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Differential equations are a key tool in modeling physical
phenomena. Most of physical laws of natural sciences are
expressed in terms of differential equations, for example,
balance laws ofmass or energy andmomentum.Additionally,
differential equations are also employed in modeling popula-
tion dynamics, diseases, and others.

In this special issue we focus on bringing together appli-
cations and theoretical developments of differential equations
oriented to problems arising in physical sciences. To this end,
this issue will provide a forum to investigate the advances
in the qualitative and quantitative techniques for ordinary
differential equations, partial differential equations, frac-
tional differential equations, integrodifferential equations,
and difference equations.

The potential topics of this special issue include sym-
metries, differential equations, and applications; optimal
control; equivalence transformations and classical and non-
classical symmetries; reduction techniques and solutions and
linearization; conserved quantities in natural phenomena;
completely integrable equations in mathematical physics;
recursion operators, infinite hierarchy of symmetries, and/or
conservation laws; equations admitting weak soliton solu-
tions; models for air pollution and underground pollu-
tion; mathematical methods for extended thermodynamics;
numerical techniques for problems arising in the modeling
of physical process; ad hoc methods for solutions.

The response to this special issue was beyond our expec-
tation. We received 53 papers to consider for publication,
which fall in different areas of the above-mentioned research

fields. All manuscripts submitted to this special issue went
through a rigorous refereeing process. Based on the reviewers’
reports, 8 original research articles finally have been accepted
for publication. In the following, we briefly describe the
significance of the key contributions to this special issue.

In “Numerical Simulation to Air Pollution Emission
Control near an Industrial Zone” P. Oyjinda and N. Pochai
propose an atmospheric diffusion model to describe the
released air pollutant concentration by an industrial plant.
An explicit finite difference technique is employed to approx-
imate the air pollutant concentration. The authors suggest
that the air pollutant concentration levels for eachmonitoring
point are controlled to be at or below the national air quality
standard near industrial zone index.

In “Numerical Solutions of Coupled Systems of Fractional
Order Partial Differential Equations” Y. Li and K. Shah devel-
oped a systematic numerical technique by utilizing shifted
Legendre polynomials to construct approximate solutions
to a class of coupled systems of fractional order partial
differential equations. With the aid of operational matrices
of fractional order integrations and differentiations, the
system under consideration is converted to a system of easily
solvable algebraic equation of Sylvester type. The established
technique is demonstrated by some test problems, and error
analysis is carried out as well.

X. Jiang and X. Wang in the article “Global Well-Posed-
ness for a Class of Kirchhoff Type Wave System” investigate
the well-posedness of the Kirchhoff type wave system with
nonlinear source, dissipative and viscoelastic terms, subject
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to the big initial boundary conditions. For the subcritical case,
the global solutions exist provided the initial value belongs
to the stable set, while the finite time blowup occurs for
the case when initial value belongs to the unstable set. For
the supercritical case, the corresponding solution blows up
in a finite time under some given conditions on the initial
values.

In “Geometrical/Physical Interpretation of theConserved
Quantities Corresponding to Noether Symmetries of Plane
Symmetric Space-Times” B. Jamil et al. investigate Noether
symmetries of geodetic Lagrangians of plane symmetric
spacetimes and their corresponding conserved quantities.
They provide the number of Noether symmetries that plane
symmetric spacetimes can admit. In particular, the largest
number of Noether symmetries is achieved for the Minkow-
ski spacetime.

In “Heat Transfer in a Porous Radial Fin: Analysis of
Numerically Obtained Solutions” R. Jooma and C. Harley
study a model describing heat transfer in a porous radial fin
from numerical point of view. Namely, the authors employ
the Crank-Nicolson method with and without the Newton-
Raphson predictor-corrector to perform their analysis. Semi-
analytical steady state solutions are obtained via differential
transformation method. Comparisons between the results
obtained in this paper and other recent reported ones in the
literature are also presented.

In “An IterativeMethod for Solving of Coupled Equations
for Conductive-Radiative Heat Transfer in Dielectric Layers”
by V. Chekurin and Y. Boychuk, the authors consider a math-
ematical model to describe a combined conductive-radiative
heat transfer in a dielectric layer, which emits, absorbs, and
scatters IR radiation both in its volume and on the boundary.
A nonlinear stationary boundary-value problem for coupled
heat and radiation transfer equations for the layer, which
exchanges energy with external medium by convection and
radiation, has been formulated. In the case of optically thick
layer, when its thickness is much more of photon-free path,
the problem becomes the singularly perturbed one. In the
inverse case of optically thin layer, the problem is regularly
perturbed and it becomes the regular (unperturbed) one
when the layer’s thickness is of order of several photon-free
paths. An iterative method to solve the unperturbed problem
has been developed and its convergence has been tested. By
using this method the temperature field and radiation fluxes
have been studied.

In “A Fast Implicit Finite Difference Method for Frac-
tional Advection-Dispersion Equations with Fractional Deri-
vative Boundary Conditions” T. Liu and M. Hou consider
the fractional advection-dispersion equations modeling the
transport of passive tracers carried by fluid flow in a
porous medium. For these equations with fractional deriva-
tive boundary conditions, the authors develop an implicit
finite difference method. First-order consistency, solvability,
unconditional stability, and first-order convergence of the
method are proved. Then, they show a fast iterative method
for the implicit finite difference scheme, which only requires
a storage of 𝑂(𝐾) and a computational cost of 𝑂(𝐾 log𝐾).
Usually, the Gaussian elimination method requires a storage
of 𝑂(𝐾2) and a computational cost of 𝑂(𝐾3).

In their paper “Canonical Forms and Their Integrability
for Systems of Three 2nd-Order ODEs” S. Zahida et al.
construct the differential invariants and their correspond-
ing canonical forms for systems of three 2nd-order ODEs
possessing three-dimensional Lie algebras. The extension up
to 𝑘th order system of three 2nd-order ODEs is derived.
Moreover, singularity in invariant structure for the canonical
forms is investigated and the integrability of these canonical
forms is discussed. Some physical examples from system of
particles mechanics are shown.
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In recent years, the small initial boundary value problem of the Kirchhoff-type wave system attracts many scholars’ attention.
However, the big initial boundary value problem is also a topic of theoretical significance. In this paper, we devote oneself to the
well-posedness of the Kirchhoff-type wave system under the big initial boundary conditions. Combining the potential well method
with an improved convexmethod, we establish a criterion for thewell-posedness of the systemwith nonlinear source and dissipative
and viscoelastic terms. Based on the criteria, the energy of the system is divided into different levels. For the subcritical case, we
prove that there exist the global solutions when the initial value belongs to the stable set, while the finite time blow-up occurs when
the initial value belongs to the unstable set. For the supercritical case, we show that the corresponding solution blows up in a finite
time if the initial value satisfies some given conditions.

1. Introduction

This paper studies the initial boundary value problem for the
following Kirchhoff-type wave system:

𝑢𝑡𝑡 − 𝑀(𝑡) Δ𝑢 + ∫𝑡
0
𝑔1 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑔 (𝑢𝑡)

= 𝑓1 (𝑢, V) in Ω × (0, +∞) ,
(1)

V𝑡𝑡 − 𝑀(𝑡) ΔV + ∫𝑡
0
𝑔2 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑔 (V𝑡) = 𝑓2 (𝑢, V)

in Ω × (0, +∞) ,
(2)

𝑢 (𝑥, 0) = 𝑢0 (𝑥) ,
𝑢𝑡 (𝑥, 0) = 𝑢1 (𝑥)

in Ω,
(3)

V (𝑥, 0) = V0 (𝑥) ,
V𝑡 (𝑥, 0) = V1 (𝑥)

in Ω,
(4)

𝑢 (𝑥, 𝑡) = V (𝑥, 𝑡) = 0 on Γ1 × [0, +∞) , (5)

where Ω is a bounded domain in R𝑛 (𝑛 = 1, 2, 3) with a
smooth boundary 𝜕Ω, 𝑔(𝑢𝑡) = |𝑢𝑡|𝑝−1𝑢𝑡, 𝑔(V𝑡) = |V𝑡|𝑞−1V𝑡,𝑀(𝑟) is a nonnegative𝐶1 function like𝑀(𝑡) = 𝑚0+𝛼(‖∇𝑢‖2+‖∇V‖2)𝛾, with𝑚0 ≥ 0, 𝛼 ≥ 0, 𝑚0 + 𝛼 > 0, 𝛾 > 0, and 𝑔1, 𝑔2:𝑅+ → 𝑅+, 𝑓𝑖(⋅, ⋅): 𝑅2 → 𝑅, 𝑖 = 1, 2, are given functions
which will be specified later.

1.1. Historical Research. Kirchhoff-type wave system with
nonlinear source and dissipative and viscoelastic terms have
various applications in the field of physics and mechanics,
which is the model to describe the motion of deformable
solids. A single Kirchhoff-type wave equation is proposed:

𝑢𝑡𝑡 − 𝑀(‖∇𝑢‖2) Δ𝑢 + ∫𝑡
0
𝑔 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + ℎ (𝑢𝑡)

= 𝑓 (𝑢) in Ω × (0, +∞) ,
(6)

and (6) has its roots for the small amplitude vibrations of a
string when 𝑔 = 0 and 𝑛 = 1, but the tension of the string
can not be ignored (see, e.g., Carrier et al. [1]). While (6) is
used to describe the dynamics of an elastic string with fading
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memory when 𝑔 ̸= 0, this equation shows that the dynamic
equilibrium of the object depends on both the present state
of deformation and the history of the deformation gradient.
Pohozaev and Tesei [2] proved that the solution exists in time
if the datum satisfy an analytic-type condition for the case𝑔 =0. This result of the case 𝑔 ̸= 0 was extended by Torrejon and
Yong [3]; they obtained the existence of weakly asymptotic
stable solution. Later, Munoz Rivera [4] showed the existence
of global solutions for small initial value and the exponential
decay of the total energy. Then Wu and Tsai [5] established
the global existence and energy decay under the assumption𝑔(𝑡) ≤ −𝑟𝑔(𝑡), ℎ(𝑢𝑡) = −Δ𝑢𝑡. Recently, this decay estimate
was improved for a weaker condition on 𝑔(𝑡) ≤ 0 in [6].

Problem (6) is simplified to the following format without
viscoelastic term:

𝑢𝑡𝑡 − 𝑀(‖∇𝑢‖2) Δ𝑢 + ℎ (𝑢𝑡) = 𝑓 (𝑢)
in Ω × (0, +∞) , (7)

and some results of (7) concerning global well-posedness
have been established in [7–11] for the case of 𝑀 ≡ 1. The
above problem without source and dissipative terms is called
Kirchhoff-type equation when 𝑀 is not a constant function,
which was first introduced by Kirchhoff [12]; it describes the
nonlinear vibrations of an elastic string. up to now, there are
numerous results related to global well-posedness, including
global existence, decay result, and blow-up properties; we
refer the reader to [13–17].

Most recently Xu and Yang considered the initial bound-
ary value problem of the following equation in [18]; they gave
a blow-up result under supercritical energy:

𝑢𝑡𝑡 − Δ𝑢 + ∫𝑡
0
𝑔 (𝑡 − 𝜏) Δ𝑢 (𝜏) 𝑑𝜏 − Δ𝑢𝑡 − Δ𝑢𝑡𝑡 + 𝑢𝑡

= |𝑢|𝑝−1 𝑢.
(8)

Wave system such as (1) and (2) goes back to Reed [19]
who proposed a similar system, but it does not contain𝑀(𝑡) = 𝑚0 + 𝛼(‖∇𝑢‖2 + ‖∇V‖2)𝛾 and the viscoelastic terms
∫𝑡
0
𝑔1(𝑡−𝑠)Δ𝑢 𝑑𝑠, ∫𝑡

0
𝑔2(𝑡−𝑠)Δ𝑢 𝑑𝑠. Subsequently, concerning

blow-up and nonexistence, results in wave systems were
discussed. Agre and Rammaha [20] studied the following
concrete system:

𝑢𝑡𝑡 − Δ𝑢 + 𝑢𝑡𝑚−1 𝑢𝑡 = 𝑓1 (𝑢, V) ,
V𝑡𝑡 − ΔV + V𝑡𝑟−1 V𝑡 = 𝑓2 (𝑢, V) ,

(9)

in Ω ⊂ R𝑛 × (0, 𝑇) (𝑛 = 1, 2, 3) with initial and bound-
ary conditions of Dirichlet type, where 𝑓1(𝑢, V) and 𝑓2(𝑢, V)
satisfy (A1) and (A2). They obtained several results concern-
ing global well-posedness of a weak solution and showed
that any weak solution blows up in finite time at negative
initial energy. Afterwards, Alives et al. made further efforts
as regards (9) in [21]. They obtained the global existence,
uniform decay rates, and blow-up of solutions in finite time
by involving the Nehari manifold when the initial energy
is nonnegative and less than the mountain pass level value.

And this blow-up result was improved by Said-Houari [22]
when the initial data are large enough. In [23], Rammaha
and Sakuntasathien studied a more general case of (9) by
degenerating damping terms. Several results on the existence
of local and global solutions as well as uniqueness are
obtained by considering the constraint on the parameters of
the system. Furthermore, they proved that the weak solutions
blow up in finite time whenever the initial energy is negative
and the exponent of the source term is more dominant
than the exponents of both damping terms. Moreover, many
studies of the global well-posedness for wave systems with
dissipative terms have been researched in [24–28].

Wave systems with viscoelastic terms and dissipative
terms have not been fully studied. In [29] the following
coupled nonlinear wave equations with dispersive terms,
viscoelastic dissipative terms, and nonlinear weak damping
terms are considered:

𝑢𝑡𝑡 − Δ𝑢 − 𝑒Δ𝑢𝑡𝑡 + ∫𝑡
0
𝑔 (𝑡 − 𝑠) Δ𝑢 (𝑠) 𝑑𝑠 + 𝑢𝑡𝑚−1 𝑢𝑡

= 𝑓1 (𝑢, V) ,
V𝑡𝑡 − ΔV − 𝑓ΔV𝑡𝑡 + ∫𝑡

0
ℎ (𝑡 − 𝑠) ΔV (𝑠) 𝑑𝑠 + 𝑢𝑡𝑟−1 V𝑡

= 𝑓2 (𝑢, V) .

(10)

A global nonexistence theorem for certain solutions with
positive initial energy is proved. Reference [30] further
considered a fourth-order wave system similar to (10). In that
case, the energy increases exponentially when time goes to
infinity and the initial data are large enough.

Recently [31] considered a system of two coupled wave
equations with dispersive and strong dissipative terms under
Dirichlet boundary conditions:

𝑢𝑡𝑗 𝑢𝑡𝑡 − Δ𝑢 − Δ𝑢𝑡𝑡 − Δ𝑢𝑡 = 𝑓1 (𝑢, V) ,
V𝑡𝑗 V𝑡𝑡 − ΔV − ΔV𝑡𝑡 − ΔV𝑡 = 𝑓2 (𝑢, V) ,

(11)

where

𝑓1 (𝑢, V) = −𝑎 |𝑢 + V|𝑟−2 (𝑢 + V) − 𝑏 |𝑢|𝑟/2−2 |V|𝑟/2 𝑢,
𝑓2 (𝑢, V) = −𝑎 |𝑢 + V|𝑟−2 (𝑢 + V) − 𝑏 |V|𝑟/2−2 |𝑢|𝑟/2 V,

𝑟 > 2 if 𝑛 = 1, 2;
2 < 𝑟 ≤ 2 (𝑛 − 1)

𝑛 − 2 if 𝑛 ≥ 3.

(12)

The global existence of weak solutions and uniform decay
rates (exponential one) of the solution energy were estab-
lished.

Many researches considered the initial boundary value
problem with global existence and blow-up of solutions for
the nonlinear wave equations as follows:

𝑢𝑡𝑡 − Δ𝑢 + ∫𝑡
0
𝑔1 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑔 (𝑢𝑡) = 𝑓1 (𝑢, V)

in Ω × (0, +∞) ,
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V𝑡𝑡 − ΔV + ∫𝑡
0
𝑔2 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑔 (V𝑡) = 𝑓2 (𝑢, V)

in Ω × (0, +∞) ,
(13)

where Ω is a bounded domain in R𝑛 (𝑛 = 1, 2, 3) with a
smooth boundary 𝜕Ω. When the viscoelastic terms 𝑔𝑖 (𝑖 =1, 2) are absent in (13), [20] showed local and global existences
of a weak solution that any weak solution blows up in finite
timewith negative initial energy as the sameway used in [22].
Later, Said-Houari extended this blow-up result to positive
initial energy. At the same time, Liu [32] studied the following
Cauchy problem for the coupled system of nonlinear Klein-
Gordon equations with damping terms:

𝑢𝑡𝑡 − Δ𝑢 + 𝑢 + 𝛾1𝑢𝑡 = |V|𝑟 |𝑢|𝑟−2 in R
𝑛 × (0, +∞) ,

V𝑡𝑡 − ΔV + V + 𝛾1V𝑡 = |𝑢|𝑟 |V|𝑟−2 in R
𝑛 × (0, +∞) , (14)

and the existence of standing wave with ground state was
stated and a sharp criterion for global existence and blow-
up of solutions when 𝐸(0) < 𝑑 was established. The author
introduced a family of potential wells and the invariant sets
and vacuum isolating behavior of solutions for 0 < 𝐸(0) <𝑑 and 𝐸(0) ≤ 0, respectively. Furthermore, he proved the
global existence and asymptotic behavior of solutions when
the condition is 0 < 𝐸(0) < 𝑑. Finally, a blow-up result with
arbitrarily positive initial energy was obtained.

Conversely, in the presence of the memory term (𝑔𝑖 ̸=0, 𝑖 = 1, 2), some results related to the asymptotic behavior
and blow-up of solutions of viscoelastic systems were dis-
cussed. For example, [33] studied problem (13) with 𝑔(𝑢𝑡) =−Δ𝑢𝑡 and 𝑔(V𝑡) = −ΔV𝑡 and obtained the fact that the decay
rate of the energy function is exponential under suitable
conditions on the functions 𝑔𝑖, 𝑓𝑖, 𝑖 = 1, 2, certain initial data
in the stable set. On the contrary, when the initial data is in the
unstable set, the solutions blow up in finite time under posi-
tive initial energy. For 𝑔(𝑢𝑡) = |𝑢𝑡|𝑚−1𝑢𝑡 and 𝑔(V𝑡) = |V𝑡|𝑟−1V𝑡,
[26] established local and global existence as well as finite
time blow-up (the initial energy 𝐸(0) < 0). The latter blow-
up result has been improved by [29] by considering a class of
positive initial data. On the other hand, Messaoudi and Tatar
[34] considered the following similar wave equations without
considering coupling coefficient of Δ𝑢 and ΔV:
𝑢𝑡𝑡 − Δ𝑢 + ∫𝑡

0
𝑔1 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑓1 (𝑢, V) = 0

in Ω × (0, +∞) ,
V𝑡𝑡 − ΔV + ∫𝑡

0
𝑔2 (𝑡 − 𝑠) Δ𝑢 𝑑𝑠 + 𝑓2 (𝑢, V) = 0

in Ω × (0, +∞) ,

(15)

where the functions 𝑓1 and 𝑓2 satisfy the following assump-
tions:

𝑓 (𝑢, V) ≤ 𝑑 (|𝑢|𝛽1 + |V|𝛽2) ,
ℎ (𝑢, V) ≤ 𝑑 (|𝑢|𝛽3 + |V|𝛽4) , (16)

and for some constant 𝑑 > 0 and 1 ≤ 𝛽𝑖 ≤ 𝑛/(𝑛 − 2), 𝑖 =1, 2, 3, 4, the solution goes to zero with an exponential or
polynomial rate which depending on the decay rate of the
relaxation functions 𝑔𝑖, 𝑖 = 1, 2 was obtained. This result
was improved in [35] to weaker conditions on the relaxation
functions and more general coupling functions.

Additionally, Liu andWang [36] considered the following
nonlinear hyperbolic systemswith damping and source terms

𝑢𝑡𝑡 − (𝑎 + 𝑏 ‖∇𝑢‖2 + 𝑏 ‖∇V‖2) Δ𝑢 + 𝑔 (𝑢𝑡) = 𝑓 (𝑢) ,
in Ω × (0, 𝑇] ,

V𝑡𝑡 − (𝑎 + 𝑏 ‖∇𝑢‖2 + 𝑏 ‖∇V‖2) ΔV + 𝑔 (V𝑡) = ℎ (V) ,
in Ω × (0, 𝑇] .

(17)

The author defined potential well and the outer manifold of
the potential well associated with system (17) and got the
global existence in the case of 𝐸(0) < 𝑑1/2 and discussed the
global nonexistence of solutions for problem (1)–(5) in the
case of 𝐸(0) ≤ 0 and 𝐸(0) < 𝐶𝛼 on page 88 of [36]. In [37],
(1)–(5) was considered with 𝑀 ≡ 1 and without imposing
the memory terms (𝑔 = ℎ = 0). The rate of decay of the
exponential or polynomial energy of the damping terms was
obtained.

Recently, Wu [38] considered the initial boundary value
problem for system (1)–(5) with 𝑀(𝑡) = 𝑚0 + 𝛼(‖∇𝑢‖2 +‖∇V‖2)𝛾. The assumptions for problem (1)–(5) are as follows:

(A1) The nonlinear source terms 𝑓1(𝑢, V), 𝑓2(𝑢, V) satisfy
𝑓1 = 𝜕𝐹

𝜕𝑢 = (𝑚 + 1)
⋅ (𝑎 |𝑢 + V|𝑚−1 (𝑢 + V) + 𝑏 |𝑢|(𝑚−3)/2 |V|(𝑚+1)/2 𝑢) ,

𝑓2 = 𝜕𝐹
𝜕V = (𝑚 + 1)

⋅ (𝑎 |𝑢 + V|𝑚−1 (𝑢 + V) + 𝑏 |V|(𝑚−3)/2 |𝑢|(𝑚+1)/2 V) ,

(18)

where 𝐹(𝑢, V) = 𝑎|𝑢 + V|𝑚+1 +2𝑏|𝑢V|(𝑚+1)/2 with 𝑎, 𝑏 >0.
(A2) 𝑀(𝑠) is a nonnegative 𝐶1 function for 𝑠 ≥ 0 satisfying
𝑀(𝑠) = 𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾 ,

𝑚0 ≥ 𝑚1, 𝛼 ≥ 0, 𝛾 > 0. (19)

(A3) The nonlinearity of𝑚, 𝑝, 𝑞 satisfies
𝑚 > 1, if 𝑛 = 1, 2

or 1 < 𝑚 ≤ 3, if 𝑛 = 3, (20)

𝑝, 𝑞 ≥ 1, if 𝑛 = 1, 2,
or 1 < 𝑝, 𝑞 ≤ 5, if 𝑛 = 3. (21)
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(A4) For 𝑠 ≥ 0 the relaxation functions 𝑔1 and 𝑔2 are of
class 𝐶1 and satisfy

𝑔1 (𝑠) ≥ 0,
𝑚0 − ∫∞

0
𝑔1 (𝑠) 𝑑𝑠 = 𝑙 > 0,

𝑔2 (𝑠) ≥ 0,
𝑚0 − ∫∞

0
𝑔2 (𝑠) 𝑑𝑠 = 𝑘 > 0,

𝑔1 (𝑠) ≤ 0,
𝑔2 (𝑠) ≤ 0.

(22)

The solutions are global in time when the functions 𝑔1, 𝑔2,
and 𝑓𝑖, 𝑖 = 1, 2, satisfy suitable conditions and certain initial
data is in the stable set. The author established the rate
of decay of solutions by a difference inequality given by
Nakao [39] and intended to study the blow-up phenomena of
problem (1)–(5). The blow-up of solutions when the energy
is negative or subcritical case was proved by adopting and
modifying the methods used in [29]. In this way, the above
results in [38] allowed a bigger region for the blow-up results
and improved the results of Messaoudi and Said-Houari [29].
More specifically, the decay result in [38] extends the one in
[16, 37] to problem (1)–(5), where𝑀 is not a constant function
and the equations considered in [38] have more dissipations.

1.2. Unsolved Problems. It is well known that in the absence
of the nonlinear source term the damping term ensures
global existence. In addition, without the dissipative term, the
nonlinear source term causes finite time blow-up of solution.
Moreover, the viscoelastic materials possess a capacity of
storage and dissipation of mechanical energy; therefore, it is
interesting to investigate the well-posedness of solution for
the viscoelastic equation with dissipative term and nonlinear
source term.

We can see that problem (1)–(5) contains system (9) (𝑀 ≡1, 𝑔1 = 𝑔2 = 0), systems (10), (13), and (15) (𝑀 ≡ 1), system
(11) (𝑗 = 0, 𝑀 ≡ 1, 𝑔1 = 𝑔2 = 0), and system (17) (𝛾 =1, 𝑀 ≡ 1, 𝑔1 = 𝑔2 = 0) as special cases. In fact, the visco-
elastic terms change the frame of the equations comparing
without those viscoelastic conditions, whichmakes the struc-
ture of the equations and solutions more complex and which
also makes energy decay faster. So the classical methods
can not be applied to investigate properties of solutions.
Therefore, much less is known for (1)–(5) with viscoelastic
terms. We can note that in all of the above studies except
[38] only the global well-posedness of solutions was proved
in a relatively rough variational framework, but the global
existence and finite time blow-up for problem (1)–(5) at the
other initial energy levels have not been discussed yet. The
global existence and blow-up results in [38] are under the
assumption of negative initial energy 𝐸(0) < 0 or 𝐸(0) <
𝐸1 = ((𝑚−1)/2(𝑚+1))(1/𝜂(𝑚+1))2/(𝑚−1). In other words, to
our knowledge there are no results on global well-posedness
of solutions to the initial boundary value problem for a

couple of nonlinear wave equations with coupling coefficient𝑀(𝑡) = 𝑚0 + 𝛼(‖∇𝑢‖2 + ‖∇V‖2)𝛾 of Δ𝑢 and ΔV, viscoelastic
terms ∫𝑡

0
𝑔1(𝑡 − 𝑠)Δ𝑢 𝑑𝑠, ∫𝑡

0
𝑔2(𝑡 − 𝑠)Δ𝑢 𝑑𝑠, and nonlinear

weak dissipative terms |𝑢𝑡|𝑘−1𝑢𝑡, |V𝑡|𝑟−1V𝑡. It is natural to ask
a question of how the solution behaves for problem (1)–(5),
which is what we want to deal with in this paper. Moreover,
regarding the initial energy level, the present paper is also
a comprehensive study for low energy case and high energy
situation. To our knowledge this is the first try to consider this
problem. The most attractive one is that we attain a blow-up
result with arbitrary positive initial energy for a wave system
of Kirchhoff type.

By reviewing above known results and also [19–38], we
will face the fact that the following unsolved problems arise
naturally. Firstly, from [38] we know the global existence for
the definitely positive energy, but we know less for the initial
energy which may be negative. Secondly, for general initial
energy, which means the initial energy is not necessarily
definitely positive, what will happen for the solutionwhen the
initial energy 𝐸(0) < 𝑑 or 𝐸(0) > 𝑑?

We restricts our attention to considering the global
existence and blow-up at two different initial energy levels.
Since the initial energy level plays a crucial role in dealing
with the well-posedness of problem (1)–(5), the two cases are,
respectively, tackled with different tools. For the subcritical
case𝐸(0) < 𝑑, there have beenmany tools tackling the hyper-
bolic problem without viscoelastic terms in [16, 17]. We may
refer the tools to deal with (1)–(5) with viscoelastic terms. By
the well-known works [40–44], we see that the supercritical
case 𝐸(0) > 𝑑 is not easy to deal with. Filippo and Marco
[45] made the initial attempt to consider the global well-
posedness of hyperbolic problem at high initial energy level𝑢𝑡𝑡 − Δ𝑢 − 𝜔Δ𝑢𝑡 + 𝜇𝑢𝑡 = |𝑢|𝑝−2𝑢. However, they focused on
particular source term |𝑢|𝑝−1𝑢, and our work is on the visco-
elastic terms condition and the complex source term 𝑓1(𝑢, V),𝑓2(𝑢, V). Based on the general comparison principle in [9],
we try to resolve the above open problems with variational
methods. In this paper, we consider the initial boundary value
problem for system (10) with 𝑒 = 𝑓 = 0 and the nonlinear
source terms, coupling coefficient 𝑀(𝑠), the nonlinearity of𝑚, 𝑝, 𝑞, and the relaxation functions 𝑔1 and 𝑔2 satisfying
the assumptions (A1)–(A4), respectively. In addition, we
consider nonlinear damping terms of the form |𝑢𝑡|𝑘−1𝑢𝑡 and|V𝑡|𝑟−1V𝑡 as in the first equation and in the second equation of
(10), respectively.

1.3. The Main Results and Organization of the Paper. In this
paper, we mainly discuss the following problems.

(1) Case 𝐸(0) < 𝑑: different from the method applied in
[38], we introduce a family of potential wells to obtain
the results: invariant sets, global existence, and finite
time blow-up.

(2) Case 𝐸(0) > 𝑑: we obtain the finite time blow-up of
solutions for problem (1)–(5) whose initial data have
arbitrarily high initial energy.

We can summarize our main conclusions in Table 1 and
use the question mark “?” to indicate the open problem.
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Table 1: Main results.

Main results
Initial data Global existence Blow-up
𝐸 (0) < 𝑑 Theorem 10 Theorem 14
𝐸 (0) > 𝑑 ? Theorem 18

The organization of the paper is as follows.
In Section 2, we introduce some notations, assumptions,

and preliminaries.
From Sections 3–5, we prove the main results.

2. Notations and Primary Lemmas

In this section, we shall give some lemmas and some nota-
tions which will be used throughout this work. We use the
standard Lebesgue space 𝐿𝑝(Ω) and Sobolev space 𝐻10 (Ω)
with their usual norms and products as follows:

‖𝑢‖𝐿𝑝(Ω) = ‖𝑢‖𝑝 ,
‖𝑢‖𝐿2(Ω) = ‖𝑢‖ ,

(𝑢, V) = ∫
Ω
𝑢V 𝑑𝑥,

𝑚1 = max {𝑙1, 𝑘1} ,
𝑙1 = ∫∞

0
𝑔1 (𝑠) 𝑑𝑠,

𝑘1 = ∫∞
0

𝑔2 (𝑠) 𝑑𝑠,
𝛽 = (‖∇𝑢‖2 + ‖∇V‖2)𝛾+1 ,

(𝑔 ∘ 𝜙) (𝑡) = ∫𝑡
0
𝑔 (𝑡 − 𝑠) ∫

Ω

𝜙 (𝑠) − 𝜙 (𝑡)2 𝑑𝑥 𝑑𝑠.

(23)

We will use the embedding𝐻10 (Ω) → 𝐿𝑝(Ω) for 2 ≤ 𝑝 ≤2𝑛/(𝑛 − 2), if 𝑛 ≥ 3 or 2 ≤ 𝑝, if 𝑛 = 1, 2. In this case, the
embedding constant is denoted by 𝑐∗; that is,

‖𝑢‖𝑝 ≤ 𝑐∗ ‖∇𝑢‖ . (24)

From assumption (A1) one can easily verify that

𝑢𝑓1 (𝑢, V) + V𝑓2 (𝑢, V) = (𝑚 + 1) 𝐹 (𝑢, V) . (25)

Moreover we have the following result. Note that the follow-
ing conclusion (Lemma 1) was assumed throughout many
papers (see [16–31, 33, 34]); however in our opinion we think
this conclusion is a deduction of assumption (A1). Thus we
present this conclusion as follows and similar proof can be
found in [29].

Lemma 1. There exist two positive constants 𝑐0 and 𝑐1 such that
𝑐0 (|𝑢|𝑚+1 + |V|𝑚+1) ≤ 𝐹 (𝑢, V) ≤ 𝑐1 (|𝑢|𝑚+1 + |V|𝑚+1) ,

∀ (𝑢, V) ∈ 𝑅2. (26)

Proof. Wecan see that taking 𝑐1 = 2𝑚𝑎+𝑏 then the right-hand
side of inequality (26) is trivial. For the left-hand side, the
result is also trivial if 𝑢 = V = 0. If, without loss of generality,
V ̸= 0, then either |𝑢| ≤ |V| or |𝑢| > |V|.

For |𝑢| ≤ |V|, we have
𝐹 (𝑢, V) = |V|𝑚+1 (𝑎 1 + 𝑢

V


𝑚+1 + 2𝑏 

𝑢
V


(𝑚+1)/2) . (27)

Consider the continuous function

𝑗 (𝑠) = 𝑎 |1 + 𝑠|𝑚+1 + 2𝑏 |𝑠|(𝑚+1)/2 , 𝑠 ∈ [−1, 1] . (28)

So min 𝑗(𝑠) ≥ 0. If min 𝑗(𝑠) = 0 then, for some 𝑠0 ∈ [−1, 1],
we have

𝑗 (𝑠0) = 𝑎 1 + 𝑠0𝑚+1 + 2𝑏 𝑠0(𝑚+1)/2 = 0. (29)

This implies that |1 + 𝑠0| = |𝑠0| = 0, which is impossible. Thus
min 𝑗(𝑠) = 2𝑐0 > 0. Therefore

𝐹 (𝑢, V) ≥ 2𝑐0 |V|𝑚+1 ≥ 2𝑐0 |𝑢|𝑚+1 . (30)

Consequently,

2𝐹 (𝑢, V) ≥ 2𝑐0 (|V|𝑚+1 + |𝑢|𝑚+1) , (31)

and then

𝐹 (𝑢, V) ≥ 𝑐0 (|V|𝑚+1 + |𝑢|𝑚+1) . (32)

If |𝑢| ≥ |V|, similarly we have

𝐹 (𝑢, V) ≥ 𝑐0 (|𝑢|𝑚+1 + |V|𝑚+1) . (33)

This leads to the desired result and completes the proof of
Lemma 1.

As in [29], we still have the following results.

Lemma2 (see [29]). Suppose that (20) holds.Then there exists
a positive constant 𝜂 > 0 such that, for any (𝑢, V) ∈ 𝐻10 (Ω) ×
𝐻10 (Ω), one has

‖𝑢 + V‖𝑚+1 + 2 ‖𝑢V‖(𝑚+1)/2(𝑚+1)/2

≤ 𝜂 (𝑙 ‖∇𝑢‖2 + 𝑘 ‖∇V‖2)(𝑚+1)/2 .
(34)

We also need the following technical lemma in the course
of the investigation.

Lemma 3 (see [29]). For any 𝑔1 ∈ 𝐶1 and 𝜙 ∈ 𝐻1(0, 𝑇), one
has

− 2∫𝑡
0
∫
Ω
𝑔 (𝑡 − 𝑠) 𝜙𝜙𝑡𝑑𝑥 𝑑s

= 𝑑
𝑑𝑡 ((𝑔 ∘ 𝜙) (𝑡) − ∫𝑡

0
𝑔 (𝑠) 𝑑𝑠 𝜙2) + 𝑔 (𝑡) 𝜙2

− (𝑔 ∘ 𝜙) (𝑡) ,

(35)

where (𝑔 ∘ 𝜙)(𝑡) = ∫𝑡
0
𝑔(𝑡 − 𝑠) ∫

Ω
|𝜙(𝑠) − 𝜙(𝑡)|2𝑑𝑥 𝑑𝑠.
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Now, we are in a position to state the local existence result
to problem (1)–(5), which can be established by combining
arguments of [15, 17, 20, 26].

Theorem 4 (local existence). Let (𝑢0, V0) ∈ 𝐻10 (Ω) × 𝐻10 (Ω)
and (𝑢1, V1) ∈ 𝐿2(Ω)×𝐿2(Ω) be given. Assume that (A2)–(A4)
are satisfied. Then there exists a couple solution (𝑢, V) of
problem (1)–(5) such that

𝑢, V ∈ 𝐶 ([0, 𝑇] ,𝐻2 (Ω) × 𝐻10 (Ω)) ,
𝑢𝑡 ∈ 𝐶 ([0, 𝑇] ,𝐻10 (Ω)) ∩ 𝐿𝑝+1 (Ω) ,
V𝑡 ∈ 𝐶 ([0, 𝑇] ,𝐻10 (Ω)) ∩ 𝐿𝑞+1 (Ω) ,

(36)

for some 𝑇 > 0.
Remark 5 (see [46]). Condition (A1) is necessary to guar-
antee the hyperbolicity of the equation in (1) and (2) and
condition (21) is needed to establish the local existence result.

Next for problem (1)–(5) we introduce potential energy
functional:

𝐸 (𝑡) ≡ 𝐸 (𝑢, V)
= 1

2 𝑢𝑡2 + 1
2 V𝑡2 + 1

2 (𝑚0 − 𝑙1) ‖∇𝑢‖2

+ 1
2 (𝑚0 − 𝑘1) ‖∇V‖2 + 𝛼𝛽

2 (𝛾 + 1)
+ 1

2 (𝑔1 ∘ ∇𝑢) (𝑡) + 1
2 (𝑔2 ∘ ∇V) (𝑡)

− ∫
Ω
𝐹 (𝑢, V) 𝑑𝑥.

(37)

Potential energy functional:

𝐽 (𝑡) ≡ 𝐽 (𝑢, V)
= 1

2 (𝑚0 − 𝑙1) ‖∇𝑢‖2 + 1
2 (𝑚0 − 𝑘1) ‖∇V‖2

+ 𝛼𝛽
2 (𝛾 + 1) + 1

2 (𝑔1 ∘ ∇𝑢) (𝑡)

+ 1
2 (𝑔2 ∘ ∇V) (𝑡) − ∫

Ω
𝐹 (𝑢, V) 𝑑𝑥.

(38)

Nehari functional:

𝐼 (𝑡) ≡ 𝐼 (𝑢, V)
= (𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2 + 𝛼𝛽

+ (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑔2 ∘ ∇V) (𝑡)
− (𝑚 + 1) ∫

Ω
𝐹 (𝑢, V) 𝑑𝑥.

(39)

For the definition of 𝐹(𝑢, V) please see assumption (A1) in the
beginning of this paper. Moreover we introduce the potential
well (stable set)

𝑊 = {(𝑢, V) ∈ 𝐻10 (Ω) × 𝐻10 (Ω) | 𝐼 (𝑢, V) > 0}
∪ {(0, 0)} , (40)

and the outer space of potential well (unstable set)

𝑉 = {(𝑢, V) ∈ 𝐻10 (Ω) × 𝐻10 (Ω) | 𝐼 (𝑢, V) < 0} . (41)

Moreover we define

𝑑 = inf
(𝑢,V)∈𝐻10 (Ω)×𝐻

1
0 (Ω)\{(0,0)}

(sup
𝜆≥0

𝐽 (𝜆𝑢, 𝜆V)) , (42)

or equivalently

𝑑 = inf
(𝑢,V)∈N

𝐽 (𝑢, V) , (43)

whereN = {(𝑢, V) ∈ 𝐻10 (Ω) × 𝐻10 (Ω) \ {(0, 0)} | 𝐼(𝑢, V) = 0}.
Lemma 6 (depth of potential well). The depth of potential
well 𝑑 = ((𝑚 − 1)(𝑚0 − 𝑚1)/2(𝑚 + 1))((𝑚0 − 𝑚1)/𝑐1(𝑚 +
1)𝐶𝑚+1∗ )2/(𝑚−1), where 𝑐1 is defined in (26) and 𝐶∗ is the best
imbedding constant from𝐻10 (Ω) into 𝐿𝑚+1(Ω).
Proof. From the definition of 𝑑, we have (𝑢, V) ∈ N; that is,𝐼(𝑢, V) = 0. Then on the one hand from Lemma 1 we get

(𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2 + 𝛼𝛽
+ (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑔2 ∘ ∇V) (𝑡)
= (𝑚 + 1) ∫

Ω
𝐹 (𝑢, V) 𝑑𝑥

≤ 𝑐1 (𝑚 + 1) (‖𝑢‖𝑚+1𝑚+1 + ‖V‖𝑚+1𝑚+1)
≤ 𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ (‖∇𝑢‖2 + ‖∇V‖2)(𝑚+1)/2 .

(44)

Notice that, from assumption (A4) and the definitions 𝛽 and𝑚1, we have
(𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)

≤ 𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ (‖∇𝑢‖2 + ‖∇V‖2)(𝑚+1)/2 ;
(45)

that is

‖∇𝑢‖2 + ‖∇V‖2 ≥ ( 𝑚0 − 𝑚1𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ )2/(𝑚−1) . (46)
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On the other hand notice 𝐼(𝑢, V) = 0; moreover by virtue
of (38), (39), and (78), we get

𝐽 (𝑢, V) = (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2)
+ ( 𝛼

2 (𝛾 + 1) − 𝛼
𝑚 + 1)𝛽 + (1

2 − 1
𝑚 + 1)

⋅ (𝑔1 ∘ ∇𝑢) (𝑡) + (1
2 − 1

𝑚 + 1) (𝑔2 ∘ ∇V) (𝑡)
+ 1

𝑚 + 1𝐼 (𝑢, V) ≥ (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2)
≥ (1

2 − 1
𝑚 + 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)

≥ (1
2 − 1

𝑚 + 1) (𝑚0 − 𝑚1)

⋅ ( 𝑚0 − 𝑚1𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ )2/(𝑚−1) ,

(47)

and hence we have 𝑑 = (1/2 − 1/(𝑚 + 1))(𝑚0 − 𝑚1)((𝑚0 −𝑚1)/𝑐1(𝑚 + 1)𝐶𝑚+1∗ )2/(𝑚−1).
Lemma 7 (nonincreasing energy). Let (𝑢, V) be a solution of
problem (1)–(5); then𝐸(𝑡) is a nonincreasing function for 𝑡 ≥ 0;
that is,

𝑑
𝑑𝑡𝐸 (𝑡) = − 𝑢𝑡𝑝+1𝑝+1 − V𝑡𝑞+1𝑞+1 + 1

2 (𝑔1 ∘ ∇𝑢) (𝑡)
+ 1

2 (𝑔2 ∘ ∇V) (𝑡) − 1
2𝑔1 (𝑡) ‖∇𝑢‖2

− 1
2𝑔2 (𝑡) ‖∇V‖2 ≤ 0, ∀𝑡 ≥ 0.

(48)

Proof. Multiplying (1) by 𝑢𝑡 and (2) by V𝑡, integrating them
over Ω, and then adding the results together and integrating
by parts, it follows that

𝑑
𝑑𝑡 (

1
2 (𝑢𝑡2 + V𝑡2 + (‖∇𝑢‖2 + ‖∇V‖2)

+ 𝛼
𝛾 + 1 (‖∇𝑢‖2 + ‖∇V‖2)𝛾+1) − ∫

Ω
𝐹 (𝑢, V) 𝑑𝑥)

= − 𝑢𝑡𝑝+1𝑝+1 − V𝑡𝑞+1𝑞+1 + ∫𝑡
0
∫
Ω
𝑔1 (𝑡 − 𝑠) ∇𝑢 (𝑠)

⋅ ∇𝑢𝑡𝑑𝑥 𝑑𝑠 + ∫𝑡
0
∫
Ω
𝑔2 (𝑡 − 𝑠) ∇V (𝑠) ⋅ ∇V𝑡𝑑𝑥 𝑑𝑠.

(49)

Exploiting Lemma 3 on the third term and the fourth term
on the right side of the above equality, we can obtain (48) for
any regular solution.

3. Global Existence under the Case 𝐸(0) < 𝑑
Now we give the following definition of weak solution for
problem (1)–(5).

Definition 8 (weak solution). A function (𝑢, V) is called
a weak solution of problem (1)–(5) on Ω × [0, 𝑇], if it
satisfies (𝑢, V) ∈ 𝐿∞ ([0, 𝑇],𝐻10 (Ω) × 𝐻10 (Ω)) with (𝑢𝑡, V𝑡) ∈
𝐿∞ ([0, 𝑇], 𝐿2(Ω) × 𝐿2(Ω)) ∩ 𝐿∞([0, 𝑇], 𝐿𝑟+1(Ω) × 𝐿𝑟+1(Ω))
and

(𝑢𝑡, 𝜔1) − ∫𝑡
0
((𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) Δ𝑢, 𝜔1) 𝑑𝜏

− ∫𝑡
0
∫𝜎
0
𝑔1 (𝜎 − 𝜏) (∇𝑢 (𝜏) , ∇𝑤1) 𝑑𝜏 𝑑𝜎

+ ∫𝑡
0
(𝑢𝑡𝑝−1 𝑢𝑡, 𝜔1) 𝑑𝜏 = ∫𝑡

0
(𝑓1 (𝑢, V) , 𝜔1) 𝑑𝜏

+ (𝑢1, 𝜔1) , ∀𝜔1 ∈ 𝐻10 (Ω) ,
(V𝑡, 𝜔2) − ∫𝑡

0
((𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ΔV, 𝜔2) 𝑑𝜏

− ∫𝑡
0
∫𝜎
0
𝑔2 (𝜎 − 𝜏) (∇𝑢 (𝜏) , ∇𝑤2) 𝑑𝜏 𝑑𝜎

+ ∫𝑡
0
(V𝑡𝑞−1 V𝑡, 𝜔2) 𝑑𝜏 = ∫𝑡

0
(𝑓2 (𝑢, V) , 𝜔2) 𝑑𝜏

+ (V1, 𝜔2) , ∀𝜔2 ∈ 𝐻10 (Ω) ,

(50)

with

𝑢 (0, 𝑥) = 𝑢0 (𝑥) ,
𝑢𝑡 (0, 𝑥) = 𝑢1 (𝑥) ,
V (0, 𝑥) = V0 (𝑥) ,
V𝑡 (0, 𝑥) = V1 (𝑥) .

(51)

Lemma 9 (invariant set 𝑊). Let (𝑢0, V0) ∈ 𝐻10 (Ω) × 𝐻10 (Ω),
(𝑢1, V1) ∈ 𝐿2(Ω) × 𝐿2(Ω), and (A1)–(A4) hold. Then all solu-
tions of problem (1)–(5) with 𝐸(0) < 𝑑 belong to 𝑊, provided(𝑢0, V0) ∈ 𝑊.

Proof. Let (𝑢(𝑡), V(𝑡)) be any local weak solution of problem
(1)–(5) with 𝐸(0) < 𝑑 and (𝑢0, V0) ∈ 𝑊 and 𝑇 be the
existence time of (𝑢(𝑡), V(𝑡)). Then it follows from Lemma 7
that 𝐸(𝑢(𝑡), V(𝑡)) ≤ 𝐸(0) < 𝑑. Thus if suffices to show that𝐼(𝑢(𝑡), V(𝑡)) > 0 for 0 < 𝑡 < 𝑇. Suppose that there exists𝑡1 ∈ (0, 𝑇) such that 𝐼(𝑢(𝑡1), V(𝑡1)) ≤ 0. From the continuity
of the solution in time, there exists 𝑡∗ ∈ (0, 𝑇) such that𝐼(𝑢(𝑡∗), V(𝑡∗)) = 0. Then from the definition of 𝑑 we have

𝑑 ≤ 𝐽 (𝑢 (𝑡∗) , V (𝑡∗)) ≤ 𝐸 (𝑢 (𝑡∗) , V (𝑡∗)) ≤ E (0) < 𝑑, (52)

which is a contradiction.

Thenwe give the global existence of solutions for problem
(1)–(5) with low initial energy level 𝐸(0) < 𝑑.
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Theorem 10 (global existence when 𝐸(0) < 𝑑). Let (𝑢0, V0) ∈𝐻10 (Ω)×𝐻10 (Ω), (𝑢1, V1) ∈ 𝐿2(Ω)×𝐿2(Ω), and (A1)–(A4) hold.
Assume that 𝐸(0) < 𝑑 and (𝑢0, V0) ∈ 𝑊. Then problem (1)–(5)
admits a global weak solution 𝑢(𝑡), V(𝑡) ∈ 𝐿∞ (0, 𝑇;𝐻10 (Ω)),
𝑢𝑡(𝑡), V𝑡(𝑡) ∈ 𝐿∞ (0, 𝑇; 𝐿2(Ω)), and (𝑢, V) ∈ 𝑊 for 0 ≤ 𝑡 ≤ ∞.

Proof. Let {𝜔𝑗} be a basis in𝐻10 (Ω) given by the eigenfunction
of the operator −Δ and it constructs a complete orthogonal
system such that ‖𝜔𝑗‖ = 1 for all 𝑗. Then {𝜔𝑗} is orthogonal
and complete in 𝐿2(Ω) and in 𝐻10 (Ω). Let 𝑉𝑚 be the space
generated by {𝜔1, 𝜔2, . . . , 𝜔𝑚}, 𝑚 ∈ N. Construct the
approximate solutions of problem (1)–(5):

𝑢𝑚 (𝑥, 𝑡) =
𝑚∑
𝑗=1

𝑔𝑗𝑚 (𝑡) 𝑤𝑗 (𝑥) , 𝑚 = 1, 2, . . . ,

V𝑚 (𝑥, 𝑡) =
𝑚∑
𝑗=1

ℎ𝑗𝑚 (𝑡) 𝑤𝑗 (𝑥) , 𝑚 = 1, 2, . . . ,
(53)

satisfying

(𝑢𝑚𝑡𝑡 (𝑡) , 𝜔) + ((𝑚0 + 𝛼 (∇𝑢𝑚2 + ∇V𝑚2)𝛾) , ∇𝜔)
− ∫𝑡
0
𝑔1 (𝑡 − 𝜏) (∇𝑢𝑚 (𝜏) , ∇𝜔) 𝑑𝜏

+ (𝑢𝑚𝑡𝑝−1 𝑢𝑚𝑡, 𝜔) = (𝑓1 (𝑢𝑚𝑡, V𝑚𝑡) , 𝜔) ,
∀𝜔 ∈ 𝑉𝑚,

(54)

(V𝑚𝑡𝑡 (𝑡) , 𝜔) + ((𝑚0 + 𝛼 (∇𝑢𝑚2 + ∇V𝑚2)𝛾) , ∇𝜔)
− ∫𝑡
0
𝑔2 (𝑡 − 𝜏) (∇V𝑚 (𝜏) , ∇𝜔) 𝑑𝜏

+ (V𝑚𝑡𝑞−1 V𝑚𝑡, 𝜔) = (𝑓2 (𝑢𝑚𝑡, V𝑚𝑡) , 𝜔) ,
∀𝜔 ∈ 𝑉𝑚,

(55)

𝑢𝑚 (0) = 𝑢0𝑚 = 𝑚∑
𝑗=1

(𝑢0, 𝜔𝑗) 𝜔𝑗 → 𝑢0 in 𝐻10 (Ω) ,

V𝑚 (0) = V0𝑚 = 𝑚∑
𝑗=1

(V0, 𝜔𝑗) 𝜔𝑗 → V0 in 𝐻10 (Ω) ,
(56)

𝑢𝑚𝑡 (0) = 𝑢1𝑚 = 𝑚∑
𝑗=1

(𝑢1, 𝜔𝑗) 𝜔𝑗 → 𝑢1 in 𝐿2 (Ω) ,

V𝑚𝑡 (0) = V1𝑚 = 𝑚∑
𝑗=1

(V1, 𝜔𝑗) 𝜔𝑗 → V1 in 𝐿2 (Ω) .
(57)

Multiplying (54) and (55) by 𝑔𝑠𝑚(𝑡), ℎ𝑠𝑚(𝑡), respectively, and
summing for 𝑠 and adding these two equations, we can
deduce

𝑑
𝑑𝑡𝐸 (𝑢𝑚 (𝑡) , V𝑚 (𝑡)) = 1

2 (𝑔1 ∘ ∇𝑢𝑚) (𝑡) − 𝑢𝑚𝑡𝑝+1𝑝+1
− 1

2𝑔1 (𝑡) ∇𝑢𝑚
2

+ 1
2 (𝑔2 ∘ ∇V𝑚) (𝑡)

− 1
2𝑔2 (𝑡) ∇V𝑚

2 − V𝑚𝑡𝑞+1𝑞+1 .
(58)

Integrating the above equation with respect to 𝑡, we have

𝐸𝑚 (𝑡) + ∫𝑡
0
(𝑢𝑚𝜏𝑝+1𝑝+1 + 1

2𝑔1 (𝜏) ∇𝑢𝑚
2

− 1
2 (𝑔1 ∘ ∇𝑢𝑚) (𝜏)) 𝑑𝜏 + ∫𝑡

0
(V𝑚𝜏𝑞+1𝑞+1

+ 1
2𝑔2 (𝜏) ∇V𝑚

2 − 1
2 (𝑔2 ∘ ∇V𝑚) (𝜏)) 𝑑𝜏

= 𝐸𝑚 (0) ,

(59)

where

𝐸𝑚 (𝑡) fl 1
2 𝑢𝑚𝑡2 + 1

2 V𝑚𝑡2 + 1
2 (𝑚0 − 𝑙1) ∇𝑢𝑚2

+ 1
2 (𝑚0 − 𝑘1) ∇V𝑚2 + 𝛼𝛽

2 (𝛾 + 1)
+ 1

2 (𝑔1 ∘ ∇𝑢𝑚) (𝑡) + 1
2 (𝑔2 ∘ ∇V𝑚) (𝑡)

− ∫
Ω
𝐹 (𝑢𝑚, V𝑚) 𝑑𝑥

= 1
2 (𝑢𝑚𝑡2 + V𝑚𝑡2) + 𝐽 (𝑢𝑚, V𝑚) ,

(60)

From (𝑢0, V0) ∈ 𝐻10 (Ω) ×𝐻10 (Ω), (56), and (57) we get that as𝑚 → ∞
𝑢𝑚𝑡 (0) → 𝑢1 ,V𝑚𝑡 (0) → V1 ,∇𝑢𝑚 (0) → ∇𝑢0 ,∇V𝑚 (0) → ∇V0 .

(61)

Therefore we have 𝐸𝑚(0) → 𝐸(0) as 𝑚 → 0. Then for suffi-
ciently large𝑚 we have

1
2 (𝑢𝑚𝑡2 + V𝑚𝑡2) + 𝐽 (𝑢𝑚, V𝑚) + ∫𝑡

0
(𝑢𝑚𝜏𝑝+1𝑝+1

+ 1
2𝑔1 (𝜏) ∇𝑢𝑚

2 − 1
2 (𝑔1 ∘ ∇𝑢𝑚) (𝜏)) 𝑑𝜏

+ ∫𝑡
0
(V𝑚𝜏𝑞+1𝑞+1 + 1

2𝑔2 (𝜏) ∇V𝑚
2

− 1
2 (𝑔2 ∘ ∇V𝑚) (𝜏)) 𝑑𝜏 < 𝑑.

(62)
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Note that

𝐽 (𝑢, V) = (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2)
+ ( 𝛼

2 (𝛾 + 1) − 𝛼
𝑚 + 1)𝛽 + (1

2 − 1
𝑚 + 1)

⋅ (𝑔1 ∘ ∇𝑢) (𝑡) + (1
2 − 1

𝑚 + 1) (𝑔2 ∘ ∇V) (𝑡)
+ 1

𝑚 + 1𝐼 (𝑢, V) .

(63)

Hence, from (62) and (63), we get

1
2 (𝑢𝑚𝑡2 + V𝑚𝑡2) + ( 𝛼

2 (𝛾 + 1) − 𝛼
𝑚 + 1)𝛽

+ 1
𝑚 + 1𝐼 (𝑢𝑚, V𝑚) + (1

2 − 1
𝑚 + 1)

⋅ ((𝑚0 − 𝑙1) ∇𝑢𝑚2 + (𝑚0 − 𝑘1) ∇V𝑚2)
+ (1

2 − 1
𝑚 + 1) (𝑔1 ∘ ∇𝑢𝑚) (𝑡) + (1

2 − 1
𝑚 + 1)

⋅ (𝑔2 ∘ ∇V𝑚) (𝑡) < 𝑑.

(64)

By (𝑢0, V0) ∈ 𝑊 and

1
2 (𝑢𝑚𝑡 (0)2 + V𝑚𝑡 (0)2) + 𝐽 (𝑢𝑚 (0) , V𝑚 (0))

= 𝐸𝑚 (0) ,
(65)

taking into account (56) and (57), we can get (𝑢𝑚(0), V𝑚(0)) ∈𝑊 for sufficiently large𝑚. From (62) and an argument similar
to the proof of Lemma 9we can prove that (𝑢𝑚(𝑡), V𝑚(𝑡)) ∈ 𝑊
for 0 ≤ 𝑡 < ∞ and sufficiently large𝑚. Thus (64) gives

1
2 (𝑢𝑚𝑡2 + V𝑚𝑡2) + ( 𝛼

2 (𝛾 + 1) − 𝛼
𝑚 + 1)𝛽

+ (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ∇𝑢𝑚2 + (𝑚0 − 𝑘1) ∇V𝑚2)
+ (1

2 − 1
𝑚 + 1) (𝑔1 ∘ ∇𝑢𝑚) (𝑡) + (1

2 − 1
𝑚 + 1)

⋅ (𝑔2 ∘ ∇V𝑚) (𝑡) < 𝑑,

(66)

for sufficiently large𝑚 and 𝑡 ∈ [0,∞). Inequality (66) gives
𝑢𝑚 and V𝑚 are both bounded in 𝐿∞ (0,∞;𝐻10 (Ω)) , (67)

𝑢𝑚𝑡 and V𝑚𝑡 are both bounded in 𝐿∞ (0,∞;
𝐿2 (Ω)) . (68)

Furthermore, according to (68), the following results hold:
𝑢𝑚𝑡𝑝−1 𝑢𝑚𝑡 is bounded in 𝐿∞ (0,∞; 𝐿𝑟 (Ω)) ,

where 𝑟 = 𝑝 + 1
𝑝 , (69)

V𝑚𝑡𝑞−1 V𝑚𝑡 is bounded in 𝐿∞ (0,∞; 𝐿𝑟 (Ω)) ,
where 𝑟 = 𝑞 + 1

𝑞 , (70)

𝑢𝑚𝑚−1 𝑢𝑚 and V𝑚𝑚−1
⋅ V𝑚 are both bounded in 𝐿∞ (0,∞; 𝐿𝑟 (Ω)) ,

where 𝑟 = 𝑚 + 1
𝑚 .

(71)

Hence integrating (54) and (55) with respect to 𝑡, for every𝑠 ∈ 𝐻10 (Ω) and 0 ≤ 𝑡 < ∞, we have

(𝑢𝑚𝑡, 𝑤𝑠)
− ∫𝑡
0
((𝑚0 + 𝛼 (∇𝑢𝑚2 + ∇V𝑚2)𝛾)Δ𝑢𝑚, 𝑤𝑠) 𝑑𝜏

− ∫𝑡
0
∫𝜎
0
𝑔1 (𝜎 − 𝜏) (∇𝑢𝑚 (𝜏) , ∇𝑤𝑠) 𝑑𝜏 𝑑𝜎

+ ∫𝑡
0
(𝑢𝑚𝑡𝑝−1 𝑢𝑚𝑡, 𝑤𝑠) 𝑑𝜏

= ∫𝑡
0
(𝑓1 (𝑢𝑚, V𝑚) , 𝑤𝑠) 𝑑𝜏 + (𝑢1, 𝑤𝑠) ,

(V𝑚𝑡, 𝑤𝑠)
− ∫𝑡
0
((𝑚0 + 𝛼 (∇𝑢𝑚2 + ∇V𝑚2)𝛾)ΔV𝑚, 𝑤𝑠) 𝑑𝜏

− ∫𝑡
0
∫𝜎
0
𝑔2 (𝜎 − 𝜏) (∇𝑢𝑚 (𝜏) , ∇𝑤𝑠) 𝑑𝜏 𝑑𝜎

+ ∫𝑡
0
(V𝑚𝑡𝑞−1 V𝑚𝑡, 𝑤𝑠) 𝑑𝜏

= ∫𝑡
0
(𝑓2 (𝑢𝑚, V𝑚) , 𝑤𝑠) 𝑑𝜏 + (V1, 𝑤𝑠) .

(72)

Therefore, up to a subsequence, by (67)–(71), we may pass to
the limit in (72) and obtain a weak solution (𝑢, V) of problem
(1)–(5) with the above regularity (67)–(71) and (50). On the
other hand, from (56) and (57) we have (𝑢(𝑥, 0), V(𝑥, 0)) =(𝑢0(𝑥), V0(𝑥)) in 𝐻10 (Ω) × 𝐻10 (Ω) and (𝑢𝑡(𝑥, 0), V𝑡(𝑥, 0)) =
(𝑢1(𝑥), V1(𝑥)) in 𝐿2(Ω) × 𝐿2(Ω).
4. Finite Time Blow-Up When 𝐸(0) < 𝑑
Let us turn to discuss blow-up properties of solutions for
system (1)–(5) when 𝐸(0) < 𝑑, 𝑔(𝑢𝑡) = 𝑢𝑡, 𝑔(V𝑡) = V𝑡. We
firstly give the following definition of finite time blow-up of
weak solution for problem (1)–(5).
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Definition 11 (finite time blow-up). A solution (𝑢, V) of
problem (1)–(5) is called a blow-up solution if there exists a
finite time 𝑇 such that

lim sup
𝑡→𝑇−

∫
Ω
(𝑢2 + V2) 𝑑𝑥 = ∞. (73)

By the same argument as Lemma 9, we can get the
following lemma.

Lemma 12 (invariant set 𝑉). Let (𝑢0, V0) ∈ 𝐻10 (Ω) × 𝐻10 (Ω),
(𝑢1, V1) ∈ 𝐿2(Ω) × 𝐿2(Ω), and (A1)–(A4) hold. Then all solu-
tions of problem (1)–(5) with 𝐸(0) < 𝑑 belong to 𝑉, provided(𝑢0, V0) ∈ 𝑉.

In order to prove Theorem 14 we state some relations
of the depth of potential well 𝑑, norm ‖∇𝑢‖2 + ‖∇V‖2, and
function 𝐹(𝑢, V) as follows.
Lemma 13. Under the assumptions of Lemma 15, one has

𝑑 < (𝑚 − 1) (𝑚0 − 𝑚1)2 (𝑚 + 1) (‖∇𝑢‖2 + ‖∇V‖2) . (74)

Proof. From Lemma 6 for the depth of potential well 𝑑, we
have

𝑑 = (𝑚 − 1) (𝑚0 − 𝑚1)2 (𝑚 + 1) ( 𝑚0 − 𝑚1𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ )2/(𝑚−1) , (75)

where 𝑐1 is defined in (26) and 𝐶∗ is the best imbedding
constant from 𝐻10 (Ω) into 𝐿𝑚+1(Ω). By Lemma 15, we get(𝑢, V) ∈ 𝑉; that is, 𝐼(𝑢, V) < 0. Moreover by Lemma 1 and
Sobolev embedding inequality, 𝐼(𝑢, V) < 0 implies that

(𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚0 − 𝑘1) ‖∇V‖2 + 𝛼𝛽
+ (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑔2 ∘ ∇V) (𝑡)
< (𝑚 + 1) ∫

Ω
𝐹 (𝑢, V) 𝑑𝑥

≤ 𝑐1 (𝑚 + 1) (‖𝑢‖𝑚+1𝑚+1 + ‖V‖𝑚+1𝑚+1)
≤ 𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ (‖∇𝑢‖2 + ‖∇V‖2)(𝑚+1)/2 .

(76)

Notice that, from assumption (A4) and the definitions 𝛽 and𝑚1, we have
(𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)

< 𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ (‖∇𝑢‖2 + ‖∇V‖2)(𝑚+1)/2 ;
(77)

that is

‖∇𝑢‖2 + ‖∇V‖2 > ( 𝑚0 − 𝑚1𝑐1 (𝑚 + 1) 𝐶𝑚+1∗ )2/(𝑚−1) . (78)

Hence we obtain

𝑑 < (𝑚 − 1) (𝑚0 − 𝑚1)2 (𝑚 + 1) (‖∇𝑢‖2 + ‖∇V‖2) . (79)

A finite time blow-up result of solutions for problem
(1)–(5) is showed as follows.

Theorem 14 (finite time blow-up when 𝐸(0) < 𝑑). Let(𝑢0, V0) ∈ 𝐻10 (Ω) × 𝐻10 (Ω), (𝑢1, V1) ∈ 𝐿2(Ω) × 𝐿2(Ω), and
(A1)–(A4) hold; 1 < 𝑝 < 𝑚, 1 < 𝑞 < 𝑚 hold. Assume that𝐸(0) < 𝜁𝑑 (𝜁 < 1), (𝑢0, V0) ∈ 𝑉, and𝑚 satisfy

𝑚1 ≤ (𝑚 − 1) (1 − 𝜁)𝑚0(𝑚 − 1) (1 − 𝜁) + 1/ (𝑚 + 1) . (80)

Then the existence time of solution of problem (1)–(5) is finite.

Proof. Let (𝑢, V) be any solution of problem (1)–(5) with𝐸(0) < 𝑑 and (𝑢0, V0) ∈ 𝑉. Next, we prove the solution of
problem (1)–(5) blows up in finite time. Suppose by contra-
diction that the solution (𝑢(𝑡), V(𝑡)) is global. Then, for any𝑇0 > 0, we define a auxiliary function 𝐹(𝑡) by

𝐹 (𝑡) = ‖𝑢‖2 + ‖V‖2 + ∫𝑡
0
(‖𝑢‖2 + ‖V‖2) 𝑑𝜏

+ (𝑇0 − 𝑡) (𝑢02 + V02) .
(81)

Clearly 𝐹(𝑡) > 0 for all 𝑡 ∈ [0, 𝑇0]. From the continuity of 𝐹(𝑡)
in 𝑡, it is easy to see that there exists 𝜌 > 0 (independent of
the choice of 𝑇0) such that

𝐹 (𝑡) ≥ 𝜌, ∀𝑡 ∈ [0, 𝑇0] . (82)

Then for 𝑡 ∈ [0, 𝑇0] we have
𝐹 (𝑡) = 2 (𝑢, 𝑢𝑡) + 2 (V, V𝑡) − (𝑢02 + V02)

+ (‖𝑢‖2 + ‖V‖2)
= 2 (𝑢, 𝑢𝑡) + 2 (V, V𝑡)

+ 2∫𝑡
0
((𝑢 (𝜏) , 𝑢𝜏 (𝜏)) + (V (𝜏) , V𝜏 (𝜏))) 𝑑𝜏,

(83)

𝐹 (𝑡) = 2 (𝑢𝑡2 + V𝑡2) + 2 (𝑢, 𝑢𝑡𝑡) + 2 (V, V𝑡𝑡)
+ 2 (𝑢, 𝑢𝑡) + 2 (V, V𝑡)

= 2 (𝑢𝑡2 + V𝑡2)
− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇𝑢‖2

+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

+ 2 (𝑓1 (𝑢, V) , 𝑢)
− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇V‖2

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏

+ 2 (𝑓2 (𝑢, V) , V) .

(84)
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Applying Young’s inequality to estimate the fourth term on
the right side of (84), we have

2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

= 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ‖∇𝑢 (𝑡)‖2 𝑑𝜏

+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) (∇𝑢 (𝜏) − ∇𝑢 (𝑡)) 𝑑𝑥 𝑑𝜏

≥ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ‖∇𝑢 (𝑡)‖2 𝑑𝜏

− 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ‖∇𝑢 (𝑡)‖ ‖∇𝑢 (𝜏) − ∇𝑢 (𝑡)‖ 𝑑𝜏

≥ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ‖∇𝑢 (𝑡)‖2 𝑑𝜏 − 2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡)

− 𝑙12𝜂1 ‖∇𝑢‖
2 ,

(85)

for any 𝜂1 > 0. Similarly we have

2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏

≥ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ‖∇V (𝑡)‖2 𝑑𝜏 − 2𝜂2 (𝑔2 ∘ ∇V) (𝑡)

− 𝑘12𝜂2 ‖∇V‖
2 ,

(86)

for any 𝜂2 > 0. Then (84) arrives at

𝐹 (𝑡) ≥ 2 (𝑢𝑡2 + V𝑡2)
− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇𝑢‖2

+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ‖∇𝑢 (𝑡)‖2 𝑑𝜏

− 2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡) − 𝑙12𝜂1 ‖∇𝑢‖
2

− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇V‖2

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ‖∇V (𝑡)‖2 𝑑𝜏

− 2𝜂2 (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖
2

+ 2 (𝑓1 (𝑢, V) , 𝑢) + 2 (𝑓2 (𝑢, V) , V)
= 2 (𝑢𝑡2 + V𝑡2)

− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾 − 𝑙1) ‖∇𝑢‖2

− 2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡) − 𝑙12𝜂1 ‖∇𝑢‖
2

− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾 − 𝑘1) ‖∇V‖2

− 2𝜂2 (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖
2

+ 2 (𝑓1 (𝑢, V) , 𝑢) + 2 (𝑓2 (𝑢, V) , V)
= 2 (𝑢𝑡2 + V𝑡2) − 2 (𝑚0 − 𝑙1) ‖∇𝑢‖2

− 2 (𝑚0 − 𝑘1) ‖∇V‖2 − 2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡)
− 𝑙12𝜂1 ‖∇𝑢‖

2 − 2𝛼𝛽 − 2𝜂2 (𝑔2 ∘ ∇V) (𝑡)

− 𝑘12𝜂2 ‖∇V‖
2 + 2 (𝑚 + 1)∫

Ω
𝐹 (𝑢, V) 𝑑𝑥.

(87)

On the other hand from (83), we have

(𝐹 (𝑡))2 = 4 ((𝑢, 𝑢𝑡) + (V, V𝑡))2

+ 4(∫𝑡
0
((𝑢 (𝜏) , 𝑢𝜏 (𝜏)) + (V (𝜏) , V𝜏 (𝜏))) 𝑑𝜏)

2

+ 8 ((𝑢, 𝑢𝑡) + (V, V𝑡))
⋅ ∫𝑡
0
((𝑢 (𝜏) , 𝑢𝜏 (𝜏)) + (V (𝜏) , V𝜏 (𝜏))) 𝑑𝜏.

(88)

Using the Schwarz inequality, (88) takes on the form

((𝑢, 𝑢𝑡) + (V, V𝑡))2 ≤ (‖𝑢‖2 + ‖V‖2) (𝑢𝑡2 + V𝑡2) ,
(∫𝑡
0
(𝑢 (𝜏) , 𝑢𝜏 (𝜏)) 𝑑𝜏 + ∫𝑡

0
(V (𝜏) , V𝜏 (𝜏)) 𝑑𝜏)

2

≤ ∫𝑡
0
(‖𝑢‖2 + ‖V‖2) 𝑑𝜏∫𝑡

0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏,

2 ((𝑢, 𝑢𝑡) + (V, V𝑡))
⋅ ∫𝑡
0
((𝑢 (𝜏) , 𝑢𝜏 (𝜏)) + (V (𝜏) , V𝜏 (𝜏))) 𝑑𝜏

≤ (𝑢𝜏2 + V𝜏2)∫
𝑡

0
(‖𝑢‖2 + ‖V‖2) 𝑑𝜏

+ (‖𝑢‖2 + ‖V‖2)∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏,

(89)

and therefore (88) becomes

(𝐹 (𝑡))2

≤ 4(‖𝑢‖2 + ‖V‖2 + ∫𝑡
0
(‖𝑢‖2 + ‖V‖2) 𝑑𝜏)
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⋅ (𝑢𝑡2 + V𝑡2 + ∫t

0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏)

≤ 4𝐹 (𝑡) (𝑢𝑡2 + V𝑡2 + ∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏) .

(90)

Then by (81), (87), and (90), we have

𝐹 (𝑡) 𝐹 (𝑡) − 𝑝 + 3
4 (𝐹 (𝑡))2 ≥ 𝐹 (𝑡) (𝐹 (𝑡) − (𝑝 + 3)

⋅ (𝑢𝑡2 + V𝑡2 + ∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏))

≥ 𝐹 (𝑡) (2 (𝑢𝑡2 + V𝑡2) − 2 (𝑚0 − 𝑙1) ‖∇𝑢‖2

− 2 (𝑚0 − 𝑘1) ‖∇V‖2) − 𝐹 (𝑡) (2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡)

+ 𝑙12𝜂1 ‖∇𝑢‖
2 + 2𝛼𝛽) − 𝐹 (𝑡) (2𝜂2 (𝑔2 ∘ ∇V) (𝑡)

+ 𝑘12𝜂2 ‖∇V‖
2 − 2 (𝑚 + 1)∫

Ω
𝐹 (𝑢, V) 𝑑𝑥) − 𝐹 (𝑡) (𝑚

+ 3) (𝑢𝑡2 + V𝑡2 + ∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏) .

(91)

Now we define

𝜉 (𝑡) fl 2 (𝑢𝑡2 + V𝑡2) − 2 (𝑚0 − 𝑙1) ‖∇𝑢‖2
− 2 (𝑚0 − 𝑘1) ‖∇V‖2 − 2𝜂1 (𝑔1 ∘ ∇𝑢) (𝑡)
− 𝑙12𝜂1 ‖∇𝑢‖

2 − 2𝛼𝛽 − 2𝜂2 (𝑔2 ∘ ∇V) (𝑡)

− 𝑘12𝜂2 ‖∇V‖
2 + 2 (𝑚 + 1)∫

Ω
𝐹 (𝑢, V) 𝑑𝑥 − (𝑚 + 3)

⋅ (𝑢𝑡2 + V𝑡2 + ∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏) .

(92)

From the definition of 𝐸(𝑡), (92) becomes

𝜉 (𝑡) fl (𝑚 − 1) (𝑚0 − 𝑙1) ‖∇𝑢‖2
+ (𝑚 − 1) (𝑚0 − 𝑘1) ‖∇V‖2
+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖

2

− 𝑙12𝜂1 ‖∇𝑢‖
2 + (𝑚 + 1

𝑟 + 1 − 2) 𝛼𝛽

− (𝑚 + 3)∫𝑡
0
(𝑢𝜏2 + V𝜏2) 𝑑𝜏

− 2 (𝑚 + 1) 𝐸 (𝑡) .

(93)

Then from Lemma 2 with 𝑝 = 𝑞 = 1, (93) arrives at
𝜉 (𝑡) fl (𝑚 − 1) (𝑚0 − 𝑙1) ‖∇𝑢‖2 + (𝑚 − 1) (𝑚0 − 𝑘1)

⋅ ‖∇V‖2 + (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) − 𝑙12𝜂1 ‖∇𝑢‖
2

+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖
2

+ (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0) + (𝑚 + 1)

⋅ ∫𝑡
0
(𝑔1 (𝑠) ‖∇𝑢 (𝑠)‖2 + 𝑔2 (𝑠) ‖∇V (𝑠)‖2) 𝑑𝑠

− (𝑚 + 1)∫𝑡
0
((𝑔1 ∘ ∇𝑢) (𝑠) + (𝑔2 ∘ ∇V) (𝑠)) 𝑑𝑠.

(94)

From assumption (A4) on 𝑔1 and 𝑔2 we can derive

𝜉 (𝑡) ≥ (𝑚 − 1) (𝑚0 − 𝑙1) ‖∇𝑢‖2
+ (𝑚 − 1) (𝑚0 − 𝑘1) ‖∇V‖2
+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) − 𝑙12𝜂1 ‖∇𝑢‖

2

+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖
2

+ (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0)

= ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂1) 𝑙1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑘1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡)
+ (𝑚 + 1

𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0)
= ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1

2𝜂1) 𝑙1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑘1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡)
− 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)
+ 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)
− 2 (𝑚 + 1) 𝜁𝑑 + (𝑚 + 1

𝑟 + 1 − 2) 𝛼𝛽
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+ 2 (𝑚 + 1) 𝜁𝑑 − 2 (𝑚 + 1) 𝐸 (0)
= 𝜉1 + 𝜉2 + 𝜉3,

(95)

where

𝜉1 = ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂1) 𝑙1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑘1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡)
− 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2) ,

𝜉2 = 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)
− 2 (𝑚 + 1) 𝜁𝑑,

𝜉3 = (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 + 2 (𝑚 + 1) 𝜁𝑑

− 2 (𝑚 + 1) 𝐸 (0) .

(96)

Wenext estimate the terms 𝜉1, 𝜉2, and 𝜉3 one by one as follows.
For the term 𝜉1 from

𝑚1 = max {𝑙1, 𝑘1} , (97)

we have

𝜉1 = ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂1) 𝑙1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑘1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑚 + 1 − 2𝜂2) (𝑔2
∘ ∇V) (𝑡) − 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)
≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1

2𝜂1)𝑚1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑚1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑚 + 1 − 2𝜂2) (𝑔2
∘ ∇V) (𝑡) − 𝜁 (𝑚 − 1) (𝑚0 − 𝑚1) (‖∇𝑢‖2 + ‖∇V‖2)
= ((𝑚 − 1) (1 − 𝜁)𝑚0
− ((𝑚 − 1) (1 − 𝜁) + 1

2𝜂1)𝑚1) ‖∇𝑢‖2

+ ((𝑚 − 1) (1 − 𝜁)𝑚0
− ((𝑚 − 1) (1 − 𝜁) + 1

2𝜂2)𝑚1) ‖∇V‖2 + (𝑚 + 1
− 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) + (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡) .

(98)
Here by taking 2𝜂1 = 𝑚 + 1 and 2𝜂2 = 𝑚 + 1 and by (80) we
have

𝜉1 > 0. (99)
From Lemma 16 we can derive

𝜉2 > 0. (100)
With the fact 𝐸(0) < 𝜁𝑑 we have

𝜉3 > 0. (101)
So from (95) we have 𝜉(𝑡) > 𝜎1 > 0. Therefore we can derive

𝐹 (𝑡) 𝐹 (𝑡) − 𝑝 + 3
4 𝐹 (𝑡)2 ≥ 𝜌𝜎1 > 0, 𝑡 ∈ [0, 𝑇0] . (102)

Setting 𝑦(𝑡) = 𝐹(𝑡)−(𝑝−1)/4, this inequality becomes

𝑦 (𝑡) ≤ −𝑝 − 1
4 𝜎1𝜌𝑦 (𝑡)(𝑝+7)/(𝑝−1) , 𝑡 ∈ [0, 𝑇0] . (103)

This proves that𝑦(𝑡) reaches 0 in finite time, say 𝑡 → 𝑇∗. Since𝑇∗ is independent of the initial choice of 𝑇0, we may assume
that 𝑇∗ < 𝑇0. This tells us that

lim
𝑡→𝑇∗

𝐹 (𝑡) = +∞, (104)

which completes the proof.

5. A Finite Time Blow-Up When 𝐸(0) > 0
We first present the following lemmas in order to prove
Theorem 18.

Lemma 15. Let condition (A4) hold and the nonlinear vis-
coelastic terms 𝑔1 and 𝑔2 satisfy
∫𝑡
0
𝑤 (𝑠) ∫𝑠

0
𝑒(𝑠−𝜏)/2𝑔1 (𝑠 − 𝜏)𝑤 (𝜏) 𝑑𝜏 𝑑𝑠 ≥ 0,

∀𝑤 ∈ 𝐶1 ([0,∞)) , ∀𝑡 > 0,
(105)

∫𝑡
0
𝑤 (𝑠) ∫𝑠

0
𝑒(𝑠−𝜏)/2𝑔2 (𝑠 − 𝜏)𝑤 (𝜏) 𝑑𝜏 𝑑𝑠 ≥ 0,

∀𝑤 ∈ 𝐶1 ([0,∞)) , ∀𝑡 > 0.
(106)

If 𝐻(𝑡) is a twice continuously differentiable function and
satisfies the inequality

𝐻 (𝑡) + 𝐻 (𝑡)
> ∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑥, 𝜏) ∇𝑢 (𝑥, 𝑡) 𝑑𝑥 𝑑𝜏

+ ∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑥, 𝜏) ∇V (𝑥, 𝑡) 𝑑𝑥 𝑑𝜏

(107)
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and the initial condition

𝐻(0) > 0,
𝐻 (0) > 0, (108)

for every 𝑡 ∈ [0, 𝑇0), where (𝑢(𝑡), V(𝑡)) is the corresponding
solutions of problem (1)–(5) with (𝑢0, V0) and (𝑢1, V1), then the
function𝐻(𝑡) is strictly increasing on [0, 𝑇0).
Proof. Consider the following auxiliary ordinary differential
equation:

ℎ (𝑡) + ℎ (𝑡)
= ∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑥, 𝜏) ∇𝑢 (𝑥, 𝑡) 𝑑𝑥 𝑑𝜏

+ ∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑥, 𝜏) ∇V (𝑥, 𝑡) 𝑑𝑥 𝑑𝜏,

(109)

with the initial condition

ℎ (0) = 𝐻 (0) ,
ℎ (0) = 0, (110)

for every 𝑡 ∈ [0, 𝑇0).
Clearly we can find the following function:

ℎ (𝑡) = ℎ (0) + ∫𝑡
0

𝑒−𝜉 − 𝑒−𝑡
𝑒−𝜉 ∫𝜉

0
𝑔1 (𝜉 − 𝜏)

⋅ ∫
Ω
∇𝑢 (𝑥, 𝜏) ∇𝑢 (𝑥, 𝜉) 𝑑𝑥 𝑑𝜏 𝑑𝜉

+ ∫𝑡
0

𝑒−𝜉 − 𝑒−𝑡
𝑒−𝜉 ∫𝜉

0
𝑔2 (𝜉 − 𝜏)

⋅ ∫
Ω
∇V (𝑥, 𝜏) ∇V (𝑥, 𝜉) 𝑑𝑥 𝑑𝜏 𝑑𝜉,

(111)

as a solution of the ODE (109) and (110) for every 𝑡 ∈ [0, 𝑇0).
Now in order to show that

𝐻 (𝑡) > 0, 𝑡 ≥ 0, (112)

we need to prove that

𝐻 (𝑡) > ℎ (𝑡) ≥ 0, 𝑡 ≥ 0. (113)

From (105) a direct computation on (111) yields

ℎ (𝑡) = ∫𝑡
0
𝑒𝜉−𝑡 ∫𝜉
0
𝑔1 (𝜉 − 𝜏)

⋅ ∫
Ω
∇𝑢 (𝑥, 𝜏) ∇𝑢 (𝑥, 𝜉) 𝑑𝑥 𝑑𝜏 𝑑𝜉

+ ∫𝑡
0
𝑒𝜉−𝑡 ∫𝜉
0
𝑔2 (𝜉 − 𝜏)

⋅ ∫
Ω
∇V (𝑥, 𝜏) ∇V (𝑥, 𝜉) 𝑑𝑥 𝑑𝜏 𝑑𝜉

= 𝑒−𝑡 ∫
Ω
𝑒𝜉 ∫𝑡
0
∫𝜉
0
𝑔1 (𝜉 − 𝜏)

⋅ ∇𝑢 (𝑥, 𝜏) ∇𝑢 (𝑥, 𝜉) 𝑑𝜏 𝑑𝜉 𝑑𝑥
+ 𝑒−𝑡 ∫

Ω
𝑒𝜉 ∫𝑡
0
∫𝜉
0
𝑔2 (𝜉 − 𝜏)

⋅ ∇V (𝑥, 𝜏) ∇V (𝑥, 𝜉) 𝑑𝜏 𝑑𝜉 𝑑𝑥
= 𝑒−𝑡 ∫

Ω
∫𝑡
0
∫𝜉
0
𝑒(𝜉−𝜏)/2𝑔1 (𝜉 − 𝜏) 𝑒𝜏/2

⋅ ∇𝑢 (𝑥, 𝜏) 𝑒𝜉/2∇𝑢 (𝑥, 𝜉) 𝑑𝜏 𝑑𝜉 𝑑𝑥
+ 𝑒−𝑡 ∫

Ω
∫𝑡
0
∫𝜉
0
𝑒(𝜉−𝜏)/2𝑔2 (𝜉 − 𝜏) 𝑒𝜏/2

⋅ ∇V (𝑥, 𝜏) 𝑒𝜉/2∇V (𝑥, 𝜉) 𝑑𝜏 𝑑𝜉 𝑑𝑥
= 𝑒−𝑡 ∫

Ω
∫𝑡
0
(𝑒𝜉/2∇𝑢 (𝑥, 𝜉)) ∫𝜉

0
(𝑒(𝜉−𝜏)/2𝑔1 (𝜉 − 𝜏))

⋅ (𝑒𝜏/2∇𝑢 (𝑥, 𝜏)) 𝑑𝜏 𝑑𝜉 𝑑𝑥
+ 𝑒−𝑡 ∫

Ω
∫𝑡
0
(𝑒𝜉/2∇V (𝑥, 𝜉)) ∫𝜉

0
(𝑒(𝜉−𝜏)/2𝑔2 (𝜉 − 𝜏))

⋅ (𝑒𝜏/2∇V (𝑥, 𝜏)) 𝑑𝜏 𝑑𝜉 𝑑𝑥 ≥ 0,
(114)

for every 𝑡 ∈ [0, 𝑇0), which says that

ℎ (𝑡) ≥ ℎ (0) = 𝐻 (0) . (115)

Moreover from (108) and (114) it implies that

𝐻 (0) > 0 = ℎ (0) . (116)

Suppose by contradiction that the first inequality of (113) is
invalid; then there exists 𝑡1 ∈ [0, 𝑇0) such that

𝐻 (𝑡1) ≤ ℎ (𝑡1) . (117)

From the continuity of the solution in time, there exists 𝑡0 ∈[0, 𝑇0) such that

𝐻 (𝑡0) = ℎ (𝑡0) . (118)

On the other handwe have the following ordinary differential
inequality

(𝐻 (𝑡) − ℎ (𝑡)) + (𝐻 (𝑡) − ℎ (𝑡)) > 0,
𝐻 (0) − ℎ (0) = 0,

𝐻 (0) − ℎ (0) > 0,
(119)

for every 𝑡 ∈ [0, 𝑇0). This ordinary differential inequality can
be solved as

𝐻 (𝑡0) − ℎ (𝑡0) > 𝑒−𝑡0 (𝐻 (0) − ℎ (0)) > 0, (120)

which contradicts (118). Thus we prove the first inequality of
(113), which together with (114) states (113). So we complete
this proof.
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Lemma 16. Let (𝑢0, V0) ∈ 𝐻10 (Ω)×𝐻10 (Ω), (𝑢1, V1) ∈ 𝐿2(Ω)×
𝐿2(Ω), 𝑝 = 𝑞 = 1, and (𝑢, V) be the solution of problem (1)–(5)
with the initial data (𝑢0, V0) and (𝑢1, V1). Assume the initial
data satisfy

(𝑢0, 𝑢1) + (V0, V1) ≥ 0; (121)

then the map

{𝑡 → ‖𝑢 (𝑡)‖2 + ‖V (𝑡)‖2} (122)

is strictly increasing as long as (𝑢, V) ∈ 𝑉.
Proof. Let

𝐻(𝑡) = ‖𝑢‖2 + ‖V‖2 ; (123)

then we have

𝐻 (𝑡) = 2 (𝑢, 𝑢𝑡) + 2 (V, V𝑡) , (124)

𝐻 (𝑡) = 2 (𝑢𝑡2 + V𝑡2) + 2 (𝑢, 𝑢𝑡𝑡) + 2 (V, V𝑡𝑡)
= 2 (𝑢𝑡2 + V𝑡2) − 2 (𝑢, 𝑢𝑡) − 2 (V, V𝑡)

+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏

− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇𝑢‖2
− 2 (𝑚0 + 𝛼 (‖∇𝑢‖2 + ‖∇V‖2)𝛾) ‖∇V‖2
+ 2 (𝑓1 (𝑢, V) , 𝑢) + 2 (𝑓2 (𝑢, V) , V)

= 2 (𝑢𝑡2 + V𝑡2) − 2 (𝑢, 𝑢𝑡) − 2 (V, V𝑡)
− 2𝐼 (𝑢, V)
+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏.

(125)

Adding (124) and (125) we have

𝐻 (𝑡) + 𝐻 (𝑡)
= 2 (𝑢𝑡2 + V𝑡2) − 2𝐼 (𝑢, V)

+ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏,

(126)

which, from the fact that (𝑢, V) ∈ 𝑉, implies that

𝐻 (𝑡) + 𝐻 (𝑡)
≥ 2∫𝑡
0
𝑔1 (𝑡 − 𝜏) ∫

Ω
∇𝑢 (𝑡) ∇𝑢 (𝜏) 𝑑𝑥 𝑑𝜏

+ 2∫𝑡
0
𝑔2 (𝑡 − 𝜏) ∫

Ω
∇V (𝑡) ∇V (𝜏) 𝑑𝑥 𝑑𝜏.

(127)

Therefore, applying Lemma 15 with the fact that

𝐻 (0) = 2∫
Ω
𝑢0𝑢1𝑑𝑥 + 2∫

Ω
V0V1𝑑𝑥 ≥ 0, (128)

we can obtain that the map

{𝑡 → ‖𝑢 (𝑡)‖2 + ‖V (𝑡)‖2} (129)

is strictly increasing.

In the following, we show the invariance of the unstable
set under the flow of the problem (1)–(5).

Lemma 17. Let (𝑢0, V0) ∈ 𝐻10 (Ω) ×𝐻10 (Ω), (𝑢1, V1) ∈ 𝐿2(Ω) ×
𝐿2(Ω), 𝑝 = 𝑞 = 1, and (𝑢, V) be the solution of problem (1)–(5)
with the initial data (𝑢0, V0) and (𝑢1, V1). Assume that the non-
linear viscoelastic terms 𝑔1 and 𝑔2 satisfy

𝑚1 < (𝑚 − 1)𝑚0(𝑚 − 1) + 1/ (𝑚 + 1) , (130)

and the initial data satisfy (121) and

𝑢02 + V02 > 2 (𝑚 + 1)
𝐴𝐶 𝐸 (0) , (131)

where

𝐴 = (𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
𝑚 + 1)𝑚1,

𝐶 = min {𝐶1, 𝐶2} .
(132)

𝐶1 is the coefficient of Poincaré inequality ‖∇𝑢‖2 ≥ 𝐶1‖𝑢‖2 and𝐶2 is the coefficient of Poincaré inequality ‖∇V‖2 ≥ 𝐶2‖V‖2.
Then all solutions of problem (1)–(5) with 𝐸(0) > 0 belong to𝑉, provided 𝐼(𝑢0, V0) < 0.
Proof. We prove (𝑢(𝑡), V(𝑡)) ∈ 𝑉. If it is false, let 𝑡0 ∈ (0, 𝑇) be
the first time such that 𝐼(𝑢(𝑡), V(𝑡)) = 0; that is, 𝐼(𝑢(𝑡), V(𝑡)) <0, for 𝑡 ∈ [0, 𝑡0) and 𝐼(𝑢(𝑡0), V(𝑡0)) = 0. Now let 𝐻(𝑡) be
defined by (123) above. Hence from Lemma 16, we get that𝐻(𝑡) and 𝐻(𝑡) are strictly increasing on the interval (0, 𝑡0).
And then by (131), we have

𝐻(𝑡) > V02 + 𝑢02 > 2 (𝑚 + 1)
𝐴𝐶 𝐸 (0) ,

∀𝑡 ∈ [0, 𝑡0) .
(133)

Moreover, from the continuity of 𝑢(𝑡) in 𝑡, we obtain
𝐻(𝑡0) > 2 (𝑚 + 1)

𝐴𝐶 𝐸 (0) . (134)
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On the other hand, by (37) and (39) we can obtain

𝐸 (0) ≥ 𝐸 (𝑡0) = 1
2 𝑢𝑡 (𝑡0)2 + 1

2 V𝑡 (𝑡0)2

+ 𝛼𝛽 (𝑡0)2 (𝛾 + 1) + 1
2 (𝑚0 − 𝑙1) ∇𝑢 (𝑡0)2

+ 1
2 (𝑚0 − 𝑘1) ∇V (𝑡0)2 + 1

2 (𝑔1 ∘ ∇𝑢) (𝑡0)
+ 1

2 (𝑔2 ∘ ∇V) (𝑡0) − ∫
Ω
𝐹 (𝑢 (𝑡0) , V (𝑡0)) 𝑑𝑥

= 1
2 𝑢𝑡 (𝑡0)2 + 1

2 V𝑡 (𝑡0)2

+ ( 𝛼
2 (𝛾 + 1) − 𝛼

𝑚 + 1)𝛽 (𝑡0) + (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ∇𝑢 (𝑡0)2 + (𝑚0 − 𝑘1) ∇V (𝑡0)2)
+ (1

2 − 1
𝑚 + 1) (𝑔1 ∘ ∇𝑢) ((𝑡0)) + (1

2 − 1
𝑚 + 1)

⋅ (𝑔2 ∘ ∇V) ((𝑡0)) + 1
𝑚 + 1𝐼 (𝑢 (𝑡0) , V (𝑡0)) .

(135)

Note that 𝐼(𝑢(𝑡0), V(𝑡0)) = 0; hence we have
𝐸 (0) ≥ 1

2 𝑢𝑡 (𝑡0)2 + 1
2 V𝑡 (𝑡0)2

+ ( 𝛼
2 (𝛾 + 1) − 𝛼

𝑚 + 1)𝛽 (𝑡0) + (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ∇𝑢 (𝑡0)2 + (𝑚0 − 𝑘1) ∇V (𝑡0)2)
+ (1

2 − 1
𝑚 + 1) (𝑔1 ∘ ∇𝑢) ((𝑡0)) + (1

2 − 1
𝑚 + 1)

⋅ (𝑔2 ∘ ∇V) ((𝑡0)) ≥ (1
2 − 1

𝑚 + 1)
⋅ ((𝑚0 − 𝑙1) ∇𝑢 (𝑡0)2 + (𝑚0 − 𝑘1) ∇V (𝑡0)2)
≥ (1

2 − 1
𝑚 + 1) (𝑚0 − 𝑚1)

⋅ (∇𝑢 (𝑡0)2 + ∇V (𝑡0)2) .

(136)

Using the Poincaré inequality

‖∇𝑢‖2 ≥ 𝐶1 ‖𝑢‖2 ,
‖∇V‖2 ≥ 𝐶2 ‖V‖2 ,

(137)

we have

‖∇𝑢‖2 + ‖∇V‖2 ≥ 𝐶1 ‖𝑢‖2 + 𝐶2 ‖V‖2
≥ 𝐶 (‖𝑢‖2 + ‖V‖2) . (138)

By (138), we deduce (136) to

𝐸 (0) ≥ (1
2 − 1

𝑚 + 1) (𝑚0 − 𝑚1)
⋅ (∇𝑢 (𝑡0)2 + ∇V (𝑡0)2) ≥ (1

2 − 1
𝑚 + 1)

⋅ (𝑚0 − 𝑚1) 𝐶 (𝑢 (𝑡0)2 + V (𝑡0)2)
≥ (1

2 − 1
𝑚 + 1) (𝑚0 − 𝑚1)

⋅ 𝐶 (𝑢 (𝑡0)2 + V (𝑡0)2) − 𝑚12 (𝑚 + 1)2
⋅ 𝐶 (𝑢 (𝑡0)2 + V (𝑡0)2)
= (𝑚 − 1)𝑚0 − (𝑚 − 1)𝑚1 − 𝑚1/ (𝑚 + 1)

2 (𝑚 + 1)
⋅ 𝐶 (𝑢 (𝑡0)2 + V (𝑡0)2)
= 𝐴𝐶

2 (𝑚 + 1) (𝑢 (𝑡0)2 + V (𝑡0)2) ,

(139)

which means

𝐻(𝑡0) = 𝑢 (𝑡0)2 + V (𝑡0)2 ≤ 2 (𝑚 + 1)
𝐴𝐶 𝐸 (0) . (140)

It is obvious that (140) contradicts (131).

Theorem 18 (finite time blow-up under the case of 𝐸(0) > 0
and 𝑝 = 𝑞 = 1). Let (𝑢0, V0) ∈ 𝐻10 (Ω) × 𝐻10 (Ω), (𝑢1, V1) ∈
𝐿2(Ω)×𝐿2(Ω), and (A1)–(A4) hold. Assume that the nonlinear
viscoelastic terms 𝑔1 and 𝑔2 satisfy (105), (106), and (130) and
the initial data satisfy (121), (131), and (𝑢0, V0) ∈ 𝑉. Then the
solution of problem (1)–(5) with 𝑝 = 𝑞 = 1 and 𝐸(0) > 0 blows
up in finite time.

Proof. Recalling the auxiliary function 𝐹(𝑡) defined as (81)
and the proof of Theorem 14, we have

𝜉 (𝑡)
≥ (𝑚 − 1) (𝑚0 − 𝑙1) ‖∇𝑢‖2

+ (𝑚 − 1) (𝑚0 − 𝑘1) ‖∇V‖2
+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡) − 𝑙12𝜂1 ‖∇𝑢‖

2

+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡) − 𝑘12𝜂2 ‖∇V‖
2

+ (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0)

= ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂1) 𝑙1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑘1) ‖∇V‖2
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+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡)
+ (𝑚 + 1

𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0)
≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1

2𝜂1)𝑚1) ‖∇𝑢‖2

+ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
2𝜂2)𝑚1) ‖∇V‖2

+ (𝑚 + 1 − 2𝜂1) (𝑔1 ∘ ∇𝑢) (𝑡)
+ (𝑚 + 1 − 2𝜂2) (𝑔2 ∘ ∇V) (𝑡)
+ (𝑚 + 1

𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1) 𝐸 (0) .
(141)

Since (141) holds for any 0 < 𝜂1, 𝜂2 ≤ (𝑚+1)/2, we can choose𝜂1 = 𝜂2 = (𝑚 + 1)/2; then (141) becomes

𝜉 (𝑡) ≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
𝑚 + 1)𝑚1)

⋅ (‖∇𝑢‖2 + ‖∇V‖2) + (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1)

⋅ 𝐸 (0) ≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
𝑚 + 1)𝑚1)

⋅ (‖∇𝑢‖2 + ‖∇V‖2) − 2 (𝑚 + 1) 𝐸 (0) .

(142)

Then from Lemma 17 and Poincaré inequality, we conclude
that

𝜉 (𝑡) ≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
𝑚 + 1)𝑚1)

⋅ (‖∇𝑢‖2 + ‖∇V‖2) + (𝑚 + 1
𝑟 + 1 − 2) 𝛼𝛽 − 2 (𝑚 + 1)

⋅ 𝐸 (0) ≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1
𝑚 + 1)𝑚1)

⋅ (‖∇𝑢‖2 + ‖∇V‖2) − 2 (𝑚 + 1) 𝐸 (0)
≥ ((𝑚 − 1)𝑚0 − ((𝑚 − 1) + 1

𝑚 + 1)𝑚1)
⋅ 𝐶 (‖𝑢‖2 + ‖V‖2) − 2 (𝑚 + 1) 𝐸 (0) ,

(143)

whichmeans 𝜉(𝑡) > 𝜎 > 0. Similar to the proof ofTheorem 14,
by the concavity argument, we conclude the result.
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[12] G. Kirchhoff, Vorlesungen Über Mechanik, Teubner, Leipzig,
Germany, 1883.

[13] K. Ono, “Blowing up and global existence of solutions for some
degenerate nonlinear wave equations with some dissipation,”
vol. 30, no. 7, pp. 4449–4457.

[14] K. Ono, “Global existence, decay, and blowup of solutions for
some mildly degenerate nonlinear Kirchhoff strings,” Journal of
Differential Equations, vol. 137, no. 2, pp. 273–301, 1997.

[15] S. T. Wu and L. Tsai, On global solutions and blow-up solutions
for a nonlinear viscoelastic wave equation with nonlinear damp-
ing, National Chengchi University, 2004.

[16] S. T. Wu and L. Y. Tsai, “Blow-up of solutions for some non-
linear wave equations of Kirchhoff type with some dissipation,”
Nonlinear Analysis. Theory, Methods & Applications, vol. 65, no.
2, pp. 243–264, 2006.



18 Advances in Mathematical Physics

[17] S.-T. Wu and L.-Y. Tsai, “On a system of nonlinear wave equa-
tions of Kirchhoff typewith a strong dissipation,”Tamkang Jour-
nal of Mathematics, vol. 38, no. 1, pp. 1–20, 2007.

[18] R. Xu and Y. Yang, “Finite time blow-up for the nonlin-
ear fourth-order dispersive-dissipative wave equation at high
energy level,” International Journal of Mathematics, vol. 23, no.
5, Article ID 12500607, 2012.

[19] M. Reed, Abstract non-linear wave equations, Lecture Notes in
Mathematics, Vol. 507, Springer-Verlag, Berlin-New York, 1976.

[20] K. Agre andM. A. Rammaha, “Systems of nonlinear wave equa-
tions with damping and source terms,” Differential and Integral
Equations. An International Journal for Theory & Applications,
vol. 19, no. 11, pp. 1235–1270, 2006.

[21] C. O. Alves, M. M. Cavalcanti, V. N. Domingos Cavalcanti, M.
A. Rammaha, and D. Toundykov, “On existence, uniform decay
rates and blow up for solutions of systems of nonlinear wave
equations with damping and source terms,” Discrete and Con-
tinuous Dynamical Systems - Series S, vol. 2, no. 3, pp. 583–608,
2009.

[22] B. Said-Houari, “Global nonexistence of positive initial-energy
solutions of a system of nonlinear wave equations with damping
and source terms,” Differential and Integral Equations, vol. 23,
no. 1-2, pp. 79–92, 2010.

[23] M. A. Rammaha and S. Sakuntasathien, “Global existence and
blow up of solutions to systems of nonlinear wave equations
with degenerate damping and source terms,” Nonlinear Anal-
ysis. Theory, Methods & Applications, vol. 72, no. 5, pp. 2658–
2683, 2010.

[24] G. Li, Y. Sun, andW. Liu, “Global existence, uniform decay and
blow-up of solutions for a system of Petrovsky equations,”Non-
linear Analysis. Theory, Methods & Applications, vol. 74, no. 4,
pp. 1523–1538, 2011.

[25] M.A. Rammaha and S. Sakuntasathien, “Critically and degener-
ately damped systems of nonlinear wave equations with source
terms,”Applicable Analysis: An International Journal, vol. 89, no.
8, pp. 1201–1227, 2010.

[26] X. Han and M. Wang, “Global existence and blow-up of solu-
tions for a system of nonlinear viscoelastic wave equations with
damping and source,” Nonlinear Analysis. Theory, Methods &
Applications, vol. 71, no. 11, pp. 5427–5450, 2009.

[27] J.Wu, S. Li, and S. Chai, “Existence and nonexistence of a global
solution for coupled nonlinear wave equations with damping
and source,” Nonlinear Analysis. Theory, Methods & Applica-
tions, vol. 72, no. 11, pp. 3969–3975, 2010.

[28] B. Said-Houari, S. A. Messaoudi, and A. Guesmia, “General
decay of solutions of a nonlinear system of viscoelastic wave
equations,” Nonlinear Differential Equations and Applications
NoDEA, vol. 18, no. 6, pp. 659–684, 2011.

[29] S. A. Messaoudi and B. Said-Houari, “Global nonexistence of
positive initial-energy solutions of a system of nonlinear vis-
coelastic wave equations with damping and source terms,” Jour-
nal of Mathematical Analysis and Applications, vol. 365, no. 1,
pp. 277–287, 2010.

[30] B. Said-Houari, “Exponential growth of positive initial-energy
solutions of a system of nonlinear viscoelastic wave equations
with damping and source terms,” Zeitschrift für Angewandte
Mathematik und Physik, vol. 62, no. 1, pp. 115–133, 2011.

[31] W. Liu, “Global existence and uniform decay of solutions for a
system of wave equations with dispersive and dissipative terms,”
Frontiers of Mathematics in China, vol. 5, no. 3, pp. 555–574,
2010.

[32] W. Liu, “Global existence, asymptotic behavior and blow-up of
solutions for coupled Klein-Gordon equations with damping
terms,”Nonlinear Analysis.Theory, Methods & Applications, vol.
73, no. 1, pp. 244–255, 2010.

[33] F. Liang andH. Gao, “Exponential energy decay and blow-up of
solutions for a system of nonlinear viscoelastic wave equations
with strong damping,” Boundary Value Problems, 2011:22, 19
pages, 2011.

[34] S. A. Messaoudi and N.-e. Tatar, “Uniform stabilization of solu-
tions of a nonlinear system of viscoelastic equations,”Applicable
Analysis: An International Journal, vol. 87, no. 3, pp. 247–263,
2008.

[35] M. de Lima Santos, “Decay rates for solutions of a system of
wave equations with memory,” Electronic Journal of Differential
Equations, No. 38, 17 pages, 2002.

[36] L. Liu andM.Wang, “Global existence and blow-up of solutions
for some hyperbolic systems with damping and source terms,”
Nonlinear Analysis. Theory, Methods & Applications, vol. 64, no.
1, pp. 69–91, 2006.

[37] B. Said-Houari, “Global existence and decay of solutions of a
nonlinear system of wave equations,” Applicable Analysis: An
International Journal, vol. 91, no. 3, pp. 475–489, 2012.

[38] S.-T. Wu, “On decay and blow-up of solutions for a system of
nonlinear wave equations,” Journal of Mathematical Analysis
and Applications, vol. 394, no. 1, pp. 360–377, 2012.

[39] M. Nakao, “A difference inequality and its application to non-
linear evolution equations,” Journal of the Mathematical Society
of Japan, vol. 30, no. 4, pp. 747–762, 1978.

[40] Y. Wang, “A global nonexistence theorem for viscoelastic equa-
tionswith arbitrary positive initial energy,”AppliedMathematics
Letters, vol. 22, no. 9, pp. 1394–1400, 2009.

[41] J. Ma, C. Mu, and R. Zeng, “A blow up result for viscoelastic
equationswith arbitrary positive initial energy,”BoundaryValue
Problems, 2011:6, 10 pages, 2011.

[42] R. Zeng, C. Mu, and S. Zhou, “A blow-up result for Kirchhoff-
type equations with high energy,”Mathematical Methods in the
Applied Sciences, vol. 34, no. 4, pp. 479–486, 2011.

[43] R. Xu, Y. Yang, and Y. Liu, “Global well-posedness for strongly
damped viscoelastic wave equation,” Applicable Analysis: An
International Journal, vol. 92, no. 1, pp. 138–157, 2013.

[44] R. Xu, Y. Yang, S. Chen, J. Su, J. Shen, and S. Huang, “Nonlinear
wave equations and reaction-diffusion equations with several
nonlinear source terms of different signs at high energy level,”
TheANZIAM Journal.The Australian &New Zealand Industrial
and Applied Mathematics Journal, vol. 54, no. 3, pp. 153–170,
2013.

[45] G. Filippo and S. Marco, “Global solutions and finite time blow
up for damped similinear wave equations,” Ann. I. H. Poincaré-
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A rapid industrial development causes several environment pollution problems. One of the main problems is air pollution, which
affects human health and the environment. The consideration of an air pollutant has to focus on a polluted source. An industrial
factory is an important reason that releases the air pollutant into the atmosphere. Thus a mathematical model, an atmospheric
diffusionmodel, is used to estimate air quality that can be used to describe the sulfur dioxide dispersion. In this research, numerical
simulations to air pollution measurement near industrial zone are proposed. The air pollution control strategies are simulated to
achieve desired pollutant concentration levels.Themonitoring points are installed to detect the air pollution concentration data.The
numerical experiment of air pollution consisted of different situations such as normal and controlled emissions. The air pollutant
concentration is approximated by using an explicit finite difference technique.The solutions of calculated air pollutant concentration
in each controlled and uncontrolled point source at the monitoring points are compared. The air pollutant concentration levels for
each monitoring point are controlled to be at or below the national air quality standard near industrial zone index.

1. Introduction

Nowadays, the air pollution is a major problem in the world
because industrial areas grew rapidly.The pollution emission
of factories into the atmosphere will have an effect on human
health and the environment. The purpose of this research is
to study the problem of air pollution emission control. The
approximate solution is considered by using the atmospheric
diffusion model.

In [1], an atmospheric transport diffusion model with
wind velocity profile and diffusion coefficient was con-
sidered to study the system of delayed removal. The air
pollutant was emitted from a line source with the dry
deposition on the ground. The fractional step method was
used for computing the air pollutant concentration. In [2],
the atmospheric diffusion equation with multiple sources
and wind speed and eddy diffusivities was studied to derive
the analytical solutions for many boundary condition types.
The Green’s function concept was used to solve the three-
dimensional analytical solutions everywhere in the region

of interest. In [3], the finite difference method was used for
solving the two-dimensional advection-diffusion equation
with a point source. In [4], a time dependent mathematical
model of primary and secondary pollutants was studied for
approximating the concentration from area source.The wind
velocities and eddy diffusion coefficients are considered to
be the realistic value. The researchers solved the problem by
usingCrank-Nicolson implicit finite difference technique and
upwind difference scheme which is applied to the diffusion
term. In [5], the researchers studied the three-dimensional
mathematical model for the sulfur dioxide concentration
without obstacles domain.

In [6], the researchers studied a three-dimensional con-
vection-diffusion-reaction equation for sulfur and nitrogen
oxides. The model was solved by using a high order accurate
time-stepping discretization scheme as Lax and Wendroff
technique. A steady state two-dimensional mathematical
model of urban heat island was used to describe the dis-
persion of air pollution with mesoscale wind velocity and
meteorological parameters in [7].The genesis of air pollution
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was area source emitted from the ground. The removal
mechanism was considered by wet and dry depositions. The
concentration of air pollutant was approximated by using
Crank-Nicolson implicit method. In [8], the mass transport
model was considered to simulate the smoke dispersion from
one and two point sources with obstacle domain. The model
consisted of three equations: a stream function, vorticity, and
convection-diffusion equation. The results of air pollution
in two-dimensional space and one-dimensional time were
calculated by using the finite element method and finite
difference method, respectively. In [9], the two-dimensional
smoke dispersion model was studied in the cases of two
and three point sources with obstacles domain. In [10], the
researchers studied a spatial autoregressive model for sulfur
dioxide concentration. The evaluation of sulfur dioxide was
assessed by the land use regression (LUR) model. The mobile
monitoring was used for collecting concentration data in
Hamilton, Ontario, Canada.

In [11], the dispersion of primary pollutant was studied
in a two-dimensional air pollution model with mesoscale
wind. The primary air pollutant was emitted from an area
source and the researchers considered removal mechanisms
such as dry deposition, gravitational settling, and chemical
reaction.The two-dimensional advection-diffusionmodels of
the primary and secondary pollutants are presented in [12].
The researchers studied the air pollutant emitted from area
sourcewith removalmechanisms by considering point source
on the boundary. The Crank-Nicolson implicit method is
used as the finite difference technique in [11, 12]. The design
and application of Atmospheric Evaluation and Research
Integrated model for Spain (AERIS) are proposed in [13].
The air pollutant concentrations of NO2, O3, SO2, NH3,
and PM as a reaction to emission variations of significant
sectors in Spain are obtained by AERIS. The results of
the model are estimated by using transfer matrices based
on an air quality modelling system (AQMS). The system
consists of theWeather Research and Forecast (WRF), Sparse
Matrix Operator Kernel Emissions (SMOKE), and Commu-
nity Multiscale Air Quality (CMAQ) models. In [14], the
researchers studied air flow and dispersion of pollutant in
urban street canyons. The Computational Fluid Dynamics
(CFD)were simulated by using Large Eddy Simulation (LES).
A velocity comparison between Fluctuating Wind Boundary
Conditions (FWBC) and SteadyWind Boundary Conditions
(SWBC) was investigated. In [15], the researchers used the
three-dimensional air quality model.The considered domain
contained three buildings (obstacles) divided into two zones:
a factory zone and a residential zone. The modifications
of atmospheric stability classes and wind velocities from
multiple point sources were also analyzed. The approximate
solutions in [5, 9, 15] were solved by using the fractional step
method.

A numerical model for air pollution emission control
problemwith the uniformwind velocities and constant diffu-
sion coefficients is proposed. In this research, the atmospheric
diffusion equation is solved by using the finite difference
method.This study analyzed the ambient air quality standard
of sulfur dioxide that refers to the quantity of sulfur dioxide
concentration in clean air.

2. Governing Equation

2.1.TheAtmosphericDiffusion Equation. Thediffusionmodel
is used to represent the behavior of air pollutant concen-
tration in industrial areas. The Gaussian plume idea is used
as the governing equation. It is the well-known atmospheric
diffusion equation. We introduced the three-dimensional
advection-diffusion equation as follows:

𝜕𝑐𝜕𝑡 + 𝑢 𝜕𝑐𝜕𝑥 + V 𝜕𝑐𝜕𝑦 + 𝑤𝜕𝑐𝜕𝑧
= 𝑘𝑥 𝜕2𝑐𝜕𝑥2 + 𝑘𝑦 𝜕

2𝑐𝜕𝑦2 + 𝑘𝑧 𝜕
2𝑐𝜕𝑧2 + 𝑆 + 𝑅,

(1)

where 𝑐 = 𝑐(𝑥, 𝑦, 𝑧, 𝑡) is the air pollutant concentration at(𝑥, 𝑦, 𝑧) and time 𝑡 (kg/m3), 𝑢, V, and𝑤 are the wind velocity
components (m/s) in 𝑥-, 𝑦-, and 𝑧-direction, respectively
(m/s), 𝑘𝑥, 𝑘𝑦, and 𝑘𝑧 are the diffusion coefficients in 𝑥-,𝑦-, and 𝑧-direction, respectively (m2/s), 𝑆 is the growth of
pollutant rate due to sources (sec−1), and 𝑅 is the decaying
of pollutant rate due to sinks (sec−1).

In this research, we considered only the primary pollutant
concentration as sulfur dioxide.The chemical formula is SO2.
The assumption of (1) defined that the advection anddiffusion
in 𝑦-direction are laterally averaged. By the assumption, we
can also eliminate the term in 𝑦-direction. Therefore, the
primary pollutant equation can be written as

𝜕𝑐𝜕𝑡 + 𝑢 𝜕𝑐𝜕𝑥 + 𝑤𝜕𝑐𝜕𝑧 = 𝑘𝑥 𝜕
2𝑐𝜕𝑥2 + 𝑘𝑧 𝜕

2𝑐𝜕𝑧2 + 𝑆 + 𝑅. (2)

The initial condition is assumed under the cold start assump-
tion. That is,

𝑐 (𝑥, 𝑧, 0) = 0, (3)

for all 𝑥 > 0 and 𝑧 > 0. The boundary conditions assumed
that

𝜕𝑐𝜕𝑥 (0, 𝑧, 𝑡) = 𝜕𝑐𝜕𝑥 (𝐿, 𝑧, 𝑡) = 0,
𝜕𝑐𝜕𝑧 (𝑥,𝐻, 𝑡) = 0,
𝜕𝑐𝜕𝑧 (𝑥, 0, 𝑡) = V𝑑𝑐,

(4)

for all 𝑡 > 0, where 𝐿 is the length of the domain in 𝑥-
direction, 𝐻 is the height of the inversion layer, and V𝑑 is
the dry deposition velocity of the primary pollutant (m/s).
Sulfur dioxide deposition velocity can be related to a diffusion
coefficient 𝑘𝑧 which is assumed to be an irreversible process.

In Figure 1, model of air pollution emission control
problem is presented.This research was designed to study the
behavior of dispersion and effect of dispersion concentration
near the industrial zone. The four monitoring points are set
far away from the source. Each monitoring point is called
M1,M2,M3, andM4 respectively. In Figure 2, the considered
domain for the numerical experiment is shown. Let the height
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Figure 1: Model of air pollution emission control problem.
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Figure 2: Domain of approximate solutions.

of point source be 𝑧 = ℎ𝑠m. The wind is stable in 𝑥- and 𝑧-
axis. The concentrations of air pollutant are emitted directly
from a continued point source (chimney) from industrial
factory. The air pollutants are absorbed from the chemical
reaction on the ground.

2.2. TheNondimensional FormEquation. From (2), we present
the nondimensional form of air pollution. The following
dimensionless variables are defined by 𝐶 = 𝑐/𝑐max, 𝑋 = 𝑥/𝑙𝑥,𝑍 = 𝑧/𝑙𝑧, 𝑇 = 𝑡/𝑡max, 𝐷𝑥 = 𝑘𝑥/𝑙𝑥𝑢max, 𝐷𝑧 = 𝑘𝑧/𝑙𝑧𝑢max,𝑈 = 𝑢/𝑢max, and𝑊 = 𝛽𝑤max/𝑢max when 𝛽 = 𝑤/𝑤max. We let𝑐max = max{𝑐(𝑥, 𝑧, 𝑡) : 0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑧 ≤ 𝐻, 0 ≤ 𝑡 ≤ 𝑡max},𝑢max = max{𝑢(𝑥, 𝑧, 𝑡) : 0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑧 ≤ 𝐻, 0 ≤ 𝑡 ≤ 𝑡max},
and 𝑤max = max{𝑤(𝑥, 𝑧, 𝑡) : 0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑧 ≤ 𝐻, 0 ≤ 𝑡 ≤𝑡max}, and 𝑡max is a stationary time.Therefore, the nondimen-
sional atmospheric diffusion equation can be rearranged to
give

1𝑆𝑡 𝜕𝐶𝜕𝑇 + 𝑈𝜕𝐶𝜕𝑋 +𝑊𝜕𝐶𝜕𝑍
= 𝐷𝑥 𝜕2𝐶𝜕𝑋2 + 𝐷𝑧 𝜕

2𝐶𝜕𝑍2 + 𝑆 − 𝑘𝑝𝐶,
(5)

where 𝑙 = max{𝑙𝑥, 𝑙𝑧}, 𝑆𝑡 = 𝑡max𝑢max/𝑙, and 𝑘𝑝 is the chemical
interaction rate of primary pollutant equation.For the nondi-
mensional form of initial condition, it is assumed that

𝐶 (𝑋,𝑍, 0) = 0, (6)

for all 𝑋 > 0 and 0 ≤ 𝑍 ≤ 𝐻. For the nondimensional form
of boundary, it is assumed that

𝜕𝐶𝜕𝑋 (0, 𝑍, 𝑇) = 𝜕𝐶𝜕𝑋 (𝐿, 𝑍, 𝑇) = 0, (7)

𝜕𝐶𝜕𝑍 (𝑋,𝐻, 𝑇) = 0, (8)

𝜕𝐶𝜕𝑍 (𝑋, 0, 𝑇) = V𝑑𝐶, (9)

for all 𝑇 > 0.
3. Numerical Method

The prediction of primary pollutant from a stationary source
can be calculated to solve the air pollution problem in the
industrial areas. In (5), we get the concentration of 𝐶 at
each time 𝑇𝑛+1 from 𝑇𝑛 = 𝑛Δ𝑇, 𝑛 = 0, 1, 2, . . . , 𝑃, whenΔ𝑇 is a time increment. The solution of sulfur dioxide
concentration at (𝑋, 𝑍, 𝑇) is denoted by 𝐶(𝑋𝑖, 𝑍𝑗, 𝑇𝑛) = 𝐶𝑛𝑖,𝑗.
The considered domain is meshed by the grid spacing Δ𝑋
and Δ𝑍 where 𝑋𝑖 = 𝑖Δ𝑋, 𝑖 = 0, 1, 2, . . . , 𝑁, and 𝑍𝑗 = 𝑗Δ𝑍,𝑗 = 0, 1, 2, . . . ,𝑀. The finite difference method is chosen as
proper equipment for estimating solutions.Themethod refers
to the nondimensional model, for which we use the forward
time central space (FTCS) scheme. In the transient term, we
used the forward difference for

𝜕𝐶𝜕𝑇 =
𝐶𝑛+1𝑖,𝑗 − 𝐶𝑛𝑖,𝑗Δ𝑇 . (10)

The advection and diffusion terms are substituted by using
the centered difference in space by

𝜕𝐶𝜕𝑋 =
𝐶𝑛𝑖+1,𝑗 − 𝐶𝑛𝑖−1,𝑗2Δ𝑋 , (11)

𝜕𝐶𝜕𝑍 =
𝐶𝑛𝑖,𝑗+1 − 𝐶𝑛𝑖,𝑗−12Δ𝑍 , (12)

𝜕2𝐶𝜕𝑋2 =
𝐶𝑛𝑖+1,𝑗 − 2𝐶𝑛𝑖,𝑗 + 𝐶𝑛𝑖−1,𝑗

(Δ𝑋)2 , (13)

𝜕2𝐶𝜕𝑍2 =
𝐶𝑛𝑖,𝑗+1 − 2𝐶𝑛𝑖,𝑗 + 𝐶𝑛𝑖,𝑗−1

(Δ𝑍)2 , (14)

respectively. The formula of (5) becomes

1𝑆𝑡 (
𝐶𝑛+1𝑖,𝑗 − 𝐶𝑛𝑖,𝑗Δ𝑇 ) + 𝑈(𝐶𝑛𝑖+1,𝑗 − 𝐶𝑛𝑖−1,𝑗2Δ𝑋 )

+𝑊(𝐶𝑛𝑖,𝑗+1 − 𝐶𝑛𝑖,𝑗−12Δ𝑍 )

= 𝐷𝑥 (𝐶
𝑛
𝑖+1,𝑗 − 2𝐶𝑛𝑖,𝑗 + 𝐶𝑛𝑖−1,𝑗

(Δ𝑋)2 )

+ 𝐷𝑧 (𝐶
𝑛
𝑖,𝑗+1 − 2𝐶𝑛𝑖,𝑗 + 𝐶𝑛𝑖,𝑗−1

(Δ𝑍)2 ) + 𝑆 − 𝑘𝑝𝐶𝑛𝑖,𝑗.

(15)
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Thus, the finite difference form of the advection-diffusion
equation becomes

𝐶𝑛+1𝑖,𝑗 = (𝑑𝑥 − 𝐴𝑥) 𝐶𝑛𝑖+1,𝑗 + (𝑑𝑥 + 𝐴𝑥) 𝐶𝑛𝑖−1,𝑗
+ (1 − 2𝑑𝑥 − 2𝑑𝑧 − 𝑘𝑝Δ𝑇 (𝑆𝑡)) 𝐶𝑛𝑖,𝑗
+ (𝑑𝑧 + 𝐴𝑧) 𝐶𝑛𝑖,𝑗−1 + (𝑑𝑧 − 𝐴𝑧) 𝐶𝑛𝑖,𝑗+1
+ 𝑆𝑡 (Δ𝑇) 𝑆,

(16)

where 𝐴𝑥 = 𝑆𝑡(Δ𝑇)𝑈/2Δ𝑋,𝐴𝑧 = 𝑆𝑡(Δ𝑇)𝑊/2Δ𝑍, 𝑑𝑥 =𝑆𝑡(Δ𝑇)𝐷𝑥/(Δ𝑋)2, and 𝑑𝑧 = 𝑆𝑡(Δ𝑇)𝐷𝑧/(Δ𝑍)2.
4. Air Pollution Controlled Simulations

The experiment analyzed the action of air pollution with the
volume of sulfur dioxide emission around an industrial zone.
We will simulate the air pollution control situation in three
cases. For the first simulation, an industrial factory released
continued air pollutant from a chimney without emission
control system. For the second and the third simulations, the
factory will discharge the sulfur dioxide, which is controlled
by the national air quality index.

4.1. Simulation 1: Air Pollution Emission without Controlled
System. In the first simulation, the two-dimensional advec-
tion-diffusion equation (5) with a domain of interest of1000 × 400m2 is considered. The wind velocities in 𝑥- and𝑧-direction are assumed to be 0.11 and 6.9 × 10−3m/s,
respectively. The sulfur dioxide is released at the chimney
height ℎ𝑠 = 75m at coordinate (100, 75) (m,m).The released
pollutant concentration is 0.75 sec−1. The diffusion coeffi-
cients in 𝑥- and 𝑧-direction are 2 and 0.45m2/s, respectively.
The grid spacing is Δ𝑥 = Δ𝑧 = 25m and time interval is
72 sec. This simulation is solved by using FTCS in (16) with
the initial and boundary conditions (6)–(9). The numerical
solutions of air pollutant concentration when 58 minutes and
1 hour and 36 minutes have passed are shown in Figures
3 and 4, respectively. The monitoring points are aligned
along 200, 300, 400, and 500m in the same height, 50m.
The comparison of concentrations of different distances is
presented in Figure 5.

4.2. Simulation 2: Air Pollution Emission Controlled by follow-
ing the National Air Quality Standard (3×10−7 kg/m3). In the
second simulation, the two-dimensional advection-diffusion
equation (5) with a domain of interest of 1000 × 400m2 is
considered. The wind velocities in 𝑥- and 𝑧-direction are
assumed to be 0.11 and 6.9×10−3m/s, respectively.The sulfur
dioxide is released at the chimney height ℎ𝑠 = 75m at the
coordinate (100, 75) (m,m). The released pollutant concen-
tration is 0.75 sec−1. The diffusion coefficients in 𝑥- and 𝑧-
direction are 2 and 0.45m2/s, respectively. The grid spacing
is Δ𝑥 = Δ𝑧 = 25m and time interval is 72 sec. In this simu-
lation, the sulfur dioxide is released by following the United
States Environmental Protection Agency (USEPA) air quality
standard [16], 3 × 10−7 kg/m3. If the approximated pollutant
concentration at a monitoring point becomes higher than the
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Figure 3: The concentration levels of air pollution after 58 minutes
have passed without control system.
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Figure 4: The concentration levels of air pollution after 1 hour and
36 minutes have passed without control system.

air quality standard, then the chimney will be shut down and
wait until the concentration goes below 1.5 × 10−7 kg/m3.
If the pollutant concentration at all monitoring points is
below a half of the air quality standard, the chimney will be
opened again. The air pollution emission will be following
these processes. This example is solved by using FTCS in
(16) with the initial and boundary conditions (6)–(9). The
results of air pollution emission control are demonstrated as
the contour lines of sulfur dioxide concentration in Figures
6 and 7. The concentration of air pollution in the different
distance is shown in Figure 8.

4.3. Simulation 3: Air Pollution Emission Controlled by fol-
lowing the National Air Quality Standard (1.5 × 10−7 kg/m3).
In the third simulation, the two-dimensional advection-
diffusion equation (5) with a domain of interest of 1000 ×400m2 is considered. Thewind velocities in𝑥- and 𝑧-direction
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Figure 5: The concentration of air pollution with the different
monitoring point at 𝑧 = 50m without control system.
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Figure 6: The concentration levels of air pollution after 58 minutes
have passed which are controlled by air quality standard (3 ×10−7 kg/m3).

are assumed to be 0.11 and 6.9 × 10−3m/s, respectively. The
sulfur dioxide is released at the chimney height ℎ𝑠 = 75m
at the coordinate (100, 75) (m,m). The released pollutant
concentration is 0.75 sec−1. The diffusion coefficients in 𝑥-
and 𝑧-direction are 2 and 0.45m2/s, respectively. The grid
spacing is Δ𝑥 = Δ𝑧 = 25m and time interval is 72 sec. In
this simulation, the sulfur dioxide is released by following
the USEPA air quality standard, 1.5 × 10−7 kg/m3. If the
approximated pollutant concentration at a monitoring point
becomes higher than the air quality standard, then the chim-
ney will be shut down and wait until the concentration goes
below 1.0 × 10−7 kg/m3. If the pollutant concentration at all
monitoring points is below a third of the air quality standard,
the chimney will be opened again.The air pollution emission
will be following these processes.This simulation is solved by
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Figure 7: The concentration levels of air pollution after 1 hour and
36 minutes have passed which are controlled by air quality standard
(3 × 10−7 kg/m3).
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Figure 8: The concentration of air pollution with the different
monitoring point at 𝑧 = 50m by air quality standard (3 ×10−7 kg/m3).

using FTCS in (16) with the initial and boundary conditions
(6)–(9). In this emission control case, the concentrations of
air pollution when 58 minutes and 1 hour and 36 minutes
have passed are shown in Figures 9 and 10, respectively. The
concentration of SO2 when 2 hours have passed with the
different distance is shown in Figure 11.

From Simulations 1, 2, and 3, the concentrations of SO2
at the height 𝑧 = 50m and the distance 𝑥 = 300m (M2) are
compared in Figure 12.

5. Conclusion

The atmospheric diffusion model to describe the released air
pollutant concentration by an industrial plant is proposed.
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Figure 9: The air pollution concentration levels after 58 minutes
have passed which are controlled by air quality standard (1.5 ×10−7 kg/m3).
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Figure 10: The air pollution concentration levels after 1 hour and
36 minutes have passed which are controlled by air quality standard
(1.5 × 10−7 kg/m3).

The concentration of the sulfur dioxide is approximated
by an explicit forward time centered space finite difference
technique. The method gives good agreement of approx-
imated solutions. The air quality standard near industrial
zone is controlled by considering the approximated pollutant
concentration levels at all monitoring points. The proposed
air pollution controlled simulations demonstrated that the
industrial plants need to shut down their chimneys for a
while.
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“Advancements in the design and validation of an air pollution
integrated assessment model for Spain,” Environmental Mod-
elling & Software, vol. 57, pp. 177–191, 2014.

[14] S.M. Kwa and S.M. Salim, “Numerical simulation of dispersion
in an urban street canyon: Comparison between steady and
fluctuating boundary conditions,” Engineering Letters, vol. 23,
no. 1, pp. 55–64, 2015.

[15] S. A. Konglok and N. Pochai, “Numerical computations of
three-dimensional air-quality model with variations on atmo-
spheric stability classes and wind velocities using fractional step
method,” IAENG International Journal of Applied Mathematics,
vol. 46, no. 1, pp. 112–120, 2016.

[16] United States Environmental Protection Agency, Guideline for
Reporting of Daily Air Quality – Air Quality Index (AQI), 40 CFR
Part 58, Appendix G, 1999.



Research Article
A Fast Implicit Finite Difference Method for
Fractional Advection-Dispersion Equations with
Fractional Derivative Boundary Conditions

Taohua Liu andMuzhou Hou

School of Mathematics and Statistics, Central South University, Changsha, Hunan 410083, China

Correspondence should be addressed to Muzhou Hou; houmuzhou@sina.com

Received 4 June 2017; Revised 16 August 2017; Accepted 22 August 2017; Published 24 September 2017

Academic Editor: Mariano Torrisi

Copyright © 2017 Taohua Liu and Muzhou Hou.This is an open access article distributed under theCreativeCommonsAttribution
License, which permits unrestricted use, distribution, and reproduction in anymedium, provided the originalwork is properly cited.

Fractional advection-dispersion equations, as generalizations of classical integer-order advection-dispersion equations, are used to
model the transport of passive tracers carried by fluid flow in a porousmedium. In this paper, we develop an implicit finite difference
method for fractional advection-dispersion equations with fractional derivative boundary conditions. First-order consistency,
solvability, unconditional stability, and first-order convergence of the method are proven. Then, we present a fast iterative method
for the implicit finite difference scheme, which only requires storage of 𝑂(𝐾) and computational cost of 𝑂(𝐾 log𝐾). Traditionally,
the Gaussian elimination method requires storage of 𝑂(𝐾2) and computational cost of 𝑂(𝐾3). Finally, the accuracy and efficiency
of the method are checked with a numerical example.

1. Introduction

Fractional derivatives are almost as old as their more famil-
iar integer-order counterparts [1, 2]. Fractional advection-
dispersion equations are used to model many problems in
physics, biology, and finance [3–5]. Fractional differential
equations have attracted fantastic attention of many authors
in recent years [6–11].

The fractional space derivatives are used to establish
anomalous diffusion and dispersion models, where the prop-
agation velocity of the particle beam is different from the clas-
sical Brownmotionmodel.When the space second derivative
in a diffusion or dispersionmodel is replacedwith a fractional
space derivative, it leads to superdiffusion. In this paper, we
consider a one-dimensional fractional advection-dispersion
equation with fractional derivative boundary conditions:

𝜕𝑝 (𝑟, 𝑡)𝜕𝑡 = −V (𝑟) 𝜕𝑝 (𝑟, 𝑡)𝜕𝑟 + 𝑑 (𝑟) 𝜕𝛼𝑝 (𝑟, 𝑡)𝜕𝑟𝛼 + 𝑓 (𝑟, 𝑡) ,
0 < 𝑟 < 𝑅, 0 < 𝑡,

(1)

𝑝 (0, 𝑡) = 0,
𝛽𝑝 (𝑅, 𝑡) + (𝑑 (𝑟) 𝜕𝛼−1𝑝 (𝑟, 𝑡)𝜕𝑟𝛼−1 )𝑟=𝑅 = 𝑤 (𝑡) ,

0 < 𝑡,
(2)

𝑝 (𝑟, 0) = 𝑢 (𝑟) , 0 ≤ 𝑟 ≤ 𝑅, (3)

where 1 < 𝛼 ≤ 2; 𝑝(𝑟, 𝑡) is the distribution function of
the diffusion quantity; V(𝑟) is flow velocity; 𝑑(𝑟) is diffusion
coefficient; 𝑓(𝑟, 𝑡) is the source term. We assume V(𝑟) ≥ 0
and 𝑑(𝑟) ≥ 0, so that the flow is from left to right. The
space fractional partial derivatives in (1) and (2) are left-sided
Riemann-Liouville fractional derivatives over the 𝑥 domain.
For a function 𝑔(𝑥) over the interval 𝐿 < 𝑥 < 𝑅, the left-sided
Riemann-Liouville fractional derivative of order 𝜇 is defined
by

𝑑𝜇𝑔 (𝑥)𝑑𝑥𝜇 = 1Γ (𝑛 − 𝜇) 𝑑𝑛𝑑𝑥𝑛 ∫𝑥
𝐿

𝑔 (𝜉)(𝑥 − 𝜉)𝜇+1−𝑛 𝑑𝜉, (4)
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where 𝑛 is an integer, such that 𝑛 − 1 < 𝜇 ≤ 𝑛. See [12] for
details. If 𝜇 is an integer, then (4) gives the standard integer
derivative. 𝛽 = 0 corresponds to a fractional Neumann
boundary condition and 𝛽 > 0 corresponds to a fractional
Robin boundary condition. In this paper, we only discuss𝛽 > 0.

For a one-dimensional advection-dispersion equation
with constant coefficients, Benson et al. [13] got avail-
able analytical solutions using Fourier transform method.
However, many problems require a model with variable
coefficients. Meerschaert and Tadjeran [14] developed finite
difference approximations for one-dimensional fractional
advection-dispersion equations with Dirichlet boundary
conditions. And, recently, some authors have discussed
numerical method for fractional equations with fractional
derivative boundary conditions. Jia and Wang [15] devel-
oped fast implicit finite difference methods for two-sided
space fractional diffusion equations with fractional derivative
boundary conditions. Guo et al. [16] developed implicit finite
difference method for fractional percolation equation with
Dirichlet and fractional boundary conditions. As far as we
know, the study on numerical method for one-dimensional
advection-dispersion equations with fractional derivative
boundary conditions is still limited. This motivates us to
examine a fast implicit finite difference method for fractional
advection-dispersion equations with fractional derivative
boundary conditions in this paper.

The rest of the paper is organized as follows. In Section 2,
we develop an implicit finite difference method and analyze
its consistency. In Section 3, the solvability, unconditional
stability, and convergence of the method are proven. In
Section 4, we present a fast iterative method for the implicit
finite difference scheme, which only requires storage of𝑂(𝐾) and computational cost of 𝑂(𝐾 log𝐾). In Section 5, a
numerical experiment is presented to verify the accuracy and
efficiency of the proposed scheme.

2. The Implicit Finite Difference Method for
the Advection-Dispersion Equations with
Fractional Derivative Boundary Conditions
and Its Consistency

First, let ℎ = 𝑅/𝐾 and Δ𝑡 be the spatial mesh width and the
time step, where 𝐾 is a positive integer. We define a spatial
partition by 𝑟𝑖 = 𝑖ℎ for 𝑖 = 0, 1, . . . , 𝐾 and a temporal partition
by 𝑡𝑛 = 𝑛Δ𝑡 for 𝑛 = 0, 1, . . . , 𝑁. Let V𝑖 = V(𝑟𝑖), 𝑑𝑖 = 𝑑(𝑟𝑖),𝑓𝑛𝑖 = 𝑓(𝑟𝑖, 𝑡𝑛), 𝑤𝑛 = 𝑤(𝑡𝑛), 𝑢𝑖 = 𝑢(𝑟𝑖). Denote the exact and
numerical solutions at the mesh point (𝑟𝑖, 𝑡𝑛) by 𝑃𝑛𝑖 = 𝑝(𝑟𝑖, 𝑡𝑛)
and 𝑝𝑛𝑖 , respectively. 𝑃0𝑖 = 𝑢0(𝑟𝑖) and 𝑝𝑛0 = 0.

Then, we employ the backward Euler scheme to
approximate the first-order time derivative; a right-shifted
Grünwald formula to approximate left-sided 𝛼-order
Riemann-Liouville fractional derivative and standard
Grünwald formula to approximate 𝛼 − 1-order Riemann-
Liouville fractional derivative are defined as follows [12]:

𝜕𝑝𝜕𝑡
(𝑟𝑖 ,𝑡𝑛+1) =

𝑃𝑛+1𝑖 − 𝑃𝑛𝑖Δ𝑡 + 𝑂 (Δ𝑡) ,
𝜕𝑝𝜕𝑟

(𝑟𝑖 ,𝑡𝑛+1) =
𝑃𝑛+1𝑖 − 𝑃𝑛+1𝑖−1ℎ + 𝑂 (ℎ) ,

𝜕𝛼𝑝𝜕𝑟𝛼
(𝑟𝑖 ,𝑡𝑛+1) =

1ℎ𝛼
𝑖+1∑
𝑗=0

𝑔𝛼,𝑗𝑃𝑛+1𝑖−𝑗+1 + 𝑂 (ℎ) ,
𝜕𝛼−1𝑝𝜕𝑟𝛼−1

(𝑅,𝑡𝑛+1) =
1ℎ𝛼−1
𝐾∑
𝑗=0

𝑔𝛼−1,𝑗𝑃𝑛+1𝐾−𝑗 + 𝑂 (ℎ) ,
(5)

where 𝑔𝛿,𝑙, (𝛿 = 𝛼 − 1; 𝛼) is normalized Grünwald weights:

𝑔𝛿,𝑙 = Γ (𝑙 − 𝛿)Γ (−𝛿) Γ (𝑙 + 1) . (6)

Moreover, the normalized Grünwald weights satisfy the
properties in the following Lemma 1.

Lemma 1. Let 𝜇 be a positive real number and the integer 𝑛 ≥1. We have

(i) 𝑔𝜇,0 = 1, 𝑔𝜇,𝑗 = (1 − (𝜇 + 1)/𝑗)𝑔𝜇,𝑗−1 for 𝑗 ≥ 1;
(ii) 𝑔𝜇,1 < 𝑔𝜇,2 < ⋅ ⋅ ⋅ < 0, ∑𝑛𝑗=0 𝑔𝜇,𝑗 > 0 for 0 < 𝜇 < 1;
(iii) 𝑔𝜇,2 > 𝑔𝜇,3 > ⋅ ⋅ ⋅ > 0, ∑𝑛𝑗=0 𝑔𝜇,𝑗 < 0 for 1 < 𝜇 < 2.
Therefore implicit finite difference method for the

advection-dispersion equations with fractional derivative
boundary conditions (1)–(3) can be written as follows:

𝑝𝑛+1𝑖 − 𝑝𝑛𝑖Δ𝑡
= (−V𝑖𝑝𝑛+1𝑖 − 𝑝𝑛+1𝑖−1ℎ + 𝑑𝑖ℎ𝛼

𝑖+1∑
𝑗=0

𝑔𝛼,𝑘𝑝𝑛+1𝑖−𝑗+1) + 𝑓𝑛𝑖 ,
for 𝑖 = 1, 2, . . . , 𝐾 − 1,

𝑝𝑛0 = 0,
𝛽𝑝𝑛+1𝐾 + ( 𝑑𝐾ℎ𝛼−1

𝐾∑
𝑗=0

𝑔𝛼−1,𝑗𝑝𝑛+1𝐾−𝑗) = 𝑤𝑛+1,
𝑝0𝑖 = 𝑢𝑖.

(7)

Denote the local truncation error by 𝑅𝑛+1𝑖 for 1 ≤ 𝑖 ≤ 𝐾.
Then, from (7), we have

𝑅𝑛+1𝑖 = 𝑃𝑛+1𝑖 − 𝑃𝑛𝑖Δ𝑡
− (−V𝑖𝑃𝑛+1𝑖 − 𝑃𝑛+1𝑖−1ℎ + 𝑑𝑖ℎ𝛼

𝑖+1∑
𝑘=0

𝑔𝛼,𝑘𝑃𝑛+1𝑖−𝑘+1) − 𝑓𝑛𝑖
= 𝑂 (Δ𝑡) + 𝑂 (ℎ) , 1 ≤ 𝑖 ≤ 𝐾 − 1,

𝑅𝑛+1𝑁 = 𝛽𝑃𝑛+1𝐾 − ( 𝑑𝐾ℎ𝛼−1
𝐾∑
𝑗=0

𝑔𝛼−1,𝑗𝑃𝑛+1𝐾−𝑗) − 𝑤𝑛+1
= 𝑂 (ℎ) .

(8)
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From (8), this implicit finite difference scheme is consistent.
Equations (7) may be rearranged as follows:

− 𝑔𝛼,0𝐵𝑖𝑝𝑛+1𝑖+1 + (1 + 𝐸𝑖 − 𝑔𝛼,1𝐵𝑖) 𝑝𝑛+1𝑖
− (𝐸𝑖 + 𝑔𝛼,2𝐵𝑖) 𝑝𝑛+1𝑖−1 − 𝐵𝑖 𝑖+1∑

𝑘=3

𝑔𝛼,𝑘𝑝𝑛+1𝑖−𝑘+1 = 𝑝𝑛𝑖
+ Δ𝑡𝑓𝑛+1𝑖 ,

(𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑝𝑛+1𝐾
+ (𝑑𝐾𝐾−1∑

𝑗=1

𝑔𝛼−1,𝑗𝑝𝑛+1𝐾−𝑗) = ℎ𝛼−1𝑤𝑛+1,

(9)

where 𝐵𝑖 = 𝑑𝑖Δ𝑡/ℎ𝛼, 𝐸𝑖 = V𝑖Δ𝑡/ℎ. Equations (9) can be
written in matrix form:

Ap𝑛+1 = q𝑛 + f𝑛+1, (10)

where

p𝑛+1 = (𝑝𝑛+11 , 𝑝𝑛+12 , . . . , 𝑝𝑛+1𝐾 )𝑇 ,
q𝑛 = (𝑝𝑛1 , 𝑝𝑛2 , . . . , 𝑝𝑛𝐾−1, 0)𝑇 ,

f𝑛+1 = (Δ𝑡𝑓𝑛+11 , Δ𝑡𝑓𝑛+22 , . . . , Δ𝑡𝑓𝑛+1𝐾−1, ℎ𝛼−1𝑤𝑛+1)𝑇 ,
(11)

where the coefficient matrix A = [𝑎𝑖,𝑗]𝐾×𝐾 and its entries are

𝑎𝑖,𝑗

=

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

−𝑔𝛼,𝑖+1−𝑗𝐵𝑖, for 1 ≤ 𝑗 ≤ 𝑖 − 2, 1 ≤ 𝑖 ≤ 𝐾 − 1;
−𝐸𝑖 − 𝑔𝛼,2𝐵𝑖, for 1 ≤ 𝑗 = 𝑖 − 1 ≤ 𝐾 − 1;
1 + 𝐸𝑖 − 𝑔𝛼,1𝐵𝑖, for 𝑗 = 𝑖, 1 ≤ 𝑖 ≤ 𝐾 − 1;
−𝑔𝛼,0𝐵𝑖, for 𝑗 = 𝑖 + 1, 1 ≤ 𝑖 ≤ 𝐾 − 1;
0, for 𝑗 = 𝑖 + 2, 1 ≤ 𝑖 ≤ 𝐾 − 1;
𝑔𝛼−1,𝐾−𝑗𝑑𝐾, for 1 ≤ 𝑗 ≤ 𝐾 − 1, 𝑖 = 𝐾;
𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0, for 𝑖 = 𝑗 = 𝐾.

(12)

3. Solvability, Stability,
and Convergence Analysis

Having developed a numerical scheme and shown that it is
consistent, in the following theorems, we show this method
is solvable, unconditionally stable, and convergent.

Theorem 2 (solvability). If 𝛽 > 0, (10) is uniquely solvable.

Proof. Let 𝑟𝑖 be the sum of absolute values of elements along
the 𝑖th row excluding the diagonal elements 𝐴 𝑖,𝑖. According
to Lemma 1, we can get

𝑟𝑖 = 𝐾∑
𝑗=1,𝑗 ̸=𝑖

𝐴 𝑖,𝑗
= 𝑖−2∑
𝑗=1

−𝐵𝑖𝑔(𝛼)𝑖+1−𝑗 + 𝐸𝑖 + 𝐵𝑖𝑔(𝛼)2  + 𝐵𝑖𝑔(𝛼)0 
= ( 𝑖∑
𝑗=0

𝑔(𝛼)𝑗 − 𝑔(𝛼)1 ) 𝐵𝑖 + 𝐸𝑖 < −𝑔(𝛼)1 𝐵𝑖 < 𝐴 𝑖,𝑖
(1 ≤ 𝑖 ≤ 𝐾 − 1) ,

𝑟𝐾 = 𝐾−1∑
𝑗=1

𝐴𝐾,𝑗 = 𝐾−1∑
𝑗=1

𝑑𝐾𝑔(𝛼−1)𝐾−𝑗  = −𝐾−1∑
𝑗=1

𝑑𝐾𝑔(𝛼−1)𝑗
= −𝑑𝐾(𝐾−1∑

𝑗=0

𝑔(𝛼−1)𝑗 − 𝑔(𝛼−1)0 ) < 𝑑𝐾𝑔(𝛼−1)0 < 𝐴𝐾,𝐾.

(13)

Matrix 𝐴 is strictly diagonal, which guarantees the invertibil-
ity of matrix 𝐴. Hence, (10) is uniquely solvable.

To discuss the stability of the numerical method, we
denote by 𝑝𝑛𝑖 (1 ≤ 𝑖 ≤ 𝐾) the approximate solution of the
difference scheme with the initial condition 𝑝0𝑖 (1 ≤ 𝑖 ≤ 𝐾)
and define 𝜀𝑛𝑖 = 𝑝𝑛𝑖 − 𝑝𝑛𝑖 , 𝜀𝑛 = (𝜀𝑛1 , 𝜀𝑛2 , . . . , 𝜀𝑛𝐾)𝑇, ‖𝜀𝑛‖∞ =
max1≤𝑖≤𝐾|𝜀𝑛𝑖 |.
Theorem 3. The implicit finite difference method for the
advection-dispersion equations with fractional derivative
boundary conditions defined by (7) is unconditionally stable.

Proof. From (9) and the definition of 𝜀𝑛𝑖 , we have
− 𝑔𝛼,0𝐵𝑖𝜀𝑛+1𝑖+1 + (1 + 𝐸𝑖 − 𝑔𝛼,1𝐵𝑖) 𝜀𝑛+1𝑖

− (𝐸𝑖 + 𝑔𝛼,2𝐵𝑖) 𝜀𝑛+1𝑖−1 − 𝐵𝑖 𝑖+1∑
𝑘=3

𝑔𝛼,𝑘𝜀𝑛+1𝑖−𝑘+1 = 𝜀𝑛𝑖 , (14)

(𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝜀𝑛+1𝐾 + (𝑑𝐾𝐾−1∑
𝑗=1

𝑔𝛼−1,𝑗𝜀𝑛+1𝐾−𝑗) = 0. (15)

By Lemma 1, we have

𝐾−1∑
𝑗=1

𝑔𝛼−1,𝑗 = −𝐾−1∑
𝑗=1

𝑔𝛼−1,𝑗 < 𝑔𝛼−1,0. (16)

It follows from (15) that

𝜀𝑛+1𝐾  = 𝑑𝐾∑𝐾−1𝑗=1 𝑔𝛼−1,𝑗𝜀𝑛+1𝐾−𝑗ℎ𝛼−1𝛽 + 𝑔𝛼−1,0𝑑𝐾
≤ 𝑑𝐾∑𝐾−1𝑗=1 𝑔𝛼−1,𝑗 𝜀𝑛+1𝐾−𝑗ℎ𝛼−1𝛽 + 𝑔𝛼−1,0𝑑𝐾 < max

1≤𝑖≤𝐾−1

𝜀𝑛𝑖  .
(17)
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Therefore, we suppose that ‖𝜀𝑛‖∞ = |𝜀𝑛𝑖0 |, where 1 ≤ 𝑖0 ≤𝑁 − 1. By Lemmas 1(i) and (iii), then

𝜀𝑛+1∞ = 𝜀𝑛+1𝑖0  < (1 + 𝐸𝑖0 − 𝐸𝑖0 − 𝑖0+1∑
𝑘=0

𝑔𝛼,𝑘𝐵𝑖0) 𝜀𝑛+1𝑖0 
= (1 + 𝐸𝑖0 − 𝑔𝛼,1𝐵𝑖0) 𝜀𝑛+1𝑖0  − (𝑔𝛼,0𝐵𝑖0) 𝜀𝑛+1𝑖0  − (𝐸𝑖0
+ 𝑔𝛼,2𝐵𝑖0) 𝜀𝑛+1𝑖0  − (𝑖0+1∑

𝑘=3

𝑔𝛼,𝑘𝐵𝑖0) 𝜀𝑛+1𝑖0  ≤ (1 + 𝐸𝑖0
− 𝑔𝛼,1𝐵𝑖0) 𝜀𝑛+1𝑖0  − (𝑔𝛼,0𝐵𝑖0) 𝜀𝑛+1𝑖0+1 − (𝐸𝑖0 + 𝑔𝛼,2𝐵𝑖0)
⋅ 𝜀𝑛+1𝑖0−1 − (𝑖0+1∑

𝑘=3

𝑔𝛼,𝑘𝐵𝑖0) 𝜀𝑛+1𝑖0−𝑘+1
≤ (1 + 𝐸𝑖0 − 𝑔𝛼,1𝐵𝑖0) 𝜀𝑛+1𝑖0 − (𝑔𝛼,0𝐵𝑖0) 𝜀𝑛+1𝑖0+1
− (𝐸𝑖0 + 𝑔𝛼,2𝐵𝑖0) 𝜀𝑛+1𝑖0−1 − (𝑖0+1∑

𝑘=3

𝑔𝛼,𝑘𝐵𝑖0) 𝜀𝑛+1𝑖0−𝑘+1


= 𝜀𝑛𝑖0  ≤ 𝜀𝑛∞ ,

(18)

which implies that ‖𝜀𝑛‖∞ < ‖𝜀0‖∞.
Thus, the implicit finite difference method defined by (7)

is unconditionally stable.

For the convergence analysis, we define 𝑒𝑛𝑖 = 𝑃𝑛𝑖 − 𝑝𝑛𝑖 (1 ≤𝑖 ≤ 𝐾) and e𝑛 = (𝑒𝑛1 , 𝑒𝑛2 , . . . , 𝑒𝑛𝐾)𝑇, ‖e𝑛‖∞ = max1≤𝑖≤𝐾|e𝑛𝑖 |.
Theorem 4. There exists a positive constant 𝐶, independent ofℎ and Δ𝑡, such thate𝑛+1∞ ≤ 𝐶 (Δ𝑡 + ℎ) , 1 ≤ 𝑛 ≤ 𝑁. (19)

Proof. From (9), we have

− 𝑔𝛼,0𝐵𝑖𝑒𝑛+1𝑖+1 + (1 + 𝐸𝑖 − 𝑔𝛼,1𝐵𝑖) 𝑒𝑛+1𝑖
− (𝐸𝑖 + 𝑔𝛼,2𝐵𝑖) 𝑒𝑛+1𝑖−1 − 𝐵𝑖 𝑖+1∑

𝑘=3

𝑔𝛼,𝑘𝑒𝑛+1𝑖−𝑘+1 = 𝑒𝑛𝑖
+ Δ𝑡𝑅𝑛+1𝑖 ,

(𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾
+ (𝑑𝐾𝐾−1∑

𝑗=0

𝑔𝛼−1,𝑗𝑒𝑛+1𝐾−𝑗) = ℎ𝛼−1𝑅𝑛+1𝐾 ,

(20)

with 𝑒𝑛+10 = 0, and 𝑒0𝑖 = 0, 𝑖 = 0, 1, . . . , 𝐾. If ‖e𝑛+1‖∞ = |𝑒𝑛+1𝐾 | ≥
max1≤𝑖≤𝐾−1|𝑒𝑛+1𝑖 |, we have

(𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾 + (𝑑𝐾𝐾−1∑
𝑗=0

𝑔𝛼−1,𝑗𝑒𝑛+1𝐾−𝑗)
= ℎ𝛼−1𝑅𝑛+1𝐾 .

(21)

By Lemma 1(ii), then

𝛽ℎ𝛼−1 + 𝑑𝐾𝐾−1∑
𝑗=0

𝑔𝛼−1,𝑗 𝑒𝑛+1𝐾 
= (𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾  − 𝑑𝐾𝐾−1∑

𝑗=1

𝑔𝛼−1,𝑗 𝑒𝑛+1𝐾 
≤ (𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾  − 𝑑𝐾𝐾−1∑

𝑗=1

𝑔𝛼−1,𝑗 𝑒𝑛+1𝐾−𝑗
≤ (𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾  − 𝑑𝐾𝐾−1∑

𝑗=1

𝑔𝛼−1,𝑗𝑒𝑛+1𝐾−𝑗
≤ (𝛽ℎ𝛼−1 + 𝑑𝐾𝑔𝛼−1,0) 𝑒𝑛+1𝐾 + 𝑑𝐾𝐾−1∑

𝑗=1

𝑔𝛼−1,𝑗𝑒𝑛+1𝐾−𝑗


= ℎ𝛼−1 𝑅𝑛+1𝐾  .

(22)

With Lemma 1 and the Stirling formula for the Gamma
function [17], we have

(𝐾−1∑
𝑗=0

𝑔𝛼−1,𝑗)
−1

= (−1)𝐾−1 (𝛼 − 2
𝐾 − 1)−1

= Γ (𝐾)Γ (2 − 𝛼) Γ (𝐾 − 𝛼 + 1)
= 𝑂 (𝐾𝛼−1) ,

(23)

as 𝐾 → ∞. Combining (22) and (23), we get

𝑒𝑛+1𝐾  ≤ (𝑑𝐾𝐾−1∑
𝑗=0

𝑔𝛼−1,𝑗)
−1

ℎ𝛼−1 𝑅𝑛+1𝐾  ≤ 𝐶1ℎ. (24)

If ‖e𝑛+1‖∞ = |𝑒𝑛+1𝑖0 | > |𝑒𝑛+1𝐾 |, 1 ≤ 𝑖0 ≤ 𝐾 − 1, then
e𝑛+1∞ = 𝑒𝑛+1𝑖0  < (1 + 𝐸𝑖0 − 𝐸𝑖0 − 𝑖0+1∑

𝑘=0

𝑔𝛼,𝑘𝐵𝑖0)
⋅ 𝑒𝑛+1𝑖0  = (1 + 𝐸𝑖0 − 𝑔𝛼,1𝐵𝑖0) 𝑒𝑛+1𝑖0  − (𝑔𝛼,0𝐵𝑖0)
⋅ 𝑒𝑛+1𝑖0  − (𝐸𝑖0 + 𝑔𝛼,2𝐵𝑖0) 𝑒𝑛+1𝑖0  − (𝑖0+1∑

𝑘=3

𝑔𝛼,𝑘𝐵𝑖0)
⋅ 𝑒𝑛+1𝑖0  ≤ (1 + 𝐸𝑖0 − 𝑔𝛼,1𝐵𝑖0) 𝑒𝑛+1𝑖0  − (𝑔𝛼,0𝐵𝑖0)
⋅ 𝑒𝑛+1𝑖0+1 − (𝐸𝑖0 + 𝑔𝛼,2𝐵𝑖0) 𝑒𝑛+1𝑖0−1 − (𝑖0+1∑

𝑘=3

𝑔𝛼,𝑘𝐵𝑖0)
⋅ 𝑒𝑛+1𝑖0−𝑘+1 ≤ (1 + 𝐸𝑖0 − 𝑔𝛼,1𝐵𝑖0) 𝑒𝑛+1𝑖0
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− (𝑔𝛼,0𝐵𝑖0) 𝑒𝑛+1𝑖0+1 − (𝐸𝑖0 + 𝑔𝛼,2𝐵𝑖0) 𝑒𝑛+1𝑖0−1
− (𝑖0+1∑
𝑘=3

𝑔𝛼,𝑘𝐵𝑖0) 𝑒𝑛+1𝑖0−𝑘+1
 = 𝑒𝑛𝑖0 + Δ𝑡𝑅𝑛+1𝑖0 

≤ max
1≤𝑖≤𝐾−1

𝑒𝑛𝑖  + Δ𝑡𝐶2 (Δ𝑡 + ℎ) .
(25)

By induction, we can finally obtain

e𝑛∞ ≤ 𝐶1ℎ + 𝑛Δ𝑡𝐶2 (Δ𝑡 + ℎ) ≤ 𝐶 (Δ𝑡 + ℎ) . (26)

This completes the proof.

4. Storage and Fast Krylov Subspace Method of
the Coefficient Matrix

The following theorem shows that the storage ofmatrix𝐴 can
be stored in 𝑂(𝐾) memories, instead of 𝑂(𝐾2) memories.

Theorem 5. Coefficient matrix 𝐴 can be stored in 4𝐾 + 1
memories.

Proof. We express coefficient matrix 𝐴 defined by (12) in
block form as follows:

𝐴 = [𝐴𝐾−1,𝐾−1 𝐴𝐾−1,𝐾𝐴𝑇𝐾,𝐾−1 𝑎𝐾,𝐾 ] , (27)

where 𝐴𝐾−1,𝐾−1 is the (𝐾 − 1) × (𝐾 − 1) matrix that consists
of the first 𝐾 − 1 rows and the first 𝐾 − 1 columns. 𝐴𝑇𝐾,𝐾−1 is
an (𝐾 − 1)-dimensional row vector that consists of the first𝐾 − 1 entries in the 𝐾th row of matrix 𝐴, and 𝐴𝐾−1,𝐾 is
an (𝐾 − 1)-dimensional column vector that consists of the
first 𝐾 − 1 entries in the 𝐾th column of matrix 𝐴. Matrix𝐴𝐾−1,𝐾−1 has the similar form as that in the finite difference
method for (1)–(3) with the fractional derivative boundary
conditions [15]. 𝐴𝐾−1,𝐾−1 can be shown to have the following
decomposition:

𝐴𝐾−1,𝐾−1 = 𝐼 − diag ({𝐵𝑖}𝐾−1𝑖=1 ) ⋅ 𝐴(𝛼)
+ diag ({𝐸𝑖}𝐾−1𝑖=1 ) ⋅ 𝐴(𝛽), (28)

where 𝐼 is the identity matrix of the order𝐾−1. And𝐴(𝛼) and𝐴(𝛽) are (𝑁 − 1)th-order Toeplitz matrix given as follows:

𝐴(𝛼) =
[[[[[[[[[[[[
[

𝑔𝛼,1 𝑔𝛼,0 0 ⋅ ⋅ ⋅ 0 0
𝑔𝛼,2 𝑔𝛼,1 𝑔𝛼,0 d 0 0
𝑔𝛼,3 𝑔𝛼,2 𝑔𝛼,1 d 0 0... d d d d

...
𝑔𝛼,𝐾−2 𝑔𝛼,𝐾−3 𝑔𝛼,𝐾−4 d 𝑔𝛼,1 𝑔𝛼,0𝑔𝛼,𝐾−1 𝑔𝛼,𝐾−2 𝑔𝛼,𝐾−3 ⋅ ⋅ ⋅ 𝑔𝛼,2 𝑔𝛼,1

]]]]]]]]]]]]
]

,

𝐴(𝛽) =

[[[[[[[[[[[[[[[[
[

1 0 0 ⋅ ⋅ ⋅ 0 0
−1 1 0 d 0 0
0 −1 1 d 0 0
... d d d d

...
0 0 0 d 1 0
0 0 0 ⋅ ⋅ ⋅ −1 1

]]]]]]]]]]]]]]]]
]

.

(29)

According to the definition of (12), we can write 𝐴𝐾−1,𝐾 and𝐴𝑇𝐾,𝐾−1 as follows:
𝐴𝐾−1,𝐾 = −𝐵𝐾−1 ⋅ 𝑔𝛼,0 ⋅ 𝐼𝐾−1,
𝐴𝑇𝐾,𝐾−1 = 𝑑𝐾 ⋅ 𝑔(𝛼), (30)

where 𝑔(𝛼) = (𝑔𝛼,𝐾−1, 𝑔𝛼,𝐾−2, . . . , 𝑔𝛼,1), and 𝐼𝐾−1 is the (𝐾 −1)th column of 𝐼.
Thus, in order to store 𝐴, we need only to store(𝐵1, 𝐵2, . . . , 𝐵𝐾−1)𝑇, (𝐸1, 𝐸2, . . . , 𝐸𝐾−1)𝑇, (𝑔𝛼,0, 𝑔𝛼,1, . . . ,𝑔𝛼,𝐾−1)𝑇, 𝑔(𝛽) = (1, −1, . . . , 0)𝑇, 𝐴𝐾,𝐾−1 = (𝑎𝐾,1, 𝑎𝐾,2, . . . ,𝑎𝐾,𝐾−1)𝑇, 𝐼, and 𝑎𝐾,𝐾, which totally have 4𝐾 + 1 parameters,

instead of storing the super triangular matrix 𝐴 in a
straightforward but naive way that required 𝐾2 memories.

Theorem 6. For any vector 𝜇𝐾 ∈ 𝑅𝐾 and 𝑇𝐾 to be a Toeplitz
matrix of order 𝐾, the matrix-vector multiplication 𝑇𝐾𝜇𝐾 can
be carried out in 𝑂(𝐾 log𝐾) operations without any lossy
compression.

Proof. AToeplitzmatrix is amatrix inwhich each descending
diagonal from left to right is constant. Let 𝑇𝐾 be a Toeplitz
matrix of order 𝐾 of the following form:

𝑇𝐾 =

[[[[[[[[[[[[[[[
[

𝑡0 𝑡−1 𝑡−2 ⋅ ⋅ ⋅ 𝑡2−𝐾 𝑡1−𝐾
𝑡1 𝑡0 𝑡−1 d 𝑡3−𝐾 𝑡2−𝐾
𝑡2 𝑡1 𝑡0 d d 𝑡3−𝐾
... d d d d

...
𝑡𝐾−2 𝑡𝐾−3 d d 𝑡0 𝑡−1𝑡𝐾−1 𝑡𝐾−2 𝑡𝐾−3 ⋅ ⋅ ⋅ 𝑡1 𝑡0

]]]]]]]]]]]]]]]
]

. (31)

Thematrix-vector multiplication𝑇𝐾𝜇𝐾 can be carried out via
the fast Fourier transform (FFT). First, we embed Toeplitz
matrix 𝑇𝐾 into a 2𝐾 × 2𝐾 circulant matrix 𝐶2𝑁 as follows
[18, 19]:

𝐶2𝐾 = [𝑇𝐾 𝐵𝐾𝐵𝐾 𝑇𝐾] ,
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Table 1: Error behavior for the implicit finite difference scheme (7), for example, at time 𝑇 = 1 and 𝛽 = 1.0.
Δ𝑡 = ℎ 𝛼 = 1.9 𝛼 = 1.8 𝛼 = 1.6𝑒𝑁ℎ ∞ Error − rate 𝑒𝑁ℎ ∞ Error − rate 𝑒𝑁ℎ ∞ Error − rate
2−4 0.0299 — 0.0351 — 0.0565 —2−5 0.0155 1.9290 0.0185 1.8973 0.0308 1.83442−6 0.0079 1.9620 0.0096 1.9271 0.0164 1.87812−7 0.0040 1.9750 0.0049 1.9592 0.0087 1.88512−8 0.0020 2.0000 0.0025 1.9600 0.0047 1.8510

𝐵𝐾 =
[[[[[[[[[
[

0 𝑡1−𝐾 ⋅ ⋅ ⋅ 𝑡−2 𝑡−1𝑡𝐾−1 0 𝑡1−𝐾 d 𝑡−2... 𝑡𝐾−1 0 d ⋅ ⋅ ⋅
𝑡2 d d d 𝑡1−𝐾𝑡1 𝑡2 ⋅ ⋅ ⋅ 𝑡𝐾−1 0

]]]]]]]]]
]

.

(32)

It is known that a circulant matrix𝐶2𝐾 can be decomposed as
follows [19, 20]:

𝐶2𝐾 = 𝐹−12𝐾 diag (𝐹(2𝐾)𝑐2𝐾) 𝐹2𝐾, (33)

where 𝑐2𝐾 is the first column vector of 𝐶2𝐾. 𝐹2𝐾 is the 2𝐾 ×2𝐾 discrete Fourier transform matrix in which (𝑗, 𝑘)-entry(𝐹2𝐾)𝑗,𝑘 of the matrix 𝐹2𝐾 is given by

(𝐹2𝐾)𝑗,𝑘 = 12𝐾 exp(2𝜋𝑖𝑗𝑘2𝐾 ) ,
𝑖 = √−1, 0 ≤ 𝑗, 𝑘 ≤ 2𝐾 − 2.

(34)

For any vector 𝜇𝐾 ∈ 𝑅𝐾, we extend the vector by 0 to a2𝐾-dimensional vector 𝜇2𝐾 = ( 𝜇𝐾0 ). It is well known that
the matrix-vector multiplication 𝐹2𝐾𝜇2𝐾 can be carried out
in𝑂(2𝐾 log 2𝐾) = 𝑂(𝐾 log𝐾) operations via the fast Fourier
transform. Equation (33) shows that 𝐹2𝐾𝜇2𝐾 can be evaluated
in 𝑂(𝐾 log𝐾) operations. We observe

𝐶2𝐾 (𝜇𝐾0 ) = 𝐹−12𝐾 diag (𝐹2𝐾𝑐2𝐾) 𝐹2𝐾(𝜇𝐾0 ) . (35)

At the same time,

𝐶2𝐾 (𝜇𝐾0 ) = (𝑇𝐾 𝐵𝐾𝐵𝐾 𝑇𝐾) (𝜇𝐾0 ) = (𝑇𝐾𝜇𝐾𝐵𝐾𝜇𝐾) . (36)

Thus, the upper half of the vector multiplication 𝐹2𝐾𝜇2𝐾 gives
the matrix-vector multiplication 𝑇𝐾𝜇𝐾. So we can evaluate𝑇𝐾𝜇𝐾 in 𝑂(𝐾 log𝐾) operations. Then, by (28) we evaluate𝐴𝐾−1,𝐾−1𝜇𝐾−1 in 𝑂(𝐾 log𝐾) operations. Then, from (27),
for any vector 𝜇𝐾 ∈ 𝑅𝐾, the matrix-vector multiplication𝑇𝐾𝜇𝐾 is evaluated in𝑂(𝐾 log𝐾) operations without any lossy
compression.

Remark 7. If the system matrix 𝐴 from (10) is a dense
and full coefficient matrix, the Gaussian elimination method
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Figure 1:The behavior solution at 𝑇 = 1 with Δ𝑡 = ℎ = 2−6, 𝛼 = 1.9.
requires storage of 𝑂(𝐾2) and computational cost of 𝑂(𝐾3).
In this paper, the system matrix 𝐴 is supertriangular; the
traditional Gaussian elimination method requires storage of𝑂(𝐾2) and computational cost of 𝑂(𝐾2). We present a fast
iterative method for the implicit finite difference scheme,
which only requires storage of 𝑂(𝐾) and computational cost
of 𝑂(𝐾 log𝐾).
5. A Numerical Example

The following fractional differential equationwas considered:

𝜕𝑝 (𝑟, 𝑡)𝜕𝑡 = −V (𝑟) 𝜕𝑝 (𝑟, 𝑡)𝜕𝑟 + 𝑑 (𝑟) 𝜕𝛼𝑝 (𝑟, 𝑡)𝜕𝑟𝛼 + 𝑓 (𝑟, 𝑡) (37)

On a finite domain [0, 1]. The flow velocity is V(𝑟) =𝛼/(4 − 2𝛼). Diffusion coefficient is 𝑑(𝑟) = Γ(2 − 𝛼) ⋅ 𝑟𝛼−1. The
source term is𝑓(𝑟, 𝑡) = 5𝑒−𝑡(𝑟2+(3𝛼−4)/(4−2𝛼)).The initial
function is 𝑢(𝑟) = 5𝑟(1−𝑟). And the boundary conditions are𝑤(𝑡) = 5𝑒−𝑡(1/(2 − 𝛼) − 2/(3 − 𝛼)(2 − 𝛼)).

Note that the exact solution to this problem is 𝑝(𝑟, 𝑡) =5𝑒−𝑡𝑟(1 − 𝑟). In the numerical experiments, we consider three
different 𝛼 in the case, respectively. Table 1 shows ‖𝑒𝑁ℎ ‖∞
the maximum error of the numerical solution of at the time𝑇 = 1 and 𝛽 = 1.0. The stability and its order 𝑂(Δ𝑡 + ℎ) of
convergence are proved.

Figures 1–3 show the numerical solutions obtained by
applying the Eulermethod (10) discussed above, with 𝛼 = 1.9,



Advances in Mathematical Physics 7

Euler
Exact

a = 1.8

−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.2 0.4 0.6 0.8 10

Figure 2:The behavior solution at𝑇 = 1withΔ𝑡 = ℎ = 2−6, 𝛼 = 1.8.
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Figure 3:The behavior solution at𝑇 = 1withΔ𝑡 = ℎ = 2−6, 𝛼 = 1.6.

𝛼 = 1.8, and 𝛼 = 1.6 respectively, with 𝑇 = 1, 𝛽 = 1.0 andΔ𝑡 = ℎ = 2−6. The numerical solution compares well with
the exact analytic solution to the fractional partial differential
equation in these test cases.
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We develop a numerical method by using operational matrices of fractional order integrations and differentiations to obtain
approximate solutions to a class of coupled systems of fractional order partial differential equations (FPDEs). We use shifted
Legendre polynomials in two variables. With the help of the aforesaid matrices, we convert the system under consideration to
a system of easily solvable algebraic equation of Sylvester type. During this process, we need no discretization of the data. We also
provide error analysis and some test problems to demonstrate the established technique.

1. Introduction

Recently fractional calculus has attracted the attention of
many researchers as it has many applications in various disci-
plines of applied sciences and engineering (we refer to [1–4]
and the references therein). In fact most of the engineering
and physical processes can be modeled and well explained
by using a system of fractional order differential and inte-
gral equations more realistically as compared to system of
conventional differential and integral equations, (see [1, 5–
15] and the references therein).The area of fractional calculus
devoted to the existence and uniqueness of positive solution
to (FDEs) and (FPDEs) is well studied and a lot of research
work is available on it (we refer to [16–20]). In the last two
decades, the area dealing with numerical solutions of FDEs
and FPDEs has attracted the attention of many researchers.
Researchers are taking keen interests in developing numerical
procedures for FPDEs. Here, it is remarkable that most of
the problems of applied sciences can be modeled by using
PDEs and their systems. The study of coupled systems of
PDEs can widely be found in engineering and biomechanics
and other disciplines. For example, in biomechanics when
modeling the phenomena of electrical activity in the heart,
the resulting equations are coupled systems of PDEs (see, e.g.,

[21–23]). Coupled systems of PDEs also occur in modeling
of some chemical and material engineering processes such as
system containing a continuous stirred tank reactor (CSTR)
and a plug flow reactor (PFR) in series (see [24, 25]). Various
applications of coupled systems can be found in solid state
physics and mechanics; for example, dynamics of multide-
formable bodies coupled by standard light fractional order
discrete continuum layers is described by coupled systems of
fractional order partial differential equations [7, 26–28]. The
coupled systems of PDEs also appear in modeling of some
important electromagnetic and gravitational problems, (see,
e.g., [29, 30]).

Most of the FPDEs do not have exact analytical solu-
tions; therefore researchers need some appropriate numer-
ical technique for the approximate solutions of such types
(FPDEs). For the numerical solutions numerous techniques
are available in the literature; for example, some of them
are eigenvector expansion, Adomian decomposition method
(ADM), fractional differential transform method (FDTM)
[31, 32], generalized block pulse operational matrix method
[33], and so on. In recent years many attentions have been
devoted to develop operational matrices for fractional order
differentiation and integrations. Such types of operational
matrices are obtained by using Haar wavelets, Legendre
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wavelets, Sine Cosine, Chebyshev wavelets, and so on. Based
on these operational matrices, some approximate methods
for numerical solutions to FDEs have been developed (we
refer to [34–36] and the references therein). In [37], the
authors established a new numerical scheme based on the
Haar wavelet for solving (FPDEs). More recently, the authors
[38] developed some new results related to the Jacobi
polynomials for operational matrices. All the operational
matrices methods are used to solve FDEs and FPDEs. As
much as we know they are not well studied and neither is
properly applied to solve coupled systems of PFDEs. To the
best of our knowledge very few articles are devoted to the
numerical solutions of coupled systems of integral equations
and ordinary and partial differential equations of fractional
order; for details see [39–41].

This manuscript is devoted to bring out the numerical
solutions to a coupled system of FPDEs on an unbounded
domain. The concerned coupled system contains mixed
partial order derivative with respect to 𝑥, 𝑦 as given by

𝑐𝐷𝑝𝑥𝑈(𝑥, 𝑦) + 𝜔1𝑐𝐷𝑝1𝑥𝑦𝑉 (𝑥, 𝑦) + 𝜔2𝑐𝐷𝑞1𝑦 𝑈 (𝑥, 𝑦)= 𝜃 (𝑥, 𝑦) ,
𝑐𝐷𝑝𝑥𝑉 (𝑥, 𝑦) + 𝜌1𝑐𝐷𝑝2𝑥𝑦𝑈 (𝑥, 𝑦) + 𝜌2𝑐𝐷𝑞2𝑦 𝑉 (𝑥, 𝑦)= 𝜓 (𝑥, 𝑦) ,

(1)

corresponding to the conditions𝑈(𝑖) (0, 𝑦) = 𝜃𝑖 (𝑦) ,𝑉(𝑖) (0, 𝑦) = 𝜓𝑖 (𝑦) ,𝑖 = 1 ⋅ ⋅ ⋅ 𝑚, (2)

where 𝑐𝐷𝑝𝑧 = 𝜕𝑝/𝜕𝑧𝑝 represents partial derivative, 𝑝 ∈ (𝑘 −1, 𝑘], 𝑘 − 2 < 𝑝𝑖, 𝑞𝑖 ≤ 𝑘 − 1, the real constants are denoted by𝜔𝑖, 𝜌𝑖 (𝑖 = 1, 2), 𝜃𝑖, 𝜓𝑖, and𝑈 (𝑥, 𝑦) , 𝑉 (𝑥, 𝑦) , 𝜃 (𝑥, 𝑦) , 𝜓 (𝑥, 𝑦)∈ 𝐶 ([0, 1] × [0, 1]) . (3)

It is remarkable that the proposed system contains the
coupled system investigated in [38] as a special case. If we
take 𝜃(𝑥, 𝑦) = 𝜓(𝑥, 𝑦) = 0 together with 𝜔1 = 0, 𝜔2 =1 and 𝜌1 = 0, 𝜌2 = 1, the proposed system becomes a
coupled system of Laplace equations of fractional order by
taking 𝑝 = 𝑞1 = 𝑞2 ∈ (1, 2]. Further, if we involve the
external (source) terms and consider 𝜔1 = 𝜌1 = 0, the
proposed coupled systemassumes the formof coupled system
of Poisson’s equation of arbitrary order. Poisson’s equations
have many applications in physics as well as in other various
disciplines including electrostatics, mechanical engineering,
and theoretical physics. For example, it has been applied to
describe the potential energy field caused by a given charge
or mass density distribution (see for details [42]).

With the use of shifted Legendre polynomials in two vari-
ables, some operational matrices corresponding to fractional
order differentiations and integrations are developed.Thanks

to these operational matrices, the coupled system under
consideration is transformed to a system of Sylvester type
algebraic equations. Here, we remark that no discretization
like for Tau-collocations method is required. By doing so,
the proposed system (1) corresponding to the initial condi-
tions is transformed to a system of Sylvester type algebraic
equations. Our proposed method is simple and there is no
computational complexity in the resulting algebraic system
to solve. Further, we remark that our present method is a
numerical method based on shifted Jacobi polynomials while
the method discussed in [43] is an iterative method based on
monotone iterative technique. Further we can easily establish
a simple relationship for convergence of the proppedmethod.
The aforesaid procedure has now recently being applied for
some nonlinear fractional order differential equations and
some fruitful results were obtained; for details see [44]. In
our future work we will use operational matrices method to
compute approximate solutions of nonlinear FPDEs and their
system.

The manuscript is organized as follows: Section 2 is
concerning some basic definitions and preliminaries results
related to fractional calculus and Legendre polynomials
which are needed to form the proposed method. Section 3
is concerning the operational matrices corresponding to
the fractional order derivatives and integration. Further,
Section 4 is related to the application of the operational
matrices to covert coupled system (1) to the corresponding
system of algebraic equations. Section 5 is devoted to the
numerical examples, and in the last section, we have provided
a brief conclusion.

2. Preliminaries

Definition 1. The Mittag-Leffler function subjected to one
parameter is recalled by

𝐸𝑝 (𝑥) = ∞∑
𝑛=0

𝑥𝑛Γ (𝑛𝑝 + 1) . (4)

The extension of (4) to two parameters is given as

𝐸𝑝,𝑞 (𝑥) = ∞∑
𝑛=0

𝑥𝑛Γ (𝑛𝑝 + 𝑞) . (5)

Definition 2 (see [45, 46]). The fractional integral of
Riemann-Liouville type of order 𝑝 ∈ (0,∞) of a function𝜃 ∈ 𝐿1([0, 𝑎],R) is defined as𝐼𝑝𝑎+𝜃 (𝑥) = 1Γ (𝑝) ∫𝑥𝑎 (𝑥 − 𝜂)𝑝−1 𝜃 (𝜂) 𝑑𝜂, (6)

provided that the right-hand side is pointwise defined on(0,∞).
Definition 3. For a given function 𝜃(𝑥, 𝑦), the Caputo frac-
tional derivative of order 𝑝 is defined as

𝑐𝐷𝑝𝜃 (𝑥, 𝑦) = 1Γ (𝑘 − 𝑝) ∫𝑥𝑎 (𝑥 − 𝜂)𝑘−𝑝−1 𝜃(𝑘) (𝜂, 𝑦) 𝑑𝜂,𝑝 ∈ (𝑘 − 1, 𝑘] , 𝑘 ∈ 𝑁, (7)
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provided that the right side is pointwise defined on (𝑎,∞),
where 𝑘 = [𝑝] + 1.

Hence, it follows that

𝑐𝐷𝑝𝑥𝑛 = Γ (1 + 𝑛)Γ (1 + 𝑛 − 𝑝)𝑥𝑛−𝑝,
𝐼𝑝𝑥𝑛 = Γ (1 + 𝑛)Γ (1 + 𝑛 + 𝑝)𝑥𝑛+𝑝,

𝑐𝐷𝑝𝐶 = 0, for a constant 𝐶.
(8)

Theorem 4 (see [45]). The solution of FDE
𝑐𝐷𝑝𝑥𝑈 (𝑥, 𝑦) = ℎ (𝑥) , 𝑘 − 1 < 𝑝 ≤ 𝑘, (9)

is given by

𝑈 (𝑥, 𝑦) = 𝐼𝑝ℎ (𝑥) + 𝑒0 + 𝑒1𝑥 + ⋅ ⋅ ⋅ + 𝑒𝑘−1𝑥𝑘−𝑝, (10)

where each 𝑒𝑖 is a real number for 𝑖 = 0, 1, 2, . . . , 𝑘 − 1, where𝑘 = [𝑝] + 1, such that [𝑝] represents integer part of 𝑝.
Remark 5. We will use Caputo derivative throughout this
paper, because Caputo fractional derivative has clear geo-
metrical representations like classical derivative. Further, it
turns out that the Riemann-Liouville derivatives have certain
disadvantages when trying to model real-world phenomena
with fractional differential equations. For further details, see
[45, 47].

2.1. The Shifted Legendre Polynomials. The well-known Leg-
endre polynomials described over [−1, 1] are representing as
P𝑖+1 (𝑡) = 2𝑖 + 1𝑖 + 1 𝑡P𝑖 (𝑡) − 𝑖𝑖 + 1P𝑖−1 (𝑡) ,𝑖 = 1, 2, 3, . . . , where P0 (𝑡) = 1, P1 (𝑡) = 𝑡. (11)

The transformation 𝑥 = (𝑡 + 1)/2 transforms the interval[−1, 1] to J = [0, 1] and the corresponding polynomials
known as shifted Legendre polynomials are given as

L𝑖 (𝑥) = 𝑖∑
𝑛=0

(−1)𝑖+𝑛 Γ (𝑖 + 𝑛 + 1)Γ (𝑖 − 𝑛 + 1) Γ2 (𝑛 + 1)𝑥𝑛, 𝑖 = 1, 2, 3, . . . . (12)

The orthogonality condition is

∫1
0
L𝑖 (𝑥)L𝑗 (𝑥) 𝑑𝑥 = {{{

12𝑖 + 1 , if 𝑖 ̸= 𝑗,0, if 𝑖 = 𝑗. (13)

Therefore, any function 𝜃(𝑥) ∈ 𝐶(J) can be approximated in
terms of shifted Legendre polynomials as

𝜃 (𝑥) ≈ 𝑚∑
𝜇=0

C𝜇L𝜇 (𝑥) ,
where C𝜇 = ⟨𝜃 (𝑥) ,L𝜇 (𝑥)⟩ = (2𝜇 + 1)∫1

0
𝜃 (𝑥)L𝜇 (𝑥) 𝑑𝑥. (14)

In matrix form, we may write (14) as

𝜃 (𝑥) = A𝑇𝐾Υ𝐾2 (𝑥, 𝑦) , where 𝐾 = 𝑚 + 1, (15)

whereA𝐾 is the matrix of functions whileΥ𝐾2(𝑥, 𝑦) is𝐾 term
columnmatrix.The shifted Legendre polynomials of order𝐾
for two dimensions are recalled by

L𝑘 (𝑥, 𝑦) = L𝜇 (𝑥)L] (𝑦) ,𝑘 = 𝐾𝜇 + ] + 1, 𝜇, ] = 0, 1, 2, . . . , 𝑚 (16)

and the corresponding orthognathic relation is provided as

∫1
0
∫1
0
L𝜇

1
(𝑥)L]

1

(𝑦)L𝜇
2
(𝑥)L]

2

(𝑦) 𝑑𝑥 𝑑𝑦
= {{{

1(2𝜇 + 1) (2] + 1) , if 𝜇1 = 𝜇2, ]1 = ]2,0, if 𝜇1 ̸= 𝜇2, ]1 ̸= ]2.
(17)

Therefore any function 𝑈(𝑥, 𝑦) ∈ 𝐶(J × J) can be approxi-
mated in terms of L𝑘(𝑥, 𝑦) as

𝑈 (𝑥, 𝑦) ≈ 𝑚∑
𝜇=0

𝑚∑
]=0

C𝜇]L𝜇 (𝑥)L] (𝑦) , (18)

where

C𝜇] = (2𝜇 + 1) (2] + 1)
⋅ ∫1
0
∫1
0
𝑈 (𝑥, 𝑦)L𝜇 (𝑥)L] (𝑦) 𝑑𝑥 𝑑𝑦. (19)

In matrix notation, we may write (18) as

𝑈(𝑥, 𝑦) ≈ 𝐾2∑
𝑘=1

C𝜇]L𝑛 (𝑥, 𝑦) = A𝑇𝐾2Υ𝐾2 (𝑥, 𝑦) , (20)

where the column vector of coefficients with order 𝐾2 × 1 is
represented as A𝐾2 , 𝑘 = 𝐾𝜇 + ] + 1. Also column vector of
order 𝐾2 × 1 is represented by Υ𝐾2(𝑥, 𝑦) and provided as

Υ𝐾2 (𝑥, 𝑦) = [𝜑11 (𝑥, 𝑦) ⋅ ⋅ ⋅ 𝜑1𝐾 (𝑥, 𝑦) 𝜑21 (𝑥, 𝑦) ⋅ ⋅ ⋅ 𝜑2𝐾 (𝑥, 𝑦) ⋅ ⋅ ⋅ 𝜑𝐾𝐾 (𝑥, 𝑦)]𝑇 , (21)

where 𝜑𝑖+1,𝑗+1(𝑥, 𝑦) = (L𝑖(𝑥))(L𝑗(𝑦)), 𝑖, 𝑗 = 0, 1, 2, . . . , 𝑚.
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2.2. Maximum Absolute Error ([48]). Consider a sufficiently
smooth function 𝑈(𝑥, 𝑦) on J × J; then the error in the
numerical solutions is provided as𝑈 (𝑥, 𝑦) − L(𝐾,𝐾) (𝑥, 𝑦)2≤ (C1 + C2 + C3

1𝐾𝐾+1 ) 1𝐾𝐾+1 , (22)

where

C1 = 14 max
(𝑥,𝑦)∈J×J

 𝜕𝐾+1𝜕𝑥𝐾+1𝑈(𝑥, 𝑦) ,
C2 = 14 max

(𝑥,𝑦)∈J×J

 𝜕𝐾+1𝜕𝑦𝐾+1𝑈 (𝑥, 𝑦) ,
C3 = 116 max

(𝑥,𝑦)∈J×J

 𝜕2𝐾+2𝜕𝑥𝐾+1𝜕𝑦𝐾+1𝑈 (𝑥, 𝑦) .
(23)

The above relation also holds at points (𝑥𝑖, 𝑦𝑖) for interpolat-
ing polynomial L(𝐾,𝐾)(𝑥, 𝑦).
3. Operational Matrices of Integrations
and Differentiations

Extending the notion of the operationalmatrices of fractional
order integration and differentiation from one dimension

[36, 49] to two dimensions, the construction of the aforesaid
operational matrices is provided as follows.

Theorem 6. The operational matrix corresponding to frac-
tional integration of order 𝑝 of Υ𝐾2(𝑥, 𝑦) defined in (21) with
respect to 𝑥 is provided as

𝐼𝑝𝑥 [Υ𝐾2 (𝑥, 𝑦)] ≃ H(𝑝,𝑥)
𝐾2×𝐾2

Υ𝐾2 (𝑥, 𝑦) , (24)

where H(𝑝,𝑥)
𝐾2×𝐾2

is the operational matrix of fractional integra-
tion given as

H(𝑝,𝑥)
𝐾2×𝐾2

=(((((((
(

¥1,1,𝑛 ¥1,2,𝑛 ⋅ ⋅ ⋅ ¥1,𝑢,𝑛 ⋅ ⋅ ⋅ ¥1,𝐾2 ,𝑛
¥2,1,𝑛 ¥2,2,𝑛 ⋅ ⋅ ⋅ Ω2,𝑢,𝑛 ⋅ ⋅ ⋅ ¥2,𝐾2 ,𝑛... ... ... ... ... ...
¥V,1,𝑛 ¥V,2,𝑛 ⋅ ⋅ ⋅ ¥V,𝑢,𝑛 ⋅ ⋅ ⋅ ¥V,𝐾2 ,𝑛... ... ... ... ... ...
¥𝐾2 ,1,𝑛 ¥𝐾2 ,2,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝑢,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝐾2,𝑛

)))))))
)

, (25)

𝑢 = 𝐾𝑖+ 𝑗+1, V = 𝐾𝜇+ ]+1, ¥V,𝑢,𝑛 = ∏𝑖,𝑗,𝜇,],𝑛 for 𝑖, 𝑗, ], 𝜇 =0, 1, 2, . . . , 𝑚,
E𝑖,𝑗,𝜇,],𝑛 = 𝜇∑

𝑛=0

𝛿𝑖,] (2𝑖 + 1) 𝑖∑
𝑙=0

(−1)𝑖+𝑙+𝜇+𝑛 Γ (𝑖 + 𝑙 + 1) Γ (𝜇 + 𝑛 + 1)Γ (𝑖 − 𝑙 + 1) Γ2 (𝑙 + 1) Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 𝑝 + 1) (𝑛 + 𝑙 + 𝑝 + 1) , 𝛿𝑖,] = {{{
0, if 𝑖 ̸= ],1, if 𝑖 = ]. (26)

Proof. Consider L𝑘(𝑥, 𝑦) as given in (16); then the arbitrary
order integral with order 𝑝 of L𝑘(𝑥, 𝑦) corresponding to 𝑥 is
provided as

𝐼𝑝𝑥L𝑘 (𝑥, 𝑦) = 𝐼𝑝𝑥L𝜇 (𝑥)L] (𝑦)
= 𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ2 (𝑛 + 1)𝐼𝑝𝑥𝑥𝑛L] (𝑦) , (27)

which gives that

𝐼𝑝𝑥L𝜇 (𝑥)L] (𝑦)
= 𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ (𝑛 + 𝑝 + 1)𝑥𝑛+𝑝𝑃] (𝑦) . (28)

Further approximating 𝑥𝑛+𝑝L](𝑦) in terms of shifted Legen-
dre polynomials, we have

𝑥𝑛+𝑝L] (𝑦) ≈ 𝑚∑
𝑖=0

𝑚∑
𝑗=0

E𝑖,𝑗L𝑖 (𝑥)L𝑗 (𝑦) , (29)

whereE𝑖,𝑗 = (2𝑖+1)(2𝑗+1) ∫10 ∫10 𝑥𝑛+𝑝L](𝑦)L𝑖(𝑥)L𝑗(𝑦)𝑑𝑥 𝑑𝑦.
Thanks to orthogonality condition, we have

E𝑖,𝑗

= {{{{{{{
0, if 𝑗 ̸= ],
(2𝑖 + 1) 𝑗∑

𝑙=0

(−1)𝑖+𝑙 Γ (𝑖 + 𝑙 + 1)Γ (𝑖 − 𝑙 + 1) Γ2 (𝑙 + 1) (𝑛 + 𝑙 + 𝑝 + 1) , if𝑗 = ]

= 𝛿𝑖,] (2𝑖 + 1) 𝑖∑
𝑙=0

(−1)𝑖+𝑙 Γ (𝑖 + 𝑙 + 1)Γ (𝑖 − 𝑙 + 1) Γ2 (𝑙 + 1) (𝑛 + 𝑙 + 𝑝 + 1) ,
where 𝛿𝑖,] = {{{

0, if 𝑗 ̸= ],1, if 𝑗 = ].

(30)

Therefore (28) yields𝐼𝑝𝑥L𝜇 (𝑥)L] (𝑦)
= 𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ (𝑛 + 𝑝 + 1)
⋅ 𝑚∑
𝑖=0

𝑚∑
𝑗=0

E𝑖,𝑗,]L𝑖 (𝑥)L𝑗 (𝑦)
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= 𝑚∑
𝑖=0

𝑚∑
𝑗=0

𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)E𝑖,𝑗,]Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) Γ (𝑛 + 𝑝 + 1)L𝑖 (𝑥)
⋅ L𝑗 (𝑦) = 𝑚∑

𝑖=0

𝑚∑
𝑗=0

E𝑖,𝑗,𝜇,],𝑛L𝑖 (𝑥)L𝑗 (𝑦) ,
(31)

where

E𝑖,𝑗,𝜇,],𝑛 = 𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)E𝑖,𝑗,]Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) Γ (𝑛 + 𝑝 + 1) . (32)

We use these notations for easiness of 𝑢 = 𝐾𝑖 + 𝑗 + 1, V =𝐾𝜇 + ] + 1, ¥V,𝑢,𝑛 = E𝑖,𝑗,],𝜇,𝑛 for 𝑖, 𝑗, 𝜇, ] = 0, 1, 2, 3, . . . , 𝑚.
Thus, we received the required result

Theorem 7. The fractional order derivative of Υ𝐾2(𝑥, 𝑦) can
be written as

𝑐𝐷𝑝𝑥 [Υ𝐾2 (𝑥, 𝑦)] ≃W(𝑝,𝑥)
𝐾2×𝐾2

Υ𝐾2 (𝑥, 𝑦) , (33)

such that W(𝑝,𝑥)
𝐾2×𝐾2

is the operational matrix corresponding to
arbitrary order derivative of order 𝑝 with respect to 𝑥 provided
as

W(𝑝,𝑥)
𝐾2×𝐾2

=
(((((((((((
(

¥1,1,𝑛 ¥1,2,𝑛 ⋅ ⋅ ⋅ ¥1,𝑢,𝑛 ⋅ ⋅ ⋅ ¥1,𝐾2 ,𝑛

¥2,1,𝑛 ¥2,2,𝑛 ⋅ ⋅ ⋅ ¥2,𝑢,𝑛 ⋅ ⋅ ⋅ ¥2,𝐾2 ,𝑛... ... ... ... ... ...
¥V,1,𝑛 ¥V,2,𝑛 ⋅ ⋅ ⋅ ¥V,𝑢,𝑛 ⋅ ⋅ ⋅ ¥𝑞,𝐾2,𝑛... ... ... ... ... ...
¥𝐾2 ,1,𝑛 ¥𝐾2 ,2,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝑢,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝐾2 ,𝑛

)))))))))))
)

, (34)

where V = 𝐾𝑖 + 𝑗 + 1, 𝑢 = 𝐾𝜇 + ] + 1, ¥V,𝑢,𝑛 =Ω𝑖,𝑗,𝜇,],𝑛 for 𝑖, 𝑗, 𝜇, ] = 0, 1, 2, . . . , 𝑚,
℧𝑖,𝑗,𝜇,],𝑛 = ]∑

𝑙=[𝑝]

𝛿𝑗,] (2𝑖 + 1) 𝑖∑
𝑛=0

(−1)𝑖+𝑛+𝑙+𝜇 Γ (𝑖 + 𝑛 + 1) Γ (𝜇 + 𝑙 + 1)Γ (𝑖 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ (𝜇 − 𝑛 + 1) Γ (𝑙 + 1) Γ (𝑙 − 𝑝 + 1) (𝑛 + 𝑙 − 𝑝 + 1)
with ℧𝑖,𝑗,𝜇,],𝑛 = 0, if 𝜇 < 𝑝. (35)

Proof. Take 𝑝 the order fractional derivative of L𝑛(𝑥, 𝑦)
corresponding to 𝑥 as
𝑐𝐷𝑝𝑥L𝑘 (𝑥, 𝑦) = 𝑐𝐷𝑝𝑥L𝜇 (𝑥)L] (𝑦)
= 𝜇∑
𝑛=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑝 + 1) Γ2 (𝑛 + 1) 𝑐𝐷𝑝𝑥𝑥𝑛L] (𝑦)
= ]∑
𝑙=[𝑝]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ (1 + 𝑛 − 𝑝)𝑥𝑛−𝑝L] (𝑦) .
(36)

Approximate 𝑥𝑛−𝑝L](𝑦) in terms of shifted Legendre polyno-
mials as

𝑥𝑛−𝑝L] (𝑦) ≈ 𝑚∑
𝑖=0

𝑚∑
𝑗=0

D𝑖,𝑗L𝑖 (𝑥)L𝑗 (𝑦) . (37)

Applying orthogonality condition, we may write

D𝑖,𝑗

= {{{{{{{{{
0, if 𝑗 ̸= ],
(2𝑖 + 1) 𝑖∑

𝑛=0

(−1)𝑖+𝑛 Γ (𝑖 + 𝑛 + 1)Γ (𝑖 − 𝑛 + 1) Γ2 (𝑛 + 1) (𝑛 + 𝑙 − 𝑝 + 1) , if 𝑗 = ]. (38)

Therefore, we get

𝑐𝐷𝑝𝑥L𝑘 (𝑥, 𝑦) = 𝜇∑
𝑛=[𝑝]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1)2 Γ (𝑛 − 𝑝 + 1)
⋅ 𝑚∑
𝑖=0

𝑚∑
𝑗=0

D𝑖,𝑗L𝑖 (𝑥)L𝑗 (𝑦)
= 𝑚∑
𝑖=0

𝑚∑
𝑗=0

𝜇∑
𝑛=[𝑝]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1)2 Γ (𝑛 − 𝑝 + 1)D𝑖,𝑗L𝑖 (𝑥)
⋅ L𝑗 (𝑦) = 𝑚∑

𝑖=0

𝑚∑
𝑗=0

℧𝑖,𝑗,𝑛,𝜇,]L𝑖 (𝑥)L𝑗 (𝑦) , 𝜇 = [𝑝] , . . . , 𝐾,
(39)

where℧𝑖,𝑗,𝑛,𝜇,]
= 𝜇∑
𝑛=[𝑝]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1)2 Γ (𝑛 − 𝑝 + 1)D𝑖,𝑗. (40)

Denoting 𝑢 = 𝐾𝑖 + 𝑗 + 1, V = 𝐾𝜇 + ] + 1, ¥V,𝑢,𝑛 = ℧𝑖,𝑗,],𝜇,𝑛,
such that 𝑖, 𝑗, 𝜇, ] = 0, 1, 2, 3, . . . , 𝑚, for easiness, we get the
required.

Theorem8. The fractional derivativewith order𝑝 ofΥ𝐾2(𝑥, 𝑦)
with respect to 𝑦 can be written as

𝑐𝐷𝛼𝑦 [Υ𝐾2 (𝑥, 𝑦)] ≃ V(𝑝,𝑦)
𝐾2×𝐾2

¥𝐾2 (𝑥, 𝑦) , (41)
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such that V(𝑝,𝑦)
𝐾2×𝐾2

is the operational matrix given as

V(𝑝,𝑦)
𝐾2×𝐾2

=(((((((
(

¥1,1,𝑛 ¥1,2,𝑛 ⋅ ⋅ ⋅ ¥1,𝑢,𝑛 ⋅ ⋅ ⋅ ¥1,𝐾2 ,𝑛
¥2,1,𝑛 ¥2,2,𝑛 ⋅ ⋅ ⋅ ¥2,𝑢,𝑛 ⋅ ⋅ ⋅ ¥2,𝐾2 ,𝑛... ... ... ... ... ...
¥V,1,𝑛 ¥V,2,𝑛 ⋅ ⋅ ⋅ ¥V,𝑢,𝑛 ⋅ ⋅ ⋅ ¥V,𝐾2 ,𝑛... ... ... ... ... ...
¥𝐾2 ,1,𝑛 ¥𝐾2 ,2,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝑢,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝐾2 ,𝑛

)))))))
)

, (42)

𝑢 = 𝐾𝑖+ 𝑗+ 1, V = 𝐾𝜇+ ]+1, ¥V,𝑢,𝑛 = ℧𝑖,𝑗,𝜇,],𝑛 for 𝑖, 𝑗, 𝜇, ] =0, 1, 2, . . . , 𝑚 and

℧𝑖,𝑗,𝜇,],𝑛 = ]∑
𝑙=[𝑝]

𝛿𝑖,𝜇 𝑗∑
𝑙=0

(−1)𝑗+𝑙+]+𝑛 Γ (𝑗 + 𝑙 + 1) Γ (] + 𝑛 + 1)Γ (𝑗 − 𝑙 + 1) Γ2 (𝑙 + 1) Γ (] − 𝑛 + 1) Γ (𝑛 + 1) Γ (𝑛 − 𝑝 + 1) (𝑛 + 𝑙 − 𝑝 + 1) ,
where ℧𝑖,𝑗,𝜇,],𝑛 = 0, if ] < 𝑝. (43)

Proof. To prove this theorem it can be easily followed from
the proof of Theorem 7.

Theorem9. The fractional derivative ofΥ𝐾2(𝑥, 𝑦)with respect
to 𝑥, 𝑦 is provided as

𝑐𝐷𝑝𝑥𝑦 [Υ𝐾2 (𝑥, 𝑦)] ≃ Z(𝑝,𝑥,𝑦)
𝐾2×𝐾2

Υ𝐾2 (𝑥, 𝑦) , (44)

where Z(𝑝,𝑥,𝑦)
𝐾2×𝐾2

represents the operational matrix of fractional
derivative given as

Z(𝑝,𝑥,𝑦)
𝐾2×𝐾2

=((((((
(

¥1,1,𝑛 ¥1,2,𝑛 ⋅ ⋅ ⋅ ¥1,𝑢,𝑛 ⋅ ⋅ ⋅ ¥1,𝐾2 ,𝑛
¥2,1,𝑛 ¥2,2,𝑛 ⋅ ⋅ ⋅ ¥2,𝑢,𝑛 ⋅ ⋅ ⋅ ¥2,𝐾2 ,𝑛... ... ... ... ... ...
¥V,1,𝑛 ¥V,2,𝑛 ⋅ ⋅ ⋅ ¥V,𝑢,𝑛 ⋅ ⋅ ⋅ ¥V,𝐾2 ,𝑛... ... ... ... ... ...
¥𝐾2 ,1,𝑛 ¥𝐾2 ,2,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝑢,𝑛 ⋅ ⋅ ⋅ ¥𝐾2 ,𝐾2 ,𝑛

))))))
)

, (45)

and 𝑢 = 𝐾𝑖 + 𝑗 + 1, V = 𝐾𝜇 + 𝑏 + 1, ¥𝑢,V,𝑛 =℧𝑖,𝑗,𝜇,],𝑛 for 𝑖, 𝑗, 𝜇, ] = 0, 1, 2, . . . , 𝑚,
℧𝑖,𝑗,𝜇,],𝑛 = 𝜇∑

𝑛=0

E𝜇,],𝑛,𝑙,𝑝𝐷𝑖,𝑗,𝜇,],
𝐷𝑖,𝑗,𝜇,] = 𝛿𝑖,𝑗,𝜇,] (2𝑖 + 1) (2𝑗 + 1) 𝑖∑

𝑛=0

𝑗∑
𝑙=0

(−1)𝑖+𝑗+𝑛+𝑙 Γ (𝑗 + 𝑙 + 1) Γ (𝑖 + 𝑛 + 1)Γ (𝑗 − 𝑙 + 1) Γ (𝑖 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ2 (𝑙 + 1) (𝑛 + 𝑙 − 𝑝/2 + 1)2 ,
E𝜇,],𝑛,𝑙,𝑝 = 𝜇∑

𝑛=[𝑝/2]

]∑
𝑙=[𝑝/2]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) (−1)]+𝑙 Γ (] + 𝑙 + 1)Γ (] − 𝑙 + 1) Γ (𝑙 + 1) .
(46)

Proof. Take L𝑘(𝑥, 𝑦) given in (17) and apply fractional order
derivative of L𝑘(𝑥, 𝑦) corresponding to 𝑦 and 𝑥 as

𝑐𝐷𝑝𝑥𝑦L𝑘 (𝑥, 𝑦) = 𝑐𝐷𝑝𝑥𝑦𝑃𝜇 (𝑥)L] (𝑦) = 𝜇∑
𝑛=0

]∑
𝑙=0

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) (−1)]+𝑙 Γ (] + 𝑙 + 1)Γ (] − 1 + 1) Γ (𝑙 + 1)𝐷𝑝/2𝑥 𝑥𝑛𝐷𝑝/2𝑦 𝑦𝑙
= 𝜇∑
𝑛=[𝑝/2]

]∑
𝑙=[𝑝/2]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) (−1)]+𝑙 Γ (] + 𝑙 + 1)Γ (] − 𝑙 + 1) Γ (𝑙 + 1) 𝑥𝑛−𝑝/2𝑦𝑙−𝑝/2Γ (𝑛 − 𝑝/2 + 1) Γ (𝑙 − 𝑝/2 + 1) .
(47)
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We approximate 𝑥(𝑛−𝑝/2)𝑦(𝑙−𝑝/2) in terms of shifted Legendre
polynomials as

𝑥(𝑛−𝑝/2)𝑦(𝑙−𝑝/2) ≈ 𝑚∑
𝑖=0

𝑚∑
𝑗=0

𝐷(𝑖,𝑗,𝑛,𝑙)L𝑖 (𝑥)L𝑗 (𝑦) , (48)

such that

𝐷(𝑖,𝑗,𝑛,𝑙) = (2𝑖 + 1) (2𝑗 + 1) ∫1
0
∫1
0
L𝜇 (𝑥)L] (𝑦)L𝑖 (𝑥)⋅ L𝑗 (𝑦) 𝑥𝑛−𝑝/2𝑦𝑙−𝑝/2𝑑𝑥 𝑑𝑦. (49)

Thanks to the orthogonality conditions and convolution
theorem of Laplace transform, evaluating the integrals (49),
we get

𝐷(𝑖,𝑗,𝑛,𝑙) = 𝛿𝑖,𝑗,𝜇,] (2𝑖 + 1) (2𝑗 + 1) × 𝑖∑
𝑛=0

𝑗∑
𝑙=0

(−1)𝑖+𝑗+𝑛+𝑙 Γ (𝑗 + 𝑙 + 1) Γ (𝑖 + 𝑛 + 1)Γ (𝑗 − 𝑙 + 1) Γ (𝑖 − 𝑛 + 1) Γ2 (𝑛 + 1) Γ2 (𝑙 + 1) (𝑛 + 𝑙 − 𝑝/2 + 1)2 , (50)

where

𝛿𝑖,𝑗,𝜇,] = {{{
1, if 𝑖 = 𝜇, 𝑗 = ],0, if 𝑖 ̸= 𝜇, 𝑗 ̸= ]. (51)

Plugging (48) in (47), we may write

𝑐𝐷𝑝𝑥𝑦L𝑘 (𝑥, 𝑦) = 𝜇∑
𝑛=[𝑝/2]

]∑
𝑙=[𝑝/2]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) (−1)]+𝑙 Γ (] + 𝑙 + 1)Γ (] − 𝑙 + 1) Γ (𝑙 + 1) 𝑚∑𝑖=0 𝑚∑𝑗=0𝐷(𝑖,𝑗,𝑛,𝑙)L𝑖 (𝑥)L𝑗 (𝑦)
= 𝑚∑
𝑖=0

𝑚∑
𝑗=0

𝑎∑
𝑛=[𝑝/2]

]∑
𝑙=[𝑝/2]

(−1)𝜇+𝑛 Γ (𝜇 + 𝑛 + 1)Γ (𝜇 − 𝑛 + 1) Γ (𝑛 + 1) (−1)]+𝑙 Γ (] + 𝑙 + 1)Γ (] − 𝑙 + 1) Γ (𝑙 + 1)𝐷(𝑖,𝑗,𝑛,𝑙)L𝑖 (𝑥)L𝑗 (𝑦) .
(52)

Representing 𝑢 = 𝐾𝜇 = ] + 1, V = 𝐾𝑖 + 𝑗 + 1, and ¥V,𝑢,𝑛 =℧𝑖,𝑗,𝜇,],𝑛,𝑙 for 𝑖, 𝑗, 𝜇, ] = 0, 1, 2, . . . , 𝑚, we obtain the required
results.

4. Solutions of the Coupled
Systems of Equations

Thanks to the operational matrices established in previous
section, we now in position to obtain numerical solutions of
the proposed coupled system (1) of FPDEs.

With the help of operational matrices, we consider the
approximations as

𝑐𝐷𝑝𝑥𝑈(𝑥, 𝑦) = A𝐾2Υ𝐾2 (𝑥, 𝑦) ,
𝑐𝐷𝑝𝑥𝑉 (𝑥, 𝑦) = B𝐾2Υ𝐾2 (𝑥, 𝑦) . (53)

In view of Theorem 4, we can write

𝑈 (𝑥, 𝑦) − 𝑛∑
𝑖=0

𝑒𝑖𝑥𝑖 = A𝐾2H
(𝑝,𝑥)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) ,

𝑉 (𝑥, 𝑦) − 𝑛∑
𝑖=0

𝑏𝑖𝑥𝑖 = B𝐾2H
(𝑝,𝑥)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) . (54)

Applying initial conditions, we get

𝑈 (𝑥, 𝑦) = A𝐾2H
(𝑝,𝑥)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) + X1𝐾2Υ𝐾2 (𝑥, 𝑦) ,𝑉 (𝑥, 𝑦) = B𝐾2H

(𝑝,𝑥)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) + X2𝐾2Υ𝐾2 (𝑥, 𝑦) , (55)

where X1𝐾2Υ𝐾2(𝑥, 𝑦) = ∑𝑛𝑖=0 𝜃𝑖(𝑦)𝑥𝑖 and X2𝐾2Υ𝐾2(𝑥, 𝑦) =∑𝑛𝑖=0 𝜓𝑖(𝑦)𝑥𝑖. In simple notation, we may write

A𝐾2H
(𝑝,𝑥)

𝐾2×𝐾2
+ X1𝐾2 = Â𝐾2 ,

B𝐾2H
(𝑝,𝑥)

𝐾2×𝐾2
+ X2𝐾2 = B̂𝐾2 . (56)

Therefore (55) yields

𝑈 (𝑥, 𝑦) = Â𝐾2Υ𝐾2 (𝑥, 𝑦) ,𝑉 (𝑥, 𝑦) = B̂𝐾2Υ𝐾2 (𝑥, 𝑦) . (57)

Thanks to (57), the other terms of system (1) can be approxi-
mated as

𝑐𝐷𝑞1𝑦 𝑈(𝑥, 𝑦) = Â𝐾2V
(𝑞

1
,𝑦)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) ,

𝑐𝐷𝑞2𝑦 𝑉 (𝑥, 𝑦) = B̂𝐾2V
(𝑞

2
,𝑦)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) ,
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𝑐𝐷𝑝1𝑥𝑦𝑉 (𝑥, 𝑦) = B̂𝐾2Z
(𝑝

1
,𝑥,𝑦)

𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦) ,

𝑐𝐷𝑝2𝑥𝑦𝑈 (𝑥, 𝑦) = Â𝐾2Z
(𝑝

2
,𝑥,𝑦)

𝐾2×𝐾2
,𝜃 (𝑥, 𝑦) = X3𝐾2Υ𝐾2 (𝑥, 𝑦) ,𝜓 (𝑥, 𝑦) = X4𝐾2Υ𝐾2 (𝑥, 𝑦) .

(58)

Putting in (1), we get

A𝐾2Υ𝐾2 (𝑥, 𝑦) + 𝜔1B̂𝐾2Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦)+ 𝜔2Â𝐾2V(𝑞1 ,𝑦)𝐾2×𝐾2Υ𝐾2 (𝑥, 𝑦) = X3𝐾2Υ𝐾2 (𝑥, 𝑦) ,

B𝐾2Υ𝐾2 (𝑥, 𝑦) + 𝜌1Â𝐾2Z(𝑝2 ,𝑥,𝑦)𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦)+ 𝜌2B̂𝐾2V(𝑞2 ,𝑦)𝐾2×𝐾2Υ𝐾2 (𝑥, 𝑦) = X4𝐾2Υ𝐾2 (𝑥, 𝑦) .

(59)

Now we write matrix form of system (59) as

[A𝐾2Υ𝐾2 (𝑥, 𝑦)
B𝐾2Υ𝐾2 (𝑥, 𝑦)] + [[

𝜔1B̂𝐾2Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦)𝜌1Â𝐾2Z(𝑝2 ,𝑥,𝑦)𝐾2×𝐾2
Υ𝐾2 (𝑥, 𝑦)]]

+ [[
𝜔2Â𝐾2V(𝛾2,𝑦)𝐾2×𝐾2Υ𝐾2 (𝑥, 𝑦)𝜌2B̂𝐾2V(𝜌2 ,𝑦)𝐾2×𝐾2Υ𝐾2 (𝑥, 𝑦)]]

− [X3𝐾2Υ𝐾2 (𝑥, 𝑦)
X4𝐾2Υ𝐾2 (𝑥, 𝑦)] = O,

(60)

which further gives

[A𝐾2 B𝐾2] Ê
+ [Â𝐾2 B̂𝐾2] [[

O𝐾2×𝐾2 𝜌1Z(𝑝2,𝑥,𝑦)𝐾2×𝐾2𝜔1Z(𝑝1,𝑥,𝑦)𝐾2×𝐾2
O𝐾2×𝐾2

]] Ê

+ [Â𝐾2 B̂𝐾2] [[
𝜔2V(𝑞1 ,𝑦)𝐾2×𝐾2 O𝐾2×𝐾2

O𝐾2×𝐾2 𝜌2V(𝑞2 ,𝑦)𝐾2×𝐾2]] Ê

− [X3𝐾2 X4𝐾2] Ê = O

[A𝐾2 B𝐾2] + [Â𝐾2 B̂𝐾2] [[
𝜔2V(𝑞1 ,𝑦)𝐾2×𝐾2 𝜌1Z(𝑝2 ,𝑥,𝑦)𝐾2×𝐾2𝜔1Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2

𝜌2V(𝑞2 ,𝑦)𝐾2×𝐾2]]− [X3𝐾2 X4𝐾2] = O,

(61)

where

Ê = [Υ𝐾2 (𝑥, 𝑦) O𝐾2
O𝐾2 Υ𝐾2 (𝑥, 𝑦)] . (62)

O𝐾2 is a column null matrix and other null matrices are
O𝐾2×𝐾2 andO.

Simplifying (61), we get

[A𝐾2 B𝐾2] − [Â𝐾2 B̂𝐾2] [[
𝜔2V(𝑞1 ,𝑦)𝐾2×𝐾2 𝜌1Z(𝑝2 ,𝑥,𝑦)𝐾2×𝐾2𝜔1Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2

𝜌2V(𝑞2 ,𝑦)𝐾2×𝐾2]]− [X3𝐾2 X4𝐾2] = O. (63)

Therefore by using Â𝐾2 and B̂𝐾2 , the aforesaid equation can
be written as[A𝐾2 B𝐾2] − P̂ [A𝐾2 B𝐾2] − [X1𝐾2 X2𝐾2] P̂− [F1 F2] = O, (64)

where

P̂ = [[
𝜔2H(𝑝,𝑥)𝐾2×𝐾2V(𝑞1 ,𝑦)𝐾2×𝐾2 𝜌1H(𝑝,𝑥)𝐾2×𝐾2Z(𝑝2 ,𝑥,𝑦)𝐾2×𝐾2𝜔2H(𝑝,𝑥)𝐾2×𝐾2Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2

𝜌2H(𝑝,𝑥)𝐾2×𝐾2V(𝑞2 ,𝑦)𝐾2×𝐾2]] ,
F1 = 𝜔2X1𝐾2V(𝑞1 ,𝑦)𝐾2×𝐾2 + 𝜔1X2𝐾2Z(𝑝1 ,𝑥,𝑦)𝐾2×𝐾2

− X3𝐾2 ,
F2 = 𝜌1X1𝐾2W(𝑝2,𝑥)𝐾2×𝐾2 + 𝜌2X2𝐾2V(𝑞2 ,𝑦)𝐾2×𝐾2 − X4𝐾2 .

(65)

Hence (64) is Sylvester type matrix equation, which on
solving for unknownmatrix [A𝐾2 B𝐾2] and using its value in
(57), we get the required numerical solution of the proposed
problem.

Remark 10. Here, we remark that we have used a machine
type DESKTOP-V8125H8 with processor intel(R) Core (TM)
i5-3210M CPU@ 2.50GHz and installed memory (RAM) is
4GB together with 64-bit operating system for computation
and numerical simulations.

5. Numerical Test Problems

This section is concerning to the numerical test problems and
their visualization.

Problem 1. Let the coupled system of FPDEs given as
𝑐𝐷1.8𝑥 𝑈(𝑥, 𝑦) − 𝑐𝐷2𝑥𝑦𝑉 (𝑥, 𝑦) − 4𝑐𝐷1.8𝑦 𝑈(𝑥, 𝑦)= 𝜃 (𝑥, 𝑦) ,
𝑐𝐷1.8𝑥 𝑉 (𝑥, 𝑦) − 6𝑐𝐷2𝑥𝑦𝑈(𝑥, 𝑦) + 3𝑐𝐷1.8𝑦 𝑉 (𝑥, 𝑦)= 𝜓 (𝑥, 𝑦) ,𝑈 (0, 𝑦) = 𝑈 (0, 𝑦) = 0,𝑉 (0, 𝑦) = 𝑉 (0, 𝑦) = 0,

(66)

such that the external functions 𝜃(𝑥, 𝑦) and 𝜙(𝑥, 𝑦) are given
as 𝜃 (𝑥, 𝑦) = 27𝑥2𝑦29 (𝑦 − 1) (𝑥 − 1)2 (7𝑥𝑦 − 2𝑦 − 3)− 4𝑥4𝑦3 (4 + 3𝑦) − 0.016𝑥2.5𝑦4 (𝑦 − 1)3 (125𝑥2− 175𝑥 + 56) ,
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Figure 2: Absolute error in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) using𝐾 = 10 of Problem 1.

𝜙 (𝑥, 𝑦) = −36𝑥2𝑦3 (𝑦 − 1) (𝑥 − 1)3 [1
− 2𝑥2 (𝑦 − 1𝑥 − 1)2 − 3𝑥2 (𝑦 − 1)2 (𝑥 − 1)2 + 3 (𝑦 − 1)2𝑦
− 𝑥 (𝑦 − 1)𝑥 − 1 − 𝑦 − 14𝑥 − 4𝑥 (𝑦 − 1𝑥 − 1)2 − 3𝑥𝑦𝑦 − 1𝑥 − 1]− 0.071𝑥1.2𝑦3 (𝑦 − 1)2 (1250𝑥3 − 2625𝑥2 + 1680𝑥− 308) .

(67)

The exact solution of the above system is

𝑈 (𝑥, 𝑦) = (𝑥𝑦 (1 − 𝑥))2 (1 − 𝑦)3 ,
𝑉 (𝑥, 𝑦) = 𝑥𝑦 (1 − 𝑦) (𝑥𝑦 − 𝑥2𝑦 − 𝑥𝑦2)2 . (68)

Evaluate the approximate solution of Problem 1 with our
proposed method. After applying the method to the given
problem, we see from Figure 1 that the considered scheme
provides close agreement between numerical and exact
solution. The comparison between exact and approximate
solution is shown in Figure 1, while the absolute error
corresponding to scale level 𝐾 = 10 is provided in Figure 2.
Further, to check the efficiency of the method, we have also
computed absolute error at various scale level and different
points of the spaces as given in Table 1.

Further in Table 2, we compute the CPU time for the
computational of solutions for the test Problem 1.

Problem 2. To support the aforesaid established results, we
consider the following problem:

𝑐𝐷1.8𝑥 𝑈 (𝑥, 𝑦) − 𝑐𝐷2𝑥𝑦𝑉 (𝑥, 𝑦) + 11𝑐𝐷0.99𝑦 𝑈 (𝑥, 𝑦)= 𝜃 (𝑥, 𝑦) ,
𝑐𝐷1.8𝑥 𝑉 (𝑥, 𝑦) + 𝑐𝐷2𝑥𝑦𝑈 (𝑥, 𝑦) − 11𝑐𝐷0.99𝑦 𝑉 (𝑥, 𝑦)= 𝜓 (𝑥, 𝑦) ,𝑈 (0, 𝑦) = 𝑦,𝑈 (0, 𝑦) = 𝑦,𝑉 (0, 𝑦) = 0,𝑉 (0, 𝑦) = exp (𝑦) .

(69)

The external source functions are provided as

𝜃 (𝑥, 𝑦) = 𝑦𝑥1.8𝐸1,−0.8 (𝑥) − exp (𝑦) + 11.046𝑦0.1,
𝜓 (𝑥, 𝑦) = 4.59 exp (𝑦) 𝑥0.8 + exp (𝑥)𝑥− 11𝑥𝑦−0.99𝐸1,0.1,

(70)

where the exact solution of the Problem 2 is 𝑈(𝑥, 𝑦) =𝑦 exp(𝑥), 𝑉(𝑥, 𝑦) = 𝑥 exp(𝑦). We approximate the given



10 Advances in Mathematical Physics

Table 1: Absolute error at various values of (𝑥, 𝑦) for 𝐾 = 10, 12 in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) of Problem 1.(𝑥, 𝑦) 𝑈 − 𝑈10 𝑈 − 𝑈12 𝑉 − 𝑉10 𝑉 − 𝑉12(0.1, 0.1) 1.707 × 10−5 1.005 × 10−8 1.3250 × 10−6 8.006 × 10−9(0.1, 0.5) 1.956 × 10−5 6.006 × 10−8 1.596 × 10−6 7.508 × 10−9(0.1, 0.9) 2.236 × 10−5 5.803 × 10−8 4.773 × 10−6 6.009 × 10−9(0.5, 0.1) 1.873 × 10−5 4.600 × 10−8 5.385 × 10−6 7.036 × 10−9(0.5, 0.5) 1.887 × 10−5 3.008 × 10−8 7.858 × 10−6 5.005 × 10−9(0.5, 0.9) 2.092 × 10−5 2.519 × 10−8 6.619 × 10−6 4.001 × 10−9(0.9, 0.1) 1.973 × 10−5 2.363 × 10−8 5.363 × 10−6 2.506 × 10−9(0.9, 0.5) 2.907 × 10−5 5.009 × 10−8 6.009 × 10−6 3.005 × 10−9(0.9, 0.9) 2.306 × 10−5 6.000 × 10−8 5.000 × 10−6 2.500 × 10−9
Table 2: Absolute error and CPU times at various values of (𝑥, 𝑦) for 𝐾 = 12 in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) of Problem 1.(𝑥, 𝑦) CPU time 𝑈 − 𝑈12 CPU time 𝑉 − 𝑉12(0.1, 0.1) 55.78 s 1.005 × 10−8 57.88 s 8.006 × 10−9(0.1, 0.5) 56.71 s 6.006 × 10−8 57.98 s 7.508 × 10−9(0.1, 0.9) 56.91 s 5.803 × 10−8 57.99 s 6.009 × 10−9(0.5, 0.1) 56.98 s 4.600 × 10−8 58.70 s 7.036 × 10−9(0.5, 0.5) 57.31 s 3.008 × 10−8 58.72 s 5.005 × 10−9(0.5, 0.9) 57.62 s 2.519 × 10−8 58.88 s 4.001 × 10−9(0.9, 0.1) 58.11 s 2.363 × 10−8 59.23 s 2.506 × 10−9(0.9, 0.5) 59.41 s 5.009 × 10−8 59.38 s 3.005 × 10−9(0.9, 0.9) 59.88 s 6.000 × 10−8 60.08 s 2.500 × 10−9
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Figure 3: Evaluation of exact and numerical solutions 𝑈(𝑥, 𝑦), 𝑉(𝑥, 𝑦) corresponding to scale level𝐾 = 10 for test Problem 2.

test problem by using the proposed method. In Figure 3, we
have shown the comparison between exact and approximate
solutions at scale level𝐾 = 10. Further, to verify the efficiency
of the proposed method, also the absolute error at scale level𝐾 = 10 in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) has been shown in Figure 4.
To demonstrate the maximum absolute error at different
scale levels and various values of the space variables 𝑥, 𝑦 has
been provided in Table 3. From Table 3, it is clear that the
absolute error is below 10−8, which is a very small quantity.
The absolute error may further be decreased by enlarging
scale level. CPU time for test Problem 2 is provided in
Table 4.

Problem 3. Consider another coupled system of FPDEs as

𝑐𝐷1.8𝑥 𝑈 (𝑥, 𝑦) + 𝑐𝐷2𝑥𝑦𝑉 (𝑥, 𝑦) + 4𝑐𝐷0.8𝑦 𝑈 (𝑥, 𝑦)= 𝑓 (𝑥, 𝑦) ,
𝑐𝐷1.8𝑥 𝑉 (𝑥, 𝑦) + 9𝑐𝐷2𝑥𝑦𝑉 (𝑥, 𝑦) + 3𝑐𝐷0.8𝑦 𝑉 (𝑥, 𝑦)= 𝑔 (𝑥, 𝑦) ,
𝑈 (0, 𝑦) = −𝑦5,
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Figure 4: The maximum absolute error in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) at 𝐾 = 10 of Problem 2.

Table 3: Maximum absolute error at𝐾 = 10, 12 of 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) using various values of (𝑥, 𝑦) for Problem 2.(𝑥, 𝑦) 𝑈 − 𝑈10 𝑈 − 𝑈12 𝑉 − 𝑉10 𝑉 − 𝑉12(0.1, 0.1) 1.000 × 10−5 2.005 × 10−7 1.006 × 10−5 7.908 × 10−8(0.1, 0.5) 7.000 × 10−5 1.596 × 10−7 2.000 × 10−5 7.009 × 10−8(0.1, 0.9) 006 × 10−5 1.003 × 10−7 2.126 × 10−5 5.019 × 10−8(0.5, 0.1) 6.003 × 10−5 5.000 × 10−7 2.451 × 10−5 5.008 × 10−8(0.5, 0.5) 1.448 × 10−5 4.000 × 10−7 1.081 × 10−5 4.052 × 10−8(0.5, 0.9) 2.500 × 10−5 8.619 × 10−7 5.003 × 10−6 4.051 × 10−8(0.9, 0.1) 1.527 × 10−5 7.063 × 10−7 6.050 × 10−6 3.094 × 10−8(0.9, 0.5) 2.5307 × 10−6 4.129 × 10−7 8.008 × 10−6 2.096 × 10−8(0.9, 0.9) 1.706 × 10−6 2.002 × 10−7 9.004 × 10−6 6.009 × 10−8
Table 4: Absolute error and CPU times at various values of (𝑥, 𝑦) for 𝐾 = 12 in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) of Problem 2.(𝑥, 𝑦) CPU time 𝑈 − 𝑈12 CPU time 𝑉 − 𝑉12(0.1, 0.1) 51.68 s 2.005 × 10−7 53.78 s 7.908 × 10−8(0.1, 0.5) 51.71 s 1.596 × 10−7 53.90 s 7.009 × 10−8(0.1, 0.9) 52.81 s 1.003 × 10−7 54.19 s 5.019 × 10−8(0.5, 0.1) 52.98 s 5.000 × 10−7 55.20 s 5.008 × 10−8(0.5, 0.5) 53.31 s 4.000 × 10−7 56.72 s 4.052 × 10−8(0.5, 0.9) 53.62 s 8.619 × 10−7 56.38 s 4.051 × 10−8(0.9, 0.1) 54.11 s 7.063 × 10−7 56.63 s 3.094 × 10−8(0.9, 0.5) 55.41 s 4.129 × 10−7 56.88 s 2.096 × 10−8(0.9, 0.9) 56.88 s 2.002 × 10−7 57.04 s 6.009 × 10−8

𝑈 (0, 𝑦) = 0,𝑉 (0, 𝑦) = 𝑦5,𝑉 (0, 𝑦) = 0.
(71)

While the external source term is given by

𝜃 (𝑥, 𝑦) = 4.54 (𝑥2 + 𝑦2) 𝑥2.8 + 9.18𝑥0.2+ 2𝑥𝑦 (3𝑥 − 2) + 58.08 (𝑥2 + 𝑦2) 𝑥2.5+ 10.632𝑥1.2 (𝑥3 − 𝑦3) ,

𝜓 (𝑥, 𝑦) = 5.508 (𝑦2 − 𝑥2) 𝑥1.2 − 1.836 (𝑥3 + 𝑦3) 𝑥0.2
+ 54𝑥𝑦 (𝑥 − 𝑦) + 82.62𝑦1.2 (𝑥2 − 𝑦2)
− 5.50 (𝑥3 + 𝑦3) 6𝑦0.2.

(72)

The exact solution of Problem 3 at 𝑝 = 2 is
𝑈 (𝑥, 𝑦) = (𝑥 − 𝑦) [(𝑥2 + 𝑦2)2 + (𝑥2 + 𝑦2) 𝑥𝑦] ,
𝑉 (𝑥, 𝑦) = (𝑥 + 𝑦)2 (𝑦 − 𝑥) (𝑥2 + 𝑦2 − 𝑥𝑦) . (73)
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Figure 5: Evaluation between exact and approximate solutions 𝑈(𝑥, 𝑦), 𝑉(𝑥, 𝑦) for scale level 𝐾 = 8 of test Problem 3.
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Figure 6: Maximum absolute error in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) at𝐾 = 8 for different values of 𝑥, 𝑦 for Problem 3.

Table 5: Maximum absolute error in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) of Problem 3 at 𝐾 = 10, 12 corresponding to various values of (𝑥, 𝑦).(𝑥, 𝑦) 𝑈 − 𝑈10 𝑈 − 𝑈12 𝑉 − 𝑉10 𝑉 − 𝑉12(0.1, 0.1) 1.707 × 10−6 4.325 × 10−8 6.826 × 10−6 1.000 × 10−8(0.1, 0.5) 2.956 × 10−6 3.196 × 10−8 5.638 × 10−6 2.009 × 10−8(0.1, 0.9) 4.236 × 10−6 2.703 × 10−8 3.126 × 10−6 2.900 × 10−8(0.5, 0.1) 8.873 × 10−6 7.038 × 10−8 5.451 × 10−6 2.945 × 10−8(0.5, 0.5) 7.000 × 10−5 8.058 × 10−7 4.781 × 10−5 1.520 × 10−8(0.5, 0.9) 8.002 × 10−5 1.019 × 10−7 4.933 × 10−5 3.051 × 10−8(0.9, 0.1) 6.027 × 10−5 3.063 × 10−7 4.565 × 10−5 3.194 × 10−7(0.9, 0.5) 9.007 × 10−5 2.029 × 10−7 5.808 × 10−5 1.096 × 10−7(0.9, 0.9) 9.006 × 10−5 2.008 × 10−7 2.746 × 10−5 3.209 × 10−7
Apply the considered method to the given Problem 3 cor-
responding to a scale level 𝐾 = 8. Plot the exact and
approximate solution as in Figure 5.We see fromFigure 5 that
the adapted techniques work excellently and there is a close
agreement between approximate and exact solutions. Further,
we have computed maximum absolute error for Problem 3 in
Table 5 at scale level𝐾 = 10, 12.Themaximum absolute error
corresponding to the scale level 𝐾 = 8 has been provided
in Figure 6, which is below 10−3. The absolute error can be
further decreased by enlarging scale level with various values
of 𝑥, 𝑦.

CPU time for test Problem 3 is provided in Table 6.

6. Conclusion

In this article we have developed an efficient numerical
technique by using shifted Legendre polynomials. A new
operational matrix of mixed partial derivative Z(𝑝,𝑥,𝑦)

𝐾2×𝐾2
is

introduced to solve a multiterm coupled system of FPDEs.
We have also tested our method by some test problems. The
comparison between the exact and approximate solutions
of the problems has been provided. We observed that the
maximum absolute error is very small even at very small scale
level.This minimum value of the absolute error indicates that
the method is highly accurate and can be applied to a large
numbers of FPDEs.
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Table 6: Maximum absolute error and CPU times in 𝑈(𝑥, 𝑦) and 𝑉(𝑥, 𝑦) of Problem 3 at 𝐾 = 12 corresponding to various values of (𝑥, 𝑦).(𝑥, 𝑦) CPU time 𝑈 − 𝑈12 CPU time 𝑉 − 𝑉12(0.1, 0.1) 55.70 s 4.325 × 10−8 55.26 s 1.000 × 10−8(0.1, 0.5) 55.95 s 3.196 × 10−8 55.38 s 2.009 × 10−8(0.1, 0.9) 56.23 s 2.703 × 10−8 56.12 s 2.900 × 10−8(0.5, 0.1) 56.87 s 7.038 × 10−8 57.45 s 2.945 × 10−8(0.5, 0.5) 57.00 s 8.058 × 10−7 75.78 s 1.520 × 10−8(0.5, 0.9) 57.02 s 1.019 × 10−7 57.93 s 3.051 × 10−8(0.9, 0.1) 57.27 s 3.063 × 10−7 58.56 s 3.194 × 10−7(0.9, 0.5) 58.00 s 2.029 × 10−7 59.80 s 1.096 × 10−7(0.9, 0.9) 59.68 s 2.008 × 10−7 60.76 s 3.209 × 10−7
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The aim of this paper is to give the geometrical/physical interpretation of the conserved quantities corresponding to each Noether
symmetry of the geodetic Lagrangian of plane symmetric space-times. For this purpose, we present a complete list of plane
symmetric nonstatic space-times along with the generators of all Noether symmetries of the geodetic Lagrangian. Additionally,
the structure constants of the associated Lie algebras, the Riemann curvature tensors, and the energy-momentum tensors are
obtained for each case. It is worth mentioning that the list contains all classes of solutions that have been obtained earlier during
the classification of plane symmetric space-times by isometries and homotheties.

1. Introduction

Solving a differential equation (DE) by symmetry methods
was the original motivation for the development of the
classical theory of continuous groups, initiated by S. Lie [1].
Symmetry methods are very useful to construct solutions for
a wide class of DEs, especially for nonlinear ones. A very
important example of nonlinear partial differential equations
(PDEs) from general relativity is the Einstein field equations
(EFEs):

𝑅𝑖𝑗 − 12𝑔𝑖𝑗𝑅 + 𝑔𝑖𝑗Λ = 𝜅𝑇𝑖𝑗, (𝑖, 𝑗 = 1, . . . , 𝑛) , (1)

where𝑅𝑖𝑗,𝑅,Λ, and 𝜅 are the Ricci tensor, the Ricci scalar, the
cosmological constant, and 𝜅 = 8𝜋𝐺/𝑐4, respectively.

Finding general solutions to the EFEs is practically im-
possible, but various approaches have been employed to find
families of solutions to these equations and to classify the
corresponding space-times [2]. In this context, symmetries
play a fundamental role. They not only provide the solutions
to EFEs but also classify the space-times by the symmetries it

has. These symmetries appear as inherent geometric symme-
tries of the set of physically relevant DEs [3–6]. Among the
most relevant DEs are the geodesic equations

̈𝑞𝑖 + Γ𝑖𝑗𝑘 ̇𝑞𝑗 ̇𝑞𝑘 = 0, (𝑖, 𝑗, 𝑘 = 1, . . . , 𝑛) (2)

that describe the trajectories followed by objects moving
under the influence of a gravitational field; the study of
their symmetries provides insight into the geometric/physical
properties of the space-time under consideration.

In the past few decades, a significant amount of relativistic
literature has been devoted to the study of symmetries in gen-
eral relativity [7–24]. In [7], the authors considered Killing
vectors (KVs) of spherically symmetric static space-times and
concluded that they admit either ten KVs (corresponding
to de Sitter, Minkowski, and anti-de Sitter metrics), seven
KVs (corresponding to Einstein and anti-Einstein metrics),
six KVs (incorporating the Bertotti–Robinson and two other
metrics), or only four KVs (the minimal set of isometries).
Ahmed and Ziad found the homotheties of spherically
symmetric space-times admitting maximal isometry groups
larger than SO(3) along with their metrics, without imposing
any restriction on the stress-energy tensor in [12]. Their
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results show that these space-times admit 11, 7, or 5 homo-
theties. Feroze et al. [13] gave a complete classification of the
plane symmetric space-times according to their isometries.
They obtained these metrics by solving the Killing equations.
The isometries admitted by these metrics are given by the
group of motions 𝐺𝑟 (where 𝑟 = 3, 4, 5, 6, 7, and 10). Plane
symmetric Lorentzian manifolds are classified according to
their homothetic vector fields and metrics in [14]. These
manifolds can admit 4-, 5-, 7-, and 11-dimensional homothetic
Lie algebras.

Lie and Noether symmetries of the geodesic equations in
pseudo-Riemannian manifolds have also been studied. For
example, they have been computed in terms of the special
projective group and homotheties (including KVFs) of the
metric in [17]. Tsamparlis derives in [23] the Lie and Noether
condition for the equations of motion of a dynamical system
in an 𝑛-dimensional Riemannian space and expresses the
symmetry generating vectors in terms of the homothetic and
projective collineations of the space.

In this paper, we consider Noether symmetries of the
geodetic Lagrangian for general plane symmetric space-
times. The remaining text is divided into four sections.
Section 2 briefly presents basic preliminaries. Section 3
explains the geometry of plane symmetric space-time met-
rics. Section 4 contains a system of PDEs arising from the
Noether symmetry condition (3) of the geodetic Lagrangian
for a generic metric of this type (6). After that, a complete
list of possible plane symmetric space-times with their
corresponding Noether symmetries, conservation laws, and
geometric invariants is presented.The physical interpretation
of the different conserved quantities that appear is also
presented for the most relevant cases. In conclusion, in
Section 5 we provide some commentary on the results.

2. Preliminaries

The symmetry group of a system of DEs is the largest
local group of transformations acting on a manifold𝑀 and
sending solutions of the system to other solutions. The main
feature of a Lie point symmetry of an ordinary differential
equation (ODE) is that it is a point transformation in the
space of variables, which preserves the set of solutions of the
ODE. Explicitly, it will be denoted by 𝑞𝑗 = 𝑞𝑗(𝑞𝑖; 𝜀), where the
parameter 𝜀 ∈ (𝑎, 𝑏) ⊂ R and indices 𝑖, 𝑗 take values from1 to 𝑛. These transformations satisfy the axioms of a group
under composition. A group of point transformations defines
(at least locally) a family of curves in an 𝑛-dimensional
differentiable manifold𝑀, which are parameterized by 𝜀 and
are called orbits of the group of transformations.These curves
may be viewed as the integral curves of a differentiable vector
field X ∈ 𝑀 (in this context X is called an infinitesimal
generator and at each point of the manifold𝑀 it is tangent
to some smooth integral curve 𝛾(𝜀) ⊂ 𝑀). With the help
of these symmetry transformations (or simply symmetries),
Lie provided different integration strategies for differential
equations [25–27].

Noether symmetries are a special class of Lie point
symmetries, associated with a dynamical system described
by an action (or variational) principle. If the Lagrangian

formulation is given for a dynamical system, one can obtain
the conservation laws with the aid of Noether’s theorem
[28]. In other words, each symmetry determines a conserved
quantity. Conservation laws help us to understand and
describe a dynamical system.

A generator of an infinitesimal transformationX is called
a Noether symmetry [25] of the dynamical system described
by the Lagrangian 𝐿(𝑠, 𝑞𝑖, ̇𝑞𝑖) if it satisfies

X𝐿 + (D𝜉) 𝐿 = D𝐴, (3)

where 𝐴(𝑠, 𝑞𝑖) is some gauge term, D is an operator given by
D = 𝜕𝑠 + ̇𝑞𝑖𝜕𝑞𝑖 , and
X = 𝜉 (𝑠, 𝑞𝑖) 𝜕𝑠 + 𝜂𝑗 (𝑠, 𝑞𝑖) 𝜕𝑞𝑗 + ̇𝜂𝑗 (𝑠, 𝑞𝑖, ̇𝑞𝑖) 𝜕 ̇𝑞𝑗 ,

(𝑖, 𝑗 = 1, . . . , 𝑛) . (4)

Here ̇𝜂𝑖 = 𝜂𝑖,𝑠+ ̇𝑞𝑗𝜂𝑖,𝑗− ̇𝑞𝑖𝜉,𝑠− ̇𝑞𝑖 ̇𝑞𝑗𝜉,𝑗 is the first-order prolonged
part of the generator and 𝑞𝑖 represents space-time coordinates
and ̇𝑞𝑖 their derivatives with respect to an affine parameter𝑠. Corresponding to each Noether symmetry, one can find a
conserved quantity

𝜑 = 𝜉 [ ̇𝑞𝑘𝐿 , ̇𝑞𝑘 − 𝐿] − 𝜂𝑘𝐿 , ̇𝑞𝑘 + 𝐴 (𝑠, 𝑞𝑖) , (5)

satisfying X𝜑 = 0. Noether symmetries with 𝐴 = 0 are called
the variational symmetries [29]. Noether symmetries of the
geodetic Lagrangian constitute subalgebra of the algebra of
Lie symmetries of the geodesic equations. It was shown
in [30] that this subalgebra is generated (in the space of
variables) by the coordinate vector associated with the affine
parameter of the geodesics and the homothetic Lie algebra of
the underlying space-time.

Lie algebras come with a skew-symmetric product called
a Lie bracket and can be characterized by the so-called
structure constants with respect to some basis of the linear
space. Explicitly, for a given basis {X𝑖}, the Lie brackets satisfy
relations of the form [X𝑖,X𝑗] = 𝐶𝑘𝑖𝑗X𝑘, for some appropriate
constants 𝐶𝑘𝑖𝑗 (𝑖, 𝑗, 𝑘 = 1, . . . , 𝑚) called structure constants
of the Lie algebra. Throughout the text, we exhibit the Lie
algebra of symmetries for each case in terms of these structure
constants.

There are also important tensorial quantities that describe
the geometric and physical properties of each space-time. Let
us recall briefly the definition andmeaning of those ones that
we explicitly calculate for the metrics in the classification.
These quantities allow us to identify the space-times as most
metrics do not appear in recognizable form due to the
use of nonstandard coordinates. Hence, these quantities are
important to study all the possible nonstatic plane symmetric
cases.

(i) The Riemann curvature tensor 𝑅𝑖𝑗𝑘𝑙 is defined in local
coordinates (𝑞𝑖) by the noncommutativity of the Levi-
Civita covariant derivatives ∇𝑖 and ∇𝑗 acting on a
coordinate vector 𝜕𝑘; namely, 𝑅𝑙 𝑖𝑗𝑘𝜕𝑙 = ∇[𝑖∇𝑗]𝜕𝑘. In
terms of geodesic normal coordinates (adapted to the
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motion of free moving particles in space-time) the
Riemann tensor at a point encodes the information
of the difference up to second order (as a function
of the distance to that point) between the standard
Minkowski metric and the space-time metric.

(ii) The Ricci tensor 𝑅𝑖𝑗 = 𝑅𝑘 𝑖𝑘𝑗 = 𝑔𝑘𝑙𝑅𝑙𝑖𝑘𝑗 in normal coor-
dinates is proportional to the relative difference up
to second order between the volume elements of the
Minkowski metric and the space-time metric around
a given point. Similarly, the scalar curvature or Ricci
scalar 𝑅 = 𝑅𝑖 𝑖 = 𝑔𝑖𝑗𝑅𝑖𝑗 is a scalar invariant pro-
portional to the relative difference up to second order
between the volume of a Minkowski metric ball and
the volume of a space-time metric ball around the
point in consideration.

(iii) The stress-energy tensor 𝑇𝑖𝑗 and its trace 𝑇 = 𝑇𝑖 𝑖 pro-
vide information on the momentum/energy content
of the given space-time coming from the presence of
particles or fields in it. In the EFEs the components
of this tensor are the source of space-time curvature
[31].

3. Geometry of Plane Symmetric
Nonstatic Space-Times

A plane symmetric space-time is a Lorentzian manifold pos-
sessing a physical stress-energy tensor and some symmetry
properties that reduce the general metric of the manifold to
the form [2]

𝑑𝑠2 = 𝑒2](𝑡,𝑥)𝑑𝑡2 − 𝑒2𝜆(𝑡,𝑥)𝑑𝑥2 − 𝑒2𝜇(𝑡,𝑥) (𝑑𝑦2 + 𝑑𝑧2) . (6)

Plane symmetric metrics admit the Lie group SO(2) ⋉ R2

as the minimal set of isometries in such a way that group
orbits are two-dimensional hypersurfaces of zero curvature.
Theminimal set of Noether symmetries for these space-times
is

X1 = 𝑧𝜕𝑦 − 𝑦𝜕𝑧,
X2 = 𝜕𝑧,
X3 = 𝜕𝑦,
Y0 = 𝜕𝑠;

(7)

that is, all metrics listed in this paper admit this minimal set.
The nonvanishing components of the geometrical/physical
quantities previously described which are associated with a
space-time metric of form (6) are as follows:𝑅𝑖𝑗𝑘𝑙

𝑅0101 = 𝑒2𝜆 (�̈� + �̇�2 − ]̇�̇�) − 𝑒2] (] + ]
2 − ]𝜆) ,

𝑅0202 = 𝑅0303 = 𝑒2𝜇 ( ̈𝜇 + ̇𝜇2 − ]̇ ̇𝜇) − 𝑒2(𝜇+]−𝜆)]𝜇,

𝑅0212 = 𝑅0313 = 𝑒2𝜇 (�̇� + ̇𝜇𝜇 − ] ̇𝜇 − �̇�𝜇) ,
𝑅1212 = 𝑅1313 = 𝑒2𝜇 (𝜇 + 𝜇2 − 𝜆𝜇) − 𝑒2(𝜇−]+𝜆)�̇� ̇𝜇,
𝑅2323 = 𝜇2𝑒2(2𝜇−𝜆) − ̇𝜇2𝑒2(2𝜇−]).

(8)

𝑅𝑖𝑗
𝑅00 = 𝑒2(]−𝜆) (] + ]

2 − ]𝜆 + 2]𝜇)
− (�̈� + �̇�2 − ]̇�̇� + 2 ̈𝜇 + 2 ̇𝜇2 − 2]̇ ̇𝜇) ,

𝑅01 = −2 ( ̇𝜇 + ̇𝜇𝜇 − ] ̇𝜇 − �̇�𝜇) ,
𝑅11 = 𝑒2(𝜆−]) (�̈� + �̇�2 − ]̇�̇� + 2�̇� ̇𝜇)

− (] + ]
2 − ]𝜆 + 2𝜇 + 2𝜇2 − 2𝜆𝜇) ,

𝑅22 = 𝑅33
= 𝑒2(𝜇−]) ( ̈𝜇 + 2 ̇𝜇2 − ]̇ ̇𝜇 + �̇� ̇𝜇)
− 𝑒2(𝜇−𝜆) (𝜇 + 2𝜇2 + ]𝜇 − 𝜆𝜇) .

(9)

𝑅𝑖𝑖
𝑅 = 2𝑒−2𝜆 (2𝜇 + 3𝜇2 + 2]𝜇 − 2𝜆𝜇 + ] + ]

2

− ]𝜆) − 2𝑒−2] (2 ̈𝜇 + 3 ̇𝜇2 − 2]̇ ̇𝜇 + 2�̇��̇� + �̈� + �̇�2
− ]̇�̇�) .

(10)

𝑇𝑖𝑗
𝜅𝑇00 = 𝑒2(]−𝜆) (2𝜆𝜇 − 2𝜇 − 3𝜇2) + ( ̇𝜇2 + 2�̇� ̇𝜇) ,
𝜅𝑇01 = 𝑅01,
𝜅𝑇11 = 𝑒2(𝜆−]) (2]̇ ̇𝜇 − 2 ̈𝜇 − 3 ̇𝜇2) + (𝜇2 + 2]𝜇) ,
𝜅𝑇22 = 𝜅𝑇33
= 𝑒2(𝜇−𝜆) (𝜇 + 𝜇2 + ]𝜇 − 𝜆𝜇 + ] + ]

2 − ]𝜆)
− 𝑒2(𝜇−]) (�̈� + �̇�2 − ]̇ ̇𝜇 + �̇� ̇𝜇 + �̈� + �̇�2 − ]̇�̇�) .

(11)

𝑇𝑖𝑖
𝑇 = −2𝑒−2𝜆 (2𝜇 + 3𝜇2 + 2]𝜇 − 2𝜆𝜇 + ] + ]

2

− ]𝜆) + 2𝑒−2] (2 ̈𝜇 + 3 ̇𝜇2 − 2]̇ ̇𝜇 + 2�̇� ̇𝜇 + �̈� + �̇�2
− ]̇�̇�) .

(12)

Here, the stress-energy tensor𝑇𝑖𝑗 is obtained by assuming the
validity of EFEs (1) with cosmological constant Λ = 0.
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In the list of Noether symmetries associated with the
geodetic Lagrangian for each metric we find two different
categories of vector fields, one containing only geometric
collineations of space-time alone and the other containing
symmetries that can be interpreted as collineations in the
extended space of the all the variables (𝑠, 𝑞𝑖) involved in the
geodesic equations (2).

Noether symmetries that are collineations of the space-
time will be denoted by X𝑖 and all of them correspond to
Killing vector fields (KVFs); that is, they are infinitesimal
generators of isometries or, equivalently, their flow preserves
the metric on 𝑀. For each of these generators it is always
possible to find an appropriate coordinate frame, called
adapted frame, such that the vector field X𝑖 points in the
direction of one of the coordinate basis vectors. This means
thatX𝑖 takes the form 𝜕𝑢 fl 𝜕/𝜕𝑢 of an infinitesimal generator
of translations along the 𝑢-coordinate direction. Moreover,
by Noether’s theorem the conservation law arising from this
symmetry can be interpreted as the conservation of general-
ized momentum associated with that particular 𝑢-direction.
For example, for the Minkowski metric linear momentum
conservation arises from space translations, conservation of
angular momentum arises from rotations (translations in
angular directions), and conservation of energy arises from
translations in the time coordinate.

For the second category of Noether symmetries we use
the notation Y𝑖. In general, these symmetries are associated
with the affine parameter 𝑠 of the geodesics and they can-
not be interpreted as space-time collineations. Nevertheless,
extending space-time and its metric in an appropriate way
to the whole space of variables, which locally takes the
form (𝑠, 𝑞𝑖), those symmetries can still be interpreted as
collineations of this extended space. Here we consider the
simple extension of themetric given by 𝑔𝑟𝑠 = 𝑔𝑠𝑟 = 𝛿𝑟𝑠, where𝑟 ∈ {𝑠, 𝑞𝑖} and 𝑠 is the affine parameter.

(i) Thefirst family of these symmetries can be interpreted
as KVFs of the extended space; they can take the
forms 𝜕𝑠 and 𝑠𝜕𝑖. The conserved quantity 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
corresponding to 𝜕𝑠 is the geodetic Lagrangian 𝐿
(which does not depend explicitly on 𝑠). The one
corresponding to 𝑠𝜕𝑖 for spatial 𝑖-components is the
invariant 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖) = 𝑞𝑖 − 𝑠 ̇𝑞𝑖 and it corresponds to
the uniformmotion of the center ofmass along the 𝑞𝑖-
coordinate. Finally the symmetry 𝑠𝜕𝑡 has 𝜑(𝑠, 𝑡, ̇𝑡) =𝑡 − 𝑠 ̇𝑡 as invariant quantity and it represents the
retarded time arising from a change of center of mass
reference frame to one at rest with respect to the
coordinate system chosen.

(ii) The second family of these symmetries correspond
to homothetic vector fields (HVFs) of the extended
space of variables. They take the general form 𝑠𝜕𝑠 +𝑞𝑖𝜕𝑖, where, depending on the particular metric, the
sum on the repeated index 𝑖 may be needed on all or
some (even only one) of its values.These properHVFs
arise from the scaling invariance of the geodesic
equations. To see how they are derived from the
action of the group of dilations on the extended space

(𝑠, 𝑞𝑖), suppose that Φ𝜆(𝑠) = 𝜆(𝑠, 𝛾(𝑠)) represents a
uniparametric family of dilations acting on a given
geodesic (𝑠, 𝛾(𝑠)) and indexed by a continuous scaling
parameter 𝜆 > 0. Then, the infinitesimal action
along the points on the geodesics is given by YHVF =(𝜕/𝜕𝜆)Φ𝜆(𝑠)|𝜆=1 = (𝑠, 𝛾(𝑠)). With respect to the local
coordinate basis (𝜕𝑠, 𝜕𝑖) it becomes YHVF = 𝑠𝜕𝑠 + 𝑞𝑖𝜕𝑖.

(iii) Finally, the last group of Noether symmetries in this
category corresponds to a particular class of projec-
tive vector fields (PVFs) on the extended space. They
are of the form 𝑠2𝜕𝑠 + 𝑠𝑞𝑖𝜕𝑖, where again the sum on 𝑖
may appear on all or some of its values. These proper
PVFs arise from a fractional linear transformation of
the affine parameter of a geodesic. Explicitly, for a
continuous 𝛼 > 0 let

Φ𝛼 (𝑠) = ( 𝑠
1 − 𝛼𝑠 ,

𝛾 (𝑠)
1 − 𝛼𝑠) (13)

represent a uniparametric family of projective trans-
formations acting on a geodesic (𝑠, 𝛾(𝑠)) = Φ0(𝑠). It
is important to note that these transformations take
the trajectory defined by 𝛾 to itself. In this case, the
infinitesimal generator along 𝛾(𝑠) is given by YPVF =(𝜕/𝜕𝛼)Φ𝛼(𝑠)|𝛼=0 = 𝑠(𝑠, 𝛾(𝑠)). With respect to the local
coordinate basis (𝜕𝑠, 𝜕𝑖) it becomesYPVF = 𝑠2𝜕𝑠+𝑠𝑞𝑖𝜕𝑖.

We remark that, in general, proper PVFs of the space-
time should not appear as Noether symmetries of the affine
geodesic equations. But the flows of the PVFs of the form
YPVF just explained send each geodesic to itself changing
only its affine parameter from 𝑠 to 𝑠 = 𝑠/(1 − 𝛼𝑠). The
transformed points on a geodesic have the form (𝑠, 𝛾(𝑠)),
where 𝛾(𝑠) satisfies again the affine geodesic equations in
terms of 𝑠. This is why infinitesimal generators of this type
do appear as Noether symmetries, but only when considering
the extended space (𝑠, 𝑞𝑖).
4. Noether Symmetries of
the Geodetic Lagrangian of Plane Symmetric
Nonstatic Space-Times

Our aim is to find Noether symmetries for all geode-
tic Lagrangians of plane symmetric nonstatic space-times.
Therefore, we consider the geodetic Lagrangian associated
with the space-time (6); that is,

𝐿 = 𝑒2](𝑡,𝑥) ̇𝑡2 − 𝑒2𝜆(𝑡,𝑥)�̇�2 − 𝑒2𝜇(𝑡,𝑥) ( ̇𝑦2 + �̇�2) . (14)

Following the procedure adopted in [9], we find that the
Noether symmetry condition (3) for Lagrangian (14) splits
into the following system of PDEs:

𝜉,𝑡 = 𝜉,𝑥 = 𝜉,𝑦 = 𝜉,𝑧 = 𝐴 ,𝑠 = 0,
2]̇𝜂0 + 2]𝜂1 + 2𝜂0,𝑡 = 𝜉,𝑠,
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Table 1: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 ̇𝑡
X1 = 𝑧𝜕𝑦 − 𝑦𝜕𝑧 2 (𝑧 ̇𝑦 − 𝑦�̇�)
X2 = 𝜕𝑧 2�̇�
X3 = 𝜕𝑦 2 ̇𝑦
X4 = 𝑥𝜕𝑡 + 𝑡𝜕𝑥 2 (𝑥 ̇𝑡 − 𝑡�̇�)
X5 = 𝜕𝑥 2�̇�
X6 = 𝑧𝜕𝑥 − 𝑥𝜕𝑧 2 (𝑧�̇� − 𝑥�̇�)
X7 = 𝑧𝜕𝑡 + 𝑡𝜕𝑧 2 (𝑧 ̇𝑡 − 𝑡�̇�)
X8 = 𝑦𝜕𝑥 − 𝑥𝜕𝑦 2 (𝑦�̇� − 𝑥 ̇𝑦)
X9 = 𝑦𝜕𝑡 + 𝑡𝜕𝑦 2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)
Y0 = 𝜕𝑠 𝐿
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)
Y3 = 12 (𝑠2𝜕𝑠 + 𝑠𝑡𝜕𝑡 + 𝑠𝑥𝜕𝑥 + 𝑠𝑦𝜕𝑦 + 𝑠𝑧𝜕𝑧) ; 𝐴3 =

1
2 (𝑡2 − 𝑥2 − 𝑦2 − 𝑧2)

1
2 𝑠2𝐿 − 𝑠 (𝑡 ̇𝑡 − 𝑥�̇� − 𝑦 ̇𝑦 − 𝑧�̇�) + 12 (𝑡2 − 𝑥2 − 𝑦2 − 𝑧2)

Y4 = 𝑠𝜕𝑡; 𝐴4 = 2𝑡 2 (𝑡 − 𝑠 ̇𝑡)
Y5 = 𝑠𝜕𝑥; 𝐴5 = −2𝑥 2 (𝑥 − 𝑠�̇�)
Y6 = 𝑠𝜕𝑠 + 12 (𝑡𝜕𝑡 + 𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) 𝑠𝐿 − (𝑡 ̇𝑡 − 𝑥�̇� − 𝑦 ̇𝑦 − 𝑧�̇�)

2�̇�𝜂0 + 2𝜆𝜂1 + 2𝜂1,𝑥 = 𝜉,𝑠,
2 ̇𝜇𝜂0 + 2𝜇𝜂1 + 2𝜂2,𝑦 = 𝜉,𝑠,
2 ̇𝜇𝜂0 + 2𝜇𝜂1 + 2𝜂3,𝑧 = 𝜉,𝑠,
𝑒2𝜆(𝑡,𝑥)𝜂1,𝑦 + 𝑒2𝜇(𝑡,𝑥)𝜂2,𝑥 = 0,
𝑒2𝜆(𝑡,𝑥)𝜂1,𝑧 + 𝑒2𝜇(𝑡,𝑥)𝜂3,𝑥 = 0,

𝜂2,𝑧 + 𝜂3,𝑦 = 0,
𝑒2](𝑡,𝑥)𝜂0,𝑥 = 𝑒2𝜆(𝑡,𝑥)𝜂1,𝑡,
𝑒2](𝑡,𝑥)𝜂0,𝑦 = 𝑒2𝜇(𝑡,𝑥)𝜂2,𝑡,
𝑒2](𝑡,𝑥)𝜂0,𝑧 = 𝑒2𝜇(𝑡,𝑥)𝜂3,𝑡,
2𝑒2](𝑡,𝑥)𝜂0,𝑠 = 𝐴 ,𝑡,
−2𝑒2𝜆(𝑡,𝑥)𝜂1,𝑠 = 𝐴 ,𝑥,
−2𝑒2𝜇(𝑡,𝑥)𝜂2,𝑠 = 𝐴 ,𝑦,
−2𝑒2𝜇(𝑡,𝑥)𝜂3,𝑠 = 𝐴 ,𝑧,

(15)

where “⋅” and “” represent derivatives with respect to the
coordinates 𝑡 and 𝑥, respectively. Here 𝜉, 𝐴, and 𝜂𝑖 (𝑖 =0, 1, 2, 3) are functions depending on 𝑠 and 𝑞𝑖, where 𝑞𝑖 stands
for 𝑡, 𝑥, 𝑦, and 𝑧. The set of solutions to this system of
equations provides all possible metrics admitting a higher
(or equal) number of symmetries compared to the minimal
symmetry group along with their Noether symmetries.These

solutions comprise all the existing results listed in [13, 32–34].
A complete list ofmetrics alongwith their Noether symmetry
generators, structure constants of the corresponding Lie
algebras, and the relevant associated tensors defined in the
previous section is provided here. The list is organized by
decreasing number of symmetries.

4.1. Seventeen Noether Symmetries. Our list begins with the
standard constant Lorentzian metric that admits the max-
imum number of symmetries. We provide for this case a
detailed interpretation of all the conserved quantities. Similar
symmetries and associated quantities appear later for other
metrics and their interpretation is analogous to the one given
in this case.

MinkowskiMetric.The geodetic Lagrangian of thewell known
Minkowski space-time metric

𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2 (16)

admits seventeen Noether symmetries [33, 35]. The Noether
symmetry generators along with their gauge terms denoted
by 𝐴 𝑖 (𝑖 = 1, . . . , 5) and their associated conserved quantities
are given in Table 1.

The structure constants of the Lie algebra generated by all
these symmetries are

𝐶213 = 𝐶504 = 𝐶207 = 𝐶309 = 𝐶213 = 𝐶618 = 𝐶719 = 𝐶027
= 𝐶489 = 𝐶039 = 𝐶4̂0̂ 3̂ = 𝐶2̂11̂ = 𝐶2̂66̂ = 𝐶1̂86̂ = 𝐶746
= 𝐶948 = 𝐶256 = 𝐶358 = 𝐶467 = 𝐶179 = 1,

𝐶027 = 𝐶039 = 𝐶30̂1̂ = 𝐶20̂2̂ = 𝐶0̂0̂4̂ = 𝐶00̂5̂ = 𝐶50̂6̂ = 1,
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𝐶1̂
1̂4̂
= 𝐶2̂
23̂
= −12 ,

𝐶5̂
03̂
= 𝐶6̂
53̂
= 𝐶0
04̂
= 𝐶2
24̂
= 𝐶3
34̂
= 𝐶5
54̂
= 𝐶0
4̂ 5̂
= 𝐶5
4̂6̂

= 12 ,
𝐶312 = 𝐶6̂81̂ = 𝐶5̂91̂ = 𝐶1̂1̂2̂ = 𝐶6̂62̂ = 𝐶5̂72̂ = 𝐶3̂3̂4̂ = 𝐶6̂45̂

= 𝐶2̂75̂ = 𝐶1̂95̂ = 𝐶5̂46̂ = 𝐶312 = 𝐶816 = 𝐶917 = 𝐶526
= 𝐶538 = 𝐶045 = 𝐶647 = 𝐶849 = 𝐶168 = −1.

(17)

Here, the hat on a superscript (or subscript) index �̂� refers to
components associated with elements of the basis given by
symmetries of type Y𝑖. The Noether symmetries denoted by
X𝑖 correspond to isometry generators and the ones denoted
by Y𝑗 correspond to proper (nonisometry) generators. It
is important to observe that all nonisometry symmetry
generators Y𝑗 are dependent on the affine parameter 𝑠.

Let us now present a brief discussion of the geometri-
cal/physical interpretation of these generators. The Noether
symmetry generated by X0 corresponds to time translation,
this is an isometry of the space-time, and it is well known that
the associated conservation law is the conservation of energy.
The generators X2, X3, and X5 represent spatial translations
and correspond to the conservation of linear momentum in
the 𝑧-, 𝑦-, and 𝑥-direction, respectively. The generators X1,
X6, and X8 correspond to spatial rotations with respect to
the 𝑥-, 𝑦-, and 𝑧-axes, respectively, and their presence imply
the conservation of angular momentum around these axes.
The Noether symmetries X4, X7, and X9 can be interpreted
as “hyperbolic rotations” and correspond physically to the
change of reference frame given by Lorentz boosts. The
conserved quantities associated with these symmetries are
similar to the expressions for the angular momentum.This is
not surprising given that boosts are a special kind of rotations
of the underlying Lorentzian coordinates involving the time𝑡 [36].

The generator Y0 is a symmetry arising from the invari-
ance of the geodetic Lagrangian under translations of the
affine parameter 𝑠. In other words, it corresponds to the
freedom in the choice of origin for this parameter. The
Noether symmetries associated with Y1, Y2, and Y5 (neither
isometries nor homotheties of space-time alone) correspond
to Galilean symmetries. The Galilean principle stating that all
reference frames that move with constant velocity relative to
each other are equivalent is also a symmetry principle. In
other words, the Galilean symmetry represents the change of
reference frame to onemoving along some geodesic (center of
mass frame) in a particular direction. Similarly, Y4 is neither
an isometry nor homothety of space-time but represents the
retarded time between an observer moving with constant
velocity along the geodesic (center of mass frame) and a
fixed observer static at the origin of the geodesic. In other
words, the difference between the time measured by two
observers (one fixed and one moving with constant velocity).

It is important to note that these four generators Y1, Y2, Y4,
and Y5 can be interpreted geometrically as Killings of the
parameter spaceR×𝑀, represented locally by the coordinates(𝑠, 𝑡, 𝑥, 𝑦, 𝑧) and assuming that the metric has been extended
to this space by taking the product of the Euclidean metric
of R with the Lorentzian metric of the space-time𝑀. From
this perspective, it is possible to say that the generator Y3 is
not homothety nor a projective symmetry of space-time (i.e.,
not a pure geometric symmetry of the underlying Lorentzian
manifold𝑀), but it does correspond to a projective symmetry
of the solutions in the parameter spaceR ×𝑀 endowed with
this extended metric. As it was explained in the previous
section, this symmetry preserves geodesic trajectories but
not their affine parameter. After composition of any solution
with the flow of this symmetry, the trajectory of each
geodesic is sent to itself, but the parametrization will not
necessarily be affine anymore. Similarly, the generator Y6 can
be interpreted as homothety of the extended space (𝑠, 𝑡, 𝑥, 𝑦, 𝑧)
that corresponds physically to the scaling invariance of the
geodesic equations. Indeed, if we scale the affine parameter 𝑠
along the geodesic, then we have to scale each coordinate in
their respective directions to preserve the solution.Therefore,
under this scaling symmetry, the solution space remains
invariant.

Since Minkowski space-time is a flat space-time, all the
components of the Riemann curvature tensor 𝑅𝑖𝑗𝑘𝑙, the Ricci
tensor 𝑅𝑖𝑗, and the stress-energy tensor 𝑇𝑖𝑗 and their traces
vanish.

Milne Metric. The Milne metric is a special case of a
Friedmann–Lemaitre–Robertson–Walker (FLRW) model in
the limit of zero energy density (empty universe). It illustrates
some features that have been associated with an expanding
universe. It admits seventeen Noether symmetries and all
the components of the Riemann curvature tensor vanish;
therefore, it is locally flat [37]. In other words, the Milne
metric is a simple reparametrization of flat Minkowski space.
The form of the metric is given by

𝑑𝑠2 = (𝑥𝑎)
2 𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑥𝑎)

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 0)

(18)

and its nonstatic analogue is

𝑑𝑠2 = 𝑑𝑡2 − ( 𝑡𝑎)
2 𝑑𝑥2 − 𝑒2𝑥/𝑎 ( 𝑡𝑎)

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 0) .

(19)

4.2. Eleven Noether Symmetries. Themetrics admitting elev-
en Noether symmetries are variants of de Sitter and anti-de
Sitter space-times.

de Sitter Space-Times. The following metric is a variant of
de Sitter space-time in flat coordinates (with an appropriate
change of variables it is possible to transform the metric
into the original form of the de Sitter space-time). It is
a maximally symmetric Lorentzian manifold with constant
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Table 2: Conserved quantities corresponding to each Noether symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2𝑡/𝑎�̇�
X4 = 𝑦𝜕𝑥 − 𝑥𝜕𝑦 2𝑒2𝑡/𝑎(𝑦�̇� − 𝑥 ̇𝑦)
X5 = 𝑧𝜕𝑥 − 𝑥𝜕𝑧 2𝑒2𝑡/𝑎(𝑧�̇� − 𝑥�̇�)
X6 = 𝜕𝑡 − 1𝑎 (𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) −2 [ ̇𝑡 + 1𝑎𝑒2𝑡/𝑎 (𝑥�̇� + 𝑦 ̇𝑦 + 𝑧�̇�)]
X7 = 𝑧𝜕𝑡 − 𝑧𝑎 (𝑥𝜕𝑥 + 𝑦𝜕𝑦) +

1
2𝑎 (−𝑎2𝑒−2𝑡/𝑎 + 𝑥2 + 𝑦2 − 𝑧2) 𝜕𝑧 −2 [𝑧 ̇𝑡 + 𝑧𝑎𝑒2𝑡/𝑎 (𝑥�̇� + 𝑦 ̇𝑦) − 1

2𝑎 (−𝑎2𝑒−2𝑡/𝑎 + 𝑥2 + 𝑦2 − 𝑧2) 𝑒2𝑡/𝑎�̇�]
X8 = 𝑦𝜕𝑡 − 𝑦𝑎 (𝑥𝜕𝑥 + 𝑧𝜕𝑧) +

1
2𝑎 (−𝑎2𝑒−2𝑡/𝑎 + 𝑥2 − 𝑦2 + 𝑧2) 𝜕𝑦 −2 [𝑦 ̇𝑡 + 𝑦𝑎 𝑒2𝑡/𝑎 (𝑥�̇� + 𝑧�̇�) −

1
2𝑎 (−𝑎2𝑒−2𝑡/𝑎 + 𝑥2 − 𝑦2 + 𝑧2) 𝑒2𝑡/𝑎 ̇𝑦]

X9 = 𝑥𝜕𝑡 − 𝑥𝑎 (𝑦𝜕𝑦 + 𝑧𝜕𝑧) +
1
2𝑎 (−𝑎2𝑒−2𝑡/𝑎 − 𝑥2 + 𝑦2 + 𝑧2) 𝜕𝑥 2 [𝑥 ̇𝑡 − 𝑥𝑎 𝑒2𝑡/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�) + 1

2𝑎 (−𝑎2𝑒−2𝑡/𝑎 − 𝑥2 + 𝑦2 + 𝑧2) 𝑒2𝑡/𝑎 ̇𝑡]

positive curvature. de Sitter space is an Einstein manifold
since the Ricci tensor 𝑅𝑖𝑗 is proportional to the metric tensor𝑔𝑖𝑗. It admits eleven Noether symmetries, out of which seven
of them along with their conserved quantities are given in
Table 2 and the remaining four correspond to the minimal
set given in (7). The structure constants of the associated Lie
algebra and the nonzero components of the relevant tensors
appear below the equation.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝑡/𝑎 (𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) , (𝑎 ̸= 0) . (20)

𝐶𝑘𝑖𝑗
𝐶312 = 𝐶304 = 𝐶205 = 𝐶415 = 𝐶817 = 𝐶145 = 𝐶948 = 𝐶849

= 𝐶957 = 𝐶759 = −1,
𝐶213 = 𝐶609 = 𝐶514 = 𝐶718 = 𝐶025 = 𝐶627 = 𝐶034 = 𝐶638 = 1,
𝐶006 = 𝐶507 = 𝐶408 = 𝐶226 = 𝐶336 = 𝐶137 = 𝐶767 = 𝐶868

= 𝐶669 = −1𝑎 ,
𝐶128 = 𝐶529 = 𝐶439 = 1𝑎 .

(21)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑅0202 = 𝑅0303 = 1

𝑎2 𝑒2𝑡/𝑎,
𝑅1212 = 𝑅1313 = 𝑅2323 = − 1𝑎2 𝑒4𝑡/𝑎.

(22)

𝑅𝑖𝑗
𝑅00 = − 3𝑎2 ,
𝑅11 = 𝑅22 = 𝑅33 = 3

𝑎2 𝑒𝑡/𝑎.
(23)

𝑅𝑖𝑖
𝑅 = −12𝑎2 . (24)

𝑇𝑖𝑗
𝜅𝑇00 = 3

𝑎2 ,
𝜅𝑇11 = 𝜅𝑇22 = 𝜅𝑇33 = − 3𝑎2 𝑒2𝑡/𝑎.

(25)

𝑇𝑖𝑖
𝑇 = 12𝑎2 . (26)

The Noether symmetries X0, X4, and X5 correspond to
the conservation of linear momentum in 𝑥-direction and
angular momentums, respectively. The conservation laws
corresponding toX6,X7,X8, andX9 are Killings of the space-
time manifold 𝑀, associated with different manifestations
of generalized momenta. The particular local forms of such
geometric symmetries of the underlying space depend upon
the chosen coordinate system. For example, if we consider a
transformation �̃� = 𝑎𝑒−𝑡/𝑎 (𝑎 is a constant) then metric (20)
takes the following form [38]:

𝑑𝑠2 = (𝑎𝑡 )
2 (𝑑�̃�2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2) , (𝑎 ̸= 0) (27)

which is an alternative form of the de Sitter metric in
conformally flat coordinates.The Noether symmetries in this
representation have exactly the same form as given in Table 2
except for X6 to X9 which, in the new coordinates, are given
in Table 3. The generators X7, X8, and X9 in Table 3 can be
obtained by conjugation of X2, X3, and X0, respectively, with
the inversion map through a hyperboloid 𝑞𝑖 = 𝑞𝑖/𝑞𝑗𝑞𝑗 (in a
similar way to what happens for conformal vector fields of the
Minkowski metric, cf. [36, Section 9]), since Killings of the
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Table 3: Conserved quantities corresponding to each Noether symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X6 = �̃�𝜕𝑡 + 𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 −2 (𝑎𝑡 )

2 (�̃� ̇̃𝑡 − 𝑥�̇� − 𝑦 ̇𝑦 − 𝑧�̇�)
X7 = 12 (�̃�2 − 𝑥2 − 𝑦2 + 𝑧2) 𝜕𝑧 + 𝑧 (�̃�𝜕𝑡 + 𝑥𝜕𝑥 + 𝑦𝜕𝑦) 2 (𝑎𝑡 )

2 [−𝑧 (�̃� ̇̃𝑡 − 𝑥�̇� − 𝑦 ̇𝑦) + 12 (�̃�2 − 𝑥2 − 𝑦2 + 𝑧2) �̇�]
X8 = 12 (�̃�2 − 𝑥2 + 𝑦2 − 𝑧2) 𝜕𝑦 + 𝑦 (�̃�𝜕𝑡 + 𝑥𝜕𝑥 + 𝑧𝜕𝑧) 2 (𝑎𝑡 )

2 [−𝑦 (�̃� ̇̃𝑡 − 𝑥�̇� − 𝑧�̇�) + 12 (�̃�2 − 𝑥2 + 𝑦2 − 𝑧2) ̇𝑦]
X9 = 12 (�̃�2 + 𝑥2 − 𝑦2 − 𝑧2) 𝜕𝑥 + 𝑥 (�̃�𝜕𝑡 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) 2 (𝑎𝑡 )

2 [−𝑥 (�̃� ̇̃𝑡 − 𝑦 ̇𝑦 − 𝑧�̇�) + 12 (�̃�2 + 𝑥2 − 𝑦2 − 𝑧2) �̇�]

Table 4: Conserved quantities corresponding to each Noether symmetry.

Generator (with 𝜁± = (𝑏2/𝑥2) ± (𝑦2 − 𝑧2)/𝐾2) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + (𝐾𝑎 )

2 𝑡𝜕𝑦 2 (𝑥𝑎)
2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)

X5 = 𝑧𝜕𝑡 + (𝐾𝑎 )
2 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)
X6 = −𝑡𝜕𝑡 + 𝑥𝜕𝑥 − 𝑦𝜕𝑦 − 𝑧𝜕𝑧 2 [(𝑥𝑎)

2 𝑡 ̇𝑡 + ( 𝑏𝑥)
2 𝑥�̇� − ( 𝑥𝐾)

2 (𝑦 ̇𝑦 + 𝑧�̇�)]
X7 = −( 𝑎𝐾)

2 𝑧 (𝑡𝜕𝑡 − 𝑥𝜕𝑥 + 𝑦𝜕𝑦) − 12 (𝑡2 − 𝑎2𝜁+) 𝜕𝑧 2 ( 𝑥𝐾)
2 [𝑧𝑡 ̇𝑡 − 𝑧 ( 𝑎𝐾)

2 𝑦 ̇𝑦 + 12 (𝑡2 − 𝑎2𝜁+) �̇�] + 2𝑧 (
𝑎
𝐾)
2 ( 𝑏𝑥)

2 𝑥�̇�
X8 = −( 𝑎𝐾)

2 𝑦 (𝑡𝜕𝑡 − 𝑥𝜕𝑥 + 𝑧𝜕𝑧) − 12 (𝑡2 − 𝑎2𝜁−) 𝜕𝑦 2 ( 𝑥𝐾)
2 [𝑦𝑡 ̇𝑡 − 𝑦 ( 𝑎𝐾)

2 𝑧�̇� + 12 (𝑡2 − 𝑎2𝜁−) ̇𝑦] + 2𝑦 ( 𝑎𝐾)
2 ( 𝑏𝑥)

2 𝑥�̇�
X9 = 𝑡 (𝑥𝜕𝑥 − 𝑦𝜕𝑦 − 𝑧𝜕𝑧) − 12 [𝑡2 + 𝑎2 (

𝑏2
𝑥2 +

𝑧2 + 𝑦2
𝐾2 )]𝜕𝑡 [𝑡2 + 𝑎2 ( 𝑏2𝑥2 +

𝑧2 + 𝑦2
𝐾2 )](𝑥𝑎)

2 ̇𝑡 + 2 [𝑡 ( 𝑏𝑥)
2 𝑥�̇� − 𝑡 ( 𝑥𝐾)

2 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 5: Conserved quantities corresponding to each Noether symmetry.

Generator Conserved Quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2𝑥/𝑎 ̇𝑡
X4 = 𝑦𝜕𝑡 + 𝑡𝜕𝑦 2𝑒2𝑥/𝑎 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)
X5 = 𝑧𝜕𝑡 + 𝑡𝜕𝑧 2𝑒2𝑥/𝑎 (𝑧 ̇𝑡 − 𝑡�̇�)
X6 = 𝜕𝑥 − 1𝑎 (𝑡𝜕𝑡 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) 2 [�̇� + 1𝑎𝑒2𝑥/𝑎 (𝑡 ̇𝑡 − 𝑦 ̇𝑦 − 𝑧�̇�)]
X7 = 𝑧𝜕𝑥 − 𝑧𝑎 (𝑡𝜕𝑡 + 𝑦𝜕𝑦) +

1
2𝑎 (𝑎2𝑒−2𝑥/𝑎 − 𝑡2 + 𝑦2 − 𝑧2) 𝜕𝑧 2 [𝑧�̇� + 𝑧𝑎𝑒2𝑥/𝑎 (𝑡 ̇𝑡 − 𝑦 ̇𝑦) + 1

2𝑎 (𝑎2𝑒−2𝑥/𝑎 − 𝑡2 + 𝑦2 − 𝑧2) 𝑒2𝑥/𝑎�̇�]
X8 = 𝑦𝜕𝑥 − 𝑦𝑎 (𝑡𝜕𝑡 + 𝑧𝜕𝑧) +

1
2𝑎 (𝑎2𝑒−2𝑥/𝑎 − 𝑡2 − 𝑦2 + 𝑧2) 𝜕𝑦 2 [𝑦�̇� + 𝑦𝑎 𝑒2𝑥/𝑎 (𝑡 ̇𝑡 − 𝑧�̇�) +

1
2𝑎 (𝑎2𝑒−2𝑥/𝑎 − 𝑡2 − 𝑦2 + 𝑧2) 𝑒2𝑥/𝑎 ̇𝑦]

X9 = 𝑡𝜕𝑥 − 𝑡𝑎 (𝑦𝜕𝑦 + 𝑧𝜕𝑧) −
1
2𝑎 (𝑎2𝑒−2𝑥/𝑎 + 𝑡2 + 𝑦2 + 𝑧2)𝜕𝑡 2 [𝑡�̇� − 𝑡𝑎 𝑒2𝑥/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�) + 1

2𝑎 (𝑎2𝑒−2𝑥/𝑎 + 𝑡2 + 𝑦2 + 𝑧2) 𝑒2𝑥/𝑎 ̇𝑡]

de Sitter metric (27) are conformal Killings of theMinkowski
metric (in variables �̃�, 𝑥, 𝑦, 𝑧).
Anti-de Sitter Space-Times. In this section, the metrics are
variants of anti-de Sitter space-times in flat coordinates, max-
imally symmetric manifold with constant nonzero negative
curvature. All the metrics presented here admit the minimal
set of Noether symmetries (7) and the remaining symmetry
generators along with their conserved quantities (or conser-
vation laws) are given in Tables 4 and 5, respectively. The

structure constants of the corresponding Lie algebras and the
nonzero components of the relevant tensors are also given
after each equation.

Case 1.

𝑑𝑠2 = (𝑥𝑎)
2 𝑑𝑡2 − ( 𝑏𝑥)

2 𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝑏 ̸= 𝐾 ̸= 0) .

(28)
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𝐶𝑘𝑖𝑗
𝐶304 = 𝐶205 = 𝐶849 = 𝐶759 = (𝐾𝑎 )

2 ,
𝐶507 = 𝐶408 = 𝐶145 = −(𝐾𝑎 )

2 ,
𝐶627 = 𝐶128 = 𝐶638 = ( 𝑎𝐾)

2 ,
𝐶529 = 𝐶137 = 𝐶439 = −( 𝑎𝐾)

2 ,
𝐶213 = 𝐶609 = 𝐶514 = 𝐶718 = 𝐶025 = 𝐶034 = 𝐶948 = 𝐶957

= 1,
𝐶312 = 𝐶006 = 𝐶415 = 𝐶817 = 𝐶226 = 𝐶336 = 𝐶767 = 𝐶868

= 𝐶669 = −1.

(29)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 ,

𝑅0202 = 𝑅0303 = −( 𝑥2
𝑎𝑏𝐾)

2

,

𝑅1212 = 𝑅1313 = 1
𝐾2 ,

𝑅2323 = ( 𝑥
2

𝑏𝐾)
2

.

(30)

𝑅𝑖𝑗
𝑅00 = 3 ( 𝑥𝑎𝑏)

2 ,
𝑅11 = − 3𝑥2 ,
𝑅22 = 𝑅33 = −3 ( 𝑥𝑏𝐾)

2 .
(31)

𝑅𝑖𝑖
𝑅 = 12𝑏2 . (32)

𝑇𝑖𝑗
𝜅𝑇00 = −3 (𝑥𝑎)

2 ,
𝜅𝑇11 = 3

𝑥2 ,
𝜅𝑇22 = 𝜅𝑇33 = 3 ( 𝑥𝑏𝐾)

2 .
(33)

𝑇𝑖𝑖
𝑇 = −12𝑏2 . (34)

Case 2.

𝑑𝑠2 = 𝑒2𝑥/𝑎 (𝑑𝑡2 − 𝑑𝑦2 − 𝑑𝑧2) − 𝑑𝑥2, (𝑎 ̸= 0) . (35)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶304 = 𝐶205 = 𝐶609 = 𝐶514 = 𝐶718 = 𝐶025 = 𝐶627

= 𝐶034 = 𝐶638 = 𝐶948 = 𝐶849 = 𝐶957 = 𝐶759 = 𝐶767
= 𝐶868 = 𝐶669 = 1,

𝐶312 = 𝐶415 = 𝐶817 = 𝐶145 = −1,
𝐶128 = 1𝑎 ,
𝐶006 = 𝐶507 = 𝐶408 = 𝐶226 = 𝐶529 = 𝐶336 = 𝐶137 = 𝐶439

= −1𝑎 .

(36)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 𝑒2𝑥/𝑎,
𝑅0202 = 𝑅0303 = − 1𝑎2 𝑒4𝑥/𝑎,
𝑅1212 = 𝑅1313 = 1

𝑎2 𝑒2𝑥/𝑎,
𝑅2323 = 1

𝑎2 𝑒4𝑥/𝑎.

(37)

𝑅𝑖𝑗
𝑅00 = 3

𝑎2 𝑒2𝑥/𝑎,
𝑅11 = − 3𝑎2 ,
𝑅22 = 𝑅33 = − 3𝑎2 𝑒2𝑥/𝑎.

(38)

𝑅𝑖𝑖
𝑅 = 12𝑎2 . (39)

𝑇𝑖𝑗
𝜅𝑇00 = − 3𝑎2 𝑒2𝑥/𝑎,
𝜅𝑇11 = 3

𝑎2 ,
𝑇22 = 𝜅𝑇33 = 3

𝑎2 𝑒2𝑥/𝑎.
(40)
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Table 6: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2𝑥/𝑎 ̇𝑡
X4 =
− 12𝑎 (𝑡2 + 𝑎2𝑒−2𝑥/𝑎) 𝜕𝑡 + 𝑡𝜕𝑥

1
𝑎 (𝑡2 + 𝑎2𝑒−2𝑥/𝑎) 𝑒2𝑥/𝑎 ̇𝑡 + 2𝑡�̇�

X5 = −1𝑎 𝑡𝜕𝑡 + 𝜕𝑥 2 (1𝑎𝑒2𝑥/𝑎𝑡 ̇𝑡 + �̇�)
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2(𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)
Table 7: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge
term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2𝑡/𝑎�̇�
X4 = 𝑥𝜕𝑡 −1
2𝑎 (𝑎2𝑒−2𝑡/𝑎 + 𝑥2) 𝜕𝑥

−2 (𝑥 ̇𝑡 + 1
2𝑎 (𝑎2𝑒−2𝑡/𝑎 + 𝑥2) 𝑒2𝑡/𝑎�̇�)

X5 = 𝜕𝑡 − 𝑥𝑎 𝜕𝑥 −2 [ ̇𝑡 + 1𝑎𝑒2𝑡/𝑎𝑥�̇�]
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2(𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2(𝑧 − 𝑠�̇�)

𝑇𝑖𝑖
𝑇 = −12𝑎2 . (41)

The conservation laws corresponding to the Noether
symmetries X6–X9 in this case are similar to the ones of de
Sitter space-time.

4.3. Nine Noether Symmetries. In this section, all metrics
admit nine Noether symmetries out of which four (minimal
set) are given in (7) and the remaining symmetry generators
along with their conserved quantities are presented in Tables
6–11, respectively. The structure constants and the nonzero
components of the relevant tensors are also calculated in each
case. Some of the metrics are variants of well-known space-
times that are solutions of the EFEs.

Bertotti–Robinson Space-Times. The following are the list of
Bertotti–Robinson-like metrics.

Case 1.

𝑑𝑠2 = 𝑒2𝑥/𝑎𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (42)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶30̂1̂ = 𝐶20̂2̂ = 𝐶2̂11̂ = 𝐶504 = 1,
𝐶312 = 𝐶1̂12̂ = −1,

𝐶005 = −1𝑎 ,
𝐶445 = 1𝑎 .

(43)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 𝑒2𝑥/𝑎. (44)

𝑅𝑖𝑗
𝑅00 = − 1𝑎2 𝑒2𝑥/𝑎,
𝑅11 = − 1𝑎2 .

(45)

𝑅𝑖𝑖
𝑅 = 2

𝑎2 . (46)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 . (47)

𝑇𝑖𝑖
𝑇 = − 2𝑎2 . (48)

Case 2.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝑡/𝑎𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (49)

The structure constants of the corresponding Lie algebra
are the same as for metric (42).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 1

𝑎2 𝑒2𝑡/𝑎. (50)

𝑅𝑖𝑗
𝑅00 = − 1𝑎2 ,
𝑅11 = 1

𝑎2 𝑒2𝑡/𝑎.
(51)

𝑅𝑖𝑖
𝑅 = − 2𝑎2 . (52)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = − 1𝑎2 . (53)
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Table 8: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 cos2 (𝑥𝑎) ̇𝑡
X4 = tan(𝑥𝑎) sinh(

𝑡
𝑎) 𝜕𝑡 + cosh( 𝑡𝑎) 𝜕𝑥 −2 sin(𝑥𝑎) cos(

𝑥
𝑎) sinh(

𝑡
𝑎) ̇𝑡 + 2 cosh ( 𝑡𝑎) �̇�

X5 = tan(𝑥𝑎) cosh (
𝑡
𝑎) 𝜕𝑡 + sinh( 𝑡𝑎) 𝜕𝑥 −2 sin(𝑥𝑎) cos(

𝑥
𝑎) cosh(

𝑡
𝑎) ̇𝑡 + 2 sinh( 𝑡𝑎) �̇�

Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)

Table 9: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2 cos2 ( 𝑡𝑎) �̇�
X4 = cosh (𝑥𝑎) 𝜕𝑡 + tan( 𝑡𝑎) sinh(

𝑥
𝑎) 𝜕𝑥 −2 cosh (𝑥𝑎) ̇𝑡 + 2 sin( 𝑡𝑎) cos(

𝑡
𝑎) sinh(

𝑥
𝑎) �̇�

X5 = sinh(𝑥𝑎) 𝜕𝑡 + tan( 𝑡𝑎) cosh(
𝑥
𝑎) 𝜕𝑥 −2 sinh(𝑥𝑎) ̇𝑡 + 2 sin( 𝑡𝑎) cos(

𝑡
𝑎) cosh (

𝑥
𝑎) �̇�

Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑦 − 𝑠 ̇𝑦)

Table 10: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 cosh2 (𝑥𝑎) ̇𝑡
X4 = − tanh(𝑥𝑎) sin(

𝑡
𝑎) 𝜕𝑡 + cos( 𝑡𝑎) 𝜕𝑥 2 sinh(𝑥𝑎) cosh (

𝑥
𝑎) sin(

𝑡
𝑎) ̇𝑡 + 2 cos( 𝑡𝑎) �̇�

X5 = tanh(𝑥𝑎) cos(
𝑡
𝑎) 𝜕𝑡 + sin( 𝑡𝑎) 𝜕𝑥 −2 sinh(𝑥𝑎) cosh (

𝑥
𝑎) cos(

𝑡
𝑎) ̇𝑡 + 2 sin( 𝑡𝑎) �̇�

Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)

Table 11: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2 cosh2 ( 𝑡𝑎) �̇�
X4 = cos(𝑥𝑎) 𝜕𝑡 − tanh( 𝑡𝑎) sin(

𝑥
𝑎) 𝜕𝑥 −2 cos(𝑥𝑎) ̇𝑡 − 2 sinh( 𝑡𝑎) cosh (

𝑡
𝑎) sin(

𝑥
𝑎) �̇�

X5 = sin(𝑥𝑎) 𝜕𝑡 + tanh( 𝑡𝑎) cos(
𝑥
𝑎) 𝜕𝑥 −2 sin(𝑥𝑎) ̇𝑡 + 2 sinh( 𝑡𝑎) cosh (

𝑡
𝑎) cos(

𝑥
𝑎) �̇�

Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)

𝑇𝑖𝑖
𝑇 = 2

𝑎2 . (54)

Case 3.

𝑑𝑠2 = cos2 (𝑥𝑎) 𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (55)

𝐶𝑘𝑖𝑗
𝐶504 = 𝐶405 = 𝐶045 = 1𝑎 ,
𝐶312 = 𝐶1̂12̂ = −1,
𝐶213 = 𝐶30̂1̂ = 𝐶20̂2̂ = 𝐶2̂11̂ = 1.

(56)
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𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 1

𝑎2 cos2 (
𝑥
𝑎) . (57)

𝑅𝑖𝑗
𝑅00 = − 1𝑎2 cos2 (

𝑥
𝑎) ,

𝑅11 = 1
𝑎2 .

(58)

𝑅𝑖𝑖
𝑅 = − 2𝑎2 . (59)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = − 1𝑎2 . (60)

𝑇𝑖𝑖
𝑇 = 2

𝑎2 . (61)

Case 4.

𝑑𝑠2 = 𝑑𝑡2 − cos2 ( 𝑡𝑎) 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (62)

The structure constants of the corresponding Lie algebra
are the same as for (55).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 cos2 (

𝑡
𝑎) . (63)

𝑅𝑖𝑗
𝑅00 = 1

𝑎2 ,
𝑅11 = − 1𝑎2 cos2 (

𝑡
𝑎) .

(64)

𝑅𝑖𝑖
𝑅 = 2

𝑎2 . (65)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 . (66)

𝑇𝑖𝑖
𝑇 = − 2𝑎2 . (67)

Case 5.

𝑑𝑠2 = cosh2 (𝑥𝑎) 𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (68)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶30̂1̂ = 𝐶20̂2̂ = 𝐶2̂11̂ = 1,
𝐶504 = −1𝑎 ,
𝐶405 = 𝐶045 = 1𝑎 ,
𝐶312 = 𝐶1̂12̂ = −1.

(69)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 cosh2 (

𝑥
𝑎) . (70)

𝑅𝑖𝑗
𝑅00 = 1

𝑎2 cosh2 (
𝑥
𝑎) ,

𝑅11 = − 1𝑎2 .
(71)

𝑅𝑖𝑖
𝑅 = 2

𝑎2 . (72)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 . (73)

𝑇𝑖𝑖
𝑇 = − 2𝑎2 . (74)

Case 6.

𝑑𝑠2 = 𝑑𝑡2 − cosh2 ( 𝑡𝑎) 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2, (𝑎 ̸= 0) . (75)

The structure constants of the corresponding Lie algebra
are the same as for (68).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 1

𝑎2 cosh2 (
𝑡
𝑎) . (76)

𝑅𝑖𝑗
𝑅00 = − 1𝑎2 ,
𝑅11 = 1

𝑎2 cosh2 (
𝑡
𝑎) .

(77)



Advances in Mathematical Physics 13

Table 12: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2�̇�
X4 = 𝜕𝑡 − 1𝑎 (𝑦𝜕𝑦 + 𝑧𝜕𝑧) 2 [ ̇𝑡 − 1𝑎𝑒2𝑡/𝑎(𝑦 ̇𝑦 + 𝑧�̇�)]
X5 = 𝑦𝜕𝑡 + 1

2𝑎 (−𝑎2𝑒−2𝑡/𝑎 − 𝑦2 + 𝑧2) 𝜕𝑦 −
𝑦𝑧
𝑎 𝜕𝑧 2 [−𝑦 ̇𝑡 + 𝑒2𝑡/𝑎 { 12𝑎 (−𝑎2𝑒−2𝑡/𝑎 − 𝑦2 + 𝑧2) ̇𝑦 − 𝑦𝑎 𝑧�̇�}]

X6 = 𝑧𝜕𝑡 + 1
2𝑎 (−𝑎2𝑒−2𝑡/𝑎 + 𝑦2 − 𝑧2) 𝜕𝑧 −

𝑦𝑧
𝑎 𝜕𝑦 2 [−𝑧 ̇𝑡 + 𝑒2𝑡/𝑎 { 12𝑎 (−𝑎2𝑒−2𝑡/𝑎 − 𝑦2 + 𝑧2) �̇� −

𝑧
𝑎𝑦 ̇𝑦}]

Y1 = 𝑠𝜕𝑥; 𝐴1 = −2𝑥 2 (𝑥 − 𝑠�̇�)

𝑅𝑖𝑖
𝑅 = − 2𝑎2 . (78)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = − 1𝑎2 . (79)

𝑇𝑖𝑖
𝑇 = 2

𝑎2 . (80)

The Noether symmetries X4 and X5 are also geometric
collineations of the underlying space that correspond to
other KVFs. The conservation law associated with these
symmetries is the conservation of a particular form of
generalized momentum. As explained in Section 3, there are
adapted coordinate frames where these symmetries take the
form 𝑓(𝑢, V)𝜕𝑢, along some particular direction 𝑢 and for an
appropriate conformal factor 𝑓(𝑢, V). In such a coordinate
system, each symmetry is associated with the conservation of
momentum along the 𝑢-direction. The symmetry generators
Y1 andY2 are theGalilean symmetries that can be interpreted
geometrically as Killings of the extended space R × 𝑀 of
variables (𝑠, 𝑡, 𝑥, 𝑦, 𝑧). They represent a change of reference
frame to one moving along some geodesic (center of mass
frame) in a particular direction.

Einstein Universe. The following metric admits nine Noether
symmetries, out of which five along with their conserved
forms are given in Table 12 and the remaining four cor-
responds to the minimal set given in (7). The structure
constants of the associated Lie algebra and the nonzero
components of the relevant tensors are also calculated.

𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑑𝑦2 + 𝑑𝑧2) , (𝑎 ̸= 0) . (81)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶00̂1̂ = 𝐶415 = 𝐶426 = 𝐶135 = 𝐶646 = 1,
𝐶312 = 𝐶516 = −1,

𝐶224 = 𝐶334 = 𝐶545 = 𝐶136 = −1𝑎 ,
𝐶125 = 1𝑎 .

(82)

𝑅𝑖𝑗𝑘𝑙
𝑅0202 = 𝑅0303 = 1

𝑎2 𝑒2𝑡/𝑎,
𝑅2323 = − 1𝑎2 𝑒4𝑡/𝑎.

(83)

𝑅𝑖𝑗
𝑅00 = − 2𝑎2 ,
𝑅22 = 𝑅33 = 2

𝑎2 𝑒2𝑡/𝑎.
(84)

𝑅𝑖𝑖
𝑅 = − 6𝑎2 . (85)

𝑇𝑖𝑗
𝜅𝑇00 = 1

𝑎2 ,
𝜅𝑇11 = − 3𝑎2 ,
𝜅𝑇22 = 𝜅𝑇33 = − 1𝑎2 𝑒2𝑡/𝑎.

(86)

𝑇𝑖𝑖
𝑇 = 6

𝑎2 . (87)

Since de Sitter space-time is conformally related to an
Einstein universe, the interpretation of the symmetry gen-
erators X5 and X6 is similar to one presented earlier (see
Section 4.2). Finally, the Noether symmetry generator Y1 is
a Galilean symmetry. This generator, as it was previously
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Table 13: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 2 ̇𝑡
X4 = 𝜕𝑥 − 1𝑎 (𝑦𝜕𝑦 + 𝑧𝜕𝑧) 2�̇� − 2𝑎𝑒2𝑥/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�)
X5 = 𝑦𝜕𝑥 + 1

2𝑎 (𝑎2𝑒−2𝑥/𝑎 + 𝑧2 − 𝑦2) 𝜕𝑦 −
𝑦𝑧
𝑎 𝜕𝑧 2 [𝑦�̇� + 𝑒2𝑥/𝑎 { 12𝑎 (𝑎2𝑒−2𝑥/𝑎 + 𝑧2 − 𝑦2) ̇𝑦 − 𝑦𝑎 𝑧�̇�}]

X6 = 𝑧𝜕𝑥 − 𝑦𝑧𝑎 𝜕𝑦 +
1
2𝑎 (𝑎2𝑒−2𝑥/𝑎 + 𝑦2 − 𝑧2) 𝜕𝑧 2 [𝑧�̇� + 𝑒2𝑥/𝑎 { 12𝑎 (𝑎2𝑒−2𝑥/𝑎 − 𝑧2 + 𝑦2) �̇� −

𝑧
𝑎𝑦 ̇𝑦}]

Y1 = 𝑠𝜕𝑡; 𝐴1 = 2𝑡 2 (𝑡 − 𝑠 ̇𝑡)
Table 14: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 ̇𝑡
X4 = 𝑥𝜕𝑥 − 𝑦𝜕𝑦 − 𝑧𝜕𝑧 2 [( 𝑎𝑥)

2 𝑥�̇� − ( 𝑥𝐾)
2 (𝑦 ̇𝑦 + 𝑧�̇�)]

X5 = 𝑧𝑥𝜕𝑥 − 𝑧𝑦𝜕𝑦 + 12 (
𝑎2𝐾2
𝑥2 + 𝑦2 − 𝑧2)𝜕𝑧 2 [( 𝑎𝑥)

2 𝑧𝑥�̇� − ( 𝑥𝐾)
2 {𝑧𝑦 ̇𝑦 − 12 (

𝑎2𝐾2
𝑥2 + 𝑦2 − 𝑧2) �̇�}]

X6 = 𝑦𝑥𝜕𝑥 + 12 (
𝑎2𝐾2
𝑥2 − 𝑦2 + 𝑧2)𝜕𝑦 − 𝑦𝑧𝜕𝑧 2 [( 𝑎𝑥)

2 𝑦𝑥�̇� + ( 𝑥𝐾)
2 {12 (

𝑎2𝐾2
𝑥2 − 𝑦2 + 𝑧2) ̇𝑦 − 𝑦𝑧�̇�}]

Y1 = 𝑠𝜕𝑡; 𝐴1 = 2𝑡 2(𝑡 − 𝑠 ̇𝑡)

discussed, corresponds geometrically to a Killing of the
parameter spaceR×𝑀 represented locally by the coordinates(𝑠, 𝑡, 𝑥, 𝑦, 𝑧).
Anti-Einstein Space-Times. These metrics admit nine Noether
symmetries (corresponding to their conserved forms) that
are given in Tables 13 and 14 (respectively) along with the
minimal set (7). Moreover, their structure constants of the
associated Lie algebra and the nonzero components of the
relevant tensors are also determined.

Case 1.

𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑥/𝑎 (𝑑𝑦2 + 𝑑𝑧2) , (𝑎 ̸= 0) . (88)

The structure constants of the corresponding Lie algebra
are the same as for (81).

𝑅𝑖𝑗𝑘𝑙
𝑅1212 = 𝑅1313 = 1

𝑎2 𝑒2𝑥/𝑎,
𝑅2323 = 1

𝑎2 𝑒4𝑥/𝑎.
(89)

𝑅𝑖𝑗
𝑅11 = − 2𝑎2 ,
𝑅22 = 𝑅33 = 2

𝑎2 𝑒2𝑥/𝑎.
(90)

𝑅𝑖𝑖
𝑅 = 6

𝑎2 . (91)

𝑇𝑖𝑗
𝜅𝑇00 = − 3𝑎2 ,
𝜅𝑇11 = 3

𝑎2 ,
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 𝑒2𝑥/𝑎.
(92)

𝑇𝑖𝑖
𝑇 = − 6𝑎2 . (93)

Case 2.

𝑑𝑠2 = 𝑑𝑡2 − (𝑎𝑥)
2 𝑑𝑥2 − ( 𝑥𝐾)

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝐾 ̸= 0) .

(94)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶516 = 𝐶425 = 𝐶126 = 𝐶436 = 𝐶00̂1̂ = 1,
𝐶312 = 𝐶615 = 𝐶224 = 𝐶334 = 𝐶135 = 𝐶545 = 𝐶646 = −1.

(95)

𝑅𝑖𝑗𝑘𝑙
𝑅2323 = 𝑥2

𝐾4 . (96)
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Table 15: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + (𝑏𝑎)

2 𝑡𝜕𝑦 2 (𝑥𝑎)
2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)

X5 = 𝑧𝜕𝑡 + (𝑏𝑎)
2 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)
Y1 = 12 (𝑠2𝜕𝑠 + 𝑠𝑥𝜕𝑥); 1

2 𝑠2𝐿 + 𝑠𝑥�̇� −
1
2𝑥2𝐴1 = −12𝑥2

Y2 = 𝑠𝜕𝑠 + 𝑥2 𝜕𝑥 𝑠𝐿 + 𝑥�̇�

𝑅𝑖𝑗
𝑅11 = − 4𝑎2 (

𝑎
𝑥)
2 ,

𝑅22 = 𝑅33 = − 2𝑎2 (
𝑥
𝐾)
2 .

(97)

𝑅𝑖𝑖
𝑅 = 6

𝑎2 . (98)

𝑇𝑖𝑗
𝜅𝑇00 = − 3𝑎2 ,
𝜅𝑇11 = 1

𝑥2 ,
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 (
𝑥
𝐾)
2 .

(99)

𝑇𝑖𝑖
𝑇 = − 6𝑎2 . (100)

The interpretation of these Noether symmetries is similar
to the one given for the symmetries of the Einstein universe.

Other Metrics (9 Symmetries). These are the metrics whose
corresponding Lagrangian admit nine Noether symmetries,
out of which four are given in (7). The symmetry generators
along with their conserved quantities are given in Tables
15–20, respectively. Additionally, the structure constants of
the associated Lie algebra and the nonzero components of the
relevant tensors are explicitly given below for each case. The
following list of metrics do not belong to known class of the
space-times.

Table 16: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + 𝑡𝜕𝑦 2 (𝑥𝑎)

2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)
X5 = 𝑧𝜕𝑡 + 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)
Y1 = 12 (𝑠2𝜕𝑠 + 𝑠𝑥𝜕𝑥);
𝐴1 = −12𝑥2

1
2 𝑠2𝐿 + 𝑠𝑥�̇� −

1
2𝑥2

Y2 = 𝑠𝜕𝑠 + 𝑥2 𝜕𝑥 𝑠𝐿 + 𝑥�̇�
Table 17: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2 ( 𝑡𝑎)

2 �̇�
X4 = 𝑦𝜕𝑥 − 𝑥𝜕𝑦 2 ( 𝑡𝑎)

2 (𝑦�̇� − 𝑥 ̇𝑦)
X5 = 𝑧𝜕𝑥 − 𝑥𝜕𝑧 2 ( 𝑡𝑎)

2 (𝑧�̇� − 𝑥�̇�)
Y1 = 12 (𝑠2𝜕𝑠 + 𝑠𝑡𝜕𝑡),
𝐴1 = 12 𝑡2

1
2 𝑠2𝐿 − 𝑠𝑡 ̇𝑡 +

1
2 𝑡2

Y2 = 𝑠𝜕𝑠 + 𝑡2𝜕𝑡 𝑠𝐿 − 𝑡 ̇𝑡

Case 1.

𝑑𝑠2 = (𝑥𝑎)
2 𝑑𝑡2 − 𝑑𝑥2 − (𝑥𝑏 )

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝑏 ̸= 0) .

(101)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶514 = 𝐶025 = 𝐶034 = 𝐶1̂0̂1̂ = 𝐶0̂0̂2̂ = 1,
𝐶312 = 𝐶415 = 𝐶1̂1̂2̂ = −1,
𝐶304 = 𝐶205 = (𝑏𝑎)

2 ,

𝐶145 = −(𝑏𝑎)
2 .

(102)

𝑅𝑖𝑗𝑘𝑙
𝑅0202 = 𝑅0303 = − 1𝑏2 (

𝑥
𝑎)
2 ,

𝑅2323 = 1
𝑏2 (

𝑥
𝑏 )
2 .

(103)
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Table 18: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = −𝜕𝑡 + 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 2 [ ̇𝑡𝑒2] + �̇�𝑒2𝜆 + (𝑦 ̇𝑦 + 𝑧�̇�) 𝑒2(𝑡+𝑓(𝑡+𝑥))]
X4 = −𝑧𝜕𝑡 + 𝑧𝜕𝑥 + 𝑦𝑧𝜕𝑦 + 12 (𝑧2 − 𝑦2 − 𝜁) 𝜕𝑧 2 [𝑧 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒2(𝑡+𝑓(𝑡+𝑥)) {𝑦 ̇𝑦𝑧 − �̇�2 (𝑧2 − 𝑦2 − 𝜁)}]
X5 = 𝑦𝜕𝑡 − 𝑦𝜕𝑥 + 12 (𝑧2 − 𝑦2 + 𝜁) 𝜕𝑦 − 𝑦𝑧𝜕𝑧 2 [−𝑦 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒2(𝑡+𝑓(𝑡+𝑥)) { ̇𝑦

2 (𝑧2 − 𝑦2 + 𝜁) − 𝑦𝑧�̇�}]
Y1 = 𝑠

2

2 +
𝑠
2 [𝐶1 (𝑡, 𝑥) 𝜕𝑡 − 𝐶2 (𝑡, 𝑥) 𝜕𝑥]; 𝑠2

2 𝐿 − 𝑠 [𝐶1 (𝑡, 𝑥) ̇𝑡𝑒2] + 𝐶2 (𝑡, 𝑥) �̇�𝑒2𝜆] + 𝐴1𝐴1 = ∫ 𝑒2]𝐶1 (𝑡, 𝑥) 𝑑𝑡 + ∫ 𝑒2𝜆𝐶2 (𝑡, 𝑥) 𝑑𝑥
Y2 = 𝑠𝜕𝑠 + 12 [𝐶1 (𝑡, 𝑥) 𝜕𝑡 − 𝐶2 (𝑡, 𝑥) 𝜕𝑥] 𝑠𝐿 − [𝐶1 (𝑡, 𝑥) ̇𝑡𝑒2] + 𝐶2 (𝑡, 𝑥) �̇�𝑒2𝜆]

Table 19: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = −𝜕𝑡 + 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 2 [ ̇𝑡𝑒2] + �̇�𝑒2𝜆 + (𝑦 ̇𝑦 + 𝑧�̇�) 𝑒2(𝑡+𝑓(𝑡+𝑥))]
X4 = −𝑧𝜕𝑡 + 𝑧𝜕𝑥 + 𝑧𝑦𝜕𝑦 + 12 (𝑧2 − 𝑦2 − 𝜎) 𝜕𝑧 2 [𝑧 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒−2𝑥/𝑎 {𝑦 ̇𝑦𝑧 − �̇�2 (𝑧2 − 𝑦2 + 𝜎)}]
X5 = 𝑦𝜕𝑡 − 𝑦𝜕𝑥 + 12 (𝑧2 − 𝑦2 + 𝜎) 𝜕𝑦 + 𝑦𝑧𝜕𝑧 2 [−𝑦 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒−2𝑥/𝑎 { ̇𝑦

2 (𝑧2 − 𝑦2 − 𝜎) − 𝑦𝑧�̇�}]
Y1 = 𝑠

2

2 𝜕𝑠 +
𝑠
2 [(

�̇� + 1
�̇� ) 𝜕𝑡 − 𝜕𝑥]; 𝑠2

2 𝐿 − 𝑠 [(
�̇� + 1
�̇� ) ̇𝑡𝑒2] + �̇�𝑒2𝜆] + 𝐴1

𝐴1 = ∫ 𝑒2] (�̇� + 1�̇� ) 𝑑𝑡 + ∫ 𝑒2𝜆𝑑𝑥
Y2 = 𝑠𝜕𝑠 + 12 [(

�̇� + 1
�̇� ) 𝜕𝑡 − 𝜕𝑥] 𝑠𝐿 − ( �̇� + 1�̇� ) ̇𝑡𝑒2] − �̇�𝑒2𝜆

Table 20: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = −𝜕𝑡 + 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 2 [ ̇𝑡𝑒2] + �̇�𝑒2𝜆 + (𝑦 ̇𝑦 + 𝑧�̇�) 𝑒2(𝑡+𝑓(𝑡+𝑥))]
X4 = −𝑧𝜕𝑡 + 𝑧𝜕𝑥 + 𝑧𝑦𝜕𝑦 + 12 [(𝑧2 − 𝑦2) − 𝜓] 𝜕𝑧 2 [𝑧 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒2𝑡/𝑎 {𝑦 ̇𝑦𝑧 − �̇�2 (𝑧2 − 𝑦2 + 𝜓)}]
X5 = 𝑦𝜕𝑡 − 𝑦𝜕𝑥 + 12 [(𝑧2 − 𝑦2) + 𝜓] 𝜕𝑦 + 𝑦𝑧𝜕𝑧 2 [−𝑦 ( ̇𝑡𝑒2] + �̇�𝑒2𝜆) + 𝑒2𝑡/𝑎 { ̇𝑦

2 (𝑧2 − 𝑦2 − 𝜓) − 𝑦𝑧�̇�}]
Y1 = 𝑠

2

2 𝜕𝑠 +
𝑠
2 [𝜕𝑡 + (

1 − ]̇
]̇
) 𝜕𝑥]; 𝑠2

2 𝐿 − 𝑠 [ ̇𝑡𝑒2] − (
1 − ]̇
]̇
) �̇�𝑒2𝜆] + 𝐴1

𝐴1 = ∫ 𝑒2]𝑑𝑡 − ∫ 𝑒2𝜆 (1 − ]̇
]̇
)𝑑𝑥

Y2 = 𝑠𝜕𝑠 + 12 [𝜕𝑡 + (
1 − ]̇
]̇
) 𝜕𝑥] 𝑠𝐿 − ̇𝑡𝑒2] + (1 − ]̇

]̇
) �̇�𝑒2𝜆

𝑅𝑖𝑗
𝑅00 = 2

𝑎2 ,
𝑅22 = 𝑅33 = 2

𝑏2 .
(104)

𝑅𝑖𝑖
𝑅 = 6

𝑥2 . (105)

𝑇𝑖𝑗
𝜅𝑇00 = − 1𝑎2 ,
𝜅𝑇11 = 3

𝑥2 ,
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑏2 .
(106)

𝑇𝑖𝑖
𝑇 = − 6𝑥2 . (107)
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Case 2.

𝑑𝑠2 = (𝑥𝑎)
2 (𝑑𝑡2 − 𝑑𝑦2 − 𝑑𝑧2) − 𝑑𝑥2, (𝑎 ̸= 0) . (108)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶304 = 𝐶205 = 𝐶514 = 𝐶034 = 𝐶025 = 𝐶1̂0̂1̂ = 𝐶0̂0̂2̂

= 1,
𝐶213 = 𝐶415 = 𝐶145 = 𝐶1̂1̂2̂ = −1.

(109)

𝑅𝑖𝑗𝑘𝑙
𝑅0202 = 𝑅0303 = − 1𝑎2 (

𝑥
𝑎)
2 ,

𝑅2323 = 1
𝑎2 (

𝑥
𝑎)
2 .

(110)

𝑅𝑖𝑗
𝑅00 = 2

𝑎2 ,
𝑅22 = 𝑅33 = 2

𝑎2 .
(111)

𝑅𝑖𝑖
𝑅 = 6

𝑥2 . (112)

𝑇𝑖𝑗
𝜅𝑇00 = − 1𝑎2 ,
𝜅𝑇11 = 3

𝑥2 ,
𝜅𝑇22 = 𝜅𝑇33 = 1

𝑎2 .
(113)

𝑇𝑖𝑖
𝑇 = − 6𝑥2 . (114)

Case 3.

𝑑𝑠2 = 𝑑𝑡2 − ( 𝑡𝑎)
2 (𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) , (𝑎 ̸= 0) . (115)

𝐶𝑘𝑖𝑗
𝐶312 = 𝐶304 = 𝐶205 = 𝐶415 = 𝐶1̂1̂2̂ = −1,
𝐶213 = 𝐶514 = 𝐶025 = 𝐶034 = 𝐶145 = 𝐶1̂0̂1̂ = 𝐶0̂0̂2̂ = 1.

(116)

𝑅𝑖𝑗𝑘𝑙
𝑅1212 = 𝑅1313 = − 1𝑎2 (

𝑡
𝑎)
2 ,

𝑅2323 = − 1𝑎2 (
𝑡
𝑎)
2 .

(117)

𝑅𝑖𝑗
𝑅00 = 𝑅22 = 𝑅33 = 2

𝑎2 . (118)

𝑅𝑖𝑖
𝑅 = − 6𝑡2 . (119)

𝑇𝑖𝑗
𝜅𝑇00 = 3

𝑡2 ,
𝜅𝑇11 = − 1𝑎2 ,
𝜅𝑇22 = 𝜅𝑇33 = − 1𝑎2 .

(120)

𝑇𝑖𝑖
𝑇 = 6

𝑡2 . (121)

Case 4.

𝑑𝑠2 = 𝑒2](𝑡+𝑥)𝑑𝑡2 − 𝑒2𝜆(𝑡+𝑥)𝑑𝑥2
− 𝑒2[𝑡+𝑓(𝑡+𝑥)] (𝑑𝑦2 + 𝑑𝑧2) , (122)

subject to the constraint 𝜁 = 2 ∫ 𝑒2(](𝑡+𝑥)−𝑡−𝑓(𝑡+𝑥)) =
𝑒2(](𝑡+𝑥)−𝑡−𝑓(𝑡+𝑥)) − 𝑒2(𝜆(𝑡+𝑥)−𝑡−𝑓(𝑡+𝑥)). We denote 𝐶𝑖(𝑡, 𝑥) = 1 +2𝑓𝑖(𝑡 + 𝑥), where (𝑖 = 1, 2) in Table 18. For metrics (122),
(129) and (135), we substitute 𝛼 = (𝜆 + 𝜆2 − ]𝜆) and
𝛽 = (] + ]2 − ]𝜆) for simplicity in the components of
relevant tensors.

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶514 = 𝐶024 = 𝐶125 = 𝐶134 = 𝐶404 = 𝐶505 = 𝐶2̂0̂1̂

= 𝐶0̂
0̂2̂
= 1,

𝐶312 = 𝐶202 = 𝐶303 = 𝐶415 = 𝐶035 = 𝐶1̂1̂2̂ = −1.
(123)
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𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝛼𝑒2𝜆 − 𝛽𝑒2],
𝑅0202 = 𝑅0303 = 𝑒2𝜇 [𝑓 + (1 + 𝑓) (1 + 𝑓 − ])
− 𝑒2(]−𝜆)]𝑓] ,

𝑅0212 = 𝑅0313 = 𝑒2𝜇 [𝑓 + (1 + 𝑓) (𝑓 − ])
− 𝜆𝑓] ,

𝑅2323 = 𝑒4(𝑡+𝑓(𝑡+𝑥)) [𝑓2𝑒−2𝜆 − (1 + 𝑓)2 𝑒−2]] ,
𝑅1212 = 𝑅1313 = 𝑒2(𝑡+𝑓(𝑡+𝑥)) [𝑓 − 𝑓 (𝜆 − 𝑓)
− 𝜆 (1 + 𝑓) 𝑒2(𝜆−])] .

(124)

𝑅𝑖𝑗
𝑅00 = 𝑒2(]−𝜆) (𝛽 + 2]𝑓) − (𝛼 + 2𝑓 + 2 (1 + 𝑓)2

− 2]𝑓) ,
𝑅01 = −2 [𝑓 + (1 + 𝑓) (𝑓 − ]) − 𝜆𝑓] ,
𝑅22 = 𝑅33 = 𝑒2(𝑡+𝑓(𝑡+𝑥)) [𝑒−2] {𝑓
+ (1 + 𝑓) (𝜆 + 2 (1 + 𝑓) − ])} − 𝑒−2𝜆 {𝑓
+ 𝑓 (] + 2𝑓 − 𝜆)}] ,

𝑅11 = 𝑒2(𝜆−]) [𝛼 + 2𝜆 (1 + 𝑓)] − [𝛽 + 2 (𝑓
− 𝜆𝑓 + 𝑓2)] .

(125)

𝑅𝑖𝑖
𝑅 = 2𝑒−2𝜆 [2𝑓 + 𝑓 (2] − 2𝜆 + 3𝑓) + 𝛽]
− 2𝑒−2] [2𝑓 − (1 + 𝑓) (2] − 3 (1 + 𝑓) − 2𝜆)
+ 𝛼] .

(126)

𝑇𝑖𝑗
𝜅𝑇00 = 𝑒2(]−𝜆) (2𝜆𝑓 − 2𝑓 − 3𝑓2) + (1 + 𝑓) (1
+ 𝑓 + 2𝜆) ,

𝜅𝑇01 = 𝑅01,
𝜅𝑇11 = 𝑒2(𝜆−]) [(1 + 𝑓) (2] − 3 − 3𝑓) − 2𝑓]
+ 𝑓 (𝑓 + 2]) ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒2(𝑡+𝑓(𝑡+𝑥)) [𝑒−2𝜆 (𝑓 + 𝑓 (] − 𝜆 + 𝑓) + 𝛽)
+ 𝑒−2] (𝑓 − (1 + 𝑓) (] − 𝜆 − 𝑓 − 1) + 𝛼)] .

(127)

𝑇𝑖𝑖
𝑇 = −2𝑒−2𝜆 [2𝑓 + 𝑓 (2] − 2𝜆 + 3𝑓) + 𝛽]
+ 2𝑒−2] [2𝑓 − (1 + 𝑓) (2] − 3 (1 + 𝑓) − 2𝜆)
+ 𝛼] .

(128)

Case 5.

𝑑𝑠2 = 𝑒2](𝑡+𝑥)𝑑𝑡2 − 𝑒2𝜆(𝑡+𝑥)𝑑𝑥2 − 𝑒−2𝑥/𝑎 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 0) (129)

subject to the constraint 𝜎 = 2 ∫ 𝑒2(]+𝑥/𝑎)𝑑𝑡 = 𝑒2(𝜆+𝑥/𝑎) −
𝑒2(]+𝑥/𝑎).

𝑅𝑎𝑏𝑐𝑑
𝑅0101 = 𝛼𝑒2𝜆 − 𝛽𝑒2],
𝑅0202 = 𝑅0303 = 1𝑎]𝑒2(]−𝜆−𝑥/𝑎),
𝑅0212 = 𝑅0313 = 1𝑎𝜆,
𝑅1212 = 𝑅1313 = 1𝑎 (

1
𝑎 − 𝜆) 𝑒−2𝑥/𝑎,

𝑅2323 = 1
𝑎2 𝑒−2(2𝑥/𝑎+𝜆).

(130)

𝑅𝑎𝑏
𝑅00 = 𝑒2(]−𝜆) (𝛽 − 2𝑎]) − 𝛼,
𝑅01 = −2𝑎𝜆,
𝑅11 = 𝛼𝑒2(𝜆−]) − (𝛽 − 2

𝑎2 +
2
𝑎𝜆) ,

𝑅22 = 𝑅33 = −1𝑎 [(𝜆 − ]) + 2𝑎] 𝑒−2(𝑥/𝑎+𝜆).

(131)

𝑅𝑖𝑖
𝑅 = 2𝑒−2𝜆 ( 3𝑎2 −

2
𝑎 (] − 𝜆) + 𝛽) − 2𝛼𝑒−2]. (132)
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𝑇𝑎𝑏
𝜅𝑇00 = −1𝑎 (2𝜆 +

3
𝑎) 𝑒2(]−𝜆),

𝜅𝑇01 = 𝑅01,
𝜅𝑇11 = 1𝑎 (

1
𝑎 − 2]) ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒−2(𝑥/𝑎+𝜆) ( 1𝑎2 −

1
𝑎 (] − 𝜆) + 𝛽)

− 𝛼𝑒−2(𝑥/𝑎+]).

(133)

𝑇
𝑇 = −2𝑒−2𝜆 ( 3𝑎2 −

2
𝑎 (] − 𝜆) + 𝛽) + 2𝛼𝑒−2]. (134)

Case 6.

𝑑𝑠2 = 𝑒2](𝑡+𝑥)𝑑𝑡2 − 𝑒2𝜆(𝑡+𝑥)𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 0) (135)

subject to the constraint 𝜓 = 2∫ 𝑒2(𝜆−𝑡/𝑎)𝑑𝑡 = 𝑒2(𝜆−𝑡/𝑎) −
𝑒2(]−𝑡/𝑎).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝛼𝑒2𝜆 − 𝛽𝑒2],
𝑅0202 = 𝑅0303 = −1𝑎 (] −

1
𝑎) 𝑒2𝑡/𝑎,

𝑅0212 = 𝑅0313 = −1𝑎]𝑒2𝑡/𝑎,
𝑅1212 = 𝑅1313 = 1𝑎𝜆𝑒2(𝑡/𝑎−]+𝜆),
𝑅2323 = − 1𝑎2 𝑒2(2𝑡/𝑎−]).

(136)

𝑅𝑖𝑗
𝑅00 = 𝛽𝑒2(]−𝜆) − (𝛼 + 2

𝑎2 −
2
𝑎]) ,

𝑅01 = 2𝑎],
𝑅11 = 𝑒2(𝜆−]) (𝛼 + 2𝑎𝜆) − 𝛽,
𝑅22 = 𝑅33 = 1𝑎 [

2
𝑎 + (𝜆 − ])] 𝑒2(𝑡/𝑎−]).

(137)

𝑅𝑖𝑖
𝑅 = 2𝛽𝑒−2𝜆 − 2𝑒−2] ( 3𝑎2 −

2
𝑎 (] − 𝜆) + 𝛼) . (138)

Table 21: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2𝑏 ̇𝑡
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2 (𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2 (𝑧 − 𝑠�̇�)
Y3 = 𝑠𝜕𝑠 + (1 − 𝑏) 𝑡2𝜕𝑡 +𝑥
2 𝜕𝑥 +

𝑦
2 𝜕𝑦 +

𝑧
2𝜕𝑧

𝑠𝐿− 2(1− 𝑏) (𝑥𝑎)
2𝑏 𝑡 ̇𝑡 + 𝑥�̇� +𝑦 ̇𝑦 + 𝑧�̇�

Table 22: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity:𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2 ( 𝑡𝑎)

2𝑏 �̇�
Y1 = 𝑠𝜕𝑦; 2 (𝑦 − 𝑠 ̇𝑦)𝐴1 = −2𝑦
Y2 = 𝑠𝜕𝑧; 2 (𝑧 − 𝑠�̇�)𝐴2 = −2𝑧
Y3 = 𝑠𝜕𝑠 + 12 (𝑡𝜕𝑡 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) +(1 − 𝑏)
2 𝑥𝜕𝑥

𝑠𝐿 − 𝑡 ̇𝑡 + (1 − 𝑏) ( 𝑡𝑏)
2 𝑥�̇� +

𝑦 ̇𝑦 + 𝑧�̇�

𝑇𝑖𝑗
𝜅𝑇00 = 1𝑎 (2𝜆 +

1
𝑎) ,

𝜅𝑇01 = 𝑅01,
𝜅𝑇11 = 1𝑎 (2] −

3
𝑎) 𝑒2(]−𝜆),

𝜅𝑇22 = 𝜅𝑇33
= 𝛽𝑒2(𝑡/𝑎−𝜆) − 𝑒2(𝑡/𝑎−]) ( 1𝑎2 −

1
𝑎 (] − 𝜆) + 𝛼) .

(139)

𝑇𝑖𝑖
𝑇 = −2𝑒−2𝜆 (] + ]

2 − ]𝜆)
+ 2𝑒−2] ( 3𝑎2 −

2
𝑎 (] − 𝜆) + 𝜆 + 𝜆

2 − ]𝜆) .
(140)

The structure constants of the corresponding Lie algebra for
(129) and (135) are the same as for (122).

4.4. Eight Noether Symmetries. All metrics that appear in
this section admit eight Noether symmetries, out of which
four are given in (7) and four are presented in Tables 21–28,
respectively. In addition, we have also calculated the structure
constants of the associated Lie algebra and the nonzero
components of the relevant tensors.
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Table 23: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 ̇𝑡
Y1 = 𝑠𝜕𝑡; 2 (𝑡 − 𝑠 ̇𝑡)𝐴1 = 2𝑡
Y2 = 12 [𝑠2𝜕𝑠 + 𝑠𝑡𝜕𝑡 + 𝑠𝑥𝜕𝑥]; 1

2 𝑠2𝐿 − 𝑠 (𝑡 ̇𝑡 − 𝑥�̇�) +
1
2 (𝑡2 − 𝑥2)𝐴2 = 12 (𝑡2 − 𝑥2)

Y3 = 𝑠𝜕𝑠 + 12 (𝑡𝜕𝑡 + 𝑥𝜕𝑥) 𝑠𝐿 − 𝑡 ̇𝑡 + 𝑥�̇�

Case 1.

𝑑𝑠2 = (𝑥𝑎)
2𝑏 𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2,

(𝑎 ̸= 0, 𝑏 ̸= 0, 1) .
(141)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶2̂11̂ = 𝐶1̂12̂ = 𝐶30̂1̂ = 𝐶20̂2̂ = 𝐶0̂0̂ 3̂ = 1,
𝐶1̂
1̂ 3̂
= 𝐶2̂
2̂ 3̂
= −12 ,

𝐶2
23̂
= 𝐶3
33̂
= 12 ,

𝐶312 = −1,
𝐶0
03̂
= 1 − 𝑏2 .

(142)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑏 (𝑏 − 1)𝑥2 (𝑥𝑎)

2𝑏 . (143)

𝑅𝑖𝑗
𝑅00 = 𝑏 (𝑏 − 1)𝑥2 (𝑥𝑎)

2𝑏 ,
𝑅11 = 𝑏 (1 − 𝑏)𝑥2 .

(144)

𝑅𝑖𝑖
𝑅 = 2𝑏 (𝑏 − 1)𝑥2 . (145)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = 𝑏 (𝑏 − 1)𝑥2 . (146)

𝑇𝑖𝑖
𝑇 = −2𝑏 (𝑏 − 1)𝑥2 . (147)

Metric (141) is a gravitational wave solution when𝑅𝑖𝑗 → 0
as 𝑥 → ∞ provided 𝑏 < 1 and 𝑏 ̸= 0.
Case 2.

𝑑𝑠2 = 𝑑𝑡2 − ( 𝑡𝑎)
2𝑏 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2,

(𝑏 ̸= 0, 1, 𝑎 ̸= 0) .
(148)

The structure constants of the corresponding Lie algebra
are the same as for (141).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑏 (𝑏 − 1)𝑡2 ( 𝑡𝑎)

2𝑏 . (149)

𝑅𝑖𝑗
𝑅00 = 𝑏 (1 − 𝑏)𝑡2 ,
𝑅11 = 𝑏 (𝑏 − 1)𝑡2 ( 𝑡𝑎)

2𝑏 .
(150)

𝑅𝑖𝑖
𝑅 = −2𝑏 (𝑏 − 1)𝑡2 . (151)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = −𝑏 (𝑏 − 1)𝑡2 . (152)

𝑇𝑖𝑖
𝑇 = 2𝑏 (𝑏 − 1)𝑡2 . (153)

Metric (148) is a gravitational wave solution (𝑅𝑖𝑗 → 0 as𝑡 → ∞) provided 𝑏 < 1 and 𝑏 ̸= 0.
Case 3.

𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) , (𝐾 ̸= 0) . (154)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶00̂1̂ = 𝐶3̂0̂2̂ = 𝐶0̂0̂3̂ = 1,
𝐶312 = 𝐶2̂2̂3̂ = −1,
𝐶1̂
1̂3̂
= −12 .

(155)

𝑅𝑖𝑗𝑘𝑙
𝑅2323 = ( 𝑥𝐾2 )

2 . (156)
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Table 24: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + (𝐾𝑎 )

2 𝑡𝜕𝑦 2 (𝑥𝑎)
2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)

X5 = 𝑧𝜕𝑡 + (𝐾𝑎 )
2 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)
Y1 = 𝑠𝜕𝑠 + 14 (𝑡𝜕𝑡 + 𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) 𝑠𝐿 − 12 [(

𝑥
𝑎)
2 𝑡 ̇𝑡 − (𝑥𝑏 )

2 𝑥�̇� − ( 𝑥𝐾)
2 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 25: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + (𝐾𝑎 )

2 𝑡𝜕𝑦 2 (𝑥𝑎)
2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)

X5 = 𝑧𝜕𝑡 + (𝐾𝑎 )
2 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)
Y1 = 𝑠𝜕𝑠 + 𝑏

2𝑏 + 2 (𝑡𝜕𝑡 +
1
𝑏𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) 𝑠𝐿 − 𝑏

𝑏 + 1 [(
𝑥
𝑎)
2 𝑡 ̇𝑡 − ( 𝑐𝑥)

2𝑏 𝑥
𝑏 �̇� − (

𝑥
𝐾)
2 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 26: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity:𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2𝑏 ̇𝑡
X4 = 𝑦𝜕𝑡 + 𝑡𝜕𝑦 2 (𝑥𝑎)

2𝑏 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)
X5 = 𝑧𝜕𝑡 + 𝑡𝜕𝑧 2 (𝑥𝑎)

2𝑏 (𝑧 ̇𝑡 − 𝑡�̇�)
Y1 = 𝑠𝜕𝑠 +1 − 𝑏
2 (𝑡𝜕𝑡 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧) + 𝑥2 𝜕𝑥

𝑠𝐿 + 𝑥�̇� −
(1 − 𝑏) (𝑥𝑎)

2𝑏 (𝑡 ̇𝑡 − 𝑦 ̇𝑦 − 𝑧�̇�)

Table 27: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity:𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2 ( 𝑡𝑎)

2𝑏 �̇�
X4 = 𝑦𝜕𝑥 − 𝑥𝜕𝑦 2 ( 𝑡𝑎)

2𝑏 (𝑦�̇� − 𝑥 ̇𝑦)
X5 = 𝑧𝜕𝑥 − 𝑥𝜕𝑧 2 ( 𝑡𝑎)

2𝑏 (𝑧�̇� − 𝑥�̇�)
Y1 = 𝑠𝜕𝑠 + 𝑡2𝜕𝑡 +1 − 𝑏
2 (𝑥𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧)

𝑠𝐿 − 𝑡 ̇𝑡 +
(1 − 𝑏) ( 𝑡𝑎)

2𝑏 (𝑥�̇� + 𝑦 ̇𝑦 + 𝑧�̇�)

𝑅𝑖𝑗
𝑅22 = 𝑅33 = − 1𝐾2 . (157)

Table 28: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 ± 𝜕𝑥 2 ( ̇𝑡 ± �̇�)
Y1 = 𝑠 (𝜕𝑡 ± 𝜕𝑥); 2 [𝑠(− ̇𝑡 ± �̇�) + 𝑡 ± 𝑥]𝐴1 = 2 (𝑡 ± 𝑥)
Y2 = 12 (𝑠2𝜕𝑠 + 𝑠𝑡𝜕𝑡 + 𝑠𝑥𝜕𝑥); 1

2 [𝑠2𝐿 − 2𝑠 (𝑡 ̇𝑡 − 𝑥�̇�) − (𝑡2 − 𝑥2)]𝐴1 = 12 (𝑡2 − 𝑥2)
Y3 = 𝑠𝜕𝑠 + 12 (𝑡𝜕𝑡 + 𝑥𝜕𝑥) 𝑠𝐿 − 𝑡 ̇𝑡 + 𝑥�̇�

𝑅𝑖𝑖
𝑅 = 2

𝑥2 . (158)

𝑇𝑖𝑗
𝜅𝑇00 = − 1𝑥2 ,
𝜅𝑇11 = 1

𝑥2 .
(159)

𝑇𝑖𝑖
𝑇 = − 2𝑥2 . (160)

Case 4.

𝑑𝑠2 = (𝑥𝑎)
2 𝑑𝑡2 − (𝑥𝑏 )

2 𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝑏 ̸= 𝐾 ̸= 0) .

(161)
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𝐶𝑘𝑖𝑗
𝐶213 = 𝐶514 = 𝐶025 = 𝐶034 = 𝐶0̂0̂1̂ = 1,
𝐶312 = 𝐶415 = −1,
𝐶304 = 𝐶205 = (𝐾𝑎 )

2 ,
𝐶145 = −(𝐾𝑎 )

2 ,
𝐶0
01̂
= 𝐶2
21̂
= 𝐶3
31̂
= 14 .

(162)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 1

𝑎2 ,

𝑅0202 = 𝑅0303 = −( 𝑏
𝑎𝐾)
2 ,

𝑅1212 = 𝑅1313 = − 1𝐾2 ,

𝑅2323 = ( 𝑏
𝐾2)
2 .

(163)

𝑅𝑖𝑗
𝑅00 = (𝑏𝑎)

2 1
𝑥2 ,

𝑅11 = 3
𝑥2 ,

𝑅22 = 𝑅33 = ( 𝑏𝐾)
2 1
𝑥2 .

(164)

𝑅𝑖𝑖
𝑅 = 0. (165)

𝑇𝑖𝑗
𝜅𝑇00 = (𝑏𝑎)

2 1
𝑥2 ,

𝜅𝑇11 = 3
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = −( 𝑏𝐾)
2 1
𝑥2 .

(166)

𝑇𝑖𝑖
𝑇 = 0. (167)

Metric (161) is a gravitational wave solution (𝑅𝑖𝑗 → 0 as𝑥 → ∞) provided 𝑎, 𝑏, 𝐾 ̸= 0.

Case 5.
(i) 𝑑𝑠2

= (𝑥𝑎)
2 𝑑𝑡2 − (𝑥𝑐 )

2𝑏 𝑑𝑥2

− ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝑎 ̸= 𝑏 ̸= 𝑐 ̸= 𝐾 ̸= 0) .
(ii) 𝑑𝑠2

= (𝑥𝑎)
2 𝑑𝑡2 − ( 𝑐𝑥)

2𝑏 𝑑𝑥2

− ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝑏 ̸= 0, 1, 𝑎 ̸= 𝑐 ̸= 𝐾 ̸= 0) .

(168)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶514 = 𝐶025 = 𝐶034 = 𝐶0̂0̂1̂ = 1,
𝐶312 = 𝐶415 = −1,
𝐶304 = 𝐶205 = (𝐾𝑎 )

2 ,
𝐶145 = −(𝐾𝑎 )

2 ,
𝐶0
01̂
= 𝐶2
21̂
= 𝐶3
31̂
= 𝑏
2𝑏 + 2 .

(169)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0101 = 𝑏
𝑎2 ,

𝑅0202 = 𝑅0303 = −( 𝑥𝑎𝐾)
2 ( 𝑐𝑥)

2𝑏 ,
𝑅1212 = 𝑅1313 = − 𝑏𝐾2 ,
𝑅2323 = ( 𝑥𝐾2 )

2 ( 𝑐𝑥)
2𝑏 .

(170)

For (ii)

𝑅0101 = 𝑏 (𝑥𝑎)
2 ,

𝑅0202 = 𝑅0303 = − 1𝐾2 (
𝑥
𝑎)
2 (𝑥𝑐 )

2𝑏 ,
𝑅1212 = 𝑅1313 = −𝑏 ( 𝑥𝐾)

2 ,
𝑅2323 = ( 𝑥𝐾)

2 (𝑥𝑐 )
2𝑏 .

(171)
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𝑅𝑖𝑗
For (i)

𝑅00 = (2 − 𝑏𝑎2 )(
𝑐
𝑥)
2𝑏 ,

𝑅11 = 3𝑏𝑥2 ,
𝑅22 = 𝑅33 = −(2 − 𝑏𝐾2 )(

𝑐
𝑥)
2𝑏 .

(172)

For (ii)

𝑅00 = (2 − 𝑏𝑥
2

𝑎2 )(𝑥𝑐 )
2𝑏 ,

𝑅11 = 3𝑏,
𝑅22 = 𝑅33 = −(2 − 𝑏𝑥

2

𝐾2 )(𝑥𝑐 )
2𝑏 .

(173)

𝑅𝑖𝑖
For (i)

𝑅 = 6(1 − 𝑏𝑥2 )(
𝑐
𝑥)
2𝑏 . (174)

For (ii)

𝑅 = 6(1 + 𝑏𝑥2 )(
𝑥
𝑐 )
2𝑏 . (175)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = (2𝑏 − 1𝑎2 )( 𝑐𝑥)
2𝑏 ,

𝜅𝑇11 = 3
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = −(2𝑏 − 1𝐾2 )( 𝑐𝑥)
2𝑏 .

(176)

For (ii)

𝜅𝑇00 = (2𝑏𝑥
2 − 1
𝑎2 )(𝑥𝑐 )

2𝑏 ,

𝜅𝑇11 = 3
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = −(2𝑏𝑥
2 − 1
𝑎2 )(𝑥𝑐 )

2𝑏 .

(177)

𝑇𝑖𝑖
For (i)

𝑇 = −6(1 − 𝑏𝑥2 )(
𝑐
𝑥)
2𝑏 . (178)

For (ii)

𝑇 = 6 (𝑏 − 1
𝑥2 )(

𝑥
𝑐 )
2𝑏 . (179)

Metric (168)(i) is a gravitational wave solution (𝑅𝑖𝑗 → 0 as𝑥 → ∞) provided 𝑏 > 0.
Case 6.

𝑑𝑠2 = (𝑥𝑎)
2𝑏 (𝑑𝑡2 − 𝑑𝑦2 − 𝑑𝑧2) − 𝑑𝑥2,

(𝑏 ̸= 0, 1, 𝑎 ̸= 0) .
(180)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶514 = 𝐶304 = 𝐶205 = 𝐶024 = 𝐶034 = 𝐶0̂0̂1̂ = 1,
𝐶312 = 𝐶415 = 𝐶145 = −1,
𝐶0
01̂
= 𝐶2
21̂
= 𝐶3
31̂
= 1 − 𝑏2 .

(181)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = −𝑏 (𝑏 − 1)𝑥2 (𝑥𝑎)

2𝑏 ,

𝑅0202 = 𝑅0303 = ( 𝑏𝑥)
2 (𝑥𝑎)

4𝑏 ,

𝑅1212 = 𝑅1313 = 𝑏 (𝑏 − 1)𝑥2 (𝑥𝑎)
2𝑏 ,

𝑅2323 = ( 𝑏𝑥)
2 (𝑥𝑎)

4𝑏 .

(182)

𝑅𝑖𝑗
𝑅00 = 𝑏 (3𝑏 − 1)𝑥2 (𝑥𝑎)

2𝑏 ,
𝑅11 = 3𝑏 (1 − 𝑏)𝑥2 ,
𝑅22 = 𝑅33 = 𝑏 (1 − 3𝑏)𝑥2 (𝑥𝑎)

2𝑏 .

(183)

𝑅𝑖𝑖
𝑅 = 6𝑏 (2𝑏 − 1)𝑥2 . (184)



24 Advances in Mathematical Physics

𝑇𝑖𝑗
𝜅𝑇00 = 𝑏 (2 − 3𝑏)𝑥2 (𝑥𝑎)

2𝑏 ,

𝜅𝑇11 = 3( 𝑏𝑥)
2 ,

𝜅𝑇22 = 𝜅𝑇33 = 𝑏 (−2 + 3𝑏)𝑥2 (𝑥𝑎)
2𝑏 .

(185)

𝑇𝑖𝑖
𝑇 = −6𝑏 (2𝑏 − 1)𝑥2 . (186)

Metric (180) is a gravitational wave solution (𝑅𝑖𝑗 → 0 as𝑥 → ∞) provided 𝑏 < 1 and 𝑏 ̸= 0.
Case 7.

𝑑𝑠2 = 𝑑𝑡2 − ( 𝑡𝑎)
2𝑏 (𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) ,

(𝑏 ̸= 0, 1, 𝑎 ̸= 0) .
(187)

The structure constants of the corresponding Lie algebra
are the same as for (180).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑅0202 = 𝑅0303 = 𝑏 (𝑏 − 1)𝑡2 ( 𝑡𝑎)

2𝑏 ,

𝑅1212 = 𝑅1313 = 𝑅2323 = −(𝑏𝑡 )
2 ( 𝑡𝑎)

4𝑏 .
(188)

𝑅𝑖𝑗
𝑅00 = 3𝑏 (1 − 𝑏)𝑡2 ,
𝑅11 = 𝑏 (3𝑏 − 1)𝑡2 ( 𝑡𝑎)

2𝑏 ,
𝑅22 = 𝑅33 = 𝑏 (3𝑏 − 1)𝑡2 ( 𝑡𝑎)

2𝑏 .

(189)

𝑅𝑖𝑖
𝑅 = −6𝑏 (2𝑏 − 1)𝑡2 . (190)

𝑇𝑖𝑗
𝜅𝑇00 = 3(𝑏𝑡 )

2 ,

𝜅𝑇11 = 𝑏 (2 − 3𝑏)𝑡2 ( 𝑡𝑎)
2𝑏 ,

𝜅𝑇22 = 𝜅𝑇33 = 𝑏 (2 − 3𝑏)𝑡2 ( 𝑡𝑎)
2𝑏 .

(191)

𝑇𝑖𝑖
𝑇 = 6𝑏 (2𝑏 − 1)𝑡2 . (192)

Metric (187) is a gravitational wave solution when 𝑅𝑖𝑗 → 0 as𝑡 → ∞ provided 𝑏 < 1 and 𝑏 ̸= 0.
Case 8.

(i) 𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − 𝑒𝜇(𝑡±𝑥) (𝑑𝑦2 + 𝑑𝑧2) ,
(ii) 𝑑𝑠2 = 𝑑𝑡2 − 𝑑𝑥2 − ( 𝑡𝑎 ±

𝑥
𝑏 )
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝑎 ̸= 𝑏 ̸= 0) .
(193)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶00̂1̂ = 𝐶3̂0̂ 2̂ = 𝐶0̂0̂ 3̂ = 𝐶1̂02̂ = 1,
𝐶312 = 𝐶2̂2̂ 3̂ = −1,
𝐶1̂
1̂ 3̂
= −12 ,

𝐶0
03̂
= 12 .

(194)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0202 = 𝑅0303 = 𝑅1212 = 𝑅1313 = 𝑒2𝜇(𝑡±𝑥) ( ̈𝜇 + ̇𝜇2) ,
𝑅0212 = 𝑅0313 = 𝑒2𝜇(𝑡±𝑥) ± (�̈� + ̇𝜇2) . (195)

For (ii)

𝑅2323 = 𝑎
2 − 𝑏2
(𝑎4𝑏4) (𝑏𝑡 ± 𝑎𝑥)2 . (196)

𝑅𝑖𝑗
For (i)

𝑅00 = 𝑅11 = −2 ( ̈𝜇 + ̇𝜇2) ,
𝑅01 = ∓2 ( ̈𝜇 + �̇�2) .

(197)

For (ii)

𝑅22 = 𝑅33 = 1
𝑎2 . (198)

𝑅𝑖𝑖
For (i)

𝑅 = 0. (199)
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Table 29: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2](𝑥) ̇𝑡
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2(𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2(𝑧 − 𝑠�̇�)

Table 30: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2𝜆(𝑡)�̇�
Y1 = 𝑠𝜕𝑦; 𝐴1 = −2𝑦 2(𝑦 − 𝑠 ̇𝑦)
Y2 = 𝑠𝜕𝑧; 𝐴2 = −2𝑧 2(𝑧 − 𝑠�̇�)

For (ii)

𝑅 = 2( 𝑏
𝑏𝑡 ± 𝑎𝑥)

2 . (200)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = 𝜅𝑇11 = −2 (�̈� + �̇�2)2 . (201)

For (ii)

𝜅𝑇00 = 𝑏2 − 𝑎2
(𝑏𝑡 ± 𝑎𝑥)2 ,

𝜅𝑇11 = 𝑎2 − 𝑏2
(𝑏𝑡 ± 𝑎𝑥)2 .

(202)

𝑇𝑖𝑖
For (i)

𝑇 = 0. (203)

For (ii)

𝑇 = −2( 𝑏
𝑏𝑡 ± 𝑎𝑥)

2 . (204)

4.5. Seven Noether Symmetries. The Noether symmetries
admitted by the metrics are presented in Tables 29–36,
respectively, along with the minimal set of symmetries which
is given in (7). For each metric, we have calculated the
structure constants of the corresponding Lie algebra and the
nonzero components of the relevant tensors.

Case 1.

𝑑𝑠2 = 𝑒2](𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2,
(] (𝑥) = arbitrary) . (205)

Table 31: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2 ̇𝑡
X4 = 𝑦𝜕𝑡 + (𝐾𝑎 )

2 𝑡𝜕𝑦 −2 (𝑥𝑎)
2 (𝑦 ̇𝑡 − 𝑡 ̇𝑦)

X5 = 𝑧𝜕𝑡 + (𝐾𝑎 )
2 𝑡𝜕𝑧 2 (𝑥𝑎)

2 (𝑧 ̇𝑡 − 𝑡�̇�)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶30̂1̂ = 𝐶20̂2̂ = 1,
𝐶312 = −1.

(206)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = −𝑒2] (] + ]

2) . (207)

𝑅𝑖𝑗
𝑅00 = 𝑒2] (] + ]

2) ,
𝑅11 = − (] + ]

2) .
(208)

𝑅𝑖𝑖
𝑅 = 2 (] + ]

2) . (209)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = ] + ]

2. (210)

𝑇𝑖𝑖
𝑇 = −2 (] + ]

2) . (211)

Case 2.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡)𝑑𝑥2 − 𝑑𝑦2 − 𝑑𝑧2,
(𝜆 (𝑡) = arbitrary) . (212)

The structure constants of the corresponding Lie algebra
are the same as for (205).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑒2𝜆 (�̈� + �̇�2) . (213)

𝑅𝑖𝑗
𝑅00 = − (�̈� + �̇�2) ,
𝑅11 = 𝑒2𝜆 (�̈� + �̇�2) .

(214)
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Table 32: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 ̇𝑡
Y1 = 𝑠𝜕𝑡; 𝐴1 = 2𝑡 2 (𝑡 − 𝑠 ̇𝑡)
Y2 = 𝑠𝜕𝑠 + 12 𝑡𝜕𝑡 +

1
2𝑏 + 2 (𝑥𝜕𝑥 + 𝑏𝑦𝜕𝑦 + 𝑏𝑧𝜕𝑧) 𝑠𝐿 + 1

𝑏 + 1 [(
𝑥
𝑎)
2𝑏 𝑥�̇� + 𝑏 ( 𝑥𝐾)

2 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 33: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2](𝑥) ̇𝑡
X4 = 𝑦𝜕𝑡 + 𝑡𝜕𝑦 2𝑒2](𝑥) (𝑦 ̇𝑡 − 𝑡 ̇𝑦)
X5 = 𝑧𝜕𝑡 + 𝑡𝜕𝑧 2𝑒2](𝑥) (𝑧 ̇𝑡 − 𝑡�̇�)
Table 34: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2𝜆(𝑡)�̇�
X4 = 𝑦𝜕𝑥 − 𝑥𝜕𝑦 2𝑒2𝜆(𝑡) (𝑦�̇� − 𝑥 ̇𝑦)
X5 = 𝑧𝜕𝑥 − 𝑥𝜕𝑧 2𝑒2𝜆(𝑡) (𝑧�̇� − 𝑥�̇�)

𝑅𝑖𝑖
𝑅 = −2 (�̈� + �̇�2) . (215)

𝑇𝑖𝑗
𝜅𝑇22 = 𝜅𝑇33 = − (�̈� + �̇�2) . (216)

𝑇𝑖𝑖
𝑇 = 2 (�̈� + �̇�2) . (217)

Case 3.

𝑑𝑠2 = (𝑥𝑎)
2 𝑑𝑡2 − 𝑒2𝜆(𝑥)𝑑𝑥2 − ( 𝑥𝐾)

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝐾 ̸= 0, 𝜆 (𝑥) = arbitrary) .

(218)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶034 = 𝐶025 = 𝐶514 = 1,
𝐶312 = 𝐶415 = −1,
𝐶145 = −(𝐾𝑎 )

2 ,
𝐶304 = 𝐶205 = (𝐾𝑎 )

2 .

(219)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝜆

𝑥
𝑎2 ,

𝑅0202 = 𝑅0303 = − 1𝐾2 (
𝑥
𝑎)
2 𝑒−2𝜆,

𝑅1212 = 𝑅1313 = −𝜆
𝑥
𝐾2 ,

𝑅2323 = ( 𝑥𝐾2 )
2 𝑒−2𝜆.

(220)

𝑅𝑖𝑗
𝑅00 = (2 − 𝜆

𝑥
𝑎2 ) 𝑒−2𝜆,

𝑅11 = 3𝜆


𝑥 ,
𝑅22 = 𝑅33 = −(2 − 𝜆

𝑥
𝐾2 ) 𝑒−2𝜆.

(221)

𝑅𝑖𝑖
𝑅 = 6(1 − 𝜆𝑥𝑥2 ) 𝑒−2𝜆. (222)

𝑇𝑖𝑗
𝜅𝑇00 = (−1 + 2𝜆

𝑥
𝑎2 ) 𝑒−2𝜆,

𝜅𝑇11 = 3
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = (1 − 2𝜆
𝑥

𝐾2 ) 𝑒−2𝜆.

(223)

𝑇𝑖𝑖
𝑇 = −6(1 − 𝜆𝑥𝑥2 ) 𝑒−2𝜆. (224)

Case 4.

𝑑𝑠2 = 𝑑𝑡2 − (𝑥𝑎)
2𝑏 𝑑𝑥2 − ( 𝑥𝐾)

2 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝐾 ̸= 0, 𝑏 ̸= 0) .

(225)



Advances in Mathematical Physics 27

Table 35: Conserved quantities corresponding to each Noether symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = −𝑎𝜕𝑡 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 2 [𝑎𝑒2](𝑥) ̇𝑡 + 𝑒2(𝑡/𝑎+](𝑥)) (𝑦 ̇𝑦 + 𝑧�̇�)]
X4 = −2𝑦𝑎 𝜕𝑡 + (𝑒−2𝑡/𝑎 +

1
𝑎2 (𝑦2 − 𝑧2)) 𝜕𝑦 +

2
𝑎2 𝑦𝑧𝜕𝑧 2 [2𝑦𝑎 𝑒2](𝑥) ̇𝑡 + 𝑒2(𝑡/𝑎+](𝑥)) {(𝑒−2𝑡/𝑎 +

1
𝑎2 (𝑦2 − 𝑧2)) ̇𝑦 + 2𝑦𝑎2 𝑧�̇�}]

X5 = −𝑎𝑧𝜕𝑡 + 𝑧𝑦𝜕𝑦 + 12 (𝑎2𝑒−2𝑡/𝑎 − 𝑦2 + 𝑧2) 𝜕𝑧 2 [𝑎𝑧𝑒2](𝑥) ̇𝑡 + 𝑒2(𝑡/𝑎+](𝑥)) {𝑧𝑦 ̇𝑦 − 12 (𝑎2𝑒−2𝑡/𝑎 − 𝑦2 + 𝑧2) �̇�}]

Table 36: Conserved quantities corresponding to each Noether symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = −𝑎𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧 2 [𝑎𝑒2𝜆(𝑡)�̇� + 𝑒2(𝑥/𝑎+𝜆(𝑡)) (𝑦 ̇𝑦 + 𝑧�̇�)]
X4 = 2𝑦𝑎 𝜕𝑥 + [𝑒−2𝑥/𝑎 +

1
𝑎2 (−𝑦2 + 𝑧2)] 𝜕𝑦 −

2
𝑎2 𝑦𝑧𝜕𝑧 2 [2𝑦𝑎 𝑒2𝜆(𝑡)�̇� + 𝑒2(𝑥/𝑎+𝜆(𝑡)) ({𝑒−2𝑥/𝑎 +

1
𝑎2 (−𝑦2 + 𝑧2)} ̇𝑦 + 2𝑦𝑎2 𝑧�̇�)]

X5 = −𝑎𝑧𝜕𝑥 + 𝑧𝑦𝜕𝑦 − 12 (𝑎2𝑒−2𝑥/𝑎 + 𝑦2 − 𝑧2) 𝜕𝑧 2 [𝑎𝑧𝑒2𝜆(𝑡)�̇� + 𝑒2(𝑥/𝑎+𝜆(𝑡)) {𝑧𝑦 ̇𝑦 − 12 (𝑎2𝑒−2𝑥/𝑎 + 𝑦2 − 𝑧2) �̇�}]

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶00̂1̂ = 𝐶0̂0̂2̂ = 1,
𝐶312 = −1,
𝐶0
02̂
= 𝐶1̂
1̂2̂
= 12 ,

𝐶2
22̂
= 𝐶3
32̂
= 𝑏
2𝑏 + 2 .

(226)

𝑅𝑖𝑗𝑘𝑙
𝑅1212 = 𝑅1313 = − 𝑏𝐾2 ,

𝑅2323 = 𝑎
2𝑏

𝐾4
1

𝑥2𝑏−2 .
(227)

𝑅𝑖𝑗
𝑅11 = 2𝑏𝑥2 ,

𝑅22 = 𝑅33 = (1 − 𝑏) 𝑎
2𝑏

𝐾2
1
𝑥2𝑏 .

(228)

𝑅𝑖𝑖
𝑅 = 2 (1 − 2𝑏) 𝑎2𝑏𝑥2+2𝑏 . (229)

𝑇𝑖𝑗
𝜅𝑇00 = (2𝑏 − 1) 𝑎

2𝑏

𝑥2+2𝑏 ,
𝜅𝑇11 = 1

𝑥2 ,
𝜅𝑇22 = 𝜅𝑇33 = − 𝑏𝐾2 (

𝑎
𝑥)
2𝑏 .

(230)

𝑇𝑖𝑖
𝑇 = −2 (1 − 2𝑏) 𝑎2𝑏𝑥2+2𝑏 . (231)

Case 5.

𝑑𝑠2 = 𝑒2](𝑥) (𝑑𝑡2 − 𝑑𝑦2 − 𝑑𝑧2) − 𝑑𝑥2,
(] (𝑥) = arbitrary) . (232)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶034 = 𝐶025 = 𝐶514 = 𝐶304 = 𝐶205 = 1,
𝐶312 = 𝐶415 = 𝐶145 = −1.

(233)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = −𝑒2] (] + ]

2) ,
𝑅0202 = 𝑅0303 = −]2𝑒4],
𝑅1212 = 𝑅1313 = 𝑒2𝜇 (] + ]

2) ,
𝑅2323 = ]

2𝑒4].

(234)

𝑅𝑖𝑗
𝑅00 = 𝑅22 = 𝑅33 = 𝑒2] (] + 3]2) ,
𝑅11 = −3 (] + ]

2) .
(235)

𝑅𝑖𝑖
𝑅 = 6 (] + 2]2) . (236)
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𝑇𝑖𝑗
𝜅𝑇00 = −𝑒2] (2] + 3]2) ,
𝜅𝑇11 = 3]2,
𝜅𝑇22 = 𝜅𝑇33 = 𝑒2] (2] + 3]2) .

(237)

𝑇𝑖𝑖
𝑇 = −6 (] + 2]2) . (238)

Case 6.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡) (𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2) ,
(𝜆 (𝑡) = arbitrary) . (239)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶034 = 𝐶025 = 𝐶514 = 𝐶145 = 1,
𝐶312 = 𝐶304 = 𝐶205 = 𝐶415 = −1.

(240)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑅0202 = 𝑅0303 = 𝑒2𝜆 (�̈� + �̇�2) ,
𝑅1212 = 𝑅1313 = 𝑅2323 = −�̇�2𝑒4𝜆.

(241)

𝑅𝑖𝑗
𝑅00 = −3 (�̈� + �̇�2) ,
𝑅11 = 𝑅22 = 𝑅33 = 𝑒2𝜆 (�̈� + 3�̇�2) .

(242)

𝑅𝑖𝑖
𝑅 = −6 (�̈� + 2�̇�2) . (243)

𝑇𝑖𝑗
𝜅𝑇00 = 3�̇�2,
𝜅𝑇11 = 𝜅𝑇22 = 𝜅𝑇33 = −𝑒2𝜆 (2�̈� + 3�̇�2) .

(244)

𝑇𝑖𝑖
𝑇 = 6 (�̈� + 2�̇�2) . (245)

Case 7.

(i) 𝑑𝑠2
= 𝑒2](𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑒2(𝑡/𝑎+](𝑥)) (𝑑𝑦2 + 𝑑𝑧2) ,

(ii) 𝑑𝑠2
= sinh2 (𝑥𝑏 ) 𝑑𝑡2 − 𝑑𝑥2

− 𝑒2𝑡/𝑎sinh2 (𝑥𝑏 ) (𝑑𝑦2 + 𝑑𝑧2) ,
(iii) 𝑑𝑠2

= cosh2 (𝑥𝑏 ) 𝑑𝑡2 − 𝑑𝑥2

− 𝑒2𝑡/𝑎cosh2 (𝑥𝑏 ) (𝑑𝑦2 + 𝑑𝑧2) ,

(246)

where 𝑎 ̸= 0 ̸= 𝑏 and ](𝑥) is an arbitrary function.

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶404 = 𝐶505 = 𝐶135 = 𝐶025 = 1,
𝐶312 = −1,
𝐶514 = 𝐶034 = 2

𝑎2 ,

𝐶415 = 𝐶124 = −𝑎
2

2 .

(247)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0101 = −𝑒2] (] + ]
2) ,

𝑅0202 = 𝑅0303 = 𝑒2(𝑡/𝑎+](𝑥)) ( 1𝑎2 − ]
2𝑒2]) ,

𝑅1212 = 𝑅1313 = 𝑒2] (] + ]
2) ,

𝑅2323 = ]
2𝑒4(𝑡/𝑎+](𝑥)).

(248)

For (ii)

𝑅0101 = − 1𝑏2 sinh2 (
𝑥
𝑏 ) ,

𝑅0202 = 𝑅0303
= 𝑒2𝑡/𝑎sinh2 (𝑥𝑏 ) [

1
𝑎2 −

1
𝑏2 cosh2 (

𝑥
𝑏 )] ,

𝑅1212 = 𝑅1313 = 1
𝑏2 𝑒2𝑡/𝑎sinh2 (

𝑥
𝑏 ) ,

𝑅2323 = 𝑒4𝑡/𝑎sinh2 (𝑥𝑏 ) [−
1
𝑎2 +

1
𝑏2 cosh2 (

𝑥
𝑏 )] .

(249)
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For (iii)

𝑅0101 = − 1𝑏2 cosh2 (
𝑥
𝑏 ) ,

𝑅0202 = 𝑅0303
= 𝑒2𝑡/𝑎cosh2 (𝑥𝑏 ) [

1
𝑎2 −

1
𝑏2 sinh2 (

𝑥
𝑏 )] ,

𝑅1212 = 𝑅1313 = 1
𝑏2 𝑒2𝑡/𝑎cosh2 (

𝑥
𝑏 ) ,

𝑅2323 = 𝑒4𝑡/𝑎cosh2 (𝑥𝑏 ) [−
1
𝑎2 +

1
𝑏2 sinh2 (

𝑥
𝑏 )] .

(250)

𝑅𝑖𝑗
For (i)

𝑅00 = 𝑒2] (] + 3]2) ,
𝑅11 = −3 (] + ]

2) ,
𝑅22 = 𝑅33 = 𝑒2(𝑡/𝑎+](𝑥)) (] + 3]2) .

(251)

For (ii)

𝑅00 = 1
𝑏2 [sinh2 (

𝑥
𝑏 ) + 2 cosh2 (

𝑥
𝑏 )] −

2
𝑎2 ,

𝑅11 = − 3𝑏2 ,
𝑅22 = 𝑅33

= 𝑒2𝑡/𝑎 [ 2𝑎2 −
1
𝑏2 {sinh2 (

𝑥
𝑏 ) + 2 cosh2 (

𝑥
𝑏 )}] .

(252)

For (iii)

𝑅00 = 1
𝑏2 [2 sinh2 (

𝑥
𝑏 ) + cosh2 (𝑥𝑏 )] −

2
𝑎2 ,

𝑅11 = − 3𝑏2 ,
𝑅22 = 𝑅33

= 𝑒2𝑡/𝑎 [ 2𝑎2 −
1
𝑏2 {2 sinh2 (

𝑥
𝑏 ) + cosh2 (𝑥𝑏 )}] .

(253)

𝑅𝑖𝑖
For (i)

𝑅 = 6 (] + 2]2) − 6
𝑎2 𝑒−2]. (254)

For (ii)

𝑅 = 6
𝑏2 [1 + 2 coth2 (

𝑥
𝑏 )] −

6
𝑎2 csch2 (

𝑥
𝑏 ) . (255)

For (iii)

𝑅 = 6
𝑏2 [1 + 2 tanh2 (

𝑥
𝑏 )] −

6
𝑎2 sech2 (

𝑥
𝑏 ) . (256)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = −𝑒2] (2] + 3]2) + 1
𝑎2 ,

𝜅𝑇11 = 3 (− 1𝑎2 𝑒−2] + ]
2) ,

𝜅𝑇22 = 𝜅𝑇33 = 𝑒2𝑡/𝑎 (− 1𝑎2 + 𝑒2] (2] + 3]
2)) .

(257)

For (ii)

𝜅𝑇00 = 1
𝑎2 −

1
𝑏2 [2 sinh2 (

𝑥
𝑏 ) + cosh2 (𝑥𝑏 )] ,

𝜅𝑇11 = 3 [ 1𝑏2 coth2 (
𝑥
𝑏 ) −

1
𝑎2 csch2 (

𝑥
𝑏 )] ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒2𝑡/𝑎 [ 2𝑏2 sinh2 (

𝑥
𝑏 ) +

1
𝑏2 cosh2 (

𝑥
𝑏 ) −

1
𝑎2 ] .

(258)

For (iii)

𝜅𝑇00 = 1
𝑎2 −

1
𝑏2 [sinh2 (

𝑥
𝑏 ) + 2 cosh2 (

𝑥
𝑏 )] ,

𝜅𝑇11 = 3 [ 1𝑏2 tanh2 (
𝑥
𝑏 ) −

1
𝑎2 sech2 (

𝑥
𝑏 )] ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒2𝑡/𝑎 [ 2𝑏2 cosh2 (

𝑥
𝑏 ) +

1
𝑏2 sinh2 (

𝑥
𝑏 ) −

1
𝑎2 ] .

(259)

𝑇𝑖𝑖
For (i)

𝑇 = −6 (] + 2]2) + 6
𝑎2 𝑒−2]. (260)

For (ii)

𝑇 = − 6𝑏2 [1 + 2 coth2 (
𝑥
𝑏 )] −

6
𝑎2 csch2 (

𝑥
𝑏 ) . (261)

For (iii)

𝑇 = − 6𝑏2 [1 + 2 tanh2 (
𝑥
𝑏 )] +

6
𝑎2 sech2 (

𝑥
𝑏 ) . (262)
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Case 8.

(i) 𝑑𝑠2
= 𝑑𝑡2 − 𝑒2𝜆(𝑡)𝑑𝑥2 − 𝑒2(𝑥/𝑎+𝜆(𝑡)) (𝑑𝑦2 + 𝑑𝑧2) ,

(ii) 𝑑𝑠2
= 𝑑𝑡2 − sinh2 ( 𝑡𝑏) 𝑑𝑥2

− 𝑒2𝑥/𝑎sinh2 ( 𝑡𝑏) (𝑑𝑦2 + 𝑑𝑧2) ,
(iii) 𝑑𝑠2

= 𝑑𝑡2 − cosh2 ( 𝑡𝑏) 𝑑𝑥2

− 𝑒2𝑥/𝑎cosh2 ( 𝑡𝑏) (𝑑𝑦2 + 𝑑𝑧2) ,

(263)

where 𝑎 ̸= 0 ̸= 𝑏 and 𝜆(𝑡) is an arbitrary function.

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶404 = 𝐶505 = 𝐶135 = 𝐶025 = 1,
𝐶312 = −1,
𝐶514 = 𝐶034 = − 2𝑎2 ,

𝐶415 = 𝐶124 = 𝑎
2

2 .

(264)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0101 = 𝑒2𝜆 (�̈� + �̇�2) ,
𝑅0202 = 𝑅0303 = (�̈� + �̇�2) 𝑒2(𝑥/𝑎+𝜆),
𝑅1212 = 𝑅1313 = ( 1𝑎2 − �̇�2𝑒2𝜆) 𝑒2(𝜆+𝑥/𝑎),
𝑅2323 = ( 1𝑎2 𝑒−2𝜆 − �̇�2) 𝑒4(𝜆+𝑥/𝑎).

(265)

For (ii)

𝑅0101 = 1
𝑏2 sinh2 (

𝑡
𝑏) ,

𝑅0202 = 𝑅0303 = 1
𝑏2 𝑒2𝑥/𝑎sinh2 (

𝑡
𝑏) ,

𝑅1212 = 𝑅1313
= 𝑒2𝑥/𝑎sinh2 ( 𝑡𝑏) [

1
𝑎2 −

1
𝑏2 cosh2 (

𝑡
𝑏)] ,

𝑅2323 = 𝑒4𝑥/𝑎sinh2 ( 𝑡𝑏) [
1
𝑎2 −

1
𝑏2 cosh2 (

𝑡
𝑏)] .

(266)

For (iii)

𝑅0101 = 1
𝑏2 cosh2 (

𝑡
𝑏) ,

𝑅0202 = 𝑅0303 = 1
𝑏2 𝑒2𝑥/𝑎cosh2 (

𝑡
𝑏) ,

𝑅1212 = 𝑅1313
= 𝑒2𝑥/𝑎cosh2 ( 𝑡𝑏) (

1
𝑎2 −

1
𝑏2 sinh2 (

𝑡
𝑏)) ,

𝑅2323 = 𝑒4𝑥/𝑎cosh2 ( 𝑡𝑏) (
1
𝑎2 −

1
𝑏2 sinh2 (

𝑡
𝑏)) .

(267)

𝑅𝑖𝑗
For (i)

𝑅00 = −3 (�̈� + �̇�2) ,
𝑅11 = 𝑒2𝜆 (�̈� + 3�̇�2) ,
𝑅22 = 𝑅33 = −𝑒2𝑥/𝑎 [𝑒2𝜆 (�̈� + �̇�2) − 2

𝑎2 ] .
(268)

For (ii)

𝑅00 = − 3𝑏2 ,
𝑅11 = 1

𝑏2 [sinh2 (
𝑡
𝑏) + 2 cosh2 (

𝑡
𝑏)] −

2
𝑎2 ,

𝑅22 = 𝑅33
= 𝑒2𝑥/𝑎 [− 2𝑎2 sinh2 (

𝑡
𝑏) +

1
𝑏2 {1 + 2 coth2 (

𝑡
𝑏)}] .

(269)

For (iii)

𝑅00 = − 3𝑏2 ,
𝑅11 = 1

𝑏2 [cosh2 (
𝑡
𝑏) + 2 sinh2 (

𝑡
𝑏)] −

2
𝑎2 ,

𝑅22 = 𝑅33
= 𝑒2𝑥/𝑎 [ 2𝑏2 sinh2 (

𝑡
𝑏) +

1
𝑏2 cosh2 (

𝑡
𝑏) −

1
𝑎2 ] .

(270)

𝑅𝑖𝑖
For (i)

𝑅 = 6
𝑎2 𝑒−2𝜆 − 6 (�̈� + 2�̇�2) . (271)

For (ii)

𝑅 = 6
𝑎2 csch2 (

𝑡
𝑏) −

6
𝑏2 [1 + 2 coth2 (

𝑡
𝑏)] . (272)
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For (iii)

𝑅 = 6
𝑎2 sech2 (

𝑡
𝑏) −

6
𝑏2 [1 + tanh2 ( 𝑡𝑏)] . (273)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = 3 (− 1𝑎2 𝑒−2𝜆 + �̇�2) ,
𝜅𝑇11 = 1

𝑎2 − (2�̈� + 3�̇�2) 𝑒2𝜆,
𝜅𝑇22 = 𝜅𝑇33 = [ 1𝑎2 𝑒−2𝜆 − (2�̈� + 3�̇�2)] 𝑒2(𝜆+𝑥/𝑎).

(274)

For (ii)

𝜅𝑇00 = 3 [ 1𝑏2 coth2 (
𝑡
𝑏) −

1
𝑎2 csch2 (

𝑡
𝑏)] ,

𝜅𝑇11 = 1
𝑎2 − [sinh2 (

𝑡
𝑏) +

1
𝑏2 cosh2 (

𝑥
𝑏 )] ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒2𝑥/𝑎 [ 1𝑎2 −

2
𝑏2 sinh2 (

𝑡
𝑏) −

1
𝑏2 cosh2 (

𝑡
𝑏)] .

(275)

For (iii)

𝜅𝑇00 = 3 [ 1𝑏2 tanh2 (
𝑡
𝑏) −

1
𝑎2 sech2 (

𝑡
𝑏)] ,

𝜅𝑇11 = 1
𝑎2 −

1
𝑏2 [sinh2 (

𝑡
𝑏) + 2 cosh2 (

𝑥
𝑏 )] ,

𝜅𝑇22 = 𝜅𝑇33
= 𝑒2𝑥/𝑎 [ 1𝑎2 −

2
𝑏2 cosh2 (

𝑡
𝑏) −

1
𝑏2 sinh2 (

𝑡
𝑏)] .

(276)

𝑇𝑖𝑖
For (i)

𝑇 = − 6𝑎2 𝑒−2𝜆 + 6 (�̈� + 2�̇�2) . (277)

For (ii)

𝑇 = − 6𝑎2 csch2 (
𝑡
𝑏) +

6
𝑏2 [1 + 2 coth2 (

𝑡
𝑏)] . (278)

For (iii)

𝑇 = − 6𝑎2 sech2 (
𝑡
𝑏) +

6
𝑏2 [1 + tanh2 ( 𝑡𝑏)] . (279)

Table 37: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge term:𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 ̇𝑡
Y1 = 𝑠𝜕𝑡; 𝐴1 = 2𝑡 2 (𝑡 − 𝑠 ̇𝑡)
Table 38: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2𝑏 ̇𝑡
X4 = −𝑏𝑡𝜕𝑡 +𝑥𝜕𝑥 −𝑦𝜕𝑦 − 𝑧𝜕𝑧 2 [𝑏 (𝑥𝑎)

2𝑏 𝑡 ̇𝑡 + ( 𝑐𝑥)
2 𝑥�̇� − ( 𝑥𝐾)

2 (𝑦 ̇𝑦 + 𝑧�̇�)]

4.6. Six Noether Symmetries. In this section, metrics admit
six Noether symmetries. Four of them are given in (7) and the
rest of the symmetries along with their conserved quantities
are given in Tables 37–43. Also, the structure constants of the
corresponding Lie algebra and the nonzero components of
the relevant tensors are calculated for each metric.

Case 1.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑥)𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝐾 ̸= 0, 𝜆 (𝑥) = arbitrary) .
(280)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶00̂1̂ = 1,
𝐶312 = −1.

(281)

𝑅𝑖𝑗𝑘𝑙
𝑅2323 = ( 𝑥𝐾2 )

2 𝑒−2𝜆. (282)

𝑅𝑖𝑗
𝑅22 = 𝑅33 = −1 − 𝜆

𝑥
𝐾2 𝑒−2𝜆. (283)

𝑅𝑖𝑖
𝑅 = 2(1 − 2𝜆𝑥𝑥2 ) 𝑒−2𝜆. (284)

𝑇𝑖𝑗
𝜅𝑇00 = −1 − 2𝜆

𝑥
𝑥2 𝑒−2𝜆,

𝜅𝑇11 = 1
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = −𝜆
𝑥
𝐾2 𝑒−2𝜆.

(285)
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Table 39: Conserved quantities corresponding to each Noether symmetry.

Generator; gauge term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2 (𝑥𝑎)

2𝑏 ̇𝑡
Y1 = 𝑠𝜕𝑠 + 1

2𝑑 − 2 [(𝑏 + 𝑑 − 1) 𝑡𝜕𝑡 − 𝑥𝜕𝑥 + 𝑑 (𝑦𝜕𝑦 + 𝑧𝜕𝑧)] 𝑠𝐿 − 1
𝑑 − 1 [(𝑏 + 𝑑 − 1) (

𝑥
𝑎)
2𝑏 𝑡 ̇𝑡 − ( 𝑐𝑥)

2𝑑 𝑥�̇� + 𝑑 ( 𝑥𝐾)
2 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 40: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2𝑥/𝑎 ̇𝑡
X4 = 𝜕𝑥 − 1𝑎 𝑡𝜕𝑡 −1
𝑏 (𝑦𝜕𝑦 + 𝑧𝜕𝑧)

2 [ 1𝑎𝑒2𝑥/𝑎𝑡 ̇𝑡 + �̇� −
1
𝑏 𝑒2𝑥/𝑏 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 41: Conserved quantities corresponding to each Noether
symmetry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2𝑡/𝑏�̇�
X4 = 𝜕𝑡 − 1𝑏𝑥𝜕𝑥 −1
𝑎 (𝑦𝜕𝑦 + 𝑧𝜕𝑧)

2 [− ̇𝑡 + 1𝑏 𝑒2𝑥/𝑏𝑥�̇� −
1
𝑎𝑒2𝑥/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�)]

Table 42: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge
term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
Y1 = 12 (𝑠2𝜕𝑠 + 𝑠𝑡𝜕𝑡);
𝐴1 = 12 𝑡2

1
2 𝑠2𝐿 − 𝑠𝑡 ̇𝑡 +

1
2 𝑡2

Y2 = 𝑠𝜕𝑠 + 12 𝑡𝜕𝑡 𝑠𝐿 − 𝑡 ̇𝑡

Table 43: Conserved quantities corresponding to each Noether
symmetry.

Generator; gauge
term: 𝐴(𝑠, 𝑞𝑖) Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
Y1 = 12 (𝑠2𝜕𝑠 + 𝑠𝑥𝜕𝑥); 1

2 𝑠2𝐿 + 𝑠𝑥�̇� −
1
2𝑥2𝐴1 = −12𝑥2

Y2 = 𝑠𝜕𝑠 + 12𝑥𝜕𝑥 𝑠𝐿 + 𝑥�̇�

𝑇𝑖𝑖

𝑇 = −21 − 2𝜆𝑥𝑥2 𝑒−2𝜆. (286)

Case 2.

𝑑𝑠2 = (𝑥𝑎)
2𝑏 𝑑𝑡2 − ( 𝑐𝑥)

2 𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝑏 ̸= 0, 1, 𝑎 ̸= 𝑐 ̸= 𝐾 ̸= 0) .
(287)

𝐶𝑘𝑖𝑗
𝐶213 = 1,
𝐶004 = −𝑏,
𝐶312 = 𝐶224 = 𝐶334 = −1.

(288)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑏(1 + 1 − 𝑏𝑥2 )(

𝑥
𝑎)
2𝑏 ,

𝑅0202 = 𝑅0303 = − 𝑏𝐾2 (
𝑥
𝑎)
2𝑏 (𝑥𝑐 )

2 ,
𝑅1212 = 𝑅1313 = − 𝑥𝐾2 ,
𝑅2323 = 1

𝑐2 (
𝑥
𝐾)
4 .

(289)

𝑅𝑖𝑗
𝑅00 = 𝑏 (1 + 𝑏)𝑐2 (𝑥𝑎)

2𝑏 ,
𝑅11 = 2 + 𝑏 + 𝑏 (1 + 𝑏)𝑥2 ,

𝑅22 = 𝑅33 = 1 + 𝑏 − 𝑥
2

𝑐2 ( 𝑥𝐾)
2 .

(290)

𝑅𝑖𝑖
𝑅 = 2(1 + 𝑏 + 𝑏2𝑥2 − 2 − 𝑏)(𝑥𝑐 )

2 . (291)

𝑇𝑖𝑗
𝜅𝑇00 = (2 − 1

𝑥2 )(
𝑥
𝑐 )
2 (𝑥𝑎)

2𝑏 ,
𝜅𝑇11 = (1 + 2𝑏) 1𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = −(1 + 𝑏 − 𝑏
2

𝑥2)(
𝑥
𝑐 )
2 ( 𝑥𝐾)

2 .
(292)
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𝑇𝑖𝑖
𝑇 = −2(1 + 𝑏 + 𝑏2𝑥2 − 2 − 𝑏)(𝑥𝑐 )

2 . (293)

Case 3.

𝑑𝑠2 = (𝑥𝑎)
2𝑏 𝑑𝑡2 − ( 𝑐𝑥)

2𝑑 𝑑𝑥2

− ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(𝑏 ̸= 0, 1, 𝑑 ̸= 0, 𝑎 ̸= 𝑐 ̸= 𝐾 ̸= 0) .

(294)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶0̂0̂1̂ = 1,
𝐶312 = −1,
𝐶0
01̂
= 𝑏 + 𝑑 − 12𝑑 − 2 ,

𝐶2
21̂
= 𝐶3
31̂
= 𝑑
2𝑑 − 2 .

(295)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 𝑏(1 − 𝑏𝑥2 − 𝑑)(𝑥𝑎)

2𝑏 ,

𝑅0202 = 𝑅0303 = − 𝑏𝐾2 (
𝑥
𝑎)
2𝑏 (𝑥𝑐 )

2𝑑 ,
𝑅1212 = 𝑅1313 = −𝑑( 𝑥𝐾)

2 ,
𝑅2323 = ( 𝑥𝐾2 )

2 (𝑥𝑐 )
2𝑑 .

(296)

𝑅𝑖𝑗
𝑅00 = 𝑏(1 + 𝑏𝑥2 − 𝑑)(𝑥𝑎)

2𝑏 (𝑥𝑐 )
2𝑑 ,

𝑅11 = 2𝑑 + 𝑏𝑑 + 𝑏 (1 − 𝑏)𝑥2 ,
𝑅22 = 𝑅33 = (1 + 𝑏𝑥2 − 𝑑)( 𝑥𝐾)

2 (𝑥𝑐 )
2𝑑 .

(297)

𝑅𝑖𝑖
𝑅 = 2(1 + 𝑏 + 𝑏2𝑥2 − 2𝑑 − 𝑏𝑑)(𝑥𝑐 )

2𝑑 . (298)

𝑇𝑖𝑗
𝜅𝑇00 = (2𝑑 − 1

𝑥2 )(
𝑥
𝑐 )
2𝑑 (𝑥𝑎)

2𝑏 ,
𝜅𝑇11 = (1 + 2𝑏) 1𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33 = [−𝑑 (1 + 𝑏) + 𝑏
2

𝑥2](
𝑥
𝑐 )
2𝑑 ( 𝑥𝐾)

2 .
(299)

𝑇𝑖𝑖
𝑇 = −2(1 + 𝑏 + 𝑏2𝑥2 − 2𝑑 − 𝑏𝑑)(𝑥𝑐 )

2𝑑 . (300)

Case 4.

𝑑𝑠2 = 𝑒2𝑥/𝑎𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑥/𝑏 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝑏 ̸= 0) . (301)

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = − 1𝑎2 𝑒2𝑥/𝑎,
𝑅0202 = 𝑅0303 = − 1𝑎𝑏𝑒2𝑥/𝑎+2𝑥/𝑏,
𝑅1212 = 𝑅1313 = 1

𝑏2 𝑒2𝑥/𝑏,
𝑅2323 = 1

𝑏2 𝑒4𝑥/𝑏.

(302)

𝑅𝑖𝑗
𝑅00 = 1𝑎 (

1
𝑎 +

2
𝑏) 𝑒2𝑥/𝑎,

𝑅11 = −( 1𝑎2 +
2
𝑏2 ) ,

𝑅22 = 𝑅33 = 1𝑏 (
1
𝑎 +

2
𝑏) 𝑒2𝑥/𝑏.

(303)

𝑅𝑖𝑖
𝑅 = 2 ( 1𝑎2 +

2
𝑎𝑏 +

3
𝑏2 ) . (304)

𝐶𝑘𝑖𝑗
𝐶213 = 1,
𝐶312 = −1,
𝐶004 = 𝐶224 = 𝐶334 = −1𝑎 .

(305)
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𝑇𝑖𝑗
𝜅𝑇00 = − 3𝑏2 𝑒2𝑥/𝑎,
𝜅𝑇11 = 1𝑏 (

1
𝑎 +

2
𝑏) ,

𝜅𝑇22 = 𝜅𝑇33 = ( 1𝑎2 +
1
𝑎𝑏 +

1
𝑏2 ) 𝑒2𝑥/𝑏.

(306)

𝑇𝑖𝑖
𝑇 = −2 ( 1𝑎2 +

2
𝑎𝑏 +

3
𝑏2 ) . (307)

Case 5.

𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝑡/𝑏𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑑𝑦2 + 𝑑𝑧2) ,
(𝑎 ̸= 𝑏 ̸= 0) . (308)

The structure constants of the corresponding Lie algebra
are the same as for (301).

𝑅𝑖𝑗𝑘𝑙
𝑅0101 = 1

𝑏2 𝑒2𝑡/𝑏,
𝑅0202 = 𝑅0303 = 1

𝑎2 𝑒2𝑡/𝑎,
𝑅1212 = 𝑅1313 = − 1𝑎𝑏𝑒2𝑡/𝑎+2𝑡/𝑏,
𝑅2323 = − 1𝑎2 𝑒4𝑡/𝑎.

(309)

𝑅𝑖𝑗
𝑅00 = −( 2𝑎2 +

1
𝑏2 ) ,

𝑅11 = 1𝑏 (
2
𝑎 +

1
𝑏) 𝑒2𝑡/𝑏,

𝑅22 = 𝑅33 = 1𝑎 (
2
𝑎 +

1
𝑏) 𝑒2𝑡/𝑎.

(310)

𝑅𝑖𝑖
𝑅 = −2 ( 3𝑎2 +

2
𝑎𝑏 +

1
𝑏2 ) . (311)

𝑇𝑖𝑗
𝜅𝑇00 = 1𝑎 (

1
𝑎 +

2
𝑏) ,

𝜅𝑇11 = − 3𝑎2 𝑒2𝑡/𝑏,
𝜅𝑇22 = 𝜅𝑇33 = −( 1𝑎2 +

1
𝑎𝑏 +

1
𝑏2 ) 𝑒2𝑡/𝑎.

(312)

𝑇𝑖𝑖
𝑇 = 2 ( 3𝑎2 +

2
𝑎𝑏 +

1
𝑏2 ) . (313)

Case 6.

(i) 𝑑𝑠2
= 𝑑𝑡2

− ( 𝑡𝑎)
2 [𝑑𝑥2 + sinh2 (𝑥𝑏 ) (𝑑𝑦2 + 𝑑𝑧2)] ,

(ii) 𝑑𝑠2
= 𝑑𝑡2

− ( 𝑡𝑎)
2 [𝑑𝑥2 + cosh2 (𝑥𝑏 ) (𝑑𝑦2 + 𝑑𝑧2)] ,

(𝑎 ̸= 𝑏 ̸= 0) .

(314)

𝐶𝑘𝑖𝑗
𝐶213 = 𝐶2̂0̂1̂ = 𝐶0̂0̂2̂ = 1,
𝐶312 = 𝐶1̂1̂2̂ = −1.

(315)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅1212 = 𝑅1313 = ( 1𝑏2 −
1
𝑎2 )(

𝑡
𝑎)
2

sinh2 (𝑥𝑏 ) ,
𝑅2323 = ( 𝑡𝑎)

2

sinh2 (𝑥𝑏 )
⋅ [ 1𝑏2 cosh2 (

𝑥
𝑏 ) −

1
𝑎2 sinh2 (

𝑥
𝑏 )] .

(316)

For (ii)

𝑅1212 = 𝑅1313 = ( 1𝑏2 −
1
𝑎2 )(

𝑡
𝑎)
2

cosh2 (𝑥𝑏 ) ,
𝑅2323 = ( 𝑡𝑎)

2

cosh2 (𝑥𝑏 )
⋅ [ 1𝑏2 sinh2 (

𝑥
𝑏 ) −

1
𝑎2 cosh2 (

𝑥
𝑏 )] .

(317)

𝑅𝑖𝑗
For (i)

𝑅11 = 2 ( 1𝑎2 −
1
𝑏2 ) ,

𝑅22 = 𝑅33 = ( 2𝑎2 −
1
𝑏2 ) sinh2 (

𝑥
𝑏 ) −

1
𝑏2 cosh2 (

𝑥
𝑏 ) .

(318)
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For (ii)

𝑅11 = 2 ( 1𝑎2 −
1
𝑏2 ) ,

𝑅22 = 𝑅33 = ( 2𝑎2 −
1
𝑏2 ) cosh2 (

𝑥
𝑏 ) +

1
𝑏2 sinh2 (

𝑥
𝑏 ) .

(319)

𝑅𝑖𝑖
For (i)

𝑅 = (𝑎𝑡 )
2 [ 2𝑏2 {2 + coth2 (𝑥𝑏 )} −

6
𝑎2 ] . (320)

For (ii)

𝑅 = (𝑎𝑡 )
2 [ 2𝑏2 {2 + tanh2 (𝑥𝑏 )} −

6
𝑎2 ] . (321)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = 1
𝑡2 [3 − (

𝑎
𝑏)
2 {2 + coth2 (𝑥𝑏 )}] ,

𝜅𝑇11 = − 1𝑎2 +
1
𝑏2 coth2 (

𝑥
𝑏 ) ,

𝜅𝑇22 = 𝜅𝑇33 = ( 1𝑏2 −
1
𝑎2 ) sinh2 (

𝑥
𝑏 ) .

(322)

For (ii)

𝜅𝑇00 = 1
𝑡2 [3 − (

𝑎
𝑏)
2 {2 + tanh2 (𝑥𝑏 )}] ,

𝜅𝑇11 = − 1𝑎2 +
1
𝑏2 tanh2 (

𝑥
𝑏 ) ,

𝜅𝑇22 = 𝜅𝑇33 = ( 1𝑏2 −
1
𝑎2 ) cosh2 (

𝑥
𝑏 ) .

(323)

𝑇𝑖𝑖
For (i)

𝑇 = −(𝑎𝑡 )
2 [ 2𝑏2 {2 + coth2 (𝑥𝑏 )} −

6
𝑎2 ] . (324)

For (ii)

𝑇 = −(𝑎𝑡 )
2 [ 2𝑏2 {2 + tanh2 (𝑥𝑏 )} −

6
𝑎2 ] . (325)

Case 7.
(i) 𝑑𝑠2

= (𝑥𝑎)
2 [𝑑𝑡2 − sinh2 ( 𝑡𝑏) (𝑑𝑦2 + 𝑑𝑧2)]

− 𝑑𝑥2,
(ii) 𝑑𝑠2

= (𝑥𝑎)
2 [𝑑𝑡2 − cosh2 ( 𝑡𝑏) (𝑑𝑦2 + 𝑑𝑧2)]

− 𝑑𝑥2, (𝑎 ̸= 𝑏 ̸= 0) .

(326)

The structure constants of the corresponding Lie algebra
are the same as for (314).

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0202 = 𝑅0303 = ( 1𝑏2 −
1
𝑎2 )(

𝑥
𝑎)
2

sinh2 ( 𝑡𝑏) ,
𝑅2323 = (𝑥𝑎)

2

sinh2 ( 𝑡𝑏)
⋅ [ 1𝑎2 sinh2 (

𝑡
𝑏) −

1
𝑏2 cosh2 (

𝑡
𝑏)] .

(327)

For (ii)

𝑅0202 = 𝑅0303 = ( 1𝑏2 −
1
𝑎2 )(

𝑥
𝑎)
2

cosh2 ( 𝑡𝑏) ,
𝑅2323 = (𝑥𝑎)

2

cosh2 ( 𝑡𝑏)
⋅ [ 1𝑎2 cosh2 (

𝑡
𝑏) −

1
𝑏2 sinh2 (

𝑡
𝑏)] .

(328)

𝑅𝑖𝑗
For (i)

𝑅00 = 2 ( 1𝑎2 −
1
𝑏2 ) ,

𝑅22 = 𝑅33 = ( 1𝑏2 −
2
𝑎2 ) sinh2 (

𝑡
𝑏) +

1
𝑏2 cosh2 (

𝑡
𝑏) .

(329)

For (ii)

𝑅00 = 2 ( 1𝑎2 −
1
𝑏2 ) ,

𝑅22 = 𝑅33 = ( 1𝑏2 −
2
𝑎2 ) cosh2 (

𝑡
𝑏) +

1
𝑏2 sinh2 (

𝑡
𝑏) .

(330)

𝑅𝑖𝑖
For (i)

𝑅 = (𝑎𝑥)
2 [ 6𝑎2 −

2
𝑏2 {2 + coth2 ( 𝑡𝑏)}] . (331)

For (ii)

𝑅 = (𝑎𝑥)
2 [ 6𝑎2 −

2
𝑏2 {2 + tanh2 ( 𝑡𝑏)}] . (332)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = − 1𝑎2 +
1
𝑏2 coth2 (

𝑡
𝑏) ,

𝜅𝑇11 = 1
𝑥2 [3 − (

𝑎
𝑏)
2 {2 + coth2 ( 𝑡𝑏)}] ,

𝜅𝑇22 = 𝜅𝑇33 = ( 1𝑎2 −
1
𝑏2 ) sinh2 (

𝑡
𝑏) .

(333)
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Table 44: Conserved quantity corresponding to the Noether sym-
metry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑡 −2𝑒2](𝑥) ̇𝑡
Table 45: Conserved quantity corresponding to the Noether sym-
metry.

Generator Conserved quantity: 𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
X0 = 𝜕𝑥 2𝑒2](𝑡,𝑥)�̇�

For (ii)

𝜅𝑇00 = − 1𝑎2 +
1
𝑏2 tanh2 (

𝑡
𝑏) ,

𝜅𝑇11 = 1
𝑥2 [3 − (

𝑎
𝑏)
2 {2 + tanh2 ( 𝑡𝑏)}] ,

𝜅𝑇22 = 𝜅𝑇33 = ( 1𝑎2 −
1
𝑏2 ) cosh2 (

𝑡
𝑏) .

(334)

𝑇𝑖𝑖
For (i)

𝑇 = −(𝑎𝑥)
2 [ 6𝑎2 −

2
𝑏2 {2 + coth2 ( 𝑡𝑏)}] . (335)

For (ii)

𝑇 = −(𝑎𝑥)
2 [ 6𝑎2 −

2
𝑏2 {2 + tanh2 ( 𝑡𝑏)}] . (336)

4.7. Five Noether Symmetries. In this section, we present the
metrics that admit five Noether symmetries, out of which
four symmetries (minimal set) are given in (7) and the fifth
generator along with its conserved form is given in Tables
44–46, respectively. The structure constants of the associated
Lie algebra and the nonzero components of relevant tensors
are also calculated.

Case 1.

(i) 𝑑𝑠2

= 𝑒2](𝑥)𝑑𝑡2 − 𝑒2𝜆(𝑥)𝑑𝑥2 − ( 𝑥𝐾)
2 (𝑑𝑦2 + 𝑑𝑧2) ,

(ii) 𝑑𝑠2 = 𝑒2](𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝜇(𝑥) (𝑑𝑦2 + 𝑑𝑧2) ,
(iii) 𝑑𝑠2 = 𝑒2](𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑥/𝑎 (𝑑𝑦2 + 𝑑𝑧2) ,

(337)

where 𝑎 ̸= 0 and𝐾 ̸= 0 are arbitrary constants and ](𝑥), 𝜆(𝑥),
and 𝜇(𝑥) are arbitrary functions.

The structure constants of the corresponding Lie algebra
are 𝐶213 = 1 and 𝐶312 = −1.

Table 46: Noether symmetry and the corresponding conserved
form.

Generator Conserved quantity:𝜑(𝑠, 𝑞𝑖, ̇𝑞𝑖)
(i) X0 = 𝑎]



̇] 𝜕𝑡 − 𝑎𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧
2𝑎 (−𝑒2](𝑡,𝑥) ]̇] ̇𝑡 + �̇�) +2𝑒2𝑥/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�)

(ii) X0 = −𝑎𝜕𝑡 + 𝑎 �̇̈�𝜆 𝜕𝑥 + 𝑦𝜕𝑦 + 𝑧𝜕𝑧
2𝑎( ̇𝑡 + 𝑒2𝜆(𝑡,𝑥) �̇̈�𝜆 �̇�) +2𝑒2𝑡/𝑎 (𝑦 ̇𝑦 + 𝑧�̇�)

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0101 = −𝑒2] (] + ]
2 − ]𝜆) ,

𝑅0202 = 𝑅0303 = −( 𝑥𝐾2 ) ]𝑒2(]−𝜆),
𝑅1212 = 𝑅1313 = −( 𝑥𝐾2 )𝜆,
𝑅2323 = ( 𝑥𝐾2 )

2 𝑒−2𝜆.

(338)

For (ii)

𝑅0101 = −𝑒2] (] + ]
2) ,

𝑅0202 = 𝑅0303 = −𝑒2(]+𝜇)]𝜇,
𝑅1212 = 𝑅1313 = 𝑒2𝜇 (𝜇 + 𝜇2) ,
𝑅2323 = 𝜇2𝑒4𝜇.

(339)

For (iii)

𝑅0101 = −𝑒2] (] + ]
2) ,

𝑅0202 = 𝑅0303 = −1𝑎]𝑒2(]+𝑥/𝑎),
𝑅1212 = 𝑅1313 = 1

𝑎2 𝑒2𝑥/𝑎,
𝑅2323 = 1

𝑎2 𝑒4𝑥/𝑎.

(340)

𝑅𝑖𝑗
For (i)

𝑅00 = 𝑒2(]−𝜆) [] + ]
2 − ] (𝜆 − 2𝑥)] ,

𝑅11 = − [] + ]
2 − 𝜆 (] + 2𝑥)] ,

𝑅22 = 𝑅33 = −(] − 𝜆 + 1𝑥) (
𝑥
𝐾2 ) 𝑒−2𝜆.

(341)
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For (ii)

𝑅00 = 𝑒2] (] + ]
2 + 2]𝜇) ,

𝑅11 = − (] + ]
2 + 2𝜇 + 2𝜇2) ,

𝑅22 = 𝑅33 = −𝑒2𝜇 (𝜇 + 𝜇2 + ]𝜇) .
(342)

For (iii)

𝑅00 = 𝑒2] (] + ]
2 + 2𝑎]) ,

𝑅11 = −(] + ]
2 + 2

𝑎2 ) ,
𝑅22 = 𝑅33 = −1𝑎 (] +

2
𝑎) 𝑒2𝑥/𝑎.

(343)

𝑅𝑖𝑖
For (i)

𝑅 = 2 [] + ]
2 − ]𝜆 + 2𝑥 (] − 𝜆) +

1
𝑥2 ] 𝑒−2𝜆. (344)

For (ii)

𝑅 = 2 (2𝜇 + 3𝜇2 + 2]𝜇 + ] + ]
2) . (345)

For (iii)

𝑅 = 2 [ 3𝑎2 + ] (2𝑎 + ]) + ]] . (346)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = 𝑒2(]−𝜆) (2𝜆


𝑥 − 1
𝑥2) ,

𝜅𝑇11 = 2]


𝑥 + 1
𝑥2 ,

𝜅𝑇22 = 𝜅𝑇33
= [] + ]

2 − ]𝜆 + 1𝑥 (] − 𝜆)] (
𝑥
𝐾)
2 𝑒−2𝜆.

(347)

For (ii)

𝜅𝑇00 = 𝑒2] (−2𝜇 − 3𝜇2) ,
𝜅𝑇11 = 𝜇2 + 2]𝜇,
𝜅𝑇22 = 𝜅𝑇33 = 𝑒2𝜇 (𝜇 + 𝜇2 + ]𝜇 + ] + ]

2) .
(348)

For (iii)

𝜅𝑇00 = − 3𝑎2 𝑒2],
𝜅𝑇11 = 1𝑎 (2] +

1
𝑎) ,

𝜅𝑇22 = 𝜅𝑇33 = 𝑒2] [1𝑎 (] +
1
𝑎) + ] + ]

2] .
(349)

𝑇𝑖𝑖
For (i)

𝑇 = −2 [] + ]
2 − ]𝜆 + 2𝑥 (] − 𝜆) +

1
𝑥2 ] 𝑒−2𝜆. (350)

For (ii)

𝑇 = −2 (2𝜇 + 3𝜇2 + 2]𝜇 + ] + ]
2) . (351)

For (iii)

𝑇 = 2 (2 ̈𝜇 + 3 ̇𝜇2 + 2�̇� ̇𝜇 + �̈� + �̇�2) . (352)

Case 2.

(i) 𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡)𝑑𝑥2 − 𝑒2𝜇(𝑡) (𝑑𝑦2 + 𝑑𝑧2) ,
(ii) 𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡)𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑑𝑦2 + 𝑑𝑧2) , (353)

where 𝑎 ̸= 0 is an arbitrary constant and𝜆(𝑡) and𝜇(𝑡) are arbi-
trary functions.The structure constants of the corresponding
Lie algebra are the same as for (337).

𝑅𝑖𝑗𝑘𝑙
For (i)

𝑅0101 = 𝑒2𝜆 (�̈� + �̇�2) ,
𝑅0202 = 𝑅0303 = 𝑒2𝜇 ( ̈𝜇 + ̇𝜇2) ,
𝑅1212 = 𝑅1313 = −𝑒2(𝜆+𝜇)�̇� ̇𝜇,
𝑅2323 = −�̇�2𝑒4𝜇.

(354)

For (ii)

𝑅0101 = 𝑒2𝜆 (�̈� + �̇�2) ,
𝑅0202 = 𝑅0303 = 1

𝑎2 𝑒2𝑡/𝑎,
𝑅1212 = 𝑅1313 = −1𝑎 �̇�𝑒2(𝜆+𝑡/𝑎),
𝑅2323 = − 1𝑎2 𝑒4𝑡/𝑎.

(355)
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𝑅𝑖𝑗
For (i)

𝑅00 = − (�̈� + �̇�2 + 2 ̈𝜇 + 2 ̇𝜇2) ,
𝑅11 = 𝑒2𝜆 (�̈� + �̇�2 + 2�̇� ̇𝜇) ,
𝑅22 = 𝑅33 = −𝑒2𝜇 ( ̈𝜇 + ̇𝜇2 + �̇� ̇𝜇) .

(356)

For (ii)

𝑅00 = −(�̈� + �̇�2 + 2
𝑎2 ) ,

𝑅11 = 𝑒2𝜆 (�̈� + �̇�2 + 2�̇�𝑎 ) ,

𝑅22 = 𝑅33 = −𝑒2𝑡/𝑎 ( 2𝑎2 +
�̇�
𝑎) .

(357)

𝑅𝑖𝑖
For (i)

𝑅 = −2 (2 ̈𝜇 + 3 ̇𝜇2 + 2�̇� ̇𝜇 + �̈� + �̇�2) . (358)

For (ii)

𝑅 = −2( 3𝑎2 +
2�̇�
𝑎 + �̈� + �̇�2) . (359)

𝑇𝑖𝑗
For (i)

𝜅𝑇00 = ̇𝜇2 + 2�̇� ̇𝜇,
𝜅𝑇11 = 𝑒2𝜆 (−2 ̈𝜇 − 3 ̇𝜇2) ,
𝜅𝑇22 = 𝜅𝑇33 = −𝑒2𝜇 ( ̈𝜇 + ̇𝜇2 + �̇� ̇𝜇 + �̈� + �̇�2) .

(360)

For (ii)

𝜅𝑇00 = 1
𝑎2 +

2�̇�
𝑎 ,

𝜅𝑇11 = − 3𝑎2 𝑒2𝜆,

𝜅𝑇22 = 𝜅𝑇33 = −𝑒2𝑡/𝑎 ( 1𝑎2 +
�̇�
𝑎 + �̈� + �̇�2) .

(361)

𝑇𝑖𝑖
For (i)

𝑇 = 2 (2 ̈𝜇 + 3 ̇𝜇2 + 2�̇� ̇𝜇 + �̈� + �̇�2) . (362)

For (ii)

𝑇 = 2( 3𝑎2 +
2�̇�
𝑎 + �̈� + �̇�2) . (363)

Case 3.

(i) 𝑑𝑠2 = 𝑒2](𝑡,𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝑥/𝑎 (𝑑𝑦2 + 𝑑𝑧2) ,
(ii) 𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡,𝑥)𝑑𝑥2 − 𝑒2𝑡/𝑎 (𝑑𝑦2 + 𝑑𝑧2) , (364)

where 𝑎 ̸= 0 is a real constant and ](𝑡, 𝑥) and 𝜆(𝑡, 𝑥) denote
arbitrary functions.

The structure constants of the corresponding Lie algebra
are 𝐶213 = 1 and 𝐶312 = 𝐶202 = 𝐶303 = −1. The nonzero
components of the relevant tensors for (364)(i), (ii) are the
same as the ones obtained for metrics (337)(iii) and (353)(ii),
respectively.

4.8. Four Noether Symmetries. Finally, the metrics admitting
the minimal set (7) of Noether symmetries are

(i) 𝑑𝑠2 = 𝑒2](𝑡,𝑥)𝑑𝑡2 − 𝑑𝑥2 − 𝑒2𝜇(𝑥) (𝑑𝑦2 + 𝑑𝑧2) ,
(ii) 𝑑𝑠2 = 𝑑𝑡2 − 𝑒2𝜆(𝑡,𝑥)𝑑𝑥2 − 𝑒2𝜇(𝑡) (𝑑𝑦2 + 𝑑𝑧2) , (365)

where ](𝑡, 𝑥), 𝜆(𝑡, 𝑥), 𝜇(𝑡), and 𝜇(𝑥) are arbitrary functions.
The structure constants of the corresponding Lie algebra for
these metrics are 𝐶213 = 1 and 𝐶312 = −1. The relevant tensors
of these metrics are the same as the ones given for metrics
(337)(ii) and (353)(i), respectively.
5. Conclusion

The Noether symmetries associated with the geodetic La-
grangian of general plane symmetric nonstatic space-times
along with the conserved quantities corresponding to each
symmetry, and the associated Lie algebras in terms of their
structure constants and the relevant tensors of these metrics
have been obtained. It turns out that general plane symmetric
space-times can admit 4, 5, 6, 7, 8, 9, 11, or 17 Noether
symmetries. The maximum number of Noether symmetries
(i.e., 17) appears only for the Minkowski space-time and 10 of
these symmetries correspond to the generators of isometries
associated with this metric. The maximal isometry group, in
this case, is denoted by𝐺10. Other space-times that admit the
maximal isometry group 𝐺10 are de Sitter and anti-de Sitter
space-times, which have a total of 11 Noether symmetries.
Apart from these 10 isometries the only additional symmetry
is Y0 = 𝜕𝑠. This is the only Noether symmetry (other than
isometries and general homotheties) that does not have a
gauge term and corresponds to the constancy of the given
Lagrangian along solutions, that is, geodesics. The Einstein
and anti-Einstein metrics, space-times of Bertotti–Robinson
type, and metrics given by (42), (49), (55), (62), (68), (75),
(81), (88), (94), (101), (108), (115), (122), (129), and (135)
admit 9 Noether symmetries. There are 8 metrics, given by
(141), (148), (154), (161), (168), (180), (187), and (193), which
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admit 8 Noether symmetries. The ones admitting 7 Noether
symmetries are given by (205), (212), (218), (225), (232),
(239), (246), and (263). There are 7 metrics that admit 6
Noether symmetries and are given by (280), (287), (294),
(301), (308), (314), and (326). The metrics that admit 5
Noether symmetries are given by (337), (353), and (364).
Metric (365) admits the minimal set of Noether symmetries
(i.e., 4).

Metrics (101), (108), (141), (154), (161), (168), (180), (225),
(294), and (326)(ii) have essential singularities at 𝑥 = 0.
For metric (161), the scalar curvature is 𝑅 = 0; therefore,
we have calculated the second curvature invariant 𝑅2 =
𝑅𝑖𝑗
𝑘𝑙
𝑅𝑘𝑙𝑖𝑗 = 12𝑏4/𝑥8 to check the singularity. Formetrics (168)(i)

and (225) the scalar curvature 𝑅 becomes undefined at𝑥 = 0 provided 𝑏 > −1. For metrics (168)(ii) and (294),
scalar curvature 𝑅 becomes undefined at 𝑥 = 0 provided𝑏 < 1 and 𝑑 < 1, respectively. Metrics (115), (148), and
(187) are nonstatic analogues of (108), (141), and (180), respec-
tively. These nonstatic metrics together with (314)(ii) have
essential singularities at 𝑡 = 0. Metric (193)(ii) has essential
singularity at 𝑏𝑡 ± 𝑎𝑥 = 0. Metrics (246)(ii) and (263)(ii)
have essential singularity at 𝑥/𝑏 = 𝑛𝜋 and 𝑡/𝑏 = 𝑛𝜋 for𝑛 = 0, 1, 2, . . ., respectively. Metrics (314)(i) and (326)(i) have
essential singularity at 𝑡 = 0, 𝑥/𝑏 = 𝑛𝜋 and 𝑥 = 0, and𝑡/𝑏 = 𝑛𝜋, where 𝑛 = 0, 1, 2, . . ., respectively.

Finally, we want to stress the fact that the Noether
symmetries of the geodetic Lagrangian are either elements
of the Killing or isometry Lie algebra of the underlying
Lorentzian manifold (which were denoted by X𝑖) or can be
interpreted (at least locally) as elements of the projective
algebra of the extended space (𝑠, 𝑞𝑖) of variables on which the
geodesic equations depend, namely, the parameter 𝑠 and the
coordinates 𝑞𝑖. In fact, all nonisometry symmetry generators
Y𝑖 are dependent on the affine parameter 𝑠 [39].
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bia. The publication of this work was financed by Vicer-
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Themathematical model for describing combined conductive-radiative heat transfer in a dielectric layer, which emits, absorbs, and
scatters IR radiation both in its volume and on the boundary, has been considered. A nonlinear stationary boundary-value problem
for coupled heat and radiation transfer equations for the layer, which exchanges by energy with external medium by convection
and radiation, has been formulated. In the case of optically thick layer, when its thickness is much more of photon-free path, the
problem becomes a singularly perturbed one. In the inverse case of optically thin layer, the problem is regularly perturbed, and
it becomes a regular (unperturbed) one, when the layer’s thickness is of order of several photon-free paths. An iterative method
for solving of the unperturbed problem has been developed and its convergence has been tested numerically. With the use of the
method, the temperature field and radiation fluxes have been studied. The model and method can be used for development of
noncontact methods for temperature testing in dielectrics and for nondestructive determination of its radiation properties on the
base of the data obtained by remote measuring of IR radiation emitted by the layer.

1. Introduction

Necessity for studying of coupled conductive and radiative
heat exchange in continuous mediums arises in various
theoretical and applied disciplines: in thermal physics, in
plasma physics, in solid state physics, in space technolo-
gies, in technologies of semiconductor, glass, and polymer
materials, and in methodologies for thermal measurement
and nondestructive testing. Various methods are used for
analytical and/or numerical solving of boundary-value prob-
lems, formulatedwith the use of certainmathematicalmodels
describing the coupled processes of conductive and radiative
heat transfer.

In the case of opaque bodies (metals), possessing high
thermal conductivity, one can neglect radiative heat transfer
in the body’s volume and take into account only the radiative
heat flux emitting by body’s boundary outward. Outer IR
radiation, which is incident on the boundary of such body,
is totally absorbed by the boundary. In agreement with the
Stefan-Boltzmann law the radiative flux is proportional to the

fourth degree of surface temperature [1]. Hence we obtain in
this case a nonlinear boundary-value problem for linear heat
conduction equation.

Dielectric objects (nonconductors), such as glass, plastics,
heat insulations, semiconductors, and biological tissues, are
translucent for IR radiation. Radiation emitted by inner
points of such object can spread on considerable distances
in the body’s volume and can stream away from the volume
through the boundary. These two radiation energy fluxes
can be comparable with volumetric conductive flux and
surface convective flux correspondingly. Hence they should
be accounted in the total energy balance.

To describe energy transfer in such mediums, the “exact”
macroscopic model can be used. It includes coupled inte-
grodifferential equations, heat conduction equation (HCE)
and radiation transfer equation (RTE) [1]. They involve
two unknown functions defined in the body’s volume
V: temperature 𝑇(r, 𝑡), dependent on spatial coordinates r ∈
V and time 𝑡, and spectral radiation intensity 𝐼](r,𝜔, 𝑡) being
a function of IR radiation frequency ], spatial coordinates
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r ∈ V, direction 𝜔 ∈ 𝑆2, and time 𝑡. The model also includes
coupled relations expressing the conditions, in which the
temperature 𝑇(r, 𝑡) and intensity 𝐼](r,𝜔, 𝑡) should satisfy on
the boundary 𝜕V of the body. Fundamentals of the theory for
radiation transfer in participating heat conducting medium
can be found in particular in the monographs [1–3].

Nonlinear interconnected integrodifferential equations
and nonlinear nonlocal boundary conditions make
boundary-value problems, formulated within this model, too
complicated for their solving in a closed form. Furthermore,
the dimensionality of the problems creates additional
computational complexity: in the case that 3D bodies
intensity 𝐼](r,𝜔, 𝑡) is dependent on seven scalar independent
variables (frequency ], three spatial coordinates 𝑥, 𝑦, 𝑧,
zenith 𝜃, azimuth 𝜑 angles determining direction𝜔, and time𝑡), temperature 𝑇(r, 𝑡) is dependent on four independent
variables (𝑥, 𝑦, 𝑧, and 𝑡). To overcome these complications,
one can make some simplifying assumptions concerning the
model, restrict the consideration by 1D or 2D geometry, and
apply numerical methods.

A significant simplification of the problem can be attained
in the case, when the contribution of the radiative energy flux
into the total medium’s heat flux is a negligible quantity. It
can be true at sufficiently low temperatures. In this case the
problem becomes uncoupled and a linear one. In fact in this
case one can treat temperature field as a prescribed function
of spatial coordinate and time and concentrate his effort on
solving the radiation transfer problem. Such approximation
was used by many authors to study 1D radiation transfer
problems (see, for examples, monograph [1] and [4–6]). The
principal difficulties in solving the problem in this case are
the presence of the scattering integral in RTE and nonlocal
boundary conditions, arising when scattering of radiation by
the boundary is taken into consideration.

There are several effective approaches to overcome this
difficulty. Among them is the method of discrete ordinates,
in agreement with which RTE is solved for a set of discrete
directions, each of which is associated with a solid angle in
which the intensity is assumed to be constant [7, 8]. Another
method, known as spherical harmonic method, consists in a
Legendre expansion of the radiation intensity and the phase
function in the radiation transfer equation [4–6].

The heat transfer problems in the coupled conductive-
radiative formulation are fundamentally nonlinear. Usually
HCE, used in “exact” coupled problems, is formulated pro-
ceeding from the energy conservation equation [1]. Where-
upon HCE contains the divergence of the total energy flux
q including two components, conductive heat flux q𝑐 and
radiative energy flux q𝑟: q = q𝑐 + q𝑟. Hence, the boundary
conditions for such HCE should be formulated in terms of
temperature𝑇 and/or total energy flux q.The conductive flux
can be presented, in agreement with Fourier law, as q𝑟 =−𝑘𝑟∇𝑇 or with the use of generalized form, as 𝜏0𝜕q𝑟/𝑑𝑡+q𝑟 =−𝑘𝑟∇𝑇. Here 𝑘𝑐 is specific heat conductivity, ∇ denotes the
gradient operator, and 𝜏0 stands for relaxation time. These
two presentations lead to parabolic and hyperbolic HCE
correspondingly. To make these equations well defined the
flux q𝑟 should be determined. In the “exact” formulation
one can use the definition of radiation energy flux in terms

of radiation intensity as [1] 𝑞𝑟 = ∫∞
0

∫
4𝜋
𝜔𝐼](r,𝜔, 𝑡)𝑑𝜔 𝑑].

Hence, to determine q𝑟 one should anyway solve RTE, which,
in turn, is depending on the temperature field.

With the use of an appropriate iterative process HCE and
RTE can be solved consecutively.

Examples of solutions of such coupled problems for a
plane layer with the use of numerical methods can be found
in [6–9]. Parabolic HCE was used in [6, 9], in which temper-
ature field in semitransparent medium subjected to a pulse
irradiation was studied numerically. In [9], in particular,
implicit central-difference scheme was employed for solving
HCE, while a discrete curved ray-tracingmethod was used to
solve RTE. In [7, 8], the hyperbolic HCE was used in study-
ing of non-Fourier effects on transient coupled radiative-
conductive heat transfer in one-dimensional semitransparent
medium subjected to a periodic irradiation. Here hyperbolic
HCE was solved by the flux-splitting method, and RTE was
solved by the discrete ordinate method.

We would notice here that the results of numerical study
presented, in particular, in [9], were obtained for the layer of
optical thickness ℎ = 0.1, that is, for optically thinmedium. In
[8], where the influence of ℎ on temperature field in the layer
was studied, the maximum used value of optical thickness
was taken to be equal to 1.0.

As we will show further, the problem in coupled “exact”
formulation can be solved with the use of conventional
method only for layers with optical thickness ℎ of order unity
or smaller. The reason is the presence of two spatial scales in
the problem: the layer’s physical thickness ℎ and the photon
mean free path 𝑙0. As a consequence, the coefficient at the
highest spatial derivative in HCE decreases with increasing
of ℎ ≡ ℎ/𝑙0 as 1/ℎ2. This becomes apparent in occurrence
of so-called boundary layer of thickness of order 𝑙0 at
sufficiently large ℎ. The temperature and radiation intensity
are sharply varied in the boundary layer. Whereupon the
problem becomes singularly disturbed at large ℎ, special
approaches should be used to analyze it numerically [10].

But some problems for optically thick layers can be
solved numerically with the use of an approach, which
known as Rosseland’s or diffusion approximation [1, 3]. In
this approximation, radiation flux q𝑟 is also taken to be
proportional to temperature gradientq𝑟 = −𝑘𝑟∇𝑇, where 𝑘𝑟 is
radiation conductivity, which is defined as 𝑘𝑟 = 16/3𝜎SB𝑇3/𝜅
[3], and 𝜎SB stands for the Stefan-Boltzmann constant 𝜎SB ≈5.670367 × 10−8W⋅m2⋅K−4.

Hence, applying the diffusion approximation, we exclude
RTE from the problems of conductive-radiative heat
exchange. Now we can deal with HCE for the medium with
the modified heat conductivity defined as 𝑘 = 𝑘𝑐 + 𝑘𝑟, which
depends on the temperature. As a consequence, the second
spatial scale 𝑙0 also vanishes, and the problem remains
regular at arbitrary optical thickness ℎ.

This approach was successfully used in various practical
problems, in particular, for evaluation of effective heat resis-
tance properties of low-conductivity coats [11–13]. But it is
important to realize that the diffusive approximation is valid
only at sufficiently low temperature gradients and only in
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inner medium’s domains, remote from the boundary 𝜕V on
distance exceeding the mean free path 𝑙0. In a boundary layer
with the thickness of order 𝑙0 this approach does not work.

According to this approximation the IR radiation stream-
ing out the object into external medium is determined solely
by its surface temperature, whereas the radiation of the
boundary layer’s points is not take into account.

But there are problems in which the exact value of
IR energy, emitted by the object, is significant. In this
connection,we canmention, as an example, IR thermography
and its application to determination of temperature fields
of solid objects [14, 15]. In the case of opaque bodies
(metals), the IR radiation streaming away from the body is
totally emitted by its surface. So, measuring radiosity of the
target object, one can unambiguously judge about its surface
temperature. But in the case of dielectric objects it is not
so. Outgoing radiation energy flux in this case contains two
constituents: the radiation emitted by the surface and the
flux, emitted in the boundary layer, which passes through the
surface outward.Now, to interpret themeasurement data, one
should separate the constituents in the total measuring flux.
Obviously the needed calculation cannot be performed to be
sufficiently exact with the use of diffusion model.

This also applies to the model considered in [7–9], in
which HCE is obtained starting from the total energy con-
servation law and the assumption about black boundary was
applied. This assumption enabled satisfying simultaneously
boundary conditions both for total energy flux q and for
radiation intensity and to simplify the computational proce-
dure. But many of real world objects possess the boundary,
which is not absolutely black. It not only absorbs and emits IR
radiation but also reflects and transmits it. Hence, this model,
as well as the diffusion approximation, cannot be applied to
such objects and it cannot be used for the inverse problems
mentioned before.

The objectives of the paper are mathematical formulation
of coupled problem for combined conductive-radiative heat
transfer in dielectric layer of participating medium, which
emits, absorbs, and scatters IR radiation in the volume and
on the boundary; qualitative study of formulated problem
depending on thermophysical and radiative properties of
medium and layer’s thickness; developing an iterativemethod
for solving the coupled problem and studying of its conver-
gence.

2. Governing Equations

A plane isotropic and physically homogeneous dielectric
layer B occupying a region V = {(𝑥, 𝑦, 𝑧) : 𝑥 ∈(−∞,∞), 𝑦 ∈ (−𝑏, 𝑏), 𝑧 ∈ (−∞,∞)} is considered.
Here 𝑏 > 0 is the layer’s half-thickness. The body B is
considered as a thermodynamic system consisting of two
interacting subsystems, the participating medium and IR
radiation, which occupy the same region V. The interaction
of the subsystems is realized by absorbing, emitting, and
coherent scattering of IR radiation by the layer’smediumboth
in the volume V and on its boundary 𝜕V = S1 ∪ S2. Here
S1 = {(𝑥, 𝑦, 𝑧) : 𝑥 ∈ (−∞,∞), 𝑦 = 𝑏, 𝑧 ∈ (−∞,∞)}, S2 ={(𝑥, 𝑦, 𝑧) : 𝑥 ∈ (−∞,∞), 𝑦 = −𝑏, 𝑧 ∈ (−∞,∞)}.

Interaction of the subsystems in the volume V is defined
by volumetric radiative parameters: the spectral refraction
index 𝑛], spectral absorption 𝜅𝑎] , and emitting 𝜅𝑒] and scat-
tering 𝜎] coefficients (further we suppose 𝜅𝑒] = 𝜅𝑎] ≡ 𝜅])
and by the spectral phase function 𝑝](𝜇, 𝜇). Interaction of
the subsystems on the boundary 𝜕V is defined by its surface
radiative parameters: the spectral absorptivity/emittivity 𝜀]
and reflectivity 𝜌].

The layer is situated within nonparticipating external
medium with prescribed temperature 𝑇ext and optical refrac-
tion index 𝑛 = 1. The subsystems exchange by energy with
external medium by convection, emitting, and absorbing
of the radiation through the boundary 𝜕V. The energy
exchange of the layer’s medium with the external medium
through the boundary 𝜕V is defined by material parameters,
coefficient of convective heat exchange, and by spectral
absorptivity/emittivity 𝜀]. The energy exchange of the layer’s
radiation with the external medium through the boundary𝜕V is defined by boundary’s spectral transmissivity 𝜏].

1D stationary thermal state of the layer’s medium is
identically determined by temperature 𝑇(𝑦), depending on
transversal coordinate 𝑦 ∈ [−𝑏, 𝑏]. The state of the layer’s
radiation is identically determined by spectral intensity or
radiation 𝐼𝜆(𝑦, 𝜇), depending on𝑦 and direction of radiation’s
propagation. Here 𝜇 ∈ [−1, 1], 𝜇 ≡ cos 𝜃, where 𝜃 is the angle
between a direction and axes 𝑦.

Under such consideration we can use the equation of
energy balance in the layer’s medium to obtain HCE:

− 𝑑𝑑𝑦 (𝑘𝑐 𝑑𝑇 (𝑦)𝑑𝑦 )
= 2𝜋∫1

−1
∫∞
0

𝜅] (𝐼] (𝑦, 𝜇) − 𝑛2]𝐼]𝑏 (𝑇 (𝑦))) 𝑑] 𝑑𝜇.
(1)

Here 𝑘𝑐 stands for thermal conductivity of the layer’smedium.
This equation, unlike HCE, used in [7–9] and others,

do not contain the radiation heat flux 𝑞𝑟. But instead it
contains the source term in its right-hand side which takes
into consideration the interaction of the layer’s medium with
the medium’s radiation.

Radiation intensity 𝐼](𝑦, 𝜇) satisfies, in the region V,

𝜇𝜕𝐼] (𝑦, 𝜇)𝜕𝑦 + 𝛽]𝐼] (𝑦, 𝜇)
= 𝜅]𝑛2]𝐼]𝑏 (𝑇 (𝑦))

+ 12𝜎] ∫
1

−1
𝑝] (𝜇, 𝜇) 𝐼] (𝑦, 𝜇) 𝑑𝜇,

(2)

where 𝛽] = 𝜅] + 𝜎] stands for spectral extinction coefficient.
It can be easily shown, that, proceeding from (1) and (2),

HCE, used in [7–9], can be obtained. To do this, one should
integrate (2) with respect to variables 𝜇 ∈ [−1, 1] and 𝜑 ∈[0, 2𝜋] and sum the obtained equation with (1).
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The spectral phase function 𝑝](𝜇, 𝜇) in (2) determines
the fraction of radiation incident in direction𝜇 and scattered
into direction 𝜇. It satisfies the normality condition [1]:

12 ∫1
−1

𝑝 (𝜇, 𝜇) 𝑑𝜇 = 1. (3)

Planck function,

𝐼]𝑏 (𝑇) ≡ 2ℎ]3𝑐0 [exp (ℎ]/𝑘𝐵𝑇) − 1] , (4)

in (1) and (2) determines the intensity of blackbody’s radi-
ation in vacuum. Here ℎ ≃ 6.626075 J⋅s is Planck constant,𝑘𝐵 ≃ 1.380658 J/K is Boltzmann constant, and 𝑐0 ≃2.99792458m/s is speed of light in vacuum.

Constituents 𝑄𝑒(𝑇) and 𝑄𝑎(𝐼])
𝑄𝑒 (𝑇) ≡ 2𝜋∫1

−1
∫∞
0

𝜅]𝑛]2𝐼]𝑏 (𝑇 (𝑦)) 𝑑] 𝑑𝜇,
𝑄𝑎 (𝐼]) ≡ 2𝜋∫1

−1
∫∞
0

𝜅]𝐼] (𝑦, 𝜇) 𝑑] 𝑑𝜇,
(5)

in right-hand side of (1) determine, respectively, the local
rates of radiation energy emitted and absorbing by the
medium in volume V.

Terms 𝑆sc] and 𝑆𝑒](𝑇)
𝑆sc] (𝐼]) = 12𝜎] ∫

1

−1
𝑝 (𝜇, 𝜇) 𝐼] (𝑦, 𝜇) 𝑑𝜇,

𝑆𝑒] (𝑇) = 𝑛]2𝜅]𝐼]𝑏 (𝑇) , (6)

in right-hand side of (2) are the scattering integral and
radiation inflow caused by its emitting by the medium in the
volume V.

We consider the boundary 𝜕V as translucent one, which
diffusely emits, scatters, and absorbs IR radiation.

Radiation with intensity 𝐼](𝜇)|𝑦=𝑏, 𝜇 ∈ (0, 1) and𝐼ext] (𝜇)|𝑦=𝑏, 𝜇 ∈ (−1, 0), incident on the boundary plane
S1 out of the volume V and from the external medium, is
partly scattered back, partly absorbed by the boundary S1,
and partly transmitted through this boundary. Let 𝜌1] ∈[0, 1] be a spectral hemispherical reflectivity of the boundary
S1; 𝜀1] ∈ [0, 1] is its spectral hemispherical absorptivity.Then𝜌1] and 𝜀1](1 − 𝜌1]) are the fraction of radiation scattered
back and absorbed by the boundary S1, whereas the part of
transmitted radiation will be equal to 𝜏1] ≡ 1 − 𝜌1] − 𝜀1](1 −𝜌1]) = (1 − 𝜀1])(1 − 𝜌1]).

Similarly the boundary plane S2, which is characterized
by the radiative properties 𝜌2], 𝜀2], and 𝜏2] = (1−𝜀2])(1−𝜌2]),
scatters, absorbs, and transmits the radiation of intensities𝐼](𝜇)|𝑦=−𝑏, 𝜇 ∈ (−1, 0) and 𝐼ext] (𝜇)|𝑦=−𝑏, 𝜇 ∈ (0, 1)
incident on it from the volume V and external medium
correspondingly.

The intensities of radiation emitting by the planes S1, S2
into the volume V and in external medium are defined
as 𝐼𝑒,out1] (𝜇) = 𝜀1𝐼]𝐵(𝑇|𝑦=𝑏), 𝜇 ∈ (0, 1) and 𝐼𝑒,in1] (𝜇) =𝜀1𝑛2]𝐼]𝐵(𝑇|𝑦=𝑏), 𝜇 ∈ (−1, 0), 𝐼𝑒,out2] (𝜇) = 𝜀2𝐼]𝐵(𝑇|𝑦=−𝑏), 𝜇 ∈

(−1, 0) and 𝐼𝑒,in2] (𝜇) = 𝜀2𝑛2𝐼]𝐵(𝑇|𝑦=−𝑏), 𝜇 ∈ (0, 1), corre-
spondingly.

Now, applying the energy conservation law, we can estab-
lish the conditions (7) and (8), which dependent variables𝑇(𝑦) and 𝐼](𝑦, 𝜇) satisfy on the boundary planes S1 and S2:

−𝑘𝑐 𝑑𝑇𝑑𝑦
𝑦=𝑏𝑘

= −ℎ1 (𝑇|𝑦=𝑏𝑘 − 𝑇ext
𝑦=𝑏𝑘)

− 𝜋∫∞
0

(1 + 𝑛2]) 𝜀𝑘]𝐼]𝑏 (𝑇|𝑦=𝑏𝑘) 𝑑]
+ 2𝜋∫

𝜇∈𝑚𝑘

∫∞
0

𝜀𝑘] (1 − 𝜌𝑘]) 𝐼] (𝜇)𝑦=𝑏𝑘 𝑑]𝜇 𝑑𝜇
+ 2𝜋∫

𝜇∈𝑚𝑙

∫∞
0

𝜀𝑘] (1 − 𝜌𝑘]) 𝐼ext] (𝜇)𝑦=𝑏𝑘 𝑑]𝜇 𝑑𝜇,

(7)

𝐼] (𝜇)𝑦=𝑏𝑘
= 𝑛2]𝜀𝑘]𝐼]𝑏 (𝑇|𝑦=𝑏𝑘) + 𝜌𝑘] ∫

𝜇∈𝑚𝑘

𝐼] (𝜇)𝑦=𝑏𝑘 𝑑𝜇
+ (1 − 𝜀𝑘]) (1 − 𝜌𝑘]) ∫

𝜇∈𝑚𝑙

𝐼ext] (𝜇)𝑦=𝑏𝑘 𝑑𝜇,
𝜇 ∈ 𝑚𝑙.

(8)

Here we used denotations: 𝑘, 𝑙 = 1, 2; 𝑙 ̸= 𝑘, 𝑏1 = 𝑏, 𝑏2 = −𝑏.𝑚1 = (0, 1), 𝑚2 = (−1, 0).
Unlike [7–9], boundary conditions (7) for HCE in our

case do not contain the radiation heat flux q𝑟. The first and
second terms in the right-hand parts of this relation are the
surface energy loss caused correspondingly by the convection
and the radiative emission of the boundary plane 𝑆𝑘.The third
and fourth members take into account the energy of internal
and external radiation incident on the boundary plane 𝑆𝑘 and
absorbed by it.

The first terms in the right-hand side of the relations (8)
determine spectral intensities of the radiation emitting by
the boundaries S𝑘 into the volume V, the second ones are
the spectral intensities of IR radiation, reflected by boundary
S𝑘 into the volume V, and the last one is intensities of the
external radiation penetrating through the boundaries S𝑘 into
the volume V.

The spectral intensities of radiation proceeding out from
layer B through the planes S𝑘 (layer’s spectral radiosity) can
be determined as

𝐼out𝑘] (𝜇) = 𝜀𝑘]𝐼]𝑏 (𝑇|𝑦=𝑏𝑘)
+ (1 − 𝜀𝑘]) (1 − 𝜌𝑘]) 𝐼] (𝜇)𝑦=𝑏𝑘
+ 𝜌𝑘] ∫

𝜇∈𝑚𝑙

𝐼ext] (𝜇)𝑦=𝑏𝑘 𝑑𝜇, 𝜇 ∈ 𝑚𝑘.
(9)

The second term in the right-hand part of the relations (9)
takes into account the internal radiation, passing through
the boundary into the external medium, whereas the last
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term in this part determines the spectral intensities of the
external radiation, reflecting back into external medium by
the boundary.

Energy flux, flowing-off layerB through boundary S𝑘, can
be determined as

𝑞out𝑘 = ℎ (𝑇|𝑦=𝑏𝑘 − 𝑇ext𝑦=𝑏𝑘)
+ 2𝜋∫

𝜇∈𝑚𝑘

∫∞
0

𝐼out1] 𝑑]𝜇 𝑑𝜇. (10)

At the given values 𝑇ext|𝑦=𝑏𝑘 and 𝐼ext] (𝜇)|𝑦=𝑏𝑘 of external
temperature and radiation intensity on the boundary planes,
given thermal parameters 𝑘𝑐, ℎ, radiative properties of layer’s
medium 𝜅], 𝜎], 𝑝(𝜇, 𝜇), and 𝜀𝑘], 𝜌𝑘] of its boundary 𝜕V,
(1) and (2) together with boundary conditions (7) and
(8) determine correct formulation of direct boundary-value
problem for combined conductive-radiative heat exchange in
layer B, which exchanges by energy with external medium by
convection and radiation.

Solution of this problem enables determining, with the
use of relations (9) and (10), the angle distribution of radiation
intensity and total energy flux emitting by the layer into
the external medium. These parameters are important when
inverse problems for noncontact determination of tempera-
ture field in the layer and/or radiative parameters of the layer’s
medium are considered.

In further consideration, we will apply the approximation
of “gray” medium to the layer [1, 3]. This does not change
the types of (1) and (2) and boundary conditions (7), (8) but
permits substantially reducing the amount of data needed for
definition of the radiative properties of layer B. Additionally
we will restrict the consideration by the case of isotropic
scattering, assuming the phase function 𝑝(𝜇, 𝜇) = 1 [1]
and consider thermal and radiative properties as independent
of temperature 𝑇. In this approximation (1) and (2) and
boundary conditions (7) and (8) take the forms (11) and (12)
and (16)–(19), respectively:

𝑘𝑐 𝑑2𝑇 (𝑦)𝑑𝑦2 = 2𝜋𝜅∫1
−1

(𝑛2𝐼𝑏 (𝑇 (𝑦)) − 𝐼 (𝑦, 𝜇)) 𝑑𝜇, (11)

𝜇 1𝛽 𝜕𝐼 (𝑦, 𝜇)𝜕𝑦 + 𝐼 (𝑦, 𝜇)
= 𝜅𝑛2𝐼𝑏 (𝑇 (𝑦)) + 12𝜎∫1

−1
𝐼 (𝑦, 𝜇) 𝑑𝜇,

(12)

−𝑘𝑐 𝑑𝑇𝑑𝑦
𝑦=𝑏𝑘

= −ℎ𝑘 (𝑇|𝑦=𝑏𝑘 − 𝑇ext𝑦=𝑏𝑘)
− 𝜋 (1 + 𝑛−2) 𝜀𝑘𝐼𝑏 (𝑇|𝑦=𝑏𝑘)
+ 2𝜋𝜀𝑘 (1 − 𝜌𝑘) ∫

𝜇∈𝑚𝑘

𝐼 (𝜇)𝑦=𝑏𝑘 𝜇 𝑑𝜇

+ 2𝜋𝜀𝑘 (1 − 𝜌𝑘) ∫
𝜇∈𝑚𝑙

𝐼ext (𝜇)𝑦=𝑏 𝜇 𝑑𝜇,
(13)

𝐼 (𝜇)𝑦=𝑏𝑘
= 𝜀𝑘𝐼𝑏 (𝑇|𝑦=𝑏𝑘) + 𝜌𝑘 ∫

𝜇∈𝑚𝑘

𝐼 (𝜇)𝑦=𝑏𝑘 𝑑𝜇
+ (1 − 𝜀𝑘) (1 − 𝜌𝑘) ∫

𝜇∈𝑚𝑙

𝐼ext (𝜇)𝑦=𝑏𝑘 𝑑𝜇,
𝜇 ∈ 𝑚𝑙.

(14)

Here 𝐼𝑏(𝑇) ≡ 𝑛2𝜎SB𝑇4/𝜋, 𝑛 is integral refraction index, 𝜅
and𝜎 stand for integral absorption and scattering coefficients,𝛽 ≡ 𝜅 + 𝜎 is integral extinction coefficient, 𝜎 ≡ 𝜎/𝛽 stands
for scattering albedo, 𝜅 ≡ 𝜅/𝛽 = (1 − 𝜎), and 𝜌𝑘 and 𝜀𝑘
are hemispherical total reflectivity and hemispherical total
absorptivity of the boundary S𝑘; 𝐼(𝑦, 𝜇) and 𝐼ext(𝜇) are the
integral intensities of internal and external radiation.

Dimensionless parameters𝜅 ∈ [0, 1], 𝜎 ∈ [0, 1], 𝜅+𝜎 = 1.
Wewill consider participatingmedia for which 𝜅 = 𝑂(1), 𝜎 =𝑂(1).

The integral radiosity of the layer B on the outer side of
its boundary plane S𝑘 takes the forms in this case:

𝐼out𝑘 (𝜇) = 𝜀𝑘𝑛−2𝐼𝑏 (𝑇|𝑦=𝑏𝑘)
+ (1 − 𝜀𝑘) (1 − 𝜌𝑘) 𝐼 (𝜇)𝑦=𝑏𝑘
+ 𝜌𝑘 ∫

𝜇∈𝑚𝑙

𝐼ext (𝜇)𝑦=𝑏𝑘 𝑑𝜇, 𝜇 ∈ 𝑚𝑘.
(15)

3. Analysis of the Problem

At small 𝜇 (12) is singularly perturbed as at 𝜇 = 0 its type
is being changed. So we will consider function 𝐼(𝑦, 𝜇) as
piecewise homogeneous with respect to variable 𝜇:

𝐼 (𝑦, 𝜇) = {{{
𝐼1 (𝑦, 𝜇) , 𝜇 ∈ (0, 1)
𝐼2 (𝑦, 𝜇) , 𝜇 ∈ (−1, 0) . (16)

Due to this wewill consider instead of (12) the coupled system

𝜇 1𝛽 𝜕𝐼1 (𝑦, 𝜇)𝜕𝑦 + 𝐼1 (𝑦, 𝜇)
= 𝜅𝐼𝑏 (𝑇 (𝑦))

+ 12𝜎(∫1
0
𝐼1 (𝑦, 𝜇) 𝑑𝜇 + ∫0

−1
𝐼2 (𝑦, 𝜇) 𝑑𝜇) ,

(17)

𝜇 1𝛽 𝜕𝐼2 (𝑦, 𝜇)𝜕𝑦 + 𝐼2 (𝑦, 𝜇)
= 𝜅𝐼𝑏 (𝑇 (𝑦))

+ 12𝜎(∫1
0
𝐼1 (𝑦, 𝜇) 𝑑𝜇 + ∫0

−1
𝐼2 (𝑦, 𝜇) 𝑑𝜇) .

(18)
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In the new denotations boundary conditions (14) for (17), (18)
take the following form:

𝐼𝑘 (𝜇)𝑦=𝑏𝑙 = 𝜀𝑙𝐼𝑏 (𝑇|𝑦=𝑏𝑙) + 𝜌𝑙 ∫
𝜇∈𝑚𝑙

𝐼𝑙 (𝜇)𝑦=𝑏𝑙 𝑑𝜇
+ (1 − 𝜀𝑙) (1 − 𝜌𝑙) ∫

𝜇∈𝑚𝑘

𝐼ext𝑙 (𝜇) 𝑑𝜇. (19)

Here 𝐼ext𝑘 (𝜇) ≡ 𝐼ext(𝜇)|𝑦=𝑏𝑘
We also rewrite (11) in equivalent form:

𝑘𝑐 𝑑2𝑇 (𝑦)𝑑𝑦2 = 2𝜋𝜅(2𝐼𝑏 (𝑇 (𝑦))
− (∫1
0
𝐼1 (𝑦, 𝜇) 𝑑𝜇 + ∫0

−1
𝐼2 (𝑦, 𝜇) 𝑑𝜇)) .

(20)

Thenonlinear second-order differential (20) should be subor-
dinated to both boundary conditions (13).With the use of the
new dependent variables these conditions take the following
forms:

−𝑘𝑐 𝑑𝑇𝑑𝑦
𝑦=𝑏𝑘 − ℎ𝑘 (𝑇|𝑦=𝑏𝑘 − 𝑇ext

𝑘 )
− 𝜋 (1 + 𝑛−2) 𝜀𝑘𝐼𝑏 (𝑇|𝑦=𝑏𝑘)
+ 2𝜋𝜀𝑘 (1 − 𝜌𝑘) ∫

𝜇∈𝑚𝑘

𝐼𝑘 (𝜇)𝑦=𝑏𝑘 𝜇 𝑑𝜇
+ 2𝜋𝜀𝑘 (1 − 𝜌𝑘) ∫

𝜇∈𝑚𝑙

𝐼ext𝑘 (𝜇)𝑦=𝑏𝑘 𝜇 𝑑𝜇.

(21)

We introduce dimensionless variables: coordinate 𝑦 =𝑦/𝑏, temperature 𝑇(𝑦) = 𝑇(𝑏𝑦)/𝑇0, and intensity 𝐽(𝑦, 𝜇) =𝐼(𝑏𝑦, 𝜇)/𝐼𝑏(𝑇0), where 𝑇0 is a characteristic temperature.
With these variables equations (20), (17), and (18) and
boundary conditions (21), (19) can be rewritten as

𝜀20 𝑑2𝑇 (𝑦)𝑑𝑦2 = 2𝜅2𝑘 (2𝑇 (𝑦)4

− (∫1
0
𝐽1 (𝑦, 𝜇) 𝑑𝜇 + ∫0

−1
𝐽2 (𝑦, 𝜇) 𝑑𝜇))

(22)

𝜇𝜀0 𝜕𝐽𝑘 (𝑦, 𝜇)𝜕𝑦 + 𝐽𝑘 (𝑦, 𝜇) = 𝜅𝑇4 (𝑦) + 12
⋅ 𝜎 (∫1

0
𝐽1 (𝑦, 𝜇) 𝑑𝜇 + ∫0

−1
𝐽2 (𝑦, 𝜇) 𝑑𝜇)

(23)

− 𝑘𝜀0 𝑑𝑇𝑑𝑦
𝑦=±1 = −ℎ𝑘𝜅 (𝑇𝑦=±1 − 𝑇ext𝑦=±1) − (1

+ 𝑛−2) 𝜅𝜀𝑘 𝑇4𝑦=±1 + 2𝜀𝑘 (1 − 𝜌𝑘)
⋅ 𝜅 ∫
𝜇∈𝑚𝑘

𝐽𝑘 (𝜇)𝑦=±1 𝜇 𝑑𝜇 + 2𝜀𝑘 (1 − 𝜌𝑘)
⋅ 𝜅 ∫
𝜇∈𝑚𝑙

𝐽ext𝑘 (𝜇)𝑦=±1 𝜇 𝑑𝜇,

(24)

𝐽𝑘 (𝜇)𝑦=∓1 = 𝜀𝑙 𝑇4𝑦=∓1 + 𝜌𝑙 ∫
𝜇∈𝑚𝑙

𝐽𝑙 (𝜇)𝑦=∓1 𝑑𝜇
+ (1 − 𝜀𝑙) (1 − 𝜌𝑙) ∫

𝜇∈𝑚𝑘

𝐽ext𝑙 (𝜇) 𝑑𝜇. (25)

Here 𝜀0 ≡ 1/𝛽𝑏 = 𝑙0/𝑏, 𝑘 ≡ 𝑘𝑐𝜅/𝑛2𝜎SB𝑇30 , ℎ1 ≡ ℎ1/𝑛2𝜎SB𝑇03.
In relations (24) and (25), containing the expression 𝑦 = ±1
or 𝑦 = ∓1, the upper sign should be taken at 𝑘 = 1, whereas
the lower one – should be taken at 𝑘 = 2.

Since 𝑛2 = 𝑂(1), 𝜎SB𝑇30 /𝜅 ∼ 𝑘𝑟(𝑇0), where 𝑘𝑟(𝑇)
is the radiative conductivity [3], 𝑘 = 𝑂(𝑘𝑐/𝑘𝑟(𝑇0)), so
dimensionless parameter 𝑘 determines the contributions of
conductive and radiative heat transfers in total heat flux:
when 𝑘 ≫ 1, the radiation practically does not affect
temperature field in the layer. But in the case of 𝑘 = 𝑂(1),
the contributions of both mechanisms of heat transfer in the
layer are comparable. Further we suppose the case 𝑘 = 𝑂(1).

Parameter 𝜀0 determines the ratio of photon’s mean free
path 𝑙0 ≡ 1/𝛽 to layer’s half-thickness 𝑏. Hence for layers with𝑏 ≫ 𝑙0, 𝜀0 is a small parameter. Value of extinction coefficients𝛽 for solid dielectrics varies in the bounds (500⋅ ⋅ ⋅ 10000)m−1.
Hence the relation 𝑏 ≫ 𝑙0 becomes valid for layers with 𝑏 ∼(1 ⋅ ⋅ ⋅ 10)mm already. So, we can conclude, that, at 𝑏 ≫ 𝑙0
(the case of optically thick layer), (22)–(23) contain the small
parameter at highest derivative; hence the problem (22)–(25)
is singularly perturbed [10].

In the case of optically thin layer, when 𝜀0 ≫ 1, the
problem becomes regularly perturbed, and it can be solved
by expansion in small parameter 1/𝜀0 [10].

The case 𝜀0 ≪ 1 can be effectively analyzed quantitatively
with the use of Rosseland’s approximation [1]. But, as it
was mentioned before, this approximation does not describe
a temperature distribution and radiation fluxes within the
boundary layers of thickness about 𝑙0.

There are various methods for quantitative analysis of
singularly perturbed problems [10]. One of the approaches to
regularize the problems is considering them in the interior of
domain and in the boundary layer separatelywith consequent
joining of the two obtained solutions.

To implement such approach for problem (30)–(36) it is
necessary to develop a method for its numerical solving for
layers with thickness about photon mean path 𝑙0. In this case𝜀0 = 𝑂(1) and the problem becomes regular (unperturbed).
It is convenient to use now the length 𝑙0 as the spatial scale.
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Introducing dimensionless spatial coordinate 𝜉 = 𝛽𝑦 = 𝑦/𝑙0,
we rewrite the problem (30)–(36) in the following form:

𝑑2𝑇 (𝜉)𝑑𝜉2 = 2𝜅𝜆 (2 (𝑇 (𝜉))4
− (∫1
0
𝐽1 (𝜉, 𝜇) 𝑑𝜇 + ∫0

−1
𝐽2 (𝜉, 𝜇) 𝑑𝜇))

(26)

𝜇𝜕𝐽𝑘 (𝜉, 𝜇)𝜕𝜉 + 𝐽𝑘 (𝜉, 𝜇) = 𝜅 (𝑇 (𝜉))4 + 12
⋅ 𝜎 (∫1

0
𝐽1 (𝜉, 𝜇) 𝑑𝜇 + ∫0

−1
𝐽2 (𝜉, 𝜇) 𝑑𝜇)

(27)

−𝑑𝑇𝑑𝜉
𝜉=𝑏𝑘 = −𝛾𝑘 (𝑇𝜉=𝑏𝑘 − 𝑇ext𝜉=𝑏𝑘) − (1 + 𝑛−2)

⋅ 𝜆−1𝜀𝑘 𝑇4𝜉=𝑏𝑘 + 2𝜀𝑘 (1 − 𝜌𝑘)
⋅ 𝜆−1 ∫

𝜇∈𝑚𝑘

𝐽𝑘 (𝜇)𝜉=𝑏𝑘 𝜇 𝑑𝜇 + 2𝜀𝑘 (1 − 𝜌𝑘)
⋅ 𝜆−1 ∫

𝜇∈𝑚𝑙

𝐽ext𝑘 (𝜇)𝜉=𝑏𝑘 𝜇 𝑑𝜇,

(28)

𝐽𝑘 (𝜇)𝜉=𝑏𝑙 = 𝜀𝑙 𝑇4𝜉=𝑏𝑙 + 𝜌𝑙 ∫
𝜇∈𝑚𝑙

𝐽𝑙 (𝜇)𝜉=𝑏𝑙 𝑑𝜇 + (1
− 𝜀𝑙) (1 − 𝜌𝑙) ∫

𝜇∈𝑚𝑘

𝐽ext𝑙 (𝜇) 𝑑𝜇, (29)

where 𝜆 ≡ 𝑘𝑐𝛽/(𝑛2𝜎SB𝑇30 ), 𝑏1 = 𝑏, 𝑏2 = −𝑏, 𝑏 ≡ 𝛽𝑏 =𝑏/𝑙0, 𝛾1 ≡ ℎ1/𝑘𝑐𝛽, 𝛾2 ≡ ℎ2/𝑘𝑐𝛽.
4. An Iterative Method for Solving of the
Unperturbed Problem

We will develop an iterative method for solving the problem
(26)–(29). We assume 𝐽ext ≡ 0 and modify the boundary
conditions (28), (29) for 𝑘 = 2. We suppose boundary S2 as a
blackbodywith prescribed fixed temperature𝑇0, what enables
us to rewrite them in the following form:

𝑇𝜉=−𝑏 = 1, (30)

𝐽1 (𝜇)𝜉=−𝑏 = 1. (31)

The boundary conditions (28) and (29) for 𝑘 = 1 remain in
the following form:

−𝑑𝑇𝑑𝜉
𝜉=𝑏 = −𝛾1 (𝑇𝜉=𝑏 − 𝑇ext𝜉=𝑏)

− (1 + 𝑛−2) 𝜆−1𝜀1 𝑇4𝜉=𝑏

+ 2𝜀1 (1 − 𝜌1) 𝜆−1 ∫1
0

𝐽1 (𝜇)𝜉=𝑏 𝜇 𝑑𝜇.
(32)

𝐽2 (𝜇)𝜉=𝑏 = 𝜀1 𝑇4𝜉=𝑏 + 𝜌1 ∫1
0

𝐽1 (𝜇)𝜉=𝑏 𝑑𝜇, (33)

We expect to come to the solution of the nonlinear problem
(26), (27), (30)–(33), considering sequences of functions𝑇(𝑚)(𝜉), 𝐽(𝑚)1 (𝜉, 𝜇), 𝐽(𝑚)2 (𝜉, 𝜇), 𝑚 = 0, 1, 2, . . ., which satisfy
the next iterative sequence of linear problems:

𝑑2𝑇(𝑚+1)𝑑𝜉2 = Θ(𝑚) (𝜉) , (34)

𝜇𝜕𝐽(𝑚+1)1𝜕𝜉 + 𝐽(𝑚+1)1 = Φ(𝑚) (𝜉, 𝜇) , (35)

𝜇𝜕𝐽(𝑚+1)2𝜕𝜉 + 𝐽(𝑚+1)2 = Φ(𝑚) (𝜉, 𝜇) (36)

𝑑𝑇(𝑚+1)𝑑𝜉
𝜉=𝑏 = 𝜗(𝑚),

𝑇(𝑚+1)𝜉=−𝑏 = 1,
(37)

𝐽(𝑚+1)1 𝜉=−𝑏 = 1,
𝐽(𝑚+1)2 𝜉=𝑏 = 𝜀1 (𝑇(𝑘))4𝜉=𝑏

+ 2𝜌1 ∫1
0

𝐽(𝑘)1 𝜉=𝑏 𝜇 𝑑𝜇.
(38)

Here we used the denotations:

Θ(𝑚) (𝜉) = 2𝜅𝜆 (2 (𝑇(𝑚) (𝜉))4
− (∫1
0
𝐽(𝑚)1 (𝜉, 𝜇) 𝑑𝜇 + ∫0

−1
𝐽(𝑚)2 (𝜉, 𝜇) 𝑑𝜇)) , (39)

Φ(𝑚) (𝜉) = 𝜅 (𝑇(𝑚) (𝜉))4 + 12𝜎(∫1
0
𝐽(𝑚)1 (𝜉, 𝜇) 𝑑𝜇

+ ∫0
−1

𝐽(𝑚)2 (𝜉, 𝜇) 𝑑𝜇) . (40)

𝜗(𝑚) = 𝛾1 (𝑇(𝑚)𝜉=𝑏 − 𝑇ext𝜉=𝑏) + (1 + 𝑛−2)
⋅ 𝜆−1𝜀1 (𝑇(𝑚)𝜉=𝑏)

4 − 2𝜀1 (1 − 𝜌1)
⋅ 𝜆−1 ∫1

0
𝐽(𝑚)1 (𝜇)𝜉=𝑏 𝜇 𝑑𝜇

(41)
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Integrating ordinary differential equations (34)–(36) and
subordinated their solutions to boundary conditions (37) and
(38), we obtain

𝑇(𝑚+1) (𝜉) = ∫𝜉
−𝑏

∫𝑧
−𝑏

Θ(𝑚) (𝜁) 𝑑𝜁 𝑑𝑧 + (𝜗(𝑚)
− ∫𝑏
−𝑏

Θ(𝑚) (𝜉) 𝑑𝜉) (𝜉 + 𝑏) + 1
(42)

𝐽(𝑚+1)1 (𝜉, 𝜇) = ∫𝜉
−𝑏

Φ(𝑚) (𝑧) 𝑒−(𝜉−𝑧)/𝜇𝜇 𝑑𝑧 + 𝑒−(𝜉+𝑏)/𝜇 (43)

𝐽(𝑚+1)2 (𝜉, 𝜇) = ∫𝜉
𝑏

Φ(𝑚) (𝑧) 𝑒−(𝜉−𝑧)/𝜇𝜇 𝑑𝑧
+ 𝑒−(𝜉−𝑏)/𝜇 (𝜀1 (𝑇(𝑚)𝑦=𝑏)

4

+ 2𝜌1 ∫1
0
𝐽(𝑘)1 𝜇𝑑𝜇𝜉=𝑏) .

(44)

To avoid iterative integration, we approximate the solu-
tions by linear finite elements. To do this we chose on
the segment [−𝑏, 𝑏] 𝑁 + 1 regular node points 𝜉𝑖 =−𝑏 + 𝑖 ⋅ 2𝑏/𝑁, 𝑖 = 0,𝑁, and represent the functions𝑇(𝑚)(𝜉), 𝐽(𝑚)1 (𝜉, 𝜇) and 𝐽(𝑚)2 (𝜉, 𝜇) by their node values: 𝑇(𝑚)𝑖 ≡𝑇(𝑚)(𝜉𝑖), 𝐽(𝑚)1𝑖 (𝜇) ≡ 𝐽(𝑚)1 (𝜉𝑖, 𝜇), 𝐽(𝑚)2𝑖 (𝜇) ≡ 𝐽(𝑚)2 (𝜉𝑖, 𝜇). Approx-
imating 𝑇(𝑚)(𝜉), 𝐽(𝑚)1 (𝜉, 𝜇) and 𝐽(𝑚)2 (𝜉, 𝜇) on the elements[𝜉𝑖, 𝜉𝑖+1], 𝑖 = 0,𝑁 − 1, by linear functions,

𝑇(𝑚) (𝜂) = 𝑇(𝑚)𝑖 𝜑1 (𝜂) + 𝑇(𝑚)𝑖+1𝜑2 (𝜂) ,
𝐽(𝑚)1 (𝜂, 𝜇) = 𝐽(𝑚)1𝑖 (𝜇) 𝜑1 (𝜂) + 𝐽(𝑚)1𝑖+1 (𝜇) 𝜑2 (𝜂) ,
𝐽(𝑚)2 (𝜂, 𝜇) = 𝐽(𝑚)2𝑖 (𝜇) 𝜑1 (𝜂) + 𝐽(𝑚)2𝑖+1 (𝜇) 𝜑2 (𝜂) ,

(45)

where

𝜑1 (𝜂) = 12 (1 + 𝜂) ,
𝜑2 (𝜂) = 12 (1 − 𝜂) . (46)

We replace the integrals in the right-hand sides of relations
(42)–(44) with corresponding sums and obtain in the issue

𝑇(𝑚+1)𝑖 = Δ24
𝑖−1∑
𝑗=0

(2 𝑗∑
𝑝=0

(Θ(𝑚)𝑝 + Θ(𝑚)𝑝+1) − Θ(𝑚)𝑗 − Θ(𝑚)𝑗+1)
+ (𝜗(𝑚)𝑖 − Δ2

𝑖−1∑
𝑗=0

(Θ(𝑚)𝑗 + Θ(𝑚)𝑗+1)) (𝜉𝑖 + 𝑏) + 1
(47)

𝐽(𝑚+1)1𝑖 (𝜇) = 𝑒−𝜉𝑖/𝜇𝜇 [[
𝑖−1∑
𝑗=1

Φ(𝑚)𝑗 (V𝑗 (𝜇) + 𝑤𝑗−1 (𝜇))

+ Φ(𝑚)0 V0 (𝜇) + Φ(𝑚)𝑖 𝑤𝑖−1 (𝜇) + 𝜇𝑒−𝑏/𝜇]]
(48)

𝐽(𝑚+1)2𝑖 (𝜇) = −𝑒−𝜉𝑖/𝜇𝜇 {{{
𝑁−1∑
𝑗=𝑖+1

Φ(𝑚)𝑗 (V𝑗 (𝜇) + 𝑤𝑗−1 (𝜇))
+ Φ(𝑚)𝑖 V𝑖 (𝜇) + Φ(𝑚)𝑁 𝑤𝑁−1 (𝜇)
+ 𝜇𝑒𝑏/𝜇 (𝜀1 (𝑇(𝑚)𝑁 )4 + 2𝜌1 ∫1

0
𝐽(𝑚)1𝑁 (𝜇) 𝜇𝑑𝜇)} .

(49)

Here,

V𝑗 (𝜇) = −𝜇Δ [(Δ + 𝜇) 𝑒𝜉𝑗/𝜇 − 𝜇𝑒𝜉𝑗/𝜇] ,
𝑤𝑗 (𝜇) = 𝜇Δ [(Δ − 𝜇) 𝑒𝜉𝑗+1/𝜇 + 𝜇𝑒𝜉𝑗/𝜇] ,

Δ ≡ 2𝑏𝑁
Θ(𝑚)𝑗 ≡ Θ(𝑚) (𝜉𝑖) ,
Φ(𝑚)𝑗 ≡ Φ(𝑚) (𝜉𝑖) .

(50)

5. Numerical Study

We tested a convergence of the iterative process (42)–(44)
numerically, depending on chosen values of dimensionless
parameters 𝑏, 𝜆, 𝜅, 𝜎, 𝜀1, 𝜌1, 𝛾1.The calculations were stopping
when the criterion max{𝜀𝑇, 𝜀𝐽} ≤ 𝜀 was meted, where 𝜀 is a
given positive constant and

𝜀𝑇 ≡ √ 𝑁∑
𝑖=0

(𝑇(𝑚+1)𝑖 − 𝑇(𝑚)𝑖 )2,

𝜀𝐽 ≡ √ 𝑁∑
𝑖=0

(∫1
0
(𝐽(𝑚+1)1𝑖 (𝜇) − 𝐽(𝑚)1𝑖 (𝜇)) 𝑑𝜇 + ∫0

−1
(𝐽(𝑚+1)2𝑖 (𝜇) − 𝐽(𝑚)2𝑖 (𝜇)) 𝑑𝜇).

(51)
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In Figure 1, we can see how the dimensionless intensity 𝐽
of radiation changes with coordinate 𝜉, depending on the
direction of its incidence. The data for two different values of
hemispherical emissivity 𝜀1 of the boundary S1 are presented
in the figure.

In Figure 2 the distributions of dimensionless temper-
ature 𝑇(𝜉) and dimensionless radiation temperature 𝑇𝑟(𝜉)
in the layer are shown at the same two values of hemi-
spherical emissivity 𝜀1. Radiation temperature is defined as𝑇𝑟 = (𝐺𝑟/2)1/4, where 𝐺𝑟 is dimensionless spatial density of
radiation 𝐺𝑟(𝜉) = ∫1

0
𝐽1(𝜉, 𝜇)𝑑𝜇 + ∫0

−1
𝐽2(𝜉, 𝜇)𝑑𝜇.

In Figure 3 the coordinate dependencies of dimensionless
conduction heat flux 𝑞𝑐(𝜉) = −𝜆𝜕𝑇(𝜉)/𝜕𝜉, radiation energy
flux 𝑞𝑟(𝜉) = ∫1

0
𝐽1(𝜉, 𝜇)𝜇 𝑑𝜇 + ∫0

−1
𝐽2(𝜉, 𝜇)𝜇 𝑑𝜇, and total flux𝑞(𝜉) = 𝑞𝑐(𝜉) + 𝑞𝑟(𝜉) are presented.

Figure 4 illustrates how the dimensionless energy flux𝑞out, inflowing into external medium from the layer through
boundary S1, depends on boundary’s emissivity 𝜀1. In con-
sidering the case the flux 𝑞out contains three constituents:
convective heat flux 𝑞outconv = 𝛾1(𝑇|𝜉=𝑏 − 𝑇ext|𝜉=𝑏), energy flux𝑞outS1 = 𝜀1𝑇4|𝜉=𝑏 emitted by the boundary S1, and energy flux𝑞outV = (1−𝜀2)(1−𝜌2) ∫10 𝐽1(𝜇)|𝜉=𝑏𝑑𝜇 coming out of the volume
V. The fluxes 𝑞outS1 and 𝑞outV are also shown in Figure 4.

Figure 5 illustrates the influence of boundary’s S1 emissiv-
ity 𝜀1 on directional dependence of dimensionless intensity𝐽outV (𝜇) = (1−𝜀2)(1−𝜌2)𝐽1(𝜇)|𝜉=𝑏 of radiation going out of the
volume V through the boundary S1, where 𝜃 = arccos(𝜇) is a
zenith angle of radiation propagation.

The data presented on the figures were obtained for the
next values of dimensionless parameters: 𝑏 = 1.2, 𝜆 = 7, 𝜅 =0.1, 𝜎 = 0.9, 𝜌1 = 0.2, 𝑛 = 1.65, 𝛾1 = 0.01, 𝑇ext = 0.3,𝑇0 = 1000K. Conducted numerical studies show that, for
the chosen values of the parameters, the iterative process is
convergent up to optical thickness of the layer that equals 3
(𝑏 = 1.5).

Analyzing Figures 1 and 2, we can conclude that there are
substantial differences between values of conductive 𝑇 and
radiative 𝑇𝑟 temperatures in the layer and between values of
intensity of radiation incident in directions of positive 𝜇 ∈(0, 1) and negative 𝜇 ∈ (−1, 0) hemispheres. It means that, at
chosen values of the dimensionless parameters, the thermal
state of the layer is far from a radiative equilibrium.

The data presented in Figures 1–3 show the substan-
tial effect of surface radiative properties, in particular the
boundary’s hemispherical emissivity, on temperature field
and radiation distribution in the layer. Figures 4 and 5 exhibit
that these properties considerably affect the radiation emitted
by the layer into external medium. It means that angular
distribution of the radiation intensity emitting by the layer
can be used as informative parameters for nondestructive
determination of the volumetric and surface radiative prop-
erties of the medium.

6. Conclusion

The mathematical model for describing of combined
conductive-radiative heat transfer in a dielectric layer which

emits, absorbs, and scatters IR radiation both in the layer’s
volume and on its boundary has been considered. The
layer is considered as thermodynamic system consisting
of two interacting subsystems, the layer’s medium and
the layer’s radiation, in correspondence to the fact that
the heat transfer in the layer’s volume is described by two
interdependent processes, the heat conduction in the layer’s
medium and radiation transfer. Following this conception
the heat conduction equation has been obtained proceeding
from the equation of energy balance for layer’s medium. In
such form, HCE does not involve the radiation heat flux q𝑟
but it contains the source-type terms taking into account
the interaction of the layer’s medium with the radiation
subsystem. The boundary conditions for HCE also do not
contain the radiation heat flux q𝑟, but they contain the terms
describing the interaction of the layer’s medium and the
radiation on the layer boundary. This interaction is caused
by the surface radiation properties of layer’s medium, being
hemispherical, emissivity/absorptivity, and reflectivity.

Such formulation of the model enables determining the
spatial-and-angular distributions of parameters of IR radia-
tion, emitting by semitransparent mediums. This radiation
usually contains the energy fluxes emitting both by the
boundary and by interior of the layer. This feature of the
modelmakes it perspective for utilization in inverse problems
intended on noncontact determination of the temperature
fields and/or volumetric and surface radiation properties
of such mediums proceeding from the data, obtained by
remote measuring of parameters of IR radiation, emitted
by the object. Such data can be gathered with the use of
modern high-precision measurement techniques, such as IR
thermography.

A nonlinear stationary boundary-value problem for cou-
pled integrodifferential heat conduction equation and radi-
ation transfer equation for the layer, which exchanges by
energy with external medium by convection and radiation,
has been formulated. Features of the problem, depending
on the layer’s thickness, have been studied with the use of
dimensional analysis. It was established that, in the case
of optically thick layer, when the layer’s thickness is much
more of photon-free path, the problem becomes singularly
perturbed one. In the inverse case of optically thin layer,
the problem is regularly perturbed, and it becomes a regular
(unperturbed) one, when the layer’s thickness is of order of
several photon’s free paths.

An iterative method for solving of the unperturbed
problem has been developed. The method reduces the initial
nonlinear problem to the sequence of linear problems. Due
to this the solutions for iterations were obtained in closed
form.The conducted numerical studies show that the iterative
processes is convergent up to value of optical thickness that
equals 3.

The method, in aggregate with the known diffusion
approximation, can be used to implement an approach for
solving of singularly perturbed problems and for quantitative
analysis of the problem for conductive-radiative heat transfer
in optically thick layer. Such approaches, consisting in con-
sidering of the singularly perturbed problem in the interior of
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Figure 1: Dependencies of dimensionless intensity of radiation on spatial coordinate 𝜉 for different direction of its incidence at two values of
hemispherical emissivity 𝜀1: (1) – 𝜀 = 0.2; (b) 𝜀 = 0.5.

T

Tr

T
,T

r

0.8

0.85

0.9

0.95

0.0 0.6−0.6−1.2
�휉

(a)

T
,T

r

T

Tr

0.88

0.91

0.94

0.97

−0.6 0.0 0.6−1.2
�휉

(b)

Figure 2: Dependencies of dimensionless temperature 𝑇 and radiation temperature 𝑇𝑟 on spatial coordinate for two different values of
hemispherical emissivity 𝜀1: (1) – 𝜀 = 0.2; (b) 𝜀 = 0.5.
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Figure 3: Dependencies of dimensionless conductive 𝑞𝑟, radiative 𝑞𝑟, and total 𝑞 energy fluxes on coordinate 𝜉 for two different values of
hemispherical emissivity 𝜀1: (1) – 𝜀1 = 0.2; (b) – 𝜀1 = 0.5.

domain and in the boundary layer separatelywith consequent
joining of the two obtained solutions, are known [10].

With the use of the developed method the temperature
field and distribution of radiation intensity in the layer
have been studied. The obtained numerical results exhibit
substantial dependence of the IR radiation, emitted by the
layer into the external medium, on the temperature field

in the layer and on its radiative properties. This makes
possible to expect that developed model and method can be
used to formulate and solve inverse problems for noncontact
temperature testing in dielectrics and for nondestructive
determination of its radiation properties (volumetric and
surface) on the base of the data obtained by measuring of IR
radiation emitted by the layer.
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Differential invariants and their corresponding canonical forms for systems of three 2nd-order ODEs possessing three-dimensional
Lie algebras are constructed.Their extension up to 𝑘th-order system of three 2nd-order ODEs is presented. Furthermore singularity
in invariant structure for the canonical forms is investigated. In addition integrability of these canonical forms is discussed.
Illustrative physical examples from mechanics of system of particles are provided.

1. Introduction

There are several physical phenomena whose mathematical
modeling is associated with system of 2nd-order ODEs and
hence analysis of various aspects of these systems of ordinary
differential equations plays a vital role in the applied sciences.
Due to this contributing role and importance, these systems
have been extensively studied over the years. Different meth-
ods and approaches have been introduced and constructed
for various aspects of the analysis of these systems.

One of the prominent approaches is Lie symmetry
method, initiated by Sophus Lie [1842–1899].This is a general
method in which exact solutions and various other aspects
of linear and nonlinear differential equations are analysed.
Lie theory is based on Lie groups and the corresponding
Lie algebras. Lie proved that the integrability of a differential
equation is contingent on the properties of the Lie algebra it
admits; for details see [1–5].

In Lie theory, there are two approaches for the integra-
bility of differential equations: direct and indirect approach.
In the direct approach classical reduction is performed via
differential invariants and canonical variables and so forth,
while in the indirect approach equations are classified via
their admitted Lie algebras in prescribed number of under-
lying variables with corresponding set of structure constants.

Then algebraic realizations are used for integration of these
classified forms. The indirect approach is also known as Lie
algebraic approach. The direct approach is useful for scalar
ordinary differential equations only but does not work for
system of ordinary differential equations [6]. The indirect
approach is equally valid for both scalar ODEs as well as
system of ordinary differential equations.

In this paper, we are interested in Lie algebraic approach
(Realization approach) for system of 2nd-order ordinary
differential equations.

To apply the algebraic approach, equations have to be
classified according to their admitted symmetry algebras.
Moreover this classification scheme depends not only upon
the abstract Lie algebras (and their subalgebras) but also
the realizations of the admitted Lie algebras in prescribed
number of variables.

The initial work on classification and realizations of Lie
algebras was done by Lie [7]. After Lie, several researchers
have been involved in analysis of different aspects of this
work; see [1, 6, 8–12]. Although the algebraic approach is
more involved, it generates new cases and more insight
to mathematical properties whose base is algebra (see [8,
9, 13, 14]). Thus the classification of differential equations
via algebraic approach is more efficient than other classical
approaches. Unluckily, very limited literature is available on
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this approach for system of 2nd-order ordinary differential
equations.

Like systems of two 2nd-order ODEs, systems of three
2nd-order ODEs have vital role in different mathematical
modeling of physical situations such as small oscillation
problems, wave propagation problems, and problems of
mechanics. There is very limited and restricted work on
classification of system of three 2nd-orderODEs according to
their symmetry algebras (see [15, 16]). Thus in this paper, we
are interested in investigating classification of system of three
2nd-order ODEs via the algebraic approach for dimension 3.

The outline of the rest of the paper is as follows. In
Section 2 invariant structure of canonical forms and their
Lie algebraic properties are constructed. Section 3 is about
the integrability of underlying canonical forms, whereas
Section 4 presents illustrative examples of the results obtained
in this paper. Paper ends with a brief conclusion.

2. Differential Invariants and Canonical Forms

By fixing number of prescribed variables for a given set
of structure constants associated with an underlying Lie
algebra one can obtain the most general classes of system
of differential equations which admit the investigated Lie
algebra in prescribed number of variables.

Here group classification of system of three 2nd order
ODEs, admitting three-dimensional Lie algebra, has been
investigated via algebraic approach. The classification results
of [11] are utilized but in the format of [8].

2.1. Invariant Construction. Following result given in [8] is
fundamental in construction of invariants and their corre-
sponding canonical forms.

Proposition 1. If 𝑢 and V are invariants of a Lie algebra
admitted by any system of ordinary differential equations, then𝑑V/𝑑𝑢 is also its invariant.

For the construction of canonical forms the approach
developed in [8, 9, 13] is employed. By utilizing realizations
of underlying 3-dimensional Lie algebras admitted by system
of three 2nd-order ordinary differential equations we find
differential invariants associated with them. These invariants
are then used to construct invariant system of differential
equations, called canonical forms of system.

Notations.The following notions are used in rest of the paper:

A𝑎,𝑏,𝑛𝑖,𝑗 denotes the 𝑗th Lie algebra of dimension 𝑖
whereas superscripts indicate parameters on which
the algebra possibly depends; the column 𝑁 in
Table 1 gives the algebra realizations; the realization is
referred to by a superscript 𝑛; as usual 𝜕𝑡 = 𝜕/𝜕𝑡, 𝜕𝑥 =𝜕/𝜕𝑥, 𝜕𝑦 = 𝜕/𝜕𝑦, 𝜕𝑧 = 𝜕/𝜕𝑧.𝑋𝑖 denotes the elements of a basis of a given Lie
algebra; here 𝑖 is less than or equal to the dimension
of the underlying real Lie algebra. The rank of the
associated realization is denoted by 𝑟 and 𝑁 is the
realization of the corresponding algebra.

The realizations given in [8] are used to obtain the differ-
ential invariants and their corresponding invariant represen-
tation for the system of three 2nd-order ordinary differential
equations. There are various methods and approaches for
finding differential invariants but we follow the peculiar
approach developed by Ayub et al. in [8, 9, 13]. In this
approach invariants are interrelated via basic invariant. We
explain the algorithm by the following example.

Example 2. Consider the second realization A23,5 ≃ ⟨𝜕𝑡, 𝜕𝑥,𝑡𝜕𝑡 + 𝑥𝜕𝑥 + 𝜕𝑦⟩ from [8]. We find the second prolongation of
generators and then adopting the procedure of construction
of differential invariants described in [8, 9, 13], we obtain the
following differential invariants:

𝑝 = 𝑧,
𝑞 = �̇�,
𝑢 = ̇𝑦𝑒𝑦,
V = �̇�̇𝑦 ,

𝑑𝑞𝑑𝑝 = �̇̈�𝑧 ,
𝑑𝑢𝑑𝑝 = ̇𝑦𝑒𝑦 ( ̇�̇�𝑧 +

̈�̇�𝑦�̇�) ,
𝑑V𝑑𝑝 = �̇̈�𝑦�̇� −

̈�̇�𝑦2 .

(1)

This gives the following invariant representation and associ-
ated canonical form for the system of three 2nd-order ODEs
admitting Lie algebraA23,5:

𝑑𝑞𝑑𝑝 = 𝑓 (𝑝, 𝑞, 𝑢, V)
𝑑𝑢𝑑𝑝 = 𝑔 (𝑝, 𝑞, 𝑢, V)
𝑑V𝑑𝑝 = ℎ (𝑝, 𝑞, 𝑢, V)
�̇̈�𝑧 = 𝑓 (𝑝, 𝑞, 𝑢, V)

̇𝑦𝑒𝑦 ( ̇�̇�𝑧 +
̈�̇�𝑦�̇�) = 𝑔 (𝑝, 𝑞, 𝑢, V)

�̇̈�𝑦�̇� −
̈�̇�𝑦2 = ℎ (𝑝, 𝑞, 𝑢, V) .

(2)

Here and in the subsequent work 𝑝, 𝑞, 𝑢, V, 𝑑𝑞/𝑑𝑝, 𝑑𝑢/𝑑𝑝,
and 𝑑V/𝑑𝑝 denote invariants whereas𝑓, 𝑔, and ℎ are arbitrary
functions.
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Example 3. Consider the algebra A43,8 ≃ ⟨−𝑡𝜕𝑥, (1/2)(−𝑡𝜕𝑡 +𝑥𝜕𝑥), 𝑥𝜕𝑡⟩ given in [8]. Proceeding as in above example we
arrive at the following invariants:

𝑝 = 𝑧,
𝑞 = 𝑦,
𝑢 = 𝑡�̇� − 𝑥̇𝑦 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 ,
𝑤 = �̇̈�𝑦3 ,
𝑑𝑢𝑑𝑝 = 𝑡�̇̇�𝑦�̇� −

̈𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇� ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 .

(3)

Using these invariants we obtain the following invariant
representation and corresponding canonical form for the
system of three 2nd-order ODEs possessing Lie algebraA43,8:

𝑤 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
𝑑𝑢𝑑𝑝 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
𝑑2𝑞𝑑𝑝2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
�̇̈�𝑦3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

𝑡�̇̇�𝑦�̇� −
̈𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇� = 𝑔 (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝) .

(4)

In classification problem related to system of differential
equations, invariant interrelation plays a key role in different
types of analysis, namely, integrability, Linearization, and
singularity as well as some other aspects especially related to
system of three 2nd-order ODEs (see [8, 9, 13]). By careful
observations here we have obtained some relations between
invariants. On the basis of these relations we categorize the
regular differential invariants in the followingmain two types.

(i) Invariant Representation in First-Order System of ODEs. In
this system, for underlying Lie algebra with peculiar realiza-
tion, we obtain seven linearly independent invariants whose
invariant representation is in the form of system of first-order
ordinary differential equations.These invariants contain four
first-order differential invariants and three second-order dif-
ferential invariants.The four first-order differential invariants

include one invariant that plays a role of basic invariant
(𝑝). The second-order differential invariants are derived via
differentiation property of first-order differential invariants
with respect to the basic invariant, for example,A23,5.

(ii) Invariant Representation in Mixed Type System of 2nd-
Order ODE. In this system, for underlying Lie algebra with
peculiar realization, we obtain seven linearly independent
invariants whose invariant representation is in the form of
mixed type system of 2nd-order ordinary differential equa-
tions. These invariants contain four first-order differential
invariants and three 2nd-order differential invariants. The
four first-order differential invariants include one invariant
that plays a role of basic invariant (𝑝) and remaining three;
one of the invariant is derived by the differentiation of
another invariant from the remaining two with respect to
the basic invariant. The 2nd-order differential invariants
contain one independent invariant (𝑤) and the remaining
two are obtained via differentiation of first-order differential
invariants with respect to the basic invariant, for example,
A43,8.

Both types of invariants are presented in Table 1. These
observations led us to the following.

Remark 4. The number of functionally independent invari-
ants for the regular system of three 2nd-order ODEs admit-
ting three-dimensional Lie algebra is 7.
2.2. Singularity in Invariant Structure. If the rank of solution
manifold is less than the rank of generic manifold, then
invariant differential equation is singular [13].This singularity
plays an important role in the integrability of such systems.

For example, consider the case of Lie algebra A33,1 ≃⟨𝜕𝑥, 𝑡𝜕𝑥, 𝑦𝜕𝑥⟩. By employing the same procedure as used for
the invariant construction of A23,5 and A43,8 in the previous
subsection, the following set of differential invariants is
found:

𝑝 = 𝑡,
𝑞 = 𝑦,
𝑢 = 𝑧,
𝑑𝑞𝑑𝑝 = ̇𝑦,
𝑑𝑢𝑑𝑝 = �̇�,
𝑤 = �̈�,

𝑑2𝑢𝑑𝑝2 = �̈�,
𝑑2𝑞𝑑𝑝2 = 0 ( ̈𝑦 = 0) .

(5)
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The corresponding invariant representation and canonical
form for the system of three 2nd-order ordinary differential
equations having the Lie algebraA33,1, respectively, are

𝑤 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
𝑑2𝑞𝑑𝑝2 = 0
𝑑2𝑢𝑑𝑝2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
̈𝑦 = 0
�̈� = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝) .

(6)

By employing the same procedure as given in [13], it is
deduced that the condition of singularity is satisfied for the set
of invariants given in (5) and hence possesses the singularity
structure.

This type of singularity in invariant structure occurs in
A33,5 presented in Table 1.

If we consider the Lie algebra A43,1, we obtain the
following set of differential invariants:

𝑝 = 𝑡,
𝑞 = 𝑦,
𝑢 = 𝑧,
𝑑𝑞𝑑𝑝 = ̇𝑦,
𝑑𝑢𝑑𝑝 = �̇�,
𝑤 = �̈�,

𝑑2𝑢𝑑𝑝2 = �̈�,
𝑑2𝑞𝑑𝑝2 = 0 ( ̈𝑦 = 0) ,

(7)

whereasA43,1 andA13,8 do not form the system of three 2nd-
order ODEs.

2.3. Extension in System of Three kth-Order ODEs. Utilizing
the interrelationship between invariants of three second-
order ODEs, three 𝑘th-order ordinary differential equations
admitting three-dimensional algebras can be constructed, as
done in [8].

For this purpose we utilize the basic invariant that is
introduced in the invariant representation for the classifica-
tion. Consider the case of A43,8 that belongs to the invariant

representation in mixed type system of 2nd-order ODEs. We
have the following invariant structure for this case:

𝑝 = 𝑧,
𝑞 = 𝑦,
𝑢 = 𝑡�̇� − 𝑥̇𝑦 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 ,
𝑤 = �̇̈�𝑦3 ,
𝑑𝑢𝑑𝑝 = 𝑡�̇̇�𝑦�̇� −

̈𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇� ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 .

(8)

Differentiating the set of second-order differential invariants
with respect to basic invariant (𝑝), we find the following 3rd-
order differential invariants:

𝑑𝑤𝑑𝑝 = ...�̇�𝑧 ̇𝑦3 − 3 �̈�
̈𝑦�̇� ̇𝑦4 ,

𝑑2𝑢𝑑𝑝2 = (𝑡�̈� + �̇�)̇𝑦�̇�2 − 𝑡�̇��̈�̇𝑦�̇�3 −
̈𝑦 (𝑡�̈� + �̇� (𝑡 − 1))̇𝑦2�̇�2

+ 2 ̈𝑦2 (𝑡�̇� − 𝑥)̇𝑦3�̇�2 + ̈𝑦�̈� (𝑡�̇� − 𝑥)̇𝑦2�̇�3 − ...𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇�2 ,
𝑑3𝑞𝑑𝑝3 =

...�̇�𝑧3 − 3
̈𝑦�̈��̇�4 + 3

̇𝑦�̈�2�̇�5 −
̇𝑦...𝑧�̇�3 .

(9)

Thus the set of functionally independent invariants for the
system of three 3rd-order ordinary differential equations
possessingA43,8 is

𝑝 = 𝑧,
𝑞 = 𝑦,

𝑢 = 𝑡�̇� − 𝑥̇𝑦 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 ,
𝑤 = �̇̈�𝑦3 ,

𝑑𝑢𝑑𝑝 = 𝑡�̇̇�𝑦�̇� −
̈𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇� ,

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 ,
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Table 1: 2nd-order differential invariants and equations.

Algebra 𝑁 Invariants and equations

𝐴3,1

1

𝑝 = 𝑧, 𝑞 = �̇�, 𝑢 = ̇𝑦, V = �̇�, 𝑑𝑞𝑑𝑝 = �̇̈�𝑧 , 𝑑𝑢𝑑𝑝 =
̈�̇�𝑧 , 𝑑V𝑑𝑝 = �̇̈�𝑧�̇̈�𝑧 = 𝑓(𝑝, 𝑞, 𝑢, V),

̈�̇�𝑧 = 𝑔(𝑝, 𝑞, 𝑢, V), �̇̈�𝑧 = ℎ(𝑝, 𝑞, 𝑢, V)

2

𝑝 = 𝑡, 𝑞 = 𝑧, 𝑢 = ̇𝑦 − �̇�𝑓(𝑡), 𝑑𝑞𝑑𝑝 = �̇�, 𝑤 = �̈�, 𝑑𝑢𝑑𝑝 = ̈𝑦 − �̈�𝑓(𝑡) − �̇�𝑓(𝑡), 𝑑2𝑞𝑑𝑝2 = �̈�
�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), ̈𝑦 − �̈�𝑓(𝑡) − �̇�𝑓(𝑡) = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̈� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

3

𝑝 = 𝑡, 𝑞 = 𝑦, 𝑢 = 𝑧, 𝑑𝑞𝑑𝑝 = ̇𝑦, 𝑤 = �̈�, 𝑑𝑢𝑑𝑝 = �̇�, 𝑑
2𝑢𝑑𝑝2 = �̈� &

𝑑2𝑞𝑑𝑝2 = ̈𝑦 = 0
�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝), ̈𝑦 = 0, �̈� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝)

5

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�̇𝑦 − �̇̇�𝑦2 , 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 =

̈�̇�𝑦3 , 𝑑𝑢𝑑𝑝 = �̇̈�𝑦�̇� − �̇̈�𝑦2�̇� +
̈𝑦(2�̇� − �̇� ̇𝑦)̇𝑦3�̇� ,

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3̈�̇�𝑦3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑦�̇� − �̇̈�𝑦2�̇� +
̈𝑦 (2�̇� − �̇� ̇𝑦)

̇𝑦3�̇� = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝)

𝐴3,2

1

𝑝 = 𝑧, 𝑞 = 𝑒𝑦 ̇𝑦, 𝑢 = �̇�̇𝑦 , V = �̇̇�𝑧 , 𝑑𝑞𝑑𝑝 = 𝑒𝑦 (
̈�̇�𝑧 +

̇𝑦2�̇� ), 𝑑𝑢𝑑𝑞 = �̇̈�𝑦2 − �̇� ̈𝑦�̇� ̇𝑦2 , 𝑑V𝑑𝑝 = �̇̈�𝑧2 − �̇��̈��̇�3
𝑒𝑦 ( ̈�̇�𝑧 +

̇𝑦2�̇� ) = 𝑓(𝑝, 𝑞, 𝑢, V), �̇̈�𝑦2 − �̇� ̈𝑦�̇� ̇𝑦2 = 𝑔(𝑝, 𝑞, 𝑢, V), �̇̈�𝑧2 − �̇��̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, V)

2

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑒 ̇𝑥/ ̇𝑦 ̇𝑦, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 =

̈�̇�𝑦2 , 𝑑𝑢𝑑𝑝 = 𝑒 ̇𝑥/ ̇𝑦 (
̈�̇�𝑧 +
( ̇𝑦 − �̇�) ̈𝑦

̇𝑦�̇� ), 𝑑2𝑞𝑑𝑝2 = �̇̈�𝑧 ̇𝑦 −
̈�̇�𝑦2

𝑒 ̇𝑥/ ̇𝑦 ( ̈�̇�𝑧 +
( ̇𝑦 − �̇�) ̈𝑦

̇𝑦�̇� ) = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑦2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑧 ̇𝑦 −

̈�̇�𝑦2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

3

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�̇𝑦 , 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̇̈�𝑥2 , 𝑑𝑢𝑑𝑝 = �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� , 𝑑

2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3�̇̈�𝑥2 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

4

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑡�̇�, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = 𝑡�̈�, 𝑑

2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 , 𝑑𝑢𝑑𝑝 = 1 + 𝑡�̇̈�𝑧
𝑡�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), 1 + 𝑡�̇̈�𝑧 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

𝐴3,3

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�̇𝑦 , 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̇̈�𝑥3 , 𝑑𝑢𝑑𝑝 = �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� , 𝑑

2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3�̇̈�𝑥3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� = 𝑔 (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�22 ̇𝑦2 − 1̇𝑦 , 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̇̈�𝑦2 − �̇�

̈�̇�𝑦3 , 𝑑𝑢𝑑𝑝 = �̇��̈�̇𝑦2�̇� + (
̇𝑦 − �̇�2) ̈𝑦̇𝑦3�̇� ,

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑦�̇� − �̇̈�𝑧2�̇̈�𝑦2 − �̇�

̈�̇�𝑦3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇��̈�̇𝑦2�̇� +
( ̇𝑦 − �̇�2) ̈𝑦

̇𝑦3�̇� = 𝑔 (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑦�̇� −
̈�̇�𝑦2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

3

𝑝 = 𝑧, 𝑞 = 𝑦 − 1�̇� , 𝑢 = �̇�̇𝑦 , V = �̇̇�𝑧 , 𝑑𝑞𝑑𝑝 = �̇̈�𝑥2�̇� +
̇�̇�𝑧 , 𝑑𝑢𝑑𝑝 = �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� , 𝑑V𝑑𝑝 = �̇̈�𝑧2 − �̇��̈��̇�3�̇̈�𝑥2�̇� +

̇�̇�𝑧 = 𝑓(𝑝, 𝑞, 𝑢, V), �̇̈�𝑦�̇� − �̇� ̈𝑦̇𝑦2�̇� = 𝑔(𝑝, 𝑞, 𝑢, V), �̇̈�𝑧2 − �̇��̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, V)

𝐴3,4

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑒1/ ̇𝑥 ̇�̇�𝑥 , 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̇̈�𝑥2 ̇𝑦 , 𝑑𝑢𝑑𝑝 = 𝑒1/ ̇𝑥 (

̈�̇�𝑥�̇� − (1 + �̇�) �̈�
̇𝑦�̇�3�̇� ), 𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦 ̈�̇�𝑧3�̇̈�𝑥2 ̇𝑦 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), 𝑒1/ ̇𝑥 (

̈�̇�𝑥�̇� − (1 + �̇�) �̈�
̇𝑦�̇�3�̇� ) = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̈�̇�𝑧2 −
̇𝑦 ̈�̇�𝑧3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = 𝑦 − 1�̇� , 𝑢 = 𝑒1/ ̇𝑥
̇�̇�𝑥 , V = 𝑒1/ ̇𝑥 �̇��̇� , 𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 (1 + �̇̈�𝑥2 ̇𝑦)𝑑𝑢𝑑𝑝 = 𝑒1/ ̇𝑥 (
̈�̇�𝑥�̇� − (1 + �̇�) �̈�

̇𝑦�̇�3�̇� ), 𝑑V𝑑𝑝 = 𝑒1/ ̇𝑥 ( �̇̈�𝑥�̇� − (1 + �̇�) �̈��̇�3 )
̇�̇�𝑧 (1 + �̇̈�𝑥2 ̇𝑦) = 𝑓(𝑝, 𝑞, 𝑢, V), 𝑒1/ ̇𝑥 (

̈�̇�𝑥�̇� − (1 + �̇�) �̈�
̇𝑦�̇�3�̇� ) = 𝑔(𝑝, 𝑞, 𝑢, V), 𝑒1/ ̇𝑥 ( �̇̈�𝑥�̇� − (1 + �̇�) �̈��̇�3 ) = ℎ(𝑝, 𝑞, 𝑢, V)

3

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = 𝑒𝑡�̈�, 𝑑𝑢𝑑𝑝 = �̇̈�𝑧 , 𝑑

2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3
𝑒𝑡�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑧 = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
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Algebra 𝑁 Invariants and equations

𝐴3,5

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 =

̈�̇�𝑦2 , 𝑑𝑢𝑑𝑝 = �̇̈�𝑧 , 𝑑
2𝑞𝑑𝑝2 =

̇𝑦�̈��̇�3 −
̈�̇�𝑧2�̇̈�𝑧 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̈�̇�𝑦2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̇𝑦�̈��̇�3 −

̈�̇�𝑧2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = �̇�, 𝑢 = 𝑒𝑦 ̇𝑦, V = �̇�̇𝑦 , 𝑑𝑞𝑑𝑝 = �̇̈�𝑧 , 𝑑𝑢𝑑𝑞 = 𝑒𝑦
̇𝑦2�̇� + 𝑒𝑦 ̈�̇�𝑦�̇� , 𝑑V𝑑𝑝 = �̇̈�𝑦�̇� −

̈�̇�𝑦2�̇̈�𝑧 = 𝑓(𝑝, 𝑞, 𝑢, V), 𝑒𝑦
̇𝑦2�̇� + 𝑒𝑦 ̈�̇�𝑧 = 𝑔(𝑝, 𝑞, 𝑢, V), �̇̈�𝑦�̇� −

̈�̇�𝑦2 = ℎ(𝑝, 𝑞, 𝑢, V)

3
𝑝 = 𝑡, 𝑞 = 𝑦, 𝑢 = 𝑧, 𝑑𝑞𝑑𝑝 = �̇�, 𝑑𝑢𝑑𝑝 = �̇�, 𝑑

2𝑞𝑑𝑝2 = ̈𝑦, 𝑤 = �̈� = 0, 𝑑2𝑢𝑑𝑝2 = �̈�
�̈� = 0, ̈𝑦 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝), �̈� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝)

4

𝑝 = 𝑡, 𝑞 = 𝑧, 𝑢 = ̇𝑦, 𝑑𝑞𝑑𝑝 = �̇�, 𝑤 = 𝑒−𝑦�̈�, 𝑑𝑢𝑑𝑝 = ̈𝑦, 𝑑2𝑞𝑑𝑝2 = �̈�
𝑒−𝑦�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), ̈𝑦 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̇̈�𝑧 = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

𝐴𝑎3,6|𝑎| ≤ 1,𝑎 ̸= 0, 1

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇� ̇𝑦𝑎−1, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̇̈�𝑥 ̇𝑦 , 𝑑𝑢𝑑𝑝 =

̇𝑦(𝑎−1)�̈��̇� + (𝑎 − 1)�̇� ̇𝑦(𝑎−2) ̈𝑦�̇� ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑦�̇�2 −
̇𝑦�̈��̇�3�̇̈�𝑥 ̇𝑦 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̇𝑦(𝑎−1)�̈��̇� + (𝑎 − 1)�̇� ̇𝑦(𝑎−2) ̈𝑦�̇� = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑦�̇�2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = 𝑒𝑦 ̇𝑦, 𝑢 = �̇� ̇𝑦𝑎−1, V = �̇�̇𝑦 , 𝑑𝑞𝑑𝑝 = 𝑒𝑦 (
̈�̇�𝑧 +

̇𝑦2�̇� ), 𝑑𝑢𝑑𝑞 =
̇𝑦(𝑎−1)�̈��̇� + (𝑎 − 1)�̇� ̇𝑦(𝑎−2) ̈𝑦�̇� , 𝑑V𝑑𝑝 = �̇̈�𝑦�̇� −

̈�̇�𝑦2
𝑒𝑦 ( ̈�̇�𝑧 +

̇𝑦2�̇� ) = 𝑓(𝑝, 𝑞, 𝑢, V),
̇𝑦(𝑎−1)�̈��̇� + (𝑎 − 1)�̇� ̇𝑦(𝑎−2) ̈𝑦�̇� = 𝑔(𝑝, 𝑞, 𝑢, V), �̇̈�𝑦�̇� −

̈�̇�𝑦2 = ℎ(𝑝, 𝑞, 𝑢, V)

3

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑡�̇�, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = 𝑡(2𝑎−1)/(𝑎−1)�̈�, 𝑑𝑢𝑑𝑝 = 1 + 𝑡�̇̈�𝑧 ,

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3
𝑡(2𝑎−1)/(𝑎−1)�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), 1 + 𝑡�̇̈�𝑧 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

𝐴3,7

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = ̇𝑦𝑒−𝑎 arctan ̇𝑥√1 + �̇�2 , V = ̇�̇�𝑧 , 𝑤 = �̈�𝑒−𝑎 arctan ̇𝑥
(1 + �̇�2)3/2 ,

𝑑𝑢𝑑𝑝 = 𝑒
−𝑎 arctan ̇𝑥

√1 + �̇�2 (
̈�̇�𝑧 − (𝑎 + �̇�)

̇𝑦�̈�
�̇� (1 + �̇�2) ),

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3
�̈�𝑒−𝑎 arctan ̇𝑥
(1 + �̇�2)3/2 = 𝑓(𝑝, 𝑞, 𝑢,

𝑑𝑞𝑑𝑝), 𝑒
−𝑎 arctan ̇𝑥

√1 + �̇�2 (
̈�̇�𝑧 − (𝑎 + �̇�)

̇𝑦�̈�
�̇� (1 + �̇�2) ) = 𝑔(𝑝, 𝑞, 𝑢,

𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = 𝑦 + arctan �̇�, 𝑢 = ̇𝑦𝑒−𝑎 arctan ̇𝑥√1 + �̇�2 , V = �̇�𝑒−𝑎 arctan ̇𝑥√1 + �̇�2 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 + �̈��̇� (1 + �̇�2)𝑑𝑢𝑑𝑝 = 𝑒
−𝑎 arctan ̇𝑥

√1 + �̇�2 (
̈�̇�𝑧 − (𝑎 + �̇�)

̇𝑦�̈�
�̇� (1 + �̇�2) ), 𝑑V𝑑𝑝 = 𝑒

−𝑎 arctan ̇𝑥

√1 + �̇�2 (
�̇̈�𝑧 − (𝑎 + �̇�) �̈�(1 + �̇�2) )̇�̇�𝑧 + �̈��̇� (1 + �̇�2) = 𝑓(𝑝, 𝑞, 𝑢, V), 𝑒

−𝑎 arctan ̇𝑥

√1 + �̇�2 (
̈�̇�𝑧 − (𝑎 + �̇�)

̇𝑦�̈�
�̇� (1 + �̇�2) ) = 𝑔(𝑝, 𝑞, 𝑢, V)𝑒−𝑎 arctan ̇𝑥√1 + �̇�2 (

�̇̈�𝑧 − (𝑎 + �̇�) �̈�(1 + �̇�2) ) = ℎ(𝑝, 𝑞, 𝑢, V)

3

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = (1 + 𝑡2) �̇�, 𝑑𝑞𝑑𝑝 =
̇�̇�𝑧 , 𝑤 = �̈�𝑒

𝑎 arctan 𝑡

̇𝑦3/2 , 𝑑𝑢𝑑𝑝 = 2𝑡 +
(1 + 𝑡2) �̈�

�̇� ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3

�̈�𝑒𝑎 arctan 𝑡̇𝑦3/2 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), 2𝑡 +
(1 + 𝑡2) �̈�

�̇� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = 2𝑦 − �̇�, 𝑢 = �̇�2 − 4𝑥 ̇𝑦, V = 𝑥�̇�, 𝑑𝑞𝑑𝑝 = (2
̇𝑦 − �̈�)�̇� , 𝑑𝑢𝑑𝑝 = 2�̇��̈� − 4𝑥

̈𝑦 − 4�̇� ̈𝑦�̇� , 𝑑V𝑑𝑝 = �̇� + 𝑥�̇̈�𝑧(2 ̇𝑦 − �̈�)�̇� = 𝑓(𝑝, 𝑞, 𝑢, V), 2�̇��̈� − 4𝑥 ̈𝑦 − 4�̇� ̈𝑦�̇� = 𝑔(𝑝, 𝑞, 𝑢, V), �̇� + 𝑥�̇̈�𝑧 = ℎ(𝑝, 𝑞, 𝑢, V)

3

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = �̇�
(𝑡 − 𝑥)2 ̇𝑦2 , V =

̇�̇�𝑧 , 𝑤 = 2̇𝑥1/2 + (𝑡 − 𝑥)�̈��̇�3/2 + 2√𝑥
𝑑𝑢𝑑𝑝 = �̈�

(𝑡 − 𝑥)2 ̇𝑦2�̇� −
2(1 − �̇�)�̇� ̇𝑦 + 2(𝑡 − 𝑥)�̇� ̈𝑦

(𝑡 − 𝑥)3 ̇𝑦3�̇� ,
𝑑2𝑞𝑑𝑞2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3

𝐴3,8
2̇𝑥1/2 + (𝑡 − 𝑥)�̈��̇�3/2 + 2√𝑥 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), �̈�

(𝑡 − 𝑥)2 ̇𝑦2�̇� −
2 (1 − �̇�) �̇� ̇𝑦 + 2 (𝑡 − 𝑥) �̇� ̈𝑦

(𝑡 − 𝑥)3 ̇𝑦3�̇� = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),̈�̇�𝑧2 −
̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)
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4

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑡�̇� − 𝑥̇𝑦 , V = ̇�̇�𝑧 , 𝑤 = �̇̈�𝑦3 , 𝑑𝑢𝑑𝑝 = 𝑡�̇̈�𝑦�̇� − (𝑡�̇� − 𝑥)
̈𝑦�̇� ̇𝑦2 ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3�̇̈�𝑦3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝), 𝑡�̇̈�𝑦�̇� − (𝑡�̇� − 𝑥)

̈𝑦�̇� ̇𝑦2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

5

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 𝑥�̇�√1 + �̇�2 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 , 𝑤 = 1 + �̇�
2

𝑥3 ̇𝑦3 + �̈�𝑥2 ̇𝑦3 , 𝑑𝑢𝑑𝑝 =
√1 + �̇�2𝑥�̇� ( 𝑥�̇��̇�(1 + �̇�2) + 𝑥2�̈�√1 + �̇�2 −

𝑥2�̇��̇��̈�(1 + �̇�2))𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�31 + �̇�2𝑥3 ̇𝑦3 + �̈�𝑥2 ̇𝑦3 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝),
̈�̇�𝑧2 −

̇𝑦�̈��̇�3 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)√1 + �̇�2𝑥�̇� ( 𝑥�̇��̇�(1 + �̇�2) + 𝑥2�̈�1 + �̇�2 − 𝑥2�̇��̇��̈�(1 + �̇�2)) = ℎ(𝑝, 𝑞, 𝑢,
𝑑𝑞𝑑𝑝)

𝐴3,9

1

𝑝 = 𝑧, 𝑞 = 𝑦, 𝑢 = 1 + �̇�2 + (𝑡�̇� − 𝑥)2(1 + 𝑡2 + 𝑥2)2 ̇𝑦2 ,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 , 𝑤 = �̈�
(1 + 𝑡2 + 𝑥2)3/2 ̇𝑦3

𝑑𝑢𝑑𝑝 = −
2 (1 + �̇�2 + (𝑡�̇� − 𝑥)2) ̈𝑦
�̇� ̇𝑦3 (1 + 𝑡2 + 𝑥2)2 − 4 (𝑡 + 𝑥�̇�) (1 + �̇�2 + (𝑡�̇� − 𝑥)2)�̇� ̇𝑦2 (1 + 𝑡2 + 𝑥2)3 − 2 (𝑥𝑡 − (1 + 𝑡2) �̇�) �̈��̇� ̇𝑦2 (1 + 𝑡2 + 𝑥2)2 ,

𝑑2𝑞𝑑𝑝2 =
̈�̇�𝑧2 −

̇𝑦�̈��̇�3�̈�
(1 + 𝑡2 + 𝑥2)3/2 ̇𝑦3 = 𝑓(𝑝, 𝑞, 𝑢,

𝑑𝑞𝑑𝑝)
−2 (1 + �̇�2 + (𝑡�̇� − 𝑥)2) ̈𝑦

�̇� ̇𝑦3 (1 + 𝑡2 + 𝑥2)2 − 4 (𝑡 + 𝑥�̇�) (1 + �̇�2 + (𝑡�̇� − 𝑥)2)�̇� ̇𝑦2 (1 + 𝑡2 + 𝑥2)3 − 2 (𝑥𝑡 − (1 + 𝑡2) �̇�) �̈��̇� ̇𝑦2 (1 + 𝑡2 + 𝑥2)2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)̈�̇�𝑧2 −
̇𝑦�̈��̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝)

2

𝑝 = 𝑧, 𝑞 = arctan(�̇� sec𝑥) − 𝑦, 𝑢 = ̇𝑦 sec𝑥 + tan𝑥√1 + �̇�2sec2𝑥 , V = �̇� sec𝑥√1 + �̇�2sec2𝑥 ,
𝑑𝑞𝑑𝑝 =

sec𝑥 (�̈� + �̇�2 tan𝑥)
�̇� (1 + �̇�2 sec𝑥2) − ̇�̇�𝑧

𝑑𝑢𝑑𝑝 =
(√1 + �̇�2sec2𝑥)

�̇� sec𝑥 ( ̈𝑦
cos2𝑥 (1 + �̇�2sec2𝑥) +

(1 + �̇�2 + ̇𝑦 sin𝑥) �̇�
cos3𝑥 (1 + �̇�2sec2𝑥)2 −

�̇��̈� ( ̇𝑦 sec𝑥 + tan𝑥)
cos3𝑥 (1 + �̇�2sec2𝑥)2)

𝑑V𝑑𝑝 =
(√1 + �̇�2sec2𝑥)

�̇� sec𝑥 ( �̈�
cos2𝑥 (1 + �̇�2sec2𝑥) + �̇��̇� tan𝑥

cos2𝑥 (1 + �̇�2sec2𝑥)2 −
�̇��̈��̇� sec2𝑥

cos2𝑥 (1 + �̇�2sec2𝑥)2)
sec𝑥 (�̈� + �̇�2 tan𝑥)
�̇� (1 + �̇�2 sec𝑥2) − ̇�̇�𝑧 = 𝑓(𝑝, 𝑞, 𝑢, V)(√1 + �̇�2sec2𝑥)
�̇� sec𝑥 ( ̈𝑦

cos2𝑥 (1 + �̇�2sec2𝑥) +
(1 + �̇�2 + ̇𝑦 sin𝑥) �̇�
cos3𝑥 (1 + �̇�2sec2𝑥)2 −

�̇��̈� ( ̇𝑦 sec𝑥 + tan𝑥)
cos3𝑥 (1 + �̇�2sec2𝑥)2) = 𝑔(𝑝, 𝑞, 𝑢, V)

(√1 + �̇�2sec2𝑥)
�̇� sec𝑥 ( �̈�

cos2𝑥 (1 + �̇�2sec2𝑥) + �̇��̇� tan𝑥
cos2𝑥 (1 + �̇�2sec2𝑥)2 −

�̇��̈��̇� sec2𝑥
cos2𝑥 (1 + �̇�2sec2𝑥)2) = ℎ(𝑝, 𝑞, 𝑢, V)

𝑑𝑤𝑑𝑝 ,
𝑑2𝑢𝑑𝑝2 ,
𝑑3𝑞𝑑𝑝3 ,

(10)

where 𝑑𝑤/𝑑𝑝, 𝑑2𝑢/𝑑𝑝2, 𝑑3𝑞/𝑑𝑝3 are as mentioned in (9).
Consequently, the number of functionally independent
invariants for the system of three 3rd-order ODEs admitting
A43,8 is 10. We arrive at the following invariant representation
as well as corresponding canonical form for the system of
three 3rd-order ODEs possessing Lie algebraA43,8:

𝑑𝑤𝑑𝑝 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2)

𝑑2𝑢𝑑𝑝2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2)

𝑑3𝑞𝑑𝑝3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2)

...�̇�𝑧 ̇𝑦3 − 3 �̈�
̈𝑦�̇� ̇𝑦4 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑

2𝑞𝑑𝑝2)
�̇� (𝑡�̈� + �̇�) − 𝑡�̇��̈�̇𝑦�̇�3 − ̈𝑦 (𝑡�̈� + �̇� (𝑡 − 1))̇𝑦2�̇�2
+ ̈𝑦 (𝑡�̇� − 𝑥) (2�̇� ̈𝑦 + ̇𝑦�̈�)

̇𝑦3�̇�3



8 Advances in Mathematical Physics

− ...𝑦 (𝑡�̇� − 𝑥)̇𝑦2�̇�2 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2)

...�̇�𝑧3 − 3
̈𝑦�̈��̇�4 + 3

̇𝑦�̈�2�̇�5
− ̇𝑦...𝑧�̇�3 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑

2𝑞𝑑𝑝2) .
(11)

Proceeding in similar manner, we arrive at the following
invariant representation for the system of three 𝑘th-order
ODEs (𝑘 ≥ 3) possessing Lie algebraA43,8:

𝑑𝑘−2𝑤𝑑𝑝𝑘−2 = 𝑓(𝑝, 𝑞, 𝑢,
𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑

2𝑞𝑑𝑝2 , . . . , 𝑑
𝑘−3𝑤𝑑𝑝𝑘−3 , 𝑑

𝑘−2𝑢𝑑𝑝𝑘−2 ,
𝑑𝑘−1𝑞
𝑑𝑝𝑘−1)

𝑑𝑘−1𝑢𝑑𝑝𝑘−1 = 𝑔(𝑝, 𝑞, 𝑢,
𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑

2𝑞𝑑𝑝2 , . . . , 𝑑
𝑘−3𝑤𝑑𝑝𝑘−3 , 𝑑

𝑘−2𝑢𝑑𝑝𝑘−2 ,
𝑑𝑘−1𝑞
𝑑𝑝𝑘−1)

𝑑𝑘𝑞
𝑑𝑝𝑘 = ℎ(𝑝, 𝑞, 𝑢,

𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , . . . , 𝑑

𝑘−3𝑤𝑑𝑝𝑘−3 , 𝑑
𝑘−2𝑢𝑑𝑝𝑘−2 ,

𝑑𝑘−1𝑞
𝑑𝑝𝑘−1) .

(12)

By careful observation we can classify the invariant represen-
tation for all cases of the three-dimensional Lie algebras with
corresponding realization admitted by the system of three𝑘th-order ordinary differential equations (𝑘 ≥ 3) admitting
three-dimensional Lie algebra.

Theorem 5. If a regular system of three 𝑘th-order ordinary
differential equations (𝑘 ≥ 3) admits three-dimensional Lie
algebra then its canonical form can be represented by a set of
basic 3𝑘 + 1 functionally independent invariants in one of the
following forms:

(a) 𝑝, 𝑞, 𝑢, V, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝 , 𝑑V𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑
2𝑢𝑑𝑝2 , 𝑑
2V𝑑𝑝2 , . . . , 𝑑

𝑘−1𝑞
𝑑𝑝𝑘−1 , 𝑑

𝑘−1𝑢𝑑𝑝𝑘−1 , 𝑑
𝑘−1V𝑑𝑝𝑘−1

(b) 𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑𝑤𝑑𝑝 , 𝑑

2𝑢𝑑𝑝2 , 𝑑
3𝑢𝑑𝑝3 , . . . , 𝑑

𝑘−2𝑤𝑑𝑝𝑘−2 , 𝑑
𝑘−1𝑢𝑑𝑝𝑘−1 ,

𝑑𝑘𝑞
𝑑𝑝𝑘

(c) 𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑
2𝑢𝑑𝑝2 , 𝑤, 𝑑

3𝑞𝑑𝑝3 , 𝑑
3𝑢𝑑𝑝3 , . . . , 𝑑

𝑘−3𝑤𝑑𝑝𝑘−3 ,
𝑑𝑘𝑞
𝑑𝑝𝑘 , 𝑑

𝑘𝑢𝑑𝑝𝑘 ,
(13)

where (a) corresponds to these algebras

𝐴13,1, 𝐴13,2, 𝐴23,2, 𝐴33,3, 𝐴23,5, 𝐴23,6, 𝐴23,7, 𝐴23,8, 𝐴23,9, (14)

(b) corresponds to

𝐴23,1, 𝐴23,2, 𝐴33,2, 𝐴43,2, 𝐴13,3, 𝐴23,3, 𝐴13,4, 𝐴33,4, 𝐴13,5, 𝐴43,5, 𝐴13,6,
𝐴33,6, 𝐴13,7, 𝐴33,7, 𝐴33,8, 𝐴43,8, 𝐴53,8, 𝐴13,9, (15)

and (c) corresponds to

𝐴33,1, 𝐴43,1, 𝐴33,5, 𝐴13,8. (16)

Remarks 6. Theclassification results of (a) and (b)mentioned
inTheorem 5 are also valid for 𝑘 = 2.

There are 31 canonical forms for the case of a system of
three 3rd- and higher-order ordinary differential equations
admitting three-dimensional Lie algebras, and these can be
constructed by invariant differentiation as described above.

Note that 𝐴43,1 and 𝐴13,8 are admitted by a regular system
of two 3rd- and higher-order ordinary differential equations
whereas they do not form a system of three 2nd-order
ordinary differential equations.

3. Integrability

It is well known that symmetries can be used to integrate
ODEs either by successive reduction or by using the canon-
ical forms. Though the later method requires classification
according to their admitted algebras before integration but
this method is applicable to all kinds of systems of ODEs
whereas the former applies only to scalar ODEs. Here we
provide an integration algorithm for canonical forms (given
in Table 1).The algorithmdepends on the subdivision scheme
of the canonical forms that is based on general observations.

3.1. Integration Algorithm. The canonical forms for systems
of three 2nd-order ODEs presented in Table 1 are subdivided
mainly in two classes: Type-I and Type-II.

Type-I: Case of Singular Invariants. This consists of two cases𝐴33,1 and 𝐴33,5.
(i)𝐴3

3,1 ≃ ⟨𝜕𝑡, 𝜕𝑥, 𝑥𝜕𝑡+𝜕𝑦⟩.The corresponding canonical form
and invariant representation for this symmetry Lie algebra are

�̈� = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (17)
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̈𝑦 = 0, (18)

�̈� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (19)

𝑤 = 𝑓(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (20)

𝑑2𝑞𝑑𝑝2 = 0, (21)

𝑑2𝑢𝑑𝑝2 = ℎ(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (22)

where 𝑝, 𝑞, 𝑢, 𝑑𝑞/𝑑𝑝 and 𝑑𝑢/𝑑𝑝 are taken from Table 1. By
using (21), we arrive at

𝑞 = 𝑐1𝑝 + 𝑐2. (23)

Thus utilizing the values of (23) in (20) and (22), we deduce
that

𝑤 = 𝑓(𝑝, 𝑐1𝑝 + 𝑐2, 𝑢, 𝑐1, 𝑑𝑢𝑑𝑝)
𝑑2𝑢𝑑𝑝2 = ℎ(𝑝, 𝑐1𝑝 + 𝑐2, 𝑢, 𝑐1, 𝑑𝑢𝑑𝑝) .

(24)

Inverting back into original variables, (23) and (24), we get
the following form:

𝑦 = 𝑐1𝑡 + 𝑐2 (25)

�̈� = 𝑓(𝑡, 𝑐1𝑡 + 𝑐2, 𝑧, 𝑐1, 𝑑𝑧𝑑𝑡 ) (26)

�̈� = ℎ (𝑡, 𝑐1𝑡 + 𝑐2, 𝑧, 𝑐1, 𝑑𝑧𝑑𝑡 ) . (27)

The solution of (27) gives the value of 𝑧, and then by utilizing
this value in (26), one can get the solution of system (17), (18),
and (19).

Remark 7. The solution of (27) can be obtained by employing
different symmetry approaches including Lie canonical form
method.

(ii) 𝐴3
3,5 ≃ ⟨𝜕𝑥, 𝑡𝜕𝑥, 𝑥𝜕𝑥⟩. The associated canonical form

possessing symmetry Lie algebra is

�̈� = 0, (28)

̈𝑦 = 𝑔(𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (29)

�̈� = ℎ (𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝) , (30)

where 𝑝, 𝑞, 𝑢, 𝑑𝑞/𝑑𝑝 and 𝑑𝑢/𝑑𝑝 are taken from Table 1. By
using (28), we deduce that

𝑥 = 𝑑1𝑡 + 𝑑2. (31)

The system of three second-order ODEs admitting symmetry
Lie algebra 𝐴33,5 is integrable by quadrature provided that
system of two second-order ODEs formed by (29) and (30)
is integrable by quadrature.

On the basis of reductions discussed above, we arrive at
the following results.

Proposition 8. If a singular system of three 2nd-order ordi-
nary differential equations admits a three-dimensional solvable
symmetry algebra, then the general solution of the singular
system can be obtained by quadratures from the general
solution of the invariant representation of the singular system
given by the solution of

(a) a 2nd-order differential equation in the case of 𝐴33,1;
(b) system of two 2nd-order ordinary differential equations

in the case of 𝐴33,5.
Remark 9. Proposition 8 is related to algebraic approach for
analysis of singular system of ODEs. Proposition 8 leads to
the solution of underlying singular system of three 2nd-order
ODEs by either of two ways: case (a) when corresponding
reduced 2nd-order differential equation has integrable class
or case (b) when associated system of two 2nd-order ordinary
differential equations is integrable. In both of the above
cases ((a) and (b)), for integrability one can consult the Lie
canonical form method of scalar second-order ODEs and
other symmetry approaches as well in the former case and in
latter case one can utilize approaches discussed in [6, 8, 9, 13].

Proposition 10. If a regular system of three 𝑘th-order (𝑘 ≥ 3)
ordinary differential equations possesses a three-dimensional
solvable symmetry algebra, then the general solution of the
system can be obtained by quadratures from the general
solution of the invariant representation given by one of the
following systems:

(a) 𝑝, 𝑞, 𝑢, V, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝 , 𝑑V𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑
2𝑢𝑑𝑝2 , 𝑑
2V𝑑𝑝2 , . . . , 𝑑

𝑘−1𝑞
𝑑𝑝𝑘−1 , 𝑑

𝑘−1𝑢𝑑𝑝𝑘−1 , 𝑑
𝑘−1V𝑑𝑝𝑘−1

(b) 𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑤, 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑𝑤𝑑𝑝 , 𝑑

2𝑢𝑑𝑝2 , 𝑑
3𝑢𝑑𝑝3 , . . . , 𝑑

𝑘−2𝑤𝑑𝑝𝑘−2 , 𝑑
𝑘−1𝑢𝑑𝑝𝑘−1 ,

𝑑𝑘𝑞
𝑑𝑝𝑘

(c) 𝑝, 𝑞, 𝑢, 𝑑𝑞𝑑𝑝 , 𝑑𝑢𝑑𝑝 , 𝑑
2𝑞𝑑𝑝2 , 𝑑
2𝑢𝑑𝑝2 , 𝑤, 𝑑

3𝑞𝑑𝑝3 , 𝑑
3𝑢𝑑𝑝3 , . . . , 𝑑

𝑘−3𝑤𝑑𝑝𝑘−3 ,
𝑑𝑘𝑞
𝑑𝑝𝑘 , 𝑑

𝑘𝑢𝑑𝑝𝑘 .
(32)
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The proof follows from Proposition 8 and the discussion
preceding Proposition 8.

Remark 11. Proposition 10 is also related to algebraic
approach for analysis of regular system of ODEs. Proposi-
tion 10 leads to the solution of underlying regular systems of
three 𝑘th-order (𝑘 ≥ 3)ODEs admitting a three-dimensional
solvable symmetry algebra when corresponding canonical
forms of these systems given in cases (a), (b), and (c) are
integrable.

Type-II: Case of Regular Invariants. This type consists of all
the cases of regular invariants mentioned in Table 1 and their
integrability depends on the peculiar structure of associated
system of three 2nd-order ordinary differential equations
with admitting Lie algebras.

3.1.1. Examples. Let us consider two examples of physical sys-
tems which describe the integration algorithm that depends
on the peculiar structure of associated system of three 2nd-
order ODEs and the admitted Lie algebra.

(1) Consider the motion of a system of three particles
defined by

�̈� = −�̇�
̈𝑦 = − ̇𝑦2
�̈� = − ̇𝑦�̇�

(33)

in a small region; 𝑎1 < 𝑥 < 𝑎2, 𝑏1 < 𝑦 < 𝑏2 and 𝑐1 <𝑧 < 𝑐2 such that for any small number 𝜖 > 0, |𝑎1 − 𝑎2|2 =𝜖, |𝑏1 − 𝑏2|2 = 𝜖 and |𝑐1 − 𝑐2|2 = 𝜖, where 𝜖 → 0.There is a
time varying applied force which produces the motion after
neglecting the effects of gravity due to small region. System
(33) represents the motion of system of interacting particles
in which the first particle faces the resistance proportional to
the velocity of third particle, while second particle faces the
drag resistance and third particle is facing resistance equal
to the product of the velocities of second and third. This
system admits the symmetry Lie algebra 𝐴13,5 and belongs to
the class of canonical form associated with this algebra with𝑓 = 𝑔 = −1 and ℎ = 0. The corresponding invariants and
invariant representation for 𝐴13,5 are

𝑝 = 𝑧,
𝑞 = 𝑦,
𝑢 = �̇�,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 ,
𝑤 = ̈�̇�𝑦2 ,
𝑑𝑢𝑑𝑝 = �̇̈�𝑧 ,
𝑑2𝑞𝑑𝑝2 =

̇𝑦�̈��̇�3 −
̈�̇�𝑧2 .

(34)

Plugging in the values of 𝑓, 𝑔, and ℎ we arrive at
𝑤 = −1
𝑑𝑢𝑑𝑝 = −1
𝑑2𝑞𝑑𝑝2 = 0
𝑤 = −1 ⇒ − ̈�̇�𝑦2 = 1,

(35)

which gives

1̇𝑦 = 𝑡 + 𝑑1. (36)

Some manipulations give

𝑦 = ln (𝑡 + 𝑑1) + 𝑑2. (37)

Similarly

𝑑2𝑞𝑑𝑝2 = 0, (38)

which gives

𝑦 = 𝑑3𝑧 + 𝑑4. (39)

We deduce that

𝑧 = ln (𝑡 + 𝑑1)𝑑3 + 𝑑5. (40)

From 𝑑𝑢/𝑑𝑝 = −1, by utilizing the value of 𝑧, we obtain
�̇� = − ln (𝑡 + 𝑑1)𝑑3 + 𝑑5. (41)

We deduce that

𝑥 = (𝑡 + 𝑑1) ln (𝑡 + 𝑑1) − 𝑑5𝑡 + 𝑑6. (42)

Thus (37), (40), and (42) are solutions of system (33).
(2) Consider the oscillatory motion of a system of three

particles governed by

�̈� = 𝑘1𝑒−𝑡𝑘0
̈𝑦 = −𝑘2 ̇𝑦2 + 𝑘0 ̇𝑦
�̈� = −𝑘2�̇�2 + 𝑘0�̇�

(43)

in a region; 𝑎1 < 𝑥 < 𝑎2, 𝑏1 < 𝑦 < 𝑏2 and 𝑐1 < 𝑧 < 𝑐2
such that for any small number 𝜖 > 0, |𝑎1 − 𝑎2|2 = 𝜖, |𝑏1 −𝑏2|2 = 𝜖 and |𝑐1 − 𝑐2|2 = 𝜖, where 𝜖 → 0 and 𝑘0; 𝑘1
are arbitrary constants whereas 𝑘2 is a drag constant. There
is a time varying applied force which produces the motion
after neglecting the effects of gravity due to small region.
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System (43) admits the Lie algebra𝐴33,4 spanned by symmetry
generators

𝑋1 = 𝑘1 𝜕𝜕𝑥 ,
𝑋2 = 𝑡𝑘1𝑘0

𝜕𝜕𝑥 ,
𝑋3 = − 1𝑘0

𝜕𝜕𝑡 + 𝑘1𝑥 𝜕𝜕𝑥 .
(44)

By using the invertible transformations

𝑡 = 𝑡𝑘0,
𝑥 = 1𝑘1 𝑥,
𝑦 = 𝑒𝑘2𝑦,
𝑧 = 𝑒𝑘2𝑧,

(45)

this Lie algebra is transformed into the canonical form of the
Lie algebra𝐴33,4mentioned in [8]. System (43) is transformed
into

�̈� = 𝑒−𝑡
̈𝑦 = ̇𝑦,
�̈� = �̇�.

(46)

System (46) is matched with corresponding canonical form
by taking 𝑓 = ℎ = 1 and 𝑔 = 0 in it, plugging with 𝐴33,4
mentioned in Table 1. The associated differential invariants
and canonical representation are

𝑝 = 𝑧,
𝑞 = 𝑦,
𝑢 = �̇�,
𝑑𝑞𝑑𝑝 =

̇�̇�𝑧 ,
𝑤 = 𝑒𝑡�̈�,
𝑑𝑢𝑑𝑝 = �̇̈�𝑧 ,
𝑑2𝑞𝑑𝑝2 =

̈�̇�𝑧2 −
̇𝑦�̈��̇�3 .

(47)

Using invariant representations, inverting back into original
variables and dropping the bars, we get

𝑥 = 𝑘1𝑒−𝑡/𝑘0 + 𝑘1𝑒1 𝑡𝑘0 + 𝑘1𝑒2
𝑦 = 1𝑘2 log(𝑒

𝑡/𝑘0 + 𝑒3 𝑡𝑘0 + 𝑒4) ,
𝑧 = 1𝑘2 log(𝑒

𝑡/𝑘0 + 𝑒5 𝑡𝑘0 + 𝑒6) .
(48)

These are solutions of system (43).

4. Conclusion

In symmetry analysis of differential equations, integrability is
an important part of the analysis. In the literature different
approaches have been constructed by employing admitted
symmetries of differential equations. The classical approach
of reductions is not valid in usual way for systems of ordinary
differential equations as used for scalar ordinary differential
equations (see, e.g., [5, 6, 12]). In this researchwork, our focus
is on systems of three 𝑘th-order (𝑘 ≥ 2) ordinary differential
equations that admit three-dimensional Lie algebras.

By utilizing the approach developed by Ayub et al. in
[8, 9, 13], the bases of differential invariants for system
of three 2nd-order ODEs admitting three-dimensional Lie
algebras which are constructed.This is Lie algebraic approach
with special type of invariant representation, obtained by
exploiting the interrelationships of the invariants. Moreover
canonical forms associated with these invariants for system
of three 2nd-order ODEs are obtained and listed in Table 1.
Furthermore singularity in invariant structures has also been
investigated. In addition an algorithm for construction of
systems of three 𝑘th-order (𝑘 ≥ 2) ordinary differential
equations possessing three-dimensional Lie algebras is pro-
vided. Integrability of canonical forms presented in Table 1
is investigated in detailed manner. Illustrative examples from
mechanics of system of particles are presented to explain
the integrability of canonical forms. This classification will
provide a framework for classification of system of three 2nd-
order ODEs admitting higher dimensional Lie algebras.

Remarks 12. (i) For Table 1 notations are mentioned in
Section 2.1 whereas𝑓, 𝑔, ℎ, 𝑘, and 𝜙 are arbitrary functions.

(ii) Both of algebras 𝐴43,1 and 𝐴13,8 possess the same set of
invariants plugging with a single equation (are not associated
with systems of three 2nd-order ODEs); the canonical forms
are not obtained for them. For example 𝐴43,1 corresponds
to the following invariants 𝑢 = 𝑥, V = 𝑦, 𝑑V/𝑑𝑢 =̇𝑦/�̇�, 𝑑2V/𝑑𝑢2 = −�̈� ̇𝑦/�̇�3 + ̈𝑦/�̇�2 and the related single
equation, namely, −�̈� ̇𝑦/�̇�3 + ̈𝑦/�̇�2 = 𝑔(𝑢, V, 𝑑V/𝑑𝑢). The
invariant representations of these cases are not listed in
Table 1.

(iii) The algebras 𝐴33,1 and 𝐴33,5 possess singular invari-
ants structure.
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A time dependent nonlinear partial differential equationmodelling heat transfer in a porous radial fin is considered.TheDifferential
Transformation Method is employed in order to account for the steady state case. These solutions are then used as a means of
assessing the validity of the numerical solutions obtained via the Crank-Nicolson finite difference method. In order to engage in
the stability of this schemewe conduct a stability and dynamical systems analysis.These provide us with an assessment of the impact
of the nonlinear sink terms on the stability of the numerical scheme employed and on the dynamics of the solutions.

1. Introduction

Circular annular fins are extensively used to increase the rate
of heat transfer from a heat source for a given temperature
difference in heat exchange devices or to reduce the temper-
ature difference between the heat source and the given heat
flow rate of heat sink [1]. The use of fins is widely ranging
in engineering applications where it is necessary to enhance
the heat transfer from a surface to an adjacent coolant so that
the fin can perform within the acceptable temperature limits.
These engineering applications range from considerably large
systems such as industrial heat exchangers to smaller systems
such as transistors. Radial fins have been conventionally used
as a coolant for internal combustion engines, heat exchanges,
compressors, and so forth. Due to these extensive practical
applications this is considered a vibrant field of research; this
is true even more so since the problems that arise are nonlin-
ear and hence not always solvable via analytical techniques.

Many research articles have investigated the use of porous
fins [2]. Even though a porous material fin has low thermal
conductivity, a vast area of the material comes into contact
with the cooling agent enabling the porous fin to give superior
performance [2]. Over the past decades, numerous studies
have been conducted on the performance of annular fins
[3–7]. Aziz and Rahman [8] examined a fin comprising

functionally graded material and analysed the performance
on the radial fin with a continuously increasing thermal con-
ductivity in the radial direction.They discovered that the heat
transfer as well as the fin efficiency and effectiveness are at
their highestmaximumvalueswhen the thermal conductivity
of the fin varies inversely with the square of the radius.
Furthermore, they found that the use of a spatially averaged
thermal conductivitymodel is not recommended due to large
errors occurring in some cases. Kiwan [9] conducted a ther-
mal analysis of natural convection porous fins by introducing
Darcy’smodel to construct the energy equation governing the
distribution of temperature. He further discovered that, by
choosing a precise value for the thermal conductivity ratio
and the fin length to thickness ratio, the performance of
the porous fin exceeded the performance of the solid fin.
A study was conducted by Kiwan and Zeitoun [10] to test
the performance of rectangular porous fins mounted around
the inner cylinder of a cylindrical annulus by performing a
finite volume type numerical study. It was concluded that, in
comparison to solid fins, porous fins provided higher transfer
rates for similar configurations and that the heat transfer rate
from the cylinder equipped with porous fins decreased as the
fin inclination increased. Gorla and Bakier [11] investigated
natural convection and radiation in porous fins. They found
that the radiation transfers more heat in comparison to

Hindawi
Advances in Mathematical Physics
Volume 2017, Article ID 1658305, 20 pages
https://doi.org/10.1155/2017/1658305

https://doi.org/10.1155/2017/1658305


2 Advances in Mathematical Physics

a similar model without radiation. Abu-Hijleh [12] analysed
the effects of using permeable fins on the forced convection
heat transfer from a horizontal cylinder. The results obtained
were similar to results obtained as per Kiwan and Zeitoun
[10] in terms of the permeable fins providing much higher
heat transfer rates. To study radial fins, a combination of the
Taylor transformation and finite difference approximation
was implemented by Yu and Chen [13, 14]. They further per-
formed a study on the optimization of a circular fin with vari-
able thermal parameters. Naidu et al. [15] set forth a numer-
ical study of natural convection from a cylindrical fin placed
in a cylindrical porous enclosure. Hence, they conducted a
conjugate conduction-convection analysis by solving the heat
conduction equation. Moitsheki and Harley [16] studied the
transient heat transfer through a longitudinal fin of various
profiles by employing classical Lie point symmetry methods.
They observed that for long periods of time the temperature
profile becomes unusual for the heat transfer in longitudinal
triangular and concave parabolic fins. This, however, was
corrected by increasing the thermogeometric fin parameter.
In recent studies, Darvishi et al. [17] accounted for the effects
of radiation and convection heat transfer in a rectangular
radial porous fin. This allowed for the heat flow to infiltrate
the porous fin enabling a solid-fluid interaction to occur.They
concluded that in a model containing radiation more heat is
present than in a similarmodel without radiation. In a similar
context, our model takes into account the time rate of change
of internal energy and the heat flow due to conduction as well
as the heat due to radiation and convection.

Extensive analytical studies have been done via the
Differential Transformation Method (DTM) for the solution
of problems such as the one under discussion. The DTM,
which was first proposed by Zhou [18], is a seminumerical-
analytical method applied to linear and nonlinear systems
of ordinary differential equations. The method captures the
exact solution in terms of a Taylor series expansion. This
method has been successfully implemented in engineering
applications [19–25]. Ndlovu and Moitsheki [26] derived
approximate analytical solutions for the temperature distri-
bution in a longitudinal rectangular and convex parabolic fin
with temperature dependent thermal conductivity and heat
transfer coefficients. These authors, for the first time, used
a two-dimensional DTM for the transient heat conduction
problem. Ertürk [27] constructed seminumerical-analytical
solutions for a linear sixth-order boundary value problem
using the DTM. It was observed that the method served as an
effective and reliable tool for such problems. Recently, Torabi
et al. [28] analysed the radiative radial fin with temperature
dependent thermal conductivity by implementing the DTM
as well as the Boubaker polynomials expansion scheme
(BPES). Similar to the results obtained byErtürk [27], suitable
results were obtained in predicting the solution for both
BPES and DTM. A study of a radial fin in terms of the
fin’s thickness with convection heating at the base and the
convection-radiative cooling at the tip was conducted byAziz
et al. [29]. Furthermore, they conducted an analysis using
DTM and verified the results by comparing it to an exact
analytical solution.Thepreceding literature clearly shows that
the Differential Transformation Method has been applied to

problems relating to many different fins, but no attempt has
been made to apply it when investigating the heat transfer in
a porous radial fin.

In terms of numerical investigations, an efficient,
accurate, extensively validated, and unconditionally stable
method was developed in the mid-20th century by Crank
and Nicolson [30] in order to evaluate numerical solutions
for nonlinear partial differential equations. Rani et al. [31]
obtained a solution for the time dependent nonlinear coupled
governing equations with the help of an unconditionally
stable Crank-Nicolson scheme for the transient couple stress
fluid flowing over a vertical cylinder. They observed that
the time taken for the flow to reach steady state increases
as the Schmidt and Prandtl values increase and decreases
with respect to the buoyancy ratio parameter. Furthermore,
Ahmed et al. [32] employed the Crank-Nicolson finite
difference scheme to the conservative equations in modelling
porous media transport for magnetohydrodynamic unsteady
flow. They found that the flow velocity and temperature
decrease with an increase in the Darcian drag force. The
concept of the Crank-Nicolson scheme combined with
the Newton-Raphson method was used by Qin et al. [33]
to model the heat flux and to estimate the evaporation in
applied hydrology and meteorology. The Crank-Nicolson
method was used to expand the differential equations
whereas the iterative Newton-Raphson method was used
to approximate latent heat flux and surface temperatures.
Both these methods proved to be successful. In a similar
context, Janssen et al. [34] implemented the Crank-Nicolson
scheme to transform a system of differential equations into
algebraic equations. The Newton-Raphson method is used
to implicitly enhance the model’s efficiency by improving the
poor convergence rate. Once again, it can be seen that the
Crank-Nicolson scheme with the Newton-Raphson method
has not been implemented for heat transfer in a porous radial
fin.

As far as we know, there has been no or very little
work that has been done on obtaining asymptotic solutions
or employing a dynamical systems analysis to the problem
presented in this research. The purpose of the asymptotic
solution is to reveal the dominant physical mechanisms of
the model. It can be seen in Moitsheki and Harley [16, 35]
that the impact of the thermogeometric parameter (M) in
terms of its proportionality to the length of the fin (𝐿)
was observed. They found that the heat transfer in the fin
seemed to be unstable for small values of (M) due to the
fact that M ∝ 𝐿. By investigating the asymptotic solution
to the steady state heat transfer in a rectangular longitudinal
fin, they were able to validate the above relationship and
establish the importance of the fin length. Furthermore, the
same authors [16, 35] conducted a small scale dynamical
analysis. In order to expand the analysis in [35], Harley [36]
employed an in-depth dynamical analysis to monitor the
behaviour especially at the fin tip. This dynamical analysis
also served as a means of investigating the role and effect
of the thermogeometric parameter. In this work we do not
derive an asymptotic solution; such a solution was derived
for the problem but we did not deem it useful in terms of
providing deeper insight into the dynamics observed. We
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will however employ a dynamical systems analysis, which
we find to be of immense use in classifying the dynamics of
specific points of the solution and the engagement between
parameters.

A vast amount of work has been conducted on the
steady state case of problems in this field since analytical
methods lend themselves more easily to the solution of
these equations. In this research, a time dependent par-
tial differential equation modelling the heat transfer in a
porous radial fin will be considered. The equation will be
derived and nondimensionalised appropriately in Section 2.
As a means of comparison to the computational methods
employed we structure a semianalytical solution via the
Differential Transformation Method in Section 3. In the
sections to follow, Sections 4 and 5, the partial differential
equation is solved numerically using the Crank-Nicolson
scheme combined with the Newton-Raphson method as a
predictor-corrector. In order to assess the effectiveness of this
scheme and its limitations we employ a dynamical systems
analysis in Section 6; in this manner we are able to engage
with the limitations placed on parameter values with regard
to obtaining solutions. Section 7 provides insight into the
comparative dynamics and stability of the equation obtained
via an alternatemeans of nondimensionalisation. Concluding
remarks are made in Section 8.

The importance of this work relates to the detailed
analysis of the dynamics of the temperature at the fin tip.
Furthermore, we are able to investigate the impact of the non-
linear source terms on the stability of the schemes employed
and the solutions that can be obtained. This highlights the
care than needs to be taken when choosing to solve equations
of this nature, particularly when solving via numerical tools.
Parameters of physical importance are shown to have value
limitations due to stability requirements. Consequently, while
numerical solutions may have been obtained here and by
other authors noting that these do not indicate an ability to
obtain solutions for all relevant parameter values or that it
may be assumed that solutions that seemed to have converged
are indeed dynamically stable and physically accurate is
needed.

2. Model Derivation

Consider a cylindrical porous radial fin with base radius 𝑟𝑏,
tip radius 𝑟𝑡, and thickness 𝑠 as shown in Figure 1. The fin
comprises an effective thermal conductivity porous material𝑘eff and permeability 𝐾. It is assumed that the tip of the fin
is adiabatic (i.e., a process that occurs without the transfer
of heat/matter between the system and its surroundings) and
the base of the fin is maintained at a constant temperature𝑇𝑏. The internal energy per unit volume with the absolute
temperature 𝑇 is denoted by 𝜌𝐶V𝑇. In accordance with
Darcy’s law, the finmakes contactwith an ambient fluidwhich
infiltrates the fin. The ambient fluid comprises an effective
density of the porous fin 𝜌𝑓, a specific heat of the porous
fin 𝐶𝑝,𝑓, the kinematic viscosity of the ambient fluid ]𝑓,
the thermal conductivity of the ambient fluid 𝑘𝑓, and the
volumetric thermal expansion coefficient of the ambient fluid𝛽𝑓. The top and bottom surfaces are presumed to have
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Figure 1: Porous radial fin geometry incorporating the energy
balance of a cylindrical cross section.

a constant surface emissivity and emit radiation to the ambient
fluid at temperature 𝑇𝑏. This also serves as the radiation heat
sink.

Constructing the energy balance of a fin element (Fig-
ure 1) of thickness 𝑠, circumference 2𝜋𝑟, and radial width 𝑑𝑟
at position 𝑟, we obtain

𝑞𝑟 − 𝑞𝑟+𝑑𝑟 − 𝑞conv − 𝑞rad = 𝐼, (1)

where

𝐼 = 𝜌𝐶V2𝜋𝑟𝑠 𝑑𝑟𝑑𝑇𝑑𝑡 , (2)

𝑞𝑟 − 𝑞𝑟+𝑑𝑟 = 𝑑𝑑𝑟 (2𝜋𝑟𝑘𝑡𝑑𝑇𝑑𝑟 ) 𝑑𝑟, (3)

𝑞rad = 2𝜖𝜎𝐹𝑓−𝑎 (2𝜋𝑟 𝑑𝑟) (𝑇4 − 𝑇4𝑎) , (4)𝑞conv = 𝜌𝑓V (𝑟) (2𝜋𝑟 𝑑𝑟) 𝑐𝑝,𝑓 (𝑇 − 𝑇𝑎) , (5)

where (2) is the time rate of change of internal energy in the
volume element, (3) is a basis of the application of Fourier’s
law of heat conduction, (4) denotes the heat loss due to
radiation through the top and bottom surfaces of the fin, and
(5) denotes the heat loss due to convection due to Darcy’s
flow through a porous fin. At any radiation location 𝑟, the
velocity of the buoyancy driven flow V(𝑟) is obtained by the
implementation of Darcy’s as follows:

V (𝑟) = 𝑔𝛽𝑓 (𝑇 − 𝑇𝑎)
V𝑓

. (6)

The Darcy model stimulates the fluid-solid interaction
in the porous medium. By substituting (2)–(6) into (1), the
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following nonlinear partial differential equation governing
the temperature distribution in the fin is obtained:𝜌𝐶V𝑘eff 𝜕𝑇𝜕𝑡 = 1𝑟 𝜕𝜕𝑟 (𝑟𝜕𝑇𝜕𝑟 ) − 2𝜖𝜎𝐹𝑓−𝑎𝑘eff 𝑠 (𝑇4 − 𝑇4𝑎)

− 𝜌𝑓𝐶𝑝,𝑓𝐾𝑔𝛽𝑓𝑘eff 𝑠𝑉𝑓 (𝑇 − 𝑇𝑎)2 , (7)

𝑟𝑏 ≤ 𝑟 ≤ 𝑟𝑡, 𝑡 ≥ 0. (8)

The boundary conditions are given by𝜕𝑇𝜕𝑟 𝑟𝑏 = 0,
𝑇 (𝑟𝑡, 𝑡) = 𝑇𝑏. (9)

The fin is initially kept at the temperature of the fluid
(ambient temperature) which is given by𝑇 (0, 𝑟) = 𝑇𝑎. (10)

We introduce the following nondimensional quantities:

𝜃 = 𝑇 − 𝑇𝑎𝑇𝑏 − 𝑇𝑎 ,𝜃𝑎 = 𝑇𝑎𝑇𝑏 − 𝑇𝑎 ,𝑟 = 𝑟 − 𝑟𝑡𝑟𝑏 − 𝑟𝑡 ,𝑟∗ = 𝑟𝑏𝑟𝑡 ,
𝜏 = 𝑘eff 𝑡𝜌𝐶V𝑟2𝑡 ,

(11)

N𝑐 = 𝜌𝑓𝐶𝑝,𝑓𝐾𝑔𝛽𝑓𝑟2𝑡 (𝑇𝑏 − 𝑇𝑎)𝑉𝑓𝑘eff 𝑠 ,
N𝑟 = 2𝜖𝜎𝐹𝑓−𝑎𝑟2𝑡 (𝑇𝑏 − 𝑇𝑎)3𝑘eff 𝑠 . (12)

Upon appropriate substitution and rearrangement (8)
becomes𝜕𝜃𝜕𝜏

= 1[𝑟 (𝑟∗ − 1) + 1] (𝑟∗ − 1) 𝜕𝜕𝑟 (𝑟 (𝑟∗ − 1) + 1𝑟∗ − 1 𝜕𝜃𝜕𝑟 )
− N𝑐𝜃2 − N𝑟 ((𝜃 + 𝜃𝑎)4 − 𝜃4𝑎) ,

(13)

where 𝑟∗ is defined as 𝑟𝑏/𝑟𝑡 and the parameters N𝑐 and N𝑟
are stated as per (12).

Employing the nondimensional transformations given by
(12) we find that at 𝑟 = 𝑟𝑏 we obtain 𝑟 = 0 and at 𝑟𝑡 we obtain

𝑟 = 1. Thus, we now work on the interval 0 ≤ 𝑟 ≤ 1 with𝜏 ≥ 0. As such the nondimensional boundary conditions are
given by 𝜕𝜃𝜕𝑟 𝑟=0 = 0,

𝜃 (1, 𝜏) = 1, (14)

with the initial condition𝜃 (𝑟, 0) = 0. (15)

Equation (13) is a nonlinear partial differential equation
comprising two nonlinear terms. The first nonlinear term
N𝑐 refers to the buoyancy or natural convection transport of
energy by the infiltrate whereas the second nonlinear term
N𝑟 refers to the surface radiative heat transfer from the fin
to the ambient fluid. The parameter N𝑐 is a combination
of Rayleigh number 𝑅𝑎, Darcy’s number 𝐷𝑎, the thermal
conductivity ratio 𝐾𝑟, and the ratio of the fin tip radius to
fin thickness. The parameterN𝑟 indicates the role of surface
radiation to conduction in the fin. The parameter 𝜃𝑎 is the
ratio of the ambient fluid temperature and the difference
between the base temperature and the fluid temperature (𝑇𝑏−𝑇𝑎).

For the rest of this research we drop the hat on the
independent variable 𝑟 for simplicity. Furthermore, themodel
employed closely follows the work by Darvishi et al. [2]; in
order to be able to compare the results obtained by those
authors we use similar parameter values for 𝑟∗,N𝑐,N𝑟, and𝜃𝑎. The value of 𝑟∗ = 𝑟𝑏/𝑟𝑡 is however defined as the inverse
of 𝑟∗ in the investigations of Darvishi et al. [2] (in their work
they define this parameter as 𝑅∗ = 𝑟𝑡/𝑟𝑏 > 1). To allow for a
means of comparison we prescribe values for 𝑟∗ as 1/𝑅∗.
Remark 1. The nondimensional ambient temperature 𝜃𝑎 is
defined as 𝑇𝑎/𝑇𝑏 in the work of Darvishi et al. [2]. Their
nondimensionalisation has also been implemented in this
research (see Section 7); however a dynamical systems anal-
ysis led to the conclusion that there are limitations on certain
parameters when obtaining solutions. As such, we altered our
nondimensionalisation to define 𝜃𝑎 as 𝑇𝑎/(𝑇𝑏 − 𝑇𝑎), as above,
as ameans of comparison.This change in ratio impacts on the
behaviour observed by the solution with regard to changes in
the value of 𝜃𝑎. Instead of a linear relationship between𝑇𝑎 and𝜃𝑎 we have a nonlinear one given by 𝑇𝑎 = 𝜃𝑎𝑇𝑏/(1 + 𝜃𝑎), such
that the behaviour inversely corresponds to that of Darvishi
et al. [2]. As a means of checking the method and analysis
conducted in this research, we compared solutions and the
dynamics of these solutions to those obtained via the alternate
nondimensionalisation employed in [2]; in Section 7 we will
briefly comment on the results.

3. Differential Transformation Method

The DTM is an approximation method based on the Taylor
series expansion that can easily be applied to several linear
and nonlinear problems. It constructs an analytical solution
in terms of a polynomial and is capable of reducing the
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size of the computational work required for solution of
the equation. The predominant advantage of this method
is that it can be applied directly to linear and nonlinear
ordinary differential equations without requiring linearisa-
tion, discretisation, or perturbation [37]. This method has
been used in a similar manner by Ghasemi et al. [38] to
solve the nonlinear temperature distribution equation with
temperature dependent internal heat generation in porous
and solid longitudinal fins. Furthermore, Fidanoglu et al. [39]
used the method to construct a general expression for the
heat distribution profile of a fin with spine geometry. Based
on the fin effectiveness, entropy values, and efficiency, it was
found that the cylindrical fin had the highest rate of heat
transfer.

An arbitrary analytical function 𝑓(𝑥) in the domain 𝐷
can be expanded via the Taylor series about a point 𝑥 = 0
as

𝑓 (𝑥) = ∞∑
𝑘=0

𝑥𝑘𝑘! [𝑑𝑘𝑓 (𝑥)𝑑𝑥𝑘 ]
𝑥=0

. (16)

The differential transform of 𝑓(𝑥) can thus be defined as

𝐹 (𝑘) = 1𝑘! [𝑑𝑘𝑓 (𝑥)𝑑𝑥𝑘 ]
𝑥=0

, (17)

with the inverse differential transform as

𝑓 (𝑥) = ∞∑
𝑘=0

𝑥𝑘𝐹 (𝑘) . (18)

The fundamental theorems of the one-dimensionalDTM,
some of which will be implemented in this paper, are given as
follows.

Theorem 2. If 𝑓(𝑥) = 𝑔(𝑥) ± ℎ(𝑥), then 𝐹(𝑘) = 𝐺(𝑘) ± 𝐻(𝑘).
Theorem 3. If 𝑓(𝑥) = 𝑐𝑔(𝑥), then 𝐹(𝑘) = 𝑐𝐺(𝑘), where 𝑐 is a
constant.

Theorem 4. If 𝑓(𝑥) = 𝑑𝑛𝑔(𝑥)/𝑑𝑥𝑛, then 𝐹(𝑘) = ((𝑘 +𝑛)!/𝑘)𝐺(𝑘 + 𝑛).
Theorem 5. If 𝑓(𝑥) = 𝑔(𝑥)ℎ(𝑥), then 𝐹(𝑘) = ∑𝑘𝑘1=0𝐺(𝑘1)𝐻(𝑘−𝑘1).
Theorem 6. If 𝑓(𝑥) = 𝑥𝑛, then 𝐹(𝑘) = 𝛿(𝑘 − 𝑛), where

𝛿 (𝑘 − 𝑛) = {{{
1, 𝑘 = 𝑛,0, 𝑘 ̸= 𝑛. (19)

Theorem 7. If 𝑓(𝑥) = 𝑔1(𝑥)𝑔2(𝑥) ⋅ ⋅ ⋅ 𝑔𝑛−1(𝑥)𝑔𝑛(𝑥), then
𝐹 (𝑘) = 𝑘∑

𝑘𝑛−1=0

𝑘𝑛−1∑
𝑘𝑛−2=0

⋅ ⋅ ⋅ 𝑘3∑
𝑘2=0

𝑘2∑
𝑘1=0

𝐺2 (𝑘1) 𝐺1 (𝑘2 − 𝑘1)
× ⋅ ⋅ ⋅ × 𝐺𝑛−1 (𝑘𝑛−1 − 𝑘𝑛−2) 𝐺𝑛 (𝑘𝑛 − 𝑘𝑛−1) . (20)

Through the use of these properties of the one-
dimensional DTM, we obtain the following iterative proce-
dure for the steady state case of (13):

Θ [𝑘 + 2] = ( − (𝑟∗ − 1)2(𝑘 + 1) (𝑘 + 2)) ( (𝑘 + 1) Θ [𝑘 + 1](𝑟∗ − 1) ((𝑟∗ − 1) + 1) 𝛿 [𝑘 − 1] − N𝑐 ∗ 𝑘∑
𝑘1=0

Θ [𝑘1] Θ [𝑘 − 𝑘1] − N𝑟

∗ (( 𝑘∑
𝑘4=0

𝑘4∑
𝑘3=0

𝑘3∑
𝑘2=0

𝑘2∑
𝑘1=0

Θ [𝑘1] Θ [𝑘2 − 𝑘1] Θ [𝑘3 − 𝑘2] Θ [𝑘4 − 𝑘3] Θ [𝑘 − 𝑘4])
+ 4𝜃𝑎( 𝑘∑

𝑘3=0

𝑘3∑
𝑘2=0

𝑘2∑
𝑘1=0

Θ [𝑘1] Θ [𝑘2 − 𝑘1] Θ [𝑘3 − 𝑘2] Θ [𝑘 − 𝑘3] Θ [𝑘 − 𝑘4])
+ 6𝜃2𝑎( 𝑘∑

𝑘2=0

𝑘2∑
𝑘1=0

Θ [𝑘1] Θ [𝑘2 − 𝑘1] Θ [𝑘 − 𝑘2]) + 4𝜃3𝑎Θ [𝑘] − 𝜃4𝑎)) .

(21)

Thismethod requires initial conditions; that is, we require
the values of 𝜃(0, 𝜏) and 𝜕𝜃(0, 𝜏)/𝜕𝑟 since the equation is of
second order. We notice that even though we have an initial
value for the first derivative, we do not have a value for 𝜃 at𝑟 = 0. Therefore we specify our initial conditions for iterative
procedure equation (4) as follows:

Θ (0) = Θ0,Θ (1) = 0, (22)

where the initial condition for 𝜃 is given an assumed value
while the first derivative condition becomes Θ(1) = 0.
Through the use of (21) and the conditions given by (22) we
are able to obtain
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Θ (0) = − (12) (−1 + 𝑟∗)2 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎)) ,
Θ (1) = − (16) (−1 + 𝑟∗)2 (N𝑟𝜃4𝑎 − (−1 + 𝑟∗) (−Θ20N𝑐 − N𝑟 (Θ50 + 4𝑎4𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎))) ,
Θ (2) = − ( 112) (−1 + 𝑟∗)2 (Θ0N𝑐 (−1 + 𝑟∗)2 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎))

− 12𝑟∗ ((−1 + 𝑟∗) (N𝑟𝜃4𝑎 − (−1 + 𝑟∗) (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎)))) − N𝑟 (−𝜃4𝑎
− 52Θ40 (−1 + 𝑟∗)2 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎))− 8Θ30 (−1 + 𝑟∗)2 𝜃𝑎 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎))
− 9Θ20 (−1 + 𝑟∗)2 𝜃2𝑎 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎))
− 2 (−1 + 𝑟∗)2 𝜃3𝑎 (−Θ20N𝑐 − N𝑟 (Θ50 + 4Θ40𝜃𝑎 + 6Θ30𝜃2𝑎 + 4Θ0𝜃3𝑎 − 𝜃4𝑎)))) ,

(23)

which allows us upon substitution into (18) to obtain

𝜃 (𝑟) = 𝑛∑
𝑘=0

(𝑟 − 𝑟0)𝑘Θ (𝑘) , (24)

where 𝑟0 = 0. However, in order to determine the solution
given by (24) we need to first find the value of Θ0. In
order to determine a value for Θ0, we could use the false
position method. The boundary condition which has not yet
been employed is 𝜃(1) = 1. Thus we substitute the values
obtained as per (23) into (24) for 𝑟 = 1. This provides us
with the equality 𝑊(Θ0) = 1, where 𝑊(Θ0) can be written
as V(Θ0)/𝑢(Θ0) and hence we need to solve the equation𝑍(Θ0) = V(Θ0) − 𝑢(Θ0) = 0. By plotting V(Θ0) and 𝑢(Θ0) we
are able to obtain an interval [Θ𝑎0 , Θ𝑏0], where Θ𝑎0 and Θ𝑏0 are
two guesses to Θ0, within which the two functions are equal.
Using these values we are able to obtain an improved value
which satisfies 𝑍(Θ0) = 0 as follows:

Θnew
0 = Θ𝑏0𝑍 (Θ𝑏0) − Θ𝑎0𝑍 (Θ𝑎0)𝑍 (Θ𝑏0) − 𝑍 (Θ𝑎0) . (25)

This procedure iterates until a chosen error tolerance is
reached such that 𝑍(Θnew

0 ) ≪ 𝜖. We employed this method
as well as NSolve in Mathematica as a means of verifying the
accuracy of the value. As a brief example, we consider a case
whereN𝑐 = 10,N𝑟 = 1, 𝑟∗ = 1/1.75, 𝜃𝑎 = 0.2, and 𝑛 = 3 to
obtain Θ0 = 0.564821 resulting in𝜃 (𝑟) = 0.564821 + 0.311221𝑟2 + 0.0444111𝑟3+ 0.0685314𝑟4 + 0.0110162𝑟5. (26)

In this work however, we have employed a polynomial
of order 𝑛 = 10 as our steady state solution; see Section 5.2

for discussions on solutions obtained. We are able to obtain a
polynomial of degree 𝑛 = 16 via this methodology; however
for any degree larger we find that limited memory becomes
a stumbling block for Mathematica. Furthermore, for 𝑛 = 10
we find that our tip temperature 𝜃0 = 0.55725 whereas for𝑛 = 16, 𝜃0 = 0.55678; thus increasing the degree of the poly-
nomial does not addmuch in terms of accuracy.This discrep-
ancy is also not of extreme concern since this semianalytical
solution is not our only means of comparison for the numer-
ical solutions obtained below (we also consider the work by
Darvishi et al. [2]). We can remark here that many terms are
likely to be needed in order for the series solution to match
solutions obtained in [2]; however it may still be used as a
reasonable measure for the numerical solutions we obtain.

4. Numerical Investigation

4.1. Crank-Nicolson Scheme. The Crank-Nicolson method
[40] is a finite difference method which is implicit in time,
often provides unconditional stability, and has a high order of
accuracy. Given the method’s advantages we will implement
the scheme for the equation under consideration. The com-
plexity of our problem lies in the nonlinear sink terms which
are likely to influence not only the stability of the scheme,
but also the order of accuracy it is able to obtain. We will at
first employ the scheme with an explicit consideration of the
nonlinear terms. In the subsection to follow we will develop
the method further as a means of comparison.

In terms of the finite difference schemes, we approximate𝜕𝜃/𝜕𝜏 using the forward time difference approximation at 𝜏𝑚
which gives

𝜕𝜃𝜕𝜏 ≈ 𝜃𝑚+1𝑛 − 𝜃𝑚𝑛Δ𝜏 , (27)
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where Δ𝜏 is the step size in the time domain 𝜏 ≥ 0.
Furthermore we approximate the spatial terms 𝜕𝜃/𝜕𝑟 and𝜕2𝜃/𝜕𝑟2 using the central difference approximations at 𝑟𝑛
giving 𝜕𝜃𝜕𝑟 ≈ 𝜃𝑚𝑛+1 − 𝜃𝑚𝑛−12Δ𝑟 ,

𝜕2𝜃𝜕𝑟2 ≈ 𝜃𝑚𝑛+1 − 2𝜃𝑚𝑛 + 𝜃𝑚𝑛−1Δ𝑟2 , (28)

respectively, where Δ𝑟 is the step size in the spatial domain𝑟 ∈ [0, 1].
The Crank-Nicolson scheme makes use of approxima-

tions to values halfway between nodes by taking averages over
two time points.Thus the finite difference approximations on
the spatial terms are given by𝜕𝜃𝜕𝑟 ≈ 𝜃𝑚+1𝑛+1 − 𝜃𝑚+1𝑛−14Δ𝑟 + 𝜃𝑚𝑛+1 − 𝜃𝑚𝑛−14Δ𝑟 ,

𝜕2𝜃𝜕𝑟2 ≈ 𝜃𝑚+1𝑛+1 − 2𝜃𝑚+1𝑛 + 𝜃𝑚+1𝑛−12Δ𝑟2 + 𝜃𝑚𝑛+1 − 2𝜃𝑚𝑛 + 𝜃𝑚𝑛−12Δ𝑟2 . (29)

Given our nondimensional boundary conditions (14)-(15)
and the finite difference approximation given by (27) we find
that 𝜕𝜃𝜕𝑟 𝑟0=0 ⇒

𝜃𝑚1 = 𝜃𝑚−1 ∀𝑚,𝜃 (1, 𝜏) = 1 ⇒𝜃𝑚𝑁 = 1 ∀𝑚, where 𝑟𝑁 = 1.
(30)

The initial condition is given as𝜃0𝑛 = 0 ∀𝑛. (31)

Having employed the Crank-Nicolson scheme on spatial
terms and a forward difference approximation for the time
derivative on (13), we have𝜃𝑚+1𝑛 − 𝜃𝑚𝑛Δ𝜏

= 1(𝑟𝑛 (𝑟∗ − 1) + 1) (𝑟∗ − 1) [𝜃𝑚+1𝑛+1 − 𝜃𝑚+1𝑛−14Δ𝑟
+ 𝜃𝑚𝑛+1 − 𝜃𝑚𝑛−14Δ𝑟 ]
+ 1(𝑟∗ − 1)2 [𝜃𝑚+1𝑛+1 − 2𝜃𝑚+1𝑛 + 𝜃𝑚+1𝑛−12Δ𝑟2
+ 𝜃𝑚𝑛+1 − 2𝜃𝑚𝑛 + 𝜃𝑚𝑛−12Δ𝑟2 ] − N𝑐 (𝜃𝑚𝑛 )2
− N𝑟 ((𝜃𝑚𝑛 + 𝜃𝑎)4 − 𝜃4𝑎) .

(32)

It should be noticed that we have not applied the Crank-
Nicolsonmethod to the nonlinear terms.This is for simplicity
at present; however this will be revisited in the next subsec-
tion. From (32) we thus obtain− 𝛼𝑛𝜃𝑚+1𝑛+1 + (1 + 𝛿) 𝜃𝑚+1𝑛 − 𝛽𝑛𝜃𝑚+1𝑛−1= 𝛼𝑛𝜃𝑚𝑛+1 + (1 − 𝛿) 𝜃𝑚𝑛 + 𝛽𝑛𝜃𝑚𝑛−1 − Δ𝜏N𝑐 (𝜃𝑚𝑛 )2− Δ𝜏N𝑟 ((𝜃𝑚𝑛 + 𝜃𝑎)4 − 𝜃4𝑎) , (33)

where we have defined

𝛾𝑛 = 1(𝑟𝑛 (𝑟∗ − 1) + 1) (𝑟∗ − 1) , (34)

such that

𝛼𝑛 = Δ𝜏𝛾𝑛4Δ𝑟 + Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 ,
𝛿 = Δ𝜏Δ𝑟2 (𝑟∗ − 1)2 ,

𝛽𝑛 = −Δ𝜏𝛾𝑛4Δ𝑟 + Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 ,
(35)

for the sake of simplicity. This equation can be given in the
following matrix notation:

A𝜃𝑚+1 = B𝜃𝑚 + G (𝜃𝑚) , (36)

whereA andB are the relevant coefficientmatrices andG(𝜃𝑚)
is defined as the vector of nonlinear terms only.

4.2. Crank-Nicolson Scheme: Newton-Raphson Implemen-
tation. In numerical computation, a predictor-corrector
method is an algorithm that implements two steps. First,
the prediction step calculates a rough approximation of the
desired quantity (in this case the nonlinear term on the 𝑚 +1th time level) whereas the second step refines the initial
approximation using other means. In this research we will
require such a technique, known as the Newton-Raphson
method, given the presence of the nonlinear sink terms.
The Crank-Nicolson method incorporating the Newton-
Raphson method has been used to determine the solution of
a nonlinear diffusion equation (see Kouhia [41] and Habibi et
al. [42]) to model the electron heat transfer process in laser
inertial fusion for the energy transport mechanism from the
region of energy decomposition into the ablation surface.The
method proved to be efficient as per the numerical results
obtained and hence is a natural extension of the method
employed in the previous subsection. We implement the
Newton-Raphson method [43] as done by Britz et al. [44]
and discussed in [45]. This method is iterative and has been
known for its fast convergence to the root as well as its
dependence on the initial condition. Furthermore, in order
to find the explicit inverse of a general tridiagonal matrix, we
shall implement Usmani’s method [46]; the reasoning behind
this decision will be discussed at a later stage.
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In this subsection we will now employ the Crank-
Nicolsonmethod for the nonlinear sink terms aswell. As such
we rewrite our scheme (33) as follows:− 𝛼𝑛𝜃𝑚+1𝑛+1 + (1 + 𝛿) 𝜃𝑚+1𝑛 − 𝛽𝑛𝜃𝑚+1𝑛−1

+ Δ𝜏N𝑐2 ((𝜃𝑚+1𝑛 )2)
+ Δ𝜏N𝑟2 ((𝜃𝑚+1𝑛 + 𝜃𝑎)4 − 𝜃4𝑎)

= 𝛼𝑛𝜃𝑚𝑛+1 + (1 − 𝛿) 𝜃𝑚𝑛 + 𝛽𝑛𝜃𝑚𝑛−1 − Δ𝜏N𝑐2 ((𝜃𝑚𝑛 )2)
− Δ𝜏N𝑟2 ((𝜃𝑚𝑛 + 𝜃𝑎)4 − 𝜃4𝑎) ,

(37)

where we again use the definitions given by (34)-(35). In
matrix notation,

A𝜃𝑚+1 − 12G (𝜃𝑚+1) = B𝜃𝑚 + 12G (𝜃𝑚) , (38)

where, once again, A and B are the relevant coefficient
matrices and G(𝜃𝑚) and G(𝜃𝑚+1) are defined as the vectors
of nonlinear terms only.

We obtain an approximation for the nonlinear vector at
the (𝑚+1)th time level in an iterative fashion as done by Britz
et al. [44]. The system

J (𝜃) 𝛿𝜃 = −F (𝜃) (39)

is solved where F is the set of difference equations created as
per the right hand side of (37) and J is the Jacobian of the left
hand side of (37). The starting vector at 𝜏 = 0 is chosen as
per initial condition (15) such that 𝜃(0) = 0. We solve for 𝛿𝜃(𝑘)
using (39) and then iterate as follows:𝜃(𝑘+1) = 𝜃(𝑘) + 𝛿𝜃(𝑘), (40)

until convergence is reached which provides us with an
approximation to 𝜃𝑚+1. The Newton-Raphson iteration con-
verges within 2-3 steps given that changes are usually rela-
tively small.

The convergence rate of the Crank-Nicolson method
incorporating the Newton-Raphson method was found to be
extremely slow,making themethod infeasible.We discovered
that this was due to the fact that the Jacobian J is either close
to being singular or badly scaled. As such, we decided to
implement Usmani’s method, which is a simple algorithm
for finding the explicit inverse of a general Jacobi tridiagonal
matrix [46]. This implementation provided the expected
results in terms of obtaining the inverse of the Jacobian.
Nonetheless, the computational time taken by the method to
reach convergence proved inefficient.

5. Remarks

5.1. Comparison of Numerical Schemes. In this subsection
we compare the results we obtained via our two numerical
methods, that is, the Crank-Nicolson scheme (CN) and the

Table 1: Temperature at 𝑟 = 0 for varied values of 𝜃𝑎.𝜃𝑎 𝜃CN
0 𝜃NR

0 𝜃DTM
0

0.2 0.54482 0.67327 0.55725
0.4 0.51953 0.64956 0.54037
0.6 0.48191 0.61510 0.51752
0.8 0.43321 0.57044 0.49348
Parameter values:N𝑐 = 10, N𝑟 = 1, 𝑟

∗ = 1/1.75, and 𝑇 = 1.

Table 2: Maximum error computed between the respective numer-
ical solutions obtained, where E = max |CNsol − CNNR

sol |, and their
respective temperatures at the tip of the fin for varied values ofN𝑐.

N𝑐 E 𝜃CN
0 𝜃NR

0

1 0.07624 0.79980 0.87604
10 0.12845 0.54482 0.67327
50 0.11464 0.27244 0.38697
Parameter values: 𝜃𝑎 = 0.2, N𝑟 = 1, 𝑟

∗ = 1/1.75, and 𝑇 = 1.

Crank-Nicolson scheme with Newton-Raphson predictor-
corrector and Usmani method (CNNR). It is important to
note that only the first scheme matches the results and
behaviour obtained and observed in Darvishi et al. [2].
While the second scheme provides appropriate behaviour,
the values at the origin indicate clear discrepancies with the
work conducted in [2] even for large values of 𝑇, where𝜏 ∈ [0, 𝑇]. Furthermore, the length of computational time
required for near convergence exceeds that required when
the CN scheme is implemented which converges swiftly. As
such, aside from the discrepancies in terms of the solutions
obtained, we conclude that the CNNR method is not efficient
in terms of running time.

In order to make a comparison between the two numer-
ical schemes we have employed, we allow our numerical
schemes to iterate for large time, termed 𝑇, so that we allow
for convergence to a steady state. In this instance we find that
convergence has occurred for the Crank-Nicolson scheme
at 𝑇 = 1; however this is not the case for the Crank-
Nicolson method with the predictor-corrector. To maintain
our CFL number as less than one for stability purposes, we
choose Δ𝑟 = 0.1 and Δ𝜏 = 0.0001. As can be surmised,
the consequence of this is that the Crank-Nicolson scheme
which employs the Newton-Raphson method as a means of
updating the nonlinear terms requires a lot of computational
time.

We find that while the two numerical schemes produce
solutions similar in shape and behaviour, there are discrep-
ancies when we consider the errors between the methods.
The temperature at the origin, that is, 𝜃0, is not the same
across the twomethods; see Tables 1–4. From a consideration
of the temperature at the fin tip we find that the solutions
do not converge to the same value of 𝜃0 for set parameter
values and furthermore do not converge at the same rate.
At 𝑇 = 100 the difference in the values of 𝜃0 across the
schemes and the maximum error (obtained via comparisons
between the numerical schemes) diminish, however not to
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Table 3: Maximum error computed between the respective numer-
ical solutions obtained, where E = max |CNsol − CNNR

sol |, and their
respective temperatures at the tip of the fin for varied values ofN𝑐.

N𝑟 E 𝜃CN
0 𝜃NR

0

5 0.10318 0.62343 0.72661
10 0.10698 0.52686 0.63384
50 0.09496 0.30490 0.39982
Parameter values: 𝜃𝑎 = 0.2, 𝑟

∗ = 1/1.75, N𝑐 = 1, and 𝑇 = 100.

Table 4: Maximum error computed between the respective numer-
ical solutions obtained, where E = max |CNCN

sol − CNNR
sol |, and their

respective temperatures at the tip of the fin, given as 𝜃0, for varied
values of 𝑟∗.𝑟∗ E 𝜃CN

0 𝜃NR
0

0.2 0.10849 0.27903 0.38752
0.4 0.12751 0.40088 0.52840
0.6 0.12615 0.57382 0.69998
0.8 0.07434 0.81944 0.89379
Parameter values: 𝜃𝑎 = 0.2, N𝑟 = 1, N𝑐 = 10, and 𝑇 = 1.

the extent that the difference is numerically inconsequential.
The convergence rate we suspect is heavily influenced by the
fact that the Jacobian required for the predictor-corrector
method is close to singular or badly scaled. In Figures 2
to 4 we employ the Crank-Nicolson method without the
predictor-corrector method due to the speed with which it is
able to reach convergence and its accuracy upon comparison
with the work by Darvishi et al. [2].

While there are discrepancies we can see behaviour
patterns emerging from the different solutions. In Figure 2
as well as Table 1 we observe that an increase in the
dimensionless ambient temperature leads to a decrease in the
tip temperature; however this can be misleading. We note,
as before, that the dimensionless ambient temperature 𝜃𝑎 is
defined as 𝑇𝑎/𝑇𝑏 in the work of Darvishi et al. [2]. In this
work we altered our nondimensionalisation to define 𝜃𝑎 as𝑇𝑎/(𝑇𝑏 − 𝑇𝑎), as above. This change in ratio impacts on the
behaviour observed by the solution with regard to changes in
the value of 𝜃𝑎. Instead of a linear relationship between𝑇𝑎 and𝜃𝑎 we have a nonlinear one given by 𝑇𝑎 = 𝜃𝑎𝑇𝑏/(1 + 𝜃𝑎), such
that the behaviour inversely corresponds to that of Darvishi
et al. [2]. Hence, our results are consistent with the physical
dynamics of the problem.

A consideration of Figure 3 and Table 2 shows the effect of
the natural convection heat loss (N𝑐) on the temperature dis-
tribution in the fin for set parameter values. As the buoyancy
effect increases, that is, N𝑐, the local temperature in the fin
decreases.This is indicative of the effect of natural convective
heat loss on the temperature distribution in the fin when the
radiation heat loss, the ambient temperature, and the ratio
of inner to outer radius are kept fixed. Since buoyancy is
principally a macroscale effect we see that the buoyancy force
(N𝑐) influences the velocity and temperature fields. Similarly,
for Figure 4 and Table 3 the increasing surface radiative heat
transfer from the fin to the ambient fluid, that is, N𝑟, leads
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Figure 2: Plot of the temperature withN𝑟 = 1,N𝑐 = 10, and 𝑟∗ =1/1.75 for 𝑇 = 1 and varied values of 𝜃𝑎.
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Figure 3: Plot of the temperature with 𝜃𝑎 = 0.2, 𝑟∗ = 1/1.75, and
N𝑟 = 1 for 𝑇 = 1 and varied values ofN𝑐.

to a decrease in the local fin temperature. Furthermore, the
impact of radiation (N𝑟) influences the temperature field by
increasing the heat transfer rates from the surface. We find
that when the convection parameter (N𝑐) and the radiation
parameter (N𝑟) are allowed to vary, the local fin temperature
decreases because of the increasing strength of radiative heat
exchange between the exposed surface of the fin and the
ambient [2].

5.2. Comparison of Numerical Results to Semianalytical Solu-
tion. We will now compare the results we obtained via our
two numerical methods against the series solution obtained
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Figure 4: Plot of the temperature with 𝜃𝑎 = 0.2, 𝑟∗ = 1/1.75, and
N𝑐 = 1 for 𝑇 = 100 and varied values ofN𝑟.

via our steady state DTM. We calculate a polynomial of
degree 𝑛 = 10 via the DTM and also consider the work in [2]
to be a benchmark. We find that all three solutions perform
well; however only the Crank-Nicolson scheme performs as
accurately and efficiently as required.

It can be seen in Table 5, for increasing 𝜃𝑎, that both
the value of 𝜃0 for the DTM and the maximum error
produced between the DTM and the CN scheme increase,
whereas the error between the DTM and the CNNR scheme
decreases. Table 6 indicates that the maximum difference
in the temperature between the DTM and the CN scheme
with and without the Newton-Raphsonmethod, respectively,
agrees to the first decimal place only for N𝑐 = 1; the
CN method performs well across the various values of this
parameter. Furthermore, this table shows that for increasing
values ofNc the error between the DTM and the CNmethod
decreases when 𝑇 = 5; in turn Table 7 indicates that for
increasing values of N𝑟 at 𝑇 = 100 we obtain an increase in
the error. These relationships are inverted when considering
the comparison between the semianalytical solution and the
CNNR scheme: the error increases for increasing values of
N𝑐 at 𝑇 = 5 and decreases for increasing values of N𝑟 at𝑇 = 100. These occurrences could be indicative of the impact
of the parametersN𝑟 andN𝑐 on the CN and CNNR methods,
respectively. For the CN scheme an increase in the values of𝜃𝑎 also leads to an increase in the error, while for the CNNR

scheme the inverse is true.We thus observe that an increase in
the values ofN𝑟 and 𝜃𝑎 (which are both contained in only one
of the sink terms) leads to an increase in the error between the
DTM and the CN scheme. In turn, an increase in the value
ofN𝑐, which is the coefficient of the second sink term, leads
to an increase in the error between the DTM and the CNNR

method.

Table 5: Numerical solutions obtained for DTM and the maximum
error computed between the DTM solution and the respective
numerical solutions obtained, where ECN = max |CNsol − DTMsol|
and ENR = max |CNNR

sol − DTMsol|, for varied values ofN𝑐.𝜃𝑎 𝜃DTM
0 ECN ENR

0.2 0.55725 0.01284 0.11602
0.4 0.54037 0.02087 0.10919
0.6 0.51752 0.03561 0.09758
0.8 0.49348 0.06028 0.07696
Parameter values:N𝑐 = 10, N𝑟 = 1, 𝑟

∗ = 1/1.75, and 𝑇 = 5.

Table 6: Numerical solutions obtained for DTM and the maxi-
mum error computed between the respective numerical solutions
obtained, where ECN = max |CNsol − DTMsol| and ENR =
max |CNNR

sol − DTMsol|, and their respective temperatures at the tip
of the fin for varied values ofN𝑐.

N𝑐 𝜃DTM
0 ECN ENR

1 0.81615 0.01635 0.05989
10 0.55725 0.01284 0.11602
50 0.27747 0.01177 0.10950
Parameter values: 𝜃𝑎 = 0.2, N𝑟 = 1, 𝑟

∗ = 1/1.75, and 𝑇 = 5.

Table 7: Numerical solutions obtained for DTM and the maxi-
mum error computed between the respective numerical solutions
obtained, where ECN = max |CNsol − DTMsol| and ENR =
max |CNNR

sol − DTMsol|, and their respective temperatures at the tip
of the fin for varied values ofN𝑐.

N𝑟 𝜃DTM
0 ECN ENR

1 0.81615 0.01672 0.04911
5 0.66993 0.047281 0.03450
10 0.59043 0.06465 0.01524
Parameter values: 𝜃𝑎 = 0.2, 𝑟

∗ = 1/1.75, N𝑐 = 1, and 𝑇 = 100.

Table 8: Numerical solutions obtained for DTM and the maxi-
mum error computed between the respective numerical solutions
obtained, where ECN = max |CNsol − DTMsol| and ENR =
max |CNNR

sol − DTMsol|, and their respective temperatures at the tip
of the fin, given as 𝜃0, for varied values of 𝑟∗.𝑟∗ 𝜃DTM

0 ECN ENR

0.2 0.30038 0.05459 0.07799
0.4 0.41843 0.02504 0.09325
0.6 0.58528 0.01230 0.08572
0.8 0.82286 0.00361 0.02814
Parameter values: 𝜃𝑎 = 0.2, N𝑟 = 1, N𝑐 = 10, and 𝑇 = 100.

The impact of a change in the value of 𝑟∗ provides
behaviour which is quite stable; see Table 8. The error
decreases in both instances; however the error for the CN
scheme is much less than that obtained with the introduction
of the Newton-Raphson predictor-corrector.

The solutions obtained in Darvishi et al. [2] indicate that
the CN scheme provides excellent numerical solutions for
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the problem under consideration. As such, the errors we
obtained when comparing our numerical solutions to the
DTM are in part due to a poor approximation of this series
solution. Due to computational limitations we are able to
obtain a limited number of terms before a lack of memory
becomes an issue; 𝑛 = 10 are very few terms if one considers
the work of other authors such as Darvishi et al. [2] and
Aziz et al. [29], for instance. A comparison with the results
obtained by Darvishi et al. [2] confirms that the CN scheme
produces accurate solutions quickly and efficiently, without
the requirement of an excessive amount of terms to be
calculated and evaluated as per the semianalytical methods
which have been employed in the literature. Unfortunately
the addition of a Newton-Raphson predictor-corrector slows
the scheme down excessively. By increasing 𝑇 one can see
that the scheme does tend to the values obtained by the CN
method; however in terms of computational time the CNNR

scheme has shown itself to be inefficient.

6. Dynamical Systems Analysis

6.1. StabilityAnalysis on the Linear System. Astability analysis
of a system allows us to determine whether or not a system
is stable or will be stable if perturbed. In this subsection,
we implement a von Neumann stability analysis which is a
procedure used to analyse the stability of finite difference
schemes by Fourier methods as applied to linear differential
equations [47]. It can be noted that the method requires
the solution to be periodic and a constant spacing Δ𝜏. The
method does not account for the boundary conditions.

The structure of the equation incorporates nonlinear sink
terms; these do not allow for the use of a von Neumann
stability analysis as a means of investigating the numerical
scheme. As such we consider the equation without these
terms; that is, we consider the linear scheme excluding sink
terms.The purpose of this is to determine the extent to which
the sink terms may impact on the stability of the schemes
we have implemented. We have already noted the impact of
the parameters N𝑟 and N𝑐 on the relevant schemes with
regard to the maximum error obtained when comparing to
the DTM. We will now continue to investigate this phenom-
enon.

Consider the linearised structure of (33) for the Crank-
Nicolson scheme:− 𝛼𝑛𝜃𝑚+1𝑛+1 + (1 + 𝛿) 𝜃𝑚+1𝑛 − 𝛽𝑛𝜃𝑚+1𝑛−1= 𝛼𝑛𝜃𝑚𝑛+1 + (1 − 𝛿) 𝜃𝑚𝑛 + 𝛽𝑛𝜃𝑚𝑛−1, (41)

where we define

𝛼𝑛 = Δ𝜏𝛾𝑛4Δ𝑟 + Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 ,
𝛽𝑛 = −Δ𝜏𝛾𝑛4Δ𝑟 + Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 , (42)

with 𝛾𝑛 and 𝛿 are defined as before (34) and (35), respectively.
Upon substitution of 𝜃𝑚𝑛 = 𝜉𝑚𝑒𝑖𝑛Δ𝑟𝜔, where 𝑖2 = −1, into (41)
we obtain − 𝛼𝑛𝜉𝑚+1𝑒𝑖(𝑛+1)Δ𝑟𝜔 + (1 + 𝛿) 𝜉𝑚+1𝑒𝑖𝑛Δ𝑟𝜔− 𝛽𝑛𝜉𝑚+1𝑒𝑖(𝑛−1)Δ𝑟𝜔= 𝛼𝑛𝜉𝑚𝑒𝑖(𝑛+1)Δ𝑟𝜔 + (1 − 𝛿) 𝜉𝑚𝑒𝑖𝑛Δ𝑟𝜔+ 𝛽𝑛𝜉𝑚𝑒𝑖(𝑛−1)Δ𝑟𝜔.

(43)

Introducing Euler’s identities into (43) and simplifying
provide

𝜉 (Δ𝜏𝛾𝑛4Δ𝑟 (−2𝑖 sin (𝜔Δ𝑟))
+ Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 (−2 cos (𝜔Δ𝑟)) + 1 + 𝛿)
= Δ𝜏𝛾𝑛4Δ𝑟 (2𝑖 sin (𝜔Δ𝑟))
+ Δ𝜏2Δ𝑟2 (𝑟∗ − 1)2 (2 cos (𝜔Δ𝑟)) + 1 − 𝛿.

(44)

Further simplification allows us to find the amplification
factor

𝜉 = 1 − 𝛿 + (Δ𝜏𝛾𝑛/2Δ𝑟) 𝑖 sin (𝜔Δ𝑟) + (Δ𝜏/Δ𝑟2 (𝑟∗ − 1)2) cos (𝜔Δ𝑟)1 + 𝛿 − (Δ𝜏𝛾𝑛/2Δ𝑟) 𝑖 sin (𝜔Δ𝑟) − (Δ𝜏/Δ𝑟2 (𝑟∗ − 1)2) cos (𝜔Δ𝑟) . (45)

We note at this point that the von Neumann stability
analysis is applicable to problems with constant coefficients,
and yet 𝛾𝑛 is dependent on 𝑟𝑛. However, wemay still deem the
matrix to be a matrix of constant coefficients since we know
the domain of 𝑟𝑛 (i.e., 𝑟𝑛 ∈ [0, 1]). Hence, upon substitution
of 𝑟𝑛 for 𝑛 = 0, 1, . . . , 𝑁 we obtain constant coefficients as
required. We also note that 0 < 𝛿 < 1.

Given that 𝑟∗ = 𝑟𝑏/𝑟𝑡 < 1 for 𝑟𝑛 ∈ [0, 1] and having
defined 𝛾𝑛 = 1(𝑟𝑛 (𝑟∗ − 1) + 1) (𝑟∗ − 1) , (46)

we find that since 𝑟∗ − 1 < 0 and (𝑟𝑛(𝑟∗ − 1) + 1) > 0, 𝛾𝑛 < 0.
We also note that at 𝑟 = 0 we obtain 𝛾𝑛 = 1/(𝑟∗ − 1) < 0
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and when 𝑟 = 1 similarly 𝛾𝑛 = 1/𝑟∗(𝑟∗ − 1) < 0. Now we let𝛾𝑛 = −𝛾𝑛 > 0, providing the amplification factor

𝜉 =  1 − 𝛿 − (Δ𝜏𝛾𝑛/2Δ𝑟) 𝑖 sin (𝜔Δ𝑥) + (Δ𝜏/Δ𝑟2 (𝑟∗ − 1)2) cos (𝜔Δ𝑥)1 + 𝛿 + (Δ𝜏𝛾𝑛/2Δ𝑟) 𝑖 sin (𝜔Δ𝑥) − (Δ𝜏/Δ𝑟2 (𝑟∗ − 1)2) cos (𝜔Δ𝑥)
 . (47)

We may conclude that since |𝜉| < 1, without any required
conditions on the relevant step sizes or parameters, the linear
system is unconditionally stable.

This conclusion indicates that the structures of the coeffi-
cient matrices employed should not impact on the stability
of the numerical solutions obtained once the nonlinear
terms have been incorporated; rather we need to engage
with the impact of the sink terms on the stability of the
schemes considered. Thus, to fully investigate the stability of
the dynamics of the equation, we now turn to a nonlinear
dynamical systems analysis. In this manner we aim to gain
insight into the impact of the nonlinear terms on the stability
of the relevant schemes.

6.2. Nonlinear Dynamical Systems Analysis. Before we are
able to ascertain whether a simple linearisation of the steady
state equation may be used as a means of analysing the
dynamics of the nonlinear system,we need to determinewhat
this linearised system and the relevant equilibriumpoints are.
It must be noted that we consider the case where 𝑟 = 0; this
is due to the physical relevance placed on the dynamics at the
fin tip.

Firstly, as per [48], we restructure our steady state second-
order ordinary differential equation into a system of first-
order ordinary differential equations as follows:

�̇� = F (𝜃, 𝑟) , (48)

so that

̇𝜃1 = 𝜃2, (49)

̇𝜃2 = (1 − 𝑟∗) 𝜃2𝑟 (𝑟∗ − 1) + 1 + N𝑟 (𝑟∗ − 1)2 ((𝜃1 + 𝜃𝑎)4 − 𝜃4𝑎)
+ N𝑐 (𝑟∗ − 1)2 𝜃21 . (50)

We now turn to fixed point solutions or equilibrium
solutions with the intention of investigating the dynamics of
the system [49]. In the case of this nonlinear, nonautonomous
system the fixed points (or equilibrium points) are defined by
the vanishing of the vector field; that is,

F (𝜃, 𝑟) = 0. (51)

Theorems for the stability of fixed points of the system

�̇� = 𝐴𝜃 + f (𝜃, 𝑟) (52)

are presented by Coddington and Levinson [50], where 𝐴 is
the autonomous part of the Jacobian𝐷𝜃F(𝜃, 𝑟) and a constant
matrix (upon substitution of the relevant equilibrium points
and parameter values) and the vector function f is continuous
in 𝜃 and 𝑟. In order to employ these theorems we write our
system of equations (50) in the form (52):

�̇�
= [ 0 14N𝑟 (𝑟∗ − 1)2 (𝜃1 + 𝜃𝑎)3 + 2N𝑐 (𝑟∗ − 1)2 𝜃1 0] 𝜃

+ [[[
01 − 𝑟∗𝑟 (𝑟∗ − 1) + 1𝜃2]]] .

(53)

As per (51) we obtain the equilibrium points (𝜃1, 𝜃2):
(0, 0) , (54)

( 3√18N𝑐N2𝑟𝜃𝑎 − 10N3𝑟𝜃3𝑎 + 5.19615√N3𝑐N
3
𝑟 + 14N2𝑐N4𝑟𝜃2𝑎 − 12N𝑐N5𝑟𝜃4𝑎 + 4N6𝑟𝜃6𝑎3N𝑟

− 3N𝑐N𝑟 + 2N2𝑟𝜃2𝑎3N𝑟 3√18N𝑐N2𝑟𝜃𝑎 − 10N3𝑟𝜃3𝑎 + 5.19615√N3𝑐N
3
𝑟 + 14N2𝑐N4𝑟𝜃2𝑎 − 12N𝑐N5𝑟𝜃4𝑎 + 4N6𝑟𝜃6𝑎 − 4𝜃𝑎3 , 0) .

(55)
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Figure 5: Phase plots indicating the trajectories around the equilibrium points (54) and (55) for 𝜃𝑎 = 0.2, 𝑟∗ = 1/1.75, andN𝑟 = 1. (a) has
N𝑐 = 0.1 whereas (b) hasN𝑐 = 0.01. (a) is a closer view of the second equilibrium point.

We follow the work of Coddington and Levinson [50] as
discussed inNayfeh and Balachandran [48]. As such, we need
only consider the eigenvalues of thematrix𝐴 from (53)which
we can write with general parameter values as follows:𝜆1 = −√2 (𝑟∗ − 1)

⋅ √N𝑐𝜃1 + 2N𝑟𝜃31 + 6N𝑟𝜃21𝜃𝑎 + 6N𝑟𝜃1𝜃2𝑎 + 2N𝑟𝜃3𝑎,𝜆2 = √2 (𝑟∗ − 1)
⋅ √N𝑐𝜃1 + 2N𝑟𝜃31 + 6N𝑟𝜃21𝜃𝑎 + 6N𝑟𝜃1𝜃2𝑎 + 2N𝑟𝜃3𝑎,

(56)

to be evaluated at the equilibrium points in order to classify
them. From the form they take we can see two possible cases
(depending on whether the term inside the square root is
positive or negative): a saddle point or a centre.

6.2.1. Case 1: Equilibrium Point (54). The eigenvalues of 𝐴 at
equilibrium point (54) are

𝜆1 = −2√N𝑟 (𝑟∗ − 1) 𝜃3/2𝑎 ,
𝜆2 = 2√N𝑟 (𝑟∗ − 1) 𝜃3/2𝑎 . (57)

We can see that this equilibrium point (given the ranges
for the relevant parameter values) represents a saddle point
which is unstable; see Figure 5(b).

Coddington and Levinson [50] have shown that if at least
one eigenvalue of 𝐴 has a real part which is positive, then
upon f(𝜃, 𝑟) satisfying the requirement that, given any 𝜖 > 0,
there exist 𝜎 andR such that

f (𝜃, 𝑟) ≦ 𝜖 𝜃 (𝜃 ≦ 𝜎, 𝑟 ≧ R) , (58)

the solution 𝜃 = 0 of (52) is not stable. In our case, we find
that for the equilibrium point (0, 0) at least one eigenvalue of𝐴 is positive and furthermore

f (𝜃, 𝑟) = [[[
0 00 1 − 𝑟∗𝑟 (𝑟∗ − 1) + 1]]] [𝜃1𝜃2] . (59)

We need to show that |((1−𝑟∗)/(𝑟(𝑟∗ −1)+1))𝜃2| ≦ 𝜖|𝜃2|.
In an attempt to do so, we maximise the term on the left of
the inequality; that is, we consider 𝑟 = 0 such that 1 − 𝑟∗𝑟 (𝑟∗ − 1) + 1𝜃2 ≦  1 − 𝑟∗𝑟 (𝑟∗ − 1) + 1  𝜃2

≦ 1 − 𝑟∗ 𝜃2 = 𝜖 𝜃2 , (60)

where, given that 0 < 1 − 𝑟∗ < 1, we define 0 < 𝜖 < 1. This
proves our requirement (58), confirming that equilibrium
point (54) is not stable.

6.2.2. Case 2: Equilibrium Point (55). The eigenvalues of 𝐴 at
this equilibrium point are lengthy for arbitrary values ofN𝑐,
N𝑟, 𝑟∗, and 𝜃𝑎. However, as pointed out above, the second
case needs to be forN𝑐𝜃1 + 2N𝑟𝜃31 + 6N𝑟𝜃21𝜃𝑎 + 6N𝑟𝜃1𝜃2𝑎 +2N𝑟𝜃3𝑎 < 0. A variety of values were considered for the
parameters N𝑐, N𝑟, 𝑟∗, and 𝜃𝑎, all leading to eigenvalues of
the form expected, which are𝜆1 = 𝜇𝑖,𝜆2 = −𝜇𝑖,

where 𝑖2 = −1, (61)
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providing us with a stable centre; see Figure 5(a). At this stage
we note that this case requires 𝜃1 = 𝜃 < 0 which is not
physically relevant.

6.3. Consideration of Viability of Linearised System. In the
previous subsection we were able to determine the equilib-
rium points and classify them. We will now consider the
feasibility of the dynamics of this linearised systemdescribing
the nonlinear dynamics of the system under discussion.
Furthermore, we expand our stability analysis to consider
the physical significance of the nonlinear terms and the
degree, if at all, to which they impact on the scheme’s
stability. This analysis has been used by Charrier-Mojtabi et
al. [51] in the study of Soret-driven convection in a horizontal
porous layer. Furthermore, Patel and Meher [52] performed
a stability analysis via the fixed point theoremmethod for the
Adomian decomposition Sumudu transformation method,
when solving for the heat transfer in a solid and porous fin
with temperature dependent internal heat generation.

In order to employ a linearisation approach to study the
dynamics of this nonlinear nonautonomous system we con-
sider a Taylor series expansion of F[∙] near the equilibrium
point 𝜃 ≈ Θ𝑒 [53]. This may be constructed as follows:

̇𝜃 (𝑡)𝜃≈Θ𝑒 = F (𝜃, 𝑟)𝜃≈Θ𝑒
= F (Θ𝑒, 𝑟) + 𝜕F (𝜃, 𝑟)𝜕𝜃 𝜃≈Θ𝑒 (𝜃 − Θ𝑒)

+ higher order terms,
(62)

where we need to ensure that the higher order terms (h.o.t.)
are small enough for 𝜃 close to Θ𝑒, the equilibrium point, for
all 𝑟. A commonly used criterion based on the 𝐿2-norm is

sup
Fh.o.t. (𝜃, 𝑟)𝜃 |𝜃|→Θ𝑒 ≈ 0 ∀𝑟, (63)

which specifies that the higher order terms (h.o.t.) of the
Taylor series expansion are approximated by zero at the
relevant equilibrium point; this allows us to approximate the
nonlinear nonautonomous system by a linearised system.

In order to consider the higher order terms for the
equilibrium point Θ𝑒 (54) we recall that

𝐹𝑖 (𝑥) = 𝐹𝑖 (𝑥0) + 𝜕𝐹𝑖𝜕𝑥𝑗
𝑥=𝑥0 (𝑥𝑗 − 𝑥0)

+ 12 𝜕2𝐹𝑖𝜕𝑥𝑗𝜕𝑥𝑘
𝑥=𝑥0 (𝑥𝑗 − 𝑥0) (𝑥𝑘 − 𝑥0) + ⋅ ⋅ ⋅ , (64)

which for our system (50) provides us with the following
higher order terms (1/2!)𝜃𝑇H𝜃 + ⋅ ⋅ ⋅ , whereH represents the
Hermitian matrices:

𝐻 (𝐹1) = [[[[[
𝜕2𝐹1𝜕𝜃21 𝜕2𝐹1𝜕𝜃1𝜕𝜃2𝜕2𝐹1𝜕𝜃2𝜕𝜃1 𝜕2𝐹1𝜕𝜃22

]]]]]
= [0 00 0] ,

𝐻 (𝐹2) = [[[[[
𝜕2𝐹2𝜕𝜃21 𝜕2𝐹2𝜕𝜃1𝜕𝜃2𝜕2𝐹2𝜕𝜃2𝜕𝜃1 𝜕2𝐹2𝜕𝜃22

]]]]]
= [12N𝑟 (𝑟∗ − 1)2 (𝜃1 + 𝜃𝑎)2 + 2Nc (𝑟∗ − 1)2 00 0] .

(65)

We are interested in the equilibrium point Θ𝑒 = 0 (54)
due to its physical significance. Thus we now consider |𝜃| →Θ𝑒 = 0, providing

𝐻 (𝐹2) = [12N𝑟 (𝑟∗ − 1)2 𝜃2𝑎 + 2N𝑐 (𝑟∗ − 1)2 00 0] , (66)

which implies that 12N𝑟(𝑟∗ − 1)2𝜃2𝑎 + 2N𝑐(𝑟∗ − 1)2 = (𝑟∗ −1)2(12N𝑟𝜃2𝑎 + 2N𝑐) should tend to 0 or be approximately 0
in order for us to consider the dynamics of the linear system
as a guide for those of the nonlinear nonautonomous system.
Thus, given that 𝑟∗ ̸= 1 we need 12N𝑟𝑈2𝑎 + 2N𝑐 ≈ 0 such that

N𝑟 ≈ −N𝑐6𝜃2𝑎 , (67)

which is unrealistic. The only manner in which (67) could
hold is if both parameters were to approximate zero; that is,
N𝑐,N𝑟 ≈ 0. Thus, we conclude that the higher order terms
have an influence on the stability of the system and cannot be
ignored; if we are to engage with the linear system as a means
of analysis then we can only do so for small values ofN𝑐 and
N𝑟. It is for this reason that the phase portraits presented are
forN𝑐 = 0.01, 0.1 andN𝑟 = 1.
6.4. Remarks. We find that for 𝜃1 = 𝜃2 = 0 we are in fact
referring to the point where 𝜃 = 𝜃 = 0, which is a point
that would be located at the origin 𝑟 = 0 (see the boundary
conditions).Wefind as eitherN𝑟 → ∞ orN𝑐 → ∞ that 𝜃 →0 at the point where 𝜃(0) = 0.Thus asN𝑟 andN𝑐 increase we
would have a situation which reflects this equilibrium point,
albeit a rare case.

Under these circumstances the solutions obtained via
the CN scheme provide physically meaningless solutions.
We obtain negative temperature values, oscillations in the
solutions, and particularly exaggerated negative temperature
values near 𝑟 = 1. For the CN scheme we note that this
behaviour occurs at lower values of N𝑐 than N𝑟, indicating
once again the more prominent impact the former parameter
has on the behaviour of the scheme. In a similar fashion
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the CNNR scheme also produces negative temperature values
for large values of N𝑟 and N𝑐, particularly near 𝑟 = 1.
Increasing 𝜃𝑎 we find that the value ofN𝑟 for whichwe obtain
unrealistic temperature profiles diminishes in magnitude,
and we observe severe oscillations and negative temperature
values. In turn, implementing large values of 𝜃𝑎 with the same
value now assigned to N𝑐 does not lead to such physically
unreasonable behaviour; we are in fact able to obtain realistic
solutions. Hence an increase in the parameter values of 𝜃𝑎
and N𝑟 when employing the CNNR scheme has a noticeable
impact on the stability of the scheme, whereas the buoyancy
force’s influence is diminished in comparison.

The behaviour of the solutions obtained for large values
of the radiation and convection parameters for either scheme
make physical sense.TheparameterN𝑟 serves as the radiative
sink and as such large values thereof wouldmean that the sur-
face radiation heat transfer would decrease the temperature
unrealistically. SimilarlyN𝑐, which is the convective heat loss,
would also cause a severe drop in the temperature. Thus, the
instability of the equilibrium point (0, 0) can be verified via
these dynamics and match the results obtained pertaining to
the higher order terms of the Taylor series expansion: only if
we assume that N𝑟 and N𝑐 are small, will the linear system
approximate the nonlinear system.

7. Alternate Nondimensionalisation

The nondimensionalisation employed in Darvishi et al. [2] is
given as follows:

𝜃 = 𝑇𝑇𝑏 ,𝜃𝑎 = 𝑇𝑎𝑇𝑏 ,𝑟 = 𝑟𝑟𝑏 ,𝑟∗ = 𝑟𝑡𝑟𝑏 ,
N𝑐 = 𝜌𝑓𝐶𝑝,𝑓𝐾𝑔𝛽𝑓𝑟2𝑏𝑇𝑏𝑉𝑓𝑘eff 𝑠 ,
N𝑟 = 2𝜖𝜎𝐹𝑓−𝑎𝑟2𝑏𝑇3𝑏𝑘eff 𝑠 .

(68)

Given that we are considering the time dependent case we
also incorporate

𝜏 = 𝑘eff 𝑡𝜌𝐶V𝑟2𝑏 , (69)

providing the following equation for consideration:𝜕𝜃𝜕𝜏 = 1𝑟 𝜕𝜕𝑟 (𝑟𝜕𝜃𝜕𝑟 ) − N𝑐 (𝜃 − 𝜃𝑎)2 − N𝑟 (𝜃4 − 𝜃4𝑎) , (70)

where we have once again dropped the hat on 𝑟 for conve-
nience, 𝑟∗ > 1 is defined as 𝑟𝑡/𝑟𝑏, and the parametersN𝑐 and
N𝑟 are stated as per (68).

Employing the nondimensional transformations given by
(68) we obtain the following boundary conditions:𝑑𝜃𝑑𝑟 𝑟=𝑟∗ = 0,

𝜃 (1, 𝜏) = 1, (71)

such that 𝑟 ∈ [1, 𝑟∗]. We use the step sizes Δ𝑟 = 0.01 andΔ𝜏 = 0.00001 due to the domain of 𝑟.The numerical solutions
obtained mirror those provided above. The only difference is
the behaviour of the solutions for 𝜃𝑎; we now find that they
are consistent with [2] as expected. Once more, the addition
of the predictor-corrector increases the computational time
required to reach the steady state; as such we can again
conclude that the Crank-Nicolson scheme performs best out
of the two numerical methods considered.

In order to consider the dynamics of the equation we
structure the system of first-order ordinary differential equa-
tions as before:̇𝜃1 = 𝜃2,̇𝜃2 = −𝜃2𝑟 + N𝑐 (𝜃1 − 𝜃𝑎)2 + N𝑟 (𝜃41 − 𝜃4𝑎) . (72)

It must be noted that we consider the case where 𝑟 = 𝑟∗;
this is due to the physical relevance placed on the dynamics
at the fin tip. We once again structure this system as per the
work of Coddington and Levinson [50]:�̇� = 𝐴𝜃 + f (𝜃, 𝑟) , (73)

so that we may employ theorems for the stability of fixed
points of the system by considering the eigenvalues of 𝐴. We
obtain the equilibrium points (𝜃1, 𝜃2):

(𝜃𝑎, 0) , (74)

( 2/3√5.19615√N3𝑐N
3
𝑟 + 14.N2𝑐N4𝑟𝜃2𝑎 − 12.N𝑐N5𝑟𝜃4𝑎 + 4.N6𝑟𝜃6𝑎 + 18.N𝑐N2𝑟𝜃𝑎 − 10.N3𝑟𝜃3𝑎 − (3.N𝑐N𝑟 + 2.N2𝑟𝜃2𝑎)

3N𝑟 1/3√5.19615√N3𝑐N
3
𝑟 + 14.N2𝑐N4𝑟𝜃2𝑎 − 12.N𝑐N5𝑟𝜃4𝑎 + 4.N6𝑟𝜃6𝑎 + 18.N𝑐N2𝑟𝜃𝑎 − 10.N3𝑟𝜃3𝑎

− 𝜃𝑎3 , 0) .
(75)
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Figure 6: Phase plots indicating the trajectories around the equilibrium points (75) for 𝜃𝑎 = 0.6, 𝑟∗ = 1.75,N𝑐 = 0.001, andN𝑟 = 0.01. (a)
is a closer view of the second equilibrium point for the alternate nondimensionalisation.
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Figure 7: Phase plots indicating the trajectories around the equilibrium points (75) for 𝜃𝑎 = 0.6, 𝑟∗ = 1.75,N𝑐 = 100, andN𝑟 = 100. (a) is a
closer view of the second equilibrium point for the alternate nondimensionalisation.

In considering the eigenvalues of 𝐴 from (73), we can
write them with general parameter values as follows:

𝜆1 = −√2√N𝑐𝜃1 + 2N𝑟𝜃31 − N𝑐𝜃𝑎,
𝜆2 = √2√N𝑐𝜃1 + 2N𝑟𝜃31 − N𝑐𝜃𝑎, (76)

to be evaluated at the equilibrium points we want to classify.
Again as per the work conducted above we have two cases: a
saddle point or a centre.

7.1. Case 1: Equilibrium Point (74). The eigenvalues of 𝐴 at
equilibrium point (74) are𝜆1 = −2√N𝑟𝜃3/2𝑎 ,

𝜆2 = 2√N𝑟𝜃3/2𝑎 , (77)

which represent an unstable saddle point; see Figures 6(b)
and 7(b) corresponding to the saddle point obtained for the
equilibrium point (0, 0) for the previous nondimensionalisa-
tion.
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This comparison to the equilibrium point (0, 0) obtained
via the previous nondimensionalisation is important given
the numerical solutions we obtain for certain values of 𝜃𝑎.
While for the initial nondimensionalised equation consid-
ered we were able to obtain solutions (whose behaviour
provided sensible insight into the problem) for a range of
values of 𝜃𝑎, wewere unable to do so in this instance. For 𝜃𝑎 →1we found that we were unable to obtain numerical solutions
for certain values ofN𝑐 andN𝑟. In order to understand why
this is the case, we consider the impact of the higher order
terms as done before. We obtain the following:

𝐻 (𝐹1) = [[[[[
𝜕2𝐹1𝜕𝜃21 𝜕2𝐹1𝜕𝜃1𝜕𝜃2𝜕2𝐹1𝜕𝜃2𝜕𝜃1 𝜕2𝐹1𝜕𝜃22

]]]]]
= [0 00 0] ,

𝐻 (𝐹2) = [[[[[
𝜕2𝐹2𝜕𝜃21 𝜕2𝐹2𝜕𝜃1𝜕𝜃2𝜕2𝐹2𝜕𝜃2𝜕𝜃1 𝜕2𝐹2𝜕𝜃22

]]]]]
= [12N𝑟𝜃21 + 2N𝑐 00 0] .

(78)

Now as |𝜃| → (𝜃𝑎, 0), we have
𝐻 (𝐹2) = [12N𝑟𝜃2𝑎 + 2N𝑐 00 0] , (79)

which means that for the linear system to approximate the
nonlinear dynamics of the system we now require N𝑐 ≈ 0
and eitherN𝑟 or 𝜃𝑎 to ≈0. We find that once we have defined
these parameters to be relatively small we were able to obtain
solutions for the equation under consideration (70) without
any difficulty for both the CN and CNNR schemes.

In considering the CN scheme, we observe that for the
case N𝑐 ⪅ 5 and 𝜃𝑎 < 1 we were able to obtain solutions as
N𝑟 → ∞. Once 𝜃𝑎 → 1 we found that there were values for
N𝑐 and N𝑟 (not deemed large in magnitude) for which we
could not obtain solutions. In particular we noticed that as
N𝑟 → ∞ with 𝜃𝑎 → 1 the temperature profiles oscillated,
often attaining negative temperature values. The moment we
diminished the value of the ambient temperature 𝜃𝑎 we were
able to obtain realistic solutions once more. Furthermore, for
reasonably small values ofN𝑟 and 𝜃𝑎 we found that for values
of N𝑐 which could not be deemed excessively high (N𝑐 ⪆40) we were unable to obtain solutions to our problem. As
N𝑐 → ∞ we needed N𝑟 and 𝜃𝑎 to decrease in value in a
comparative fashion: for N𝑐 = 100 with N𝑟 = 0.5 we could
not obtain a solution to 𝜃𝑎 = 0.8 but we could do so for 𝜃𝑎 =0.1. As such, the impact of the convection parameter N𝑐 on
the ability of the CN scheme to obtain coherent solutions is
once again confirmed.

With regard to the CNNR scheme we find that as N𝑐 →∞ for small values of N𝑟 and 𝜃𝑎 the scheme is unable to
obtain solutions. Furthermore, as N𝑟 → ∞ and 𝜃𝑎 → 1

we are unable to obtain solutions for small values of N𝑐;
in particular we found oscillatory behaviour at 𝑟 = 1.
For this scheme isolating the parameter which played the
dominant role in determining the stability of the scheme
was very difficult. The structure of (70) is such that there is
an intricate interaction between the three parameters. This
makes it difficult to isolate, under all circumstances, whether
solutions can be obtained or not, unless the parameters N𝑐,
N𝑟, and 𝜃𝑎 are chosen to be small.

Given the fact thatwe obtained an unstable saddle point at
this equilibrium value, we can now via the analysis conducted
here confirm that for this problem structure there are certain
values of 𝜃𝑎 for which limitations are placed uponN𝑐,N𝑟 in
order to obtain solutions. We note here that the behaviour of
this equilibrium point matches that of (54) considered for the
original nondimensionalisation. Once more, it comments on
unstable behaviour at the fin tip under very specific values of𝜃 and 𝜃.
7.2. Case 2: Equilibrium Point (75). The eigenvalues of 𝐴 at
this equilibrium point are lengthy for arbitrary values of
N𝑐, N𝑟, 𝑟∗, and 𝜃𝑎. However, as before we realise that the
eigenvalues would have the form𝜆1 = 𝜇𝑖,𝜆2 = −𝜇𝑖,

where 𝑖2 = −1, (80)

providing us with a stable centre; see Figures 6(a) and
7(a). For small values of N𝑐 and N𝑟 this equilibrium point
provides a case which is not of any physical relevance. When
we increase the values of these parameters we observe that
since 𝜃1 = 𝜃 > 0 we indeed have a physically relevant
equilibrium point. We can in this fashion confirm that the
boundary dynamics are at the fin tip (where 𝜃2 = 𝜃 =0), while the temperature is such that 𝜃1 = 𝜃 < 1; we
indeed have stable behaviour as would be expected. We
notice however that the value of 𝜃 at which this occurs is
less than the value at which the equilibrium point discussed
under Case 1 (where the equilibrium point is dependent
on the ambient temperature) is observed. This provides
us with the understanding that at the fin tip temperature
values less than 𝜃𝑎 provide stable dynamics (Case 2: centre),
whereas an increase in the temperature at that point starts to
lead to unstable dynamics where stable behaviour becomes
dependent on the value of the gradient 𝜃2 = 𝜃 (Case 1: saddle
point).

8. Conclusion

We employed the Crank-Nicolson method with and with-
out the Newton-Raphson predictor-corrector (employing
Usmani’s method for the former) to solve a model describing
the heat transfer in a porous radial fin. We show that the
results obtained via the Crank-Nicolson scheme match those
in the work by Darvishi et al. [2]; the Crank-Nicolson
method, incorporating the Newton-Raphson and Usmani
method, and the DTM do not match these results even
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though the behaviour observed is appropriate and compara-
ble.

We obtain semianalytical steady state solutions via the
DTM which provide a guide for the numerical solutions
obtained. We note that in order to obtain the relevant
accuracy for this method a large number of terms would
need to be employed (as per the work by Darvishi et al. [2]
and Aziz et al. [29], e.g.); however the required memory to
do so becomes a limiting factor. The accuracy of the Crank-
Nicolson scheme when compared to the work by Darvishi
et al. [2] meant that it was the most appropriate one to
consider in terms of an analysis of the scheme’s stability and
the dynamics of the steady state system.

In conducting a von Neumann stability analysis for
the linear Crank-Nicolson scheme we obtain unconditional
stability. However, the presence of nonlinear sink terms
necessitated an investigation into the impact they may have
on the stability of the scheme and hence the validity of the
solutions obtained.Wefind that the onlymanner inwhich the
linearisation of the system of first-order ordinary differential
equations (obtained from the steady state equation) is able
to describe the dynamics of the nonlinear system is if N𝑟
and N𝑐 approximate zero, that is, are very small. Thus, we
conclude that the higher order terms (and hence nonlinear
sink terms) have an influence on the stability of the system
and cannot be ignored.

Furthermore, via our analysis, we could ascertain the
impact of N𝑟 and N𝑐, showing that as they tend to infinity
erratic and unstable behaviour may be observed at the
equilibrium point which represents the fin tip (𝜃 → 0,𝜃(0) = 0). More interestingly, we were able to show that the
convection parameter has a more prominent impact on the
stability of the solutions obtained via theCN scheme, whereas
the radiative parameter N𝑟 and the ambient temperature
impact more severely on the stability of the CNNR scheme.
This behaviour is sensible given the nature of these sink terms.
Hence, the dynamics at the fin tip can be said to be stable in
general since an instance where the parameters would obtain
such values leading to a case where the equilibrium point is
representative of the values of the necessary temperature and
temperature gradient is rare. Under the circumstances at the
fin tip where 𝜃 > 0 and 𝜃(0) = 0 we observe that we do have
stable dynamics (see Figure 5(b)).

We also compared the dynamics between the nondimen-
sionalised equation introduced here and that considered in
[2]. Considering the second form of nondimensionalisation,
the equilibrium point (𝜃𝑎, 0) is found to be unstable as
well. This case would correspond to an instance where the
tip temperature is equated to the ambient temperature (to
compare to the alternate case, we previously had an ambient
temperature which corresponded to zero so this equilibrium
point is equivalent to the one mentioned in the paragraph
above). As such the dynamics at the fin tip can again
be considered to be unstable under certain circumstances;
our numerical solutions confirmed this and displayed the
intricate interactions between the relevant parameters. We
found that the buoyancy force had a more dominant role
to play in the schemes’ ability to obtain solutions. This

seems reasonable given the nature of the higher order terms
obtained.

The interesting additional insight with regard to the latter
nondimensionalisation was that for larger values of N𝑟 and
N𝑐 we find that 𝜃1 = 𝜃 > 0, which provided a second physi-
cally relevant equilibrium point.The dynamical analysis con-
ducted assisted us in confirming that the boundary dynamics
at the fin tip, that is, for 0 < 𝜃 < 1 and 𝜃 = 0, are indeed
stable. Given the other equilibriumpoint, it would seemhow-
ever that for cases where 𝜃 = 𝜃𝑎 we would revert to unstable
behaviour at the fin tip.What is interesting to note is that since
in the latter nondimensionalised equation 𝜃𝑎 engages with
both the buoyancy force/convection parameter and the radi-
ation parameter in the equation, the dynamics aremore intri-
cate. As the convection increases, small values of the radiation
parameter lead to no solution.Then as the latter increases the
solution will achieve the ambient temperature at the fin tip.

For both nondimensionalised equations we discovered
that under certain circumstances there could be unstable
behaviour at the fin tip; the convection and radiation param-
eters as well as the ambient temperature have a role to play
regarding the stability and effectiveness of the numerical
scheme employed. Future research will aim to establish the
distinct manner in which these parameters interact, so that
we may more fully understand the impact of the parameters
on solution accuracy and stability.

Nomenclature𝐶𝑝,𝑓: Specific heat of the ambient fluid𝐹𝑓−𝑎: Shape factor for radiation heat transfer𝐷𝑎: Darcy number𝑔: Acceleration due to gravity𝑘eff : Effective thermal conductivity of porous fin𝑘𝑓: Thermal conductivity of ambient fluid𝐾𝑟: Thermal conductivity ratio
N𝑐: Buoyancy or natural convection parameter𝐿: Auxiliary linear operator
N𝑟: Radiation parameter𝑞: Base heat flow𝐿: Length of the fin𝑄: Nondimensional base heat flow𝑟: Radial coordinate𝑟𝑏: Base radius𝑟𝑡: Tip radius𝑟: Nondimensional radius𝑟∗: Nondimensional ratio of the tip radius to the

base radius𝑠: Fin thickness𝑇: Local fin temperature𝑇𝑎: Ambient temperature𝑇𝑏: Base temperature.

Greek Symbols𝛼𝑓: Thermal diffusivity of ambient fluid𝛽𝑓: Volumetric thermal expansion coefficient
of the ambient fluid𝜃: Nondimensional temperature𝜖: Surface emissivity of fin
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𝜎: Stefan-Boltzmann constant
V𝑓: Kinematic viscosity of the ambient fluid𝜌𝑓: Density of the ambient fluid𝜃𝑎: Nondimensional ambient temperature.
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