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Introduction. Prognostics and health management (PHM)
can make full use of condition monitoring (CM) data from a
functioning system to assess the reliability of the system in
its actual life cycle conditions, to determine the advent of
failure and to mitigate system risk through managerial activities. PHM is a systematic approach that is used to evaluate
the reliability of a system in its actual life-cycle conditions,
predict failure progression, and mitigate operating risks via
management actions. There are two parts in PHM, namely,
“prognostics” and “health management”. Prognostics is often
characterized by estimating the remaining useful life (RUL)
of a system using available CM information. Once such prognosis is available, appropriate health management actions
such as repair, replacement, and logistic support can be
performed to achieve the required system’s operational objectives. A requirement of a PHM enabled system is the ability to
estimate the RUL, which can provide the decision-maker
with enough lead-time to perform the necessary maintenance
actions prior to failure. This prognostic ability is a fundamental prerequisite for health management. So far, estimating the
RUL, conditional on the CM data, has been considered as one
of the most central components in PHM and attached great
importance in practice.
With advances in information and sensing technologies,
degradation signals of the system can be obtained relatively
easily through CM techniques. However, it is quite common
in practice that the degradation occurs in a stochastic way
for a number of engineering systems such as bearings,

gyroscopes, and battery systems. As a result, the RUL is also
a random variable, resulting in the difficulty to estimate the
RUL with certainty. The past decade has witnessed an increasingly growing research interest on various aspects of stochastic degradation-modelling from the observed signals for
prognostics. This is partly caused by its importance in a variety of fields such as maintenance, inventory control, public
health surveillance and management, and more.
The main focus of this special issue will be on the new
theories and methodologies and their applications in fault
diagnosis, degradation modeling, and prognostics and health
management for complex engineering systems, especially in
industry applications. The special issue enables researchers
worldwide to report their most recent developments and
ideas in the field, with a special emphasis on technical
advances and new trends within the last five years.
In the next section, we give a brief description of the
papers in this special issue.
An Overview of the Special Issue. This special issue comprises
twenty-one papers, which are carefully selected from many
submissions by a rigorous peer review process. The contents
of which are summarized as follows.
“Remaining Useful Lifetime Prognosis of Controlled Systems: A Case of Stochastically Deteriorating Actuator” by D.
N. Nguyen et al. proposed a novel method to address the case
of automatic controlled systems which deteriorate during
its operation because of components’ wear or deterioration.

2
This paper considers a controlled system with ProportionalIntegral-Derivative controller. It is assumed that the actuator is subject to shocks that occur randomly in time. An
integrated model is proposed to jointly describe the state
of the controlled process and the actuator deterioration. By
considering a Piecewise Deterministic Markov Process, the
remaining useful lifetime of the system can be estimated by
a two-step approach. In the first step referred as the “Diagnostic” step, the system state is estimated online from the available monitoring observations by using a Particle Filtering
method. In the second step referred as the “Prognostic” step,
the remaining useful lifetime is estimated as a conditional
reliability by Monte Carlo Simulation.
“Recursive Gaussian Process Regression Model for Adaptive Quality Monitoring in Batch Processes” by L. Zhou et al.
proposes an adaptive monitoring scheme based on the
recursive Gaussian process (RGP) model. Based on the initial
data, a Gaussian process model and the corresponding SPE
statistic are constructed at first. When the new batches of
data are included, a strategy based on the RGP model is used
to choose the proper data for model updating. The performance of the proposed method is finally demonstrated by a
penicillin fermentation batch process and the result indicates
that the proposed monitoring scheme is effective for adaptive
modeling and online monitoring.
“A Well-Designed Parameter Estimation Method for Lifetime Prediction of Deteriorating Systems with Both Smooth
Degradation and Abrupt Damage” by C. Yu and C. Jiang
models the degradation trajectory of the deteriorating system
by a random coefficient regression (RCR) model with positive
jumps, where the RCR part is used to model the continuous
smooth degradation of the system and the jump part is used
to characterize the abrupt damages due to random shocks.
Based on a specified threshold level, the probability density
function and cumulative distribution function of the lifetime
can be derived analytically. The unknown parameters associated with the derived lifetime distributions can be estimated
via a well-designed parameter estimation procedure on the
basis of the available degradation recordings of the deteriorating systems.
“Circuit Tolerance Design using Belief Rule Base” by X.-B.
Xu et al. constructs a belief rule basis (BRB) system to model
the highly nonlinear relationship between circuit component
parameters and the performance of the circuit by utilizing
available knowledge from circuit simulations and circuit
designers. By using rule inference in the BRB system and clustering analysis, the acceptability regions of the component
parameters can be separated from the value domains of
the component parameters. Using the established nonlinear
relationship represented by the BRB system, an optimization
method is proposed to seek the optimal feasibility region in
the acceptability regions so that the volume of the tolerance
region of the component parameters can be maximized.
“Reliability Analysis of Load-Sharing K-Out-of-N System considering Component Degradation” by J. Guo et al.
proposes a method combining a tampered failure rate model
with a performance degradation model to analyze the reliability of load-sharing 𝐾-out-of-𝑁 system with degrading
components. The proposed method considers the value of 𝐾
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as a variable which is derived by the performance degradation
model. The load-sharing effect is evaluated by the tampered
failure rate model. Monte-Carlo simulation procedure is used
to estimate the discrete probability distribution of 𝐾.
“A Novel Strong Tracking Fault Prognosis Algorithm” by
Q. Zhang et al. presents a novel strong tracking fault prognosis algorithm to settle the problem of abruptly changing
states and the degeneracy in particle filter algorithm. In the
proposed algorithm, the artificial immunity algorithm is first
introduced to resolve the degeneracy problem, and then the
strong tracking filter is introduced to enhance the ability to
track abruptly changing states. The particles are updated by
strong tracking filter, and better particles are selected by
utilizing the artificial immune algorithm to estimate states.
“Generalized Accelerated Failure Time Frailty Model for
Systems Subject to Imperfect Preventive Maintenance” H. Yin
et al. introduces the models in the field of survival analysis
into condition-based maintenance. Specifically, the generalized accelerated failure time frailty model is investigated to
model the failure likelihood of industrial systems. Further,
on the basis of the maximum likelihood (ML) estimation and
expectation maximization (EM) algorithm, the hybrid MLEM algorithm is investigated for the estimation of parameters. The performance of the model is analyzed through the
prediction of remaining useful life using the testing-data.
“The Assessment and Foundation of Bell-Shaped Testability Growth Effort Functions Dependent System Testability
Growth Models Based on NHPP” by T.-M. Li et al. investigates a type of STGM (system testability growth model) based
on the nonhomogeneous Poisson process which incorporates
TGEF (testability growth effort function). First, the process
of TGT (testability growth test) for equipment is analyzed to
show that the TGT can be divided into two steps: make the
unit under test be in broken condition to identify TDL (testability design limitation) and remove the TDL. The amount of
TGF (testability growth effort) spent on identifying TDL is
a crucial issue which decides the shape of testability growth
curve and that the TGF increases firstly and then decreases
at different rate in the whole life cycle. Further, five TGEF are
included, including an Exponential curve, a Rayleigh curve,
a logistic curve, a delayed S-shape curve, or an inflected Sshaped curve which are collectively referred to as Bell-shaped
TGEF into STGM.
“Fault Prediction Algorithm for Multiple Mode Process
Based on Reconstruction Technique” by J. Ma and J. Xu studies the problems of multiple mode process fault detection,
fault estimation, and fault prediction systematically based on
multi-PCA model in the framework of fault reconstruction
technique. A multi-PCA model is used for fault detection in
steady state process under different conditions while a
weighted algorithm is applied for transition process. Then,
the proposed method describes the faults quantitatively and
uses the optimization method to derive the fault amplitude
under the sense of fault reconstruction. Finally, support
vector machine is used to predict the trend of the fault
amplitude.
“A BRB Based Fault Prediction Method of Complex
Electromechanical Systems” by B. Zhang et al. constructs a
new fault prognosis model based on the basis of belief
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rule base to utilize both the quantitative information and
qualitative knowledge. Further, an evidential reasoning based
optimal algorithm is developed to train the established fault
prediction model. As such, the fault prediction accuracy can
be improved effectively.
“Anomaly Detection and Degradation Prediction of
MOSFET” by L. F. Wu et al. analyzes the failure models and
mechanisms of MOSFETs. Based on the experimental data, a
nonlinear dual-exponential degradation model for MOSFETs
is presented. Then, an approach for MOSFET degradation
state prediction is provided by using a strong tract filter based
on the obtained degradation model.
“A Belief Rule-Based Safety Evaluation Approach for
Complex Systems” by J. Zhang et al. proposes a generic belief
rule-based safety evaluation approach for large-scale complex systems. In the proposed method, the system is firstly
decomposed and filtered into the measurable attributes that
may potentially contribute to the uncertainty. Then, a belief
rule base is established with all antecedents, consequents,
and attributes presented in belief degrees to estimate the
uncertainty with a distribution representation.
“Fault Diagnosis in Condition of Sample Type Incompleteness using Support Vector Data Description” by H. Yi
et al. discusses the relationship between sample-type incompleteness and the classifier-based diagnostic accuracy of complicated systems. Then, a support vector data descriptionbased approach is proposed to refine the construction of fault
regions and increase the diagnostic accuracy for the condition of incomplete sample types. In the proposed method,
the effect of sample-type incompleteness is taken into consideration.
“A Fault Diagnosis Method of Power Systems Based on
Gray System Theory” by H. Darong et al. presents a new
model for identifying fault component by using gray theory to
provide some decision-making suggestions for fault diagnosis
of power systems. In the proposed model, the recognition
algorithm of the power supply interrupted districts and
the assignment principle of fault state vectors are depicted
according to the working principle of protective relays and
circuit breakers. Based on the concept of the Gray correlation
degree, the fault information explanation degree model is
constructed and the judging method of malfunction and
rejection for PRs and CBs is established. To achieve the goal of
the fault diagnosis, the fault diagnosis procedure is designed
for the concerned power systems.
“Incipient Gearbox Fault Diagnosis Based on the Reverse
State Transformation of the Chaotic Duffing Oscillator and
Sampling Integral Technology” by J. Li and J. M. Zhao
presents a method based on chaos theory and sampling
integral technology to detect the incipient fault of gearbox
according to the characters of the gearbox vibration signals.
Sampling integral technology was used to improve the tracking ability of fault signals with lower signal-to-noise ratio. The
small changes in the sidebands of meshing frequency can be
detected by the transformation of chaotic phase diagram, and
then the incipient faults can be diagnosed.
“A Fault Diagnosis Approach for Gas Turbine Exhaust
Gas Temperature Based on Fuzzy C-Means Clustering and
Support Vector Machine” by Z.-T. Wang et al. proposes a
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fusion approach based on Fuzzy C-Means (FCM) clustering
algorithm and Support Vector Machine (SVM) classification
model. FCM clustering algorithm is used to realize clustering
analysis and obtain the state pattern. SVM multiclassification
model is designed to carry out the state pattern recognition
and fault diagnosis.
“A Diagnosis Method for Rotation Machinery Faults
Based on Dimensionless Indexes Combined with K-Nearest
Neighbor Algorithm” by J. Xiong et al. presents a diagnosis
method for rotation machinery fault based on dimensionless
indexes combined with 𝐾-nearest neighbor (KNN) algorithm. This method uses a KNN algorithm and an evidence
fusion theoretical formula to deal with fuzzy data, incomplete
data, and accurate data. The input information is integrated
by an evidence synthesis formula to get the diagnosis result.
“Fault Sample Generation for Virtual Testability Demonstration Test Subject to Minimal Maintenance and Scheduled
Replacement” by Y. Zhang et al. describes the fault occurrence
process by stochastic process theory and discusses the fault
occurrence process subjected to minimal repair modeled by
nonhomogeneous Poisson process (NHPP). The interarrival
time distribution function of the next fault event is proposed
and three typical kinds of parameterized NHPP are discussed.
Finally, the procedure of fault sample generation is put
forward with the assumptions of minimal maintenance and
scheduled replacement. As such, the fault modes and their
occurrence time subject to specified conditions and time
period can be obtained.
“Research on FCM and NHL Based High Order Mining
Driven by Big Data” by Z. Peng et al. proposes an FCM and
NHL based high order mining algorithm to get the high order
evaluation and correlation degree among big data with the
characteristics of multidimension and multigranularity. The
algorithm is applied in scientific and technical talent forecast.
“The Robust Passive Location Algorithm for Maneuvering Target Tracking” by X. Yang et al. proposes a robust passive location algorithm based on the orthogonality principle
and the fuzzy extended Kalman filter to track the maneuvering target in the uncertain passive location system. Different
from other passive location method, the noise is described
by the trapezoidal possibility distributions rather than the
Gaussian probability distributions.
“Attitude Estimation Based on the Spherical Simplex
Transformation Modified Unscented Kalman Filter” by J.
Zhao et al. proposes an antenna attitude estimation algorithm
to improve the antenna pointing accuracy for the satellite
and the estimation is achieved by the spherical simplex transformation modified UKF. The extrapolated angle accelerator
improves the real-time character of the system. Besides, the
antijamming capacity of the system has been increased for
the judgment rules of the motion state.
Concluding Remarks. Due to the limited space, we cannot
introduce all the papers in this special issue with more details.
Of course, the selected topics and papers are not a comprehensive representation of the area of this special issue.
However, we do hope that this special issue contains useful
information that can help motivate more researchers to
contribute to this fascinating area.
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Deteriorating systems, which are subject to both continuous smooth degradation and additional abrupt damage due to a shock
process, can be often encountered in engineering. Modeling the degradation evolution and predicting the lifetime of this kind of
systems are both interesting and challenging in practice. In this paper, we model the degradation trajectory of the deteriorating
system by a random coefficient regression (RCR) model with positive jumps, where the RCR part is used to model the continuous
smooth degradation of the system and the jump part is used to characterize the abrupt damage due to random shocks. Based on a
specified threshold level, the probability density function (PDF) and cumulative distribution function (CDF) of the lifetime can be
derived analytically. The unknown parameters associated with the derived lifetime distributions can be estimated via a well-designed
parameter estimation procedure on the basis of the available degradation recordings of the deteriorating systems. An illustrative
example is finally provided to demonstrate the implementation and superiority of the newly proposed lifetime prediction method.
The experimental results reveal that our proposed lifetime prediction method with the dedicated parameter estimation strategy can
get more accurate lifetime predictions than the rival model in literature.

1. Introduction
Over the past decade, prognostics and health management
(PHM) has been well recognized as an effective and systematic discipline of enhancing reliability, determining the
advent of failure, and reducing operating risk through managerial activities [1–5]. The main contents of PHM can be
classified into the following two parts, that is, “prognostics”
and “health management.” Specifically, the former is dedicated to finding the mean or distributions (e.g., PDF and
CDF) of the system’s lifetime, while the latter aims at taking
appropriate decisions (such as spare part ordering and maintenance scheduling) on the basis of the predicted lifetime
distributions [6–10]. As a result, lifetime prediction technique
constitutes the central component of PHM program in practical implementation [1, 7, 11]. The existing lifetime prediction
methods in literature can be broadly divided into physicsbased and data-driven methods [12]. Physics-based methods
aim to predict the system’s lifetime on the basis of the physics

of the system’s underlying failure mechanisms, and datadriven methods achieve lifetime predictions relying mainly
on the condition monitoring data (e.g., wear, crack length,
vibration, capacitance, drift rate of an electronic device, and
light intensity of a light emitting diode), which can reflect
the health condition of a practical system. Compared with
the former, the latter has become the mainstream of the
current lifetime prediction practices [1, 12]. This is mainly
because (1) it is typically difficult, or even impossible, to
capture the physics of failure of an engineering system in
practice, especially for the complicated or large-scale systems
operating under time-varying environments, and (2) the
condition monitoring data which are highly correlated with
the underlying health condition (equivalently, lifetime) of
an engineering system can be measured and collected easier
and easier, owing to the rapid development of sensor and
instrumentation techniques. Thus, the data-driven lifetime
prediction methods are more appealing and have gained
much attention in the past years, [10–13].
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In literature, it is well accepted that the degradation process of a practical system is typically stochastic and uncertain,
because of the time-varying working loads and dynamic
operating environments, and therefore, stochastic models
are suggested to be utilized to characterize the degradation
trajectory of a deteriorating system [7, 10–13]. This is mainly
because not only the point prediction of the system’s lifetime
but also the uncertainty associated with the predicted lifetime
distributions can be obtained based on a stochastic model
for degradation modeling. RCR is one of the most frequently
used stochastic degradation models in both industrial and
academic domains [11]. The fundamental rationale of the
RCR-based degradation models is to model the system’s
degradation evolution based on the regression model with a
random coefficient, where the random coefficient is used to
characterize the heterogeneity among deteriorating systems
of the same kind [11, 14]. As far as the authors know, Lu
and Meeker were the first to use the RCR-based degradation
model in lifetime prediction area [14]. Up to now, the RCR
models have been widely used in degradation modeling and
lifetime prediction practices, such as fatigue crack data [14],
bearings [15], vacuum fluorescent displays data [16], and
gyroscopes [17].
However, most of the RCR-based degradation modeling
and lifetime prediction methods in literature share a common
assumption that the deteriorating systems should degrade
smoothly. Taking both the continuous smooth degradation
and the abrupt damage of random shocks into consideration,
Peng et al. [18] proposed a degradation modeling method
for lifetime prediction, where the continuous smooth degradation part was modeled by a RCR model. Based on the
framework developed in [18], extensions and applications
were widely made in [19–22] during the recent years. It should
be noted that the parameters in the degradation model of [18]
and its followers were all assumed to be known as prior information or can be appointed by subjective hypotheses, and no
parameter estimation procedure was provided. As it is known
to all, the choosing of the values of these unknown parameters
plays a key role in the predicted lifetime distributions, and
thus, if these parameters are misspecified, then the predicted
lifetime distributions may be unreasonable. To surmount
this problem, this paper proposed a dedicated parameter
estimation method for lifetime prediction of deteriorating
systems subjected to both continuous smooth degradation
and additional abrupt damage due to a shock process. To
be specific, we model the degradation trajectory of this kind
of system by a RCR model with positive jumps, where the
RCR model is used to track the system’s smooth degradation
and the jumps part is used to characterize the abrupt damage
due to random shocks. Based on a specified threshold level,
the analytical PDF and CDF of lifetime can be derived.
To estimate the unknown parameters associated with the
lifetime distributions, a well-designed parameter estimation
method is formulated by using the maximum likelihood
estimation (MLE) strategy. The effectiveness and superiority
of the newly proposed lifetime prediction method are finally
validated by an illustrative example.
The remainder of this paper is organized as follows.
Section 2 describes the problem to be explored in this paper.
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Section 3 is devoted to deriving the PDF and CDF of the lifetime of the deteriorating systems. In Section 4, the parameter
estimation procedure is specified. An illustrative example is
provided in Section 5 for demonstration. Section 6 concludes
the paper with possible directions for future researches.

2. Problem Description
For a deteriorating system subjected to both continuous
smooth degradation and additional abrupt damage due to
a shock process, its total degradation evolution can be
characterized by the following additive model:
𝑋 (𝑡) = 𝑋𝑎 (𝑡) + 𝑋𝑆 (𝑡) ,

(1)

where 𝑋(𝑡) represents the system’s degradation at time 𝑡,
𝑋𝑎 (𝑡) is the continuous smooth degradation at time 𝑡, and
𝑋𝑆 (𝑡) is the accumulated abrupt damage till time 𝑡 due to
random shocks.
Remark 1. We can observe from (1) that the actual degradation 𝑋(𝑡) is the summation of the continuous smooth
degradation 𝑋𝑎 (𝑡) at time 𝑡 and the accumulated abrupt
damage till time 𝑡. In other words, both continuous smooth
degradation and accumulated abrupt damage result in the
system’s actual degradation.
Specifically, we choose the following specific model [18]
to characterize the degradation of the deteriorating system
considered in this paper:
𝑍(𝑡)

𝑋 (𝑡) = 𝛼 + 𝛽𝑡 + ∑ 𝐿 𝑘 ,

(2)

𝑘=0

where 𝑋𝑎 (𝑡) = 𝛼 + 𝛽𝑡 and 𝑋𝑆 (𝑡) = ∑𝑍(𝑡)
𝑘=0 𝐿 𝑘 correspond to (1).
𝛼 = 𝑋(0) is the initial degradation of a system, and without
loss of generality, 𝛼 is assumed to be zero in this paper [7,
12, 13, 17, 18]. 𝛽 ∼ 𝑁(𝜇𝛽 , 𝜎𝛽2 ) represents the degradation rate
of the deteriorating system, and the randomness of 𝛽 is used
to characterize the heterogeneity over a class of systems [15–
18]. 𝑍(𝑡) is a Poisson process representing the number of the
random shocks up to time 𝑡 with rate 𝜏, and 𝐿 𝑘 (𝑘 ∈ 𝑁+ ∪{0})
represents the abrupt damage due to the 𝑘th shock with 𝐿 0 =
0. We further assume that 𝐿 𝑘 is a positive random variable
with independent identically distributed (IID) PDF, 𝑓𝐿 (𝑙; 𝜉),
and 𝜉 is the unknown parameters. As a consequence, 𝑋𝑆 (𝑡)
constitutes a compound Poisson process.
From the degradation model defined in (1) and (2), the
lifetime 𝑇 of the deteriorating system can be defined as
𝑇 = inf {𝑡 : 𝑋 (𝑡) ≥ 𝑤 | 𝑋 (0) < 𝑤} ,

(3)

where 𝑤 represents the threshold level, which can be specified
by the industrial standards, the expert knowledge, and so
forth [11–18].
Based on the definitions in (1)∼(3), we can obtain the
issues that need to be studied in this paper. First, deriving
the PDF and CDF of the lifetime defined in (3). Second,
estimating the unknown parameters associated with the
obtained lifetime distributions.
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From (8), we can obtain the PDF of lifetime 𝑇 as

3. Derivation of the Lifetime Distributions
This section is devoted to deriving the lifetime distributions
defined in (3). According to (1)∼(3), we can first obtain the
CDF of 𝑋(𝑡) at time 𝑡 by the law of total probability as
𝐹𝑋 (𝑥, 𝑡)

𝑓𝑇 (𝑡)
=

𝑤 − 𝜇𝛽 𝑡
𝜕
𝑤
exp (−𝜏𝑡)
𝐹𝑇 (𝑡) = 𝜙 (
)
𝜕𝑡
𝜎𝛽 𝑡
𝜎𝛽 𝑡2
+ 𝜆Φ (

= 𝑃 (𝑋 (𝑡) < 𝑥)

𝑤 − 𝜇𝛽 𝑡
𝜎𝛽 𝑡

(4)

∞

= ∑ 𝑃 (𝑋𝑎 (𝑡) + 𝑋𝑆 (𝑡) < 𝑥 | 𝑍 (𝑡) = 𝑘) 𝑃 (𝑍 (𝑡) = 𝑘) ,
𝑘=0

where 𝑃(𝑍(𝑡) = 𝑘) denotes the probability that 𝑍(𝑡) = 𝑘
occurs.
Denote the CDF of 𝑋𝑎 (𝑡) as 𝑈(𝑥, 𝑡) and the PDF of 𝐿𝑖 (𝑖 ∈
𝑁+ ) as 𝑓𝐿<𝑖> (𝑙𝑖 ), where 𝐿𝑖 is defined as ∑𝑍(𝑡)
𝑘=0 𝐿 𝑘 |𝑍(𝑡) = 𝑖 with

∞ {
𝑤 − (𝜇𝛽 𝑡 + 𝑖𝜇𝐿 )
{
)
− ∑ {𝜙 (
{
𝑖=1
√𝜎𝛽2 𝑡2 + 𝑖𝜎𝐿2
{

⋅

𝑖

realization 𝑙𝑖 . Then, (4) can be further transformed to be
⋅

𝐹𝑋 (𝑥, 𝑡)
exp (−𝜏𝑡) (𝜏𝑡)𝑖
+ ∑ ∫ 𝑈 (𝑥 − 𝑙𝑖 , 𝑡) 𝑓𝐿<𝑖> (𝑙𝑖 ) 𝑑𝑙𝑖
.
𝑖
𝑖!
𝑘=1 0
𝑥

(5)

Equation (5) is a general form for 𝐹𝑋 (𝑥, 𝑡). To get its analytical form, we choose the distribution of the shock damage
IID

size as 𝐿 𝑘 ∼ 𝑁(𝜇𝐿 , 𝜎𝐿2 ). Then, 𝐿𝑖 ∼ 𝑁(𝑖𝜇𝐿 , 𝑖𝜎𝐿2 ). Taking
the randomness of the degradation rate 𝛽 into account, the
analytical form of 𝐹𝑋 (𝑥, 𝑡) can be given by [18]
𝐹𝑋 (𝑥, 𝑡)
= Φ(

𝑥 − 𝜇𝛽 𝑡
𝜎𝛽 𝑡

) exp (−𝜏𝑡)
(6)

∞

𝑥 − (𝜇𝛽 𝑡 + 𝑖𝜇𝐿 )

𝑖=1

√𝜎𝛽2 𝑡2 + 𝑖𝜎𝐿2

+ ∑Φ (

)

exp (−𝜏𝑡) (𝜏𝑡)𝑖
,
𝑖!

where Φ(⋅) denotes the CDF of the standard normal distribution.
Accordingly, from (6), we can obtain the probability that
no failure occurs before time 𝑡 as
𝑃 (𝑋 (𝑡) < 𝑤) = 𝐹𝑋=𝑤 (𝑤, 𝑡) .

(7)

Then, from (6) and (7), we can obtain the CDF of the
lifetime 𝑇 as
𝐹𝑇 (𝑡) = 1 − Φ (

𝑤 − 𝜇𝛽 𝑡
𝜎𝛽 𝑡

) exp (−𝜏𝑡)

∞

𝑤 − (𝜇𝛽 𝑡 + 𝑖𝜇𝐿 )

𝑖=1

√𝜎𝛽2 𝑡2 + 𝑖𝜎𝐿2

− ∑Φ (

−𝜇𝛽 𝑖𝜎𝐿2 + (−𝑤 + 𝑖𝜇𝐿 ) 𝜎𝛽2 𝑡
(𝜎𝛽2 𝑡2 + 𝑖𝜎𝐿2 )

3/2

𝑤 − (𝜇𝛽 𝑡 + 𝑖𝜇𝐿 )
exp (−𝜏𝑡) (𝜏𝑡)𝑖
)
+ Φ(
𝑖!
√𝜎2 𝑡2 + 𝑖𝜎2
𝛽

= 𝑈 (𝑥, 𝑡) exp (−𝜏𝑡)
∞

) exp (−𝜏𝑡)

exp (−𝜏𝑡) (𝜏𝑡)𝑖
)
.
𝑖!

(8)

exp (−𝜏𝑡) (𝜏𝑡)𝑖−1 (−𝜏2 𝑡 + 𝜏𝑖) }
}
⋅
,
}
}
𝑖!
}

𝐿

(9)

where 𝜙(⋅) denotes the PDF of the standard normal distribution.
Remark 2. From (8) and (9), we can find that the CDF
and PDF of the lifetime 𝑇 can be formulated analytically.
Compared with the numerical results, such as the Monte
Carlo simulation method [23], (8) and (9) can be implemented more quickly with less storage space. It can also be
observed from (8) and (9) that there still exist some unknown
parameters in the lifetime distributions. As mentioned above,
for simplicity, these parameters were assumed to be known as
prior information in literature, for example, [18]. However,
if these parameters are misspecified in practice, then the
obtained lifetime predictions may be unreasonable.
In the forthcoming section, we will present a dedicated parameter estimation procedure to estimate all these
unknown parameters.

4. Parameter Estimation
The unknown parameters associated with the PDF and CDF
of lifetime 𝑇 can be divided into the following three parts: (1)
parameters in the abrupt damage part 𝑋𝑆 (𝑡), including 𝜏 and
𝜉 = (𝜇𝐿 , 𝜎𝐿 ); (2) parameters in the continuous degradation
part 𝑋𝑎 (𝑡), including 𝜇𝛽 and 𝜎𝛽 . For clarity, we denote all of
these unknown parameters as Ξ = (𝜏, 𝜇𝐿 , 𝜎𝐿 , 𝜇𝛽 , 𝜎𝛽 ) and the
̂ = (̂
corresponding estimators as Ξ
𝜏, 𝜇̂𝐿 , 𝜎̂𝐿 , 𝜇̂𝛽 , 𝜎̂𝛽 ) .
Assume that we have the degradation recordings of 𝑀
deteriorating systems of the same kind. Specifically, to obtain
̂ the following three kinds of data are needed. First, the
Ξ,
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data of the system’s total operating time and the total number
of random shocks, denoted as {(𝑊𝑚 , 𝑠𝑚 ), 𝑚 = 1, 2, . . . , 𝑀},
where 𝑊𝑚 represents the total operating time of the 𝑚th system, and 𝑠𝑚 represents the total number of random shocks of
the 𝑚th system during its operating time 𝑊𝑚 . Second, shock
damage size data, denoted as {𝑙𝑚,𝑛 , 𝑚 = 1, 2, . . . , 𝑀; 𝑛 =
1, 2, . . . , 𝑠𝑚 }, where 𝑙𝑚,𝑛 is the damage size of the 𝑛th shock of
the 𝑚th system at time 𝑡𝑚,𝑛 . Third, degradation data, denoted
as {𝑥𝑚,𝑞 , 𝑚 = 1, 2, . . . , 𝑀; 𝑞 = 1, 2, . . . , 𝑞𝑚 }, where 𝑥𝑚,𝑞
represents the 𝑞th degradation data of the 𝑚th deteriorating
system at time 𝑡𝑚,𝑞 , and 𝑞𝑚 is the number of the observed
degradation data of the 𝑚th deteriorating system. Below, we
will use these data to estimate the unknown parameters Ξ via
the MLE method.

Denoting the left hand side of (13) as Ψ(𝑡) (with its
realization 𝜓(𝑡)) yields
𝑍(𝑡)

Ψ (𝑡) = 𝑋 (𝑡) − ∑ 𝐿 𝑘 ,

(14)

Ψ (𝑡) = 𝛽𝑡.

(15)

𝑘=0

4.1. Estimating of 𝜏. To estimate 𝜏, the following Lemma
should be provided first.

Based on (14), we can transform the observed degradation
data set {𝑥𝑚,𝑞 } to be {𝜓𝑚,𝑞 } with the help of the shock
damage size data {𝑙𝑚,𝑛 }. The unknown parameters 𝜇𝛽 and 𝜎𝛽
can be estimated from {𝜓𝑚,𝑞 } based on (15). For simplicity,
we assume that {𝜓𝑚,𝑞 } from different deteriorating systems
are independent, but {𝜓𝑚,𝑞 } of one deteriorating system at
different times are dependent. Denote all of the transformed
data of {𝜓𝑚,𝑞 } of the 𝑚th system as {𝜓𝑚,1:𝑞𝑚 }. We have the
following theorem.

Lemma 3 (see [23]). If 𝑍(𝑡) is a Poisson process with rate 𝜏,
as defined in (2), then the times between two random shocks
follows an IID exponential distribution with mean 1/𝜏.

Theorem 4 (see [24]). The transformed data {𝜓𝑚,1:𝑞𝑚 } of the
𝑚th system associated with (15) follows a multivariable normal
distribution with mean and covariance:

Based on Lemma 3, we can formulate the log-likelihood
function of {𝑊𝑚 , 𝑠𝑚 } in terms of 𝜏 as

𝜇𝑚 = (𝜇𝛽 𝑡𝑚,1 , 𝜇𝛽 𝑡𝑚,2 , . . . , 𝜇𝛽 𝑡𝑚,𝑞𝑚 ) ,

(16)

Σ𝑚 = 𝜎𝛽2 t𝑚,1:𝑞𝑚 t𝑚,1:𝑞𝑚 ,

(17)

𝑀

Υ1 (𝜏) = ∑ log (𝜏𝑠𝑚 𝑒−𝜏𝑊𝑚 ) .



(10)

respectively, where t𝑚,1:𝑞𝑚 = (𝑡𝑚,1 , 𝑡𝑚,2 , . . . , 𝑡𝑚,𝑞𝑚 ) representing
the times associated with {𝜓𝑚,1:𝑞𝑚 }.

Taking the derivative of Υ1 (𝜏) with respect to 𝜏, and letting
the result be equal to zero, we can finally obtain

Based on Theorem 4, the log-likelihood function of all the
transformed degradation data, {𝜓𝑚,𝑞 , 𝑚 = 1, 2, . . . , 𝑀; 𝑞 =
1, 2, . . . , 𝑞𝑚 }, can be formulated as

𝑚=1

∑𝑀
𝑚=1 𝑠𝑚

𝜏̂ =

∑𝑀
𝑚=1 𝑊𝑚

.

(11)

4.2. Estimating of 𝜇𝐿 and 𝜎𝐿 . We can estimate 𝜇𝐿 and 𝜎𝐿 by
the MLE method from {𝑙𝑚,𝑛 } via the following log-likelihood
function
𝑀

𝑠𝑚

Υ2 (𝜇𝐿 , 𝜎𝐿 ) = ∑ ∑ log 𝑓 (𝑙𝑚,𝑛 ; 𝜇𝐿 , 𝜎𝐿 ) .

(12)

𝑚=1 𝑛=1

The estimators 𝜇̂𝐿 and 𝜎̂𝐿 can be obtained by maximizing
(11) in terms of 𝜇𝐿 and 𝜎𝐿 .
4.3. Estimating of 𝜇𝛽 and 𝜎𝛽 . Due to the existence of the
abrupt damage part 𝑋𝑆 (𝑡), 𝜇𝛽 and 𝜎𝛽 cannot be estimated
from {𝑥𝑚,𝑞 } directly. In order to estimate these two unknown
parameters, we have to transform the observed degradation
data set {𝑥𝑚,𝑞 } first.
From (2), we have
𝑍(𝑡)

𝑋 (𝑡) − ∑ 𝐿 𝑘 = 𝛼 + 𝛽𝑡,
𝑘=0

where 𝛼 = 0 as defined in (2).

(13)

Υ3 (𝜇𝛽 , 𝜎𝛽 )
=−

∑𝑀
1 𝑀
 
𝑚=1 𝑞𝑚
log (2𝜋) − ∑ log Σ𝑚 
2
2 𝑚=1

−

(18)


1 𝑀
∑ (𝜓𝑚,1:𝑞𝑚 − 𝜇𝑚 ) Σ𝑚 −1 (𝜓𝑚,1:𝑞𝑚 − 𝜇𝑚 ) .
2 𝑚=1

Maximize (18), the estimators of 𝜇𝛽 and 𝜎𝛽 can be obtained.
Till now, all of the unknown parameters Ξ are estî into (8) and (9), we can
mated. Substituting the estimated Ξ
obtain the CDF and PDF of the lifetime 𝑇 for this class of
deteriorating systems subjected to both continuous smooth
degradation and abrupt damage. Next, we will apply the
obtained lifetime prediction results to a sample of simulated
data.

5. Illustrative Example
This section is devoted to providing an illustrative example to
demonstrate the feasibility and superiority of our proposed
lifetime prediction method. For comparison, we choose the
method in [18] as the rival model, which is also termed as
Peng’s approach hereafter. We first generate some data as the
basis for demonstration.
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Table 1: The settings of the parameters.
𝜇𝛽
0.4

𝜎𝛽
0.1

𝜇𝐿
15

𝜎𝐿
1

𝜏
0.05

Δ𝑡
1

160
The simulated degradation path

140
120
Threshold level

100
80
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17
16.5
16
15.5
15
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14
13.5
13
−2.5
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0
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1
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2
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Figure 2: QQ plot of the damage sizes of the shocks versus standard
normal distribution.
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Figure 1: The simulated degradation paths.

5.1. Data Generation. The data are simulated by (2) with the
parameters as shown in Table 1, where Δ𝑡 is the discretization
step. Based on these settings, six degradation paths are
simulated with 120 samples of points (except 𝑋(0) = 0) in
each degradation path, as illustrated in Figure 1. For clarity,
we denote these simulated degradation paths from the first
to the sixth path with 𝐶𝛾 (𝛾 = 1, . . . , 6), respectively. From
Figure 1, it can be observed that the degradation path evolves
increasingly due to both the continuous smooth degradation
and additional abrupt damage. We also provide the information of the shocks associated with these six degradation paths
in Table 2, where the first quantity in each parenthesis denotes
the occurring time of each shock, and the second quantity
denotes the damage size of the shock on system’s degradation.
5.2. Parameters Estimation and Assumptions Testing. In this
subsection, we focus on estimating the unknown parameters associated with the degradation model, based on the
simulated degradation paths above, that is, 𝐶1 ∼ 𝐶6 . The
estimated parameters are shown in Table 3. From Table 3, we
can find that the estimated parameters are all very close to
their real values as we used before. For a practical case, it is
necessary to test the reasonableness of the assumptions used
in the shock related part of the degradation model based on
the statistical hypothesis testing methods [25]. Specifically,
the following two assumptions are tested mathematically.
First, the Poisson process assumption for the arrival of the
random shocks by the Kolmogorov-Smirnov test. Second,
the normality assumption of the damage sizes of random
shocks on system’s degradation via the Lilliefors test. The
testing results accept both of these two assumptions at the

5% significance level. In addition, to provide an intuitive
illustration, the Quantile-Quantile (QQ) plot of the normality
assumption of the damage sizes of random shocks versus the
standard normal distribution is further plotted in Figure 2.
Observed from Figure 2, the QQ plot is close to being
linear, which reveals the rationality of the normal distribution
assumptions for the damage sizes of the shocks on system
degradation.
5.3. Predictions of the PDF of the Lifetime Based on the
Estimated Parameters. This subsection will apply the proposed lifetime prediction in this paper to the simulated
data to validate its effectiveness. Specifically, the unknown
parameters in the lifetime distributions in (8) and (9) are
replaced by the estimators in Table 2, and the threshold level
is set to be 𝑤 = 100. For comparison, Peng’s approach in [18]
is also applied to the simulated data. As mentioned above,
the unknown parameters in [18] are specified by the prior
information or subjective experiences, and thus, it is likely
that the parameters are misspecified. However, once these
parameters are misspecified in Peng’s approach, the predicted
lifetime may be unreasonable. Below, we will investigate the
influence of the misspecification of the mean of 𝛽 (i.e., 𝜇𝛽 ),
the mean of shock damage size 𝐿 𝑘 (i.e., 𝜇𝐿 ), and the arrival
rate of the random shocks, 𝜏, on the lifetime predictions
in succession. Here the term “misspecification” means that
the unknown parameters are appointed much smaller or
larger compared to the real values due to the imprecision
of the prior information or the subjective experiences. By
employing Monte Carlo simulation method [23], we also plot
the empirical lifetime distributions (can be viewed as the real
lifetime distributions) based on the real parameter values in
Table 1, to facilitate the comparison process. Specifically, the
simulated run of the Monte Carlo method is set to be 100000.
5.3.1. The Parameter 𝜇𝛽 Is Misspecified. We first explore the
lifetime prediction results when 𝜇𝛽 is misspecified in Peng’s
approach. The empirical lifetime distributions, the predicted
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Table 2: The occurring times and damage sizes of the shocks in the simulated paths.
1st shock
(3, 16.3275)
(16, 13.2536)
(10, 14.7404)
(16, 13.7604)
(3, 14.0170)
(16, 13.9385)

𝐶1
𝐶2
𝐶3
𝐶4
𝐶5
𝐶6

2nd shock
(15, 14.5469)
(49, 15.5015)
(38, 14.7076)
(27, 14.8355)
(8, 16.1365)
(32, 15.9557)

3rd shock
(24, 15.6652)
(65, 14.5447)
(67, 15.4248)
(45, 14.9892)
(30, 15.2565)
(36, 15.5479)

4th shock
(90, 15.2858)
(82, 15.2710)
(86, 17.3549)
(50, 15.7752)
(54, 15.5600)
(45, 17.8065)

0.016

1

0.014

09
0.9
Our approach
CDF of lifetime

PDF of lifetime

Peng’s approach

0.008
0.006
0.004

6th shock

7th shock

(95, 15.0241)
(109, 14.6566)
(57, 16.7623)

(82, 13.9892)

Empirical CDF

0.7

Our approach

0.6
0.5
0.4
0.3

Peng’s approach

0.2

0.002
0

(114, 14.7640)
(88, 16.0038)
(65, 15.2636)
(48, 15.7366)

0.8

0.012
0.01

5th shock
(107, 16.2108)

0.1
0
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(b) Peng’s approach with a larger 𝜇𝛽 = 0.8

Figure 3: Predicted PDF and CDF of the lifetime when 𝜇𝛽 is misspecified in Peng’s approach.

Table 3: The estimated parameters.
𝜇̂𝛽
0.3897

𝜎̂𝛽
0.0512

𝜇̂𝐿
15.4547

𝜎̂𝐿
0.6439

𝜏̂
0.0458

lifetime distributions of our approach, and the predicted
lifetime distributions of Peng’s approach with specified 𝜇𝛽 are
plotted in Figure 3. Specifically, Figures 3(a) and 3(b) show
the predicted results associated with a much smaller 𝜇𝛽 with

𝜇𝛽 = 0.1 and a much larger 𝜇𝛽 with 𝜇𝛽 = 0.8 than the real
value 𝜇𝛽 = 0.4 in Peng’s approach, respectively.
From Figure 3, the following two observations can be
obtained. First, the PDF and CDF of the lifetime predicted by
our approach can fit the empirical lifetime distributions better
than those predicted by Peng’s approach with misspecified
𝜇𝛽 . Second, the predicted lifetime of PDF by Peng’s approach
in Figure 3(a) is much larger than the empirical PDF (i.e.,
the histogram), and the CDF of Peng’s approach increases
much slower than the empirical CDF. The opposition can be
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(b) Peng’s approach with a larger 𝜇𝐿 = 20

Figure 4: Predicted PDF and CDF of the lifetime when 𝜇𝐿 is misspecified in Peng’s approach.

observed when 𝜇𝛽 is chosen larger than the real value 𝜇𝛽 = 0.4
in Figure 3(b). This is intuitive since a smaller (larger) 𝜇𝛽
corresponds to a lower (higher) mean degradation rate of the
deteriorating systems.
5.3.2. The Parameter 𝜇𝐿 Is Misspecified. We further investigate the influence of the mean of the shock damage size, 𝜇𝐿 , on
the predicted lifetime distributions. The 𝜇𝐿 is chosen to be 10
and 20, which are, respectively, much smaller and larger than
the real value 𝜇𝐿 = 15, as shown in Table 1. The comparison
results are plotted in Figure 4.
As indicated in Figure 4(a), both PDF and CDF of
the lifetime predicted by Peng’s approach with a smaller
𝜇𝐿 = 10 are translated a lot to the right hand side of
the empirical distributions. This implies that the lifetime
will be overestimated when the mean of the shock damage
size, 𝜇𝐿 , is chosen to be a much smaller value than its real
value. In contrary, the opposite can be observed when 𝜇𝐿 is
misspecified to be a much larger value than the real one, as
shown in Figure 4(b). Differently, the lifetime distributions
predicted by our approach can track the empirical ones well,

which reveals a more accurate lifetime predicting result than
Peng’s approach with misspecified 𝜇𝐿 .
5.3.3. The Parameter 𝜏 Is Misspecified. We now proceed to
study the lifetime prediction results when the arrival rate
of the random shocks is misspecified in Peng’s approach.
Specifically, the arrival rate of the random shocks is set to be
𝜏 = 0.02 and 𝜏 = 0.06, which correspond to a much smaller
and larger arrival rate than the real value 𝜏 = 0.04 in Table 1.
The predicted PDF of CDF of the lifetime associated with
these two cases is shown in Figure 5.
From Figure 5, the following three aspects can be
observed. First, the predicted PDF and CDF predicted by
our approach can track the empirical ones well. Second,
when the arrival rate 𝜏 is misspecified to a much smaller
value, both PDF and CDF of the lifetime predicted by Peng’s
approach will be right translated, as shown in Figure 5(a).
Third, when the arrival rate 𝜏 is misspecified to a much larger
value, both PDF and CDF of the lifetime predicted by Peng’s
approach will be left translated, as shown in Figure 5(b).
This phenomenon is natural since a smaller (larger) arrival
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Figure 5: Predicted PDF and CDF of the lifetime when 𝜏 is misspecified in Peng’s approach.

rate of the random shocks corresponds to a higher (lower)
arrival frequency of the random shocks, thereby expediting
or slowing the arrival time of failures.
In summary, we can conclude this experiment with the
following two results. First, the predicted lifetime distributions by our approach fit well with the empirical lifetime
distributions. Second, the predicted lifetime distributions
deviate far from the empirical lifetime distributions by Peng’s
approach with misspecified parameter settings.

6. Conclusions and Future Researches
This paper was concerned with the lifetime prediction issue of
a class of deteriorating systems subjected to both continuous
smooth degradation and abrupt damage due to random
shocks. To obtain more accurate lifetime predictions, a
dedicated parameter estimation procedure was developed
for the unknown parameters in the degradation model.
An illustrative example was provided to demonstrate the
effectiveness and superiority of the newly proposed lifetime
prediction method, which revealed that the predicted lifetime
distributions by our approach can increase the lifetime

prediction accuracy compared to those obtained by the rival
approach in literature.
This paper is just a pilot study for the deteriorating
systems subjected to both continuous smooth degradation
and abrupt damage. There still exist some uncovered scopes
that can be further investigated in future. First, the continuous smooth degradation part is assumed to be modeled
by a linear degradation model; however, nonlinearity exists
extensively in practice. Predicting the lifetime distributions
of the deteriorating systems subjected to both nonlinearitydriven continuous degradation and the abrupt damage of
random shocks is more general. Second, this paper focuses
on the lifetime prediction issue of a kind of deteriorating
systems. For a specific deteriorating system in service, it
is much more desirable to develop a real-time parameter
estimation and lifetime update method [26–28]. Third, we
only study the lifetime prediction issue in this paper. The
operations management problems (such as inventory controlling and maintenance scheduling) [8, 9] based on the
predicted lifetime distributions in this paper are also future
directions for us.
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In the framework of fault reconstruction technique, this paper studies the problems of multiple mode process fault detection, fault
estimation, and fault prediction systematically based on multi-PCA model. First, a multi-PCA model is used for fault detection in
steady state process under different conditions, while a weighted algorithm is applied to transition process. Then, describe the faults
quantitatively and use the optimization method to derive the fault amplitude under the sense of fault reconstruction. Fault amplitude
drifts under different conditions even if the same fault occurs. To solve the above problem, consistent estimation algorithm of fault
amplitude under different conditions has been studied. Last, employ the support vector machine (SVM) to predict the trend of the
fault amplitude. Effectiveness of the algorithms proposed in this paper has been verified using Tennessee Eastman process as the
study object.

1. Introduction
Modern engineering systems become more and more complex while the scale becomes larger and larger simultaneously.
However, the operation safety of complex systems is inversely
proportional to their scales. Fault diagnosis and prediction
techniques offer an important way to improve the operation
safety of complex engineering systems, which are often
operating under multiple mode process due to the following
reasons: changes of the nature of raw materials, external
environment disturbances, drifting of the load in a process
and even equipment aging, and so forth. All of the factors
mentioned above may lead to the difference between the practical operating processes and the rated operating processes;
otherwise equipment itself may have a plurality of operating
periods due to the adjustment of production programs. For
example, a ship sailing task needs to go through several
stages from set sail, offshore sailing, far-shore sailing, and
returning back to the harbor. Operating condition of the
marine system changes frequently during the sailing. And a
marine system may have more than one working condition
even in the same stage. Therefore, the monitoring technology
of multicondition process has gradually achieved widespread
attention both in industry and in academia [1].

With the wide application of distributed control system
(DCS) in industrial processes, massive process data associated with the operating status of the device can easily be
saved. Since the 1990s, the data-driven multivariate statistical
monitoring technology has been successfully applied in
industrial processes [2]. Traditional multivariate statistical
monitoring techniques include methods based on PCA and
PLS. The traditional methods are based on the assumption
that the process data obey Gaussian distribution, the data
must be linear, and the process must be stable with only
one operating condition, and so forth. However, the practical
industrial process data often do not strictly obey the Gaussian
distribution and also are usually nonlinear, time-varying,
multiconditioned, and dynamic. So if the traditional methods
are being used to monitor those practical processes, it will
inevitably lead to inaccuracy analysis of process performance
as well as false alarm and missing alarm of process failures
[3]. For multiple mode process, improved methods have
been proposed based on the traditional PCA/PLS, which
are mainly divided into recursive iterative method and
multimodel method. The basic idea of recursive iteration
method is to add new process data into the modeling data
matrix continuously. By updating the model parameters, the

2
model can adapt to new conditions [4]. The recursive iteration method is used relatively less in practical applications,
because the method cannot distinguish changes during normal operating conditions and fault conditions correctly and is
more dependent on the process mechanism and knowledge.
The basic idea of multimodel method is to divide different
operating conditions first by clustering algorithm and then
use process data for each condition to establish submodels.
Finally, construct a global detection indicator to monitor
the process data. Multiple PCA model is studied in [5–7],
super PCA model is studied in [8], probabilistic principal
component analysis (PPCA) is studied in [9], adjacent PCA
model is studied in [10], PCA model based on Bayesian
classifier is studied in [11–13], mixed PCA model is studied
in [14], Gaussian mixture model (GMM) is studied in [15],
and so on.
Multiple mode process switches constantly between
“steady state mode 1 transition process-steady state mode
2” and the fault detection of steady state modes should be
considered and also the fault detection of the transition
process should be studied. For example, in the literature [16],
Lu et al. used “hard partition” to obtain the transition region
between steady state modes. In the literature [17], Zhao et al.
and another literature [18], Yao and Gao further proposed
the concept of “soft partition” and separate the data of the
transition region and the data of the stable region preferably.
Currently, fault detection and fault diagnosis of multiple
mode process have achieved remarkable achievements while
the research of fault prediction is still rare [19, 20]. This paper
proposed a fault prediction method of multiple mode process
based on fault reconstruction technology. First, multiple
PCA models are applied to fault detection of multiple mode
process. Then, fault reconstruction technology is used to
estimate the fault amplitude. Last, employ the support vector
machine (SVM) to predict the trend of the fault amplitude.
The data of Tennessee Eastman process is applied to verify
the validity of the algorithm.

2. Fault Detection Algorithms under
Multiple Mode Process
Multiple mode process includes steady state process and
transition process. Build multi-PCA models to adapt to
steady state processes of different conditions and calculate
statistics of the corresponding detection indicator Hotelling’s
𝑇2 and SPE (squared prediction error) of each PCA model for
fault detection. For transition processes, a weighted method
is applied to calculate statistics and control limits for fault
detection.
Define x ∈ 𝑅𝑚 that represents a sample vector with 𝑚
measured variables, and there are 𝑛 samples during operation.
The data matrix X ∈ 𝑅𝑛×𝑚 is composed by 𝑛 samples,
in which each row represents a sample and each column
represents that a measured variable includes 𝑛 samplings.
First, transfer each column of the data matrix X to zero means
and unit variance variable through standardized processing;
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then, after standardization, the covariance matrix of sample x
can be obtained:
S = cov (x) ≈

1
X𝑇 X.
𝑛−1

(1)

Then analyse the eigenvalues of the covariance matrix and
arrange the eigenvalues in descending order. Each column
of the data matrix X transfers to zero mean and unit
variance variable can be obtained as follows: subtract the
corresponding variable from each column of X and then
divide by the corresponding variable standard deviation.
The PCA model divides the measured variable space into
principal subspace and residual subspace; they are orthogonal
and complementary. Any sample vector can be decomposed
into projections on principal subspace and residual subspace;
that is to say, the PCA model decomposes the sample matrix
̂ and E. Consider
X ∈ 𝑅𝑛×𝑚 into two parts: X
̂ + E = TP𝑇 + E,
X=X

(2)

̂ is the modeled part; E is the residual part; P ∈ 𝑅𝑚×𝐴
where X
is load matrix, which is made up of the former 𝐴 eigenvectors
of 𝑆; 𝐴 is the number of principal elements; T ∈ 𝑅𝑛×𝐴 is
scoring matrix, T = XP.
The multi-PCA method is to establish a corresponding
principal element model according to the historical data
of existing measured variables in each steady state operating condition, thus establishing the multiprincipal element
model group which contains all operating conditions; namely,
̂(𝑞) + E(𝑞) ,
X(𝑞) = X

(3)

where 𝑞 is the number of stable conditions.
2.1. Fault Detection of Steady State Process. In multi-PCA
model, it is needed to calculate the statistics of the corresponding detection indicator 𝑇2 and SPE for each separate
PCA model, that is, 𝑇2(𝑞) and SPE(𝑞) . SPE is used to measure
the changes of sample vector projections on residual subspace, and 𝑇2 is used to measure the changes of measured
variables on principal subspace. SPE is given as
2

SPE = (I − PP𝑇 ) x ≤ 𝛿𝛼2 ,

(4)

where 𝛿𝛼2 is the control limit of SPE when confidence level
is 𝛼. When SPE is in control limit, the device is running in
normal state; however, when SPE is beyond the control limit,
a failure occurs. The change of SPE represents the change of
correlation between the data. 𝛿𝛼2 is given as
𝛿𝛼2 = 𝜃1 (

𝑐𝛼 √2𝜃2 ℎ02
𝜃1

𝜃 ℎ (ℎ − 1)
+ 1 + 2 0 20
)
𝜃1

1/ℎ0

,

(5)

𝑖
2
where 𝜃𝑖 = ∑𝑚
𝑗=𝐴+1 𝜆 𝑗 (𝑖 = 1, 2, 3), ℎ0 = 1 − 2𝜃1 𝜃3 /3𝜃1 , and
𝜆 𝑗 is the eigenvalue of covariance matrix ∑ corresponding to
sample matrix X. 𝑐𝛼 is the threshold value of standard normal
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distribution when confidence level is 𝛼. 𝑚 is the dimension of
sample x.
𝑇2 is given as
2

𝑇

−1 𝑇

𝑇 = x PΛ P x ≤

𝑇𝛼2 ,

(6)

where Λ = diag{𝜆 1 , . . . , 𝜆 𝐴} and 𝑇𝛼2 is the statistical limit of
𝑇2 when confidence level is 𝛼. When 𝑇2 is in control limit,
the device is running in a normal state.
2.2. Fault Detection of Transition Process. In multiple mode
process, when a production process switches from one steady
state to another, it will go through a slow-changing transition
process and cause false alarms of a specific fault if the fault
detection method for steady state process is being used in
transition process. This paper uses a weighted method that
evolves with time to optimize each of 𝑇2 and SPE of each
separate PCA model. Then use the optimized 𝑇2 and SPE
for fault detection. Thus false alarms of a fault during the
transition process can be effectively avoided.
When performing an average in statistics, the value
which gives some elements more “weight” or influence on
the result than other elements in the same set is called
weight. Weighted algorithm is the weight multiplied by the
value of the corresponding element and then divided by
the sum of every weight. In the instant of a steady state
condition just to transfer to the next condition, the former
condition has a greater impact on the characteristics of the
transition process. With time passing, the characteristics of
the transition process become more and more close to the
next condition. Therefore, during the transition process the
value of weights should be time changing. The weight of
the former condition transfers from 1 to 0; on the contrary
the weight of the new condition transfers from 0 to 1. The
weight of the former condition 𝑤1 and the weight of the new
condition 𝑤2 are given as
𝑡 − 𝑡1
𝑤1 =
,
Δ𝑡
𝑡 −𝑡
,
𝑤2 = 2
Δ𝑡

(7)

where 𝑡1 is the moment when the transition process begins; 𝑡2
is the moment when the transition process ends, Δ𝑡 = 𝑡2 − 𝑡1 ;
𝑤1 + 𝑤2 = 1.
Suppose that 𝑡 = 𝑘, 𝑥1 , 𝑥2 represent the mean of measured
variables of the two adjacent conditions and 𝜎1 and 𝜎2
represent the standard deviation of measured variables of the
two adjacent conditions; thus the mean 𝑥𝑡=𝑘 and standard
deviation 𝜎𝑡=𝑘 of the transition process are given as
𝑥𝑡=𝑘 = 𝑤1 × 𝑥1 + 𝑤2 × 𝑥2 ,
𝜎𝑡=𝑘 = 𝑤1 × 𝜎1 + 𝑤2 × 𝜎2 .

(8)

The sample data can be pretreated by the weighted mean
𝑥𝑡=𝑘 and standard deviation 𝜎𝑡=𝑘 , so covariance matrix of the
sample vector 𝑆𝑡=𝑘 and load matrix of the transition process

P𝑡=𝑘 can be obtained, and then the optimized SPE and 𝑇2 can
be derived:
2

2
,
SPE𝑡=𝑘 = (I − P𝑡=𝑘 P𝑡=𝑘 𝑇 ) x𝑡=𝑘  ≤ 𝛿𝛼𝑡=𝑘
2
𝑇
𝑇
2
= x𝑡=𝑘
P𝑡=𝑘 Λ−1
𝑇𝑡=𝑘
𝑡=𝑘 P𝑡=𝑘 x𝑡=𝑘 ≤ 𝑇𝛼=𝑘 .

(9)

3. Fault Amplitude Estimation Based on
Reconstruction Technique
When a fault is detected, the fault amplitude which measures
the extent of the current fault can be estimated by fault reconstruction technique. Whether the estimation of amplitude
of the same fault is consistent under different conditions is
an important problem that multicondition brought. If it is
not, it should achieve consistency by employing some specific
algorithms.
3.1. The Basic Idea of Fault Reconstruction. Fault reconstruction is to reconstruct the process data and remove
the effects of faults. The data reconstructed is within the
control limits theoretically and is approximately the normal
data. Fault estimation is to estimate the fault amplitude
after fault reconstruction. When observed data is missing
or is obviously failure, the practical data can be replaced
by reconstructed data. Fault reconstruction technology has
obtained some achievements in the field of fault diagnosis;
refer to [21–30].
Suppose x represents the data of the detected fault,
x∗ represents the normal data, x∗ , x ∈ [𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ],
𝑚 represents the number of sensors, which represents the
dimension of each measurement sample, and f represents the
fault amplitude. Then
x = x∗ + Ξf,

(10)

where Ξ represents fault subspace, also known as fault
direction matrix.
Reconstruct the normal data to eliminate the influence of
faults and obtain 𝑥𝑖∗ , which is the estimated value of normal
data
x𝑖∗ = x − Ξ𝑖 f𝑖 ,

(11)

where f𝑖 represents the estimated value of f. In geometric
meaning, it is pulling sample x back to the principal subspace
along the fault subspace.
Based on 𝑥𝑖∗ which is the estimation of the normal data
after reconstruction, we can have f𝑖 which is the estimation of
fault amplitude in the sense of least SPE after reconstruction:
̃ + 𝑥𝑖 ,
𝑓̂𝑖 = Ξ

(12)

̃ = (I−C)Ξ denotes the projection from fault subspace
where Ξ
Ξ to residual subspace C.
The SPE after reconstruction is
 2 
̃ i 2 .
SPE (x∗ ) = x̃∗  = x̃ − Ξf


(13)
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Reconstruction means searching ̂fi to fit the following
equation based on (13)
−1 𝑇
̃ 2 = (Ξ
̂f = arg min x̃ − Ξf
̃ 𝑇𝑖 Ξ
̃ 𝑖) Ξ
̃ i 𝑥.
̃
i
𝑖


(14)

The optimal solution of (14) is
̂f = Ξ
̃ + x̃𝑖 = Ξ
̃ + x𝑖 ,
𝑖

For the given time series {𝑥1 , 𝑥2 , . . . , 𝑥𝑛 }, 𝑖 = 1, 2, . . . , 𝑛,
𝑥𝑛 is the target value of prediction, inputs are {𝑥𝑛−1 , 𝑥𝑛−2 ,
. . . , 𝑥𝑛−𝑚 }, and 𝑚 is the embedding dimension. Build the
mapping 𝑓 : R𝑚 → 𝐹, which is between input 𝑥𝑛∗ = {𝑥𝑛−1 ,
𝑥𝑛−2 , . . . , 𝑥𝑛−𝑚 } and output 𝑦𝑛 = {𝑥𝑛 }, and the learning sample
for supporting vector machine is as follows:

(15)

[
[
[
𝑋=[
[
[

̃
̃ + denotes the Moore-Penrose pseudoinverse of Ξ.
where Ξ
3.2. Consistent Estimation of Multiple Mode Process Fault
Amplitude. When a fault occurs in condition 1 and lasts
to condition 2, the fault direction matrix Ξ changes, but
the fault magnitude remains unchanged. In theory, for the
same fault, the fault estimation should be consistent even in
different conditions. But in practical industrial process, the
result varies due to data noises and machine interference in
different conditions. So the consistent estimation of the same
fault under different conditions should be studied.
We assume that
𝐴 = ̂f1 Ξ𝑖 1
𝐵 = ̂f2 Ξ𝑖 2 ,

(16)

where ̂f1 and ̂f2 denote the amplitude estimation of the same
fault in the condition and the next condition separately. Ξ𝑖 1
and Ξ𝑖 2 denote the projection matrix on residual subspace
of the corresponding fault separately; we suppose that the
dimensions of Ξ𝑖 1 and Ξ𝑖 2 are both 𝛼.
Based on (16), we can derive the amplitude estimations of
the same fault under different conditions:
f1∗ = Ad
f2∗ = Be.

(17)

We can derive d and e in the way of minimizing ‖f1∗ − f2∗ ‖.
We define G = [A, B] here, G ∈ R𝑛×2𝑘 . The singular value
decomposition of G𝑇 can be described as
U𝐻G𝑇 V = Σ,

(18)

where U and V are both unitary matrix with the corresponding dimensions of 2𝑘 and 𝑛, Σ is diagonal matrix, and the
diagonal elements are singular values. Sort the singular values
in descending order. Take the last 𝛼 column eigenvectors
of left singular vector U, and the dimension is 2𝑘 × 𝑘. The
former 𝑘 line is the estimation of d, and the latter 𝑘 line is the
estimation of e. Put d and e in (17); the obtained f1∗ and f2∗ are
the consistent estimations of the same fault under different
conditions.

𝑥1

𝑥2

𝑥2

𝑥3

..
.

..
.

⋅ ⋅ ⋅ 𝑥𝑚

⋅ ⋅ ⋅ 𝑥𝑚+1 ]
]
]
,
.. ]
]
⋅⋅⋅ . ]

𝑥𝑚+1
[𝑥 ]
[ 𝑚+2 ]
]
[
𝑌=[ . ]
[ . ]
[ . ]

[𝑥𝑛−𝑚 𝑥𝑛−𝑚+1 ⋅ ⋅ ⋅ 𝑥𝑛−1 ]

(19)

[ 𝑥𝑛 ]

The regression function for training the vector machine
is
𝑛−𝑚

𝑦𝑡 = ∑ (𝛼𝑖 − 𝛼𝑖∗ ) 𝐾 (𝑥𝑖 , 𝑥𝑡 ) + 𝑏,

𝑡 = 𝑚 + 1, . . . , 𝑛, (20)

𝑖=1

where 𝛼𝑖 and 𝛼𝑖∗ are Lagrange multipliers, 𝑏 is threshold value,
𝐾(𝑥𝑖 , 𝑥𝑡 ) is a Kernel function, and the radial basis function is
used here:
𝑥 − 𝑥 2



(21)
).
𝐾 (𝑥, 𝑥 ) = exp (− 
2𝜎2
And the one-step prediction model is
𝑛−𝑚

∗
) + 𝑏.
𝑦𝑛+1 = ∑ (𝛼𝑖 − 𝛼𝑖∗ ) 𝐾 (𝑥𝑖∗ , 𝑥𝑛−𝑚+1

(22)

𝑖=1

∗
And then obtain a sample 𝑥𝑛−𝑚+1
=
{𝑥𝑛−𝑚+1 , 𝑥𝑛−𝑚+2 , . . . , 𝑥𝑛 } and 𝑥̂𝑛+1 represents the prediction
of the (𝑛 + 1)th data.
Furthermore we can have
𝑛−𝑚

∗
) + 𝑏.
𝑦𝑛+𝑝 = ∑ (𝛼𝑖 − 𝛼𝑖∗ ) 𝐾 (𝑥𝑖∗ , 𝑥𝑛−𝑚+𝑝

(23)

𝑖=1

Equation (23) represents the prediction model of the 𝑝th step
∗
= {𝑥𝑛−𝑚+𝑝 , . . . , 𝑥̂𝑛+𝑝 , 𝑥̂𝑛+𝑝+1 }, 𝑥𝑛
and we can have 𝑥𝑛−𝑚+𝑝
represents the actual value of the 𝑛th data, and 𝑥̂𝑛 represents
the prediction of the 𝑛th data [31].
Use mean squared error (MSE) and average relative
prediction error (ARE) to evaluate the accuracy of prediction
of the trend of the fault amplitude using the SVM prediction
model. The MSE and ARE can be described as follows:
MSE =

𝑛
1
2
× √ ∑ (𝑦𝑖 − 𝑦̂𝑖 ) ,
𝑛
𝑖=1

 𝑦 − 𝑦̂ 
1

𝑖 
ARE = × ∑  𝑖
 .

𝑛
 𝑦𝑖 

(24)

4. Fault Prediction Algorithms
The amplitude changes with the evolution of the fault. When
the fault amplitude is estimated, the support vector machine
(SVM) prediction model can be used to predict the trend of
the fault amplitude.

5. Simulations
Tennessee Eastman process contents 41 measured variables
(including 22 continuous variables and 19 component variables) and 12 operating variables and can set 21 kinds of
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Figure 2: The curve of 𝑇2 , when the fault occurs at condition 1.

200
180
160
140
120
SPE

faults; refer to paper [32–35] for more details of Tennessee
Eastman process. Simulation of this paper selects fault 2,
namely, step transition of flow B. Add a step signal to flow
B in a specific instant, and then the variable begins to have
a slowly changing process and finally stays at a stable state,
so the data of two stable conditions and a transition process
can be obtained. Select 11 control variables and 18 process
variables as a sample data set, and the sampling interval is 3
minutes, and take 2000 normal samples which contain both
working condition 1, transition process and condition 2 as
training samples. Under normal working conditions, changes
in working conditions occur at sample point 900, and, after
a period of transition process, the steady state of condition
2 arrives at about sample point 1100. Under fault conditions,
changes in working conditions still occur at sample point 900,
which the time of fault include two cases in Case 1, the fault
occurs in condition 1, as the condition changes and the fault
enters the transition process and then lasts to condition 2, and
in this case the fault is set at sample point 160. In Case 2, the
fault occurs in condition 2, condition 1 and transition process
are in normal state, and, in this case, the fault is set at sample
point 1260.
First, with the multicondition data after pretreatment, the
multi-PCA model can be established and set the control limit
of statistical indicators for fault detection as 99%. The fault
that occurs at both cases has been detected; the detection
result of the first case is showed in Figures 1 and 2; the
detection result of the second case is showed in Figures 3 and
4.
In Figure 1, the dash line represents the control limit of
SPE and the detection indicator of SPE surpasses the control
limit from the 166th sample point that means fault occurs at
condition 1.
In Figure 2, the dash line represents the control limit
of 𝑇2 ; 𝑇2 surpasses the control limit from the 164th sample
point that means fault occurs at condition 1.

400

T2
T2 control limit

SPE
SPE control limit

Figure 1: The curve of SPE, when the fault occurs at condition 1.
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Figure 3: The curve of SPE, when the fault occurs at condition 2.

In Figure 3, the dash line represents the control limit
of SPE; the detection indicator of SPE surpasses the control
limit from the 1271st sample point that means fault occurs at
condition 2.
In Figure 4, the dash line represents the control limit of
𝑇2 ; 𝑇2 surpasses the control limit from the 1269th sample
point that means fault occurs at condition 2.
After fault detection was accomplished, we can derive
the estimation of amplitude of fault using reconstruction
technique. Suppose the same fault occurs at two different
conditions; then the cure of the estimated amplitude of the
fault is shown as in Figure 5. The dot-dash line represents
the estimation of amplitude under condition 1, the solid line
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Figure 6: Consistent estimation of the amplitude of the same fault
under two different conditions.
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Figure 7: Fault occurs at condition 1 and continues to condition 2.

Figure 5: Estimation of amplitude of the same fault under two
different conditions.
Table 1: Comparison of relative prediction errors of different
prediction steps.

represents the estimation of amplitude under condition 2, and
we can easily see that they are not consistent in this situation.
In Figure 6, the consistent estimation of the amplitude of
the same fault under two different conditions is derived.
We set that the fault occurs at condition 1 and last to
condition 2, the amplitude of the fault is shown in Figure 7,
and the consistent estimation of the amplitude is derived by
consistent estimation algorithm; see Figure 8.
In Figure 9, employ SVM prediction model to predict the
one-step and ten-step amplitude of the fault, the solid line
represents the actual value of the amplitude, the dot-dash line
represents the one-step prediction curve, and the star line
represents the ten-step prediction curve.

Prediction step
One-step prediction
Ten-step prediction

Relative prediction error
2.027e − 008
0.00264795

According to the characteristics of multicondition data,
SVM prediction model has a good generalization performance; Table 1 shows comparison of relative prediction error
of the one-step prediction and 10-step prediction; it can be
easily seen that, in the long-term forecast, SVM prediction
model still remains high accuracy.
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conditions can be avoided dramatically. Relatively ideal predictions are obtained by employing SVM to predict the trend
of the fault amplitude. By running to Tennessee Eastman
process, the effectiveness of reconstruction and prediction
algorithms proposed in this paper has been verified.
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6. Conclusions
When complex engineering systems run in multiple mode
process, the relationship between different measurement
variables varies according to the operating mode. If we
describe the device status according to a one-condition data
model, a lot of false alarms and missing alarms will happen.
For a class of multiple mode process with hidden degradation
faults, the paper proposes a fault prediction algorithm based
on the combination of multi-PCA model and fault reconstruction techniques, which can offer a good solution for fault
prediction problems of multiple mode process data. To find
the fault direction and estimate the fault amplitude from data
with hidden faults, both multidimensional characteristics and
consistent estimation of the fault have been considered, and
thus the estimation error of the same fault under different
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In order to get the high order evaluation and correlation degree among big data with the characteristics of multidimension and
multigranularity, an FCM and NHL based high order mining algorithm driven by big data is proposed, which is a kind of machine
learning based on qualitative knowledge. The algorithm is applied in scientific and technical talent forecast. Driven by the big data of
scientific research track of scientific and technical talents, the index system is designed and the big data is automatically acquired and
processed. Accordingly, the high order evaluations in dimension level and target level can be inferred by the correlation weights
mining. And the outstanding young talents in material field in 2014 have been actively recommended to review department for
decision-making.

1. Introduction
Big data tend to be presented in the form of multidimension
and multigranularity. They have been a kind of urgent
problems that are how to get correlation degree between the
concepts with different granularities and how to get high
order value of abstract concept with high granularity, which
are the topic studied in the paper.
FCM [1], introduced by Kosko in 1986 by suggesting the
use of fuzzy causal functions taking numbers in [−1, 1] in
concept maps, is very suitable for model from data resources.
And it is with the highly appealing properties of knowledge
representation, fuzzy logic, and fuzzy inference.
With the complexity increasing of relationship between
data, a “high” FCM has been proposed for modeling complex
problems. At present, the FCM mainly includes aggregation
fuzzy cognitive map [2, 3], hierarchical fuzzy cognitive map
[4, 5], and quotient fuzzy cognitive map [6, 7]. However, they
just have been studied from the perspective of construction,
combination, and decomposition of the fuzzy cognitive
map. Additionally, the FCM also has been studied from
the relationships between concepts as follows. Literature
[8] uses ordered weighted averaging (OWA)/weighted OWA

(WOWA) relational operators instead of threshold function
and weighted sum for the and/or relations. Literature [9]
establishes a rule based on FCM by the introduction of related
nodes for and/or relationship. However, the relationships
between the concept nodes are with same granularity, namely,
first order relationship.
On mining method, there are two main approaches to get
FCM model: (1) manual methods carried out by expert(s)
who have knowledge of both FCMs and the domain of
application and (2) automated methods, which use learning
algorithms to establish models from historical data and have
been widely successfully applied to various fields [10–13] of
society, engineering, medicine, environmental science, and
so forth. In automated methods, Hebbian based algorithm
uses an unsupervised learning mechanism, which has been
applied in weight mining of an industrial process control
problem [14] by single instance learning to target value.
Another AHL also is an unsupervised learning algorithm, but
it needs to select the activation and activated concepts and
the sequence of activation by experts in advance and it only
is applied in tumors grading [15] of 100 cases.
However, they all do not solve the high order evaluation
and correlation mining of big data with multidimension and
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Figure 1: A simple fuzzy cognitive map.

multigranularity relationships. Accordingly, it has been an
inevitable trend in the development of FCM and data mining
that the high order relationship between concepts with
different granularities is researched and developed driven by
big data for a representation of abstract knowledge.
Therefore, we have the following researches. Section 2
describes the backgrounds of FCM. Then, Section 3 proposes
NHL based high order mining of FCM. In Section 4, it is
applied in scientific and technical talent forecast based on big
data. Finally, we briefly conclude this paper in Section 5.

2. FCM and Mining Algorithms Backgrounds
2.1. FCM. A fuzzy cognitive map 𝐹 in Figure 1 is a 4-tuple
(𝐶, 𝑊, 𝐴, 𝑓) mathematically, where
(1) 𝐶 = {𝐶1 , 𝐶2 , . . . , 𝐶𝑛 } is the set of 𝑛 concepts forming
the nodes of the graph.
(2) 𝑊 = {𝑤𝑖𝑗 | 𝑤𝑖𝑗 is the weight value of the interconnection ⟨𝐶𝑖 , 𝐶𝑗 ⟩}. 𝑊 is a square matrix of 𝑛 × 𝑛 showing
the association weight map between concepts as (2).
The 𝑤𝑖𝑗 belongs to the interval [−1, 1] representing the
fuzzy causal degree between concepts 𝐶𝑖 and 𝐶𝑗 .
(i) If there is positive causality between the concepts 𝐶𝑖 and 𝐶𝑗 , 𝑤𝑖𝑗 > 0. An increase of the
value of concept 𝐶𝑖 will cause an increase of the
value of concept 𝐶𝑗 . A decrease of the value of
𝐶𝑖 will lead to a decrease of the value of 𝐶𝑗 .
(ii) If there is inverse causality between the concepts, 𝑤𝑖𝑗 < 0. An increase of the value of
concept 𝐶𝑖 will cause a decrease of the value of
the second concept 𝐶𝑗 . A decrease of the value
of concept 𝐶𝑖 will cause an increase of the value
of the concept 𝐶𝑗 .
(iii) If there is no relationship between two concepts,
𝑤𝑖𝑗 = 0.
(3) 𝐴 : 𝐶𝑖 → 𝐴 𝑖 (𝑡) is a function that associates each
concept 𝐶𝑖 with the sequence of its activation degrees
such as, for 𝑡 ∈ 𝑇, 𝐴 𝑖 (𝑡) ∈ 𝐿 given its activation

The transformation function may be bivalent function,
trivalent function, or logistic function. The state value of 𝐶𝑗 at
𝑡 + 1 step can be deduced by a sigmoid function 𝑓(𝑥) shown
as (1). The state value of a concept node at 𝑡 + 1 iteration is
a transformation function of states in previous time of other
concepts directly associated with the node and weight matrix
of FCM. Consider

𝐴 𝑗 (𝑡 + 1) = 𝑓 (∑ 𝐴 𝑖 (𝑡) 𝑤𝑖𝑗 ) .

(1)

𝑖=𝑗̸
𝑖∈𝑆

Weight Matrix of FCM:
𝐶1
𝐶2
..
.

𝐶𝑛−1
𝐶𝑛

𝐶1
0
𝑤21
..
.

[
[
[
[
[
[ 𝑤(𝑛−1)1
[ 𝑤𝑛1

𝐶2
𝑤12
0
..
.
⋅⋅⋅
⋅⋅⋅

⋅⋅⋅
⋅⋅⋅
⋅⋅⋅
..
.
⋅⋅⋅
⋅⋅⋅

𝐶𝑛−1
⋅⋅⋅
⋅⋅⋅
..
.

0
𝑤𝑛(𝑛−1)

𝐶𝑛
𝑤1𝑛
𝑤2𝑛
..
.

]
]
] (2)
].
]
]

𝑤(𝑛−1)𝑛
0 ]

2.2. FCM Mining Algorithms. FCM mining algorithms are
a kind of automated machine learning to establish model
from data resources. There are mainly two classes of FCM
learning algorithms [14–19], Hebbian based learning and
evolved based learning.
The evolved based algorithms compose GS (genetic
strategy), PSO (particle swarm optimization), SA (simulated
annealing), and RCGA (real coded genetic algorithm). They
can be used to simulate FCM model based on time sequence
data resource, which does not fit for the high order FCM
mining.
The former is Hebbian based algorithms, mainly including DHL (differential Hebbian learning), BDA (balanced
differential algorithm), NHL (nonlinear Hebbian learning),
DD-NHL (data-driven nonlinear Hebbian learning), and
AHL (active Hebbian learning). The difference in these
algorithms is the way of adjusting the edge weights. Hebbian
based algorithms use an unsupervised learning mechanism,
which adjusts the weight values by machine learning according to objective function for specific problem.
For example, in literature [14] a weight adaption method
based on NHL for FCM learning is represented to solve an
industrial process control problem. It proposes two termination functions 𝐹1 and 𝐹2 shown in (3). 𝐹1 is to minimize
Euclidean distance of output concept DOC𝑖 and mean target
value 𝑇𝑖 of the output concepts. 𝐹2 is minimization of the
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for multicases and single target is proposed as in (5). It
maximizes the mathematical expectation of sum of (𝐴𝑟𝑗 )2 ,
where 𝑟 indicates the 𝑟th case. In addition, a constraint is
necessary to stabilize the learning rule, which generates the
following nonlinear Hebbian learning rule to each instance
as
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(3)




𝐹2 = DOC(𝑘+1)
− DOC(𝑘)
𝑖
𝑖  < 𝑒.
The NHL method proposed in the literature does not suit
multisamples and single target problem, which is needed to
be solved by high order mining. Thus, a high order mining
algorithm of FCM is proposed to solve the problem, which
can get the high order concept value or target value and the
correlation weights between different granularity concepts.

3. High Order NHL Mining Algorithm of FCM
In order to obtain the optimal high order output and
correlation weights, NHL is extended to high order NHL
of FCM for solving the problem with multidimension and
multigranularity. High order concept of FCM in Figure 2 is
coarse-grain node, which has a nonlinear output. Low order
concepts of FCM in Figure 2 are fine-gain nodes, which are
as input concepts of big data with massive samples.
The high order value of 𝐴 𝑗 in FCM can be seen as a
nonlinear evaluation of low order values. High order NHL
can be seen as a kind of accurate cluster by nonlinear weight
learning. In order to better NHL clusters, the activation
function 𝑓 as in the following equation, the cumulative logic
distribution (tanh(𝛽𝑦), 𝛽 = 1, similar to the cumulative
normal distribution), is selected as transformation function
according to literature [20]:
𝐴 𝑗 = 𝑓 (𝑦) =

𝑒𝑦 − 𝑒−𝑦
,
𝑒𝑦 + 𝑒−𝑦

(𝐴 𝑗𝑖 − 𝑤𝑖𝑗 (𝑡) 𝑦) ,

(6)

4. Application in Scientific and Technical
Talent Forecast Driven by Big Data

variation of the two subsequent values of output concept. The
NHL method is for single sample and multitarget. Consider
𝑚

𝑑𝑦

where 𝜂 is a very small positive factor, known as the learning
rate parameter.
Accordingly, the high order NHL is presented in
Algorithm 1.

Figure 2: FCM with different granularity nodes.

𝐹1 = min √ ∑ (DOC𝑖 − 𝑇𝑖 )

𝑑𝐴 𝑗

(5)

(4)

where 𝑦 is ∑ 𝑖=𝑗,𝑖∈𝑆
𝐴 𝑗𝑖 (𝑡)𝑤𝑖𝑗 as the independent variable of
̸
𝐴 𝑗 . According to the principal of NHL, the objective function

4.1. Scientific and Technical Talent Big Data. Scientific and
technical talent forecast is to evaluate and find scientific and
technical talents directly from big data of scientific research
track of talents, which is an important means to promote
scientific and technical talent resources development and
management and a key work to scientifically and objectively
evaluate scientific and technical talents.
The big data of scientific research track of talents composes multiple dimensions of scientific and technical talents including talent basic information, paper information,
patent information, project information, and awards and
honors information, which are from Chinese high-level
talent database [21], Web of Knowledge and Journal Citation
Reports [22], patent information service platform [23], scientific and technical project and achievement transformation
base [24], and network information resources.
The basic information of talent is from China high-level
talent database; paper information is from the Chinese highlevel talent database, the Web of Knowledge, and the Journal
Citation Reports; patent information is from the Chinese
high-level talent database and the patent information service
platform; project information is from the scientific and
technical project and achievement transformation database;
awards and honors information is from the Chinese highlevel talent database and network information resources.
There are 196 winners of the national science foundation
for distinguished young scholars in material field from the
year 1987 to the year 2009, which are selected as scientific and
technical talents studied in the paper. They have 49784 highlevel published papers, 976 applied patents (mainly patent of
invention), 1456 approved projects, and 685 awards in total,
which can be seen as scientific research tracks of the talents.
4.2. Index System of Scientific and Technical Talent Forecast.
The basic information of talent is mainly used for the search
of talents. The indexes are from the other five dimensions. The
index system is determined by domain experts and shown in
Table 1.

4

Mathematical Problems in Engineering

Input: 𝐴 𝑗𝑖 with big data
Output: 𝐴 𝑗
Step 1. initial 𝑊𝑗𝑖 (𝑡), 𝑡 = 0, 𝑟 = 0;
Step 2. input the 𝑟th record of all 𝐴 𝑗𝑖 ;
Step 3. adapt the weight by (6) to each record;
Step 4. compute all samples by (4) and determine whether they meet the target (5);
Step 5. if it is not satisfied, 𝑡 = 𝑡 + 1, 𝑟 = 𝑟 + 1, and go to Step 2;
Step 6. else 𝐴 𝑗 is optimal by (4).
Algorithm 1: High order NHL of FCM.

Table 1: The index system of scientific and technical talent forecast.
Target level

Dimension level index Data level index

Papers

Patents
Scientific and
technical talent
forecast
Projects

Prizes

∗

Talent rankings
The index of paper∗
The number of paper cited
The type of magazine∗
The field correlation
The influence factor
The talent rankings
The type of patent
The state of patent
The field correlation
The talent rankings
The level of project
The funds of project
The rate of project
The field correlation
The talent rankings
The level of prize
The grade of prize
The field correlation

refers to the index that is not considered in the application.

The index system involves three-level index. The first level
is target level. The second level is dimension level, and the
third level points to data level.
Most of index data in data level need to be automatically
computed based on basic big data resource of scientific and
technical talent. In the index system, the 49784 high-level
published papers are all indexed by SCI in the form of article.
So the index of paper and the type of magazine both are
ignored. The list of talent in projects and prizes is also ignored
in the application because of the 1456 approved projects and
the 685 awards all with first list.
4.3. Automatic Acquisition and Processing of Big Data. The
indexes, which need to be automatically computed, are
involved in the number of paper cited, the talent rankings,
the field correlation, the type of patent, the state of patent, the
level of project, the rate of project, and the level of prize.

The number of paper cited is the sum of cited number of
papers from the published time of the paper to the awardwinning time of the talent.
The talent rankings is the ranking of CnName (name
of the talent) in authors of papers, inventors of patents, or
members of projects, which needs to be extracted by the
segmentation symbols in them.
The field correlation is the correlation of fields of papers
with subject of talent; the correlation of MainIPC of patents
with subject of talent; the correlation of subject of projects
with subject of talent.
The type of patent originates from patent application
code. In accordance with the order from left to right, first
letters in patent application code of China are 2 English
alphabets (CN) representing the country and then 2–4 digits
indicating the year of patent application (<2004 is 2 digits
and ≥2004 is 4 digits), and next digit represents the type of
patent, others for the serial number. The type of patent is
represented by 1 digits which is provided as follows: 1 means
the application for a patent for invention patent, 2 for utility
model, 3 for a patent for design, 8 for PCT invention patent
into China, and 9 for PCT utility model shown into China.
Thus, the computing rule of the patent type is in Figure 3.
The state of patent is applied state or public state or authorized state in the time of the award. The state value comes
from the fields of Applydate, Pubdate, and Authorizedate of
patents. The rate of project points to the project in applied
stage, execute stage, or final stage in the time of the award
according to the fields of Applydate, Startdate, and Enddate
of projects.
The level of project is determined by the field of Plancode
of projects. The level of prize is determined by the field of
Prizetype of prizes.
4.4. High Order Mining of FCM. The target level index and
the dimension level index both belong to high order knowledge, a kind of evaluation value, which needs high order
mining from its big data resources of different dimensions. In
fact, it can be seen that the mining method is an integrating
mining algorithm of clustering and association rules. The
clustering is to get accurate value of high order knowledge
depending on the weight of low level index, and the weight
relationship is just a kind of association rules.
Scientific and technical talent forecast is a complex
system, which needs an integrating method with expert
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Extract the third
figure from
patent code of patents

No

Table 2: The weights of indexes in papers.
Dimension level index

Talent rankings
The number of paper
cited
The field correlation
The influence factor

The figure is 2?

Papers
Extract the seventh
figure from
patent code of patents

Data level index

Yes
Extract the fifth
figure from
patent code of patents

Weight of data level
index
0.215
0.560
0.012
0.213

Table 3: The weights of indexes in patents.
No

The figure is 1 or 8?

Dimension level index

Data level index

Weight of data level
index

Talent rankings
The type of patent
The state of patent
The field correlation

0.312
0.040
0.351
0.297

Yes
The figure is 2 or 9?

No
Patent for
industrial design

Patent of
invention

Yes
Patent for
utility models

Patents

Figure 3: The computing rule of patent type.

Table 4: The weights of indexes in projects.
Dimension level index

Big data of scientific and technical talents

Projects
Setting index system by
expert knowledge

Extracting index data
from big data

Data level index

Weight of data level
index

The level of project
The funds of project
The rate of project
The field correlation

0.529
0.316
0.102
0.053

Table 5: The weights of indexes in prizes.
Setting initial weights of
index system by expert
knowledge

Computing index data
from big data

Dimension level index
Prizes

Data level index

Weight of data level
index

The level of prize
The grade of prize
The field correlation

0.380
0.497
0.123

Implementing two-level high order algorithm of FCM
and NHL based on big data

Optimal index weights and comprehensive evaluation
(high order) of each scientific and technical talents

Figure 4: The procedure of scientific and technical talents high
order mining system.

knowledge and quantitative computing. And the high order
based on NHL and FCM is a machine learning optimization
driven by big data based on the initial weights given by
experts, which is very fit for scientific and technical talent
forecast. The procedure of the system is shown in Figure 4.
There are 196 distinguished young scholars from the
year 1987 to the year 2009 with 49784 high-level published
papers, 976 applied patents (mainly patent of invention), 1456
approved projects, and 685 awards, which are the basic big

data resource. Based on the big data and the high order NHL
algorithm of FCM, the weights of the indexes need two-level
learning because of two-level granularity in the index system.
Firstly, the optimal weights in data level index by high
order mining of NHL driven by big data are acquired and
shown in Tables 2, 3, 4, and 5. The high order evaluation in
dimension level of each outstanding youth can be computed
by these above weights and data resource. The comprehensive
value in each dimension is the average of top five values in the
dimension.
Secondly, the optimal weights in dimension level index
are machine learned by high order mining of NHL based on
these high order evaluations. The weights in dimension level
are shown in Table 6. Accordingly, the high order evaluations
of the 196 outstanding talents can be acquired by the average
of top five values. And they are in an evaluation interval.
The accurate rate validated in outstanding young talents
forecast from 2010 to 2013 is up to 85.9% in the evaluation
interval. Accordingly, a scientific and technical talent forecast
platform is implemented. And scientific and technical talents
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Table 6: The weights of indexes in dimension level.

Target level

Dimension level
index

Weight of dimension
level index

Papers
Patents
Projects
Awards

0.549
0.216
0.177
0.058

Scientific and
technical talent

are forecasted for outstanding young winner in material field
in 2014, where the top 15 talents are actively recommended to
review department for decision-making of expert selection.

5. Conclusions
Big data mining not only can implement resource sharing
and reasonable allocation, but also promote fairness and
justice of society. The scientific and technical talent forecast
is implemented as a system, which promotes the fairness and
the justice of scientific and technic talent management and
evaluation to some extent. Its big data resource involves talent
basic information, paper information, patent information,
project information, awards and honors information, and
so forth from kinds of database, platform, and network. Its
method is based on NHL high order mining algorithm of
FCM, which is an intelligent tool and is very suitable for
getting model from big data resources. The scientific and
technical talent forecast system has changed the existing
passive and qualitative way into a kind of active and open
talents recommendation.
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Imperfect preventive maintenance (PM) activities are very common in industrial systems. For condition-based maintenance
(CBM), it is necessary to model the failure likelihood of systems subject to imperfect PM activities. In this paper, the models
in the field of survival analysis are introduced into CBM. Namely, the generalized accelerated failure time (AFT) frailty model
is investigated to model the failure likelihood of industrial systems. Further, on the basis of the traditional maximum likelihood
(ML) estimation and expectation maximization (EM) algorithm, the hybrid ML-EM algorithm is investigated for the estimation
of parameters. The hybrid iterative estimation procedure is analyzed in detail. In the evaluation experiment, the generated data
of a typical degradation model are verified to be appropriate for the real industrial processes with imperfect PM activities. The
estimates of the model parameters are calculated using the training data. Then, the performance of the model is analyzed through
the prediction of remaining useful life (RUL) using the testing data. Finally, comparison between the results of the proposed model
and the existing model verifies the effectiveness of the generalized AFT frailty model.

1. Introduction
Condition-based maintenance (CBM) has continuously been
an important issue in the area of maintenance strategy. As
degradation processes before failure of many systems can
be measured, CBM is more effective as corrective maintenance and time-based preventive maintenance in some
aspects, such as catastrophic failure reduction and availability
maximization [1, 2]. CBM program includes three steps:
data acquisition, signal processing, and maintenance decision
support [1]. Maintenance decision support is categorized into
diagnostics and prognostics. Prognostics are often characterized by estimating the remaining useful life (RUL) of systems
using available condition monitoring information. The RUL
estimation ensures enough time to perform the necessary
maintenance actions prior to failure [3, 4].
The proportional hazards model (PHM) [5, 6], which
is a popular model in survival analysis, can be applied
in reliability evaluation and maintenance optimization. It

has shown its effectiveness for RUL prediction and CBM
scheduling of industrial systems [7–9]. PHM is an effective
CBM method due to its strength in handling the influence of
variable operational conditions. The accelerated failure time
(AFT) model [10, 11] is an important alternative to the PHM
in survival analysis and has the advantage of being more
intuitively interpretable than the PHM. However, the AFT
method has been rarely applied in reliability-related fields.
It is shown by reviewing and comparing the major mathematical models of survival analysis and reliability theory
that both fields address the same mathematical problems [6].
Because of the unified mathematical models of both fields,
the methods for survival analysis might be used for reliability
analysis and related fields such as CBM. In this paper, we
introduce the AFT model in reliability fields and investigate
the AFT-based model for CBM.
Imperfect preventive maintenance (PM) restores a system
to a better state but not “as good as new.” Imperfect PM
activities are considerably common in industrial systems and
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there are many studies on the model of imperfect PM [12–
17]. The extended PHM (EPHM) [16, 17] has been proved to
be a superiorly effective method to predict RUL of systems
subject to imperfect PM. Inspired by the EPHM, this paper
investigates a new alternative model, the generalized AFT
frailty model.
The rest of the paper is organized as follows. Section 2
introduces the generalized AFT frailty model and compares it
with the existing model. Section 3 proposes the hybrid maximum likelihood- (ML-) expectation maximization (EM)
algorithm for the calculation of the parameters in the model.
Section 4 proves the effectiveness of the proposed model by
the simulation experiment of RUL prediction for systems
subject to imperfect PM. Finally, Section 5 concludes the
paper.

2. Generalized AFT Frailty Model
2.1. Models. First, we introduce the Cox PHM, the AFT
model, the generalized AFT model, and the PHM frailty
model in sequence. Then, we propose the generalized AFT
frailty model.
The Cox PHM [5] is a popular model in survival analysis,
and it is an effective method for RUL prediction and CBM
scheduling of industrial systems. Let 𝜆(𝑡 | X) be the hazard/
failure function at time 𝑡 given the covariates X; the PHM is
expressed as
𝜆 (𝑡 | X) = 𝜆 0 (𝑡) exp (𝛽X) ,

(1)

where 𝜆 0 (𝑡) is the baseline hazard/failure function, which
considers the age of the system at the time of inspection. X
is the vector of the covariates and 𝛽 is the regression coefficient vector. In a CBM program, the systems’ degradation
indicators are usually chosen to be the covariates.
The AFT model [10, 11, 18] is an important alternative to
the PHM. Suppose 𝑇𝑖𝑗 is the failure time of system 𝑗 in cluster
(or group) 𝑖. There is a censoring random variable, which we
denote as 𝐶𝑖𝑗 . We only observe 𝑇𝑖𝑗∗ = min(𝑇𝑖𝑗 , 𝐶𝑖𝑗 ) and the
linear regression (i.e., AFT) model is
log (𝑇𝑖𝑗 ) = 𝛽X𝑖𝑗 + 𝜁𝑖𝑗 ,

(2)

where X𝑖𝑗 is the vector of observed covariates, 𝛽 is the regression coefficient vector, and 𝜁𝑖𝑗 is the random error. This linear
form of the AFT model deals with the regression relationship
of the covariates and the failure times logarithms, which has
the similar form to the generic linear regression model. In
the PHM, the baseline failure function and the covariates in
PHM are independent, which limits the modeling of some
types of the survival data in medical research. Collett [19]
has introduced the influence of the covariates in the baseline
failure function and proposed the following generalized AFT
model:
𝜆 (𝑡 | X𝑖𝑗 ) = exp (−𝛽X𝑖𝑗 ) 𝜆 0 (𝑡 exp (−𝛽X𝑖𝑗 )) .

(3)

In this model, the whole part of the covariates exp(−𝛽X𝑖𝑗 )
has been introduced into the baseline failure function.

The effectiveness of this model has been verified by the
modeling of the survival data in medical field [19].
PHM and AFT are suitable for the mutually independent
failure time data. In reality, correlated or clustered failure
time data are very common in the fields of survival analysis
and reliability. For example, systems operate in the same
environment with the same temperature and humidity. The
shared environment of the subjects leads to the dependence
among the observed failure time. Frailty is a good tool to
represent the random effect shared by subjects in the same
cluster (or group) and it induces dependence among the
correlated or clustered failure time data. The PHM frailty
model [20] is
𝜆 (𝑡 | X𝑖𝑗 , 𝜔𝑖 ) = 𝜔𝑖 𝜆 0 (𝑡) exp (𝛽X𝑖𝑗 ) ,

(4)

where 𝜔𝑖 is the frailty term and models the random effect
that is shared by the systems in the 𝑖th cluster (group). Frailty
has been also introduced in the AFT model to represent the
possible correlation among failure times [12]. Considering
both the generalized AFT model (3) and the PHM frailty
model (4), the following generalized AFT frailty model [21]
is proposed:
𝜆 (𝑡 | X𝑖𝑗 , 𝜔𝑖 ) = 𝜔𝑖 exp (−𝛽X𝑖𝑗 ) 𝜆 0 (𝑡 exp (−𝛽X𝑖𝑗 )) .

(5)

2.2. Comparison between the Generalized AFT Frailty Model
and the Existing Model. The EPHM has been proposed
by You et al. [16, 17] to model the failure likelihood for
systems subject to imperfect PM activities. The EPHM has
the following form:
𝑛

𝑛

𝑘=1

𝑘=1

ℎ𝑛 (𝑡 + ∑ 𝑃𝑘 , X (𝑡 + ∑ 𝑃𝑘 ))




𝑛

(6)

= 𝐴 𝑛 ℎ0 (𝑡 + 𝑏𝑛 𝑦𝑛 ) exp (𝛽X (𝑡 + ∑ 𝑃𝑘 )) ,
𝑘=1

where ℎ𝑛 is the hazard/failure function of the system after the
𝑛th PM activity and before the (𝑛 + 1)th PM activity, 𝑃𝑘 is the
𝑘th PM interval, and 𝑡 is the random local time between the
𝑘th and the (𝑘 + 1)th PM activity. 𝐴 𝑛 = 𝑎0 ⋅ 𝑎1 ⋅ ⋅ ⋅ 𝑎𝑛 , where 𝑎𝑘
is the hazard rate increase factor (HRIF) due to the 𝑘th PM
activity, and 𝑏𝑛 is the age reduction factor (ARF) due to the 𝑛th
PM activity, 𝑦𝑛 = 𝑃𝑛 +𝑏𝑛−1 𝑃𝑛−1 +𝑏𝑛−1 𝑏𝑛−2 𝑃𝑛−2 +⋅ ⋅ ⋅+(∏𝑛−1
𝑗=1 𝑏𝑗 )𝑃1 .
The HRIF modifies the increase rate of the hazard/failure
rate of the system after an imperfect PM activity, and the
ARF measures the extent to which the PM activity brings the
system to a younger age.
Comparing (5) and (6), we observe that the HRIF 𝐴 𝑛 and
the frailty term 𝜔𝑖 act multiplicatively on the hazard/failure
rate function and play the same role in the models. When
the system starts operation after imperfect PM activities, the
system has already aged somewhat. The ARF measures the
extent to which the imperfect PM affects the effective age. The
generalized AFT frailty model describes the hybrid influence
of imperfect PM on both the hazard/failure rate and the
effective age, which is shown in Figure 1.
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The parameter 𝜃 is computed with the ML estimation
method. The ML estimation is based on the marginal likelihood function, which is written as

h(t)
(d)
(c)
(b)
(a)

𝑛

∞ 𝑛𝑖

𝐼𝑖𝑗

𝐿 marginal = ∏ ∫ ∏𝜆 𝑖𝑗 (𝑡𝑖𝑗 ) 𝑅𝑖𝑗 (𝑡𝑖𝑗 ) 𝑔 (𝜔𝑖 , 𝜃) 𝑑𝜔𝑖
𝑖=1
𝑛

t

𝑗=1

∞ 𝑛𝑖

𝐼

= ∏ ∫ ∏𝜔𝑖 𝐼𝑖𝑗 exp (−𝛽𝐼𝑖𝑗 X𝑖𝑗 ) 𝜆 0𝑖𝑗 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ) (9)
0

First PM
(a) After perfect PM
(b) Influence on effective age

0

𝑖=1

(c) Influence on failure rate
(d) Hybrid influence

𝑗=1

× exp (−𝜔𝑖 Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ))

Figure 1: Hybrid influence of imperfect PM on both failure rate and
effective age.

To some extent, the generalized AFT frailty model is
unified with the EPHM. So we introduce the generalized AFT
frailty model (5) into the CBM field to model the failure
likelihood of the systems subject to imperfect PM.

× 𝑔 (𝜔𝑖 , 𝜃) 𝑑𝜔𝑖 ,
where Λ 0 is the cumulative failure function. For the sake of
convenient calculation, we take the logarithm of the above
equation so that the multiplications can be converted into
additions. The logarithmic form is
𝑛 𝑛𝑖

𝐿 𝑀 = ∑ ∑ [ − 𝛽𝐼𝑖𝑗 X𝑖𝑗 + 𝐼𝑖𝑗 log (𝜆 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ))

3. Parameter Estimation Algorithm

𝑖=1 𝑗=1

After the introduction of the generalized AFT frailty model,
we investigate its parameter estimation algorithm. The EM
algorithm has been a popular method for computing ML
estimates from incomplete data. Due to the unknown frailty
terms, the EM algorithm has been used to estimate parameters in the PHM frailty model [22] and AFT frailty model
[12]. Vu and Kuniman [23] have proposed a hybrid ML-EM
method for the calculation of ML estimates in PHM frailty
models and have verified that the hybrid method is more
computationally efficient than the standard EM method and
faster than the standard direct ML method. In this paper, we
estimate the parameters in the generalized AFT frailty model
with a hybrid ML-EM algorithm.
If the failure time is smaller than the censoring random
variable, the indicator function has a value of one; otherwise,
it has a value of zero:
1 if 𝑇𝑖𝑗 ≤ 𝐶𝑖𝑗
𝐼𝑖𝑗 = {
0 otherwise

∞

𝐷

+ log (∫ 𝜔𝑖 𝑖 exp (−𝜔𝑖 Λ 𝑖 ) 𝑔 (𝜔𝑖 , 𝜃) 𝑑𝜔𝑖 )] ,
0

𝑛

(10)
𝑛

𝑖
𝑖
where 𝐷𝑖 = ∑𝑗=1
𝐼𝑖𝑗 , Λ 𝑖 = ∑𝑗=1
Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ).
Given the initial values of 𝛽 and Λ 0 , we can calculate the
ML estimate of 𝜃. Given the estimate of 𝜃, we can estimate
𝛽 by an EM algorithm. Namely, the estimations of 𝜃 and 𝛽
interact with each other as both preconditions and results. So
we update both parameters with an iterative process until they
converge.
The parameter 𝛽 is estimated with the EM algorithm.
We start the EM algorithm with the full likelihood function,
which is written as

𝑛

𝑛𝑖

𝐼𝑖𝑗

𝐿 full (𝜃, 𝛽, 𝜆 0 , 𝜔) = ∏∏𝜆 𝑖𝑗 (𝑡𝑖𝑗 ) 𝑅𝑖𝑗 (𝑡𝑖𝑗 ) 𝑔 (𝜔𝑖 , 𝜃)
(7)

𝑖=1 𝑗=1
𝑛

(𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑛𝑖 ) .

𝑛𝑖

𝐼𝑖𝑗

𝐼

= ∏∏𝜔𝑖 𝑖𝑗 exp (−𝛽𝐼𝑖𝑗 X𝑖𝑗 ) 𝜆 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 )
𝑖=1 𝑗=1

The likelihood function of right censoring data is
𝑛

𝑛𝑖

𝐼𝑖𝑗

𝐿 = ∏∏𝜆 (𝑡𝑖𝑗 ) 𝑅 (𝑡𝑖𝑗 ) ,

× exp (−𝜔𝑖 Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ))
(8)

× 𝑔 (𝜔𝑖 , 𝜃) .
(11)

𝑖=1 𝑗=1

where 𝑅 (⋅) is the survival/reliability function.
The frailty terms are random variables, and we suppose 𝜔𝑖
obeys the distribution 𝑔(𝜔𝑖 , 𝜃), with the parameter 𝜃, which
can be a vector. Thus there are two unknown vectors 𝜃 and 𝛽
in model (5).

The logarithmic form of 𝐿 full is denoted as 𝐿 𝐹 and the
corresponding full log-likelihood is
𝐿 𝐹 (𝜃, 𝛽, 𝜆 0 , 𝜔) = 𝐿 1 (𝜃, 𝜔) + 𝐿 2 (𝛽, 𝜆 0 , 𝜔) ,

(12)
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̂ we can calculate the failure denBased on the estimate 𝛽,
sity function, the reliability function, and the corresponding
cumulative failure function:

where
𝑛𝑖

𝑛

𝐿 1 (𝜃, 𝜔) = ∑ [log (𝑔 (𝜔𝑖 , 𝜃)) + ∑ 𝐼𝑖𝑗 log 𝜔𝑖 ] ,
𝑖=1
𝑗=1
[
]

(13)

𝑛

𝑖=1 𝑗=1

𝑛 𝑛𝑖

(14)
The 𝐸-step calculates the expectation of the full likelihood
function with respect to 𝜔, in order to eliminate its effect on
the likelihood function. The corresponding equations for the
expectation calculation are

𝑛𝑖

(15)

𝑛 𝑛𝑖

𝐸 (𝐿 2 ) = ∑ ∑ [−𝛽𝐼𝑖𝑗 X𝑖𝑗 + 𝐼𝑖𝑗 log (𝜆 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ))
(16)
−𝐸 (𝜔𝑖 ) Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ) ] .
From (15) and (16), we observe that the calculation of 𝐸(𝐿 1 )
depends only on the parameter 𝜃 and is independent of 𝛽.
The calculation of 𝐸(𝐿 2 ) contains 𝛽. So we estimate 𝛽 only by
analyzing (16).
The 𝑀-step maximizes 𝐸(𝐿 2 ) and calculates the ML
estimate of 𝛽. Due to both the unknown parts 𝜆 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 )
and Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ) in 𝐸(𝐿 2 ), we cannot handle 𝐸(𝐿 2 ) directly.
With kernel smoothing processes [24], we convert the
semiparametric form of (16) into the parametric form. The
likelihood function is written as
𝐸 (𝐿𝑠2 (𝛽))
𝑛 𝑛𝑖

𝑛

= ∑ ∑ [𝐼𝑖𝑗 log (
𝑖=1 𝑗=1

𝑟𝑘𝑙 − 𝑟𝑖𝑗
1 𝑛 𝑖
))
∑ ∑ 𝐼𝑘𝑙 𝐾 (
𝑛𝑛𝑖 𝑎𝑛 𝑘=1 𝑙=1
𝑎𝑛
𝑛

− 𝐼𝑖𝑗 log (

),

(18)

0

(19)

̂ 0 (𝑡)
Λ

− 𝜔𝑖 Λ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ) ] .

𝑖=1 𝑗=1

𝑎𝑛

̂ (𝑡) = 1 − ∫ 𝑓̂ (𝑥) 𝑑𝑥,
𝑅

𝑖=1 𝑗=1

𝑛

̂ − log 𝑡
𝑟𝑖𝑗 (𝛽)

𝑡

𝐿 2 (𝛽, 𝜆 0 , 𝜔) = ∑ ∑ [−𝛽𝐼𝑖𝑗 X𝑖𝑗 + 𝐼𝑖𝑗 log (𝜆 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 ))

𝐸 (𝐿 1 ) = ∑ [𝐸 (log (𝑔 (𝜔𝑖 , 𝜃))) + ∑ 𝐼𝑖𝑗 𝐸 (log 𝜔𝑖 )] ,
𝑖=1
𝑗=1
]
[

𝑛𝑖

−1
𝑓̂ (𝑡) = (𝑛𝑎𝑛 𝑡) ∑ ∑ 𝐼𝑖𝑗 𝐾 (

1 𝑛 𝑖 (𝑟𝑘𝑙 −𝑟𝑖𝑗 )/𝑎𝑛
𝐸 (𝜔𝑖 ) 𝐾 (𝑠) 𝑑𝑠)] ,
∑∑ ∫
𝑛𝑛𝑖 𝑘=1 𝑙=1 −∞
(17)

where 𝑟𝑖𝑗 = log 𝑡𝑖𝑗 − 𝛽X𝑖𝑗 , 𝐾(𝑠) is the kernel function, and 𝑎𝑛 is
the window width of the kernel function. By maximizing the
likelihood function 𝐸(𝐿𝑠2 (𝛽)), we obtain the ML estimate of
𝛽.

̂ (𝑡)
= − log 𝑅
=∫

log 𝑡

−∞

−1 𝑛
𝑛𝑖
̂
[ (𝑛𝑎𝑛 ) ∑𝑖=1 ∑𝑗=1 𝐼𝑖𝑗 𝐾 ((𝑟𝑖𝑗 (𝛽) − 𝑠) /𝑎𝑛 ) ]
[
] 𝑑𝑠.
̂
(𝑟 (𝛽)−𝑠)/𝑎
𝑛𝑖
𝑛
𝑛−1 ∑𝑛𝑖=1 ∑𝑗=1
∫−∞𝑖𝑗
𝐾 (𝑢) 𝑑𝑢
[
]
(20)

̂ and Λ
̂ 0 , we calculate the
With the calculated estimates 𝛽
ML estimate 𝜃 by maximizing 𝐿 𝑀 in (10). Then, with the
̂ we follow the EM process to calculate 𝛽
̂
estimated value 𝜃,
̂ 0 again. Thus, we repeat this iterative process until the
and Λ
parameters convergence.
We summarize the above-analyzed process as the following estimation procedure:
̂ from the independent AFT
Step 1: obtain initial estimate 𝛽
model and estimate the cumulative failure function
̂ 0 (𝑡𝑖𝑗 𝑒−𝛽X𝑖𝑗 );
Λ
̂ and
Step 2 (ML estimation): given the current estimates 𝛽
̂
̂
Λ 0 , update the estimate 𝜃 by maximizing the marginal
log-likelihood 𝐿 𝑀 in (10);
Step 3: prepare the full log-likelihood function for the EM
algorithm;
Step 4 (𝐸-step): calculate the expectation of the full loglikelihood function with respect to 𝜔 in order to
eliminate its effect on the likelihood function;
Step 5 (𝑀-step): given the current estimate 𝜃̂ (from Step 2),
̂ by maximizing the partial logupdate the estimate 𝛽
likelihood function 𝐸(𝐿𝑠2 (𝛽)) in (17) and calculate the
̂ 0 with
corresponding cumulative failure function Λ
(20);
̂ and 𝜃̂
Step 6: repeat Steps 2, 3, and 4 until both parameters 𝛽
converge.
This iterative ML-EM procedure is illustrated in Figure 2.

4. Evaluation Experiment
We generated the data on the basis of a typical degradation
model to simulate the industrial processes of the systems
subject to imperfect PM activities. With the simulated data
for training, we calculated the parameter estimates of the generalized AFT frailty model. In order to test the effectiveness of
the model, we calculated the RUL prediction with the testing
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𝛽

Initial value
̂, Λ
̂0
𝛽

Marginal likelihood function equation (9)
Marginal log-likelihood function
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𝛽
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Maximization equation (10) with respect to 𝜃
̂
𝜃

Full likelihood function equation (11)
ML-EM process
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equation (12), (13) and (14)

̂ 𝜃
̂
𝛽,

Expectation of partial full log-likelihood
function equation (15) and (16)

No
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E-step

With kernel smoothing process handled
expectation equation (17)
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Maximization equation (17) with respect to 𝛽
̂
𝛽

Yes

End

̂0
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equation (18), (19) and (20)
̂0
Λ
̂
𝛽

̂
𝜃

Figure 2: Parameters estimation procedure.

data and compare the results with those of the EPHM. By the
comparison, it was proved that the generalized AFT frailty
model is effective for the systems subject to imperfect PM
activities.
4.1. Process-Data Generation. The functional form of the
typical degradation process is as follows:
𝑀 (𝑡) = 𝛿 + 𝜂𝑡 + 𝜀 (𝑡) ,

(21)

where 𝑀(𝑡) denotes the degradation indicator, and the
stochastic parameters are assumed to follow the normal
distribution; namely, 𝛿 ∼ 𝑁(𝜇0 , 𝜎02 ) and 𝜂 ∼ 𝑁(𝜇1 , 𝜎12 ). The
error term 𝜀(𝑡) is included in the model to capture system and
environmental noise, signal transients, measurement errors,
and variations due to monitoring system. 𝜀(𝑡) is assumed to
follow a Brownian motion process 𝜀(𝑡) ∼ 𝑁(0, 𝜎2 𝑡). Equation
(21) is used to generate the degradation indicator over time,
and a higher magnitude of degradation indicator corresponds
to a worse system state.
On the basis of (21), the degradation process with imperfect PM activities was simulated. The simulation mechanism
and experiment design are introduced by You and Meng [17].
It was demonstrated that the simulated degradation processes

were close to real data in practice. In our simulation experiment, we also considered the single degradation indicator
𝑀(𝑡) as a covariate for consistency with the simulation work
of You and Meng [17]. It was assumed that the PM duration
was ignored as zero, and the 𝑘th PM activities occur at time
𝑇𝑘 . After PM, the degradation process was simulated as a new
process plus a residual degradation due to the PM activity
with a random imperfect effect. For example, after the first
PM, sample 𝑗 has the following degradation process:
𝑀𝑗 (𝑡) = 𝜌𝑗1 𝑀𝑗 (𝑇1 ) + (𝜃𝑗1 + 𝜂𝑗1 (𝑡 − 𝑇1 ) + 𝜀𝑗1 (𝑡 − 𝑇1 )) .
(22)
After the 𝑘th PM the corresponding degradation signal is
𝑀𝑗 (𝑡) = 𝜌𝑗𝑘 𝑀𝑗 (𝑇1 + ⋅ ⋅ ⋅ + 𝑇𝑘 ) + 𝑀𝑗 (𝑡 − 𝑇1 − ⋅ ⋅ ⋅ − 𝑇𝑘 )
= 𝜌𝑗𝑘 𝑀𝑗 (𝑇1 + ⋅ ⋅ ⋅ + 𝑇𝑘 )
+ (𝜃𝑗𝑘 + 𝜂𝑗𝑘 (𝑡 − 𝑇1 − ⋅ ⋅ ⋅ − 𝑇𝑘 )
+ 𝜀𝑗𝑘 (𝑡 − 𝑇1 − ⋅ ⋅ ⋅ − 𝑇𝑘 )) ,
(23)
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𝜇0𝑘

𝜇1𝑘

𝜎0𝑘

𝜎1𝑘

𝜎𝑘

𝑘=0
𝑘=1
𝑘=2
𝑘=3

1.00
1.53
1.99
2.45

4.00
4.77
5.48
5.89

1.00
0.99
1.04
1.56

1.00
0.98
1.02
1.54

0.15
0.15
0.16
0.16

Magnitude of the degradation
indicator

Number of
PM activities

700
600
500
400
300
200
100
0
−100

Magnitude of degradation indicator

Table 1: Updated degradation model parameters.
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Figure 4: Schematic drawing of local lifetimes.
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Table 2: Average local lifetime in each section.

Figure 3: Degradation processes with a maximum of three imperfect PM activities.

Section

where 𝜌 is the coefficient quantifying the amount of residual
degradation, which is defined as

Before 1st PM
Between 1st and 2nd PM
Between 2nd and 3rd PM

𝜌𝑗𝑘 ∼ 𝑁 (1 − exp (−0.5𝑘) , 0.005) ;

Number of
failed signals

Average
local lifetime

33
49
80

96.5
85.3
72.9

(24)

𝛿𝑗𝑘 , 𝜂𝑗𝑘 , and 𝜀𝑗𝑘 are the model parameters of sample 𝑗 after
it receives its 𝑘th PM activity. The typical method for the
estimate of the degradation model parameters after each
PM performs a Bayesian update, which combines the prior
distribution parameters and the real-time information to
obtain the posterior distribution parameters [25].
We simulate the degradation processes of 400 systems,
which are subject to a maximum of three imperfect PM
activities. Some systems fail before they receive any PM. Some
systems fail after the first PM, second PM, or third PM.
Some systems operate in a normal state up to the end of the
simulation time. The updated degradation model parameters
of one sample are shown in Table 1.
Twenty degradation processes are illustrated in Figure 3.
The horizontal axis represents time. The vertical axis represents the magnitude of the degradation indicator.
The three moments of PM activities are 𝑇1 = 100, 𝑇2 =
190, and 𝑇3 = 270, respectively. Each section represents
the degradation process before the corresponding PM. When
the degradation indicator exceeds the threshold (defined as
𝐷 = 500), the process is considered to have failed. Among
the twenty illustrated degradation processes, four processes
fail before receiving any PM activity, three processes fail after
receiving the first PM activity, and eleven processes fail after
receiving the second PM activity.
Next, we demonstrate the effectiveness of the simulated
data for imperfect PM. We take the local lifetime as the time
interval between the PM moment and the time of failure in
each section. In Figure 4, 𝑡0 , 𝑡1 , and 𝑡2 are the times of failure
in the three sections, respectively.

The corresponding local lifetimes are 𝑡0𝐸 = 𝑡0 − 0, 𝑡1𝐸 =
𝑡1 − 𝑇1 , and 𝑡2𝐸 = 𝑡2 − 𝑇2 . Concerning all of the 400 simulated
processes, the number of failed processes and the average
local lifetime in each section are shown in Table 2.
From Table 2, we observe that the average local lifetime
decreases with the increases in the times of imperfect PM
activities. These simulated data are appropriate for processes
with imperfect PM activities, which restore the system to
better but not “as good as new” states.
4.2. RUL Prediction and Results Comparison. We used the
RUL prediction, an example to test the effectiveness of the
generalized AFT frailty model. Among the 400 simulated
degradation processes, we used 300 samples for training
and 100 samples for testing. Parameters of the model were
estimated with training samples, and RUL predictions were
calculated with testing samples. During the parameters estimation procedure, we used the typical Weibull distribution as
the baseline failure function. We chose the gamma distribution with mean 1 and variance 𝜃 as the frailty distribution for
the following two reasons. Firstly, the gamma distribution is
the most popular choice for the frailty distribution [12, 18, 23].
The posterior distribution of the gamma frailty is still the
gamma distribution. Secondly, the gamma distribution with
mean 1 and variance 𝜃 is appropriate for the characterization
of the frailty terms in our model. Frailty acts multiplicatively
on the failure rate function and represents the change in
the failure rate after PM relative to that before PM. This
multiplication factor is theoretically greater than or equal to
1 but sometimes smaller than 1 in reality [17].
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Table 3: Statistical analysis of the predicted RUL using G-AFT-F and EPHM for the testing samples that fail before receiving any PM activity.
Actual RUL
G-AFT-F
Mean
SD
EPHM
Mean
SD
∗

10

9

8

7

6

5

4

3

2

1

9.93
0.65

8.96
0.76

7.90
0.43

7.06
0.86

6.05
0.75

4.86
0.75

3.80
0.86

3.07
0.43

2.09
0.35

1.24
0.27

9.91
0.57

9.03
0.69

7.95
0.97

7.04
0.48

6.01
0.59

5.03
0.76

3.98
0.57

3.06
0.58

2.12
0.63

1.32
0.59

SD = standard deviation.

After the first PM

10

10

9

9

8

8

7
6
5
4
3

7
6
5
4
3

2

2

1

1

0

0

2

4
6
Actual RL

After the second PM

11

Mean values of predicted RL

Mean values of predicted RL

11

8

10

0

0

2

4
6
Actual RL

8
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EPHM

G-AFT-T
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(a)

(b)

Figure 5: Statistical analysis of the predicted RUL using G-AFT-F and EPHM for the testing samples that fail after the first and second PM.

̂ we calculated
With the estimated parameters 𝜃̂ and 𝛽,
the RUL prediction of the 100 testing samples following
the typical procedure [17]. The minimum of the actual
local lifetimes in three sections were 43.5, 39.6, and 37.3,
respectively. Theoretically, all the samples whose RUL is less
than the minimum of the actual local lifetime could be used
for further analysis. However, because the prediction of being
close to failure is the most essential information in a CBM
program, we only collect the samples whose actual RUL is less
than 10. One part of the statistical analysis of the predicted
RUL based on the generalized AFT frailty model (G-AFT-F
for short) and the EPHM with respect to the actual RUL are
summarized in Table 3.
The statistical analysis for the samples that fail after
receiving the first PM activity and the second PM activity
is shown in Figure 5. Mean values of the statistical analysis
results are regarded as predicted RUL values, so only mean
values are illustrated. The horizontal axis represents the actual

RUL, and the vertical axis represents the mean values of the
predicted RUL.
From Table 3 and Figure 5 we can see that there is no
obvious performance difference between the results using
both models. The superior performance of the EPHM over
other classical models has been proved [17]. Similar to
the EPHM, the generalized AFT frailty model can achieve
reasonably accurate and reliable RUL prediction. Thus, it
is demonstrated that the generalized AFT frailty model is
appropriate to model the failure likelihood of the systems
subject to imperfect PM activities.

5. Conclusions and Future Work
Imperfect PM activities are considerably common in industrial systems. This paper has introduced the methods of
survival analysis into the CBM field and used the statistical
tools to solve practical industrial problems. The generalized
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AFT frailty model has been investigated to model the failure
likelihood of systems subject to imperfect PM activities.
On the basis of the ML estimation and the EM method,
the hybrid ML-EM algorithm for parameter estimation has
been analyzed. In the evaluation experiment, the data of
the typical degradation model has been generated. The RUL
prediction has been taken as a calculation case and the
results of the proposed model have been compared with
those of the existing model. The comparison demonstrates
the effectiveness of the generalized AFT frailty model.
The data in the experiment are generated from the
typical degradation processes and are consistent to practical
industrial cases. That is why we performed the evaluation
only with simulation data. However, in future research, it will
be necessary to evaluate the performance of the proposed
model using real data. In addition, it would be interesting to
introduce more methods of survival analysis into reliabilityrelated fields and investigate their applicability.
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Fault prediction is an effective and important approach to improve the reliability and reduce the risk of accidents for complex
electromechanical systems. In order to use the quantitative information and qualitative knowledge efficiently to predict the fault,
a new model is proposed on the basis of belief rule base (BRB). Moreover, an evidential reasoning (ER) based optimal algorithm
is developed to train the fault prediction model. The screw failure in computer numerical control (CNC) milling machine servo
system is taken as an example and the fault prediction results show that the proposed method can predict the behavior of the system
accurately with combining qualitative knowledge and some quantitative information.

1. Introduction
Modern complex electromechanical systems are usually composed of the multiphysical processes such as machinery,
electricity, and hydromantic [1]. A long period is needed
to design and manufacture a complex electromechanical
system. Moreover, the cost for maintenance of these systems
is high. Therefore, it is important to predict the different kinds
of faults of the complex electromechanical systems [2].
A complex electromechanical system has the following
characteristics. Firstly, it is composed of some subsystems.
Because of the coupling, the behaviors of the system cannot
be determined independently by analyzing the behaviors of
each part. Secondly, it is difficult to establish the analytical
model. Thirdly, the fault processes of a complex electromechanical system may be reflected by some states or parameters
at the same time. Finally, the complex electromechanical
system is a dynamic system. Thus, if the fault of a complex
electromechanical system is predicted, some characteristic
variables should be chosen and the fault prediction algorithm
should be online which can ensure that the fault can be
predicted in real-time.

The current fault prediction methods can be divided into
the method based on quantitative information, the method
based on qualitative information, and the method based
on hybrid information. The quantitative information based
method includes Kalman filter, grey theory [3], neural network [4–6], time series [7], and data fusion based methods.
This kind of methods needs the analytical models of the
systems. In this method, the structures of the systems and
the mechanism information are used. But it is difficult to
analyze and interpret the forecasting results. The qualitative
knowledge based method [8] includes the expert system and
time sequence logic based methods. But the combination
explosion may happen and the forecasting result is not
accurate. The hybrid information based method such as fuzzy
mathematics, neural network, Kalman filter, and wavelet
plays the advantages of various kinds of a single method
effectively. However, most existing methods are two kinds
of fusion method based on quantitative information without
qualitative knowledge application, which may restrict the use
of various types of knowledge comprehensively to improve
the accuracy of the fault prediction. The belief rule base (BRB)
could make full use of the prior knowledge of expert and
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Figure 1: Servo feed system of CNC milling machine.

quantitative information. Moreover the evidential reasoning
(ER) is used to update the characteristics online [9, 10]. These
guaranteed the accurate prediction of the fault [11–13].
In this paper, BRB is used to establish the fault prediction model of a complex electromechanical system. BRB
overcomes the shortcomings of a single method based on
quantitative or qualitative knowledge [14, 15]. This method
realizes the layered and comprehensive fault prediction of a
complex electromechanical system through combining BRB
with the model of a complex electromechanical system.
Taking the CNC machine tool that is a typical complex
electromechanical system as an example [16], this paper
describes the detailed process of layering and comprehensive
fault prediction about the servo system. The results show that
this method can predict the fault behaviors of a complex
electromechanical system accurately and may be applied in
the engineering practice.

2. The System Modeling
Based on the Characteristics
A complex electromechanical system is composed of some
subsystems with strong coupling, time-varying, and strong
nonlinear characteristics. As temperature, blood pressure,
and other indicators can reflect the health of the human body
system, there are also some characteristics that can reflect
the running condition of a complex electromechanical system
[17]. According to these characteristics, the fault prediction
model of a complex electromechanical system can be built.
Firstly, it is assumed that a complex electromechanical
system is composed of 𝑛 parts, and the running condition
of 𝑗th part can be represented by the available feature N𝑗 ,
which is a multiparameter and where 𝑗 = 1, 2, . . . , 𝑛. The
running condition of the entire electromechanical system can
be described by the following model:
𝑦 = 𝑔 (N1 , N2 , . . . , N𝑛 ) ,

(1)

where 𝑦 denotes the running condition of the whole complex
electromechanical system. 𝑔 denotes a nonlinear mapping.
In addition, the running condition of each component N𝑗
can be represented by some characteristic variables and it is

assumed that the 𝑗th component can be represented by the 𝑀
characteristic variables, recorded as ℎ1 , ℎ2 , . . . , ℎ𝑀:
𝑓 = 𝑙 (ℎ1 , ℎ2 , . . . , ℎ𝑀) ,

(2)

where 𝑓 denotes the running condition of 𝑗th component. 𝑙
denotes a nonlinear mapping.
Then the following model that can denote the running
condition of a complex electromechanical system can be
obtained by putting (2) into (1):
𝑦 = 𝑔 (𝑓) .

(3)

3. Modeling the CNC Machine
Tool Servo System
3.1. Composition of CNC Machine Tool Servo System. In order
to establish the fault prediction model of the CNC milling
machine servo feed system, its structure should be analyzed
firstly. As shown in Figure 1, the CNC milling machine servo
feed system is mainly composed of the drive unit, driving
element, mechanical driving mechanism, actuator, detection,
and feedback part.
3.2. Fault Mechanism Analysis of the CNC Milling Machine
Servo Feed System. The fault of the driving mechanism
mainly includes that the motor drive power cannot be passed
to the executive element. This kind of fault often occurs in
machine tool guide, coupling screw, bearing parts, and so
on. Overload and other problems often occurred in these
parts when they have faults such as clearance being too large,
vibration, or wear. In drive system, servo motor is the main
part where malfunction happens easier. Faults of drive system
mainly include drive control unit fault and servo motor fault.
Detection component often become large errors of feedback
data or no feedback [18, 19].
In servo feed transmission, bearing and screw feed
transmission mechanism are the most prone to failure, so the
fault mechanism of bearing and lead screw nut pair parts are
analyzed. Under normal working conditions, too large load or
poor lubrication can lead to different forms of damage which
would cause machine tool state degradation [20]. The types
of rolling bearing fault mainly include surface knit crack,
surface spelling, and bearing burning. Typical failure damage

Mathematical Problems in Engineering

3

h1 (t)

h1 (t − 1)

.
..

BRB 1
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Figure 2: BRB fault prediction model.

of ball screw drive system consists of surface damage, serious
deformation, and failure. The surface damage mainly includes
removing fatigue failure, wear, and corrosion failure.
The motor fault is one of the main faults in the drive
system. Finding the motor fault timely and accurately can
avoid economic loss and serious safety accidents. According
to the main part of motor, the fault can be divided into the
failure of the stator, the rotor fault, and bearing failure.
Detection device plays an important role in the whole
control system, and its performance directly determines
the precision of the detection system, which affects the
machining accuracy of CNC machine tools. Encoder failure
is a typical failure in detection device. Encoder as a detecting
element of closed-loop system or semi-closed loop system, its
feedback signal directly affects the adjustment of the motor
speed. Generally, the faults are divided into the encoder to
throw code and complete failure.
3.3. The Model of CNC Milling Machine Servo Feed System.
According to the structure and the fault mechanism analysis
of the CNC milling machine servo feed system, the model of
CNC milling machine servo feed system is built as follows,
referencing model of complex electromechanical system.
CNC milling machine servo feed system is composed of
four parts; the model of CNC machine tool servo system is
built as follows by (1):
𝑦 = 𝑔 (N1 , N2 , N3 , N4 ) .

(4)

In (4), 𝑦 denotes the running condition of CNC machine
tool servo system. 𝑔 denotes the nonlinearity mapping.
By the same token, the model of mechanical transmission
system is as follows:
𝑦 = 𝑔 (N1 , N2 , N3 ) .

(5)

of each part, so, ℎ𝑚 is confirmed. Then, the belief rule base
(BRB) is used to establish the fault prediction [11]. A belief
rule in BRB is described as follows:
𝑘
,
𝑅𝑘 : If ℎ1 is 𝐻1𝑘 ∧ ℎ2 is 𝐻2𝑘 ⋅ ⋅ ⋅ ∧ ℎ𝑀 is 𝐻𝑀

Then {(𝐷1 , 𝛽1,𝑘 ) , . . . , (𝐷𝑁, 𝛽𝑁,𝑘 )}
with a rule weight 𝜃𝑘 and attribute

(6)

weight 𝛿1,𝑘 , 𝛿2,𝑘 , . . . , 𝛿𝑀𝑘 ,𝑘 ,
where 𝑅𝑘 denotes the 𝑘th rule belief rule. h = [ℎ1 , ℎ2 , . . . , ℎ𝑀]
is antecedent attributes in the 𝑘th rule, and ℎ𝑀 is an element
𝑘
}
of 𝑁𝑖 in (4), same as 𝑎𝑖 in (1). H𝑘 = {𝐻1𝑘 , 𝐻2𝑘 , . . . , 𝐻𝑀
is a collection of input reference values in the 𝑘th rule.
𝐷 = [𝐷1 , 𝐷2 , . . . , 𝐷𝑁] is a set of referential values for the
antecedent attribute. 𝛽𝑘 = [𝛽1,𝑘 , 𝛽2,𝑘 , . . . , 𝛽𝑁,𝑘 ] is a set of belief
degrees assessed to 𝐷.
Figure 2 shows a BRB based fault prediction model [21],
where 𝑝 denotes the forecasting step and 𝐵 denotes the
preset threshold. ̂ℎ𝑚 (𝑡 + 𝑝) (𝑚 = 1, . . . , 𝑀) denotes the
estimates in (𝑡 + 𝑝) moment of ℎ𝑚 . In Figure 2, the first
M BRBs, that is, BRB 1, . . . , BRB M, which are given in (6)
belong to the traditional rules in which the consequents are
either 100% normal or 100% failure. When the system is in
a defective but still operational stage, such rules which are
abovementioned have a limited capacity. In order to solve
this problem, BRB (𝑀 + 1) is used to determine the system
running condition by extending the (6) [21]. Consider
𝑑
,
𝑅1 : If ℎ1 ≤ ℎ1𝑑 ∧ ⋅ ⋅ ⋅ ∧ ℎ𝑀 ≤ ℎ𝑀

In (5), 𝑦 is the running condition of CNC machine tool
servo system. 𝑔 denotes the nonlinearity mapping.

Then {(𝐷1 , 0) , (𝐷2 , 1)} ,

4. A BRB Based Fault Prediction Model

and attribute weight 𝛿1,1 , . . . , 𝛿𝑀,1

On the basis of analyzing the fault mechanism, a series of
available features are chosen to reflect the running condition

..
.

with a rule weight 𝜃1
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h1 (t)

h1 (t − 1)

..
.

BRB 1

ĥ 1 (t + p)

h1 (t − 𝜏1 )
BRB (3)

BF (t + p)

h2 (t)

h2 (t − 1)

..
.

BRB 2

h2 (t − 𝜏2 )

ĥ 2 (t + p)

Figure 3: Prediction model of ball screw based on BRB.
𝑑𝑛 𝑢𝑛
𝑅𝐺 : If ℎ1 ∈ [ℎ1𝑑𝑛 , ℎ1𝑢𝑛 ] ∧ ⋅ ⋅ ⋅ ∧ [ℎ𝑀
, ℎ𝑀 ] ,

×10−4
2

Then {(𝐷1 , 0) , (𝐷2 , 0)} ,

1.5
h1 (m)

with a rule weight 𝜃𝐺
and attribute weight 𝛿1,𝐺, . . . , 𝛿𝑀,𝐺

0.5
0
−0.5

..
.

−1

𝑅3𝑀 : If ℎ1 ≥

ℎ1𝑢

∧ ⋅ ⋅ ⋅ ∧ ℎ𝑀 ≥

−1.5

𝑢
ℎ𝑀
,

Then {(𝐷1 , 0) , (𝐷2 , 1)} ,
and attribute weight 𝛿1,3𝑀 , . . . , 𝛿𝑀,3𝑀 ,
(7)
where 𝛿1,3𝑀 , . . . , 𝛿𝑀,3𝑀 are the relative weights of the 𝑀
antecedent attributes used in the 𝑘th rule. For each characteristic variable ℎ𝑚 (𝑚 = 1, . . . , 𝑀), there are three referential
𝑑
𝑢
𝑑𝑛 𝑢𝑛
values which include ℎ𝑚
, ℎ𝑚
, and [ℎ𝑚
, ℎ𝑚 ], so there are 3𝑀
belief rules in BRB (𝑀 + 1). 𝜃𝑘 (𝑘 = 1, . . . , 3𝑀) is the relative
weight of the 𝑘th rule. It is assumed that 𝜃𝑘 = 1 and 𝛿𝑚,𝑘 = 1.
In practical engineering problems, the ER algorithm is
used to update the parameters. The result of update is shown
in [21]
Q𝑚 (𝑡 + 1)
= ∏ {Q𝑚 (𝑡) +

1
−1
[Ξ (Q (𝑡))] Γ𝑚 (Q𝑚 (𝑡))} ,
𝑡 𝑚 𝑚

50

100

150

200
Step

250

300

350

Figure 4: Test data of ℎ1 .

with a rule weight 𝜃3𝑀

𝐸𝑚

1

(8)

where Q𝑚 consists of the rule weights, attribute weights, and
belief degrees satisfying the constraints. 𝐸𝑚 is a constraint set
composed of the constraints. ∏𝐻𝑚 {⋅} is the projection onto
the constraint set 𝐸𝑚 , ensuring that the estimation of Q𝑚 can
satisfy the given constraints.
𝐵𝐹 (𝑡+𝑝) can be got through the model. If it is less than 𝐵th ,
the system can work normally. On the contrary, the system is
in fault condition, where 𝐵th denotes a preset threshold.

5. Fault Prediction of Screw in CNC Milling
Machine Servo Feed System
The running condition of the screw is one of the most
characteristics which can represent the condition of the whole
CNC system. In this section, the screw is chosen as an
example to demonstrate the effectiveness of the proposed
method.
Through the analysis of fault mechanism, two variables
that are the vibration of screw and the surface roughness of
the processing pieces are chosen to reflect the performance
of screw. These two variables are denoted by ℎ1 and ℎ2 ,
respectively.
The system model of screw can be got according to (4) as
follows:
𝑓 = 𝑔 (ℎ1 , ℎ2 ) ,

(9)

where 𝑓 denotes the running condition of screw. ℎ denotes a
nonlinearity mapping.
So, the fault prediction model of screw is established as
shown in Figure 3.
Figures 4 and 5 display the testing data of ℎ1 and ℎ2 ,
respectively. The testing data are collected in the processing
cast-iron at a low speed by the B&K and laser interferometer,
and the motor speed is 1000 r/min and the feed is 40 mm/min.
The test rig is shown in Figure 6.
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20

Table 3: Initial belief degrees of BRB 1.

15

Rule number

h2 (𝜇m)

10

1
2
3
4
5
6
7
8
9

5
0
−5
−10
−15
−20

50

100

150

200
Step

250

300

350

Figure 5: Test data of ℎ2 .

1
2
3
4
5
6
7
8
9

Table 1: The reference of ℎ1 (𝜇m).
S
0.5

M
1.5

L
2

Table 2: The reference of ℎ2 (𝜇m).
S
5

M
10

L
15

In order to construct the BRB based forecasting models of
the above two characteristics variables, the references of the
characteristics variables are chosen at first. For both ℎ1 and
ℎ2 , three referential points are used and they are small (S),
medium (M), and large (L), which are given as follows:
𝑘

𝐻𝑖 1 ∈ {𝑆, 𝑀, 𝐿} ,

𝑘

𝐻𝑗 2 ∈ {𝑆, 𝑀, 𝐿} ,
𝑖 = 1, 2,

{(𝐷11 , 0.65) , (𝐷21 , 0.25) , (𝐷31 , 0.1)}
{(𝐷11 , 0.3) , (𝐷21 , 0.6) , (𝐷31 , 0.1)}
{(𝐷11 , 0.9) , (𝐷21 , 0.05) , (𝐷31 , 0.05)}
{(𝐷11 , 0.9) , (𝐷21 , 0.05) , (𝐷31 , 0.05)}
{(𝐷11 , 0.2) , (𝐷21 , 0.6) , (𝐷31 , 0.2)}
{(𝐷11 , 0) , (𝐷21 , 0.4) , (𝐷31 , 0.6)}
{(𝐷11 , 1) , (𝐷21 , 0) , (𝐷31 , 0)}
1
{(𝐷1 , 0.1) , (𝐷21 , 0.45) , (𝐷31 , 0.45)}
{(𝐷11 , 0) , (𝐷21 , 0.1) , (𝐷31 , 0.9)}

ℎ2 (𝑡 − 1) and
ℎ2 (𝑡 − 2)
S and S
S and M
S and L
M and S
M and M
M and L
L and S
L and M
L and L

ℎ2 (𝑡) distribution {𝐷12 , 𝐷22 , 𝐷32 }
{(𝐷12 , 0.5) , (𝐷22 , 0.4) , (𝐷32 , 0.1)}
{(𝐷12 , 0.3) , (𝐷22 , 0.5) , (𝐷32 , 0.2)}
{(𝐷12 , 0.8) , (𝐷22 , 0.15) , (𝐷32 , 0.05)}
{(𝐷12 , 0.45) , (𝐷22 , 0.45) , (𝐷32 , 0.1)}
{(𝐷12 , 0.2) , (𝐷22 , 0.5) , (𝐷32 , 0.3)}
{(𝐷12 , 0) , (𝐷22 , 0.4) , (𝐷32 , 0.6)}
{(𝐷12 , 1) , (𝐷22 , 0) , (𝐷32 , 0)}
2
{(𝐷1 , 0.1) , (𝐷22 , 0.45) , (𝐷32 , 0.45)}
{(𝐷12 , 0) , (𝐷22 , 0.1) , (𝐷32 , 0.9)}

Table 5: Belief degrees of BRB 3.

Figure 6: The test rig.

Linguistic terms
Numerical values

ℎ1 (𝑡) distribution {𝐷11 , 𝐷21 , 𝐷31 }

Table 4: Initial belief degrees of BRB 2.
Rule number

Linguistic terms
Numerical values

ℎ1 (𝑡 − 1) and
ℎ1 (𝑡 − 2)
S and S
S and M
S and L
M and S
M and M
M and L
L and S
L and M
L and L

𝑗 = 1, 2,

{𝐷11 , 𝐷21 , 𝐷31 } ∈ {𝑆, 𝑀, 𝐿} ,

(10)

{𝐷12 , 𝐷22 , 𝐷32 } ∈ {𝑆, 𝑀, 𝐿} .
The above reference values are semantic which need to
be quantified. The quantitative results of the two variables are
listed in Tables 1 and 2.

Rule number
1
2
3
4
5
6
7
8
9

ℎ1 and ℎ2
ℎ1𝑑 and ℎ2𝑑
ℎ1𝑑 and ℎ2𝑛
ℎ1𝑑 and ℎ2𝑢
ℎ1𝑛 and ℎ2𝑑
ℎ1𝑛 and ℎ2𝑛
ℎ1𝑛 and ℎ2𝑢
ℎ1𝑢 and ℎ2𝑑
ℎ1𝑢 and ℎ2𝑛
ℎ1𝑢 and ℎ2𝑢

{𝐷1 , 𝐷2 } = {𝑁, 𝐹}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 1) , (𝐷2 , 0)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}
{(𝐷1 , 0) , (𝐷2 , 1)}

According to (6), the models of ℎ1 and ℎ2 are established.
Then, experts give the initial belief degrees according to
the historical information and the analysis of the running
patterns of the screw, which are shown in Tables 3 and 4. At
1
1
2
, 𝛿1,𝑘
, 𝛿0,𝑘
,
the same time, the initial values of 𝜃𝑘11 , 𝜃𝑘22 , 𝛿0,𝑘
1
1
2
2
and 𝛿1,𝑘2 are all set to 1. In addition, 𝑘1 = 𝑘2 = 9. So, the
initial BRB 1 and BRB 2 are constructed.
According to the requirement of the processing of the
screw, ℎ1 and ℎ2 should change in the range [−3; 3] and
[−30; 30], respectively; that is, ℎ1𝑑 = −3, ℎ1𝑢 = 3, ℎ2𝑑 = −30,
and ℎ2𝑢 = 30. At the same time, the normal working ranges
of the two characteristic variables are [−2; 2] and [−20; 20].
According to (7), the BRB for determining the running
condition of the screw, that is, BRB 3, can be constructed.
There are 9 belief rules in BRB 3, shown in Table 5. In
addition, 𝑝 = 6, 𝐵th = 0.8.
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Table 6: Updated belief degrees of BRB 1.

Rule number
1
2
3
4
5
6
7
8
9

Updated rule weight
0.9976
0.9677
1
1
1
1
0.8982
0.6272
1

{𝐷11 , 𝐷21 , 𝐷31 }
1
{(𝐷1 , 0.7299) , (𝐷21 , 0.27) , (𝐷31 , 0.0001)}
{(𝐷11 , 0.3) , (𝐷21 , 0.7) , (𝐷31 , 0)}
{(𝐷11 , 1) , (𝐷21 , 0) , (𝐷31 , 0)}
{(𝐷11 , 1) , (𝐷21 , 0) , (𝐷31 , 0)}
{(𝐷11 , 0) , (𝐷21 , 1) , (𝐷31 , 0)}
{(𝐷11 , 0) , (𝐷21 , 0.2) , (𝐷31 , 0.8)}
{(𝐷11 , 1) , (𝐷21 , 0) , (𝐷31 , 0)}
{(𝐷11 , 0) , (𝐷21 , 0.5) , (𝐷31 , 0.5)}
{(𝐷11 , 0) , (𝐷21 , 0.0998) , (𝐷31 , 0.0002)}

ℎ1 (𝑡 − 1) and ℎ2 (𝑡 − 2)
S and S
S and M
S and L
M and S
M and M
M and L
L and S
L and M
L and L
Table 7: Updated belief degrees of BRB 2.

Rule number
1
2
3
4
5
6
7
8
9

Updated rule weight
1
1
1
0.9999
1
1
1
1
0.9999

×10−4
2

Table 8: The MAPE between testing data and prediction values
under different model of ℎ1 .
Updated
forecasting model
1.49

Table 9: The MAPE between testing data and prediction values
under different model of ℎ2 .

MAPE (%)

Initial forecasting
model
6.31

Updated
forecasting model
5.03

1.5
1
h1 (m)

MAPE (%)

Initial forecasting
model
18.85

{𝐷12 , 𝐷22 , 𝐷32 }
2
{(𝐷1 , 0.7499) , (𝐷22 , 0.25) , (𝐷32 , 0.0001)}
{(𝐷12 , 0.2999) , (𝐷22 , 0.7) , (𝐷32 , 0.0001)}
{(𝐷12 , 1) , (𝐷22 , 0) , (𝐷32 , 0)}
{(𝐷12 , 1) , (𝐷22 , 0) , (𝐷32 , 0)}
2
{(𝐷1 , 0.0998) , (𝐷22 , 0.9) , (𝐷32 , 0.0002)}
{(𝐷12 , 0) , (𝐷22 , 0.2) , (𝐷32 , 0.8)}
{(𝐷12 , 1) , (𝐷22 , 0) , (𝐷32 , 0)}
{(𝐷12 , 0) , (𝐷22 , 0.5) , (𝐷32 , 0.5)}
{(𝐷12 , 0) , (𝐷22 , 0.0998) , (𝐷32 , 0.0002)}

ℎ1 (𝑡 − 1) and ℎ2 (𝑡 − 2)
S and S
S and M
S and L
M and S
M and M
M and L
L and S
L and M
L and L

Estimation generated
by updated forecasting model
Estimation generated by
initial forecasting model

Testing data of h1

0.5
0
−0.5
−1
−1.5

50

100

150

200
Step

250

300

350

Figure 7: Testing data and the estimation generated by the initial
and updated model based on BRB of ℎ1 .

According to the initial models and ER approach, the
initial prediction models of ℎ1 and ℎ2 are calculated in Figures
7 and 8, respectively. It can be seen that the initial prediction
values cannot match the testing data very well. It means that
the initial prediction models are not accurate. It is necessary
to update the parameters by using the effective information.
The rules weights and belief rules of update BRBs are listed in
Tables 6 and 7. The updated forecasting values generated by
the updated prediction models are shown in Figures 7 and 8.
From the two figures, it can be seen that the updated models
can predict the characteristic variables accurately compared
with the initial prediction models. Using the BRB 3, the
prediction failure probability, in other words, the forecast
results are obtained in Figure 9. Among them, data beyond
the threshold show that the system is in a fault condition.
In order to further demonstrate the accuracy of the
updated model, mean absolute percentage error (MAPE) is
selected as a measure. Tables 8 and 9 list the MAPEs between

the testing data and the values generated by the initial and
the update predicting models of ℎ1 and ℎ2 , respectively.
Therefore, the updated models can predict characteristic
variables accurately.
The above statement is the process of fault prediction of
screw. According to this method, the whole CNC machine
tool servo system fault prediction can be finished. Figure 9
shows the result of the screw fault prediction. Through the
forecast value, not only failures can be seen, but also the
failure process.

6. Conclusion
In this paper, the characteristics of the complex electromechanical systems are analyzed deeply. Then the systems model

h2 (𝜇m)
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Figure 9: Fault prediction results by the initial and updated model
based on BRB.

is established. BRB is applied to the fault prediction of
complex electromechanical systems. BRB fault prediction
model does not need analytical models of the systems that
are suitable for the nonlinear characteristics of complex electromechanical system. BRB can effectively make use of prior
knowledge and semiquantitative information. Combined
with ER algorithm, the fault prediction can meet the real-time
requirements of practical engineering. In forecasting results,
BRB can give forecast values of the fault state directly which
have the visual interpretation of the results. Characteristic
variables prediction models established in this paper are
independent of each other. In a practical engineering system,
feature variables are not completely independent. In the
further study, the algorithm will be improved to change the
forecast results more closely to the actual ones.
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The MOSFET is an important power electronic transistor widely used in electrical systems. Its reliability has an effect on the
performance of systems. In this paper, the failure models and mechanisms of MOSFETs are briefly analyzed. The on-resistance (𝑅on )
is the key failure precursor parameter representing the degree of degradation. Based on the experimental data, a nonlinear dualexponential degradation model for MOSFETs is obtained. Then, we present an approach for MOSFET degradation state prediction
using a strong tract filter based on the obtained degradation model. Lastly, the proposed algorithm is shown to perform effectively
on experimental data. Thus, it can provide early warning and enhance the reliability of electrical systems.

1. Introduction
Electrical systems are being used in nearly every field, and the
reliability of systems is of greater concern than ever. Electrical
systems are often subjected to abrupt operating conditions or
aging, which can lead to shortened lifetimes or the failure
of systems that result in enormous losses or casualties. The
metal–oxide–semiconductor field-effect transistor (MOSFET) is a critical component widely used in electrical systems.
Over 34% of failures of electrical systems are due to power
failure, and a majority of these are due to MOSFET failure.
Thus, more people are paying attention to how to improve
MOSFET reliability.
In order to improve the performance of MOSFETs, many
researchers are producing technical papers [1–3]. Unfortunately, these methods do not take into account the effect
of environmental impacts and operation profiles. Condition
based maintenance (CBM) has the advantage of timely detection of problems. It takes corresponding measurements to
make some effectively prevent failures before they occur.
Real-time MOSFET state detection and degradation prediction is an important topic for researchers.
There are many approaches to MOSFET state detection
and degradation prediction that can be divided into two
categories: physics-of-failure (PoF) methods and data-driven

methods. PoF utilizes knowledge of a power electronic
device’s life cycle loading and failure mechanisms to perform
reliability design and assessment. PoF-based prognostics
requires knowledge of the actual application conditions and
failure models. It is difficult to get a PoF model for a complex
system. On the other hand, data-driven methods have been
widely used due to their flexibility in application. Data-driven
methods can predict the degradation state of a device by
collecting data under actual conditions.
Extracting data from failure precursor parameter is the
first task in degradation prediction. The ring signal has been
used as a precursor feature to predict the health state of components [4]. This paper analyses the degradation of MOSFETs
by characterizing source oscillator signals [5]. This degradation characteristic was extracted using an online nonintrusive
method based on the Volterra series to estimate the health
state [6]. However, it requires a long time to collect degradation process data at room temperature. Therefore, many studies use external stresses, such as thermal stress, local current
overstress, and electrical overstress, to age devices so as to
find other indicators of failure [7–9].
Many experiments have shown that an increase in junction temperature will lead to die-attach degradation; this
degradation can be estimated by the increase of on-resistance
[10]. Celaya et al. [10] developed an accelerated aging system
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Table 1: Typical failure modes [12].

Elements of the package
Shell
Chip
Adhesive layer
Lead interconnect

Humidity
J
J
J, K
J, E

Environmental factors and electrical stress
Ambient temperature
Power cycle
U
—
X, T, Z, J, AD, AN, AM
A, R, L
U
A, C, E, R, L
M
A, C, B, Q, E, R, L, M

Electrical stress
U
J, K, M, X, T
—
J, M, X

A: brittle fracture failure; C: plastic failure; AN: secondary breakdown; E: gum-off; AM: overheating stress breakdown; B: medium yield; Q: elastic deformation;
X: EOS/ESD; J: corrosion; K: crystal which is too large; M: penetration and diffusion; L: increased fatigue crack depth; R: fatigue cracks; T: electromigration;
Z: metallic material migration; U: oxide layer failure; AD: TDDB breakdown.

Table 2: Power MOSFET parameter drift failure mode and main failure mechanism [13].
Failure mode
Threshold voltage
shift
Channel resistance
drift
Transconductance fall
Gate breakdown
Noise coefficient
increases
Ohmic contact
degradation

Failure mechanism
Hot carrier injection effect; ionizing radiation-induced valence bond breakage of gate silicon dioxide,
producing positive space charge; PBTI effect
Hot carrier injection effect; channel layer breakdown leading to a negative drift of channel resistance
Channel carrier mobility decreases due to interface scattering; ray radiation; hot carrier injection effect
Time-dependent dielectric breakdown (TDDB); electrostatic discharge; electromagnetic pulse or surge
voltage; iron leakage; chemical reaction of aluminum and silica
Radiation; metallization electromigration
Thermoelectric migration

for gate-controlled power transistors and collected degradation data from MOSFETs and employed an extended Kalman
filter method for the prediction of the remaining life of power
MOSFETs. These studies have made important contributions
to MOSFET technology [9, 11]. Based on the above research
and taking advantage of on-resistance data, this paper presents a degradation prediction method for MOSFETs based
on a strong track filter.
This paper is organized into four sections. In Section 2,
the failure modes and failure mechanisms of MOSFETs are
introduced and analyzed. Then, a degradation model based
on experimental data and a degradation estimation method
using a strong track filter are obtained. Section 3 presents
and discusses the results. Finally, conclusions are drawn in
Section 4.

2. Methods
2.1. Degradation Mechanism of MOSFETs. During the life
cycle of a MOSFET, it will be subject to various complex
loading conditions, including temperature, humidity, and
vibration. MOSFET failure modes are divided into two kinds:
package structural failure and parameter drift failure. These
are shown in Tables 1 and 2, respectively.
Temperature is known to have a significant impact on
the performance of power electronic devices. About 55% of
the failures are due to high temperatures and temperature
cycling. Although there are many failure models, MOSFET
failure is mainly due to temperature. Temperature is an
important factor that critically affects the life of MOSFETs.
Thus, we consider the failure parameters under temperature.

2.2. Model of Degradation of MOSFET. The on-resistance of
a MOSFET is a key characteristic parameter to indicate the
degree of degradation. The degradation data used in this
paper derives from [10]. We fit the curves for the MOSFETs
using MATLAB, as shown in Figure 1. In Figure 1, A and B
are the fitting curves. From the fitting, we found that the
degradation process of the MOSFET can be expressed as a
nonlinear dual-exponential model, as shown in
𝑅 = 𝑎𝑒𝑏𝑡 + 𝑐𝑒𝑑𝑡 ,

(1)

where 𝑅 is the increase of on-resistance due to aging, 𝑡 is
the aging time, and 𝑎, 𝑏, 𝑐, and 𝑑 are the model parameters,
respectively.
To demonstrate the effectiveness of the model, two
groups’ degradation data (#14 and #36) were used, as discussed in Section 3.
2.3. Strong Track Filter. A large class of nonlinear discretetime systems can be represented by the state equation and
observation equation as follows:
𝑥𝑖 = 𝑓 (𝑢𝑖−1 , 𝑥𝑖−1 ) + 𝜉𝑖−1 ,
𝑦𝑖 = 𝑔 (𝑥𝑖 ) + 𝜂𝑖 ,

(2)

where 𝑥 is the discrete-time variable; 𝑥 ∈ 𝑅𝑛 is the state
vector; 𝑢 ∈ 𝑅𝑝 is the input vector; 𝑦 ∈ 𝑅𝑚 is the output vector.
The nonlinear function 𝑓 : 𝑅𝑝 × 𝑅𝑛 → 𝑅𝑛 , 𝑔 : 𝑅𝑛 × 𝑅𝑚
has first-order continuous partial derivatives on states where
𝜉𝑖−1 ∼ (0, 𝑄𝑖−1 ) is the Gaussian noise with zero mean and
standard deviation 𝑄𝑖−1 and 𝜂𝑖 ∼ (0, 𝑅𝑖 ) is the Gaussian noise

Mathematical Problems in Engineering

3

0.05

0.08
#8

#9

0.04

0.06

0.03
0.04

A

0.02

Ω

Ω
0.01

B

0.02

0
0

−0.01
−0.02

0

100

50

150

−0.02

0

50

150

100

T

200

250

T

(a)

(b)

Figure 1: Degradation data and fitting curves of a MOSFET.

with zero mean and standard deviation 𝑅𝑖 . 𝑥0 ∼ (𝑎0 , 𝑃0 ) is
the Gaussian noise with 𝑎0 mean and standard deviation 𝑃0 .
𝑋 = {𝑥0 , 𝑥1 , 𝑥2 , . . . , 𝑥𝑖−1 } is the data until 𝑡𝑖 .
Here, the estimation value, 𝑥𝑖 , and the estimation variance
are expressed: 𝑥̂𝑖 = 𝐸[𝑥0 | 𝑋0:𝑖 ] and 𝑃𝑖|𝑖 = Var(𝑥𝑖 | 𝑋0:𝑖 ),
respectively.
So, the state prediction equation is given by the following
expression:
𝑝 (𝑥𝑖 | 𝑋0:𝑖 ) = ∫ 𝑝 (𝑥𝑖 𝑥𝑖−1 ) 𝑝 (𝑥𝑖−1 | 𝑋0:𝑖 ) 𝑑𝑥𝑖−1 .

(3)

The STF was firstly proposed by Zhou et al. in [14]. The algorithm based on the extended Kalman filter is a suboptimal
fading factor 𝜆(𝑘 + 1) that can be described as follows [14].
(1) Initialization. Consider
𝑥̂0 = 𝑎0 , 𝑃0 , 𝛼, 𝛽,

(4)

where 𝛼 and 𝛽 are the softening factor and the forgetting
factor, respectively.
Let 𝛼 = 1.1, 𝛽 = 0.95.

2

𝐵 (𝑡𝑖 ) = 𝑉0 (𝑡𝑖 ) − 𝑄 (𝑡𝑖 − 𝑡𝑖−1 ) − 𝛼𝜎2 (𝑡𝑖 − 𝑡𝑖−1 ) ,
2

𝐶 (𝑡𝑖 ) = 𝑃𝑖−1|𝑖−1 (𝑡𝑖 − 𝑡𝑖−1 ) ,

𝑃𝑖|𝑖−1 = V(𝑡𝑖 )𝑃𝑖−1|𝑖−1 + 𝑄,
2

𝐾𝑖 = (𝑡𝑖 − 𝑡𝑖−1 ) 𝑃𝑖|𝑖−1 + 𝜎2 (𝑡𝑖 − 𝑡𝑖−1 ) ,
𝑦̂𝑖 = 𝑦̂𝑖−1 + 𝑃𝑖|𝑖−1 (𝑡𝑖 − 𝑡𝑖−1 ) 𝐾𝑖−1 (𝑦𝑖 − 𝑦𝑖−1 − 𝑦̂𝑖−1 (𝑡𝑖 − 𝑡𝑖−1 )) ,
(11)
where 𝐾𝑖 is the filter gain.
(4) Measurement Update. Consider
2

𝑃𝑖|𝑖 = 𝑃𝑖|𝑖−1 − 𝑃𝑖|𝑖−1 (𝑡𝑖 − 𝑡𝑖−1 ) 𝐾𝑖−1 𝑃𝑖|𝑖−1 .

(12)

2.4. Degradation Prediction of MOSFET Based on Strong
Track Filter. According to the above analysis, the MOSFET
degradation process can be expressed as follows.
The System Transition. Consider
𝑎𝑖 = 𝑎𝑖−1 + 𝜃𝑎 ,

(2) Calculation of the Attenuation Factor. Consider
2
𝑖 = 1,
{
{𝛾 (𝑡1 ) ,
𝑉0 (𝑡𝑖 ) = { 𝜌𝑉0 (𝑡𝑖−1 ) + 𝛾2 (𝑡𝑖 )
{
, 𝑖 > 1,
1+𝜌
{
𝛾 (𝑡𝑖 ) = 𝑦𝑖 − 𝑦𝑖−1 − 𝑦̂𝑖−1 (𝑡𝑖 − 𝑡𝑖−1 ) ,

(3) State Estimation. Consider

𝑏𝑖 = 𝑏𝑖−1 + 𝜃𝑏 ,
(5)
(6)
(7)
(8)

𝐵 (𝑡𝑖 )
V0 =
,
𝐶 (𝑡𝑖 )

(9)

V , V0 ≥ 1,
V (𝑡𝑖 ) = { 0
1, V0 < 1.

(10)

𝑐𝑖 = 𝑐𝑖−1 + 𝜃𝑐 ,

(13)

𝑑𝑖 = 𝑑𝑖−1 + 𝜃𝑑 .
Measurement Function. Consider
𝑅𝑖 = 𝑎𝑖 𝑒𝑏𝑖 𝑡𝑖 + 𝑐𝑖 𝑒𝑑𝑖 𝑡𝑖 + 𝜂𝑖 .

(14)

Now the parameters must be determined. According to the
STF, the algorithm can be described as in Figure 2. The process includes training, prediction, and evaluation. Training
involves using real data to determine parameters. The initial
parameters are selected according to the calculation results
of (8) and (9). We chose three parameters (coefficient of
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Figure 3: Comparison of experimental and predicted results of
MOSFET #14.

Figure 2: Degradation of MOSFET prediction process.
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determination (𝑅-square), root mean square error (RMSE),
and sum square error (SSE)) to evaluate the results. The root
mean square error (RMSE) is defined as
2
1 𝑇 ̂
− 𝑅𝑖 ) .
RMSE = √ ∑ (𝑅
𝑇 𝑖=1 𝑖

(15)
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where 𝑅𝑖 denotes the observed values of the dependent
̂ 𝑖 is the fitted value, respectively.
variable. 𝑅 is the mean, and 𝑅
𝑅0 , SSE0 , and SMSE0 are given by real requirement. When 𝑅square, RMSE, and SSE meet the requirement, the training
is over. Then, according to the measurement function and
threshold, we can estimate the MOSFET degradation trend
and the remaining useful life. At last, we evaluate the results
by comparing the prediction and real data.

Figure 4: Comparison of experimental and predicted results of
MOSFET #36.

3. Results and Discussion

MOSFET
#14
#36

Figure 3 shows the prognostic results of MOSFET #14 under
the degradation model proposed. Using the data (before
118 h) as training data and based on the model and the present
method, we got the prediction function. In order to evaluate
the prediction, we calculated the three important statistical
indicators: 𝑅-square, SSE, and RMSE. The results are shown
in Table 1. From the results, the SSE and RMSE values are
0.0002868 and 0.002349, respectively. The 𝑅-square value is
0.9696 (Table 3). From the results, it can be seen that the
model and method were effective.

Real data
Prediction data

Failure threshold
Training data

Table 3: The evaluation of predicted results.
𝑅-square
0.9696
0.9919

RMSE
0.002349
0.001326

SSE
0.0002868
0.0002023

Figure 4 shows the prognostic results of MOSFET #36
under the degradation model proposed. We used the data
(before 150 h) as the training data and proposed the method
under the degradation model to compute the prediction
function parameters. Then, taking advantage of the function
and the defined failure threshold, we can get the degradation
trend. The 𝑅-square, SSE, and RMSE are 0.9919, 0.0002023,
and 0.001326, respectively, and are shown in Table 1. From the
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results, one can see good agreement between the real data and
the computed data.

4. Conclusions
MOSFETs play a critical role in the reliability of power electronics. Investigating the degradation method of MOSFETs
is the first step in realizing prognostics and health management for power electronics systems. According to the
precursor failures by experiment data, a degradation model
of a MOSFET has been obtained, and the method to estimate
the degradation of the MOSFET has been proposed using a
strong track filter. The results show that the model is consistent with the real degradation trend. The prediction revealed
that the method is more efficient. With the aim of comparing
the prediction and real data, the coefficient of determination
(𝑅-square), sum square error (SSE), and root mean square
error (RMSE) were calculated to evaluate the model and
method. From the results, lower SSE and RMSE values and
higher 𝑅-square values indicate that the model and method
are effective.
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Improving the ability to track abruptly changing states and resolving the degeneracy are two difficult problems to particle filter
applied to fault prognosis. In this paper, a novel strong tracking fault prognosis algorithm is proposed to settle the above problems. In
the proposed algorithm, the artificial immunity algorithm is first introduced to resolve the degeneracy problem, and then the strong
tracking filter is introduced to enhance the ability to track abruptly changing states. The particles are updated by strong tracking
filter, and better particles are selected by utilizing the artificial immune algorithm to estimate states. As a result, the degeneracy
problem is resolved and the accuracy of the proposed fault prognosis algorithm is improved accordingly. The feasibility and validity
of the proposed algorithm are demonstrated by the simulation results of the standard validation model and the DTS200 system.

1. Introduction
Particle filter (PF) is a leading and powerful algorithm for
estimating the states of nonlinear or non-Gaussian systems.
The past decades have witnessed a wide range of applications,
including target tracking [1–4], data detection [5], modeling
[6, 7], price forecasting, and fault detection [8–11]. On the
other hand, a great number of investigators are interested
in enriching particle filtering framework, and many new
particle filters are proposed in recent years [12–15]. In these
studies, it is found that resolving the degeneracy problem and
improving the ability to track abruptly changing states are two
difficult problems to particle filter applied to fault prognosis
[16–20]. The degeneracy problem means that most particles
are assigned to zero weights. As a result, the performance
of the particle filter deteriorates because most computational
resource is wasted. It is noted that, however, degeneracy
can be reduced by resampling or choosing good importance sampling functions. Along this line of research, many
resampling algorithms have been proposed for reducing
the degeneracy. In these resampling algorithms, sequential
importance resampling (SIR) is the representation which
largely copies the particles with larger weights to replace
the particles with smaller weights [21, 22]. The degeneracy
problem is partially addressed, but the sample impoverishment is not fully concerned. Sample impoverishment means

that most particles are the same in the set of particles
since the particles with larger weights are largely copied.
In this circumstance, choosing good importance sampling
functions deserves further studies, and many investigators are
interested in this question. For example, extended Kalman
filter (EKF) was introduced to propose extended particle filter
(EPF) by De Freitas et al. [6], and unscented Kalman filter
(UKF) was introduced to propose unscented particle filter
(UPF) by van der Merwe et al. [23]. Both EPF and UPF
can resolve the degeneracy problem, but they cannot track
abruptly changing states due to the disadvantages of EKF and
UKF.
Strong tracking filter (STF) has good performance for
tracking abruptly changing states, and thus it can be used
to update particles. In addition, it is known that artificial
immunity (AI) can search for the best one from all the
range, and thus it can be used to clone and vary particles.
Therefore, in this paper STF and AI algorithms are utilized
jointly to improve particle filter algorithm. As a result, a novel
fault prognosis algorithm based on strong tracking artificial
immunity particle filter (STAIPF) is proposed to settle the
above discussed problems. In the proposed algorithm, the
artificial immunity algorithm is first introduced to resolve
the degeneracy problem, and then the strong tracking filter is
introduced to enhance the ability to track abruptly changing
states. More specifically, the particles are updated by strong

2

Mathematical Problems in Engineering

tracking filter, and better particles for states estimation are
selected by utilizing the artificial immune algorithm to
enhance the diversity of samples. Therefore, the degeneracy
problem and sample impoverishment are resolved simultaneously, and the accuracy of the proposed fault prognosis
algorithm is improved as well. Finally, the feasibility and
validity of the proposed algorithm are demonstrated by the
simulation results of the standard validation model and the
DTS200 system.
The remainder of this paper is structured as follows. In
Section 2, the particle filter is introduced. Section 3 provides
the artificial immune algorithm. In Section 4, we present a
strong tracking filter. A novel strong tracking fault prognosis
algorithm is proposed in Section 5. Section 6 provides simulation results. This paper is concluded in Section 7.

Based on the above descriptions, the SIR algorithm can be
summarized as follows [21], which is one of the most popular
particle filtering algorithms.

2. Particle Filter

Step 3. Assign the weighting coefficient of 𝑥𝑘𝑖 according to

Actually, particle filter is a sequential Monte Carlo methodology. Its primary principle is to recursively compute relevant probability distributions by importance sampling and
to approximate the probability distributions with discrete
random variables. Detailed information of particle filter can
be found in [21].
In general, the following state-space and observation
equations are considered:
𝑥𝑘 = 𝑓 (𝑥𝑘−1 , ]𝑘−1 ) ,

Step 2. Update.
𝑖
, ]𝑘−1 ) ,
𝑥𝑘𝑖 = 𝑓 (𝑥𝑘−1

(3)

where 𝑥𝑘𝑖 denotes the particle 𝑖 at time 𝑘, which is updated
according to formula (3).

𝑖
𝑝 (𝑦𝑘 | 𝑥𝑘𝑖 ) .
𝑤𝑘𝑖 = 𝑤𝑘−1

(4)

Step 4. Normalize weighting coefficient by
𝑤𝑘𝑖 =

𝑤𝑘𝑖

𝑖
∑𝑁
𝑖=1 𝑤𝑘

.

(5)

Step 5. If 𝑁eff < 𝑁/3, then run system resampling and assign
the same weighting coefficient to all particles:
𝑤𝑘𝑖 =

1
.
𝑁

(6)

End.
𝑛𝑦

where the subscript 𝑘 denotes time index, 𝑦𝑘 ∈ 𝑅 is an
observations vector, 𝑥𝑘 ∈ 𝑅𝑛𝑥 is a state vector, ]𝑘 ∈ 𝑅𝑛]
is a system noise vector, 𝑛𝑘 ∈ 𝑅𝑛𝑛 is an observation noise
vector, ℎ(⋅) is a measurement function, and 𝑓(⋅) is a system
transition function. The first equation is known as the state
equation while the second one is known as the measurement
equation. It is usually assumed that the analytical forms of the
two functions and the distributions of the two noises in (1) are
known. Then, the object is to recursively estimate 𝑥𝑘 based on
the observations 𝑦𝑘 and the above assumptions.
Due to the general nature of model (1) and the impact of
non-Gaussian noises, it is difficult to solve the above filtering
problem in an analytical manner. In this case, particle filter
is an effective alternative. In particle filter, the number of
effective particles is commonly denoted by 𝑁eff , which is used
to weigh the degeneracy degree of the particles. In other
words, the smaller 𝑁eff implies the worse degeneracy degree.
Here, 𝑁eff is defined as
1
∑𝑁
𝑖=1

Step 1 (initialization). Draw 𝑁 particles according to initial
importance function, and ⟨𝑥𝑘𝑖 , 1/𝑁⟩ is assumed to denote the
𝑖th particle, and then set 𝑘 = 1.

(1)

𝑦𝑘 = ℎ (𝑥𝑘 , 𝑛𝑘 ) ,

𝑁eff = round (

A Procedure Description of SIR

2

(𝑤𝑘𝑖 )

),

(2)

where 𝑤𝑘𝑖 denotes the normalized weighting coefficient of
particle 𝑖 at time 𝑘, and round(⋅) denotes rounding to the
nearest integer.

Step 6. Estimate the state at time 𝑘 according to
𝑁

𝑥𝑘∗ = ∑𝑥𝑘𝑖 × 𝑤𝑘𝑖 .

(7)

𝑖=1

Step 7. Return to Step 2.

3. Artificial Immune Algorithm
Artificial immune algorithm (AIA), heredity algorithm, and
evolutionary algorithm are all bionic algorithms which simulate the behaviors of natural organisms. Artificial immune
algorithm is characterized by its diversity, self-regulation,
clone, and mutation, which is a global searching algorithm
based on natural immune systems [24, 25].
Antigen and antibody correspond to target function
and possible value of the associated optimization problem,
respectively. Generally, affinity has two forms. One is the
appetency which denotes the matching degree between antigen and antibody. The other is the repellency which denotes
the similar degree of antigen and antibody, and the repellency
ensures the diversity of the antibodies. Immune algorithm
is based on the memory cell and clone number calculated
according to affinity, which can converge to the optimal
solution ensured by the above steps. The basic procedure of
immune algorithm is summarized as Figure 1.
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where 𝑄(𝑘) is a symmetric nonnegative definite matrix,
𝑅(𝑘) is a symmetric positively definite matrix, and 𝑥(0) ∼
𝑁(𝑥0 , 𝑃0 ) is the initial state. It is further assumed that 𝑥(0)
is statistically independent of V(𝑘) and 𝑒(𝑘).
For the considered system represented by (8), a procedure
description of strong tracking filter is summarized as follows
[26, 27].

Identify antigen

Draw initial antibody

Calculate affinity
Update memory cell

A Procedure Description of Strong Tracking Filter

Clone and aberrance

̂ | 0),
Step 1. Set 𝑘 = 1, and choose the initial value of 𝑥(0
𝑃(0 | 0) and infirmness gene 𝛽.
̂ + 1 | 𝑘) according to
Step 2. Calculate 𝑥(𝑘

Produce new antibody set

No

𝑥̂ (𝑘 + 1 | 𝑘) = 𝑓 (𝑘, 𝑢 (𝑘) , 𝑥̂ (𝑘 | 𝑘)) .

(10)

End?

̂ + 1 | 𝑘)) and 𝐹(𝑘, 𝑥(𝑘
̂ | 𝑘))
Step 3. Calculate 𝐻(𝑘 + 1, 𝑥(𝑘
according to

Figure 1: The basic procedure of immune algorithm.

At first, we should identify antigen and draw the initial
antibody, then calculate the affinity between the antibodies
and antigen, and update the memory cell. Next, clone and
mutate the better antibodies to produce the new antibody set.
Finally, return to calculate the affinity until the end.

The usual EKF cannot track abruptly changing states when
the system and the filter become steady, which may result
in greater tracking error and even divergence. It is known
that strong tracking filter has the advantage to track abruptly
changing states. In this paper, the adopted strong tracking
filter is a suboptimal fading extended Kalman filter (SFEKF)
[26, 27].
Consider a kind of systems as follows:

𝑦 (𝑘 + 1) = ℎ (𝑘 + 1, 𝑥 (𝑘 + 1)) + 𝑒 (𝑘 + 1) ,

(8)

where the integer 𝑘 ≥ 0 is a discrete time variable, 𝑥 ∈ 𝑅𝑛
is a state vector, 𝑢 ∈ 𝑅𝑝 is an input vector, and 𝑦 ∈ 𝑅𝑚 is
an output vector. 𝑓 : 𝑅𝑝 × 𝑅𝑛 → 𝑅𝑛 and ℎ : 𝑅𝑛 → 𝑅𝑚 are
nonlinear functions which have first-order continuous partial
derivatives with respect to the states. Γ ∈ 𝑅𝑛×𝑞 is a known
matrix. V(𝑘) is a q-dimension Gaussian white noise vector,
and 𝑒(𝑘) is an m-dimension Gaussian white noise vector.
In this paper, we consider the case that the noises have the
following statistical characteristics:
𝐸V (𝑘) = 𝐸𝑒 (𝑘) = 0,

𝐸 [V (𝑘) 𝑒𝑇 (𝑗)] = 0,

𝜕𝑓 (𝑘, 𝑢 (𝑘) , 𝑥 (𝑘)) 
.

𝑥(𝑘)=𝑥(𝑘|𝑘)
𝜕𝑥
̂

𝛾 (𝑘 + 1) = 𝑦 (𝑘 + 1) − ℎ (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) .

(11)

(12)

Step 5. Calculate the fading factor 𝜆(𝑘 + 1) as
𝑇
𝑘 = 0,
{
{𝛾 (1) 𝛾 (1) ,
𝑉0 (𝑘 + 1) = { 𝜌𝑉0 (𝑘) + 𝛾 (𝑘 + 1) 𝛾𝑇 (𝑘 + 1)
(13)
{
, 𝑘 ≥ 1,
1+𝜌
{

where the parameter 𝜌 is named forgetting factor, and 0 ≤
𝜌 ≤ 1. In general, we set 𝜌 = 0.95.
𝑁 (𝑘 + 1) = 𝑉0 (𝑘 + 1) − 𝐻 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) Γ (𝑘)
× 𝑄 (𝑘) Γ𝑇 (𝑘) 𝐻𝑇 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘))
− 𝛽 ⋅ 𝑅 (𝑘 + 1) ,
𝑀 (𝑘 + 1) = 𝐻 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) 𝐹 (𝑘, 𝑢 (𝑘) , 𝑥̂ (𝑘 | 𝑘))
× 𝑃 (𝑘 | 𝑘) 𝐹𝑇 (𝑘, 𝑢 (𝑘) , 𝑥̂ (𝑘 | 𝑘)) 𝐻𝑇
× (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) ,
𝜆0 =

𝐸 [V (𝑘) V𝑇 (𝑗)] = 𝑄 (𝑘) 𝛿𝑘,𝑗 ,
𝐸 [𝑒 (𝑘) 𝑒𝑇 (𝑗)] = 𝑅 (𝑘) 𝛿𝑘,𝑗 ,

𝐹 (𝑘, 𝑥̂ (𝑘 | 𝑘)) =

𝜕ℎ (𝑘 + 1, 𝑥 (𝑘 + 1)) 
,

𝑥(𝑘+1)=𝑥(𝑘+1|𝑘)
𝜕𝑥
̂

Step 4. Calculate 𝛾(𝑘 + 1) according to

4. Strong Tracking Filter

𝑥 (𝑘 + 1) = 𝑓 (𝑘, 𝑢 (𝑘) , 𝑥 (𝑘)) + Γ (𝑘) V (𝑘) ,

𝐻 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) =

tr [𝑁 (𝑘 + 1)]
,
tr [𝑀 (𝑘 + 1)]

(9)
𝜆 (𝑘 + 1) = {

𝜆0,
1,

𝜆 0 ≥ 1,
𝜆 0 < 1.
(14)
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̂ + 1 | 𝑘 + 1) by the following
Step 6. Estimate the value of 𝑥(𝑘
recursive formulas:

A Procedure Description of the Proposed Fault
Prognosis Algorithm
Step 1 (initialization). Draw 𝑁 particles according to the
importance function at time k, and ⟨𝑥𝑘𝑖 , 1/𝑁⟩ is assumed to
denote each particle; then set 𝑘 = 1 and choose the initial
̂ | 0), 𝑃(0 | 0), and infirmness gene 𝛽.
value of 𝑥(0

𝑃 (𝑘 + 1 | 𝑘) = 𝜆 (𝑘 + 1) 𝐹 (𝑘, 𝑢 (𝑘) , 𝑥̂ (𝑘 | 𝑘))
× 𝑃 (𝑘 | 𝑘) 𝐹𝑇 (𝑘, 𝑢 (𝑘) , 𝑥̂ (𝑘 | 𝑘))
+ Γ (𝑘) 𝑄 (𝑘) Γ𝑇 (𝑘) ,

Step 2 (update). Update the particles using the strong tracking filter, which calculates 𝑥𝑘𝑖 according to (10)–(15).

𝐾 (𝑘 + 1) = 𝑃 (𝑘 + 1 | 𝑘) 𝐻𝑇 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘))
× [𝐻 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) 𝑃 (𝑘 + 1 | 𝑘) 𝐻𝑇
−1

× (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘)) + 𝑅 (𝑘 + 1) ] ,
𝑥̂ (𝑘 + 1 | 𝑘 + 1) = 𝑥̂ (𝑘 + 1 | 𝑘) + 𝐾 (𝑘 + 1) 𝛾 (𝑘 + 1) .
(15)
Step 7. Calculate 𝑃(𝑘 + 1 | 𝑘 + 1) by
𝑃 (𝑘 + 1 | 𝑘 + 1) = [𝐼 − 𝐾 (𝑘 + 1) 𝐻 (𝑘 + 1, 𝑥̂ (𝑘 + 1 | 𝑘))]

Step 3 (assign weights). Assign the weighting coefficients to
𝑥𝑘𝑖 according to (4) and then normalize weighting coefficients
according to (5).
Step 4 (build initial antibodies). The 𝑁 updated particles are
regarded as initial antibodies put in the memory cell.
Step 5 (calculate the affinity). Calculate fit𝑘 (𝑖) and off 𝑘 (𝑖, 𝑗)
according to the following formulas which are the appetencies of every antibody and the repellencies between the
antibodies.
fit𝑘 (𝑖) = 1 − 𝑤𝑘𝑖 ,

⋅ 𝑃 (𝑘 + 1 | 𝑘)
(16)
𝑘 + 1 → 𝑘, andreturn to Step 2 until the end of circle.

5. Strong Tracking Fault Prognosis Algorithm
A novel strong tracking fault prognosis algorithm is proposed
in this section, in which the artificial immunity algorithm
is introduced to resolve the degeneracy problem, and the
strong tracking filter is introduced to enhance the ability to
track abruptly changing states. To be specific, the particles
are updated by strong tracking filter, and better particles
for estimation are selected by artificial immune algorithm
to enhance the diversity of samples. As such, the proposed
algorithm can predict fault more accurately.
The following is the detailed idea description of the
proposed algorithm. First, draw 𝑁 particles as the initial
antibodies according to the important sampling function.
Then, we update the 𝑁 particles by STF and calculate the
appetency and repellency of the antibodies to ascertain the
clone number of every antibody. A new antibody set is made
up of the initial antibodies and clone antibodies, in which
some similar antibodies are discarded by respectively calculating affinities of all the antibodies. By this procedure, the
good ones are chosen to estimate the state of next time. Thus,
the degeneracy problem and the sample impoverishment are
resolved, and the ability of tracking abruptly changing states
is much improved because of the introduced STF in the
proposed fault prognosis algorithm.
In this paper, we consider the nonlinear dynamic system
as (1), and set 1 and ⟨𝑥𝑘𝑖 , 𝑤𝑘𝑖 ⟩ as the antigen and antibody,
respectively. Based on the STF algorithm and AI algorithm,
we propose a novel strong tracking fault prognosis algorithm,
which is illustrated step by step in the following.


𝑗
off 𝑘 (𝑖, 𝑗) = 𝑥𝑘𝑖 − 𝑥𝑘  .

(17)

Step 6 (clone the antibodies). Clone the antibodies according
to the appetencies of every antibody. Here the clone number
knum𝑘 (𝑖) is ascertained by
knum𝑘 (𝑖) = round (𝑁 × cos (

𝜋
× fit𝑘 (𝑖))) .
2

(18)

Step 7 (mutation). Mutate the whole antibodies according to
𝑥𝑘𝑖 = 𝑥𝑘𝑖 + fit𝑘 (𝑖) randn (⋅) .

(19)

Step 8 (choose the optimal particles). Calculate fit𝑘 (𝑖) and
off 𝑘 (𝑖, 𝑗) of the mutated antibodies and discard one of the
two antibodies if off 𝑘 (𝑖, 𝑗) < 0.0001 which is set according
to the value range of particles. Sort the remainder antibodies
in terms of fit𝑘 (𝑖) and choose the anterior 𝑁 antibodies to
replace the memory cell. Return to Step 3 until the ending
criterion is satisfied.
Step 9 (estimate). Consider the 𝑁 antibodies in memory cell
as new particles to estimate the states at 𝑘 + 1 according to (7).
Step 10. 𝑗-step-ahead prediction.
𝑖
𝑖
= 𝑓 (𝑥𝑘+𝑗−1
, V𝑘+𝑗−1 ) ,
𝑥𝑘+𝑗|𝑘+𝑗−1

𝑗 ∈ [1, 𝑝] .

(20)

Step 11. 𝑗-step-ahead fault prognosis probability at 𝑘 time.
𝑁

𝑖
∈ 𝜔0 ) ,
fault (𝑗, 𝑘) = ∑𝑤𝑘𝑖 𝐼 (𝑥𝑘+𝑗|𝑘+𝑗−1
𝑖=1

where 𝜔0 denotes the fault state.

(21)
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Table 1: The number of effective particles.

Step 12. Calculate the weighted fault prognosis probability at
𝑘 + 𝑗 time.
𝑝

𝑝fault(𝑘+𝑗) = ∑fault (𝑗, 𝑘) × 𝑤𝑗∗ .

(22)

𝑗=1

Step 13. If 𝑁eff < 𝑁/3, resample the particles.
Step 14. Set 𝑘 = 𝑘 + 1, return to Step 2.

6. Simulation Experiments and
Results Analysis
In this section, two simulation experiments are presented to
demonstrate the effectiveness of the proposed algorithm. The
first one is a standard validation model that has been widely
used to validate the ability to track the states and the ability to
resolve the degeneracy problem and sample impoverishment.
The second experiment is used to validate whether or not
the proposed algorithm can predict the system’s fault with
abruptly changing states.
6.1. Experiment 1 of the Standard Validation Model. The
model used in this section can be found in many studies
[28], which is a standard validation model to validate the
performance of various particle filters.
Specifically, the state equation and the measurement
equation of the standard validation model are represented as
𝑥𝑘 = 𝑓 (𝑥𝑘−1 , 𝑘) + ]𝑘−1 ,
𝑦𝑘 =

𝑥𝑘2
+ 𝑛𝑘 ,
20

(23)

where
𝑓𝑘 (𝑥𝑘−1 , 𝑘) =

𝑥𝑘−1
25𝑥𝑘−1
+ 8 cos (1.2𝑘) ,
+
2
2
1 + 𝑥𝑘−1

(24)

and V𝑘 is a Gaussian noise with mean 0 and variance 10,
and 𝑛𝑘 is also a Gaussian noise with mean 0 and variance
1. The normal distribution 𝑁(0, 5) is the initial importance
function. For implementing the proposed algorithm, we set
𝑥0 = 0.1, 𝜌 = 0.95, 𝛽 = 4, and 𝑁 = 100, where 𝑁 is the
number of particles. In this simulation, we choose cycling 5
times as the terminal criterion. The estimated results of strong
tracking artificial immunity particle filter for the standard
validation model are shown in Figure 2.
Figure 2 shows that the estimate values of states are almost
the same with the real values of states, so STAIPF can track
states of the standard validation model and the proposed
algorithm is feasible and effective.
The number of effective particles 𝑁eff is used to weight
the degeneracy degree of the particles. The smaller 𝑁eff
denotes more serious degeneracy degree. In this simulation,
STAIPF and STPF run 10 times and the means of 𝑁eff
are respectively calculated to validate whether STAIPF can
resolve the degeneracy problem or not to a certain extent.
Table 1 is the simulation results of effective particles, in

Time
𝑁eff1
𝑁eff2

1
91
34

2
78
28

3
89
36

4
98
42

5
53
58

6
89
28

7
88
15

8
79
18

9
63
26

10
96
49

̃eff = 82.4.
𝑁
1
̃eff = 33.4
𝑁
2

̃eff , respectively, denote the number of
which 𝑁eff1 and 𝑁
1
̃eff ,
effective particles and the mean of STAIPF, and 𝑁eff2 and 𝑁
2
respectively, denote the number of effective particles and the
mean of STPF.
Table 1 and the mean of 𝑁eff of two algorithms show
̃eff is 2.4 times as much as 𝑁
̃eff . Therefore, STAIPF is
that 𝑁
1
2
better than STPF about the ability to resolve the degeneracy
problem. As a result, STAIPF can resolve degeneracy problem
because of introducing artificial immunity algorithm.
Further, the normalized weighting coefficients of particles
at the final time are shown in Figure 3 to demonstrate that
STAIPF can resolve the degeneracy problem better than
STPF.
We can find that the normalized weighting coefficients
of particles at the final time about STAIPF are all greater
than zero, but most of the normalized weighting coefficients
about STPF equals zero. As a result, STAIPF can resolve the
degeneracy problem better than STPF.
6.2. Experiment 2 of the DTS200 System
6.2.1. System Description. A modified mathematical model of
the DTS200 system [26] as shown in Figure 4 was produced
by the Amira Automation Company in Germany. DTS200
system is composed of three cylinders tank 1 (𝑇1 ), tank 2 (𝑇2 ),
and tank 3 (𝑇3 ) with the cross-section area 𝐴. The cylinders
are connected to each other by pipes with the cross-section
area 𝑆𝑛 . The outflow valve with circular cross-section area 𝑆𝑛
is located at tank 2. The outflowing distilled water collected in
a water tank supplies to the pump1 and pump2. A leak valve
with the cross-section area 𝑆1 is fixed on the bottom of each
tank, which is usually closed.
The pump flows 𝑄1 and 𝑄2 denote the input signals, and
the liquid heights ℎ1 , ℎ2 , and ℎ3 of 𝑇1 , 𝑇2 , and 𝑇3 denote the
output signals. The liquid heights ℎ1 and ℎ2 measured by 3
piezoresistive difference pressure sensors are controlled by 𝑄1
and 𝑄2 .
The system is modeled by
𝑑x
= A (x) + Bu (𝑡) ,
𝑑𝑡

(25)

𝑇

y = [𝑥1 𝑥2 𝑥3 ] .
With the vectors defined by
𝑥1
ℎ1
X = [𝑥2 ] ≜ [ℎ2 ] ,
[𝑥3 ] [ℎ3 ]
−𝑄13
1
A (x) = [𝑄32 − 𝑄20 ] ,
𝐴 𝑄 −𝑄
32 ]
[ 13

u≜[

𝑄1
],
𝑄2

1 0
1
B = [0 1] .
𝐴 0 0
[
]

(26)
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Figure 2: The estimated results of STAIPF for the standard validation model: (a) and (b) about system noise, (c) about the observations, and
(d) about states estimate values.
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For the above concerned system, it can be equivalently
modeled with Euler discretization technique as the following
nonlinear discrete model:

Pump 2

Pump 1
A

Q1

Q2

Tank 1

S1

Tank 3

h1

h3
az1

𝑥1 (𝑘)
y (𝑘) = [𝑥2 (𝑘)] + k (𝑘) ,
[𝑥3 (𝑘)]

Tank 2

h2

Sn
az3

Q13

x (𝑘 + 1) = x (𝑘) + Δ𝑡 ⋅ A (x) + Δ𝑡 ⋅ B ⋅ u (𝑘) + w (𝑘) ,

az2

Q32

To water tank
Q20

Figure 4: A structural schematic diagram of DTS200.

𝑎𝑧𝑖 : outflow coefficients,
ℎ𝑖 : liquid heights [m],
3

𝑄1 , 𝑄2 : pump flow rates [m /s],
𝐴: cross-section area of cylinder [m2 ],
2

𝑆𝑛 : cross-section area of connection pipe [m ],
where 𝑖 = 1, 2, 3, and (𝑖, 𝑗) ∈ {(1, 3); (3, 2); (2, 0)}. Consider
1/2

,

(27)

where 𝑔: earth’s acceleration of gravity [m/s2 ], sgn(𝑧): sign
of the argument z, Δℎ: liquid height difference between two
tanks connected to each other, 𝑞: flow in the connecting pipe,
and 𝑎𝑧: outflow coefficient.
The results of the unknown quantities are calculated as
 1/2

𝑄13 = 𝑎𝑧1 𝑆𝑛 sgn (ℎ1 − ℎ3 ) (2𝑔 ℎ1 − ℎ3 ) ,
 1/2

𝑄32 = 𝑎𝑧3 𝑆𝑛 sgn (ℎ3 − ℎ2 ) (2𝑔 ℎ3 − ℎ2 ) ,
1/2

𝑄20 = 𝑎𝑧2 𝑆𝑛 (2𝑔ℎ2 )

(28)

.

The technical parameters of the DTS200 system are given
as follows:
𝐴 = 0.0154 m2 ,
𝑄1 max = 𝑄2 max = 100 mL/s,
𝑔 = 9.81 m/s2 ,
𝑎𝑧20 = 0.6,

𝑆𝑛 = 5 × 10−5 m2 ,
ℎmax = 0.62 (±0.01 m) ,
𝑎𝑧10 = 0.5,
𝑎𝑧30 = 0.5.

(29)

𝑘 = 1, 2, 3.

(31)

6.2.2. Simulation Results and Analysis. The abrupt change
fault is introduced to the system in order to verify the
tracking ability of the proposed algorithm. We suppose that
az2 changes according to the following formula:
0.6,
{
{
𝑎𝑧2 = {𝑎𝑧20 + (𝑘 − 20) × 0.06,
{
{4.2,

𝑄𝑖𝑗 : flow rates [m3 /s],

𝑞 = 𝑎𝑧𝑆𝑛 sgn (Δℎ) (2𝑔 |Δℎ|)

where Δ𝑡 = 1 s is the sampling interval, the initial levels of
𝑇1 , 𝑇2 , and 𝑇3 are ℎ10 = 0.4 m, ℎ20 = 0.3 m, ℎ30 = 0.35 m,
respectively, and 𝑄1 = 𝑄2 = 4.5 × 10−5 m3 /s.
To achieve fault prognosis, in this experimental study, the
fault state 𝜔0 is defined as
 ℎ − ℎ0 


𝜔0 ∈ { 𝑘 0 𝑘  ≥ 0.1} ,
 ℎ𝑘 

The significance of the above mathematical symbols is
summarized as follows:

(30)

0 < 𝑘 ≤ 20,
20 < 𝑘 ≤ 80,
80 < 𝑘 ≤ 100.

(32)

To implement the proposed algorithm, we set the number
of particles 𝑁 = 100, 𝑝 = 5, 𝛽 = 10, 𝜌 = 0.95, and the process
noise and measurement noiseare 𝑤(𝑘) ∼ 𝑁(0, 2 × 10−4 ) and
V(𝑘) ∼ 𝑁(0, 1 × 10−4 ), respectively. Further, we suppose that
the simulation time is 100Δ𝑡 and the initial particle meets the
condition as X0 ∼ 𝑁([ℎ10 , ℎ20 , ℎ30 ]𝑇 , 10−2 ).
The simulation results of state estimation and fault prognosis probability of the normal system are shown as Figure 5,
which are performed by the strong tracking fault prognosis
algorithm.
We can find from Figure 5 that the estimated values of the
system states are all around the real ones with time and the
weighted fault prognosis probability is always zero, and the
normalized weighting coefficients of most of particles are not
zero. As a result, the proposed algorithm can accurately predict the normal system and resolve the degeneracy problem.
The simulation results of the state estimation and fault
prognosis probability of the faulty system are shown as
Figure 6, which are performed by the strong tracking fault
prognosis algorithm.
In this case, it is found from Figure 6 that the system states
deviate from the real value when az2 changes with time, and
the range ability of ℎ2 is the biggest. The system fault will
appear when ℎ2 deviates from the real value to a certain point.
The normalized weighting coefficients of most of particles are
not zero. As a result, the proposed algorithm can accurately
predict the system fault in time and resolve the degeneracy
problem well.
Further, we extract the values of ℎ2 and fault prognosis
probability from Figures 6(a) and 6(b). In this paper, the
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0.4
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0.35
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0.3

0.25

0.5

0

−0.5

−1
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Time
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0

(a)
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Time
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50
Particles
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(b)

0.012

Normalized weighting coefficient

2

1.5

az2

1

0.5

0

−0.5

0.011

0.01

0.009

0.008
0

50
Time

100

0

(c)

(d)

Figure 5: The simulation results of state estimation and fault prognosis probability of normal system: (a) about the results of states estimation,
(b) about weighted fault prognosis probability, (c) about az2 changing with time, and (d) about the normalized weighting coefficient of
particles at the final time.
Table 2: The relation between prob and ℎ2 .
Time
ℎ2
prob

66
0.2798
0

67
0.2784
0

68
0.2770
0

69
0.2762
0.2435

70
0.2754
0.4353

fault is declared when the fault prognosis probability prob is
greater than 0.5. Specifically, the values of ℎ2 and the weighted
fault prognosis probability prob during the period [66, 75] are
shown in Table 2 to demonstrate that the proposed algorithm
can accurately predict the system fault.
According to the definition of the fault state 𝜔0 in (31),
the system fault will happen when ℎ2 deviates from the real
value to 0.2700 at time 73. It is observed from Table 2 that
the proposed algorithm can predict the fault at time 71. As a
result, the algorithm can accurately predict the system fault
in time.

71
0.2736
0.5609

72
0.2716
0.9214

73
0.2698
1.0000

74
0.2682
1.0000

75
0.2653
1.0000

Together with the above simulation results, we can
observe that the degeneracy problem and the sample impoverishment can be resolved simultaneously in the proposed
fault prognosis algorithm, and thus the feasibility and validity
of the proposed algorithm are demonstrated.

7. Conclusions
Considering that SIR and EPF cannot track abruptly changing states and STPF can track abruptly changing states, a
novel strong tracking fault prognosis algorithm is proposed
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Figure 6: The simulation results of the state estimation and fault prognosis probability of the faulty system: (a) about the results of states
estimation, (b) about weighted fault prognosis probability, (c) about az2 changing with time, and (d) about the normalized weighting
coefficient of particles at the final time.

to settle the degeneracy problem and the sample impoverishment in particle filter, which is applied to predict the
fault of systems with abruptly changing states. The simulation
results of the standard validation model show that the strong
tracking fault prognosis algorithm can resolve degeneracy
problem, and the simulation results of the DTS200 system
demonstrate that the proposed algorithm can track abruptly
changing states and accurately predict the system fault in
time. As a result, the proposed algorithm is feasible and
effective for the applications in fault prognosis.
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In chemical batch processes with slow responses and a long duration, it is time-consuming and expensive to obtain sufficient normal
data for statistical analysis. With the persistent accumulation of the newly evolving data, the modelling becomes adequate gradually
and the subsequent batches will change slightly owing to the slow time-varying behavior. To efficiently make use of the small
amount of initial data and the newly evolving data sets, an adaptive monitoring scheme based on the recursive Gaussian process
(RGP) model is designed in this paper. Based on the initial data, a Gaussian process model and the corresponding SPE statistic are
constructed at first. When the new batches of data are included, a strategy based on the RGP model is used to choose the proper data
for model updating. The performance of the proposed method is finally demonstrated by a penicillin fermentation batch process
and the result indicates that the proposed monitoring scheme is effective for adaptive modelling and online monitoring.

1. Introduction
In modern industries, batch and semibatch processes are
of great importance for the production of high-quality and
value-added specialty chemicals, such as semiconductors,
pharmaceuticals, and biological products. For product consistency and quality improvement, multivariate statistical
process monitoring (MSPM) has been developed and widely
used in many batch processes [1–11]. Nomikos and MacGregor [12, 13] are the first to apply multiway principle component analysis (MPCA) and multiway partial least squares
(MPLS) to batch process monitoring. MPCA is powerful
at analyzing the batch-to-batch variations and monitoring
the newly evolving batches with the assumption that the
batchwise unfolded data follow a multivariate Gaussian
distribution. However, there are still some disadvantages of
the conventional MPCA and its extensions. Firstly, MPCA
assumes that the length of each batch is equal, which is
unlikely to happen in practice. Furthermore, the entire batch
data are needed for MPCA for online monitoring. Hence, the
unknown future data of a newly evolving batch have to be
estimated. Also, it is hard to reveal the timewise variations
since the entire batch data are treated as a single object [14].

To solve these problems, variable-wise unfolding approaches
were developed [15]. This method provides a straightforward
scheme for online monitoring and the equal length of the
collected batches is not required.
It is noticed that, however, both batchwise and variablewise unfolding methods are based on the sufficient batch
data. Abundant data are easy to be collected in the rapid
manufacturing process, such as wafer etching, spray-drying,
and spray-coating. Nevertheless, it is time-consuming and
expensive to obtain data from slow chemical processes, such
as emulsion polymerization, fermentation, and pharmaceutical and biotechnical products [15]. In this situation, it is
not proper to construct monitoring models after all the
sufficient data are collected. It is interesting to design a
statistical scheme to construct an initial model using limited
batch data and then adapt the strategy when newly evolving
batch data arrive. Therefore, Zhao et al. [14, 16] proposed an
adaptive monitoring model based on ICA [14]. In their article,
multiphase ICA was constructed based on limited reference
cycles and an adaptive algorithm was formulated with the
accumulation of newly available normal batches. However,
their adaptive strategy was complex and time-consuming
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since the adaptive criterion was not straightforward and the
updated model needed to be retrained completely.
Process monitoring is crucial not only to process safety
but also to quality improvement. When the quality variables
are examined, an input-output model is needed to reveal
the quality-relevant variations. Since the batch process data
are highly nonlinear, dynamic, and seriously interconnected
with uncertainties, it is hard to build the relationship between
the process variables and the quality variables and detect the
abnormal production conditions. Therefore, there has been
an increasing interest in quality monitoring of batch processes [13, 16–19]. However, their research was also conducted
based on the assumption that the normal batch data were
sufficient, when the chemical batch processes are operated in
a long batch time. Moreover, the process is slow-responding.
Thus, only limited batch runs can be used for modelling. With
the restricted batch data, the statistical process analysis would
be inaccurate. Also, the time-varying behavior of the newly
evolving batches may not be completely described based on
the data recorded in the early stage of the operating batches.
Hence, an adaptive strategy is important for batch quality
monitoring, especially in slow processes.
In this paper, a recursive Gaussian process (RGP) model is
designed for adaptive quality monitoring with limited initial
batch data. A Gaussian process (GP) model is trained at
first using limited batch data to construct the relationship
between the process and the quality variables. In the GP
model, the measure of the confidence level in the prediction
is also taken into account. Hence, not only the mean value
but also the variance of the quality prediction is supplied.
With the estimation of the variance from GP as a level of
confidence, the adaptive strategy is proposed to determine
when and how the model should be updated. This updating
strategy is straightforward and easy to implement. It is helpful
to describe the time-varying dynamics over batches. Using
the online updating strategy, an adaptive quality monitoring
scheme is constructed.
The rest of the paper is organized as follows. The Gaussian
process model is revisited in Section 2. Next, the batch
process monitoring based on GP using limited batch data
is discussed. The SPE statistic and its confidence bound are
constructed then. With the accumulation of newly evolving
batches, the updating strategy is developed and the implementation of the recursive GP based adaptive quality monitoring in the batch process is discussed in Section 3. Also, an
industrial case is provided to demonstrate the efficiency of the
proposed method in Section 4. Finally, conclusions are made.

2. GP Regression Model
In supervised learning, the objective is to infer a distribution
over functions 𝑝(𝑓 | X,Y) given the inputs X and outputs
Y. Usually, a parametric representation for the function 𝑓
is assumed. Then the model parameters 𝑝(𝜃 | X, Y) are
inferred instead of 𝑝(𝑓 | X,Y). The methods above are called
parametric modelling. In nonparametric modelling, without
limitations of the model structure, the distribution over
functions themselves is inferred. In a GP model, Bayesian
inference is used for estimating the distribution of functions.
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Given 𝑁 inputs X = (x1 , x2 , . . . , x𝑁)𝑇 and outputs
Y = (𝑦1 , 𝑦2 , . . . , 𝑦𝑁)𝑇 , a GP model defines a Gaussian prior
distribution as [20]
Y ∼ 𝑁 (𝜇, K) ,

(1)

where 𝜇 is the mean value of outputs and K is the covariance
function in which K𝑖𝑗 = 𝜅(x𝑖 , x𝑗 ). In the GP model, the
data collected are not assumed to follow the same Gaussian
distribution any more. On the contrary, all the samples follow
a joint Gaussian distribution. Hence, the joint Gaussian
distribution of the training data X and the test data x∗ can
be estimated:
K K∗
Y
𝜇
( ∗ ) ∼ 𝑁 (( ∗ ) , ( ∗𝑇
)) ,
𝑦
𝜇
K
𝑘

(2)

where K∗ = 𝜅(X, x∗ ) and 𝑘 = 𝜅(x∗ , x∗ ). According to the
property of conditional Gaussian distribution, the posterior
distribution of the test data has the following form:
𝑦∗ = 𝜇∗ + K∗𝑇 K−1 (Y − 𝜇) ,
Σ∗ = 𝑘 − K∗𝑇 K−1 K∗ .

(3)

It is noticed that it is common to use the mean function
as 𝜇 = 0 since GP is flexible enough to model arbitrary
mean value [20]. In the kernel function of GP, any positive
definite kernel can be used for GP covariance. Generally,
three common kernels, linear kernel, Gaussian kernel, and
squared-exponential kernel, are mostly used [21]. In this
paper, Gaussian kernel is employed, which is given by [22]
𝜅 (x𝑖 , x𝑗 ) = 𝜎2 exp (−

2
1
(x𝑖 − x𝑗 ) ) ,
2
2𝜃

(4)

where 𝜎 controls the vertical length scales of the function
and 𝜃 reflects the horizontal variations. To estimate the kernel
parameters, which are called hyperparameters, the empirical
Bayes approach is used. Firstly, the marginal log-likelihood is
written as [20]
𝐿 = log 𝑁 (Y | 0, K) = −

1
1
𝑁
ln 2𝜋 − ln |K| − Y𝑇 K−1 Y.
2
2
2
(5)

Then the log-likelihood is maximized with respect to each
hyperparameter as [23]
𝜕𝐿
𝜕K
𝜕K
1
1
= − tr (K−1 ) + Y𝑇 K−1 K−1 Y
𝜕𝜃
2
𝜕𝜃
2
𝜕𝜃
1
𝜕K
= tr ((K−1 YY𝑇 K−1 − K−1 )
).
2
𝜕𝜃

(6)

In the GP model, it will take 𝑂(𝑁3 ) to compute K−1 and
𝑂(𝑁2 ) for hyperparameter gradient estimation. Particularly
in the batch process model, the model needs to be updated
with the newly evolving batches. With the accumulation
of the sample size, the training of the GP model is timeconsuming. In this research work, a RGP model needs to be
constructed.
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3. Adaptive Quality Monitoring Based on
RGP in Batch Processes
For a slowly varying batch process, all the batch data cannot
sufficiently be collected at the initial operation stage. If the
monitoring system is not adapted with the newly evolving
batches, it will cause nuisance alarms. An online adaptive
strategy is proposed to determine when the model needs to
be updated and how to adapt the model without retraining
the GP model using all the data set. The update criterion is
based on the estimation of the variance from GP and the
SPE statistic to judge if the newly evolving data are needed
for updating. Then the covariance matrix of GP is recursively
updated to provide a better representative of the current state
of the system.
3.1. GP Based Batch Process Monitoring with Limited Batches.
Using limited batch data at first, the data are collected in
the form of three-dimensional array. Assume the measured
process variables are summarized as X(𝐼 × 𝐽 × 𝐾), where 𝑗 =
1, 2, . . . , 𝐽 variables are collected at times 𝑘 = 1, 2, . . . , 𝐾 and 𝐼
is the batch number. Simultaneously, the key quality variable
is collected as Y(𝐼×1×𝐾). For simple explanation, only single
quality variable is measured, but it is very easy to extend it
to multiple quality variables. Also, in this paper, a variablewise unfolding method is used for data preprocessing [15].
Using the unfolded matrix X(𝐼𝐾 × 𝐽) and Y(𝐼𝐾 × 1), a GP
model can be trained as an initial quality monitoring model
to identify the early correlations between the process and the
quality variables.
The prediction error of the GP model and the corresponding SPE statistic can be calculated as [24]
𝑒 = 𝑦𝑖 − 𝑦̂𝑖 ,
SPE = 𝑒𝑇 𝑒.

(7)

The confidence limit of SPE is approximated by 𝜒2 distribution as SPE ∼ 𝑔 ⋅ 𝜒ℎ2 , in which 𝑔 and ℎ are the parameters of
𝜒2 distribution and they are estimated as [25]
𝑔 ⋅ ℎ = mean (SPE) ,
2𝑔2 ℎ = var (SPE) .

(8)

The significance level of SPE statistics is 99%. When a new
sample of the process variables x∗ is collected, the prediction
value of quality can be estimated using (3) and the SPE
statistic is calculated using (7). Generally, if the SPE statistic
exceeds the control limit, it is thought that a fault occurs
and vice versa. It is noticed that, however, the accuracy
of the statistic is not evaluated because most of the time
the collected data are not sufficient in the initial modeling
stage. In the GP model, not only the mean value but also
the variance of prediction of each sample is provided. With
the variance serving as a measure of the confidence for
the prediction, the required information can be found and
included to enhance the accuracy of the monitoring model.
Since the prediction follows a Gaussian distribution, the

real value of quality mostly relies on a region covering ±3𝜎
of the prediction distribution around the mean. Owing to
the uncertainty of prediction, the SPE statistic can also be
estimated in a corresponding confidence region instead of
a single value. According to the 3𝜎 criterion, the upper and
Upper Lower
, 𝑦̂𝑖
). Then
lower limit of mean can be estimated as (𝑦̂𝑖
𝑦Upper 𝑦Lower
the prediction error (𝑒𝑖
, 𝑒𝑖
) and the SPE statistic
𝑦Upper
𝑦Lower
Upper
(SPE𝑖
, SPE𝑖
) of 𝑦̂𝑖
and 𝑦̂𝑖Lower are calculated
using (7). Similarly, SPEMean
= (𝑦̂𝑖 − 𝑦𝑖 )𝑇 (𝑦̂𝑖 − 𝑦𝑖 ) can also
𝑖
be constructed based on the prediction error between mean
𝑦Upper
value and the real value. It is noticed that SPE𝑖
and
𝑦Lower
SPE𝑖
are not the real bounds of the SPE statistic because
of the quadratic property. However, it is easy to prove that
,
the upper and lower limits can be determined by SPEMean
𝑖
𝑦Upper
𝑦Lower
, and SPE𝑖
:
SPE𝑖
Upper

SPE𝑖

𝑦Upper

= max (SPE𝑖

𝑦Upper

= min (SPE𝑖
SPELower
𝑖

𝑦Lower

, SPEMean
, SPE𝑖
𝑖

𝑦Lower

, SPEMean
, SPE𝑖
𝑖

),

).

(9)

In this way, the confidence bound of the SPE statistic is
is below the
constructed to evaluate its reliability. If SPEMean
𝑖
Upper
control limit while SPE𝑖
is above it, the normal state this
time becomes questionable. By contrast, in some states there
is above the control limit
may be false alarms if only SPEMean
𝑖
while SPELower
indicates
it
is
normal.
Thus, the confidence
𝑖
bound of the SPE statistic is helpful for online updating
strategy for quality monitoring in batch processes.
3.2. Updating Strategy and RGP Based on Adaptive Quality
Monitoring. After the initial monitoring model is built using
the early collected normal batches, with the new batch data
evolved, one needs to judge if the model should be adjusted to
enhance the predictability of the monitoring model. Based on
the discussions in the previous section, we have the following.
Upper

of the test data is still
(1) If the upper bond SPE𝑖
below the control limit, there is statistically sufficient
evidence to show that it is normal, no more new
information is needed, and the original model is good
enough without being updated.
of the test data is larger
(2) If the lower bond SPELower
𝑖
than the control limit, chances are that almost all
the potential values of predictions are far from the
real data. In this situation, it is highly doubted that
an abnormal variation has occurred, and it is mainly
caused by the unknown disturbances instead of the
normal time-varying behavior.
(3) If the control limit falls in the region of the SPE
and smaller
statistic, in which it is larger than SPELower
𝑖
Upper
than SPE𝑖
, the cases become indistinct. The result
indicates that part of the potential values has exceeded
the control limited while others have not. Hence, the
part of false alarm results from the failure of initial
models and an updating model is needed to adapt the
model to the state of current batches.
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Fault
0

Normal data (need updating)

SPELower
i

SPEMean
i
Control limit

(5) Update the covariance using (11) and calculate the
new SPE statistic and the region of the control limit
Upper
and SPE𝑖
in the updated
based on new SPELower
𝑖
model.

Normal data
Upper

SPEi

Figure 1: Relationship between the SPE statistics and the control
limit.

Figure 1 illustrates the updating strategy of our method and
Upper
and SPE𝑖
of a test data
the relationship between SPELower
𝑖
and the control limit. In Figure 1, the value of 𝑥-coordinate
is the control limit based on the mean prediction error of
the normal data. Hence, when the control limit is smaller
than SPELower , all the test data are defined as faults; when the
control limit is larger than SPEUpper , it indicates that almost all
the possible prediction values fall in the normal region and all
the test data would be normal.
When the test data are added for updating the model, a
recursive method is used. Suppose 𝑁 inputs X𝑁 = (x1 , x2 ,
. . . , x𝑁)𝑇 and outputs Y𝑁 = (𝑦1 , 𝑦2 , . . . , 𝑦𝑁)𝑇 are used for
training the initial GP model; the new data (x𝑁+1 , 𝑦𝑁+1 )
are added for model updating. Then the new 𝑁 + 1 data
Y𝑁+1 = (𝑦1 , 𝑦2 , . . . , 𝑦𝑁, 𝑦𝑁+1 )𝑇 follow a new joint Gaussian
distribution as
Y𝑁+1 ∼ 𝑁 (0, K𝑁+1 ) ,

(10)

where K𝑁+1 = 𝜅(X𝑁+1 , X𝑁+1 ). The updated covariance
K𝑁+1 can be directly calculated using 𝑁 + 1 data which are
computationally demanded. In this paper, a recursive method
is employed using Sherman-Morrison-Woodbury formula to
estimate K𝑁+1 by the covariance of the first 𝑁 samples [26].
The updated covariance is calculated as
𝑇

K−1
𝑁+1

=

−1
(Γ𝑁+1 K−1
𝑁 − 1) (Γ𝑁+1 K𝑁 − 1)

𝑘𝑁+1 −

Γ𝑇𝑁+1 K−1
𝑁 Γ𝑁+1

K−1 0
+ [ 𝑁 ] , (11)
0 0

where Γ𝑁+1 = 𝜅(X𝑁, x𝑁+1 ) and 𝑘𝑁+1 = 𝜅(x𝑁+1 , x𝑁+1 ). Hence,
when the new data need to be added, the recursive formula
for K−1
𝑁+1 can be used. After the model has been updated, the
corresponding monitoring system can be set up as GP.
To sum up, the procedures of adaptive quality monitoring
based on RGP are listed as follows.
Initial Phase
(1) Collect the historical normal batch data even if there
are a limited number of operation batches.
(2) Unfold the data using variable-wise unfolding and
train an initial GP model.
(3) Calculate the SPE statistic and the control limit based
on the currently available data. Estimate the data
regions using (7) and (9).
Adaptive Phase
(4) Calculate the SPE statistic for new batch data one time
point by one time point, and judge if each sampling
data point needs to be included for updating the
model. If yes, go to Step (5); otherwise, go to Step (6).

Monitoring Phase
(6) Check if the current SPE statistic exceeds the control
limit.
For batch-size updating, the region of control limits SPELower
𝑖
Upper
and SPE𝑖
is estimated based on all the useful data
after one batch run. Then, the active data are chosen in a
newly evolving batch to update the model. For sample-size
updating, during the batch run, the region of control limit
will be changed as soon as the model is updated. Compared
with the two updating strategies, the selected active data in
the batch-size updating may be similar and redundant. Thus,
in this paper, sample-size updating is applied since it is more
time-saving.
Case Study. In this section, a fed-batch penicillin benchmark
is illustrated to evaluate the performance of the proposed
method. In a typical operating process for penicillin fermentation, the microorganisms are generated in certain
circumstances during the initial stage. When the substrate
has been consumed by the microorganisms, the penicillin is
produced as the metabolite. The concentration of microorganisms reaches the stationary phase. During the penicillin
production stage, glucose is fed continuously to achieve a
high product formation rate due to the catabolized repressor effect [27, 28]. The batch data are carried out using
a simulator (PenSim v2.0) developed by the monitoring
and control group at the Illinois Institute of Technology
(http://www.chee.iit.edu/∼cinar). The flow diagram of the
penicillin fermentation process is given in Figure 2.
In this paper, the duration of every batch is 400 hours
and the sampling intervals of the process variables are set to
be 1 hour. For modelling, a total of 11 key process variables
are selected. They are tabulated in Table 1. The concentration
of penicillin is chosen as the quality variable. It is noticed
that the sampling interval of quality cannot be 1 hour in
reality as the concentration needs to be examined offline at
the lab generally. Therefore, to mimic the real situation, it
is assumed that the quality data are recorded every 20 h. To
build the input-output relationship using the unequal size of
the process variables and the quality variables, some research
has been done [29]. Since it is not the main concern of
this paper, the simple downsampling method is used here
to equalize the sampling frequency of inputs and outputs.
Besides, the measured variables are added by Gaussian noises
(NID(0, 0.022 )) to simulate the real process environment.
Forty normal batches are generated to demonstrate the proposed method. To simulate the slow time-varying behavior
among batches, the culture volume of these normal batches
is set to change gradually from 100 L to 120 L. Although the
culture volume has changed, it is still considered that these
batches are normal and the variations over batches can be
tolerated. For constructing initial model, 5 batches data are
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Figure 2: Flow diagram of the penicillin fermentation process.

Table 1: Process variables used in the modeling of the fed-batch
penicillin process.
Measured variables
Aeration rate (L/h)
Agitator power (W)
Substrate feed rate (L/h)
Substrate feed temperature (K)
Dissolved oxygen concentration (g/L)
Carbon dioxide concentration (g/L)
pH
Fermenter temperature (K)
Generated heat (kcal)
Cooling water flow rate (L/h)
Culture volume (L)

1.2
1
0.8
y

Number
1
2
3
4
5
6
7
8
9
10
11

1.4

0.6
0.4
0.2
0

−0.2

20

40

Predicted
Real

first used. According to the downsampling method, a GP
model can be constructed based on the process variables and
the quality variables X(5 × 11 × 20) and Y(5 × 1 × 20). The
remaining 35 batches are employed for updating the test. The
prediction result of GP training is illustrated in Figure 3. The
solid curve represents the prediction of the mean and the red
dashed line represents the real data. The shade region denotes
±3𝜎 of the prediction distribution around the mean value. It
can be seen that the shadow is very thin, indicating that the
training model is quite accurate and representative.

60

80 100 120
Sample time

140

160

180

200

Training data

Figure 3: Prediction result of the GP model using initial batches.

To test the efficiency of the proposed method, the prediction result using the initial GP model without updating is
firstly discussed. With the slow time-varying dynamics, the
final quality production has changed slightly from one batch
after another. If the initial model is still used to predict all
the following bathes, the prediction of mean will drift from
the real value gradually (Figure 4). Moreover, even ±3𝜎 of the
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Figure 5: The SPE statistic of the test data using the initial GP model.

Figure 4: Prediction result of the test data using the initial GP
model.
1.4

Table 2: Mean prediction and the process monitoring result in the
penicillin process.
GP model
0.0092
0.2615

Recursive GP model
0.0016
0.0240

1
0.8
y

Type
RMSE values
False alarm

1.2

0.6
0.4

prediction distribution cannot cover the real value in the last
several batches. In this situation, the SPE statistics based on
the prediction error have several false alarms (Figure 5). The
false alarm rate is the percentage of regular samples as faulty
ones for the normal part (Type I error). By contrast, with
the new batches data, the proposed RGP model can judge
when the model should be updated and which data should be
selected. Thus, the time-varying dynamics are reflected by the
updating model and the prediction performance is improved.
In Figure 6, it is found that the predicted value is close to
the real data and the covariance shadow is narrow, which
indicates the result is reliable. Based on the prediction result,
the SPE statistic can be calculated for all the 35 bathes. As
shown in Figure 7, there are almost no false alarms during
testing all the samples. To sum up, the RMSE values and
false alarms of these two models listed in Table 2 indicate
that the accuracy of predicting the monitoring performance
is improved by recursive GP. RMSE (root-mean-square error)
is the sample standard deviation of the differences between
predicted values and observed values.
Finally, for a clearer explanation of the updating model
procedures, the 6th batch data are demonstrated particularly.
In Figure 8(a), it can be found that the prediction becomes
inaccurate staring from the 25th sampling interval if the
original model is still used. The quality monitoring results
are shown in Figure 9(a). Part of the SPE statistic region
of these data has exceeded the control limit. Take the 25th
Upper
is larger than the confidence
sampling, for instance. SPE𝑖
bound while SPELower
is
still
below
it. This is caused by the
𝑖
time-varying dynamics instead of a fault. Therefore, this data

0.2
0
−0.2

100

200

300

400 500 600
Sample time

700

800

900 1000

Training data

Predicted
Real

Figure 6: Prediction result of the test data using the recursive GP
model.
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Figure 7: The SPE statistic of the test data using the recursive GP
model.
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Figure 8: Prediction result of the 6th batch before and after model updating.
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Figure 9: The SPE statistic of the 6th batch before and after model updating.

point should be added for model updating. After adding all
the needed data points, the model can be updated, and the
prediction result and the quality monitoring performance
are given in Figures 8(b) and 9(b). The result reveals the
prediction is better and the false alarm has been eliminated.
It is also noticed that only 7 data sets from the 6th batch
run are treated as the active ones and used for updating the
model based on the criterion proposed in Section 3.2, which
makes the adaptive strategy time-saving since only the data
containing useful information are used for updating.

4. Conclusion
In this paper, an adaptive quality monitoring scheme is
proposed based on the RGP model. It is mainly used for the
slow time-varying batch process with limited initial batches.
The cases discussed in this paper are commonly seen in fine
chemicals. Using the initial normal data, a GP model and the

corresponding SPE statistic can be constructed for revealing
the variations of early batches. With the accumulation of
the newly evolving data, an updating strategy is introduced
to judge if the new data should be added so that the
model can be enhanced. Then a recursive GP model is used
for implementation of updating. The proposed method is
efficient since it avoids the computation of the inversion of
the covariance matrix in the GP model. It is helpful for online
updating. The feasibility and the monitoring performance
have been demonstrated by a real penicillin fermentation
batch process. Among different batches, the operating state
has changed slowly and the proposed method can make
an accurate prediction and right monitoring decision over
batches. Therefore, the proposed adaptive monitoring scheme
is an effective tool for solving the slow time-varying behavior
of the process. The proposed method is mainly used for slowresponding chemical processes; the corresponding model
changes slightly during the operation. In this situation, only
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the kernel matrix is easily updated for online modelling.
For more general processes, regardless of the fast-responding
or the slow-responding processes, in the future work it is
desirable to derive a new recursive GP model in which
both kernel matrix and kernel parameters are updated
simultaneously. Also, in this work, only single quality output
is considered. For MIMO (multi-input and multioutput)
regression, simply, a few independent GP models can be used
if several key quality variables needed to be monitored, but
the above method cannot reveal the interactions between
different outputs. However, MIMO GP is hard to implement
since the covariance matrix of the outputs will increase
exponentially when the intracovariance between the outputs
is calculated, not to mention a recursive MIMO GP. This part
is worthy of being extended.
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A belief rule-based (BRB) system provides a generic nonlinear modeling and inference mechanism. It is capable of modeling
complex causal relationships by utilizing both quantitative information and qualitative knowledge. In this paper, a BRB system
is firstly developed to model the highly nonlinear relationship between circuit component parameters and the performance of the
circuit by utilizing available knowledge from circuit simulations and circuit designers. By using rule inference in the BRB system
and clustering analysis, the acceptability regions of the component parameters can be separated from the value domains of the
component parameters. Using the established nonlinear relationship represented by the BRB system, an optimization method is
then proposed to seek the optimal feasibility region in the acceptability regions so that the volume of the tolerance region of the
component parameters can be maximized. The effectiveness of the proposed methodology is demonstrated through two typical
numerical examples of the nonlinear performance functions with nonconvex and disconnected acceptability regions and highdimensional input parameters and a real-world application in the parameter design of a track circuit for Chinese high-speed railway.

1. Introduction
Tolerance has become a crucial design consideration in
integrated and discrete circuit designs due to the demand
of improved product quality, longer product lifetimes, and
shorter design cycle. Designers have to unceasingly seek a
central point with the maximum tolerances in the space of
circuit component parameters so as to maximize parametric
yield and minimize costs while maintaining compliance
with design specifications [1–3]. On the other hand, circuit
reliability is closely linked to its yield, namely, only those
products with high yield would have high reliability. So,
tolerance design and yield optimization are also the effective
ways to improve circuit reliability [4].
In essence, there are mainly two kinds of methods for
tolerance design and yield estimation, that is, the Monte Carlo
based statistical methods and the deterministic methods [5–
11]. Because the former requires numerous circuit simulations and computationally expensive analysis runs [5, 6],
researchers have proposed alternative deterministic methods
based on response surface modeling to approximate the
performance function and the corresponding acceptability

region (𝑅𝐴 ). Thus, the optimal center and tolerances (i.e.,
feasibility region 𝑅𝐹 ) of component parameters can be found
in the approximated region 𝑅𝐴 . The deterministic methods mainly include simplicial approximation [7], polyhedral
approximation [8], quadratic approximation [9], ellipsoidal
method [10], and neural network [11]. However, such approximation methods and low-order polynomial models may
not be applicable to some complex cases in which ranges
of parameter variables are wide, performance functions are
highly nonlinear, and the feasibility regions are nonconvex
and even disconnected [1–3]. Hence, there is a need to
develop new methods that can be used to model and optimize
the design in such a highly complex setting.
This paper develops a novel method of the acceptability
region approximation and tolerance optimization to obtain
available feasibility region using belief rule-based (BRB)
model. In the belief rule base, each possible consequent of
a rule is associated with a belief degree. Such a rule base
is capable of capturing highly nonlinear and continuous
causal relationships between different factors [12, 13]. When
applying a belief rule base, the input of an antecedent is
transformed into a belief distribution over the referential
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values of an antecedent. The distribution is then used to
calculate the activation weights of the rules in the rule base.
Subsequently, inference in the belief rule base is through the
combination of all the activated rules using the evidential
reasoning (ER) approach [14, 15]. Compared with polynomial
and neural network models, the model parameters in the
BRB can be extracted not only from objective data, but
also from experts’ subjective knowledge [16]. Moreover, the
physical meanings of these parameters are easy to understand
for experts and engineers, so they can intuitively participate
in the whole course of system modeling [17]. The BRB
modeling technique has been widely applied in nonlinear
system modelling and decision support systems [16–21].
In this paper, a BRB system is designed to model the
complex nonlinear relationship between circuit component
parameters (i.e., input variables to the BRB system) and a
performance index of the circuit (i.e., output) by utilizing the
limited knowledge from circuit simulations and its designers.
Through rule inference in the BRB and clustering analysis,
the acceptability regions can be separated from the value
domain of component parameters. Then, an optimization
method is presented to seek the optimal feasibility region in
the acceptability regions to maximize the volume of tolerance
region of the circuit parameters. The remainder of this paper
is organized as follows. The research issue is expounded in
Section 2. Section 3 describes the use of the BRB modelling
technique to approximate the acceptability regions. The tolerance optimization method is presented in Section 4. Section 5
shows some encouraging results obtained from two typical
numerical examples of nonlinear performance functions with
nonconvex and disconnected acceptability regions and highdimensional input parameters and a real-world application in
the parameter design of track circuit of Chinese high-speed
railway.

2. Problem Formulation
Given a product performance or response specification [2–6]
Lb ⩽ 𝑔 (𝑢) ⩽ Ub,

(1)

here 𝑢 = (𝑢1 , 𝑢2 , . . . , 𝑢𝑁) is a vector of design parameters. 𝑔
is the performance index or function of an electrical circuit.
Ub and Lb are constants, respectively, representing the upper
and lower allowable limits of variation of the resonance performance. For discrete component circuits, these parameters
may include, but are not limited to, resistances, capacitances,
and inductances, whereas for integrated circuits these may
be resistivities, linewidths, specific capacitances, and so forth.
Commonly, the element 𝑢𝑖 of 𝑢 is characterized by a nominal
value 𝑢𝑖 0 and a tolerance 𝑡𝑖 , 𝑖 = 1, 2, . . . , 𝑁.
The acceptability region 𝑅𝐴 is defined as [3, 22]
𝑅𝐴 = {𝑢 | Lb ⩽ 𝑔 (𝑢) ⩽ Ub} .

(2)

If 𝑢 ∈ 𝑅𝐴 , then the product is acceptable; otherwise it is
unacceptable. The tolerance region 𝑅𝑇 is defined as [3, 22]


𝑅𝑇 = {𝑢 | 𝑢𝑖 − 𝑢0 𝑖  ≤ 𝑡𝑖 , 𝑖 = 1, 2, . . . , 𝑁} .

(3)

When given a nominal value 𝑢0 = (𝑢0 1 , 𝑢0 2 , . . . , 𝑢0 𝑁)
and a tolerance 𝑡 = (𝑡1 , 𝑡2 , . . . , 𝑡𝑁), the corresponding parametric yield is defined as [3, 22]
𝑌𝑢 =

𝑉 (𝑅𝑇 ∩ 𝑅𝐴 )
𝑀
× 100% =
× 100%.
𝑁
𝑉 (𝑅𝑇 )

(4)

Here, 𝑁 is the number of total products, 𝑀 is the number
of acceptable products (𝑢 ∈ 𝑅𝐴 ), and 𝑉(⋅) is the volume of a
region. 𝑅𝐹 = 𝑅𝑇 ∩𝑅𝐴 is defined as the feasibility region which
is a subset of 𝑅𝑇 at the intersection between 𝑅𝑇 and 𝑅𝐴.
When given the design constraints 𝑅𝐴 , the actual goal
of tolerance design is to maximize 𝑅𝐹 (i.e., to seek for the
maximum 𝑡 and corresponding 𝑢0 ) so that a 100% yield is
achievable. In this case, the maximum 𝑅𝐹 is equal to the
maximum 𝑅𝑇 [3, 22]. In tolerance design, the key step is
to calculate performance 𝑔(𝑢) and estimate the parametric
yield. In most cases, the structures of the integrated circuit
and analogous circuit are too complex to obtain analytical expressions of circuit performance functions. Hence,
designers have to build the circuit simulator using some
design software tools (e.g., HSPICE, Simulink) to evaluate
the performance function 𝑔(𝑢) and estimate yield by simulation runs [22, 23]. However, this kind of simulationbased tolerance design (e.g., Monte Carlo methods) requires
numerous circuit simulations and computationally expensive
analysis runs [2–6]. In the following section, instead of using
a circuit simulator, we will build a BRB system to model
the performance function by running as few simulations as
possible and using experts’ knowledge. The proposed BRB
system can be used to approximate the acceptability region
and obtain the corresponding feasibility region.

3. Approximating Acceptability Region by
Using a BRB System
As an extension of traditional IF-THEN rules, belief rules are
the key parts of a BRB system. In a belief rule, each antecedent
attribute takes a referential value, and each possible consequent is related to a belief degree [13]. To build a BRB system
for circuit performance modelling and acceptability region
approximating, we map the relationship between BRB system
and circuit performance function in Table 1.
Corresponding to Table 1, the 𝑘th (𝑘 = 1, 2, . . . , 𝐾) referential relationship between input and output of performance
function, that is, the belief rule 𝑘 in the BRB system, can be
defined as
Rule 𝑘:
IF (𝑢1 is 𝑢𝑘,1 ) ∧ (𝑢2 is 𝑢𝑘,2 ) ∧ ⋅ ⋅ ⋅ ∧ (𝑢𝑁 is 𝑢𝑘,𝑁)
{
{
{
{THEN {(𝐷1 , 𝛽𝑘,1 ) , (𝐷2 , 𝛽𝑘,2 ) , . . . , (𝐷𝐿 , 𝛽𝑘,𝐿 )}
{
{
{with rule weight 𝜃𝑘 , 𝑘 = 1, 2, . . . , 𝐾
{
{and attribute weight 𝛿𝑖 , 𝑖 = 1, 2, . . . , 𝑁;

(5)

here, “∧” denotes “and.”
To use the BRB system to approximate acceptability
region 𝑅𝐴 involves the following steps: (1) constructing referential values of parameter inputs and performance output
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Table 1: Belief rule-based system for circuit performance modelling.
BRB system

Circuit performance function

Antecedent attributes
The set of referential values 𝐴 𝑖 = {𝐴 𝑖,𝑗 | 𝑗 = 1, 2, . . . , 𝐽𝑖 }

Parameter inputs 𝑢1 , 𝑢2 , . . . , 𝑢𝑁

Antecedent in the 𝑘th rule, 𝑖 = 1, 2, . . . , 𝑁, 𝑘 = 1, 2, . . . , 𝐾

Referential values of the design parameter 𝑢𝑖
The 𝑘th referential value of the input vector 𝑢
𝑢𝑘 = (𝑢𝑘,1 , 𝑢𝑘,2 , . . . , 𝑢𝑘,𝑁 ), 𝑢𝑘,𝑖 ∈ 𝐴 𝑖

Consequent in the 𝑘th rule {(𝐷1 , 𝛽𝑘,1 ), (𝐷2 , 𝛽𝑘,2 ), . . . , (𝐷𝐿 , 𝛽𝑘,𝐿 )},
𝐿
∑𝑙=1 𝛽𝑘,𝑙 ≤ 1

𝐷𝑙 is the referential value of performance output, 𝛽𝑘,𝑙 is the belief
degree of 𝐷𝑙 when 𝑢 is taken as 𝑢𝑘

Rule weights 𝜃𝑘 ∈ [0, 1]

Relative importance of the 𝑘th rule

Attribute weights 𝛿𝑖 ∈ [0, 1]

Relative importance of 𝑢𝑖 in the rule base

about acceptability region 𝑅𝐴 ; (2) generating new performance output by ER inference of belief rules; (3) training BRB
by the selected samples near to 𝑅𝐴 .

External boundary (EB) point Inside boundary (IB) point

9
8

Inside point

7

𝑆𝑢 = {𝑢 = (𝑢1 , 𝑢2 , . . . , 𝑢𝑁) | lb𝑖 ⩽ 𝑢𝑖 ⩽ ub𝑖 , 𝑖 = 1, 2, . . . , 𝑁} .
(6)
Generally speaking, we have to set 𝑆𝑢 large enough to relatively entirely include the acceptability region. The referential
points are uniformly selected from 𝑆𝑢 , and then the circuit
simulations are implemented to calculate the performance
outputs of those points.
As an illustrative example suppose there are two inputs
𝑢 = (𝑢1 , 𝑢2 ) with the bounds 1 ⩽ 𝑢1 ⩽ 14, 1 ⩽ 𝑢2 ⩽ 9
and its performance function is 𝑔(𝑢). We uniformly select
126 initial referential points as (1, 1), (1, 2), . . . , (14, 9) shown
in Figure 1 and calculate their performance outputs by circuit
simulations. Assume we have known the acceptability region
𝑅𝐴 , which is nonconvex and shown in Figure 1. Then, we can
find out 35 points in 𝑅𝐴 by constrains in (1). These points
are divided into two parts, one is called as “inside point”
(12 points), and the other is “inside boundary (IB) point”
(23 points). From Figure 1, it can be seen that 126 initial
referential points subdivide 𝑆𝑢 into 104 gridding cells. The
boundary of 𝑅𝐴 passes through 26 cells, called boundary
gridding (BG) cells and vertexes of each BG cell certainly
contain one or two IB points. Hence, in each of BG cells,
starting from its IB points, we can seek out three or two
vertexes as external boundary (EB) points adjacent to the IB

6
u2

3.1. Constructing Referential Values of Parameter Inputs and
Performance Output about Acceptability Region 𝑅𝐴 . The initial belief rules can be established in the following four
ways [16]: (1) extracting rules from expert knowledge; (2)
extracting rules by examining historical data; (3) using the
precious rule bases if available; (4) random rules without any
preknowledge. In our context, we use (1) and (2) to determine
the parameters in BRB system as listed in Table 1.
In the tolerance design, we first need to specify the upper
and lower bounds of each design parameter 𝑢𝑖 . Let lb𝑖 and ub𝑖
represent, respectively, the lower and upper bounds on the 𝑖th
parameter 𝑢𝑖 . Thus, the space in which the vector 𝑢 takes value
can be constructed as

RA

5
4
3

Boundary gridding
(BG) cell
External point

2
1

1

2

3

4

5

6

7

8

Training point

9 10 11 12 13 14

u1

Figure 1: Selection of referential values of parameter inputs and
performance output.

points, as demonstrated in the BG cell directly below 𝑅𝐴 . In
this example, totally, 29 EB points can be found out.
As a result, we totally select 64 points (including 29 EB, 23
IB, and 12 inside points) as the referential values of parameter
input. The sets of referential values can be listed as
𝐴 1 = {3, 4, . . . , 13} ,

𝐴 2 = {2, 3, . . . , 8} .

(7)

Denote the referential values of parameter input as 𝑢𝑘 =
(𝑢𝑘,1 , 𝑢𝑘,2 ), then 𝑢𝑘 ∈ 𝐴 1 × 𝐴 2 , 𝑘 = 1, 2, . . . , 𝐾, 𝐾 = 77;
here “×” denotes Cartesian product. Correspondingly, we can
construct 77 belief rules.
Next, we need to calculate the bounds of performance
output as
Lb ≤ 𝑔 (𝑢𝑘 ) ≤ Ub ,
Lb =

min (𝑔 (𝑢𝑘 )) ,

𝑢𝑘 ∈𝐴 1 ×𝐴 2

Ub =

max (𝑔 (𝑢𝑘 )) .

(8)

𝑢𝑘 ∈𝐴 1 ×𝐴 2

Obviously, Lb ≤ Lb, Ub ≥ Ub. According to designers’
experiences, the 𝐿 referential values of performance output
can be selected from the interval [Lb , Ub ] uniformly or not,
denoted as {𝐷1 , 𝐷2 , . . . , 𝐷𝐿 } and 𝐷1 = Lb < 𝐷2 < ⋅ ⋅ ⋅ <
𝐷𝐿 = Ub . For the 𝑘th rule, the input 𝑢𝑘 = (𝑢𝑘,1 , 𝑢𝑘,2 ) and
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its performance output is 𝑔(𝑢𝑘 ); then the consequent belief
distribution can be given as
{(𝐷1 , 𝛽𝑘,1 ) , (𝐷2 , 𝛽𝑘,2 ) , . . . , (𝐷𝐿 , 𝛽𝑘,𝐿 )} .

(9)

Here
𝛽𝑘,𝑙 =

(𝐷𝑙+1 − 𝑔 (𝑢𝑘 ))
,
(𝐷𝑙+1 − 𝐷𝑙 )

𝐷𝑙 ≤ 𝑔 (𝑢𝑘 ) ≤ 𝐷𝑙+1 ,

(𝑔 (𝑢𝑘 ) − 𝐷𝑙 )
,
(𝐷𝑙+1 − 𝐷𝑙 )

𝐷𝑙 ≤ 𝑔 (𝑢𝑘 ) ≤ 𝐷𝑙+1 ,

𝛽𝑘,𝑙+1 =

𝛽𝑘,𝑐 = 0,

(10)

Obviously, ∑𝐿𝑙=1 𝛽𝑘,𝑙 = 1, 𝑔(𝑢𝑘 ) = 𝛽𝑘,𝑙+1 𝐷𝑙+1 + 𝛽𝑘,𝑙 𝐷𝑙 .
In Table 1, the remaining rule weights 𝜃𝑘 and the attribute
weights 𝛿𝑖 reflect the importance (or unimportance) of the
𝑘th rule and 𝑖th referential parameter input, respectively.
Their values can be determined based on designers’ knowledge. When designers’ knowledge cannot be collected, 𝜃𝑘
and 𝛿𝑖 will be set equal to 1, respectively, which means equal
importance.
Note that, in practice, there may be more than one
acceptability region in the parameter space 𝑆𝑢 ; in this case,
some available clustering analysis methods (e.g., 𝑘-means
clustering [24]) can be used to recognize every disconnected
acceptability region. Then, by using the proposed procedure
as shown in Figure 1, the belief rules of all disconnected
regions can be generated so as to compose a rule base for
modelling the whole acceptability regions. In Section 5.1, an
example of the disconnected acceptability regions will be
given to show the procedure of BRB based modeling.
3.2. Generating New Performance Output by ER Inference of
Belief Rules. Section 3.1 gives the BRB system to describe the
acceptability region 𝑅𝐴. Actually, the BRB uses the grid-based
mechanism to approximate 𝑅𝐴 and one vertex of gridding cell
corresponds to one belief rule in rule base. Therefore, given
a new input 𝑢 = (𝑢1 , 𝑢2 , . . . , 𝑢𝑁), which certainly falls into a
certain 𝑁-dimension cell. This input 𝑢 can activate 2𝑁 rules
of this cell. Thus, the activation weight of the 𝑘th rule, 𝑤𝑘 , is
calculated as [16]
𝑤𝑘 =

𝛿𝑖
𝛿

𝑁
𝑘 𝑖
∑𝐾
𝑘=1 [𝜃𝑘 ∏𝑖=1 (𝛼𝑖 ) ]

;

(11)

𝐴 𝑖,𝑞 ≤ 𝑢𝑖 ≤ 𝐴 𝑖,𝑞+1 , 𝑢𝑘,𝑖 = 𝐴 𝑖,𝑞+1
𝐴 𝑖,𝑞 ≤ 𝑢𝑖 ≤ 𝐴 𝑖,𝑞+1 , 𝑢𝑘,𝑖 = 𝐴 𝑖,𝑞
𝑢𝑖 ≤ 𝐴 𝑖,1 = 𝑢𝑘,𝑖 or 𝑢𝑖 ≥ 𝐴 𝑖,𝐽𝑖 = 𝑢𝑘,𝑖
otherwise.

𝛿𝑖
.
max𝑖=1,2,...,𝑁 {𝛿𝑖 }

Here, 𝑞 = 1, 2, . . . , 𝐽𝑖 − 1.
Having determined the activation weight of each rule in
the rule base, the ER approach can be directly applied to
combine the rules and generate final conclusions [14]. The
output of the new input 𝑢 by the combination is defined as
𝑂 (𝑢) = {(𝐷1 , 𝛽1 ) , (𝐷2 , 𝛽2 ) , . . . , (𝐷𝐿 , 𝛽𝐿 )} .

(14)

Since the rule consequent in the BRB system has the form of
belief distribution, the result of reference in (14) is also a belief
distribution, which expresses that if the input is given as 𝑢 =
(𝑢1 , 𝑢2 , . . . , 𝑢𝑁); then the consequent is 𝐷1 to a degree 𝛽1 , 𝐷2
to a degree 𝛽, . . ., and 𝐷𝐿 to a degree 𝛽𝐿 . The analytical format
of the ER algorithm can be used to calculate the combined
belief degree 𝛽𝑙 in 𝐷𝑙 as [17]
𝐾

𝐿

𝑘=1

𝑙=1

𝛽𝑙 = (𝜇 × [∏ (𝑤𝑘 𝛽𝑘,𝑙 + 1 − 𝑤𝑘 ∑𝛽𝑘,𝑙 )
𝐾

𝐿

𝑘=1

𝑙=1

− ∏ (1 − 𝑤𝑘 ∑𝛽𝑘,𝑙 )])

(15)

−1

𝐾

⋅ (1 − 𝜇 × [∏ (1 − 𝑤𝑘 )]) .
𝑘=1

Here,
𝐿 𝐾

𝐿

𝑙=1 𝑘=1

𝑙=1

𝜇 = [∑∏ (𝑤𝑘 𝛽𝑘,𝑙 + 1 − 𝑤𝑘 ∑𝛽𝑘,𝑙 )
𝐾

𝐿

𝑘=1

𝑙=1

−1

(16)

− (𝐿 − 1) ∏ (1 − 𝑤𝑘 ∑𝛽𝑘,𝑙 )] .
Next, we can estimate performance output by the weighted
average operator

here, the relative attribute weight is defined as [16]
𝛿𝑖 =

(𝑢𝑖 − 𝐴 𝑖,𝑞 )
{
{
,
{
{
{
{ (𝐴 𝑖,𝑞+1 − 𝐴 𝑖,𝑞 )
{
{
{
{
{
{ (𝐴 𝑖,𝑞+1 − 𝑢𝑖 )
𝑘
,
𝛼𝑖 = {
(𝐴 𝑖,𝑞+1 − 𝐴 𝑖,𝑞 )
{
{
{
{
{
1,
{
{
{
{
{
{
{0,

(13)

𝑐 = 1, 2, . . . , 𝑙 − 1, 𝑙 + 2, . . . , 𝐿.

𝑘
𝜃𝑘 ∏𝑁
𝑖=1 (𝛼𝑖 )

number of referential values of 𝑢𝑖 , and 𝐴 𝑖,1 < 𝐴 𝑖,2 < ⋅ ⋅ ⋅ <
𝐴 𝑖,𝐽𝑖 . 𝛼𝑖𝑘 is calculated as

𝐿

(12)

𝛼𝑖𝑘 is the individual matching degree to which the input 𝑢𝑖
matches the 𝑖th antecedent referential value 𝑢𝑘,𝑖 in the 𝑘th
rule. Here, 𝑢𝑘,𝑖 ∈ 𝐴 𝑖 , 𝐴 𝑖 = {𝐴 𝑖,𝑗 | 𝑗 = 1, 2, . . . , 𝐽𝑖 }, 𝐽𝑖 is the

𝑔BRB (𝑢) = ∑ 𝐷𝑙 𝛽𝑙 .

(17)

𝑙=1

3.3. The Parameter Optimization of the BRB System Using the
Selected Training Samples. Although the initial belief rules
can be constructed by the limited simulations and designers’
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𝑑 (𝑃) =

𝑄

2
1
× ∑ (𝑔 (𝑢𝑞 ) − 𝑔BRB (𝑢𝑞 )) .
𝑄 𝑞=1

(18)

Here, 𝑑(𝑃) is function of the parameter set 𝑃
𝑃 = {𝛽𝑘,𝑙 , 𝜃𝑘 , 𝛿𝑖 | 𝑘 = 1, 2, . . . , 𝐾,
𝑙 = 1, 2, . . . , 𝐿, 𝑖 = 1, 2, . . . , 𝑁} .

(19)

The objective of the training is to minimize the difference
𝑑(𝑃) by adjusting the parameters 𝑃. Note that the optimal 𝑃
can be obtained by using gradient-based search methods or
nonlinear optimization software packages, such as the fmincon function in the Optimization Toolbox of MATLAB [18].
For example, in the case of two-dimensional inputs as
shown in Figure 1, there are 26 BG cells. Correspondingly,
26 training points are selected, only the extra 26 circuit
simulations are needed to get training samples. As a result,
totally 152 circuit simulations (126 initial referential points
and 26 training points) are required to construct the trained
BRB with two-dimensional inputs.

4. Tolerance Optimization Methods
In this section, the proposed BRB can be used to identify the
optimal feasibility region from the acceptability regions based
on the design criterion of maximizing volume of tolerance
region.
4.1. Choosing Initial Solution of Optimization. Firstly, we
have to select an available point and its tolerance from the
acceptability region as the initial solution of optimization,
since an arbitrary initial point and its tolerance may cause
the optimization process which is time-consuming and even
becomes trapped in the local optima [3]. There are two ways
of choosing the initial solution.

9
8

Search the point
uI = (5, 6), tI = (1, 1)

7
6
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knowledge and the performance outputs can be estimated by
ER inference of the initial belief rules, the estimation accuracy
can be improved if the parameters in the belief rules are finetuned through learning from some selected training samples.
The adjustable parameters in a rule base include belief
degrees (𝛽𝑘,1 , 𝛽𝑘,2 , . . . , 𝛽𝑘,𝐿 ), rule weights (𝜃1 , 𝜃2 , . . . , 𝜃𝐾 ), and
attribute weight (𝛿1 , 𝛿2 , . . . , 𝛿𝑁).
When we search for the available feasibility region 𝑅𝐹
from the approximated acceptability region 𝑅𝐴 estimated by
the BRB, the vertexes of the maximum 𝑅𝐹 certainly reach to
the boundary points of 𝑅𝐴 , which are all included in the set of
critical points {𝑢 | 𝑔(𝑢) = Lb, 𝑔(𝑢) = Ub}. To a large extent,
the estimation accuracy of the boundary points determines
the accuracy of the optimal 𝑅𝐹 . Since the boundary points
of 𝑅𝐴 fall into the boundary gridding (BG) cells as shown in
Figure 1, we select the central points of the BG cells as training
points and then obtain their performance outputs by circuit
simulations as the training samples. Thus, given 𝑄 training
points 𝑢𝑞 (𝑞 = 1, 2, . . . , 𝑄), the error function 𝑑(𝑃) between
the simulated output 𝑔(𝑢𝑞 ) and the estimated output 𝑔BRB (𝑢𝑞 )
can be defined as [21]

5
4
3

Find out the
The pair of symmetrical points around
initial solution
uI = (8, 5) maximizing volume of tolerance,
I
I
{x1 = 5, y1 = 11}, {x2 = 4, y2 = 6}
u = (8, 5), t = (3, 1)
1
1 2 3 4 5 6 7 8 9 10 11 12 13 14
u1
2

Inside boundary (IB) point
Inside point

Figure 2: Searching for the initial solution of optimization in the
inside points.

The first way is to seek the initial solution directly from
the inside points and inside boundary (IB) points that we have
obtained by circuit simulations.
For 𝑁-dimensional space of design parameters, let 𝑆𝐼 =
𝐼
{𝑢𝑧 | 𝑧 = 1, 2, . . . , 𝑍} be the set including a total of 𝑍 inside
𝐼
𝐼
𝐼
, 𝑢𝑧,2
, . . . , 𝑢𝑧,𝑁
). Set
points and IB points in which 𝑢𝑧𝐼 = (𝑢𝑧,1
𝐼
𝑢𝑧 as the central point and search the other points on its both
sides along every coordinate direction of the 𝑁-dimensional
space. In the 𝑖th coordinate direction, we can find a certain
pair of symmetrical points around 𝑢𝑧𝐼 ; their values in the 𝑖th
coordination is denoted as 𝑥𝑧,𝑖 and 𝑦𝑧,𝑖 , respectively. Because
𝐼
𝐼
− 𝑥𝑧,𝑖 | = |𝑢𝑧,𝑖
−
of symmetrical characteristic, we have |𝑢𝑧,𝑖
𝐼
𝐼
𝑦𝑧,𝑖 | and define 𝑡𝑧,𝑖 = |𝑢𝑧,𝑖 − 𝑥𝑧,𝑖 | as the tolerance of 𝑢𝑧𝐼 in
the 𝑖th coordinate. Thus, we need to search all pairs of the
symmetrical points about 𝑢𝑧𝐼 in all coordinate directions and
𝐼
𝐼
𝐼
, 𝑡𝑧,2
, . . . , 𝑡𝑧,𝑁
) such
find out such a tolerance vector 𝑡𝑧𝐼 = (𝑡𝑧,1
𝐼
𝐼
𝐼
that (2𝑡𝑧,1 × 2𝑡𝑧,2 × ⋅ ⋅ ⋅ × 2𝑡𝑧,𝑁) is the maximum volume. For
𝑧 = 1, 2, . . . , 𝑍, the initial solution of optimization can be
found in 𝑆𝐼 which has the maximum volume of tolerance.
Let us take the 2-dimensional space as an example.
Figure 2 shows the inside points and IB points in Figure 1.
Searching every point, we can determine that the initial
solution is 𝑢𝐼 = (8, 5), 𝑡𝐼 = (3, 1). Compared with the other
points (e.g., 𝑢𝐼 = (5, 6)), 𝑢𝐼 = (8, 5) has the maximum volume
of tolerance (2 ⋅ 3 × 2 ⋅ 1 = 12).
Instead of circuit simulations, we use the proposed BRB to
estimate more inside points so as to increase the density of the
cast points in the acceptability region. Hence, the second way
is to search for the initial solution from these estimated points
using the above procedure given in the first way. Obviously,
the initial solution got by the second way is more accurate
than that got by the first way, but it needs more computational
loads.
Note that, if there are multiple disconnected acceptability
regions in the parameter space 𝑆𝑢 ; then the above two ways
can be implemented in every acceptability region to obtain
the corresponding initial solution.
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4.2. Specifying the Objective Function. According to the criterion of maximizing volume of tolerance region, the objective
function can be defined as
(𝑉 (𝑅𝐹 ))

subject to

𝑅𝐹 ⊆ 𝑅𝐴 .

𝑁

𝑢0 ,𝑡

∏ (2𝑡𝑖 ) ,
𝑖

0.1

(20)

0
−0.1
−0.2

𝑢0 = (𝑢0 1 , 𝑢0 2 , . . . , 𝑢0 𝑁) ,

Lb ≤ 𝑔BRB (𝑢0 1 ± (

−0.4
−0.4

𝑡1
𝑡
) , 𝑢0 2 ± ( 2 ) , . . . ,
𝑗1
𝑗2

𝑢0 𝑁 ± (
Lb ≤ 𝑔BRB (𝑢0 1 ± (

𝑡𝑁
)) ≤ Ub,
𝑗𝑁

𝑡1
) , 𝑢0 2 , . . . , 𝑢0 𝑁) ≤ Ub,
𝑗1

Lb ≤ 𝑔BRB (𝑢0 1 , 𝑢0 2 ± (

𝑡2
) , . . . , 𝑢0 𝑁) ≤ Ub, . . . ,
𝑗2

Lb ≤ 𝑔BRB (𝑢0 1 , 𝑢0 2 , . . . , 𝑢0 𝑁 ± (

𝑡𝑁
)) ≤ Ub,
𝑗𝑁

0 ≤ 𝑡𝑖 ≤
for 𝑖 = 1, 2, . . . , 𝑁;
𝑗2 = 1, 2, . . . , 𝑇, . . . ,

RA,2

−0.3

𝑡 = (𝑡1 , 𝑡2 , . . . , 𝑡𝑁)
s.t.

RA,1

0.2

From (2), (3), and (17), it can be translated into
max

0.3

u2

max

0.4

ub𝑖 − lb𝑖
,
2

𝑗1 = 1, 2, . . . , 𝑇,
𝑗𝑁 = 1, 2, . . . , 𝑇.
(21)

𝑅𝐹 is a cube (𝑁 = 3) or a hypercube (𝑁 > 3). Hence, if 𝑅𝐴 is
convex, then 𝑇 = 1. We only need to ensure that 2𝑁 vertexes
of 𝑅𝐹 fall into the acceptability region 𝑅𝐴 . If 𝑅𝐴 is nonconvex,
then 𝑇 ⩾ 2 because it is necessary that the extra (2𝑇)𝑁 +
2𝑇𝑁 − 2𝑁 points on the 𝑁 sides of 𝑅𝐹 must fall into 𝑅𝐴 . 𝑇 can
be taken according to experts’ experiences about the shape
of 𝑅𝐴 and the tradeoff between the computational burden
and accuracy of optimization. The initial 𝑢0 and 𝑡 is given by
the methods in Section 4.1. Similar with the optimization of
the BRB parameters in Section 3.3, the tolerance optimization
also can be solved by the fmincon function in the MATLAB.

5. Numerical Studies
In this section, two numerical studies and an industrial case
are given to illustrate the procedure of using the BRB system
to solve tolerance design problem.
5.1. Two-Dimensional Rosenbrock Function Example. The
Rosenbrock function is a well-known benchmark for assessing nonlinear numerical optimization algorithms [22]. In

−0.3

−0.2

−0.1

0
u1

0.1

0.2

0.3

0.4

IB point and inside point
EB point
Training point

Figure 3: The acceptability regions 𝑅𝐴,1 , 𝑅𝐴,2 and IB, EB inside and
training points.

our context, the two-dimensional Rosenbrock function is
considered as the performance function to construct the
nonconvex and disconnected acceptability regions. The proposed method can be tested using these complex acceptability
regions.
Set the acceptability regions as
𝑅𝐴 = {𝑢 | 5 ≤ 𝑔 (𝑢) ≤ 10} .

(22)

Here, the performance function is
2

2

𝑔 (𝑢) = 100 (𝑢2 − 𝑢12 ) + (1 − 𝑢1 ) .

(23)

The design parameters are −0.4 ⩽ 𝑢1 ⩽ +0.4, −0.4 ⩽
𝑢2 ⩽ +0.4, 𝑢 = (𝑢1 , 𝑢2 ). From Figure 3, it can be seen that
the 𝑅𝐴 includes two disconnected and nonconvex subregions
denoted as 𝑅𝐴,1 and 𝑅𝐴,2 , respectively.
According to the procedure of building BRB system given
in Section 3, suppose 17 referential values are uniformly
selected for the two design parameters 𝑢1 and 𝑢2 , respectively;
we then have 172 initial referential points in 𝑆𝑢 = {𝑢 =
(𝑢1 , 𝑢2 ) | −0.4 ⩽ 𝑢𝑖 ⩽ 0.4𝑖 , 𝑖 = 1, 2}. The corresponding
289 circuit simulations are implemented to generate the
initial referential performance outputs. In this numerical
example, the circuit simulations are replaced by calculations
of analytical formula (23). Based on the constraints given by
(22), the 68 inside pints and 65 IB points are picked out from
the 289 initial referential points as shown in Figure 3. Here,
the 𝑘-means clustering algorithm is used to divide these 289
points into two parts so as to recognize 𝑅𝐴,1 and 𝑅𝐴,2 . Thus,
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Table 2: The partial parameters of the initial rule base.
𝑘
1
2
3
4
5
6
7
8
..
.

𝑢𝑘,1
−0.4
−0.4
−0.4
−0.4
−0.4
−0.4
−0.4
−0.35
..
.

𝑢𝑘,2
−0.15
−0.1
−0.05
0
0.3
0.35
0.4
−0.2
..
.

𝛽𝑘,1
0
0
0
0
0.04
0
0
0
..
.

𝛽𝑘,2
0
0
0
0.74
0.96
0.215
0
0
..
.

𝛽𝑘,3
0
0
0.815
0.26
0
0.785
0.14
0
..
.

𝛽𝑘,4
0
0.64
0.185
0
0
0
0.86
0
..
.

𝛽𝑘,5
0.215
0.36
0
0
0
0
0
0
..
.

𝛽𝑘,6
0.785
0
0
0
0
0
0
0.8884
..
.

𝛽𝑘,7
0
0
0
0
0
0
0
0.1116
..
.

121
122
123
124
125
126
127
128

0.35
0.35
0.35
0.35
0.35
0.4
0.4
0.4

−0.1
−0.05
0.3
0.35
0.4
−0.2
−0.15
−0.1

0
0.3009
0.2134
0
0
0
0
0

0.3134
0.6991
0.7866
0.2009
0
0
0
0

0.6866
0
0
0.7991
0
0
0
0.44

0
0
0
0
0.9384
0
0.015
0.56

0
0
0
0
0.0616
0
0.985
0

0
0
0
0
0
0.34
0
0

0
0
0
0
0
0.66
0
0

Table 3: The partial parameters in the trained rule base.
𝑘
1
2
3
4
5
6
7
8
..
.

𝑢𝑘,1
−0.4
−0.4
−0.4
−0.4
−0.4
−0.4
−0.4
−0.35
..
.

𝑢𝑘,2
−0.15
−0.1
−0.05
0
0.3
0.35
0.4
−0.2
..
.

𝜃𝑘
1
1
0.9789
1
1
1
0.9990
1
..
.

𝛽𝑘,1
0.0177
0
0.0411
0.0982
0.0118
0.0185
0.0185
0.0283
..
.

𝛽𝑘,2
0.0005
0
0.03
0.9018
0.9882
0.11
0
0
..
.

𝛽𝑘,3
0
0
0.9289
0
0
0.8715
0.9815
0
..
.

𝛽𝑘,4
0
1
0
0
0
0
0
0
..
.

𝛽𝑘,5
0
0
0
0
0
0
0
0
..
.

𝛽𝑘,6
0.9818
0
0
0
0
0
0
0.9152
..
.

𝛽𝑘,7
0
0
0
0
0
0
0
0.0565
..
.

121
122
123
124
125
126
127
128

0.35
0.35
0.35
0.35
0.35
0.4
0.4
0.4

−0.1
−0.05
0.3
0.35
0.4
−0.2
−0.15
−0.1

1
0.9746
0.9990
1
1
0.9677
0.9878
1

0.0308
0.0625
0.5379
0.0156
0.0158
0.0391
0.0429
0.0308

0.0004
0
0.4620
0.0587
0
0.9609
0.0039
0.0004

0
0.9375
0
0.9254
0.1587
0
0
0

0.2358
0
0
0
0.8255
0
0
0.2355

0.7332
0
0
0
0
0
0
0.7333

0
0
0
0
0
0
0.2058
0

0
0
0
0
0
0
0.7474
0

the 79 EB points can be found out from the 79 BG cells. As a
result, we obtain the sets of antecedent referential values as
𝐴 1 = {−0.4, −0.35, −0.3, −0.25, −0.2, −0.15, −0.1, −0.05,
0, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4} ,
𝐴 2 = {−0.3, −0.25, −0.2, −0.15, −0.1, −0.05, 0, 0.15,
0.2, 0.25, 0.3, 0.35, 0.4} .
(24)
The referential values of parameter input 𝑢𝑘 = (𝑢𝑘,1 , 𝑢𝑘,2 ),
𝑢𝑘 ∈ 𝐴 1 × 𝐴 2 , 𝑘 = 1, 2, . . . , 𝐾, 𝐾 = 128. By (8), we have

Lb = 2, Ub = 14. Suppose 𝐿 = 7 referential values of
performance output are uniformly taken from the interval
[Lb , Ub ]; then 𝐷1 = 2, 𝐷2 = 4, . . . , 𝐷7 = 14. Thus, we can
construct the initial belief rules by (9) and (10) and list the
partial parameters of the initial rule base in Table 2.
In Table 2, the other parameters 𝜃𝑘 and 𝛿𝑖 are set equal to
1, respectively.
Next, set the 79 central points of the BG cells as training
points and then obtain their performance outputs by circuit
simulations as the training samples as shown in Figure 3. By
(18), we can optimize the parameter set of the initial rule
base and get the trained rule base. Table 3 lists the partial
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Table 4: Comparisons of the optimization results for 𝑅𝐴,1 .

𝑢

𝑅𝐹𝑜

𝑜

𝑜

𝑜
𝑢BRB

(0.186, 0.033)

(−0.0255, 0.265)

𝑡

(−0.026, 0.266)

𝑜
𝑅𝐹,BRB

𝑜
𝑡BRB

re𝑜BRB

𝐼
𝑢BRB

(0.191, 0.035)

4.4%

(−0.02, 0.26)

𝐼
𝑅𝐹,BRB

𝐼
𝑡BRB

re𝐼BRB

(0.15, 0.04)

20.3%

Table 5: Comparisons of the optimization results for 𝑅𝐴,2 .
𝑅𝐹𝑜

𝑢𝑜

𝑜
𝑢BRB

(0.182, 0.033)

(0.0195, 0.234)

𝑜
𝑡BRB

re𝑜BRB

𝐼
𝑢BRB

(0.185, 0.034)

2.4%

(0.02, −0.24)

7

0.4

6

0.3

𝐼
𝑅𝐹,BRB

𝐼
𝑡BRB

re𝐼BRB

(0.14, 0.04)

22.1%

RA,1

RFo

0.2

5

I
RF,BRB

0.1

o
RF,BRB

4
u2

Relative error (%)

(0.0164, −0.234)

𝑡𝑜

𝑜
𝑅𝐹,BRB

3

0
−0.1

2

−0.2

1

−0.3

0

0

50
100
150
200
250
300
350
The selected sample points from RA,1 and RA,2

400

The initial BRB
The trained BRB

Figure 4: The relative errors of the initial BRB and the trained BRB.

−0.4
−0.4

RA,2

−0.3

−0.2

−0.1

0
u1

0.1

0.2

0.3

0.4

The boundary of RA given by simulations
The boundary of RA given by the trained BRB
The inside sample point
The central point of RF

Figure 5: The approximation of 𝑅𝐴 and optimization of 𝑅𝐹 by using
the trained BRB.

parameters obtained by training; here, after training, 𝛿𝑖 is still
equal to 1 for 𝑖 = 1, 2.
We uniformly select 404 sample points from 𝑅𝐴,1 and 𝑅𝐴,2
and calculate their performance outputs by the initial BRB
and trained BRB. Figure 4 shows the relative errors of the
trained BRB and the initial BRB, respectively. Obviously, the
training process improves the estimation accuracy of the BRB
system.
After obtaining the trained BRB, the next step is to
optimize tolerances by the proposed method in Section 4.
Firstly, according to the second way introduced in Section 4.1,
we reuse the inside points in Figure 4 generated by the trained
𝐼
of optimization.
BRB to find out the initial solution 𝑅𝐹,BRB
Secondly, by using the objective function (𝑇 = 10) in (21), we
𝑜
together with the optimal
can get the optimal result 𝑅𝐹,BRB
𝑜
𝑅𝐹 by circuit simulations shown in Figure 5. Tables 4 and 5
𝐼
𝑜
list 𝑅𝐹,BRB
, 𝑅𝐹,BRB
, 𝑅𝐹𝑜 , and the relative errors re𝑜BRB and re𝐼BRB

𝐼
𝑜
between the estimated 𝑅𝐹,BRB
, 𝑅𝐹,BRB
, and 𝑅𝐹𝑜 for 𝑅𝐴,1 and
𝑅𝐴,2 , respectively. Here, re𝑜BRB is defined as

re𝑜BRB = 100% ×

1 𝑁  𝑜 𝑜

𝑜
𝑜
− 𝑡BRB𝑖
)
∑ (((𝑢 − 𝑡𝑖 ) − (𝑢BRB,𝑖
𝑁 𝑖=1  𝑖


𝑜
𝑜
+ (𝑢𝑖𝑜 + 𝑡𝑖𝑜 ) − (𝑢BRB,𝑖
+ 𝑡BRB,𝑖
))
−1
⋅ (2𝑡𝑖𝑜 ) ) .
(25)

re𝐼BRB can be gotten using the same way, in this example, 𝑁 =
𝑜
is very close to the optimal 𝑅𝐹𝑜 .
2. Obviously, 𝑅𝐹,BRB
5.2. Eight-Dimensional Quadratic Performance Function. In
the yield estimation of integrated circuits, the high-dimensional quadratics or higher order polynomials are usually
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Table 6: Comparisons of the optimization results for 𝑅𝐴 .
𝑖
1
2
3
4
5
6
7
8

𝑢𝑖𝑜

𝑅𝐹𝑜

4.9929
4.9913
4.9994
4.9925
4.9922
4.9928
4.9915
4.9940

𝑡𝑖𝑜

𝑜
𝑢BRB,𝑖

0.0738
0.0887
0.0157
0.0774
0.0802
0.0747
0.0868
0.0642

4.9891
4.9896
4.9969
4.9891
4.9893
4.9891
4.9895
4.9888

𝑜
𝑅𝐹,BRB
𝑜
𝑡BRB,𝑖
0.0743
0.0889
0.0164
0.0778
0.0808
0.0753
0.0872
0.0652

used to model the performances of interest. Here, we give
an eight-dimensional quadratic function to test the proposed method. Without loss of generality, assume a circuit
performance can be expressed as an 8-dimension quadratic
function whose symmetric matrixes are diagonal or block
diagonal [6, 25, 26]. The function for this example is taken as
1
𝑔 (𝑢) = 𝑎0 + 𝐽𝑢 + 𝑢𝑇 𝐻𝑢,
2

(26)

where 𝑎0 = 6 and matrices 𝐽 and 𝐻 are as follows:
𝐽 = [−1 1 0 2 3 1 2 4] ,
1
[2
[
[0
[
[0
𝐻=[
[0
[0
[
[0
[0

2
−1
0
0
0
0
0
0

0
0
4
3
0
0
0
0

0
0
7
−3
0
0
0
0

0
0
0
0
1
6
0
0

0
0
0
0
−5
2
0
0

0
0
0
0
0
0
1
−1

0
0]
]
0]
]
0]
.
0]
]
]
0]
1]
3]

(27)

Set the acceptability region as
𝑅𝐴 = {𝑢 | 346 ≤ 𝑔 (𝑢) ≤ 360} .

(28)

The design parameter vector 𝑢 = (𝑢1 , 𝑢2 , . . . , 𝑢8 ), 𝑆𝑢 =
{𝑢 | 4.5 ⩽ 𝑢𝑖 ⩽ 5.5𝑖 , 𝑖 = 1, 2, . . . , 8}.
Suppose the numbers of the referential values uniformly
selected for 𝑢𝑖 are 𝐽𝑖 = 3 for 𝑖 = 1, 4, 6, 8 and 𝐽𝑖 = 3 for
𝑖 = 2, 3, 5, 7, respectively. The corresponding 1296 circuit
simulations are implemented to generate the initial referential
performance outputs. Based on the constraints given by (28),
165 IB points are picked out from 1296 initial referential
points. Thus, 458 EB points can be found out. As a result,
we obtain the initial rule base consisting of 623 belief rules,
in which 𝐿 = 26 referential values of performance output are
uniformly taken from the interval [Lb , Ub ]; here, Lb = 302,
Ub = 406, and then 𝐷1 = 302, 𝐷2 = 306, . . . , 𝐷26 = 406.
The rule weights and attribute weights are all set equal to 1,
respectively.
By testing the selected 1373 sample points in 𝑅𝐴 , the
maximum of the relative errors of the initial BRB is only
0.25%; it is accurate enough for tolerance design. Hence,
the training process is not implemented any longer so as to

re𝑜BRB

𝐼
𝑢BRB,𝑖

5.8%

4.99
4.99
4.99
4.99
4.99
4.99
4.99
4.99

𝐼
𝑅𝐹,BRB
𝐼
𝑡BRB,𝑖
0.065
0.065
0.045
0.065
0.065
0.055
0.055
0.05

re𝐼BRB

43.2%

reduce the computational burden. According to the second
way introduced in Section 4.1, we reuse the 1373 sample
points in 𝑅𝐴 generated by the initial BRB to find out the
𝐼
of optimization. Secondly, by using
initial solution 𝑅𝐹,BRB
the objective function in (21) (𝑇 = 2), we can get the
𝑜
together with the optimal 𝑅𝐹𝑜 by circuit
optimal result 𝑅𝐹,BRB
𝐼
𝑜
𝑜
𝐼
, 𝑅𝐹,BRB
, 𝑅𝐹𝑜 , and 𝑟BRB
and 𝑟BRB
simulations. Table 6 lists 𝑅𝐹,BRB
𝐼
𝑜
between the estimated 𝑅𝐹,BRB
, 𝑅𝐹,BRB
, and 𝑅𝐹𝑜 respectively.
𝑜
Obviously, 𝑅𝐹,BRB accurately approximates the optimal 𝑅𝐹𝑜 .
5.3. Application in the Tolerance Design of Railway Track
Circuit. Railway track circuit is an essential component of
information transmission system between track and vehicle
and the automatic train control system [6, 27]. It uses a
specific carrier frequency to transmit the coded control information to the train. The application considered in this paper
concerns the parameters designs of the insulating section of
a jointless track circuit named as ZPW 2000A widely used
on Chinese high-speed railway lines. This device will first be
described and the problem addressed will be exposed.
The railway track is divided into different sections. Each
one of them has a specific ZPW 2000A consisting of main
track circuit and short track circuit [28] (see Figure 6). In
main track circuit, a transmitter in sending end delivers an
alternating current with the specific modulation frequency;
a receiver in receiving end demodulates the currents signal
transmitted along two rails and controls the track relay. The
short track circuit is an electric insulating section composed
of two tuning units (BA1 and BA2) and a track air-core inductor (SVA), which can achieve good signal insulation between
adjacent track circuits through its resonance characteristic.
Figure 7 shows the schematic diagram of the short track
circuit of G2. We take the analysis of the resonance performance of the tuning unit 2 (BA2) as an example. 𝐿 2 𝐶2 𝐶3
parallel resonance with the track inductance 𝐿V happens at
its frequency 2300 Hz. 𝐿V is given as 𝐿V = 0.5𝐿 + 0.5𝐿//𝐿𝑠.
𝐿(𝜇𝐻) and 𝐿𝑠(𝜇𝐻) are respective inductance values of rails
and SVA in short track circuit of G2. “//” denotes parallel
operator. The impedance value of 𝐿 2 𝐶2 𝐶3 𝐿V circuit gets
to maximum about 2 Ω. It is equivalent to “open circuit” and
reduces the attenuation of G2 signal intensity. In our context,
parallel resonance frequency 𝑔(𝐿 2 , 𝐶2 , 𝐶3 ) is considered as
the performance function. In practical parameters designs, it
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Table 7: Comparisons of the optimization results for 𝑅𝐴 .

𝑖
1
2
3

𝑢𝑖𝑜

𝑅𝐹𝑜

97.0506
91.0297
262.2203

𝑡𝑖𝑜

𝑜
𝑢BRB,𝑖

0.5335
0.8900
1.1877

97.0153
91.1083
262.2363

𝑜
𝑅𝐹,BRB
𝑜
𝑡BRB,𝑖
0.5402
0.8917
1.2363

Track circuit G2
The carrier frequency f2 = 2300 Hz
Main track circuit

re𝑜BRB

𝐼
𝑢BRB,𝑖

6.5%

96.9
91
262.2

Short
track circuit

𝐼
𝑅𝐹,BRB
𝐼
𝑡BRB,𝑖
0.6
0.9
1.2

re𝐼BRB
11.1%

The adjacent track circuit G1
The carrier frequency
f2 = 1700 Hz

BA1

SVA

BA2

BA2

SVA

Trimming capacitors

Direction
Matching
transformer

Matching
transformer

Receiver
cable

Receiver
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is generally required that the nominal values of 𝑔 is 2300 Hz
[28]. The maximum frequency drifts are ±11 Hz. So we set the
acceptability region as
𝑅𝐴 = {𝑢 | 2289 Hz ≤ 𝑔 (𝑢) ≤ 2311 Hz} .

(29)

Here, the design parameters 𝑢1 = 𝐿 2 , 𝑢2 = 𝐶2 , 𝑢3 = 𝐶3 ,
𝑢 = (𝑢1 , 𝑢2 , 𝑢3 ), and 𝑆𝑢 = {𝑢 | 96𝜇𝐻 ⩽ 𝑢1 ⩽ 98𝜇𝐻, 88𝜇𝐹 ⩽
𝑢2 ⩽ 92𝜇𝐹, 261𝜇𝐹 ⩽ 𝑢3 ⩽ 264𝜇𝐹}. The whole circuit model
of ZPW 2000A has been built using the software Simulink in
[29]. Here, we can use the Simulink-based circuit simulator
to generate the simulation data of performance output 𝑔(𝑢).
We uniformly select 𝐽1 = 7, 𝐽2 = 9, and 𝐽3 = 8 referential
values for 𝑢1 , 𝑢2 , and 𝑢3 , respectively. The corresponding 504

circuit simulations are implemented to generate the initial
referential performance outputs. Based on the constraints
given by (29), 347 inside points and 41 IB points are picked
out from the 504 initial referential points. Thus, the 41 EB
points can be found out. As a result, we obtain the initial rule
base consisting of 429 belief rules, in which 𝐿 = 10 referential
values of performance output are uniformly taken from the
interval [Lb , Ub ]; here, Lb = 2287, Ub = 2314, and then
𝐷1 = 2287, 𝐷2 = 2290, . . . , 𝐷10 = 2314. The rule weights and
attribute weights are all set equal to 1, respectively.
Similar with example 2, the given initial BRB is accurate
enough for tolerance design, so the training process is
cancelled. Figure 8 shows the approximated 𝑅𝐴 which is a
complex polyhedron. The selected 2470 sample points are
generated by the initial BRB, which are used to seek for the
𝐼
. Using the objective function in (21)
initial solution 𝑅𝐹,BRB
𝑜
(see Figure 8)
(𝑇 = 2), we can get the optimal result 𝑅𝐹,BRB
𝑜
together with the optimal 𝑅𝐹 by Simulink simulations. Table 7
𝐼
𝑜
𝑜
𝐼
lists 𝑅𝐹,BRB
, 𝑅𝐹,BRB
, 𝑅𝐹𝑜 , and 𝑟BRB
and 𝑟BRB
between the esti𝐼
𝑜
𝑜
𝑜
mated 𝑅𝐹,BRB , 𝑅𝐹,BRB , and 𝑅𝐹 , respectively. Obviously, 𝑅𝐹,BRB
𝑜
accurately approximates the optimal 𝑅𝐹 .

6. Conclusions
In this paper, a BRB system is designed to model the acceptability region and optimize the feasibility region of circuit
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parameters so that the volume of the tolerance region of the
circuit can be maximized. Its virtues can be demonstrated by
several examples in this paper.
The main advantages of this new method are as follows.
(i) The physical meanings of the parameters and structures of the BRB system are transparent and intuitively easy to understand by experts and engineers,
so they can participate in the main steps of system
modeling (e.g., determining the number of rules by
considering the inside points and IB points, choosing
the training samples from the BG cells, and determining the attribute weights and rule weights).
(ii) The proposed BRB system is applicable to complex
cases, such as highly nonlinear performance function
and nonconvex and disconnected feasibility regions.
(iii) The proposed optimization algorithm provides alternative ways to obtain the initial solutions of the
optimization problem so as to avoid local optima with
a higher chance and improve the efficiency of the
algorithm.
Like all other deterministic methods, the proposed
method also suffers from exponential explosion of computational costs when the dimension of a design parameter
space increases. However, when there are strong correlations
between the design parameters, the correlation analysis
methods can be used to find out less independent variables or
principal components so as to reduce the dimension of design
parameter space as analyzed in [30].
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This paper investigates a type of STGM (system testability growth model) based on the nonhomogeneous Poisson process which
incorporates TGEF (testability growth effort function). First, we analyze the process of TGT (testability growth test) for equipment,
which shows that the TGT can be divided into two committed steps: make the unit under test be in broken condition to identify
TDL (testability design limitation) and remove the TDL. We consider that the amount of TGF (testability growth effort) spent on
identifying TDL is a crucial issue which decides the shape of testability growth curve and that the TGF increases firstly and then
decreases at different rates in the whole life cycle. Furthermore, we incorporate five TGEFs: an Exponential curve, a Rayleigh curve,
a logistic curve, a delayed S-shape curve or an inflected S-shaped curve which are collectively referred to as Bell-shaped TGEFs into
STGM. Results from applications to a real data set of a stable tracking platform are analyzed and evaluated in testability prediction
capability and show that the Bell-shaped function can be expressed as a TGF curve and that the logistic TGEF dependent STGM
gives better predictions based on the real data set.

1. Introduction
Generally, system testability is defined as the probability of
fault detection or isolation for a specific period of time in a
specified environment, which is quantified by various testability indexes, such as FDR, FIR, and FAR [1–3]. Over the
last several decades, many testability test technologies, especially testability demonstration test for equipment, have been
researched [4–15]. However, some research work indicates
that the result of testability demonstration test departures
from the actual value of testability greatly and makes the
result of testability demonstration test unauthentic [4]. The
root cause for this is that the vacancy of TGT in tracking
and measuring the growth of testability as equipment is being
developed.
In general, any fault diagnosis system similar to reliability
for large-scale and complicated equipment like a missile
may be premature when the fault diagnosis system has been

developed, in which many TDLs hide, such as nonexpectant
failure, test vacancy, ambiguity group, fuzzy point, improper
resistance tolerance, or threshold. And then, the designers
analyze and judge the root cause of TDL and further track
to the design of equipment testability, like UUT, redesign of
test equipment or interface equipment, circuit of BIT, fault
diagnosis software, and test program of ATE. Thus, almost all
the fault diagnosis systems for large-scale and complicated
equipment need a certain extent of time period to develop
TGT to identify and remove the TDLs to attain the expected
value under contract.
The TGT is an important and expensive part of equipment testability development. A TDL in UUT leads to an
output that differs from specifications and requirements. The
aim of TGT is to identify and remove the TDL and further
to increase the fault detection/isolation probability that a
designed testability will work as intended in the hands of
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the designers. The testability growth test phase aims at
identifying and removing the TDLs. Typically, TGT is more
constructive and has high confidence level for system testability rather than the testability demonstration test at the
acceptance stage only.
A common approach for measuring system testability is
by using an analytic model whose parameters are generally
estimated from available data on fault detection/isolation. In
this paper, the analytic model is referred to by us as STGM.
A STGM provides a mathematical relationship between the
number of TDLs removed and the test time during the
whole life cycle and generally is used as a tool to estimate
and predict the progress of system testability. At the same
time, the STGM can be used for planning and controlling all
test resources during development and can assure us about
the testability of equipment. There is an extensive body of
literature emphasizing the importance of TGT, but no depth
of research is done on STGM [3, 8].
In the context of TGT, the basic objective is to identify the
TDLs and remove them one by one. Therefore, the process
of TGT contains not only a TDL identification process but
also a TDL removal process and that the key issues are
the TGE which are consumed to identify the TDL and the
effectiveness of TDL removal, respectively. In general, the
TGE can be represented as man-hour, TGT cost, the times of
fault injection, and so forth. The functions that describe how
a TGE is distributed over the TGT phase are referred to by us
as TGEF. The shape of the observed testability growth curve
depends strongly on the time distribution of the TGE. Due to
the randomness of TGT and consider the designer’s capability
and familiarity to UUT synchronously, the other key issue
(i.e., the effectiveness of TDL removal) can be referred to by
us as a constant TDL identification rate and a constant TDL
removal rate, respectively.
There is an extensive body of literature [16–40] on
software reliability growth model describing the relationship
between the test time and the amount of test-effort expended
during that time, in which the test effort was often described
by the traditional Exponential [19, 21], Rayleigh [16, 19, 21],
logistic [29, 30, 37, 38], delayed-shaped [19, 39] or inflected
S-shaped [18, 39] curves. Thus, to address the issue of TGEF,
this paper will use the above five test effort curves which are
collectively referred to as Bell-shaped TGEFs to describe the
relationship between the test time and the amount of TGE
expended during that time by analyzing the consumption
rule of TGE. Sometimes the TGE can be represented as
the number of faults injected or occurred naturally instead
of man-hours or TGT cost. Similarly, to address the issue
of effectiveness of TDL removal, we assume that the TDL
identification rate and the TDL removal rate are constant.
In this paper, the process of TGT is decomposed into
fault injection or occurrence, TDL identification, and TDL
removal processes which are all based on NHPP. We show
how to integrate time dependent TGEF, constant TDL identification rate, and constant TDL removal rate into STGM to
find the framework of STGM. We further pay main attention
on the consumption pattern of TGE based on fault injection
collection of fault occurring naturally and then discuss how
to integrate five Bell-shaped TGEFs into STGM. A method
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to estimate the model parameter is provided. Experimental
results from a stable tracking platform are analyzed and the
five STGMs based on the above five Bell-shaped TGEFs are
compared with each other to show which STGM can give
better prediction.
The remainder of the paper is organized as follows.
In Section 2, we found a framework of STGM considering
TGEF. The fault occurrence, TDL identification and TDL
removal process based on NHPP are also described and
analyzed in this section. In Section 3, we pay main attention to analyzing the consumption rule of TGEF which is
represented by fault injection or collection of fault occurred
naturally at design & development stage and trial & in-service
stage, respectively. At the same time, we show how to incorporate the five Bell-shaped TGEFs into STGM. Parameters
of the proposed STGMs as estimated by the method of LSE
are discussed in Section 4. Finally, Section 5 discusses the
goodness of the above five STGMs on prediction with the
application of these models to a real data set.

2. A General Framework of STGM
Based on NHPP
In general, the precondition for testability growth test is that
the UUT is in failed condition. That is to say, there is one
or more faults occurred in the UUT. Under the precondition, TGT is the process of running a testability diagnostic
program and capturing the fault detection and isolation data
to identify the TDLs and remove them. In other words, the
TGT aims at identifying the TDLs and removing them one
by one under the precondition of fault occurred. Therefore,
the process of removing TDLs can roughly be divided into
three steps: fault occurrence, TDL identification, and TDL
removal. At the same time, each of the above three steps can
be described effectively as a counting process based on NHPP.
In practice, the most important factor which affects the
STGM’s evaluation and predication accuracy is TGE. TGE
is the cumulative testability growth effort consumed in TGT
which can be measured by the number of fault injection, test
cost, staff, and so on. The consumed TGE indicates how TDLs
are identified effectively in the UUT and can be modeled by
different curves considering the consumption pattern in TGT.
In this section, a framework for foundation of STGM with
TGEF is proposed.
2.1. Fault Occurrence, TDL Identification, and Removal. TDL
identification may be realized under the condition that
the UUT must be broken. Once the UUT is in broken
condition which usually can be realized by fault injection or
collection information of fault occurred naturally, the design
of testability begins to run to identify the TDL and analyze
the root cause of the TDL. When the specific root cause is
recognized, the designers can remove the TDL accordingly.
We can use the number of residual TDLs as a measure of
system testability. The great the number of TDLs, the lower
of testability level would be. So, the process of TGT is the
process to identify and remove the TDLs existing in the UUT.
In other words, the process of TGT is to identify and remove
the TDL one by one. So, the process of TGT can be described
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Figure 1: An apt sketch map of TGT.

by Poisson process considering the randomness of fault
injection, fault detection and isolation, TDL identification,
and removal etc. Here, we give an apt shown in Figure 1 to
describe the process of TGT.
The fives processes given by Figure 1 about TGT and fault
detection and isolation are (a) the process of fault occurred
naturally or injected of the UUT, (c) the process of identifying
that TDL exists in the UUT, (d) the process of removing TDL
exist in the UUT, (b) and (e) depict the fault detection and
isolation before and after the TGT, respectively.
In (a), {𝑓1 , 𝑓2 , . . . , 𝑓𝑖 , . . . , 𝑓𝑀} is the failure mode set which
is obtained by FMEA and 𝑀 is the total number of failures

in the UUT. With the progress of TGT, the time-dependent
failure phenomena which can be realized by fault injection or
collection of fault information occurred naturally at random
time serial {𝑡1 , 𝑡2 , . . . , 𝑡𝑖 , . . . , 𝑡𝑀}.
In (b), When some failures occurred at random time
serial {𝑡1 , 𝑡2 , . . . , 𝑡𝑖 , . . . , 𝑡𝑀}, the system testability is activated
to detect and isolate the failures accordingly. If a failure cannot be detected and isolated successfully, a TDL is identified.
Practically, some failures may be easy to detect and isolate,
and some others are not. For example, 𝑓1 and 𝑓4 cannot be
detected and isolated correctly, so two TDLs are identified
and are noted as TDL1 and TDL2 , respectively.
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With the progress of TDL identification, increasing TDLs
are identified gradually; thus we have the process (c) which
describes the counting process of TDL identified.
In (d), the designers analyze the root cause of the TDL and
try their best to modify the design of testability and remove
the TDL accordingly. But, not all the TDLs identified can
be removed successfully because of designer’s familiarity to
UUT. For example, the TDL𝑗 presented in process (c) still
cannot be removed successfully after an infinite amount of
test time and test effort consumed. All the TDLs which can
be identified but cannot be removed successfully form the
process (d). In TGT, we should pay more attention to the
expected average number of TDLs identified and removed
successfully.
By comparison with process (b), process (e) gives the
growth effect of fault detection and isolation after TGT
apparently.
2.2. NHPP in TGT. There is an extensive body of literature
[12, 32] on NHPP used for description of counting process
effectively, such as the probabilistic failure process in software
and equipment. In this paper, the NHPP is introduced to
describe the TDL detection and removal process. 𝑁(𝑡) is
a nonnegative integer and a time-dependent nondecreasing
function, which describes the cumulative number of TDLs
identified and removed up to time 𝑡. If 𝑠 < 𝑡, 𝑁(𝑠) − 𝑁(𝑡) is
the counts of the TDL identified and removed in the interval
(𝑠, 𝑡).
The following characters of 𝑁(𝑡) can be derived from
the assumption that “the probability that two or more faults
occurred synchronously is wee and can be neglected in testability engineering” [3].
(1) 𝑁(0) = 0.
(2) The process has independent increment.
(3) limℎ → 0 𝑃[𝑁(𝑡 + ℎ) − 𝑁(𝑡) = 1] = 𝜆(𝑡)ℎ + 𝑜(ℎ).
(4) limℎ → 0 𝑃[𝑁(𝑡 + ℎ) − 𝑁(𝑡) ≥ 2] = 𝑜(ℎ).
Thus, the process of {𝑁(𝑡), 𝑡 ≥ 0} follows a Poisson
process with a parameter 𝜆(𝑡), where 𝜆(𝑡) is the TDL intensity
of 𝑚𝑟 (𝑡) (i.e., number of TDLs identified and removed correctly per unit time). The counting process with a constant
𝜆(𝑡) has a smooth increment, which is named homogeneous
Poisson process. Otherwise, the counting process with a timedependent 𝜆(𝑡) has a fluctuant increment, which is named
nonhomogeneous Poisson process. HPP can be considered as
a special case of NHPP, and NHPP is an extend case of HPP.
Make 𝑚𝑟 (𝑡) = 𝐸[𝑁(𝑡)]; then 𝑚𝑟 (𝑡) is the expected mean
number of TDLs identified and removed successfully in time
(0, 𝑡], so 𝑚𝑟 (𝑡) can be expressed as
𝑡

𝑚𝑟 (𝑡) = ∫ 𝜆(𝑢)d𝑢.
0

(1)

So
𝜆(𝑡) = 𝑚𝑟 (𝑡) = lim

Δ𝑡 → 0

𝐸[𝑁(𝑡 + Δ𝑡) − 𝑁(𝑡)]
.
Δ𝑡

(2)

To estimate the value of
system testability before
TGT, noted as T(t0 )
To identify the inherent
TDLs in the UUT, the
process is expressed by
W(t) and b1
To remove the TDLs
identified by the tester, the
process is expressed by b2
To evaluate the value of
system testability after TGT,
noted as Te

Figure 2: The basic process of TGT.

To any 𝑡 ≥ 0, 𝑠 ≥ 0, 𝑁(𝑡 + 𝑠) − 𝑁(𝑡) follows the Poisson
distribution with parameters 𝑚𝑟 (𝑡 + 𝑠) − 𝑚𝑟 (𝑡), so we have
𝑃[𝑁(𝑡 + 𝑠) − 𝑁(𝑡) = 𝑛] = exp{−[𝑚𝑟 (𝑡 + 𝑠) − 𝑚𝑟 (𝑡)]}
𝑛

⋅

[𝑚𝑟 (𝑡 + 𝑠) − 𝑚𝑟 (𝑡)]
.
𝑛!

(3)

We can use either the number of TDLs identified and
removed or the number of remaining TDLs as a measure
of testability quality. Here, we use the number of TDLs
identified and removed successfully (i.e., 𝑚𝑟 (𝑡)) as a measure
of system testability quality. Parallel to the analysis of Figure 1, 𝑚𝑟 (𝑡) is critical for both the mean and variance of
testability estimation and prediction. Hence, calculation of
𝑚𝑟 (𝑡) is our main focus in the following parts of this paper.
2.3. A General Framework of STGM Considering TGEF. A
STGM provides a mathematical relationship between the
number of TDLs identified and removed successfully (𝑚𝑟 (𝑡))
from the UUT and the test time. STGM can be used as a
tool to estimate and predict the progress of system testability.
A TDL inherent in the UUT leads to an output that the
fault occurred or injected cannot be detected and isolated
correctly. The TGT aims at identifying these TDLs and
removing them. At any time during the TGT phase, the
basic process of TGT includes four steps which are shown in
Figure 2.
In Figure 2, 𝑇𝑒 is the target testability level which has been
fixed at the beginning of TGT. But it is frequently realized that
this target may not be achievable for a number of reasons,
like inadequacy of TGE or inefficiency of the test team. So,
TGT is a repetitive work of “test-identification-correctiontest” generally until the conditional expression 𝑇(𝑡0 ) < 𝑇𝑒 is
satisfied. 𝑇(𝑡0 ) is the estimation value of testability at time 𝑡0 .
Firstly, we need to estimate 𝑇(𝑡0 ) at time 𝑡0 . From the
above analysis, the main cause leading to 𝑇(𝑡0 ) < 𝑇𝑒 is the
TDL existing in the UUT. In this paper, we assume that the
removal of a TDL from the UUT includes two phases. In the
first phase the TDL identification team, primarily consisting
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of test personnel, identifies a TDL by making the UUT be
in failed condition. Concretely, the identification team can
either collect the fault occurred naturally or injected to verify
the level of testability. During the TGT phase, much testability
growth effort is consumed. The consumed TGE indicates how
the TDLs are identified effectively in the UUT and can be
modeled by different curves. Actually, the system testability
is highly related to the amount of testability growth effort
expenditures spent on identifying TDLs. In this step, the work
in the process of TDL identification is calculated by 𝑊(𝑡),
such as man-hour, TGT cost, and the times of fault injection.
𝑊(𝑡) signifies the cumulative TGE consumed in identifying
the TDLs up to the given time 𝑡. Then another team, primarily
consisting of designers, analyzes the reason for the TDL
and modifies the design of testability to remove the TDL by
redesigning of UUT or ATE and the corresponding interface,
optimizing the circuit of BIT, debugging the diagnostic
software and rewriting the diagnostic program of ATE, etc.
All the work about removing the TDLs will be done in the
third step of Figure 2 by the designers of system testability,
which is described by a constant 𝑏2 . Finally, all the teams
evaluate the value of system testability after TGT noted as 𝑇(𝑡)
and give a test conclusion that if 𝑇(𝑡) ≥ 𝑇𝑒 , the TGT can be
stopped, else the TGT will be continued until the condition
expression 𝑇(𝑡) ≥ 𝑇𝑒 is satisfied. Apparently, testability can
be enhanced if TGT is done for a prolonged period, that is,
𝑇𝑒 ≥ 𝑇(𝑡) > 𝑇(𝑡0 ).
The STGM developed below is based on the following
assumptions.
(1) The TDL identification and its removal processes all
follow NHPP.
(2) The failure of fault detection/isolation at random
times is caused by the TDLs which are inherent in the
UUT.
(3) All TDLs are mutually independent and have the
same contribution to the failure of fault detection/isolation occurred in the system.
(4) There is a one-to-one correspondence between a
failure and the corresponding test.
(5) Two phases can be observed within the TGT process:
TDL identification and TDL removal. There is no time
lag between the TDL identification and its removal.
Whenever a TDL is identified, the goal of TDL
removal is to analyze the root cause of the TDL and
to remove it. At the same time, no new TDLs are
introduced.
(6) The mean number of TDL identified in the time
interval [𝑡, 𝑡 + Δ𝑡] by the current TGE is proportional
to the mean number of TDLs unidentified in the UUT.
The mean number of TDL identified and removed in
the time interval [𝑡, 𝑡 + Δ𝑡] by the current testability
growth effort is proportional to the mean number of
TDLs uncorrected in the UUT. The proportions are
constants and expressed by 𝑏1 and 𝑏2 , respectively.
(7) The consumption of TGE is modeled by 𝑊(𝑡).
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Let 𝑚𝑖 (𝑡) be the MVF of the expected number of TDL
identified and let 𝑚𝑟 (𝑡) be the MVF of the expected number of
TDLs identified and removed in time (0, 𝑡]. Then, according
to the above assumptions, we describe the STGM based on
TGEF as follows:
d𝑚𝑖 (𝑡)
1
= 𝑏1 [𝑎 − 𝑚𝑖 (𝑡)],
×
d𝑡
𝑤(𝑡)

(4)

d𝑚𝑟 (𝑡)
1
×
= 𝑏2 [𝑚𝑖 (𝑡) − 𝑚𝑟 (𝑡)].
d𝑡
𝑤(𝑡)

Note that here we assume 𝑏1 ≠𝑏2 . Solving (4) under the
boundary condition 𝑚𝑖 (0) = 𝑚𝑟 (0) = 0 we have
𝑚𝑖 (𝑡) = 𝑎 × {1 − exp[−𝑏1 𝑊∗ (𝑡)]},
𝑚𝑟 (𝑡) = 𝑎×{1 −

(5)

𝑏1 exp[−𝑏2 𝑊∗ (𝑡)]−𝑏2 exp[−𝑏1 𝑊∗ (𝑡)]
},
𝑏1 − 𝑏2
(6)

𝑎remaining = 𝑎 − 𝑚𝑟 (∞)
=𝑎

𝑏1 exp[−𝑏2 𝑊∗ (∞)] − 𝑏2 exp[−𝑏1 𝑊∗ (∞)]
.
𝑏1 − 𝑏2
(7)

Due to the space limitations, here we only propose the
testability growth model of FDR in general. FDR is defined
as the capability to detect fault occurred in the UUT, and
FDR is also used to describe the average detection probability
to the failure mode set which is gained from FMEA. The
mathematical model of FDR can be formulated as [1–3]
FDR =

𝑁𝐷
,
𝑀

(8)

where 𝑀 is the total number of failures. 𝑁𝐷 is the number
of failures which can be detected accurately by the system
testability design.
According to the above assumption (4), we can have that
the number of failures which can be detected accurately by
the system testability design is
𝑁𝐷 = 𝑀 − 𝑎(𝑡) = 𝑀 − [𝑎 − 𝑚𝑟 (𝑡)].

(9)

Substituting it into (8), we obtain
𝑞(𝑡) =

𝑀 − [𝑎 − 𝑚𝑟 (𝑡)]
.
𝑀

(10)

Substitute 𝑚𝑟 (𝑡) (in (6)) into (10); the 𝑞(𝑡) can be rewritten as
𝑞(𝑡) = (𝑀 − 𝑎((𝑏1 exp[−𝑏2 𝑊∗ (𝑡)] − 𝑏2 exp[−𝑏1 𝑊∗ (𝑡)])
−1

×(𝑏1 − 𝑏2 ) ))𝑀−1 .
(11)
Depending on how elaborate a model one wishes to
obtain is, one can use 𝑤(𝑡) to yield more complex or less
complex analytic solutions for 𝑞(𝑡). Different 𝑤(𝑡) reflect
various assumption patterns of TGE in TGT.
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Equation (11) is the modeling framework which considers
TGEF into the NHPP STGM. At the same time, (11) can
provide designers or testers with an estimation of the time
needed to reach a given level of FDR. And that, it may also be
used to determine the appropriate ending time for TGT, and
can provide useful information for making decision on turn
phase.
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q(t)

QE : desired value of FDR

q(te ) = QE
(nm , fm )
qk

(nk , fk )
(n2 , f2 )

(nm+1 , fm+1 )
(nm−1 , fm−1 )

True value of FDR
at time t (0 ≤ t ≤ Te )

3. STGM with Bell-Shaped TGEF
Actually, the system testability is highly related to the amount
of testability growth effort expenditures spent on identifying
the TDLs. In this section we develop some STGMs in which
five Bell-shaped TGEFs: an Exponential TGEF, a Rayleigh
TGEF, a logistic TGEF, a delayed S-shaped TGEF, and an
inflected S-shaped TGEF are taken into account. The forms
of TGEF are all discussed in the literature about software
reliability growth model [16–39]. Here, we choose appropriate
forms of TGEF in view of the TGT’s specialty.
3.1. Bell-Shaped TGEF. In TGT, one of the key factors is
the TGE which can be represented as the number of manhours, the times of fault injection, and the cost of TGT,
and so forth. The functions that describe how an effort is
distributed over the testability growth phase are referred to
by us as TGEF. TGEF describes the relationship between the
test time and the amount of TGE expended in the test time.
Actually, fault injection is one of the best effective measures
to make the UUT be in broken condition and to identify the
inherent TDLs in the UUT further. There is an extensive body
of literature on fault injection used for identifying TDL in
testability test [1–3, 41–43]. Therefore, we will use the times
of fault injection as a measurement of TGE, which has an
advantage that it is very intuitive and that testability growth
effort can be quantified exactly at the same time.
In general, the whole life-cycle of equipment can be
divided into three stages: demonstration stage, design &
development stage, and trial & in-service stage. But the
empirical analysis shows that the effective and credible stages
to conduct TGT are design & development stage and trial &
in-service stage considering the cost effectiveness in which
fault injection and collection information for naturally
occurred faults are done, respectively [3, 6]. At the same time,
TGE are calculated by times of fault injection and the number
of naturally occurred faults at design & development stage
and trial & in-service stage, respectively.
Actually, the more faults we inject or collect, the more
confidence we obtain in the estimation of system testability.
Unfortunately, TGT with redundant fault injections or a
large number of failure data may lead to excessive cost and
too much time consumption. It is impracticable with the
constraint of test cycle and total cost.
To give an accurate and reasonable description of TGE,
we need to know not only how many faults need to inject at
design & development stage but also how many failure data
need to collect at trial & in-service stage. That is to say, we
need to analyze the TGE’s consumption pattern in TGT by
combining Figure 3 which gives an abridged general view of
testability growth process in the whole life-cycle.

q(0)

(n1 , f1 )
ts
0
Testability growth testing stage

Design & development stage

te

t

Trial & in-service stage

Figure 3: The testability growth chart in the whole life-cycle.

In general, the TGT time can be represented by the serial
number of testability growth test stage instead of the actual
execution time. The assumptions which are shown in Figure 3 and will be used for description of TGEF are as follows.
(1) The TGT stage is expressed as the time span [0, 𝑡𝑒 ] and
is composed by the design & development stage time
span [0, 𝑡𝑠 ] and the trail & in-service stage time span
[𝑡𝑠 , 𝑡𝑒 ], respectively.
(2) The times of TGT based on fault injection at design &
development stage are 𝑚, and the maximum number
of fault injection at the design & development stage is
marked as 𝑁DD . At the design & development stage,
we can observe 𝑛 data pairs in the form (𝑛𝑘 , 𝑓𝑘 ), 1 ≤
𝑘 ≤ 𝑚, 𝑛𝑘 is the number of fault injection at the 𝑘th
TGT stage, and 𝑓𝑘 is the number of TDLs identified
successfully at the 𝑘th TGT stage.
(3) After a period of time especially the 𝑚th TGT at
design & development stage, the UUT is put into
the trail & in-service stage at which the number of
TGT based on fault occurred naturally is 𝑚𝑆 and the
maximum number of failures collecting is marked as
𝑁𝑆 . In a similar way, the same data pairs in the form
(𝑛𝑗 , 𝑓𝑗 ), 𝑚 < 𝑗 ≤ 𝑚𝑆 are observed by collecting the
failure data occurred naturally. 𝑛𝑗 is the number of
failures by collecting the naturally occurred fault and
𝑓𝑗 is the number of TDLs identified successfully at the
𝑗th TGT stage.
(4) With the progress of TGT, 𝑞𝑖 , 1 ≤ 𝑖 ≤ 𝑚𝑆 is the
true value of FDR at the 𝑖th TGT stage, and that 𝑞1 <
⋅ ⋅ ⋅ 𝑞𝑖 ⋅ ⋅ ⋅ < 𝑞𝑚𝑆 . The TGT can be stopped only when
the 𝑄𝐸 is achieved, in which 𝑄𝐸 is the FDR’s desired
value of TGT shown in Figure 3.
Based on the above assumptions, we will analyze the
TGE consumption pattern from two perspectives; one is fault
injection based TGE consumption at design & development
stage; the other is naturally occurred fault based TGE consumption at trail & in-service stage.
At the beginning of the design & development stage, FDR
level is relatively lower; hence, a certain number of TDLs will

Mathematical Problems in Engineering

7

100
80
60
40
20
0
0.1

0.2

0.3

0.4

0.5
0.6
FDR level

0.7

0.8

0.9

TDL = 3
TDL = 5
TDL = 10

Number of failures occurred naturally

Number of fault injections

120

Figure 4: The number of faults needs to be injected with the change
of FDR level and number of TDLs, respectively.
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be identified as long as we inject less fault. In order to identify
a certain number of TDLs at the design & development stage,
the number of faults need to inject grow up with the level of
FDR, which can be formulated as [1–3]
𝑛𝑘 − 𝑓𝑘
,
𝑛𝑘

1 ≤ 𝑘 ≤ 𝑚.

w(t)

(12)

For example, with reference to (12), the number of faults
which need to be injected with the change of FDR level
and number of TDLs, respectively, are shown in Figure 4.
As seen from Figure 4, we find that at the same number
of TDLs, the FDR level needs to achieve increase as time
goes on, and the number of faults needs to inject increases
accordingly. At the same level of FDR, the greater number of
TDLs needs to identify, the greater number of faults needs to
inject. Consequently, TGEF is a time-dependent increasing
function at design & development stage.
Collection of failure which occurred naturally is also an
effective measure to identify TDL When the UUT is put into
the trail & in-service stage. Actually, the number of faults
at trail & in-service stage is “small sample” under several
constraints such as high reliability requirements or specified
test cycle. Considering the growth of reliability, the expected
number of faults at regular intervals will decrease gradually.
That is to say, at trail & in-service stage, TGEF is a timedependent decreasing function which has the similar variation tendency shown in Figure 5.
In conclusion, at the whole TGT phase, TGEF increases
firstly and then decreases at different rate. Based on the
increase-decrease characteristic, we will use a kind of Bellshaped function which increases firstly and then decreases to
fit the practical growth rate of TGEF. Bell-shaped function,
just as its name implies, draws a time-dependent curve like a
bell which has a similar shape to the curve shown in Figure 6.
It should be noted that Figure 6 is just a schematic used
to depict the Bell-shaped function; the concrete functional
expression depends on the actual TGE data set. Because
actual testability growth effort data represent various expenditure patterns, sometimes the testability growth effort

Current teatability growth effort
consumption at time t

𝑞𝑘 =

Figure 5: The diagrammatic drawing of TGEF at trail & in-service
stage.

0

te

ts

t

Test time

Figure 6: A schematic of Bell-shaped current TGE consumption.

expenditures are difficult to describe only by a Bell-shaped
curve. In this paper, the Exponential TGEF, the Rayleigh
TGEF, the logistic TGEF, the delayed S-shaped TGEF, and
the inflected S-shaped TGEF have been used to explain the
testability growth effort, which can be derived from the
assumption that “the efforts that govern the pace of identifying the TDL for the UUT increase firstly and then decrease
gradually.”
3.1.1. The Exponential TGEF. Yamada et al. [21] found that
the TEF in software reliability growth could be described by
a Weibull-type distribution with two cases: the Exponential
curve and the Rayleigh curve.
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The Exponential TGEF over time period (0, 𝑡] can be
expressed as
𝑊𝐸 (𝑡) = 𝑁1 [1 − exp(−𝛽1 𝑡)].

(13)

The current TGE expenditure rate at time 𝑡 is
𝑤𝐸 (𝑡) = 𝑁1 𝛽1 exp(−𝛽1 𝑡),

(14)

𝑡

where 𝑊𝐸 (𝑡) = ∫0 𝑤𝐸 (𝜏)d𝜏.
The Exponential curve is used for process that declines
monotonically to an asymptote.
Substitute the 𝑊𝐸∗ (𝑡) in (13) into (7); we obtain
𝑎remaining

𝑏 exp[−𝑏2 𝑊𝐸∗ (∞)] − 𝑏2 exp[−𝑏1 𝑊𝐸∗ (∞)]
=𝑎 1
𝑏1 − 𝑏2
≈𝑎

𝑏1 exp[−𝑏2 𝑁1 ] − 𝑏2 exp[−𝑏1 𝑁1 ]
.
𝑏1 − 𝑏2

(15)

3.1.2. The Rayleigh TGEF [16, 19, 21, 37]. Another alternative
of the Weibull-type distribution is the Rayleigh curve. It
has been empirically observed that software development
projects follow a life-cycle pattern described by the Rayleigh
curve.
The Rayleigh TGEF over time period (0, 𝑡] can be
expressed as
𝑊𝑅 (𝑡) = 𝑁2 [1 − exp(

−𝛽2 2
𝑡 )].
2

(16)

The current TGE expenditure rate at time 𝑡 is
𝑤𝑅 (𝑡) = 𝑁2 𝛽2 𝑡 exp(−

𝛽2 2
𝑡 ),
2

(17)

that a logistic testing effort function can be used instead of
the Weibull-type curve to describe the test effort patterns
during the software development process. In some two dozen
projects studied in the Yourdon 1978–1980 project survey, the
Logistic TEF appeared to be fairly accurate in describing the
expended test efforts [44].
The logistic TGEF over time period (0, 𝑡] can be expressed
as
𝑁3
.
𝑊𝐿 (𝑡) =
(20)
1 + 𝐴 exp(−𝛽3 𝑡)
The current TGE expenditure rate at time 𝑡 is
𝑤𝐿 (𝑡) =

𝑁3 𝐴𝛽3 exp(−𝛽3 𝑡)
[1 + 𝐴 exp(−𝛽3 𝑡)]

2

,

(21)

𝑡

where 𝑊𝐿 (𝑡) = ∫0 𝑤𝐿 (𝜏)d𝜏.
Therefore, 𝑤𝐿 (𝑡) is a smooth Bell-shaped function, and
reaches its maximum value at time
1
ln 𝐴.
𝑡max =
(22)
𝛽3
Substitute the 𝑊𝐿∗ (𝑡) in (20) into (7), we obtain
𝑎remaining
=𝑎
≈𝑎

𝑏1 exp[−𝑏2 𝑊𝑅∗ (∞)] − 𝑏2 exp[−𝑏1 𝑊𝑅∗ (∞)]
𝑏1 − 𝑏2
𝑏1 exp[−𝑏2 𝑁3 /(1 + 𝐴)] − 𝑏2 exp[−𝑏1 𝑁3 /(1 + 𝐴)]
.
𝑏1 − 𝑏2
(23)

Ohba [17, 18] found that the test effort function in software reliability growth could be described by S-shaped distribution with two cases: the delayed S-shaped curve and the
inflected S-shaped curve.

𝑡

where 𝑊𝑅 (𝑡) = ∫0 𝑤𝑅 (𝜏)d𝜏.
Therefore, 𝑤𝑅 (𝑡) is a smooth Bell-shaped curve and
reaches its maximum value at time
𝑡max =

1
.
𝛽2

(18)

The Rayleigh curve first increases to a peak, and then
decreases at a decelerating rate.
Substitute the 𝑊𝑅∗ (𝑡) in (16) into (7), we obtain
𝑎remaining = 𝑎
≈𝑎

𝑏1 exp[−𝑏2 𝑊𝑅∗ (∞)] − 𝑏2 exp[−𝑏1 𝑊𝑅∗ (∞)]
𝑏1 − 𝑏2
𝑏1 exp[−𝑏2 𝑁2 ] − 𝑏2 exp[−𝑏1 𝑁2 ]
.
𝑏1 − 𝑏2

3.1.4. The Delayed S-Shaped TGEF [17, 40]. The delayed Sshaped TGEF over time period (0, 𝑡] can be expressed as
𝑊DS (𝑡) = 𝑁4 [1 − (1 + 𝛽4 𝑡) exp(−𝛽4 𝑡)].

(24)

The current TGE expenditure rate at time 𝑡 is
𝑤DS (𝑡) = 𝑁4 𝛽42 𝑡 exp (−𝛽4 𝑡) ,

(25)

𝑡

where 𝑊DS (𝑡) = ∫0 𝑤DS (𝜏)d𝜏.
Therefore, 𝑤DS (𝑡) is a smooth Bell-shaped function and
reaches its maximum value at time
1
𝑡max = .
(26)
𝛽4
∗
(𝑡) in (24) into (7); we obtain
Substitute the 𝑊DS

(19)

3.1.3. The Logistic TGEF. Logistic TEF was originally proposed by Parr [16] about software reliability growth model. It
exhibits similar behavior to the Rayleigh curve, except during
the early part of the project. Huang et al. [28, 30, 37] proposed

𝑎remaining = 𝑎
≈𝑎

∗
∗
𝑏1 exp[−𝑏2 𝑊DS
(∞)] − 𝑏2 exp[−𝑏1 𝑊DS
(∞)]
𝑏1 − 𝑏2

𝑏1 exp[−𝑏2 𝑁4 ] − 𝑏2 exp[−𝑏1 𝑁4 ]
.
𝑏1 − 𝑏2

(27)
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Figure 8: A Rayleigh curve with fixed parameters.

Figure 7: An Exponential curve with fixed parameters.
70

𝑊IS (𝑡) = 𝑁5

1 − exp(−𝛽5 𝑡)
.
1 + 𝜑 exp(−𝛽5 𝑡)

(28)

The current TGE expenditure rate at time 𝑡 is
𝑤IS (𝑡) =

𝑁5 𝛽5 (1 + 𝜑) exp(−𝛽5 𝑡)
[1 + 𝜑 exp(−𝛽5 𝑡)]

2

,

(30)

𝑏 exp[−𝑏2 𝑊IS∗ (∞)] − 𝑏2 exp[−𝑏1 𝑊IS∗ (∞)]
=𝑎 1
𝑏1 − 𝑏2
𝑏 exp[−𝑏2 𝑁5 ] − 𝑏2 exp[−𝑏1 𝑁5 ]
≈𝑎 1
.
𝑏1 − 𝑏2
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Substitute the 𝑊IS∗ (𝑡) in (28) into (7); we obtain
𝑎remaining

40

0

(29)

𝑡

1
ln 𝜑.
𝛽5

50

10

where 𝑊IS (𝑡) = ∫0 𝑤IS (𝜏)d𝜏.
Therefore, 𝑤IS (𝑡) is a smooth Bell-shaped function and
reaches its maximum value at time
𝑡max =

60
Current TGE

3.1.5. The Inflected S-Shaped TGEF [18, 40]. An inflected Sshaped TGEF over time period (0, 𝑡] can be expressed as

(31)

With reference to the above five Bell-shaped TGEFs, the
instantaneous TGEs which are shown in Figures 7, 8, 9, 10,
and 11 decrease ultimately during the testability growth lifecycle because the cumulative TGEs approach a finite limit. As
shown from (15), (19), (23), (27), and (31), we find that not all
the inherent TDLs in the UUT can be fully removed, even
after a long TGT period because the total amount of TGE to
be consumed during the TGT phase is limited to 𝑊max . This
assumption is reasonable because no system testability design
company will spend infinite resources on TGT considering
the restricted cost & development cycle.

N3 = 240, A = 23.03, 𝛽3 = 0.1111

Figure 9: A logistic curve with fixed parameters.

One of these can be substituted into (10) to have five kinds of
STGM which are formulated as follows.
3.2.1. EX-STGM. Substitute (13) into (11); the EX-STGM can
be formulated as
𝑞(𝑡) = (𝑀 − 𝑎 × ((𝑏1 exp[−𝑏2 𝑁1 [1 − exp (−𝛽1 𝑡)]]
−𝑏2 exp[−𝑏1 𝑁1 [1 − exp(−𝛽1 𝑡)]])
−1

× (𝑏1 − 𝑏2 ) ))𝑀−1 .
(32)
3.2.2. RA-STGM. Substitute (16) into (11); the RA-STGM can
be formulated as
𝑞(𝑡) = (𝑀 − 𝑎 × ((𝑏1 exp[−𝑏2 𝑁2 [1 − exp(−

𝛽2 2
𝑡 )]]
2

−𝑏2 exp[−𝑏1 𝑁2 [1 − exp(−

𝛽2 2
𝑡 )]])
2

−1

3.2. Bell-Shaped TGEF Dependent STGM. In this section, we
will use the above five TGEFs in the foundation of STGM.

×(𝑏1 − 𝑏2 ) ))𝑀−1 .
(33)
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3.2.5. IS-STGM. Substitute (28) into (11); the IS-STGM can
be formulated as
𝑞(𝑡) = (𝑀 − 𝑎((𝑏1 exp[−𝑏2 𝑁5 [

1 + exp (−𝛽2 𝑡)
]]
1 + 𝜑 exp (−𝛽2 𝑡)

−𝑏2 exp[−𝑏1 𝑁5 [
0

10

20

30
40
50
Time (weeks)

60

70

80

1 + exp (−𝛽2 𝑡)
]])
1 + 𝜑 exp (−𝛽2 𝑡)

−1

× (𝑏1 − 𝑏2 ) ))𝑀−1 .
(36)

N4 = 240, 𝛽4 = 0.1111

Current TGE

Figure 10: A delayed S-shaped curve with fixed parameters.
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Figure 11: An inflected S-shaped curve with fixed parameters.

3.2.3. LO-STGM. Substitute (20) into (11); the LO-STGM can
be formulated as
1
1
𝑞(𝑡) = (𝑀−𝑎((𝑏1 exp[−𝑏2 𝑁3 [
−
]]
1+𝐴 exp (−𝛼𝑡) 1+𝐴

Fitting a proposed model to actual TGT data involves estimating the model parameters from the real TGT data set. Two
popular estimation techniques are MLE and LSE [45]. The
MLE estimates parameters by solving a set of simultaneous
equations. However, the equation set may be very complex
and usually must be solved numerically. The LSE minimizes
the sum of squares of the deviations between what we actually
observe and what we expect. In order to avoid the solution
of complex simultaneous equations of MLE, in this section,
we employ the method of LSE to estimate the parameters of
the above five TGEFs. Using the estimated TGEFs, the other
parameters 𝑎, 𝑏1 , 𝑏2 in (5), (6) can also be estimated by LSE.
Due to the limitations of paper size, reference to the above
five TGEFs, only the parameters 𝑁1 , 𝛽1 of the Exponential
TGEF in (13) are estimated by the method of LSE. At the same
time, the parameters 𝑎, 𝑏1 given in (5) and 𝑏2 given in (6) can
all be estimated by LSE. For the method of LSE, the evaluation
formula 𝑆𝐸 (𝑁1 , 𝛽1 ), 𝑆𝑀𝑐 (𝑎, 𝑏1 ) and 𝑆𝑀𝑟 (𝑚𝑐 , 𝑏2 ) are as follows:
𝑛

2

Minimize 𝑆𝐸 (𝑁1 , 𝛽1 ) = ∑ [𝑊𝐸𝑘 − 𝑊𝐸 (𝑡𝑘 )] ,
𝑘=1
𝑛

2

Minimize 𝑆𝑀𝑐 (𝑎, 𝑏1 ) = ∑ [𝑀𝐶𝑘 − 𝑀𝐶(𝑡𝑘 )] ,

− 𝑏2 exp[−𝑏1 𝑁3
×[

4. Estimation of STGM Parameters

(37)

𝑘=1

1
1
−
]])
1+𝐴 exp (−𝛼𝑡) 1+𝐴

−1

× (𝑏1 − 𝑏2 ) ))𝑀−1 .
(34)
3.2.4. DS-STGM. Substitute (24) into (11); the DS-STGM can
be formulated as
𝑞(𝑡) = (𝑀−𝑎((𝑏1 exp[−𝑏2 𝑁4 [1 − (1+𝛽1 𝑡) exp (−𝛽1 𝑡)]]
− 𝑏2 exp[−𝑏1 𝑁4 [1 − (1+𝛽1 𝑡) exp (−𝛽1 𝑡)]])
−1

×(𝑏1 − 𝑏2 ) ))𝑀−1 .
(35)

𝑛

2

Minimize 𝑆𝑀𝑟 (𝑚𝑐 , 𝑏2 ) = ∑ [𝑚𝑟𝑘 − 𝑚𝑟 (𝑡𝑘 )] .
𝑘=1

Differentiating 𝑆𝐸 , 𝑆𝑀𝑖 , 𝑆𝑀𝑐 with respect to (𝑁1 , 𝛽1 ),
(𝑎, 𝑏1 ), and (𝑚𝑖 , 𝑏2 ), respectively, setting the partial derivatives
to zero, and rearranging these terms, we can solve this type of
nonlinear least square problems. For a simple illustration, we
only consider the generalized Exponential TGEF.
Take the partial derivatives of 𝑆𝐸 with respect to 𝑁1 , 𝛽1 ;
we get
𝑛
𝜕𝑆𝐸
= ∑ − 2{𝑊𝐸𝑘 − 𝑁1 [1 − exp(−𝛽1 𝑘)]}
𝜕𝑁1 𝑘=1

× [1 − exp(−𝛽1 𝑘)] = 0.

(38)
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Table 1: Data set for a stable tracking platform.

Test time
(weeks)

Cumulative
TGE
(fault times)

Cumulative
TDLs identified

Cumulative
TDLs removed

Test time
(weeks)

Cumulative
TGE
(fault times)

Cumulative
TDLs identified

Cumulative
TDLs removed

4
9
16
25
38
55
74
95
119
145
173
203

3
6
11
17
25
33
41
50
57
63
68
72

2
4
7
11
16
21
27
33
37
41
44
46

13
14
15
16
17
18
19
20
21
22
23
24

223
241
256
268
278
286
294
301
306
310
312
313

74
76
77
79
80
80
82
83
84
85
85
86

48
49
50
51
52
52
53
54
54
55
55
55

1
2
3
4
5
6
7
8
9
10
11
12

Thus, the least squares estimator 𝑁1 is given by solving
the above equation, yielding
𝑁1 =

∑𝑛𝑘=2 𝑊𝑘 [1 − exp (−𝛽1 𝑘)]
2

∑𝑛𝑘=2 {[1 − exp(−𝛽1 𝑘)]}

.

(39)

testability designers analyzed the root cause of the TDLs and
had tried their best to modify the design of testability and
removed 46 TDLs successfully. On the other hand, over the
course of 12 weeks at the trial & in-service stage, 110 functional
circuit level failures had occurred naturally. 14 TDLs were
identified, in which 7 TDLs were removed successfully.

Next, we have
𝑛
𝜕𝑆𝐸
= ∑ − 2𝑁1 𝑘{𝑊𝑘 − 𝑁1 [1 − exp(−𝛽1 𝑘)]}
𝜕𝛽1 𝑘=1

(40)

× exp(−𝛽1 𝑘) = 0.
The parameter 𝛽1 can also be obtained by substituting the
least squares estimator 𝑁1 into the above equation.
Similarly, the parameters 𝑁2 , 𝛽2 of the Rayleigh TGEF in
(16), 𝑁3 , 𝐴, 𝛽3 of the logistic TGEF in (20), 𝑁4 , 𝛽4 of the
delayed S-shaped TGEF in (24), 𝑁5 , 𝛽5 of the inflected Sshaped TGEF in (28) can also be estimated by LSE.

5. Data Analysis and STGM Comparisons
5.1. Data Description. To validate the proposed STGMs
with the above five Bell-shaped TGEFs, TGT on a stable
tracking platform have been performed. The TGT data set
employed (listed in Table 1) was from the testability laboratory of National University of Defense Technology for a
stable tracking platform which can isolate the movement of
moving vehicle, such as car, ship, and aircraft. FMEA of the
stable tracking platform had been done and had gained that
the stable tracking platform consisted of approximately 350
functional circuit level failures. Over the course of 12 weeks at
the design & development stage, 72 TDLs were identified by
injecting 203 functional circuits level failures. Failures were
injected by 1553B fault injection equipment, ARINC 429 fault
injection equipment, RS232/422 fault injection equipment,
CAN bus fault injection equipment, and the like. Further,

5.2. Criteria for Model Comparison. A STGM can generally
be analyzed according to its estimation capability, fitness
capability, and predictive capability. That is to say, a STGM
can be analyzed according to its ability to reproduce the
identified TDL and behavior of the UUT and to predict the
future behavior of the UUT from the observed TDL data. In
this paper, the STGMs are compared with each other based
on the following three criteria.
5.2.1. The Accuracy of Estimation Criterion [39]. For practical
purposes, we will use AE to calculate the accuracy of estimation. AE is defined as
 𝑚 − 𝑎 


AE =  𝑖
.
 𝑚𝑖 

(41)

𝑚𝑖 is the actual cumulative number of identified TDL after
the TGT, and 𝑎 is the estimated number of initial TDLs. 𝑚𝑖 is
obtained from system testability TDL tracking after TGT.
5.2.2. The Goodness-of-Fit Criteria. To quantitatively compare long-term predictions, we use MSE because it provides
a well-understood measure of the difference between actual
and predicted values. The MSE is defined as [30, 37, 45]
2

MSE =

∑𝑛𝑖=1 [𝑚𝑟 (𝑡𝑖 ) − 𝑚𝑟𝑖 ]
.
𝑛

(42)

A smaller MSE indicates a smaller fitting error and better
performance.
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𝑚𝑟 (𝑡𝑎 ) − 𝑒
(43)
.
𝑒
Assuming that we have identified and removed 𝑒 TDLs by
the end of TGT time 𝑡𝑒 , we employ the TDL data up to time 𝑡𝑎
(𝑡𝑎 ≤ 𝑡𝑒 ) to estimate the parameters of 𝑚𝑟 (𝑡). Substituting the
estimates of these parameters in the MVF yields the estimate
of the number of TDLs 𝑚𝑟 (𝑡𝑒 ) by time 𝑡𝑒 . The estimate
is compared with the actual number 𝑒. The procedure is
repeated for various values of 𝑡𝑎 . We can check the predictive
validity by plotting the relative error for different values of
𝑡𝑎 . Numbers closer to zero imply more accurate prediction.
Positive values of error indicate overestimation and negative
values indicate underestimation.
RE =

Table 2: Comparison results for different TGEFs applied to DS.
TGEF
Exponential TGEF
Rayleigh TGEF
Logistic TGEF
Delayed S-shaped TGEF
Inflected S-shaped TGEF

PE𝑖 = Actural(observed)𝑖 − Predicted(estimated)𝑖 ,
Bias =
Variation = √

1 𝑛
∑PE ,
𝑛 𝑖=1 𝑖

(44)
2

∑𝑛𝑖=1 (PE𝑖 − Bias)
.
𝑛−1

The PE, Bias, and Variation for the above five TGEFs are
listed in Table 2. From Table 2, we see that the inflected Sshaped TGEF has lower values of PE, Bias, and Variation than

Variation
25.55
7.07
3.78
13.86
2.28

PEend of TGT
34.71
7.03
−4.40
20.91
−2.29

30
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5
0
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15
Time (weeks)
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Rayleigh

20

Logistic
Actural

Figure 12: Observed and three estimated current TGEFs for DS.
35
Current TGE (fault times)

5.3. STGM Performance Analysis. In this section, we present
our evaluation of the performance of the proposed STGMs
when applied to DS listed in Table 1.
All the parameters of the Exponential TGEF, the Rayleigh
TGEF, the logistic TGEF, the delayed S-shaped TGEF, and the
inflected S-shaped TGEF are also estimated by LSE. Firstly,
the two unknown parameters 𝑁1 , 𝛽1 of the Exponential
TGEF are solved by LSE, giving the estimated values 𝑁1 =
2592.7 (fault times) and 𝛽1 = 0.0060/week. Correspondingly,
the estimated parameters of the Rayleigh TGEF are 𝑁2 =
329.57 (fault times), and 𝛽2 = 0.0123/week. In similarly,
the estimated parameters of the logistic TGEF, the delayed Sshaped TGEF, the inflected S-shaped TGEF are 𝑁3 = 311.18
(fault times), 𝐴 = 39.36, 𝛽3 = 0.3524/week, 𝑁4 = 406.06
(fault times), 𝛽4 = 0.1313/week, 𝑁5 = 314.44 (fault times),
𝜑 = 27.09, and 𝛽5 = 0.3232/week. In order to clearly show the
comparative effectiveness of the fitness for the observed TGE
data, the comparisons between the observed five current TGE
data and the estimated five current TGE data are illustrated
graphically in Figures 12 and 13, respectively. Similarly, the
comparisons between the observed five cumulative TGE data
and the estimated five cumulative TGE data are illustrated
graphically in Figures 14 and 15, respectively.
In order to check the performance of the five above
TGEFs and make comparisons with each other, here we select
some comparison criterions for the estimation of TGEFs
[30, 37, 45]

Bias
4.26
1.27
0.70
2.73
0.18

35
Current TGE (fault times)

5.2.3. The Predictive Validity Criterion. The capability of the
model to predict TDL identification and removal behavior
from present & past TDL behavior is called predictive validity.
This approach which was proposed by Musa et al. [45] can be
represented by computing RE for a data set

30
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15
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20

Delay S-shaped
Inflected S-shaped
Actural

Figure 13: Observed and two estimated current TGEFs for DS.

the other four TGEFs. On average, the inflected S-shaped
TGEF yields a better fit for this data set, which can also be
drown from Figures 12 to 15 approximately.
Table 3 lists the estimated values of parameters of different STGMs. We also give the values of AE, RE, and MSE in
Table 3. It is observed that the STGM with inflected S-shaped
TGEF (i.e., IS-STGM) has the smallest value of MSE when
compared with other STGMs.
From Table 3 we see that the LO-STGM has lower values
of AE and RE than the other four Bell-shaped TGEF dependent STGMs and that the RA-STGM has lower value of MSE
than the other four Bell-shaped TGEF dependent STGMs. On
average, the logistic TGEF dependent STGM yields a better fit
for this data set.
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Table 3: Estimated parameters values and model comparisons for DS.
𝑎
114.39
95.60
87.35
101.30
90.66

STGMs
EX-STGM
RA-STGM
LO-STGM
DS-STGM
IS-STGM

𝑏2
0.0090
0.0076
0.0070
0.0080
0.0071

AE (%)
33.1
11.16
1.57
17.79
5.42

MSE
—∗
83.91
85.51
90.09
86.13

MRE
0.3156
0.1623
0.1063
0.2213
0.1226

The symbol “—” indicates that the value is too large to characterize the MSE.
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Figure 17: RE curve of RA-STGM compared with actual DS.

70

350

60

300

50

250

Relative error

Cumulative TGE (fault times)

Figure 14: Observed and three estimated cumulative TGEFs for DS.
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Figure 18: RE curve of LO-STGM compared with actual DS.
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Figure 15: Observed and two estimated cumulative TGEFs for DS.
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Figure 16: RE curve of EX-STGM compared with actual DS.

Finally, Figures 16, 17, 18, 19, and 20 depict the RE curve
for different selected STGMs.
Substitute the estimated value of 𝑎, 𝑏1 , 𝑏2 listed in
Table 3 into (32), (33), (34), (35), (36), we can find five
TGEF dependent STGMs of FDR. Figures 21, 22, 23, 24, and
25 depict the growth curve of FDR at the whole TGT stage.
Finally, the performance of STGM strongly depends on
the kind of data set. If a system testability designer plans
to employ STGM for estimation of testability growth of
UUT during system development processes, the testability
designers need to select several representative models and
apply them at the same time. Although models sometimes
give good results, there is no single model that can be trusted
to give accurate results in all circumstances.
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Figure 23: FDR curve based on LO-STGM.

Figure 19: RE curve of DS-STGM compared with actual DS.
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Figure 21: FDR curve based on EX-STGM.
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Figure 24: FDR curve based on DS-STGM.
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Figure 20: RE curve of IS-STGM compared with actual DS.
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Figure 25: FDR curve based on IS-STGM.

From our results, we can draw the following conclusions.
(1) The Bell-shaped TGEF may be a good approach to providing a more accurate description of resource consumption during TGT phase. Particularly, the inflected Sshaped TGEF has the smallest value of Bias, Variation,
and PE compared with the other four TGEFs when
applied to DS for a stable tracking platform.
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Figure 22: FDR curve based on RA-STGM.

(2) By incorporating the Bell-shaped TGEF into the structure of STGM, the STGMs with different TGEFs are
very powerful and flexible for various test environments. The RA-STGM has the smallest value of MSE
compared with the other four STGMs when applied
to DS for a stable tracking platform. Similarly, the LOSTGM has the smallest value of AE and RE compared
with the other four STGMs.
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Acronyms

𝑞(𝑡):

UUT:
ATE:
BIT:
FMEA:
FDR:
FIR:
FAR:
HPP:
NHPP:
STGM:
TGT:
TDL:
TGE:
TGEF:
MVF:
EX-STGM:
RA-STGM:
LO-STGM:
DS-STGM:
IS-STGM:
LSE:
MLE:
MSE:
RE:
PE:
MRE:

𝑊∗ (𝑡):
𝑊max (𝑡):

Unit under test
Automatic test equipment
Built-in test
Failure mode and effect analysis
Fault detection rate
Fault isolation rate
False alarm rate
Homogeneous Poisson process
Nonhomogeneous Poisson process
System testability growth model
Testability growth test
Testability design limitation
Testability growth effort
Testability growth effort function
Mean value function
A STGM with an Exponential TGEF
A STGM with a Rayleigh TGEF
A STGM with a logistic TGEF
A STGM with a delayed S-shaped TGEF
A STGM with an inflected S-shaped TGEF
Least square estimation
Maximum likelihood estimation
Mean square of fitting error
Relative error
Prediction error
Magnitude of relative error.

Notations
𝑁(𝑡):

Counting process for the total number
of TDLs identified and removed in [0, 𝑡)
𝑀:
Total number of failures in the UUT,
which can be acquired by FMEA
𝑎:
Number of initial TDLs present in UUT
before TGT
𝑎(𝑡):
Time-dependent TDLs content
function, which will decrease with the
identification and removal of TDLs
𝑎remaining : Number of TDLs remaining in UUT
when the TGT has been stopped
𝑚(𝑡):
MVF of TDL identified and removed
in time (0, 𝑡]
Cumulative number of TDL identified
𝑚𝑖 (𝑡):
up to 𝑡
Cumulative number of TDL removed
𝑚𝑟 (𝑡):
up to 𝑡
𝜆(𝑡):
TDL intensity for 𝑚𝑟 (𝑡)
Constant TDL identification rate,
𝑏1 :
which is the TDL identification
intensity for 𝑚𝑖 (𝑡)
Constant TDL removal rate, which is
𝑏2 :
the TDL removal intensity for 𝑚𝑟 (𝑡)
𝑊(𝑡):
Cumulative TGE consumption up to
time 𝑡, which can be measured by the
number of fault injected or occurred
naturally, test cost, man-hour, and so on
𝑤(𝑡):
Current TGE consumption at time 𝑡

𝑊𝐸 (𝑡):
𝑁1 :
𝛽1 :
𝑊𝐸∗ (𝑡):
𝑊𝑅 (𝑡):
𝑁2 :
𝛽2 :
𝑊𝑅∗ (𝑡):
𝑊𝐿 (𝑡):
𝑁3 :
𝐴:
𝛽3 :
𝑊𝐿∗ (𝑡):
𝑊DS (𝑡):
𝑁4 :
𝛽4 :
∗
(𝑡):
𝑊DS
𝑊IS (𝑡):
𝑁5 :

𝜑:
𝛽5 :
∗
(𝑡):
𝑊DS
𝑚𝑟 (𝑡𝑖 ):

𝑚𝑟𝑖 :

Time-dependent FDR function in
the whole life cycle
𝑊(𝑡) − 𝑊(0)
Total amount of TGE
eventually consumed
The Exponential TGEF
Total amount of TGE eventually
consumed in an Exponential TGEF
TGE consumption rate of
an Exponential TGEF
𝑊𝐸 (𝑡) − 𝑊𝐸 (0)
The Rayleigh TGEF
Total TGE eventually consumed of
a Rayleigh TGEF
TGE consumption rate of
a Rayleigh TGEF
𝑊𝑅 (𝑡) − 𝑊𝑅 (0)
The logistic TGEF
Total TGE eventually consumed of
a logistic TGEF
Constant parameter in the logistic TGEF
TGE consumption rate of
the logistic TGEF
𝑊𝐿 (𝑡) − 𝑊𝐿 (0)
The delayed S-shaped TGEF
Total TGE eventually consumed of
a delayed S-shaped TGEF
TGE consumption rate of the delayed
S-shaped TGEF
𝑊DS (𝑡) − 𝑊DS (0)
The inflected S-shaped TGEF
Total TGE eventually consumed of
an inflected S-shaped TGEF
Constant parameter in the inflected
S-shaped TGEF
TGE consumption rate of the inflected
S-shaped TGEF
𝑊IS (𝑡) − 𝑊IS (0)
Expected number of TDLs by time 𝑡𝑖
estimated by a model
Actual number of TDLs by time 𝑡𝑖 .
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Plenty of hazards underlie complex systems, which have negative effects on the normal functionality of engineering events. To
minimize the uncertainty, a comprehensive preevent checkout is necessarily required to judge if the engineering events will be
carried out successfully under current circumstance, through which further improvements can be made. A generic belief rule-based
safety evaluation approach for large-scale complex systems is proposed. The overall system is firstly decomposed and filtered into
the measurable attributes that may potentially contribute to uncertainty. Belief structure is then applied to measure the uncertainty
of vagueness and incompleteness and represent heterologous information in a unified scheme. With this scheme, a rule base is
established with all antecedents, consequents, and attributes presented in belief degrees, which is used to determine the relationship
between attributes, aggregate the influences, and generate the final inference with evidential reasoning algorithm. In the end,
an estimation of uncertainty is achieved in the representation of distribution. It describes how the systems perform with given
conditions and sources. A numeric case in aerospace program is provided for feasibility illustration.

1. Introduction
With increasing interests in space exploration, more and
more aerospace programs are on the agenda. Usually, they
are large-scale systemic constructions with couplings among
various subsystems, as well as with bunch of unpredictable
incidents. In terms of rocket launch, either uncertain factor
in main subsystems launch-vehicle system, control system, or
spaceport system will certainly affect the execution of mission. Due to systemic sophistication and practical necessity,
uncertainty cannot be completely eliminated. Thus, whether
the launch mission, for example, will be carried out as
expected under given conditions or how well the mission is
executed is unknown, which needs uncertainty evaluation
beforehand.
Basically, aerospace system is characterized by hierarchical structure, coupled relationship between parts, and
collective behaviors, which is defined as complex systems.
The evaluation on uncertainty in aerospace system then can
be generalized and categorized into uncertainty or safety
analysis on complex engineering systems. Thus, from this

aspect, study on uncertainty should go beyond analyzing specific one-off, examine the commonalities of potential fragility
of various complex engineering systems in a broader perspective instead, and establish a common evaluation framework.
In this way, one can get a better understanding to control
uncertainty, when facing such systems in the future [1].
The concept of risk is then proposed to deal with the
uncertainty underlying the hazards. The risk is measured
by the product of probability and consequence of an incident, which has been the first attempt and an evolutionary
breakthrough since it has bridged the gap between simply
qualitative assessment and primary quantitative one.
However, with the increasing demand of high reliability
and efficiency, more precise and accurate evaluation needs to
be conducted and, specifically, supported by numeric methods. It requires processing the data and knowledge observed
through experiments and past accidents to help evaluate the
current state of incidents in a more credible form. Probability risk analysis (PRA) is one typical quantitative risk analysis method, which has been widely applied in risk and
safety analysis [2]. Meanwhile, research institutions including
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NASA, US Department of Defense, and European Space
Agency have also proposed numeric methods such like
FMECA (failure mode, effects, and criticality analysis),
FTA (fault tree analysis), ID (influence diagram), and BN
(Bayesian network) [2, 3].
Moreover, the basic methods have been eventually modified and developed to adapt to systemic complexity scale
and features from a common complex systems engineering
perspective. They are usually hybrid framework by integrating different mathematical methods, either statistically or
stochastically, to eliminate the deficiencies of single reliability
method, to deal with nonlinearity and uncertainty, and to
quantify interactions of decisions in system, and so forth
[4, 5].
Mostly, quantitative risk analysis and evaluation methods
are based on the traditional theory of probability measurement, which is to say that the uncertainty is generally
described by the likelihood of occurrence and the wellparameterized model needs to be established with substantial
information. Though it has taken probability theory centuries
to develop into a mature theory with solid mathematical
foundation and complete proof and to become a commonly
used measurement in various areas, there still exists some
constraints in realistic application when depicting some risk
variables [6]. Usually, in large-scale and high-tech projects,
there are few chances to obtain sufficient information to
conclude the changing pattern of variables, let alone the
distribution that is considered necessary in probability theory
because inference is generated based on known probability
and distribution of all variables. To cope with the situations
where empirical data are sparse or lacking, some improvements have been made on existing quantitative approach;
for instance, hierarchical Bayesian models are proposed to
reduce the estimation variance and to address the multidimensional property along with cross-classified random
effects [7].
Nevertheless, study will never stop because these models
are still insufficient to solve practical issues. In fact, except for
data lacking, quite a few inputs for analysis are derived from
expert knowledge and engineering experience; thus, they can
be vague, fuzzy, or incomplete, which is defined as feature of
epistemic uncertainty opposite against aleatory uncertainty
[8, 9]. The former is very common in realistic systemic
engineering. Then, fuzzy theory, rough set, and so forth are
widely applied to measure the vagueness and imperfection of
information [10–12]. Though they provide effective solutions
to evaluation, these models are sometimes mathematically
sophisticated which need profound mathematical foundation; thus, they are not easily applicable to everyone.
As a result, Dempster-Shafer theory of evidence, which
arises in late 1960s, is proposed to make up the vacancy. It can
be regarded as a modification of probability theory, which can
effectively deal with impreciseness and ignorance of information [13]. It has been widely used in decision, expert system,
data fusion area, and so forth [14–16]. The concept “belief ” in
theory of evidence is just suitable to describe the uncertainty,
which to some extent simulates the way that people make subjective judgment when only achieving partial knowledge [17].
It is also capable of aggregating heterologous information to
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generate final conclusion. Based on Dempster-Shafer theory,
many algorithms have been developed to fuse data and
knowledge. Here, belief rule-based inference methodology
using the evidential reasoning algorithm (RIMER) is applied
to evaluate the performance of complex systems [18]. The
uncertain factors in each related subsystem are filtered and
graded. By combining every influential attribute from bottom
level, the overall evaluation is achieved. Due to its theoretical
rationality, practical feasibility, and operational simplicity, it
serves as a novel generic safety evaluation approach for largescale complex engineering systems.

2. Problem Formulation of Safety Evaluation
There are two significant features of uncertainty evaluation
on common complex engineering systems: one is that the
number of uncertain factors is huge and type is diverse; the
other one is that little accurate knowledge is obtained to
evaluate the factors. Thus, a generic methodology framework
needs to be established to represent data in a unified form,
deal with incompleteness, and generate the conclusion on
systems performance.
This mentioned problem and solution could be formulated as follows.
Procedure 1. Decompose system and filter uncertainty attributes. The complex systems are decomposed into several segments, which may possibly influence the execution of launch.
These segments, containing core devices, facilities, and sources associated with each other, provide the fundamental
working environment.
Attributes to evaluate the uncertainty of every segment
are filtered. The values of attributes give the preview of the
current state of each segment and the sources that can be
provided at a specific time, through which overall numeric
judgment will be made whether it can meet the fundamental
demand.
Procedure 2. Establish influence structure. Generally, the
uncertain attributes denoted by set 𝑈 = {𝑈𝑖 ; 𝑖 = 1, . . . , 𝐽}
within systems should be summarized and organized into
hierarchical structure, which is to say the performance of
overall systems is determined by these potential risk contributors. This hierarchical relationship is one way; in other
words, the nodes in upper levels can only be affected by the
nodes in lower levels and not vice versa.
Procedure 3. Generate conclusions from systems inputs. The
decomposition and filtering continue until all the uncertainty
attributes 𝑈𝑖 can be measured either by qualitative data or
by linguistic term from expert denoted by 𝑥𝑖 , 𝑖 = 1, 2, . . . , 𝐽.
The evaluation consequence derived from these attributes is
represented by 𝐶 and calculated by logical function 𝐹. Thus,
the basic evaluation model is
𝐶 = 𝐹 (𝑥1 , 𝑥2 , . . . , 𝑥𝐽 ) ,

(1)

where 𝑥𝑖 , 𝑖 = 1, 2, . . . , 𝐽 are the inputs of systems for
uncertainty evaluation. The inputs reflect the current state of
systems and 𝐶 shows the performance of systems under given
conditions.
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Then, the main concern is to determine appropriate function 𝐹, which is suitable to deal with nonlinear relationship
between inputs and consequence and the heterology of various inputs. In next section, the model is modified with belief
and a belief rule-based evaluation methodology is proposed.

3. Belief Rule-Based Safety Evaluation
Approach Framework
To better illustrate the structure of proposed belief rule-based
safety evaluation approach for large-scale complex engineering systems, take an aerospace program as an example to help
explain the procedures.
3.1. Systems Input Representation Using Belief Degree. Due to
the ambiguity and incompleteness, neither the input of systems nor the consequence can be represented in certain form.
The concept “belief ” is applied to measure the degree, which
assigns to a value. In this scheme, the inputs and evaluation
consequences can be represented as
(𝑥1 , 𝜀1 ) ∧ (𝑥2 , 𝜀2 ) ∧ ⋅ ⋅ ⋅ ∧ (𝑥𝐽 , 𝜀𝐽 ) ,
{(𝐶1 , 𝛽1 ) , (𝐶2 , 𝛽2 ) , . . . , (𝐶𝑁, 𝛽𝑁)} ,

(2)

respectively, where 𝜀𝑖 indicates the degree taking value 𝑥𝑖
and 𝛽𝑖 is the belief degree to which the consequence 𝐶𝑁 is
assigned. Usually, ∑𝐽𝑖=1 𝜀𝑖 ≤ 1. If ∑𝐽𝑖=1 𝜀𝑖 = 1, the input is considered to include complete knowledge; otherwise it is incomplete. Particularly, ∑𝐽𝑖=1 𝜀𝑖 = 0 indicates absolute ignorance
about inputs and 𝜀𝑖 = 1 means that the input takes certain
value. For example, the design reliability of an equipment is
{(0.96, 0.9), (0.94, 0.1)}, which says that the reliability is 0.96
with belief degree 0.9 and 0.94 with degree 0.1.
3.2. Construct Belief Rule Base for Evaluation. To generate
the consequence, the priority is to formulate inference logical
mapping 𝐹. It will be expressed in belief rules and a belief rule
base is established. It provides a generic representation for
evaluation problem made up by attributes, referential values,
consequence, and logical function. Generally, the model to
estimate the uncertainty in complex systems is represented
as
BRB = ⟨𝑈, 𝐺, 𝐶, 𝐹⟩ ,

(3)

where 𝑈 = {𝑈𝑖 ; 𝑖 = 1, . . . , 𝐽} and 𝐶 = {𝐶𝑛 ; 𝑛 = 1, . . . , 𝑁}.
Set 𝐺 = {𝐺1 , 𝐺2 , . . . , 𝐺𝐽 } to be the set of estimation referential values whose elements state the different grades of an
attribute, where 𝐺𝑖 = {𝐺𝑖𝑗 ; 𝑗 = 1, 2, . . . , |𝐺𝑖 |} is a referential set
of values for the uncertainty attribute 𝑈𝑖 .
The BRB is consisting of “IF-THEN” rules to describe the
relationship 𝐹 between uncertainty attributes and inferred
conclusions. The rules give the mapping relationship between
the referential values of the attributes and consequence.
Formally, the 𝑘th rule with belief structure is denoted by
𝑅𝑘 : If 𝐺1𝑘 ∧ 𝐺2𝑘 ∧ ⋅ ⋅ ⋅ ∧ 𝐺𝐽𝑘𝑘 ,
then {(𝐶1 , 𝛽1𝑘 ) , (𝐶2 , 𝛽2𝑘 ) , . . . , (𝐶𝑁, 𝛽𝑁𝑘 )} ,

(4)

where 𝛽𝑖𝑘 is the belief degree with which the consequence
𝐶𝑁 is believed to emerge in the 𝑘th rule with constraints
∑𝑁
𝑛=1 𝛽𝑛𝑘 ≤ 1. The relative rule weight of the 𝑘th rule is
denoted by 𝜃𝑘 , and the relative attribute weight of 𝐽 attributes
in this rule is represented by 𝛿𝑘𝑖 .
For example, when judging the uncertainty of possible
tracking sources in control system during flight, “if the
number of tracking ships in service is 2 and the possible
tracking time that the ground control station can provide is
80 min, the uncertainty is {(L, 0.8), (M, 0.2)}.” The statement
above is one typical rule. “The number of tracking ships” and
“the possible tracking time” are two uncertainty attributes
affecting the uncertainty of possible tracking sources; “2” and
“80 min” are elements in the referential sets corresponding
to “the number of tracking ships” and “the possible tracking
time,” respectively. If the inputs are exactly the combination of
“(2, 100%)” and “(80 min, 100%)”, then the result is generated
as {(L, 0.8), (M, 0.2)}. It means the probability of system with
low uncertainty is 80% and the one with medium level is 20%.
In this rule, 𝜃𝑘 and 𝛿𝑘𝐽 are considered to be 1 and ∑𝐽𝑖=1 𝜀𝑖 = 1
represents that the rule includes complete knowledge. The
rule base is build up with expert knowledge and empirical
data in aerospace area.
3.3. Generate the Evaluation Consequence. Evaluation will be
generated by processing the given inputs of systems with the
rule base above. However, the inputs may not be exactly equal
to the values in 𝐺; thus, inference cannot be directly made.
Input transformation is needed first.
The transformation process is to determine the degree to
which the input matches the referential value. The input may
not be exactly included in the referential set for reasoning
sometimes, so for this situation it is required to rerepresent
the input with given values in belief structure. By transformation, the input would be converted into the form as
 
𝑆 (𝑥𝑖 , 𝜀𝑖 ) = {(𝐺𝑖𝑗 , 𝛼𝑖𝑗 ) ; 𝑗 = 1, 2, . . . , 𝐺𝑖 } ,

𝑖 = 1, 2, . . . , 𝐽,
(5)

where 𝛼𝑖𝑗 is the matching degree to which the input belongs
to the referential value 𝐺𝑖𝑗 , 𝛼𝑖𝑗 ∈ [0, 1]. 𝛼𝑖𝑗 is commonly
calculated as
𝐺𝑖(𝑘+1) − 𝑥𝑖
{
, 𝑗 = 𝑘 if 𝐺𝑖𝑘 ≤ 𝑥𝑖 ≤ 𝐺𝑖(𝑘+1) ,
{
{
𝐺𝑖(𝑘+1) − 𝐺𝑖𝑘
{
{
{
{
(6)
𝛼𝑖𝑗 = { 𝑥𝑖 − 𝐺𝑖𝑘
, 𝑗 = 𝑘 + 1,
{
{
{
𝐺
−
𝐺
𝑖𝑘
{
{ 𝑖(𝑘+1)
{
 
0,
𝑗 = 1, 2, . . . , 𝐺𝑖  , 𝑗 ≠𝑘, 𝑘 + 1.
{
Take humidity of environment on launch pad as an
example. The referential set is {30%, 50%}. The actual input
is (35, 1); then by using formula the input is expressed as
{(30%, 0.75), (50%, 0.25)}. For the attributes described using
linguistic terms, the formula is suitable as well. The referential
set of experimental proof is {highly, moderately, poorly},
representing scores 1, 0.5, and 0, respectively. The input 0.68
is transformed to {(highly, 0.36), (moderately, 0.64), and
(poorly, 0)}.
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Given that an input has been converted into form corresponding to the 𝑘th rule,
(𝐺1𝑘 , 𝛼1𝑘 ) ∧ (𝐺2𝑘 , 𝛼2𝑘 ) ∧ ⋅ ⋅ ⋅ ∧ (𝐺𝐽𝑘𝑘 , 𝛼𝐽𝑘𝑘 ) .

(7)

Now it is time to determine whether this rule concerning the
input is chosen to generate consequence. Denote 𝛼𝑘 as the
total matching degree to 𝐺𝑘 which can be calculated by
𝛼𝑘 = 𝜑 ((𝛿𝑘1 , 𝛼1𝑘 ) , . . . , (𝛿𝑘𝐽𝑘 , 𝛼𝐽𝑘𝑘 )) .

(8)

Function 𝜑 is used to aggregate every single 𝛼𝑖𝑘 to reflect
the relationship among attributes as a whole. The selection of
function 𝜑 varies with the connectivity among 𝐽𝑘 attributes
in the 𝑘th rule. In complex systems, uncertain attributes are
mostly connected by operator “∧,” which means that the rule
is inactivated until all the attributes are satisfied. In this case,
the function
𝐽𝑘

𝛿𝑘𝑖

𝜑 = ∏ (𝛼𝑖𝑘 )

,

(9)

where 𝑚𝑗,𝑘 is the basic probability mass assigned to the 𝑗th
consequence in the 𝑘th rule and 𝑚𝐷,𝑘 is the one unassigned
̃𝐷,𝑘 .
to any consequence. Obviously, 𝑚𝐷,𝑘 = 𝑚𝐷,𝑘 + 𝑚
Secondly, suppose 𝑚𝑗,𝐼(𝑘) is the belief degree by combining the first 𝑘 attributes and 𝑚𝑗,𝐼(1) = 𝑚𝑗,1 , 𝑚𝐷,𝐼(1) = 𝑚𝐷,1 .
Then the overall belief degrees of consequence 𝛽𝑗 are derived
by RIMER algorithm:
𝑚𝑗,𝐼(𝑘+1) = 𝐾𝐼(𝑘+1) [𝑚𝑗,𝐼(𝑘) 𝑚𝑗,𝑘+1 + 𝑚𝑗,𝐼(𝑘) 𝑚𝐷,𝑘+1
+ 𝑚𝐷,𝐼(𝑘) 𝑚𝑗,𝑘+1 ] ,
̃𝐷,𝐼(𝑘) ,
𝑚𝐷,𝐼(𝑘) = 𝑚𝐷,𝐼(𝑘+1) + 𝑚

𝑘 = 1, . . . , 𝐿,

̃𝐷,𝐼(𝑘+1) = 𝐾𝐼(𝑘+1) [𝑚
̃𝐷,𝐼(𝑘) 𝑚
̃𝐷,𝐼(𝑘) 𝑚𝐷,𝑘+1
̃𝐷,𝑘+1 + 𝑚
𝑚
̃𝐷,𝑘+1 ] ,
+ 𝑚𝐷,𝐼(𝑘) 𝑚
𝑚𝐷,𝐼(𝑘+1) = 𝐾𝐼(𝑘+1) [𝑚𝐷,𝐼(𝑘) 𝑚𝐷,𝑘+1 ]

𝑖=1

−1

𝑁 𝑁

[
]
𝐾𝐼(𝑘+1) = [1 − ∑ ∑𝑚𝑗,𝐼(𝑘) 𝑚𝑡,𝑘+1 ] ,

where
𝛿𝑘𝑖 =

𝛿𝑘𝑖

max𝑖=1,...,𝐽𝑘 {𝛿𝑘𝑖 }

.

[

(10)

𝜃𝑘 𝛼𝑘

∑𝑁
𝑖=1 𝜃𝑖 𝛼𝑖

,

(11)

where 𝜃𝑘 is the relative weight of the 𝑘th rule. If 𝜔𝑘 = 0, none
of the rules is activated.
What is more, in some situation to reserve the incompleteness feature of input and to propagate it to the consequence, the belief degree of the consequence of a rule needs
to be fixed by
𝛽𝑖𝑘 = 𝛽𝑖𝑘

𝐽𝑘
∑𝑡=1

|𝐺 |
(𝜏 (𝑡, 𝑘) ∑𝑗=1𝑡
𝐽𝑘
𝜏 (𝑡, 𝑘)
∑𝑡=1

𝛼𝑡𝑗 )

,

(12)

where
1,
𝜏 (𝑡, 𝑘) = {
0,

if 𝑈𝑡 is used in 𝑅𝑘 ,
otherwise.

(13)

If the input is complete, then 𝛽𝑖𝑘 = 𝛽𝑖𝑘 .
The last step is to combine multiple uncertainty attributes
to generate inference consequences with all activated rules by
applying ER approach.
Firstly, calculate basic probability masses using
𝑚𝑗,𝑘 = 𝜔𝑘 𝛽𝑗,𝑘 ,

𝑗 = 1, . . . , 𝑁,

𝑁

𝑁

𝑗=1

𝑗=1

𝑚𝐷,𝑘 = 1 − ∑𝑚𝑗,𝑘 = 1 − 𝜔𝑘 ∑ 𝛽𝑗,𝑘 ,
𝑚𝐷,𝑘 = 1 − 𝜔𝑘 ,
𝑁

̃𝐷,𝑘 = 𝜔𝑘 (1 − ∑ 𝛽𝑗,𝑘 ) ,
𝑚
𝑗=1

(14)

𝑗=1 𝑡=1
𝑡=𝑗̸

]
𝑘 = 1, . . . , 𝐿 − 1,

Then, the activation weight 𝜔𝑘 of the 𝑘th rule is generated by
𝜔𝑘 =

(15)

𝛽𝑗 =

𝑚𝑗,𝐼(𝐿)
1 − 𝑚𝐷,𝐼(𝐿)
𝛽𝐷 =

,

𝑗 = 1, . . . , 𝑁,

̃𝐷,𝐼(𝐿)
𝑚
.
1 − 𝑚𝐷,𝐼(𝐿)

4. Case Study
Consider a launch mission in China to illustrate the feasibility
of the proposed method. The estimation is conducted to deal
with the case that the launch vehicle is about to be equipped
with a newly developed upper stage. Since it is the first time
for the new upper stage to be carried into the outer space,
a mission-oriented prelaunch checkout on the whole system
is required to ensure if the current states of subsystems are
qualified to fulfill the task. The launch process is a large-scale
systemic engineering that calls for the cooperation of various
subsystems, including launch-vehicle system, control system,
and spaceport system. Any ignorance of uncertainty in either
system may cause failure to launch, leading to huge loss.
Thus, estimation of potential uncertain factors in a mission
is necessary from systemic aspect. The estimation proceeds
following the procedure proposed above.
4.1. System Decomposition and Uncertainty Attribute Filtering.
The decomposition and filtering might not be comprehensive
and technical based on the documents achieved so far, but
it reflects the risk caused by launch to some extent and well
illustrates the method.
Launch vehicle is generally composed of three main
elements: several rocket engines, guidance, navigation and
control systems, and a structure housing all these components including payloads. Among them, propulsion system
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Tracking ships

Type
Propulsion
system

Tracking
sources

Payload weight

Orbit
Launch-vehicle
system

Ground control
station

Control
system

Real-time
monitoring
Communication
capability

Design
reliability

Wave band

Upper stage
maturity
Experimental
proof

Figure 2: The decomposition for control system.

Humidity

Figure 1: The decomposition for launch-vehicle system.
Environment

is major contributor to uncertainty during flight [19]. Currently, the primary propulsion system for launch vehicles is
restricted to solid or liquid propelled. The latter, referred to as
engines, is of higher specific impulse than the former, usually
called motors; thus, it provides much more long-lasting
thrust when storing the same weight propellants. However,
its disadvantage is the storage complexity and fuel leakage.
From mission-oriented respect, the stronger the power is, the
heavier payload the launcher can carry and the higher orbits
it can reach. For example, a three-stage liquid-propelled
rocket can take a 1.5 t payload to the sun-synchronous
orbit which is 900 km high or carry a 1.1 t payload to the
geosynchronous orbit which is about 36000 km high, while a
three-stage hybrid rocket is less capable. The issue is selecting
the appropriate rocket for payloads, for a mission. A less
qualified rocket for a heavy payload into a high orbit may
be overwhelmed and results in failure. What is more, a new
upper stage is being developed to adapt to new tasks. Though
the design reliability would be high, it has not frequently been
tested in practical scenario. So there is little experimental
proof to guarantee the maturity of upper stage technology. In
all, the decomposition of launch-vehicle system is shown in
Figure 1.
Control and command system implements the monitoring and control tasks with the cooperation of various
sources-ground control stations and tracking ships. So far,
the tracking facilities within China are plenty and the leading
constraint is the lack of tracking station out of the country.
San Diego station is the only source outside China that can
provide monitoring service after the separation of upper stage
and rocket with limited time. Furthermore, if the rockets
are chosen to launch at Hainan spaceport, nothing but the
tracking ships will help during some period because of the
geographical difficulty of setting up station around spaceport.
Specifically, only 3 tracking ships are in service unless
repair is needed. Nevertheless, the real-time monitoring and
communication are still not available throughout the whole
flight, so uncertainty may underlie this disconnected period.
Besides, timing reference signal between ground stations,
ground stations and control center, tracking ships, control
center, and so forth is sent either in shortwave or longwave.

Temperature

Spaceport
system
Interval

Figure 3: The decomposition for spaceport system.

The former is less precise, which may result in the inaccuracy
and calculation error of observed data between each other.
The decomposition of control and command system is shown
in Figure 2.
In terms of spaceport system, environmental factors affect
the execution of a launch. Appropriate humidity and temperature will ensure the storage of fuel and the functionality
of facilities and prevent project delay caused by weather, and
vice versa. Though good environment conditions will provide
plenty of time per year for launch pad to implement launch,
there is still an interval for recovery and preparation before
next launch, so the number of launch executed every year
is limited. Generally speaking, the time interval at least can
be 3 months if in a hurry. Therefore, the decomposition of
spaceport system is shown in Figure 3.
4.2. Belief Rule Base for Aerospace Project Evaluation. In
this way, the uncertainty evaluation of launch process is
initially decomposed and filtered into specific and numeric
attributes 𝑈𝑖 , which can provide quantitative assessment. The
possible values assigned to each attribute are listed. Also,
the rule base can be established with technical inference,
practical experience, and expert knowledge, which is shown
in Figure 4 and Tables 1 and 2.
4.3. System Input and Evaluation Result. Suppose a mission
execution proposal is initially decided. According to the
weather forecast, the temperature is 18∘ C and humidity is 35%
with belief degree of 90% and 80%, respectively, on the launch
day. After 4 months preparation of transporting, assembling,
fuel filling, and so forth, a 3.8 t payload is about to be sent into
GEO orbit by a three-stage liquid-propelled launch vehicle,
which is equipped with a newly developed upper stage. The
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Table 1: Referential value of attributes for a launch mission evaluation.

Attribute
Evaluation of a launch
U1
U2
U3
Propulsion capability
Upper stage maturity
U4
Communication capability
U5
Interval
Type

Referential value
High/medium/low
High/medium/low
High/medium/low
High/medium/low
High/medium/low
High/medium/low
High/medium/low
High/medium/low
High/medium/low
3, 4 (month)
Liquid, hybrid

Attribute
Payload weight
Orbit
Design reliability
Experimental proof
Number of TS
GCS service time
RTM percentage
Wave band
Humidity
Temperature

Referential value
1.6, 4.0 (t)
MEO, GEO
(0.9, 0.99)
Highly/moderately/poorly
1, 2, 3
50, 80 (min)
50%, 70%
Shortwave, longwave
30%, 50%
16, 36 (∘ C)

Type
Propulsion
capability

Orbit

Uncertainty in
launch-vehicle
system (U1 )

Design
reliability
Upper stage
maturity

Uncertainty in
tracking
sources (U4 )
Evaluation of a launch

Payload weight

Uncertainty in
control
system (U2 )
Communication
capability

Experimental
proof
Number of
tracking ships
Ground control
station service
time
Real-time
monitoring
percentage
Wave band

Humidity

Uncertainty in
spaceport
system (U3 )

Environment
uncertainty
(U5 )

Temperature

Interval
Level 1

Level 2

Level 3

Level 4

Figure 4: Decomposition of system for uncertainty filtering in a launch mission.

design reliability of the upper stage is 0.96 and it has been
frequently tested in relevant environment. Due to the regular
reparations and emergency, it is guaranteed that 2 tracking
ships will stand by all the time with 90% belief. By all effort
the San Diego ground control station can provide 80 min

tracking and monitoring service, but in case of technical
failure it is estimated that the probability of full service is
80%. During the flight in space, the real-time communication
with control center is limited because of the location. Only
65% of time is available for real-time interaction. Anyway,
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Table 2: Belief rule base for launch evaluation.

Antecedent
Type is liquid ∧ weight is 4 ∧ orbit is GEO
Type is liquid ∧ weight is 4 ∧ orbit is MEO
Type is liquid ∧ weight is 1.6 ∧ orbit is GEO
Type is liquid ∧ weight is 1.6 ∧ orbit is MEO
Type is hybrid ∧ weight is 4 ∧ orbit is GEO
Type is hybrid ∧ weight is 4 ∧ orbit is MEO
Type is hybrid ∧ weight is 1.6 ∧ orbit is GEO
Type is hybrid ∧ weight is 1.6 ∧ orbit is MEO
DR is 0.99 ∧ EP is highly
DR is 0.99 ∧ EP is moderately
DR is 0.99 ∧ EP is poorly
DR is 0.9 ∧ EP is highly
DR is 0.9 ∧ EP is moderately
DR is 0.9 ∧ EP is poorly
Number of TS is 3 ∧ GCS service time is 80
Number of TS is 3 ∧ GCS service time is 50
Number of TS is 2 ∧ GCS service time is 80
Number of TS is 2 ∧ GCS service time is 50
Number of TS is 1 ∧ GCS service time is 80
Number of TS is 1 ∧ GCS service time is 50
RTM percentage is 70% ∧ waveband is long
RTM percentage is 70% ∧ waveband is short
RTM percentage is 50% ∧ waveband is long
RTM percentage is 50% ∧ waveband is short
Humidity is 30% ∧ temperature is 16
Humidity is 30% ∧ temperature is 36
Humidity is 50% ∧ temperature is 16
Humidity is 50% ∧ temperature is 36
Propulsion capability is H ∧ US maturity is H
Propulsion capability is H ∧ US maturity is M
Propulsion capability is H ∧ US maturity is L
Propulsion capability is M ∧ US maturity is H
Propulsion capability is M ∧ US maturity is M
Propulsion capability is M ∧ US maturity is L
Propulsion capability is L ∧ US maturity is H
Propulsion capability is L ∧ US maturity is M
Propulsion capability is L ∧ US maturity is L
U4 is H ∧ communication capability is H
U4 is H ∧ communication capability is M
U4 is H ∧ communication capability is L
U4 is M ∧ communication capability is H
U4 is M ∧ communication capability is M
U4 is M ∧ communication capability is L
U4 is L ∧ communication capability is H
U4 is L ∧ communication capability is M
U4 is L ∧ communication capability is L
U5 is H ∧ interval is 3
U5 is H ∧ interval is 4
U5 is M ∧ interval is 3

Consequent
Propulsion capability is {(H, 0.9), (M, 0.1)}
Propulsion capability is {(H, 1)}
Propulsion capability is {(H, 1)}
Propulsion capability is {(H, 1)}
Propulsion capability is {(L, 1)}
Propulsion capability is {(M, 0.5), (L, 0.5)}
Propulsion capability is {(H, 0.8), (M, 0.2)}
Propulsion capability is {(H, 0.9), (M, 0.1)}
Upper stage maturity is {(H, 1)}
Upper stage maturity is {(H, 0.9), (M, 0.1)}
Upper stage maturity is {(H, 0.7), (M, 0.2), (L, 0.1)}
Upper stage maturity is {(H, 0.8), (M, 0.2)}
Upper stage maturity is {(H, 0.8), (M, 0.1), (L, 0.1)}
Upper stage maturity is {(H, 0.7), (M, 0.3)}
U4 is {(L, 1)}
U4 is {(L, 0.9), (M, 0.1)}
U4 is {(L, 0.8), (M, 0.2)}
U4 is {(L, 0.7), (M, 0.3)}
U4 is {(M, 0.5), (H, 0.5)}
U4 is {(H, 1)}
Communication capability is {(H, 0.9), (M, 0.1)}
Communication capability is {(M, 0.8) (L, 0.2)}
Communication capability is {(H, 0.7), (M, 0.3)}
Communication capability is {(M, 0.6), (L, 0.4)}
U5 is {(L, 1)}
U5 is {(L, 0.7) (M, 0.3)}
U5 is {(L, 0.4), (M, 0.6)}
U5 is {(M, 0.2), (H, 0.8)}
U1 is {(L, 1)}
U1 is {(L, 0.9), (M, 0.1)}
U1 is {(L, 0.8), (M, 0.2)}
U1 is {(M, 0.8) (L, 0.2)}
U1 is {(M, 1)}
U1 is {(M, 0.6) (H, 0.4)}
U1 is {(H, 0.7) (L, 0.3)}
U1 is {(H, 0.9), (M, 0.1)}
U1 is {(H, 1)}
U2 is {(M, 0.6), (H, 0.4)}
U2 is {(M, 0.2), (H, 0.8)}
U2 is {(H, 1)}
U2 is {(M, 0.6), (L, 0.4)}
U2 is {(M, 0.8), (H, 0.2)}
U2 is {(M, 0.4), (H, 0.6)}
U2 is {(L, 1)}
U2 is {(L, 0.8), (M, 0.2)}
U2 is {(L, 0.5), (M, 0.5)}
U3 is {(H, 1)}
U3 is {(H, 0.9), (L, 0.1)}
U3 is {(M, 0.9), (L, 0.1)}
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Table 2: Continued.

Antecedent
U5 is M ∧ interval is 4
U5 is L ∧ interval is 3
U5 is L ∧ interval is 4
U1 is H ∧ U2 is H ∧ U3 is H
U1 is H ∧ U2 is H ∧ U3 is M
U1 is H ∧ U2 is H ∧ U3 is L
U1 is H ∧ U2 is M ∧ U3 is H
U1 is H ∧ U2 is M ∧ U3 is M
U1 is H ∧ U2 is M ∧ U3 is L
U1 is H ∧ U2 is L ∧ U3 is H
U1 is H ∧ U2 is L ∧ U3 is M
U1 is H ∧ U2 is L ∧ U3 is L
U1 is M ∧ U2 is H ∧ U3 is H
U1 is M ∧ U2 is H ∧ U3 is M
U1 is M ∧ U2 is H ∧ U3 is L
U1 is M ∧ U2 is M ∧ U3 is H
U1 is M ∧ U2 is M ∧ U3 is M
U1 is M ∧ U2 is M ∧ U3 is L
U1 is M ∧ U2 is L ∧ U3 is H
U1 is M ∧ U2 is L ∧ U3 is M
U1 is M ∧ U2 is L ∧ U3 is L
U1 is L ∧ U2 is H ∧ U3 is H
U1 is L ∧ U2 is H ∧ U3 is M
U1 is L ∧ U2 is H ∧ U3 is L
U1 is L ∧ U2 is M ∧ U3 is H
U1 is L ∧ U2 is M ∧ U3 is M
U1 is L ∧ U2 is M ∧ U3 is L
U1 is L ∧ U2 is L ∧ U3 is H
U1 is L ∧ U2 is L ∧ U3 is M
U1 is L ∧ U2 is L ∧ U3 is L

Consequent
U3 is {(M, 1)}
U3 is {(L, 0.9), (M, 0.1)}
U3 is {(L, 1)}
Evaluation is {(H, 1)}
Evaluation is {(H, 0.9), (M, 0.1)}
Evaluation is {(H, 0.8), (M, 0.1), (L, 0.1)}
Evaluation is {(H, 0.9), (M, 0.1)}
Evaluation is {(H, 0.4), (M, 0.6)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(H, 0.8), (M, 0.1), (L, 0.1)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(H, 0.1), (M, 0.2), (L, 0.7)}
Evaluation is {(H, 0.9), (M, 0.1)}
Evaluation is {(H, 0.4), (M, 0.6)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(H, 0.4), (M, 0.6)}
Evaluation is {(M, 0.1)}
Evaluation is {(M, 0.7), (L, 0.3)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(M, 0.7), (L, 0.3)}
Evaluation is {(M, 0.3), (L, 0.7)}
Evaluation is {(H, 0.8), (M, 0.1), (L, 0.1)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(H, 0.1), (M, 0.2), (L, 0.7)}
Evaluation is {(H, 0.4), (M, 0.3), (L, 0.3)}
Evaluation is {(M, 0.7), (L, 0.3)}
Evaluation is {(M, 0.3), (L, 0.7)}
Evaluation is {(H, 0.1), (M, 0.2), (L, 0.7)}
Evaluation is {(M, 0.3), (L, 0.7)}
Evaluation is {(L, 1)}
Table 3: Inputs for uncertainties.

Attribute
Type
Payload weight
Orbit
Design reliability
Experimental proof
Number of tracking ships

Input
Liquid
3.8 t
GEO
0.96
Highly
(2, 0.9)

the communication among control stations and control center is working well. Overall, the attributes can be summarized
as in Table 3.

5. Results and Discussion
Use programmatic method to implement the belief rulebased algorithm and calculate the framework from the bottom level to the top level. Propulsion capability is calculated
as {(high, 0.9083), (medium, 0.0917)} under constraints of
rocket type, payload weight, and aim orbit. That means that

Attribute
Ground control station service time
Real-time monitoring percentage
Wave band
Humidity
Temperature
Interval

Input
(80, 0.8)
65%
Longwave
(35%, 80%)
(19, 90%)
Four months

the propulsion system is basically capable of fulfilling this task
and so is the upper stage, whose maturity evaluation is {(high,
0.9697), (medium, 0.0303)}. All the attributes evaluation in
the level 3 can be achieved in Table 4.
From the results, it is obvious that the information incompleteness has been propagated to “uncertainty in tracking
sources” and “environment uncertainty” due to the incompleteness of their antecedents. And this incompleteness will
continue to spread to the top level.
In the end, the uncertainty evaluation of the launch can
be calculated and the result is shown in Table 5. The (low,

Mathematical Problems in Engineering
Table 4: Evaluation results in level 3.
Attribute
Propulsion capability
Upper stage maturity
Uncertainty in tracking
sources
Communication capability
Environment uncertainty

Evaluation
{(High, 0.9083), (medium, 0.0917)}
{(High, 0.9697), (medium, 0.0303)}
{(Medium, 0.17), (low, 0.68)}
{(High, 0.8923), (medium, 0.1077)}
{(High, 0.0080), (medium, 0.0789),
and (low, 0.7830)}

9
technical assessment, engineering experience, and expert
knowledge, which to some extent is not subject enough. In the
future, data training is applied to self-construct more reliable
rule base [20].
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Table 5: Overall uncertainty evaluation of the aerospace project.
Attribute
Evaluation
Uncertainty in
{(Low, 0.9390)}
launch-vehicle system
Uncertainty in control
{(Medium, 0.0413), (low, 0.8410)}
system
Uncertainty in spaceport
{(High., 0.0014) (medium, 0.0162),
system
(low, 0.9178)}
Uncertainty of the mission {(Medium, 0.0027), (low, 0.9196)}

0.9196) means that according to this execution proposal,
the uncertainty is quite low with a belief degree of 0.9196
under current condition. The launch mission is believed to
be fulfilled as expected.

6. Conclusion
It is proved by the application that belief rule-based safety
evaluation approach using evidential reasoning is qualified
enough to deal with the mission estimation. It is also
believed feasible to solve complex systems evaluation issue.
The method is characterized with certain features. First,
every uncertain factor affecting the performance of complex
systems and all the evaluation results are represented in the
distribution on referential values. It follows the way people
recognizing the world and making subjective judgment. In
this way, no matter what the data type is, quantitative or
linguistic accurate or imprecise, even extremely vague, it can
be interpreted under a unified criterion. Second, the rule base
provides an effective approach to combine input with various
structures from each subsystem, which solves the problem
generated from fusion of heterologous data.
Due to the limited sources and uncontrollable factors,
it is impossible that the mission is complete without any
accidents. However, by applying the proposed method,
uncertainty can be quantified, measured, and compared.
Through the evaluation results, decision maker could figure
out the main uncertainty contributors with higher degree,
estimate whether the risk is acceptable, and judge if the
complex systems will go on as expected when provided given
conditions. What is more, comparison between different
systems is also feasible using this method.
The importance of rule base cannot be neglected. The ifthen rules help to deal with the nonlinear causal relationship
and heterologous data fusion. It has great impact on the
inference accuracy. So far, the rule base is build up with
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It is difficult to well distinguish the dimensionless indexes between normal petrochemical rotating machinery equipment and those
with complex faults. When the conflict of evidence is too big, it will result in uncertainty of diagnosis. This paper presents a diagnosis
method for rotation machinery fault based on dimensionless indexes combined with 𝐾-nearest neighbor (KNN) algorithm. This
method uses a KNN algorithm and an evidence fusion theoretical formula to process fuzzy data, incomplete data, and accurate
data. This method can transfer the signals from the petrochemical rotating machinery sensors to the reliability manners using
dimensionless indexes and KNN algorithm. The input information is further integrated by an evidence synthesis formula to get
the final data. The type of fault will be decided based on these data. The experimental results show that the proposed method can
integrate data to provide a more reliable and reasonable result, thereby reducing the decision risk.

1. Introduction
Large rotating machinery and equipment (such as steam turbines, rotary bearings, fans, and compressors) are key equipment in petroleum, chemical, metallurgy, machinery manufacturing, aerospace, and other important engineering fields.
Such equipment requires high safety and reliability [1], so the
study of fault diagnosis methods for these types of equipment
has been a hot topic in this field. Vibration monitoring signals
have lots of nonlinear, random, and nonergodic information,
which causes many complications in the fault signal analysis
when rotating machinery does not work [2]. The timedomain signal of vibration is the most basic and original
signal. References [1, 2] extracted failure characteristics
directly from the time-domain signal and analyzed the fault
diagnosis, showing that maintaining the basic characteristics
of the signal will be very beneficial. References [2–4] used the
probability density function of the vibration signal to derive

dimensional indexes (the mean and root mean square values,
etc.) and dimensionless indexes (waveform, margin index,
pulse, etc.) in the amplitude domain. In practice, although
a dimensional index is sensitive to the fault characteristics,
its value will increase with the development of the fault. In
addition, as the working conditions (load, speed, etc.) change,
these are easily affected by interference, which reduces their
performance as diagnostic measures [3]. By contrast, the
dimensionless indexes are not sensitive to the disturbance
of the vibration monitoring signal and the performance is
stable. In particular, these dimensionless indexes are sensitive
to neither the changes in amplitude nor the frequency of the
signal. That is, they have little relationship to the particular
working conditions of the machine [1–3]. Dimensionless
indexes have been widely used in the fault diagnosis of
rotating machinery. For the dimensionless indexes, pulse
index and kurtosis index are more sensitive to impact type
fault, especially in the early fault, the large amplitude of
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the pulse is less. Compare to other parameters kurtosis index
and pulse index rise faster, so that fault of the range is larger,
it is difficult to determine fault type [3, 4].
Solving the above problems requires the use of an
effective method which can process uncertain information
rationally, systematically, and flexibly [5]. Evidence theory
can effectively express and deal with uncertain and imprecise information and other problems [6]. However, in the
actual information fusion system, the interference due to
the natural environment or human disturbances often leads
to conflicting reports by the sensors [7]. Traditional D-S
evidence theory cannot effectively deal with the integration
of conflicting information. When evidence conflict exists
between global or local information, using D-S combination
rules for fusion leads to fusion results which are contrary to
the real value [1, 8]. Therefore, when a high degree of conflict
exists between the evidence, achieving effective integration
between the evidence is an urgent problem that needs to be
solved. At present, there are three major ways for treating
evidence conflict [7]: (1) in the improvement method based
on D-S combination rules, there is a high degree of conflict
between the evidence, and the D-S combination rules for
fusion are used directly. This often produces unreasonable
fusion results. This kind of methods has been presented by
Yager [9], Dubois and Prade [10], and Feng et al. [7]. (2)
In the second method, which is based on modifying the
original sources of evidence [8, 11], the conflict evidence is
preprocessed first, and then evidence combination rules are
used for fusing evidence. (3) The third method is to modify
the model from the sources based on a known model.
These three methods can solve some practical application
problems. Which method is used depends on the actual
situation and the need. In the absence of an effective combination rule evaluation criteria, it is difficult to determine
which combination rule is “the most excellent.” Smets et al.
put forward a TBM model and believed that the reliability of
the evidence conflict which resulted from incompleteness of
recognition framework should be assigned to the empty set.
Murphy provided an evidence average combination method.
This method is based on the modified model and has faster
convergence. The deficiency of this method is that it uses the
unfused evidence simply, without considering the interconnectedness between them. Reference [12] used a modified
Euclidean distance to determine the correlation between
the evidence and to obtain the weight of evidence before
modifying the original evidence and finally making the fusion
decisions. Reference [13] pointed out that the use of a conflict
coefficient to measure the conflict between the evidence was
not sufficient: the conflict between the evidence is also related
to the pignistic probability distance, so these two factors
should be used together to measure conflict degree between
the evidence. Reference [7] presented a conflicting interval
evidence fusion method based on the evidence similarity
measure. This method defines the probability conversion
rules of the extended pignistic probability and converts the
interval evidence into interval pignistic probability and uses
the fuzzy interval to normalize the Euclidean distance and
gets the similarity between interval pignistic, thus determining the similarity matrix between any two evidences
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and obtaining confidence of the interval evidence. Different
situations of evidence conflict are classified and discussed
according to the size of the two values. However, Reference
[13] did not consider the distance of the evidence body, so
the conflict representation model is still not comprehensive.
More importantly, there is no analysis of the conflict and
the relationship leading to the conflict and it has not been
developed to give a further approach to the process conflict.
Given the above problems, we propose an evidence
synthesis method based on dimensionless indexes combined
with KNN to improve the reliability and the rationality of
the results. This paper is organized as follows. Sections 2, 3,
and 4 introduce the problem statement, theory, and rotating
machinery fault diagnosis experiment, respectively. Finally, a
conclusion is drawn in Section 5.

2. Problem Statement
Vibration monitoring signals from rotating machinery in the
event of a fault include nonlinear, random, and nonergodic
information, which leads to great difficulty in fault signal
analysis. Although a dimensional index is sensitive to the fault
characteristics, its value will increase with the development
of the fault; when the working conditions (load, speed,
etc.) change, it is easy to be affected, resulting in unstable
performance. The dimensionless index is not sensitive to
disturbance of the vibration monitoring signal, performance
is stable. Of dimensionless indexes, the pulse index and
the kurtosis index are more sensitive to impact type fault,
especially in the early stage of fault, since there is less pulse
and no significant increase in other parameter values while
the kurtosis index and pulse index rise fastly. Therefore, these
two indexes are more sensitive in the early stage of fault in
rotating machinery, resulting in increased fault interval range
so it is difficult to distinguish.
Definition 1 (see [2, 3]). A dimensionless index is made up of
the ratio of two amounts with the same dimension. When
describing a particular system, it has a certain physical meaning. In fault diagnosis for dimensionless parameter indexes,
Δ𝜂𝑥 =

+∞

1/𝑇

+∞

1/𝑚

[∫−∞ |𝑥|𝑇 𝜉 (𝑥) 𝑑𝑥]
[∫−∞ |𝑥|𝑚 𝜉 (𝑥) 𝑑𝑥]

,

(1)

where 𝑥 is the vibration amplitude and 𝜉(𝑥) is the probability
density function of vibration amplitude. Multiple historical
monitoring data of a single fault can be calculated using this
function.
Our Aim. We attempted to answer the question regarding
how to integrate reliable and reasonable results when the fault
diagnosis of the rotating machinery fault signal is uncertain.
In this paper, we addressed the diagnoses of rotating
machinery fault for large petrochemical enterprises. Sensors
collected many kinds of fault data by mechanical operation in real time online, and the distance between this
data and the known training samples was calculated using
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Figure 1: Flowchart of rotating machinery fault evidence synthesis diagnosis.

the KNN algorithm. After obtaining the distance between
the test samples and the known training samples, we took
the reciprocal value of the distance, as the probability that
the tested sample is the kind of training sample. We fused
evidence using the D-S evidence theory synthesis method
to make a final decision about the fault. The specific flow is
shown in Figure 1.

3.1. Calculation of Dimensionless Indexes and Determination
of the Fault Zone. In this paper, we processed vibration monitoring signal using the method of dimensionless calculation
[14].
Hypothesis 1 (see [1, 2, 5]). Under Definition 1, and 𝑇 = 1,
𝑚 = 1, then the waveform index
+∞

𝑆𝑓 =

2

𝐶𝐿𝑓 = lim

+∞

1/𝑇

+∞

2

[∫−∞ |𝑥|𝑇 𝜉 (𝑥) 𝑑𝑥]

𝑇→∞

[∫−∞ |𝑥|1/2 𝜉 (𝑥) 𝑑𝑥]

= lim

𝑇→∞

𝑇
√
𝐸 (|𝑥|𝑇 )

[√𝐸 (|𝑥|)]

2

;
(4)

[∫−∞ |𝑥| 𝜉 (𝑥) 𝑑𝑥]
+∞

[∫−∞ |𝑥| 𝜉 (𝑥) 𝑑𝑥]

2

=

√𝐸 (|𝑥| )
√𝐸 (|𝑥|)

.

(2)

+∞

[∫−∞ |𝑥|𝑇 𝜉 (𝑥) 𝑑𝑥]
+∞

1/𝑇

[∫−∞ |𝑥| 𝜉 (𝑥) 𝑑𝑥]

= lim

𝑇→∞

√𝐸 (|𝑥|2 )
√𝐸 (|𝑥|)

; (3)

1/𝑇

+∞

𝐶𝑓 = lim

[∫−∞ |𝑥|𝑇 𝜉 (𝑥) 𝑑𝑥]

𝑇→∞

= lim

1/2

+∞

𝑇→∞

[∫−∞ |𝑥|2 𝜉 (𝑥) 𝑑𝑥]

𝑇
√
𝐸 (|𝑥|𝑇 )

√𝐸 (|𝑥|2 )

; (5)

(4) when 𝑇 = ∞, 𝑚 = 4, kurtosis index 𝐾V is defined as
+∞

𝐾V = lim

𝑇→∞

1/2

Similarly, (1) when 𝑇 = ∞, 𝑚 = 1, pulse index 𝐼𝑓 is
defined as

𝑇→∞

(2) when 𝑇 = ∞, 𝑚 = 1/2, margin index 𝐶𝐿 𝑓 is defined

(3) when 𝑇 = ∞, 𝑚 = 2, peak index 𝐶𝑓 is defined as

3. Theory

𝐼𝑓 = lim

as

[∫−∞ |𝑥|4 𝜉 (𝑥) 𝑑𝑥]
+∞

2

[∫−∞ 𝑥2 𝜉 (𝑥) 𝑑𝑥]

=

𝐸 (|𝑥|4 )
2

[𝐸 (|𝑧|2 )]

.

(6)

A dimensionless index is made up of the ratio of two
amounts with the same dimension. In this paper, we monitored signals based on the probability density function of the
monitoring signal. This dimensionless index is a ratio, which
is not affected by the magnitude of the signal, and the correlations between the sensitivity of vibration detector, amplifier,
and the magnification are not large, so the monitoring system
without calibration can be used in the actual equipment fault
diagnosis [1, 14].

4
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To use the dimensionless index in the study of fault diagnosis, we began with petrochemical core units. We collected
data online in real time and calculated the normal state of
the rotation unit and many kinds of dimensionless index
parameters when each fault happens. Then we calculated the
maximum value and minimum value of each dimensionless
index for each of core units in the normal state and all kinds
of fault states.
Hypothesis 2. 𝑁 monitoring data of vibration data 𝜀 were
collected under the single fault and 𝑁 is relatively large.
Conclusion 1. Under the condition of Definition 1, Hypothesis 1, and Hypothesis 2, the expectation of the dimensionless
index can be approximate
𝜀−𝑇 = 𝐸 (|𝜀|𝑇 ) =

1 𝑁  𝑇
∑ 𝜀  .
𝑁 𝑖=1  𝑖 

(7)

So, dimensionless index Δ𝜂𝑥 approximate
Δ𝜂𝑥 =

𝑇 −𝑇
√
𝜀

(8)

𝑚 −𝑚
√
𝜀

if 𝑇 = ∞, then √𝜀−𝑇 ≈ max𝑗=1,2,...,𝑁|𝜀𝑗 |.
𝑇

Conclusion 2. Under the condition of Definition 1, Hypothesis 1, and Hypothesis 2, sets of vibration monitoring data of
a single fault history 𝜀1 , 𝜀2 , . . . , 𝜀𝑁𝑘 , where the value range is
𝜀−𝑇 ∈ [𝛼𝑇 , 𝛽𝑇 ], of 𝜀−𝑇 can be calculated; then the dimensionless index fault interval is
+∞

Δ𝜂𝑥 =

[∫−∞ |𝑥|𝑇 𝜉 (𝑥) 𝑑𝑥]
+∞

[∫−∞ |𝑥|𝑚 𝜉 (𝑥) 𝑑𝑥]
𝑇 𝛼 , √𝛽 ]
[√
𝑇
𝑇
𝑇

=

𝑚
𝑚 𝛼 , √𝛽
[√
𝑚
𝑚]

∈[

1/𝑇
1/𝑚

=

𝑇 −𝑇
√
𝜀
𝑚 −𝑚
√
𝜀

∈ [𝑐𝜀 , 𝑑𝜀 ]
(9)

𝑇
𝑇𝛼
√
𝑇 √𝛽𝑇
,
].
𝑚
𝑚
√𝛽
𝑚 √𝛼𝑚

3.2. KNN Algorithm. Cover and Hart proposed the 𝐾-nearest
neighbor algorithm (KNN) in 1968 [15]. The idea behind the
algorithm is to calculate the distance between tested samples
and known training samples based on a distance function.
Select 𝑘-nearest sample values and choose an unknown
sample according to the 𝑘-nearest sample values. This method
is widely used in fault diagnosis, text classification, data
mining, machine learning, pattern recognition and image
processing, and other domains. This paper has 𝑁 fault
samples distributed to 𝑐 classes, 𝑆𝑓 , 𝐶𝑓 , 𝐼𝑓 , 𝐶𝐿𝑓 , and 𝐾V . Each
class has 𝑁𝑖 samples, 𝑖 = 1, 2, . . . , 𝑐. We found 𝑘-nearest
neighbors in all fault samples. 𝑘𝑖 represents the number
of 𝑘-nearest neighbors distributed to 𝑐 class. The 𝑘-nearest
neighbor judgment function is
𝑔𝑖 (𝑥) = 𝑘𝑖 ,

(𝑖 = 1, 2, . . . , 𝑐) .

(10)

3.3. Evidence Theory
3.3.1. Classic D-S Algorithm. D-S evidence theory is an uncertainty reasoning method, also known as belief function
theory. It is widely used in intelligent data processing, information fusion, expert systems, data mining, fault diagnosis,
target identification, decision analysis, and other domains.
This theory provides useful evidence combination rules to
fuse and update evidence information in order to solve the
problem of processing uncertain information.
Evidence synthesis is the core of the evidence theory.
It fuses independent evidence information coming from
different information sources in order to produce more
reliable evidence information. However, D-S evidence synthesis is limited in different degrees in practical application, especially when evidence conflicts highly or fully. In
these cases D-S evidence synthesis loses efficacy, and so
researchers at home and abroad in the field have proposed
many improvements from their different perspectives. At
present, China’s fault diagnosis technology is widely used in
military, aerospace, chemicals, shipbuilding, and so forth.
There are many theories and methods of fault diagnosis, and
evidential reasoning has a great significance in fault research.
It contains uncertainty information processing, the effective
integration of information, determinations of the credibility
of the fault indicators, formation, and decision-making. In
this paper, we use the idea of evidence theory combined
with the dimensionless index to solve such uncertainty problems. Through multifeature fusion recognition analysis, we
improve the recognition performance and accuracy of fault
diagnosis using effective, appropriate diagnostic methods and
determine the root cause of failure quickly [9].
In a large crew equipment, we can install the sensors
in different parts of large crew of the equipment to achieve
equipment testing. The information from sensors provides all
the fault information from each part that needs monitoring
and forms a body of evidence. Different evidence bodies
correspond to different credits functions. Through analyzing
credit functions, we can obtain the corresponding credit and
fuse each credit function using certain D-S combination
principles to determine the fault eventually.
(1) Basic Probability Assignment. In the recognition framework Θ, the basic probability assignment (BPA) is a 2Θ →
[0, 1] function 𝑚, called the mass function. This satisfies
𝑚 (0) = 0,
∑ 𝑚 (𝐴) = 1,

(11)

𝐴⊆Θ

where the 𝑚(𝐴) which makes 𝑚(𝐴) > 0 is called a focal
element for 𝐴.
(2) Trust Function. Trust function is also known as belief
function. In recognition framework Θ, based on BPA, trust
function definition of 𝑚 is
Bel (𝐵) = ∑ 𝑚 (𝐵) .
𝐵⊆𝐴

(12)
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(3) Likelihood Function. Likelihood function is also known as
plausibility function. In recognition framework Θ, based on
BPA, likelihood function definition of 𝑚 is

(1) Calculate the degree of confliction 𝐾𝑖𝑗 between evidence 𝐾𝑖 in evidence set 𝐾 and other evidence 𝐸𝑗 (𝑖 =
1, 2, . . . , 𝑖 − 1, 𝑖 + 1, . . . , 𝑛) and form confliction vector of 𝐾𝑖
[16]:

𝑃𝑙 (𝐴) = ∑ 𝑚 (𝐵) .

𝐾𝑖 = (𝑘𝑖1 , 𝑘𝑖2 , . . . , 𝑘𝑖𝑖−1 , 𝑘𝑖𝑖 , . . . , 𝑘𝑖𝑛 )

(13)

𝐵∩𝐴=0̸

(4) Confidence Zone. In evidence theory, hypothetical 𝐴 is in
recognition framework Θ
∑ 𝑚 (𝐵) ,

𝑚 (Θ) =

wherein
𝐾𝑖𝑗 =

∑
𝐴 𝑖 ∩𝐴 𝑗 =Φ,𝐴 𝑖 ∈𝐸𝑖 ,𝐴 𝑗 ∈𝐸𝑗

∑∩𝐴 𝑖 =𝐴 ∏𝑚
𝑖=1 𝑚𝑖 (𝐴 𝑖 )
1−

∑∩𝐴 𝑖 =Φ ∏𝑚
𝑖=1 𝑚𝑖

(𝐴 𝑖 )

=

𝑚𝑖 (𝐴 𝑖 ) 𝑚𝑗 (𝐴 𝑗 ) ,
(16)
(𝑖 = 1, 2 . . . , 𝑛) .

𝐵 ⋂ 𝐴=Φ

𝑚 (𝐴) =

(15)

∑∩𝐴 𝑖 =𝐴 ∏𝑚
𝑖=1 𝑚𝑖 (𝐴 𝑖 )
1−𝐾

.

(14)
This equation is a classic synthetic formula from D-S
evidence theory where the size of the 𝐾 value which represents the conflict between all the evidence is called the
normalization factor. The role of 1 − 𝐾 is not to assign the
nonzero probability values to the empty set in the process of
evidence synthesis [16].
In the classical D-S evidence theory synthesis formula,
especially for the case of a completed conflict (i.e., 𝐾 = 1),
the results obtained from (13) above are usually not consistent
with the actual situation and the formula loses efficacy. People
began to modify this method on the basis of the original
formula. There are two main ways in which it can be modified
[8].
(1) Based on Modification Rules [9, 17]. The key to improving
synthesis results is how to manage conflict. The new synthesis
rules need to efficiently determine how to allocate conflict,
and this problem also contains two small problems: which
subsets should the conflict be reassigned to and after determining the subset, in what proportion should the conflict be
allocated.
(2) Based on Modification Evidence Source Modification [17].
This presumes that the D-S synthesis rules for evidence theory are not themselves wrong. When the evidence conflicts
highly, evidence should be pretreated first, and then the DS evidence theory synthesis rules should be used. For those
evidence sources in which conflicts are great and unreliable,
we can use the discount factor and other methods [18] to
process the evidence source without modifying the synthesis
rule.
3.3.2. Improved D-S Algorithm. Since the classic D-S theory
can not manage conflict effectively, when evidence conflicts
highly, the results using the D-S evidence synthesis rule is
different from the actual situation. Many people in China
have proposed various modifications to D-S evidence theory.
Ye et al. proposed an evidence combination method based on
the weight coefficients and the confliction probability distribution [16]. After calculating the weighting coefficients for
each piece of evidence, the following evidence combination
is used for information fusion. The steps are as follows [16].

(2) Process confliction vector 𝐾𝑖 (𝑖 = 1, 2, . . . , 𝑛) with
normalization:
𝐾𝑖𝑁 =
=

(𝑘𝑖1 , 𝑘𝑖2 , . . . , 𝑘𝑖𝑖−1 , 𝑘𝑖𝑖 , . . . , 𝑘𝑖𝑛 )
∑𝑗=1,𝑗=𝑖̸𝑘𝑖𝑗

(17)

𝑁
𝑁
(𝐾𝑖1𝑁, 𝐾𝑖2𝑁, . . . , 𝐾𝑖𝑖−1
, 𝐾𝑖𝑖𝑁, . . . , 𝐾𝑖𝑛
).

(3) After normalization, calculate the entropy of confliction vector 𝐾𝑖𝑁:
𝐻𝑖 = ∑ 𝑘𝑖𝑁 ln 𝑘𝑖𝑁

(𝑖 = 1, 2, . . . , 𝑛) .

𝑗=1,𝑗=𝑖̸

(18)

(4) Get countdown of entropy 𝐻𝑖 :
𝐻𝑖−1 =

1
.
𝐻𝑖

(19)

(5) Calculate the weight coefficient of evidence 𝐸𝑖 :
𝑤𝑖 =

𝐻𝑖1
.
∑𝑛𝑗=𝑖 𝐻𝑗−1

(20)

After calculating the weighting coefficients of each evidence, the following evidence combination is used for information fusion; steps are as follow [16].
(1) Allocate the probability value to the proposition in the
framework according to the evidence provided by evidence
source and establish the weight vector of the evidence source:
𝑊 = (𝑤1 , 𝑤2 , . . . , 𝑤𝑛 ) .

(21)

(2) Assume 𝑊max = max(𝑤1 , 𝑤2 , . . . , 𝑤𝑛 ); relative weight
vector is available: 𝑊 = (𝑤1 , 𝑤2 , . . . , 𝑤𝑛 )/𝑊max , then we can
determine the “discount rate” of the basic probability assignment value of the evidence. Using the “discount rate” to adjust
basic probability assignment value of all the proposition
in each recognition framework according to the following
method, the basic probability assignment value after being
adjusted is [16]
𝑚𝑖∗ (𝐴 𝑘 ) = 𝛼𝑖 𝑚𝑖 (𝐴 𝑖 )

(22)

wherein the discount rate is
𝑎𝑖 =

𝑤𝑖
.
𝑤max

(23)
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Table 1: Various faults intervals (acceleration).

Fault index

Bearing wear

Bearing crack
outsider

Bearing crack
insider

Curved shaft

Lack of bearing

Waveform index
Peak index
Pulse index
Margin index
Margin index

[1.284, 1.447]
[3.140, 5.959]
[4.068, 8.625]
[4.935, 10.76]
[3.027, 10.79]

[1.19, 1.327]
[1.886, 4.818]
[2.320, 6.044]
[2.683, 7.346]
[2.531, 4.051]

[1.172, 1.327]
[2.215, 4.818]
[2.664, 6.044]
[3.044, 7.346]
[2.167, 3.85]

[1.172, 1.312]
[2.026, 3.686]
[2.460, 4.590]
[2.832, 5.647]
[2.167, 3.85]

[1.19, 1.494]
[2.503, 6.105]
[3.098, 8.602]
[3.647, 10.72]
[2.531, 8.378]

(3) By substituting the probability value of all propositions after adjusting into [11] formula, we can get a new synthetic formula:
𝑚 (Φ) = 0,
𝑚 (𝐴) = 𝑝 (𝐴) + 𝑘 ⋅ 𝑞 (𝐴) ,
𝑝 (𝐴) =
𝑘=

𝐴 ≠Φ,

Step 3. According to the KNN algorithm, the number of
nearest fault points 𝑘 can be found and the distribution can
be derived.

𝑚1∗ 𝐴 (1) 𝑚2∗ 𝐴 (2) ⋅ ⋅ ⋅ 𝑚𝑛∗ 𝐴 (𝑛) ,

∑

𝐴∈𝐸𝑖 ∩𝑛𝑖=1 𝐴 𝑖 =𝐴

∑

𝑚1∗ 𝐴 (1) 𝑚2∗ 𝐴 (2) ⋅ ⋅ ⋅ 𝑚𝑛∗ 𝐴 (𝑛) ,

𝐴∈𝐸𝑖 ∩𝑛𝑖=1 𝐴 𝑖 =𝐴

𝑞 (𝐴) =

minimum range in 10 indices) can be set up. Use (2), (3),
(4), (5), and (6) to calculate the waveform indices, peak
indicators, pulse index, margin index, and the kurtosis index
range faults.

(24)

1 𝑛 ∗
∑𝑚 (𝐴) ,
𝑛 𝑖=1 1

𝑚 (Φ) = 1 − ∑ 𝑚 (𝐴) .
𝐴⊂Θ

New synthetic formula fully considers the importance of
the fusion evidence that comes from different data and makes
synthetic results more realistic. Moreover, except the above
improved D-S evidence combination formula in detail, there
are many other methods, such as D-S evidence combination
formula based on credibility proposed by Sun et al. [19], an
effective evidence theory synthesis formula proposed by Li et
al. [11]. This not only reduces the confliction effectively but
also makes the results of synthetic realistic.
3.4. Improved D-S Algorithm Application in the Rotating
Machinery Fault Diagnosis. We have realized the rotating
machinery fault diagnosis for large petrochemical enterprises. Through sensors collect all kinds of fault data by
mechanical operation in real time online and calculate the
distance between this data and the known training samples
using KNN algorithm. After obtaining the distance between
the tested samples and the known training samples, take the
reciprocal value of the distance as the test sample probability
and training sample probability. The specific flow of fusion
evidences using D-S evidence theory synthesis method and
making a final decision is shown in Figure 1. The implementation steps are as follows.
Step 1. Fault data can be collected from petrochemical rotation real time.
Step 2. Based on the collected failure data, dimensionless
indexes can be calculated and fault zone (the maximum and

Step 4. Use the improved D-S algorithm in (Section 3.3.2) to
calculate degree of conflict (𝑘𝑖𝑗 ) and then conflict vector (𝐾𝑖 )
can be obtained.
Step 5. Normalize the conflict vector (𝐾𝑖 (𝑖 = 1, 2, 3, . . . , 𝑛))
and calculate the (𝐾𝑖𝑁) using (16).
Step 6. Calculate the entropy 𝐻𝑖 in conflict vector (𝐾𝑖𝑁) after
normalizing. Meanwhile, the weighing values 𝑤𝑖 of 𝐸𝑖 can be
calculated based on (18).
Step 7. Use (23) to correct D-S fusion data.
Step 8. Make final decisions after correction.

4. Rotating Machinery Fault
Diagnosis Experiment
This experiment was conducted on large rotating machinery fault diagnosis experiment platform in petrochemical
equipment fault diagnosis key laboratories of Guangdong
province. Real time data collection of many kinds of fault
types at Guangdong University of Petrochemical Technology
(GDUPT) are shown in Figure 2. There are five causes of bearing fault in petrochemical rotary sets. There are bearing wear,
bearing outer crack, bearing inner crack, bent axle, and lack of
bearing. The rotating machinery vibration acceleration signal
in the process of operation was detected and calculated using
a linear operation to get the waveform indicator 𝑆𝑓 , peak
metric 𝐶𝑓 , pulse index 𝐼𝑠 , clearance factor 𝐶𝐿 𝑓 , and kurtosis
value 𝐾V for each kind of fault.
In order to make the experimental data more accurate,
we have collected 1024 fault points for every kind of fault
and used them as the training samples. Five indexes of the
training samples were obtained by linear operations, and the
minimum and maximum values of the five indexes were
selected to confirm the range of the indicators, as shown
in Table 1. In Table 1, it can be seen in the sensitivity of
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(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 2: Rotating machinery fault diagnosis real experiment condition. (a) The developed real test bed. (b) Fault diagnosis rotating
machinery test bed. (c) Normal bearing. (d) Wearing ball bearing. (e) Outer ring crack bearing. (f) Inner ring crack bearing. (g) Bend shaft.
(h) Lacking ball bearing.

various indicators that the waveform index, because its scope
is very small, is the least sensitive. By contrast, the sensitive
of the margin index to the jamming signal is much higher.
In addition, under the same kind of dimensionless index, the
overlap of five kinds of faults is significant; that is, they are
highly conflicted. For example, for bearing outer cracks and
bearing inner cracks, the dimensionless index values range
for the five kinds of indexes is generally low.
Choosing a group of data randomly from all the real
time acquired data, for example, we can choose a bearing
crack value of 3950 and use all the collected 1024 external
bearing crack data to produce an array 𝑆, and we can get
𝑆(5) = 1, 𝑆(12) = 5. Then the data value of 3950 was
subjected to a linear operation and the fault data values
were obtained and used in KNN arithmetic. First, take
the middle values of the five dimensionless indexes as the
central values of the scope and then calculate the distance
from the fault value to each central value. Here we will get

25 groups of distance values. Then convert distance to a
probability value using KNN algorithm. The way we choose is
to directly take the reciprocals of those 25 groups of distance
values and obtain their corresponding probability values. The
guiding ideology is that when a test samples is closer to a
training sample, it has a higher probability to share the same
category of that training sample. In order to make it meet the
basic probability equation (1), a probability value normalized
processing was performed in each index, and the results
are shown in Figure 3. Figure 3 lists various fault probability
values under the five indexes. Each indicator provides fault
probability values for five kinds of faults including bearing
wear, bearing outer crack, bearing inside crack, bent axle,
and lack of bearing. We named each indicator to be a basic
probability distribution function, which is also called the
evidence collection. Five sets of evidence were formed by
KNN algorithm, and the information from the 5 groups of
evidence collection was fused using D-S evidence theory.

8

Mathematical Problems in Engineering

0.5

0.3

0.4
Probability value

Probability value

0.25

0.2

0.15

0.3

0.2

0.1
0.1

Margin
index

Kurtosis
index

Five kinds of dimensionless index
Bearing wear
Bearing crack outsider
Bearing crack insider

Curved shaft
Lack of bearing

Figure 3: The results of KNN (The number of faults is 3950, 𝑆(5) = 1,
𝑆(12) = 5).

We used classic D-S evidence theory and various
improvements to D-S evidence theory to match information
fusion, and the results are shown in Figure 4. From Figure 4,
we can see that the evidence collection processing is not
strong enough when it meets the classic D-S evidence theory,
especially the classic source of D-S evidence theory considers
all of the evidences are equally important, it leads us to the
even wrong conclusion with this situation [20]. In view of the
above reasons, we used the improved D-S evidence theory,
adding different weight coefficients to different evidence. The
three methods in Figure 4 are based on the weight coefficient
of the D-S evidence theory synthesis method. It can be
seen that in comparing the three kinds of synthesis methods
to the classical D-S evidence theory, that when evidence
was highly conflicted, the other methods increase reliability
and rationality of the results of synthesis. The tested data,
however, were from an external bearing crack. Despite using
improved D-S evidence theory the correct diagnosis of the
fault was still not obtained.
We can see from Figure 4 that from the various sources
of evidence, the probability value for the external bearing
crack fault is not the largest. In other words, before fusing
the evidence, each source of evidence does not think that it
is the bearing outer crack that broke down, so the final fusion
results are also incorrect.

5. Conclusion
There are some problems of identifying complex faults in
petrochemical rotating machinery. First, the corresponding
zone of the dimensionless index is difficult to determine.

Curved
shaft

Pulse
index

Bearing crack
insider

Peak
index

Bearing crack
outsider

0
Waveform
index

Bearing
wear

0

Lack of
bearing

0.05

Five types in petrochemical rotary sets of bearing failure
D-S evidence theory synthetic formula
Direct weighted synthetic formula
Synthesis formula of [16]
The synthesis formula of this paper

Figure 4: Evidence theoretical probability comparison table (the
number of faults is 3950, 𝑆(5) = 1, 𝑆(12) = 5).

Second, when the data is transferred from the scene to a
remote server, it is disturbed by various factors which cause
transmission errors. Fluctuations in the calculation of the
rotating machinery fault dimensionless indexes are large,
resulting in difficulties with correct fault diagnosis. In this
paper, we used a rotating machinery fault evidence synthesis
diagnosis method combining dimensionless index with KNN
to achieve fault evidence synthesis diagnosis of the rotating
machinery to make the fusion result more reasonable and
reliable. The increased reliability of the results will reduce the
risk of decisions based on incorrect information.
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Faulty samples are much harder to acquire than normal samples, especially in complicated systems. This leads to incompleteness
for training sample types and furthermore a decrease of diagnostic accuracy. In this paper, the relationship between sampletype incompleteness and the classifier-based diagnostic accuracy is discussed first. Then, a support vector data description-based
approach, which has taken the effects of sample-type incompleteness into consideration, is proposed to refine the construction of
fault regions and increase the diagnostic accuracy for the condition of incomplete sample types. The effectiveness of the proposed
method was validated on both a Gaussian distributed dataset and a practical dataset. Satisfactory results have been obtained.

1. Introduction
Fault diagnosis has been the subject of great interest in the
control research community in response to the increasing
requirement of operating reliability and product quality [1–
4]. During the last decades, fault diagnosis has been well
studied and many useful approaches have been proposed,
such as the parameter estimation [5] and state estimation
[6]. Generally, these approaches could diagnose the faults by
analyzing the residual between the real output and the model
output, which are so-called model-based fault diagnoses. The
core of the model-based diagnostic approach is to build a
process model running parallel to the process [1].
Due to the ever-growing complexity of industrial systems,
the modeling of a complex industrial process becomes very
difficult and time-consuming. In some newly developed
processes, such models are even unavailable. Consequently,
data-driven approaches have been introduced to the field
of fault diagnosis. This kind of approach does not need
to build precise models for industrial processes. Instead, it
utilizes the processing data, including offline and online data,

to approximate the relationship between system inputs and
the operating statuses. The data-driven approach is especially
suitable for the fault detection (FD) and isolation for complex
systems and hence has aroused much interest recently [4, 7–
9].
One classical way for data-driven diagnostic approaches
is to divide the data distributing space into several fault
regions by employing particular classifiers [10]. Then, in
each fault region, all data samples belong to the same
operating status [11]. This classifier-based approach makes
the diagnosis by locating the fault region that the testing
sample falls into and avoids the requirement of system models
and expert knowledge. During the last 10 years, numerous
studies have been done concerning the issues of its diagnostic
accuracy and decision speed. The reliability and feasibility
of the classifier-based fault diagnosis approach have been
significantly improved [12–14].
As has been pointed out by Russell et al. [7], the main
drawback of data-driven approaches is that the diagnostic
proficiency is highly dependent on the quantity and quality of the process data. When using the classifier-based
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approaches for fault diagnosis, fine data samples are required
to ensure the performance of the diagnosis. More specifically,
according to the research of Hakkila et al. [15], the classification performance is especially sensitive to the completeness
of the training samples. A complete set of training samples is
essential for making the correct region divisions. This implies
that when using classifier-based approaches, training samples
for all types of faults should first be prepared.
However, data-driven approaches show a significant difference in the difficulty of acquiring different faulty samples
in real applications. In most cases, samples for common
faults and for normal operating statuses could easily be
obtained, whereas samples for rare faults and multifaults are
seldom acquired. It is very hard to collect a complete training
set which contains samples for all possible faults [14]. The
problem of sample-type incompleteness has greatly reduced
the feasibility of classifier-based approaches.
Consequently, the need to improve the diagnostic performance in the condition of incomplete faulty samples becomes
an issue which greatly hampers the practical applications
of data-driven fault diagnosis. However, little has been
addressed in the literature on this issue. In this paper, a
support vector data description (SVDD-) based approach
has been proposed in an attempt to improve the diagnostic
performance of the classifier-based approach in the condition
of incomplete samples. It reduces the sensitivity of diagnostic
accuracy towards sample completeness.
This paper is organized as follows. Section 2 illustrates
how the sample-type incompleteness decreases the diagnosing accuracy. Section 3 introduces the classification mechanism of the SVDD. Section 4 presents the refined diagnostic
algorithm using SVDD. In Section 5 the effectiveness of the
proposed method is validated by experimental comparisons
with conventional methods. Finally, conclusions and a discussion are given in Section 6.

2. Effects of the Sample-Type Incompleteness
on the Classifier-Based Fault Diagnosis
Fault diagnosis includes FD and fault isolation (FI). FD
attempts to judge whether the system is faulty or normal and
then FI is employed to identify which fault has occurred in
the system. In contrast to the conventional fault diagnosis
where FD and FI are two different steps, the classifier-based
diagnostic approaches complete both FD and FI in one
step. Therefore, it has been widely used due to the high
efficiency for fault diagnosis. The classifier-based approach
uses particular classifiers to map the linear inseparable faulty
samples into a high-dimensional space where different types
of samples are linearly separable. Furthermore, a hyperplane
is generated to divide the high-dimensional space into several
regions, called fault regions, and each region consists of only
one faulty-type sample, as shown in Figure 1. When testing
samples are imported, they are first mapped into the same
high-dimensional space. Then, by locating which fault region
they have fallen into, the operating status can be identified,
and the aim of FD and FI can be achieved [10, 11].

(a) Symptom dataset

Mapping

Region: normal

Hyperplane

Region: type 1

Region: type 2

Normal
Type 1
Type 2
(b) Fault regions

Figure 1: Fault regions made by classifiers.

Given a training set, 𝐷, which consists of process data for
a normal status, 𝑁, and 𝑘 types of faulty samples
𝑘

𝐷 = ⋃ 𝑆𝑖 ∪ 𝑁,

(1)

𝑖=1

where 𝑆𝑖 is the sample set for the 𝑖th fault, classifiers like artificial neural networks (ANNs) and multiclass SVMs divide the
sample distributing space into one “Normal” region and “𝑘”
faulty regions:
𝑘

Hyperplane(𝑤0 ,𝑏0 ) = 𝜙 (𝐷) = 𝜙 (⋃ 𝑆𝑖 ∪ 𝑁) ,
𝑖=1

(2)
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Type 4
Type 1

Type 1

Type 3

Type 3

Type 2

Type 2

(a) Fault regions in condition of complete training set

(b) Fault regions in condition of sample-type incompleteness

Figure 2: Fault regions of different sample-type completeness.

where 𝜙 is the mapping function for the given classifier and
𝐻(𝑥) = 𝑤0 ⋅ 𝑥 + 𝑏0 is the hyperplane. The fault regions should
be {“Normal”, “Fault 1”, . . . , “Fault 𝑘”}.
When the testing samples, 𝑋Test , are acquired, the fault
can be isolated by locating which fault region they have fallen
into by
𝐹 = Ψ {𝜙 (𝐷) , 𝑋Test } ,

(3)

where Ψ is the decision function and 𝐹 is its decision value.
Because the testing samples, 𝑋Test , have already been obtained
while diagnosing, 𝑋Test can be considered constants in the
above formula. Thus, the diagnostic performance mainly
depends on three factors: 𝜙, Ψ, and 𝐷. Here, the function,
𝜙, is decided by the classification performance including
algorithm selection and parameter setting, and the function,
Ψ, is decided by the fault diagnostic flowchart. Thus the
training set, 𝐷, can be regarded as the only variable in formula
(3) that decides the diagnostic accuracy. In the condition of
fault type incompleteness, for example, no process data has
been acquired for some operating statuses; the variable, 𝐷,
would be
𝑘−𝑚

𝐷 = ⋃ 𝑆𝑖 ∪ 𝑁;

Type 1

(4)

𝑖=1

here 𝑚 types of faulty samples are assumed to be missing.
As the variable changes, a different hyperplane, 𝐻 (𝑥) =
(𝑊0 , 𝑥) + 𝑏0 = 𝜙(𝐷 ), would be generated, and furthermore the diagnosing result, 𝐹 = Ψ{𝜙(𝐷 ), 𝑋Test }, is likely
to be changed. This implies that the incompleteness of fault
types leads to a misclassification and a decrease of diagnostic
accuracy.
Figure 2 is employed to illustrate how the sample-type
incompleteness affects the diagnosis. In this figure, the
complete training set is composed of 4 types of samples.
Figure 2(a) shows the fault regions which are made in the
condition of a complete training set. Then, taking the 4th

Type 3

Type 2

Figure 3: Misclassified fault regions brought on by sample-type
incompleteness.

faulty sample away, the new generated fault regions can be
seen in Figure 2(b), where the region divisions are significantly different.
The shadow areas in Figure 3 denote the misclassified
fault regions that were brought on by the incompleteness of
the sample type. The testing samples which fall into these
shadow areas will be diagnosed incorrectly.

3. Support Vector Data Description
SVDD is a kind of one-class classifiers which judges whether
a testing sample belongs to the target sample type or not
and requires only one type of samples while training [16]. It
attempts to find a hypersphere with a minimum volume and
contains all target samples, as shown in Figure 4. When the
test sample has fallen into the hypersphere, it belongs to the
same type as the target samples.
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Given a testing sample, 𝑧, if
Support vectors

‖𝑧 − 𝑎‖2 = (𝑧 ⋅ 𝑧) − 2∑𝛼𝑖 (𝑧 ⋅ 𝑥𝑖 )
𝑖

+ ∑𝛼𝑖 𝛼𝑗 (𝑥𝑖 ⋅ 𝑥𝑗 ) ⩽ 𝑅2 ,

(8)

𝑖,𝑗

then 𝑧 belongs to the same type as the target data, 𝑋.

𝜉
R

a

Remark 1. Conventional classifiers such as Support Vector
Machines (SVMs) require at least two types of samples while
making the hyperplane. The output of these classifiers implies
the type to which the testing sample is the most likely to
belong. However, SVDD, which is specifically designed for
one-class classification, requires only one type of training
sample, that is, the target data. The aim of the SVDD
classification is to judge whether the testing sample belongs
to the type of target data.

Figure 4: Region for target data made by SVDD.

Given the target data, 𝑋 = {𝑥𝑖 }𝑛𝑖=1 , where 𝑛 is the number
of training samples, the SVDD searches for the hypersphere,
Ω = (𝑎, 𝑅), by minimizing the radius:
Min: 𝐹 (𝑅, 𝑎) = 𝑅2 + 𝐶∑𝜉𝑖
𝑖

𝑇

(𝑥𝑖 − 𝑎) (𝑥𝑖 − 𝑎) ⩽ 𝑅2 + 𝜉𝑖 ,

s.t.

𝜉𝑖 ⩾ 0,

(5)

𝑖 = 1, 2, . . . , 𝑛,

where 𝑎 denotes the centre of the sphere and 𝑅 is its radius.
𝐶 is the regular factor that gives the trade-off between the
radius and the number of errors and 𝜉 is the slack factor. The
following Lagrangian was constructed to solve this problem:
𝐿 (𝑅, 𝑎, 𝛼𝑖 , 𝛾𝑖 , 𝜉𝑖 )
= 𝑅2 + 𝐶∑𝜉𝑖
𝑖

 2
− ∑𝛼𝑖 {𝑅2 + 𝜉𝑖 − (𝑥𝑖  − 2𝑎 ⋅ 𝑥𝑖 + ‖𝑎‖2 )}

(6)

𝑖

− ∑𝛾𝑖 𝜉𝑖 ,
𝑖

where 𝛾𝑖 ⩾ 0 and 𝛼𝑖 ⩾ 0 are the Lagrange multipliers. After
taking the partial derivative, the dual problem for formula (6)
can be written as
Max:

𝐿 = ∑𝛼𝑖 (𝑥𝑖 ⋅ 𝑥𝑗 ) − ∑𝛼𝑖 𝛼𝑗 (𝑥𝑖 ⋅ 𝑥𝑗 )
𝑖

s.t.

𝑖,𝑗

(7)

0 ⩽ 𝛼𝑖 ⩽ 𝐶

Formula (7) is a standard quadratic programming problem. There are many well-studied methods to solve such
problems, for example, the active set method [17]. As 𝛼 can
be obtained from formula (7), 𝑎 and 𝑅 in forumla (5) can also
be deduced.

4. Fault Diagnosis Using SVDD for the
Condition of Sample-Type Incompleteness
As shown in formula (2), conventional classifiers take the
whole training set, 𝐷, as the input variable for constructing
the hyperplane. As 𝐷 varies, the hyperplane varies, and
furthermore the diagnostic result should be changed as in
formula (3). This paper addresses a new framework for
classifier-based fault diagnosis which is capable of implementing the type incomplete training set to construct a
reasonable hyperplane and can gradually refine its diagnostic
performance as more types of samples are added to the
training set.
4.1. The Basic Idea of the Proposed Diagnosing Approach.
Unlike traditional methods, the proposed approach does not
construct all regions in a go. It constructs the regions step by
step.
As shown in Figure 5, the SVDD-based approach firstly
judges whether the testing sample belongs to “Known” types
or “Unknown” types. Then, if the testing sample belongs to
the “Known” types, the approach locates which region should
the testing sample fall into.
Remark 2. “Known” types refer to types whose operating data
samples have been acquired. “Unknown” types refer to types
whose operating data samples are missing.
Figure 6 is implemented to illustrate how the SVDDbased approach constructs the fault regions.
The gray area in Figure 6 is the “Known” region and also
refers to space where diagnosis could be made. From (a) to
(d), we see the following.
(1) When new types of samples are imported, the SVDDbased approach just adds corresponding regions but
does not reconstruct all regions. This means that if
one fault region is constructed, the region will never
change no matter how many more sample types are
imported in the training.
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Testing sample XTest

All obtained
types D
Using SVDD to
construct region
for obtained types

Region:
known
Decision
Belong to
the region?

No

“Normal” set N

The type of testing
sample is “Unknown,”
and more sample types
are required for further
diagnosis

Yes
Using SVDD to
construct region
for “Normal” set

Using SVDD to
construct region
for “Fault i” set

Region:
normal

Evaluate the
likelihood

f(0)

Region:
Fault i

Evaluate the
likelihood

f(i)

“Fault i” set Si

Testing sample belongs to “Fault i”
i = arg max: f(i)
“i = 0” implies that the testing sample belongs to “Normal”

Figure 5: The basic idea of SVDD-based fault diagnosis.

(2) More sample types lead to a larger proportion of the
gray area. And this indicates that the diagnostic ability
could be improved as more sample types are acquired.
Suppose a “Fault 2” sample was implemented as
a testing sample. In (a) and (b), as the sample
types for training are rare, the testing is classified
to “Unknown” region. We can know that the testing
sample belongs to neither “Normal” nor “Fault 1,”
but we do not know indeed which type it belongs
to. However, in (c) and (d), as more sample types
are imported for training and the fault regions are
significantly refined, one can easily make an accurate
diagnosis.

Definition 3. 𝑓 = 𝑅2 − ‖𝑧 − 𝑎‖2 is the evaluating function,
which implies the likelihood that the testing sample belongs
to the target set.
Here 𝑧 is the testing sample; 𝑅 and 𝑎 are the radius
and centre of the hypersphere, respectively. The centre, 𝑎 =
∑𝑛𝑖=1 𝛼𝑖 ⋅ 𝑥𝑖 , and the radius can be obtained by calculating
the distance between the centre and any relevance vector,
𝑥Sv (𝛼Sv = 0):
𝑛


2
𝑅2 = 𝑥Sv − 𝑎 = (𝑥Sv ⋅ 𝑥Sv ) − 2∑𝛼𝑖 (𝑥𝑖 , 𝑥Sv )
𝑖=1

𝑛

4.2. The Flowchart for the SVDD-Based Fault Diagnosis
4.2.1. The Definition of Evaluating Function 𝑓. Given a training set, 𝐷 = ⋃𝑘𝑖=1 𝑆𝑖 ∪ 𝑁, which consists of a normal sample
set 𝑁 and 𝑘 types of faulty samples 𝑆𝑖 . Using the SVDD
approach, 𝑘 + 1 hyperspheres, Ω𝑖 = (𝑎𝑖 , 𝑅𝑖 ), 𝑖 = 0, 1, 2, . . . , 𝑘,
can be obtained. Ω0 denotes the hypersphere for normal set,
and the other hyperspheres represent the faulty sets. These
hyperspheres represent fault regions constructed by existing
samples.

𝑛

+ ∑ ∑𝛼𝑖 𝛼𝑗 (𝑥𝑖 ⋅ 𝑥𝑗 ) .
𝑖=1 𝑗=1

Hence, the evaluating function can be rewritten as
𝑛

𝑓 = 𝑅2 − ‖𝑧 − 𝑎‖2 = (𝑥Sv ⋅ 𝑥Sv ) − 2∑𝛼𝑖 (𝑥𝑖 ⋅ 𝑥Sv )
𝑖=1

𝑛

𝑛

+ ∑ ∑𝛼𝑖 𝛼𝑗 (𝑥𝑖 ⋅ 𝑥𝑗 )
𝑖=1 𝑗=1

(9)
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Table 1: The relationship between 𝐹 and fault type.

Fault type
𝐹 value

Normal
0

⋅⋅⋅
⋅⋅⋅

Fault 1
1

“Known”

Normal

(a) 𝐷 = 𝑁

(b) 𝐷 = 𝑁 ⋃ 𝑆1

“Known”

“Known”
Normal

Normal

“Known”

“Known”
Fault 1

𝑑 = sgn (𝑅2 − ‖𝑧 − 𝑎‖2 ) .

“Known”
Fault 1
“Unknown”

“Unknown”

Fault 2

“Known”
Fault 1

“Unknown”

(c) 𝐷 = 𝑁 ⋃ 𝑆1 ⋃ 𝑆2

“Known” but hard to isolate
𝑘+1

while training. Given a testing sample, 𝑧, an index 𝑑 is
calculated:

“Known”

Normal

Fault 𝑘
𝑘

“Unknown”

Fault 2
Fault 3
“Known”

If 𝑑 = −1, the testing sample belongs to “Unknown”
types and requires more sample types to isolate the fault type.
Otherwise, the testing sample belongs to the “Known” types,
and Steps 2–4 are proposed for fault isolation.
Step 2. For the normal set, 𝑁 = 𝑆0 , the training set can be
written as ⋃𝑘𝑖=0 𝑆𝑖 . For 𝑆𝑖 , the hypersphere, Ω𝑖 = (𝑎𝑖 , 𝑅𝑖 ), is
constructed by the SVDD approach.
Step 3. Given a testing sample, 𝑧, its evaluation function value
can be calculated for all hyperspheres, Ω𝑖 = (𝑎𝑖 , 𝑅𝑖 ), 𝑖 =
0, 1, 2, . . . , 𝑘.
2

𝑓 (𝑖) = 𝑅𝑖2 − 𝑧 − 𝑎𝑖  = (𝑥Sv ⋅ 𝑥Sv ) − (𝑧 ⋅ 𝑧)
𝑙

(d) 𝐷 = 𝑁 ⋃ 𝑆1 ⋃ 𝑆2 ⋃ 𝑆3

Figure 6: The process of fault region construction using SVDD.

(12)

𝑙

− 2 ( ∑𝛼𝑗 (𝑥𝑗 ⋅ 𝑥Sv ) − ∑𝛼𝑗 (𝑧 ⋅ 𝑥Sv )) ,
𝑗=1

(13)

𝑗=1

⋃𝑙𝑗=1

𝑛
𝑛 𝑛
{
}
− {(𝑧 ⋅ 𝑧) − 2∑𝛼𝑖 (𝑧 ⋅ 𝑥Sv ) + ∑ ∑𝛼𝑖 𝛼𝑗 (𝑥𝑖 ⋅ 𝑥𝑗 )}
𝑖=1
𝑖=1 𝑗=1
{
}

= (𝑥Sv ⋅ 𝑥Sv ) − (𝑧 ⋅ 𝑧)
𝑛

𝑛

𝑖=1

𝑖=1

− 2 (∑𝛼𝑖 (𝑥𝑖 ⋅ 𝑥Sv ) − ∑𝛼𝑖 (𝑧 ⋅ 𝑥Sv )) .
(10)
A larger value of 𝑓 implies a higher likelihood that the
testing sample belongs to the same type as the target samples
in the hypersphere. And we have
{1,
dist = sgn (𝑓) = {
−1,
{

𝑧∈Ω
𝑧 ∉ Ω,

(11)

where dist = −1 implies that the testing sample has not fallen
into the hypersphere.
4.2.2. The Flowchart of the Proposed Approach. For a training
set consisting of incomplete types, the SVDD approach has
been introduced into the diagnosis [18–21]. The flowchart of
the proposed approach is shown as follows.
Step 1. For the training set, 𝐷 = ⋃𝑘𝑖=1 𝑆𝑖 ∪ 𝑁, a hypersphere,
Ω = (𝑎, 𝑅), is constructed, which involves all existing samples

where 𝑥Sv ∈ 𝑆𝑖 , 𝑆𝑖 =
𝑥𝑗 , 𝛼𝑗 is the Lagrange multiplier
for 𝑥𝑗 , and 𝑙 is the number of samples for 𝑆𝑖 . We then get the
decision value for diagnosis
∃𝑓 (𝑖) ⩾ 0
{argmax: 𝑓 (𝑖) ,
𝐹={
(14)
𝑘 + 1,
∀𝑓 (𝑖) < 0.
{
𝐹 = 𝑘 + 1 means that the testing sample has fallen into the
“Known” region, but its likelihood for all types is very low.
It is hard to decide which region should the testing sample
belong to. In this paper, we just simply divide such sample to
“Normal” set, with the consideration of reducing false alarms.
The relationship between the 𝐹 value and the fault type is
shown in Table 1.
Step 4. According to the decision rules shown in Algorithm 1,
the diagnostic decision can be calculated and the FI can
be achieved. Here “decision = 𝑖” means the testing sample
belongs to the 𝑖th fault type.

5. Experimental Validation
In this section, a group of Gaussian distributed synthetic
datasets are firstly implemented to validate the feasibility
and effectiveness of the proposed approach. Then, a realworld dataset for transformer faults is implemented. The
performances of the SVDD-based approach are compared
with the popular SVM-based approach [22–24] and some
other classic approaches like Least Squares Support Vector
Machine (LS-SVM) [25], learning vector quantization (LVQ)
network [26], and random forests [27].
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Switch

𝑑
Case

7
3

1
if
else

2

𝐹=𝑘+1
𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 = 0

1

𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 = 𝐹

0

end
Case −1

Γ2

Γ1

−1

Testing sample belongs to unknown types
end

−2

Algorithm 1: Decision rules for the SVDD-based fault diagnosis.

−3
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1.5

2

2.5

Figure 7: Three Gaussian distributed datasets.

5.1. The Synthetic Datasets. The training set consisted of three
Gaussian distributed synthetic datasets, namely, Γ1 , Γ2 , and Γ3 ,
and each dataset represents one operating status, as shown in
Figure 7.

2

2
1.5

2

1
0.5

2

0

Fault 2

Fault 1
−2

−1.5

−1

2

5.1.1. One Type Is Missing. The given system yields three
operating statuses: “Fault 1,” “Fault 2,” and “Normal,” and
their corresponding sample sets are “Γ1 ,” “Γ2 ,” and “Γ3 .” The
diagnostic performances of both SVM-based and SVDDbased approaches are first investigated in the condition with
one sample type missing.
Suppose the sample set, Γ3 , is missing. We made the fault
regions using the SVM-based approach and the proposed
approach. As shown in Figure 8(a), the fault regions made by
the SVM can efficiently identify the faulty types, Γ1 and Γ2 ;
however, there is no region for Γ3 , and all samples belonging
to Γ3 will be misclassified into Γ1 or Γ2 .
In contrast to the SVM-based approach, the proposed
approach constructs an updatable framework for fault diagnosis and fully takes into consideration of the classification
of unknown samples. As shown in Figure 8(b), where the
fault regions for “Fault 1” and “Fault 2” are made, the SVDDbased approach also makes a region for unknown sample
type. Therefore, the samples belonging to Γ3 will be classified
into the “Unknown” region instead of the “Fault 1” region or
“Fault 2” region. This makes the diagnosis more reasonable.
100 samples were randomly selected as testing samples. We investigated the diagnostic accuracies of the two
approaches for the condition of one sample type missing,
which is shown in Table 2.
As shown in Table 2, the diagnostic accuracy of the SVMbased approach has been reduced from 100% to 64–71%
when one of the sample types is missing. This implies that
the sample-type incompleteness greatly affects the diagnostic accuracy. However, for the SVDD-based approach, the
accuracy varies slightly when a sample type is missing. This
demonstrates that the diagnostic accuracy of the SVDDbased approach is insensitive to the sample-type completeness. Moreover, when a sample type is missing, the accuracy
of the SVM-based approach varies from 64% to 71% and the
accuracy of the proposed approach varies from 86% to 89%.
The proposed approach shows significant superiority to the
classic SVM-based approach when dealing with incomplete
sample types.

Γ3

−0.5

0

0.5

1

1.5

2

Class 1
Class 2
(a) Fault regions made by SVM-based approach

3
2
1
0
−1
−2
−3

Fault 1

Fault 2
Unknown

−3

−2

−1

0

1

2

3

Class 1
Class 2
(b) Fault regions made by SVDD-based approach

Figure 8: Fault regions made by both SVM- and SVDD-based
approaches (Γ3 is missing).
Table 2: The diagnostic accuracy of the two approaches.
Missing type
—
Γ1
Γ2
Γ3

Diagnostic accuracy
of SVM-based
approach

Diagnostic accuracy
of SVDD-based
approach

100%
71%
65%
64%

89%
87%
86%
89%

5.1.2. Fault Detection Using the SVDD-Based Approach. We
suppose the system has acquired only the samples for a
“Normal” status; that is, the training set is composed of Γ3 .
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(a) Gaussian distributing samples
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(b) The acquired training samples
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(c) Fault detection using SVDD-based approach

Figure 9: FD using SVDD-based approach (only Γ3 is acquired).

Because the conventional classifier-based approaches require
at least two types of samples, the FD cannot be made.
However, the SVDD-based approach solves the problem
successfully. Using the proposed approach, the region for Γ3
and the “Unknown” can be obtained. The region for Γ3 is
referred to as the “Normal” region and the “Unknown” region
is thus referred to as the “Faulty” region. By locating which
region the testing sample has fallen into, the FD is achieved.
As shown in Figure 9(c), the purple area is the “Normal”
region and the blue area is the “Faulty” region. All samples
belonging to Γ3 fall into the “Normal” region and samples
from Γ1 and Γ2 fall into the “Faulty” region. This demonstrates
the feasibility of the proposed approach in FD.
5.2. The Real-World Dataset. The real-world dataset for a
transformer fault diagnosis is obtained from the literature
[28]. This dataset monitors the gas content dissolved in
the insulating oil of the transformers, which has close
relationships with the operating statuses. Here, 4 operating
statuses are investigated, that is, “Normal” status, “Highenergy discharge” fault, “Low-energy discharge” fault, and
“Thermal heating” fault. The training set and testing set are
prepared as shown in Table 3.
The radical basis function (RBF) kernel is selected for
training the SVM and SVDD classifier and the parameter, 𝜎,
is set 0.5. In all of the experiments, the testing set is selected

Table 3: The dataset for the transformer fault diagnosis.
Faulty type

Training set
5
{𝑥𝑖 }𝑖=1

Normal

Γ1 =

Thermal heating

Γ2 = {𝑥𝑖 }𝑖=1

Low-energy discharge

Γ3 = {𝑥𝑖 }𝑖=1

High-energy discharge

Γ4 = {𝑥𝑖 }𝑖=1

Testing set
4

Γ1 = {𝑥𝑗 }𝑗=1
13

25

Γ2 = {𝑥𝑗 }𝑗=1

5

Γ3 = {𝑥𝑗 }𝑗=1

15

Γ4 = {𝑥𝑗 }𝑗=1

6
2

as {Γ1 , Γ2 , Γ3 , Γ4 } and the training set is selected, respectively;
for example, when samples for “Low-energy discharge” fault
are missing, the training set should be {Γ1 , Γ2 , Γ4 }.
In Figure 10, we investigated the diagnostic performances
of the two approaches for the condition of each kind of
sample-type incompleteness. The training sets selected are
{Γ1 , Γ2 , Γ3 }, {Γ1 , Γ2 , Γ4 }, {Γ1 , Γ3 , Γ4 }, and {Γ2 , Γ3 , Γ4 } for cases
when one sample type is missing, and {Γ1 , Γ2 }, {Γ1 , Γ3 }, {Γ1 , Γ4 },
{Γ2 , Γ3 }, and {Γ2 , Γ4 }, {Γ3 , Γ4 } for cases when two sample types
are missing.
As shown in Figure 10, in all cases, the SVDD-based
approach yields a better accuracy than the SVM-based
approach. Moreover, for the SVM-based approach the accuracy is significantly decreased when more sample types are
missing. The average accuracy for one sample type missing is
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Table 4: Comparisons with classical methods.

1
0.8

Training set

0.6
0.4

{Γ3 , Γ4 }

{Γ2 , Γ4 }

{Γ2 , Γ3 }

{Γ1 , Γ4 }

{Γ1 , Γ3 }

{Γ1 , Γ2 }

{Γ2 , Γ3 , Γ4 }

{Γ1 , Γ3 , Γ4 }

{Γ1 , Γ2 , Γ4 }

0

{Γ1 , Γ2 , Γ3 }

0.2

SVM-based
SVDD-based

Figure 10: The comparison of diagnostic accuracy for the two
methods for the condition of type incompleteness.

69% and when two sample types are missing the average accuracy falls to 47.33%. Conversely, the SVDD-based approach
varies slightly while different portions of sample types are
missing. The average accuracy for the proposed approach
varies from 76% to 88%. This implies that the SVDDbased approach can efficiently improve the classifier-based
diagnostic performance while the sample type is incomplete.
For a further comparison, classical methods such as Least
Squares Support Vector Machine (LS-SVM) [26], learning
vector quantization (LVQ) network [27], and random forests
[28] are also introduced to solve the problem. For LS-SVM,
the parameter 𝛾 = 0.1, and 𝜎 = 0.5; for LVQ network, the
size of hidden layer is set 10, and the LVQ learning rate is set
0.01; for random forests, the parameter “mtry” is set 3, and
the parameter “ntree” is set 500.
Training sets with different completeness are employed
as the above experiment. The diagnostic performances for
SVDD and these methods are investigated and shown in
Table 4.
For most missing types, traditional methods have made
an incorrect classification and lead to false alarms. But
the SVDD-based approach just divides these samples into
“Unknown” types. This result informs the users that more
sample types are required for diagnosing the tested sample.
The false alarms will greatly be reduced.

{Γ1 , Γ2 , Γ3 , Γ4 }
{Γ1 , Γ2 , Γ3 }
{Γ1 , Γ2 , Γ4 }
{Γ1 , Γ3 , Γ4 }
{Γ2 , Γ3 , Γ4 }
{Γ1 , Γ2 }
{Γ1 , Γ3 }
{Γ1 , Γ4 }
{Γ2 , Γ3 }
{Γ2 , Γ4 }
{Γ3 , Γ4 }

SVDD
96%
88%
84%
80%
84%
84%
80%
80%
80%
76%
80%

Methods
LVQ
LS-SVM
network
100%
100%
84%
84%
68%
72%
56%
64%
68%
64%
64%
64%
48%
52%
40%
44%
60%
56%
56%
56%
48%
52%

Random
forests
100%
80%
68%
56%
64%
68%
56%
44%
60%
60%
52%

conventional binary or multiclass classifiers and attempts to
improve the diagnostic accuracy in this situation.
The effectiveness of the proposed approach has been
validated by comparative experiments on both synthetic and
practical training sets. The proposed approach has shown
a significant superiority to the popular SVM-based fault
diagnosis approach. This demonstrates that the SVDD-based
approach is insensitive to the sample-type completeness and
can efficiently increase the diagnostic accuracy when dealing
with incomplete training sets.
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6. Conclusion and Discussion
The performance of the data-driven approach depends on the
quality of the training set. However, a high quality training
set is not easily acquired. Therefore, the remaining problem
in both theoretic research and practical applications is how
to make a reasonable fault diagnosis in the condition of a low
quality training set.
In this paper, we have discussed the problem of sampletype incompleteness; that is, when some types of training
samples are missing the diagnostic accuracy is commonly
decreased. An SVDD-based diagnosis approach has been
addressed for this issue. This approach provides a new
framework for diagnosing the incomplete samples, which
implements the one-class classifier, that is, SVDD, instead of
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As an important gas path performance parameter of gas turbine, exhaust gas temperature (EGT) can represent the thermal health
condition of gas turbine. In order to monitor and diagnose the EGT effectively, a fusion approach based on fuzzy C-means (FCM)
clustering algorithm and support vector machine (SVM) classification model is proposed in this paper. Considering the distribution
characteristics of gas turbine EGT, FCM clustering algorithm is used to realize clustering analysis and obtain the state pattern, on
the basis of which the preclassification of EGT is completed. Then, SVM multiclassification model is designed to carry out the state
pattern recognition and fault diagnosis. As an example, the historical monitoring data of EGT from an industrial gas turbine is
analyzed and used to verify the performance of the fusion fault diagnosis approach presented in this paper. The results show that this
approach can make full use of the unsupervised feature extraction ability of FCM clustering algorithm and the sample classification
generalization properties of SVM multiclassification model, which offers an effective way to realize the online condition recognition
and fault diagnosis of gas turbine EGT.

1. Introduction
With the development of high efficiency and clean energy,
gas turbine plays an increasingly significant role in different domains, such as aviation and marine propulsion
systems, electric power stations, and natural gas transportation petroleum [1]. With the increasing demand of security
operation for gas turbine, the traditional regular maintenance
technology has been unable to fully keep up with the actual
demand and gas turbine health management technology
has gradually become one of the most problems concerned
by researchers and users in recent years [2]. In order to
guarantee the gas turbine to run efficiently under the safe
reliable condition, many sensors are often used to monitor
the health state of gas turbine in the practical application.
Massive amounts of data gathered by these sensors are
easy to make difficulties in data analysis and affect the
maintenance decision. Therefore, the choices of appropriate
monitor parameters, signal processing methods and data

mining techniques are very important to realize the health
management of gas turbine.
Exhaust gas temperature (EGT) is an important gas path
performance parameter of gas turbine, which can represent
the thermal health condition of gas turbine [3, 4]. Considering the characteristics of different gas path performance
monitoring parameters, the multiple linear regression models for analyzing the relationship between EGT and other
parameters were established by Song et al. [5]. Their results
showed that there were strong linear correlations between
different gas path performance parameters and all the low
turbine outlet pressure, high rotational speed, high pressure
compressor outlet temperature, low rotational speed, and
high pressure compressor outlet pressure could be reflected
through the change of EGT. Yilmaz [6] also found the
similar results by analyzing the relationship between EGT
and other engine operational parameters at two different
power settings, including maximum continuous and take-off,
in the CFM56-7B turbofan engine. Hence, EGT is often used
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as an important parameter to evaluate the health state of gas
turbine and determine the maintenance policy [7].
In the past half century, different methods have been
developed to monitor and diagnose the EGT of gas turbine. Wang and Yang [8] analyzed many faults of PG6551B
industrial gas turbine, such as turbine ablation, combustion
component, and fuel system failure. They found that the
uniformity of EGT could effectively reflect the feature of
above fault. Chen et al. [9] proposed a general regression neural network (GRNN) approach to construct an
autodetection network for EGT sensors, on the basis that
they also studied the optimizing design of network and
error controlling and developed the method of threshold
for sensor detection. Based on the advantage of artificial
neural networks (ANN), Muthuraman et al. [10] developed an autoassociative neural network approach to detect
combustor-related damage by monitoring EGT. Błachnio and
Pawlak [11] established a nonlinear observer and chose EGT
as the important parameter to evaluate the health state of
turbine blades. Korczewski [12–14] analyzed the change rules
of EGT for a naval gas turbine engine under steady and
unsteady operation conduction in detail. And they proposed
an effective approach for detecting and evaluating the failures
of the flow section and supply system of gas turbine by
using EGT. Kenyon et al. [15] developed an intelligent system
for detection of EGT anomalies in gas turbines by using
the strong nonlinear mapping ability of ANN. Considering
the characteristics of gas turbine operation control based
on thermocouple measured exhaust temperatures, Xia et al.
[16] discussed the application of Fiber-Bragg-grating-based
sensing technology in the EGT measuring of gas turbine.
Their results demonstrated that the fiber sensing method was
more valuable for the monitoring and fault diagnosis of gas
turbine because it could well reflect the changing of EGT.
In order to increase the operational availability of industrial
gas turbines, Yang et al. [17] presented a generalization of
multidimensional linear regression to facilitate multisensor
fault detection and signal reconstruction through the use
of analytical optimization. Gülen et al. [18] discussed the
relationship between EGT and other gas turbine performance
parameters, on the basis of which an important diagnostic
parameter named profile factor that was the ratio of the
maximum exhaust thermocouple and the average of all
exhaust temperature thermocouples was used to evaluate the
performance of combustor and the whole gas turbine in their
paper.
From the reviews discussed above, it is noted that the
average EGT is often used to evaluate the health state of
gas turbine in most researches. However, it may be more
important and valuable to extract the relationship among
different EGT sensors in order to realize condition monitor and fault diagnosis of gas turbine effectively. Although
many studies have presented the effects of EGT distribution
characteristics on health state of gas turbine or its hot
sections and many analyses were discussed in detail, there
was still a lack of systematic research in the area of online
automatic identification and fault diagnosis for gas turbine
EGT. Besides, EGT can be affected by many uncertain factors
in the practical applications, which make it difficult to realize
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fault diagnosis quickly by using traditional model-driven
approach. Therefore, it is very useful to develop a data-driven
approach based on artificial intelligence technology in order
to improve fault diagnosis accuracy.
The fault diagnosis of gas turbine EGT based on datadriven approach essentially is the cluster and classification
of fault information. In the concrete implementation process,
the training samples including normal and fault information
need to be obtained firstly. Then the fault diagnosis model
based on artificial intelligence algorithm can be established
and trained by using training samples. The feature information collected from sensors will be inputted to the well trained
fault diagnosis model and we can get the diagnostic results
finally. Obviously, the establishment of fault information features space and design of artificial intelligence algorithm are
two key steps to realize accurate fault diagnosis of gas turbine
EGT. As mentioned above, many specific state patterns or
fault types of gas turbine EGT cannot be determined directly
based on experience in the practical applications due to
the effects of many uncertain factors. Besides, enough prior
knowledge including specific fault types is indispensable for
the supervised artificial intelligence algorithms (such as ANN
[19] and SVM [20]).
Considering the distribution characteristics of gas turbine
EGT and the deficiencies of present literatures, a fusion
approach based on FCM clustering algorithm and SVM
classification model (FCM-SVM) is proposed in this paper.
Firstly, FCM clustering algorithm is used to realize clustering
analysis and obtain the state patterns of EGT, which means
that the preclassification of EGT is completed. Then, SVM
multiclassification model is designed to carry out the state
pattern recognition and fault diagnosis of EGT. As an example, the historical monitoring data of EGT from an industrial
gas turbine is analyzed to verify the effectiveness of the FCMSVM approach finally.
The rest of this paper is organized as follows. In Section 2,
the distribution characteristics of gas turbine EGT are
described briefly. Section 3 introduces the basic theory of
FCM clustering algorithm and SVM classification model in
detail. The fusion fault diagnosis approach which combines
FCM clustering with SVM is discussed in Section 4. Application examples and discussion are included in Section 5.
Finally, Section 6 presents some conclusions.

2. Signal Feature of Gas Turbine EGT
As mentioned above, it is very important to choose the
appropriate measured parameters to monitor and diagnose
the health state of gas turbine. Gas path and vibration parameters are two main types in the practical applications [2, 21].
Theoretically, as the most important gas path performance
parameter for gas turbine, the outlet temperature of combustor chamber can not only affect the overall performance
of engine, but also directly determine the ultimate strength
of turbine blade. For example, the creep life of hot channel
components can reduce the order of magnitude when the
outlet temperature of combustor chamber increases 50∘ C [4],
which may cause major fault and incur great maintenance
costs. However, the outlet temperature of combustor chamber
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EGT of an industrial gas turbine that has 12 EGT sensors.
From Figures 1 and 2, it is easy to see that the EGT profiles of
normal and fault condition are different although the average
EGT are the same. This means that the fault information
is incorrect or incomplete if only the average EGT is used
to monitor the health state of gas turbine. Besides, Figures
1 and 2 also show that all the sensors should give similar
outputs when gas turbine operates in normal condition. If
the component of gas turbine is failure, different temperatures
will be observed. Therefore, the uniformity of EGT can more
effectively reflect the health state of gas turbine, especially for
steady state condition.
In order to quantitatively describe the uniformity of EGT,
Mao [22] presented three indexes which can be calculated by
the following functions. Assume that there are 𝑛 sensors and
their original outputs are 𝑇𝑖 , 𝑖 = 1, . . . , 𝑛, respectively:

270

𝐻1 = 𝑇1 − 𝑇𝑛 ,

Minimum EGT
Maximum EGT

EGT (normal)
Average EGT


𝐻2 = 𝑇1 − 𝑇𝑛−1
,

Figure 1: EGT profile of gas turbine with normal condition.
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,
𝐻3 = 𝑇1 − 𝑇𝑛−2
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Figure 2: EGT profile of gas turbine with fault condition.

is usually so high that it cannot be measured directly by using
conventional sensors. According to the well-defined Brayton thermodynamic cycle, there is a consistent relationship
between the outlet temperature of combustor chamber and
EGT. Therefore, EGT, as a measured parameter, is often used
for gas engine control, condition monitoring, fault diagnosis,
and maintenance decisions.
Compared with the average EGT, EGT profile can contain
more information about the health state of gas turbine.
Figures 1 and 2 show two EGT profiles with the same average

where 𝑇𝑖 is the transform value of 𝑇𝑖 and 𝑇1 > 𝑇2 > ⋅ ⋅ ⋅ >


𝑇𝑛−2
> 𝑇𝑛−1
> 𝑇𝑛 .
According to above indexes, it is obvious that all the
values of 𝐻1 , 𝐻2 , and 𝐻3 are smaller when gas turbine
operates in normal condition. If a sensor fails, it usually
causes 𝐻1 or three indexes to increase. But the values of 𝐻1
and 𝐻2 or all three indexes can increase due to hot sections
failure. However, it is worth pointing out that the above
indexes only consider 4 EGT and others are ignored. Besides,
it is difficult to diagnose the specific cause of failure when the
sensor is fault because the above indexes ignore the adjacent
information between different sensors. Therefore, there are
some limitations to evaluate the uniformity of EGT only using
the above three indexes. In order to solve this problem, all the
measured EGT are used to realize cluster and fault diagnosis
in this paper.

3. Basic Theory
3.1. Fuzzy C-Means Clustering Algorithm. As an unsupervised machine learning method, FCM clustering algorithm
was improved by Bezdek [23] in 1981 in order to solve the
hard clustering problem by using fuzzy set theory. In the
FCM clustering algorithm, membership degree function is
used to indicate the extent to which each data point belongs
to each cluster, and this information is also used to update
the values of cluster centers [24]. Based on the concept
of fuzzy C-partition, FCM clustering algorithm has been
applied successfully in a wide variety of applications, such as
image segmentation [25], data mining [26], thermal system
monitoring [27], and fault diagnosis [28].
For the sample set 𝑋 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑛 }, the object of FCM
clustering algorithm is to divide the sample set into 𝑐 groups
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and obtain the cluster centers by minimizing the following
dissimilarity function [29]:
𝑐

Start

𝑛

𝑚 2
𝑑𝑖𝑘 ,
min 𝐽𝑚 (𝑈, 𝑉) = ∑ ∑ 𝑢𝑖𝑘

(2)

Give iterative threshold and initialize
fuzzy partition matrix randomly U(0)

𝑖=1 𝑘=1

where 𝑚 is the fuzzy weighting parameter varying in the
range [1, ∞]. The bigger the 𝑚, the more fuzzy the final
cluster result. 𝑈 is fuzzy partition matrix, 𝑉 is cluster center
matrix, and 𝑛 and 𝑐 are the number of samples and cluster
centers, respectively. 𝑢𝑖𝑘 is the fuzzy membership degree of
the 𝑘th sample in the 𝑖th cluster and it should be meeting the
following three constraints [30]:
𝑢𝑖𝑘 ∈ [0, 1] ,

Calculate the cluster center matrix V

s= s+1

Compute Euclidean distance

Update fuzzy partition matrix U(s+1)

1 ≤ 𝑖 ≤ 𝑐, 1 ≤ 𝑘 ≤ 𝑛,

𝑐

∑𝑢𝑖𝑘 = 1,

1 ≤ 𝑘 ≤ 𝑛,

𝑖=1

𝑛

∑ 𝑢𝑖𝑘 ∈ (0, 𝑛) ,

(3)

No

‖U(s+1) − U(s) ‖ ≤ 𝜀

1 ≤ 𝑖 ≤ 𝑐.

𝑘=1

Yes

For the distance 𝑑𝑖𝑘 between 𝑘th sample 𝑥𝑘 and the centre
of 𝑖th cluster 𝑉𝑖 , it can be calculated by using Euclidean
distance as follows:
𝑚

2


𝑑𝑖𝑘 = 𝑥𝑘 − 𝑉𝑖  = √ ∑ (𝑥𝑘𝑗 − 𝑉𝑖𝑗 ) ,

Output cluster result

Figure 3: Calculation flowchart of fuzzy C-means clustering algorithm.

1 ≤ 𝑖 ≤ 𝑐, 1 ≤ 𝑘 ≤ 𝑛.

𝑗=1

(4)

𝜑(x)

𝑉𝑖𝑗 can be calculated by utilizing the following formulation:
𝑉𝑖𝑗 =

𝑚
∑𝑛𝑘=1 𝑢𝑖𝑘
𝑥𝑘𝑗
𝑚
∑𝑛𝑘=1 𝑢𝑖𝑘

,

1 ≤ 𝑖 ≤ 𝑐, 1 ≤ 𝑗 ≤ 𝑚.

(5)
Original space

In essence, fuzzy cluster is performed through an iterative
optimization by updating fuzzy membership degree [29]:
(𝑠+1)
𝑢𝑖𝑘

=

1
∑𝑐𝑗=1

2/(𝑚−1)
(𝑠) (𝑠)
(𝑑𝑖𝑘
/𝑑𝑗𝑘 )

,

Higher dimensional
feature space

Figure 4: Classification of two classes using SVM.

1 ≤ 𝑖 ≤ 𝑐, 1 ≤ 𝑘 ≤ 𝑛,
(6)

where 𝑠 is the iterative step.
When the below requirement is met, we can stop iteration
and obtain the cluster result:

 (𝑠+1)
𝑈
(7)
− 𝑈(𝑠)  ≤ 𝜀,

where 𝜀 is the iterative threshold in the range [0, 1].
Based on above method, the cluster process of FCM
clustering algorithm is virtually to determine the fuzzy
membership degree and cluster centers through continuous
iteration, which is shown in Figure 3.
3.2. Support Vector Machine Classification Model. Compared
with the conventional classifiers, support vector machine
(SVM), developed by Vapnik [31], can effectively solve the
classification problem by implementing the structure risk

minimization based on statistical learning theory. Nowadays,
SVM has been widely and successfully applied to detection
and diagnosis of machine conditions due to its high accuracy
and good generalization for a smaller number of samples
[32, 33].
SVM is initially used to deal with binary classification
problems. Its core idea is to transform the sample data
from original space to a higher dimensional feature space
through some nonlinear mapping functions and then find
the optimal separating hyperplane in this feature space to
realize linear classification. Figure 4 shows the classification
principle based on SVM for the nonlinear classification
problem.
For the nonlinear training sample data set including two
classes {𝑥𝑖 , 𝑦𝑖 }, 𝑖 = 1, 2, . . . , 𝑛, 𝑥 ∈ 𝑅𝑛 , 𝑦 ∈ {−1, +1}, 𝑛
is the number of samples. The nonlinear mapping function
𝜑(𝑥) will be used to transform the sample data from original
space to a higher dimensional feature space and the optimal
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separating hyperplane can be constructed to maximize the
margin between the two classes by the following linear
function:
𝑓 (𝑥) = [𝜔 ⋅ 𝜑 (𝑥)] + 𝑏,

(8)

where 𝜔 is the normal vector of optimal separating hyperplane and 𝑏 is a scalar.
In essence, the solution of optimal separating hyperplane
is the corresponding constraint optimization problem:
𝑛

min

1
‖𝜔‖2 + 𝐶∑𝜁𝑖
2
𝑖=1

s.t.

𝑦𝑖 [𝜔 ⋅ 𝜑 (𝑥𝑖 ) + 𝑏] + 𝜁𝑖 ≥ 1,
𝜁𝑖 ≥ 0,

1≤𝑖≤𝑛

(9)

1 ≤ 𝑖 ≤ 𝑛,

where 𝐶 is the penalty factor that can realize the trade-off
between empirical risk and confidence interval. 𝜁𝑖 is slack
factor.
Combining the method of Lagrange multipliers, the
above convex optimization problem can be simplified into the
dual quadratic optimization problem:
𝑛

max

1 𝑛
∑ 𝑎 𝑎 𝑦 𝑦 𝜑 (𝑥𝑖 ) ⋅ 𝜑 (𝑥𝑗 )
2 𝑖,𝑗=1 𝑖 𝑗 𝑖 𝑗

𝐿 (𝑎) = ∑𝑎𝑖 −
𝑖=1

s.t.

𝑎𝑖 ≥ 0,

1≤𝑖≤𝑛

(10)

𝑛

∑𝑎𝑖 𝑦𝑖 = 0,
𝑖=1

4. Fusion Fault Diagnosis Modeling of EGT
Based on FCM-SVM Approach
As the supervised artificial intelligence method, enough prior
knowledge including specific fault types is necessary for SVM
classification model. However, the fault types of gas turbine
EGT cannot be determined directly based on experience
in the practical applications due to the effects of many
uncertain factors. In order to achieve the automatic monitor
and diagnosis of EGT effectively, a fusion approach based
on FCM clustering algorithm and SVM classification model
(FCM-SVM) is proposed. Firstly, FCM clustering algorithm
is used to realize clustering analysis and obtain the state
patterns, which means that the preclassification of EGT is
completed. Then, SVM multiclassification model is designed
and used to carry out the online state pattern recognition and
fault diagnosis of gas turbine EGT.
Figure 5 shows the fusion fault diagnosis framework of
gas turbine EGT based on FCM-SVM approach. The detailed
modeling processes are as follows.
Step 1. Generated sufficient EGT samples from the historical
database and the essential preprocessing upon EGT data are
carried out before data analysis, such as supplementary data,
eliminating noise and outliers.
Step 2. According to the cluster process which is shown in
Figure 3, FCM clustering algorithm is used to obtain the
initial clustering results of gas turbine EGT.

where 𝑎 is Lagrangian multiplier.
Then, the nonlinear decision function is described as
𝑛

𝑓 (𝑥) = sign ( ∑ 𝑎𝑖 𝑦𝑖 (𝜑 (𝑥𝑖 ) ⋅ 𝜑 (𝑥𝑗 )) + 𝑏) .

the “one-against-one” method is more suitable for practical
use than other methods. For the sample set including 𝑐 class,
𝑐(𝑐 − 1)/2 SVM classifiers can be constructed by using “oneagainst-one” method and every SVM classifier is trained.

(11)

𝑖,𝑗=1

In order to calculate the value of 𝜑(𝑥𝑖 ) ⋅ 𝜑(𝑥𝑗 ), the kernel
function 𝐾(𝑥𝑖 , 𝑥𝑗 ) is used and the above function can be
expressed as

Step 3. Cluster validity index 𝜆(𝑐) is used to evaluate the
validity of clustering and determine the number of clusters.
The 𝑐 is optimum when 𝜆(𝑐) reaches its maximum value:
𝜆 (𝑐) =

𝑛

𝑓 (𝑥) = sign ( ∑ 𝑎𝑖 𝑦𝑖 𝐾 (𝑥𝑖 , 𝑥𝑗 ) + 𝑏) .

(12)

𝑖,𝑗=1

For the SVM, there are many kinds of kernel function,
such as linear kernel, polynomial kernel, polynomial kernel,
and radial basis function (RBF) kernel. Compared with other
kernel functions, the RBF kernel can obtain the higher
classification accuracy in many practical applications [34].
Therefore, the RBF kernel is used in this study.
As previously mentioned, SVM is initially designed for
binary classification. However, there are often many faults in
the practical applications, which mean that it is necessary to
develop a method to deal with a multiclassification problem.
Currently, different methods have been developed for the
multiclassification based on SVM, such as “one-against-one,”
“one-against-all,” and directed acyclic graph (DAG). According to the comparison results obtained by Hsu and Lin [35],

𝑥=

2
𝑚 
) 𝑉𝑖 − 𝑥 / (𝑐 − 1)
∑𝑐𝑖=1 (∑𝑛𝑘=1 𝑢𝑖𝑘
,
2
𝑚
∑𝑐𝑖=1 ∑𝑛𝑘=1 𝑢𝑖𝑘
𝑥𝑘 − 𝑉𝑖  / (𝑛 − 𝑐)

(13)

𝑚
𝑥𝑘
∑𝑐𝑖=1 ∑𝑛𝑘=1 𝑢𝑖𝑘
.
𝑛

(14)

Step 4. After obtaining the optimal clustering results, the fault
diagnosis sample set including specific fault types can be
established.
Step 5. SVM multiclassification model will be designed based
on “one-against-one” method and trained by using fault
diagnosis sample set.
Step 6. The measured EGT obtained from real gas turbine are
preprocessed and inputted to the well trained SVM multiclassification model. Then we can get the final diagnostic results.
Step 7. The measured EGT also are stored into the historical
database and used for later analysis.
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database

Data preprocessed
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Output result

Figure 5: Fusion fault diagnosis framework of gas turbine EGT based on FCM-SVM approach.

5. Case Study and Discussions
In order to demonstrate the effectiveness of FCM-SVM
approach introduced in this paper, the historical monitoring
data of EGT from one industrial single shaft gas turbine will
be analyzed as a case study in this section.
5.1. Sample Data. As an industrial single shaft gas turbine,
Taurus70 is made in solar turbines incorporated and used for
power generation. 12 thermocouple temperature sensors are
used to measure the EGT and the average EGT is about 505∘ C
when gas turbine operates in a normal state.
Figure 6 shows the changing curves of 12 EGT varying
with time under normal running state of gas turbine. And
the EGT profiles can be seen in Figure 7. From Figures 6
and 7, it is clear that there is significant difference between
the measured outputs of different thermocouple temperature

sensors at the same time even when the gas turbine is running
in a normal state. Therefore, much feature information will
be ignored which can decrease the fault diagnosis accuracy
if only the average EGT is used to evaluate and analyse the
health state of EGT. Considering the operating conditions
of gas turbine, 490-group data including 4 classes are taken
to establish the original sample set. 470 samples are selected
randomly as training samples and the remaining 20 samples
are selected as testing samples.
5.2. Optimal Clustering of EGT Based on FCM Clustering Algorithm. For the FCM clustering algorithm, it is very important
to determine an appropriate number of clusters, which is
called cluster validity problem. In this study, the cluster
number is decided automatically by using the introduced
cluster validity index which is shown in (13). Considering
the computation complexity and accuracy, the scope of the
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Figure 8: The effect of the number of clusters on cluster validity
index 𝜆(𝑐).
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Figure 6: Real-time measured EGT curve of gas turbine with
normal condition.
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Figure 9: Graphic clustering result by using 𝐻1 and 𝐻2 .
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Figure 7: Real-time measured EGT profile of gas turbine with
normal condition.

number of clusters is commonly [2, √𝑛] in practical process
and 𝑛 is the number of samples. For the 470 training samples
shown in Table 1, the FCM clustering algorithm can stepwise
iterate from 2 to 21 clusters. Figure 8 shows the changing
trends of cluster validity index 𝜆(𝑐) as a function of the
number of clusters. Based on the result shown in Figure 8, it
is clear that 𝜆(𝑐) increases at first and then drops down with

the increases of the number of clusters. And 𝜆(𝑐) can reach
its maximum value when the number of clusters is 4, which
is in agreement with the real samples class. Therefore, it is
concluded that the FCM clustering algorithm is suitable for
optimal clustering of gas turbine EGT.
Considering the high dimension characteristics of samples, it is difficult to realize graphical analysis directly. In
this paper, three temperature uniformity indexes described
by Mao [22] are used to further analyze and evaluate the
cluster results of gas turbine EGT by using graphic approach.
Figures 9–11 show the cluster results of gas turbine EGT based
on FCM clustering algorithm. It may be clearly observed in
Figures 9–11 that all the three temperature uniformity indexes
of F1 class are relatively small (0∘ C ≤ 𝐻1 ≤ 30∘ C, 0∘ C ≤
𝐻2 ≤ 30∘ C, and 0∘ C ≤ 𝐻3 ≤ 30∘ C). This means that 12 thermocouple temperature sensors give the almost same outputs,
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Table 1: The original sample set of gas turbine EGT.
∘

∘

∘

Number
1
2
3
4
5
6
7
8
9
10
..
.

𝑇1/ C
493.6847
497.8859
496.3108
500.2478
497.8859
499.723
495.7857
499.4606
496.5733
497.8859
..
.

𝑇2/ C
519.3781
524.3516
521.996
524.6133
521.7342
524.8751
520.6871
525.1368
523.043
523.043
..
.

𝑇3/ C
510.2112
513.879
512.3073
513.355
511.7833
514.1408
512.3073
513.0931
513.355
513.879
..
.

𝑇4/∘ C
521.7342
524.09
524.09
526.9688
522.7812
526.4454
523.3047
526.4454
524.09
525.1368
..
.

𝑇5/∘ C
488.1656
493.422
490.5316
493.6847
491.3201
494.21
490.7945
493.422
491.8456
492.6339
..
.

𝑇6/∘ C
471.3032
475.5255
473.151
477.1075
473.9427
476.3166
473.4149
476.0529
475.5255
475.2617
..
.

𝑇7/∘ C
475.5255
480.0065
478.9526
481.8502
478.6891
481.3235
477.8983
481.5869
480.5334
480.5334
..
.

𝑇8/∘ C
493.422
497.8859
497.0984
499.723
496.5733
499.1981
495.2605
498.4109
497.8859
497.6234
..
.

𝑇9/∘ C
486.8506
489.743
488.1656
491.8456
488.9544
492.1084
488.9544
491.5829
489.2173
490.2688
..
.

𝑇10/∘ C
513.879
517.5453
515.7123
519.1163
515.9742
518.8545
514.1408
518.069
517.2835
517.2835
..
.

𝑇11/∘ C
518.3308
523.043
520.9489
523.043
520.6871
523.8282
520.9489
522.5195
521.7342
523.5664
..
.

486
487
488
489
490

498.6733
498.6733
498.6733
498.4109
499.4606

525.3986
523.5664
523.043
522.5195
523.3047

514.9266 525.922 493.9474 476.3166 482.1135
514.9266 526.7071 493.1593 476.5803 482.1135
512.5692 524.8751 492.6339 475.7892 480.0065
513.0931 524.09 491.8456 474.9979 480.2699
514.6647 525.6602 492.6339 475.7892 481.0601

498.1484
497.6234
497.0984
497.3609
498.1484

490.5316
490.7945
488.9544
489.4802
491.0573

518.5927
518.5927
518.069
517.0217
517.0217

522.7812 519.1163
523.043
519.64
521.7342 518.069
521.2107 518.8545
521.7342 519.9018

120
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..
.
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Figure 10: Graphic clustering result by using 𝐻1 and 𝐻3 .

which belongs to normal state. Compared with F1 class, F2
class has the following characteristics: 40∘ C ≤ 𝐻1 ≤ 70∘ C,
30∘ C ≤ 𝐻2 ≤ 45∘ C, and 30∘ C ≤ 𝐻3 ≤ 45∘ C.
The actual experimental results show that the fundamental
reason for this phenomenon is turbine blade wear which can
cause a difference of enthalpy drop between different turbine
blade passages. For the F3 class, all the three temperature
uniformity indexes are very large (140∘ C ≤ 𝐻1 , 110∘ C ≤
𝐻2 , and 110∘ C ≤ 𝐻3 ) due to the effects of gas turbine
load rejection. In addition, a careful inspection of Figures 9
and 10 reveals that the temperature uniformity index 𝐻1 is
significantly larger than the other two indexes (500∘ C ≤ 𝐻1 ,

F1 class
F2 class

60

90
H2 (∘ C)

120

150

F3 class
F4 class

Figure 11: Graphic clustering result by using 𝐻2 and 𝐻3 .

0∘ C ≤ 𝐻2 ≤ 30∘ C, and 0∘ C ≤ 𝐻3 ≤ 30∘ C). It means that one
of the 12 thermocouple temperature sensors is fault which can
result in a smaller output.
5.3. EGT Fault Diagnosis Based on SVM Classification
Model. According to the optimal clustering results, the fault
diagnosis training sample set including fault types can be
established, which is shown in Table 2. Then on this basis,
we can develop 6 SVM classifiers based on “one-againstone” method. Table 3 shows the fault diagnosis performance
of SVM multiclassification model for the training samples.
From Table 3, it is clear that the fault diagnosis accuracy rate
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Table 2: Fault diagnosis training sample set of EGT.
∘

∘

𝑇3/ C
𝑇4/∘ C
510.2112 521.7342
513.879
524.09
512.3073 524.09
513.355 526.9688
..
..
.
.
511.5213 502.3465 512.0453
512.0453 502.8711 513.617
510.9973 501.0349 512.3073
512.0453 503.6579 512.8312
..
..
..
.
.
.
448.348 487.1684 474.5367
448.348 485.8542 472.955
448.6136 485.8542 474.0095
448.0823 485.8542 473.2187
..
..
..
.
.
.

F1

𝑇1/ C
493.6847
497.8859
496.3108
500.2478
..
.

F2

489.743
489.4802
487.9026
488.4285
..
.

F3

444.8924
444.0943
444.8924
443.0299
..
.

F4

472.3592 463.3729 454.6267 468.3976
472.3592 464.6959 454.3612 468.6618
470.511 461.5197 451.174 466.8116
470.7751 462.314 451.7055 466.8116
..
..
..
..
.
.
.
.

Type

𝑇2/ C
519.3781
524.3516
521.996
524.6133
..
.

∘

𝑇5/∘ C
488.1656
493.422
490.5316
493.6847
..
.

𝑇6/∘ C
𝑇7/∘ C
𝑇8/∘ C
𝑇9/∘ C
𝑇10/∘ C
𝑇11/∘ C
471.3032 475.5255 493.422 486.8506 513.879 518.3308
475.5255 480.0065 497.8859 489.743 517.5453 523.043
473.151 478.9526 497.0984 488.1656 515.7123 520.9489
477.1075 481.8502 499.723 491.8456 519.1163 523.043
..
..
..
..
..
..
.
.
.
.
.
.
481.0601 464.9604 474.2065 490.2688 480.7968 502.8711 511.2593
482.1135 466.5472 473.9427 490.7945 482.1135 504.4445 512.5692
480.0065 465.2249 472.3592 490.2688 480.5334 502.3465 510.9973
480.7968 466.8116 473.151 490.7945 481.8502 502.8711 512.8312
..
..
..
..
..
..
..
.
.
.
.
.
.
.
461.6006 427.5448 244.4364 333.8674 236.1834 323.3517 431.559
461.3361 427.009 244.7409 334.1505 236.7968 322.4955 430.7567
461.0715 427.5448 244.7409 334.4335 236.1834 322.781
431.559
460.807 427.009 243.8271 333.8674 236.1834 321.9244 430.2217
..
..
..
..
..
..
..
.
.
.
.
.
.
.
−17.7778
−17.7778
−17.7778
−17.7778
..
.

F1
F2
F3
F4

506.2799
507.5906
506.5421
507.5906
..
.
419.7637
420.3012
420.5699
420.3012
..
.

471.3032 481.3235 476.8439 456.2188 462.5787 468.926 479.2161
471.0391 482.6401 477.1075 455.4228 462.0493 469.4544 477.3712
469.4544 480.7968 474.2065 454.3612 460.4602 467.869 478.4255
469.7186 481.3235 475.5255 454.892 460.1953 467.869 477.1075
..
..
..
..
..
..
..
.
.
.
.
.
.
.

Table 3: Fault diagnosis performance of SVM multiclassification
model for training samples.
Type

𝑇12/∘ C
514.9266
519.1163
516.7598
520.6871
..
.

Number of
training samples

Number of
accurate diagnoses

Accuracy rate/%

200
200
20
50

200
200
20
50

100
100
100
100

of trained SVM multiclassification model is 100% for the
training samples, which means that the SVM multiclassification model has been well trained for fault diagnosis of gas
turbine EGT.
Then the testing samples shown in Table 1 are used to
further demonstrate the effectiveness of SVM multiclassification model. Table 4 shows the comparison between actual
results and fault diagnosis results by using the well trained
SVM multiclassification model for testing samples. Based on
the results shown in Table 4, it is demonstrated that the well
trained SVM multiclassification model can effectively diagnose the fault of gas turbine EGT with a 95% accuracy rate for
the testing samples. Besides, the reason of misclassification
is that the sample data is obtained when the turbine blade
wear or corrosion is not severe. In order to compare with
other models, backpropagation (BP) neural network model
is also employed to make the same fault diagnosis and the
results are also listed in Table 4. The comparative analysis
shows that SVM classification model can improve the fault

diagnosis accuracy of gas turbine EGT significantly compared
with BP neural network model. All these indicate that SVM
is more suitable for fault diagnosis of gas turbine EGT.

6. Conclusions
Considering the distribution characteristics of gas turbine
EGT and its effect on the health state of gas turbine, a fusion
approach based on FCM clustering algorithm and SVM classification model (FCM-SVM) is proposed and successfully
applied to an industrial gas turbine in this paper. In the
analysis presented in this study, it is demonstrated that FCMSVM based approach can make full use of the unsupervised
feature extraction ability of FCM clustering algorithm and
the sample classification generalization properties of SVM
multiclassification model, which offers an effective way to
realize the online condition recognition and fault diagnosis of
gas turbine EGT. In the concrete implementation process, the
introduced FCM clustering algorithm is a good alternative
to achieve automatic identification of the fault types of gas
turbine EGT. In other words, it is effective to overcome the
influence of experience judgment on fault types. Besides,
the introduction of SVM multiclassification model has a
great potential to improve the fault diagnosis performance
of gas turbine EGT. It is worth noticing that the study
of this paper is only focused on researching the artificial
intelligence approach for the condition recognition and fault
diagnosis of gas turbine EGT but ignores the effects of
many other parameters such as inlet temperature of gas
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Table 4: The comparison results of different fault diagnosis models for testing samples.

Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

SVM1
F1
F1
F1
F1
F1
F2
F1
F2
F2
F2
F2
F2
F2
F2
F2
F1
F1
F1
F1
F1

SVM2
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3

SVM3
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F1
F4
F4
F4
F4
F4

SVM4
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3

SVM5
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F2
F4
F4
F4
F4
F4

SVM6
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F3
F4
F4
F4
F4
F4

turbine. Therefore, more studies and improvement about the
application of this approach are needed further.
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To provide some decision-making suggestions for fault diagnosis in power systems, a new model for identifying fault component
is constructed by using Gray theory. Firstly, the basic concepts of Gray theory are introduced and explained in detail. And then
the recognition algorithm of the power supply interrupted districts and the assignment principle of fault state vectors are depicted
according to the working principle of protective relays (PRs) and circuit breakers (CBs). Secondly, based on the concept of the Gray
correlation degree, the fault information explanation degree model is constructed and the judging method of malfunction and
rejection for PRs and CBs is established. Meanwhile, to achieve the goal of the fault diagnosis, the fault diagnosis procedure that
determined which components malfunction is designed for power systems. Finally, some simple experiments have already verified
that the proposed method and model are effective and reasonable and the trend of further research is analyzed and summarized.

1. Introduction
Fault diagnosis of power systems is a method, which uses
the information collected from protective relays and circuit
breaker to recognize fault component and malfunctioned or
tripped PRs and CBs. It is generally known that the fault
component recognition is the crucial problem in engineering
application [1]. In recent year, many fault diagnosis methods
of power systems are proposed, including expert system [2],
artificial neural network [3], optimization technology [4],
rough set theory [5, 6], Petri net [7], and Bayesian network
[6]. In order to meet certain preconditions in the existing
diagnosis methods, some assumptions are made for them. But
in some cases these assumptions may be contrary to reality
and may even cause error diagnosis results. For example,
when the information of protective device is incomplete,
the fault diagnosis’ conclusion may be incorrect. So the
crucial difficulty of fault diagnosis is how to guarantee the
corrective and effective diagnosis results for power systems
with incomplete information [8]. In other words, if we want
to get the corrective and effective diagnosis results, we have

to know how to obtain the unknown information by utilizing
the known information under the condition of incomplete
information [9–11].
Fortunately, the Gray system theory can simulate and
determine the unknown information according to the known
information of systems. In addition, using the Gray systems
theory to construct the fault diagnosis model involves a
smaller sample and little information. The process is easier to
be operated. However, the anomalies contrary to qualitative
analysis will not be produced in the process of Gray correlation analysis. Hence, under the condition of information
incomplete and not explicit, the Gray system theory has its
unique superiority; that is, it is an effective method in case of
incomplete and uncertain information.
Based on the above, application of the Gray theory to the
fault diagnosis of power systems is proposed in this paper.
The layout of the rest of the paper is arranged as follows.
in Section 2 the Gray system theory and Gray correlation
analysis were introduced briefly. Section 3 described the fault
diagnosis method and model of power systems based on Gray
system theory and designed the diagnostic procedure for fault
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components. In Section 4 we have discussed the simulative
results by experiments. Finally, Section 5 concluded this
paper with inferences and directions for future work.

2. Basis Introduction of Gray System Theory
and Gray Correlation Analysis
2.1. Basal Principle of Gray System Theory. Gray system
theory, which is established by Chinese scholar Professor
Deng Ju-Long in 1982, has been used to research uncertain
problem with lack of data and information. In general
speaking, some information is known and other pieces of
information are unknown in uncertain data systems. The
main idea of Gray system theory is to describe correctly
the systems’ evolution law and to monitor effectively their
running behavior by extracting valuable information from
the known information. Over forty years later, the structure
system of Gray system theory has basically taken shape.
The theoretical basis includes Gray Matrix, Gray Algebra,
and Gray Equation. And the Gray model (GM) may also
implement the analysis, evaluation, prediction, and control
decision of uncertain data systems by using spatial association rule and sequence generation method. For future
understanding of the advantages of Gray system theory, six
basic principles are introduced as follows.
2.1.1. Differential Information Principle. There is the difference among differential information. In other words, the
difference is the information. For example, if there are two
differential objects or systems, everyone has unique information that is not similar to another piece of information. One of
the most basic pieces of information which the human society
perceives is that the world comes from the difference between
matter and matter.
2.1.2. Nonuniqueness of Solutions. The solution is nonunique
under the condition of information being incomplete and
vague. The uncertainty of systems leads to the existence of
uncertain information and then causes nonuniqueness of
solutions.
2.1.3. Smallest Information Principle. The basic idea of Gray
system theory is to utilize the smallest information achieving
from known knowledge data to accomplish a given task. The
smallest information getting by researching the uncertain
problem with the small samples and poor information is the
fundamental basis of making a distinction between Gray area
and no-Gray.
2.1.4. Cognitive Foundation Principle
The Foundation of Cognition Is Information. The accurate and
complete cognition is determined according to definite and
precise knowledge; the uncertain and incomplete knowledge
may also lead to vague cognition. Correspondingly, if there
is no information of systems, the cognition of systems is not
also completed. Thus the cognition should be studied based
on information.
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2.1.5. Innovation Priority Principle. The function of new
information is more important than old information for
cognitive behaviors, because the new information directly
reflects the current states of the system and mainly influences
the future trend of the development.
2.1.6. Gray Indestructibility Principle. Notably, the incomplete and uncertain information is very much strongly
entrenched in real systems. As new information is continuously generated in real engineering, the cognition conclusion
is improved gradually and the level of cognition will tend to
rationality and correctness. Accordingly, the Gray systems do
not disappear.
Based on the above principles, the theoretical model
implementing a given task may be constructed according to
small sample and poor information. However, the running
states and trend of systems are determined by many factors
in real application. So we need to discern the primary factors
and lesser factors. And fortunately, the Gray correlation analysis, which is the important part of Gray system theory, can
judge the connection in accordance with the approximation
degree of the two-dimensional curve in time domain and
frequencies domain. The higher the similarity is, the greater
the correlation is. For further analysis, the Gray relational
axioms are introduced firstly.
2.2. Gray Correlation Axiom. Suppose that the behavior
sequence of the system is 𝑋0 = (𝑥0 (1), 𝑥0 (2), . . . , 𝑥0 (𝑛)); thus
the corresponding factor series is as follows:
𝑋1 = (𝑥1 (1) , 𝑥1 (2) , . . . , 𝑥1 (𝑛)) ,
..
.
𝑋𝑖 = (𝑥𝑖 (1) , 𝑥𝑖 (2) , . . . , 𝑥𝑖 (𝑛)) ,

(1)

..
.
𝑋𝑚 = (𝑥𝑚 (1) , 𝑥𝑚 (2) , . . . , 𝑥𝑚 (𝑛)) .
For a given real 𝑟(𝑥0 (𝑘), 𝑥𝑖 (𝑘)), if 𝑟(𝑋0 , 𝑋𝑖 )
(1/𝑛) ∑𝑛𝑘=1 𝑟(𝑥0 (𝑘), 𝑥𝑖 (𝑘)) satisfies

=

(1) normalization: 0 < 𝑟(𝑋0 , 𝑋𝑖 ) ≤ 1, and 𝑋0 = 𝑋𝑖 ⇒
𝑟(𝑋0 , 𝑋𝑖 ) = 1;
(2) integrity: let 𝑋𝑖 , 𝑋𝑗 ∈ 𝑋 = {𝑋𝑠 | 𝑠 = 0, 1, . . . , 𝑚, 𝑚 ≥
2}; if 𝑖 ≠𝑗, then 𝑟(𝑋𝑖 , 𝑋𝑗 ) ≠𝑟(𝑋𝑗 , 𝑋𝑖 ).
(3) even symmetry: if 𝑋 = {𝑋𝑖 , 𝑋𝑗 }, 𝑋 = {𝑋𝑖 , 𝑋𝑗 } ⇔
𝑟(𝑋𝑖 , 𝑋𝑗 ) = 𝑟(𝑋𝑗 , 𝑋𝑖 );
(4) accessibility: the value of the Euclid distance
|𝑥0 (𝑘) − 𝑥𝑖 (𝑘)| is inversely proportional to the value
of the given real 𝑟(𝑥0 (𝑘), 𝑥𝑖 (𝑘)).
Thus 𝑟(𝑋0 , 𝑋𝑖 ) = (1/𝑛) ∑𝑛𝑘=1 𝑟(𝑥0 (𝑘), 𝑥𝑖 (𝑘)) is called as Gray
relational degree, where 𝑟(𝑋0 , 𝑋𝑖 ) represents the correlation
coefficient of each pair of variables 𝑋𝑖 and 𝑋𝑗 . Four conditions (1–4) are also regarded as Gray relational four axioms.
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Notice that four conditions just do positively mean
these things. Normalization illustrates that there is a correlation between two arbitrary behavior sequences. Integrity
describes that the Gray relational degree is influenced by the
external environment. If the outside environment is changed,
the relational degree is also varied. So the symmetry principle
is not necessarily true. Meanwhile, even symmetry represents
that the symmetry principle is true while the set of factors
contains just two factors. Accessibility may constrain the
relational quantization.
2.3. Gray Correlation Analysis. To get the computing formula
of Gray related degree, the distance measure between vectors
𝑥0 (𝑘) and 𝑥𝑖 (𝑘) is defined as follows:


Δ 0𝑖𝑘 = 𝑥0 (𝑘) − 𝑥𝑖 (𝑘) .

(2)

And suppose that
Δ max = max max Δ 0𝑖𝑘 ,
𝑖

𝑘

Δ min = min min Δ 0𝑖𝑘 .
𝑖

(3)

Δ
+ 𝜉Δ max
𝑟 (𝑥0 (𝑘) , 𝑥𝑖 (𝑘)) = min
;
Δ min + 𝜉Δ max

(4)

that is,
𝑟 (𝑥0 (𝑘) , 𝑥𝑖 (𝑘))




min𝑖 min𝑘 𝑥0 (𝑘) − 𝑥𝑖 (𝑘) + 𝜉max𝑖 max𝑘 𝑥0 (𝑘) − 𝑥𝑖 (𝑘)
,




𝑥0 (𝑘) − 𝑥𝑖 (𝑘) + 𝜉max𝑖 max𝑘 𝑥0 (𝑘) − 𝑥𝑖 (𝑘)
(5)

where 𝜉 is called the resolution coefficients and the values of
𝜉 are usually restricted to a certain range (0, 1).
Notice that the discriminatory power varies depending
on the different correlation coefficients: the smaller the
𝜉 is, the higher the differences between two correlation
coefficients are and the stronger the discriminatory power is.
Let 𝑟(𝑥0 (𝑘), 𝑥𝑖 (𝑘)) = 𝑟0𝑖 (𝑘), and then we define
𝑟 (𝑋0 , 𝑋𝑖 ) =

𝑥0 (1) 𝑥1 (1) ⋅ ⋅ ⋅ 𝑥𝑚 (1)
(𝑋0 , 𝑋1 , . . . , 𝑋𝑚 ) = (

1 𝑛
1 𝑛
∑ 𝑟 (𝑥0 (𝑘) , 𝑥𝑖 (𝑘)) = ∑ 𝑟0𝑖 (𝑘) ,
𝑛 𝑘=1
𝑛 𝑘=1

(6)

and 𝑟(𝑋0 , 𝑋𝑖 ) is considered as the Gray correlation degree
between reference sequence 𝑋0 and compare sequence 𝑋𝑖 .
Obviously, 𝑟(𝑋0 , 𝑋𝑖 ) satisfy Gray relational four axioms (1–4).
2.4. Computing Algorithm of Gray Correlation Degree. By the
definition of Gray correlation degree, the computational steps
of Gray correlation are made as follows.

𝑥0 (2) 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥𝑚 (2)
..
.

..
.

⋅⋅⋅

) , (7)

..
.

𝑥0 (𝑛) 𝑥1 (𝑛) ⋅ ⋅ ⋅ 𝑥𝑚 (𝑛)
where 𝑛 represents the number of indexes. And 𝑋𝑖 =
(𝑥𝑖 (1), 𝑥𝑖 (2), . . . , 𝑥𝑖 (𝑛)), 𝑖 = 1, 2, . . . , 𝑚.
(2) Apply dimensionless method to the original data
sequences; let the dimensionless model be
𝑥𝑖 (𝑘) =

𝑥𝑖 (𝑘)
,
𝑛
(1/𝑛) ∑𝑘=1 𝑥𝑖 (𝑘)

𝑖 = 0, 1, . . . , 𝑚; 𝑘 = 1, 2, . . . , 𝑛.
(8)

Thus the new data sequences processed by dimensionless
model may be rewritten as

𝑘

According to the formulas (2)-(3), the correlation coefficient between vectors 𝑥0 (𝑘) and vector 𝑥𝑖 (𝑘) is defined as
follows:

=

(1) Collect the evaluation data on the evaluation index
system; then the sequences of data may be stated in matrix
form as follows:


𝑥0 (1) 𝑥1 (1) ⋅ ⋅ ⋅ 𝑥𝑚
(1)

(𝑋0 , 𝑋1 , . . . , 𝑋𝑚 ) = (


𝑥0 (2) 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥𝑚
(2)

..
.


(𝑥0

..
.

(𝑛)

𝑥1

⋅⋅⋅

..
.

) . (9)


(𝑛) ⋅ ⋅ ⋅ 𝑥𝑚
(𝑛))

(3) Define the reference sequence 𝑋0 . The reference
sequence consists of the most optimal value or the worst
value of every index. That is, 𝑋0 = (𝑥0 (1), 𝑥0 (2), . . . , 𝑥0 (𝑛)).
Accordingly, the rest of the data is as compare sequence.
(4) Compute the distance measure between the corresponding elements of the reference sequence 𝑋0 (𝑘) and
compare sequence 𝑋𝑖 (𝑘); that is, Δ 0𝑖𝑘 = ‖𝑥0 (𝑘) − 𝑥𝑖 (𝑘)‖.
(5) Calculate Δ max , Δ min using the formula (3); that is,
Δ max = max max
𝑖

𝑘


 
𝑥0 (𝑘) − 𝑥𝑖 (𝑘) ,





Δ min = min min 𝑥0 (𝑘) − 𝑥𝑖 (𝑘) .
𝑖
𝑘

(10)

(6) Compute the correlation coefficient between vector
𝑥0 (𝑘) and vector 𝑥𝑖 (𝑘) by formulas (4) and (5); that is,
𝑟 (𝑥0 (𝑘) , 𝑥𝑖 (𝑘)) =

Δ min + 𝜉Δ max
.
Δ 0𝑖𝑘 + 𝜉Δ max

(11)

Notice that 𝜉 is the resolution coefficients and the values of 𝜉
are usually restricted to a certain range (0, 1). To keep things
simple, put 𝜉 = 0.5 in this paper.
(7) Compute the correlation degree between reference
sequence 𝑋0 and compare sequence 𝑋𝑖 by formula (6), and
then obtain the evaluation conclusion by comparing the size
of correlation degree.
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3. Model and Algorithm of Fault
Diagnosis of Power Systems Based
on Gray System Theory
3.1. Overall Description of Fault Diagnosis of Power Systems.
Firstly, when some relevant components of power systems
malfunction, the corresponding protective relays and circuit
breakers will work actively and the fault components will be
disconnected with the power supplier. So the power supply
interrupted districts will be formed. And then analyzing and
eliminating breakdown will be also made in the power supply
interrupted districts. Secondly, in the blackout area, the
working principle of protective relays and circuit breakers will
be analyzed in detail, and the information of the protective
relays and circuit breakers, which are in fault state, may be
deduced. And based on what is mentioned above, we may
establish the state vector of the fault modes and quarantined
modes of the components and give the assignment principle
of the value for each member of the vector. Finally, the
correlation degree between the reference component and
compare component will be calculated and sorted. The
discriminant criterion is that the component with maximum
correlation value is as the fault component. Moreover, the
numbers of fault components increase constantly. When
the information explanation degree of fault components
reaches a specified threshold and the numbers of protective
relays and circuit breakers which fail to operate or refused
operation do not increase, the number of fault components
is determined. According to the order of correlation degree,
those components which have same account of maloperation
and refused operation are regarded as the fault component. So
the ultimate goal of the fault diagnosis is also accomplished.
Obviously, some basic concepts should be explained such
as the power supply interrupted districts, fault information
explanation degree, and judging rule of maloperation and
refused operation. Next, these related concepts and model
will be explained step by step.
3.2. Quick Recognition for the Power Supply Interrupted
Districts. The formation mechanism of the power supply
interrupted districts is established on the difference of the
topological structures of power systems before and after fault
occurrence. When the fault happens, the protection action
will be implemented to trip the relevant circuit breakers
and the fault components can be isolated from the systems
for avoiding the expansion of accident. On the basis of the
real time information of the circuit breaker, the topologies
of systems before and after fault occurrence are recognized
by the real time topology analysis on power systems. And
the fault components can automatically form some passive
networks according to the difference of the information of
the topological structures. So these passive networks are
regarded as the power supply interrupted districts. Thus,
the recognition of fault components may be limited to the
blackout area.
The specific steps [12] are shown as follows.
(1) Based on topology analysis for the normal power
systems, the corresponding equivalent power

or the generator are remarked as the active
nodes.
(2) The topology analysis is made for the faulty system
again, and several subsystems are achieved at the same
time according to the different information of the
topological structures.
(3) The nodes of each subsystem are searched for one by
one, and every component connected with each node
is active or is not judged. If the component is active,
the subsystem is in the normal state, and the search
ends; otherwise, if all components in a subsystem are
searched for and no active components are found, the
subsystem is regarded as the power supply interrupted
district.
3.3. Construction for Fault State Vectors and Assignment Principle for Vector Elements. The state vectors are established by
means of the protective relays and circuit breakers. If there are
𝑛 circuit breakers and 𝑚 protective relays, the form of state
vectors can be expressed as
𝐹 (𝑘) = (𝑅, 𝐶) = (𝑟1 , 𝑟2 , . . . , 𝑟𝑚 , 𝑐1 , 𝑐2 , . . . , 𝑐𝑚 ) ,
𝑘 = 1, 2, . . . , 𝑛,

(12)

where 𝑅 is the state value of protective relays and 𝐶 is the state
value of circuit breakers. The assignment principle of vector
elements is as follows.
(1) If the protective relay run in active mode, then 𝑟𝑖 = 1,
𝑖 = 1, 2, . . . , 𝑚; otherwise 𝑟𝑖 = 0.
(2) Analogously, if the circuit breaker is kept in off state,
then 𝑐𝑖 = 1, 𝑖 = 1, 2, . . . , 𝑛; otherwise 𝑐𝑖 = 0.
(3) When the state of the element possesses two modes
simultaneously, the information of the protective
relays conflicts with the information of the circuit
breakers. That is to say, the value of state is both 1 and
0. In that case, the value of 𝑅 and 𝐶 is given as 0.5; that
is, 𝑟𝑖 = 0.5, 𝑖 = 1, 2, . . . , 𝑚; 𝑐𝑖 = 0.5, 𝑖 = 1, 2, . . . , 𝑛.
3.4. Modeling the Fault Information Explanation Degree.
Fault information explanation degree (FIED) is the matching
degree of quarantined state vector and fault state vector
of multicomponent system. In the other words, it is used
for explaining the behavior of protective relays and circuit
breakers when the fault of multicomponent systems happens.
Let 𝐹𝐴, 𝐹𝐵 , . . . , 𝐹𝑋 , whose sizes of dimension are all 1 ×
(𝑚 + 𝑛), be the fault state vector, respectively, to single-fault
components 𝐴, 𝐵, . . . , 𝑋. 𝐹0 is quarantined state vector with
1 × (𝑚 + 𝑛) dimension.
Therefore, the fault information explanation degree
(FIED) of single component can be expressed by the following formula:
FIED = ((the number of elements whose values are all
greater than 1 among (𝐹𝐴 + 𝐹0 ))
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× (the number of elements

alarming information and can be expressed by the following
maximization problem:

−1

whose values are all equal to 1) ) × 100%.
(13)

𝑅𝑖 =

1 𝑛


∑ ((min min 𝐹0 (𝑘) − 𝐹𝑖 (𝑘)
𝑖
𝑘
𝑛 𝑘=1

If there are more than one faulty component in power system,
FIED can be presented as follows:



+𝜉max max 𝐹0 (𝑘) − 𝐹𝑖 (𝑘))
𝑖
𝑘

FIED = ((the number of elements whose values are



× (𝐹0 (𝑘) − 𝐹𝑖 (𝑘)

all greater than 1
in [(𝐹𝐴 + 𝐹0 ) ∨ (𝐹𝐵 + 𝐹0 ) ∨ (𝐹𝐶 + 𝐹0 ) ∨ ⋅ ⋅ ⋅ ])
× (the number of elements
−1

whose values are all equal to 1) ) × 100%,
(14)
where the symbol “∨” denotes that the greater value is
selected for the values of corresponding elements.
To locate out the fault components in systems, we need to
compare the size of FIED. Once FIED satisfies FIED = 100%,
the fault components may be determined by formulas (13)
and (14).

(15)

 −1

+𝜉max max 𝐹0 (𝑘) − 𝐹𝑖 (𝑘)) ) ,
𝑖
𝑘
where 𝑖 stands for the total number of the single-fault, and
its value is determined by adding the number of components
and the number of lines; 𝑛 denotes the number of vector
elements, and its value is the number of protective relays and
circuit breakers; 𝜉 is on behalf of the resolution coefficient;
𝐹0 (𝑘) indicates the quarantined faulty state vector; 𝐹𝑖 (𝑘)
means the fault state vector of single-line or single component
and also is called the single-fault state vector; 𝑅𝑖 represents the
similarity degree between the quarantined fault state vector
and single-fault state vector and also is called correlation
degree.
Notice that if the state vector of single-fault component
𝐴, 𝐵, . . . , 𝑋 is 𝐹𝐴, 𝐹𝐵 , . . . , 𝐹𝑋 , respectively, then the dimension
of these state vectors is 1 ∗ (𝑚 + 𝑛) and the dimension
of the quarantined fault state vector 𝐹0 is also 1 ∗ (𝑚 +
𝑛). Meanwhile, we may calculate the correlation degree and
sort the calculated results. Based on above discussion, the
recognition rule of fault component is given as follows.

3.5. Judging Method of Malfunction and Rejection for Protective Relays and Circuit Breakers. According to the assumption
and analysis above, the judging rule is designed as follows.
(1) If the value of element of the vector (𝐹𝐴 − 𝐹0 ) is
negative, then the corresponding protection of protective
relays or action of circuit breakers is regarded as malfunction
for single-component fault. Otherwise, the protection of
protective relays or trip of circuit breakers is regarded as
rejecting action.
(2) If there is more than one fault component in the
system, the judging rule is as follows. The protection of
protective relays or action of circuit breakers is regarded as
malfunction while the value of the vector ((𝐹𝐴 ∨𝐹𝐵 ∨𝐹𝐶 ∨⋅ ⋅ ⋅ )−
𝐹0 ) is negative; otherwise the action is regarded as rejecting
action.
Notice that when failures happen, the main protection
of PRs is first implemented to trip the circuit breakers. If
the main protective relays do not work, then the backup
protective relays begin to work to trip the circuit breakers.
Therefore, the situation of the backup PRs deduced by (1) and
(2) was the rejecting action; it may be that the action of PRs
has already tripped the action of CBs. So we concern only
the main protective relays and the circuit breakers and then
give priority to main PRs when the malfunction and rejecting
action are considered in this paper.

Rule 2. Let the threshold of fault diagnosis be the mean
of correlation degree. If the correlation degree between the
reference state vector 𝐹0 and new compare state vector 𝐹𝑁
is more than the threshold, the part is regarded as the fault
component or fault line.

3.6. Fault Diagnosis Model of Single Component. The problem
of recognition for single-fault component can be solved by
seeking for the fault assumptions, which can best explain the

3.7.1. Data Preprocessing. The data, which contains the information of protective relays and circuit breakers and the
topology of the power system, is written in the system.

Rule 1. If the correlation degree between the reference state
vector 𝐹0 and the compare state vector 𝐹𝑖 (𝑖 = 𝐴, 𝐵, . . . , 𝑋) is
the largest, the corresponding part is fault component or fault
line.

Therefore, the possibility that fault happens may be
determined for every single component according to Rules
1 and 2.
3.7. Diagnostic Procedure for Fault Components. In the actual
project, there is more than one fault component when faults
occur. But the diagnostic procedure may be designed on the
basis of the fault diagnosis model of single component. So the
specific steps of fault diagnosis are shown as follows.
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Start
Recognition for power
failure area
Analyzing of the working
principle of protective
relays and circuit breakers
Construction of fault state
vector

Calculating of the fault
information explanation
degree (FIED)

FIED = 100%?

FEN = FEN + 1

Yes

No

FEN = 1?

Yes
The number of fault
components is FEN

Calculating and sorting
of the correlation degree
End

No
No
No
Number of primary
protections of malfunction
and tripping increase

Initializing the number
of fault components
FEN = 1

Number of primary
protections of malfunction
and tripping increase

Yes

Yes

The number of fault
components is FEN-1

Figure 1: The flowchart for fault diagnosis.

3.7.2. Recognition for the Power Supply Interrupted Districts.
The blackout area of power systems is recognized, and the
tripping principle of protective relays and circuit breaker in
blackout area is listed.

CB1

CB2
A

CB3
L1

CB5

CB4
B

L2

Figure 2: Framework of simple circuit structure.

3.7.3. Recognition of State Information. Under single-fault
state, the state information of protective relays and circuit
breaker is obtained in accordance with the working principle
of protective relays and circuit breakers.
3.7.4. Construction for Fault State Vectors. The state vector of
fault mode for each component is given by the assignment
principle of vector elements, and then the quarantined fault
state vector is loaded.
3.7.5. Calculating and Sorting the Correlation Degree. The
correlation coefficients are calculated, respectively, and then
these results are sorted. If the correlation degree between
quarantined state vector and reference state vector is the
highest, the probability that component malfunctions is also
the largest.
3.7.6. Computing Fault Information Explanation Degree.
FIED is calculated by formulas (13) and (14) and is sorted. If
FIED of some fault components satisfies FIED = 100%, go to
next step.
3.7.7. Fault Diagnosis Analysis. According to Rules 1 and 2, the
fault component can be recognized and diagnosed. And then
judge the malfunction and rejection for protective relays and
circuit breakers.
The specific flowchart for fault diagnosis is shown as in
Figure 1.

4. Experiment and Its Results Analysis
Firstly, regarding the simple circuit structure shown in
Figure 2 as the power supply interrupted districts, the following sections will explain and demonstrate in detail how to use
the working principle of protection action to identify the state
vectors of fault components.
Obviously, the simple system shown in Figure 2 consists
of 4 elements (i.e., A, B, L1, and L2) and 5 circuit breakers (i.e.,
CB1, CB2, CB3, CB4, and CB5). So there are 14 protection
actions, respectively, that is, Am , Bm , L1Am , L1Bm , L2Bm ,
L2Cm , L1Ap , L1Bp , L2Bp , L2Cp , L1As , L1Bs , L2Bs , and L2Cs . To
make things simple, these protection actions are represented
symbolically by 𝑟1 , 𝑟2 , . . . , 𝑟14 . Note that, in this example, A
and B are Bus, L represents Line, the subscript 𝑚 denotes the
primary protection, 𝑠 stands for the first backup protection,
and 𝑝 is on behalf of the second backup protection. Through
analysis of the circuit structure, the working principle of the
primary protection and the backup protection is listed in
Table 1.
According to the working principle of primary protection
and backup protection shown in Table 1, the state information
of protective relays and circuit breakers is deduced as shown
in Table 2.
Let 𝑐𝑖 (𝑖 = 1, 2, . . . , 5) denote the action of five circuit
breakers. Thus, by combining with the state information
shown in Table 2, the fault state vector of every component
may be determined using the assignment principle introduced in Section 3.3. Therefore, the fault state vector of every
element is shown in Table 3.
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Table 1: Working principle of protective relays and circuit breakers.
Number

Name

𝑟1

A𝑚

𝑟2

B𝑚

𝑟3
𝑟4
𝑟5
𝑟6

L1A𝑚
L1B𝑚
L2B𝑚
L2C𝑚

𝑟7

L1A𝑝

𝑟8

L1B𝑝

𝑟9

L2B𝑝

𝑟10

L2C𝑝

𝑟11

L1A𝑠

𝑟12

L1B𝑠

𝑟13

L2B𝑠

𝑟14

L2C𝑠

Corresponding action of protective
relays and circuit breakers
Fault: A; action: A𝑚 ; tripping: CB1 and
CB2
Fault: B; action: B𝑚 ; tripping: CB3 and
CB4
Fault: L1; action: L1A𝑚 ; tripping: CB2
Fault: L1; action: L1B𝑚 ; tripping: CB3
Fault: L2; action: L2B𝑚 ; tripping: CB4
Fault: L2; action: L2C𝑚 ; tripping: CB5
Fault: L1; unaction: L1A𝑚 ; action:
L1A𝑝 ; tripping: CB2
Fault: L1; unaction: L1B𝑚 ; action: L1B𝑝 ;
tripping: CB3
Fault: L2; unaction: L2B𝑚 ; action:
L2B𝑝 ; tripping: CB4
Fault: L2; unaction: L2C𝑚 ; action:
L2C𝑝 ; tripping: CB5
Fault: B; untripping: CB3; action: L1A𝑠 ;
tripping: CB2;
or fault: L2; untripping: CB3 and CB4;
action: L1A𝑠 ; tripping: CB2
Fault: A; untripping: CB2; action: L1B𝑠 ;
tripping: CB3
Fault: C; untripping: CB5; action: L2B𝑠 ;
tripping: CB4
Fault: B; untripping: CB4; action:
L2C𝑠 ; tripping: CB5;
or fault: L1; untripping: CB3 and CB4;
action: L2C𝑠 ; tripping: CB5

Table 2: State information of protective relays and circuit breakers.
Fault nodes
A
B
L1

L2

The state information for protective relays and
circuit break
𝑟1 = 1, CB1 = 1 and CB2 = 1 or 𝑟12 = 1, CB2 = 0
and CB3 = 1
𝑟2 = 1, CB3 = 1 and CB4 = 1 or 𝑟11 = 1, CB3 = 0
and CB2 = 1 or 𝑟14 = 1, CB4 = 0 and CB5 = 1
𝑟3 = 1 and CB2 = 1 or 𝑟4 = 1 and CB3 = 1 or 𝑟7 =
1, 𝑟3 = 0, and CB2 = 1 or 𝑟8 = 1, 𝑟4 = 0, and CB3
= 1 or 𝑟14 = 1, CB3 = 0, CB4 = 0, and CB5 = 1
𝑟5 = 1 and CB4 = 1 or 𝑟6 = 1 and CB5 = 1 or 𝑟9 =
1, 𝑟5 = 0, and CB4 = 1 or 𝑟10 = 1, 𝑟6 = 0, and CB5
= 1 or 𝑟11 = 1, CB3 = 0, CB4 = 0, and CB2 = 1

If a quarantined fault state vector obtained by alarming
information is (𝑟1 , 𝑟5 , 𝑟6 , 𝑐1 , 𝑐2 , 𝑐4 , 𝑐5 ) and it needs to determine
which node is in fault, we need to compare the size of
correlation coefficient between quarantined fault state and
reference state vector. According the data in Table 3, the
correlation degree may be computed by formula (15); that is,
𝑟A = 0.8333,

𝑟B = 0.8247,

𝑟L1 = 0.7807,

𝑟L2 = 0.8509.

(16)

The sorting result is
𝑟L2 > 𝑟A > 𝑟B > 𝑟L1 .

(17)

So we can infer that the probability that the Line L2
malfunctions is maximum, and then the number of fault
elements (FEN) is 1; that is, there is only one fault component
L2 in systems. In this case, we may get
FIED = (5 ÷ 7) × 100% = 71.4%.

(18)

Obviously, the fault component cannot be completely
determined. Through analysis of the information data, when
there are two fault components L2 and A, FIED is
FIED = (7 ÷ 7) × 100% = 100%.

(19)

Therefore, the quarantined state vector indicates that two
components L2 and A are failure.
Meanwhile,
𝑟5 𝑟6
𝑐
, , 𝑟 , 𝑟 , 𝑟 , 𝑟 , 𝑐 , 𝑐 , 𝑐 , 4 , 𝑐 ) , (20)
2 2 9 10 11 12 1 2 3 2 5
𝑟
𝑟
𝐹L2 ∨ 𝐹A − 𝐹0 = (− 5 , − 6 , 𝑟9 , 𝑟10 , 𝑟11 , 𝑟12 , 𝑐3 , −𝑐4 ) . (21)
2
2

𝐹L2 ∨ 𝐹A = (𝑟1 ,

By the judging rule of malfunction and rejection, the primary protection which corresponds to 𝑟5 and 𝑟6 and the
action 𝑐4 which corresponds to the circuit breaker CB4 is
regarded as malfunction. Note that the alarming information
is (𝑟1 , 𝑟5 , 𝑟6 , 𝑐1 , 𝑐2 , 𝑐4 , 𝑐5 ), and the action 𝑐3 shown in formula
(21) is a rejection. In other words, the information which
corresponds to the action of the circuit breaker CB3 has lost.
Namely, the more accurate diagnosis results can be obtained
by the algorithm even if some information has lost in systems.
The above computing process has primarily illustrated the
calculated steps of fault diagnosis algorithm based on Gray
systems theory. And the results indicate that the algorithm
is effective and reasonable. To further explain and verify the
rationality and effectiveness of the method mentioned in this
paper, we take the classic system structure of local power relay
protection shown by [9], which contains 28 components,
84 protective relays, and 40 circuit breakers, to analyze the
diagnosis procedure. The structure of the local power systems
is shown in Figure 3.
Where A and B denote Bus, L is Line, T represents
Transformer, and CB is circuit breaker.
As can be seen in Figure 3, 28 components are A1, A2,
A3, A4, T1, T2, T3, T4, T5, T6, T7, T8, B1, B2, B3, B4, B5,
B6, B7, B8, L1, L2, L3, L4, L5, L6, L7, and L8; 84 protections
are consisting of 36 primary protections and 48 backup
protections, where 36 primary protections are, respectively,
A1m , B1m , B2m , B3m , B4m , B5m , B6m , B7m , B8m , L1Sm , L1Rm ,
L2Sm , L2Rm , L3Sm , L3Rm , L4Sm , L4Rm , L5Sm , L5Rm , L6Sm ,
L6Rm , L7Sm , L7Rm , L8Sm , and L8Rm ; 48 backup protections
are as follows: T1p , T2p , T3p , T4p , T5p , T6p , T7p , T8p , T1s , T2s ,
T3s , T4s , T5s , T6s , T7s , T8s , L1Sp , L1Rp , L2Sp , L2Rp , L3Sp , L3Rp ,
L4Sp , L4Rp , L5Sp , L5Rp , L6Sp , L6Rp , L7Sp , L7Rp , L8Sp , L8Rp ,
L1Ss , L1Rs , L2Ss , L2Rs , L3Ss , L3Rs , L4Ss , L4Rs , L5Ss , L5Rs , L6Ss ,
L6Rs , L7Ss , L7Rs , L8Ss , and L8Rs .
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Table 3: State vectors of fault component.
The state vectors (𝑟1 , 𝑟2 , . . . , 𝑟14 ,𝑐1 , 𝑐2 , . . . , 𝑐5 )
(1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0.5, 1, 0, 0)
(0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0.5, 0.5, 1)
(0, 0, 0.5, 0.5, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0.5, 0, 1)
(0, 0, 0, 0, 0.5, 0.5, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0.5, 1)

Fault node
A
B
L1
L2

Simple forms
(𝑟1 , 𝑟12 , 𝑐1 , 𝑐2 /2, 𝑐3 )
(𝑟2 , 𝑟11 , 𝑟14 , 𝑐2 , 𝑐3 /2, 𝑐4 /2, 𝑐5 )
(𝑟3 /2, 𝑟4 /2, 𝑟7 , 𝑟8 , 𝑟14 , 𝑐2 , 𝑐3 /2, 𝑐5 )
(𝑟5 /2, 𝑟6 /2, 𝑟9 , 𝑟10 , 𝑟11 , 𝑐2 , 𝑐4 /2, 𝑐5 )
CB13

CB6
CB2

T1

CB11

CB7
CB4

L1

CB14
CB12

CB8

CB1

B1

A1

L2

B2

B4

T3

CB16

B3

CB18
A2

CB19
CB9

CB3

T2

CB5
CB10
L4

CB33
T7

CB36

CB28
B5

A3

CB31
CB34

CB24

CB21

CB17

L6

CB27
T5

T4

L5

CB26

CB22

CB15

CB20
L3

CB38

B6

CB32 B6
CB39

CB29

B7

A4

L7
CB23

T6

L8

CB25
CB30

CB35

T8

CB37

CB40

Figure 3: Classic system structure of the local power relay protection.

And the meaning of these symbols is, respectively, as
follows: S is Sending End of Line and R is Receiving End, 𝑚 is
primary protection, 𝑝 represents first backup protection, and
𝑠 is second backup protection. The working principle of these
protections may be seen in the Resources [11, 13] section.
By comparing the method proposed in this paper with the
methods in [13, 14], we are testing out 4 most complicated
circumstances in case of incomplete information and complete information to verify the effectiveness of the method.
The diagnosis results are listed as in Table 4.
As is shown in Table 4, in case of complete information,
the diagnosis result for test sequence 1 and sequence 2 is
identical to the results in [11, 12]; in case of incomplete
information, the diagnosis result for test sequence 3 and test
sequence 4 is identical to the results in [11], but it is not
identical to the result in [12]. This is because there are some
lost information in test sequence 3 and test sequence 4.
Therefore, to further test this algorithm proposed in
this paper, we apply the presented algorithm in this paper
and the Bayesian algorithm in [12] to diagnose the power
supply in intelligent traffic systems (ITS). The detecting
information of the power supply in ITS contains the PT
break-phase, CT signal, volts d.c. and current, synchronous
signal, temperature of sensors, and the Airborne capacity.
In real application, the fitting curve between using the two
methods is as in Figure 4.

Figure 4(a) showed the whole effect of diagnosis procedure. Correspondingly, Figures 4(b) and 4(c) described the
part effect of diagnosis algorithm. This indicates that the error
between using the two methods is very small. This indicates
that the algorithm presented in this paper is reasonable.
However, the running stability of real system needs to be
ensured for any algorithm, whether or not the algorithm is
effective and reasonable. That is to say, the stability of the
diagnosis procedure should to be analyzed. For verifying the
rationality of the designed algorithm, the anticipant precision
threshold is set as 0.01 and every running test time is set as
1000 epochs. The total running performance is shown as in
Figure 5.
The running effect of diagnosis system indicated that the
abnormal phenomenon of the security running took place
at 20th second, and then the parameter of systems needs to
be adjusted to ensure the systems normal running. Figure 5
displays that the abnormal phenomena of the designed
diagnosis systems seem to change small in warning, and yet
the running performance is very stable during the whole
running process. To find out why the danger happens, we
take the running performance chart from 0th second to 40th
second as in Figure 6.
Figure 6 displays that the interior change of diagnosis
system was quite rapid. Simultaneously, there exists a glacis
from the initial warning to normal running. As a result, the
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Table 4: Part of the test results.

1

2

3

Behavior: T5s, T6s;
tripping: C21 , C22 , C23 , C24 ,
and C25
Behavior: B1m, L2Rs,
L4Rs, C4 ; tripping: C5 , C7 ,
C9 , C12 , and C27
Behavior: B1m, L4Rs;
tripping: C4 , C7 , C9 , C12 ,
and C27
Behavior: B1𝑚 , T1𝑚 , T2𝑚 ,
L1s𝑚 , L2RP; tripping: C2 ,
C3 , C4 , C5 , C7 , C9 , C11 , and
C28

Diagnosis analysis

4

Relay action information

Missing
information

Diagnosis
result

unexisting

A3

unexisting

B1

L2Rs, C5

T7s, C6

Judgment for
malfunction and
rejection
Malfunction: A3𝑚 ;
rejection (tripping):
C21 , C24 , and C25

Diagnosis result
in [11]

Diagnosis result
in [12]

A3

A3

Rejection (tripping): C6

B1

B1

B1

Rejection (tripping): C5
and C6

B1

L1, B1, T1, T2

Rejection (tripping):
L1R𝑚 , C6 ; malfunction:
C28

L1, B1, T1, T2

30

30

25

25
Diagnosis analysis

Test
sequences

20
15
10
5
0

20
15
10
5
0

−5
0

100

200

300
400
500
Time (epoch)

600

800

700

−5

0

(a)

50

100 150 200
Time (epoch)

250

300

(b)

30

Diagnosis analysis

25
20
15
10
5
0
−5
300

350

400

450

500

Time (epoch)
(c)

Figure 4: (a) The fitting curve of test sequence (0–780) using the two methods; (b) The fitting curve of test sequence (0–301) using the two
methods; (c) The fitting curve of test sequence (301–500) using the two methods (Note: + indicates the test sequence using Bayesian algorithm
in [12]; I indicates the test sequence using Gray theory algorithm).
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Performance is 0.0510264; goal is 0.01

Training, blue goal, black

100
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10−2
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Figure 5: The total running performance chart of fault diagnosis for
the power supply in ITS.

Performance is 0.0847753; goal is 0.01

Training, blue goal, black

100

procedure is practical and consistent with the operation
requirements.
However, owing to the fact that information data comes
from different parts of power supply systems in ITS, the running situation of diagnosis systems was influenced. Thereby,
the investigation about how to logically distribute the information of power supply device in ITS remains an interesting
area for further research. Meanwhile, the method and algorithm presented in this paper can only be used to diagnose
and determine which component malfunctions after the
abnormal phenomenon of power systems has occurred. But
in practical application of power supply devices in ITS, the
users always hope that the diagnosis systems can forecast
the faults before the fault states of components will happen.
So, how to fuse the incomplete and complete information of
protective relays and circuit breakers to forecast the faults
by GM model, which provides the maintaining decision for
the components and lines, is also very important problem in
power systems.
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Figure 6: The part running performance chart of fault diagnosis for
the power supply in ITS.

running effect is in accord with the practical situation. This is
because certain period of time is used to adjust parameter of
the power supply for ensuring the final stable running of the
algorithm.

5. Conclusion
Based on the theory of Gray system, a fault diagnosis
method in power systems is proposed with respect to the
diagnosis problem of incomplete information for protective
relays devices in power system, and the analysis of overall
architecture and the diagnosis process are conducted. Some
simple experiments show that the method presented in this
paper is effective and can also carry out the same fault
diagnosis task that another traditional diagnosis method
completed. Through comparing these diagnosis results, we
know that the method may diagnose the fault in case of
incomplete and complete information. In addition, through
the practical engineering application in ITS, the stability
of diagnosis procedure was also analyzed. The simulation
result demonstrated that the running stability of the diagnosis
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Incipient fault for a gearbox diagnosis is difficult because the signals with low signal-to-noise ratio (SNR) are corrupted with
background noise. A method based on chaos theory and sampling integral technology will be presented to detect the incipient
fault of gearbox according to the characters of the gearbox vibration signals. Sampling integral technology was used to improve the
tracking ability of fault signals with lower SNR. The small changes in the sidebands of meshing frequency can be detected by the
transformation of chaotic phase diagram and its Hu moment invariants, and on this basis the incipient faults can be diagnosed. The
results based on gearboxes experiment justify the effectiveness of the method.

1. Introduction
Gearboxes are the transmission components of many
machines, and the gearbox abnormities have significant
effects on the operation of machines. As the failures of gears
take sixty percent of failures on gearboxes failures [1], gear
fault detection is our central issue of the gearbox condition
monitoring and fault diagnoses. The tooth limitation of gear
such as gear crack is the incipient gearbox fault. Meanwhile,
various fault detection methods of gearbox were discussed.
Lebold et al. [2] reviewed feature extraction methods for
gearbox diagnosis and prognosis. Samuel and Pines [3]
separated the vibration signal of planet and sun gears using
time domain averaging. Halim et al. [4] combined time
synchronous average and wavelet transformation together
to extract periodic waveforms at different scales from noisy
vibration signals to clean up noise and detect both local and
distributed faults simultaneously. Feng et al. [5] proposed a
regularization dimension technique to make vibration signals
increase monotonically with respect to gear fault levels.
Zhang et al. [6] used narrow band interference cancellation

to enhance the gearbox fault diagnosis and extract effective
degradation indicator which is not sensitive to the nonstationary condition. In addition, many other techniques have
been used in fault diagnosis of gearboxes, such as support
vector machine (SVM) [7], wavelet packet transformation
(WPT) [8], artificial neural network (ANN) [9], and hidden
Markov model (HMM) [10].
One of the important problems to be solved for incipient
fault diagnosis using vibration signal processing is weak signal detection. Originally, weak signal detection technology is
widely used in radar, communication, sonar, earthquake, and
industrial measurement. Its task is to evolve new weak signal
detecting theory, explore new signal detecting methods,
and develop new detecting equipment. The progress symbol
of weak signal detecting technique is the improvement of
the detecting sensibility and the signal-to-noise ratio. Weak
signal has always been processed as stochastic signal in traditional detection methods. With the deeper research and high
speed of the chaotic theory development, the applications
of chaotic theory to signal detection have attracted more
and more investments and some results have been obtained.
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Figure 1: Duffing oscillator conversion.

Recently, it is a hotspot in the chaotic engineering that apply
chaotic characteristics to detect the useful signal from noise.
The researching progenies in this aspect include the weak signal detecting method by using chaotic sensitivity of the initial
condition, the weak signal detecting method by using chaos
synchronization system, the detecting method for signals in
the chaos or noise background, the weak signal extracting
method by using stochastic resonance phenomenon, and
the chaos and neural network-based weak signal detecting
method [11]. In this paper, we use the sensitivity to initial
value of Duffing oscillator and its intermittent chaos motion
to extract weak signals from the background of strong noise.
In this paper, the method based on chaos oscillator
and sampling integral will be developed to diagnose the
incipient faults of gearbox. The method takes advantage of
weak periodic signal sensitivity and noise immune characters
of Duffing chaos oscillator. If we can detect that the weak
signals exist, the mutation of Duffing chaos oscillator phase
will emerge. In order to conquer the subjective mistakes
which occurred on phase transformation, the first feature
of Hu moment invariants should be introduced to quantum
judgment. At the same time, the pretreatment based on

sampling integral technology to time domain signal can
improve the detection boundary of chaos oscillator. The result
of gearbox experiment shows that the technology of gearbox
incipient fault diagnosis is efficient.

2. The Chaos Oscillator Detection Principle on
Incipient Gear Fault
2.1. Chaos Oscillator Weak Signal Detection. Consider Holmes
Duffing oscillator
𝑥 (𝑡) + 𝑐𝑥 (𝑡) − 𝑥 (𝑡) + 𝑥3 (𝑡) = 𝐹0 cos (𝜔0 𝑡) ,

(1)

where 𝑐 is a damping ratio; −𝑥 + 𝑥3 is nonlinear recovering
force; 𝐹0 is the amplitude of the inside periodic driving
signal; 𝜔0 is the angular frequency; 𝑥 is the output value
of Duffing oscillator. When the parameters such as 𝑐 and
𝜔0 are constant, the phase portrait of Duffing oscillator will
change as 𝐹0 changes in the process from homoclinic orbit to
forking orbit, chaos orbit, and large-scale periodic orbit, as
shown in Figure 1. Equation (1) is to be solved by discretizing
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the equation and using the fourth-order Runge-Kutta algorithm. The threshold of the Duffing oscillator is determined
using the Melnikov method in combination with tests [12].
When 𝑐 = 0.5, 𝜔0 = 1, and ℎ = 0.01 s, 𝐹𝑏 ≈ 0.815. To facilitate
the observation of the change of the phase trajectories of
the oscillator, we take the initial value 𝑥0 = −1, 𝑦0 = −0.5,
and the computing time equal to 500 s.
In some cases, tiny disturbance with periodic driving
signal can make the system change dramatically from chaos
state to large-scale periodic state, and then the phase trajectory conversion can be used to detect the presence of
periodic signal [13, 14]. It can be seen that the phases change
from chaos state in Figure 2(a) to intermittent chaos state in
Figure 2(c) and then to large-scale state in Figure 2(e) when
the parameters are selected as 𝑐 = 0.5 and 𝜔0 = 1. At the same
time, it can also be seen that the transformation curve with 𝑥
and 𝑡 change from chaos state in Figure 2(b) to intermittent
chaos state in Figure 2(d) and then to large-scale state in
Figure 2(f).
2.2. Forward Detecting Method. When the weak periodic
signal to be detected is considered, (1) can be changed as
follows:

larger than 𝐹𝑏 and 𝜔0 equals domain frequency, the phase
will be in the large-scale periodic state. The length and width
of sidebands of the gear meshing frequency will increase
with the length of crack of the fault gear tooth. Moreover,
the amplitude of the sidebands will increase gradually along
with the extension of cracks to such a degree that the tooth
is broken finally. In this situation, if the amplitudes 𝐹1 of
sidebands 𝜔1 increase gradually, the value of 𝐹0 will be larger
than 𝐹𝑏 , and this will change the phase back to chaos state
again as shown in Figure 3.

3. Quantitative Description of
Duffing Oscillator
In above section, we have qualitatively described the Duffing
oscillator state by observing the trajectory. For instance, when
observing Figures 2(c) and 2(e), it is hard for us to distinguish
the two figures. Hence we need to quantitatively analyse
the Duffing oscillator state with the help of Hu moment
invariants [16] to remove errors caused by ocular judgement.
Two-dimensional (𝑝 + 𝑞)th order moment is defined as
follows:
𝑚𝑝𝑞 = ∫



𝑥 = 𝜔0 𝑦,
𝑦 = 𝜔0 [−𝑐𝑦 + 𝑥 − 𝑥3 + 𝐹0 cos (𝜔0 𝑡)

+∞

−∞

(2)

+ 𝐹1 cos (𝜔1 𝑡 + 𝜃) + 𝑛 (𝑡)] ,
where 𝐹1 cos(𝜔1 𝑡 + 𝜃) is signal to be detected, 𝑛(𝑡) is noise
signal, 𝜔1 is angular frequency, and 𝜃 is the phase angle. If
𝜔1 is the signal frequency to be detected, the inside driving
signal frequency 𝜔0 can be selected to be equal to the signal
frequency to be detected 𝜔1 , as shown in (2). Adopting 𝐹0
is a bit smaller than the valve value 𝐹𝑏 which makes the
Duffing system be on the intermittent chaos state. It is assured
that the oscillator is on the chaotic motion state as shown in
Figure 3(a). The transformation curve with 𝑥 and 𝑡 is obscure
as shown in Figure 3(b). When there is any small disturbing
signal, the system is in the intermittent chaos state. As shown
in Figures 3(c) and 3(e), Duffing system transforms from
chaos state to large-scale state with white noise when the
parameters are selected as 𝑐 = 0.5, 𝜔0 = 𝜔1 = 1, and
𝑛(𝑡) = rand𝑛(size(𝑡)).
2.3. Backward Detecting Method. As we know that the incipient crack fault of gear tooth can be judged by the change
of sidebands of the gear meshing frequency. The meshing frequency signal detection can be easily realized by
abovementioned method based on Duffing chaos oscillator.
However, when the forward detecting method is used to
detect the occurrence of sidebands, the meshing frequency
components will exert strong interference on detecting oscillator. Consequently, the forward detecting method might be
infeasible in this circumstance. And then the problem was
solved by the method of chaos phase inverse transformation
presented by Li and Qu [15]. In this method, when 𝐹0 is a bit

∫

+∞

−∞

𝑥𝑝 𝑦𝑞 𝑓 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

(3)

If the image function 𝑓(𝑥, 𝑦) is a piecewise continuous
bounded function, the moments of all orders exist and the
moment sequence {𝑚𝑝𝑞 } is uniquely determined by 𝑓(𝑥, 𝑦);
and correspondingly, 𝑓(𝑥, 𝑦) is also uniquely determined by
the moment sequence {𝑚𝑝𝑞 }.
One should note that the moments in (3) may not be
invariant when 𝑓(𝑥, 𝑦) changes by translating, rotating, or
scaling. The invariant features can be achieved using central
moments, which are defined as follows:
+∞

𝑢𝑝𝑞 = ∫

−∞

∫

+∞

−∞

𝑞

(𝑥 − 𝑥)𝑝 (𝑦 − 𝑦) 𝑓 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦,

(4)

where
𝑥=

𝑚10
,
𝑚00

𝑦=

𝑚01
.
𝑚00

(5)

The pixel point (𝑥, 𝑦) is the centroid of the image 𝑓(𝑥, 𝑦).
The centroid moments 𝑢𝑝𝑞 computed using the centroid
of the image 𝑓(𝑥, 𝑦) are equivalent to the 𝑚𝑝𝑞 whose center
has been shifted to centroid of the image. Therefore, the
central moments are invariant to image translations.
Scale invariance can be obtained by normalization. The
normalized central moments are defined as follows:
𝑢𝑝𝑞
1
𝜂𝑝𝑞 = 𝑟 , 𝑟 = (𝑝 + 𝑞 + 2) .
(6)
𝑢00
2
Based on normalized central moments, Hu [16] introduced seven moment invariants. The seven moment invariants are useful properties of being unchanged under image
scaling, translation, and rotation. The value of moment
invariant Φ1 shows the extent of figure diffusion. Consider
Φ1 = 𝜂20 + 𝜂02 .

(7)

4

Mathematical Problems in Engineering
F = 0.75

1.5

F = 0.75

2
1.5

1

1
0.5

0

x

dx/dt

0.5

0
−0.5

−0.5

−1
−1
−1.5
−2

−1.5
−1.5

−1

−0.5

0
x

0.5

1

1.5

−2

2

0

100

150

200

250
t

300

350

400

450

500

450

500

450

500

(b) The transformation curve with 𝑥 and 𝑡

(a) Phase portrait of Duffing system on chaos state

F = 0.825

1.5

50

F = 0.825

2
1.5

1

1
0.5

0

x

dx/dt

0.5

0
−0.5

−0.5

−1
−1
−1.5
−2

−1.5
−1.5

−1

−0.5

0

0.5

1

1.5

−2

2

0

50

100

150

200

300

350

400

(d) The transformation curve with 𝑥 and 𝑡

(c) Phase portrait on intermittent chaos state

F = 0.826

1.5

250
t

x

F = 0.826

2
1.5

1

1
0.5

0

x

dx/dt

0.5

0
−0.5

−0.5

−1
−1
−1.5
−2

−1.5
−1.5

−1

−0.5

0

0.5

1

1.5

2

x
(e) Phase portrait on large-scale state

−2

0

50

100

150

200

250

300

350

400

t
(f) The transformation curve with 𝑥 and 𝑡

Figure 2: Duffing oscillator conversion from chaos state to large-scale state.

Figure 4 shows the value of moment invariant Φ1 and the
driving force 𝐹 when the driving force 𝐹 changes from 0.6 to
1 with the interval 0.01. It can be seen that the first feature of
Hu moment invariants changes from 0.1971 to 0.1807 when

the driving force 𝐹 increases from 0.82 to 0.83. At the same
time, Figure 5 shows the quantitative detection on Duffing
system transformation from chaos state to large-scale state
with white noise (SNR = −60 db) and its trajectory shape
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Figure 3: Duffing system transformation from chaos state to large-scale state with white noise.

is not changed considerably when 𝐹 increases slightly, for
example, when 𝐹 = 0.82, 𝑌 = 0.2011 and 𝐹 = 0.83, 𝑌 =
0.1986. This implies that the Duffing oscillator conversion
can hardly be detected if the noise is strong enough. So the
denoising method is necessary to be introduced to detect the
weak signal.

4. Vibration Signal Denoising Using
Sampling Integral
Nonlinear chaos oscillator such as Duffing system has the
great advantage on weak signal detection, and it can detect
the weak signal with noise (SNR = −45 db). But the method

The first feature of Hu moment invariants
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is not immune to any degree of impact on noise. In fact, if
the original signal corrupted by noise has been pretreated by
traditional denoising method, the effect of diagnosis will be
better before the signal is to be detected by the method of
Duffing system [17].
The technology of sampling integral takes good effect
on regaining periodic or approximate periodic signal. In the
method, the circle of each signal is divided into a number
of equal intervals, and the length of time interval depends
on requested accuracy of recovering signal. Then we can
take sample of the above mentioned time intervals, and the
samples with the same phase on the circles are disposed
with integral method. It is obvious that the effect of signal
recovering will meliorate and the time expending on integral
will elongate when the number of integral times increases.
Consequently, the effect on recovering signal is at the cost
of the time expending on integral. The technology is widely
used on many equipment such as TDEM (time domain
electromagnetic method) developed by Geonics Ltd. [18].

The sampling integral technology is based on the reduplicate character of periodic signal. As we know that the
distortion on the period of periodic signal affected by the
noise is different from each other because of the randomicity
character of noise. Then we can choose one period of the
noised signal, and duplicate and overlie it on the next period
of the noised signal. Consequently, the periodic signal can
accumulate effectively while the noise cannot work because
of the irrelevance character of noise. In this method fault
signal corrupted with noise was taken as sample with the
same interval for the purpose of signal initial phase in
accordance with different sampling time. Sampling frequency
is the same as sampling point; SNR can be improved by
averaging the signal computed by above method. The method
is called sampling integral. Sampling integral technology
plays an important part in reconstruction of the periodic
or approximately periodic signal corrupted with noise. The
principle diagram of sampling integral is shown in Figure 6.
The tested signal 𝑥(𝑡) = 𝑠(𝑡) + 𝑛(𝑡) is magnified and
transmitted to the sample switch. 𝑟(𝑡) is the signal with the
same frequency of signal 𝑠(𝑡). The impulse signal is formed by
triggering circuit according to the wave shape of referenced
signal 𝑟(𝑡), and it is postponed to form a new impulse signal
with some width. The tested signal 𝑥(𝑡) is taken as sample
by the control of the sample switch which is up to the new
impulse signal with some width. The integral period 𝑇 takes
effect on the time of taking sample. In fact in the discrete
system the integral period 𝑇 is chosen in accordance with
the rotating gear period, and the sampling period 𝑇 can be
calculated by the selected sampling periodic point in time
series. Consider
𝑇gearcrack
,
𝑇=
(8)
𝑇sampling
where 𝑇gearcrack is the crack gear rotating circle and 𝑇sampling is
sampling period of data collection system.
Suppose that signal which needs to be detected is 𝑠(𝑡),
noise signal is 𝑛(𝑡), sampling period is 𝑇, the signal with 𝑁
order summation average, and the output is
𝑢 (𝑡) =

1 𝑁−1
∑ 𝑠 (𝑡 + 𝑘𝑇) + 𝑛 (𝑡 + 𝑘𝑇) .
𝑁 𝑘=0

(9)

Considering white noise 𝑁 is big enough, the output can
be
𝑢 (𝑡) =

1 𝑁−1
∑ 𝑠 (𝑡 + 𝑘𝑇) = 𝑠 (𝑡) .
𝑁 𝑘=0

(10)
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The Simulink model of Duffing system with sampling
integral is shown in Figure 7.
The SNR improves √𝑁 times with 𝑁 order summation
average. The signal (frequency 1 Hz, amplitude 𝐹1 = 0.05)
is shown in Figure 8(a) corrupted with white noise shown
in Figure 8(b) (SNR = −45 dB), and then the denoising
effect of sampling integral was shown in Figures 8(c) and
8(d). The abovementioned signal was detected by chaos
system which was shown in Figures 8(e) and 8(f). Because
noise is excessively big the phase is on chaos state. The
abovementioned signal was detected again with fifth and
tenth sampling integral.
Figure 9 shows the movement of both the phase portrait
of Duffing system with input detected signal and the first
feature of moment invariants. Figure 9(a) shows phase portrait of Duffing system on criticality state and the first feature
of moment invariants is 0.1972, while Figure 9(b) shows the
phase portrait of Duffing system with input detected signal
𝐹 = 0.05 cos(𝑡) and the first feature of moment invariants is
0.1775. At the same time, Figure 9(c) shows the phase portrait
of Duffing system on criticality state with input detected
signal 𝐹 = 0.05 cos(𝑡) + rand𝑛(size(𝑡)) and the first feature
of moment invariants is 0.1962, while Figure 9(d) shows the
phase portrait of Duffing system with input detected signal
𝐹 = 0.05 cos(𝑡) + rand𝑛(size(𝑡)) and the first feature of
moment invariants is 0.1825.

5. Gearbox Vibration Signal Analysis
5.1. Signal Detection. In the process of gear asymmetry crack
form and development, gear meshing frequency is modulated
by rotating and other equipment frequency. The crack development may cause increase of amplitude of sidebands in the
diagram of the frequency and spectrum. The development
state of gear crack can be detected by monitoring changes
of sidebands. The change of sideband signal will cause the

change of total drive force in chaos oscillator. In (2), inside
signal 𝜔0 is set by meshing frequency. The total drive force is
𝐹 (𝑡) = 𝐹0 cos (𝜔0 𝑡) + 𝐹1 cos (𝜔1 𝑡 + 𝜃)
= 𝐹𝑥 (𝑡) cos [𝜔0 𝑡 + 𝜌 (𝑡)] ,

(11)

where
𝐹𝑥 (𝑡) = √𝐹02 + 2𝐹0 𝐹1 cos (Δ𝜔𝑡 + 𝜃) + 𝐹12 ,
𝐹1 sin (Δ𝜔𝑡 + 𝜃)
,
𝐹0 + 𝐹1 cos (Δ𝜔𝑡 + 𝜃)


Δ𝜔 = 𝜔0 − 𝜔1  .

𝜌 (𝑡) = arctan

(12)
(13)
(14)

When Δ𝜔 is very small, 𝐹(𝑡) will change between 𝐹0 − 𝐹1
and 𝐹0 + 𝐹1 . If 𝐹0 is bigger than the critical value 𝐹𝑏 , the phase
will change from large-scale periodic to chaos state in turns.
Therefore, inverse detection of changes of meshing frequency
sidebands may enable the diagnosis of the gear crack.
After sampling integral pretreatment to gear crack fault
feature signal, signal noise is controlled and enables inverse
detection of chaos oscillator. The process of gear fault diagnosis using inverse chaos detection is drawing shown in
Figure 10.
5.2. Experiment Analysis. A mechanical test bed in the RCM
laboratory of Mechanical Engineering College is used in
this research to validate the effectiveness of the proposed
method in this paper. The gearbox is driven by a 4 KW threephase asynchronous drive motor. In addition, the speed and
torque sensors are used to acquire the speed and torque
information; a magnetic powder brake is utilized to provide
load. These components are connected by couplings, as
shown in Figure 11.
The crack fault is implemented on one teeth of gear #4.
Four crack levels are introduced and the length of each level is
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Figure 8: The denoising effect with sampling integral on signal with white noise.

1 mm, 2 mm, 5 mm, and 8 mm, respectively. Figure 12 shows
the structure of the gearbox used in this experiment. Gear
#4 is the test gear and its tooth number is 81. The tooth
numbers of other three gears are 35(#1), 64(#2), and 18(#3),
respectively. Four accelerometers are mounted on the gearbox

casing and the specific location of every accelerometer is also
shown in Figure 11. Figure 13 is the photo of the fault gear used
in this study.
The sampling frequency of this experimental system is
20 kHz and sampling time is 6 s. Each fault mode has 60
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Figure 9: The movement of both the phase portrait of Duffing system with input detected signal and the first feature of moment invariants.
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Figure 10: Process of gear fault diagnosis using inverse chaos detection signal extracting.

samples. The input rotary speed of motor is 800 rpm and the
loads generated by brake are 10 N⋅m, 15 N⋅m, and 20 N⋅m.
The diagrams in Figure 14 show the effect of sampling
integral denoising method. Figure 14(a) shows the frequency
and spectrum diagram for 1 mm gear crack without denoising
process, while Figure 14(b) shows the original vibration signal
for the case of 1 mm gear crack. At the same time, Figure 14(d)
shows the frequency and spectrum diagram for 1 mm gear
crack with fifth sampling integral denoising process, while
Figure 14(c) shows the vibration signal for 1 mm gear crack
disposed by fifth sampling integral denoising process. It can
be seen from Figure 14 that the sampling integral denoising is
effective.

Vibration signals for the state of normal, 1 mm, 2 mm,
5 mm, and 8 mm crack are analyzed and compared by the
abovementioned method. From the condition of rotating
speed and gear meshing, we can get that the gear meshing
frequency is 131.25 Hz, its double gear meshing frequency is
262.50 Hz, and its triple gear meshing frequency is 393.75 Hz.
And then the bandwidth of filter is chosen from 0 Hz to
450 Hz.
Figures 15(a), 15(c), 15(e), 15(g), and 15(i) show the
frequency and spectrum diagrams for normal state and fault
states with 1 mm gear crack, 2 mm gear crack, 5 mm gear
crack, and 8 mm gear crack. Figures 15(b), 15(d), 15(f), 15(h),
and 15(j) show the frequency and spectrum diagrams for
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Figure 13: The seeded cracks fault of gear.

18T

3

each state with its vibration signal disposed by fifth sampling
integral and filter.
From Figures 15(b), 15(c), and 15(d) it can be seen that
the gear state cannot be identified easily. In addition, from
Figure 15(e) the diagram between the frequency and spectrum meshing frequency and sidebands change dramatically.
The meshing frequency sidebands are detected by inverse
chaos oscillator, respectively. Firstly the time domain signal
was denoised by sampling integral in order to improve the
detection boundary, as shown in Figure 15. Duffing chaos
oscillator inside driving force 𝐹𝑏 can be obtained by the
method of Melnikov, which is critical value when sampling
time series data have large-scale periodic changes in the
normal state.
In the experiment, the initial driving force 𝐹0 is set to
0.82 which is obtained by numerical test, and the angular
frequency is set to 131.25 Hz. When the signal in normal state
is added to the Duffing system with the abovementioned
parameters, the phase will be in the large-scale periodic state
as shown in Figure 16(a). When gear is in normal, the amplitude of gear meshing frequency 𝑓𝑟 is obviously higher than
the amplitude of sidebands. Then the driving force 𝐹(𝑡) in (12)
is larger than the critical value 𝐹𝑏 ; Duffing oscillator phase is
in large-scale periodic state. But when the signal in gear crack
is added to the Duffing system with the abovementioned
parameters, the phase will change from preliminary largescale periodic state degenerate to chaos state as shown in
Figures 16(b), 16(c), and 16(d). As the meshing frequency
reduced relatively because of the influence of gear crack,

|Y(f)|
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Figure 14: The effect of sampling integral denoising on gear fault diagnosis.

the total driving force 𝐹(𝑡) fluctuates around critical value
𝐹𝑏 . At the same time, a large number of periodic vibrations
signals around the gear meshing frequency grow with the
length of gear crack increasing. Then the periodic fault signal
plays an important part in Duffing oscillator. The phase
shown in Figure 16(e) changes from periodic state to chaos
state in turns. Most of the time the phase trajectory is on
the large-scale periodic state, while at long intervals it is on
chaos state. Figure 16(f) shows the relationship between the
first feature of Hu moment invariants and the length of gear
crack.
In order to justify the effectiveness of the above method,
the dimensionless characteristic is introduced for comparison. Considering the finite length of time series 𝑥0 , 𝑥1 , 𝑥2 , . . . ,

𝑥𝑁−1 the kurtosis of the dimensionless analysis index is
defined as follows:
𝑥𝑞 =

4

1 𝑁−1 𝑥𝑖
− 3,
∑
𝑁 𝑖=0 𝑥𝑎2

(15)

2
where 𝑥𝑎 = (1/𝑁) ∑𝑁−1
𝑖=0 𝑥𝑖 . The kurtosis and the length of
gear crack were shown in Figure 17. It can be seen that gear
faults cannot be identified on the basis of kurtosis analysis.

6. Concluding Remarks
Incipient faults diagnosis is difficult as the signals with low
SNR are corrupted with background noise. On the basis of
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Figure 15: Frequent domain analysis.

Mathematical Problems in Engineering

Normal state

2
1.5

1.5

1

1

0.5

0.5

0

−0.5

−1

−1

−1.5

−1.5
−1.5

−1

−0.5

0
x

0.5

1

1.5

−2
−2

2

1

1

0.5

0.5
dx/dt

1.5

0

−0.5

−1

−1

−1.5

−1.5
−1

−0.5

0

0.5

1

1.5

−2
−2

2

The first feature of Hu moment invariant

1.5
1
dx/dt

0.5
0
−0.5
−1
−1.5
−1

−0.5

0
x

1.5

2

−1.5

−1

−0.5

0

0.5

1

1.5

2

(d) Phase portrait of Duffing system with input vibration signal on 5 mm
gear crack

Gear crack 8 mm

−1.5

1

x

(c) Phase portrait of Duffing system with input vibration signal on 2 mm
gear crack

−2
−2

0.5

Gear crack 5 mm

x

2

0

0

−0.5

−1.5

−0.5

2

1.5

−2
−2

−1

(b) Phase portrait of Duffing system with input vibration signal on 1 mm
gear crack

Gear crack 2 mm

2

−1.5

x

(a) Phase portrait of Duffing system on criticality state

dx/dt

0

−0.5

−2
−2

Gear crack 1 mm

2

dx/dt

dx/dt

13

0.5

1

1.5

2

(e) Phase portrait of Duffing system with input vibration signal on 8 mm
gear crack

0.5
0.45
0.4

Y: 0.2975
X: 1 mm gear crack

0.35

Y: 0.2743
X: 2 mm gear crack

0.3
0.25
0.2
0.15

Y: 0.2456
X: 5 mm gear crack

Y: 0.1756
X: normal state

0.1

Y: 0.2041
X: 8 mm gear crack

0.05
0

0

1

2

3
4
5
6
7
The length of gear crack

8

9

10

(f) The diagram of the first feature of Hu moment invariants and the
length of gear crack

Figure 16: Sideband signals detected by chaotic oscillator.

14

Mathematical Problems in Engineering
1.4
1.2

The kurtosis of time series

Y: 1.1334
X: 8 mm gear crack

Y: 1.0212
X: 1 mm gear crack

[8]

1
0.8

[9]
Y: 0.9103
X: 2 mm gear crack

0.6

Y: 0.8107
X: 5 mm gear crack

0.4

0

[10]

Y: 0.0077
X: normal state

0.2
0

1

2

3

4

5

6

7

8

The length of gear crack

[11]
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[12]

chaos theory and sampling integral technology, a method
was presented to detect the incipient fault signals of gearbox.
Sampling integral technology was applied to improve the
tracking ability of fault signals with lower SNR. The state
of sidebands of meshing frequency can be confirmed by the
change of chaotic phase diagram. In addition, Hu moment
invariant was used to identify the incipient faults in a
quantitative manner. The experimental results on gearboxes
justify the effectiveness of the method.
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The 𝐾-out-of-𝑁 configuration is a typical form of redundancy techniques to improve system reliability, where at least 𝐾-out-of-𝑁
components must work for successful operation of system. When the components are degraded, more components are needed to
meet the system requirement, which means that the value of 𝐾 has to increase. The current reliability analysis methods overestimate
the reliability, because using constant 𝐾 ignores the degradation effect. In a load-sharing system with degrading components,
the workload shared on each surviving component will increase after a random component failure, resulting in higher failure
rate and increased performance degradation rate. This paper proposes a method combining a tampered failure rate model with
a performance degradation model to analyze the reliability of load-sharing 𝐾-out-of-𝑁 system with degrading components. The
proposed method considers the value of 𝐾 as a variable which is derived by the performance degradation model. Also, the loadsharing effect is evaluated by the tampered failure rate model. Monte-Carlo simulation procedure is used to estimate the discrete
probability distribution of 𝐾. The case of a solar panel is studied in this paper, and the result shows that the reliability considering
component degradation is less than that ignoring component degradation.

1. Introduction
Redundancy technique is widely used to improve system
reliability. A typical form of redundancy is a 𝐾-out-of-𝑁
configuration in which at least 𝐾 out of 𝑁 components must
work for normal operation of system. When using traditional
methods [1–4] to analyze reliability of 𝐾-out-of-𝑁 system,
independence is assumed within the system, which means
that a component failure does not affect the failure rate or
performance of surviving components. However, in the real
world, many systems are load-sharing, such as electric generators sharing an electrical load in a power plant, cables in a
suspension bridge, and valves or pumps in a hydraulic system.
In the load-sharing system, the workload has to be shared
by the remaining components, resulting in an increased load
shared on each surviving component [5]. Many empirical
studies of mechanical systems [6] and computer systems [7]
have proved that the workload strongly affects the component
failure rate. Scheuer [8] studied the reliability of 𝐾-out-of𝑁 system when component failure induces higher failure

rate in survivors. The method is limited in system composed
of 𝑠-independent and identically distributed components
with exponential lifetimes. Liu [9] proposed a generalized
accelerated failure-time model (AFTM) for reliability analysis
of load-sharing 𝐾-out-of-𝑁 system with arbitrary distribution load-dependent component lifetime distributions.
Amari et al. [10] provided a closed-form analytical solution
for the reliability of tampered failure rate load-sharing 𝐾out-of-𝑁 system, and Amari and Bergman [11] also used the
cumulative exposure model to account for the effect of loading history. The mentioned reliability analysis methods are
based on the assumption of binary components, that is to say
the component is either failed or working in perfect state. In
fact, the performance of component is degrading in lifetime.
In order to meet the system performance requirement, the
value of 𝐾 has to monotonously increase in service time. In
that case, the reliability of 𝐾-out-of-𝑁 system considering
component degradation may be less than the reliability based
on assumption of binary component.

2
When components have several degraded performance
states, the multistate system (MSS) model is introduced
to analyze the reliability of 𝐾-out-of-𝑁 system [12–15].
Amari et al. [16] presented a fast and robust reliability
evaluation algorithm for very large multistate 𝐾-out-of-𝑁
systems. Levitin [17] introduced a new model named multistate vector-𝐾-out-of-𝑁 system, which is a generalization of
existing multistate 𝐾-out-of-𝑁 system models. Using current
MSS algorithms to calculate reliability, we should know the
probability that component performance is located in each
state. Many experimental and theoretical researches [18–20]
indicate that the performance degradation rate is strangely
affected by the load shared on components. In the loadsharing system, the shared load is increasing, and then the
performance degradation rate will increase correspondingly.
Consequently, it is difficult to get the probability of each
performance state.
In the degradation process, the value of 𝐾 is increasing
because of component degradation. The phased-mission
system (PMS) model [21–23] is introduced to calculate the
reliability of 𝐾-out-of-𝑁 system with variable 𝐾 in different
phases. Xing et al. [24] proposed an efficient method for reliability evaluation of 𝐾-out-of-𝑁 systems subject to phasedmission requirements. Unfortunately, when using the PMS
model to evaluate reliability, we need to know the specified 𝐾
in each phase. However, in degradation process, the value of
𝐾 is determined by the system performance requirement and
the degraded performance of each component. As a result,
the value of 𝐾 in each phase is variable. Considering the
complexity of degradation law in load-sharing system, it is
hard to know the specified 𝐾 in each phase.
In conclusion, there are some special characteristics of
load-sharing 𝐾-out-of-𝑁 system with degrading components: (1) a component random failure increases the load
shared on each remaining component, (2) the failure rate of
surviving components will increase after component failures,
(3) the rise of load will raise the degradation rate of component, (4) the duration when components have a specified
degradation rate is stochastic because a component failure
occurs at random time, (5) the value of 𝐾 is stochastic
because the component performance is a random variable
at any given time. Some mentioned load-sharing methods
deal with characteristics (1) and (2) effectively. What is
more, the MSS model is suggested to compute the reliability
when component has degraded states, and the PMS model
is used to deal with phase-mission requirement. However,
characteristics (3), (4), and (5) make the degradation law of
component performance very complicated; consequently it is
very hard to get some conditions of existed methods.
This paper proposes a method combining a tampered
failure rate model with a performance degradation model
to analyze the reliability of load-sharing 𝐾-out-of-𝑁 system with degrading components. The tampered failure rate
model is introduced to evaluate the reliability where the
rise of load makes the failure rate of surviving components
increase. The performance degradation model is derived to
calculate degraded component performance in service time.
Furthermore, the load-sharing effect on degradation rate and
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the randomness of duration are included in the performance
degradation model. In this way, the discrete probability distribution of 𝐾 is obtained through performance degradation
model coupled with load-sharing effect. Using the discrete
probability distribution of 𝐾 and the reliability computed
by the tampered failure rate model when the system has a
specified 𝐾, the reliability of load-sharing 𝐾-out-of-𝑁 system
with degrading components is calculated accurately.
The remainder of this paper is divided into five sections.
In Section 2, the tampered failure rate model is introduced to
analyze reliability of load-sharing 𝐾-out-of-𝑁 system when
the value of 𝐾 is constant. In Section 3, the performance
degradation model coupled with load-sharing effect is formulated to evaluate the discrete probability distribution of
𝐾. In Section 4, Monte-Carlo simulation procedure is used to
estimate the discrete probability distribution of 𝐾. The case of
a solar panel is studied in Section 5. Conclusions are drawn in
Section 6.

2. Reliability of Load-Sharing
𝐾-out-of-𝑁 System
In a load-sharing system, the workload has to be redistributed
among the remaining components after a component failure.
Mostly the load is equally shared by each surviving component. Let the total workload be 𝐿, and let the total number
of components be 𝑛. Let 𝑧𝑖 be the load on each surviving
component when 𝑖 components have failed. Hence,
𝑧0 =

𝐿
,
𝑛

(1)
𝐿
.
(𝑛 − 𝑖)
In order to analyze the reliability of load-sharing system,
the load-sharing effect that the rise of shared load on a
surviving component raises the failure rate has to be evaluated. The tampered failure rate (TFR) model proposed by
Bhattacharyya and Soejoeti [25] can be applied for the loadsharing system. The acceleration of failure when load is raised
from lower level to a higher level is reflected in the failure rate
function.
Let the component be subject to an ordered sequence of
loads, where load 𝑧𝑖 (𝑖 = 0, 1, . . . , 𝑛 − 𝑘) is applied during the
time interval [𝜏𝑖 , 𝜏𝑖+1 ] (𝜏0 = 0). According to the TFR model,
the failure rate of the component at 𝑡 is
𝑧𝑖 =

𝜆 (𝑡) = 𝜆 𝑖 (𝑡) = 𝛿𝑖 ⋅ 𝜆 0 (𝑡) = 𝛿 (𝑧𝑖 ) ⋅ 𝜆 0 (𝑡)
for 𝜏𝑖−1 ≤ 𝑡 ≤ 𝜏𝑖 ,

(2)

where 𝜆 0 (𝑡) is the baseline failure rate which has nothing to
do with load, 𝛿𝑖 is the tampered factor at load 𝑧𝑖 , and 𝑧𝑖 is the
load shared on component at 𝑡.
With the assumptions that the load is equally distributed
among all surviving identical components and the failure
rate of a component varies as described in the TFR model,
the reliability of load-sharing 𝐾-out-of-𝑁 system without
component performance degradation could be calculated by
analytical method.
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2.1. Exponential Case. Firstly, consider a load-sharing 𝐾out-of-𝑁 system with components following the exponential
lifetime distribution [8]; in other words, the baseline failure
rate of the TFR model 𝜆 0 (𝑡) is constant.
When the system is put into operation, the failure rate
of every component is denoted by 𝜆 0 . Because there are
𝑛 working components in the system, the first component
failure occurs at failure rate 𝛼1 = 𝑛 ⋅ 𝜆 0 . After the first failure,
the remaining (𝑛 − 1) working components must carry the
same workload of system. As a result, the failure rate of each
surviving component becomes 𝜆 1 , which is commonly higher
than 𝜆 0 . The second component failure occurs at rate 𝛼2 =
(𝑛 − 1) ⋅ 𝜆 1 . When 𝑖 components have failed, the failure rate
of each (𝑛 − 𝑖) remaining component is denoted by 𝜆 𝑖 (0 ≤
𝑖 ≤ 𝑛 − 𝑘). The 𝑖th component failure occurs at failure rate
𝛼𝑖 = (𝑛 − 𝑖 + 1) ⋅ 𝜆 𝑖−1 . The system is failed when more than
(𝑛 − 𝑘) components are failed.
The time when the 𝑖th component failure occurs in the
system is denoted by 𝑇𝑖 (𝑇0 ≡ 0), and the time interval
between (𝑖 − 1)th and 𝑖th component failure is represented
by 𝑋𝑖 = 𝑇𝑖 − 𝑇𝑖−1 (1 ≤ 𝑖 ≤ 𝑛 − 𝑘 + 1). Since all identical
components are following the exponential distributions, the
𝑋𝑖 follows the exponential distribution with parameter 𝛼𝑖 .
Hence, the lifetime of system is the (𝑛 − 𝑘 + 1)th failure time
𝑛−𝑘+1

𝑇 = 𝑇𝑛−𝑘+1 = ∑ 𝑋𝑖 .

(3)

𝑖=1

(4)

Case a. All 𝛼𝑖 are equal (say 𝛼) [8]:
(5)

This case arises when the failure rate of each surviving
component is directly proportional to the load it carries,
which means that 𝛿(𝑧) ∝ 𝑧 in the TFR model.
Case b. All 𝛼𝑖 are distinct [8]:
𝑛−𝑘+1

𝑅 (𝑡) = ∑ 𝐴 𝑖 ⋅ exp (−𝛼𝑖 𝑡) ,
𝑖=1

𝑛−𝑘+1

𝐴𝑖 ≡ ∏

𝑗=1
𝑗=𝑖̸

𝛼𝑗
𝛼𝑗 − 𝛼𝑖

𝑡

0

0

𝑡
𝑑𝐹 (𝑡)
−𝑑𝑅 (𝑡)
=∫
𝑅 (𝑡)
0 𝑅 (𝑡)

(7)

= − ln 𝑅 (𝑡) .
(3) The random variable 𝑦 = 𝑅(𝑡) follows a uniform
distribution in interval [0, 1]. The random variable 𝑙 = Λ(𝑡)
follows an exponential distribution with mean 1.
(4) For a TFR model with a standard exponential (𝜆 = 1)
baseline failure time distribution
𝜆 (𝑡) = 𝛿𝑖 ,
Λ (𝑡) = Λ (𝜏𝑖−1 ) + 𝛿𝑖 (𝑡 − 𝜏𝑖−1 )

𝜏𝑖−1 ≤ 𝑡 < 𝜏𝑖 .

(8)

(5) For a TFR model with a baseline failure rate of 𝜆 0 (𝑡)
and a baseline cumulative failure rate of Λ 0 (𝑡),
(a) under the regular scale 𝑡,
𝜆 (𝑡) = 𝛿𝑖 ⋅ 𝜆 0 (𝑡) ,
(9)

(b) under the transformed scale 𝑙 = Λ 0 (𝑡).
Let
V𝑖 = Λ 0 (𝜏𝑖 ) ,
𝜆 𝑙 (𝑙) = 𝛿𝑖 ,
Λ 𝑙 (𝑙) = Λ 𝑙 (V𝑖−1 ) + 𝛿𝑖 ⋅ [𝑙 − V𝑖−1 ]

𝑖

(𝛼𝑡) exp (−𝛼𝑡)
= 𝑔𝑎𝑚𝑓𝑐 (𝛼𝑡; 𝑛 − 𝑘 + 1) .
𝑖!
𝑖=0

𝑅 (𝑡) = ∑

𝑡

Λ (𝑡) = ∫ 𝜆 (𝑡) 𝑑𝑡 = ∫

𝜏𝑖−1 ≤ 𝑡 < 𝜏𝑖 ;

In order to calculate the distribution of 𝑇 and the
reliability function of load-sharing 𝐾-out-of-𝑁 system, two
typical formulas which can be used are as follows.

𝑛−𝑘

Lemma 1. (1) For any failure distribution 𝐹(𝑡), the reliability
function is 𝑅(𝑡) = 1 − 𝐹(𝑡).
(2) The cumulative failure rate function is

Λ (𝑡) = Λ (𝜏𝑖−1 ) + 𝛿𝑖 ⋅ [Λ 0 (𝑡) − Λ 0 (𝜏𝑖−1 )]

Then, the reliability of 𝐾-out-of-𝑁 system at 𝑡0 is
𝑅 (𝑡0 ) = 𝑃 {𝑇 > 𝑡0 } .

model with an arbitrary baseline distribution is introduced.
The basic idea is to use a time-transformation to convert TFR
model with an arbitrary baseline distribution into an equivalent problem with an exponential baseline distribution [10].

(6)
𝑖 = 1, 2, . . . , 𝑛 − 𝑘 + 1.

2.2. General Case. In the case of a load-sharing 𝐾-outof-𝑁 system with components following arbitrary lifetime
distributions, the baseline failure rate of the TFR model is no
longer a constant. A closed-form analytical solution for TFR

(10)
V𝑖−1 ≤ 𝑙 < V𝑖 ,

where Λ 𝑙 (𝑙) is the cumulative failure rate in the transformed
scale.
According to the above lemmas, it becomes obvious that
if the load-sharing effect on the failure rate of an individual
component follows a TFR model with 𝜆(𝑡) = 𝛿𝑖 ⋅ 𝜆 0 (𝑡), the
reliability of a load-sharing system at 𝑡 is equivalent to the
reliability of corresponding exponential load-sharing model
at time 𝑙 = Λ 0 (𝑡), where the failure rate of a component is
𝜆 𝑖 = 𝛿𝑖 when 𝑖 components have failed for 𝑖 = 0, . . . , (𝑛 − 𝑘).

3. Degradation Effect in Load-Sharing System
In a load-sharing 𝐾-out-of-𝑁 system with degrading components, a random component failure raises the load shared
on remaining components, leading to the rise of the failure
rate and performance degradation rate. Besides, the duration
when component has a specified degradation rate is variable
because a component failure occurs at random time. Therefore, the component performance is a random variable at any
given time, thus the value of 𝐾 is stochastic in service time.
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3.1. Independent Degradation Effect. At the first step, consider
the component degradation rate to be independent of loadsharing effect, which means that the load-sharing effect just
makes the failure rate higher but the degradation rate has
nothing to do with shared load. When the system is just
put into operation, the value of 𝐾 is determined by 𝐾 =
⌈𝐶/𝑐0 ⌉, where 𝐶 is the system performance requirement,
𝑐0 is the initial performance of each component, and 𝐾 is
the minimum integer that is greater than or equal to the
quotient. When the system has operated for a period of time
𝑡, the degraded performance of component is denoted by
𝑐(𝑡) = 𝑐0 𝐷(𝑡), where 𝐷(𝑡) is degradation law of component
performance. 𝐷(𝑡) is a monotone decreasing function, and
𝐷(0) = 1, 𝐷(+∞) = 0. For example, the common
degradation laws are exponential law denoted by 𝐷(𝑡) = 1 −
𝑎𝑡𝑚 and power law denoted by 𝐷(𝑡) = exp(−𝑎𝑡). At time 𝑡, the
value of 𝐾 is determined by 𝐾(𝑡) = ⌈𝐶/𝑐(𝑡)⌉. Since 𝐷(𝑡) is a
monotone decreasing function, it is quite clear that 𝑐(𝑡) < 𝑐0 .
Thus, 𝐾(𝑡) ≥ 𝐾, while the condition for equality is ⌈𝐶/𝑐(𝑡)⌉ =
⌈𝐶/𝑐0 ⌉. Hence, the reliability of 𝐾-out-of-𝑁 system with
degrading component is calculated in a general expression as
𝑛−𝐾(𝑡)

𝑖

𝑅 (𝑡) = ∑ 𝐶𝑛𝑖 [1 − 𝑅0 (𝑡)] [𝑅0 (𝑡)]

𝑛−𝑖

.

(11)

time of the surviving (𝑛 − 𝑖 + 1) components under the
condition that the (𝑛 − 𝑖 + 1) components do not fail at 𝑇𝑖−1 .
Lemma 2.
(1) Conditional Distribution Function
(a) The reliability of component at (𝑇𝑖 + Δ𝑡) is
𝑅 (𝑇𝑖 + Δ𝑡) = exp [− ∫

𝑇𝑖 +Δ𝑡

0

𝑇1

𝑇2

= exp [− ∫ 𝜆 0 (𝑡) 𝑑𝑡 − ∫ 𝜆 1 (𝑡) 𝑑𝑡 − ⋅ ⋅ ⋅
0

−∫

𝑇𝑖

𝑇𝑖−1

𝑇1

𝜆 𝑖−1 (𝑡) 𝑑𝑡 − ∫

𝑇𝑖 +Δ𝑡

𝑇𝑖

𝑖−1

𝑇𝑗+1

= exp [− ∑ ∫
𝑇
[ 𝑗=0 𝑗

3.2. Degradation Coupled with Load-Sharing Effect. When
the component performance degradation is related to loadsharing effect, a random failure of component will raise the
degradation rate of surviving component. Since a component
failure occurs at random time, the duration when components have a specified degradation rate is variable. Therefore,
̃ is stochastic at any given time.
the variable 𝐾 denoted by 𝐾(𝑡)
In a load-sharing system, the degradation law of component performance 𝐷(𝑡) is not only a function of time, but also
a function of the shared load. The generalization of degradation law is expressed as a function of time and load, denoted
̃ 𝑧). The degradation rate of component performance
by 𝐷(𝑡,
̃ 𝑧) = 𝜕𝐷(𝑡,
̃ 𝑧)/𝜕𝑡. After
with load-sharing effect is 𝑑(𝑡,
𝑖th component failure, the performance degradation rate of
̃ 𝐿/(𝑛 − 𝑖)].
surviving components is denoted by 𝑑̃𝑖 (𝑡, 𝑧𝑖 ) = 𝑑[𝑡,
In order to analyze the reliability of load-sharing 𝐾-out̃ 0 ) should
of-𝑁 system with degrading components at 𝑡0 , 𝐾(𝑡
be evaluated previously, which is determined by the degraded
performance of component at 𝑡0 . With the understanding
of degradation rate 𝑑̃𝑖 (𝑡, 𝑧𝑖 ) after 𝑖th component failure, the
degraded performance at 𝑡0 is estimated by using the duration when the component has a specified degradation rate,
denoted by 𝑋𝑖 . The duration 𝑋𝑖 is the interval between (𝑖−1)th
component failure and 𝑖th component failure. In other words,
𝑋𝑖 is the minimum order statistic of the components failure

(12)

𝜆 𝑖 (𝑡) 𝑑𝑡]

𝜆 𝑗 (𝑡) 𝑑𝑡 − ∫

𝑇𝑖 +Δ𝑡

𝑇𝑖

𝜆 𝑖 (𝑡) 𝑑𝑡] .
]

(b) The reliability at 𝑇𝑖 is

𝑖=0

Correspondingly, using the TFR model to analyze the
load-sharing 𝐾-out-of-𝑁 system with degrading components, the value of 𝐾 should be replaced by 𝐾(𝑡).
Obviously, 𝑅 (𝑡) ≤ 𝑅(𝑡) because of 𝐾(𝑡) ≥ 𝐾, meaning that the reliability of 𝐾-out-of-𝑁 system considering
component degradation is less than the reliability ignoring
component degradation.

𝜆 (𝑡) 𝑑𝑡]

𝑖−1

𝑇𝑗+1

𝑅 (𝑇𝑖 ) = exp [− ∑ ∫
𝑇
[ 𝑗=0 𝑗

𝜆 𝑗 (𝑡) 𝑑𝑡] .
]

(13)

(c) The cumulative distribution function of component
failure time under the condition that the component did
not fail at 𝑇𝑖 is
𝐹 (𝑇𝑖 + Δ𝑡 | 𝑇𝑖 ) = 1 − 𝑅 (𝑇𝑖 + Δ𝑡 | 𝑇𝑖 )
= 1−

𝑅 (𝑇𝑖 + Δ𝑡)
𝑅 (𝑇𝑖 )

= 1 − exp [− ∫

𝑇𝑖 +Δ𝑡

𝑇𝑖

𝜆 𝑖 (𝑡) 𝑑𝑡]

(14)

Δ𝑡

= 1 − exp [− ∫ 𝜆 𝑖 (𝑡 + 𝑇𝑖 ) 𝑑𝑡] .
0

(2) Minimum Order Statistic
(a) Let the cumulative distribution function of a population be 𝐹(𝑡), and probability distribution function is
𝑓(𝑡). For samples with size 𝑛, probability distribution
function of 𝑗th order statistic 𝑌(𝑗) is
𝑗−1

𝑓𝑌(𝑗) (𝑡) = 𝑛𝐶𝑛−1 [𝐹 (𝑡)]𝑗−1 [1 − 𝐹 (𝑡)]𝑛−𝑗 𝑓 (𝑡) .

(15)

(b) The probability distribution function of the minimum
order statistic is
𝑓𝑌(1) (𝑡) = 𝑛𝑓 (𝑡) [1 − 𝐹 (𝑡)]𝑛−1 .

(16)
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(c) The cumulative distribution function of the minimum
order statistic is
𝑡

𝑡

0

0

𝐹𝑌(1) (𝑡) = ∫ 𝑓𝑌(1) (𝑡) 𝑑𝑡 = ∫ 𝑛𝑓 (𝑡) [1 − 𝐹 (𝑡)]𝑛−1 𝑑𝑡

𝑚−1

𝑡0

𝑗=0

𝑇𝑚

𝑐̃ (𝑡0 ) = 𝑐0 + ∑ Δ𝑐𝑗 + 𝑐0 ∫ 𝑑̃𝑚 (𝑡, 𝑧𝑚 ) 𝑑𝑡

𝑛

= 1 − [1 − 𝐹 (𝑡)] .

𝑇𝑗+1

𝑗=0

𝑇𝑗

𝑑̃𝑗 (𝑡, 𝑧𝑗 ) 𝑑𝑡

(20)

𝑡0

+ 𝑐0 ∫ 𝑑̃𝑚 (𝑡, 𝑧𝑚 ) 𝑑𝑡.

Hence, the cumulative distribution function of 𝑋𝑖 is
expressed as

𝑇𝑚

𝑗

According to 𝑋𝑗+1 = 𝑇𝑗+1 − 𝑇𝑗 , 𝑇𝑗 = ∑𝑖=0 𝑋𝑖+1 (𝑇0 ≡ 0)
and 𝑧𝑗 = 𝐿/(𝑛 − 𝑗) for 𝑗 = 0, 1, 2, . . . , 𝑚, 𝑚 is determined by
𝑇𝑚 ≤ 𝑡0 < 𝑇𝑚+1 ,

𝐹𝑋𝑖 (Δ𝑡)
= 1 − [1 − 𝐹 (𝑇𝑖−1 + Δ𝑡 | 𝑇𝑖−1 )]

𝑛−𝑖+1

(18)

𝑛−𝑖+1

= 1 − [𝑅 (𝑇𝑖−1 + Δ𝑡 | 𝑇𝑖−1 )]

= 1 − exp [− (𝑛 − 𝑖 + 1) ∫ 𝜆 𝑖−1 (𝑡 + 𝑇𝑖−1 ) 𝑑𝑡] .
0

𝑇𝑖+1

𝑇𝑖

𝑇𝑗+1

𝑑̃𝑖 (𝑡, 𝑧𝑖 ) 𝑑𝑡 = 𝑐0 ∫

𝑋𝑖+1

0

𝑑̃𝑖 (𝑇𝑖 + 𝑡, 𝑧𝑖 ) 𝑑𝑡.

𝑑̃𝑗 (𝑡, 𝑧𝑗 ) 𝑑𝑡 = ∫

𝑋𝑗+1

0

𝐿
𝑑̃𝑗 (𝑡 + 𝑇𝑗 ,
) 𝑑𝑡.
𝑛−𝑗

(19)

The degraded component performance at 𝑡0 is calculated

𝑚−1

𝑋𝑗+1

𝑗=0

0

𝑡0 −𝑇𝑚

𝐿
𝑑̃𝑚 (𝑡 + 𝑇𝑚 ,
) 𝑑𝑡,
𝑛−𝑚

𝑐̃ (𝑡0 ) = 𝑐0 + 𝑐0 ∑ ∫
+ 𝑐0 ∫

0

𝐿
𝑑̃𝑗 (𝑡 + 𝑇𝑗 ,
) 𝑑𝑡
𝑛−𝑗

̃ 0 ) estimated
Using the probability distribution of 𝐾(𝑡
by the performance degradation model and the reliability
calculated by the TFR model when the system has a specified
𝐾, the reliability of load-sharing 𝐾-out-of-𝑁 system with
degrading components is computed in formula as
(24)

̃𝑗 ) is the probability when the 𝐾(𝑡
̃ 0 ) is equal to
where 𝑝(𝐾
̃𝑗 and 𝑅 ̃ (𝑡0 ) is the reliability of 𝐾-out-of-𝑁 system when
𝐾
𝐾𝑗
̃ 0 ) is equal to 𝐾
̃𝑗 . Using the proposed formula to
the 𝐾(𝑡
evaluate the reliability of load-sharing 𝐾-out-of-𝑁 system
with degrading components, the load-sharing effect on component failure rate and the degradation effect coupled with
load-sharing effect are all included in the model. Therefore,
the reliability is calculated more accurately.

(22)

where the distribution of 𝑋𝑗 is 𝐹𝑋𝑗 (Δ𝑡) and the degradation
rate at each phase is 𝑑̃𝑗 (𝑡, 𝑧𝑗 ).
According to (22), the distribution of the degraded
component performance 𝑐̃(𝑡0 ) is calculated on basis of the
distribution of 𝑋𝑗 denoted by 𝐹𝑋𝑗 (Δ𝑡) and degradation rate
̃ 0)
𝑑̃𝑗 (𝑡, 𝑧𝑗 ). Then, the discrete probability distribution of 𝐾(𝑡
could be obtained through

𝐶
].
̃ (𝑡0 ) = ⌈ 𝐶 ⌉ = [
𝐾
]
[
𝑋
𝑡0 −𝑇𝑚
𝑗+1
𝑚−1
𝑐̃ (𝑡0 )
̃
̃
[ 𝑐0 + 𝑐0 ∑𝑗=0 ∫
𝑑𝑗 (𝑡 + 𝑇𝑗 , 𝐿/𝑛 − 𝑗) 𝑑𝑡 + 𝑐0 ∫0
𝑑𝑚 (𝑡 + 𝑇𝑚 , 𝐿/𝑛 − 𝑚) 𝑑𝑡 ]
0
]
[

̃𝑗 ) 𝑅 ̃ (𝑡0 ) ,
̃ (𝑡0 ) = ∑ 𝑝 (𝐾
𝑅
𝐾𝑗

(21)

Hence,

In a special situation that the baseline distribution of
TFR is exponential distribution, the distribution of 𝑋𝑖 is an
exponential distribution with parameter (𝑛 − 𝑖 + 1)𝜆 𝑖−1 , which
agrees with the conclusion in previous paper Section 2.1.
As 𝑖 components have failed in the system, the degradation rate of each surviving component is 𝑑̃𝑖 (𝑡, 𝑧𝑖 ). Moreover,
the time interval between 𝑖th component failure and (𝑖 +
1)th failure is 𝑋𝑖+1 . Therefore, the component performance
degradation in time interval [𝑇𝑖 , 𝑇𝑖+1 ] is
Δ𝑐𝑖 = 𝑐0 ∫

∫

𝑇𝑗

Δ𝑡

as

𝑚−1

= 𝑐0 + 𝑐0 ∑ ∫

(17)

(23)

4. Monte-Carlo Simulation
In the load-sharing system, the failure rate and degradation
rate are variable during the lifetime, and the duration in each
phase is stochastic because a component failure occurs at random time. The analytic expression of degraded performance
could be obtained only if the failure rate or degradation rate
is subject to some specified formats, such as components
following the exponential lifetime distribution or degradation rate being constant. This paper employs Monte-Carlo
simulation to estimate the discrete probability distribution of
𝐾. The simulation procedure is shown in Figure 1.
In order to evaluate the discrete probability distribution
of 𝐾, the system configuration must be set firstly: as the
total component number denoted by 𝑛, the total workload
denoted by 𝐿, the system performance requirement denoted
by 𝐶, the initial performance of each component denoted by
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Start

Initialization
Set initial value: n L C c0 t0 S j
̃ z) 𝜆0 (t) 𝛿(z)
Formulate: d(t,
Reset T0 = 0 i = 1

̃ zi−1 )
Calculate zi−1 and refresh 𝛿(zi−1 ) d(t,

Develop FX𝑖 (Δt)
Sample the failure time interval Xi
Calculate Ti

Ti > t0

No

Compute the component performance
degradation in [Ti−1 , Ti ]
Set i = i + 1

Yes

Compute the component performance degradation in [Ti−1 , t0 ]

Calculate the K(t0 )
Count the number of different K(t0 )

Set j = j + 1

No

j=S
Yes

Calculate the probability of each K(t0 )

End

Figure 1: The Monte-Carlo simulation procedure.

𝑐0 , and the system required operation time denoted by 𝑡0 .
Furthermore, the baseline failure rate function denoted by
̃ 𝑧), and
𝜆 0 (𝑡), the degradation rate function denoted by 𝑑(𝑡,
the tampered factor function denoted by 𝛿(𝑧) all need to be
formulated in advance. Set the required number of simulation
cycle 𝑆 and initialize cyclic variable 𝑗 = 1, and then carry out
the Monte-Carlo simulation.
At the beginning of a simulation cycle, reset the start
moment 𝑇0 = 0 and sampling variable 𝑖 = 1. At the 𝑖th sampling in a cycle of the simulation, there are (𝑛−𝑖+1) remaining
components. The workload shared on each component is
denoted by 𝑧𝑖−1 . Then the tampered factor can be calculated
by 𝛿(𝑧), and the failure rate under current load is obtained
through the baseline failure rate function multiplied by the
tampered factor. Besides, the degradation rate under current
̃ 𝑧). According to the current failure
load is computed by 𝑑(𝑡,
rate and last component failure time 𝑇𝑖−1 , the distribution
of 𝑋𝑖 between (𝑖 − 1)th and 𝑖th component failure denoted

by 𝐹𝑋𝑖 (Δ𝑡) is obtained. Using the distribution 𝐹𝑋𝑖 (Δ𝑡), the
sampling formula of 𝑋𝑖 denoted by 𝐹𝑋−1𝑖 (𝜂) is derived, where 𝜂
follows uniform distribution in the interval [0, 1]. Generating
the 𝑋𝑖 from 𝐹𝑋−1𝑖 (𝜂), the 𝑖th component failure time is 𝑇𝑖 =
𝑇𝑖−1 + 𝑋𝑖 . If 𝑇𝑖 is less than 𝑡0 , compute the component
performance degradation in time interval [𝑇𝑖−1 , 𝑇𝑖 ], and then
start the next sampling. When 𝑇𝑖 reaches system required
operation time 𝑡0 , compute the component performance
degradation in time interval [𝑇𝑖−1 , 𝑡0 ], and then the degraded
̃ 0 ) is
component performance at 𝑡0 is obtained. The 𝐾(𝑡
determined by the system performance requirement 𝐶 and
the degraded component performance 𝑐̃(𝑡0 ), and then carry
out the next cycle of the simulation. When the number of
simulation cycles meets the requirement denoted by 𝑆, count
̃ 0 ) is equal to different values. Then the
the number when 𝐾(𝑡
̃ 0 ) is estimated by dividing the number
probability of each 𝐾(𝑡
̃
of different 𝐾(𝑡0 ) by the number of simulation cycles 𝑆.
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Table 1: The count and possibility of 𝐾(131400).

5. Case Study
Satellites or space station which needs to work for long periods in aerospace must be equipped with suitable and reliable
solar panels to provide power for the normal operation of
equipment. Once a solar panel cannot supply required power,
the spacecraft will lose its function, and it may become “space
junk.” As the critical module, there are strict requirements
about the performance and reliability of solar panel. A solar
panel module consists of many solar cells. Factors of the space
environment like space radiation, temperature cycling, and
charge-discharge cycles will destroy some solar cells. Besides,
the performance of solar cells will degrade in lifetime. The
failure solar cell cannot be repaired in outer space timely, so
the workload of solar panel is shared by the remaining solar
cells, and surviving solar cells should supply the required
power of system.
A kind of solar panel of geostationary orbit satellite has 20
solar cells. The satellite needs 10 kW output power (the system
performance requirement) from solar panel to ensure normal
operation of other subsystems. The initial output power of
each solar cell is 1 kW (initial performance of component).
The solar panel is subject to 10 A steady current (the total
workload), and it is shared by 20 solar cells evenly. The
baseline failure time distribution is Weibull one with shape
parameter 𝛽 = 2 and location parameter 𝜂 = 200000 h. The
tampered factor is 𝛿(𝑧) = 𝑧1.5 under the operating current 𝑧.
̃ 𝑧) =
The degradation law of solar cell output power is 𝐷(𝑡,
exp(𝑎𝑡/𝑧4 ), where 𝑎 = −1/6000000. According to the
requirement, the solar panel should supply sufficient power
for 15 years (consider one year as 365 days, and then 15 years
are equal to 131400 hours). The output power of a solar cell
is degrading with service time. The random failure of a solar
cell will increase the current shared on remaining solar cells,
resulting in higher failure rate of solar cells, and the degradation rate of solar cells output power will increase correspondingly. The value of 𝐾 is determined by the output power
of surviving solar cells and the output power requirement of
solar panel. It is obvious that the solar panels are a typical
load-sharing 𝐾-out-of-𝑁 system with component performance degradation. With the proposed method in this paper,
the reliability of solar panels could be estimated accurately.
Firstly, we should calculate the discrete probability of 𝐾
by performance degradation model.
According to the Monte-Carlo simulation method, the
time interval 𝑋𝑖 between 𝑖th and (𝑖 − 1)th solar cell failure
is subject to

𝐾(131400)
Count
Possibility

12
29
0.29%

13
1710
17.1%

Δ𝑡

= 1 − exp [− (𝑛 − 𝑖 + 1) ∫ 𝜆 𝑖−1 (𝑡 + 𝑇𝑖−1 ) 𝑑𝑡] .

(25)

0

Using the given value 𝑛 = 20, 𝐿 = 10, 𝜆 0 (𝑡), and 𝛿(𝑧𝑖−1 ),
the distribution of 𝑋𝑖 is expressed as

15
1512
15.12%

𝐹𝑋𝑖 (Δ𝑡) = 1 − exp {−101.5 ⋅ (21 − 𝑖)−0.5
(26)

2
𝑇 + Δ𝑡 2
𝑇
⋅ [( 𝑖−1
) − ( 𝑖−1 ) ]} .
200000
200000

Hence, the sampling formula of 𝑋𝑖 is derived:
Δ𝑡 = 200000
⋅ [(

𝑇𝑖−1 2 (21 − 𝑖)0.5
ln (1 − 𝜂)]
) −
200000
101.5

1/2

(27)

− 𝑇𝑖−1 ,
where 𝜂 is subject to uniform distribution in [0, 1].
The degradation rate of a solar cell output power is
̃ (𝑡, 𝑧)
𝜕𝐷
𝑎𝑡
𝑎
𝑑̃ (𝑡, 𝑧) =
= 4 exp ( 4 ) ,
𝜕𝑡
𝑧
𝑧

(28)

where 𝑎 = −1/6000000. The required output power of the
solar panel is 𝐶 = 10, and the initial output power of a solar
cell is 𝑐0 = 1.
The output power degradation in time interval [𝑇𝑖 , 𝑇𝑖+1 ]
is
Δ𝑐𝑖 = 𝑐0 ∫

𝑇𝑖

𝑇𝑖−1

𝑑̃𝑖−1 (𝑡, 𝑧𝑖−1 ) 𝑑𝑡

𝑇𝑖

𝐿
= 𝑐0 ∫ 𝑑̃ (𝑡,
) 𝑑𝑡.
𝑛+1−𝑖
𝑇𝑖−1

(29)

With the given value
Δ𝑐𝑖
= −∫

𝑇𝑖

𝑇𝑖−1

(30)
1
𝑡
exp [−
] 𝑑𝑡.
4
4
6000000 (10/21 − 𝑖)
6000000 (10/21 − 𝑖)

After a cycle of the simulation, the output power of a solar
cell 𝑐̃(131400) at 𝑡 = 131400 h can be calculated. Hence, the
value of 𝐾 is expressed as
̃ (131400) = ⌈
𝐾

𝐹𝑋𝑖 (Δ𝑡)

14
6749
67.49%

10
⌉.
𝑐̃ (131400)

(31)

Set the number of cycle as 𝑆 = 10000; the count and
̃
possibility of 𝐾(131400)
are shown in Table 1.
If the output power of a solar cell does not degrade, the
value of 𝐾 is
𝐾=⌈

10
10
⌉ = ⌈ ⌉ = 10.
𝑐0
1

(32)
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Table 2: The coefficients of 𝛼𝑖 .

𝛼1
7.0711
𝛼11
10

𝛼2
7.2548
𝛼12
10.5409

𝛼3
7.4536
𝛼13
11.1803

𝛼4
7.6696
𝛼14
11.9523

𝛼5
7.9057
𝛼15
12.9099

𝛼6
8.1650
𝛼16
14.1421

𝛼7
8.4515
𝛼17
15.8114

𝛼8
8.7706
𝛼18
18.2574

𝛼9
9.1287
𝛼19
22.3607

𝛼10
9.5346
𝛼20
31.6228

𝐴8
−6.5332𝑒7

𝐴9
5.2086𝑒6

Table 3: The coefficients of 𝐴 𝑖 when 𝐾(131400) = 12.
𝐴1
9.7723𝑒7

𝐴2
−5.7858𝑒8

𝐴3
1.4768𝑒9

𝐴4
−2.1193𝑒9

𝐴5
1.8667𝑒9

From the above results, because the output power of a
solar cell is degrading, the value of 𝐾 at 𝑡 = 131400 h is greater
than the situation ignoring solar cell degradation.
Secondly, after getting the discrete probability distrĩ
̃
bution of 𝐾(131400),
the reliability when 𝐾(131400)
is a
specified value should be calculated by the TFR model.
TFR model of solar panel is shown as follows:

𝐴6
−1.0311𝑒9

𝐴7
3.4787𝑒8

̃
= 12 are shown in
The coefficients of 𝐴 𝑖 when 𝐾(131400)
Table 3:
̃ ̃ (131400) =
𝑅
𝐾=12

𝛽 𝑡 𝛽−1
1
𝑡
=
⋅
.
𝜆 0 (𝑡) = ⋅ ( )
𝜂 𝜂
100000 200000

(33)

𝑖=1

̃ ̃ (131400) = 0.9778,
𝑅
𝐾=13

Solution is as follows:
𝐿 1.5
10 1.5
=(
) =(
) .
𝑛−𝑖
20 − 𝑖

(36)

Transformed scale:
𝑙 = Λ 0 (𝑡) = (

131400 2
) .
200000

(37)

Because 𝜆 𝑖 = 𝛿𝑖 = (10/(20 − 𝑖))1.5 , 𝛼𝑖 = (𝑛 − 𝑖 + 1)𝜆 𝑖−1 =
10 (21 − 𝑖)−0.5 , the coefficients of 𝛼𝑖 are shown in Table 2.
̃
When 𝐾(131400)
= 12,
1.5

𝑗=1
𝑗=𝑖̸

𝛼𝑗
𝛼𝑗 − 𝛼𝑖

9

=∏

𝑗=1 𝛼𝑗
𝑗=𝑖̸

(41)

𝛼𝑗
− 𝛼𝑖

∑ 𝐴 𝑖 ⋅ exp [−𝛼𝑖 Λ 0 (131400)]

𝑅 (131400) =

The corresponding TFR model with exponential
baseline failure distribution is as follows:

20−12+1

̃ (131400) = ∑ 𝑝 (𝐾
̃𝑗 ) 𝑅 ̃ (131400) = 0.9437.
𝑅
𝐾𝑗

20−10+1

The tampered factor:

𝐴𝑖 ≡ ∏

Therefore, the reliability of solar panel that it could supply
sufficient power for 15 years is computed as

If the output power of solar cells does not degrade, meaning that 𝐾 = 10, the coefficients of 𝐴 𝑖 are shown in Table 4.
Hence, the reliability is

where the tampered factor is 𝛿(𝑧) = 𝑧1.5 .

𝛿𝑖 = 𝛿 (𝑧𝑖 ) = 𝑧𝑖1.5

(40)

̃ ̃ (131400) = 0.8866.
𝑅
𝐾=15

(34)

(35)

(39)

In the same way, the reliability when the system has other
𝐾 is calculated as follows:
̃ ̃ (131400) = 0.9477,
𝑅
𝐾=14

The TFR model of failure rate caused by operating
current
𝜆 (𝑡) = 𝛿 (𝑧) ⋅ 𝜆 0 (𝑡) ,

1314 2
) 𝛼𝑖 ]
2000

= 0.9912.

2

𝑡
𝑡
Λ 0 (𝑡) = ( ) = (
) .
𝜂
200000

𝑖=1

9

The cumulative failure rate:
𝛽

∑ 𝐴 𝑖 ⋅ exp [−𝛼𝑖 Λ 0 (131400)]

= ∑𝐴 𝑖 ⋅ exp [− (

Model: 𝑛 = 20, 𝐿 = 10, 𝑡 = 131400 h, 𝛽 = 2, and
𝜂 = 200000.
Baseline failure rate:

20−12+1

𝑖=1

11

1314 2
) 𝛼𝑖 ] = 0.9988.
= ∑𝐴 𝑖 ⋅ exp [− (
2000
𝑖=1

(42)

̃
Comparing 𝑅(131400) and 𝑅(131400),
we can see that
random failures of some solar cells make the operating
current of the remaining solar cells increase, also leading to
an increase of failure rate and degradation rate. Due to the
degradation of solar cells output power, the reliability of solar
̃
panel 𝑅(131400)
is less than 𝑅(131400) which ignores the
degradation of solar cell output power.

6. Conclusion
𝑖 = 1, 2, . . . , 9.

(38)

In a load-sharing 𝐾-out-of-𝑁 system with degrading components, a component random failure raises the load shared on
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Table 4: The coefficients of 𝐴 𝑖 when 𝐾(131400) = 10.
𝐴1
𝐴2
1.2913𝑒9 −8.8141𝑒9

𝐴3
2.6571𝑒10

𝐴4
−4.6495𝑒10

𝐴5
5.2171𝑒10

𝐴6
−3.9115𝑒10

each remaining component, resulting in a higher failure rate
and increased degradation rate of surviving components. This
paper proposes a method combining a TFR model with a performance degradation model to analyze the reliability of loadsharing 𝐾-out-of-𝑁 system with degrading components. The
TFR model deals with load-sharing effect on failure rate,
and the reliability when the system has a specified 𝐾 is
calculated by the TFR model. The performance degradation
model is derived to evaluate degradation effect coupled
with load-sharing effect, and then the degraded component
performance is estimated considering the load-sharing effect
on degradation rate. The case of a solar panel is a typical loadsharing 𝐾-out-of-𝑁 system with degrading components. The
results calculated by the proposed method show that the
reliability considering component degradation is less than
that ignoring component degradation. With utilization of
the proposed method, the degradation effect is quantitatively
evaluated, and then the reliability of load-sharing 𝐾-out-of𝑁 system can be calculated more accurately.
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Virtual testability demonstration test brings new requirements to the fault sample generation. First, fault occurrence process is
described by stochastic process theory. It is discussed that fault occurrence process subject to minimal repair is nonhomogeneous
Poisson process (NHPP). Second, the interarrival time distribution function of the next fault event is proposed and three typical
kinds of parameterized NHPP are discussed. Third, the procedure of fault sample generation is put forward with the assumptions of
minimal maintenance and scheduled replacement. The fault modes and their occurrence time subject to specified conditions and
time period can be obtained. Finally, an antenna driving subsystem in automatic pointing and tracking platform is taken as a case
to illustrate the proposed method. Results indicate that both the size and structure of the fault samples generated by the proposed
method are reasonable and effective. The proposed method can be applied to virtual testability demonstration test well.

1. Introduction
Recently, testability test has two basic methods, including
fault injection test and field test. Both of them are physical
tests. It often takes long time to get enough original fault
samples in field test. In order to accelerate testability demonstration, fault injection is always applied in the testability test
[1–4].
However, application results indicate that testability
demonstration test based on fault injection has two unavoidable problems [1–5]. First, large numbers of fault injection
tests lead to high cost. Second, some faults cannot be allowed
to be injected because of destroyable influence and some
faults cannot be effectively injected because of restricted fault
injection means. These two shortcomings lead to unreasonable fault sample structure and low confidence.
The fault sample selection is to determine appropriate
sample size and to make fault sample structure reasonable,
that is, to select representative fault samples [2–6]. On one

hand, considering the limits of test cost and time cost, the
fault sample size needs to be as small as possible. On the other
hand, in order to improve the accuracy and precision of test
demonstration results, the fault sample size needs to be as
large as possible. It results in a difficult contradiction [1–4].
Nowadays, many researches attach importance to virtual
test. Virtual test can simulate the process of a real test
and obtain test results in an efficient way. It means that
virtual test can effectively decrease the test cost and risk
and shorten the test period compared with physical test.
According to recent studies, large-scale system modeling and
simulation are difficult while small-scale system modeling
and simulation can be performed in the present technical
conditions [1, 7–9].
As mentioned above, virtual test has many advantages,
such as high efficiency, short test period, and low cost. As the
fault sample size of virtual testability test is almost unlimited,
it overcomes some deficiencies of physical testability test.
Thus, the fault sample generation in virtual testability test
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Let 𝑁(𝑡) be the total number of faults up to time 𝑡. Faults
more than two at time 𝑡 would be ignored under single fault
assumption. So 𝑁(𝑡) has the following properties:
(1) 𝑁(𝑡) ≥ 0;
(2) 𝑁(0) = 0;
(3) 𝑁(𝑡) is integer valued;
(4) the process has independent increments;
(5) limℎ → 0 𝑃(𝑁(𝑡 + ℎ) − 𝑁(𝑡) = 1) = 𝜆 𝑝 (𝑡)ℎ + 𝑜(ℎ);
(6) limℎ → 0 𝑃(𝑁(𝑡 + ℎ) − 𝑁(𝑡) ⩾ 2) = 𝑜(ℎ).

s3

s2

s1

f1
t1

f3

···

f2
t3

t2

···

t

Figure 1: Fault occurrence process.

𝑊(𝑡) is also called cumulative number of occurrence of
failures. Thus,
𝜆 𝑝 (𝑡) = 𝑊 (𝑡) = lim

Δ𝑡 → 0

𝐸 [𝑁 (𝑡 + Δ𝑡) − 𝑁 (𝑡)]
,
Δ𝑡

(2)

where 𝜆 𝑝 (𝑡) is called the rate of occurrence of faults (ROCOF)
at time 𝑡. It can be regarded as the mean number of faults per
time unit at time 𝑡. If 𝜆 𝑝 (𝑡) is a constant, {𝑁(𝑡), 𝑡 ≥ 0} is a HPP.
Otherwise, it is a NHPP. It has been verified that the mean
number of faults in the interval (0, 𝑡] is Poisson distributed
[11].
For a nonhomogeneous Poisson process with fault occurrence intensity function 𝜆 𝑝 (𝑡), 𝑁(𝑡 + 𝑠) − 𝑁(𝑡) is a Poisson
distribution with parameter 𝑊(𝑡 + 𝑠) − 𝑊(𝑡) = ∫𝑡 𝜆 𝑝 (𝑢) d𝑢,
where 𝑡 ≥ 0, 𝑠 ≥ 0. 𝑁(𝑡 + 𝑠) − 𝑁(𝑡) can be called a Poisson
process with mean value 𝑊(𝑡 + 𝑠) − 𝑊(𝑡). That is,
𝑃 (𝑁 (𝑡 + 𝑠) − 𝑁 (𝑡) = 𝑛)
= 𝑒−[𝑊(𝑡+𝑠)−𝑊(𝑡)] ⋅

According to the definition of counting process, fault
occurrence process {𝑁(𝑡), 𝑡 ≥ 0} is a Poisson process with the
parameter 𝜆 𝑝 (𝑡) [10, 11]. The parameter 𝜆 𝑝 (𝑡) is also defined
as the intensity function, which describes the intensity level
of fault occurrence. If 𝜆 𝑝 (𝑡) is a constant, {𝑁(𝑡), 𝑡 ≥ 0}
is a homogeneous Poisson process (HPP). Otherwise, it is
a nonhomogeneous Poisson process. The nonhomogeneous
Poisson process is the generalized form of homogeneous
Poisson process. Equally, the homogeneous Poisson process
is the special case of a nonhomogeneous Poisson process [11].
Fault occurrence process is an independent increment
process in disjoint time intervals. That is, for 𝑡1 < 𝑡2 ≤ 𝑡3 <
𝑡4 , [𝑡1 , 𝑡2 ) and (𝑡3 , 𝑡4 ] are the two disjoint time intervals. In
[𝑡1 , 𝑡2 ) and (𝑡3 , 𝑡4 ], the number of faults is (𝑁(𝑡2 ) − 𝑁(𝑡1 )) and
𝑁(𝑡4 ) − 𝑁(𝑡3 ), respectively. So {𝑁(𝑡), 𝑡 ≥ 0} is an independent
increment process.
Let 𝑊(𝑡) denote the mean number of faults in the interval
(0, 𝑡];
𝑡

0

3
2
1
0

𝑡+𝑠

2. Description of Fault Occurrence Process

𝑊 (𝑡) = 𝐸 (𝑁 (𝑡)) = ∫ 𝜆 𝑝 (𝑢) d𝑢.

N(t)
···

is different from fault sample selection in physical testability
test.
The combination of minimal maintenance and scheduled replacement is the main maintenance mode for many
systems. The occurrences of faults are nonhomogeneous
because faults occur randomly and are repairable. On the
basis of Monte Carlo method, Zhao et al. proposed a fault
sample generation method which was subject to exponential
distribution [4]. Considering various types of life distribution
and assuming perfect maintenance, Zhang et al. proposed a
fault sample generation method based on renewal process [1].
The nonhomogeneous Poisson process has clear physical
meanings and theoretical basis. It is widely applied to system
reliability analysis, reliability indices calculation, and reliability growth test.
This paper discusses the occurrence process of faults and
describes it by NHPP. A suitable fault sample simulation
method for virtual testability demonstration is proposed. The
main idea of the method proposed in this paper is obtaining
the value and composition of fault sample based on fault
statistical model and statistical simulation. The purpose is
obtaining an implementation of fault occurrence within the
specified time and conditions, which is called fault sample
simulation in this paper.

(1)

[𝑊 (𝑡 + 𝑠) − 𝑊 (𝑡)]𝑛
.
𝑛!

(3)

Consider a repairable system that is put into operation at
time 𝑡 = 0. The first fault event of the system will occur at time
𝑡1 . The second fault will occur at time 𝑡2 and so on. We thus get
a sequence of fault time 𝑡1 , 𝑡2 ,. . .. Let 𝑠𝑖 be the time between
the (𝑖−1)th fault event and the 𝑖th fault event for 𝑖 = 1, 2, 3, . . .,
where 𝑠0 is taken to be zero. 𝑠𝑖 is called the interarrival time 𝑖.
{𝑠𝑛 , 𝑛 = 1, 2, 3, . . .} is called the sequence of fault interarrival
time. Fault occurrence process is indicated in Figure 1.
If fault occurrence process is a HPP having rate 𝜆 𝑝 , all the
fault interarrival time is independent and exponentially distributed with the same parameter 𝜆 𝑝 . If the failure component
is replaced or restored to an “as good as new” condition and
its lifetime distribution is exponential distribution, the fault
occurrence process may be a HPP. However, it is hard to meet.
The rate of occurrence of faults may vary with time.
It is important to note that some fault occurrence processes do not have stationary increments. The rate of occurrence of faults varies with time rather than being a constant.
This means that failures may be more or less likely to occur
at certain time than others, and hence the interarrival time is
generally neither independent nor identically distributed [11–
15].
The NHPP is generalization of HPP having the HPP as a
special case. It is often used to model repairable systems that
are subject to a minimal repair strategy with negligible repair
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Figure 2: Schematic diagram of fault detection process.

is, {𝑁(𝑧 + 𝑥) − 𝑁(𝑧) = 1}. The interarrival time distribution
function 𝐹𝑧 (𝑥) of the next fault event after time 𝑧 is
𝐹𝑧 (𝑥) = 𝑃 (𝑡Δ < 𝑥 | 𝐴𝑧) = 𝑃 (𝑁 (𝑧 + 𝑥) − 𝑁 (𝑧) = 1 | 𝐴𝑧) .
(5)
According to the independent assumption of fault event, (5)
can be simplified as

time. Minimal repair means that a failed system is restored
just back to functioning state. After a minimal repair, the
system continues as if nothing had happened. The likelihood
of a system fault is the same immediately before and after a
fault.
Consider a system consisting of many components. Suppose that a component fails and causes a system failure and
this component is immediately replaced by a component of
the same type, thus causing a negligible system downtime.
Since only a small fraction of the system is replaced, it seems
natural to assume that the system’s reliability after the repair
essentially is the same as immediately before the failure. In
other words, the assumption of minimal repair is a realistic
approximation. The minimal repair assumption is therefore
often applicable and the NHPP may be accepted as a realistic
model [11–15].
Schematic diagram of fault detection process is shown in
Figure 2. Let 𝑥𝑛 (𝑛 = 1, 2, . . .) be the interval time of adjacent
fault detection. Variables 𝑥𝑛 (𝑛 = 1, 2, . . .) are influenced by
fault occurrence process and testability plan. The number of
fault detection and the interval time of fault detection are
random. The number of detected faults is random, too.
Generally, the observed values of fault detection rate
always change in the specified time period (0, 𝑡]. The formula
is
𝑁 (𝑡)
× 100%,
𝛾FD (𝑡) = 𝐷
𝑁 (𝑡)

(4)

where 𝑡 is the time variable, 𝑁𝐷(𝑡) is the number of detected
faults up to time 𝑡, and 𝑁(𝑡) is the total number of faults up
to time 𝑡. As discussed above, 𝑁𝐷(𝑡) and 𝑁(𝑡) are stochastic.
Thus, the observed value of fault detection rate 𝛾FD is random,
too.

3. Fault Sample Generation
3.1. The Fault Events Simulation. Let 𝑡1 , 𝑡2 , . . . denote the successive fault event time of such a fault occurrence process.
As these random variables are clearly dependent, we generate
them in sequence starting with 𝑡1 and use the generated value
of 𝑡1 to generate 𝑡2 and so on.
Note that if a fault event occurs at time 𝑧, then, independent of what has occurred prior to 𝑧, the additional time
until the next fault event has the distribution 𝐹𝑧 . Let {𝑁(𝑧) −
𝑁(𝑧 − ℎ) = 1} denote that a fault event occurs at time
𝑧 (ℎ → 0). This event is recorded as Az. Let 𝑡Δ be the interval
time between Az and the next fault event. Then, the event
{𝑡Δ < 𝑥} is equal to a fault event occurring in (𝑧, 𝑧 + 𝑥); that

𝐹𝑧 (𝑥) = 𝑃 (𝑁 (𝑧 + 𝑥) − 𝑁 (𝑧) = 1) .

(6)

According to (1) and (3), it is obtained that
𝐹𝑧 (𝑥) = 1 − 𝑃 (𝑁 (𝑧 + 𝑥) − 𝑁 (𝑧) = 0)
= 1 − 𝑒−[𝑊(𝑧+𝑥)−𝑊(𝑧)]
𝑧+𝑥
− ∫𝑧

=1−𝑒

𝜆 𝑝 (𝑦) d𝑦

(7)
𝑥
− ∫0

=1−𝑒

𝜆 𝑝 (𝑦+𝑧) d𝑦

.

We can now simulate the fault event time 𝑡1 , 𝑡2 , . . . by
generating 𝑡1 from the distribution 𝐹0 . Then, we generate 𝑡2
by adding 𝑡1 to a generated value from the distribution 𝐹𝑡1 .
We generate 𝑡3 by adding 𝑡2 to a generated value from the
distribution 𝐹𝑡2 and so on [16].
3.2. Parametric NHPP Models of Fault Occurrence Process.
The key of fault events simulation is the distribution function and its inverse function. If fault occurrence process is
described by NHPP, it can be uniquely determined by the
rate of occurrence of faults 𝜆 𝑝 (𝑡). Fault occurrence processes
are usually classified into linear model, power law model, and
log-linear model according to the shape of the 𝜆 𝑝 (𝑡) [11]. The
three models can be expressed in the common form
𝜆 𝑝 (𝑡) = 𝜆 0 𝑔 (𝑡; 𝜓) ,

(8)

where 𝜆 0 is a common multiplier and 𝑔(𝑡; 𝜓) determines the
shape of the 𝜆 𝑝 (𝑡).
In the linear model, the ROCOF of the NHPP is defined
as
𝜆 𝑝 (𝑡) = 𝜆 0 (1 + 𝛼𝑡)

for 𝜆 0 > 0, 𝑡 ≥ 0.

(9)

The interarrival time distribution function 𝐹𝑧 (𝑥) of the
next fault event after time 𝑧 is
𝑥

𝐹𝑧 (𝑥) = 1 − 𝑒− ∫0

𝜆 𝑝 (𝑦+𝑧) d𝑦

2

= 1 − 𝑒−(𝜆 0 𝑥+(1/2)𝜆 0 𝛼𝑥 +𝜆 0 𝛼𝑧𝑥) .
(10)

The inverse functionof 𝐹𝑧 (𝑥) is
𝐹𝑧−1 (𝑈) = −𝑧 −

1 2
2
1
+ √ (𝑧 + ) −
ln (1 − 𝑈)
𝛼
𝛼
𝜆0𝛼

(11)

for 𝛼 ≠0.
A repairable system modeled by the linear model is
deteriorating if 𝛼 > 0 and improving when 𝛼 < 0. When
𝛼 = 0, the log-linear model reduces to a HPP. When 𝛼 <
0, then 𝜆 𝑝 (𝑡) will sooner or later become less than zero.
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The model can only be used in time intervals where 𝜆 𝑝 (𝑡) > 0.
The linear model is often used to describe the fault occurrence
process in random failure period.
In the power law model, the ROCOF of the NHPP is
defined as
𝜆 𝑝 (𝑡) = 𝜆 0 𝛽𝑡𝛽−1

for 𝜆 0 > 0, 𝛽 > 0, 𝑡 ≥ 0.

(12)

Thus,
𝑥

𝐹𝑧 (𝑥) = 1 − 𝑒− ∫0

𝜆 𝑝 (𝑦+𝑧) d𝑦

= 1 − 𝑒𝜆 0 𝑡

𝛽
𝐹𝑧−1 (𝑈) = −𝑧 + √
𝑧𝛽 −

𝛽

−𝜆 0 (𝑥+𝑧)𝛽

,
(13)

ln (1 − 𝑈)
.
𝜆0

A repairable system modeled by the power law model is
seen to be improving if 0 < 𝛽 < 1, and deteriorating if
𝛽 > 1. If 𝛽 = 0, the model reduces to a HPP. This NHPP is
sometimes referred to as a Weibull process, since the ROCOF
has the same functional form as the failure rate function of
the Weibull distribution. The power law model is often used
to describe the fault occurrence process of electromechanical
systems and reliability growth model.
In the log-linear model, the ROCOF of the NHPP is
defined by
𝜆 𝑝 (𝑡) = 𝜆 0 𝑒𝛽𝑡

for 𝜆 0 > 0, 𝑡 ≥ 0.

(14)

Thus,
𝑥

𝐹𝑧 (𝑥) = 1 − 𝑒− ∫0
𝐹𝑧−1 (𝑈) =

𝛽𝑧

ln [𝑒

𝜆 𝑝 (𝑦+𝑧) d𝑦

= 1 − 𝑒−(𝜆 0 /𝛽)[𝑒

− (𝛽/𝜆) ln (1 − 𝑈)]
𝛽

𝛽(𝑥+𝑧)

−𝑒𝛽𝑧 ]

test method. It can effectively solve uncertainty problems
and complex computing problems. For example, Monte Carlo
method is widely applied in financial engineering, statistical
physics, computational mathematics, reliability engineering,
and other fields [17, 18].
The flow chart of fault sample simulation is showed in
Figure 3. 𝑇𝑤 is the scheduled interval replacement time. 𝐹𝑧 (𝑥)
is the interarrival time distribution function of the next
fault event after time 𝑧. 𝑢𝑖 (𝑖 = 1, 2, . . .) are uniform (0, 1)
random variables. 𝑠𝑖 (𝑖 = 1, 2, . . .) are the simulation results
of interarrival time of fault events. 𝑆[𝑝] is the cumulative
working time of the 𝑝th part. The initial value of 𝑆[𝑝] is
zero for 𝑝 = 1, 2, 3, . . . . 𝑗 is the cumulative number of fault
events. 𝑡𝑗 is the occurrence time of the 𝑗th fault event. 𝑆𝑇 is
the cumulative working time of the parts. 𝑇∗ is the specified
statistical time.
The basic steps of fault sample simulation are as follows.
Step 1. Determine the parameters of the NHPP and set the
interval replacement time 𝑇𝑤 .
Step 2. Initialize the specified statistical time 𝑇∗ and initialize
𝑧 = 0, 𝑖 = 0, 𝑗 = 0, 𝑡𝑗 = 0, 𝑝 = 1, 𝑆[𝑝] = 0, and 𝑆𝑇 = 0.
Step 3. Solve the interarrival time distribution function 𝐹𝑧 (𝑥)
of the next fault event after time 𝑧.
Step 4. Solve the inverse function 𝐹𝑧−1 (𝑈) of 𝐹𝑧 (𝑥).
Step 5. Generate the random number 𝑢𝑖 .

,
(15)

− 𝑧 for 𝛽 ≠0.

A repairable system modeled by the log-linear model is
improving if 𝛽 < 0 and deteriorating if 𝛽 > 0. When
𝛽 = 0, the log-linear model reduces to a HPP. The log-linear
model is often used to describe the fault occurrence process
of electronic systems.
The cumulative number of faults and occurrence time of
each fault subject to specified conditions and time period
can be obtained according to reliability test and other trials.
Appropriate parametric NHPP model will be selected according to failure statistics. We do not intend to discuss the model
selection and parameter estimation method in this paper.
3.3. Fault Sample Simulation. In this paper, we assume that
the repair or maintenance time is negligible and the corrective
maintenance is minimal maintenance or repair, that is, the
maintenance action which restores the part to the failure rate
it had when it failed. The part after repair is as bad as old.
If fault events occur before the scheduled replacement,
the part will be processed by breakdown maintenance. If no
fault event occurs before scheduled replacement, the part
should be replaced by a brand new one regardless of its health
condition when it meets the replacement requirement.
Statistical simulation method is also known as random
simulation method, random sampling method, or statistical

Step 6. Calculate the interarrival time 𝑠𝑖 based on the direct
sampling method, 𝑠𝑖 = 𝐹𝑧−1 (𝑢𝑖 ).
Step 7. If 𝑆[𝑝] + 𝑠𝑖 < 𝑇𝑤 , it shows that the part has broken
down before the scheduled replacement; the cumulative
working time of this part is 𝑆[𝑝] = 𝑆[𝑝] + 𝑠𝑖 . The cumulative
number of fault events adds 1; that is, 𝑗 = 𝑗 + 1. Then, set
𝑡𝑗 = 𝑆[𝑝], 𝑧 = 𝑆[𝑝], and 𝑆𝑇 = 𝑆𝑇 + 𝑆[𝑝]. If 𝑆[𝑝] + 𝑠𝑖 ≥ 𝑇𝑤 , it
shows that the part is good until the scheduled replacement
time. The part is as good as new after replacement. Then, set
𝑆[𝑝] = 𝑆[𝑝] + 𝑇𝑤 , 𝑧 = 0, 𝑆𝑇 = 𝑆𝑇 + 𝑆[𝑝], and 𝑝 = 𝑝 + 1.
Step 8. If 𝑆𝑇 ≥ 𝑇∗ , stop.
Step 9. Obtain fault samples based on probability proportional to size (PPS) sampling method. Each fault mode is set
to be proportional to its occurrence percentage ratio (OPR).

4. Examples
An automatic pointing and tracking platform has the ability
to isolate the movement of moving vehicles, such as car, ship,
and aircraft. It can automatically track the target and maintain
stable communication. The stable tracking platform consists
of multiple subsystems. We take antenna driving subsystem
as example to carry out experiments. The lifetime of the
automatic pointing and tracking platform is 15 years. The
average working time is 1500 hours per year. The lifetime
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Solve the inverse function of Fz (x)

i= i+1

Generate random numbers u i

Calculate s i
Yes

S[p] + si < Tw

S[p] = S[p] + si
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No
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ST ≥ T∗

Yes
Fault mode sampling

End

Figure 3: The flow chart of fault sample simulation.
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Table 1: Fault modes and their occurrence percentage ratio.

Code Fault mode
A1
No signal output
A2
Unstable signal output
A3
No rotation output
A4
Angle output tolerance
A5
No turning signal output
Turning
signal output
A6
tolerance
A7
No rotation output
A8
Angle output tolerance
A9
No turning signal output
A10 Turning signal output
tolerance
A11 No control signal output
A12 Control signal output
error

Fault unit

OPR

Antenna
Antenna
Pitching motor
Pitching motor
Pitching motor driver

7.1%
3.7%
10.7%
7.1%
12.5%

Pitching motor driver

5.4%

Azimuth motor
Azimuth motor
Azimuth motor driver

8.9%
5.4%
10.7%

Azimuth motor driver

7.1%

Motion control card

8.9%

Motion control card

12.5%

of the antenna drive subsystem is 7500 working hours. The
antenna driving subsystems are replaced by new ones every
5 years. In the subsystem’s life cycle, breakdown maintenance
and the assumption of minimal repair with negligible repair
times are taken when it fails. The subsystems are replaced by
new ones with the assumption of perfect repair after the end
of their life cycle.
As the platform is new equipment, the failure statistics in
full life cycle are poor. The same antenna driving subsystems
have been tried out for 5 years in advance. We collected some
credible and valuable failure and maintenance statistics of the
subsystem in their single life cycle. The statistics contain 56
complete sets of trial data. Fault modes and their occurrence
percentage ratio of the antenna driving subsystem are shown
in Table 1. The fault occurrence process of the antenna driving
subsystem in its single life cycle is a NHPP. The parameters
of ROCOF were estimated by maximum likelihood method
[11]. We obtained a NHPP in (0, 𝑇∗ ) and faults occurred at
time 𝑡1 , 𝑡2 , . . ..
𝛽̂ can be found by solving
𝑛

∑𝑡𝑖 +
𝑖=1

∗

𝑛
𝑛𝑇
−
∗ = 0.
𝛽 1 − 𝑒−𝛽𝑇

(16)

̂ by
Then, solve 𝜆
0
𝑛𝛽̂

̂ =
𝜆
0

̂

∗

𝑒𝛽𝑇 − 1

.

(17)

The result is 𝜆 𝑝 (𝑡) = 0.00054𝑒0.00022𝑡 .
The interarrival time distribution function 𝐹𝑧 (𝑥) of the
next fault event after time 𝑧 of the antenna driving subsystem
is
𝑥

𝐹𝑧 (𝑥) = 1 − 𝑒− ∫0

0.00054𝑒0.00022(𝑦+𝑧) d𝑦

(27/11)[𝑒0.00022𝑧 −𝑒0.00022(𝑥+𝑧) ]

=1−𝑒

(18)
.

Table 2: A simulation result of fault sample.
Number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

Working time (h)
1287
4422
5953
6900
7166
7261
7482
9833
10061
10963
12487
13369
13932
14392
14554
14740
14815
14870
16008
17212
18181
19384
21639
21784
21903
22032
22208
22316
22354

Fault
A12
A10
A3
A11
A5
A2
A1
A7
A11
A3
A9
A1
A5
A12
A10
A4
A9
A12
A6
A3
A10
A6
A11
A5
A7
A12
A5
A8
A4

The inverse function of 𝐹𝑧 (𝑥) is
𝐹𝑧−1 (𝑈) =

50000
11
ln [𝑒0.00022𝑡 −
ln (1 − 𝑈)] − 𝑧.
11
27

(19)

It is assumed that the specified statistical time of testability demonstration is 15 years. The fault samples are generated
by fault occurrence process simulation based on the proposed
method. The fault modes and their occurrence time are
obtained. A simulation result of fault sample is shown in
Table 2.
The cumulative number of the subsystem faults is shown
in Figure 4. Abscissa represents the cumulative working time.
Ordinate represents the cumulative number of faults. The
cumulative number of faults increases one when a fault
occurs.
We implement the statistical simulation 1000 times. The
specified statistical simulation time is single life cycle of the
antenna driving subsystem. 1000 groups of fault samples are
generated automatically by simulation. The numbers of faults
in fault sample are random variables. We compare some
statistics of the actual samples and the simulation samples
to examine the effectiveness of the proposed method. The
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The sample values are arranged in increasing order so as
to meet 𝑚1 ≤ 𝑚2 ≤ ⋅ ⋅ ⋅ ≤ 𝑚𝑘−1 ≤ 𝑚𝑘 .
The sample median is

Cumulative number of faults, N

30
25

𝑘 is an odd number
{𝑚(𝑘+1)/2
̃ = {1
𝑚
(𝑚 + 𝑚(𝑘/2)+1 ) 𝑘 is an even number.
{ 2 𝑘/2

20
15
10
5
0

0

5

10
15
Time, t/1000 h

20

25

Figure 4: Cumulative number of faults.

The actual
samples

The simulation
samples

10.46
2.35
118.26
10.5
7.1%
3.7%
10.7%
7.1%
12.5%
5.4%
8.9%
5.4%
10.7%
7.1%
8.9%
12.5%

10.57
2.29
121.64
11
6.9%
4.0%
10.5%
7.1%
12.4%
5.6%
8.7%
5.6%
10.5%
7.5%
8.8%
12.4%

Sample mean
Sample variance
Two-order origin moment
Sample median
Percentage ratio of A1
Percentage ratio of A2
Percentage ratio of A3
Percentage ratio of A4
Percentage ratio of A5
Percentage ratio of A6
Percentage ratio of A7
Percentage ratio of A8
Percentage ratio of A9
Percentage ratio of A10
Percentage ratio of A11
Percentage ratio of A12

𝑁(t):

𝑘

(20)

𝑖=1

where 𝑘 is the sample size.
The sample variance is
V2 =

1 𝑘
2
∑ (𝑚 − 𝑚) .
𝑘 − 1 𝑖=1 𝑖

(21)

The two-order origin moment is
𝐴2 =

1 𝑘 2
∑𝑚 .
𝑘 𝑖=1 𝑖

(1) It is analyzed and pointed out that the fault sample
generation in virtual testability test is different from fault
sample selection in physical testability test.
(2) In the case of minimal repair and scheduled replacement, the fault occurrence process can be described by
NHPP theory. A fault sample generation approach for virtual
testability demonstration test is proposed.
(3) As some assumptions are eliminated, the size and
structure of the fault samples simulated by proposed method
are reasonable. Experiment results show that the proposed
method is feasible and effective. It can also be applied to
virtual maintainability test and integrated logistics support
scheme design.

Notations

comparison is shown in Table 3. Let 𝑚𝑖 denote the number
of faults of the 𝑖th fault sample. The sample mean is
𝑚 = ∑𝑚𝑖 ,

The percentage ratios of fault modes are also figured out and
compared in Table 3.
We can get that the statistics of the simulation results are
nearly consistent with the actual fault samples according to
the comparison. The composition of the simulation samples
is rational. The results show that the proposed method is
feasible and effective. The random fault samples generated
by statistical simulation can be applied to virtual testability
demonstration test.

5. Conclusion

Table 3: The comparison of sample statistics.
Statistic

(23)

(22)

The number of detected faults up to
time 𝑡
The number of detected faults up to
𝑁𝐷(t):
time 𝑡
Fault detection rate
𝛾FD :
𝑛:
Fault sample size
𝑊(𝑡):
Mean number of faults in the interval
(0, 𝑡]
The rate of occurrence of faults at time 𝑡
𝜆 𝑝 (𝑡):
𝑥𝑛 (𝑛 = 1, 2, . . .): The interval time of adjacent fault
detection
𝐴𝑧:
The event denoting one occurring fault
The interval time between 𝐴𝑧 and the
𝑡Δ :
next fault event
Interval time distribution function of
𝐹𝑧 (𝑥):
the next fault event after time 𝑧
𝑔(𝑡; 𝜓):
The coefficient determines the shape of
the 𝜆 𝑝 (𝑡)
𝑇𝑤 :
The scheduled interval replacement
time
𝑢𝑖 (𝑖 = 1, 2, . . .): Random variables having the uniform
distribution in (0, 1)

8
𝑠𝑖 (𝑖 = 1, 2, . . .): The time 𝑡 between the (𝑖 − 1)th fault event
and the 𝑖th fault event
𝑆[𝑝]:
The cumulative working time of the 𝑝th
part
𝑗:
The cumulative number of fault events
The occurrence time of the 𝑗th fault event
𝑡𝑗 :
𝑆𝑇:
The cumulative working time of the parts
The specified statistical time.
𝑇∗ :
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This paper addresses the case of automatic controlled system which deteriorates during its operation because of components’ wear or
deterioration. Depending on its specific closed-loop structure, the controlled system has the ability to compensate for disturbances
affecting the actuators which can remain partially hidden. The deterioration modeling and the Remaining Useful Lifetime (RUL)
estimation for such closed-loop dynamic system have not been addressed extensively. In this paper, we consider a controlled system
with Proportional-Integral-Derivative controller. It is assumed that the actuator is subject to shocks that occur randomly in time. An
integrated model is proposed to jointly describe the state of the controlled process and the actuator deterioration. Only the output
of the controlled system is available to assess its health condition. By considering a Piecewise Deterministic Markov Process, the
RUL of the system can be estimated by a two-step approach. In the first step referred as the “Diagnosis” step, the system state is
estimated online from the available monitoring observations by using a particle filtering method. In the second step referred as the
“Prognosis” step, the RUL is estimated as a conditional reliability by Monte Carlo simulation. To illustrate the approach, a simulated
tank level control system is used.

1. Introduction
Due to increasing requirements on durability, reliability,
and dependability of industrial systems, intensive research
activity on maintenance modeling has been developed during
the last decades. Based on the available information about
the current system state provided by health monitoring
process, different condition-based or predictive maintenance
decision rules can be proposed so as to optimize the decisionmaking process, that is, to prevent or correct failures or
faults [1, 2]. In condition-based maintenance framework, a
deterioration indicator that correctly describes the dynamic
of the failure process is required. Usually this efficient
indicator can be constructed from collected information on
various deterioration-related monitoring parameters, such
as vibration, temperature, lubricating oil, and noise levels.
Many research efforts have been devoted to deterioration
modeling with increasingly sophisticated approaches which
consider different deterioration processes and also dynamic
environments [3–5]. However, the need of continuous

monitoring in cases of dynamic operating condition may
increase the systems costs when expensive monitoring
devices are required [6, 7]. In this way, a predictive maintenance policy that schedules maintenance actions according to
a prognosis activity without specific additional sensors seems
to be an appropriate approach [8, 9].
Over the last two decades, numerous prognosis approaches have been developed. According to [6] they can be classified into three main categories: statistical approaches, artificial intelligence approaches, and model-based approaches.
The assessment of the Remaining Useful Lifetime (RUL)
is one of important tasks in Prognosis. Many studies concentrate on the RUL estimation of systems, subsystems,
or components, for example, for lithium-ion batteries [10],
rotating machinery [11, 12], or car suspension system [13] (see
reviews by [14, 15]).
In the field of dependability of automated systems and
processes, another research aspect concerns fault-tolerant
control (FTC) strategies which give the feedback control
system the ability to overcome faults [16]. The key objective
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Figure 1: General block diagram of a feedback control system with notations.

of FTC system design may not offer optimal performance
in a strict sense for normal operation but can generally
mitigate effects of system components failures. For instance,
in [17] a scheme for integrated fault detection, diagnosis,
and reconfigurable control systems against actuator faults is
proposed. The FTC strategies work with the fact that system
components can fail by fortuitous causes. In effect, when a
fault is detected, the reconfigurable controller and the system
command input will be designed automatically to achieve
desired performance [18]. However, the dynamic evolution
of the deterioration which is the origin of these faults has
not been worthy of attention. In fact, because of components’
wear or deterioration the control system performance can
be gradually decreasing during operation. In such a case,
the information provided by the prognosis process about the
health of components and/or the system RUL could be useful
to allow modifications of the control actions to continue to
achieve the control objectives [19, 20]. In [21] the behavior
of the considered system is described by a multiple time
scale model which was made up of two parts: a fast dynamic
behavior part and a slow dynamic behavior one. The slow
dynamic behavior part whose structure is known a priori
describes the evolution of the damage state. RUL estimation
implies identifying parameters of the structure of the slow
dynamic behavior part. Nevertheless, according to the best
of our knowledge the stochastic deterioration modeling and
RUL estimation process for closed-loop dynamic systems
such as feedback control systems have not been addressed
extensively.
The main aim of this paper is to propose a probabilistic
framework to assess the RUL of feedback control systems
with stochastically deteriorating actuator and random environment. In the conventional closed-loop control system, the
measure of the process output is fed back to the controller in
order to generate appropriate control actions on the process.
The objective of such systems is to maintain the process
output within a desired range defined by a desired set-point.
In this paper, the system output measurement is considered
as the only available data for health assessment reflecting
the deterioration phenomenon. The focus is put on the loss
of effectiveness of the actuator. Indeed, the actuators are
ones of the most important parts of such systems because
they represent the physical link between the control law

and the controlled process. In particular, the deterioration of
actuators in a closed-loop control system can lead to poor
performance and, in extreme cases, loss of controllability. In
order to describe the interaction between the deterministic
behavior of the feedback control system and the stochastic
deterioration process, the whole deteriorating closed-loop
system is described as a Piecewise Deterministic Markov
Process. In this framework, the distribution of the RUL of
the system is computed by using a two-step stochastic modelbased technique; see [22].
The remainder of this paper is organized as follows.
Section 2 is devoted to the description of the system characteristics and the assumptions about the condition monitoring
process which depends on the stochastic evolution of the
set-point. Section 3 describes the approach for computing
the Remaining Useful Lifetime which is relevant to system
state estimation. To illustrate the methodology, a specific
case study is introduced in Section 4. Some numerical
results are also discussed here. In this section, the performance of the proposed methodology is compared with a
standard cumulative damage model in which the deterioration process is perfectly monitored. Finally, conclusion
drawn from this work and possible ways for further studies
are given.

2. General Modeling Framework
This section describes the characteristics of a deteriorating feedback control system whose actuator stochastically
degrades through time and the assumptions about the condition monitoring process which relates to the set-point
evolution.
2.1. Feedback Control System Structure. In practical control
applications, the objective of maintaining the output of a
specific process within a desired range is usually achieved by
using closed-loop control (see Figure 1 for a general scheme
of a feedback control system). Sensor gives measurements
of process output that are used by the controller in order to
calculate the appropriate applied command on the actuator in
such a way that reduces the difference between the measured
value and the desired set-point to zero or to a small deviation.
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We consider a process whose evolution of the states
(𝑥𝑡 )𝑡∈R+ can be described by the differential equation:
𝑥̇(𝑡) = f (𝑡, 𝑥 (𝑡) , 𝑢 (𝑡) , 𝜃) ,

(1)

𝑛𝑥

where 𝑥(𝑡) ∈ R is the vector of the process states, 𝑢(𝑡) ∈ R
denotes control variable, 𝜃 is the vector of process parameters
which is typically considered to be constant in practice, and
f(⋅) is the process dynamic function which can be nonlinear.
Despite sophisticated filter structures, noise in the measurement process is usually an unavoidable problem. The
measurements of outputs (𝑦𝑡 )𝑡∈R+ are then related to the state
variables by
𝑦 (𝑡) = h (𝑡, 𝑥 (𝑡) , 𝑢 (𝑡) , 𝜃) + 𝜖 (𝑡) ,

(2)

where h(⋅) is the measurement function which defines the
outputs 𝑦(𝑡) ∈ R𝑛𝑦 . It is assumed that measurement noises
(𝜖𝑡 )𝑡∈R+ are independent random variables with a probability
density, not necessarily Gaussian, independent of the process
states (𝑥𝑡 )𝑡∈R+ .
This work focuses on the use of the process output in a
prognosis purpose. The possible impact of the control law on
the remaining useful life of the system is not investigated in
this work. Therefore, the generic usual Proportional-IntegralDerivative (PID) controller structure is used. Due to their
simplicity and performance, PID controllers are widely used
in industrial applications [23]. Defining 𝑢𝑐 (𝑡) as the controller
output at time 𝑡, the standard form of the PID controller is
given by
𝑢𝑐 (𝑡) = 𝐾𝑃 [𝑒 (𝑡) +

d𝑒 (𝑡)
1 𝑡
],
∫ 𝑒 (𝜏) d𝜏 + 𝑇𝐷
𝑇𝐼 0
d𝑡

𝐶 (𝑡) = 𝑐0 − D (𝑡) .

(5)

As can be seen in the literature, the occurrence of partial
loss of effectiveness on an actuator is shown as a discrete
phenomenon in time [25, 26]. The loss of effectiveness
of the actuator is considered to result from the dynamic
evolution of the deterioration process. Such deterioration
models known as shock deterioration models have been
widely used and the process of shocks’ occurrence times is
classically modeled by Poisson processes (see [27, 28]). In
this work, the actuator is therefore considered to be subject
to a discrete-time deterioration process. It means that the
occurrence of deterioration is driven by a mechanism in a
specified time interval which leads to an increment of damage
as described in [29]. More precisely the isolated points in time
corresponding to discrete wear amounts which accumulate
gradually are supposed to occur according to a homogeneous
Poisson process with intensity 𝜆. The amounts of damage per
shock are independently and identically distributed (i.i.d.).
Let 𝑁(𝑡) denote the total number of shocks up to time 𝑡 ≥ 0.
Then the accumulated deterioration of the actuator at time 𝑡
is
𝑁(𝑡)

(3)

D (𝑡) = ∑ 𝑊𝑗

(𝑁 (𝑡) = 0, 1, 2, . . .) ,

(6)

𝑗=0

where 𝑒(𝑡) is the error signal defined as 𝑒(𝑡) = 𝑦ref (𝑡) − 𝑦(𝑡)
with 𝑦ref (𝑡) as the desired set-point (the reference output),
𝐾𝑃 is the proportional gain, 𝑇𝐼 is the integral time, and 𝑇𝐷
is the derivative time of the PID controller. The adjustment
of these three parameters for an optimal system response is
extensively studied in control system design [23].
The actuating signal 𝑢𝑐 (𝑡) is then used by the actuator to
affect the control action on the process. Actuators are physical
devices, for example, control valves, pumps, and other control
switches. The output of actuator which is the real control
variable is defined as a function g depending on the required
value 𝑢𝑐 (𝑡) of the controller and on the actual capacity of
actuator 𝐶(𝑡). g is a decreasing function with respect to 𝐶(𝑡):
𝑢 (𝑡) = g (𝑢𝑐 (𝑡) , 𝐶 (𝑡)) .

2.2. Actuator Deterioration. As mentioned above, the actuator deterioration process is considered as a source of performance deterioration in physical system. If D(𝑡) describes
the accumulated deterioration of the actuator up to time 𝑡 (in
capacity unit), the capacity of the actuator at time 𝑡 before its
failure can be expressed as

(4)

At the initial stage of working, the actuator operates
perfectly; that is, 𝐶(𝑡) = 𝑐0 , where 𝑐0 is the initial nominal
capacity of actuator. However, due to the natural ageing
or wear of the mechanical and/or electrical parts of the
actuator influenced by nondesired effects of the operating
condition, the actuator’s effectiveness 𝐶(𝑡) decreases in time
and subsequently reduces the control system performance.
For instance in a piston pump, wear and corrosion during
the operating period lead to gradually enlarging the clearance
between valve ball and seat, which will result in decreasing
flow rate [24].

where 𝑊𝑗 denotes the damage produced at the 𝑗th shock
and 𝑊0 = 0. Namely, {D(𝑡), 𝑡 ≥ 0} is a compound Poisson
process.
An example of such model can be found in [22] where
the leak size of pneumatic valve in the BLEED air system
is modeled by a random jump process due to historical
maintenance records and experts opinion. In [30] the above
model is applied to the life of a storage battery whose capacity
decreases with time and with each charge and discharge, until
it becomes useless. In [29] a compound Poisson process is
considered for leakage current modeling of ultra thin gate
oxides in nanotechnology. In this work, the system operating
mode which defines the evolution of set-point is supposed to
be unchanged. That is the reason that a homogeneous Poisson
process is well suited to model the discrete shock instants (see
[31] for a more general case where the impact of a random
change operating mode is taken into account).
Under this modeling assumption, the deterioration
impacts the actuator only at discrete times. In case where
an actuator has a monotone gradual deterioration behavior,
other processes should be considered, for example, the
homogeneous Gamma process which can be thought of as the
accumulation of an infinite number of small shocks [4].
2.3. Set-Point Evolution. According to the demand, for example, of the production process, the desired set-point may
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change through time. For example, in a chemical process
control, the controlled variables (e.g., temperature, flow
rate, etc.) have to track the time-varying trajectories that
depend on the production phases. As another example let
us consider a water supply system for a building. In this
case the operation of water pump depends on the use of
customers with peaks and off-peak periods during a day.
The water demand on the morning and the night can be
different to other periods in a day and from one day to the
other. Hence, the evolution of set-point should be modeled
by a stochastic process that allows to take into account the
variability of the production plan on a large time horizon.
Moreover, the consideration of a stochastic process for setpoint evolution gives the ability to take into account the
impact of variable environmental conditions (traditionally
modeled as random) affecting the predetermined set-point.
Take the cement production process as an example. One step
of this process consists in mixing clinker with gypsum and
other additives with desired proportions. This is realized with
the help of the weight belt conveyors which transport the
materials from the storages to the cement mill. In practice,
clinker is sensitive to atmospheric conditions (e.g., it can
easily clot with the humidity). Therefore in order to ensure
the desired quality for cement product, the set-points of the
velocities of the gypsum and additives conveyors have to be
adapted to the real quantity of clinker on the clinker conveyor
which is random [32].
Hereafter, the random evolution of the set-point is
described by a time-homogeneous Markov chain with a finite
state space 𝑟set = {𝑟1 , 𝑟2 , . . . , 𝑟𝑚 } describing, for example,
the 𝑚 production rates. Let 𝑌𝑡ref be the set-point at time
𝑡. The evolution of the stochastic process {𝑌𝑡ref , 𝑡 ≥ 0} is
characterized by the transition probability matrix 𝑃 with the
(𝑖, 𝑗)th element equal to
ref
= 𝑟𝑗 | 𝑌𝑠ref = 𝑟𝑖 ) .
𝑝𝑖𝑗 (𝑡) = P (𝑌𝑠+𝑡

(7)

In Figure 2 we can see an illustrative example of evolutive
set-point with a peak of demand at 𝑇2 and another one at
𝑇5 . The nominal rate activity can be observed, for example,
between 𝑇1 and 𝑇2 whereas two weak activity periods occur,
for example, before 𝑇1 .
In practical situations, the production/process rate is well
known in a near future. This is why we suppose that the
change dates to change the production rates are directly
observed without errors. In this work, only one set of PID

Set-point, system output, noisy observations
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Figure 3: Inspection policy.

controller parameters is chosen for all known values of setpoint 𝑟set .
2.4. Condition Monitoring Process. The controlled system
output is considered here as the only information available for
the actuator health assessment. Moreover, this information is
available only at a sequence of inspection times following a
change instant of set-point. In fact, such a change provides the
opportunity to characterize the dynamics of the controlled
system. It is known that the response of system with a
change of set-point has two periods: transient and steadystate ones. The former takes place in the short period of time
immediately after the change, whereas the latter is usually
defined to begin when the output entered and remained
within a specified error band (2% or 5% of the change size
of set-point). A significant part of the dynamic behavior of
the system is shown in the transient period. For this reason,
we take only observations of system output in this period. The
inspection procedure can be illustrated by Figure 3.
After a change of set-point, a finite number of the system
output’s observations could be recorded every time interval
Δ𝑡inspec . The observation times corresponding to the 𝑖th
𝑁
change of set-point are denoted as 𝑇𝑖1 , 𝑇𝑖2 , . . . , 𝑇𝑖 𝑖 . The total
number of observations 𝑁𝑖 depends on the time duration
between two changes of set-point but 𝑁𝑖 ≤ 𝑛max , ∀𝑖. The
health information at these instants is then modeled by the
𝑁
random variables 𝑌𝑖1 , 𝑌𝑖2 , . . . , 𝑌𝑖 𝑖 defined from (2) as
𝑗

𝑗

𝑗

𝑗

𝑗

𝑌𝑖 = h (𝑇𝑖 , 𝑥 (𝑇𝑖 ) , 𝑢 (𝑇𝑖 ) , 𝜃) + 𝜖 (𝑇𝑖 ) .

(8)

Let us introduce the time of prediction 𝑇prog > 0 which
is set equal to the current time or the date at which the
last observation has been recorded. It is the time at which
the system health can be estimated given all the collected
knowledge and a residual lifetime can be derived. In the
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sequel and for the sake of the paper clarity the reference to
the set-point change will be removed as far as possible. As
a consequence if 𝑛 is the total number of observations until
𝑇prog , the observation dates and corresponding system output
will be, respectively, denoted as 0 < 𝑇1 < ⋅ ⋅ ⋅ < 𝑇𝑛 = 𝑇prog
and 𝑌1 , 𝑌2 , . . . , 𝑌𝑛 . These sequences are used here as the only
available information for the prognosis purpose.

3. Remaining Useful Lifetime
Assessment Methodology
Due to interaction between stochastic deterioration and
deterministic dynamics of the system, the whole integrated
closed-loop deteriorating system can be modeled by a Piecewise Deterministic Markov Process (PDMP). Such a class of
models has been first introduced by [33]. PDMP is used to
model fatigue growth in [34] and corrosion in [35]. Between
two successive shocks reducing the actuator capacity, the
response of the closed-loop system is described by differential
equations which combine the process dynamic characteristics
and PID controller behaviors. The randomness impacts the
system and intersects its trajectories only at the random discrete times of shock according to the actuator deterioration
model description. Interested readers can refer to [22, 33, 36]
for a rigorous mathematical definition of a PDMP.
Roughly speaking, the characterization of a PDMP
requires three basic elements: a probability law 𝑑𝐹𝑧 which
represents the law of the time 𝑇𝑖+1 − 𝑇𝑖 before the next jump
given the position 𝑍𝑖 = 𝑧, a Markovian kernel 𝑄(𝑧; 𝑑𝑢)
which represents the probability law driving process position
after a jump from position 𝑧, and a flow 𝜓 describing the
deterministic trajectories between the jumps.
3.1. Two-Step Technique for RUL Assessment. According to
the previous description of system and its deterioration
process the whole behavior of the deteriorating closed-loop
system at time 𝑡 can be resumed by the extended random
vector 𝑍𝑡 such that
𝑥𝑡
𝑍𝑡 = ( ) ,
𝐶𝑡

(9)

where 𝑥𝑡 is the state variables of the controlled process and 𝐶𝑡
is the actual capacity variable related to the deterioration of
the actuator. Note that in the paper modeling framework, the
vector 𝑍𝑡 defines a time-homogeneous Markov process given
that the set-point is a Markovian process. More generally,
for example, when the set-point depends deterministically on
time, the time 𝑡 can be included explicitly as a component of
𝑍𝑡 for the process to be homogeneous in time [22]. Indeed, if
a process 𝑍 is Markovian but non-time-homogeneous, then
̃ = (𝑍𝑡 , 𝑡) is a time-homogeneous Markov process [37].
𝑍
The considered process (𝑍𝑡 )𝑡∈R+ is a PDMP which is perfectly
defined by
(i) the probability law 𝑑𝐹𝑧 which is related to the
intensity 𝜆 of the Poisson process; that is, 𝑑𝐹𝑧 (V) =
𝜆 exp(−𝜆V)𝑑V,
(ii) the Markovian kernel 𝑄(𝑧; 𝑑𝑢) which is the density of the probability law that has been chosen to

describe the amounts of damage 𝑊𝑖 and which does
not depend on 𝑧 in this paper without any loss of
generality,
(iii) the function 𝜓(𝑧, 𝑡) which characterizes the solutions
of the ordinary differential equation (1).
The kernel of the Markov renewal process is given by
𝑁(𝑧, 𝑑𝑢, 𝑑V) = 𝑑𝐹𝑧 (V)𝑄(𝑧; 𝑑𝑢).
In the context of the feedback control system, the system
failure zone F is gathering all the unacceptable deterioration
states of the actuator. While in a “failed” state the system can
still work, but it is unable to fulfill its requirements anymore.
The objectives of the control system are not achieved. Practically, the actual capacity of the actuator has to be greater than
a minimal capacity level related to the objectives of control
system design. The Remaining Useful Lifetime at time 𝑡 RUL𝑡
is thus defined as the hitting time of the failure zone F in the
process state space; that is
RUL𝑡 = inf (𝑠 ≥ 𝑡, 𝑍𝑠 ∈ F) − 𝑡.

(10)

As stated in [22] the modeling framework of PDMP
ensures that the distribution of the system RUL at time 𝑇prog
given the online monitoring information up to time 𝑇prog can
be written as
P (RUL𝑇prog > 𝑠 | 𝑌1 = 𝑦1 , . . . , 𝑌𝑛 = 𝑦𝑛 )
(11)
= ∫ 𝑅𝑧 (𝑠) 𝜇𝑦1 ,...,𝑦𝑛 (𝑑𝑧) ,
where
(i) 𝜇𝑦1 ,...,𝑦𝑛 (𝑑𝑧) is the probability law of the system state
at time 𝑇prog regarding the available observations
𝑦1 , . . . , 𝑦𝑛 :
𝜇𝑦1 ,...,𝑦𝑛 = L (𝑍𝑇prog | 𝑌1 = 𝑦1 , . . . , 𝑌𝑛 = 𝑦𝑛 ) ;

(12)

(ii) 𝑅𝑧 (𝑠) is the reliability of the system at time 𝑠 knowing
that the initial state value is 𝑧:
𝑅𝑧 (𝑠) = P (𝑍𝑢 ∉ F ∀𝑢 ≤ 𝑠 | 𝑍0 = 𝑧) .

(13)

The probability density function (pdf) or the mean value
of RUL𝑇prog can be derived from (11). The two-step technique
detailed in the next paragraphs consists in firstly estimating
𝜇𝑦1 ,...,𝑦𝑛 and secondly the conditional reliability knowing
𝑍𝑇prog . Figure 4 illustrates the proposed methodology.
3.2. Step 1: Particle Filtering State Estimation. As mentioned
previously the system evolution is modeled using a PDMP
𝑍 = (𝑍𝑡 )𝑡∈R+ . The sequence, 𝑍𝑇0:𝑘 = {𝑍𝑇𝑖 , 𝑖 = 0, . . . , 𝑘}, 𝑘 ≤ 𝑛,
where 𝑍𝑇0 is the initial state of the system, is not observed
directly but solely and partially through observations 𝑌1:𝑘 =
{𝑌𝑖 , 𝑖 = 1, . . . , 𝑘} as described in Section 2.4. Hence the
first objective is to make inferences on the states 𝑍𝑇0:𝑘 from
the measured values 𝑦1:𝑘 = 𝑦1 , . . . , 𝑦𝑘 of the observation
process 𝑌1:𝑘 . More specifically, the main task is to estimate
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Figure 4: Illustration of the prognosis concept.

the conditional density, 𝑝(𝑧𝑇𝑘 | 𝑦1:𝑘 ), which represents the
probability law of the state at time 𝑇𝑘 given the observations
available up to inspection time 𝑇𝑘 . A particle filtering method
is considered which allows recursive updates of the density as
new observations arrive. First the recursive Bayesian filter is
defined by
𝑝 (𝑧𝑇𝑘 | 𝑦1:𝑘−1 ) = ∫ 𝑝 (𝑧𝑇𝑘 | 𝑧𝑇𝑘−1 ) 𝑝 (𝑧𝑇𝑘−1 | 𝑦1:𝑘−1 ) d𝑧𝑇𝑘−1 ,
𝑝 (𝑧𝑇𝑘 | 𝑦1:𝑘 ) =

𝑝 (𝑦𝑘 | 𝑧𝑇𝑘 ) 𝑝 (𝑧𝑇𝑘 | 𝑦1:𝑘−1 )
𝑝 (𝑦𝑘 | 𝑦1:𝑘−1 )

problems in nonlinear non-Gaussian processes [38]. The
key idea is to approximate the targeted filtering distribution
𝑝(𝑧𝑇𝑘 | 𝑦1:𝑘 ) by a cloud of 𝑁𝑠 i.i.d. random samples
called particles {𝑧𝑇(𝑖)𝑘 , 𝑖 = 1, . . . , 𝑁𝑠 } with associated weights
𝑁

{𝑤𝑇(𝑖)𝑘 , 𝑖 = 1, . . . , 𝑁𝑠 }, which satisfy ∑𝑖=1𝑠 𝑤𝑇(𝑖)𝑘 = 1. The target
distribution at time 𝑇𝑘 can be approximated by
𝑁𝑠

𝑝 (𝑧𝑇𝑘 | 𝑦1:𝑘 ) ≈ 𝑝̂ (𝑧𝑇𝑘 | 𝑦1:𝑘 ) = ∑𝑤𝑇(𝑖)𝑘 𝛿𝑧(𝑖) (d𝑧𝑇𝑘 ) ,
𝑖=1

,
(14)

where the quantity 𝑝(𝑦𝑘 | 𝑦1:𝑘−1 ) is given by
𝑝 (𝑦𝑘 | 𝑦1:𝑘−1 ) = ∫ 𝑝 (𝑦𝑘 | 𝑧𝑇𝑘 ) 𝑝 (𝑧𝑇𝑘 | 𝑦1:𝑘−1 ) d𝑧𝑇𝑘 .

(15)

The difficulty to implement the recursive Bayesian filter
is that the integrals calculations are intractable. Thus, particle
filtering is used here to allow for numerical computation of
the filtering density. It is a sequential Monte Carlo method
particularly useful for optimal estimation and prediction

𝑇𝑘

(16)

where 𝛿𝑧(𝑖) (⋅) is the Dirac delta mass located in 𝑧𝑇(𝑖)𝑘 .
𝑇𝑘

The used particle filter is similar to the Generic Particle
Filter in [38] with deterministic resampling method because
it seems to be a computationally cheaper algorithm [39].
Indeed, resampling is used to avoid the problem of degeneracy of the algorithm, that is, avoiding the situation that all
but one of the importance weights are close to zero [40]. The
algorithm uses the prior distribution 𝑝(𝑧𝑇𝑘 | 𝑧𝑇(𝑖)𝑘−1 ) derived
from (1) to (7) as the importance function.
Therefore, the real-time state estimation procedure, given
the sequence of measurement 𝑦1:𝑘 , can be resumed by the
algorithm in Algorithm 1.
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Initialization: ∀𝑖 = 1, . . . , 𝑁𝑠 .
Draw particle 𝑧𝑇(𝑖)0 according to the initial condition of system
Assign corresponding weight 𝑤𝑇(𝑖)0 = 1/𝑁𝑠
𝑁
At step k (corresponding to time 𝑇𝑘 ): Given {𝑧𝑇(𝑖)𝑘−1 , 𝑤𝑇(𝑖)𝑘−1 }𝑖=1𝑠 , do
(a) Importance sampling
Based on the system description (derived from (1) to (7)), draw particles 𝑧̃𝑇(𝑖)𝑘 ∼ 𝑝(𝑧𝑇𝑘 | 𝑧𝑇(𝑖)𝑘−1 )
(b) Weight update
Based on the likelihoods of the observations 𝑦𝑘 collected (Eq. (8)), assign weights 𝑤𝑇(𝑖)𝑘 = 𝑤𝑇(𝑖)𝑘−1 𝑝(𝑦𝑘 | 𝑧̃𝑇(𝑖)𝑘 )
(c) Weight normalisation
𝑤𝑇(𝑖)
𝑤𝑇(𝑖)𝑘 = 𝑁 𝑘 (𝑖)
∑𝑖=1𝑠 𝑤𝑇𝑘
(d) Re-sampling decision
̂eff = 1/ ∑𝑁𝑠 (𝑤(𝑖) )2 < 𝑁thresh then perform deterministic re-sampling: {̃𝑧(𝑖) , 𝑤(𝑖) }𝑁𝑠 ⇒ {𝑧(𝑖) , 1/𝑁𝑠 }𝑁𝑠
If 𝑁
𝑖=1
𝑖=1
𝑇𝑘
𝑇𝑘
𝑇𝑘 𝑖=1
𝑇𝑘
(e) Distribution
𝑁
𝑝(𝑧𝑇𝑘 | 𝑦1:𝑘 ) ≈ ∑𝑖=1𝑠 𝑤𝑇(𝑖)𝑘 𝛿𝑧(𝑖) (𝑑𝑧𝑇𝑘 )
𝑇𝑘

Repeat till the prognosis instant 𝑇prog is reached
Algorithm 1: Generic particle filter for system state estimation.

𝑁

Given {𝑧𝑇(𝑖)𝑛 , 𝑤𝑇(𝑖)𝑛 }𝑖=1𝑠 , 𝑁depart number of departure points, 𝑁traj number of simulation trajectories for each point
For 𝑗 = 1, . . . , 𝑁depart do
(i) Generate uniform sample: 𝑢𝑗 ∼ 𝑈(0, 1)
(ii) Select depart point:
𝑘−1
𝑘
𝑧𝑗selected = 𝑧𝑇(𝑘)𝑛 with ∑𝑙=1 𝑤𝑇(𝑙)𝑛 ≤ 𝑢𝑗 < ∑𝑙=1 𝑤𝑇(𝑙)𝑛
(iii) For 𝑘 = 1, . . . , 𝑁traj do
Simulate the trajectories according to the system description (derived from (1) to (7))
End
End
Obtain the empirical distribution of RUL
Algorithm 2: RUL estimation.

3.3. Step 2: RUL Estimation. The second step of the methodology considered in this paper for the RUL computation
requires the estimation of the system reliability starting from
the prognosis instant 𝑇prog and knowing the approximated
pdf of the system state at 𝑇prog as given by (16).
Actually, the reliability is computed with the classical
Monte Carlo method. It means that the simulation of trajectories of system until its failure is required. The departure
point of each trajectory is then randomly selected from the
obtained particle set at time 𝑇prog . Each particle is propagated
forward to the failure zone by using the future evolution of
set-point which is described in Section 2.3. The histogram
of the RUL is obtained straightforwardly. The mean value or
quantiles of the RUL can also be derived. The procedure is
illustrated by Algorithm 2.

4. Case Study: A Double-Tank Level
Control System
In the previous section, a methodology to compute the
conditional pdf of the RUL of a closed-loop dynamic system

was described. Here, it is illustrated on a well-known feedback
control system: a double-tank level control system.
4.1. Description of the Case Study. Consider a double-tank
level system with cross-sectional area of the first tank 𝑆1 and
the second one 𝑆2 . Water or other incompressible fluid (i.e.,
the mass density of fluid 𝜌 is constant) is pumped into the first
tank at the top by pump motor drives. Then, the outflow from
the first tank feeds the second tank. The water level of tank 2
is measured by a level measurement sensor and controlled by
adjusting the pump motor control input which is calculated
by a PID controller. The overall tank level control system is
shown in Figure 5.
In order to consider the real response of pump motor, the
relation between the inlet flow rate 𝑞in and the pump motor
control input 𝑢𝑐 is represented as a first order system [41]:
d𝑞in
𝐾
1
= − 𝑞in + 𝑎 𝑢𝑐 ,
d𝑡
𝜏𝑎
𝜏𝑎

(17)

where 𝜏𝑎 is the time constant of pump motor and 𝐾𝑎 is the
servo amplifier gain (with the initial gain 𝐾𝑎init ). The pump
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Figure 5: A double-tank level control system.

saturates at a maximum input 𝑢max and it cannot draw water
from the tank, so 𝑢𝑐 ∈ [0, 𝑢max ].
The fluid leaves out at the bottom of each tank through
valves with the flow rates according to the Torricelli rule:
𝑞𝑗,out = 𝐾V𝑗 √2𝑔ℎ𝑗 ,

𝑗 = 1, 2,

(18)

where ℎ𝑗 is level of tank 𝑗, 𝑔 is the acceleration of gravity, and
𝐾V𝑗 is the specified parameter of the valve 𝑗.
Using the mass balance equation, the process can be
described by the following equations:
𝐾
dℎ1 (𝑡)
1
= 𝑞in − V1 √2𝑔ℎ1 (𝑡),
d𝑡
𝑆1
𝑆1
𝐾
dℎ2 (𝑡) 𝐾V1
√2𝑔ℎ1 (𝑡) − V2 √2𝑔ℎ2 (𝑡).
=
d𝑡
𝑆1
𝑆2

−𝛼1 𝛼1
𝛼2 −𝛼2

),

(19)

(20)

where 𝛼1 and 𝛼2 describe transition rate of set-point and the
mean sojourn time value 𝑟𝑖 is equal to 1/𝛼𝑖 .
Due to deterioration of the pump, its capacity 𝐾𝑎 stochastically decreases. Each time 𝜉𝑖 a shock occurs according to a
Poisson process with intensity 𝜆, the capacity of pump 𝐶(𝑡) =
𝐾𝑎 (𝑡) = 𝐾𝑎init − D(𝑡) decreases by a quantity 𝑊𝑖 which follows
a uniform distribution on [0; Δ].
Under all these considerations, the behavior of water tank
level control system can be summed up using the process 𝑍 =
(𝑍𝑡 )𝑡∈R+ , where 𝑍𝑡 is given by
𝐾𝑎 (𝑡)
𝑍𝑡 = ( ℎ1 (𝑡) ) .
ℎ2 (𝑡)

𝑢𝑐 (𝑡ss ) =

𝑆1 𝐾V2
√2𝑔ℎ2 (𝑡ss ).
𝑆2 𝐾𝑎 (𝑡ss )

(21)

(22)

Since 𝑢𝑐 (𝑡ss ) ≤ 𝑢max , then
𝐾𝑎 (𝑡ss ) ≥

The control objective of the system is to adjust the level of
tank 2 according to the set-point evolution. To have simple
and comprehensible case study, we suppose that the setpoint admits only two values 𝑟1 and 𝑟2 with 𝑟1 < 𝑟2 . The
sojourn times in the different values of system set-point
are characterized by a continuous-time Markov chain whose
transition rate matrix is
𝑃=(

The current state of the system at time 𝑡 is then a threecomponent vector 𝑍𝑡 , which includes the water levels of both
tanks and the current capacity of the pump. Note that only
the water level ℎ2 (𝑡) of tank 2 is observed.
According to (17) and (19), the steady states are obtained
at instant 𝑡ss if

𝑆1 𝐾V2
√2𝑔ℎ2 (𝑡ss ).
𝑆2 𝑢max

(23)

This condition shows that the required actuator capacity
depends on the evolution of set-point process. Indeed, if the
set-point takes a small value (i.e., 𝑟1 ), not much controlled
actions are needed. However, in order to keep a desired level
of safety for the system, especially in the case of a random
time-varying set-point, and also to simplify the definition
of the zone of failure, the failure threshold is defined as
the minimal capacity of actuator which gives the system’s
ability to handle all possible values of set-point. The minimal
capacity can be defined in the control system design phase. In
this case of study, this accepted value is defined as
𝐾𝑎min =

𝑆1 𝐾V2
𝑆 𝐾V2
√2𝑔𝑟2 .
2𝑔 max 𝑟𝑖 = 1
√
𝑖
𝑆2 𝑢max
𝑆2 𝑢max

(24)

Thus, the RUL of the system is the remaining time before
the process 𝑍 enters in the failure zone which is defined as
𝐾𝑎 (𝑡) ≤ 𝐾𝑎min .

(25)

As mentioned above, the system response (the water
level of the tank 2) is considered as the only available
health information of the system. Indeed, the water level
measurement is recorded for prognosis purposes if a change
of the set-point is detected. Only the information of the
transient response is used because it is more informative than
the steady-state response.
4.2. Numerical Illustrations. In order to numerically implement the double-tank level control system, the continuous
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process model (19) and the actuator model (17) are discretized
through the forward Euler scheme (with time step Δ𝑡). For
PID implementation, the velocity algorithm [42] is used.
Therefore, the behavior of control system can be resumed by

Table 1: Double-tank model.

𝑡𝑘 = 𝑡𝑘−1 + Δ𝑡,

𝑆1 = 25
𝑆2 = 20
𝑢max = 100

𝑦𝑘 = ℎ2𝑘 + 𝜖𝑘 ,

𝐾𝑃 = 4.2519

𝑦𝑘ref ∼ 𝑃 (𝑟𝑘 | 𝑟𝑘−1 ) ,
𝑒𝑘 =

𝑦𝑘ref

ℎ1 (0) = 0

− 𝑦𝑘 ,

𝜆 = 10−3

𝑢𝑐𝑘 = 𝑢𝑐𝑘−1

𝑟1 = 10
𝑟2 = 25

Δ𝑡 𝑇𝐷
+ 𝐾𝑃 [(1 +
+
)𝑒
𝑇𝐼 Δ𝑡 𝑘
+ (−1 −

2𝑇𝐷
𝑇
) 𝑒𝑘−1 + 𝐷 𝑒𝑘−2 ] ,
Δ𝑡
Δ𝑡

𝑢max : 𝑢𝑐𝑘 > 𝑢max
{
{
{
{
𝑢𝑐𝑘 = {0 :
𝑢𝑐𝑘 < 0
{
{
{
0 ≤ 𝑢𝑐𝑘 ≤ 𝑢max ,
{𝑢𝑐𝑘 :

(26)

𝑁(𝑡𝑘 )

D𝑘 = ∑ 𝑊𝑗 ,
𝑗=0

𝐾𝑎𝑘 = 𝐾𝑎init − D𝑘 ,
𝑞𝑘+1 = 𝑞𝑘 (1 −
ℎ1𝑘+1 = ℎ1𝑘 + Δ𝑡 [
ℎ2𝑘+1 = ℎ2𝑘 + Δ𝑡 [

𝐾V1
𝑆1

Δ𝑡
Δ𝑡
) + 𝐾𝑎𝑘 𝑢𝑐𝑘 ,
𝜏𝑎𝑘
𝜏𝑎𝑘
𝐾V
1
𝑞𝑘 − 1 √2𝑔ℎ1𝑘 ] ,
𝑆1
𝑆1
√2𝑔ℎ1𝑘 −

𝐾V2
𝑆2

√2𝑔ℎ2𝑘 ] ,

where 𝑦𝑘 is the measurement of the water level at time 𝑡𝑘 given
by a level measurement sensor; the measurement noise 𝜖𝑘 is
supposed to be an independent Gaussian random variable
with standard deviation 𝜎 and mean equal to zero: 𝜖𝑘 ∼
N(0, 𝜎2 ), 𝑁(𝑡𝑘 ) is the total number of shocks up to time 𝑡𝑘 ≥
0. Please note that the white noise is a classical frame for noise
modeling and this choice does not affect the performance of
the proposed RUL estimation methodology which can handle
non-Gaussian noise (see Section 3.2).
Numerical values for double-tank level control system are
summed up in Table 1.
Figure 6 represents one simulated trajectory of the process 𝑍 until the failure of system. The evolution of set-point
with successive change of set-point values is illustrated in
Figure 6(a). The water levels of tank 1 and tank 2, ℎ1 (𝑡)
and ℎ2 (𝑡), are reflected in Figures 6(b) and 6(c). Figure 6(d)
shows a simulated trajectory of the actuator capacity. It is
depicted for illustration purpose as if a sensor had been

Physical parameters
𝐾V1 = 8
𝐾V2 = 6
𝜎 = 0.05
PID controller parameters
𝑇𝐼 = 18.9817
Initial condition: 𝑡 = 0
ℎ2 (0) = 0

𝜏𝑎 = 1
𝑔 = 9.82

𝑇𝐷 = 1.6182
𝐾𝑎init = 5.0

Natural deterioration
Δ = 0.5
Varying set-point
𝛼1 = 0.003
𝛼2 = 0.004

added. Practically the actuator capacity is unavailable (i.e.,
not measured) on the considered system for diagnosis and
prognosis. This is a health indicator that we aim to estimate at
some discrete times. The inlet flow rate and the control value
applied on the actuator are illustrated by Figure 7.
As depicted in Figure 6, the actuator fails completely (i.e.,
𝐾𝑎 = 0) at 26411.6 time units, but the failure of system here
is 18951.8 time units. In effect, one can find that after the
system failure instant the water level of tank 2 (the controlled
variable) cannot track the evolution of desired set-point.
Let us now consider an inspection procedure described
in Section 2.4. Here, we suppose that the change of setpoint is immediately detected and 𝑛max = 6 the maximum
possible observations are recorded with each time duration
Δ𝑡inspec = 4. The methodology previously described is applied
to deduce prognosis about the RUL of system. The first step
of the method is to compute the pdf of the system state
regarding the available observations until the prognosis time
𝑇prog , for example, at 𝑇prog = 15046.8 time units, that is,
238th inspection date. The available health information of the
system (the noisy observations of the water level of tank 2) at
the inspection times before 𝑇prog is shown in Figure 8.
The described particle filtering method is applied in order
to estimate the conditional state of the system knowing
the noisy measurement of ℎ2 . Approximations of the pdfs
are represented in Figure 9(a) for the water level of tank 1,
Figure 9(b) for the water level of tank 2, and Figure 9(c) for
the actuator capacity with 𝑁𝑠 = 1000 particles.
The last step of the method is to compute the distribution
of the RUL of the system starting at 𝑇prog knowing the
approximated pdf of the system state at 𝑇prog . The RUL
distribution has been obtained by Monte Carlo simulation
with 1500 trajectories describing the system evolution from
its state at the prognosis time until its failure. The resulting
RUL is depicted in Figure 10. The point estimate of the RUL
can be calculated using the RUL distribution. One can find
here that the mean value of RUL is very close to the real
value.
The estimation of the system conditional reliability
required in the second step of methodology can also be
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Figure 6: A trajectory of the water tank level control system until failure of actuator: (a) set-point, (b) water level of tank 1, (c) water level of
tank 2, and (d) actuator capacity.

obtained using two other Monte Carlo estimators based on
the decomposition of the PDMP process [22]. Another point
of view is to consider the distribution of the RUL as a total
probability:
Pr (𝑇 − 𝑡 > 𝑠 | 𝑌1 = 𝑦1 , . . . , 𝑌𝑛 = 𝑦𝑛 )
= ∫ Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥) 𝑓𝐾𝑎 (𝑡)|𝑦1 ,...,𝑦𝑛 (𝑥) (𝑑𝑥) .

(27)

In (27), Pr(𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥) is the conditional survival
function of the sytem considering that the actuator capacity
random variable is equal to 𝑥 at time 𝑡. Depending on the

deterioration model the conditional survival function may be
explicitly obtained. 𝑓𝐾𝑎 (𝑡)|𝑦1 ,...,𝑦𝑛 (𝑥) is the estimated pdf of the
actuator capacity at time 𝑡 considering 𝑌1 = 𝑦1 , . . . , 𝑌𝑛 = 𝑦𝑛 . It
can be obtained by the first step of the proposed methodology.
This integral in (27) can be numerically computed with
classical schemes when an analytic expression of Pr(𝑇 − 𝑡 >
𝑠 | 𝐾𝑎 (𝑡)) is available.
As explained previously, the calculation of the RUL using
the numerical integration is not always available because of
the complexity of Pr(𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥). In our
case study, it can be explicitly deduced with the assumption
of a compound Poisson shock process for the actuator’s
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Figure 7: Control value applied on the actuator (a) and corresponding inlet flow rate (b).

Noisy measurements of water level of tank 2
30
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Figure 8: Noisy observations of water level of tank 2.

deterioration process and uniform distribution for damage
quantity per shock (cf. (28)). Figure 11 compares the survival
function of the RUL at time 𝑇prog = 15046.8 time units which
is estimated by two methods: the proposed 2-step technique
and the numerical integral. The result shows the performance
of the methodology.
In cases of complex deterioration models of actuator [31],
the presented methodology of RUL estimation in the paper
which is based on an intelligent Monte Carlo simulation
shows its performance.
4.3. Impact of Monitoring Information. The presented method proposes a technique in order to compute the RUL of the
double-tank level control system based on the partial and

imperfect monitoring information. Only the noisy observations of system output that partially reflect the deterioration
are available. In order to assess the accuracy of the proposed
method, let us consider the case of a direct and perfect
monitoring of the deterioration process. In this case, the
deterioration level of pump can be perfectly observed which
means that 𝐾𝑎 (𝑡) is observable and perfectly known at
inspection time. The deterioration process of the pump is
then modeled by a compound Poisson process (CPP) [43] or
a cumulative damage model [28] as illustrated in Figure 12.
Under the supposition that the damage per shock follows
a uniform distribution on [0; Δ], the survival function of the
RUL in this ideal case knowing that 𝐾𝑎 (𝑡) = 𝑥 with 𝑥 > 𝐾𝑎min
is given by (see Appendix for the details of calculation)
Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥)
∞

(𝜆𝑠)𝑛 −𝜆𝑠 1
𝑒
(Δ)𝑛 𝑛!
𝑛=0 𝑛!

=∑

⋅

⌊(𝑥−𝐾𝑎min )/Δ⌋

∑

𝑘=0

(28)

𝑛
𝑛
(−1)𝑘 ( ) (𝑥 − 𝐾𝑎min − 𝑘Δ) ,
𝑘

where the notion ⌊𝑢⌋ is the floor function of 𝑢.
The Conditional Mean Remaining Useful Lifetime
(MRUL) of the pump at age 𝑡 is then described as
𝐸 [𝑇 − 𝑡 | 𝐾𝑎 (𝑡) = 𝑥]
1
=
𝜆

⌊(𝑥−𝐾𝑎min )/Δ⌋

∑

(−1)𝑘

𝑘=0
𝑘

⋅

1 ((𝑥−𝐾𝑎min )/Δ−𝑘) 𝑥 − 𝐾𝑎min
(
𝑒
− 𝑘) .
𝑘!
Δ

(29)
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Figure 9: Conditional distribution of the system state at time 𝑇prog = 15046.8 time units given the noisy measurements of ℎ2 for 𝑁𝑠 = 1000
particles.

Figure 13 depicts the mean time-to-failure calculated by
(29) (in case of perfect monitoring information) and the
mean time-to-failure estimated by the proposed method
(in partial and noisy information case) starting at some
different prognosis instants. One can notice the performance of our proposed methodology. For a better lecture of
Figure 13 the 95%, 75%, 25%, and 5% quantiles are pointed
out.

5. Conclusion
This work is a proposal for a positioning of the problem
of the RUL evaluation of a dynamic control system with a
stochastically deteriorating actuator and aims to combine the

dynamic and the stochastic part system modeling using only
the output of the system. The present paper proposes a modeling framework using PDMP that shows the ability to combine
the deterministic behavior of a feedback control system with
the stochastic deterioration process for the actuator. In this
framework, the loss of effectiveness of actuator is modeled by
the random gaps which intersect the deterministic trajectory
of closed-loop system only at random discrete times. Particle
filtering technique is used to estimate online the state of
considered system regarding only the noisy observations of
closed system output. By using a methodology based on
the assumption of Markov property, the Remaining Useful
Lifetime can be deduced with Monte Carlo simulation. A
simulated double-tank level control system was used as
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Figure 10: Remaining Useful Lifetime of the water tank level control
system at time 𝑇prog = 15046.8 time units.

Comparison of RUL estimation by two methods

Survival function of the RUL estimation
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actuator. On one hand, the actuator is less efficient through
time because of natural deterioration process. On the other
hand, the set-point level impacts also the deterioration
process of actuator. For example, in a centrifugal pump, an
increased demand of pump flow will cause bearing friction
and impeller wear to increase at a faster rate. Hence, the
impact of the mission profile (the evolution of set-point)
should be addressed.

Appendix

0.8
0.7

Let 𝑇 be a random variable that denotes the first-hitting-time
of process {𝐾𝑎 (𝑡), 𝑡 ≥ 0} by the threshold 𝐾𝑎min (Figure 12):

0.6
0.5

𝑇 = inf {𝑡 ∈ R+ , 𝐾𝑎 (𝑡) ≤ 𝐾𝑎min } .

0.4
0.3

For 𝑥 > 𝐾𝑎min we can write

0.2
0.1

0

(A.1)

Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥)
0

5000

10000

15000

Time (t)
RUL estimation by Monte Carlo simulation
RUL estimation by numerical computation

Figure 11: Comparison of the Remaining Useful Lifetime estimation
of the water tank level control system at time 𝑇prog = 15046.8
time units by two methods: Monte Carlo simulation and numerical
computation using the estimated pdf of system state.

= Pr (𝐾𝑎 (𝑡 + 𝑠) ≥ 𝐾𝑎min | 𝐾𝑎 (𝑡) = 𝑥)
= Pr (D (𝑡 + 𝑠) − D (𝑡) ≤ 𝑥 − 𝐾𝑎min | 𝐾𝑎 (𝑡) = 𝑥) .

Since D(𝑡 + 𝑠) = D(𝑡) + D(𝑡, 𝑠), where the cumulative
damage from 𝑡 to 𝑡 + 𝑠 is
𝑁(𝑡+𝑠)

D (𝑡, 𝑠) = ∑ 𝑊𝑖 ,
𝑖=𝑁(𝑡)

a case study to illustrate the efficiency of the proposed
approach.
Future research will be focused on the use of the estimation of the system state and the RUL in order to optimize the
decision-making process. The decision related to inspections
and preventive/corrective actions should be considered using
the RUL information for the purpose of the cost reduction.
Another perspective relates to deterioration modeling of

(A.2)

hence,
Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥)
𝑁(𝑡+𝑠)

= Pr ( ∑ 𝑊𝑖 ≤ 𝑥 − 𝐾𝑎min | 𝐾𝑎 (𝑡) = 𝑥)
𝑖=𝑁(𝑡)

(A.3)
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Figure 13: Mean time-to-failure (MTTF) in two cases of monitoring information at some different prognosis instants.

∞

𝑛

𝑛=0

𝑖=0

𝑛
𝑥
𝑛
𝑛−1
⋅ ∑ (−1)𝑘 ( ) ∫ [(𝑠 − 𝑘Δ)+ ] d𝑠
𝑘
0
𝑘=0

= ∑ Pr (∑𝑊𝑖 ≤ 𝑥 − 𝐾𝑎min | 𝑁 (𝑡 + 𝑠) − 𝑁 (𝑡) = 𝑛,

𝑛
𝑛
1
𝑛
∑ (−1)𝑘 ( ) [(𝑥 − 𝑘Δ)+ ]
𝑛
(Δ) 𝑛! 𝑘=0
𝑘

=

𝐾𝑎 (𝑡) = 𝑥)

(A.6)

⋅ Pr (𝑁 (𝑡 + 𝑠) − 𝑁 (𝑡) = 𝑛)
with 0 ≤ 𝑥 ≤ 𝑛Δ.
Another representation of (A.6) is

∞

(𝜆𝑠)𝑛 −𝜆𝑠 (𝑛)
𝑒 𝐹𝑑 (𝑥 − 𝐾𝑎min ) ,
𝑛=0 𝑛!

=∑

(A.4)

where 𝐹𝑑(𝑛) (𝑥) is the distribution function of ∑𝑛𝑖=0 𝑊𝑖 .
According to [44], with the supposition that 𝑊𝑖 follows
𝑈(0, Δ) the pdf of ∑𝑛𝑖=0 𝑊𝑖 is given by

𝑓𝑑(𝑛)

⋅ {𝑥
=

𝑛

∞

(𝜆𝑠)𝑛 −𝜆𝑠 1
𝑒
(Δ)𝑛 𝑛!
𝑛=0 𝑛!

𝑘

𝑛

+ ∑ (−1) ( ) [(𝑥 − 𝑘Δ)+ ]
𝑘
𝑘=1

𝑛−1

}
⋅

with 0 ≤ 𝑥 ≤ 𝑛Δ, where the notation 𝑢+ = max(0, 𝑢) is used.
The distribution function of ∑𝑛𝑖=0 𝑊𝑖 is

(𝑥) = ∫

0

=

𝑓𝑑(𝑛)

(𝑠) d𝑠

1
(Δ)𝑛 (𝑛 − 1)!

⌊(𝑥−𝐾𝑎min )/Δ⌋

∑

𝑘=0

(A.5)

𝐹𝑑(𝑛)

(A.7)

with 0 ≤ 𝑥 ≤ 𝑛Δ.
Thus, from (A.4) and (A.7) the survival function of the
RUL is

=∑

𝑛
𝑛
1
𝑛−1
∑
(−1)𝑘 ( ) [(𝑥 − 𝑘Δ)+ ]
𝑛
(Δ) (𝑛 − 1)! 𝑘=0
𝑘

𝑥

⌊𝑥/Δ⌋
𝑛
1
∑ (−1)𝑘 ( ) (𝑥 − 𝑘Δ)𝑛
𝑛
(Δ) 𝑛! 𝑘=0
𝑘

Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥)

1
(𝑥) =
𝑛
(Δ) (𝑛 − 1)!
𝑛−1

𝐹𝑑(𝑛) (𝑥) =

(A.8)

𝑛
𝑛
(−1)𝑘 ( ) (𝑥 − 𝐾𝑎min − 𝑘Δ) .
𝑘

Conditional Mean Remaining Useful Lifetime (MRUL)
knowing 𝐾𝑎 (𝑡) is given by
𝐸 [𝑇 − 𝑡 | 𝐾𝑎 (𝑡) = 𝑥]
∞

= ∫ Pr (𝑇 − 𝑡 > 𝑠 | 𝐾𝑎 (𝑡) = 𝑥) d𝑠
0

∞

∞

𝑛=0

0

= ∑ (∫
=

(𝜆𝑠)𝑛 −𝜆𝑠
𝑒 d𝑠) 𝐹𝑑(𝑛) (𝑥 − 𝐾𝑎min )
𝑛!

1 ∞ (𝑛)
∑ 𝐹 (𝑥 − 𝐾𝑎min ) .
𝜆 𝑛=0 𝑑

(A.9)
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From (A.9) and (A.7), the MRUL can be calculated by
𝐸 [𝑇 − 𝑡 | 𝐾𝑎 (𝑡) = 𝑥]
=

1∞ 1
∑
𝜆 𝑛=0 (Δ)𝑛 𝑛!
⋅

⌊(𝑥−𝐾𝑎min )/Δ⌋

∑

(−1)𝑘

𝑘=0

=

1
𝜆

⌊(𝑥−𝐾𝑎min )/Δ⌋

∑

(−1)𝑘

𝑘=0

⋅(

1 ((𝑥−𝐾𝑎min )/Δ−𝑘)
𝑒
𝑘!

𝑥 − 𝐾𝑎min
Δ

𝑛
𝑛!
(𝑥 − 𝐾𝑎min − 𝑘Δ)
𝑘! (𝑛 − 𝑘)!

𝑘

− 𝑘) .
(A.10)
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With the advantages such as high security and far responding distance, the passive location has a broad application in military and
civil domains such as radar and aerospace. However, most of the current passive location methods are based on the framework of
the probability theory and cannot be used to deal with fuzzy uncertainty in the passive location systems. Though the fuzzy Kalman
filter can be used in the uncertainty systems, it could not deal with the abrupt change of state like the maneuvering target which will
lead to the filter divergence. Therefore, in order to track the maneuvering target in the fuzzy passive system, we proposed a robust
fuzzy extended Kalman filter based on the orthogonality principle and the fuzzy filter in the paper. Conclusion can be made based
on the simulation result that this new approach is more precise and more robust than the fuzzy filter.

1. Introduction
With the advantages such as passive receiving and far
responding distance, the passive location has been broadly
applied in military and civil domains, including radar and
geophysics [1, 2]. The current methods of the passive location
are the unscented Kalman filter [3], the particle filter [4],
and the extended Kalman filter [2]. Extended Kalman filter
(EKF) [2] uses the first-order Taylor series expansion to
linearize the system where measurement noise is assumed
to be Gaussian. The unscented Kalman filter (UKF) [3] has
better tracking precision in the nonlinear model, because it
transforms the analytic integral operator into an approximate
summation operator by a set of deterministic points. But both
of the algorithms are not applicable to solve non-Gaussian
problems. Particle filter [4] has become popular for nonlinear
and/or non-Gaussian filtering and estimation. All of the
above methods are based on the certainty model.
But the statistical parameters of the noise may be uncertain due to sensors drift, environmental changes, information
incompleteness, and so forth. What is more, the low performance of the noise statistics estimation may lead to poor filter
performance or even lead to the divergence of the filter. To
solve the problem listed above, some new methods [5–12] are
given.

Reference [5] proposes an optimal robust Kalman-type
recursive filter for uncertain systems with autocorrelated and
cross-correlated noises. Reference [7] uses the H-infinity
filter to deal with the uncertain discrete-time systems. Based
on the relevance vector machine and gradient descent algorithm, [8] proposes a fuzzy model identification method and
[9] gives an off-online fuzzy modeling method. Reference
[10] gives a new prediction model for system’s behavior
prediction based on belief rule base. The algorithm could use
not only numerical data, but human judgmental information
with uncertainty as well. Reference [6] proposes a new
fuzzy extended Kalman filters (FEKF) method for mobile
robots location that uses possibility distributions instead of
probability distributions. In the paper, the uncertainty is not
necessary to be symmetric and can be described by qualitative
knowledge.
Among the above algorithms, [6] is more suitable for
passive location and tracking with uncertainty that is based
on quantifying uncertainty by trapezoidal possibility distributions. Being motivated by [6], [11] and [12] apply the
FEKF in fault prediction and passive location in the nonlinear
system with uncertainty, respectively. However, similar to
the EKF, the FEKF could not estimate the state in the
mismatching model system such as the maneuvering target
tracking. The algorithm has poor robustness and is not
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We define the expectation 𝐸{𝑙}, the center of gravity ̃𝑙,
the area of the distribution 𝜒𝑙 , and the uncertainty of the
distribution 𝑈{𝑙} as the equations below [6]:

𝜋L (l)

l1

l2

̃l

l3

l4

suitable for maneuvering target tracking. As a result, the
passive location may lose tracking ability when the target
states change abruptly.
In order to overcome the above disadvantages of the
FEKF, combined on the extended orthogonality principle, a
robust passive location method is proposed. The algorithm
can not only deal with the uncertainty, but also can be suitable
for maneuvering target tracking.
We organize this paper as follows. We describe the
problem in Section 2 and present the FEKF algorithm in
Section 3. Combining the principle of the orthogonality,
the robust fuzzy extended Kalman filter (RFEKF) is given
to deal with the maneuvering target tracking in Section 4.
Section 5 demonstrates the effectiveness of the RFEKF. And
we summarize our conclusion in Section 6.

∫ 𝑙𝜋𝐿 (𝑙) 𝑑𝑙

(5)

𝜒𝑙

,

𝜒𝑙 = ∫ 𝜋𝐿 (𝑙) 𝑑𝑙,
2
𝑈 {𝑙} = 𝐶 {(𝑙 − ̃𝑙) } =

(6)
2

∫ (𝑙 − ̃𝑙) 𝜋𝐿 (𝑙) 𝑑𝑙
𝜒𝑙

.

(7)

Remark 1. In the paper, the noise of the passive location
system is under the trapezoidal distribution. Although the
FEKF can solve the problems of the fuzzy uncertainty, the
algorithm has poor robustness and is not suitable to deal
with the maneuvering target tracking. In order to solve this
problem, we will develop a robust algorithm.

3. The Fuzzy Extended Kalman Filter
Normally, the nonlinear system with fuzzy uncertainty can be
described:

2. The Problem Description
Below is the system equation of the passive location:

x (𝑛 + 1) = f (x (𝑛) , u (𝑛) , 𝑛) + w (𝑛 + 1) ,

x (𝑛 + 1) = f (x (𝑛) , u (𝑛) , 𝑛) + w (𝑛 + 1) ,

(1)

z (𝑛 + 1) = h (x (𝑛 + 1) , 𝑛 + 1) + k (𝑛 + 1) ,

(2)

where x(𝑛+1) stands for the state vector covering velocity and
position and so forth, z(𝑛 + 1) is a measurement vector which
can be the time or frequency of arrival, phase-difference rate
of change, and so on, f(x(𝑛), 𝑛) is the state function, h is the
nonlinear measurement function, u(𝑘) is input vector, and
k(𝑛 + 1) and w(𝑛 + 1) are the measurement noise and the
process noise, respectively.
The noise model in most passive location algorithm is
usually the probability distribution. We will further research
the possibility distribution of the noise by using the trapezoidal distributions instead of Gaussian distributions in this
paper. The distribution can be asymmetric which is often in
the sensor. In addition, the trapezoid with two cuts can be
changed to triangle with one cut, line with zero cuts, and so
on. The distribution has many merits in the state estimate [6].
Here, 𝑙 is denoted by the fuzzy variable in the universe
of discourse 𝐿 and 𝜋𝐿 (𝑙) represents a trapezoidal possibility
distribution [6] which is shown in Figure 1:
∀𝑙 ∈ [𝑙2 , 𝑙3 ]
∀𝑙 ∉ [𝑙1 , 𝑙4 ] .

(4)

̃𝑙 = 𝐶 {𝑙} =

Figure 1: Possibility distribution.

1
𝜋𝐿 (𝑙) = {
0

𝐸 {𝑙} ∼ Π (𝑙1 , 𝑙2 , 𝑙3 , 𝑙4 ) ,
l

(3)

z (𝑛 + 1) = h (x (𝑛 + 1) , 𝑛 + 1) + k (𝑛 + 1) ,

(8)

where all of the variables follow the trapezoidal distribution.
Meanwhile, the variables in (1) follow the probability distribution as the Gauss distribution. x̂(𝑛 + 1 | 𝑛) represents the
one-step estimation value; x̂(𝑛 + 1) and ̂z(𝑛 + 1) represent
the estimation values of x(𝑛 + 1) and z(𝑛 + 1). What is more,
x̂(𝑛 + 1 | 𝑛) and w(𝑛 + 1) are independent and w(𝑛 + 1) and
k(𝑛 + 1) are independent too [6, 12]. All of these parameters
obey trapezoidal distribution described as follows:
𝐸 {k (𝑛 + 1)} ∼ Π (k1 (𝑛 + 1) , k2 (𝑛 + 1) ,
k3 (𝑛 + 1) , k4 (𝑛 + 1)) ,
𝐶 (k (𝑛 + 1)) = 0,
𝑈 {k (𝑛 + 1)} = R (𝑛 + 1) ,
𝐸 {w (𝑛 + 1)} ∼ Π (w1 (𝑛 + 1) , w2 (𝑛 + 1) ,
w3 (𝑛 + 1) , w4 (𝑛 + 1)) ,
𝐶 (w (𝑛 + 1)) = 0,
𝑈 {w (𝑛 + 1)} = Q (𝑛 + 1) ,
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𝐸 {̂x (𝑛 + 1 | 𝑛)} ∼ Π (̂x1 (𝑛 + 1 | 𝑛) , x̂2 (𝑛 + 1 | 𝑛) ,

Algorithm 2 (FEKF algorithm). Consider the following.

x̂3 (𝑛 + 1 | 𝑛) , x̂4 (𝑛 + 1 | 𝑛)) ,

Step 1. Give initial values P(0) and x̂(0).

𝑈 {̂x (𝑛 + 1 | 𝑛)} = P (𝑛 + 1 | 𝑛) ,

Step 2. Check (11) once we obtain the new measurement
values. Calculate the new prediction values by (10), if satisfied.
Otherwise, go ahead for the next new measurement.

𝐸 {̂x (𝑛)} ∼ Π (̂x1 (𝑛) , x̂2 (𝑛) , x̂3 (𝑛) , x̂4 (𝑛)) ,
𝑈 {̂x (𝑛)} = P (𝑛) ,

Step 3. Use (13) to (17) to get the updated values.

𝐸 {̂z (𝑛 + 1)} ∼ Π (̂z1 (𝑛 + 1) , ̂z2 (𝑛 + 1) ,

Step 4. Let 𝑛 = 𝑛 + 1; return to Step 2.

̂z3 (𝑛 + 1) , ̂z4 (𝑛 + 1)) ,
𝑈 {̂z (𝑛 + 1)} = S (𝑛 + 1) ,
(9)
where 𝐶, 𝐸, and 𝑈 in the equation represent the gravity center,
the expectation, and the distribution uncertainty of the fuzzy
variable which are defined in (5), (4), and (7). P(𝑛 + 1) and
P(𝑛 + 1 | 𝑛) are the distribution uncertainties of x(𝑛 + 1) and
x̂(𝑛+1 | 𝑛), respectively. R(𝑘+1), S(𝑛+1), and Q(𝑛+1) are the
distribution uncertainties of w(𝑛 + 1), ̂z(𝑛 + 1), and k(𝑛 + 1),
respectively.
The key steps of the algorithm are written as follows [6, 11].
(1) Prediction:
x̂𝑙 (𝑛 + 1 | 𝑛) = f (̂x𝑙 (𝑛) , 𝑛) ,
̂z𝑙 (𝑛 + 1) = h (̂x𝑙 (𝑛 + 1 | 𝑘) , 𝑛 + 1) ,

(10)

(2) Matching measurement: the measurement z(𝑛+1) can
be used if
(11)

where 𝜀 is a confidence value, given by the actual conditions.
(3) Update:
𝑒𝑙 (𝑛 + 1) = z𝑙 (𝑛 + 1) − ̂z𝑙 (𝑛 + 1) ,
x̂𝑙 (𝑛 + 1) = x̂𝑙 (𝑛 + 1 | 𝑛) + K (𝑛 + 1) 𝑒𝑙 (𝑛 + 1) ,
K (𝑛 + 1) = P (𝑛 + 1 | 𝑛) H𝑇 (𝑛 + 1) S−1 (𝑛 + 1) ,

Let us summarize the above steps as Algorithm 2.

(19)

where 𝑖 = 1, 2, . . ..
For the problem of fuzzy passive location given previously
by (1), the above equations can be written as [11]
𝐶 {[̂x (𝑛 + 1) − x (𝑛 + 1)] [̂x (𝑛 + 1) − x (𝑛 + 1)]𝑇 } = min,
Dep {𝑒 (𝑛 + 1 + 𝑖) 𝑒𝑇 (𝑛 + 1)} = 0,
(20)
where Deprepresents the dependency of the two variables in
the fuzzy system [6].
Combining the equation below,
(21)

We can have the equations below:
𝑛 = 1, 2, . . . ,

(22)

Dep {𝑒 (𝑛 + 1 + 𝑖) 𝑒𝑇 (𝑛 + 1)}
(13)

S (𝑛 + 1) = H (𝑛 + 1) P (𝑛 + 1 | 𝑛) H𝑇 (𝑛 + 1) + R (𝑛 + 1) ,
(14)

𝜕h (x (𝑛 + 1) , 𝑛 + 1) 
, (15)
H (𝑛 + 1) =

x(𝑛+1)=𝐶{̂x(𝑛+1|𝑛)}
𝜕x
𝜕f (x (𝑛) , u(𝑛), 𝑛) 
,
F (𝑛) =

(16)
x(𝑛)=𝐶{̂x(𝑛)}
𝜕x
𝑒3 (𝑛 + 1) , 𝑒4 (𝑛 + 1)) .

𝐸 {[̂x (𝑛 + 1) − x (𝑛 + 1)] [̂x (𝑛 + 1) − x (𝑛 + 1)]𝑇 } = min,
(18)

𝐶 {𝑒 (𝑛)} = 0,

where 𝑒𝑙 (𝑛 + 1) is estimation error,

𝐸 {𝑒 (𝑛 + 1)} ∼ Π (𝑒1 (𝑛 + 1) , 𝑒2 (𝑛 + 1) ,

4.1. The Orthogonality Principle under the Fuzzy System. We
can have the equation below by applying the orthogonality
principle [13, 14]:

𝐸 {𝑒 (𝑛)} ∼ Π (𝑒1 (𝑛) , 𝑒2 (𝑛) , 𝑒3 (𝑛) , 𝑒4 (𝑛)) .
(12)

P (𝑛 + 1) = [I − K (𝑛 + 1) H (𝑛 + 1)] P (𝑛 + 1 | 𝑛) ,
P (𝑛 + 1 | 𝑛) = F (𝑛) P (𝑛) F𝑇 (𝑛) + Q (𝑛 + 1) ,

4. The Fuzzy Passive Location Algorithm

𝐸 {𝑒 (𝑛 + 1 + 𝑖) 𝑒𝑇 (𝑛 + 1)} = 0,

where 𝑙 = 1, 2, 3, 4.

𝜋Ẑ (z (𝑛 + 1)) ≥ 𝜀,

Remark 3. Although the FEKF can be suitable for fuzzy
system, it has poor robustness and is not suitable for maneuvering target tracking.

(17)

= 𝐶 {[𝑒 (𝑛 + 1 + 𝑖) − 𝐶 {𝑒 (𝑛 + 1 + 𝑖)}]
×[𝑒 (𝑛 + 1) − 𝐶 {𝑒 (𝑛 + 1)}]𝑇 }

(23)

= 𝐶 {𝑒 (𝑛 + 1 + 𝑖) 𝑒𝑇 (𝑛 + 1)} = 0.
Furthermore, we can obtain
𝐶 {𝑒 (𝑛 + 1 + 𝑖) 𝑒𝑇 (𝑛 + 1)} = 0.

(24)

From the above equations, it can be known that once there
is mismatch in the model, there will be online adjustment for
the gain matrix K(𝑛+1) to satisfy (19). Being motivated by the
principle highlighted above, we will propose a robust fuzzy
passive location method to track the maneuvering target.
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4.2. A Robust Passive Location Method for the Maneuvering
Target. According to the theory mentioned in Section 4.1, the
maneuvering target in the fuzzy passive system can be tracked
by online adjustment for K(𝑛 + 1). As a result, (19) will be
satisfied. The following equation can be obtained:
P (𝑛 + 1 | 𝑛) = 𝜆 (𝑛 + 1) F (𝑛) P (𝑛 | 𝑛) F𝑇 (𝑛) + Q (𝑛 + 1) ,
K (𝑛 + 1)
= P (𝑛 + 1 | 𝑛) H𝑇 (𝑛 + 1)
−1

× [H (𝑛 + 1) P (𝑛 + 1 | 𝑛) H𝑇 (𝑛 + 1) + R (𝑛 + 1)] ,
(25)

only be applied for the fuzzy uncertainty, but also has stronger
robustness than that of the FEKF. In a word, the RFEKF can
deal with the maneuvering target tracking of the fuzzy passive
location system.
Moreover, with the above RFEKF, we can obtain a robust
fuzzy passive location algorithm for maneuvering target in
the passive location system given by (1) and (2). The robust
algorithm is armed with the advantages of the RFEKF and
is more robust. Thus, the algorithm is applicable for maneuvering target tracking. In the following simulation studies,
we will compare the RFEKF with the FEKF in the fuzzy
passive location systems to demonstrate the effectiveness of
this algorithm.
Based on [11], the criterions are given.

where
𝜆 (𝑛 + 1) =

Criterion 1. The true values should be in the zone of the
trapezoidal distribution zone. Moreover, the smaller the
trapezoidal zone is, the more effective the algorithm is.

tr [N (𝑛 + 1)]
,
tr [M (𝑛 + 1)]

N (𝑛 + 1) = 𝜓 (𝑛 + 1) − R (𝑛 + 1)

Criterion 2. The algorithm is more effective if the error is
smaller.

𝑇

− H (𝑛 + 1) Q (𝑛 + 1) H (𝑛 + 1) ,
M (𝑛 + 1) = H (𝑛 + 1) F (𝑛) P (𝑛) F𝑇 (𝑛) H𝑇 (𝑛 + 1) ,

(26)

𝜓 (𝑛 + 1)
𝑇
𝑛=0
{
{𝐶 {𝑒 (1) 𝑒 (1)} ,
= { 𝜛𝜓 (𝑛) + 𝐶 {𝑒 (𝑛 + 1) 𝑒𝑇 (𝑛 + 1)}
{
, 𝑛 ≥ 1,
1+𝜛
{

where 𝜆(𝑛 + 1) and tr denote the fading factor and the matrix
trace, respectively, and 𝜛 is the forgetting factor which should
satisfy 0 ≤ 𝜛 ≤ 1. Generally, 𝜛 = 0.95 [10, 13].
We can summarize the above procedures into Algorithm 4 named the robust fuzzy extended Kalman filter
(RFEKF).
Algorithm 4 (RFEKF algorithm). Consider the following.
Step 1. Give initial values P(0) and x̂(0).
Step 2. Check (11) once we obtain the new measurement
values. Calculate the new prediction values by (10), if satisfied.
Otherwise, go ahead for the next new measurement.
Step 3. Obtain the gain matrix by using (25)-(26).
Step 4. Obtain the updated value by using (13)-(14).
Step 5. Let 𝑛 = 𝑛 + 1; return to Step 2.
In the RFEKF, gain matrix K(𝑛 + 1) is calibrated appropriately by 𝜆(𝑛 + 1) when the stable states change abruptly. That
is, the tracking performance of RFEKF is more robust and
suitable for the maneuvering target tracking than the FEKF.
Remark 5. In the RFEKF, introducing the orthogonality
principle, the gain matrix K(𝑛 + 1) could be adjusted online,
if the model has mismatch. As a result, the RFEKF could not

5. Simulation
In order to demonstrate the effectiveness of the proposed
algorithm, we give a passive location model. The measurements in the model are composed of frequency rate of change
, phase-difference rate of change 𝜑,̇and phase-difference 𝜑
𝑓𝑑̇
[15]. In the simulation, the observer is located at the origin
and the target keeps moving in a constant speed.
We can use the equations below as the passive location
model:

x (𝑛 + 1) = [

I2 I2 𝑇𝑠
] x (𝑛) + w (𝑛 + 1) ,
0 I2
(27)

𝜑 (𝑛 + 1)
(𝑛 + 1) ] + k (𝑛 + 1) ,
z (𝑛 + 1) = [ 𝜑̇
̇
[𝑓𝑑 (𝑛 + 1)]

where I2 is the identity matrix of second order, x = [𝑥, 𝑥,̇𝑦, 𝑦]̇
is the target state, 𝑥, 𝑥,̇𝑦, and 𝑦̇
represent horizontal position,
horizontal velocity, vertical position, and vertical velocity, 𝑓0 ,
respectively, denote the frequency, 𝑘0 is the phase-difference
coefficient, and

𝜑 (𝑛) = 𝑘0 𝑓0

𝜑̇
(𝑛) = −𝑘0 𝑓0 𝑦 (𝑛)

𝑥 (𝑛)
√ 𝑥2

(𝑛) + 𝑦2 (𝑛)

,

−𝑥̇
(𝑛) 𝑦 (𝑛) + 𝑦̇
(𝑛) 𝑥 (𝑛)
3/2

[𝑥2 (𝑛) + 𝑦2 (𝑛)]

,
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Figure 2: Using the 100-time Monte-Carlo simulation method to compare the estimation value of the target applying the FEKF and the
RFEKF. (a) Estimation values of the horizontal position, (b) estimation values of the horizontal velocity, (c) estimation values of the vertical
position, (d) estimation values of the vertical velocity. The actual values of the target are represented by the dotted and dashed line; the value
of the FEKF is represented by the red solid line and that of the RFEKF is represented by the blue dashed line.

𝑓𝑑̇(𝑛) = −

[−𝑥̇
(𝑛) 𝑦 (𝑛) + 𝑦̇
(𝑛) 𝑥 (𝑛)]
𝜆[𝑥2 (𝑛) + 𝑦2 (𝑛)]

3/2

2

,

𝐸 {w} ∼ Π (−0.004, −0.002, 0.002, 0.004) ,
𝐸 {k} ∼ Π (−0.001, −0.0005, 0.0005, 0.001) .
(28)
In this simulation, the initial state is 𝑥̇= 300 m/s and
𝑦̇= 0 m/s. When 𝑡 = 501, the target states change abruptly.
̇
̇
We suppose that 𝑥(501)
= 310 m/s and 𝑦(501)
= 10 m/s. We
use the 100-time Monte-Carlo simulation for the experiments

below. Figure 2 exhibits the estimation of the state x between
the FEKF and RFEKF. In Figure 2, you can see the actual
values in the dotted and dashed line. The estimation value of
the RFEKF is the blue dashed line and the value of the FEKF is
the red solid line. Figures 3 and 4 exhibit the estimation error
of the state between the RFEKF and the FEKF, respectively.
In Figure 2, when 𝑡 ∈ [0 500], the true state values of
the target are all in the trapezoidal distribution zones of the
FEKF and RFEKF. By Criterion 1, it is shown that both of the
algorithms can track the nonmaneuvering target. But after the
states of the target change abruptly (𝑡 = 501), the actual state
values are out of the trapezoidal zones of the FEKF but in
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Figure 3: Using the 100-time Monte-Carlo simulation method to get the error of the FEKF. (a) Error of the horizontal position, (b) error of
the horizontal velocity, (c) error of the vertical position, and (d) error of the vertical velocity.

that of the RFEKF. Thus, by Criterion 1, it is shown that the
RFEKF is suitable for the maneuvering target tracking, while
the FEKF is not.
In Figure 3, the FEKF is convergent when 𝑡 ∈ [0 500],
while the algorithm is divergent after the states of the target
change abruptly (𝑡 = 501). In Figure 4, the RFEKF is
convergent when 𝑡 ∈ [0 500], and the error values are
huge in the beginning after the states of the target change
abruptly (𝑡 = 501). However, it will be back to convergent
after some steps. Compare Figure 3 with Figure 4; we can
draw the conclusion that when the target is nonmaneuvering,
both of the algorithms are convergent, and when the target
is maneuvering, the FEKF is divergent and the RFEKF is
convergent after some steps. By Criterion 2, it is shown that
the RFEKF is more effective and suitable for the maneuvering
target tracking.
In a word, simulations show that the RFEKF has stronger
robustness and is more suitable to track the maneuvering
target.

6. Conclusions
In order to track the maneuvering target in the uncertain
passive location system, the robust passive location algorithm
is proposed based on the orthogonality principle and the
fuzzy extended Kalman filter. It is different from other passive
location methods as the noise is described by the trapezoidal
possibility distributions in this paper instead of the Gaussian
probability distributions. In the algorithm, the uncertainty
can be built by qualitative knowledge and is not necessary to
be symmetric.
The simulation results demonstrate that both of the FEKF
and the RFEKF can track the nonmaneuvering target. But
the RFEKF can track the maneuvering target while the FEKF
cannot. In a word, the RFEKF could not only deal with the
fuzzy passive system, but also have stronger robustness and
is more suitable for the maneuvering target tracking than the
FEKF.
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Figure 4: Using the 100-time Monte-Carlo simulation method to get the error of the RFEKF. (a) Error of the horizontal position, (b) error of
the horizontal velocity, (c) error of the vertical position, and (d) error of the vertical velocity. The error values at the abrupt change time are
huge. In order to see the effect of the convergence, the vertical limit of this figure was set as 100 artificially.

Fuzzy extended Kalman filter in different environments
such as high nonlinear, data loss will be topics of further
study. Meanwhile, it will be meaningful to further study the
convergence property of the fuzzy filter.
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An antenna attitude estimation algorithm is proposed to improve the antenna pointing accuracy for the satellite communication
on-the-move. The extrapolated angular acceleration is adopted to improve the performance of the time response. The states of the
system are modified according to the modification rules. The spherical simplex transformation unscented Kalman filter is used to
improve the precision of the estimated attitude and decrease the calculation of the unscented Kalman filter. The experiment results
show that the proposed algorithm can improve the instantaneity of the estimated attitude and the precision of the antenna pointing,
which meets the requirement of the antenna pointing.

1. Introduction
The great demand for the broadband mobile communication
has inspired the development of the satcom on-the-move
(SOTM) in recent years. SOTM is a mobile communication
system based on the fixed-satellite service. SOTM can provide
real-time battlefield information. It enables the commander
to execute the command effectively, while the soldiers are
far from the command post [1]. Except for the military
applications, SOTM is also widely used in the security
emergency communications and communication support for
major events. SOTM has become a hot field all over the
world. Measurement and control system is the core aspect
of the system to ensure the normal communication and set
up a successful satellite link. When the carrier of the mobile
satellite communication is affected by the outside interference
factors, measurement and control system guarantees that
the beam of the satellite antenna points to the satellite [2].
The length of the control time determines the performance
of the SOTM. However, adequate time is necessary for the
acquisition and the transmission of the signal from the
sensors and extra time is needed to correct the pointing error
of the antenna. What is worse is that the outside factors such
as the environment of the driven route and the great mobility
of the carrier do great harm to the attitude estimation, which

also causes time lag for the control. As a result, commands
cannot be transmitted in time, and the error cannot be
compensated for highly dynamic perturbations at the right
time.
The attitude estimation is related to the motion state of
the carrier and the estimated angles are easily affected by
the outside factors. In [3], an adaptive filter is proposed to
improve the precision of the estimation. The maneuvering
acceleration of the carrier is estimated and corrected to
improve the performance of the attitude estimation. However, the adaptive filter based on the covariance matching
is a crude method for precise attitude estimation in nature.
Therefore, the performance is poor in situation of highly
dynamic perturbations for the reason that the windowed
innovation sequences cannot catch the carrier dynamics
exactly. In [4], an adaptive switch method is adopted to
deal with the external acceleration. The attitudes are got by
integrating the output of the gyros. The vehicle acceleration
is detected by the switch rules. However, it is not sufficient
to be suitable for the various dynamics of the carrier and
the accuracy of the estimation is restricted. Reference [5]
presents a low-cost attitude estimation algorithm based on
the GPS/INS integration; the precision of the attitude is
improved by the assistance of the GPS-measured course
angle and the cascaded Kalman filter. But the cascaded
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Kalman filter increases the calculation of the system. The
instantaneity of the algorithm is worse under the condition
of strong maneuvering. Many previous works have been done
to improve the precision of the attitude [6–8]. Reference [8]
proposes a novel degradation to predict the drift errors of
the inertial navigation system. The degrading trend of the
drift errors can be predicted in real-time, which improves the
precision of the estimated states. However, they all ignored
the instantaneity and antijamming capability under strong
maneuvering situation.
An attitude estimation based on the spherical simplex
transformation modified UKF was presented to improve the
performance of the SOTM to ensure the antenna pointing to
the satellite precisely. The real-time character of the system
had been improved by adding the extrapolated angle accelerator to the states of the system. The angle rates of gyroscope
could be evaluated precisely. In addition, the rules for the
judgment of the motion state increased the antijamming
capacity of the system. Strong maneuvering situation could
be detected by the setting rules. The predicted covariance
was corrected by the weighting function automatically. It
overcomes the shortcoming of the traditional Kalman filter,
whose covariance cannot be synchronized with the change
of target state [9]. What is more, the spherical simplex
transformation UKF not only improved the precision of the
attitude estimation, but also decreased the calculation of the
system [10]. As a result, the proposed attitude estimation
system was validated through field tests.
The paper is organized as follows. In Section 2, we present
some preliminaries of the antenna attitude estimation system
for SOTM. In Section 3, we elaborate the proposed algorithm
in detail. The effectiveness of the proposed attitude estimation
system is validated through field tests in Section 4. Finally, the
paper is concluded in Section 5.

2. Preliminaries
This section offers basic knowledge for the attitude estimation, such as the definition of the reference frames, attitude
representation methods, and the algorithms used in this
paper.
2.1. Reference Frames and System Configuration. Reference
frames are the foundation of the attitude measurement
system (Figure 1). The frames related to attitude estimation
are defined as follows.
The local geodetic coordinate frame: it is called the
north-east-down frame, denoted by the 𝑛-frame. The vector
expressed in the 𝑛-frame is expressed by the superscript 𝑛. For
instance, R in this frame is denoted by R𝑛 .
The vehicle-fixed coordinate frame: it is also called the
body coordinate frame (𝑏-frame), which is associated with
the vehicle and aligned with its forward, right, and upward
axes. The vector expressed in the 𝑏-frame is expressed by the
superscript 𝑏. For instance, R in this frame is denoted by R𝑏 .
The beam coordinate frame: its 𝑧𝑠 -axis points to the target
satellite. R𝑠 is defined as a vector expressed in 𝑠-frame.
Given the longitude 𝜆 and latitude 𝜑 of the local earth
station and the longitude 𝜆 𝑠 of the synchronous orbiting
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satellite, we can get the azimuth (𝐴), elevation (𝐸), and
polarization (𝑉) angles, which are used to give a reference for
the antenna beam pointing to the satellite. The formulas are
as follows:
𝐴 = 180∘ + tan−1 (

𝐸 = tan−1 (

𝑉 = tan−1 (

tan (𝜆 − 𝜆 𝑠 )
),
sin 𝜑

cos 𝜑 cos (𝜆 − 𝜆 𝑠 ) − 𝑅𝐸 / (𝑅𝐸 + ℎ𝐸 )
√1 − [cos 𝜑 cos(𝜆 − 𝜆 𝑠 )]2

),

(1)

sin (𝜆 − 𝜆 𝑠 )
),
tan 𝜑

where 𝑅𝐸 is the radius of the earth and ℎ𝐸 is the elevation of
the local area.
2.2. Attitude Representation. Several attitude representations
can be used for vehicle kinematics, such as quaternion,
Euler angles, and modified Rodrigues [11]. The representation
of Euler angles is the minimal representation that has no
redundancy. Therefore, Euler angles are adopted to parameterize the representation of the three-dimensional attitude
𝜓, 𝜃, 𝜙. The transformation from one frame to another can
be realized through three continuous rotations [12]. Each
rotation can be represented by one direction cosine matrix.
The transformation from the local geodetic coordinate frame
to the vehicle-fixed coordinate frame can be represented by
the following three matrixes:
cos 𝜓 sin 𝜓 0
C1 = [− sin 𝜓 cos 𝜓 0] ,
0 1]
[ 0

cos 𝜃 0 − sin 𝜃
0 ],
C2 = [ 0 1
sin
𝜃
0
cos
𝜃]
[

1
0
0
C3 = [0 cos 𝜑 sin 𝜑 ] .
[0 − sin 𝜑 cos 𝜑]

(2)

The transformation matrix can be derived by the product
of the anterior matrix
C𝑏𝑛 = C3 C2 C1 .

(3)
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We can get the transformation matrix as follows:
C𝑏𝑛

(3) Time update

𝐶𝜃𝑆𝜓
𝐶𝜃𝑆𝜓
−𝑆𝜃
= [−𝐶𝜑𝑆𝜓 + 𝑆𝜑𝑆𝜃𝐶𝜓 𝐶𝜑𝐶𝜓 + 𝑆𝜑𝑆𝜃𝑆𝜓 𝑆𝜑𝐶𝜃 ] ,
[ 𝑆𝜑𝑆𝜓 + 𝐶𝜑𝑆𝜃𝐶𝜓 −𝑆𝜑𝐶𝜓 + 𝐶𝜑𝑆𝜃𝑆𝜓 𝐶𝜑𝐶𝜃]
(4)

where the notations 𝐶 and 𝑆 represent cosine and sine,
respectively.
The relationship between the euler angles rates and the
measurements of the gyroscope is described as follows [13]:
0
cos 𝜑
− sin 𝜑
𝜔
𝜃̇
[
1
sin
𝜑
tan
𝜃
cos
𝜑 tan 𝜃] [𝜔𝑥 ] ,
[ 𝜑̇] = [
]
𝑦
cos 𝜑
sin 𝜑
𝜔𝑧 ]
[
[𝜓̇] [0
cos 𝜃
cos 𝜃 ]

2𝑛

𝑋𝑘− = ∑𝑊𝑖(𝑚) (𝜁𝑘− )𝑖 ,
𝑖=0

P−𝑘

=

2𝑛

∑𝑊𝑖(𝑐)
𝑖=0

((𝜁𝑘− )𝑖

−

(9)

𝑋𝑘− ) ((𝜁𝑘− )𝑖

−

𝑇
𝑋𝑘− )

+ Q𝑘 ,

where (𝜁𝑘− )𝑖 = f((𝜒𝑘−1 )𝑖 ) and 𝑊𝑖(𝑚) is the corresponding weight calculated by the unscented transformation (UT) theory.
(4) Measurement update

(5)

x̂𝑘 = x𝑘− + K𝑘 (y𝑘 − y𝑘− ) ,

(10)

P𝑘 = P−𝑘 − K𝑘 P𝑦𝑦 K𝑇𝑘 ,

where 𝜔𝑥 , 𝜔𝑦 , and 𝜔𝑧 are the outputs of three gyros.
where
2.2.1. Unscented Kalman Filter. For the reason that trigonometric functions are involved in the Euler angle attitude representation, the extended Kalman filter (EKF) is not in point
for its big lineation error. Whereas the unscented Kalman
filter is a nonlinear filter that can obtain the estimation to at
least second order [14], the expected error is much lower than
the EKF. In addition, UKF needs not to calculate the Jacobian
matrix used in the EKF, even though the calculation is still
larger than the EKF. Now many researches are done to reduce
the calculation of the UKF.
The nonlinear system model can be given by [15]
x𝑘 = f (x𝑘−1 , 𝜔𝑘−1 ) ,
y𝑘 = h (x𝑘 , 𝜐𝑘 ) ,

(6)

̂0 and the conve(1) Initialization of the states vector X
nience P0
̂0 ] ,
̂0 = E [X
X
(7)

(2) Choosing of the sampling sigma points
𝜎𝑘 → 2𝑛 ± √(𝑛 + 𝜆) [𝑃𝑘 + 𝑄𝑘 ],
̂0 ,
𝜒𝑘 (0) = 𝑋
̂𝑘 .
𝜒𝑘 (𝑖) = 𝜎𝑘 (𝑖) + 𝑋

(𝜉𝑘− )𝑖 = h ((𝜁𝑘− )𝑖 ) ,

2𝑛

y𝑘− = ∑𝑊𝑖(𝑚) (𝜉𝑘− )𝑖 ,
𝑖=0

2𝑛

𝑇

P𝑥𝑦 = ∑𝑊𝑖(𝑐) ((𝜁𝑘− )𝑖 − x𝑘− ) ((𝜉𝑘− )𝑖 − y𝑘− ) ,

(11)

𝑖=0

2𝑛

𝑇

P𝑦𝑦 = ∑𝑊𝑖(𝑐) ((𝜉𝑘− )𝑖 − y𝑘− ) ((𝜉𝑘− )𝑖 − y𝑘− ) + R𝑘 .
𝑖=0

where x𝑘 is the 𝑛×1 state vector of the nonlinear system and y𝑘
is the 𝑚 × 1 measurement vector. f(⋅) is the state propagation
equation and h(⋅) is the measurement propagation equation.
The process noise 𝜔𝑘 and the measurement noise 𝜐𝑘 are
zero-mean Gaussian noise processes with covariances Q𝑘 and
R𝑘 , respectively. UKF is briefly presented here. The UKF is
performed as follows.

̂0 ) (X0 − X
̂0 )𝑇 ] .
P0 = E [(X0 − X

K𝑘 = P𝑥𝑦 P−1
𝑦𝑦 ,

(8)

Because SOTM is a real-time system, the calculation is
one of the keys to ensure the normal operation. Measures
must be taken to ensure the precision and the real-time of
the system.

3. The Proposed Attitude
Estimation Algorithm
Methods to improve the performance of the attitude estimation are presented in this section: (1) model built based on the
addition of the angle acceleration; (2) the states modification
and its realization; (3) the proposed UKF algorithm.
3.1. Modeling of the Attitude Estimation System. The traditional attitude estimation uses inertial measurement units
with high precision as the sensors. As the angle acceleration
has no direct observation, only angle and angle rates are
chosen as the states of the system. The estimated errors
cannot be ignored for lacking the observation of the angular
acceleration. The estimation of the system states may suffer
from impact and the response is likely with step response, as
is shown in Figure 2.
Ignoring the impact of the time lag caused by the
signal transmission and processing, the main limiters to the
attitude estimation are the sampling rate. In the interval,
the disturbance cannot be sensed in time and the caused
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3.2. The States Modification Rules. An algorithm based on the
states modification is suggested to improve the antijamming
ability of the SOTM in this section.

120

Angle (deg)

100
80

3.2.1. The States Modification Rules. In order to sense the
attitude changes in time, the following three rules are set.
They determine whether the estimated value of the attitude
angle is to be compensated or not.
(a) The gyro outputs of the yaw axis, pitch axis, and
roll axis are used to determine whether there is sudden
disturbance. The disturbance judgment rule is as follows:

60
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Figure 2: The time lag problem.

error cannot be corrected at the same time. The antijamming
ability of the system is weak so the error cannot meet the
requirements of beam pointing in the situation of strong
maneuvering. Therefore, the extrapolated angle acceleration
is proposed to be added to the system states.
The system states become X = [𝜑 𝜔 a𝜔 ]; 𝜑, 𝜔, and
a𝜔 are the angles, angle rates, and the angle accelerations,
respectively.
The observations of the extrapolated angle acceleration
can be obtained by the difference between the adjacent
measurements of the angle rates, as follows:
a𝜔𝑘 =

(𝜔𝑘 − 𝜔𝑘−1 )
,
𝑑𝑡

(13)

 
 
 ≥ 𝜇,
𝜓𝑘 − 𝜓𝑘−1



(14)

It is obvious that the system equation is nonlinear. As
the measurements are the attitude, angle rates, and angle
accelerations, the measurement equation is
I3 × 3 𝑑𝑡 ⋅ I3 × 3 03 × 3
𝜙
Z = [ 𝜔 ] = [03 × 3 I3 × 3 𝑑𝑡 ⋅ I3 × 3 ] X.
I3 × 3 ]
[a𝜔 ] [03 × 3 03 × 3

where bias𝑥 , bias𝑦 , and bias𝑧 are the biases drift of the outputs
of the angle rates. 𝛼, 𝛽, and 𝛾 are the thresholds used to detect
the disturbance.
The first rule means that when any angle rate of the threeaxis gyro output exceeds the threshold value, it is necessary to
compensate for the predicted value of the state.
(b) The adjacent yaw angle changes are adopted to
determine whether there is a sudden turn. The rule can be
expressed by the following style:


(17)
𝜓𝑘 − 𝜓𝑘−1  ≥ 𝜂,

(12)

where A is the coefficient matrix, with the following form:
0
cos 𝜑
− sin 𝜑
[1 sin 𝜑 tan 𝜃 cos 𝜑 tan 𝜃]
A=[
cos 𝜑 ] .
sin 𝜑
0
[
cos 𝜃
cos 𝜃 ]

(16)

where |𝜓𝑘 − 𝜓𝑘−1 | means the error of the adjacent yaw angles.
𝜂 is the threshold used for the turn detection.
The second rule means that the states modification can
be determined by the adjacent yaw angle. When the error
between the adjacent yaw angles is larger than the threshold,
measures should be taken to modify the estimated states.
(c) The location information of the carrier is used to
detect the sudden disturbance. The rule is given as follows:

where 𝑑𝑡 is the sampling time interval.
The system equation is
𝜑 = A𝜔,



𝜔𝑥 − bias𝑥  ≥ 𝛼,


𝜔𝑦 − bias𝑦  ≥ 𝛽,




𝜔𝑧 − bias𝑧  ≥ 𝛾,

(15)

The advantage of using extrapolated angular acceleration
is that it is immune to the estimated states at the previous
time. Additionally, it can also reflect the real states of the
carrier.

(18)

where 𝜓 means measurement yaw angle; it can be obtained
by the location information of the carrier. It is different from
rule (b) that may still suffer from time lag in fact, as the
estimated angle is still slower than the practical value in
response. In order to overcome the time lag, the location
information can be used to detect the sudden disturbance. 𝜇
is the threshold used for the turn detection which can be got
from the empirical value of the dynamic carrier test and the
product manual. The principle is shown in Figure 3.
The aiming yaw angle 𝜉𝑘+1 is derived from the error
between the estimated location in time 𝑘 and the measurement location of the GPS in time 𝑘 + 1. The known yaw angle
𝜓𝑘 is derived from the location in time 𝑘 and in time 𝑘 − 1.
When the error between the two yaw angles is small which
can be ignored, it means there is no disturbance. On the
other hand, a large error means there is a large disturbance.
Therefore, the choice of 𝜇 plays an important role in the
attitude estimation. If 𝜇 is larger than the practical one, the
turn detection may be inefficient. If 𝜇 is smaller than the
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𝑊𝑇

̂̈is the extrapolated angular acceleration, 𝑧(𝑘+1) is
where 𝑥
the measured value of the three-dimensional attitude angle,
̂̇ | 𝑘) is the estimated values for the last time, and Δ𝑡 is
𝑥(𝑘
sampling interval of the sensor.
As the angular acceleration is based on the measurement
dates, it is easily affected by the measurement noise. Under
conditions of weak maneuver, the algorithm has good stability and the accuracy meets the actual communication needs.
In order to ensure the predicted value of the angular acceleration to have both good stability and real-time ability during
the strong maneuver, the predicted angular acceleration is
modified by the extrapolation angular acceleration according
to the carrier’s Kinematics equation. The expression is given
by

y

y

Δ𝜃k+1

k

x

𝜉k+1
𝜓k

k−1

k+1
x

Figure 3: The principle of using the location information.

𝐿𝐶

̂̈(𝑘 + 1 | 𝑘)
𝑥
practical one, the turn detection may be too sensitive which
causes the wrong justification.

(24)
𝑊𝑇
̂̈
̂̈
𝑢1 (𝑘 + 1) 𝑥
(𝑘 + 1 | 𝑘)
(𝑘 + 1 | 𝑘) + 𝑢2 (𝑘 + 1) 𝑥
,
=
𝑢1 (𝑘 + 1) + 𝑢2 (𝑘 + 1)

3.2.2. The States Modification. Based on the proposed rules,
the weighting factor can be chosen to realize the algorithm
based on the prediction filter.
The 𝜓𝑘 can be determined by

̂̈+ 1 | 𝑘) is the predicted value of the angular
where 𝑥(𝑘
acceleration.
The predicted value of the angular rates can be obtained
by the previous predicted value and the predicted angular
acceleration:

𝜓𝑘 = arctan (

𝑥̂ (𝑘 | 𝑘) − 𝑥̂ (𝑘 − 1 | 𝑘 − 1)
).
𝑦̂ (𝑘 | 𝑘) − 𝑦̂ (𝑘 − 1 | 𝑘 − 1)

(19)

The 𝜉𝑘+1 can be determined by
𝜉𝑘+1

𝑧 (𝑘 + 1) − 𝑥̂ (𝑘 | 𝑘)
).
= arctan (
𝑧 (𝑘 + 1) − 𝑦̂ (𝑘 | 𝑘)

(20)

The Δ𝜓𝑘+1 can be determined by
Δ𝜓𝑘+1 = 𝜓𝑘 − 𝜉𝑘+1 ,

(21)

where |Δ𝜓𝑘+1 | is uniformly distributed in the interval [0 𝜋].
When mutation of the carrier occurs, |Δ𝜓𝑘+1 | increases at
the same time. Therefore, |Δ𝜓𝑘+1 | can be considered as input
variables. The Gaussian function with the centers 0 and 𝜋
can be used as the weighting function of the algorithm. The
weights of the previous yaw angle and the real-time measured
yaw angle could be determined adaptively according to the
changes of |Δ𝜓𝑘+1 |.
The expression of the weighting function is
2


1 Δ𝜓𝑘+1  − 𝑢𝑗 ]
[
) , 𝑗 = 1, 2, (22)
𝑢𝑗 (𝑘 + 1) = exp − (
2
𝜎𝑗
]
[
where 𝑢𝑗 and 𝜎𝑗 are the center value and the standard
deviation of the Gaussian function, respectively. When the
center value of the Gaussian function is zero, it means the
carrier has no sudden disturbance. When the central value of
the Gaussian function is 𝜋, itmeans that the carrier has strong
maneuvering.
The extrapolated angular acceleration can be expressed by
𝑊𝑇
̂̈
𝑥
(𝑘 + 1) =

̂̇(𝑘 | 𝑘)}
2 {[𝑧 (𝑘 + 1) − 𝑥̂ (𝑘 | 𝑘)] /Δ𝑡 − 𝑥
Δ𝑡

,

(23)

𝐿𝐶

𝐿𝐶

̂̇(𝑘 | 𝑘 − 1) + 𝑇𝑥
̂̈(𝑘 + 1 | 𝑘) .
̂̇ (𝑘 + 1 | 𝑘) = 𝑥
𝑥

(25)

By improving the model and algorithm, the one-step
prediction states value can be modified according to the states
modification roles automatically. The one-step states can be
obtained by
𝑥̂NEW (𝑘 + 1 | 𝑘)
=

𝑢1 (𝑘 + 1) 𝑥̂ (𝑘 + 1 | 𝑘) + 𝑢2 (𝑘 + 1) 𝑥̂𝐿𝐶 (𝑘 + 1 | 𝑘)
,
𝑢1 (𝑘 + 1) + 𝑢2 (𝑘 + 1)
(26)

̂ + 1 | 𝑘) is the one-step prediction state from
where 𝑥(𝑘
Kalman filter and 𝑥̂𝐿𝐶(𝑘 + 1 | 𝑘) is the measurement
prediction state value.
In conclusion, when the carrier moves normally, we can
get 𝑢1 (𝑘 + 1) ≈ 1, 𝑢1 (𝑘 + 1) ≈ 0. In fact, it is similar to the
traditional algorithm. When the carrier moves with strong
maneuver, 𝑢1 (𝑘 + 1) ≈ 0 and 𝑢1 (𝑘 + 1) ≈ 1. In this situation,
the precision of the attitude estimation is improved by the
modification. The final estimated value of the attitude is
𝑥̂ (𝑘 + 1 | 𝑘 + 1)
= 𝑥̂NEW (𝑘 + 1 | 𝑘) + 𝐾𝑘 (𝑘 + 1)

(27)

× [𝑧 (𝑘 + 1) − 𝐾 (𝑘 + 1) 𝑥̂ (𝑘 + 1𝑘)] .
3.3. The Spherical Simplex Transformation Prediction UKF.
The calculation of UKF is related to the number of sigma
points. More sigma points mean more computation. For the
𝑛-dimensional state vector, the standard UKF adopts symmetric sampling strategy; 2𝑛 + 1 sigma points are needed to
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approximate the states’ probability distribution [16]. In order
to decrease the computation of the UKF, symmetric sampling
is replaced by super spherical sampling. The distance between
the sigma points and the center point is the same, and the
weight is also the same. 𝑛 + 1 sampling points are needed to
describe its mean and variance. Adding the mean value of
the states, the total number of the super spherical sampling
UKF is 𝑛 + 2, and the computation decreases obviously. The
algorithm is as follows:

1 − 𝑊0
,
𝑛+1

𝑖 = 1, 2, . . . , 𝑛 + 1,

(28)

(3) scale correction
𝑊0 − 1
{
, 𝑖=0
{1 +
2
𝜔𝑖 = { 𝑊 𝛼
{ 𝑖,
𝑖 ≠
0,
{ 𝛼2

(29)

where 𝛼 (0 ≤ 𝛼 ≤ 1) is the scaling factor that can
control the distance between the sampling points and
the mean value of the sigma points,
(4) initialization of the vector sequence
𝜒01 = [0] ,

𝜒11 = [−

1
],
√2𝜔1

𝜒21 = [

1
] , (30)
√2𝜔1

(5) for the dimension of the input 𝑗 = 2, . . . , 𝑛, the
iteration formula is
𝑗

𝜒
{
𝑖=0
[ 0] ,
{
{
{
{
{ 0
{
{
{
𝜒𝑗𝑖
{
{
[
]
{
{
1
] , 𝑖 = 1, . . . , 𝑗
{
{[
[−
]
𝑖
𝜒𝑗 = { √
𝑗
(𝑗
+
1)
𝜔
{
1
{
[
]
{
{
{
{
0𝑗−1
{
{
]
[
{
{
𝑗
],
[
{
𝑖 = 𝑗 + 1,
{
]
[
{
{
{[ √𝑗 (𝑗 + 1) 𝜔1 ]

(31)

where 𝑗 is the dimension of the vector and 𝑖 is the
sequence of the sampling points,
(6) for any of the means and covariance, sigma can be
obtained by the following formula:
𝜒𝑖 = 𝑥 + 𝑆𝜒𝑗𝑖 ,

Accelerometer

𝜙, 𝜃, 𝜓

𝜔x , 𝜔y , 𝜔z

GPS
R, V

a𝜔

Modification
Yes

S
S
T
P
U
K
F

𝜙

𝜃
𝜓

Figure 4: The process of the proposed algorithm.

(1) choose 𝑊0 ,
(2) making sure of the weight of 𝑊𝑖
𝑊𝑖 =

MEMS gyro

𝑖 = 0, 1, . . . , 𝑛 + 1,

(32)

where 𝑆 is the square root of the covariance matrix by
Cholesky decomposition.
The process of the proposed algorithm is shown in
Figure 4. MEMS sensor such as gyro and accelerometer
and GPS are integrated to give the initial output of the
attitude and the angle rates, and then the modification rules
are used for the justification on the states of the carrier.
The symmetric sampling transformation prediction UKF
is adopted eventually to improve the performance of the
estimation.

4. Experimental Validation and Discussions
In order to verify the performance of the proposed algorithm,
the experimental platform was constructed. It consists of
outdoor and indoor parts. The outdoor part is composed
of a high precision attitude and heading reference system
XW-ADU7612, a low-cost miniature inertial measurement
unit XW-IMU5220, and a single baseline GPS XW-ADU3601.
Attitude can be acquired by fusing the output of the XWIMU5220 and XW-ADU3601. The reference system XWADU7612 can provide the attitude to an accuracy of 0.1∘ (in
dynamic and baseline >2 m) for comparison. The algorithm
is running in a DSP processor with the frequency 400 MHz
in real-time in the indoor parts. The experimental carrier and
equipment are shown in Figure 5.
The experiment was conducted in a country road. The
route of the mobile satellite communication earth station
carrier can be seen from Figure 6. It is suitable for validating
the performance of the algorithm for some strong maneuvers
intervals. The thresholds 𝛼, 𝛽, and 𝛾 in the disturbance judgment rule from gyros are all set to be 0.01 rad/s. The adjacent
yaw angle change 𝜂 is set to be 1.5 rad. The parameter 𝑢 to
detect the sudden disturbance in the location information of
the carrier is set to be 1.5 rad. The attitude estimated by the
integration of XW-IMU5220 and XW-ADU3601 using EKF
could be seen from Figures 7 and 8. Accurate estimation
of the attitude could be got when the carrier moved in a
straight line uniformly. The errors of the estimated attitude
were all with 0.5∘ that met the requirement for the mobile
satellite communication. However, the errors were increasing
when the carrier made a sharp turn, such as in the intervals
14.3 s–27.6 s, 50 s–65 s, and 80 s–110 s. The estimated attitudes
value had large error due to the strong maneuvering. The
maximum error of the yaw angle was beyond 300∘ in short
time. The error of the pitch angle and the roll angle was within
3∘ that could not meet the basic requirement of the satellite
communication. In order to improve the precision of the
attitude estimation, modification must be taken to decrease
the effect of the sudden disturbance.
In order to overcome the problem, the extrapolated
angular acceleration was adopted to improve the performance of the time response. The states of the system were
modified according to the modification rules. The results of
the algorithm are shown from Figures 9, 10, and 11.
After the modification, it was obvious that the precision
of the attitude estimation had been improved; the error of
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Figure 7: The attitude estimation by EKF without prediction filter.

the pitch angle and the roll angle was within 0.5∘ , which
met the requirement of the antenna pointing. However the
error of the yaw angle was still beyond 0.5∘ in time interval
80 s–110 s. So UKF was proposed to improve the precision.
However, the execution time was so long that it could not
meet the real-time character of the SOTM. Spherical simplex
transformation UKF was adopted to improve the precision of
the attitude and to decrease the calculation of the realization
of the SOTM. As can be seen from Figure 12, the errors of
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Figure 10: The pitch angle estimated by MEKF.

Table 1: The RMSE comparison of the four algorithms.
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Figure 11: The yaw angle estimated by MEKF.

attitude are within 0.5∘ that meets the requirement of the
antenna pointing.
In order to verify the efficiency of the algorithm, the
RMSE and the execution time were listed in Table 1. It
is obvious that the RMSE of the suggested MUKF was
better than other algorithms. Besides, the execution time was
3.34, which was comparable with MEKF. So the suggested
algorithm has a desirable precision and moderate execution
time which is suitable for the application of SOTM.

An attitude estimation algorithm based on the spherical simplex transformation modified UKF is proposed to estimate
the attitudes of the vehicle and keep the antenna pointing
to the satellite precisely. The extrapolated angle accelerator
improves the real-time character of the system. Besides, the
antijamming capacity of the system has been increased for
the rules for the judgment of the motion state.
The test results demonstrate that the performance of
attitude estimation was improved by the state modification
and spherical simplex transformation UKF. The errors of the
estimated attitudes were within 0.5∘ and the least RMSE were
all less than 0.47. Besides, the execution time of the suggested
algorithm was comparable with EKF. Compared with UKF,
the spherical simplex transformation had greatly decreased
the executing time. The proposed attitude estimation system
is validated through field test that meets the requirement of
the antenna pointing. The algorithm has a good application
prospect which will greatly accelerate the development of the
SOTM.
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