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The investigation of complex systems in a unified manner
is recognized during the last few years as a new and very
promising scientific discipline. Therefore, a wide range of
interdisciplinary methods and techniques should be applied
and, at the same time, new tools should be invented to
extract hidden and valuable information from the dynamics
of complex systems.
The main aim of this special issue is to present algorithms
and modelling techniques for analysing complex phenomena
and dynamical systems with nonlinear and memory effects.
Fractional calculus, in view of its practical applications in
several disciplines such as physics and engineering problems,
is found to be capable of describing phenomena possessing
long range memory effects that are difficult to handle with
classical integer-order calculus. There has been a growing
interest in the adaptation of fractional calculus as an effective
modeling tool for complex systems, giving rise to new
perspectives in their dynamical analysis and control. This
development in the scientific knowledge is demonstrated by
a large number of books and events emerging on the topic
during the past years. However, many phenomena still pose
considerable challenges to the concerned community and
fractional calculus seems to be the probable candidate to
encompass broader paradigms by shedding light into the
description of complexity.
This special issue contains the papers addressing the
recent theoretical advances and experimental results on the
topics such as chaos, fractals, fractional dynamics, impulsive
and neural systems, information and computation theory,
signal processing (filtering, restoration, reconstruction, and

analysis of fractal noise), image encryption and hiding,
mechanics, Navier-Stokes equations on Cantor sets, mechatronics (viscoelasticity, vibration insulation, and control),
biology (orthodontic root resorption, classifications of some
structural domains of proteins, and genetic algorithms),
biophysics (signal and models of biological systems, control
of language of competitive models, tourism systems, and
viscoelasticity in biology), bioengineering, nanotechnology,
anomalous diffusion, and complex adaptive systems.
The Guest Editors believe that the set of selected advanced
studies offer readers a timely update of important research
topics and may serve as a platform for motivating further
contributions in this fast evolving arena.
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Evolutionary algorithms (EAs) were shown to be effective for complex constrained optimization problems. However, inflexible
exploration-exploitation and improper penalty in EAs with penalty function would lead to losing the global optimum nearby or
on the constrained boundary. To determine an appropriate penalty coefficient is also difficult in most studies. In this paper, we
propose a bidirectional dynamic diversity evolutionary algorithm (Bi-DDEA) with multiagents guiding exploration-exploitation
through local extrema to the global optimum in suitable steps. In Bi-DDEA potential advantage is detected by three kinds of
agents. The scale and the density of agents will change dynamically according to the emerging of potential optimal area, which
play an important role of flexible exploration-exploitation. Meanwhile, a novel double optimum estimation strategy with objective
fitness and penalty fitness is suggested to compute, respectively, the dominance trend of agents in feasible region and forbidden
region. This bidirectional evolving with multiagents can not only effectively avoid the problem of determining penalty coefficient
but also quickly converge to the global optimum nearby or on the constrained boundary. By examining the rapidity and veracity of
Bi-DDEA across benchmark functions, the proposed method is shown to be effective.

1. Introduction
A great deal of engineering design problems can be formulated as constrained nonconvex optimization problems which
are difficult to be solved with classic mathematical theory.
Since swarm intelligence (SI) [1, 2] was introduced by Wang
and Beni [3] in 1989, many evolutionary algorithms (EAs)
describing the collective behavior of decentralized, selforganized systems, natural or artificial, have provided robust
evidence for dealing with incremental nonconvex or other
complex optimization [4–6]. Many successful applications of
EAs [7–9] have been reported to solve engineering problems
such as industrial design [10–12], transportation [13], commerce [14], and bioinformation [15]. There are also many
improvements [16, 17] on the original algorithms. To extend
this application to constrained optimization, penalty functions are usually used to handle these multiple constraint [18,
19], which will transform the problems into unconstrained
ones but meanwhile make original objective function more
complex. Previous researches [20–22] have suggested that

evolutionary algorithms (EAs) can be widely used to tackle
such problems. Many successful applications of EAs have
been reported to solve engineering problems such as industrial design [23, 24] and military management [25]. To further
expand the application of EAs to more difficult but important
problems, Vural et al. carried out further study in analog
filter design with evolutionary algorithms [26], Li and Yao
presented a new cooperatively coevolving particle swarms
for large scale optimization [27], Blackwell provided further
study of collapse in bare bones particle swarm optimization
[28], Pehlivanoglu enhanced particle swarm optimization
with a periodic mutation strategy and neural networks [29],
Chen et al. proposed particle swarm optimization with an
aging leader and challengers [30], and Naznin et al. suggested
a progressive alignment method using genetic algorithm for
multiple sequence alignment [31]. Constrained optimization
is an important kind of problems solved by EAs, such as the
methods proposed by Wang et al. [32, 33], Cai and Wang
[34], Krohling and Dos Santos Coelho [35], and Tessema
and Yen [36]. Recently Daneshyari and Yen [37] have noted
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that genetic-based algorithms and swarm-based paradigms
are two popular population-based heuristics introduced as
EAs for solving constrained optimization problems [38–40].
These algorithms have better global search abilities by sharing
the principle of natural evolution or swarm intelligence in
nature.
Genetic algorithm (GA) is a search heuristic which mimics the process of natural evolution by parallel computing.
It became popular through the work of John Holland in the
early 1970s, and particularly his book Adaptation in Natural
and Artificial Systems (1975). The strong exploration of GA
makes it fit for intricate optimization problems [41, 42], but
GA’s inborn disadvantages such as slow convergence caused
by mutation operator [22] have limited the promotion of this
algorithm in actual application. Furthermore, particle swarm
optimization (PSO) developed by Kennedy and Eberhart
[43, 44] has received more and more attention regarding
its potential as a faster global optimization technique [22].
However, it might be caught in the trap of local optimization
caused by premature convergence. Thus, special trade-off
between exploration and exploitation is required to achieve
proper balance between optimization reliability and convergence speed. A feasible method is to combine a variety of
EAs then form a hybrid algorithm with strong exploration
and exploitation. It is because mutually reinforcing will
make hybrid algorithm fit for difficult optimization problems
where acceptable solutions can be achieved [45–47]. Recently,
coevolutionary algorithms (CoEAs) have been extensively
studied in solving complex constrained optimization problems [20]. It can be considered as a new form of hybrid
algorithm with high efficiency in exchanging information
between agents. Although these algorithms can perform better than the standard EAs, inflexible exploration-exploration
and improper penalty in general EAs with penalty function
would lead to losing the global optimum nearby or on the
constrained boundary.
Usually the fitness function, especially around the constrained boundary where there is a global optimum, becomes
much more complex because of the mixed constraints and
penalty functions. Over-penalty on the forbidden agents
which is nearby the global optimum will lose important samples with better guiding function. Under-penalty on the forbidden agents which is far away from the global optimum will
weaken strength of converging toward the global optimum.
Then inflexible exploration-exploitation will probably miss
the global optimum and lead to ill-convergence. In this paper,
we propose a bidirectional dynamic diversity evolutionary
algorithm (Bi-DDEA) with multiagents guiding adaptive
exploration-exploitation to the global optimum. In Bi-DDEA
potential advantage is detected by three kinds of agents.
The scale and the density of agents will change dynamically
according to the emerging of potential optimal area, which
play an important role of flexible exploration-exploitation.
Meanwhile, a novel double optimum estimation strategy with
objective fitness and penalty fitness is suggested to compute,
respectively, the dominance trend of agents in feasible region
and forbidden region. Penalty fitness will guide agents in forbidden region to nearby constrained boundary with optimal
objective fitness, and objective fitness will guide agents in
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feasible region to global optimum. This bidirectional evolving
with multiagents can not only effectively avoid the problem of
determining penalty coefficient but also quickly converge to
the global optimum nearby or on the constrained boundary.
Unlike other penalty methods, the penalty fitness suggested
in this paper is not added to the objective function as a
penalty term but constitutes the Bi-DDEA as a evaluation
term to select optimal forbidden agents independently, which
will make a convergence towards the global optimum from
another direction in the forbidden region.
This paper is organized as follows. Section 2.1 presents
the key elements of bidirectional information processing.
Section 2.2 explains how to carry out adaptive explorationexploitation with multiagents. Section 2.3 describes the outline of Bi-DDEA. Section 3 provides the numerical experimentation with benchmark problems and comparisons with
other swarm optimization algorithms. A detailed analysis and
conclusion of the algorithm are presented in Section 4.

2. Bidirectional Dynamic Diversity
Evolutionary Framework
2.1. Bidirectional Information Processing. Although penalty
function method is one of the most common methods
to solve constrained optimization problems, the design of
penalty item should be fit for the algorithm with which
we will deal with practical optimization problems. In order
to avoid the complication caused by adding penalty term
to the objective function, objective fitness (𝐹) and penalty
fitness (𝑃) are suggested in this paper to deal with both the
agents distributed in feasible region and forbidden region
respectively. The objective fitness of all the agents is computed
according to the objective function. When an agent emerges
in the feasible region, the penalty fitness will be set to
zero. When an agent emerges in the forbidden region, the
penalty fitness will be computed according to the constraint
conditions and sum all the excess value as the penalty fitness.
The general constrained problem formulation that is also
called the primal problem can be stated as follows:
min
s.t.

𝑓 (x)
𝑔𝑖 (x) ≤ 0, 𝑖 = 1, . . . , 𝑚
ℎ𝑖 (x) = 0, 𝑖 = 𝑚 + 1, . . . , 𝑚 + 𝑙
x = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) ∈ R𝑛 ,

(1)

where x represents a vector of 𝑛 real variables subject to a
set of 𝑚 inequality constraints 𝑔 (x) and a set of 𝑙 equality
constraints ℎ (x). The penalty fitness 𝑝 (x) proposed here can
be defined as
𝑚

𝑚+𝑙

𝑖=1

𝑖=𝑚+1

𝑝 (x) = ∑𝜙 (𝑔𝑖 (x)) + ∑ 𝜑 (ℎ𝑖 (x)) ,
where
𝑥, if 𝑥 > 0,
𝜙 (𝑥) = {
0, if 𝑥 ≤ 0,

(2)
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𝑥,
if 𝑥 > 0,
{
{
𝜑 (𝑥) = {0,
if 𝑥 = 0,
{
−𝑥,
if 𝑥 < 0.
{
(3)
Penalty fitness 𝑝 (x) will be used in Bi-DDEA to judge
whether an agent is in the feasible region. Once an agents
is updated by Bi-DDEA, 𝑝 (x) will be called to check the
decision variable represented by this agent. If the penalty
fitness is zero, a feasible decision variable is gotten. Otherwise,
the penalty fitness will replace the objective fitness and be
regarded as the fitness of the forbidden agent. The fitness
function 𝑓̂ (x) can be expressed as what is shown in (4):
𝐹, if 𝑝 (x) = 0,
𝑓̂ (x) = {
𝑃, if 𝑝 (x) > 0,
𝑓 (x) ,
= {
𝑝 (x) ,

if 𝑝 (x) = 0,
if 𝑝 (x) > 0,

(4)

(5)

where 𝐹 = 𝑓 (x) and 𝑃 = 𝑝 (x). As the fitness function is
divided into two departments to deal with the feasible agents
and the forbidden agents, respectively, bidirectional evolution
can be carried out on these two kinds of agents. Thus, the
fitness growth (𝐺) of an agent can be defined as
𝐹 (𝑡 + 1) − 𝐹 (𝑡) ,
{
{
{
{
{
{
{
{
{
{
{𝐹 (𝑡 + 1) − 𝐹min ,
{
{
{
𝐺 (𝑡 + 1) = {
{
𝑃 (𝑡 + 1) − 0,
{
{
{
{
{
{
{
{
{
{𝑃 (𝑡 + 1) − 𝑃 (𝑡) ,
{
{
{

if 𝑃 (𝑡) = 0,
𝑃 (𝑡 + 1) = 0,
if 𝑃 (𝑡) > 0,
𝑃 (𝑡 + 1) = 0,
if 𝑃 (𝑡) = 0,
𝑃 (𝑡 + 1) > 0,
if 𝑃 (𝑡) > 0,
𝑃 (𝑡 + 1) > 0,

2𝐹 − 𝐹max − 𝐹min
{
),
if Penalty = 0,
exp (
{
{
{
𝐹max − 𝐹min
= {
{
{exp (− 2𝑃 − 𝑃max − 𝑃min ) , if Penalty > 0,
{
𝑃max − 𝑃min
{
̂
𝐺 − (𝐺̂
{
max + 𝐺min ) /2
{
{
{
),
exp
(
{
{
{
̂
{
(𝐺̂
−𝐺
) /2
max
min
{
{
{
{
{
if Penalty = 0,
{
̂=
RD
{
{
{
̃
{
̃
𝐺 − (𝐺
{
max + 𝐺min ) /2
{
{
{
),
exp
(−
{
{
̃ ) /2
{
̃
{
(
𝐺
−
𝐺
{
max
min
{
if Penalty > 0,
{
̂
2𝐺 − 𝐺̂
{
max − 𝐺min
{
{
),
if Penalty = 0,
exp (
{
{
{
̂
𝐺̂
−
𝐺
max
min
= {
̃
{
̃
{
2𝐺 − 𝐺
−𝐺
max
min
{
{
) , if Penalty > 0,
{exp (−
̃
̃
𝐺
{
max − 𝐺min
̂ = (1 − RE)
̂
̂ × RD
̂ + RE
̂ × AD,
DC

(8)

(9)

(10)
(11)

where 𝐹max and 𝐹min refer to the minimum and the maximum
objective fitness in feasible region, 𝑃max and 𝑃min refer to the
minimum and the maximum penalty fitness in forbidden
region, 𝐺̂ refers to the maximum fitness growth of feasible
max

̂
agents in previous generations, 𝐺
min refers to the minimum
̃
fitness growth of feasible agents in current generation, 𝐺
max
refers to the maximum fitness growth of forbidden agents
̃ refers to the minimum fitness
in current generation, 𝐺
min

(6)

where 𝑡 refers to the iteration number and 𝐹min refers to the
minimum fitness of all the feasible agents.
̂ RD,
̂ are introduced in this paper as potential
̂ and DC
AD,
superiority factors to analyze the sampling information and
estimate the situation of both feasible agents and forbidden
agents, which will guide bidirectional evolution by distributing newborn agents with adaptive density. The potential
superiority factors can be defined as below:
𝐹 − (𝐹max + 𝐹min ) /2
{
),
if Penalty = 0,
exp (
{
{
{
(𝐹max − 𝐹min ) /2
̂=
AD
{
{
{
{exp (− 𝑃 − (𝑃max + 𝑃min ) /2 ) , if Penalty > 0,
(𝑃max − 𝑃min ) /2
{
(7)

̂
growth of forbidden agents in previous generations, and RE
is a reliability factor which is defined as below:
̂ = 𝑡 + 𝐷 − 𝑑,
RE
2𝑇
2𝐷

(12)

̂ will increase gradually from zero to one in the
where RE
process of optimization.
2.2. Dynamic Diversity Evolution. Three types of agents,
partition agents (PAs), basic agents (BAs), and creative agents
(CAs), are combined together in Bi-DDEA to carry out
adaptive exploration-exploitation according to the guiding of
̂ RD,
̂ Partition agents are distributed in feasible
̂ and DC.
AD,
region uniformly and increase gradually, which plays a role of
brute search and ensures exploration throughout the course
of optimization. Basic agents are distributed in different
partitions according to the property of partition agents,
which plays a role of transition media between partition
agents and creative agents and also between exploration and
exploitation. Creative agents are distributed around basic
agents according to the property of basic agents, playing a
role of exploitation in global area and also exploration in local
partitions.
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The evolutionary process of Bi-DDEA is mainly carried
out by the rebirth of new agents around the senior ones. one
PA will generate some BAs in a local region, and one BA will
generate some CAs in a local region around the BA. Then
some CAs with higher potential superiority will be selected as
the next BAs. BAs alternate with CAs, which is also affected
by PAs. The focus in Bi-DDEA is no longer on the position
updating of previous agents but on the density distribution of
newborn agents. The density of newborn agents is controlled
by regulating the range and the scale of newborn agents
according to the feedback of sampling information such as
̂ RD,
̂
̂ and DC.
AD,
The range of newborn agents is determined by two items
in Bi-DDEA. The first one is narrowing range with 2/3 ratio,
which means that the child agents will inherit (2/3)(𝑟parent )
from their parent. The second one is regulated range with
̂ which means that the child agents will study from
AD,
the sampling information and adjust their range toward
̂ Then, the range of those agents of which
(2/3)(𝑟parent /AD).
the fitness is lower will be set to a larger value and vice versa.
To make information fusion, 𝛼 is introduced as study factor
to integrate the two items in the form of (1 − 𝛼) × item1 + 𝛼 ×
item2 . It can be described specifically as follows:
𝛼 ] 𝑃
2 [
× 𝑟𝑖 (𝑡) ,
× (1 − 𝛼) +
3
̂𝐵
AD
𝑖,𝑗
]
[

(13)

𝛼 ] 𝐵
2 [
× 𝑟𝑖,𝑗 (𝑡) ,
× (1 − 𝛼) +
3
̂𝐶
AD
𝑖,𝑗,𝑘
]
[

(14)

𝐵
𝑟𝑖,𝑗
(𝑡 + 1) =

𝐶
𝑟̃𝑖,𝑗,𝑘
(𝑡 + 1) =

𝐵
𝐶
(𝑡), and 𝑟̃𝑖,𝑗,𝑘
(𝑡 + 1) refer to the range of PA𝑖 ,
where 𝑟𝑖𝑃 (𝑡), 𝑟𝑖,𝑗
𝐵

𝐶

̂ and AD
̂ refer to
BA𝑖,𝑗 , and CA𝑖,𝑗,𝑘 in each iteration. AD
𝑖,𝑗
𝑖,𝑗,𝑘
̂ of BA𝑖,𝑗 and CA𝑖,𝑗,𝑘 . The indexes, 𝑖,
the correction factor AD
𝑗, and 𝑘, indicate that the current parameter attaches to PA𝑖 ,
BA𝑗 , and CA𝑘 .
When newborn CAs are distributed, the sampling information will also affect the property, range, of PAs and the
changing of Pas’ property will also affect the property, range,
of CAs’. This process is called self-correcting in range which
can be described as follows:
𝑟𝑖𝑃 (𝑡 + 1) = (1 − 𝛼) × 𝑟𝑖𝑃 (𝑡) + 𝛼 ×

𝑟𝑖𝑃 (𝑡)
̂𝑃
𝐴𝐷
𝑖

,

𝛼 ] 𝐶
𝐶
× 𝑟̃𝑖,𝑗,𝑘 (𝑡 + 1) ,
𝑟𝑖,𝑗,𝑘
(𝑡 + 1) = [(1 − 𝛼) +
̂𝑃
𝐴𝐷
𝑖 ]
[

(15)

(16)

𝐶
𝐶
(𝑡 + 1) and 𝑟𝑖,𝑗,𝑘
(𝑡 + 1) refer to the range of CA𝑖,𝑗,𝑘
where 𝑟̃𝑖,𝑗,𝑘
before and after the self-correction. The equation set (13)–
(16) is also called the range-dividing principle in Bi-DDEA.
̂ will make weak agents
Larger range caused by smaller AD
explore outward to discover more dominant position. On the
̂ will converge
contrary, smaller range caused by larger AD
agents to exploit the emergent region fastly.

The scale of newborn agents is also determined by two
items. The first one is the scale which is the same with their
parent, which means the child agents will inherit 𝑠parent from
̂
̂ or DC,
their parent. The second one is regulated scale with RD
which means the child agents will study from the sampling
̂ × 𝑟parent or
information and adjust their scale toward RD
̂
DC×𝑟parent . Then, the scale of those agents of which the fitness
growth is larger will be set to a larger value and vice versa. To
make information fusion, 𝛼 is also introduced as study factor
to integrate the two items in the form of (1 − 𝛼) × item1 + 𝛼 ×
item2 . It can be described specifically as follows:
𝐵
̂ 𝐵 ] × 𝑠𝑃 (𝑡) ,
𝑠𝑖,𝑗
(𝑡 + 1) = [(1 − 𝛼) + 𝛼 × RD
𝑖
𝑖,𝑗
𝐶

𝐶
̂ ] × 𝑠𝐵 (𝑡) ,
𝑠̃𝑖,𝑗,𝑘
(𝑡 + 1) = [(1 − 𝛼) + 𝛼 × RD
𝑖,𝑗
𝑖,𝑗,𝑘

(17)
(18)

𝐵
𝐶
(𝑡), and 𝑠̃𝑖,𝑗,𝑘
(𝑡 + 1) refer to the scale of PA𝑖 ,
where 𝑠𝑖𝑃 (𝑡), 𝑠𝑖,𝑗

̂ 𝐵 and RD
̂ 𝐶 refer to
BA𝑖,𝑗 , and CA𝑖,𝑗,𝑘 in each iteration. RD
𝑖,𝑗
𝑖,𝑗,𝑘
̂ of BA𝑖,𝑗 and CA𝑖,𝑗,𝑘 . The indexes, 𝑖,
the correction factor RD
𝑗, and 𝑘, indicate that the current parameter attaches to PA𝑖 ,
BA𝑗 , and CA𝑘 .
When newborn CAs are distributed, the sampling information will also affect the property, scale, of PAs and the
changing of Pas’ property will also affect the property, scale,
of CAs’. This process is called self-correcting in scale which
can be described as follows:
̂𝑃 ] × 𝑠𝑃 (𝑡) ,
𝑠𝑖𝑃 (𝑡 + 1) = [(1 − 𝛼) + 𝛼 × DC
𝑖
𝑖
𝑃

𝐶
̂ ] × 𝑠̃𝐶 (𝑡 + 1) ,
𝑠𝑖,𝑗,𝑘
(𝑡 + 1) = [(1 − 𝛼) + 𝛼 × DC
𝑖,𝑗,𝑘
𝑖

(19)

𝐶
𝐶
(𝑡 + 1) and 𝑠𝑖,𝑗,𝑘
(𝑡 + 1) refer to the scale of CA𝑖,𝑗,𝑘
where 𝑠̃𝑖,𝑗,𝑘
before and after the self-correction. The reason to select
̂ will
̂𝑃 as a self-correcting factor is that the focus of DC
DC
𝑖
̂
̂
transition from RD to AD and large number of agents should
be used to exploit the area where there always is the optimal
agent in the later phase of optimization. While the algorithm
runs, the focus of larger scale agents will translate from
complex area to dominance area. Thus, Bi-DDEA can carry
out specific exploration at the earlier stage of optimization
and develop fast targeted exploitation at the later phase of
optimization. In addition to this, a swarm scale floor (SSF)
is introduced to reduce quickly the number of agents in the
area where there is little growth in fitness. It not only saves
sample resource but also maintains global exploration with
fewer agents, which can be described as follows:

̂
𝑠 (𝑡 + 1) = SSF

̂ ≤ 0) .
(if RD

(20)

Swarm scale ceil (SSC) is also introduced to prevent
agents from excessive generating. Considering the forbidden
agents will not be the global optimal one, the scale floor of
forbidden agents will not be confined by SSF but limited to
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one or more. Thus, the scale of agents will be corrected in the
following form:
̂ (if 𝑠 < SSF
̂ and Penalty = 0) ;
SSF,
{
{
𝑠 = {1,
(if 𝑠 < 1 and Penalty > 0) ;
{
̂ (if 𝑠 > SSC)
̂ .
SSC,
{

(21)

The equation set (17)–(21) is also called the scale-setting
̂ or
principle in Bi-DDEA. Larger scale caused by larger RD
̂ will not only reduce the loss of information in volatile
DC
region but also strengthen the ability of both exploration
and exploitation towards potential advantage areas. On the
̂ will save
̂ or DC
contrary, smaller scale caused by smaller RD
much time that might be wasted in poor areas.
2.3. The Proposed Bi-DDEA. Bi-DDEA mainly consists of
bidirectional information processing suggested in Section 2.1
and dynamic diversity evolution suggested in Section 2.2. The
algorithm flow is described as follow:
(1) to divide searching space into a number of partitions
with partition agents (PAs) and initialize the properties of each PA;
(2) to distribute basic agents (BAs) in each partition
according to the properties of PA;
(3) to divide BAs into two types with the constrained
conditions and, respectively, compute their objective
fitness, penalty fitness, and fitness growth according
to formulas (4), (2), and (6);
(4) to estimate the potential advantage of BAs both in
feasible region and forbidden region according to
formulas (8), (10), and (11);

(14) to judge whether the breaking conditions are met. If
so, then it continue to next step; otherwise it jumps to
step (1);
(15) output the results.
Obviously, all the agents that are divided into two types
in Bi-DDEA will evolve along two directions with the
dynamic diversity evolution method under the guidance of
bidirectional information analysis proposed in this paper.

3. Benchmark Problems
The performance of Bi-DDEA is evaluated by comparing its
rapidity, accuracy, and universality with those of PSO algorithm and GA. To be meaningful, some benchmark functions
that are commonly used in randomized population-based
algorithms testing are selected as objective functions. This
gives a fair comparison being as far as possible free from
biases that favor one style of algorithm over another. These
functions include Rastrigin [48–53], Rosenbrock [48–53],
Griewank [49–52], Needle-in-a-Haystack [54–56], Shubert
[48, 55, 57, 58], and Schaffer [49, 50, 54, 55, 57], as shown in
Figure 1. As one of the most difficult but important issues in
designing optimization algorithms is managing the balance
between exploration and exploitation, these test functions
of which the peak number and the peak distribution are
different will really challenge both the exploration and the
exploitation behavior of the algorithms. As Bi-DDEA is used
to find the maximum value, we select the opposite value of
objective function as fitness in the following evaluation process. In addition, the benchmark problems will be modified
into constrained ones with constrained condition as shown
in the following formula:
𝐷

2

(5) to assign the attributes of BAs according to formulas
(13) and (17);

𝐷 × 202 − ∑ (𝑥𝑑 − 20) ≤ 0,

(6) to distribute creative agents (CAs) around each BA
according to the range and scale of the BA;

where 𝐷 refers to the dimension of decision variable.
For GA, the initial parameters are set to their default
values as described below:

(7) to divide CAs into two types with the constrained
conditions and, respectively, compute their objective
fitness, penalty fitness, and fitness growth according
to formulas (4), (2), and (6);
(8) to estimate the potential advantage of CAs both in
feasible region and forbidden region according to
formulas (8), (10), and (11);
(9) to assign the attributes of CAs and PAs according to
formulas (14), (15), (18), and (19);
(10) to correct the scale of each agents according to
formulas (20) and (21);
(11) to select better CAs as next BAs according to the scale
of PA in each partition;

(22)

𝑑=1

(1) population size: 100;
(2) probability of mutation: 0.05.
For PSO, the initial parameters are set to their default
values as described below:
(1) population size: 40;
(2) inertia weight (𝜔): 1, then decreases from 1 to 0.1
during the iteration progress.
Dynamic equation as follows:
⃗
)
V⃗
𝑖+1 = 𝜔V⃗
𝑖 + 𝑈 (0, 𝜙1 ) ⊗ (𝑝𝑖⃗− 𝑥𝑖⃗
+ 𝑈⃗(0, 𝜙2 ) ⊗ (𝑝𝑔⃗− 𝑥𝑖⃗) ,

(23)

(12) to judge whether the breaking conditions are met. If
so, then it continue to next step; otherwise it jumps to
step (3);

⃗ = 𝑥𝑖⃗+ V⃗
𝑥𝑖+1
𝑖+1 .

(13) to select the best BA as present global optimal agents
and translate it into a PA;

For Bi-DDEA, the initial parameters are set to their
default values as described below:
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Figure 1: Benchmark functions.

(1) partition dividing: from 5 × 5 to 10 × 10;
(2) learning factor (𝛼): 0.5;
(3) SSF: 𝐷;
(4) SSC: 𝐷 × 5;

(5) outside loop number: from 3 to 5;
(6) inner loop number: from 5 to 8.
Dynamic equations are given as what formula (13)–formula
𝐵
𝐶
𝐵
𝐶
(21) shown to compute 𝑟𝑖𝑃 , 𝑟𝑖,𝑗
, 𝑟𝑖,𝑗,𝑘
, 𝑠𝑖𝑃 , 𝑠𝑖,𝑗
, and 𝑠𝑖,𝑗,𝑘
in
Section 2.2. Although the dynamic equations of Bi-DDEA are
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more complex than those of PSO, it is time-saving because it
can determine the next distribution of many sampling points
once.
Objective function value

10
8
6
4
2
0

0

0.5

1
1.5
Number of samples

Emg Bi DDEA
Emg LP DDEA

2

×104

Emg PSO
Emg GA

Figure 2: Comparison of speed across Rastrigin.
Emergence across Rosenbrock
45
40
Objective function value

3.1. Rapidity. This section compares the rapidity of Bi-DDEA
with the results obtained by GA (genetic algorithm) and
PSO (Particle swarm optimization) when they are applied
to the six benchmark functions mentioned above. Sampling
time is used to represent the optimization time logically.
It refers to the cumulative time spent by every sample
to calculate their fitness according to the coordinates. It
can eliminate the program editor, environment, and other
external factors affecting the evaluation of the optimization
speed, which allows us to compare the rate of these algorithms more explicitly. An algorithm with different program
design or in different computer environments will have a
different performance. For example, a good programmer can
implement an algorithm process with streamlined code to
improve operational efficiency, but it is difficult to reflect its
advantages when running in CPU with low frequency. In
the experimental comparison, we would probably get wrong
result due to these external factors. So, we use sampling time
as reference to analyze their speed characteristics of the most
original. Since the time used for each sample is almost equal,
we use the number of samples to replace sampling time in this
paper.
Figures 2, 3, 4, 5, 6, and 7 show some of the algorithms’
qualified run-length distributions (RLDs, for short) based
on sampling time when solving some benchmark functions.
The solid line, dashed line, dash-dot line, and dotted line
represent, respectively, the emerging of Bi-DDEA, LP-DDEA,
PSO, and GA. On the whole, the optimization speeds of
both PSO and Bi-DDEA are similar to each other and higher
than that of GA. LP-DDEA is better sometimes than PSO
and Bi-DDEA across functions Rosenbrock and Shubert,
but slower than Bi-DDEA across the other problems. From
this point of view, the algorithm designed in this paper is
quite advantageous. Although PSO’s convergence is mostly
faster than that of Bi-DDEA in the early stage sometimes,
the smallest first hitting times across different benchmark
functions are mainly obtained by Bi-DDEA. It is because BiDDEA can dynamically give divers and sufficient exploration
to obtain more accurate evolution in two directions. When
a more fit area is found by exploration, fast exploitation will
be carried out rapidly in this area. But the exploitation will
not take up all the system resources. There are still many
agents continuing to explore in both feasible region and
forbidden region, and more and more exploitation agents will
be changed into exploration agents quickly if exploitation can
not find much more fit results. Thus, more and more samples
will emerge at the constrained boundary and better local
optimal area which probably include the global optimum.
When the global optimum locates at the constrained boundary, the convergence speed will be much more quick. There is
no algorithm comparison without exception. PSO can show
an amazing speed when some particles drop into a better
space in the experiments. Generally speaking, exploration
and exploitation in Bi-DDEA are almost synchronic and
exploration in Bi-DDEA is more intensive than that of PSO.

Emergence across Rastrigin
12

35
30
25
20
15
10
5
0

0

500

Emg Bi DDEA
Emg LP DDEA

1000
1500
Number of samples

2000

Emg PSO
Emg GA

Figure 3: Comparison of speed across Rosenbrock.

So Bi-DDEA can come across global optimal result earlier in
these experiments.
3.2. Veracity. High accuracy and global superiority are the
key indicators of good algorithm in quality evaluation. From
Tables 1, 2, 3, 4, 5, and 6 we also show that some optimal
fitness get by four algorithms across six benchmark functions.
Obviously, we can see from the results that Bi-DDEA and PLDDEA find better fitness than what GA found, and PSO is
sometimes trapped in local optimum. But on the contrary,
PSO can also find more precise results than DDEA if PSO
is not trapped in local optimal area. In fact, PSO and DDEA
both have higher accuracy because of the rapid convergence
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Figure 4: Comparison of speed across Griewank.
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Figure 6: Comparison of speed across Shubert.

Emergence across Needle-in-a-Haystack
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Figure 5: Comparison of speed across Needle-in-a-Haystack.

of sample swarm, an exploitative behavior, in optimal area.
The reason DDEA can mostly find that the minimum fitness
is that DDEA’s global search capability is stronger than that
of PSO, and PSO sometimes didnot avoid getting into local
minimum across Schaffer function, Needle function, and
Griewank function in these experiments.
3.3. Samples Distribution. To avoid falling into local minimum and find better optimum or constrained boundary,
a good algorithm should have the ability to explore the
unknown feasible region. As a better cases analysis, we now
consider the distribution of all the samples through the whole

0

0

5000
10000
Number of samples
Emg Bi DDEA
Emg LP DDEA

15000

Emg PSO
Emg GA

Figure 7: Comparison of speed across Schaffer.

optimization process, as shown in Figure 8. Sample distribution shown in the figure of the four columns is produced,
respectively, by GA, PSO, and LP-DDEA and Bi-DDEA from
left to right. The figures of sample distribution in a row are
produced by these algorithms across the same benchmark
function, and the benchmark functions used in each row are
different from each other. These benchmark functions from
top to bottom are Rastrigin, Rosenbrock, Griewank, Needlein-a-Haystack, Shubert, and Schaffer. From these figures, it
can be intuitively found that GA has the strongest global
exploring ability, followed by LP-DDEA and Bi-DDEA, and
finally PSO. This is why GA’s performance is better than
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Figure 8: Samples distribution across benchmark functions.
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Table 1: Comparison of optimal results across Rastrigin.

Function

Rastrigin

Times
1
2
3
4
5
6
7
8
9
10
Mean

GA
0.1833
0.0093
0.0136
0.0216
0.0411
0.0008
0.0025
0.0747
0.0450
0.0394
0.0431

PSO
0
0
0
0
0
0
0
0
0
0
0

PL-DDEA
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Bi-DDEA
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Table 2: Comparison of optimal results across Rosenbrock.
Function

Times
1
2
3
4
5
Rosenbrock
6
7
8
9
10
Mean

GA
1.1084
1.1828
1.1587
1.1089
1.1362
1.1643
1.0680
1.1026
1.1626
1.1017
1.0219

PSO
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903

PL-DDEA
0.9903
0.9903
0.9904
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903

Bi-DDEA
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903
0.9903

Table 3: Comparison of optimal results across Griewank.
Function

Times
1
2
3
4
5
Griewank
6
7
8
9
10
Mean

GA
0.0024
0.0000
0.0076
0.0107
0.0138
0.0094
0.0099
0.0055
0.0008
0.0096
0.0070

PSO
0
0
0.0074
0.0074
0.0099
0.0074
0.0074
0.0099
0.0074
0.0074
0.0064

PL-DDEA
0
0
0
0
0
0
0
0
0
0
0

Bi-DDEA
0
0
0
0
0
0
0
0
0
0
0

PSO when searching the extreme point in function Needlein-a-Haystack. But it also takes GA a long time to explore
everywhere without any convergence exploitation in feasible
region, which not only reduces optimization speed but also
affects optimization accuracy to some extent.
In addition, Figure 8 shows that Bi-DDEA and LP-DDEA
both have the ability of finding the constrained boundary
where there is the global optimum in all probability. But
Bi-DDEA can find a more clear boundary with more effective sample distribution. It is because bidirection evolution

Table 4: Comparison of optimal results across Needle-in-ahaystack.
Function

Times

1
2
3
4
5
Needle
6
/(1.0𝑒 + 003)
7
8
9
10
Mean

GA

PSO

−3.4857
−3.4282
−3.5981
−3.5342
−3.5363
−3.4579
−3.5867
−3.5637
−3.5728
−3.5824
−3.5346

−2.7488
−3.6000
−3.6000
−3.6000
−3.6000
−2.7488
−2.7488
−3.6000
−3.6000
−2.7488
−3.2595

PL-DDEA Bi-DDEA
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000

−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000
−3.6000

Table 5: Comparison of optimal results across Shubert.
Function Times
1
2
3
4
5
Shubert
6
7
8
9
10
Mean

GA
−186.6995
−186.6186
−186.6912
−186.6519
−186.6551
−186.7122
−186.7244
−186.0812
−186.2785
−186.4776
−186.5590

PSO
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309

LP-DDEA
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7308
−186.7309
−186.7309
−186.7309
−186.7309

Bi-DDEA
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309
−186.7309

Table 6: Comparison of optimal results across Schaffer.
Function Times
1
2
3
4
5
Schaffer
6
7
8
9
10
Mean

GA
0.0051
0.0011
0.0030
0.0027
0.0020
0.0006
0.0086
0.0001
0.0070
0.0024
0.0033

PSO
0.0000
0
0
0.0000
0.0000
0.0097
0.0097
0.0000
0.0000
0.0000
0.0019

LP-DDEA
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

Bi-DDEA
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

suggested in Bi-DDEA carries out special convergence from
forbidden region to better constrained boundary. As the
global optimum always on the constrained boundary in most
constrained optimization, Bi-DDEA is faster than the LPDDEA when dealing with constrained problems in engineering application as shown in Section 3.1.
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4. Analysis and Conclusion

Acknowledgments

Experimental results have shown notably that Bi-DDEA with
bidirection evolutions is more successful in solving nonconvex constrained optimization problems. The wonderful
performance profits from the bidirection information processing and the dynamic diversity evolution carried out
by multi-agents consisting of PAs, Bas, and CAs both in
feasible region and forbidden region. adaptive explorationexploitation in feasible region makes Bi-DDEA find out most
of the local optimum which include the global optimum.
It indicates that the suggested algorithm has the ability of
discovering the character of function distribution, which
provides robust evidence for the global searching ability of
Bi-DDEA. Another evolution direction from the forbidden
region is detected specially by agents which are distributed
in infeasible region inevitably. The mechanism of Bi-DDEA
does not penalize these infeasible agents with large penalty
to eliminate their guidance, but to make full use of their
guidance to the constrained boundary. When a feasible agent
is generated by a forbidden agent, it will get much higher
fitness growth according to its present fitness. Thus, more and
more samples will be distributed on the boundary with higher
fitness as shown in Figure 8.
Bi-DDEA is not sensitive to initial population in most
cases. From the mechanism analysis of Bi-DDEA, we can
find that sample size in each iteration is regulated according to the feedback sampling information. Even though
the setting population is different from the need greatly
in the initial phase, Bi-DDEA will adjust the population
scale automatically to a needed degree through a few iterations. It is worth noting that some special kinds initial
partitions are able to improve efficiency of optimization
algorithm, and these kinds of initial partitions are called
sensitive initial conditions. How to determine the sensitive
initial conditions will also be one of future research aspects
for improving the performance of Bi-DDEA in practical
application.
To let Bi-DDEA adapt to diversified and comprehensive
constrained environment easily is another important goal of
this paper. Although the six benchmark functions modified
with the constrained condition can not give full instructions
of Bi-DDEA’s generalization capability, the samples distribution has provided robust evidence for the predominance of
bidirection dynamic diversity evolution. Many more experiments and practices are needed for verifying the validity of
this optimization method. In fact, to find exactly the types for
which an optimization method fit will be more important and
useful than to improve hardly the generalization capability of
the method. In future study, surveying and concluding the
best parameters of Bi-DDEA to match different types of optimization problems will be done to expand the scope in which
Bi-DDEA can give better results. There are also other special
application fields in which Bi-DDEA can be attempted to
apply, such as discrete optimization problems [59], dynamic
optimization problems [60], and multiobjective optimization
problems [37, 61, 62]. So much more potential applications of
Bi-DDEA are waiting for exploring and exploiting in future
studies.
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A new hybrid chaotic map is constructed in this paper and applied to image encryption and hiding. MD5 is used as part of initial
condition and control parameter to perturb the trajectory in order to further increase the security against plaintext-chosen attacks
and differential attacks. Ciphered image is embedded into several carrier images to reduce suspiciousness and to increase robustness.
The results demonstrate that the proposed scheme is of great security, robustness, and efficiency.

1. Introduction
Owing to the rapid development of the Internet, a lot of confidential information transfers across the world over public
networks in all fields of the society. However, those networks
are not suitable for the direct transmission of private messages
[1, 2]. Various types of files, such as text, image, and video
[3–5] have to face the threat of unsafety. To keep secrecy
and to make use of the networks already developed simultaneously, the actual and potential applications of cryptography extended prominently with the modern technological
advance [6–8]. Since that, covert communication methods
aroused the interest of many researchers and are becoming
the world’s attentive focus. Traditional encryption methods
were an effective solution for information security [6, 9].
Nonetheless, most of conventional ciphers, such as Data
Encryption Standard (DES) [8], International Data Encryption Algorithm (IDEA) [10], and Advanced Encryption
Standard (AES) [11], are not suitable for image encryption for
three main reasons. The first reason is that the image size is
almost always much greater than that of text, which needs
much time to directly encrypt the image data using the software implementations of traditional cryptosystems. The second reason is laying on its sensitivity. The decrypted text must
be exactly equal to the original text. However, this requirement is not necessary for image data. Because of human perception property and the high redundancy of image data,

a decrypted image containing small distortion is usually
acceptable. The third reason is because digital images’ contents are strongly correlated. However, traditional cryptosystems never used those attributes, which hindered the
promotion of encryption efficiency.
To adapt those unique characteristics of image data and
to improve efficiency and security of image encryption, numerous special image encryption and hiding schemes were proposed. Among those schemes, the chaos based schemes have
attracted the interest of many researchers from science and
engineering realms. As ergodic, high sensitivity dependence
on initial conditions, random-like behavior, continuous
broad-band power spectrum, and unpredictability yet reproducible, chaos has huge potential applications in several vital
fields of cryptosystem especially the image encryption. At the
same time, different approaches for the transmission of information signals using chaotic dynamics were presented, such
as chaotic masking, chaotic modulation, and chaotic switching. The idea of blending chaos theory into the cryptosystem
came up since 1980s when Matthews [12] used chaos in
applications to cryptology. After that numerous studies were
done in the field of chaotic secure communication [13–16].
Baptista [17] proposed a text encryption using the ergodicity
of the simple low-dimension and chaotic logistic map. But
Álvarez et al. [18] pointed out that the method was not robust
and secure enough. Afterwards, many improved encryption
algorithms based on Baptista-type and other new ideas
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including the usage of fractional chaotic map were raised
[19, 20]. On the one hand, in order to guarantee the speed,
some researchers continued to use one-dimensional chaotic
maps for image encryption [21, 22]. But analysis in [23, 24]
showed that these schemes had some security defects due
to some limitations such as small key space and weak security function in one-dimensional chaotic maps. Although
chaos is infinite acyclic theoretically, in practical applications, there still exist many unpredicted problems, such as
periodic degradation on account of finite precision limitation
of computers [25] and low efficiency both caused by huge
data and complicated chaotic behavior. The short cycle length
problem makes many attacks feasible. On the other hand,
some scholars adopt high-dimensional chaos systems into
image encryption to enhance security for hyperchaos [26]
having more complex dynamical characteristics. Although
these methods like adopting high dimension maps can extend
the cycle to some extent, the huge defect of computing time
cost can totally offset its advantages.
In this paper, a novel image encryption and hiding
scheme based on the new hybrid chaotic map will be
proposed in order to keep the security and efficiency simultaneously. Primarily, a novel approach of constructing a new
hybrid chaotic map will be given. Based on composition of
three classic chaotic maps: logistic map, Hénon map, and
Ikeda map, the new hybrid chaotic map demonstrates a more
complex chaotic characteristic than most of single chaotic
maps by Lyapunov exponent comparison, which means the
hybrid map enjoys stronger encryption properties and is
more sensitive dependence on initial conditions. The study
results are of profound theoretical and practical significance
because with the approach of composition, generating a
brand new and stronger chaotic maps can be much simpler
than before, which avoid the threat of known-system based
attacks to a large extent. On account of the discrete map based
properties, the cryptosystem also shows great performance
on its efficiency. In the encryption scheme, the new hybrid
chaotic map will be served as the key stream generator for
encryption.
Meanwhile, MD5 values will be used as part of initial condition and control parameter to perturb the trajectory during
iterations considering the capability to resist different attacks
and the potential degradation from the computer limited
precision problems. Generally, an encryption scheme is only
highly connected to a fixed key which shows the weakness in
plaintext-chosen and differential attack. In [27], the author’s
new idea that makes the initial key to be dependent on MD5
values of the plaintext made the encryption more sensitive
and secure. In our scheme, MD5 values of plain image will
be allowed to participate in much more place in the iteration
of the new hybrid chaotic map, not only the initial keys
but also the control parameters, which will further increase
the sensitivity of plain image. Besides, with combination of
MD5 values and fixed key, it is much more complex than
the ordinary system [27]. Hence, it will guarantee the safety
of this system since there are few works about the adaptive
estimation of unknown secret parameters not to mention in
the unknown chaotic map. According to the statistical tests
involving key space, histogram analysis, information entropy,
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correlation coefficient, and mean square errors, this type of
cryptosystem will be proved to be theoretically unbreakable
by common attacks.
Furthermore, watermark technique and packet splitting
strategy will be used together to embed ciphered image into
several carrier images, which could make the ciphered image
less conspicuous as well as more robust and meet the need
of high efficient and robustness in covert packet networks.
According to our simulations, those methods can greatly
improve cipher’s antinoise capability. Additionally, with MD5
embedding, an extra function of plain image confirmation
can be added to the system based on its one-way associated
property.
The rest of this paper will be organized as follows: Section
2 will give a descriptive presentation of the hybrid chaotic
map and its great property. The design concept of proposed
image encryption and hiding scheme will be described in
Section 3. Simulation results and security analyses will be
drawn in Sections 4 and 5. Finally, conclusions about the
dissertation will be summarized.

2. The New Hybrid Chaotic Map
In this section, a new approach for constructing a new hybrid
chaotic map will be put forward. In our scheme, the new
hybrid chaotic map, which is constructed by composition
of three classic chaotic maps: logistic map, Hénon map,
and Ikeda map, reveals remarkable sensitivity to the initial
condition and parameters comparing with their Lyapunov
exponents. The detail process of construction and comparison results of Lyapunov exponents will be illustrated as
follows.
2.1. Logistic Map. Logistic map [28, 29] is a polynomial
mapping of degree 2 that exhibits chaotic behavior. The
logistic map equation is given by
𝑥𝑛+1 = 𝜇𝑥𝑛 (1 − 𝑥𝑛−1 ) ,

(1)

where 𝑥𝑛 ∈ (0, 1), control parameter 𝜇 ∈ (3.57, 4]. The
bifurcation diagram of the map is shown in Figure 1. When
the parameter approaches 4, the chaotic systems exhibit a
superb sensitivity to initial conditions.
2.2. Hénon Map. Hénon map was introduced by Hénon [4].
It is a simple two-dimensional reversible nonlinear chaotic
map which iterates the point (𝑥𝑛 , 𝑦𝑛 ) via the equation:
𝑥𝑛+1 = 1 − 𝑎𝑥𝑛2 + 𝑦𝑛 ,

𝑦𝑛+1 = 𝑏𝑥𝑛 ,

(2)

where 𝑎 ∈ (0, 1.4], 𝑏 ∈ (0.2, 0.314] are the control parameters on which the map depends. For 𝑎 = 1.4, 𝑏 = 0.3,
the system can notably demonstrate chaotic behavior. Figure
2 shows the 10000 successive points obtained by iteration of
the mapping.
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where 𝑢 is a parameter and 𝑡𝑛 = 𝑐 − (6/(1 + 𝑥𝑛2 + 𝑦𝑛2 )).
For 𝑐 = 0.4, 𝑢 = 0.9, 𝑥0 = 𝑦0 = 0.1, this system has a
distinct chaotic attractor, which is shown in Figure 3.
2.4. The New Hybrid Chaotic Map. To generate a new
compound mapping system, we composite (1)–(3) together
with some necessary modification. The new hybrid mapping
system is described as follows:
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Figure 3: Phase diagram of Ikeda map (𝑢 = 0.9).

divergence of two initially close orbits over time, which
indicates the sensitive dependence on initial conditions:

1 𝑛−1  𝑖 
∑ ln (𝑓 ) (𝑥0 ) ,
𝑛→∞𝑛


𝑖=0

𝐿 (𝑓, 𝑥0 ) = lim

6
,
𝑡𝑛 = 𝑐 −
1 + 𝑥𝑛2 + 𝑦𝑛2

(5)



where (𝑓𝑖 ) is the derivative of the 𝑖th iterate (𝑓𝑖 ).

𝑤𝑛+1 = 1 + 𝑢 (𝑤𝑛 cos 𝑡𝑛 − 𝑠𝑛 sin 𝑡𝑛 ) ,
𝑠𝑛+1 = 𝑢 (𝑤𝑛 sin 𝑡𝑛 − 𝑠𝑛 cos 𝑡𝑛 ) ,

−0.5

Figure 2: Phase diagram of Hénon map (𝑥0 = 𝑦0 = 0.4, 𝑎 = 1.4, 𝑏 =
0.3).

2.3. Ikeda Map. Ikeda map [30] is a discrete-time dynamical
system. It is often used in a modified form, which is defined
as the following equation:

𝑦𝑛+1 = 𝑢 (𝑥𝑛 sin 𝑡𝑛 − 𝑦𝑛 cos 𝑡𝑛 ) ,

−1

x

Figure 1: Bifurcation diagram of logistic map.

𝑥𝑛+1 = 1 + 𝑢 (𝑥𝑛 cos 𝑡𝑛 − 𝑦𝑛 sin 𝑡𝑛 ) ,

0.4
0.3
0.2
0.1
0
y
−0.1
−0.2
−0.3
−0.4
−1.5

(4)

2
+ 𝑏 ⋅ 𝑤𝑛+1 ,
𝑥𝑛+1 = 1 − 𝑎 ⋅ 𝑠𝑛+1

𝑦𝑛+1 = 𝜇 ⋅ 𝑤𝑛+1 (1 − 𝑠𝑛+1 ) ,
where 𝑤0 = 𝑠0 ∈ (0, 1), 𝑐 ∈ [0.1, 0.4], 𝑢 ∈ [0.8, 0.85) ∪
(0.85, 0.9], 𝑏/𝑎 > 1, 𝜇 > 1, and the phase diagram of hybrid
map has demonstrated a notable chaotic attractor. For 𝑤0 =
𝑠0 = 0.1, 𝑐 = 0.4, 𝑢 = 0.9, 𝑎 = 1.3, 𝑏 = 4, 𝜇 = 4, the phase
diagram of hybrid map is shown in Figure 4.
The value distribution over a random chosen initial key
in (0, 1] is shown in Figure 5.
This construction approach is of profound theoretical and
practical importance because with the idea of compositing,
more and more new and sensitive chaotic maps are able to
generate much simpler than before, which could vastly avoid
the threat of known-system based attack.
2.5. Comparison of Lyapunov Exponent. In the preceding
paragraphs, the descriptions of chaos phenomenon are qualitative rather than quantitative. To make a more quantitative
analysis on those maps, their Lyapunov exponents will be
calculated and compared in this section.
The Lyapunov exponent [31] defined as formula (5) is
a common method to study the mean exponential rate of

𝐿 < 0: negative Lyapunov exponents are of dissipative
or nonconservative systems, which indicates the orbit
attracts to a stable fixed point or stable periodic orbit.
Such systems exhibit asymptotic stability. The more
negative the exponent, the greater the stability.
𝐿 = 0: a Lyapunov exponent of zero shows that the
system is in some sort of steady state mode, which
signs that the orbit is a fixed point (or an eventually
fixed point).
𝐿 > 0: positive Lyapunov exponents reveal that the
orbit is unstable and chaotic. Nearby points, no matter
how close, will eventually diverge to any arbitrary
separation [32].
Because sensitive dependence can be arisen only in some
portions of a system (such as the logistic map), this separation
is also a function
of the location of the initial value and has

the form (𝑓𝑖 ) (𝑥0 ) for an orbit of 𝑓 with starting point 𝑥0 .
In a system with attracting fixed points or attracting periodic
points, 𝐿 diminishes asymptotically with time. If a system is
unstable, like pins balanced on their points, then the orbits
diverge exponentially for a while but eventually settle down.
For chaotic situation, the function will behave erratically [32].
For a 2D mapping system, there are two Lyapunov
exponents 𝐿 𝑥 , 𝐿 𝑦 for 𝑥 and 𝑦 orbits. Chaos only appears
in the system which has at least one positive Lyapunov
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Figure 4: Phase diagram of the hybrid chaotic Map.

𝑎, 𝑏, 𝑐, 𝑢, 𝜇 in (4), and MD5 values decided by the plain image.
So the 128 bit MD5 value should be computed in advance,
given by a color plain image 𝑃 with size of 𝑀 × 𝑁 × 3,
where 𝑃𝑖,𝑗,dim represents pixel in 𝑖th row𝑗th column in dimth
color space (using RGB color space). After calculation, the
128 bit MD5 values of the plain image are split up into 32
4 bit blocks in decimal format—MD5(𝑖) 1 ≤ 𝑖 ≤ 32. (To
achieve a higher speed the block number can be reduced
through an adjustable block splitting algorithm with size of
plain image.) Then each MD5 block MD5(𝑖) and the user-set
key key0 will act on the initial values 𝑤0 , 𝑠0 and the control
parameter 𝜇 of the hybrid chaotic map which is given by the
following equations for 𝑖th iteration:

Table 1: Maximum Lyapunov exponent comparison.
Maps
Logistic map
Hénon map
Ikeda map
Hybrid chaotic map

𝐿𝑥
0.6913
0.4222
0.4926
0.5077

key1 =

𝐿𝑦
\
−1.6261
−0.7298
−0.7329

𝑤0 = 𝑠0 =

key0 + 1
length(key
0) +
10

3. Chaos-Based Image Processing Scheme
3.1. Overall Process. In this section, the whole image processing scheme will be presented in detail, which will be
constructed by two major parts—the encryption part and the
hiding part. To enhance the security of image encryption, in
the encryption part, a new algorithm based on the blending
of the hybrid chaotic mapping system and MD5 hash will
be proposed. In the hiding part, the Least Significant Bit
(LSB) based watermarking embedded algorithm with packet
division scheme will be adopted to hide and to split the
ciphered image into different carrier images, which make the
ciphered image less conspicuous as well as more robust and
meet the need in high efficient packet communication.
The basic architecture of the whole chaos-based image
processing scheme is displayed in Figure 9 while detailed
explanation is presented afterwards.
3.2. Encryption Scheme
3.2.1. Generation of Initial Key. Our key includes initial
user-set fixed real number key—key0 , control parameter

,

[MD5 (𝑖) + 1]key1
[MD5(𝑖)max + 1]
𝜇=4−

exponent. Figures 6, 7, and 8 illustrate the Lyapunov exponent
spectrums of the discussed maps.
Through the analysis of the Lyapunov exponent, the new
hybrid chaotic map has one positive Lyapunov exponent,
which can be theoretically convinced that the hybrid mapping system is in a chaotic state. Furthermore, through the
comparison between the four mapping systems in Table 1, it
is easy to find out that the new hybrid system has the largest
positive Lyapunov exponent along with the second largest
negative Lyapunov exponent over all original two dimensional maps, which indicates that it has more obvious chaotic
characteristics and is much more sensitive dependence on
initial conditions than most of common single chaotic maps.
Thus, it also denotes much stronger encryption abilities.

1

key1

,

(6)

𝑤0
,
10

where MD5(𝑖)max = 16, for splitting up to 32 parts.
Hence, the key not only disturbs the initial value of the
new hybrid chaotic map but also adds perturbations to the
control parameter to the chaos trajectory, which signifies that
each pseudorandom sequence is generated from switching
the trajectory from different hybrid chaotic map. Meanwhile,
with the on-way property of MD5 hash, the decrypted
image is able to audit with MD5. Since there is seldom
work about the adaptive estimation of the unknown secret
parameters in the unknown chaotic mapping systems even
if the cryptanalyst obtains the whole trajectories, it not only
guarantees the safety but also makes verification available.
3.2.2. Encryption Algorithm. As previously discussed, for 𝑖th
iteration, the initial condition 𝑤0 , 𝑠0 , 𝜇 is given by (6) and the
basic idea of the algorithm is shown in Figure 9. The detailed
encryption flow is reflected in the next several steps. After
that, the ciphered image will be created.
Step 1 (generation of key stream). Subiterative calculation of
the chaotic sequence 𝑋, 𝑌 by (4) as the algorithm described
below. The time of subiterations is equal to 𝑀 × 𝑁 − 1. Then
a chaotic key stream is generated. Consider
for 𝑛 = 0 : 1 : 𝑀 × 𝑁 − 1
𝑡=𝑐−

6
,
1 + 𝑤2 (𝑛) + 𝑠2 (𝑛)

𝑤 (𝑛 + 1) = 1 + 𝑢 [𝑤 (𝑛) cos 𝑡 − 𝑠 (𝑛) sin 𝑡] ,
𝑠 (𝑛 + 1) = 𝑢 [𝑤 (𝑛) sin 𝑡 − 𝑠 (𝑛) cos 𝑡] ,
𝑥(𝑛 + 1)𝑛+1 = 1 − 𝑎 × 𝑠2 (𝑛 + 1) + 𝑏 × 𝑤 (𝑛 + 1) ,
𝑦(𝑛 + 1)𝑛+1 = 𝜇 × 𝑤 (𝑛 + 1) × [1 − 𝑠 (𝑛 + 1)] ,
end.

(7)

Mathematical Problems in Engineering

5

8

20

6

15

4

x

y

2
−2
−4

10
5
0

0

0.5

1

1.5

2
2.5
3
3.5
Number of iterations

4

4.5

5
×105

−5

0

0.5

1

1.5

2
2.5
3
3.5
Number of iterations

(a)

4

4.5

5
×105

(b)

L (nats/s)
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Figure 6: Lyapunov spectrum of logistic map.

Step 2 (XOR encryption). Via the algorithm described by
(8) below, the XOR passwords sequences 𝑀𝑋, 𝑀𝑌 are constructed with the chaotic key stream obtained from Step 1.
Consider
−1

𝑚𝑥 (𝑛) = mod (1013+key1 ⋅ 𝑥 (𝑛) , 256) ,
−1

𝑚𝑦 (𝑛) = mod (1014+key1 ⋅ 𝑦 (𝑛) , 256) ,

(8)

mod(. . . , 256) for making the XOR passwords of an approximate uniform distribution since there are 256 gray levels of
each pixel.
After that, to further encrypt the pixel, we XOR this
pseudorandom passwords sequences with the gray level in
plain image bit by bit though Algorithm 1.
After that, with the switching method employed, the
preciphered image 𝐶 is obtained, which is able to avoid
detection of the chaotic trajectories.
Step 3 (chaotic scrambling). Firstly, remove part of the
backward elements in key stream 𝑋 and 𝑌 to make the
length of 𝑋 and 𝑌 equal to 𝑀 and 𝑁. Map 𝑋 (𝑖)𝑋 (𝑗) with

1 ≤ dim ≤ 3 and save the mapping relationship.
𝐶𝑖,𝑗,dim
Secondly, range 𝑋 and 𝑌 from the smallest to the largest.
Scramble 𝐶 with the mapping relation and then the final
ciphered image 𝐶 is developed.
Apparently, after dual-perturbing effect of Steps 2 and 3
is much better to resist the influence caused by computer
precision and can lengthen the period.
3.3. Hiding Scheme and Packet Splitting Scheme. In former
process, the plain image is encrypted into the ciphered image.
Despite being secure enough, the ciphered image is too
notable for attacker due to its strikingly chaotic attribute. In

order to make the ciphered image less conspicuous and to
increase the robustness and efficiency in real communication,
it is essential to use the ciphered image as a watermark
which is embedded into several carrier images. The detailed
explanation is as follows.
To simplify, the following embedding algorithm is only
built with the situation with two carrier images offered. Some
feasible adjustments are also declared for the case of more
carrier images offered.
To maximize the channel utilization rate for two carrier
images’ case, the spatial domain based Least Significant Bit
(LSB) embedding algorithm will be adopted, because it only
needs the carrier image as the same size as the plain image
and will not increase the size of the embedded image. For case
of more carrier images, transform domain based embedding
algorithms are also available and will be much easier to
neglect by human perceptual system [33]. However, as a
consequence of the limited space, only the LSB algorithm is
introduced in detail. Here is the algorithm in steps.
̃ 𝑁×
̃
Step 1. Given two color carrier images Ca with size of 𝑀×
3 and then scale them to the same size of the plain image 𝑀×
𝑁×3. Ca𝑖,𝑗,dim represents pixel in 𝑖th row𝑗th column in dimth
color space after adjustment. For case of more carrier images,
the adjustment is not necessary.
Step 2. For a uint8 format color image, each pixel has 256
grey levels in each RGB dimension, which can be represented
by 8 bits binary codes for each dimension. So each pixel in
each dimension can be divided into 8 bit planes, which can
be represented by a binary image. Because human vision is
not sensitive to the least bit plane. So for having two carrier
images, the least 4 bits for each of two carrier images are
available for hiding the ciphered image. Thus the least 4 bits
of each of two carrier images are set to zero from operations,
as shown in Algorithm 2.
For case of more carrier images, we can even use part
of the least important bit in each carrier image to make the
watermark become much more difficult to notice through
LSB algorithm.
Step 3. Embed the 32 MD5 parts MD5(𝑖) of plain images into
the embedded image with the user set key 𝑘𝑒𝑦0 for watermark
detection, decryption, and validation; see Algorithm 3.
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Figure 7: Lyapunov spectrum of Hénon map (a) and Ikeda map (b) (the first 500 iterations are ignored to avoid the influence of initial state).
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Figure 8: Lyapunov spectrum of the new hybrid chaotic map (the
first 500 iterations are ignored to avoid the influence of initial state).

Consider
𝑚MD5 = ⌊(𝑀 − 16) ⋅
𝑛MD5 = ⌊(𝑁 − 16) ⋅

3.4. Watermark Extraction and Decryption Scheme. The
extraction and decryption are the inverse process of the
embedding and encryption. Here is the watermark extraction
and decryption scheme in five brief steps.
Step 1. Extract the order value and sort the embedded images
in right order.
Step 2. Extract the MD5 value of plain image from the
embedded image.

key0 + 1
length(key
0) +
10

1

key0 + 1
length(key
0) +
10

1

⌋,
(9)

⌋.

Step 4. To detect the order of carrier image, a gray pixel
should be selected, which does not cover the MD5 value
and add the order value into its high bit part for both the
transmitter and receiver. This is not necessary for case of two
carrier images, but it is necessary for case of more carrier
images.
Step 5. Split the ciphered images into two parts. To simplify,
the two part is divided into the high 4-bit part and least 4-bit
part. Then move the 4 bits with information to the least 4 bits
and set the high 4 bits to zero, as shown in Algorithm 4.
For case of having more carrier images, the remaining
chaotic maps can be used for random pixel selection in
the ciphered image so as to embed the watermark in the
carrier images’ locations. This method will further increase
the robustness of the watermark and further enhance the security.
Step 6. Embed the two parts of ciphered images into the
carrier images from operations, as shown in Algorithm 5.
The switching operation is aimed at well-distributing
the two parts into each carrier image and increasing the
robustness. For case of more carrier images, the robustness
will greatly increase because each embedded image carries

Step 3. Extract ciphered image information from several
embedded image and join together to recover the ciphered
image.
Step 4. Use the MD5 value and fixed key key0 to generate
chaotic sequence to realign and decrypt the ciphered image.
Step 5. Calculate the MD5 value of decrypted image and
validate with comparison whether the watermark is modified.

4. Experimental Results
The scheme is run on MATLAB 8.0 in a personal computer.
The 550 × 366 color image (Figure 10(a)) sized 590 KB is used
as the plain image. To simplify, two carrier images are chosen
as the same 550×366 color image (Figure 10(c)) sized 590 KB.
The secret keys and parameters are set as follows:
key0 = 100,
𝑎 = 1.3,

𝑤0 = 𝑠0 = 0.1,
𝑏 = 4,

𝑢 = 0.9,

𝑐 = 0.4.

(10)

The order values are chosen as binary code “0000,” “1111” to
make a distinction of order between embedded images 1 and
2 in space of 𝑀1(1, 1, 1) and 𝑀2(1, 1, 1).
The ciphered image is shown in Figure 10(b). Figure 10(d)
illustrates one of embedded images.
The watermark extraction and decryption results are
presented in Figure 10.

Mathematical Problems in Engineering

7
Ciphered
image
Test and extract

MD5 value

Hybrid chaotic map

LSB

Embedded
images

MD5 value

Fixed key

Public channel
Sort and XOR

Fixed key

Scrambling and XOR

Ciphered
image

Plain image

Carrier
image

Hybrid chaotic map
Iteration

Decrypted image

Iteration

Figure 9: Architecture of chaos-based image processing scheme.

for dimc = 1 : dim
𝑛 = 1;
for i = 1 : M
for j = 1 : N
if mod(i + j + dim 𝑐, 2) == 0
C (i, j, dim 𝑐) = MX(n) ⊗ P(i, j, dim 𝑐);
else
C (i, j, dim 𝑐) = MY(n) ⊗ P(i, j, dim 𝑐);
end
𝑛 = 𝑛 + 1;
end
end
end
Algorithm 1

In Figure 11(a), we recover plain image when we use the
correct key. And Figure 11(b) shows that uses the correct control parameter except key0 = 100 + 10−16 . The same phenomenon like Figure 11(b) also appears when any control parameters change over 10−13 and the extraction order is incorrect.
Hence, it can be summarized that even a very tiny difference in keys, control parameters, and the extraction order can
cause complete decryption failure. And Figure 12(b) shows
the differences between two ciphers, whose corresponding
plain images have only one gray pixel different. From the
results, it can be concluded that the proposed scheme has high
sensitivity to keys and plain image.

5. Security and Performance Analysis
Several tests are performed to check the security and robustness of the proposed cryptosystem. Statistical tests are performed, including key space, histogram analysis, information
entropy, correlation coefficient, mean square error (MSE),
and peak signal-to-noise ratio (PSNR). Likewise, security
tests and analysis, such as chosen-plaintext attack and differential attack, are also presented on the scheme. The results are
revealed below.

5.1. Key Space. For our proposed cryptosystem, the following
keys are included in the key space:
(1) seven control parameters of the hybrid chaotic map;
(2) initial fixed key; (3) MD5 values of plain image; (4) two
order values; (5) iteration times. To ensure speed, assume the
iteration times to be limited less than 103 times. Because of
the computer precision problem, chaotic state value cannot
be infinite. Based on our test results, the chaos behavior works
well when accuracy is under 10−16 for initial fixed key and at
least 10−13 for control parameters. Accordingly, the total key
space is 103 × 1013×7 × 1016 × 106 × 24×2 × 2128 ≫ 2128 , which
is sufficiently large to brute-force attack.
5.2. Histogram Analysis. As is known to all, well-behaved
encryption algorithms should resist all attacks based on
statistical analysis, which requires that the distribution of
ciphered image’s elements should be close to uniform distribution under any circumstances of plain image’s element
distribution. Figure 13 is the gray level histogram of both
the plain and the ciphered image. From the histogram, it is
clear to see that the gray level distribution in ciphered image
tends to be uniform distribution, which covers the statistical
characteristic of the plain image.
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for dim 𝑐 = 1 : dim
for i = 1 : M
for j = 1 : N
Ca(i, j, dim 𝑐) = Ca(i, j, dim 𝑐) ∧ 240; % (240)Dec = (11110000)Bin
end
end
end
Algorithm 2

for i = 1 : 16
dim1 = mod(𝑚MD5 + 𝑛MD5 + i, 3); dim2 = mod(𝑚MD5 + 𝑛MD5 + i + 16, 3);
Ca1(𝑚MD5 + i, N − 𝑛MD5 − i, dim1) = Ca1(𝑚MD5 + i, N − 𝑛MD5 − i, dim1) ∧ 15;
Ca1(𝑚MD5 + i, N − 𝑛MD5 − i, dim1) = Ca1(𝑚MD5 + i, N − 𝑛MD5 − i, dim1) ∨ [MD5(i) ⋅ 16];
Ca2(M − 𝑚MD5 − i, 𝑛MD5 + i, dim2) = Ca1(M − 𝑚MD5 − i, 𝑛MD5 + i, dim2) ∧ 15;
Ca2(M – 𝑚MD5 − i, 𝑛MD5 + i, dim2) = Ca2(M − 𝑚MD5 − i, 𝑛MD5 + i, dim2) ∨ [MD5(i + 16) ⋅ 16];
end
Algorithm 3

5.3. Information Entropy. According to the Shannon theory [34], information entropy is the most essential expressive feature of randomness. We can calculate information
entropy 𝐻(𝑚) over (11):
𝐻 (𝑚) = −∑𝑝 (𝑚𝑖 ) log2
𝑖

1
,
𝑝 (𝑚𝑖 )

(11)

where 𝑚 is the message, 𝑚𝑖 represents the probability of
symbol 𝑚𝑖 , and the entropy is expressed in bits. So to a pixel
of which a symbol is encoded by 8 × 3 = 24 bits (3 means
3 color planes), when ideally random, entropy should be 24;
in general, the entropy value of the source is smaller than 24
but ought to be close to be ideal. From our calculation, the
entropy obtained from the ciphered image equals to 23.9973,
which is very close to the ideal value 24, while the entropy
obtained from the plain image is only 21.8747.
5.4. Correlation Coefficient. Correlation coefficient reflects
the connection between pixels. According to the following
formula, we obtain the correlation coefficients of two adjacent
pixels and of corresponding pixels between two different
images
𝑟𝑥𝑦 =

cov (𝑥, 𝑦)
√𝐷 (𝑥)√𝐷 (𝑦)

,

(12)

where cov(𝑥, 𝑦) = (1/𝑁) ∑𝑁
𝑖=1 (𝑥𝑖 − 𝐸(𝑥))(𝑦𝑖 − 𝐸(𝑦)), 𝐸(𝑥) =
𝑁
2
(1/𝑁) ∑𝑖=1 𝑥𝑖 , 𝐷(𝑥) = (1/𝑁) ∑𝑁
𝑖=1 (𝑥𝑖 − 𝐸(𝑥)) .
Table 2 displays the results of correlation coefficients,
and Figure 14 shows the correlation distribution. Results
point out that the correlation between two adjacent pixels
in ciphered image and between corresponding pixels in two
different images is tremendously small, which displays its
great encryption performance.

5.5. Noise Interference and Mean Square Error (MSE). Mean
square error (MSE) is key value to quantify the difference
between two images in statistics, which can demonstrate
the average difference between different ciphered images
and between plain and ciphered images. It also reflects the
robustness in watermarks when the channel is not ideal. The
definition of mean square error is according to the following
formula:
MSE =

1
̂𝑖,𝑗,dim )2 ,
∑(𝑃𝑖,𝑗,dim − 𝐷
𝑀 ⋅ 𝑁 ⋅ dim

(13)

̂𝑖,𝑗,dim means another image’s corresponding pixel.
where 𝐷
Table 3 shows the results of MSE. Results indicate that
the difference between different ciphered images and between
plain and ciphered image is hugly immense, while the
difference between decrypted and plain images both with and
without the noise interference is relatively small, which is
illustrated in Figure 15 and shows both the great encryption
performance and the great robustness of the scheme.
5.6. Peak Signal-to-Noise Ratio (PSNR). Peak signal-to-noise
ratio (PSNR) is a ratio between the maximum possible power
of a signal and the power of corrupting noise that affects the
fidelity of its representation. Because many signals have a very
wide dynamic range, PSNR is usually expressed in terms of
the logarithmic decibel scale [35]. The PSNR is defined as
PSNR = 10 log10 (

MAX2𝐼
).
MSE

(14)

Here, MAX𝐼 is the maximum possible pixel value of the
image. When the pixels are represented using 8 bits per
sample, MAX𝐼 = 255. Typical values for the PSNR in image
and video compression are between 30 and 50 dB, where
higher is better [35]. For previous simulation of noise interference, PSNR of the decrypted image with 0.001 Gaussian
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for dim 𝑐 = 1 : dim
for i = 1 : M
for j = 1 : N
HC(i, j, dim 𝑐) =C(i, j, dim 𝑐) ∧ 240;
LC(i, j, dim 𝑐)=C(i, j, dim 𝑐) ∧ 15;
end
end
end
HC(i, j, dim 𝑐) =HC(i, j, dim 𝑐)/16;
Algorithm 4

for dimw = 1 : dim
for i =1 : M
for j = 1 : N
if mod(i + j, 2) == 0
M1(i, j, dimw) =Ca1(i, j, dimw) ∨ HC(i, j, dimw);
M2(i, j, dimw) =Ca2(i, j, dimw) ∨ LC(i, j, dimw);
else
M2(i, j, dimw) =Ca2(i, j, dimw) ∨ HC(i, j, dimw);
M1(i, j, dimw) =Ca1(i, j, dimw) ∨ LC(I, j, dimw);
end
end
end
end
Algorithm 5

(a) Plain image

(b) Cipher image

(c) Carrier image

(d) Watermark embedded

Figure 10: Encryption and watermark embedding results.
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(a) Success of decryption

(b) Failure of decryption
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Figure 11: Watermark extraction and decryption results.
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Figure 12: Differences comparison.
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Figure 13: Gray level histogram comparisons.
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Figure 14: Vertical (left) and horizontal (right) correlation of plain image and ciphered image.

(a) Decrypted image without noise

(b) Decrypted image with 0.01 Gaussian noise

Figure 15: Noise interference comparisons.

Table 2: Correlation coefficient comparison.

Correlation coefficient
2

Between two adjacent pixels
Plain image
Ciphered image
Vertical
0.96684049
7.16211445 × 10−5
Horizontal
0.954339329
−0.0010516
Diagonal
0.935083629
0.00151382

Between corresponding pixels in two different images
Plain-ciphered
Different ciphered images2
7.29256967 × 10−4

The two difference ciphered images’ corresponding plain images only have one gray pixel in difference.

−0.00135729535
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Table 3: MSE comparison.
Corresponding
ciphered image

Corresponding decrypted
image

Plain image

127.7904

0 (channel without any noise)
36.9984 (channel with 0.001
Gaussian noise)

Different
ciphered image

117.2472

106.0239

MSE

6. Conclusion

noise interference is 32.4490 dB, which denotes the decent
robustness of the system.
5.7. Plaintext-Chosen Attacks Analysis. Many encryption
algorithms are faced with the risk of being broken by the
chosen-plaintext analysis. But the proposed scheme in this
paper combining the chaotic map’s initial key with the plain
image’s MD5 value, which is one-way dependent on the
plain image’s information, makes the chosen-plaintext attack
unavailable. Because even though much progress has been
made in the field of attacking the MD5 algorithm in recent
years [36], the price of finding a group of pictures with the
same MD5 value and the great characteristic for attacking
analysis, such as plaintext-chosen attack and differential
attack, is still extremely expensive. Meanwhile, by using the
block cipher of MD5 like the 32 blocks in Section 3.2.1, the
difficulty of MD5 collide is increased. As a result, just like
the simulation results in Section 4, for different plain images
(even a tiny little change), the corresponding sequences are
totally different on account of the property of MD5 hash and
chaos. By these means, our proposed algorithm is robust to
plaintext-chosen attack.
5.8. Differential Attacks Analysis. There are two most common magnitudes—Number of Pixels Change Rate (NPCR)
and Unified Average Changing Intensity (UACI), which are
used to evaluate the strength of image encryption in regard to
differential attacks. Conventionally, a high NPCR and UACI
score usually signifies a high resistance to differential attacks.
The definitions of NPCR and UACI are stated by (15) [37]. To
do the test, let us assume two ciphered images (𝐶, 𝐶 ) whose
corresponding plain images only have one pixel difference
initially:
NPCR =
UACI =

in the plain image is changed. For position (𝑖, 𝑗, dim), if
𝐶(𝑖, 𝑗, dim) ≠
𝐶 (𝑖, 𝑗, dim), then 𝐷(𝑖, 𝑗, dim) = 1; else 𝐷(𝑖, 𝑗,
dim) = 0.
Based on our test results, the NPCR is 99.67% and the
UACI is 33.45%, which proves that the proposed algorithm
is very sensitive to small changes in the plain image and can
survive to differential attack.

∑𝑖,𝑗,dim 𝐷 (𝑖, 𝑗, dim)
𝑊 × 𝐻 × dim

× 100%,

1
𝑊 × 𝐻 × dim


𝐶 (𝑖, 𝑗, dim) − 𝐶 (𝑖, 𝑗, dim)

]
[
× ∑
255
[𝑖,𝑗,dim
]

(15)

× 100%,
where 𝑊 and 𝐻 represent the width and height of the
image, respectively. 𝐶(𝑖, 𝑗, dim) and 𝐶 (𝑖, 𝑗, dim) are the ciphered images before and after one gray level of one pixel

In this paper, an innovative hybrid chaotic mapping system
has been crafted through compositing with three classic
chaotic maps. Additionally, its application on image encryption and hiding has also been discussed with a demonstration
scheme. Notably, from our test results, the new map has the
largest positive Lyapunov exponent and the second largest
negative Lyapunov exponent over the original 2D chaotic
maps. What is more, this constructing method is of profound
theoretical and practical prominence because with the plan
of composition, more new and sensitive chaotic maps will
come to the fore much easily, which could extremely avoid the
threat of known-system based attack. In the image encryption
scheme, the new hybrid chaotic map has been functioned
as the key stream generator for encryption in view of its
impressive efficiency and pseudorandom properties. On top
of that, to improve the facilities of resisting plaintext-chosen
and differential attacks and to make pseudorandom keys
much more unpredictable, the MD5 hash of plain image has
been used as part of initial condition and control parameter
to perturb the trajectory during iterations. Simulation results
and security analysis have disclosed that the proposed scheme
has marvelous efficiency and robustness and is proved to be
theoretically unbreakable by conventional attacks.
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Electrochemical double-layer capacitors (EDLC), also known as supercapacitors or ultracapacitors, are devices in which diffusion
phenomena play an important role. For this reason, their modeling using integer-order differential equations does not yield
satisfactory results. The higher the temporal intervals are, the more problems and errors there will be when using integer-order
differential equations. In this paper, a simple model of a real capacitor formed by an ideal capacitor and two parasitic resistors,
one in series and the second in parallel, is used. The proposed model is based on the ideal capacitor, adding a fractional behavior
to its capacity. The transfer function obtained is simple but contains elements in fractional derivatives, which makes its resolution
in the time domain difficult. The temporal response has been obtained through the Mittag-Leffler equations being adapted to any
EDLC input signal. Different charge and discharge signals have been tested on the EDLC allowing modeling of this device in the
charge, rest, and discharge stages. The obtained parameters are few but identify with high precision the charge, rest, and discharge
processes in these devices.

1. Introduction
In recent years, the growing demand for new electrical energy
storing systems has led to a remarkable development of
electrochemical double-layer capacitors (EDLC). The EDLC
are devices capable of storing energy and are characterized by
their very rapid response during charge and discharge cycles,
which allows them to provide high power and to hold a high
number of charge and discharge cycles.
The complementary qualities of EDLC and batteries have
allowed the generation of numerous hybrid applications
for energy recovery or storage systems. Energy storage in
EDLC is not supported by chemical processes. Moreover,
supercapacitors have a high life cycle and do not need
any maintenance. From the above it can be concluded that
because of their characteristics these devices have raised great
interesting expectations [1, 2].
It is a usual procedure that the dynamics of real systems
are modeled by differential equations. In most cases, the
differential equations are based on conventional derivatives,

yielding sufficiently accurate mathematical models. However,
there are a variety of systems or phenomena in which mathematical models based on ordinary differential equations do
not provide satisfactory solutions. One of these elements is
the EDLC. It is this case, when the application of models
based on fractional derivatives, studied in the field of fractional calculus, is very useful. These equations are called fractional differential equations.
In multiple fields of physics, there are numerous examples
in which a differential equation is used as fractional modeling
tool [3–5]. This is very common when considering geometry
conditions with fractal dimension and distributed parameter
systems [6–8]. In the field of electric power, the current
through a capacitor is proportional to the noninteger-order
integral for electric current [9, 10]. An electric network
composed of infinite RC elements can be modeled through
fractional differential equations [11, 12].
In this paper, a dynamic fractional model for EDLC is
developed, based on a differential equation with fractional
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derivatives. This equation has been solved by means of
the Laplace transform, and in order to obtain the time
domain solution used the Mittag-Leffler function 𝐸𝛼,𝛽 (𝑧).
The solution has been obtained for a unitary step input and
for a generic input. This model has been applied to an EDLC
for its identification in long time periods, obtaining very
satisfactory results.
This paper is organized as follows: Section 2 shows a brief
review of fractional calculus; in Section 3 the fractional model
of the EDLC is deduced; Section 4 expounds the experimental
data and the discussion; finally in Section 5 the conclusions
are presented.

2.4. Laplace Transform of the Fractional Derivative. An interesting property of the fractional derivative operator is its
Laplace transform
∞

𝐿 [ 0 𝐷𝛼𝑡 𝑓 (𝑡)] = ∫ 𝑒−𝑠𝑡 𝑎 𝐷𝛼𝑡 𝑓 (𝑡) 𝑑𝑡
0

𝑛−1


= 𝑠𝛼 𝐹 (𝑠) − ∑ 𝑠𝑘 𝑎 𝐷𝛼−𝑘−1
𝑓 (𝑡)𝑡=0
𝑡
𝑘=0

(𝑛 − 1 < 𝛼 ≤ 𝑛) ,
where, if initial conditions are null, it yields
𝐿 [ 0 𝐷𝛼𝑡 𝑓 (𝑡)] = 𝑠𝛼 𝐹 (𝑠) .

2. Brief Review of Fractional Calculus

(4)

(5)

In this section is exposed a brief mathematical background
of the fractional calculus [3], for understanding methods,
results, and conclusions presented in this paper. The following are some of the most popular functions, definitions,
and properties of the fractional calculus.

2.5. Mittag-Leffler Function. The two-parameter function of
the Mittag-Leffler type 𝐸𝛼,𝛽 (𝑧) plays a very important role in
the fractional calculus and is defined as

2.1. Riemann-Liouville Derivative Definition. Riemann-Liouville definition expresses the fractional derivative as a time
convolution integral

The exponential function 𝑒𝑧 is a particular case of the MittagLeffler function

∞

𝑧𝑘
Γ (𝛼𝑘 + 𝛽)
𝑘=0

𝐸𝛼,𝛽 (𝑧) = ∑

(𝛼 > 0, 𝛽 > 0) .

(6)

∞

𝛼
𝑎 𝐷𝑡 𝑓 (𝑡)

=

𝑓 (𝜏)
𝑑𝑛 𝑡
1
𝑑𝜏
∫
Γ (𝑛 − 𝛼) 𝑑𝑡𝑛 𝑎 (𝑡 − 𝜏)𝛼−𝑛+1

𝑧𝑘
= 𝑒𝑧 .
Γ (𝑘 + 1)
𝑘=0

𝐸1,1 (𝑧) = ∑
(1)

(𝑛 − 1 < 𝛼 < 𝑛) ,

(7)

One of the main uses of the Mittag-Leffler function comes
from the following Laplace transform
∞

where 𝑛 is an integer and 𝛼 is a real number and the fractional derivative order.

(𝑘)
(𝑘)
(±𝑎𝑡𝛼 )] = ∫ 𝑒−𝑠𝑡 𝑡𝛼𝑘+𝛽−1 𝐸𝛼,𝛽
(±𝑎𝑡𝛼 ) 𝑑𝑡
𝐿 [𝑡𝛼𝑘+𝛽−1 𝐸𝛼,𝛽
0

=
2.2. Caputo Derivative Definition. Caputo definition of a fractional derivative of a function is
𝐶 𝛼
𝑎 𝐷𝑡 𝑓 (𝑡)

=

𝑡
𝑓(𝑛) (𝜏)
1
𝑑𝜏
∫
Γ (𝑛 − 𝛼) 𝑎 (𝑡 − 𝜏)𝛼+1−𝑛

(2)

(𝑛 − 1 ≤ 𝛼 < 𝑛) ,

2.3. Grunwald-Letnikov Derivative Definition. GrunwaldLetnikov definition is a numerical form of the fractional
derivative
1
ℎ → 0 ℎ𝛼

[(𝑡−𝑎)/ℎ]

∑

𝑗=0

𝛼
(−1)𝑗 ( ) 𝑓 (𝑡 − 𝑗ℎ) .
𝑗

(𝑠𝛼 ∓ 𝑎)𝑘+1

(8)
,

where 𝑘 indicates the order of the derivative of the MittagLeffler function
(𝑘)
𝐸𝛼,𝛽
(𝑧) =

𝑑𝑘
𝐸 (𝑧) .
𝑑𝑧𝑘 𝛼,𝛽

(9)

Considering the specific case for 𝑘 = 0 yields

where 𝑛 is an integer and 𝛼 is a real number and the fractional derivative order.

𝛼
𝑎 𝐷𝑡 𝑓 (𝑡) = lim

𝑘!𝑠𝛼−𝛽

(3)

𝐿 [𝑡𝛽−1 𝐸𝛼,𝛽 (±𝑎𝑡𝛼 )] =

𝑠𝛼−𝛽
.
𝑠𝛼 ∓ 𝑎

(10)

And by substituting the Mittag-Leffler function, the following
is obtained:
𝑘

(±𝑎𝑡𝛼 )
𝑠𝛼−𝛽
]= 𝛼
.
𝑠 ∓𝑎
Γ (𝛼𝑘 + 𝛽)
𝑘=0
∞

𝐿 [𝑡𝛽−1 ∑

(11)

Which will be the relation used for calculating the solution in
the time domain.
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3. Dynamic Model of EDLC

ESR (R1 )

Electric modeling of supercapacitors is an active line of
investigation with numerous contributions in the last few
years [13–15]. There are not yet totally satisfactory models
applicable to any operating mode of the EDLC, allowing the
EDLC behavior to be observed and simulated. That is the
reason why models based on heuristic techniques are mainly
used [14]. Models based on the physics processes occurring
in EDLC are also used [15]. Most of the models obtained
make use of a considerable number of variables, either of a
high number of passive elements or of fractional variables
models [16–18]. Either way, testing these devices during long
time periods has allowed observing their behavior and their
applicability to energy storage systems. Charge and discharge
are rapid processes occurring in a short time interval, since
high currents are used.
Due to diffusion processes resulting after the charging
phase. The evolution of the processes occurring inside the
EDLC generates a nonreversing thermal dissipation which
makes the assessment of losses in the device possible. This
process would occur in both the EDLC charge and discharge
phases.
The model of EDLC has been considered as single input
(current), single output (voltage) system. The electric model
used comes from the model applied to ideal capacitors using
integer-order differential equations. Subsequently, a model
based on fractional order differential equations is proposed.
3.1. Electric Model of a Conventional Capacitor. The mathematical equation, relating the current and the voltage at the
terminals of a real capacitor, can be deduced from an electric
circuit made of an ideal capacitor and two parasitic resistors
[9, 19].
Naming the series resistor as 𝑅1 and the parallel one
as 𝑅2 and operating the following equation is obtained:
𝑅2 ⋅ 𝐶

𝑑V (𝑡)
𝑑𝑖 (𝑡)
+ V (𝑡) = (𝑅1 + 𝑅2 ) ⋅ 𝑖 (𝑡) + 𝑅1 ⋅ 𝑅2 ⋅ 𝐶
𝑑𝑡
𝑑𝑡
(12)

with V(𝑡) being the voltage at the terminals of the EDLC
and 𝑖(𝑡) its current. The transfer function or impedance in
the Laplace domain will be calculated as the quotient between
voltage and current
𝐺 (𝑠) =

𝑠
𝑉 (𝑠)
= 𝑅1 (
)
𝐼 (𝑠)
𝑠 + (1/ (𝑅2 ⋅ 𝐶))
𝑅 + 𝑅2
1
+ 1
).
(
𝑅2 ⋅ 𝐶 𝑠 + (1/ (𝑅2 ⋅ 𝐶))

(13)

(t)

i(t)
C

EPR (R2 )

Figure 1: Equivalent circuit of a real capacitor.

The differential equation resulting from the transfer function
can be solved for simple and complex signals using the
existing simulation programs.
3.2. Electric Model of EDLC. The model obtained for real
capacitor (12) fits well to the behavior of real capacitors in a
wide range of frequencies. However, if applied to an EDLC,
the adjustment is unsatisfactory, especially when long time
periods are analyzed.
Many papers [3, 10, 20] exposed the fractional behavior
of EDLC. Thus, by changing the ideal capacitor in the model
in Figure 1 for a fractional one, the voltage and the current
across such fractional capacitor are given by
𝐶 ⋅ 𝐷𝛼 V (𝑡) = 𝑖 (𝑡) .

(16)

Applying this relation to the circuit of Figure 1, it gives a
differential equation of the form
𝛼
0 𝐷𝑡 V (𝑡)

+ 𝑎 ⋅ V (𝑡) = 𝑘1 ⋅ 0 𝐷𝛼𝑡 𝑖 (𝑡) + 𝑘2 ⋅ 𝑖 (𝑡) .

(17)

Applying Laplace transform (5) and assuming that the initial
conditions are zero, the following is obtained:
𝐺 (𝑠) =

𝑠𝛼
1
𝑉 (𝑠)
= (𝑘1 𝛼
+ 𝑘2 𝛼
).
𝐼 (𝑠)
𝑠 +𝑎
𝑠 +𝑎

(18)

This transfer function is similar to (14), differing only in
the fractional aspect of the capacitor. In this case differential equation (17) is of fractional order, being defined
by variable 𝛼. This equation can be solved for simple and
complex signals input, using Mittag-Leffler functions [3, 21].
3.3. Solution to the Fractional Equation of EDLC. In this
section the solution to (18) will be deduced in the time
domain for a variable input over time.
3.3.1. Solution to a Unitary Step Input. Multiplying transfer
function (18) by the unit step input 𝑖(𝑠) = 1/𝑠, the response
of the system to this signal is obtained:
V (𝑠) = 𝑘1

𝑠𝛼−1
𝑠−1
+ 𝑘2 𝛼
+𝑎
𝑠 +𝑎

𝑠𝛼

𝑠𝛼−1
𝑠−1
⇒ V (𝑡) = 𝑘1 𝐿 [ 𝛼
] + 𝑘2 𝐿−1 [ 𝛼
].
𝑠 +𝑎
𝑠 +𝑎

(19)

−1

Gathering the constants of the transfer function the following
is obtained:
𝑠
1
𝑉 (𝑠)
𝐺 (𝑠) =
= (𝑘1
+ 𝑘2
),
(14)
𝐼 (𝑠)
𝑠+𝑎
𝑠+𝑎
where

Applying relation (11),
𝑗

𝑗

∞
(−𝑎 ⋅ 𝑡𝛼 )
(−𝑎 ⋅ 𝑡𝛼 )
+ 𝑘2 ⋅ 𝑡𝛼 ⋅ ∑
.
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 1)
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 𝛼 + 1)
∞

V (𝑡) = 𝑘1 ∑

(20)
𝑘1 = 𝑅1 ,

𝑅 + 𝑅2
𝑘2 = 1
,
𝑅2 ⋅ 𝐶

1
𝑎=
.
𝑅2 ⋅ 𝐶

(15)

The response in the time domain to a unit step input is
obtained.
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3.3.2. Solution to a Generic Input. The response can be
extended to any input. For this purpose, the superposition
of steps displaced by the sampling period of the input signal
has been used. Thus, for the first input signal, the temporal
response matches the response obtained by (20). So, for the
first time interval,

𝑗

(−𝑎 ⋅ 𝑡𝛼 )
),
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 𝛼 + 1)
∞

+𝑘2 ⋅ 𝑡𝛼 ⋅ ∑

(21)

0 ≤ 𝑡 ≤ 𝑇.
As the input signal changes in the second period, its response
can be obtained by superposing to the previous response a
second step, delayed in time, a period 𝑇, resulting in
𝑗

(−𝑎 ⋅ 𝑡𝛼 )
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 1)
∞

V (𝑡) = 𝑖 (0) ⋅ (𝑘1 ∑

𝑗

(−𝑎 ⋅ 𝑡𝛼 )
)
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 𝛼 + 1)
∞

+𝑘2 ⋅ 𝑡𝛼 ⋅ ∑

𝑗

(−𝑎(𝑡 − 𝑇)𝛼 )
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 1)
∞

+ (𝑖 (𝑇) − 𝑖 (0)) ⋅ (𝑘1 ∑

𝑗

(−𝑎(𝑡 − 𝑇)𝛼 )
)
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 𝛼 + 1)
∞

+𝑘2 (𝑡 − 𝑇)𝛼 ∑

𝑇 ≤ 𝑡 ≤ 2𝑇.
(22)
Generalizing (22) for a generic time interval 𝑁, the following
is obtained:
𝑁

V (𝑡) = ∑ (𝑖 (𝑘𝑇) − 𝑖 ((𝑘 − 1) 𝑇))
𝑘=0
∞

Discharge

+
DC −

5Ω

EDLC

V

Figure 2: Schematic diagram of the experimental circuit.

𝑗

(−𝑎 ⋅ 𝑡𝛼 )
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 1)
∞

V (𝑡) = 𝑖 (0) ⋅ (𝑘1 ∑

⋅ [𝑘1 ∑
[ 𝑗=0

A

Charge

𝑗

(−𝑎 ⋅ (𝑡 − 𝑘𝑇)𝛼 )
Γ (𝛼 ⋅ 𝑗 + 1)

𝑗

(−𝑎 ⋅ (𝑡 − 𝑘𝑇)𝛼 ) ]
+ 𝑘2 (𝑡 − 𝑘𝑇) ⋅ ∑
,
𝑗=0 Γ (𝛼 ⋅ 𝑗 + 𝛼 + 1)
]
𝛼

∞

𝑁𝑇 ≤ 𝑡 ≤ (𝑁 + 1) 𝑇,
(23)
where the initial conditions are zero.

4. Experimental Results, Identification,
and Discussion
4.1. Instruments. The experimental data have been obtained
in the laboratory making a test circuit and recording the

electrical variables of the EDLC. The analyzed EDLC, manufactured by ELNA, has a capacity of 4.7 F and a voltage of
2.5 V.
Figure 2 shows the electric circuit for the charge-discharge control. A Crouzet Millenium III PLC has controlled
the charge and discharge switches. Voltage and current data
have been recorded through a NI USB-6009 data logger by
National Instruments.
4.2. Experimental Results. Several tests have been performed
to the EDLC in order to monitor voltage and current signals.
Because EDLC have memory effect, just before each test they
have been short-circuited for 24 hours to ensure zero initial
conditions.
The tests were performed as follows. In a first phase lasting
a few minutes, was charged at a constant current between
20 mA and 0.9 A until the voltage reached 2.4 V; in the second
phase, the current is cut off and left to rest for 8 hours to
allow the voltage stabilization, and finally in the third phase
is discharged through a resistance of 5 ohm until it was fully
discharged.
Although the sampling period of voltage and current
has been recorded at 0.1 s; sfor identification purposes it
has been considered a 5 s sampling time. Figure 3 shows
the experimental data obtained. The evolution of voltage
in the EDLC throughout the process can be appreciated in
Figure 3(a), while the current supplied at Figure 3(b). They
are observed perfectly the three stages described above.
4.3. Identification. The coefficients for the proposed model
have been defined according to transfer function (18) and
implemented using (23).
For identification the MATLAB simulation software was
used. The function created has as input parameters 𝛼, 𝑎, 𝑘1 ,
and 𝑘2 . Using (23) the voltage response is generated taking
all the current samples as input. The voltage is compared
with the experimental data through standard deviation (24),
generating the output of the function. Using this function in
the command fminsearch of MATLAB, sought parameters
are obtained. For implementing (23), the terms 𝑗 of the sum
may be truncated without causing significant errors.
The index chosen in this paper is the standard deviation
defined as
𝑁

2

∑𝑖=1 (𝑦𝑖,exp − 𝑦𝑖,cal )
,
𝜎𝑑 = √
𝑁−1

(24)

where 𝑁 is the number of samples and subindexes which
represent the values obtained experimentally and calculated
according to the model.
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Charge (0.02A)-rest-discharge

2

Current (A)

Voltage (V)

1.5
1
0.5
0
−0.5

0

0.5

1

1.5
2
Time (s)

Charge (0.02A)-rest-discharge

0.5

2.5

3

0
−0.5
−1
−1.5

×104

0

0.5

1

2
1.5
Time (s)

(a)

3

2.5

×104

(b)

Figure 3: Charge-rest-discharge at 20 mA.

Charge (0.9A)-rest (best identification with 𝛼 = 1)

2.7

Table 2: Charge + rest electrical parameters.
Test
1
2
3
4
5

2.5
Voltage (V)

Experimental data
2.3
Calculated values

𝐼 (A)
0.02 A
0.1 A
0.5 A
0.5 A
0.9 A

𝛼
0.941
0.952
0.950
0.950
0.953

𝐶
4.95
5.35
5.89
5.91
6.08

𝑅1
0.239
0.261
0.267
0.250
0.228

𝑅2
3.382𝐸 + 06
2.155𝐸 + 06
1.660𝐸 + 06
1.660𝐸 + 06
1.658𝐸 + 06

2.1

Table 3: Parameters calculated for test number 5 setting 𝛼 = 1.
1.9

1.7

Test
1
0

1

2

3

4

5

6

7

Table 1: Charge + rest identification parameters.
𝛼
0.941
0.952
0.950
0.950
0.953

𝑎
5.974𝐸 − 08
8.671𝐸 − 08
1.02𝐸 − 07
1.020𝐸 − 07
9.917𝐸 − 08

𝑘1
0.239
0.261
0.267
0.250
0.228

𝑅1
1.262

𝑅2
2.191𝐸 + 04

Table 4: Discharge identification parameters.

Figure 4: Fitting in the resting phase using integer derivatives.

𝐼 (A)
0.02 A
0.1 A
0.5 A
0.5 A
0.9 A

𝐶
9.00

8

Time (h)

Test
1
2
3
4
5

𝛼
1.000

𝑘2
0.202
0.187
0.170
0.169
0.164

𝜎𝑑
2.079𝐸 − 02
1.297𝐸 − 02
1.354𝐸 − 02
1.338𝐸 − 02
1.096𝐸 − 02

The EDLC identification has been carried out calculating
the parameters 𝛼, 𝑎, 𝑘1 , and 𝑘2 in (18) and has consisted
of two parts: first, from the beginning until just before
discharged and second, from the discharge onwards. This
is because the internal processes in the EDLC are different
[22, 23].
The data obtained for the charge and rest phases are
shown in Table 1.
Considering relation (15) between the parameters calculated with the resistors and the capacity in Figure 1, the
parameters obtained for the charge are in Table 2.
In order to compare the adjustment with traditional
model (14) in which the fractional index is an integer, Table 3
and Figure 4 show the best fit to the data of test number 5
setting 𝛼 = 1.

Test
1
2
3
4
5

𝛼
0.975
0.981
0.978
0.976
0.982

𝑎
9.600𝐸 − 08
9.282𝐸 − 08
8.427𝐸 − 08
1.556𝐸 − 07
1.032𝐸 − 07

𝑘1
0.235
0.244
0.267
0.251
0.240

𝑘2
0.187
0.185
0.192
0.202
0.171

𝜎𝑑
1.391𝐸 − 02
1.281𝐸 − 02
2.068𝐸 − 02
2.338𝐸 − 02
1.285𝐸 − 02

Table 5: Discharge electrical parameters.
Test
1
2
3
4
5

𝛼
0.975
0.981
0.978
0.976
0.982

𝐶
5.34
5.40
5.21
4.95
5.85

𝑅1
0.235
0.244
0.267
0.251
0.240

𝑅2
1.950𝐸 + 06
1.996𝐸 + 06
2.278𝐸 + 06
1.297𝐸 + 06
1.656𝐸 + 06

Operating in a similar way, the parameters for the
discharge through the 5 Ω resistor are in Table 4.
Of which the following electric parameters are obtained
in Table 5.
The following figures show graphically the fit of the
proposed model with experimental data. Figure 5 shows that
the model has a good precision all over the time range tested.
Figures 6 and 8 display the model and the experimental
data in the charging and discharging phases. Figures 4 and 7
show the fit when using transfer functions with integer and
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Charge (0.9A)-rest-discharge
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data
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Time (h)
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8

Figure 5: Experimental data of test number 5 versus proposed
model.
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Figure 7: Fitting in the resting phase using the proposed model.

Charge at 0.9 A

3

Voltage (V)

1.8

9

Voltage (V)

0

8

8.25
Time (h)

Figure 6: Detail of fitting in charging phase.

Figure 8: Fitting in the discharging phase.

fractional indices, showing that the fit with the traditional
model gives unsatisfactory results. In summary, it can be
observed that the voltage deduced through the fractional
model adjusts very close to the real data even in long time
periods.

Although constants in Tables 1 and 4 have been taken for
the identification of equations, constants in Tables 2 and 5 will
provide the data related to the value of the electric elements.
In all cases the adjustment has been very precise, with the
typical deviation being less than 0.03.
The constancy of 𝑅1 , 𝑅2 , and 𝐶 values for both charge
and discharge is especially noteworthy.
At last, the most significant difference in terms of charge
and discharge is given by the value of the fractional index 𝛼,
which is around 0.95 in the charge and around 0.98 in the
discharge.

4.4. Discussion. The self-discharge adjustment of EDLC after
charging and after long time resting phases is a complex phenomenon which is not easily applicable to modeling through
integer-order transfer functions. In this work the EDLC has
been modeled making use of the fractional derivative. Taking
the electric circuit in Figure 1 as starting point and assuming
that the capacitor has a fractional index 𝛼, fractional transfer
function (18) has been deduced. This function has been
solved in the time domain using Mittag-Leffler functions and
implemented in a simulation program through (23).
First of all, considering Figure 5, it can be observed that
the proposed transfer function adjusts well to the real data,
modeling satisfactorily the self-discharge phenomenon.
Unlike the traditional capacitor model, which is defined
by the value of two resistors and the capacity, the proposed
model adds a new parameter, that is, the fractional index 𝛼 of
the fractional capacitor. This new parameter models to a
greater extent the self-discharging phenomenon.

5. Conclusions
This work has consisted of EDLC modeling by implementing a simple fractional model allowing a very satisfactory response for long time periods. Traditional models
based on transfer functions with integer coefficients yield
good results in those cases when there is no self-discharge
phenomenon. Applying fractional mathematics implies an
additional parameter to the already necessary parameters in
order to define the basic model shown in Figure 1, which is
the fractional index 𝛼. According to the tests this index has
different values for the charge and the discharge, with those

Mathematical Problems in Engineering
values being apparently independent of the EDLC charging
current.
Thanks to the proposed transfer function and the MittagLeffler functions, it is possible to estimate the voltage at the
EDLC terminals after a long time, taking into account the
charging current and the way it has been charged.
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The dynamic behavior of a two-language competitive model is analyzed systemically in this paper. By the linearization and the
Bendixson-Dulac theorem on dynamical system, some sufficient conditions on the globally asymptotical stability of the trivial
equilibria and the existence and the stability of the positive equilibrium of this model are presented. Nextly, in order to protect
the endangered language, an optimal control problem relative to this model is explored. We derive some necessary conditions to
solve the optimal control problem and present some numerical simulations using a Runge-Kutta fourth-order method. Finally, the
languages competitive model is extended to this model assessing the impact of state-dependent pulse control strategy. Using the
Poincaré map, differential inequality, and method of qualitative analysis, we prove the existence and stability of positive order-1
periodic solution for this control model. Numerical simulations are carried out to illustrate the main results and the feasibility of
state-dependent impulsive control strategy.

1. Introduction
The diversity of cultures is the greatest charm of the human
civilization, and languages are the most important carrier
for culture. In the past decades, with the progress of the
globalization, local tongues are increasingly replaced by
hegemonic languages [1], this trend that has been investigated
from multiple points of view, including that of physics. We
refer to some of them in [2–11] and the references therein.
Perhaps the earliest and simplest mathematical model for
languages shift was developed by Abrams and Strogatz [2],
Patriarca et al. [12, 13], and Stauffer et al. [14]. They considered
a stable population in which two languages with different
statuses competed for speakers and predicted that one of the
languages would inevitably die out. The theoretical results
were successfully fitted to historical data on the competition
between Scottish Gaelic and English, Welsh and English, and
Quechua and Spanish, among other language pairings [2].
However, there was no mention of the fact that the possibility
of bilingual individuals might exist, a possibility that is of

course realized in numerous multilingual societies. This is
widely exists in all parts of the world. For example, in Spain,
Castilian Spanish is the official language throughout the state,
but in certain regions it is coofficial with another language
(mainly Galician, Basque, Catalan, or Valencian); individual
bilingualism is common in communities with more than one
official language.
Recently, Mira et al. [8, 15, 16] proposed a modified
Abrams-Strogatz model that allows for bilingual as well as
monolingual speakers of the competing languages and that
includes a parameter that represents the ease of bilingualism.
The model is accordingly described by the following differential equations:
d𝑥
= 𝑦𝑃𝑌𝑋 + 𝑏𝑃𝐵𝑋 − 𝑥 (𝑃𝑋𝑌 + 𝑃𝑋𝐵 ) ,
d𝑡
d𝑦
(1)
= 𝑥𝑃𝑋𝑌 + 𝑏𝑃𝐵𝑌 − 𝑦 (𝑃𝑌𝑋 + 𝑃𝑌𝐵 ) ,
d𝑡
d𝑏
= 𝑥𝑃𝑋𝐵 + 𝑦𝑃𝑌𝐵 − 𝑏 (𝑃𝐵𝑌 + 𝑃𝐵𝑋 ) ,
d𝑡
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where capital letters 𝑋 and 𝑌 denote the two languages
spoken in population; the uppercased letter 𝐵 denotes the
group of bilingual speakers; and the lowercased letters 𝑥, 𝑦,
and 𝑏 (with 𝑥 + 𝑦 + 𝑏 = 1) refer to the fraction of speakers
of each of the languages in population and the fraction of
bilingual speakers, respectively; parameter 𝑃𝑋𝑌 denotes the
probability of a monolingual speaker of language 𝑋 being
replaced in the population by a monolingual speaker
of language 𝑌, with analogous notation for the other
parameters 𝑃𝑌𝑋 , 𝑃𝑋𝐵 , 𝑃𝐵𝑋 , 𝑃𝑌𝐵 , and 𝑃𝐵𝑌 . The probability of
a monolingual person being replaced by mono- or bilingual
speaker of the other language is assumed to be proportional
both to the status of the second language, that is, the social
and/or economic advantages it offers, and to a power of
the proportion of population that speaks it. Thus, denoting
by 𝑠 the relative status of language 𝑋 and by 1 − 𝑠 that of
language 𝑌,
𝑃𝑋𝐵 = 𝑐𝑘 (1 − 𝑠) (1 − 𝑥)𝛼 ,
𝛼

𝑃𝐵𝑋 = 𝑃𝑌𝑋 = 𝑐 (1 − 𝑘) 𝑠(1 − 𝑦) ,
𝛼

𝑃𝑌𝐵 = 𝑐𝑘𝑠(1 − 𝑦) ,

(2)

𝑃𝐵𝑌 = 𝑃𝑋𝑌 = 𝑐 (1 − 𝑘) (1 − 𝑠) (1 − 𝑥)𝛼 ,
where 𝑐 is a normalization factor related to the time
scale, 𝛼 is the power parameter, and 𝑘 is the probability that the disappearance of a monolingual speaker of
language 𝑋 (resp., 𝑌) will be compensated for by the appearance of a bilingual rather than by a monolingual speaker
of language 𝑌 (resp., 𝑋). On basis of detailed analysis and
extensive calculations, authors showed that both languages
may coexist and survive in the long term. They pointed
out that it is possible only if the competing languages are
sufficiently similar, in which case its occurrence is favored by
both similarity and status symmetry.
It is generally known that the disappearance of race
language will bring the disappearance of race culture, even the
whole disappearance of the corresponding race. The protection of endangered language has been concerned increasingly
interdisciplinary in different contexts.
Very recently, the dynamical model with optimal control
strategies has become a major topic in mathematical biology
(see [17–23] and the references therein). Particularly, Joshi, in
[18], proposed an HIV immunology model with optimal drug
treatment strategies, and the existence and uniqueness results
for the optimal control pair are established. Jung et al. [24]
proposed a two-strain tuberculosis model with two control
terms, and the optimal controls are characterized in terms
of the optimality system. In addition, the state-dependent
impulsive feedback control measure is also applied widely to
the control of spread of infectious disease due to its economic,
high-efficiency, and feasibility nature; see [25, 26] and the
references therein.
Motivated by these facts, in this paper, the dynamic
behavior of two-language competitive model (1) with (2)
is analyzed systemically in Section 2. A set of necessary
conditions that an optimal control and state must satisfy,
are derived in Section 3. In Section 4, we extend model (1)

with state-dependent pulse control measure. Some sufficient
conditions are presented in this section for the existence
and stability of positive periodic solution. Some concluding
remarks are presented in Section 5.

2. Qualitative Analysis for Model (1)
Inserting the parameters formula (2) into model (1) and
taking into account 𝑥 + 𝑦 + 𝑏 = 1, we get the following
reduced model (here, we assume that 𝛼 = 1 throughout the
rest of this paper):
d𝑥
d𝑡
= 𝑐𝑠 (1 − 𝑘) (1 − 𝑥) (1 − 𝑦) − 𝑐 (1 − 𝑠) 𝑥 (1 − 𝑥) := 𝑓1 (𝑥, 𝑦) ,
d𝑦
d𝑡
= 𝑐 (1 − 𝑘) (1 − 𝑠) (1 − 𝑥) (1 − 𝑦) − 𝑐𝑠𝑦 (1 − 𝑦) := 𝑓2 (𝑥, 𝑦) .
(3)
By the biological background of model (3), we only
consider model (3) in the biological meaning region Ω =
{(𝑥, 𝑦) : 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑥 + 𝑦 ≤ 1}.
The following theorem is on the nonnegativity of solution
of model (3).
Theorem 1. The region Ω is positively invariant for model (3).
The proof of Theorem 1 is simple; we, therefore, omit it
here.
Now, we discussed the existence and stability of equilibria
for model (3). The isocline corresponding to d𝑥/d𝑡 = 0 is the
line 𝑠(1 − 𝑘)(1 − 𝑦) = (1 − 𝑠)𝑥. The isocline corresponding
to d𝑦/d𝑡 = 0 is the line (1 − 𝑘)(1 − 𝑠)(1 − 𝑥) = 𝑠𝑦.
Note that two isoclines do not have positive intersection
point for 𝑠 < (1 − 𝑠)(1 − 𝑘) or (1 − 𝑠) < 𝑠(1 − 𝑘) and
have only one positive intersection point for 1 − 𝑘 < (1 −
𝑠)/𝑠 < 1/(1 − 𝑘). Namely, model (3) has only two trivial
equilibria (1, 0) and (0, 1) for 𝑠 < (1 − 𝑠)(1 − 𝑘) or (1 −
𝑠) < 𝑠(1 − 𝑘) and has two trivial equilibria (1, 0); (0, 1) and
a positive equilibrium 𝐸(𝑥∗ , 𝑦∗ ) for 1 − 𝑘 < (1 − 𝑠)/𝑠 <
1/(1 − 𝑘), where
𝑥∗ =

(1 − 𝑘) 𝑠 − (1 − 𝑠) (1 − 𝑘)2
,
1 − 𝑠 − (1 − 𝑠) (1 − 𝑘)2

∗

(1 − 𝑘) (1 − 𝑠) − (1 − 𝑘)2 𝑠

𝑦 =

𝑠 (1 − (1 − 𝑘)2 )

(4)

.

The locally asymptotical stabilities of equilibria are
determined by the eigenvalues of Jacobian matrixes of the
linearization of model (3) around equilibria. It is easy to
calculate that
𝜕𝑓1 (𝑥, 𝑦)
𝜕𝑥
= −𝑐𝑠 (1 − 𝑘) (1 − 𝑦) − 𝑐 (1 − 𝑠) (1 − 𝑥) + 𝑐 (1 − 𝑠) 𝑥,
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𝜕𝑓1 (𝑥, 𝑦)
= −𝑐𝑠 (1 − 𝑘) (1 − 𝑥) ,
𝜕𝑦

(a) If (1 − 𝑠) < 𝑠(1 − 𝑘), then model (3) has only
two trivial equilibria (1, 0) and (0, 1), where (0, 1) is
a saddle point and (1, 0) is globally asymptotically
stable in the interior of Ω.

𝜕𝑓2 (𝑥, 𝑦)
= −𝑐 (1 − 𝑘) (1 − 𝑠) (1 − 𝑦) ,
𝜕𝑥
𝜕𝑓2 (𝑥, 𝑦)
= −𝑐 (1 − 𝑘) (1 − 𝑠) (1 − 𝑥) − 𝑐𝑠 (1 − 𝑦) + 𝑐𝑠𝑦.
𝜕𝑦
(5)
Computing Jacobian matrixes from model
around (1, 0), (0, 1), and (𝑥∗ , 𝑦∗ ), we have that
𝑐 (1 − 𝑠) − 𝑐𝑠 (1 − 𝑘) 0
𝐽(1,0) = (
),
−𝑐 (1 − 𝑘) (1 − 𝑠) −𝑐𝑠
−𝑐 (1 − 𝑠)
−𝑐𝑠 (1 − 𝑘)
),
𝐽(0,1) = (
0
𝑐𝑠 − 𝑐 (1 − 𝑘) (1 − 𝑠)
𝐽(𝑥∗ ,𝑦∗ ) = (

(3)

(6)

−𝑐𝑠 (1 − 𝑘) (1 − 𝑥∗ )
−𝑐 (1 − 𝑠) (1 − 𝑥∗ )
).
∗
−𝑐 (1 − 𝑘) (1 − 𝑠) (1 − 𝑦 )
−𝑐𝑠 (1 − 𝑦∗ )
(7)

From (6), since (1 − 𝑠) < 𝑠(1 − 𝑘) implies that (1 −
𝑠)(1 − 𝑘) < 𝑠, it follows that the two eigenvalues of 𝐽(1,0) are
negative and that one eigenvalue is positive and another one
is negative for 𝐽(0,1) when (1 − 𝑠) < 𝑠(1 − 𝑘). Therefore,
model (3) has a locally asymptotically stable node (1, 0) and
a saddle point (0, 1) for (1 − 𝑠) < 𝑠(1 − 𝑘). Furthermore,
since there is not equilibrium in interior of Ω for (1 − 𝑠) <
𝑠(1 − 𝑘), model (3) has no periodic orbit lying entirely in
the interior of Ω. Therefore, (1, 0) is globally asymptotically
stable in the interior of Ω for this case. Similarly, since 𝑠 <
(1 − 𝑠)(1 − 𝑘) implies that 𝑠(1 − 𝑘) < (1 − 𝑠), we also have
that (0, 1) is globally asymptotically stable in the interior
of Ω and (1, 0) is a saddle point for model (3) when 𝑠 <
(1 − 𝑠)(1 − 𝑘).
=
Consider the eigenvalues of 𝐽(𝑥∗ ,𝑦∗ ) ; let 𝑇
Tr 𝐽(𝑥∗ ,𝑦∗ ) and 𝐷 = Det𝐽(𝑥∗ ,𝑦∗ ) be the trace and determinant
of 𝐽(𝑥∗ ,𝑦∗ ) , respectively. The eigenvalues of 𝐽(𝑥∗ ,𝑦∗ ) are
provided by the following characteristic equation:
𝜆2 − 𝑇𝜆 + 𝐷 = 0.

(8)

(b) If 𝑠 < (1 − 𝑠)(1 − 𝑘), then model (3) has only
two trivial equilibria (1, 0) and (0, 1), where (1, 0) is
a saddle point and (0, 1) is globally asymptotically
stable in the interior of Ω.
(c) If (1 − 𝑘) < (1 − 𝑠)/𝑠 < 1/(1 − 𝑘), then model
(3) has two saddle points (1, 0), (0, 1) and a globally
asymptotically stable positive equilibrium (𝑥∗ , 𝑦∗ ).
Remark 3. From Theorem 2 and the equivalence of models
(1) and (3), we obtain that model (1) has a globally asymptotically stable node (1, 0, 0) and a saddle point (0, 1, 0) for (1 −
𝑠) < 𝑠(1 − 𝑘) and has a saddle point (1, 0, 0) and a globally
asymptotically stable node (0, 1, 0) for 𝑠 < (1 − 𝑠)(1 − 𝑘).
Furthermore, if (1 − 𝑘) < (1 − 𝑠)/𝑠 < 1/(1 − 𝑘), model (1)
has a coexistent equilibrium (𝑥∗ , 𝑦∗ , 1 − 𝑥∗ − 𝑦∗ ) which is
globally asymptotically stable.
Finally, we fix all parameters including 𝑐, 𝑘, 𝑠, and 𝛼 and
carry out numerical investigations to confirm our main
results obtained in this section. Firstly, we choose 𝑘 = 0.5, 𝑠 =
0.7, 𝑐 = 0.5, and 𝛼 = 1; it is easy to calculate that 1 −
𝑠 = 0.3 < 𝑠(1 − 𝑘) = 0.7 × 0.5 = 0.35. So, from the
first conclusion of Theorem 2, we know that model (1) has
only two trivial equilibria (1, 0, 0) and (0, 1, 0), (1, 0, 0) is a
globally asymptotically stable node, and (0, 1, 0) is a saddle point, which is shown in Figure 1(a). It is clear that
language 𝑋 is permanent and language 𝑌 will fade away in
this case. Similar conclusion can be obtained from Figure 1(b)
with parameters 𝑘 = 0.3, 𝑠 = 0.4, 𝑐 = 0.5, and 𝛼 = 1.
However, if we choose 𝑘 = 𝑠 = 𝑐 = 0.5 and 𝛼 = 1,
then languages 𝑋 and 𝑌 are coexistent and tend to positive
equilibrium as shown in Figure 1(c).

3. The Protection of an Endangered Language
by a Continuous Control Strategy

Hence, both eigenvalues have negative real part, and,
hence, (𝑥∗ , 𝑦∗ ) is locally asymptotically stable when (1−𝑘) <
(1 − 𝑠)/𝑠 < 1/(1 − 𝑘). Furthermore, when we mention that
model (3) has no periodic orbits, refer to Lemma 3.2 of [16].
To summarize the above discussion, we give some sufficient conditions for the existence and asymptotical stability
of equilibria for model (3).

With the development of human civilization, people have
taken effective measures to prevent the disappearance of language. In this section and the following, therefore, model (1)
with parameters (2) is extended to assess the impact of control
measures. And, in general, control strategies are divided into
two main types: continuous control and pulse control. We,
firstly, consider how a continuous control measure affects the
dynamical behavior of model (1) in this section.
Through discussion of Theorem 2 in Section 2, we know
that (i) language 𝑋 is permanent and language 𝑌 and
bilingual speakers 𝐵 are extinct for (1 − 𝑠) < 𝑠(1 − 𝑘) and
that (ii) language 𝑌 is permanent and language 𝑋 and
bilingual speakers 𝐵 are extinct for 𝑠 < (1 − 𝑠)(1 − 𝑘).
Considering the similarities of the two cases, we only need
to consider case (i); that is, (1 − 𝑠) < 𝑠(1 − 𝑘).

Theorem 2. For any 𝑘, 𝑠 ∈ (0, 1), one of the following statements is valid.

3.1. Protecting of Language 𝑌 with Continuous Control for
(1−𝑠) < 𝑠(1−𝑘). We consider model (1) with parameters (2)

Note that when (1 − 𝑘) < (1 − 𝑠)/𝑠 < 1/(1 − 𝑘),
𝑇 = −𝑐 (1 − 𝑠) (1 − 𝑥∗ ) − 𝑐𝑠 (1 − 𝑦∗ ) < 0,
𝐷 = 𝑐2 𝑠 (1 − 𝑠) (1 − 𝑥∗ ) (1 − 𝑦∗ )

(9)

− 𝑐2 𝑠 (1 − 𝑠) (1 − 𝑘)2 (1 − 𝑥∗ ) (1 − 𝑦∗ ) > 0.
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Figure 1: The asymptotical stability of equilibria of model (1) with 𝑐 = 0.5 and 𝛼 = 1: (a) the stability of trivial equilibrium (1, 0, 0) with 𝑘 =
0.5 and 𝑠 = 0.7; (b) the stability of trivial equilibrium (0, 1, 0) with 𝑘 = 0.3 and 𝑠 = 0.7; and (c) the stability of positive
equilibrium (𝑥∗ , 𝑦∗ , 1 − 𝑥∗ − 𝑦∗ ) with 𝑘 = 0.5 and 𝑠 = 0.5.

and continuous control measure. The control system is modeled by the following differential equations:
d𝑥
= 𝑐𝑠 (1 − 𝑘) (𝑦 + 𝑏) (1 − 𝑦) − 𝑐 (1 − 𝑠) 𝑥 (1 − 𝑥) − 𝑐𝜇𝑥,
d𝑡
d𝑦
= 𝑐 (1 − 𝑠) (1 − 𝑘) (𝑥 + 𝑏) (1 − 𝑥) − 𝑐𝑠𝑦 (1 − 𝑦) ,
d𝑡

(14)
d2 𝑓 (𝑥, 𝑦 (𝑥))
= 2 (1 − 𝑠) [1 − (1 − 𝑘)2 ] > 0
d𝑥2

− 𝑐 (1 − 𝑘) 𝑏 [(1 − 𝑠) (1 − 𝑥) + 𝑠 (1 − 𝑦)] + 𝑐𝜇𝑥,
(10)
where 𝜇 is a controlled variable, which means that the
fraction of language 𝑋 becomes the bilingual 𝐵 per unit of
time. Note that 𝑥 + 𝑦 + 𝑏 = 1; model (10) can be written as
follows:
d𝑥
= 𝑐𝑠 (1 − 𝑘) (1 − 𝑥) (1 − 𝑦) − 𝑐 (1 − 𝑠) 𝑥 (1 − 𝑥) − 𝑐𝜇𝑥,
d𝑡
d𝑦
= 𝑐 (1 − 𝑠) (1 − 𝑘) (1 − 𝑦) (1 − 𝑥) − 𝑐𝑠𝑦 (1 − 𝑦) .
d𝑡
(11)
We denote the right-side of model (11) by 𝑓(𝑥, 𝑦) and
𝑔(𝑥, 𝑦), respectively. We, here, discuss the existence and
asymptotical stability of positive equilibrium of model (11).
From 𝑔(𝑥, 𝑦) = 0, it is easily shown that
(12)

Substituting it in 𝑓(𝑥, 𝑦), it follows that 𝑓(1, 𝑦(1)) =
−𝜇 < 0 and
𝑓 (0, 𝑦 (0)) = 𝑐𝑠 (1 − 𝑘) (1 −

(1 − 𝑘) (1 − 𝑠)
)>0
𝑠

d𝑓 (𝑥, 𝑦 (𝑥))
= 𝑐 (1 − 𝑘) [−𝑠 + 2 (1 − 𝑘) (1 − 𝑠) (1 − 𝑥)]
d𝑥
+ 𝑐 (1 − 𝑠) (−1 + 2𝑥) − 𝑐𝜇,

d𝑏
= 𝑐𝑘 (1 − 𝑠) 𝑥 (1 − 𝑥) + 𝑐𝑘𝑠𝑦 (1 − 𝑦)
d𝑡

(1 − 𝑘) (1 − 𝑠) (1 − 𝑥)
.
𝑦𝜇 = 𝑦 (𝑥) =
𝑠

due to conditions (1 − 𝑠) < 𝑠(1 − 𝑘) and 𝑘, 𝑠 ∈ (0, 1). Hence,
there is at least one 𝑥𝜇∗ ∈ (0, 1) such that 𝑓(𝑥𝜇∗ , 𝑦(𝑥𝜇∗ )) = 0.
Furthermore, it is also easy to calculate that

(13)

(15)

for all 𝑥 ∈ [0, 1]. This together with (14) gives that
d𝑓 (𝑥, 𝑦 (𝑥)) d𝑓 (1, 𝑦 (1))
<
= (1 − 𝑠) − 𝑠 (1 − 𝑘) − 𝜇 < 0
d𝑥
d𝑥
(16)
for all 𝑥 ∈ (0, 1), where inequality (1 − 𝑠) < 𝑠(1 − 𝑘) is used.
Hence, 𝑥𝜇∗ is unique. That is, model (11) has a unique positive
equilibrium 𝐸𝜇 (𝑥𝜇∗ , 𝑦𝜇∗ ) in the interior of Ω.
Similar to the discussion of Theorem 2, we can get the
locally asymptotical stability of equilibrium 𝐸𝜇 (𝑥𝜇∗ , 𝑦𝜇∗ ). Next,
we discuss the global behavior of equilibrium 𝐸𝜇 (𝑥𝜇∗ , 𝑦𝜇∗ ).
Let 𝐵(𝑥, 𝑦) = (1 − 𝑥)−1 (1 − 𝑦)−1 ; we have
𝜕 (𝐵𝑓) 𝜕 (𝐵𝑔)
𝑐𝜇
𝑐 (1 − 𝑠)
𝑐𝑠
< 0.
+
=−
−
−
𝜕𝑥
𝜕𝑦
1−𝑦
1 − 𝑥 (1 − 𝑥)2 (1 − 𝑦)
(17)
So model (11) has no closed orbit lying entirely in the interior
of Ω. We, therefore, can show from the above discussion
that equilibrium 𝐸𝜇 (𝑥𝜇∗ , 𝑦𝜇∗ ) is globally asymptotically stable
in the interior of Ω. The result can be written by the following
theorem.
Theorem 4. For any 𝜇 ∈ (0, 1), if (1 − 𝑠) < 𝑠(1 − 𝑘),
then model (11) has a globally asymptotically stable positive
equilibrium 𝐸𝜇 (𝑥𝜇∗ , 𝑦𝜇∗ ) in the interior of Ω.

Mathematical Problems in Engineering

5

Remark 5. From Theorem 2, it follows that language 𝑋 is
permanent and that language 𝑌 and bilingual speakers 𝐵 will
eventually disappear for (1 − 𝑠) < 𝑠(1 − 𝑘) in model (1).
However, if we introduce a control variable 𝜇 (no matter how
small it is) in model (1), languages 𝑋 and 𝑌 are coexistent
and tend to positive equilibrium (𝑥𝜇∗ , 𝑦𝜇∗ , 1 − 𝑥𝜇∗ − 𝑦𝜇∗ ). The
coexistent state, of course, depends upon the controlled
strength 𝜇. This implies that 𝜇 is a sensitive controlled
parameter for the protection of endangered language.
3.2. Analysis of Optimal Control. Optimal control techniques
are of great use in developing the optimal strategies to protect
endangered civilization. To solve the challenges of obtaining
an optimal control measure, we use optimal control theory;
for more details, see Lenhart and Workman [27]. In model
(10), for the optimal control problem, we consider a control
variable 𝜇(𝑡) ∈ 𝑈𝑎𝑑 ; here, 𝑈𝑎𝑑 = {𝜇 : 𝜇(𝑡) is measurable, 0 ≤
𝜇(𝑡) ≤ 0.9 for all 𝑡 ∈ [0, 𝑡final ]} indicates an admissible
control. In this optimal problem, we assume a restriction on
the control variable 𝜇(𝑡) such that 0 ≤ 𝜇(𝑡) ≤ 0.9, because
conversion of all of language 𝑋 at one time is impossible.
In case of no control, the fraction of language 𝑋 increases
while the fractions of language 𝑌 and bilingual 𝐵 die out.
Therefore, the biological meaning of an optimal control in
this problem is that the adequate levels for the fractions of
language 𝑋 and bilingual 𝐵 are built.
Now, we consider an optimal control problem to maximize the objective functional
𝐽 (𝜇) = ∫

𝑡final

0

1
(𝐶1 𝑏 − 𝐶2 𝜇2 ) d𝑡
2

(18)

subject to model (10). The first term represents the benefit
of bilingual 𝐵, and the other term is systemic cost of control
measure. The positive constants 𝐶1 and 𝐶2 balance the size
of the terms 𝐵 and 𝜇. Our goal is maximizing the fraction of
bilingual 𝐵 and minimizing the systemic cost to the control
measure. This seeks an optimal control 𝜇∗ such that
𝐽 (𝜇∗ ) = max {𝐽 (𝜇) : 𝜇 ∈ 𝑈𝑎𝑑 }

(19)

subject to model (10). It is obvious that the integrand
of objective functional 𝐽 is a convex function of control
variable 𝜇 and that state model satisfies the Lipschitz property with respect to the state since state solutions are bounded.
The existence of an optimal control follows [28].
The necessary conditions that an optimal must satisfy
come from the Pontryagin’s Maximum Principle in [28]. This
principle converts optimal control problem (10) and (18) into
a problem of maximizing pointwise a Hamiltonian 𝐻 with
respect to 𝜇 as follows:
1
𝐻 = 𝐶1 𝑏 − 𝐶2 𝜇2 + 𝜆 1 [𝑐𝑠 (1 − 𝑘) (𝑦 + 𝑏) (1 − 𝑦)
2
−𝑐 (1 − 𝑠) 𝑥 (1 − 𝑥) − 𝑐𝜇𝑥]
+ 𝜆 2 [𝑐 (1 − 𝑠) (1 − 𝑘) (𝑥 + 𝑏) (1 − 𝑥) − 𝑐𝑠𝑦 (1 − 𝑦)]

+ 𝜆 3 {𝑐𝑘 (1 − 𝑠) 𝑥 (1 − 𝑥) + 𝑐𝑘𝑠𝑦 (1 − 𝑦) − 𝑐 (1 − 𝑘) 𝑏
× [(1 − 𝑠) (1 − 𝑥) + 𝑠 (1 − 𝑦)] + 𝑐𝜇𝑥} ,
(20)
where 𝜆 1 , 𝜆 2 , and 𝜆 3 are adjoint variables.
In the following theorem, we derive the necessary conditions for the optimal control problem.
Theorem 6. Let (𝑥∗ , 𝑦∗ , 𝑏∗ ) be an optimal state solution
with associated optimal control variable 𝜇∗ for the maximized
object functional 𝐽(𝜇) subject to control model (10). Then, for
model (10), there exist adjoint variables 𝜆 1 , 𝜆 2 , and 𝜆 3 such
that
d𝜆1
= 𝜆 1 [𝑐 (1 − 𝑠) (1 − 𝑥∗ ) − 𝑐 (1 − 𝑠) 𝑥∗ + 𝑐𝜇∗ ]
d𝑡
+ 𝜆 2 [𝑐 (1 − 𝑠) (1 − 𝑘) (𝑥∗ + 𝑏∗ ) − 𝑐 (1 − 𝑠)
(21)

× (1 − 𝑘) (1 − 𝑥∗ )]
+ 𝜆 3 [𝑐𝑘 (1 − 𝑠) 𝑥∗ − 𝑐𝑘 (1 − 𝑠) (1 − 𝑥∗ )
−𝑐 (1 − 𝑘) (1 − 𝑠) 𝑏∗ − 𝑐𝜇∗ ] ,
d𝜆2
= 𝜆 1 [𝑐𝑠 (1 − 𝑘) (𝑦∗ + 𝑏∗ ) − 𝑐𝑠 (1 − 𝑘) (1 − 𝑦∗ )]
d𝑡

(22)

+ 𝜆 2 [𝑐𝑠 (1 − 𝑦∗ ) − 𝑐𝑠𝑦∗ ]
+ 𝜆 3 [𝑐𝑘𝑠𝑦∗ − 𝑐𝑘𝑠 (1 − 𝑦∗ ) − 𝑐𝑠 (1 − 𝑘) 𝑏∗ ] ,
d𝜆 3
= −𝐶1 − 𝜆 1 𝑐𝑠 (1 − 𝑘) (1 − 𝑦∗ ) − 𝜆 2 𝑐 (1 − 𝑠)
d𝑡

(23)

× (1 − 𝑘) (1 − 𝑥∗ )
+ 𝜆 3 𝑐 (1 − 𝑘) [(1 − 𝑠) (1 − 𝑥∗ ) + 𝑠 (1 − 𝑦∗ )]

with transversality conditions 𝜆 𝑖 (𝑡𝑓𝑖𝑛𝑎𝑙 ) = 0, 𝑖 = 1, 2, 3. Furthermore, the optimal control is given by
𝜇∗ (𝑡) = min {0.9, max {0,

(𝜆 3 − 𝜆 1 ) 𝑐𝑥∗
}} .
𝐴

(24)

Proof. From Pontryagin’s Maximum Principle, adjoint variables 𝜆 𝑖 (𝑖 = 1, 2, 3) can be written as
d𝜆 1
𝜕𝐻
=−
,
d𝑡
𝜕𝑥

d𝜆 2
𝜕𝐻
=−
,
d𝑡
𝜕𝑦

d𝜆 3
𝜕𝐻
=−
.
d𝑡
𝜕𝑏

(25)

These are just differential equations (21)–(23) with transversality conditions 𝜆 𝑖 (𝑡final ) = 0 (𝑖 = 1, 2, 3). Furthermore,
by optimality condition, we have that
𝜕𝐻 
= −𝐶2 𝜇∗ − 𝑐𝜆 1 𝑥∗ + 𝑐𝜆 3 𝑥∗ = 0.

𝜕𝜇 𝜇=𝜇∗

(26)

This shows that
𝜇∗ =

(𝜆 3 − 𝜆 1 ) 𝑐𝑥∗
.
𝐶2

(27)
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Using the property of control space, we get that
(𝜆 3 − 𝜆 1 ) 𝑐𝑥∗
{
{
≤ 0,
0,
{
{
𝐶2
{
{
∗
{
{ (𝜆 − 𝜆 1 ) 𝑐𝑥
(𝜆 − 𝜆 1 ) 𝑐𝑥∗
𝜇∗ = { 3
, 0< 3
< 0.9,
{
𝐶2
𝐶2
{
{
{
(𝜆 3 − 𝜆 1 ) 𝑐𝑥∗
{
{
{0.9,
≥ 0.9.
𝐶2
{

in keeping the balance of the size of fraction an optimal
problem.

(28)

This can be rewritten in compact notation, which is just
(24). This completes the proof.
3.3. Numerical Simulation and Discussion. Here, we discuss
how the continuous control measure affects the protection
of endangered language and the existence and stability of
positive equilibrium for model (10) by numerical simulations.
Firstly, we choose the same parameters as in Figure 1(a);
that is, 𝑐 = 𝑘 = 0.5 and 𝑠 = 0.7. Besides that, we
choose control variable 𝜇 = 0.25. Figure 2(a), however,
is completely different from Figure 1(a), which shows that
model (10) has a globally asymptotically stable positive
equilibrium (𝑥𝜇∗ , 𝑦𝜇∗ , 𝑏𝜇∗ ) = (0.4194, 0.1244, 0.4562). Furthermore, from the discussion of Theorem 4, it follows that
values 𝑥𝜇∗ and 𝑦𝜇∗ will decrease and increase with increase in
control strength 𝜇, respectively, which is shown in Figures
2(b) and 2(c). The strong consistency between theoretical
result and real situation is obviously observed.
In addition, in Figure 2(c), it is interesting to note that
control strength 𝜇 is close to 1 (where 𝜇 = 0.95), but
language 𝑋 runs around 0.2. This means that, no matter
how strong the control strength 𝜇 is, language 𝑋 will not
fade. Namely, control measure can only protect endangered
language 𝑌, but not result in extinction of language 𝑋.
Actually, in the real world, the own characteristics are
very important factors in determining the development of
languages.
The plots in Figure 3(a) show three adjoint variables
𝜆 1 , 𝜆 2 , and 𝜆 3 in the optimality system. We solve these
adjoint equations by a backward Runge-Kutta fourth-order
procedure because of the transversality conditions for more
details, see Lenhart and Workman [27]. In Figure 3(b), dotted
line and solid line represent languages 𝑋, 𝑌 and bilingual 𝐵
in model (10) without and with continuous control, respectively. We see that the fractions of language 𝑌 and bilingual 𝐵
in population decrease more when there is no control. In this
case, most of this population goes to language 𝑋. If we apply
the continuous control measure, however, the fraction of
language 𝑌 slowly falls, the fraction of language 𝑋 decreases
quite a lot, and the fraction of bilingual 𝐵 is quite greater
than the fraction in the case without control, since our
main object is maximizing the fraction of bilingual 𝐵. In
Figure 3(c), the control 𝜇 is plotted as a function of time for
three different values of weight factor 𝐶2 : 0.045, 0.1, and 0.5.
The control variable 𝜇 for the associated weight factor 𝜇 =
0.045 is much larger than the other two values. Note that, in
general, as 𝐶2 decreases, the amount of 𝜇 increases. The same
results can also be obtained from the expression of 𝜇 in (27).
The associated weight factor 𝐶2 also plays a significant role

4. Protection of Language 𝑌 with Impulsive
Control for (1−𝑠) < 𝑠(1−𝑘)
For reasons of protecting culture diversity, in this section, we
will consider how the state-dependent pulse control measure
affects the prevention of endangered language. Since learning
cycle is very brief in contrast to the life cycle of a person,
naturally we suppose that the procedure of learning is pulse
effect.
As for the protection of endangered languages for the
state-dependent control measure, we construct the following
controlled model which is modeled by differential equations
with state-dependent pulse effect:
d𝑥
= 𝑦𝑃𝑌𝑋 + 𝑏𝑃𝐵𝑋 − 𝑥 (𝑃𝑋𝑌 + 𝑃𝑋𝐵 ) ,
d𝑡
d𝑦
= 𝑥𝑃𝑋𝑌 + 𝑏𝑃𝐵𝑌 − 𝑦 (𝑃𝑌𝑋 + 𝑃𝑌𝐵 ) ,
d𝑡
d𝑏
= 𝑥𝑃𝑋𝐵 + 𝑦𝑃𝑌𝐵 − 𝑏 (𝑃𝐵𝑌 + 𝑃𝐵𝑋 ) ,
d𝑡
(29)
𝑥 < 𝐸𝑋 ,
𝑥 (𝑡+ ) = (1 − 𝜃) 𝑥 (𝑡) ,
𝑦 (𝑡+ ) = 𝑦 (𝑡) ,
𝑏 (𝑡+ ) = 𝑏 (𝑡) + 𝜃𝑥 (𝑡) ,
𝑥 = 𝐸𝑋 .
The meaning of model (29) is as follows: when the fraction of language 𝑋 reaches the critical threshold value 𝐸𝑋 at
time 𝑡𝐸 , controlling measure (for example, encouraging some
speaker of language 𝑋 to study language 𝑌) is taken and the
fractions of language 𝑋 and bilingual speakers 𝐵 immediately
become (1 − 𝜃)𝑥(𝑡𝐸 ) and 𝑏(𝑡𝐸 ) + 𝜃𝑥(𝑡𝐸 ), respectively.
Remark 7. It is obvious that the fractions of language 𝑌 and
bilingual 𝐵 are rather small and in danger of becoming
extinct when the fraction of language 𝑋 reaches the critical
threshold value 𝐸𝑋 . In this case, the effective measure is
taken to prevent the loss of language 𝑌. The times of control
measures are obviously related to the state of language 𝑋.
Remark 8. The critical threshold value 𝐸𝑋 represents
the fraction of monolingual speakers 𝑋 in population,
and 𝜃 represents the strength of control measure. Numerical
simulations in Section 4.3 show that these are crucial
parameters in model (29).
For model (29), which is equivalent to the following
reduced model since the population has a constant size 𝑥 +
𝑦 + 𝑏 = 1,
d𝑥
= 𝑐 (1 − 𝑥) [(1 − 𝑘) 𝑠 (𝑥 + 𝑏) − 𝑥 (1 − 𝑠)] ,
d𝑡
d𝑏
= 𝑐 (1 − 𝑥) [𝑘𝑥 − 𝑏 (1 − 𝑠 − 𝑘)] − 𝑏𝑐𝑠 (𝑥 + 𝑏) ,
d𝑡
𝑥 ≠
𝐸𝑋 ,
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Figure 2: The effect of control measure on the existence and stability of positive equilibrium for model (10) with 𝑐 = 𝑘 = 0.5, 𝑠 = 0.7,
and 𝛼 = 1.
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Figure 3: The optimal adjoint variables, states, and control variable for the optimal control problem with 𝑐 = 𝑘 = 0.5, 𝑠 = 0.7, 𝛼 = 1,
and 𝐶1 = 0.1: (a) the optimal adjoint variables 𝜆 1 , 𝜆 2 , and 𝜆 3 ; (b) the optimal states of languages 𝑋, 𝑌 and bilingual 𝐵; and (c) the control
variable 𝜇 with different weight factor 𝐶2 .

𝑥 (𝑡+ ) = (1 − 𝜃) 𝑥 (𝑡) ,

Suppose that point 𝐴 𝑛 (𝐸𝑋 , 𝑏𝑛 ) is on section Γ𝐸 ; then,
trajectory

+

𝑏 (𝑡 ) = 𝑏 (𝑡) + 𝜃𝑥 (𝑡) ,

𝑂+ (𝐴 𝑛 , 𝑡𝑛 ) = {(𝑥 (𝑡) , 𝑏 (𝑡)) : (𝑥 (𝑡) , 𝑏 (𝑡)) ∈ Ω0 ,

𝑥 = 𝐸𝑋 .
(30)

𝑡 ≥ 𝑡𝑛 , 𝑥 (𝑡𝑛 ) = 𝐸𝑋 , 𝑏 (𝑡𝑛 ) = 𝑏𝑛 }

(32)

By the biological background of model (30), we only
consider model in the biological meaning region Ω0 =
{(𝑥, 𝑏) : 𝑥 ≥ 0, 𝑏 ≥ 0, 𝑥 + 𝑏 ≤ 1}. Obviously, the
global existence and uniqueness of solution of model (30) are
guaranteed by the smoothness properties of the right-side of
model (30); for more details, see Lakshmikantham et al. [29].

jumps to point 𝐴+𝑛 ((1 − 𝜃)𝐸𝑋 , ̂𝑏𝑛 ) on section Γ𝜃 due to pulse
effects 𝑥(𝑡𝑛+ ) = (1 − 𝑚)𝑥(𝑡𝑛 ) and 𝑏(𝑡𝑛+ ) = 𝑏(𝑡𝑛 ) + 𝜃𝑥(𝑡𝑛 ),
then intersects section Γ𝐸 at point 𝐴 𝑛+1 (𝐸𝑋 , 𝑏𝑛+1 ), and finally
jumps to point 𝐴+𝑛+1 ((1 − 𝜃)𝐸𝑋 , ̂𝑏𝑛+1 ) on section Γ𝜃 again,
where 𝑏𝑛+1 is decided by 𝑏𝑛 and parameters 𝜃, 𝐸𝑋 . Therefore, we defined a Poincaré map of section Γ𝐸 as follows:

4.1. Preliminaries. To discuss the dynamic behavior of model
(30), we define two cross-sections to the phase space of model
(30) by sections

𝑏𝑛+1 = 𝐹 (𝑏𝑛 , 𝜃, 𝐸𝑋 ) .

Γ𝜃 = {(𝑥, 𝑏) : 𝑥 = (1 − 𝜃) 𝐸𝑋 , 𝑏 ≥ 0} ,
Γ𝐸 = {(𝑥, 𝑏) : 𝑥 = 𝐸𝑋 , 𝑏 ≥ 0} .

(31)

(33)

Let 𝑧(𝑡) = (𝑥(𝑡), 𝑏(𝑡)) be a solution of model (30) with
initial condition 𝑧0 = 𝑧(𝑡0 ) = ((1 − 𝜃)𝐸𝑋 , ̂𝑏0 ). Trajectory 𝑂+ (𝑧0 , 𝑡0 ) starts from point 𝐴 0 ((1 − 𝜃)𝐸𝑋 , ̂𝑏0 ); first, it
intersects section Γ𝐸 at point 𝐵1 (𝐸𝑋 , 𝑏1 ), then jumps to point
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𝐴 1 ((1 − 𝜃)𝐸𝑋 , ̂𝑏1 ) on section Γ𝜃 due to pulse effects, and
finally reaches point 𝐵2 (𝐸𝑥 , 𝑏2 ) on section Γ𝐸 again. Repeating the above process, we have two points’ sequences
{𝐴 𝑛−1 ((1 − 𝜃)𝐸𝑋 , ̂𝑏𝑛−1 )} and {𝐵𝑛 (𝐸𝑋 , 𝑏𝑛 )} (𝑛 = 1, 2, . . .). We
notice that the coordinates satisfy the relation ̂𝑏𝑛 = 𝑏𝑛 +
𝜃𝐸𝑋 (𝑛 = 1, 2, . . .).
Let S be an arbitrary set in R2 , and let 𝑃 be an arbitrary
point in R2 . The distance between point 𝑃 and set S is
defined by 𝑑(𝑃, S) = inf 𝑃0 ∈S |𝑃 − 𝑃0 |. For the convenience
of statement in the rest of this paper, we introduce some
definitions.

and 𝑓, 𝑔, 𝜕𝜉/𝜕𝑥, 𝜕𝜉/𝜕𝑦, 𝜕𝜂/𝜕𝑥, 𝜕𝜂/𝜕𝑦, 𝜕𝜑/𝜕𝑥, and 𝜕𝜑/𝜕𝑦
have been calculated at the point (𝜇(𝜏𝑗 ), ](𝜏𝑗 )), 𝑓+ =
𝑓(𝜇(𝜏𝑗+ ), ](𝜏𝑗+ )), 𝑔+ = 𝑔(𝜇(𝜏𝑗+ ), ](𝜏𝑗+ )), and 𝜏𝑗 (𝑗 ∈ 𝑁) is the
time of the 𝑗th jump, then, (𝜇(𝑡), ](𝑡)) is orbitally asymptotically stable.

Definition 9. Trajectory 𝑂+ (𝑧0 , 𝑡0 ) of model (30) is said to be
order-𝑘 periodic if there exists a positive integer 𝑘 ≥ 1 such
that 𝑘 is the smallest integer for ̂𝑏0 = ̂𝑏𝑘 .

Proof. Let point 𝐴 0 ((1 − 𝜃)𝐸𝑋 , 𝑠̂0 ) ∈ Γ𝜃 for sufficiently small
𝑠̂0 with 𝑠̂0 ≤ 𝜃𝐸𝑋 . In view of the geometrical structure of
the phase space of model (30), trajectory 𝑂+ (𝐴 0 , 𝑡0 ) of model
(30) starts from initial point 𝐴 0 and intersects section Γ𝐸 at
point 𝐵1 (𝐸𝑋 , 𝑠1 ). And then, trajectory 𝑂+ (𝐴 0 , 𝑡0 ) jumps to
point 𝐴 1 (̂𝑠1 , (1 − 𝜃)𝐸𝑋 ) on section Γ𝜃 due to pulse control
effects 𝑥(𝑡+ ) = (1 − 𝜃)𝑥(𝑡) and 𝑏(𝑡+ ) = 𝑏(𝑡) + 𝜃𝑥(𝑡).
Since 𝑠̂0 ≤ 𝜃𝐸𝑋 , it follows that point 𝐴 1 is above point 𝐴 0 .
Furthermore, point 𝐵2 is above point 𝐵1 . Otherwise, this is a
contradiction with the uniqueness of solution for model (30).
By (33), we have that 𝑠2 = 𝐹(𝑠1 , 𝜃, 𝐸𝑋 ) and

Definition 10 (orbital stability [30]). Trajectory 𝑂+ (𝑋0 , 𝑡0 ) is
said to be orbitally stable if, given that 𝜀 > 0, there exists a
constant 𝛿 = 𝛿(𝜀) > 0 such that, for other solution 𝑧∗ (𝑡)
of model (30), when 𝑑(𝑧∗ (𝑡0 ), 𝑂+ (𝑧0 , 𝑡0 )) < 𝛿, one has that
𝑑(𝑧∗ (𝑡), 𝑂+ (𝑧0 , 𝑡0 )) < 𝜀 for all 𝑡 > 𝑡0 .
Definition 11 (orbitally asymptotical stability [30]). Trajectory
𝑂+ (𝑧0 , 𝑡0 ) is said to be orbitally asymptotically stable if it
is orbitally stable, and there exists a constant 𝜂 > 0 such
that, for any other solution 𝑧∗ (𝑡) of model (30), when
𝑑(𝑧∗ (𝑡0 ), 𝑂+ (𝑧0 , 𝑡0 )) < 𝜂, lim𝑡 → ∞ 𝑑(𝑧∗ (𝑡), 𝑂+ (𝑧0 , 𝑡0 )) = 0.
Next, we consider the following autonomous model with
pulse effects:
d𝑦
= 𝑔 (𝑥, 𝑦) , 𝜑 (𝑥, 𝑦) ≠
0,
d𝑡
Δ𝑦 = 𝜂 (𝑥, 𝑦) , 𝜑 (𝑥, 𝑦) = 0,

d𝑥
= 𝑓 (𝑥, 𝑦) ,
d𝑡
Δ𝑥 = 𝜉 (𝑥, 𝑦) ,

(34)

where 𝑓(𝑥, 𝑦) and 𝑔(𝑥, 𝑦) are continuous differential functions defined on R2 and 𝜑(𝑥, 𝑦) is a sufficiently smooth
function with ∇𝜑(𝑥, 𝑦) ≠
0. Let (𝜇(𝑡), ](𝑡)) be a positive 𝑇periodic solution of model (34). The following result comes
from Corollary 2 of Theorem 1 in [31].
Lemma 12 (analogue of Poincaré criterion). If the Floquet
multiplier 𝜇 satisfies condition |𝜇| < 1, where
𝑛

𝑇

𝜇 = ∏𝜅𝑗 exp {∫ [
𝑗=1

0

𝜕𝑓 (𝜇 (𝑡) , ] (𝑡)) 𝜕𝑔 (𝜇 (𝑡) , ] (𝑡))
+
] dt}
𝜕𝑥
𝜕𝑦
(35)

with
𝜕𝜂 𝜕𝜑 𝜕𝜂 𝜕𝜑 𝜕𝜑
−
+
)𝑓
𝜕𝑦 𝜕𝑥 𝜕𝑥 𝜕𝑦 𝜕𝑥 +
𝜕𝜉 𝜕𝜑 𝜕𝜉 𝜕𝜑
+(
−
𝜕𝑥 𝜕𝑦 𝜕𝑦 𝜕𝑥
𝜕𝜑
+ ) 𝑔+ )
𝜕𝑦
𝜕𝜑
𝜕𝜑 −1
𝑓+
𝑔)
𝜕𝑥
𝜕𝑦

Theorem 13. For any 𝜃 ∈ (0, 1) and 𝐸𝑋 ∈ (0, 1), model (30)
admits a positive order-1 periodic solution.

𝐹 (𝑠1 , 𝜃, 𝐸𝑋 ) − 𝑠1 = 𝑠2 − 𝑠1 > 0.

(37)

On the other hand, let 𝜆 0 = 1−(1−𝜃)𝐸𝑋 . For critical point
𝐶0 ((1 − 𝜃)𝐸𝑋 , 𝜆 0 ), trajectory 𝑂+ (𝐶0 , 𝑡0 ) starts from initial
point 𝐶0 ; it intersects section Γ𝐸 at point 𝐷1 (𝐸𝑋 , 𝜆 1 ), then
jumps to point 𝐶1 ((1 − 𝑚)𝐸𝑋 , 𝜆+1 ) on section Γ𝜃 , and finally
reaches point 𝐷2 (𝐸𝑋 , 𝜆 2 ) on section Γ𝐸 again. Since 𝑥 + 𝑏 ≤
1, one has that (1 − 𝑚)𝐸𝑋 + 𝜆+1 ≤ 1 = (1 − 𝜃)𝐸𝑋 + 𝜆 0 . That
is, 𝜆+1 ≤ 𝜆 0 . If 𝜆+1 = 𝜆 0 , namely, points 𝐶0 and 𝐶1 coincide,
then model (30) has a positive order-1 periodic solution.
Otherwise, 𝜆+1 < 𝜆 0 ; that is, point 𝐶0 is above point 𝐶1 , and
point 𝐷1 is above point 𝐷2 . By (33), we can get that 𝜆 2 =
𝐹(𝜆 1 , 𝜃, 𝐸𝑋 ) and
𝐹 (𝜆 1 , 𝜃, 𝐸𝑋 ) − 𝜆 1 = 𝜆 2 − 𝜆 1 < 0.

(38)

This together with (37) yields that Poincaré map (33) has a
fixed point; that is, model (30) has a positive order-1 periodic
solution. This completes the proof.
Now, on the orbital stability of positive order-1 periodic
solution of model (30), we have the following result.
Theorem 14. Let (𝜑(𝑡), 𝜓(𝑡)) be a positive order-1 periodic
solution of model (30) with period 𝑇. For any 𝜃 ∈ (0, 1) and
𝐸𝑋 ∈ (0, 1), if the Floquet multiplier 𝜇 satisfies condition |𝜇| <
1, where

𝜅𝑗 = ((

×(

4.2. Main Results. On the existence of positive order-1 periodic solution for model (30), we have the following theorem.

(36)

𝑇

 
𝜇 = |𝜅| exp {∫ [𝑐 (1 − 𝜑 (𝑡)) (3𝑠 + 𝑘 − 𝑘𝑠 − 2)
0
−𝑐𝑠 (𝜑 (𝑡) + 𝜓 (𝑡)) − 𝑐𝑠𝜓 (𝑡)] d𝑡}

(39)
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with

On the other hand, integrating both sides of the first equa+ 𝐶, we have that
̂
tion of model (30) along the orbit 𝐶
𝜅=

(1 − 𝑘) 𝑠 (𝐸𝑋 + 𝜓 (𝑇)) − (1 − 𝜃) 𝐸𝑋 (1 − 𝑠)
,
(1 − 𝑘) 𝑠 (𝐸𝑋 + 𝜓 (𝑇)) − 𝐸𝑋 (1 − 𝑠)

(40)

ln

𝐸𝑋
1 − 𝐸𝑋
d𝑥
=∫
1 − (1 − 𝜃) 𝐸𝑋
(1−𝜃)𝐸𝑋 1 − 𝑥
𝑇

then (𝜑(𝑡), 𝜓(𝑡)) is orbitally asymptotically stable.

= − ∫ 𝑐 [(1 − 𝑘) 𝑠 (𝜑 (𝑡) + 𝜓 (𝑡))

Proof. Suppose that (𝜑(𝑡), 𝜓(𝑡)) intersects sections Γ𝜃 and
Γ𝐸 at points 𝐶+ ((1 − 𝜃)𝐸𝑋 , 𝜃𝐸𝑋 + 𝜓(𝑇)) and 𝐶(𝐸𝑋 , 𝜓(𝑇)),
respectively. Comparing with model (34), we have that
𝑓 (𝑥, 𝑏) = 𝑐 (1 − 𝑥) [(1 − 𝑘) 𝑠 (𝑥 + 𝑏) − 𝑥 (1 − 𝑠)] ,
𝑔 (𝑥, 𝑏) = 𝑐 (1 − 𝑥) [𝑘𝑥 − 𝑏 (1 − 𝑠 − 𝑘)] − 𝑏𝑐𝑠 (𝑥 + 𝑏) ,

(41)

−𝜑 (𝑡) (1 − 𝑠)] d𝑡.
From (43)–(45), we can obtain that


   (1 − 𝑘) 𝑠 (𝐸𝑋 + 𝜓 (𝑇)) − (1 − 𝜃) 𝐸𝑋 (1 − 𝑠) 
𝜇 = 


(1 − 𝑘) 𝑠 (𝐸𝑋 + 𝜓 (𝑇)) − 𝐸𝑋 (1 − 𝑠)

𝑇

× exp {∫ [𝑐 (1 − 𝜑 (𝑡)) (3𝑠 + 𝑘 − 𝑘𝑠 − 2)

and 𝜉(𝑥, 𝑏) = −𝜃𝑥, 𝜂(𝑥, 𝑏) = 𝜃𝑥, 𝜙(𝑆, 𝐼) = 𝑥 − 𝐸𝑋 ,
(𝜑(𝑇), 𝜓(𝑇)) = (𝐸𝑋 , 𝜓(𝑇)), and (𝜑(𝑇+ ), 𝜓(𝑇+ )) = ((1 −
𝜃)𝐸𝑋 , 𝜓(𝑇) + 𝜃𝐸𝑋 ). Thus,

(46)

0

−𝑐𝑠 (𝜑 (𝑡) + 𝜓 (𝑡)) − 𝑐𝑠𝜓 (𝑡)] d𝑡} .
By condition (39), we see that model (30) satisfies all
conditions of Lemma 12. Therefore, order-1 periodic solution
(𝜑(𝑡), 𝜓(𝑡)) of model (30) is orbitally asymptotically stable
and has asymptotic phase property. This completes the
proof.

𝜕𝑓
= −𝑐 [(1 − 𝑘) 𝑠 (𝑥 + 𝑏) − 𝑥 (1 − 𝑠)]
𝜕𝑥
+ 𝑐 (1 − 𝑥) (2𝑠 − 𝑘𝑠 − 1) ,
𝜕𝑔
= −𝑐 (1 − 𝑥) (1 − 𝑠 − 𝑘) − 𝑐𝑠 (𝑥 + 𝑏) − 𝑐𝑠𝑏,
𝜕𝑏
𝜕𝜂
𝜕𝜉
= −𝜃,
= 𝜃,
𝜕𝑥
𝜕𝑥
𝜕𝜙
𝜕𝜉 𝜕𝜂 𝜕𝜙
= 1,
=
=
= 0.
𝜕𝑥
𝜕𝑏 𝜕𝑏 𝜕𝑏

(42)

Remark 15. From Theorem 14, though condition (39) of
Theorem 14 is hard to test, yet it is weak since the second and
third items of the exponent term of the right-side of (39) are
negative.
Next, we give a more general result on the existence and
stability of positive order-1 periodic solutions of model (30).

Furthermore, it follows from (42) that
𝜅 = ((

(45)

0

Theorem 16. For any 𝜃 ∈ (0, 1) and 𝐸𝑋 ∈ (0, 1), model
(30) has a positive order-1 periodic solution which is orbitally
asymptotically stable.

𝜕𝜂 𝜕𝜙 𝜕𝜂 𝜕𝜙 𝜕𝜙
−
+
)𝑓
𝜕𝑏 𝜕𝑥 𝜕𝑥 𝜕𝑏 𝜕𝑥 +

𝜕𝜙
𝜕𝜙 −1
𝜕𝜉 𝜕𝜙 𝜕𝜉 𝜕𝜙 𝜕𝜙
+(
−
+
) 𝑔+ ) × ( 𝑓 +
𝑔)
𝜕𝑥 𝜕𝑏 𝜕𝑏 𝜕𝑥 𝜕𝑏
𝜕𝑥
𝜕𝑏
𝑓 (𝜑 (𝑇+ ) , 𝜓 (𝑇+ ))
= +
𝑓 (𝜑 (𝑇) , 𝜓 (𝑇))
= ((1 − (1 − 𝜃) 𝐸𝑋 ) [(1 − 𝑘) 𝑠 (𝐸𝑋 + 𝜓 (𝑇))
− (1 − 𝜃) 𝐸𝑋 (1 − 𝑠)] )
× ((1 − 𝐸𝑋 ) [(1 − 𝑘) 𝑠 (𝐸𝑋
−1

+𝜓 (𝑇)) −𝐸𝑋 (1 − 𝑠) ] ) ,
(43)
𝑇

𝜇 = 𝜅 exp {∫ [−𝑐 ((1 − 𝑘) 𝑠 (𝜑 (𝑡) + 𝜓 (𝑡))
0

−𝜑 (𝑡) (1 − 𝑠)) + 𝑐 (1 − 𝜑 (𝑡))
× (2𝑠 − 𝑘𝑠 − 1) − 𝑐 (1 − 𝜑 (𝑡)) (1 − 𝑠 − 𝑘)
−𝑐𝑠 (𝜑 (𝑡) + 𝜓 (𝑡)) − 𝑐𝑠𝜓 (𝑡)] d𝑡} .
(44)

Proof. Let 𝜆∗ = 1 − (1 − 𝜃)𝐸𝑋 , and suppose that the trajectory
𝑂+ (𝐶0 , 𝑡0 ) of model (30) starts from critical point 𝐶0 ((1 −
𝜃)𝐸𝑋 , 𝜆∗ ) and intersects section Γ𝐸 at point 𝐶∗ (𝐸𝑋 , 𝛽∗ ). In
view of the geometrical construction of phase space of
model (30) and that (1, 0) is a globally asymptotically stable
node, we obtain that trajectory of model (30) which starts
from point ((1 − 𝜃)𝐸𝑋 , 𝑏) with 𝑏 ∈ (0, 𝜆∗ ) will intersect
section Γ𝐸 at point (𝐸𝑋 , ̂𝑏); then, ̂𝑏 ∈ (0, 𝛽∗ ). So we only need
to consider trajectories of model (30) which start from the
point (𝐸𝑋 , 𝑏) on section Γ𝐸 , where 𝑏 ∈ (0, 𝛽∗ ).
Suppose that trajectory 𝑂+ (𝐷1 , 𝑡0 ) of model (30) which
starts from initial point 𝐷1 (𝐸𝑋 , 𝑏1 ) (0 < 𝑏1 < 𝛽∗ ) jumps
to point 𝐷1+ ((1 − 𝜃)𝐸𝑋 , ̂𝑏1 ) on section Γ𝜃 due to pulse
effects and then reaches section Γ𝐸 at point 𝐷2 (𝐸𝑋 , 𝑏2 ),
where ̂𝑏1 ∈ (0, 𝜆∗ ) and 𝑏2 ∈ (0, 𝛽∗ ). Repeating the
above process, we have pulse points sequences {𝐷𝑛 (𝐸𝑋 , 𝑏𝑛 )}
and {𝐷𝑛+ ((1 − 𝜃)𝐸𝑋 , ̂𝑏𝑛 )}, where 𝑏𝑛 ∈ (0, 𝛽∗ ) and ̂𝑏𝑛 ∈
(0, 𝜆∗ ). Furthermore, this follows from Poincaré map (33)
that 𝑏𝑛+1 = 𝐹(𝑏𝑛 , 𝜃, 𝐸𝑋 ) (𝑛 = 1, 2, . . .). On the other hand,
for any two points 𝐷𝑖 (𝐸𝑋 , 𝑏𝑖 ) and 𝐷𝑗 (𝐸𝑋 , 𝑏𝑗 ) on section Γ𝐸 ,
where 𝑏𝑖 , 𝑏𝑗 ∈ (0, 𝛽∗ ) and 𝑏𝑖 < 𝑏𝑗 , in view of pulse effects,
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point 𝐷𝑖+ ((1−𝜃)𝐸𝑋 , ̂𝑏𝑖 ) is below point 𝐷𝑗+ ((1−𝜃)𝐸𝑋 , ̂𝑏𝑗 ). And
then, trajectories 𝑂+ (𝐷𝑖 , 𝑡0 ) and 𝑂+ (𝐷𝑗 , 𝑡0 ) intersect section
Γ𝐸 at points 𝐷𝑖+1 (𝐸𝑋 , 𝑏𝑖+1 ) and 𝐷𝑗+1 (𝐸𝑋 , 𝑏𝑗+1 ), respectively.
Therefore, from the geometrical construction of the phase
space of model (30), we claim that
0 < 𝑏𝑖+1 < 𝑏𝑗+1 < 𝛽∗ .

(47)

In fact, if inequality (47) does not hold, that is, 𝑏𝑖+1 ≥ 𝑏𝑗+1 ,
then, it follows that point 𝐷𝑖+1 is above point 𝐷𝑗+1 or that two
points coincide. Furthermore, we can obtain that trajectories
̂ ̂𝑏). It is
𝑂+ (𝐷𝑖 , 𝑡0 ) and 𝑂+ (𝐷𝑗 , 𝑡0 ) intersect at a point 𝐷∗ (𝑥,
indicated that there are two different solutions which start
from point 𝐷∗ . This is a contradiction with the uniqueness
of solution of model (30). So inequality (47) is thus valid.
Now, for any 𝑏0 ∈ (0, 𝛽∗ ), from Poincaré map (33) of
section Γ𝐸 , we have 𝑏1 = 𝐹(𝑏0 , 𝜃, 𝐸𝑋 ), 𝑏2 = 𝐹(𝑏1 , 𝜃, 𝐸𝑋 ), and
𝑏𝑛+1 = 𝐹(𝑏𝑛 , 𝜃, 𝐸𝑋 ) (𝑛 = 2, 3, 4, . . .). In particular, if 𝑏0 = 𝑏1 ,
then model (30) has a positive order-1 periodic solution, if
𝑏1 , then it follows from the fact (47) that 𝑏0 ≠
𝑏2 .
𝑏0 ≠
Next, we discuss the general circumstance; that is,
𝑏1 ≠
𝑏2 ≠⋅ ⋅ ⋅ ≠
𝑏𝑘 (𝑘 > 2).
𝑏0 ≠
(a) If 𝑏0 < 𝑏1 , from (47), we obtain that 𝑏1 < 𝑏2 . Then,
𝑏0 < 𝑏1 < 𝑏2 . In this case, repeating the above process,
we have that
0 < 𝑏0 < 𝑏1 < 𝑏2 < 𝑏3 ⋅ ⋅ ⋅ < 𝛽∗ .

(48)

(b) If 𝑏0 > 𝑏1 , similar to (a), we have that
0 < ⋅ ⋅ ⋅ < 𝑏3 < 𝑏2 < 𝑏1 < 𝑏0 < 𝛽∗ .

(49)

Therefore, in case (a), we can get that lim𝑛 → ∞ 𝑏𝑛 = 𝜂. This
implies that model (30) has an orbitally asymptotically stable
positive order-1 periodic solution. Similarly, we can obtain the
same result in case (b). This completes the proof.
Remark 17. According to the equivalence of models (29) and
(30), from Theorem 16, we also obtained that model (29)
has a positive order-1 periodic solution which is orbitally
asymptotically stable. At the same time, it also implies
that languages 𝑋 and 𝑌 are coexistent and have a stable
equilibrium state under state-dependent impulsive control
strategy.
Remark 18. Similar results can also be obtained from the case
that 𝑠 < (1 − 𝑠)(1 − 𝑘); we, hence, omit them here.
4.3. Numerical Simulation and Discussion. In this subsection,
some numerical simulations are carried out to illustrate main
results and the feasibility of state-dependent pulse feedback
control measure. Firstly, we choose model parameters 𝑐 =
𝑘 = 0.5 and 𝑠 = 0.7 and control parameters 𝐸𝑋 = 0.8
and 𝜃 = 0.15. From Figure 4, we see that state-dependent
control measure plays an important role in preventing
the disappearance of endangered language. Under statedependent impulsive control measure, the downward trend
for language 𝑌 was controlled effectively, and the fractions

of language 𝑋 and bilingual 𝐵 are kept within reasonable
levels. Furthermore, numerical simulations also show that the
fractions of languages 𝑋, 𝑌 and bilingual 𝐵, though from
different initial states, are stabilized in the same state. The corresponding numerical results are presented in Figures 4 and 5.
Namely, model (29) has a positive order-1 periodic solution,
which is orbitally asymptotically stable. This is certainly the
case as shown in Theorems 13–16. Again from Figure 5(a)–
5(c), the periodic solution is orbitally asymptotically stable
instead of being Lyapunov asymptotically stable. In fact, it
also shows exactly how different the two stabilities are.
Next, we investigate what effect has the choice of controlling parameters on the dynamical behavior of model (29)
using numerical modeling method. We first choose 𝐸𝑋 =
0.8 and parameter 𝜃 to be 0.05, 0.15, 0.25, and 0.35, respectively. From Figure 6, we note that the length of times
intervals between two control strategies are closely geared
to the strength of control measure 𝜃 and that the time
interval increases with the increasing of 𝜃. Again from
Figures 6(b) and 6(c), it is obvious that the fractions of
language 𝑌 and bilingual 𝐵 in population could maintain
higher level for a long time due to larger 𝜃. Of course, the
cost of control measure is related to its strength. Furthermore,
similar results can also be obtained from 𝜃 = 0.15 and
letting 𝐸𝑋 be 0.9, 0.85, 0.8, and 0.7 in Figure 7. It is not
hard to imagine, however, that the cost of control measure is
very high if the fraction of monolingual speakers is incredibly
low in the population. This is because if the fraction of monolingual speakers is high in the population, then it is extremely
difficult to encourage monolingual speaker of the mainstream
language to study endangered language. Of course, it is
also not a good measure for the protection of endangered
language. How do we choose appropriate parameters such
that the fractions of language 𝑌 and bilingual 𝐵 are kept at
reasonable levels with the minimal cost of control measure?
It is an interesting problem; at the same time, it is extremely
difficult.

5. Concluding Remarks
The dynamic behavior of two-language competitive model
(1) with parameters (2) and 𝛼 = 1 is analyzed systemically
in this paper. By the linearization and Bendixson-Dulac
theorem on dynamical system, some sufficient conditions on
the globally asymptotical stability of the trivial equilibria, the
existence, the local stability, and the global stability of positive
equilibrium of model (1) are presented. The theoretical results
show that languages 𝑋 and 𝑌 are coexistent by adjusting the
values of model parameters 𝑘 and 𝑠.
And when considering the protection of endangered
language, model (1) with (2) is extended to model (10)
assessing the impact of continuous control measure. The
theoretical results and numerical simulations indicate that
the existence and stability of model (10) are sensitive to
control parameter. Furthermore, using the optimal control
theory, we derived and analyzed the conditions for optimality
of the endangered language. Our results say that the optimal
control has a very desirable effect for maintaining the fraction
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Figure 4: The contrast of the dynamical behaviors of model (29) with state-dependent impulsive control measure and without control,
where 𝑐 = 𝑘 = 0.5, 𝑠 = 0.7, 𝐸𝑋 = 0.8, and 𝜃 = 0.15.
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Figure 5: The orbitally asymptotical stability of positive order-1 periodic solution for model (29).

0.85

0.3

0.8

0.25

0.45
0.4

0.7
0.65
0.6

0.2

Bilingual B

Language Y

0.75
Language X

0.5

0.15
0.1

0.35
0.3
0.25
0.2

0.05

0.55
0.5
0

5

10 15 20 25 30 35 40
t
𝜃 = 0.05
𝜃 = 0.15
(a)

𝜃 = 0.25
𝜃 = 0.35

0.15
0.1

0
0

5

10 15 20 25 30 35 40
t
𝜃 = 0.05
𝜃 = 0.15
(b)

𝜃 = 0.25
𝜃 = 0.35

0

5

10 15 20 25 30 35 40
t
𝜃 = 0.05
𝜃 = 0.15

𝜃 = 0.25
𝜃 = 0.35

(c)

Figure 6: The contrast of the dynamical behaviors of model (29) with different state-dependent impulsive control parameters, where 𝐸𝑋 = 0.8
and 𝜃 = 0.05, 0.15, 0.25, and 0.35, respectively.
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Figure 7: The contrast of the dynamical behaviors of model (29) with different state-dependent impulsive control parameters, where 𝜃 = 0.15
and 𝐸𝑋 = 0.9, 0.85, 0.8, and 0.75, respectively.

of bilingual 𝐵, and some comparisons between with and
without control are made in the figures.
Finally, the dynamic behavior of model (1) with statedependent pulse control measure, that is, model (29), is studied in Section 4. The state-dependent pulse control measure
causes the complexity for the dynamic behavior of model (29)
such as frequent switching between states, irregular motion,
and some uncertainties. This is the distinguished feature
compared with continuous control measure. By the Poincaré
map, analogue of Poincaré criterion, and qualitative analysis
method, some sufficient conditions on the existence and
orbitally asymptotical stability of positive order-1 periodic
solution are presented. This amounts to the fact that we can
control the fractions of languages 𝑋, 𝑌 and bilingual 𝐵 at
reasonable levels by adjusting control parameters. Theoretical
basis for finding a new measure to protect the endangered
language is provided.
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Determining whether sea clutter radar returns are stochastic or deterministic is crucial to the successful modelling of sea clutter
as well as to facilitate target detection within sea clutter. Despite extensive studies of sea clutter using distributional analysis, chaos
analysis, and fractal analysis, the nature of sea clutter is still not well understood. Realizing that the difficulty in sea clutter modeling
is due to the multiscale nature of sea clutter, we employ a new multiscale complexity measure, the scale-dependent Lyapunov
exponent (SDLE), to better characterize the nonstationary and multiscale nature of sea clutter. SDLE has been shown to readily
characterize major models of complex time series, including deterministic chaos, noisy chaos, stochastic oscillations, random 1/𝑓
processes, random Levy processes, and complex time series with multiple scaling behaviors. With SDLE, we are able to directly
show that sea clutter is not chaotic. More importantly, we find a new scaling law suggesting noisy dynamics for sea clutter. The new
scaling law has an interesting interpretation in terms of intrinsic predictability of sea clutter, and provides an excellent new means
of detecting targets within sea clutter.

1. Introduction
Sea clutter, the backscatter of the transmitted radar signal by
elements of the sea surface such as ocean sprays, capillary
waves, wind waves, and swells, is highly complicated. The
complexity of the signals comes from two sources, the rough
sea surface, sometimes oscillatory, sometimes turbulent,
and the multipath propagation of radar backscatter. From
Figure 1, it is clear that the signal is not purely random,
since the waveform can be fairly smooth on short time scales
(Figure 1(a)). However, the signal is highly nonstationary,
since the frequency of the signal (Figures 1(a) and 1(b))
and the randomness of the signal (Figures 1(c) and 1(d))
change over time drastically. Therefore, Fourier analysis
or deterministic chaotic analysis of sea clutter cannot be
effective. From Figure 1(e), where 𝑋𝑡(𝑚) = (𝑋𝑡𝑚−𝑚+1 + ⋅ ⋅ ⋅ +
𝑋𝑡𝑚 )/𝑚, it can be concluded that neither autoregressive (AR)
models nor textbook fractal models can describe the data.
This is because AR modeling requires exponentially decaying
autocorrelation (which amounts to Var(𝑋𝑡(𝑚) ) ∼ 𝑚−1 ), while
fractal modeling requires the variation between Var(𝑋𝑡(𝑚) )

and 𝑚 to follow a power-law [1]. (To see better the variation
of Var(𝑋𝑡(𝑚) ) with 𝑚, log2 [𝑚2 Var(𝑋𝑡(𝑚) )] is plotted against
log2 𝑚 in the figure.) However, neither AR nor true fractal
behavior is observed in Figure 1(e).
Understanding of sea clutter will depend not only on
finding suitable models to describe the surface scattering
but also on knowledge of the complex behavior of the sea
[2]. As radars become more complex, to fully utilize their
power, it has become increasingly important to accurately
model their interaction with environment with ever greater
fidelity. Therefore, the study of sea clutter continues to be an
important aspect of the development of radar systems.
Over the past several decades, a lot of efforts have
been made to study sea clutter. Fundamental studies of sea
clutter can be roughly classified into three categories: (i)
distributional analysis of sea clutter [3–15], (ii) analysis of sea
clutter using fractal theory [1, 16–25], and (iii) analysis of sea
clutter using chaos theory [26–37]. Despite these extensive
studies, however, the nature of sea clutter is still not well
understood. As a result, the important problem of target
detection within sea clutter remains to be a tremendous
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Figure 1: ((a) and (b)) Two 0.1 s duration sea clutter signal; (c) a 2 s duration sea clutter signal; (d) the entire sea clutter signal (of about 130 s);
and (e) log2 [𝑚2 Var(𝑋(𝑚) ] versus log2 𝑚.

challenge [16, 22, 38–44]. To shed new light on the problem,
in this study, we carry out a multiscale analysis of sea clutter,
using a recently developed multiscale complexity measure,
the scale-dependent Lyapunov exponent (SDLE) [1, 45].
The most salient feature of multiscale signals is that the
signals behave differently, depending upon the scale at which
the data are examined [1]. To understand why multiscale
analysis of sea clutter is essential, it is important to highlight
a few empirical observations that point to the multiscale
nature of sea clutter: (1) real sea clutter data are highly
nonstationary, on both short and long time scales. This has
motivated us to fit the differentiated data of sea clutter by
Tsallis distribution [13]. (2) In the time scale range of 0.01
to 4 s, structure-function based multifractal characterization
detects targets within sea clutter with very high accuracy,
although the power-law fractal scaling is not very well defined
[1, 23–25]; (3) when analyzed by multiplicative cascade multifractal [35], sea clutter again shows a fractal scaling break
on time scales shorter than about 0.01 s. When the envelope
of the sea clutter data is extracted by finding all the local

maxima and subsequently analyzed, the cascade multifractal
characterization becomes excellent; furthermore, log-normal
distribution fits the envelope data of sea clutter excellently,
but not the original sea clutter data [35]. These observations
motivate us to carry out a multiscale analysis of sea clutter by
using scale-dependent Lyapunov exponent (SDLE) [1, 45], to
shed new light on the nature of sea clutter.
The remainder of the paper is organized as follows. In
Section 2, we briefly describe the SDLE, focusing on its
properties that are most relevant to sea clutter analysis. In
Section 3, we use the SDLE to analyze sea clutter, consider
whether such characterization can help detect targets within
sea clutter, and compare SDLE with the conventional largest
positive Lyapunov exponent. In Section 4, we make a few
concluding remarks.

2. SDLE as a Multiscale Complexity Measure
2.1. SDLE: Definition and Computation. SDLE is a recently
developed multiscale complexity measure [1, 45]. It has been
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used to characterize brainwave EEG data [46, 47], heart rate
variability (HRV) [48–51], financial time series [52], Earth’s
geodynamo [53], among others. SDLE is defined in a phase
space through consideration of an ensemble of trajectories
[1, 45]. In the case of a scalar time series 𝑥(1), 𝑥(2), . . . , 𝑥(𝑛),
a suitable phase space may be obtained by using time delay
embedding [54] to construct vectors of the following form:
𝑉𝑖 = [𝑥 (𝑖) , 𝑥 (𝑖 + 𝐿) , . . . , 𝑥 (𝑖 + (𝑚 − 1) 𝐿)] ,

(1)

where 𝑚 and 𝐿 are called the embedding dimension and
the delay time, respectively. For chaotic systems, 𝑚 and 𝐿
have to be chosen according to certain optimization criterion
[1]. For a stochastic process, which is infinite-dimensional,
the embedding procedure transforms a self-affine stochastic
process to a self-similar process in a phase space, and often
𝑚 = 2 is sufficient (this issue will be further explained later)
[1, 45].
We will now be more concrete. Denote the initial distance
between two nearby trajectories by 𝜀0 , and their average
distances at time 𝑡 and 𝑡 + Δ𝑡, respectively, by 𝜀𝑡 and 𝜀𝑡+Δ𝑡 ,
where Δ𝑡 is small. The SDLE 𝜆(𝜀𝑡 ) is defined by [1, 45]
𝜀𝑡+Δ𝑡 = 𝜀𝑡 𝑒𝜆(𝜀𝑡 )Δ𝑡 ,

or 𝜆 (𝜀𝑡 ) =

ln 𝜀𝑡+Δ𝑡 − ln 𝜀𝑡
.
Δ𝑡

(2)

condition is often also sufficient for an initial scale to converge
to the inherent scales [1].
To better understand SDLE, it is instructive to point out
a relation between SDLE and the largest positive Lyapunov
exponent 𝜆 1 for true chaotic signals. It is given by [1]
𝜀∗

𝜆 1 = ∫ 𝜆 (𝜀) 𝑝 (𝜀) 𝑑𝜀,

(7)

0

where 𝜀∗ is a scale parameter (e.g., used for renormalization
when using Wolf et al.’s algorithm [56]), 𝑝(𝜀) is the probability
density function for the scale 𝜀 given by
𝑝 (𝜀) = 𝑍

𝑑𝐶 (𝜀)
,
𝑑𝜀

(8)
𝜀∗

where 𝑍 is a normalization constant satisfying ∫0 𝑝(𝜀)𝑑𝜀 = 1
and 𝐶(𝜀) is the well-known Grassberger-Procaccia’s correlation integral [57].
SDLE has distinctive scaling laws for different types of
time series. Those most relevant to sea clutter analysis are
listed here.
(1) For clean chaos on small scales, and noisy chaos with
weak noise on intermediate scales,

Or equivalently by
𝑑𝜀𝑡
= 𝜆 (𝜀𝑡 ) 𝜀𝑡 ,
𝑑𝑡

or

𝑑 ln 𝜀𝑡
= 𝜆 (𝜀𝑡 ) .
𝑑𝑡

(3)

To compute SDLE, we can start from an arbitrary number
of shells as follows:


(4)
𝜀𝑘 ≤ 𝑉𝑖 − 𝑉𝑗  ≤ 𝜀𝑘 + Δ𝜀𝑘 , 𝑘 = 1, 2, 3, . . . ,
where 𝑉𝑖 and 𝑉𝑗 are reconstructed vectors, 𝜀𝑘 (the radius of
the shell) and Δ𝜀𝑘 (the width of the shell) are arbitrarily
chosen small distances (Δ𝜀𝑘 is not necessarily a constant).
Then, we monitor the evolution of all pairs of points (𝑉𝑖 , 𝑉𝑗 )
within a shell and take average. Equation (2) can now be
written as




⟨ln 𝑉𝑖+𝑡+Δ𝑡 − 𝑉𝑗+𝑡+Δ𝑡  − ln 𝑉𝑖+𝑡 − 𝑉𝑗+𝑡 ⟩
𝜆 (𝜀𝑡 ) =
, (5)
Δ𝑡
where 𝑡 and Δ𝑡 are integers in unit of the sampling time, and
the angle brackets denote average within a shell. Note that this
computational procedure is similar to that for computing the
so-called time-dependent exponent curves [55].
Note that the initial set of shells serve as initial values
of the scales; through evolution of the dynamics, they will
automatically converge to the range of inherent scales. This
is emphasized by the subscript 𝑡 in 𝜀𝑡 , when the scales
become inherent, 𝑡 can then be dropped. Also, note that when
analyzing chaotic time series, the following condition:


𝑗 − 𝑖 ≥ (𝑚 − 1) 𝐿

(6)

needs to be imposed when finding pairs of vectors within a
shell, to eliminate the effects of tangential motions [1]. This

𝜆 (𝜀) = 𝜆 1 .

(9)

As an operational definition for chaos, we define
chaos to be observing scaling of (9) on a scale range
of (𝜀, 𝑟𝜀), where 𝑟 > 1 is a coefficient [1, 45]. When
low-dimensional chaos is concerned, one may require
𝑟 ≥ 2.
(2) For clean chaos on large scales where memory has
been lost and for noisy chaos (including noiseinduced chaos [58–60]) on small scales,
𝜆 (𝜀) ∼ −𝛾 ln 𝜀,

(10)

where 𝛾 > 0 is a parameter.
(3) For random 1/𝑓2𝐻+1 processes, where 0 < 𝐻 < 1
is called the Hurst parameter which characterizes the
correlation structure of the process: depending on
whether 𝐻 is smaller than, equal to, or larger than 1/2,
the process is said to have antipersistent, short-range,
or persistent long-range correlations [1, 23] as follows:
𝜆 (𝜀) ∼ 𝜀−1/𝐻.

(11)

Note that 𝐻 = 1/2 for the standard Brownian motion
and 𝐻 = 1/3 for turbulence. Note also that this scaling
is quite independent of 𝑚, except that the scale range
defining (11) shrinks when 𝑚 increases. Because of
this, 𝑚 = 2 again is preferred.
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Figure 2: 𝜆(𝜀) curves for the clean and the noisy Lorenz system.

To better appreciate the above properties, it is helpful to
examine the chaotic Lorenz system with stochastic forcing as
an example as follows:
𝑑𝑥
= −10 (𝑥 − 𝑦) + 𝐷𝜂1 (𝑡) ,
𝑑𝑡
𝑑𝑦
= −𝑥𝑧 + 28𝑥 − 𝑦 + 𝐷𝜂2 (𝑡) ,
𝑑𝑡

10−1.3

(12)

𝑑𝑧
8
= 𝑥𝑦 − 𝑧 + 𝐷𝜂3 (𝑡) ,
𝑑𝑡
3
where 𝐷𝜂𝑖 (𝑡), 𝑖 = 1, 2, 3 are independent Gaussian noise
forcing terms with mean 0 and variance 𝐷2 . Note that the
system with a different parameter set was studied in [1, 45].
The system is solved using the scheme of Exact propagator
[61], where the exact solution of the Lorenz system is solved
using a 4th order Runge-Kutta method with a time-step of
ℎ = 0.002, and then a term 𝐷√ℎ𝑊, where 𝑊 is a Gaussian
noise of mean 0 and variance 1, is added to the corresponding
equations to take into account the noise. Figure 2 shows five
curves, for the cases of 𝐷 = 0, 1, 2, 3, 4. The computations
are done using 𝑚 = 4, 𝐿 = 2, and 10000 points of the 𝑥
component of the Lorenz system sampled at a time interval
of 0.06. For the clean system, we observe two scaling laws.
One is (9), 𝜆(𝜀) ≈ 0.9, for small 𝜀, the other is (10), for
large 𝜀 where memory has been lost. For the noisy system,
the scale region where the scaling law of (9) shrinks when
the stochastic forcing is increased. Interestingly, although the
part of the curve with 𝜆(𝜀) ∼ −𝛾 ln 𝜀 shifts to the right when
noise is increased, the parameter 𝛾 appears to not depend on
the noise strength.
2.2. Coping with Nonstationarity. Since sea clutter is nonstationary [1, 13], it is important to understand how SDLE

Figure 3: 𝜆(𝜀) versus 𝜀 curves for perturbed 1/𝑓 processes. Curves
for three different 𝐻 are plotted. To put all the curves on one plot,
the curves for different 𝐻 (except the smallest one considered here)
are arbitrarily shifted rightward.

deals with nonstationarity before it is used to analyze sea
clutter. Noting that sea clutter has fractal 1/𝑓 scaling behavior
in the time scale range from 0.01 to 4 s [1, 23–25], we first
study if the 1/𝑓 feature remains robust under the following
perturbations.
(1) Shift a 1/𝑓𝛽 , 𝛽 = 2𝐻+1 process downward or upward
at randomly chosen points in time by an arbitrary
amount. For convenience, we call this procedure type
1 nonstationarity and the processes obtained broken1/𝑓𝛽 processes.
(2) At randomly chosen time intervals, concatenate randomly broken-1/𝑓𝛽 processes and oscillatory components or superimpose oscillatory components on
broken-1/𝑓𝛽 processes. This procedure causes a different type of nonstationarity, which for convenience
we will call type 2 nonstationarity.
We call the resulting random processes perturbed 1/𝑓𝛽 processes. Three examples of the 𝜆(𝜀) curves for such processes,
where the frequency of the perturbations are, on average, 1%
of the simulated data, are shown in Figure 3. We observe that
(11) still holds very well when 𝜆(𝜀) > 0.02. Therefore, SDLE
can readily characterize 1/𝑓 processes perturbed by either of
the nonstationarities considered.
To understand why the SDLE can deal with type 1
nonstationarity, it suffices to note that type 1 nonstationarity
causes shifts of the trajectory in phase space; the greater
the nonstationarity, the larger the shifts. The SDLE, however,
cannot be affected much by shifts, especially large ones, since
it is based on the coevolution of pairs of vectors within chosen
small shells. In fact, the effect of shifts is to exclude a few
pairs of vectors that were originally counted in the ensemble
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Figure 4: (a) An intermittent time series generated by the logistic map. (b) The SDLE curve for the time series.
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Figure 5: A schematic showing how the sea clutter data were
collected.

average. Therefore, so long as the shifts are not too frequent,
the effect of shifts can be neglected, since ensemble average
within a shell involves a large number of pairs of vectors.
Let us now turn to type 2 nonstationarity, which involves
oscillatory components. Being regular, oscillatory components can only affect 𝜆(𝜀) where it is close to 0. Therefore,
type 2 nonstationarity cannot affect the positive portion of
𝜆(𝜀) either.
Note that similar types of perturbations have been carried
out to clean and noisy chaotic data, and the major features of
(9) and (10) are also robust, as expected.
Finally, we examine whether SDLE can detect chaos from
an intermittent time series with a long laminar phase during
which neighboring trajectories do not diverge, and a rapid
divergence over a small part of the state space. Such a case
is most relevant to the transitions from a quiet sea surface to
a turbulent sea disturbed by a sudden gust of wind, and vice
versa. For this purpose, we study the logistic map as follows:
𝑥𝑛+1 = 𝑎𝑥𝑛 (1 − 𝑥𝑛 ) ,

𝑎 = 3.8284.

(13)

Figure 4(a) shows an intermittent time series. We note that
the chaotic part is very short compared with the periodic
part. Figure 4(b) shows the SDLE curve for the time series.
We clearly observe a plateau defining a chaotic motion. Also,
note that the ln 𝜀 scaling on very small scales indicates the
transitions from periodic to chaotic motions, and vice versa
(it is unstable, but not chaotic in the rigorous sense).

3.1. Sea Clutter Data. Fourteen sea clutter datasets were
obtained from a website maintained by Professor Simon
Haykin: http://soma.ece.mcmaster.ca/ipix/dartmouth/datasets.html.
The measurement was made using the McMaster IPIX
radar at Dartmouth, Nova Scotia, Canada. The radar was
mounted in a fixed position on land 25–30 m above sea
level, with an operating (carrier) frequency of 9.39 GHz (and
hence a wavelength of about 3 cm). It was operated at low
grazing angles, with the antenna dwelling in a fixed direction,
illuminating a patch of ocean surface. The measurements
were performed with the wave height in the ocean varying
from 0.8 to 3.8 m (with peak heights up to 5.5 m) and the
wind conditions varying from still to 60 km/hr (with gusts up
to 90 km/hr). For each measurement, 14 areas, called antenna
footprints or range bins, were scanned. Their centers are
depicted as 𝐵1 , 𝐵2 , . . . , 𝐵14 in Figure 5. The distance between
two adjacent range bins was 15 m. One or a few range bins
(say, 𝐵𝑖−1 , 𝐵𝑖 and 𝐵𝑖+1 ) hit a target, which was a spherical block
of styrofoam of diameter 1 m wrapped with wire mesh. The
locations of the three targets were specified by their azimuthal
angle and distance to the radar. They were (1280 , 2660 m),
(1300 , 5525 m), and (1700 , 2655 m), respectively. The range
bin where the target is strongest is labeled as the primary
target bin. Due to the drift of the target, bins adjacent to
the primary target bin may also have hit the target. They are
called secondary target bins. For each range bin, there were
217 complex numbers, sampled with a frequency of 1000 Hz.
3.2. Sea Clutter Analysis. The SDLE curves can be readily
computed from sea clutter data. Figure 6(a) shows a typical
example. We do not observe the chaotic scaling of (9) on any
significant scale ranges. Therefore, sea clutter is not chaotic.
While this result is consistent with the results of [29, 30, 33–
37], it merits noting that the SDLE method is a direct method
and is more rigorous.
More interestingly, all the sea clutter data, whether it
is with target or without target, yields the scaling of (10).
Therefore, (10) describes a prevailing feature of sea clutter.
To understand which feature that is as well as to understand
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Figure 6: (a) 𝜆(𝜀) curves for sea clutter. The embedding parameters are 𝑚 = 4, 𝐿 = 1. (b) Target detection using 𝛾 parameter.

the physical significance of 𝛾, let us consider the problem of
predictability with sea clutter. Specifically, we consider the
concept of the error doubling time, defined as the average time
for an initial error 𝜀0 to double: an error grows faster when the
doubling time is shorter. In other words, a faster error growth
means a more rapid loss of initial information.
What is the error doubling time for sea clutter data? To
find this, we use (3) to get the following:
𝑡

ln 𝜀𝑡 = ln 𝜀0 + ∫ 𝜆 (𝜀𝑡 ) 𝑑𝑡.
0

(14)

Letting 𝜀𝑇𝑑𝑏 = 2𝜀0 , we find the error doubling time 𝑇𝑑𝑏 given
by
ln 2 = ∫

𝑇𝑑𝑏

0

𝜆 (𝜀𝑡 ) 𝑑𝑡.

(15)

As the first approximation, we may consider 1/𝜆(𝜀) to be
proportional to the doubling time. When 𝜆(𝜀) is given by
(10), then the error doubling time is inversely proportional
to 𝛾. Therefore, 𝛾 characterizes the speed of information loss.
More rigorously, we can prove that − ln 𝜀0 ≫ 1 decays to a
saturation or limiting value of 0 exponentially as follows:
− ln 𝜀𝑡 = − ln 𝜀0 𝑒−𝛾𝑡 .

(16)

A zero magnitude of ln 𝜀𝑡 amounts to a unit error. Therefore,
it is proper to call 𝛾 the relaxation parameter of information
loss. The fact that 𝛾 is larger for sea clutter with target
implies that information loss in sea clutter with target is

faster. Physically, this may be attributed to the generation of
turbulence near the target.
Can the 𝛾 parameter be used to help detect targets within
sea clutter? The answer is positive, as shown in Figure 6(b).
Clearly, 𝛾 is very effective in distinguishing sea clutter with
and without targets. For automatic detection purposes, we
have analyzed almost 400 datasets available to us and found
that a threshold value of 0.9 for 𝛾 yields an almost perfect
classification as follows.
(i) Hypothesis 𝐻0 : sea clutter without target, 𝛾 < 0.9.
(ii) Hypothesis 𝐻1 : sea clutter with target, 𝛾 ≥ 0.9.
When a signal is truly chaotic, SDLE is related to the
conventional positive Lyapunov exponent by (7). Now that
we have found sea clutter not to be chaotic, it is interesting to
find out how different SDLE is from 𝜆 1 . We have computed
𝜆 1 for all the sea clutter data using Wolf et al.’s algorithm [56].
Wolf et al.’s algorithm works as follows: one selects a reference
trajectory and follows the divergence of its neighboring
trajectory from it. Denote the reference and the neighboring
trajectories by 𝑋𝑖 = [𝑥(𝑖), 𝑥(𝑖 + 𝐿), . . . , 𝑥(𝑖 + (𝑚 − 1)𝐿)],
𝑋𝑗 = [𝑥(𝑗), 𝑥(𝑗 + 𝐿), . . . , 𝑥(𝑗 + (𝑚 − 1)𝐿)], 𝑖 = 1, 2, . . ., and
𝑗 = 𝐾, 𝐾 + 1, . . ., respectively. At the start of the time (which
corresponds to 𝑖 = 1), 𝑋𝐾 is usually taken as the nearest
neighbor of 𝑋1 . That is, 𝑗 = 𝐾 minimizes the distance
between 𝑋𝑗 and 𝑋1 . When time evolves, the distance between
𝑋𝑖 and 𝑋𝑗 also changes. Let the spacing between the two
trajectories at time 𝑡𝑖 and 𝑡𝑖+1 be 𝑑𝑖 and 𝑑𝑖+1 , respectively.
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Assuming that 𝑑𝑖+1 ∼ 𝑑𝑖 𝑒𝜆 1 (𝑡𝑖+1 −𝑡𝑖 ) , the rate of divergence of
the trajectory, 𝜆 1 , over a time interval of 𝑡𝑖+1 − 𝑡𝑖 is then
ln (𝑑𝑖+1 /𝑑𝑖 )
𝑡𝑖+1 − 𝑡𝑖

.

(17)

To ensure that the separation between the two trajectories is
always small, when 𝑑𝑖+1 exceeds certain threshold value, it
has to be renormalized; a new point in the direction of the

is very small compared
vector of 𝑑𝑖+1 is picked up so that 𝑑𝑖+1
to the size of the attractor. After 𝑛 repetitions of stretching
and renormalizing the spacing, one obtains the following
formula:
𝑛−1

𝜆1 = ∑ [
𝑖=1

𝑡𝑖+1 − 𝑡𝑖

∑𝑛−1
𝑖=1 (𝑡𝑖+1 − 𝑡𝑖 )

][

ln (𝑑𝑖+1 /𝑑𝑖 )
𝑡𝑖+1 − 𝑡𝑖

]
(18)

=

∑𝑛−1
𝑖=1

ln (𝑑𝑖+1 /𝑑𝑖 )
𝑡𝑛 − 𝑡1

.

Figures 7(a) and 7(b) show representative 𝜆 1 for two
measurements, where the largest 𝜆 1 among the 14 bins of a
measurement is taken as 1 unit. Clearly, 𝜆 1 does not have any
power of detecting targets within sea clutter. This suggests
that 𝜆 1 only characterizes noise in sea clutter, whether they
hit targets or not. Therefore, the effectiveness of using (10)
to detect targets within sea clutter suggests that SDLE is
fundamentally different from the conventional Lyapunov
exponent.

4. Concluding Remarks
To better characterize the nonstationary and multiscale
nature of sea clutter, in this study, we have employed SDLE to
analyze low-grazing angle sea clutter. We are able to directly
show that sea clutter is not chaotic and reveal a new scaling
law suggesting noisy dynamics for sea clutter. The new scaling
law has an interesting interpretation in terms of intrinsic
predictability of sea clutter. The fact that it can be used to
accurately detect targets within sea clutter implies that it is
a fundamental feature of sea clutter.
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Cyclic loadings cause fatigue to the elements of machines leading to crack initiation and propagation. This phenomenon decreases
the age of the elements. In particular, cracks decrease the stiffness of the parts and lower the parts natural frequency, leading to
failure under normal working conditions. This paper introduces a new application to carbon nanotube (CNT) composites in the
repairing process of a cracked specimen to restore the natural frequency of the specimen. Commonly, patches are made of high
strength and high stiffness materials. This paper shows that even low stiffness materials, such as epoxy reinforced with CNT, can
contribute to the repair of a cracked specimen. A 2D finite element (FE) simulation is used to study the effects of bonding CNT
composite patches over the crack location to repair cracked metal specimens. The effects of the patch thickness, length, and CNTs
weight concentration ratio are investigated. Results showed an increase in the natural frequency of 31% compared to the cracked
specimen at a crack depth of 70% of the beam depth and at a distance of 20% of the total beam length from the support.

1. Introduction
Vibrational faults in machines are of major concern in the
engineering filed. In machines, cracked parts due to fatigue
loading can cause a drop in the part natural frequency. This
drop can lead to resonant vibrations under normal loading
conditions, which may cause failure to the part. A lot of work
had been conducted on the change in the natural frequency
of a cracked beam compared to a healthy beam. Khaji et
al. [1] constructed a closed form analytical solution to the
change in the natural frequency of a cracked uniform beam.
The crack was molded using a massless, linear, elastic, and
rotational spring under six different boundary conditions and
different parameters (such as crack location and crack depth).
Kim and Stubbs [2] and Lee [3] conducted an experimental
work on the detection of crack locations and its size by
relating the fractional changes in the natural frequency of
the cracked beam to the healthy beam due to the presence of
cracks. Zheng and Kessissoglou [4] studied the free vibration
of a cracked beam using the finite elements analysis (FEA)
to obtain the natural frequencies and mode shapes of the

beam. Loya et al. [5] studied the natural frequency of simply supported cracked Timoshenko beam by modeling the
cracked region with a massless torsional and normal spring
(for the vertical displacement and rotational displacement).
Zhong and Oyadiji [6] constructed an analytical model to
help in the prediction of the natural frequencies of a cracked
simply supported beam with a stationary roving mass. The
roving mass helps in detecting the presence of cracks by
roving the mass from one end of the beam to another. Since
cracks cause a reduction in the stiffness of the beam, this
causes a reduction in the beam natural frequency when
the roving mass is located near the crack. Matbuly et al.
[7] studied the natural frequency of a functionally graded
cracked beam resting on a Winkler-Pasternak foundation
using the line spring model for formulating and applying the
method of differential quadrature to solve it. For the strength
of bonded patches, much research had been conducted, with
different materials, to evaluate its effectiveness under various
conditions. Osnes et al. [8] had studied the strength of bonded
joints using the traditional strength of materials approach,
which did not agree with experimental results, and inelastic

2

Mathematical Problems in Engineering
PL

Table 1: Mechanical properties of epoxy and aluminum specimens.
Mechanical
properties

Steel

𝐸 (GPa)
]
𝜌 (Kg/m3 )
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0.3
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0 wt.%
3.11
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2 wt.%
4 wt.%

6 wt.%

4.2
0.3492
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Figure 1: Beam dimensions.

fracture mechanics, which showed good agreement with the
experimental results. Hosseini-Toudeshky et al. [9] studied
how the curing temperature affects the residual stresses in
fiber metal laminate (FML) patches, which showed no effect
on the repairing process for the cracked panels. Nahas [10]
performed an experimental investigation on the repairing
effects of fiber composite patches on the fatigue life of a
cracked aluminum specimen. Ariaei et al. [11] used piezoelectric patches to repair cracked beams by applying an external
voltage to actuate the piezoelectric patches bonded on the
beam. Then the patches reduce the singularity produced
by the crack tip. This helped in decreasing the maximum
deflection of the beam, due to the reduction of the beam
stiffness, to approach the maximum deflection of a healthy
beam. Brown et al. [12, 13] used self-healing epoxy matrix
composite that incorporates healing agent to hinder fatigue
cracks. Self-healing was also used by Blaiszik et al. [14] and
Williams et al. [15].
In this paper, a FEA is conducted to examine the repair
of the natural frequency of a cracked steel beam (at different
locations and depth) by adhesively bonding an epoxy patch
(with and without multiwalled carbon nanotubes (MWCNTs) reinforcement). The properties of the steel specimen,
epoxy, and multiwalled carbon nanotubes (MWCNTs) are
discussed in Section 2. The modeling of the parts and the
boundary conditions are discussed in Section 3. The FEA
results of the analysis are summarized in Section 4. Discussions of the results are given in Section 4 and conclusions of
the results are given in Section 5.

3. Modeling and FE Idealization
A 2D plane stress FE model was constructed in
ABAQUS/Standard with dimensions similar to those in
[1] and was verified with the results in the literature. Figure 1
shows the dimensions of the beam used in the FE analysis
where 𝐿 is the beam length which is 100 mm, 𝐻 is the beam
depth which is 25 mm, and 𝑊 is the beam width which is
12.5 mm. The ratio 𝑎/𝐻 (the ratio of the crack depth to the
beam depth) was taken as 0.7 and the crack position 𝑒𝐿 was
taken at a location of 20% of the beam total length away
from the support location. These values, according to [1],
show large decrease in the beam original natural frequency
compared to the other values used in the work. The epoxy
patch has a length of 𝑃𝐿 and thickness of 𝑃𝑡 .
Figure 2 shows the FE models and the boundary conditions used in the analysis. The nodes to the left end were
constrained from movement in the 𝑥 and 𝑦 directions, while
the nodes to the right end were left unconstrained. An 8-node
quadrilateral element was used in the model. The repair of
the natural frequency was investigated under different patch
thickness and length (𝑃𝑡 and 𝑃𝐿 ) values with different CNT
wt.% (2 wt.%, 4 wt.% and 6 wt.%). 𝑃𝑡 values were taken from
0.5 to 3 mm, while 𝑃𝐿 was taken from 10 to 30 mm. Then the
effects of the crack depth and location were investigated when
𝑃𝑡 was 1.5 mm and 𝑃𝐿 was 20 mm.

4. Results and Discussions
2. Mechanical Properties
CNTs are known for their high mechanical properties [16].
They have shown great potential in the reinforcement of
composite materials. Many research works were carried out
to predict the mechanical properties of CNT reinforced
composite [17–22]. Omidi et al. [23] experimented on the
effects of adding MWCNTs into an epoxy patch on Young’s
modulus and strength of the CNT/Epoxy composite. These
results were used with the work done by Rokni et al. [24, 25] to
construct a finite elements model to determine the optimum
distribution of CNTs to obtain the highest natural frequency
in a microbeam. Different weight percentage (wt.%) of CNTs
was used (from 0.5% to 10%). The mechanical properties used
in this paper (Young’s modulus 𝐸, density 𝜌, and Poisson’s
ratio) of the epoxy patch (with different wt.% of CNTs) and
the steel specimen are shown in Table 1.

The first natural frequency was obtained for the model of the
original beam (the uncracked beam), and then a crack with a
value of 𝑎/𝐻 = 0.7 and 𝑒 = 0.2 was introduced. The natural
frequency was then obtained from ABAQUS for the cracked
beam, firstly without the epoxy patch and then with the epoxy
patch. Figure 3 shows the FE contour plot of the first mode
shape of the beam. The epoxy patch was added to the model
at different 𝑃𝑡 values (0.5, 1, 1.5, 2, 2.5, and 3 mm). Figure 4
shows the graph of the increase of natural frequency of the
cracked beam with different 𝑃𝑡 and CNT wt.%. The graph
shows that, with the increase of the patch thickness, more
repairing is observed in the natural frequency of the patched
cracked beam in comparison to the unrepaired beam. A patch
thickness of 3 mm increased the natural frequency of the
cracked beam by 41% at 6 wt.% CNT, but the increase in 𝑃𝑡
can lead to stress concentrations, so 𝑃𝑡 was taken as 1.5 mm
for the rest of the analysis.

Mathematical Problems in Engineering

3
a/H = 0.7
e = 0.2
PL = 20

(a)

Increase in natural frequency (%)

45.0

40.0
35.0
30.0
25.0
20.0
15.0
10.0
5.0
0.0

(b)

0.5

1

1.5

2

2.5

3

Pt
0.0 wt.% CNT
2.0 wt.% CNT

4.0 wt.% CNT
6.0 wt.% CNT

Figure 4: Increase in cracked beam natural frequency with different
𝑃𝑡 and wt.% of CNT.
(c)

Figure 2: FE model boundary conditions, (a) original beam, (b)
cracked beam, and (c) epoxy patched beam.
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Figure 3: FE first mode shape contour plot, (a) original beam, (b)
cracked beam, and (c) epoxy patched beam.

Different 𝑃𝐿 values (10, 15, 20, 25, and 30 mm) were used
in order to investigate the effects of the patch length on the
increase in the natural frequency of the beam. Figure 5 shows
that 𝑃𝐿 has no effect on the increase in the natural frequency
of the cracked beam. Only CNT’s concentration increased the
natural frequency, but short length patches are weaker than

long ones, due to the small interfacial area between the patch
and the beam, so 𝑃𝐿 was taken as 20 mm in further analysis.
To investigate the changes in the natural frequency of
the cracked beam with the repairing patch at different crack
depths (𝑎/𝐻) and crack locations (𝑒), a patch with 𝑃𝑡 =
1.5 mm and 𝑃𝐿 = 20 mm was used. 𝑎/𝐻 was changed from
20% to 70% (0.2, 0.35, 0.5, 0.6, and 0.7) and 𝑒 from 20% to
80% (0.2, 0.4, 0.5, 0.6, and 0.8). Figure 6 shows the relative
natural frequency of the cracked beam with and without
CNT composite patches at different crack depths. It is clear
from the graph that at small crack depths, the effects of the
epoxy patches are negligible since the decrease in the natural
frequency is also low. Figure 7 shows the increase in the
natural frequency of the repaired beam in comparison to the
unrepaired one. An increase of 31% in the natural frequency
is observed at 6 wt.% CNTs and 𝑒 = 0.2. Also, a noticeable
increase in the repairing takes place when 𝑎/𝐻 goes above
0.5.
Figure 8 shows the relative natural frequency but with
different crack locations. The same is also observed here; the
repair has no significant change in the crack locations that
produce low decrease in the natural frequency of the beam,
while at 𝑒 = 0.2, the relative natural frequency of the repaired
beam increased with increasing CNTs wt.%. Figure 9 shows
the increase in natural frequency with different 𝑒 values; the
higher the CNTs wt%, the higher the increase in the natural
frequency of the beam.
It is noticed from the graphs that increasing the contents of CNT in the epoxy matrix does not always cause
a noticeable increase in the repair of the cracked beam
natural frequency. Figure 10 shows the increase in the natural
frequency of the cracked beam with different concentration
ratios at 𝑎/𝐻 = 0.7, 𝑒 = 0.2, 𝑃𝐿 = 20 mm, and 𝑃𝑡 = 1.5 mm.
The graph shows that, after 4.0 wt.% CNTs, the increase in
the natural frequency converges to 31%; further increase will
cause no significant change in the natural frequency of the
repaired beam.
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Figure 5: Increase in cracked beam natural frequency with different
𝑃𝐿 and wt.% of CNT.
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Figure 6: Relative natural frequency at different 𝑎/𝐻 and wt.% of
CNT.

35.0%

e = 0.2
PL = 20
Pt = 1.5

30.0%
25.0%
20.0%
15.0%
10.0%
5.0%
0.0%
0.3

0.4

0.5

0.6

0.7

a/H
0.0 wt.% CNT
2.0 wt.% CNT

25.0
20.0
15.0
10.0
5.0
0.0
0.3
0.0 wt.% CNT
2.0 wt.% CNT

Original
Cracked
0.0 wt.% CNT

0.2

a/H = 0.7
PL = 20
Pt = 1.5

30.0

0.4

0.5

0.6

0.7

e

0.30

0.2

35.0

0.2

e = 0.2
PL = 20
Pt = 1.5

0.60

Increase in natural frequency (%)

0.0 wt.% CNT
2.0 wt.% CNT

Relative frequency

0.7

2.0 wt.% CNT
4.0 wt.% CNT
6.0 wt.% CNT

Original
Cracked
0.0 wt.% CNT

30

25

PL

Increase in natural frequency

0.6

e

4.0 wt.% CNT
6.0 wt.% CNT

Figure 7: Increase in cracked beam natural frequency at different
𝑎/𝐻 and wt.% of CNT.

4.0 wt.% CNT
6.0 wt.% CNT

Figure 9: Increase in cracked beam natural frequency at different 𝑒
and wt.% of CNT.

The present work is a start for more work on the repair
of materials using CNT composite patches. In particular, the
authors intend to conduct the following two studies.
(a) Experimental investigation of cracked specimens
repaired by CNT composite patches to restore the
natural frequency of the specimens. The CNT patch
will be bonded over the crack location to repair it. The
specimens will then be subjected to cyclic loadings
to study the influence of the repair on the natural
frequency. Different patch thickness and patch length
values will be considered. In addition, different CNTs
weight concentration ratios will be used. The facilities
and equipment available at the Nanocenter of King
Abdulaziz University will be used in this study.
(b) On the theoretical side, the authors will conduct
further analysis on the stress intensity factor at the
crack tip as was done by Bachir et al. [26] and will use
the J-integral concept of Eshelby-Rice to add results
for fractal cracks. The J-integral for a fractal is path
dependent [27]. This is why a J-integral fractal should
be the rate of release of potential energy per unit of
measurement of the fractal crack growth [28]. The
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authors also intend to compare how well will the CNT
reinforced epoxy patches perform when compared
with highly stiff composites such as carbon epoxy
[29], boron epoxy [30, 31], and graphite epoxy [32].

5. Conclusion
A numerical FEA using ABAQUS/Standard was carried out
to observe the repair of the natural frequency of a cracked
steel cantilever beam with an adhesively bonded epoxy patch
(with and without CNT reinforcement at different wt.%). The
first natural frequency was obtained for the original beam
and then the natural frequency of the cracked beam (𝑎/𝐻 =
0.7 and 𝑒 = 0.2) with different 𝑃𝑡 and 𝑃𝐿 was obtained to
determine the suitable values of 𝑃𝑡 and 𝑃𝐿 . It is shown that 𝑃𝐿
has no effect on the repair of the natural frequency, while as 𝑃𝑡
increases, the natural frequency increases. The effect of 𝑎/𝐻
and 𝑒 was investigated at 𝑃𝑡 and 𝑃𝐿 values of 1.5 and 20 mm,
respectively. The results show that the repair had insignificant
effect on locations and depths that produced low decrease
in the beam natural frequency no matter which CNT wt.%
was used. But at locations where there was a significant drop
in the natural frequency, the effects of CNT’s wt.% became
insignificant at concentrations more than 4.0 wt.%. Further
investigation can be carried out to see the effect of layered
epoxy patches with different 𝑃𝐿 to reduce stress concentration
when the patch thickness increases as in [8]. Experimental
validation of the findings will be carried out in more details
as the facilities and equipment are available for the authors.
Further investigation will be done by inspecting the effects of
the patches on the strain energy release rate at the crack tip
which can be used as a supporting result on the claim of the
effects of the epoxy patches.
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Recently, distributed coordination control of the unmanned aerial vehicle (UAV) swarms has been a particularly active topic in
intelligent system field. In this paper, through understanding the emergent mechanism of the complex system, further research
on the flocking and the dynamic characteristic of UAV swarms will be given. Firstly, this paper analyzes the current researches
and existent problems of UAV swarms. Afterwards, by the theory of stochastic process and supplemented variables, a differentialintegral model is established, converting the system model into Volterra integral equation. The existence and uniqueness of the
solution of the system are discussed. Then the flocking control law is given based on artificial potential with system consensus. At
last, we analyze the stability of the proposed flocking control algorithm based on the Lyapunov approach and prove that the system
in a limited time can converge to the consensus direction of the velocity. Simulation results are provided to verify the conclusion.

1. Introduction
UAV is an advanced system with high autonomy for intelligent combat [1]. In the future, UAVs will be used for complex
tasks, such as surveillance, reconnaissance, and precision
strike missions. Many organizations have foreseen that in the
near future, swarms of UAVs will replace single ones for more
complicated missions in more uncertain and possibly hostile
environments [2]. Therefore, many researchers are studying
groups of cooperative UAVs.
(A) Related Work on the UAV Swarms Problem. The new
challenges imposed by UAV swarms have attracted many
researchers. New control mechanisms, application domains,
simulation models, and simulation tools have been developed
to tackle issues in different aspects of the swarm. Currently,
a completely new topic is opening up in the area of UAV
swarms performing different missions cooperatively. [3], the
method of evolutionary pinning control is applied to UAV
swarms successfully. Path planning and routing are investigated in [4, 5], using multiobjective evolutionary algorithm.
The path planning problem in three-dimensional environment without any obstacles is addressed in [6, 7] and with
only static obstacles in [8]. [9], cooperative searching problem

is discussed for the purpose of detecting moving and evading
targets in a hazardous environment. A similar cooperative
searching problem is also discussed in [10, 11]. Reference [12]
investigates the automatic target recognition (ATR) problem
in UAV control and proposes a distributed strategy for UAV
swarms. Task allocation problem is discussed in [13–18] using
different methodologies. Some applications of using a UAV
swarm to search and destroy targets could be found in [19–
22]. [23], a swarm simulator for target searching is implemented with Java. Garcia introduces a multi-UAVs simulator
implemented with X-Plane—a commercial flight simulator
[24]. Russell et al. present a parallel swarm simulation
environment which utilizes an existing parallel emulation
and simulation tool called SPEEDS [25]. MASON [26] is a
general purpose multiagents simulation library utilized in our
previous work, along with MATLAB based UAV simulator
[27].
(B) Related Work on the Consensus Flocking Problem. Most
research on formation of agent swarms uses distributed techniques by Reynolds’ seminal work on the mobility of flocks
[28], which prescribes three fundamental operations for each
robot to realize distributed flocking—separation, alignment,
and cohesion [29, 30]. One of the earliest attempts to realize
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flocking through a set of basic behaviors including safe
wandering, aggregation, dispersion, and homing to implement flocking is by Mataric [31]. Kelley and Keating realize
flocking with robots based on leader-following behavior
[32]. Hayes and Dormiani-Tabatabaei [33] propose a flocking
algorithm based on two behaviors: collision avoidance and
velocity-matching flock centering. Holland et al. [34] propose a flocking algorithm for UAV similar to Reynolds’. A
host is used as an intermediate station for receiving each
UAV’s range, bearing, and velocity and sending them to
other UAVs to simulate the sensing process of one UAV
for perceiving range, bearing, and heading of its neighbors. Ferrante et al. [35] introduce a new communication
strategy called the information aware communication for
alignment behavior. Recently, Stranieri et al. [36] perform
flocking with a swarm of behaviorally heterogeneous mobile
robots.
In this paper, we consider models for flocking swarms.
Firstly, a mathematical model of cooperative system is
established by using Markov stochastic process and calculus
analysis. Then, the control law for UAV swarm is established
based on artificial potential field. At last, we analyze the
stability of the proposed flocking control algorithm based
on the Lyapunov approach and prove the conclusion that
the system in a limited time can converge to the consensus
direction of the velocity. Simulation results are provided to
verify the conclusion.

The probability of state transition after Δ𝑡 can be obtained
using total probability theorem:
𝑀

𝑃0 (𝑡 + Δ𝑡) = (∑𝑃 (𝐶 (𝑡) = 𝑖, 𝐶 (𝑡 + Δ𝑡) = 𝑖))
𝑖=0

𝑁

𝑁

𝑖=1

𝑖=1

= 𝑃0 (𝑡) (1 − ∑𝜆 0𝑖 Δ𝑡 + 𝑜 (Δ𝑡)) + ∑𝜆 𝑖0 𝑃𝑘 (𝑡) Δ𝑡
𝑀

𝑇

+ ∑ ∫ 𝑃𝑗 (𝑥, 𝑡) 𝑟𝑗 (𝑥) Δ𝑡 𝑑𝑥 + 𝑜 (Δ𝑡) .
𝑗=𝑁+1 0

(2)
According to (2) we can get the all probability:
𝑁

𝑃𝑘 (𝑡 + Δ𝑡) = 𝑃𝑘 (𝑡) (1 − ∑ 𝜆 𝑘𝑖 Δ𝑡 + 𝑜 (Δ𝑡))
𝑖=1,𝑖 ≠𝑘

𝑁

+ ∑ 𝜆 𝑖𝑘 𝑃𝑘 (𝑡) Δ𝑡 + 𝑜 (Δ𝑡) ,
𝑖=1,𝑖 ≠𝑘

𝑘 = 1, 2, . . . , 𝑁,
𝑃𝑗 (𝑥, 𝑡) = 𝑃 (𝐶 (𝑡) = 𝑗;
the time of self-organised 𝐶system is 𝑥 ,
𝐶 (𝑡 + Δ𝑡) = 𝑗)

2. The Model of the UAVs Swarms

= 𝑃𝑗 (𝑥, 𝑡) (1 − 𝑟𝑗 (𝑥) Δ𝑡 + 𝑜 (Δ𝑡)) ,

2.1. Differential Integral Model. Let 𝐶(𝑡) denote the state of
the UAV swarms at time 𝑡; 𝐶(𝑡) = 0 identifies the state
that UAV swarms are stable at time 𝑡. The state of UAV 𝑖 at
time 𝑡 is denoted by 𝑐𝑖 (𝑡) = (𝑝𝑖 (𝑡), 𝑜𝑖 (𝑡)), in which the first
element 𝑝𝑖 (𝑡) = (𝑥𝑖 (𝑡), 𝑦𝑖 (𝑡), 𝑧𝑖 (𝑡)) is the UAV’s position in
the environment at time 𝑡, and the second element 𝑜𝑖 (𝑡) is
the UAV’s orientation. The UAV’s dynamics is subject to its
physical curvature radius constraints, leading to the fact that
it can only change its orientation by at most one step, which
is described as go straight, go up, go down, turn left, turn
upper left, turn lower left, turn right, turn upper right, and
turn lower right.
In order to obtain Markov random process, the new state
of process is derived by supplement of variable [37, 38], which
is described as follows:

𝑗 = 𝑁 + 1, . . . , 𝑀,
(3)
where 𝜆 𝑖𝑗 is the average sustained rate of each state and 𝑟𝑗 (𝑥)
is the average repair rate at state 𝑗. Similarly, the expression of
state transition rate for 𝑃𝑗 (𝑥 + Δ𝑥, 𝑡 + Δ𝑡) can be derivated.
Differentiate the expression for state transition probability to derive its limit. Then the mathematical model can be
described using integral-differential equations as follows:
𝑁
𝑑𝑃0 (𝑡)
+ ∑ 𝜆 0𝑘 𝑃0 (𝑡)
𝑑𝑡
𝑖=0,𝑖 ≠𝑘
𝑁

= ∑ 𝜆 𝑖0 𝑃𝑖 (𝑡)
𝑖=0,𝑖 ≠𝑘

𝑃𝑖 (𝑡) = 𝑃 (𝐶 (𝑡) = 𝑖) ,

𝑀

𝑖 = 0, 1, 2, . . . , 𝑁,

𝑃𝑗𝑘 (𝑥, 𝑡) = 𝑃 (𝐶 (𝑡) = 𝑗, 𝑥 < 𝑦𝑗,𝑘 (𝑡) < 𝑥 + 𝑑𝑥) ,

𝑇

+ ∑ ∫ 𝑟𝑗 (𝑥) 𝑝𝑗 (𝑥, 𝑡) 𝑑𝑥
𝑗=𝑁+1 0

(1)

𝑗 = 𝑁 + 1, . . . , 𝑀, 𝑘 = 0, 1, 2, . . . , 𝑁,

𝑁
𝑑𝑃𝑘 (𝑡)
+ ∑ 𝜆 𝑘𝑖 𝑃𝑘 (𝑡)
𝑑𝑡
𝑖=0,𝑖 ≠𝑘
𝑁

where 𝑦𝑖 (𝑡) is the dwell time after state 𝑖. So it is easy to verify
that {𝑈(𝑡), 0 ≤ 𝑡 ≤ 𝑇0 } = (𝐶(𝑡), 𝑦(𝑡)) is a broad Markov
random process.

= ∑ 𝜆 𝑖𝑘 𝑃𝑖 (𝑡) ,
𝑖=0,𝑖 ≠𝑘

𝑘 = 1, 2, . . . , 𝑁,
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𝜕𝑝𝑗 (𝑥, 𝑡)
𝜕𝑥

+

𝜕𝑝𝑗 (𝑥, 𝑡)
𝜕𝑡

3

+ 𝑟𝑗 (𝑥) 𝑝𝑗 (𝑥, 𝑡) = 0,

× exp (−𝑎0 (𝑡 − 𝑠)) 𝑑𝑠

𝑗 = 𝑁 + 1, . . . , 𝑀.
(4)

𝑁

𝑇0

𝑖=1

0

= exp (−𝑎0 𝑡) + ∑𝜆 𝑖0 ∫ 𝑃𝑖 (𝑠) exp (−𝑎0 (𝑡 − 𝑠)) × 𝑑𝑠
𝑀

𝑇0

+ ∑ ∫ 𝑃𝑖 (0, 𝜏) 𝑑𝜏
𝑖=𝑁+1 0

The boundary and initial conditions are

×∫

𝑇0 −𝜏

0

𝑃0 (0) = 1,

exp (−𝑎0 (𝑇0 − 𝜏) + 𝑎0 V
V

𝑃1 (0) = 0, . . . , 𝑃𝑖 (0) = 0, . . . , 𝑃𝑁 (0) = 0,

− ∫ 𝑟𝑖 (𝜇) 𝑑𝜇) 𝑟𝑖 (V) 𝑑V
0

𝑁

𝑃𝑗 (0, 𝑡) = ∑𝜆 𝑖𝑗 𝑃𝑖 (𝑡) ,

𝑗 = 𝑁 + 1, . . . , 𝑀.

𝑁

𝑇0

𝑖=1

0

= exp (−𝑎0 𝑡) + ∑𝜆 𝑖0 ∫ 𝑃𝑖 (𝑠) 𝑘0 𝑑𝑠

𝑖=0

(5)
𝑀

𝑇0

+ ∑ ∫ 𝑃𝑖 (0, 𝜏) 𝐾𝑖 (𝑡 − 𝜏) 𝑑𝜏,
𝑖=𝑁+1 0

Theorem 1. The reliability of coordination system has uniqueness and nonnegative solution on 𝐶[0, 𝑇].
Proof. According to the initial conditions we can get the
analytic solution of the partial differential equation [39, 40].
Set

(6)
where
𝑘0 = exp (−𝑎0 (𝑇 − 𝑠))
𝑘𝑖 (𝑇 − 𝜏) = ∫

𝑇−𝜏

0

𝑁

𝑁

𝑁

𝑖=1

𝑖=1

𝑖=1

𝑎0 = ∑ 𝜆 0𝑖 , . . . , 𝑎𝑗 = ∑ 𝜆 𝑗𝑖 , . . . , 𝑎𝑁 = ∑ 𝜆 𝑁𝑖 ,

V

𝑘0 ∗ exp (𝑎0 V − ∫ 𝑟𝑖 (𝜇) 𝑑𝜇) 𝑟𝑖 (V) 𝑑V,
0

𝑖 = 𝑁 + 1, . . . , 𝑀,
𝑁

𝑇

𝑃𝑗 (𝑡) = ∑ ∫ exp (−𝑎𝑗 (𝑇 − 𝑠)) 𝜆 𝑖𝑗 𝑃𝑖 (𝑠) 𝑑𝑠
𝑖=0,𝑖 ≠𝑗 0

𝑥

𝑃𝑗 (𝑥, 𝑡) = 𝑃𝑖 (0, 𝑡 − 𝑥) exp (− ∫ 𝑟𝑖 (𝜇) 𝑑𝜇) ,

𝑁

0

𝑇

= ∑ ∫ 𝑘𝑗 𝜆 𝑖𝑗 𝑃𝑖 (𝑠) 𝑑𝑠,
𝑖=0,𝑖 ≠𝑗 0

𝑖 = 𝑁 + 1, . . . , 𝑀

𝑗 = 1, 2, . . . , 𝑁,
(7)

𝑁

𝑑𝑃0 (𝑡)
= − 𝑎0 𝑃0 (𝑡) + ∑ 𝜆 𝑖0 𝑃𝑖 (𝑡)
𝑑𝑡
𝑖=0,𝑖 ≠𝑘
𝑀

where 𝑘𝑗 = exp(−𝑎𝑗 (𝑇 − 𝑠)), 𝑗 = 1, 2, . . . , 𝑁.
So we can get the following equation:

𝑇

𝑥

+ ∑ ∫ 𝑃𝑗 (0, 𝑡 − 𝑥) exp (− ∫ 𝑟𝑖 (𝜇) 𝑑𝜇)
𝑗=𝑁+1 0

0

𝑁

𝑖=0

× 𝑟𝑖 (𝑥) 𝑑𝑥,
𝑁

𝑇0

𝑖=1

0

𝑀

𝑙=0,𝑙 ≠𝑗 0

𝑇

𝑁

𝑁

0

𝑖=0

𝑙=0,𝑙 ≠𝑗

(8)

𝑗 = 𝑁 + 1, . . . , 𝑀.
Assuming

𝑠

+ ∫ [ ∑ ∫ 𝑃𝑖 (0, 𝜏) exp (− ∫
0

𝑇

= ∫ 𝑘𝑗 (∑𝜆 𝑖𝑗 ) ( ∑ 𝜆 𝑙𝑗 𝑃𝑙 (𝑠)) 𝑑𝑠,

𝑃0 (𝑡) = exp (−𝑎0 𝑡) + ∑𝜆 𝑖0 ∫ 𝑃𝑖 (𝑠) exp (−𝑎0 (𝑡 − 𝑠)) 𝑑𝑠
𝑇0

𝑁

𝑃𝑗 (0, 𝑡) = ∑𝜆 𝑖𝑗 ∑ ∫ 𝑘𝑗 𝜆 𝑙𝑗 𝑃𝑙 (𝑠) 𝑑𝑠

𝑖=𝑁+1 0

𝑠−𝜏

0

× 𝑟𝑖 (𝑠 − 𝜏) 𝑑𝜏]

𝑟𝑖 (𝜇) 𝑑𝜇)

𝑃 (𝑡) = (𝑃0 (𝑡) , 𝑃1 (𝑡) , . . . , 𝑃𝑁 (𝑡) , 𝑃𝑁+1 (0, 𝑡) , . . . , 𝑃𝑀 (0, 𝑡)) ,
𝑓 (𝑡) = (𝑓0 (𝑡) , 𝑓1 (𝑡) , . . . , 𝑓𝑁 (𝑡) , 𝑓𝑁+1 (0, 𝑡) , . . . , 𝑓𝑀 (0, 𝑡))
= (exp (−𝑎0 𝑡) , 0, . . . , 0, . . . , 0) ,
(9)
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then, the solution of the system can be converted into vectors
format as follows:
𝑇

𝑃 (𝑡) = 𝑓 (𝑡) + ∫ 𝑘 (𝑇 − 𝑠) 𝑃 (𝑠) 𝑑𝑠,
0

𝜆 10 𝑘0
0
..
.
𝜆 2𝑁𝑘𝑁

0
𝜆 01 𝑘1
..
.
𝜆 0𝑁𝑘𝑁

⋅⋅⋅
⋅⋅⋅

(
(
(
(
(
(
(
𝑁
𝑁
𝑘 (𝑇 − 𝜏) = (
(( ∑ 𝜆 𝑙𝑗 ) 𝜆 0𝑁+1 ( ∑ 𝜆 𝑙𝑗 ) 𝜆 1𝑁+1
(
( 𝑙=0,𝑙 ≠𝑗
𝑙=0,𝑙 ≠𝑗
(
..
..
(
(
.
.
(
𝑁

(

( ∑ 𝜆 𝑙𝑗 ) 𝜆 0𝑀
𝑙=0,𝑙 ≠𝑗

𝜆 𝑁0 𝑘0
𝜆 𝑁1 𝑘1
..
.
0

⋅⋅⋅
⋅⋅⋅
𝑁

⋅ ⋅ ⋅ ( ∑ 𝜆 𝑙𝑗 ) 𝜆 𝑁𝑁+1

𝑘𝑁+1 (𝑇 − 𝑠)
0
..
.
0
0

𝑙=0,𝑙 ≠𝑗

..
.

⋅⋅⋅

𝑁

𝑁

𝑙=0,𝑙 ≠𝑗

𝑙=0,𝑙 ≠𝑗

( ∑ 𝜆 𝑙𝑗 ) 𝜆 1𝑀 ⋅ ⋅ ⋅ ( ∑ 𝜆 𝑙𝑗 ) 𝜆 𝑁𝑀

..
.
0

⋅ ⋅ ⋅ 𝑘𝑀 (𝑇 − 𝑠)
⋅⋅⋅
0
..
)
)
⋅⋅⋅
.
)
)
⋅⋅⋅
0
)
)
)
).
)
⋅⋅⋅
0
)
)
)
..
)
)
⋅⋅⋅
.
)
⋅⋅⋅

0

)
(10)

Any component of 𝐹(𝑡) and 𝐺(𝑡−ℎ) vector is nonnegative.
The functions 𝐹𝑗 (𝑡) and 𝐺𝑗 (𝑡−ℎ), 𝑗 = 1, 2, . . . , 𝑀 are limitary
on the domain 0 < 𝑇 < +∞. The solution of integral equation
is unique and nonnegative on 𝐶[0, 𝑇]. So the reliability of
coordination system has unique and nonnegative solution on
𝐶[0, 𝑇].
2.2. Probabilistic Analysis Based on State Transformation.
The behavior evolution of the UAV swarm system is a
limited Markov decision process. Suppose that the probability
distribution of the system state is 𝑃(𝑁, 𝑡) at time 𝑡. Then at
time 𝑡+𝜏, the probability distribution is 𝑃(𝑁, 𝑡+𝜏). According
to the relationship of the probability density at different time,
the marginal probability density 𝑃(𝑁, 𝑡 + 𝜏) is 𝑃(𝑁, 𝑡 + 𝜏) =
∫ 𝑃(𝜂, 𝑡)𝑃(𝑁, 𝑡 + 𝜏 | 𝜂, 𝑡)𝑑𝜂.
And the time derivative of the 𝑃(𝑁, 𝑡 + 𝜏) is
𝑃 (𝑁, 𝑡 + 𝜏) − 𝑃 (𝑁, 𝑡)
𝑑𝑃 (𝑁, 𝑡)
= lim
.
𝜏→0
𝑑𝑡
𝜏

3. Flocking Control of UAV Swarms
3.1. Flocking Control Law. In this section, first we design a
distributed flocking control law. Assuming that each UAV
senses its own position and velocity and is able to obtain
its neighbors’ position and velocity, the UAV swarms form
flocking behaviour model structure control law as follows:
𝑁

𝑈𝑖 = Uniformity (V) ∑ 𝑓 (𝑝𝑖,𝑗 ) (𝑝𝑖 − 𝑝𝑗 )
𝑗=1,𝑗 ≠𝑖

𝑁

(12)

where 𝛿(𝑁 − 𝜂) = 𝑃(𝑁, 𝑡 + 𝜏 | 𝜂, 𝑡), when 𝜏 = 0. Thus,
𝑑𝑃 (𝑁, 𝑡)
= ∫ {𝑊 (𝜂, 𝑛) 𝑃 (𝜂, 𝑡) − 𝑊 (𝑛, 𝜂) 𝑃 (𝑛, 𝑡)} 𝑑𝜂.
𝑑𝑡
(13)

(14)

+ 𝛽 (𝑝𝑖 − 𝑝goal ) + ∑ 𝑎𝑖,𝑗 (𝑝𝑖,𝑗 ) (V𝑗 − V𝑖 ) ,
𝑗=1,𝑗 ≠𝑖

(11)

Define 𝑊𝑡 (𝜂, 𝑁) as the transition probability density from
state 𝜂 to state 𝑁 in unit time during time interval [𝑡, 𝑡+𝜏]. So
the transition probability from state 𝜂 to state 𝑁 during time
interval [𝑡, 𝑡 + 𝜏] is 𝜏𝑊𝑡 (𝜂, 𝑁). Then the probability by which
the transition does not happen is
1 − 𝜏 ∫ 𝑊𝑡 (𝜂, 𝑁) 𝛿 (𝑁 − 𝜂) 𝑑𝑛,

Equation (13) describes the evolution of the system states
over time, which is the primary equation model of the UAV
swarms behavior.

where Uniformity (V) = (𝛼 ∑𝑖 ≠𝑗 ‖V𝑖 − V𝑗 ‖2 ). Note that alignment at a common velocity is equivalent to Uniformity (V) =
0. 𝑃𝑖,𝑗 is the distance between the individual 𝑖 and 𝑗. 𝑈𝑖𝑗 is
potential function and satisfies the condition [29, 30]:
(i) 𝑈𝑖𝑅 (‖𝑝𝑖 − 𝑝𝑗 ‖) → ∞, ‖𝑝𝑖 − 𝑝𝑗 ‖ < 𝑅min ,
(ii) 𝑅min ≤ ‖𝑝𝑖 − 𝑝𝑗 ‖ ≤ 𝑅max , ∃! min 𝑈𝑖𝑅 .
3.2. Stability Analysis. Consider the following positive semidefinite function:
𝐸=

𝑁
1 𝑁
(∑ ( ∑ 𝑈𝑖,𝑗 + 𝐾𝑖 𝑈𝑖,goal ) + V𝑖𝑇 V𝑖 ) .
2 𝑖=1 𝑗=1,𝑗 ≠𝑖

(15)
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In order to facilitate writing, we simplify the certification
process variable substitution as follows:
𝑁

Theorem 2. Consider the UAV swarms consisting of 𝑁 UAVs.
The position of individual 𝑖 is 𝑝𝑖 . All individuals in the swarms
will eventually build up to the spherical region:

𝑈𝑖 = ( ∑ 𝑈𝑖,𝑗 + 𝐾𝑖 𝑈𝑖,goal ) ,

 2𝜆 (𝐺) (𝑁 − 1) 𝑙𝐶

.
𝑝𝑖 − 𝑝𝑐  ≤ max 𝑇
𝜆 min (𝐴 𝐺 + 𝐺𝐴)

𝑗=1,𝑗 ≠𝑖

𝑁
1𝑁
𝑇
𝐸̇
= ∑𝑈̇
𝑖 − ∑V𝑖 𝑈𝑖
2 𝑖=1
𝑖=1

(18)

Proof. Consider

𝑁
𝑁
1𝑁
𝑇
= ∑𝑈̇
𝑖 + ∑V𝑖 (− ∑ ∇𝑝𝑖 𝑈𝑖𝑗 (𝑝𝑖,𝑗 ) − 𝐾𝑖 ∇𝑝𝑖 𝑈𝑖𝐴 (𝑝𝑖,𝑗 )
2 𝑖=1
𝑖=1
𝑗=1,𝑗 ≠𝑖
𝑁

− ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ))

= 𝑉𝑐
𝑃𝑐̇
𝑁
1 𝑁
1 𝑁


𝑉𝑐̇
= ∑V̇
∑ (− ∑ ∇𝑝𝑖 𝑈𝑖𝑗 (𝑝𝑖 − 𝑝𝑗 ))
𝑖 =
𝑁 𝑖=1
𝑁 𝑖=1
𝑗=1,𝑗 ≠𝑖

(19)

𝑁

𝑗=1,𝑗 ≠𝑖



− 𝛽𝑖 ∇𝑝𝑖 𝑈𝑖𝐴 (𝑝𝑖 − 𝑝𝑐 ) − ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ) = 0,

𝑁

𝑁

𝑁

𝑖=1

𝑖=1

𝑗=1,𝑗 ≠𝑖

𝑗=1,𝑗 ≠𝑖

= ∑V𝑖𝑇 ∇𝑝𝑖 𝑈𝑖 + ∑V𝑖𝑇 (− ∑ ∇𝑝𝑖 𝑈𝑖𝑗 (𝑝𝑖,𝑗 )

𝑁
where 𝑃𝑐 (𝑡) = (1)/𝑁 ∑𝑁
𝑖=1 𝑝𝑖 (𝑡), 𝑉𝑐 = (1)/𝑁 ∑𝑖=1 𝛼𝑖,𝑗 V𝑖 .
By making the variable replacement 𝜀𝑖𝑝 = 𝑃𝑖 − 𝑃𝑐 , 𝜀𝑖𝑝 =
V𝑖 − V𝑐 , we get

− 𝐾𝑖 ∇𝑝𝑖 𝑈𝑖,goal (𝑝𝑖,goal )
𝑁

− ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ))

= 𝜀𝑖V ,
𝜀𝑖𝑝̇

𝑗=1,𝑗 ≠𝑖

=

𝑁

∑V𝑖𝑇 ∇𝑝𝑖
𝑖=1
+

𝑁


= (− ∑ ∇𝑝𝑖 𝑈𝑖𝑗 (𝑝𝑖 − 𝑝𝑗 )
𝜀𝑖𝑝̇

𝑁

( ∑ 𝑈𝑖,𝑗 + 𝐾𝑖 𝑈𝑖,goal )

𝑗=1,𝑗 ≠𝑖

𝑗=1,𝑗 ≠𝑖

𝑁

𝑁
∑V𝑖𝑇 (− ∑ ∇𝑝𝑖 𝑈𝑖𝑗
𝑖=1
𝑗=1,𝑗 ≠𝑖

𝑁



−𝛽𝑖 ∇𝑝𝑖 𝑈𝑖𝐴 (𝑝𝑖 − 𝑝𝑐 ) ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ))

− 𝐾𝑖 ∇𝑝𝑖 𝑈𝑖,goal

𝑗=1,𝑗 ≠𝑖

𝑁

𝑁

= −𝛽𝑖 𝜀𝑖𝑝 − 𝑁 ( ∑ 𝛼𝑖,𝑗 ) 𝜀𝑖V

− ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ))

𝑗=1,𝑗 ≠𝑖

𝑗=1,𝑗 ≠𝑖

𝑁

𝑁

𝑖=1

𝑗=1,𝑗 ≠𝑖

𝑁


− ∑ ∇𝑝𝑖 𝑈𝑖𝑗 (𝑝𝑖 − 𝑝𝑗 ) .

= ∑V𝑖𝑇 (− ∑ 𝛼𝑖,𝑗 (V𝑖 − V𝑗 ))

𝑗=1,𝑗 ≠𝑖

Then

= −V𝑇 (𝐿 𝐶 ⊗ 𝐼3 ) V,
(16)
where 𝐿 𝑐 is UAV swarms system satisfying the Laplacian
matrix of the communication conditions. Therefore, the
quadratic form is explicitly described as follows:
= −V𝑥𝑇 𝐿 𝑐 V𝑥 − V𝑦𝑇 𝐿 𝑐 V𝑦 − V𝑧𝑇 𝐿 𝑐 V𝑧 ≤ 0.
𝐸̇

(20)

(17)

Consider the following collections: {V𝑖 , 𝑃𝑖,𝑗 | 𝐸 ≤ 𝐶} is
a closed set. The following is to verify that it is a compact
set, and there is a clear conclusion that 𝑃𝑖,𝑗 ≤ 𝐶. Similarly
V𝑖𝑇 V𝑖 ≤ 𝐶, ‖V𝑖 ‖ ≤ 𝐶1/2 , and according to the definition of the
−1
(𝐶(𝑁−1)). According to
potential field we obtain ‖𝑃𝑖,𝑗 ‖ ≤ 𝑈𝑖,𝑗
the LaSalle invariance principle, the system will converge to
the largest invariant set in the area and meet 𝐸̇
= 0. According
to 𝐸̇
= 0, when the system enters the steady state, the speed of
each individual is equal, and all individuals move to the target
position 𝑃goal , making the overall potential energy minimum.

0
1
𝜀𝑖𝑝̇
𝑁
̇
𝜁𝑖 = ( ) = (
) 𝜁𝑖
−𝛽𝑖 −𝑁 ( ∑ 𝛼𝑖,𝑗 )
𝜀𝑖V̇
𝑗=1,𝑗 ≠𝑖

𝑁

0

− ( ∑ ∇ 𝑈 (𝑝 − 𝑝 )) ,
𝑝𝑖 𝑖𝑗 
𝑗

 𝑖
𝑗=1,𝑗 ≠𝑖

0

1
𝑁

𝐴=(
),
−𝛽𝑖 −𝑁 ( ∑ 𝛼𝑖,𝑗 )
𝑗=1,𝑗 ≠𝑖

𝑁

0

𝐵 = ( ∑ ∇ 𝑈 (𝑝 − 𝑝 )) .
𝑝𝑖 𝑖𝑗 
𝑗

 𝑖
𝑗=1,𝑗 ≠𝑖

(21)
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Since 𝐾𝑖 , 𝑁 > 0,

7
6

2
2

±

√ (𝑁 (∑𝑁
𝑗=1,𝑗 ≠𝑖 𝛼𝑖,𝑗 )) − 4𝑘𝑖
2

5

(22)
,

4
(rad)

𝜆 (𝐴) =

−𝑁 (∑𝑁
𝑗=1,𝑗 ≠𝑖 𝛼𝑖,𝑗 )

Re (𝜆 (𝐴)) < 0.

3

The largest and the smallest eigenvalues of symmetric positive definite matrix 𝑆 are 𝜆 max (𝑆) and 𝜆 min (𝑆), respectively.
The symmetric positive definite matrix 𝑆 with appropriate
dimensions satisfies the following conclusion [41, 42].
 2
 2
𝜆 min (𝑆) 𝜁𝑖  ≤ 𝜁𝑖𝑇 𝑆𝜁𝑖 ≤ 𝜆 max (𝑆) 𝜁𝑖  .

2
1

(23)

0
0

Finally, select Lyapunov function
𝐸𝑖 = 𝜁𝑖𝑇 𝐺𝜁𝑖 ,

𝐺𝑇 = 𝐺,

𝜆 (𝐺) > 0.

20

(24)

40

60

80

100 120
t (s)

140

160

180

200

Figure 1: Velocities with respect to time.

Time derivative can be obtained:
𝐸𝑖̇
= 𝜁𝑖𝑇̇
𝐺𝜁𝑖 + 𝜁𝑖𝑇 𝐺𝜁𝑖̇
= (𝐴𝜁𝑖 − 𝐵) 𝐺𝜁𝑖 + 𝜁𝑖𝑇 𝐺 (𝐴𝜁𝑖 − 𝐵)
𝑇

= −𝜁𝑖𝑇 (𝐴𝑇 𝐺 + 𝐺𝐴) 𝜁𝑖 − 2𝜁𝑖𝑇 𝐺𝐵,

(25)

 


𝑈𝑖𝑗 (𝑝𝑖 − 𝑝𝑗 ) 𝑝𝑖 − 𝑝𝑗  ≤ 𝑙𝐶.

4000
2000

Therefore, according to the above formula we obtain

0

 
 2
𝐸𝑖̇
≤ −𝜆 min (𝐴𝑇 𝐺 + 𝐺𝐴) 𝜁𝑖  + 2𝜆 max (𝐺) 𝜁𝑖  (𝑁 − 1) 𝑙𝐶.
(26)

−2000

8000

8000

6000

6000

4000
Y
2000

When
  2𝜆 max (𝐺) (𝑁 − 1) 𝑙𝐶
,
𝜁𝑖  >
𝜆 min (𝐴𝑇 𝐺 + 𝐺𝐴)

4000
2000
0

(27)

0

X

Figure 2: Trajectories with respect to time.

𝐸𝑖̇
< 0. The system continues to move closer to the population
centre. Therefore, eventually the system stabilizes at a known
system of
  2𝜆 max (𝐺) (𝑁 − 1) 𝑙𝐶
.
𝜁𝑖  ≤
𝜆 min (𝐴𝑇 𝐺 + 𝐺𝐴)

−0.3
−0.4

(28)

−0.5
−0.6
−0.7
Pitch

4. Simulation of System Flocking
Formation Behavior

−0.9

According to the UAV’s physical characteristics, this paper
will discretize the time with high frequency. Thus, a UAV 𝑖
makes its path decision 𝑃𝑖 (𝑡+1) at time-step 𝑡 and will execute
an action as the following equation:
𝑃𝑖 (𝑡 + 1) = 𝑃𝑖 (𝑡) + VΔ𝑡.

−0.8

(29)

The movement of the individual is not only controlled
by itself but also affected by the state of other individuals.

−1
−1.1
−1.2
−1.3

0

500

1000

1500
Time

2000

2500

Figure 3: Angle of the Pitch with respect to time.
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Therefore, the individual direction of movement at a certain
time is not only relative to its direction one moment before,
but also relative to the directions of its surrounding individuals’ movements. The influence of all the individuals to the
individual 𝑖 can be described as the following equation:

1.4
1.35
1.3

Roll

1.25
1.2

𝑛 𝜃 (𝑡)
1
𝑗
.
∑
∑ 1/𝑝𝑖𝑗 𝑗=1 𝑝𝑖𝑗

1.15
1.1

Then, the speed direction of the UAV 𝑖 at time (𝑡 + 1) can
be modified as the following equation:

1.05
1
0.95
0

500

1000

1500
Time

2000

2500

3000

𝜃𝑖 (𝑡 + 1) = 𝛼𝜃𝑖 (𝑡) + 𝛽
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0.16
0.14

AOA

0.12
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0.08
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0.04
0.02
0
0

500

1000

1500
Time

2000

2500

3000

Figure 5: Angle of the Attack with respect to time.

We consider the swarms of 100 UAVs with six degrees
of freedom. The weights of the cost function are set to 𝛼 =
0.3, 𝛽 = 0.5, 𝛾 = 0.2, 𝑉 = [200, 0, 0] m/s and 𝑚 = 25 kg.
Direction is the rand variable from −2 ∗ pi to 2 ∗ pi. The
position of the UAVs is the rand variable. The factors of the
influence on the flight are wind and airstream. The results for
the case of 100 UAVs are shown in Figures 1 and 2.
From Figure 1, at 𝑡 = 19 s, the velocities of the swarms
achieve consensus at 𝜃 = 3.2.
Figure 2 describes the trajectories with respect to time.
The UAV swarms system will eventually be able to form a
stable distance between each individual and the same velocity
vectors. Collision between individuals is thus avoided.
Figures 3, 4, and 5 show the Pitch, Roll, and Attack with
respect to time. From the simulation results, we can conclude
that the UAVs based on the method successfully fly after the
adjustment at the initial stage.
Figure 6 shows the Sideslip with respect to time. Through
the analysis of the Sideslip Angle, we can find that the Angle
of the Sideslip is less than 0.5 degrees and tends to zero, to
ensure the turning flight control.

5. Conclusion

×10−3
10

This paper analyzed current researches and existent problems
of UAV swarms. Afterwards, by the theory of stochastic
process and supplemented variables, a differential-integral
model was established. The existence and uniqueness of
the solution of the system were discussed. The flocking
control law is given based on artificial potential with system
consensus. At last, we analyzed the stability of the proposed
flocking control algorithm based on the Lyapunov approach
and proved the conclusion that the system in 28 s can
converge to the consensus direction of the velocity. And we
performed simulation tests to verify the conclusion.

8
6
4
2
0
−2
0

𝑛 𝜃 (𝑡)
𝑦 − 𝑦1
1
𝑗
+ 𝛾 arctan 0
.
∑
∑ 1/𝑝𝑖𝑗 𝑗=1 𝑝𝑖𝑗
𝑥0 − 𝑥1

(31)

Figure 4: Angle of the Roll with respect to time.
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Figure 6: Angle of the Sideslip with respect to time.
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This paper investigated microbial denitrification using electrochemical sources to replace organic matter as reductant. The work
also involved developing a system that could be optimised for nitrate removal in applied situations such as water processing in fish
farming or drinking water, where high nitrate levels represent a potential health problem. Consequently, the study examined a range
of developments for the removal of nitrate from water based on the development of electrochemical biotransformation systems for
nitrate removal. This also offers considerable scope for the potential application of these systems in broader bionanotechnology
based processes. Furthermore, the work discussed the context of improved microbial fuel cell (MFC) performance, potential
analytic applications, and further innovations using a bionanotechnology approach to analyse cell-electrode interactions. High
nitrate removal rate of more than 95% was successfully achieved by using a MFC system modified with carbon nanomaterials.

1. Introduction
A biological nitrate removal using microbial fuel cells (MFCs)
has attracted great attention due to its ability to directly generate electricity, while accomplishing water and wastewater
treatment. MFCs are bioelectrochemical systems (BESs) that
use electrochemically active microorganisms. The microorganisms act as catalyst for the electrochemical oxidation of
the organic material, and the electrode is therefore referred
to as a microbial bioanode [1]. This oxidation occurs in
an anaerobic environment, resulting in producing electrons,
protons, and CO2 . The protons, which are created at the
anode to maintain a charge balance, typically migrate through
the solution to the cathode. In contrast, the electrons flow
through an external electrical circuit with a load resistance
to the cathode and in turn combine with protons and an
oxidant to generate electricity. In a conventional MFC, the
cathode is abiotic, due to the use of expensive and sustainable catalysts. Microbial biocathodes have been shown as
greatly promising alternative, as inexpensive and sustainable
electrode materials can be used [2]. In addition, anaerobic
biocathodes can offer the advantages of having a MFC system

with both anaerobic anode and cathode chambers. This
helps minimise the risk of oxygen leaking in the anode
chamber, thus increasing the efficiency of its reaction, and
also helps reduce the cost of the catalyst used. The first
development of a biocathode was achieved by Clauwaert et
al. in [3], demonstrating that a complete denitrification can
be performed using microorganisms in the cathode with
electrons supplied by microorganisms oxidising acetate in
the anode. Simultaneous organic removal, power production,
and full denitrification were achieved without relying on
H2 -formation or external power. It was also reported that a
bacterial culture enriched in Geobacter species could reduce
nitrate to nitrite by using the cathode as the terminal electron
donor [4]. In 2008, Lefebvre and coworkers proposed a novel
type of two-chambered MFC, where the costly catalyst on
the cathode surface was replaced by an autoheterotrophic
denitrifying biofilm [5]. Denitrification was performed by
microorganisms using electrons supplied by bacteria oxidising domestic wastewater and with acetate as the substrate in
the anode chamber.
The MFC performance can be improved through a
proper design of the MFC reactor and the selection of
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appropriate materials. A wide variety of carbon-based materials, including carbon paper, carbon cloth, carbon felt, and
graphite granules (GGs), have been examined as electrode
in MFC [6–9]. Carbon based materials such as graphite
felt (GF), carbon fibres, and carbon cloth have been widely
used as electrode materials for electrochemical properties
due to their stability, high surface area, and availability at
a reasonable cost. GF electrodes have been shown to be
attractive materials due to their interesting characteristics
in applications, such as electrosynthesis and metal recovery.
However, GF electrodes have low electrochemical activity due
to poor kinetics and reversibility that limit their use as active
electrode materials. Therefore, great attention has been paid
to the modification of such electrode materials in order to
improve their electrochemical properties. The modification
of the electrode surface area may also improve such aspects
as bacterial adhesion, hence increasing the electron transfer
from bacteria to the electrode surface. Geobacter sp. can
make an electrical connection with graphite electrodes and
can accept electrons from an electrode when the electrode
is poised at a negative potential [4]. It was reported that
the electrochemical activity of the GF can be improved
by treating the GF with concentrated sulphuric acid [10].
Alternative novel modification techniques were also developed to enhance the GF electrochemical activity material,
as shown in [11]. Furthermore, it has been demonstrated
that carbon nanomaterials have the ability to facilitate the
electron transfer process during the electroreduction and
electrooxidation of electroactive species such as NADH and
hydrogen peroxide [12, 13] and during the enzyme-substrate
interaction [14]. Additionally, the porous structure of the
carbon nanomaterials can give the electrode better wetting
properties [15]. This can allow the analyte to diffuse into
the carbon nanomaterial bundles with lower friction, as
mentioned in [16].
In this study, a mediatorless H-shaped MFC is constructed using bacteria both in the anode and cathode
in order to perform biological nitrate removal. A mixed
bacterial culture in the cathode can perform denitrification
through the use of electrons supplied by a mixed bacterial
culture oxidising acetate in the anode. This configuration
represents an anodic (oxidative) reaction in water heavily
contaminated with organics, while the reduction for nitrate
is carried in relative clean environment, so avoiding the
addition of organic matter required for conventional denitrification systems. Furthermore, in an attempt to improve
the MFC, modifications to the electrochemical properties
of the electrode were investigated through the use of a
cyclic voltammetry using carbon nanomaterials to coat the
graphite felts electrodes. Among all the nanomaterials used
in this study, graphitised carbon nanofibers (GCNFs) were
selected for further investigation, as they offered the best
electrochemical performance and were thought to provide
the largest active surface area. The performance of the MFC
system coupled with the GCNFs modified electrodes was
evaluated and significant improvements were observed. The
highest voltage output achieved was about 41 mV with over
95% nitrate removal.
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2. Materials and Methods
2.1. MFC Design and Operation
2.1.1. MFC Construction. An H-shape MFC, which consisted
of two separated chambers joined with a glass tube containing
a 4.7 cm × 4.5 cm diameter proton exchange membrane
(PEM), was constructed. The volume of each chamber was
approximately 200 mL with a 50 mL headspace. Anodic and
cathodic chambers were operated in anaerobic conditions,
where the top of each chamber was sealed with a rubber
stopper. A platinum wire was introduced from the top of
each chamber through the rubber stopper to solder one end
of a rectangular prism shaped graphite felt electrode (GFE),
having a surface area of 40 cm2 and a weight of 0.719 g.
Given that the rectangular prism-shaped electrode (SA) had
a length (𝐿) of 4 cm, a width (𝑊) of 0.5 cm, and a height (𝐻)
of 4 cm, the outer surface area was calculated as
SA = 2𝐿𝑊 + (2𝐿 + 2𝑊) 𝐻
SA = 2 × 4 × 0.5 + (2 × 4 + 2 × 0.5) × 4 = 40 cm2 .

(1)

Each chamber has two side ports to allow the provision of
fresh substrate, as well as the purge of nitrogen, and to allow
the removal of the treated one.
2.1.2. MFC Inoculation and Operation. A soil sample was
collected from a depth of 3 cm using a clean spatula and
bag and was then delivered to a laboratory within 5 min.
An inoculum solution was prepared by adding 10 g soil to
a 250 mL flask containing 70 mL of an autoclaved solution.
The latter was prepared with 1 g CH3 -COONa-3H2 O and 3 g
KNO3 in 500 mL distilled water and then autoclaved at 121∘ C
for 15 min. The inoculum solution was shaken and kept for
20 min before being used. The mixed culture of soil inoculum
was simultaneously inoculated into each chamber during
the MFC start-up. Both anode and cathode chambers were
similarly filled with an artificial wastewater medium. This
artificial wastewater medium, which was prepared according
to [17], contained inorganic salts dissolved in 990 mL of 5 mM
phosphate buffer and 10 mL of a trace mineral solution. The
phosphate buffer solution used to form the basis of the salt
solution was prepared as a mixture of KH2 PO4 and K2 HPO4 .
The salt solution was autoclaved at 121∘ C for 15 min and left
to cool. Nitrogen gas was then purged for 30 min to remove
oxygen. The solution’s pH was checked and adjusted to 7 in
each chamber through the addition of 1 M HCl or 1 M NaOH.
The former (HCl) was used to reduce pH, while the latter
(NaOH) was used to increase pH.
In order to maximise the growth of the biofilm-forming
organisms, enrichment was conducted in three different
modes for three months, following the procedure given in
[18]. The MFC reactor was first operated in a fed-batch
mode under a closed circuit condition through 10 KΩ in
the first month. This essential growth mode allowed the
microorganisms to grow at a constant load using acetate as
a carbon source in the anodic chamber and nitrate as an electron acceptor in the cathodic chamber. This was facilitated
through the weekly addition of 2 mM (169.5 mg/L) sodium
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acetate CH3 -COONa-3H2 O and 8.4 mM (847.9 mg/L) potassium nitrate (KNO3 ) into the anodic and cathodic chambers,
respectively. The second mode was performed as starvation
mode for a month, where the addition of a carbon source
was stopped and the nitrate fed was carried out weekly.
The main goal of this mode was to enable consumption
of carbon source added in the first mode. The mode was
also given a selection of organisms that were capable of
either using residual acetate or internally storing carbon to
be subsequently used for cellular maintenance needs. This
purpose was achieved by replacing the medium solution in
both chambers after two weeks of the starvation mode period,
which helped avoid sodium and nitrite accumulations in
the anode and cathode chambers, respectively. Furthermore,
the weekly addition of the carbon source was restarted
and the external load was reduced from 10 KΩ to 500 Ω
to allow a higher current to flow between the electrodes
for the rest of the enrichment period. This resulted in
higher availability of an electron acceptor in the cathode
and offered the opportunity of the growth of exoelectrogenic
organisms. During the enrichment process, both chambers
were purged with gaseous nitrogen for 10 min after each fuel
addition in order to obtain anaerobic conditions. Moreover,
the solution in each chamber was continuously mixed using
a magnetic stirrer to enhance mass transfer. The experiment
was conducted at room temperature.
The enrichment process was completed and the MFC
operation was then started, where the power generated is
computed as the production of cell voltage across an external
resistance due to the current flow through the resistor. The
MFC system is operated at a steady state when the power
generated equals the power consumed for an extended time.
In steady state MFC systems, sustainable power can be generated as the product of a steady current passing through a fixed
load and a constant voltage drop across this load. Due to the
possibility of many steady conditions in a MFC system, it is
important to define the condition in which the MFC produces
the maximum sustainable current, as well as computing the
maximum sustainable power. In order to obtain a steady state
condition, the MFC system was initially conducted through
an external resistance of 500 Ω in several batch modes using
acetate as the carbon source and nitrate as the electron
acceptor under anaerobic conditions. The cell voltage was
measured every hour using a digital multimeter connected
to a personal computer through a data acquisition system
(34405A, Agilent). The nutrient medium was completely
replaced at the operation start-up and when the voltage
dropped to less than 5 mV as an end of batch. Previous study
[19] found that a stable MFC system was achieved when the
voltage output was reproducible after replacing the medium
at least twice. In this study, a stable voltage generation
(sustainable voltage) of 30 mV approximately was produced
after three batches. Furthermore, in order to define the steady
state that provides the maximum power output, a polarization
curve was obtained by measuring the stable voltage generated
at various external resistances. In addition, a series of batchmode MFC tests were performed to investigate the effect of
nitrate and acetate concentrations on the MFC’s performance
and its denitrification activities. The operation of these
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tests was carried out under closed circuit with an external
resistance of 500 Ω. The effect of external resistance on the
denitrification process was studied by operating the MFC
under three different loads. Nitrate reduction and nitrite
accumulation rates were studied and evaluated throughout
the tests. Nitrate and nitrite concentrations were measured
using an ultraviolet spectrophotometric screening method
proposed in [20] and a development spectrophotometric
method proposed in [21], respectively.

2.2. MFC Developments and Modifications
2.2.1. Investigation of the Electrochemical Properties of the Electrode. This section aims to investigate the electrochemical
properties of a GFE using cyclic voltammetry experiments.
The cyclic voltammetry is an active technique that involves
the application of potential to an electrode and monitoring
of the current response through the electrochemical cell over
a period of time. The applied potential induces a change in
the concentration of the electroactive element at the electrode
surface through electrochemical oxidation or reduction.
This technique can either be used for organic or inorganic
substances including studies of adsorption processes on
surfaces, electron transfer and reaction mechanisms, kinetics of electron transfer processes, and transport of species
in solution. Furthermore, the electrochemical experiments
were conducted using Epsilon electrochemistry and a threeelectrode arrangement. The three electrodes were comprised
of a working electrode at which the redox reaction takes place,
a reference electrode through which no current flows, and a
counter electrode (an auxiliary electrode) which completes
the circuit. The working electrode was graphite felt, the
auxiliary electrode was platinum (Pt), and the reference
electrode was a silver/silver chloride electrode (Ag/AgCl).
These electrodes are connected to a potentiostat that provides
the desired potential. The potentiostat was linked up with
a personal computer controlled electrochemical application
that was used for collecting and calculating the data. The
electrochemical experiments were carried out in a one compartment electrochemical cell with a volume of about 25 mL
at room temperature and in an oxygen free environment
(by bubbling nitrogen through the solution). The electrolyte
used in the electrochemical experiments was 1 mM methyl
viologen (MV+2 ) in a 0.1 M phosphate buffer solution (PBS),
which was composed of a mixture of KH2 PO4 and K2 HPO4
and with a pH of 7. The methyl viologen (MV+2 ) has been
considered as the simplest redox system in which MV+2
reduced to the relatively stable cation radical MV+ [22, 23].
The MV+ is relatively stable in oxygen free solutions, resulting
in a deep blue colour, which is evidence of the formation
of MV+ in the solution, in contrast to the colourless MV+2
[24, 25]. The methyl viologen can act as a good electron
transfer mediator for a biological system [23] and can also
be electroreduced on a surface of various electrodes [26, 27].
Additionally, the effect of the pH value on electrochemical
behaviour was investigated through the use of a range of
pH values from 4 to 8, in the steps of 1. The interaction
between the concentration and the peak current obtained
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was also studied, where methyl viologen concentrations of
0.25 mM, 0.5 mM, 1 mM, 2.5 mM, and 5 mM were used.
Moreover, the effect of the PBS concentration was studied,
and PBS concentrations of 0.2 M, 0.1 M, 0.05 M, 0.01 M,
0.005 M, and 0.001 M were used. In addition, in order to
study the correlation between the redox mechanism and the
surface area used, the graphite (carbon) felt electrode was
cut into multiple pieces with different surface areas. The
electrochemical experiments were performed as follows.

to form a randomly dispersed array of high surface area.
Four types of carbon nanomaterials were used in this study
to modify the GF electrode. These carbon nanomaterials
include single-walled carbon nanotubes (SWCNTs), graphitised carbon black (GCB), carbon nanofibres (CNFs), and
graphitised carbon nanofibres (GCNFs). The electrochemical
performance of the modified GF electrodes was investigated
and evaluated through cyclic voltammetry. The experiments
were performed as follows.

(1) A solution of 0.1 M phosphate buffer in 25 mL distilled
water of pH 7 was prepared, and a 1 mM methyl
viologen (MV+2 ) concentration was then made in
the 0.1 M phosphate buffer solution (i.e., using the
phosphate buffer solution as diluent). The resultant
solution was poured into an electrochemical cell with
a volume of about 25 mL.

(1) The tests were performed in 1 mM methyl viologen
(MV+2 ) in a 0.1 M phosphate buffer solution of pH 7
at a room temperature.

(2) The three electrodes were carefully connected to an
external cell box in the faraday cage and were then
fitted into the electrochemical cell, by making sure
that all electrodes were submerged but not touching
the cell bottom.
(3) The computer programme was set to the following
conditions: an initial potential (IP) of −200 mV, a final
potential (FP) of −200 mV, a switching potential (SP)
of −900 mV, and a scan rate (SR) of 20, 50, 100, 200,
or 250 mVs−1 at room temperature.
(4) The solution in the cell was purged with nitrogen
for 2 min, while stirring through the use of a small
magnetic stirrer to achieve anoxic conditions.
(5) The experiment was run and a voltammogram was
taken.
(6) Steps 1 to 5 were repeated with different pH values of
4, 5, 6, and 8.
(7) Steps 1 to 5 were repeated with different methyl viologen concentrations of 0.25 mM, 0.5 mM, 2.5 mM, and
5 mM, while using a pH value of 7.
(8) Steps 1 to 5 were repeated with different phosphate buffer concentrations of 0.2 M, 0.05 M, 0.01 M,
0.005 M, and 0.001 M, while using a 1 mM methyl
viologen concentration and adjusting the pH value to
7 in all the phosphate buffer concentrations.
(9) Steps 1 to 5 were repeated with different surface areas
of the graphite (carbon) felt electrode. All the pieces
of the graphite (carbon) felt electrodes were washed
with distilled water before being used.
2.2.2. Electrode Modifications Based on Carbon Nanomaterials. Graphite felt has a large specific surface area and good
stability [28]. However, it has a lower electrochemical activity
that leads to a limited voltage efficiency and a lower power
density, compared to the other materials used in the MFC system. This work aims to improve the electrochemical activity
of the GF electrode through the use of carbon nanomaterials.
The carbon electrode surface area can be enlarged by dispersing the carbon nanomaterials on the surface of the electrode

(2) Four graphite felt electrodes were cut into a similar
size of 4 mm × 4 mm × 2 mm and washed with
distilled water before treating.
(3) Suspensions of carbon nanomaterials were prepared
by mixing 0.7 mg of each nanomaterial with 700 𝜇L
of N,N.Dimethylformamide (DMF) as the dispersing
agent and agitating the mixture using a sonicating tip
(Ultrasonic Processor, Sonics Vibra Cell) for 1 h. Close
to 10 𝜇L of the resultant solution (i.e., the nanomaterial and DMF solution) was dropped directly onto the
GF electrode surface and was allowed to dry at 40∘ C
for 45 min to evaporate the solvent.
(4) The electrodes were tested following steps 1 to 5
described in the procedure given in Section 2.2.1.

3. Results and Discussions
3.1. Electrochemical Properties. The maximum power density
was evaluated through the examination of a polarization
curve, which characterises voltage as a function of current.
The power production over a range of current densities was
obtained by changing the external resistance 𝑅ext using a
resistor box, when the voltage production became stable. The
MFC reactor was initially operated under an open circuit
condition. Once the reactor achieved a stable voltage output
of 0.349 V, the resistor box was switched on and the external
resistance was varied from 10 Ω to 10 kΩ in steps of 250 Ω
every 10 min and the cell voltage was measured at each
resistance. Current and power levels were calculated with
the voltage and resistance based on Ohm’s law. Current and
power densities were calculated by normalising the current
and voltage through an electrode surface area. Polarization and power density curves are displayed in Figure 1(a).
The polarization curves illustrating the three characteristic
regions of voltage drop in the MFC are shown in Figure 1(b).
These regions include a rapid voltage decrease due to the
flow of current through high external resistance, an almost
constant decrease in voltage, and a second significant voltage
drop at high current densities. The decrease in the cell voltage
is a consequence of electrode overpotentials (activation, bacterial metabolic, and mass transfer losses) and ohmic losses.
The maximum power density obtained was 1.26 mW/m2 at
a current density of 10.23 mA/m2 . This is slightly lower
than that reported in [29], where the highest power density
achieved was 1.7 mW/m2 at a current density of 15 mA/m2 .
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Figure 1: (a) Polarization curves. (b) The three characteristic regions of voltage drop.
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Figure 2: Effect of nitrate concentrations on voltage generation.

This is a result of two factors: firstly, [29] used a graphiteMn(IV) and a graphite-Fe(III) electrode as an anode and a
cathode, respectively; however, a pure GF electrode is used
here in both chambers. Modification of GF electrodes using
nanomaterials and the improvements observed are discussed
in Section 3.5. Furthermore, the results achieved in this
study were based on the enrichment of soil inoculum only;
however, anaerobic digester sludge was used in [29]. Based
on the slope of the linear region of the polarization curve, an
internal resistance 𝑅int of 2893 Ω could be determined. It is
also shown in Figure 1(a) that the power output was maximal
when 𝑅int = 𝑅ext = 3000 Ω.
3.2. Effects of Nitrate Concentration on MFC Performance.
The effects of different nitrate concentrations on denitrification activity and voltage output were investigated at a fixed

external resistance of 500 Ω. The MFC system was operated
with a number of batches at a range of nitrate concentrations
between 470 mg/L and 670 mg/L in steps of 50 mg/L in the
cathodic chamber, while a fixed acetate concentration of
122 mg/L was added in the anodic chamber at the beginning
of each batch. An illustration of typical profiles of cell voltages
produced is shown in Figure 2. The denitrification activity
was examined through the measurement of nitrate and nitrite
concentrations at the end of each batch. The denitrification
activity (including nitrate reduction and nitrite accumulation
rates) and current generation achieved are outlined in Table 1.
The results showed that both nitrate removal and nitrite
accumulation rates exhibited an increase with the increase
of nitrate concentration. Increasing the nitrate concentration
from 470 mg/L to 670 mg/L improved the denitrification
activity by almost 2% (from 87.32% to 89.3%). However, an
increase in nitrite accumulation by a factor of approximately
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Table 1: Nitrate removal and nitrite accumulation of several closed
batches fed with 122 mg/L acetate and different nitrate concentrations.

during the enrichment forced the bacteria to store carbon
internally.

Nitrate
Nitrate
removal
concentration
(mg/L)
mg/L
%

3.4. Effects of External Resistance on Denitrification Activity.
To investigate the effect of electricity generation on the denitrification process, further experiments were conducted with
an MFC under different external resistances of 500, 5000,
and 10000 Ω. Sodium acetate and nitrate concentrations of
122 mg/L and 520 mg/L, respectively, were used. Average
currents of 52 𝜇A (500 Ω), 22 𝜇A (5 KΩ), and 14 𝜇A (10 KΩ)
were produced, as shown in Table 3. The results confirmed
that the denitrification rate is strongly dependent on the
cell current produced, which was varied here by external
resistance. It was observed that using higher resistance led
to low cell current, resulting in lower nitrate removal rates
and higher accumulation rates. This was possibly due to
insufficient electron donors being available on the cathode.

Nitrite
Average
accumulation mg/L current (𝜇A)

470

410.39

87.32

5.153

46

520

455.12 87.524

6.626

52.4

570

500.3

10.31

54

620

547.26 88.27

12.52

61

670

598.21

16.93

65

87.8

89.3

3 (from 5.15 mg/L to 16.93 mg/L) was incurred. Previous work
[29] suggested that the current production was dependent on
glucose and nitrate. The experimental results obtained here
confirmed this suggestion and also demonstrated that the
denitrification rate was supported by the current production
(which was dependent on nitrate). However, the system was
also operated with the absence of nitrate as an electron
acceptor in the cathodic chamber, and a low electrical current
was observed.
3.3. Effects of Acetate Concentration on Denitrification Activity.
To investigate the effect of acetate on the MFC performance,
the fuel cell was fed with several batches at different acetate
concentrations in the anodic chamber. Acetate concentrations of 72, 122, 172, 222, and 272 mg/L were used. Each
batch was performed with an external resistance of 500 Ω at a
nitrate concentration of 520 mg/L in the cathodic chamber.
Cell voltage profiles produced are shown in Figure 3. The
denitrification rate and current production obtained are
given in Table 2. The addition of sodium acetate can allow the
bacteria to provide more electrons and to increase the voltage
output. This was observed as an increase in the cell voltage
when the concentration of acetate was increased. Meanwhile,
increasing acetate concentration resulted in an increase in
the current generation. In the cathodic chamber, an increase
in the nitrate removal from 85.6% to 92.23%, together
with a decrease in the nitrite accumulation from 7.4 mg/L
to 5.2 mg/L, was observed when the acetate concentration
increased from 72 mg/L to 272 mg/L. This indicates that when
acetate concentration of 272 mg/L was used, 1.08% of the
nitrate removed was turned into nitrite. The remaining 91.15%
(474.97 mg/L) of the nitrate removed was possibly converted
into nitrogen gas. The experimental results proved that the
sodium acetate highly supports the denitrification activity.
However, the MFC performance was evaluated in the absence
of sodium acetate and a denitrification rate of 71.7% was
achieved while producing low cell current. This is due to the
bacteria making use of the carbon stored internally by the
cells from the previous batches, where carbon sources are
used. It has to be noted that operating the MFC system in
carbon starvation mode (i.e., without using a carbon source)

3.5. MFC Performance with Modified GF Electrodes. The
interaction between the bacterial biofilm and the electrode
surface area can affect the MFC’s performance. The reactants transport, including substrate, electrons, and electron
accepting species from the bulk to the electrode surface,
and the reaction kinetics on the electrodes surfaces can also
influence the MFC’s performance. The reaction kinetics on
the electrode surface and the mass transfer are affected by
the electrode materials [30], surface chemical properties of
the electrodes [31], size and shape of the electrodes [32],
and biofilm condition [33]. The electrode should provide a
good environment for the bacteria to attach to and transport
electrons, a large surface area, and a high conductivity [30].
The internal resistance of an MFC consists of two parts:
nonohmic and ohmic resistances [34]. The former comprises
a charge transfer resistance and a diffusion resistance [35],
and these can be reduced by increasing the electrode surface
area as well as selecting electrodes with good catalytic
abilities. Ohmic resistance can be decreased by arranging the
electrodes closely, using solutions with high conductivity and
using a membrane with low resistivity.
Modification of the GF electrode surface to enhance its
reaction kinetics and mass transfer is a good way to improve
the MFCs performance. The GF electrode was modified with
carbon nanomaterials, including SWCNTs, GCB, CNFs, and
GCNFs, which are promising materials that can provide
great stability and high conductivity. The electrochemical
behaviour of the modified GF electrodes was investigated by
using cyclic voltammetry. Cyclic voltammograms of methyl
viologen redox reactions on different modified GF electrodes
were recorded and compared. Comparisons of the kinetic
methyl viologen redox reactions on the unmodified GF
electrode were also considered. The results indicated an
improvement in the electrochemical activity of the methyl
viologen on the modified electrodes compared to the unmodified electrode. The GCNFs modified electrode exhibited
the best electrochemical activity among the other modified
electrodes, due to its having the largest surface area which
greatly increased the rate of electron transfer. Therefore
it was chosen to enhance the MFC’s performance. In an
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Figure 3: Voltage generation using acetate at different concentrations.

Nitrate
Acetate
removal
concentration
(mg/L)
mg/L
%
72
122
172
222
272

445.01 85.6
455.12 87.5
466.8 89.8
472.3 90.83
480.17 92.2

Nitrite
Average
accumulation mg/L current (𝜇A)
7.4
6.6
6.4
5.89
5.2

41
52.4
59
63
74

MFC reactor, both anode and cathode were provided by
GCNFs modified electrodes. A modified MFC system was
enriched following the procedures described in Section 2.1.2
for three months, and its performance was evaluated in
terms of power generation and nitrate removal. The results
demonstrated that the GCNFs modified MFC system offered
about 8% nitrate reduction rate higher than that achieved
using unmodified electrodes (the unmodified MFC system
removed 87.5% of the nitrate). This is due to the long term
stability provided by the GCNFs modified MFC system,
where an average of 35 mV was obtained over a period of 44 h;
see Figure 4.

Table 3: Nitrate removal, nitrite accumulation, average current,
and CE of several closed batches fed with 520 mg/L nitrate and
122 mg/L acetate concentrations under different external resistances:
500, 5000, and 10000 Ω.
External
resistance (Ω)

Nitrate
removal
mg/L
%

500
5,000
10,000

455.12 87.5
434.98 83.65
412.5 79.33

Cell voltage (mV)

Table 2: Nitrate removal and nitrite accumulation of several closed
batches fed with 122 mg/L acetate and different nitrate concentrations.

Nitrite
Average
accumulation mg/L current (𝜇A)
6.6
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Figure 4: Voltage generation in MFC with modified and unmodified electrodes.

4. Conclusions
Nitrogen and nitrate have important environmental impact
and there are many problems associated with their release
into the environment. Nitrate can be removed from water
through the use of physicochemical methods. However, these
processes are not viable and their use is problematic. An
alternative promising and versatile approach that can be used
for nitrate removal is biological denitrification. However a
major drawback is the potential bacterial contamination of
treated water; thus additional filtration and disinfection are

potentially needed to meet current drinking water standards.
The stated aims and objectives of this study were to investigate
the electrochemical removal of nitrate from water and associated technical problems. The results of the work showed that
these aims were successfully achieved setting a good platform
for future work in this area.
In order to perform biological nitrate removal, a mediatorless H-shaped MFC was constructed using bacteria both
in the anode and cathode. A mixed bacterial culture in
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the cathode performed denitrification through the use of
electrons supplied by a mixed bacterial culture oxidising
acetate in the anode. The effects of acetate/nitrate on current generation and nitrate removal and the denitrification
activity as a function of external resistance were also studied.
The results demonstrated that the denitrification rate is highly
dependent on current production, which is influenced by
external resistance and acetate and nitrate concentrations.
An Increase in the nitrate reduction rate was observed when
the nitrate concentration increased. However, an increase in
the nitrite accumulation rate was also induced which can be
problematic due to its toxicity. In contrast, increasing the
acetate concentration improved nitrate removal rates and
reduced nitrite accumulation, with these results indicating
the importance of the feed ratios for the two compartments.
Higher external resistances were shown to inhibit the denitrification activity due to lower electrical currents produced.
In addition, a polarization curve was obtained by changing
the external resistance using a resistor box, and a maximum
power density of 1.26 mW/m2 was achieved at a current
density of 10.23 mA/m2 . This was also compared well with
previous findings.
The electrochemical behaviours of a graphite felt electrode were investigated through the use of the cyclic
voltammetry technique. Enhanced redox behaviours were
achieved by modifying the GF electrode surface using carbon
nanomaterials, such as SWCNTs, GCB, CNFs, and GCNFs.
The electrochemical properties associated with the modified
GF electrodes were studied, evaluated, and compared with
those of the unmodified GF electrode. The GCNFs modified
electrode offered the best electrochemical activity compared
to the other modified electrodes, due to the large surface area
provided and the improved electron transfer rate. Using these
types of electrodes should improve the interaction with the
microbes as these particles are much smaller than the felt
surfaces giving the microbe more surface to directly interact
with. Enhancing the reaction kinetics and mass transfer of the
GF electrode through the GCNFs material helped improve
the MFC’s performance. The maximum voltage obtained was
40.94 mV and more than 95% of nitrate was removed, as
compared with the unmodified electrode (33.95 mV maximum voltage, 87.5% nitrate removal). In this study only a
few conditions of electrode modification were investigated.
There are many possibilities that need to be investigated to see
if the electrode’s performance can be improved further. The
optimisation study could have a strong impact on potential
development of MFC technology.
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As the photovoltaic system consists of many equipment components, manual inspection will be very costly. This study proposes
the photovoltaic system fault diagnosis based on chaotic signal synchronization. First, MATLAB was used to simulate the fault
conditions of solar system, and the maximum power point tracking (MPPT) was used to ensure the system’s stable power and
capture and record the system fault feature signals. The dynamic errors of various fault signals were extracted by chaotic signal
synchronization, and the dynamic error data of various fault signals were recorded completely. In the photovoltaic system, the
captured output voltage signal was used as the characteristic values for fault recognition, and the extension theory was used to create
the joint domain and classical domain of various fault conditions according to the collected feature data. The matter-element model
of extension engineering was constructed. Finally, the whole fault diagnosis system is only needed to capture the voltage signal of
the solar photovoltaic system, so as to know the exact fault condition effectively and rapidly. The proposed fault diagnostor can be
implemented by embedded system and be combined with ZigBee wireless network module in the future, thus reducing labor cost
and building a complete portable renewable energy system fault diagnostor.

1. Introduction
The rapid development of technology has led to over dependence on energy. Although oil is the most important energy
source at present, it will be in shortage in the next 50 years.
In order to solve this problem, humans have begun to seek
alternative energy sources which will not harm the earth, such
as renewable energy sources. The renewable energy sources
are the energy sources derived from the nature, such as solar
energy, wind power, tidal power, and geothermal heat, which
are inexhaustible energy sources. Fossil energy is exhaustible,
sunlight can meet 2,850 times of global energy needs, wind
energy can meet 200 times of global energy needs, hydraulic
power can meet 3 times of global energy needs, biomass
energy can meet 20 times of global energy needs, and geothermal heat can meet 5 times of global energy needs.
This study focused on solar photovoltaic power generation. In the regions with abundant light supply (e.g., space
exposed to the sun, ocean, coast, and open rocky area), solar

energy is supplied continuously, and the production process
does not pollute the environment or consume other earth
resources or cause greenhouse effect. Solar energy is derived
from the sun inexhaustibly and is as good as water power
or wind power. Many countries are developing solar energy
actively. The solar energy facilities can be constructed facilities, such as wind energy facilities, protecting many lands and
ecologies. The solar module can be mounted on buildings,
which is called photovoltaic integrated buildings. The solar
panel can generates electric power in sunlight, insulate
heat, reduce the temperature inside buildings effectively, and
reduce the building energy consumption. Solar energy is a
renewable energy that can be conveniently obtained. As long
as the solar panel is placed in an open area with long sunshine,
the solar energy can be obtained effectively. However, as the
equipment is set in open area for a long time, it is likely to
be destroyed by natural disasters and to age. These factors
will reduce the efficiency of solar photovoltaic system. Once a
fault occurs in the solar module, it must be inspected, but the
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Figure 1: Solar photovoltaic system structure.

faults may be difficult to detect with naked eye. The detection
is labor and cost consuming. This study thus proposes an
intelligent solar photovoltaic system fault diagnostor. When
small solar power systems are popularized and combined
with commercial power, the household solar power system
is likely to have faults; thus, the solar photovoltaic system
fault diagnostor will be an important tool. The research and
development of solar energy fault diagnostor will be very
helpful to solar power systems, not only shortening manual
detection time and reducing risks but also detecting the fault
point effectively.
Most current studies on the fault diagnosis for solar photovoltaic system use software simulated or measured power
generation data of solar photovoltaic system as the fault diagnosis data. As the output power of solar photovoltaic system
is influenced by the sunshine intensity and module surface
temperature significantly and the solar power system data are
nonlinear system, many studies use software for simulation.
Several diagnostic methods for solar photovoltaic system are
introduced as follows. Literature [1] proposed a diagnostic method based on error backpropagation algorithm (BP),
combined with the unique characteristics of calculator and
artificial neural network, such as rapid development of
complexity, association, memory, adaptability, self-learning,
and processing complex multimode. The artificial neural
network [1, 2] is applicable to fault diagnosis, and BP neural
network is the most used one. The input signal is transmitted
from the input layer and hidden layer to the output layer.
The output end generates the output signal. The weight of
network is fixed in initial propagation, and the state of neuron
of a layer only influences the state of neuron of next layer.
When the output signal is not as good as the output layer
expected, the error backpropagation is triggered. In the error
signal backpropagation, the weight of network can adjust the
error signal. However, the defect in neural network is that
the optimal number of neurons of hidden layer should be
selected through multiple experiments, and a long training
is required in order to converge to the system. Literature
[3] used MATLAB software to simulate the characteristics of
solar photovoltaic system. Equivalent mathematical equation

was used to simulate the characteristic curves of photovoltaic
system in sunlight and in shadow. The simulation system sets
the series-parallel connection of modules and photovoltaic
module shadow coverage area, whether or not to mount
bypass diode and blocking diode. The simulation effect was
very close to the actual result, but the equivalent parameter
changed when a fault occurred. Thus, the defect in the above
method is that the fault parameter is difficult to be calculated
when the photovoltaic system has other faults. Literature
[4, 5] used PSIM software to build a solar photovoltaic system.
The characteristic curve of simulation result was similar to the
actual operation curve, and the extension theory was applied
to diagnose the fault category, so the diagnosis effect was very
good. However, the curve of simulated photovoltaic system
fault in [4, 5] was slightly different from the actual faulty
system. The simulation system did not consider the influence
of bypass diode and blocking diode on the photovoltaic
system, and the actual photovoltaic system was equipped with
bypass diode and blocking diode. Therefore, there was a pit in
IV curve when the photovoltaic system had a fault, so that the
maximum power point shifted, resulting in multiple peaks of
PV characteristic curve. This paper proposes a fault diagnosis
method based on chaotic synchronization signal, combined
with the intelligent classification of extension theory. The
chaotic system is very sensitive to the change in system
parameter, and the system parameter of system must be
changed if the solar photovoltaic system has a fault. Therefore,
this method only needs to import the signal of the photovoltaic system with faults into the chaotic synchronization
system according to the variance in system parameter and
to capture the variance in dynamic error. It is imported into
the extension theory to distinguish the fault state effectively,
and the extension theory does not need learning time, so the
diagnosis is rapid.

2. Photovoltaic System
The main function of solar photovoltaic system is to convert
the solar irradiation into electrical energy by solar photovoltaic cell and an electric power converter. The equipped
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electric power converter can stabilize, increase and reduce
the output voltage, or convert the frequency according to
the requirement of output load. The output power depends
on the area of solar photovoltaic cell, conversion efficiency,
solar illumination, ambient temperature, and effect of load.
The solar photovoltaic array used in this study was a 10 ∗ 2
array, equipped with a boost converter and MPPT algorithm,
as shown in Figure 1. The MPPT algorithm guarantees the
maximum power output when the solar photovoltaic array
has faults. The voltage variation is measured in the system
operation to distinguish the fault.
The power characteristic generated by solar photovoltaic
cell is not linear, and the power of solar photovoltaic cell
varies with current sunshine intensity and ambient temperature. In order to keep the output power at the maximum
value of the characteristic curve [6], the solar photovoltaic
system must be equipped with MPPT control to guarantee the
maximum output power, so as to maximize the system output
efficiency. At present, the common incremental conductance
MPPT method [7] is used in this paper.

3. Proposed Fault Diagnosis Method
3.1. Chaotic Synchronization System. As the chaotic system
is very sensitive to the change in system parameter [8–14],
this study used this characteristic to capture the solar photovoltaic system fault voltage signal for chaotic synchronization
transformation. The kinematic trajectories of dynamic error
were extracted, and these kinematic trajectories were the fault
features; thus, the extension theory was used to recognize
fault conditions. The Lorenz chaotic synchronization system
is expressed as follows [8]:
𝑥1̇= 𝛼 (𝑥2 − 𝑥1 ) ,
{
{
Master: { 𝑥2̇= 𝛽𝑥1 − 𝑥1 𝑥3 − 𝑥2 ,
{
{ 𝑥3̇= 𝑥1 𝑥2 − 𝛾𝑥3 ,

(1)

𝑦1̇= 𝛼 (𝑦2 − 𝑦1 ) ,
{
{
Slave: { 𝑦2̇= 𝛽𝑦1 − 𝑦1 𝑦3 − 𝑦2 ,
{
{ 𝑦3̇= 𝑦1 𝑦2 − 𝛾𝑦3 .

(2)

Table 1: Solar photovoltaic system fault category.
Fault category

Fault conditions

PF1
PF2
PF3
PF4
PF5
PF6

Normal operation
Two series branches, one fault in any branch
Two series branches, two faults in any branch
Two series branches, three faults in any branch
Two series branches, one fault in each branch
Two series branches, two faults in each branch
Two series branches, one fault in one branch,
two faults in the other branch
Two series branches, one fault in one branch,
three faults in the other branch
Two series branches, two faults in one branch,
three faults in the other branch

PF7
PF8
PF9

where 𝛼, 𝛽, and 𝛾 are positive constants. According to the
condition of chaos theory [8], if the eigenvalues of system
are negative, the system state is determined as stable, so
that the chaotic attractor can be generated. The kinematic
trajectory of chaotic attractor is used for various studies. This
paper observes the kinematic trajectory of chaotic attractor
to distinguish the fault type of solar photovoltaic system.
3.2. Extension Theory. The extension is the real number
extended from fuzzy set range [0, 1] to [−∞, ∞], representing
the degree of a property of things. First, the maximum and
minimum extents of characteristics of real number are determined. The maximum extent is set as 𝑎 and the minimum
extent is 𝑏 , and the real domain [𝑎 , 𝑏 ] is obtained. The
classical domain range [𝑎, 𝑏] can be worked out by (4) and
(5), where 𝛼 is the extend factor of classical domain, aiming
at extension considering light error resulted from human or
irresistible factors in actual measurement. This region is
called classical domain [15].
Consider the following:
𝑎 = (1 − 𝛼) 𝑎 ,

𝑏 = (1 + 𝛼) 𝑏 ,

(4)

𝑓 = (1 − 𝛽) 𝑎,

𝑔 = (1 + 𝛽) 𝑏.

(5)

Dynamic error of system is as follows:
0
𝑒1̇
−𝛼 𝛼 0
𝑒
[𝑒 ̇] [ 𝛽 −1 0 ] [𝑒1 ] [−𝑦 𝑦 + 𝑥 𝑥 ]
[ 2] =
2 +[
1 3
1 3] ,
𝑒
0
0
−𝛾
3
]
[
]
[
[ 𝑦1 𝑦2 − 𝑥1 𝑥2 ]
[𝑒3̇]

(3)

In order to avoid omitting important features outside the
classical domain range [𝑎, 𝑏], the extension rate 𝛽 is proposed
to obtain the joint domain. The joint domain [𝑓, 𝑔] is obtained
by (6). Finally, the obtained classical domain 𝑋𝑜 = [𝑎, 𝑏] and
joint domain 𝑋 = [𝑓, 𝑔] are two intervals in the real number
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Table 2: Matter-element model.
Simulations

Neighborhood 𝑐1 ⟨200, 520⟩
[
]
Domain
𝑐2 ⟨200, 520⟩

Experiments
PF1 𝑐1 ⟨485, 490⟩
[
]
𝑐2 ⟨485, 490⟩

Neighborhood 𝑐1 ⟨200, 400⟩
[
]
Domain
𝑐2 ⟨200, 400⟩

PF1 𝑐1 ⟨378, 386⟩
[
]
𝑐2 ⟨375, 390⟩

[

PF2 𝑐1 ⟨410, 415⟩
]
𝑐2 ⟨410, 415⟩

PF3 𝑐1 ⟨335, 345⟩
[
]
𝑐2 ⟨335, 345⟩

[

PF2 𝑐1 ⟨355, 361⟩
]
𝑐2 ⟨352, 367⟩

PF3 𝑐1 ⟨349, 325⟩
[
]
𝑐2 ⟨323, 330⟩

[

PF4 𝑐1 ⟨239.5, 240.5⟩
]
𝑐2 ⟨239.5, 240.5⟩

PF5 𝑐1 ⟨335, 345⟩
[
]
𝑐2 ⟨335, 345⟩

[

PF4 𝑐1 ⟨225, 242⟩
]
𝑐2 ⟨225, 245⟩

PF5 𝑐1 ⟨340, 345⟩
[
]
𝑐2 ⟨335, 350⟩

PF6 𝑐1

⟨286, 289⟩
]
𝑐2 ⟨286.5, 288.5⟩

PF7 𝑐1 ⟨313, 316⟩
[
]
𝑐2 ⟨313, 316⟩

[

PF6 𝑐1 ⟨395, 301⟩
]
𝑐2 ⟨292, 306⟩

PF7 𝑐1 ⟨312, 317⟩
[
]
𝑐2 ⟨310, 315⟩

PF8 𝑐1 ⟨227.5, 228.5⟩
]
𝑐2 ⟨227.5, 228.5⟩

PF9 𝑐1 ⟨215, 217⟩
[
]
𝑐2 ⟨215, 217⟩

[
[

PF8 𝑐1 ⟨262.5, 268⟩
[
]
𝑐2 ⟨266, 272⟩

[

PF9 𝑐1 ⟨255, 261.5⟩
]
𝑐2 ⟨252, 259⟩

Table 3: Simulated fault diagnosis results.
Qty

EDPF1

EDPF2

EDPF3

EDPF4

EDPF5

EDPF6

EDPF7

EDPF8

EDPF9

Results

1
2

1.000
1.000

−0.585
−0.585

−0.839
−0.839

−0.981
−0.981

−0.722
−0.722

−0.931
−0.931

−0.893
−0.983

−0.991
−0.991

−1.000
−1.000

PF1
PF1

3
4
5

−0.186
−0.176
−1.000

1.000
1.000
−0.357

−0.224
−0.224
1.000

−0.910
−0.910
−0.549

−0.337
0.337
−0.004

−0.670
−0.670
0.054

−0.485
−0.485
0.564

−0.958
−0.958
−0.662

−1.000
−1.000
−0.760

PF2
PF2
PF3

6
7

−1.000
−1.000

−0.357
−0.885

1.000
−0.642

−0.549
1.000

−0.004
−0.822

0.054
−0.258

0.565
−0.510

−0.662
0.982

−0.759
0.465

PF3
PF4

8
9
10

−1.000
−0.584
−0.584

−0.885
0.406
0.406

−0.642
0.366
0.369

1.000
−0.843
−0.842

−0.822
1.000
1.000

−0.258
−0.420
−0.419

−0.510
−0.093
−0.091

0.987
−0.926
−0.926

0.468
−1.000
−1.000

PF4
PF5
PF5

11
12

−1.000
−1.000

−0.633
−0.631

0.140
0.147

−0.007
−0.007

−0.432
−0.429

1.000
1.000

0.562
0.571

−0.162
−0.161

−0.289
−0.289

PF6
PF6

13
14
15

−1.000
−1.000
−1.000

−0.530
−0.530
−0.893

0.459
0.459
−0.668

−0.170
−0.176
0.855

−0.273
−0.273
−0.834

0.648
0.636
−0.312

1.000
1.000
−0.545

−0.308
−0.313
1.000

−0.424
−0.429
0.455

PF7
PF7
PF8

16
17

−1.000
−1.000

−0.895
−0.934

−0.668
−0.796

0.855
0.136

−0.834
−0.898

−0.322
−0.578

−0.552
−0.721

1.000
0.711

0.450
1.000

PF8
PF9

18

−1.000

−0.932

−0.791

0.169

−0.896

−0.566

−0.713

0.761

1.000

PF9

field [−∞, ∞]. If 𝑥 is a point of real number, the correlation
function is defined as
−𝜌 (𝑥, 𝑋𝑜 ) ,
{
{
{
𝐾 (𝑥) = {
𝜌 (𝑥, 𝑋𝑜 )
{
{
,
𝜌
𝑋)
− 𝜌 (𝑥, 𝑋𝑜 )
(𝑥,
{

𝑥 ∈ 𝑋𝑜 ,
𝑥 ∉ 𝑋𝑜 .

(6)

Figure 2 is the chaotic signal synchronization and extension
diagnostic system flow chart. First, the measured voltage of
solar photovoltaic system is recorded, and then the recorded
voltage signal to be measured is imported into the slave
system of chaotic signal synchronization system. The chaotic
synchronization system generates the chaotic dynamic error
signal after the subtraction between master system and slave
system. The kinematic trajectory formed of chaotic dynamic

error signal is the main basis of extension diagnosis, which
is the fault feature of solar photovoltaic system. Finally,
as long as the chaotic dynamic error signal is imported
into the finished extension matter-element model, the fault
category can be identified rapidly and accurately by extension
diagnosis of fault conditions.

4. Simulation and Experimental Results
The solar photovoltaic system was simulated by using MATLAB 2009 a. The solar photovoltaic array for experiment
was Agilent Technologies E4360A modularized solar array
simulator platform. The solar panel was SM 1611. The specifications are as follows: open-circuit voltage is 3 V, short-circuit
current is 0.8 A, maximum power point voltage is 2.36 V,
maximum power point current is 0.72 A, solar illumination is
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Table 4: Actual fault diagnosis results.

Qty

EDPF1

EDPF2

EDPF3

EDPF4

EDPF5

EDPF6

EDPF7

EDPF8

EDPF9

Results

1
2

1.000
1.000

−0.391
−0.391

−0.790
−0.790

−1.000
−1.000

−0.641
−0.641

−0.887
−0.887

−0.843
−0.843

−0.963
−0.963

−0.978
−0.978

PF1
PF1

3
4
5

−0.222
−0.222
−0.743

1.000
1.000
−0.391

−0.476
−0.476
1.000

−1.000
−1.000
−1.000

−0.103
−0.103
−0.042

−0.719
−0.719
−0.115

−0.610
−0.610
0.226

−0.908
−0.907
−0.710

−0.945
−0.945
−0.829

PF2
PF2
PF3

6
7

−0.743
−1.000

−0.392
−0.964

1.000
−0.890

−1.000
1.000

−0.044
−0.931

−0.116
−0.787

0.224
−0.858

−0.710
−0.581

−0.829
−0.448

PF3
PF4

8
9
10

−0.488
−0.488
−1.000

−0.964
−0.074
−0.073

−0.890
−0.205
−0.205

1.000
−1.000
−1.000

−0.931
1.000
1.000

−0.787
−0.573
−0.573

−0.858
−0.408
−0.408

−0.581
−0.860
−0.860

−0.448
−0.917
−0.917

PF4
PF5
PF5

11
12

−1.000
−0.888

−0.817
−0.817

−0.440
−0.440

−0.812
−0.821

−0.653
−0.653

1.000
1.000

−0.280
−0.280

−0.517
−0.517

−0.638
−0.638

PF6
PF6

13
14
15

−0.888
−1.000
−1.000

−0.572
−0.572
−0.865

0.145
0.145
−0.589

−1.000
−1.000
−0.074

−0.272
−0.272
−0.745

−0.017
−0.017
−0.205

1.000
1.000
−0.471

−0.678
−0.678
1.000

−0.810
−0.810
0.363

PF7
PF7
PF8

16
17

−1.000
−1.000

−0.865
−0.889

−0.589
−0.662

−0.074
0.015

−0.745
−0.791

−0.205
−0.346

−0.472
−0.566

1.000
0.285

0.363
1.000

PF8
PF9

18

−1.000

−0.889

−0.662

0.015

−0.791

−0.346

−0.565

0.286

1.000

PF9
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ė3
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−4
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PF1(ė1 ė3 )
PF2(ė1 ė3 )
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(a)
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ė1
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PF9(ė1 ė3 )

(b)

Figure 3: (a) 𝑒1̇𝑒3̇dynamic error plane of nine simulated fault conditions. (b) 𝑒1̇𝑒3̇dynamic error plane of nine physical fault conditions.

1000 W/m2 , ambient temperature is 25∘ C, and the connection
mode is 10 series and 2 parallel. The fault types are shown in
Table 1. The voltage-current characteristic curve with faults
was captured and recorded, and the voltage in nine cases
was imported into the chaotic synchronization system, so
that the chaotic synchronization system generated dynamic
error. Figure 3(a) shows the 𝑒1̇𝑒3̇dynamic error plane of
nine simulated fault conditions. Figure 3(b) shows the 𝑒1̇𝑒3̇
dynamic error plane of nine actual fault conditions. The fault
features are extracted as the base of extension diagnosis.
Finally, the matter-element models are finished in Table 2 for

fault recognition. Finally, 18 data are imported for the system
to distinguish. There are 18 data imported into simulated
and actual diagnoses, respectively. The diagnostic results are
shown in Tables 3 and 4. They show that the proposed scheme
has good diagnostic performance.

5. Conclusion
This study diagnosed the faults in solar photovoltaic system
based on chaotic signal synchronization and used extension
theory to distinguish the fault category. As the chaotic
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synchronization allows the system to have obvious nonlinear
motion due to the change in system parameter, this obvious
kinematic trajectory was used as the characteristic values
of faults, and excellent diagnosis effect was obtained by the
intelligent recognition of extension. The extension theory
does not need iteration or learning, and its diagnosis is very
fast in comparison to general neural diagnosis. Accurate,
rapid, timesaving, and cost saving fault recognition could be
achieved by capturing one voltage signal and two characteristic values of chaos. The cost was much lower than other
traditional methods which need many sensors to capture
physical quantities for distinguishing faults. As an intelligent
fault diagnostor, its effect is excellent.
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Mathematical analysis and modelling is central to infectious disease epidemiology. This paper, inspired by the natural ripplespreading phenomenon, proposes a novel ripple-spreading network model for the study of infectious disease transmission. The new
epidemic model naturally has good potential for capturing many spatial and temporal features observed in the outbreak of plagues.
In particular, using a stochastic ripple-spreading process simulates the effect of random contacts and movements of individuals
on the probability of infection well, which is usually a challenging issue in epidemic modeling. Some ripple-spreading related
parameters such as threshold and amplifying factor of nodes are ideal to describe the importance of individuals’ physical fitness
and immunity. The new model is rich in parameters to incorporate many real factors such as public health service and policies, and
it is highly flexible to modifications. A genetic algorithm is used to tune the parameters of the model by referring to historic data
of an epidemic. The well-tuned model can then be used for analyzing and forecasting purposes. The effectiveness of the proposed
method is illustrated by simulation results.

1. Introduction
Mathematical representation and analysis of infectious diseases has been central to infectious disease epidemiology
since its inception as a discipline more than a century ago [1–
7]. In recent years, detailed electronic surveillance of infectious diseases has become widespread owing to the advent
of improved computing, electronic data management, the
ability to share and deposit data over the internet, and rapid
diagnostic tests and genetic sequence analysis. These ongoing
developments have increased the application of mathematical
models to both the generation and testing of basic scientific
hypotheses and to the design of practical strategies for disease
control. Mathematical analyses and models have provided
successful explanations of previously puzzling observations
and played a central part in public health strategies in many
countries [3, 4].
Fundamental to the growing importance of mathematical epidemiology has been the integration of mathematical models with rigorous statistical methods to estimate

key parameters of these models and test hypotheses using
available data. In the absence of reliable data, mathematics
can be used to help formulate hypotheses, inform datacollection strategies, and determine sample sizes, which can
permit discrimination of competing hypotheses. In this way,
mathematics is “no more, but no less, than a way of thinking
clearly about the problem in hand” [5]. The extent and quality
of available data can be variable. Ideally, data should be
analysed using models that adequately describe the observed
dynamics and patterns of interest and the mechanisms that
generate these observations. Models should be as simple as
possible, but not so simple that the conclusions drawn are
altered by the consideration of additional realistic complexity.
Unnecessary complexity can obscure fundamental results
and is almost as undesirable as oversimplification. Indeed,
model choice—the process of deciding which model complexities are necessary—is a central part of mathematical
modelling of infectious diseases.
The most recent survey on epidemic modelling can be
found in [7]. Basically, existing epidemic models can be
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classified into two categories [8–20]: (i) top-down models
which are deterministic and based on systems of differential
equations [20], Markov Chain [8], mean field type equations
[9], and (ii) bottom-up models which are stochastic and based
on computer simulations [10], agent based methods [11],
cellular automata [12], and network theory [13]. For top-down
models, diffusive or perfect mixing and random motion are
assumptions that are not always fulfilled, at least in the human
population. These models also tend to incorporate many
parameters to explain reality, which increase their complexity
and make them computationally intensive and difficult to
analyze. Contrary to what happens to top-down models,
the complex systems approach is the foundation of bottomup models, where it is considered that spatial extended
systems are capable of nontrivial collective behaviour—
unexpected behaviour which is observed in macroscopic
quantities. It is assumed that there are several levels of
reality: at a microscopic level, interactions may be described
by complicated potentials, but, at a macroscopic level, the
properties of the system are dominated by the aggregated
effect of all microscopic interactions. Human epidemics are
strongly related to the dynamics of populations and to the
network of social contacts. In particular, network theory has
proven a promising new method applicable to epidemiology.
For instance, the influence of small-world and scale-free
topologies on the breakout of plagues was investigated in
[13, 15]; a random network was used to conduct multiscale
analysis on epidemic dynamics [16]; a growing network
model was reported to develop a population-level epidemic
model [17]. As stated in [18], the combination of network
theory and epidemic modelling can deliver an improved
understanding of disease dynamics and better public health
through effective disease control. However, as pointed out in
a recent perspective paper [19], new theories and methods
are still needed to study interacting dynamics, amplification,
and cascading effects in complex network systems such as
epidemic dynamics.
Inspired by the natural ripple-spreading phenomenon on
liquid surfaces, this paper reports a novel complex system
based bottom-up epidemic model: ripple-spreading epidemic
model (RSEM), which is an application-focused extension of
our recent work on general ripple-spreading network models
[21, 22]. As widely acknowledged, random contacts and
movements of individuals impose a big challenge to epidemic
modelling. Defining neighbourhoods and/or introducing
transport rules at a microscopic level are often measures
adopted to simulate social contacts and physical movements
of individuals. In contrast, the new model proposed here
takes account of the effect of such interactions between
individuals via a ripple-spreading process and the reaction
of nodes to ripples, whilst all nodes can be fixed without the
need for a predefined neighbourhood. Basically, the infection
probability is reflected by the point energy of ripples, and
the social activeness of individuals can be associated with
the threshold and the amplifying factor of nodes. Actually,
the proposed ripple-spreading model can intuitively capture
many spatial and temporal factors which matter in the
outbreak of plagues. Therefore, this new model, when in
combination with an effective parameter tuning method such
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as genetic algorithms (GAs), possesses excellent potential for
studying epidemic dynamics.
The remainder of this paper is organized as follows.
Firstly, a general ripple-spreading network model of epidemic
is proposed in Section 2. Then a genetic algorithm based
method is reported in Section 3 to tune the model, so that
it can simulate a specific epidemic. Some simulation results
are illustrated in Section 4, and the paper ends with its main
conclusions in Section 5.

2. Ripple-Spreading Epidemic Model (RSEM)
2.1. The Basic Idea of Ripple-Spreading Network Model. The
basic natural ripple-spreading phenomenon is as follows.
Suppose a collection of stakes is randomly distributed in a
quiet pond, and suddenly a stone is thrown into the pond
generating an initial ripple from the point where the stone
hits the quiet water surface. When the ripple reaches a near
stake, a new ripple is generated around the stake due to the
reflection effect. Hereafter, for the sake of consistency, we
denote such a new ripple as a responding ripple or outgoing
ripple and the ripple which triggers the responding ripple
as a stimulating ripple or incoming ripple. As the initial
stimulating ripple is spreading, more and more responding
ripples are stimulated around stakes. However, since the point
energy on the initial stimulating ripple decays as it spreads
out, those responding ripples triggered at a late phase will
hardly be noticed. Let a node in a network stand for a stake
in the pond, and an edge will be established between two
nodes if a stake’s ripple triggers a new ripple around the other
stake. Then, after all ripples decay, we will get a network
according to which stake’s ripple has caused which stake to
generate a new ripple. This is the basic idea of the ripplespreading network model. Figure 1 gives an illustration of the
development of a ripple-spreading network. For more details,
readers are referred to [21, 22].
We can liken the outbreak of plagues to the above
natural ripple-spreading phenomenon. Replace the stakes
in the pond with a population of susceptible individuals
in a community where an epidemic may break out. An
initial infective case in the community is likened to the
stone which hits the water surface. The influence of this
initial infective case on other individuals is analogous to the
initial stimulating ripple. The probability of infection can
be related to the point energy of the ripple (but as will be
explained later, the point energy is not exactly the probability
of infection). The point energy decays as the ripple spreads
out, and this can effectively capture the fact that long distance
and few contacts often mean a low probability of infection.
The process that a stimulating ripple triggers a responding
ripple is related to a susceptible individual being infected and
then becoming infective. Stakes of different textures may have
different reflection effects; for instance, a rigid texture will
cause strong refection whilst a soft texture absorbs the most
energy of the incoming ripple and therefore has no reflection.
This is likened to the difference in the physical fitness,
immunity, and social activities of individuals. Therefore, we
can set a threshold for each individual. If and only if the
point energy of an incoming ripple is above the threshold,
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Figure 1: An illustration of the development of a ripple-spreading
network.

it can be possible for an individual to be infected. Once an
individual is infected, how infective s/he will become largely
depends on his/her social activities. We can set an amplifying
factor for each individual, which will determine the initial
point energy of the responding ripple based on the point
energy of the stimulating ripple. Therefore, the responding
ripple of a socially active individual will have high point
energy, which means a high probability of infecting other
individuals. A stake can generate new reflection every time
when it is reached by an incoming ripple that has enough
point energy. This corresponds to the fact that an individual
can be infected again when s/he becomes susceptible once
again following a period of postrecovery immunity. Which
stake’s ripple causes which subsequent stake to generate a
new ripple is analogous to who infects whom, indicated by
an established edge between two nodes in a network. Who
has infected whom during an epidemic outbreak can be
illustrated by a growing network that is simulated by which
stake’s ripple has triggered which following stake to generate
a new ripple. Now, one may get a feeling that the ripplespreading network model invented in [21, 22] can be used
to simulate the outbreak of plagues. To this end, we first
need to, based on the work reported in [21, 22], develop a
mathematical ripple-spreading network model of epidemic,
which hereafter is called ripple-spreading epidemic model,
denoted as RSEM.
2.2. Mathematical Formulation of RSEM. In the proposed
RSEM, there are two groups of parameters. The first group
is those of the general ripple-spreading network model as
reported in [21, 22], but some modifications may be necessary
in order to fit them in the scope of epidemiology. In this
group, first we have parameters for 𝑁EISR epicenters of
initial stimulating ripples (EISRs), which are related to those
initial cases in an epidemic outbreak. In this study, we only
focus on the infectious disease transmission between human
hosts, and other hosts such as rats and mosquitoes are not
considered. Therefore, each EISR is actually a node in the
network, that is, an individual in the community. The 𝑖th
EISR, 𝑖 = 1, 2, . . . , 𝑁EISR , has an initial point energy of
𝐸EISR (𝑖), and it is not active, that is, not infective, until time

instant 𝑇EISR (𝑖). Suppose there are 𝑁𝑁 nodes in the network.
Then, for node 𝑖, there is a threshold 𝛽(𝑖) to determine
whether it is possible for the node to be infected by a certain
infective node and an amplifying factor 𝛼(𝑖) to calculate the
initial energy when the node is infected. Basically, we can
assume all ripples have the same spreading speed 𝑠 and the
same energy decaying coefficient vector 𝜂.
The second parameter group is epidemic specific. Because
the nodes of network represent individuals, every node will
have a certain epidemic state at each time point. Let 𝑆𝑁(𝑖, 𝑡)
denote the epidemic state of node 𝑖 at time 𝑡. Table 1 lists
the epidemic states used in this study. Figure 2 shows how
an individual will go through these epidemic states in an
epidemic cycle. Simply speaking, in the epidemic cycle, an
individual is initially susceptible. Once s/he is infected, s/he
becomes exposed and then s/he develops to be infective;
an infected individual may either die or recover from the
infection. A recovered individual usually gets postrecovery
immunity. If this is temporary, then after a period of time
of immunity, s/he will become susceptible again. As one can
see from Figure 2, there is a time period for an individual to
transfer from one epidemic state to its followingup epidemic
state. Except 𝑇𝑆2𝐸 , all other state transfer times, that is,
𝑇𝐸2𝐼 , 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 , are independent of the ripplespreading process, being instead mainly determined by the
nature of the epidemic, the physical fitness of individuals,
and/or relevant public health policies/measures. Basically,
from statistical study of historical data, we may get an estimate of each state transfer time distribution (excluding 𝑇𝑆2𝐸 ).
In this study, we assume they all have Poisson distributions.
For instance, 𝑇𝐸2𝐼 may have a Poisson distribution with a
mean of 𝑇𝐸2𝐼 . Therefore, with 𝑇𝐸2𝐼 as a parameter, we can
roughly know how long it will take for an individual to
transfer from state “𝐸” to state “𝐼”. When running the RSEM,
once a node becomes exposed, we then randomly assign a
𝑇𝐸2𝐼 to the node according to a Poisson distribution with 𝑇𝐸2𝐼
as the mean. Similarly, we deal with other state transfer times
except 𝑇𝑆2𝐸 . Therefore, in the second group, we have four
means as parameters, namely, 𝑇𝐸2𝐼 , 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 . For
the sake of generality, 𝑇𝐸2𝐼 , 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 are allowed
to be zero, which means one or more epidemic states may
not be experienced by an individual in an epidemic cycle. For
example, if 𝑇𝐸2𝐼 = 0 and 𝑇𝑅2𝑆 = 0, then there is no latency
period or postrecovery immunity.
Besides the two groups of parameters, there are three
kinds of dynamics in the RSEM: the ripple-spreading process,
the reaction of nodes to ripples, and the state transfer of
nodes. The first two originate from the general work reported
in [21, 22], but some minor epidemic-specific modifications
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are introduced. The dynamics of state transfer is a brand-new
concept for the general ripple-spreading network model.
The ripple-spreading process in the RSEM is mathematically described as follows. Suppose ripple 𝑖 is associated with
the 𝑖th node, 𝑖 = 1, 2, . . . , 𝑁𝑁. Then, let 𝐸𝑁(𝑖) be the initial
point energy of the ripple 𝑖, 𝑒𝑁(𝑖, 𝑡) the point energy of the
ripple 𝑖 at time 𝑡, and 𝑟𝑁(𝑖, 𝑡) the radius of ripple 𝑖. Initialize
𝐸𝑁(𝑖) = 0, 𝑒𝑁(𝑖, 0) = 0 and 𝑟𝑁(𝑖, 0) = 0. Once ripple 𝑖 is
triggered at a certain time point, 𝐸𝑁(𝑖) will be given a value
larger than zero. If 𝐸𝑁(𝑖) > 0 and 𝑆𝑁(𝑖, 𝑡) = “𝐼” (i.e., the state
of node 𝑖 is “Infective”), then ripple 𝑖 will spread out as follows:
𝑟𝑁 (𝑖, 𝑡) = 𝑟𝑁 (𝑖, 𝑡 − 1) + 𝑠,

(1)

𝑒𝑁 (𝑖, 𝑡) = 𝑓Decay (𝐸𝑁 (𝑖) , 𝑟𝑁 (𝑖, 𝑡)) ,

(2)

where 𝑓Decay is a function defining how the point energy
decays as the ripple spreads out. A typical decaying function
may be
𝑓Decay (𝐸, 𝑟) =

𝜂 (𝑘) 𝐸
,
2𝜋𝑟

(3)

and 𝑘 is an integer index calculated as
𝑘=

𝑟𝑁 (𝑖, 𝑡)
.
𝑠

(4)

Please note that, although ripple 𝑖 has 𝐸𝑁(𝑖) > 0 at time
𝑡𝐸 (𝑖), it will not start spreading until the state of node 𝑖 has
become “Infective”, which is determined by the following
state transfer dynamics: if 𝑆𝑁(𝑖, 𝑡) = “𝐸” and 𝑡 − 𝑡𝐸 (𝑖) ≥
𝑇𝐸2𝐼 (𝑖), then set 𝑆𝑁(𝑖, 𝑡 + 1) = “𝐼” and start the ripplespreading process for ripple 𝑖; if 𝑆𝑁(𝑖, 𝑡) = “𝐼” and 𝑡 − 𝑡𝐸 (𝑖) ≥
𝑇𝐸2𝐼 (𝑖) + 𝑇𝐼2𝐷(𝑖), randomly decide whether node 𝑖 will die
according to a preset death rate 𝑅𝐷; if node 𝑖 has died, set
𝑆𝑁(𝑖, 𝑡 + 1) = “𝐷”, 𝑟𝑁(𝑖, 𝑡) = 0, and 𝐸𝑁(𝑖) = 0, and stop
the ripple-spreading process of ripple 𝑖; if 𝑆𝑁(𝑖, 𝑡) = “𝐼” and
𝑡 − 𝑡𝐸 (𝑖) ≥ 𝑇𝐸2𝐼 (𝑖) + 𝑇𝐼2𝑅 (𝑖), set 𝑆𝑁(𝑖, 𝑡 + 1) = “𝑅”, 𝑟𝑁(𝑖, 𝑡) = 0,
and 𝐸𝑁(𝑖) = 0, and stop the ripple-spreading process of ripple
𝑖; if 𝑆𝑁(𝑖, 𝑡) = “𝑅” and 𝑡 − 𝑡𝐸 (𝑖) ≥ 𝑇𝐸2𝐼 (𝑖) + 𝑇𝐼2𝑅 (𝑖) + 𝑇𝑅2𝑆 (𝑖), set
𝑆𝑁(𝑖, 𝑡 + 1) = “𝑆”. So, node 𝑖 has gone through an epidemic
cycle.
By integrating the above parameters and dynamics, the
proposed RSEM can be finally described as a whole by the
following steps.
Step 1. Initialization, that is, set 𝑆𝑁(𝑖, 0) = “𝑆”, 𝐸𝑁(𝑖) =
0, 𝑟𝑁(𝑖, 0) = 0, 𝑡 = 0 and 𝑀𝐴 (𝑗, 𝑖) = 0 for all 𝑖 = 1, 2, . . . ,
𝑁𝑁 and 𝑗 = 1, 2, . . . , 𝑁𝑁, randomly choose 𝑁EISR nodes
as initial cases, set their state as “E”, set their 𝑇𝐸2𝐼 as 𝑇EISR ,
and randomly set their 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 according to
the relevant Poisson distributions defined by 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and
𝑇𝑅2𝑆 .

Once the 𝑆𝑁(𝑖, 𝑡) changes from “I” to “D” or “R”, reset 𝐸𝑁(𝑖) =
0, 𝑒𝑁(𝑖, 0) = 0, and 𝑟𝑁(𝑖, 0) = 0.
The reaction of nodes to ripples defines how a node is
infected. Suppose node 𝑖 is reached by ripple 𝑗 at time 𝑡; that
is,

Step 2. While the termination criteria are not satisfied, let 𝑡 =
𝑡 + 1, do for 𝑖 = 1, 2, . . . , 𝑁𝑁.

𝑟𝑁 (𝑗, 𝑡) ≥ 𝐷𝑁 (𝑖, 𝑗) ≥ 𝑟𝑁 (𝑗, 𝑡 − 1) ,

Substep 2.2. If 𝐸𝑁(𝑖) > 0 and 𝑆𝑁(𝑖, 𝑡) = “𝐼”, let ripple 𝑖 spread
for one time step by following the ripple-spreading process
described by (1) to (4).

(5)

where 𝐷𝑁(𝑖, 𝑗) is the distance between node 𝑖 and node 𝑗. If
𝑆𝑁(𝑖, 𝑡) = “𝑆” and 𝑒𝑁(𝑗, 𝑡) ≥ 𝛽(𝑖), that is, the point energy of
ripple 𝑗 is above the threshold of node 𝑖, then node 𝑖 will be
infected with a probability which may be defined based on an
arctangent function of 𝑒𝑁(𝑗, 𝑡) as follows:
𝑝𝑅 (𝑖) =

tan−1 (𝜅 ((𝑒𝑁 (𝑗, 𝑡) − 𝛽 (𝑖)) /𝛽 (𝑖)) − 𝛿) + tan−1 (𝛿)
,
𝜋/2 + tan−1 (𝛿)
(6)

where 𝜅 > 0 and 𝛿 are coefficients which can adjust the
shape and location of the arctangent function. Once node 𝑖
is infected, we establish a directional link from node 𝑗 and
node 𝑖 by modifying the adjacency matrix:
𝑀𝐴 (𝑗, 𝑖) = 𝑀𝐴 (𝑗, 𝑖) + 1,

(7)

set 𝑆𝑁(𝑖, 𝑡 + 1) = “𝐸”, set the initial point energy of ripple 𝑖 as
𝐸𝑁 (𝑖) = 𝛼 (𝑖) 𝑒𝑁 (𝑗, 𝑡) ,

(8)

record the time of becoming exposed 𝑡𝐸 (𝑖) = 𝑡, and assign
values to 𝑇𝐸2𝐼 (𝑖), 𝑇𝐼2𝐷(𝑖), 𝑇𝐼2𝑅 (𝑖), and 𝑇𝑅2𝑆 (𝑖) according to
relevant Poisson distributions defined by 𝑇𝐸2𝐼 , 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 ,
and 𝑇𝑅2𝑆 .

Substep 2.1. Let 𝑆𝑁(𝑖, 𝑡) = 𝑆𝑁(𝑖, 𝑡 − 1).

Substep 2.3. If node 𝑖 has 𝑆𝑁(𝑖, 𝑡) = “𝑆” and is reached ripple 𝑗
according to (5), calculate the reaction of node 𝑖 as described
by (6) to (8).
Substep 2.4. If 𝑆𝑁(𝑖, 𝑡) ≠“𝑆”, following the state transfer
dynamics to process node 𝑖 for one time step.
When an RSEM run is terminated, a network will appear
based on all established directional links which indicate how
the infectious disease has transmitted between individuals.
Figure 3 illustrates how the infectious disease transmission
can be simulated by the proposed RSEM.
2.3. Further Analysis of RSEM. As discussed in the Introduction section, social contacts and physical movements of
individuals impose a big challenge to epidemic modeling.
Fortunately, thanks to ripple-spreading dynamics, the proposed RSEM can effectively simulate the effect of social
contacts and physical movements without actually applying
such activities to each individual. Basically, the strength of
social contacts and physical movements of an individual
is largely reflected by the amplifying factor 𝛼(𝑖) and the
threshold 𝛽(𝑖). For a socially active individual, s/he is more
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(a). Node 1 is the initial case;
other nodes are susceptible.

5
(b). Node 1 has infected node 3, which
becomes exposed but not infective yet.
2(S)

2(S)
EISR:1(I)

(c). Node 1 has recovered with temporary
immunity; node 3 becomes infective.

4(S)

2(S)
4(S)

EISR:1(I)

EISR:1(R)

3(E)

3(S)

(f). Node 2 has infected node 1;
node 4 becomes infective.
2(I)
EISR:1(E)

4(I)

(e). Node 1 becomes
susceptible again; node
3 has died; node 2
becomes infective and
has infected node 4.

3(I)

(d). Node 3 has infected node 2
but failed to infect node 4.
2(E)

2(I)
4(E)

EISR:1(S)

3(D)

4(S)

3(D)

4(S)

EISR:1(R)
3(I)

Figure 3: An illustration of RSEM.

likely to be infected, so s/he should have a smaller 𝛽(𝑖).
According to (6), one can see that a smaller 𝛽(𝑖) means a
higher probability of being infected. At the same time we set
a larger 𝛼(𝑖) for a socially active individual, and, from (8), one
can see that his/her ripple will then have more point energy to
infect others, which is in line with the reality. According to (2)
and (3), as a ripple spreads out, its point energy decays, which
in general means that the infection probability becomes lower
as the distance between two individuals increases. This is also
the case in reality: for an individual, usually most of his/her
social contacts and physical movements happen within a
small group of people (compared with the whole community)
and a limited physical space (compared with the entire space).
Therefore, most secondary infections caused by him/her will
be spatially limited. Now it is clear that, by associating the
point energy of ripples to the probability of infection and
the amplifying factor and the threshold of nodes to the
social contacts and physical movements of individuals, the
proposed RSEM provides a new approach to simulate and
study the epidemic dynamic.
One may argue that, according to Table 1 and Figure 2,
the proposed RSEM misses the state of “Admitted”, which
usually means that individuals who are infective are quarantined in hospital and therefore have no chance to transmit
the infection to others. Obviously, this state is not an original
state in the natural epidemic cycle, but a man-made state
due to the public health service. Actually, the effect of the
state of “Admitted” can be equivalent to shortening 𝑇𝐼2𝐷
and 𝑇𝐼2𝑅 , and increasing 𝑇𝑅2𝑆 . Therefore, in this study, we do

not consider the state of “Admitted” explicitly. This will be
further discussed later in the simulation section.
It should be noted that, in the ripple-spreading process,
(3) uses an energy decaying coefficient vector rather than
a single coefficient scalar. This is because the infectiousness
over time after infection is not a constant, as shown by
the examples in Figure 4. Therefore, we can use a piecewise
function defined by the vector 𝜂 to describe the time-varying
infectiousness of a given epidemic.
In the reaction of node to ripples, according to (6), the
curve of the probability 𝑝𝑅 (𝑖) for node 𝑖 to be infected has a
shape of an arctangent function like the solid line in Figure 5.
Basically, once 𝑒𝑁(𝑗, 𝑡) ≥ 𝛽(𝑖), the larger the point energy
𝑒𝑁(𝑗, 𝑡) is, the higher the probability for node 𝑖 to be infected
by node 𝑗. The probability 𝑝𝑅 (𝑖) does not go up linearly as
𝑒𝑁(𝑗, 𝑡) increases. Actually, 𝑝𝑅 (𝑖) increases very slowly before
𝑒𝑁(𝑗, 𝑡) reaches a certain critical value, around which 𝑝𝑅 (𝑖)
goes up sharply and then gets almost saturated no matter
how large 𝑒𝑁(𝑗, 𝑡) is. This is reasonable, because, according to
(3), the value of 𝑒𝑁(𝑗, 𝑡) largely reflects the distance (spatial,
social, or both) between two nodes, and in reality infection
occurs mainly within a certain range of spatial and/or social
distance, whilst beyond that range the probability of infection
is quite low. The coefficient 𝜅 determines how sharply the
probability curve changes around the critical value of 𝑒𝑁(𝑗, 𝑡):
the larger the value of 𝜅, the sharper the probability curve.
The coefficient 𝛿 determines how likely it is that an 𝑒𝑁(𝑗, 𝑡)
will cause a large probability of infection: the smaller the
value of 𝛿, the more likely a large probability. To simplify
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Figure 4: Biological infectiousness over time after infection for three different human pathogens [14].

Table 1: States used in epidemic model.
Symbol

Epidemic state

𝑆

Susceptible

𝐸

Exposed

𝐼

Infective

Recovered

𝐷

Dead

Probability of node i
being infected pR (i)

𝑅

Description
Healthy Individuals who could
potentially develop the disease.
Individuals who have been
infected with the disease, but
who are still in the latent period
(with or without symptoms of
the disease) and who cannot
transmit the disease to others.
Individuals who are infected with
the disease (with or without
symptoms of the disease) and
who are capable of transmitting
the infection to others.
Individuals who have recovered
from infection thereby acquiring
immunity (temporary or
permanent) from infection.
Individuals who have died from
infection

1

0

0

𝛽(i)

𝛿 × 𝛽(i)/𝜅 + 𝛽(i)
Point energy of ripple j: eN (j, t)

Figure 5: Probability of infection and point energy of ripple.

the RSEM, one may sometimes use a piecewise probability
function, such as the dotted line in Figure 5, to approximate
the arctangent function.
From the description above, it is apparent that the
proposed RSEM is more complicated than many existing

epidemic models. This also means that it is more flexible to
modifications. For instance, the space where nodes distribute
and ripples spread out is not necessarily the real geographic
space. Instead, it can be an artificial multidimensional space
which includes social relationships, shopping patterns, and
habits. The nodes may not always be fixed; in other words, by
referring to relevant statistic studies of long-distance travelling patterns, some randomly chosen nodes may occasionally
jump in the space. The proposed RSEM can easily incorporate
such modifications, but this is beyond the scope of this paper.

3. Genetic Algorithm for Tuning
Model Parameters
Like all other models, the proposed RSEM is supposed
to be able to (i) simulate historic epidemic outbreaks, (ii)
analyze epidemic dynamics/mechanism and health policies/measures, and (iii) make forecasts to some extent.
Simulating historic epidemic outbreaks is mainly used for
model verification building confidence so that the model
will be employed for analysis and forecasting. In the simulation of historic epidemic outbreaks, the output of a
model should match the relevant historic data as closely as
possible. Basically, this can be assessed by comparing the
number of daily infections 𝑁𝐷𝐼 (𝑡), the number of daily deaths
𝑁𝐷𝐷(𝑡), the number of daily recoveries 𝑁𝐷𝑅 (𝑡), and the
basic reproduction ratio 𝑅0 , which is defined as the average
number of secondary infections produced when one infected
individual is introduced into a population where everyone
else is susceptible [14]. In short, the quantity 𝑅0 governs
whether an infection can spread and be sustained within a
population. If 𝑅0 is greater than one, then the number of
infections in a susceptible population will increase and the
infection will be sustained, whereas if 𝑅0 is less than one, the
infection should fail to take hold and will die out very quickly.
For a simple deterministic model with a few parameters
such as those based differential equations, it is possible to
tune the parameters by hand based on experience, in order
to match relevant historic data. However, for a complicated
stochastic model with many parameters, which is the case
for the proposed RSEM, hand tuning is very difficult, if
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not impossible. Actually, the output of the RSEM does
not simply rely on the values of parameters but is more
determined by whether such values together satisfy certain
conditions, known or unknown. For instance, [21] derived
some conditions which involve all parameters to determine
whether all nodes will be connected together in the general
ripple-spreading network model. Such complicated relationships between parameters reflect the fact that in reality it
is usual for many factors to work together in a complex,
intermixed fashion. Tuning the parameters for a complicated
model/system is often far beyond the capability of even
human experts. Fortunately, we can turn to methods such
as genetic algorithms (GAs) for help. A GA is a large-scale
parallel stochastic searching and optimizing method inspired
by the biological mechanisms of evolution and heredity. In
recent years, GAs have been widely used for resolving various
complex problems, particularly those including parameter
optimization [23–26]. The basic idea of a GA is that, given
a population of chromosomes, the environmental pressure
causes natural selection (survival of the fittest), and hereby
the fitness of the population grows. It is easy to see such
a process as optimization. Given an objective function to
be maximized, we can randomly create a set of candidate
solutions (chromosomes) and use the objective function as an
abstract fitness measure (the higher the better). Based on this
fitness, some of the better chromosomes are chosen to seed
the next generation by applying crossover and/or mutation.
Crossover is applied to two selected chromosomes, the socalled parents, and results in one or two new chromosomes,
the children. Mutation is applied to one chromosome and
results in one new chromosome. Applying crossover and
mutation leads to a set of new chromosomes, the offspring.
Based on their fitness, these offsprings compete with the
old chromosomes for a place in the next generation (in
some GA implementations, the population is all replaced by
the offspring). This process can be iterated until a solution
is found or a previously set time limit is reached. Many
components of such an evolutionary process are stochastic.
According to Darwin, the emergence of new species, adapted
to their environment, is a consequence of the interaction
between the survival of the fittest mechanism and undirected
variations. Variation operators must be stochastic, the choice
of which pieces of information will be exchanged during
crossover, as well as the changes in a chromosome during
mutation, is random. On the other hand, selection operators
can be either deterministic or stochastic. In the latter case
fitter chromosomes have a higher chance of being selected
than less fit ones, but typically even the weak chromosomes
have a chance to become a parent or to survive. For more
theoretical details of GAs, readers may refer to [23–26].
To apply a GA in this study, firstly, we need to decide,
in the RSEM, which parameters can be set up by hand and
which ones need to be tuned by the GA. Basically, parameters
such as the number of initial cases 𝑁EISR , the means of state
transfer times 𝑇𝐸2𝐼 , 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 , energy decaying
coefficient vector 𝜂, and death rate 𝑅𝐷 can be easily set
up according to relevant historic data and statistic studies.
Coefficients 𝜅 and 𝛿 can also be tuned by hand mainly to
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change the overall shape of the infection probability curve as
shown in Figure 5. Most ripple-spreading related parameters
are purpose-designed and have no real-world meanings or
references, and therefore they should be tuned by the GA.
These parameters specifically include the initial point energy
𝐸EISR (𝑖) of initial cases, the ripple spreading speed 𝑠, the
threshold 𝛽(𝑖), and the amplifying factor 𝛼(𝑖). It should be
noted that we do not need to tune 𝛽(𝑖) and 𝛼(𝑖) for every
node, but we just need to tune their means, that is, 𝛽 and
𝛼, and then generate 𝛽(𝑖) and 𝛼(𝑖) according to a Poisson
distribution with 𝛽 and 𝛼 as the means, respectively.
Then, we construct a fitness function based on 𝑁𝐷𝐼 (𝑡),
𝑁𝐷𝐷(𝑡), 𝑁𝐷𝑅 (𝑡), and 𝑅0 as follows:




∗
𝐽 = 𝑤1 𝑅0 − 𝑅0∗  + 𝑤2 ∑ 𝑁𝐷𝐼 (𝑡) − 𝑁𝐷𝐼
(𝑡)


∗
+ 𝑤3 ∑ 𝑁𝐷𝐷 (𝑡) − 𝑁𝐷𝐷
(9)
(𝑡)


∗
+ 𝑤4 ∑ 𝑁𝐷𝑅 (𝑡) − 𝑁𝐷𝑅
(𝑡) ,
where 𝑤1 to 𝑤4 are weights, the variables with “∗ ” are the
approximated values of relevant historical data, and the over
barred variables are the relevant mean results of a number
of random RSEM runs with a given set of parameter values.
Usually, the curve of historical data is not smooth and nor
is the curve of a single RSEM run. If we directly compare
the historical curve with the curve of any single RSEM run,
the summed error will usually be very large, even though the
two curves are actually similar to each other. Therefore, we
need to use approximated values and average values, both of
which are much smoother for accurate comparison. Another
reason for utilizing the average results of many RSEM runs is
that the proposed RSEM is stochastic in nature, which means
that the model will deliver different results in different runs
even for the same set of parameter values. Therefore, to better
assess the effect of a given set of parameter values, a sufficient
number of RSEM runs need to be conducted for a parameter
value set.
Thus, we can use GA to tune the parameters for the RSEM
as follows.
Step 1. Initialize a population of sets of parameter values.
Step 2. For a set of parameter values, conduct a number
of RSEM runs, and then calculate the fitness based on the
average results. Repeat the same for every set of parameter
values in the population.
Step 3. If the termination criterion is satisfied, go to Step 4.
Otherwise, perform selection, crossover, and mutation to
generate a new population of sets of parameter values. Go to
Step 2.
Step 4. Output the best set of parameter values, and stop.
Once the RSEM is well tuned by the GA, we can then
use it to analyze epidemic details and policy effects, as well as
forecasting new trend or future development of an epidemic.
Some relevant technical details concerning GA design and
implementation may be found in [22]. It should be noted,

8
however, that [22] focuses on applying a GA to optimize the
basic RSNM of [21] so as to generate small-world and scalefree network topologies. As discussed in Section 2, the basic
RSNM is somewhat different from the RSEM proposed in
this paper. Nevertheless, the use of a GA to optimize model
parameters in [22] is helpful to tune the RSEM in this paper.

4. Illustrative Simulation Results
As explained in Section 3, the first step in applying the
proposed RSEM is to use some historical data to tune the
parameter values in order to simulate the associated real
epidemic outbreak. Here we consider the March 2003 Severe
Acute Respiratory Syndrome (SARS) outbreak in Hong Kong.
From the empirical data for Hong Kong, we know that
a severe localized epidemic occurred in Amoy Gardens.
Through contact tracing, it has been estimated that 332 cases
were involved in this outbreak, a large proportion of which
could be traced to a single person. Outbreaks involving the
direct spread of the disease from one primary case to a very
large number of secondary cases are often referred to as
“Super-Spreading Events”, which are often ideally used to test
epidemic models. As one can see from Figures 6, 7, and 8, the
real historical data form no smooth curves. Because the SARS
case in Amoy Gardens is a unique single case, we cannot get
any smooth curve of average historical data, which makes
it difficult to calculate the fitness of chromosome as defined
in (9). Thus, to be able to apply a GA to tune the reported
RSEM, we adopt the differential equations based model in
[20] to generate an approximated smooth curve of average
historical data. With 3 smooth curves (of daily infections,
death, and recovery, resp.) generated by the model in [20],
we can calculate the chromosome fitness according to (9) and
then apply GA to tune the RSEM parameters. It should be
noted that there are actually no daily infection data, and we
hence use the daily admissions data in [20] to approximate
them. In this study, the weights 𝑤1 to 𝑤4 in (9) are set to
100, 1, 10, and 2, respectively. These values for 𝑤1 to 𝑤4 are
chosen largely by referring to the data of basic reproduction
ratio, daily admissions, daily death, and daily recovery in
[20], so that the four items in (9) will have roughly equal
contributions to the fitness function. In the test, all SARSspecific disease related parameters are set up according to
[20], and the number of nodes is 𝑁𝑁 = 2396 (i.e., the
susceptible population in Amoy Gardens). For the GA, the
crossover probability is set to 0.6, the mutation probability
is set to 0.1, the population size is 200, and the number
of evolving generations is 500. For each chromosome in a
population, we use the parameter values represented by it to
run the RSEM for 100 times, and then use the average results
to calculate its fitness according to (9). Finally, we use the
fittest chromosome in the last generation of GA to set the
RSEM, in order to simulate the SARS case in Amoy Gardens.
Figures 6, 7, and 8 plot the final simulation results of
applying RSEM to study the SARS case in Amoy Gardens;
the standard deviations (SDs) of the results of the model
in [20] and the RSEM from the historical data are given
in Table 2. From Figures 6, 7, and 8 and Table 2, one can
see that (i) the average curves of RSEM are similar to those
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of [20]; (ii) the SDs of the RSEM are close to those of
the model in [20]; (iii) the results of a single RSEM run
have patterns (peaks and valleys) fairly similar to those of
historical data; (iv) the ranges and tendencies of RSEM data
all match those of historical data and [20]. Therefore, Figures
6, 7, and 8 and Table 2 illustrate that the proposed RSEM
and GA can deliver a fairly satisfactory performance in the
case study of SARS and therefore can be useful to model
epidemic dynamics. However, due to lack of relevant data
on the physical fitness, immunity, and social activities of the
population in Amoy Gardens, at the moment it is still difficult
to explain or make sense of the values of RSEM parameters
in this SARS case. Therefore, more cases studies based on
different historical data and social survey data are still needed,
which is beyond the scope of this paper and demands effort
in future research.
Due to the early stage of this work, we have not collected
sufficient historical data for parameter tuning purposes.
However, we can still investigate the model based on synthetic
data sets, in order to understand the properties of the model
itself. Here, we can give some simulation results to see how
the parameters can affect the output of the model. Now we
set 𝑁𝑁 = 250; that is, the population of original susceptible
individuals is 250. We assume there are 8 initial cases
randomly distributed in the population. Firstly, we suppose
that the population is uniformly randomly distributed in a
square area defined by coordinates (−1000, −1000) and (1000,
1000), and all initial cases have the same initial point energy
𝐸EISR = 10000, the Poisson means for generating 𝑇𝐸2𝐼 (𝑖),
𝑇𝐼2𝐷(𝑖), 𝑇𝐼2𝑅 (𝑖) and 𝑇𝑅2𝑆 (𝑖), 𝛽(𝑖) and 𝛼(𝑖) are 𝑇𝐸2𝐼 = 10,
𝑇𝐼2𝐷 = 15, 𝑇𝐼2𝑅 = 15 and 𝑇𝑅2𝑆 = 20, 𝛽 = 5, and 𝛼 = 1000,
and coefficients 𝜂 = 1, 𝜅 = 1, and 𝛿 = 10. Then, in the
simulation, we want to study the influence of three sets of
parameters: (i) the square area (which is related to the density
of population), (ii) the pair of 𝛽 and 𝛼 (which are related to
the overall social activeness of the population), and (iii) the
triple of 𝑇𝐼2𝐷, 𝑇𝐼2𝑅 , and 𝑇𝑅2𝑆 (which are related to the general
public health service standard). Each time we only change
the value(s) of one set of parameters by 20% of the associated
default values, while all the other parameters have the default
values as given above. Please note that 𝛽 and 𝛼 change in
opposite directions (𝛽 increases whilst 𝛼 decreases) and 𝑇𝑅2𝑆
and the pair of (𝑇𝐼2𝐷, 𝑇𝐼2𝑅 ) change in opposite directions
(𝑇𝑅2𝑆 increases whilst the other two decrease). For each given
whole set of parameter values, we conduct 10 RSEM runs.
Then, we only check the number of total infections, and the
average results are given in Table 3, from which we have the
following observations.
(i) The default values for parameters result in a network
where all nodes are connected, which means the
whole population is eventually infected. This default
case is used as a benchmark to assess the influence of
some model parameters.
(ii) The density of population plays an important role in
the transmission of infectious diseases. A high density
will contribute to the outbreak of plagues.
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Table 2: Comparative results between RSEM and the model in [20].
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many RSEM runs
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Figure 6: Simulation results for Amoy Gardens, Hong Kong: number of infections.
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Figure 7: Simulation results for Amoy Gardens, Hong Kong: number of deaths.
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Figure 8: Simulation results for Amoy Gardens, Hong Kong: number of recovery.

(iii) Large threshold and small amplifying factor have a
negative influence on the transmission of infectious
diseases. This means a community where the overall
social activeness is low will have a better resistance to
epidemic outbreaks. When an 80% change applies to
the default values, usually only the initial cases will
cause a few infections, and the epidemic will die out
soon.
(iv) Similarly, the general public health service standard
plays a crucial role in the control of epidemic outbreaks. If infected individuals can be quarantined in
a timely manner, say, if 𝑇𝐼2𝐷 and 𝑇𝐼2𝑅 are reduced by
80%, then infections are largely limited to the initial
cases and the nearby.
(v) The above simulation results clearly reveal the trends
of the influence of different RSEM parameters. However, again, to fully understand the performance of
RSEM, extensive efforts are still needed based on
various real epidemics data in future research.

5. Conclusions and Future Work
This paper reports a novel ripple-spreading network model
for the study of infectious disease transmission. We term the
new model the ripple-spreading epidemic model (RSEM).
By mimicking the ripple-spreading phenomenon on a calm
liquid surface, the new model has many natural advantages
to describe spatial and temporal factors in the outbreak of
plagues. The effect of individuals’ social activities, such as
contacts and movements, which are often difficult for many
existing models to simulate, can be effectively described by

Table 3: Influence of model parameters on total infections.
Change % default
values
0%
20%
40%
60%
80%

Square area

(𝛽, 𝛼)

(𝑇𝑅2𝑆 , 𝑇𝐼2𝐷 , 𝑇𝐼2𝑅 )

250.0
228.7
205.7
136.4
51.9

250.0
219.3
185.8
108.2
16.5

250.0
232.5
191.6
93.8
21.9

the amplifying factor of nodes and the point energy of ripples,
which largely determines the probability of infection. As
the point energy of a ripple decays as the ripple spreads
out, the probability of infection decreases. The threshold
of nodes is another important parameter determining the
dynamic process of infectious disease transmission, and
basically this parameter is well associated with the physical
fitness and immunity of individuals. The proposed model
is highly flexible to modifications and is therefore capable
of incorporating new real factors which matter in the study
of epidemic. The general model can be tuned by genetic
algorithm according to the historic data of a specific plague,
and the well-tuned model can then be used to analyze and
forecast the associated infectious disease. The effectiveness
of the proposed model and method is illustrated by some
simulation results.
Future work will include (i) carrying out more theoretical
analysis of the proposed model, (ii) comparing with other
models, and (iii) modifying and tuning the proposed model
in order to study some real outbreaks of plagues. In particular,
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as a new epidemic model, the RSEM needs relevant data on
the physical fitness, immunity, and social activities of the
population in a community/society, in order to better set up
and understand the RSRPs (ripple-spreading related parameters). To get such data, a purpose-designed social survey
needs to be conducted within a certain time window after
a plague breaks out. Therefore, conducting relevant social
survey for a recent plague event to collect sufficient data will
be a crucial part of future work. Once such data are collected
for a specific plague event, more comparisons with different
relevant existing models will be made. Such applicationoriented study needs to be conducted for different diseases,
in order to explore the full potential of the proposed RSEM.
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Our goal in this present study is to introduce new wavelet based methods for differentiating and classifying Class I and Class II PDZ
domains and compare the resulting signals. PDZ domains represent one of the most common protein homology regions playing
key roles in several diseases. To perform the classification, we developed two methods. The first of our methods was comparable
to the standard wavelet approaches while the second one surpasses it in recognition accuracy. Our models exhibited interesting
results, and we anticipate that it can be used as a computational technique to screen out the misfit candidates and to reduce the
search space, while achieving high classification and accuracy.

1. Introduction
PDZs are structural domains contained in many proteins.
They have been shown to act as key players involved in
numerous diseases mediated with the PDZ domain interactions they contain [1–3]. PDZs represent one of the most
common protein domains found in the human genome that
are made up of approximately 90 amino acids. They were
initially identified based on the homology of three different
proteins from which their name is derived. One of the main
functions that PDZ domains have been recognized for is
their scaffolding or mediator role [4–6] in the assembly of
receptors at the cellular membrane interface. These reactions
are governed by PDZ domain binding of C-termini of their
ligand protein, more specifically the last four to six amino
acid residues [7–9]. Overall, there are several PDZ domain
classifications; however, the two most dominant recognition
motifs are 𝑋-𝑆/𝑇-𝑋-Φ for Class I PDZ domains and 𝑋-Φ-XΦ for Class II PDZ domains [10]. Most PDZ domains share
a similar 3D globular module [11] as shown by NMR and
crystallography structures. In general, PDZs are composed of

six beta strands and two alpha helices; however, predicting
peptide-PDZ domain interaction can be difficult. Our goal
was to generate a computational model that could aid in
interaction classifications. Given that PDZ domains often
exhibit strong binding towards certain peptide ligands, they
can be classified based on the recognition sequence of
interacting peptides. However, with more recent reports, it
is clear that PDZ domains display significant promiscuity in
binding [12], proving to be a challenge for their classification.
By extrapolating the relevant sequence information and using
several wavelet transformation, we intended to develop a
method that would be time saving and offer an alternative
to expensive experiments. Work on this topic by Kalyoncu
et al. [13] was based on using a statistical learning model
for automated prediction of PDZ domains. Chen et al.
[14] used a statistical model to perform prediction studies
based on domain-peptide interactions. Another interesting
classification technique according to the two critical positions
of PDZ domains has been introduced by Bezprozvanny and
Maximov [15]. Chen et al. [14] used a multidomain selectivity
model to predict PDZ domain-peptide interactions across
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Table 1: Comparisons between our methods and MODWT.

Methods

Sensitivity (%)
Specificity (%)
Positive predictive value (%)
WAD-1 WAD-2 MODWT WAD-1 WAD-2 MODWT WAD-1 WAD-2 MODWT

Parametric 81.82
classifier
K-nearest 72.73
neighbors

Negative predictive value (%)
WAD-1 WAD-2 MODWT

91.67

81.82

66.67

100

55.56

75

100

69.23

75

90

71.43

75

63.64

33.33

77.78

88.89

57.14

81.82

87.5

50

70

66.67

Sensitivity gives true positive rate, or the recall rate of prediction algorithm. See (10).
Specificity gives true negative rate of prediction algorithm. See (11).
Positive predictive value confirms that a correct prediction is actually correct. See (12).
Negative predictive value confirms that a false prediction is actually false. See (13).
Parametric classifier and K-nearest neighbors are popular pattern classification algorithms. See [27].

the mouse proteome. However, in this study, we have converted the biological prediction problem into an engineering
challenge guided by mapping protein domain sequences into
signals based on the 7 key physiochemical properties of
amino acids (hydrophobicity [16], electronic [17], isoelectric
point [18], polarity [19], volume [19], composition [20], and
molecular weight [20]).
In this paper, the problem statement is as follows: given
any PDZ sequence 𝑆 = GTRITLEEITLERA, predict to which
class of PDZ (I or II) 𝑆 belongs.
The core of our study is the feature extraction from
the amino acid sequences. In order to extract features from
our dataset, we have used wavelets-based signal processing
methodologies because it retains more abundant information
of sequence order in frequency domain and time domain
[21], which is a key to our method. In this study, we were
able to develop two novel methods for feature extraction
and classification. Feature extraction in the first method
named WAD-1 is achieved by first smoothing the signal
incorporating empirical mode decomposition (EMD) [1] and
second treating normalized signals with maximum overlap
discrete wavelet transform (MODWT) [22].
Our second method named WAD-2 uses trigram frequencies of amino acids followed by MODWT for feature
extraction. The idea of amino acid frequency has been used
popularly in many past [23, 24] and recent [13, 25, 26]
proteomics analysis with various mathematical and statistical
models.
Finally, we used different classifiers, namely, parametric classifier [27] and K-nearest neighbors [27], to classify
these features. The performance of current methods showed
improvement compared with wavlets only method in Table 1.

2. Methods
2.1. Empirical Mode Decomposition (EMD). According to
Huang et al. [28], the empirical mode decomposition (EMD)
[28] is a technique used to decompose a given signal into a
set of elementary signals called “intrinsic mode functions”
(IMFs). The algorithm operates by removing IMFs in every
iteration. Rato et al. [29] has proposed an improved EMD
algorithm, which is as follows from their paper.
Presenting any signal, 𝜒(𝑡), the IMFs are generated by an
iterative activity titled sifting operations, which consist of the
following steps.

(i) Generate each and every localized maxima, 𝑀𝑥 , 𝑥 =
1, 2 . . ., and so forth, and minima, 𝑚𝑦 , 𝑦 = 1, 2 . . . and
so on, in 𝜒(𝑡).
(ii) Generate the interpolating signals for maxima as
𝑀(𝑡) = 𝑓𝑀(𝑀𝑥 , 𝑡) and for minima as 𝑚(𝑡) =
𝑓𝑚 (𝑚𝑦 , 𝑡). The interpolating signals thus computed
contributes to the upper and lower envelopes of the
signal.
(iii) Consider 𝑒(𝑡) = (𝑀(𝑡) + 𝑚(𝑡))/2.
(iv) Remove 𝑒(𝑡) from the original signal 𝜒(𝑡), and update
it as 𝜒(𝑡) = 𝜒(𝑡) − 𝑒(𝑡).
(v) Go back to step (i) and continue until 𝜒(𝑡) produced
in step (iv) remains almost unvaried.
(vi) After obtaining an IMF 𝜑(𝑡), subtract it from updated
𝜒(𝑡) as 𝜒(𝑡) = 𝜒(𝑡) − 𝜑(𝑡), and jump to step (i) if
multiple extremum (a maxima or minima) for 𝜒(𝑡) is
noticed.
This IMF can be mathematically defined as [29]


𝜑 (𝑡) = Re {𝑦 (𝑡) 𝑒jarg(𝑦(𝑡)) } ,


𝜑 (𝑡) = 𝑦 (𝑡) cos [𝜃 (𝑡)] ,

(1)



𝜑 (𝑡) = 𝑦 (𝑡) cos [arg (𝑦 (𝑡))] .
We also compute a ratio,
𝑅=

𝐸 (𝜒 (𝑡))
.
𝐸 (𝑒 (𝑡))

(2)

Here, 𝐸(𝜒(𝑡)) and 𝐸(𝑒(𝑡)), respectively, indicate the
energy of the original signal before sifting and the average
energy of the upper and lower envelopes. However, if 𝑅
crosses-over an allowed threshold of resolution 𝜏, then the
IMF computation is stopped.
2.2. Maximum Overlap Discrete Wavelet Transform
(MODWT). MODWT was described by Percival and Walden
[22]; it is a special case among the currently available waveletbased techniques for the analysis of arbitrary-length discrete
time series. MODWT is different from DWT in a sense that
it is a circular shift-invariant transform [6]; the idea here is
that, if a circular shift operation is applied to the real time
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series data, then it generates identically shifted MODWT
coefficients. The MODWT is well suited for any sequence
length 𝑁, whereas for a complete decomposition of 𝐽 levels
the DWT requires 𝑁 to be a multiple of 2𝐽 .
Moreover, we can interpret the MODWT as a cyclic
version of the DWT, and it is achieved by averaging over all
nonredundant DWTs of shifted versions of the original series.
However as this operation smoothens the original DWT
signals, it also increases the running time of the computer
program. If we apply DWT on an 𝑛-point time series, it
requires 𝑂(𝑛) multiplications whereas MODWT for the same
series requires 𝑂(𝑛 log 2𝑛) multiplications [30].
It is well suited for our study because, once the protein
sequence is translated to a numerical sequence, it becomes a
time-series sequence {𝑋𝑡 | 𝑡 = 0, 1, 2, . . . , 𝑁 − 1}. In order to
filter the signals at each level of {𝑋𝑡 }, MODWT treats the time
series as a periodical. The MODWT coefficients are given by
[31]
𝐿𝑗−1

̃𝑗,𝑡 = ∑ ̃ℎ𝑗,𝑙 𝑋𝑡−𝑙 mod 𝑁,
𝑊

(3a)

𝑙=0

Primary sequences of PDZ domains
Phase I: symbolic to numeric mapping is
based on 7 physiochemical properties
Time-series data
Phase II: signal smoothening is
achieved with improved empirical mode
decomposition
Smoothed signals
Phase III: feature extraction is done by
maximum overlap discrete wavelet
transform
Feature vectors
Phase IV: classification is done by
feeding feature vectors to the classifier
Predict classes of
PDZ domains

Figure 1: Block diagram depicting flowchart of method WAD-1.

𝐿𝑗−1

̃𝑗,𝑡 = ∑ 𝑔̃𝑗,𝑙 𝑋𝑡−𝑙 mod 𝑁.
𝑉

(3b)

𝑙=0

Here, ̃ℎ𝑗,𝑙 , 𝑔̃𝑗,𝑙 are the high and low pass filters, respectively, of
level 𝑗. It is also evident from the above equations that the
unseen values 𝑋−1 , 𝑋−2 , 𝑋−3 , . . . , 𝑋−𝑁+1 , 𝑋−𝑁 are the same
as the observed values 𝑋𝑁−1 , 𝑋𝑁−2 , 𝑋𝑁−3 , . . . , 𝑋1 , 𝑋0 , which
indicates that MODWT induces “cyclic boundary conditions”
during wavelet transformation.
The cyclic boundary condition can be difficult to
implement in case of nonperiodic signals that exhibit
discontinuities between start and end times [31]; therefore, common adoption [31] is “reflection boundary conditions”, in which the time series is extended to 2𝑁 instead
of 𝑁. Due to reflection symmetry, the unseen values
𝑋−1 , 𝑋−2 , 𝑋−3 , . . . , 𝑋−𝑁+1 , 𝑋−𝑁 are assigned to the seen values 𝑋0 , 𝑋1 ,𝑋2 ,. . . , 𝑋𝑁−2 , 𝑋𝑁−1 . Therefore, (3a) and (3b) can
be rewritten as in [31]:
𝐿𝑗−1

̃𝑗,𝑡 = ∑ ̃ℎ𝑗,𝑙 𝑋̇𝑡−𝑙 mod
𝑊
𝑙=0

2𝑁 ,

(4a)

2𝑁 .

(4b)

𝐿𝑗−1

̃𝑗,𝑡 = ∑ ̃ℎ𝑗,𝑙 𝑋̇𝑡−𝑙 mod
𝑉
𝑙=0

Here, {𝑋̇𝑡 } is the extension of {𝑋𝑡 }.

3. Prediction with WAD-1
The improved EMD normalizes the signal to a unit power
[29], which was not the case with original EMD [28]. Hence,
improved EMD is more suitable for low amplitude biomedical
signals [29] since it keeps all the components of a signal and
does not decompose into different levels of resolution. The
improved EMD algorithm also does not reduce the feature

space. Feature space reduction is an important part of our job
because high dimensional feature space increases the running
time of prediction algorithms.
Therefore, we used a combination of MODWT and
improved EMD for our feature extraction part because
improved EMD preprocesses a signal by interpolating all
its maxima and minima, which in turn enhances the signal
fit. The signal thus generated is fed to MODWT for feature
extraction because it preserves more abundant information
of sequence order in both frequency as well as time domains,
and at the same time it reduces the feature space, which
in turn improves the run time complexity of the classifiers.
In essence, with our combination, we achieved reducing the
feature space without losing sequence order information.
Our dataset is primarily based on the dataset of Tonikian
et al. [32]. We have extracted only human PDZ domains for
our work from their dataset.
Our first algorithm WAD-1 operates in four phases as
shown in Figure 1. It can be seen from Figure 1 that, in
the first phase, mapping from symbolic domain to numeric
equivalent is performed. For WAD-1 method this mapping
is based on the 7 physiochemical properties of amino acids;
that is, every amino acid in each sequence is converted
to a real number. With this operation, we obtain timeseries data. We smoothen this signal by applying EMD. Let
𝑆̂ = {̂𝑠0 , 𝑠̂1 , . . . , 𝑠̂𝑁−1 } indicate a smoothened signal, where 𝑠̂𝑖
indicates the smoothened signal value corresponding to the
𝑖th position in the sequence.
We then applied MODWT operation of level 𝐽 on 𝑆̂ as
follows from [33]:
̃𝑆.
̂
𝑊=𝑊

(5)
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Here, 𝑊 is a nonorthogonal real matrix of dimension
(𝐽 + 1)𝑁 × 𝑁. The MODWT coefficient vector from (1) can
be resolved into (𝐽 + 1) vector as in [33]:
̃ = [𝑊
̃1 , 𝑊
̃2 , . . . , 𝑊
̃𝐽 , 𝑉
̃𝐽 ] .
𝑊

Phase I: symbolic to numeric mapping
is based on trigram frequencies
of amino acids.

(6)

̃𝑗 (𝑗 = 1, 2, . . . , 𝐽) implies the length of 𝑁/2𝑗 vector
Here, 𝑊
of wavelet coefficients associated with the change on scale of
̃𝐽 implies the length of 𝑁/2𝐽 vector of
length 𝐿 = 2𝑗−1 , and 𝑉
scaling coefficients associated with averages on scale of length
2𝑗 .
From [22, 34], it is evident that MODWT transformation
preserves energy of the signal. The following equation proposed from Gupta et al. [33] is shown here:
 ̂2
𝑆 = ‖𝑊‖2
 
𝐽
 ̂2
 ̃ 2  ̃ 2
𝑆 = ∑𝑊
  
 
 𝑗  + 𝑉𝐽  .

Primary sequences of PDZ domains

(7)

Time-series data
Phase II: feature extraction
with maximum overlap discrete
wavelet transform
Feature vectors
Phase III: classification
feed FV to classifier
Predict classes of
PDZ domains

Figure 2: Block diagram depicting flowchart of method WAD-2.

𝑗=1

The variance of 𝑆̂ can be written similarly as in Gupta
et al. [33]:
𝜎2 =

1  ̂2 ̂2
𝑆 − 𝑆 .
𝑁 

(8)

The feature vector generated through WAD-1 is influenced by the work of Gupta et al. with G protein coupled
receptors (GPCRs) [33], and it is made up of the variances of
several physiochemical properties of the amino acids in the
PDZ sequence. For example, using (8), WAD-1 computes the
part of the feature vector for a PDZ sequence based on EIIP
values as
2
2
𝐹EIIP = [𝜎EIIP
(1) , 𝜎EIIP
(2) , . . . , 𝜎2EIIP (3)] .

space and at the same time retain the positional information
of the amino acids in the original sequence. Table 1 clearly
demonstrates the consistency of new WAD-1 when compared
with popular MODWT.

(9)

Here, 𝐽 indicates upper limit of the level of decomposition. The complete feature vector is obtained by concatenating 7 such feature vectors computed for 7 physiochemical
properties of amino acids.
In this study, we chose the least asymmetric filter (LA8)
for the wavelet transformation phase because it has a filter
width short enough that any impact caused by boundary
conditions stays within the tolerance limit.
We have used ANOVA in the feature extraction phase
as this analysis is useful in comparing multiple variables
for statistical significance. Gupta et al. [33] have used this
method to extract features from amino acid sequences in the
classification study of GPCRs.
This feature extraction is the most important phase in the
overall classification and analysis since it yields the feature
vector (FV), whose dimension is function of 𝐽, the number of
levels chosen for decomposing the signal. For 𝐽 = 5, (as in our
case) the dimension of the feature vector is only 7 ∗ 5 = 35.
This is a great reduction that improves the run time of the
classification program. In the final phase, these FVs are fed to
the classifier for prediction of PDZ domain.
For MODWT calculations in the 3rd phase, we have used
the WMTSA wavelet toolkit [31] from MATLAB. With WAD1 we are able to reduce the dimensionality of the feature

4. Improved Prediction with WAD-2
In this method, we extract the trigram frequencies from the
amino acids as previously reported [13]. For an amino acid
sequence such as EITLERG, it has the following trigrams: EIT,
ITL, TLE, LER, and ERG.
We calculate trigram frequency of amino acids of every
PDZ sequence in the following way.
(i) First, count the number of times a trigram appears in
the sequence.
(ii) Then, divide this number by the total number of
trigrams in the sequence; in fact, it is found to be
(𝐿 − 2), where 𝐿 denotes length of a PDZ sequence.
(iii) Repeat steps (i) and (ii) for every possible trigram for
the PDZ sequence.
We reduce the dimensions of the features by applying
the idea introduced by Kalyoncu et al. [13], where 20 amino
acids are grouped into 7 distinct classes based on dipoles and
volumes.
The block diagram of this method is shown in Figure 2,
and we call it WAD-2. It operates in 3 phases.
Once the symbolic to numeric mapping is done, we
applied MODWT as in WAD-1 for feature extraction.
We have used “PCP: a program for supervised classification of gene expression profiles” [27] in our classification
phases for both WAD-1 and WAD-2.

5. Results and Discussions
In this paper, we show proof-of-principle application for
our algorithms. We evaluated our approaches by 2 different
classifiers and also compared them to a wavelet method,
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Figure 3: Comparison of Signals generated after Feature Extraction with WAD-1 and MODWT for classes I and II of PDZ domains. WAD-1
clearly smoothens the signal more when compared to MODWT.
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Figure 4: Mapped protein sequence (organism: human, PDZ name:
DLG1, and length: 84 amino acids) using EIIP scale. This is the
first step for WAD-1; it involves the transformation of amino acid
sequences into a numerical sequence.

MODWT. We observed that our results are comparable with
the wavelet method, and while our second method WAD-2
has shown promising results, the first method WAD-1 is able
to produce consistent results (see Table 1).
Figure 4 shows the signal based on EIIP values. We show
the resulting signals decomposed up to 5 levels by our first
method in Figure 5(a). It shows a cumulative abstraction of
the variations in the data over regions progressive to the
wavelets scales with coefficients at higher levels; therefore, it
depicts features at broader time intervals with the increase in
the values of 𝑗.

We show the feature vector obtained for a PDZ sequence
by our first method based on EIIP, isoelectric, composition,
polarity, volume, and molecular weight values in Figures
5(b)–5(g), respectively. It is evident from these figures that
wavelet variance value diminishes to almost zero for higher
levels (after 3rd level) for almost all the physiochemical
values. This clearly indicates that this wavelet variance vector
has 3 principal components. The comparison between two
feature extractions is depicted in Figure 3, from which it is
clear that our signals are smoother with sharper peaks when
compared to MODWT signals.
Table 1 shows the comparative predictive performance of
WAD-1, WAD-2, and MODWT in terms of four statistical
measures: sensitivity, specificity, negative predictive value,
and positive predictive value.
Sensitivity and specificity [35] are statistical measures,
which help to evaluate the performance of a binary classification method. In order to understand the significance of sensitivity and specificity in our work, we need to comprehend a
few more terms like true positive, false positive, true negative,
false negative, which are defined as

(a) true positive: the sample belongs to Class 1, and the
algorithm also recognizes it,
(b) false positive: the sample belongs to Class 2, but the
algorithm recognizes it otherwise,
(c) true negative: the sample belongs to Class 2, and the
algorithm also recognizes it,
(d) false negative: the sample belongs to Class 1, but the
algorithm recognizes it otherwise.
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(a) Wavelet coefficients of the mapped protein sequence up to level 5 for
EIIP value
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(b) Wavelet variance vector, 𝑉EIIP for EIIP value, obtained for
the input protein sequence
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(c) Wavelet variance vector, 𝑉ISOELECTRIC for isoelectric value,
obtained for the input protein sequence
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(d) Wavelet variance vector, 𝑉COMPOSITION for composition
value, obtained for the input protein sequence
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(e) Wavelet variance vector, 𝑉POLARITY for polarity value,
obtained for the input protein sequence

Figure 5: Continued.
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(f) Wavelet variance vector, 𝑉VOLUME for volume value, obtained for
the input protein sequence
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(g) Wavelet variance vector, 𝑉MOL-WT for molecular weight value
obtained for the input protein sequence

Figure 5: (a) Wavelet coefficients and (b)–(g): wavelet variance vectors for different physiochemical values. Wavelet variance vector is
computed by concatenating the wavelet variances for all the levels from 𝑗 = 1 to 𝐽. It is computed for all the 7 physiochemical values of
amino acids. And the final feature vector for any PDZ sequence is a concatenation of such wavelet variance vectors. From Figures 5(b)–5(g),
it is evident that, for most of the physiochemical properties, the wavelet variance vector has 3 principal components.

Therefore, mathematically, sensitivity and specificity are
defined as
sensitivity =

true positives
,
true positives + false positives

(10)

specificity =

true negatives
.
true negatives + false negatives

(11)

According to Akobeng [36], sensitivity and specificity are
important measures of the uninflected statement of an assay
but cannot be used to categorize the future developments of
the sickness in an individual. But other measures like positive
and negative predictive values unveil the prospects regarding
the probability of a prediction being correct.
Positive predictive value [37] can be described mathematically as
positive predictive value (PPV) =

𝛼
.
𝛼 + 𝛼

(12)

Here, 𝛼 = number of samples that actually belongs to Class 1
and 𝛼 = number of samples that does not actually belong to
Class 1.
Similarly, negative predictive value [37] is defined mathematically as
𝛽
.
negative predictive value (NPV) =
𝛽 + 𝛽

(13)

Here, 𝛽 = number of samples that actually belongs to Class 2
and 𝛽 = number of samples that does not actually belong to
Class 2.
Both NPV and PPV are crucial estimations of the performance of a prediction algorithm because PPV estimates the
probability that a true prediction is actually true, and NPV
confirms that a false prediction is actually false.

From the context of medical diagnostics, if we consider
Class 1 samples as positives and Class 2 samples as negatives,
then a high negative predictive value means that the method
very rarely recognizes a negative sample (Class 2) as a healthy
one (Class 1). In this regard, our second method performs
very well (see Table 1).
However, NPV does not consider cases when a positive
sample is identified as a negative one, or in our case it, does
not give any idea on the chances of misclassification of sample
from Class 1 to Class 2.
Therefore, we calculated PPV which complements this
drawback of NPV. Similar arguments also apply in case of
predictive drawbacks of PPV.
From Table 1, we observe that WAD-1 performed considerably well and WAD-2 surprised us in recognition accuracy.
Kalyoncu et al. [13] have done a sophisticated computational
study on interaction prediction and classification of PDZ
domains, where they achieved an excellent maximum sensitivity of 90.7%. With our WAD-2 method, we are able to
achieve similar results with the highest sensitivity of 91.67%.

6. Conclusions
In this work, we have successfully classified PDZ domains of
Classes I and II only. We introduced a new method for feature
extraction: an EMD smoothing of signals followed by a
MODWT transform. We further introduced WAD-2 method
based on the trigram frequency of amino acids and found that
the results were improved in terms of sensitivity and accuracy.
We note that our second WAD-2 method performed better in
recognition accuracy than the WAD-1 method. As mentioned
earlier, our work in this paper is meant as a proof-ofprinciple application for our algorithms. We are enthusiastic
that further improvement of our algorithm can lead to even
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better accuracy and predicting of the promiscuity of PDZ
domains.

Abbreviations
EMD:
MODWT:
IMFs:
GPRC:
FV:
ANOVA:
PPV:
NPV:

Empirical mode decomposition
Maximum overlap discrete wavelet transform
Intrinsic mode functions
G protein coupled receptors
Feature vector
Analysis of variance
Positive predictive value
Negative predictive value.
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Nonlinear targeted energy transfer (TET) is applied to suppress the excessive vibration of an axially moving string with transverse
wind loads. The coupling dynamic equations used are modeled by a nonlinear energy sink (NES) attached to the string to absorb
vibrational energy. By a two-term Galerkin procedure, the equations are discretized, and the effects of vibration suppression by
numerical methods are demonstrated. Results show that the NES can effectively suppress the vibration of the axially moving string
with transverse wind loadings, thereby protecting the string from excessive movement.

1. Introduction
The structures of axial speed-dependent behaviors have been
analyzed in numerous studies [1–6]. Various engineering
systems can be simplified into an axially moving string
model such as aerial gondola cableways and conveyor belts.
Specifically, the lateral vibrations of an axially moving string
have been extensively examined. Both the aerial gondola
cableway and the conveyor belt operate in rural environments
and suffer from transverse wind loads. Excessive wind loads
can destroy the string running security, causing catastrophic
failure. The dynamic response of the axially moving string has
been widely investigated [7]; however, studies on the vibration suppression of an axially moving string with transverse
wind loads are rarely reported.
Traditional linear vibration absorbers have been used in
various engineering fields. However, vibration suppression
strongly responds only at the natural frequency of the vibration absorber. The nonlinear energy sink (NES) functions as
an effective vibration absorber for a nonlinear system. The
NES has recently been reported to engage in resonance over
a very broad frequency range, has a small additional mass,
and can perform targeted energy transfer (TET). Nonlinear
TET has been used in numerous engineering structures for
vibration suppression, such as drill-string [8], beam [9], rod

[10], and plate [11]. Specifically, Lee et al. [12] attached the NES
to the fixed wing of the plane for vibration suppression of the
limit cycle, which resulted in increased damping. Nucera et al.
[13] applied the NES to a multistory frame structure to absorb
the vibration. Savadkoohi et al. [14] examined the four-story
frame structure by using two parallel NES.
The present study focuses on the vibration suppression of
an axially moving string with certain and steady transverse
wind loads by using NES. The coupling dynamic differential
equations of an axially moving string and the NES with
transverse wind loads are established. In addition, the governing equations are approximately discretized by the two-term
Galerkin procedure. The effects of vibration suppression are
finally demonstrated by numerical simulation.

2. Equation of Motion
Figure 1 shows the system under study, consisting of a simply
supported axially moving string with an essentially nonlinear
damped attachment. The attachment called NES is expected
to irreversibly absorb the vibrational energy of the string.
The length of the axially moving string is represented by
𝐿. Let 𝑈(𝑋, 𝑇) and 𝑈(𝑋, 𝑇) be the displacements of the string
and the NES relative to the horizontal 𝑋-axis, respectively.
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(t)

u

Substituting (6) into (1) to (5) yields the following dimensionless form:

x
NES

Figure 1: An axially moving string with a nonlinear energy sink
(NES).

𝜕2 𝑢 (𝑥, 𝑡)
𝜕2 𝑢 (𝑥, 𝑡)
𝜕2 𝑢 (𝑥, 𝑡)
2
+
2V
−
1)
+
(V
𝜕𝑡2
𝜕𝑥𝜕𝑡
𝜕𝑥2
𝜕𝑢 𝜕𝑢
+
)
+ 𝜂0 (V
𝜕𝑥 𝜕𝑡
= [𝑘[𝑢 (𝑑, 𝑡) − 𝑢 (𝑡)]3 +𝜎 (

The governing equation of motion can be derived by Newton’s
second law:
𝜌𝐴 (

2
𝜕2 𝑈 (𝑋, 𝑇)
𝜕2 𝑈 (𝑋, 𝑇)
2 𝜕 𝑈 (𝑋, 𝑇)
+
2𝑉
)
+
𝑉
𝜕𝑇2
𝜕𝑋𝜕𝑇
𝜕𝑋2

−𝑃

𝜕2 𝑈 (𝑋, 𝑇)
𝜕𝑈 (𝑋, 𝑇) 𝜕𝑈 (𝑋, 𝑇)
+ 𝜂 (𝑉
+
)
𝜕𝑋2
𝜕𝑋
𝜕𝑇

× 𝛿 (𝑥 − 𝑑) + 0.5𝛼0 (𝑎𝜆
𝜀

(1)

𝜕𝑢 (𝑡) 𝜕𝑢
𝜕𝑢
−
(𝑑, 𝑡) − V (𝑑, 𝑡))]
𝜕𝑡
𝜕𝑡
𝜕𝑥
𝜕𝑢 (𝑥, 𝑡) 𝑏 𝜕𝑢 (𝑥, 𝑡) 3
+ (
) ),
𝜕𝑡
𝜆
𝜕𝑡

𝜕2 𝑢
+ 𝑘[𝑢 (𝑡) − 𝑢 (𝑑, 𝑡)]3
𝜕𝑡2
𝜕𝑢 (𝑡) 𝜕𝑢 (𝑑, 𝑡)
𝜕𝑢 (𝑑, 𝑡)
+ 𝜎(
−
−𝛾
) = 0.
𝜕𝑡
𝜕𝑡
𝜕𝑥

(7)

= 𝑅 (𝑡) 𝛿 (𝑋 − 𝑑) + 𝐹 (𝑋, 𝑇) ,
where 𝜂 is the viscosity coefficient of the string material, 𝜌 is
the linear density, 𝐴 is the cross-sectional area, 𝑃 is the initial
tension, and 𝑉 is the axial speed. 𝑅(𝑡) is the interaction force
between the string and the NES.
In (1), 𝐹(𝑋, 𝑇) is expressed as follows [15]:
𝐹 (𝑋, 𝑇) = 𝐹1

𝜕𝑈 (𝑋, 𝑇)
𝜕𝑈(𝑋, 𝑇) 3
+ 𝐹3 (
),
𝜕𝑇
𝜕𝑇

𝑁

The NES equation of motion is given by
𝜕2 𝑈
+ 𝑅 (𝑡) = 0.
𝜕𝑇2
The interaction force 𝑅(𝑡) can be written as

(3)

𝜕𝑈 (𝑇) 𝜕𝑍 (𝑇)
−
) . (4)
𝑅 (𝑡) = 𝐾[𝑈 (𝑇) − 𝑍 (𝑇)] + 𝐷 (
𝜕𝑇
𝜕𝑇
3

The attachment point displacement and velocity are
expressed as follows [16]:
𝑍 (𝑇) = 𝑈 (𝑑, 𝑇)

𝜕𝑍 (𝑇) 𝜕𝑈 (𝑑, 𝑇)
𝜕𝑈 (𝑑, 𝑇)
=
+𝑉
,
𝜕𝑇
𝜕𝑇
𝜕𝑋
(5)

where 𝐾 is the nonlinear (cubic) spring stiffness, 𝐷 is the NES
dissipation, and 𝑑 is the adding position to the NES on the
string.
The nondimensional quantities are given as follows:
𝑋
𝑥= ,
𝐿
V=

𝑉
,
𝜔𝐿

𝐾𝐿4
𝑘=
,
𝑃
𝜂0 =

𝑈
𝑢= ,
𝐿
𝜆=

V0
,
𝜔𝐿

𝐷𝐿
,
𝜎=
√𝜌𝐴𝑃
𝜂
,
𝜌𝐴𝜔

𝜔2 =

𝑃
.
𝜌𝐴𝐿2

(8)

𝑟=1

where 𝜙𝑟 (𝑥) denotes the eigenfunctions for the free undamped vibrations of a string satisfying the same boundary
conditions and 𝑞𝑟 (𝑡) represents the generalized coordinates
of the discretized system.
Substituting (8) into (7) yields
𝑁

∑ [𝜙𝑟 (𝑥) 𝑞𝑟̈(𝑡) + 2𝛾𝜙𝑟 (𝑥) 𝑞𝑟̇(𝑡) + (𝛾2 − 1) 𝜙𝑟 (𝑥) 𝑞𝑟 (𝑡)

𝑟=1

+𝜂0 V𝜙𝑟 (𝑥) 𝑞𝑟 (𝑡) + 𝜂0 𝜙𝑟 (𝑥) 𝑞𝑟̇(𝑡)]
3

𝑁

= [𝑘(∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢 (𝑡))
[

𝑟=1

𝑁

𝑁

+ 𝜎 (∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) + 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢̇(𝑡)) ]
𝑟=1
𝑟=1
]
𝑁

× 𝛿 (𝑥 − 𝑑) + 0.5𝛼0 𝑎𝜆∑𝜙𝑟 (𝑥) 𝑞𝑟̇(𝑡)
𝑟=1

3

𝑏
+ 0.5𝛼0 (∑𝜙𝑟 (𝑥) 𝑞𝑟̇(𝑡)) ,
𝜆 𝑟=1

𝜌0 𝐿ℎ
,
𝜌𝐴

𝑚
𝜀 = NES ,
𝜌𝐴𝐿

𝑢 (𝑥, 𝑡) = ∑𝜙𝑟 (𝑥) 𝑞𝑟 (𝑡) ,

𝑁

𝑡 = 𝜔𝑇,
𝛼0 =

By using a tractable finite-dimensional dynamical system,
governing equations (7) can be approximated by the standard
Galerkin-type projections as follows:

(2)

𝐹1 = 0.5𝑎𝜌0 ℎV0 , 𝐹3 = 0.5𝑏𝜌0 ℎV0−1 .

𝑚NES

3. The Galerkin Method

(9)
(6)

𝑁

𝜀𝑢̈(𝑡) + 𝑘(𝑢 (𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡))

3

𝑟=1

𝑁

𝑁

𝑟=1

𝑟=1

+ 𝜎 (𝑢̇(𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) − 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡)) = 0.

(10)
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Figure 2: Response of the axially moving string and NES for different axial speeds (solid line: axially moving string’s response, 𝑢; dashed line:
NES’s response, 𝑢).

In (10), for example, 𝜙𝑟 = √2 sin 𝜆 𝑟 𝑥 and 𝜆 𝑟 = 𝑟𝜋 if a
string is supported by pinned ends. The √2 factor ensures
orthonormality. Multiplying both (9) and (10) by 𝜙𝑠 (𝑥)
and integrating over the domain [0, 1] yields the following
equations:
𝛿𝑠𝑟 𝑞𝑟̈(𝑡) + 2V𝑏𝑠𝑟 𝑞𝑟̇(𝑡) + 𝑐𝑠𝑟 (V2 − 1) 𝑞𝑟 (𝑡)
+ 𝜂0 V𝑏𝑠𝑟 𝑞𝑟 (𝑡) + 𝜂0 𝛿𝑠𝑟 𝑞𝑟̇(𝑡)
3

𝑁

= [𝑘[∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢 (𝑡)]
[ 𝑟=1
𝑁

𝑁

+ 𝜎 (∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) + 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢̇(𝑡)) ]
𝑟=1
𝑟=1
]
𝑏
× 𝜙𝑟 (𝑑) + 0.5𝛼0 𝑎𝜆𝛿𝑠𝑟 𝑞𝑟̇(𝑡) + 0.5𝛼0 𝑒𝑠1 𝑞13̇ (𝑡)
𝜆

𝑏
𝑏
+ 0.5𝛼0 𝑒𝑠2 𝑞23̇ (𝑡) + 1.5𝛼0 𝑓𝑠1 𝑞12̇ (𝑡) 𝑞2̇ (𝑡)
𝜆
𝜆
𝑏
+ 1.5𝛼0 𝑓𝑠2 𝑞1̇ (𝑡) 𝑞22̇ (𝑡) ,
𝜆
𝑁

3

𝜀𝑢̈(𝑡) + 𝑘(𝑢 (𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡))
𝑟=1

𝑁

𝑁

𝑟=1

𝑟=1

+ 𝜎 (𝑢̇(𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) − 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡)) = 0,
(11)
where

1

1

𝛿𝑠𝑟 = ∫ 𝜙𝑠 (𝑥) 𝜙𝑟 (𝑥) 𝑑𝑥,

𝑏𝑠𝑟 = ∫ 𝜙𝑠 (𝑥) 𝜙𝑟 (𝑥) 𝑑𝑥,

𝜙𝑠 (𝑥) 𝜙𝑟

𝑒𝑠𝑟 = ∫ 𝜙𝑠 (𝑥) 𝜙𝑟3 (𝑥) 𝑑𝑥,

0
1

𝑐𝑠𝑟 = ∫

0

(𝑥) 𝑑𝑥,

0
1
0
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Figure 3: Comparison of the transient response of axially moving string with and without NES under varying speed (solid line: string coupled
with NES; dotted line: string without NES).

1

𝑁

𝑓𝑠2 = ∫ 𝜙𝑠 (𝑥) 𝜙1 (𝑥) 𝜙22 (𝑥) 𝑑𝑥,
0
1

𝑓𝑠1 = ∫ 𝜙𝑠 (𝑥) 𝜙12 (𝑥) 𝜙2 (𝑥) 𝑑𝑥,
0

(12)
where 𝛿𝑠𝑟 is the Kronecker delta and 𝜆 𝑟 is the 𝑟th eigenvalue
for the free undamped vibrations of a string with the same
boundary conditions.
Equation (10) can be written as follows:
𝑀𝑞𝑟̈(𝑡) + 𝐶𝑞𝑟̇(𝑡) + 𝐾𝑞𝑟 (𝑡)
𝑁

3

× [𝑘[∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢 (𝑡)]
[ 𝑟=1

𝑁

+ 𝜎 (∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) + 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡) − 𝑢̇(𝑡)) ]
𝑟=1
𝑟=1
]
× 𝜙𝑟 (𝑑) = 0,
(13a)
𝑁

3

𝜀𝑢̈(𝑡) + 𝑘[𝑢 (𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡)]
𝑟=1

𝑁

𝑁

𝑟=1

𝑟=1

+ 𝜎 (𝑢̇(𝑡) − ∑𝜙𝑟 (𝑑) 𝑞𝑟̇(𝑡) − 𝛾∑𝜙𝑟 (𝑑) 𝑞𝑟 (𝑡)) = 0,
(13b)
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Figure 4: Comparison of the transient response of axially moving string with and without NES under varying attaching location (solid line:
string coupled with NES; dotted line: string without NES).

4. Effectiveness of the NES

where
𝑀 = 𝛿𝑠𝑟 ,
𝐶1 = 2V𝑏𝑠𝑟 + 𝜂0 𝛿𝑠𝑟 + 0.5𝛼0 𝑎𝜆𝛿𝑠𝑟 ,
𝑏
𝐶3 = 0.5𝛼0 𝑒𝑠2 ,
𝜆

𝑏
𝐶4 = 0.5𝛼0 𝑓𝑠1 ,
𝜆

𝑏
𝐶2 = 0.5𝛼0 𝑒𝑠1 ,
𝜆
𝑏
𝐶5 = 0.5𝛼0 𝑓𝑠2 ,
𝜆

𝐾 = (V2 − 1) 𝐶𝑠𝑟 + 𝜂0 V𝑏𝑠𝑟 = 𝜔𝑟2 ,
(14)
where 𝑀, 𝐶, and 𝐾 are the mass, damping, and stiffness matrices, respectively. In addition, 𝜔𝑟 is the rth natural frequency
of the axially moving string.

The effectiveness of the NES coupled to an axially moving
string at varying axial speeds is demonstrated. Equations
(13a) and (13b) are a high-dimensional nonlinear dynamical
system; thus, numerical methods should be used to truncate
the expansion (13a), (13b) to a finite number of modes.
In the Galerkin procedure for gyroscopic systems, at least
two modes of the displacement amplitude can yield a good
approximation [17–19]. Therefore, by choosing 𝑁 = 2,
the equations can achieve good numerical convergence. To
initiate oscillations, an initial distributed velocity is imposed
as follows:
𝑞1̇ (0) = 𝑋,
(15)
𝑞 (0) = 𝑞 ̇ (0) = ⋅ ⋅ ⋅ = 𝑞 ̇ = 𝑢 (0) = 𝑢̇(0) = 0.
𝑟

2

𝑟

6
Figure 2 shows the transient responses of the axially moving
string and the NES for 𝜎 = 0.65, 𝑘 = 80000, 𝑑 = 0.4, 𝛼 =
0.001, 𝜀 = 0.06, 𝑋 = 0.15, 𝜂0 = 0.005, 𝑎 = 0.2, 𝑏 = −0.2, 𝑝0
= 1.293, and 𝐴 = 2.7745 × 10−4 . As shown in the figure, the
effectiveness of NES for the axial speed V varying from 0 to
0.4 is examined. Solid and dashed lines denote the responses
of the beam and the NES, respectively. Figures 2(a)–2(c)
show that the amplitude of the NES is markedly higher
than that of the string, indicating the occurrence of energy
transfer from the string to the NES. Both the string and
the NES perform decaying vibration attributed to damping
dissipation. During this process, the vibrational energy is
irreversibly transferred and eventually damped by the NES.
The NES can effectively absorb the vibrational energy and
prevent the string from excessive vibrations at varying axial
speeds. Energy absorption is achieved over a wide range of
axial speeds.
To further demonstrate the effectiveness of the NES, the
responses of the string with the NES and without the NES
are presented in Figures 3(a)–3(c) for 𝜎 = 0.65, 𝑘 = 80000,
𝑑 = 0.4, 𝛼 = 0.001, 𝜀 = 0.06, 𝑋 = 0.15, 𝜂0 = 0.005,
𝑎 = 0.2, 𝑏 = −0.2, 𝑝0 = 1.293, and 𝐴 = 2.7745 × 10−4 . The
string attached with the NES exhibits a drastic reduction in
transient response, as indicated by solid lines. By contrast,
the string without the NES slowly decays as time increases,
as indicated by dashed lines. Therefore, the NES can robustly
absorb vibrational energy over a broad range of axial speeds.
In Figure 4, the effect of adding position to the NES is
examined. Figures 4(a)–4(c) for 𝜎 = 0.65, 𝑘 = 80000, V = 0.2,
𝛼 = 0.001, 𝜀 = 0.06, 𝑋 = 0.15, 𝜂0 = 0.005, 𝑎 = 0.2, 𝑏 = −0.2,
𝑝0 = 1.293, and 𝐴 = 2.7745×10−4 illustrate the different effects
of varying the position of the NES on absorbed vibration.
When the position 𝑑 is 0.4, the maximum effect of vibration
suppression is achieved.

5. Conclusions
The vibration of an axially moving string with transverse
wind loads is effectively suppressed using the NES. The
results of the simulation experiments indicate that at various
flow speeds, the NES can irreversibly transfer and dissipate
vibrational energy from the axially moving string. By considering the adding internal degrees of freedom to the NES,
vibration suppression is most clearly demonstrated at 𝑑 =
0.4. Therefore, the vibration of an axially moving string can
be suppressed based on the additional internal degrees of
freedom to NES and the speed of the axially moving string.
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In order to improve capability of operational decision-making synchronization (ODMS) in command and control (C2)
organization, the paper puts forward that ODMS is the negotiation process of situation cognition with three phases about “situation
cognition, situation interaction and decision-making synchronization” in complex environment, and then the model and strategies
of ODMS are given in quantity. Firstly, measure indexes of three steps above are given in the paper based on the time consumed
in negotiation, and three patterns are proposed for negotiating timely in high quality during situation interaction. Secondly, the
ODMS model with two stages in continuous changing situation is put forward in the paper, and ODMS strategies are analyzed
within environment influence and time restriction. Thirdly, simulation cases are given to validate the process of ODMS under
different continuous changing situations the results of this model are better than the other previous models to fulfill the actual
restrictions, and the process of ODMS can be adjusted more reasonable for improving the capability of ODMS. Then we discuss the
case and summarize the influence factors of ODMS in the C2 organization as organization structure, shared information resources,
negotiation patterns, and allocation of decision rights.

1. Introduction
As remarkable characteristics of joint operation under information condition, systems combat demands that operational
entities should form the coincident combat intention within
networked operational systems in cognition domain, and
then the entities can be driven to take cooperative action
in physical domain, which makes operation synchronization
realized to improve combat effectiveness of weapons systems
in the furthest extent [1]. So study in operation synchronization has great significance on combat effectiveness of
networked operational systems.
In the concept of network centric warfare (NCW), operation synchronization is mainly referred to self-synchronization [2]. As the development of NCW, the concept of network
centric operations (NCO) is paid more attention to decisionmaking synchronization and action synchronization. Based
on situation awareness within complex environment in information domain, situation cognition difference can be formed
within different operation entities, respectively. Then certain
regulations or strategies should be followed by each operation

entity to realize situation interaction in high quality, which
can achieve operational decision-making synchronization
(ODMS) with unanimous situation cognition [3]. Then different operational entities are driven to take cooperative
action within operational systems in physical domain. So
in order to study operation synchronization in quantity, the
primary question about how to model and improve ODMS
should be solved firstly.
At present, the qualitative expatiation about ODMS is the
essential requirement for networked systems combat in the
future is put forward in [2, 3]. In order to study ODMS in
quantity, ODMS is taken into account as complex activity
in cognition domain within the command and control (C2)
organization, and then some measure indexes and models of
ODMS are given on the basis of C2 organization with mainly
three methods as follows.
The first method is based on opinion emergence of group
communication [4], ODMS is regarded as opinion exchange
process on the basis of group communication in [5, 6].
There are two shortcomings as follows: (1) communication is
the process of exchange opinion among individuals but not
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always obtain the consensus in the whole organization [7].
The illogical strategies and ambiguous indexes of communication are difficult to be used form the unanimous opinions
directly, but mostly in oppose opinions, multiple opinions,
and so on. (2) In actual combat process, operation plans
can be formed by operation entities with situation cognition,
respectively, and then ODMS can be is realized by operation
plan-based negotiation among operation entities, which is
named as situation interaction [8]. However, situation cognition is abstract and time variable in cognition domain.
Presently as improvement on “three-layer” model of situation
awareness [9, 10], the researches on situation cognition, such
as individual situation awareness [11], and situation awareness
velocity [12], are deficient in analyzing situation cognition
formation, and the research about influence of complex
changing environment on the ODMS is still in blank.
The second method is with the macroscopic viewpoint
of difference in situation cognition, models about cognitiveentropy (CE) and cognitive self-synchronization (CSSync)
are put forward by Manso and Moffat in the American
department of defense (DoD) [13], and the compute method
is given on the basis of the Experimental Laboratory for
Investigating Collaboration, Information-sharing and Trust
(ELICIT) [14]. The models are also not referred to situation
cognition formation, especially cognition interaction process,
and the relation between the CE and information entropy.
The third method is that ODMS model can be constructed as network dynamic as physics systems with the
microscopic viewpoint of individual cognition. Dekker in
Australian national defense research centre considers each
operation entity as a coupled oscillator with different phase
angles [15]. As an abstract model for synchronization in C2
organization, Kuramoto model is extended to describing the
ODMS [16]. Information flow (including sensor information,
operation scheme, and so on) in the organization is synthesized as a phase angle, and information difference is considered as feedback of phase angle; the synchronization process
can be controlled by adjusting coupled coefficients. Although
the model can be used to depict the synchronization process,
it excessively depends on the network synchronization in
physics, which is hardly applied to actual military operation.
The ODMS demands situation interaction among operation entities to achieve unanimous situation cognition, and
situation interaction can be adjusted with different patterns
agilely but only certain coefficients. Therefore, combining
macroscopic view and microscopic view, this paper presents
that ODMS is a negotiation process of situation cognition
interaction in complex environment, which contains three
phases about “situation cognition, situation interaction and
decision-making synchronization.”
Taking time consumed into account, we construct the
ODMS model with measure indexes of three phases in
the paper. Then ODMS strategies are analyzed to adapt
the environment influence and time restriction. Finally, the
process of ODMS is verified in simulation cases in complex environment, including continuous changing situation,
environment influence, and time restriction, which reflects
that the model and strategies are feasible and available. On
the basis of this, via analyzing and discussing the simulation
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results, the ODMS inhibitors and enablers are summarized in
the paper.
The paper is organized as follows: measure indexes of
ODMS in complex environment are given in Section 2;
ODMS model is constructed in Section 3, and ODMS strategies within the environment influence and time restriction
are put forward in Section 4. And the simulation cases are
designed to validate the model and strategies in Section 5.
After comparing and discussing the simulation results, influence factors of ODMS are given in Section 6, and the
conclusion and further work are given in Section 7.

2. Measure Indexes of ODMS in
Complex Environment
The influence of complex environment on ODMS mainly
contains two aspects: continuous changing situation and
environment influence on communication. According to the
process of ODMS with three phases in Figure 1, time-oriented
measure indexes in each phase are given combining topological structure of C2 organization in the paper; especially
different situation changing patterns and negotiation patterns
are put forward in situation interaction stage.
2.1. Indexes of Continuous Changing Situation. Situation
change can be reflected as the number change of operation
entities with updating situation information rapidly. If situation changes quickly, it will arouse the action of updating
situation information within sufficient limit time. So situation
information elements apperceived item by item in operational entities can be regarded as situation information flow
and depicted as continuous changing functions.
Definition 1. Situation change rate (SCR): it is the ratio of
the number of operational entities with updating situation
information, brought by the situation change directly in
unit time, to the total number of operational entities in C2
organization, marked as ℎ𝑡 in formula (1), which can be used
to reflect the speed of situation change:
ℎ𝑡 =

𝑛𝑡
,
𝑁

(1)

where 𝑛𝑡 ∈ [0, 𝑁] denotes that number of operational
entities with updating situation information in the moment
of 𝑡, 𝑁 is the total number of operational entities in the
C2 organization, and ℎ𝑡 ∈ [0, 1] shows the SCR in the
time of 𝑡. Combined [12], three patterns of continuous
changing situation are put forward in Figure 2, whose general
expressions are given in Table 1.
In Table 1, 𝑎 ∈ [0, 1], 𝑏 > 0, and if 𝑎 = 0, then
the 1st pattern ℎ𝑡 = 0 reflects that there is no operational
entity updating the situation information in the time of 𝑡,
which shows that the situation is stable (as one special case
of continuous changing situation). Via compound calculation
with the three patterns of continuous changing situation,
more complex patterns of situations change can be generated
in the paper.
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Table 1: The SCR in three patterns.
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Figure 2: Three patterns in continuous changing situation.

2.2. Indexes of Situation Cognition. During the situation
changing process, different situation cognition can be formed
within different operational entities [10]. Due to the limits
of time and resources, each operational entity can hardly
negotiate with all the others. In the actual combat process,
operational entity should negotiate with the surroundings.
Taking the situation cognition level of certain operational
entity (such as superior command center) as target, the others
should adjust their own situation cognition via negotiating
with the operational entity rapidly, and the ODMS in C2
organization can be realized when the situation cognition
of others is consistent with target entity. Then indexes of
situation cognition are defined as follows.
Definition 2. Situation cognition level (SCL): it is the maturity
degree about operational entities in analyzing and comprehending the situation information of battlefield to form
the action plans. As the improvement of discrete model in
situation cognition in [17], SCL can be used to describe
continuous process of individual situation cognition and
marked as 𝑥𝑖 ∈ [0, 1]. When 𝑥𝑖 = 0 denotes that SCL of
operational entity 𝑖 is in the blank status, 𝑥𝑖 = 1 shows that
the SCL of operational entity 𝑖 is in the complete status, and
𝑥𝑖 ∈ (0, 1) shows that the SCL of operational entity 𝑖 is in the
forming status.

Situation changing patterns
Identical changing situation
Gradual changing situation
Sudden changing situation

SCR
ℎ𝑡 = 𝑎
ℎ𝑡 = 𝑏 ∗ 𝑡 + 𝑎
ℎ𝑡 = 𝑓 (𝑡)

Definition 3. Situation cognition target (SCT): in situation
interaction process, taking the SCL of operational entity 𝑗 as
target, different patterns can be chosen by operational entity
𝑖 to negotiate with 𝑗 for improving its SCL. Thus operational
entity 𝑖 is called as compromise entity, and operational entity
𝑗 is called as target entity, and 𝑥𝑗 is named as SCT.
Definition 4. Information perception ability (IPA): in the
process of situation cognition formation, it is used to reflect
the ability of analyzing and comprehending situation information in operational entity 𝑖, marked as V𝑖 . With the time
of operational entity 𝑖 analyzing the situation information
increasing, the SCL can be continuous improved. The more
network resources are possessed by the operational entity in
the C2 organization, the higher value of its IPA [18]; and
the higher network average degree of C2 organization, the
stronger the degree of the whole IPA:


V𝑖 = 𝑒𝛼 ⋅ 𝑘𝑖 ⟨𝑘−ℎ𝑡𝑖 ⟩ 𝑡𝑖 ,

(2)

where 𝑘𝑖 ∈ (0, 1) is entity importance degree (EID) of the 𝑖th
object in C2 organization, 𝑡𝑖 is the time of situation cognition
formation, and ⟨𝑘⟩ denotes that network average degree of C2
organization, which is directly proportional with networked
level. And 𝛼 ∈ {0, 1} is environment inducement factor if 𝛼 =
1 shows that operational entity 𝑖 is induced as target entity,
and 𝛼 = 0 denotes that operational entity 𝑖 can be regarded as
compromise entity.
2.3. Indexes of Situation Interaction. According to measure
indexes of centrality in social network [19], the situation
interaction is described as action plan-based negotiation
in the view of time consuming. Based on the topological
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Table 2: The value of 𝛽 in electromagnetic environment.

Table 3: Three SIQ functions in the direction of 𝑗 → 𝑖.

𝛽
0∼0.20
0.20∼0.55
0.55∼0.80
0.80∼1.0

Electromagnetic environment classification
Level I (simple)
Level II (mild complexity)
Level III (moderate complexity)
Level IV (severe complexity)

structure of C2 organization, if entity 𝑖 makes compromise
with 𝑗, situation interaction route is marked as 𝑟 = {(𝑗, 𝑖) |
𝑗 → 𝑖}, where (𝑗, 𝑖) denotes one segment in the situation
interaction, and 𝑗 → 𝑖 shows that route of situation
interaction is from 𝑗 to 𝑖. Here we give measure indexes of
situation interaction as follows.
Definition 5. Information share ability (ISA): it is information share speed among operational entities, which reflects
difference of negotiation speed among the operational entities. And V𝑖𝑗 is marked as the ISA between operational entity
𝑖 and 𝑗. The ISA of each entity is directly proportional to EID
[20]:
V𝑖𝑗 = 𝐶𝑖𝑗 ⋅

𝑘𝑖 + 𝑘𝑗
2

V𝑖𝑗

=

𝑥𝑖 − 𝑥𝑗
V𝑖𝑗

.

(4)

Definition 7. Situation interaction quality (SIQ): as situation
interaction is realized by action plan-based negotiation,
compromise extent is used to measure negotiation quality
in situation interaction between operational entities 𝑖 and 𝑗,
marked as 𝑢𝑖𝑗 ∈ [0, 1] in formula (5). With the SIT increasing,
the SIQ is improving correspondingly; when exceeding certain time, the SIQ keeps invariability in maximum, and the
SCL is in the complete status:
𝑢𝑖𝑗 = 0 𝑡 = 0,
𝑢𝑖𝑗 ∈ (0, 1)

SIQ functions

1

Equality pattern

𝑘𝑖 = 𝑘𝑗

𝑢𝑖 = V𝑖𝑗 𝑡

2

Persuading pattern

𝑘𝑖 > 𝑘𝑗

𝑢𝑖 = (V𝑖𝑗 𝑡)

3

Concession pattern

𝑘𝑖 < 𝑘𝑗

2

1/2

𝑢𝑖 = (V𝑖𝑗 𝑡)

u

1
0.95

(3)
(1)

(2)

0

t3

t3∗ t1 t1∗ t2 t2∗

t

(3)

Definition 6. Situation interaction time (SIT): it is the time
cost in forming the unanimous opinion between operational
entities 𝑖 and 𝑗, which is marked as 𝑡𝑖𝑗 :
Δ𝑥𝑖𝑗

EID

Figure 3: The SIQ of three negotiation patterns.

,

where 𝑘𝑖 and 𝑘𝑗 are the EID of operational entity 𝑖 and 𝑗
separately, and 𝐶𝑖𝑗 ∈ [0, 1] is the communication unblocked
degree. And that 𝐶𝑖𝑗 = 1−𝛽𝑖𝑗 , 𝛽𝑖𝑗 ∈ [0, 1] is environment influence factor. Then the value of 𝛽 is given in Table 2 according
to the classification of electromagnetic environment in [21].

𝑡𝑖𝑗 =

Negotiation
patterns

No.

0 < 𝑡 < 𝑡∗ ,

(5)

𝑢𝑖𝑗 = 1 𝑡∗ ≤ 𝑡.
Combined EID and directions of situation interaction,
three negotiation patterns are put forward in the paper. And
the three functions of SIQ are defined as 𝑢𝑖𝑗 = 𝑓(𝑘𝑖 , 𝑘𝑗 , 𝑡) in
Table 3.
In Figure 3, the 1st pattern shows the equality negotiation
process between two operational entities with the same EID.

The 2nd pattern reflects that operational entity with high
EID, as compromise entity, is persuaded to negotiate with
target entity in low EID. The compromise entity is cautious
to analyze and judge the SCL of target entity, as SCT, slowly
in the beginning, and later gradually learn and understand
from the target entity to keep the SCL consistent with
SCT rapidly in a short time. The 3rd pattern denotes that
operational entity with low EID as compromise entity makes
a concession in negotiating with target entity in low EID.
Then the compromise entity accepts the SCL of target entity
as SCT directly without analysis and then learns SCT slowly
after accepting in some extent to reach the SCL unanimous
with target entity.
Suppose that ISA of three negotiation patterns in the
direction of 𝑗 → 𝑖 is V𝑖𝑗 1 , V𝑖𝑗 2 , and V𝑖𝑗 3 separately, and we can
obtain that V𝑖𝑗 2 < V𝑖𝑗 1 < V𝑖𝑗 3 according to formula (3). And
suppose that SIT of three negotiation patterns is 𝑡1∗ , 𝑡2∗ , and 𝑡3∗ ,
we can gain that 𝑡3∗ < 𝑡1∗ < 𝑡2∗ with formula (4). Then we can
derivate relative ISA with V𝑖𝑗 = V𝑖𝑗 /Δ𝑥𝑖𝑗 , then 𝑡∗ = 1/V𝑖𝑗 = 𝑡𝑖𝑗 ,
0 < 𝑡 ≤ 𝑡∗ . And SIQ functions are general formulas.
Definition 8. Situation interaction function: it is used to
describe situation interaction process between two adjacent
entities. In the direction of 𝑗 → 𝑖, 𝑥𝑖 can be increased by
negotiating with 𝑥𝑗 as SCT, and can be calculated in the time
of 𝑡𝑖 according to formula (6):
𝑥𝑖 (𝑡𝑖 ) = 𝑥𝑖 (𝑡𝑖 ) − 𝑢𝑖 (𝑡𝑖 ) ⋅ [𝑥𝑖 (𝑡𝑖 ) − 𝑥𝑗∗ ] ,

(6)

where 𝑥𝑗∗ = 𝑥𝑗 (𝑡𝑗∗ ) denotes the SCL of operational entity 𝑗
after situation interaction. When 𝑢𝑖𝑗 = 0 reflects that there is
no effect in the negotiation, 𝑢𝑖𝑗 ∈ (0, 1) shows that situation
interaction is accomplished in certain extent, and 𝑢𝑖𝑗 = 1
shows that situation interaction is accomplished completely.
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2.4. Indexes of Situation Interaction. Based on certain situation prediction, SCL of someone operational entity in
advantageous environment is obtained to the complete status
firstly, so the operational entity is induced to be the target
entity in the C2 organization. In order to improve SCL, other
entities should adopt corresponding negotiation patterns to
make situation interaction in high quality quickly, which can
make SCL of the whole C2 organization in complete status to
reach ODMS. Relative definitions are given as follows.
Definition 9. Situation prediction level (SPL): before obtaining the situation information about opposite party, original
SCL of commander can be formed with active thinking and
estimation in forecast process [22], which is called SPL and
marked as 𝑥𝑖𝑜 . As network resources in C2 organization
(such as the sensors and command systems) are possessed by
operational entities with different EID separately, SPL of each
operation entity can be generated in different extent before
situation cognition formation, and 𝑥𝑖𝑜 ≥ 0.
Definition 10. Synchronization time (ST): for each operational entity in C2 organization, it is the maximum sum of SIT
and time consumed in situation cognition formation, marked
as 𝑇 in the formula (7). After the time of 𝑇, the SCL of all the
operational entities is in the complete status:
𝑇 = max {𝑡𝑖 + 𝑡𝑖 } .
𝑖∈𝑁

(7)

Definition 11. Synchronization extent (SE): it is the ratio of
SCL of compromise entity 𝑥𝑖 after situation interaction and
SCL of target entity 𝑥𝑜 , and marked as 𝛾𝑖𝑜 in formula (8). Due
to difference in interior condition and influence from exterior
environment, ODMS is hardly accomplished completely:
𝑥
𝛾𝑖𝑜 = 𝑖 ,
(8)
𝑥𝑜
where 𝜀𝑖𝑜 = 1−𝛾𝑖𝑜 denotes accepted synchronization error. As
0 ≤ 𝑥𝑖 < 𝑥𝑜 ≤ 1, 𝛾𝑖𝑜 ∈ [0, 1], then 𝜀𝑖𝑜 ∈ [0, 0.05] is defined in
the paper to ensure basic ODMS and 𝛾𝑖𝑜 ∈ [0.95, 1] in formula
(8).
Definition 12. Synchronization time effectiveness (STE): it is
the ratio of time consumed in situation cognition phase and
situation interaction phase, and marked as 𝜏 in formula (9).
STE reflects that time-consuming distribution of each phase
in ODMS:
𝑡
𝜏 = 𝑒,
(9)
𝑡𝑟
where 𝜏 > 0, 𝑡𝑟 = max𝑖∈𝑁{𝑡𝑖 } and 𝑡𝑒 = 𝑇 − 𝑡𝑒 is the time
consuming of situation cognition and situation interaction in
the C2 organization separately.
Definition 13. Synchronization qualities (SQ): it is the ratio
of SCL increment in situation interaction phase and SCL in
situation cognition phase, and it is marked as 𝜒 in formula
(10). So SQ reflects the process of increasing SCL in each
phase of ODMS:
𝑥
𝜒 = 𝑒,
(10)
𝑥𝑟

where 𝜒 > 0, 𝑥𝑟 = ∑𝑖∈𝑁 𝑥𝑖 (𝑡𝑖 )/𝑁, and 𝑥𝑒 = 𝛾 − 𝑥𝑟 is the
average increment of SCL in phase of situation cognition and
situation interaction separately.

3. ODMS Model in Complex Environment
3.1. Initialize C2 Organization. The triple set {𝐺𝑁, 𝐾𝑁, 𝑋𝑁}
is used to represent C2 organization, 𝑁 is the number
of operational entities, 𝐺𝑁 is the adjacency matrix of C2
organization, 𝑋𝑁 is the SPL set of operational entities, and
𝐾𝑁 = {𝑘𝑖 | 𝑖 ∈ 𝑁} is the EID set of operational entities. The
EID reflects the ability of operational entity possessing the
network resources, which lies in the betweenness centrality
and degree centrality of the entity in the C2 organization
[23], and the calculation method in [24] is adopted in the
paper.
3.2. Construct Model of ODMS. Decision-making synchronization experienced two phases about situation cognition
and situation prediction.
Phase 1. Situation cognition: with a certain SPL, the SCL of
each operational entity is increased slowly during the process of analyzing and comprehending situation information
under continuous changing situation. When SCL of certain
operational entity in advantageous environment is improved
to the complete status in a short time, then the entity is
induced to be the target entity, and other entities are regarded
as compromise entities. According to formula (2), situation
cognition model is constructed as follows:

𝑥𝑖 (0) = 𝑥𝑖𝑜 ,




𝑥𝑖̇(𝑡𝑖 ) = V𝑖 (𝑡𝑖 ) = 𝑒𝛼 𝑘𝑖 ⟨𝑘−ℎ (𝑡𝑖 )⟩ ⋅ 𝑡𝑖 ,
ℎ (𝑡𝑖 ) = 𝑎 0 ≤ 𝑎 ≤ 1,

(11)

ℎ (𝑡𝑖 ) = 𝑏 ⋅ 𝑡𝑖 + 𝑎 𝑏 > 0,
ℎ (𝑡𝑖 ) = 𝑓 (𝑡𝑖 ) ,

0 ≤ ℎ (𝑡𝑖 ) ≤ 1,

where 𝑖 ∈ 𝑁, 𝑡𝑖 is the time of information perception in
operational entity 𝑖 before situation interaction, and ℎ (𝑡𝑖 ) is
the SCR in the time of 𝑡𝑖 . When 𝛼 = 1 in formula (2), the
entity is regarded as target entity, and 𝛼 = 0 denotes that it is
compromise entity.
Phase 2. Situation interaction: based on the SCL of target
entity in the complete status firstly, compromise entities
make situation interaction with the target entity by applying
corresponding negotiation patterns to improve their SCL in
complete status, which can achieve ODMS. According to
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the formula (6), situation cognition model is constructed as
follows:
𝑆=

𝑥𝑗∗ ]

𝑘𝑖+1 = 𝑘𝑖 ,

𝑥𝑖 (𝑡𝑖 ) = 𝑥𝑖 (𝑡𝑖 ) − 𝑢2 (𝑡𝑖 ) ⋅ [𝑥𝑖 (𝑡𝑖 ) − 𝑥𝑗∗ ]

𝑘𝑖+1 = 𝑘𝑖 ,

𝑥𝑖 (𝑡𝑖 ) =

𝑥𝑖 (𝑡𝑖 ) =

𝑥𝑖 (𝑡𝑖 )

∑𝑁
𝑖=1 𝛾𝑖𝑜
∈ [𝛾, 1]
𝑁

𝑥𝑖 (𝑡𝑖 )

− 𝑢1 (𝑡𝑖 ) ⋅

− 𝑢3 (𝑡𝑖 ) ⋅

[𝑥𝑖 (𝑡𝑖 )

[𝑥𝑖 (𝑡𝑖 )

−

−

𝑥𝑗∗ ]

Proof. According to recurrence method, the case of interaction situation route with two segments (𝑛1 = 𝑛2 = 2)
should be proved firstly. Suppose that there are two situation
interaction routes:
(1)

𝑟𝑗1 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗 → 𝑙1 → 𝑚, 𝑖 ∈ {1, 2}} ,

(2)

𝑟𝑗2 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗 → 𝑙2 → 𝑚, 𝑖 ∈ {1, 2}} .

(12)
For the 1st situation interaction route, each interaction
segment with formula (3):

𝑘𝑖+1 < 𝑘𝑖 ,

0.95 ≤ 𝛾 ≤ 1,

V𝑗𝑙1 = 𝐶𝑗𝑙1 ⋅

(𝑗, 𝑖) ∈ Λ = {(𝑚, 𝑛) | 𝑚 → 𝑛, 𝑚 ∈ 𝑃, 𝑛 ∈ 𝑃} ,
where 𝑃 = {1, . . . , 𝑁} is the set of operational entities,
𝑢𝑘 (𝑡𝑖 ) (𝑘 ∈ {1, 2, 3}) is the SIQ of entity 𝑗 applying the 𝑘th
negotiation pattern, and 0 < 𝑡𝑖 ≤ 𝑡𝑖∗ . When 𝑢𝑖 ≡ 1 shows
the complete synchronization process and comprehensive
synchronization extent as 𝑆 ≡ 1 in formula (12) 𝛾 ≤ 𝑢𝑖 ≤ 1
denotes the incomplete synchronization process, and 𝑆 ∈
[0.95, 1).

V𝑙1 𝑚 = 𝐶𝑙1 𝑚 ⋅
1
𝑡𝑗𝑚

=

Due to influence of the environment in battlefield, such as
complex environment and operation timerestrictions [21],
information sharing among the operational entities in situation interaction is always incomplete, which leads to the
incomplete ODMS. We suppose that situation interaction
route in C2 organization is marked as 𝑟 = {(𝑝𝑖 , 𝑝𝑖+1 ) |
𝑝𝑖 → 𝑝𝑖+1 , 𝑝𝑖 ∈ 𝐺𝑁, 𝑖 ∈ [1, 𝑁 − 1]}. Taken situation
interaction route 𝑗 → 𝑘 → 𝑙 ⋅ ⋅ ⋅ 𝑚, contains 𝑛 situation
interaction segments, as an example, the properties of ODMS
are analyzed as follows in detail.
4.1. ODMS Strategies within Environment Influence
Property 1 (environment adaptability in choosing situation
interaction route). Suppose that there are 𝑠 situation interaction routes existing from entity 𝑗 to entity 𝑚 : 𝑟𝑗𝑠 → 𝑚 =
𝑞
𝑧
= 𝑚)}. As
{(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑝𝑖 → 𝑝𝑖+1 ; 𝑝𝑖 , 𝑝𝑖+1 ∈ 𝐺𝑁 ∧(𝑝𝑖 = 𝑗, 𝑝𝑖+1
differences in environment influence, it leads to difference in
communication unblocked degree among different interaction routes. In order to realize unblocked interaction route by
any possibility, environmental adaptability operator (EAO) is
designed below to choose the best situation interaction route
𝑟𝑠∗ with the minimum value, which is in favor of adapting the
environment change:
∗

Δ𝑠𝑟|𝑗 → 𝑚 = min [(∑𝛽𝑖,𝑖+1 − ∏𝛽𝑖,𝑖+1 ) ⋅ ∏ (𝑘𝑖 + 𝑘𝑖+1 )] .
𝑖∈𝑛

𝑖∈𝑛

(13)
And 𝛽𝑖,𝑖+1 is the communication unblocked degree within the
situation interaction segment 𝑝𝑖 → 𝑝𝑖+1 .

𝑘𝑗 + 𝑘𝑙1
2

= (1 − 𝛽𝑗𝑙1 ) ⋅

𝑘𝑙1 + 𝑘𝑚
2

𝑥𝑗∗ − 𝑥𝑙1
V𝑗𝑙1

+

𝑘𝑗 + 𝑘𝑙1

= (1 − 𝛽𝑙1 𝑚 ) ⋅

2

,

𝑘𝑙1 + 𝑘𝑚
2

,

𝑥𝑙∗1 − 𝑥𝑚
V𝑙1 𝑚

= 2 { [(𝑥𝑗∗ − 𝑥𝑙1 ) (𝑘𝑙1 + 𝑘𝑚 ) + (𝑥𝑙∗1 − 𝑥𝑚 ) (𝑘𝑗 + 𝑘𝑙1 )]
− [𝛽𝑙1 𝑚 ⋅ (𝑘𝑙1 + 𝑘𝑚 ) (𝑥𝑗∗ − 𝑥𝑙1 )

4. ODMS Strategies within Environment and
Time Restriction

𝑖∈𝑛

(14)

+ 𝛽𝑗𝑙1 ⋅ (𝑘𝑗 + 𝑘𝑙1 ) (𝑥𝑙∗1 − 𝑥𝑚 )]
× ((𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 )
− (𝛽𝑗𝑙1 + 𝛽𝑙1 𝑚 − 𝛽𝑗𝑙1 𝛽𝑙1 𝑚 )
−1

⋅ (𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 )) } .
(15)
In situation cognition stage, due to interaction position
of entity 𝑙1 and entity 𝑙2 is in the same level, and then 𝑥𝑙1 ≈
𝑥𝑙2 . With the target entity in situation interaction process as
𝑥𝑗∗ = 𝑥𝑙∗1 = 1, (𝑥𝑗∗ − 𝑥𝑙1 )(𝑘𝑙1 + 𝑘𝑚 ) and (𝑥𝑙∗1 − 𝑥𝑚 )(𝑘𝑗 + 𝑘𝑙1 ) are
both fixed value. As (𝑥𝑗∗ − 𝑥𝑙1 ) ∈ [0, 1] and (𝑘𝑙1 + 𝑘𝑚 ) ∈ [0, 2],
then (𝑘𝑙1 + 𝑘𝑚 )(𝑥𝑗∗ − 𝑥𝑙1 ) ∈ [0, 2], (𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 ) ∈
[0, 4], and (𝑘𝑙1 + 𝑘𝑚 )(𝑥𝑗∗ − 𝑥𝑙1 ) ⊂ (𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 ). And
(𝛽𝑗𝑙1 + 𝛽𝑙1 𝑚 − 𝛽𝑗𝑙1 𝛽𝑙1 𝑚 ) > 𝛽𝑙1 𝑚 , so the factor as below plays
decisive role in denominator:
Δ1𝑟|𝑗 → 𝑚 = (𝛽𝑗𝑙1 + 𝛽𝑙1 𝑚 − 𝛽𝑗𝑙1 𝛽𝑙1 𝑚 ) ⋅ (𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 ) ,
(16)
which is regarded as the environmental adaptability operator,
and 𝛽 → 0, and then
1 

𝑡𝑗𝑚


𝛽→0

= 2 [ ((𝑥𝑗∗ − 𝑥𝑙1 ) (𝑘𝑙1 + 𝑘𝑚 )
+ (𝑥𝑙∗1 − 𝑥𝑚 ) (𝑘𝑗 + 𝑘𝑙1 ))

(17)
−1

× ((𝑘𝑗 + 𝑘𝑙1 ) ⋅ (𝑘𝑙1 + 𝑘𝑚 )) ] .
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With the same method, for the 2nd situation interaction
route, the EAO is
Δ2𝑟|𝑗 → 𝑚 = (𝛽𝑗𝑙2 + 𝛽𝑙2 𝑚 − 𝛽𝑗𝑙2 𝛽𝑙2 𝑚 ) ⋅ (𝑘𝑗 + 𝑘𝑙2 ) ⋅ (𝑘𝑙2 + 𝑘𝑚 ) .
(18)
Due to 𝛽, 𝑘 ∈ [0, 1], we obtain that Δ1𝑟 , Δ2𝑟 > 0. If Δ1𝑟 <
2
Δ 𝑟 , the 1st situation interaction route is chosen; otherwise, we

should choose the 2nd situation interaction route.
When there are several situation interaction routes (𝑛1 ≥
2, 𝑛2 ≥ 2 . . . , 𝑛𝑠 ≥ 2), the EAO of each situation interaction
𝑠ℎ
route is Δ 𝑟|𝑗
→ 𝑚 = (∑𝑖∈𝑛𝑗 𝛽𝑖,𝑖+1 − ∏𝑖∈𝑛𝑗 𝛽𝑖,𝑖+1 ) ⋅ ∏𝑖∈𝑛𝑗 (𝑘𝑖 + 𝑘𝑖+1 ),
𝑠ℎ ∈ {1, 2, . . . , 𝑠}.
The best situation interaction route should be chosen with
the EAO with minimum value:
∗

𝑠

ℎ
Δ𝑠𝑟|𝑗 → 𝑚 = min Δ 𝑟|𝑗
→𝑚

(19)

Proof. Suppose that the situation interaction route with
merely-single interaction segment (𝑛1 = 1) is 𝑟𝑗1 → 𝑚 =
{(𝑝1 , 𝑝2 ) | 𝑗 → 𝑚}, and then Δ1𝑟|𝑗 → 𝑚 = (𝛽1,2 −0)⋅(𝑘1 +𝑘2 ) =
𝛽1,2 ⋅ (𝑘1 + 𝑘2 ).
And situation interaction route with multiple interaction
segments:
= {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗 →

→ ⋅ ⋅ ⋅ →

→ 𝑚} ,

Δ2𝑟|𝑗 → 𝑚 = ( ∑ 𝛽𝑖,𝑖+1 − ∏𝛽𝑖,𝑖+1 ) ⋅ ∏ (𝑘𝑖 + 𝑘𝑖+1 ) .
𝑖∈𝑛2

ℎ

𝑖∈𝑛2

→𝑚

(𝑠ℎ ∈ {1, 2, . . . , 𝑠}) .

(21)

Then 𝑟𝑠∗ is chosen as situation interaction route, which
reflects that plan-based negotiation is from the target entity 𝑗ℎ
to comprise entity 𝑚, and other target entities have no effect
on the negotiation. So multitarget entities can be adjustable
in situation interaction routes.
Proof. According to recurrence method, the case of interaction situation route with two target entities (𝑠 = 2) should be
proved firstly. Suppose that situation interaction routes with
two interaction segments (𝑛1 = 𝑛2 = 2) are given by
𝑟1𝑗1 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗1 → 𝑙1 → 𝑚, 𝑖 ∈ {1, 2}} ,

(2) 𝑟2𝑗2 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗2 → 𝑙2 → 𝑚, 𝑖 ∈ {1, 2}} .

(22)

Δ1𝑟|𝑗1 → 𝑚 = (𝛽𝑗1 𝑙1 + 𝛽𝑙1 𝑚 − 𝛽𝑗1 𝑙1 𝛽𝑙1 𝑚 ) (𝑘𝑗1 + 𝑘𝑙1 ) (𝑘𝑙1 + 𝑘𝑚 ) ,

Inference 1. Suppose that there are situation interaction routes
in two types: merely-single interaction segment (𝑛1 = 1)
and multiple interaction segments (𝑛2 ≥ 2), and we should
take the merely-single interaction segment as the situation
interaction route.

𝑞
𝑙2

𝑠

And each EAO is

⋅∏ (𝑘𝑖 + 𝑘𝑖+1 )] .
𝑖∈𝑛𝑗
]

𝑙21

∗

ℎ
Δ𝑠𝑟|𝑗∗ → 𝑚 = min Δ 𝑟|𝑗

(1)

= min [( ∑ 𝛽𝑖,𝑖+1 − ∏𝛽𝑖,𝑖+1 )
𝑖∈𝑛𝑗
[ 𝑖∈𝑛𝑗

𝑟𝑗2 → 𝑚

operator (EAO) is designed below to adjust, and we should
choose the best situation interaction route with the minimum
value of EAO:

(20)

Δ2𝑟|𝑗2 → 𝑚 = (𝛽𝑗2 𝑙2 + 𝛽𝑙2 𝑚 − 𝛽𝑗2 𝑙2 𝛽𝑙2 𝑚 ) (𝑘𝑗2 + 𝑘𝑙2 ) (𝑘𝑙2 + 𝑘𝑚 ) .
(23)
When Δ1𝑟|𝑗1 → 𝑚 < Δ2𝑟|𝑗2 → 𝑚 , we should choose the 1st
situation interaction route from target entity 𝑗1 to compromise entity 𝑚, and target entity 𝑗2 is free to search other
compromise entities, which reflects the cooperation among
the different target entities to improve situation interaction
in high efficiency.
Similarly, for the multitarget entities (𝑠 > 2) and each
route with multiinteraction segments (𝑛1 > 2, . . . , 𝑛𝑠 > 2),
we can obtain that
∗

𝑠

ℎ
Δ𝑠𝑟|𝑗∗ → 𝑚 = min Δ 𝑟|𝑗

ℎ

→𝑚

= min [( ∑ 𝛽𝑖,𝑖+1 − ∏𝛽𝑖,𝑖+1 )
𝑖∈𝑛𝑗
[ 𝑖∈𝑛𝑗

(24)

𝑖∈𝑛2

Due to ∑𝑖∈𝑛2 𝛽𝑖,𝑖+1 − ∏𝑖∈𝑛2 𝛽𝑖,𝑖+1 > 𝛽1,2 , ∏𝑖∈𝑛2 (𝑘𝑖 + 𝑘𝑖+1 ) >
(𝑘1 + 𝑘2 ), and then Δ1𝑟|𝑗 → 𝑚 < Δ2𝑟|𝑗 → 𝑚 . According to

⋅∏ (𝑘𝑖 + 𝑘𝑖+1 )] .
𝑖∈𝑛𝑗
]

Property 1, we can obtain that Δ𝑠𝑟|𝑗 → 𝑚 = min(Δ1𝑟|𝑗 → 𝑚 ,
Δ2𝑟|𝑗 → 𝑚 ) = Δ1𝑟|𝑗 → 𝑚 . So it is appropriate to take the
merely-single interaction segment as the situation interaction
route.

Then we can choose the target entity 𝑗∗ in optimization to
interact with compromise entity 𝑚, and other target entities
𝐽/𝑗∗ are used to negotiate with other compromise entities,
which are using resources efficiently to realize ODMS.

Property 2 (multitarget entities adjustability in situation
interaction routes). Suppose that there are several situation
interaction routes existing from 𝑠 target entities to entity
𝑚, and it is described as 𝑟𝐽𝑠 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 )| 𝑝𝑖 → 𝑝𝑖+1 ;
𝑞
𝑧
𝑝𝑖 , 𝑝𝑖+1 ∈ 𝐺𝑁 ∧ (𝑝𝑖 ∈ 𝐽 = {𝑗1 , . . . , 𝑗𝑠 }, 𝑝𝑖+1
= 𝑚)}. As difference in environment influence, environmental adaptability

Inference 2. Suppose that there are situation interaction routes
from 𝑠 target entities to compromise entity 𝑚 with two types:
merely-single interaction segment (𝑛1 = 1) and multiple
interaction segments (𝑛2 ≥ 2), and we also should take the
merely-single interaction segment as the situation interaction
route.

∗
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Proof. Suppose that situation interaction route with merelysingle interaction segment (𝑛1 = 1) is 𝑟𝑗11 → 𝑚 = {(𝑝1 , 𝑝2 ) |
𝑗1 → 𝑚}, and then Δ1𝑟|𝑗1 → 𝑚 = (𝛽1,2 − 0) ⋅ (𝑘1 + 𝑘2 ) = 𝛽1,2 ⋅
(𝑘1 + 𝑘2 ).
From target entities 𝑗𝑘 (𝑘 ∈ {2, 3, . . . , 𝑠}) to entity m,
situation interaction routes with several interaction segments
(𝑛𝑘 ≥ 2) are given by 𝑟𝑗𝑘𝑘 → 𝑚 = {(𝑝𝑖 , 𝑝𝑖+1 ) | 𝑗𝑘 → 𝑙𝑘1 2 →
𝑞
𝑙𝑘 2

Property 3 (error accumulation in incomplete ODMS). Due
to that 𝛾 ≤ 𝑢𝑖 ≤ 1 and the SIQ of each situation interaction
segment is in little difference, so 𝑢(𝑡𝑘 ) ≈ 𝑢(𝑡𝑙 ) ⋅ ⋅ ⋅ 𝑢(𝑡𝑚 ), which
are marked as 𝑢 in unified. Accepted synchronization error in
the interaction segment 𝑚 → 𝑗, in which entity 𝑗 is taken as
target entity, is approximate described as
Δ𝑥𝑗𝑚 ≈ (1 − 𝑢𝑛 ) ⋅ (𝑥𝑗∗ − 𝑥𝑘 (𝑡𝑘 ))

Δ𝑘𝑟|𝑗𝑘 → 𝑚

⋅⋅⋅ →
→ 𝑚}. Then we can gain that
=
min[(∑𝑖∈𝑛𝑘 𝛽𝑖,𝑖+1 − ∏𝑖∈𝑛𝑘 𝛽𝑖,𝑖+1 ) ⋅ ∑𝑖∈𝑛𝑘 (𝑘𝑖 + 𝑘𝑖+1 )].
Within the same environment influence as 𝛽1,2 = 𝛽𝑗1 𝑚 ≈
𝛽𝑖,𝑖+1 (for all 𝑖 ∈ 𝑛𝑘 ), then we can obtain ∑𝑖∈𝑛2 𝛽𝑖,𝑖+1 −
∏𝑖∈𝑛2 𝛽𝑖,𝑖+1 > 𝛽1,2 . So ∏𝑖∈𝑛2 (𝑘𝑖 + 𝑘𝑖+1 ) > (𝑘1 + 𝑘2 ),
Δ1𝑟|𝑗1 → 𝑚 < Δ𝑘𝑟|𝑗𝑘 → 𝑚 . According to Property 2, we can deduce
∗

𝑠

ℎ
= Δ1𝑟|𝑗1 → 𝑚 . And the situation
that Δ𝑠𝑟|𝑗∗ → 𝑚 = min Δ 𝑟|𝑗
ℎ →𝑚
interaction route with merely-single interaction segment is
suitable to be adopted.

In order to adapt the influence of environment change,
combining Properties 1 and 2, strategies below should be
taken to find the situation interaction route quickly, which
can improve ODMS capability.
(1) In the case target entity and compromise entity are
both fixed, according to Property 1 and Inference 1,
and when 𝛽 is low, we should choose 𝑘𝑗 , namely,
EID, with high value in the situation interaction route,
𝑠∗
|
.
which can reduce the interaction limit time 𝑡𝑗𝑚
𝛽→0
Otherwise, when 𝛽 is in high value, choosing the
entity with 𝑘𝑗 in high value will cause communication
blocked severely, so we should choose entity with 𝑘𝑗

≈ (1 − 𝑢 (𝑡𝑘 ) ⋅ 𝑢 (𝑡𝑙 ) ⋅ ⋅ ⋅ 𝑢 (𝑡𝑚 ))
⋅ (𝑥𝑗∗ − 𝑥𝑘 (𝑡𝑘 )) ,
where 𝑢(𝑡𝑘 ) is the SIQ of entity 𝑘.

Proof. According to recurrence method, the process of the
interaction segment of 𝑗 → 𝑘 can be described as 𝑥𝑘∗ =
𝑥𝑘 (𝑡𝑘 ) − 𝑢(𝑡𝑘 ) ⋅ [𝑥𝑘 (𝑡𝑘 ) − 𝑥𝑗∗ ]. Then the local synchronization
error is
Δ𝑥𝑗𝑘 = 𝑥𝑗∗ − 𝑥𝑘∗ = (1 − 𝑢 (𝑡𝑘 )) ⋅ (𝑥𝑗∗ − 𝑥𝑘 (𝑡𝑘 )) .

𝑥𝑙∗ = 𝑥𝑙 (𝑡𝑙 ) − 𝑢 (𝑡𝑙 ) ⋅ [𝑥𝑙 (𝑡𝑙 ) − 𝑥𝑘∗ ]
= (1 − 𝑢 (𝑡𝑙 )) 𝑥𝑙 (𝑡𝑙 )

𝛽>0

As 𝑢(𝑡𝑙 ) ≈ 𝑢(𝑡𝑘 ) and both of them are marked as 𝑢, then
Δ𝑥𝑗𝑙 = 𝑥𝑗∗ − 𝑥𝑙∗ ≈ (1 − 𝑢) ⋅ (𝑥𝑗∗ − 𝑥𝑙 (𝑡𝑙 ))
+ 𝑢 (1 − 𝑢) ⋅ (𝑥𝑗∗ − 𝑥𝑘 (𝑡𝑘 )) .

depress.

(2) In the case about target entities are uncertainty
but compromise entities are fixed, according to
Property 2 and Inference 2, we should choose situation interaction route with merely-single interaction
segment in possible, which can be used to confirm
the suitable target entities and form the situation
interaction route in the whole C2 organization.
Thus ODMS strategies set of choosing situation interaction routes under environment influence is:

(28)

+ 𝑢 (𝑡𝑙 ) (1 − 𝑢 (𝑡𝑘 )) ⋅ 𝑥𝑘 (𝑡𝑘 ) + 𝑢 (𝑡𝑙 ) 𝑢 (𝑡𝑘 ) ⋅ 𝑥𝑗∗ .

∗

∗

(27)

In the situation interaction segment 𝑘 → 𝑙, we can obtain
that

in low value, and then Δ𝑠𝑟|𝑗 → 𝑚 is also reduced, which
𝑠
can make 𝑡𝑗𝑚
|

(26)

(29)

Due to 𝑥𝑙 (𝑡𝑙 ) ≈ 𝑥𝑘 (𝑡𝑘 ), we can gain that Δ𝑥𝑗𝑙 = (1 − 𝑢2 ) ⋅
− 𝑥𝑘 (𝑡𝑘 )) ≈ (1 − 𝑢(𝑡𝑘 )𝑢(𝑡𝑙 )) ⋅ (𝑥𝑗∗ − 𝑥𝑘 (𝑡𝑘 )). If 𝑢 = 1,
then Δ𝑥𝑗𝑙 = 0. Else if 0 < 𝑢 < 1, we can obtain that 0 <
Δ𝑥𝑗𝑘 < Δ𝑥𝑗𝑙 , and synchronization accumulation is enlarged
through continuous situation interaction. So according to
analogy analysis in the situation interaction route, we can
gain Property 3.
(𝑥𝑗∗

where 𝑠𝑖∗ is the situation interaction route in optimization
within st𝑖 → en𝑖 .

Property 4 (time adjustability in incomplete ODMS). In
incomplete ODMS, time adjustability of negotiation with
concession pattern is the best of the three negotiation
patterns. The time consumed in concession pattern is less
than other two negotiation patterns with the same SIQ,
which provides larger time range for subsequent interaction
segments to adjust and fulfill the time restriction.

4.2. ODMS Strategies within Time Restriction. In the actual
operation, in order to ensure the cooperation action among
operational entities, ODMS is usually incomplete within the
time restriction, and there are certain accepted synchronization errors in ODMS. We can summarize properties as
follows.

Proof. In the situation interaction segment 𝑗 → 𝑘, time
consumed of complete ODMS with the 𝑖th negotiation
pattern is 𝑡𝑖∗ , and time consumed of incomplete ODMS (𝑢 =
𝑏 < 1) is 𝑡𝑖 correspondingly, then 𝑡𝑖 < 𝑡𝑖∗ (𝑖 ∈ {1, 2, 3}), and


, Δ𝑡2 = 𝑡2∗ −𝑡2 = (√𝑎−√𝑏)/V𝑘𝑙
, Δ𝑡3 =
Δ𝑡1 = 𝑡1∗ −𝑡1 = (𝑎−𝑏)/V𝑘𝑙
2
∗
2

𝑡3 − 𝑡3 = (𝑎 − 𝑏 )/V𝑘𝑙 .

𝑠∗

𝑅 = {𝑟st𝑖𝑖 → en𝑖 | st𝑖 ∨ en𝑖 ∈ 𝐺𝑁, 𝑖 ∈ 𝑁} ,

(25)
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Figure 4: C2 organization with tree structure: NET1.

Due to 𝑎 = 1 and 0 < 𝑏 < 1, then 𝑎 + 𝑏 > 1, √𝑎 + √𝑏 > 1,
so √𝑎 − √𝑏 < 𝑎 − 𝑏 < 𝑎2 − 𝑏2 . Then we can deduce that
Δ𝑡3 > Δ𝑡1 > Δ𝑡2 . As known in Figure 3, the time 𝑡3 consumed
in concession negotiation process is much less than 𝑡3∗ in
the incomplete ODMS with 𝑢 = 0.95, which reflects the
best time adjustability in three negotiation patterns. With the
decrease of 𝑢, the difference of gap is enlarged in the different
negotiation process.
Combined Properties 3 and 4, when the performance
of ODMS cannot fulfill the time restriction, we should take
following strategies to adjust the performance of ODMS.
(1) Adjusting time consumed in situation interaction segment with low EID operational entities in any possible
way: according to Property 3, synchronization error
of operation entities with high EID will cause error
accumulation in following situation interaction.
(2) Adopting the concession pattern in negotiation in any
possible way: according to Property 4, when target
entity is changed, structure of C2 organization should
be adjusted for controlling more resource quickly,
which can transfer the target entity to be the most
important entity for concession negotiation.
Based on the analysis above, ODMS strategies set within
time restriction can be constructed as 𝑈 = {𝑢𝑖 | 𝛾 ≤ 𝑢𝑖 ≤
1, 𝑖 ∈ 𝑁}, where 𝑢𝑖 is the SIQ of each interaction segment.

5. Simulation Cases
5.1. Parameters Setting. Taking the operational organization
in [25], for example, the organization is abstracted as network
of C2 organization with 25 nodes and 4 command corporations shown in Figure 4, whose average degree is ⟨𝑘⟩ = 1.92,
and parameters are initialized as seen in Table 4. Suppose that
SPL is uniform distribution within [0, 0.1], and entity o with
the highest EID is induced as target entity with facility.
5.2. ODMS Performance in Continuous Changing Situation.
In the ideal condition (𝛽 = 0), according to parameters
setting above, stable situation (as special continuous changing
situation) and three continuous changing situation patterns

Table 4: Initialization parameters of C2 organization.
No.

ID

𝑥𝑖0

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

o
op1
op2
op3
op4
p11
p12
p13
p131
p132
p21
p211
p212
p213
p22
p221
p222
p223
p31
p32
p33
p34
p41
p42
p43

0.0203
0.0199
0.0604
0.0272
0.0199
0.0015
0.0747
0.0445
0.0932
0.0466
0.0419
0.0846
0.0525
0.0203
0.0672
0.0838
0.0020
0.0681
0.0379
0.0832
0.0503
0.0709
0.0429
0.0305
0.0190

NET1
NID1
0.7100
0.5242
0.6608
0.4742
0.4042
0.0850
0.0850
0.2416
0.0500
0.0500
0.3900
0.0550
0.0550
0.0550
0.3900
0.0550
0.0550
0.0550
0.0574
0.0574
0.0574
0.0574
0.0550
0.0550
0.0550

NET2
NID2
0.5300
0.4426
0.6892
0.3792
0.4152
0.0700
0.0700
0.2266
0.0500
0.0500
0.3360
0.0550
0.0550
0.0550
0.3360
0.0550
0.0550
0.0550
0.0574
0.0574
0.0574
0.0574
0.0440
0.0440
0.0440

NET3
NID3
0.2866
0.4150
0.6550
0.4644
0.3916
0.0634
0.0634
0.2200
0.0500
0.0500
0.3326
0.0550
0.0550
0.0550
0.3326
0.0550
0.0550
0.0550
0.0466
0.0466
0.0466
0.0466
0.0422
0.0422
0.0422

are given together in Table 5. As limit of paper, the sudden
changing situation within 𝑡 ∈ [0, 5] and the IPA of each entity
are analyzed in Figure 5.
The axis of abscissa shows time consumed and axis of
ordinate express SCL, and then complete ODMS under four
changing situations, shown in Figure 6, can be described
as curve cluster about the SCL changing process of 25
operational entities.
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Figure 5: Situation in sudden changing pattern.

Table 5: The SCR in continuous changing situation.
No. Situation change patterns

SCR

1
2
3
4

ℎ𝑡
ℎ𝑡
ℎ𝑡
ℎ𝑡

Stable situation
Identical changing situation
Gradual changing situation
Sudden changing situation

=0
= 0.8
= 0.17 ∗ 𝑡 + 0.2
= 0.6 ∗ (1 − sin (𝑡 − 𝜋) ∗ 𝑒−𝑡 )

With two phases in ODMS process, STE can be obtained
on the basis of time consuming within two stages correspondingly and shown in Figure 7(a). Meanwhile, SQ can be gained
with cognition change in two stages and shown in Figure 7(b).
Other measure indexes of ODMS are listed in Table 6. From
the statistics in Table 6, with the increase of SCR, the ST is
shortened correspondingly.
As in process P1 in Figure 6(a), due to little change in
the situation, there are fewer nodes updating situation information. Then long time is consumed in situation cognition
stage, but the SCL is not improved highly, which leads to more
time used to negotiate in situation interaction stage, and ST
is extended in the ODMS, as P1 process in Figure 7.
As in process P2 and process P3 in Figures 6(b) and
6(c) respectively, with SCR increasing, the number of nodes
updating information raises correspondingly, and then IPA
and SCL in situation cognition stage are improved in a short
time. Compared with process P1, time consumed in situation
interaction stage is shortened, and then ST can be reduced,
which is shown as process P2 and process P3 in Figure 7.
As process P4 in Figure 6(d), the SCL of each operational
entity improves with SCR increasing. When situation suddenly has a great change, it leads to situation information
explosion apperceived by C2 organization in a short time.
The communication routes are easy to be blocked, which can
make the IPA decrease among the operational nodes and
the SCL reduced (as subgraph shown in Figure 10 within
time interval [1, 2]). After the decrease of SCR, the C2

Table 6: Indexes list of ODMS.
No.
1
2
3
4

ID
P1
P2
P3
P4

𝑇
24.3425
15.2562
14.2024
11.9370

𝛾𝑖𝑜
1
1
1
1

𝜏
1.4420
1.8034
1.8306
1.7543

𝜒
6.7622
2.1064
1.5813
1.2449

organization’s ability of efficiently processing and interpreting
information recovers gradually, and SCL of each entity
is still improved. Due to overload processing of situation
information, the operational nodes have the highest SCL
while consuming the minimum time, which is benefit for
realizing ODMS in shortest time, shown in Figure 7.
According to above analysis, under continuous changing
situation, the situation cognition stage is the foundation of
situation interaction stage, which directly influences the STE
and SQ of ODMS. When the target entity is transferred from
o to op2, the ODMS performance of C2 organization with tree
structure drops obviously under the stable situation (shown
in Figure 8), which denotes that it is weak for C2 organization
with tree structure to adapt situation change.
So in order to adapt the complex environment change,
C2 organization should make entities obtain IPA as many as
possible. The main ways are changing organization structure
and selecting appropriate strategy to complete the situation
interaction process. The following sections about two aspects
strategies are used to improve the ODMS performance within
environment influence and time restriction separately.
5.3. ODMS Strategies under Environment Influence. Taken
stable situation as an example, environment influence factor
𝛽 = [0, 0.2] is introduced to analyze adaptive ability of
C2 organization with different structures. Then the crossstructure (⟨𝑘⟩ = 2.02) is constructed on the basis of tree
structure shown in Figure 9.
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(d) Sudden changing situation: P4

Figure 6: Complete ODMS under four changing situation.

When 𝛽 = 0, the situation interaction route in NET1
is still adopted in NET2, and the ODMS performance is
shown in Figure 15. When 𝛽 = [0, 0.2], it can reduce the
communication unblocked degree 𝐶. Taking op2 as target
entity, ODMS strategies set of choosing situation interaction
route is analyzed in Table 7 according to Properties 1 and 2,
and (∗ ) denotes the chosen situation interaction routes.
1∗
1∗
2∗
In Table 7, 𝑟op2
→ p31 , 𝑟op2 → p41 , and 𝑟op2 → p12 are the
best situation interaction route separately with Property 1.
1∗
Moreover, for the target entities op2 and p21, 𝑟op2
→ p211
∗

2
and 𝑟op2
→ p221 are the best situation interaction route to
p22, respectively, according to Property 2. So the situation interaction routes in NET2 are given as 𝑅NET2 =
1∗
1∗
2∗
1∗
2∗
{𝑟op2
→ p31 , 𝑟op2 → p41 , 𝑟op2 → p12 , 𝑟op2 → p211 , 𝑟op2 → p221 }.

Comparing Figure 8 with Figure 10(a), networked level of
NET2 is higher than NET1, then and IPA of NET2 improves
but shortens its ST under stable situation with 𝛽 = 0. Comparing Figure 9 with Figure 10(b), although environment
influence factor is increased (𝛽 = [0, 0.2]), situation
interaction routes chosen in reason can improve the quality
of situation interaction, which also improves the ODMS
performance. So the adaptive ability of NET2 with crossstructure is stronger than NET1 with tree structure. Based on
this, C2 organization with network structure is generated by
further extending networked level in Figure 11, then ODMS
performance is shown in Figure 12, and strategies of choosing
situation interaction route are listed in Table 8.
Contrastive analysis in both NET3 and NET2, network
degree of NET3 is higher than NET2, namely, ⟨𝑘⟩ = 2.24. It
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Table 7: Situation interaction routes within NET1.
𝑅st𝑖 → en𝑖

No.

Situation interaction routes

Δ𝑟

𝑟op2 → p31

1∗
2

op2 → op3 → p31
op2 → o → op3 → p31

0.1107
0.1351

0.6

𝑟op2 → p41

1∗
2
3

op2 → o → op4 → p43
op2 → op1 → o → op4 → p43
op2 → op3 → o → op4 → p43

0.2001
0.2149
0.2486

0.4

𝑟op2 → p12

1
2∗

op2 → o → op1 → p12
op2 → op1 → p12

0.1757
0.1105

0.2

𝑟op2 → p211

1∗
2

op2 → p21 → p211
op2 → p22 → p21 → p211

0.0653
0.0859

0

𝑟op2 → p221

1
2∗

op2 → p22 → p221
op2 → p21 → p22 → p211

0.1009
0.0859
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Figure 8: Complete ODMS in NET1 under stable situation with
target entity op2: P5.
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Figure 9: C2 organization with cross structure: NET2.

∗
means that route with the symbol is the best situation interaction route from
the fixed target entity to the fixed compromise entity and can be selected to
negotiate.

has benefit to allocating decision rights, which is good for
adjusting situation interaction routes to adapt environment
2∗
influence. From entity op2 to entity p31, 𝑟op2
→ p31 : op2 →
∗

1
o → op3 → p31 in Table 8 and 𝑟op2
→ p31 : op2 → op3 → p31 in
Table 7 are the results of allocating decision rights agilely. So
situation interaction routes in NET3 are given as 𝑅NET3 =
2∗
4∗
1∗
1∗
2∗
{𝑟op2
→ p31 , 𝑟op2 → p41 , 𝑟op2 → p12 , 𝑟op2 → p211 , 𝑟op2 → p221 }.

5.4. ODMS Strategies within Time Restriction. Suppose that,
in order to realize cooperation among operational entities,
the time restriction is within 20 unit time (remarked as red
vertical real line in Figure 12), and the accepted synchronization error within 5%, and then SE should reach 95% at least
(remarked as red horizontal dotted line in Figure 12) Then
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Figure 10: Complete ODMS in NET2 with different 𝛽.
p33

1

op4

Table 8: Situation interaction routes within NET2.

p34
p31

0.07

p221

0.14
p223
0.18
3
12
0.18
p22 0.1 13
o 0.
0.
op2 14
0.09
0.
0.13
0.0
8
.0
0
p12
p222
9
p21
op1
0.12
0.17
5
0.08
0.0
0.1
8
p213
p13
p11
0.05
p212
p211
0.1

p41

0.11

0.1

p42

p32
0.0
7
op3

0.07
0.0
7

p43

No.

Situation interaction routes

Δ𝑟

𝑟op2 → p31

1
2∗

op2 → op3 → p31
op2 → o → op3 → p31

0.1255
0.0583

𝑟op2 → p41

1
2
3
4∗

op2 → op1 → op4 → p41
op2 → o → op4 → p41
op2 → op3 → op4 → p41
op2 → o → op1 → op4 → p41

0.0017
0.0020
0.0034
0.0015

𝑟op2 → p12

1∗
2

op2 → o → op1 → p12
op2 → op1 → p12

0.0916
0.0975

𝑟op2 → p211

1∗
2

op2 → p21 → p211
op2 → p22 → p21 → p211

0.0623
0.0812

𝑟op2 → p221

1
2∗

op2 → p22 → p221
op2 → p21 → p22 → p221

0.0964
0.0812
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Figure 11: C2 organization with network structure: NET3.

ODMS performance is acceptable under other three situation
changing patterns with NET1 but the stable situation with
NET3. As communication is blocked in some extent within
NET3, it takes long time for situation interaction, which
makes ST beyond the time restriction.
As shown in sub graph of Figure 12, entities p132 and
p131 do not fulfill the time restriction. The strategies set of
incomplete ODMS is given as 𝑈𝑃11 and 𝑈𝑃12 in Table 9, and
the processes of incomplete ODMS are shown in Figure 13.
Because that entity op2 is the most important entity
in NET3 (shown in Table 4), other entities should adopt
concession negotiation pattern to realize situation interaction
in high quality, so the ODMS performance is new, and the
ST of C2 organization is in low adjustability. Following the
strategies in Table 9, the ST of incomplete ODMS is shortened with 0.772 and 0.765, respectively, and comprehensive
synchronization extent 𝑆 is 0.9946 and 0.9967, respectively,
which can fulfill the operation demand.

6. Discussion
As known in simulation cases, ODMS with three phases is
studied in detail in the paper. Then compared with models

∗

means that route with the symbol is the best situation interaction route from
the fixed target entity to the fixed compromise entity and can be selected to
negotiate.

referred to in Section 1, the advantages and shortcomings of
the ODMS model are analyzed and discussed in this paper.
For the group communication model in [5, 6], it does not
refer to the opinion formation. Taking the incomplete ODMS
process 𝑃10 in Figure 12 as example, the SCL in the time of
𝑡 = 13 is regarded as original opinions, and communication
parameters in [5] are introduced as opinion accepted degree
𝑢 = 0.2 and communication allow degree 𝑑 = 0.2. Suppose
that 1 unit time is consumed in the each communication
process in the whole C2 organization, and then the results of
two methods can be expressed in the same picture. After 25
units time, the synchronization process in [5] is shown with
red real line in Figure 14. As communication processes have
no effect on the SCL improvement of certain entity in the end,
it can hardly get to the unanimous status, which also makes
ODMS realization in hard.
For the models of CE and CSSync in [13], they do not refer
to cognitive formation but only the difference of cognition.
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Figure 12: Complete ODMS in NET3 with 𝛽 = [0, 0.2] as 𝑃10 .
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(a) The incomplete ODMS process with 𝑈𝑃11 : 𝑃11
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(b) The incomplete ODMS process with 𝑈𝑃12 : 𝑃12

Figure 13: Incomplete ODMS under stable situation.
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Figure 14: Comparing with the models in [5].

Table 9: Strategies sets of incomplete ODMS.
No.
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

EID
o
op1
op2
op3
op4
p11
p12
p13
p131
p132
p21
p211
p212
p213
p22
p221
p222
p223
p31
p32
p33
p34
p41
p42
p43

𝑈𝑃11
—
0.985
1
1
1
1
1
0.992
0.996
0.983
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

𝑈𝑃12
—
0.993
1
1
1
1
1
0.994
0.990
0.987
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

After the SCL of the entities is all in the complete status, then
CSSync = 1, which reflects that complete ODMS. The process
of CSSync is shown in Figure 15.
For Kuramoto model in [16], synchronization process
is only controlled by a coupled coefficient (as feedback of
synthesized information difference), and it does not take the

strategies of ODMS into account, which makes it hard to
adapt to the environment change.
According to the ODMS processes in NET1, NET2 and
NET3, we can summarize four factors for influencing the
ODMS capability of different organizations, including organization structure, shared information resources, interactions
patterns, and allocation of decision rights. Then inhibitors
and enablers for different ODMS factors are given for compared analyzing in Table 10.
For the 1st factor about organization structure, with the
networked level of C2 organization increasing from NET1 to
NET3, IPA of operational entities can be improved remarkably for promoting the SCL, which is benefit for enhancing
the ODMS performance. Then enabler of networked structure is networked structure, and the inhibitor of organization
structure is traditional tree structure. For the 2nd factor about
shared information resources, as P1 in Figure 6(a) and ODMS
process in Figure 10, the situation information resources are
shared in sufficiency, which is good for shortening the ST.
Thus enabler for the factor is shared across members and
all information accessible across entities, and inhibitor for
the factor is none or a few shared (mainly kept within
own entities). For the 3rd factor about interactions patterns,
comparing P5 with P1, P2, P3, and P4, as the entity op2 is not
the most important entity in NET1, there are fixed restrictions
of allocating decision rights, which is not good for forming
the suitable situation interaction route for adapting to the
environment influence. So interactions patterns with highly
fixed and constrained in superior-subordinate will inhibit
ODMS capability improvement. However, compared with the
complete ODMS processes in NET2 (within Figure 10) and
NET3 (within Figure 12), there are several interaction patterns to be selected, and we can change situation interaction
pattern in agility, which is good for improving the SIQ; thus
interactions patterns with unconstrained and agile across
entities can be regarded as the enabler of the factor. For the
4th factor about allocation of decision rights, the fixed taskrole-based decision rights can inhibit the situation cognition
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Table 10: ODMS inhibitors and enablers.

ODMS factors

Inhibitors

Enablers

Organization structure

Traditional tree structure

Shared information resources

None or a few shared (mainly kept within own entities)

Interactions patterns
Allocation of decision rights

Highly fixed and constrained in up-down grade
Fixed task-role based

Networked structure
Shared across members and all
information accessible across entities.
Unconstrained and agile across entities
Distributed to all subjects

0.35
0.3

1

0.25
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CSSync
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Figure 15: Comparing with the models in [13].

level formation and interaction pattern optimizing selection,
which will depress the ODMS capability of the organization.
However, with the networked level of organizations increasing, the decision rights can be distributed to different subjects
according to situation change, which is good for adjusting
situation interaction routes to adapt to environment influence
and can be regarded as enabler for the factor.

changing the structure on the basis of fixed entities, is the
difficult problems to enhance the ODMS performance.

7. Conclusion and Further Work
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Stator resistance and inductances in 𝑑-axis and 𝑞-axis of permanent magnet synchronous motors (PMSMs) are important
parameters. Acquiring these accurate parameters is usually the fundamental part in driving and controlling system design, to
guarantee the performance of driver and controller. In this paper, we adopt a novel windowed least algorithm (WLS) to estimate
the parameters with fixed value or the parameter with time varying characteristic. The simulation results indicate that the WLS
algorithm has a better performance in fixed parameters estimation and parameters with time varying characteristic identification
than the recursive least square (RLS) and extended Kalman filter (EKF). It is suitable for engineering realization in embedded
system due to its rapidity, less system resource possession, less computation, and flexibility to adjust the window size according to
the practical applications.

1. Introduction
The high-field-strength neodymium-iron-boron (NdFeB)
magnets have become commercially available with affordable prices, so the permanent magnet synchronous motor
(PMSM) is receiving increasing attention due to its high
speed, high power density, and high efficiency. It is very suitable for some high-performance requirement applications,
for example, robotics, aerospace, electric ship propulsion
systems, and wind power generation systems [1–3]. It has
been shown that PMSM can provide significant performance
improvement in many variable speed applications [4]. The
commonly used control method in motor control is vector
control. The method has a requirement of obtaining related
parameters of the motor. Therefore, acquiring accurate
parameters of the motor is usually the fundamental part
in driving system design. We cannot measure the motor
parameters with normal no-load test and locked rotor test in
the work site. Moreover, with the increasing working time of
the motor and the surrounding environment changes, some
parameters of the motor will be changed. Therefore, servo
drivers usually have the function of parameters identification
and self-tuning [3].

Stator resistance and inductances in 𝑑-axis and 𝑞-axis are
important parameters of motor model, which are considered
as constants usually. However, these parameters vary with
different operation conditions when motor is running [5].
The study object of this paper was permanent magnet servomotor produced by Huada Company in Wuhan of China.
The experiment data showed that stator resistance value
ranged from 𝑅𝑠 to 1.3𝑅𝑠 and that inductance value ranged
from 𝐿 𝑑 to 1.004𝐿 𝑑 when the temperature ranged from 20
degrees to 80 degrees. Thus, the temperature of motor had a
great influence on stator resistance and inductance in 𝑑-axis
and 𝑞-axis. When these parameters are treated as constants,
the stability and control performance of the system will be
affected. Therefore, the realization of parameters (𝑅𝑠 , 𝐿 𝑑 , and
𝐿 𝑞 ) identification is essential for motion control of PMSM.
Model identification and parameter estimation techniques have become mature after years of development. From
the least square estimation theory [6–14] and its various
improved algorithm [15–23] to Kalman filter algorithm [24–
27], neural network [28, 29], genetic algorithm [30–32],
and so forth, they can serve as parameter estimation tools.
However, these methods have their own characteristics and
applicability.
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The least square estimation is one of the most simple and
most mature parameter estimation methods. However the
amount of calculation of the traditional least square method
will increase with time sequence increase. It is hard to realize
in embedded chip due to the large amount of calculation,
and there is a problem of data saturation. Kalman filtering
algorithm is put forward for system identification by Kalman
in 1960, and there is a wide range of use. However, it is
sensitive to the initial conditions [26], and its performance
is poor for time varying parameter identification [33, 34].
With the development of artificial intelligence technology,
neural network [28, 29] and genetic algorithm [30–32] are
used to the parameter estimation. These intelligent methods
can get the identification results with high accuracy. However,
it is hard to apply them in practical parameter estimation
due to the large amount of calculation and complexity of
the algorithm. Therefore, least square algorithm is also a
commonly parameter estimation method. Kinds of improved
algorithms are proposed to promote the identification performance of traditional least square algorithm [18–22, 35–
41]. For example, the forgetting factor is introduced in the
recursive least square estimation, and the past time of data
will be forgotten by index rate [42, 43]. However, it still
cannot discard the past time of data [16] but just weakens
the impact of the past time of data for the current parameter
estimation. Another method is to use window method for
the time series data [16, 23, 44]. This method can discard the
past time of data flexibly and eliminate the impact of the past
time of data for future parameter estimation. The window size
can be set flexible according to practical application. In this
paper, we adopt windowed least square algorithm for stator
resistance 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 inductance estimation and make a
comparison with recursive least square and extended kalman
Filter (EKF). From the simulation result, we can see that
windowed least square algorithm has a better performance
in convergence speed and identification precision for fixed
parameters and parameters with time varying characteristics.
From the view of algorithm complexity, the windowed least
square algorithm is suitable for engineering realization in
embedded chip, such as DSP and ARM.
This paper is consisted of the five sections. Section 2
describes the principle of least square theory and the recursive least square algorithm. Section 3 illustrates the windowed
least square algorithm. Section 4 does some simulations for
PMSM parameter estimation. Section 5 analyses the simulation results and shows some conclusions.

2. Least Square Estimation and Recursive Least
Square Estimation
2.1. The Principle of Least Square Estimation. The earliest
stimulus for the development of the least square estimation
theory was apparently provided by astronomical studies
in which planet and comet motions were studied using
telescopic measurement data. The principle of the parameter
estimation is simple and does not need any statistical characteristics of the variables. It is used in system identification and
parameter estimation widely. The least square estimation still
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can provide an accurate solution when other identification
methods lose efficacy.
Supposing 𝑦(𝑖) and 𝑥1 (𝑖), 𝑥2 (𝑖) ⋅ ⋅ ⋅ 𝑥𝑛 (𝑖) are the observation sequences of 𝑦 and 𝑥 at 𝑡1 , 𝑡2 ⋅ ⋅ ⋅ 𝑡𝑚 . The relationship of 𝑦
and 𝑥 is expressed
𝑦 (1)
𝜃1
𝑥1 (1) ⋅ ⋅ ⋅ 𝑥𝑛 (1)
[ 𝑦 (2) ] [ 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥𝑛 (2) ] [𝜃2 ]
][ ]
[
] [
] [ .. ] ,
[ .. ] = [
..
][ . ]
[ . ] [
.
⋅
⋅
⋅
𝑥
𝑥
𝑦
(𝑚)
(𝑚)
(𝑚)
𝑛
] [𝜃𝑛 ]
[
] [ 1

(1)

where 𝜃 = (𝜃1 , 𝜃2 , . . . 𝜃𝑛 ) is the measured parameter set
and 𝑛 is the number of parameters. We hope to estimate
their values by the observation value of 𝑦 and 𝑥 at different
time sequences. 𝑚 is the time sequences; to estimate the 𝑛
parameters 𝜃𝑖 , 𝑚 ≥ 𝑛 is required, and if 𝑚 = 𝑛, we can get the
single solution from (1) as (2):
𝜃̂ = 𝑋−1 𝑦,

(2)

where 𝜃̂ is the estimation value of 𝜃 and inverse matrix 𝑋−1
of 𝑋 is required:
𝜀 = 𝑦 − 𝑋𝜃,

(3)

where 𝜀 = (𝜀1 , 𝜀2 ⋅ ⋅ ⋅ 𝜀𝑚 )𝑇 is the error vector.
The target function is shown in the following:
𝑚

𝐽 = ∑𝜀𝑖2 = 𝜀𝑇 𝜀.

(4)

𝑖=1

Obtaining 𝜃̂ to make 𝐽 minimum,
𝜕𝐽 
𝑇
𝑇
 = −2𝑋 𝑦 + 2𝑋 𝑋𝜃̂ = 0.
𝜕𝜃 𝜃=𝜃̂

(5)

−1
𝜃̂ = (𝑋𝑇 𝑋) 𝑋𝑇 𝑦,

(6)

The result is

𝜃̂ is the least square estimate, LS of 𝜃.
2.2. Recursive Least Square Estimation. In practical parameter estimation, the data is always constantly to be refreshed.
Therefore, we can further deduce (2) to a recursion algorithm.
This algorithm does not need to compute the inverse matrix
calculation repeatedly and reduces the time-consuming and
system resources occupation.
The least square estimation using 𝑚 groups of data is
shown as follows:
−1 𝑇
𝑇
𝑋𝑚 ) 𝑋𝑚
𝑌𝑚 .
𝜃̂ (𝑚) = (𝑋𝑚

(7)

The 𝑚 + 1 moment data is (𝑥(𝑚 + 1), 𝑦(𝑚 + 1)), and then
𝑌𝑚+1 = 𝑋𝑚+1 𝜃 (𝑚 + 1) ,

(8)
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where

where

𝑌𝑚+1

𝑋𝑚+1

𝑦 (1)
[
]
..
𝑌𝑚
[
]
.
[
]
= [ 𝑦 (𝑚) ] = [ . . . ] ,
[
]
[ . . . ] [𝑦 (𝑚 + 1)]
[𝑦 (𝑚 + 1)]

𝑥1 (1)
[
..
[
.
[
= [ 𝑥 (𝑚)
1
[
[
...
[𝑥1 (𝑚 + 1)

𝑥𝑇 (1)
[ 𝑥𝑇 (2) ]
]
[
𝑋𝑚 = [ . ] ,
[ .. ]

(9)

. . . 𝑥𝑛 (1)

]
𝑋𝑚
]
...
] [
].
...
=
]
. . . 𝑥𝑛 (𝑚)]
𝑇
. . . . . . ] [𝑥 (𝑚 + 1)]
. . . 𝑥𝑛 (𝑚)]

𝑦 (1)
[ 𝑦 (2) ]
[
]
𝑌𝑚 = [ .. ] .
[ . ]
[𝑦 (𝑚)]

𝑇
[𝑥 (𝑚)]

(13)

Consider increasing a group of data (𝑥(𝑚 + 1), 𝑦(𝑚 + 1)),
and then the parameter estimation is shown as follows [16, 23,
44]:

The new least estimation equation is shown as follows:
−1 𝑇
𝑇
𝑋𝑚+1 ) 𝑋𝑚+1
𝑌𝑚+1 .
𝜃̂ (𝑚 + 1) = (𝑋𝑚+1

(10)

𝑇
In order to get out of inverse matrix calculation of 𝑋𝑚+1
⋅
̂
𝑋𝑚+1 , 𝜃(𝑚 + 1) is deduced as follows:

−1

𝑇
𝑇
𝜃 (𝑚 + 1) = (𝑋𝑚+1
𝑋𝑚+1 ) 𝑋𝑚+1
𝑌𝑚+1

= 𝜃̂ (𝑚) + 𝑃 (𝑚) 𝑥 (𝑚 + 1)
−1

𝜃̂ (𝑚 + 1) = 𝜃̂ (𝑚) + 𝑃 (𝑚) 𝑥 (𝑚 + 1)
× [1 + 𝑥𝑇 (𝑚 + 1) 𝑃 (𝑚) 𝑥 (𝑚 + 1)]

× [1 + 𝑥𝑇 (𝑚 + 1) 𝑃 (𝑚) 𝑥 (𝑚 + 1)]
−1

× [𝑦 (𝑚 + 1) − 𝑥𝑇 (𝑚 + 1) 𝜃̂ (𝑚)] ,

(11)

𝑇

⋅ [𝑦 (𝑚 + 1) − 𝑥 (𝑚 + 1) 𝜃 (𝑚)] .

𝑃 (𝑚 + 1) =

Equation (11) is the recursive least square (RLS) estimation. Recursive least square algorithm is called the generalization Kalman filter algorithm [45, 46]. It is the engineering
realization method of the least square estimation theory [17].
From the calculation of least square estimation and
recursive least square estimation, we can see that the past time
of data has a big effect to future parameter estimation, and a
large number of data calculations have occupied the system
resources seriously. Therefore, it is difficult to be realized in
embedded systems.

= 𝑃 (𝑚) − 𝑃 (𝑚) 𝑥 (𝑚 + 1)
× [1 + 𝑥𝑇 (𝑚 + 1) 𝑃 (𝑚) 𝑥 (𝑚 + 1)]

𝑇
𝑌𝑚 ,
𝜃̂ (𝑚) = 𝑃 (𝑚) 𝑋𝑚

(12)

−1

× 𝑥𝑇 (𝑚 + 1) 𝑃 (𝑚) ,

where

3. Windowed Least Square Estimation
Recursive least square algorithm can be used to real-time
parameter estimation. However, the algorithm uses the past
time of data, and the past time of data has the same importance as the present data in the algorithm. It weakened the
importance of current data, caused a lot of system resources
possession, and affected the estimation speed and precision
[44]. In order to guarantee the instantaneity of parameter
estimation, the paper adopts windowed least squares (WLS)
to estimate the parameters of PMSM. The algorithm simulates
the window processing function of communication signal.
The time series data used for parameter estimation are added
window handle, to reduce the calculation of estimation and
system resources possession, making the algorithm easy for
engineering realization.
𝑇
𝑋𝑚 )−1 , the parameter estimaSuppose that 𝑃(𝑚) = (𝑋𝑚
tion by (𝑥(𝑘), 𝑦(𝑘)), 𝑘 = 1, 2, . . . , 𝑚, is as follows:

(14)

−1
𝑇
(𝑋𝑚+1
𝑋𝑚+1 )

𝑋𝑚+1

[
[
[
=[
[
[
[

𝑥𝑇 (1)
𝑥𝑇 (2)
..
.
𝑇

]
]
]
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]
]
]

𝑥 (𝑚)
𝑇
𝑥
(𝑚 + 1) ]
[

𝑌𝑚+1

[
[
[
=[
[
[

𝑦 (1)
𝑦 (2)
..
.

]
]
]
] . (15)
]
]

𝑦 (𝑚)
[ 𝑦 (𝑚 + 1) ]

𝑇

Therefore, 𝑋𝑚+1 = [ 𝑥 𝑋(1) ].
Consider eliminating a group of data (𝑥(1), 𝑦(1)), and
then the parameter estimation is shown as follows, where

−1

𝑃 (𝑚 + 1) = (𝑋𝑇 𝑋) ,

𝑥𝑇 (2)
]
[
..
]
[
.
𝑋=[
],
[ 𝑥𝑇 (𝑚) ]
𝑇
[𝑥 (𝑚 + 1)]
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𝑇
𝑋𝑚+1
𝑋𝑚+1 = 𝑋𝑇 𝑋 + 𝑥 (1) 𝑥𝑇 (1) ,

× (𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1) + 1

𝑃 (𝑚 + 1)
𝑇
𝑋𝑚+1 − 𝑥 (1) 𝑥𝑇 (1))
= (𝑋𝑚+1
−1

= ((𝑃 (𝑚 + 1))

−𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1))

−1

+ (−𝑥 (1)) 𝑥𝑇 (1))

+ 𝑃 (𝑚 + 1) 𝑥 (1) [1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)]

−1

−1

× 𝑥𝑇 (1) 𝜃 (𝑚 + 1)

= 𝑃 (𝑚 + 1) − 𝑃 (𝑚 + 1) (−𝑥 (1))
−1

× [1 + 𝑥𝑇 (1) 𝑃 (𝑚 + 1) (−𝑥 (1))] 𝑥𝑇 (1) 𝑃 (𝑚 + 1)

= 𝜃 (𝑚 + 1) −
+

= 𝑃 (𝑚 + 1) + 𝑃 (𝑚 + 1) 𝑥 (1)
−1

× [1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)] 𝑥𝑇 (1) 𝑃 (𝑚 + 1) .
(16)

1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)

𝑃 (𝑚 + 1) 𝑥 (1) 𝑥𝑇 (1) 𝜃 (𝑚 + 1)
1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)

= 𝜃 (𝑚 + 1) +

𝑃 (𝑚 + 1) 𝑥 (1)
1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)

× (𝑥𝑇 (1) 𝜃 (𝑚 + 1) − 𝑦 (1)) .

Therefore, the estimation result is shown as follows:
−1
𝜃̂ (𝑚 + 1) = (𝑋𝑇 𝑋) 𝑋𝑇 𝑌 = 𝑃 (𝑚 + 1) 𝑋𝑇 𝑌,

𝑦 (1) 𝑃 (𝑚 + 1) 𝑥 (1)

(19)
(17)

where

Therefore, for any moment

(𝑥 (𝑘) , 𝑦 (𝑘)) ,

𝑘 = 2, . . . , 𝑚 + 1,

𝑇
𝑌𝑚+1
𝑋𝑚+1

𝑦 (2)
[
]
..
[
]
.
𝑌=[
],
[ 𝑦 (𝑚) ]
[𝑦 (𝑚 + 1)]

𝜃̂ (𝑚 + 𝑘) = 𝜃 (𝑚 + 𝑘)
+

𝑇

= 𝑋 𝑌 + 𝑦 (1) 𝑥 (1) ,
(18)

𝑃 (𝑚 + 𝑘) 𝑥 (𝑘)
1 − 𝑥𝑇 (𝑘) 𝑃 (𝑚 + 𝑘) 𝑥 (𝑘)

(20)

× (𝑥𝑇 (𝑘) 𝜃 (𝑚 + 𝑘) − 𝑦 (𝑘)) ,

𝜃̂ (𝑚 + 1)
𝑇
= 𝑃 (𝑚 + 1) (𝑋𝑚+1
𝑌𝑚=1 − 𝑦 (1) 𝑥 (1))

where 𝑚 is the window size, and

= [𝑃 (𝑚 + 1) + 𝑃 (𝑚 + 1) 𝑥 (1)
× [1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)]

−1

𝑃 (𝑚 + 𝑘) = 𝑃 (𝑚 + 𝑘) 𝑋𝑚+𝑘
−1

𝑇
𝑇
× [1 − 𝑋𝑚+𝑘
𝑃 (𝑚 + 𝑘) 𝑋𝑚+𝑘 ] 𝑋𝑚+𝑘
𝑃 (𝑚 + 𝑘) .
(21)

× 𝑥𝑇 (1) 𝑃 (𝑚 + 1)]
𝑇
𝑌𝑚=1 − 𝑦 (1) 𝑥 (1)]
× [𝑋𝑚+1
𝑇
𝑌𝑚=1 − 𝑦 (1) 𝑃 (𝑚 + 1) 𝑥 (1)
= 𝑃 (𝑚 + 1) 𝑋𝑚+1

× [1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)]

−1

× 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)
− 𝑦 (1) 𝑃 (𝑚 + 1) 𝑥 (1) + 𝑃 (𝑚 + 1) 𝑥 (1)
× [1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)]

−1

𝑇
× 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑋𝑚+1
𝑌𝑚+1

= 𝜃 (𝑚 + 1) −

The window size is adjustable according to actual needs,
based on the data length of regulation. This can guarantee
the speed of calculation and can reduce the system resources
possession too. At this time, the parameter estimation is
related to the current 𝑚 data sample, the past time of data
has no effect on parameter estimation, and this can ensure
the instantaneity and accuracy of the parameter estimation.

𝑦 (1) 𝑃 (𝑚 + 1) 𝑥 (1)
1 − 𝑥𝑇 (1) 𝑃 (𝑚 + 1) 𝑥 (1)

4. Simulations
4.1. PMSM Model. The voltage equations, flux linkage equations, and electromagnetic torque equations of PMSM in 𝑑, 𝑞
frames are as follows [47, 48]:
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Figure 1: MATLAB motor simulation model.

𝑢𝑞 = 𝑅𝑠 𝑖𝑞 + 𝐿 𝑞 𝑝𝑖𝑞 + 𝜔𝑟 𝐿 𝑑 𝑖𝑑 + 𝜔𝑟 𝜓𝑓 ,
𝑢𝑑 = 𝑅𝑠 𝑖𝑑 + 𝐿 𝑑 𝑝𝑖𝑑 − 𝜔𝑟 𝐿 𝑞 𝑖𝑞 .

(22)

In the steady state,
𝑢𝑞 = 𝑅𝑠 𝑖𝑞 + 𝜔𝑟 𝐿 𝑑 𝑖𝑑 + 𝜔𝑟 𝜓𝑓 ,
𝑢𝑑 = 𝑅𝑠 𝑖𝑑 − 𝜔𝑟 𝐿 𝑞 𝑖𝑞 .

(23)

Flux linkage equations are as follows:
𝜓𝑑 = 𝐿 𝑑 𝑖𝑑 + 𝜓𝑓
𝜓𝑞 = 𝐿 𝑞 𝑖𝑞 ,

(24)

where 𝑢𝑞 and 𝑢𝑑 are voltages in 𝑞-axis and 𝑑-axis, respectively,
𝑖𝑞 and 𝑖𝑑 are currents in 𝑞-axis and 𝑑-axis, 𝑅𝑠 is phase
resistance of stator, 𝐿 𝑑 and 𝐿 𝑞 are inductances in 𝑑-axis and
𝑞-axis, 𝜔𝑟 is rotor velocity, 𝜓𝑓 is flux linkage established by
magnets, and 𝑝 is the differential operator.
The mathematical model of PMSM is discretized to
estimate parameters (𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 ). The discrete model of
PMSM is as follows:
𝑢𝑞 (𝑘) = 𝑅𝑠 𝑖𝑞 (𝑘) + 𝑝𝜓𝑞 (𝑘) + 𝜔𝑟 𝜓𝑑 (𝑘)
𝑢𝑑 (𝑘) = 𝑅𝑠 𝑖𝑑 (𝑘) + 𝑝𝜓𝑑 (𝑘) + 𝜔𝑟 𝜓𝑞 (𝑘) ,

(25)

where 𝜓𝑑 and 𝜓𝑞 are as follows:
𝜓𝑑 (𝑘) = 𝐿 𝑑 𝑖𝑑 (𝑘) + 𝜓𝑓 ,
𝜓𝑞 (𝑘) = 𝐿 𝑞 𝑖𝑞 (𝑘) .

In MATLAB/SIMULINK, the 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 parameters
of PMSM are fixed in simulation. We cannot simulate the
time varying characteristic of 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 . Therefore, we
design a motor simulation model according to the requirement. The 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 can be changed flexibly in the
simulation.

(26)

The PMSM simulation model is established by MATLAB/SIMULINK, and the PMSM running data is obtained
by the model. The simulation model is shown in Figure 1.

4.2. PMSM Parameters Estimation of Windowed Least Square
Algorithm. When 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 are fixed value, the PMSM
simulation data is obtained by MATLAB. The windowed
least square algorithm is used to identify the parameters.
The algorithm with different window sizes is used for 𝑅𝑠 ,
𝐿 𝑑 , and 𝐿 𝑞 identification. From the identification result
(Figures 2, 3 and 4), we can see that bigger window size
has a better identification result. However, the window size
does not obviously have an effect on the promotion of
parameter identification precision when 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 are
fixed.
Different window sizes have big effect on the results of
parameter estimation when the estimated parameters have
time varying characteristic. The motor parameters 𝑅𝑠 , 𝐿 𝑑 , and
𝐿 𝑞 are measured at 23.4∘ C, 30∘ C, 40∘ C, 50∘ C, 60∘ C, 70∘ C, and
80∘ C. Using piecewise linear method to simulate the time
varying of the three parameters, the motor running data is
obtained by MATLAB.
The windowed least square is used to identify the 𝑅𝑠 , 𝐿 𝑑 ,
and 𝐿 𝑞 . The identification result is shown in Figures 5, 6, and
7 when the 𝑅𝑠 , 𝐿 𝑑 and 𝐿 𝑞 are changed at the same time. From
the Figures 5–7, we can see that shorter window size has lower
effect on the promotion of identification precision. However,
the window size is too big to improve the identification
precision. The identification result is better when the window
size is 300–400. In the motor model, 𝜓𝑓 is bigger than
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Figure 2: Estimation result of 𝑅𝑠 of WLS with different window
sizes when the parameters are fixed.
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Figure 4: Estimation result of 𝐿 𝑞 of WLS with different window
sizes when the parameters are fixed.
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Figure 3: Estimation result of 𝐿 𝑑 of WLS with different window
sizes when the parameters are fixed.

𝐿 𝑑 𝑖𝑑 , so the change of 𝐿 𝑑 has little effect on the model
output. Therefore, the identification result of 𝐿 𝑑 is not very
well. However, the algorithm can also identify the parameter
correctly.
4.3. PMSM Parameters Estimation of Extended Kalman Filter.
The Kalman filter is a common parameter identification
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Window size = 250
Window size = 300
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0.9

1

Window size = 350
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Figure 5: Estimation result of 𝑅𝑠 of WLS with different window
sizes when the parameters have time varying characteristic.

method. It is proposed in 1960 by Kalman [49]. The theory
is applied to practical engineering immediately when it is
put forward. The Apollo program and C-5 plane navigation
system design are the most successful application examples.
Extended Kalman filter (EKF) is an improved model of the
Kalman filter which is one of the most widely applied in
nonlinear system filter.
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Discrete system state equation of EKF is

𝐶 (𝑘 − 1) = [𝑓 (X, U) 𝑇𝑠 −

X (𝑘) = A (𝑘 − 1) X (𝑘 − 1) + B (𝑘 − 1) U (𝑘 − 1)
H (𝑘) =

+ C (𝑘 − 1) + w (𝑘 − 1) ,

(27)
where
A (𝑘 − 1) =

𝜕𝑓 (X, U) 
,
𝑇𝑠 
X=X(𝑘−1)
𝜕X
̂

B (𝑘 − 1) =

𝜕𝑓 (X, U) 
,
𝑇𝑠 
U=U(𝑘−1)
𝜕U

{
{
{
{
{
{
{
{
{
{
𝑑 {
={
𝑑𝑡 {
{
{
{
{
{
{
{
{
{
{

[1 −
[
[ 𝑖 (𝑘) ] [
[ 𝑞
] [
[
] [
[𝜓𝑑 (𝑘)] = [
[
] [
[
] [
[𝜓𝑑 (𝑘)] [
[
[
[ 𝑅𝑠 (𝑘) ] [
[

̂ 𝑠 (𝑘 − 1)
𝑅
𝑇𝑠
𝐿𝑑
0
0
0
0

𝜕ℎ (X) 
,

𝜕X X=X(𝑘−1)
̂
(28)

Z (𝑘) = H (𝑘 − 1) X (𝑘) + k (𝑘) ,

𝑖𝑑 (𝑘)


𝜕𝑓 (X, U)

,
X𝑇𝑠 ]
X=X(𝑘−1)
𝜕X
̂

where X(𝑘) is the system state vector, U(𝑘) is the system
input vector, Z(𝑘) is the system observation vector, w(𝑘) is
the system random noise vector, k(𝑘) is the system random
observation noise vector. w(𝑘) and k(𝑘) are noise sequences
with zero mean, and the covariance matrices are Q(𝑘) and
R(𝑘).
𝑇𝑠 is the sampling period. the discrete linear state space
equation (29) of PMSM is established by discretization and
linearization of the model (30):

𝜓𝑞
𝑢𝑑 𝑅𝑠
−
𝑖𝑑 +
𝜔
𝐿𝑑 𝐿𝑑
𝐿𝑑 𝑒
𝑢𝑞 𝑅𝑠
𝜓
𝑖𝑞 =
− 𝑖 − 𝑑𝜔
𝐿𝑞 𝐿𝑞 𝑞 𝐿𝑞 𝑒

𝑖𝑑 =

(29)

𝜓𝑑 = 0
𝜓𝑞 = 0
𝑅𝑠 = 0,

̂𝑖 (𝑘 − 1)
̂𝑒 (𝑘 − 1)
𝜔
𝑇𝑠 − 𝑑
𝑇𝑠 ]
𝐿𝑑
𝐿𝑑
]
]
̂
̂ 𝑠 (𝑘 − 1)
𝑖𝑞 (𝑘 − 1) ]
]
̂𝑒 (𝑘 − 1)
𝑅
𝜔
1−
𝑇𝑆 −
𝑇𝑠
0
−
𝑇𝑠 ]
]
𝐿𝑞
𝐿𝑞
𝐿𝑞
]
]
]
0
1
0
0
]
]
0
0
1
0
0
0
0
1
]
0

0

(30)
̂ 𝑠 (𝑘 − 1)
̂𝑖𝑑 (𝑘 − 1) 𝑅
[
]
𝑇𝑠
𝑖𝑑 (𝑘 − 1)
[
]
𝐿𝑑
[
]
[ 𝐿𝑑 0 ]
]
[ ̂𝑖 (𝑘 − 1) 𝑅
]
[ 𝑖 (𝑘 − 1) ] [
̂
𝑠 (𝑘 − 1) ]
] [
[ 𝑞
[ 𝑞
𝑇𝑠 ]
] [ 0
] 𝑢𝑑 (𝑘 − 1)
[
]
[
] [
[
] + w (𝑘 − 1) ,
𝐿𝑞
×[
𝐿𝑞 ]
] [𝑢𝑞 (𝑘 − 1)] + 𝑇𝑠 [
]
[𝜓𝑑 (𝑘 − 1)] + [
] [ 0 0]
[
]
[
]
[
]
[𝜓𝑑 (𝑘 − 1)] [
[
]
[ 0 0]
0
[
]
[ 𝑅𝑠 (𝑘 − 1) ]
[
]
0
0
0
]
[
0
[
]
𝑖𝑑 (𝑘)
[ 𝑖 (𝑘) ]
]
[ 𝑞
]
𝑖 (𝑘)
1 0 0 0 0 [
] + k (𝑘) .
][
[𝑑 ]=[
𝜓
(𝑘)
𝑑
]
𝑖𝑞 (𝑘)
0 1 0 0 0 [
]
[
[𝜓𝑑 (𝑘)]
[ 𝑅𝑠 (𝑘) ]

(31)
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Figure 6: Estimation result of 𝐿 𝑑 of WLS with different window
sizes when the parameters have time varying characteristic.

Figure 7: Estimation result of 𝐿 𝑞 of WLS with different window
sizes when the parameters have time varying characteristic.

Using the simulation model and getting the motor output 𝑖𝑑 ,
𝑖𝑞 , 𝑢𝑑 , 𝑢𝑞 , 𝜔𝑒 ; the initial values of 𝑃, 𝑄, and 𝑅 in EKF algorithm
are

identification result in precision and accuracy. In
the calculation and instantaneity of identification,
recursive least square algorithm has a fatal flaw of
data saturation, so the precision and accuracy of the
algorithm are hard to guarantee. It is difficult to
realize in embedded system the real-time parameters
identification due to the amount of calculations and
system resources possession of EKF [28]. The window
size of windowed least square algorithm is flexible,
so we can choose the collected data according to
the changes of the parameters. It will reduce the
influence of the past time of data to the current
parameter identification, guarantee the accuracy and
instantaneity of identification, and reduce the system
resources possession at the same time.

𝑃 = diag ([0.1 0.1 0.0004 0.002 0.02]) ,
𝑄 = diag ([30 15 0.005 0.03 0.03]) ,
𝑅 = diag ([0.1

(32)

0.02]) .

When 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 of motor are fixed, the identification
result table of EKF, recursive least square and windowed least
square, algorithm is shown in Table 1.
From Table 1 we can see that identification result of
EKF algorithm is as good as the windowed least square
algorithm when 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 are fixed. The comparison
diagrams of identification result are shown in Figure 8 when
the parameters are fixed.
EKF and recursive least square algorithms cannot achieve
reasonable result when the parameters have time varying
characteristic or have a drastic change. However, windowed
least square algorithm can achieve good identification result
when 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 have time varying characteristic at the
same time (Figures 5–7).

5. Analysis and Conclusion
Through the previous different PMSM parameters identification experiments, we can see the following.
(1) When the parameters of PMSM have no time varying characteristic, three methods can achieve better

(2) When the parameters of PMSM have strong time
varying characteristic, the EKF and recursive least
square algorithms cannot guarantee the precision
and accuracy of identification. However, windowed
least square algorithm can get better identification
result. Therefore, EKF and recursive least square algorithms are suitable for fixed parameters estimation
or parameters with weak time varying characteristic
identification. Windowed least square algorithm can
get a good result both for fixed parameters and for
time varying parameters identification.
Embedded technology is widely used in the motor driver
and controller at present. However, the embedded chip
(MCU, DSP, ARM, etc.) has certain restriction in computing
speed and storage space. Therefore, windowed least square
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Table 1: Estimation result comparison of EKF, RLS, and WLS when 𝑅𝑠 , 𝐿 𝑑 , and 𝐿 𝑞 are fixed value.
Temperature (∘ C)
Actual data (Ω)
EKF
Estimation data
RLS

𝑅𝑠

23.4
0.9664
0.9694
0.9607
0.9653
4.24
4.2368
4.1602
4.2465
6.21
6.2095
6.2531
6.2089

WLS
Actual data (mH)
𝐿 𝑑 × 10−3

EKF
RLS
WLS

−3

EKF
RLS
WLS

Estimation data
Actual data (mH)
Estimation data
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Figure 9: The PMSM experiment system.
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[12]
Figure 10: The prototype DSP-based PMSM driver.
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algorithm is a better choice for PMSM parameters identification of motor driver and controller. This paper is the
beginning of work. There are a lot of work to do, such as
transplant the algorithm to practical controller and control
system (in Figures 9 and 10) which is designed to control the
PMSM in practical application.
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We introduce the notion of 𝜃-metric as a generalization of a metric by replacing the triangle inequality with a more generalized
inequality. We investigate the topology of the spaces induced by a 𝜃-metric and present some essential properties of it. Further, we
give characterization of well-known fixed point theorems, such as the Banach and Caristi types in the context of such spaces.

1. Introduction
Celebrated Banach contraction mapping principle [1] can
be considered as a revolution in fixed point theory and
hence in nonlinear functional analysis. The statement of this
well-known principle is simple, but the consequences are so
strong: every contraction mapping in a complete metric space
has a unique fixed point. Since fixed point theory has been
applied to different sciences and also distinct branches of
mathematics, this pioneer result of Banach has been generalized, extended, and improved in various ways in several
abstract spaces. After that, many authors stated many types,
generalizations, and applications of fixed point theory until
now (see also [2, 3]).
In 1976, Caristi [4] defined an order relation in a metric
space by using a functional under certain conditions and
proved a fixed point theorem for such an ordered metric
space. Denote R and N as the sets of all real and natural
numbers, respectively.
The order relation is defined as follows.
Lemma 1. Let (𝑋, 𝑑) be a metric space and 𝜙 : 𝑋 → R a functional. Define the relation “⪯” on 𝑋 by
𝑥 ⪯ 𝑦 ⇐⇒ 𝑑 (𝑥, 𝑦) ≤ 𝜙 (𝑥) − 𝜙 (𝑦) .

(1)

Then, “≤” is a partial order relation on 𝑋 introduced by 𝜙, and
(𝑋, 𝑑) is called an ordered metric space introduced by 𝜙.
Apparently, if 𝑥 ⪯ 𝑦, then 𝜙(𝑥) ⪰ 𝜙(𝑦).
Caristi’s fixed point theorem states that a mapping 𝑇 :
𝑋 → 𝑋 has a fixed point provided that (𝑋, 𝑑) is a complete
metric space and there exists a lower semicontinuous map
𝜙 : 𝑋 → R such that
𝑑 (𝑥, 𝑇𝑥) ≤ 𝜙 (𝑥) − 𝜙 (𝑇𝑥) ,

for every 𝑥 ∈ 𝑋.

(2)

This general fixed point theorem has found many applications
in nonlinear analysis.
Many authors generalized Caristi’s fixed point theorem
and stated many types of it in complete metric spaces (see
[5–8]). In particular, in 2010, Amini-Harandi [6] extended
Caristi’s fixed point and Takahashi’s minimization theorems
in complete metric space via the extension of partial ordered
relation which is introduced in Lemma 1 and introduced
some applications of such results.
One of the interesting generalizations of the notion of a
metric is the concept of a fuzzy metric, given by Kramosil and
Michálek [9], and Grabiec [10], independently. Later, George
and Veeramani [11] investigated fuzzy metric structure and
observed some important topological properties of such
spaces. Furthermore, the authors [9–11] announced existence
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and uniqueness of a fixed point of certain mappings in the
framework of such spaces.

(𝜃5 ) 𝜃(𝑡, 𝑠) = 𝑡 + 𝑠 + 𝑡𝑠,

Definition 2 (see [11]). A binary operation ∗ : [0, 1]×[0, 1] →
[0, 1] is a continuous 𝑡-norm if it is a topological monoid with
unit 1 such that 𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑 whenever 𝑎 ≤ 𝑐 and 𝑏 ≤ 𝑑
(𝑎, 𝑏, 𝑐, 𝑑 ∈ [0, 1]).

(𝜃7 ) 𝜃(𝑡, 𝑠) = (𝑡 + 𝑠)(1 + 𝑡𝑠).

Definition 3 (see [9, 10]). The 3-tuple (𝑋, 𝑀, ∗) is said to be a
fuzzy metric space if 𝑋 is an arbitrary set, ∗ is a continuous
𝑡-norm, and 𝑀 : 𝑋 × 𝑋 × [0, +∞) → [0, 1] is a fuzzy set
satisfying the following conditions:
(1) 𝑀(𝑥, 𝑦, 0) = 0,
(2) 𝑀(𝑥, 𝑦, 𝑡) = 1 for all 𝑡 > 0 if and only if 𝑥 = 𝑦,
(3) 𝑀(𝑥, 𝑦, 𝑡) = 𝑀(𝑦, 𝑥, 𝑡),

(𝜃6 ) 𝜃(𝑡, 𝑠) = 𝑡 + 𝑠 + √𝑡𝑠,
Example 5 shows that the category of 𝐵-actions is
uncountable. Next, we derive some lemmas which play a
crucial role in our main results.
Lemma 6. Let
{
{
{
Ψ ={
{
{𝑓 : [0, +∞) → [0, +∞) :
{

𝑓 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠,
𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔
𝑓 (0) = 0
𝑓 (𝑡) < 𝑡 ∀𝑡 > 0.

}
}
}
.
}
}
}
}
(4)

Then, there exists a correspondence between Υ and Ψ. In other
words, Υ is an infinite set.

(4) 𝑀(𝑥, 𝑦, 𝑡) ∗ 𝑀(𝑦, 𝑧, 𝑡) ≤ 𝑀(𝑥, 𝑧, 𝑡 + 𝑠),
(5) 𝑀(𝑥, 𝑦, ⋅) : [0, +∞) → [0, 1] is left continuous,

Proof. For each (𝑡, 𝑠) ∈ [0, +∞) × [0, +∞), define 𝜃𝑓 (𝑡, 𝑠) =
𝜆𝑓(𝑡 + 𝑠), where 𝜆 ∈ [0, 1) and 𝑓 ∈ Ψ. It is previous that 𝜃𝑓 ∈
Υ. Now, define

where 𝑥, 𝑦, 𝑧 ∈ 𝑋 and 𝑡, 𝑠 > 0.
In this paper, inspired from the definition of fuzzy metric
spaces, we will introduce 𝜃-metric as an extension of metric
spaces which is obtained by replacing the triangle inequality
with a more generalized inequality. We also investigate the
topology of the 𝜃-metric space and observe some fundamental properties of it. Furthermore, we give the characterization
of the Banach and Caristi type fixed point theorems in the
context of 𝜃-metric space.
First, we give the following definition.
Definition 4. Let 𝜃 : [0, +∞) × [0, +∞) → [0, +∞) be a continuous mapping with respect to each variable. Let Im(𝜃) =
{𝜃(𝑠, 𝑡) : 𝑠 ≥ 0, 𝑡 ≥ 0}. A mapping 𝜃 is called an 𝐵-action if
and only if it satisfies the following conditions:
(I) 𝜃(0, 0) = 0 and 𝜃(𝑡, 𝑠) = 𝜃(𝑠, 𝑡) for all 𝑡, 𝑠 ≥ 0,

𝐻 : Ψ → Υ
𝐻 (𝑓) = 𝜃𝑓 .

(5)

𝐻 is well-defined and injective function which completes the
proof.
Lemma 7. Let 𝜃 be a 𝐵-action. For each 𝑟 ∈ Im(𝜃) and 𝑠 ∈
𝐵 = [0, 𝑟], there exist 𝑡 ∈ [0, 𝑟] and a function 𝜂 : [0, +∞) ×
[0, +∞) → [0, +∞) such that 𝜂(𝑟, 𝑠) = 𝑡. Then, one derives
the following.
(𝑎1 ) 𝜂(0, 0) = 0.
(𝑎2 ) 𝜃(𝜂(𝑟, 𝑠), 𝑠) = 𝑟 and 𝜃(𝑟, 𝜂(𝑠, 𝑟)) = 𝑠.
(𝑎3 ) 𝜂 is continuous with respect to the first variable.

(II)

(𝑎4 ) If 𝜂(𝑟, 𝑠) ≥ 0, then 0 ≤ 𝑠 ≤ 𝑟.
𝜃 (𝑠, 𝑡) < 𝜃 (𝑢, V)

either 𝑠 < 𝑢, 𝑡 ≤ V,
if {
or 𝑠 ≤ 𝑢, 𝑡 < V,

(3)

(III) for each 𝑟 ∈ Im(𝜃) and for each 𝑠 ∈ [0, 𝑟], there exists
𝑡 ∈ [0, 𝑟] such that 𝜃(𝑡, 𝑠) = 𝑟,
(IV) 𝜃(𝑠, 0) ≤ 𝑠, for all 𝑠 > 0.
We denote by Υ the set of all 𝐵-actions.
Example 5. The following functions are examples of 𝐵action:
(𝜃1 ) 𝜃(𝑡, 𝑠) = 𝑘(𝑡 + 𝑠), where 𝑘 ∈ (0, 1],
(𝜃2 ) 𝜃(𝑡, 𝑠) = 𝑘(𝑡 + 𝑠 + 𝑡𝑠), where 𝑘 ∈ (0, 1],
(𝜃3 ) 𝜃(𝑡, 𝑠) = 𝑡𝑠/(1 + 𝑡𝑠),
(𝜃4 ) 𝜃(𝑠, 𝑡) = √𝑠2 + 𝑡2 ,

Proof. By (III) of Definition 4, for each 𝑟 ∈ Im(𝜃) and for each
𝑠 ∈ [0, 𝑟], there exists 𝑡 ≥ 0 such that 𝜃(𝑡, 𝑠) = 𝑟. Now, define
𝜂(𝑟, 𝑠) = 𝑡. Let 𝑡 and 𝑡 be two values such that 𝜂(𝑟, 𝑠) = 𝑡
and 𝜂(𝑟, 𝑠) = 𝑡 . If 𝑡 ≠𝑡 , then 𝑡 < 𝑡 or 𝑡 > 𝑡 . If 𝑡 < 𝑡 , then
𝑟 = 𝜃(𝑡, 𝑠) < 𝜃(𝑡 , 𝑠) = 𝑟 and this is a contradiction. For 𝑡 > 𝑡 ,
we have the same argument. Thus, 𝜂 is well defined.
On the other hand, (𝑎1 ), (𝑎2 ), and (𝑎4 ) are straightforward
from (III) of Definition 4. Also, (𝑎3 ) holds since if 𝑟 ∈ Im(𝜃)
and {𝑟𝑛 } is a sequence in Im(𝜃) such that 𝑟𝑛 → 𝑟, then
𝜃(𝜂(𝑟𝑛 , ⋅), ⋅) = 𝑟𝑛 . Thus,
𝜃 ( lim 𝜂 (𝑟𝑛 , ⋅) , ⋅) = lim 𝜃 (𝜂 (𝑟𝑛 , ⋅) , ⋅)
𝑛→∞

𝑛→∞

(6)

= 𝑟 = 𝜃 (𝜂 (𝑟, ⋅) , ⋅) .
If lim𝑛 → ∞ 𝜂(𝑟𝑛 , ⋅) > 𝜂(𝑟, ⋅) or lim𝑛 → ∞ 𝜂(𝑟𝑛 , ⋅) < 𝜂(𝑟, ⋅), then
by (II) of Definition 4 and (6), we conclude a contradiction.
So, 𝜂 is continuous with respect to the first variable.
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The following definition arises from Lemma 7.
Definition 8. The function 𝜂, mentioned in Lemma 7, is called
𝐵-inverse action of 𝜃. One says that 𝜃 is regular if 𝜂 satisfies
𝜂(𝑟, 𝑟) = 0, for each 𝑟 > 0.
Υ𝑟 .

The set of all regular 𝐵-inverse actions will be denoted by

Example 9. Let 𝜃1 (𝑡, 𝑠) = 𝑡 + 𝑠 and 𝜃2 (𝑡, 𝑠) = √𝑛 𝑡𝑛 + 𝑠𝑛 . It is evident that 𝜂1 (𝑡, 𝑠) = 𝑡 − 𝑠 and 𝜂(𝑡, 𝑠) = √𝑛 𝑡𝑛 − 𝑠𝑛 . Furthermore,
𝜂1 , 𝜂2 satisfy all the conditions of Lemma 7. Note that 𝜃1 , 𝜃2
are regular.
Lemma 10. If 𝑎 ∈ 𝑋, 𝑐 ∈ Im(𝜃) and 𝑏 ∈ [0, 𝑐], then 𝜃(𝑎, 𝑏) ≤ 𝑐
implies that 𝑎 ≤ 𝜂(𝑐, 𝑏).

Example 13. Let 𝑋 = {𝑥, 𝑦, 𝑧} and 𝑑𝜃 : 𝑋 × 𝑋 → [0, +∞)
defined by
𝑑𝜃 (𝑥, 𝑦) = 2,
𝑑𝜃 (𝑥, 𝑥) = 0,

𝑑𝜃 (𝑥, 𝑧) = 6,
𝑑𝜃 (𝑦, 𝑦) = 0,

𝑑𝜃 (𝑥, 𝑦) = 𝑑𝜃 (𝑦, 𝑥) ,

𝑑𝜃 (𝑧, 𝑦) = 10,
𝑑𝜃 (𝑧, 𝑧) = 0,

𝑑𝜃 (𝑥, 𝑧) = 𝑑𝜃 (𝑧, 𝑥) ,

(9)

𝑑𝜃 (𝑧, 𝑦) = 𝑑𝜃 (𝑧, 𝑥) .
For 𝜃(𝑠, 𝑡) = 𝑠 + 𝑡 + 𝑠𝑡, the function 𝑑𝜃 forms a metric, and
hence, the pair (𝑋, 𝑑𝜃 ) is a 𝜃-metric space.
Remark 14. Notice that 𝑑𝜃 , in Example 13, is not a metric on
𝑋, since we have 𝑑𝜃 (𝑧, 𝑦) > 𝑑𝜃 (𝑥, 𝑦) + 𝑑𝜃 (𝑥, 𝑧).

Proof. Suppose, on the contrary, that 𝜂(𝑐, 𝑏) < 𝑎. Then, we
have

Definition 15. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space. An open ball
𝐵𝑑𝜃 (𝑥, 𝑟) at a center 𝑥 ∈ 𝑋 with a radius 𝑟 ∈ Im(𝜃) is defined
as follows:

𝑐 = 𝜃 (𝜂 (𝑐, 𝑏) , 𝑏) < 𝜃 (𝑎, 𝑏) ,

𝐵𝑑𝜃 (𝑥, 𝑟) = {𝑦 ∈ 𝑋 : 𝑑𝜃 (𝑥, 𝑦) < 𝑟} .

(7)

(10)

Lemma 16. Every open ball is an open set.
a contradiction.

Proof. We show that, for each 𝑥 ∈ 𝑋 and 𝑟 > 0 and for each
𝑦 ∈ 𝐵𝑑𝜃 (𝑥, 𝑟), there exists 𝛿 > 0 such that

2. Main Results

𝐵𝑑𝜃 (𝑦, 𝛿) ⊂ 𝐵𝑑𝜃 (𝑥, 𝑟) .

(11)

In this section, we introduce the notion 𝜃-metric and discuss
the induced topology generated by 𝑑𝜃 on a nonempty subset
𝑋. In particular, we will show that 𝜏𝑑𝜃 is Hausdorff and first
countable. Further, we derive that (𝑋, 𝑑𝜃 ) is a metrizable topological space.

By (III) of Definition 4, we can choose 𝛿 > 0 such that
𝜃(𝛿, 𝑑𝜃 (𝑥, 𝑦)) = 𝑟. Now, if 𝑧 ∈ 𝐵𝑑𝜃 (𝑦, 𝛿), then we have

Definition 11. Let 𝑋 be a nonempty set. A mapping 𝑑𝜃 : 𝑋 ×
𝑋 → [0, +∞) is called a 𝜃-metric on 𝑋 with respect to 𝐵action 𝜃 ∈ Υ if 𝑑𝜃 satisfies the following:

It means that 𝑧 ∈ 𝐵𝑑𝜃 (𝑥, 𝑟) and (11) is proved.

(A1) 𝑑𝜃 (𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦,
(A2) 𝑑𝜃 (𝑥, 𝑦) = 𝑑𝜃 (𝑦, 𝑥), for all 𝑥, 𝑦 ∈ 𝑋,

A pair (𝑋, 𝑑𝜃 ) is called a 𝜃-metric space.
Remark 12. If (𝑋, 𝑑𝜃 ) is a 𝜃-metric space, 𝜃(𝑠, 𝑡) = 𝑘(𝑠 + 𝑡),
and 𝑘 ∈ (0, 1], then (𝑋, 𝑑𝜃 ) is a metric space.
Conversely, for 𝜃(𝑠, 𝑡) = 𝑘(𝑠 + 𝑡), 𝑘 ∈ (0, 1), we have that
there exists metric space (𝑋, 𝑑) which is not 𝜃-metric space.
For example, if 𝑋 = {1, 2, 3} and 𝑑 : 𝑋 × 𝑋 → [0, +∞)
defined by

𝑑 (1, 1) = 0,

𝑑 (1, 3) = 1,

𝑑 (2, 2) = 0,

𝑑 (2, 3) = 2,

𝑑 (3, 3) = 0,

Lemma 17. If (𝑋, 𝑑𝜃 ) is a 𝜃-metric space, then the collection
of open sets forms a topology, denoted by 𝜏𝑑𝜃 . A pair (𝑋, 𝜏𝜃 ) is
called topological space induced by a 𝜃-metric.
Lemma 18. The set {𝐵𝑑𝜃 (𝑥, 1/𝑛) : 𝑛 ∈ N} is a local base at 𝑥,
and the above topology is first countable.

(A3) 𝑑𝜃 (𝑥, 𝑦) ≤ 𝜃(𝑑𝜃 (𝑥, 𝑧), 𝑑𝜃 (𝑧, 𝑦)), for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.

𝑑 (1, 2) = 1,

𝑑𝜃 (𝑧, 𝑥) ≤ 𝜃 (𝑑𝜃 (𝑧, 𝑦) , 𝑑𝜃 (𝑦, 𝑥)) < 𝜃 (𝛿, 𝑑𝜃 (𝑦, 𝑥)) = 𝑟.
(12)

1
𝑘= ,
2

Proof. For each 𝑥 ∈ 𝑋 and 𝑟 > 0, we can find 𝑛0 ∈ N such
that 1/𝑛0 < 𝑟. Thus, 𝐵𝑑𝜃 (𝑥, 1/𝑛) ⊂ 𝐵𝑑𝜃 (𝑥, 𝑟). This means that
{𝐵𝑑𝜃 (𝑥, 1/𝑛) : 𝑛 ∈ N} is a local base at 𝑥 and the above topology is first countable.
Theorem 19. A topological space (𝑋, 𝜏𝑑𝜃 ) is Hausdorff.
Proof. Let 𝑥, 𝑦 be two distinct points of 𝑋. Suppose that 0 <
𝛼 < 𝑑𝜃 (𝑥, 𝑦) is arbitrary. By Definition 4, we conclude that
𝛼 ∈ Im(𝜃). Therefore, there exist 𝑟, 𝑠 > 0 such that 𝜃(𝑟, 𝑠) = 𝛼.
It is clear that 𝐵𝑑𝜃 (𝑥, 𝑟) ∩ 𝐵𝑑𝜃 (𝑥, 𝑠) = 0. For if there exists 𝑧 ∈
𝐵𝑑𝜃 (𝑥, 𝑟) ∩ 𝐵𝑑𝜃 (𝑥, 𝑠), then
𝑑𝜃 (𝑥, 𝑦) ≤ 𝜃 (𝑑𝜃 (𝑥, 𝑧) , 𝑑𝜃 (𝑧, 𝑦))

(8)
𝑑 is a metric, but 𝑑 is not a 𝜃 metric.

< 𝜃 (𝑟, 𝑠) = 𝛼 < 𝑑𝜃 (𝑥, 𝑦) ,
a contradiction.

(13)
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Theorem 20. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space and 𝜏𝑑𝜃 the topology induced by the 𝜃-metric. Then, for a sequence {𝑥𝑛 } in 𝑋,
𝑥𝑛 → 𝑥 if and only if 𝑑𝜃 (𝑥𝑛 , 𝑥) → 0 as 𝑛 → ∞.

Definition 24. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space. One says that
(𝑋, 𝑑𝜃 ) is complete 𝜃-metric space if every Cauchy sequence
{𝑥𝑛 } is convergent in 𝑋.

Proof. Suppose that 𝑥𝑛 → 𝑥. Then, for each 𝜖 > 0, there
exists 𝑛0 ∈ N such that 𝑥𝑛 ∈ 𝐵𝑑𝜃 (𝑥, 𝜖), for all 𝑛 ≥ 𝑛0 . Thus,
𝑑𝜃 (𝑥𝑛 , 𝑥) < 𝜖; that is, 𝑑𝜃 (𝑥𝑛 , 𝑥) → 0 as 𝑛 → ∞. The converse is verified easily.

Lemma 25 (see [12]). A Hausdorff topological space (𝑋, 𝜏𝑑𝜃 )
is metrizable if and only if it admits a compatible uniformity
with a countable base.

Theorem 21. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space and 𝑥𝑛 → 𝑥,
𝑦𝑛 → 𝑦.Then,
𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) → 𝑑𝜃 (𝑥, 𝑦) .

(14)

Proof. For each 𝑛 ∈ N, there exists 𝐾 > 0 such that, for all
𝑛 ≥ 𝐾,
1
𝑑𝜃 (𝑥𝑛 , 𝑥) < ,
𝑛

1
𝑑𝜃 (𝑦𝑛 , 𝑦) < .
𝑛

(15)

Thus, by the continuity of 𝜃 with respect to each variable, we
have
𝑑𝜃 (𝑥, 𝑦) ≤ 𝜃 (𝑑𝜃 (𝑥, 𝑥𝑛 ) , 𝜃 (𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) , 𝑑𝜃 (𝑦𝑛 , 𝑦)))
1
1
< 𝜃 ( , 𝜃 (𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) , )) .
𝑛
𝑛

(16)

Theorem 26. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space. Then, (𝑋, 𝜏𝑑𝜃 ) is
a metrizable topological space.
Proof. For each 𝑛 ∈ N, define
1
(19)
}.
𝑛
We will prove that {U𝑛 : 𝑛 ∈ N} is a base for a uniformity U
on 𝑋 whose induced topology coincides with 𝜏𝑑𝜃 .
We first note that for each 𝑛 ∈ N,
U𝑛 = {(𝑥, 𝑦) ∈ 𝑋 × 𝑋 : 𝑑𝜃 (𝑥, 𝑦) <

{(𝑥, 𝑥) : 𝑥 ∈ 𝑋} ⊆ U𝑛 ,

U𝑛+1 ⊆ U𝑛 , U𝑛 = U−1
𝑛 .

(20)

On the other hand, for each 𝑛 ∈ N, there is, by the continuity
of 𝜃, an 𝑚 ∈ N such that
1 1
1
(21)
𝑚 > 2𝑛,
𝜃( , ) < .
𝑚 𝑚
𝑛
Then, U𝑚 ∘ U𝑚 ⊆ U𝑛 : indeed, let (𝑥, 𝑦) ∈ U𝑚 and (𝑦, 𝑧) ∈
U𝑚 . Thus,

Therefore,
1
1
𝑑𝜃 (𝑥, 𝑦) ≤ lim 𝜃 ( , 𝜃 (𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) , ))
𝑛→∞
𝑛
𝑛
= 𝜃 (0, 𝜃 ( lim 𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) , 0))
𝑛→∞

𝑑𝜃 (𝑥, 𝑧) ≤ 𝜃 (𝑑𝜃 (𝑥, 𝑦) , 𝑑𝜃 (𝑦, 𝑧))

≤ lim 𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 )
𝑛→∞

≤ lim 𝜃 (𝑑𝜃 (𝑥, 𝑥𝑛 ) , 𝜃 (𝑑𝜃 (𝑥, 𝑦) , 𝑑𝜃 (𝑦𝑛 , 𝑦)))
𝑛→∞

1
1
≤ lim 𝜃 ( , 𝜃 (𝑑𝜃 (𝑥, 𝑦) , ))
𝑛→∞
𝑛
𝑛
≤ 𝑑𝜃 (𝑥, 𝑦) .
(17)
Thus, 𝑑𝜃 (𝑥𝑛 , 𝑦𝑛 ) → 𝑑𝜃 (𝑥, 𝑦).
Lemma 22. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space. Let {𝑥𝑛 } be a
sequence in 𝑋 and 𝑥𝑛 → 𝑥. Then, 𝑥 is unique.
Proof. Suppose that 𝑥𝑛 → 𝑥 and 𝑥𝑛 → 𝑦. We show that 𝑥 =
𝑦. For each 𝑛 ∈ N, there exists 𝑁 > 0 such that 𝑑𝜃 (𝑥𝑛 , 𝑥) <
1/𝑛 and 𝑑𝜃 (𝑥𝑛 , 𝑦) < 1/𝑛. By the continuity of 𝜃, we have
0 ≤ 𝑑𝜃 (𝑥, 𝑦) ≤ 𝜃 (𝑑𝜃 (𝑥𝑛 , 𝑥) , 𝑑𝜃 (𝑥𝑛 , 𝑦))
1 1
< 𝜃 ( , ) → 0,
𝑛 𝑛

In the following theorems we apply the previous lemma
and the concept of uniformity (see [12] for more information)
to prove the metrizability of a topological space (𝑋, 𝜏𝑑𝜃 ).

(𝑛 → ∞) .

(18)

Hence, we have 𝑥 = 𝑦.
Definition 23. Let (𝑋, 𝑑𝜃 ) be a 𝜃-metric space. Then, for a
sequence {𝑥𝑛 } in 𝑋, one says that {𝑥𝑛 } is a Cauchy sequence if
for each 𝜖 > 0, there exists 𝑁 > 0 such that, for all 𝑚 ≥ 𝑛 ≥ 𝑁,
𝑑𝜃 (𝑥𝑛 , 𝑥𝑚 ) < 𝜖.

(22)
1
1 1
, )< .
𝑚 𝑚
𝑛
Therefore, (𝑥, 𝑧) ∈ U𝑛 . Hence, {U𝑛 : 𝑛 ∈ N} is a base for
a uniformity U on 𝑋. Since for each 𝑥 ∈ 𝑋 and each 𝑛 ∈
N, U𝑛 (𝑥) = {𝑦 ∈ 𝑋 : 𝑑𝜃 (𝑥, 𝑦) < 1/𝑛}. We deduce from
Lemma 25 that (𝑋, 𝜏𝑑𝜃 ) is a metrizable topological space.
< 𝜃(

Let us recall that a metrizable topological space (𝑋, 𝜏) is
said to be completely metrizable if it admits a complete metric
[13].
Theorem 27. Let (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric space. Then,
(𝑋, 𝜏𝑑𝜃 ) is completely metrizable.
Proof. It follows from the proof of Theorem 26 that {U𝑛 : 𝑛 ∈
N} is a base for a uniformity U on 𝑋 compatible with 𝜏𝑑𝜃 ,
where U𝑛 = {(𝑥, 𝑦) ∈ 𝑋×𝑋 : 𝑑𝜃 (𝑥, 𝑦) < 1/𝑛}, for every 𝑛 ∈ N.
Then, there exists a metric 𝑑 on 𝑋 whose induced uniformity
coincides with U. We want to show that the metric 𝑑 is complete. Indeed, given a Cauchy sequence {𝑥𝑛 } in (𝑋, 𝑑), we will
prove that {𝑥𝑛 } is a Cauchy sequence in (𝑋, 𝑑). To this end,
fix 𝜖 > 0. Choose 𝑘 ∈ N such that 1/𝑘 < 𝜖. Then, there exists
𝑛0 ∈ N such that (𝑥𝑚 , 𝑥𝑛 ) ∈ U𝑘 for every 𝑛, 𝑚 ≥ 𝑛0 . Consequently, for each 𝑛, 𝑚 ≥ 𝑛0 , 𝑑𝜃 (𝑥𝑛 , 𝑥𝑚 ) ≤ 1/𝑘 < 𝜖. We
have shown that {𝑥𝑛 } is a Cauchy sequence in the complete
𝜃-metric space (𝑋, 𝑑) and so is convergent with respect to
(𝑋, 𝑑). Thus, (𝑋, 𝑑) is a complete metric space.
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3. Two Fixed Point Theorems

which implies that

In this section, we introduce two fixed point theorems in 𝜃metric spaces. First, we introduce the Banach fixed point and
Caristi’s fixed point theorems in such spaces.
3.1. Banach Fixed Point Theorem
Theorem 28. Let (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric space and 𝑓 :
𝑋 → 𝑋 a mapping that satisfies the following:
𝑑𝜃 (𝑓𝑥, 𝑓𝑦) ≤ 𝛼𝑑𝜃 (𝑥, 𝑦) ,

𝑑𝜃 (𝑥𝑛(𝑘+1)−1 , 𝑥𝑛(𝑘)−1 ) → 1+

Step 3. We will show that {𝑥𝑛 } is a Cauchy sequence. Let
𝑚, 𝑛 ∈ N with 𝑚 > 𝑛
𝑑𝜃 (𝑥𝑚 , 𝑥𝑛 ) = 𝑑𝜃 (𝑓𝑥𝑚−1 , 𝑓𝑥𝑛−1 )
≤ 𝛼𝑑𝜃 (𝑓𝑥𝑚−2 , 𝑓𝑥𝑛−2 )

for each 𝑥, 𝑦 ∈ 𝑋, where 𝛼 ∈ [0, 1). Then, 𝑓 has a unique fixed
point.

Step 1. We claim that 𝑑𝜃 (𝑥𝑛 , 𝑥𝑛+1 ) → 0. Indeed, we have
𝑑𝜃 (𝑥𝑛+1 , 𝑥𝑛 ) ≤ 𝛼𝑑𝜃 (𝑥𝑛 , 𝑥𝑛−1 )

(31)

..
.
≤ 𝛼𝑛 𝑑𝜃 (𝑓𝑥𝑚−𝑛 , 𝑥0 ) .

Since {𝑥𝑛 } is a bounded sequence, therefore,
lim𝑛,𝑚 → ∞ 𝑑𝜃 (𝑥𝑚 , 𝑥𝑛 ) = 0; that is, {𝑥𝑛 } is a Cauchy sequence.
Thus, there exists 𝑥 ∈ 𝑋 such that 𝑥𝑛 → 𝑥. Further, we
derive that
𝑑𝜃 (𝑥𝑛+1 , 𝑓𝑥) = 𝑑𝜃 (𝑓𝑥𝑛 , 𝑓𝑥)

≤ 𝛼2 𝑑𝜃 (𝑥𝑛−1 , 𝑥𝑛−2 )
(24)

..
.

(30)

Since 𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘) ) ≤ 𝛼𝑑𝜃 (𝑥𝑛(𝑘+1)−1 , 𝑥𝑛(𝑘)−1 ), we have 1 ≤
𝛼1, a contradiction. Thus, the sequence {𝑥𝑛 } is bounded.

(23)

Proof. Let 𝑥0 ∈ 𝑋 and 𝑥𝑛+1 = 𝑓𝑥𝑛 . We divide our proof into
four steps.

as (𝑘 → +∞) .

≤ 𝛼𝑑𝜃 (𝑥𝑛 , 𝑥)) → 0,

(𝑛 → ∞) .

(32)

It means that 𝑥𝑛+1 → 𝑓𝑥; that is, 𝑓𝑥 = 𝑥.

≤ 𝛼𝑛 𝑑𝜃 (𝑥1 , 𝑥0 ) → 0 ,

as (𝑛 → ∞) .

Step 4. In the last step, we prove that the 𝑥 is the unique fixed
point of 𝑇. Suppose, on the contrary, that 𝑥, 𝑦 are two distinct
fixed points of 𝑓. So, we get that

Thus, we have 𝑑𝜃 (𝑥𝑛 , 𝑥𝑛+1 ) → 0.
Step 2. We assert that the sequence {𝑥𝑛 } is bounded. Suppose,
on the contrary, that {𝑥𝑛 } is an unbounded sequence. Thus,
there exists subsequence {𝑛(𝑘)} such that 𝑛(1) = 1 and for
each 𝑘 ∈ N, 𝑛(𝑘 + 1) is minimal in the sense that the relation
𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘) ) > 1

(25)

𝑑𝜃 (𝑥𝑚 , 𝑥𝑛(𝑘) ) ≤ 1

(26)

does not hold and
holds for all 𝑚 ∈ {𝑛(𝑘) + 1, 𝑛(𝑘) + 2, . . . , 𝑛(𝑘 + 1) − 1}. Hence,
by using the triangle inequality, we derive that
1 < 𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘) )
≤ 𝜃 (𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘+1)−1 ) , 𝑑𝜃 (𝑥𝑛(𝑘+1)−1 , 𝑥𝑛(𝑘) ))

(27)

By taking the limit from two sides of (27) and using (II) of
Definition 4, we derive that
as (𝑘 → +∞) .

(28)

Also, we have

is a contradiction. This completes the proof.
3.2. Caristi-Type Fixed Point Theorem
Definition 29. Suppose that (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric
space and P the class of all maps 𝜓 : 𝑋×𝑋 → [0, +∞) which
satisfies the following conditions:
̂ ⋅) is bounded below
(𝐸1 ) there exists 𝑥̂ ∈ 𝑋 such that 𝜓(𝑥,
and lower semicontinuous, and 𝜓(⋅, 𝑦) is upper semicontinuous for each 𝑦 ∈ 𝑋,
(𝐸2 ) 𝜓(𝑥, 𝑥) = 0, for each 𝑥 ∈ 𝑋,
(𝐸3 ) 𝜃(𝜓(𝑥, 𝑦), 𝜓(𝑦, 𝑧)) ≤ 𝜓(𝑥, 𝑧), for each 𝑥, 𝑦, 𝑧 ∈ 𝑋.

≤ 𝑑𝜃 (𝑥𝑛(𝑘+1)−1 , 𝑥𝑛(𝑘)−1 )
≤ 𝜃 (𝑑𝜃 (𝑥𝑛(𝑘+1)−1 , 𝑥𝑛(𝑘) ) , 𝑑𝜃 (𝑥𝑛(𝑘) , 𝑥𝑛(𝑘)−1 ))

𝜓 (𝑥, 𝑦) ≤ 𝜂 (𝜓 (𝑥, 𝑧) , 𝜓 (𝑦, 𝑧)) ,

(34)

for each 𝑥, 𝑦, 𝑧 ∈ 𝑋.
Proof. By Lemma 10, we obtain the desired result.
Example 31. Let 𝜃(𝑡, 𝑠) = 𝑡𝑠/(1+𝑡𝑠); thus, Im(𝜃) = [0, 1). Now,
let 𝜙 : 𝑋 → R be a lower bounded, lower semicontinuous
function and

1 < 𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘) )

≤ 𝜃 (1, 𝑑𝜃 (𝑥𝑛(𝑘) , 𝑥𝑛(𝑘)−1 )) ,

(33)

Lemma 30. By Definition 29, one has

≤ 𝜃 (𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘+1)−1 , 1)) .

𝑑𝜃 (𝑥𝑛(𝑘+1) , 𝑥𝑛(𝑘) ) → 1+

𝑑𝜃 (𝑦, 𝑥) = 𝑑𝜃 (𝑓𝑦, 𝑓𝑥) ≤ 𝛼𝑑𝜃 (𝑦, 𝑥)

(29)

𝑒𝜙(𝑦)−𝜙(𝑥)
𝜓 (𝑥, 𝑦) = {
0

𝑥 ≠𝑦
𝑥 = 𝑦.

Then, 𝜓 satisfies all conditions of Definition 29.

(35)
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Example 32. Let 𝜃(𝑡, 𝑠) = √𝑡2𝑛+1 + 𝑠2𝑛+1 ; thus, Im(𝜃) =
[0, +∞). Now, let 𝜙 : 𝑋 → R be a lower bounded, lower
semicontinuous function and
2𝑛+1

𝜓 (𝑥, 𝑦) =

√𝜙 (𝑦) − 𝜙 (𝑥).

2𝑛+1

(36)

Then, 𝜓 satisfies all conditions of Definition 29. Also, 𝜂(𝑡, 𝑠) =
2𝑛+1 2𝑛+1
√𝑡
− 𝑠2𝑛+1 , and 𝜃 is regular.
From now to end, we assume that 𝜃 is regular (see
Definition 8).
Lemma 33. Let (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric space and 𝜓 ∈
P. Let 𝛾 : [0, +∞) → [0, +∞) be 𝜃-subadditive; that is,
𝛾(𝜃(𝑥, 𝑦)) ≤ 𝜃(𝛾(𝑥), 𝛾(𝑦)), for each 𝑥, 𝑦 ∈ [0, +∞), nondecreasing continuous map such that 𝛾−1 {0} = {0}. Define the
order ≺ on 𝑋 by
𝑥 ≺ 𝑦 ⇐⇒ 𝛾 (𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜓 (𝑥, 𝑦) ,

(37)

for any 𝑥, 𝑦 ∈ 𝑋. Then, (𝑋, ≺) is a partial order set which has
minimal elements.
Proof. At first, we show that (𝑋, ≺) is a partial ordered set. For
each 𝑥 ∈ 𝑋, we have 0 = 𝛾(0) = 𝛾(𝑑𝜃 (𝑥, 𝑥)) ≤ 𝜓(𝑥, 𝑥) = 0.
Thus, 𝑥 ≺ 𝑥. If 𝑥 ≺ 𝑦 and 𝑦 ≺ 𝑥, then 𝛾(𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜓(𝑥, 𝑦)
and 𝛾(𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜓(𝑦, 𝑥). Thus, we give
𝛾 (𝜃 (𝑑𝜃 (𝑥, 𝑦) , 𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜃 (𝛾 (𝑑𝜃 (𝑥, 𝑦)) , 𝛾 (𝑑𝜃 (𝑥, 𝑦)))

below. Let {𝛼𝑛 } be an increasing sequence of elements from
Γ such that
̂ 𝑥𝛼𝑛 ) = inf {𝜓 (𝑥,
̂ 𝑥𝛼 ) : 𝛼 ∈ Γ} = 𝜌.
lim 𝜓 (𝑥,

𝑛→∞

Then, for each 𝑚 ≥ 𝑛, we infer that
𝛾 (𝑑𝜃 (𝑥𝛼𝑛 , 𝑥𝛼𝑚 )) ≤ 𝜓 (𝑥𝛼𝑛 , 𝑥𝛼𝑚 )
̂ 𝑥𝛼𝑚 )) .
̂ 𝑥𝛼𝑛 ) , 𝜓 (𝑥,
≤ 𝜂 (𝜓 (𝑥,

lim sup 𝛾 (𝑑𝜃 (𝑥𝛼𝑛 , 𝑥𝛼𝑚 ))
𝑛,𝑚 → ∞

≤ 𝜓 (𝑥𝛼𝑛 , 𝑥𝛼𝑚 )
𝑛,𝑚 → ∞

≤ 𝜂 (𝜌, 𝜌) = 0.
Then, our assumption on 𝛾 implies that {𝑥𝛼𝑛 } is a Cauchy
sequence and therefore converges to some 𝑥 ∈ 𝑋. Since 𝛾
is continuous and 𝜓(⋅, 𝑥𝛼𝑛 ) is upper semicontinuous, then we
have
𝛾 (𝑑𝜃 (𝑥, 𝑥𝛼𝑛 )) = lim sup 𝛾 (𝑑𝜃 (𝑥𝛼𝑚 , 𝑥𝛼𝑛 ))
𝑚→∞

𝑚→∞

≤ 𝜓 (𝑥, 𝑥) = 0.

≤ 𝜃 (𝜓 (𝑥, 𝑦) , 𝜓 (𝑦, 𝑧))

This shows that 𝑥 ≺ 𝑥𝛼𝑛 for all 𝑛 ≥ 1, which means that 𝑥 is
lower bound for {𝑥𝛼𝑛 }. In order to see that 𝑥 is also a lower
bound for {𝑥𝛼 }𝛼∈Γ , let 𝛽 ∈ Γ be such that 𝑥𝛽 ≺ 𝑥𝛼𝑛 for all
𝑛 ≥ 1. Then, for each 𝑛 ∈ N, we have
0 ≤ 𝛾 (𝑑𝜃 (𝑥𝛽 , 𝑥𝛼𝑛 ))

(39)

≤ 𝜓 (𝑥𝛽 , 𝑥𝛼𝑛 )

(45)

̂ 𝑥𝛽 )) .
̂ 𝑥𝛼𝑛 ) , 𝜓 (𝑥,
≤ 𝜂 (𝜓 (𝑥,

≤ 𝜓 (𝑥, 𝑧) .
It means that 𝑥 ≺ 𝑧. Thus, (𝑋, ≺) is a partial ordered set.
To show that (𝑋, ≺) has minimal elements, we show that
any decreasing chain has a lower bound. Indeed, let {𝑥𝛼 }𝛼∈Γ
be a decreasing chain; then we have

Hence, for all 𝑛 ≥ 1,
̂ 𝑥𝛽 ) ≤ 𝜓 (𝑥,
̂ 𝑥𝛼𝑛 )
𝜓 (𝑥,

(46)

which implies that
̂ 𝑥𝛼 ) : 𝛼 ∈ Γ}
̂ 𝑥𝛽 ) = inf {𝜓 (𝑥,
𝜓 (𝑥,

0 ≤ 𝛾 (𝑑𝜃 (𝑥𝛼 , 𝑥𝛽 ))
≤ 𝜓 (𝑥𝛼 , 𝑥𝛽 )

(44)

≤ 𝜓 (𝑥, 𝑥𝛼𝑛 ) .

(38)

≤ 𝜃 (𝛾 (𝑑𝜃 (𝑥, 𝑦)) , 𝛾 (𝑑𝜃 (𝑦, 𝑧)))

(43)

̂ 𝑥𝛼𝑛 ) , 𝜓 (𝑥,
̂ 𝑥𝛼𝑚 ))
≤ lim sup 𝜂 (𝜓 (𝑥,

≤ lim sup 𝜓 (𝑥𝛼𝑚 , 𝑥𝛼𝑛 )

𝛾 (𝑑𝜃 (𝑥, 𝑧)) ≤ 𝛾 (𝜃 (𝑑𝜃 (𝑥, 𝑦) , 𝑑𝜃 (𝑦, 𝑧))

(42)

By taking limit from two sides of (42), the regularity of 𝜃, and
continuity of 𝜂, we give

≤ 𝜃 (𝜓 (𝑥, 𝑦) , 𝜓 (𝑦, 𝑥))

It means that 𝑥 = 𝑦. Finally, if 𝑥 ≺ 𝑦 and 𝑦 ≺ 𝑧, then
𝛾(𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜓(𝑥, 𝑦) and 𝛾(𝑑𝜃 (𝑦, 𝑧)) ≤ 𝜓(𝑦, 𝑧). Thus, we
give

(41)

(40)

̂ 𝑥𝛼 )) ;
̂ 𝑥𝛽 ) , 𝜓 (𝑥,
≤ 𝜂 (𝜓 (𝑥,
̂ 𝑥𝛼 ) ≤ 𝜓(𝑥,
̂ 𝑥𝛽 ). Thus,
by definition of 𝜂, we have 𝜓(𝑥,
̂ 𝑥𝛼 )}𝛼∈Γ is decreasing net of reals which is bounded
{𝜓(𝑥,

̂ 𝑥𝛼𝑛 ) .
= lim 𝜓 (𝑥,

(47)

𝑛→∞

Thus, from (46), we get lim𝑛 → ∞ 𝑥𝛼𝑛 = 𝑥𝛽 , which implies that
𝑥𝛽 = 𝑥. Therefore, for any 𝛼 ∈ Γ, there exists 𝑛 ∈ N such that
𝑥𝛼𝑛 ≺ 𝑥𝛼 ; that is, 𝑥 is a lower bound of {𝑥𝛼 }. Zorn’s lemma
will therefore imply that (𝑋, ≺) has minimal elements.
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Theorem 34. Let (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric space and 𝜓 ∈
P. Let 𝛾 : [0, +∞) → [0, +∞) be as in Lemma 33. Let 𝑇 :
𝑋 → 𝑋 be a map satisfying the following:
𝛾 (𝑑𝜃 (𝑥, 𝑇𝑥)) ≤ 𝜓 (𝑇𝑥, 𝑥) ,

(48)

for any 𝑥 ∈ 𝑋. Then, 𝑇 has a fixed point.
Proof. By Lemma 33, (𝑋, ≺) has a minimal element say 𝑥.
Thus, 𝑇 𝑥 ≺ 𝑥. It means that 𝑇 𝑥 = 𝑥.
Corollary 35. Let (𝑋, 𝑑𝜃 ) be a complete 𝜃-metric space and
𝜓 ∈ P. Let 𝛾 : [0, +∞) → [0, +∞) be as in Lemma 33. Let 𝑇 :
𝑋 → 2𝑋 be a multivalued mapping satisfying the following:
𝛾 (𝑑𝜃 (𝑥, 𝑦)) ≤ 𝜓 (𝑦, 𝑥) ,

∀𝑦 ∈ 𝑇𝑥.

(49)

Then, 𝑇 has an endpoint; that is, there exists 𝑥 ∈ 𝑋 such that
𝑇 𝑥 = {𝑥}.
In Corollary 35, we can introduce many types of Caristi’s
fixed point theorem as follows.
If we set 𝜓 as in Example 32, then (48) has the following
form:
𝛾 (𝑑𝜃 (𝑥, 𝑇𝑥)) ≤

√𝜙 (𝑇𝑥) − 𝜙 (𝑥).

2𝑛+1

(50)
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The synchronization analysis of four symbolic complex dynamical systems will be discussed carefully in this paper. Grey system
theory is mainly being used to study data sequences that are generated by 4-letter chaotic dynamical system, and the usual prediction
accuracy has exceeded 90%. In this place we have found a generating rule that may at least realize chaotic synchronization in
short and medium terms. Considering the current study of DNA base sequences A-G-C-T and the symbolic characteristic of four
symbolic dynamical systems, which are formally in good corresponding relation. In this paper we have offered an effective research
means to approach problems of this kind.

1. Introduction
The problems on uncertainty exist commonly in nature:
the ones in myriad sample can be resolved by probability
and statistics ways, the ones in recognizing uncertainty can
be dealt with by fuzzy mathematics. However, there also
exists another kind of uncertainty in less data, little samples,
incomplete information, and devoid of experience, which is
just suitable to be dealt with by grey system theory [1]. A
system with both partially known information and certain
unknown information can be defined as a grey system. That
is to say, grey system is the system that lacks information,
such as architecture, parameters, operation mechanism, and
system behavior. Therefore, the key problem is how to make
use of the finite available information to approximate the
system dynamical behaviors [2].
Grey system theory mainly includes the theoretical system based on grey algebra system, grey equation, and grey
matrix; the methodology system based on grey sequence
generation; the analysis system based on grey correlation
space; the grey-model-centered modeling system; and the
technical system based on system analysis, evaluation, modeling, prediction and decision, and control and optimization.

Since there is not any certain physical model in many social
and economic issues, it is quite difficult to specify all the factors, not to mention establishing definite mapping relations,
though some influence factors are known. For instance, those
factors that affect prices, such as psychological expectation
and government orientation, are immeasurable. While some
data are measurable yet short of detailed information. If the
available data alone are taken into consideration, the analysis
outcome will surely be inaccurate. Grey system theory can
generate new data sequences which indicate the variation
trend of the original data and eliminate the fluctuation as
well. Grey system theory can also solve some complex system
issues with unknown parameters. The applications of grey
system theory lie in many scientific fields, such as agriculture,
industry, energy, traffic, petroleum, geology, meteorology,
hydrology, ecology, environment, medicine, military affairs,
economy, and society, which succeeds in solving good many
practical problems in production and daily life.
As early as in 1947, Ulam and Neumann studied the densities distribution [3] of surjective parabolic maps’ orbital point
{𝑥𝑖 }∞
𝑖=0 and got famous Chebyshev distribution. The study of
chaotic symbolic sequences is gradually developing in theory.
However, the applied research of stochastic chaotic sequences
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has not been fully carried out, for most of studies focus on
controlling or avoiding chaos. Chaos, nevertheless, affords
inherent stochastic properties that can be calculated, which
is an important applied domain. The stochastic symbolic
sequences bear the following three features. First, computer
can generate them iteratively. Secondly, like false stochastic
numbers, they can set up a stochastic sequence simulation
(in contradiction, they are based on corresponding symbolic spaces). Thirdly, they can produce numerous symbolic
spaces, which is not a characteristic of common stochastic
numbers. Therefore, the symbolic dynamics [4–8] developed
by this means are supposed to be very useful. We are familiar
with two symbolic sequences and have clarified the inherent
randomicity in 4 symbolic dynamics [9], the knot theory
based on the minimal braid in Lorenz system [10]. In this
paper, we are mainly using grey system theory to study the
chaotic synchronization of four symbolic complex dynamical
systems.
This paper is organized as follows. In Section 2, grey system theory is introduced. In Section 3, the symbolic dynamics
of 4-letter surjective map are exhibited. In Section 4, synchronization analysis of 4-letter chaotic dynamical system based
on grey system theory is clarified in detail.

2. Grey System Theory
Grey system theory provides an approach to investigate
the relationships of input-output process with unclear inner
relationships, uncertain mechanisms, and insufficient information. It deals directly with the original data and searches
the intrinsic regularity of the data rather than using statistical
method. In the grey system theory, grey relational analysis
and grey prediction model account for the essential parts
[11, 12]. The grey prediction model uses grey differential
models to generate data series from the original data series
of a dynamical system. And the data series generated by the
grey prediction model are converted back to the original data
series by a reverse procedure to predict the performance of
the dynamical system. Grey prediction can reveal underlying
rules within a random time sequence via a special data
processing. Now it has been successfully used to model the
dynamical systems in different fields, such as agriculture,
ecology, economy, statistics, meteorology, and industry [13,
14].
The grey models have many different forms [15] that
mainly include
𝑥(0) (𝑘) + 𝑎𝑥(1) (𝑘) = 𝑏,

𝑥̂(0) (𝑘) = 𝛽 − 𝛼𝑥(1) (𝑘 − 1) ,
(𝑘 = 2, 3, . . . , 𝑛, 𝛽 =

𝑏
𝑎
, 𝛼=
),
1 + 0.5𝑎
1 + 0.5𝑎

𝑥̂(0) (2) = 𝛽 − 𝛼𝑥(0) (1) ,
𝑥̂(0) (𝑘) = (1 − 𝛼) 𝑥(0) (𝑘 − 1) ,

(𝑘 = 3, 4, . . . , 𝑛) ,

𝑥̂(0) (2) = 𝛽 − 𝛼𝑥(0) (1) ,
𝑥̂(0) (𝑘) =

1 − 0.5𝑎 (0)
𝑥 (𝑘 − 1) ,
1 + 0.5𝑎

(𝑘 = 3, 4, . . . , 𝑛) ,

𝑥̂(0) (2) = 𝛽 − 𝛼𝑥(0) (1) ,
𝑥̂(0) (𝑘) =

𝑥(1) (𝑘 − 1) − 0.5𝑏 (0)
𝑥 (𝑘 − 1) ,
𝑥(1) (𝑘 − 2) + 0.5𝑏

𝑥̂(0) (𝑘) = (

(𝑘 = 3, 4, . . . , 𝑛) ,

1 − 0.5𝑎 𝑘−2 𝑏 − 𝑎𝑥(0) (1)
) (
),
1 + 0.5𝑎
1 + 0.5𝑎
(𝑘 = 2, 3, . . . , 𝑛) ,

1
𝑥(0) (3) 𝑒𝑘 ln(1−𝑎) ,
3
(1 − 𝑎)

(𝑘 = 4, 5, . . . , 𝑛) ,

𝑥̂(0) (𝑘) = (𝛽 − 𝛼𝑥(0) (1)) 𝑒−𝑎(𝑘−2) ,

(𝑘 = 3, 4, . . . , 𝑛) ,

𝑥̂(0) (𝑘) =

𝑏
𝑥̂(0) (𝑘) = (1 − 𝑒𝑎 ) (𝑥(0) (1) − ) 𝑒−𝑎(𝑘−1) ,
𝑎
(𝑘 = 2, 3, . . . , 𝑛) ,
𝑏
𝑥̂(0) (𝑘) = (−𝑎) (𝑥(0) (1) − ) 𝑒−𝑎(𝑘−1) ,
𝑎

(𝑘 = 2, 3, . . . , 𝑛) .
(1)

One of the most important properties of chaotic system is
sensitivity to initial conditions. Sensitivity to initial conditions
means that an arbitrarily small perturbation of current trajectory may lead to significantly different future behavior. As a
result of sensitivity, two different trajectories tend to depart
exponentially with time. The behavior of chaotic systems
appears to be random.
One of the primary motivations of our research is
designed to discuss the corresponding relationships between
the exponential separate characteristic in chaotic system
and the exponential increasing law of grey prediction. For
example, let us choose logistic equation as a model, which
has been studied extensively in nonlinear system. One of its
equivalent forms can be expressed as

𝑥(0) (𝑘) + 𝑎𝑧(1) (𝑘) = 𝑏,

𝑥𝑛+1 = 𝐹 (𝜇, 𝑥𝑛 ) = 1 − 𝜇𝑥𝑛2 ,

𝑑𝑥(1)
+ 𝑎𝑥(1) = 𝑏,
𝑑𝑡

hereinto, 𝑥𝑛 is defined on interval [−1, 1] and 𝜇 ∈ (0, 2]. Its
bifurcation diagram is well known: see Figure 1.
Let us adopt unimodal surjective map as 𝜇 = 2 to get
chaotic iterative sequences, namely,

𝑏
𝑏
𝑥̂(1) (𝑘 + 1) = (𝑥(0) (1) − ) 𝑒−𝑎𝑘 + ,
𝑎
𝑎
𝑥̂(0) (𝑘 + 1) = 𝑥̂(1) (𝑘 + 1) − 𝑥̂(1) (𝑘) ,

𝑥𝑛+1 = 𝑓 (𝑥𝑛 ) = 1 − 2𝑥𝑛2 .

(2)

(3)
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Figure 1: The bifurcation diagram of logistic map.
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Figure 4: 16 iterations of 4-letter surjective map (𝑥1 = 0.105).

Figure 2: The exponential separate diagram of logistic map. (In
this diagram, the solid line represents 𝑓(𝑥𝑛 ) and the dotted line
represents 𝑔(𝑦𝑛 )).

Given initial values 𝑥1 = 0.25, 𝑦1 = 0.25 + 0.001, after 50
iterations, we can get the sequences of 𝑓(𝑥𝑛 ) and 𝑔(𝑦𝑛 ) (𝑛 =
2, 3, 4, . . .); see Figure 2 and Table 1.
According to Figure 2 and Table 1, it is not difficult to
find some differences. Although the iterative original value
only has a small deviation 0.001, during the iterative process,
a remarkable change begins at the 7th step. Until at the
10th step, it has been very difficult to find that these two
sequences came from small deviation original value. Classical
researches have proved that these two trajectories generated
from two adjacent original values will depart exponentially
with time evolution. It is an important measure of the
exponential separate characteristic in chaotic system that
calculates Lyapunov exponent:
1 𝑛−1  𝑑𝐹 (𝑥) 
∑ ln 
 .
𝑛→∞𝑛
 𝑑𝑥 𝑥=𝑥𝑖
𝑖=0

𝜆 = lim

(4)

3. Symbolic Dynamics of 4-Letter
Surjective Map
The generic iterative form of 4-letter surjective map is
𝑥𝑛+1 = 𝐹 (𝐴, 𝑥𝑛 ) = −8𝑥𝑛4 + 8𝑥𝑛2 − 1.

(5)

The shape of 4-letter surjective map is shown in Figure 3.

4. Synchronization Analysis of
4-Letter Chaotic System Based on Grey
System Theory
4.1. Iterative Process of 4-Letter Chaotic System. The general dynamical iterative form of 4-letter surjective map is
expressed in (5). Given an initial value 𝑥1 = 0.105, the
number of iterations is 𝑛 = 16 and one can obtain Tables 2
and 3. Figure 4 is the concrete iterative process.
Let us transform these iterative values. First, each 𝐹(𝑥𝑛 ) is
made as absolute value transformation. Then, let us carry out
cumulative sum 𝑍(𝑥𝑘 ) = ∑𝑘𝑖=1 |𝐹(𝑥𝑖 )| and get Tables 4 and 5.
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Table 1: The exponential separate sequences of logistic map (𝑛 = 2, 3, 4, . . .).

𝑛
𝑓(𝑥𝑛 )
𝑔(𝑦𝑛 )
𝑛
𝑓(𝑥𝑛 )
𝑔(𝑦𝑛 )
𝑛
𝑓(𝑥𝑛 )
𝑔(𝑦𝑛 )
𝑛
𝑓(𝑥𝑛 )
𝑔(𝑦𝑛 )

2
0.8750
0.8740
10
0.8435
0.4573
18
−0.8041
0.5924
26
−0.9283
−0.4843

3
−0.5313
−0.5277
11
−0.4231
0.5818
19
−0.2931
0.2982
27
−0.7235
0.5310

4
0.4355
0.4430
12
0.6421
0.3231
20
0.8281
0.8221
28
−0.0469
0.4361

5
0.6206
0.6076
13
0.1755
0.7912
21
−0.3717
−0.3517
29
0.9956
0.6196

6
0.2297
0.2618
14
0.9384
−0.2521
22
0.7237
0.7526
30
−0.9824
0.2322

7
0.8945
0.8630
15
−0.7611
0.8728
23
−0.0476
−0.1328
31
−0.9304
0.8921

8
−0.6001
−0.4894
16
−0.1585
−0.5237
24
0.9955
0.9647
32
−0.7313
−0.5918

9
0.2797
0.5209
17
0.9498
0.4515
25
−0.9819
−0.8615
33
—
—

7
0.8888
0.3272

8
0.3272
−0.2354

15
−0.7199
0.9973

16
0.9973
−0.9579

7
3.9840

8
4.2193

15
8.8015

16
9.7593

Table 2: The iterative values of 4-letter chaotic system (𝑛 = 1, 2, . . . , 8).
𝑛
𝑥𝑛
𝐹(𝑥𝑛 )

1
0.1050
−0.9128

2
−0.9128
0.1121

3
0.1121
−0.9008

4
−0.9008
0.2242

5
0.2242
−0.6182

6
−0.6182
0.8888

Table 3: The iterative values of 4-letter chaotic system (𝑛 = 9, 10, . . . , 16).
𝑛
𝑥𝑛
𝐹(𝑥𝑛 )

9
−0.2354
−0.5814

10
−0.5814
0.7902

11
0.7902
0.8762

12
0.8762
0.4265

13
0.4265
0.1906

14
0.1906
−0.7199

Table 4: The cumulative sum results of 𝑍(𝑥𝑘 ) (𝑘 = 1, 2, . . . , 8).
𝑘
𝑍(𝑥𝑘 )

1
0.9128

2
1.0248

3
1.9256

4
2.1498

5
2.7680

6
3.6568

Table 5: The cumulative sum results of 𝑍(𝑥𝑘 ) (𝑘 = 9, 10, . . . , 16).
𝑘
𝑍(𝑥𝑘 )

9
4.8007

10
5.5909

11
6.4671

12
6.8936

4.2. Random Generating Sequence’s Grey Prediction of 4-Letter
Chaotic System. In the grey system theory, the expression
of accumulated generating operator (AGO) is 𝑥(1) (𝑘) =
∑𝑘𝑚=1 𝑥(0) (𝑚), and so one gets Table 6.
The formula of grey estimate value is
Estim. = [𝑥(1) (0) −

𝑢
] × 𝑒−𝑎𝑡 × (1 − 𝑒𝑎 ) ,
𝑎

(6)

thereinto, 𝑥(1) (0) = 0.9128, 𝑎 = −0.11155, 𝑢 = 1.95557, and
𝑡 = 1, 2, 3, . . ., namely,
Estim. = 18.4437 × 𝑒0.11155𝑡 × (1 − 𝑒−0.11155 ) .

(7)

So, the prediction values and corresponding error of 16
iterations can be calculated (see Table 7).
Figure 5 shows the actual values and the prediction values
of 16 iterations.

13
7.0843

14
7.8041

Here are grey prediction results of the following 3 steps:
𝑘 = 17 : Estim. value = 11.60,
𝑘 = 18 : Estim. value = 12.97,

(8)

𝑘 = 19 : Estim. value = 14.50.
It will be intuitionistic and natural to return these grey
prediction results to actual symbolic space. Combining the
exact position of peak and trough, the value of positive or
negative can be confirmed.
Now let us present a research example.
Example 1. According to a group of DNA based sequences
“CCGGGGTCGCGCGGCA”, which double helix structure
has been presented in Figure 6. Of course, the DNA
based sequences have perfect matchings. In our researches,
the dynamical matching rules of four symbolic dynamical
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Table 6: Main variable values of grey prediction process.
𝑘
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

𝑍(𝑥𝑘 )
0.9128
1.0248
1.9256
2.1498
2.7680
3.6568
3.9840
4.2193
4.8007
5.5909
6.4671
6.8936
7.0843
7.8041
8.8015
9.7593

AGO
0.9128
1.9376
3.8632
6.0130
8.7810
12.4378
16.4218
20.6411
25.4418
31.0327
37.4998
44.3934
51.4777
59.2818
68.0833
77.8426

AGO mean
∗
1.4252
2.9004
4.9381
7.3970
10.6094
14.4298
18.5315
23.0415
28.2373
34.2663
40.9466
47.9356
55.3798
63.6826
72.9630

Mean square
∗
2.0312
8.4123
24.3848
54.7156
112.5594
208.2191
343.4146
530.9084
797.3423
1174.176
1676.624
2297.817
3066.917
4055.467
5323.592

Mean AGO
∗
1.4252
4.3256
9.2637
16.6607
27.2701
41.6999
60.2314
83.2728
111.5101
145.7763
186.7229
234.6585
290.0382
353.7208
426.6837

Mean square AGO
∗
2.0312
10.4435
34.8283
89.5440
202.1033
410.3225
753.7371
1284.6455
2081.9878
3256.1637
4932.7877
7230.6047
10297.5214
14352.9886
19676.5806

Mean AGO square
∗
2.0312
18.7108
85.8161
277.5789
743.6584
1738.882
3627.816
6934.359
12434.49
21250.73
34865.44
55064.59
84122.16
125118.4
182059.0

Table 7: Prediction values and corresponding error of 16 iterations.
𝑘
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

𝑍(𝑥𝑘 ) Actual value
0.9128
1.0248
1.9256
2.1498
2.7680
3.6568
3.9840
4.2193
4.8007
5.5909
6.4671
6.8936
7.0843
7.8041
8.8015
9.7593

𝑍(𝑥𝑘 ) Estimate value
0.9128
2.18
2.43
2.72
3.04
3.40
3.80
4.25
4.75
5.31
5.94
6.64
7.42
8.30
9.28
10.38

systems and DNA sequences are “L ↔ A, M ↔ G, N ↔ C,
and R ↔ T”. Based on the former synchronization analysis
process and grey system theory, the prediction model can be
expressed as
Estim. = 13.4428 × 𝑒0.10910𝑡 × (1 − 𝑒−0.10910 ) .

1
= 0.0625,
16

namely, the accuracy rate has reached 93.75% (1 − 𝑝̂∗ ).

Relative error
0
−112.724%
−26.1944%
−26.5234%
−9.82659%
7.022533%
4.618474%
−0.72761%
1.056096%
5.024236%
8.150485%
3.678775%
−4.73865%
−6.35435%
−5.43657%
−6.36009%

Precision
100%
−12.7244%
73.80557%
73.4766%
90.17341%
92.97747%
95.38153%
99.27239%
98.9439%
94.97576%
91.84952%
96.32123%
95.26135%
93.64565%
94.56343%
93.63991%

It should be stressed that the biological system is highly
complex; we cannot look to one method or two methods
to solve all problems. But at least, we have provided an
interesting thought.

(9)

The final four symbolic prediction results are “NNMMMMNNMNMNMMNL”, and the corresponding DNA based
sequences are “CCGGGGCCGCGCGGCA”. Figure 7 represents the DNA prediction structure. To sum up the previous
synchronization analysis results, the error rate is
𝑝̂∗ =

Error
0
−1.1552
−0.5044
−0.5702
−0.272
0.2568
0.184
−0.0307
0.0507
0.2809
0.5271
0.2536
−0.3357
−0.4959
−0.4785
−0.6207

(10)

5. Conclusion and Discussion
The synchronization analysis of four symbolic complex
dynamical systems has been clarified carefully in this paper.
We are mainly using grey system theory to study data
sequences that are generated by 4-letter chaotic dynamical
system, and the usual prediction accuracy has exceeded 90%.
In this place we have found a generating rule that may at least
realize chaotic synchronization in short and medium terms.
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4

the incompleteness and uncertainty of social information.
The multilevels of social economic system result in each
level having its own structure composition. Each social unit,
whether it is a whole unit or the smallest fundamental
sector, is realizing its functions according to its structural
property. The various randomicity and uncertainties in social
system make it impossible to fully master the entire system
information. Therefore, it has been the main task of nonlinear
dynamics theory and grey system theory to analyze the
complexity of social system in the conditions of incomplete
information and uncertainty and to study the intrinsic laws
of social development.
Considering the current study of DNA [17–25] based
sequences A-G-C-T and the symbolic characteristic of four
symbolic dynamical systems, which are formally in good
corresponding relation. In this paper we have offered an effective research means. A part of our current work is studying
certain properties of different kinds of data sequences, such
as DNA based sequences, 20 amino acids symbolic sequences
in proteid structures, and time series that can be symbolic
in finance market. The grey system theory provides a set of
effective methods to approach problems of this kind, which
will open up a vast vista.

0
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Sequence
Actual value
Estimated value

Figure 5: 16 iterations’ actual values and prediction values of 4-letter
chaotic system.
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Figure 6: DNA double helix structure.

And in this way we can analyze and predict different kinds of
complex systems.
The world is essentially nonlinear and highly complex.
A small stochastic force is usually able to have an unexpected impact on deterministic equation, and in certain
conditions, it could determine the evolution of systems
and even change the fate of macroscopic system. Nonlinear
dynamics theory, the combination of Newtonian mechanics
and statistical mechanics method, linear stochastic equation
and nonlinear deterministic equation, and periodic solution
and chaotic solution have achieved the high inherent unity
of determinacy and randomicity, determinism, and indeterminism. The change of weather, the growth of species, the
diffusion of molecular, the fluctuation of electrocardiogram
and electroencephalogram signals, the periodic reform of
society, the growth, the sudden plunge, and even the collapse of stock markets all have inherent nonlinear dynamics rules [16]. The complexity of social economic system
mainly lies in the dynamic evolution of multivariable system,
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The swarm stability problem of high-order linear time-invariant (LTI) singular multiagent systems with directed graph topology is
investigated extensively. Consensus of multiagent systems can be regarded as a specific case of swarm stability problem. Necessary
and sufficient conditions for both swarm stability and consensus are presented. These conditions depend on the graph topology
and generalized inverse theory, the dynamics of agents, and interaction among the neighbours. Several examples to illustrate the
effectiveness of theoretical results are given.

1. Introduction
Recently the study of multiagent systems has attracted considerable attention from biologists (see [1, 2]), physical scientists (see [3]), and engineers (see [4–8]). Due to its broad
application in many areas such as satellites, spacecrafts (see
[4]), aircrafts (see [5]), mobile robots, UAV, AUV (see [6]),
flocking of social insects (see [7]), and design of sensor
networks (see [8]). Stability is usually a basic requirement
for a control system. Stability of multiagent systems is special
because of the configuration difference between these systems
and isolated dynamic systems. Models of these systems
originated from bioscience. Studies on them have aroused
great interest in the field of automatic control theory since
about a decade ago. The research on stability problems of
multiagent systems has been studied extensively for years.
Researchers have endeavoured to give criteria for checking
whether a specific multiagent system is stable. For example,
Jin et al. [9] paid attention to the stability of a simple swarm
system rather early. The background of their research came
from engineering systems such as multiagent supporting
system [10]. Based on the work of Jin, Liu et al. [11, 12] tried
to extend the research to more general and critical situations,
and they studied the so-called asynchronous swarm systems.
However, the technical setting of their model is complicated,
and the results are restrictive. Compared with the research of

Liu et al., Gazi and Passino [13, 14] and Gazi [15] studied the
stability problem of some first-order models abstracted from
biological systems. Chu et al. [16] extended the discussions in
[13] to certain anisotropic model. Recently, Li [17] extended
the results in [13] to the situation with general graph topology
instead of a complete graph. Cai et al. [18] studied the swarm
stability of high-order linear time-invariant multiagent systems in 2011. Besides, there were also other studies related to
the stability of swarm systems, for example, the study about
string stability [19, 20]. Zhou et al. [21] studied the stability of
switched linear singular systems.
Consensus of multiagent systems can be regarded as a
specific case of swarm stability problem; our results shows
that consensus achievement is a specific case of swarm stability, which will be called asymptotic swarm stability. Consensus problems for multiagent systems have been studied by
lots of researchers. Vicsek et al. [3] proposed a discrete-time
first-order model of 𝑛 agents moving in the horizontal plane
with different headings. The systems can achieve consensus
on heading via updating their heading according to their
neighbor’s heading. Jadbabaie et al. [22] used graph theory
to give an explanation. Olfati-Saber and Murray [23] showed
that the first-order consensus problems can be solved if the
topology was strongly connected. Ren and Beard [24] further
proved that the first-order consensus can be achieved if interaction graphs have a directed spanning tree. Xiao et al. [25]
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studied the general first-order consensus problems multiagent discrete-time systems with fixed topology. Several
dynamic consensus algorithms for second-order multiagent
systems and sufficient conditions for state consensus of
systems have been proposed in [26, 27]. Tian and Zhang [28]
discussed the high-order consensus of heterogeneous multiagent systems. Zheng and Wang [29] investigated finite-time
consensus problems of heterogeneous multiagent systems.
Xiao and Wang [30] have investigated the consensus problem
for high-order general nonsingular multiagent systems based
on the structure of certain high-dimensional matrices. Cheng
et al. [31] solved a modified consensus problems of high-order
normal multiagent systems with fixed fixed communication
topologies. Xi et al. [32] studied the consensus problems for
general high-order LTI multiagent systems which have timevarying consensus function.
Recently, more attention has been paid to the consensus
problem for the singular multiagent systems. It is well known
that singular systems can better describe physical systems
than normal ones (see [33]). When there are algebraic constraints among coordinated variables or when coordinated
variables include both fast variation components and slow
variation components, each agent can only be modeled as
a singular system rather than a normal one. One typical
example is three-link manipulator show in [34], which can
be used to clean the facade of a very large building. Another
example is multiagent supporting systems in earthquake
damage-preventing buildings, water-floating plants, largediameter parabolic antennae, or telescopes. As shown in
[35], a MASS can only be describe by a singular multiagent
system if it consists of a lot of independent blocks and
each block is supported by several pillars. Xi et al. (see
[35–37]) addressed consensus problems of high-order singular multiagent systems via linear matrix inequality (LMI)
constrains and matrix equality constraints. Yang et al. (see
[34]) studied consensus problems for singular multiagent
systems with output feedback consensus protocols. Zhou
et al. [21] analyzed the stability of switched linear singular
systems. These study transformed singular system into two
restricted equivalent subsystems: slow subsystem and quick
subsystem, which is complicated. The current paper uses
the Drazin inverse theory to analyze the singular multiagent
systems which can easily extend the normal system results to
singular system. The Drazin inverse theorem which is a kind
of generalized inverse was firstly presented by Drazin (see
[38, 39]). Campbell et al. (see [40, 41]) used the Drazin inverse
to give the solutions of singular system. More knowledge
about the Drazin inverse readers can get from [41–44].
Compared with the existing works related to consensus,
the current paper is characterized with the following novel
features. First the current paper focuses on swarm stability
problem of high-order singular multiagent systems; our
results show that consensus achievement is a specific case
of swarm stability, which will be called asymptotic swarm
stability. Second the main contribution of this paper is the
presentation of necessary and sufficient conditions for the
swarm stability of LTI singular systems with a general highorder model. The model in [34, 35] can be seen as special case
of our results. By far, most of the linear high-order swarm
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system models studied by other scholars on consensus problems are more restrictive than the one in the current paper.
Third some necessary and sufficient conditions based on the
firstly utilization of the Drazin inverse theory to analyze the
singular multiagent system are given, and a tool is presented
to analyze the singular multiagent systems as well as the
nonsingular systems. When index of the Drazin inverse is
zero, these results (see [18, 32, 35, 45]) in normal system are
actually the current paper’s corollary. The initial condition
with nonadmissible bounded value is illustrated.
This paper is organised as follows. In Section 2, some
basic lemmas and problem descriptions are introduced. In
Section 3, the swarm stability problem and the LTI singular
swarm system model are described. In Section 4, a necessary
and sufficient condition for swarm stability is expounded.
Section 4 provides a necessary and sufficient condition for
asymptotic swarm stability. Some numerical simulations are
discussed in Section 5. Finally, Section 6 concludes this paper.

2. Preliminaries and Problem Descriptions
2.1. Some Lemmas and Definitions
Definition 1 (see [33]). For any given two matrices 𝐸, 𝐴 ∈
R𝑛×𝑛 , (𝐸, 𝐴) is called regular if there exists a constant scalar
𝛼 ∈ C such that det(𝛼𝐸 + 𝐴) ≠
0.
Lemma 2 (see [33]). For any given two matrices 𝐸, 𝐴 ∈ R𝑛×𝑛 ,
(𝐸, 𝐴) is regular if and only if there exist two nonsingular
matrices 𝑄, 𝑃 ∈ R𝑛×𝑛 such that
𝑄𝐸𝑃 = diag {𝐼𝑛1 , 𝑁} ,

𝑄𝐴𝑃 = diag {𝐴 1 , 𝐼𝑛2 } ,

(1)

where 𝑛1 + 𝑛2 = 𝑛, 𝐴 1 ∈ R𝑛1 ×𝑛1 , 𝑁 ∈ R𝑛2 ×𝑛2 is nilpotent.
̇ =
Lemma 3 (see [33]). For the regular singular system 𝐸𝑥(𝑡)
𝑛×𝑛
𝑛×𝑑
𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) with 𝐸, 𝐴 ∈ R and 𝐵 ∈ R ,
(1) the system (𝐸, 𝐴, 𝐵) does not have impulse-modes
called system impulse-free if and only if rank[ 𝐴𝐸 𝐸0 ] =
𝑛 + rank(𝐸) or deg det (𝑠𝐸 − 𝐴) = rank(𝐸),
(2) the system (𝐸, 𝐴, 𝐵) is impulse controllable if and only
if rank [ 𝐴𝐸 𝐸0 𝐵0 ] = 𝑛 + rank(𝐸).
Definition 4 (see [40]). Let 𝐴 ∈ C𝑛×𝑛 , where the index of 𝐴
is the smallest nonnegative integer 𝑘 such that rank(𝐴𝑘+1 ) =
rank(𝐴𝑘 ) is denoted by Ind(𝐴). For a square matrix 𝐴, the
unique matrix 𝑋 satisfying the following relations
𝑋𝐴𝑋 = 𝑋,

𝐴𝑋 = 𝑋𝐴,

𝐴𝑘+1 𝑋 = 𝐴𝑘

(2)

is called the Drazin inverse of 𝐴 and denoted by 𝑋 = 𝐴𝐷.
Particularly, when Ind(𝐴) = 0, the matrix 𝑋 is 𝐴−1 .
Some Drazin inverse lemmas will be introduced.
Lemma 5 (see [46]). If Index(𝐴) = 𝑘, rank(𝐴𝑘 ) = 𝑟 and 𝑃,
𝑄, and 𝐶 are invertible, 𝑁 is nilpotent of index 𝑘, the Drazin
inverse of 𝐵 is 𝐵𝐷, and the Drazin inverse of 𝐴 is 𝐴𝐷, then
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𝐷

(1) (𝑄𝐴𝑄−1 ) = 𝑄𝐴𝐷𝑄−1 ,

Lemma 7. If 𝐸 is a nonsingular matrix in Lemma 6, suppose
̃ = (𝛼𝐸 + 𝐴)−1 𝐴. Then
that 𝐸̃ = (𝛼𝐸 + 𝐴)−1 𝐸, 𝐴

(2) (𝐴 ⊗ 𝐵)𝐷 = 𝐴𝐷 ⊗ 𝐵𝐷,

𝐷

̃ = 𝐸−1 (𝛼𝐸 + 𝐴) ,
(𝐸)

(3) if 𝐴 have a Jordan canonical form 𝐴 = 𝑃 [ 𝐶0 𝑁0 ] 𝑃−1 ,
then the Drazin inverse can be computed as
𝐴𝐷 = 𝑃 [

−1

𝐶
0

0 −1
]𝑃 .
0

Lemma 6. For any given 𝐸, 𝐴 ∈ R and if (𝐸, 𝐴) is regular,
̃ = (𝛼𝐸 + 𝐴)−1 𝐴. There exist two
let 𝐸̃ = (𝛼𝐸 + 𝐴)−1 𝐸 and 𝐴
nonsingular matrices 𝑄, 𝑃 ∈ R𝑛×𝑛 , such that

𝐷

̃ 𝐴
̃= 𝑃[
(𝐸)

𝑂𝑛2

𝐴1

̃ 𝐷𝐸̃ = 𝑃 [𝐼𝑛1
(𝐸)

̂𝐷 𝐵𝑡
̂

̂𝐷𝑒−𝐴̂
+𝐴

] 𝑃−1 = (𝑃 [

𝐼𝑛1

𝑂𝑛2

] 𝑄) 𝐴,

(4)

𝐸̃ = (𝛼𝐸 + 𝐴)−1 𝐸

=𝑃

−1

(𝛼𝑁 + 𝐼𝑛2 )

−1

] 𝑄𝑄−1 [𝐼𝑛1
]

−1

[

̃ = 𝑃[
(𝐸)

𝛼𝐼𝑛1 + 𝐴 1

−1

(𝛼𝑁 + 𝐼𝑛2 ) 𝑁

= 𝑃[

𝐼𝑛1

= 𝑃[

𝐼𝑛1

𝑂𝑛2
𝑂𝑛2

𝑂𝑛2

]𝑃

] 𝑄𝑄−1 [

̂𝐷 𝐵𝑠
̂

0

𝑓̂ (𝑠) 𝑑𝑠

(8)

𝑘−1

𝑁

] 𝑃−1

(5)

−1

𝛼𝐼𝑛1 + 𝐴 1

] 𝑄 (𝛼𝐸 + 𝐴) ,

and the other results are easily to get.

𝛼𝑁 + 𝐼𝑛2

(1) 𝐿 at least has a zero eigenvalue and 1𝑛 is the associated
eigenvector, that is, 𝐿1𝑛 = 0,
(2) if graph 𝐺 has a spanning tree, then 0 is a simple
eigenvalue of 𝐿, and all the other 𝑛 − 1 eigenvalues have
positive real parts.

] 𝑃−1
]

A directed weighted graph 𝐺 consists of a note set 𝑉(𝐺) =
{V1 , V2 , . . . , V𝑛 } and an edge set 𝐸(𝐺) ⊆ {(V𝑖 , V𝑗 ) : V𝑖 , V𝑗 ∈
𝑉(𝐺)}, an adjacency matrix of graph 𝐺 is defined by 𝑊 =
[𝑤𝑖𝑗 ] ∈ R𝑛×𝑛 , and 𝑤𝑖𝑗 is weight of (V𝑖 , V𝑗 ), (V𝑖 , V𝑗 ) ∈ 𝐸(𝐺) if
only if 𝑤𝑖𝑗 > 0. Moreover, it is supposed that 𝑤𝑖𝑗 = 0 for
all 𝑖 ∈ {1, 2, . . . , 𝑛}. The set of neighbors of V𝑖 is denoted by
𝑁𝑖 = {V𝑗 ∈ 𝑉(𝐺) : (V𝑖 , V𝑗 ) ∈ 𝐸(𝐺)}. The Laplacian matrix of
graph 𝐺 is defied as 𝐿 = 𝐷 − 𝑊, where 𝐷 is the in-degree
matrix of 𝐺. A directed weighted graph having a spanning
tree means that there exists at least one node having a directed
path to all other nodes.
Lemma 9 (see [24]). Let 𝐿 ∈ R𝑛×𝑛 be the Laplacian matrix of
a directed graph 𝐺 and 1𝑛 = [1, 1, . . . , 1]𝑇 ∈ R𝑛 . Then

for (𝛼𝑁 + 𝐼𝑛2 )−1 𝑁 is nilpotent, and with Lemma 5 we can get
𝐷

𝑡

∫ 𝑒𝐴

𝑛=0

] 𝑃−1

Proof. For (𝐸, 𝐴) is regular, by Lemma 2, there exist two
nonsingular matrices 𝑄, 𝑃 ∈ R𝑛×𝑛 ; we can get 𝐸 =
𝑄−1 diag{𝐼𝑛1 , 𝑁}𝑃−1 , 𝐴 = 𝑄−1 diag{𝐴 1 , 𝐼𝑛2 }𝑃−1 , where 𝐴 1 ∈
R𝑛1 ×𝑛1 , 𝑁 ∈ R𝑛2 ×𝑛2 , and 𝑛1 + 𝑛2 = 𝑛, 𝑁 is nilpotent matrix.
We get that

[(𝛼𝐼𝑛1 + 𝐴 1 )

𝐵𝑡

̂𝐷𝐴)
̂ ∑ (−1)𝑛 (𝐴
̂𝐷𝑓̂(𝑛) (𝑡) .
̂𝐵̂𝐷)𝑛 𝐴
+ (𝐼 − 𝐴

with 𝐴 1 ∈ R𝑛1 ×𝑛1 , 𝑛1 + 𝑛2 = 𝑛, 𝛼 ∈ C is a constant scalar, and
𝑂𝑛2 is a zero matrix.

(𝛼𝐼 + 𝐴 1 )
= 𝑃 [ 𝑛1
[

̂𝐷𝐴𝑥
̂ (0)
𝐴
𝐷̂

𝑂𝑛2
𝑂𝑛2

̇ +
Lemma 8 (see [39]). For 𝐴, 𝐵 ∈ R𝑛×𝑛 , regular system 𝐴𝑥(𝑡)
𝐵𝑥(𝑡) = 𝑓(𝑡) has unique solutions for admissible conditions.
̂ = (𝛼𝐴+𝐵)−1 𝐴, 𝐵̂ = (𝛼𝐴+𝐵)−1 𝐵,
Let 𝛼 be a number such that 𝐴
−1
̂
̂ Then
𝑓(𝑡) = (𝛼𝐴 + 𝐵) 𝑓(𝑡), and 𝑘 = Ind(𝐴).
𝑥 (𝑡) = 𝑒−𝐴

] 𝑄 (𝛼𝐸 + 𝐴) ,

(7)

̃ 𝐷𝐸̃ = 𝐼.
(𝐸)

(3)

𝑛×𝑛

̃ 𝐷 = 𝑃 [𝐼𝑛1
(𝐸)

̃ = 𝐸−1 𝐴,
̃ 𝐷𝐴
(𝐸)

] 𝑃−1 (6)

2.2. Description of Singular Multiagent
Continuous-Time Systems
Assumption 10. The systems which the current paper studies
are regular and impulse-free.
The regularity condition could guarantee that the system
has a unique solution. The regularity condition is deemed as
a kind of singular system (see [33]). If the continuous-time
system has strong impulse modes, the impulse may stop the
system from working or even destroy it. Readers can get the
example from [47].
This section introduces our multiagent model. Suppose
that the multiagent system consists of 𝑛 autonomous agents,
labeled 𝑖 through 𝑛, and all these agents share a common state
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space R𝑚 . Let 𝑥𝑖 (𝑡) denote the state of agent 𝑖, 𝑖 ∈ {1, 2, . . . , 𝑛},
𝑇
and let 𝑥(𝑡) = [𝑥1𝑇 (𝑡), 𝑥2𝑇 (𝑡), . . . , 𝑥𝑛𝑇 (𝑡)] . We say that 𝑖th and
𝑗th agents on a network agree if and only if 𝑥𝑖 (𝑡) = 𝑥𝑗 (𝑡) and
that the agents on a network reached a consensus if and only if
𝑗 [23]. Whenever the
𝑥𝑖 (𝑡) = 𝑥𝑗 (𝑡) for all 𝑖, 𝑗 ∈ {1, 2, . . . , 𝑛}, 𝑖 ≠
agents of a network are all in agreement, the common value
of all agents is called group decision or consensus state.
Now we take a typical example, and we also consider the
dynamics of the 𝑛 agents where the communication topology
is represented by 𝐺 and each vertex corresponds to an agent.
Suppose that these agents are with the following dynamics:
𝐸𝑥𝑖̇(𝑡) = 𝐴𝑥𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡)

(9)

and system with state feedback:
𝐸𝑥𝑖̇(𝑡) = 𝐴𝑥𝑖 (𝑡) + 𝐵𝐾1 𝑥𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡) ,

(10)

where 𝐸 ∈ R𝑚×𝑚 , 𝐴 ∈ R𝑚×𝑚 , 𝐵 ∈ R𝑚×𝑑 , and 𝐾1 ∈ R𝑑×𝑚 . As
we can see when system with state feedback is actually special
case of system (9) for 𝐸𝑥𝑖̇(𝑡) = (𝐴 + 𝐵𝐾1 )𝑥𝑖 (𝑡) + 𝐵𝑢𝑖 (𝑡) with
rank(𝐸) = 𝑐 ≤ 𝑚 and 𝑢𝑖 (𝑡) is the consensus protocol which
is designed according to the information available to agent 𝑖,
the following consensus protocol is applied:
𝑢𝑖 (𝑡) = 𝐾2 ∑ 𝑤𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) ,
𝑗∈𝑛𝑖

(11)

where 𝑖 ∈ {1, 2, . . . , 𝑛}, 𝐾1 , 𝐾2 ∈ R𝑑×𝑚 . Let 𝑥(𝑡) = [𝑥1𝑇 (𝑡),
𝑥2𝑇 (𝑡), . . . , 𝑥𝑛𝑇 (𝑡)]𝑇 , and let 𝐿 be the Laplacian matrix of graph
𝐺. Then the dynamics of a singular swarm system with 𝑛
agents can be described by
(𝐼𝑛 ⊗ 𝐸) 𝑥̇(𝑡) = 𝐻𝑥 (𝑡) = (𝐼𝑛 ⊗ 𝐴 − 𝐿 ⊗ 𝐵𝐾2 ) 𝑥 (𝑡) .

(12)

For the Laplacian matrix 𝐿 ∈ R𝑛×𝑛 of the interaction
topology 𝐺, there exists a nonsingular matrix 𝑈 ∈ C𝑛×𝑛 such
that 𝑈−1 𝐿𝑈 = 𝐽𝐿 where 𝐽𝐿 is a Jordan canonical form of 𝐿. Let
𝐻
𝐻
𝐻
−1
𝑥(𝑡) = (𝑥𝐻
⊗ 𝐼𝑛 )𝑥(𝑡), where 𝐼𝑛
1 (𝑡), 𝑥2 (𝑡), . . . , 𝑥𝑛 (𝑡)) = (𝑈
is identity matrix. Let 𝐻𝜆 𝑖 = 𝐴 − 𝜆 𝑖 𝐵𝐾2 , 𝑖 ∈ {1, 2, . . . , 𝑛}. Then
by Lemma 20 system, (12) can be transformed in to
̂𝑥̃ (𝑡) = (𝐼𝑛 ⊗ 𝐴 − 𝐽𝐿 ⊗ 𝐵𝐾2 ) 𝑥̃ (𝑡)
̃̇(𝑡) = 𝐻
(𝐼𝑛 ⊗ 𝐸) 𝑥
𝐻𝜆 1 ∗
[
𝐻𝜆 2 ∗
[
[
d d
= [
[
𝐻𝜆 𝑛−1
[

]
]
] 𝑥̃ (𝑡) ,
]
∗ ]
𝐻𝜆 𝑛 ]

Define the auxiliary vectors 𝜂𝑖 (𝑡) = ∑𝑗∈𝑛𝑖 𝑤𝑖𝑗 (𝑥𝑖 (𝑡) −
𝑥𝑗 (𝑡)) (𝑖 ∈ {1, 2, . . . , 𝑛}) and the stack of them as 𝜂(𝑡) =
[𝜂1𝑇 (𝑡), 𝜂2𝑇 (𝑡), . . . , 𝜂𝑛𝑇 (𝑡)]𝑇 . It follows that
𝜂 = (𝐿 ⊗ 𝐼𝑚 ) 𝑥 (𝑡) .
As a result of (15) and 𝑥(𝑡) = (𝑈−1 ⊗ 𝐼𝑛 )𝑥(𝑡),
(𝑈−1 ⊗ 𝐼𝑛 ) 𝜂 = (𝑈−1 ⊗ 𝐼𝑛 ) (𝐿 ⊗ 𝐼𝑚 ) 𝑥 (𝑡) = (𝑈−1 𝐿 ⊗ 𝐼𝑚 ) 𝑥 (𝑡)
= (𝑈−1 𝐿 ⊗ 𝐼𝑚 ) (𝑈 ⊗ 𝐼𝑛 ) 𝑥 (𝑡) = (𝐽 ⊗ 𝐼𝑛 ) 𝑥 (𝑡) .
(16)
For the system (9), we said that the system is stable
like the normal linear system case; when studying stability
of singular linear systems, we need only to consider the
following homogeneous equation:
𝐸𝑥𝑖̇(𝑡) = 𝐴𝑥𝑖 (𝑡) ,

where ∗ denotes a block in R𝑚×𝑚 that may either be −𝐵𝐾2 or
0.
Definition 11 (out stability). For an LTI singular system

(17)

where 𝐸 ∈ R𝑚×𝑚 , 𝐴 ∈ R𝑚×𝑚 , 𝐵 ∈ R𝑚×𝑑 , with rank(𝐸) = 𝑐 ≤
𝑚, and 𝑥𝑖 (0) is the admissible initial condition.
System (17) satisfies the regularity condition, and there
exists a scalar 𝛼 such that det(𝛼𝐸 + 𝐴) ≠
0. The system (17)
can be transformed into the equivalent system
̃ (𝑡) ,
𝐸̃𝑥̇(𝑡) = 𝐴𝑥

(18)

̃ = (𝛼𝐸 + 𝐴)−1 𝐴. The regularity
where 𝐸̃ = (𝛼𝐸 + 𝐴)−1 𝐸, 𝐴
condition assures that the system (17) has solution (see [33])
̃ 𝐷
̃𝐷 𝐴𝑡
̃ ̃

𝑥 (𝑡) = 𝑒𝐸

𝐸 𝐸𝑥 (0)

(19)

and 𝑥(0) is admissible initial condition.
By Lemmas 2 and 6, there exist two nonsingular matrices
𝑄, 𝑃 ∈ R𝑚𝑛×𝑚𝑛 ; we can get
[

𝑥 (𝑡) = 𝑃𝑒

= 𝑃[
(13)

(15)

𝐴1

𝑂𝑛2 ]𝑡

𝑒𝐴 1 𝑡

[

𝑂𝑛2

𝐼𝑛1

𝑂𝑛2

] 𝑃−1 𝑥 (0)
(20)

−1

] 𝑃 𝑥 (0) ,

where 𝐴 1 ∈ R𝑛1 ×𝑛1 , 𝑛1 + 𝑛2 = 𝑛𝑚.
Remark 12. From the structure of the solution we can see that
̃ has two-part eigenvalues, eigenvalues of part 𝐴 1 and
𝐸̃𝐷𝐴
eigenvalues of part 𝑂𝑛2 . Eigenvalues of part 𝐴 1 are effective
eigenvalues. In this current paper slow subsystem eigenvalues
of (𝐸, 𝐴) represent eigenvalues of part 𝐴 1 . Let (𝐸, 𝐴) represent
̃
𝐸̃𝐷𝐴.

(14)

Definition 13 (see [48]). Consider the system (17) or the
matrix pair (𝐸, 𝐴) where 𝐸 ∈ R𝑚×𝑚 , 𝐴 ∈ R𝑚×𝑚 .

suppose that, for ∀𝜀 > 0, ∃𝛿(𝜀) > 0 s.t. ‖𝑦(𝑡)‖ < 𝜀 (𝑡 > 0) as
‖𝑦(0)‖ < 𝛿(𝜀). Then the system is said to be output stable
with respect to 𝑦.

(1) A pole of the system, or a finite eigenvalue of the
matrix pair (𝐸, 𝐴), is called stable if it has negative real
part, is called critically stable if it has zero real part,
and is called unstable if it has positive real part.

𝐸𝑥̇= 𝐴𝑥,
𝑦 = 𝐶𝑥,
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(2) The matrix pair (𝐸, 𝐴) is called stable if it has only
stable finite eigenvalues, is called critically stable if it
has critical finite eigenvalues but not unstable ones,
and is called unstable if it has unstable finite eigenvalues.
Remark 14. For a clear expression, the LTI singular systems
is said to be stable if 0 is a stable equilibrium point of this
system.
Definition 15 (swarm stability). Consider LTI singular multiagent systems with 𝑛 agents and 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ∈ R𝑚 as
the agent states. The system is said to be swarm stable if
for ∀𝜀 > 0, ∃𝛿(𝜀) > 0 s.t. ‖𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)‖ < 𝜀 (𝑡 > 0) as
‖𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)‖ < 𝛿(𝜀) (∀𝑖, 𝑗 ∈ {1, 2, . . . , 𝑛}).
Definition 16 (asymptotically swarm stability). Consider that
LTI singular multiagent systems achieve full state consensus,
that is. for ∀𝜀 > 0, ∃𝑇 > 0 s.t. when 𝑡 > 𝑇, ‖𝑥𝑖 (𝑡) −
𝑥𝑗 (𝑡)‖ < 𝜀 (∀𝑖, 𝑗 ∈ {1, 2, . . . , 𝑛}). Then it is said to be
asymptotically swarm stable.
The swarm stability discussed in this paper is LTI singular
systems, and the definition of swarm stability and asymptotic
swarm stability seem similar to [18]; however, they are
actually different. The current paper focuses on the more
general cases which is LTI singular systems. As well known
for the system (10), when rank(𝐸) = 𝑚 the normal systems
are actually spacial cases of the system (10).
Besides consensus achievement, some phenomena investigated by the researchers, for example, flocking and formation keeping, also require a system to be swarm stable. A
bird flock, vehicle platoon, or robot crew may navigate to
anywhere, but the distances among its members should not
go unbounded. The states of agents in a swarm stable system
might still oscillate or even diverge. Swarm stability is a kind
of nonequilibrium stability [18].

3. Swarm Stability
The major purpose of this section is to present a necessary and
sufficient condition for the swarm stability of high-order LTI
singular swarm systems. For this end, several preparations are
needed.
Lemma 17. For multiagent systems (9), if it is asymptotically
swarm stable, then as 𝑡 → ∞, the trajectory of each agent
satisfies 𝐸𝜉 ̇− 𝐴𝜉 → 0.
Proof. Without loss of generality, consider an agent 𝑖.
The difference between 𝐸𝑥𝑖̇ and 𝐴𝑥𝑖 is 𝐸𝑥𝑖̇ − 𝐴𝑥𝑖 =
𝐵𝐾2 ∑𝑗∈𝑁𝑖 𝑤𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ). Since the system is asymptotically
swarm stable, lim𝑡 → ∞ (𝑥𝑗 − 𝑥𝑖 ) = 0(𝑗 ∈ {1, 2, . . . , 𝑛}) and
lim𝑡 → ∞ 𝐵𝐾2 ∑𝑗∈𝑁𝑖 𝑤𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) = 0. Thus, as 𝑡 → ∞, the
difference (𝐸𝑥𝑖̇− 𝐴𝑥𝑖 ) → 0.
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is asymptotically swarm stable if and only if it is asymptotically
stable and the limit of all agents state that is the consensus state,
is zero.
Proof. For the LTI singular systems (9), like the normal linear
system case, when studying stability of singular linear systems, we need only to consider the following homogeneous
equation:
𝐸𝑥𝑖̇= 𝐴𝑥𝑖

(21)

for 𝑖 ∈ {1, 2, . . . , 𝑛}. The regularity condition assures that the
system (9), by the Lemma 8 we can get
̃ ̃
̃ 𝑖 (0)
𝑥𝑖 (𝑡) = 𝑒𝐸 𝐴 𝐸̃𝐷𝐸𝑥
𝐷

(22)

̃ = (𝛼𝐸 + 𝐴)−1 𝐴, 𝑥𝑖 (0) is the
with 𝐸̃ = (𝛼𝐸 + 𝐴)−1 𝐸 and 𝐴
admissible initial condition. As we can see that each slow
subsystem eigenvalue of (𝐸, 𝐴) has negative real part, the limit
̃𝐷 ̃
̃
= 0, so the consensus
lim𝑡 → ∞ 𝑥𝑖 (𝑡) = lim𝑡 → ∞ 𝑒𝐸 𝐴𝐸̃𝐷𝐸𝑥(0)
state, is zero and it is asymptotically stable with Lemma 17
from which we can get the results.
Corollary 19. For singular multi agent system (9), the system
is asymptotically swarm stable and the consensus state is not
zero. Then not each slow subsystem eigenvalues of (𝐸, 𝐴) has
negative real part.
From the proof of Corollary 18, we can easily get the
results.
Lemma 20. For LTI singular multi agent system (9), if (𝐸, 𝐴) is
stable, then swarm stability of the system is equivalent to stable.
Proof. Suppose that the system is swarm stable. If ‖𝑥𝑖 (0)‖ <
𝛿/2 (𝑖 ∈ {1, 2, . . . , 𝑛}), then ‖𝑥𝑖 (0) − 𝑥𝑗 (0)‖ < 𝛿 (𝑖, 𝑗 ∈
{1, 2, . . . , 𝑛}). Owning to the swarm stability, for ∀𝜀 > 0, ∃𝛿(𝜀)
s.t. ‖𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)‖ < 𝜀 (𝑗 ∈ {1, 2, . . . , 𝑛}) as ‖𝑥𝑖 (0)‖ < 𝛿/2
(𝑖 ∈ {1, 2, . . . , 𝑛}). 𝜀 can be arbitrarily small if with proper
𝛿. Let 𝜀 → 0. According to the similar idea in the proof of
̇
Lemma 17, the motion of each agent can satisfy 𝐸𝜉−𝐴𝜉
→ 0.
Assume that the swarm system is unstable. Then the agent
states may diverge since the system is LTI. This contradicts
the fact that (𝐸, 𝐴) is stable. Thus, the multi agent system must
be stable.
Suppose that the system is stable. Assume that the system
is swarm unstable. There may exist a pair of agents 𝑖 and 𝑗
with (𝑥𝑖 − 𝑥𝑗 ) → ∞ as 𝑡 → ∞. This implicates that at least
the state of one agent goes unbounded. The assumption contradicts the fact that the system is stable. Thus, the system is
swarm stable.

Lemma 17 naturally leads to the following two corollaries.

Lemma 21. If the graph 𝐺 includes a spanning tree, then a
necessary and sufficient condition for the swarm stability of the
singular system is that it is output stable with respect to 𝜂.

Corollary 18. For multiagent System (9), if each slow subsystem eigenvalue of (𝐸, 𝐴) has negative real part, then the system

Proof. Owing to the definition of 𝜂 the system is output stable
with respect to 𝜂 if it is swarm stable. According to Lemma 20,
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if the graph 𝐺 includes a spanning tree, then there exists certain nonsingular matrix 𝑃 ∈ R𝑛×𝑛 s.t.
1 −1 0
[0 1 d d
]
[
]
[
𝑃𝐿 = Γ = [ d d −1 0 ]
],
[
0 1 −1]
[∗ ∗ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ∗ ]

(23)

where the first 𝑛 − 1 rows in Γ form a basis for the row space
of 𝐿 and ∗ can be any value. Thus, (15) can be transformed
into (𝑃 ⊗ 𝐼𝑑 )𝜂 = (Γ ⊗ 𝐼𝑑 )𝑥. All the vectors 𝑥1 − 𝑥2 , 𝑥2 −
𝑥3 , . . . , 𝑥𝑛−1 −𝑥𝑛 are dependent on 𝜂. The value of any ‖𝑥𝑖 −𝑥𝑗 ‖
(𝑖, 𝑗 ∈ {1, 2, . . . , 𝑛}) can be arbitrarily small if 𝜂 is sufficiently
close to zero. Therefore, the system is swarm stable if it is
output stable with respect to 𝜂.
This section will establish some necessary and sufficient
conditions guaranteeing that the system has a consensus
property.
Theorem 22. For swarm system (9) with 𝜆 1 = 0, 𝜆 2 , . . . , 𝜆 𝑛 ∈
C as the eigenvalues of 𝐿(𝐺), if (𝐸, 𝐴) is unstable, the system is
swarm stable if and only if both (1) and (2) below are true:
(1) 𝐺 includes a spanning tree;
0), are stable. Besides, if,
(2) all the (𝐸, 𝐴 − 𝜆 𝑖 𝐵𝐾2 ), (𝜆 𝑖 ≠
for some 𝑖, (𝐸, 𝐴 − 𝜆 𝑖 𝐵𝐾2 ) is critically stable and 𝐿 is
not diagonalisable, each submatrix in (𝐼𝑛 ⊗ 𝐸, 𝐼𝑛 ⊗ 𝐴 −
𝐽 ⊗ 𝐵𝐾2 ) corresponding to a Jordan block of 𝜆 𝑖 which
has the form
𝐸

([

𝐸

[

d

],

[

(𝐸, 𝐴) Is Stable. According to Lemma 20, the swarm stability
of the system is equivalent to the asymptotically sta-bility of
(10). One can draw the conclusion that (10) is stable if and
only if Condition (2) is true by considering the structure of
(13).
Remark 23. For system (9), if Index(𝐸) = 0, the results in
[18] is a special case of the Theorem 22.
Corollary 24. For swarm system (10) with 𝜆 1 = 0, 𝜆 2 , . . . ,
𝜆 𝑛 ∈ C as the eigenvalues of 𝐿(𝐺), if (𝐸, 𝐴 + 𝐵𝐾1 ) is unstable,
the system is swarm stable if and only if both (1) and (2) below
are true:
(1) 𝐺 includes a spanning tree;
0, are stable. Besides,
(2) all the (𝐸, 𝐴 + 𝐵𝐾1 − 𝜆 𝑖 𝐵𝐾2 ), 𝜆 𝑖 ≠
if for some 𝑖, (𝐸, 𝐴+𝐵𝐾1 −𝜆 𝑖 𝐵𝐾2 ) is critically stable and
𝐿 is not diagonalisable, each submatrix in (𝐼𝑛 ⊗ 𝐸, 𝐼𝑛 ⊗
(𝐴 + 𝐵𝐾1 ) − 𝐽 ⊗ 𝐵𝐾2 ) corresponding to a Jordan block
of 𝜆 𝑖 which has the form
([
[

𝐸]

𝐴 − 𝜆 𝑖 𝐵𝐾2
−𝐵𝐾2
0
𝐴 − 𝜆 𝑖 𝐵𝐾2
[
[
..
[
.
[
0
⋅⋅⋅

(𝑡 → ∞). This contradicts the fact that the system is swarm
stable. Thus, Condition (1) is necessary.
Owing to Lemma 21, when condition (1) is true, swarm
stability is equivalent to that the system is output stable with
respect to 𝜂. Notice that 𝜆 2 , . . . , 𝜆 𝑛 are all nonzero. According
to the linear equation (16) and the upper triangular structure
of 𝐽, the output stability with respect to is equivalent to
the output stability with respect to 𝑥̃2 , 𝑥̃3 , . . . , 𝑥̃𝑛 . Evidently,
one can infer that condition (1) is a necessary and sufficient
condition for such an output stability by considering the
structure of (13).

0
d

(24)
0

]
]

)
d
−𝐵𝐾2 ]
]
0 𝐴 − 𝜆 𝑖 𝐵𝐾2

𝐸

𝐸

d

],

𝐸]

𝐴 + 𝐵𝐾1 − 𝜆 𝑖 𝐵𝐾2
−𝐵𝐾2
0
0
0
𝐴 + 𝐵𝐾1 − 𝜆 𝑖 𝐵𝐾2 d
]
[
..
])
[
.
d
−𝐵𝐾2
0
⋅⋅⋅
0 𝐴 + 𝐵𝐾1 − 𝜆 𝑖 𝐵𝐾2 ]
[

]

(25)

is stable.

is stable.

If (𝐸, 𝐴) is stable, then the system is swarm stable if and
only if condition (2) is true.

If (𝐸, 𝐴+𝐵𝐾1 ) is stable, then the system is swarm stable
if and only if condition (2) is true.

Proof. (𝐸, 𝐴) Is Unstable. Assume that 𝐺 does not include a
spanning tree while the system is still swarm stable. ∃𝛿(𝜀) > 0
s.t. ‖𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)‖ < 𝜀 if ‖𝑥𝑖 (0) − 𝑥𝑗 (0)‖ < 𝛿 (∀𝑖, 𝑗 ∈
{1, 2, . . . , 𝑛}). 𝐺 must contain 𝑘 ≥ 2 different subgraphs
̂1 , 𝐺
̂2 , . . . , 𝐺
̂𝑘 each receiving no information. According to
𝐺
the basic idea in the proof of Lemmas 17 and 20, 𝜀 can be
arbitrarily small if 𝛿 is small enough. Let 𝜀 → 0. Then the
̂1 can satisfy 𝐸𝜉1̇ −
motion of each agent associated with 𝐺
𝐴𝜉1 → 0, whereas the motion of each agent associated with
̂2 can satisfy 𝐸𝜉2̇− 𝐴𝜉2 → 0. As 𝜉1 and 𝜉2 are independent,
𝐺
𝐸𝜉1̇− 𝐸𝜉2̇− 𝐴(𝜉1 − 𝜉2 ) → 0. Since (𝐸, 𝐴) is unstable and the
𝜉2 (0) s.t. 𝜉1 (𝑡) − 𝜉2 (𝑡) → ∞
system is LTI, there exist 𝜉1 (0) ≠

The proof is the same as that Theorem 22.

4. Asymptotic Swarm Stability
Theorem 25. For swarm system (9) with 𝜆 1 = 0, 𝜆 2 , . . . , 𝜆 𝑛 ∈
C as the eigenvalues of the Laplacian matrix 𝐿(𝐺), if not each
slow subsystem eigenvalues of (𝐸, 𝐴) has negative real part, the
system is asymptotically swarm stable if and only if both (1) and
(2) below are true:
(1) the graph topology 𝐺 includes a spanning tree.
(2) each slow subsystem eigenvalue of (𝐸, 𝐴 − 𝜆 𝑖 𝐵𝐾2 )
0) has negative real part.
(𝜆 𝑖 ≠
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If each slow subsystem eigenvalue of (𝐸, 𝐴) has negative real
part, then the system is asymptotically swarm stable if and only
if condition (2) is true.
Proof. Part 1. Not each slow subsystem eigenvalue of (𝐸, 𝐴)
has negative real part. According to the same approach in
the proof of Theorem 22, it is easy to prove that Condition
(1) is necessary. With Condition (1), according to Lemma 20,
any vector in the null space of 𝐿 ⊗ 𝐼𝑑 is of the form 𝜙 ⊗ 𝜉
where 𝜙 = [1, 1, . . . , 1]𝑇 ∈ R𝑚 and 𝜉 ∈ R𝑚 . Therefore 𝑥1 =
𝑥2 = ⋅ ⋅ ⋅ = 𝑥𝑛 if and only if 𝜂 = 0. According to Lemma 20,
𝜆 2 , . . . , 𝜆 𝑛 are all nonzero. From the linear equation (16), one
knows that 𝜂 = 0 if and only if 𝑥̃2 = ⋅ ⋅ ⋅ = 𝑥̃𝑛 = 0 with
considering the triangular structure of 𝐽. According to (13),
𝐼𝑛 ⊗ 𝐴 − 𝐽 ⊗ 𝐵𝐾2 is a strictly upper triangular block matrix and
the stability of (10) is determined by the eigenvalues of (𝐸, 𝐴−
𝜆 𝑖 𝐵𝐾2 ). Meanwhile, the output stability of the system (9)
respect to 𝑥̃2 , 𝑥̃3 , . . . , 𝑥̃𝑛 is independent of 𝑥̃1 . Consequently,
𝑥̃2 , 𝑥̃3 , . . . , 𝑥̃𝑛 → 0 (𝑡 → ∞) if and only if each slow subsystem eigenvalue of (𝐸, 𝐴 − 𝜆 2 𝐵𝐾2 ), . . . , (𝐸, 𝐴 − 𝜆 𝑛 𝐵𝐾2 ) has
negative real part.
Part 2. Each slow subsystem eigenvalue of (𝐸, 𝐴) has negative real part. When each slow subsystem eigenvalue of
(𝐸, 𝐴) has negative real part, according to Corollary 18, the
multiagent system’s asymptotic swarm stability is equivalent
to its asymptotic stability. The stability of system (9) is equivalent to that of (10). By observing the structure of 𝐼𝑛 ⊗ 𝐴 − 𝐽 ⊗
𝐵𝐾2 in (13), it is easy to infer that (10) is asymptotically stable
if and only if condition (2) is true.
Remark 26. For system (9), if Index(𝐸) = 0, the results in
[18, 34] is a special case of Theorem 25.
Corollary 27. For swarm system (10) with 𝜆 1 = 0, 𝜆 2 , . . . ,
𝜆 𝑛 ∈ C as the eigenvalues of the Laplacian matrix 𝐿(𝐺), if not
each slow subsystem eigenvalue of (𝐸, 𝐴 + 𝐵𝐾1 ) has negative
real part, the system is asymptotically swarm stable if and only
if both (1) and (2) below are true:
(1) the graph topology 𝐺 includes a spanning tree.
(2) each slow subsystem eigenvalue of (𝐸, 𝐴+𝐵𝐾1 −𝜆 𝑖 𝐵𝐾2 )
0) has negative real part.
(𝜆 𝑖 ≠
If each slow subsystem eigenvalue of (𝐸, 𝐴 + 𝐵𝐾1 ) has negative
real part, then the system is asymptotically swarm stable if and
only if condition (2) is true.
Remark 28. For system (10), the result in [18, 32, 35] is a
special case of the Corollary 27.

5. Simulation
In this section, numerical instances will be exhibited to illustrate the theoretical results in the previous section, three
graphs 𝐺1 , 𝐺2 , and 𝐺3 .
5.1. First Example. A network with three nodes and four
edges, whose topology is shown in Figure 1, the eigenvalues

1

0.3362

0.3538

0.1947
2

3
0.2598

Figure 1: Direction interaction topology graph 𝐺1 .

5

0.2

2

0.4

4

0.4

0.3

3

0.325

0.475

1

Figure 2: Direction interaction topology graph 𝐺2 .

of the Laplacian matrices for the two graphs are 𝜆(𝐺1 ) =
{0, 0.4545, 0.69} and
0 1 0
𝐸 = [−5 2 0] ,
[ 0 1 0]
7.4197 0.152 0
𝐴 = [5.5994 3.4841 0] ,
2
1]
[ 1

(26)

1 4 0
𝐵𝐾2 = [0 7 0] .
[0 0 0 ]
In this example, (𝐸, 𝐴) is unstable with slow subsystem
eigenvalues 1 ± 2𝑖, rank(𝐸) = 2 < 3 the multiagent system
is singular multiagent system, whereas the slow subsystem
eigenvalues of (𝐸, 𝐴 + 𝜆 𝑖 𝐵𝐾2 ) (𝑖 = 2, 3) are −0.518 ± 0.917𝑖
and ±1.512𝑖. According to Theorems 22 and 25, the multiagent system is swarm stable but not asymptotically swarm
stable.
Figure 4 shows the three trajectories of the agents with
nonadmissible initial condition in the three dimension space.
The three agents diverge, while they neither escape from each
other nor achieve consensus. For clearer observation,
Figure 5 shows the three trajectories representing the relative
motion, that is, 𝑥1 − 𝑥2 , 𝑥2 − 𝑥3 and 𝑥1 − 𝑥3 . It is clear
that the relative motions are Lyapunov stable. The dots ∙
represent the nonadmissible initial condition position which
we set, and the dots ∗ is the admissible initial condition
which the system actually starts. Figure 4 indicates that
the nonadmissible initial bounded has no effect on swarm
stable if the multiagent can accept the nonadmissible initial
bounded value.
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5
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2
0.25
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0.25
1
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0.2

3

0.1
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−1.36
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0

1
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Figure 3: Direction interaction topology graph 𝐺3 .
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5.2. Second Example. For a network with five nodes and six
edges, whose topology is shown in Figure 2, the eigenvalues
of the Laplacian matrices for the two graphs are 𝜆(𝐺2 ) =
{0, 0, 0.6, 0.7, 0.8} and
0 1 0
𝐸 = [−5 2 0] ,
[ 0 0 0]
7.4197 0.152 0
𝐴 = [5.5994 3.4841 0] ,
0
1]
[ 1

(27)

1 4 0
𝐵𝐾2 = [0 7 0] .
[0 0 0]
In this example, (𝐸, 𝐴) is unstable with slow subsystem eigenvalues 1 ± 2𝑖, rank(𝐸) = 2 < 3 the multiagent system is singular swarm systems, whereas the slow subsystem eigenvalues
0) are −0.32 ± 1.1994𝑖, −0.54 ± 0.8780𝑖,
of (𝐸, 𝐴 + 𝜆 𝑖 𝐵𝐾2 ) (𝜆 𝑖 ≠
−0.76±0.1857𝑖, Although the the slow subsystem eigenvalues
0) are all with negative real parts, the
of (𝐸, 𝐴 + 𝜆 𝑖 𝐵𝐾2 ) (𝜆 𝑖 ≠
system is swarm unstable according to Theorem 22 for (𝐸, 𝐴)
is unstable and 𝐺2 includes no spanning tree. For 𝐺2 has two
subgraph, each subgraph has a spanning tree, so they depart
two groups. ∗ is the admissible initial bounded value position
(see Figure 6).
5.3. Third Example. For a network with five nodes and nine
edges, whose topology is shown in Figure 3, the eigenvalues
of the Laplacian matrices for the two graphs are 𝜆(𝐺3 ) =
{0, 0.7, 0.58, 0.6, 0.8} and
0 1 0
𝐸 = [−5 2 0] ,
[ 0 0 0]
7.4197 0.152 0
𝐴 = [5.5994 3.4841 0] ,
0
1]
[ 1

(28)

1 4 0
𝐵𝐾2 = [0 7 0] .
[0 0 0]
In this example, (𝐸, 𝐴) is unstable with slow subsystem eigenvalues 1 ± 2𝑖, rank(𝐸) = 2 < 3 the multiagent system is sin-

0
5000

0

−1000

−2000

−3000

1000

Figure 4: Trajectories of three agents in the first instance with nonadmissible bounded initial 𝑡 ∈ [0 7].

gular swarm systems, whereas the slow subsystem eigenval0) are −0.276 ± 1.2505𝑖, −0.54 ±
ues of (𝐸, 𝐴 + 𝜆 𝑖 𝐵𝐾2 ) (𝜆 𝑖 ≠
0.8780𝑖, −0.32 ± 0.1194𝑖, −0.76 ± 0.1857𝑖 although the slow
0) is unstable and the
subsystem eigenvalue of (𝐸, 𝐴) (𝜆 𝑖 ≠
system matches the condition of Theorem 25, and it is asymptotically swarm stable. Figure 7 shows the five trajectories
of the agents in the three-dimensional space. For a clear
observation Figure 8 shows the four trajectories representing
the relative motions that is 𝑥1 − 𝑥2 , 𝑥2 − 𝑥3 , 𝑥3 − 𝑥4 , 𝑥4 − 𝑥5 .
It clear that the relative motions are asymptotically swarm
stable.
5.4. Forth Example. For a network with five nodes and nine
edges, whose topology is shown in Figure 3, the eigenvalues
of the Laplacian matrices for the two graphs are 𝜆(𝐺3 ) =
{0, 0.7, 0.58, 0.6, 0.8} and
0 1 0
𝐸 = [−5 2 0] ,
[ 0 0 0]
7.4197 0.152 0
[
𝐴 = 10.5994 1.4841 0] ,
0
1]
[ 1

(29)

1 4 0
𝐵𝐾2 = [0 7 0] .
[0 0 0 ]
In this example, (𝐸, 𝐴) is critically stable with slow subsystem
eigenvalues ±2𝑖, rank(𝐸) = 2 < 3 the multiagent system
is singular swarm systems, whereas the slow subsystem
0) are −1.54 ± 0.878𝑖,
eigenvalues of (𝐸, 𝐴 + 𝜆 𝑖 𝐵𝐾2 ) (𝜆 𝑖 ≠
−1.276 ± 1.2505𝑖, −1.32 ± 1.994𝑖, −1.76 ± 0.1857𝑖 although the
0) is critically
the slow subsystem eigenvalues of (𝐸, 𝐴) (𝜆 𝑖 ≠
stable and the system matches the conditions of Theorem 25.
It is asymptotically swarm stable and they achieve consensus
with the consensus function is time varying. Figure 9 shows
the five trajectories of the agents in the three-dimensional
space. ∗ is the starting positions of agents.
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Figure 5: Relative motions in the first instance with non-admissible
bounded initial 𝑡 ∈ [0 7].
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Figure 7: Trajectories of five agents in the third instance with
admissible bounded initial 𝑡 ∈ [0 5].
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Figure 6: Trajectories of five agents in the second instance with
admissible bounded initial 𝑡 ∈ [0 3.2].
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Figure 8: Relative motions in the third instance with admissible
bounded initial 𝑡 ∈ [0 5].
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5.5. Fifth Example. For a network with three nodes and four
edges, whose topology is shown in Figure 1, the eigenvalues
of the Laplacian matrices for the two graphs are 𝜆(𝐺1 ) =
{0, 0.4545, 0.69} and
0

1

8

0

−1
[−20
[ −2
𝐵𝐾2 = [ −8
[
0
[ 0

𝐴
1.2817

0
0

0
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7
−2
−1
0
0

−5
4
8
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0
0

2 1 0

5
0
0
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0

2
2

0
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−5]
0]
,
0]
]
0
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8

4
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4
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−30
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10
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Figure 9: Trajectories of five agents in the forth instance with
admissible bounded initial 𝑡 ∈ [0 7].

−7.6558 −19.2807 −1.3580 −2.1439 −7.6522

1
6

−5

−10

[ 3.1890 −8.7816 −54.2009 −45.3840 19.6020 −4.2240]
[−11.1773 0.6922 −9.5160 −34.5783 15.7559 1.6546 ]
]
=[
[ −0.0788 1.0435 2.3770 −13.6672 1.4261 −1.7988] .
]
[
[

0

−15
−20

0 0 0
0 0 0]
4
8
−2
2
0
0

5

−10

[−5 2 6 1 1 −1]
[−2 −4 −8 8 0 0 ]
𝐸 = [−1 −2 −4 −2 2 0 ] ,
]
[
[0

10

2
5

]
(30)

In this example, (𝐸, 𝐴) is critically stable with slow subsystem
eigenvalues ±1.5773𝑖, ±3.2057𝑖, rank(𝐸) = 4 < 6 the multiagent system is singular swarm systems, whereas the slow
0) are −1.0998±
subsystem eigenvalue of (𝐸, 𝐴+𝜆 𝑖 𝐵𝐾2 ) (𝜆 𝑖 ≠
1.0758𝑖, −0.5158 ± 4.1064𝑖, −1.7073 ± 0.6370𝑖, −0.7455 ±
0) is
4.4668𝑖, the slow subsystem eigenvalues of (𝐸, 𝐴) (𝜆 𝑖 ≠
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[xi4 (t), xi5 (t), xi6 (t)], i ∈ 1, 2, 3

nonequilibrium stability. Meanwhile Simulation results for
reaching consensus are presented. From the simulation we
can get that if the agent system can accept nonadmissible
initial bounded value, the multiagent systems can be swarm
stability with any initial bounded value.
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Figure 10: Trajectories of three agent’s [𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖3 , 𝑥𝑖4 , 𝑥𝑖5 , 𝑥𝑖6 ] in
the fifth instance with admissible bounded initial.

critically stable and the system matches the conditions of
Theorem 25. It is asymptotically swarm stable and they
achieve consensus with the consensus function is time varying. Figure 10, shows the trajectories of the 𝑖th agent’s state
[𝑥𝑖1 , 𝑥𝑖2 , 𝑥𝑖3 , 𝑥𝑖4 , 𝑥𝑖5 , 𝑥𝑖6 ]𝑇 . ∗ is the starting positions of agents.

6. Conclusions
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generalized inverse theory. Consensus is regarded as a specific
type of swarm stability. The model considered in this paper is
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in the literature are specific cases of this one. A necessary
and sufficient condition for swarm stability was presented via
analyzing of the solution of the singular multiagents systems
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We propose a new Neumann series method to solve a family of local fractional Fredholm and Volterra integral equations. The
integral operator, which is used in our investigation, is of the local fractional integral operator type. Two illustrative examples show
the accuracy and the reliability of the obtained results.

1. Introduction
Many initial- and boundary-value problems associated with
ordinary differential equations (ODEs) and partial differential equations (PDEs) can be transformed into problems of
solving the corresponding approximate integral equations.
However, some initial- and boundary-value domains are fractal curves, which are everywhere continuous, but nowhere
differentiable. As a result, we cannot employ the classical
calculus, which requires that the defined functions should be
differentiable, in order to process various classes of ordinary
differential equations (ODEs) and partial differential equations (PDEs). Applications of fractional calculus, in general,
and fractional differential equations [1–10], in particular,
as well as various transport phenomena in complex and
disordered media and fractional systems, have attracted
considerable attention during the past two decades or so [11–
22].
Recently, local fractional calculus [23–40], processing
local fractional continuous non-differential functions, was
successfully applied to model the stress-strain relation in

fractal elasticity [26, 27], fractal release equation [32], wave
equations on Cantor sets [34], fractal heat equation [34],
diffusion equation arising in discontinuous heat transfer in
fractal media [35], Laplace equation within local fractional
operators [36], Schrödinger equation in fractal time-space
[37], damped wave equation and dissipative wave equation
in fractal strings [38], heat-conduction equation on Cantor
sets without heat generation in fractal media [39], and so on.
There are some analytical and numerical methods for solving
local fractional ODEs and PDEs, such as fractional complex
transform method with local fractional operator [35], local
fractional variational iteration method [37], Cantor-type
cylindrical-coordinate method [38], local fractional Fourier
series method [39], local fractional series expansion method
[40], Fourier and Laplace transforms with local fractional
operator [39], and reference therein.
The Neumann series method was applied to solve the
integral equations [41, 42]. Recently, the fractional Neumann
series method was considered in [43, 44]. This paper focuses
on a new Neumann series method for solving the local
fractional Fredholm and Volterra integral equation being
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here facts in mind. This paper is structured as follows.
Section 2 introduces the notations and the basic concepts.
Section 3 is devoted to a new Neumann series method via
local fractional integral operator. Two illustrative examples
are explained in Section 4. Finally, conclusions are reported
in Section 5.

For any 𝑥 ∈ (𝑎, 𝑏), we have [34]
(𝛼)
𝑎 𝐼𝑥 𝑓 (𝑥) ,

(8)

𝑓 (𝑥) ∈ 𝐼𝑥(𝛼) (𝑎, 𝑏) .

(9)

denoted by
If 𝑓(𝑥) ∈ 𝐼𝑥(𝛼) (𝑎, 𝑏), then we have [34]

2. Preliminaries

𝑓 (𝑥) ∈ 𝐶𝛼 (𝑎, 𝑏) .

In order to investigate the local fractional continuity of nondifferential functions, we suggest the result derived from
fractal geometry [34, 39].
Let 𝑓(𝑥) be local fractional continuous on interval (𝑎, 𝑏);
then we write [34, 35]
𝑓 (𝑥) ∈ 𝐶𝛼 (𝑎, 𝑏) .

(1)

If 𝑓 : (𝐹, 𝑑) → (Ω , 𝑑 ) is a bi-Lipschitz mapping, then
𝜌𝑠 𝐻𝑠 (𝐹) ≤ 𝐻𝑠 (𝑓 (𝐹)) ≤ 𝜏𝑠 𝐻𝑠 (𝐹) ,

(2)

which leads to

𝛼 

𝛼

𝜌𝛼 𝑥1 − 𝑥2  ≤ 𝑓 (𝑥1 ) − 𝑓 (𝑥2 ) ≤ 𝜏𝛼 𝑥1 − 𝑥2  ,

(3)

so that


𝛼
𝑓 (𝑥1 ) − 𝑓 (𝑥2 ) < 𝜀 ,

𝛾𝛼 [𝐹, 𝑎, 𝑏] =

3. A New Neumann Series Method to
Deal with the Local Fractional Fredholm
and Volterra Integral Equations
In this section, we consider a new Neumann series method
to process the local fractional Fredholm and Volterra integral
equations.
A new Neumann series method to deal with the local fractional Fredholm integral equation is written in the following
form:

(4)

𝑏
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑢 (𝑡) (𝑑𝑡)𝛼 .
Γ (1 + 𝛼) 𝑎

(5)

(11)

It is obtained if we set
𝑢0 (𝑥) = 𝑓 (𝑥) ,

(12)

such that
𝑏
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑢0 (𝑡) (𝑑𝑡)𝛼
Γ (1 + 𝛼) 𝑎
= 𝑓 (𝑥) + 𝜆𝛼 𝜓1 (𝑥) ,

𝑢1 (𝑥) = 𝑢0 (𝑥) +

𝛼

𝐻 (𝐹 ∩ (𝑎, 𝑏))
,
Γ (1 + 𝛼)

For detailed content of fractal geometrical explanation of
local fractional integral, we can see [34, 35]. Some properties
of local fractional integral operator were suggested in (A.1)–
(A.5).

𝑢 (𝑥) = 𝑓 (𝑥) +

where 𝜌, 𝜏 > 0 and 𝑥1 , 𝑥2 ∈ 𝐹.
The result deduced from fractal geometry is related to
fractal coarse-grained mass function 𝛾𝛼 [𝐹, 𝑎, 𝑏], which reads
[34] as

(10)

(13)

𝑏

with
𝐻𝛼 (𝐹 ∩ (𝑎, 𝑏)) = (𝑏 − 𝑎)𝛼 ,

(6)

where 𝐻𝛼 is an 𝛼-dimensional Hausdorff measure.
Notice that we consider that the dimensions of any fractal
spaces (e.g., Cantor spaces or the Cantor-like spaces) are a
positive numbers. It looks like the Euclidean space because its
dimension is also positive number. The detailed results were
considered in [34].
For 𝑓(𝑥) ∈ 𝐶𝛼 (𝑎, 𝑏), local fractional integral of 𝑓(𝑥) of
order 𝛼 in the interval [𝑎, 𝑏] is given by [34, 37, 39]
(𝛼)
𝑎 𝐼𝑏 𝑓 (𝑥)

=

𝑏

1
∫ 𝑓 (𝑡) (𝑑𝑡)𝛼
Γ (1 + 𝛼) 𝑎
𝑗=𝑁−1

𝛼
1
=
lim ∑ 𝑓 (𝑡𝑗 ) (Δ𝑡𝑗 ) ,
Γ (1 + 𝛼) Δ𝑡 → 0 𝑗=0

(7)

where Δ𝑡𝑗 = 𝑡𝑗+1 − 𝑡𝑗 , Δ𝑡 = max{Δ𝑡1 , Δ𝑡2 , Δ𝑡𝑗 , . . .} and
[𝑡𝑗 , 𝑡𝑗+1 ], 𝑗 = 0, . . . , 𝑁 − 1, 𝑡0 = 𝑎, 𝑡𝑁 = 𝑏, is a partition
of the interval [𝑎, 𝑏].

where 𝜓1 (𝑥) = (1/Γ(1 + 𝛼)) ∫𝑎 𝐾(𝑥, 𝑡)𝑓(𝑡)(𝑑𝑡)𝛼 .
The zeroth approximation can be written as
𝑏
𝜆𝛼
𝑢2 (𝑥) = 𝑓 (𝑥) +
∫ 𝐾 (𝑥, 𝑡) 𝑢1 (𝑡) (𝑑𝑡)𝛼
Γ (1 + 𝛼) 𝑎
𝜆𝛼
= 𝑓 (𝑥) +
Γ (1 + 𝛼)

(14)

𝑏

× ∫ 𝐾 (𝑥, 𝑡) {𝑓 (𝑥) + 𝜆𝛼 𝜓1 (𝑥)} (𝑑𝑡)𝛼
𝑎

= 𝑓 (𝑥) + 𝜆𝛼 𝜓1 (𝑥) + 𝜆2𝛼 𝜓2 (𝑥) ,
𝑏

where 𝜓2 (𝑥) = (1/Γ(1 + 𝛼)) ∫𝑎 𝐾(𝑥, 𝑡)𝜓1 (𝑥)(𝑑𝑡)𝛼 .
Proceeding in this manner, the final solution 𝑢(𝑥) can be
obtained as
𝑢 (𝑥) = 𝑓 (𝑥) + 𝜆𝛼 𝜓1 (𝑥) + 𝜆2𝛼 𝜓2 (𝑥) + ⋅ ⋅ ⋅ + 𝜆𝑛𝛼 𝜓𝑛 (𝑥) + ⋅ ⋅ ⋅
∞

= 𝑓 (𝑥) + ∑ 𝜆𝑛𝛼 𝜓𝑛 (𝑥) ,
𝑛=1

(15)
𝑏

where 𝜓𝑛 (𝑥) = (1/Γ(1 + 𝛼)) ∫𝑎 𝐾(𝑥, 𝑡)𝜓𝑛−1 (𝑥)(𝑑𝑡)𝛼 , 𝑛 ≥ 1.
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Now we structure a new Neumann series method to
handle the local fractional Volterra integral equation, which
reads as
𝑢 (𝑥) = 𝑓 (𝑥) +

𝑥
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑢 (𝑡) (𝑑𝑡)𝛼 .
Γ (1 + 𝛼) 𝑎

𝑛𝛼

𝑢 (𝑥) = ∑ 𝑎𝑛 𝑥 ,

𝑢1 (𝑥) = Γ (1 + 𝛼) +

1
1
∫ 𝑥𝛼 Γ (1 + 𝛼) (𝑑𝑡)𝛼
Γ (1 + 𝛼) 0

= Γ (1 + 𝛼) + 𝑥 .
Proceeding in this manner, we find the following local
fractional series approximation:
𝑢2 (𝑥) = Γ (1 + 𝛼) +

1
1
∫ 𝑥𝛼 (Γ (1 + 𝛼) + 𝑡𝛼 ) (𝑑𝑡)𝛼
Γ (1 + 𝛼) 0

Γ (1 + 𝛼)
).
Γ (1 + 2𝛼)

= Γ (1 + 𝛼) + 𝑥𝛼 (1 +

(17)

(23)

𝑛=1

where the coefficients 𝑎𝑛 and 𝑥 are constants that are required
to be determined.
We have
∞

∑ 𝑎𝑛 𝑥𝑛𝛼 = 𝑓 (𝑥) +

𝑛=1

Similarly, the third approximation reads as follows:
𝑢3 (𝑥) = Γ (1 + 𝛼) +

∞
𝑥
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) ∑ 𝑎𝑛 𝑥𝑛𝛼 (𝑑𝑡)𝛼 .
Γ (1 + 𝛼) 𝑎
𝑛=1
(18)

= 𝑓 (𝑥) +
+

1

0

= Γ (1 + 𝛼) + 𝑥𝛼 (1 +

𝛼

𝑢4 (𝑥) = Γ (1 + 𝛼) +

𝜆
∫ 𝐾 (𝑥, 𝑡) 𝑎2 𝑥2𝛼 (𝑑𝑡)𝛼 + ⋅ ⋅ ⋅
Γ (1 + 𝛼) 𝑎

+

𝑥
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑎𝑛 𝑥𝑛𝛼 (𝑑𝑡)𝛼 + ⋅ ⋅ ⋅ .
Γ (1 + 𝛼) 𝑎

Γ (1 + 𝛼)
Γ2 (1 + 𝛼)
).
+ 2
Γ (1 + 2𝛼) Γ (1 + 2𝛼)
(24)

1
Γ (1 + 𝛼)

1

× ∫ 𝑥𝛼 (Γ (1 + 𝛼) + 𝑡𝛼

(19)

0

𝑥

+

× (1+

Γ (1+𝛼) Γ2 (1+𝛼)
)) (𝑑𝑡)𝛼
+
Γ (1+2𝛼) Γ2 (1+2𝛼)

= Γ (1 + 𝛼) + 𝑥𝛼 (1 +

We then write the local fractional Taylor’s expansions for 𝑓(𝑥)
and count the first few integrals in (19). After the integration
is performed, we equate the coefficients of the same powers
of 𝑥𝛼 in both sides of (19). By this way, we can determine
completely the unknown coefficients and produce solution in
a local fractional series form.

+

Γ (1 + 𝛼)
Γ (1 + 2𝛼)

Γ2 (1 + 𝛼)
Γ3 (1 + 𝛼)
+ 3
).
2
Γ (1 + 2𝛼) Γ (1 + 2𝛼)
(25)

In conclusion, we get
𝑛

𝑢𝑛 (𝑥) = Γ (1 + 𝛼) + 𝑥𝛼 ∑ (

4. Examples

𝑖=0

Example 1. Solve the following local fractional Fredholm
integral equation:
1
1
𝑢 (𝑥) = Γ (1 + 𝛼) +
∫ 𝑥𝛼 𝑢 (𝑡) (𝑑𝑡)𝛼 .
Γ (1 + 𝛼) 0

𝑛

Γ (1 + 𝛼)
) .
Γ (1 + 2𝛼)

(26)

Hence,
𝑢 (𝑥) = lim 𝑢𝑛 (𝑥)
𝑛→∞

(20)

Let us consider the zeroth approximation given by
𝑢0 (𝑡) = Γ (1 + 𝛼) .

Γ (1 + 𝛼)
)) (𝑑𝑡)𝛼
Γ (1 + 2𝛼)

The fourth approximation yields

𝑥
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑎0 (𝑑𝑡)𝛼
Γ (1 + 𝛼) 𝑎

𝑥
𝜆𝛼
∫ 𝐾 (𝑥, 𝑡) 𝑎1 𝑥𝛼 (𝑑𝑡)𝛼
Γ (1 + 𝛼) 𝑎

1
Γ (1 + 𝛼)

× ∫ 𝑥𝛼 (Γ (1 + 𝛼) + 𝑡𝛼 (1 +

Thus, using a few terms of the expansion in both sides, we
find that
𝑎0 + 𝑎1 𝑥𝛼 + 𝑎2 𝑥2𝛼 + ⋅ ⋅ ⋅ + 𝑎𝑛 𝑥𝑛𝛼 + ⋅ ⋅ ⋅

(22)

𝛼

(16)

The method is applicable provided that 𝑢(𝑥) is a local fractional analysis function; that is, 𝑢(𝑥) have a local fractional
Taylor’s expansion around 𝑥 = 0.
𝑢(𝑥) can be expressed by a local fractional series expansion; which reads as
∞

The first approximation can be computed as follows:

(21)

𝑛

𝑛

Γ (1 + 𝛼)
= Γ (1 + 𝛼) + 𝑥 lim ∑ (
)
𝑛→∞
𝑖=0 Γ (1 + 2𝛼)
𝛼

= Γ (1 + 𝛼) +

𝑥𝛼 Γ (1 + 𝛼)
.
Γ (1 + 2𝛼) − Γ (1 + 𝛼)

(27)
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Example 2. Obtain the solution of the following local fractional Volterra equation:
𝑢 (𝑥) = 1 +

𝑥
1
𝑥𝛼
(𝑡 − 𝑥)𝛼
+
𝑢 (𝑡) (𝑑𝑡)𝛼 .
∫
Γ (1 + 𝛼) Γ (1 + 𝛼) 0 Γ (1 + 𝛼)
(28)

Suppose that there exists the solution in the following local
fractional series form:

Hence, the local fractional series solution is given by
∞

𝑢 (𝑥) = ∑ 𝑎𝑛 𝑥𝑛𝛼
𝑛=1

= (1 −
+(

∞

𝑢 (𝑥) = ∑ 𝑎𝑛 𝑥𝑛𝛼 .

𝑥𝛼
𝑥2𝛼
𝑥4𝛼
−
+
Γ (1 + 𝛼) Γ (2𝛼 + 1) Γ (4𝛼 + 1)
−

(29)

𝑛=1

Then, upon substituting the local fractional series into the
equation, we find that

𝑥5𝛼
𝑥7𝛼
𝑥3𝛼
+
−
+ ⋅⋅⋅)
Γ (3𝛼 + 1) Γ (5𝛼 + 1) Γ (7𝛼 + 1)

𝑥6𝛼
+ ⋅⋅⋅)
Γ (6𝛼 + 1)

= cos𝛼 𝑥𝛼 + sin𝛼 𝑥𝛼 ,
(33)
which are satisfied with the condition given by [34, 39]

∞

𝐸𝛼 (𝑖𝛼 𝑥𝛼 ) = cos𝛼 𝑥𝛼 + 𝑖𝛼 sin𝛼 𝑥𝛼 ,

∑ 𝑎𝑛 𝑥𝑛𝛼

𝑛=1

𝑥
1
𝑥𝛼
(𝑡 − 𝑥)𝛼 ∞
+
=
∫
∑ 𝑎 𝑥𝑛𝛼 (𝑑𝑡)𝛼
Γ (1 + 𝛼) Γ (1 + 𝛼) 0 Γ (1 + 𝛼) 𝑛=1 𝑛
∞
Γ (𝑛𝛼 + 1) 𝑎𝑛 𝑥(𝑛+2)𝛼
𝑥𝛼
−∑
.
=
Γ (1 + 𝛼) 𝑛=1 Γ ((𝑛 + 2) 𝛼 + 1)

(30)
Comparing the coefficients of the same powers of 𝑥𝛼 , we get
𝑎0 = 1,
𝑎2 = −

𝑎1 =

𝑎0
,
Γ (2𝛼 + 1)

1
,
Γ (1 + 𝛼)

𝑎3 = −

Γ (𝛼 + 1) 𝑎1
,
Γ (3𝛼 + 1)

(31)

..
.
𝑎𝑛 = −

Γ ((𝑛 − 2) 𝛼 + 1) 𝑎𝑛−2
,
Γ (𝑛𝛼 + 1)

and so on. Thus, the values of the coefficients can be
calculated as follows:
𝑎0 = 1,

𝑎1 =

1
,
Γ (1 + 𝛼)

𝑎2 = −

1
,
Γ (2𝛼 + 1)

𝑎3 = −

𝑎4 =

1
,
Γ (4𝛼 + 1)

𝑎5 =

𝑎6 = −

1
,
Γ (6𝛼 + 1)

𝑎7 = −
..
.

1
,
Γ (7𝛼 + 1)

where the Mittag-Leffler function defined on fractal set of
fractal dimension 𝛼 is suggested by [34, 39]
∞

𝑥𝛼𝑘
.
Γ (1 + 𝑘𝛼)
𝑘=0

𝐸𝛼 (𝑥𝛼 ) = ∑

(35)

5. Conclusions
Local fractional differential and integral operators have
proven to be useful tools to deal with everywhere continuous
(but nowhere differentiable) functions in fractal areas ranging
from fundamental science to engineering. In this paper, it is
proven that a new Neumann series method can be used for
solving the local fractional Fredholm and Volterra integral
equations, and their solutions are fractal functions. The
proposed method is efficient and leads to accurate, approximately convergent solutions to local fractional Fredholm
and Volterra integral equations. It is demonstrated that the
solutions of local fractional Fredholm and Volterra integral
equations are fractal functions, which are equipped with local
fractional continuities. However, the classical and fractional
Neumann series methods [41–44] were only applied to
continuous functions.

Appendix
The following properties of local fractional integral operator
are valid [34].

1
,
Γ (3𝛼 + 1)

1
,
Γ (5𝛼 + 1)

(34)

(a) For any𝑓(𝑥) ∈ 𝐶𝛼 (𝑎, 𝑏), 0 < 𝛼 ≤ 1, we have local
fractional multiple integrals, which are written as [34]
(32)

𝑘 times

(𝑘𝛼)
𝑥0 𝐼𝑥 𝑓 (𝑥)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
=𝑥0 𝐼𝑥(𝛼) . . . 𝑥0 𝐼𝑥(𝛼) 𝑓 (𝑥) .

(A.1)

(b) If 𝜓(𝑥, 𝑦) ∈ 𝐶𝛼 (𝑎, 𝑏) × 𝐶𝛼 (𝑐, 𝑑), then [34]
(𝛼) (𝛼)
𝑎 𝐼𝑏 𝑐 𝐼𝑏 𝜓 (𝑥, 𝑦)

= 𝑐 𝐼𝑑(𝛼) 𝑎 𝐼𝑏(𝛼) 𝜓 (𝑥, 𝑦) .

(A.2)
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(c) The sine and cosine subfunctions can, respectively, be
written as follows [34, 39]:
∞

sin𝛼 𝑥𝛼 = ∑ (−1)𝑘
𝑘=0

∞

𝑥𝛼(2𝑘+1)
,
Γ [1 + 𝛼 (2𝑘 + 1)]

𝑥2𝛼𝑘
,
cos𝛼 𝑥 = ∑ (−1)
Γ (1 + 2𝛼𝑘)
𝑘=0
𝛼

𝑘

(A.3)
0 < 𝛼 ≤ 1.

(d) Suppose that 𝑓(𝑡) is local fractional continuous on the
interval [𝑎, 𝑏]. Then
(𝛼) (𝛼)
𝑎 𝐼𝑥 𝑎 𝐼𝜏 𝑓 (𝑡)

= 𝑎 𝐼𝑥(𝛼)

(𝑥 − 𝑡)𝛼 𝑓 (𝑡)
Γ (1 + 𝛼)

(𝑥 ∈ [𝑎, 𝑏]) . (A.4)

(e) We have
(𝛼) (𝛼)
0 𝐼𝑥 0 𝐼𝜏

𝑡(𝑘+2)𝛼
𝑡𝑘𝛼
=
.
Γ (𝑘𝛼 + 1) Γ ((𝑘 + 2) 𝛼 + 1)

(A.5)
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The paper investigates the risk factors for the severity of orthodontic root resorption. The multidimensional scaling (MDS)
visualization method is used to investigate the experimental data from patients who received orthodontic treatment at the
Department of Orthodontics and Dentofacial Orthopedics, Faculty of Dentistry, “Carol Davila” University of Medicine and
Pharmacy, during a period of 4 years. The clusters emerging in the MDS plots reveal features and properties not easily captured
by classical statistical tools. The results support the adoption of MDS for tackling the dentistry information and overcoming noise
embedded into the data. The method introduced in this paper is rapid, efficient, and very useful for treating the risk factors for the
severity of orthodontic root resorption.

1. Introduction
Root resorption is defined as the biological process characterized by destruction of hard structure of the tooth root.
Damaging may involve cementum, dentin, or both structures.
Orthodontic treatment is associated with a higher frequency
and severity of the pathological process of external root
resorption. Frequency of orthodontic root resorption is about
100% when diagnostic techniques based on microscopy are
used and around 70% when periapical or panoramic radiographs are used [1]. But generally, orthodontic root resorption
severity is moderate and low, not interfering with the positive
outcomes of this particular medical intervention. The metaanalysis conducted by Segal [2] identified a mean value of root
shortening after orthodontic treatment of 1.421 ± 0.448 mm.
Of interest are those cases where severe root resorption with
root shortening is beyond 4 mm or 1/3 of root length, which

are noticed in 1–5% of orthodontic patients [3]. Due to the fact
that the considerable root shortening has a negative impact
on tooth’s prognosis, orthodontic root resorption is nowadays
one of the most discussed complications of the orthodontic
treatment: efforts are made in order to establish the proper
preventive treatment conduct [4].
Etiopathogeny of orthodontic root resorption presents
several uncertainties. It seems that higher incidence and
severity of orthodontic root resorption are related mainly
to patients’ characteristics (individual susceptibility has the
main role in root resorption appearance) and particularities
of the orthodontic treatment applied [5]. It seems that a
higher risk of developing external root resorption presents
patients with allergies, asthma, diabetes, arthritis, endocrine
disorders, Paget’s disease, tooth eruption disorders (more
frequently caused by pressure of the canine or wisdom teeth
during eruption), hypodontia, open bite, increased alveolar
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bone density, particular dental morphology like reduced
root diameter, and abnormal root shape in the apical part
of the root, especially eroded, pointed, deviated, or bottle
shape [3, 5–9]. Among particularities of the orthodontic technique seen as risk factors for root resorption are increased
orthodontic treatment duration, treatment with tooth extraction, and tooth intrusion (especially when vestibular coronal
torque was associated) [10, 11].
The aim of this study is to investigate the impact of several
risk factors (sex of patients, orthodontic extractions, and
duration of treatment) on the severity of orthodontic root
resorption. The analysis is based on the formation of clusters
for experimental data analysis that may indicate similar
behavior in some particular clinical situations.
Given the characteristics of the biomedical data, with a
plethora of different influential factors, the numerical extraction of characteristics poses difficulties to classical statistical
and computer tools. In this line of thought, the adoption of
advanced computational tools capable of handling the incertitude implicit in the application is imperative. Therefore, the
multidimensional scaling (MDS) method which is an algorithm that does not require initial assumptions about the data
is tested. MDS is a computational visualization tool that constructs maps based on comparison criteria [12–19]. The MDS
plot consists of a series of points where each one represents
an item. The maps can be rotated, translated, and zoomed in
order to provide a better visualization of a given area [20–28].
The interpretation of the chart is based on relative position of
clusters of points and takes advantage of the user intuition
and experience in the particular field of application, making
MDS a powerful tool for the type of data handled in this study.
Bearing these ideas in mind, the paper is organized as
follows. In Section 2, the material and methods are presented.
Section 3 is devoted to multidimensional scaling method for
patients with and without orthodontic extractions. Section 4
presents our results and discussions. Finally, Section 5 outlines the main conclusions.

2. Materials and Methods
In order to achieve the proposed objectives, we designed and
implemented a retrospective observational clinical study.
The sample was composed of patients receiving orthodontic treatment at the Department of Orthodontics and
Dentofacial Orthopedics, Faculty of Dentistry, “Carol Davila”
University of Medicine and Pharmacy, during October 2005–
October 2009. In this study, patients with fixed metallic
orthodontic appliances, standard edgewise, or straight-wire
technique, applied in both jaws for a period of at least
6 months were included. From this study, patients with
radiological signs of root resorption before the treatment start
of were excluded. According to the protocol established in the
Department of Orthodontics and Dentofacial Orthopedics,
all patients sign an informed consent for the use of their
medical documents for teaching and scientific purposes.
External root resorption was assessed in terms of root
shortening, with the changes of root length being recorded,
compared to the situation before applying the orthodontic
device. Measurements of upper and lower incisors were made
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Figure 1: Calculation of the amount of root shortening (root resorption) on serial panoramic radiographs.

on serial panoramic radiographs, and changes in root length
were being assessed using a mathematical formula based on
the one proposed by L. Linge and B. O. Linge [29] (see
Figure 1):
Root resorption = 𝑅1 − 𝑅2

𝐶1
,
𝐶2

(1)

where 𝑅1 and 𝐶1 are the initial (pretreatment) root and crown
lengths in the first radiograph and 𝑅2 and 𝐶2 are root and
crown lengths in the second radiograph, respectively.

3. Experimental Setup and Mathematical Tools
In this section, the experimental cases and the mathematical
tools to be adopted are briefly described.
3.1. Experiments. In the experiments, two cases were considered, namely, 1 (orthodontic treatment with tooth extraction)
and 2 (orthodontic treatment without tooth extraction),
denoted as cases 1 and 2 in the sequel, involving 𝑝 = 18
patients for case 1 and 𝑝 = 37 patients for case 2, respectively,
which are studied separately. For all patients considered,
𝑘max = 8 measures the teeth absolute deviations that were
compared by means of indices (3)-(4). In order to identify
points in the MDS maps, each patient was labelled as GPPAA-TT with G = {M, F} for gender male/female, PP =
{1, . . . , 𝑝} for patient number, AA = {10, . . . , 30} for age, in
years, and TT = {6, . . . , 51} for treatment time, in months. For
providing a better visualization, the male and female points
have distinct marks (filed circle for male and open rectangle
for female).
3.2. Multidimensional Scaling. Multidimensional scaling
(MDS) has its origins in psychometrics and psychophysics,
where it is used as a tool for perceptual and cognitive
modeling. From the beginning, MDS has been applied in
many fields, such as psychology, sociology, anthropology,
economy, and educational research. In the last decades, this
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technique has been applied also in other areas such as music,
finance, and biology.
MDS is a statistical technique used for visualization of
information in the perspective of exploring similarities in
data. MDS assigns a point to each item in an 𝑚-dimensional
space and arranges the 𝑝 objects in a space with a given number of dimensions 𝑚, in order to reproduce the observed similarities. Often, instead of similarities distances between the
investigated 𝑝 objects are considered. For two or three dimensions, the resulting locations may be displayed in a “map” that
can be analyzed. We can rotate or translate the map, but the
similarities between items remain the same. Therefore, the
final orientation of axes in space is mostly the result of a
subjective decision by the researcher, who will choose the one
that can be most easily interpreted or that leads to a better
visualization.
An MDS algorithm starts by defining a measure of
similarity for constructing a 𝑝 × 𝑝 matrix R of item-to-item
similarities. In classical MDS, the matrix is symmetric and its
main diagonal is composed of “1” for similarities or “0” for
distances. MDS rearranges objects so as to arrive at a configuration that best approximates the observed similarities (or,
alternatively, the measured distances). For this purpose, MDS
uses a function minimization algorithm that evaluates different configurations with the goal of optimizing the goodness
of fit.
The most common measure used to evaluate how well
a particular configuration reproduces the observed distance
matrix is the raw stress defined by
2

𝑆 = [𝑑𝑖𝑗 − 𝑓 (𝛿𝑖𝑗 )] ,

𝑖, 𝑗 = 1, . . . , 𝑝,

interpret the clusters of points that emerge in the map. Furthermore, distinct indices, capturing different characteristics,
produce MDS charts, better or worse, merely in the viewpoint
of easiness of interpretation in conjunction with the user own
experience.
For the comparison of objects 𝑖 and 𝑗, the cosine correlation [30], 𝑟𝑖𝑗 is adopted, defined as
𝑘

𝑟𝑖𝑗 =

max
∑𝑘=1
𝑥𝑖 (𝑘) 𝑥𝑗 (𝑘)

𝑘max 2
max
√∑𝑘𝑘=1
𝑥𝑖2 (𝑘) ⋅ ∑𝑘=1
𝑥𝑗 (𝑘)

,

𝑖, 𝑗 = 1, . . . , 𝑝,

(3)

where 𝑥𝑖 (𝑘) denotes the 𝑘th measured component of the
𝑖th item and 𝑘max represents the maximum number of
components.
In the sequel will be adopted GGobi [31] for calculating
MDS and for visualization. Other packages often used are
Matlab [32] and R [33]. The GGobi package requires a 𝑝 ×
𝑝 matrix Δ = [𝛿𝑖𝑗 ] of item-to-item distances (instead of
similarities) and, therefore, is used:
𝛿𝑖𝑗 =

𝜋
− cos−1 (𝑟𝑖𝑗 ) .
2

(4)

In the experiments other metrics that lead to inferior
results were tested and, therefore, are not analyzed here.

4. Results and Discussion
In this section, the sample of patients is described and the
MDS results are analysed.

(2)

where 𝑑𝑖𝑗 denotes the reproduced distances, given the respective number of dimensions and 𝛿𝑖𝑗 stands for the input data
(i.e., the observed distances). The expression 𝑓(𝛿𝑖𝑗 ) represents
a nonmetric, monotone transformation of the input data.
There are several measures that are commonly used, but
most of them amount to the computation of the sum of
squared deviations of observed values from the reproduced
distances. Thus, the smaller the stress value 𝑆, the better the fit
between the reproduced and the observed distance matrices.
We can plot 𝑆 versus the number of dimensions 𝑚 of the
visualization, for deciding the most adequate. Usually, we get
a monotonic decreasing plot, and we chose the “best dimension” as a compromise between stress reduction and dimension for the map representation. In practical terms, we chose
a low dimension at the region where we have a significant
variation in the stress plot.
We can also plot the reproduced distances, for a particular
number of dimensions, against the observed input data
(distances). This scatter plot, referred to as a Shepard diagram, shows the distances between points versus the original
dissimilarities. In the Shepard plot, a narrow scatter that is
around a 45-degree line indicates a good fit of the distances to
the dissimilarities, while a large scatter indicates a lack of fit.
Since MDS is fed with relative distances, the maps are
insensitive to rotation and translation. This means that the
user can view and zoom the plots interactively in order to

4.1. Description of the Sample. The sample included 55
patients, of which 74.5% (𝑛 = 41) were female and 25.5%
(𝑛 = 14) were male, with the mean age being 15.92 years.
Corresponding to the 55 patients, a total of 440 incisors were
measured.
Associated with the orthodontic treatment, there was a
mean reduction of 1.32 mm of tooth length. Most of the
patients (67.27%, 𝑛 = 37) had at least one incisor with
root resorption exceeding 2 mm; this is often considered as
the limit between low severity and medium severity of this
pathological process.
4.2. Multidimensional Scaling of Patients with and without Orthodontic Extractions. Figures 2 and 3 depict the 3dimensional MDS maps for cases 1 and 2, respectively. The
figures show two rotations views and two zoomed areas. This
paper examines the formation of clusters for experimental
data analysis.
In case 1 (with orthodontic extractions) mean root
resorption was 1.59 mm. We cannot say anything about the
implications of sex on root resorption severity due to the
insignificant number of women (𝑛 = 1). This aspect is
equivalent to the fact that more frequently the treatment
plan included orthodontic extractions in male patients.
Subjects presented ages between 12–28 years (mean = 16
years). Orthodontic treatment time was between 10 and 51
months (mean = 24.5 months). Important cluster points were
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Figure 2: Projections of the 3-dimensional MDS map for case 1 (with tooth extraction) involving 𝑝 = 18 patients.
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Figure 3: Projections of the 3-dimensional MDS map for case 2 (without teeth extraction) involving 𝑝 = 37 patients.

observed, namely, M 13-17-38, M 4-22-30, M 15-28-35, M 3213-51, and F 57-14-27. These patients presented moderate values of root shortening (mean = 2.26 mm), indicating a higher
severity than usual. It can be observed that these patients had
one particular aspect in common, the extent of treatment
time, which is above average. In this cluster, age did not
present some clear tendency, being variable (between 13 and
28 years), but it can be noticed that mean age for the patients
with orthodontic extractions was higher in subjects from the
cluster (mean = 19 years) than that for the others (mean =
15 years). In consequence, we observe a tendency to form
clusters with higher severity of root resorption in cases with
orthodontic extractions with a greater period of orthodontic
treatment time.
In case 2 (without orthodontic extractions) 37 patients
were included with mean root resorption being 1.18 mm,
indicating a lower severity of this pathological process. In this

group, the number of males and females are comparable (13
males and 24 females). Patients presented ages between 10–
30 years (mean = 16 years). Treatment time was between 6–
48 months (mean = 20.21 months). We report the appearance
of the clusters which shows some similarities (Figure 3). We
observed a more uniform behavior compared to that of case 1.
A large cluster was observed, including about 24 patients. We
mention that generally patients inside the cluster presented a
tendency to a more severe root resorption (mean = 1.40 mm),
compared to those outside the cluster (mean = 0.77 mm).
We observed also that outside the cluster, there were mostly
male patients and only 2 female patients. That may suggest
that females may present a tendency to a more uniform and
predictive behavior related to orthodontic root resorption
appearance. Also, even if there were patients of different ages
outside the cluster, most of them were older than those inside
the cluster. Also the mean age of patients outside the cluster
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also by the increase of treatment time, with both favouring
this condition. We mention that increased treatment time of
the orthodontic intervention is seen, in accordance with the
current knowledge, as the main risk factor of root resorption
related to the orthodontic intervention [38].
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Figure 4: Stress versus the number of dimensions of the MDS
representations for cases 1 and 2.

(18 years) was higher compared to that of the subjects inside
the cluster (15 years). This may suggest that in older patients
root resorption is a process that is less predictable.
Figure 4 shows the variation of the stress 𝑆 versus the
number of dimensions 𝑚 of the MDS representations for
cases 1 and 2. We observe that the adopted dimension 𝑚 =
3 establishes a good compromise between precision and
dimensionality reduction for visualization feasibility. Comparing the 2 situations mentioned (with and without orthodontic extractions), we observed that stress presents a higher
variability in cases with extractions and a more uniform
behavior in those cases without extractions. That may be
related to the increased complexity of the medical intervention in the first case.
Orthodontic root resorption is one of the complications
of the orthodontic treatment, knowing its etiology being an
important factor in prevention of those forms with moderate
and severe root shortening.
According to our results, the orthodontic extraction may
be a risk for apical root resorption. More frequently it is
associated with a more severe root resorption and also a more
unpredictable behavior. This aspect is concordant with several clinical studies conducted on this topic [34]. Marques et
al. reported that those receiving orthodontic treatment with
extraction of the four first premolars, compared to patients
treated without extractions, have a chance of 6.7 : 1 to present
root resorption [35]. de Freitas et al. also identify a statistically significant difference in the severity of root resorption
between cases with and without orthodontic extractions, with
root shortening being more severe in the first case [36].
Mohandesan et al. support the same behavior that differentiated between cases with and without orthodontic extractions
[37]. These observations may be explained by the larger root
apex displacement in cases with orthodontic extractions and

Nowadays, preventive methods are seen as ensuring the best
medical outcome. In this context, it is extremely important
to accurately identify diseases risk factors. Interdisciplinary
approach of these aspects, interpreting medical data using
advanced statistical tools can offer extra knowledge. The
paper studied the risk factors for the severity of orthodontic root resorption. The MDS visualization technique was
adopted for exploring the data from patients receiving orthodontic treatment at the Department of Orthodontics and
Dentofacial Orthopedics, Faculty of Dentistry, Carol Davila
University of Medicine and Pharmacy, during a period of
4 years. The clusters in the MDS charts reveal features not
easily captured by classical statistical tools and overcome
noise effects embedded into the data.
The method introduced in this paper is rapid, efficient,
and very useful for identifying the risk factors for the severity
of orthodontic root resorption.
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We present systems of Navier-Stokes equations on Cantor sets, which are described by the local fractional vector calculus. It is
shown that the results for Navier-Stokes equations in a fractal bounded domain are efficient and accurate for describing fluid flow
in fractal media.

1. Introduction
The Navier-Stokes equations [1–3] are commonly used in
describing motion of fluids in models relevant to weather,
ocean currents, water flow in pipes, and so forth.
However, the turbulent flows may be of fractal character, and the smoothness required in the common problem
modelled by the Navier-Stokes equations may be violated in
fractal flows. Such distortions exist in both small-scale [4]
and large-scale [5, 6] turbulent flows. In this context, Benzi
et al. [7] investigated the scaling properties of turbulent flows
while She and Leveque [8] stressed the attention on universal
scaling laws in fully developed turbulence. Shraiman and
Siggia also reported scalar turbulence [9], while the selfsimilarity in turbulent flows was analyzed by [10]. The fractal
dimension of turbulent flows was pointed out in several
studies [10–12], and some applications involving the NavierStokes equations were suggested [13–15] taking into account
the multifractal nature of fully developed turbulence and
chaotic systems [16]. In this context, the alpha model of
turbulence [17, 18] and its applications to Navier Stokes have
been discussed [19].
Based on fractional calculus theory [20–23] timefractional Navier-Stokes equation has been recently proposed

by El-Shahed and Salem [24]. Several analytical solutions
have been developed by the Adomian decomposition method
[25] and the homotopy perturbation method [26].
Recently, the element of fractal arc length squared in
fractal time-space was discussed [27]. Based on it, the
Schrödinger equation [28], the heat conduction equation
[27, 29], the wave equation [27, 30], and the diffusion
equation on Cantor time-space [31] were suggested based
on local fractional calculus theory [27, 32, 33]. Carpinteri
and Sapora had reported diffusion equation on Cantor space
[34]. Kolwankar and Gangal had proposed the Fokker-Planck
equation on Cantor space [35].
In this paper we employ the local fractional vector
calculus [27], which is set up on fractals, to model systems
of Navier-Stokes equations on Cantor sets. The paper is
organized as follows. In Section 2, a short introduction
to local fractional vector calculus theory is given. Fractal
kinematics, continuity equations, and constitutive equations
for Newtonian fluid on Cantor sets are discussed in Section 3.
Cauchy’s equations of motion and mechanical energy equations on Cantor sets are investigated in Section 4. Systems
of Navier-Stokes equations on Cantor sets with Cantorian
coordinates systems are presented in Section 5. Finally, in
Section 6, the conclusions are presented.
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where ∇2𝛼 = ∇𝛼 ⋅ ∇𝛼 is local fractional Laplace
operator [27].

2. Mathematical Tool
Local fractional vector form of function gives [27]
r (𝑥) = 𝑀 (𝑥) e𝛼1 + 𝑁 (𝑥) e𝛼2

(1)

which is expressed by
r (𝑥) = (𝑀 (𝑥) , 𝑁 (𝑥)) .

(2)

For a function of three variables, the vector form can be
written in the form [27]
r (𝑥, 𝑦, 𝑧) = 𝐿 (𝑥, 𝑦, 𝑧) e𝛼1 + 𝑀 (𝑥, 𝑦, 𝑧) e𝛼2 + 𝑁 (𝑥, 𝑦, 𝑧) e𝛼3 ,
(3)

The local fractional line integral of the function
u(𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) in the local fractional vector form
u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) = 𝑢1 (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) e𝛼1 + 𝑢2 (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) e𝛼2

along a fractal line 𝑙𝛼 is written as [27]
𝑁

∫ u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) ⋅ 𝑑l𝛼 = lim ∑ u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) ⋅ Δl𝛼𝑃 , (10)
𝑁→∞

𝑙(𝛼)

or
r (𝑥, 𝑦) = (𝐿 (𝑥, 𝑦, 𝑧) , 𝑀 (𝑥, 𝑦, 𝑧) , 𝑁 (𝑥, 𝑦, 𝑧)) .

(4)

Let u(𝑥, 𝑦, 𝑧) = 𝑢(𝑥, 𝑦, 𝑧)e𝛼1 + 𝑢2 (𝑥, 𝑦, 𝑧)e𝛼2 + 𝑢3 (𝑥, 𝑦, 𝑧)e𝛼3 a
local fractional vector field and 𝜑(𝑥, 𝑦, 𝑧) be a local fractional
scalar field, the computing rules of Hamilton operator are
valid as follows [27].

∇2𝛼 𝜑 =

𝜕2𝛼 𝜑 𝜕2𝛼 𝜑 𝜕2𝛼 𝜑
+
+
,
𝜕𝑥12𝛼 𝜕𝑥22𝛼 𝜕𝑥32𝛼

∬

(6)

𝜕𝛼 𝑢1 𝜕𝛼 𝑢2 𝜕𝛼 𝑢3
+
+
,
𝜕𝑥1𝛼
𝜕𝑥2𝛼
𝜕𝑥3𝛼
𝜕𝛼 𝑢3 𝜕𝛼 𝑢2 𝛼
−
) e1
𝜕𝑥2𝛼
𝜕𝑥3𝛼

𝜕𝛼 𝑢3 𝛼
𝜕𝛼 𝑢
+ ( 𝛼1 −
) e2
𝜕𝑥3
𝜕𝑥1𝛼
+(

A⋅A
A⋅∇ A=∇ (
) − (∇𝛼 × A) × A,
2

∭

𝑁

𝑉(𝛾)

(𝛾)

u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) 𝑑𝑉(𝛾) = lim ∑ u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) Δ𝑉𝑃 ,
𝑁→∞

𝑃=1

(𝛾)

where for 𝑃 = 1, 2, . . . , 𝑁 and 𝑁 elements of volume Δ𝑉𝑃 , it
(𝛾)
is required that all Δ𝑉𝑃 → 0 as 𝑁 → ∞.
Let us consider a local fractional vector field u = 𝑢1 e𝛼1 +
𝛼
𝑢2 e2 + 𝑢3 e𝛼3 , the following results hold [27]:

∭

𝑉(𝛾)

∇𝛼 ⋅ u𝑑𝑉(𝛾) = ∯

𝑆(𝛽)

u ⋅ 𝑑S(𝛽) .

(13)

(b) Stokes’ theorem of local fractional field states that

∇𝛼 (uk) = (∇𝛼 u) k + u∇𝛼 k,

𝛼

where for 𝑃 = 1, 2, . . . , 𝑁 and 𝑁 elements of area Δ𝑆𝑃 with
a unit normal local fractional vector 𝑛𝑃 , it is required that all
(𝛽)
Δ𝑆𝑃 → 0 as 𝑁 → ∞.
The local fractional volume integral of the given function
(9) in a fractal region 𝑉(𝛾) is given by [27]

(7)

(3) The following equations are valid only in Cantor
coordinates [27]:

𝛼

𝑃=1

(a) Divergence Theorem of local fractional field states
that

𝜕𝛼 𝑢2 𝜕𝛼 𝑢1 𝛼
−
) e3 .
𝜕𝑥1𝛼
𝜕𝑥2𝛼

∇2𝛼 A = ∇𝛼 (∇𝛼 ⋅ A) − ∇𝛼 × (∇𝛼 × A) ,

= lim ∑ u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) ⋅

(𝛽)
n𝑃 Δ𝑆𝑃 ,

(12)

(2) The local fractional divergence and curl of a local
fractional vector field are written in the form [27, 31]

curl𝛼 u = ∇𝛼 × u = (

(11)

𝑁

(𝛽)

(5)

𝑘 times

dik𝛼 u = ∇𝛼 ⋅ u =

u (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) ⋅ 𝑑S(𝛽)

𝑆(𝛽)

𝑁→∞

where local fractional partial derivatives of high order
are defined as [27, 31–33]
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝜕𝑘𝛼
𝜕𝛼
𝜕𝛼
𝑓
=
⋅ ⋅ ⋅ 𝛼 𝑓 (𝑥) .
(𝑥)
𝛼
𝑘𝛼
𝜕𝑥
𝜕𝑥
𝜕𝑥

𝑃=1

where for 𝑃 = 1, 2, . . . , 𝑁 and 𝑁 elements of line Δl𝛼𝑃 , it is
required that all |Δ𝑙𝑃𝛼 | → 0 as 𝑁 → ∞.
The local fractional surface integral of the given function
(9) across a surface 𝑆(𝛽) is defined as [27]

(1) The local fractional gradient and Laplace operator of
a local fractional scalar field are, respectively, defined
as [27]
𝜕𝛼 𝜑
𝜕𝛼 𝜑
𝜕𝛼 𝜑
∇𝛼 𝜑 = 𝛼 e𝛼1 + 𝛼 e𝛼2 + 𝛼 e𝛼3 ,
𝜕𝑥1
𝜕𝑥2
𝜕𝑥3

(9)

+ 𝑢3 (𝑥𝑃 , 𝑦𝑃 , 𝑧𝑃 ) e𝛼3

(8)

∮ u ⋅ 𝑑l𝛼 = ∬
𝑙(𝛼)

𝑆(𝛽)

(∇𝛼 × u) ⋅ 𝑑S(𝛽) .

(14)

(c) Green’s first theorem in fractal domain states that
∯

𝑆(𝛽)

𝜙∇𝛼 𝜑 ⋅ 𝑑S(𝛽)

=∭

(15)
2𝛼

𝑉(𝛾)

𝛼

𝛼

(𝛾)

(𝜙∇ 𝜑 + (∇ 𝜙) ⋅ (∇ 𝜑)) 𝑑𝑉 .
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(d) Green’s second theorem in fractal domain states that
∯

𝑆(𝛽)

(𝜙∇𝛼 𝜑 − 𝜙∇𝛼 𝜑) ⋅ 𝑑S(𝛽)
2𝛼

𝑉(𝛾)

2𝛼

(𝛾)

(𝜙∇ 𝜑 − 𝜑∇ 𝜙) 𝑑𝑉 ,

where the relationships of fractal dimensions of line,
surface, and volume fields are
𝛽 = 2𝛼,

𝛾 = 3𝛼.

In this section, we investigate the fractal kinematics, balance
of mass on Cantor sets, and constitutive equations for
Newtonian fluid on Cantor sets. We first start with fractal
kinematics.
3.1. Fractal Kinematics. For any scalar property 𝜓 associated
with an abstract Cantor body Β expressed as
𝜓 = 𝜓 (𝑃, 𝑡) = 𝜓̂ (𝑋, 𝑡) = 𝜓̃ (𝑥, 𝑡) ,

(18)

we define the following Lagrangian and Eulerian temporal
and spatial derivatives with local fractional differential operator:
𝜓,𝑡𝛼 =

𝜕𝛼 𝜓̃
,
𝜕𝑡𝛼

∇𝑋𝛼 𝜓 =

𝜕𝛼 𝜓̃
∇𝑥𝛼 𝜓 = ∇𝛼 𝜓 = 𝛼 .
𝜕𝑥

𝜕𝛼 𝜓̂
,
𝜕𝑋𝛼

(19)

The velocity 𝜐 and the acceleration a with local fractional
operator are defined through
𝐷𝛼 𝜒
𝜐=
,
𝐷𝑡𝛼

𝐷2𝛼 𝜒
a=
.
𝐷𝑡2𝛼

(20)

It immediately follows that the velocity gradient Θ and its
symmetric part Λ are expressed through
Θ = ∇𝛼 ⋅ 𝜐,

Θ𝑇 = 𝜐 ⋅ ∇𝛼 ,

Λ=

1
(Θ + Θ𝑇 ) . (21)
2

The deformation gradient Σ is given by
Σ = ∇𝛼 ⋅ 𝜒,

(22)

which leads to
Θ=

𝜕𝛼 Σ −1
Σ .
𝜕𝑡𝛼

(23)

The fractal material derivative of the fluid density 𝜌 is defined
as [27]
𝐷 𝛼 𝜌 𝜕𝛼 𝜌
= 𝛼 + 𝜐 ⋅ ∇𝛼 𝜌.
𝐷𝑡𝛼
𝜕𝑡

(24)

𝑉(𝛾)

𝜌𝑑𝑉(𝛾) ,

(25)

which yields that the balance of mass on Cantor sets takes the
form [27]
𝜕𝛼 𝑀
= −∯ 𝜌𝜐 ⋅ 𝑑S(𝛽) .
𝜕𝑡𝛼
𝑆(𝛽)

(17)

3. Fractal Kinematics, Continuity Equations,
and Constitutive Equations for Newtonian
Fluid on Cantor Sets

𝐷𝛼 𝜓̂
,
𝐷𝑡𝛼

𝑀=∭

(16)

=∭

𝜓̇=

3.2. Balance of Mass on Cantor Sets. The mass of fractal fluid
in 𝑉(𝛾) is defined through [27]

(26)

Using Divergence Theorem of local fractional field, we
deduce to
∭

𝜕𝛼
𝜌𝑑𝑉(𝛾) + ∯ 𝜌𝜐 ⋅ 𝑑S(𝛽)
𝛼
𝑉(𝛾) 𝜕𝑡
𝑆(𝛽)

(27)

𝜕𝛼 𝜌
= ∭ [ 𝛼 + ∇𝛼 ⋅ (𝜌𝜐)] 𝑑𝑉(𝛾) = 0
𝑉(𝛾) 𝜕𝑡
which implies that
𝜕𝛼 𝜌
+ ∇𝛼 ⋅ (𝜌𝜐) = 0.
𝜕𝑡𝛼

(28)

This is called continuity equation on Cantor sets.
It becomes
𝜕𝛼 𝜌
𝜕𝛼 𝜌
𝛼
+
∇
⋅
(𝜌𝜐)
=
+ 𝜐 ⋅ (∇𝛼 𝜌) + 𝜌 (∇𝛼 ⋅ 𝜐)
𝜕𝑡𝛼
𝜕𝑡𝛼
𝐷𝛼 𝜌
+ 𝜌 (∇𝛼 ⋅ 𝜐) = 0,
=
𝐷𝑡𝛼

(29)

where the fractal material derivative of the fluid density 𝜌 is
noted by
𝐷𝛼 𝜌 𝜕 𝛼 𝜌
= 𝛼 + 𝜐 ⋅ (∇𝛼 𝜌) .
𝐷𝑡𝛼
𝜕𝑡

(30)

If the fractal fluid is incompressible, we deduce that
𝐷𝛼 𝜌
𝜕𝛼 𝜌
+ 𝜐 ⋅ (∇𝛼 𝜌) = 0 ⇐⇒
=0
𝛼
𝜕𝑡
𝐷𝑡𝛼

or

∇𝛼 ⋅ 𝜐 = 0. (31)

It follows that Reynolds transport theorem on Cantor sets
states that
𝐷𝛼
𝜕𝛼
𝐹 (𝑥, 𝑡) 𝑑𝑉(𝛾)
∭ 𝐹 (𝑥, 𝑡) 𝑑𝑉(𝛾) = ∭
𝛼
𝛼
𝐷𝑡
𝑉(𝛾)
𝑉(𝛾) 𝜕𝑡
+∯

(32)

(𝛽)

𝑆(𝛽)

𝐹 (𝑥, 𝑡) 𝜐 ⋅ 𝑑S ,

where 𝜐 is the fractal fluid velocity, 𝑉(𝛾) is the fractal material
volume, and S(𝛽) is the fractal surfaces moving with the fractal
fluid.
3.3. Constitutive Equations for Newtonian Fluid on Cantor
Sets. We will assume a linear relation of the type of fractal
Cauchy stress
J = −𝑝I + K : Λ,

(33)
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where 𝑝 is the thermodynamic pressure, K is a fourth-order
fractal tensor, Λ is the fractal strain rate tensor, and I is unit
vector in local fractional field.
The fractal velocity gradient tensor can be decomposed
into symmetric and antisymmetric parts [27]
∇𝛼 ⋅ 𝜐 =

1
1
1
(Θ + Θ𝑇 ) + (Θ − Θ𝑇 ) = Λ + (Θ − Θ𝑇 ) .
2
2
2
(34)

We can write
K : Λ = 2𝜇Λ + 𝜆 (∇𝛼 ⋅ 𝜐) I

(35)

J = −𝑝I + 2𝜇Λ + 𝜆 (∇𝛼 ⋅ 𝜐) I,

(36)

4.1. Balances of Linear and Angular Momentums on Cantor
Sets. If the second law of Newton in fractal mechanics is
valid, the balance of linear momentum for flows on Cantor
sets takes the form [27]
𝐷𝛼
∭ 𝜌𝜐𝑑𝑉(𝛾) = ∭ 𝜌b𝑑𝑉(𝛾) + ∯ J ⋅ 𝑑S(𝛽) ,
𝐷𝑡𝛼
𝑉(𝛾)
𝑉(𝛾)
𝑆(𝛽)
(43)
where J denotes the fractal Cauchy stress tensor [27] and b
denotes the specific fractal body force [27].
By using (32), (43) becomes
𝐷𝛼
𝜕𝛼
(𝛾)
𝜌𝜐𝑑𝑉
=
(𝜌𝜐) 𝑑𝑉(𝛾)
∭
∭
𝛼
𝐷𝑡𝛼
𝑉(𝛾)
𝑉(𝛾) 𝜕𝑡

which leads to

where (∇𝛼 ⋅ 𝜐) is the fractal volumetric strain rate and Λ =
(1/2)(∇𝛼 ⋅ 𝜐 + 𝜐 ⋅ ∇𝛼 ) [27], 𝜆 and 𝜇 are the bulk and shear
moduli of viscosity.
The constitutive equation of homogeneous compressible
Euler fluid on Cantor sets reads
J = −𝑝 (𝜌) I.

𝛼

∇ ⋅ 𝜐 = 0.

(38)

The constitutive equation of homogeneous compressible
Navier-Stokes fluid on Cantor sets is written in the form
J = −𝑝 (𝜌) I + 2𝜇 (𝜌) Λ + 𝜆 (𝜌) (∇𝛼 ⋅ 𝜐) 𝐼.

∇𝛼 ⋅ 𝜐 = 0.

(40)

By using Stokes’ assumption 𝜆(𝜌) = −2𝜇(𝜌)/3, the constitutive equation of homogeneous compressible Navier-Stokes
fluid on Cantor sets becomes
2
J = −𝑝 (𝜌) I + 2𝜇 (𝜌) (∇𝛼 ⋅ 𝜐 + 𝜐 ⋅ ∇𝛼 ) − 𝜇 (𝜌) (∇𝛼 ⋅ 𝜐) ,
3
(41)
while the constitutive equation of homogeneous incompressible Navier-Stokes fluid on Cantor sets can obtain that
J = −𝑝I + 𝜇 (∇𝛼 ⋅ 𝜐 + 𝜐 ⋅ ∇𝛼 ) ,

=∭

∇𝛼 ⋅ 𝜐 = 0.

(42)

4. Cauchy’s Equations of Motion
and Mechanical Energy Equations on
Cantor Sets
In this section, we consider balance of linear and angular
momentums and energy on Cantor sets.

𝑉(𝛾)

𝜌𝜐𝜐 ⋅ 𝑑S(𝛽)

𝜌b𝑑𝑉(𝛾) + ∯

𝑆(𝛽)

J ⋅ 𝑑S(𝛽)
(44)

which is rewritten as
𝜕𝛼
(𝜌𝜐) + ∇𝛼 ⋅ [𝜌𝜐𝜐] = 𝜌b + ∇𝛼 ⋅ J.
𝜕𝑡𝛼

(45)

In view of (7), (45) yields
𝜕𝛼 𝜌
𝜕𝛼 𝜐
𝜐 + 𝜌 𝛼 + 𝜐𝜐 ⋅ ∇𝛼 𝜌 + 𝜌𝜐∇𝛼 ⋅ 𝜐 + 𝜌𝜐 ⋅ ∇𝛼 𝜐 = 𝜌b + ∇𝛼 ⋅ J
𝛼
𝜕𝑡
𝜕𝑡
(46)
which implies that
𝜐(

(39)

The constitutive equation of homogeneous incompressible
Navier-Stokes fluid on Cantor sets is expressed as
J = −𝑝I + 2𝜇Λ,

𝑆(𝛽)

(37)

The constitutive equation of homogeneous incompressible
Euler fluid on Cantor sets is
J = −𝑝I,

+∯

𝜕𝛼 𝜌
𝜕𝛼 𝜐
𝛼
+
∇
(𝜐
⋅
𝜌))
+
𝜌
(
+ 𝜐 ⋅ ∇𝛼 𝜐) = 𝜌b + ∇𝛼 ⋅ J
𝜕𝑡𝛼
𝜕𝑡𝛼
(47)

or
𝜐(

𝜕𝛼 𝜌
𝜕𝛼 𝜐
𝛼
𝛼
+
𝜐
⋅
∇
𝜌
+
𝜌∇
⋅
𝜐)
+
𝜌
(
+ 𝜐 ⋅ ∇𝛼 𝜐)
𝜕𝑡𝛼
𝜕𝑡𝛼

(48)

𝛼

= 𝜌b + ∇ ⋅ J.
Therefore, (48) is reexpressed by
𝜐(

𝜕𝛼 𝜌
𝜕𝛼 𝜐
𝛼
+
∇
⋅
(𝜌𝜐))
+
𝜌
(
+ 𝜐 ⋅ ∇𝛼 𝜐) = 𝜌b + ∇𝛼 ⋅ J.
𝜕𝑡𝛼
𝜕𝑡𝛼
(49)

Taking continuity equation on Cantor sets and fractal material derivative yields
𝜌

𝐷𝛼 𝜐
= 𝜌b + ∇𝛼 ⋅ J.
𝐷𝑡𝛼

(50)

Hence, balance of linear momentum in its local Cantorian
form (the Newton’s law in its local Cantorian form) is
rewritten as
𝜌

𝐷𝛼 𝜐
= ∇𝛼 ⋅ J + 𝜌b
𝐷𝑡𝛼

(51)
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or
𝜌

For incompressible fluid, Cauchy’s equation of motion of
flows on Cantor sets is obtained by using (40)

𝛼

𝜕 𝜐
= ∇𝛼 ⋅ J + 𝜌b − 𝜌𝜐 (∇𝛼 ⋅ 𝜐) .
𝜕𝑡𝛼

(52)
𝐷𝛼
∭ 𝜌𝜐𝑑𝑉(𝛾)
𝐷𝑡𝛼
𝑉(𝛾)

It is called as the Cauchy’s equation of motion of flows on
Cantor sets.
In the absence of internal couples, the balance of angular
momentum on Cantor sets implies that the fractal Cauchy
stress is symmetric [27]; that is,
𝐷𝛼 𝜐
𝜌 𝛼 = ∇𝛼 ⋅ J𝑇 + 𝜌b or
𝐷𝑡

J = J𝑇 .

=∭

𝑉(𝛾)

+∯

𝜌b𝑑𝑉(𝛾)

𝑆(𝛽)

(53)

(61)

(−𝑝I + 𝜇 (∇𝛼 ⋅ 𝜐 + 𝜐 ⋅ ∇𝛼 )) ⋅ 𝑑S(𝛽)

which leads to

Taking fractal material derivative, (45) is expressed by
𝜕𝛼 𝜐
𝜌 𝛼 + 𝜌𝜐 (∇𝛼 ⋅ 𝜐) = ∇𝛼 ⋅ J𝑇 + 𝜌b
𝜕𝑡

𝜌

(54)

𝐷𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇𝛼 (𝜐 ⋅ ∇𝛼 ) + 𝜌b
𝐷𝑡𝛼

(62)

𝐷𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇𝛼 (𝜐 ⋅ ∇𝛼 ) .
𝐷𝑡𝛼

(63)

or

or
J = J𝑇 .

(55)

which yields the Newton’s law in local fractional integration
form given by
𝛼

∭

𝑉(𝛾)

𝑇

∇ ⋅ (𝜌𝜐 ⋅ 𝜐 − J ) 𝑑𝑉

(𝛾)

=∯

𝑇

𝑆(𝛽)

[𝜌𝜐 ⋅ 𝜐 − J ] 𝑑S

(𝛽)

𝐷𝛼
∭ 𝜌𝜐𝑑𝑉(𝛾) = ∭ 𝜌b𝑑𝑉(𝛾) − ∯ 𝑝I ⋅ 𝑑S(𝛽)
𝐷𝑡𝛼
𝑉(𝛾)
𝑉(𝛾)
𝑆(𝛽)
(57)
which implies that
𝐷𝛼 𝜐
= −∇𝛼 𝑝 (𝜌) + 𝜌b.
𝐷𝑡𝛼

(58)

For compressible fluid, Cauchy’s equation of motion of flows
on Cantor sets is obtained by using (39)
𝐷𝛼
∭ 𝜌𝜐𝑑𝑉(𝛾)
𝐷𝑡𝛼
𝑉(𝛾)
=∭

𝑉(𝛾)

−∯

𝜌b𝑑𝑉

𝑆(𝛽)

𝐷𝛼
∭ (𝜌𝜑) 𝑑𝑉(𝛾) + ∯ (𝜌𝜑𝜐) ⋅ 𝑑S(𝛽)
𝐷𝑡𝛼
𝑉(𝛾)
𝑆(𝛽)
=∭

𝑉(𝛾)

−∭

(𝜌b ⋅ 𝜐) 𝑑𝑉(𝛾) + ∯

𝑉(𝛾)

𝜐 ⋅ J𝑑S(𝛽)

∇𝛼 ⋅ (𝑝𝜐) 𝑑𝑉(𝛾) − ∭

𝑉(𝛾)

(64)

𝜙𝑑𝑉(𝛾) ,

where the first term is rate of change of kinetic energy in
fractal domain, the second term is rate of outflow across
fractal boundary, the third term is rate of work by fractal body
force, the fourth term is rate of work by surface force, the fifth
term is rate of work by volume expansion, and the last term
is rate of viscous dissipation.
Local fractional differential form of the mechanical
energy equation with viscous dissipation on Cantor sets gives

(65)

+ ∇𝛼 ⋅ (𝑝𝜐) − 𝜙,

(𝛾)

1
(𝑝 (𝜌) I + 𝜇 (𝜌) ( (∇𝛼 ⋅ 𝜐) + 𝜐 ⋅ ∇𝛼 )) ⋅ 𝑑S(𝛽)
3
(59)

𝐷𝛼 𝜐
1
= − ∇𝛼 𝑝 (𝜌) + ∇𝛼 ⋅ [𝜇 (𝜌) (∇𝛼 ⋅ 𝜐)]
𝐷𝑡𝛼
3
𝛼

𝑆(𝛽)

𝐷𝛼
(𝜌𝜑) + ∇𝛼 ⋅ (𝜌𝜑𝜐) = 𝜌b ⋅ 𝜐 + 𝜐 ⋅ (∇𝛼 ⋅ J)
𝐷𝑡𝛼

which is
𝜌

4.2. Balance of Energy on Cantor Sets. The mechanical energy
equation with viscous dissipation on Cantor sets is repeated
by

(56)

if the compressible flow on Cantor sets is steady and body
forces are absent. The results are different from [36–38]
because of the fractional operators.
In local Eulerian form, Cauchy’s equation of motion of
flows on Cantor sets is given by using (37)

𝜌

𝜌

𝛼

+ ∇ ⋅ (𝜇 (𝜌) 𝜐 ⋅ ∇ ) + 𝜌b.

which implies for fractal material derivative of 𝜌𝜑
𝜕𝛼
(𝜌𝜑) + 𝜐 ⋅ ∇𝛼 (𝜌𝜑) + ∇𝛼 ⋅ (𝜌𝜑𝜐)
𝜕𝑡𝛼
𝛼

(66)

𝛼

= 𝜌b ⋅ 𝜐 + 𝜐 ⋅ (∇ ⋅ J) − ∇ ⋅ (𝑝𝜐) − 𝜙,
(60)

where the rate of viscous dissipation of kinetic energy per unit
volume is 𝜙.
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The integration form of the balance of energy on Cantor
sets is expressed by
𝐷𝛼
∭ 𝜌 (𝜃 + 𝜑) 𝑑𝑉(𝛾)
𝐷𝑡𝛼
𝑉(𝛾)
𝜐 ⋅ J ⋅ 𝑑S(𝛽) − ∯

=∯

𝑆(𝛽)

+∭
−∭

𝑉(𝛾)

𝑉(𝛾)

(𝜌b ⋅ 𝜐) 𝑑𝑉

𝑆(𝛽)

(𝛾)

𝜌 (𝜃 + 𝜑) 𝜐 ⋅ 𝑑S(𝛽)
(67)

+∯

2𝛼

𝑆(𝛽)

𝐾 q ⋅ 𝑑S

𝐷𝛼 𝜐 𝜕𝛼 𝜐
= 𝛼 + 𝜐 (∇𝛼 ⋅ 𝜐) ,
𝐷𝑡𝛼
𝜕𝑡
(68)

− ∇𝛼 ⋅ [𝜌 (𝜃 + 𝜑) 𝜐 − 𝐾2𝛼 ⋅ q] − 𝜙,
where 𝐾2𝛼 is denoted as fractal heat conduction coefficient
and q is fractal temperature flied.
The term
𝑆(𝛽)

𝜌 (𝜃 + 𝜑) 𝜐 ⋅ 𝑑S

𝑉(𝛾)

=∭

𝛼

𝑉(𝛾)

∇ ⋅ [𝜌 (𝜃 + 𝜑)] 𝜐𝑑𝑉

(𝛾)

𝜌

(𝑝 (∇𝛼 ⋅ 𝜐)) 𝑑𝑉(𝛾) = ∯

𝑉(𝛾)

𝛼

(𝛾)

𝜌

(70)

5. Systems of Navier-Stokes Equation on
Cantor Sets
In this section, we investigate the Navier-Stokes equation on
Cantor sets and derive systems of Navier-Stokes equation on
Cantor sets.

𝜌

(76)

𝜌

𝐷 𝜐
= − ∇𝛼 ⋅ (𝑝I)
𝐷𝑡𝛼
2
+ ∇ [2𝜇 (∇ ⋅ 𝜐 + 𝜐 ⋅ ∇ ) − 𝜇 (∇𝛼 ⋅ 𝜐) I] + 𝜌b,
3
(72)

𝜕𝛼 𝜐
1
= − ∇𝛼 𝑝 + 𝜇∇𝛼 ((∇𝛼 ⋅ 𝜐))
𝜕𝑡𝛼
3
2𝛼

(77)

(78)

𝛼

+ 𝜇∇ 𝜐 + 𝜌b − 𝜌𝜐 (∇ ⋅ 𝜐) .
5.2. Systems of Navier-Stokes Equation on Cantor Sets. In
this section, we consider systems of Navier-Stokes fluid on
Cantor sets, which states that the systems consists of the
continuity equation, the motion equation, and the energy
balance equation on Cantor sets.
By using (29), (71), and (77), systems of compressible
Navier-Stokes equations on Cantor sets become as follows:
𝜕𝛼 𝜌
+ ∇𝛼 ⋅ (𝜌𝜐) = 0,
𝜕𝑡𝛼
𝜌

𝛼

1
𝐷𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇𝛼 ((∇𝛼 ⋅ 𝜐)) + 𝜇∇2𝛼 𝜐 + 𝜌b
𝛼
𝐷𝑡
3

which yields by using (55)

5.1. Navier-Stokes Equation on Cantor Sets. Substituting the
constitutive equation into Cauchy’s equation (41) yields

𝛼

𝐷𝛼 𝜐
= − ∇𝛼 𝑝 + ∇𝛼 [𝜇 (∇𝛼 ⋅ 𝜐 + 𝜐 ⋅ ∇𝛼 )]
𝐷𝑡𝛼

which becomes for 𝜆 = −(2/3)𝜇

[𝜐 ⋅ (∇ 𝑝)] 𝑑𝑉 .

where 𝜑 is the kinetic energy per unit of mass, b is the external
force per unit of mass, J is the fractal Cauchy stress tensor, and
𝜃 is the internal energy per unit of mass.

𝛼

(75)

+ ∇𝛼 (𝜆 (∇𝛼 ⋅ 𝜐)) + 𝜌b

The mechanical energy equation with no viscous dissipation on Cantor sets is written in the local Cantorian form as
𝐷𝛼
𝜌 𝛼 (𝜃 + 𝜑) = −∇𝛼 𝑝 ⋅ 𝜐 + 𝜐 ⋅ (∇𝛼 ⋅ J) + 𝜌b ⋅ 𝜐 + 𝐾2𝛼 ∇𝛼 ⋅ q,
𝐷𝑡
(71)

𝛼

𝜕𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇2𝛼 𝜐 + 𝜌b − 𝜌𝜐 (∇𝛼 ⋅ 𝜐) .
𝜕𝑡𝛼

(𝑝𝜐) 𝑑S(𝛽)

𝑆(𝛽)

(74)

For compressible fluid, the Navier-Stokes equation on Cantor
sets reads

(69)

−∭

𝜌

(73)

in compressible fluids, a general form of the Navier-Stokes
equation on Cantor sets is stated as

vanishes if the term 𝜌𝜃𝜐 is zero at the boundaries and
∭

𝐷𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇2𝛼 𝜐 + 𝜌b.
𝐷𝑡𝛼

Applying fractal material derivative of the fluid velocity,

which leads to
𝐷𝛼
[𝜌 (𝜃 + 𝜑)] = 𝜐 ⋅ (∇𝛼 ⋅ J) + 𝜌b ⋅ 𝜐 − ∇𝛼 ⋅ (𝑝𝜐)
𝐷𝑡𝛼

∯

𝜌

(𝛽)

𝜙𝑑𝑉(𝛾)

(𝛽)

where viscosity 𝜇 in this equation can be a function of the
thermodynamic state.
This is a general form of the Navier-Stokes equation on
Cantor sets, which is the equation of motion for a Newtonian
fluid on Cantor sets.
For incompressible fluids ∇𝛼 ⋅ 𝜐 = 0, we deduce to

𝐷𝛼 𝜐
1
= −∇𝛼 𝑝 + 𝜇∇𝛼 ((∇𝛼 ⋅ 𝜐)) + 𝜇∇2𝛼 𝜐 + 𝜌b,
𝛼
𝐷𝑡
3
𝜌

𝛼

𝐷
(𝜃 + 𝜑) = − ∇𝛼 ⋅ (𝑝𝜐) + 𝜐 ⋅ (∇𝛼 ⋅ J)
𝐷𝑡𝛼
+ 𝜌b ⋅ 𝜐 + 𝐾2𝛼 ∇𝛼 ⋅ q.

(79)
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By applying (31), (71), and (73), systems of incompressible
Navier-Stokes equations on Cantor sets are stated as

𝜌

𝛼
𝜕𝛼 𝑝V𝑥 𝜕 𝑝V𝑦
𝐷𝛼
(𝜃
+
𝜑)
=
−
(
+
)
𝐷𝑡𝛼
𝜕𝑥𝛼
𝜕𝑦𝛼

∇𝛼 ⋅ 𝜐 = 0,
𝜌
𝜌

+ V𝑥 (

𝐷𝛼 𝜐
= −∇𝛼 𝑝 + 𝜇∇2𝛼 𝜐 + 𝜌b,
𝐷𝑡𝛼

𝛼

𝐷
(𝜃 + 𝜑) = − ∇𝛼 ⋅ (𝑝𝜐) + 𝜐 ⋅ (∇𝛼 ⋅ J)
𝐷𝑡𝛼

(80)

+ V𝑦 (

or in the 3D Cantorian coordinates, systems of Navier-Stokes
equations on Cantor sets can be written for each component,
𝑥, 𝑦, and 𝑧 as
𝛼
𝜕𝛼 V𝑥 𝜕 V𝑦 𝜕𝛼 V𝑧
+
+
= 0,
𝜕𝑥𝛼
𝜕𝑦𝛼
𝜕𝑧𝛼

𝜌

𝜌
𝜌

𝜕2𝛼 V𝑦 𝜕2𝛼 V𝑦 𝜕2𝛼 V𝑦
𝜕𝛼 𝑝
= − 𝛼 + 𝜇 ( 2𝛼 +
+
) + 𝜌𝑏𝑦 ,
𝜕𝑦
𝜕𝑥
𝜕𝑦2𝛼
𝜕𝑧2𝛼

𝜕𝛼 𝑝
𝐷𝛼 V𝑧
𝜕2𝛼 V𝑧 𝜕2𝛼 V𝑧 𝜕2𝛼 V𝑧
=
−
+
𝜇
(
+
+
) + 𝜌𝑏𝑧 ,
𝐷𝑡𝛼
𝜕𝑧𝛼
𝜕𝑥2𝛼
𝜕𝑦2𝛼
𝜕𝑧2𝛼

𝛼
𝜕𝛼 (𝑝V𝑥 ) 𝜕 (𝑝V𝑦 ) 𝜕𝛼 (𝑝V𝑧 )
𝐷𝛼
(𝜃
+
𝜑)
=
−
(
+
+
)
𝐷𝑡𝛼
𝜕𝑥𝛼
𝜕𝑦𝛼
𝜕𝑧𝛼

+ V𝑥 (
+ V𝑦 (
+ V𝑧 (

𝛼
𝜕𝛼 𝐽𝑥𝑥 𝜕 𝐽𝑥𝑦 𝜕𝛼 𝐽𝑥𝑧
+
+
)
𝜕𝑥𝛼
𝜕𝑦𝛼
𝜕𝑧𝛼

𝜕𝛼 𝐽𝑦𝑥
𝜕𝑥𝛼

+

𝜕𝛼 𝐽𝑦𝑦
𝜕𝑦𝛼

+

𝜕𝛼 𝐽𝑦𝑧
𝜕𝑧𝛼

)

𝛼
𝜕𝛼 𝐽𝑧𝑥 𝜕 𝐽𝑧𝑦 𝜕𝛼 𝐽𝑧𝑧
+
+
)
𝜕𝑥𝛼
𝜕𝑦𝛼
𝜕𝑧𝛼

+ 𝜌𝑏𝑥 V𝑥 + 𝜌𝑏𝑦 V𝑦 + 𝜌𝑏𝑧 V𝑧
+ 𝐾2𝛼 (

𝛼
𝜕𝛼 𝑞𝑥 𝜕 𝑞𝑦 𝜕𝛼 𝑞𝑧
+
+
).
𝜕𝑥𝛼
𝜕𝑦𝛼
𝜕𝑧𝛼

In the 2D Cantorian coordinates, systems of incompressible
Navier-Stokes equations on Cantor sets are rewritten in the
form
𝛼
𝜕𝛼 V𝑥 𝜕 V𝑦
+
= 0,
𝜕𝑥𝛼
𝜕𝑦𝛼

𝜌

𝜕𝛼 𝑝
𝐷𝛼 V𝑥
𝜕2𝛼 V𝑥 𝜕2𝛼 V𝑥
=
−
+
𝜇
(
+
) + 𝜌𝑏𝑥 ,
𝐷𝑡𝛼
𝜕𝑥𝛼
𝜕𝑥2𝛼
𝜕𝑦2𝛼
𝐷𝛼 V 𝑦
𝐷𝑡𝛼

=−

𝜕𝑦𝛼

) + 𝜌𝑏𝑥 V𝑥 + 𝜌𝑏𝑦 V𝑦

In the 1D Cantorian coordinates, systems of incompressible
Navier-Stokes equations on Cantor sets are repeated by the
expression
𝜕𝛼 V
= 0,
𝜕𝑥𝛼

𝜕2𝛼 V𝑦 𝜕2𝛼 V𝑦
𝜕𝛼 𝑝
+
𝜇
(
+
) + 𝜌𝑏𝑦 ,
𝜕𝑦𝛼
𝜕𝑥2𝛼
𝜕𝑦2𝛼

𝜌
𝜌

𝜕𝛼 𝑝
𝐷𝛼 V
𝜕2𝛼 V
=
−
+
𝜇
+ 𝜌𝑏,
𝐷𝑡𝛼
𝜕𝑥𝛼
𝜕𝑥2𝛼

(83)

𝛼
𝜕𝛼 (𝑝V)
𝐷𝛼
𝜕𝛼 𝐽
2𝛼 𝜕 𝑞
(𝜃
+
𝜑)
=
−
+
V
+
𝜌𝑏V
+
𝐾
.
𝐷𝑡𝛼
𝜕𝑥𝛼
𝜕𝑥𝛼
𝜕𝑥𝛼

6. Conclusions
In the present work, we propose the systems of Navier-Stokes
equations derived from local fractional vector calculus. These
obtained Navier-Stokes equations in one-, two-, and threedimension Cantorian coordinates are shown to describe the
materials as being local fractional continuous and nondifferential functions, which are applied to describe fluid flow
in fractal media. Comparing between the fractional result
in Navier-Stokes equation in fractal media [39] and local
fractional one, the former via fractional calculus is continuous and differential quantities as classical result, however,
the latter is local fractional continuous and nondifferential
quantities. The classical result is obtained in case of fractal
space-time dimension, which is equal to 1.
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The ever-increasing visitation in parks and protected areas continues to present a considerable challenge for worldwide land
managers with allowing recreational use while preserving natural conditions. In China, the fast expanding visitation in protected
areas is quickly damaging the natural resources and precious culture without effective visitor education, while regulation and site
management are also gaining very limited efficacy. We propose a differential equation to describe the ecological tourism system.
Shown by the theoretical proof and numerical simulation, the ecological tourism system is unstable without any perturbed factors,
especially visitor educational intervention, because the solution of the dynamic system explodes in a finite time given any initial
value. Supposing that the intrinsic increasing rate of stakeholders in the systems stochastically perturbed by the visitor educational
intervention, we discover that the stochastic dynamic model can effectively suppress the explosion of the solution. As such, we
demonstrate that the tourism system can develop steadily and safely even under a large amount of visitors in public vacation, when
employing continuous visitor education intervention programmes.

1. Introduction
Currently, the Chinese tourism market is the primary domestic tourism market owning about 1.7 billion visitors per year
and the fourth inbound tourism market and the primary
outbound tourism market in the Asian-Pacific region owning
about 45.84 million visitors per year [1]. Many scholars
proclaim in surprise that the era of recreation is approaching
ordinary Chinese daily life. In the public holidays such as
golden week of Labor’s day and National day, it is crowded and chaotic in every popular scene site such as Huangshan Mountain, Huashan Mountain, and the Great Wall,
In these crowded parks or natural protected areas, the
negative impacts, such as litter, tree damage, noise, and the
rude behaviors of visitors, shock the environmentalists. In
the United States, scholars concluded that the undesirable
impacts on the tourism destination with fast expanding
visitation include resource degradation and social impacts
[2, 3]. The resource impacts associated with large amount

of visitors include the trampled vegetation and soil damage,
soil compaction and erosion, litter, human waste, and wildlife
disturbance. The social impacts include the diminished satisfaction of visitors and recreation conflicts between visitors,
visitors and park managers, visitors and neighbors of tourism
destinations, and the culture conflicts [4]. Ferreira and Rosso
[5] discovered that the Sao Paulo coast is highly depredated
by the increased tourist activity. Manning and Aderson
[6] also found that the dramatically grown visitors’ use of
Arches National Park has had several important impacts on
the park including trampling of fragile soils and vegetation
(impacts on soil and vegetation) and crowding on trails
and at attraction sites (crowding, impacts on trails and
attraction sites). Left unmanaged, these impacts can lead to
unacceptable changes in resource and social conditions such
as the loss of sensitive or rare plants and animals, or declines
in visitor satisfaction [7]. In China, many visitors feel awful
when they arrive the tourism destination because of crowded
people and the rude behaviors.
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Facing the increasingly serious negative tourism impacts,
many scholars propose different strategies to reduce the
impacts. Ferreira and Rosso [5] proposed that the management strategies should include isolation of sensitive areas,
construction of boardwalks, visitor education, and monitoring programmes to reduce the degradation of rocky shore
fauna on the Sao Paulo coast caused by the development of
tourism. In United States, many park managers commonly
employ regulations, site management, and visitor education
to address the resource and social impacts. The regulations
directly curtail tourism freedom and antagonize visitors by
their enforcement. But the enforcements of regulations are
often costly and lack efficacy. Peterson and Lime [8], Hendee
and Dawson [3], and Stankey and Schreyer [9] noted that site
management actions were less direct but they were also costly
and permanently altered the natural setting and the nature
of recreational experiences. The visitor education is a more
appropriate, light-handed and indirect management response
to reduce resource and social impacts [4, 10]. Docutte and
Cole [11] presented that visitor education has been widely
touted as the most appropriate approach to managing recreation in wilderness. Visitor education is also easier to win
the support of visitors [3]. Hence, in the United States, the
federal land management agencies employed a Leave No
Trace (LNT) programme for visitor education in order to
reduce the resource and social impacts. And many other
international organizations such as Members of the World
Tourism Organization developed a Global Code of Ethics for
Tourism in 1999 to help minimize the negative impact of
tourism on the environment and the cultural heritage (WTO,
2006). The Ecotourism society (1993) has also put forward
“Ecotourism Guidelines for Nature Operators” to guide
the visitor educational efforts to minimize the social and
environment impacts. Hendee and Dawson [3] concluded
that effective educational programmes can (1) reduce per
capita and cumulative resource and experiential impacts;
(2) aid in keeping resource and social conditions within
acceptable limits; (3) reduce the need for site management on
regulatory actions such as limits; (4) provide a key component
of sustainable tourism programmes.
There are a lot of references to study the visitor educational message content, message delivery approaches,
audience characteristics and theoretical grounding including moral development theory and decisionmaking theory,
reasoned actions and planned behavior theory. However,
there is little research to study the relationship between the
stakeholders and the human ecological system of tourist destinations. In fact, the stakeholders in ecotourism destinations
cannot survive without the support from one another, and
they must unite to a population in a certain space [12]. In
2012, Shou-wen started to analyze the dynamic property of
visitors and the ecological tourism system under the visitor
educational intervention. Shou-wen et al. [13] set up the
stochastic increasing model of stakeholders perturbed by
the continuous visitor education. In this paper, we make
efforts to the further study to better understand the relationship between the stakeholders and ecological tourism
system intervened by visitor educational programmes. Based
on stochastic differential equation theory [14], we explore
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whether the ecological tourism system can develop sustainably when perturbed by the continual visitor educational
intervention.
In order to clearly present the mathematical models in
the next three sections, we introduce the key definitions and
notations of variables in the following.
𝑥(𝑡): stakeholders in an ecological tourism system at time
𝑡.
𝑥0 : the initial value of differential equation at time 𝑡0 .
𝛼: the intrinsic increasing rate of stakeholders within the
ecological tourism system.
𝛽: the immigration rate of stakeholders from outside the
system.
𝛾: the emigration rate of stakeholders from the inner
system.
𝐾: the maximum carrying capacity of the ecological
tourism system.
𝜔(𝑡): the Brownian movement.
𝜀: the intensity of visitor education intervention.
𝜏𝑒 : the explosion time of stochastic differential equation.
𝜏𝑘 : the stopping time of stochastic differential equation.
𝑘0 : a sufficiently large value.
𝑘: any nonnegative integer.
𝑉(𝑥): a 𝐶2 -function, 𝑉 : 𝑅+ → 𝑅+ .
𝑀: a sufficient large positive value.
𝑇: a sufficient large positive constant.

2. The Logical Differential Equation Model of
Ecological Tourism System
In the literature, the ecological tourism system is defined
as all the natural resources including air, rocks, mountains,
soils, trees, wildlife, and all the stakeholders in visitation
destination. And the stakeholders [12] in ecotourism include
the seven factors: (1) the tourism resource suppliers’ group
such as tourism resource managers or park managers; (2) the
visitation product sellers group including tourism company,
and tourism website managers; (3) the group of relative products or services suppliers who are providing transportation
and hotels, catering, other tourism memories products; (4)
the group of local communities including the staff of tourism
companies and workers in other company and local people;
(5) the group of governments including super government
organizations and centeral and local governments; (6) the
special interest group including nongovernment organizations like environmental organizations, human rights and
labor rights organizations, or trust and environmental charity
institutes, academics, and social medias; and (7) the core
tourism products and services consumers like visitors.
We supposed that there are 𝑥(𝑡) stakeholders in an ecological tourism system at time 𝑡, considering that there are some
stakeholders entering the system from outside the ecological
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system and some others leave the system when they finish
their activities or business. We denote 𝛼 as the intrinsic
increasing rate of stakeholders within the ecological tourism
system, 𝛽 as the immigration rate of stakeholders from outside the system, and 𝛾 as the emigration rate of stakeholders
from the inner system. 𝐾 stands for the maximum carrying
capacity of the ecological tourism system. And then 1/𝐾
represents the recreation impact factors per capita. So 𝑥(𝑡)/𝐾
means the recreation impact factor at time 𝑡. So mapping the
logistical differential equation on the ecological system, we
have
1
𝑑𝑥
= 𝑥 (𝛼 + 𝛽 − 𝛾 − 𝑥) .
𝑑𝑡
𝐾

(1)

It is the original differential equation to describe the relationship between the stakeholders and the ecological system.
Theorem 1. For any given initial value 𝑥0 , the solution of (1)
𝑥(𝑡) cannot avoid an explosion in a finite time.
Proof. Since the variable 𝑥(𝑡) denotes the population of
stakeholder, 𝑥(𝑡) must be a positive value at time 𝑡 ≥ 0. When
the parameters of (1) 𝛼, 𝛽, 𝛾 ∈ (0, 1), 𝐾 ∈ 𝑅+ , (1) only has a
local solution as follows
𝑥 (𝑡) =

− (1/𝐾) +

𝛼+𝛽−𝛾
.
(𝛼 + 𝛽 − 𝛾 − (1/𝐾) 𝑥0 ) /𝑥0
(2)

𝑒−(𝛼+𝛽−𝛾)𝑡

Given that 𝑥0 > 0, it is not difficult to conclude that 𝑥(𝑡)
explodes to infinity when 𝑡 → T,
T=−

− (1/𝐾) 𝑥0
1
.
log
𝛼+𝛽−𝛾
(𝛼 + 𝛽 − 𝛾 − (1/𝐾) 𝑥0 )

(3)

Hence, the solution of (1) 𝑥(𝑡) will explode to infinity in a
finite time.
In other words, the original differential equation model
just has the local solution. The simulation data in Table 1 and
Figure 1 show that the dynamic model (1) explodes in a finite
time for any initial value 𝑥0 = 30, 40, 50, 70, 80, 100, when
𝛼 = 0.25, 𝛽 = 0.12, 𝛾 = 0.08. and 𝐾 = 1000. For instance,
according to simulation data in Table 1 and Figure 1, we can
easily find that the number of stakeholders 𝑥(10) = 1081
is a little larger than the maximum capacity of the system
𝐾 = 1000, but at time 𝑡 = 11, 𝑥(11) = 2990 is much larger
than 𝐾 = 1000, when the initial value of stakeholder 𝑥0 =
40 without any control on the system. Hence, the system is
chaotic and unsustainable after 𝑡 = 10. Eventually, the system
is collapsed at time 𝑡 = 12, because 𝑥(12) = −5679 < 0.
When 𝑥0 = 30, 40, 50, 70, 80, 100, the system is collapsed at
time 𝑡 = 14, 12, 10, 7, 6, 4, see Figure 1; therefore, it can be
concluded that the system is collapsed faster with larger initial
value 𝑥0 .
Similarly, Figure 2 demonstrates that the explosion of the
dynamic model (1) cannot avoid any initial value 𝑥0 = 30, 40,
45, 60, 70, 80, given that 𝛼 = 0.15, 𝛽 = 0.08, 𝛾 = 0.06, and
𝐾 = 1000. For instance, Table 2 shows that the number of
stakeholders 𝑥(16) = 1698 is much larger than the maximum

Table 1: The simulation of 𝑥(𝑡) given the different initial value 𝑥0 .
𝑥(𝑡)
𝛼 = 0.25, 𝛽 = 0.12, 𝛾 = 0.08, 𝐾 = 1000

𝑡

𝑥0 = 30 𝑥0 = 40 𝑥0 = 50 𝑥0 = 70 𝑥0 = 80 𝑥0 = 100
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

53
63
75
91
110
135
169
215
281
382
556
918
2098
−18836
−1956
−1102
−800
−646
−554

79
95
116
143
179
229
302
417
622
1081
2990
−5679
−1619
−1000
−752
−619
−537
−481
−442

112
138
172
219
287
392
575
961
2303
−11137
−1841
−1069
−785
−638
−549
−490
−448
−417
−394

215
280
382
555
916
2087
−19651
−1963
−1104
−800
−647
−555
−494
−451
−420
−396
−377
−362
−351

301
415
617
1069
2907
−5956
−1638
−1006
−755
−621
−538
−482
−443
−413
−391
−373
−359
−348
−339

688
1262
4545
−3635
−1422
−931
−717
−598
−523
−472
−435
−408
−386
−370
−357
−346
−337
−330
−324

5000

4000
2000
1000

𝐾 = 1000
12

0
2

4

6

8

14

16

18

20

10

−2000
−4000
−6000
−10000
−20000

𝛼 = 0.25
𝛽 = 0.12
𝛾 = 0.08
𝑥0 = 30
𝑥0 = 40
𝑥0 = 50

𝑥0 = 70
𝑥0 = 80
𝑥0 = 100

Figure 1: The simulation of 𝑥(𝑡) given the different initial values of
𝑥0 .

capacity of 𝐾 = 1000, given the initial value of stakeholder
𝑥0 = 30 without any control on the system. Hence, the system is chaotic and unsustainable after time 𝑡 = 16. Eventually,
the system will be collapsed at time 𝑡 = 18. When 𝑥0 = 30,
40, 45, 60, 70, 80, the system is collapsed at time 𝑡 = 18, 13,
12, 10, 6, 3, see Figure 1. Therefore, it can be concluded that
the system is collapsed faster with larger initial value 𝑥0 .
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Table 2: The simulation of 𝑥(𝑡) given the different initial value 𝑥0
and 𝛼, 𝛽, and 𝛾.

𝑥0 = 30 𝑥0 = 40 𝑥0 = 45 𝑥0 = 60 𝑥0 = 70
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

58
65
73
83
94
108
125
145
171
204
249
312
405
559
860
1698
16191
−2366
−1153

98
112
129
151
179
214
263
332
437
616
989
2224
−15070
−1851
−1025
−727
−574
−481
−418

127
148
174
208
254
319
417
581
908
1878
102870
−2126
−1097
−760
−592
−493
−427
−380
−345

166
198
240
299
385
525
787
1456
6590
−2942
−1263
−829
−630
−516
−443
−392
−354
−325
−303

311
404
558
856
1685
15181
−2388
−1157
−786
−607
−502
−433
−384
−349
−321
−299
−282
−268
−256

𝛼 = 0.15
𝛽 = 0.08
𝛾 = 0.06

6000

𝑥(𝑡)
𝛼 = 0.15, 𝛽 = 0.08, 𝛾 = 0.06, 𝐾 = 1000

𝑡

103000
15000

𝑥0 = 80
828
1588
10110
−2574
−1196
−802
−615
−507
−437
−387
−351
−323
−301
−283
−268
−256
−246
−237
−230

Comparing with Figure 1, Figure 2 indicates that the system
is collapsed slower with smaller parameters 𝛼, 𝛽, and 𝛾.
The visitors 𝑥0 are very large in some protected areas
especially on the public vacations in China. So the solution
of the differential dynamic equation will inevitably explode
without any interventional programme. The tourism system
of some famous protected areas or precious fragile natural
history park is currently in the great danger of large visitations.

3. The Stochastically
Dynamics Model Perturbed by Visitor
Educational Intervention
As demonstrated in the simulations of Section 2, with the
high and disordered consumption, the ecological tourism
system especially precious fragile protected areas or parks
will eventually collapse without any visitor education or other
visitor interventions. The booming China tourism market
is extremely crowded in many famous tourism destinations
on the public vacations. Although there are a lot of visitor
regulations and rules in the tourism destinations, the lack of
the effective visitors educational intervention coused the natural resource and culture resource to be badly degraded. The
natural resource impacts and social impacts are extremely
serious. So it is critical importance to develop effective and
systematical visitor educational programme such as the
Chinese version of LNT Programme to avoid systematical

2000
𝐾 = 1000

1000
0
2

4
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−1000
−2000
−3000
−15100
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𝑥0 = 45

𝑥0 = 60
𝑥0 = 700
𝑥0 = 80

Figure 2: The simulation of 𝑥(𝑡) given the different initial values of
𝑥0 and 𝛼, 𝛽, and 𝛾.

explosion of the ecological tourism system. Increasing tourist
activity in protected regions demands management strategies
including visitor education to reduce the impacts on the
ecological tourism system and avoid the explosion of solution
of the dynamic equation describing the system. In this paper,
we suppose that the intrinsic increasing rate of stakeholders
is intervened by visitor education, but the efficacy of visitor
education is different from diverse visitor characteristics, the
educational message content, message delivery approaches,
and so forth. Hence, the intrinsic increasing rate of stakeholders behaves stochastically when perturbed by visitor
intervention. Naturally, we can suppose that the intrinsic rate
of increase is stochastically perturbed with
𝛼 → 𝛼 + 𝜀𝜔 (𝑡) ,

(4)

where 𝜔(𝑡) and 𝜀 represent the Brownian movement and
the intensity of visitor education, respectively. Substituting
(4) into the original differential equation (1), we can obtain
the stochastic dynamic model of ecological tourism system
perturbed by visitor education intervention programme,
𝑑𝑥 = 𝑥 (𝛼 + 𝛽 − 𝛾 −

1
𝑥) 𝑑𝑡 + 𝜀𝑥2 𝑑𝜔 (𝑡) .
𝐾

(5)

The critical purpose of the paper is to study whether the
stochastic parameter of intrinsic increasing rate of stakeholders can effectively suppress the explosion of the solution of (2)
in a finite time with any initial value 𝑥0 and stop the collapse
of the ecological tourism system eventually. In this paper, we
should prove that the solution of (5) can no longer explode in
a finite time with a probability one when 𝛼 + 𝛽 < 𝛾 + (1/𝐾)𝑥0 .
And we will then see that for arbitrary parameters 𝛼, 𝛽, 𝛾 ∈
[0, 1] and 𝐾 ∈ 𝑅+ , the dynamic system will not explode in
a finite time with a probability one provided any intensity of
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the perturbed visitor educational intervention 𝜀. The results
demonstrate that effective visitor education programmes will
support the sustainable development of ecological tourism
system and suppress the explosion of the stochastic dynamic
model.

4. The Existence of Nonexplosion Solutions
of the Ecological Tourism Dynamic System
with Visitor Education of Intervention
In the paper, we denote (Ω, F, {F𝑡 }𝑡≥0 , P) to be a complete
probability space with a filtration {F𝑡 }𝑡≥0 satisfying the usual
condition (i.e., right continuous, and F0 contains all 𝑝-null
sets) [14]. Let 𝜔(𝑡) be one-dimensional Brownian motion
defined on the probability space.
The definition 𝑥(𝑡) should be nonnegative because it
represents the stakeholders. For any given initial value 𝑥0 ,
if the stochastic differential equation (5) has a unique global
solution, then the coefficient of the equation should be satisfy
the linear growth condition and local Lipschilz condition
[14–17]. Unfortunately, the coefficients of (5) only satisfy the
locally Lipschitz continuous condition, so the solution of (5)
only has local solution which may explode at a finite time [18].
Now, we will show that the visitor education intervention
can suppress the explosion of the solution as proved by the
following theorem.
Theorem 2. Given any system parameters 𝛼, 𝛽, 𝛾 ∈ [0, 1], 𝐾 ∈
𝑅+ and any initial value 𝑥0 ∈ 𝑅+ if intensity of visitor education
intervention 𝜀 ≠
0, there is a unique solution 𝑥(𝑡) of (3) at 𝑡 ≥ 0,
and the solution will be positive with probability one, namely,
𝑥(𝑡) > 0 when 𝑡 ≥ 0 a.s.
Proof. For the coefficients of (5) are the locally Lipschitz
continuous, for any given initial value 𝑥0 ∈ 𝑅+ , there is
a unique solution 𝑥(𝑡) on the 𝑡 ∈ (0, 𝜏𝑒 ) where 𝜏𝑒 is the
explosion time [18, 19]. To prove the solution of (5) 𝑥(𝑡) is
global and positive, we need to show that 𝜏𝑒 = ∞ almost
surely. Let 𝑘0 > 0 be sufficiently large value and the initial
value of the equation 𝑥0 belong to the interval [1/𝑘0 , 𝑘0 ]. For
any nonnegative integer 𝑘 ≥ 𝑘0 , we define the stopping time
as follows
1
(6)
𝜏𝑘 = inf {𝑡 ∈ [0, 𝜏𝑒 ) : 𝑥 (𝑡) ∉ ( , 𝑘)} ,
𝑘
where setting inf 0 = ∞ throughout the whole paper, as usual
0 denotes the empty set. Obviously, 𝜏𝑘 is increasing when
𝑘 → ∞. Set 𝜏∞ = lim𝑘 → ∞ 𝜏𝑘 hence 𝜏∞ ≤ 𝜏𝑒 a.s. If it can
be proved that 𝜏∞ = ∞ a.s., then it is natural that 𝜏𝑒 = ∞
a.s. and 𝑥(𝑡) ∈ 𝑅+ for any 𝑡 ≥ 0. In other words, in order to
show that 𝑥(𝑡) ∈ 𝑅+ will not explode, we should show that
𝜏∞ = ∞ a.s. first. Employing contradiction methodology, if
this statement 𝜏∞ = ∞ a.s. is false, then there is a pair of
constant 𝑇 ≥ 0 and 𝜀 ∈ (0, 1), such that
𝑃 {𝜏∞ ≤ 𝑇} > 𝜀.

(7)

Therefore, an integer 𝑘1 ≥ 𝑘0 can be found, such that
𝑃 {𝜏∞ ≤ 𝑇} > 𝜀

∀𝑘 ≥ 𝑘1 .

(8)

Define a 𝐶2 -function 𝑉 : 𝑅+ → 𝑅+ ,
𝑉 (𝑥) = √𝑥 − 1 − log 𝑥0.5 .

(9)

It is easily proved that 𝐶2 -function 𝑉(𝑥) is nonnegative
on 𝑥 > 0.
If 𝑥(𝑡) ∈ 𝑅+ , it can be calculated from the Ito formula as
follows
𝑑𝑉 (𝑥)
= {0.5 (𝑥−0.5 −𝑥−1 ) 𝑥 [(𝛼 + 𝛽 − 𝛾−

1
𝑥) 𝑑𝑡+𝜀𝑥𝑑𝜔 (𝑡)]}
𝐾

+ 0.5 (0.5𝑥−2 − 0.25𝑥−1.5 ) 𝜀2 𝑥4 𝑑𝑡
= {0.5 (𝑥0.5 − 1) [(𝛼 + 𝛽 − 𝛾 −

1
𝑥)
𝐾

+ (0.25 − 0.125𝑥0.5 ) 𝜀2 𝑥2 ]} 𝑑𝑡
+ 0.5 (𝑥0.5 − 1) 𝜀𝑥𝑑𝜔 (𝑡) ,
(10)
where we denote 𝑥(𝑡) = 𝑥 for simplification.
Then (10) can be simplified as follows
0.5 (𝑥0.5 − 1) (𝛼 + 𝛽 − 𝛾 −

1
𝑥)
𝐾

1
= 0.5 (𝛼 + 𝛽 − 𝛾) 𝑥0.5 − 0.5 𝑥1.5
𝐾
1
− 0.5 (𝛼 + 𝛽 − 𝛾) + 0.5 𝑥
𝐾

(11)

1
1
= −0.5 𝑥1.5 + 0.5 𝑥
𝐾
𝐾
+ 0.5 (𝛼 + 𝛽 − 𝛾) 𝑥0.5 − 0.5 (𝛼 + 𝛽 − 𝛾) ,
(0.25 − 0.125𝑥0.5 ) 𝜀2 𝑥2 = 0.25𝜀2 𝑥2 − 0.125𝜀2 𝑥2.5 .
We note that
𝐹 (𝑥)
1
1
= −0.125𝜀2 𝑥2.5 + 𝜀2 𝑥2 − 0.5 𝑥1.5
4
𝐾
1
+ 0.5 𝑥 + 0.5 (𝛼 + 𝛽 − 𝛾) 𝑥0.5 − 0.5 (𝛼 + 𝛽 − 𝛾) (12)
𝐾
1
1
≤ −0.125𝜀2 𝑥2.5 + 𝜀2 𝑥2 + 0.5 𝑥1.5
4
𝐾
1
+ 0.5 𝑥 + 0.5 (𝛼 + 𝛽 − 𝛾) 𝑥0.5 + 0.5 (𝛼 + 𝛽 − 𝛾) .
𝐾
Then we have 𝑑𝑉(𝑥) = 𝐹(𝑥)𝑑𝑡 + 0.5(𝑥0.5 − 1)𝜀𝑥𝑑𝜔(𝑡).
If 𝜀 ≠
0, then it is not difficult to yield that 𝐹(𝑥) is bounded
by sufficiently large positive value 𝑀, so that 𝑑𝑉(𝑥) ≤ 𝑀 +
0.5(𝑥1.5 − 𝑥)𝜀𝑑𝜔𝑇 (𝑡).
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It is clear to obtain the following expression by integrating
the both sides of the proceeding inequality from 0 to 𝑇 ∧ 𝜏𝑘
as follows
𝑇∧𝜏𝑘

∫

0

𝑑𝑉 (𝑥) ≤ ∫

𝑇∧𝜏𝑘

0

𝑀𝑑𝑡 + ∫

𝑇∧𝜏𝑘

0

0.5 (𝑥0.5 − 1) 𝜀𝑥𝑑𝜔 (𝑡) .
(13)

With (𝑇 ∧ 𝜏𝑘 ) ∈ 𝑅+ , taking expectations on both sides of inequality (8), we can yield
𝐸𝑉 (𝑥 (𝑇 ∧ 𝜏𝑘 )) ≤ 𝑉 (𝑥0 ) + 𝑀𝐸 (𝑇 ∧ 𝜏𝑘 ) ≤ 𝑉 (𝑥0 ) + 𝑀𝑇.
(14)
Let Ωk = {𝜏k ≤ 𝑇} for k ≥ 𝑘 and the inequality (7) so
that 𝑃(Ωk ) > 𝜀. Taking any 𝑤 ∈ Ωk , with the definition of
stopping time (6), 𝑥(𝜏𝑘 , 𝑤) equals either 1/𝑘 or 𝑘, and then
it is easy to conclude that 𝑉(𝑥(𝜏𝑘 , 𝑤)) is not less than either
√𝑘 − 1 − 0.5 log 𝑘 or √1/𝑘 − 1 − 0.5 log(1/𝑘). So 𝑥(𝑡) ≥ 𝑘 or
𝑥(𝑡) ≤ 1/𝑘 when 𝑡 ≥ 𝜏𝑘 . Therefore, it is not difficult to get the
following inequality:
𝑉 (𝑥 (𝜏𝑘 , 𝑤))
1
1
≥ [√𝑘 − 1 − 0.5 log 𝑘] ∧ √ − 1 − 0.5log ( ) .
𝑘
𝑘

(15)

Taking expectation on both sides of (15), we get
𝐸𝑉 (𝑥 (𝜏𝑘 , 𝑤))
1
1
≥ [√𝑘 − 1 − 0.5 log 𝑘] ∧ √ − 1 − 0.5 log ( ) .
𝑘
𝑘

(16)

It is easy to show that

deduce that the visitor educational intervention brings the
stochastic intrinsic increasing rate of stakeholders into the
tourism ecological system. When the intensity of intervention
𝜀 ≠
0, the stochastic intrinsic increasing rate can effectively
suppress the explosion of the solution 𝑥(𝑡) for any given 𝑥0
and avoid the collapse mentioned in Section 2. It means that
the slight or tiny stochastical change of intrinsic increasing
rate of stakeholder introduced by visitor educational intervention can keep the tourism ecological system developing
safely and steadily. In fact, early in 1970s, Fishbein, Fazio [20],
and Bradley [21] already noticed that the negative recreation
impacts on wildlands and wildlife, and the ecological system
or environment could not keep sustainable development
without recreation planning and management. According to
Theorem 2, the visitor educational intervention is a necessary
condition for the safe and stable developing of the tourism
ecological system. Especially in China, the booming recreation market is in urgent need of the visitor educational
intervention to stop the chaotic tourism activities.

5. The Boundedness of the Solution of
the Dynamic Model
With the intensities of the visitor educational intervention,
the solution of the dynamic model (5) cannot explode in a
finite time following by the Theorem 2. However, it is not
enough to show that the solution exists and does not explode.
We consider how the solution of the dynamic model varies in
a finite interval in this section. In other words, we will show
that the solution of (5) is ultimately bounded.
Denote 𝑥(𝑡, 𝑥0 ) as the unique global solution of (5) for any
given initial value 𝑥0 > 0. We define stochastically ultimate
bounded property of the solution of the dynamic model as
follows.
Definition 3. For any initial value 𝑥0 > 0, if the solution of (3)
𝑥(𝑡, 𝑥0 ) has the property

𝑉 (𝑥0 ) + 𝑀𝑇

lim inf 𝑥 (𝑡, 𝑥0 ) > 0,

≥ 𝐸 [1Ωk (𝑤) 𝑉 (𝑥 (𝑇 ∧ 𝜏𝑘 ))]

𝑡→∞

(19)

1
1
≥ 𝜀 [√𝑘 − 1 − 0.5 log 𝑘] ∧ √ − 1 − 0.5 log ( ) ,
𝑘
𝑘
(17)

then (5) is defined to be stochastically ultimately bounded
with probability one. The following theorem shows (5) is
stochastically ultimately bounded.

where 1Ωk (𝑤) is the indicator function of Ωk . Letting 𝑘 → ∞
in (17), then

Theorem 4. If the coefficient of (5) satisfies the following inequality:

∞ > 𝑉 (𝑥0 ) + 𝑀𝑇 = ∞,

(18)

where 𝑇 is a constant denoted in (7). Obviously, (18) is
contradicted. So we can conclude that the statement of (7)
is false. Hence, there are constants 𝑇 > 0 and 𝜀 ∈ (0, 1) such
that 𝑃{𝜏∞ ≤ 𝑇} > 𝜀. Consequently, the original statement is
true in which 𝑃{𝜏𝑘 ≤ 𝜏∞ } < 𝜀. In other words, the statement
𝜏∞ = ∞ is true almost surely.
It is clear to derive from the Theorem 2 that there is a
positive solution 𝑥(𝑡) of (7) and 𝑥(𝑡) will never explode in
a finite time. Following the condition of Theorem 2, we can

1 2 1
𝜀 − < 0,
2
𝐾
1
1
1 2
(𝛼 + 𝛽 − 𝛾 + ) + 4 ( 𝜀2 − ) (𝛼 + 𝛽 − 𝛾) ≤ 0.
𝐾
2
𝐾

(20)

Then the solution of (5) 𝑥(𝑡, 𝑥0 ) is stochastically ultimately
bounded with a probability one. Given any initial value 𝑥0 ∈
𝑅+ , the solution of (3) has the property
lim sup 𝑥 (𝑡, 𝑥0 ) < ∞.

𝑡→∞

(21)
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So the solution of (5) 𝑥(𝑡, 𝑥0 ) belongs to a finite interval

700

(22)

600

Proof. It is necessary to define a 𝐶2 -function 𝑉 : 𝑅+ → 𝑅+
by

500

[ lim inf 𝑥 (𝑡) , lim sup 𝑥 (𝑡)] .
𝑡→∞

𝑡→∞

𝑉 (𝑥) = 𝑥 − 1 − log 𝑥.

(23)

Applying the Ito formula, we derive from (23) that
𝑑𝑉 (𝑥) = 𝐿𝑉 (𝑥) 𝑑𝑡 + (1 − 𝑥−1 ) 𝑥2 𝜀𝑑𝜔 (𝑡) ,

400
300
200

(24)

where

100
0
0

1
1
𝐿𝑉 (𝑥) = (1 − 𝑥 ) 𝑥 (𝛼 + 𝛽 − 𝛾 − 𝑥) + 𝑥−2 𝜀2 𝑥4
𝐾
2
−1

= (𝑥 − 1) (𝛼 + 𝛽 − 𝛾 −

1
1
1
= ( 𝜀2 − ) 𝑥2 + (𝛼 + 𝛽 − 𝛾 + ) 𝑥 − (𝛼 + 𝛽 − 𝛾) .
2
𝐾
𝐾
(25)
It is obvious to see that 𝐿𝑉(𝑥(𝑡)) is a quadratic function.
Applying the property of quadratic function, when

Δ = (𝛼 + 𝛽 − 𝛾 +

(26)

1
1
1 2
) + 4 ( 𝜀2 − ) (𝛼 + 𝛽 − 𝛾) ≤ 0.
𝐾
2
𝐾
(27)

If (20) is satisfied, the quadratic function 𝐿𝑉(𝑥(𝑡)) must be
less than zero. Therefore, we can get that
2

𝑑𝑉 (𝑥 (𝑡)) ≤ 0𝑑𝑡 + (𝑥 − 𝑥) 𝜀𝑑𝜔 (𝑡) .

(28)

Integrating both sides of inequality (28) from 0 to 𝑡, we can
get
𝑡

𝑡

𝑡

0

0

0

∫ 𝑑𝑉 (𝑥 (𝑡)) ≤ ∫ 0𝑑𝑡 + ∫ (𝑥2 − 𝑥) 𝜀𝑑𝜔 (𝑡) .

(29)

Thus,
𝑡

𝑉 (𝑥 (𝑡)) ≤ 𝑉 (𝑥0 ) + ∫ (𝑥2 − 𝑥) 𝜀𝑑𝜔 (𝑡) .
0

(30)

For convenience, we define
𝑡

𝑋 (𝑡) := 𝑉 (𝑥0 ) + ∫ (𝑥2 − 𝑥) 𝜀𝑑𝜔 (𝑡) .
0

(31)

Since 𝑉(𝑥) is a nonnegative function, applying Doob’s martingale convergence theorem, we can yield
lim 𝑥 (𝑡) < ∞

𝑡→∞

a.s.

Thus, it is natural to yield lim𝑡 → ∞ sup 𝑥(𝑡) < ∞ a.s.
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1
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𝜀 − < 0,
2
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(32)

Figure 3: The simulation of 𝑥(𝑡) with 𝛼 = 0.25, 𝛽 = 0.12, 𝛾 = 0.08,
and 𝐾 = 1000 and different initial values 𝑥0 .

Recalling the definition of 𝐶2 -function 𝑉 : 𝑅+ → 𝑅+ , if
and only if 𝑥 → ∞ or 𝑥 → 0, the limit of 𝑉(𝑥) = 𝑥−1−log 𝑥
is ∞. Hence lim𝑡 → ∞ sup 𝑉(𝑥(𝑡)) = lim𝑡 → ∞ sup(𝑥(𝑡)) − 1 −
log(𝑥(𝑡)) < ∞ a.s.
Then it is not difficult to deduce that
0 < lim inf 𝑥 (𝑡) < lim sup 𝑥 (𝑡) < ∞
𝑡→∞

𝑡→∞

a.s.

(33)

In conclusion, given any initial value 𝑥0 , the solution
of (3) 𝑥(𝑡) will vary in the interval of [lim𝑡 → ∞ inf 𝑥(𝑡),
lim𝑡 → ∞ sup 𝑥(𝑡)].
From Theorem 4, the stakeholders of the ecological
tourism system with visitor educational intervention can
develop within an interval sustainably and steadily. Different kinds of stakeholders retained in a safety interval
can immigrate from outside the system or emigrate from
inside the system with regular rate. Hence, visitor education
programmes are important elements of management efforts
to ensure the protection of protected areas including Natural
History Park and precious culture resource areas, and so
forth.

6. The Simulations of the Stochastic Dynamic
Model of Ecological Tourism System
Following the Euler-Maruyama method [22] and using Matlab program, we can obtain the numerical solutions and their
figures of the stochastic dynamic model of ecological tourism
system (5) with different parameters 𝛼, 𝛽, 𝛾 and different
initial values 𝑥0 .
Given 𝛼 = 0.25, 𝛽 = 0.12, 𝛾 = 0.08, and 𝐾 = 1000,
it is easy to gain the simulation data of 𝑥(𝑡) and draw Figure 3
when 𝑥0 = 30 and 𝑥0 = 100. Figure 3 demonstrates that
the stochastic dynamic model is varying far away from
the maximum carrying capacity of the ecological system

8
𝐾 = 1000. And the peak value of 𝑥(𝑡) is 625 much smaller
than 𝐾 = 1000. Comparing Figure 1 with Figure 3, it can
be concluded that the stochastic dynamic model (5) can
effectively suppress the explosion and avoid the chaotic and
unsustainable situation with the same parameters 𝛼, 𝛽, 𝛾.
Given 𝛼 = 0.15, 𝛽 = 0.08, 𝛾 = 0.06, 𝐾 = 1000, it
is not difficult to get the simulation data of 𝑥(𝑡) and draw
Figure 4 when 𝑥0 = 30 and 𝑥0 = 80. Figure 2 shows that the
original logistical differential Equation (1) collapses in a finite
time. But Figure 4 shows that the stochastic dynamic model
(5) does not explode with the same parameters 𝛼, 𝛽, 𝛾. The
peak value of 𝑥(𝑡) is 298 with smaller parameters 𝛼, 𝛽, 𝛾, see
Figure 4.
Shown by Figure 5, the ecological tourism system perturbed by visitor educational intervention does not collapse
even with larger initial value 𝑥0 = 900 which is very
close to 𝐾 = 1000. When there is a large number of visitors in the ecological tourism system, the effective visitor
education programme will also keep resource and social
conditions within acceptable limits by employing low impact
behaviors. Figure 5 demonstrates that the system restores to
normal condition quickly. Following Figures 3 to 5, it can
be concluded that the ecological tourism system with visitor
educational intervention can develop safely and steadily.

7. Conclusions
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Figure 4: The simulation of 𝑥(𝑡) with 𝛼 = 0.15, 𝛽 = 0.08, 𝛾 = 0.06,
𝐾 = 1000 and different initial value 𝑥0 .
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The ever-increasing demand for outdoor recreation in parks
and protected areas worldwide continues to present a considerable challenge for managers [22]. Allowing recreational use
while preserving natural conditions, it also presents a challenge for park managers in China because of fast expanding
visitation. The protected areas including some natural history
parks will be quickly damaged without visitor education
intervention, while regulation and site management are also
gaining very limited efficacy.
In Section 2, supposing that the different kinds of stakeholders of ecological tourism system grow with the specified
intrinsic increasing rate and the stakeholders from outside
competitors can immigrate into the system and some insider
of the system can also go out freely when they finish
their activities or business, we set up a differential equation
to describe the ecological tourism system. Without any
perturbed factors especially visitor educational intervention
shown by the theoretical proof and numerical simulation, the
solution of the dynamic system will explode in a finite time
given any initial value.
In order to avoid the explosion of the solution of the
dynamic model and the unstable situation of the ecological
tourism system, we add visitor educational intervention
into the system in Section 3. Supposing that the intrinsic
increasing rate of stakeholders is stochastically perturbed by
the visitor educational intervention, we explore a stochastic
dynamic model which can effectively suppress the explosion
of the solution shown in Section 4. And in Section 5, we also
prove that the solution of the stochastic dynamic model will
vary in a finite interval. In Section 6, following the EulerMaruyama method, we obtain the numerical solutions and
their figures of the stochastic dynamic model of ecological
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Figure 5: The simulation of 𝑥(𝑡) with 𝛼 = 0.25, 𝛽 = 0.12, 𝛾 = 0.08,
𝐾 = 100 and 𝑥0 = 900.

tourism system. So we demonstrate that the tourism system
will develop steadily and safely even under a large amount
of visitors in public vocation, when employing continuous
visitor education intervention programmes.
Generally, the findings of the stochastic dynamic model
support that the continuous visitor education intervention
including ecological knowledge, minimum impact behavior
or technique, and regulations message is the necessary response to the challenge of recreation impact issues which try
to manage resources sustainably and provide quality visitor
experiences.
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