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In this study, we introduce sine and cosine Bell-based Frobenius-type Eulerian polynomials, and by presenting several relations
and applications, we analyze certain properties. Our first step is to obtain diverse relations and formulas that cover summation
formulas, addition formulas, relations with earlier polynomials in the literature, and differentiation rules. Finally, after
determining the first few zero values of the Eulerian polynomials, we draw graphical representations of these zero values.

1. Introduction

In recent times, the use of sine and cosine polynomials has
led to the definition and construction of generating func-
tions for new families of special polynomials, such as
Bernoulli, Euler, and Genocchi; see [1-4]. Fundamental
properties and diverse applications for these polynomials
have been provided by these types of studies. For instance,
not only various implicit and explicit summation formulas,
differentiation-integration formulas, symmetric identities,
and a lot of relationships with the well-known polynomials
have been deeply investigated but also graphical representa-
tions of the zero values of these polynomials are drawn after
determining them. Moreover, the aforementioned polyno-
mials allow us to investigate worthwhile properties from a
very basic procedure and assist to define novel types of spe-
cial polynomials. Motivated by the above, in this paper, we
define the cosine and sine Bell-based Frobenius-type Euler-
ian polynomials and examine several properties and applica-
tions. Our first step is to obtain diverse relations and
formulas that cover summation formulas, addition formulas,
relations with earlier polynomials in the literature, and dif-
ferentiation rules. Finally, after determining the first few zero

values of the Eulerian polynomials, we draw graphical repre-
sentations of these zero values.

Let £ € R denotes the set of all real numbers and A € C
denotes the set of all complex numbers with A+ 1. The
Frobenius-type Eulerian polynomial of order « € C is intro-
duced as follows (see [5-7]):

(ez(%) e = Z/V fl?t

The Frobenius-type Eulerian polynomials have worked
by many mathematicians; see [6— 11]

Upon setting & =0, A(“)(A) (0|/\) are termed the

Frobenius-type Eulerian numbers of order a. In view of
(1), it can be readily observed that

A () = Z (j ) AP (NS,

v=0 \ V

A
g1‘>|z. (1)

(2)
A e = - e (24]0).
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where ]H (EM) are the Frobenius-Euler polynomials of

order o (cf [11, 12]).
The Stirling numbers of the first kind are introduced for
j >0 as follows (cf. [13-15]):

j
=Y 81 p)&, (3)
p=0

where (§),=1 and (§);=(§-j+1)(§-j+2) - (§-1)&
(j=1). By (3), we acquire that (see [14, 16, 17])

%(log (1+2))" =

The Stirling numbers of the second kind are given for
j=0 as follows (see [5, 18]):

J
j_ .
g= Y 5,6.9)(), (5)
q=0
In terms of (5), it is easily shown that

Z%ﬁ Sl ©)

For any nonnegative integer g, the g-Stirling numbers S,
(j, k) of the second kind are introduced as follows (see [19]):

1 . l Z/
e (e - —'

ZSzJ+q,k+q) (7)

j=k

Let g be any nonnegative integer. The Bell-based Stir-
ling polynomials of the second kind are provided as follows
(see [13]):

L ey

k! ZBelS ]’k q) (8)

=k

(“) (E|/\) the Euler
(E|/\) of order

The Apostol types of the Bernoulli B

(E |A), and the Genocchi polynomials G
oc are introduced as follows (cf. [11, 17, 20])

(o) = Yo g

(|z+log Al <2m),

=0
(Mz”) o = ZE“(EW (|z+10g;u<n) ()
j=0
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Also, their corresponding numbers are determined by

B" (011) = B{" (1), E” (02) =E|” (1), 6\ (0[1) = 6" (1),

(10)

(). E

respectively. In addition, their familiar polynomials and
numbers are determined by just choosing A =a =1 in their
definitions and shown by B;(§) and E;(&).

The Bell polynomials Bel;(§) are introduced as follows
(see [18, 21-25]):

-1) _ ZBCIJ(E)%' (11)
j=0 '

Also, the corresponding Bell numbers are determined by

Bel;(1) := Bel;, (j > 0). In terms of (6) and (11), it is seen that
! k
Bel,(§) = ) S,(j, k)E(j > 0). (12)
k=0

In recent years, Duran et al. [13] considered the Bell-

based Bernoulli polynomials of order ocBel[EB (f 1) given by

_ Ezme-1) (2 \°
1 7¢ (ez 1) ’ (13)

Y 5B (&)
j:O

which also provides that

]' .
5By (E57) = Z<J>B§f2(£)3e1,(n). (14)

r=0 \ 7

Also, in [13], the authors proved several properties and
relations for the aforesaid polynomials. In addition, they
gave many quirky formulas arising from the theory of
umbral calculus.

Kim et al. [3] and Jamei et al. [1] considered the Ber-
noulli polynomials and the Euler polynomials based on the
cosine and sine polynomials as follows:

N

%Z(Bj(g+i'7)+[8j(5_i’1))j—, = ZBE)(E ?1) ? cos ey
j=0 =0

(15)
2112( (8 +in) —B;(§ - "1))2— = ZB;S @& 17)— =% sin o

j=0 ] j=0

(16)
13 © 9 2
2]:20 (E+in) + Ej( 111) ]:Z(:J[E zq) cos e
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5 (5, ¢ +in) -6 -im) 5 = Y E €

~ = sinnz
= e
j=0

>

<+ 1
(18)

respectively. In addition, they investigated many relations
for the polynomials given above.

The trigonometric polynomials, cosine, and sine polyno-
mials are introduced as follows (see [2-4, 7]):

.
I}
o

r

o z
& cos nz = Z C.(&n) L
r=0

(19)
. N '
“sinnz= Y S, (60)
r=0
which satisfy the following expansion formulas:
I
C(&m =2 (-1 &,
j=0
j 2j (20)

2j+1

Sr(f’ 17): Z ( r >(_1)j€r—2j—1112j+1’

where the value of |y| is the largest integer that is equal or
less than y.

2. Cosine and Sine Bell-Based Frobenius-Type
Eulerian Polynomials

Here, we introduce the cosine and sine Bell-based
Frobenius-type Eulerian numbers and polynomials, and
then we derive several properties and identities for the above
polynomials.

Motivated and inspired by the definitions (13) and
(15)-(18), we first consider the Bell-based Frobenius-type
Eulerian polynomials defined as follows:

1= \" e ge « 2
(m) et 1)_ZBelA( E(:M)_,- (21)

By (21) and the following well-known formula
e = (cos nz + i sin nz), (22)

thus, we have

oA \® o
E+in)z {(ef-1
Z&A €t &m?ti)é+wd |

_ 1-1 aeC(ez—l)eEZ (cos nz+i sin nz)
T\ ) >

(23)

3
oo (@) . 7z N 1-1 o e e
j:ZOBdAj (f—lﬂ,fll)j—!_ <gz(A-1) —) e
1-1 \*¢
h <e2(/\*1) _ )L> (cos iz — i sin 112) AE1)
(24)
From (23) and (24), we get
1-1 \" . {(e-1) _ BEA (E+m 4P +Be1A(a)(E I\ o
ErE Y &% cos nze : jT’
j=0
(25)
1-1 "‘Ez . L(F- 700 (f+m(|,\) BLIA(a S 2
(m) & sin yzefe ) = ;)( 1
(26)

Hence, here is our definition.

Definition 1. We consider the cosine and sine Bell-based
Frobenius-type Eulerian polynomials of order «, for nonneg-
ative integer j, as follows:

O (o) 7 1-2 \g ()
j:ZOBeAj (&, 11,(|)L)j—! = (m €% cos 1ze ,

(27)

[ee] i o
(@) 7 1-1 E C(e-1)
EA' E’ﬂaCA' ._:(7 e Slnnze 5
j:ZOBl j ( | )]' eZ(A,l) Y
(28)
respectively.
Note that ;A (£,0,0[1) =AY (£[A) and A"

(£,0,0/1)=0(j=0).
From (25)-(28), we have

A 6.0 = 5 (s (€ + i LA g AL (€= i) ),

A 6510 = 52 (A €+ 1,80 gAY € - i1, 810)).

(29)

Remark 2. For { =& =0 in (27) and (28), we get novel type of
the polynomials A;a’c) (n|A) and A;a’s) (n|A) as

1-1 \*
_— =Y A yA
(ez(/\—l) —A) cos e = ]Z(; ’7\ )]. (30)
1-1
(ez(’\‘l)—)\> sin yz = ZA 11|A)—. (31)

It is readily observed that (for j > 0)

A9 0[2) =A™ () and A (0]1) =0.  (32)



Remark 3. Putting { =0 in (27) and (28), we attain cosine
(Dt,C) . (a,s) . .
A7 (& n|A) and sine A7 (&, 77|A) Frobenius-type Eulerian

polynomials:

Mg

: 7 I1-12 \*
A &) 5 = (m) e cos 1z,

T
)

(33)

™s

T
S)

' 7z 1-12 \%,.
A§“‘>(5,,,|,\)j_! = (m) e sin nz,

respectively.
Remark 4. Letting £ =0 in (27) and (28), we have novel kind

cosine and sine Bell-based Frobenius-type Eulerian polyno-
mials as

Z BelA 9

1-1 \* (1)
C|A <m> cos nzé! 1),

1-1 \*
(ot

(34)

Z BelA ) 71’ CM)

j=0

respectively.

Remark 5. On setting £ = =0 in (27) and (28), we attain the

Bell-based Frobenius-type Eulerian polynomials BEA (C |A) as

1- /\
e#(A-1) _

Theorem 6. Let j > 0. We acquire that

ZMA () Z—,. (35)

S

BelA () E W’CM Z( ) V ZVBelA] 21/(E C‘|A)

(36)

o
A €)= Z( : >( D A (60D

=0\ 2v+1
(37)
Proof. It is seen from (30) and (31) that
< ac i I-1 \° .
ZBelA](' ,)(E: W:C|/\)j—'= <m> & cos nzet Y
=0 :
— \ A v, 2v z"
Z (E");o( D Gy
< H ] o Z
=2 (—1>“n“< ) AL (E LA i
=0\ r=0 2v Bel
(38)
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0 i o
(o) 7 _ 1-1 £z (1)
E A} 1, CA) == € sin #ze
jZOBcl j (E 1 (‘ )]l (ez()l,l) Y 1n 7

e8] % ] N j
(39)

We acquire the asserted results (36) and (37) in accordance
with (38) and (39). O

Theorem 7. Let j> 0. We acquire that

J
s A Em T30 = Y A (€ L) Bel (),

k=0
(40)
() ! (a,5)
g (& C+x|A) = Z s (&1, CA)Bel;_ i (x).
k=0
(41)

Proof. By using (11), (23), and (24), we can readily derive
(40) and (41) by utilizing series methods. Therefore, we
exclude the proofs. O
Theorem 8. For j> 0, we have

]‘ .
5P (G, 0[2) = Z<]> AL CNC(E ),  (42)
Bel

u=0 \ U

j .
Y (ROIEDY <]> AL NS, Em). (43)
Bel

u=0 \ U

Proof. Utilizing the Cauchy product rule

0 Zj 0 v 00 j ; Zj
BB S
Jj=0 v=0 j=0 \v=0 \ V

we investigate

S e Z
Y sA i EA) S =
=0 ;

which implies (42). The other proof (43) can be done
similarly. O



Journal of Function Spaces

Theorem 9. For j > 0, we attain

s A (61, L 1) = ZBel DEmA),  (46)
s (E ¢ N) = ZBel A, (47)
5 A (&1, E[2) = gff'kBeAi‘”’CRm gr),  (48)
s (7, 0J0) = iff‘kBezAi“’s) (1. ¢[A). (49)

k=0

Proof. Using (27) and (28), the proofs of (46)-(49) can be
shown similarly to the proofs of the above theorems. There-
fore, we exclude the proof. |

Theorem 10. For j> 0, we have

j .
BelA S+£ ’7’(|A Z ( > E 1’],(|/\)S] u’
u=0 Bel
(50)
j .
s (E+ s, =Y <J> AP (E 5, (A)s.
u=0 \ 4 Bel
(51)

Proof. By (27), we attain

) i o

(ac) Z/ 1-1 £z ((e*~1) cos nze*
E Al +s51,(A) == e*%e G
4 Bel™%j (E n C' )]' (ez(,\_l) ~

- (ZMA S Em L)~ ) (Z —'>
j=0 Jt u=0 :
o [ j j Z

p’ Z( ) A& ¢ 05" u>_'
0\ \u /) gy /

(52)

which completes the proof (50). The result (51) can be done
similarly. |

Theorem 11. For j> 0, we have

0

a_‘t'Bez e = jBElAJ('f’IQ (& n.C[A), (53)
a o,C . s

a_ A; )(E) 11, C|A) = _]BelA;'q) (E’ 7], C|A), (54)
el

a . oS

a_isez &I = jpaAST G A), (55)

a a,s . ac
an A (E 1, ) = AL (E 1, ).

Bel

(56)
Proof. By means of (27), we compute that
2 1-1 \“ :
< £z {(ef-1)
A) i (7@3("1) —/\) ze** cos yze
2
- ZMM“C 3 n,cm—,

= ZBEAE"T En.CIA)

()~

Z
i’

I
M8 T

]BelA] 1 (E 1:¢|A)

-
Il
—

(57)

which means (53). The formulas (54), (55), and (56) can be
derived similarly. O

Theorem 12. For j > 0, we attain

J u '
s (&1, G)) = ZZ( ) 2 (1,0 (8) (s k),
Bel

u=0k=0

(58)

] u ’
5 (&, ¢ L) = ZZ( ) A (1, LA (€),S (1, K).
Bel

u=0k=0

(59)

Proof. Using (6) and (27), we find

3 A&t D= (=2 ) (e -1+ 1F cos peef D)
P (& CA) = T (e +1)° cos nze
j=0 J:

1-
e#(A-1)

>¢

/\

a 0 z k
A) cos nzét €Y Z &) -1

fard k!

1-

(1)
e )L> cos nze® ;;] ZSz(u k

Zjoou

2 ®

il
T uS0 k=0

Jjou i 2
ZZ( ) L E) Sz(”rk)j—!]<
u Bel

u=0 k=0

>,

]
/\

[
Mg

() z
gafj (13€4) )kS2(us k) —,

-,
I
=}

MS

-
I
S

(60)

In view of (27) and (60), we attain the claimed result
(58). Also, we can easily obtain (59) in a similar way. O

We give a relation with the Bell-Stirling polynomials of
the second kind as follows.
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TasLE 1: Real and complex zeros of Bel&§4’c) (£,6,552).

Degree Real zeros Complex zeros
1 ) —
2 -13.79583, -4.20417 _
3 -17.50929, -8.57862, -0.91208 _
4 22137817, 2.60420 ~8.61301 + 2.46740 i, —8.61301 — 2.46740 i
5 2252312, -10.1799, 623115 ~7.91002 — 4.42772 i, —7.91002 + 4.42772 i
) 200774 991401 ~10.306 — 1.418141, -10.306 + 1.41814,
-29.0774, 9. ~7.11246 — 6.21942 i, —7.11246 + 6.21942 i
~9.56347 — 3.17179 i, —9.56347 + 3.17179,
7 -32.918, -12.0177, 13.6309 —6.2841 — 7.82954 i, —6.2841 + 7.82954 i
~8.97353 — 4.95183 4, -8.97353 + 4.95183 i,
8 -36.7547, -12.8049, -11.0126, 17.3697 —5.42516 — 9.29329 4, -5.42516 + 9.29329 i,
~10.6868 — 2.38861 i, -10.6868 + 2.38861 i,
9 -40.5884, -14.3645, 21.1239 ~8.35989 — 6.57959 i, -8.35989 + 6.57959 i,
—4.53883 — 10.6389 4, -4.53883 + 10.6389 i
~10.3149 — 4.14379 4, -10.3149 + 4.14379,
10 -44.4198, -15.6243, -11.5504, 4.8894 -7.70471 — 8.09496 i, -7.70471 + 8.09496 i,
~3.62785 — 11.8863 i, —3.62785 + 11.8863 i
~11.660956 — 1.92837 i, —11.660956 + 1.92837 i,
~9.86402 — 5.74486 i, —9.86402 + 5.74486 i,
1 -48.24939, -16.94854, 28.66337 ~7.01359 — 9519121, —7.01359 + 9.51912,
~2.6941 — 13.0504 i, —2.6941 + 13.0504 i
~11.46025 — 3.57703 i, —11.46025 + 3.57703 i,
12 52.0776, -18.24958, -12.42031, 32.444 2694 ~7.25491 §, -3.35694 +7.25491 5,
-52.0776, -18.24958, -12.42031, 32. ~6.292007 — 10.86579 i, —~6.292007 + 10.86579 i,
~1.73903 — 14.14248 i, —1.73903 + 14.14248 i
~12.64336 — 1.62677 i, —12.64336 + 1.62677 i,
~11.12894 — 5.131364, —11.12894 + 5.13136 4,
13 -55.90467, -19.5518, 36.22987 —~8.80659 — 8.69073 i, —8.80659 + 8.69073 i,
5.54426 — 12.14505 i, —5.54426 + 12.14505 i,
~0.76349 — 15.17179 i, —0.76349 + 15.17179 i
~12.52359 — 3.14914 i, —12.52359 + 3.14914,
~10.73302 — 6.62043 i, —10.73302 + 6.62043 i,
14 2597308, -20.84998, -13.40199, 40.0199 ~8.2199 — 10.0621 i, —8.2199 — 10.0621 i,
—4.77378 — 13.36466 i, —4.77378 + 13.36466 i,
0.23173 — 16.145982 1, 0.23173 + 16.145982 i
~13.65616 — 1.38254 i, —13.65616 + 1.38254 1,
635560, 22 14583, 43.81356 ~12.27016 — 4.65428 i, —12.27016 + 4.65428 i,
5 -63.55622, -22.14583, 43. ~10.29033 — 8.04947 i, —10.29033 + 8.04947 i,
~7.60183 — 11.37668 i, ~7.60183 + 11.37668 i
~3.98323 — 14.53071 i, -3.98323 + 14.53071 i, 1.24599 — 17.07154 4, 1.24599 + 17.07154 i
—13.5438 — 2.79653 i, —13.5438 + 2.79653 i,
~11.9582 - 6.11878 4, —11.9582 + 6.11878 1,
~9.80817 — 9.42427 i, —9.80817 + 9.42427 i,
16 -67.381, -23.4394, -14.4645, 47.61 ! !

—6.95627 — 12.6403 i, —6.95627 + 12.6403 1,
—3.17465 — 15.6481 i, —3.17465 + 15.6481 1,
2.27862 —17.95411, 2.27862 + 17.9541 i
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FIGURE 1: Parametric cosine Frobenius-type Eulerian polynomials BEA
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FIGURE 2: Structure of real zeros of BEIA (E 6,5;2),j<1<16.

Theorem 13. For j > 0, we attain

] u '
A1) - zz( ) ) )gaSa(10 K ) (E)e

u=0k=0 \ U
(61)

jou (g
BelAas &A= Z Z( > ’7|/\)Bezsz(”’k 1O (&)

u=0k=0 \ U
(62)

Proof. Using (8), (27), and (28), the proofs of (61) and (62)
can be shown similar to the proofs of Theorem 12. So, we
omit the proofs. O

3. Some Values with Graphical Representations
and Zeros of Sine and Cosine Bell-Based
Frobenius-Type Eulerian Polynomials

Here, we indicate the first few sine and cosine Bell-based
Frobenius-type Eulerian polynomials with beautiful graphi-
cal representations and examine some zero values of these

polynomials BEZA;“’C) (&1, ¢]A) and Be,AJ(-“’S> (&1, CJA).

\ 20 40 60

(E 6,5;2) for j=11 (orange),13 (green), and16 (blue).
It is not difficult to check that the first five parametric
kinds of Be,A](.’X’C)(E, 7, C|A) are
s (6, 0|2 =
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(63)
while the first five parametric kinds of BEZA](-“’S> (&1, C|A) are
s (61,412 =0,

s (6N =1
A En L) = (E+¢
gy (&1, CIA) = (§+ T+ a)y,
AP (E 7, ) = éq(soﬁ + 600+ 30h + 6t + 38 + 6CE — 1 + 38 + 3(),

BEIAY’S) &nlA) = én(oﬁ + 30 + 3a?) + 3802 + 3al?
+3alA + 6alE + ad® + 3Ead — a + 3E%a
+ 0+ 30 - + 308 —PE+ &+ 3a
+ad+3( +3C§+(>,

WA (E 7 ) = 17;0 (50 + 200\%E + 6062 AE — 2017
+60alE” + 60al%E + 60a>LE + 30E%a
— 20ar?E + 58" + 50" + 200€ + 60(°E
+300E% + 308202 + 200°E + 300782
+2008 +200°E — 1028 + 208
+20al’ +30020% - 100% + 20a°¢
+5aA% +350° A% + 300’ A — 100247
+60al” + 30a%( — 105> + 200\’

+ 20024 + 200 o + 50\ + 20Ea) + 60alE
+30al’A + 6022 + 20 A* — 20a(K>
— 10aM? + 50a¢A + 5¢* + 3087 + 35¢°
+1* +60alA).

(64)

For 1<j<16, the complex and real zero values of
BEAJ(-A}’C) (§,6,5;2) are showed in Table 1.

Figure 1 shows the plots for some parametric cosine
Frobenius-type Eulerian polynomials.

Figure 2 shows the structure of real zeros of the para-
metric cosine Frobenius-type Eulerian polynomials

5P (€,6,532), with j<1<16.

Figure 3 shows the stacking structure zeros of the para-
metric cosine Frobenius-type Eulerian polynomials BelA§4’C)
(&,6,5;2), with j<1<16.

Finally, Figure 4 shows the graphic behavior of the zeros

of the parametric sine Frobenius-type Eulerian polynomials
BelA](g,s) (£,6,5;2) for j=15, 16.

4. Conclusion

Our paper introduced sine and cosine Bell-based Frobenius-
type Eulerian polynomials and analyzed their properties by
providing several relations and applications. Also, various
formulas and properties including differentiation rules, addi-
tion formulas, relations, and summation formulas have been
investigated. Moreover, after determining the first few zero
values of the Eulerian polynomials, we have drawn graphical
representations of these zero values.

It is possible that this paper’s idea can be applied to poly-
nomials that are similar and these polynomials have poten-
tial applications in other fields of science in addition to the
applications at the end of the article. We will continue to
explore this opinion in various directions in our next scien-
tific works to advance the purpose of this article.
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In this paper, we study a generalized version of strongly reciprocally convex functions of higher order. Firstly, we prove some basic
properties for addition, scalar multiplication, and composition of functions. Secondly, we establish Hermite-Hadamard and Fejér
type inequalities for the generalized version of strongly reciprocally convex functions of higher order. We also include some
fractional integral inequalities concerning with this class of functions. Our results have applications in optimization theory and
can be considered extension/generalization of many existing results.

1. Introduction

Convexity is a very simple and ordinary concept. Due to its
massive applications in industry and business, convexity has
a great influence on our daily life. In the solution of many
real-world problems, the concept of convexity is very deci-
sive. Problems faced in constrained control and estimation
are convex. Geometrically, a real-valued function is said to
be convex if the line segment joining any two of its points
lies on or above the graph of the function in Euclidean space.

Convexity of a function in classical sense is defined as a
function f, : M — R,f; is convex if we have

Filix+ (L=j)y) <jfi(x) + (1= )fi().vie[0.1]. (1)

If the above inequality is reversed, then the function is
said to be concave.

Using different techniques, the notion of convexity is
being extended day by day [1-3]. Many extensions and gen-
eralizations are made speedily due to its applications in
modern engineering, optimization, economics, and nonlin-

ear programming [4-7]. For recent generalizations, one
can see [8, 9] and the references therein.

Using the definition of convex functions, several impor-
tant inequalities can be proved, and the Hermite-Hadamard
inequality is one of them. The Hermite-Hadamard inequality
is for any convex function f, : M CR — R with a,,b; e M
and a, b,, the Hermite-Hadamard double inequality is

f1<“1+b1>< ! Jblfl(x)dxsf—l(al>+f1(b1). 2)

2 T b —q 2

a

In [9], using the weight function w(x), Fejér gave a gener-
alization of the Hermite-Hadamard inequality as follows:

Let f, :[a;,b;] CR— R be a convex function and
w : [a;,b;] — R is nonnegative, integrable, and symmet-
ric about (a, +b;)/2, then we have

f (%bl) J:w(x)dx < r fixw(x)dx< JM J:w(x)dx.
(3)
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In [10], the notations of p-convex set and p-convex func-
tions are introduced. The strongly convex functions of modu-
lus p are introduced in [11]. In [12, 13], the strongly p-convex
and harmonic convex functions were introduced, respec-
tively. The p-harmonic convex set and p-harmonic convex
functions were studied in [14], and in [15], the strongly
reciprocally convex of modulus y are introduced. The
strongly reciprocally p-convex and h-convex functions
were introduced in [16, 17], respectively. The (p,h)-con-
vex functions are introduced in [18], and the higher-
order strongly convex with modulus g are introduced in
[19]. Now, we present the notation of strongly recipro-
cally (p,h)-convex functions of higher order (SRHO).

Definition 1. Let p € (0,00) and M is any interval. Then the
function f; : M =[a;, b;] <R\ {0} — R is SRHO of mod-
ulus ¢ on the interval M, if we have

1

>

xPy? Pl i G a B VNS
fl[(jix“(l_j)yp) ]h(l DAE) +hG)AD) u«so)H,d, E
(4)

for all x,y € M, j€0,1], and I > 1, where ¢(j) = j(1 ).

Remark 2. Inserting I =2 in Def. 1 with same ¢(j) as defined
above, we obtain strongly reciprocally (p,h)-convex func-
tions. Similarly, inserting /=2 and h(j) =j in Def. 1, we
obtain strongly reciprocally p-convex functions, and for
1=2, h(j)=j, and p=1, Def. 1 reduces to the strongly
reciprocally convex function of modulus .

As we know that R is a Norm space under the usual
modulus norm, thus, for any x € R,

(| = [¢[- (5)
Using (5), the inequality 1 can be written as
I

1 1
Wy

(6)

Vx,y €M and j€[0,1] with I>1, where ¢(j) is same as in
Definition 1.

The aim of this paper is to study a generalized version of
strongly reciprocally convex functions of higher order and
establish the Hermite-Hadamard and Fejér type inequalities
for this new class of convex functions. We also presented
fractional versions of the above mentioned inequalities for
the strongly reciprocally (p,h)-convex of higher order. It is
worthy to mention here that the results presented in this
paper are more generalized and can be considered exten-
sions of many existing results.

X 1p
f [(}H(Pf"])yp) } <h(1 =), () OV )~ 90 o~

2. Basic Results

Now, we present some basic properties for strongly recipro-
cally (p,h)-convex of higher order.
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Proposition 3. For any two SRHO f,,g,: M — R with
modulus y on the interval M, the f, + g, : M — R is also
SRHO with modulus u* on the interval M, where 1/2u™ = p.

Proof. By definition, we have

xPyP 1p B xPyP lp
f”gl[ w50 7) }‘fl[ 0 77) }

xPyP vp . )
+g1[ ) } < B, (0B - 0)

I !

1 1

|

(7)

— ()|

] h()g,(x) + h(1 =), () — u(j)

which in turns implies that

!
= W)U, + 90 + =)0+ )0) - 20033 - |
I
=HG), +.90)(5) + (L= +9)0) =90 |5 = 5
(8)
where p* =2p, 4 >0 and ¢(j) = j(1 - j).
This completes the proof. O

Proposition 4. For any SRHO f, : M — R with modulus
u=0 and any A >0, Af; is also SRHO with modulus v* on
the interval M, where 1/Av* = p.

Proof. Let A >0, then by definition of f;, we obtain

xPyP vp
&l [ w07 }

xPyP Up
:AM w7 H

I
sA[h(j) () + h(1=)f, () - () ;g” )
i
= B, )+ =34, 0) - ) - |
1
=h(j)Afi(x) + h(1 = A, (y) = v () )% - % 4

where v* = Ay, 4 >0 and ¢(j) = j(1 - j). This completes the
proof. O

Proposition 5. Consider a sequence of SRHO, f,; are defined
on an interval M, provide 1 < i < n, then for positive constants
A, the function f; =Y Af,; is SRHO with nonnegative
modulus yY " A
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Proof. For a p-harmonic convex set M, we have

xPyP Up
fl{ ‘xp+(1—j>yp> }
xPyP Up

i { DA5) L= D0) - )

LM=

1

IA

,}1

=) 3 AF) (1= 5) Y M) - ia,[ .

'}

(10)

= B, () + B = )f, ) - 780> —

P

Vx,y € M and j € [0, 1], where y = Y | A,u. Hence, the result
is proved. o

Proposition 6. Consider a sequence of SRHO, f,; are defined
on an interval M, provide 1 <i < n, then for positive constants
A, the function f,=max {f,,i=1,2,---,n}, is SRHO of
modulus p.

Proof. Let M be a p-harmonic convex set. Then, Vx,y e M
and j € [0, 1], we have

= max {fl,-[ %) I/P],iz 1,2,3, n}
)

<h()f(x) + R =f ) ()| = — =

1 1

= h(j) max ()} + h(1 =) max (£} = 900)| 5 = 5

=h(i)fi(x) + h(1=)f, () ~ ()| = =

(11)

This completes the proof. O

3. Hermite-Hadamard Type Inequality

In this section, we establish Hermite-Hadamard’s type
inequality for the function belonging to SR(ph).

Theorem 7. Consider an interval M not containing zero and
SRHO f, : M — R of nonnegative modulus y and f, €L
[a;, b)), then for h(1/2) # 0, we have

3
I 2006\ V- ab| [1- (-1
2h(172) {fl a§+b§> +"‘¢<§> a7 || 20+ D)
p(ath) [ fi()
: bg_allz J“I ';HP -
! v -d)
< [ [ -priten n @0l j 80)dj
(12)
Proof. Substituting j=1/2 in Definition 1, gives
2xPyP \ VP 1 1 1\ 1 1
f {(xp—+ ) ] <n(3)n@+n(3)000-w0(3) |5 - 4
(13)

Considering  x = [(a)¥/ja] + (1 —j)b‘;)l/p] and y=]|
(V01K + (1 - j)a))""*] and integrating (13)

() 0 )
1/
on(3)h [(fﬁ) ]
)

al bl
v\ o &\
Lfl(af;wf) o= [} (mam) |9
g

> -J)
. p
f@fl KM) Jo

j1-2j]"

al + bl 2) H-dl ), 2
I Vi
(3) ¥, [2<l+l> ’
2if\ N[ - -
f1<a€+ 1) +M¢(§> P 2(1+1)
1\ p(aith) [ fi(x)
szh(§> b’f—a‘le ;HP dx,



- ab| [1- (-
iz | *”(>aW’lzaﬂ>
pa"bp

Sél%mﬂwﬂ’

(14)

which is left side of the inequality (12).
Finally, for the right side of the inequality (12), setting
x=a, and y = b, in Definition 1 gives

v\
h Kmﬁ’ +(1- t)bf) ]

<h(1=j)f, (@) +h()f, (by) (15)
1
- 0|7 = |-

Integrating (15)

Kml )Wldf

sJ[Ml—ﬁ1WJ+hU)dhﬂW (16)

that is right hand side of (12) and proof is completed. [
4. Fejér Type Inequality

Now, we are going to develop the Fejér type inequality for
the function belonging to SR(ph).

Theorem 8. Consider an interval M not containing zero and
real-valued SRHO f, defined on M of nonnegative modulus y,
then for h(1/2) # 0, we have

| G2) GG -G -5l
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[(aﬂﬁyqﬂﬂﬂﬂﬁ “o(2)
g | () |, 5 ]\
,rwm%%w£+wwamd4

0 |xp|1xl+p

J fixwe)

x1+p

(17)

holds for a;, b, € M with a; < b, and f, € L[a;, b,|, where the
nonnegative real-valued function w defined on M satisfies

AR v\
w<7> =w m . (18)

Proof. Substituting j=1/2 in Definition 1, yields

1

(19)

= [(@Vjd; + (1-)¥)'™]  and

Considering

x
y=[(@b/jb? + (1-j)at)"”] and integrating (19),

() O () |

lp
(5| () |
()

By the properties of w,

200, v\
Mavw P
1 v\ a0\
Sh(i)fl{(jaml—f)b‘i) }ija’h(l—j)bff) ]
. alfb‘l’ 1/p a{b’f 1ip
+h<2>f‘[<jb‘f+(1—j)a‘f> }WKWIH(I—J')V;) }

(1)

ja+ (L= j)by _ jo + (1= j)aj
alb] ajb}

(20)
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)

jab + (1= )8 bl + (1-j)al
ahy ahby

) |
i (1)

Integrating inequality (21),

[/ (;ﬁﬁ)lww{(ﬁu " ) T
I Qfl{(m - w) } (m) ]Zj
o () ]w{(mu o) |

_M¢<1>|Jaﬁ’+1—])bﬁ’ o+ (1- K 20 )W}dj)
A e

1/pJ-b| wx) ;. ¢ <l> Jbl |24t} - (a + bp)xp|
xl+p |a bﬂl 2

a [P Ixtp

() K5 1 (315) T 50
“

¢<1> r'x [2a78] - (af + V) x"| w(x)
¥ -
FrTAde)] R

dx]

(23)

which is left side of the inequality (17).
Finally, for the right side of the inequality (17), setting
x =a, in Definition 1 gives

1 1

an A\ | 1
h |:<Jally-i—(l—])b€> :| <h(1=j)f,(a)) +h(j)f, (b)) — puo(j) aT; 3

7l
(24)
By the properties of w,
apbp 1/p apbp 1/p
| tm) Jo|lrie) |
jai + (1= )by jai + (1~ )by
LY 1p
<h(1-j) 1(“1)“’[(%) ]
jai + (1= )bl 5)

. 1p
+h(j) 1(bl)wl<ﬁp?ﬁ> ]

Integrating inequality (25),

L an \" i \",

[lGm) 1 tm) o
1 ] affbll7 " ]
< Lha ~Dh(a)w [(m) ] Y
. a‘;b‘;’ 1p »
+J0h(J)f1(bl)w[<M> ]dj

i a[;b‘;’ 1/p .
w[Q%H%I—D%> %

by f (x)w(x b “I;bllj_xp wix
L %dxg [fl(al)+fl(b1)]J h(gl”i_”ﬁ’;) x1(+p) dx

1 1

- -
alb‘f

-4 09

a, xt
| (A=) i
) J xb (b —dl) ) x0T
(26)

that is right hand side of (17) and the proof is completed. [J
5. Fractional Integral Inequalities
Lemma 9 ([20], Lemma 2.1). Let f; : M =[a;, b;] CR be a

differentiable function on the interior M of M. If f," € L[a,,
b,] and A €0, 1], then

on (2] ( )

%—ﬁj e
) (bI;—a’II)) 172 ) a‘?b‘; 1+1/p
" (@) J, @-» PRRTET

(27)

Theorem 10. Let M = [a;, b;] ¢ R\ {0} be a p-harmonic con-
vex set and let f, - M = [a;, b;] SR\ {0} — R be a differen-
tiable function on the interior M of M. If f," € L[a,, b,] and

If,’ " are strongly reciprocally (p,h)-convex function of higher
order on M, q> 1, and A € [0, 1], then



aS)

2a50) 1(a;) +1,(by)
)

_ p(ait] )J 1) 4

P 1
b11) aj xP

< (bll)_az) -1 ) .
< Zp(apbp) [Q(P)aplﬂ) /q[c3(p,a1,bl)|f1(a1)|

1/q
+Cs(prap b ’f1 ’ +C7(p,a1,b1)‘u}
+Cy(p, by az)l_l/q {Cs(Px by, az)‘fﬁ(“z)’q

' q 1iq
+ Cy(ps b1>“1)|f1(b1)’ + Cg(p: by “1)!/‘} }’

where

12 . a‘?b‘; 1+1/p '
_ _ 29
Cl(P’al’bl) JO |2J /\‘ (]ag‘l'(l—])bg) d]’ ( )

1T (1 _J)b‘;7

1
c4<p,b1,a1>=J h(j)zj—zm(.i
1/2 J

1 alljbll’ 1+1/p
Co(p by ay) L/z( )12j 2+A|<ja§+(1-])b‘;> Y
(34)

(35)

(36)
11
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Proof. Using Lemma 9, we have

( _A)fK;”ibjp) llp} +A<f(0h) ;f(h)) _ pbéaﬁqu) Jb{f‘j dx’
.y
o (e m)
1p
: {(ﬁ) } dj+J1/P\(2j—2+A)
Ly 1/
Using power mean inequality,
“’If( o ; K[( A)\(ﬂ%) de)
J W) ) |
[ iz (%>)
Since | f}(x)|? is in SR(ph), so
S (o) (1 o 45)
:hu I OB - 90 7 - ] dj)
(EEN (j <]p+:fpw) "

)

1 —_
voa

i

1

d]} |

(37)

1-1/q

q 1/q
dj)
q 1/q.
d]-) |

(38)

+

h(1=j)|f1(ap)|" +h()|(b1)]* - g ()

< g‘j’(;b‘,} {(j;&l(zw)'dj)m

: (C9(‘1’P§“1’b

1)|fi(“1)‘q+C11(q’P§“1’h1)|f;(h1)|q (39)
1r

1/q r1/2 ) o
+C13(‘1»P§”1)b1)!‘> + <J [(2j-2+2)] d])
0

- (Coalgpsbia)|fifa)|"+ Ciolg.p3 b a) | fi(by) [
1/q
+Cu(gps by “1)#) :|

S (bxll’_a}l’) 5 Pl +(1 _)L)r+1 r
Zp(apbp) 2(T+1)

[(Cs@psanty)fita)| + Coa.psanby)|fi(b)
+ (Clz(q,p;bl»ﬂ1)|f1(“l)|

1/
bl)‘q + C14(q’P;hl’“1)//t> Q]'

g
+ C13(‘1»P;“1)b1)#)

+C1o(q’P;bp“1)‘f;(

Hence, the desired result is obtained. O



Journal of Function Spaces

For g =1, Theorem 10 reduces to the following result.

Corollary 11. Let M ={a;,b;] c R\ {0} be a p-harmonic
convex and let f; : M = [a;, b;] SR\ {0} — R be a differen-
tiable function on the interior M of M. If f € L[a,, b,] and
If',|" are in SR(ph) on M and A € [0, 1], then

2880\ (fi(a) + (b))
(I_A)f1[<a§+b€> ]+A< 2 )

p(aith) ij fi(x) dx’

- b{]’_aI; x1tp

_ (bi-al) ,

= 2p(a11’b11)) [(Cs(P’ apby) + Co(ps bp“1))’f1(“1)‘
+(Cs(p, bys ap) + Cy(ps a5 b1))|f§(bz)| +(Cy(prapn by)
+Colp b)),

a;

(40)

where C;, C,, Cs, C4, C,, and Cy are given by (31) to (36).

Theorem 12. Let M = [a,;, b;] ¢ R\ {0} be a p-harmonic con-
vex and let f, : M =[a;, b;] CR\ {0} — R be a differentia-
ble function on the interior M of M. If f', € L[a,, b,] and

If',|" are strongly reciprocally (p,h)-convex function of higher
order on M, r,q> 1, 1/r + 1/g=1 and A € [0, 1], then

22001 fila)) +£,(b)
(I_A)ﬂ([a;;m;;] ) +A(2>

: [<C9(‘1)P§a1> h1)‘f§(“1)’q+c11(q’f’§ap hz)‘f;(bz)‘q
1/q ’ q
+C13(‘1)P;‘11’b1)#> + <C12(‘1>P5b1’a1)|f1(‘11)|

1 q liq
+C10(q,p;b1,a1)|f1(b1)| +C14(‘1)P§b1)‘11)!4) }
(41)

where

172 ‘ P
C9(q’P§a1>b1):J h(l_])(. .
0

q+qlp
S b dj, (42)
jai + (1 —J)b‘z’)

1 q+q/p
; = N —— i 43
Cio(gpsbpa;) L/zh(,’) <]a117 (1 _])b;la) dj, (43)

12 A1 a+qlp
cu<q,p;a1,b1>:j h(j)(jpl—l_) dj,  (44)

1 allyblly q+q/p ( )
Cool@psbpa :J ni-j =%\ 4 (45
12(@psbya;) 1/2( J)<ja‘?+(1—j)b€> ]

. e A iy B L
Cis(gpsapb))= L $(j) (M) ?; 2 djs
(46)
. - 1 o a};bllj q+qlp
Cu(gpsbpa)= J1/2¢(J)|21 2+ A (m)
11,
il
(47)
Proof. Using Lemma 9, we have
21 1\ (fila) +fi(by)
_ 191 1191 1191
eon([g]) ()
_p(@b) (" fi(x)
bll)_all) J“l Xt -
O =a) 117y (— % ™ 48
@i [ | i) @

. N 1L
. Kjiaﬁ’+(l—j)bf> d]+J1/z (2j-2+A)

() ltm) 1
jai + (1= )b [\l + (1= )] '

Applying Holder’s integral inequality,

(b‘;—aﬁ’) (Jl/z ‘ . .)I/r J1/2 a;szl; 1+1/P,
< 2j-M)|'d G et S
ap(@y U &) G am)

a‘fb’f 1/p7 14 ' 1/q ( 1 . . ) 1/r
1 d -2+M)]'d

<jaq+(1_j)bq> i) ([ ei-zenra
Jl a‘fb’f 1+1/p
2| \jai + (1= )b
< alb} )Up} qd]‘ " _ (b) —ab)
el + (=) 2p(a17)

[ /12 Ur (172 L q+qlp
: 2j - \)['dj _ah
(J @i-nrd) ([ (ja‘f+(1—j>b€>
. r all,bll, 1p l/q
|\t + (1= )

q 1 1/r
o (] je-2enra)
2
1 a}];blly q+ql/p
. J1/2(j“117+(1_j)b117>

1/
q /g
d,) ]

, a{'b‘? 1/p
flKja‘h(l—j)b‘f) ]
(49)

i




Since | f](x)|? is in SR(ph), so

G| VT TR L S (A S

zp(af;bf;) [(J '(2]_”"1]> (J (ja‘f+(1—j)b‘f)

-l])

. Ur /o +qlp

’ (J1/z‘(2j_2+A)|rdj) (Jl/z (J'alf +aflb€j)b€>q |
RTINS
210

: g(_"bi; M/ziw—h’df) (Gtarsa bl

1/q
+Cp(gpsar b1)|f;(b1)|q + C13(q,p;a1,b1)y>

+ (J:Z(Zj -2+ A)|’dj) l/r(clz(q,p sby,a))|f1(a)|”

' {h(l = PIfia)[* +hG)F1(0)|" - ue( )|

<R =) f1@)|" + RG] - ue (i)

) q 1/q
+Cio(:p5 b1 @) |1(00)| "+ Cualg P35 by, a1 )
(b - a)

y /\r+1+(1_/\)r+1 1r
2p(aith) 2(r+1)

: [(@(%P;‘lp bl)‘f;(al)|q +Cp(gpsar b1)|f;(b1){q
(Clz(q’l’ ; bl,a1)|fi(a1)’q

i q Va
+Cuo(@.p5 b1 @) [f1(B0)| "+ Cuul@ s broaus) .

<

1/q
+Ci;3(qpsar bl)#) +

(50)
Hence, proved. O

For A =0, Theorem 12 reduces to the following result.

Corollary 13. Let M = [al, ;] c R\ {0} be a p-harmonic
convex set and let f; : M =[a;, b;] CR\ {0} — R be a dif-
ferentiable function on the interior M of M. If f', € L[a,, b,

and |f',|" are in SR(ph) on M, r,q> 1, 1/r+ 1/q=1, and A
€0, 1], then

_p(alt) J%(x) dx‘

P 1+
bg—“z a X7

1 1/r ,
X (2(r+1)> [<C9(Q’P;a1’b1)’f1(“1)’q
f q 1/q
+Cpy( ;a1’b1)|f1(b1)’ +C14(‘1>P;“1’b1).’">
+ (CJZ(‘Z’P;b1’“1)|f;(“1)|q + C10(4>P§b1>“1)|f;(b1) !

+Cry(qps by 611)#) I/q})
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where Cq, C,y, C;p, Cpp, Cppand C,, are given by (42)-(47).
For A =1, Theorem 12 reduces to the following result.

Corollary 14. Let M =[a;,b;] cR\ {0} be a p -harmonic
convex set and let f, : M =[a;, b;] SR\ {0} — R be a dif-
ferentiable function on the interior M of M. If f', € L[a,,
b)) and |f',|* are strongly reciprocally (p,h)-convex function
of higher order on M, r,q>1, 1/r+1/q=1 and A€]0, 1]
then,

L(a»;ﬁ(bl) pbg;a a) J p ) dx
<(b" 1
Zp(a ( r+1>
ch i b a 40 b o

+Cuy(gpsapb ).“) (Cm(qp by,a;) ‘f1 (a;) |

, q 1lq
+Caol@ 3 by a)|f(bp)[" + Coalarps bau) |,
(52)
where Cq, C,p, C;;, Cjp Cipand C,, are given by

(42)-(47). For A=1/3, Theorem 12 reduces to the following
result.

Corollary 15. Let M =][a;, b)) c R\ {0} be a p-harmonic
convex set and let f; : M =[a;, b)) CR\ {0} — R be a dif-
ferentiable function on the interior M of M. If f', € L[a,, b,]

and |f',|" is strongly reciprocally (p,h)-convex function of
higher order on M, r,q> 1, 1/r+ 1/q=1 and A € [0, 1] then,

I 2a0b] p(aibl) (* f1(x)

’6 |:f1(u +4f1|:< +b§> } +f1(b)} - bplz_azla Ja lp dx
() - al) 1+20 N\

- ( >)

zp( ﬁ’bfl’) 6.3"(r+1
[ (Colarpsan b fian)]['c by)|f3(b)[*
(Cu(q’P sbyp “1)|f;(“1) ’q

1/q
Ci(qpsbpa) ’f;(lﬁ) ’q +Cu(g:ps by ‘11)!4) ]»

(@ psap

1iq
+C(gpsap bl).“) +

(53)

where Cy, C,, C,;, Cyp Cryp and Cy are given by (42)-(47).
For A =1/2, Theorem 12 reduces to the following result.

Corollary 16. Let M =[a;,b;] c R\ {0} be a p-harmonic
convex set and let f; : M =[a;, b;] CR\ {0} — R be a dif-

ferentiable function on the interior M of M. If f', € L[a,, b}]

and |f',|" is strongly reciprocally (p,h)-convex function of
higher order on M, r,q> 1, 1/r+ 1/q=1 and A € [0, 1] then,
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I 2%\ " p(afth) (" £,(x
2 fl(u)+2f1|:<a;17+bg> :|+f1(b):|_ b;]z_apJ L dx

S(bl»;_alj)x( 2 >I/r

2p(aht)) " \42°(r+1)
[(Col@psap b\ fita)+Cualg.psap by) | f (b))
+Cu(g:psap bJ)#) " + (C12(4>P;b1>a1)|f;(“1)}q

! q liq
+Cr(g:p5b) az)‘f1(bl)} +Cu(g:ps by az)#) ],

(54)

where Cy, Cyy, C;;, Cyp Cryp and Cy are given by (42)-(47).

Remark 17. Inserting h(j) = j, p =0 and 1 =2 with ¢(j) = j(1
—j) in Corollary 16, we obtained ([20], Corollary 3.8).

6. Conclusion

In this paper, a new definition of convex functions “namely
strongly reciprocally (p,h)-convex functions of higher order”
is introduced. This new definition extends almost all the
existing versions of convex functions. For the strongly recip-
rocally (p,h)-convex functions of higher order, we estab-
lished several interesting inequalities which have
applications in optimization theory, probability theory, as
well as pure and applied mathematics. We also established
several fractional versions of the Hermite-Hadamard type
inequalities. The remarks presented in the paper justify the
validity of our results and prove that our results are more
general than almost every existing result.
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In the present paper, g-fractional integral operators are used to construct quantum analogue of Ostrowski type inequalities for the
class of s-convex functions. The limiting cases include the nonfractional existing cases from literature. Specially, Ostrowski type
inequalities for g-integrals and Ostrowski type inequalities for convex functions are deduced.

1. Introduction

In mid of twentieth century, Jackson (1910) has begun a
symmetric investigation on g-integrals. The subject of quan-
tum analysis, depending upon g-integrals, has different
applications in different branches of mathematics and material
sciences like number hypothesis, combinatorics, symmetrical
polynomials, essential hypermathematical capacities, quan-
tum hypothesis, mechanics, and in the hypothesis of relativity.
The perusers are suggested to Set [1], Gauchman [2], and Kac
and Cheung [3] for g-analogues of fractional calculus.

In numerous pragmatic issues, convexity hypothesis has
stayed as a significant device in formation of vital imbal-
ances. In many practical problems, it is important to bound
one quantity by another quantity. The classical inequalities
such as Ostrowski’s inequalities are very useful for this pur-
pose. Ostrowski type inequalities are well known to study
the upper bounds for approximation of the integral average
by the value of function and definition of s-convex function.
Some new Ostrowski type inequalities for Riemann-Liouville
fractional integral are established. Fractional calculus has
been a well-known topic since it was initiated in the seven-
teenth century and studied by many great mathematicians

of the time. Some classical inequalities including Ostrowski’s
inequality are examples of it.

2. Preliminary Results

In 1938, Ostrowski [4] established the following well-known
and useful integral inequality:

Theorem 1. Suppose v : I — R is the function differentiable
in open interval of I, where I CR and let &, 1 € I’ with & <n.
If ly'(0)| <M for all 6 € [E, ], then the following inequality
holds

40)- e RIOLE

245

(1)

for all 0 € [€, 7). The least value of constant on R.H.S of (1) is
1/4.

Inequality (1) gives an approximate upper bound for the
deviation of integral arithmetic mean 1/( — E)jgw(e)de to
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the function y(-) at point 6 € [£,%]. In recent years, this
inequality is studied extensively by different researchers,
and its different variants can be seen in number of research
papers including [5-11]. Recently, in [12, 13], Ostrowski
type inequalities are studied for g-integrals.

The following notion of s-convex function in the second
sense is from [14]:

A mapping ¥ : [0,00) — R is said to be s-convex in the
second sense if

y(us + (1—u)n) <wy(8) + (1 - u)y(n), (2)
for all &,7 € [0,00), u € [0, 1], and some static s € (0, 1].
The following Lemma is established by Alomari et al.

(see [8]).

Lemma 2. If y' € L[E, 1], then we have the equality

_L'I u 1,{:(6_6)2 Iu’u —u u
W)~ g | wiwdu= S | w0+ (18

- (71—0)2 lu "(u -u u
| uf w0 s (1w
G

for each 0 € [£,1].

By using Lemma 2, Alomari et al. in [8] proved the fol-
lowing results of Ostrowski type inequalities:

Theorem 3. Suppose v' € L&, 5. If |y'| in term of second

sense is s-convex on [&,#], for unique s € (0,1] and |y'(0)]
<M,0 €& n, then

M [(0-8+ (-6)
o) g )d"’v—f[ il ] (4)

holds, for each 6 € [&, ).

Theorem 4. Suppose y' € LI, ). If |y'|" is a s-convex in sec-
ond sense in [, 7] for unique s€ (0,1],m>In=m/(m-1)
and |y' (0)] < M0 € [£, 1), then

1 " M 2 1/m
v e vl 5w () )
|0-8)7+ (-0’
n-3
holds, for each 0 € [£, ).

Theorem 5. Suppose ' € L[, n]. If |y'|" is s-convex in sec-
ond sense on [E, 7] for static s € (0,1),m>1 and |y (0)| <M
0 €&, x|, then
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(2N O=8"+ (n-0)
_M<S+1> [ 2(n-¢) ]

(6)

u

) - e RAOLE

holds, for each 6 € [&, ).

Further some existing results on s-convex functions can
be seen in [11], and some results involving fractional opera-
tors can be found in [15-21]. In case of fractional integrals,
see the following lemma from [1].

Lemma 6. If y' € L[E, 1], then for all 6 € [£,5] and >0

Y -9)f
<<e & +(1-6) )w(e)_“ﬁ”) o)+ Th.vn)

n-¢§ (n=28)
_ g\BHl 1
_ Ln—g)f Jouﬁw’(um (1 - u)E)du

— Q)P+ 1 ,
_ % Jouﬁw (ub + (1 - wyn)du

(7)
holds, where I'(B) = ["e™*uP~!du is Euler Gamma function.
By using Lemma 6, Set in [1] proved the following:

Theorem 7. For y' € L[E, #]. If |y ()] is s-convex in second
sense on (&, 7] for fix s € (0, 1] and |y (0)| < M0 € [£, 7], then
the following fractional integrals inequality, for 5> 0

0-8"+(n-0)° CT(B+D) [ s
‘ (T) vO-4g [ATGRYART0) ‘

M B+ 1T (s+ 1)\ [(0-&F" +(n-6)P
;1—E<1+ I'(B+s+1) >[ B+s+1 ]

<
(8)
holds.

Theorem 8. Suppose y' € L&, y]. If |y'|" is s-convex in sec-

ond sense on [, 4] for some fixed s € (0, 1], n,m>1 and |1//’
(0)| <M.0 € [ 7], then

(6_§)ﬁ+(;7_9)ﬁ F(ﬁ+1) . ;
‘ (T) y(0) - =9 {Je,q/(z) + ]9+1,,(,7)}

M) ©-8"" + (1-0)""
T (1+np)m\s+1 n-¢

©)

holds, where (1/n) + (1/m)=1,> 0.



Journal of Function Spaces

Theorem 9. Suppose ' € L[, ], and assume that |y'|" is
s-convex in second sense on [£,5] for some fix se(0,1],
m> 1y (0)| <M, and 0 € [E,n]. Then

0-8F+(n-0)° CI(B+1)
‘( - )‘”@ (-9

7\ m) ] 1im
<M|—— -
N <1+,8> (ﬁ+s+1>

L, DB+ DI s+ 1\ [(0-8)7" + (7 -0)"
() 1-¢

av(® + Ty ’

(10)
holds for each B> 0.

Theorem 10. Suppose ' € LIE, ). If |y'|" is s-convex in sec-
ond sense on [&, ] for some fixed s € (0, 1] and n, m > 1. Then

0-8F+(n-0)° T(B+1)7 5 s
‘ (T) v(0) =gy [Jhv®) + v

(s=1)/m al 2]
el )

(1+np)"(n-&

)

holds, for (1/n)+ (1/m) =1 and 3> 0.

+(n—-0)F"!

Note that if s = 1, the definition of s-convexity reduces to
classical convexity of functions defined on R*.

3. Preliminaries about g-Integrals and
Related Inequalities

The following properties of g-derivatives are recalled
from [3].

3.1. g-Derivative. For ¢ € C[&, 1], g-derivative of ¢ at 6 € [£, 1]
is given by

$(0) — p(q6 + (1 - q))
065 0+t (12)

£ Dq¢(9) =

For n > 1, we have the following relation:

n

©-8)n=1]06-4%).

J=0

n

E-0,=1[E-49).

J=0

3
Respective derivatives are
D,(0-&);=[n](6-&);",
D, (&~ 0); = ~[r](§ - g6); ", (14)
(E=a0)) =i P60

where [n] = (¢" — 1)/(q — 1). The fractional calculus is a gen-
eralization of classical calculus concerned with operations of
integration and differentiation of noninteger fractional
order. The concept of fractional operators has been intro-
duced almost simultaneously with the development of the
classical ones. The first known reference can be found in
the correspondence of G. W. Leibniz and Marquis de I'Hos-
pital in 1695 where the question of meaning of the semider-
ivative has been raised. This question consequently attracted
the interest of many well-known mathematicians, including
Euler, Liouville, Laplace, Riemann, Griinwald, and Letnikov.

3.2. Fractional Integral from [8]. Let yeL'[,n]. The
Riemann-Liouville integrals ]f .y and ]5_1// of order >0
for £ > 0 are defined by

£ :L ' —u)Py(u)du
v g0 v 08
]5_1//(6)=% Z@-@)ﬁ Ly(wdu, <.

3.3. q-Antiderivative. q-Antiderivative along with its prop-
erties can be studied in [22]. Suppose that v € C[E, 7).
Then g-definite integral for 0 € [&, 7] is defined as

0 [e)
Jopeedu=0-a©-8 3 quiaor 0 -g98. (9

which gives

q(£ _ q,le)[ﬂl

J(s-e)gdqe):- a6+

1
1
ﬁ+sd —
L” T Brst]

1 s _F(B+1)F (s+1)
Jouﬁ(l—u) dqu— ql"q(ﬁ+sq+2)

(17)

Formula for g-integration by parts [23]: Let y, g € C[&, ],
and 6 € [£, %], and then



0
J ¥(u)Dyg(u)dqu =y (0)g(0) ~y(c)g(c)

9)8)Day (u)du
(18)

—Jeg<qu+ (1-

c

The following g-integral inequality is from [23]:

Theorem 11. Suppose v : [&,#] — R is a g-differentiable
mapping. If [D,y(6)| <M for all 6 € [§, 1] and 0 < q <1, then

\ww) - ﬁj"w(u)giqu

ML ((Ga-1E+(1 +q>n>/4q>>2 (19)

n-=¢§
+( q +6q-1 )}
89(1+q)

holds for all 0 € [&,7].

The least value of constant on R.H.S of (19) is (—¢* + 6
q-1)/8q(1+q).

g-Holder inequality [24]. Let y,® be g-integrable on
[€,n] and 0<gq<1 and (1/n)+ (1/m)=1 with m > 1, and
then we state as

[vmontas{ o) {[jorse]

(20)
The following inequalities are derived from g-Holder
inequality:

g-Minkowski’s inequality. Let &, 7 € R and n > 1, for con-
tinuous functions v, @ : [&, 5] — R, we have stated

[ s ora})
< {JZ|w(u)|”dqu}W ¥ {J:|(D(u)”dqu}lm.

g-Power mean inequality. Let (1/n) + (1/m) = 1 with n,
m>1, and let &, € R and for continuous functions v, g
[€,%1] — R, and then

J:III/(M)@(u)qu“
< {j:|w<u>|dqu}l(“m){j:w)|q><u>’”dqu}”m.
(22)

Theorem 12 (see [25]). Let y : [£,] — R be a function
and 0< g < 1. Then
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0 n-3 3
Example 1
o 1 2 [ 2
Lu(u— )dqu=?<9(9—f) —L(u— )dqu>
_ 1 :  (6-8)’
= (6(0—5) Trat q2> (24)
_(6-%’ (E(l +9) +q2a>
l+gq 1+q+¢?

Now, we have

r (u-8)d —JM(Hs)tdt
£ q 0 q

1 , [ 2
o[

_(0-¥” (f(l +q) q)

l+g 1+qg+¢?

Proposition 13. For each k,r € N(or Z q € R") [2], we have
_ k
k+r], =k, +q ], (26)

Exponential functions and Taylor series (g-analogues)
from [26]:

g-Gamma and g-Beta functions:
For any u >0

T, (u)= J 6""'E,d,0 (28)

0

is called g-Gamma Euler function and for any u, p >0

Bi(wp)= | 0711 g0 a0 (29)

is called g-Beta function.
Relation between g-Gamma and g-Beta Function:

0
pio0) = ), (30
q
I'y(m+1)=[m]l,(m)(m>0). (31)

The following definition is introduced by Agarwal in
[27] when & = 0 and by Rajkovic et al. [28] for & 0.
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g-Fractional integral from [29] Let weL'[E n]. The
Riemann-Liouville g-integrals ] ¥ and ] —y of order >0
for £ >0 are defined by

6
PBev0) = | 0= a0 y(wd,uwo>¢
ql(/g) Jj (32)
O = 7 || -0 w0 <n
q q

respectively, where I',(B) = [°
- J59(0) = v(0).

u(ﬁ’UE;q”dqu. Here J3, v(0)

4. Ostrowski Type Inequalities via g-
Fractional Integrals

In order to prove our main results, we have to prove the
following lemma with the help of ([30], Lemma 1), which
can be seen in [31]).

Lemma 14. Suppose that v : [£,57] — R is g-differentiable
mapping. If D,y € L[§,n], then for all 6 € [§, 5] and B> 0,
we have

_e\BH el
(9,7 f)ﬁ Luﬁqu(uG + (1= u)é)d,u
—@\PHL 1
- mﬂ_éjouﬁqu(uG + (1 -u)n)dyu

_((6-B)f +(n-6)f (%+um1—
n-¢& q?

—5 hev(® + Tgvin)],

®>WW)

(33)

where T,(B) = fgouw’l)E;q”dqu.

Proof. By using the formula of g-integration by parts

JluﬁD y(ub + (1 -u)é)d u

q
y y(ub + (1 - u)E)

Jl[ﬁ] p1¥(qu + (1-qu)t) |

6-¢& 0-¢ "
_vO) _ B (P g\ )
“o-¢ 6?ﬂ; @w—a) 269"
O, B s
‘9—f+¢w—a“4; (u=- &)y (w)du,

(34)

where

rﬂfq&f x

o T du= - g =509 2.4

<<w g +E)+(1-q"E-E)F
<w ﬁ+® (1 fm

ww—aw—a“u—@w
(0 - &)
:wm_vw slqifneq

y(0) -

O_E qqe £ﬂ+l

[Bl(6-§)(6-&)F"
(0~

y(q'0+(1-q")8) +

G-

0-
{mw D=0 (g greyf

PFO-5f" S

y(q"0+(1- LI")'E)} +
(35)
BIL,B)
F(0-§)"'T(B)
6 _
| -y BT yee)

Jouﬁqu(uG +(1-u)d)d,u= g(_eé -

13 B {CR3)
(36)
Multiply both sides of (36) by (6 —&)F*!/(5 - &)
_g\Bp
(?1 _? Luﬂqu(ue +(1-u)E)d,u
_(0-%F Ty(B+1) g
—g vO- ww 5 o (37)
£)s
[ (1 (11)( : £) ().
Similar, calculation gives
D vl s (1 und = V) [BIT4(B)
J v+ =, 01" -0/, ()
6
A e o F g P9
J o= a0yt i vio),

(38)



Multiply both sides of (38) by (17— 8)*'/(1 - &) to get

_p\Pr 1
%Jouﬁqu(uG +(1-u)n)du= 10!/(?61)7
[BIT4(B) o =
qﬂn—eﬁ“rAﬂ>Lf"'q”ﬁ v
[AI(1-4)
TR

(39)

By combining (37) and (39), we obtain the following
desired result.

(n-0)""!
n-¢

0-5f
v

_ p\Bl
%Jluﬁqu(uG +(1-u))d,u -
0

. Jouﬁqu/(uO +(1- u)r])dqu =

LY s B0-90-8
a*(n-¢§) Jao )+ af(n-¢§)
(n-0) T (B+1)

M- v(0) q&n_g)qﬁ(m

v(0)

Remark 15.

(a) Taking g =1, Lemma 14 becomes Lemma 6

(b) Taking S=1, Lemma 14 reduces to ([32], Lemma
3.1)

o= e v

_(0- E)ZJ uD w(u@ +(1- u)E)Odqu (41)
_(n-0y
n-¢

n-¢&
9

n-

1
0

J uDy(uf + (1 - u)n),d, u.

By using Lemma 14, we established some Ostrowski type
g-fractional integral inequalities.

Theorem 16. Suppose v : [£,7] CR* — R is a g-differen-
tiable mapping in such a way that D,y € L&, n]. If [D y| is
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s — convex in second sense on [&,#] for some static s, q € (0, 1]
and |D,y(0)| < M0 € [§, 1], subsequently, the following inte-
gral inequality for q-fractional integrals is valid.

O-8F+(n-0"\ (¢ +[Bl(1-q) YRR
|< n-§ >( 7 )W(e) 4 (n-5)
v+ ] <5

, ﬁ+1 S+ D\ [(@-8F + (n-0)F
/3+s+1 [B+s+1] '

(42)

Proof. Consider Lemma 14, and since D,y is s - convex
mapping on [&, 1], we can write

0-8"+(n-0°\ (¢ +[BI(1-9q)
’( n-§ )( 7 )W(e)_

g\l
(@ siin]| < 2

L(B+1)
aF(n-¥)

<

(n-6)""
n-&
(G_E)ﬁﬂ
n-=§

1
uﬁ|Dq1//(u9 +(1—u)&)|du+
0

1
uﬁ’qu(uG +(1- u)n)|dqu <
0

1
uﬁ”‘qu(G
0

(n-6)"

n-¢
<(9_E)ﬁ+l
- on-¢

. lu'g” WB(1-uy u<7(9_z)ﬁ+lM
(Jo +ul )>d”’_ n-§
T (B+ 1)L, (s+ 1)] N

)|dgut+uP (1 - u)*|Dy(E)|du
Juﬁ“’qu 0)|d, u+uP(1-u) ) |Dyw(n)|dyu

B+1
(Jouﬁ“ + uﬁ(l - u)s) dou+ (17’19#

(n-0)"'m
n-=§

Ly(B+s+2)
Fq([g’+1)1“q(s+l)]

1
' [B+s+1] "

Fq(ﬁ+s+2)

T (B+1)T,(s+ 1)]
Fq(ﬁ +5+2)

M 1+
n-¢§

1
' [B+s+1] "

M L
_r]—E [B+s+1]

J@-8 w0 =

.F&ff“+m—®“q
[B+s+1] ’

Fq(ﬁ+1)rq(s+1))
I‘q(ﬁ+s+ 1)

(43)

where we have used the fact that
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+s 1
JJ” W= Ersea

! oq . LB+ (s+1)
JOUﬁ(l_u) 4= qrq(ﬁ"'sq"'z) .

(44)

Therefore by applying the reduction formula I' (m + 1)
= [m|I',(m)(n>0) for Euler gamma function, it completes
the proof. O

Corollary 17. Suppose that y : [£,5] c R* — R, is g-differ-
entiable function in such a way that D,y € L[§,n]. If |D,y| is
convex on [&, ] for some fixed s, q € (0, 1] and |Dy(0)| < M,
0 €& n], then we have the following q-fractional integral
inequality

‘Ce & +(n- ew>(¢+um1—@>ww)_FAﬁ+m

-t ¢ P (-8
0- B+1 -0 B+1
L e

(45)

is valid for > 0.
Proof. Taking s=1 in (42), the required result follows. [
Remark 18.

(a) g-analogue of Theorem 3, (4) is followed by taking
B=1and g=1in (42)

(b) Taking q=1 in (42), it follows the inequality (8) of
Theorem 7

Theorem 19. Suppose that v : [§, 1] cRY — R is g-differ-
entiable function in such a way that Dy € L§,y]. If [D,y|"

is s-convex in second sense on [£, 1| for some static s, q € (0, 1],
n,m>1and |D,y(0)| < M0 € [, 1], then

‘Ce & +(n- e%>(¢+umz—@>ww)_FAﬁ+n

n-¢ 9 UUR
[iewa+gyw>}sa¢%§ﬁ
1+ q{l - (1 -q )SH} " - E)ﬂﬂ +(n- 9)/3+1
[s+1] n-§ ’

(46)

where (1/n) + (1/m) =1, and 3> 0.

Proof. From Lemma 14,

0-8"+(n- ®ﬁ<q
n-&

uf | Dy (u6 + (1 - u)E)

uﬁ‘Dql//(uO +(1-u)
0

qf

(n-6)""

|dqu+ E

r])‘dqu.

By virtue of Hélder’s inequality, we have

(9 _ E)ﬁ+1
n-§

1
: J P |y (ub + (1 - u)n)|d,u <
0

1 _n\B+1
Luﬂquq/(um (1 - u)é)|d,u + (n=9)

n-¢

1 1/n
. (J uﬁ”dqu) (J |Dw(uf + (1-u)§
0
=0 (" g, \"
+ - Jouﬁ dgu

(J D,y (uf +

1/m
(I-u)y | du) .

Fq(ﬁ+ 1)
aFn-¥%)

(0 _ E),B-H
n-¢

1/m
"d u)

(48)

Since [D,y|™ is s - convex in the second sense on [§, 7]

and D,y(0) is bounded by number M,
1 5 1
n = 49
J e e @)
! m ! m
L|Dq1//(u9 +(1-wu)é)|"du< J0u3|qu(9)‘ dyu
1 . 1 1
J u)’|D,y(§)|"d uSJOuquu+L(1—u)sdqu
< wH _ ’lu)ﬁl 1)
s+ 1] [s+ 1] .
_ 1)s+1 q
+
[s+1] [s+1] [s+1]
1+ q- q )s+1
[s+1] '
(50)



Similarly, we have

J 1D, y(u0 + (1 - wyn)|"d,u
- . (51)
< JOuS‘qu(H)’mdqu + JO(I - u)S’Dql//(nﬂmdqu,

JO;qu/(ue (1= u)|"d,u

o <1+q(1— (l—q"l)ﬁl)). (52)

[s+1]

Substitute (49), (50), and (52) in (48) to get,
(G—E)ﬁﬂ 1 1/n Mm<1+q_q(1—q71)s+1> 1/m
n-¢& ([ﬁn+1]) 5]

(r]—G)ﬁﬂ 1 1n 1+q—q(1—q*1)5” 1m
+ n-§& ([ﬁn+1]) < 11

v (1+q(1 - —q“)”l)> "

([Bn+1))™" [s+1]
(O=B" + (-0
n-¢§ '
(53)
Hence, this completes the proof. O

Corollary 20. Suppose D,y € L[§, ). If [D,y|™ is convex on
&, 1], for some static s,q € (0,1}, m,n> 1, and |D,y(0)] <
M.,0 € [€, 1), then subsequently, we have

O-8F+(n-0)F\ (¢f + [Bl(1-q) RACER
‘( n-¢§ )( 7 )W(G) 9 (n-%)

T v® + Togyn)] ‘

B R AR A )
([1+np)” n-& ’

(54)
where (1/n) + (1/m) =1 and > 0.
Proof. Taking s=1 in (46), the required result follows. [
Remark 21.

(a) Taking f=1 and g=1 in (46), it follows the g
-analogue of (5), Theorem 4

(b) Taking g =1 in (46), it follows the inequality (9) of
Theorem 8
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Theorem 22. Suppose v : [£, 7] ¢ R* — R is g-differentiable
mapping in such a way that Dy € L[§, n]. If [Dy|™ is s -
convex in second sense on [£,1] for some static s, q € (0, 1],
m>1, and |D,y(0)| < M.,0 € [&, 4], then for f>0, we have

O-8F+(n-0°\ (¢’ +[Bl(1-9q) RPCER)
'( n-¢§ >( ¢’ )(9) #(n-9)

) (o)

(1, T DL+ DY (0-8 + (-0
Ly(B+s+1) n-§ .

(55)

e © 4T )]

Proof. From Lemma 14,

0-6F+(n-0)°\ (¢ +[Bl(1-q) IRVCERY
’( n-¢ )( >W(6) (-9

Ve v© T v(0)

_ n\B+L
. lu'B|qu(u9 + (1 - u)é)|dyu+ (=6 19)
0 n-=§

- uﬁ‘Dql//(uO +(1- u)r))‘dqu.
0

(56)

Now applying familiar power mean inequality, we have

0-¢& B+1 1 _ g1
( ’7_)5 Jouﬁ|Dq1//(u9+(1 —u)§)|d,u+ %

1
: J uﬁ‘Dql//(uG + (1= u)n)|du
0

0 _E B+l 1 1-(1/m)
< % (Jouﬁdqu)

(o v-oores)”

(’1_9)/34-1( 1 B>1—(1/m)
A Lu

1 1/m
. dq”<J0|Dq‘//(”9+ (1= u)r])’mdqu) .

(57)

Since [D,y|" is s-convex in the second sense on [&,7]
and |D,y(60)] <M, we get
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1
J uB‘qu(ue +(1-u)§)|"du
0
1 1
< J P | Dy (0)]"du + J wf (1= u)|Dy(§)|"d,u
0 0

1 1
< M’”Luﬁ“dqu + M'”Luﬁ(l -u)’d,u

1 1
=M" (Jouﬁ”dqu + JOu'B(l - u)sdqu>,

! o T (B (s+1
Luﬁu_u) au= 1ol :ﬁisqu; )
(/3+1) (s+1)
[ﬁ+s+1} (,8+s+1)’

Jouﬁ|Dq1//(u9 +(1-u)&)|"d,u
LM (1 . T, (B+1)L,(s+ 1)>’
[B+s+1] Fq(,B+s+1)

1
J uf Dy (ud + (1 - uyn)|"d,u
0

sLuﬁ“|qu(6)’mdqu+L W (1-u)’[Dy(n)|"du (58)
LM <1+Fq(/3+1)1"q(s+1)>.
[B+s+1] l"q(ﬁ+s+1)

By using (30), we have

| g g @281 T
Jouﬁ‘qu(anL (1= wn)|"dgu< == =5 ([/5+ 1})

M (T B+ DL s+ ) - gy
ABrsrg U7 *

F([S’+s+1) n-=&

1-(1/m) M™ r (/5’+1)F (S+1) 1/m
([5+1]> <ﬁ+s+1] (“ ql“q(ﬁ+sq+1) ))

1-(1/m) 1 1/m Fq(ﬁ"’ I)Tq(s + 1) 1/m
M([ﬁ+1}> (Feem) ((1 I (B+s+1) ))
<(9 Eﬁ+l 11 6ﬁ+1>

which completes the proof. O

(59)

Corollary 23. Suppose D,y € L[§, ). If [Dy|™ is convex on
&, 1] and for some static s,q € (0, 1], m> 1, and |Dy(0)| <
M.,0 € [€, 1], then for 3> 0, we have

9
-8+ =0\ (d+ [Bl1-a)\ o _TeB+D)
‘( n-¢§ )( 7 >W(6) 9" (n-%)
v ® v ‘
L [+ (-0
‘M<[ﬁ+u>< TR )
(60)

Proof. Taking s=1 in (55), the required result follows. [
Remark 24.

(a) Taking B=1 and g=1, in (55), it follows the g
-analogue of (6), Theorem 5

(b) Taking g=1, in (55), it follows formula (10) of
Theorem 9

Theorem 25. Suppose that v : [£,1] C Rt — R is g-differ-
entiable mapping and D,y € L&, n]. If [Dy|™ is s-convex in
second sense on [€,1] for some static s € (0, 1] and m,n> 1,
therefore, the following integral inequality for q-fractional
integrals is valid.

q)> v(6) -

0-8"+(n-07 (qﬁ +[Bl(1
n-¢& 9P
D(s=1)im)

.[J’;,@—w@)”qe* ()} =0 (-8
on (59t o

(1/m)=1, and 3> 0.

L(B+1)
qf(n-%)

‘ [“’—f)ﬁ“ +(n-6)""

(61)
where (1/n) +

Proof. From Lemma 14 and keeping the familiar Holder
inequality in use, it follows

(0-9°+ -0\ (@ + B -a)\ o ToB+D)
‘( n-¢§ )( 7’ )W(G) 7 (n-%)
!
0 @®+ ]|« 2
1 -0 B+l
Jouﬁ’DqV/ (U8 + (1 - u)&)|d,u+ (ﬂn—)f
1 0-¢& B+1 1 ’ 1n
Jouﬁ|D y(ud+ (1- u)r])|dqu < % <Luﬁ >
1/m
d u(J {qu/ (ub + (1 —u)‘q')! dqu>

(’7’19)?1 (JO ﬂ") Undqu (JO|qu(ue +(1-u)y) |mdqu) "

(62)
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Since |D,y|™ is s - concave, we have

0
o (%)
0
2 (')

m

Jl Dy (ub + (1 -u)8)|"du<2
0

1
J |Dq1//(u9 +(1-u)n) |mdu <2t
0

(63)
Therefore,
L _ E)ﬁﬂ Jluﬁ|D y(ub + (1 -u)k) |d u+ (= 9)ﬁ+1
=& Jo U1 K n-§
1 69— B+1 1/n
: Jou‘g|Dq1//(u9 + (1 - u)n)|dyu< ( . —E)f ([[j’n1+ 1]>
. 0 +§ mN 1/m (’I _ B)ﬁ-f—l 1 1/n
e CEN) e ()
- ’1+9 my 1/m 2(s=1)/m
-1 27| D, - =
= Pe()]) B+ )™ (n=8)
+1 0 +1 0
(@20 (%55) |+ -0 o (57) )
(64)
which completes the proof. O

Remark 26. Taking g=1 in (61), it follows the inequality
(11) of Theorem 10.

5. Applications and Examples
Example 2. Let w(u)=1-u and g€ (0,1), and we fixed 0

=1/2;&=0,n=1; B=1;q=1/2, and s= 1, and then we get
verification of Theorem 16.

‘(((1/2) —0)' +(1- (1/2))1> ((1/2)1 +[1](1- (1/2)))

1-0 1/2

1 I,,(2
. V/<§> - 1;/22((1)) (]%/2,1/2*‘//(0) + 11/2,1/2”/’(1))‘

1 C+rm@ﬁme0<mnwwf+a—unw>
0

I (3)

’(0.5 +0.5)2(0.5 +0.5) G) -2 <r1,21(1) J;lz(l - u)dqu)
(-9

' 2
1- =
3

< (1.6667)(0.2857),

0.3333 < 0.4762. (65)

For any g € (0,1) and s € (0, 1] result holds.

Journal of Function Spaces

Example 3. Let w(u)=1-u and g€ (0,1), and we fixed 0
=1/2;8=0,y=1;8=1;9=1/2;m=n=1/2, and s=1,
and then we get verification of Theorem 19.

((172) = 0) + (1= (12))"\ {(1/2)" + [1)(1 - (1/2))
1-0 1/2

1\ TI,,(2
. w(f) - 1}/22((1)) (]%/2,1/24//(0) + ]1,2’1,2+1//(1))

) . V2 (14 (1U2){1- (1= (1/(172)))3 .} "
< ([1 ¥ (1/2)]) 2

. (((1/2)—0)2+(1—(1/2))2>

1-

o

'(0.5 +0.5)2(0.5 +0.5) (%) -2 (le(l) Juz(l — u)d,u

! Jl (1= w)d,u)

+
F1/2(1) 172

. (ﬂ) " 05),

q+1

1-Z2

2
3

0.5 05/ 32 \%°
< (0.5),
1-0.3536 1+ (1/2)

0.3333 < (0.7735)"°(0.5),

0.3333 < 0.4398. (66)

For any g € (0,1) and s € (0, 1] result holds.

Example 4. Let w(u)=1-u and g€ (0,1), and we fixed 0
=1/2;E=0,y=1;B=1;9=1/2;m=n=1/2, and s=1,
and then we get verification of Theorem 22.

((1/2) = 0)" + (1= (172))"\ {(1/2)" + [1](1 - (1/2))
1-0 1/2

N\ Ty,(2
. W(E) - 1}/22((1)) Tz w(0) + 11,2)1,2411(1))‘

() (@) (mm)

. <((1/2)—0)2+(1—(1/2))2>

1-0
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‘(o.s +0.5)2(0.5 + 0.5) G) -2 (le(l) J;/Z(l — u)d,u
1

! ‘F(I—de)<(aﬁy_)05

T T e
05 N 12
Um)) <1+5> 05

. 1
1+ (1/2) + (1/2)?

‘1 - g' < G) " (1—175) 0‘5(1.6667)0'5(0.5),

0.3333 < (0.6667)°°(0.5414)*°(1.6667)"°(0.5),

0.3333<0.3984. (67)

For any q € (0,1) and s € (0, 1] result holds.
Example 5. Let w(u)=1-u and g€ (0,1), and we fixed 0

=1/2;6=0,y=1;8=1;9=1/2; and s=1, and then we
get verification of Theorem 25.
au»)

((172) =0)" + (1= (120" [ (1/2)" +[1](1 -
1-0 1/2

1 I (2
.w<§> B 1722((1)) (N2 ¥(0) + 11/2’1/2+1//(1))’

1 1
+——| (1
Fl/Z(l) Jl/Z

‘ <(§)2|<—1>|>,

2 0.5 0-5
- <|{——=—] (0.5),
3 1-0.3536

0.3333 <0.4398. (68)

Result holds for several example such as every g € (0,1)
and y(u) = (1 -u)", y(s) =", y(u) =u(1 - )", y(u) = u -
&y(u)=(u=8)" y(s)=(E-u),and y(u) = (§~u)" neR’
have good approximation. At the end, we compare Theorems
16, 19, and 22. We have seen that Theorem 19 has good
approximation than Theorem 16, and Theorem 22 has better
approximation than Theorems 16 and 19.

'((6—5)’% (n—9>’3> (qﬁ+ [B)(1-

T vi® + Tgyin)]
1o\ rB+1)C,s+10\\ "
[,8+s+1]) <<1+ qF(,B+sq+1) >)

(9_5)/}41 ﬁ+1

< > 1+n[3 1n
1+q{1— (1-9 ”1} .

{ [s+1] }

l 6 E [3+1 (;1 _0)ﬁ+l‘|
< M 1+
-8

n-¢
6. Conclusion

T (B+ 1) (s+1)\ [(0-&F" + (y-0)F"
L (B+s+1) [B+s+1] '

(69)

The major goal of this paper is to prove fractional quantum
integral identities in order to establish some new quantum
Ostrowski type inequalities involving g-fractional integrable
inequalities. By the virtue of discrete fractional g-calculus,
Ostrowski type inequalities are generalized for g-fractional
integrals, which provide a method to study some properties
of g-fractional integrals via other classes of integral inequal-
ities. Similar method can be applied to other inequalities, like
Sipmson’s and Newton’s type inequalities.
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This article introduces new subclasses of harmonic univalent functions associated with g-difference operator. Modified
g-multiplier transformation is defined, and certain geometric properties such as the sufficient condition, distortion result,
extreme points, and invariance of convex combination of the elements of the subclasses are discussed by employing the
newly defined g-operator. Also, various well-known results already proved in the literature are pointed out.

1. Introduction

A function 8: R— R is known to be real harmonic
function in domain 9 if 6,, and 6,, are continuous in &

and satisfies

exx(x’y)+6yy(x’y)zo‘ (1)

Continuous function 4 : Q(cC) — C defined by h(z)
=0,(x,y) +1i0,(x, y) is harmonic if both 6,(x,y) and 6,
(x,y) are real harmonic in Q. We found that, in any simply
connected domain (2, every harmonic function h(z) can be
expressed by h(z) = h,(z) + hy(z), where h; and h, are ana-
Iytic in 2, and are called, respectively, the analytic and coana-
lytic parts of h.

The class of complex-valued harmonic functions h = h,
+ h, defined in the open unit disc % = {z : |z| < 1} and nor-
malized by h,(0) =h,(0)=h|(0) -~ 1=0 is denoted by Z.
The function in the class # has the following power series
representation:

h(z)=z+ i a,z" + i b,z". (2)
n=2 n=2

It is clear that when h,(z) is identically zero, the class #
coincides with the class & of normalized analytic functions
in %. Due to Lewy [1], a function h € # is locally univalent
and sense-preserving in % if and only if

|h(2)| > |hy(2)], forz € %. (3)

We indicate by & the subclass of # consisting of all
sense-preserving univalent harmonic functions h. Firstly,
Clunie and Sheil-Small [2] discussed certain geometric prop-
erties of the class &'y and its subclasses. Later on, several
authors contributed in the study of subclasses of the class
S, for example, see [3-9]. The most prominent author
Jahangiri [10] investigated various interesting properties
of the class &% (¢) of starlike harmonic functions of order
¢, (0<¢<1), defined by
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' h, h,
n () (),
h(z) hy(2) + hy(2)
For the convenience, we present the notion of g-difference

operator briefly. Jackson [11] introduced the g-difference
operator and is defined by

ahl(z)z}ll(z)%;l;itlz);qaﬁl,z%& (5)

for g€(0,1) and h, € o with hy(z) =
note that lim ath(z) =
q—1"

z+y2a,7". We
h(z), where h;(z) is the ordinary

derivative of the function. It is clear that

where

forne N={1,2,3,..} and z € %. For some recent investiga-
tions involving g-calculus, we may refer the interested reader
to [12-17]. Recently, in [18], Shah and Noor introduced the
q-analogue of multiplier transformation I, : o/ — o/ by

T

where h; € &, s € R and 7 > —1. It is noted that for nonnega-
tive integer s and 7 =0, the operator I;)T coincides with the

Salagean g-differential operator defined in [19]. Moreover, if
q— 1" in (8), then the multiplier transformation studied
by the Cho and Kim in [20] is deduced. Nowadays, several
subclasses of &' associated with operators and g-operators
were discussed by the prominent researchers, like [21-26].
In motivation of the above said literature, first, we modify
the g-multiplier transformation, and then we define certain
new subclasses of §'y,. For h = h, + h, given by (2), we define
the modified g-multiplier transformation of h as

L4:h(2)

=Tyl (2) + (-1)T s (2), ©)

where I}, _h,(z) is given by (8) and

o BB o

n=1

It is observed that, for h, =0, the modified g-multiplier
transformation defined by (9) turns out to be the g-
multiplier transformation introduced in [18]. For h = h, + h,
€ Sy, we define a new class ST, ({, ) as the following,
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Definition 1. Let h € S3. Then he ST ((,¢) if

m{l+ei(<%—l>}zccosf, (11)

where ¢ €[0,1), |[{| <m/2 and g € (0, 1).
Particularly, for g — 17, the class # ST ({, ) reduces to
the class denoted by &%, ({, ¢) of functions h € &y, that satisfies

ER{I + e (ZZ;E;) - 1) } >¢ cos (, (12)

where ¢ € [0, 1) and |{| < 71/2. Moreover, if { = 0, then the class
8 (¢,6) coincides with the class 85, (¢) introduced by Jahan-
giri [10]. We further define %3’9q((, )= ?f&o/'q(f, ¢)N
S o> Where &5, denotes the subclass of &'y, consisting of func-
tions of the type h,(z) = h,(2) + h, ((2), where

hi(z)=2z- Z\an|z andh, ((z)

n=2

Zw 2" (13)

Now, by using modified g-multiplier transformation given
by (9), we define the following.

Definition 2. Let h € S5. Then h e ' ST ;" ((,c) if

2){{1 + e G?TZ((;) - 1) } > ¢ cos §, (14)

where se R, 7>-1,6€[0,1), |{| <7/2, and g € (0, 1).

Also, we define (%’3’57;’7(6, §)=HST;(C6)N Sops
where &g denotes the subclass of &g consisting of func-
tions given by (13). It is noted that, for s=7=0, we
have #STT((,6)=H ST () and %;??]ZT(C, )=
HST 4((,c). In particular, if we take {=7=0 and s=
m € IN in above definitions, then we have well-known classes
7/;" (¢,¢) and 7/;”((, ¢) introduced by Jahangiri [22].

The next section presents the main investigations such as
the sufficient condition, distortion result, extreme points,
and invariance of convex combination of the elements of
the subclasses defined as above.

2. Main Results

Theorem 3. Let h = h, + h, € Sy is given by (2) and satisfies

© [n+1] [n+1]
L;{ ([1+T}Z —¢ cos C>|an|+ <—[1+T]Z +¢ cos (>|bn|}1

X (EZ:Z]]Z) <2(1-g¢cos{),

(15)
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wherese R, >-1,6€(0,1), || <m/2, and q € (0, 1). Then,
he ST (8, 6).

Proof. We need to prove that if the coefficients of the har-
monic function h=h, +h, € S, given by (2) satisfy the
inequality (15), then it also satisfies (14). It is known that
R(w) =& ifand only if |1 — &+ w| > |1 + & — w|. So, it suffices
to prove that

X X " ISHh(Z) X
—ccos{+1+e IS h()_

s+1
>|1+gcosC -1 —e’(<§s Z((;) 1) ‘,

(16)

or equivalently,

‘(2 g eos (I h(z) + ¢ (Is“h )‘
- ’(c cos ()I;’Th( ) - e (I”lh

From the left hand side,

|2 =< cos Q)1 h(e) + & (I h(2) - Iy h(2))|
- ‘(c cos ()I';)Th(z) — et (If;rlh(z) - If“h(z)) ‘

(2= cos I (@) + ()T (2)}

I () ¢ ()T (2) - I () + ()T (2) |
(¢ cos (){I;,hl(z) + (—l)slé,zﬁz(z)}

0 (2) 4 ()T (2) - It () + (<) Ty (2)}
(2-¢cos{)z+(2-¢cos ()

X [[n+1] : . 2 ([n+1] S,n
X {nzz <[1+T]:> a,z" +(-1) 2 ([1+T]:> b,z }

v
D18
PR
==
+| +
.
S
~_
s “
™
=
+
—
L
=
3
D18
PR
==
+| +
i
=
~
-
=
™
B

[n+1] : ; R [n+1] : -,
<[1+T]Z> a,z" +(-1) ,,Zi ([“’ﬂj) b,z }
- ® (n+1\° ; R ([n+T] ) -

2 ([m}:) RGP ([m}:) b

+el
© [n+‘r sl . 2 [n+1] s -,
;Z ([1+r ) e+ (1) Zl ([1+T}:> buz

00

n+1), m+7\°
2(2_¢C05()z—§{2—ccos(+[ 1, 1:|<[1+T]q>
[+
[1+

-|an||z|"§1{ccosc+ 1]( ) byl
) I

)
i[{::jq+ccos(+1:|< >|b|z| >2(1-¢cos )

S lq
-¢cos{ |la,
1 ;([1+T]q ‘ ) | ([nﬂ}q)S

" (1-gcos?) [1+1],

(18)

The above expression is nonnegative by (15). Hence,
he ST (C6).

The harmonic function is

o (1—ccos{)[l+r]q

n=2 {[n +7], —[1+7]6 cos (}1//"
© (I1-gcosQ)[1+7

L §__UssesD,

n=1 { n+7],+[1+7],cos (}1//”

h(z) =z + t,2"

= 5n
v,z",

where v, = ([n+7],/[1+7],)" and Y2 ¢, + X2 v, =1
show that the coeflicient bound given by (15) is sharp. For
different choices of parameters, we deduce certain results
as follows. If s=7 =0 in Theorem 3, then we have a follow-
ing new result. U

Corollary 4. Let a function h(z) =
by (2) and satisfies

o [n], —¢cos( [n] +¢cos
DG NI, (P

(20)

h,(z) + hy(2) € Sy given

where ¢ €10,1), |(| <n/2, and q€(0,1). Then, he ST,
(¢,6).

If g— 17,
follows:

then Corollary 4 reduces to a new result as

Corollary 5. Let a function h=h, + h, € Sy, given by (2) and
satisfies

00 n—¢cos( n+¢cos(
lzl{<1—ccosc)|| <W;>Ibnl}]sz, (21)

where ¢ € [0, 1) and |{| <7/2. Then, h € §%((,¢).



If we take {=7=0 and s=m € N, then we have well-
known result.

Corollary 6 (see [22]). Let a function h=h, + h, € 8, given
by (2) and satisfies

S0 (=)= S (o + <)l 21

(22)
where ¢ € [0, 1) and q € (0, 1). Then, f € Z}'({,¢).

When (=0 in Corollary 5, we get the sufficient condi-
tion for f in &% () proved by Jahangiri [10]. Moreover,
for { =¢ =0 in Corollary 5, the sufficient condition for func-
tion in the class of starlike harmonic univalent mappings is
obtained, see [4]. Now, we state and prove the necessary
and sufficient conditions for the harmonic functions h = b,
+h, to be in %5’9‘;’1((”, ¢) as follows.

Theorem 7. Let hy=h + h,, € Sg, given by (13). Then, h €
e S,T . .
HST , (C) if and only if

Y [n+T]q— Cos a [n+T]q CosS
,;{<[1+r]q ¢ z>|n|+<[m]q+c c)m}

. G?:IT_]]‘{) <2(1-¢cos (),

q
(23)

where se R, 1>-1,6€10,1), |{| <m/2, and q € (0, 1).

Proof. The sufficient condition is obvious from the Theorem
3, because %3’9;7((, 6) CH ST (C,6). We need to prove
the necessary condition only; that is, if h,€ ST ;’T((, S),
then the coefficients of the function hy =h + h,  satisfy the
inequality (23). Let h, € ST ;’T(( ,G). Then, by the defini-
tion of %’S?;’T(C, G), we have

ER{I +e <?+TIZS((;) - 1> -G cos C} >0, (24)

qt'’s

wheres€ R, 7>-1,6€[0,1), |{| <7/2,and q € (0, 1). Equiv-
alently, we can write (24) as

(1= 05 )1y (2) + ¢ (It (2) - (@) | .
E_h(z2) -

qt'’s

(25)

Substituting i, = h + h, ; in (25) and employing (8) along
with (13), and also some computation yields
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(1-gcos{)z— nmzz([n+‘r]q/[1 + ‘r]q -G cos () ([n +T]q/[1 +T]q)s\anHz\"

-y (([ﬂ +7],/[1 +T]q> +G cos () ([n +7],/[1 +r]q)s\b,?\‘z‘rz

R 3 5
2= 3 (e 10+ 7, ) a2l = 52y (In+ 7,000+ 7], ) ool

(26)

For all values of z in % above required condition must
hold. Selecting z on the positive real axis where 0 <z=r<1,
we obtain

(1-gcos{)— Z‘:;z([n +T]q/[l +T]q —G cos () ([n+r]q/[1 +‘r]q>s|an|r"’1

-y (([n +7,/[1+ T]q) +¢cos () ([n +7],/[1+ r]q)s\bn\r”‘l
2= 3 (Il 1+, ) Ja e = 22 ([ 7] 1L+ 7, ) oy

(27)

The numerator in (27) is negative for r sufficiently close to
1 whenever the inequality (23) does not hold. Hence, there
exists z, = 1, in (0, 1) for which the quotient in (27) is negative.
This contradicts the required condition for h, € ST ;’T ¢ 0),
and so the proof is complete. O

Next, we want to discuss the distortion bounds for the
function he ST ;’T(C, ), which yields a covering result
for this class.

Theorem 8. If h € %’5’?];’7((, ) and |z| =1 < 1, then
(1= |by|)r =T < |h(2)| < (1 + |by|)r+ T7, (28)
with

7[1+T]f1+1 I—-¢cos( B I+¢cos{ b
[2+1]; [2+T]q—[1+‘r]qccos( [2+1]q—[1+1]qcc03( o

(29)

Proof. Let he ST ;’T (¢, ¢). Taking absolute value of h, we
get

(1-gcos )1 Jr‘r];+1

{[2+1]q—[1+T]qccos{}[2+r];

© {[2+T]q—[l+'r]qc cos (}[2+r]; ,
) ;{( (1*CCOS()[1+T];+I (|au] +1b4]) pr

(1-gcos )L +‘r]5q”

{[2+T]q—[l+T]qccos(}[2+r]z

© {[n+‘r] —[1+1] gcos(} m+1,\° ,
;{( (1—q<cosi)[lq+r]q )([1+T]Z> (la,| +1b,]) pr

(1-gcos )L +T];+1

{[2+T]q— n +T]qc cos (}[2+r];

()] < (L+ by )r + Zz(\ﬂnl +1ba )7 < (1+ [byr +

< (L+|by])r+

< (L+|by])r+

. {1 - 8 :zzzz g W}rz, (by(2.2)) < (1 + [by)r + TF,
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where T is given by (29). Hence, this is the required right
hand inequality. Similarly, one can easily prove the required
left hand inequality. O

Letting r — 1 and by making use of the left hand
inequality of the above theorem, we obtain the following.

Corollary 9 (covering result). Ifh € ST Sq’T (¢, 3), then

{w:|w|<L—M(1£ccosC)_L—M(lzccos()|b1|}
- Cf(&),
(31)
where L={[2+T]q—[1+T]qccos(:}[2+r]sq and M=
[1+T];+1.

In particular, we obtain the covering results for the newly
defined classes and well-known classes of harmonic functions
by choosing suitable choices of parameters.

), the

Now, our task is to examine clcoZ ST ;’T(C ,
extreme points of closed convex hulls of #Z ST ;’T € 0).

Theorem 10. A function h, € %’5’9‘?;({, ¢) if and only if

18

h(2)= Y (vahi(2) + 0,9, (2)), (32)

I
—

n

where h,(z) =z,

(1-geos{)[1+1],
{[n 1], — [1+7],6 cos c}wn
(I-geos{)[1+1],
{[n 1], + [1+7],6 cos (}1//”

h,(z)=2z~- Z";(n=2,3-),

g, (2)=z+ (1) Z';(n=1,23),

(33)

with Y2 (v, +Q,)=1, v,Q,>0, and vy, =
([n+7]/[1+ T]q)s. Particularly, {h,} and {g .} are the
extreme points of H ST, ({,¢).

Proof. We assume function h; as given by (32)

OZO:( +Qn95 ) 02_0:\) +0,)

n=l (34)

—Zsz+ i
n=2 n=1

where R, = (1 -¢ cos {)[1 + 1]

g [1+7],6cos C}y,
and R, = (1 ¢ cos {)[1 + 7], /{

Kln+7], -
[ [1+7],6 cos CHy,.

n+tl,+

5
Equating (34) with (13), we get
|a,| =v,R,and|b,| = Q,R:. (35)
Now,
R
{In+7,~[1+7],ccos C}y, (36)

(1—ccos()[1+r]q 16|

(e
= Zv +0Q,)=2-X,<2.

Thus, by Theorem 7, h, € % ST ;’T(C ,6). Conversely, let
hye ST, (). We take

{[n +7], —[1+7],6 cos C}l//n

= 5 :2; 3) )

i (1-gcos{)[1+1], a5 (1 )
(37)

{[n +7], +[1+7],6 cos C}l//n
0,- L : byls(n=1,2,-),
(1-gcos{)[1+1],

(38)
with Y72 (v, +Q,) =1. We follow our required result by

substituting the values of |a,| and |b,| from the above rela-
tions in (13).

Finally, we wish to show that the class ST ;’T (€,¢) is
closed under the convex combination of its elements. O

Theorem 11. The class # ST ;’T
vex combination.

(¢, 6) is closed under the con-

Proof. Let h; € 7/3’9‘?((, ), (i=1,2,--+), with
h =z- Z}ai,n|zn+(_1)sZ’bi,n|2n‘ (39)
n=2 n=2
Making use of Theorem 7, we have
0 {[n +7], —[1+7],6 cos C}t//n
= (1-gcos{)[1+1] |ai’”’
=2 a (40)

{n+r [1+T]ccos{}1//n
(1-gcosQ)[1+1],

MS

|bi| <1,

with y, = ([n+ 7] /[1 +7],)".



(o)

To prove our result, we use (40) and (41)

sl o5, )

= (1—ccos()[1+r]q

N\ {[” + Tl [ s cos C}% <§ ui|bi,"|>

o] (1—ccosC)[1+T]q

i=1

+

i=1

<) u=1

™z

I
—_

(42)

Therefore, Y% uh; € ST ;’T ¢, ). O

3. Conclusions

In this research, we have defined some new subclasses of
harmonic univalent functions related to the g-difference
operator. Also, we have introduced and studied the modified
g-multiplier transformation. Several geometric properties
such as sufficient condition, necessary conditions, distortion
results, and invariance of classes under convex combination
and extreme points are investigated. It is also noted that our
investigations deduced various well-known results. In addi-
tion, this work can be extend for multivalent functions and
(p, g)-calculus.

Data Availability

No data were used to support this study.

Conflicts of Interest

There is no conflict of interest regarding the publication of
this article.

Authors’ Contributions

All authors equally contributed to this manuscript and
approved the final version.

References

[1] H. Lewy, “On the non-vanishing of the Jacobian in certain
one-to-one mappings,” Bulletin of the American Mathematical
Society, vol. 42, no. 10, pp. 689-692, 1936.

[2] J. Clunie and T. Sheil-Small, “Harmonic univalent functions,”
Annales Academiae Scientiarum Fennicae Mathematica, vol. 9,
pp. 3-25, 1984.

Journal of Function Spaces

[3] O. P. Ahuja and J. M. Jahangiri, “Noshiro-type harmonic
univalent functions,” Scientiae Mathematicae Japonicae,
vol. 56, pp. 1-7, 2002.

Y. Avci and E. Zlotkiewicz, “On harmonic univalent map-
pings,” Annales Universitatis Mariae Curie-Sklodowska, Sectio
A, vol. 44, pp. 1-7, 1990.

[5] M. Darus and K. Al-Shagsi, “On certain subclass of harmonic
univalent functions,” Journal of Analysis and Applications,
vol. 6, pp. 17-28, 2008.

[6] P. L. Duren, “A survey of harmonic mappings in the plane,”
Mathematics Series Visiting Scholars Lectures, vol. 18, pp. 1-
15, 1992.

[7] J. Dziok, M. Darus, J. Sokél, and T. Bulboaca, “Generalisations
des fonctions harmoniques etoilees,” Comptes Rendus de I'Aca-
démie des Sciences, vol. 354, no. 1, pp. 13-18, 2016.

[8] T. Sheil-Small, “Constants for planar harmonic mappings,”
Journal of the London Mathematical Society, vol. 2, pp. 237-
2438, 1990.

[9] H. Silverman, “Harmonic univalent functions with negative
coeflicients,” Journal of Mathematical Analysis and Applica-
tions, vol. 220, no. 1, pp- 283-289, 1998.

[10] J. M. Jahangiri, “Harmonic Functions Starlike in the Unit
Disk,” Journal of Mathematical Analysis and Applications,
vol. 235, no. 2, pp. 470-477, 1999.

[11] F. H.Jackson, “On g-functions and a certain difference opera-
tor,” Earth and Environmental Science Transactions of the
Royal Society of Edinburgh, vol. 46, pp. 253-281, 1908.

[12] B.Khan, L. Zhi-Guo, T. G. Shaba, S. Araci, N. Khan, and M. G.
Khan, “Applications of -derivative operator to the subclass of
Bi-univalent functions involving -Chebyshev polynomials,”
Journal of Mathematics, vol. 2022, Article ID 8162182, 7 pages,
2022.

[13] S. A. Shah, A. A. Maitlo, M. A. Soomro, and K. I. Noor, “On
new subclass of harmonic univalent functions associated with
modified q-operator,” International Journal of Analysis and
Applications, vol. 19, no. 6, pp. 826-835, 2021.

[14] B. Khan, H. M. Srivastava, S. Arjika, S. Khan, N. Khan, and
Q. Z. Ahmad, “A certain g-Ruscheweyh type derivative opera-
tor and its applications involving multivalent functions,”
Advances in Difference Equations, vol. 2021, no. 1, 2021.

[15] S.Khan, S. Hussain, M. Naeem, M. Darus, and A. Rasheed, “A
subclass of g-starlike functions defined by using a symmetric
q-derivative operator and related with generalized symmetric
conic domains,” Mathematics, vol. 9, no. 9, p. 917, 2021.

[16] H. M. Srivastava, A. K. Wanas, and R. Srivastava, “Applica-
tions of the g-Srivastava-Attiya operator involving a certain
family of bi-univalent functions associated with the Horadam
polynomials,” Symmetry, vol. 13, no. 7, p. 1230, 2021.

[17] Q. Hu, H. M. Srivastava, B. Ahmad et al., “A subclass of

multivalent Janowski type g-starlike functions and its conse-
quences,” Symmetry, vol. 13, no. 7, p. 1275, 2021.

(4

—_

[18] S.A. Shah and K.I. Noor, “Study on the q-analogue of a certain
family of linear operators,” Turkish Journal of Mathematics,
vol. 43, no. 6, pp. 2707-2714, 2019.

[19] M. Govindaraj and S. Sivasubramanian, “On a class of analytic
functions related to conic domains involving q-calculus,”
Analysis Mathematica, vol. 43, no. 3, pp. 475-487, 2017.

[20] N. E. Cho and T. H. Kim, “Multiplier transformations and
strongly close-to-convex functions,” Bulletin of the Korean
Mathematical Society, vol. 40, no. 3, pp. 399-410, 2003.



Journal of Function Spaces

(21]

(22]

(23]

[24]

(25]

[26]

J. Dziok, “Classes of harmonic functions associated with
Ruscheweyh derivatives,” Revista de la Real Academia de Cien-
cias Exactas, Fisicas y Naturales. Serie A. Matemdticas,
vol. 113, no. 2, pp. 1315-1329, 2019.

J. M. Jahangiri, “Harmonic univalent functions defined by
q-calculus operators,” International Journal of Applied Math-
ematical Analysis and Applications, vol. 5, pp. 39-43, 2018.

J. M. Jahangiri, G. Murugusundaramoorthy, and K. Vijaya,
“Starlikeness of Rucheweyh type harmonic univalent func-
tions,” Indian Academy of Mathematics, vol. 26, pp. 191-200,
2004.

G. Murugusundramoorthy and J. M. Jahangiri, “Ruscheweyh-
type harmonic functions defined by g-differential operators,”
Khayyam Journal of Mathematics, vol. 5, pp. 79-88, 2019.

K. I. Noor, B. Malik, and S. Z. H. Bukhari, “Harmonic func-
tions defined by a generalized fractional differential operator,”
Journal of Advanced Mathematical Studies, vol. 2, pp. 41-52,
2009.

S. Yalcin, “A new class of Salagean-type harmonic univalent

functions,” Applied Mathematics Letters, vol. 18, no. 2,
pp. 191-198, 2005.



Hindawi

Journal of Function Spaces

Volume 2022, Article ID 2621811, 10 pages
https://doi.org/10.1155/2022/2621811

Research Article

Q@) Hindawi

The Second Hankel Determinant of Logarithmic
Coefficients for Starlike and Convex Functions Involving

Four-Leaf-Shaped Domain

Azzh Saad Alshehry(®,' Rasool Shah

*> and Abdul Bariq

"Department of Mathematical Sciences, Faculty of Sciences, Princess Nourah Bint Abdulrahman University, P.O. Box 84428,

Riyadh 11671, Saudi Arabia

Department of Mathematics, Abdul Wali Khan University Mardan, Pakistan
’Department of Mathematics, Laghman University, Mehtarlam, Laghman, Afghanistan

Correspondence should be addressed to Rasool Shah; rasoolshah1988@gmail.com and Abdul Bariq; abdulbariq.maths@lu.edu.af

Received 10 August 2022; Accepted 2 September 2022; Published 28 September 2022

Academic Editor: Sarfraz Nawaz Malik

Copyright © 2022 Azzh Saad Alshehry et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

In this particular research article, we take an analytic function Qo =1+ 5/6z + 1/6z°, which makes a four-leaf-shaped image
domain. Using this specific function, two subclasses, &}, and @,, of starlike and convex functions will be defined. For these
classes, our aim is to find some sharp bounds of inequalities that consist of logarithmic coefficients. Among the inequalities to
be studied here are Zalcman inequalities, the Fekete-Szego inequality, and the second-order Hankel determinant.

1. Introduction and Definitions

To properly comprehend the findings provided in the paper,
certain important literature on geometric function theory
must first be discussed. In this regard, the letters & and </
stand for the normalized univalent (or schlicht) functions
class and the normalized holomorphic (or analytic) func-
tions class, respectively. These primary notions are defined
in the disc U;={z€C: |z| <1} by

o = {Fe?[Ud

szz} (1)

where Z(U,) expresses holomorphic functions class, and
&={Fed : FisSchlichtinU,}. (2)
This class & evolved as the foundational component of

cutting-edge research in this area. In his paper [1], Koebe estab-
lished the presence of a “covering constant” {, demonstrating

that if F is holomorphic and Schlicht in U, with F'(0) =
and F(0) =0, then F(U,) = {w : |w| < {}. Many mathemati-
cians were intrigued by this beautiful result. Within a few years,
the wonderful article by Bieberbach [2], which gave rise to the
renowned coefficient hypothesis, was published.

The below expression provided the coefficients A, of
logarithmic function J(z) for F € &

1

Jp(z) = = log (@) =Mz + M2+ A2+ Yz e U,

2
(3)

The above coefficients have a considerable impact on the
theory of Schlicht functions in many estimations. De Branges
[3] achieved that n > 1 in1985,

i1+ A, < _Z”_;”, (4)

I=1 I=1
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and equality will be achieved if F has the form z/(1 — ¢z)” for
some @ € RR. Itis obvious that this inequality provides the most
general version of the well-known Bieberbach-Robertson-
Milin conjectures concerning the Taylor coefficients of F €
§. We quote [4-6] for further information on the demonstra-
tion of de Brange’s conclusion. By taking into account, the
logarithmic coeflicients, in 2005, Kayumov [7] established
Brennan’s conjecture for conformal mappings. The major
contributions to study the bounds of logarithmic coefficients
for various holomorphic univalent functions are due to
Alimohammadi et al. [8], Obradovi¢ et al. [9], Ye [10],
Deng [11], Girela [12], Roth [13], and Andreev and
Duren [14].

For the prescribed functions Q,, Q, € &, the relation of
subordination between Q, and Q, is as follows (mathemati-
cally as Q; < Q,), if an holomorphic function u comes in U,
with the limitation |u(z)| <1 and #(0) =0 in a manner that
Q,(z) = Q,(u(z)) satisfy. Consequently, the following rela-
tion applies if Q, € & in U

Q,(2) < Qy(2), (€ Uy) (5)
if and only if
Q1(0) = Q(0)&Q, (Uy) € Q;(Uy)- (6)

By applying the notion of subordination, Ma and Minda
[15] proposed a consolidated version of the set &*(y) in
1992, and the following is a description of it:

) .29'(2)
S (w)—{ge&. e <1//(z)forz€[Ud}, (7)

with the Schlicht function v that satisfies
v'(0) > 0&Ry > 0. (8)

Various subclasses of the set & have been examined in
the past few years as particular choices for family & (y).
For instance,

(i) &%

cos

(see [=17])
(il) S =™ (1 + tanh z) (see [18, 19])

S$*(cos z) (see [16]) and S,

Cos!

L =8 (cosh z)

(iii) & =8"(e7) (see [20,21]) and S; = §*(1 +sinh™'z)
(see [22])

(iv) S8 (&) =" (y(z)) with y(z)=(1+2/1- z)* and
0<&<1 (see [23])

(v) S, =8"(V1+z) (see [24]) and &7, =" (1 +4/3z
+2/32%) (see [25, 26])
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For giveng,n e N={1,2,---},b, =1, and F € § with the
series representation (1), the Hankel determinant H,,,(F) is
expressed by

bn bn+1 bn+q—1
bn+1 bn+2 bn+q
Hq n (F) = . 4 (9)
bn+q—1 bn+q o bn+2q—2

and it was established by Pommerenke and Pommerenke
[27, 28]. For several subcollections of Schlicht functions,
the determinant H,,(F) has been examined. In specific,

the sharp estimate of the functional |H,,(F)|= |b,b, - b3
for sets &(convexfunctions), & (starlikefunctions), and %
(boundedturningfunctions) were determined in [29, 30].
However, for the class of close-to-convex functions, the
exact bounds of this determinant remain open [31]. The
researchers were inspired by the works of Babalola [32],
Bansal, et al. [33], Zaprawa [34], Kwon et al. [35], Kowalczyk
et al. [36], and Lecko et al. [37].

It is easy to deduce from equation (2) that, for F € &, the
logarithmic coefficients are computed by

M=%%, (10)
M=%(%—%%> (11)
M=%<h—%%+%@), (12)
M=%<%—%h+%h—%%—i%) (13)

Currently, Lecko and Kowalczyk and Kowalczyk and
Lecko [38, 39] studied the following Hankel determinant
H,,(Jp/2) of logarithmic coefficients

A A

n n+l n+q-1
Ji Anﬂ )‘n+2 o /‘n+q
Hyp <2F) o S o (14)
An+q—1 )‘n+q o An+2q—2

It has been noted that

J
H2,1 (TF) =/11/\3 _Ag’

J
H,, ({) - A2

By the virtue of the function Q,o, =1+ 5/6z + 1/62°, we
define the following classes:

(15)

zF'(z)

é’;‘g:{Fe&: F(i)

< Qo (ZE[Ud)}’ (16)
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zF'(z

F’ ) <Q43’ (Ze[Ud)}' (17)

(2)

%4_?:{F€(§):1+

Alternatively, F € 8, if and only if an analytic function
q occurs that satisfies g(z) < Q, in such that

F(z) =z exp (JZ q(t) ~1 dt). (18)

0 t

By taking g(z) = Q.o in (18), we achieve the following
function, which serves as an extremal in many of the class
S’ problems.

275 1 5
Fy(z) =z ex J <—+—t4>dt> =z+ =2+ (19
0(2) P ( \6"6 3 (19)

The following Alexander-type connection-related two
classes were mentioned above. The above two families are
interlinked by the following Alexander-type relation

Feb,, ozF €8y (20)

From (19) and (20), we easily obtain the following extremal
functions in various problems of the class €,

5
go(z)=z+ﬁz oo (21)

Clearly, g,(2), g,(2%), g,(2°), and g,(z*) belong to the
class €. That is,

= = > 2 een
gl(z)—go(z)—z+ﬁz+ >

frd 2 —_ 5 3 “ee
gz(z)—go(z)—z+36z+ ,
(22)

6:(2) = go() =2+ 22t

5
= 4\ 5 e
g4(z)—g0(z)—z+ 5o%

In the present paper, our core objective is to find the sharp
coefficient type problems of logarithmic functions for the
families §j, and €,o,. Among the inequalities to be studied
here are Zalcman inequalities, the Fekete-Szegé inequality,
and the second-order Hankel determinant H, ; (] z/2).

2. A Set of Lemmas

We must first create the class & in the below set-builder
form in order to declare the Lemmas that are employed in
our primary findings.

P={qeZ(U,): q(0)=1&Req >0, (zeU,)}. (23)

That is, if g € &, then g has the below series expansion
q(z) = z e,2", (zely). (24)
n=0

The following Lemma consists of the widely used e, for-
mula [40], the e; formula [41], and the e, formula illustrated
in [42].

Lemma 1. Let g € & be given in the form (24), then for , p,
5€Ud=[UdU{1}.

Lemma 2. Let g € P be of the form (24), then for x,68,p €
Uy=U,u {1}

2e,=¢; - (e —4)x, (25)
des=e, —2(e] —4)e;x +e (e] —4)x* = 2(e] —4) (1 - |x[*)p,
(26)

8ey =] = (ef — 4)x[e] (" - 3x + 3) + 4]
+4(e2—4) (1 |x) [e(x - D)p + xp* — (1-|p[?)d].
(27)

Lemma 3. Let g € & and has the expansion (24). Then,

e, — ue, e <2max (1, |2u - 1), (28)
le,| <2forn>1, (29)
e, — Hee| <2,0<pu<1. (30)

The inequalities (28)-(30) are taken from [40, 43] and
[26, 44, 45], respectively.

Lemma 4 (see [40]). If q € & has the representation (24),
then

1
§|]e§—Ke1e2+Le3| <(|J|+|K-2]|+|K-J+L|). (31)

Lemma 5 [46]. Let y, 7, v and ¢ satisfy that 7, € (0, 1) and

8(1-¢)g[(t(c+7) —y)* + (zy - 2y)7]

(32)
+7(y - 2cr)2(1 -7)< 472q(1 -¢)(1- T)Z.
If g € & has the expansion (24), then
4. 2 3.2
ye| +Ge; +2Te e5 — FVere — ey < 2. (33)

3. Coefficient Inequalities for the Class S,

We start by establishing out the class &} ,’s initial coefficient
bounds.



Theorem 6. Let F be the series form (1) and if F € 8, then

5
Al —,
IHE

5
A< —,
Aol 5,

5
Ayl < —,
5
A< —.

These bounds are sharp.

Proof. Let F € 8 ,. Then, Schwarz function u may therefore
be used to express (16) as

zF' () 5 1

) - L+ Zu(z) + g(u(z))5 =a(z). (35)

From the use of Schwarz function u and if g € &, we have

1+ (u(z)

= () =1+ez+ez 4+, (36)

q(z) =
and by simple computation, we get

1 1 1 1 1 1
u(z) = ez <§ez - Zef)zz + (gei - el t 5e3>z3

1 1 1, 14 2 4
+<§e4—zele3—zez——el+—elez Z e

Using (1), we attain

=1+ byz+ (=b3 +2b3)2" + (=3byby + 3b, + b3)2°

+ (=203 + 4bs — 4b,b, + 4b3b; — by)z*+-+.
(38)

By some calculation and using the series expansion of (37),
we get

5 5 5
2)=1+ —ez+(—e,— —e |2
=) =1+ 34 (1262 24el>
5, 5 5\,
+ 4—861—ﬁ6162+ ﬁe:)’ V4

.\ 5 54+52 5 5, 1,
—e— —e + —eje,— —ee;— —¢& |Z 4
2% 961 1612 127173 2472

(39)

Now, by comparing (38) and (39), we get

e, (40)

Journal of Function Spaces

5 5,

b= 2% 2550 )
5 35 , 5
bi= 3% 03689 " 96C1% (42)
b 5 455 - 115 35 , 5
= —€,— —¢ — €76y — ——€, — —— €, 6;,.
5T 48" 497664 ' 6912 V% 1152 % 108 '°
(43)

Utilizing (40) and (10), (11), (12), and (13), we have

A= ﬁel, (44)

A= %ez— %ef, (45)

A= Z%ef— €18 7—52e3, (46)

A4=9—5664—7—28e‘1*+ %86%62_%6163_1%263' (47)
From (44), using triangle inequality and (29), we get

0| < % (48)

Also, from (45), application (30), and triangle inequality,
we get

5
A< —. 49
Pl < (49)
By rearranging (46), we have
55
|As] = @|el—4elez+4e3’. (50)
By Lemma 4 and triangle inequality, we obtain
5
A< —. 51
< 5 (51)
By rearranging (47), we have

5 1 1 3
Ay = “ 9 <(§> G+ (g) ¢ - <Z) eref +ees— e4>- (52)

Comparing the equation of (52) right side with

3
ye; +qe; +21e 5 — Et//efez -y (53)
we gety=1/8,¢=1/2, 7=1/2, y=1/2, and
8(1- (¢ +7) —w)* + (ty - 2y)?
(1=¢)s[(#(c +7) = y)" + (ry = 29)"] (54)

+7(y - ZCT)Z(I -7)< 412c(1 -9)(1 —1)2.
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Thus, Lemma 5’s requirements are all met. Hence,

o (2)= o (59)

Ayl <

These are sharp outcomes. Equality is determined by using
(10)-(13) and

(5 1 5
Fi(z)=z exp ( <— + —t4)dt) =z+ =2+,
o\6 6 6

)=z exp

( < > e
/(5 1 5
zexp( <—t2+—t14>dt)=z+—z4+---,
A6 "6 18
(I :

=2z exp

Theorem 7. If F € &, then

|A, — uA3| < max {24 48’ } (57)

The above stated inequality is best possible.

Proof. By utilizing (44) and (45), we have

2. 5| e (6+5u
|A, — M| = w12 53¢ : (58)
Implementation of (28) and triangle inequality, we get
|, — uA7| < max {24 48’ } (59)

Equality is determined by using (10), (11), and

Z /5 1 5
F = ity Zp° = TP R
,(z) =z exp (JO <6t+ 6t )dt) 2t 57t (60)

O

Corollary 8. If F € 8, then

2
-4 < o (61)

This inequality is sharp and can be obtained by using
(10), (11), and

275 1 5
Fy(z) =z exp <J (—t+ —tg)dt) =z+—z2+-. (62)
2(2) o\6 6 12

Theorem 9. Let F be the expansion (1) and if F € 8y, then

5
A=< . (63)

The above stated result is the best possible.

Proof. From (44)-(46), we easily attain

|/\1A2 - /\3| =

65 42 32
| : (64)

2304 135

—e t+ Eelez 13

By using Lemma 4 and triangle inequality, we obtain

65 (64 5
)= (65)
2304 \ 13 36

Equality is determined by using (10), (11), (12), and

= ‘ 5 = 5 4 e
F;(z) =z exp (J0<6t +gt )dt>—z+ﬁz+ . (66)

O

M, — Ay <

Theorem 10. Let F be the expansion (1) and if F € 8, then

5

A, - 23 <
48

(67)

The last stated inequality is the finest.

Proof. From the use (45) and (47), we get

A= A3 =- (;Z) (ii) e + (;Z) el +ee;—eyl
(68)
Comparing the right side of (68) with
yei +ce; +2tee; — ;we%ez — ey (69)
we get y=17/96, ¢=17/24, 1=1/2, y = 23/36, and
8(1-c)s[(r(c+7) ~ )"+ (ry —2)’]
+7(y - 267)*(1 - 7) =0.0051909, (70)
47%6(1-¢)(1 - 7)* = 0.051649.
Thus, Lemma 5’s requirements are all met. Hence,
5 5
A, -3 < GRS (71)

Equality is determined by using (11), (13), and

Fy(z)=z exp (JZ <2t e )dt) =z+ %z2+---. (72)



Theorem 11. Let F € 8, be the representation (1). Then,

25
H 2 73
[Ha1 (/)] < e 73)
This result is sharp.
Proof. We can write the H, | (J/2) as
H,,(Jpl2) = [MA; = A3 (74)

From (44)-(46), we have

5 25

|MA; = A3| = S76a8 |ef — 4efe, + 16e,e5 — 12¢5|.  (75)

Using (25) and (26) to express e, and e, in terms of e,
and also e; = e, with 0 < e <2, we obtain

A2 ’ —4e’x* (4— &) +8e(1 - |x[*) (4 - ")

3= e 27648
——3x2(4——ez)2+
(76)
By changing |8] < 1 and |x| = ¢, where ¢ < 1 and utilizing
triangle inequality and pickings e € [0, 2], so
25 ) 5
e {46 (4-¢) +8e(1-7) (4- )

+3c (4-e )2}==E(e,c).

ks - 5| <

(77)
Differentiate with respect to ¢, we have

05(e,c) 25
oc 27648

(—2C€4 +16¢e® — 16¢e* — 64ce + 96c).
(78)

It is easy exercise to show that Z/(e,¢) >0 on [0, 1], so
that Z(e, c) <E(e, 1). Putting c= 1, we get

25
s =8| = 2 (424 =) +3(4 -

As @ (e) <0, so O(e) is a decreasing function, so that it
gives a maximum value at e =0

Jr 25 25
Hy (2| € oo (48)= . 80
’2J(2>‘ 27648 8 = 576 (80)

Equality is determined by using (10), (11), (12), and

B Z /5 1, B 5 5
F,(z) =z exp (J0<gt+gt>dt>—z+ﬁz+ . (81)

O
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4. Coefficient Inequalities for the Class &,

For the function of class €, we start this portion by deter-
mining the absolute values of the first four initial logarithmic
coefficients.

Theorem 12. Let F be given by (1) and if F € 6, then

5
M€=
eSS

5
Al < —
As] 72

1
A< —
A< o

These bounds are sharp.

Proof. Let F € €. Then, (17) can be written in the form of
Schwarz function as

zF''(z)

1+ —
F'(2)

1 u@) @ =) (8)

Using (1), we obtain

ZF”(Z) 2\ 2 3 3
1+ 7o) =1+ 2byz + (6by — 4b3)z° + (8, — 18b,b; + 12b,)z
z
+ (20b5 — 16b5 + 48b3 by — 32b,b, — 18b3)z*+
(84)
Now, by comparing (84) and (39), we get
5
b,=—e,
2 24 1
5 5
by= e, — — ¢,
3T 7% 7 el
b 5., 35 , 5
= —e+-———e — —¢€6,
47 14473 4147270 384 172
1 91 23 7 1
b:=—e, — e+ e, — - —ee,.
5T 8% 19766271 T 691212 T 115227 10814
(85)

Utilizing (85) and (10), (11), (12), and (13) we have

5

A= "e, 86
1754 (86)
5 5

A= @ez - %ef, (87)
M= d (88)
3—Eel—ﬁe1ez+ﬁe3
5 5 5 5 5
A4: %64_ ﬁ@?"’ 786%62— %6163 - 19—263. (89)
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From (86), using triangle inequality and (29), we get

5
IS (90)

Also, from (87), application (30), and triangle inequality,
we get

5
|A,| < 7 (91)

By rearranging (88), we have

507 5 19
| 3‘=ﬁﬁe1 g2 tes) (92)
By Lemma 4 and triangle inequality, we obtain

5
A< —.

By rearranging (89), we have

Lo L1, 13109, 2353, 19
=—-— +————e e+ —ee—e .
17796\ 272" 2488321 5182 21 T 24910 T
(94)
Comparing the right side of (94) with
4, 2 3.2
ye] +Ge; +2Te e; — Ve — e, (95)

we get y=13109/248832, ¢=11/27, 7=19/48, and vy =
2353/7776. Thus, all the conditions of Lemma 5 are satisfied.
Hence, we have

1 1
Ml 5o ()= 55 (96)

These are sharp outcomes. Equality is determined by
using (10), (11), (12), and (13) along with (22). U

Theorem 13. Let F € €, be the series form (1). Then,

5 5
72> 72

7+ 15u
12

|A pt/\ |<max{

‘},fowe C.  (97)

This inequality is sharp.

Proof. By utilizing (86) and (87), we have

19+15
-phl] = o le- 2 (T”) ’ (98)

5
144

Implementation of (28) and triangle inequality, we get

A, - uA; |<max{5 ‘7+15M'}. (99)

72’72 12
Equality is determined by using (10), (11), and (22). O
For A =1, we get the below corollary.

Corollary 14. Let F € 6, and it has the form (1). Then,

5
2
A, - A7 < — (100)

This inequality is sharp and can be obtained by using
(10), (11), and (22).

Theorem 15. Let F be the form (1) and if F € €, then

[Aidy = As] < 144 (101)
This result is sharp.
Proof. By using (86)-(88), we obtain
5 263
|AA, =] = 588 | 1152 e +eje, — el (102)

By using Lemma 4 and triangle inequality, we obtain

5

ks = As| < 288<) 144°

(103)

Equality is determined by using (10), (11), (12), and (22).

O
Theorem 16. Let F be the form (1) and F € €,. Then,
2 1
A= A3 (104)
48
This result is sharp.
Proof. By using (87) and (89), we obtain
_ s, 707, 3543 4 19
A= 43| 962162 1296 21 " 2976641 T 221% T 4
(105)
Comparing the right side of (68) with
4.2 3. 2
ye; +e5 + 2Te 5 — Svere ey, (106)

we get y=35243/497664, ¢=113/216, T =19/24, v =707/
1944, and



8(1-¢)s[(r(c+7) )" + (ry - 2y)’]
+7(y - 267)*(1 - 7) =0.00062010, (107)
47%6(1 - 6)(1 - 7)* = 0.057070.

Thus, all the conditions of Lemma 5 are satisfied. Hence,
we have

A=A si(z)zi.

108
96 48 (108)

Equality is determined by using (11), (13), and (22). O

Theorem 17. Let F be given the form (1) and F € 6 ,o,. Then,

J\| 25
H, | = ]| £ —- 109
A
This result is sharp.
Proof. We can write the H, | (Fp/2) as;
J
H,, (71”) = |MAs = A3 (110)

2
[Aids = Ay < 47775744

Differentiate with respect to ¢, we have

0Q(e,c) 1 (
oc 47775744
- (24ce® — 144ce + 5¢* + 192¢)).

—-600(e—2)(e+2) (114)

It is a simple exercise to show that Q' (e, ¢) >0 on [0, 1],
so that Q(e, ¢) < Q(e, 1). Putting c =1 gives

2
[Aids = 4] < 47775744

+ 14400 (4 - ez)z) = O(e).

(24600¢* (4 - &) + 625¢'
(115)

As @'(e) <0, so O(e) is a decreasing function, so that it
gives a maximum value at e =0

]
(3)]

T 47775744 (

25
00)= —. 116
) 5184 (116)

Equality is determined by using (10), (11), (12), and (22).
O
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From (86)-(88), we have

2| _
[Aids = ] = 47775744

— 5760065 .

|3575¢€} — 22800¢e, + 86400¢, e,

(111)

Using (25) and (26) to express e, and e; in terms of e,
and also e; = e, with 0 < e <2, we obtain

P HE |-21600¢°x” (4 - €*)

47775744
+43200¢(1 - [x[*) (4 - ¢€*)0
~ 14400x% (4 - ¢?) +30006%x (4 — %)
- 625¢"|.
(112)

By replacing |8] <1 and |x| =c¢, where c<1 and using
triangle inequality and taking e € [0, 2], so

{21600¢*c* (4 — %) +43200e(1 - %) (4 - ¢?) +14400¢ (4 - ¢2)” + 3000¢%c (4 — &%) + 625e4} =0(e, ¢).

(113)
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Let S=Z  x Zg 5, be a commutative ring where g, 3, and 3, are positive prime integers with I, # . The zero-divisor graph
assigned to S is an undirected graph, denoted as Y (S) with vertex set V(Y(S)) consisting of all Zero-divisor of the ring S and for
any ¢, d €V(Y (S)), cd € E(Y(S)) if and only if cd =0. A topological index/descriptor is described as a topological-invariant quantity
that transforms a molecular graph into a mathematical real number. In this paper, we have computed distance-based polynomials
of Y(R) i-e Hosoya polynomial, Harary polynomial, and the topological indices related to these polynomials namely Wiener

index, and Hyper-Wiener index.

1. Introduction

The Zero-divisor graph is the undirected graph on the set
of the Zero-divisors of a commutative ring. In a Zero-
divisor graph, the set of zero-divisors are considered as
vertices and pairs of elements whose product is zero as
its edges. The Zero-divisor graph is very helpful to study
the algebraic properties of rings using graph-theoretical
tools.

In 1988 Beck was the first who gives the idea of interlink-
ing two main mathematics topics Algebra, and Graph theory
[1]. First, he presented the concept of a Zero-divisor graph
of Commutative Ring R, in which all the elements of ring
R were considered as the vertices of a Zero-divisor graph,
and those two distinct vertices ¢ and d are connected if
and only if cd =0. Beck’s main objective in his work was to
show the coloring of the Commutative ring. Naseer and
Anderson extended the work by Beck’s in [2]. In [3],
Anderson-Livingston worked on the Zero-divisor graphs in
which only non-zero Zero-divisors are considered as the ver-

tices. Anderson-Livingston discussed the relations between
ring theoretic properties of R and graph-theoretic properties
of the Y(R). Furthermore, this study presents some impor-
tant results of zero-divisor graphs. Later Anderson, Frazier,
Lauve, Levy, Livingston, and Shapiro [4, 5] worked on trans-
lating the algebraic properties of rings into graphical
language.

Redmond developed the idea of the Zero-divisor graphs
associated to non-commutative rings [6]. He defined a Zero-
divisor graph associated with a non-commutative ring in
many more ways, including both directed and undirected
graphs. Redmond [7] carried on this work by extending
the concept of Zero-divisor graph of a Commutative ring
to an ideal-based Zero-divisor graph of a Commutative ring
by replacing elements whose product is zero with elements
whose product lies in some ideal I of ring R. Since then,
many researchers have worked on it and defined graphs such
as unit graphs, the equivalence class of Zero-divisor graphs,
total graphs, ideal-based Zero-divisor graphs, the Jacobson
graphs, and so on (see, [7-11]).
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Let G be graph with vertex set V(G) and edge set
E(G). The degree of a vertex v is the number of edges
attached to v. For any two vertices u and v, the distance
between them is denoted by d(u,v) and is defined as the
length of the shortest path joining them. For instance, d
(u, v)=0 If and only if u=v and d (u, v) = oo if there does
not exist any possible shortest path. For more details on
the basic definition related to graph theory, the readers
can see the book by [12].

Let Z(S) be the set of Zero-divisors of the Commuta-
tive ring ‘S’. The Zero-divisor graph of S is denoted by Y
(S)=(V(Y (S)), E(Y (S))), which is an undirected graph
with V(Y (S))=Z(S) \ {0} as vertex set, and for different
¢, d € V(Y(S)), the vertices ¢ and d have an edge cd €
E(Y(S)) between them if and only if cd=0 [13]. It is
very interesting to translate the algebraic properties of
algebraic graphs into numerical molecular descriptors. A
topological index/descriptor is described as a topological-
invariant quantity that transforms a molecular graph into
a mathematical real number. QSPR/QSAR studies are
majorly concerned with the application of these molecular
descriptors or Topological indices. Many molecular
descriptors have been introduced in the last decade, dem-
onstrating their importance. A molecular structure is
denoted as a graph with atoms as vertices and bonds as
edges. Then, using various forms of topological indices,
one can study both the algebraic and chemical aspects
of the compounds. There are two main types of topolog-
ical indices, the first based on degree [14-19] and the
second based on distance. Randic Connectivity index,
Zagreb Indices, the Harmonic index, Atom bond Connec-
tivity, and Geometric Arithmetic index are degree-based
topological indices. Some well-known distance-based
topological indices are the Wiener index, Hosoya index,
and Estrada index [20, 21]. For details related to the
computation of Hosoya and Harary polynomial of zero
divisor graphs associated to some commutative rings,
the readers can see [22-24].

Eccentricity-based indices have been effectively used to
construct a variety of mathematical models for the predic-
tion of biological activities of various types. Several
authors have examined the uses and mathematical proper-
ties of these indices. Further, the readers can see [25-28]
for more details about eccentricity based-indices. In 1988
Hosoya polynomial was introduced by Haruo Hosoya
[29]. With its vast application in graph theory and chem-
istry, it is proved to be an effective distance-based topolog-
ical index [30]. The Hosoya polynomial has many
chemical applications [31]. Almost all distance-based topo-
logical indices can be computed from this polynomial
[32-34]. The Hosoya polynomial is related to a variety
of topological indices, the most well-known of which is
the Wiener, Hyper Wiener, and Harary polynomial. For
further study see [21, 35-37]. Hosoya polynomial of a
graph H is defined as:
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The Harary polynomial was introduced in 1985 and is
denoted by h(H, x) and is defined as:

KAy

)
d(u,v)’ )

h(H,x)= )

veV(H)ueV(H)

The generalized Harary index of graph H is denoted
byh,(H) and defined as:

1
) d(uv)+t G)

Where t= 1,2, 3, ... The Wiener index is the oldest
topological index introduced by Harold Wiener in 1947
for the study of boiling points of paraffin [38]. It plays a
very important role in inverse structure-property relation-
ship problems [39]. For applications and mathematical
properties of Weiner index see [40-46]. The Wiener index
is defined as:

In 1993 another distance-based topological index was
introduced by Randic known as the Hyper-Wiener index
[35]. This index is used for predicting physicochemical
properties of organic compounds [47], and is defined as:

WW(H)=% oY (@wvy+dwy)  (5)

veV(H)ueV(H)

It is easy to observe that there is an effective relation
between Hosoya Polynomial, Wiener Index, and Hyper-
Wiener Index.

W(H)=H'(H:1), WW(H)=H'(H;1) + %H"(H; 1)

2. Result and Discussion

Let Z s x Zg 5 be a commutative ring where ¢, §,and 3,

are positive prime integers withS; # J,. The total number

of elements in this ring is *J,S,. We are only concerned

with the set of zero-divisors of Z s xZg 5 denoted by
V(Y(Z, xZg g )) having cardinality(¢’ - ¢*)( G, + S,
-1)+4*3,5, - 1. We made the degree-based disjoint
partition for vertices of the zero-divisor graph Y(Z,; x
Zg g ) of the commutative ring, which are given as:

W, ={(0,v):veZ

5,5, Withv#0, k5, k,S,, 1 <k;
<S3,-1,1<k, <S

S, -1},
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W, ={(0,v): v=kSJ,1<k <SG, -1}, (8)
Wi={(0,v): v=kS,, 1<k, <G, - 1}, (9)
Wy={(4,0): ueZ,;, with u#0,t,g,1<t <y’ -1},
(10)
We={(v): ut0,tig, 1<t <g*—1,v )
=k, 1<k <3, -1},
We={(wv): u#0,tig,1<t; <g’ - 1,v=kS, 1<k, <G, -1},
(12)
W, ={(w0): u=t,g,1<t,<g*~1 witht, #lg,1<t,<g-1},
(13)
Wy={(wv):u=tig,1<t;<g’—1 with t,#lp1
<H<g-1L,v#0,55,kS3, 1<k <, - 1,1
<k, <SG, -1},
(14)
W9={(”’V)5“=t19>1St1Sg2—1 with ¢, #lg, 1
<t <g-1,v=kS, 1<k <G, -1},
(15)
Wy={(uv):u=tig,1<t,<g" -1 with t #lg,1

<t <g-1,v=kS, 1<k, <3, -1},

(4, 0)

Wy ={(v):u=t"1<t,<g-1,v#0,kF,k,S,, 1
<k £8,-1,1<k, <3, -1},

(18)

Wi={(uv):u=tyy’ 1<t,<g-1,v=kSF,1<k <S,-1},
(19)

Wy ={(wv)u=tg",1<t,<g-1,vk,S,, 1<k, <, - 1}.
(20)

g

From the above, it is clear thatV(Y(Z : XZ«’SISZ)) =
Ui, W,. Observe that [W,| = (S, - 1)(S, - 1),|W,| =S, -

DP\Y(Z,xZgg,) =

_ e +a+9 (S +3,) + (8,3, + 9, +Sz)(92+9+1) - 14

1>|W3|:S -1 W4| = (93 —?2)s|W5| = (93 —92)(52 - 1)

)81 -1, [Wyl=g-1 [Wp,|=(g-1)(3,3,-F, -, +
1),[Wis|=993, -9 -5, + 1 [Wy| =4S, -9 -3, + 1. Fur-
thermore d, = 4* — 1 for veW,, d, =S ,¢°> — 1 for veW,, d,
=3,¢° -1 for veW,, d, =S,3, -1 for veW,, d, =5, - 1
for veWs, d, =3, — 1 for veW, d, =¢F, 3, -1 for veW,
,d,=g—1 for veW,,d, =JF,9g-1 for veW,y,d, =S5 ,9-1
for veW,,,d, =g*S,S, -1 for veW,,d,=g* -1 for ve
Wi d,=S,g> = 1for veW,5,d, = F,g* — 1 for veW .

Let 1<i<14be a fixed integer andu € W,. From the
above partition one can observe that the distance d(u, v) is
same for any v€ W, where 1<j<14. This observation is
depicted in Figure 1. If there is an edge between any two par-
tition sets W, and W/, then it means that d(u, v) = 1 for any
ueW;andve W;. It can be seen that the maximum distance
between any two vertices of Zero-divisor graph Y(Z ; x
Zg 5,) is atmost three. This important fact is stated in

Lemma 1.

Lemma 1. The maximum diameter of the Zero-divisor graph
Y(S) of a commutative ring is 3 [3].

We have summarized the eccentricity and degree of each
vertex of Zero-divisor graph Y(Z : x Zg g ) in Table 1:

3. Hosoya and Harary Polynomial of Zero
Divisor Graph Y(Z s x Zg g )

Now we compute the Harary and Hosoya polynomial of
zero divisor graph Y(Z ; x Zg g ). First, we find the dis-
tance d(u, v) for each pair of vertices u,v of Y(Z x Zg g
). For this, we consider the partitionsW,, 1<i < 14 as vertices.
Now we compute the distance d(u, v) between any two ver-
tices such that u € W;andve W;. Let x€ Z,x >0 and DP,
(Wi, W) =[{(w,v) € (W;, W;)|d(u, v)=x}|. If i = j, we sim-
ply use the notation DP_(W,). The cardinality of the set of
ordered pair of vertices which are adjacent to each other is
denoted by DP\Y(Z » x Zg &)

132

Lemma 2. The cardinality of the set of ordered pair of vertices
in Y(Z, x Zg g,) which are adjacent to each other is:

g

2



Journal of Function Spaces

w10 w3

w4
NS

w6

' '(
N

®2

wi9

wsg
FIGURE 1: Zero-divisor graph of Z s X Zg &
TaBLE 1: Eccentricity and degree of each vertex of Zero-divisor graph Y(Z s x Zg 5 ).

Vertices Eccentricity Degree Frequency
W, 3 7 -1 $,3,-S,-9,+1
W, 2 S -1 3, -1
W, 2 S, -1 S, -1
w, 3 3,3, -1 & — g
W, 3 S, -1 (93 —92)(52 -1
W6 3 52_1 (93_92)(51_1)
w; 2 73,5, -1 7y
Wy 3 g-1 (yz—?)(sl_l)(sz_l)
W, 3 Jz-1 (¢ -9)(S,-1)
Wy 3 Syy-1 (#-92)(S1-1)
Wi 2 7S,S, -1 g-1
Wi 3 s -1 (g=1)(3:3, -3, -3, +1)
Wis 3 S’ -1 93,-9-3,+1
Wiy 3 Sy0° -1 93,1 -9-J+1
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Proof. By Handshaking lemma and using table 1 we concluded
1
DP\Y(Z,xZgg,) = 2[9 “1+8,87 - 1+S5,0 —1+3,S8, - 1+5,-1+5,-1+45,5,-1+g-1+S,9- 1+ S0
~1+4°8,8, - 1+4" - 1+S,9° -1+ G5 — 1]
_g +g gt (S +3,)+ (S5, +3,+3,)(F +g+1) - 14
- 2
(22)
O

Lemma 3. The cardinality of the set of ordered pair of vertices
in Y(Z, x Zg g,) which are distance 2 to each other is

DP,Y(Z,xZgg,) =)+ + Qs+ Qu+ Qs+ Qs + Q.

(23)
Where
Q= [(8,8, -8, - )3, - )T, - 2 (¢ - 4” - 1)
(7' =9") (S 1) =D+ ((4° - 9°) (S, - 1) - 1)!
( ) -

(28)

S,) (7 —9) +(g—D(1+3,S,) - 24°}
+(4°S,- 9"~ 9S,+9)
‘ {y231 ~9" =293, +95,S,+9- 5,3, + S}
(29)
Q,= (9231 -9 - 95, "’9){?5132 -35,8,-g+1}
(981 -9 =S+ 1)(S - (S + 3, -2}
(30)
Proof. From Figure 1. We conclude that W, is at distance 2
from W, W,, W5, Wg, Wy, Wy, Wi, W5 and W,,. Hence
by using the values from table 1, we have:

DP,(W))=(S$,5,-G, - S,)! (31)

DP, (W, W,) = (S, - 1)(S, - 1)? (32)
DP,(W,, W3) = (S, - 1)*(S, - 1) (33)
DP,(W,, Wy) = (9° = 2) (S, - 1)*(S, - 1)° (34)
DP,(W,, W) = (g7 —9) (S, - 1)(S, - 1)? (35)
DPy(Wy, Wyo) = (¢" =) (S, - 1)*(S, - 1) (36)
DP, (W, Wy,) = (¢ - 1)(S;, - 1)*(S, - 1)? (37)
DP,(W,, Wi3) = (g - 1)(S; - 1)(S, - 1)° (38)
DP,(W,, Wy,) = (g - 1)(S; - 1)*(S, - 1) (39)

From Figure 1, we conclude that W, is at distance 2 from
W,, We, Wg, Wy, Wy, and W,;. Hence by using the values
from table 1, we have:

DP,(W,) = (S, -2)! (40)

DP,(W,, Ws) = (¢° = 47) (S, - 1)* (41)
Py (Wa, We) = (¢° —9)(S1 - 1)(S, - 1)’ (42)
DP,(W,, Wy) = (g -2)(S, -1) (43)
Py (W Wip) = (9= 1)(S; — 1)(S, - 1)* (44)



DP,(W,, W13):(9_1)(52—1)2 (45)

From Figure 1, we conclude that W, is at distance 2 from
Ws, W, Wg, Wy, W, and W,. Hence by using the values
from table 1, we have:

DP,(W3) = (S, - 2)! (46)

DP, (W5, We) = (9° - 4) (S, - 1)° (47)

DP, (W3, W) = (9° - ) (S, - 1)*(S, - 1) (48)
DP,(W3, Wyg) = (9° - ¢) (S, - 1) (49)

DP, (W5, Wp,) = (g - 1)(S, - 1)*(S, - 1) (50)
DP, (W5, Wy,) = (g - 1)(S, - 1) (51)

From Figure 1. We conclude that W, is at distance 2
from W, Wi, W, W,, Wy, Wy, Wy, Wy, W5 and W,
Hence by using the values from table 1, we have:

DPy(W,)= (4" 4" -1)! (52)

Py (W, Ws) = (g 92)2 (53)

DP,(W,, We) = (¢~ 4*) (S - (54)
DPy(W,, W5) = (9% - g) (s - 2) (55)
DPy(Wy, We) = (9° = ¢°) (9" —2) (S, - 1)(S, - 1) (56)
DPy(W,, Wo)= (3" —4°) (9" —9) (S, - 1) (57)
DP,(W,, Wyo) = (¢’ —4°) (9" - 9) (S, - 1) (58)
DP,(W,, W) = (¢° - gz)(y—l) (59)

DPy (W, W;3)= (¢’ —¢°) (g - 1)(S,-1)  (60)
DP,(W,, Wi,) = (" —4*) (g - 1)(S, - 1) (61)

From Figure 1, we conclude that Wis at distance 2 from
Ws, W,, Wg, Wy, W, and W,;. Hence by using the values
from table 1, we have:

DP,(Ws)=((¢° - 47)(S, - 1) - 1)! (62)

Dpz(WS’ W7) = 63

(7 -4) (s -2)(S,-1)
~9) (7"~ 9)(S1 - 1)(S, - 1)’

(63)
(64)
(7°-9") (7 -9)(S,-1)" (69
(66)
(67)

DP, (W5, Wy) = (¢
DP, (W35, W) =

DPz(Ws’ Wn): (93—92)(9_1)(52_1) 66

DPy(Ws, Wy3) = (¢” = 5°) (7 = 1)(S, - 1)* 67
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From Figure 1, we conclude that W is at distance 2 from
We, Wo, Wi, Wi and W,,. Hence by using the values
from table 1, we have:

DP,(W5)=((¢° - 4°) (S, - 1) -1)! (68)
DP,(W5, W,)= (9’ - 4") (4" —2) (S, - 1) (69)
DP)(We, W)= (9" —4°) (4" —2) (S, - 1) (70)
DP,(We, W)= (2" =4 ) (e - 1(S, - 1) (71)
DP,(We, Wiy) = (9’ =4 ) (g - 1)(S, - 1) (72)

From Figure 1, we conclude that W, is at distance 2 from
W, Wy, Wgand W,,. Hence by using the values from
table 1, we have:

DPy(W,)=(¢"—g—1)! (73)

DP,(W,, Wy) = (92— 9)*(S1 - 1)(S, - 1) (74)
P,(W,, W) = (y y) (S,-1) (75)

DP,(W;, Wyo) = (52 = )" (S, - 1) (76)

From Figure 1, we conclude that Wy is at distance 2 from
Ws, Wy, Wio, Wiy, W5 and W ,. Hence by using the values
from table 1, we have:

(s =9)(3

DPZ(WS’ W9):(92_9)2(51_1)(52_1)2 (78)

DP,(Wg) = DS, - -1 (77)

P)(Wg W) = (9 9>2(31—1)2(32—1) (79)
DP,(Wg, W) = (57 = 9) (9= 1)(S, - X(S, -
~9) (g - 1)(S, -
(7= 9) (7 -1)(S: -

DP,(Wg, Wy3) = (92

DP, (Wi, Wiy) =
(82)
From Figure 1, we conclude that W, is at distance 2 from

W, Wi, Wiy, and W5, Hence by using the values from
table 1, we have:

DP, (W) =

[(#° —2)(S,-1) - 1]! (83)
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From Figure 1, we conclude that W, is at distance 2
from Wy, W,,, W,5,and W,,. Hence by using the values
from table 1, we have:

Dpz(Wlo)= [(92—9)(51_1)_1]! (87)

(WIO’WIZ) (9 9)( 1)( _1)(9_1) (88)

Dp (WIO’ W13)

(7" -2) (S -1)(S,-)(g-1) (89)

Py (Wi Wiy) = (¢" =) (S, - 1)’ (¢ - 1) (90)

From Figure 1, we conclude that W, is at distance 2
from W,,. Hence by using the values from table 1, we have:

DPy (W) = (9 - 2)! (o1)

From Figure 1, we conclude that W, is at distance 2
from W,,, W;,and W,,. Hence by using the values from
table 1, we have:

P,(Wi2) =[(g = 1)(S; -~ 1)(3, - 1) ~ 1]! (92)

Pz(le’ W13)=(y—1)2(31—1)(32—1)2 (93)

P)(Wi W14)=(9_1)(51_1)2(32_1) (94)

From Figure 1, we conclude that W, is at distance 2
from W ;. Hence by using the values from table 1, we have:

DPy(Wy3) = [(g - 1)(S, - 1) ~ 1]} (95)

From Figure 1, we conclude that W, is at distance 2
from W,,. Hence by using the values from table 1, we have:

DP,(Wyy) =[(#-1)(S,-1) - 1]! (96)

Finally, we add all the values computed in equations
(31)-(96), and we get the required formula for DP,Y(

ZS,SZ) =[(S,8,+ S, +3,)1+(S,-2)!

X
S -2+ - - 1)+ (4 -4 (S, - 1) - 1)!

(
((#°-¢") (S -1 -1+ (s* - - 1)!
[(92 —9)(5152 -8,-5,+1)- 1]!
[(91282 -9"-9S,+9) - 1]'+[(y2 —y)(dl -1)- 1]'
(g-2)+[(g-1)(3,8,-F, -, +1) - 1]!
(#S,-2-5)+ (¢S, -2-3,)!
($,9,-5,-S, + 1){(5152 - 1)(g2 - 1) +3, +SZ}
(S -DH(F-2)+ (" -9) (S -1+ (4" -9)

1

(7 -2) S -+ (" -9)+(e-D(S, - 1) +(g-1)}
(7 ) {(S,+3,-2) (¢’ -4") +3,S,(s" — )
+52—1)—51—52+1}+(g3—y2 (52—1 {(yz—g)

(9—1)(1+«51«52 —292}+(y2 -9 -9, +g)
'{9251—92—2951"'93152 +7-5,3,+ S}
+ ("8, -9 - 98, +9){1-9+49,9,-3,S,}

- DE DB - D8+ 3, -
+ O+ Q+ Q5+ Qg+ O,

2} =0+,

(97)

O

Lemma 4. The cardinality of the set of ordered pair of vertices
in Y(Z, x Zg g,) which are distance 3 to each other is

2~ 1) [gs +51y+32y2—3]
(98)

Proof. By using the figure, we conclude that:
DPy(Y(Z, x Zg,5,)) = |Wi[(|Ws| + W) + [W,[[Wy,|
+ W[ ([We| +[Wyo| + [Wip| +|[Wal)
+ [ Wel(|Ws| +[Wo| + Wi,y | +[Wy5])
(99)



Now by putting values from table 1, we obtain:

DP3(Y(Z£I3 X Zslsz))
:(3132_51_52"'1)((93—92)(52_1)

+(g3—92)(52—1) +(yS—gZ)(ysl—g—31+1)(«52—1)

+(93_92)(8182_31_52"'1)((93—92)

+(92—9 (SB1-1)+ (S, -2-5,+1)(5,-1)

+(@#S1 -G+ 1))+ (" -4 (S - 1)((#° - 2)

X (3132_51_52"'1)"'(92_51)(52_1)

+(ys —g—s +1) Sz—l)+(y52—y—\52+1))
82—1)[y3+«51g+\52y —3]

I
)
w

[
R,
N
@

[
==

O

Theorem 5. The Hosoya polynomial H(Y (
the graph Y(Z ;s x Zg g ) is:

Zys X 25152)) Of

H(Y(Z 3 XZS,S )) =
. PG g+ (S +3,)+ (3,5, +8,+3,) (¢ g+ 1) - 14
2
X (Q+ D+ Q5+ Q + Q5+ Q + Q)X

+((# ) (S, - 1)(S,- 1) [’ + B9+ 9" - 3]) ¥

(gs—gz)(51+32—1)+95 S,-1

(F-2)Si-D+ (7 -9)

Q= (93 —92){(31 +3,

g(-1+3;+

-2)(¢’ - 4") +3,8.:(¢° ~ 9)

$,)+1-3, -5,
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+y3152+y—3152+31

-

Q; = (?231 -9 - 95, +9){95152 -3,8
+ (g8, —g -+ 1)(J, - 1)(J; + 3, - 2}
(108)

Proof. The Hosoya polynomial of zero divisor graph Y(Z
XZg ,) can be calculated by using lemma 2, lemma 3
and lemma 4 as follows:

H(Y (2, 25,0.).%) = DR (¥ (2,0 2 )
+DP\(Y(Z,; xZg g,))x+DP,(Y(Z,; x Zg 5))%°
+DP;(Y(Z 3><Z<-(~)) =(’-9")(8,+3,-1)+4°S,S, -1
) (g +F+9+4° (S, + 9, )+(SISZ+$1+82)(g2+g+1)—14>
2
X (O + Oy + Q5 + O + Qs + Qg + Q)%

+((# =S - 1)(S,~ 1) [¢* +S1p+ 8,97 - 3])x°

(109)
O

Theorem 6. The Harary polynomial h(Y (
the graph Y(Z s x Zg ) is

Z,: x ZSISZ)’ x) of

hY(Z, xZg ), x)
=3( P+ g+ (S +9,) +(S,9,+5,+3,)
X (g7 +g+1) = 14)x+3(Q, + O, + Q; + O, + O
+ 0+ Q) +2((47 - 4°) (S, - 1)
(02—1)[5; + 8,2+ 8,¢ —3])
(110)

Where

Q=

—

$,9,+ 5, +3,)1+(S, - 2)1+(S, - 2)!
(0=~ (5 -) 8- 1)~ 1)
(6"~ )8, 1)~ 1)1e(s% - 1)
(7" -2)(S,8,-G,-S,+1)-1]!
[(#:°S:-9."—9S,+9) - 1]1+[(4 - 9)(S
(g=2)+[(¢ - -3,+1)-1]!
( S!S, -9 -T2,

- 1) - 1]!

1(8,3;- 3,

+ + o+ o+ o+ 4

73 -9~
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(7" -92)(S, -1+ (4 -9)
+(g-1)}

{(# =)+ (& -2)( S -1+ (5 ~9)
1

Q
o
I
Q
)
|
~
s
—_—
)
w
|
R
SN—
— +

(113)

Q= (#3 _92){(51 +‘(~52 —2)(y3 —92) +S152(92 —9)
+g(-1+S3,+3,)+1-5,-S,},
(114)

Q=7 -)S-D{(F"—9)+ (" —9)(1+3,3,-F,-3,)
( Y+H(g-1)+(g-1)(S,-1)}

) =D{(e"-9) + (#"~2) (31 - 1)
( )

+g=1)+(g-1)(S, - 1)},

(117)

Proof. The Harary polynomial of Y(Z; x Zg g ) can be cal-
culated by using lemma 2, lemma 3 and lemma 4 as follows:

WY (Z, %xZgg,),x) =6DP,(Y(Z,; xZg g,))x
+3DP, (Y (Z, x Zg g,))%" + 2DP;(Y (2, x Zg g,) )%’
=3+ g +5 (8, +5,) + (5,9,+5,+S,)
(1) —14)x+3(Q + Oy + Oy + Oy + Qs + Qg+ Q)X
+2((#’ -2 (S, - 1)(S, - 1) 9" + B9+ Bye” - 3])x°
(118)
O

Corollary 7. The Wiener index and Hyper-Wiener index for

zero divisor graph Y(Z,; x Zg ) can be expressed as:

W(Y(Zyz X Zslsz))

P gt (S5, + (S8, + 5, +3,) (P et 1) - 14

+ (2 + L+ +Q+ Qs+ Qs+ Q)
+3((4° - #) (S - (S, - D)o’ + B9+ 800" - 3))

(119)

WW(Y(Z,: xZg,5)))
= (P e+ (S, +8,) + (3,8, +3,+ ) (F +g+1) - 14)
+3(Q+Q,+ Q3+ 0, + Q5+ O+ Oy)
+6((¢7-97)(S, = D(S,-1)[g’ + B9+ 329" - 3])

(120)

Q=(S,- D -7)+ (7 -2)S, - 1)+ (¢~ )
@S9-S+ D+ (e-D}+ (S, - D {(s' -4
(7 =9) S -+ (" —9)+(#S,-g-S,+ ) + (g - 1)},

(123)

Q= (93 —92){(31 +3,-2) (93 —92) + 5132(92 —9)

+g(-1+3,+3,)+1-5,-3,},

+
+

+(—9)(So—D+(g—D+(g—-1)(S,- 1)}
+(@-7)S - D{(s"-9) + (#" - 2)(S: - 1)
+ (gz—g)(sz—l)+(y—1)+(g—1)(51 —1)},

(125)

(S, +32)(/ -9)+(g-1)(1+5,S,) —2/}

Q,= (9231 -7 - 93, +9){<¢S182 -S5,8,-g+1}
+ (93— =3, + (3, - I)(J;+3, -2}

4. Conclusion

In this paper, we computed some distance-based polynomial
of zero divisor graph Y(Z,., xZg g ) namely Hosoya
polynomial, Harary polynomial, Wiener index, and hyper
Wiener index. We have seen that the eccentricity of any
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vertex of a zero divisor graph is always 2 or 3, which helps
for the computation of the above polynomial. These compu-
tations can be helpful in computation of eccentricity based
topological indices of the considered zero divisor graph.
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We preface and examine classes of (p, q)-convex harmonic locally univalent functions associated with subordination. We acquired
a coefficient characterization of (p, q)-convex harmonic univalent functions. We give necessary and sufficient convolution terms

for the functions we will introduce.

1. Introduction

First, let us give the basic definitions and notations that we
will use in our article. In order not to spoil the generality
of this study, let us denote the continuous complex valued
harmonic functions class with % which are harmonic in
the open unit disk % = {z: z€ Cand|z| < 1} and let & be
the subclass of # which consists of functions that are ana-
lytic in %. A function harmonic in % can be written in the
form f =h+ g, where h and g are analytic in %. Here, the
analytic part of the f function is & and the co-analytical part
is g. The necessary and sufficient condition for f to be locally
univalent and the sense-preserving in % is that |h'(z)| >
|g' (z)| ([1]). In the light of this information, we can write
without losing generality as follows:

h(z)=z+ iajzf and g(z) = OZO:bJZJ. (1)
J=1

=2

Let us denote the class of functions satisfying f =h+ g
which are harmonic, univalent, and sense-preserving in %
for which h(0) =h'(0) -~ 1=0= g(0) conditions with S%.
From this point of view, we can easily say that |b;| <1 if
there is a sense-preserving feature.

In 1984 Clunie and Sheil-Small [1] defined and analyzed
characteristic features of the class 7. Over the years, many
articles on the class of §# and its subclasses have been
made by many researchers by referring to this article.

Many studies have been done on quantum calculus. As
the importance of this subject can be understood from its
multidisciplinary nature, it is known to be innovative and
important in many fields. The quantum calculus is also
known as g-calculus. We can roughly define this calculus
as the traditional infinitesimal calculus. In fact, Euler and
Jacobi first started to study the subject of g-calculus, they
are also people who find many attractive implementations
in several fields of mathematics and other sciences.

In the last study by Sahai and Yadav [2], the quantum
calculus was based on two parameters (p,q). In fact, this
two-parameter definition is the postquantum calculus
denoted by (p, q)-calculus, which is the generalization of
g-calculus. We will use the definition of (p, q)-calculus in
this article as the basis of the article published by Chakrabarti
and Jagannathan in 1991 [3]. Let p >0, g > 0, for any non-
negative integer j, the (p, q)-integer number j, denoted by

[lpq s

Wy

e T 1,2,3,--),

0,,<0. ()
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It can be seen that this twin-basic number defined above
is a generalization of the g-number defined as follows:

i, = 2,

= 1)2:33"')3
q

q# 1l (3)

In like manner, the (p,q)-differential operator of a
function f, analytic in |z| < 1 is defined by

fpz) ~1(492)

=9 P#FGzEU. (4)

qu()

It may be easily shown that D, f(z) — f'(2) as

p—1 and g—>1". We can easily see that

lim_lim [j], =J. (5)

q—1 p—1~

For more information and details on g-calculus and
(p, q)-calculus, [2, 4] can be used as references. Apart from
these, different studies have also been carried out [5-7].

Ismail et al. [8] and Ahuja et al. and Ahuja and
Cetinkaya [6, 9]z) used g- calculus in the theory of analytic
univalent functions. The g-difference operator’s definition is

h(pz) — h(q2)

, z2#0,
D, h(z)={ (P=4)z
h'(0), z=0, )
g2 -9@@) .,
D,,g(z) = (-9
g'(0), z=0,

where h and g are of the form (1) which given in [4] and we
get the following result for same h and g

D, h(z)=1+ ) [jl, a7 andD,,9(z) = ) [1], b7
j=2

j=1
(7)
For f € §%, let
N qf =2zD, h(z sz);g(z), (8)
Q)f,qf(z) =2zD,, (sz,qh(z)) +2D, (zl_) qg(z))
& 9
:Z+Z ;qajz]+2[7quzj ©)

J=2

We say that an analytic function f is subordinate to an
analytic function F and write f < F, if there exists a complex
valued function @ which maps % into oneself with @(0) =0,
such that f(z) = F(@(2))(z € %).

Additionally, if F is univalent in %, then we can give the
following result:

f(z)<F(z) © f(0) = F(0)and f (%) c F(%).  (10)
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Denote by S#€,, ,(A, B) the subclass of # consisting of
functions f of the form (1) that satisfy the condition

@2
qu(z) < 1+AZ’ (11)
Dl f(z) 1+Bz
(0<p,g<l,p#qze¥Uand-B<A<B<I), (12)

where is Q)},)qf(z) and @;’qf(z) are defined by (8) and (9).
By suitably specializing the parameters, the classes
SH€,,(A,B) reduce to the various subclasses of har-

monic univalent functions. That is, by assigning special
values instead of p,q, A, and B, we are saying that they
become classes that used to be studied. This is an indi-
cation that this article is a general subclass that includes
other classes in harmonic functions. Such as

(i) S#E,,(A B)=

(i) S#€,,(A,B) =
q— 17([11]),

(iii) S%’%p)q(@+q)9—1,p+q—l):
0<9<1 ([12]),

(iv) SZC,,((p+q)a—-1Lp+q-1)=SHE,(a) for
p—>1and 0<a<1l ([6, 13)]),

V) SHE,,((p+qa-1p+tq-1)=8SHE(a) for

p—1, g— 1 and 0<a<1([14, 15]),
Vi) SHE,,((p+q)a—1,p+q-1)=8HE(0) for
p—>1 and a=0 ([16]).

SHE, (A, B) for p— 17([10])

SHE(A,B) for p— 1" and

A,,Ey(9)  for

qg—1

Using the method that used by Dziok et al. [11, 17-19]
we find necessary and sufficient conditions for the above
defined class S#'E, (A, B).

2. Main Results

For functions f;and f, € Z of the form

00
=z+ ) q z+z
=2

(j=1,2), (13)

we define the Hadamard product of f,and f, by

(fi = fo)(z z+z 22+Z]1]2z,ze%. (14)

In the first theorem, we introduce a sufficient coefficient
bound for harmonic functions in %6, (A, B).

Theorem 1. Let us first assume that feJ . Then, f¢
SHE,,(A,B) if and only if

f(z)*Ep’q(z;f)#0,((6((3,|{|z1,z€°2[\{0}), (15)
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where

Z,,(z50)
_(B-A)z+ [(p+a)(p+q-1)+{(A(p+4q)° -~ B(p+q) +pa(B- A))]2°
(1-pz)(1-qz)(1-p?2)(1 - ¢°z)(1 - pgz)
L 14pa-(pra)ptqg+ 1)+ (B+Apg - (p+q)[(p+q)A+B])Cp 5
(1-pz)(1-qz)(1-p?z)(1 - q°z)(1 - pgz)
+ 1+pq+ (B+Apq){ P
(1-p2z)(1-qz)(1-p*2)(1 - q*)z(1 - pgz)
[2+(A+B)( - [(PP+ )1+ AD) + (A= B)pqC + (p+q)(1 + By) | 2°
(1-pz)(1-q2)(1-p°2)(1 - 4°2)(1 - pgz)
+[(p2+qz+pq)(1+A5) (I-—p-a)I+B)]
(1-p2)(1-q2)(1-p?2)(1 - ¢°2)(1 - pgz)
. 1+ B —pg(1+AL)
(1-p2)(1-qz)(1 - p?z)(1 - ¢°2)(1 - pqgz)

e
(16)

Proof. Let f € 7 be of the form (1). Then f € S#'6,, ,(A, B) if
and only if it satisfies (11) or equivalently

DS 1+ A
Q)}l)’ﬂrf(z) 7 1+BC’ (17)
where { € C, |[{|=1and z € % \ {0}. Since
2D, h(z) = h(2) * ‘
5 (1-pz)(1-qz)
z
qg( ) g(Z)* (l—pZ) l_qz)’
z(1+ pqz)
Oralelha ) =B ()=o) (1 pae)
_ z(1+pgz)
Pralepa9(2) = 9C) * Ty = ) 1= pge)
(18)
the inequality (17) yields
(1+B)D; f(2) - (1+A)D, f(2)
=(1+B{) [sz’q( D, h(z)) + sz,q(zlip,qg(z))}
- (1+AQ) [sz)qh(z) - zDP,q_g(z)}
B . (1+ BQ)z(1 + pgz) B (1+AQ)z
4 (g e~ )
TN . (1+ B8)z(1 + pqz) (1+A)z
90\ gt * )
=f(2) * E,4(z30) #0.
(19)

O

Theorem 2. Let f =h + g be given by (1). If

pad (s = 1] [~ 4]) o
+ (g1 +B) + 1+A) b} <

S0

=1

—

(20)
2(B-A),

where a;=1,0<p,q<1,-B<A<B<I, then, feSHE,,
(A, B).

Proof. f € S#'€,, ,(A, B) if and only if there exists a complex
valued function @; @(0) =0, |@(z)| < 1(z € %) such that

2Dy (2Dpgh(2)) + 2Dy, (2D,49(2)) _ 1+ 40(z) (21)
2D, h(z) ~ 2D, 9(2) [+Ba(z)’
or equivalently
D3/ (2) =D/ 2 )
BY, f(z) —AD,, f(2)

The above inequality (20) holds, since for |z|=7(0<
r<1), we obtain

‘ZDM (sz,qh(z)) — 2D, h(2) + 2D, (zﬁp’qg(z)) + ZDP’;g(z)’

- ’BDM (sz’qh(z)) +BzD,, (zlip!qg(z))

~ AD, h(z) + AD, (7))
] ‘ $ U102 311 (0
(B )z i pa (1548~
, i U (1B +4)57
> G|~ 1)l

U]p,q(U]p,q + 1) |b,|7 ~ (B~ A)r

1) b]_zf

A) a]Z]

=2

-

+
Mg

-
I
—

+
M3

U]P’q‘[j]p’qB—A“aArf + ]OZO;[/}p’q([]]P)qB+A) Ib,|”

{ > Ulpa([r

+OZO:[7 ( 1+B)+1+A)|b|rfl—(B A)}
=

(.
1l
[N

IA
T8

- 1‘ + ’U]MB_AD |aJ|r’_1

(23)



4
The harmonic function
. B Ay
f2)=z +§ ™ [J]I:(_I: | +)‘ L;]MB y . .
e (mp,(q<1_+ L);L 1+4)
where
el S| )

shows that the coefficient bound given by (20) is sharp.
The functions of the form (8) are in S#E,,(A B)
because

imMWWWﬂM&M)

= 2(B—A) |a]|
Ulpg( []pq(1+B) A ®
00D ) -
(26)
O

Denote by 7 S#€, ,(A, B) the subclass of # consisting

of functions f of the form (1) that satisfy the inequality (20).
It is clear that T S#6, (A, B) C SHE, ,(A, B).

Theorem 3. The class T SH ', ,(A, B) is closed under con-
vex combination.

Proof. For j=1,2,--, suppose that f, € TSHE, (A, B),
where

f)=2+ iH ; zybb\zj. (27)
Then, by Theorem 2.
2 [l (|01 = 1] + |00,,B - 4])
54
_+§bh4mmgjjw4+A)

J=1

a

S}

" (28)

For 3 *t, =1,0<t <1, we can write the convex combi-

nation of f, as follows:

$of @)=z i(i 5\%\)24 i(i t]\b]Jsz. 9)
J=1 =1

=2 ]=1 ]=1
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Then, by (9),
0 []]) []])—1+[]])B—A &)
; PCI(’ PqZ(B’_i) P4 D]_th] aJJ
[1]’ /] ) (I+B)+1+A)
" M< P;(B—A) )]_thj b,
& (Wpa(pg =1+ |lpsB-4)) 1 (a0)
:;t]; q qZ(B_A) q ’
[,]M<mp,q(1+3)+1+A) .
2(B-A) J
J=1
hence
it]f](z) €T SHE,,(A B). (31)
J=1
O

3. Conclusions

As a result, a general subclass has been defined in this article.
Thus, with this study, which will be a good reference for the
new results to be obtained, a subclass study has been made
for harmonic functions using the (p, q) derivative, which is
still popular today.
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The present study’s intention is to produce exact estimations of some problems involving logarithmic coefficients for functions
belonging to the considered subcollection BJ , of the bounded turning class. Furthermore, for the class BT, we look into
the accurate bounds of the Zalcman inequality, Fekete-Szegd inequality along with 2, ,(G,/2) and 9,,(G,/2). Importantly, all

of these bounds are shown to be sharp.

1. Introduction and Definitions

To properly understand the findings provided in the article,
certain important literature on Geometric Function Theory
must first be discussed. In this regard, the letters & and &
stand for the normalized univalent functions class and the
normalized holomorphic (or analytic) functions class,
respectively. These primary notions are defined in the region
E,={zeC:|z|] <1} by

k=2

= {ge%(ﬂEd): g(z)=z+ ibkzk(ze Ed)}, (1)

where #(E;) symbolizes the holomorphic functions class,
and

S={ged : gisunivalentin E }. (2)

The following formula defines the logarithmic coeffi-
cients 8, of g that belong to &

22[32 forz e E,. (3)

e =los(%7) =23,

In many estimations, these coefficients provide a signifi-
cant contribution to the concept of univalent functions. In
1985, De Branges [1] proved that

n n _k 1
Y k(n-k+1)|B,[* < Zanzl, (4)
k=1 k=1 k

and equality will be achieved if g has the form z/(1 - e’vez)2
for some 0 €R. In its most comprehensive version, this
inequality offers the famous Bieberbach-Robertson-Milin
conjectures regarding Taylor coefficients of g € §. We refer


https://orcid.org/0000-0001-5210-8505
https://orcid.org/0000-0002-8548-7078
https://orcid.org/0000-0003-4755-9381
https://orcid.org/0000-0001-9637-7977
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/2229960

to [2-4] for further details on the proof of De Branges’ find-
ing. By considering the logarithmic coeflicients, Kayumov
[5] was able to prove Brennan’s conjecture for conformal
mappings in 2005. For your reference, we mention a few
works that have made major contributions to the research
of the logarithmic coefficients. Andreev and Duren [6], Ali-
mohammadi et al. [7], Deng [8], Roth [9], Ye [10], Obrado-
vi¢ et al. [11], and finally the work of Girela [12] are the
major contributions to the study of logarithmic coefficients
for different subclasses of holomorphic univalent functions.

As stated in the definition, it is simple to determine that
for g € &, the logarithmic coefficients are computed by

fi= by (5)

p=3(n-3%) (©
B, = % (b4 _bob, + ébg), 7)

1 1 1
/34:E(bs—b2b4+b§b3—zb§—zb§)« (8)

Forgiveng,n e N={1,2,---}, b, =1, and g € & with the
series expansion (1), the Hankel determinant 9, (g) is rep-
resented by

bn bn+1 bn+q—1
bn+1 bn+2 bn+q
D4n(9) = . )
bn+q—1 bn+q o bn+2q—2

It was defined by Pommerenke [13, 14]. This determi-
nant has indeed been investigated for a number of univalent
function subclasses. In specific, the sharp estimate of the
functional |9,,(g)|=|b,b, —b;| for the sets € (convex
functions), & (starlike functions), and &% (bounded turning
functions) has been effectively established in [15, 16]. Later,
numerous scholars published their findings on the upper
bounds of [9,,(g)| for various subcollections of holo-
morphic functions; see [17-23]. However, for the class of
close-to-convex functions, the exact estimation of this deter-
minant is yet unknown [24].

Analogous to the determinant 9, ,(g) mentioned above,
Kowalczyk and Lecko [25, 26] considered to examine the
following determinant 9,,(G,/2) with entries from loga-

rithmic coeflicients of g
ﬁn ﬁn+1 ﬁn+q—1
G ﬁ +1 ﬁ 2 ﬁ +
g\ _ n n n+q
9‘7’” () B : : : ’ (10)

ﬁn+q—l ﬁn+q

ﬂn+2q—2
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It is observed that

D %) _ - B
() =B
9,,(%) - b B2 "

For the given functions G,, G, € &, the subordination
between G, and G, (mathematically written as G, < G,), if
we get a Schwarz function v with v(0) =0 and |v(z)| < 1 for
z € E; in a way such that G,(z) = G,(v(z)) hold true. Addi-
tionally, the following relation applies if G, in E, is univalent:

G,(2) < Gy(2), (z € Ey), (12)
if and only if

G1(0)=G,(0),

(13)
G, (Ey) € Gy(Ey).

In 1992, Ma and Minda [27] developed a consolidated ver-
sion of the collection & (7r) by using the principle of subordi-
nation, and the following is a description of it:

!

§* (7)== {gecfzzg () <7T(z),(ze[Ed)}, (14)

9(2)
where the univalent function 7 satisfies

' (0) >0, 15)

Remr > 0.

The area 7(E,) is also symmetric about x-axis and has a
star-shaped form around the point 77(0) = 1. In recent years,
a wide variety of the collection §”s subfamilies have been
looked into as particular alternatives for the class $* (7). As
an illustration:

(i) $8*(&)=8*(n(z)) with 7(z) = ((1+2)/(1-2))°
and 0 <& <1 (see [28])
(il) 8%, =8 ((1+2)"%) (see [29]), and S, =8"(1+
(4/3)z + (2/3) 2%) (see [30, 31])
(iii) oS’; =&8*(1+sinh™'z) (see [32]), and S =8%(e)
(see [33, 34])
(iv) & =8"(cos z) (see [35]), and 8 , =

cos cosh =

(see [36])
(v) i =8 (1+tanh z) (see [37, 38])

*(cosh z)

In [39], Cho et al. developed a novel subfamily of starlike
function described by

sin *

S ':{ged:zil(z)<1+sinz(ze[Ed)}. (16)
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From the definition of the family &7, the authors [39]
deduced that

gess, ©g(z)=zexp (r&;ldt) (17)

0

for some u(z) < u,(2z) =1 + sin z. By substituting
u(z) =uy(z)=1+sinz (18)

in (17), we acquire the function

“ sint 1 1
90(2) =z exp J MEgt) =z 2+ -2 4~z (19)
o t 2 9

which acts as the extremal function in a variety of &},
-family problems. In [40], the authors defined the following
subfamily BT, of holomorphic functions by using (18):
%gsin:{geS:g’(z)<1+sinz(zeEd)}. (20)
Our primary objective in the current paper is to compute
the problems involving the sharp logarithmic coefficients for
the class BT g, of bounded turning functions connected to
an eight-shaped domain. The sharp bounds of the Zalcman
inequality, the Fekete-Szegd type inequality, along with the
determinants 9, ,(G,/2) and 2,,(G,/2) for the family %
T 4 are found using logarithmic coefficient entries.

2. Preliminary Lemmas

We must first create the class & in the below set-builder
form in order to declare the Lemmas that are employed in
our primary findings:

P={peX(E,;): p(0)=1&Rep>0,(z€E,)}.  (21)

That is, if p € P, then it has the series representation
[ee]
p(z)=1+ anz”(z cEy). (22)
n=1

Lemma 1 (see [41]). Let p € & and has the series form (22).
Then for x,8,p e E;=E, U 1{1}

2p,=pi+x(4-pi), (23)

dps=py+2(4=p1)pyx—py (4 p7)x° (24)
+2(4-p7) (1-1x%)0,

8p,=pi+ (4-p7)x[p](x” - 3x + 3) + 4x] (25)

—4(4-p7)(1- 1),

[p(x - 1)8+x8° - (1-18%)p]. (26)

3

Lemma 2. If p € & and has the expansion (22), then
[Pal <2(n 2 1), (27)

and if Q€ [0, 1] and Q(2Q — 1) <R < Q, then
|p3—2Qp,p, + Rpj| < 2. (28)
Also,
1Pk = HPuP| < 2 max {1, |2p — 1]}

forosu<l, (29)

1)
=2
21— 1],

The inequalities (27), (28) and (29) are taken from [42,
43], and [44], respectively.

otherwise.

Lemma 3 (see [45]). Let 7, y, p, and ¢ satify the inequalities
0<1<1,0<¢<1and

86(1-¢)((ry = 2p)* + (r(s +7) ~¥)°)

(30)
+7(1-7)(y - ZCT)Z < 4c12(1 - 1)2(1 -q).
If p € P has the form (22), then
4 2 3,
PPy + 6Py + 2Tp,ps = 5V’P1P2 —p4|S2 (31)

3. Coefficient Inequalities for the Class 37 ;,

Theorem 4. If g€ BT
(1), then

«n and has the series representation

1
<
|ﬁ1|_4’

1

<_a
|IBZ|_ 6
1
8

(32)
B3| <

>

1
< —.
|IB4|_ 10

These bounds are sharp and can be obtained from the
following extremal functions

90(2) =J (1+sin (t))dt=z+ ézq...,
0
Z ) ]
9,(2) = 0(1+sm (¢)dt =2+ 52"+,
z 1 (33)
9,(2) = 0(1 +sin (£°))dt =z + Zz4+...,
Z ] 1
95(2) = 0(1+sm (l‘4))dt=z+§z5+..._




Proof. Let g€ BT ;. Consequently, (20) may be expressed
using the Schwarz function as

g'(z) =1+sin (w(2)), (z € Ey). (34)

The Schwarz function w may be used to express it if p
€ P as follows

p(z) = 1 tzgz; =1+pz+py2° +ps2’ +pzte,  (35)
equivalently,
B Bt
From (1), we obtain
g'(2)=1+2a,z +3a;2° + 4a, 2>+ (37)

By simplification and using the series expansion of (36),
we get

. 1 1 1
1+sm(w(z)):1+Eplz+(—pr+zpz)z2
1 5 501\,
+ _§P1P2+EP1+§P3 z
(1

1, 5, 1 1\,
5Py~ 5?1 + Rplpz - 2p1p3 - Z‘DZ Zote.

2
(38)
Comparing (37) and (38), we obtain
1 39
@ =3P (39)
1 1

as = —EP% * by (40)

1 5 1
a, = ‘§P1P2 + @P? + §P3’ (41)

1 1, 5, 1 1,
= — P — + — - — - — . 42
as 10P4 160?1 80P1P2 10P1P3 20P2 (42)

Putting (42) in (5), (6), (7), and (8), we obtain

1
ﬁlzgpl’ (43)
1, 1
=—__ _ 44
Br= =101+ T30 (44)
1 5 5, 1
=—_ - _ 45
By=—53Pi0s+ 793P0 16Pv (45)

g oL 1033 , 17 , 23, 21
4—%1’4 —92160171 ﬁpll’z %Pz %Pd’g-
(46)
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For f3,, using (27), in (43), we obtain

Bil< (47)

For f3,, putting (29) in (44), we obtain

Bil< . (48)
For f3;, we can rewrite (45) as
=g (- 5o pl)| 9
Using (28) we get
1
IB;] < 3" (50)

For f3,, we can rewrite (46) as

11033, 023, (21 385\,
Bi= 20 m}’l %Pz EY) P1Ps3 5\ 108 PPy P4 -

(51)
Comparing the right side of (51) with
4 2 3 2
‘Qpl +Gpy +2Tpp5 E‘/’Plpz —P4)> (52)
where
1033
0= 1608
2B
=3
53
o1 (53)
T=—,
32
85
Y= Tos
It follows that
8c(1-¢)((ry —2p)" + (z(s +7) —y)?)
+7(1-7)(y - 267)* =0.01647,
467 (1 - 7)*(1 - 6) = 0.04696. (54)
Using (30) we deduce that
Bl (55)
Bl < 15
O
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Theorem 5. If g has the series form (1) and belongs to 9B
then

Sll’l’

1
.- 18] < max {

ORI S

Equality will be attained by using (5), (6), and

9,(2) =J (1+sin ())dt=z+ éz3+---. (57)

0

Proof. From (43) to (44), we get

(58)

_ L7,
| Uﬁ1| ‘19_2171 12P2 6_41’1-

Using (29), we have

1
’ﬁz—nﬁﬂ < 37 max {2,2

2(11:63’7) —1’}. (59)

After the simplification, we get

" 1|1
8,18t <max (g g3} (oo
O
Theorem 6. If g has the series expansion (1) and belongs to
BT > then
1
BB~ Bil< 5. (o)

Equality can be attained by applying (5), (6), (7), and

9,(2) =J (1+sin (£))dt=z+ 2z4+-~-. (62)

0

Proof. From (43), (44), and (45), we obtain

L A T R T A ST
After the simplification, we obtain
BB Bil= el et bt (64
Using (28), we have
BB~ Bil< 5 (65)

Theorem 7. If g € BT ,, has given by (1), then

By= Bl < 75 (66)

This result is sharp and equality can be achieved by apply-
ing (6), (8), and

95(2) =J (1+sin (t))dt=z+ éz5+~-. (67)

0

Proof. From (44) to (46), we obtain

79 2671 , 21
@ P4 2P1P2 184320P1 %Pd’y

(68)

8-l = 53

After the simplification, we obtain

Lo 12671, 7, (21 3395\ ,
’.34 ﬁz} T mpl + §Pz + 2<3—2)P1P3 3 (E)Pll’z Dyl
(69)
Comparing the right side of (69)with
4 2 3.
‘Qpl +Gpy +2Tp p3 — E‘/’Plpz P4 (70)
where
2671
9216
7
C = =
9
71
I ()
=%
395
V=
It follows that
8s(1-¢)((ry ~2p)* + (1(c +7) ~ y)?)
+7(1-7)(y - 267)* =0.004121,
467%(1 - 7)*(1 =) = 0.03518. (72)
Using (30) we deduce that
By~ B| < . (73)
f T 0
O



4. Hankel Determinant with
Logarithmic Coefficients

Theorem 8. Let g € BT, and be of the form (1). Then
G 1
9.(2)|-188-Bls 5. o
The above stated result is sharp. Equality can be attained
with the use of (5), (6), (7), and

gl(z):J0(1+sin (tz))dt:z+ézs+~--. (75)

Proof. Employing (43), (44), and (45), we obtain

G 1 1 1 1
9\ - __ A2 2
9“( 2 ) 12881727 3686281 T T2 T 112 PP

(76)

Using (23) and (24) along with the assumption that
py=p.p €[0,2], we get

G 1 )
o A 4— 222 — 4
“(2)‘ ’ 576 4 P) 7~ qo06P

S e 77
sph (4P (77)

1 _ 12 _ 2
+%(4 p)(l x[*)pd|.

Applying triangle inequality and assuming |8|<1,
|x]=7,J <1 and also setting p € [0, 2], we have

G
2.(3)

< o (42T st

576 4096
L 204 2\ 72 78

* 2P (4-p*)J (78)
1 _ 12 _ 712 —

t35g (4P (=T )p=0(p.)).

A little exercise can verify that ¢'(p,J)=0 in [0,1],
and this implies ¢(p, J) < ¢(p,1). Thus, by choosing J =1,

we achieve

G 1 2 1 1
_9 (4 —p? T S Y R
‘92’1<2)’S576(4 P) " a006” 12 (4-£7)
=o(p,1).
(79)

Now, since ¢’ (p, 1) < 0, we see that ¢(p, 1) is a decreasing
function, and so its maximum value appears at the lowest
point p =0, which is
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1

< .
36

(80)

G
2.(3)

and has the form (1), then

O

Theorem 9. If g € BT

sin

G 1
_9 _
(%)< o

The inequality is sharp and can be obtained by using (6),
(7), (8), and

4

9,(2) =J (1+sin (£))dt=z+ iz4+---. (82)

0

Proof. The determinant 9,,(G,/2) can be written as

G
9..(F) =88 B2 (83)
Putting (44), (45), and (46), with p, = p, we obtain

P Coy_ L
2\2 )" 17694720<
- 50688p°p, + 8928p° p,—69120p3

— 47104p; + 73728p,p, + 87552pp,ps).

432p*p, — 3456p*p3 — 637p°
(84)

Let v=4—p? in (23), (24), and (25). Now, applying the
simplest version of the given lemma, we get

432p*p, = 216(p® + p'vx),

3456p°p3 = 1728p*vx + 864p* v x* + 864p°,

50688p°p, = 6336p° — 25344p>v(1 — |x|*)dx
— 25344p>v(1 - |x[*)x6° + 25344vp’x®
+25344p°v (1 — |x|*) & + 19008p*xv
+19008p*xv +25344p”v (1 — [x|*) (1 - [8]*) p
+6336p*vx’,

8928p°p, = 4464p*xv — 2232p*vx® +2232p°
+4464p>v(1 - |x[*)8,

69120p3 = —17280x°v* (1 — |x[*) pd — 8640p" vx®
+4320p° + 4320x*p” + 17280p"v (1 - |x|*) 8
+172801% (1 - |x[2)*8% + 17280p>x%V
+17280p*xv + 34560pxv” (1 — [x|*) 6
~17280x°v*p?,

47104p3 = 5888 (v’x” + p°) + 17664 (p*vx + p*v’x?),
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73728p,p, = 18432x°v* + 4608p° + 18432vp*x* + 4608p* vx®
+4608x* v p* + 18432p*xv
+18432pxv* (1 - |x[*) & — 13824p*vx®
- 13824x°v*p” — 18432xv7% (1 — |x|*) x5
- 18432p7v(1 - |x[*)x6° + 13824p” x>V
- 18432p7v(1 - |x[*)dx + 18432p°v (1 - |x[*) 8
+18432xv% (1 - |x[),
(1-[8%)p+18432p°v(1 - |x[*) (1 - [8]*) p
- 184322V (1 - |x[*)p,
87552pp,p; = 21888pxv” (1 — [x|*)8 — 10944x°v*p’
+32832p*xv — 10944p*vx?
+21888p°v (1 — |x|*)& + 10944p°
+21888p*x*v2.

Putting the above expressions in (84), we get,

2,, (%) = —176914720 {-6912vp’x* - 5888x"* — 45p°

+2160p°v(1 - |x|*)8 + 264p*xv — 1728p*vx’
+288x* v p? — 96p*x*v* + 18432x° v
- 7488x°v*p” +6912p°v(1 — |x|*) 6x
+6912p*v(1 - |x|*)x8” + 5760pxv* (1 - |x|*)8
+648p*va’ +18432xv* (1 - |x[*) (1 - |6*)p
- 1152x°v* (1 - |x[*) pd — 18432xv*
(1 |x[?)x8% — 1728007 (1 — |x|?)°6?
-6912p%v(1 - [x[*) (1 - [8]*)p}

(86)

Since v =4 - p?,

G 1
A 2
P2 < 5 ) Teoq730 (11 (P %) + 4. X)0 +45(p. x)8" +4,(p. %, 6)p)

(87)
where p, x,8 € Uy, and

a4, (px) = (4-p°) [(4-p°) (288x"p* — 1600x’p* — 5120x°
- 96x7p”) — 1728x°p* + 264xp” — 6912x°p’
+648x%p"| - 45p°,

a,(p,x) = (4=p*) (1 - |x*) [(4 - p*) (5760xp — 1152x°p)
+2160p° + 6912xp°],

ds(psx) = (4-p*) (1 - [x*) [ (4 - p*) (-17280 - 1152|x|*)
+6912xp?],

94(p,%,8) = (4=p%) (1= |xI*) (1 - |6F)

(88)
- [18432x (4 - p*) — 6912p%].

Now, by the virtue of |8] = y,|x| =x, and |p| < 1, we get

G 1
o (o)< L ’ |
“( 2 )‘ : 17694720(|q1(P x)| + |9, (p>x)|y

T(p, x,
+1q5(p, X)[y° +]94(p> %, 8)]) < TIp.xy)

= 17694720’
(89)
where
T(pry) = m(p.x) £ myipxy +mpy o

+my(ps x)(l _y2)7
with

m, (p, x) = (4-p*)[(4 - p”) (288x"p” + 1600x°p* + 5120’
+96x%p*) + 1728x°p* + 264xp* + 6912x°p*
+648x°p*] +45p°,

m,(p,x) = (4-p*) (1 -x°) [(4 - p*) (5760xp + 1152x"p)
+2160p° + 6912xp’ |,

m;(p, x) = (4-p*) (1-x°)[(4-p7) (17280 + 1152x%)
+6912xp°],

my(p, x) = (4-p7) (1 - %) [18432x(4 - p*) + 6912p°].
(o1)

To illustrate the sharp bounds of the given problem, we
must maximize T(p, x,y) in the closed cuboid Y : [0,2] x
[0,1] x [0, 1].

(1) Interior points of cuboid Y

Let us choose (p,x,y)€(0,2)x(0,1)x(0,1). Then
simple calculation yields

g_: = 144(4-p?) (1- %) {16)/(36 ~1)(6p” + (x = 15) (4~ p%))

+8p<x(x+ 5)(4-p%) +p° <6x+ 1;))]
(92)

Putting 0T/dy = 0, we obtain

_ 8p(x(x+5)(4-p*) +p*(6x +15/8))

16(x — 1)(=6p2 + (15 — x) (4 — p?)) =o- (93)

If y, € Y is a critical point, then y, € (0, 1), and it is appli-
cable only if



8px(x+5)(4—p*) +p’(48x +15) + 16(1 — x) (15 — x)
- (4-p?) <96p*(1 - x).
(94)
P> 4(21157__;) (95)

To check critical points existence, we must find solutions
that fulfill both constraints (94) and (95).

Let k(x)=(4(15-x))/(21 —x). As k'(x) <0 for all x
€(0,1), it is evident that k(x) is decreasing in (0,1).
Hence p* > 14/5. It is easy to showcase that the inequality
(94) does not hold in this scenario for all x € [2/5,1). As a
result, T(p,x,y) does not have a critical point in (0,2) x
[2/5,1) x (0, 1). Assume a critical point (p, X, 7) of T exists
inside the interior of the cuboid Y, it must unquestionably
fulfil that x < 2/5.

From the arguments above, it is undeniable that p* >
292/103 and y € (0,1). Now let us establish that T(p,%,¥)
<276480. For (p,x,y) € ((292/103)"%,2) x (0,2/5) x (0, 1),
by invoking x < 2/5and 1 — x* < 1, it is not hard to observe that

my(p,x) < (4= )[(4—1’2) (288(2>4p +l600<§>3p2
+5120(§>3 +96(2>2p +1728 <§)3p
+264<2>p +6912(2>2p +648<2)2p4>]

) (799232 2, 1272

+45p° = (4~ 5 Pt e

819200
+ +45p° =0
625 ) 1P

My (p,x) < (4~ )l(4 p)<5760<§)p+1152(§>2p>

+2160p° <3> 3]
p° + 6912 = )p

248832 60912
= (4-p%) (—25 Pt p3) =0,(p),

ms(prx) < (4~ p?) [(4 -7’) (17280 i @2>
+6912 G)Pz}

_ (4 —Pz) (174265432 B 36;451881)2) =0,(p),
M S
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Therefore, we have

T(p,x,y) <O, (p) + O4(p) + Oy (p)y

9
+[0;(p) = O4(P)y* =T(p.y). 7
Obviously, it can be seen that
S =)+ (Es(p)-0,(p)
S =20 - o) =204~ ) (V5 - TR0,
(98)

Since @,(p) —-O,(p) <0 for pe((292/103)'2,2), we
obtain that 9*I'/dy* < 0 for y € (0, 1), and thus, it follows that

or N or B (4 2)( 711936P2 N 60912})3
oy "oyl v P\ 25 25
y y y=1 (99)
2018304 248832
+ + >0.
25 25 >
Therefore, we have
I(p,y) <I(p,1)=0,(p) +O,(p) + Os(p)=1(p). (100)

It is easy to be calculated that i(p) attains its maximum
value 74510.30 at p = 1.68373. Thus, we have

292 2
— 2| x(0,=)x(0,1).
103 5

(101)

T(p,x,y) < 276480, (p, x, y) € (

Hence, T(p, X, ) < 276480. This implies that T is less than
276480 at all the critical points in the interior of Y. Therefore, T
has no optimal solution in the interior of Y.

(2) Interior of all the six faces of cuboid Y :

(i) On the face p=0,T(p, x, y) yields

by (x,y) =T(0,x,y) =2048(9(1 - %)
. (16x+ (x—15)(x - l)yz) +40x7),x,y € (0,1).
(102)

Differentiating b, (x, y) with respect to y, we have

% _ 36864y (1-x")(x—15)(x — 1), %,y € (0, 1).

5 (103)

Thus, b, (x, y) has no critical point in the interval (0, 1)

x (0,1).
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(i) On the face p=2,T(p, x, y) becomes

T(2, x, y) = 2880. (104)
(iii) On the face x=0,T(p, x, y) reduces to
by(py) = T(p,0,y) = (4 - p*) (6912p* +2160p’y (105)

- 24192y°p® + 69120y%) + 45p°.

Differentiating b,(p, y) partially with respect to y, we
have

ab,
3 - (4-p°) (2160p° - 48384yp” +138240y).  (106)
Solving 0b,/dy = 0, we obtain
3
P (107)

Y= Te(7pr—20) "

For the given range of y,y, should belong to (0, 1), which
is possible only if p>py,p,=1.7609. Also derivative of
b,(p,y) partially with respect to p is

ab,

- -4320p*y — 13824p° + (4 - p?)

- (—48384y°p + 6480yp> + 13824p) + 48384y°p’
—138240y°p + 270p°.
(108)

Putting the value of y in (108), with 0b,/0p=0 and
simplifying, we obtain

ob, _ 7 9 5 3\ _
- 27(49576p” +35p° — 385072p° — 819200p + 983040p°) = 0.

(109)

A calculation gives the solution of (109) in the interval

(0,1), that is, p~1.3851. Thus, b,(p,y) has no optimal
point in the interval (0,2) x (0, 1).

(iv) On the face x = 1,T(p, x, y) becomes

by(p,y) =T(p 1,y) = 45p° + (4 - p)
- ((4-p7) (1984p +5120) +6912p> + 2640p").
(110)

Then

ab3 _ 5 _ 3
—3 = _3666p° — 28416p° + 36864p.

5 (111)

By setting 0b;/0p = 0, we get the critical point p =~ 1.0639
at which b;(p, y) attains its maximum value, which is given
below

T(p, 1, y) < 92795.48842. (112)

(v) On the face y=0,T(p, x, y) yields

b,(p,x) = T(p,x,0) = —128p°x” + 288p°x* — 552p°x°
+19488p*x — 264p°x — 147456p”x + 45p°
+4608p°x* +294912x — 19200p*x” + 1536p*x*
+132096p*x> + 1824p*x* — 6912p* + 27648p*
—2304p*x* - 212992x°.

(113)

A numerical computation shows that the solution for the
system of equations

b,
E
P (114)
ob,
—_— = 0
ox

does not exists in the interval (0, 2) x (0, 1). Hence, b,(p, x)
has no optimal solution in the interval (0,2) x (0, 1).

(vi) On the face y=1,T(p, x, y) reduces to

bs(p, x) = T(p, x, 1) = 45p° + 288p°x* + 9216p°x*
+1152p°x° — 2160p° — 264p°x — 1152p°x*
+18432p°x° +3312p°x” + 6144p*x” — 128p°x°
—43008p*x’ — 3456p*x* — 552p°x* — 1152p°x
— 138240p* — 21216p*x* + 276480 + 13824p°x*
+81920x° — 5856p*x — 92160px — 17856p° x>
— 18432px* — 258048x” + 92160px — 18432x"
—18432p°x + 8640p° + 18432px* + 17280p*
+27648p”x + 158208p*x*.

(115)

As in the above case, we conclude the same result for the
face y =0, that is, system of equations

b,
T
P (116)
ab; _,
ox

has no solution in the interval (0,2) x (0, 1).
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(3) On the edges of cuboid Y :

(i) On the edge x=0 and y =0,T(p, x, y) reduces to

T(p,0,0) =—6912p" +45p° +27648p” = bg(p).  (117)
It follows that
be(p) = —27648p> + 270p° + 55296p. (118)

We see that by (p) = 0 for the critical point p,, ~ 1.4285 at
which bg(p) obtain its maximum value, which is given by

T(p,0,0) < 28018.97. (119)

(i) On the edge x =0 and y =1,T(p, x, y) becomes

T(p,0,1) = -2160p> — 138240p* + 17280p* + 45p°

s (120)
+8640p° + 276480 = b, (p).

Differentiating b,(p) with respect to p, we have

bi(p) = —10800p* — 276480p + 69120p° + 270p> + 25920p”.
(121)
We know that bl(p) <0 in [0,2] follows that b,(p) is

decreasing over [0,2]. Therefore, b,(p) gets its maxima at
p=0. Hence
T(p, 0, 1) < 276480. (122)

(iii) On the edge p=0 and x =0,T(p, x, y) reduces to

T(0,0, y) = 276480y* = by (y). (123)

Noting that bg(y) > 0 in [0, 1] shows that b(y) is increas-
ing over [0, 1]. Thus, bg(y) gets its maxima at y = 1. Thus, we
have

(0,0, y) < 276480. (124)
(iv) On the edges T(p,1,1) and T(p, 1,0)
Since T(p, 1, y) is free of y, therefore
T(p,1,1)=T(p,1,0) = -7104p* - 611p° + 81920 (125)

+18432p” = by(p).

Journal of Function Spaces

Then

bi(p) = —28416p> — 3666p° + 36864p. (126)

By putting bo(p) =0, we obtain the critical point p, =
1.0639 at which by(p) attains its maximum value, which is
given by

T(p,1,1) = T(p, 1,0) < 92795.48. (127)

(v) On the edge p=0 and x = 1,T(p, x, y) becomes

T(0, 1, y) = 81920. (128)
(vi) On the edge p =2,T(p, x, y) reduces to
T(2, x, y) = 2880. (129)

T(2, x,y) is independent of x and y; therefore

T(2,%0)=T(2,x1)=T(2,0,y) = T(2,1,y) = 2880.
(130)

(vii) On the edge p=0 and y=1,T(p,x,y) takes the

form

T(0,x,1) = 81920x° — 18432x* + 276480 — 258048x> = b, ().
(131)
It is clear that
by, (x) = 245760x% — 73728x> — 516096x. (132)
We see that bj,(x) <0 in [0,1] shows that b, (x) is

decreasing over [0, 1]. Thus, b;y(x) gets its maxima at x =0
. Hence, we have

T(0, x, 1) < 276480. (133)
(viii) On the edge p=0 and y =0,T(p, x, ) yields
T(0, %, 0) = 294912x — 212992 = by, (x). (134)
It follows that
bl (x) = 294912 — 638976, (135)
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By taking b;,(x) =0, we obtain the critical point x, =
0.6793 at which b,,(x) attains its maximum value, which is
given by

T(0, x, 0) < 133568.833. (136)
Hence, from the above cases we deduce that
T(p,x,y) <2764800n [0, 2] x [0, 1] x [0, 1]. (137)

From (89)we have

‘92,2 (§> ‘ <oy L (138)

2 /| 17694720 = 64

If g € BT ;,, then sharp bound for this Hankel determi-
nant is determined by

G 1
D,,( =] == =0.0156.
2\ 2 64

Thus, we have completed the proof. O

(139)

5. Conclusion

In our current investigation, we have considered a class %
T 4 of bounded turning functions associated with an
eight-shaped domain. For such a class, we studied some
interesting problems involving logarithmic coeflicients. The
Zalcman inequality, the Fekete-Szegd inequality, and the
determinants 9,,(G,/2) and 2,,(G,/2) for the family %
T 4n have been studied here in this article. All the obtained
results are proven to be the best possible.
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Let S be any bounded linear operator defined on a complex Hilbert space % . In this paper, we present some numerical radius
inequalities involving the generalized Aluthge transform to attain upper bounds for numerical radius. Numerical computations

are carried out for some particular cases of generalized Aluthge transform.

1. Introduction

Mathematical inequalities play an essential role in develop-
ing various areas of pure and applied mathematics. The
usefulness of mathematical inequalities is to estimate the
solutions of real-life problems in engineering and other
fields of science. In mathematics, particularly in functional
analysis, the study of numerical radius inequalities has
become the attention of many researchers due to the appli-
cations of numerical radius in operator theory and numeri-
cal analysis, etc. (see [1-4]). Various mathematicians have
developed number of numerical radius inequalities to esti-
mate the upper and lower bounds for numerical radius. It
is interesting for researchers to get the refinements and
generalization of these inequalities. The aim of this paper
is to study the generalization and refinements of existing
inequalities for numerical radius. Now, we recall some
notions to proceed our work.

Let B() be the C*-algebra of all bounded linear oper-
ators defined on a complex Hilbert space % . For S € B (%),
the usual operator norm is defined as

[IS]| = sup {[|Sx]|: x € Z, ||x]| =1}, (1)

and the numerical radius is defined as
w(S) =sup {|(Sx, x)|: x e Z, ||x|| = 1}. (2)

It is well known that the numerical radius defines an
equivalent operator norm on %(%), and for Se€ B(¥),
we have

SISl <w(s)<is]. ()

Many authors worked on the refinement of inequality
(3) (see [5-7]). Kittaneh developed the following upper
bound of numerical radius:

w) <3 (I8l +[]), (4)

which is a refinement of inequality (3) (see [5]). For Se
RB() having polar decomposition S= U|S| where U is a

partial isometry and |§| = (8*S)"?, the Aluthge transform
is defined as

5= s US|, 5)
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see [8]. Yamazaki developed an upper bound of numerical
radius involving Aluthge transform given by

3 (1s1+w(3)). (©

which is an improvement of bounds (3) and (4) (see [9]).
Bhunia et al. developed a bound of the numerical radius
given by

w(S) <

w(8) < ;}(HSH +w'(8) +w(|58+3s))).  (7)

and proved that it is a refinement of bound (6) (see [10]).
Okubo introduced a generalization of Aluthge transform
which is defined as

Si=1s/'uls), (8)

for A€[0,1], known as A-Aluthge transform (see [11]).
After that, a number of numerical radius inequalities were
established involving A-Aluthge transform (see [12-14]).
Abu Omar and Kittaneh using A-Aluthge transform gener-
alized bound (6) given by

5 (1s1+w(s)), )

see [12]. Shebrawi and Bakherad introduced another gen-
eralization of Aluthge transform which is defined as

w(S) <

Sre=F(ISHUA(IS)), (10)

where f and g are nonnegative and continuous functions
such that f(x)g(x) = x(x > 0), known as generalized Aluthge
transform. The authors generalized inequality (9) given by

w(s) < %(||S||+w(§;g>>, (11)

w(s) < g IP0S) + 20D+ 3w(Sr). (12

see [15].

In this paper, we establish some new inequalities of the
numerical radius using generalized Aluthge transform.
Specifically, we generalize inequality (7) and improve the
inequalities (3), (4), and (12). Some examples of operators
are presented for which the bounds of numerical radius are
computed from these inequalities for some choices of f,g
in (10).

2. Main Results

Now, we recall a lemma that will be used to achieve our
goals.

Journal of Function Spaces

Lemma 1 (see [9]). Let S € B(F); then, for 0 € R, we have

w(S) =sup||Hyl|| = supHRe (eiBS) , (13)
0eR OeR

where Hy = (7S + e705%)/2.

Polarization identity: [15] For each x,, y, € #, we have

1
(royn) = g (I + 2007 = e =P

il + iy | = dl|x = i)

(14)

Now, we establish an inequality of numerical radius
which is a generalization of inequality (7) and a refinement
of inequality (12).

Theorem 2. Let S € B(). Then,

) I N —
w(8)< QU7+ 507 (1) + 52(Qrg +575Q), (15)

where Q= (f(|S]))> + (9(|S|))* and f.g is nonnegative con-
tinuous functions defined on [0, 00) such that f(t)g(t) = t.

Proof. Let S = US| be the polar decomposition of S. Then, by
polarization identity, we have

(50x) = (¢U[Sl x) = (S Ug([S|)f([S])% x)
= (&7 (I8))% g(1S)U"x)
- 5 ([le=rasnegaspu|
- |lemasix - gishua
[#es s +ig(s)U

e sse=igtishus| ).

~.

+

~

Therefore,
Re<e"95x,x>
2Of(S]) + 9(|S)U"x
- 3|leerasn -
< [le=rash + saspur
4\\(2'9 (181)+ (1)U ) (£ (1s1) + g(1SHU*) |

= [ (e rash+aushu) (e sas + vats) |

4

‘ 2

g(|SHU"x

‘ 2
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= 2| ¢Sy + (atsn)? + e shuasy
(1S U f(S))|

(FOSD) + (g8 + 2757+ e(5;,)
orane (5,

(Q +2 Re (ezje%)>2

o~ 2 iy~
Q> +4Re (ezlesf,g> +2QRe <e2"’sf)g)

172

|
e B B B N B N

1/2

“+

2 Re (ewS/};) Q

1 2 2100 2
=1 Q +4Re (e Sf)g>

2i0 o c 12
+2Re (e (st)g+sf>gQ))H
1 AL
i (10 e (2253)|

o ({5520 )

IN

(17)

Now taking supremum over 0 € R in the last inequality
and then applying Lemma 1, we obtain

w(S) < i6||Q\| +ow (sfg)+ w(Qng+ngQ), (18)

as desired. O
Theorem 2 includes some particular cases of generalized
Aluthge transform for different choices of continuous func-

tions f and g in (10) as follows.

Corollary 3. Let S€ B(Z'). Then, for A € [0, 1], we have

wZ(S) <

1176”QH2+ éwz(S:) + éw(QSNe +§eQ)s (19)

2 2 ~ .
where Q = (e‘s‘l) + (|S|e‘|5‘l) and S, = st UNER "

Corollary 4. Let S€ B(F). Then, for A € [0, 1], we have
Q| + 1w2(§) + fw(Qé“ +§Q), (20)
e 8 e e

2 2 ~ }
where Q = (|S|e‘|S‘A) + (e'S‘A) and S, = |S|elS! "Ues!,

Corollary 5. Let S € B(). Then, for A € [0, 1], we have

W(5)< el + 0 (5) + gu(Qi+8Q). @)

where Q= |S|* + |S|2<17’\). In particular,

(||S\| +w ( )+w(|5|§+§|5|)). (22)

Remark 6. By using the inequality

w’(8) <

»-lkl’N

w(YA + AY*) <2|Y|w(A), (23)

forall Y,A € B() (see [16]) in inequality (15) obtained in
Theorem 2, we have

s (2lQlw(s,))

1
w(9) < e QI+ 7w (57,) +

2 (24)
=( HQ||+ S sfg)> .
Hence,
1
w(s)< Q| + —w(Sf)g), (25)
where Q= (f(|S))* + (g(|S]))*>. Thus, inequality (15)

obtained in Theorem 2 is better than inequality (12).

Remark 7. For continuous functions f and g in (10), if
§;4 =0, then inequality (15) becomes

1
w(S) < 2 [ (FUSD)* + (98D’ (26)
In particular, if we take £(|S]) = |S|"* and g(|S]) = |S]">,
for this choice of f and g if S;, =0, then inequality (15)

becomes w(S) < 1/2||S||, and combined with inequality (3),
we get w(S) = 1/2]|S]|.

Theorem 8. Let S € B(F). Then, we have

w'(9) < % (LS55 a3 2 1)’
+

1
~w(S’P+PS7) + — ||p|\ ,
8 16

where P=S8"S+ SS* and f,g is nonnegative continuous func-

tions defined on [0, o) such that f(t)g(t) =t.

Proof. Since Hy = (€S + e75*)/2 for all § € R, then we have

Hy' = (8 42057 158" +5°s)

(28)

e N ]

(eziesz 4o 2i0ge2 +P),



4
which yields
g 1 202 , 202\, 200 (2 2
Hy' = = ( (8 +2052) 4 (S + PS)
16

420 (S*ZP + PS*Z) + P2)

. . 2
<ezlesz n e-z,es*z)

+e-2f9f<|8|)g<|8|>U*f<|8\>g<lsl>U*>2
) )

(2081557 15D + 7507, " 15"
+2 (Re <e2i9 (P + PSZ))) - Pz) :

1
16

(29)
O

Since Hy, is self-adjoint, so |Hg*|| = ||Hp||*. Hence, using
the properties of operator norm ||-|| on B(%’), we have

4
([l

<36 ((

<

IN

@7Ug(|S))Sy o (IS))
+ e (15057, a(SH V)’
o (505 07

y ((HUg SDS;f (IS | + [ F(1S)S7 " g(shU”
o (55 07
116((IIUIIIIg(ISI)IIHS}V,@HIIf(ISI)II
+IFGSDI|S5” Jlatisnmosn)’

+2HRe (e2f9(52p+psz))) H + ||p|2>
11—6(4(f<|8>HS};HHg(snn)z

r2fRe (9(5'P+ 25| + 1217

)

(30)
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where the equality holds because ||S||=]|S*||. Now taking
supremum over 0 € R in last equality, then applying Lemma
1, yields

w'(9)< 3 (IFASD IS5 aisn)’
+ %w(szmpsz) + 1_16 |P]-

For different choices of f and g in (10), we obtain the
following inequalities of numerical radius from Theorem 8.

Corollary 9. Let S € B(). Then, for A € [0, 1], we have

1 <£ .
v ( T4 (H o ) (32)
+

w(S°P+PS?) + 1—6 I1P|I°,

Co| ~

where P=S*S+SS* and S, = e‘S|AU\S|e‘|5‘A.
Corollary 10. Let S€ B (). Then, for A € [0, 1], we have

w(S°P + PS?%) t o ||P|\

1
+ —
8
where P=S$*S+SS* and S, = |S|e‘s‘4 Uels'".
Corollary 11. Let S€ B('). Then, for A € [0, 1], we have
1 ~ N2 1 1
4 2 2 2
w'(8)< 5 (ISI|Si])” + gw(sP+PS) + 1P (34)
where P =S*S+ 8§8. In particular,
w(8) < £(||SH||§||)2 + lw(SZP+P82) + iHP||2 (35)
4 8 16

Remark 12. Tt is easy to check that ||S|| < 182"

details). Using the following inequality

(see [9] for

w(YA +AY") <2||Y[|lw(A), (36)
for all Y, A € B(F) (see [14]), Corollary 11 yields
1 N2 1 1
w(s)< 3 (ISISI1) + gw(s’P+PS’) + 1P’
2 1 1
< 3 (ISHIS™) + Jw() 12l + 1 121

a2\2 1o 1 2
<2 (ISUIS1™%) "+ ISPl + 1P

1 oz 1 2
3 I S1P1)

/\m»—m
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We know that [|S*S+SS*|| <[|S?|| +||S||* (see [17]).
Hence,

HI/Z

1 1
SISIHIS?(| ™ + 11S7S + 887
2 4

HI/Z

1 1 1
< SISUIS" + 1+ G 0sE (a8

1 1 2
- (EHSZHUZ + E”S|) .

Thus, the bound given in Corollary 11 is better than
bound (4).

Remark 13. If Sffv)g =0 in inequality (27) obtained in Theo-

rem 8 for different choices of f and g in (10), then inequality
(27) becomes

—

1
4 2 2 2
w*(S) < gw(s P+PS§*) + T (39)

If $=0 and S};=0 are equivalent conditions, then
inequality (27) becomes

1
w*(8) = 2 1P (40)
Theorem 14. Let S € B(H). Then, we have

1 o 2 * * *
OES (\|qu|>anf,gH lg(S)I| +w(s’S" +8°8?+ 58 S)))
(41)
where f,g is nonnegative continuous functions defined on [0

,00) such that f(t)g(t) =t.
Proof. Since Hy = (¢S + ¢75*)/2 for all § € R, then we have
1 . )
He = (e2’952 +e 20872 4 58" 4 s*s), (42)

which implies
1 ) . ) )
Hy'= ¢ ((e"’s + e*l"s*) (e2’952 +e 20872 4 58" 4 s*s))

1/, . 4

5 (7847057 12 Re (7(SS" 4+ 5°S +5575) ) ).

(43)
O

In the last equality, Re (e?(S2S* +S*S? +85*S)) = (e
(S7S2 + S5+ 5785 ) + ¢ 0(S2S* + S*S2 + S5*S))/2. Hence,

Il < g | va(sD (57,) 7050

e F(S0)(S7,) (IS U"

+|[2Re (7(8" + 582+ 55°9) ) |

+

<3 <||U|||g<|8|>||H%Hznmswn

+ LSO 5 [ Natishi"

+ ZHRe (eie(SZS* +8°8% + SS*S)) H)
- 5 (nrason|sz [ rsison

+||Re ((875" +5°57 +55°5)) H)

The first inequality holds because ||A; + A, | < ||A || +
A, || where A, A;, A, € B(I), the second inequality holds
because ||A A, <||A,||||A,]| and ||A"]| <||A||"Vn € N, and
the third equality holds because ||A| =]||A*| and ||UJ| =
lU*]|=1. Now taking supremum over 6€R in above
equality the using Lemma 1, we obtain

g

3 1 117 2 o* * Q2 *
()= 5 (1FUSDI|[ S| Na0SDI+w(ss" +5782 4 5575) ),

(45)
as desired.

Corollary 15. Let S€ B(). Then, for A € [0, 1], we have

R (R

+w (58" +8°8 + ss*s)),
(46)
where S, = e‘S|AU|S|e’|S‘A.

Corollary 16. Let S€ B(Z). Then, for A € [0, 1], we have

1 2
(T

+w (58" +8°8 + ss*s)>,
(47)
where S, = |S|e‘s‘4 Uels!".

Corollary 17. Let S€ B('). Then, for A € [0, 1], we have

3 1 = |12 2 ok * Q2 *
w(S)< HSHHSAH Fw (ST + ST 48S°S) ). (48)



In particular,
1 ~
wi(S) <, (ISIIS]"+w(ss" +5'8+55°5) ). (49)
Remark 18. Yan et al. proved that
2 1 . 1 * *
w(8) < SIFUSHI Sy Iatisy I + 8" s+ 551 (50)

see [18]. Inequality (41) obtained in Theorem 14 gives better
bounds of numerical radius of S for different choices of f
and g in (10) when
0 5 0
S=10 0 3. (51)
1 0 0

Then, S = US| is a polar decomposition of S, where

o

0 0
5 2|, (52)
0 3

1S]=

[ )

and

[«]
—
o

is partial isometry.

Bounds (41) and (50) are computed for some choices of
f and g in (10) for the given S in Table 1, whereas the
numerical radius of S is

w(S) =2.9154. (54)
The spectral radius of an operator is defined as

r(S) = sup {|A|: A€ a(S)}, (55)

[l¢[I=1

where r denotes the spectral radius. For further inforamtion
on spectral radius, see [19]. The following theorem will be
used to develop the next inequality of numerical radius.

Theorem 19 (see [17]). Let M, M,,N,,N, € B(I). Then,
r(M;N; + M;N,)

< é(w(N1M1) +w(N,M;))

1
+ 3 \/w(N1M1) —w(N,M,) + 4[N, M,||[|[N,M,]|.

(56)
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TaBLE 1: Bounds (41) and (50) for different choices of f and g
in (10).

,9) Bound (50) Bound (41)
(|S|”2 NES) 4.2640 3.2655
(117, 187) 4.0704 3.0724
(e‘s‘”w 'S‘“m) 43582 3.3622
(e‘s‘”” 19| *'S‘”'“) 42055 32031
Theorem 20. Let S € B (). Then,

1

w(9)= 3 (w(S) + LD 57 s

—w(8°S* + 578+ 85°S),

(57)

where f,g is nonnegative continuous functions defined on
[0,00) such that f(t)g(t)=t.

Proof. Since Hy = (€S + ¢75*)/2 for all 6 € R, then we have

1/ .. )
Hy'= (ezl@s2 e 205" 4 58" + S*s), (58)
which implies
1
HJ3="_
73

(¢ +e7s") (8" + 577 1 55" +5°5)

Hq' = ¢ (£ Ua(s) (57, )
+e6(8)) (37,7) as)U

+2Re (¢7(85" +8°8+ ss*s))) .

(59)
O
Now by using the properties of operator norm ||-|| on
B(H ), we have
s L[| s )
1Holl* < 5 ( [€*Ua(S1) (S ) F(SI)

+e6(9)) (37,7 a(s)U

+2||Re (&(85" +5°8” +55°5) ) H)
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= 5 (e uatsn(s5,) s
- 15 (57,) a0
+2HRe (e"e(szs* % +ss*s))”> (60)
1

=3 (r(MlNl +M,N,)

+2HRe (e""(szs* +8S+ ss*s)) H)

. —~ 2 .
where M, =e"Ug(|8)(S;,)"s Ny =£(IS]), My =ef(|S])

(S}T;)Z, and N, =g(|S|)U*; the first equality holds for
Hermitian operator satisfying r(A) = ||A||. Now applying
Theorem 19 on last equality with w(aA)=|ajw(A) and
w(A) =w(A*), we obtain

Il = (w(57)

+ N4H<f<|8>>2HH (57" Hicatis2 57|
),
(%)

N o ol W P o

+2||Re ((S5" +5°57 +55°5) ) H)

IN

IN

5 (2(5") sz ratsnn)
N %HRe (eie(szs* L5t ss*s)) H
(61)

Taking supremum over 6 € R in last inequality, then
applying Lemma 1, we obtain

()< (w(sf”,j) + ||f<|S|>||Hsff,gHanusnn)

1
+ —w (88" +5°8* +85°9).
4
Corollary 21. Let S€ B(X). Then, for A €0, 1] we have

=4 (o) AT I)

+ fw(SZS* +88° +55*S),
4

? |S|e—\S\A

S.

where S, = e|S|AU|S|e“S‘A.

Corollary 22. Let S€ B(F'). Then, for A € [0, 1] we have

o= (@) f IS emT)

+ fw(szs* +8°8% +55%S),
4

? |S‘e—\5|A

S.

where S, = |S|e‘5“ Ues’".

Corollary 23. Let S€ B(Z'). Then, for A € [0, 1] we have

1 ~ ~ 1|2 1
wi(S)< 3 <w(S,\3) + ||S||HSAH ) + (S8 485 455°).

(65)
In particular,

1 T R 1 * * *
w(S)< 3 (w<83) + HsHHsHZ) + (S8 4887+ 85°S).
(66)

Remark 24. 1t is easy to observe that inequality (57) obtained
in Theorem 20 is better than inequality (41).

Now, we exhibit some examples where numerical radius
bounds are computed from inequalities (15), (27), (41), and
(57) for some choices of pair f, g in (10) and for a given
operator S.

Example 1. Given

0 3 0
S=]0 0 2. (67)
1 00

Then, S=U|S| is a polar decomposition of S, where

IS =

o
W
o

(68)

o
o
[\

and

is partial isometry.



TaBLE 2: Bounds (15), (27), (41), and (57) for different choices of f
and g in (10).

f Bound Bound Bound Bound

(>9) (15) 27) (41) (57)

(1'%, 18]"2) 22704 23596 24662 23811

(181", 181*%) 23596 23264 24346 23332

(181", 181 24817 23244 24327 23632

(181", 18*%) 25826 23510 24579 23462
172 112

(e‘s‘ ,|S|e ) 87223 24234 25284  2.3854
‘5‘1/3 —|S\”3

(e > |Sle ) 5.3389 2.3492 2.4563 2.3459
1/4 1/4

(e‘s‘ I8 ) 44307 23277 24311 23314

(e‘s‘”s S| "5‘“) 40333 23380 24456  2.3394

TaBLE 3: Bounds (15), (27
and g in (10).

), (41), and (57) for different choices of f

Bound Bound Bound Bound
(>9) (15) 27) (41) (57)
(1812, 15]"%) 1.5047 1.5065 1.4500 1.3880
(1S, 1S]7) 1.5416 1.5425 1.4901 1.4059
(IS, 151 15754 15637 15130  1.4432
(181", 151*7) 16026 15769 15276 14513
‘S‘uz —|S\”2
(e |Sle ) 4.7336 1.5272 1.4726 1.4004
1/3 1
(e‘s‘/ Sle”™s! ”) 36923 15335 14794 14250
‘5‘1/4 —|S\”4
(e »|Sle ) 3.3318 1.5585 1.5069 1.4399
‘S‘I/S —|S\”>
(e »|Sle ) 3.1529 1.5729 1.5231 1.4488

Bounds (15), (27), (41), and (57) are computed for some
choices of f and g in (10) for the given S in Table 2, whereas
the numerical radius of S is

w(S) =2.0565. (70)
Example 2. Let
01 0
S=]0 0 2. (71)
1 0 0

Then, S= US| is a polar decomposition of S, where
1 0 0
ISi=]0 1 o |, (72)
0 0 2

Journal of Function Spaces
and

010
u=|o0 0 1]. (73)
100

Bounds (15), (27), (41), and (57) are computed for some
choices of f and g in (10) for the given S in Table 3, whereas
the numerical radius of S is

w(S) = 1.3662. (74)

3. Conclusion

From the results of this paper, we conclude that the inequal-
ities of numerical radius involving generalized Aluthge
transform have variety of upper bounds for numerical radius
due to the choice of f, g in generalized Aluthge transform
(10). The inequalities (15), (27), (41) and (57) obtained in
Theorem 2, Theorem 8, Theorem 20, and Theorem 14 are
new and generalized upper bounds for numerical radius.
These generalized upper bounds can be useful to find better
bounds of numerical radius already existing in literature for
some choices of f, g in generalized Aluthge transform (10)
and certain operators. It is proved that inequality (15) of
Theorem 2 generalizes inequality (7) and improves inequal-
ity (12) for any choice of f, g in (10). Inequality (27) of
Theorem 8 is sharper than inequality (12) for the choice of
f(t)=g(t) =t"* in (10). Inequality (41) of Theorem 14 is
better than inequality (57) of Theorem 20. But for inequality
(57) of Theorem 20, we can find such matrix and pairs of
f> g for which the inequality of Theorem 20 can give better
bound of numerical radius available in literature. To sup-
port theoretical investigations, some examples are pre-
sented where numerical radius and its upper bounds are
computed for the pairs f, g in generalized Aluthge trans-
form. Examples 1 and 2 show that there is no comparison
between the bounds obtained from the inequalities (15),
(27), and (41) of Theorem 2, Theorem 8, and Theorem
20; however, generalized Aluthge transform has choices
of the pair f,g in (10) for which better upper bounds
can be computed for certain operators.
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To consolidate or adapt to many studies on meromorphic functions, we define a new subclass of meromorphic functions of
complex order involving a differential operator. The defined function class combines the concept of spiral-like functions with
other studies pertaining to subclasses of multivalent meromorphic functions. Inclusion relations, integral representation,
geometrical interpretation, coefficient estimates and solution to the Fekete-Szegd problem of the defined classes are the
highlights of this present study. Further to keep up with the present direction of research, we extend the study using quantum
calculus. Applications of our main results are given as corollaries.

1. Introduction

XE)=E7+ Y d, 8, (3)
n=1

Let of be the class of function of the form
which are analytic in E*={§:&ecCand0< || <1}. Shi
et al. [1] defined the class x(§) € #S,(o,7) if and only if

x®)=E+ Y a " W

h o Ex' (&)  pe“ - (27 - pe )&
R ) @

which are analytic in the unit disc E = {& : |£] < 1}. Also let

& denote the class of functions y € & which are univalent
in E. The subclasses of & consisting of functions which
map unit disc onto a star-like and convex domain will be
symbolized by §* and %, respectively. Also let & denote
the class of functions h analytic in the unit disc, given by

h€) =1+ OZO:RV,E”,EG[E,R1 >0, (2)

n=1

and satisfies Re (h(§)) >0, £ € E. For pe N={1,2,---}, we
let Z, to denote the class of functions y of the form

where || <A/2 and 7> p cos 0. Here, < denotes the usual
subordination of analytic function. The class #S,(0, ) is

the meromorphic analogue of the class of p-valent spiral-
like functions defined by Uyanik et al. in [2]. Similarly, we
let M€, (0, ) to denote the class of function in Z, satisfy-

ing the condition

By EXI”(E) < Peia_ (zr_peiia)gy (5)
X' 1-¢

Extending the class of Janowski function ([3]), Aouf [4]
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(Equation (4)) (also see [5]) defined the class h(&) € (X,
Y, p, 7) if and only if

_P+[pY+(X-Y)(p-1)w(§)
[1+ Yw(&)] ’ (6)
(-1<Y<X<1,0<7<1),

h(&)

where w(§) is the Schwartz function. Motivated by the
recent study of Breaz et al. [5] and in view generalizing the
superordinate function in (4), Cotirld and Karthikeyan in
[6] defined and studied the following relation

[(1+ Xe2) pei® + (Y = X)]h(E) + [(1 - Xe-27)peie

-7(Y - X)]
(Y +1)h(§) + (1 -Y)] ’

458 =
(7)

where —1<Y<X<1,-n/2<0<n/2,7>pcoso and h(¢)
€.

It is well-known that the function h(&)=1+&/1-¢&
maps the unit disc onto the right half plane. For an admissi-
ble choice of the parameter X =0.5,Y =-0.5, p=1,0 =7/3,
and 7=0.6, A7 () maps unit disc onto a domain which is
convex with respect to point 0.5 if h(§)=1+&/1-& (see
Figure 1). Similarly, the function h(£) =&+ 3/1+& which
is related to the class of functions associated with leaf-like
domain (see [7-9]) gets rotated and translated on the impact
of A7 (&) (see Figure 2) for a choice of the parameter X =
0.5,Y=-0.5p=1,0=n/3,and 7=0.6.

Remark 1. The purpose to study A7 () was mainly motivated
by the study of Karthikeyan et al. [10] and Noor and Malik
[11]. Here, we will list some recent studies.

(1) If we let 0 =0 in (7), then, A7 (&) reduces to

[(1+X)p +2(Y = X)]A(§) + [(1 - X)p — 7(Y ~ X)]
[(Y+Dh(E) + (1-Y)]

R(§) =

(®)

The function N(&) was defined and studied by Breaz
et al. in [5].

(2) If welet X=1,Y=-1 and h(&)=(1+&)/(1-&) in
(7), then, AL(&) reduces to 27 — pe™™ + (2(p cos o —
7)/1 - &) (see the superordinate function in (4)).

It is well-known that if y(&) given by (1) is in &, then,

the £-symmetrical function | X(Ez)]m, (€ is a positive integer)
is also in &. Let € be a positive integer and ¢ = exp (27i/¢).
For y € o, let

-1 v
x@=1y XY ©)

"
v=0 €

The function y is said to be star-like with respect to ¢
-symmetric points if it satisfies the condition
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@
R E > 0. (10)

Here, we will let & to denote the class of star-like func-
tions with respect to £-symmetric points. The class &} was
introduced by Sakaguchi [12] in which he showed that all
functions in &} are univalent. Note that &) = §™.

A function y € &Z, is said to be -symmetrical if for each
EeE

xX(&8) =" x(&), (11)

For x € Z,, Equation (9) can be defined by the following
equality

Xe(f)=—2@,(£:1,2,3,--~). (12)

Now, we extend the operator defined by Selvaraj and
Karthikeyan in [13]. Using Hadamard product (or convolu-
tion), we define a operator for functions x € Z, as follows:

m
I (ay, a5 05 a,, €565 055 €)X

M: 1 i( u )m(al)n(az)n:::(“r)nd g

& n+p

+
Ep n=1

where (x), is the Pochhammer symbol defined by

1 ifn=0
(x)}’l:{

x(x+1)(x+2) - (x+n-1) ifneNy={1,2,,}.
(14)

For convenience, we shall henceforth denote

Li(ays ay, - a5 €005,

u s e)x =1y (ap )y (15)

Note that in [13], I}}(a;,¢;)x was defined for x € Z,.

Here, we skip the discussion on the necessity of using differ-
ential or integral operator, refer to [13-17] and reference
provided therein for detailed properties of I} (aj, c;) .

Throughout this paper, we assume that -1 <Y <X <1,

-m2<|o|<m/2,T>pcoso,A>1, €eN, e=exp (2mi/f)
and
=
Xe(mo i a3,¢,58) = EZ(:)SVP (7@ c)(Ed)| =674+
(16)
(xeZ,:€=23,-). (17)
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Figure 1: The image of the unit disc under the mapping of A7 (§), if h(§) =1+¢&/1-¢&.

0.92

I

%

)
TR
7N
’/Il[l

0.90

0.88 / Z=
e

0.86

N

I I‘I}‘
7 "
%

4‘

O
|
9,

o

R
S
RS
S

T3
Nan?s

=

—
=

ines:

IS

=22

)
/]
|

7 !'I{’,{l
i
N

0.84 4

/l

- T T T T T T T T T T T T T T T T T T T T T T T T T T
0.45 0.50 0.55 0.60 0.65 0.70

FIGURE 2: The image of the unit disc under the mapping of A7 (£), if h(§) =& + /1 +&.

1.1. Short Introduction to Quantum Calculus. For 0<q<1, & P! for £ + 0, where the q -integer number [n]_ is defined by
the Jacksons g-derivative operator is defined by (see [18, 19]) 1

n| = , 19
. o =T (19)
D = _ 18
X(8) X(fi - X)(gf), iFE#0. (18) and note that qli_r{}@qx(’g’) = x'(£). Throughout this paper,
1 we let denote
From (18), if y has the power series expansion (3), we
X P b ([n]q)k =[n] [+ 1] [n+2), - k=1 (20)

can easily see that D y(§)= [—p]qFIF1 + Xl -pld.,



The g-Jackson integral is defined by (see [20])

3

1) = [ x0de=1-9 Zqﬂx@q"» (21)

0

provided the g-series converges. Further observe that
Dylx(8) = x(§) and 1, Dyx(8) = x(8) — x(0)  (22)

where the second equality holds if x is continuous at £ = 0. For
details pertaining to the significance of univalent function
theory in dual with quantum calculus, refer to [21, 22] (also
see [23-26]).

Meromorphic multivalent functions have been exten-
sively studied by various authors, but motivation and refer-
ences of this study are [1, 13, 27-36].

Definition 2. For —n/2<o<m/2, A>1, T>pcoso, beC\
{0} and T'(ay, ¢;) x defined as in (13), a function x belongs

to the class ST (ay, ¢, ;b5 h; X, Y) if it satisfies

+DA-p [ 1m A
g I (ay, CI)X’(E)}
Xe(m, g ay, ¢p58)

elr-3 _(_P)A

(23)
where < denotes subordination and /() is defined as in (2).

Now, we will define a class replacing ordinary derivative
with a quantum derivative in ./ SE”’A(al, c3b3h; X Y).

Definition 3. For —n/3<o<m/2, 0<y<1,T>pcoso, be
C\{0} and I}(a;,c;)y defined as in (13), a function x
belongs to the class @S (a, ¢, ;b3h; X, Y) if
(P+1)A~p [y pm g
R RACEG] (1)’
Xe(ms ps ay ¢, 5 ) 1

io 1
e’ [ [p], - b

<Y,(0,7;8),
(24)

where Y, (0,7;§) is the g—analogue of A7(§), which is
defined by

[(1 + Xe ) [pl € +7(Y —X)] h(E) + [(1 - Xe ) [pl € — (Y - x)]

Y, (0,758) = (Y +1h(§) +(1-Y))]

(25)

Remark 4. We note that in the definition of Q.S (ay, ¢, ;
b;h;X,Y), the operator Ijj(ay, c;)y and y,(m,u ay,¢c;;8)

are the same as used in Sy (ay, ¢, ;b5 h; X, Y). We have
not used the g-analogue operator as it would require the
reader to contend with additional set of parameters.
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2. Preliminaries and some
Supplementary Results

Here, we will discuss the results which would help us to
obtain our main results.

We note that everything in classical calculus cannot be
generalized to quantum calculus, notably the chain rule
needs adaptation. Hence, logarithmic differentiation needs
some application of analysis. In [37], Agrawal and Sahoo
obtained the following result on logarithmic differentiation.
For y € o and 0 < g < 1, we have

= — log x(§), (26)

where I x is the Jackson g-integral, defined as in (21). Sim-
ilarly, we can see that

o, [r@y ] = 2, @™ @)

If v is an integer, then the following identities follow
directly from (16):

Xe(mspsap, ¢ 5€°8) =Py, (m, 4, a,, ¢, 58). (28)

Xe(ms sy 5€°8) =€ Py (m, a0, 5 €)
1< (29)
= 2 () (£°8).

v=0

Since g-derivative satisfies the linearity condition, (29)
holds if the classical derivative is replaced with quantum
derivative. That is,

Dy [Xe (M ps ay5 ¢y ;€)= eivpivgq[)(e(m’ s ap, ¢ 58]
(30)

We now state the following result which will be used to
establish the coefficient inequalities.

Lemma 5 (see [38]). Let 9(§) =1+ Y., ,9,&" € P and also let
v be a complex number, then

|9, - v9]| <2 max {1,[2v-1|}, (31)

the result is sharp for functions given by

) = —5.9) = 17— (32)

The Maclaurin series for the function A} (&) (see [6]) for
the function is given by

[X(pe™ 1) = Y(pe” —7)|R,

AL(§) =pe” + 5 Eee. (33)
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If we define the function 9(&) by

1+w(&) p

9E) =1+9,E+ 0,87+ = )

1_f§,(§e[E>. (34)

We note that 9(0) =1 and 9 € &. Using (34), we have

_9§-1
w(§) = (&) +1
Mo (9,- M)y (9,-9.0,+ 0)es
=5 % TS 3
(35)
For some h(£) =1+ R, & + RyE> + -+, we have
p+bie AL [w(&)] -p}
o+ be R, 9, [X(pe""’; T) = Y (pe” - 7)] ;
. be " [X (pe™™ - Tl— Y (pe” —1)|R, (36)
] [92 ¢ ((Y+ DR, + 24(1 - (RZ/Rl))>:|£2+_“.

3. Integral Representations and
Closure Properties

We begin with the following.
Theorem 6. Let y € /ST (a,,c;5b;h; X, Y), then for A = 1,
we get for £ € E”

Xe(mp,ap,¢p58)

& exp {%EE“[HP oA O]} 2] }

v=0

(37)

And for A > 1, we have for £ e E*

i A-10
vt [ple- e mwienny + o]\
Ez;)[ 1P DA S

(38)

where x,(m, u, a;, ¢; ;&) is defined by equality (16) and w(&) is
analytic in E with w(0) = 0 and |w(&)| < 1.

Proof. Let y € MS™ (a, ¢, 5b;h;5 X, Y). In view of (23), we
have

£ ey, )y (8)]

— _ 0 AT RV}

e g e AREL ()
(39)

where w(&) is analytic in E and w(0)=0, |w(&)|<1.

Substituting & by "¢ in the equality (39), respectively,
(v=0,1,2,--,8—1,e' = 1), we have

@0 [ ()]

Xe(m, s ay, ¢ 5€%8) (40)
=b{p-e A w(eE)]} + (-p)".
Using (28) in (40), we get
grI P 1 (ay, ) (28| '
Xe(m, g ay, ¢ ;8) (41)

=b{p—e AL [w(e"E)]} + (-p)".
Using the equality (29) in (42), we can get

1/A

L@y )y () _ ([Pl —e A lwe)) + ()]
[Xe(msp, a5 ¢y ;E)]m glorDA-p
(42)

Let v=0,1,2,--,
ming them we get

€-1 in (42), respectively, and sum-

i A
XimmancsE) 168 [ [plp-e A wE)) + ()] !
[Xe(m, psay, ¢ ;E)]M ! E(PH)/\-P
(43)
O

Case 1. Let A =1 in (43). We need to integrate from 0 to & to
find x,(m, 4, a,, ¢, ; ). But from (43), we notice the presence
of the first-order pole at the origin, the difficulty to integrate
the above equality is avoided by integrating from &, to & with
&, #0, and then, let £, — 0. Therefore, on applying integra-
tion, we get

log (Xz(m> U, a5 €y E))

EP
-1

s"fl
7ZJ\ b{p —ID‘AT

Hence, the proof of (37).

B} —2p] dt



Case 2. If A > 1, (43) can be rewritten as

[{xems a5 8 )

_ ( L G)) % eZ; ([b{p—e""i{::(;”j)l} + (—p)ﬂ)

(45)

1/A

On integrating the above expression we obtain (38).
Hence, the proof of Theorem 6.

Theorem 7. Let x € QUS (a;,¢;3b;h;X,Y), then for
A=1, we get

Xe(m o apc;58)
el e

_ 8 exp {%ZOJO ?<b{mq6_iayq(g,f;w(t))}z@]q)dt}.

(46)
And for A > 1, we have
Xe(mopapcp58)
A AA
o e f (ol - e asiwenn} + (1)
) <¥> %ZJE [ g : } .
(47)

where x,(m,u,a,,c;;&) is defined by equality (16) and w
(&) is analytic in E with w(0)=0 and |w(&)|< L

Proof. In view of (24), (30), and (43), we have
D, [xe(m, pay, ¢,58)]

Xe(mp,ay,¢p5 E)]m
L e <b{[p]q - e—ithq(a, T;w(gvg))} + (—[p]q)k>

PR

1/A

(48)
O

Case 1. Let A =1 in (48). Using the definition of logarithmic
differentiation for g-derivative operator (see (26)) in (48), we
get (0<g<1)

log (xz(m, th ap ¢ ;E)>

&
) %EES% (b{LD]q —e Y (0,75 w(t))} - Z[P}q) dgts

(49)
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where the integral is g-Jackson integral. Hence, the proof
of (37).

Case 2. If A > 1, using chain rule (see (27)) for the g-differ-
ence operator defined in the previous section, (43) can be
rewritten as

D, [{Xe(m, ay, ¢, ;g)}l—m}
(=)

<b{ [pl, - Y, (0,75 w(gvg))} + (—[p]q)l>

E<p+1)l—p

1/A

(50)

On applying g-Jackson integral in the above expression,
we obtain (47).

Corollary 8 (see [1, Theorem 1]). Let x(§) € #S,(0,7),
then

X&) =87 exp (2(7 —p cos U)"“’Lﬁ dt>, (EcE"),

w(
(51)

where w(&) is analytic in E with w(0) =0 and |w(&)| < 1.

Proof. Letting m=2,s=1,a,=¢,a,=1,X=1,Y=-1, 8=
A=b=1, and h(§)=(1+&)/(1-¢&) in Theorem 6, then
(43) reduces to the form

—lo EX (E) _ (I)eio _ Z(T _lp_czjs(g))w(a) (52)

Retracing the steps as in Theorem 6, we can establish the
assertion of the corollary. O

Setting m=0,r=2,s=1, a; =¢;, and g, = 1 in Theorem
6, we get the following

Corollary 9. Let y € S (2,1;b;h;X,Y), then, for A=1,
we get for £ e E*

Yu

xe(8) =—p.[zu-p—1 exp (%eir

v=04J0

; [b{p—e AL [w(t)]}] dt> du.

(53)
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And for A > 1, we have for £ e E*

X&) =-p (?) JZ”
{N-ZI u ([b{P— e AT [w(e")]} + (—p)*]) u,\d }A—w\
. E Jg tp+)A-p , da

v=0

(54)

where x,(&) is defined by equality (12) and w(§&) is analytic in
E with w(0) =0 and |w(§)| < L

Letting A=1X=1,Y=-1, b=1, and h(&)=(1+&)/
(1-&) in Corollary 9, we get the following result.

Corollary 10. (see [1]). Let x(§) € M€, (0, 7), then for & €
E*

£
x(8) = —PJ u? ! exp 55
0 55

Y w()

: <2(T —p cos a)e’igjo T o] dt) du,

where w(&) is analytic in E with w(0) =0 and |w()| < 1.

4. Fekete-Szego Inequality of ./ oS’g”’A(al, ¢ b;
h;X,Y) and Qﬂé’?’)‘(al,cl sb;h;X,Y)

Very few researchers have attempted at finding solution to
the Fekete-Szego problem for class of functions with respect
to £-symmetric points, as it is computational tedious. Nota-
ble among those works on coeflicient inequalities of classes
of functions with respect to £-symmetric points were done
by Aouf et al. [39].

Throughout this section, we let

=
anﬁg)sv”, ((’,elN;nzl;se:l),

e,= (a1), (@), - (@), andQn’"=< ¢ )m,(ne]N).

n!(cl)n (CZ)n (CS)n nt+y
(56)

Theorem 11. If x(§) € ST (a,,¢;3b5h;X,Y), then, we
have for all ye C

[bl[X (pe™ —7) = Y (pe” ~7)|R,
2= oo+ 2-pMOs | (57)
- max {1,]2@Q, - 1|},

dz—p U d?—p‘ <

where @, is given by

1

1
@1:1{(Y+1)R1+2<1— R

_ pe bR [X (pe — 1) = Y (pe” — ) [{p¥, + (2 -

Rz) ~ e b[X (pe —7) = Y (pe” — )| {2p*¥] + 2p(1 - p)¥, + MA-1)(1-p)*}R,

2(-p) [p¥, + (1 - p)A’

(=p)" [P + (1= p)APOTR"

The inequality is sharp for each p € C.

Proof. As x € S (ay,c,;b5h; X, Y), by (23), we have

S HONAPES
Xe(ms g ay, ¢y 5§)

Thus, let 9 € & be of the form 9(§) =1+ Y2, 9,£" and
defined by

T+ w()

_l—w(E)’£EQ' (60)

(%)

(58)
P)A}O }
On computation, we have
1 1 1
w(§)=39¢+ 5 (92 - 29%) &
. ) (61)
3 (93 -9,9, + 49?)E3+-~-,£ €.
The right hand side of (58)
be apfu(e)) - p) - XD Y o)
- be o [X(pe"“T - T) - Y(pe"‘7 - T)}R1
4
. |:92 _ 9? ((Y+ 1)R1 + 24(1 - (RZ/RL))>:|£2+

(62)



From the left hand side of (58) is given by

grA-p {Il’f(al, a)x' (E)} !

=
Xe(ms%ﬂpCl;f) ( p)
VS
-+ - pNe 0, g+
'[ZP ¥ +( PO, —p—{2p2¥’%+2p(1—p)%
+A(A }d2 ®2sz}
(63)
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From (61) and (62), we obtain

_ e bR, 9, [X(pe’“’ -1)
T aep) P+ (1

- Y(pe“’ - T)} X

~p)AO,

4y = X T Y (pe D) IRy [92 - i{(h 1R, +2(1 - %)

4 s + - )N @,0)
_EUb[X(pe — 1) — Y (pe” — )| {2p° W1 +2p(1 -
2(-p)'[p¥, + (1-p)A]

)Y +AA-1)(

}Rl} 32]

(64)

Now we consider

—p)Y1 +MA-1)(1-p)*}R,

-p)A?

(65)

- | | )l o [92-1{<Y+1>R1+2<1-&)
4(-p)"{p¥, + (2-p)A}O 4 R,
e b[X (pe ™ — 1) = Y (pe” — 1) [{2p*¥] + 2p(1 - p)¥, + A(A p)* IR,
2(-p)' ¥, + (1-p)A)
ue RO [X [ (pe""’ - T) Y (pe'” - T)]2 L eh [X(pe”l‘7 - T) - (pei" - T)}Rl
16(-p) 2 [p¥, + (1 - p)AOTO" 4(-p){p¥, + (2 - p)A}OQY
2 —io X —io _ _ 21}/2
. SZ_ﬂ{(Y+1)R1+2<1—&>—e b[ (pe T) (pe T)}{ZP +2P
4 R, 2(- ) p¥,+(1
pe bR, [x (pe‘i" -7) - Y(pei" -7)[{p¥, + (2 -p)A}O, .
(-p)*p¥, + (1-p)AP OO
On applying Lemma 5, we get the assertion. O

To demonstrate the applications of our results, here, we
provide the most simple special case of our result. Note that
the following result was obtained [[40], Theorem 6] for
functions in y € .

Corollary 12. If x(§) € &£, satisfies

- < h(&), (66)

and h(§) =1+ RE+R,E +--
for all y e C we have

-, with R;,R, € R, R, > 0, then

}. (67)

R R
|d1—ptd§| < 71 max{l; R—2 — R, +2uR,

1

The inequality is sharp for the function x_ given by

S h(t)+1 R
56XPJ - ()t+ dt, R—Z—R1+2[,zR1 >
0 1
X.(§) =
¢ Oh(P)+1 R,
fepr - dt, —2 —R,+2pR,| < 1.
0 t R]
(68)

Proof. In Theorem 11, taking r=2,s=1, a4, =b;, a,=1, X
=1, Y=-1, m=0=1=0, and £=A=p=1, we get the
inequality

R

1 if &

2 R

1

=R, +2uR,| <

|d, — udy| <
. if

0| =

RZ
R—l - R, +2uR,

RZ
R—l — R, +2uR|| 2

(69)

O
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Analogous to Theorem 11, we can prove the following.

Theorem 13. If x(§) € QUST (a,, c; ;b5 h; X, Y), then, we
have for all pe C

) |b|’X(qu”"’ —T) - Y(hv]qe“’—r)‘Rl
‘ 2-p M 1—})‘S -1 N
2|(1pl,) (-l oo

- max {1, |2Q, - 1|},

(70)

where @, is given by

0,- 2{(Y+1)R1 +2(1_ g)
e b[X (el =) =Y (Il ~) | {2021 - 200,11 - p1, 2+ MA= D1 pi R,
2-pMi-pp- o)
e bR (X (Iple ~7) =¥ (1pl,e - 7) | {12~ P A - [0, 2 Je:05
R L = R T '

(71)
The inequality is sharp.
5. Conclusions

The defined function class ST (a,, ¢, ; b;h; X, Y) though
familiar with so called pseudo-star-like functions required
lots of adaptation since it involves functions with a remov-
able singularity of order p at the origin. Integral representa-
tion and Fekete-Szegd inequalities have been established.
Further, we extend the class A8 (a,,c,;b;h;X,Y) by
replacing the classical derivative with g-derivative. Since all
the results involving classical derivative does not get trans-
lated to the results involving g-derivative, we used some
modified conditions to obtain our main results. We note that
these adaptation are essential for future research.
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In this study, we focused on a subclass of bounded turning functions that are linked with a four-leaf-type domain. The primary
goal of this study is to explore the limits of the first four initial coefficients, the Fekete-Szegd type inequality, the Zalcman
inequality, the Kruskal inequality, and the estimation of the second-order Hankel determinant for functions in this class. All of

the obtained findings have been sharp.

1. Introduction and Definitions

Before getting into the key findings, some prior information
on function theory fundamentals is required. In this case, the
symbols &/ and & indicate the families of normalised holo-
morphic and univalent functions, respectively. These fami-
lies are specified in the set-builder form:

d={ge,): g(0)=g'(0)-1=0e%)}, (1)

§={ged : gisunivalentin %}, (2)

where @Q(% ;) stands for the set of analytic (holomorphic)
functions in the disc %, ={z € Cand|z| <1}. Thus, if g€
4, then, it can be stated in the series expansion form by

g(z)=z+ Oiakzk(ze Uy). (3)
k=2

For the given functions G,, G, € @(%,), the function G,
is subordinated by G, (stated mathematically by G, < G,) if
there exists a holomorphic function v in % ; with the restric-
tions v(0)=0 and |v(z)| <1 such that G,(z)=G,(v(2)).
Moreover, if G, is univalent in %, then

G1(2) < Ga(2), (2 € y) & Gy (0) = G,(0) and Gy (%) < Gy ().
(4)

Although the function theory was created in 1851, Biber-
bach [1] presented the coefficient hypothesis in 1916, and it
made the topic a hit as a promising new research field. De-
Brages [2] proved this conjecture in 1985. From 1916 to
1985, many of the world’s most distinguished scholars
sought to prove or disprove this claim. As a result, they
investigated a number of subfamilies of the class & of univa-
lent functions that are associated with various image
domains [3-5]. The most fundamental and significant
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subclasses of the set & are the families of starlike and convex
functions, represented by & and %, respectively. Ma and
Minda [6] defined the unified form of the family in 1992 as

5 (¢) = {g cor i) <gioyae %)}, 5

where ¢ indicates the analytic function with ¢'(0) >0 and
Red > 0. Also, the region ¢(%,) is star-shaped about ¢(0)
=1 and is symmetric along the real axis. They examined
some interesting aspects of this class. Some significant sub-
families of the collection o/ have recently been investigated
as unique instances of the class §*(¢). In particular;

(i) The class §*[L, M]=S8"(1+Lz/1 + Mz), -1 <M<
L <1, is obtained by selecting ¢(z) =1+ Lz/1 + Mz
and was established in [7]. Moreover, §* (&)=
&*[1-2&-1] displays the well-known order &
(0 <& <1) starlike function class

(ii) The class 8% = S8"(¢(z)) with ¢(z) =1 +2z was
designed by the researchers Sokdl and Stankiewicz
in [8]. Also, they showed that the image of the func-

tion ¢(z) = /1 + z is bounded by |w? - 1] < 1.
(iii) The set &7 =8"(¢(z)) with ¢(z) =1+ 4/3z+2/3

z* has been deduced by Sharma and his coauthors
[9] in which they located the image domain of ¢(z)
=1+ 4/3z +2/3z%, which is bounded by the below

cardioid

(947 +9y* —18x +5)° ~ 16(9x> + 9> ~6x + 1) =0.  (6)

(iv) By selecting ¢(z) =1+ sin z, we get the class &*(
(z)) = 8%, which was defined in [10] while &) =
8*(e*) was contributed by the authors [11] and,
subsequently, explored some more properties of
it in [12]. This class was recently generalized by
Srivastava et al. [13] in which the authors deter-
mined upper bound of Hankel determinant of order
three

(v) The family 87 = &"(cos (z)) and &7 = " (cosh

(z)) were offered, respectively, by Raza and Bano

[14] and Alotaibi et al. [15]. In both the papers, the

authors studied some good properties of these

families

(vi) By choosing ¢(z)=1+sinh™'z, we obtain the
recently studied class & =" (1 + sinh™'z) created
by Al-Sawalha [16]. Barukab and his coauthors
[17] studied the sharp Hankel determinant of
third-order for the following class in 2021
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R.= ed: g (z)<1+sinhz,ze ¥, . 7
s g g d

In [18, 19], Pommerenke provided the following Hankel
determinant 9, ,(g) containing coefficients of a function g € &

ay Ant1 an+q—1
a a “es a
n+l n+2 n+q
gq,n (g) = . . . > (8)
Apig-1 Gnig " Oniag

with ¢, n € N = {1, 2, ---}. By varying the parameters g and #,
we get the determinants listed below:

1 a, )

2,1(9) = =az — ay, )
a, 4as
a, 4as

2,,(9) = =a,a, — ag, (10)
as dy
1 a, a

D3,1(9)=|a, a5 a,
a, a, as

=d3 (“2“4 - ag) —ay(a, — ayas) +as (“3 - “%)’
(11)

that referred as first-, second-, and third-order Hankel determi-
nants, respectively. The Hankel determinant for functions
belonging to the general family & has just a few references in
the literature. The best established sharp inequality for the func-
tion g € 8 is | D, ,,(g)| < A\/n, where A is a constant, and it is
because of Hayman [20]. Additionally, it was determined in
[21] for the class & that

11
|2,,(9)| <A for1 <A< 3 (12)

4
Jfor — <pu<
|93,1(9)|3H or9<[4< 5

Several mathematicians were drawn to the problem of find-
ing the sharp bounds of Hankel determinants in a given family
of functions. In this context, Janteng et al. [22, 23] estimated the
sharp bounds of |, ,(g)|, for three basic subfamilies of the set
&. These families are #,8*, and % (functions of a bounded
turning class), and these bounds are stated as

1
3 forge #,
’92,2(53)‘ << 1, forged”, (14)
4
5’ forge R.
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This determinant’s exact bound for the unified collection
8" (¢) was determined in [24] and subsequently investigated
in [25]. In [26-28], this problem was also solved for various
families of biunivalent functions.

The formulae provided in (11) make it abundantly evi-
dent that the computation of |2;,(g)| is much more diffi-
cult than determining the bound of |9,,(g)|. Babalola [29]
was the first mathematician who studied third-order Hankel
determinant for the #,8™, and & families in 2010. Follow-
ing that, several academics [30-34] used the same method to
publish papers regarding | (g)| for specific subclasses of
univalent functions. However, Zaprawa’s work [35] caught
the researcher’s attention, in which he improved Babalola’s
results by utilising a revolutionary method to show that

9
520 forge %,
|25,(9)| <4 1, forge s, (15)
41
50’ forge %.

He also pointed out that these bounds are not sharp. In
2018, Kwon et al. [36] achieved a more acceptable finding
for g€ & and demonstrated that |2;,(g)| < 8/8, and this
limit was further enhanced by Zaprawa and his coauthors
[37] in 2021. They got |25 (g)| <5/9 for g € &*. In recent
years, Kowalczyk et al. [38] and Lecko et al. [39] got a sharp
bound of third Hankel determinant given by

4
—, f ex,
135" Y

1 1
5’ forgEcS’*(§>,

where §*(1/2) is the starlike functions family of order 1/2.
In [40], the authors obtained the sharp bounds of third Han-
kel determinant for the subclass of &7, , and Mahmood et al.
[41] calculated the third Hankel determinant for starlike
functions in g-analogue. For some new literature on sharp
third-order Hankel determinant, see [42-45].

In [46], Gandhi introduced a family of bounded turning
function connected with a four-leaf function defined by

231(9)| < (16)

. zg' (z 5 1
&g,;z{geé’: g(i))<1+gz+825,(ze%d) ) (17)

and characterized it with some important properties.

Similar to the definition of &, we now define a new
subfamily of bounded turning functions by the following
set builder notation:

5 1
BT 4o = {ge& g9’ (z)< 1+ get gzs, (ze%d)}. (18)

The aim of the current manuscript is to determine the
exact bounds of the coefficient inequalities, Fekete-Szegd

type problem, Kruskal inequality, and Hankel determinant
of order two for functions of bounded turning class linked
with four-leaf domain.

2. A Set of Lemmas

We say a function p € & if and only if it has the series
expansion

p(z)=1+ i c,2"(z€Uy), (19)

n=1
along with the Rp(z) >0(z € %,).

Lemma 1. Let p € P be represented by (19). Then

lc,| <2n>1. (20)
2 forOsu<i;
|Cn+k—‘l/lCan‘S2maX {1’ |2M_1|}: .
2|12u—1| otherwise.

(21)

Also, If B€ [0, 1] with B(2B— 1) < D < B, we have
|c5 = 2Bc,c, + Dej| < 2. (22)

These inequalities (20), (21), and (22) are taken from
[47, 48].

Lemma 2. Let p € & and be given by (19). Then, for x,8, p
€U, we have

2c,=¢c; +x(4- ), (23)
des=ci+2(4-c))ex—c)(4- )7+ 2(4— o)) (1 - |x[*)S,
(24)

For the formula c,, see [48]. The formula c; was due to
Zlotkiewicz and Libera [49] while the formula for ¢, was

proved in [50].

Lemma 3 [51]. Let «, 3, y, and a satisfy that a, « € (0, 1) and

8a(1-a)((eB~ 2y + (a(a+a) - ﬁ)z)

25
+a(1 - a)(B-2aa)’ <4ac’(1-a)’(1-a). (23)
If p € & and be given by (19), then
4 2 3,2
yci +ac + 2ac,¢; - E[3’c1c2 —c <2 (26)

3. Coefficient Inequalities for the Class 37 .,

We begin this section by finding the absolute values of the
first four initial coefficients for the function B7 ,.,.



Theorem 4. If g € BT ,, and has the series representation
(3), then

el = 35 @)
@ < =2, (28)
= 3 )
|as| < é. (30)

These bounds are best possible.
Proof. Let g € BT ;. Then, (18) can be written in the form
of Schwarz function as

g'()=1+ 0@+ (@) (ze%,). (D)

If p € P, and it may be written in terms of Schwarz func-
tion w(z) as

_1+uw(z)

= ol 4zt G 32
) €12+ 62" + 632 (32)

p(2)

Equivalently, we have

From (3), we get
g'(2)=1+2a,z + 3a;2° + 4a,2° + 5a5z*+---. (35)

By simplication and using the series expansion of (34),
we get

Journal of Function Spaces

5 1 5 5 5
L+ Z0(z) + g(w(z))S =1+ (Ec1>z+ <—ﬂcf + Ec2>z2

+ 5cc+5c+5c3 z
EIZE:‘} El

LY
—t+ —cic,— —c——c
124 161% 961 242
ﬁc1c3)z4+---.
(36)
By comparing (35) and (36), we obtain
5
ay= o e (37)
1 5
a3—§< ﬁcf+ 1262>, (38)
1 5 5
a4—1< 12% 1263+48 3)’ (39)

1/5 5 5 5 5
a- = <EC4+—C%C2—%C‘%—ﬁC§_EC153>- (40)

For a,, implementing (20), in (37), we get

5
< —. 41
ar] < = (41)

For aj;, (38) can be written as

5 1
a5 = o <c2 - ZCf). (42)

Using (21), we get

5
<—. 43
|as] 18 (43)

For a,, we can write (39) as

5 1 1,
|a4|=ﬁ c;—2 3 C162+ch . (44)

From (22), we have

1 1 1
0<B=_<1,B=_->D=—, (45)
2 2 4
1
B(2B-1)=0<D=_. (46)

Application of triangle inequality plus (22) leads us to

5
la,| < a (47)
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For as, we may write (40) as

1 1 1 1
o = g5t - 55 T+ et (49)
After simplifying, we have
1|1 1 1 3/1
|as| o gc‘l1 + EC% +2(§>c1c3 ) (5>ch2 —c4l- (49)
Comparing the right side of (49) with
3
yei +acs + 2ac,c; — Eﬁcfcz - ¢4l (50)
we get
1 1 1 1
Y=§’a=§a“=§’ﬁ=§- (51)
It follows that
8a(1—a)((af—2y)* + (a(a+a) - B)*) (52)
+a(l - a)(B-2aa)’ =0,
2 2 1
4ac’(1-a)*(1-a)= —. (53)
16
From (26), we deduce that
1
< - 54
|as] 6 (54)

These bounds are best possible and can be determined
by the following extremal functions:

_[ 5 1 5 1,
90(2)—J <1+6(t)+6( ))dt_z+122 g

0

Theorem 5. If g is of the form (3) belongs to BT o, then

5 25y
|as ya2|<max{18 1114'}, for yecC. (59)

This inequality is sharp.
Proof. By using (37) and (38), we may have

5, 25

| ya2| ’362 ﬁcl_%ycl

By rearranging, it yields

o3 ()

Application of (21) leads us to

a3—ya2£Emax I,
21736

5y+8
=1|5. 62
Sl @
After the simplification, we get

5 25|y
|ay — ya3| < max {18 T } (63)

This required result is sharp and is determined by
: 5oy, Lo S 5.1
gl(z):L(l + E(t )+ g(t ) |dt=z+ 3% teg? T
(64)
O

Theorem 6. If g has the form (3) belongs to BT ,,, then

< — 65
|laya; —ayl 24 (65)
This inequality is best possible.
Proof. By employing (37), (38), and (39), we have
23 7
|aya; —ay| = i 2 (36) €6+ 1786? . (66)
From (22), we have
23 23 7
0<B=-_<1,B==_>D=_—, (67)
36 3 18
115 7
B(2B-1)= ——~ <D= . (68)
48 18



Using (22), we obtain

5
|aya5 — ay| < 2 (69)

This inequality is best possible and can be obtained by

z 5 1 5 1
9,(z) = JO(I te (£)+ c (t15)>dt:z+ ﬁz“ + %zl6+---.
(70)

O

Theorem 7. If g belongs to BT ,o, and be of the form (3).
Then

1
|as —a,a,| < a (71)

This result is sharp.
Proof. From (37), (39), and (40), we obtain

73, 1C2 121 . 97 +1
——— =~ =6+ —= 6t — .
4608 1 242 1152 17 1152 1?7 12

(72)

las — aya,| = ’

After simplifying, we have

~ _|B a1, (12 3 (7o
|as “2“4|—E 3841734 192 )19 7 5\ 1ag )12 T G
(73)
Comparing the right side of (73) with
4, 2 3,2
yci +ac;, + 2ac,c5 — Eﬁclc2 —C4ls (74)
we get
73 1 121 97
= —ad= —,0= —, = —, 75
Y 3T 2 102 T (79)
It follows that
8a(1—a)((af—2y)" + (a(a+a) - B)*) 6)
+a(l - a)(B - 2aa)® =0.00735,
and
4aa’(1 - a)*(1-a)=0.05431. (77)
From (26), we deduce that
1
|as —a,a,| < —. (78)

6
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The required result is sharp and can be determined by

g5(2) = 1+ E(t“) + l(tzo) dt=z+ o5 L 2
3 0 6 6 6 126 '
(79)
U

Theorem 8. If g € BT ,, and be of the form (3). Then

1
’a5—a§|sg. (80)

This inequality is best possible.

Proof. By using (38) and (40), we have

R 79 , 79 , 1 53, 1
95 =3 = |~ 51559 T 12962 T 1296 Y Gas 12T 12|
(81)
After simplifying, we have
1179 79 1 3 /53
‘“5 —a§| = 12‘432(:‘11 + mcg +2(§>clc3 ~3 (ﬁ>c%c2 — ¢yl
(82)
Comparing the right side of (82) with
3
yei +acs + 2ac,c; — Eﬁcfcz — ¢4l (83)
we get
79 79 1 53
= — = — = — = —. 84
)/432(1108062[381 (84)
It follows that
2 2
8a(l—a)((aB-2y)" + (a(a+a)-p)°) (85)
+a(l - a)(B - 2aa)® =0.00616,
4a0*(1 - a)*(1 - a) =0.04910. (86)
From (26), we deduce that
1
R AEEY 87
|‘15 aa’ =5 (87)

This inequality is best possible and can be achieved by

g5(z) = ) 1+§(t4)+1(t2°) dt=z+ 25+ L 24
3 0 6 6 6 126 '

(88)

O
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4. Kruskal Inequality for the Class 35 ,.,

In this section, we will give a direct proof of the inequality

ab — a§<n_l)’ < 2Pl P (89)

over the class B5 ;o for the choice of n=4,p=1, and for
n=>5,p=1. Krushkal introduced and proved this inequality
for the whole class of univalent functions in [52].

Theorem 9. If g belongs to BT ,, and be of the form (3).
Then

5
—a)l<—. 90
’5‘4 a2| Y (90)
This result is sharp.
Proof. From (37) and (39), we obtain
5 1 47
|a4—a;|=ﬁ c3—2<§>c1c2+ MC? . (91)
From (22), we have
1 1 47
0<B=-<1,B=->D=——, (92)
2 2 288
47
B(2B-1)=0<D=—. 93
(2B-1) -t (93)
Using (22), we obtain
5
—al<=. 94
’“4 az‘ =22 (94)

This result is sharp and can be obtained by

z 5 1 5 1
g,(2) = L(l tg (t3) te (t15)>dt:z+ ﬁz‘l + %z16+~-.
(95)

U

Theorem 10. If g belongs to BT ,o, and be of the form (3).
Then

|as—aj| < —. (96)

O ~

This inequality is best possible.
Proof. From (37) and (40), we obtain

, 1 . 1, . 1
Cc, — —CC —C;C —Cy .
2472 1217 1612 12t

(97)

| 1 4081 , 1
as—a,| = |- - =
> 331776 !

After simplifying, we have

q_ (4081 4 1, 1 3/1\,
|a5—a2‘=ﬁmcl+z 2+2 sjas—5(5)ae-aql

(98)
Comparing the right side of (98) with
3
yei +ack +2ac,c; - E,8ch2 —C4ls (99)
we get
4081 1 1 1
= —Ha= —, = = = —=. 1
Ul R (100)
It follows that
8a(1—a)((af—2y)* + (a(a+a) - B)*) (101)
+a(1 - a)(B - 2aa)® =0.00408,
2 2 1
4aa’(1 - ) (l—a):1—6. (102)
From (26), we deduce that
4 1
|as—az| < < (103)

This inequality is best possible and can be achieved by

a@=[ (142 + L) )=z Love L
3 0 6 6 6 126 '

(104)

Next, we will calculate the Hankel determinant of order
two |9D,,(g)| for the class g € BT o O

Theorem 11. If g belongs to BT ,o, then

25
D < - 105
| 2,2(Q)| 324 (105)
This inequality is sharp.
Proof. The 9,,(g) can be written as follows:

2,,(9) = 4,84 = a;. (106)

From (37), (38), and (39), we have

’ 1152 10368 ' 414721 1296 *

(107)

Using (23) and (24) to express ¢, and ¢, in terms of ¢,
and, noting that without loss in generality we can write
¢; =¢, with 0 <c<2, we obtain



8
25 N 5 5
12,,(9)] —mcz(él—c)x + c(4-¢c)(1-|x|*)e
a 25 22
55z ()]

(108)

with the aid of the triangle inequality and replacing |8] <
1, |x| =k, where k<1 and taking c € [0, 2]. So,

25 25
|222(9)] < 4g € (4= ) + o (4= ) (1-F)
25 N
c1ag (A=) R =50 k)

(109)

It is not hard to observe that Z'(c, k) >0 for [0,1], so
we have Z(c, k) <Z(c,1). Putting k=1 gives

25
|2,,(9)| < 460862(4_ cz) +

It is clear that Z'(c,1) <0, so Z(c, 1) is a decreasing
function and attains its maximum value at ¢=0. Thus,
we have

25
’92,2(9” < 324"

(111)
The required second Hankel determinant is sharp and
is obtained by

% 5 1 5 1
9,(2) =J (1 + g(tz) + g(tlo)>dt=z+ EZS + %z“+---.

0 (112)

O

5. Conclusion

In our present investigation, we considered a subclass of
bounded turning functions associated with a four-leaf-type
domain. We obtained some useful results for such a class,
such as the limits of the first four initial coeflicients, as well
as the Fekete-Szego type inequality, the Zalcman inequality,
the Kruskal inequality, and the estimation of the second-
order Hankel determinant. All of the obtained results have
been proven to be sharp. This work has been used to obtain
higher-order Hankel determinants, such as in the investiga-
tion of the bounds of fourth-order and fifth-order Hankel
determinants. These two determinants have been studied
in [45, 53-56], respectively. Also, one can easily use this
new methodology to obtain sharp bounds of the third-
order Hankel determinant for other subclasses of univalent
functions.
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In modern world, most of the optimization problems are nonconvex which are neither convex nor concave. The objective of this
research is to study a class of nonconvex functions, namely, strongly nonconvex functions. We establish inequalities of Hermite-
Hadamard and Fejér type for strongly nonconvex functions in generalized sense. Moreover, we establish some fractional integral
inequalities for strongly nonconvex functions in generalized sense in the setting of Riemann-Liouville integral operators.

1. Introduction

The integral and differential operators have remarkable
impact on applied sciences, and the interest of researchers
is increasing day by day in this research area [1, 2]. Consider
a convex function f : I ¢ R— R defined on the interval I
C R with a, b €I being constants and a < b. The inequality

f<“_+b> < b%rf(x)dxsm (1)

2

is Hermite-Hadamard’s (see [3, 4]).

The notion of convexity is very old, and it appears in
Archimedes treatment of orbit length. Nowadays, convex
geometry is a mathematical subject in its own right. There
are several modern works on convexity that are for the stud-
ies of real analysis, linear algebra, geometry, and functional
analysis. The theory of convexity helps us to solve many
applied problems. In recent years, the theory of convex anal-
ysis gains huge attention of researchers due to its interesting
applications in optimizations, geometry, and engineering [5,
6].

The present paper deals with a new class of convex func-
tions and establishes inequalities of Hermite-Hadamard and
Fejér. Moreover, we develop some fractional integral

inequalities. See [7, 8] for more general inequalities via con-
vexity of functions.

The classical definition of convex functions was given
in [3]. Another concept which is used widely in convex
analysis is p-convex sets and p-convexity (see [4]). By tak-
ing p=1 in the above definition, we get classical notion of
convexity. After that, the strongly convex with modulus
u>0 was introduced in [9]. And in [10], the notion of
the strongly p-convex function had been introduced. The
notion of generalized convex functions had been intro-
duced in [11, 12].

Motivated by the above researches, [13] introduced the
following class of functions.

The function f is strongly nonconvex in generalized
sense if

fex? + (1= 0" < ) + (£ (), f () = ut (1= 1)) = 2)°
(2)

holds for t € [0, 1].

Definition 1 (see [13, 14]). Consider f € L[a, b], then the RHS
and the LHS Riemann-Liouville fractional integral (RL) of
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order a >0 with b > a > 0 are defined by

a+f( )= Jx(x - t>a71f(t)dt, x> a,

1
I(a)
b

0= 7o Jxa-x)a-l F(B)dt,x<b,

respectively, where I'(«) is the Gamma function defined
as

I'(a)= Jooe_tt"‘_l. (4)

0

It is to be noted that J%.f(x) = J9-f(x) = f(x).

The Riemann integral is reduced to classical integral for
a=1[15-18].

The definition of strong p-convexity was studied in [13].
The aim of this paper is to establish the inequalities of Schur,
Fejér, and Hermite-Hadamard type for the strongly noncon-
vex functions via RL fractional integrals.

2. Inequality of Hermite-Hadamard Type

In order to prove the inequality of Hermite-Hadamard type,
the following lemma is very important.

Lemma 2 (see [19]). Let p be any nonzero real number and «
be any positive constant. Further consider an integrable func-
tion w: A— R, where A ={a, b] C (0,00) which is p-sym-
metric w.r.t. [af + b°/2)""; then, we have the following:

(i) If p>0,

S U3 (wog) () + T (wog) (@),
(5)

Jap+(wog) (V") = Jip_(wog)(a’) =
with g(x) =x'"?, x € [a?, 1P|

(ii) If p < 0,

T (wog) (@) = It (wog)(@) = 5 [T (wog) () + I (wog) (¥)].
(6)

with g(x) =x!"?, x € [bf, a|

Theorem 3. Let the strongly generalized p-convex function
f : I — R with magnitude u > 0 and 1 (-) be bounded above
in f(I) x f(I) y f € L[a, b]. Then, if p is any positive real num-
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ber, we have

ab + 1 [A(bp—ap)zf(oc+1)
f( 2 )_M"+ 6 Ia

+3)
= W []:P+H/2J09(bp) + ]Z“bp,z_fog(ap)}
<f(“) +f(b) + aM, oc(tx+3)(b1’_ap)2‘
< 2 2((X+1) 4(0(+1)((x+2)
(7)
Proof. We begin the proof by inserting x=
(ta? + (1 - )b")""? and y = (tb* + (1 — t)a?)"?

fo“y")]”"_ M, _ M(X}’l—zy")2 G ;f(y) . ?

2 2
)
6
(8)
Take = [(ta? + (1 - t)b*)])"? and y=
(7 + (1 - t)aP)]", then (8) yields
@+ P\ M ;J(Zt—l)z(b"—ap)2
f[( 2 )] "3 12
1 1p
<5 [l + (1= 0p)) "] o)
e L rTwe + -]
+%_y( t—1)*(bF - aP) .
2 6

Multiplying (9) by t*! and then integrating w.r.t. t over
the interval [0, 1/2],

llzf @+ l/pt""ldt— 1Q%t‘“dt
0 2 0 2

_p\2 12 12
_ V(bpu“ ) j (2t - 1)\ dt < %J 7 f (ta? + (1 - t)b)dt
0 0

172

#(uP; ) '[:/Z(Zt_l)zt“’ldt,
(10)
M, (b -a’)’T(a+1)
f{< 2 >} 7+ 6I'(a+3)
r 1)2% 1
< ((Zp+ ) )a []aP+bP/2+ng( )+]ZP+bP/2—ng(ap):|>

(11)

which is the left side of Theorem 3
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Now, to obtain the left-hand side of Theorem 3, we have
for x = [(ta? + (1 - t)b¥)]'",

Fl(ta" + (1= 0))]"" < f(b) + tn(f(a). £ (b)) — ut(1 = 1) (¥ — )",
(12)

and for y = [(t6” + (1 - t)a?)]'",

FI(0 + (1= 1)a")]"? < f(a) + tn(f(b), £ (a)) — pt(1 — 1) (¥ - a”)".

(13)
Combining (12) and (13), we have
f(ta? + (1= 6)0)]"? + f[(tF + (1 - t)a?)]"? < f(a)
+(f(a), f()) + f(b) + tn(f(b) f(a))
—2ut(1-1) (V" - a*)’. (14)

Multiplying (14) by 2/*! and then integrating w.r.t. ¢
over the interval [0, 1/2], we have

ZJW [f[(ta" (1= 0p) P f (10 + (1- 1)) upta_l]

0

1/2 1/2

dt< 2J (f(a)+f(b))t*'dt + 4M,7J tdt — 4u(b - af)’
0 0
12
J t(1 - 1)t dt, (15)
0
I(a+1)2%"
% e 09 (V") + T2 fog(a’)]
J@f) oMy palar 3B o)
2 2(a+1) 4la+1)(a+2)
Together (11) and (16) give the required result. O
Remark 4.

(i) Fixing p =1 in Theorem 3 gives Hermite-Hadamard
inequality in the sense of the strongly generalized
convexity

(ii) Fixing p=1 and ¢ =0 in Theorem 3, we obtain [20]
(Theorem 2.1)

(ili) Fixing #(x, y) =x —y and p =0 in Theorem 3 yields
[21] (Theorem 2.1)

(iv) Applying both (ii) and (iii) on Theorem 3, we
obtain classical fractional version of H-H inequality

Definition 5 (see [22]). Let p be any nonzero real number;
then, the function w: [a,b] — R is p-symmetric w.r.t.

[(a? +b7/2)]" if w(x) = w](a? + bF — xP)]"* for all x € [a, b).

Theorem 6 (inequality of Fejér type). Suppose that f is a
function as in Theorem 3 and an integrable, nonnegative
function w : [a,b] — R is symmetric w.r.t. [(a® +b°/2)]"7,

then

P 1)) s st + 1 woster)

- M"g(“) [V wog (V) + Jip-wog(a’)]

bF
H a-
+ EJaP (2x - —ap)z(bp - x) wog(x)dx

I'(a)

2

Vs fwog () + Jip fwog(a’)] JM@

[]meog(bp) +]Zp7wog(a1’)] +

v 2
- yJ (V" = x)"(x - a”)wog(x)dx.

a?

Proof. Setting t =1/2 in (2),

xP + yP\ 1P 1 7 2
{(557)] =100+ a0 - o -y
(18)
Substitute y=|[(ta + (1 - £)b")]"? and x=

(0 + (1= 1)a?)]"” in (18),

1/
foP ;yp)] "t (1- )]+ P )
(19)
According to the given conditions of w, we have
w(x) = w[(ap +bF - xp)] v,

w(ta + (1= )6)] "7 = w] (b + (1 -

a’)] " 0

Vx,y€[a,b].  Multiplying  (19) by 2t“lw
P

[(t0° + (1 —1)a?)]'" and then integrating w.rt. t over the
interval [0, 1],

J;2t"‘1 w[(th” + (1 - t)a?)]"" x f[(ap;bp):lllp

sjl w[(tt + (1= t)a’)]"? x f[(ta" + (1 - £)b?)] Pt

0

+ M”ler“‘lw[(tbp +(1-t)a?)] Pt
2 0



TR

w[(tV + (1-t)a?)] Pdt,

(21)

JIZt"‘I(Zt — 1) (¥ -a")? x

0

(O] TS e
oremen L)

o x—b\ ! upy | Ax
RO =

(22)
GO AR
Sjwzf(xl/p)w(xllp) (bp_x)zH dx ]
“ (b —a?)
o[- (e
B %J: (20 =0 =)’ (1 %) xw(x'?) (v ilxap)a
(23)
Let g(x) = x'"7, then (23) becomes
fKaP : b")] UP G —1aP)“ JZ v ‘x)“'lwog(x)dxﬁ

v bp a-1 Mn v b a-1
Lpfwog(x)( -x)" dx+ WL})( -x)" wog(x)dx

v
) MWL (20 =6 = a")* xx (VP — )" wog(x)dx,
(24)
af + b
@ [(u )] i wog (V) + Tp_wog ()]
M
o wog(bP % wog(a’
2 ! L) [T wog (b7) + T wog(a”)] (25)
+§ (2x B —a?)’ (1 —x)" " wog(x)dx

ab

/\%

\_/

ﬁ

[]aP+fw0g( ) + Jip_fwog(a’)].

Now, take x = (ta” + (1 —t)b*)Vt € [0, 1], then by Def of

f

Fl(ta? + (1= 0)")]"P < () + tn(f(a), f (b)) - pt(1 = 1) (¥ ).
(26)
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Multiply on both sides of (26) by 2t*'w
[t + (1 - t)aP)]'" and then integrate w.r.t. t over the inter-
val [0, 1],

JIZf[(taP +(1=1)p") ] P w (b + (1 - £)a?)] Pt
< r%""lw[(tb" +(1-t)a?)] P f(b)dt

+ JIZt“qu [(tb7 + (1 - £)a?)] e - ZyJIZt”‘(l (¥ -a)
X w[(tbp +(1- t)a")] Yp gy,
(27)

[ (35) " 2

<[Cre (220w o]
o (575) v )

_ #J“p (B )" (x - ) <x“P dx ) |

W (bp—ap)

Take g(x) =x"7 in (28), then we have

v a-1
(b = x)" wog(x)f (b)dx

ab

J:P (0" —x)* ' wfog(x)dx < J
+ %J: (V° (b - x)“wog(x)dx

b
- pr (¥ (b = x)"(x - a”)wog(x)dx.

Similarly, we have
v a-1 v a-1
LP (¥ - x) wfog(x)dxgj (VP = x)" wog(x)f (a)dx

af

v «
+ WJM (b (bF — x)"wog(x)dx

24
~u| (- wog e
(30)

from definition of f by fixing x = t0* + (1 - t)a?.
Combining (29) and (30), we obtain

b a I
Lp (b”—x)“_lwfog(x)dxs fla)+f(b) );f(h)J

a?

(¥ = x)* ' wog (x)dx

v b
t - J ) wogl)dx - "L, (B = )" (x - @ ywog(x)dx,

(31)
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T@ (e, fwog(#) + 1%_fuwog(a?)]

2
f( ) +f(b) I'(e) (72, wog (V") + J%_wog(a”)]

2
b (32)
+ @p]\fjj (VF (VF - x)“wog(x)dx

ab

b*
- th (b = x)(x - @ )wog(x)dx.

ar

Combining (32) and (25) completes the theorem (17). O

3. Fractional Integral Inequalities for Strongly
Generalized p-Convex Function

Lemma 7. Consider a differentiable function f : 1 (0,00)

— R on I°, with f' € L[a, b], where a, b €l and a<b. If w
: [a, b] — R is integrable, then

1)

M, . /,t(bp—ap)zf(a+1)
2 2T (a+ 3)
1 b

af +b /2 D , W
e MG W
M +y(b”—a”)2f

I'(«
Jla ((bp-'—_llzp)a a2 09 (V) + Top012-fog(a")]

t)“(fog)'(f)} dt

M, (a+1)

2 2T(a+3)
(33)
holds with g(x) = x'?.

Proof. Let p > 0, and x € [aP, b], then for generalized strongly
p-convex function, we have

1 al+bP 12 ,
- WJW (t—a’)*(fog) (t)dt

1 b o , M
- WLW(W—O (fog)'(t)dt - —+

u(v’ - aP)ZF(oc+ 1)

2T (a+3) ’
(34)
KoK K _%+y(bp—ap)21“(¢x+!) (35)

) 2l(a+3)
where
1 al+bf 12 ,
K, = WJ“P (t=a’)*(fog) (t)dt

(36)

1 4 a !
K, = Wjap+w/z(bp_t) (fog)'(t)|dt.

By integration by parts, we have

K= zl-“(b;—ap)“ (bp;apff[(apsz)]w

(44

aP+bP /2 e
- aP)aJ (t— @) fog(t)dt

! f[ (ap + bp)] - (;(T ; l))ap(a)

al +b' 12
x J (t = ) fog(r)dt

a?

(37)

I'(a+1)
T )

X ]ZP+bP/2+f0g(bp) .
(38)

By combining (34), (37), and (38), we have (33). This
completes the proof. O

Remark 8. Setting y=0 and #=x -y in Lemma 7 gives us
[21] (Lemma 2.1).

Theorem 9. Let the function f be as in Theorem 3.1. If |f'| is
a strongly generalized p-convex function on [a, b] for positive
p and a, then

ap + bp tip T(a+1 a N
‘ < ) o1 bp a)P) Uaz’+h"/2+f09(bp) +1aP+b"/2—f09(“p>}

M bp a? a+1 b — gt ,
7+ zr(oz+3() L 2175 [Cu@p)|f' )]
! 2 b — a?)’I'(a
+Colapp(If )1 (”)D’Cs(“’l’)ﬂ(bp*a")}7?+%)
(39)
where
112 iy , (- uye
Ci(a,p)= d i
®p) Jo p(uar + (1~ u)b")lfu‘l7 “r Jz/zp(uaf’ +(1- u)bP)I*”P u
" utt! ! (I-u)u
C,(a,p) = J .,
(. p) L P(Wp+(1_u)bp)1—1/p “+J1/2p(uap+(1—u)bp)1*1/p u
r1/2 uaﬂ( )(bP ap) [1 utx+1( )(bp up)
Cy(a,p) = J .
3(ap) JO p(ua]’+(1—u)bp)1 1lp M+' 1/2p(ua/’+(1—u)bp)1 p Y
(40)



Proof. Theorem (3) gives

aP + B\ 1P M,
H( )| -
EOH— ) )zx [ a}’+b'"/2+f0g( ) + Jarsir2 fog(af’)]

aP+bF 2 1
J (t—a")"f l/f’ tl T dt
aP

u(b —a?)’I(a+1)
T CTE

zl‘xbp ar)

M,
- p -
e g O )

H(b"—al’)zl’(a+1) W —ab (402 opnaglupy L
2I'(a+3) = J (t=ay () =vp dat
Wb (¥ - M, p(b-a?)’I(a+1)
# T [ B ) g S S

(41)

Setting ¢ = ua? + (1 — u)b?, dt = (a? — VP)du, we have

‘f Kap ;r bp” 2071 EZ; ljp) o fog(b")

u(b? - aP)ZF(oc+ 1)

T T3

+ ]ZMbplz-ng(ap)]

B — aP) (12
< ( 217‘:1 )J -1/p

o p(ua +(1-u)bP)

(b —aP) Jl (1-u)”

2l 12 p(uab + (l—u)bp)l_llp
M, y(b"—a")zf(a+ 1)
T2 T T3

M,
3
u

o

'(ua? -+ (1= w)t?) " |du

+

f'(ua” + (1 —u)bp)llp du

(42)

Since |f'] is a strongly generalized p-convex function on
[a, b], we have

£ (ua+ (1-we) | < | )+ (| @ | O)]) -1 =) (¥ - ).

(43)
After combining (48) and (43), we have

5]

I'la+1
g Vv foo¥)

N M, u(b’-a?)’T(a+1
T fogtah) - gt ML T D)
W _ab (12 e ) , )
S5y sty (7@l @) o)

P AL
u (1 )(bp P) )d + yl-« jz p(uap_'_(l_u)bp)lfl/p

(I @)+ un(|f" @)

/(b)|) — pu(1 - u) (b - ap)z)du
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)
I(e+1)

M
T -] Uarrirnifog (V) + T, fog(a)] = =7

M, . y(bp—ap)zl"(a+l)

2 I(a+3) '

u(® —a")zf((x+ 1)

Yo - ,
' I(a+3) = 2l .[o P(uaP+(1—u)b")l_1/P el
b —af (! 1-u)*
e J ( ) 1-1/p |fl(b)|d”
2 12 p(uaf + (1 - u)b?)

b — ab (12 4ot , ,
T Jo p(uaP+(1—u)bp)1_1/pn(‘f (a)’f(b‘)

b —ab (! (1-u)u ' , u—%
’ 21 Jl/zp(uaP+(1—u)bp)l’”}’n<|f( )Mf (h)|)d 2

+

pp'—a)'ra+1) - Jm w1 - u) (B - a?)
I(a+3) 27 Jo pluar + (1 - u)b?)' ™"

J([ap ; bp} Up)
I'(a+1)

M
- W []ZP+bP/2+f0g(bp) + ]Zﬂbp/szog(ap)] - 7’1

b —a? u(l-u)*'u
+ -« J 1-1/p
2 12 p(uaf + (1-u)bP)

u(b? —a?)’r(a+1)

V- ,
)
+Colapyn(If' )], |f @)]) - Cs(epu(¥ - )] -
y(bp—ap)zl"(tx+ 1)
" I'(a+3) (44)
O

Remark 10. If one takes #=x — y and y =0, then we get [21]
(Theorem 2.2).

Theorem 11. Let the function f be as in Theorem 3.1. If | f'|
is as in Theorem 9, then

=)

(b —a?)’I(a+1)
- My 6T (a+3)

2a—{((Zp+_IZP)W a2 09 (V) + Jop o2 fog(a)]

<|(Cstep)) " [Cstenp) | 0)]

+ Cylan pIM, = G pJu(b = ) + (Cy(anp)) 1[G | (0)

b — a?)’T(a+ 1
+C9M,1+Cwy(b”—a1’)2]]—M,1+—M( 6F(D>H3() )

!
(45)
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where
C ( ) 1/2 ad J
, = u,
P e s (1w
B 112 o] ;
, = u,
o\®P Jo p[uaP+(1—u)bp]1_1/P
1/2 ua(l _ u)
C,(a,p)= du,
7( p) 0 p[uap_i_(]_u)bp}l—l/p ( )
46
1 a
(1-u)
Cq(a, p) = du,
o{%2) 12 pluaf + (1 - u)b’| -t
! u(l-u)®
Co(a, p) = du,
5(%2) Jizplual + (1 -u)b’] =i
1 u(] _ u)oc+1
Croa,p) = du.
10(% P) ] 1/2p[uaf’ (- u)bp} 1-1lp

Proof. Let p > 0:

H(“P;bpﬂw_MN %ﬁrﬁ(;}cm

I'(a+1
(e U S0 ) oy o)

1 pal+b7 12 eapt
SZ"“(b”faP)“JaP (t=a’)’f (t )tl—llpdt

1 4 1
- B2 — ) f! (0 dt— M
+ zlfoc(bp _ ap)aJujq.bP/z( t) f (t ) tl*l/p t n

H(bl’_ap)zp(a+1) Be _ gb (@R . 1
Ta+3) 2+ J =) () e

b —ab (¥ w1 1
T Jahb*’/z(bpit) G 1=1p

u(® —ap)zf(fx+ 1)
TR

(47)

dthﬂ+

Setting ¢ = ua? + (1 — u)b’, dt = (a” — V’)du, we have

a+ b\ Tla+1

()] e nson®
b — a?)I'(«
+Jopsn-fog(a)] = M, + %
- (bl’f,lp) Jl/z 4
-2 o pf(ua + (1-wp)]
(bp‘“”)le (1-u)"
2l-a 1/2p[(uaP+(1_u)bp)}1—1/p
(v *ﬂp)zf(ou 1)

-M, + W'

du

|f [(ua? + (1-u)p?)]

‘f’ [(ua” + (1~ u)b")]”p‘du

(48)

Using the inequality of power mean the definition of

q
£

(5] - e v fos() i o0

y(bp —aP)ZI’(OH. 1) - W — P 172 u 1-1/q
R [(J p[uw(bum“”") }
12 u® A 1/q
X " Tua? ! y
|:<[0 P[uth+(1—u)bp]l_”P‘f <[ +(1 ) } )‘ d ) :|
N W —ab Jl (1-u)® 1-1/q
2! 12 plua? + (1 - u)b] 1-1/p

! (1-u)" , , ) U [ 1/q
x |:<.[1/2p[uap+(1_u)bp]11/p f ([ua +(1-u)] )‘ du> }

W_a [ (2 ue 1-1/q
<
[ 2! (Jo p[uaP+(1—u)bp]l_”P> ]

) KL pluar + <1—u)bp]l-1/z’d”> f @)

at+l
u Mn

12
+J —1/p
o pluar+(1-u)t’|

_bp B ap 12 e 1-1/q
' | 21 (Jo p[ual’ +(1 —u)bp}l_W) ]

[ L
o pluar+(1-u)t’| -up

du]

[ 1 « 1-1/
N v —af J u(l _ u) q
L 21-a l/zp[uap + (1 — u)bp} 1-1/p
X r (1-u)* y )
_(Jl/zp[ual’ +(1-u)t’] ;4 ) If'(b)]

12 (1- u)“uM,l
+ -1/p du
o pluar+(1-u)t’|

b —at [ (! (1-u)" i
' [ 2! (Jl/zp[uaf’+(1—u)bp}l_llp> ]

XUI (1—u)““u(b‘”—ap)2 d”}

12 plua? + (1 - u)b] -up

=|[(Cs@p)) ' Cslap)| [ 1)
+ Cg(a p)M,, - Cy (o p)u (b’ - “‘D)Z}

+[Cylanp)) ™[ Gyl p)[f ()] + Colar p)M,



- (49)

5 V- a’)’I(a
+ Clo(“’p)y(bp _ap) ] M, + M( 6F(02+F3E) =

This completes the proof. O
Remark 12.

(i) Setting p=1 and =0, =xy in Theorem 11 gives
H-H type inequality for convex functions

(ii) Setting p=1 and a=1,u=0,7=xy in Theorem 11
gives H-H inequality for convex functions

4. Conclusion

In this paper, we established inequalities of Hermite-
Hadamard and Fejér type for strongly generalized p-convex
functions. We also established some fractional integral
inequalities for this class of function in the setting of RL frac-
tional integrals. We also related our results with the existing
results and proved that by fixing involved parameters, we get
many previous results.
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The present investigation is aimed at defining different classes of analytic functions and conformable differential operators in view
of the concept of locally fractional differential and integral operators. We present a novel generalized class of analytic functions,
which we call it locally fractional analytic functions in the open unit disk. For the suggested class, we look at conditions to get the

starlikeness and convexity properties.

1. Introduction

The idea of local fractional calculus (LFC) is an innovative
differentiation and integration model for functions affecting
on special fractal sets. Experts and scientists have been
attracted by this theory. The LFC of a complex variable
was established by Yang [1] (see [2] for additional material).
The issue of explanation of fractal operators over analytic
functions is glowered to be solved since the effort of Viswa-
nathan and Navascues [3]. They presented a technique to
define a-fractal operator on C*(I), the space of all k — real-
valued continuous functions defined on a compact interval
I. In our work, we extend this idea into a complex domain,
which is already compact in the z-plane. Therefore, in our
opinion, the current study contributes to the theory of fractal
functions and makes it easier for them to find new applica-
tions in a variety of domains, such as numerical analysis,
functional analysis, and harmonic analysis; for example, in
relation to PDEs. We anticipate that the current investiga-
tion will open the door to further research on shape-
preserving fractal approximation in the different function
spaces that are being taken into consideration. The reader
is encouraged to see [4] for a fractal approximation that pre-
serves shape in the space of differential functions.

Let 9 € (0, 1] be a fractional number and & = y + in be a

complex number. Then, the fractal complex number &% can
be defined by [2]

E=x"+in’, xneRr. (1)

The local fractional derivative (LFD) at a random
point &, for a complex function v() can be formulated
as follows:

90(F) = (V) —v(&)
AU(E)—F(1+9)Ean}O< ey )

(9€(0,1],¢,8,eC,v: C— C).

(2)

Let v(&) = (§)", for example; then, the LFD can be cal-
culated as follows:

9o _ [ T(1+n9) (n-1)9
0" (e O

1+(n-1
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Obviously, when 9=1, the LFD reduces to the normal
derivative & =n&". n=1, the LFD
becomes

Moreover, for

M)’ =r(1+9). (4)
On Cantor sets, the local fractional differential operator
(LFDO) can be used to construct a variety of different trans-
formations and summations (see, e.g., Yang et al. [5-7]).
Let Ay, 9 € (0, 1] be a class of locally fractional normal-
ized functions in Q:={& e C: |§| <1} such that

o(E) =8+ Y ug” Ecn (5)

n=2

Clearly, when 9 = 1, we attain the usual normalized class A

o0

v(E)=E+ Y &,

n=2

Ee . (6)

Two functions v, w € Ay are convoluted if they accept

u(:9) *

w(fs) =&+ i vwE", EeQ, (7)
n=2
where

wf€) =8+ St ®)

Moreover, they are subordinated v < w if they satisfy the
equality v(&) = (w(A(£))), where A is analytic with |A(§)] < |&
| <1 (see [8]). This definition can be extended to LDC by sug-

gesting & — &°.

1.1. Convoluted Operators. The local derivative suggests the
subsequent functional operator: for n > 1.

AV €9n
r(1+9) -

_ (T +n9)/(I(1+ (n— 1)9)))Er1°
I(1+v)E@D-?

B I'(1+nY) "
- <r(1 +)I(1+ (n- 1)9))5 '

As a result, we define the following function for all n > 1,
I'(1+nd)

§)=8+ Z( 1+9)7 (n—1)9)>€n' (10)

Obviously, E € A. By using the convolution operator, we

©)
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define the the following LFDO: DY : Q — , such that

) )=+ Z( TA+97T 1+n?:)1—1)9))v"5n'
(11)

Df(§) = (E »

Correspondingly, the fractional locally integral operator
(FLIO) is defined as follows:

i( r(1+9)r IMg;— 1)9))%".

(12)

JE) = (E ) =

We proceed to define the k— LFDO and k - LFIO, as
follows:

~ oo n k n
e e §

| —

k—times

Mg

(m + (1 + (n— 1)9))%5,1

COGE NG i)

N—— n=2
k—times
=)

=&+ ) (B,) w8

n=2

(13)

It is obvious that we reach the well-known Salagean dif-
ferential and integral operators, respectively, when 9 = 1.

Definition 1. Define two formulas of analytic functions v € A
as follows:

_8'©
Csjv(g) - U(E) > EEQ’ (14)
%U(g)zui’j,/;g), EeO

Consequently, there are two classes for this investigation,
the starlike and convex classes with

R(S, () >0,

(15)
R(H,(£)>0, EeQ,

respectively.

1.2. Locally Fraction Conformable Operator

Definition 2. Let g be a nonnegative number, such that [[g]]
be the integer part of g. By using the k — LFDO, we have the
following locally fractional conformable differential



Journal of Function Spaces

operator:

AP [(Dzv) (5)] = pe-llel (/\Hw]] [(ng> (5)])
_ (e-llg)lo)
~ e aememerg O (ER)@])

J(-lielE
e g (O [eR)eE)
(16)

where for g=p—[[p]]

©|(ve) @] = [(oiv) @)
1(4:§)
(00)0] = i e (1))
*rad g Clew)e))
_ (9 \
(qg)zpoqf {Jrzz }
qlgo zpi(v 5 <{§+ z(ﬁn)k nv, En:|>
_ 1(9:8) +npy(9:8) n
B ;chl?q €)++po(qq5) )<E ) s
-+ 30,68 v EN[(00) 0]

=¢([(P)@))

€[0,1),

Alle] {(ng) (g)} _ Al (AMH [(ng) (5)} ) (17)
where
_ (P1(a:8) +npy(q:§)
o= (s ) W

and the functions p,, p, : [0, 1] x Q — Q are analytic in Q
with

P1(9:8) # o (9:5),
Jim p, (g, §)=1,
Jimp(38) =0, py(8) #09E€Qqe(0.1), )
Jim py(4,£) =0,
qlinlpo(q, &) =1, py(g,&)#0,¥Ee,q€(0,1).
Remark 3.

(i) For constant coefficients, the operator A9[(D}v)(&)]
is normalized in Q. Moreover, if p-[[p]]=0,9=1,

then we realize the Salagean differential operator [9].
If k = 0, we attain the conformable differential opera-
tor in [10], which is based on the same assumptions.
Similarly, we can replace the local fractional integral

operator using the k — LFJO((J{v)(£))

(ii) The authors in [11] presented a conformable frac-
tional differential operator by using a combination
of fractional integral and differential operators, as
follows:

k
Diy(E) =& + Ze (0.8 ( (B3-qr (”+1)> VB EeO,

I'(n+2-gq)
(20)
where
_(P1(q:8) +npy(q,§)
0wt (e as)

We proceed to discuss the most important geometric prop-
erties of (D{v)(£) and A®[(D}v)(£)], in the next section.

1.3. Lemmas. We request the next preliminaries.

Lemma 4 (see [8]/p135). Let v be analytic and w be univalent
in Q such that v(0) = w(0). Furthermore, let ¢ be analytic in
a domain involving w(Q) and w(Q). If &w' (§)¢(w(&)) is
starlike, then the subordination

50" (§)p(v(8)) < Ew' (§)p(w(§)) (22)
yields
v(§) <w(§), (23)
and w is the best dominant.

Lemma 5 (see [12]). For two analytic functions v, and v, in a
complex domain such that v,(0) =v,(0) and

v;(8) <v,(8) (24)

then

J0"|v1<«f>|fdusjoﬂwz(f)vdu, (25)

where

E=vexp (iu), ve(0,1),teR". (26)

The next section is about our results of the operator A1
[(DYv)(£)], and as a special consequence, we connect the
operator [(D{v)(&)].



2. Results

This section deals with the operator A1[(D{v) ()] == A1(£).
2.1. Starlikeness of N1(&)

Theorem 6. If the following conditions occur:

(i) A is univalent in Q
(ii) (EA"(E)I(AE)(AE) - 1)) is starlike in O

(iii) (K p0(§) = DI(Sp(§) = 1) < 1+ ((EA"(§)/(A(€) (A
(& -1))

Then,

Sa(&)<A®), Eeq, (27)

and A is the best dominant. Moreover,
21T ; 21 ;
| s@rdus | a@ran er. s
0 0

Proof. Put the function H, as follows:

H(§)=Sp(8), &€ (29)
A simple calculation yields
SH(8) = H p(8) ~H()- (30)
Consequently, we attain
Tu®-1_ Su®+HO-1_ '
Spa(8) —1 H(§) -1 H(E)(H(§) - 1)
(31)
Thus, we have
SHE) G o (@

A©)(A(G)-1)’

Based on Lemma 4, we attain the requested result. The
second part is a direct application of Lemma 5. O

Theorem 7. If the following conditions hold:
(i) A is univalent in Q
(ii) (EA(E)I(A(E) - 1) is starlike in Q

(iii) S/\@(E)(((‘%/\‘I(E) - 1)/(§AQ(E) - I)é)M(E) - 1) - 1)
< (€A E)NAQ) - 1))

Then,

Sa(&)<A(%), Een, (33)
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and A is the best dominant. Furthermore,
21 ; 21 ;
J 18,0 (8)fdu < J AG)['dp, teR'. (34)
0 0

Proof. Formulate the function H as follows:

H)=8y(), &e. (35)
Then, we get the equality
Su(&) +H(E) = H () (36)

Replacing produces the following results:

Hpa(§) — 1 _sH'(})
£Aq(£)(§Aq(£)—l _1> - H(f)—l. (37)
Hence,
EH'(§)  &A'(§)
H(£)—1<A(E)—1’ Ee. (38)

In view of Lemma 4, we have the outcome. Lemma 5
implies the integral inequality. O

Theorem 8. If the following conditions are fulfilled:

(i) A is univalent in Q

(ii) S, is starlike in Q
(iii) F o () = Spa(§) < Sa8)
Then,

Sn,(8) < A(%),

q

EeQ, (39)
and A is the best dominant. In addition,
271 ; 271 ;
| @[ 1A cert o)
0 0

Proof. Present the function H as follows:

H()=8u(), £ (41)
Therefore, we get

Su(§) +H(E) = H a(§): (42)
Replacing brings that

Hpa(§) = Sna(§) = Su()- (43)
Hence,

Su(§) <Sa(§), e (44)
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Hence, Lemma 4 implies H(&) < A(§). And Lemma 5
yields the last integral inequality
27 ; 27 ;
| @ rds [ a@ e cere )
0 0
O

Theorem 9. If the following conditions are applied:

(i) A is univalent in Q
(i) EA'(E) is starlike in Q
(i) Spa () (T pa(§) = Spa(§)) <EA"(§)

Then,
Sn()<A(E), £ (46)
and A is the best dominant. Also,
Jzné’/\q(E)Vd‘u < rn|A(E)|td;4, teR".  (47)
0 0
Proof. Define the function H as follows:
H(&)=8n(E), & (48)
Consequently, we have
Su(§) + H(&) = T pi(8)- (49)
Substituting implies
Spa(8)(H i (§) = Spa(§)) =EH ' (§). (50)
Hence,
EH'(§)<EA'(]), EeQ. (51)

According to Lemma 4, we have result H(&) < A(¥),
while Lemma 5 gives

| H@rans [ a@ran er (s

0
|

Remark 10. Note that, when g = 0 in Theorems 6-9, we have
the starlikeness of the operator [(D{v)(£)], as follows:

ST(pp))(8) < A(G), §e€ (53)

Moreover, when k=0,q=0, we obtain the Ma-Minda
class of starlikeness [13], as follows:
S,6)<AE), Eeo. (54)

The last class is studied widely by many researchers for
different types of functions [8] A(&). For example, the

inequality A(&) = (1 +i&)/(1 - j&), -1 < j < i< 1, which indi-
cates that the image of Q under the description &, (£) is cen-
tered on the x-axis owning diameter of end points
(1-1)/(1—j) and (1+14)/(1+) (see [14]). Another recent
example is that A(&) = cos (&) [15].

We proceed to discover more properties of the locally
fractional conformable operator.

Theorem 11. If the following conditions hold:

(i) A is convex univalent in Q
(ii) $p(&) < A(), A(0)=1
Then,

N(&) <& exp (JZ@dz) , (55)

where E fulfills 2(0)=0 and |E(&)| < 1. In addition, the

inequality || =1 <1 yields
TA
<exp <J ﬂd‘[). (56)
0 T

exp (J;@d‘r) <

Proof. The conditions (i)-(ii) yield

N(E)
3

(N(8) 1 _A(EE) -1
NE) 3 . (57)
Integration implies that
N(&) <& exp (JE @dz) , (58)
which is equivalent to
EA(E
%(E) < exp (JO @dz) . (59)
But, we have
A(=7[5]) < R(A(E(87))) < A(78])- (60)

Then, we obtain

JIMdTSJ

lw&rs led‘f- (61)
o P ’

0 o T

The above conclusion leads to

————~dr<log
0

[[ACTED g 10
3

< Jl AT 4 (2

0 T




6
This leads to
exp (J; A(T_T) dr) < /\45(5) <exp (J;@oﬁ) (63)
O

Corollary 12. Let the conditions of Theorem 11 hold for q
=0. Then,

K[D,‘?v) (E)} <& exp (JEA(EZ(Z))dz>, (64)

where E achieves Z(0)=0 and |ZE()| < 1. Moreover, the

inequality || =1 < 1 yields
exp (JI A(T_T) dT) < @Zﬂ <exp (JI AiT) dr).
(65)

Corollary 13. Let the conditions of Theorem 11 hold for ¢=0
and k= 0. Then,

EA(E
[v(&)] <& exp (JOA(HZ(Z))dz> , (66)

where E satisfies Z(0)=0 and |Z(E)| < 1. Moreover, the

inequality || =1 < 1 yields
exp (J;@d‘r) < %{) < exp (J;@dr) (67)

2.2. Positive Real Part of A1(&). In this part, we aim to pres-
ent the sufficient conditions for the operator A7 to be in the
class of the real positive part (%.).

Theorem 14. Let £ € (0, 1) and pe[0, 00). If

pole=[le]]- €)= (1%)171(@—[[@]]’ §)sa=p-[ll. (68)

then

/\p+2(£)
7/\@+1(£) EPr—=

/\p+1 (E)
Ne(8)

€. (69)

Proof. By the condition p,(p—[[¢]], §) = (¢/(1-¢))p, (p-Ilg]]
,&) and by Definition 2, we have

AP(E) = (1-0) (,\upn(g)) +0E (,\Hpn(g)}),
AP(E)] =E (,\nm](gm e <,\H@M(g)]>,

APRE)] =E (AM (5)0 (1420 (AM@)D e (,\usau(g)]),
(70)
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We realize that

m(féigg) >0, (71)

whenever the following real is positive:

(1+ Q)E(/\HW]](E)) + 08 (AM](E))
m{l NN (TG ETE I R

Hence, from the inequality (74) with the idea of convex
functional

(1-¢) (,\upn(g)) + 0 [/\[[@H(g)}, (73)
we have

% {1 R f{[(l —O(A(E) + e (Al¥) ()] } o, ()

(1= (FI(©)) + & (NFIE))]

Since convexity implies starlikeness, then we realize

E[1- O (NPIE) + E(N(E))]
fR{ (1-¢) (/\H@H (f)) + £E</\[M](E)) > 0. (75)

The inequality (75) holds whenever

/\PH(S)]
ER( A8 > > 0. (76)

O

Note that when k=0 in Theorem 14, we have
[10]—Theorem 3.1.
Next, we deal with the functional

/\g:+1(£)

E(Alel (&) (77)

to be in the class of positive real part 2.

Theorem 15. Let € € (0, 1), €[0, o), and

Pl 0= (1 teliel - 09

If AlR(E) € @ (the class of convex univalent functions
in Q), then

/\p+1(£)}

W e P(0). (79)

Proof. Applying the differential operator rule to

NLE)] = A (AR (E)) (80)
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yields

AL (E)] = AP (i) (,\[[m1+1(5)> - ,\p—ug]n{,\[,\w(g)]}
Gl {5[/\[[@11 }

_ pe-lielld)
e S s CNE])

Polp-[le]]:5)
pl(@ [l §)+po (g0— [[@]

X{f[(A“””() ( )]
§

_ Pi(p-
AG H]]ftvo@[ {

j
o]}
¢

Gl H,E) Al
Pi(p=(lw]], §)+po(w-[le]]: §) [ ’ (‘5)]}
J A GalllJIES)
[]]

{

e T Orle 0 O]}
1
(0

0]} e e (O

(81)

Dividing equation (80) by the formula &(A¥I(£)) and

employing the condition

Pl 9= (15 el 6, (62)

we attain

/\p+1 (g)
§(AFIE)

g(/\[[m] (5))
(N#T©)

(&), & € Q, brings
§(A¥I())
ER{I+ n [p”(f)) } > 0. (84)
Hence, it yields that

/\pﬁ-l(f)
m{é(/\“p”(é))} > L. (85)

Note that when k=0 in Theorem 15, we have
[10]—Theorem 3.2.

=1+(1-¢)

The convexity of All¥

O

3. Conclusion

By using the concept of locally fractional differential and
integral of a complex variable, we illustrated a set of differen-
tial and integral operators acting on a class of normalized
analytic functions. Moreover, we presented a conformable
differential operator linking with the suggested locally frac-
tional differential operator (similarly if we take the locally
fractional integral). Different investigations are introduced,
including the stralikeness and convexity properties.
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Our main aim is to describe the entire solutions of several systems of {

{ (@0f,/02,)" + aafy(z + )] = 1, { (@19f,/02,)" + [af (2 + ©) + e fy ()] =1,
(B10f,1020)* + [Bofy (2 + OF =1, L (B,0/,102) + [y (2 + )+ Bofy ()] =1,

[@fi@F +[mfylz+ ) =1, { (@3,/02)" + [afyfe+ " =1 o g

Bufo@ + [Bofy(z+ O =1, L (B10f2102))" + B,y (2 + )™ =1,

where ocj,ﬁj(j: 1,2,3) are nonzero constants in C and mj, nj(j:1,2) are

positive integers. We obtain several theorems on the existence and the forms of solutions for these systems, which are some
improvements and supplements of the previous theorems given by Xu and Cao, Gao, and Liu and Yang. Moreover, we give
some examples to explain the existence of solutions for such systems.

1. Introduction

As everyone knows, the study of the existence of solutions
for Fermat type equations has always been an important
and interesting problem. The famous Fermat’s Last Theorem
has attracted the attention of many mathematical scholars
[1, 2]. About 60 years ago or even earlier, Montel [3] and
Gross [4] had considered the equation f™ + g™ =1 and
obtained that the entire solutions of f>+ g?> =1 are f = cos
{(z), g =sin {(z) for the case m =2, where {(z) is an entire
function, and this equation does not admit any nonconstant
entire solution for any positive integer m > 2.

With the establishment and rapid development of
Nevanlinna value distribution theory for meromorphic
functions and theirs difference [5-7], Liu [8] in 2009, Liu
et al. [9] in 2012, and Liu and Yang [10] in 2013 studied
some complex Fermat type difference and Fermat type dif-
ferential difference equations and obtained some results.

Theorem 1 (see [9], Theorem 1.1). The transcendental entire
solutions with finite order of

f2) +f(z+c)=1 (1)

must satisfy f(z) =sin (Az + B), where B is a constant and
A = (4k + 1)1t/ 2c, with k an integer.

Theorem 2 (see [9], Theorem 1.3). The transcendental entire
solutions with finite order of

i@ +fz+o’=1 (2)

sin (z + Bi), where B is a constant and ¢ = 2

must satisfy f(z) =
+ 17, with k an integer.

km or c= (2k

After that, Gao [11] in 2016 extended Theorem 2 from
complex differential difference equation to the system of
complex differential difference equations.

Theorem 3 (see [11], Theorem 1.1). Suppose that (f,, f,) is a
pair of finite-order transcendental entire solutions for the sys-
tem of differential difference equations

{ [fr@] +fi(z+0)=1,
[y @) +fiz+0)=1.


https://orcid.org/0000-0002-3928-3664
https://orcid.org/0000-0002-2060-099X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/4449502

Then, (f,,f,) satisfies
(f1pf2) = (sin (2 = bi), sin (2 = b;1)), (4)

or

() = (sin (z + bi),sin (2 + b)), (5)
where b, b, are constants and c = km, where k is an integer.

In recent, Xu and Cao [12, 13] further discussed the
solutions for some Fermat type PDDEs and obtained the
following:

Theorem 4 (see [13], Theorem 1.4). Let c € C" — {0}. Then,
any nonconstant entire solution with finite order of the equa-
tion

f2)+f(z+e)=1 (6)

has the form of f(z) =cos (L(z) + B), where L is a linear
function of the form L(z) =a,z, + ---+a,z, on C" such that
L(c) =-n/2 - 2kn, k € Z, and B is a constant on C.

Theorem 5 (see [13], Theorem 1.1). Let c=(c,,c,) € C°.
Then,

(—af(gé’IZZ)) +f(z+cpz+6)" =1 (7)

does not have any transcendental entire solution with finite
order, where m and n are two distinct positive integers.

Theorem 6 (see [13], Theorem 1.2). Let c=(c;,c,) € C°.
Then, any transcendental entire solution with finite order of
the PDDE

(g_i)z+f(z,+c1,z2+c2)2=1 (8)

has the form of f (z,, z,) = sin (Az; + B), where A is a constant
on C satisfying AeA = I and B is a constant on C; in the spe-
cial case whenever c; = 0, we have f(z;,z,) = sin (z; + B).

By analyzing Theorems 3-6, a natural question is as fol-
lows: What will happen about the transcendental entire solu-
tions for the system of the PDDEs of Fermat type? Although
many scholars have paid considerable attention to the com-
plex difference equation with a single variable and the com-
plex Fermat type difference equation in recent years, a series
of important and meaningful results (including [7, 14-22])
were obtained, however, to our knowledge, there were not
much results about the complex difference equation in sev-
eral complex variables. Of course, the references involving
the results of systems of complex PDDEs are even less.

This manuscript is aimed at studying the solutions of several
Fermat type systems involving both difference operator and par-
tial differential. We establish four theorems on the forms of solu-
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tions for several systems of Fermat type PDDEs, which are
improvement of the previous theorems given by Liu et al., Gao,
and Xu and Cao [8, 9, 11, 13]. We mainly employ the Nevan-
linna value distribution theory and difference Nevanlinna theory
of several complex variables in this article, and the readers can
refer to [23, 24]. Now, we start to state our main results below.

Theorem 7. Let c¢=(c;,c,) € C%, a, Bi(j=1,2) e C- {0},
and mj, n;(j=1,2) € N,. If the Fermat type PDDE system

(“’ gi> "+ lfizr o =, i
(ﬁl 2_2>”2 +[Bof (2 + Q)™ =1

satisfies one of the conditions
(i) mym,>n;n,
(ii) n;>m;/m;— 1 and m;>2j=12

then system (9) does not exist any pair of finite-order
transcendental entire solution.

Remark 8. Here, we say that (f, g) is a pair of finite-order
transcendental entire solution for

{fnl S (10)

frrgh=1

if f,g are transcendental entire functions satisfying the
above system and p = max {p(f), p(g)} < co.

Remark 9. We list an example to demonstrate that the con-
dition m; > 2 in Theorem 7 cannot be removed. Let

1 1 c ;
fi=f=1+ Zcf - sz + (iz2 +b+ e(zm/cl)zz> (zy—¢1)
2

2
2! 2milcy )z
— | (2, - ¢,) + b+ )2 | |

(11)

where ¢, b€ C and ¢, #0. Thus, (f}, f,) satisfies the system
(9) with ny =n, =2, my=my=1,and a;=f,;=1,j=1,2.

Theorem 10. Let c=(c;, c,) € C? and apBi(j=1,2)eC-
{0}. If the system of Fermat type difference equations

{ [anfy(2)] + [z + ) = 1, (12)

[ﬁzfz(z)]z +[B,f;(z+ c)]2 =1

admits a pair of finite-order transcendental entire solu-
tion (f,,f,), then a2/f5=pla2=1, and (f, f,) have the
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following forms

2)+By 4 o=(L(z

(1) fo(2)) = (

)+Bo) ﬁz Azle (2)+By +A226‘(L(Z)+Bo)
2a, "B, 2a, ’

(13)

where L(z) = a,z, + a,z,, a;,a,, By € C, and A,,, A,,, ¢ satisfy
one of the following cases.

(i) L(c) =kmi, A, =
—i, k is a integer

(i) L(c) = (2k + 1/2)mi, A,,
land A,,=1.

—iand Ay, =ior Ay, =iand A,, =

=—land A,,=-1, 0r A, =

Remark 11. From Theorem 10, we can conclude that f,, f,
have the following relationships

) f,=nf,

(i) f, = me Z>+B ~(LE+B) 124, , where 17 = +f3,/B, and
fi(2) = eHIBr 4 e (M@*B) g

Now, two examples can verify the existence of solutions
for (12).

Example 1. Let ¢, ¢, and L(z) = a,z; + a,z, satisfy L(c) =a,
¢, + ayc, = (2k £ 1/2)mi, and B, € C. Then, the function

eL(z)+BU + e—L(z)—B0 eL<Z>+BO + e—L(z)—B0
O

(14)

satisfies the system (12) with & =2, &, =1, and f§;

:ﬁzzl'

Example 2. Let ¢, ¢, and L(z) = a,z, + a,z, satisfy L(c) =a,
¢, + ayc, = kmi, and B, € C. Then, the function

GL@)+By 4 o-L(2)-By 1 pL(2)+By _ p-L(2)-By
e se) = ()

(15)

satisfies the system (12) with ¢, =1=f, and a, =3 = f3,.

Theorem 12. Let c= (¢, ¢c,) € C? and apPi(j=1,2)eC-
{0}. If the system of Fermat type PDDEs

(cx1 2_2)2 +[afy(z+0) =1, o

¢ b) +Bufy(z+ o) =

admits a pair of finite-order transcendental entire solution

(fi f2), then (a,0,)° = (B,B,)” and (f,, f,) is the form of

+B, + Alze’(L(ZHBO) a,a, gL(Z)+B0 — e(L(Z)+B(J))
yH—— >
2B, @, 2B,
(17)

L(z)
(fof)= (A“e

where L(z) =
Ay Ajp 1 satisfy af =
lowing cases

a,z; +a,z, B, is a constant in C, and a,,c,
~B5la2 =—a2/f: and one of the fol-

(i) L(c) = 2kmi, and n=—-1, A;; =—i, A, =10, or n=1,
Ap=b Ap=-i
(ii) L(c) = (2k + )mi, and n=—-1, A;; =i, A, =—i, or g

—LA,=—i,A,=i

(iii) L(c) = 2k + 1/2)mi, and n=1, A;; =-1, A, =—1, or
n=-LA;=1A;=1

(iv) L(c) = (2k—1/2)mi, and n=1, A;; =1, Aj, =1, or i
=—LA,=-1,A,=-1

Here, two examples can verify the existence of solutions

for (16).

Example 3. Let (a,a,) =
B, € C. That is, L(z) =

(i,m), Ay =
iz, + mz, and

—-i, A, =i,n=-1, and

) _ o (L2)+By)

L2+ -
O

Thus, (f,, f,) satisfies the system (16) with (¢;, ¢,) =
a=2,6=1a,=1,and 3, =2.

_( ) 1n=

— miz, and

(. ),

Example 4. Let (a,, a,

= 1, A12 =
and B, € C. That is, L(z)

_1) ’1: la

LBy 4 (L) LBy _ o~(L(2)+B)
s = (- ).
(19)

Thus, (f,, f,) satisfies the system (16) with (c,, ¢,) = (i,
1/2), y =2, B, =1, a, =i, and 3, = 2i.
Example 5. Let (a,, a,) = -1, and
B, € C. That is, L(z) =

(2i,0), Ay =i, A =—i, =
2izy + iz, and

MOy _ o (L2)B)) L) By _ o-(L(2)4By)
(@) = (I ),
(20)
Thus, (f,, f,) satisfies the system (16) with (¢, ¢,) = (71,—7),

a =16 =2,a,=4,and 3, =2.



Example 6. Let (aj,a,)=(3,1), A;; =1, A, =1, n=1i, and
B, € C. That is, L(z) =3z, + z, and

L(@)*Bo 4 o~(L(2)+By)  pL(2)+By _

R e ]

Thus, (f,f,) satisfies the system (16) with (¢, ¢,) = (7,
-n), & =i, &, =9, §, =34, and 3, =3.

Theorem 13. Let c=(c;,c,) € C* and a,Bi(j=1,2,3)€C
—{0}. Let (f,, f,) be a pair of transcendental entire solutions
of finite order for the system

of\’ 2
& 3z, +afy(z+c) +aafy (2)] = 1,
e 22)
2
(Bio2) + B+ +A(a =1
Then, (f,, f,) is one of the forms
iL(2)+B, _ ,~iL(z)-B, iL(z)+B, _ ,~iL(z)-B,
(fofa)= <% +e2G, (Zz)i% + EWZQGz(Zz))
(23)
or
iL(z)+B, _ ,~iL(z)-B, iL(z)+B, —iL(z)-B,
Uh)= (g HEG e Gz ),
(24)

where L(z) = a,z; + a,z,, a,(#0), a,, By € C, and G,(z,)
, G,(z,) are entire period functions of finite order with period
2¢,, and ay, az o, B, 11, €, ¢ satisfy ') = I and the follow-
ing conditions

(C)) n=0if ayB, = a3pBs and n=log (a,,) - log (as;)
12¢, if a3, # asBs

(C) [Bylay(a; - “3/0‘1)]2 = [ /B(a; - /33//31)]2 =1, or
[Bi/ay(a; - ala,)]’ = (o)1, (a, + ﬁ3/[31)}2 =1

(f1(2). f2(2)) = <eIOg H)/ZCZZZGJ (22) + Dy, e HWCZZ}Gz(Zz) + Dz)x

(25)

where D; = a,§, — B38,/20,f3,, D, = B,8; — a3§,/2a,B,, &, =
+1, and &, =+1;

(o2 Fo(2)) = (bzz1 it Gile) bz + e+ Gz<z2>),
(26)

where G,(z,), G,(z,) are stated as in ((23)) and ((24)),
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and b (#0),y,,y, satisfy

y, = ayb; = B3by — (a8, + a3B3)b ¢,

27
! 2a,3,¢, 27)
b, —ab;+ (a3, + B.a,)b;c
y2=ﬁ22 3bs + (a3, + 5 2)11, (28)
20, 35¢,

o 2

) =08 (B0 =1 09
2

Here, five examples can verify the existence of solutions

for (22).

Example 7. Let B, € C, a, =1, a, =1, and

— i(zy+2y)+By _ ,=i(2,+2,)~By 144 iz, i(z,+2z,)+B
(f1(2). /,(2)) = (e e /4i+e™, e
— i) By 4e"22) .
(30)

Thus, (f,,f,) satisfies system (22) with (¢, ¢,) = (7, 7),
o =2,B=La=-10,=40a;=4,and B,=1.

Example 8. Let By € C, a, =i, a, =1, and
fl (Zl’ Zz) — ei(izl+zz)+Bo _ e—i(izl+zz)—Bo/_2 + elog [—(1+2i)]/27'rzz€izz’

i(iz)+2,)+B, —i(iz,+2z,)~B, H . .
fr(z1,2,) = e ke T + %ebg [-(+20))1272, iz,
(31)

=2
Thus, (f,, f,) satisfies the system (22) with (¢, ¢,) = (1/2m
), =16 =ha,=2,8,=i—-2,a;=—i,and 3, = 2.

Example 9. Let a; €C and (f,(2),f,(2)) = (™= +1,
e%) . Thus, (f,,f,) satisfies the system (22) with (c;, c,)
=(c,1),¢€Cay=2,a,=1,3,=1,and B, =-2.

Example 10. Let (f,, f,) be of the forms

i1 1-i 1+
A e

2 2
(32)

Thus, (f, f,) satisfies the system (22) with (¢;, ¢,) = (¢,
1), ¢, €Ca,=1, a3 =2, B, =2i, f; =1, and «, B, € C.

Example 11. Let

1 V15-4y/3-4 :
fl(zl,zz):521+%22+62m22,
1z z)——lz . 8—\/15+4\/§Z —leZ”"Zz+4\/§+‘/15
2\*1>*2) — 1 2 .
4 32 2 32
(33)
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Thus, (f}, f,) satisfies system (22) with ¢=(¢;,¢,) = (1,
1),a,=1,6=La,=2,3,=2,a;=1,and 5, =4.

2. Proof of Theorem 7
Proof. Let (f,,f,) be a pair of finite-order transcendental
entire functions satisfying (9). Here, let us consider two cases

below. O

Case 1. m;m, > nyn,. Owing to Refs. [23, 24], we have the
following facts that

fi(2) ,
m(r,fj(12+c)> :S(r,fj>,]:1,2 (34)

hold for all 7> 0 outside of a possible exceptional set E;
C [1,+00) of finite logarithmic measure [, dt/t <co. Due
]

to the above fact, we have

r(r.f) = m(ns) <m (;(‘“)) m(rf(z+0) +log2
(r,f]z+c)+5(7’,
T(nf e+ ) +S(nf,).i=

(35)

for all reE = E, U E,. By the Mokhon’ko theorem ([25],
Theorem 3.4) and the Logarithmic Derivative Lemma [26],
it yields from (35) that

m T(r, f,) <m T(r, f(z +¢)) + S(r. f,)
=T(r, [arf,(z+0)]™) +S(r. £,)

) )

(7 52} #8050 #5001
(7 52) #s(rs) #5010

aff ) + mmfl)) +8(rfi) +S(r.f2)

S(r. f1) +S(r. 1)

=mT(r, f,)+
(36)

for all reE. Similarly, we also get

myT(r, f) SmT(r, fy) +S(r /1) + (. f), reE. (37)
Thus, we conclude from (36) and (37) that

(mym, — nlnz)T(r,fj) <S(r, fy) +S(r. f,), reE. ~ (38)

By combining with the condition that m,m, > n,n, and
fi»f, Dbeing transcendental functions, we obtain a
contradiction.

Case 2. n;>m;/m; -1 and m; > 2, j=1,2. Thus, it is easy to

get that m;>n;/n;— 1. In view of the Nevanlinna second

fundamental theorem, the difference logarithmic derivative
lemma in several complex variables [23, 24], we thus obtain
from (9) that

=07 (n gh) N (r 32
¢ S ﬁ) +5(r32)

SN( ((xlafl/azl —1> ( )

(fz( )>+S(’>f1) T(r, fr(z+¢))

+8(r. f1) + (. f2),
(39)

where w, is a roots of w" — 1 = 0. Similarly, we also have

(ns - 1>T( o ) ST(rfi(2+0) 450 ;) + (o).
(0)

In addition, by applying the Mokhon’ko theorem in sev-
eral complex variables ([25], Theorem 3.4) for (9), we can
conclude

mT(r, f,(z+¢)) = T(r, [ayf,(z + 0)]™) + S(r. f,)
ofi\"
= T(r, (oc1 821> - 1) +8(r,.f,) (41)

0
= n1T<r, 6_2) +8(r, f1) +S(1, f)-
Similarly, we also get
(0 fi e+ 0) =T (1 52) #S(0f) +S(0L). (42

Due to m; > n;/n; -1, it follows from (39)-(42) that

J

(= 25 ) Tt 25052 5001,

(43)

(mz - 1) T(rfi(z+)) <8(r 1) +S(r. f3),

2

and this is a contradiction with f,, f, being transcendental
functions.

Therefore, Theorem 7 is proved.



3. The Proof of Theorem 10

Let (f},f,) be a pair of finite-order transcendental entire
functions satisfying (12). We firstly rewrite the system (12)
as

{ [ f; +i0sf, (2 + )] [oy fr — iy fr(z +¢)] = 1, (44)

[Bufo +iBofi (2 + O[Buf, — iBafi(z )] =1

By applying the Hadamard factorization theorem (can
be found in [27, 28]), then there exist two polynomials p,,
P, such that

af) +iayf,(z+c) =€,
i, f,(z+c)=¢eP,
a fi —iayfr(z+¢) (45)
Bifs +iPyfi(z+c) =€,
Bifs—iPyfi(z+c) =€t
Thus, we have from (45) that
eP1 +e P
ofi=—5—
P1 — p~P1
0 fr(z+c)= %>
o ! (46)
el + P2
Pifo= ——
el — P2
Bofilz+o= ",
which implies
X pi(ere)tpy 4 KL b (et py _ p2pi(e%0) = 1, 47
/32’ ﬁz (47)
/3_1.61’2(“5)*1’1 + &iepzwf)fpl — e2Pa(zte) = 1 (48)

Qi a,

By applying [29], Lemma 3.1 (can be found in [30]), for
(47) and (48), we have that

a,iehF) P = B ora e T = B,
49
ﬁliePZ(z+C)_P1 =a,, orﬁlepz (z+e)+p, = 0(21. ( )
Here, four cases will be discussed below.
Case 1.
o ief1 (z+0)=p, = ﬁZ’ (50)
B,ierFP = g,

Thus, we can conclude from (50) that p, (z + ¢) - p,(2) =C
and p,(z+c) —p,(z) = Cy; here and below, C,, C, are con-
stants. So, this leads to p,(z) = L(z) + By, p,(z) =L(z) + B,
where L(z) = a,z; + a,2, and a,, a,, B;, B, are constants. Thus,
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by virtue of (47)-(50)), it yields that

oy ie BB = B
-B,+B
Byiet? PEw,
~L(c)-B,+B, — 3 :
ae 1 = B,

B, LUIBB: = g

(51)

which implies

“% ﬁl

]

In view of (46), let

= 1,60 =1, BB

= & e, (52)
o

eL(2)+B; 4 o~L(2)-B,

204

eL(2)+B, | o=L(2)-B,

fa(z) = 28 (53)

If 1) =1, ie, L(c)=2knmi, ke Z, then e!Bi=q /B,i.
Thus,

fi(z) =

f (Z) B eL(2)+By 4 o=L(2)-B, B eL(2)+B1 pBy=By | o=L(2)-B; pB1-B,
’ 2P, 2P,
‘82 ieL(z)+B1 _ l-e—L(z)—B1
By 20
(54)

If M) = —1, ie, L(c) =
a,/3,i. Thus,

(2k + 1)7i, k € Z, then eP2"Bi = —

eL(2)+B1 pBy=By | o=L(2)-B; ;B =B, ﬁz iel(2) By _ joL(2)-B,

fZ(Z): 2[;] :_ﬁ_l 2061

(55)

If ¢! =i, i, L(c) =
a,/3,. Thus,

(Zk + 1/2)7‘[i, keZ, then eBBi=—

/3 eL(Z)+B1 +e—L(z)—B1

fi@) =3

T O NCY

If M) = i, i, L(c) =
a,/3,. Thus,

(2k = 1/2)mi, k € Z, then eBBi =

lgz eL(Z)+31 + e—L(z)—Bl

L=t =%mn (57)

B 20
Case 2.
o iepl Z+C ,
1 ﬁz (58)
ﬁ1€p17p2<Z+c) = ‘le.
Thus, it yields from (58) that p, (z + ¢) — p,(z) = C, and p,

(2) + p,(z + ¢) = C,. Hence, we obtain that p, (z + 2¢) + p, ()
= C, + C,, and this is a contradiction with p, is not a constant.
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Case 3.
ne A )
ﬁllepz (z+¢)=p) = a,.
Thus, it yields from (59) that p,(z+¢) + p,(z) =C, and

p,(z+¢) —p,(z) = C,. Hence, we obtain that p,(z +2c) +p,
(z)=C, +C,, and this is a contradiction with p, is not a
constant.

Case 4.
o e (FFe) P = i
1 =B, (60)
ﬂllepz (zHe)tp) = a,.
Thus, it yields from (60) that p,(z) —p,(z+¢) =C, and
P1(2) = py(z +¢) = C,. Hence, we obtian that p, (z) = L(z) +

By, p,(z) =-L(z )+B2’ where L(z) =a,z, +a,2,, a;,a,, B,
B, are constants. By virtue of (47),(48), (60), it yields that

a e c)+B,+B, _ ﬁ l,

~L(c)+B,+B, —
ﬁ e =a,i,
! : (61)

(xeL ~B,-B, _ /31,

which implies
2 2 ;
o _ B —1, M0 = ], BitB = &e—L(c) =%l e (62)
ﬂg 5 ai B

In view of (46), let

eL(z)JrBl + e—L(z)—B

2a,

e—L(z)+B2 + €L(Z) -B,

fr(z) = 28 (63)

=2kmi, k € Z, then %% = B, /)i =

fi(2) =

If i =1, ie, L(c)
a,/f,i. Thus,

LB BBy y o L) BigBitBy B _jplle)+Bi y jgmL(e)B,

fi(2)= 28, = ﬁ_j 2,

(64)

If 19 =1, ie, L(c) =
—B,/ayi=—a,/B,i. Thus,

(2k+ 1)7‘[i, k € Z, then eBitB —

ﬁz ze Z)+B; _ le_L(Z)_Bl

/31 2a, (65)

f(2) =

Ifeld =iie, L(c) =
=—a,/B,. Thus,

(2k + 1/2)mti, k € Z, then €15 = B,/

/32 eL(z)+Bl + e—L(z)—B1
By 20

f2)= - ﬁ—f (). (66)

If !9 = —i ie., L(c) =
B,la; = a,/f3,. Thus,

(2k = 1/2)7i, k € Z, then 81752 = —

ﬁz (2)+B1 4 p=L(2)-B,

fo) =

Py @)

Therefore, this completes the proof of Theorem 10.
4. The Proof of Theorem 12

Proof. Let (f},f,) be a pair of finite-order transcendental
entire functions satisfying (16). Firstly, (16) may be repre-
sented as the following form:

o 2o s [ 2

[ f: of

—ioyf,(z + c)] =1,

cipafie+0)| [ B 02 - iBif 2+ 0] -1
(68)
By the Hadamard factorization theorem (can be found in
[27, 28]), there are two nonconstant polynomials p,, p, satis-

fying

8 +io,f,(z+c)=el,
o % —ioyfy(z+c)=el1,
0z,
f (69)
B +iﬁzf1(z+c) = e,
BII2 ~iBofi(e ) =™
In view of (69), it yields that
of, e +e™h
061 = = — >
0z, 2
P1 — e P1
afy(z+e)=
i
B of, er+eh (70)
la_Zl - 2 4
epz — e pZ
Bofier= "

which implies

a4 aPz el (z+c)=p, _ (z+0) = 1
B,ioz,

@y apz el z+c)+p2

ﬁzzazl (71)

ﬁl plep2 z+c)—p,

ﬁl pl ep2 (z+c) +p1
a,i 0z,

2p, (z+c) =1. 72
a,i 0z, ¢ (72)

Obviously, dp,/0z,=0. Otherwise, e?2(**) = 1. This leads



to a contradiction with p, is not a constant. Similarly, dp,/
0z,=0. Thus, due to [29], Lemma 3.1 (can be found in
[30]), (71), and (72), we obtain that

& P2 ey, = 1o 202 i (eropae) =

=lor—
ioz ioz
B,ioz, 210z, 73)
ﬁ% ep2(2+c)+p1 = 10rﬁ_1.%ep2(z+c)ipl =1.
o,i 0z, a,i 0z,
O
Hence, four cases will be discussed below.
Case 1.
3Py gy
B,ioz,
(74)
B opy perern = g
a,i 0z,

Thus, it follows from (74) that p,(z +¢) + p, = C, and p,
(z+¢)+p, =C,. These lead to p,(z + 2¢) - p, =C, — C, and
p,(z+¢)—p,=C, - C,. Hence, we obtain that p,(z) = L(z)

e*L(z) +B,+L(c) _ f(,L(z)fBz ~L(c)
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+ By, p,(z) =—-L(z) + B,, where L(z) = a,z, + a,2,, a,(#0),
a,, B,, B, are constants. By combining with (71)-(74), we have

aay .
11 leL(c)+Bl+Bz =1,

2

51“.1 e HOB+By — 1

a,i
: (75)
o a, i LOBi-By = 1

B,

a _B,—
B 1 LO-Bi-By = 1
o,

and this leads to

o 4L(c) — . GBitBs — B, e L© %Gl 1

-—=,€
b
B

2—_
a;=

Q|R

—D

Subcase 1. If e = 1, then L(c) = 2krni and ef1*%2 = B, /o, a, i
= a,i/B,a,. Due to (70), we have that

LBy _ L(@)+,

= - =i
A 2B, 2B,
_ eL(z)JrBlfL(c) _ e*L(z)fBlJrL(c) _ eL(z)JrBl _ efL(z)fB1 _ eL(z)fBZeBlJrB2 _ efL(z)JrI%efBlfB2 _ _ﬁzi/alaleL(z)fBz _ ﬁzi/_oclalefL(z)JrBZ _ meL(z)fBz _ e*L(Z)‘FBZ
2 20, 20,0 20,0 20,0 a, 2B,
(77)
Subcase 2. If €19 = -1, then L(c) = (2k + 1)mi, k€ Z and
ebB = —B Jaja,i = —a,i/f3,a,. Due to (70), we have that
f e—L(z)+Bz+L(c) _ eL(z)—BZ—L(c) .eL(z)—BZ _ e—L(z)JrB2
= . =—i ,
' 2B, 23, (78)
HEIBILE) _ o L) BiHL(e)  _oL(@1Bi 4 L@ By _ol(@)BagBitBy 4 o L) tBag BBy g g el2)-By _ g LI2)4Es
fa= 20, B 20, B 20, o 28,
Subcase 3. If /) =i, then L(c) = (2k + 1/2)7i, k € Z, and
ebtB = —B jaya, = —a,/f,a,. Due to (70), we have that
f e—L(z)+BZ+L(c) _ eL(z)—BZ—L(c) eL(z)—Bz + e—L(z)JrB2
1 = - = >
25,1 2
A A )

eL(z)JrBl ~-L(c) _ e—L(z)—B1 +L(c)

fo= - -

_el(@+Bi _ poL(@)-B;  _pL(z)-B, gB\+B, _ ,~L(2)+B, ;~B,-B,

_ a,a, eL(z)’Bz — e*L(Z)JrBz

20,1 2a,

2a, %) 2B,
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Subcase 4. If €9 = —i, then L(c) = (2k — 1/2)mi, k € Z, and
e? BB o a, = a,/B,a,. Due to (70), we have that
f e—L(z)+B2+L(c) _ eL(z)—BZ—L(c) eL(Z)‘Bz + e—L(z)+B2
- 2B . o)
eL(z)JrB]—L(c) _ e—L(z)—B]+L(c) eL(z)JrBl + e—L(z)—B] eL(z)—Bz eB]+B2 + e—L(z)+B2 e—Bl—B2 aa, eL(z)—BZ _ e—L(z)+B2
fa= 20, B 2a, B 2a, T q 28,
Case 2. (72), and (83), we have
%1 L(e)+B,-B, —
ﬁ%epl(erc)erz =1 ﬁ_ziale =1,
B,i oz, ’ (81) 5
P1 o L(0)-B+B, _
ﬁ%epz(ﬁc)iﬂl =1 (Xziale trel
0,10z ' (84)
2102 o
ﬁ_l‘ale—L(c)—BﬁBz =1,
N
Thus, it yields from (81) that p,(z+¢)+p,=C, and B
— — LeS —L(c)+B,-B, 1
p,(z+¢)—p, =C,. We have that p,(z+2¢c)+p,=C, +C,, i
and this leads to a contradiction with p, being not g
constant.
which implies
Case 3. a2 = _é _ _“j, 4L(c) — 1 pBi-B, B, -L(c) _ By, O
o 2 o a, ayi
0 9P2 p (v py = (85)
B,ioz, ) (82)
&%epz(zﬂ)ﬂh . Subcase 4.1. If €9 =1, then L(c)=2kmi, keZ, and
i 0z, = ebB = Bilaja, = B,a,/a,i. By virtue of (70), it follows that

Since p, (2), p,(z) are polynomials, then from (82), it fol-
lows that p,(z+¢)—p,(z)=C, and p,(z+c)+p,(z) =C,.
This means p, (z + 2¢) + p, (z) = C, + C,, and this is a contra-
diction because p, (z) is not a constant.

Case 4.

% 0P py(er)p, =

B,ioz, v

By o, e (#t)=p = 1
a,i 0z,

(83)

Then, from (83), it yields that p,(z+c)-p,=C, and
py(z+¢)—p, =C,, and this leads to p,(z+2c)-p,=C,
+C, and p,(z+2c)-p,=C,+C,. Thus, it follows that
p1(z2) =L(z) + By, p,(2) = L(z) + B,, where L(z)=a,z, +a,
z,, a,(#0),a,, B, B, are constants in C. In view of (71),

eL(z)+B2—L(c) _ e—L(z)—BZ+L(c) eL(Z>+Bz _ e—L(z)—B2

fl = Zﬁzl =i 2‘82 ?

eL(z)+B1—L(c) _ e—L(z)—BlJrL(c) eL(z)JrBl _ e—L(z)—B1

f= =

20,1 20,1
eL(2)+B2 pBi=B; _ ,=L(2)-B, =B, +B,

20,1
L(z)+B, _ /3214/(xla1‘2—L(z)—B2
20,1
aa, eL(@)+By _ o~L(2)-B,

- %) 2B,

_ Bilaae

Subcase 4.2. If M) =1, then L(c) = (2k + 1)7i, k € Z,
and e#175: = B i/a a, = —B,a,/a,i. By virtue of (70), it fol-
lows that

eL(z)+B2—L(c) _ e—L(z)—BZ+L(c) eL(z)+B2 _ e—L(z)—B2

he 25 T
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f B eL(z)JrBl—L(c) _e—L(z)—Bl+L(5) ~ _eL(z)JrB1 + e—L(z)—B
2 20, - 20,
- oL2)+B, BB, | e'—L(z)—BZ e Bi+B; (&)
2051
o a eL(Z)+Bz — e’L(z)’Bz
o 23, .

Subcase 4.3. If €L
P = Byloya, =

=i, then L(c)=(2k+1/2)mi and
a,/f3,a,. By virtue of (70), we have that

eL(z)JrBZ—L(c) _ e—L(z)—B2+L(c) eL(z)JrBZ + e—L(z)—B2

he 2Py BT

eL(z)+Bl—L(c) _ e—L(z)—Bl+L(c)

eL(z)+B1 + e—L(z)—B

fa= 2a,i T 2a,
oL(2)4By pB1 =By | o-L(2)-B, p=B,+B, _wa oL(2)+By _ p-L(2)-B,
20y & 2,
(88)

Subcase 4.4. If eF
BB =—B laja, =

() =i, then L(c)=(2k—1/2)mi and
—a,/B,a,. By virtue of (70), we have that

eL(2)+B,=L(c) _ o=L(2)=B,+L(c) eL(2)=B, 4 o=L(2)+B,
he 25 R
eL(z)+B1—L(c) _ e—L(z)—Bl+L(c) eL(z)+Bl + e—L(z)—B1

f= - =

20,1 2a,
eL@BrgBioBy o L&) Bog-BitBy o g oL(@)+By _ o-L(2)-B

2a, * 2, '
(89)

Hence, the proof of Theorem 12 is completed.
5. The Proof of Theorem 13

Proof. Assume that (f}, f,) is a pair of finite-order transcen-
dental entire functions satisfying (22). Thus, let us discuss
two following cases.

(i) Suppose that 0f,/0z, is transcendental, then a,f,(z
+¢) +a,f; is transcendental. Noting that a; ﬁj are

nonzero constants, we next prove that 3,f,(z +¢) +
B.f, and f,0f,/0z, are transcendental

Suppose that «,0f,(z +¢)/0z, + a;0f,/0z, is not tran-
scendental. Since 0f,/0z, is transcendental, then 0f, (z + ¢)/
0z, and 0f,(z)/0z, are transcendental. By observing the sec-
ond equation of (22), we can conclude that ,f;(z +¢) + 3,
f, is transcendental.

Suppose that «,0f,(z +¢)/0z, + a;0f,/0z; is transcen-
dental. If Of,(z +¢)/0z, is transcendental, similar to the
above argument, B,f (z+c)+ B,f, and 0f,/0z, are tran-
scendental. If 0f,(z + ¢)/0z; is not transcendental, it thus
leads to that 0f,/0z, is not transcendental. From (22), we
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thus get that f3,f,(z +¢) + ,f, is not transcendental. Thus,
it yields that f3,0f,(z +¢)/0z, + 3,0f,/0z, is not transcen-
dental. This is a contradiction with 0f,(z + ¢)/0z, is tran-
scendental and 0f,/0z, is not transcendental.

Hence, if 0f,/0z, is transcendental, then a,f,(z+¢c) +
asf>, Bofi(z+¢) + Bsf,, and 0f,/0z; are transcendental.
Hence, system (22) can be represented as

{al i +ilayfr(z+c) + rxSfl}} {0‘1 2—2

{ o, of

~ifofy(z )+ aam} -1,

B Sz e+ B B 52 ~ B+ A - 1.

(90)
Thus, by the Hadamard factorization theorem (can be

found in [27, 28]), there are two nonconstant polynomials
D> q such that

o % —ilayfy(z+¢) +azfy] = €77,

af1 (o1)
By 8—22 +i[Bf,(z +¢) + Bof,] = €4,
ﬁ1 afz —i[Bfi(z+¢)+ fafy] =€

In view of (91), it yields that

of, ef+e
o = = ,
0z, 2
eP — e
aafy(z+ ) +anf, = S
o (92)
B of, el+el
19z, 2
el — e
Pofi(z+ )+ Bafy = —5—>

which implies

B (ai _ %) pipraz+o) | P By (ap ‘x3)ei(q(z+c)—p) _ edialze) = 1
1

a, \0z; « 0z, o

(93)
ﬁ (ﬁ ﬁ3> (q+p(z+c)) + ﬂ (ﬁ ﬁ3> 1 (z+¢)—-q) _ eZip(z+c) =1.
B, \oz; B B, \oz; B

(94)

Obviously, dp/0z, # as/a;. Otherwise, we have that —
¢¥(#) =1, and this leads to a contradiction since q is
not a constant. Similarly, 0q/0z, # 3,/3,. Thus, due to

[29], Lemma 3.1 (can be found in [30]), and in view of
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(93) and (94), we can deduce that

& <a_p ) 1[q(z+c -p] = =1,0 ﬁ (ap %) ei[p+q(z+c)] =1
a, \0z;, @& oc2 0z, « ’

ﬁ(aq ﬁ3> [p(z+c)- _1 <aq ﬁ3) ijg+p(z+c)] _1.
B, \oz; B ﬁz oz,

(95)
O
Now, let us consider the following four cases.
Case 1.
B (a_P _ ﬁ) a8l 2 .
o, \0z; o
(96)

o (ﬂ .33) gl = |
B, \0z, B,
Then, (96) can lead to that g(z+¢) —p=C, and p(z+¢

) — q = C,. Thus, we obtain that p(z +2¢) —-p=C, + C; and
q(z+2c¢) —q=C, + C,. Hence, we can conclude that p(z)
=L(z) + B,,q(z) = L(z) + B,, where L(z) =a,z, + a,z,, 4,
a,, B, B, are constants. By combining with (93)-(96), we
have

Pif, _ %), iwers-5)

a, \ '« ’

) (al _ &) HL+B-B,) — |

B\"" B o)
P (al _ “3> i@ BBy _ |

R) o

! ﬁs) ~i(L(c)+B,~B,) —

—|a;— 5 |e =1

ﬁZ < ' ﬁl

This means that
B i s e
(98)
By combining with (92), f,, f, have the following forms:

ei(L(2)+By) _ o=i(L(2)-By)

2ia,q,

i(L(2)+By) _ o=i(L(2)+B;)

fl(z): Zialﬁl

+91(22): f,(2) =

+y(2),
(99)
where ¢, (z,), 9,(2,) are entire functions of finite order in z,.

Substituting the above expressions into (92), we can deduce
that

{“2%(22"'52) +a39,(2,) =0, (100)

By (25 + ¢3) + B39, (2,) = 0.

11
This leads to
a3 a3
2, +26)= =20 (2,),0,(z, +26,) = =320 (z,).
¢1(2, 2) “2ﬁ2¢1( 1) #,(22 2) “2ﬁ2¢2( 2)
(101)
Due to (101), we have
$,(25) = €72G(2,), 9,(2,) = €12 G, (2,), (102)

where G,(z,), G,(z,) are entire period functions of finite
order with period 2¢,, and in (102), =0, if a,3, = a3f3;,
and 7 =1log (a,,) —log (a33;)/2¢c,, if a, 3, # a3 3;. Further,
in view of (100) and (102), we have G,(z,) = —a;/a,G,(z,)
s if o, B, # a3 35, we have G,(z,) = —a3/a, G, (2,).

If ¢19 = 1, it follows from (97) that e/Bi=52) = +1. Thus,
it yields that
l(L(2)+B,) _ o=i(L(2)+B,)
fr(2) = 2ia, B, +¢,(2,)
o el (L(2)+B1) pi(B,=By) _ o=i(L(2)+B,) pi(B,=B;) N (Z )
- ﬁ_z 2ia, o Pa\=
o, ei(L(2)+By) _ oi(L(2)-By)
=+ + .
) Ziaya, $,(23)
(103)
If L9 =—1, it follows from (97) that *®Bi5) =1,

Thus, similar to the above argument, we obtain that

o, LB _ (i(Le)-B) .
f@=rp I ) (o)
If L9 =i, it follows from (97) that e*(Bi-B) =_1,

Thus, we obtain that

| LEBY) 4 oill(a)B)

o
+ -
B, 2a,0

fi(2) = (105)

+¢,(2,).

If ¢ =—j it follows from (97) that e*Bi-B) =_1,
Thus, we obtain that

1 ei(L(2)+By) 4 p=i(L(2)-B,)

o
fz(z)=iﬁ— 2aa, +¢,(2,)- (106)
2
Case 2
B (9P _ %) aererpen 2,
a, \0z; o
(107)
=1.

ﬂ <ﬁ ﬁS) z)+p(z+c))
Jz; B
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We thus get from (107) that p(z+c¢) +q(z) =C, and
q(z+¢c)—p=C,. This means q(z+2c)+q(z)=C,+C,,
and this yields a contradiction with g being not a constant.

Case 3.

& o elrraal = ¢
o, \0z, o
ﬁ(aq ﬁS) 1 (z+¢) q]_l
B, \9z, B,
We thus get from (108) that g(z+c¢) +p(z) =C, and
p(z+¢)—q(z) =C,. So, we conclude that p(z+2c) + p(z)

=C, + C,, and this leads to a contradiction with p being
not a constant.

(108)

Case 4.

By (a_P . %) Gzl =

o, \0z; «
2 1 1 (109)
o (aq _ /33) Glep(eol = 1
B, \%z, B
Then, it follows from (109) that p+ g(z+¢)=C, and ¢q

+p(z+c)=C,. These yield that p(z+2c)-p=C, +C,
and q(z +2c) — q=C, + C,, which leads to p=L(z) + B, q
=-L(z) + B,, where L(z)=a,z,+a,z,, a,,a,,B,B, are
constants. In view of (93), (94), and (109), we have

Pr(a - %o st o)

@ &

% (—al _ &) GLEBE) _ |

AN o
Pra - %) eitersin) 2y,

%) &

) <_a1 _ ﬁa) (LB

ﬁz ﬁl

In view of (110), it follows that
B % 2_ % B; 2_ iL(c) _ 1 ,i(B,+By) _ B X3\ i)
A O e G 3 R A (s D
(111)

By combining with (92), f,, f, are of the following forms

QLB _ gi(L(2)-B,)
file) = +u(22)1o(2)
ia o (112)
Gi(-L(E+By) _ 4i(L(2)By)
- 2ia1ﬁ1 +(P2(ZZ)’

where ¢, (z,), ¢,(z,) are finite-order entire functions in z,.
By using the same argument as in Case 1, we have (102).
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If 109 = 1, it follows from (110) that ¢2(B1*B2) = 1. Thus,
we can deduce that

¢l (-L(2)+By) _ 4ilL(2)-B,)

f(2)= 2ia B, +¢,(2)
0(1 —ei(L(Z)+Bl>e_i<Bl+B2) + e_i(L(Z)+Bl)ei(Bl+Bz)
= /3_ Zia,a, +¢,(2,)
o e i(L(2)+B,) _ e_i(L(z)_Bl)
4L .
_ﬁ 21~a1(x1 +(P2(ZZ)
(113)
If ¢L() = _1, it follows from (110) that ¢2(Bi1+B2) = 1. We
have that
o e( (z)+By) _ e*i(L(z>’Bl)
fz(z):—ﬁ 2ia o +¢,(25). (114)
2

If ¢(9) = i, it follows from (110) that ¢2(Bi1*B:) = —1_ Thus,
we obtain that

o ALEBY) 4 pilL(@)B,)
() =+ =

B, 2a,0

+¢,(2)- (115)

If ¢L) =—j it follows from (110) that (Bi+B) = _1,
Thus, we obtain that

o, SLEB) 1 i) By)

B /32 2a, 0

f(z)==% +¢,(2,). (116)

Therefore, from (102)-(106) and (113)-(116), we can
prove the conclusions (23) and (24) of Theorem 13.
(i)Assume that 0f,/0z, =0. Thus, from (22), it follows

that
f1(2) =91(22), waofy (24 ¢) + @ f (2) =&, & = +1. (117)
This leads to df,/0z, = 0. We thus get from (22) that
£(2)=¢:(22), Bof i (24 €) + Bafy(2) =8, 6, = +1. (118)
By combining with (117) and (118), it yields
b, (2, + ) +asd,(2,) =&,
{ﬁz E . ; . /sflii Z )

which implies that

“3_/;3¢1(Z) %8, - /3351

$1(22+2¢,) = s 9(25 +26,)

“2/32
_« B; B.&1 — 38,
- “zﬁz $alz2) * “2[323

(120)
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If o, 3, = a3 35, then from (120), it follows that

$1(2,+2¢,) =¢,(2,) + “25%15351, $,(2, +26,) = 9,(2,) + ﬁz‘fllxzﬁ‘:afz i
(121)

which implies that

$1(22) = Gi(22) + 1120, $2(22) = Ga(22) + 71220, (122)
where G, (z,), G,(z,) are entire period functions of finite

order with period 2¢,, and

_ 08 — Bié, _ B,&1 —asé, .

- Y, = 123
' 26,03, ’ 26,03, (123)
If &, B, # a3 35, then from (120), it follows that
$,(z,) = €8 (P78 (WRIRRG, (7)) + Dy, ¢, (2,) (124)

— log (a,3,)-log (a3 8;)/2¢,2, G2 (Zz) + DZ’

where Dy = 0,8, — 381/, 3, — a3 5 and D, = B,&; —as
&, la, 3, — a; 3;. Substituting (124) into (119), it follows that
0f, =—a3fs Gi(zy) = B3/B,iGy(2, — ;) and Gy(z,) = ay/
o,iG,(z, — ¢,). Thus, we have

$,(z,) = €8 V292G, (z,) + b Byt s $,(22)

2
“2/32 (125)
— Jog (-1)26z ﬁzfl 238,
=e 2(22) + :
20‘2/32
(ii) Suppose that 0f;(zy,2,)/0z; =b;(#0). Then, it

yields in view of (22) that

=b,, b} + (a,b))* =1,
(126)

f1(2) =byz +y,(2,) o f, (2 + ) + a5y (2)

where v, (z,) is a transcendental entire function of finite
order in z,. Equation (126) leads to 0f,/0z; = —a3/a,b;.
Thus, due to the second equation in (22), we have

2
£6) == 2 h +valen) Bfi e+ 0+ B =bu i+ (P20, ) =1,
(127)
where v, (z,) is a transcendental entire function of finite
order in z,. Combining with (126) and (127), we can deduce
that a, 3, = a3 3, and
b2 + o3¢y,

(128)
= Babicys

{ LY, (2, +6) + o3y, (2,) =
By (2, +6) + B3y, (2,) =

13
This means that

V,(2,) = G1(2,) + V120 ¥, (22) = Gy(2,) + 1,25, (129)

where G, (z,), G,(z,) are entire period functions of finite
order with period 2c, satisfying

b, + azb b, + a,b
Gy(z+6) + —Gl(zz) ﬁzflgjs Gz +6)+ %Gz(zz) &Tﬁjs
_ by = Biby - 2(“2[;2)17151 _ Boby —a3bsy + 203 8,0 151
! 20,56, > 20,56,
(130)

Hence, from (126)-(129), it is easy to get the cases ((26))
and ((27)) of Theorem 13.
Therefore, the proof of Theorem 13 is completed.
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