2). This relation is
given in Proposition 4.

𝐻

∗

𝐻𝑛−1

†

=𝐻 .

(15)

Proof. (i) This part of the proof is implied by the fact that the
columns of 𝐻 are linearly independent.
(ii) According to the part (i), immediately follows
rank(𝐻{𝑘} ) = rank(𝐻{𝑘−1} ) + 1, for each 1 < 𝑘 ≤ 𝑛. Later,
it is easy to verify

∗ −1

∗

𝑘

∗

𝐻𝑘 = ∑ℎ𝑖 (ℎ𝑖 ) = [ ℎ1
𝑖=1

(ℎ1 )
]
[
]
[
𝑘 [ .. ]
⋅⋅⋅ ℎ ][ . ]
]
[
𝑘 ∗
(ℎ
)
]
[

Proposition 4. Let the matrix 𝐻 be defined as in (3). Assume
that the matrix sequence 𝐻𝑘 is defined in (14). The inverse of
𝐻𝑘 is equal to
𝐻𝑘−1 = (𝐻𝑘−1 + ℎ𝑘 (ℎ𝑘 ) )

(16)

−1
= 𝐻𝑘−1

(21)
−1

∗

∗

−1 𝑘
−1 𝑘
−1
− (1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ ) 𝐻𝑘−1
ℎ (ℎ𝑘 ) 𝐻𝑘−1
,

∗

= 𝐻{𝑘} (𝐻{𝑘} ) ,

for each 𝑘 = 𝑚 + 1, . . . , 𝑛.

which implies

(17)

In order to present the finite recursive algorithm for
computing the Moore-Penrose inverse of 𝐻 with the help of
the actual SR1 update formulas (20) and (21), we first define
𝐻0 = O ∈ C𝑚×𝑚 . For each 𝑘 = 1, . . . , 𝑚, it is necessary to
compute 𝐻𝑘 = 𝐻𝑘−1 +ℎ𝑘 (ℎ𝑘 )∗ . This requires calculated values
of the vectors 𝑦𝑚,𝑡 = 𝐻𝑚−1 ℎ𝑡 ∈ C𝑚 , 𝑡 = 1, . . . , 𝑛 and the matrix
𝑋𝑚 = 𝐻∗ 𝐻𝑚−1 .

(iii) This part of the proof can be verified by using (i) and
(ii), together with the fact that 𝐻𝑘 are all 𝑚 × 𝑚 matrices, for
each 𝑘 = 1, . . . , 𝑛.
(iv) According to part (iii), matrices 𝐻𝑘 , 𝑚 ≤ 𝑘 ≤ 𝑛, are
invertible. Since

Theorem 5. Let the matrix 𝐻 be defined as in (3), the matrix
sequence 𝐻𝑘 defined in (14), and the matrix sequence 𝑋𝑘
defined in (20). Then the following recursive relations are true:

{𝑘}

rank (𝐻𝑘 ) = rank (𝐻 ) = rank (𝐻

{𝑘−1}

∗

)+1

= rank (𝐻{𝑘−1} (𝐻{𝑘−1} ) ) + 1
= rank (𝐻𝑘−1 ) + 1.

{𝑛} ∗

𝐻𝑛 = 𝐻{𝑛} (𝐻 ) = 𝐻𝐻∗

(18)

−1

𝐻∗ 𝐻𝑛−1 = 𝐻∗ (𝐻𝐻∗ )

= 𝐻† ,

(19)

∗

1 + (ℎ𝑘 ) 𝑦𝑘−1,𝑘

𝑋𝑘 = 𝑋𝑘−1 −

Remark 2. According to Lemma 1 the matrices 𝐻𝑘 are of the
order 𝑚 × 𝑚 and it holds rank(𝐻𝑘 ) < 𝑚, for each 1 ≤ 𝑘 < 𝑚,
while rank(𝐻𝑘 ) = rank(𝐻𝑘−1 ) = 𝑚, for each 𝑘 = 𝑚 + 1, . . . , 𝑛.
Since rank(𝐻𝑛 ) = rank(𝐻𝐻∗ ) = 𝑚, the invertibility of 𝐻𝑛
is guaranteed, so that we are able to apply the S-M formula
−1
which relates 𝐻𝑘−1 with 𝐻𝑘−1
, for each 𝑘 = 𝑚 + 1, . . . , 𝑛.
According to Lemma 1, matrices 𝐻𝑘 , 𝑚 ≤ 𝑘 ≤ 𝑛, are
invertible. Therefore, it is possible to define the following
matrix sequence:
𝐻𝑘−1 ,

𝑘 = 𝑚, . . . , 𝑛.

(20)

Identity (15) immediately implies 𝑋𝑛 = 𝐻† .
𝑘 ∗

Lemma 3. It holds 1 + (ℎ )
1, . . . , 𝑛.

= (𝐼𝑚 −

𝑦𝑘−1,𝑘 (ℎ𝑘 )

(22)

∗

1 + (ℎ𝑘 ) 𝑦𝑘−1,𝑘

) ⋅ 𝑦𝑘−1,𝑡 ,
∗

which completes the proof.

𝑋𝑘 = 𝐻

𝑦𝑘,𝑡 = 𝑦𝑘−1,𝑡 −

∗

is invertible, then it holds

∗

∗

𝑦𝑘−1,𝑘 (ℎ𝑘 ) 𝑦𝑘−1,𝑡

−1 𝑘
𝐻𝑘−1
ℎ

≥ 1, for each 𝑘 = 𝑚 +

𝐻∗ 𝑦𝑘−1,𝑘 (𝑦𝑘−1,𝑘 )

.

∗

1 + (ℎ𝑘 ) 𝑦𝑘−1,𝑘

(23)

Proof. Note that from 𝑦𝑙,𝑡 = 𝐻𝑙−1 ℎ𝑡 it follows that (𝑦𝑙,𝑡 )∗ =
(𝐻𝑙−1 ℎ𝑡 )∗ = (ℎ𝑡 )∗ 𝐻𝑙−1 . Based on the use of (21), the recursive
sequences 𝑦𝑘,𝑡 are defined for 𝑘 = 𝑚 + 1, . . . , 𝑛 as in the
following:
∗ −1

−1
𝑦𝑘,𝑡 = 𝐻𝑘−1 ℎ𝑡 = (𝐻𝑘−1 + ℎ𝑘 (ℎ𝑘 ) ) ℎ𝑡 = (𝐻𝑘−1
∗

−1

∗

−1 𝑘
−1 𝑘
−1
− (1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ ) 𝐻𝑘−1
ℎ (ℎ𝑘 ) 𝐻𝑘−1
) ℎ𝑡

−1 𝑡
= 𝐻𝑘−1
ℎ −

(24)

𝑘 ∗

−1 𝑘
−1 𝑡
𝐻𝑘−1
ℎ (ℎ ) 𝐻𝑘−1
ℎ
∗

−1 𝑘
1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ

, 𝑡 = 1, . . . , 𝑛.

Then the statement (22) can be easily verified using (24).
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Also, matrices 𝑋𝑘 , 𝑘 = 𝑚 + 1, . . . , 𝑛 are defined as

According to Theorem 5, we present Algorithm 1 for
computing the Moore-Penrose inverse of the Toeplitz matrix
𝐻. The algorithm is based on the SR1 modifications to
compute 𝐻𝑚 and subsequently the S-M formula to compute
𝐻† . For this purpose, we use the abbreviation HSR1 + S-M to
denote Algorithm 1.
A Matlab implementation of Algorithm 1 is placed in
Appendix.

−1
𝑋𝑘 = 𝐻∗ 𝐻𝑘−1 = 𝐻∗ (𝐻𝑘−1
∗

−1
= 𝐻∗ 𝐻𝑘−1

(25)
−1

∗

∗

= 𝑋𝑘−1 −

−1 𝑘
−1
𝐻∗ 𝐻𝑘−1
ℎ (ℎ𝑘 ) 𝐻𝑘−1
∗

−1 𝑘
1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ

.

So, (23) holds.


−1

−2

2
∑ ti ti+1 ∑ ti ti+2
···
···
t1 t l
0
0
···
···
0 ]
[ ∑ ti
[ i=1
]
i=1
i=1
[
]
−1

[ −1
]
[∑ t t
∑ ti2
∑ ti ti+1
d
d
d
t1 tl
0
d
d
0 ]
[
]
i i+1
[ i=1
]
i=1
i=1
[
]
−1
−2
−1

[
]
[
]
2
∑ ti
∑ ti ti+1 d
d
d t1 tl
d
d
0 ]
[ ∑ ti ti+2 ∑ ti ti+1
[ i=1
]
i=1
i=1
i=1
[
]
[
..
.. ]
[
]
.
d
d
d
d
d
d
d
d
d
.
[
]
[
]
[
]

..
[
]
2
[
.
d
d
d
∑ ti d
d
d
d
d
0 ]
[
]
[
]
i=1
[
]

Hm = [
]
..
2
[
.
d
d
d
d ∑ ti
d
d
d
d
t1 t ]
[
]
[
]
i=1
[
]
−1
[
]
..
2
[
]
.
d
d
d
d
d
∑
t
d
d
d
t
t
1 −1 ]
i
[
[
]
i=1
[
.. ]
..
[
]
[
. ]
.
d
d
d
d
d
d
d
d
d
[
]
[
]
2
[
..
.. ]
[
]
.
d
d
d
d
d
d
d
d
. ]
∑ ti ti+1
[
[
]
i=1
[
]
2
2
[
]
.
[
]
..
d
d
d
d
d
d
d ∑ ti ti+1 ∑ ti2
t1 t2 ]
[
[
]
i=1
i=1
···
···
···
0
t1 t
··· ···
···
t1 t2
t12 ]
[ 0

m−

𝑤2 𝑤3 ⋅ ⋅ ⋅

[ 𝑤𝑛

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑤2

𝑤1 ]

Also, for two appropriate vectors 𝑢, V, we denote by 𝐹 =
Hankel(𝑢, V) the (symmetric) Hankel matrix whose first
column is 𝑢 and whose last row is V.
Theorem 6. The matrix 𝐻𝑚 can be expressed as the difference
of a specific banded symmetric Toeplitz matrix and a partitioned matrix of the form

𝑤𝑛

]
[
[ 𝑤2 𝑤1 𝑤2 ⋅ ⋅ ⋅ 𝑤𝑛−1 ]
]
[
]
[ .
.
[
Toeplitz (𝑤) = [ .. d d d .. ]
].
]
[
]
[𝑤
[ 𝑛−1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 𝑤1 𝑤2 ]

(26)



Let 𝑤 = (𝑤1 , . . . , 𝑤𝑛 ) be one-dimensional vector; then the
symmetric Toeplitz matrix generated by 𝑤 is denoted by
Toeplitz(𝑤):
𝑤1

m−

∗

−1 𝑘
−1 𝑘
−1
− 𝐻∗ ((1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ ) 𝐺𝑘−1
ℎ (ℎ𝑘 ) 𝐻𝑘−1
)

4.2. An Improvement of the Hybrid Combination in Algorithm 1. By taking into account the fact that the Toeplitz
matrix 𝐻 has a specific structure, the matrix 𝐻𝑚 can be
generated in an efficient way. In this way, an improvement
of step (1) of Algorithm 1 is introduced. The effectiveness of
this method will be justified in the numerical experiments
presented in Section 4.3.
According to the proper structure of the matrix 𝐻 and
step (1) of Algorithm 1, the general structure of the matrix
𝐻𝑚 is defined as



−1

∗

−1
−1 𝑘
−1
− (1 + (ℎ𝑘 ) 𝐻𝑘−1
ℎ𝑘 ) 𝐻𝑘−1
ℎ (ℎ𝑘 ) 𝐻𝑘−1
)

(27)

[

O(𝑚−ℓ+1)×(ℓ−1)
O𝑚−ℓ+1
],
O(ℓ−1)×(𝑚−ℓ+1)
𝐹ℓ−1

(28)

where the block 𝐹ℓ−1 is defined by 𝐹ℓ−1 = 𝐹2 , for an appropriate
Hankel matrix 𝐹.
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Require: Start with 𝐻 ∈ C𝑚×𝑛 and 𝑛 > 𝑚. Let ℎ𝑖 be the 𝑖th column of 𝐻, for 𝑖 = 1, . . . , 𝑛, 𝐻0 = O ∈ C𝑚×𝑚 .
(1) (SR1 Step) For 𝑘 = 1, . . . , 𝑚, compute 𝐻𝑘 = 𝐻𝑘−1 + ℎ𝑘 (ℎ𝑘 )∗ .
(2) Set 𝑦𝑚,𝑡 = 𝐻𝑚−1 ℎ𝑡 ∈ C𝑚 for all 𝑡 = 1, . . . , 𝑛 and 𝑋𝑚 = 𝐻∗ 𝐻𝑚−1 .
(3) (S-M Step) Compute 𝑦𝑙,𝑡 and 𝑋𝑙 by using (22) and (23), respectively for all 𝑙 = 𝑚 + 1, . . . , 𝑛.
(4) Output 𝐻† = 𝑋𝑛 .
Algorithm 1: Computing the Moore-Penrose inverse of the Toeplitz matrix 𝐻.

Proof. Let 𝑢 and V be vectors defined by
𝑢 = (𝑡ℓ 𝑡ℓ−1 ⋅ ⋅ ⋅ 𝑡2 ) ,

(29)

0 ⋅⋅⋅ 0 𝑡
V = (⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟ ℓ ) ,

(30)

ℓ−2

𝐻 = [𝐻{5}

respectively. Then we define the following matrices:
𝐸
ℓ

ℓ−1

ℓ−2

𝑖=1

𝑖=1

𝑖=1

2
0 ⋅ ⋅ ⋅ 0 )) ,
= Toeplitz ((∑𝑡𝑖 ∑ 𝑡𝑖 𝑡𝑖+1 ∑ 𝑡𝑖 𝑡𝑖+2 ⋅ ⋅ ⋅ 𝑡1 𝑡ℓ ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚−ℓ

O𝑚−ℓ+1

O(ℓ−1)×(𝑚−ℓ+1)

𝑡1 𝑡2 𝑡3
[
[ 0 𝑡1 𝑡2
[
[
{6} {7}
| 𝐻 ] = [ 0 0 𝑡1
[
[ 0 0 0
[
[ 0 0 0

0 0 0 0

]
𝑡3 0 0 0 ]
]
𝑡2 𝑡3 0 0 ]
].
]
𝑡1 𝑡2 𝑡3 0 ]
]
0 𝑡1 𝑡2 𝑡3 ]

(32)

According to (14),
(31)

𝐹 = Hankel (V, 𝑢) ,
𝐿=[

Example 7. Consider the Toeplitz matrix 𝐻 ∈ C𝑚×𝑛 , defined
in (3) for 𝑚 = 5, ℓ = 3, and 𝑛 = 𝑚 + ℓ − 1 = 7:

O(𝑚−ℓ+1)×(ℓ−1)
] , 𝐹ℓ−1 = 𝐹2 .
𝐹ℓ−1

A simple verification shows that 𝐻𝑚 = 𝐸 − 𝐿.
Next we present an example, in low dimensions, in order
to illustrate Theorem 6.

∗

𝐻𝑚 = 𝐻5 = 𝐻{5} (𝐻{5} )

𝑡1 𝑡3
0
0
𝑡12 + 𝑡22 + 𝑡32 𝑡1 𝑡2 + 𝑡2 𝑡3
]
[
[ 𝑡 𝑡 + 𝑡 𝑡 𝑡2 + 𝑡2 + 𝑡2 𝑡 𝑡 + 𝑡 𝑡
𝑡1 𝑡3
0 ]
] (33)
[ 12 23 1 2 3 12 23
]
[
2
2
2
[
= [ 𝑡1 𝑡3
𝑡1 𝑡2 + 𝑡2 𝑡3 𝑡1 + 𝑡2 + 𝑡3 𝑡1 𝑡2 + 𝑡2 𝑡3 𝑡1 𝑡3 ]
].
]
[
2
2
]
[
0
𝑡
𝑡
𝑡
𝑡
+
𝑡
𝑡
𝑡
+
𝑡
𝑡
𝑡
1 3
1 2
2 3
1 2]
1
2
[
2
0
0
𝑡1 𝑡3
𝑡1 𝑡2
𝑡1 ]
[

We exploit the matrix

3

2

𝑖=1

𝑖=1

𝐸 = Toeplitz ((∑𝑡𝑖2 ∑𝑡𝑖 𝑡𝑖+1

𝑡1 𝑡3
0
0
𝑡12 + 𝑡22 + 𝑡32 𝑡1 𝑡2 + 𝑡2 𝑡3
]
[
]
[ 𝑡 𝑡 + 𝑡 𝑡 𝑡2 + 𝑡2 + 𝑡2 𝑡 𝑡 + 𝑡 𝑡
𝑡1 𝑡3
0
]
[ 12 23 1 2 3 12 23
]
[
2
2
2
].
𝑡1 𝑡3 0 0)) = [
𝑡
𝑡
𝑡
+
𝑡
𝑡
𝑡
+
𝑡
+
𝑡
𝑡
𝑡
+
𝑡
𝑡
𝑡
𝑡
𝑡
1 3
1 2
2 3
1 2
2 3
1 3
1
2
3
]
[
]
[
2
2
2
[
0
𝑡1 𝑡3
𝑡1 𝑡2 + 𝑡2 𝑡3 𝑡1 + 𝑡2 + 𝑡3 𝑡1 𝑡2 + 𝑡2 𝑡3 ]
]
[
2
2
2
0
0
𝑡1 𝑡3
𝑡1 𝑡2 + 𝑡2 𝑡3 𝑡1 + 𝑡2 + 𝑡3 ]
[

Let 𝑢 = (𝑡3 𝑡2 ) and V = (0 𝑡3 ); then
0 𝑡3
𝐹 = Hankel (V, 𝑢) = [
],
𝑡3 𝑡2
2

𝑡32

(35)

𝑡2 𝑡3

𝐹 =[
].
𝑡2 𝑡3 𝑡22 + 𝑡32
Finally, it is necessary to construct the matrix

𝐿=[

O3 O3×2
O2×3 𝐹2

0
0 0 0 0
[
[0 0 0 0
0
[
[
]=[0 0 0 0
0
[
[ 0 0 0 𝑡32
𝑡
2 𝑡3
[
2
2
[ 0 0 0 𝑡2 𝑡3 𝑡2 + 𝑡3

It is easy to see that 𝐻5 = 𝐸 − 𝐿.

]
]
]
]
].
]
]
]
]

(36)

(34)

According to Theorem 6 we present the following
improved version of Algorithm 1, called Algorithm 2. A
Matlab implementation of Algorithm 2 is placed in Appendix.
It is appropriate to use the term IHSR1 to denote the
improvement of the HSR1 step of Algorithm 1 and IHSR1 +
S-M to denote Algorithm 2.
Note that proposed Algorithms 1 and 2 are not using
directly, at any step, the Sherman-Morrison formula to
compute the inverse of some matrix. In Section 4.4, we
provide more information regarding this situation.
4.3. Numerical Experiments. In this subsection we analyze
numerical data arising during the computation of the MoorePenrose inverse of the Toeplitz matrix 𝐻 by applying a
Matlab implementation of Algorithms 1 and 2. In order to
test the time efficiency as well as the accuracy of considered
methods, we enrich our collection of matrices used in Tables
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Require: Start with 𝐻 ∈ C𝑚×𝑛 , 𝑛 > 𝑚. Let ℎ𝑖 be the 𝑖th column of 𝐻, for 𝑖 = 1, . . . , 𝑛.
(1) (Improved HSR1 Step) Define 𝐸 and 𝐿 as in Theorem 6. Then, set 𝐻𝑚 = 𝐸 − 𝐿.
(2) Set 𝑦𝑚,𝑡 = 𝐻𝑚−1 ℎ𝑡 ∈ C𝑚 for all 𝑡 = 1, . . . , 𝑛 and 𝑋𝑚 = 𝐻∗ 𝐻𝑚−1 .
(3) (S-M Step) Compute 𝑦𝑙,𝑡 and 𝑋𝑙 by using (22) and (23), respectively for all 𝑙 = 𝑚 + 1, . . . , 𝑛.
(4) Output 𝐻† = 𝑋𝑛 .
Algorithm 2: Computing the Moore-Penrose inverse of the Toeplitz matrix 𝐻.

Table 3: Comparison of Algorithm 1 (HSR1 + S-M), Algorithm 2 (IHSR1 + S-M), and BP.
Method
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP
HSR1 + S-M
IHSR1 + S-M
BP

Sizes 𝑛, ℓ, 𝑠
50, 15, 10
50, 15, 10
50, 15, 10
50, 20, 10
50, 20, 10
50, 20, 10
50, 20, 500
50, 20, 500
50, 20, 500
250, 15, 500
250, 15, 500
250, 15, 500
400, 20, 500
400, 20, 500
400, 20, 500
1200, 20, 500
1200, 20, 500
1200, 20, 500
1500, 20, 500
1500, 20, 500
1500, 20, 500
2000, 50, 500
2000, 50, 500
2000, 50, 500

CPU time
0.0054
0.0035
0.0018
0.0040
0.0032
0.0027
0.0053
0.0044
0.0022
0.0482
0.0195
0.0032
0.3234
0.1466
0.0116
11.0062
2.3018
0.1049
21.7539
3.7358
0.1886
74.5230
30.8622
0.4038

𝑟1
1.6449e − 14
2.0486e − 14
2.0011e − 15
1.8748e − 14
9.4733e − 15
9.2684e − 16
1.2862e − 14
8.6971e − 15
6.8218e − 16
2.5535e − 13
2.209e − 13
3.4724e − 15
4.5138e − 13
5.881e − 13
6.5483e − 15
3.0653e − 12
3.5064e − 12
1.2805e − 14
4.3812e − 12
4.2345e − 12
1.3786e − 14
5.5113e − 12
5.3682e − 12
1.8118e − 14

1 and 2 with larger matrices. In order to complete our
numerical study, we also compare the results derived by
applying Algorithm 2 from [23] (Algorithm BP). A comparison of Algorithms 1 and 2 and BP is presented in
Table 3.
From Table 3, it is observable that the level of improvement in CPU time that can be achieved by using Algorithm 2
instead of Algorithm 1 is significant. Also, it is clear that the
accuracy of both algorithms is almost the same. Clearly, the
BP method requires minimal CPU time.
4.4. Rounding Error Analysis. The starting motivation of this
subsection is the following basic problem: approximation
error grows with repeated use of the S-M formula. As a consequence, computations which involve the S-M rule become
unstable. For this purpose, it is interesting to investigate the

𝑟2
2.5845e − 12
2.7318e − 12
2.0385e − 14
8.8674e − 13
8.9539e − 13
1.6646e − 14
9.6327e − 13
1.5068e − 12
2.1407e − 14
3.7054e − 11
3.7065e − 11
2.3693e − 13
6.0769e − 10
6.0878e − 10
6.052e − 13
1.7107e − 08
1.711e − 08
3.179e − 12
3.2457e − 08
3.2456e − 08
4.0422e − 12
4.6497e − 08
4.6504e − 08
6.5462e − 12

𝑟3
3.5344e − 13
5.4426e − 13
3.773e − 15
2.2185e − 13
1.9076e − 13
3.2679e − 15
1.2288e − 13
2.2331e − 13
3.2663e − 15
4.7471e − 12
5.5401e − 12
1.5467e − 14
1.4669e − 11
1.5866e − 11
3.0382e − 14
1.4049e − 10
1.3136e − 10
8.9833e − 14
2.2848e − 10
2.0156e − 10
1.1081e − 13
5.1185e − 10
5.4329e − 10
1.408e − 13

𝑟4
1.9362e − 14
2.3222e − 14
1.6463e − 14
1.5379e − 14
1.4775e − 14
5.8648e − 15
1.4447e − 14
1.5216e − 14
6.0107e − 15
2.5608e − 13
2.4239e − 13
7.4894e − 14
5.5243e − 13
5.3143e − 13
1.3117e − 13
3.2612e − 12
3.1795e − 12
2.3321e − 13
4.2712e − 12
4.2919e − 12
3.0133e − 13
6.7183e − 12
6.6102e − 12
3.6715e − 13

error curves corresponding to the four Penrose equations
during the iterations included in step (3) of Algorithm 2.
Nevertheless, it is important to note that the proposed
Algorithm 2 does not use in each step the S-M rule. Of course,
Theorem 5 is in the heart of Algorithm 2 but also it is clear that
the poor stability of the S-M formula has no serious influence
on the stability of proposed algorithms.
So, in this subsection, we shall present error estimations
regarding Algorithm 2. That is, we record and investigate the
residual matrix norms 𝑟1 , 𝑟2 , 𝑟3 , and 𝑟4 , corresponding to the
four Penrose equations during the execution of step (3) of
Algorithm 2. The results are presented in Figures 1, 2, and 3
for the cases: (a) 𝑛 = 1200, 𝑙 = 20, and 𝑠 = 500, (b) 𝑛 = 1500,
𝑙 = 20, and 𝑠 = 500, and (c) 𝑛 = 2000, 𝑙 = 20, and𝑠 = 500,
respectively. The choice of these matrices from Table 3 is
random.
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Error estimation for n = 1200, l = 20, s = 500

10

log (error)

5

0

−5

−10

−15
1182 1184 1186 1188 1190 1192 1194 1196 1198 1200
m+1≤l≤n
r3
r4

r1
r2

Figure 1: Errors recorded for 𝑛 = 1200, 𝑙 = 20, and 𝑚 = 500 while the loop of step (3) is iterating.
Error estimation for n = 1500, l = 20, s = 500

8
6
4

log (error)

2
0
−2
−4
−6
−8
−10
−12
1482 1484 1486 1488 1490 1492 1494 1496 1498 1500
m+1≤l≤n
r1
r2

r3
r4

Figure 2: Errors recorded for 𝑛 = 1500, 𝑙 = 20, and 𝑚 = 500 while the loop of step (3) is iterating.

The purple line in each of Figures 1–3 corresponds to
the values of the matrix norm ‖(𝑋𝑙 𝐻)∗ − 𝑋𝑙 𝐻‖2 , 𝑙 =
𝑚 + 1, . . . , 𝑛. Since 𝑋𝑙 = 𝐻∗ 𝐻𝑙−1 and the matrix 𝐻𝑙 is
symmetric, the matrix 𝑋𝑙 𝐻 is symmetric. For this reason,
the graph corresponding to these values is almost a constant
line.
The stable convergence is observable from each of these
figures. Also, it is possible to notice very fast convergence in
the terminal phase of the convergence as well as a relatively
slower convergence in the middle of the recurrent process.
This fact is understandable if one takes into account that it
is necessary to take into consideration all the columns of the

input matrix in order to get the complete information on the
pseudoinverse.

5. Application in Image Restoration
Several image restoration examples are presented in this subsection. Experiments are done using Matlab programming
package on an Intel(R) Core(TM) i5-2540M CPU @ 2.6 GHz
64-bit system with 8 GB RAM memory.
Numerical results corresponding to the Moore-Penrose
inverse are derived using Algorithm 2. Results are derived
using 𝑛 = 1200 and 𝑠 = 100 and different values of ℓ. Suppose

10
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Error estimation for n = 2000, l = 50, s = 500

8
6
4

log (error)

2
0
−2
−4
−6
−8
−10
−12
1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000
m+1≤l≤n
r3
r4

r1
r2

Figure 3: Errors recorded for 𝑛 = 2000, 𝑙 = 50, and 𝑚 = 500 while the loop of step (3) is iterating.
Blurred noisy image

Original image

(a)

(b)

Figure 4: (a) Image of Barbara. (b) Blurred noisy image of Barbara.

that the matrix 𝐹 ∈ R𝑟×𝑚 corresponds to the original image
and 𝐺 ∈ R𝑟×𝑚 is the matrix corresponding to the degraded
image.
The model of the nonuniform blurring is the same as
in [23] and assumes that the blurring of columns in the
image is independent with respect to the blurring of its rows.
Therefore, the relations between the original and the blurred
image are expressed by the matrix equation
𝐺 = 𝐻𝐶𝐹𝐻𝑇𝑅 ,
𝐺 ∈ R𝑟×𝑚 , 𝐻𝐶 ∈ R𝑟×𝑛 , 𝐹 ∈ R𝑛×𝑡 , 𝐻𝑅 ∈ R𝑚×𝑡 ,

(37)

where 𝑛 = 𝑟 + ℓ𝑐 − 1, 𝑡 = 𝑚 + ℓ𝑟 − 1, ℓ𝑐 is length of the
vertical blurring, and ℓ𝑟 is length of the horizontal blurring

(in pixels). Following the approach used in [23], the MoorePenrose inverse approach is used to restore the blurred image
𝐺, which produces the next approximation of 𝐹:
̃ = 𝐻† 𝐺 (𝐻† )𝑇 .
𝐹
𝐶
𝑅

(38)

The algorithm for computing the Moore-Penrose inverse of
the blurring matrix used in [24, 25] is based on the method for
computing the Moore-Penrose inverse of a full rank matrix,
introduced in [26, 27]. In our case, we use Algorithm 2.
The first approach is based on the usage of the pure SR1
update algorithm, proposed in [15]. The second approach
starts with the SR1 update algorithm and, after its completion,
continues with the BP method. The third approach is a hybrid
combination which comprises the SR1 updates in the first
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Figure 5: ISNR versus ℓ𝑐 for the removal of Gaussian white noise with zero mean and variance 0.05 and Gaussian blur (ℓ𝑟 = 35, 𝑠 = ℓ𝑟 /2, and
𝑠 = ℓ𝑐 /2) for Barbara image.
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Figure 6: ISNR versus ℓ𝑐 for the removal of Gaussian white noise with zero mean and variance 0.05 and Gaussian blur (ℓ𝑟 = 35, and 𝑠 = 100)
for Barbara image.
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Figure 7: DC versus ℓ𝑐 for the removal of Gaussian white noise with zero mean and variance 0.05 and Gaussian blur (ℓ𝑟 = 35, and 𝑠 = 100)
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(a)

(b)

Figure 8: (a) Moore-Penrose restored image. (b) Lucy-Richardson restored image.

(a)

(b)

(c)

Figure 9: (a) Wiener filter restored image, (b) constrained least-squares filter restored image, and (c) truncated singular value decomposition
restored image.
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function alg41 = alg41(A)
%***************************%
% General Information.
%
%***************************%
% Synopsis:
% alg41 = alg41(A)
% Input:
% A = the initial matrix of interest.
% Output:
% alg41 = mp-inverse by using rank-one updates and the Sherman Morrison formula.
% This function follows Algorithm 1.
% The correct performance of alg41b requires the presence of yltXl function.
Astar = A';
[m,n] = size(A);
G0 = zeros(m,m);
if m > 1
for i = 1:m-1
Gkout = G0+A(:,i)*Astar(i,:);
G0 = Gkout;
end
Gm = Gkout+A(:,m)*Astar(m,:);
else
Gm = G0;
end
Gkout = Gm;
Y02 = Gkout\A;
X02 = Y02';
for l = m+1:n-1
[yltout,Xlout] = yltXl(Y02,X02,Astar,l,m,n);
Y02 = yltout;
X02 = Xlout;
end
alg41 = X02 - Astar*Y02(:,n)*Y02(:,n)'/(1+Astar(n,:)*Y02(:,n));
Algorithm 3

step and the S-M formula in the second phase (Algorithm 1).
The fourth approach is based on the improvement of the
SR1 update step method of Algorithm 1, which leads to
Algorithm 2 with the best performances. The improvement
is achieved using the specific structure of the underlying
Toeplitz matrix.
The most popular algorithm for image restoration based
on the matrix pseudoinverse is developed using the singular
value decomposition (SVD) [28]. But, the SVD is sensitive
to singular values very close to zero. For this purpose, it
is common approach to leave out small singular values,
corresponding to high-frequency components. The resulting
method is known as the truncated SVD (or TSVD shortly)
[28]. On the other hand, the methods proposed in the present
paper are based on different approach and do not require any
kind of the regularization. In order to verify the applicability
of the proposed method in the image restoration, we present

a comparison of results generated by the TSVD and the rankone updates.
Parameters of Barbara image degradation are ℓ𝑟 = 39,
ℓ𝑐 = 25, 𝑠 = ℓ𝑟 /2, and 𝑠 = ℓ𝑐 /2 and salt pepper noise with the
noise density of 0.05 is assumed. The original and damaged
image are presented in Figure 4.
Comparison with the state-of-the-art methods in image
processing is presented. Many of them are constrained leastsquares filter (CLS); Wiener filter (WF); Lucy-Richardson
algorithm (LR); and truncated singular value decomposition
(TSVD) [28]. Improvements in signal-to-noise ratio (ISNR)
and Dice Coefficient (DC) are considered.
Results corresponding to ISNR values are presented in
Figures 5 and 6.
Values corresponding to Dice Coefficient (DC) [29, 30]
are presented in Figure 7.
Restored images are presented in Figures 8 and 9.
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function alg42 = alg42(A,ll)
%***************************%
% General Information.
%
%***************************%
% Synopsis:
% alg42 = alg42(A)
% Input:
% A = the mxn initial matrix of interest.
% ll=n-m+1
% Output:
% alg42 = improvement of Algorithm 1 according to Theorem 6.
% This function follows Algorithm 2.
% The correct performance of alg42 requires the presence of yltXl function.
Astar = A';
[m,n] = size(A);
f = A(1,1:ll);
E0 = zeros(1,m);
product = f'*f;
for i = 1:ll
E0(1,i) = sum(diag(product,i-1));
end
E1=E0;
E = toeplitz(E1);
G0=zeros(ll-1);
Gnew = hankel([zeros(1,ll-2) f(end)], flip(f(1,2:end)));
for i = 1:ll-1
Gkoutnew = G0+Gnew(:,i)*Gnew(i,:);
G0=Gkoutnew;
end
Gmnew = G0;
fullmatrix = [zeros(m-ll+1) zeros(m-ll+1,ll-1);zeros(ll-1,m-ll+1) Gmnew];
Gkout = E-fullmatrix;
Y02 = Gkout\A;
X02 = Y02';
for l = m+1:n-1
[yltout,Xlout] = yltXl(Y02,X02,Astar,l,m,n);
Y02 = yltout;
X02 = Xlout;
end
alg42 = X02 - Astar*Y02(:,n)*Y02(:,n)'/(1+Astar(n,:)*Y02(:,n));
Algorithm 4

6. Conclusion
The present paper investigates the application of the SR1
updates procedure and S-M formula in computation of the
Moore-Penrose inverse of specific Toeplitz matrices that
appear in the image restoration process.
The first approach is based on the usage of the pure SR1
update algorithm, proposed in [15]. The second approach
starts with the SR1 update algorithm and, after its completion,
continues with the BP method. The third approach is a hybrid

combination which comprises the SR1 updates in the first
step and the S-M formula in the second phase (Algorithm 1).
The fourth approach is based on the improvement of the
SR1 update step method of Algorithm 1, which leads to
Algorithm 2 with the best performances. The improvement
is achieved using the specific structure of the underlying
Toeplitz matrix.
An application of Algorithm 2 in image restoration is
considered. In this case, a comparison with the modified BP
method from [23] is presented.
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function [yltout,Xlout] = yltXl(Y0,X0,G,l,m,n)
d = n-l;
Y0l = Y0(:,l);
g = 1+G(l,:)*Y0l;
g1 = Y0l*G(l,:);
multiplier = eye(m)-g1/g;
Y0lherm = Y0l*Y0l';
Xl = X0 - G*Y0lherm/g;
Xlout = Xl;
ylt = zeros(m,n);
for i = 1:d
t = l+i;
ylt(:,t) = multiplier*Y0(:,t);
yltout = ylt;
end
Algorithm 5

Appendix
The Matlab implementation of Algorithm 1 is given in
Algorithm 3 under the function alg41. Note that the correct
performance of the function alg41 requires the presence of
yltXl function for computing the sequences 𝑦𝑘,𝑡 and 𝑋𝑘 .
The Matlab implementation of Algorithm 2 is given
in Algorithm 4 under the function alg42. Note that the
correct performance of alg42 requires the presence of yltXl
function for computing the sequences 𝑦𝑘,𝑡 and 𝑋𝑘 .
The yltXl Function. See Algorithm 5.
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The key factors of the damping solvent extraction method (DSEM) for the analysis of the unbounded medium are the size
of bounded domain, the artificial damping ratio, and the finite element mesh density. To control the simulation accuracy and
computational efficiency of the soil-structure interaction, this study establishes a value optimization model of key factors that is
composed of the design variables, the objective function, and the constraint function system. Then the optimum solutions of key
factors are obtained by the optimization model. According to some comparisons of the results provided by the different initial
conditions, the value optimization model of key factors is feasible to govern the simulation accuracy and computational efficiency
and to analyze the practical unbounded medium-structure interaction.

1. Introduction
The rationality of numerical simulation in seismic loads plays
an important role in the dynamic response analysis of the
soil-structure interaction. With the development of science
and technology, the research and application into the soilstructure interaction are of interest to those in the engineering profession and academia. Moreover, many researches
on the unbounded media-structure interaction improve the
rationality and accuracy of the foundations in frequency and
time domains.
The methods for analyzing the soil-structure interaction
are currently the artificial boundary method, the boundary element method, and the damping solvent extraction
method. The artificial boundary method [1, 2] intercepts the
bounded domain and increases the energy transfer system
at the outer boundary (such as by a damper or springdamper). But this method is not appropriate for analyzing
an irregular foundation. The boundary element method [3]
proposes the principle of wave amplitude attenuation of various frequencies far afield and makes a transformation into the
time domain. Likewise, this method has a low computational
efficiency and does not analyze a complicated unbounded
media. However, through introducing and extracting the

artificial damping ratio of the bounded medium, the damping
solvent extraction method [4, 5] is appropriate for the
simulation of the various foundations. Meanwhile, the DSEM
implements the mutual conversion in the frequency-time
domain and eliminates the convolution operation in the time
domain.
Since the DSEM was first presented by Wolf and Song in
1994, some researches have presented gradually the perfect
basis theory, the improved computational procedure, and the
evaluation of key factors of the soil-structure interaction. In
the computational algorithm, a series of calculation procedures had been suggested to improve the accuracy, such as the
acceleration input stagger method [6], the precise step-bystep time integration scheme [7], and the subregional explicit
implicit recursive method [8, 9]. In its practical application,
the DSEM was applied to analyze the soil-structure interaction with fractional order [10], the nonlinear overload of
the unbounded medium-arch dam [11], the impact of pile
driving vibration on seawall [12], and fluid-structure dynamic
interaction [13]. In the evaluation of key factors, the causes
of the error of the DSEM had been analyzed and described
in detail in [14–16]. Simultaneously, the key factors estimated
in [17–19] have a great influence on the accuracy of the soilstructure interaction.
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The size of bounded domain and the finite element mesh
density were randomly assigned and the artificial damping
ratio was limited in a specified scope, so the key influence
factors of the DSEM were roughly analyzed both in the
analysis and in the application. To meet the requirements
of practical engineering and get the optimum solution of
key factors, this study analyzes the dimensionless dynamic
stiffness coefficients of various mediums and proposes the
value optimization model of key factors. The initial conditions of the optimization model are the maximum of the
difference function of the dynamic stiffness coefficient, the
wave amplitude attenuation, and the maximum finite element
number. Numerical verification demonstrates that the value
optimization model of key factors can regulate the simulation
accuracy and computational efficiency and analyze the practical infinite foundation-structure interaction.

2. Damping Solvent Extraction Method
The damping solvent extraction method is simply reviewed
in this chapter. A bounded domain of the infinite media
adjacent to the soil-structure interface is discretized with a
finite element meshes shown in Figure 1.

Structure-medium
interface
Near-field
domain of
unbounded
foundation
g

f

Figure 1: Finite element mesh of bounded domain adjacent to
structure.
𝑓

𝑓

𝑓

where 𝑀 , 𝐶 , and 𝐾 are the dimensionless stiffness,
damping, and mass matrices.
Step 3. Since the dynamic stiffness coefficient is derived with
𝜔 and the dynamic stiffness condensed matrix of the bounded
𝑓
medium, 𝑆̃ (𝜔), convert to the dynamic stiffness condensed
∞
matrix of the unbounded media, 𝑆̃ (𝜔), the dimensionless
∞
dynamic stiffness condensed matrix, 𝑆̃ (𝑎0∗ ), is written as
follows:

2.1. Implementation in the Frequency Domain. The procedure
of the DSEM consists of the following steps for each frequency, which calculate the dynamic stiffness coefficients of
the unbounded medium.
Step 1. In the selected bounded domain idealized as an
assemblage of the finite elements, the artificial damping ratio
in the domain and the viscous dashpots at the outer boundary
serve to attenuate the vibration amplitudes of the outgoing
wave and reflected wave. The coefficients of the viscous
dashpots per unit surface area at the outer boundary are
𝜌𝑐𝑠∗ in the perpendicular direction and 𝜌𝑐𝑝∗ in the tangential
direction. The shear-wave velocity and the dilatation-wave
velocity are affected by the factor 1 + 2𝑖𝜁. Consider
𝑐𝑠∗ = 𝑐𝑠 √1 + 2𝑖𝜁,

∞
𝑓
𝑆̃ (𝑎0∗ ) = 𝑆̃ (𝑎0∗ ) ,

0

∞
∞
∞
𝑆̃ (𝑎0 ) = 𝑆̃ (𝑎0∗ ) + 𝑆̃ (𝑎0∗ ),𝑎∗ (𝑎0 − 𝑎0∗ ) .
0

𝑀𝑚𝑚

[

∗

𝐺 = 𝐺 (1 + 2𝑖𝜁) ,
(1b)

Step 2. Eliminating all degrees of freedom, which are located
in the medium except the interface, the dynamic stiff𝑓
ness condensed matrix of the bounded medium, 𝑆̃ (𝜔), is
𝑓
transformed from the dynamic stiffness matrix 𝑆 (𝜔). The
dynamic stiffness matrix of the damped bounded foundation
is expresses as follows:
2

𝑓

𝑓

𝑓

𝑆𝑓 (𝜔) = 𝐺∗ 𝑆𝑓 (𝑎0∗ ) = 𝐺∗ (−𝑎0∗ 𝑀 + 𝑖𝑎0∗ 𝐶 + 𝐾 ) ,

(2)

(4)

2.2. Implementation in the Time Domain. The mediumstructure interaction force is obtained by the DSEM in the
time domain, so the motion equation of the damped bounded
medium takes the form

(1a)

where 𝐺 and 𝑎0 are the shear modulus and dimensionless
frequency, respectively.

0

∞
Taking the first-order Taylor expansion of 𝑆̃ (𝑎0∗ ), the
dynamic stiffness matrix of the undamped unbounded
medium is equal to

𝑐𝑝∗ = 𝑐𝑝 √1 + 2𝑖𝜁,

𝑎0∗ = 𝑎0 √1 + 2𝑖𝜁,

(3)

∞
𝑓
𝑆̃ (𝑎0∗ ),𝑎∗ = 𝑆̃ (𝑎0∗ ),𝑎∗ .

0

𝐶𝑚𝑚 𝐶𝑚𝑏 𝑢̇ 𝑚
𝑢̈ 𝑚
]{ } + [
]{ }
𝑓
𝑀𝑚𝑚
𝑢̈ 𝑏
𝑢̇ 𝑏
𝐶𝑏𝑚 𝐶𝑏𝑏

+[

0

𝑀𝑚𝑚 𝑀𝑚𝑏
𝑀𝑏𝑚 𝑀𝑏𝑏

]{

𝑢𝑚
𝑢𝑏

}={

0
𝑅𝑏 (𝑡)

(5)

}

with
[𝐾] = [𝐾] + 𝜁2 [𝑀] ,
[𝐶] = [𝐶] + 2𝜁 [𝑀] ,

(6)

[𝑀] = [𝑀] ,
where [𝑀], [𝐶], and [𝐾] are the mass, damping, and stiffness
matrices, respectively, and {𝑅𝑏 } is the interaction force at the
soil-structure interface. The subscript 𝑏 denotes the nodes of
the bounded medium at the soil-structure interface and 𝑚
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denotes the remaining nodes. Furthermore, the interaction
force of the soil-structure was written in [19]:
𝑅𝑏 (𝑡) = 𝑀𝑏𝑏 𝑢̈ 𝑏 + (𝐾𝑏𝑏 − 𝜁𝐶𝑏𝑏 ) 𝑢𝑏 + 𝐾𝑏𝑚 𝑢𝑚 + 𝜁𝐾𝑏𝑏 V𝑚 , (7)
where 𝑢̈ 𝑏 , 𝑢̇ 𝑏 , and 𝑢𝑏 are the displacement, velocity, and
acceleration vectors and the unknown 𝑢𝑚 and V𝑚 vectors are
provided by the following equations:
𝑀𝑚𝑚 𝑢̈ 𝑚 + 𝐶𝑚𝑚 𝑢̇ 𝑚 + 𝐾𝑚𝑚 𝑢𝑚 = −𝐾𝑚𝑏 𝑢𝑏 − 𝐶𝑚𝑏 𝑢̇ 𝑏 ,
𝑀𝑚𝑚 V̈𝑚 + 𝐶𝑚𝑚 V̇𝑚 + 𝐾𝑚𝑚 V𝑚

(8)

= 2𝑀𝑚𝑚 𝑢̇ 𝑚 + 𝐶𝑚𝑚 𝑢𝑚 + 𝐶𝑚𝑏 𝑢𝑏 .

3. Constraint Function
The constraint functions regarded as the essential components are crucial if one wishes to solve the optimization
model. Therefore, the references and analysis of the constraint
functions are described in detail in this chapter.
3.1. Constraint Function of Artificial Damping Ratio. The
dynamic stiffness coefficient 𝑆∞ (𝑎0 ) and the dimension∞
less dynamic stiffness coefficient 𝑆 (𝑎0 ) of the undamped
unbounded medium are, respectively, given by
𝑆∞ (𝑎0 ) = 𝐾∞ (𝑘 (𝑎0 ) + 𝑖𝑎0 𝑐 (𝑎0 )) ,
∞

𝑆 (𝑎0 ) =

(9)

𝑆∞ (𝑎0 )
= √1 − 𝑎02 = 𝑘 (𝑎0 ) + 𝑖𝑎0 𝑐 (𝑎0 ) .
𝐾∞

If 𝑎0 ≤ 1, 𝑘(𝑎0 ) = √1 −

𝑎02

If 𝑎0 > 1, 𝑘(𝑎0 ) = 0 and 𝑐(𝑎0 ) = √1 − (1/𝑎02 ).
On the basis of the plural damping coefficient correspondence principle, the dimensionless dynamic stiffness
coefficient of the damped unbounded medium is deduced as
∞

2

(11)

with
𝑎0∗ =

(𝜔 − 𝑖𝜁) 𝑏
= 𝑎0 − 𝑖𝜁,
𝑐1

(12)

where 𝑎0∗ and 𝑎0 are the dimensionless frequencies of the
damped and undamped bounded medium.
The dimensionless dynamic stiffness of the damped
bounded medium is determined by the size of the bounded
domain, 𝑙/𝑏, and the artificial damping ratio 𝜁:
21

𝑆 (𝑎0∗ ) = √1 − (𝑎0∗ )

− 𝑐1 /𝑐2
,
1 + 𝑐1 /𝑐2

(13)

where 𝑐1 and 𝑐2 are the vibration amplitudes of the incoming
wave and outgoing wave.
The dynamic stiffness coefficient of the undamped
unbounded medium is calculated by taking the first-order
Taylor expansion to eliminate the artificial damping ratio:
∞

𝑆 (𝑎0 ) = 𝑆 (𝑎0∗ ) + 𝑆 (𝑎0∗ ),𝑎∗ (𝑎0 − 𝑎0∗ ) .
0

Case
𝑙/𝑏
𝜁

C1
3
0.01

C2
3
0.1

C3
3
0.5

C4
3
1

C5
1
0.3

C6
3
0.3

C7
5
0.3

C8
7
0.3

The various values of the size of the bounded medium
and the artificial damping ratio listed in Table 1 are used to
analyze the dynamic stiffness coefficients of the undamped
unbounded, damped unbounded, damped bounded, and
simulating undamped unbounded medium.
When the dynamic stiffness coefficient of the undamped
unbounded medium is regarded as the accurate solution,
the dynamic stiffness coefficients determined by (𝑙/𝑏 =
3, 𝜁 = 0.2) shown in Figure 2 indicate that (1) the larger
artificial damping ratio increases the difference between the
dynamic stiffness coefficient of the undamped and damped
unbounded medium; (2) the larger size of the bounded
medium reduces the amplitude of the dynamic stiffness coefficient of the damped unbounded medium; (3) the smaller
artificial damping ratio and the larger size of the bounded
medium lead to the more accurate dynamic stiffness coefficient of the undamped unbounded medium. Therefore, the
constraint function of artificial damping ratio is the difference
function between the dimensionless dynamic stiffness coefficient of the undamped and damped unbounded medium.

(10)

and 𝑐(𝑎0 ) = 0.

𝑆 (𝑎0∗ ) = √1 − (𝑎0∗ )

Table 1: Values of bounded domain size and artificial damping ratio.

(14)

3.2. Constraint Function of Size of the Bounded Medium.
Suppose that the artificial damping ratio 𝜁 = 𝜁(𝑏/𝑐𝑠 ) is zero
and the size of bounded medium is 𝑙/𝑏; 𝑒−𝑖𝑤𝑙/𝑐𝑠 is the phase
angle caused by radiating the shear wave from the interface
to the outer boundary of the undamped bounded domain.
If the artificial damping ratio is nonzero, the frequency 𝜔
is replaced by 𝑤 − 𝑖𝜁 and the phase angle is replaced by
𝑒−𝜁𝑙/𝑐1 ⋅ 𝑒−𝑖𝑤𝑙/𝑐1 . Thus, 𝑒−𝜁𝑙/𝑐1 is the attenuation of the wave
amplitude in the damped bounded domain.
Due to the addition of the artificial damping ratio into
the bounded medium, the wave is reflected by the outer
boundary and radiated to the interface. The wave amplitude
attenuation function of the initial displacement wave excited
at the interface is written as
𝑙
𝑙 𝑏
𝑙
) = exp (−2𝜁 ) .
𝜙 (𝜁, ) = exp (−2𝜁
𝑏
𝑏 𝑐1
𝑐1

(15)

If the wave amplitude attenuation at the interface is
known, the constraint function of the size of bounded
medium is transformed from function (15). Consider
ln (𝜙0 )
𝑙
.
=−
𝑏
2𝜁

(16)

3.3. Constraint Function of Finite Element Mesh Density. In
the finite element discretization of the bounded medium, the
finite element mesh of only one row, denoted as the “base
row,” is merely required. 𝑆𝑟 denotes the dynamic stiffness
matrix of one row of the finite element mesh with length

4
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Figure 2: Dimensionless dynamic stiffness coefficients of 𝑙/𝑏 = 3, 𝜁 = 0.2.

for frequency 𝛾2𝑛−4 𝜔. 𝑆̃𝑟0 (𝛾2𝑛−4 𝜔) is calculated by condensing
again into the dynamic stiffness matrix for interior nodes.
𝑓
𝑆̃ (𝜔) is obtained by repeating the last process 𝑛 − 2 and the
proportionality factor 𝛾 must satisfy

Exterior nodes

Interior nodes

r1
r0 = 𝛼b

CL

𝑟0 + 1/√2 (Δ + 𝛾Δ)
= 𝛾2 .
𝑟0

Δ0 = 𝛼Δ

𝛾Δ0

Δ1 = 𝛾2 Δ0

(19)

4. Value Optimization Model of Key Factors

Δ1 = 𝛾3 Δ0

Figure 3: First row of finite element mesh.

𝑟 (Figure 3). The same is true for the condensed matrix
obtained by eliminating all degrees of freedom except those
related to interior nodes:
𝑆𝛼𝑏 (𝜔) = 𝑆𝑏 (𝛼𝜔) ,
𝑆̃𝛼𝑏 (𝜔) = 𝑆̃𝑏 (𝛼𝜔) .

(17)

The formula relates 𝑆̃𝑟1 for exterior nodes to the corresponding matrix of interior nodes 𝑆̃𝑟0 :
𝑆̃𝑟1 (𝜔) = 𝑆̃𝑟0 (𝜅𝜔) ,

(18)

in which 𝜅 = 𝑟1 /𝑟0 = 𝛾2 .
The dashpots are assigned at the exterior nodes of the
base row. Both 𝑆̃𝑟0 (𝛾2𝑛−2 𝜔) and 𝑆̃𝑟1 (𝛾2𝑛−4 𝜔) are calculated
by (18). After removing the dashpots, either 𝑆̃𝑟0 (𝛾2𝑛−2 𝜔) or
𝑆̃𝑟1 (𝛾2𝑛−4 𝜔) is assembled at the exterior nodes of the base row

A value optimization model of key factors is proposed to
control the simulation accuracy and computational efficiency
of the infinite soil-structure interaction. Then the optimum
solutions of key factors of the DSEM are obtained by the value
optimization.
4.1. Design Variable. Because the optimum values of key
factors are provided by solving the value optimization model,
the design variables of optimization model include the size of
the bounded medium, the artificial damping ratio, the mesh
size of finite element, and the proportionality factor.
4.2. Objective Function. The relationship between the size
of bounded medium and the finite element mesh density is
expressed as
𝑙 √2 Δ 1 − 𝛾2𝑛
=
.
𝑏
2 𝑏 1−𝛾

(20)

Substituting (19) into (20), the objective function is
transformed from (20).
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Figure 4: Difference function of dimensionless dynamic stiffness coefficients.

4.3. Constraint Function. The constraint function system is
composed of the constraint functions of the size of the
bounded medium, the artificial damping ratio, and the finite
element mesh density as described in Section 2.
The difference function between the dimensionless
dynamic stiffness coefficient of the damped and undamped
unbounded foundation is expressed as follows:
∞

∞

Δ𝑆 (𝑎0 ) = 𝑆 (𝑎0∗ ) − 𝑆 (𝑎0 )
2
2
= √1 − (𝑎0∗ ) − √1 − (𝑎0 ) .

abs (Δ𝑆 (1, 𝜁)) ≤ Max 𝑆 = Δ𝑆 (1) ,
ln (𝜙0 )
𝑙
,
=−
𝑏
2𝜁

(23)

1
= 𝛾2 ,
1+
√2𝑏 (Δ + 𝛾Δ)
𝑛 ≤ Max 𝑁.

(21)

5. Numerical Verification

The results shown in Figure 4 indicate that the smaller
artificial damping ratio results in the smaller difference of
the dynamic stiffness coefficient and the maximum of the
difference function is calculated at the point given by 𝑎0 = 1
(Max 𝑆 = Δ𝑆(1)).
Taking the accuracy and computational cost of the soilstructure interaction into account, the initial conditions of
the optimization model consist of the maximum of the
difference function of the dynamic stiffness coefficient, the
wave amplitude attenuation, and the maximum finite element number in the bounded medium. Therefore, the value
optimization model of key factors based on the DSEM is
expressed as follows:
(1) Initial conditions: Max 𝑆, 𝜙0 , Max 𝑁.

5.1. Verification in the Frequency Domain
5.1.1. Problem Chosen. A cross section shown in Figure 5 is
the intercepted plane of a rectangular rigid strip foundation
of width 2𝑏 and depth 𝑏 embedded in a homogeneous half
plane with shear modulus 𝐺, Poisson ratio V, and artificial
damping ratio 𝜁. The DOFs, vertical (V), horizontal (H), and
rocking (R), describe the plane motion of the foundation. The
procedure analyzes the dynamic stiffness matrix, 𝑆∞ (𝑎0 ), of
the rigid strip on the damped unbounded medium in the
frequency domain.
Let 𝑃𝑛 and Δ 𝑛 , 𝑛 ∈ (V, H, R), respectively, denote the
amplitudes of the harmonic force and displacement; the
vectors are related by the dynamic stiffness matrix:
𝑃V
ΔV
[ ]
[Δ ]
[ 𝑃H ] ̃∞
[ ] = 𝑆 (𝑎0 ) [ H ]
[𝑃 ]
R
[𝑏Δ R ]
[𝑏]

(2) Design variables: 𝜁, 𝑙/𝑏, Δ/𝑏, 𝛾.
(3) Objective function:
1
𝑙
𝛾 = exp ( ln ( − 1)) .
2𝑛
𝑏

(4) Constraint functions:

(22)

[
=[
[
[

𝑆VV (𝑎0 )
0
0

0

(24)
0

ΔV

][
]
𝑆HH (𝑎0 ) 𝑆HR (𝑎0 )]
] [ ΔH ] .
𝑆RH (𝑎0 ) 𝑆RR (𝑎0 ) ] [𝑏Δ R ]
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Figure 5: Cross section of a strip foundation embedded in a homogeneous half plane.
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Figure 6: Finite element mesh of bounded medium.

The dynamic stiffness coefficients of the bounded
medium are decomposed into the spring coefficient 𝑘(𝑎0 ) and
the damping coefficient 𝑐(𝑎0 ):
1
𝑆𝑗𝑗 (𝑎0 ) = (𝑘𝑗𝑗 (𝑎0 ) + 𝑖𝑎0 𝑐𝑗𝑗 (𝑎0 ))
𝐺

𝑗 ∈ {V, H, R} . (25)

5.1.2. Numerical Evaluation. The discretization of the finite
element mesh is shown in Figure 6, in which the eight-node
isoparametric finite element is employed. The finer mesh is
utilized near the strip foundation and it becomes coarser
away from that with a proportionality factor 𝛾. The material
constants of the foundation are Poisson ratio V = 0.25 and
natural damping ratio 𝛽 = 0.05. The various initial conditions
of the value optimization model and the corresponding
optimum solutions of key factors are listed in Table 2. The
dynamic stiffness coefficient solved by case C1 is seen as the
accurate soil-structure interaction.
As the wave amplitude attenuation and the maximum
finite element number in the bounded medium are held constant, the maximum of the difference function of the dynamic
stiffness coefficient is a variable value. According to the
comparison of the dynamic stiffness coefficient of cases C1,
C2, C3, C4, and C5 shown in Figure 7, the smaller maximum
of the difference function of the dynamic stiffness coefficient
promotes the accuracy of the dimensionless dynamic stiffness
coefficient of the unbounded medium.
As the maximum of the difference function of the
dynamic stiffness coefficient and the maximum finite element
number in the bounded medium remain unchangeable, the

wave amplitude attenuation is a variable value. According
to the comparison of the dynamic stiffness coefficient of
cases C1, C6, C7, C8, and C9 shown in Figure 8, the larger
wave amplitude attenuation improves the accuracy of the
dimensionless dynamic stiffness coefficient of the unbounded
medium.
As the maximum of the difference function of the
dynamic stiffness coefficient and the wave amplitude attenuation are changeless, the maximum finite element number
in the bounded medium is a variable value. According to
the comparison of the dynamic stiffness coefficient of cases
C1, C10, C11, C12, and C13 shown in Figure 9, the larger
maximum finite element number reduces the computational
efficiency but enhances the simulation precision of the
dimensionless dynamic stiffness coefficient of the unbounded
medium.
5.2. Verification in the Time Domain. A transient horizontal
displacement is excited at the interface of the discretization
of the finite element shown in Figure 10 to test the feasibility
of the value optimization model of key factors in the time
domain. The material constants of the medium are shear
modular 𝐺 = 0.32 GPa, Poisson’s ratio V = 0.25, a density
of 𝜌 = 2000 kg/m3 , shear-wave velocity 𝑐𝑠 = 400 m/s, dilatational wave velocity 𝑐𝑝 = 693 m/s, and time step Δ𝑡 =
0.001 s.
The transient excitation is a prescribed horizontal displacement at the center of the rigid base (with zero values for
the vertical and rocking motions)
𝑢
𝑡
{ 0 [1 − cos (2𝜋 )]
𝑇
𝑢𝑏 (𝑡) = { 2
{0

0 ≤ 𝑡 ≤ 2𝑇
𝑡 > 2𝑇

(26)

with period 𝑇 = 8𝑏/𝑐𝑠 .
The initial conditions and the optimum solutions by
the value optimization listed in Table 3 are realized by the
damping solvent extraction method. The interaction force
based on the case A1 is regarded as the exact interaction force
of the foundation-structure.
Since the maximum finite element number in the
bounded medium remains unchanged, the computational
efficiency of the unbounded foundation-structure interaction
is fixed. The interaction force shown in Figure 11 is calculated
by the various initial conditions of the value optimization
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Figure 7: Effect of maximum of difference function of dynamic stiffness coefficient on dynamic stiffness coefficient.

model of key factors. When the maximum value of the
difference function of the dynamic stiffness coefficients is a
variable value (such as in cases A1, A2, A3, and A4), the
larger wave amplitude attenuation improves the precision of
the interaction force; nevertheless, the over-large attenuation
has a negligible effect. When the wave amplitude attenuation
is changeless (such as in cases A1, A3, A5, and A6), the smaller
maximum of the difference function of the dynamic stiffness
coefficient increases the accuracy of the soil-structure interaction force.

In summary, the implementation of the unbounded
medium-structure interaction in the time-frequency domain
illustrates that the alterable initial conditions of the value
optimization model of key factors can improve the simulation
accuracy and computational efficiency of the interaction,
which are made up with the smaller maximum finite element
number, the larger wave amplitude attenuation, and the
smaller maximum of the difference function between the
dimensionless dynamic stiffness coefficients of the damped
and undamped unbounded foundation.
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6. Application
To demonstrate the adaptation of the value optimization
model of key factors in practical engineering, the rock
foundation-gravity dam shown in Figure 12 is applied to
analyze the dynamic response of the dam to harmonic ground
motion. The geometric properties of the gravity dam are
the height, 132 m, and the width, which is 14 m at the crest
and 110 m at the bottom. Taking the cross section of the

medium-dam as an example, the dynamic response analysis
of the gravity dam is calculated as a plane-strain problem.
The material parameters of the gravity dam are Young’s
modulus of 20 GPa, Poisson’s ratio of 0.18, and a density of
2600 kg/m3 . The material parameters of the rock foundation
are Young’s modulus of 2.4 GPa, Poisson’s ratio of 0.333, a
density of 2100 kg/m3 , and the characteristic length of 40 m.
The constants of the displacement input harmonic wave are
the amplitude, 0.2 m, and the cycle, 0.4 s. Meanwhile, the
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Figure 9: Effect of maximum finite element number on dynamic stiffness coefficient.

various initial conditions of the value optimization model of
key factors based on the DSEM are implemented to analyze
the dynamic response of the gravity dam.
The displacement function of the dam at the crest shown
in Figure 13 indicates that the simulation precision and computational efficient of the displacement response of the gravity dam can be enhanced by reducing the maximum of the difference function of the dynamic stiffness coefficient and raising the wave amplitude attenuation at the interface and the
maximum of finite element number in the bounded medium.

7. Conclusion
Considering the simulation accuracy and computational
efficiency of the soil-structure interaction, this study’s aim
was to establish the value optimization model of key factors
(such as the artificial damping ratio, the size of the bounded
medium, and the finite element mesh density). From the
impact assessment of the key factors on the dimensionless
dynamic stiffness coefficient and the analysis of the interrelation among the key factors, the value optimization model of
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key factors based on the DSEM was proposed. In additions,
the initial conditions of the value optimization model were
composed of the wave amplitude attenuation, the maximum
finite element number, and the maximum of the difference
function between the dimensionless dynamic stiffness coefficient of the undamped and damped unbounded medium.
The implementations of the dimensionless dynamic stiffness coefficient and the interaction force demonstrated that
the value optimization model of key factors was capable

Dimensionless displacement (U/U0 )

Figure 11: Time history of horizontal interaction force varying maximum of difference function of dynamic stiffness coefficient and wave
amplitude attenuation.
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Figure 13: Dynamic magnification of crest displacements under
seismic excitation 𝑇 = 0.4 s.

of controlling the simulation accuracy and computational
efficiency of the unbounded medium-structure interaction in
the frequency and time domain. Finally, the displacement history function at the crest of the gravity dam on the rock foundation indicated that the value optimization model of key
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Table 2: Characteristics of the finite element discretization of bounded medium.
Case

Max 𝑆

Initial condition
𝜙0

Max 𝑁

𝜁

𝑙/𝑏

Optimal value of key factor
n
Δ/𝑏

𝛾

C1

0.32

0

2000

0.05

3000

2000

0.0028

1.002

C2
C3

1.12
0.9

1.00E − 04
1.00E − 04

25
25

0.6
0.4

7.68
11.51

25
25

0.062
0.074

1.044
1.052

C4
C5

0.64
0.32

1.00E − 04
1.00E − 04

25
25

0.2
0.1

23.03
46.06

25
25

0.094
0.114

1.066
1.080

C6
C7
C8

1.12
1.12
1.12

1.00E − 04
1.00E − 06
1.00E − 13

25
25
25

0.6
0.6
0.6

7.68
11.51
24.95

25
25
25

0.062
0.074
0.096

1.044
1.052
1.068

C9

1.12

1.00E − 48

25

0.6

46.06

25

0.114

1.095

C10

1.12

1.00E − 13

6

0.6

23.03

6

0.429

1.304

C11
C12

1.12
1.12

1.00E − 13
1.00E − 13

12
18

0.6
0.6

23.03
23.03

12
18

0.201
0.131

1.142
1.093

C13

1.12

1.00E − 13

25

0.6

23.03

25

0.094

1.066

Table 3: Various initial conditions and the optimum values of key
factors.
Case
A1
A2
A3
A4
A5
A6

(Max 𝑆, 𝜙0 , Max 𝑁)
(0.1, 0, 2000)
(1, 0.1, 25)
(1, 0.05, 25)
(1, 0.01, 25)
(0.5, 0.05, 25)
(0.3, 0.05, 25)

(𝑙/𝑏, 𝜁, 𝑛, Δ/𝑏, 𝛾)opt
(3000, 0.05, 2000, 0.0028, 1.002)
(2.4, 0.48, 25, 0.035, 1.025)
(3.2, 0.48, 25, 0.044, 1.031)
(4.8, 0.48, 25, 0.051, 1.036)
(12.4, 0.12, 25, 0.075, 1.053)
(37.4, 0.04, 25, 0.107, 1.076)

factors based on the DSEM was appropriate for analyzing the
interaction of the practical unbounded medium-structure.
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An approach for solving of the axisymmetric biharmonic boundary value problems for semi-infinite cylindrical domain was
developed in the paper. On the lateral surface of the domain homogeneous Neumann boundary conditions are prescribed. On the
remaining part of the domain’s boundary four different biharmonic boundary pieces of data are considered. To solve the formulated
biharmonic problems the method of least squares on the boundary combined with the method of homogeneous solutions was used.
That enabled reducing the problems to infinite systems of linear algebraic equations which can be solved with the use of reduction
method. Convergence of the solution obtained with developed approach was studied numerically on some characteristic examples.
The developed approach can be used particularly to solve axisymmetric elasticity problems for cylindrical bodies, the heights of
which are equal to or exceed their diameters, when on their lateral surface normal and tangential tractions are prescribed and on
the cylinder’s end faces various types of boundary conditions in stresses in displacements or mixed ones are given.

1. Introduction
Many practically important problems bring the biharmonic
equation

second kinds the biharmonic functions should be subordinated to boundary conditions (2) and (3) correspondingly [1]:
𝑤|𝑥∈𝜕𝑆 = 𝑓0 (𝑥) ,

2

Δ 𝑤 = 0,
𝑤 = 𝑤 (𝑥) ,

𝑥 ∈ 𝑆 ⊂ 𝑅2

(1)

𝜕𝑤 
= 𝑓1 (𝑥) ,

𝜕] 𝑥∈𝜕𝑆

(2)
𝑥 ∈ 𝜕𝑆,

considering in 2D domains 𝑆 with Lipschitz-continuous
boundary 𝜕𝑆.
Here Δ is Laplace differential operator: Δ = ∇ ⋅ ∇, where
∇ stands for the gradient operator in 𝑅2 and the dot (⋅)
denotes scalar product. Function 𝑤 is considered as four-time
differentiable one in 𝑆.
The classical formulations of biharmonic problems distinguish the Dirichlet and Neumann boundary value problems. Two kinds of Dirichlet problems are usually considered
for biharmonic equation (1). In the problem of the first and

𝑤|𝑥∈𝜕𝑆 = 𝑓0 (𝑥) ,
Δ𝑤|𝑥∈𝜕𝑆 = 𝑓1 (𝑥) ,

(3)
𝑥 ∈ 𝜕𝑆.

Here 𝜕/𝜕] ≡ ] ⋅ ∇ is the operator of normal derivative on 𝜕𝑆, ]
is the outward unit normal vector to 𝜕𝑆, and 𝑓0 (𝑥) and 𝑓1 (𝑥)
are given functions.

2
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Various kinds of Neumann problems for (1) can also be
considered [2, 3]. In simplest cases these are the problems
with boundary conditions (4), (5), or (6):
𝜕𝑤 
= 𝑓0 (𝑥) ,

𝜕] 𝑥∈𝜕𝑆

𝜕2 𝑤 
(4)

= 𝑓1 (𝑥) ,
𝜕]2 𝑥∈𝜕𝑆
𝑥 ∈ 𝜕𝑆,
𝜕𝑤 
= 𝑓0 (𝑥) ,

𝜕] 𝑥∈𝜕𝑆
𝜕Δ𝑤 
= 𝑓1 (𝑥) ,

𝜕] 𝑥∈𝜕𝑆

2. Problem Formulation
(5)

𝑥 ∈ 𝜕𝑆,
Δ𝑤|𝑥∈𝜕𝑆 = 𝑓0 (𝑥) ,
𝜕Δ𝑤 
= 𝑓1 (𝑥) ,

𝜕] 𝑥∈𝜕𝑆

as a linear combination of finite system of biharmonic
polynomials.
In [16] an axisymmetric biharmonic problem for a
finite cylindrical domain was considered. The solution was
presented there as the Fourier-Bessel expansion. In [17]
the method of fundamental solution was applied to solve
axisymmetric Dirichlet biharmonic problem (1) and (2).
In this paper we consider the method of least squares on
the boundary combined with the method of homogeneous
solutions in application to axisymmetric biharmonic problems for a semi-infinite cylindrical domain.

(6)

𝑥 ∈ 𝜕𝑆.
One can distinguish two kinds of biharmonic mixed
problems [4, 5]. In the mixed problem of the first kind
(1) is considered subject to boundary conditions which are
weighted combinations of Dirichlet boundary conditions and
Neumann boundary conditions (so-called Robin boundary
condition). In another case Dirichlet data are prescribed on
one part of the boundary and Neumann data are prescribed
on the remainder.
Various methods are used for solving of the biharmonic
problems. Among them are iterative methods [6], boundary
integral method [7], method of finite differences [8], finite
element method [9], and so forth.
Significant interest in biharmonic problems in rectangle
arises in 2D theory of elasticity [10]. In this connection
we should refer to the so-called method of homogeneous
solutions [11–14] used for these problems’ solving. An idea
of the method consists in representing the solution as a
series expansion in some complete system of biharmonic
functions being solutions of a homogeneous biharmonic
problem on infinite strip [11, 14]. These functions satisfy
homogeneous Neumann-type boundary conditions on the
strip’s sides. As such representation automatically satisfies
(1) and homogeneous boundary conditions on two opposite
sides of the rectangle, to find the solution it is necessary to
determine the expansion coefficients by subordinating the
solution to the boundary data prescribed on the other two
opposite rectangle’s sides. To do that the least squares method
was applied in [14]. In such way the problem was reduced
to a problem of nonconstrained optimization. The approach
was applied to solve Neumann problem and some mixed
biharmonic problems on rectangle.
The method of least squares on the boundary was also
used in [15] to solve the first Dirichlet problem on rectangle.
Here the solution of the biharmonic equation was presented

Problems of elastic equilibrium in axisymmetric case can
be reduced to axisymmetric biharmonic equation (1), where
Δ = 𝜕2 /𝜕𝑟2 + (1/𝑟)(𝜕/𝜕𝑟) + 𝜕2 /𝜕𝑧2 is axisymmetric Laplace
operator in cylindrical coordinate (𝑟 and 𝑧 stand for radial
and axial coordinates).
Biharmonic function 𝑤 in this case has the sense of Love
stress function, through which displacement components
𝑢𝑟 , 𝑢𝑧 and stress components 𝜎𝑟𝑟 , 𝜎𝑟𝑧 , 𝜎𝜃𝜃 , 𝜎𝑧𝑧 can be
expressed as [10]

𝑢𝑟 = −

𝜕2 𝑤
,
𝜕𝑟𝜕𝑧

𝜕2 𝑤
𝑢𝑧 = 2 + 2 (1 − ]) ∇2 𝑤,
𝜕𝑧

(7)

1
𝜕
𝜕2 𝑤
𝜎𝑟𝑟 =
(]∇2 𝑤 − 2 ) ,
2𝜇
𝜕𝑧
𝜕𝑟
1
𝜕
𝜕2 𝑤
𝜎𝑟𝑧 =
((1 − ]) ∇2 𝑤 − 2 ) ,
2𝜇
𝜕𝑟
𝜕𝑧
1
𝜕
𝜕2 𝑤
𝜎𝑧𝑧 =
((2 − ]) ∇2 𝑤 − 2 ) ,
2𝜇
𝜕𝑧
𝜕𝑧

(8)

1
𝜕
1 𝜕𝑤
𝜎𝜃𝜃 =
[]∇2 𝑤 −
],
2𝜇
𝜕𝑧
𝑟 𝜕𝑟
where ] ∈ [0, 0.5] is Poisson ratio and 𝜇 stands for shear
modulus.
We will consider four biharmonic problems for semiinfinite cylindrical domain V = (0 ≤ 𝑟 < 1, 0 < 𝜃 ≤ 2𝜋, 0 <
𝑧 < ∞) with prescribed stresses 𝜎𝑟𝑟 and 𝜎𝑟𝑧 on its lateral
surface D = (𝑟 = 1, 0 < 𝜃 ≤ 2𝜋, 0 < 𝑧 < ∞):

𝜎𝑟𝑟 𝑟=1 = 𝑓1 (𝑧) ,

𝜎𝑟𝑧 𝑟=1 = 𝑓2 (𝑧) .

(9)

Here 𝑓1 (𝑧) and 𝑓2 (𝑧) are integrable functions which decay
when 𝑧 tends to infinity.
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Problems I to IV are distinguished by boundary conditions prescribed on the plane circular area S = (0 ≤ 𝑟 < 1, 0 <
𝜃 ≤ 2𝜋, 𝑧 = 0).
Problem I. Consider the following:

𝜎𝑧𝑧 𝑧=0 = 𝜑1 (𝑟) ,

𝜎𝑟𝑧 𝑧=0 = 𝜑2 (𝑟) .

(10)

Problem II. Consider the following:

𝑢𝑧 𝑧=0 = 𝜑3 (𝑟) ,

𝑢𝑟 𝑧=0 = 𝜑4 (𝑟) .

(11)

Problem III. Consider the following:

𝜎𝑧𝑧 𝑧=0 = 𝜑1 (𝑟) ,

𝑢𝑟 𝑧=0 = 𝜑4 (𝑟) .

(12)

Problem IV. Consider the following:

𝑢𝑧 𝑧=0 = 𝜑3 (𝑟) ,


𝜎𝑟𝑧 𝑧=0 = 𝜑2 (𝑟) ,

(13)

where 𝜑1 (𝑟), 𝜑2 (𝑟), 𝜑3 (𝑟), and 𝜑4 (𝑟) are given function.
With the use of relations (7) and (8) we can express the
boundary conditions (9)–(13) in terms of function 𝑤(𝑟, 𝑧). We
can see that problem I is of Neumann type. It is solvable only
if the functions 𝜑1 (𝑟) and 𝑓2 (𝑧) satisfy the condition
1

∞

0

0

∫ 𝑟𝜑 (𝑟) 𝑑𝑟 − 2𝜋 ∫ 𝑓2 (𝑧) 𝑑𝑧 = 0.

(14)

Problems III and IV should be classified as mixed ones.
To use the method of homogeneous solutions we reduce
the problems to corresponding problems with homogeneous
boundary conditions on D. To do that we consider an
auxiliary biharmonic problem for infinite cylindrical domain
V0 = (0 ≤ 𝑟 < 1, 0 < 𝜃 ≤ 2𝜋, −∞ < 𝑧 < ∞) with boundary
conditions
0 
 = 𝑓10 (𝑧) ,
𝜎𝑟𝑟
𝑟=1
(15)
0 
𝜎𝑟𝑧 𝑟=1 = 𝑓20 (𝑧) ,
where 𝑓10 (𝑧) and 𝑓20 (𝑧) are defined on the line 𝑧 ∈ (−∞, ∞)
integrable functions that satisfy conditions 𝑓10 (𝑧) = 𝑓1 (𝑧),
𝑓20 (𝑧) = 𝑓2 (𝑧), for 𝑧 ≥ 0, and both decay when 𝑧 → −∞.
For instance, we can choose 𝑓10 (𝑧) and 𝑓20 (𝑧) as
𝑓10

𝑧 ≥ 0,
{𝑓1 (𝑧) ,
(𝑧) = {
, 𝑧 < 0,
𝑓
{ 1 (−𝑧)

𝑧 ≥ 0,
{𝑓2 (𝑧) ,
𝑓20 (𝑧) = {
, 𝑧 < 0,
−𝑓
{ 2 (−𝑧)

(16)

or as
𝑧 ≥ 0,
{𝑓1 (𝑧) ,
𝑓10 (𝑧) = {
, 𝑧 < 0,
−𝑓
{ 1 (−𝑧)
{𝑓2 (𝑧) ,
𝑓20 (𝑧) = {
,
𝑓
{ 2 (−𝑧)

(17)

𝑧 ≥ 0,
𝑧 < 0.

Problem (1) and (15) was solved with the use of the Fourier
integral transform. One can find the solution in [18].
Let V0 (𝑟, 𝑧) be the solution of problem (1) and (15) and
0
0
0
0
0
, 𝜎𝑟𝑧
, 𝜎𝜃𝜃
, 𝜎𝑧𝑧
the functions, calculated due to
𝑢𝑟 , 𝑢𝑧0 and 𝜎𝑟𝑟
formulas (7) and (8) correspondingly for solution V0 (𝑟, 𝑧). We
introduce the functions
0 
 ,
𝜑10 (𝑟) ≡ 𝜎𝑧𝑧
𝑧=0

0 
 ,
𝜑20 (𝑟) ≡ 𝜎𝑟𝑧
𝑧=0

𝜑30 (𝑟) ≡ 𝑢𝑧0 𝑧=0 ,

𝜑40 (𝑟) ≡ 𝑢𝑟0 𝑧=0 .

(18)

Now the solutions of the biharmonic problems I to IV can
be presented as 𝑤 = V0 + V, where V(𝑟, 𝑧) is the solution of
the biharmonic problems for domain V on the lateral surface
D ⊂ 𝜕V of which Neumann’s homogeneous conditions are
prescribed:

𝜕2 V 
𝜕
(]ΔV − 2 ) = 0,
𝜕𝑧
𝜕𝑟 𝑟=1

𝜕
𝜕2 V 
((1 − ]) ΔV − 2 ) = 0.
𝜕𝑟
𝜕𝑧 𝑟=1

(19)

On the surface S ⊂ 𝜕V the function V(𝑟, 𝑧) obeys one pair
of conditions (20)–(23):

𝜕
𝜕2 V 
((2 − ]) ΔV − 2 )
𝜕𝑧
𝜕𝑧 𝑧=0

𝜕
𝜕2 V 
((1 − ]) ΔV − 2 )
𝜕𝑟
𝜕𝑧 𝑧=0

𝜕2 V

( 2 + 2 (1 − ]) ΔV)
𝜕𝑧
𝑧=0

𝜕2 V 

−
𝜕𝑟𝜕𝑧 𝑧=0

= 𝜎 (𝑟) ,
(20)
= 𝜏 (𝑟) ,
= 𝑛 (𝑟) ,
(21)
= 𝑡 (𝑟) ,
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𝜕
𝜕2 V 
((2 − ]) ΔV − 2 )
𝜕𝑧
𝜕𝑧 𝑧=0

𝜕2 V 

−
𝜕𝑟𝜕𝑧 𝑧=0

𝜕2 V

( 2 + 2 (1 − ]) ΔV)
𝜕𝑧
𝑧=0

𝜕
𝜕2 V 
((1 − ]) ΔV − 2 )
𝜕𝑟
𝜕𝑧 𝑧=0

The general solution of (26) is

= 𝜎 (𝑟) ,
(22)
= 𝑡 (𝑟) ,

⋅ (−𝐽1 (𝛾𝑟) 𝑌0 (𝛾𝑟) + 𝑌1 (𝛾𝑟) 𝐽0 (𝛾𝑟))
+ 𝐷𝑟 (−𝐽1 (𝛾𝑟) 𝐽0 (𝛾𝑟) 𝑌0 (𝛾𝑟) − 𝑌1 (𝛾𝑟)

= 𝑛 (𝑟) ,
= 𝜏 (𝑟) .

𝜎 (𝑟) = 𝜑1 (𝑟) − 𝜑10 (𝑟) ,
(24)

So, biharmonic problems I to IV reduced to biharmonic
problems (problems I to IV ) with homogeneous conditions
(19) on the cylinder lateral surface and corresponding nonhomogeneous conditions (20)–(23) on the circular area S. We
will solve these problems using the method of homogeneous
solution.

(25)

Substituting (25) into (1) brings the next ordinary
differential equation for the radial function 𝑓(𝑟):

(26)

Due to relations (19) and (25) the radial function 𝑓(𝑟)
obeys at 𝑟 = 1 the boundary conditions:

𝜕3 𝑓 (𝑟) 1 𝜕2 𝑓 (𝑟)
+
)
𝜕𝑟3
𝑟 𝜕𝑟2

𝑓 (𝑟) = 𝑟𝐽1 (𝛾𝑟) 𝐴 −

2
𝐽 (𝛾𝑟) 𝐵.
𝜋𝛾 0

(30)

Substitution of (30) into boundary conditions (27) brings
the linear homogeneous system regarding the constants 𝐴
and 𝐵:
𝜋𝛾 ((1 − 2]) 𝐽0 (𝛾) − 𝛾𝐽1 (𝛾)) 𝐴
(31)

Nontrivial solutions of system (31) exist under the condition
𝛾2 (𝐽02 (𝛾) + 𝐽12 (𝛾)) + (2] − 2) 𝐽12 (𝛾) = 0.

(32)

Transcendental equation (32) does not have any real
roots except the doubly degenerate root 𝛾 = 0. It does not
have imaginary roots too. Hence complex roots should be
considered. The set of roots of (32) contains four infinite
sequences of complex roots [10]:
𝛾𝑘(1) = 𝛼𝑘 + 𝑖𝛽𝑘 ,
𝛾𝑘(2) = 𝛼𝑘 − 𝑖𝛽𝑘 ,
𝛾𝑘(3) = −𝛼𝑘 + 𝑖𝛽𝑘 ,


𝜕2 𝑓 (𝑟)
1 𝜕𝑓 (𝑟)

2
 = 0,
+
]
(
𝑓
+
𝛾
((] − 1)
(𝑟)))

𝜕𝑟2
𝑟 𝜕𝑟
𝑟=1
((1 − ]) (

(29)

𝜋 (𝛾𝐽0 (𝛾) + 2 (1 − ]) 𝐽1 (𝛾)) 𝐴 + 2𝐽1 (𝛾) 𝐵 = 0.

We look for a solution of biharmonic equation (1) in the form

1 2
+ ( 3 + 𝛾2 ) 𝑓 (𝑟) + 𝛾4 𝑓 (𝑟) = 0.
𝑟
𝑟

2
,
𝜋𝛾

+ 2 (𝛾𝐽0 (𝛾) − 𝐽1 (𝛾)) 𝐵 = 0,

3. Systems of Homogeneous Solutions in
Cylindrical Coordinates

2
1
𝑓IV (𝑟) + 𝑓 (𝑟) + (2𝛾2 − 2 ) 𝑓 (𝑟)
𝑟
𝑟

𝐽0 (𝛾) 𝑌1 (𝛾) − 𝐽1 (𝛾) 𝑌0 (𝛾) = −
the radial function 𝑓(𝑟) takes the form

𝑡 (𝑟) = 𝜑4 (𝑟) − 𝜑40 (𝑟) .

V (𝑟, 𝑧) = exp (−𝛾𝑧) 𝑓 (𝑟) .

+ 𝑌1 (𝛾𝑟) (𝐽0 (𝛾𝑟)) ) .
Here 𝐴, 𝐵, 𝐶, and 𝐷 stand for arbitrary constants, 𝐽0 , 𝐽1 and
𝑌0 , 𝑌1 are Bessel and Hankel functions of orders zero and one
correspondingly.
To provide finiteness of solution (28) at the point 𝑟 = 0
we put 𝐶 = 0, 𝐷 = 𝐵. Then, with accounting of the property
of Bessel functions

Here

𝑛 (𝑟) = 𝜑3 (𝑟) − 𝜑30 (𝑟) ,

(28)

2

(23)

𝜏 (𝑟) = 𝜑2 (𝑟) − 𝜑20 (𝑟) ,

𝑓 (𝑟) = 𝐴𝑟𝐽1 (𝛾𝑟) + 𝐵𝑟𝑌1 (𝛾𝑟) + 𝐶𝑟𝑌0 (𝛾𝑟)

(33)

𝛾𝑘(4) = −𝛼𝑘 − 𝑖𝛽𝑘 ,
(27)


𝜕𝑠 (𝑟) 
(] − 1)
+ ( 2 − ]𝛾2 )
) = 0.
𝑟
𝜕𝑟 𝑟=1
The function 𝑓(𝑟) and its derivative should be finite at 𝑟 = 0.

𝑘 = 1, 2, . . . .
The values of first 15 roots of (32) are presented in
Table 1: 𝛼𝑘 = |Re(𝛾𝑘(𝜆) )|; 𝛽𝑘 = |Im(𝛾𝑘(𝜆) )| 𝜆 = 1, 4. The data
were obtained by numerical solving of (32) at ] = 0.25.
Further we will use the sequences 𝐺(1) = {𝛾𝑘(1) , 𝑘 =
1, 2, . . .} and 𝐺(2) = {𝛾𝑘(2) , 𝑘 = 1, 2, . . .}, the members of which
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Table 1: Real and imaginary parts of roots 𝛾𝑘(𝜆) .

𝑘
1
2
3
4
5

𝛼𝑘
2.69765
6.05122
9.26127
12.43844
15.60220

𝛽𝑘
1.36735
1.63814
1.82853
1.96742
2.07642

𝑘
6
7
8
9
10

𝛼𝑘
18.75905
21.91184
25.06203
28.21044
31.35758

have positive real parts. That provides finiteness of solution
(25) at infinity 𝑧 → ∞.
The set of solutions of linear system (31) is

𝑘
11
12
13
14
15

Re(fk(1) (r))

2𝐽1 (𝛾𝑘 )
,
𝜋 ((2] − 2) 𝐽1 (𝛾𝑘 ) − 𝛾𝑘 𝐽0 (𝛾𝑘 ))

(34)

𝑓𝑘(2) (𝑟) = (𝑟𝐽1 (𝛾𝑘(2) 𝑟) 𝜅𝑘(2) −
(1)

2
𝐽 (𝛾(1) 𝑟)) ,
𝜋𝛾𝑘 0 𝑘

5

2
𝐽 (𝛾(2) 𝑟))
𝜋𝛾𝑘 0 𝑘

1

−0.2

0

0.2

0.4

0.6

Figure 1: Real parts of function

Im(fk(1) (r))

(36)

In Figures 1 and 2 the real and imaginary parts of
functions 𝑓𝑘(1) (𝑟) are shown for 𝑘 = 1, 2, 3, 4, 5 (curves 1, 2,
3, 4, and 5 correspondingly).
As the functions 𝑓𝑘(1) (𝑟) and 𝑓𝑘(2) (𝑟) are solutions of
homogeneous boundary value problem (26) and (27) both
sequences R(1) and R(2) form independent functional bases
on the segment 𝑟 ∈ [0, 1] in complex domain. Their
real Re(𝑓𝑘(1) (𝑟)) and Im(𝑓𝑘(1) (𝑟)) parts form independent
functional bases on the same segment in real domain.
We will use the two sequences 𝑉(1) and 𝑉(2) of complex
valued functions (36) to construct the real solutions for four
biharmonic problems in V (problems I to IV ) prescribed
on S ⊂ 𝜕V boundary conditions given by formulas (20)
to (23) correspondingly. On the remining part D of 𝜕V
homogeneous conditions (19) are prescribed for all problems.

0.8

r

0.8

r

𝑓𝑘(1) (𝑟).

1

0.08
0.06
2

0.02

and two infinite sequences 𝑉 =
𝑘 = 1, 2, . . .} and
(2)
(2)
𝑉 = {V𝑘 , 𝑘 = 1, 2, . . .} homogeneous solutions

V𝑘(2) (𝑟, 𝑧) = 𝑓𝑘(2) (𝑟) exp (−𝛾𝑘(2) 𝑧) .

−0.1

0.04

{V𝑘(1) ,

V𝑘(1) (𝑟, 𝑧) = 𝑓𝑘(1) (𝑟) exp (−𝛾𝑘(1) 𝑧) ,

4

2

0.1

(35)

𝛽𝑘
2.46622
2.50949
2.54932
2.58623
2.62059

0

−0.15

where 𝐵𝑘 are indefinite complex constants. The notations
𝜅𝑘(1) = 𝜅, 𝜅𝑘(2) = 𝜅 are used in (34) (the overline means complex
conjugation).
With this in view we obtain two infinite sequences R(1) =
(1)
{𝑓𝑘 , 𝑘 = 1, 2, . . .} and R(2) = {𝑓𝑘(2) , 𝑘 = 1, 2, . . .} of radial
functions
𝑓𝑘(1) (𝑟) = (𝑟𝐽1 (𝛾𝑘(1) 𝑟) 𝜅𝑘(1) −

𝛼𝑘
34.50379
37.64928
40.79422
43.93871
47.08284

3

−0.05

𝐴 𝑘 = 𝜅𝑘 𝐵𝑘 ,
𝜅𝑘 =

𝛽𝑘
2.16604
2.24211
2.30817
2.36656
2.41886

4

0
5

−0.02
−0.04

0

0.2

3
0.4

0.6

Figure 2: Imaginary parts of function

𝑓𝑘(1) (𝑟).

As the sequences V𝑘(1) (𝑟, 𝑧) and V𝑘(2) (𝑟, 𝑧) are mutually
complex-conjugated we present the solution V(𝑟, 𝑧) in the
form

V (𝑟, 𝑧) =

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 V (𝑟, 𝑧) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(37)

where 𝐵𝑘(1) , 𝐵𝑘(2) ≡ 𝐵𝑘(1) are indefinite complex constants.
(𝑝)
As all functions V𝑘 (𝑟, 𝑧), 𝑝 = 1, 2 satisfy (1) and
boundary conditions (19) to solve the problems it is necessary
to determine the constants 𝐵𝑘(1) , 𝐵𝑘(2) by subordinating the
solution (37) to the boundary conditions (20)–(23).
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4. A Variational Method
Substitution of solution (37) into boundary conditions (20)–
(23) brings two functional relations for each problem:
1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝜎 = 𝜎 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

2

(38)

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝜏 = 𝜏 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(39)

2

(40)

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝑡 = 𝑡 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(41)

2

2

2

2

(45)

1
(𝑝) (𝑝)
+ ( ∑ ∑ 𝐵𝑘 𝑡𝑘 − 𝑡 (𝑟)) ] 𝑟 𝑑𝑟,
2 𝑘=1 𝑝=1
]
2

(𝑝)

∞

2

2

(46)

1
(𝑝) (𝑝)
+ ( ∑ ∑ 𝐵𝑘 𝜏𝑘 − 𝜏 (𝑟)) ] 𝑟 𝑑𝑟.
2 𝑘=1 𝑝=1
]

(𝑝)

𝜕2 𝑓𝑘 (𝑟) 1 𝜕𝑓𝑘 (𝑟)
+
)
𝜕𝑟2
𝑟 𝜕𝑟
(𝑝)

(𝑝)
𝜕3 𝑓𝑘 (𝑟)
]) (
𝜕𝑟3

+

1
𝑟

That reduces the problems to corresponding problems of
unconstrained optimization.
Applying the necessary minimum conditions to the
functionals (43) to (46)

(𝑝)
𝜕2 𝑓𝑘 (𝑟)
)
𝜕𝑟2
(𝑝)

(𝑟)
]−1
(𝑝) 2 𝜕𝑓
+ ( 2 − ] (𝛾𝑘 ) ) 𝑘
,
𝑟
𝜕𝑟
(𝑝)

(42)

(𝑝)

𝜕2 𝑓𝑘 (𝑟) 1 𝜕𝑓𝑘 (𝑟)
(𝑝)
𝑛𝑘 (𝑟) = 2 (1 − ]) (
+
)
𝜕𝑟2
𝑟 𝜕𝑟
(𝑝) 2

∞

1
1 ∞ 2 (𝑝) (𝑝)
𝐹IV = ∫ [( ∑ ∑ 𝐵𝑘 𝑛𝑘 − 𝑛 (𝑟))
2
0
[ 𝑘=1 𝑝=1

+ (] − 1) (𝛾𝑘 ) 𝑓𝑘 (𝑟) ,
(𝑝)

1
(𝑝) (𝑝)
+ ( ∑ ∑ 𝐵𝑘 𝑡𝑘 − 𝑡 (𝑟)) ] 𝑟 𝑑𝑟,
2 𝑘=1 𝑝=1
]

∞

where the following notations are used:

𝜏𝑘 (𝑟) = (1 −

(44)

2

2

1
(𝑝) (𝑝)
𝐹III = ∫ [( ∑ ∑ 𝐵𝑘 𝜎𝑘 − 𝜎 (𝑟))
2
0
[ 𝑘=1 𝑝=1

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝜏 = 𝜏 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(𝑝) 3

2

2

1
(𝑝) (𝑝)
𝐹II = ∫ [( ∑ ∑ 𝐵𝑘 𝑛𝑘 − 𝑛 (𝑟))
2 𝑘=1 𝑝=1
0
[

1

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝑛 = 𝑛 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(𝑝)

∞

1

∞

1
(𝑝) (𝑝)
∑ ∑ 𝐵 𝜎 = 𝜎 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

(𝑝)

(43)

2

2

1
(𝑝) (𝑝)
+ ( ∑ ∑ 𝐵𝑘 𝜏𝑘 − 𝜏 (𝑟)) ] 𝑟 𝑑𝑟,
2 𝑘=1 𝑝=1
]

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝑡 = 𝑡 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

𝜎𝑘 (𝑟) = (] − 2) 𝛾𝑘 (

1
1 ∞ 2 (𝑝) (𝑝)
𝐹I = ∫ [( ∑ ∑ 𝐵𝑘 𝜎𝑘 − 𝜎 (𝑟))
2
0
[ 𝑘=1 𝑝=1
∞

1 ∞ 2 (𝑝) (𝑝)
∑ ∑ 𝐵 𝑛 = 𝑛 (𝑟) ,
2 𝑘=1 𝑝=1 𝑘 𝑘

∞

pair of functional equations (38) to (41) into identities. We
solve the problem of determination of the sequences B(1) and
B(2) in quadratic norm 𝐿2 exploiting the least squares method.
To do that we define the functional for each problem

(1)
𝜕𝐵𝑚

𝜕𝐹𝑗
(2)
𝜕𝐵𝑚

(𝑝)

+ (3 − 2]) (𝛾𝑘 ) 𝑓𝑘 (𝑟) ,

= 0,
(47)

= 0,
𝑗 = I, II, III, IV, 𝑚 = 1, 2, . . .

(𝑝)

(𝑝)
(𝑝) 𝜕𝑓𝑘 (𝑟)
.
𝑡𝑘 (𝑟) = −𝛾𝑘
𝜕𝑟


𝜕𝐹𝑗



Hence, to solve any of problems I to IV we should find
the infinite sequences B(1) = {𝐵𝑘(1) , 𝑘 = 1, 2, . . .} and B(2) =

{𝐵𝑘(1) , 𝑘 = 1, 2, . . .} of complex numbers the members 𝐵𝑘(1) ∈
B(1) and 𝐵𝑘(2) ∈ B(2) of which transform the corresponding

we come to the infinite system of linear algebraic equations
∞

2

(𝑠𝑝) (𝑝)

(𝑠)
∑ ∑ 𝑀𝑚𝑘 𝐵𝑘 = 𝐾𝑚
.

𝑘=1 𝑝=1

(48)
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(𝑠𝑝)

(𝑠)
The coefficients 𝑀𝑚𝑘 (𝑠, 𝑝 = 1, 2, 𝑚 = 1, 2, . . .), 𝐾𝑚


of system (48) for problems I to IV are defined by formulas
(49)–(52) correspondingly:

ej

0.2
0.15

(𝑠𝑝)

𝑀𝑚𝑘 =

1 1 (𝑝) (𝑠)
(𝑝)
∫ (𝜎 𝜎 + 𝜏𝑘 𝜏𝑚(𝑠) ) 𝑟 𝑑𝑟,
2 0 𝑘 𝑚
1

(49)

(𝑠)
(𝑠)
= ∫ (𝜎 (𝑟) 𝜎𝑚
+ 𝜏 (𝑟) 𝜏𝑚(𝑠) ) 𝑟 𝑑𝑟,
𝐾𝑚

1 1 (𝑝) (𝑠) (𝑝) (𝑠)
= ∫ (𝑛𝑘 𝑛𝑚
+ 𝑡𝑘 𝑡𝑚 ) 𝑟 𝑑𝑟
2 0
1

1

0

0

(50)

(𝑠)
(𝑠)
(𝑠)
= ∫ (𝑛 (𝑟) 𝑛𝑚
+ 𝑡 (𝑟) 𝑡𝑚
) 𝑟 𝑑𝑟
𝐾𝑚

0

0

(𝑠𝑝)
𝑀𝑚𝑘

1

−

1
(𝑠)
𝑟 𝑑𝑟 ∫
∫ 𝑛𝑚
0
0

0

0

0

𝑛 (𝑟) = 0,

𝜏 (𝑟) = 𝜏0 𝑟.
The solution errors for problems I to IV were calculated
due to values of the corresponding functional as

(𝑠)
𝑟 𝑑𝑟.
− 2 ∫ 𝑛 (𝑟) 𝑟 𝑑𝑟 ∫ 𝑛𝑚

So, the problems are reduced to solving the infinite system
of linear algebraic equations (48).

𝜀I =

1 𝐹I 1/2
( ) ,
𝜎0 2𝜋

𝜀II =

1 𝐹II 1/2
( ) ,
𝑡0 2𝜋

1 𝐹III 1/2
=
(
) ,
𝜎0 2𝜋

5. Numerical Experiments

𝜀III

We solved the problems with the use of the reduction method
considering the finite system of dimension 2𝑁 [19]:

𝜀IV =

𝑁

2

(𝑠𝑝) (𝑝)
∑ ∑ 𝑀𝑚𝑘 𝐵𝑘
𝑘=1 𝑝=1

(𝑠)
= 𝐾𝑚
.

(54)

𝑛 (𝑟) = 0,

(𝑠)
(𝑠)
= ∫ (𝑛 (𝑟) 𝑛𝑚
+ 𝜏 (𝑟) 𝜏𝑚(𝑠) ) 𝑟 𝑑𝑟
𝐾𝑚
1

functions of right-hand sides of boundary conditions (38)–
(41) in the forms

𝑡 (𝑟) = 0,
(52)

1

N



𝜎 (𝑟) = 𝜎0 arctan (𝑑 (𝑟 − 𝑟0 )) ,

(𝑝)
𝑛𝑘 𝑟 𝑑𝑟,

1

13

𝑡 (𝑡) = 𝑡0 𝑟,

1 1 (𝑝) (𝑠)
(𝑝)
∫ (𝑛 𝑛 + 𝜏𝑘 𝜏𝑚(𝑠) ) 𝑟 𝑑𝑟
2 0 𝑘 𝑚
1

11

𝑑 = 40,
(51)

0

(𝑠𝑝)

9

𝑟0 = 0.5,

(𝑠)
(𝑠)
(𝑠)
= ∫ (𝜎 (𝑟) 𝜎𝑚
+ 𝑡 (𝑟) 𝑡𝑚
) 𝑟 𝑑𝑟,
𝐾𝑚

𝑀𝑚𝑘 =

7

𝜏 (𝑟) = 0,

(𝑠)
𝑟 𝑑𝑟,
− 2 ∫ 𝑛 (𝑟) 𝑟 𝑑𝑟 ∫ 𝑛𝑚

1 1 (𝑝) (𝑠) (𝑝) (𝑠)
= ∫ (𝜎𝑘 𝜎𝑚
+ 𝑡𝑘 𝑡𝑚 ) 𝑟 𝑑𝑟,
2 0

5

𝜎 (𝑟) = 𝜎0 arctan (𝑑 (𝑟 − 𝑟0 )) ,

0

1

3

3

Figure 3: Solution error for problems I to IV .

(𝑝)

1

1

4



(𝑠)
𝑟 𝑑𝑟 ∫ 𝑛𝑘 𝑟 𝑑𝑟,
− ∫ 𝑛𝑚
1

2

0.05
0

0

(𝑠𝑝)
𝑀𝑚𝑘

1

0.1

(53)

To evaluate the convergence of the solutions for problems
I to IV depending on dimension of the reduced system
we considered some characteristic examples, taking the

(55)

1 𝐹IV 1/2
(
) .
𝜏0 2𝜋

Plots in Figure 3 demonstrate how the errors e𝑗 ∈
{𝜀I , 𝜀II , 𝜀III , 𝜀IV } decay with increasing 𝑁 (curves 1, 2, 3, and
4, resp.). As we can see convergence of the solutions depends
on the type of boundary conditions and features of the prescribed boundary data. On the basis of conducted numerical
experiments we can conclude that accuracy sufficient for
practical goals can be achieved at 𝑁 ≥ 10.
In Figures 4–7 some results obtained by solving problems I and II are presented. Figure 4 displays the radial
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Figure 4: The radial dependencies of displacement for problem I .
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Figure 6: The axial dependencies of stress components for problem
I .
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Figure 5: The radial dependencies of stresses for problem II .
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Figure 7: The axial dependencies of stress components for problem
II .

dependencies of dimensionless normal 𝑢𝑧 /𝑢0 (curve 1) and
tangential 𝑢𝑟 /𝑢0 (curve 2) displacements on the surface S ⊂
𝜕V for problem I . Figure 5 shows the radial dependencies of
dimensionless normal 𝜎𝑧𝑧 /𝑠0 (curve 1) and tangential 𝜎𝑟𝑧 /𝑠0
(curve 2) stresses on this surface for problem II .
Here 𝑢0 and 𝑠0 are parameters defined as 𝑢0 = 𝜎0 𝑟0 /(2𝜇),
𝑠0 = 2𝜇𝑡0 /𝑟0 , where 𝑟0 = 1 is the cylinder radius.
Figures 6 and 7 illustrate axial dependences of dimensionless stress components for problems I and II correspondingly.
Curves 1 and 2 in both figures correspond to the stress
components 𝜎𝑧𝑧 calculated at constant radial coordinates 𝑟 =
0 and 𝑟 = 1, respectively, whereas curves 3 and 4 correspond
to the stress components 𝜎𝜃𝜃 calculated at the same radial
coordinates 𝑟 = 0 and 𝑟 = 1.
As we can see the solutions are quickly decayed with axial
coordinate. So, developed approach can be applied to finite
cylinders the heights of which equal two or more of their
radii.

6. Conclusion
In this paper we proposed an approach for solving of
the axisymmetric biharmonic boundary value problems for
semi-infinite cylindrical domain, on the lateral surface of
which homogeneous Neumann boundary conditions are
prescribed. On the remining part of the domain’s boundary four different biharmonic boundary pieces of data are
considered. The approach is based on presentation of the

solution as a series expansion in two consequences of complex valued biharmonic functions, so-called homogeneous
solutions, which obey the Neumann homogeneous boundary
conditions on the lateral surface. Application of the method
of least squares for subordinating the solution to nonhomogeneous boundary conditions prescribed on the part of the
boundary reduces the problems to corresponding problems
of nonconstrained optimization. These problems, in turn,
were reduced to infinite systems of linear algebraic equations
regarding the expansion coefficients. Solutions of the systems
were obtained for various boundary data given on the part of
the boundary with nonhomogeneous conditions exploiting
the reduction method. Conducted numerical experiments
confirm high convergence of the method: a sufficient accuracy is reached at 𝑁 equal to about 10.
The approach can be used to solve axisymmetric elasticity
problems for cylindrical bodies, the heights of which are
equal to or exceed their diameters, when on their lateral
surface normal and tangential tractions are prescribed and
on the cylinder’s end faces one of four possible boundary
pieces of data is given: (1) normal and tangential tractions,
(2) normal and tangential displacements, (3) normal traction
and tangential displacement, and (4) normal displacement
and tangential traction.
Similar approach can be developed for the case when
on the cylinder’s lateral surface boundary conditions in
displacements are given.

Mathematical Problems in Engineering
To expand the developed approach for a short cylindrical
body, the height of which is less than its diameter, the
interactions of strain-stressed states, caused by boundary data
prescribed on the opposite end faces, should be accounted.
To do that one can use four sequences 𝑉(1) , 𝑉(2) , 𝑉(3) , and
𝑉(4) of homogeneous solutions to construct the solution.
Here 𝑉(3) = {V𝑘(3) , 𝑘 = 1, 2, . . .}, 𝑉(4) = {V𝑘(4) , 𝑘 =
1, 2, . . .}, V𝑘(3) (𝑟, 𝑧), and V𝑘(4) (𝑟, 𝑧) are biharmonic functions
corresponding transcendental equation (32) roots {𝛾𝑘(3) , 𝑘 =
1, 2, . . .} and {𝛾𝑘(4) , 𝑘 = 1, 2, . . .}.
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By using determinantal representations of the 𝑊-weighted Drazin inverse previously obtained by the author within the framework
of the theory of the column-row determinants, we get explicit formulas for determinantal representations of the 𝑊-weighted
Drazin inverse solutions (analogs of Cramer’s rule) of the quaternion matrix equations WAWX = D, XWBW = D, and
W1 AW1 XW2 BW2 = D.

1. Introduction
Throughout the paper, we denote the real number field by R,
the set of all 𝑚 × 𝑛 matrices over the quaternion algebra
H = {𝑎0 + 𝑎1 𝑖 + 𝑎2 𝑗 + 𝑎3 𝑘 | 𝑖2 = 𝑗2 = 𝑘2
= −1, 𝑎0 , 𝑎1 , 𝑎2 , 𝑎3 ∈ R}

(1)

by H𝑚×𝑛 , and the set of all 𝑚 × 𝑛 matrices over H with a rank 𝑟
. Let 𝑀(𝑛, H) be the ring of 𝑛×𝑛 quaternion matrices.
by H𝑚×𝑛
𝑟
For A ∈ H𝑛×𝑚 , the symbol A∗ stands for the conjugate
transpose (Hermitian adjoint) matrix of A. The matrix A =
(𝑎𝑖𝑗 ) ∈ H𝑛×𝑛 is Hermitian if A∗ = A.
For A ∈ H𝑚×𝑛 , we denote by
R𝑟 (A) = {y ∈ H𝑚 : y = Ax, x ∈ H𝑛 } the column
right space of A;
N𝑟 (A) = {y ∈ H𝑛 : Ax = 0} the right null space of A;

R𝑙 (A) = {y ∈ H𝑛 : y = xA, x ∈ H𝑚 } the column left
space of A;
N𝑟 (A) = {y ∈ H𝑚 : xA = 0} the left null space of A.
In the past, researches into the quaternion skew field
had a more theoretical importance, but now a growing

number of investigations give wide practical applications of
quaternions. In particular through their attitude orientation,
the quaternions arise in various fields such as quaternionic
quantum theory [1], fluid mechanics and particle dynamics
[2, 3], computer graphics [4], aircraft orientation [5], robotic
systems [6], and life science [7, 8].
Research on quaternion matrix equations and generalized
inverses, which are usefulness tools used to solve matrix
equations, has been actively ongoing for more recent years.
We mention only some recent papers. Yuan et al. [9] derived
solutions of the quaternion matrix equation 𝐴𝑋 = 𝐵 and
their applications in color image restoration. Wang et al.
[10] studied extreme ranks of real matrices in solution of
the quaternion matrix equation 𝐴𝑋𝐵 = 𝐶. Yuan et al. [11]
obtained the expressions of least squares Hermitian solution
with minimum norm of the quaternion matrix equation
(𝐴𝑋𝐵, 𝐶𝑋𝐷) = (𝐸, 𝐹). Feng and Cheng [12] gave a clear
description of the solution set to the quaternion matrix
equation 𝐴𝑋−𝑋𝐵 = 0. Jiang and Wei [13] derived the explicit
̃ = 𝐶.
solution of the quaternion matrix equation 𝑋 − 𝐴𝑋𝐵
Caiqin et al. [14] obtained the expressions of the explicit
solutions of quaternion matrix equations 𝑋𝐹 − 𝐴𝑋 = 𝐵𝑌 and
̃ = 𝐵𝑌. Yuan and Wang [15] gave the expressions
𝑋𝐹 − 𝐴𝑋
of the least squares 𝜂-Hermitian solution with the least norm
of the quaternion matrix equation 𝐴𝑋𝐵 + 𝐶𝑋𝐷 = 𝐸. Zhang
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et al. derived [16] the expressions of the minimal norm least
squares solution, the pure imaginary least squares solution,
and the real least squares solution for the quaternion matrix
equation 𝐴𝑋 = 𝐵.
The definitions of the generalized inverse matrices have
been extended to quaternion matrices as follows.
The Moore-Penrose inverse of A ∈ H𝑚×𝑛 , denoted by
†
A , is the unique matrix X ∈ H𝑛×𝑚 satisfying the following
equations:

𝑊-weighted Drazin inverse over the quaternion skew field
without any auxiliary matrices.
An important application of determinantal representations of generalized inverses is the Cramer rule for generalized inverse solutions of matrix equations.
But when is there a need for a 𝑊-weighted Drazin
inverse solution? Consider, for example, the following matrix
equation: A1 X = D. Let A1 be rectangular and we can
represent it as A1 = WAW, where WA and AW are quadratic
and singular. Furthermore, we have the following restrictions:
R𝑟 (X) ⊂ R𝑟 ((AW)𝑘 ), N𝑙 (X) ⊃ N𝑙 ((WA)𝑘 ). Then its 𝑊weighted Drazin inverse solution is needed.
In the paper we investigate analogs of Cramer’s rule
for 𝑊-weighted Drazin inverse solutions of the following
quaternion matrix equations:

AXA = A;

(2)

XAX = X;

(3)

(AX)∗ = AX;

(4)

(XA)∗ = XA.

(5)

WAWX = D,

(8)

with 𝑘 = Ind A being the smallest positive
For A ∈ H
number such that rank A𝑘+1 = rank A𝑘 , the Drazin inverse of
A, denoted by A𝐷, is defined to be the unique matrix X that
satisfies (3) and the equations

XWBW = D,

(9)

W1 AW1 XW2 BW2 = D.

(10)

𝑛×𝑛

AX = XA;
A𝑘+1 X = A𝑘 .

(6)

In particular, when Ind A = 1, then X is called the group
inverse of A and is denoted by X = A𝑔 . If Ind A = 0, then
A is nonsingular, and A𝐷 ≡ A† = A−1 .
Cline and Greville [17] extended the Drazin inverse of
square matrix to rectangular matrix that has been generalized
to the quaternion algebra as follows.
For A ∈ H𝑚×𝑛 and W ∈ H𝑛×𝑚 , the 𝑊-weighted Drazin
inverse of A with respect to W is the unique solution to the
following equations:
(AW)𝑘+1 XW = (AW)𝑘 ;
XWAWX = X;

(7)

AWX = XWA,
where 𝑘 = max{Ind(AW), Ind(WA)}.
The Drazin inverse and weighted Drazin inverse have several important applications such as applications in singular
differential and difference equations [18], signal processing
[19], Markov chains and statistic problems [20, 21], descriptor
continuous-time systems [22], numerical analysis and Kronecker product systems [23], solving singular fuzzy linear
system [24, 25], constrained linear systems [26], and so forth.
Cramer’s rule for the 𝑊-weighted Drazin inverse solutions, in particular, has been derived in [27] for singular
linear equations and in [26] for a class of restricted matrix
equations. Recently, within the framework of the theory of
the column-row determinants, Song [28] has first obtained
a determinantal representation of the 𝑊-weighted Drazin
inverse and Cramer’s rule of a class of restricted matrix
equations over the quaternion algebra. But in obtaining, he
has used auxiliary matrices other than that are given. In [29],
we have obtained new determinantal representations of the

The paper is organized as follows. We start with introducing of the row-column determinants and determinantal
representations of the Moore-Penrose and Drazin inverses
for a quaternion matrix obtained by them in Section 2.1.
Determinantal representations of the 𝑊-weighted Drazin
inverse and its properties were considered in Section 2.2.
In Section 3.1, we give the background of the problem of
Cramer’s rule for the 𝑊-weighted Drazin inverse solution. In
Section 3.2 we obtain explicit representation formulas of the
𝑊-weighted Drazin inverse solutions (analogs of Cramer’s
rule) of the quaternion matrix equation (10). Consequently,
we get both similar and special determinantal representation
formulas of the 𝑊-weighted Drazin inverse solutions of (8)
and (9). In Section 4, we give numerical examples to illustrate
the main result.

2. Preliminaries
2.1. Determinantal Representations of the Moore-Penrose and
Drazin Inverses by the Column and Row Determinants. The
theory of the row-column determinants over the quaternion
skew field has been introduced in [30–32], and later it has
been applied to research generalized inverses and generalized inverse solutions of matrix equations. In particular,
determinantal representations of the Moore-Penrose [33, 34]
and explicit representation formulas for the minimum norm
least squares solutions of some quaternion matrix equations
[35] and determinantal representations of the Drazin [36]
and 𝑊-weighted Drazin inverses [29] have been obtained by
the author. Song derived determinantal representation of the
generalized inverse 𝐴2𝑇,𝑆 [37], the Bott-Duffin inverse [38], the
Cramer rule for the solutions of restricted matrix equations
[39], the generalized Stein quaternion matrix equation [40],
and so forth.
For A = (𝑎𝑖𝑗 ) ∈ 𝑀(𝑛, H) we define 𝑛 row determinants
and 𝑛 column determinants as follows.
Suppose that 𝑆𝑛 is the symmetric group on the set 𝐼𝑛 =
{1, . . . , 𝑛}.
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Definition 1. The 𝑖th row determinant of A = (𝑎𝑖𝑗 ) ∈ 𝑀(𝑛, H)
is defined for all 𝑖 = 1, 𝑛 by putting
rdet𝑖 A = ∑ (−1)𝑛−𝑟
𝜎∈𝑆𝑛

⋅ 𝑎𝑖𝑖𝑘 𝑎𝑖𝑘

⋅ ⋅ ⋅ 𝑎𝑖𝑘 +𝑙 𝑖 ⋅ ⋅ ⋅ 𝑎𝑖𝑘

𝑖
1 𝑘1 +1

1

𝑖
𝑟 𝑘𝑟 +1

1 1

⋅ ⋅ ⋅ 𝑎𝑖𝑘 +𝑙

𝑖
𝑟 𝑟 𝑘𝑟

,

(11)

𝜎 = (𝑖𝑖𝑘1 𝑖𝑘1 +1 ⋅ ⋅ ⋅ 𝑖𝑘1 +𝑙1 )
⋅ (𝑖𝑘2 𝑖𝑘2 +1 ⋅ ⋅ ⋅ 𝑖𝑘2 +𝑙2 ) ⋅ ⋅ ⋅ (𝑖𝑘𝑟 𝑖𝑘𝑟 +1 ⋅ ⋅ ⋅ 𝑖𝑘𝑟 +𝑙𝑟 ) ,
with conditions 𝑖𝑘2 < 𝑖𝑘3 < ⋅ ⋅ ⋅ < 𝑖𝑘𝑟 and 𝑖𝑘𝑡 < 𝑖𝑘𝑡 +𝑠 for 𝑡 = 2, 𝑟
and 𝑠 = 1, 𝑙𝑡 .
Definition 2. The 𝑗th column determinant of A = (𝑎𝑖𝑗 ) ∈
𝑀(𝑛, H) is defined for all 𝑗 = 1, 𝑛 by putting
cdet𝑗 A = ∑ (−1)𝑛−𝑟

principal submatrix determined by the rows and columns
indexed by 𝛼. If A ∈ 𝑀(𝑛, H) is Hermitian, then by
|A𝛼𝛼 | denote the corresponding principal minor of det A.
For 1 ≤ 𝑘 ≤ 𝑛, the collection of strictly increasing
sequences of 𝑘 integers chosen from {1, . . . , 𝑛} is denoted by
𝐿 𝑘,𝑛 fl {𝛼 : 𝛼 = (𝛼1 , . . . , 𝛼𝑘 ), 1 ≤ 𝛼1 ≤ ⋅ ⋅ ⋅ ≤ 𝛼𝑘 ≤ 𝑛}. For fixed
𝑖 ∈ 𝛼 and 𝑗 ∈ 𝛽, let 𝐼𝑟,𝑚 {𝑖} fl {𝛼 : 𝛼 ∈ 𝐿 𝑟,𝑚 , 𝑖 ∈ 𝛼}, 𝐽𝑟,𝑛 {𝑗} fl
{𝛽 : 𝛽 ∈ 𝐿 𝑟,𝑛 , 𝑗 ∈ 𝛽}.
Denote by a∗⋅𝑗 and a∗𝑖⋅ the 𝑗th column and the 𝑖th row of A∗
(𝑚)
𝑚
and by a(𝑚)
⋅𝑗 and a𝑖⋅ the 𝑗th column and the 𝑖th row of A ,
respectively.
The following theorem gives determinantal representations of the Moore-Penrose inverse over the quaternion skew
field H.

, then the MooreTheorem 4 (see [32]). If A ∈ H𝑚×𝑛
𝑟
Penrose inverse A+ = (𝑎𝑖𝑗+ ) ∈ H𝑛×𝑚 possesses the following
determinantal representations:
𝛽

𝑎𝑖𝑗+

∑𝛽∈𝐽𝑟,𝑛 {𝑖} cdet𝑖 ((A∗ A)⋅𝑖 (a∗⋅𝑗 ))
𝛽
=
 ∗ 𝛽 


∑𝛽∈𝐽𝑟,𝑛 (A A)𝛽 



𝑎𝑖𝑗+

∑𝛼∈𝐼𝑟,𝑚 {𝑗} rdet𝑗 ((AA∗ )𝑗⋅ (a∗𝑖⋅ ))
𝛼
=


∑𝛼∈𝐼𝑟,𝑚 (AA∗ )𝛼𝛼 

𝜏∈𝑆𝑛

⋅ 𝑎𝑗𝑘

𝑗
𝑟 𝑘𝑟 +𝑙𝑟

⋅ ⋅ ⋅ 𝑎𝑗𝑘 +1 𝑖𝑘 ⋅ ⋅ ⋅ 𝑎𝑗𝑗𝑘 +𝑙 ⋅ ⋅ ⋅ 𝑎𝑗𝑘 +1 𝑗𝑘 𝑎𝑗𝑘 𝑗 ,
𝑟

𝑟

1 1

1

1

1

(12)

𝜏 = (𝑗𝑘𝑟 +𝑙𝑟 ⋅ ⋅ ⋅ 𝑗𝑘𝑟 +1 𝑗𝑘𝑟 ) ⋅ ⋅ ⋅ (𝑗𝑘2 +𝑙2 ⋅ ⋅ ⋅ 𝑗𝑘2 +1 𝑗𝑘2 )

or
𝛼

⋅ (𝑗𝑘1 +𝑙1 ⋅ ⋅ ⋅ 𝑗𝑘1 +1 𝑗𝑘1 𝑗) ,
with conditions 𝑗𝑘2 < 𝑗𝑘3 < ⋅ ⋅ ⋅ < 𝑗𝑘𝑟 and 𝑗𝑘𝑡 < 𝑗𝑘𝑡 +𝑠 for 𝑡 = 2, 𝑟
and 𝑠 = 1, 𝑙𝑡 .
Suppose that A𝑖𝑗 denotes the submatrix of A obtained
by deleting both the 𝑖th row and the 𝑗th column. Let a⋅𝑗 be
the 𝑗th column and let a𝑖⋅ be the 𝑖th row of A. Suppose that
A⋅𝑗 (b) denotes the matrix obtained from A by replacing its 𝑗th
column with the column b and that A𝑖⋅ (b) denotes the matrix
obtained from A by replacing its 𝑖th row with the row b.
The following theorem has a key value in the theory of the
column and row determinants.
Theorem 3 (see [30]). If A = (𝑎𝑖𝑗 ) ∈ 𝑀(𝑛, H) is Hermitian,
then rdet1 A = ⋅ ⋅ ⋅ = rdet𝑛 A = cdet1 A = ⋅ ⋅ ⋅ = cdet𝑛 A ∈ R.
Since all column and row determinants of a Hermitian
matrix over H are equal, we can define the determinant of
a Hermitian matrix A ∈ 𝑀(𝑛, H). By definition, we put
det A fl rdet𝑖 A = cdet𝑖 A, for all 𝑖 = 1, 𝑛. The determinant
of a Hermitian matrix has properties similar to a usual
determinant. They are completely explored in [30, 31] by
its row and column determinants. In particular, within the
framework of the theory of the column-row determinants,
we have the determinantal representation of the inverse
matrix over H by analogs of classical adjoint matrix. Further,
we consider determinantal representations of generalized
inverses obtained by the column-row determinants.
We will use the following notations. Let 𝛼
fl
{𝛼1 , . . . , 𝛼𝑘 } ⊆ {1, . . . , 𝑚} and 𝛽 fl {𝛽1 , . . . , 𝛽𝑘 } ⊆ {1, . . . , 𝑛}
be subsets of the order 1 ≤ 𝑘 ≤ min{𝑚, 𝑛}. By A𝛼𝛽 denote
the submatrix of A determined by the rows indexed by
𝛼 and the columns indexed by 𝛽. Then A𝛼𝛼 denotes the

(13)

(14)

for all 𝑖 = 1, 𝑛 and 𝑗 = 1, 𝑚.
Proposition 5 (see [20]). If Ind(A) = 𝑘, then A𝐷
A𝑘 (A2𝑘+1 )+ A𝑘 .

=

Denote by ̂a⋅𝑠 and ǎ𝑡⋅ the 𝑠th column of (A2𝑘+1 )∗ A𝑘 š
̂ = (̂𝑎𝑖𝑗 ) ∈ H𝑛×𝑛 and the 𝑡th row of A𝑘 (A2𝑘+1 )∗ š Ǎ =
A
(𝑎̌ 𝑖𝑗 ) ∈ H𝑛×𝑛 , respectively, for all 𝑠, 𝑡 = 1, 𝑛. Using the
determinantal representations of the Moore-Penrose inverse
(13) and (14) and Proposition 5, the following determinantal
representations of the Drazin inverse for an arbitrary square
matrix over H have been obtained in [33].
Theorem 6 (see [33]). If A ∈ 𝑀(𝑛, H) with Ind A = 𝑘 and
rank A𝑘+1 = rank A𝑘 = 𝑟, then the Drazin inverse A𝐷 possesses
the following determinantal representations:
𝑎𝑖𝑗𝐷
𝛽

∗

∑𝑛𝑡=1 𝑎𝑖𝑡(𝑘) ∑𝛽∈𝐽𝑟,𝑛 {𝑡} cdet𝑡 ((A2𝑘+1 ) (A2𝑘+1 )⋅𝑡 (̂a⋅𝑗 ))
𝛽
,
=
 2𝑘+1 ∗ 2𝑘+1 𝛽 
) (A
)𝛽 
∑𝛽∈𝐽𝑟,𝑛 (A


𝑎𝑖𝑗𝐷
∗

(15)

𝛼

∑𝑛𝑠=1 (∑𝛼∈𝐼𝑟,𝑛 {𝑠} rdet𝑠 ((A2𝑘+1 (A2𝑘+1 ) ) (ǎ𝑖⋅ )) ) 𝑎𝑠𝑗(𝑘)
⋅𝑠
𝛼
.
=

∗ 𝛼 
∑𝛼∈𝐼𝑟,𝑛 (A2𝑘+1 (A2𝑘+1 ) )𝛼 



In the special case, when A ∈ 𝑀(𝑛, H) is Hermitian, we can
obtain simpler determinantal representations of the Drazin
inverse.
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Theorem 7 (see [33]). If A ∈ 𝑀(𝑛, H) is Hermitian with
Ind A = 𝑘 and rank A𝑘+1 = rank A𝑘 = 𝑟, then the
Drazin inverse A𝐷 = (𝑎𝑖𝑗𝐷) ∈ H𝑛×𝑛 possesses the following
determinantal representations:
𝛽

𝑎𝑖𝑗𝐷

∑𝛽∈𝐽𝑟,𝑛 {𝑖} cdet𝑖 ((A𝑘+1 )⋅𝑖 (a𝑘⋅𝑗 ))
𝛽
=
 𝑘+1 𝛽 
∑𝛽∈𝐽𝑟,𝑛 (A )𝛽 



(16)

̂ =
̂ ⋅𝑠 and ǔ 𝑡⋅ are the 𝑠th column of (U2𝑘+1 )∗ U𝑘 š U
where u
𝑛×𝑛
𝑘
2𝑘+1 ∗
̌
(̂
𝑢𝑖𝑗 ) ∈ H and the 𝑡th row of U (U
) š U = (𝑢̌ 𝑖𝑗 ) ∈
𝑛×𝑛
H , respectively, for all 𝑠, 𝑡 = 1, 𝑛, and 𝑟 = rank U𝑘+1 =
rank U𝑘 .
Then we have the following determinantal representations of A𝑑,W = (𝑎𝑖𝑗𝑑,W ) ∈ H𝑚×𝑛 :
𝑛

(2)

𝐷
)
𝑎𝑖𝑗𝑑,W = ∑ 𝑎𝑖𝑞 (𝑢𝑞𝑗

or

,

(20)

𝑞=1

𝛼

𝑎𝑖𝑗𝐷

∑𝛼∈𝐼𝑟,𝑛 {𝑗} rdet𝑗 ((A𝑘+1 )𝑗⋅ (a(𝑘)
𝑖⋅ ))
𝛼
.
=
 𝑘+1 𝛼 
∑𝛼∈𝐼𝑟,𝑛 (A )𝛼 

where
(17)

2.2. Determinantal Representations of the 𝑊-Weighted Drazin
Inverse. We introduce some mathematical background from
the theory of the 𝑊-weighted Drazin inverse [27, 41, 42] that
can be generalized to H.
𝑚×𝑛

and W ∈ H
Lemma 8. Let A ∈ H
max{Ind(AW), Ind(WA)}. Then one has

𝑛×𝑚

𝐷
(𝑢𝑞𝑗
)

(d) WAWA𝑑,W = PR𝑟 ((WA)𝑘 ),N𝑟 ((WA)𝑘 ) ; A𝑑,W WAW =
PR𝑙 ((AW)𝑘 ),N𝑙 ((AW)𝑘 ) ,

𝑚

𝐷
)
(V𝑖𝑞

𝑎𝑞𝑗 ,

(22)

𝛽

∗

u⋅𝑗 )) (18)
∑𝑛𝑡=1 𝑢𝑖𝑡(𝑘) ∑𝛽∈𝐽𝑟,𝑛 {𝑡} cdet𝑡 ((U2𝑘+1 ) (U2𝑘+1 )⋅𝑡 (̂
𝛽
=
 2𝑘+1 ∗ 2𝑘+1 𝛽 


∑𝛽∈𝐽𝑟,𝑛 (U
) (U
)𝛽 



or
𝑢𝑖𝑗𝐷,2
𝛼

(∑𝛼∈𝐼𝑟,𝑛 {𝑠} rdet𝑠 ((U
(U
) ) (ǔ 𝑖⋅ ))
⋅𝑠
𝛼
 2𝑘+1 2𝑘+1 ∗ 𝛼 


∑𝛼∈𝐼𝑟,𝑛 (U
(U
) )𝛼 



(𝑘)
) 𝑢𝑠𝑗

(19)
,

(23)

𝑝=1

𝛽

∗

(𝑘)
2𝑘+1
) (V2𝑘+1 )⋅𝑡 (̂k⋅𝑗 )) (24)
∑𝑚
𝑡=1 V𝑖𝑡 ∑𝛽∈𝐽𝑟,𝑚 {𝑡} cdet𝑡 ((V
𝛽
=
 2𝑘+1 ∗ 2𝑘+1 𝛽 


∑𝛽∈𝐽𝑟,𝑚 (V
) (V
)𝛽 



R𝑙 ((AW) ) along N𝑙 ((AW) ).

𝑢𝑖𝑗𝐷,1

𝑚

𝐷,𝑙 𝐷,𝑓
= ∑ V𝑖𝑝
V𝑝𝑞

V𝑖𝑗𝐷,1

𝑘

In particular, the point (a) of Lemma 8 due to Cline and
Greville [17] is generalized [28] to H. Using this proposition,
we have obtained [29] the following determinantal representations of 𝑊-weighted Drazin inverse.
Denote WA š U = (𝑢𝑖𝑗 ) ∈ H𝑛×𝑛 and AW š V = (V𝑖𝑗 ) ∈
𝑚×𝑚
H
.
Due to Theorem 6, we denote an entry of the Drazin
inverse U𝐷 by

(2)

for all 𝑙, 𝑓 = 1, 2, and an entry of the Drazin inverse V𝐷 is
denoted by

along N𝑟 ((WA)𝑘 ) and 𝑃R𝑙 ((AW)𝑘 ),N𝑙 ((AW)𝑘 ) is the projector on

=

(2)

𝑞=1

where PR𝑟 ((WA)𝑘 ),N𝑟 ((WA)𝑘 ) is the projector on R𝑟 ((WA)𝑘 )

2𝑘+1 ∗

(21)

𝑝=1

𝐷
𝑎𝑖𝑗𝑑,W = ∑ (V𝑖𝑞
)

(c) A𝑑,W = {(AW)𝑘 [(AW)2𝑘+1 ]+ (AW)𝑘 }W+ ; A𝑑,W =
W+ {(WA)𝑘 [(WA)2𝑘+1 ]+ (WA)𝑘 };

2𝑘+1

𝐷,𝑓

where the first factor is one of the following four possible
equations:

(b) A𝑑,W W = (AW)𝐷; WA𝑑,W = (WA)𝐷;

∑𝑛𝑠=1

𝑛

𝐷,𝑙
= ∑ 𝑢𝑞𝑝
𝑢𝑝𝑗

for all 𝑙, 𝑓 = 1, 2 and 𝑢𝑖𝑗𝐷,1 from (18) and 𝑢𝑖𝑗𝐷,2 from (19).
Similarly using V = (V𝑖𝑗 ) ∈ H𝑚×𝑚 ,

with 𝑘 =

(a) A𝑑,W = A((WA)𝐷)2 = ((AW)𝐷)2 A;

𝑘

(2)

or
V𝑖𝑗𝐷,2
∗

𝛼

(𝑘)
2𝑘+1
(25)
(V2𝑘+1 ) ) (ǩ𝑖⋅ )) ) V𝑠𝑗
∑𝑚
𝑠=1 (∑𝛼∈𝐼𝑟,𝑚 {𝑠} rdet𝑠 ((V
⋅𝑠
𝛼
,
=
 2𝑘+1 2𝑘+1 ∗ 𝛼 
(V
) )𝛼 
∑𝛼∈𝐼𝑟,𝑚 (V



̂ =
where k̂⋅𝑠 and ǩ𝑡⋅ are the 𝑠th column of (V2𝑘+1 )∗ V𝑘 š V
𝑚×𝑚
𝑘
2𝑘+1 ∗
̌
(̂V𝑖𝑗 ) ∈ H
and the 𝑡th row of V (V
) š V = (V̌𝑖𝑗 ) ∈
H𝑚×𝑚 , respectively, for all 𝑠, 𝑡 = 1, 𝑚; 𝑟 = rank V𝑘+1 =
rank V𝑘 .
The point (c) of Lemma 8 due to [23] has been generalized
to H in [33]. Using this proposition, we have obtained
the following two determinantal representations of the 𝑊weighted Drazin inverse.
with
Theorem 9 (see [29]). Let A ∈ H𝑚×𝑛 and W ∈ H𝑛×𝑚
𝑟1
𝑘 = Ind(AW) and 𝑟 = rank(AW)𝑘+1 = rank(AW)𝑘 . Then the
𝑊-weighted Drazin inverse of A with respect to W possesses the
following determinantal representations:
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∗

𝛼

𝛼

𝑎𝑖𝑗𝑑,W

2𝑘+1
(V2𝑘+1 ) ) (ǩ𝑖⋅ )) ∑𝛼∈𝐼𝑟 ,𝑛 {𝑗} rdet𝑗 ((WW∗ )𝑗⋅ (w̌ 𝑡⋅ ))
∑𝑚
𝑡=1 ∑𝛼∈𝐼𝑟,𝑚 {𝑡} rdet𝑡 ((V
𝛼
1
𝑡⋅
𝛼
,
=
∗ 𝛼 



∑𝛼∈𝐼𝑟,𝑚 (V2𝑘+1 (V2𝑘+1 ) )𝛼  ∑𝛼∈𝐼𝑟 ,𝑛 (WW∗ )𝛼𝛼 
1



𝑎𝑖𝑗𝑑,W

w⋅𝑡 ))𝛽 ∑𝛽∈𝐽𝑟,𝑛 {𝑡} cdet𝑡 (((U2𝑘+1 ) U2𝑘+1 ) (̂
u⋅𝑗 ))
∑𝑛𝑡=1 ∑𝛽∈𝐽𝑟 ,𝑚 {𝑖} cdet𝑖 ((W∗ W)⋅𝑡 (̂
1
⋅𝑡
𝛽
,
=


 ∗ 𝛽 
𝛽
∗
∑𝛽∈𝐽𝑟 ,𝑚 (W W)𝛽  ∑𝛽∈𝐽𝑟,𝑛 ((U2𝑘+1 ) U2𝑘+1 )𝛽 
1





̂ = (U2𝑘+1 )∗ U𝑘 ,
where V̌ = V𝑘 (V2𝑘+1 )∗ , W̌ = V𝑘 W∗ and U
∗ 𝑘
̂
W=W U .
In the special cases, when AW ∈ H𝑚×𝑚 and WA ∈
are Hermitian, we can obtain simpler determinantal
H
representations of the 𝑊-weighted Drazin inverse.
𝑛×𝑛

Theorem 10 (see [29]). If A ∈ H𝑚×𝑛 , W ∈ H𝑛×𝑚 , and AW ∈
H𝑚×𝑚 are Hermitian with 𝑘 = max{Ind(AW), Ind(WA)} and
rank(AW)𝑘+1 = rank(AW)𝑘 = 𝑟, then the 𝑊-weighted Drazin
inverse A𝑑,𝑊 = (𝑎𝑖𝑗𝑑,𝑊) ∈ H𝑚×𝑛 with respect to W possesses the
following determinantal representations:
𝛽

𝑎𝑖𝑗𝑑,𝑊

∑𝛽∈𝐽𝑟,𝑚 {𝑖} cdet𝑖 ((AW)𝑘+2
⋅𝑖 (k⋅𝑗 ))𝛽
,
=

𝛽 
∑𝛽∈𝐽𝑟,𝑚 ((AW)𝑘+2 )𝛽 



(28)

𝛽

∗

𝛽

(26)

(27)

unique solution, x = A𝑑,𝑊b, which can be presented by the
following Cramer rule:
det (

𝑥𝑗 =

)

U1
det ( WAW
V1 0 )

𝑛×𝑛−𝑟2

where U1 ∈ C𝑛−𝑟2

WAW(𝑗→b) U1
V1 (𝑗→0) 0

(31)

,

𝑚×𝑚−𝑟1

and V∗1 ∈ C𝑚−𝑟1

are matrices
∗

𝑘2

whose columns form bases for N((WA) ) and N((AW)𝑘1 ),
respectively.
Recently, within the framework of a theory of the column and row determinants, Song [28] has considered the
characterization of the 𝑊-weighted Drazin inverse over the
quaternion skew and presented a Cramer rule of the restricted
matrix equation:
W1 AW1 XW2 BW2 = D,

(32)
𝑘

where k⋅𝑗 is the 𝑗th column of V = (AW)𝑘 A for all 𝑗 = 1, 𝑚.

R𝑟 (X) ⊂ R𝑟 ((AW1 ) 1 ) ,

Theorem 11 (see [29]). If A ∈ H𝑚×𝑛 , W ∈ H𝑛×𝑚 , and WA ∈
H𝑛×𝑛 are Hermitian with 𝑘 = max{Ind(AW), Ind(WA)} and
rank(WA)𝑘+1 = rank(WA)𝑘 = 𝑟, then the 𝑊-weighted Drazin
inverse A𝑑,𝑊 = (𝑎𝑖𝑗𝑑,𝑊) ∈ H𝑚×𝑛 with respect to W possesses the
following determinantal representations:

N𝑟 (X) ⊃ N𝑟 ((W2 B) 2 ) ,

𝛼

𝑎𝑖𝑗𝑑,𝑊

(𝑘)
∑𝛼∈𝐼𝑟,𝑛 {𝑗} rdet𝑗 ((WA)𝑘+2
𝑗⋅ (u𝑖⋅ ))𝛼
,
=

𝛼 
∑𝛼∈𝐼𝑟,𝑛 ((WA)𝑘+2 )𝛼 



(29)

where u𝑖⋅ is the 𝑖th row of U = A(WA)𝑘 for all 𝑖 = 1, 𝑛.

3. Cramer’s Rule for the 𝑊-Weighted Drazin
Inverse Solution
3.1. Background of the Problem. In [27] Wei has established
Cramer’s rule for solving of a general restricted equation:
WAWx = b, x ∈ R [(AW)𝑘1 ] ,

(30)

where A ∈ C𝑚×𝑛 and W ∈ C𝑛×𝑚 with Ind(AW) =
𝑘1 , Ind(WA) = 𝑘2 and rank(AW)𝑘1 = 𝑟1 , rank(WA)𝑘2 = 𝑟2 .
He proved if b ∈ R[(W)𝑘2 A] and 𝑟1 = 𝑟2 , then (30) has a

𝑘

𝑘2

(33)

R𝑙 (X) ⊂ R𝑙 ((BW2 ) ) ,
𝑘

N𝑙 (X) ⊃ N𝑙 ((W1 A) 1 ) ,
where A ∈ H𝑚×𝑛 , W1 ∈ H𝑛×𝑚 , B ∈ H𝑝×𝑞 , W2 ∈ H𝑞×𝑝 ,
and D ∈ H𝑛×𝑝 with 𝑘1 = max{Ind(AW1 ), Ind(W1 A)},
𝑘2 = max{Ind(BW2 ), Ind(W2 B)}, and rank(AW1 )𝑘1 = 𝑠1 ,
rank(BW2 )𝑘2 = 𝑠2 .
He proved that if
𝑘

𝑘

𝑘1

𝑘2

R𝑟 (D) ∈ R𝑟 ((W1 A) 1 , (W2 B) 2 ) ,
(34)

R𝑙 (D) ∈ R𝑙 ((AW1 ) , (BW2 ) )
and there exist auxiliary matrices of full column rank, L1 ∈
𝑞×𝑞−𝑠
𝑝×𝑝−𝑠
𝑛×𝑛−𝑠
𝑚×𝑚−𝑠
H𝑛−𝑠1 1 , M∗1 ∈ H𝑚−𝑠1 1 , L2 ∈ H𝑞−𝑠2 2 , and M∗2 ∈ H𝑝−𝑠2 2
with additional terms of their ranges and null spaces, then
the restricted matrix equation (32) has a unique solution:
X = A𝑑,W1 DB𝑑,W2 .

(35)

Using auxiliary matrices, L1 , M1 , L2 , and M2 , Song presented
its Cramer’s rule by analogy to (31).
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In this paper we have avoided such approach and have
obtained explicit formulas for determinantal representations
of the 𝑊-weighted Drazin inverse solutions of matrix equations by using only given matrices.
3.2. Cramer’s Rules for the 𝑊-Weighted Drazin Inverse Solutions of Some Matrix Equations. Consider the matrix equã )∈
̃ = (𝑑
tion (32) with constraints (33). Denote ADB š D
𝑙𝑓
𝑚×𝑞
𝑚×𝑞
H
and VDU š D = (𝑑𝑙𝑓 ) ∈ H , where V fl (AW1 )𝑘1 A
and U fl B(W2 B)𝑘2 .
𝑛×𝑝

rank(AW1 )𝑘1 = 𝑠1 , and B ∈ H𝑝×𝑞 , W2 ∈ H𝑞×𝑝
with 𝑘2 =
𝑟2

max{Ind(BW2 ), Ind(W2 B)}, rank(BW2 )𝑘2 = 𝑠2 . If R𝑟 (D) ∈
R𝑟 ((W1 A)𝑘1 , (W2 B)𝑘2 ), R𝑙 (D) ∈ R𝑙 ((AW1 )𝑘1 , (BW2 )𝑘2 ),
then the restricted matrix equation (32) has a unique solution:
X = A𝑑,W1 DB𝑑,W2 ,

(36)

which possesses the following determinantal representations for
all 𝑖 = 1, 𝑚 and 𝑗 = 1, 𝑞.
(i) Consider
𝑚

𝑞

(2)

𝑙=1 𝑓=1

where (V𝑖𝑙𝐷)

̃ (𝑢𝐷 )(2) ,
𝑑
𝑙𝑓
𝑓𝑗

𝐷 2

= V is the Drazin inverse of V =
𝐷
can be obtained by (23) and (𝑢𝑓𝑗
) = U𝐷 is the Drazin inverse
𝐷 (2)
of U = W2 B and (𝑢𝑞𝑗
) can be obtained by (21).
𝑚×𝑚
(ii) If AW1 ∈ H
and W2 B ∈ H𝑞×𝑞 are Hermitian, then

𝑥𝑖𝑗

̃ ) ∈ H𝑚×𝑞 , V fl AW , and U fl
̃ = (𝑑
Denote ADB š D
𝑙𝑓
1
W2 B. Then (42) will be written componentwise as follows:
𝑝

𝑛

𝑠=1 𝑡=1
𝑝

=

𝑛

𝛼

𝑘 +2

∑𝛼∈𝐼𝑠 ,𝑞 {𝑗} rdet𝑗 ((W2 B)𝑗⋅2 (dA
(39)
𝑖⋅ ))𝛼
2
,
=


𝛽
𝛼



𝑘 +2 
𝑘 +2 


∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 )  ∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) 2 ) 
1
2 
𝛽 
𝛼

where

𝛼∈𝐼𝑠2 ,𝑞 {𝑗}

𝛼

(d𝑡⋅ )) ) ∈ H
𝛼

𝑛×1

𝑘 +2

𝛽∈𝐽𝑠1 ,𝑚 {𝑖}

)

𝑚

(43)

𝑞

𝐷 (2)
( ∑ 𝑏𝑠𝑓 (𝑢𝑓𝑗
) ).
𝑓=1

By changing the order of summation, from here it follows
(37).
𝑚×𝑚
(ii) If A ∈ H𝑚×𝑛
and B ∈ H𝑝×𝑞
and
𝑟1
𝑟2 and AW1 ∈ H
𝑞×𝑞
W2 B ∈ H are Hermitian, then by Theorems 10 and 11 the
𝑑,𝑊
𝑊-weighted Drazin inverses A𝑑,𝑊1 = (𝑎𝑖𝑗 1 ) ∈ H𝑚×𝑛 and
𝑑,𝑊

B𝑑,𝑊2 = (𝑏𝑖𝑗 2 ) ∈ H𝑞×𝑝 possess the following determinantal
representations, respectively:

,
(40)

𝑑,𝑊1

𝑎𝑖𝑗

𝛽

𝑙 = 1, 𝑞

∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1 (k⋅𝑗 ))
1
𝛽
,
=


𝑘1 +2 𝛽 

∑𝛽∈𝐽𝑟,𝑚 ((AW1 ) ) 

𝛽 

(44)

where k⋅𝑗 is the 𝑗th column of V = (AW1 )𝑘1 A for all 𝑗 = 1, 𝑚
and
𝛼

𝑘 +2

𝑑,𝑊2

∑𝛼∈𝐼𝑠 ,𝑞 {𝑗} rdet𝑗 ((W2 B)𝑗⋅2 (u𝑖⋅ ))
2
𝛼
,
=
𝑘2 +2 𝛼 

∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) ) 
2 
𝛼

(45)

where u𝑖⋅ is the 𝑖th row of U = B(W2 B)𝑘2 for all 𝑖 = 1, 𝑝.
By componentwise writing of (36) we obtain

𝛽

(d⋅𝑙 )) ) ∈ H1×𝑞 ,

𝛽

𝑘 +2

𝑏𝑖𝑗

𝑡 = 1, 𝑛
1
dA
𝑖⋅ = ( ∑ cdet𝑖 ((AW1 )⋅𝑖

𝑑,𝑊2

) 𝑑𝑡𝑠 (𝑏𝑠𝑗

(2)
∑ ∑ (∑ (V𝑖𝑙𝐷) 𝑎𝑙𝑡 ) 𝑑𝑡𝑠
𝑠=1 𝑡=1 𝑙=1

𝑥𝑖𝑗

=( ∑

𝑑,𝑊1

𝑥𝑖𝑗 = ∑ ∑ (𝑎𝑖𝑡

or

𝑘 +2
rdet𝑗 ((W2 B)𝑗⋅2

(42)

𝛽

𝑘 +2

∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1 (dB⋅𝑗 ))
(38)
1
𝛽
=



𝑘 +2 𝛽 
𝑘 +2 𝛼 
∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 )  ∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) 2 ) 
1
2 
𝛽 
𝛼


dB⋅𝑗

𝐷 2

X = ((AW1 ) ) ADB ((W2 B) ) .

(37)

AW1 and (V𝑖𝑙𝐷)(2)

𝐷

Proof. The existence and uniqueness of solution (36) can be
proved similarly as in [28], Theorem 5.2.
(i) To derive a Cramer rule (37) we use the point (a) from
Lemma 8. Then we obtain

𝑚×𝑛

Theorem 12. Suppose that D ∈ H , A ∈ H , and
with 𝑘1 = max{Ind(AW1 ), Ind(W1 A)}, where
W1 ∈ H𝑛×𝑚
𝑟1

𝑥𝑖𝑗 = ∑ ∑ (V𝑖𝑙𝐷)

are the column vector and the row vector, respectively. d𝑖⋅ and
d⋅𝑗 are the 𝑖th row and the 𝑗th column of D for all 𝑖 = 1, 𝑛 and
𝑗 = 1, 𝑝.

(41)

𝑝

𝑛

𝑑,𝑊1

𝑥𝑖𝑗 = ∑ (∑𝑎𝑖𝑡
𝑠=1

𝑡=1

𝑑,𝑊2

𝑑𝑡𝑠 ) ⋅ 𝑏𝑠𝑗

.

(46)
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Denote by d̂⋅𝑠 the 𝑠th column of VD = (AW1 )𝑘1 AD š
̂ ) ∈ H𝑚×𝑝 for all 𝑠 = 1, 𝑝. It follows from ∑ v 𝑑 =
̂
D = (𝑑
𝑖𝑗
𝑡 ⋅𝑡 𝑡𝑠
d̂⋅𝑠 that

𝛽∈𝐽𝑠1 ,𝑚 {𝑖}

=

𝑛

𝑑,𝑊1

∑𝑎𝑖𝑡

𝑡=1

𝛽

𝑘 +2

∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} ∑𝑛𝑡=1 cdet𝑖 ((AW1 )⋅𝑖1 (k⋅𝑡 )) ⋅ 𝑑𝑡𝑠
1
𝛽
=


𝛽
𝑘
+2


∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 ) 
1

𝛽 
𝛽
𝑘 +2 ̂
∑
cdet ((AW ) 1 (d
))
𝑖

1 ⋅𝑖

⋅𝑠

𝛽



𝑘 +2 𝛽 

∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 ) 
1

𝛽 

𝑑𝑡𝑠

.

(47)
𝛽

𝑘 +2

Suppose that e𝑠⋅ and e⋅𝑠 are, respectively, the unit row vector
and the unit column vector whose components are 0, except
the 𝑠th components, which are 1. Substituting (47) and (45)
into (46), we obtain

∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1 (k⋅𝑡 ))
1
𝛽
⋅ 𝑑𝑡𝑠
=∑


𝛽
𝑘 +2 

𝑡=1
∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 ) 
1
𝛽 

𝑛

𝛽

𝑘 +2

𝛼

𝑘 +2
̂ )) ∑
∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1 (d
rdet𝑗 ((W2 B)𝑗⋅2 (u𝑠⋅ ))
⋅𝑠
1
𝛽 𝛼∈𝐼𝑠2 ,𝑞 {𝑗}
𝛼
.
𝑥𝑖𝑗 = ∑

𝛼 

𝛽 
𝑘
+2
2
𝑘
+2

𝑠=1
∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) ) 
∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 ) 
2 
𝛼
1

𝛽 
𝑝

Since

(48)

then we have
𝑛

̂
̂ = ∑e 𝑑
d
⋅𝑠
⋅𝑡 𝑡𝑠 ,
𝑡=1
𝑞

u𝑠⋅ = ∑𝑢𝑠𝑙 e𝑙⋅ ,

(49)

𝑙=1

𝑝

̂𝑢 = 𝑑 ,
∑𝑑
𝑡𝑠 𝑠𝑙
𝑡𝑙

𝑠=1

𝛽

𝛼

𝑘 +2
𝑘2 +2
𝑝
𝑞
̂𝑢 ∑
(e𝑙⋅ ))
∑𝑠=1 ∑𝑛𝑡=1 ∑𝑙=1 ∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1 (e⋅𝑡 )) 𝑑
𝑡𝑠 s𝑙 𝛼∈𝐼𝑠2 ,𝑞 {𝑗} rdet𝑗 ((W2 B)𝑗⋅
1
𝛽
𝛼
𝑥𝑖𝑗 =


𝛼 

𝑘1 +2 𝛽 
𝑘
+2

∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) )  ∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) 2 ) 
1
2 

𝛽 
𝛼

=

∑𝑛𝑡=1

𝑞
∑𝑙=1

𝑘 +2
∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1
1

∑𝛽∈𝐽𝑠 ,𝑚
1

𝛽

𝑘 +2
(e⋅𝑡 )) 𝑑𝑡𝑙 ∑𝛼∈𝐼𝑠 ,𝑞 {𝑗} rdet𝑗 ((W2 B)𝑗⋅2
2
𝛽



𝑘 +2 𝛽 
𝑘 +2 𝛼 

((AW1 ) 1 )  ∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) 2 ) 
2 

𝛽 
𝛼

(e𝑙⋅ ))

(50)

𝛼
𝛼

.

𝑥𝑖𝑗

Denote by
𝑑𝑖𝑙A fl
=

𝑘 +2

∑ cdet𝑖 ((AW1 )⋅𝑖1

𝛽∈𝐽𝑠1 ,𝑚 {𝑖}
𝑛

(d⋅𝑙 ))

𝑘 +2
∑ ∑ cdet𝑖 ((AW1 )⋅𝑖1
𝑡=1 𝛽∈𝐽s1 ,𝑚 {𝑖}

𝑞

𝛽
𝛽
𝛽

(51)

(e⋅𝑡 )) 𝑑𝑡𝑙

𝑘 +2

𝛽

A
A
the 𝑙th component of a row vector dA
𝑖⋅ = (𝑑𝑖1 , . . . , 𝑑𝑖𝑞 ) for all
𝑙 = 1, 𝑞. Substituting it into (50), we have

𝛼

∑𝑙=1 𝑑𝑖𝑙A ∑𝛼∈𝐼𝑠 ,𝑞 {𝑗} rdet𝑗 ((W2 B)𝑗⋅2 (e𝑙⋅ ))
(52)
2
𝛼
.
=


𝛽
𝛼


𝑘
+2
𝑘
+2




∑𝛽∈𝐽𝑠 ,𝑚 ((AW1 ) 1 )  ∑𝛼∈𝐼𝑠 ,𝑞 ((W2 B) 2 ) 
1
2 

𝛽 
𝛼

𝑞

Since ∑𝑙=1 𝑑𝑖𝑙A e𝑙⋅ = dA
𝑖⋅ , then it follows (39).
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If we denote by

its solution will be too cumbersome. But they are suitable in
the following corollaries.

𝑞

𝑘 +2

𝑑𝑡𝑗B fl ∑𝑑𝑡𝑙 ∑ rdet𝑗 ((W2 B)𝑗⋅2
𝑙=1

=

𝛼∈𝐼𝑠2 ,𝑞 {𝑗}

𝑘 +2

∑ rdet𝑗 ((W2 B)𝑗⋅2

𝛼∈𝐼𝑠2 ,𝑞 {𝑗}

(e𝑙⋅ ))

(d𝑡⋅ ))

𝛼

Corollary 14. Suppose that the following restricted matrix
equation is given:

𝛼

(53)

𝛼

WAWX = D,

𝛼

dB⋅𝑗

R𝑟 (X) ⊂ R𝑟 ((AW) ) ,

B
B 𝑇
(𝑑1𝑗
, . . . , 𝑑𝑛𝑗
)

the 𝑡th component of a column vector
=
for all 𝑡 = 1, 𝑛 and substituting it into (50), we obtain

𝑥𝑖𝑗 =

∑𝑛𝑡=1

(55)
𝑘

𝑘 +2
∑𝛽∈𝐽𝑠 ,𝑚 {𝑖} cdet𝑖 ((AW1 )⋅𝑖1
1


𝛽 


∑𝛽∈𝐽𝑟 ,𝑛 (A∗ A)𝛽  ∑𝛼∈𝐼𝑟 ,𝑝 (BB∗ )𝛼𝛼 
1 
2


with 𝑘 = max{Ind(AW),
where A ∈ H𝑚×𝑛 and W ∈ H𝑛×𝑚
𝑟1

𝛽

(e⋅𝑡 )) 𝑑𝑡𝑗B
𝛽

.

(56)

N𝑙 (X) ⊃ N𝑙 ((WA)𝑘 ) ,

Ind(WA)} and D ∈ H𝑛×𝑝 . If R𝑟 (D) ⊂ R𝑟 ((AW)𝑘 ) and
N𝑙 (D) ⊃ N𝑙 ((WA)𝑘 ), then the restricted matrix equation (55)(56) has a unique solution:

(54)

Since ∑𝑛𝑡=1 e⋅𝑡 𝑑𝑡𝑗B = dB⋅𝑗 , then it follows (38).

X = A𝑑,𝑊D,

(57)

which possess the following determinantal representations for
all 𝑖 = 1, 𝑚 and 𝑗 = 1, 𝑝.
(i) Consider

Remark 13. To establish a Cramer rule of (32) we will not
use the determinantal representations (28) and (28) for (36)
because the corresponding determinantal representations of

𝛽

∗

𝛽

̂ ))
w⋅𝑡 ))𝛽 ∑𝛽∈𝐽𝑟,𝑛 {𝑡} cdet𝑡 (((U2𝑘+1 ) U2𝑘+1 ) (d
∑𝑛𝑡=1 ∑𝛽∈𝐽𝑟 ,𝑚 {𝑖} cdet𝑖 ((W∗ W)⋅𝑡 (̂
⋅𝑗
1
⋅𝑡
𝛽
,
𝑥𝑖𝑗 =


 ∗ 𝛽 
𝛽

∗


2𝑘+1
2𝑘+1
) U
)𝛽 
∑𝛽∈𝐽𝑟 ,𝑚 (W W)𝛽  ∑𝛽∈𝐽𝑟,𝑛 ((U
1




̂ is the 𝑗th column of D
̂ = UD
̂
where U = WA, d
=
⋅𝑗
𝑘+1
2𝑘+1 ∗ 𝑘
∗
𝑘
̂ = W U , and 𝑟 = rank(WA)
(U
) U D, W
=
rank(WA)𝑘 .
(ii) Consider
𝑚

𝐷
𝑥𝑖𝑗 = ∑ (V𝑖𝑞
)
𝑞=1

(2)

𝑟𝑞𝑗 ,

(59)

𝐷 (2)
where (V𝑖𝑞
) can be obtained by (23) and AD = R = (𝑟𝑞𝑗 ) ∈
𝑚×𝑝
H .

(58)

(iii) If AW ∈ H𝑚×𝑚 is Hermitian, then
𝛽

∑𝛽∈𝐽𝑟,𝑚 {𝑖} cdet𝑖 ((AW)𝑘+2
⋅𝑖 (f⋅𝑗 ))𝛽
,
𝑥𝑖𝑗 =

𝛽 
∑𝛽∈𝐽𝑟,𝑚 ((AW)𝑘+2 )𝛽 


where f⋅𝑗 is the 𝑗th column of F = VD = (AW)𝑘 AD.

Proof. To derive a Cramer rule (58), we use the determinantal
representation (27) for A𝑑,𝑊. Then
𝛽

∗

𝛽

cdet𝑖 (W∗ W)⋅𝑡 (̂
w⋅𝑡 )𝛽 ∑𝛽∈𝐽𝑟,𝑛 {𝑡} cdet𝑡 ((U2𝑘+1 ) U2𝑘+1 ) (̂
u⋅𝑠 )𝛽
∑𝑛 ∑
]
[ 𝑡=1 𝛽∈𝐽𝑟1 ,𝑚 {𝑖}
𝑑,W
⋅𝑡
𝑥𝑖𝑗 = ∑𝑎𝑖𝑠 𝑑𝑠𝑗 = ∑ [
] 𝑑𝑠𝑗 .



∗ 2𝑘+1 𝛽 
 ∗ 𝛽 
2𝑘+1
𝑠=1
𝑠=1


) U
)𝛽 
∑𝛽∈𝐽𝑟 ,𝑚 (W W)𝛽  ∑𝛽∈𝐽𝑟,𝑛 ((U
1


]
[


𝑝

𝑝

̂ ) ∈ H𝑛×𝑝 .
̂ = UD
̂ = (U2𝑘+1 )∗ U𝑘 D, where D
̂ = (𝑑
Denote D
𝑠𝑗
Since
𝑝
̂ ,
̂ ⋅𝑠 𝑑𝑠𝑗 = d
(62)
∑u
⋅𝑗
𝑠=1

̂ is the 𝑗th column of D, then (58) follows from (61).
where d
⋅𝑗
Cramer’s rule (59) and (60) immediately follows from
Theorem 12 by putting W1 = W and W2 B = I.
Remark 15. In the complex case, that is, A ∈ C𝑚×𝑛 , W ∈
𝑛×𝑝
, we substitute usual determinants for
C𝑛×𝑚
𝑟1 , and D ∈ C

(60)

(61)

all corresponding row and column determinants in (58), (59),
and (60).
Note that in case (iii), the condition AW ∈ C𝑚×𝑚 being
Hermitian is not necessary; then in the complex case (60) will
have the form

𝛽 

∑𝛽∈𝐽𝑟,𝑚 {𝑖} ((AW)𝑘+2
⋅𝑖 (f⋅𝑗 ))𝛽 

,
(63)
𝑥𝑖𝑗 =
𝛽 

𝑘+2
∑𝛽∈𝐽𝑟,𝑚 ((AW) )𝛽 


where f⋅𝑗 is the 𝑗th column of F = VD = (AW)𝑘 AD.
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Corollary 16. Suppose that the following restricted matrix
equation is given:

N𝑟 (D) ⊃ N𝑟 ((WB)𝑘 ), then the restricted matrix equation (64)
has a unique solution:

XWBW = D,
R𝑙 (X) ⊂ R𝑙 ((BW)𝑘 ) ,

X = DB𝑑,𝑊,

(64)

(65)

N𝑟 (X) ⊃ N𝑟 ((BA)𝑘 ) ,
with 𝑘 = max{Ind(AW),
where B ∈ H𝑝×𝑞 and W ∈ H𝑞×𝑝
𝑟1
Ind(WB)} and D ∈ H𝑛×𝑝 . If R𝑙 (D) ⊂ R𝑙 ((BW)𝑘 ) and

which possesses the following determinantal representations for
𝑖 = 1, 𝑛 and 𝑗 = 1, 𝑞.
(i) Consider
𝛼

∗
𝛼
𝑝
∑𝑙=1 ∑𝛼∈𝐼𝑟,𝑝 {𝑙} rdet𝑙 ((V2𝑘+1 (V2𝑘+1 ) ) (ď 𝑖⋅ )) ∑𝛼∈𝐼𝑟 ,𝑞 {𝑗} rdet𝑗 ((WW∗ )𝑗⋅ (w̌ 𝑙⋅ ))
𝛼
1
𝑙⋅
𝛼
,
𝑥𝑖𝑗 =

∗ 𝛼 


∑𝛼∈𝐼𝑟,𝑚 (V2𝑘+1 (V2𝑘+1 ) )𝛼  ∑𝛼∈𝐼𝑟 ,𝑛 (WW∗ )𝛼𝛼 
1



where V = BW, ď 𝑖⋅ is the 𝑖th row of Ď = DV̌ = DV𝑘 (V2𝑘+1 )∗ ,
w̌ 𝑙⋅ is the 𝑙th row of W̌ = V𝑘 W∗ , and 𝑟 = rank(BW)𝑘+1 =
rank(BW)𝑘 .
(ii) Consider

with the restricted conditions (56), where
0
A=(

𝑞

𝑥𝑖𝑗 =

(2)
∑𝑙𝑖𝑡 (𝑢𝑡𝑗𝐷)
𝑡=1

,

(67)

0

𝑘 1

𝑖

1 0

0

𝑘 0 𝑖

),

0

(71)

W = (−𝑗 𝑘 0 1 ) ,
0 1 0 −𝑘

𝛼

𝑘 𝑖

(68)

D = ( 𝑖 −𝑗) .
1 −𝑖

where g𝑖⋅ is the 𝑖th row of G = DB(WB)𝑘 for all 𝑖 = 1, 𝑛.
Proof. The proof is similar to the proof of Corollary 14 in the
point (i) and follows from Theorem 12 by putting W2 = W
and AW1 = I.
Remark 17. In the complex case, that is, B ∈ C𝑝×𝑞 , W ∈
𝑛×𝑝
, we substitute usual determinants for
C𝑞×𝑝
𝑟1 , and D ∈ C
all corresponding row and column determinants in (66),
(67), and (68). Herein the condition WB ∈ C𝑛×𝑛 being
Hermitian is not necessary; then in the complex case (68) can
be represented as follows:

𝛼 
(g𝑖⋅ )) 
∑𝛼∈𝐼𝑟,𝑞 {𝑗} ((WB)𝑘+2
𝑗⋅
𝛼

,
(69)
𝑥𝑖𝑗 =

𝑘+2 𝛼 

∑𝛼∈𝐼𝑟,𝑞 ((WB) )𝛼 


where g𝑖⋅ is the 𝑖th row of G = DB(WB)𝑘 for all 𝑖 = 1, 𝑛.

4. Examples

Then
−𝑘

−𝑗

𝑖

−1 − 𝑗 𝑖 + 𝑘 𝑗 1 + 𝑗
),
𝑘
0 𝑖 0
−𝑖 + 𝑘 1 − 𝑗 𝑖 𝑖 − 𝑘

(72)

𝑖 𝑗 0
U = WA = (0 𝑘 0) ,
0 0 0
and rank W = 3, rank V = 3, rank V3 = rank V2 = 2, and
rank U2 = rank U = 2. So, Ind V = 2, Ind U = 1, and 𝑘 =
max{Ind(AW), Ind(WA)} = 2.
We will find the 𝑊-weighted Drazin inverse solution of
(70) by its determinantal representation (58). We have

2

(70)

0

V = AW = (

−1 𝑖 + 𝑘 0

In this section, we give examples to illustrate our results.
(1) Let us consider the matrix equation
WAWX = D

𝑖

1 −𝑘 −𝑗

where (𝑢𝑡𝑗𝐷)(2) can be obtained by (21) and DB = L = (𝑙𝑖𝑡 ) ∈
H𝑛×𝑞 .
(iii) If WB ∈ H𝑞×𝑞 is Hermitian, then
∑𝛼∈𝐼𝑟,𝑞 {𝑗} rdet𝑗 ((WB)𝑘+2
𝑗⋅ (g𝑖⋅ ))𝛼
,
𝑥𝑖𝑗 =

𝛼 
∑𝛼∈𝐼𝑟,𝑞 ((WB)𝑘+2 )𝛼 



(66)

U =(0

−1

0

0

),
0
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−𝑘 𝑗 0

𝑖 2 + 3𝑗 0
5

U = (0

𝑘

0

0
−𝑖

∗

),

W∗ = (

0
0 0

(U5 ) = (2 − 3𝑗 −𝑘

),

0

0 0

1

−2𝑖 − 3𝑘 0

5 ∗

(U ) U5 = (2𝑖 + 3𝑘

14

0

W∗ W = (

0 0

0

1 𝑘

2

𝑖 −𝑗

−𝑖 2
𝑗

0

2

−𝑘 1 − 2𝑗 0

̂ = (U5 )∗ U2 D
D

̂ = W ∗ U2 = (
W
−𝑗
0

0

𝑖+𝑘 0

𝑖

1+𝑗 0

0

= (1 + 3𝑖 + 6𝑗 − 2𝑘 4𝑖 − 2𝑘) ,
0

𝑗

0 −2𝑘
),
1 0

0

𝑖−𝑗−𝑘

),

−𝑖

−𝑗 2𝑘 0

),

0

0 −𝑘 1

−1

).

0
(73)

Since by (58)
𝛽

𝑥11

∗
𝛽
̂ ))
∑3𝑡=1 ∑𝛽∈𝐼3,4 {1} cdet1 ((W∗ W)⋅1 (̂
w⋅𝑡 ))𝛽 ∑𝛽∈𝐽2,3 {𝑡} cdet𝑡 (((U5 ) U5 ) (d
⋅1
⋅𝑡
𝛽
,
=


 ∗ 𝛽 
𝛽


∗ 5 

5


∑𝛽∈𝐽3,4 (W W)𝛽  ∑𝛽∈𝐽2,3 ((U ) U )𝛽 





(74)

𝛽

∗

̂ )) = 𝑗,
∑ cdet2 (((U5 ) U5 ) (d
⋅1

where
𝛽∈𝐼3,4 {1}

𝑘 𝑖 −𝑗

⋅2

𝛽∈𝐽2,3 {2}

𝛽

w⋅1 ))𝛽
∑ cdet1 ((W∗ W)⋅1 (̂

𝛽

∗

𝑘 𝑖

̂ )) = 0,
∑ cdet3 (((U5 ) U5 ) (d
⋅1

𝑗

𝛽∈𝐽2,3 {3}

0 2𝑘

⋅3

𝛽


𝛽 
∗

∑ ((U5 ) U5 )  = 1,

𝛽 
𝛽∈𝐽2,3 

= cdet1 (0 2 0 ) + cdet1 (0 2 −2𝑘)
𝑖 0 1

𝛽

1

(75)

𝑘 −𝑗 𝑗
+ cdet1 ( 𝑖 1 0) = 0,

then

0 0 2
𝛽

𝑥11 =

0 ⋅ (−2𝑖 − 𝑗 − 𝑘) + (−2𝑗) ⋅ 𝑗 + 0 ⋅ 0
= 1.
2⋅1

𝛽

𝑥12 =

0 ⋅ (−2 + 2𝑗) + (−2𝑗) ⋅ 𝑖 + 0 ⋅ 0
= 𝑘,
2⋅1

𝑥21 =

2𝑗 ⋅ (−2𝑖 − 𝑗 − 𝑘) + (10𝑖 − 4𝑘) ⋅ 𝑗 + 0 ⋅ 0
2⋅1

w⋅2 ))𝛽 = −2𝑗,
∑ cdet1 ((W∗ W)⋅1 (̂

𝛽∈𝐼3,4 {1}

w⋅3 ))𝛽 = 0,
∑ cdet1 ((W∗ W)⋅1 (̂

𝛽∈𝐼3,4 {1}


𝛽 
∑ (W∗ W)𝛽  = 2,


𝛽∈𝐽
3,4

5 ∗

̂ ))
∑ cdet1 (((U ) U ) (d
⋅1
5

⋅1

𝛽∈𝐽2,3 {1}

= cdet1 (

𝛽
𝛽

𝑖−𝑗−𝑘

−2𝑖 − 3𝑘
)
1 + 3𝑖 + 6𝑗 − 2𝑘
14

𝑖−𝑗−𝑘 0
) = −2𝑖 − 𝑗 − 𝑘,
+ cdet1 (
0
0

= 1 + 𝑖 + 7𝑘,
𝑥22 =

2𝑗 ⋅ (−2 + 2𝑗) + (10𝑖 − 4𝑘) ⋅ 𝑖 + 0 ⋅ 0
2⋅1

= −7 − 4𝑗,
𝑥31 =

10𝑖 ⋅ (−2𝑖 − 𝑗 − 𝑘) + 𝑗 ⋅ 𝑗 + 0 ⋅ 0
2⋅1
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= 9.5 + 5𝑗 − 5𝑘,
𝑥32 =

and 𝑠1 = rank(AW1 ) = 2 and 𝑠2 = rank(W2 B) = 2. Since

10𝑖 ⋅ (−2 + 2𝑗) + 𝑗 ⋅ 𝑖 + 0 ⋅ 0
= −10𝑖 + 9.5𝑘,
2⋅1

−13 8𝑖 0
3

(AW1 ) = ( −8𝑖 −5 0) ,

(76)

0

We finally get
1

−7 − 4𝑗 ) .

3

(W2 B) = (3𝑖 −3

(77)

3𝑖

9.5 + 5𝑗 − 5𝑘 −10𝑖 + 9.5𝑘

3

2,3

𝑘 0 𝑖

0

2,3

We have

0 1 0 −𝑘

D = AW1 ADBW2 B

𝑘 −𝑗 0
0 𝑘

1

𝑖 0

0

2𝑖 + 𝑗 −7 + 𝑘 −5 + 2𝑘

),

= (−1 + 𝑘 −5𝑖 − 𝑗 −4𝑖 − 2𝑗) .

0 1 −𝑘
𝑘 −𝑖

0
(79)

W2 = ( 𝑗 0 ) ,

𝑗

−27
dB⋅2

= (−18𝑖) ,

(85)

0

).

9 − 9𝑘

−1 0

dB⋅3

Since the following matrices are Hermitian:
Since

V = AW1 = ( −𝑖 −1 0) ,
0 0

0 −𝑖 −𝑖

= (9𝑖 + 3𝑗) .
0

−2 𝑖 0
0

= (−27 − 9𝑘) ,
0

𝑖 −1
0

0

36𝑖 − 9𝑗
dB⋅1

𝑘 𝑗 0
),
B=(
𝑗 0 1
0

0

(84)

By (40), we can get

0 1

𝑘

(83)


3 𝛼 
∑ ((W2 B) )𝛼  = −27.


𝛼∈𝐼

A = (−𝑗 𝑘 0 1 ) ,

D=(

0



3 𝛽
∑ ((AW1 ) )𝛽  = 1,


𝛽∈𝐽

(78)

with constraints (33), where

W1 = (

0 ),

then

(2) Let now us consider the matrix equation
W1 AW1 XW2 BW2 = D,

(82)

0 −3𝑖 −3𝑖

𝑘

X = ( 1 + 𝑖 + 7𝑘

0 0

36𝑖 − 9𝑗 8𝑖 0
3
(AW1 )⋅1

(80)

(dB⋅1 )

= (−27 − 9𝑘 −5 0) ,
0

U = W2 B = ( 𝑖 −1 0 ) ,
then we can find the 𝑊-weighted Drazin inverse solution of
(78) by its determinantal representation (38).
We have

𝑘2 = max {Ind (BW2 ) , Ind (W2 B)} = 1,

0 4

then finally we obtain

𝑖 0 −1

𝑘1 = max {Ind (AW1 ) , Ind (W1 A)} = 1,

(86)

(81)

3

𝑥11

𝛽

∑𝛽∈𝐽2,3 {1} cdet1 ((AW1 )⋅1 (dB⋅1 ))𝛽
=



3 𝛽
3 𝛼 
∑𝛽∈𝐽2,3 ((AW1 ) )𝛽  ∑𝛼∈𝐼2,3 ((W2 B) )𝛼 




=

36𝑖 − 27𝑗 −4𝑖 + 3𝑗
=
.
−27
3

(87)
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Similarly,
𝑥12 =
𝑥13 =
𝑥21 =
𝑥22 =
𝑥23 =

−27 8𝑖 )
cdet1 ( −18𝑖
1
−5
= ,
−27
3
9−9𝑘 8𝑖
cdet1 ( 9𝑖−3𝑗
−5 )

−27

=

36𝑖−9𝑗
cdet2 ( −13
)
−8𝑖 −27−9𝑘

−27
−27
cdet2 ( −13
−8𝑖 −18𝑖 )

−27

=

−9−9𝑘
cdet2 ( −13
−8𝑖 9𝑖+3𝑗 )

−27

−9 − 7𝑘
,
9
=

−7 − 5𝑘
,
3

(88)

−2𝑖
,
3
=

15𝑖 − 11𝑗
,
9

𝑥31 = 𝑥32 = 𝑥33 = 0.
So, the 𝑊-weighted Drazin inverse solution of (78) is
−12𝑖 + 9𝑗 3 −9 − 7𝑘
1
X = (−21 − 15𝑘 −6𝑖 15𝑖 − 11𝑗) .
9
0
0
0

(89)

Note that we used Maple with the package CLIFFORD in the
calculations.
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The main contribution of this paper is presenting a flexible solution to the box-constrained least squares problems. This solution
is applicable to many existing problems, such as nonnegative matrix factorization, support vector machine, signal deconvolution,
and computed tomography reconstruction. The key concept of the proposed algorithm is to replace the minimization of the cost
function at each iteration by the minimization of a surrogate, leading to a guaranteed decrease in the cost function. In addition to
the monotonicity, the proposed algorithm also owns a few good features including the self-constraint in the feasible region and the
absence of a predetermined step size. This paper theoretically proves the global convergence for a special case of below-bounded
constraints. Using the proposed mechanism, some valuable algorithms can be derived. The simulation results demonstrate that the
proposed algorithm provides performance that is comparable to that of other commonly used methods in numerical experiment
and computed tomography reconstruction.

1. Introduction
Solving the linear system 𝑌 = 𝐴𝑋 is a classic inverse
problem, where 𝑋 ∈ 𝑅𝑁 and 𝑌 ∈ 𝑅𝑀 are vectors and 𝐴 ∈
𝑅𝑀×𝑁 is a matrix. This problem is applicable in many fields,
including nonnegative matrix factorization (NMF), support
vector machine (SVM), signal deconvolution, and medical
image reconstruction (e.g., computed tomography (CT)) [1–
5]. In many cases, we need to impose a box constraint on the
problem. A classical approach to choosing 𝑋 is to minimize
the least squares (LS) error between 𝑌 and 𝐴𝑋:
min 𝐹 (𝑋) = ‖𝐴𝑋 − 𝑌‖2 ,

𝐶1 ≤𝑋≤𝐶2

(1)

notation; subsequently, the readers may generalize all the
results of this paper to the generic form by themselves:
min 𝐹 (𝑋) = ‖𝐴𝑋 − 𝑌‖2 ,

0≤𝑋≤𝐶

where 𝐶 is a constant vector.
If we denote 𝐶 = +∞, then it is the widely used case, that
is, the nonnegativity constrained LS problem:
min 𝐹 (𝑋) = ‖𝐴𝑋 − 𝑌‖2 .
𝑋≥0

(3)

There are many methods for solving nonnegativity constrained problems. A simple method for solving such problems is by using
−1

𝑋 = (𝐴𝑇 𝐴) 𝐴𝑇 𝑌,
where 𝐶1 and 𝐶2 are given constant vectors and ‖ ⋅ ‖ denotes
the Euclidean distance.
In fact, (1) can be easily converted into an equivalent
form by a linear transformation 𝜉 = 𝑋 − 𝐶1 , which is
convenient to study. In the following, we only focus on such
LS problems and still denote variables with 𝑋 for simple

(2)

(4)

𝑋 = max {𝑋, 0} .
Of course, we must truncate the negative pixel values to satisfy the nonnegativity constraint. However, we will encounter
two difficulties: perhaps 𝐴𝑇 𝐴 is not invertible or 𝐴𝑇 𝐴 is
too large. A viable example for the minimization of (3) is
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the gradient-based method. The steepest descent method is
perhaps the simplest technique to implement, which takes the
negative gradient as the descent direction:
𝑋𝑡+1 = 𝑋𝑡 − 𝛼 (𝑡) ∇𝐹 (𝑋𝑡 ) ,
(5)

𝑋𝑡+1 = max {𝑋𝑡+1 , 0} ,

where the superscript (𝑡) denotes the 𝑡th iteration and 𝛼(𝑡) is
the step size.
Let 𝛼(𝑡) = 𝛼 be a constant, where 0 < 𝛼 < 2/‖∇2 𝐹(𝑋𝑡 )‖𝐸 ,
and ‖⋅‖𝐸 denotes the maximum eigenvalue for a matrix; then,
(5) becomes the projected Landweber (PL) method [6]:
𝑋𝑡+1 = 𝑋𝑡 − 𝛼∇𝐹 (𝑋𝑡 ) ,
𝑋𝑡+1 = max {𝑋𝑡+1 , 0} .

(6)

In addition, Lantéri et al. [7, 8] provided a general
multiplicative algorithm, which was also a gradient-based
method. Let 𝑎𝑗 (𝑋𝑡 ) be a positive function with positive values
for any 𝑋𝑗𝑡 > 0; then, − diag[𝑋𝑗𝑡 𝑎𝑗 (𝑋𝑡 )]∇𝐹(𝑋𝑡 ) is also a
descent direction. Therefore, the algorithm in a modified
gradient form can be written as
𝑋𝑗𝑡+1 = 𝑋𝑗𝑡 − 𝑋𝑗𝑡 𝑎𝑗 (𝑋𝑡 ) ∇𝑗 𝐹 (𝑋𝑡 ) .

(7)

Again, let 𝑈𝑗 (𝑋𝑡 ) and 𝑉𝑗 (𝑋𝑡 ) be two positive functions for any
𝑋𝑗𝑡 > 0, which satisfy −∇𝑗 𝐹(𝑋𝑡 ) = 𝑈𝑗 (𝑋𝑡 ) − 𝑉𝑗 (𝑋𝑡 ). Taking
𝑎𝑗 (𝑋𝑡 ) = 1/𝑉𝑗 (𝑋𝑡 ), Lantéri et al. obtained a multiplicative
update
𝑋𝑗𝑡+1 = 𝑋𝑗𝑡

𝑈𝑗 (𝑋𝑡 )
𝑉𝑗 (𝑋𝑡 )

.

(8)

The conjugate gradient (CG) method is also a popular
method, and it is often implemented as an iterative algorithm,
applicable to sparse systems that are too large to be handled
by a direct implementation.
The above approaches are not effective for processing the
upper-bounded constraints, and, generally, a truncation is
imposed to the update rule, which may lead to a divergent
modification.
In this paper, we consider a specific application of the
surrogate-based methods [9] to a specific type of LS problem
with box constraints. We derive a multiplicative update rule
to iteratively and monotonically (in the sense of decreasing
the cost function) solve the problem, similar to the EM
algorithm [10]. The nonnegativity constraints will be satisfied
automatically, and the upper-bounded constraints are performed by an upper truncation. Meanwhile, the algorithm
still has the monotonicity and does not require an adjustable
step size. We provide a rigorous global convergence proof
for the case of only nonnegativity constraints, which can
be easily generalized to the below-constrained case. We
demonstrate the power of this mechanism by deriving many
existing and new algorithms. We also present some computer
simulation results to show the desirable behavior of the
proposed algorithm with respect to the convergence rate and
the stability compared with existing methods.

2. Methodology
A note about our notation: all vectors will be column vectors
unless transposed to a row vector by a prime superscript 𝑇.
For a matrix or vector 𝑋, 𝑋 ≥ 0 means that any component
of 𝑋 is equal to or greater than 0. For a matrix 𝐴, 𝐴 𝑖∗ and 𝐴 ∗𝑖
represent the 𝑖th row and 𝑖th column of 𝐴, respectively.
As mentioned in many articles [1, 2, 9, 11], a surrogate
as defined below is useful in algorithm derivations and
convergence proofs.
Definition 1 (surrogate). Denote 𝜓(𝑋 | 𝑋𝑡 ) as a surrogate for
Ψ(𝑋) at 𝑋𝑡 (fixed) if 𝜓(𝑋𝑡 | 𝑋𝑡 ) = Ψ(𝑋𝑡 ) and 𝜓(𝑋 | 𝑋𝑡 ) ≥
Ψ(𝑋).
Clearly, Ψ(𝑋) is decreasing under the update 𝑋𝑡+1 =
min𝑋 𝜓(𝑋 | 𝑋𝑡 ) because
Ψ (𝑋𝑡+1 ) ≤ 𝜓 (𝑋𝑡+1 | 𝑋𝑡 ) ≤ 𝜓 (𝑋𝑡 | 𝑋𝑡 ) = Ψ (𝑋𝑡 ) .

(9)

There are two obvious and important properties for a
surrogate: additivity and transitivity. For the former, the sum
of two surrogates is a surrogate of the sum of the two original
functions. For the latter, the surrogate of a surrogate of a
function is a surrogate of this function.
In the following, we proceed step by step: firstly, assume
that 𝐴 ≥ 0 and 𝐶 = +∞; secondly, remove the restriction of
𝐴 ≥ 0; and thirdly, remove the restriction of 𝐶 = +∞.
2.1. 𝐴 ≥ 0 and 𝐶 = +∞. Let −𝑌 = 𝑌+ − 𝑌− , where 𝑌+ and 𝑌−
are nonnegative vectors; then, 𝐹(𝑋) = ‖𝐴𝑋 + 𝑌+ −𝑌− ‖2 . Note
that we decompose −𝑌 instead of 𝑌 for convenient derivation,
which can be seen below. We construct a surrogate 𝑓(𝑋 | 𝑋𝑡 )
by the convexity of 𝐹(𝑋). Denote
𝜆 𝑖∗ =
𝜆 𝑖𝑗 =

𝑌𝑖+
,
(𝐴𝑋𝑡 + 𝑌+ )𝑖
𝐴 𝑖𝑗 𝑋𝑗𝑡

(10)

(𝐴𝑋𝑡 + 𝑌+ )𝑖

that satisfy 𝜆 𝑖∗ , 𝜆 𝑖𝑗 ≥ 0 and 𝜆 𝑖∗ + ∑𝑁
𝑗=1 𝜆 𝑖𝑗 = 1. They can be
the convex combination coefficients such that
𝑓 (𝑋 | 𝑋𝑡 )
2
2
(11)
𝑀
𝑁
𝐴 𝑖𝑗 𝑋𝑗
𝑌+
− 𝑌𝑖− ) ] .
= ∑ [𝜆 𝑖∗ ( 𝑖 − 𝑌𝑖− ) + ∑𝜆 𝑖𝑗 (
𝜆 𝑖∗
𝜆 𝑖𝑗
𝑖=1
𝑗=1
[
]

It is easy to verify that 𝑓(𝑋𝑡 | 𝑋𝑡 ) = 𝐹(𝑋𝑡 ). If considering
Jensen’s inequality and the convex combination coefficients
𝜆 𝑖𝑗 , then 𝑓(𝑋 | 𝑋𝑡 ) ≥ 𝐹(𝑋) is proven by the following
inequality:
2
2
𝑁
𝐴 𝑖𝑗 𝑋𝑗
𝑌𝑖+
−
−
− 𝑌𝑖 ) + ∑ 𝜆 𝑖𝑗 (
− 𝑌𝑖 )
𝜆 𝑖∗ (
𝜆 𝑖∗
𝜆 𝑖𝑗
𝑗=1

≥ [(𝐴𝑋)𝑖 + 𝑌𝑖+ −

2
𝑌𝑖− ]

.

(12)
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Take the partial derivatives of 𝑓(𝑋 | 𝑋𝑡 ); then, we can
solve the one-dimensional equations 𝜕𝑓(𝑋 | 𝑋𝑡 )/𝜕𝑋𝑗 = 0 to
obtain a multiplicative update rule:

𝐵=(

̂ = [𝐴+ 𝑋𝑡 + 𝑌+ ] + ( 1 − 1) [𝐴− 𝑋𝑡 + 𝑌− ] ;
𝐵
𝑤2

𝑇 −

𝑋𝑗𝑡+1 = 𝑋𝑗𝑡

(𝐴 𝑌 )𝑗
[𝐴𝑇 (𝐴𝑋𝑡 + 𝑌+ )]𝑗
+

.

(13)

̂ (𝑋 | 𝑋 ) ,
𝑓mid (𝑋 | 𝑋 ) = 𝑓 (𝑋 | 𝑋 ) + 𝑓
𝑡

(17)
then,

−

2.2. Any 𝐴 but 𝐶 = +∞. Let 𝐴 = 𝐴 − 𝐴 , 𝑤1 + 𝑤2 = 1, and
𝑤1 , 𝑤2 > 0, where 𝐴+ and 𝐴− are two nonnegative matrices;
then, we can construct the surrogate 𝑓mid (𝑋 | 𝑋𝑡 ) for 𝐹(𝑋)
as follows:
𝑡

1
− 1) [𝐴+ 𝑋𝑡 + 𝑌+ ] + [𝐴− 𝑋𝑡 + 𝑌− ] ,
𝑤1

𝑡

(14)

where

𝑓 (𝑋 | 𝑋 ) =

𝑤1 ∑ ∑𝜆+𝑖𝑗
𝑖=1 𝑗=1

̂̂
𝑓 (𝑋 | 𝑋𝑡 ) = 𝑓 (𝑋 | 𝑋𝑡 ) + 𝑓
(𝑋 | 𝑋𝑡 ) .
(15)

2𝑋𝑗
𝜕𝑓 (𝑋 | 𝑋𝑡 )
+ 𝑇
+ 𝑡
+
=
𝑡 [(𝐴 ) (𝐴 𝑋 + 𝑌 )]𝑗
𝜕𝑋𝑗
𝑤1 𝑋𝑗
𝑇

− 2 [(𝐴+ ) 𝐵] ,
𝑗

𝑇
̂ .
− 2 [(𝐴− ) 𝐵]
𝑗

(16)

(note that 𝑤1 + 𝑤2 = 1) .

Following the same process as in Section 2.1, we can
̂ | 𝑋𝑡 ). Let
construct surrogates for 𝑓(𝑋 | 𝑋𝑡 ) and 𝑓(𝑋
(𝐴+ 𝑋𝑡 + 𝑌+ )𝑖

,

𝜆+𝑖∗ =

𝑌𝑖+
,
(𝐴+ 𝑋𝑡 + 𝑌+ )𝑖

𝜆−𝑖∗ =

𝑌𝑖−
,
(𝐴− 𝑋𝑡 + 𝑌− )𝑖

𝜆−𝑖𝑗 =

𝐴−𝑖𝑗 𝑋𝑗𝑡
,
(𝐴− 𝑋𝑡 + 𝑌− )𝑖

(20)

̂̂
2𝑋𝑗
(𝑋 | 𝑋𝑡 )
𝜕𝑓
− 𝑇
− 𝑡
−
=
𝑡 [(𝐴 ) (𝐴 𝑋 + 𝑌 )]𝑗
𝜕𝑋𝑗
𝑤2 𝑋𝑗

−(

=

(19)

̂̂
| 𝑋𝑡 ):
Take the partial derivatives of 𝑓(𝑋 | 𝑋𝑡 ) and 𝑓(𝑋

 1

𝑓mid (𝑋 | 𝑋𝑡 ) = 𝑤1  [𝐴+ 𝑋 + 𝑌+ ]
 𝑤1

𝐴+𝑖𝑗 𝑋𝑗𝑡

(18)

2

−
1 𝐴 𝑖𝑗 𝑋𝑗 ̂
̂̂
𝑓
(𝑋 | 𝑋𝑡 ) = 𝑤2 ∑ ∑𝜆−𝑖𝑗 [
− 𝐵𝑖 ] + const.
𝑤2 𝜆−𝑖𝑗
𝑖=1 𝑗=1

It is easy to verify that 𝑓mid (𝑋𝑡 | 𝑋𝑡 ) = 𝐹(𝑋𝑡 ). By the
convexity of 𝐹(𝑋), it is clear that

𝜆+𝑖𝑗

2

+

1 𝐴 𝑖𝑗 𝑋𝑗
[
− 𝐵𝑖 ] + const,
𝑤1 𝜆+𝑖𝑗

𝑀 𝑁

−(

2
1

− 1) [𝐴+ 𝑋𝑡 + 𝑌+ ] − [𝐴− 𝑋𝑡 + 𝑌− ]

𝑤1
 1

+ 𝑤2 − [𝐴− 𝑋 + 𝑌− ] + [𝐴+ 𝑋𝑡 + 𝑌+ ]
 𝑤2
2
1

+(
− 1) [𝐴− 𝑋𝑡 + 𝑌− ] ≥ 𝐹 (𝑋)

𝑤2

𝑀 𝑁

Note that 𝜆+𝑖∗ and 𝜆−𝑖∗ are relative to the constant terms, which
do not work for the optimization problems; thus, we ignore
them. We can now obtain a surrogate for 𝐹(𝑋) at 𝑋𝑡 :

 1

𝑓 (𝑋 | 𝑋 ) = 𝑤1  [𝐴+ 𝑋 + 𝑌+ ]
 𝑤1
𝑡

2
1

− 1) [𝐴+ 𝑋𝑡 + 𝑌+ ] − [𝐴− 𝑋𝑡 + 𝑌− ] ,

𝑤1

̂ (𝑋 | 𝑋𝑡 ) = 𝑤  1 [𝐴− 𝑋 + 𝑌− ] − [𝐴+ 𝑋𝑡 + 𝑌+ ]
𝑓
2
 𝑤2
2
1

−(
− 1) [𝐴− 𝑋𝑡 + 𝑌− ] .

𝑤2

𝑡

Then, we solve the one-dimensional equations 𝜕𝑓(𝑋 |
𝑋𝑡 )/𝜕𝑋𝑗 = 0 to obtain a multiplicative update rule:
𝑋𝑗𝑡+1 = 𝑋𝑗𝑡
⋅

𝑇
𝑇
̂
𝑤1 𝑤2 [(𝐴+ ) 𝐵 + (𝐴− ) 𝐵]

𝑗

[ 𝑤2 [(𝐴+ )𝑇 (𝐴+ 𝑋𝑡 + 𝑌+ )]𝑗 + 𝑤1 [(𝐴− )𝑇 (𝐴− 𝑋𝑡 + 𝑌− )]𝑗

(21)

= 𝑋𝑗𝑡
𝑇

⋅

{(𝑤2 𝐴+ + 𝑤1 𝐴− ) [𝑤2 (𝐴+ 𝑋𝑡 + 𝑌+ ) + 𝑤1 (𝐴− 𝑋𝑡 + 𝑌− )]}
[ 𝑤2 [(𝐴+ )𝑇 (𝐴+ 𝑋𝑡 + 𝑌+ )]𝑗 + 𝑤1 [(𝐴− )𝑇 (𝐴− 𝑋𝑡 + 𝑌− )]𝑗

𝑗

.

2.3. Any 𝐴 and 𝐶. As shown, (21) will ensure the monotonic
decrease of the cost function and satisfy the nonnegativity
constraints. In the following, it will be modified by a truncation at the end of each iteration to satisfy the box constraints:
𝑋 = min {𝑋, 𝐶} .

(22)

We will show that the truncation still ensures the monotonic
decrease of the cost function.
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It is easy to see the separability of the variables of (19); that
𝑡
is, 𝑓(𝑋, 𝑋𝑡 ) = ∑𝑁
𝑗=1 𝑓𝑗 (𝑋𝑗 , 𝑋 ), and every separated function
𝑡
𝑓𝑗 (𝑋𝑗 , 𝑋 ) has a quadratic form:
2

𝑀

𝑓𝑗 (𝑋𝑗 , 𝑋𝑡 ) = 𝑤1 ∑𝜆+𝑖𝑗 [
𝑖=1

+
1 𝐴 𝑖𝑗 𝑋𝑗
− 𝐵𝑖 ]
𝑤1 𝜆+𝑖𝑗

𝑀

+ 𝑤2 ∑𝜆−𝑖𝑗 [
𝑖=1

Assumption 3. For the iteration sequence {𝑋𝑡 }, we assume
that
(1) the algorithm starts from a positive image;
(2) (𝐴𝑇 𝐴)𝑗𝑗 > 0 for all 𝑗;

2

−
1 𝐴 𝑖𝑗 𝑋𝑗 ̂
− 𝐵𝑖 ] + const.
𝑤2 𝜆−𝑖𝑗

(23)

We further simplify it into a general form:
2

𝑔 (𝑋𝑗 ) = 𝑎 (𝑋𝑗 − 𝑏) + const,

(24)

where 𝑎 > 0, 𝑏 > 0, and 𝑋𝑗𝑡 ∈ (0 𝐶]. It is clear that
𝑋𝑗 = 𝑏 minimizes the quadratic function. If 𝑏 ≤ 𝐶, we change
nothing. If 𝑏 > 𝐶, then it is easy to obtain that 𝑔(𝑋𝑗𝑡 ) ≥ 𝑔(𝐶)
because 𝑔 (𝑋𝑗 ) = 2𝑎(𝑋𝑗 −𝑏) < 0 on the open interval (𝑋𝑗𝑡 𝑏)
such that 𝑔(𝑋𝑗 ) strictly monotonously decreases on that open
interval. Thus, the proof is established.
In fact, we know that 𝑋 = min{𝑋, +∞}; therefore, we may
provide a generic solution to (2), which is the main result of
this paper.

(3) 𝐹 is a strictly convex function.
The first assumption forces the iterations to be positive,
but the limit may be zero. The second condition is reasonable
because (𝐴𝑇 𝐴)𝑗𝑗 = 0 suggests 𝐴 𝑖𝑗 = 0 for any 𝑖. Thus, the
equation 𝑌 = 𝐴𝑋 is irrelevant to 𝑋𝑗 , and, then, 𝑋𝑗 in 𝑋 is
removable. The third one is indeed restrictive; however, it is
important for the following derivation.
We will prove the global convergence along the lines of
[13–17]. First, we provide several useful lemmas.
Lemma 4. The set of accumulation points of a bounded
sequence {𝑍𝑡 } with {‖𝑍𝑡+1 − 𝑍𝑡 ‖} → 0 is connected and
compact.
Proof. This is Theorem 28.1 from Ostrowski [18]. The reader
is kindly referred to this paper for the proof.
Lemma 5. The iteration sequence {𝑋𝑡 } is bounded.
Proof. Because 𝐹 is a strictly convex function, 𝐴𝑇 𝐴 is a
positive definite symmetric matrix, and, thus, it can be
factorized into 𝐴𝑇𝐴 = 𝑈𝑇𝑈 by Cholesky’s method, where 𝑈 is
an invertible matrix. We assume that 𝑋∗ is the sole minimum,
and, then, we expand 𝐹 on 𝑋∗ using a Taylor series:

Algorithm 2. Start from an initial point 𝑋0 > 0; then,
(1) update 𝑋 by (21);
(2) truncate 𝑋 by (22).
It is easy to generalize the constraints from 0 ≤ 𝑋 ≤ 𝐶 to
𝐶1 ≤ 𝑋 ≤ 𝐶2 by the transformation 𝜉 = 𝑋 − 𝐶1 , which is left
for readers to complete by themselves.

3. Convergence

𝑇

𝐹 (𝑋) − 𝐹 (𝑋∗ ) = (𝑋 − 𝑋∗ ) (𝐴𝑇 𝐴) (𝑋 − 𝑋∗ )
𝑇

= (𝑋 − 𝑋∗ ) 𝑈𝑇𝑈 (𝑋 − 𝑋∗ ) ≥ 0.

Let 𝜉 = 𝑈(𝑋 − 𝑋∗ ); then, for any constant 𝐿, it is easy to
know the boundedness of 𝑆 = {𝜉 : 𝜉𝑇 𝜉 < 𝐿} such that {𝑋 :
𝑋 = 𝑈−1 𝜉 + 𝑋∗ , 𝜉 ∈ 𝑆} is bounded, which is equivalent to
{𝑋 : 𝐹(𝑋) − 𝐹(𝑋∗ ) < 𝐿} being bounded. Let 𝐿 0 = 𝐹(𝑋0 ) −
𝐹(𝑋∗ ); then, {𝑋𝑡 } ⊂ {𝑋 : 𝐹(𝑋)−𝐹(𝑋∗ ) < 𝐿 0 } because {𝐹(𝑋𝑡 )}
monotonically decreases. Therefore, {𝑋𝑡 } is bounded.

The convergence proof with box constraints is very difficult;
thus, we only focus on the below-bounded constraints, which
can be viewed as a special case of box constraints with
𝐶 = +∞. Additionally, we consider the equivalence between
the general below-constrained form and the nonnegative
constrained one by a linear transformation 𝜉 = 𝑋 − 𝐶1 ; then,
we will theoretically prove the global convergence of the latter
case for simplification, which is easy to extend to that of the
former. In theory, the Kuhn-Tucker (KT) point will be a global
solution if the cost function is convex. It is easy to see the
convexity of 𝐹(𝑋). By Theorem 2.19 in [12], the KT conditions
of (3) (𝑋 ≥ 0) are as follows:

Lemma 6. The sequence {‖𝑋𝑡 − 𝑋𝑡+1 ‖} → 0.

𝜕𝐹 (𝑋)
= 0 if 𝑋𝑗 > 0,
𝜕𝑋𝑗

(25)

+

𝜕𝐹 (𝑋)
≥ 0 if 𝑋𝑗 = 0.
𝜕𝑋𝑗

(26)

We entertain several important and reasonable assumptions.

(27)

Proof. Take into account that
∇𝑗𝑗2 𝑓 (𝑋 | 𝑋𝑡 ) =

≥

2
𝑇
[(𝐴+ ) (𝐴+ 𝑋𝑡 + 𝑌+ )]
𝑗
𝑤1 𝑋𝑗𝑡
2
− 𝑇
− 𝑡
−
𝑡 [(𝐴 ) (𝐴 𝑋 + 𝑌 )]𝑗
𝑤2 𝑋𝑗

2
𝑇
[(𝐴+ ) 𝐴+ 𝑋𝑡 ]
𝑗
𝑤1 𝑋𝑗𝑡
+

2
𝑇
[(𝐴− ) 𝐴− 𝑋𝑡 ]
𝑗
𝑤2 𝑋𝑗𝑡
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≥

5

2 𝑀 + 2
2 𝑀 − 2
∑ (𝐴 𝑖𝑗 ) +
∑ (𝐴 ) = 𝛾𝑗
𝑤1 𝑖=1
𝑤2 𝑖=1 𝑖𝑗

𝑇

− 2 (𝐴+ ) [(

𝑇

+ (𝐴− 𝑋𝑡 + 𝑌− )] − 2 (𝐴− ) [(𝐴+ 𝑋𝑡 + 𝑌+ )

>0
(see the second one of Assumption 3) .
(28)
Let 𝛾 = min𝑗 {𝛾𝑗 }. Because ∇𝑓(𝑋𝑡+1 | 𝑋𝑡 ) = 0,
𝑡

𝐹 (𝑋 ) − 𝐹 (𝑋

𝑡+1

𝑡

𝑡

) ≥ 𝑓 (𝑋 | 𝑋 ) − 𝑓 (𝑋

𝑡+1

|𝑋)
(29)

2
𝑇
{𝑤2 [(𝐴+ ) (𝐴+ 𝑋𝑡 + 𝑌+ )]
𝑤1 𝑤2

+ 𝑤1 [(𝐴− ) (𝐴− 𝑋𝑡 + 𝑌− )]}
−

Lemma 7. If a subsequence {𝑋𝑡𝑠 } → 𝑋∗ , then {𝑋𝑡𝑠 +1 } → 𝑋∗
as well.
Proof. By contradiction, if {𝑋𝑡𝑠 +1 } diverges, then it must have
a convergent subsequence {𝑋𝑡𝑠𝑠 +1 } → 𝑋∗∗ ≠ 𝑋∗ because
of the boundness by Lemma 5. Let 𝜖0 = ‖𝑋∗ − 𝑋∗∗ ‖ > 0,
and if we consider the two convergent subsequences {𝑋𝑡𝑠𝑠 }
and {𝑋𝑡𝑠𝑠 +1 }, then there must be a positive integer T to make
‖𝑋𝑡𝑠𝑠 −𝑋∗ ‖ < 𝜖0 /4 and ‖𝑋𝑡𝑠 𝑠 +1 −𝑋∗∗ ‖ < 𝜖0 /4 when 𝑡𝑠𝑠 > T. By
the triangle inequality, we can obtain the contradictive result
to {‖𝑋𝑡 − 𝑋𝑡+1 ‖} → 0 as
 𝑡𝑠𝑠
 
 

𝑋 − 𝑋𝑡𝑠𝑠 +1  + 𝑋𝑡𝑠𝑠 − 𝑋∗  + 𝑋𝑡𝑠𝑠 +1 − 𝑋∗∗ 

 
 

(30)
𝜖


 ∗

≥ 𝑋 − 𝑋∗∗  ⇒ 𝑋𝑡𝑠𝑠 − 𝑋𝑡𝑠𝑠 +1  > 0 .
2
Lemma 8. At each iteration, one knows that
𝑋𝑗𝑡+1 = 𝑋𝑗𝑡 − 𝛼𝑗 [∇𝐹 (𝑋𝑡 )]𝑗 ,

2
𝑇
{(𝑤2 𝐴+ + 𝑤1 𝐴− )
𝑤1 𝑤2

⋅ [𝑤2 (𝐴+ 𝑋𝑡 + 𝑌+ ) + 𝑤1 (𝐴− 𝑋𝑡 + 𝑌− )]}
(32)
= ∇𝑓 (𝑋𝑡 | 𝑋𝑡 )

(compare (32) with (20)) .

(33)

It is easy to verify the correctness of (31) if replacing ∇𝐹(𝑋𝑡 )
by (32).
The global convergence will be proven from the three
theorems below.
Theorem 9. Let {𝑋𝑡𝑠 } → 𝑋∗ be any convergent subsequence;
then, 𝑋∗ meets the first KT condition (25).
Proof. When 𝑋𝑗∗ > 0, it is easy to obtain that [∇𝐹(𝑋∗ )]𝑗 =
[∇𝑓(𝑋∗ | 𝑋∗ )]𝑗 by (33). In addition, 𝜕𝐹(𝑋 | 𝑋𝑡𝑠 )/𝜕𝑋𝑗 |𝑋𝑡𝑠 +1 =
0 and {𝑋𝑡𝑠 } → 𝑋∗ such that {𝑋𝑡𝑠 +1 } → 𝑋∗ (Lemma 7); thus,


𝜕𝐹 (𝑋 | 𝑋𝑠𝑡 ) 
𝜕𝐹 (𝑋 | 𝑋∗ ) 
=
lim
= 0.


 ∗ 𝑡𝑠 →+∞
 𝑡𝑠 +1
𝜕𝑋𝑗
𝜕𝑋𝑗
𝑋
𝑋

(34)

Theorem 10. The entire sequence {𝑋𝑡 } converges.

𝛼𝑗

(31)

𝑤1 𝑤2 𝑋𝑗𝑡
2 [ 𝑤2 [(𝐴+ )𝑇 (𝐴+ 𝑋𝑡 + 𝑌+ )]𝑗 + 𝑤1 [(𝐴− )𝑇 (𝐴− 𝑋𝑡 + 𝑌− )]𝑗

.

Proof. We consider that
𝑇

∇𝐹 (𝑋𝑡 ) = 2 (𝐴+ − 𝐴− ) [(𝐴+ 𝑋𝑡 + 𝑌+ )
𝑇

− (𝐴− 𝑋𝑡 + 𝑌− )] = 2 (𝐴+ ) (𝐴+ 𝑋𝑡 + 𝑌+ )
𝑇

𝑇

+ 2 (𝐴− ) (𝐴− 𝑋𝑡 + 𝑌− ) − 2 (𝐴+ ) (𝐴− 𝑋𝑡 + 𝑌− )
− 2 (𝐴− ) (𝐴+ 𝑋𝑡 + 𝑌+ ) =
⋅ (𝐴+ 𝑋𝑡 + 𝑌+ )] +

1
− 1) (𝐴− 𝑋𝑡 + 𝑌− )]
𝑤2

𝑇

Because {𝐹(𝑋𝑡 )} monotonically decreases and is bounded
from below, {𝐹(𝑋𝑡 ) − 𝐹(𝑋𝑡+1 )} → 0; therefore, {‖𝑋𝑡 −
𝑋𝑡+1 ‖} → 0.

𝑇

+(
=

𝑡

𝑇
1
= (𝑋𝑡 − 𝑋𝑡+1 ) ∇2 𝑓 (𝑋𝑡+1 | 𝑋𝑡 ) (𝑋𝑡 − 𝑋𝑡+1 )
2
𝛾
2
≥ 𝑋𝑡 − 𝑋𝑡+1  .
2

=

1
− 1) (𝐴+ 𝑋𝑡 + 𝑌+ )
𝑤1

2
𝑇
[(𝐴+ )
𝑤1

2
𝑇
[(𝐴− ) (𝐴− 𝑋𝑡 + 𝑌− )]
𝑤2

Proof. According to Lemmas 4, 5, and 6, the set of accumulation points of {𝑋𝑡 } is connected and compact. If we can prove
that the number of accumulation points is finite, then the
desired result follows because a finite set can be connected
only if it consists of a single point [16].
To prove the existence of a finite number of accumulation
points, we consider any accumulation point 𝑋∗ . Given an
integer set Ω = {1, 2, . . . , T}, where T is the total number of
components of 𝑋, Ω∗ = {𝑗 : 𝑋𝑗∗ = 0} is a subset of Ω. Let 𝐹Ω∗
be the restrictions of 𝐹 to the set {𝑋 : 𝑋𝑗 = 0, 𝑗 ∈ Ω∗ }, which
is a strictly convex function of the reduced variables. It follows
that 𝐹Ω∗ has a unique minimum (Theorem 9: 𝜕𝐹(𝑋∗ )/𝜕𝑋𝑗 =
0 if 𝑋𝑗∗ > 0). This means that an accumulation point must
correspond to a subset of Ω. The number of subsets of Ω is
finite, and, thus, the number of accumulation points is also
finite.
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In Theorem 9, we prove that every accumulation point
meets the first KT condition, by which the full sequence
convergence is provided in Theorem 10. Naturally, the limit
of {𝑋𝑡 } satisfies the first KT condition. In the following, we
will show that the second KT condition is satisfied.
Theorem 11. The limit 𝑋∗ of {𝑋𝑡 } satisfies the second KT
condition (26).
Proof. When 𝑋𝑗∗ = 0, by contradiction, we assume that there
is an 𝑋𝑗∗ = 0 that satisfies [∇𝐹(𝑋∗ )]𝑗 < 0. Because {𝑋𝑡 } →
𝑋∗ , there exists an 𝜖 < 0 and a positive integer T such that
[∇𝐹(𝑋𝑡 )]𝑗 < 𝜖 for 𝑡 > T; then,

𝑅𝑛 by a surface. Several practical applications of SVMs
use nonlinear kernels, such as the polynomial and radial
basis function kernels. However, in applications such as text
classification, linear SVMs are still used because it has been
observed that many text classification problems are linearly
separable [19]. Most literature on large-scale SVM training
have targeted the linear SVM problem, citing this fact. A dual
form of linear SVM is usually used because of the simple
structure, which can be formulated as [20]

min
s.t.

𝑋𝑗𝑡+1 − 𝑋𝑗𝑡 = −𝛼𝑗 [∇𝐹 (𝑋𝑡 )]𝑗 > −𝛼𝑗 𝜖 > 0

1 𝑇 𝑇
𝑋 𝐷𝐴 𝐴𝐷𝑋 − 1𝑇 𝑋
2
(39)

0 ≤ 𝑋 ≤ 𝐶,
𝐷𝑇 𝑋 = 0,

(35)

(by Lemma 8) .

Thus, we can obtain that 𝑋𝑗𝑡+1 > 𝑋𝑗𝑡 , which is a contradiction
to {𝑋𝑗𝑡 } → 0.

4. Solutions to Some Existing and
New Examples
4.1. NMF. NMF has been widely used in pattern recognition,
machine learning, and data mining. It decomposes the nonnegative matrix 𝑌 by the product of two other nonnegative
matrices 𝐴 and 𝑋. Lee and Seung [1] have proposed using
the square of the Euclidean distance to measure the similarity
between 𝑌 and 𝐴𝑋:
min 𝐹 (𝐴, 𝑋) = ‖𝑌 − 𝐴𝑋‖2 .

(36)

𝐴≥0,𝑋≥0

Minimizing them under the constraints 𝐴 ≥ 0 and 𝑋 ≥ 0,
Lee and Seung [1] alternated between solving an optimization
problem in the variables 𝐴 and then solving another one in
the variables 𝑋. As can be seen, 𝐴 and 𝑋 have the same roles.
To take 𝑋, for instance, with 𝑋𝑡 > 0 and 𝐴 > 0
𝑡
/(𝐴𝑋𝑡 )𝑖𝑗 such that the surrogate
given, denote 𝜆 𝑖𝑗𝑘 = 𝐴𝑡𝑖𝑘 𝑋𝑘𝑗
function can be constructed:
𝑓 (𝑋 | 𝑋𝑡 ) = ∑ [𝜆 𝑖𝑗𝑘 (
𝑖𝑗𝑘

𝐴 𝑖𝑘 𝑋𝑘𝑗
𝜆 𝑖𝑗𝑘

𝑡+1
𝑡
= 𝑋𝑘𝑗
𝑋𝑘𝑗

𝐴𝑡+1
𝑖𝑘

=

𝐴𝑡𝑖𝑘

(𝐴𝑇 𝐴𝑋𝑡 )𝑘𝑗
(𝑌𝑋𝑇)𝑖𝑘

(𝐴𝑡 𝑋𝑋𝑇 )𝑖𝑘

min

1 𝑇 𝑇
𝑋 𝐵 𝐵𝑋 − 1𝑇 𝑋
2

(40)

s.t. 0 ≤ 𝑋 ≤ 𝐶.
We can solve this optimization problem using the proposed method. Let 𝑤1 = 𝑤2 = 1/2 and 𝐵 = 𝐵+ − 𝐵− , where
𝐵+ and 𝐵− are two nonnegative matrices; then,
̂ (𝑋 | 𝑋𝑡 ) − 1𝑇 𝑋,
𝑓mid (𝑋 | 𝑋𝑡 ) = 𝑓 (𝑋 | 𝑋𝑡 ) + 𝑓

(41)

where

2

− 𝑌𝑖𝑗 ) ] .

(37)

The update rule can be obtained by solving 𝜕𝑓(𝑋, 𝑋𝑡 )/𝜕𝑋𝑘𝑗 =
0. Reversing the roles of 𝐴 and 𝑋, we can similarly construct
the surrogate for 𝐴 and acquire the update rule:
(𝐴𝑇 𝑌)𝑘𝑗

where 𝐴 is the input data, 𝐷 is the class label, 𝐶 is the penalty
parameter, and 𝑋 represents the Lagrangian multiplier that
needs to be optimized. Hsieh et al. [21] handled the constraint
𝐷𝑇 𝑋 = 0 by removing it, which corresponded to removing
the “intercept” from the classifier. For a simplified expression,
we denote 𝐵 = 𝐴𝐷, and, then, we obtain the following simple
formula:

𝑓 (𝑋 | 𝑋𝑡 ) =

1  +
2
2𝐵 𝑋 − 𝐵+ 𝑋𝑡 − 𝐵− 𝑋𝑡  ,

4

̂ (𝑋 | 𝑋𝑡 ) = 1 2𝐵− 𝑋 − 𝐵+ 𝑋𝑡 − 𝐵− 𝑋𝑡 2 .
𝑓

4

(42)

We, respectively, construct surrogates for 𝑓(𝑋 | 𝑋𝑡 ) and
̂ | 𝑋𝑡 ). Let
𝑓(𝑋

,
(38)
.

4.2. Variation of Linearized SVM. SVM attempts to separate
points belonging to two given sets in real Euclidean space

𝜆+𝑖𝑗 =
𝜆−𝑖𝑗 =

𝐵𝑖𝑗+ 𝑋𝑗𝑡
(𝐵+ 𝑋𝑡 )𝑖
𝐵𝑖𝑗− 𝑋𝑗𝑡
(𝐵− 𝑋𝑡 )𝑖

,
(43)
;
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If 𝛽 = 0, it is De Pierro’s ISRT (Image Space Reconstruction
Technique) [4]:

then,
𝑓 (𝑋 | 𝑋𝑡 )
2

𝐵𝑖𝑗+ 𝑋𝑗
1𝑀 𝑁
= ∑ ∑𝜆+𝑖𝑗 [2 + − (𝐵+ 𝑋𝑡 + 𝐵− 𝑋𝑡 )𝑖 ] ,
4 𝑖=1 𝑗=1
𝜆 𝑖𝑗

𝑋𝑗𝑡+1
(44)

̂̂
𝑓
(𝑋 | 𝑋𝑡 )
2

−

𝐵𝑖𝑗 𝑋𝑗
1𝑀 𝑁
= ∑ ∑𝜆−𝑖𝑗 [2 − − (𝐵+ 𝑋𝑡 + 𝐵− 𝑋𝑡 )𝑖 ] .
4 𝑖=1 𝑗=1
𝜆 𝑖𝑗
We now obtain a surrogate for 𝐹(𝑋) at 𝑋𝑡 :
(45)

We solve the one-dimensional equation 𝜕𝑓(𝑋 | 𝑋 )/
𝜕𝑋𝑗 = 0 and truncate it to obtain an update:
𝑇

=

1 + [(𝐵+ + 𝐵− ) (𝐵+ + 𝐵− ) 𝑋𝑡 ]

𝑗

2 {[(𝐵+ )𝑇 𝐵+

+

(𝐵− )𝑇 𝐵− ] 𝑋𝑡 }

,

(46)

𝑗

𝑋𝑗𝑡+1 = min {𝑋𝑗𝑡+1 , 𝐶} .
4.3. Nonnegative Image Deblurring. In many optical devices,
the process of image blurring can be considered to be the
result of convolution by a point spread function (PSF) [22,
23]. It is assumed that the degraded image 𝑌 is in the form
𝑌 = 𝐴𝑋, where 𝑋 is the true image and 𝐴 is the PSF matrix
consisting of PSFs at every pixel. As noted in [24, 25], a simple
way to approach the deconvolution problem is to find the least
squares (LS) estimation between 𝑌 and 𝐴𝑋. It is well known
that the problem of restoring the original image from the
noisy and degraded version is an ill-posed inverse problem:
small perturbations in the data may result in an unacceptable
result [26]. The Tikhonov regularization method [27, 28] is
a popular method that generally leads to a unique solution,
which is formulated as
min 𝐹 (𝑋) = ‖𝐴𝑋 − 𝑌‖2 + 𝛽 ‖𝑅𝑋‖2 .

(47)

𝑋≥0

Note that we must approve negative values existing in the
matrix 𝑅.
In [17], we assume that 𝐴 and 𝑌 are a nonnegative matrix
and vector and that there is no restriction on 𝑅; then, we,
respectively, construct surrogate functions for ‖𝐴𝑋 − 𝑌‖2 and
‖𝑅𝑋‖2 using the method proposed in this paper such that we
obtain a multiplicative update rule as follows:
𝑋𝑗𝑡+1
𝑇

= 𝑋𝑗𝑡

(𝐴𝑇 𝐴𝑋𝑡 )𝑗

.

(𝐴𝑇 𝑌)𝑗 + 𝛽 [(𝑅+ + 𝑅− ) (𝑅+ + 𝑅− ) 𝑋𝑡 ]

𝑗

(𝐴𝑇 𝐴𝑋𝑡 )𝑗 + 2𝛽 [((𝑅+ )𝑇 𝑅+ + (𝑅− )𝑇 𝑅− ) 𝑋𝑡 ]𝑗

(48)
.

(49)

4.4. CT Reconstruction with 𝐿 1 Regularization. In CT reconstruction, let 𝐴 be the system probability matrix, 𝑌 projections, and 𝑅 a predetermined matrix. Then, a classical
approach is to choose an 𝑋 (X-ray attenuation image) such
that the LS error [5] between 𝑌 and 𝐴𝑋 is minimized:
𝑋≥0

𝑡

𝑋𝑗𝑡

(𝐴𝑇 𝑌)𝑗

min 𝐹 (𝑋) = ‖𝐴𝑋 − 𝑌‖2 + 𝛽 ‖𝑅𝑋‖1 ,

̂̂
𝑓 (𝑋 | 𝑋𝑡 ) = 𝑓 (𝑋 | 𝑋𝑡 ) + 𝑓
(𝑋 | 𝑋𝑡 ) .

𝑋𝑗𝑡+1

=

𝑋𝑗𝑡

(50)

where 𝛽 ≥ 0 serves as a penalty parameter. Many 𝑅 matrices
have been used, such as the first- or second-order derivative
matrix or wavelet basis matrix. Note that both 𝐴 and 𝑌 are
a nonnegative matrix and vector; however, we must accept
negative values existing in the matrix 𝑅.
The alternating direction method of multipliers (ADMM)
[29, 30] has been developed for solving optimization problems. This method decomposes the original problem into
three subproblems and then sequentially solves them at each
iteration.
Introducing the additional variable 𝑉 = 𝑅𝑋, a fixed
penalty parameter 𝜌, and the Lagrangian multiplier 𝜇, a
unified framework can then be given to solve the 𝐿 1 -norm
regularized LS reconstruction problem [29].
Algorithm 12 (ADMM general framework). (1) 𝑉𝑖𝑡+1 =
(|(𝑅𝑋𝑡 + 𝜇𝑡 )𝑖 | − 𝛽/𝜌)+ sgn[(𝑅𝑋𝑡 + 𝜇𝑡 )𝑖 ], 𝑖 = 1, . . . , 𝑀.
(2) 𝑋𝑡+1 = arg min𝑋≥0 𝐿(𝑋, 𝑉𝑡+1 , 𝜇𝑡 ) = ‖𝐴𝑋 − 𝑌‖2 +
(𝜌/2)‖𝑅𝑋 − 𝑉𝑡+1 + 𝜇𝑡 ‖22 .
(3) 𝜇𝑡+1 = 𝜇𝑡 + 𝑅𝑋𝑡+1 − 𝑉𝑡+1 .
The 𝑋-update is the most difficult problem that minimizes 𝐿(𝑋, 𝑉𝑡+1 , 𝜇𝑡 ) with nonnegativity constraints. We can,
respectively, construct surrogate functions for ‖𝐴𝑋 − 𝑌‖2 and
‖𝑅𝑋 − 𝑉𝑡+1 + 𝜇𝑡 ‖22 ; then minimize the sum of the surrogates
to update 𝑋; however, there is a high overlap ratio with the
above, so we leave them to the readers.

5. Experimental Results
We compare the performance of the proposed surrogate
method, with those of the PL method (6) and the CG method
on simulated data and CT projection data. For the PL method,
we use 𝛼 = 1/(‖𝐴‖1 ‖𝐴‖∞ ) [31], where ‖ ⋅ ‖1 and ‖ ⋅ ‖∞
denote the 1- and ∞-norm of a matrix. The code for the CG
method comes from [32], which is slightly modified to meet
our criteria.
The experiments are performed on a HP Compaq PC with
a 3.00 GHz Core i5 CPU and 4 GB memory. The algorithms
are implemented in MATLAB 7.0. All of the algorithms are
initiated by the same uniform image for a fair comparison.
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Table 1: Performance comparison of the three algorithms.

MSE

𝜒

Iteration
Proposed
CG
PL
Proposed
CG
PL

1
0.2860
0.3441
0.3441
0.0031
1.0000
1.0000

50
0.2226
0.2240
0.2398
0.0016
0.0001
0.0117

Table 2: Total running time of the three algorithms with 300
iterations and 50 random start points.
Algorithm
Time (second)

Proposed
2.22

CG
2.13

PL
1.95

The mean square error (MSE) is used to measure the
similarity to the true solution, as given below:
MSE (𝑡) =

1  𝑡
2
𝑋 − 𝑋True  .

𝑁

(51)

The following criterion is applied to stop the iterative
process:

 𝑡+1
𝑋 − 𝑋𝑡 
 < 𝜖,

𝜒 (𝑡) =
‖𝑋𝑡 ‖

(52)

where 𝜖 is a difference tolerance.
5.1. Numerical Simulation. Here, we randomly generate 𝑋 ∈
𝑅500 and 𝐴 ∈ 𝑅100×500 , where the former are uniformly
distributed on [0 1] and the latter are on [−1 1]. Then we
obtain 𝑌 by 𝑌 = 𝐴𝑋. We will minimize 𝐹(𝑋) = ‖𝑌 − 𝐴𝑋‖2
under the box constraints 0 ≤ 𝑋 ≤ 1. In the experiment, we
generate 𝑋, 𝑌, and 𝐴 once, but we randomly generate start
points (uniformly distributed on [0 1]) 50 times to obtain a
reliable averaged result.
Figure 1 presents a comparison of MSE and 𝜒 versus
iteration number. As shown, CG rapidly finishes iteration
to a static solution, so that 𝜒(𝑡) = 0 after that, which
can not be shown with a log-scaled 𝑦-axis. However, such
a phenomenon does not mean a good result. Instead, it is
the worst result among the three algorithms by observing
the MSE curve. We can conclude that CG is not suitable
to the box-constrained LS problem. PL and the proposed
method always decrease the curves of MSE and 𝜒. However,
the proposed method shows a superior performance than the
PL method.
Table 1 shows the quantitative comparison of the three
algorithms; then we can draw the same conclusion as above.
This table further proves that the proposed method is rapid
and stable, and CG is not suitable to the box-constrained LS
problem.
Table 2 shows the computational time of the algorithms.
As can be seen, they have similar computational complexity;

150
0.1961
0.3183
0.2136
0.0009
0
0.0037

200
0.1822
0.3183
0.2033
0.0006
0
0.0018

250
0.1737
0.3183
0.1978
0.0004
0
0.0010

300
0.1682
0.3183
0.1943
0.0003
0
0.0007

however, the proposed algorithm requires only a little more
time because of the nonnegative decomposition of 𝑌 and 𝐴.
In fact, from the above theoretical analysis, we can observe
that the proposed algorithm is also some gradient-based
method; thus, it has a similar computational complexity with
the CG and PL methods.
5.2. CT Reconstruction. CT reconstruction is a medical imaging technique for creating a meaningful diagnostic image.
A computer can take the input from the CT machine,
run it through the formula, and return a set of images
for a physician to examine. Here, we only consider the
simplest mathematical model min𝑋≥0 ‖𝑌−𝐴𝑋‖2 to pursue the
structural image. A simulated thorax phantom with 128×128
grids and 0.5 mm pixels, as shown in Figure 2, is used in the
following experiments. There are many advantages to using
simulated phantoms, including prior knowledge of the pixel
values and the ability to control noise. The total attenuation
value is approximately 5 × 107 . For this case, the proposed
algorithm is called ISRT, which is widely used in the field of
CT reconstruction [4].
The system matrix is obtained using the “angle of view”
method [10]. From the system matrix, we forward project
the phantom on the sinogram with 128 radial bins (bin size
of 0.5 mm) and 128 angular views evenly spaced over 𝜋.
The noisy projections are obtained by the Poisson-random
formula 𝑦𝑖 = Poisson(𝑦𝑖∗ ), where 𝑦𝑖∗ is the noise-free
projection.
Figure 3 shows the reconstructions with 50 iterations
for every algorithm. As shown, the CG’s image suffers
from serious noise artifacts. The PL algorithm provides a
reconstructed image that is slightly blurred compared with
that of ISRT. The proposed ISRT provides the sharpest edge
and clearest interior region.
Figure 4 quantitatively compares the histograms of the
reconstructed images. The CG’s result still shows a clear
turbulence around the true value. PL and ISRT provide two
comparable curves, and neither is significantly better than the
other.
We also present a comparison of the MSE curves and
𝜒 with increasing iteration number in Figure 5. As shown,
CG exhibits an unsteady reconstruction property in which
more iterations may lead to a worse result. Both PL and ISRT
overcome this shortcoming so that more iterations always
provide considerably better results. In addition, ISRT will
provide a more rapid convergence than PL.
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Figure 1: Simulated data: MSE and 𝜒 versus iteration number: (a) MSE and (b) 𝜒.

(a)

(b)

Figure 2: Shepp-Logan phantom with 128 × 128 grids: (a) true phantom and (b) noisy projections.

(a)

(b)

(c)

Figure 3: Reconstructed images with 50 iterations by (a) the proposed ISRT, (b) CG, and (c) PL.
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Figure 4: Intensity of the true and reconstructed images: (a) horizontal central line and (b) vertical central line.
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Figure 5: MSE and 𝜒 versus iteration number: (a) MSE and (b) 𝜒.

6. Conclusion
We present a special application of a surrogate-based method
for solving box-constrained LS problems. A new update rule
is developed to iteratively update variables, and this rule
exhibits desirable properties, including monotonic decrease
of the cost function, self-constraining in the feasible region,
and no need to impose a step size. This algorithm covers
many existing algorithms, as well as new ones, as the
special examples. Targeting the special case of only belowbounded constraints, we provide a rigorous theoretical global
convergence proof. We use the simulated data to evaluate

the performance of the algorithm, demonstrating that the
proposed algorithm provides a stabler and faster convergence
than the PL and CG approaches.
In this paper, we only provide a global convergence proof
for the below-bounded case, not the box-constrained case;
thus, proving the convergence for the latter case will be the
focus of future work.
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A novel control strategy based on the optimization of transfer trajectory at operation points for DFIG is proposed. Aim of this
control strategy is to reduce the mechanical fatigue of DFIG caused by the frequent adjustment of rotating speed and pitch angle
when operating in the islanded power system. Firstly, the stability of DFIG at different operation points is analyzed. Then an
optimization model of transfer trajectory at operation points is established, with the minimum synthetic adjustment amount of
rotating speed and pitch angle as the objective function and with the balance of active power and the stability of operation points
as the constraint conditions. Secondly, the wind speed estimator is designed, and the control strategy of pitch system is improved
to cooperate with the indirect stator flux orientation control technology for rotor-side inverter control. Then by the coordination
control of its rotating speed and pitch angle, an operation trajectory controller is established to ensure the islanded operation of
DFIG along the optimal transfer trajectory. Finally, the simulation results show that the proposed control strategy is technical
feasibility with good performance.

1. Introduction
The islanded operation is a significant operation mode of
wind turbine, and this can widen the applied range of wind
turbine [1]. It can improve the service ability, reduce the cost
of power supply, and protect the environment by composing
an islanded power system with wind turbine in some remote
regions or islands [2, 3]. And for some areas that lack emergency power supply, their economic losses caused by the
power grid failure can be reduced when the important local
load is supplied by the wind turbine [4, 5]. So it is significant
to make an intensive study of the control strategy for wind
turbine to operate in the islanded operation mode.
The doubly fed induction generator based wind turbine
(DFIG) is currently the most widely used type of unit [6], and
some researches about the islanded operation control strategy
of DFIG have been carried out at home and abroad. In [7], the
battery energy storage system (BESS) is connected in parallel

with the DC link of DFIG inverter, and the hybrid system can
operate in different modes and has the ability to supply power
for the load independently. The coordinate control strategies
of wind turbines and energy storage systems for stabilizing
the islanded power system are proposed in [8, 9]. In [10–12],
with the droop control strategy introduced, the DFIG can
respond to the frequency and voltage changes of the isolated
power system and keep its voltage and frequency to be stable,
so the DFIG can continue to supply the load around in the
case of disconnection from power grid. Through applying the
control strategies proposed in [7–12], the DFIG can operate
in the islanded mode. However, the strategies only make the
DFIG to be similar with a current source essentially, so that a
large power source is needed to sustain the voltage of islanded
power system. An indirect stator flux orientation (ISFO)
control strategy which is suitable for the doubly fed induction
generator is proposed in [13, 14]; it can enable the doubly
fed induction generator with voltage source characteristics
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to control the frequency and amplitude of its stator voltage
independently. The DFIG can obtain the ability to supply
the load independently with the application of ISFO control
strategy [15, 16]. Operating in the islanded mode, the frequent
adjustment of rotating speed and pitch angle may produce
mechanical fatigue on the DFIG and affect its service life
seriously.
In this paper, a control strategy based on the optimization of transfer trajectory at operation points for a standalone DFIG is proposed. Through applying this control
strategy to coordinately regulate the rotating speed and
pitch angle, the DFIG can autonomously operate along
the transfer trajectory with the minimum synthetic adjustment amount of rotating speed and pitch angle. This paper
is structured as follows. In Section 2, the mathematical
model of DFIG is outlined, and the optimization model
of transfer trajectory at operation points is established by
the stability analysis of operation points. In Section 3, the
designed control strategy is described. It mainly contains
the wind speed estimator, the control unit of rotor-side
converter and variable pitch system, and the operation
trajectory controller. Simulation results are given and discussed in Section 4. Finally, conclusions are presented in
Section 5.

2.1. Mathematical Model of DFIG. The aerodynamic power
captured by the turbine is as follows:

𝜆=

(1)

(2)

𝑎1 = 2.5 + 𝛽,
𝑎2 =

𝜔𝑔
𝑛

) − 𝐾𝑚 𝜃,

𝜔𝑔
1
[𝐷𝑚 (𝜔𝑟 −
) + 𝐾𝑚 𝜃] − 𝐹𝑔 𝜔𝑔 − 𝑇𝑒 ,
𝑛
𝑛

𝜃̇ = 𝜔𝑟 −

𝜔𝑔
𝑛

(3)

,

where 𝐽𝑡 and 𝐽𝑔 are the turbine and generator inertia,
respectively, 𝐷𝑚 is damping coefficient, 𝐾𝑚 is the shaft elastic
coefficient, 𝐹𝑔 is the friction coefficient of generator, 𝑇𝑒 is
the electromagnetic torque of generator, 𝜔𝑔 is the generator
speed, 𝑛 is the gearbox ratio, and 𝜃 is the shaft deformation
angle.
The equations of doubly fed induction generator written
in a synchronously rotating 𝑑-𝑞 reference frame are expressed
as follows [13]:
𝑢𝑠𝑑 = 𝑅𝑠 𝑖𝑠𝑑 +

𝑢𝑟𝑑 = 𝑅𝑟 𝑖𝑟𝑑 +

𝑑𝜓𝑠𝑑
− 𝜔1 𝜓𝑠𝑞 ,
𝑑𝑡
𝑑𝜓𝑠𝑞
𝑑𝑡

+ 𝜔1 𝜓𝑠𝑑 ,

𝑑𝜓𝑟𝑑
− (𝜔1 − 𝜔𝑟 ) 𝜓𝑟𝑞 ,
𝑑𝑡
𝑑𝜓𝑟𝑞
𝑑𝑡

+ (𝜔1 − 𝜔𝑟 ) 𝜓𝑟𝑑 ,

(4)

𝜓𝑠𝑑 = 𝐿 𝑠 𝑖𝑠𝑑 + 𝐿 𝑚 𝑖𝑟𝑑 = 𝐿 𝑚 𝑖𝑚𝑠 ,

(−𝑐4 − 𝑐3 𝑎1 + 𝑐2 𝑎2 )
),
exp (𝑐5 𝑎2 )

𝜔𝑟 𝑅
,
𝑉𝑊

𝐽𝑔 𝜔̇ 𝑔 =

𝑢𝑟𝑞 = 𝑅𝑟 𝑖𝑟𝑞 +

where 𝑃𝑎 is the aerodynamic power, 𝜌 is the air density, 𝑅
is the rotor radius, 𝐶𝑝 is the aerodynamic power performance coefficient which is the function of tip speed ratio 𝜆
and pitch angle 𝛽, 𝑉𝑊 is the wind speed, 𝑇𝑎 is the aerodynamic torque, and 𝜔𝑟 is the rotating speed of the turbine.
The aerodynamic power performance coefficient 𝐶𝑝 is
calculated according to the following equation:
𝐶𝑝 = 𝑐1 (𝑐6 𝜆 +

𝐽𝑡 𝜔̇ 𝑟 = 𝑇𝑎 − 𝐷𝑚 (𝜔𝑟 −

𝑢𝑠𝑞 = 𝑅𝑠 𝑖𝑠𝑞 +

2. Transfer Trajectory Optimization of
DFIG Operation Point

1
3
𝑃𝑎 = 𝜌𝜋𝑅2 𝐶𝑝 (𝜆, 𝛽) 𝑉𝑊
= 𝑇𝑎 𝜔𝑟 ,
2

The dynamic behavior of the drive train can be described
with a two-mass model [17]:

𝑐8
1
−
,
(𝜆 + 𝑐7 𝑎1 ) (1 + 𝑎13 )

where 𝑐1 –𝑐8 are constants related to the aerodynamic characteristics of the wind wheel.

𝜓𝑠𝑞 = 𝐿 𝑠 𝑖𝑠𝑞 + 𝐿 𝑚 𝑖𝑟𝑞 ,
𝜓𝑟𝑑 = 𝐿 𝑚 𝑖𝑠𝑑 + 𝐿 𝑟 𝑖𝑟𝑑 ,
𝜓𝑟𝑞 = 𝐿 𝑚 𝑖𝑠𝑞 + 𝐿 𝑟 𝑖𝑟𝑞 ,
where 𝑢𝑠𝑑 , 𝑢𝑠𝑞 , 𝑢𝑟𝑑 , 𝑢𝑟𝑞 are the 𝑑𝑞 components of stator
voltage and rotor voltage, respectively, 𝜓𝑠𝑑 , 𝜓𝑠𝑞 , 𝜓𝑟𝑑 , 𝜓𝑟𝑞 are
the 𝑑𝑞 components of stator flux and rotor flux, respectively,
𝑖𝑠𝑑 , 𝑖𝑠𝑞 , 𝑖𝑟𝑑 , 𝑖𝑟𝑞 are the 𝑑𝑞 components of stator current
and rotor current, respectively, 𝑅𝑠 and 𝑅𝑟 are the stator
resistance and rotor resistance, 𝐿 𝑠 , 𝐿 𝑟 , and 𝐿 𝑚 are the stator
inductance, rotor inductance, and the mutual inductance, 𝜔1
is the synchronous speed, and 𝑖𝑚𝑠 is the equivalent stator
magnetizing current.
2.2. Stability Analysis of DFIG Operation Points. Based on
the historical statistics data of wind speed and load in the
islanded power system, if the capacity of DFIG is configured
reasonably, the DFIG can satisfy the reactive power demand
of load. On this basis, the specific active power can be output
by adjusting the rotating speed and pitch angle of DFIG. It is
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known from (1) and (2) that, for a certain wind speed, the
aerodynamic power captured by the turbine is a nonlinear
function of the rotating speed 𝜔𝑟 and pitch angle 𝛽 and this is
shown in Figure 1.
For specific wind speed and captured aerodynamic power,
DFIG can operate with different rotating speeds and pitch
angles, namely, different operating points. However, the
DFIG is not able to operate at some operation points stably
(shown in Figure 1), and the following analysis is made. As
shown in Figure 2, when the wind speed is 9 m/s, there are
two operation points called A and B where DFIG can absorb
0.5 MW power from the wind. For operation point A,
𝜕𝑃𝑎 
> 0.

𝜕𝜔𝑟 (𝜔𝑟𝐴 ,𝛽)

(5)

And for operation point B,
𝜕𝑃𝑎 
≤ 0.

𝜕𝜔𝑟 (𝜔𝑟𝐴 ,𝛽)

(6)

When DFIG operates at point A, the captured aerodynamic power and the rotating speed would rise following
the increasing wind speed. As shown in (5), the increasing
rotating speed will drive DFIG to capture more aerodynamic
power, and then the rotating speed will be further increased,
which makes the turbine gradually deviate from operation
point A. When the wind turbine operates at point B, the
increase of wind speed will also result in the rise of rotating
speed. But as shown in (6), the rise of rotating speed would
decrease the aerodynamic power absorbed by DFIG, and this
may force DFIG to return to operation point B. The operation
condition is similar to the one above when wind speed is
reduced. Thus operation point A is not the stable one while
operation point B is. Through analysis, to ensure that DFIG
stably operate at a certain point, (6) is necessary.
2.3. Transfer Trajectory Optimization of DFIG Operation
Point. The operation point will be adjusted according to the
fluctuation of wind speed and load when DFIG operates in
the islanded mode. As shown in Figure 3, the wind speed is
10 m/s at 𝑡0, and DFIG operates stably at point A with the
output power 0.6 MW. The wind speed reduces to 10 m/s at 𝑡1,
so the wind turbine operation point needs to be transferred
from point A to another operation point on the red line in
order to keep its output power unchanged. The red dotted
line is the set of unstable operation points, while the solid line
presents the stable ones. The synthetic adjustment amount
of rotating speed and pitch angle will be minimized if the
operation point is transferred from point A to B1 or B2. But
B1 is not the stable one, so transferring operation point to
B2 can keep the output power unchanged and minimize the
synthetic adjustment of rotating speed and pitch angle.
Therefore the optimization model of transfer trajectory at
operation points is established to obtain the optimal transfer
trajectory that DFIG operates along, and the objective function of which is the minimum of the synthetic adjustment
amount of rotating speed and pitch angle between two
adjacent times. The constraint conditions include the balance
of active power and the stability of operation points. The
model is shown from (7) to (12). Equation (7) is the objective
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Figure 4: Schematic of the islanded operation control strategy of DFIG.

function, in which two terms present the rotating speed and
pitch angle adjustment amount between two adjacent times,
respectively. Equations (8) and (9) are the restrictions of
pitch angle and rotating speed, respectively. The restriction
described in (10) can ensure the stable operation of DFIG at
the selected operation point. Equations (11) and (12) are the
active power balance constraints
 ∗

 ∗

𝜔𝑟,𝑘 − 𝜔𝑟,𝑘−1 

 + 𝑎 𝛽𝑘 − 𝛽𝑘−1  ) ,
𝐽1 = min (𝑎𝜔
𝛽
𝜔𝑟,max
𝛽max

(7)

𝛽min ≤ 𝛽𝑘∗ ≤ 𝛽max ,

(8)

∗
𝜔𝑟,min ≤ 𝜔𝑟,𝑘
≤ 𝜔𝑟,max ,

(9)

𝜕𝑃∗𝑎,𝑘 

≤ 0,
𝜕𝜔∗𝑟,𝑘 (𝜔∗ ,𝛽∗ )
𝑟,𝑘 𝑘

(10)

1
∗
∗
3
= 𝜌𝜋𝑅2 𝐶𝑝 (𝜔𝑟,𝑘
, 𝛽𝑘∗ ) 𝑉𝑊,𝑘
,
𝑃𝑎,𝑘
2

(11)

∗
∗
𝑃𝑎,𝑘
− (1 + 𝐿 𝑥 ) 𝑃𝐿,𝑘
= 0,

(12)

∗
where 𝜔𝑟,𝑘
, 𝛽𝑘∗ are the control commands of rotating speed
and pitch angle at next moment, respectively, 𝜔𝑟,𝑘−1 , 𝛽𝑘−1 are

the rotating speed and pitch angle at the present moment,
respectively, and 𝜔𝑟,max , 𝜔𝑟,min , 𝛽max , 𝛽min are the maximum
and minimum of rotor speed and pitch angle, respectively. 𝑎𝜔 ,
𝑎𝛽 are weight values of rotating speed and pitch angle, respectively, and set to be 0.1 and 0.9 according to experimental
comparison. 𝐿 𝑥 is the internal power loss coefficient, which
∗
is between 0.03 and 0.05. 𝑃𝐿,𝑘
is the active power requirement
∗
of load at next moment and 𝑃𝑎,𝑘
is the captured aerodynamic
∗
power of DFIG at next moment. 𝑉𝑊,𝑘
is the wind speed at
next moment, which can be estimated by establishing a state
observer [17].

3. Islanded Operation Control
Strategy of DFIG
A control strategy for DFIG which operates in the islanded
mode, based on the optimization of transfer trajectory at
operation points, is proposed in this paper (shown in Figure 4). A wind speed estimator using Kalman filter (KF)
and Newton-Raphson (NR) algorithms is established to
estimate the wind speed and rotating speed. The ISFO control
technology is applied to control the rotor-side inverter of
DFIG, and the traditional control strategy of pitch system
is modified. Then by the coordination control of rotating
speed and pitch angle, an operation trajectory controller is
established to ensure the islanded operation of DFIG along
the optimal transfer trajectory.
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3.1. Wind Speed Estimator. Wind turbines are usually
equipped with anemometers which can measure the wind
speed. However, the measurement data are not accurate
enough because of the aerodynamic turbulent phenomena
caused by the rotating blades of wind turbine. Moreover,
the wind measured by anemometers is not exactly equal
to the component that transfer power to the turbine rotor.
Therefore, in order to obtain a good performance in the
overall control loop, it is necessary to exploit the indirect
information to precisely estimate the wind speed. KF is
adopted in the wind speed estimator to estimate the aerodŷ 𝑎 and rotating speed 𝜔
̂ 𝑟 , and then the effective
namic torque 𝑇
̂
̂ 𝑟 with NR method
wind speed could be derived from 𝑇𝑎 and 𝜔
[17].
For the estimator design, it is assumed that the rotating
speed and electromagnetic torque of generator are available
through measurements, and only the generator rotating
speed is a noisy measurement. With the aerodynamic torque
𝑇𝑎 as an additional state, the augmented state-space model is
given as follows:
𝜔̇ 𝑟

[
[ ] [
[𝜔̇ 𝑔 ] [
[ ] [
[ ̇]=[
[𝜃] [
[ ] [
[
[
̇
[𝑇𝑎 ]
[

−

𝐷𝑚
𝑛𝐽𝑡

𝐷𝑚
𝐽𝑡

𝐷𝑚
𝑛𝐽𝑔
1
0

−

𝐾𝑚 1
0
0
𝐽𝑡 𝐽𝑡 ] 𝜔𝑟
]
]
[
][ ] [ 1 ]
[ ]
] [𝜔𝑔 ] [− ]
[0]
𝐾𝑚
[ ]
]
[ ] [
0]
] [ 𝜃 ] + [ 𝐽𝑔 ] 𝑇𝑒 + [0] ,
𝑛𝐽𝑔
][ ] [ 0 ]
[ ]
]
]
[
0
0] 𝑇
[𝜁]
[ 𝑎]
[ 0 ]
0
0]

−

𝐷𝑚 + 𝑛2 𝐹𝑔
𝑛2 𝐽𝑔
−1
0

(13)

𝜔𝑟
[ ]
[𝜔𝑔 ]
]
𝑦 = [0 1 0 0] [
[ 𝜃 ] + V,
[ ]
[ 𝑇𝑎 ]

where 𝜁, V are the process noisy and measurement noisy,
respectively.
Equation (13) can be discretized by zero-holding method
with sampling time 𝑇𝑠 , and then the discretized model can be
used in an estimation algorithm by applying the KF. Finally,
̂𝑊 can be obtained by resolving
the wind speed estimation 𝑉
(14) with NR method:
1
̂ 𝑎𝜔
̂3 = 0.
̂ 𝑟 − 𝜌𝜋𝑅2 𝐶𝑝 (𝜆, 𝛽) 𝑉
𝑇
𝑊
2

(14)

3.2. Rotor-Side Inverter Control. When ISFO control technology is adopted in the control unit of rotor-side inverter,
the amplitude and frequency of DFIG stator voltage can
be controlled by regulating its 𝑖𝑚𝑠 and 𝑖𝑟𝑞 . The 𝑑-axis in
synchronous rotating reference frame is orientated in stator
flux vector of generator, and the following equations are
established:
𝑖𝑠𝑑 =

𝐿𝑚
(𝑖 − 𝑖 ) ,
𝐿 𝑠 𝑚𝑠 𝑟𝑑

𝑖𝑟𝑞 = −

𝐿𝑠
𝑖 .
𝐿 𝑚 𝑠𝑞

(15)

(16)

Replacing 𝑖𝑠𝑑 in stator voltage equation with (15), then (17)
can be obtained:
𝐿 𝑠 𝑑𝑖𝑚𝑠
𝐿𝑠
+ 𝑖𝑚𝑠 = 𝑖𝑟𝑑 +
𝑢 .
𝑅𝑠 𝑑𝑡
𝑅𝑠 𝐿 𝑚 𝑠𝑑

(17)

Neglecting the voltage drop on the stator resistance, then
the stator voltage equations can be expressed as follows:
𝑢𝑠𝑑 ≈ 0,
𝑢𝑠𝑞 ≈ 𝜔1 𝜓𝑠𝑑 = 𝜔1 𝐿 𝑚 𝑖𝑚𝑠 .

(18)

Neglecting the differential term of 𝑖𝑚𝑠 , the rotor voltage
equations can be expressed as follows:
𝑢𝑟𝑑 = 𝑅𝑟 𝑖𝑟𝑑 + 𝜎𝐿 𝑟

𝑑𝑖𝑟𝑑
− 𝜔𝑠 𝜎𝐿 𝑟 𝑖𝑟𝑞 ,
𝑑𝑡

𝐿2
𝑢𝑟𝑞 = 𝑅𝑟 𝑖𝑟𝑞 + 𝜎𝐿 𝑟
+ 𝜔𝑠 ( 𝑚 𝑖𝑚𝑠 + 𝜎𝐿 𝑟 𝑖𝑟𝑑 ) ,
𝑑𝑡
𝐿𝑠
𝑑𝑖𝑟𝑞

(19)

where 𝜔𝑠 = 𝜔1 − 𝜔𝑔 , which presents the slip angular speed.
The rotor current 𝑖𝑟𝑑 can be controlled by adjusting 𝑢𝑟𝑑 ,
and then the stator voltage amplitude can be controlled by
∗
.
regulating 𝑢𝑟𝑑 to make 𝑖𝑚𝑠 track the reference value 𝑖𝑚𝑠
The rotor current 𝑖𝑟𝑞 can be controlled by adjusting 𝑢𝑟𝑞 .
∗
Regulating 𝑖𝑟𝑞 to track the reference value 𝑖𝑟𝑞
calculated via
(16) will force the orientation of the reference frame along
the stator flux vector position, and then the control of stator
voltage frequency is achieved indirectly. This means that the
stator flux angle does not have to be derived from integration
of the stator voltages; instead, it can be derived directly from a
free running integral of the stator voltage frequency demand
𝜔1 (50 Hz). The control strategy is shown in Figure 4. In
addition, the traditional control strategy is adopted in the
grid-side inverter control to stabilize the DC link voltage.
3.3. Pitch System Control. As shown in (1) and (2), for specific
wind speed and aerodynamic power captured by the turbine,
its pitch angle could be controlled indirectly by regulating
the rotating speed. Therefore the DFIG can operate along
the selected transfer trajectory by regulating 𝜔𝑟 and 𝛽 to
track the reference value 𝜔𝑟∗ and 𝛽∗ calculated from the
operation trajectory controller. In this paper, 𝜔𝑟∗ is used as the
reference value of the pitch control unit and 𝛽 is regulated
̂ 𝑟 track the
to make the rotating speed estimation value 𝜔
reference value 𝜔𝑟∗ . However, there will always exist a little
slight error between the real pitch angle 𝛽 and reference
value 𝛽∗ because of some reasons such as the inertia of the
pitch system actuator. In order to reduce the tracking error, a
compensation term is introduced into the pitch control, and
the integration coefficient 𝐾𝛽 is set to be 0.01.
3.4. Operation Trajectory Controller of DFIG. In order to
obtain the optimal transfer trajectory of DFIG, the operation
trajectory controller based on the optimization model of
transfer trajectory at operation points is established. As
shown in Figure 4, the input of the operation trajectory

6
̂𝑊 and 𝜔
̂ 𝑟 sampled from the wind speed
controller contains 𝑉
estimator and 𝑃𝐿 and 𝛽 sampled from the control unit
of rotor-side converter and pitch system, respectively. The
optimization model of transfer trajectory at operation points
is solved in real time, and the optimization results, namely,
the control commands of 𝜔𝑟∗ and 𝛽∗ , are sent to the control
unit of pitch system. Then the coordinate control of rotating
speed and pitch angle could be achieved through the control
unit of rotor-side inverter and pitch system, and this would
make the wind turbine track the selected operation transfer
trajectory.
The interior point method has the characteristics of
fast calculation, strong robustness, and global convergence
[18, 19]. It is widely used in solving the large nonlinear
optimization model, such as the optimal power flow model of
power system [20], the optimal coordinated voltage control
model [21], and the restoring power flow model of power
system [22]. Therefore, in order to obtain the optimal transfer
trajectory of DFIG, the interior point method is applied
to get the global optimal solution of the transfer trajectory
optimization model.
In this paper, the Ipopt toolbox [23] in MATLAB is used
in the operation trajectory controller to solve the optimization model of transfer trajectory at operation points. The
Ipopt toolbox is based on the interior point method. Through
a large number of simulations, it shows that solving the model
generally takes 0.02–0.05 s once. Therefore, 0.1 s is taken
as the sampling time of the operation trajectory controller,
which can ensure obtaining the solution of the optimization
model within one sample cycle. In addition, it is rational to
assume that the use of lower level software suitable for control
system practical implementation would further decrease the
calculation time.

4. Simulation Results
The islanded power system shown in Figure 5 is simulated to
verify the feasibility of the control strategy of DFIG proposed
in this paper. In Figure 5, the DFIG whose rated power is
1.55 MVA can supply the controllable load L1 through the
0.69/10 kv box-type transformer T1, the 0.1 km transmission
line, and the 10/0.4 kv transformer T2. The controllable load
L1 has been simulated by the inverter and the DC source. The
simulation results are shown in Figure 6.
An actual measured time series of wind speed is used in
this paper, and its sample period is 1 s. The wind speed data
between two sample points is obtained by linear interpolation. As shown in Figures 6(a) and 6(b), the actual wind speed
and rotating speed of DFIG can be precisely estimated by the
wind speed estimator designed in this paper. It is obvious that
the error of the designed wind speed estimator is adequately
small to ensure better performance of the overall control
loop. The control strategy of pitch system was switched to the
proposed one in this paper from the one mentioned in [10].
Figures 6(h) and 6(i) show that, with ISFO control technology
adopted in the control unit of DFIG rotor-side inverter, the
actual values of the equivalent stator magnetizing current and
the 𝑞-axis component of rotor current could be regulated to
track their reference values, respectively. Then the amplitude
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0.4 kV/10 kV

TW1
10 kV/0.69 kV

0.1 km line
Load

DFIG 1.55 MVA

Figure 5: Diagram of the islanded power system.

and frequency of DFIG stator voltage could be stabilized as
shown in Figures 6(f) and 6(g), and the active power and
reactive power demand of load can be satisfied as shown in
Figures 6(d) and 6(e).
Due to the wind speed in Figure 6(a) and active power
demand of load in Figure 6(d) changing over time, the
rotating speed and pitch angle of DFIG need to be adjusted
to keep the balance between the captured aerodynamic power
and active power output of DFIG. As shown in Figures 6(b)–
6(d), on the basis of the active power requirement of load
satisfied, the rotating speed and pitch angle of DFIG can
track the reference values offered by the operation trajectory
controller. Figures 6(k) and 6(l) show that the operation
trajectory controller could always obtain the global optimal
solution of the optimization model within 0.1 s, and it ensures
the selected operation transfer trajectory to be the optimal
one that has the minimum synthetic adjustment amount of
rotating speed and pitch angle. Figure 6(j) shows that the DC
link voltage can be stabilized by the control of the grid-side
inverter, and it could provide slip power for the rotor-side
inverter. Therefore, DFIG could autonomously operate in the
islanded mode along the optimal trajectory by adopting the
control strategy proposed in this paper.
In order to evaluate the performance of the proposed control strategy, with the same simulation conditions employed,
the control strategies of pitch system proposed in [10, 16]
(shown in Figure 7) are also simulated. Figure 8 shows that
the control strategy proposed in this paper could make the
rotating speed and pitch angle track their reference values
more quickly and accurately. Moreover, three evaluation
indexes are defined as follows to quantitatively compare the
adjustment amount of the rotating speed and pitch angle,
including the adjustment amount of rotating speed Δ𝜔𝑟 , the
adjustment amount of pitch angle Δ𝛽, and the synthetic
adjustment amount Δ𝑧. It is obvious that when DFIG operates
in the islanded mode, its synthetic adjustment amount of the
rotating speed and pitch angle could be reduced with the
application of the control strategy proposed in this paper as
shown in Table 1:

𝐾 
𝜔𝑟,𝑘 − 𝜔𝑟,𝑘−1 
,
Δ𝜔𝑟 = ∑ 
𝜔𝑟,max
𝑖=1

𝐾 
𝛽 − 𝛽𝑘−1 
Δ𝛽 = ∑  𝑘
,
𝛽max
𝑖=1
Δ𝑧 = Δ𝜔𝑟 + Δ𝛽.

(20)
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Figure 6: Continued.
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Figure 6: Simulation results of the proposed control strategy.
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Figure 7: Schematic of the pitch system control strategy: (a) the strategy proposed in [10] and (b) the strategy proposed in [16].

Table 1: Comparison of the adjustment amount of rotating speed
and pitch anglefor different control strategies.
This paper
Reference [10]
Reference [16]

Δ𝜔𝑟
5.041
5.325
4.961

Δ𝛽
0.724
1.105
2.171

Δ𝑧
5.765
6.43
7.132

5. Conclusion
This paper presents a novel control strategy to enable the
DFIG to operate in the islanded mode. The control strategy
is based on the optimal control of rotating speed and pitch
angle of DFIG. Simulation results of the operation of a DFIG

supplying a varying power load are given. Assuming that
the capacity of DFIG is enough to satisfy the requirement
of the active and reactive power of load simultaneously,
the proposed control strategy presents several advantages as
follows.
(1) The control strategy enables DFIG to control the frequency and amplitude of the stator voltage independently which is similar to a voltage source, and then it
is not needed to equip a large power source to sustain
the voltage of islanded power system.
(2) The improved control strategy of pitch system can
make the rotating speed and pitch angle of DFIG track
their reference values more quickly and accurately
compared with other methods.
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Figure 8: Rotating speed and pitch angle using the different pitch system control strategy: (a) the strategy proposed in this paper, (b) the
strategy proposed in [10], and (c) the strategy proposed in [16].

(3) The application of this control strategy can ensure the
DFIG to operate along the optimal transfer trajectory in islanded mode, with minimized adjustment
amount of rotating speed and pitch angle.
Even if the DFIG may not track the maximum wind
power, it is not necessarily a disadvantage for the islanded
power systems in remote regions. The utilization efficiency of
DFIG can be improved by equipping an energy storage system
with appropriate capacity in the islanded power system.
When the demand power of load is less than the extractable
wind power of DFIG, the extra power can be absorbed by the
energy storage system. Otherwise, the energy storage system
can supply the load together with DFIG through releasing
power. The coordinate control strategy of the DFIG and
energy storage system will be fully addressed in the future
publication.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

References
[1] G. Weidong, “Development and application of large-scale nongrid-connected wind power system,” Automation of Electric
Power Systems, vol. 32, no. 19, pp. 1–9, 2008.
[2] H. Yang, R. Zhao, H. Xin, Z. Wang, and D. Gan, “Development
and research status of island power systems,” Transactions of
China Electrotechnical Society, vol. 28, no. 11, pp. 95–105, 2013.
[3] E. Guizzo, “Wind power in paradise,” IEEE Spectrum, vol. 45,
no. 3, pp. 38–45, 2008.
[4] G. Iwanski and W. Koczara, “DFIG-based power generation
system with UPS function for variable-speed applications,”
IEEE Transactions on Industrial Electronics, vol. 55, no. 8, pp.
3047–3054, 2008.
[5] C. L. Moreira, F. O. Resende, and J. A. P. Lopes, “Using low voltage MicroGrids for service restoration,” IEEE Transactions on
Power Systems, vol. 22, no. 1, pp. 395–403, 2007.
[6] S. Müller, M. Deicke, and R. W. De Doncker, “Doubly fed
induction generator systems for wind turbines,” IEEE Industry
Applications Magazine, vol. 8, no. 3, pp. 26–33, 2002.

Acknowledgment

[7] F. A. Bhuiyan and A. Yazdani, “Multimode control of a DFIGbased wind-power unit for remote applications,” IEEE Transactions on Power Delivery, vol. 24, no. 4, pp. 2079–2089, 2009.

This work was supported by the Science and Technology
Project of State Grid Corporation of China under Grant
SGMD0000DDJS1500096.

[8] S. Lin, L. Yi, and S. Nian, “A control strategy of isolated grid
with high penetration of wind and energy storage systems,”
Proceedings of the CSEE, vol. 33, no. 16, pp. 78–85, 2013.

10
[9] J.-Y. Kim, J.-H. Jeon, S.-K. Kim et al., “Cooperative control strategy of energy storage system and microsources for stabilizing
the microgrid during islanded operation,” IEEE Transactions on
Power Electronics, vol. 25, no. 12, pp. 3037–3048, 2010.
[10] L.-R. Chang-Chien and Y.-C. Yin, “Strategies for operating wind
power in a similar manner of conventional power plant,” IEEE
Transactions on Energy Conversion, vol. 24, no. 4, pp. 926–934,
2009.
[11] F. D. Kanellos and N. D. Hatziargyriou, “Optimal control of
variable speed wind turbines in islanded mode of operation,”
IEEE Transactions on Energy Conversion, vol. 25, no. 4, pp. 1142–
1151, 2010.
[12] Y. Zhang and B. T. Ooi, “Stand-Alone doubly-fed induction
generators (DFIGs) with autonomous frequency control,” IEEE
Transactions on Power Delivery, vol. 28, no. 2, pp. 752–760, 2013.
[13] R. Cárdenas, R. Peña, J. Proboste, G. Asher, and J. Clare, “MRAS
observer for sensorless control of standalone doubly fed induction generators,” IEEE Transactions on Energy Conversion, vol.
20, no. 4, pp. 710–718, 2005.
[14] R. Pena, J. C. Clare, and G. M. Asher, “A doubly fed induction generator using back-to-back PWM converters supplying
an isolated load from a variable speed wind turbine,” IEE
Proceedings-Electric Power Applications, vol. 143, no. 5, pp. 380–
387, 1996.
[15] R. D. Shukla and R. K. Tripathi, “A novel voltage and frequency
controller for standalone DFIG based wind energy conversion
system,” Renewable and Sustainable Energy Reviews, vol. 37, pp.
69–89, 2014.
[16] M. Fazeli, G. M. Asher, C. Klumpner, and L. Yao, “Novel
integration of DFIG-based wind generators within microgrids,”
IEEE Transactions on Energy Conversion, vol. 26, no. 3, pp. 840–
850, 2011.
[17] B. Boukhezzar and H. Siguerdidjane, “Nonlinear control of a
variable-speed wind turbine using a two-mass model,” IEEE
Transactions on Energy Conversion, vol. 26, no. 1, pp. 149–162,
2011.
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To reduce the influence of wind power random on system operation, energy storage systems (ESSs) and demand response (DR) are
introduced to the traditional scheduling model of wind power and thermal power with carbon emission trading (CET). Firstly, a
joint optimization scheduling model for wind power, thermal power, and ESSs is constructed. Secondly, DR and CET are integrated
into the joint scheduling model. Finally, 10 thermal power units, a wind farm with 2800 MW of installed capacity, and 3 × 80 MW
ESSs are taken as the simulation system for verifying the proposed models. The results show backup service for integrating wind
power into the grid is provided by ESSs based on their charge-discharge characteristics. However, system profit reduces due to
ESSs’ high cost. Demand responses smooth the load curve, increase profit from power generation, and expand the wind power
integration space. After introducing CET, the generation cost of thermal power units and the generation of wind power are both
increased; however, the positive effect of DR on the system profit is also weakened. The simulation results reach the optimum when
both DR and CET are introduced.

1. Introduction
The implementation of China’s energy-saving and pollutant
emission reduction strategies has prompted large-scale wind
power development. In 2014, the installed capacity of wind
power reached 115 million kW, ranking first in the world.
However, influenced by the intermittency that is characteristic of wind power, the growth rate of wind power grid
integration is smaller than the growth rate of the installed
capacity. This phenomenon leads to a high rate of curtailed
wind power in China. The average rate of curtailed wind
power is approximately 12.8%. Especially in the “three north
areas,” the rate of curtailed wind power has already reached
15.4%. In order to solve the problem of curtailed wind
power, suitable backup service should be provided on the
generation site for wind power connected to the grid. Energy
storage systems (ESSs) could flexibly provide backup service
by charging and discharging. This property gives ESSs the
most potential as a means to provide backup service for

wind power integration. Additionally, demand response (DR)
could optimize customers’ power consumption behavior and
incentivize customers to participate in system scheduling for
wind power consumption.
Currently, China is implementing carbon emission trading (CET) pilot projects and plans to establish a CET market
to prompt energy-saving and emissions reduction in the
“thirteenth five-year plan” period. CET could affect the
generation cost of thermal power units and make clean
energy generation more advantageous. Hetzer et al. [1] regard
carbon emission as a virtual network flow to subsequently
build a theoretical framework for carbon emissions from the
power system based on analyses of carbon emission trading
and developing trends in the power industry. References [2–
4] study carbon emission right definition problems in crossregional power trading and build a fair allocation principle
based on the construction of a mathematical model that
tracks carbon flow. The above research shows that CET can
affect the cost of thermal power generation and make grid

2
integration of clean energy more advantageous. Therefore,
a study of how to integrate ESSs, DR, and CET into the
traditional generation scheduling of a power system with
wind power has important practical significance.
Selecting a better backup method is the most effective way
to overcome the random nature of wind power. Currently,
backup service for wind power grid integration consists of
three main parts: thermal power, pumped storage power
plants, and ESSs. Jiang et al. [5] develop a wind-thermal economic emission scheduling model considering coordination
of the power allocation of thermal units and wind turbines.
Yuan et al. [6] establish a multiobjective economic scheduling
model for the hydrothermal-wind problem, considering the
uncertainty cost of wind power. Wang et al. [7] propose a
novel stochastic constraint model to solve for the uncertainty
cost of wind power and present an improved particle swarm
optimization (PSO) algorithm to solve the proposed model.
Thermal power units can provide backup service for wind
power by adjusting their start-stop condition, but their fuel
consumption and pollution emission are not environmentally
friendly. Therefore, pumped storage power stations are a
better way to provide backup service. Papaefthymiou et al.
[8] achieve high penetration levels of renewable energy
in power systems by combining wind power and pumped
storage power plants. Papaefthymiou and Papathanassiou
[9] propose a novel unit commitment problem model and
binary PSO algorithm to find the optimal schedule scheme.
Ming et al. [10] calculate the effect of pumped storage power
stations on wind power regulation and develop an economic
evaluation model for combined wind power and pumped
storage systems. Pumped storage power plants have the
advantages of saving energy and reducing pollutant emission,
but they are not suitable for large-scale application because
they are restricted by geographic location and conditions.
The operational theory of ESSs is similar to that of
pumped storage power plants, but ESSs have more flexible
installation requirements with better prospects for largescale application. Wu et al. [11] take constraints on power
generation units and energy storage units into consideration
and build a static model for joint operation of wind power
and energy storage. Hu et al. [12] combine opportunity and
constraint theory and build a joint scheduling model for
wind power and energy storage systems considering the
uncertainty in wind power output, which is applied with good
results. Ding et al. [13] build a wind-storage joint scheduling
model considering risk constraints and use a Monte Carlo
simulation method to simulate wind power output. Garcı́aGonzález et al. [14] improve the power ramp mathematic
expression for wind power and build a joint scheduling
optimization model for the control of curtailed wind power
and energy storage systems.
The researchers cited above have achieved good results
in actual applications; however, the high initial investment
cost limits the scale of application of energy storage systems.
Therefore, other routes are needed to optimize the application
of ESSs. DR can optimize customers’ power consumption
behavior, smooth the demand load curve, and increase the
consumption of wind power. Greening [15] puts forward the
basic concept of demand response. Niu et al. [16] classify DR
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into price-based demand response (PBDR) and incentivebased demand response (IBDR). López et al. [17] propose
an optimization model for performing load shifting in the
context of a smart grid. Nwulu and Xia [18] integrate
game theory into dynamic economic emission scheduling
considering DR. A framework for optimizing the bidding
strategy of a smart distribution company that contains wind
farms and responsive loads in the day-ahead energy market
is proposed by Ghasemi et al. [19]. Wang et al. [20] construct
a modeling framework for an integrated electricity system in
which loads become an additional resource.
CET can highlight the environmental friendliness of
wind power and increase the advantages of wind power
generation [21]. Zhu et al. [22] developed a full-infinite fuzzy
stochastic programming method for planning municipal
electric power systems associated with greenhouse gas control under uncertainty. Khalid and Savkin [23] developed and
tested a methodology for controlling the emissions from a
group of microgenerators aggregated in a virtual power plant
with wind power. The above papers discussed the impact
of CET on system scheduling; the effects of collaborative
optimization of CET, ESSs, and DR should be analyzed.
The rest of this paper is organized as follows. Section 2
puts forward a demand response mathematical model.
Section 3 presents a model for charging and discharging
ESSs. Section 4 establishes the joint scheduling optimization
model for wind power and ESSs with and without CET.
Section 5 takes 10 thermal units, a wind farm with 2800 MW
of installed capacity, and 3 × 80 MW ESSs as the simulation
system and comparatively analyzes the influence of ESSs, DR,
and CET on system operation. Section 6 presents the primary
conclusions.

2. Demand Response Model
Power demand response refers to a situation in which customers dynamically adjust their power consumption behavior according to price, which should guarantee a balance
between power supply and demand. From an economic point
of view, when electricity price increases, the demand for
power should decrease. Part of the power demand during
the peak load period will be transferred to other periods,
while the other part will be reduced. Thus, for the peak load
period, the load reduction consists of three parts: one is load
transfer due to an increased electricity price, the second is
load reduction, and the third is load transfer due to a reduced
electricity price during the valley load period. For the float
load period, the load change consists of two parts: one part
comes from the peak load period and the other part goes to
the valley load period. For the valley load period, the load
increase consists of three parts: one is load transfer due to a
decreased electricity price, the second part comes from the
peak load period, and the third part is new power demand
due to the price reduction.
This study defines the power demand during the peak
load period, float load period, and valley load period before
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implementing time-of-use (TOU) price as 𝐺peak , 𝐺flat , and
𝐺valley . Power demand at period 𝑡 is 𝐺𝑡 ; therefore,

the storage energy of ESSs at time 𝑡 is 𝑄𝑠,𝑡 , the charging and
discharging power balance should obey
+
−
𝑄𝑠,𝑡 = 𝑄𝑠,𝑡−1 + 𝑄𝑠,𝑡

𝐺peak = ∑ 𝐺𝑡 ,
𝑡∈peak

𝐺flat = ∑ 𝐺𝑡 ,
𝑡∈flat

(1)

𝐺valley = ∑ 𝐺𝑡 .
𝑡∈valley

The proportion of power demand reduction during the
peak load period is given by 𝛼, the proportion of the load that
transfers to other periods is 𝛼1 and the load loss proportion
is 1 − 𝛼1 , and the proportion of the load that transfers to the
float load period is 𝛼2 and the proportion that transfers to the
valley load period is 1 − 𝛼2 . The proportion of power demand
increase during the valley load period is 𝛽, the proportion
of the load transferred to the valley load period is 𝛽2 , and
the new demand proportion is 1 − 𝛽2 . The proportion of
the load that comes from the valley load period is 𝛽2 , and
the proportion from the float load period is 1 − 𝛽2 . Thus,
the demand during the peak, float, and valley load periods
is calculated as follows:

= 𝐺peak − 𝐺peak ⋅ 𝛼 − 𝐺valley 𝛽 ⋅ 𝛽1 ⋅ 𝛽2 ,
𝐺peak

= 𝐺flat + 𝐺peak ⋅ 𝛼 ⋅ 𝛼1 ⋅ 𝛼2 − 𝐺valley ⋅ 𝛽 ⋅ 𝛽1
𝐺flat

⋅ (1 − 𝛽2 ) ,

(2)


= 𝐺valley + 𝐺valley ⋅ 𝛽 + 𝐺peak ⋅ 𝛼 ⋅ 𝛼1 ⋅ (1 − 𝛼2 ) .
𝐺valley

If the proportion of load change is the same at each point
in time in the same period, the load at each time point is
𝐺𝑡 =

𝐺𝑡 
𝐺
𝐺peak peak

𝐺𝑡 =

𝐺𝑡 
𝐺
𝐺flat flat

𝐺𝑡 =

𝐺𝑡
𝐺
𝐺valley valley

(1 − 𝜃𝑠 )

,

(4)

+
−
where 𝑄𝑠,𝑡
is the charging power at time 𝑡, 𝑄𝑠,𝑡
is the
discharging power at time 𝑡, and 𝜃𝑠 is the loss coefficient for
charging and discharging power.
Charging and discharging power from ESSs is limited as
follows:
+
≤ 𝑄𝑠 ,
𝑄𝑠,𝑡

(5)

−
≤ 𝑄𝑠 ,
𝑄𝑠,𝑡

where 𝑄𝑠 is the upper limit for charging and discharging
power.
In addition, the energy storage capacity of ESSs is limited:
𝑄𝑠,𝑡 < 𝑄𝑠max ,
where

𝑄𝑠max

(6)

is the maximum storage capacity of the ESSs.

4. Scheduling Model for Wind Power and ESSs
4.1. Mathematical Model without CET
4.1.1. Objective Function. Wind farm operators hope for
higher consumption of wind power to gain more profits;
however, this will cause more frequent adjustment of thermal
power units for peak regulation, improving wind power grid
integration but also increasing system coal consumption. To
achieve the optimum energy efficiency, a joint optimization
scheduling model for wind power and thermal power is built.
The maximum total profit of ESSs, wind power, and thermal
power is taken as the optimization objective:
max 𝑧1 = 𝜋𝑐 + 𝜋𝑤 + 𝜋𝑠 ,

(7)

where 𝜋𝑤 , 𝜋𝑐 , and 𝜋𝑠 are the profits of wind farms, thermal
power units, and ESSs, respectively.
The wind farm profit is calculated as follows:

𝑡 ∈ peak,
𝑡 ∈ flat,

−
𝑄𝑠,𝑡

(3)

𝑡 ∈ valley.

The system load period will change from 𝐺𝑡 to 𝐺𝑡 with
the introduction of DR; load demand reduces during the
peak load period and increases during the valley load period.
The demand load curve becomes smoother after peak load
shifting.

3. Charging and Discharging Model for ESSs
ESSs can be regarded as both power resources and load
demand. When wind power output is high at night, ESSs are
regarded as load demand. In the daytime, they are regarded
as power resources to meet load demand. Charge and discharge of ESSs are limited by the system capacity. Assuming

𝑇

𝜋𝑤 = 𝑝𝑤 ∑𝑄𝑤,𝑡 (1 − 𝜃𝑤 ) − OM𝑤 − 𝐷𝑤 .

(8)

𝑡=1

The profit of thermal power units is calculated as follows:
𝐼

𝑇

𝐼

𝐼

𝑖=1

𝑖=1

𝜋𝑐 = 𝑝𝑐 ∑ ∑𝑄𝑖,𝑡 (1 − 𝜃𝑐,𝑖 ) − 𝐶fuel − ∑OM𝑐,𝑖 − ∑𝐷𝑐,𝑖 , (9)
𝑖=1 𝑡=1

where 𝑝𝑐 is the benchmark price of thermal power, 𝑄𝑖,𝑡 is the
real-time power generation of unit 𝑖 at time 𝑡, 𝜃𝑐,𝑖 is the power
consumption rate of unit 𝑖, 𝐶fuel is the fuel cost for power
generation, OM𝑐,𝑖 is the operation and maintenance cost of
unit 𝑖, and 𝐷𝑐,𝑖 is the depreciation cost of unit 𝑖.
The fuel cost of a thermal power unit is calculated by
𝐼

𝑇

𝐶fuel = ∑ ∑ [𝑝coal 𝑢𝑖,𝑡 𝑓𝑖 (𝑄𝑖,𝑡 ) + 𝑢𝑖,𝑡 (1 − 𝑢𝑖,𝑡−1 ) SU𝑖
𝑖=1 𝑡=1

+ 𝑢𝑖,𝑡−1 (1 − 𝑢𝑖,𝑡 ) SD𝑖 ] ,

(10)
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where 𝑝coal is the standard coal purchase price, 𝑢𝑖,𝑡 𝑓𝑖 (𝑄𝑖,𝑡 ) is
the standard coal consumption, and 𝑢𝑖,𝑡 is a binary variable.
When a thermal power unit is shut down, coal consumption
is zero, when the thermal power unit is operating, coal consumption is determined by the consumption characteristics
function 𝑓𝑖 (⋅) and the real-time power output 𝑄𝑖,𝑡 :
𝑓𝑖 (𝑄𝑖,𝑡 ) = 𝑎𝑖 + 𝑏𝑖 𝑄𝑖,𝑡 +

2
𝑐𝑖 𝑄𝑖,𝑡
,

(11)

where 𝑎𝑖 , 𝑏𝑖 , and 𝑐𝑖 are coal consumption parameters of unit 𝑖,
𝑢𝑖,𝑡 (1 − 𝑢𝑖,𝑡−1 )SU𝑖 is the start-up cost of unit 𝑖 at time 𝑡, SU𝑖 is
the start-up cost of unit 𝑖, 𝑢𝑖,𝑡−1 (1 − 𝑢𝑖,𝑡 )SD𝑖 is the shutdown
cost of unit 𝑖 at time 𝑡, and SD𝑖 is the shutdown cost of unit 𝑖:
𝑇

𝑇

𝑡=1

𝑡=1

+
−
𝜋𝑠 = 𝑝𝑠,char ∑𝑄𝑠,𝑡
− 𝑝𝑠,disc ∑𝑄𝑠,𝑡
− 𝐹𝑠 ,

(4) Unit Start-Stop Time Constraints. Frequent start-stop
affects the performance of a thermal unit. The continuous
unit start-stop constraint is shown as follows:

4.1.2. Constraint Conditions. In the joint optimization model,
the constraints of demand and supply balance, thermal power
unit operation, wind power operation, and ESS operation
should be comprehensively considered.

off
(𝑇𝑖,𝑡−1
− 𝑀𝑖off ) (𝑢𝑖,𝑡 − 𝑢𝑖,𝑡−1 ) ≥ 0.

(18)

Equation (17) is the shortest time constraint on unit 𝑖.
on
is the continuous running time of unit 𝑖 at time 𝑡 − 1.
𝑇𝑖,𝑡−1
𝑀𝑖on is the shortest running time of unit 𝑖. Equation (18) is
off
is the
the shortest shutdown time constraint on unit 𝑖. 𝑇𝑖,𝑡−1
continuous shutdown time of unit 𝑖 at time 𝑡 − 1. 𝑀𝑖off is the
unit shortest shutdown time.
(5) Wind Power Output Constraint. The real-time wind power
output is constrained by the wind farm capacity:
𝑄𝑤,𝑡 ≤ 𝛿𝑡 𝑃𝑤 ,

𝐼

−
∑𝑢𝑖,𝑡 𝑄𝑖,𝑡 (1 − 𝜃𝑖 ) + 𝑄𝑤,𝑡 (1 − 𝜃𝑤 ) + 𝑄𝑠,𝑡

(13)

(19)

where 𝛿𝑡 is the equivalent utilization efficiency and 𝑃𝑤 is the
total installed capacity of wind farm 𝑤.
(6) Charging and Discharging Power Constraint on ESSs. For
ESSs, the cumulative charging and discharging power should
obey

(1) System Demand and Supply Balance Constraint. Before
DR, the system demand and supply balance constraint is
described by

𝐺𝑡
+
+ 𝑄𝑠,𝑡
=
.
(1 − 𝑙)

(17)

(12)

where 𝑝𝑠,char is the electricity price when charging ESSs, 𝑝𝑠,disc
is the electricity price when discharging, and 𝐹𝑠 is the fixed
cost of the ESSs.

𝑖=1

on
− 𝑀𝑖on ) (𝑢𝑖,𝑡−1 − 𝑢𝑖,𝑡 ) ≥ 0,
(𝑇𝑖,𝑡−1

𝑇

𝑇

𝑡=1

𝑡=1

+
−
(1 − 𝜃𝑠 ) = ∑𝑄𝑠,𝑡
.
∑𝑄𝑠,𝑡

(20)

Therefore, if ESS operators hope to profit, the charging
and discharging prices should obey
𝑝𝑠,char >

𝑝𝑠,disc
.
(1 − 𝜃𝑠 )

(21)

After DR, the constraint is described by
𝐼

−
∑𝑢𝑖,𝑡 𝑄𝑖,𝑡 (1 − 𝜃𝑖 ) + 𝑄𝑤,𝑡 (1 − 𝜃𝑤 ) + 𝑄𝑠,𝑡
𝑖=1

𝐺𝑡
+
+ 𝑄𝑠,𝑡
=
.
(1 − 𝑙)

(14)

𝐼

(2) Thermal Power Unit Power Generation Constraint. Realtime generation output is limited by the installed capacity and
the minimum generation output:
𝑢𝑖,𝑡 𝑄𝑖 ≤ 𝑄𝑖,𝑡 ≤ 𝑢𝑖,𝑡 𝑄𝑖 .

max
− 𝑄𝑖,𝑡 ) (1 − 𝜃𝑖 ) ≥ 𝑅𝑡usr ,
∑𝑢𝑖,𝑡 (𝑄𝑖,𝑡

(22)

max
𝑄𝑖,𝑡
= min (𝑢𝑖,𝑡−1 𝑄𝑖 , 𝑄𝑖,𝑡−1 + Δ𝑄𝑖+ ) ⋅ 𝑢𝑖,𝑡−1 ,

(23)

𝑖=1

𝐼

(15)

𝑅𝑡usr = 𝛽𝑐 ∑𝑄𝑖,𝑡 + 𝛽𝑤 𝑄𝑤,𝑡 .

(24)

𝑖=1

(3) Unit Ramp Rate Constraint. Depending on the technology
level, unit generation output change is constrained by the
adjacent period. The real-time output increment and decrement should obey
Δ𝑄𝑖− ≤ 𝑄𝑖,𝑡 − 𝑄𝑖,𝑡−1 ≤ Δ𝑄𝑖+ .

(7) System Generation Reserve Constraints. When the power
system is in operation, fluctuations may happen on both the
generation side and the demand side. To ensure real-time
balance, the supply of power should be adjusted to fall within
a certain margin by increasing or reducing the power output:

(16)

Equations (22)–(24) are the system upward spinning
max
is the maximum possible output of
reserve constraints. 𝑄𝑖,𝑡
usr
unit 𝑖 at time 𝑡. 𝑅𝑡 is the upward spinning reserve demand,
depending on thermal and wind generation power in the
corresponding period. 𝑄𝑖 is the maximum possible energy
generation by unit 𝑖 at time 𝑡, adjusted for the installed
capacity. Δ𝑄𝑖+ is the upward ramp rate, namely, the maximum
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power generation in the adjacent period. 𝛽𝑐 is the thermal
power unit reserve coefficient. 𝛽𝑤 is the power reserve
coefficient for wind turbines:
𝐼

min
) (1 − 𝜃𝑖 ) ≥ 𝑅𝑡dsr ,
∑𝑄𝑖,𝑡 (𝑄𝑖,𝑡 − 𝑄𝑖,𝑡

(25)

min
= max (𝑢𝑖,𝑡 𝑄𝑖 , 𝑄𝑖,𝑡 − Δ𝑄𝑖− ) ⋅ 𝑢𝑖,𝑡 ,
𝑄𝑖,𝑡+1

(26)

𝑅𝑡dsr = 𝛽𝑤 𝑄𝑤,𝑡 .

(27)

𝑖=1

Equations (25)–(27) are the system downward spinning
min
is the minimum possible output
reserve constraints. 𝑄𝑖,𝑡
of unit 𝑖 at time 𝑡, restricted by two factors, namely, the
minimum possible generation capacity under operation and
the unit downward ramp rate constraint. 𝑅𝑡dsr is the system
downward spinning reserve demand, depending on wind
power in the corresponding period. 𝑄𝑖 is the minimum
possible generation capacity of unit 𝑖, adjusted for the realtime minimum power output. Δ𝑄𝑖− is the unit downward
ramp rate, that is, the maximum power reduction generation
unit in the adjacent period.
4.2. Mathematical Model with CET. Currently, China is
performing pilot construction and planning to establish a
CET market in the “thirteenth five-year plan” period. CO2
emission from the thermal power industry accounts for
approximately 40% of the total. Generation rights displacement and the CET mechanism are both market mechanisms
to optimize the thermal industry structure and reduce energy
consumption and emission, which are consistent in purpose
and results.
The marginal generation cost of thermal power changes
under a CET mechanism, and carbon emission parameters
are different due to different unit technologies, so the generation scheduling plan also changes. To maximize system
profit under a carbon trading mechanism, this study builds an
optimization model with the objective of maximizing thermal
and wind power profit:
max 𝑧2 = 𝜋𝑐 + 𝜋𝑤 + 𝜋𝑠 .

(28)

Thermal power profit should meet the following conditions:
𝐼

𝑇

𝐼

𝐼

𝑖=1

𝑖=1

𝜋𝑐 = 𝑝𝑐 ∑ ∑𝑄𝑖,𝑡 (1 − 𝜃𝑐,𝑖 ) − 𝐶𝑐 − ∑OM𝑐,𝑖 − ∑𝐷𝑐,𝑖
𝑖=1 𝑡=1

(29)

𝐶𝑐 = 𝐶fuel + 𝐶CO2 ,

2
,
𝐸𝑖 (𝑄𝑖,𝑡 ) = 𝑎CO2 ,𝑖 + 𝑏CO2 ,𝑖 𝑄𝑖,𝑡 + 𝑐CO2 ,𝑖 𝑄𝑖,𝑡

(31)

where 𝑎CO2 ,𝑖 , 𝑏CO2 ,𝑖 , and 𝑐CO2 ,𝑖 are parameters of the carbon
emission function.
Then, total system emissions are as follows:
𝑇

𝐼

𝐸CO2 = ∑ ∑𝐸𝑖 (𝑄𝑖,𝑡 ) .

(32)

𝑡=1 𝑖=1

Scheduling and operation constraint conditions for wind
power and ESSs should be considered comprehensively in
carbon emissions trading. The system demand and supply
constraints, wind power unit operation constraints, and ESSs
operation constraints are shown in (13) to (27).
In the mathematical model without CET, (10), (11), (17),
(18), and (31) are nonlinear constraints, which are inconvenient to solve. Therefore, they should be linearized. The
details of this process can be found in the literature [24, 25].

5. Example Analysis
5.1. Case Descriptions. To analyze the impact of ESSs, DR, and
CET on system operation, four cases are set up as follows.
Case 1 (baseline case). Self-scheduling of the system without
DR and CET: DR and CET are not considered, so the impact
of ESSs on wind power grid integration is analyzed alone in
this case. The ESS capacity is 3 × 80 MW, the charging and
discharging power of a single ESS unit is 20 MW, and the
charging and discharging loss coefficient is 15%.
Case 2 (self-scheduling of the system with DR). Demand
response is introduced into the joint scheduling. The demand
load curve is divided into peak, valley, and float load periods
according to the literature [24], which are listed in Table 1. The
values of 𝛼1 and 𝛼2 are 0.95 and 0.7, respectively, 𝛽1 and 𝛽2 are
0.90 and 0.40, respectively, and both 𝛼 and 𝛽 are 5%.
Case 3 (self-scheduling of the system with CET). 90% of CO2
emissions from Case 1 are taken as the initial baseline for
carbon emission trading, with a carbon emissions trading
price of 80 ¥/t.
Case 4 (self-scheduling of the system with DR and CET).
Collaborative optimization of CET and DR is analyzed with
joint scheduling of wind power and ESSs.

where 𝐶CO2 is the cost of carbon emission:
𝐶CO2 = (𝐸CO2 − 𝐸0 ) 𝑝CO2 ,

The actual carbon emission of thermal units is related to
the power load rate. Generally speaking, the actual carbon
emission of units can be expressed as a quadratic function,
similar to (22):

(30)

where 𝐸CO2 is the actual carbon emission of thermal units
during the operation period, 𝐸0 is the total initial carbon
emission right, and 𝑝CO2 is the carbon trading price, which is
related to the carbon trading demand. To simplify the model,
this study assumes that the price does not change with the
carbon trading demand.

5.2. Basic Data. This study uses 10 thermal power units and
a wind farm with an installed capacity of 2800 MW as the
simulation system. Coal consumption and carbon emission
parameters of the thermal power units are listed in Table 2,
and the operation coefficients are listed in Table 3. The grid
purchase price of wind power is assumed to be 540 ¥/MW⋅h,
the total operation and depreciation cost is 600 million/year,
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Table 1: Period division of TOU.

Load
Period

Valley load period
0:00–6:00; 22:00–24:00

Float load period
6:00–9:00; 14:00–19:00

Peak load period
9:00–14:00; 19:00–22:00

Table 2: Coal consumption and carbon emission parameters of thermal power units.
Unit
1#
2#
3#
4#
5#
6#
7#
8#
9#
10#

𝑎𝑗
11.6
9.7
8.8
8.4
7.2
6.1
5.2
4.6
3.5
1.4

𝑏𝑗
0.260
0.259
0.268
0.273
0.28
0.285
0.292
0.304
0.306
0.314

𝑐𝑗
1.88E − 05
6.55E − 06
9.44E − 06
1.65E − 05
2.17E − 05
3.39E − 05
3.42E − 05
4.13E − 05
3.63E − 05
8.35E − 05

𝑎CO2 ,𝑖
29.04
24.77
22.64
21.54
18.97
15.80
13.57
12.18
9.35
3.82

𝑏CO2 ,𝑖
0.680
0.713
0.747
0.754
0.793
0.788
0.818
0.859
0.876
0.900

𝑐CO2 ,𝑖
1.60E − 05
2.04E − 05
2.86E − 05
4.67E − 05
6.26E − 05
9.37E − 05
9.65E − 05
12.03E − 05
10.96E − 05
24.06E − 05

Table 3: Operation coefficients of coal-fired power units.
Unit

𝑄𝑖 (MW)

𝑄𝑖 (MW)

Δ𝑄𝑖+ (MW/h)

Δ𝑄𝑖− (MW/h)

𝑀𝑖on (h)

𝑀𝑖off (h)

𝜃𝑖 (%)

1#
2#
3#
4#
5#
6#
7#
8#
9#
10#

250
200
200
180
150
150
120
100
70
30

600
500
450
400
350
300
300
250
150
100

280
240
210
180
150
150
120
100
70
50

−280
−240
−210
−180
−150
−150
−120
−100
−70
−50

8
8
7
7
6
5
4
4
3
2

8
8
7
7
6
5
4
4
3
2

4.9
5.3
5.2
5.7
6.1
6.8
6.9
7.3
8.3
8.7

the grid purchase price of thermal power is 380 ¥/MW⋅h, and
the price of standard coal is 800 ¥/t. The wind power unit
equivalent utilization rate and system load distribution are set
according to the literature [22] and listed in Table 4.
5.3. Simulation Results. The simulation was implemented in
GAMS optimization software using the CPLEX 11.0 linear
solver from ILOG solver. The CPU time required for solving
the problem for different case studies with an idea pad450
series laptop computer powered by a core T6500 processor
and 4 GB of RAM was less than 10 s.
5.3.1. Case 1: Self-Scheduling of the System without DR or CET.
This case mainly analyzes the impact of ESSs on wind power
grid integration. The scheduling result is shown in Figure 1,
in which the maximum load is 2860 MW, the minimum
load is 1230 MW, and the peak-valley ratio is 2.33. The
maximum load for the thermal power equivalent output
curve is 2458 MW, the minimum load is 204 MW, and the
peak-valley ratio is 12.07. Figure 1 shows the wind and thermal
power outputs.

After introducing ESSs, the peak-valley ratio is 2, the
coal consumption rate is reduced from 326 kg/MWh
to 322.5 kg/MWh, the system profit is enhanced by
160000 yuan, the electricity from wind power delivered
to the grid is increased from 16840.5 MWh to 18620.6 MWh,
and the curtailed wind power rate is reduced by 8.1%. ESSs
can smooth the demand load curve, provide backup service
for wind power, and reduce the start-stop cost of thermal
power units. The scheduling optimization results for the
power system with and without ESSs are listed in Table 5.
If ESS operators hope to maximize their economic benefit
in the optimization period, they should discharge all stored
energy to gain more economic benefit. However, to reduce
the impact of wind power output fluctuation, ESSs make
charging and discharging decisions based on wind power
output to reduce thermal power peak regulation, as shown in
Figure 2. The ESSs charge when wind power output increases
and discharge when wind power output decreases.
Total profit declines with addition of ESSs, due to their
high investment cost and the lack of large-scale commercial
production. China has gradually become concerned with
large-scale ESS development; in the long term, it has great
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Table 4: Equivalent utilization of wind power units.
Period
1
2
3
4
5
6
7
8

Load/MW
1100
1200
1400
1600
1700
1900
2000
2100

Utilization rate/%
33
55
68
76
67
51
36
32

Period
9
10
11
12
13
14
15
16

Load/MW
2300
2500
2600
2500
2400
2300
2100
1800

Utilization rate/%
28
11
26
23
12
20
9
21

Period
17
18
19
20
21
22
23
24

Load
1700
1900
2100
2500
2300
1900
1500
1300

Utilization rate/%
32
29
17
13
23
38
33
38

Table 5: Scheduling optimization result of power system in different cases.

Without ESSs
With ESSs

Generating
capacity
(MWh)

Wind power
Grid
proportion
(%)

Curtailed
wind power
rate (%)

Generating
capacity
(MWh)

Thermal power
Grid
proportion
(%)

Curtailed
wind power
rate (%)

System profit (104 yuan)

16840.5
18620.6

31.2
34.6

24
15.9

37032.6
35252.5

68.8
65.4

326
322.5

294
290

3500
Power output (MW)

200

3000

(MW)

2500
2000
1500
1000

100
50
0
−50

500
0

150

1

3

5

7

9

11

13

15

17

19

21

23

Wind output
System load
Thermal power equivalent output

Figure 1: Output distribution of wind power and thermal power.

potential with the establishment of price mechanisms and
mature technology.
5.3.2. Case 2: Self-Scheduling of the System with DR. The
impact of DR on joint scheduling is analyzed in this case. DR
can optimize customers’ power consumption behavior and
smooth the demand load curve. With 𝛼 and 𝛽 assumed to
equal 3%, the system load curves for the two cases are shown
in Figure 3.
According to Figure 3, the peak-valley differences for the
two cases are 1400 MW and 1252 MW, respectively. The peakvalley ratios are 2.33 and 2. DR can smooth the demand load
curve and reduce the curtailed wind power rate, which is
15.9% in Case 1 and 13.8% in Case 2. The utilization rate of
wind power increases. The system scheduling optimization
results for Case 2 are outlined in Table 6.

1

3

5

7

9

11

13

15

17

19

21

23

Real-time charging and discharging power
Energy storage system storage capacity

Figure 2: Charge and discharge optimization result for ESSs.

5.3.3. Case 3: Self-Scheduling of the System with CET. The
impact of CET on the joint scheduling problem is analyzed in
this case. The CET price is 100 yuan/t. 98% of total emissions
in Case 1 are taken as the initial carbon emission permit,
namely, 26171.73. The output of the thermal power units with
different carbon trading prices is shown in Figure 4.
With a carbon trading price of 100 ¥/t, the output of
wind power increased by 470.21 MWh, and the curtailed
wind power rate decreased to 13.78%. CET would increase
the cost of thermal power generation and change the system
scheduling plan. The output of units with high carbon
emission coefficient decreased, for example, unit 2 and unit
3. The output of units with low carbon emission coefficient
rose, for example, unit 5. The optimization scheduling result
in Case 3 is given in Table 6.
Compared with Cases 1 and 3, CET can increase the
cost of thermal power generation and enhance the competitive advantage of wind power. System coal consumption
decreased by 3.2072 million yuan, which is lower than that for
Case 2. Profit increased to 2.9445 million yuan with increased
wind power integration, which is lower than that for Case 2.
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Table 6: System scheduling optimization results under different cases.

Scenario

Generating
capacity
(MWh)

Wind power
Grid
proportion
(%)

Curtailed
wind power
rate (%)

Generating
capacity
(MWh)

Thermal power
Grid
proportion
(%)

Curtailed
wind power
rate (%)

System profit (104 yuan)

18620.60
19124.70
19090.81
19354.72

35.40
35.50
35.44
35.93

15.90
15.77
13.78
12.58

35252.50
34748.40
34782.29
34518.38

64.60
64.50
64.56
64.07

322.50
318.72
320.60
314.82

290.00
301.54
294.45
312.72

Case 1
Case 2
Case 3
Case 4

2800

In summary, DR leads to proper power consumption
behavior, while system operation obtains an optimal result
when introducing DR and CET at the same time. The
comprehensive operation result of Case 4 is better than Cases
2 and 3, which shows that a collaborative optimization effect
exists for DR and CET. The curtailed wind power rate and
coal consumption reach the minimum when DR and CET are
both introduced.

Load demand (MW)

2600
2400
2200
2000
1800
1600
1400

6. Conclusions

1200
1000

1

3

5

7

9

11

13

15

17

19

21

23

Case 1
Case 2

Thermal power generation
capacity (MWh)

Figure 3: System load under different cases.

10000
9000
8000
7000
6000
5000
4000
3000
2000
1000
0

1

2

3

4
5
6
7
Thermal power unit

8

9

10

CET price-0 ¥/t
CET price-80 ¥/t
CET price-100 ¥/t

Figure 4: Comparison of thermal power generation under different
carbon prices.

5.3.4. Case 4: Self-Scheduling of System with DR and CET. The
synergistic effects of DR and CET on the joint scheduling
problem are analyzed in Case 4. The maximum wind power
output was 19354.72 MWh. The curtailed wind power rate
declined from 19.5% to 12.58%. After introducing DR and
CET, system coal consumption decreased to 314.82 kg/MWh.
The maximum system profit was 3.1272 million yuan. The
system optimization scheduling results under different cases
are shown in Table 6.

The randomness of wind power output has become the
primary impediment to wind power grid integration. To
improve the system’s capability to consume wind power,
proper backup service should be provided on the generation
side. Demand response should also be introduced to incentivize customers to respond to system scheduling. This paper
constructs a joint optimization scheduling model for wind
power and energy storage systems with CET and DR. The
simulation results show the following:
(1) ESSs can provide backup service for wind power
and increase the system’s ability to consume wind
power. However, total system generation profits
would decrease due to the high fixed cost of ESSs.
In the long term, China’s large-scale ESS market has
great potential with the establishment of a reasonable
price mechanism and the development of mature
energy storage technology.
(2) Demand response can optimize customers’ power
consumption behavior, smooth the demand load
curve, and improve wind power grid integration.
After introducing DR, wind power grid integration
is enhanced, the system power structure becomes
reasonable, thermal power costs are reduced, and the
total system generation profit increases.
(3) Carbon emissions trading can increase the generation
cost of thermal power units, enhance the advantages
of integrating clean energy into the power grid, reduce
the curtailed wind power rate, and optimize the
system power structure. However, the total system
generation profit is reduced due to the increased cost
of thermal power generation.
(4) With the introduction of DR and CET, system operation and scheduling obtained an optimal result. The
total system profit increased and the high cost of
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ESSs was reduced. In addition, the demand load curve
was smoothed and the curtailed wind power rate
and system coal consumption were reduced to the
minimum. System profit increased to the maximum,
which shows that a collaborative effect exists for DR
and CET.
(5) Though the proposed model examined the optimization effect of ESSs, CET, and DR on wind power
grid integration, some constraints related to practical
applications are ignored for the sake of convenient
analysis and reaching a conclusion.

Nomenclature
𝑡:
𝑖:
𝑤:
𝑢:
+
:
𝑄𝑠,𝑡
−
𝑄𝑠,𝑡
:
𝜃𝑠 :

𝑄𝑠 :
𝑄𝑠max :
𝜋𝑤 :
𝜋𝑐 :
𝜋𝑠 :
𝑝𝑐 :
𝑄𝑖,𝑡 :
𝜃𝑐,𝑖 :
𝐶fuel :
OM𝑐,𝑖 :
𝐷𝑐,𝑖 :
𝑝coal :
𝑓𝑖 (𝑄𝑖,𝑡 ):
𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 :
SU𝑖 :
SD𝑖 :
𝑝𝑠,char :
𝑝𝑠,disc :
𝐹𝑠 :
on
:
𝑇𝑖,𝑡−1
off
𝑇𝑖,𝑡−1 :
𝑀𝑖on :
𝑀𝑖off :
𝛿𝑡 :
𝑃𝑤 :
max
:
𝑄𝑖,𝑡
𝑅𝑡usr :
𝑄𝑖 :
Δ𝑄𝑖+ :

Time index
Thermal power unit index
Wind farm index
Binary variable: 1 means in operation; 0
means not in operation
Charging power at time 𝑡
Discharging power at time 𝑡
Charging and discharging power loss
coefficient
Upper limit for charging and discharging
power
Maximum storage capacity of ESS
Wind farm profit
Thermal power unit profit
ESSs profit
Benchmark price of thermal power
Real-time generation power of unit 𝑖 at
time 𝑡
Power consumption rate of unit 𝑖
Generation fuel cost
Operation and maintenance cost of unit 𝑖
Depreciation cost of unit 𝑖
Standard coal purchase price
Standard coal consumption of unit 𝑖 at
time 𝑡
Coal consumption parameters of unit 𝑖
Start-up cost of unit 𝑖
Shutdown cost of unit 𝑖
Electricity price when charging ESSs
Electricity price when discharging ESSs
Fixed cost of ESSs
Running time of unit 𝑖 at time 𝑡 − 1
Shutdown time of unit 𝑖 at time 𝑡 − 1
Shortest running time of unit 𝑖
Unit shortest shutdown time of unit 𝑖
Equivalent utilization efficiency at time 𝑡
Total installed capacity of wind farm 𝑤
Maximum possible output of unit 𝑖 at
time 𝑡
Upward spinning reserve demand at time
𝑡
Maximum possible energy generated by
unit 𝑖 at time 𝑡
Upward ramp rate of unit 𝑖
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𝛽𝑐 :
𝛽𝑤 :
min
:
𝑄𝑖,𝑡

𝑅𝑡dsr :
𝑄𝑖 :
Δ𝑄𝑖− :
𝐶CO2 :
𝐸CO2 :
𝐸0 :
𝑝CO2 :

Thermal power unit reserve coefficient
Power reserve coefficient for wind
turbines
Minimum possible output of unit 𝑖 at
time 𝑡
Downward spinning reserve demand at
time 𝑡
Minimum possible generation capacity of
unit 𝑖
Downward ramp rate of unit 𝑖
Carbon emission cost
Actual carbon emission of thermal unit
during operation period
Total initial carbon emission right
Carbon trading price.
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This paper investigates a homotopy-based method for embedding with hundreds of thousands of data items that yields a
parallel algorithm suitable for running on a distributed system. Current eigenvalue-based embedding algorithms attempt to use
a sparsification of the distance matrix to approximate a low-dimensional representation when handling large-scale data sets. The
main reason of taking approximation is that it is still hindered by the eigendecomposition bottleneck for high-dimensional matrices
in the embedding process. In this study, a homotopy continuation algorithm is applied for improving this embedding model by
parallelizing the corresponding eigendecomposition. The eigenvalue solution is converted to the operation of ordinary differential
equations with initialized values, and all isolated positive eigenvalues and corresponding eigenvectors can be obtained in parallel
according to predicting eigenpaths. Experiments on the real data sets show that the homotopy-based approach is potential to be
implemented for millions of data sets.

1. Introduction
Dimensional reduction has been an important technology for
data visualization and analysis in the age of big data. One of
these methods is based on eigendecomposition used widely
in observing intrinsic associations between data items by 2D
graphic. With this context, the solution of eigenvalues is an
essential step regarded as a multidimensional scaling (MDS)
problem to establish low-dimensional embedding spaces
with a distance matrix. The capacity of an implemented
eigendecomposition determines what scale of data can be
dealt with. However, there is a bottleneck of eigendecomposition in embedding large-scale data sets directly [1–3].
These eigenvalue-based approaches have been developed to
two categories: the direct solution immediately acquires the
eigenpairs (eigenvalues and associated eigenvectors) from the
distance matrix [4] and the indirect solution selects a small
set of landmark points to calculate the eigenvalues; then these
estimated eigenpairs are fed to approximate the entire embedding [1]. All of them are operated in a serial computational
mode [5], leading to some negative influences in processing
massive data sets: firstly the indirect methods need to select

landmark set that will break up embedded space by the error,
generated from approximate calculation [1, 3]; secondly they
both have low efficiency needing a balance between the representational precision and computational efficiency [4, 5];
thirdly they both are prone to omit some positive eigenvalues
that reduces the maximum dimensions available for dimensional reduction [2].
This work investigates the parallelization of eigenvaluebased dimensional reductions in the context of large-scale
data sets. It is aiming at providing a paralleled solution
for data reduction in practice. The general frameworks are
often divided into two categories [4], distance scaling and
classical scaling; the methods based on the spring model of
distance scaling [6] are prone to local minima and can only
be used to embed data in two or three dimensions [7], while
classical scaling, the eigenvalue-based approaches, [8] has
been considered as a useful replacement for large graphs. To
overcome the eigenvalue problem in big processing, several
algebraic operations have been conducted. One of the most
̈ matrix approximation [1, 2, 9].
useful methods is the Nystrom
It samples a small matrix from the distance matrix to solve
eigenvalues and then approximates objective embedding.
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This workflow is closely related between each segment of
computation. For matrix sampling, some studies on the
selecting strategy [3, 10–12] make the approach worse for parallelization to cut the time consumed consumption. In today’s
eigencalculation technology, it is well established that eigendecomposition of large and sparse matrix can be resolved by
some novel numerical solutions, such as Block Lanczos [13],
PCG Lanczos [14], and homotopy [15, 16]. Resorting to these
high-performance approaches may expand considerably the
applications of dimensional reductions.
As to the homotopy continuation method, it is suggested
as an alternative to find all isolated eigenvalues of a large
matrix. It is demonstrated that there are 𝑛 distinct smooth
curves connecting trivial solutions to desired eigenvalues
[17] and then a proof of the existence of homotopy curves
for eigenvalue problems is presented by [18]. Reference [19]
reports the numerical experience of the homotopy for computing eigenvalues of real symmetric tridiagonal matrices. It
enables eigenvalues to calculate for embedding in parallel.
For the recent studies, [16] combines with a divide-andconquer approach to find all the eigenvalues and eigenvectors of a diagonal-plus-semiseparable matrix. Reference [20]
establishes some bounds to justify the Newton method in
constructing the homotopy curves.
In this paper, a parallelization of eigenvalue-based dimensional reduction (HC-MDS, Homotopy Continuation Multidimensional Scaling) via the homotopy continuation method
̈
is proposed. Unlike those Nystrom-based
approaches, HCMDS can directly solve most positive eigenvalues in parallel
from large distance matrices (transformed from more than
60,000 data items). With the theory, we construct a homotopy
continuation function to link a trivial set with the object
eigenpairs. In this case, the eigenvalue problem is converted
to the solution of ordinary differential equations (ODE). Each
eigenpair will be obtained by tracing the ordinary differential
function with corresponding initialized values that means the
solutions of eigenvalues can be implemented in independent
computational threads. This model will bring an advantage
that allows scheduling computational resources for each
eigenpair calculation, so that it can be enhanced on parallel
or distributed systems.
The remainder of this report is organized as follows.
Section 2 talks about the review on the eigenvalue-based
MDS. Section 3 outlines the methodologies used in this
paper. The experiments are presented in Section 4. Finally, we
draw a conclusion in Section 5.

2. Background
Most eigenvalue-based dimensional reductions involve a step
of spectral decomposition for solving eigenvalues, such as
LLE [21], Laplacian Eigenmaps [22], Isomap [23], and LIsomap [1]. A more fundamental MDS by using the power
method for eigenpairs is illustrated in [4]. The aim of
eigenvalue calculation in embedding is to obtain eigenpairs of
the inner product matrix, which is converted by the distance
matrix using a “double-centering.” A low-dimensional space
is then built by those positive ones among the estimated
eigenvalues and corresponding eigenvectors. Without loss of

Mathematical Problems in Engineering
generality, the general eigenvalue-based dimensional reduction is summarized as follows.
Procedure. Eigenvalues in embedding are shown as follows.
Step 1. Let D ∈ R𝑛×𝑛 denote the distance of square matrix
that is symmetric and real valued. An existing inner product
matrix B (𝑏𝑖𝑗 ∈ B) can be derived from D (𝑑𝑖𝑗 ∈ D)
as 𝑏𝑖𝑗 = −(1/2)(𝑑𝑖𝑗2 − (1/𝑛) ∑𝑛𝑖=1 𝑑𝑖𝑗2 − (1/𝑛) ∑𝑛𝑗=1 𝑑𝑖𝑗2 +
(1/𝑛2 ) ∑𝑛𝑖=1 ∑𝑛𝑗=1 𝑑𝑖𝑗2 ).
Step 2. Implement one of eigendecomposition methods into
B, as B = QΛQT ; Λ is a diagonal matrix of eigenvalues and
Q is a matrix whose columns are corresponding orthonormal
eigenvectors.
Step 3. X is the embedded space that can be generated by X =
Q+ √Λ+ with (Q+ , Λ+ ) ⊆ (Q, Λ), where (Q+ , Λ+ ) is a combination of the positive eigenpairs among (Q, Λ). Those negative and zero eigenpairs should be discarded because of the
arithmetical rule of extraction of square root.
̈ approximate method is applied for
If the Nystrom
approximating embedding [2], the following steps should be
proceeded.
Step 4. Assume that the inner product matrix B belongs to
C ]. The
a partition of the original inner product matrix [ CB D

remainder embedded space X is approximated by X =
√Λ+ Q+ C with the error estimation ‖D − CT B−1 C‖.
Step 5. Let X be incorporated with X; we finally obtain the
entire embedded space as Xentire = (X, X ).
For embedding with eigenpairs, most investigations do
not discuss how the eigenpairs are generated but commonly
draw a conclusion that eigendecomposing for large symmetric, dense matrices is an expensive calculation. Currently
the embedding technologies applied on large-scale data sets
are mainly used for data visualization. Since this kind of
application only needs two or three eigenvalues, the largest
one and the second largest one are solved by the existing
eigenvalue methods, for example, the power iteration method
[4]. However, this eigenvalue approach operates in a serial
way and its computation is considerably inefficient [4]. To
capture more positive eigenvalues for embedding, QR has
been justified in small to medium matrices [24] and all
eigenvalues will be solved including negative ones and zero
ones that are useless and consuming CPU time; Lanczos, a
family of eigenpair solutions based on the Lanczos process,
has demonstrated that it is available for millions of data
items in actual engineering applications [14], but they may
have the problem to complete computing procedure once
related errors accumulated to a certain range [24]. Therefore,
we investigate an alternative, the homotopy continuation
method, for parallelization of embedding. Compared to the
presented works, we employ a Runge-Kutta (R-K) method
with step estimation to control tracking procedures of homotopy curves that can omit the constraints for eigenpairs
tracking [20].
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3. Methodology
The homotopy continuation method consists of two parts:
how to convert the eigendecomposition of embedding to the
solution of ODE with initialized values (Section 3.1) and how
to calculate each ODE of eigenpair using numerical methods
(Section 3.2).
3.1. Homotopy for Eigenpairs. Before constructing the homotopy function, the symmetric square matrix B should be
transformed to the symmetric tridiagonal matrix A by the
Householder transformation [20]. The eigenvalues of A are
equal to the eigenvalues of B. We obtain the eigenvalues of B
through the approximate eigendecomposition to A, and then
the corresponding eigenvectors of B can be reversed out by
their eigenvalues. For eigendecomposing to the transformed
matrix A, we consider the eigenvalue problem as
Ax = 𝜆x,

(1)

where x is the corresponding eigenvector of the eigenvalue 𝜆
by x = (𝑥1 , . . . , 𝑥𝑛 )𝑇 ∈ R𝑛 . The orthogonality of eigenvectors
is expressed by xT x = 1.
Associating (1) with the orthogonality of eigenvectors, we
convert the eigenvalue problem to an optimal problem as
Ax − 𝜆x
]=O
𝑓 (x, 𝜆) = [ 1
(1 − xT x)
]
[2

(x, 𝜆) ∈ R𝑛 × R,

(2)

where O is the corresponding zero vector by O ∈ R𝑛 .
To find the optimum set of such object function, the
homotopy method has been recommended. We thus construct a homotopy function to link the object function with
an auxiliary function by the Newton method [20]:
Ax (𝑡) − 𝜆 (𝑡) x (𝑡)
]
𝐻 (x (𝑡) , 𝜆 (𝑡) , 𝑡) = 𝑡 [ 1
(1 − xT (𝑡) x (𝑡))
]
[2
A0 x (𝑡) − 𝜆 (𝑡) x (𝑡)
[
]
+ (1 − 𝑡) 1
(1 − xT (𝑡) x (𝑡))
[2
]

(3)

A (𝑡) x (𝑡) − 𝜆 (𝑡) x (𝑡)
] = O,
=[ 1
(1 − xT (𝑡) x (𝑡))
[ 2
]
where x(𝑡) ∈ R𝑛 , 𝜆(𝑡) ∈ R, {𝑡 ∈ R | 0 ≤ 𝑡 ≤ 1}, and
A(𝑡) = A0 + 𝑡(A − A0 ). The constant matrix A0 needs to be
user-defined, where its eigenpairs are apparently captured; for
100
example, if A ∈ R3×3 , we often set A0 as [ 0 2 0 ]. Obviously,
003
the diagonal elements 1, 2, and 3 are exactly the eigenvalues
1
0
0
of A0 and [ 0 ], [ 1 ], [ 0 ] are the corresponding eigenvectors,
0
0
1
respectively.
Since there are 𝑛 distinct smooth curves called eigenpaths
connecting the trivial solution of A0 to the desired eigenpairs

of A [17], each eigenpath is expressed by an ODE with a pair
of initial values as
𝑑x
−1
𝜆 (𝑡) I − A (𝑡) x (𝑡)
(A − A0 ) x (𝑡)
[ 𝑑𝑡 ]
]
[
]
[ 𝑑𝜆 ] = [
T
0
x (𝑡)
0
[ 𝑑𝑡 ]

(4)

𝑇

(x (0) , 𝜆 (0))𝑇 = (y𝑖 , 𝑟𝑖 ) ,
where the interval of 𝑡 is [0, 1] and the initial values
(x(0), 𝜆(0))𝑇 are given by (y𝑖 , 𝑟𝑖 )𝑇 obtained from one eigenpair
of A0 . Solving (4) with all initial values given by A0 , the eigendecomposition of B can be implemented in parallel. We show
the derivation of (4) from (3) as follows.
We take the derivative of (3):
𝑑 (H)
= O,
𝑑 (𝑡)
[
[

𝑑x 𝑑𝜆
𝑑x
−
x (𝑡) − 𝜆 (𝑡)
𝑑𝑡 𝑑𝑡
𝑑𝑡 ]
]
𝑑x
T
−x (𝑡)
]
𝑑𝑡

(A − A0 ) x (𝑡) + A (𝑡)

[
= O,

𝑑x
𝜆 (𝑡) I − A (𝑡) x (𝑡) [ ]
(A − A0 ) x (𝑡)
],
[
] [ 𝑑𝑡 ] = [
𝑑𝜆
x (𝑡)
0
0
[ 𝑑𝑡 ]

(5)

𝑑x
−1
𝜆 (𝑡) I − A (𝑡) x (𝑡)
(A − A0 ) x (𝑡)
[ 𝑑𝑡 ]
].
] [
[ 𝑑𝜆 ] = [
x (𝑡)
0
0
[ 𝑑𝑡 ]
Adding the initialized values, we obtain the ODE of
homotopy curve as (4). The solving procedure of (4) is the
solution of ODE within 0 ≤ 𝑡 ≤ 1. When 𝑡 increases to 1, each
eigenpair of A is obtained as (x|𝑡=1 , 𝜆|𝑡=1 )𝑇 .
We need to transform the calculated eigenvector because
the eigenvector from the homotopy method cannot be
applied to build an embedded space directly. The transforming formula is described as
xreal = (B − 𝜆I)−1 (A − 𝜆I) x,

(6)

where xreal is the eigenvector of B corresponding to 𝜆.
Since it is proved that the eigenpaths of homotopy
function are continuous and monotonous [17, 18], this brings
an advantage for forecasting the trend of eigenpaths: the
negative eigenvalues and undersize positive eigenvalues can
be estimated by the tracking of homotopy function curves,
for example, Figure 1. Specifically, each trace of eigenvalues
evolution is implemented in an independent computational
thread. When the trend of an ODE is predicted to be
negative (red tracks), the associated computation is regarded
as not effective and shut down. With this feature, it enables
dynamical allocation of computing resource.
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y = (x, 𝜆)𝑇 ; the y is iterative to calculate each homotopy curve
by

Eigenvalue tracing

300

Eigenvalue

200

y𝑛+1 = y𝑛 +

100

ℎ
(7k1 + 6k2 + 8k3 + 3k4 ) ,
24

k1 = 𝑓 (𝑡𝑛 , y𝑛 ) ,

0
−100

ℎ
ℎ
k2 = 𝑓 (𝑡𝑛 + , y𝑛 + k1 ) ,
2
2

−200

k3 = 𝑓 (𝑡𝑛 +
0

2000 4000 6000 8000 10000 12000 14000 16000 18000
Number of steps
Positive eigenvalue
Negative eigenvalue

Figure 1: A 50 × 50 distance matrix by the prediction of positive
eigenvalues.

3ℎ
3ℎ
, y 𝑛 + k2 ) ,
4
4

k4 = 𝑓 (𝑡𝑛 + ℎ, y𝑛 +

max (B) − min (B)

,

(9)


 ℎ


e =  (−5k1 + 6k2 + 8k3 − 9k4 ) ,

 72

(10)

where 𝛼 is customized for ℎ and the tol is an allowable error
referring to an empirical value.

4. Simulation
In this section, we experiment on two large data sets to embed
a series of low-dimensional spaces (2, 3, 50, and 100 dimensions) for comparison between our parallelized approach and
the typical serial mode of dimensional reduction. The assessments are implemented in terms of the scale-independent
quality criteria [27], relative distance error [2], and CPU time.
The first two tests reflect the precisions of resulting embedded
spaces indirectly and directly, respectively. The third part is
the empirical evaluation of performance period.

3.2. Numerical Calculation of ODE. For avoiding overflow
during calculating a massive matrix, we normalize the matrix
B in Section 3.1 as
𝑑𝑖𝑗 − min (B)

tol 1/3
) ℎ.
e

For estimating the error of each eigenpath tracking, the e
is operated by

Algorithm 1: R-K method for automatic step.

𝑑𝑖𝑗 =

ℎ
(2k1 + 3k2 + 4k3 )) ,
9

where 𝑓(⋅) is the ODE of (4) and the parameter ℎ is calculated
by
ℎ = 𝛼(

Input 𝑓(𝑡, y), 𝑡0 , y0 , tol, 𝛼
Output y𝑛
(1) k1 = 𝑓 (𝑡0 , y0 )
(2) ℎ = initialize step
(3) 𝑡 = 0
While 𝑡 ≤ 1 do
ℎ
ℎ
(4) k2 = 𝑓 (𝑡𝑛 + , y𝑛 + k1 )
2
2
3ℎ
3ℎ
(5) k3 = 𝑓 (𝑡𝑛 + , y𝑛 + k2 )
4
4
ℎ
(7k1 + 6k2 + 8k3 + 3k4 )
(6) y𝑛+1 = y𝑛 +
24
ℎ
(7) k4 = 𝑓 (𝑡𝑛 + ℎ, y𝑛 + (2k1 + 3k2 + 4k3 ))
9

 ℎ


(8) e =  (−5k1 + 6k2 + 8k3 − 9k4 )

 72
If e ≤ tol then
k1 = k4
𝑡=𝑡+ℎ
End
tol 1/3
ℎ = 𝛼( ) ℎ
e
End

(8)

(7)

where max(B) and min(B) are the maximum and minimum,
respectively.
The specific steps are as shown in Algorithm 1.
For solving the ODE problem in (4), we adopt an
automatic step method based error estimation [25, 26]. Let

4.1. Experiments Setup. Our experiments compare the following embedding methods with the three eigendecompositions modes: QR, Lanczos, and homotopy. Embedding with
the first two modes is a typical serial workflow that worked
in a single process, while it is operated in parallel in the third
mode:
(i) classical metric
(CMDS),

multidimensional

scaling

[4]

(ii) landmark multidimensional scaling employing the
̈ matrix approximation [2] (LMDS),
Nystrom
(iii) isometric feature mapping [21] (Isomap),
(iv) landmark isometric feature mapping [1] (L-Isomap),
(v) t-distributed stochastic neighbor embedding [7] (tSNE).
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Table 1: Scalar quality criteria derived from the curves in Figure 3, for Corel Image Features.
Case
LMDS(QR+pivots+Eucl)−2,3
LMDS(QR+pivots+Eucl)−50,100
CMDS(Homotopy+Eucl)−2,3
CMDS(Homotopy+Eucl)−50,100
CMDS(Lanczos+Eucl)−2,3
CMDS(Lanczos+Eucl)−50,100
Isomap(Homotopy+Geod)−2,3
Isomap(Homotopy+Geod)−50,100
Isomap(Lanczos+Geod)−2,3
Isomap(Lanczos+Geod)−50,100
L-Isomap(QR+pivots+Geod)−2,3
L-Isomap(QR+pivots+Geod)−50,100
t-SNE(Geod)−2,3
t-SNE(Eucl)−2,3

𝑄local
0.431/0.606
0.661/0.664
0.389/0.504
0.565/0.570
0.409/0.514
0.558/0.586
0.542/0.569
0.669/0.697
0.567/0.586
0.734/0.753
0.553/0.620
0.601/0.598
0.427/0.458
0.432/0.486

As the third part testing for performance reference, the
t-SNE and its relative variants are well established which
are available in massive data [7], based on distance scaling.
We randomly initialize the embedding of t-SNE. Both the
Euclidean distance and geodesic distance are used. Specifically the geodesic distances are approximated by 6-ary
neighborhoods using the Euclidean graph. Parameters of the
comparative methods are set to typical values, with no further
optimization. All experiments are carried out in a distributed
computing environment built by four computers (amount of
20 GB memory).
For the quality criteria, we assess embedding in terms of
(𝑄local , 𝑄global , 𝑄(𝐾)), a rank-based criteria [27], where 𝑄local
indicates the local preservation of neighborhoods, 𝑄global
shows a global consensus of the embedding, and 𝑄(𝑋) measures the preservation of 𝐾-ary neighborhoods in a straightforward way; relative distance error (dist-err) [2] is computed
by average distance value between original distance matrix
and reconstructed matrix; CPU time records computing
time of the eigendecomposition procedure in embedding.
4.2. Corel Image Features. The Corel Image Features is a
UCI KDD data set consisting of features extracted from
68,040 images. Four sets of features are extracted: 32 color
histograms, 32 color layout histograms, 9 color moments, and
16 texture features. Images with missing features are ignored,
leaving 64,433 images. We computed the Euclidean distance
between two image feature vectors from each feature set and
combined them to a single distance following [2]. The first
5000 data items are selected as the pivot points used for the
̈ matrix approximation.
Nystrom
For the comparison between local and global preservation and mean distance error, Table 1 summarizes the
results. The selection for the serial and parallel computational modes clearly impacts on the embedded results when
operated around hundreds of thousands of items. To find an
̈
embedding space, the QR-based methods need the Nystrom
approximation to reduce the scale of matrices in middle

𝑄global
0.612/0.689
0.723/0.749
0.608/0.649
0.704/0.743
0.706/0.751
0.823/0.834
0.691/0.733
0.785/0.806
0.748/0.772
0.764/0.825
0.606/0.704
0.807/0.813
0.784/0.818
0.758/0.801

dist-err
0.682/0.517
0.459/0.422
0.607/0.567
0.445/0.494
0.624/0.582
0.585/0.524
0.654/0.534
0.428/0.453
0.657/0.543
0.436/0.421
0.646/0.615
0.439/0.481
0.315/0.263
0.262/0.207

procedure. The results are in the rows of LMDS(QR+pivots+Eucl)
and L-Isomap(QR+pivots+Geod) . These proximate methods,
LMDS(QR+pivots) and L-Isomap(QR+pivots) , have acceptable precisions for 0.422 and 0.481 of the mean distance error to the
100-dimensional spaces, respectively. The homotopy-based
and Lanczos-based methods are both successful obtaining
sufficient numbers of positive eigenpairs for embedding with
all the desired numbers of dimensions. The Lanczos-based
approaches outperform the homotopy-based ones in the
three criterions. Embedding with the geodesic distance shows
better results than the Euclidean ones in the same embedding
type. The distance errors in all competitive models decrease
with the increase of embedding dimensions. Embedding
with the homotopy outperforms slightly compared to those
Lanczos-based and QR-based ones in distance error.
For a more intuitive comparison, Figures 2 and 3 show
the results of two-dimensional embedding refereed with the
pair of scalar values, 𝑄local and 𝑄global . From Figure 2, the local
preservation of the homotopy-based embedding with the
Euclidean distance is found in the bottom of the others, while
its corresponding geodesic version reaches the third place.
That implies that the geodesic distance may be more suitable
for this kind of eigenvalue-based embedding, and the similar
result occurs in the next data set. With the geodesic distance,
t-SNE runs the highest result according to the coordinate
of 𝑄local and 𝑄global in Figure 3. The homotopy method for
embedding the Euclidean distance matrix races the last one
that indicates that it may be problematic with the solving
accuracy of eigenpairs and its geodesic version with Isomap
shows a moderate performance.
For the comparison in CPU time, the items of 𝑋axis in Figure 4 correspond to the first column of Table 1.
The homotopy approaches save the most CPU time for
12 min and 58 s and 12 min and 26 s (CMDS(Homo+Eucl) and
IsomapS(Homo+Geod) ) except the approximation methods in
Figure 4 (the red bars) by taking advantage of parallel
computational design. The time consuming with embedding
̈ is far less than the direct
approximation of the Nystrom

6

Mathematical Problems in Engineering
1

0.9
CPU time (s)

0.7
0.6
0.5

1500
16 m, 43 s

1000

12 m, 58 s

15 m, 53 s
12 m, 26 s

500
3 m, 52 s

4

4.5

5
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LMDS(QR+pivots+Eucl)
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Figure 2: Behavior curves for assessing local embedding of Corel
Image Features.
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Figure 3: Quality for assessing embedding of Corel Image Features.

methods (homotopy and Lanczos), achieving the embedding
tasks by 3 min and 52 s and 3 min and 45 s (the first and eighth
bars), although the homotopy-based approach is enhanced
by the parallel computational environment. The two-version
t-SNE (Geodesic and Euclidean distance) runs in the last
two of CPU time for 36 min and 53 s and 35 min and 18 s.
The CPU times of CMDS(QR+Eucl) and Isomap(QR+Geod) are
not recorded because the QR method cannot be applied to

t-SNEe

3.5

t-SNEg

3

L-Iso

2.5
K

IsoL

2

IsoH

1.5

IsoQ

1

CML

0.5

CMH

0
0

3 m, 45 s

CMQ

0.4

LMQ

Q (K)

36 m, 53 s
36 m, 18 s

2000

0.8

Bad ← Qlocal → good

Corel Image Features

2500

Models

Figure 4: CPU time for embedding of Corel Image Features.

the eigendecomposition directly for the large square matrices
which exceed 8,000 dimensions.
4.3. PNAS Titles. The title data was obtained by crawling the
PNAS website and yielded 79,801 long sentences. Each title
is represented by the standard tf-idf vector representation.
The distance matrix is obtained following the cosine distance
̈
measured by all title vectors. We employ the Nystrom
approximation with the first 5000 pivots of data items.
The results of assessing local and global preservation and
mean distance error are given in Table 2. Under experiments
on the text data set, we demonstrate once again the fact
that the QR eigendecomposition is unable to implement in
the large-scale data set. The corresponding results are absent
denoted by “-.” Both in the models of CMDS and Isomap,
the Lanczos-based methods run ahead of the homotopybased ones in terms of 𝑄local , 𝑄global , and dist-err, although
the advance is slight. The QR-based LMDS with the matrices
approximation is better than L-Isomap when the scale of data
increases, but they both fall behind the homotopy method
in the three criterions. The homotopy-based Isomap outperforms the homotopy-based and Lanczos-based CMDS but
slightly runs behind the Lanczos-based Isomap.
From Figures 5 and 6, the results of the text data
set also show that the embedding constructed by geodesic
distance represents the original matrix better than them
with the Euclidean distance. The top three are all based
on geodesic distance: Isomap(Homotopy+Geod) , t-SNE(Geod) , and
Isomap(Lanczos+Geod) . In this case, the approximation with the
landmarks or pivots seems to be not good at representing
the global preservation for the entire embedding space. The
embedding of t-SNE applying with the Euclidean distance
declines slightly both in the local and global parts.
The results of time consuming are shown in Figure 7.
The LMDS and L-Isomap are the top two for 3 min and 46 s
and 4 min and 01 s, respectively (the first and eighth bars).
The homotopy-based methods are in the second echelon (red
bars) for 17 min and 23 s and 17 min and 38 s. The Lanczosbased approaches are in the third level for 26 min and 18 s and
32 min and 33 s. The t-SNE based methods consume the most
time for 57 min and 32 s and 61 min and 28 s. Regardless of
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Table 2: Scalar quality criteria derived from the curves in Figure 5, for PNAS Titles.
𝑄local
0.502/0.522
0.632/0.616
0.402/0.432
0.536/0.546
0.453/0.585
0.597/0.598
0.434/0.525
0.526/0.525
0.521/0.547
0.584/0.593
0.528/0.578
0.689/0.702
0.576/0.607
0.564/0.615

Case
LMDS(QR+pivots+Eucl)−2,3
LMDS(QR+pivots+Eucl)−50,100
CMDS(Homotopy+Eucl)−2,3
CMDS(Homotopy+Eucl)−50,100
CMDS(Lanczos+Eucl)−2,3
CMDS(Lanczos+Eucl)−50,100
Isomap(Homotopy+Geod)−2,3
Isomap(Homotopy+Geod)−50,100
Isomap(Lanczos+Geod)−2,3
Isomap(Lanczos+Geod)−50,100
L-Isomap(QR+pivots+Geod)−2,3
L-Isomap(QR+pivots+Geod)−50,100
t-SNE(Geod)−2,3
t-SNE(Eucl)−2,3

0.6

0.9

0.5
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1

0.8
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𝑄global
0.725/0.755
0.783/0.786
0.721/0.768
0.714/0.725
0.743/0.745
0.723/0.775
0.798/0.799
0.763/0.787
0.782/0.721
0.780/0.805
0.732/0.772
0.813/0.818
0.782/0.832
0.703/0.764
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Figure 5: Behavior curves for assessing local embedding of PNAS
Titles.

the approximation embeddings, a clear superiority brought
by the homotopy is the boost from the distributed system.

5. Discussion
5.1. QR. Combining the results of the two data sets, the
capability of the QR based method is limited within around
10,000 of data scale, even though it improved by both
̈ approximation and the geodesic measuring
the Nystrom
approach [23]. Although the QR approach is subject to
the small and medium size problem, it is also used widely
[2] integrated with matrices reduction which can reach a

dist-err
0.564/0.522
0.421/0.404
0.594/0.542
0.434/0.426
0.572/0.482
0.420/0.397
0.573/0.569
0.405/0.384
0.594/0.527
0.447/0.332
0.602/0.584
0.574/0.486
0.403/0.342
0.378/0.339
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t-SNE(Geod)
t-SNE(Eucl)

Figure 6: Quality for assessing embedding of PNAS Titles.

balance between time consuming, computational resources,
and embedding precision. Furthermore, most algorithms of
QR are designed for dense square matrices which mean
the QR-based models are difficult to expand to distributed
systems for decentralized computation and storage compared
with sparse matrices.
5.2. Homotopy versus Lanczos. For several hundreds of
thousands of levels of data scale, we should consider to
employ those eigendecompositions technologies which are
specific to super large scale matrices. The homotopy continuation method and the Lanczos family will be the feasible
options. However, the result in Figure 2 shows that the
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Figure 7: CPU time for embedding of PNAS Titles.

homotopy-based method may exist in the problem of numerical instability which decreased the precision of embedded
space. The Lanczos also has a similar problem arising on some
form of matrices [26]. To overcome this impediment, we need
further substantial steps in these fields.
The superiorities of the homotopy approach have three
aspects: the calculation of each eigenpairs is a separate process
which means that a boost of multiple eigenpairs solution can
be realized by the augmentation of computational cells, that
is the core idea for parallelizing the eigenvalue-based dimensional reduction; the trend of each eigenpath is predictable
that makes those negative eigenpairs can be estimated before
it completely calculated, this can be a basis for scheduling
computational resources by aborting those meaningless processes; it also provides a way to estimate the maximum available dimensions of embedding space by predicting the number of positive eigenvalues before completing the calculation
of eigenpairs.

6. Conclusions and Future Work
This paper focuses on the parallelization of eigenvaluebased dimensional reduction via the homotopy continuation
method. A novel embedding method based on the homotopy
is presented. It transforms the eigendecomposition process
of embedding to an ODE problem with initial values. By
tracking eigenpaths separately, all isolated positive eigenpairs
can be solved in parallel. The experiments show that the
homotopy-based approach is applicable to the embedding
task with around hundreds of thousands of data items. This
will satisfy to approximate embedding to millions of items.
From the analysis of experiments, there are two problems
around the homotopy on eigendecomposition of embedding:
the accuracy of eigenpairs is still expected to improve The
numerical instability which may exist during computational
procedure needs more works to investigate the convergence
of homotopy method.
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