
Shock and Vibration

Vibration Energy Harvesting: 
Linear, Nonlinear, and Rotational 
Approaches

Lead Guest Editor: Md Abdul Halim Miah
Guest Editors: Kai Tao, Shahrzad Towfighian, and Dibin Zhu



Vibration Energy Harvesting:
Linear, Nonlinear, and Rotational Approaches



Shock and Vibration

Vibration Energy Harvesting:
Linear, Nonlinear, and Rotational Approaches

Lead Guest Editor: Md Abdul Halim Miah
Guest Editors: Kai Tao, Shahrzad Towfighian, and Dibin Zhu



Copyright © 2019 Hindawi. All rights reserved.

This is a special issue published in “Shock and Vibration.” All articles are open access articles distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is prop-
erly cited.



Editorial Board

Brij N. Agrawal, USA
Felix Albu, Romania
Marco Alfano, Italy
Sumeet S. Aphale, UK
Hassan Askari, Canada
Lutz Auersch, Germany
Matteo Aureli, USA
Mahmoud Bayat, USA
Marco Belloli, Italy
Giosuè Boscato, Italy
Francesco Braghin, Italy
Rafał Burdzik, Poland
Salvatore Caddemi, Italy
Ivo Caliò, Italy
Antonio Carcaterra, Italy
Dumitru I. Caruntu, USA
Cristina Castejón, Spain
Nicola Caterino, Italy
Gabriele Cazzulani, Italy
Noel Challamel, France
Athanasios Chasalevris, UK
Xavier Chiementin, France
Nawawi Chouw, New Zealand
Simone Cinquemani, Italy
Pedro A. Costa, Portugal
Alvaro Cunha, Portugal
Giorgio Dalpiaz, Italy
Farhang Daneshmand, Canada
Silvio L.T. de Souza, Brazil
Dario Di Maio, UK
Luigi Di Sarno, Italy
Longjun Dong, China
Lorenzo Dozio, Italy
Mohamed El Badaoui, France
Mohammad Elahinia, USA
Fiorenzo A. Fazzolari, UK
Matteo Filippi, Italy
Piotr Folęga, Poland
Paola Forte, Italy
Francesco Franco, Italy
Juan C. G. Prada, Spain
Pedro Galvín, Spain
Gianluca Gatti, Italy
Marco Gherlone, Italy

Anindya Ghoshal, USA
Gilbert R. Gillich, Romania
Nere Gil-Negrete, Spain
Adam Glowacz, Poland
Itzhak Green, USA
Hassan Haddadpour, Iran
M. A. Hariri-Ardebili, USA
M.I. Herreros, Spain
Hamid Hosano, Japan
Reza Jazar, Australia
Sakdirat Kaewunruen, UK
Yuri S. Karinski, Israel
Jeong-Hoi Koo, USA
Georges Kouroussis, Belgium
Mickaël Lallart, France
Luca Landi, Italy
Marco Lepidi, Italy
Zhixiong Li, China
Manuel Lopez Aenlle, Spain
Nuno M. Maia, Portugal
Stefano Manzoni, Italy
Giuseppe Carlo Marano, Italy
Stefano Marchesiello, Italy
Francesco S. Marulo, Italy
Jean-Mathieu Mencik, France
Laurent Mevel, France
Fabio Minghini, Italy
Mahdi Mohammadpour, UK
Rui Moreira, Portugal
Emiliano Mucchi, Italy
Peter Múčka, Slovakia
Sara Muggiasca, Italy
Tony Murmu, UK
Pedro Museros, Spain
Roberto Nascimbene, Italy
Sundararajan Natarajan, India
Toshiaki Natsuki, Japan
Miguel Neves, Portugal
Nicola Nisticò, Italy
Roberto Palma, Spain
A. Papageorgiou, Greece
Francesco Pellicano, Italy
Paolo Pennacchi, Italy
Giuseppe Petrone, Italy

Evgeny Petrov, UK
Giuseppe Piccardo, Italy
Antonina Pirrotta, Italy
Franck Poisson, France
Luca Pugi, Italy
Mohammad Rafiee, Canada
Carlo Rainieri, Italy
José J. Rangel-Magdaleno, Mexico
Didier Rémond, France
Francesco Ripamonti, Italy
Riccardo Rubini, Italy
Salvatore Russo, Italy
Giuseppe Ruta, Italy
Edoardo Sabbioni, Italy
Filippo Santucci de Magistris, Italy
Onome E. Scott-Emuakpor, USA
Roger Serra, France
Chengzhi Shi, USA
Vadim V. Silberschmidt, UK
Kumar V. Singh, USA
Jean-Jacques Sinou, France
Isabelle Sochet, France
Alba Sofi, Italy
Jussi Sopanen, Finland
Stefano Sorace, Italy
Andrea Spaggiari, Italy
Shuaishuai Sun, Australia
Chao Tao, China
Marco Tarabini, Italy
Gloria Terenzi, Italy
Mario Terzo, Italy
Tai Thai, Australia
Marc Thomas, Canada
Hamid Toopchi-Nezhad, Iran
Carlo Trigona, Italy
Federica Tubino, Italy
Nerio Tullini, Italy
Angelo Marcelo Tusset, Brazil
Jens Twiefel, Germany
Filippo Ubertini, Italy
Marcello Vanali, Italy
F. Viadero, Spain
M. Ahmer Wadee, UK
Jörg Wallaschek, Germany



Matthew J. Whelan, USA
Agnieszka Wylomanska, Poland

Davood Younesian, Iran
Enrico Zappino, Italy

Radoslaw Zimroz, Poland



Contents

Vibration Energy Harvesting: Linear, Nonlinear, and Rotational Approaches
Miah Abdul Halim , Kai Tao, Shahrzad Towfighian, and Dibin Zhu
Editorial (2 pages), Article ID 5381756, Volume 2019 (2019)

Temperature Energy Influence Compensation for MEMS Vibration Gyroscope Based on RBF
NN-GA-KF Method
Huiliang Cao , Yingjie Zhang, Chong Shen , Yu Liu, and Xinwang Wang
Research Article (10 pages), Article ID 2830686, Volume 2018 (2019)

Impedance Analysis and Optimization of Self-Powered Interface Circuit for Wireless Sensor Nodes
Application
Yuan Dong, Dezhi Li, Benjamin Ducharne, Xiaohui Wang, Jun Gao, and Bin Zhang
Research Article (11 pages), Article ID 8475896, Volume 2018 (2019)

Broadening Band ofWind Speed for Aeroelastic Energy Scavenging of a Cylinder through Buffeting in
the Wakes of a Squared Prism
Junlei Wang , Linfeng Geng , Meng Zhang , Guifeng Zhao , Min Zhang , Zhien Zhang ,
and Yaoliang Li
Research Article (14 pages), Article ID 2039561, Volume 2018 (2019)

Modeling and Simulation of Transverse Free Vibration Analysis of a Rectangular Plate with Cutouts
Using Energy Principles
Shuangxia Shi, Bin Xiao , Guoyong Jin , and Chao Gao
Research Article (16 pages), Article ID 9609745, Volume 2018 (2019)

Energy Dissipation Contribution Modeling of Vibratory Behavior for Silicon Micromachined
Gyroscope
J. Zhou, Q. Shen , J. B. Xie , P. P. Cao, and W. Z. Yuan
Research Article (10 pages), Article ID 6901268, Volume 2018 (2019)

http://orcid.org/0000-0003-3879-9017
http://orcid.org/0000-0001-9862-4329
http://orcid.org/0000-0002-6046-6051
http://orcid.org/0000-0002-1407-1710
http://orcid.org/0000-0002-5976-2806
http://orcid.org/0000-0002-4335-5501
http://orcid.org/0000-0003-3640-9169
http://orcid.org/0000-0003-3796-7736
http://orcid.org/0000-0001-9407-1130
http://orcid.org/0000-0003-0377-803X
http://orcid.org/0000-0001-8594-6732
http://orcid.org/0000-0002-0233-5176
http://orcid.org/0000-0003-0859-6665
http://orcid.org/0000-0003-1031-1286
http://orcid.org/0000-0002-2289-2076


Editorial
Vibration Energy Harvesting: Linear, Nonlinear, and
Rotational Approaches

Miah Abdul Halim ,1 Kai Tao,2 Shahrzad Towfighian,3 and Dibin Zhu4

1Department of Mechanical Engineering, University of Utah, Salt Lake City, UT 84112, USA
2School of Mechanical Engineering, Northwestern Polytechnical University, Xi’an 710072, China
3Department of Mechanical Engineering, Binghamton University, Binghamton, NY 13901, USA
4College of Engineering, Mathematics and Physical Sciences, University of Exeter, Exeter EX4 4QL, UK

Correspondence should be addressed to Miah Abdul Halim; halim.miah@utah.edu

Received 28 November 2018; Accepted 28 November 2018; Published 3 January 2019

Copyright © 2019 Miah Abdul Halim et al. #is is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In recent years, multifunctional and low-power consuming
features of modern electronic devices enable their wide-
spread deployment in integrated and embedded sensor
systems in the consumer electronics, Internet of things
(IoT), etc. However, their continuous functionality is limited
by the life of the power source. To overcome this limitation,
there is a growing interest in energy harvesting from the
ambient environment to supply uninterruptible power to
these devices. Vibration is widely available and therefore
regarded as one of the most promising sources for energy
harvesting. Depending on the source of vibration and
intended application, vibration energy harvesting could be
linear, nonlinear, and rotational. #e main challenge is to
design an effective harvesting system. #e effective design of
such an energy harvesting system requires a thorough un-
derstanding of the characteristics of the surrounding vi-
bration, the transducers, and the dynamics of the overall
system.

#is special issue presents current state-of-the-art works
in the area of vibration energy harvesting systems,
addressing a variety of topics from fundamental theories to
realistic applications. A total of 5 articles have been accepted
for publication in this special issue, which are divided into
two aspects: (i) vibration system analysis for effective
electromechanical coupling and (ii) system design and
optimization for intended application.

In the paper “Modeling and Simulation of Transverse
Free Vibration Analysis of a Rectangular Plate with Cutouts
Using Energy Principles” by S. Shi et al., the possibility of

using the energy principles in conjunction with the
Rayleigh–Ritz solution technique for computing the natural
frequencies and modal behavior of plates with rectangular
cut-outs has been demonstrated. #e paper “Energy Dissi-
pation Contribution Modeling of Vibratory Behavior for
SiliconMicromachined Gyroscope” by J. Zhou et al. presents
modeling, numerical analysis, and experimental verification
of the energy dissipation contribution of a micromachined
Coriolis vibratory gyroscope (MCVG). In the paper
“Broadening Band of Wind Speed for Aeroelastic Energy
Scavenging of a Cylinder through Buffeting in theWakes of a
Squared Prism” by J. Wang et al., a numerical method
combined with the electromechanical coupling model was
employed to solve the aero-electromechanical coupling
problem of piezoelectric energy harvesting from buffeting.
#e paper “Impedance Analysis and Optimization of Self-
Powered Interface Circuit for Wireless Sensor Nodes Ap-
plication” by Y. Dong et al. presents a self-powered wireless
sensor network (WSN) node scenario by coupling the
electric charge extraction interface circuit, power manage-
ment module, and wireless communication module. In the
paper “Temperature Energy Influence Compensation for
MEMS Vibration Gyroscope Based on RBF NN-GA-KF
Method” by H. Cao et al., the MEMS vibration tempera-
ture energy influence model is investigated and three
methods are analyzed to compensate the temperature energy
influence drift: radial basis function neural network (RBF
NN), RBF NN-based genetic algorithm (GA), and RBF NN-
based GA with Kalman filter (KF).
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-is paper proposed three methods to compensate the temperature energy influence drift of the MEMS vibration gyroscope,
including radial basis function neural network (RBF NN), RBF NN based on genetic algorithm (GA), and RBF NN based on GA
with Kalman filter (KF). -ree-axis MEMS vibration gyroscope (Gyro X, Gyro Y, and Gyro Z) output data are compensated and
analyzed in this paper. -e experimental results proved the correctness of these three methods, and MEMS vibration gyroscope
temperature energy influence drift is compensated effectively. -e results indicate that, after RBF NN-GA-KF method com-
pensation, the bias instability of Gyros X, Y, and Z improves from 139°/h, 154°/h, and 178°/h to 2.9°/h, 3.9°/h, and 1.6°/h, re-
spectively. And the angle random walk of Gyros X, Y, and Z was improved from 3.03°/h1/2, 4.55°/h1/2, and 5.89°/h1/2 to 1.58°/h1/2,
2.58°/h1/2, and 0.71°/h1/2, respectively, and the drift trend and noise characteristic are optimized obviously.

1. Introduction

MEMS vibration device has some advantages such as small
volume, light weight, low energy consumption, low cost,
high reliability, and performance-cost ratio and is widely
used in the area of consumer electronics, energy harvest,
attitude controlling, aviation and space flight, stabilization,
guidance, and inertial navigation [1–10]. -e MEMS vi-
bration gyroscope is one of the most important applications
of MEMS vibration devices, and temperature energy in-
fluence drift restrains its high-precision application [11].
Plenty of literatures focus on improving the temperature
characteristics of the MEMS vibration gyroscope. However,
there are mainly two methods to improve the temperature
compensation of the MEMS vibration gyroscope.

One is employing hardware to improve the MEMS vi-
bration gyroscope temperature performance, and a large
number of methods of hardware compensation have been
reported which include architecture improvement and
circuit control. For example, Cao and Li investigated how
the Gyro structure mechanical model is affected by tem-
perature and proposed methods to improve the silicon

structure temperature robustness [12]. Liu et al. proposed
robust structural design for the MEMS vibration gyroscope
to compensate the temperature energy influence drift [13].
Cao et al. established a new silicon structure equivalent
electric model in order to improve the accuracy of perfor-
mance under higher temperature [14]. Fu et al. proposed a
simpler and more applicable compensation method which is
provided with a new circuit to reduce the influence of
damping coefficient and resonating frequency [15]. Yang
et al. proposed an architecture that utilizes the on-chip
temperature sensor of the micro-Gyro to achieve the on-
chip temperature compensation and used the integrated
serpentine microheater to realize the on-chip temperature
control of the micro-Gyro [16]. Cao et al. proposed a
temperature compensation bandwidth expanding method
[17]. Although hardware compensation is used in many
MEMS vibration gyroscopes, more and more money and
time is wasted.

-e other is to establish the mathematical model to
acquire temperature compensation which are called software
compensations. Software compensations spend less money
and time to improve the measurement precision, and its

Hindawi
Shock and Vibration
Volume 2018, Article ID 2830686, 10 pages
https://doi.org/10.1155/2018/2830686

mailto:230109620@seu.edu.cn
http://orcid.org/0000-0001-9862-4329
http://orcid.org/0000-0002-6046-6051
http://orcid.org/0000-0002-1407-1710
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/2830686


algorithm can be adjusted easily to improve the accuracy of
the MEMS vibration gyroscope. Wang et al. proposed the
relationship between temperature and frequency on the
Hemispherical Resonator Gyro, and a method by changing
the frequency is provided to compensate temperature
energy influence drift [18]. Aggarwal et al. proposed an
efficient thermal variation model for low-cost MEMS in-
ertial sensors and units in order to compensate the tem-
perature [19]. Song et al. proposed a new hybrid algorithm
back propagation (BP) NN optimized by the artificial fish
swarm algorithm (AFSA), and it is used to describe the
temperature energy influence drift characteristic of FOG
[20]. Chen and Shen proposed a novel method based on the
forward linear prediction (FLP) algorithm to decrease noise
and a novel temperature compensation by using the am-
bient temperature change rate which can reduce the in-
fluence of intense temperature variation effectively [21].
Feng et al. proposed an adaptive algorithm of strong
tracking KF to compensate the bias drift of the MEMS
vibration gyroscope in different temperatures and suc-
cessfully improved the accuracy of the MEMS vibration
gyroscope [22]. Chong et al. proposed a modeling method
based on Elman NN and GA with multiple temperature
variable inputs in [23], and the temperature model was
established based on temperature, temperature variation
rate, and the coupling term. In [24], Wei et al. proposed GA
and successfully used in the modeling of ring laser Gyro for
temperature energy influence drift, and GA was employed
to select the optimal parameters of support vector re-
gression. Ding et al. proposed a modified RBF NN method
of temperature compensation for laser Gyro and improved
the accuracy of laser Gyro under different temperatures
[25], and this method can quickly and accurately identify
the effect of temperature on laser gyro zero bias. Cheng
et al. proposed a modification of an RBF ANN based on
temperature compensation models for IFOGs and im-
proved the accuracy of temperature compensation [26],
and three temperature-relevant terms were extracted in-
cluding temperature of fiber loops, temperature variation
of fiber loops, and temperature product term of fiber loops.
Xia et al. proposed a temperature prediction and control
based on BP NN and fuzzy-PID control method and
successfully used to reduce the zero rate output [27].
Software compensation based on MEMS vibration gyro-
scopes is more convenient than hardware compensation.

In this paper, in order to improve the accuracy of the
MEMS vibration gyroscope, a temperature energy influence
drift model is established, and three methods are proposed
to compensate temperature energy influence drift. Instead of
a single algorithm, RBF NN, RBF NN based on GA and
fusion algorithms of RBF NN based on GA with KF which is
first used in temperature compensation of MEMS vibration
gyroscope are proposed to analyze and compensate the
temperature energy influence drift.

2. Model and Algorithm

2.1. Temperature Energy Influence Drift Model. A new
temperature energy influence drift model of MEMS is

established in this paper: temperature, temperature var-
iation rate, and temperature product term are considered
to combine with the temperature energy influence drift
model. -ese three factors can easily reflect the perfor-
mance of the MEMS vibration gyroscope; therefore, D is
defined as the matrix of three factors:

D � T _T T × ΔT ′, (1)

where T is the temperature, _T is the temperature variation
rate, T × ΔT is the product term. After that, these three
factors are all the inputs of the drift model as shown in
Figure 1. In order to establish a complex model as inputs to
NN, a function is constructed as a target function to be
trained, as shown in the following equation:

F(X) � F T _T T × ΔT ′ . (2)

2.2.,e Algorithm of RBF NN. RBF is a kind of nonnegative
and nonlinear functions which has features of local dis-
tribution and radial symmetry attenuation of the center
point. Local distribution is described that the meaningful
nonzero response will be achieved by the RBF of hidden
unit when the input is placed in a small designated area.
Radial symmetry attenuation of the center point is de-
scribed as the center of RBF with the equal input of the
radial distance, and then, the equal output is produced by
the RBF of hidden layer points, and the closer the distance
between input and the center of RBF is, the bigger response
of the hidden node will be. By using the hidden layer of
neural work into RBF, the RBF NN is established. RBF NN,
a typical multilayer feedforward neural network, is shown
as Figure 2 which has a multilayer structure of sensation-
association-reaction that includes the input layer, the
hidden layer, and the output layer. Compared with other
neural networks, there are plenty of advantages which
belong to the RBF NN. For example, in the RBF NN, the
training time can be shorter, the functional approximation
can be optimal, and the RBF NN can be approximated to
arbitrary continuous function with arbitrary precision
[26].

-e basis function of RBF NN is shown in the following
equation:

αj(x) � ψj

x− cj

�����

�����

σj

⎛⎝ ⎞⎠, (3)

where cj is the center point of the basis function in j, σj is
the breadth of the center point around the basis function
which is a freedom factor, ‖x− cj‖ is the distance between x

and cj which is the norm of x− cj, and ψj is a function of
radial symmetry which has a unique maximal value at cj,
with the increasing of ‖x− cj‖ and ψj is quickly decreased to
zero. For the determined output of x ∈ Rn, only a little
processing element is activated, where the center is closed
to x.

-e transfer function of RBF neurons has many different
forms; in this paper, Gaussian basis function is shown in the
following equation:

2 Shock and Vibration



aj(x) � ψj

x− cj

�����

�����

σj

⎛⎝ ⎞⎠ � e
− x− cj

����
����
2
/2σ2

j 
. (4)

As is shown in Figure 3, RBF NN is formed with two
parts: one part achieve the nonlinear mapping method from
x to aj(x) � ψj(‖x− cj‖/σj) and the other part achieve the
linear mapping from αj(x) to y, which is shown as

y � Wα(x),

yi � 
m

j�1
wijαj(x), i � 1, 2, . . . , r.

(5)

-e learning algorithm of connection weight is shown in
the following equation:

wij(l + 1) �
wij(l) + β yd

i −yi(l) αj(x)

αT(x)α(x)
, (6)

where β is the learning rate, and β is decided from 0 to 2 in
order to erform the convergence of iterative learning
algorithms.

In the training process of NN, αj(x) is nearly equal to 0
when x is far from cj, and the output of αj(x) is also nearly
equal to 0 when pass by the linear neural of the second
layer. -e corresponding weight value will be influenced
when αj(x) is more than a value such as 0.05, the output of
the layer is nearly equal to 1 when the distance between x

and cj is small, the output value will nearly be equal to the
weight value on the second layer when pass by the second
layer. After these trainings, the advantage of the
quick study speed of the local network is provided with RBF
NN.

2.3. ,e Algorithm of RBF NN Based on GA. GA is an in-
telligent method based on group optimization, which is
followed by the rule of survival of the fittest to look for
optimal solution and has advantages of global searching
ability, being independent of initial value, and fast con-
vergence rate. -e GA mainly includes five basic steps:
parameter coding, initial population, fitness function choice,
genetic operators, and trainable connection setting. -e
process of GA is shown in Figure 4, and the steps can be
described as follows:

(1) -e initial set of RBF NN (initial population) is
produced by a random number generator and
consists of the GA parameters.

(2) Fitness function is provided to express the adaptive
ability of the environment to individual according to
the objective function.

(3) According to the fitness function, parameters are
renewed by selection, crossover, and mutation.

(4) Repeat the steps and decide whether the fitness
function meets the end condition. If the answer is

Neural
network 

Temperature
Temperature
variation rate 

Dri� of
temperature 

Product term

Figure 1: -e framework of the temperature energy influence drift model.

x1

x2

xn

y1

yn

w11

w12

w1m

wr1

wr2

wrm

Input layer Hidden layer Output layer

α1(x)

α2(x)

αm(x)

Figure 2: Model of radial basis function neural network.

Kalman filter
State equation

∆T
T−k

Tk

Output
data
a�er

processCorrection
Observation

equation

Temperature
dri�

model

RBF NN
based on GA

T × ∆T

Figure 3:-e system of the fusion algorithm of RBFNN+GA+KF.
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yes, then stop training and send the output pa-
rameters to RBF NN, and if the answer is no, repeat
step (3) until the output parameters meet the end
conclusion.

(5) Stop training and export the optimal results.

2.4. RBF NN Based on GA with KF. -e process of KF is
shown in Figure 5, it indicates that the process of KF needs
two steps: time upgrading and measurement upgrading,
and the process of calculating can be divided into two
steps which are plus loop and filter loop. In other words,
the process is recursive.

-erefore, the process of KF can be described as the
following five equations:

Xk/k−1 � Φk,k−1
Xk−1,

Xk � Xk/k−1 + Kk Zk −Hk
Xk/k−1 ,

Kk � Pk/k−1H
T
k HkPk/k−1H

T
k + R 

−1
,

Pk/k−1 � Φk,k−1Pk−1Φ
T
k,k−1 + Γk−1QΓ

T
k− 1,

Pk � I−KkHk( Pk/k−1,

(7)

where Hk is the measurement matrix, Kk is the filter gain
matrix, Pk/k−1 is the matrix of prior estimate error co-
variance, Pk is the matrix of estimation error variance, R is
the covariance of measurement noise covariance, and Q is
the covariance of process noise. From what have been
discussed above, as long as the initial value of X0 and P0 can
be determined, based on the measurement vector of Zk at k

moment, the state estimation of Xk (k � 1, 2, . . .) at k

moment can be calculated.
As for two methods RBF NN and RBF NN + GA, a new

method which is a fusion of RBF NN and GA with KF (RBF
NN + GA + KF) is carried out in this section. -e fusion
algorithm of RBF NN + GA + KF not only provided the
advantage of online real time but also provided the
advantage of studying ability. -e flow chart of the
fusion algorithm of RBF NN + GA + KF is shown in
Figure 3.

-e steps of the fusion algorithm of RBF NN + GA with
KF can be described as follows:

(1) -e initial parameters are produced by temperature
experiment and set as input data to KF

(2) KF model is established by the time series analysis
method, and the output data of KF is ready for
correcting the output data based on the method of
RBF NN + GA.

(3) Temperature energy influence drift model is
established.

(4) By the temperature energy influence drift model in
step (3), RBF NN + GA steps are worked which is
shown in Figure 3.

(5) -e original data after processing are output by RBF
NN + GA and the correction of KF.

3. Experiment Proposal

-e structure and shell of LPMS-USBAL2 MEMS vibration
gyroscope that 10Hz of sampling rate is a system-in-
package featuring a 3D Gyro, which the bias stability is
0.05°/s for Gyros. -e main test device is a temperature-
controlled oven, which can provide the ranges of tem-
perature from −50°C to +150°C. -e equipment of the
experiment setup is shown in Figure 6, which was used to
collect above data. In order to test the temperature char-
acteristic of the MEMS vibration gyroscope, a temperature
experiment is set up.

-e MEMS is kept on the temperature-controlled oven
in order to output the signal of MEMS vibration gyroscopes
and not influenced by outside temperature variation; then,
the ranges of temperature and the temperature rate are set
from −40°C to 60°C and 1°C/min, respectively. Firstly, the
initial temperature should be set as 60°C and keep the
temperature for an hour in order to make sure that the
inside temperature of the MEMS vibration gyroscope is
stabled at 60°C. Secondly, the temperature is reduced at the
speed of −1°C/min into −40°C and the temperature is kept
for an hour to make sure that the inside temperature of the
MEMS vibration gyroscope is −40°C. -e temperature-

Initial population

Parameter coding

Chromosome
sufficiency

Sufficiency

RBF NN

End

Mutation

New population

Yes
No

CrossoverSelection

Figure 4: -e process of RBF NN based on GA (RBF NN + GA).
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controlled oven should be stayed at each 10°C for an hour in
order to collect the output of the MEMS vibration gyro-
scope and make sure that the inside temperature of the
MEMS vibration gyroscope is stable and equal to oven
temperature.

4. Verification and Analysis

Based on the temperature experiment of the MEMS vi-
bration gyroscope, the output data of Gyro X, Gyro Y, and
Gyro Z are shown in Figure 7.

From Figure 7, it can be observed that three MEMS
vibration gyroscopes output signals varied about 3°/s
during −40°C to 60°C temperature range. In order to
overcome the drift of temperature, three methods are used
to compensate the temperature energy influence drift.
From Figures 8–10, the temperature energy influence drift
models based on RBF NN, RBF NN + GA and RBF NN +
GA + KF are established.

Based on the established model, the compensation drift
of three methods can be calculated. From Figures 8–10, it can
be seen that the modal curves of three methods follow the
original signal well, and the noise performance of RBF NN +
GA + KF is the best. And based on this phenomenon, RBF
NN + GA + KF method is used for compensation.

Figure 11 shows the compensation results of RBF NN +
GA + KF method, and comparing with output data in
Figure 7, RBF NN + GA + KFmethod successfully decreased
the temperature influence drift. In order to have a quanti-
tative evaluation of compensation result of the MEMS vi-
bration gyroscope’s temperature energy influence drift, the
Allan variance method was applied to analyze the drift
compensation result. -e Allan variance curves are shown in
Figure 12, and angle randomwalk (N) and bias instability (B)
values are listed in Table 1.

From Table 1 and Figure 12, it can be seen that based on
three methods, factors in Allan variance of B and N are
declined, and the RBF NN + GA + KF method is better than
the others. As for bias instability, Gyro X is from 139°/h to
2.9°/h, Gyro Y is from 154°/h to 3.9°/h, and Gyro Z is from
178°/h to 1.6°/h. As for angle random walk, Gyro X is from
3.03°/h1/2 to 1.58°/h1/2, Gyro Y is from 4.55°/h1/2 to 2.58°/h1/2,
Gyro Z is from 5.89°/h1/2 to 0.71°/h1/2.

5. Conclusion

In this paper, the MEMS vibration gyroscope temperature
energy influence drift model is investigated, and three
methods are proposed to compensate the temperature
energy influence drift. RBF NN, RBF NN + GA, and RBF
NN + GA + KF are proposed to compensate the temper-
ature energy influence drift by using the temperature

Figure 6: -e equipment of temperature test.
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energy influence drift model which is established in this
paper. Firstly, RBF NN is established to improve the ac-
curacy of temperature energy influence drift, and RBF NN
+GA is used to optimize parameters of RBF NN to improve
the precision. Secondly, a novel algorithm RBF NN + GA +
KF is proposed to improve the accuracy of these two

methods and the original output. -en, a novel tempera-
ture energy influence drift model is established by tem-
perature, temperature variation rate, and temperature
product term. Finally, the comparison results among three
methods and the original data are shown by Allan variance
coefficients obviously. Specifically, by using RBF NN + GA
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Figure 11: -e compensation results of Gyro X, Gyro Y, and Gyro Z based on three methods.
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+ KF method, the bias instability of three axes is Gyro X
from 139°/h to 2.9°/h, Gyro Y from 154°/h to 3.9°/h, and
Gyro Z from 178°/h to 1.6°/h. As for angle random walk,
Gyro X is from 3.03°/h1/2 to 1.58°/h1/2, Gyro Y is from 4.55°/
h1/2 to 2.58°/h1/2, and Gyro Z is from 5.89°/h1/2 to 0.71°/h1/2.
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Energy harvesting for self-powered wireless sensor networks (WSNs) is increasingly needed. In this paper, a self-poweredWSN node
scenario is proposed and realized by coupling the electric charge extraction interface circuit, power management module, and
wireless communication module. Firstly, the output power of an optimized self-powered energy extraction circuit is compared with
different energy extraction circuits under various loads and excitation amplitudes theoretically. +en, an energy-harvesting setup is
established to validate the load-carrying capacity and working condition of the self-powered optimized synchronized switch
harvesting on inductor (SP-OSSHI) circuit. It gives guidance to select and estimate the appropriate energy-consuming level for the
sensor and modules. Finally, by connecting the energy-harvesting system, power management element, and sensing part together,
a self-powered wireless sensor node is accomplished. Under 18Hz resonant excitation, the whole self-powered system transmits 32
bytes of data every 30 seconds including the acceleration and environment temperature.+is prototype strongly proves the feasibility
of the self-powered WSN node. +ese research results have potential to be used in different application fields.

1. Introduction

With the continuous advancement in integrated circuit,
microelectronics, low-power sensors, and wireless com-
munications technology, the emergence and development of
wireless sensor networks (WSNs) have been given more
attention and been widely used [1, 2]. For example, Sarkar
and Misrab [3] proposed that a miniature wireless sensor
could be implanted into a human body to detect blood
glucose concentration, pH value, and oxygen content and
identify cancer cells, etc. Winkler et al. [4] used wireless
sensor networks to disseminate a large number of sensing
nodes around important targets such as temporary com-
mand posts. By deploying them in advance, once the ene-
mies entered the detection range of the sensing node, the
WSNs could detect their position, movement speed, and
other information. As an important part of wireless sensor
networks, wireless sensor nodes are widely distributed. If
batteries are used as the power supply, their lifespan and

replacement cost in harsh environments would be a serious
problem [5–8]. In addition, in many applications, due to the
location of the device (e.g., aerospace), battery replacement
is cumbersome or impose unnecessary risks (e.g., implant-
able biomedical devices such as pacemakers) [9]. +erefore,
wireless sensor network nodes need an independent, long-
lasting, maintenance-free self-powered power supply. En-
ergy-harvesting technology can convert environmental en-
ergy (such as light energy, heat energy, mechanical energy,
electromagnetic energy, biochemical energy, and wind en-
ergy) into electrical energy and provide power for micro-
electromechanical devices [10, 11]. Sensors based on MEMS
technology consume only microwatts to milliwatts of power
to operate properly, so energy-harvesting technology can
meet their power needs.

In the industrial production and daily life, vibration is
widely distributed, with high energy density and various
forms [12]. Especially in implantable structures, vibration
energy can be converted into electric energy, providing
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a stable power supply for MEMS devices. Compared with
other types of vibration energy-harvesting methods (elec-
tromagnetic [13] and electrostatic [14]), piezoelectric vi-
bration energy harvesting has significant advantages in
terms of structural size, material properties, output power,
and stability and can be an ideal power supply solution for
MEMS devices [15].

Between the piezoceramic and load, an interface is
needed to extract as much electricity as possible from the
piezoceramic and rectify the unstable AC current. +e most
basic energy-harvesting circuit is called the standard energy-
harvesting (SEH) circuit, composed of a rectifier bridge,
a filter capacitor, and a load resistor. Guyomar et al. [16] and
Lefeuvre et al. [17] proposed a nonlinear technique named
“synchronized switch harvesting on inductor (SSHI)” and
“synchronous electric charge extraction (SECE),” signifi-
cantly increasing the output power. Under the same dis-
placement excitation, SSHI can increase the harvested power
by 9 times, compared to SEH. Nonlinear techniques applied
to the resonant mode or pulse mode make the harvesting
device smaller and the coupling coefficient lower. +e SECE
technology combines the nonlinear technology with a DC-
DC converter structure to enable energy extraction 4 times
higher than the SEH technology, and energy extraction is
independent of load resistance or output voltage [18]. Lallart
et al. [19, 20] proposed the double synchronized switch
harvesting (DSSH), which consists of two parts: the series
inductor and the buck-boost converter. After theoretical
analysis and experimental verification, the output power of
the circuit is independent of the load and the power is
increased by 5 times, compared to SEH circuit. Wu et al. [21]
simplified the optimized synchronous electric charge ex-
traction (OSECE) and replaced the rectifier bridge with
a flyback transformer with two primary windings connected
to the piezoceramic. +e circuit retains the advantages of
the SECE circuit and further improves the extraction effi-
ciency. Zhang et al. [22, 23] proposed an Ericsson energy
extraction technology for bulk piezoelectric ceramics which
can significantly increase the energy output power and
applied it to ocean wave power generation. Lefeuvre et al.
[24] proposed phase-shifted synchronous electric charge
extraction (PS-SECE) to control the phase-shift phase angle
using the maximum power point tracking algorithm. Under
the electromechanical coupling conditions, the energy ex-
traction efficiency can be significantly improved, and the
frequency bandwidth is greatly increased. Under high elec-
tromechanical coupling conditions, the maximum power of
the PS-SECE circuit can be about twice that of a conven-
tional SECE circuit. In the self-powered system, the ac-
quisition of energy is critical. Some researchers theoretically
study the efficiency of energy collection under different
excitations [2], improve the electromechanical coupling
[25], and examine how to collect energy with wider fre-
quency and wider vibration [26]. Zhang et al. [27] proposed
a vehicle-bridge coupling platform to study and experiment
the energy extraction of piezoelectric ceramics under dif-
ferent positions and vehicle conditions, which provided
a theoretical reference for the layout of the energy extraction
module on the bridge health-monitoring sensor network.

Su et al. [28] proposed a set of steel corrosion-monitoring
devices that use piezoelectric energy harvesting to provide
self-power supply, which can automatically predict the
corrosion process and take appropriate mitigation measures
based on the data information to extend the service life and
improve the building safety factor. +rough the above
analysis and conclusion, we can see that the high-efficiency
piezoelectric energy-harvesting circuit can fully extract the
electrical energy generated by the piezoelectric ceramic and
greatly increase the energy output power [29]. +erefore, the
piezoelectric energy-harvesting technology has great appli-
cation prospects in self-powered devices such as wireless
sensing, structural health monitoring, and corrosion damage
prediction.

In order to make the self-powered circuit easy to build
and easy to integrate with the sensor and comprehensively
consider the energy extraction capability, we chose the self-
powered optimized synchronized switch harvesting on in-
ductor (SP-OSSHI) for the wireless transmission module.
+e SP-OSSHI circuit uses a multiplex method of rectifier
circuit and peak detection module. It has the ability to rectify
while also enabling charge extraction. In this study, its
carrying capacity under various load conditions has been
studied and compared with other interface circuits. At the
same time, the selection of power management modules for
the extracted electrical energy is particularly important. +e
power management module optimizes system-operating
time, enhances system stability, and optimizes the energy
configuration [30]. Based on the above considerations, the
use of LTC3588 as a module for power management at the
nanowatt level is fully capable. +e communication module
is a commercial product from TI. Modeling simulation and
experiment have been conducted to validate the feasibility of
this project.

2. Electromechanical Coupling Model and
Interface Circuit Analysis

2.1. Piezoceramic Electromechanical Coupling Model. +e
piezoelectric energy-harvesting devices make use of positive
piezoelectric effect to convert mechanical vibration of the
base structure into electrical energy. Because of the external
stress applied to a piezoceramic, the wall movement induces
the electric charges accumulated on both sides of the
electrodes.

+e establishment of the electromechanical coupling
model is to combine the electric factor with the mechanical
factor, as shown in Figure 1. +e mechanical loss is
equivalent to the viscous damper C, M is the mass, KS is the
equivalent stiffness of the structure, F is the external exci-
tation, and u is the structural displacement.

2.2. Interface Circuit Analysis

2.2.1. Standard Energy-Harvesting Circuit. +e standard
energy-harvesting (SEH) circuit is composed of a full-bridge
rectifier and a filter capacitorCREC in parallel.+e full-bridge
rectifier converts the alternating current generated by the
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piezoceramic into a direct current. +e filter capacitor CREC
outputs a constant DC supply for the load R, as shown in
Figure 2.

+e rectifier bridge works only if the absolute value, VP
(can be expressed by Equation (1)), on the piezoceramic
equivalent capacitor, CP, exceeds VDC plus the diode
threshold. +e electric charge will transfer from CP to the
rectifying capacitor, CREC. +e output voltage VDC and
output power of the SEH circuit PSEH can be expressed as
follows:

 VPI dt �  αVP _u dt−
1
2

CPV
2
P, (1)

VDC �
ωαUMR

ωRCP +(π/2)
, (2)

PSEH �
V2

DC
R

�
ω2α2U2

MR

ωRCP +(π/2)( 
2, (3)

where (CPV2
P)/2 is the energy stored in the equivalent

capacitor; thus,  VPI dt is the energy actually flowing
into the subsequent collection circuit and used for the
load. α is the force factor of the piezoceramic, ω is the
vibrational angular velocity of the system, and UM is the
vibration displacement amplitude of the piezoceramic.
+e optimal load Ropt of the SEH circuit can be obtained
from Equation (3):

zPSEH

zR
� 0⇒Ropt �

π
2ωCP

. (4)

Equations (3) and (4) lead to the maximum output
power (PSEH)max of the SEH circuit:

PSEH( max �
ωα2U2

M
2πCP

. (5)

2.2.2. Series Synchronized Switch Harvesting on Inductor
Circuit. Series synchronized switch harvesting on inductor
(S-SSHI) connects an inductor L and a switch S in series
between the piezoceramic and the full-bridge rectifier, as
shown in Figure 3.

+e working principle of the circuit is to close the switch S
at the amplitude of the mechanical vibration. At these times,
a high-frequency oscillating electrical circuit L−CP is estab-
lished. Its oscillation period τ is much smaller than the me-
chanical vibration period T. When the oscillating circuit is
working for half a cycle, the polarity of the voltage across the
piezoceramic will instantly reverse, and the voltage is reversed
from VM to Vm. Losses occur during flipping. Most of the
losses are caused by the inductor.+e quality factor introduced
into the inductor is QL. +e alternating current amplitude of
the inductor is inversely proportional to the power supply
frequency. +e synthetic effect of inductance and frequency is
called inductive reactance, and the expression is shown in
Equation (6), where XL is the inductive reactance, f is the
frequency, and L is the inductance. QL is the ratio of stored
energy to energy consumed by the energy storage component,
which can be abbreviated as QL � XL/RDC, where RDC is the
series resistance. +e flipping factor is m. +e relationship
between the absolute value of the voltage across the piezo-
electric ceramic VDC and the absolute value of the reversed
voltage Vm is expressed as Equation (7):

Rigid mass M

Damper C

Fu

I

Electrical
extraction

circuit

ip Cp

Equivalent stiffness Ks Piezoelectric element

Figure 1: Electromechanical coupling model.

Cpip

L

CREC R VDCVp

S

Figure 3: Schematic of the series synchronized switch harvesting
on inductor circuit.

CREC Rip Cp Vp VDC

Figure 2: Schematic of the standard energy extraction circuit.
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XL � 2πfL, (6)

Vm −VDC � e
− π/ 2QL( )( ) VM −VDC(  � m · VM −VDC( ,

(7)

so m � e−(π/(2QL)).
+e output voltage VDC and output power of S-SSHI

PS−SSHI can be expressed as follows:

VDC �
ωαUMR(1 + m)

ωRCP(1 + m) +((π/2)(1−m))
, (8)

PS−SSHI �
V2

DC
R

�
ω2α2U2

MR(1 + m)2

ωRCP(1 + m) +((π/2)(1−m)) 
2. (9)

+e optimal load Ropt of the S-SSHI circuit can be ob-
tained from Equation (9):

zPS−SSHI

zR
� 0⇒Ropt �

π
2ωCP

·
1−m

1 + m
. (10)

+e corresponding maximum output power (PS− SSHI)max
is

PS− SSHI( max �
ωα2U2

M
2πCP

·
1 + m

1−m
. (11)

By comparing Equations (5) and (11), Equation (12) can
be obtained:

PS− SSHI( max
PSEH( max

�
1 + m

1−m
. (12)

From Equation (12), when the flipping factor is usually
between 0.5 and 0.8, the maximum output power of S-SSHI
is 3–9 times, compared to SEH. However, in the S-SSHI
technique, the switch is generally controlled by an external
synchronized square wave, which consumes extra power and
needs a peak detection technique. To further simplify the
auxiliary devices, a self-powered peak detection circuit is
introduced by Lallart and Guyomar [31], Richard et al. [32],
and Liang and Liao [33].

2.2.3. Self-Powered Optimized Synchronized Switch Har-
vesting on Inductor Circuit. +e self-powered optimized
synchronized switch harvesting on inductor (SP-OSSHI)
circuit used in this paper is shown in Figure 4. An im-
provement was made based on the S-SSHI, replacing the
switch with two passive peak detection modules, as shown in
Figure 5. To realize the on-off of the switch at the maximum
andminimum values of the vibration displacement, the peak
detection module is composed of an envelope detector,
a comparator, and a switch.

+e working principle of the passive peak detection
module is as follows: resistor R1, diode D1, and capacitor
C1 form an envelope detector to detect the voltage signal of
the piezoceramic. When the piezoceramic voltage rises, it
charges the capacitor C1. At this time, the transistors T1 and
T2 are blocked; RM will ensure that the base-emitter voltages
of T1 and T2 do not interfere with the envelope detector and

capacitor C1; when the difference between the input voltage
and the voltage of the capacitor C1 is larger than the
threshold voltage of T1, the transistor T1 turns on. +e
capacitor C1 discharges through T1, D2, and T2. +erefore,
T2 turns on.+e capacitor CP discharges through D3 and T2,
which is the energy extraction process.

In the positive half cycle of the piezoceramic output
voltage signal, the circuit can be divided into the following
four working phases.

(1) Stage I: Circuit Charge Stage. +e voltage of the
piezoceramic increases as the positive displacement
increases. +e capacitors CP, C1, and C2 begin to
charge. +e voltage across the capacitor increases,
and all transistors in the circuit are blocked. When
the displacement of the piezoceramic reaches
a maximum value, the voltage across the capacitors
CP, C1, and C2 also reaches a maximum value. +e
current flows as follows: B⟶ ip⟶A and A⟶
CP‖R1D1C1‖RNT4C2⟶B.

(2) Stage II: Voltage Reversal Stage.As the displacement
of the piezoceramic starts to reverse, the voltage
on the capacitor CP decreases. When the differ-
ence between the input voltage and the voltage of
the capacitor C1 is greater than the threshold
voltage of T1, the transistor T1 turns on. +e
capacitor C1 discharges through T1, RM, D2, T2,
CREC, D8, and L. +erefore, T2 conducts. CP and L

constitute an oscillation circuit through D3, T2,
CREC, and D8 so that the voltage across the pie-
zoceramic is rapidly reversed. +e current flows as
follows: B⟶CP⟶A⟶ (B⟶C1⟶T1⟶
D2)RMT1D2‖ D3⟶T2⟶CREC‖R⟶D8⟶ L

⟶B and B⟶C1⟶T1.

(3) Stage III: Inductor Freewheeling Stage. After the
voltage reversal across the piezoceramic is com-
pleted, the transistor T2 is blocked. Inductor L
transfers energy to capacitors CREC, C1, and CP
through diodes and transistor T3 to supplement the
capacitive dissipation voltage. +e current flows
as follows: A⟶CP‖R1D1C1⟶B⟶ LD7⟶
CREC‖R⟶T3D6 ⟶A.

(4) Stage IV: Charge Neutralization Stage. When the
charge in the inductor is completely transferred to
the capacitor, the transistors T2 and T3 are blocked.
Capacitor C2 has not discharged yet, and the extra
charge in C2 will flow into CP and C1 until the three
voltages are the same. +e current flows as follows:
A⟶CP‖R1D1C1⟶B⟶C2D4R2⟶A. Posi-
tive half-cycle energy extraction is completed.
Negative half-cycle energy extraction is performed in
a similar way.

3. Simulation Analysis

+e proposed SP-OSSHI circuit is modeled and simulated
in Simulink, and the circuit simulation waveforms are
obtained. Figure 6 is the simulation waveform of the output
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voltage VP. Figure 7 is the current waveform of the inductor
L. +e first flip corresponds to Stage II (voltage reversal
stage) in the SP-OSSHI circuit, and the second flip cor-
responds to Stage III (inductor freewheeling stage). As
shown in Figure 6, the output voltage VP of the piezo-
ceramic is reversed after the peak. +is is because the
voltage drop of the threshold voltage of the diode and the
transistor in the passive peak detection module leads to
a certain phase lag between the system peak voltage and the
actual switching time. After the reverse phase of the
voltage, the vibration displacement continues to move to
the negative direction, and the voltage VP of the piezo-
ceramic also drops to the reverse peak. +e peak detection
module works again, and the similar process is repeated.
From the above process, it is easy to see that the switch
conducts two times in each vibration cycle. +e switch
conducts at the positive and negative values of the vibration
displacement, respectively. At this point, the inductor L

and capacitor CP constitute L−CP oscillating circuit. After
one-fourth of the oscillation period, the energy in the
capacitor CP is completely transferred to the inductor L. As

shown in Figure 7, the current in the inductor L rapidly
increases from zero to the maximum and decreases to zero,
that is, the first flipping; then the inductor L will continue
to discharge current, that is, the second flipping.

L
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R

VDC

ip Cp

R1

D1

C1

T1 D2

D3

T2

Vp

C2

T3
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D6
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D7 D8

RM RN

A

B

Figure 4: Schematic of the self-powered optimized synchronized switch harvesting on inductor circuit.
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Figure 5: Passive peak detection module.
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In this paper, the inductor characteristics have been
analyzed in detail. +e actual inductor can be simulated as 4
passive ideal components: series inductor (L), series resistor
(RDC), shunt capacitor (CL), and parallel resistor (RL). +e
equivalent model of the inductor is shown in Figure 8. RDC is
a DC resistance, which is the resistance measured when the
DC current is applied to the inductor. RL is the loss of the
magnetic core. CL is the distributed capacitance between the
inductor inner coil and the lead terminal. To simulate the
power output of the circuit under different inductor values,
RL is ignored during simulation. CL is set to 1 nF by default,
RDC � 2πfL, and the load resistance is R� 50 kΩ. +e re-
lationship between the inductor parameters and the power
output is shown in Figure 9. +e optimal inductor value
appears at 20–24mH.

To illustrate the performance of different interface cir-
cuits regarding energy extraction efficiency, the output
power of the three circuits under different loads is compared,
as shown in Figure 10. +e simulation results show that the
output power and output efficiency of the SSHI circuit are
much better than those of the SEH circuit under the con-
dition of small load (10 kΩ–200 kΩ). As the S-SSHI circuit
switch is controlled by an external control circuit, whose
switch conduction time is controllable, its energy extraction
efficiency (excluding the controlled power) is better than
that of the SP-OSSHI circuit. Since the passive peak de-
tection module exists in the SP-OSSHI circuit, the charge
accumulated in the detection capacitor in the detection
circuit needs to be discharged through the resistor, which
not only is difficult to control but also causes energy loss.
+erefore, the SP-OSSHI circuit is lower in power than the
S-SSHI circuit. By comparing themaximum output power of
the SP-OSSHI circuit and the SEH circuit, the result shows
that the output power of the SP-OSSHI circuit is about 5.8
times that of the SEH circuit.

It is noted that the S-SSHI circuit and the SP-OSSHI
circuit almost have the same energy extraction efficiency in
the ideal condition, while the in-site application of both of
them will be weakened by the electric loss, peak detection,
and switch control.

4. Experimental Verification

4.1. Energy Extraction Circuit Verification. In order to verify
the above theoretical and simulation analysis, the experi-
mental setup of the SP-OSSHI circuit proposed above has
been performed, as shown in Figure 11.

Experimental equipment mainly includes the piezocer-
amic, cantilever beam, noncontact vibrator, laser displace-
ment sensor, SP-OSSHI interface circuit, SEH interface
circuit, vibration console, and oscilloscope.

+e cantilever beam system is shown in Figure 11. A
50mm× 50mm× 0.15mm piezoceramic is attached to the
fixed end of the cantilever beam. A noncontact vibrator is
arranged above the free end, which is controlled by the
vibration console in different frequencies and excitation
amplitude. An oscilloscope (ROHDE&SCHWARZ,
RTB2004) was used to measure the input and output. +e
first-order natural frequency of the system was 18Hz, and

this was used as the excitation frequency. +e component
parameters used in the SP-OSSHI interface circuit are shown
in Table 1.

+e load voltage and responding power output under
different load conditions of the SP-OSSHI circuit and the SEH

L
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RDC

Figure 8: Equivalent model of the inductor.
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circuit are shown in Figure 12. +e experimental verification
results show that the simulation and experiment of the output
power versus different loads coincide with each other. Mainly
due to the voltage drop of the diode and transistor threshold,
the energy loss caused by the internal resistance of each
component and the quality factor of the inductor leads to the
eddy current loss of the inductor itself in the actual circuit. In
the low-load region, the output voltage of the piezoceramic is

low, and the loss comes from the conduction voltage drop of
the diode and the thermal energy loss of each resistive ele-
ment. In the high-load region, the output voltage of the
piezoceramic is high, and the energy loss caused by diode and
transistor threshold voltage drops is relatively in low per-
centage, but the energy extraction circuit increases the current
in the charge-discharge circuit. +e thermal energy loss of the
entire circuit resistive element including the internal re-
sistance of the inductor is increased. Comparing the optimal
power of the experimental circuit, the output power of the SP-
OSSHI circuit is about 1.5 times that of the SEH circuit.

+e excitation amplitude varies and is validated by the
laser displacement sensor (KEYENCE; LK-G3000+LK-G30)
at the free end (unit in mm): 1.7544, 2.4952, 2.9682, 3.3292,
3.5918, and 3.8152.+e power analysis of SP-OSSHI and SEH
circuits under different excitations is shown in Figure 13. It is
easy to find that, under small excitation conditions, the power
of the SP-OSSHI circuit is not significantly improved com-
pared to that of the SEH circuit. It is mainly because the loss of
the components in the SP-OSSHI circuit itself is greater than
that in the SEH circuit. As the excitation becomes larger, the
proportion of the loss of the circuit element itself to the
extracted power gradually decreases, and the advantages of
the SP-OSSHI circuit gradually appear. In the process of
changing the peak-to-peak excitation from 1.7544mm to
3.8152mm, the optimal power ratio of the SP-OSSHI circuit
to the SEH circuit also increased from 1.24 to 1.95. We can
conclude that, with the increase of excitation, the energy-
harvesting potential of SP-OSSHI will gradually show up.
Under higher excitation conditions, the energy-harvesting
efficiency of the SP-OSSHI circuit will be much higher than
that of the SEH circuit.

4.2. Communication Verification of Self-Powered Wireless
SensorNodes. Tomatch the energy extraction circuit and the
wireless sensor node communication module, a self-pow-
ered wireless sensor node communication network is set up,
as shown in Figure 14. Using the above SP-OSSHI circuit,
the load is replaced with the power management module
(Linear Technology; LTC3588). Storage capacitor Cst is
2000 μF. +e module can provide a stable and adjustable DC
voltage supply for wireless sensor nodes. +e power man-
agement circuit is shown in Figure 15.

PiezoceramicNoncontact vibrator Cantilever beam

Laser displacement sensor

Vibration
console

PEH
interface

Figure 11: Vibration energy-harvesting experimental setup.
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Figure 12: Two PEH circuits’ experiment output power with
different load resistance values.

Table 1: Component parameters.

Components Parameters
iP 120 μA/18Hz
CP 54.1 nF
R1, R2 200 kΩ
Diodes 1N4004
T1, T3 TIP32C
T2, T4 TIP31C
L 20mH
CREC 10 μF
C1, C2 2 nF
RM, RN 50 kΩ
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In order to balance the energy harvesting and con-
sumption, the power supply voltage is set to 3.3 V, which
is fit for the triaxial low-power accelerometer (Bosch;
BMA250) and communication module (Texas Instru-
ments; CC1310). +e CC1310 module-integrated temper-
ature monitoring sensor collects the ambient temperature
data. +e temperature and acceleration information are
wirelessly transmitted to the CC1310 receiver (gateway
sensor node) through the transmitter of CC1310 to com-
plete the wireless transmission of the sensor data signal.
+e acquired data can be processed in real time on the host
computer.

In this experiment, IIC communication is used. +e
process of sending and receiving bytes is shown in Figure 16.

+e communication frequency is set to 433MHz, and 32
bytes of data are sent through the transmitter. Taking the
temperature data as an example, the data are transmitted to
the CC1310 receiver, and the data are analyzed in the Code
Composer Studio (CCS) integrated development environ-
ment (IDE) of the host computer software, and the data
format obtained by the software decoding is shown in
Figure 17. +is wireless sensor node is totally self-powered
with an interval of 30 seconds. After receiving the data, the
receiver directly outputs the data to the host PC through the
serial port.+e power consumed during data acquisition and
wireless sensing is shown in Figure 18.

+e power loss during wireless transmission is 45mW,
and the working time is 0.4 s. +e wireless transmission
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Figure 14: Self-powered WSN node.
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Figure 17: Temperature data format.
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period is set to 30 s, and the energy verified by the test can
meet the transmission requirements.

5. Conclusion

In order to solve the power supply problem of wireless
sensor node communication, a self-powered optimized
synchronized switch harvesting on inductor (SP-OSSHI)
circuit is used to harvest the vibration energy. Comparing
and analyzing the power of the SP-OSSHI circuit with the
power of the representative piezoelectric energy-harvesting
(PEH) circuit under different load resistance values, both
the simulation result and the physical experiment prove
that the energy-harvesting efficiency of the self-powered
circuit is high and it is available to be used in industrial
application. LTC3588 is used as a power management
module and a supercapacitor as an energy storage unit to
provide a stable power supply, with unlimited electricity
income and power supply lifespan.+e prototype including
transmission modules CC1310 and BMA250 can be further
modified according to different application scenarios. In
the future study, we will focus on coupling the interface
circuit with the load adjustment to further unlock the
potential of self-powered energy-harvesting technique. A
development board integrated with charge extraction cir-
cuit, power management, and transmission module will be
designed as well.
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Small-scale energy harvesting from ambient vibration induced by aerodynamic instabilities can be used for wireless sensing
applications. )e configuration with a bluff body attached to a piezoelectric cantilever has been exploited in many studies. For
low-wind energy harvesting, vortex-induced vibration is investigated more frequently than other types of flow-induced
motions, such as galloping and flutter, because of its quasisteady behavior called the potential lock-in phenomenon. In practice,
a stationary square column is placed before the energy harvester to generate wake shedding, which can broaden the bandwidth
of the energy harvester compared with a pure energy harvester equipped with a single bluff body. )is paper presents
a proposed CFD method coupled with an electromechanical model to predict the performance of the energy harvester. )e
proposed approach is verified with our experimental setup.)e time history of the voltage output and the frequency response is
obtained by performing the relevant experiments. A subsequent CFD study is performed to investigate the flow patterns of the
present energy harvesting system.

1. Introduction

Recently, the development of renewable energy technology
motivated the development of low-power level piezoelectric
energy harvesting, which is expected to solve the issue of
energy supply for small wireless sensors and micro-
electromechanical system (MEMS) [1–3]. )ere are many
ambient energy sources (including mechanical vibrations,
humanmotions, and fluid flows) that can be harvested based
on reasonable energy harvesting devices [4–8]. Vibration is
a common phenomenon in the natural world. Generally,
starting approximately one decade ago, the study of pie-
zoelectric energy harvesting from vibration has become
quite mature [9–12]. Many studies have been performed on
harvesting energy from base vibrations using piezoelectric
materials. In contrast, piezoelectric energy harvesting from

wind flow has received relatively little attention compared
with energy harvesting from vibrations. Wind energy har-
vesting can be generally divided into flutter, galloping, and
vortex-induced vibration-based energy harvesters. )e
flutter phenomenon occurs when the two modal resonant
frequencies of torsion and bendingmodes coalesce with each
other. Bryant and Garcia [13] originally proposed a flutter-
based aeroelastic energy harvester; they found that the
harvester oscillated in a limited cycle at higher wind speeds
above a critical wind speed. Aquino et al. [14] modeled
a flutter-based aeroelastic energy harvester using compu-
tational fluid dynamics (CFD) and experimentally obtained
a peak-to-peak voltage of 8.72V and a short-circuit current
of 1mA when subjected to a wind speed of 2.3m/s. Gal-
loping occurs on a flexible base supported with a bluff body.
Ewere et al. [15] experimentally investigated galloping
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piezoelectric energy harvesters with square bluff bodies.
Yang et al. [16] experimentally investigated the influence of
the bluff body shape on the energy harvesting performance
of galloping piezoelectric energy harvesters. Weinstein et al.
[17] tested the energy harvesting performance of a piezo-
electric beam in the real heating, ventilation, and air con-
ditioning flow. Zhang et al. [18] numerically investigated
synchronization phenomenon in VIV energy harvesters.
Recently, Dai et al. [19] explored the influence of a fixed
cylinder on the energy harvesting performance of an
aeroelastic energy harvester and experimentally verified the
enhanced performance. Hobeck and Inman [20] presented
a dual cantilever flutter and experimentally verified the
large-amplitude vibration and high velocity of the two
cantilever beams in the flutter. )ese results demonstrate
that the dual cantilever flutter can be used to efficiently
harvest energy from wind flow. However, the coupling
physical phenomenon between an energy harvester and
a stationary interrupting bluff body remains to be in-
vestigated. From the physical point of view, the cycled wake
shedding effect of a bluff body may enhance the vibration of
the harvesters and may improve the energy harvesting
performance; this process is called buffeting. )ere exists
a fundamental type of VIV called buffeting, which is caused
by the unsteadiness of the incoming flow. Buffeting is also
a common and widespread natural phenomenon. Natural
turbulence combined with the presence of the wake of the
forward bluff body induces buffeting. In aeronautics, it is
crucially important to predict the threshold of the buffeting.
)e essential elements of buffeting are as follows: flow
separation on the surface of the body, instability caused by
the upstream obstacle (such as vortex shedding from other
bluff bodies), and complex turbulence phenomena. Flow
separation often occurs as the dynamic response of flight
wings at high angles of attack. When the response of wings
holds a wide frequency band of excitation, buffeting can be
excited on aircrafts. As the second and most important
source, the von Kármán vortex street that arises from wake
oscillations behind a blunt body can directly lead to a so-
called wake buffeting. Wake buffeting is a quite commonly
observed phenomenon in many urban areas with many tall
buildings. Wake buffeting generally contains two compo-
nents of frequencies. )e third source, pressure fluctuation
of buffeting, can cause significant vertical and torsional
motions, even at low flow speeds. Because of the three source
types, buffeting can occur in a wide range of flow speeds,
i.e., there is no critical onset wind velocity nor is there
a limited range.

Buffeting is mostly dynamic in nature; as a result, al-
tering the stiffness or damping of the structure will not
necessarily change the fatigue load [21]. Although the
amplitude of oscillation due to buffeting is typically smaller
than that for VIV, the frequency range over which it can
occur is greater, from 0.1 to 60Hz [22]. Recently, it has been
found that a freshly killed fish is capable of moving upstream
within the Kármán vortex street generated by a D-shape
cylinder [23]. Furthermore, Beal et al. showed that live fish
can swim upstream without any energy of their own; they
extract the required energy from the oncoming large-scale

vortices [24]. )is observation is also important in the
development of low-drag energy harvesting devices.

To exploit this important phenomenon in energy
harvesting, the “eel” concept for energy harvesting was first
presented by Allen and Smith [25]; the authors placed an
array of slender PVDF under a stationary round sectioned
bluff body and obtained milliwatt-level energy output.
VIV-based energy harvesters efficiently work when the
vortex-shedding frequency becomes nearly equal to one of
the natural frequencies of the dynamical structure. In the
year 2012, Akaydin et al. [26] experimentally obtained
a peak power of 0.1mW at a wind speed of 1.192m/s.
Goushcha et al. [27] explored the driving mechanisms of
VIV energy harvesting by using particle image velocimetry.
Despite these studies, there remains a lack of study of the
performance of a VIV cylinder energy harvester placed
behind a stationary bluff body producing a vortex-shedding
street.

Accordingly, the present work aims to study a new
configuration of buffeting energy harvesting containing
a PEH and a stationary square column placed in front of the
PEH. )e square column was used to generate a Kármán
vortex street, and the effect of different spacing between the
stationary column and the VIV energy harvester was in-
vestigated. )e purpose of the present study was to obtain
an appropriate spacing to enhance the potential wind
energy harvesting capability. Wind tunnel tests were
performed to investigate the influence of the spacing be-
tween the stationary column and the VIVPEH on the
voltage output and on the efficient wind speed region. To
provide a complement of the wind tunnel test, CFD was
conducted to analyze the vortex-shedding patterns in the
vibration system.

2. Physical Model and Experimental Setup

Figure 1 shows a schematic of the proposed system; it mainly
consists of one piezoelectric energy harvester with one MFC
piece that can oscillate freely, as well as one stationary square
column. )e VIV bluff body suffers simultaneously two
types of flow-induced force: the wake-induced and flow-
induced forces. )e square column is used to produce
a vortex-shedding wake, which induces the vibration of the
energy harvester. In this work, the diameter d and the length
lb of the circular cylinder are 32mm and 125mm, re-
spectively, and the length of side ls and total length L of the
square column are also 32mm and 125mm, respectively. L is
the center-to-center distance of the two bluff bodies in the
equilibrium position.

3. Mathematical Model

Based on the Euler–Bernoulli beam theory, the
Rayleigh–Ritz method, the assumed-modes method, the
system identification, etc., the proposed harvester shown in
Figure 1 has the following equivalent nonlinear electro-
mechanical governing equations based on the following
Erturk model [28]:
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M €y(t) + C _y(t) + Ky(t) + θV(t) � FMIM(t) + FEIM(t),

Cp
_V(t) + V(t)R

−1 − θ _y(t) � 0,

(1)

where Meff is the equivalent mass of a piezoelectric canti-
lever system; Ceff is the equivalent damping related to the
damping coefficient ξ, which can be obtained by free decay
experiments; Keff is the equivalent stiffness of the system;
and θ is the electromechanical coupling coefficient of the
system that can be derived from equation group (2). In
equation group (2), Cp is the permittivity measured ex-
perimentally, ωn is the natural frequency of the system that
can be obtained by free decay experiments, δ is the ratio of
the amplitude before and after the free decay experiment, RL
is the external load of the system, and V(t) is the output
voltage of the system. FMIN is the flow-induced force caused
by the incoming wind force and FEIM is the interactional
force caused by the vortex shedding from the upper square
column.

Meff �
33
140

m1 + m2(  + m3,

Ceff � 2Meffωnξ,

ξ �
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���������������
ω2
on −ω2
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(2)

In the past few decades, researchers have made a sub-
stantial effort to model the aerodynamic force of flow-
induced vibration. )e force of a single bluff body can be
easily modeled for the vortex-induced vibration and gal-
loping processes; however, to model the force of multiple

bluff bodies, it is difficult to objectively consider the phase
difference or other time-dependent physical variables. For
modeling the vortex-induced vibration force of a single
bluff body, the van der Pol wake oscillator model is the
most commonly used model because of its ease of un-
derstanding and its good match with the experimental
results. )e van der Pol wake oscillator model was first
developed by Bishop and Hassan [29], Hartlen and Currie
[30], Griffin et al. [31], and Skop and Griffin [32] to directly
represent the body and wake oscillator equations coupled
through common terms. Subsequently, to describe VIV
and the lock-in phenomenon, Nayfeh [33], Facchinetti
et al. [34], and Farshidianfar and Zanganeh [35] improved
the traditional models. Note that all the wake oscillator
models are sensitive to the coupling term introduced in the
form of displacement, velocity, and acceleration. )e
quasisteady hypothesis is often used in modeling the gal-
loping aerodynamic force; for example, from experimental
results, the aerodynamic force of a galloping bluff body is
found to be a function of the angle of attack and can be
expressed as a polynomial expansion [22].

However, there is a lack of research on the modeling
vortex-induced vibration between multiple bluff bodies that
are either all in motion or partly in motion because it is
difficult to model the force caused by the vortex-shedding
street of the upper bluff body.)us, an experimental method
is the most commonly used in the relevant research studies.
Unfortunately, restricting factors, such as visualization,
sizing, and flow speeds, make it difficult to conduct such
experiments. As a result, usually, one cannot obtain the
mechanism accurately.

In this work, a numerical method was utilized to obtain
the aerodynamic force, and the Gauss law was solved based
on the computational results of force and the displacement
from the numerical codes. )e results of the Gauss law
computation also influence the numerical simulations.
During this process, the aero-electromechanical coupling
problem was solved.

As shown in Figure 2, when the uniform flow is first
combined with the vortex-shedding street of the square
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Figure 1: Schematic of the proposed harvester. (a) Physical system model and (b) schematic of the experimental setup.
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column that passes over the VIVPEH, a Lattice Boltzmann
Method (LBM) is employed to solve the external force on the
VIVPEH. Next, by coupling back to the M-C-K equation and
the Gauss law, the force connects the flow field and the
electromechanical system. )us, according to the criterion of
the equation, one can obtain the vibration amplitude, velocity,
accelerated velocity, and voltage output of the system; thus,
the signal of vibration amplitude of the VIV bluff body is sent
back to the LBM as the initial position of the next timestep.

)e updated aerodynamic force obtained by the LBM is
sent to the electromechanical coupling system again. )e
unstable distribution of the flow field and the alternative
voltage output the VIVPEH can be available in such an
iterative process, which stops if the precision is confirmed.

In this work, the LBM is used to predict the strength of
flow-induced vibration of the tandem cylinders in a com-
mercial Xflow code. )e advantages of the LBM in solving
the fluid-structure interaction problem are as follows: there
is no need to solve the Laplace equation at each timestep to
satisfy the continuity equation of incompressible, unsteady
flows, as is required in solving the Navier–Stokes (NS)
equation, and in the LBM, a dynamic mesh is unnecessary in
solving the moving boundaries.

)e Boltzmann’s transport equation is defined as follows:

ni r + CiΔt, t + Δt(  � ni(r, t) +ΩB n1, ..., nb( , (3)

where ni is the statistical distribution functions with real
variables, based on the conservation of mass, linear mo-
mentum and energy; Ci represents the velocity component

in one of the predetermined direction at discrete time of the
particles; and Ω is the collision operator.

By employing a Bhatnagar–Gross–Krook (BGK) ap-
proximation, the operator is simplified as

ΩBGKi �
1
τ

n
eq
i − ni( , (4)

where τ is the relaxation time and n
eq
i is the local equilibrium

function. For defining the fluid-structure interaction
problem, the external force term should be considered, as
shown in the following equation:

ni r + ceiΔt, t + Δt(  � ni(r, t) +Ωi n, n
eq

(  + ΔtFi(r, t),

(5)

where c � Δr/Δt is the velocity of the particle and Fi is the
external force.

4. Verification of the Proposed
Mathematical Method

A wind tunnel test is conducted to verify the precision of the
simulation code in this work. )e experimental setup is
shown in Figure 3. )e wind is produced by a round wind
tunnel, with a diameter of 400mm. )e wind speed is
measured by a hot-wire anemometer (Testo Co., USA). )e
metal substrate is made of pure aluminum, with dimensions
of 200× 20× 0.5mm3. An MFC-M2807-P2 (Smart Material
Corp, Germany) piezoelectric patch has dimensions of
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Figure 2: )e flow chart of the strong coupling computational process.
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37×11× 0.3mm3. )e piezoelectric patch is bound to the
root of the cantilever and is connected to an electrical load
resistance (R). )e voltage output is measured by the NI9221
DAQmodule, and the displacement of vibration is measured
by a laser displacement sensor (HG-C1400, Panasonic Co.,
Japan). )e stationary square column is also made of foam
and is fixed to a wood stick.

)e measured parameters of the harvester are listed in
Tables 1–3. )e wind speed is tested by the hot-wire ane-
mometer and is adjusted by the frequency transducer.
Figure 4 shows the relationship between the frequency
transducer and the wind speed. To avoid the potential in-
fluence of the anemometer, which could act as another bluff
body, the fitted line of identifying the wind speed versus the
frequency transducer is given based on a substantial amount
of measured data.

As shown in Figure 3, a cantilever beam is used as a base
layer, and an MFC piezoelectric sheet is bonded to the root
of the cantilever beam. )is arrangement constitutes a pie-
zoelectric cantilever beam device that is placed at the end of
the cantilever beam for generating the vortex-induced
vibration.

We compare the results of the voltage output obtained by
the CFD simulation with the wind tunnel test to verify the
accuracy of the present LBM code. )e schematic maps of
different lattices are shown in Figures 5(a)–5(c), where LO is
the outside lattice size, LR is the refining region lattice size,
and LN is the circular cylinder near wall lattice size. Before
comparing the predicted results to the experimental results
to verify the present simulation code, a lattice independence
study was conducted to ensure the accuracy of simulation
from. )e computational results are shown in Table 4. )e
lift and drag force coefficients as well as the Strouhal
numbers (defined as St � fsD/U, fs is the vortex-shedding
frequency) are very close for the lattice numbers of 24000

and 53100; thus, the lattice number of 24000 is used in the
present work.

)e computational results of the voltage output are
compared with the experimental results. As shown in Fig-
ure 6, the time history results of the present numerical
method match well with the experimental results. )e FFT
results of the voltage output also show good agreement

Table 1: Parameters of the piezoelectric cantilever beam.

Properties Substrate Piezoelectric transducers
Material Pure aluminum MFC
Length 200mm 37mm
Width 25mm 11mm
)ickness 0.6mm 0.3mm
Capacitance — 15.7 nF
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Equation U = 0.137 ∗ f + 0.18
Intercept 0.180 ± 0.0483

Slope 0.137 ± 0.0026
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Figure 4: )e fitted result of the wind speed versus the frequency
transducer.
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Wind tunnelHoneycomb

Piezoelectric
cantilever

Interfere
bluff body

Figure 3: Experimental setup.

Table 2: Parameters of the bluff body.

Properties (bluff body) Value
Material Foam
Tip mass 2.28 g
Length (cylinder) 125mm
Length (square) 125mm
Diameter 32mm
Side length 32mm

Table 3: Measured parameters of the M-C-K system.

Properties Value
Meff 6.59 g
δ 1.083
ξ 0.013
fn 9.6Hz
Ceff 0.0098N/m2·s−1

Keff 34.07N/m
θ 1.183 e−5 N/V
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between the simulation and the experiment; thus, the
proposed model is validated.

5. Results and Discussions

First, we conducted the experiments of energy harvesting
under different wind speeds. )e internal impendence of the
data collecting system is equal to RL � 1MΩ. Figures 7–9
show the time history curves of the voltage output and the
fast Fourier transform (FFT) results of the energy harvester
under different wind speeds when l� 1–3L.

5.1. Voltage Output. As shown in Figures 7(a) and 7(b), for
l� 1L, in the upper region (U� 2.78m/s), there obviously
exists two components of vibration, which are the vibration
caused by the incoming wind and the Kármán vortex
shedding of the forward bluff body. )e vibration curve
exhibits a “beating”-like phenomenon, i.e., the vibration is
dominated by a main frequency, which is the global natural

frequency of the harvester. )e maximum voltage output is
approximately 15V. Note that unlike a pure beating phe-
nomenon of a single cylinder vibrating system, because of
the influence of the vortex-shedding impact on the upper
bluff body, the vortex-shedding frequency of the vibrating
circular cylinder is quite chaotic, and the time history curve
appears complicated, as shown in Figures 7(a) and 7(b).
Figure 7(b) shows that before the resonance occurs, much
noise exists in the vortex-shedding frequency of the circular
cylinder. When the wind speed increases to 3.56m/s, the
time history curves of the voltage output become more si-
nusoidal and approach a harmonic response, as shown in
Figure 7(c). It is demonstrated that during this stage, the
frequency of the vibrating circular cylinder is locked at the
global natural frequency. A maximum voltage up to ap-
proximately 54.5 V is observed in this stage. Figure 7(d)
shows that in the current region, the vibration frequency is
quite close to the vortex-shedding frequency of the square
column, and the vibration becomes stronger than that
shown in Figure 7(a). Figures 7(e) and 7(f ) show that when

LN LR LO

(a) (b)

(c)

Figure 5: Schematic maps of different lattices in the present simulation work.

Table 4: Verification of the independence of lattice numbers.

Lattice numbers Size (LO × LR × LN) CL CD St
13990 0.0004× 0.0002× 0.0001 0.533 1.431 0.193
24000 0.0003× 0.00015× 0.000075 0.542 1.422 0.198
53100 0.0002× 0.0001× 0.00005 0.543 1.421 0.199
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the wind speed increases, the vortex-shedding frequency
continues to increase and departs from the natural frequency
of the circular cylinder; moreover, the vibration amplitudes
and the harvested power decrease.

)e voltage and frequency response present a similar
varying trend for l � 2L and l � 3L. For l � 2L, the maxi-
mum voltage outputs are 24.2 V, 50.5 V, and 23.3 V, re-
spectively, as shown in Figures 8(a), 8(c), and 8(e). )e
“beating”-like phenomenon occurs again via the com-
bined effects of the vortex and the wake shedding-induced
vibration. For l � 3L, the maximum voltage outputs are
33.8 V, 60.2 V, and 23 V, respectively, as shown in Fig-
ures 9(a), 9(c), and 9(e). Moreover, from the FFT results,
we can conclude that there exist three different statuses
according to the coexistence of the vortex-shedding fre-
quency of the forward cylinder and the global natural
frequency of the vibrating cylinder.

Figure 10 compares the influences of wind speed on the
voltage output for three different regimes with three har-
vester configurations. First, unlike the VIV of a single
cylinder, one can observe that for different space distances,
there is a wind speed range of high amplitude vibration
after the VIV lock-in regions. In other words, the circular

cylinder encountered wake-induced buffeting via the wake
shedding street of the square column in front. )erefore,
the proposed design is able to achieve a considerable en-
hancement in VIV-based wind energy harvesting. Second,
the configuration of l � 3L has wider wind speed bandwidth
and higher voltage output than the configurations of l � 1L
and l � 2L.

Figure 11 shows a comparison of the computed voltage
output with the wind tunnel experimental results for l� 3L.
It can be concluded that the predictions and measurements
agree well with each other, thus verifying the present sim-
ulation method. )e discrepancy is mainly attributed to the
probabilistic error in the experimental process.

5.2. CFDComputational Results. To clarify the phenomenon
of buffeting, as shown in Figure 10, we compared the vortex-
shedding patterns in different time regions during a com-
plete vibration period. On the left hand side of Figure 12
(l� 1L), as shown in Figures 12(a)–12(c), three different
regimes of vibration are presented to describe the upper,
middle, and lower stages. Figures 12(a)–12(c) also show the
peak, the equilibrium, and the valley position of the
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vibration during the lock-in part; a “2P + S” pattern mode
can be obtained in the current region, in agreement with the
results in the literature [36–38]. Figures 12(d)–12(f)

accordingly show the different positions in the wake-
induced vibration region on the right hand side. It can be
concluded that in this region, the vibration amplitude is much
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Figure 11: Comparisons of the voltage output versus the wind speed between the wind tunnel test and the CFD (l� 3L).
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lower than that of the lock-in region. Figures 13(a)–13(c) and
Figures 14(a)–14(c) present the vortex-shedding patterns in
different time regions during a complete vibration period of
the lock-in region (l� 2L and l� 3L). )e vortex shedding
patterns of l� 2L and l� 3L are close to each other since the
space between the stationary square column and the VIV
circular cylinder is larger; thus, a typical “P + S” mode is
obtained.

6. Conclusions

To enhance the efficiency of flow energy harvesting, higher
vibration amplitudes and wider bandwidths are required. In
this work, a numerical method combined with the elec-
tromechanical coupling model was employed to solve the
aero-electromechanical coupling problem of piezoelectric
energy harvesting from buffeting. In the proposed approach,
the aerodynamic force response from fluid and structure
interactions is solved by the LBM method and is then
transferred to an electromechanical coupling platform; the
vibration position and voltage output are solved and are then
sent back to the LBM again as the initial position of the
vibration cylinder in the next timestep to obtain the AC
voltage time history of the energy harvester and the vibration
displacement of the circular cylinder. )ree different energy
harvester configurations are investigated by varying the
space length of the harvester and the interrupting stationary
square cylinder. )e time histories and the frequency re-
sponses of the voltage output are tested in both experiments
and numerical simulations; good agreement was found
between the experimental results and the simulations. )ere
exist two kinds of frequencies of vibration for the energy
harvester according to the VIV and the interrupted vibration

influenced by the vortex shedding of the stationary square
cylinder.)e configuration with l� 3L was found to perform
better than the other two configurations considered,
achieving wider wind speed bandwidth and higher voltage
output. )e “2P+ S” and “P + S” patterns were obtained for
l� 1L and l� 2− 3L, respectively. Note that for the present
energy harvester configurations, unlike the VIVPEH, the
vibration could be sustained after the lock-in region. )e
present phenomenon may enhance the piezoelectric energy
harvesting efficiency.
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A modeling method is proposed for the vibration characteristics of rectangular plates with cutouts having variable size. Different
from the existing modeling method by considering the cutout as an extremely thin part of the plate, the energy principles
in conjunction with Rayleigh-Ritz solution technique are employed for the modeling of the structure. Under this theoretical
framework, the effect of the cutout is taken into account by subtracting the energies of the cutout domains from the total energies of
the whole plate with arbitrary boundary conditions.The displacement of the rectangular plate with nonuniform physic parameters
is expressed as the combination of a two-dimensional trigonometric cosine series and supplementary terms introduced to ensure
the uniform convergence of the solution over the entire solution domain including the cutouts boundary. The effectiveness and
reliability of the eigenmodes of the rectangular plate with cutouts are checked against the results obtained by the finite element
method (FEM).The cutout number, position, and size are varied to illustrate the effect of the cutouts on the vibration characteristics
of the rectangular plate with cutouts.

1. Introduction

Rectangular plates with holes are used in many types of
mechanical structures to lighten the weight of a structure, to
obtain the convenient connection of structures, or to change
the resonant frequency of a structure.Thus, knowledge of the
vibration characteristics of rectangular plate with cutouts is
taking important role in the design of ship structure, aircraft
cabin, and mechanical device. As a result of the introduction
of cutouts, the solution of vibration characteristics of the plate
would become complex.

The position and number for cutouts in the flexible
plate have great influence on the vibration characteristics
of structure [1–7]. The rigidity of the flexible plate with
cutouts is dependedmostly upon the number of cutouts [1, 2].
Avalos et al. [1] have investigated the transverse vibration
of rectangular plate with a rectangular cutout. Based on the
work, they [2] have also investigated the transverse vibration
of the rectangular plate with two cutouts. The positions
of the cutouts have some influence on the mode shape of

the flexible plate with cutouts. Most previous investigations
have been confined to discuss the influence of cutout size
and boundary conditions [3–8], in which the positions of
the cutouts are located in the center of the flexible plate.
Takahashi [3] investigated the natural frequencies of rectan-
gular plate with a central circular hole by the Ritz method
and bar-solutions. Paramasivam [4] investigated the effect
of rectangular cutout size on the fundamental frequencies
for different types of boundary conditions by extending the
grid framework model. Ali and Atwal [5] predicted the
natural frequencies of rectangular plates with various sizes of
rectangular cutouts by using the Rayleigh’smethod. However,
the accuracy of mode results decreased with increase in the
mode number and also with increase in the size of the cutout.
The large amplitude flexural vibration of rectangular plates
with rectangular cutouts is investigated by Reddy [6] through
using a shear deformable element. The numerical results of
orthotropic plates and composite plates demonstrated the
effect of cutouts and boundary conditions on the natural
frequencies. Lam [7] applied the modified Rayleigh-Ritz
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method to solve the vibration problems of a plate with cutouts
and plates with internal nonhomogeneity. In his study, the
plate domain is divided into smaller rectangular segments by
the openings located centrally.

Various methods [9–12] have been presented for the
vibration of plates with cutouts. The prediction of the cor-
responding eigenmodes has been studied in the early time.
Aksu and Ali [11] have taken use of a two-dimensional finite
difference scheme to predict the natural frequencies and
modal behavior of plates with rectangular cutouts. In their
work, the influence of the cutouts on the natural frequencies
and mode shapes has also been considered. Generally, the
effect of the hole is taken into account by subtracting the ener-
gies of the hole domain from the total energies of the whole
plate. In doing so, the integrals of the functions consisting of
the admissible functions based on the plate domain over hole
domain would lead to complex numerical computations. To
resolve the solution problem of the plate with a rectangular
hole or a circular hole, Kwak and Han [12] proposed a kind
of new method called Independent Coordinate Coupling
Method (ICCM), in which the energies corresponding to the
rectangular plate domain and the hole domain were derived
independently and the two independent coordinates were
coupled by imposing kinematic relations. The Rayleigh-Ritz
method [13–18] is one of the most popular methods used
in the free vibration analysis of individual plates. Mundkur
[13] proposed an approximate method for the vibration
of square plates with square cutouts, which is based on
boundary characteristic orthogonal polynomial functions in
the Rayleigh-Ritz method. The double Fourier series and
Rayleigh-Ritz method were used by Laura [15] to determine
the fundamental frequency for the rectangular plate with a
hole, in which the rectangular plate with a hole is considered
as a nonhomogeneous structure. In the above methods
proposed, the plates with cutouts are usually treated as a kind
of plates with nonuniform thickness. Huang and Sakiyama
[17] adopted discrete Green function to analyze the free
vibration of rectangular plates with an arbitrarily located hole
of different shapes.

The investigations on the influence of opening positions
are mostly concerned on the cutouts located in the center
of the flexible plate. Due to the limitation of calculation
difficulty, the cutout number investigated is relatively less.
In the existed methods, the cutouts in the plate are usually
considered structures with zero thickness. In order to really
consider the physical characteristics of cutouts, the influence
of cutout number and position on the vibration characteristic
of the plate would be considered from the aspect of energy.
In this paper, the use of energy principles in conjunction
with Rayleigh-Ritz solution technique is developed as a
method for the determination of vibration characteristics
of rectangular plates with cutouts. The effect of the cutout
with arbitrary boundary conditions is taken into account
by subtracting the energies of the cutout domains from
the total energies of the whole plate. The improved two-
dimensional Fourier series is introduced to represent the
displacement of the plate with nonuniform characteristic
parameters. The energy function of the whole structure is
minimized with respect to the unknown Fourier coefficients

and the eigenmodes are obtained from the solution of a linear
eigenvalue problem. Natural frequencies and corresponding
mode shapes of rectangular plates with cutouts have been
predicted and numerically verified. The number, position,
and size for the cutouts considered in this paper are variable.
The influence of the boundary conditions, the cutout number,
and the cutout position would be investigated in numerical
results.

2. Theoretical Formulations

The flexible plate with cutouts shown in Figure 1 has general
boundary conditions, which are simulated by assigning the
translational and rotational restraining springs with proper
stiffness constants. The length and width of the flexible plate
with cutouts are, respectively, 𝐿𝑥 and 𝐿𝑦. The number and
position of the cutouts in the flexible plate are variable. The
dimensions of the cutouts are the same, whose length and
width are (𝑋𝑑𝑖 − 𝑋𝑐𝑖) and (𝑌𝑑𝑖 − 𝑌𝑐𝑖), respectively. Here𝑖 denotes the sequence of cutouts in the plate. The modal
characteristics for the plate with cutouts are different from
ones for the complete rectangular plate.

Both the governing equations and boundary conditions
for the flexible plate with cutouts are, respectively, given as
follows [19]:

𝐷∇4𝑤 (𝑥, 𝑦) − 𝜌ℎ𝜔2𝑤 (𝑥, 𝑦) = 0. (1)

On 𝑥 = 0,
𝑘𝑥0𝑤 (𝑥, 𝑦) = −𝐷[𝜕3𝑤𝜕𝑥3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥𝜕𝑦2] , (2a)

𝐾𝑥0 𝜕𝑤𝜕𝑥 = 𝐷(𝜕2𝑤𝜕𝑥2 + 𝜇𝜕2𝑤𝜕𝑦2 ) . (2b)

On 𝑥 = 𝑋𝑐𝑖,
𝑘𝑥𝑋𝑐𝑖𝑤 (𝑥, 𝑦) = −𝐷[𝜕3𝑤𝜕𝑥3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥𝜕𝑦2] , (3a)

𝐾𝑥𝑋𝑐𝑖 𝜕𝑤𝜕𝑥 = 𝐷(𝜕2𝑤𝜕𝑥2 + 𝜇𝜕2𝑤𝜕𝑦2 ) . (3b)

On 𝑥 = 𝐿𝑥,
𝑘𝑥𝐿𝑥𝑤 (𝑥, 𝑦) = 𝐷[𝜕3𝑤𝜕𝑥3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥𝜕𝑦2] , (4a)

𝐾𝑥𝐿𝑥 𝜕𝑤𝜕𝑥 = −𝐷(𝜕2𝑤𝜕𝑥2 + 𝜇𝜕2𝑤𝜕𝑦2 ) . (4b)

On 𝑥 = 𝑋𝑑𝑖,
𝑘𝑥𝑋𝑑𝑖𝑤 (𝑥, 𝑦) = 𝐷[𝜕3𝑤𝜕𝑥3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥𝜕𝑦2] , (5a)

𝐾𝑥𝑋𝑑𝑖 𝜕𝑤𝜕𝑥 = −𝐷(𝜕2𝑤𝜕𝑥2 + 𝜇𝜕2𝑤𝜕𝑦2 ) . (5b)
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Figure 1: The flexible plate with cutouts.

On 𝑦 = 0,
𝑘𝑦0𝑤 (𝑥, 𝑦) = −𝐷[𝜕3𝑤𝜕𝑦3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥2𝜕𝑦] , (6a)

𝐾𝑦0 𝜕𝑤𝜕𝑦 = 𝐷(𝜕2𝑤𝜕𝑦2 + 𝜇𝜕2𝑤𝜕𝑥2 ) . (6b)

On 𝑦 = 𝑌𝑐𝑖,
𝑘𝑦𝑌𝑐𝑖𝑤 (𝑥, 𝑦) = −𝐷[𝜕3𝑤𝜕𝑦3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥2𝜕𝑦] , (7a)

𝐾𝑦𝑌𝑐𝑖 𝜕𝑤𝜕𝑦 = 𝐷(𝜕2𝑤𝜕𝑦2 + 𝜇𝜕2𝑤𝜕𝑥2 ) . (7b)

On 𝑦 = 𝐿𝑦,
𝑘𝑦𝐿𝑦𝑤 (𝑥, 𝑦) = 𝐷[𝜕3𝑤𝜕𝑦3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥2𝜕𝑦] , (8a)

𝐾𝑦𝐿𝑦 𝜕𝑤𝜕𝑦 = −𝐷(𝜕2𝑤𝜕𝑦2 + 𝜇𝜕2𝑤𝜕𝑥2 ) . (8b)

On 𝑦 = 𝑌𝑑𝑖,
𝑘𝑦𝑌𝑑𝑖𝑤 (𝑥, 𝑦) = 𝐷[𝜕3𝑤𝜕𝑦3 + (2 − 𝜇) 𝜕3𝑤𝜕𝑥2𝜕𝑦] , (9a)

𝐾𝑦𝑌𝑑𝑖 𝜕𝑤𝜕𝑦 = −𝐷(𝜕2𝑤𝜕𝑦2 + 𝜇𝜕2𝑤𝜕𝑥2 ) , (9b)

where𝐷 and 𝜇 are, respectively, the bending stiffness and the
Poisson’s ratio; 𝜌 and ℎ are, respectively, the mass density and
thickness of the flexible panel; 𝑘𝑥0, 𝑘𝑥𝐿𝑥, 𝑘𝑦0, 𝑘𝑦𝐿𝑦, 𝑘𝑥𝑋𝑐𝑖,𝑘𝑥𝑋𝑑𝑖, 𝑘𝑦𝑌𝑐𝑖, and 𝑘𝑦𝑌𝑑𝑖 denote the edge stiffness of the

translational restraining springs;𝐾𝑥0,𝐾𝑥𝐿𝑥,𝐾𝑦0,𝐾𝑦𝐿𝑦,𝐾𝑥𝑋𝑐𝑖,𝐾𝑥𝑋𝑑𝑖, 𝐾𝑦𝑌𝑐𝑖, and 𝐾𝑦𝑌𝑑𝑖 denote the edge stiffness of the rota-
tional restraining springs. The boundary conditions can be
represented by both the translational and rotational springs
along each edge and all classical homogeneous boundary
conditions can be easily derived by simply setting each of
the spring stiffness to be an extremely large or small number.
The displacement expression 𝑤(𝑥, 𝑦) in the above equations
is given as [19]

𝑊(𝑥, 𝑦) = ∞∑
𝑚=0

∞∑
𝑛=0

𝐴𝑚𝑛 cos 𝜆𝐿𝑥𝑚𝑥 cos 𝜆𝐿𝑦𝑛𝑦

+ ∞∑
𝑚=0

[[
[
𝑎𝑚𝜁1𝐿𝑦 (𝑦) + 𝑐𝑚𝜁3𝐿𝑦 (𝑦)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑦=0

+ 𝑏𝑚𝜁2𝐿𝑦 (𝑦) + 𝑑𝑚𝜁4𝐿𝑦 (𝑦)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑦=𝐿𝑦

]]
]
cos 𝜆𝐿𝑥𝑚𝑥

+ ∞∑
𝑛=0

[
[
𝑒1𝑛𝜁1𝐿𝑥 (𝑥) + 𝑔1𝑛𝜁3𝐿𝑥 (𝑥)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑥=0

+ 𝑓1𝑛𝜁2𝐿𝑥 (𝑥) + ℎ1𝑛𝜁4𝐿𝑥 (𝑥)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑥=𝐿𝑥

]
]
cos 𝜆𝐿𝑦𝑛𝑦,

(10)

where 𝜆𝐿𝑥𝑚 = 𝑚𝜋/𝐿𝑥, 𝜆𝐿𝑦𝑛 = 𝑛𝜋/𝐿𝑦, and
𝜁1𝐿𝑥 (𝑥) = 9𝐿𝑥4𝜋 sin( 𝜋𝑥2𝐿𝑥) − 𝐿𝑥12𝜋 sin(3𝜋𝑥2𝐿𝑥 ) ,
𝜁2𝐿𝑥 (𝑥) = −9𝐿𝑥4𝜋 cos( 𝜋𝑥2𝐿𝑥) − 𝐿𝑥12𝜋 cos(3𝜋𝑥2𝐿𝑥 ) ,



4 Shock and Vibration

𝜁3𝐿𝑥 (𝑥) = 𝐿𝑥3𝜋3 sin( 𝜋𝑥2𝐿𝑥) − 𝐿𝑥33𝜋3 sin(3𝜋𝑥2𝐿𝑥 ) ,
𝜁4𝐿𝑥 (𝑥) = −𝐿𝑥3𝜋3 cos( 𝜋𝑥2𝐿𝑥) − 𝐿𝑥33𝜋3 cos(3𝜋𝑥2𝐿𝑥 ) .

(11)

According to the expressions of admissible displacement
functions given above, the first derivation of the admissible
displacement could be derived as follows:

𝜁1𝐿𝑥 (𝑥) = 9𝐿𝑥4𝜋 𝜋2𝐿𝑥 cos(
𝜋𝑥2𝐿𝑥)

− 𝐿𝑥12𝜋 3𝜋2𝐿𝑥 cos(
3𝜋𝑥2𝐿𝑥 ) ,

(12a)

𝜁2𝐿𝑥 (𝑥) = 9𝐿𝑥4𝜋 𝜋2𝐿𝑥 sin( 𝜋𝑥2𝐿𝑥)
+ 𝐿𝑥12𝜋 3𝜋2𝐿𝑥 sin(3𝜋𝑥2𝐿𝑥 ) ,

(12b)

𝜁3𝐿𝑥 (𝑥) = 𝐿𝑥3𝜋3 𝜋2𝐿𝑥 cos(
𝜋𝑥2𝐿𝑥)

− 𝐿𝑥33𝜋3 3𝜋2𝐿𝑥 cos(
3𝜋𝑥2𝐿𝑥 ) ,

(12c)

𝜁4𝐿𝑥 (𝑥) = 𝐿𝑥3𝜋3 𝜋2𝐿𝑥 sin( 𝜋𝑥2𝐿𝑥)
+ 𝐿𝑥33𝜋3 3𝜋2𝐿𝑥 sin(3𝜋𝑥2𝐿𝑥 ) .

(12d)

The third derivation of admissible displacement could be
obtained from the first derivations:

𝜁1𝐿𝑥 (𝑥) = −9𝐿𝑥4𝜋 𝜋2𝐿𝑥
𝜋2𝐿𝑥

𝜋2𝐿𝑥 cos(
𝜋𝑥2𝐿𝑥)

+ 𝐿𝑥12𝜋 3𝜋2𝐿𝑥
3𝜋2𝐿𝑥

3𝜋2𝐿𝑥 cos(
3𝜋𝑥2𝐿𝑥 ) ,

(13a)

𝜁2𝐿𝑥 (𝑥) = −9𝐿𝑥4𝜋 𝜋2𝐿𝑥
𝜋2𝐿𝑥

𝜋2𝐿𝑥 sin( 𝜋𝑥2𝐿𝑥)
− 𝐿𝑥12𝜋 3𝜋2𝐿𝑥

3𝜋2𝐿𝑥
3𝜋2𝐿𝑥 sin(3𝜋𝑥2𝐿𝑥 ) ,

(13b)

𝜁3𝐿𝑥 (𝑥) = −𝐿𝑥3𝜋3 𝜋2𝐿𝑥
𝜋2𝐿𝑥

𝜋2𝐿𝑥 cos(
𝜋𝑥2𝐿𝑥)

+ 𝐿𝑥33𝜋3 3𝜋2𝐿𝑥
3𝜋2𝐿𝑥

3𝜋2𝐿𝑥 cos(
3𝜋𝑥2𝐿𝑥 ) ,

(13c)

𝜁4𝐿𝑥 (𝑥) = −𝐿𝑥3𝜋3 𝜋2𝐿𝑥
𝜋2𝐿𝑥

𝜋2𝐿𝑥 sin( 𝜋𝑥2𝐿𝑥)
− 𝐿𝑥33𝜋3 3𝜋2𝐿𝑥

3𝜋2𝐿𝑥
3𝜋2𝐿𝑥 sin(3𝜋𝑥2𝐿𝑥 ) .

(13d)

The characteristic for admissible functions at 𝑥 = 0 and𝑥 = 𝐿𝑥 could be obtained from the expressions of admissible
functions, which is

𝜁1𝐿𝑥 (0) = 𝜁3𝐿𝑥 (0) = 𝜁2𝐿𝑥 (𝐿𝑥) = 𝜁4𝐿𝑥 (𝐿𝑥) = 1. (14)

If the dynamic characteristic of flexible plate with cutouts
is obtained from the above governing equations and bound-
ary conditions, the solution process would become more and
more complex due to the increase of cutout number. In this
paper, the energy principle is adopted to carry out the modal
analysis of flexible plate with cutouts, which is equivalent to
the solution obtained from the method given above.

The energy of the flexible plate with cutouts could
be obtained by deleting the energy of the flexible plate
occupying the cutout from the energy for the flexible plate
without cutouts. The boundary conditions of the cutouts are
depended on the location of the cutouts. If the cutout is in the
flexible plate, the boundary conditions for the cutout are free.
If the edge of cutout is laid on the edge of flexible plate, the
boundary conditions for the edge of the cutout are the same
with those for the edge of the flexible plate.Thus, the Lagrange
function for the flexible plate with 𝑛 cutouts is given as

𝐿 = (𝑉 − 𝑉1 − 𝑉2 − ⋅ ⋅ ⋅ − 𝑉𝑖 − ⋅ ⋅ ⋅ − 𝑉𝑛)
− (𝑇 − 𝑇1 − 𝑇2 − ⋅ ⋅ ⋅ − 𝑇𝑖 − ⋅ ⋅ ⋅ − 𝑇𝑛) , (15)

where 𝑉 and 𝑇 denote the potential and kinetic energy
of flexible plate without cutouts, respectively; 𝑉𝑖 and 𝑇𝑖
denote the potential and kinetic energy of the flexible plate
occupying the 𝑖th cutout, respectively.

The strain and kinetic energy of the transverse vibration
of flexible plate without cutouts can be obtained as [19]

𝑉 = 𝐷2 ∫𝐿𝑥
0

∫𝐿𝑦
0

{(𝜕2𝑤𝜕𝑥2 )
2 + (𝜕2𝑤𝜕𝑦2 )

2 + 2𝜇𝜕2𝑤𝜕𝑥2
𝜕2𝑤
𝜕𝑦2

+ 2 (1 − 𝜇)( 𝜕2𝑤𝜕𝑥𝜕𝑦)2} d𝑥 d𝑦 + 12
⋅ ∫𝐿𝑦
0

[𝑘𝑥0𝑤2 + 𝐾𝑥0 (𝜕𝑤𝜕𝑥 )2]
𝑥=0

d𝑦 + 12
⋅ ∫𝐿𝑦
0

[𝑘𝑥𝐿𝑥𝑤2 + 𝐾𝑥𝐿𝑥 (𝜕𝑤𝜕𝑥 )2]
𝑥=𝐿𝑥

d𝑦 + 12
⋅ ∫𝐿𝑥
0

[𝑘𝑦0𝑤2 + 𝐾𝑦0 (𝜕𝑤𝜕𝑦 )2]
𝑦=0

d𝑥 + 12
⋅ ∫𝐿𝑥
0

[𝑘𝑦𝐿𝑦𝑤2 + 𝐾𝑦𝐿𝑦 (𝜕𝑤𝜕𝑥 )2]
𝑦=𝐿𝑦

d𝑥,

𝑇 = 12 ∫𝐿𝑦
0

∫𝐿𝑥
0

𝜌ℎ(𝜕𝑤𝜕𝑡 )
2

d𝑥 d𝑦 = 12
⋅ 𝜌ℎ𝜔2 ∫𝐿𝑦

0
∫𝐿𝑥
0

𝑤2d𝑥 d𝑦.

(16)
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The strain and kinetic energy stored in the flexible plate
occupying the 𝑖th cutout are expressed as

𝑉𝑖 = 𝐷2 ∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

{(𝜕2𝑤
𝜕𝑥2 )

2 + (𝜕2𝑤
𝜕𝑦2 )

2

+ 2𝜇𝜕2𝑤𝜕𝑥2
𝜕2𝑤
𝜕𝑦2 + 2 (1 − 𝜇)( 𝜕2𝑤𝜕𝑥𝜕𝑦)2} d𝑥 d𝑦

+ 12 ∫𝑌𝑑𝑖
𝑌𝑐𝑖

[𝑘𝑥𝑋𝑐𝑖𝑤2 + 𝐾𝑥𝑋𝑐𝑖 (𝜕𝑤𝜕𝑥 )2]
𝑥=𝑋𝑐𝑖

d𝑦 + 12
⋅ ∫𝑌𝑑𝑖
𝑌𝑐𝑖

[𝑘𝑥𝑋𝑑𝑖𝑤2 + 𝐾𝑥𝑋𝑑𝑖 (𝜕𝑤𝜕𝑥 )2]
𝑥=𝑋𝑑𝑖

d𝑦 + 12
⋅ ∫𝑋𝑑𝑖
𝑋𝑐𝑖

[𝑘𝑦𝑌𝑐𝑖𝑤2 + 𝐾𝑦𝑌𝑐𝑖 (𝜕𝑤𝜕𝑦 )2]
𝑦=𝑌𝑐𝑖

d𝑥 + 12
⋅ ∫𝑌𝑑𝑖
𝑌𝑐𝑖

[𝑘𝑦𝑌𝑑𝑖𝑤2 + 𝐾𝑦𝑌𝑑𝑖 (𝜕𝑤𝜕𝑦 )2]
𝑦=𝑌𝑑𝑖

d𝑥,

𝑇𝑖 = 12 ∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

𝜌ℎ(𝜕𝑤𝜕𝑡 )
2

d𝑥 d𝑦 = 12
⋅ 𝜌ℎ𝜔2 ∫𝑋𝑑𝑖

𝑋𝑐𝑖
∫𝑌𝑑𝑖
𝑌𝑐𝑖

𝑤2d𝑥 d𝑦.

(17)

By substituting (16) and (17) into (15) and applying the
Rayleigh-Ritz procedure against each of the unknownFourier
series coefficients, the linear system in the matrix form may
be described as

(K − ( 𝑛∑
𝑖=1

K𝑖)) − 𝜔2(M − ( 𝑛∑
𝑖=1

M𝑖))E = 0, (18)

where

K =
[[[[[[[[[[[[
[

K1-1 K1-2 K1-3 K1-4 ⋅ ⋅ ⋅ K1-9
K2-1 K2-2 K2-3 K2-4 ⋅ ⋅ ⋅ K2-9
K3-1 K3-2 K3-3 K3-4 ⋅ ⋅ ⋅ K3-9
K4-1 K4-2 K4-3 K4-4 ⋅ ⋅ ⋅ K4-9... ... ... ... d

...
K9-1 K9-2 K9-3 K9-4 ⋅ ⋅ ⋅ K9-9

]]]]]]]]]]]]
]

,

M =
[[[[[[[[[[[[
[

M1-1 M1-2 M1-3 M1-4 ⋅ ⋅ ⋅ M1-9
M2-1 M2-2 M2-3 M2-4 ⋅ ⋅ ⋅ M2-9
M3-1 M3-2 M3-3 M3-4 ⋅ ⋅ ⋅ M3-9
M4-1 M4-2 M4-3 M4-4 ⋅ ⋅ ⋅ M4-9... ... ... ... d

...
M9-1 M9-2 M9-3 M9-4 ⋅ ⋅ ⋅ M9-9

]]]]]]]]]]]]
]

,

K𝑖 =

[[[[[[[[[[[[[
[

K𝑖1-1 K𝑖1-2 K𝑖1-3 K𝑖1-4 ⋅ ⋅ ⋅ K𝑖1-9
K𝑖2-1 K𝑖2-2 K𝑖2-3 K𝑖2-4 ⋅ ⋅ ⋅ K𝑖2-9
K𝑖3-1 K𝑖3-2 K𝑖3-3 K𝑖3-4 ⋅ ⋅ ⋅ K𝑖3-9
K𝑖4-1 K𝑖4-2 K𝑖4-3 K𝑖4-4 ⋅ ⋅ ⋅ K𝑖4-9... ... ... ... d

...
K𝑖9-1 K𝑖9-2 K𝑖9-3 K𝑖9-4 ⋅ ⋅ ⋅ K𝑖9-9

]]]]]]]]]]]]]
]

,

M𝑖 =

[[[[[[[[[[[[[
[

M𝑖1-1 M𝑖1-2 M𝑖1-3 M𝑖1-4 ⋅ ⋅ ⋅ M𝑖1-9
M𝑖2-1 M𝑖2-2 M𝑖2-3 M𝑖2-4 ⋅ ⋅ ⋅ M𝑖2-9
M𝑖3-1 M𝑖3-2 M𝑖3-3 M𝑖3-4 ⋅ ⋅ ⋅ M𝑖3-9
M𝑖4-1 M𝑖4-2 M𝑖4-3 M𝑖4-4 ⋅ ⋅ ⋅ M𝑖4-9... ... ... ... d

...
M𝑖9-1 M𝑖9-2 M𝑖9-3 M𝑖9-4 ⋅ ⋅ ⋅ M𝑖9-9

]]]]]]]]]]]]]
]

,

E = {𝐴𝑝00, 𝐴𝑝01, . . . , 𝐴𝑝𝑚0, 𝐴𝑝𝑚1, . . . , 𝐴𝑝𝑚𝑛, . . . , 𝐴𝑝𝑀𝑁, 𝑎𝑝0 , . . . ,
𝑎𝑝𝑀, 𝑏𝑝0 , . . . , 𝑏𝑝𝑀, 𝑐𝑝0 , . . . , 𝑐𝑝𝑀, 𝑑𝑝0 , . . . , 𝑑𝑝𝑀, 𝑒𝑝0 , . . . , 𝑒𝑝𝑁, 𝑓𝑝0 , . . . ,
𝑓𝑝𝑁, 𝑔𝑝0 , . . . , 𝑔𝑝𝑁, ℎ𝑝0 , . . . , ℎ𝑝𝑁}𝑇 ,

(19)

where𝐾 and𝑀 are stiffness andmass matrices of the flexible
platewithout cutouts, respectively;𝐾𝑖 andM𝑖 are stiffness and
mass matrices of the flexible plate occupying the 𝑖th cutout,
respectively.The expressions of thesematrices are given in the
Appendix. For numerical calculations, all the Fourier series
are truncated to 𝑚𝑝 = 𝑀𝑝, 𝑛𝑝 = 𝑁𝑝. The accuracy of
the calculation results can be improved by the increase of
the Fourier truncated series. The coefficient vectors 𝐸 can be
obtained by solving (18). Knowing the expansion coefficients
𝐸, the displacement of the flexible panel with cutouts can
be easily obtained from (10). The transient analysis of the
mathematical model could also be calculated by revising the
zero vector on the right of (18) into the loading vector.

3. Results and Discussions

3.1. Convergence and Validation. The convergence study of
the present method is conducted with a flexible plate with
one cutout for different boundary conditions. The length
(𝐿𝑥), width (𝐿𝑦), and thickness (ℎ) for the flexible plate with
cutouts are 𝐿𝑥 = 𝐿𝑦 = 2m and ℎ = 0.003m, respectively.
In the analytical investigation, Young’s modulus, Poisson’s
ratio, and mass density are assumed to be 𝐸 = 216GPa,
V = 0.3, and 𝜌 = 7900 kg/m3, respectively.The first six natural
frequencies of square plate with a square opening for different
boundary conditions are listed in Table 1, in which the size
and original point of the square cutout are, respectively, 1.1m× 1.1m and (0.4m, 0.4m).The alphabet C in the table refers to
the clamped edge, S refers to the simply supported edge, and
F means that the edge is free. As shown in Table 1, the natural
frequencies for the plate with a free cutout are validated by
the comparison with the simulation results and converge at𝑀𝑝 = 𝑁𝑝 = 15. The simulation results are obtained from the
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Table 1: Convergence of the first six natural frequencies (Hz) of the square plate with square opening 1.1m × 1.1m for different boundary
conditions.

Boundary conditions 𝑀𝑝 × 𝑁𝑝 Mode number
1 2 3 4 5 6

CCCC-FFFF

12 × 12 13.2 15.9 18.7 22.0 22.6 29.014 × 14 13.2 15.9 18.7 21.9 22.5 28.815 × 15 13.2 15.8 18.7 21.9 22.4 28.716 × 16 13.2 15.8 18.7 21.9 22.4 28.7
ANSYS 13.1 15.6 18.7 21.7 22.0 28.1

SSSS-FFFF

12 × 12 4.4 7.8 7.8 13.6 14.6 21.614 × 14 4.4 7.7 7.7 13.6 14.4 21.515 × 15 4.4 7.7 7.7 13.5 14.4 21.516 × 16 4.4 7.7 7.7 13.5 14.4 21.5
ANSYS 4.4 7.6 7.6 13.5 13.9 21.1

Table 2: Natural frequencies (Hz) for the flexible plate with six cutouts.

Mode number Methods Error
Present ANSYS

1 7.9 7.8 1.2%
2 13.6 13.5 0.7%
3 14.6 14.5 0.6%
4 20.6 20.4 0.9%
5 20.9 20.5 1.9%
6 22.2 21.7 2.3%
7 27.6 26.7 3.3%
8 28.1 27.4 2.5%
9 28.7 28.1 2.1%
10 33.7 32.6 3.3%
20 68.0 67.4 0.8%
40 124.6 122.6 1.6%
80 238.9 235.7 1.3%
100 306.2 302.8 1.1%
200 602.8 601.1 0.2%

software ANSYS, whose model is constructed by setting the
SHELL63 element size as 0.02m × 0.02m.

To validate the accuracy and reliability of the present
method, the first 200 natural frequencies and corresponding
mode shapes of clamped flexible plate with six free cutouts
are compared with those obtained from the software ANSYS.
The geometrical and physical parameters for the flexible plate
have been given in the convergence study. The origins of the
six cutouts are (0.4m, 0.4m), (0.8m, 0.4m), (1.2m, 0.4m),
(0.4m, 1m), (0.8m, 1m), and (1.2m, 1m), respectively.Differ-
ent from the above convergence study, the six cutouts with the
length 𝑙𝑥 = 0.3m and the width 𝑙𝑦 = 0.5m are rectangular
holes.The Fourier series is truncated to𝑀𝑝 = 𝑁𝑝 = 15 in this
analysis. The element type and size in the simulation study
are the same as the ones in the convergence study. It can be
seen that the comparison between theoretical and simulation
results in Table 2 and Figure 2 shows good agreement, and
the difference between two results in Table 2 is less than 3.3%
for the worst case. The small differences may be caused by

the division of element mesh in the numerical simulation.
Compared with finite element method, mathematical model
proposed in the current paper could investigate the vibration
characteristics of the flexible plate in a simple and flexible
way. It can be concluded from the validation that the present
method is able to accurately predict the natural frequencies
of flexible plate with multiple cutouts.

3.2. The Effect of Boundary Conditions and Cutouts. In this
section, the influence of structural parameters on the free
vibration characteristics is investigated through boundary
conditions, cutout size, cutout position, and cutout number.
The size and related physical conditions for the flexible
plate considered here are kept the same with ones given in
Section 3.1.

For the present method, the general boundary conditions
of the flexible plate can be achieved by setting groups
of boundary springs and assigning corresponding stiffness
constants to the springs. The first six natural frequencies of
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(a)

(b)

(c)

(d)

(e)

Figure 2: Continued.
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(j)

(k)

(m)

(n)

Figure 2: The mode shapes for the flexible plate with six cutouts. (a) The first mode; (b) the second mode; (c) the third mode; (d) the fourth
mode; (e) the fifth mode; (j) the tenth mode; (k) the twentieth mode; (m) the fortieth mode; (n) the fiftieth mode.

the flexible plate with one free cutout for different boundary
restrained stiffness are given in Figure 3.The size and origin of
the cutout are, respectively, 1m × 1m and (0.5m, 0.5m). As
shown in Figure 3, the first six natural frequencies increase
with the increase of the translational and rotational restrain-
ing stiffness, and the effect of the translational restraining
stiffness is more remarkable. It is not difficult to find in

Figure 3(a) that the natural frequencies for the lower modes
are almost liner with the translational restraining stiffness
between 1𝐸2 and 1𝐸6, and the natural frequencies are more
influenced by the translational spring stiffness.

In the cutout size study, the centers of the selected
square cutouts are located at (1m, 1m). The first six natural
frequencies of the clamped plate with one cutout for different
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Figure 3: The first six natural frequencies of flexible plate with one cutout for different boundary restrained stiffness: (a) variation of the
translational restraining stiffness; (b) variation of the rotational restraining stiffness.

Table 3: The first six natural frequencies (Hz) for different square opening sizes.

Cutout size Methods Mode number
1 2 3 4 5 60 × 0 Present 6.7 13.8 13.8 20.4 24.8 24.9

𝐿𝑥/10 × 𝐿𝑦/10 Present 6.8 13.8 13.8 20.2 24.5 25.0
ANSYS 6.8 13.8 13.8 20.2 24.5 25.0𝐿𝑥/5 × 𝐿𝑦/5 Present 6.9 13.4 13.4 19.7 24.0 26.73𝐿𝑥/10 × 3𝐿𝑦/10 Present 7.7 12.6 12.6 19.0 23.0 29.8

2𝐿𝑥/5 × 2𝐿𝑦/5 Present 9.3 12.6 12.6 18.9 21.0 28.5
ANSYS 9.3 12.4 12.4 18.7 20.1 28.1𝐿𝑥/2 × 𝐿𝑦/2 Present 12.3 14.5 14.6 20.1 20.5 27.9

square opening sizes are listed in Table 3, in which the
size of the square cutout varied from 0 × 0 to 𝐿𝑥/2 ×𝐿𝑦/2. For the cutout with 0 × 0 size, the clamped flexible
plate is complete and has no holes. For the other cases in
Table 3, the cutout in the clamped plate is square and has
free boundary conditions. Simulation results for some cases
are also presented to verify the effectiveness of the present
method. As shown in Table 3, the cutout size significantly
affects the natural frequencies, whose values are increased
with the increase of cutout size. The influence trend of the
cutout size on the natural frequencies is due to the decrease
of the structure quality.

For a specific cutout size, the dynamic characteristic for
the flexible plate is mostly determined by the cutout position.
The natural frequencies and mode shapes for the clamped
plate having one cutout with 1m × 1m size are shown in
Table 4 and Figures 4–6, respectively. Here the plates with
inner cutout, corner cutout, and edge cutout are presented
to show the influence of cutout positions. Both the center of
the inner cutout and the original point of the corner cutout
are located at (1m, 1m). The original and end points of
the edge cutout are (0.5m, 1m) and (1m, 1m), respectively.

The superscripts a and b in Table 4 indicate the natural
frequencies obtained from ANSYS and [18], respectively.
Compared with the results from [18], the natural frequencies
obtained from the present method compare better with ones
obtained from ANSYS. The phenomenon could be observed
in Table 4 that the natural frequencies are more sensitive to
the cutout positions. As shown in Figures 4–6, the mode
shapes are determined by the cutout positions. It can be
concluded through the phenomenon in Table 4 and Figures
4–6 that the natural frequency and mode shapes for the first
six modes are heavily influenced by the cutout positions.

To widely investigate the influence of the cutouts posi-
tions, the first six natural frequencies and correspondingly the
mode shapes of the clamped plate having double free cutouts
are given inTable 5 andFigures 7–9, respectively.Theposition
distributions of double cutouts with 0.5m × 0.5m size are
similar to those considered above. The original points of the
double cutouts inside the plate are located at (0.45m, 0.75m)
and (1.05m, 0.75m), respectively. The original points of the
double cutouts at the edge of the plate are located at (0.75m,
1.5m) and (0.75m, 0m), respectively. The original points of
the double cutouts at the corner of the plate are located at
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Table 4: Natural frequencies (Hz) for the rectangular plate with a single cutout.

Mode number 1 2 3 4 5 6

Plate with inner cutout
12.4 14.5 14.6 20.0 20.2 27.7
12.4a 14.4a 14.4a 19.5a 20.2a 27.5a

12.4b 14.9b 14.9b 20.5b 22.6b 29.4b

Plate with edge cutout
7.1 13.6 17.7 20.5 22.7 26.9
7.0a 13.5a 17.5a 20.1a 21.8a 26.7a

7.1b 13.6b 17.8b 20.6b 23.1b 27.1b

Plate with corner cutout
6.3 12.5 15.2 22.8 23.0 26.8
6.3a 12.5a 15.2a 22.8a 23.0a 26.8a

6.3b 12.8b 15.2b 23.0b 23.4b 26.9b

Superscripts a and b indicate that the results are obtained from ANSYS and [18], respectively.

(a) (b) (c) (d) (e) (f)

Figure 4: The first six mode shapes of the square plate with an inner cutout. (a) The first mode; (b) the second mode; (c) the third mode; (d)
the fourth mode; (e) the fifth mode; (f) the sixth mode.

(a) (b) (c) (d) (e) (f)

Figure 5: The first six mode shapes of the square plate with a corner cutout. (a) The first mode; (b) the second mode; (c) the third mode; (d)
the fourth mode; (e) the fifth mode; (f) the sixth mode.

(a) (b) (c) (d) (e) (f)

Figure 6: The first six mode shapes of the square plate with an edge cutout. (a) The first mode; (b) the second mode; (c) the third mode; (d)
the fourth mode; (e) the fifth mode; (f) the sixth mode.

Table 5: Natural frequencies (Hz) for the rectangular plate with double cutouts.

Mode number 1 2 3 4 5 6

Plate with inner cutouts 7.7 11.8 14.9 18.6 22.1 27.0
7.7a 11.6a 14.7a 18.4a 21.8a 27.0a

Plate with edge cutouts 6.2 12.4 13.2 19.2 24.1 24.5
6.2a 12.2a 13.2a 19.1a 24.0a 24.4a

Plate with corner cutouts 6.6 13.4 13.5 19.5 24.3 24.6
6.6a 13.4a 13.5a 19.5a 24.3a 24.6a

Superscript a indicates the results obtained from ANSYS.
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(a) (b) (c) (d) (e) (f)

Figure 7:The first six mode shapes of the square plate with double inner cutouts. (a)The first mode; (b) the secondmode; (c) the third mode;
(d) the fourth mode; (e) the fifth mode; (f) the sixth mode.

(a) (b) (c) (d) (e) (f)

Figure 8: The first six mode shapes of the square plate with double corner cutouts. (a) The first mode; (b) the second mode; (c) the third
mode; (d) the fourth mode; (e) the fifth mode; (f) the sixth mode.

(a) (b) (c) (d) (e) (f)

Figure 9:The first six mode shapes of the square plate with double edge cutouts. (a)The first mode; (b) the second mode; (c) the third mode;
(d) the fourth mode; (e) the fifth mode; (f) the sixth mode.

Table 6: The first six natural frequencies (Hz) for different cutout numbers.

Cutout number Methods Mode number
1 2 3 4 5 6

One cutout Present 13.1 15.7 18.7 21.8 22.2 28.4
ANSYS 13.1 15.6 18.7 21.7 21.9 28.1

Two cutouts Present 8.1 13.9 15.1 19.1 21.4 23.1
ANSYS 8.0 13.9 15.0 19.0 21.3 22.9

Three cutouts Present 7.5 9.7 14.1 15.1 19.4 20.4
ANSYS 7.4 9.4 14.0 14.9 19.2 20.1

(0m, 1.5m) and (1.5m, 1,5m), respectively. The superscript
a in Table 5 indicates the natural frequencies obtained from
ANSYS. As shown in Table 5, the effectiveness of the first
six natural frequencies has been validated through the good
comparison with the results from ANSYS. It is apparent that
the first six natural frequencies and mode shapes for the
clamped plate with double cutouts are influenced by the
double cutout positions. As the cutout size for this case is
smaller, the influence of the double cutout positions is less
than that for the case considered above.

The cutout number is an important influence factor for
the eignmodes of the flexible plate with cutouts. To clarify
the influence rule, the first six natural frequencies and mode
shapes for different cutout number are given in Table 6 and
Figure 10, respectively. The structural region between 0.4m

≤ 𝑥 ≤ 1.5m and 0.4m ≤ 𝑦 ≤ 1.5m is split into one, two,
or three cutouts, respectively. For the plate with one free
cutout, the size and original point for the inner cutout are
(1.1m × 1.1m) and (0.4m, 0.4m), respectively. For the plate
with double same size free cutouts, the original points of
the two cutouts with the length 𝑙𝑥 = 0.5m and the width𝑙𝑦 = 1.1m are (0.4m, 0.4m) and (1m, 0.4m), respectively.
When the region mentioned above is divided into three same
cutouts with the length 𝑙𝑥 = 0.5m and the width 𝑙𝑦 =1.1m, the original points of the three free cutouts are (0.4m,
0.4m), (0.8m, 0.4m), and (1.2m, 0.4m), respectively. The
most remarkable characteristic in Table 6 is that the natural
frequencies decrease with the increase of cutout number.
There is an interesting phenomenon in Figure 10 that the
second to fifth mode shapes of the plate with one cutout
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Figure 10: Continued.
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(f)

Figure 10: The first six mode shapes for different cutout numbers: the plate with one cutout (the left plot), the plate with two cutouts (the
middle plot), and the plate with three cutouts (the right plot).

are in turn similar to the third to sixth mode shapes of the
plate with two cutouts. This interesting phenomenon is also
appeared between the plate with two cutouts and the plate
with three cutouts. Thus, the judgement could be formed
from the discussion above that the plate stiffness is influenced
by the cutout number.

4. Conclusion

This study has clearly demonstrated the possibility of using
the energy principles in conjunction with Rayleigh-Ritz
solution technique for computing the natural frequencies
and modal behavior of plates with rectangular cutouts. The
effect of the cutout is taken into account by subtracting
the energies of the cutout domains from the total energies
of the whole plate with arbitrary boundary conditions.
Because the potential energy contributed from the openings
boundary has been well-considered, the modeling method
proposed in this paper is applicable to the rectangular
plate with cutouts having arbitrary boundary conditions
including cutouts boundary. Although the rectangular plate
is divided into several parts by cutouts, the displacement
of the rectangular plate with nonuniform physic parameters
is expressed as a unifying expression consisting of a two-
dimensional trigonometric cosine series and supplementary
functions. The energy function of the whole structure is
minimized with respect to the unknown Fourier coefficients
and the eigenmodes are obtained from the solution of a
linear eigenvalue problem. The effectiveness and reliableness
of the modeling method are verified through the example of
the eigenmodes of the flexible plate with six cutouts. Both
the number and position of the openings are variable in
the modeling in comparison to other mathematical models.
The accuracy of the calculation results of the proposed
mathematical model can be improved by the increase of the
Fourier truncated series.

The investigation results for different boundary condi-
tions show that the mode frequencies are more influenced by
the translational spring stiffness. The influence of the cutout
size is mainly reflected on the fundamental frequencies that
are increased with the increase of cutout size. The cutout
positions have considerable influence on the eigenmodes
of the rectangular plate with cutouts, especially for the

fundamental frequencies. The study of the cutout number
shows that the stiffness of the structure depends on the
number of cutouts.

Appendix

For simplicity, we will introduce the following indices:

𝑠 = 𝑚𝑝 (𝑀𝑝 + 1) + 𝑛𝑝 + 1,
𝑡 = 𝑚𝑝 (𝑀𝑝 + 1) + 𝑛𝑝 + 1. (A.1)

The submatrices in the first row of 𝐾, 𝐾𝑖, 𝑀, and
𝑀𝑖, which correspond to the derivations of the structural
Lagrangian with respect to 𝐴𝑝𝑚𝑛, can be defined as [19]

K1-1;𝑠,𝑡 = 𝐷∫𝐿𝑥
0

∫𝐿𝑦
0

{𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
⋅ 𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
+ 𝜇𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 2 (1 − 𝜇) 𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + [𝑘𝑥0 + (−1)𝑚𝑝+𝑚𝑝
⋅ 𝑘𝑥𝐿𝑥]∫

𝐿𝑦

0
cos 𝜆𝐿𝑦𝑛𝑝𝑦 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦 + [𝑘𝑦0

+ (−1)𝑛𝑝+𝑛𝑝 𝑘𝑦𝐿𝑦]∫
𝐿𝑥

0
cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥,

(A.2)

K𝑖1-1;𝑠,𝑡 = 𝐷∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

{𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜆2𝐿𝑦𝑛𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
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⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜇𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
+ 2 (1 − 𝜇) 𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + (𝑘𝑥𝑋𝑐𝑖
⋅ cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖)
+ 𝐾𝑥𝑋𝑐𝑖𝜆𝐿𝑥𝑚𝑝𝜆𝐿𝑥𝑚𝑝 sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖)
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) + ⋅ ⋅ ⋅ + 𝑘𝑥𝑋𝑑𝑖 cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖)
⋅ cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖) + 𝐾𝑥𝑋𝑑𝑖𝜆𝐿𝑥𝑚𝑝𝜆𝐿𝑥𝑚𝑝
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖) sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖))
× ∫𝑌𝑑𝑖
𝑌𝑐𝑖

cos 𝜆𝐿𝑦𝑛𝑝𝑦 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦 + (𝑘𝑦𝑌𝑐𝑖
⋅ cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖)
+ 𝐾𝑦𝑌𝑐𝑖𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑦𝑛𝑝 sin (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖) sin (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖)
+ ⋅ ⋅ ⋅ + 𝑘𝑦𝑌𝑑𝑖 cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑑𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑑𝑖)
+ 𝐾𝑦𝑌𝑑𝑖𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑦𝑛𝑝 sin (𝜆𝐿𝑥𝑚𝑝𝑌𝑑𝑖)
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑌𝑑𝑖)) × ∫𝑋𝑑𝑖

𝑋𝑐𝑖
cos 𝜆𝐿𝑥𝑚𝑝𝑥

⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥,
(A.3)

K1-2;𝑠,𝑚𝑝+1 = 𝐷∫𝐿𝑥
0

∫𝐿𝑦
0

{𝜆2𝐿𝑥𝑚𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
− cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
− 𝜇 cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜇𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑦𝑛𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 2 (1 − 𝜇) 𝜆𝐿𝑥𝑚𝑝𝜁1𝐿𝑦 (𝑦)
⋅ sin 𝜆𝐿𝑥𝑚𝑝𝑥𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + [𝑘𝑥0
+ (−1)𝑚𝑝+𝑚𝑝 𝑘𝑥𝐿𝑥]∫

𝐿𝑦

0
𝜁1𝐿𝑦 (𝑦) cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦

+ [𝑘𝑦0𝜁1𝐿𝑦 (0) + (−1)𝑛𝑝 𝑘𝑦𝐿𝑦𝜁1𝐿𝑦 (𝐿𝑦)]
⋅ ∫𝐿𝑥
0

cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥,
(A.4)

K𝑖1-2;𝑠,𝑚𝑝+1 = 𝐷∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

{𝜆2𝐿𝑥𝑚𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
− cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
− 𝜇 cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜇𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦) 𝜆2𝐿𝑦𝑛𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 2 (1 − 𝜇) 𝜆𝐿𝑥𝑚𝑝𝜁1𝐿𝑦 (𝑦)
⋅ sin 𝜆𝐿𝑥𝑚𝑝𝑥𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + (𝑘𝑥𝑋𝑐𝑖
⋅ cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖)
+ 𝐾𝑥𝑋𝑐𝑖𝜆𝐿𝑥𝑚𝑝𝜆𝐿𝑥𝑚𝑝 sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖)
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) + ⋅ ⋅ ⋅ + 𝑘𝑥𝑋𝑑𝑖 cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖)
⋅ cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖) + 𝐾𝑥𝑋𝑑𝑖𝜆𝐿𝑥𝑚𝑝𝜆𝐿𝑥𝑚𝑝
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖) sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖))
× ∫𝑌𝑑𝑖
𝑌𝑐𝑖

𝜁1𝐿𝑦 (𝑦) cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦
+ (𝑘𝑦𝑌𝑐𝑖𝜁1𝐿𝑦 (𝑌𝑐𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖)
+ 𝐾𝑦𝑌𝑐𝑖𝜆𝐿𝑦𝑛𝑝𝜁1𝐿𝑦 (𝑌𝑐𝑖) sin (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖) + ⋅ ⋅ ⋅
+ 𝑘𝑦𝑌𝑑𝑖𝜁1𝐿𝑦 (𝑌𝑑𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑑𝑖)
+ 𝐾𝑦𝑌𝑑𝑖𝜆𝐿𝑦𝑛𝑝𝜁1𝐿𝑦 (𝑌𝑐𝑖) sin (𝜆𝐿𝑥𝑚𝑝𝑌𝑑𝑖))
× ∫𝑋𝑑𝑖
𝑋𝑐𝑖

cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥.

(A.5)

We could obtain the submatrices K1-3;𝑠,𝑚𝑝+1, K1-4;𝑠,𝑚𝑝+1,
K1-5;𝑠,𝑚𝑝+1 and K𝑖1-3;𝑠,𝑚𝑝+1, K

𝑖
1-4;𝑠,𝑚𝑝+1

, K𝑖1-5;𝑠,𝑚𝑝+1 by replacing
the subscript 1 in the 𝜁-functions in (A.4) and (A.5) with 2, 3,
and 4, respectively.

K1-6;𝑠,𝑛𝑝+1 = 𝐷∫𝐿𝑥
0

∫𝐿𝑦
0

{−𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑥𝑚𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜆2𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥)
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⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
+ 𝜇𝜆2𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 𝜇𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 2 (1 − 𝜇) 𝜆𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥)
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + [𝑘𝑥0𝜁1𝐿𝑥 (0) + (−1)𝑚𝑝
⋅ 𝑘𝑥𝐿𝑥𝜁1𝐿𝑥 (𝐿𝑥)] ∫

𝐿𝑦

0
cos 𝜆𝐿𝑦𝑛𝑝𝑦 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦

+ [𝑘𝑦0 + (−1)𝑛𝑝+𝑛𝑝 𝑘𝑦𝐿𝑦]∫
𝐿𝑥

0
𝜁1𝐿𝑥 (𝑥)

⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥
(A.6)

K𝑖1-6;𝑠,𝑛𝑝+1 = 𝐷∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

{−𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑥𝑚𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 + 𝜆2𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥)
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
+ 𝜇𝜆2𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑥𝑚𝑝 cos 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 𝜇𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜆2𝐿𝑦𝑛𝑝
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 − 2 (1 − 𝜇) 𝜆𝐿𝑦𝑛𝑝𝜁1𝐿𝑥 (𝑥)
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑥𝑚𝑝 sin 𝜆𝐿𝑥𝑚𝑝𝑥
⋅ sin 𝜆𝐿𝑦𝑛𝑝𝑦} d𝑥 d𝑦 + (𝑘𝑥𝑋𝑐𝑖
⋅ cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) 𝜁1𝐿𝑥 (𝑋𝑐𝑖) + 𝐾𝑥𝑋𝑐𝑖𝜆𝐿𝑥𝑚𝑝
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑐𝑖) 𝜁1𝐿𝑥 (𝑋𝑐𝑖) + ⋅ ⋅ ⋅
+ 𝑘𝑥𝑋𝑑𝑖𝜁1𝐿𝑥 (𝑋𝑑𝑖) cos (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖)
+ 𝐾𝑥𝑋𝑑𝑖𝜆𝐿𝑥𝑚𝑝𝜁1𝐿𝑥 (𝑋𝑑𝑖) sin (𝜆𝐿𝑥𝑚𝑝𝑋𝑑𝑖))
× ∫𝑌𝑑𝑖
𝑌𝑐𝑖

cos 𝜆𝐿𝑦𝑛𝑝𝑦 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑦 + (𝑘𝑦𝑌𝑐𝑖
⋅ cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖)
+ 𝐾𝑦𝑌𝑐𝑖𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑦𝑛𝑝 sin (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖) sin (𝜆𝐿𝑦𝑛𝑝𝑌𝑐𝑖)
+ ⋅ ⋅ ⋅ + 𝑘𝑦𝑌𝑑𝑖 cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑑𝑖) cos (𝜆𝐿𝑦𝑛𝑝𝑌𝑑𝑖)

+ 𝐾𝑦𝑌𝑑𝑖𝜆𝐿𝑦𝑛𝑝𝜆𝐿𝑦𝑛𝑝 sin (𝜆𝐿𝑥𝑚𝑝𝑌𝑑𝑖)
⋅ sin (𝜆𝐿𝑥𝑚𝑝𝑌𝑑𝑖)) × ∫𝑋𝑑𝑖

𝑋𝑐𝑖
𝜁1𝐿𝑥 (𝑥) cos 𝜆𝐿𝑥𝑚𝑝𝑥 d𝑥.

(A.7)

We could obtain the submatrices K1-7;𝑠,𝑛𝑝+1, K1-8;𝑠,𝑛𝑝+1,
K1-9;𝑠,𝑛𝑝+1 andK

𝑖
1-7;𝑠,𝑛𝑝+1

,K𝑖1-8;𝑠,𝑛𝑝+1,K
𝑖
1-9;𝑠,𝑛𝑝+1

by replacing the
subscript 1 in the 𝜁-functions in (A.6) and (A.7) with 2, 3, and
4, respectively.

M1-1;𝑠,𝑡 = 𝜌ℎ∫𝐿𝑥
0

∫𝐿𝑦
0

cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦,

(A.8)

M𝑖1-1;𝑠,𝑡 = 𝜌ℎ∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦,

(A.9)

M1-2;𝑠,𝑚𝑝+1 = 𝜌ℎ∫𝐿𝑥
0

∫𝐿𝑦
0

cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦)
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦,

(A.10)

M𝑖1-2;𝑠,𝑚𝑝+1 = 𝜌ℎ∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

cos 𝜆𝐿𝑥𝑚𝑝𝑥𝜁1𝐿𝑦 (𝑦)
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦.

(A.11)

The submatrices M1-3;𝑠,𝑚𝑝+1, M1-4;𝑠,𝑚𝑝+1, M1-5;𝑠,𝑚𝑝+1 and
M𝑖1-3;𝑠,𝑚𝑝+1, M𝑖1-4;𝑠,𝑚𝑝+1, M𝑖1-5;𝑠,𝑚𝑝+1 could be obtained by
replacing the subscript 1 in the 𝜁-functions in (A.10) and
(A.11) with 2, 3, and 4, respectively.

M1-6;𝑠,𝑛𝑝+1 = 𝜌ℎ∫𝐿𝑥
0

∫𝐿𝑦
0

cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜁1𝐿𝑥 (𝑥)
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦,

(A.12)

M𝑖1-6;𝑠,𝑛𝑝+1 = 𝜌ℎ∫𝑋𝑑𝑖
𝑋𝑐𝑖

∫𝑌𝑑𝑖
𝑌𝑐𝑖

cos 𝜆𝐿𝑦𝑛𝑝𝑦𝜁1𝐿𝑥 (𝑥)
⋅ cos 𝜆𝐿𝑥𝑚𝑝𝑥 cos 𝜆𝐿𝑦𝑛𝑝𝑦 d𝑥 d𝑦.

(A.13)

The submatrices M1-7;𝑠,𝑛𝑝+1, M1-8;𝑠,𝑛𝑝+1, M1-9;𝑠,𝑛𝑝+1 and
M𝑖1-7;𝑠,𝑛𝑝+1,M

𝑖
1-8;𝑠,𝑛𝑝+1

,M𝑖1-9;𝑠,𝑛𝑝+1 could be obtained by replac-
ing the subscript 1 in the 𝜁-functions in (A.12) and (A.13) with
2, 3, and 4, respectively.
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Energy dissipation contribution of micro-machined Coriolis vibratory gyroscope (MCVG) is modeled, numerically simulated, and
experimentally verified in this paper. First, the amount of independent damping dissipation consisting of thermoelastic loss, anchor
loss, surface loss, Akhiezer loss, and air damping loss during vibration is obtained by simulation model, PML-based method, and
numerical calculation, respectively. Then, temperature and pressure dependence characteristic of the corresponding quality factor
(Q) for the MCVG are obtained. Meanwhile, dominant sources of damping dissipation are determined, which paves the way to
improve Q. Finally, the temperature-dependent and pressure-dependent characteristics of the total Q are measured with errors of
less than 10% and 18% compared with the simulated total Q, respectively, in which accuracy is acceptable for predicting the damping
dissipation behavior of MCVG in design stage before high-cost fabrication.

1. Introduction

Vibration behavior is an important feature of MEMS two-
order mass-damping-stiffness system. Energy conversion is
a fundamental characteristic of these vibrational system. For
some type MEMS devices, vibration regarded as energy is
collected as power of electrical components, such as vibration
energy harvest [1–3]. For another type devices, this vibration
behavior can be localized to improve signal noise ratio (SNR)
greatly [4]. Nevertheless, more common but inevitable phe-
nomenon for all of MEMS devices during vibration occur-
rence is vibration energy dissipation behavior, typically such
as micromachined Coriolis vibratory gyroscope (MCVG)
[5–7]. The performance of this type of vibration system is
significantly limited by the rate at which the vibration energy
is dissipated, which is called time constant. 𝑄 is generally
used as a measurement of this time constant of the vibration
energy and is defined as ratio of the total strain energy to the
dissipated energy per vibration cycle. Higher 𝑄means larger
time constant and lower vibration energy dissipation, for the

MCVG, which means achievement of excellent bias stability
[8–12].

In order to achieve high performance of the MCVG,
analysis of energy dissipation mechanisms of the Q value of
theMCVGduring vibration becomes an important issue [13–
16]. For the single-mode mass-damping-stiffness resonator,
the𝑄 value has been widely regarded as a combination of five
energy dissipationmechanisms and inverse proportion to the
total energy dissipation [17–19]. Energy dissipation usually
consists of two categories: intrinsic dissipation such as ther-
moelastic damping loss 1/Qthe, anchor damping loss 1/Qanc,
and Akhiezer damping loss 1/Qakh and extrinsic dissipation
such as surface damping loss 1/Qsur and air damping loss
1/Qair.

These damping loss mechanisms of the single-mode
resonators have been extensively investigated for achiev-
ing the expected Q. In summary, influencing factors on
damping losses can contribute to three aspects: vacuum
packaging technology, materials properties, and mechanical
structure topology. First, vacuum packaging scheme as the
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most common one is used to greatly decrease air damping,
such as epi-seal encapsulation process [20–25], hermetic
lid sealing process [13, 26–28], Through-Silicon Via (TSV)
process [29, 30], and SPIL MEMSWLP process [31]. Second,
some different kinds of materials are tried to yield lower
the thermoelastic, surface deflect, and Akhiezer damping.
For example, crystalline and doped silicon are chosen fre-
quently to make high-Q resonators because of their excellent
semiconductor properties [32–37]. Researchers also take
advantage of single crystal (SC) [38], microcrystalline (MC)
[39–42], nanocrystalline (NC) [43, 44], and ultra NC [45]
diamonds to achieve high-Q resonators by trading off con-
tributions of different damping loss items, respectively. As for
the structure topologieswhichmainly affect anchor damping,
anchor loss models of simple cantilever beam have been
established [46–48]. However, for some complex fully 3D
resonators, contributions of another geometrical resonators
including DETF [21], tether geometry [49–51], microsphere
[52], cupped [52, 53], wineglass [54], hemispherical [39], and
disk shapes [55–57] to anchor loss are calculated hard by the
analytical solution if no simplifying assumption is present.
Damping lossmodel on accurately estimating the experiment
results for these complex structure topology is very limited.
Main reason is that it is difficult to obtain precise a priori
knowledge of the stress profile at the anchor area of these
design. Especially for the MCVG with both the drive and
sense modes, the elastic beams connecting with anchors exist
mechanical vibration coupling between the drive and sense
modes.

Therefore, we will try to model and simulate the energy
dissipation mechanisms for MCVG by numerical analysis
technologies in this paper. Furthermore, the contribution of
each damping dissipation to the total quality factor of the
MCVG is predicted. The experiments are also implemented
to verify the theoretical analyzes.

This paper is organized as follows: in Section 2, modeling
and simulation of the independent damping dissipation for
the MCVG are presented. In Section 3, temperature and
pressure dependence characteristic measurements of the
quality factor are implemented. Finally, the conclusions are
provided in Section 4.

2. Numerical Simulation Analysis of
Damping Dissipation

Here, we consider our single-mass z-axisMCVG as the exam-
ple to [8, 58–60] to analyze the contribution of the damping
loss, as shown in Figure 1.The symmetrical SOI-basedMCVG
structure consists of a set of the electrodes, anchors, elastic
beams, and three masses including the drive-mode mass, the
sense-mode mass, and the proof mass. The structure is fixed
on the substrate through four anchors, which connect with
eight elastic beams. The vibration between both modes is
decoupled through eight other elastic beams located at the
proof mass. In order to enhance the performance, Q value of
the MCVG should be as high as possible.

2.1. Contribution Of Damping Dissipation. According to
Zener’s theory [17, 18], for the MCVG, the contribution of all

Figure 1: The schematic of the simulated MCVG.

the damping losses items to the total quality factor Qt can be
further expressed as

1
𝑄𝑡 =

1
𝑄𝑡ℎ𝑒 +

1
𝑄𝑎𝑛𝑐 +

1
𝑄𝑠𝑢𝑟 +

1
𝑄𝑎𝑘ℎ +

1
𝑄𝑎𝑖𝑟 (1)

where Qthe, Qanc, Qsur, Qakh, and Qair represent the quality
factor related to thermoelastic damping loss, anchor damping
loss, surface deflect damping loss, Akhiezer damping loss,
and air damping loss.

2.1.1.Thermoelastic Damping Loss. Thermoelastic damping is
part of mechanical vibration energy dissipated in the form of
heat energy.This type of damping loss exists in the place of the
mechanical structure deformation caused by elastic strain. It
depends closely on geometric size and material property of
the structure. For the simple mechanical structure such as
cantilever beam, analysis solution of thermoelastic damping
has been obtained fairly accurately. However, for the MCVG,
the accurate analysis solution is deduced hardly because of
the existing coupled elastic vibration between the drive and
sense mode. So, finite element model of the thermoelastic
damping is established. Then, the thermoelasticity modulus
in Comsol software is used to extract Qthe by solving the
coupled mechanical and thermal differential equations. The
detailed calculation process is demonstrated as follows.

The first step is the finite element model of the MCVG
established in Comsol and then the elastic vibration is
simulated to obtain the elastic stain tensor 𝜁xy at any point
inside the structure and stored maximum vibration energy
W.

The second step is to obtain transient temperature ∇Tof
the MCVG by heat transfer simulation. ∇ = 𝜕𝑖/𝜕𝑥 + 𝜕𝑗/𝜕𝑦 +
𝜕𝑘/𝜕𝑧 is Hamilton operator. The above elastic stain is first
substituted into the expression𝑇0 ̇𝜁𝑥𝑦(𝑐11+2𝑐12)𝛼 [19] regarded
as internal heat source, where 𝑇0 is initial temperature of
20∘C, 𝑐11 and 𝑐12 are the second-order elastic stiffness tensors,
and 𝛼 is tensor of the thermal expansion. Then, transient
temperature ∇T of the MCVG internally is simulated by the
thermoelastic modulus.

The last step is to deriveQthe during themechanical struc-
ture vibration. Considering heat transfer in the mechanical
structure made from a thermally isotropic material of single
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Table 1: GEOMETRICAL PARAMETER ANDMATERIAL PROPERTIES.

Parameters Value units
Length of middle elastic beams 440 𝜇m
Length of boudary elastic beams 420 𝜇m
Width of middle elastic beams 12 𝜇m
Width of boundary elastic beams 8 𝜇m
Area of each anchor 1500 × 1500 𝜇m2
Area of proof mass 4000 × 4000 𝜇m2
Area of drive/sense mode mass 4000 × 800 𝜇m2
Resonance frequency f 4000 Hz
Specific heat, C 700 J/kg/K
Density, 𝜌 2329 kg/m3

Thermal conductivity, K 130 W/m/K
Young’s modulus, E 169 GPa
Coefficient of thermal expansion, 𝛼 2.6e-6 1/K
Thermal diffusivity 7.97e-5 m2/s

crystal silicon, increment rate ̇𝑆𝑡𝑜𝑡 of the total entropy yielded
from the thermal conduction of the internal heat source can
be written as

̇𝑆𝑡𝑜𝑡 = −∫
𝑉

𝑞 ⋅ ∇𝑇
𝑇2 d𝑉 (2)

where 𝑞 = 𝜅 ⋅ ∇𝑇 is the heat flux and 𝜅 is thermal
conductivity coefficient. dV is small volume element during
vibration. According to the thermodynamics theory, heat
amount increment dQ produced during vibration can be
written as

d𝑄 = 𝑇 × d𝑆𝑡𝑜𝑡 = ∫ 𝜅 ⋅ ∇𝑇
2

𝑇 d𝑉 (3)

Further, heat amount increment ΔQ during a period ts of
vibration can be written as

Δ𝑄 = 𝑇 × d𝑆𝑡𝑜𝑡 = ∫
𝑡
𝑠

0
∫
𝑉

0

𝜅 ⋅ ∇𝑇2
𝑇 d𝑉 d𝑡 (4)

According to the above vibration energy𝑊, quality factor
Qthe caused by thermoelastic dissipation can be obtained as
follows:

𝑄𝑡ℎ𝑒 = 2𝜋 𝑊Δ𝑄 (5)

According to Figure 1, geometrical parameters of the sin-
gle crystal silicon (SCS) MCVG and the material parameters
are first listed in Table 1.

Through setting the parameters listed in Table 1, energy
loss distribution of the thermoelastic damping for theMCVG
is obtained at the initial temperature of 20∘C, as shown in
Figure 2. It can been seen that the thermoelastic damping
loss mainly exists at connection region between the mass
and the elastic beams in both of the modes; meanwhile, the
rest of the thermoelastic loss occurs at the anchors region
connecting the elastic beams. This means that higher strain
gradient exists in these regions, where temperature gradient
is caused and further generates the thermal flow.

Figure 2: Energy distribution of thermoelastic damping of the
MCVG at the temperature of 20∘C.

Further, Qted within the temperature of -40∘C to 60∘C
is simulated. Due to the SCS properties variation with
temperature such as E, K, C, and 𝛼, the material properties
as a function of temperature are set in the thermoelasticity
modulus of Comsol. Figure 3 shows Qthe of thermoelastic
damping versus temperature.

It can be seen from Figure 3 thatQthe caused by thermoe-
lastic damping is five orders of magnitude, reaching about 0.3
million. Further, Qthe decreases gradually with temperature
rising. When temperature is 20∘C, Qthe is 241000.

2.1.2. Anchor Damping Loss. Anchor damping is part of
elastic-beamvibration energy radiated anddissipated into the
substrate in the form of elastic wave. Perfectly matched layers
(PML-based) method is induced to calculate Qanc of anchor
damping in this work. Berenger first introduced the PML
concept to analyze an issue on electromagnetic propagation
in 1994 [61]. Recently, Bindel applied the PML to estimate
the anchor loss of 2DMEMS device [62]. However, analytical
solution of anchor loss Qanc for the fully 3D structure is still
hard to achieve until now. So, we try to estimate the anchor
damping Qanc by establishing the PML-based numerical
model of the MCVG.

Figure 4 shows the finite element model (FEM) of the
MCVGusing a PML tomodel the substrate as a finite space by
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Figure 3: Qthe as a function of temperature.

Figure 4: FEM of the MCVG using PML substrate as finite space
marked in yellow.

solid mechanics module in the Comsol. The MCVG locates
on the PML substrate. According to the PML theory, PML
field is demanded as far away from the strong gradient
field at the attachment of the MCVG to the substrate.
Mesh grids of the PML are divided in the sweeping form.
Theoretically, thickness of each sweeping meshing layer in
the PML should be less than one-third of elastic wavelength
jointly determined by the wave velocity and the resonance
frequency of theMCVG. So, sweepingmeshing layer number
n becomes critical for the estimation accuracy of anchor
dampingQanc. With the sweeping layer number n increasing,
the estimated Qanc is more accurate, whereas computational
cost rises sharply. Material parameters of the PML are same
as that of the substrate layer of the MCVG.

Figure 5 shows the PML-based elastic wave simulation
results of the anchor damping. It can be seen that the elastic
waves propagate into the substrate through the connection
between the elastic beams and anchors. The occurrence of
the elastic waves is mainly caused by the elastic beams
deformation during vibration, which gives rise to stress at the
connection area. Finally, this vibration energy as the anchor
loss is dissipated through the elastic wave propagation in

Figure 5: PML-based energy propagation of the anchor damping at
the connection between the beam and anchor.
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Figure 6: Estimated Qanc versus sweeping layer number n.

the PML substrate. According to the above analysis, anchor
dissipation can be reduced by the following ways. One is to
locate the beams connectingwith anchor at the center ofmass
to decrease deformation degree of the beams. The other is
to reduce the total number of the beams connecting with
anchors to decrease energy dissipation.

Figure 6 plots anchor damping Qanc versus the sweeping
layer number n at the initial temperature of 20∘C. Qanc
is an exponential function of the sweeping layer number
by fitting the scatter spots. When the number n increases
from 5 to 15, Qanc decreases significantly. This means that
estimation accuracy of Qanc is a bit low. Nevertheless, with n
further increasing,Qanc approximately keeps constant, reach-
ing 593700. Its estimation accuracy is significantly improved.
Nevertheless, computational cost of PC work station rises
sharply. Further, the estimated anchor dampingQanc is a little
larger than the thermoelastic damping Qthe.

2.1.3. Surface Damping Loss. The surface damping is related
to the surface layer conditions of the structure such as
the surface contamination and deformation induced during
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Figure 7: SEM of the MCVG.

the fabrication process [47, 63]. For the MCVG, first of
all, adsorbates on the surface layer can be fully cleaned
up by careful operation in the clean room, as shown in
Figure 7. Second, when the MCVG vibrates along the drive
axis, the surface deformation of the proof mass is negligible
because of its large rigid body characteristic, although lots
of tiny release roles distribute in the proof mass. So, surface
layer deformation only occurs on the elastic beams. It is
further regarded as surface damping loss caused by the
layer deformation which is given rise solely by the beams
deformation. Nevertheless, because the ratio reaching 0.001
between the surface of the beams and the volume of the proof
mass is that small, as shown in Figure 7, surface damping loss
caused by the surface deformation of the beams can be also
neglected for the MCVG.

2.1.4. Akhiezer Damping Loss. Akhiezer damping loss [21]
happens when the period of the MCVG vibration is slower
than inelastic phonon scattering process, which mainly
restores the local thermal equilibrium disturbed by strain
during the vibration of the single crystal. This loss is related
to the strain caused by acoustic wave propagation process
within the siliconmaterial. Quality factorQakh induced by the
Akhiezer damping can be estimated as follows:

𝑄𝑎𝑘ℎ = 𝜌𝑐4
2𝜋𝛾2𝑎Vg𝐾𝑓 ×

1
𝑇 (6)

where 𝜌, f, K, and T are density of single crystal silicon,
resonance frequency of the MCVG, thermal conductivity,
and temperature, respectively. c, 𝛾avg, and K are acoustic
velocity within the silicon material and average Grüniesen’s
coefficient, which are equal to 1.04 × 105m/s and 0.51,
respectively. Qakh is inversely proportional to temperature.
When the temperature is set as 20∘C, Qakh is calculated to
be 1.09 × 1011. Compared with the thermoelastic and anchor
damping, Akhiezer damping is so small that its effect to
quality factor can be neglected.

2.1.5. Air Damping Loss. Air damping is part of extrinsic
energy dissipation occurring on the moving surface of the
device. The pressure determined by the vacuum level of
the device cavity has significant influence on estimation of
this damping. For the MCVG, the surface movement mainly
occurs between the fixing comb fingers and moving comb
fingers, bottom surface of the proof mass, and the substrate,
respectively. Quality factorQair of theMCVG can be obtained
by calculating as follows.

First, mean free path of air molecules in theMCVG cavity
can be written as

𝜆 = 𝑘𝐵𝑇
√2𝜋𝑑2𝑃 (7)

where P is air pressure in the cavity and Boltzmann constant
kB and effective diameter of air molecule d are equal to 1.38×
10-23J/K and 3×10-10m, respectively. Due to slipping effect of
air existing on the moving surface, air viscosity coefficient 𝜇
should be modified as its effective value 𝜇eff [64]

𝑢𝑒ff = 𝜇
1 + 2𝐾𝑛 + 0.2𝐾𝑛0.788𝑒−𝐾𝑛/10 (8)

where 𝜇 is equal to 1.8 × 10-5Pa⋅s at the temperature of 20∘C,
Knudsen number Kn is equal to 𝜆/D. and D is gap between
the adjacent comb fingers and the bottom surface layer of
the proof mass and the substrate layer, which are 2𝜇m and
5𝜇m, respectively. Then, damping coefficient cdmp is obtained
as follows:

𝑐𝑑𝑚𝑝 =
𝜇𝑒ff𝐴
𝐷 (9)

where A are area between the adjacent comb fingers and the
bottom surface layer of the proofmass and the substrate layer,
which are 30𝜇m× 10𝜇mand4000𝜇m× 4000𝜇m, respectively.
Through the calculation, sum of the damping coefficients
cdmp cmb between the comb fingers and cdmp mass between
the bottom surface and the substrate is 4.51 × 10-7N/m/s.
According to the equation 𝑄𝑎𝑖𝑟 = 𝑚𝑑 × 2𝜋𝑓 × (𝑐𝑑𝑚𝑝 𝑐𝑚𝑏 +𝑐𝑑𝑚𝑝 𝑚𝑎𝑠𝑠), where md is sum of the drive-mode mass and
proof mass, Qair induced by air damping is calculated to
reach 56345 at the temperature of 20∘C and pressure of 10Pa.
Further, quality factor Qair as a function of pressure P at the
temperature of 20∘C is plotted in log scales in Figure 8.

It can be seen from Figure 8 that quality factor Qair is
approximately linear with pressure P in log scales. Quality
factor increases with pressure decreasing. Further, temper-
ature dependence of the quality factor Qair is investigated.
According to [65], viscosity coefficient 𝜇 versus temperature
T can be written as

𝜇 = 𝜇0 384
𝑇 + 111 (

𝑇
273)
1.5

(10)

where viscosity coefficient 𝜇0 is 1.71 × 10-5Pa⋅s at the temper-
ature of 0∘C. Putting (8) and (10) to (9), through calculation,
Qair as a function of temperature at the pressure of 10Pa is
plotted in Figure 9.
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Figure 8: Quality factorQair versus pressure P at the temperature of
20∘C.
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Figure 9: Quality factorQair versus temperature T at the pressure of
10Pa.

Table 2: QUALITY FACTOR OF DAMPING DISSIPATION.

Quality factor Value Percentage of 1/Q

Intrinsic dissipation
Qthe 241000 17.60%
Qanc 593700 7.14%
Qakh 1.09 × 1011 ≈0

Extrinsic dissipation Qsur / /
Qair 56345 75.26%

Total dissipation Qtot 42405 /

In Figure 9, with temperature increasing, Qair decrease
gradually, which keeps in the order of ∼104 within the
temperature of -40∘C to 60∘C.

According to (1), contribution of the damping dissipa-
tions to the quality factor at the pressure 10Pa and temper-
ature of 20∘C can be listed in Table 2.

It can be seen that the total quality factor at the given
condition of temperature and pressure is 42405.The damping
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Figure 10: Total quality factor Qtot versus pressure P at the
temperature of 20∘C.

dissipation is mainly determined by the thermoelastic damp-
ing, anchor damping, and air damping, which is a dominant
source of dissipation, reaching 75.26%.

2.2. Pressure-Dependent Characteristic of Quality Factor. Due
to pressure-independent characteristic of the thermoelastic,
anchor, and Akhiezer damping, these three quality factors
are approximately constant over the pressure. Considering (1)
and Figure 8, total quality factorQtot versus pressure P can be
calculated, as shown in Figure 10.

It can be seen that the total quality factor Qtot tends to be
constant, reaching the order of 105, when the pressure level is
lower than 5Pa. This means that the thermoelastic damping
and anchor damping are dominant sources of dissipation
within this range of pressure level. When the pressure
level is beyond 5Pa, the relatively low Qtot approaches Qair,
which implies that air damping become dominant dissipation
source. Further, the simulated Qtot is about 42405 at the
pressure level of 10Pa.

2.3. Temperature-Dependent Characteristic of Quality Factor.
Due to weak temperature-independent characteristic of the
anchor damping [21], Qanc is approximately regarded as be
constant over the temperature. Considering (1) and Figures
3 and 8, total quality factor Qtot versus temperature T at the
pressure of 10Pa can be calculated, as shown in Figure 11.

It can be seen that the total quality factor Qtot decreases
slowly from 52978 to 37313 with temperature increasing,
which approximately keeps in the order of∼105 at the pressure
level of 10Pa.Qtot varies 15665within the temperature range of
-40∘C to 60∘C.The simulatedQtot is 42405 at the temperature
of 20∘C. Further, Qtot is close to Qair. This means that the air
damping is dominant source of dissipation at this pressure
level.
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Figure 11: Quality factor Qtot versus temperature T at the pressure
of 10Pa.

Figure 12: MCVG on the packaging platform.

3. Measurement and Comparison

The presented MCVG is packaged on the vacuum operation
platform, as shown in Figure 12. The packaging pressure is
10Pa. First,Qtot as a function of temperature T is tested in the
temperature controlling chamber, as shown in Figure 13. Qtot
of three gyroscopes are calibrated by using the 3dBbandwidth
method, respectively.

ThemeasuredQtot is plotted by the scatter spots, as shown
in Figure 14. It can be seen that the measured total Qtot of the
three gyroscopes decreaseswith temperature increasing at the
pressure level of 10Pa.Their change trend is almost consistent.
The error bars represent accuracy of the measured values
of Qtot. The average value of the Qtot of three gyroscopes
reaches 49040 at the 40∘C, 39116 at the 60∘C, and 41087 at
the 20∘C. Compared with the simulated results shown in
Figure 11, errors at these corresponding temperature spots are
7.4%, 4.8%, and 3.1%, respectively. In the whole temperature
range, the error is all less than 10%, which means that the
numerical simulation of the quality factor versus temperature
for the MCVG is acceptable for predicting the quality factor
characteristic.

Figure 13: Test system of Qtot versus temperature.

−20 0 20 40 60−40
Temperature (∘C)

52000

50000

48000

46000

44000

42000

40000

38000

Q
ua

lit
y 

fa
ct

or
 Q

to
t

Gyros #1
Gyros #2
Gyros #3

Figure 14: Measured quality factor Qtot with temperature T chang-
ing at the pressure of 10Pa.

After the temperature dependence experiment of quality
factor for the vacuum-packaged MCVG, the cover of the
metal package is opened and the exposed MCVG is then put
into the vacuum exhaust chamber to implement the pressure-
dependent experiment of the quality factor, as shown in
Figure 15.

Through controlling the pressure in the exhaust chamber,
pressure-dependent characteristic of Qtot is obtained when
the temperature is 20∘C. Test data is plotted by the scatter
spots, as shown in Figure 16.

In the pressure range from 0.017Pa to 3000Pa, the mea-
suredQtot increases slowly when the pressure is reduced from
5Pa to 0.017Pa, reaching the maximum value of 95872, which
means that Qthe and Qanc are dominant sources of damping
dissipation. Nevertheless,Qtot drops inversely to 511 when the
pressure is beyond 10Pa. Qtot is 34766 at the pressure level of
10Pa with an error of 18% compared with the simulated Qtot.
Overall, the measured Qtot is relatively a little small, whereas
both of their trends keep consistent. The error between the
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Figure 15: Test system of Qtot versus pressure.
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Figure 16: Measured quality factor Qtot with pressure P at the
temperature of 20∘C.

simulation data andmeasurement datamay bemainly caused
by uncertain material property and measurement accuracy.

4. Conclusions

In this paper, the energy dissipation contributions of the qual-
ity factor of the MCVG during vibration are established and
verified experimentally. Some conclusions can be obtained.
First, the thermoelastic damping and anchor damping domi-
nate the quality factor ofMCVGwhen the pressure level is less
than 5Pa. Corresponding Q of these two damping reach the
order of 105, and Qthe is a little less than Qanc. Nevertheless,
air damping becomes dominant dissipation source with the
pressure level beyond 5Pa. Second, temperature dependence
characteristic of the total Q is dominated by air damping
dissipation when the pressure keeps at the level of 10Pa. It
can be also predicted that contribution of the thermoelastic
damping and anchor damping to temperature dependence
characteristic of total Q becomes larger with the pressure
level decreasing. Last, the practical measurements prove that
the error of the established damping dissipation model could
predict the quality factor of the MCVG with an acceptable
error.
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