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The last decade has seen a radical step-change in the scale
and complexity of engineering systems, from industries like
petrochemical, pharmaceutical, light industry, and machinery manufacturing, to power and energy system and transport, and so forth. Complexity arises from a number of
factors, such as the nonlinear coupling among units and variables as well as the uncertainty introduced into the system.
Further, the rapid progress of information and communication technologies makes the connections even more complicated and widespread. As the core technologies in dealing
with complex systems, the development of new modelling,
control, and optimization techniques for large-scale and complex engineering systems have attracted an increasing interest, and it becomes a multidiscipline theme bringing together
the modern control theory, computer modelling, intelligent
optimization, powerful real-time parallel computing, and
networking technology.
The main focus of this special issue is on the new theories and their applications in modeling, control, and optimization for complex engineering systems, especially in
industry applications. The topics of these papers cover
advanced simulation, modelling, compensation, control, and
optimization methods for complex systems and processes;
networked control system theory and applications; planning,
scheduling, and management; power electronics and power
drives; power system operation and control with integration

of renewables; electrical machinery and electrical apparatus;
smart grid; intelligent transport systems and electric vehicles;
wireless networks and sensors; fuzzy and neural systems
and networks; metaheuristic algorithms and applications;
data fusion and classification; advanced image processing
technologies; and intelligent design.
These papers only serve as an introduction to the recent
advances in modeling, simulation, control, and optimization
for complex engineering systems and applications. It is hoped
that this issue will serve as a catalyst for future research aimed
at tackling complex engineering problems using advanced
techniques.
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Because the V-belt continuously variable transmission (CVT) system driven by permanent magnet synchronous motor (PMSM)
has much unknown nonlinear and time-varying characteristics, the better control performance design for the linear control
design is a time consuming procedure. In order to overcome difficulties for design of the linear controllers, the hybrid recurrent
Laguerre-orthogonal-polynomial neural network (NN) control system which has online learning ability to respond to the system’s
nonlinear and time-varying behaviors is proposed to control PMSM servo-driven V-belt CVT system under the occurrence of
the lumped nonlinear load disturbances. The hybrid recurrent Laguerre-orthogonal-polynomial NN control system consists of
an inspector control, a recurrent Laguerre-orthogonal-polynomial NN control with adaptive law, and a recouped control with
estimated law. Moreover, the adaptive law of online parameters in the recurrent Laguerre-orthogonal-polynomial NN is derived
using the Lyapunov stability theorem. Furthermore, the optimal learning rate of the parameters by means of modified particle
swarm optimization (PSO) is proposed to achieve fast convergence. Finally, to show the effectiveness of the proposed control
scheme, comparative studies are demonstrated by experimental results.

1. Introduction
A V-belt continuously variable transmission (CVT) [1–8] is
typically composed of two hydraulically, or spring, actuated
variable radii pulleys and a chain, or metal pushing, belt.
To launch a vehicle from rest, the input pulley radius will
be smaller than the output pulley radius, resulting in a
speed reduction and torque multiplication transmitted to
the drive shaft. For increased output shaft speed, the pulley
radii are inversely manipulated simultaneously (i.e., input
pulley radius increases as the output pulley radius decreases)
to maintain constant belt length. A CVT may operate at a
specific speed while changing the pulleys’ radii to achieve
torque multiplication, acceleration, and speed as per the
vehicle’s velocity, load requirements, engine power, and gear
ratios. This operating profile provides the research motivation for CVT dynamics and nonlinear control algorithms.
CVT-based vehicles have been traditionally regulated using
a standard proportional integral derivative- (PID-) based

controller with measurements of the gear ratio [3]. It has
also been demonstrated that this control strategy provides
satisfactory performance using gain-scheduling with a large
set of points. In addition, numerous fuzzy logic controllers
[4] have also been proposed. However, V-belt continuously
variable transmission (CVT) system driven by alternating
current (AC) motor is yet not shown in any commercial
reports so that it provides the research motivation in this
study.
The AC motor has several types such as permanent
magnet synchronous motor (PMSM), switched reluctance
motor (SRM), and induction motor (IM). In order to select
the appropriate AC motor for driven V-belt CVT system, high
efficiency is one of the most important factories to be selected.
The PMSM provides higher efficiency, higher power density,
and lower power loss for their size compared to SRM and IM.
In addition, field-oriented control is one the most popular
control techniques for the PMSM servo-driven system. As
a result, torque ripple of the PMSM is lower than the SRM
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and IM. On the other hand, the PMSM controlled by fieldoriented control, which can be achieved fast by four-quadrant
operation, is much less sensitive to the parameters variation
of the motor [9–11]. Therefore, the PMSM has been widely
used in many industrial applications such as robotics, electric
power steering, and other mechatronics [9–11].
Artificial neural networks (ANNs) have emerged as
a powerful learning technique to perform complex tasks
such as highly nonlinear approximations and the control of
dynamical systems [12–16]. Some of the prime advantages of
using NN are their ability to learn based on optimization of an
appropriate error function and their excellent performance
for approximation of nonlinear functions. There are different
paradigms of NNs proposed by different researchers for the
tasks of system identifications and controls [13–16]. One of
the major drawbacks of the NN is that it is computationally intensive and needs large number of iterations for its
training. In order to reduce the computational complexity,
a functional-link NN, which has shown that it is capable
of producing similar performance as that of NN but with
much less computational cost, was reported in [17–19]. These
functional-link NNs [17–19] with faster convergence and
lesser computational complexity were executed in the identification and controls of nonlinear dynamic system with satisfactory results. Recently, the Laguerre-functional-expansions
combined with NN, which was applied in highly nonlinear
approximations and the control of dynamical systems, have
been proposed [20–24]. Aadaleesan et al. [20] proposed the
Laguerre filter combined with the wavelet network in order
to approximate the memoryless nonlinearity. Approximation
the linear and nonlinear parts of a Wiener structure by
means of the Laguerre filter and the general feed-forward NN
was reported in [21]. The Laguerre-functional-expansions
feed-forward NN, which employed Laguerre-orthogonalpolynomials in the activation functions of the hidden neurons in order to identify models of the chaotic time series,
was proposed by Zou and Xiao [22]. Patra et al. [23] proposed
a computationally efficient Laguerre NN, which is based on
Laguerre-functional-expansions to autocompensate for the
associated nonlinearity and environmental dependence for
intelligent sensors, and provide linearized sensor readout
even when the motes are operated in harsh environments.
Patra et al. [24] present an intelligent technique by means of
novel computationally efficient Laguerre NN to compensate
for the inherent sensor nonlinearity and the environmental
influences. Since the Laguerre NN is a single-layer NN, its
computational complexity is found to be much lower than
a multilayer perception (MLP). However, these Laguerrefunctional-expansions feed-forward NNs without a feedback
loops can be used for static function approximation, but they
cannot adequately approximate dynamic behaviors found in
PMSM servo-driven V-belt CVT system with nonlinear and
time-varying characteristics.
The recurrent NN has received increasing attention due
to its structural advantage in the modelling of the nonlinear
system and dynamic control of the system [25–29]. These
networks are capable of effective identification and control
of complex process dynamics, but with the expense of large
computational complexity. Hence, if each neuron in the
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recurrent NN is considered as a state in the nonlinear
dynamic systems, the self-connection feedback type is able
to approximate the dynamic systems efficiently [25–29].
In order to improve the ability of identifying high order
systems and reduce computational complexity, the recurrent Laguerre-orthogonal-polynomial NN, which has more
advantages than the Laguerre-orthogonal-polynomial NN
including better performance, higher accuracy, and dynamic
robustness, has been proposed to control the PMSM servodriven V-belt CVT system with nonlinear and time-varying
characteristics in this paper.
Particular swarm optimization (PSO) is a populationbased, self-adaptive search optimization technique first introduced by Kennedy and Eberhart [30]. Similar to genetic
algorithms [31], an evolutionary algorithm approach, the
PSO is an evolutionary optimization tool of swarm intelligence field based on a swarm (population), where each
member is seen as a particle, and each particle is a potential
solution to the problem under analysis. The motivation
for the development of this method was based on the
simulation of simplified animal social behaviors such as fish
schooling, bird flocking, and so forth. However, unlike in
other evolutionary optimization methods, in PSO there is no
direct recombination of genetic material between individuals
during the search. The PSO algorithm works on the social
behavior of particles in the swarm. Therefore, it finds the
global best solution by simply adjusting the trajectory of each
individual toward its own best location and toward the best
particle of the entire swarm at each time step (generation)
[30, 32]. Clerc and Kennedy [32] introduced the concept of
inertia weight to the original version of PSO, in order to
balance the local and global search during the optimization
process. Thus, PSO has been widely applied in mathematical
modeling, dynamic programming, and system control [33–
36] due to simple structure, simple parameter setting, and
fast convergence speed. How to improve the convergence
speed and how to guarantee the convergence of PSO are the
main problems of PSO improvement [37] and are gradually
turning into a hot topic in this field. In order to weigh the
relationship between local search and global search, Clerc
and Kennedy [32] and Eberhart and Shi [38, 39] proposed
improved particle swarm optimization with inertial weight
to control the exploitation and exploration. Meanwhile, some
researchers [40–42] have proposed the topical improved
particle swarm algorithm with inertia factor, which is called
topical particle swarm optimization. However, the PSO
existed in premature convergence problem and the modified
PSO is proposed to prevent premature convergence and to
acquire optimal learning rate with better convergence in this
paper.
In this study the hybrid recurrent Laguerre-orthogonalpolynomial NN control system is developed to control the
V-belt CVT system with many nonlinear dynamics [1–8,
43–46], which is driven by PMSM. The hybrid recurrent
Laguerre-orthogonal-polynomial NN control system has fast
learning property and good generalization capability. The
control method, which is not dependent upon the predetermined characteristics of the motor, can adapt to any
change in the motor characteristics. The hybrid recurrent
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Laguerre-orthogonal-polynomial NN control system, which
is composed of the inspector control, the recurrent Laguerreorthogonal-polynomial NN control with adaptive law, and
the recouped control, is applied to the V-belt CVT system
driven by PMSM. The adaptive law of the online parameter
in the recurrent Laguerre-orthogonal-polynomial NN can
be derived according to the Lyapunov stability theorem
and the gradient descent method. The recurrent Laguerreorthogonal-polynomial NN has the online learning ability to
respond to the system’s nonlinear and time-varying behaviors
under the occurrence of the lumped nonlinear external
disturbances with parameters variation. Furthermore, two
optimal learning rates of the parameters by means of modified PSO are proposed to achieve fast convergence. Finally,
the control performances of the proposed hybrid recurrent
Laguerre-orthogonal-polynomial NN control system are verified by experimental results.
The paper is structured as follows: Section 2 provides
the configuration of the V-belt CVT system driven by
PMSM. Section 3 develops the proposed novel hybrid recurrent Laguerre-orthogonal-polynomial NN control system
for controlling the V-belt CVT system driven by PMSM.
Section 4 presents the experimental results for comparisons
between the proposed control method and PI control method
at three cases. Section 5 provides the conclusions.

2. Configuration of System
Since the electric scooter system has much unknown nonlinear uncertainties and parameter variations, such as load
torque, rolling resistance, wind resistance, and braking force,
the V-belt CVT and clutch in the scooter model can be
categorized as functioning in one of two operating modes
depending on the speed of the V-belt CVT output axis:
disengaged or completely coupled. At the start of the PMSM
drive cycles, the scooter is in an idle state. The clutch
is initially disengaged, and subsequent transition between
modes is controlled by the clutch axis rotational speed. Except
for the mechanical losses, the PMSM power is transmitted
through the V-belt CVT and clutch to the wheel in the electric
scooter.
2.1. Structure of the V-Belt CVT System Driven by PMSM. The
development of the V-belt CVT began with rubber V-belts
[5]. Despite the fact that rubber V-belt CVTs are not well
suited for automotive applications because of their limited
torque capacity, there are some interesting concepts on the
market. The V-belt CVT consists of a segmented rubber Vbelt and two shafts with conical pulleys. The V-belt is clamped
between two pairs of conical sheaves. In the V-belt CVT, the
transmission ratio is determined by simultaneous adjustment
of the running radii of the belt on the pulleys. On each shaft,
there is one fixed and one axially moveable sheave. Axial
movement of the moveable sheave adjusts the gap between
the sheaves and thereby the belt running radius. The input
shaft of the V-belt CVT is called the primary shaft which
mounted the PMSM, and the output shaft is the secondary
shaft which mounted the wheel. The structure of the V-belt
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CVT is shown in Figure 1. The appearance of the primary
pulley side and the secondary pulley side in the V-belt CVT
is shown in Figure 1(a), and the cross-section view of the
secondary shaft in the V-belt CVT is shown in Figure 1(b).
The wheel of electric scooter is connected to the output
shaft of the final reduction using a torsion spring, which
models the combined stiffness of both the drive shafts. The
electric scooter inertia is connected to the wheel using linear
damper, which models the tire force. The rolling resistance
on the electric scooter is modeled as a load torque. In order
to reduce system complexity, the torque dynamic equations
in the primary drive shaft and the secondary drive shaft
of the V-belt CVT shown in Figure 2 can be simplified as
[1–8]
𝐽𝑝 𝜔̇ 𝑟 + 𝐵𝑝 𝜔𝑟 + 𝑇𝑝 = 𝑇𝑒 ,
𝑇𝑠 = 𝐽𝑠 𝜔̇ 𝑠 + 𝐵𝑠 𝜔𝑠 + 𝑇𝑙𝑠 (𝐹𝑙 (𝐵𝑔 ) , 𝜐𝑎 (V𝑟 , 𝐵𝑔 ) , 𝜏𝑎 (V𝑟 ) , 𝜔𝑠2 ) ,
(1)
in which 𝑇𝑙𝑠 (𝐹𝑙 (𝐵𝑔 ), 𝜐𝑎 (V𝑟 , 𝐵𝑔 ), 𝜏𝑎 (V𝑟 ), 𝜔𝑠2 ) [1–8] is the lumped
nonlinear external disturbances of the secondary drive side
on the wheel; 𝑇𝑝 = 𝜎𝑠 𝜔𝑠 𝑇𝑠 /𝜔𝑟 is the drive torque of the
primary pulley shaft; 𝑇𝑠 is the drive torque of the secondary
pulley shaft; 𝜎𝑠 is the conversion ratio with respect to
secondary pulley shaft transferred to primary pulley shaft of
V-belt arc length; 𝜐𝑎 (V𝑟 , 𝐵𝑔 ) is the rolling resistance; 𝜏𝑎 (V𝑟 ) is
the wind resistance; 𝐹𝑙 (𝐵𝑔 ) is a braking force; V𝑟 is the total
wind velocity; 𝐵𝑔 represents the total frictional coefficient of
ground surface; 𝐵𝑝 and 𝐵𝑠 represent the viscous frictional
coefficients of the PMSM and the wheel, respectively; 𝐽𝑝 and
𝐽𝑠 are the inertias of the PMSM and the wheel, respectively;
𝜔𝑟 and 𝜔𝑠 are the speeds of the PMSM and the wheel,
respectively. Then using speed ratio and sliding ratio [1–8],
the torque equation can be transformed from the secondary
pulley side to the primary pulley side. Therefore, the resultant
dynamic equation of the PMSM driven V-belt CVT system
from (1) can be simplified as [1–8, 41–45]
𝐽𝑟 𝜔̇ 𝑟 + 𝐵𝑟 𝜔𝑟 + 𝑇𝑙 (𝑇𝑎 , Δ𝑇𝑝 , 𝐹𝑙 (𝐵𝑔 ) , 𝜐𝑎 (V𝑟 , 𝐵𝑔 ) , 𝜏𝑎 (V𝑟 ) , 𝜔𝑟2 )
= 𝑇𝑒 ,
(2)
in which 𝑇𝑙 (𝑇𝑎 , Δ𝑇𝑝 , 𝐹𝑙 (𝐵𝑔 ), 𝜐𝑎 (V𝑟 , 𝐵𝑔 ), 𝜏𝑎 (V𝑟 ), 𝜔𝑟2 ) = 𝑇𝑎 +
Δ𝑇𝑝 + 𝑇un [1–8] is the resultant lumped nonlinear external
disturbances with parameter variations; 𝑇𝑎 is the fixed load
torque; Δ𝑇𝑝 = Δ𝐽𝑟 𝜔̇ 𝑟 + Δ𝐵𝑟 𝜔𝑟 is the resultant parameter
variation; 𝜐𝑎 (V𝑟 , 𝐵𝑔 ) is the resultant rolling resistance; 𝜏𝑎 (V𝑟 ) is
the resultant wind resistance; 𝐹𝑙 (𝐵𝑔 ) is the resultant braking
force; 𝑇un = 𝐹𝑙 (𝐵𝑔 ) + 𝜐𝑎 (V𝑟 , 𝐵𝑔 ) + 𝜏𝑎 (V𝑟 )𝜔𝑟2 is the resultant
unknown nonlinear load torque; 𝐵𝑟 is the resultant viscous
frictional coefficient; 𝐽𝑟 is the resultant moment of inertia.
2.2. Structure of the PMSM Driven System. For convenient
design, the stator voltage equations of the PMSM driven
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of the secondary shaft.
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V-belt CVT system in the synchronously rotating reference
frame can be described as follows [9–11, 42–45]:
̇ + 𝜔𝑓 (𝐿 𝑑𝑟 𝑖𝑑𝑟 + 𝜆 𝑓𝑑 ) ,
V𝑞𝑟 = 𝑅𝑟 𝑖𝑞𝑟 + 𝐿 𝑞𝑟 𝑖𝑞𝑟
̇ − 𝜔𝑓 𝐿 𝑞𝑟 𝑖𝑞𝑟 ,
V𝑑𝑟 = 𝑅𝑟 𝑖𝑑𝑟 + 𝐿 𝑑𝑟 𝑖𝑑𝑟

(3)

in which V𝑞𝑟 and V𝑑𝑟 are the 𝑑-axis and 𝑞-axis stator voltages;
𝑖𝑞𝑟 and 𝑖𝑑𝑟 are the 𝑑-axis and 𝑞-axis stator currents; 𝐿 𝑞𝑟
and 𝐿 𝑑𝑟 are the 𝑑-axis and 𝑞-axis stator inductances; 𝜆 𝑓𝑑 is
the 𝑑-axis permanent magnet flux linkage; 𝑅𝑟 is the stator
resistance; 𝜔𝑓 = 𝑃𝑟 𝜔𝑟 /2 is the electrical angular speed.
The electromagnetic torque 𝑇𝑒 of the PMSM driven V-belt
CVT system can be described as
𝑇𝑒 =

3𝑃𝑟 [𝜆 𝑓𝑑 𝑖𝑞𝑟 + (𝐿 𝑑𝑟 − 𝐿 𝑞𝑟 ) 𝑖𝑑𝑟 𝑖𝑞𝑟 ]
4

,

(4)

in which 𝑃𝑟 is the number of poles. Due to 𝐿 𝑑𝑟 = 𝐿 𝑞𝑟 for
a surface-mounted PMSM, the second term of (4) is zero.

Moreover, 𝜆 𝑓𝑑 is a constant for surface-mounted PMSM. The
rotor flux is produced in the 𝑑-axis only, while the current
vector is generated in the 𝑞-axis for the field-oriented control.
When the 𝑑-axis rotor flux is a constant and torque angle is
𝜋/2 [9–11], the maximum torque per ampere can be reached
for the field-oriented control. The electromagnetic torque 𝑇𝑒
is linearly proportional to the 𝑞-axis current 𝑖𝑞𝑟 , which is
determined by closed-loop control. The control principle of
the PMSM driven system is based on field orientation. The
PMSM driven V-belt CVT system with the implementation of
field-oriented control can be reduced as 𝑇𝑒 = 𝑘𝑟 𝑖𝑞𝑟 , in which
𝑘𝑟 = 3𝑃𝑟 𝜆 𝑓𝑑 /4 is the torque constant. The block diagram of
the V-belt CVT system driven by PMSM is shown in Figure 3.
The whole system of the PMSM driven V-belt CVT system can be indicated as follows: a field-oriented institution,
a current PI control loop, a sinusoidal PWM control circuit,
an interlock circuit and an isolated circuit, an IGBT power
module inverter, and a speed control loop. The PI current
loop controller is the current loop tracking controller. In
order to attain good dynamic response, all gains for wellknown PI current loop controller are listed as follows: 𝑘pc =
9.5 and 𝑘ic = 𝑘pc /𝑇ic = 2.8 through some heuristic
knowledge [47–50] on the tuning of the PI controller. The
field-oriented institution consists of the coordinate transformation, sin 𝜃𝑓 / cos 𝜃𝑓 generation, and lookup table generation. The TMS320C32 DSP control system manufactured by
Spinel Technology Corporation is used to implement fieldoriented control and speed control. The V-belt CVT system
driven by PMSM is manipulated under the lumped external
disturbances with nonlinear uncertainties.

3. Design of Hybrid Recurrent
Laguerre-Orthogonal-Polynomial NN
Control System
Due tononlinear uncertainties of the V-belt CVT system
driven by PMSM such as nonlinear friction force of the transmission belt and clutch, rolling resistance, wind resistance,
and braking force, these will lead to degeneration of tracking
responses in command current and speed of the V-belt CVT
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Figure 3: Block diagram of the PMSM driven V-belt CVT system.

system driven by PMSM. These nonlinear uncertainties cause
variation of rotor inertia and friction for the V-belt CVT
system driven by PMSM. For convenient hybrid recurrent
Laguerre-orthogonal-polynomial NN control system design,
the dynamic equation of the V-belt CVT system driven by
PMSM from (2) can be rewritten as
𝜔̇ 𝑟 = −

2
𝐵𝑟 𝜔𝑟 𝑇𝑙 (𝐹𝑙 , 𝜐𝑎 , 𝜏𝑎 , 𝜔𝑟 ) 𝑘𝑟 𝑖𝑞𝑟
−
+
𝐽𝑟
𝐽𝑟
𝐽𝑟

= 𝐴 𝑎 𝜔𝑟 +

𝐶𝑎 𝑇𝑙 (𝐹𝑙 , 𝜐𝑎 , 𝜏𝑎 , 𝜔𝑟2 )

(5)

+ 𝐵𝑎 𝑢𝑒 ,

in which 𝑢𝑒 = 𝑇𝑒 is the control effort, that is, the command
torque of the PMSM. 𝐴 𝑎 = −𝐵𝑟 /𝐽𝑟 , 𝐵𝑎 = 1/𝐽𝑟 , and 𝐶𝑎 = −1/𝐽𝑟
are three known constants. When the uncertainties including
variation of system parameters and external force disturbance
occur, the parameters are assumed to be bounded, that is,

|𝐴 𝑎 𝜔𝑟 | ≤ 𝐷1 (𝜔𝑟 ), |𝐶𝑎 𝑇𝑙 (𝐹𝑙 , 𝜐𝑎 , 𝜏𝑎 , 𝜔𝑟2 )| ≤ 𝐷2 , and 𝐷3 ≤ 𝐵𝑎 ,
where 𝐷1 (𝜔𝑟 ) is a known continuous function; 𝐷2 and 𝐷3 are
two known constants. Then, the tracking error can be defined
as
𝑒 = 𝜔∗ − 𝜔𝑟 ,

(6)

where 𝜔∗ represents the desired command rotor speed; 𝑒
is the tracking error between the desired rotor speed and
actual rotor speed. If all parameters of the V-belt CVT system
driven by PMSM including the lumped nonlinear external
disturbances and parameter variation are well known, the
ideal control law can be designed as
𝑢𝑒∗ =

[𝜔̇ ∗ + 𝑘1 𝑒 − 𝐴 𝑎 𝜔𝑟 − 𝐶𝑎 𝑇𝑙 (𝐹𝑙 , 𝜐𝑎 , 𝜏𝑎 , 𝜔𝑟2 )]
𝐵𝑎

,

(7)
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in which 𝑘1 is a positive constant. Substituting (6) into (4),
the error dynamic equation can be obtained as follows:
𝑒 ̇ + 𝑘1 𝑒 = 0.

(8)

The system state can track the desired trajectory gradually
if 𝑒(𝑡) → 0 as 𝑡 → ∞ in (8). However, the hybrid
recurrent Laguerre-orthogonal-polynomial NN control system is proposed to control the CVT driven by PMSM
under uncertain perturbations. The configuration of the
proposed hybrid recurrent Laguerre-orthogonal-polynomial
NN control system is described in Figure 4.
The hybrid recurrent Laguerre-orthogonal-polynomial
NN control system is composed of an inspector control
system, a recurrent Laguerre-orthogonal-polynomial NN
controller, and a recouped controller. The control law is
designed as
𝑢𝑒 = 𝑢𝑑 + 𝑢rl + 𝑢ro ,

(9)

where 𝑢𝑑 is the proposed inspected control that is able to stabilize around a predetermined bound area in the states of the
controlled system; 𝑢rl is the recurrent Laguerre-orthogonalpolynomial NN control which is as the major tracking controller. It is used to imitate an ideal control law. The recouped
control 𝑢ro is designed to recoup the difference between the

ideal control law and the recurrent Laguerre-orthogonalpolynomial NN control. Since the inspected control caused
the overdone and chattering effort, the recurrent Laguerreorthogonal-polynomial NN control and the recouped control
are proposed to reduce and smooth the control effort when
the system states are inside the predetermined bound area.
When the recurrent Laguerre-orthogonal-polynomial NN
approximation properties cannot be ensured, the inspected
control is able to act in this case.
For the condition of divergence of states, the design of
hybrid recurrent Laguerre-orthogonal-polynomial NN control system is essential to stretch the divergent states back to
the predestinated bound area. The hybrid recurrent Laguerreorthogonal-polynomial NN control system can uniformly
approximate the ideal control law inside the bound area.
Then stability of the hybrid recurrent Laguerre-orthogonalpolynomial NN control system can be warranted. An error
dynamic equation from (5) to (9) can be acquired as
𝑒 ̇ = −𝑘1 𝑒 + [𝑢𝑒∗ − 𝑢𝑑 − 𝑢rl − 𝑢ro ] 𝐵𝑎 .

(10)

Firstly, the inspected control 𝑢𝑑 can be designed as
𝑢𝑑 =

   
𝐼𝑑 sgn (𝑒𝐵𝑎 ) [𝐷1 (𝜔𝑟 ) + 𝐷2 + 𝜔̇ ∗  + 𝑘1 𝑒]
,
𝐵𝑎

(11)
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in which sgn(⋅) is a sign function. When the recurrent
Laguerre-orthogonal-polynomial NN approximation properties cannot be ensured, the inspected control law is able
to act in this case; that is, 𝐼𝑑 = 1. Due to the inadequate
bound values, for example, 𝐷1 (𝜔𝑟 ), 𝐷2 , 𝐷3 , and sign function,
the inspected control can produce in overdone and chattering effort. Therefore, the recurrent Laguerre-orthogonalpolynomial NN control and the recouped control can be
devised to conquer the mentioned blemish. The recurrent
Laguerre-orthogonal-polynomial NN control raised to imitate the ideal control 𝑢𝑒∗ . Then the recouped control posed
to recoup the difference between the ideal control 𝑢𝑒∗ and
the recurrent Laguerre-orthogonal-polynomial NN control
𝑢rl .
Secondly, the architecture of the proposed three-layer
recurrent Laguerre-orthogonal-polynomial NN is depicted
in Figure 5. It is composed of an input layer, a hidden layer,
and an output layer. The activation functions and signal
actions of nodes in each layer of the recurrent Laguerreorthogonal-polynomial NN can be described as follows.
First Layer: Input Layer. Each node 𝑖 in this layer is indicated
by using Π, which multiplies by each other between each
other for input signals. Then outputs signals are the results
of product. The input and the output for each node 𝑖 in this
layer are expressed as
1 3
𝑦𝑘 (𝑁 − 1) ,
nod1𝑖 = ∏𝑥𝑖1 (𝑁) 𝑤𝑖𝑘
𝑘

𝑦𝑖1 = 𝑓𝑖1 (nod1𝑖 ) = nod1𝑖 ,

(12)

𝑖 = 1, 2.
The 𝑥11 = 𝜔∗ − 𝜔𝑟 = 𝑒 is the tracking error between the desired
speed 𝜔∗ and the rotor speed 𝜔𝑟 . The 𝑥21 = 𝑒(1 − 𝑧−1 ) = Δ𝑒

1
is the recurrent weight
is the tracking error change. The 𝑤𝑖𝑘
between output layer and input layer. The 𝑁 denotes the
number of iterations. The 𝑦𝑘3 is the output value of the output layer in the recurrent Laguerre-orthogonal-polynomial
NN.

Second Layer: Hidden Layer. The single node 𝑗th in this layer
is labeled with Σ. The net input and the net output for node
𝑗th of the hidden layer are expressed as
2

nod2𝑗 (𝑁) = ∑ 𝑥𝑖2 (𝑁) + 𝛽𝑦𝑗2 (𝑁 − 1) ,
𝑖=1

𝑦𝑗2 = 𝑓𝑗2 (nod2𝑗 ) = 𝐿 𝑗 (nod2𝑗 ) ,

(13)

𝑗 = 0, 1, . . . , 𝑚 − 1.
Laguerre-orthogonal polynomials [20–24] are selected for
activation function of the hidden layer. The Laguerreorthogonal polynomials are denoted by 𝐿 𝑛 (𝑥), where 𝑛 is
the order of expansion and −1 < 𝑥 < 1 is the argument
of the polynomial, 𝑚 is the number of nodes, and 𝛽 is the
self-connecting feedback gain of the hidden layer which is
selected between 0 and 1. The zero, the first, and the second
order Laguerre-orthogonal polynomials are given by 𝐿 0 (𝑥) =
1, 𝐿 1 (𝑥) = 1 − 𝑥, and 𝐿 2 (𝑥) = 𝑥2 − 4𝑥 + 2, respectively.
The higher order polynomials are given by 𝐿 3 (𝑥) = −𝑥3 +
9𝑥2 − 18𝑥 + 6 and 𝐿 4 (𝑥) = (35𝑥4 − 30𝑥2 + 3)/8. The higher
order Laguerre-orthogonal polynomials may be generated by
the recursive formula given by 𝐿 𝑛+1 (𝑥) = [(2𝑛 + 1 − 𝑥)𝐿 𝑛 (𝑥) −
𝑛𝐿 𝑛−1 (𝑥)]/(𝑛 + 1).
Third Layer: Output Layer. The single node 𝑘th in this layer
is labeled with Σ. It computes the overall output as the
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summation of all input signals. The net input and the net
output for node 𝑘th in this layer are expressed as
nod3𝑘

𝑚−1

= ∑

𝑗=0

2 3
𝑤𝑘𝑗
𝑥𝑗

(𝑁) ,

𝑦𝑘3

=

𝑓𝑘3

(nod3𝑘 )

=

nod3𝑘 ,

𝑘 = 1,

Lyapunov function with respect to 𝑡 and using (16), then (17)
can be rewritten as
𝐿̇ 1 (𝑡) = 𝑒𝑒̇ −

= −𝑘1 𝑒 + [𝛿 − 𝑢ro − 𝑢𝑑 ] 𝐵𝑎 𝑒

(14)

𝑇

+ (Θ∗ − Θ) Ψ𝐵𝑎 𝑒 −

2
𝑤𝑘𝑗

where
is the connective weight between the hidden layer
and the output layer; 𝑓𝑘3 is the activation function, which
is selected as a linear function; 𝑥𝑗3 (𝑁) = 𝑦𝑗2 (𝑁) represents
the 𝑗th input to the node of output layer. The output value
of the recurrent Laguerre-orthogonal-polynomial NN can be
represented as 𝑦𝑘3 (𝑁) = 𝑢rl . Then the output value of the
recurrent Laguerre-orthogonal-polynomial NN, 𝑢rl , can be
denoted as
𝑇

𝑢rl = Θ Ψ,
𝑇

𝑇

𝛿 = 𝑢𝑒∗ − 𝑢rl∗ = 𝑢𝑒∗ − (Θ∗ ) Ψ,

(16)

in which Θ∗ is an ideal weight vector to reach minimum
approximation error. It is assumed that absolute value of 𝛿
is less than a small positive value 𝜆; that is, |𝛿| < 𝜆. Then, the
error dynamic equation from (10) can be rewritten as

= −𝑘1 𝑒 + [(𝑢𝑒∗ − 𝑢rl∗ + 𝑢rl∗ − 𝑢rl ) − 𝑢ro − 𝑢𝑑 ] 𝐵𝑎
= −𝑘1 𝑒 +

−

𝑢rl∗ )

∗ 𝑇

𝑇

+ (Θ ) Ψ − (Θ) Ψ − 𝑢ro − 𝑢𝑑 ] 𝐵𝑎

Θ̇ = 𝜇1 Ψ𝐵𝑎 𝑒,

(20)

̂ sgn (𝐵 𝑒) ,
𝑢ro = 𝜆
𝑎

(21)

̂̇ = 𝜂 𝐵 𝑒 .
𝜆
 𝑎 

(22)

Substituting (11), (20), and (21) into (19) and using (11) with
𝐼𝑑 = 0, then (19) can be represented as
̃ ̂̇
̂ sgn (𝐵 𝑒)) 𝐵 𝑒 + 𝜆𝜆 .
𝑄1 (𝑡) = −𝑘1 𝑒2 + (𝛿 − 𝜆
𝑎
𝑎
𝜂
Substituting (22) into (23), then (23) can be obtained as
 
𝑄̇ 1 (𝑡) ≤ −𝑘1 𝑒2 + {|𝛿| − 𝜆} 𝐵𝑎 𝑒 ≤ −𝑘1 𝑒2 ≤ 0.

(24)

From (24), the 𝑄̇ 1 (𝑡) is a negative semidefinite; that is, 𝑄1 (𝑡) ≤
𝑄1 (0). It implies that 𝑒 and (Θ∗ −Θ) are bounded. In addition,
the function is defined as
𝜀 (𝑡) = −𝑄̇ 1 (𝑡) = 𝑘1 𝑒2 .

(25)

Integrating (25) with respect to 𝑡, then
𝑡

𝑡

0

0

(26)

Due to the fact that 𝑄1 (0) is bounded and 𝑄1 (𝑡) is nonincreasing and bounded, then
lim ∫ 𝜀 (𝜏) 𝑑𝜏 < ∞.

(17)
Then, the Lyapunov function is selected as
𝑇
∗
∗
̃2
𝑒2 (Θ − Θ) (Θ − Θ) 𝜆
+ ,
+
2
2𝜂
(2𝜇1 )

(23)

𝑡

𝑇

= −𝑘1 𝑒 + [𝛿 + (Θ∗ − Θ) Ψ − 𝑢ro − 𝑢𝑑 ] 𝐵𝑎 .

𝐿 1 (𝑡) =

𝑇
̂̇
̃𝜆
(Θ∗ − Θ) Θ̇ 𝜆
+
.
𝜇1
𝜂

∫ 𝜀 (𝜏) 𝑑𝜏 = ∫ [−𝑄̇ 1 (𝑡)] 𝑑𝑡 = 𝑄1 (0) − 𝑄1 (𝑡) .

𝑒 ̇ = −𝑘1 𝑒 + [(𝑢𝑒∗ − 𝑢rl ) − 𝑢rl − 𝑢𝑑 ] 𝐵𝑎

(19)

In order to obtain 𝐿̇ 1 ≤ 0, the adaptive law Θ̇ and the
̂ can be designed
recouped controller 𝑢ro with estimation law 𝜆
as follows:

(15)

2
2
⋅ ⋅ ⋅ 𝑤1,𝑚−1
in which Θ = [𝑤10
] is the adjustable weight
parameters vector between the hidden layer and the output
layer of the recurrent Laguerre-orthogonal-polynomial NN.
𝑇
3
] is the inputs vector in the output layer
Ψ = [𝑥03 ⋅ ⋅ ⋅ 𝑥𝑚−1
of the recurrent Laguerre-orthogonal-polynomial NN, in
which 𝑥𝑗3 is determined by the selected Laguerre-orthogonalpolynomials.
Thirdly, in order to evolve the recouped control 𝑢ro , a
minimum approximation error 𝛿 is defined as

[(𝑢𝑒∗

𝑇
̂̇
̃𝜆
(Θ∗ − Θ) Θ̇ 𝜆
+
𝜇1
𝜂

𝑡→∞ 0

Differentiating (25) with respect to 𝑡 gives
𝜀 ̇ (𝑡) = 2𝑘1 𝑒𝑒.̇

(18)

in which 𝜇1 is a learning rate, 𝜂 is an adaptation gain, and
̃ = 𝜆
̂ − 𝜆 is the bound estimated error. Differentiating the
𝜆

(27)

(28)

Due to the fact that all the variables in the right side of (17)
are bounded. It implies that 𝑒 ̇ is also bounded. Then, 𝜀(𝑡)
is a uniformly continuous function [51, 52]. It is denoted
that lim𝑡 → ∞ 𝜀(𝑡) = 0 by using Barbalat’s lemma [51, 52].
Therefore, 𝑒(𝑡) → 0 as 𝑡 → ∞. Furthermore, In order˜to
avoid chattering phenomenon of recouped controller 𝑢ro ,
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the sign function sgn(𝐵𝑎 𝑒) can be replaced by the equation
𝐵𝑎 𝑒/(|𝐵𝑎 𝑒| + 𝜌), where
𝜌={

 
𝐵𝑎 𝑒 < 𝜏
 
𝐵𝑎 𝑒 ≥ 𝜏,

𝜌0 ,
0,

(29)

in which 𝜌0 and 𝜏 are positive constants.
According to Lyapunov stability theorem and the gradient
descent method, an online parameter training methodology
of the recurrent Laguerre-orthogonal-polynomial NN can
be derived and trained effectively. Then the parameter of
adaptive law Θ̇ can be computed by the gradient descent
method. The adaptive law Θ̇ shown in (20) calls for a proper
choice of the learning rate. For a small value of learning rate,
the convergence of controller parameter can be guaranteed
but the convergent speed is very slow. In order to achieve the
fast convergence of output tracking error, the modified PSO
is used to obtain optimal learning rate for training parameters
of the recurrent Laguerre-orthogonal-polynomial NN. First,
the parameter of adaptive law Θ̇ shown in (20) can be
rewritten as
2
𝑤̇ 𝑘𝑗

=

𝜇1 𝑥𝑗3 𝐵𝑎 𝑒.

(30)

The central part of the training algorithm for the recurrent
Laguerre-orthogonal-polynomial NN is concerned with how
to obtain recursively a gradient vector in which each element
in the training algorithm is defined as the derivative of an
energy function with respect to a parameter of the network.
This is done by means of the chain rule, because the gradient
vector is calculated in the direction opposite to the flow of the
output of each node. In order to describe the online training
algorithm of the recurrent Laguerre-orthogonal-polynomial
NN, a cost function is defined as
𝑉1 =

𝑒2
.
2

(31)

According to the gradient descent method, the adaptive law
of the weight also can be represented as
2
= −𝜇1
𝑤̇ 𝑘𝑗

3
𝜕𝑉1
𝜕𝑉1 𝜕𝑦𝑘3 𝜕 nod𝑘
𝜕𝑉
=
−𝜇
= −𝜇1 31 𝑥𝑗3 .
1
2
2
𝜕𝑤𝑘𝑗
𝜕𝑦𝑘3 𝜕 nod3𝑘 𝜕𝑤𝑘𝑗
𝜕𝑦𝑘
(32)

Comparing (30) with (32) yields 𝜕𝑉1 /𝜕𝑦𝑘3 = −𝑒𝐵𝑎 . Then, the
convergence analysis in the following theorem is to derive
specific learning rate to assure convergence of the output
tracking error.
1
using the
The adaptation law of recurrent weight 𝑤𝑖𝑘
gradient descent method can be updated as
1
𝑤̇ 𝑖𝑘

2
2
1
𝜕𝑉1 𝜕𝑢re 𝜕𝑦𝑘3 𝜕𝑦𝑗 𝜕 nod𝑗 𝜕𝑦𝑖1 𝜕 nod𝑖
= −𝜇2
1
𝜕𝑢re 𝜕𝑦𝑘3 𝜕𝑦𝑗2 𝜕 nod2𝑗 𝜕𝑦𝑖1 𝜕 nod1𝑖 𝜕𝑤𝑖𝑘
2
= 𝜇2 𝐵𝑎 𝑒𝑤𝑘𝑗
𝐿 𝑗 (⋅) 𝑥𝑖1 (𝑁) 𝑦𝑘3 (𝑁 − 1) ,

(33)
in which 𝜇2 is a learning rate. Then, the convergence analysis
in the following theorem is to derive specific learning rate

to assure convergence of the output tracking error. In order
to obtain better learning rate, therefore, the modified PSO is
proposed to search for a better learning rate of the weights of
the recurrent Laguerre-orthogonal-polynomial NN.
The PSO [30–42], which has three parameters as two
acceleration coefficients 𝑐1 , 𝑐2 and inertia weight 𝛾(𝑛), has a
significant impact on performance of the algorithm, especially the impact of inertia weight. The impact is different
on different conditions and is also different at different times
under the same condition. The PSO with larger inertia weight
has a faster convergence speed and works well in global
search, while the PSO with smaller inertia weight can reach
a more accurate optimum value but only works well in local
search. Now dynamic inertia weight modification is used to
train the appropriate value of 𝛾(𝑛), in order to coordinate
between search accuracy and search speed. The modified PSO
algorithm depends in its implementation in the following two
relations:
V𝑗 (𝑛 + 1) = 𝛾 (𝑛) V𝑗 (𝑛)
+ 𝛼 (𝑛) [𝑐1 𝜑1 (𝑃𝑏𝑗 − 𝜇𝑚𝑗 (𝑛))
+ 𝑐2 𝜑2 (𝑃𝑔𝑗 − 𝜇𝑚𝑗 (𝑛))] ,
𝜇𝑚𝑗 (𝑛 + 1) = 𝜇𝑚𝑗 (𝑛) + V𝑗 (𝑛 + 1) ,

𝑚 = 1, 2,

𝑚 = 1, 2,

𝛾 (𝑛) = 𝛾0 + 𝜑3 (1 − 𝛾0 ) ,
𝛼 (𝑛) = 𝛼0 +

𝛼1 𝑛
,
𝑇

(34)

where 𝑛 = 1, 2, . . . , 𝑁max indicates the iterations; 𝜇𝑚𝑗 (𝑛) is
the current position of particle 𝑃𝑗 in hyperspace and with
respect to learning rate 𝜇𝑚 (𝑛), 𝑚 = 1, 2; V𝑗 (𝑛) is the current
speed of particle 𝑗; 𝛾(𝑛) is the inertia weight with respective
to 𝑛; 𝑐1 and 𝑐2 are acceleration positive constants; 𝜑1 , 𝜑2 , and
𝜑3 are random numbers obtained from a uniform random
distribution function in the interval [0, 1]; 𝛾0 is the initial
positive constant in the interval [0, 1]; 𝛼0 and 𝛼1 are the
initial positive constants in the interval [0, 1]; 𝑇 denotes the
number of generations; 𝑃𝑏𝑗 and 𝑃𝑔𝑗 represent the best previous
position of the 𝑗th particle and the position of the best particle
among all particles in the population, respectively. Usually,
𝛾(𝑛) is modified gradually in descending within the limit of
0.8 < 𝛾(𝑛) < 1.4 [40], so that search space can be changed
steadily from the global to the local. Decreasing inertia weight
particle swarm optimization is a topical algorithm, of which
inertia weight 𝛾(𝑛) decreases linearly from 0.9 to 0.4 [38, 39].
Some scholars propose the increasing inertia weight particle
swarm optimization of which inertia weight 𝛾(𝑡) increases
linearly from 0.4 to 0.9 [40, 41]. 𝛼(𝑛) is the constriction factor
introduced by Eberhart and Shi [38, 39] to avoid the swarm
from premature convergence and to ensure stability of the
system.

4. Experimental Results
The whole system of the DSP-based control system for the
PMSM driven V-belt CVT system is shown in Figure 1. The
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𝜔∗r = 188.4 rad/s (1800 rpm)
6.28 rad/s (60 rpm)
e
e
37.68 rad/s (360 rpm)
𝜔r

Start (0 rad/s)
0.5 s

0.5 s

Start (0 rad/s)(0 rpm)

(a)

(b)
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(c)

Figure 6: Experimental results of the PMSM driven V-belt CVT system using the well-known PI controller at 188.4 rad/s (1800 rpm) case
under the lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 +𝑇un : (a) tracking response of command rotor speed 𝜔𝑟∗ ,
desired command rotor speed 𝜔∗ , and measured rotor speed 𝜔𝑟 ; (b) response of tracking error 𝑒; (c) response of tracking error 𝑒 amplification.

control algorithm was executed by a TMS320C32 DSP control
system including four channels of D/A, eight channels of
programmable PWM, and one encoder interface circuit. The
IGBT power module voltage source inverter is executed by
current-controlled SPWM with a switching frequency of
15 kHz. The specification of PMSM is a three-phase 48 V,
750 W, 16.5 A, and 3600 rpm. The parameters of the PMSM
are given as follows as 𝑅𝑟 = 2.5 Ω, 𝐿 𝑑𝑟 = 𝐿 𝑞𝑟 = 6.53 mH,
𝐽𝑟 = 62.15 × 10−3 Nms, 𝐵𝑟 = 6.18 × 10−3 Nms/rad, and
𝑘𝑟 = 0.86 Nm/A by using open circuit test, short test, rotor
block test, and loading test. Owing to inherent uncertainty
in V-belt CVT system (e.g., the lumped nonlinear external
disturbances and parameter variations) and output current
limitation of battery capacity, the PMSM can only operate at
376.8 rad/s (3600 rpm) to avoid burning IGBT modules for
V-belt CVT system at high speed perturbation.
To show the control performance of the proposed hybrid
recurrent Laguerre-orthogonal-polynomial NN control system, two cases are provided in the experimentation. One is
the 188.4 rad/s (1800 rpm) case under the lumped nonlinear
external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 +𝑇un
and the other is the 376.8 rad/s (3600 rpm) case under the
lumped nonlinear external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un . In order to achieve good
transient and steady-state control performance all gains of the
well-known PI controller are 𝑘ps = 13.5 and 𝑘is = 𝑘ps /𝑇is =
1.8 through some heuristic knowledge [47–50] on the tuning
of the PI controller at 188.4 rad/s (1800 rpm) case under the
lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un for the speed tracking. The experimental
results of the well-known PI controller for the V-belt CVT
system driven by PMSM at 188.4 rad/s (1800 rpm) case under
the lumped nonlinear external disturbances with parameter
variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un and 376.8 rad/s (3600 rpm) case
under the lumped nonlinear external disturbances with twice

parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un are shown in Figures
6, 7, and 8, where tracking responses of the command rotor
speed 𝜔𝑟∗ , the desired command rotor speed 𝜔∗ , and the
measured rotor speed 𝜔𝑟 are shown in Figures 6(a) and
7(a); tracking responses of the speed error 𝑒 are shown in
Figures 6(b) and 7(b); tracking responses of the speed error
𝑒 amplification are shown in Figures 6(c) and 7(c). Since
the low speed operation is the same as the nominal case
due to smaller disturbance, the response of speed shown in
Figure 6(a) has better tracking performance. Moreover, the
degenerate tracking responses of speed shown in Figure 7(a)
is obvious due to bigger nonlinear disturbance (e.g., rolling
resistance, wind resistance, and parameter variation) at high
speed operation. From the experimental results, sluggish
tracking responses of speed and current are obtained for
the V-belt CVT system driven by PMSM using the wellknown PI controller. The linear controller has the weak
robustness under bigger nonlinear disturbance because of no
appropriate gains tuning or no degenerate nonlinear effect. In
addition, responses of the command electromagnetic torque
𝑇𝑒 at 188.4 rad/s (1800 rpm) case under the lumped nonlinear
external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 +𝑇un
and 376.8 rad/s (3600 rpm) case under the lumped nonlinear
external disturbances with twice parameter variations 𝑇𝑙 =
2Δ𝑇𝑝 + 𝑇un are shown in Figures 8(a) and 8(b), respectively.
The dynamic response of command electromagnetic torque
𝑇𝑒 results in great torque ripple due to V-belt CVT system
with nonlinear disturbance, such as V-belt shaking friction
and action frictions between primary pulley and second
pulley.
The control gains of the proposed hybrid recurrent
Laguerre-orthogonal-polynomial NN control system are 𝜂 =
0.1, 𝜆 = 0.3. All control gains of the hybrid recurrent
Laguerre-orthogonal-polynomial NN control system are
chosen to achieve the best transient control performance
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Figure 7: Experimental results of the PMSM driven V-belt CVT system using the well-known PI controller at 376.8 rad/s (3600 rpm) case
under the lumped nonlinear external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un : (a) tracking response of command rotor
speed 𝜔𝑟∗ , desired command rotor speed 𝜔∗ , and measured rotor speed 𝜔𝑟 ; (b) response of tracking error 𝑒; (c) response of tracking error 𝑒
amplification.

5 Nm

5 Nm
Te

Te

Start (0 Nm)

Start (0 Nm)
0.5 s

(a)

0.5 s

(b)

Figure 8: Experimental results of the PMSM driven V-belt CVT system using the well-known PI controller: (a) response of electromagnetic
torque 𝑇𝑒 at 188.4 rad/s (1800 rpm) case under the lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un ; (b)
response of electromagnetic torque 𝑇𝑒 at 376.8 rad/s (3600 rpm) case under the lumped nonlinear external disturbances with twice parameter
variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un .

in experimentation considering the requirement of stability. The parameter adjustment process remains continually
active for the duration of the experimentation. The structure of the recurrent Laguerre-orthogonal-polynomial NN
controller has 2 nodes, 3 nodes, and 1 node in the input
layer, the hidden layer, and the output layer, respectively.
The experimental results of the proposed hybrid recurrent
Laguerre-orthogonal-polynomial NN control system for the
V-belt CVT system driven by PMSM at 188.4 rad/s (1800 rpm)
case under the lumped nonlinear external disturbances with
parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un and 376.8 rad/s
(3600 rpm) case under the lumped nonlinear external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un are
shown in Figures 9, 10, and 11, where tracking responses of
the command rotor speed 𝜔𝑟∗ , the desired command rotor
speed 𝜔∗ , and the measured rotor speed 𝜔𝑟 are shown in
Figures 9(a) and 10(a); tracking responses of the speed error
𝑒 are shown in Figures 9(b) and 10(b); tracking responses
of the speed error 𝑒 amplification are shown in Figures

9(c) and 10(c). Since the low speed operation is the same
as the nominal case due to smaller disturbance, the speed
tracking response shown in Figure 9(a) has better tracking
performance. The better speed tracking response is shown
in Figure 10(a) under the occurrence of bigger lumped nonlinear external disturbances and parameter variation. From
the experimental results, the accurate tracking performance
is obtained for the V-belt CVT system driven by PMSM
using the hybrid recurrent Laguerre-orthogonal-polynomial
NN control system owing to the online adaptive mechanism
of the recurrent Laguerre-orthogonal-polynomial NN and
action of the recouped controller. In addition, responses
of the command electromagnetic torque 𝑇𝑒 at 188.4 rad/s
(1800 rpm) case under the lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un and
376.8 rad/s (3600 rpm) case under the lumped nonlinear
external disturbances with twice parameter variations 𝑇𝑙 =
2Δ𝑇𝑝 + 𝑇un are shown in Figures 11(a) and 11(b), respectively.
In addition, in order to decrease inertia weight particle swarm
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Figure 9: Experimental results of the PMSM driven V-belt CVT system using the hybrid recurrent Laguerre-orthogonal-polynomial NN
control system at 188.4 rad/s (1800 rpm) case under the lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un :
(a) tracking response of command rotor speed 𝜔𝑟∗ , desired command rotor speed 𝜔∗ , and measured rotor speed 𝜔𝑟 ; (b) response of tracking
error 𝑒; (c) response of tracking error 𝑒 amplification.
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Figure 10: Experimental results of the PMSM driven V-belt CVT system using the hybrid recurrent Laguerre-orthogonal-polynomial NN
control system at 376.8 rad/s (3600 rpm) under the lumped nonlinear external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un :
(a) tracking response of command rotor speed 𝜔𝑟∗ , desired command rotor speed 𝜔∗ , and measured rotor speed 𝜔𝑟 ; (b) response of tracking
error 𝑒; (c) response of tracking error 𝑒 amplification.

optimization, the initial coefficient 𝛾0 of inertia weight is set
as 0.4. Two initial coefficients 𝛼0 and 𝛼1 of the constriction
factor are set as 0.3 to avoid the swarm from premature
convergence and to ensure stability of the system. Thus,
the convergence responses of two learning rates 𝜇1 and
𝜇2 of the recurrent Laguerre-orthogonal-polynomial NN
using modified PSO at 188.4 rad/s (1800 rpm) case under
the lumped nonlinear external disturbances with parameter
variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un are shown in Figures 12(a) and 12(b),

respectively. The convergence responses of two learning rates
𝜇1 and 𝜇2 of the recurrent Laguerre-orthogonal-polynomial
NN using modified PSO at 376.8 rad/s (3600 rpm) case
under the lumped nonlinear external disturbances with
twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un are shown
in Figures 13(a) and 13(b), respectively. The convergence
response of two learning rates 𝜇1 and 𝜇2 of the recurrent Laguerre-orthogonal-polynomial NN using modified
PSO have faster convergence speed than the fixed learning
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Figure 11: Experimental results of the PMSM driven V-belt CVT system using the hybrid recurrent Laguerre-orthogonal-polynomial NN
control system: (a) response of electromagnetic torque 𝑇𝑒 at 188.4 rad/s (1800 rpm) case under the lumped nonlinear external disturbances
with parameter variation 𝑇𝑙 = Δ𝑇𝑝 +𝑇un ; (b) response of electromagnetic torque 𝑇𝑒 at 376.8 rad/s (3600 rpm) case under the lumped nonlinear
external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un .
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0.5 s

(a)

(b)

Figure 12: Experimental results of the recurrent Laguerre-orthogonal-polynomial NN using modified PSO at 188.4 rad/s (1800 rpm) case
under the lumped nonlinear external disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un : (a) the convergence response of learning rates
𝜇1 ; (b) the convergence response of learning rates 𝜇2 .

1
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Start (0)
0.5 s
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Figure 13: Experimental results of the recurrent Laguerre-orthogonal-polynomial NN using modified PSO at 376.8 rad/s (3600 rpm) case
under the lumped nonlinear external disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un : (a) the convergence response of learning
rates 𝜇1 ; (b) the convergence response of learning rates 𝜇2 .

rate of the recurrent Laguerre-orthogonal-polynomial NN.
The dynamic response of command electromagnetic torque
𝑇𝑒 results lower torque ripple by on-line adjusted of the
recurrent Laguerre-orthogonal-polynomial NN to cope with
the high-frequency unmodeled dynamic of the V-belt CVT
system with nonlinear disturbance, such as V-belt shaking
friction and action frictions between primary pulley and
second pulley. Therefore, these results show that the hybrid
recurrent Laguerre-orthogonal-polynomial NN control system has better control performance than the well-known PI
controller under high speed perturbation for the V-belt CVT
system driven by PMSM. Moreover, the numerical results of
the iteration performance for two learning rates 𝜇1 and 𝜇2
by means of modified PSO method from 0 s to 0.6 s with

240 iterations (runs) at 188.4 rad/s (1800 rpm) case under
the lumped nonlinear external disturbances with parameter
variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un and 376.8 rad/s (3600 rpm) case
under the lumped nonlinear external disturbances with twice
parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un are shown in Figures
14 and 15, respectively. In all cases, the numerical results
of the iteration performance show that modified PSO can
reach the global optimum effectively and avoid premature
convergence in less than 100 iterations. From above, it can be
easily observed that the proposed modified PSO can provide
a more accurate optimal solution and converges to the criteria
with a greater probability.
The measured rotor speed responses due to step disturbance torque are given finally. The condition under 𝑇𝑙 =

14

Mathematical Problems in Engineering

0.800

0.800
𝜇2

𝜇1

0.600

0.600

0.400

0.400

0.200

0.200

0.000

0
0

40
0.1

80
0.2

120
0.3

160
0.4

200
0.5

240 Iteration
0.6 Time (s)

0.000

0
0

40
0.1

80
0.2

120
0.3

(a)

160
0.4

200
0.5

240 Iteration
0.6 Time (s)

(b)

Figure 14: Numerical results of the iteration performance for two learning rates in the recurrent Laguerre-orthogonal-polynomial NN by
means of modified PSO from 0 s to 0.6 s with 240 iterations (runs) at 188.4 rad/s (1800 rpm) case under the lumped nonlinear external
disturbances with parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un : (a) response of learning rates 𝜇1 ; (b) response of learning rates 𝜇2 .
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Figure 15: Numerical results of the iteration performance for two learning rates in the recurrent Laguerre-orthogonal-polynomial NN by
means of modified PSO from 0 s to 0.6 s with 240 iterations (runs) at 376.8 rad/s (3600 rpm) case under the lumped nonlinear external
disturbances with twice parameter variations 𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un : (a) response of learning rates 𝜇1 ; (b) response of learning rates 𝜇2 .
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Figure 16: Experimental results under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance with adding load at 376.8 rad/s (3600 rpm) case: (a) speed
adjusted response of command rotor speed 𝜔𝑟∗ and measured rotor speed 𝜔𝑟 using the well-known PI controller; (b) response of measured
current 𝑖𝑎 in phase 𝑎 using the well-known PI controller.

2𝑁𝑚(𝑇𝑎 ) + 𝑇un load torque disturbance with adding load
is tested by using the PI controller and the hybrid recurrent Laguerre-orthogonal-polynomial NN control system.
The experimental result of load adjustment using wellknown PI controller under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load
torque disturbance with adding load at command rotor
speed 376.8 rad/s (3600 rpm) is shown in Figure 16. The
experimental results of the measured rotor speed response
using well-known PI controller under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un
load disturbance with adding load at 376.8 rad/s (3600 rpm)
is shown in Figure 16(a). The experimental results of the
measured current in phase 𝑎 using well-known PI controller

under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance with adding
load at 376.8 rad/s (3600 rpm) is shown in Figure 16(b). The
experimental result of load adjustment using the hybrid
recurrent Laguerre-orthogonal-polynomial NN control system under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load torque disturbance with
adding load at command rotor speed 376.8 rad/s (3600 rpm)
is shown in Figure 17. The experimental results of the
measured rotor speed response using the hybrid recurrent
Laguerre-orthogonal-polynomial NN control system under
𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance with adding load
at 376.8 rad/s (3600 rpm) is shown in Figure 17(a). The
experimental results of the measured current in phase 𝑎
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Figure 17: Experimental results under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance with adding load at 376.8 rad/s (3600 rpm) case: (a) speed
adjusted response of command rotor speed 𝜔𝑟∗ and measured rotor speed 𝜔𝑟 using the hybrid recurrent Laguerre-orthogonal-polynomial
NN control system; (b) response of measured current 𝑖𝑎 in phase 𝑎 using the hybrid recurrent Laguerre-orthogonal-polynomial NN control
system.

Table 1: Performances comparison of control systems.

Performance

Maximum error of 𝑒
RMS error of 𝑒

Performance

Maximum error of 𝑒
RMS error of 𝑒

188.4 rad/s case under the lumped
nonlinear external disturbances with
parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un

Control system and three test cases
Well-known PI controller
376.8 rad/s case under the lumped
nonlinear external disturbances with
twice parameter variations
𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un

With adding load under
𝑇𝑙 = 2 Nm (𝑇𝑎 ) + 𝑇un load
torque disturbance

5.1 rad/s (49 rpm)
0.96 rad/s (9 rpm)

10.1 rad/s (96.3 rpm)
32 rad/s (306 rpm)
2.5 rad/s (24 rpm)
4.9 rad/s (47 rpm)
Control system and three test cases
Hybrid recurrent Laguerre-orthogonal-polynomial NN control system
376.8 rad/s case under the lumped
188.4 rad/s case under the lumped
With adding load under
nonlinear external disturbances with
nonlinear external disturbances with
𝑇𝑙 = 2 Nm (𝑇𝑎 ) + 𝑇un load
twice parameter variations
parameter variation 𝑇𝑙 = Δ𝑇𝑝 + 𝑇un
torque disturbance
𝑇𝑙 = 2Δ𝑇𝑝 + 𝑇un
2.3 rad/s (22 rpm)
0.5 rad/s (5 rpm)

using the hybrid recurrent Laguerre-orthogonal-polynomial
NN control system under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance with adding load at 376.8 rad/s (3600 rpm) is shown in
Figure 17(b). From the experimental results, the degenerated
responses under 𝑇𝑙 = 2𝑁𝑚(𝑇𝑎 ) + 𝑇un load disturbance
are much improved using the hybrid recurrent Laguerreorthogonal-polynomial NN control system. From experimental results, transient response of the hybrid recurrent
Laguerre-orthogonal-polynomial NN control system has
faster convergence and better load regulation than the wellknown PI controller at load regulation.
In addition, the control performance comparisons of the
well-known PI controller and the hybrid recurrent Laguerreorthogonal-polynomial NN control system are summarized in Table 1 for experimental results at three test cases.
In Table 1, the hybrid recurrent Laguerre-orthogonal-polynomial NN control system results in smaller tracking errors
with respect to the well-known PI controller. According to
the tabulated measurements, the proposed hybrid recurrent
Laguerre-orthogonal-polynomial NN control system indeed
yields the superior control performance compared to the
well-known PI controller.

5.5 rad/s (53 rpm)
0.6 rad/s (6 rpm)

11 rad/s (105 rpm)
2.5 rad/s (24 rpm)

5. Conclusions
The hybrid recurrent Laguerre-orthogonal-polynomial NN
control system has been successfully developed to control
the V-belt CVT system driven by PMSM with robust control
characteristics in this paper. The hybrid recurrent Laguerreorthogonal-polynomial NN control system with inspected
control based on the uncertainty bounds of the controlled
system was designed to stabilize the system states around
a predetermined bound area. To drop the excessive and
chattering resulted by control efforts, the hybrid recurrent
Laguerre-orthogonal-polynomial NN control system, which
is composed of the inspected control, the recurrent Laguerreorthogonal-polynomial NN control, and the recouped control, was proposed to reduce and smooth the control effort
when the system states were inside the predetermined bound
area.
The main contributions of this paper are as follows: (1)
the dynamic models for the V-belt CVT driven by PMSM
with unknown nonlinear and time-varying characteristics
were successfully derived; (2) the hybrid recurrent Laguerreorthogonal-polynomial NN control system for the V-belt
CVT system driven by PMSM under the occurrence of the
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lumped nonlinear load disturbances was successfully applied
to enhance robustness; (3) the adaptive law of online parameters tuning in the recurrent Laguerre-orthogonal-polynomial
NN and the estimation law of the recouped controller
by using the Lyapunov stability theorem was successfully
derived; (4) two optimal learning rates of connective weights
and recurrent weights in the recurrent Laguerre-orthogonalpolynomial NN by means of modified PSO are successfully
applied to speed up convergence; (5) the hybrid recurrent
Laguerre-orthogonal-polynomial NN control system, which
has better online learning capability in order to fast capture
the system’s nonlinear and time-varying behaviors, is successfully developed; (6) the proposed hybrid recurrent Laguerreorthogonal-polynomial NN control system has lower torque
ripple than the well-known PI controller.
Finally, the control performance of the proposed hybrid
recurrent Laguerre-orthogonal-polynomial NN control system is more suitable than the well-known PI controller for
the V-belt CVT system driven by PMSM.
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Multitarget detection under complex environment is a challenging task, where the measured signal will be submerged by noise.
D-S belief theory is an effective approach in dealing with Multitarget detection. However, there are some limitations of the general
D-S belief theory under complex environment. For example, the basic belief assignment is difficult to establish, and the subjective
factors will influence the update process of evidence. In this paper, a new Multitarget detection approach based on thermal infrared
and visible images fusion is proposed. To easily characterize the defected heterogeneous image, a basic belief assignment based on
the distance distribution function of heterogeneous characteristics is presented. Furthermore, to improve the discrimination and
effectiveness of the Multitarget detection, a concept of comprehensive credibility is introduced into the proposed approach and a
new update rule of evidence is designed. Finally, some experiments are carried out and the experimental results show the efficiency
and effectiveness of the proposed approach in the Multitarget detection task.

1. Introduction
Multitarget detection in complex environments has become a
research hot spot [1]. Visible light camera has high resolution
that can provide spatial details of the scene. But the low
visibility makes the visible images less clear under complex environments (for the visible light camera, complex
environment mainly refers to changes in illumination and
noise). Thermal infrared camera is a passive sensor that
captures the infrared radiation emitted by all objects with a
temperature above absolute zero. These types of sensors are
often deployed in vision systems to eliminate the illumination problems of normal Gray scale and RGB cameras [2].
However, these types of sensors are sensitive to temperature
changes and insensitive to physical shape of targets (for
the thermal infrared image, complex environment mainly
refers to changes in ambient temperature and thermal noise
interference resulting from the surroundings). So infrared
and visible information is always fused to overcome the
disadvantages of both visible images and thermal infrared
images [3, 4]. To make the multitarget detection effective in

complex environment, some new challenges have to be faced
[5]. The first one is that the measured data acquired under
complex environment are flawed and abnormal. The second
one is that it is difficult to find a unified fusion approach to
realize the information complements for flawed data obtained
from different sensors. The third one is that it is difficult to
obtain any prior knowledge such as historical database and
expert knowledge of a certain field.
Lots of work has been done on multitarget detection. Conventional approaches for multitarget detection
include signal processing, data mining, Bayesian inference,
and machine learning [6, 7]. However, the methods mentioned above must use accurate and effective signal features
extracted from the data collected. As we know, there are
many factors in complex environment which will lead to the
uncertainty, such as insufficient lighting, saturation, smoke,
and extreme heat. Furthermore, multitarget detection will
also lead to uncertainty, such as fuzzy randomness and
diversity, especially when different targets have the similar
attribute or feature that is difficult to distinguish, including
the shape and temperature. The instability of the measured
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image signals will make the useful signals submerged in the
background. There would be uneven distribution of gray,
detail blurred, and poor contrast ratio in visual image and
lower signal-to-noise ratio (SNR), the halo effect, silhouette,
and fuzzy edge in thermal image [8, 9]. Ignoring these
imperfections and making unrealistic assumption will lead to
untrustworthy inferences.
Aiming at the problems above, a lot of improvements
have been proposed. In these approaches, D-S belief theory
has become a study hot spot for multitarget detection under
complex environment in recent years, which is one of the
most dominant uncertainty processing frameworks [10–13].
D-S belief theory can make a relatively accurate model and
consider various defects, which has been widely used for
its advantages of uncertainty expressing and combination
[14, 15]. The evidence update mechanism of D-S belief theory,
especially, presents a great deal of flexibility for decisionmaking. However, there are two main challenges by using
the general D-S belief theory based method to deal with the
multitarget detection problems. Concretely, the difficulties
existing in the D-S belief theory are how to build the mass
assignment function model and set up a reasonable and
effective combination rule of evidence.
The first important issue is the evidence modeling problem, namely, how to build the mass assignment function. D-S
evidence theory does not provide a general modeling method
and the existing methods are geared to the needs of specific
applications. For example, Dezert et al. [16] modeled the
uncertainties of the threshold value using the evidence theory
and presented a nonsupervised method for edge detection in
color images based on belief functions and their combination.
Panigrahi et al. [17] combined multiple evidence and belief
update for database intrusion detection. Bao et al. [18]
presented a D-S belief theory based approach for structural
damage detection. Poulain et al. [19] proposed a processing
chain to create or update building database using highresolution optical and SAR images, where relevant features
were extracted from images and fused in the framework of
D-S belief theory. D-S theory has achieved good effects in
those applications above. However, those approaches are used
in specific applications, which cannot be used directly in the
multitarget detection under complex environments, where
the evidences are deficient.
Another important issue in D-S evidence theory based
method is the evidence combination method. The evidence
combination is sensitive to the subjective factors in the
process of solving multisource heterogeneous information
fusion, which will lead to the lack of reasonability and validity
of evidence fusion method. Most of the existing methods generally did not consider the order of combination process, the
logical importance and the reliability of different evidence.
For example, the classic Dempster Combination Rule (DCR)
is used to solve the problem of evidence updating, which
requires that the two FoDs (frames of discernment) being
fused should be identical. It constitutes another drawback
associated with the DCR based method. Sometimes counterintuitive conclusions will be obtained by this approach [20].
Another classic combination rule method is the Jeffrey-like
Combination Rule (JCR) [21]. But the JCR based method
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is only related to the current evidence, and it is difficult to
determine the updating coefficient of the condition based
evidence. Recently, some improvements have been done
on the evidence combination rule. For example, Wickramarathne et al. [22] proposed a conditional core theorem
algorithm, which simplified the calculation of Fagin-Halpern
and improved the conditional approach to fuse evidence.
Bolar et al. [23] proposed a hierarchical evidential reasoning
(HER) framework where important and reliable factors were
introduced for discounting evidence. However, those methods above are not suitable for multitarget detection under
complex environment in real-world applications. The main
reasons are that the methods are generally not considered
the order of combination process, the logical importance, and
reliability of different types of evidence.
As introduced above, there are two technical difficulties
in the D-S evidence theory based approach for multitarget
detection under complex environment. The first one is how
to make reasonable and effective heterogeneous information distribution function based on the fundamental belief.
Furthermore, how to map the heterogeneous information
into the basic belief assignment (BBA) under the same
framework also needs to be solved effectively. The second
one is how to make reasonable and effective fusion method
of heterogeneous information distribution function. To solve
the two main technical issues above, a new multitarget
detection algorithm based on multisource heterogeneous
image information is proposed. In the proposed approach,
a feature distance based BBA of heterogeneous image is
presented firstly. For visible images, an improved ClosedForm Solution method after histogram equalization is used
to segment and extract the targets. Then the distances of
invariant moments between defect targets from extraction
and targets in the knowledge base will be calculated and
mapped as BBA. For thermal infrared images, the temperature difference between targets and their environment will be
mapped to BBA. Furthermore, a new update rule of evidence
is proposed and the evidence fusion will be processed both
inside the homogeneous data and among the heterogeneous
data by selecting rules in different circumstances. Finally,
some experiments are carried out and the experimental
results verify the effectiveness of the proposed algorithm.
This paper is organized as follows. In Section 2, the
proposed multitarget detection algorithm based on thermal
infrared and visible heterogeneous images fusion is given.
Section 3 presents the simulation experiments and some
performances of the proposed approach are analyzed in
detail. Finally, the conclusion is given in Section 4.

2. Multitarget Detection Algorithm
Based on Thermal Infrared and Visible
Heterogeneous Images Fusion
Multitarget detection based on heterogeneous image information under complex environment is a very difficult task,
because the image information is full of uncertainty. In this
paper, defect feature distance of heterogeneous images is
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mapped into mass function of D-S evidence theory that
can express the uncertainty well, and a new update rule of
evidence combination is proposed to handle the uncertainty.
The proposed algorithm in this paper is introduced in detail
as follows.
2.1. Evidence Modeling
2.1.1. Basic Notions of Evidence Modeling. In the D-S theory,
the total set of interested targets with mutually exclusive
and exhaustive propositions is referred to as the frame of
discernment (FoD), which is denoted as Θ = {𝜃1 , 𝜃2 , . . . , 𝜃𝑚 },
where 𝜃𝑖 is the minimum identified level of information and
𝑚 is the number of the elements in the universal set. 2Θ is used
to denote the power set of Θ. In D-S theory, the support for
proposition 𝐴 is provided via the BBA, which maps 𝑚Θ (⋅) :
2Θ → [0, 1]. This mapping function satisfies
𝑚Θ (𝜙) = 0,

∑ 𝑚Θ (𝐴) = 1.

𝐴⊆Θ

(1)

The set of propositions 𝜁 that possesses nonzero mass
forms the core and the triplet 𝜀 = {Θ, 𝜁, 𝑚(⋅)} is the
corresponding body of evidence (BoE). For 𝐴 ⊆ Θ, in BoE,
𝜀 = {Θ, 𝜁, 𝑚(⋅)}. The belief of 𝐴 is
BelΘ (𝐴) = ∑ 𝑚Θ (𝐵)
𝐵⊆𝐴

(2)

and the plausibility of 𝐴 is
PlΘ (𝐴) = 1 − Bel (𝐴) ,

(3)

where 𝑚Θ (𝐴) represents the support assigned to proposition
𝐴 exactly; BelΘ (𝐴) measures the sum of support assigned
for all proper subsets of 𝐴 and PlΘ (𝐴) represents the extent
to which one finds 𝐴 plausible. In this paper, there are
two different information sources, namely, the visible image
and the thermal infrared image. Let Θ be the universal
set representing all possible states under consideration. The
corresponding BoE obtained from the CCD is
𝜀𝑂 = {Θ, 𝜁𝑂, 𝑚𝑂 (⋅)} ,

(4)

where 𝜁𝑂 is the core which contains visible images subsets 𝐵
of Θ; 𝑚O (⋅) > 0; and the mapping function 𝑚𝑂(⋅) is defined as
BBAs of visible images. By the same way, the corresponding
BoE for the thermal infrared image is
𝜀T = {Θ, 𝜁T , 𝑚T (⋅)} ,

(5)

where 𝜁T is the core which contains thermal infrared images
subsets 𝐴 of Θ; 𝑚T (⋅) > 0; and the mapping 𝑚T (⋅) is defined
as BBAs of thermal infrared images.
2.1.2. Evidence Modeling for Thermal Infrared and Visible
Heterogeneous Images. Evidence modeling is one of the key
parts in D-S evidence theory based methods. The mapping
from infrared and visible heterogeneous images to BBA is
the basic part of evidence modeling. The mapping of the

traditional method is by assigning a mass to the complete
ambiguity Θ [24] or by mapping the tool answer to mass
assignments that feature a good separation between positive
and negative examples [25]. The mapping of the existing
method based on distance is gained mainly by the methods
of experience, neural network, probability and statistics, and
feature matching [26–28]. However, all the existing methods
mentioned above cannot be used directly in the multitarget
detection based on heterogeneous images under complex
environment. For example, the computation of neural network methods is complicated; the probability and statistics
method needs to know the exactly statistical distribution
which is difficult to be obtained in complex environment,
especially for two heterogeneous images.
In this paper, the distance between the measured data
obtained under different angles and prior information is used
to construct the model, which makes the model closer to the
actual situation. The work flow of the modeling process in
this paper is shown in Figure 1, which is presented in detail
as follows.
First, the information of visible and thermal infrared
images is obtained under different aspect angles and histogram equalization is used to enhance the contrast of image.
Next, an improved Closed-Form Solution is used to
realize the feature extraction of multitargets. The method of
Closed-Form Solution in [29] effectively resolved the problem of multiobjective extraction under natural environment.
However, there are some limitations of the general ClosedForm Solution under complex environment, such as the loss
of detail and the excessive segmentation. These problems can
appear as the discontinuity of transparency value. Aimed
at these problems, an improved method of Closed-Form
Solution is proposed to add a smoothness constraint based on
the original cost function formula, and the new expression to
extract an alpha matte is as follows:
𝛼 = arg min 𝛼T 𝐿𝛼 + 𝜆 (𝛼T − 𝑏𝑠T ) 𝐷𝑠 (𝛼 − 𝑏𝑠 )
𝑁

2

+ ∑𝑚𝑖 (𝛼𝑖 − 𝛼𝑖𝑑 ) ,

(6)

𝑖=1

where 𝜆 is a large number; 𝐷𝑆 is a diagonal matrix whose
diagonal elements are one for constrained pixels and zero for
all other pixels; 𝐿 is an 𝑁 ∗ 𝑁 matrix, and 𝑏𝑠 is the vector containing the specified alpha values for the constrained pixels
and zero for all other pixels. The added smoothness constraint
is used to calculate the square deviation of transparency
values 𝛼 between each pixel and its adjacent pixels in the
directions of rotation.
At last, the mapping from the image character to the BBA
is conducted. In this paper, the seven Hu invariant moments
of targets are used to state the image character. Hu invariant
moments satisfy the conditions of translation invariance,
scaling invariance, and rotation invariance. Thus, for the same
target in different perspective images that are obtained from
the same transducer, it has the invariant distance to the prior
knowledge.
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Prior feature
knowledge

Visible images

Thermal infrared images

Histogram equalization

Histogram equalization

Feature extraction of
target shape

Feature extraction of
target temperature

Seeking Hu invariant
moments

Finding corresponding
temperature

Distance calculation of shape
characteristics

Distance calculation of
temperature characteristics

Environment
temperature

Mass function establishment

Figure 1: The work flow of the modeling process in the proposed approach.

For the visible images, Hu invariant moments of prior
knowledge are denoted by [30]
𝑅𝑂 = [𝜙1 , 𝜙2 , . . . , 𝜙7 ] ,

(7)

where 𝜙1 , 𝜙2 , . . . , 𝜙7 are used as identification feature of the
prior target. And target Hu invariant moments of other
targets under various angles are denoted by
𝑋𝑂 [𝑘] = [𝑥1 [𝑘] , 𝑥2 [𝑘] , . . . , 𝑥7 [𝑘]] ,

(8)

where 𝑥1 [𝑘], 𝑥2 [𝑘], . . . , 𝑥7 [𝑘] are used as identification feature
of other targets in various angles. By calculating the feature
distance between Hu invariant moments of various targets
under different angles and invariant moments of the targets
corresponding to repository, the credibility of the evidence
obtained under a specific angle can be measured. The feature
distance function for the visible images can be expressed as


𝑑𝑂 [𝑘] = 𝑋𝑂 [𝑘] − 𝑅𝑂 .
(9)
For the thermal infrared images, the temperature corresponding to the ambient brightness is denoted by 𝑅T [𝑘].
And the temperature corresponding to the target brightness
is denoted by 𝑋T [𝑘]. By calculating the brightness feature
distance between various targets under different angles and
their corresponding ambient one, the credibility of the
evidence obtained under a specific angle can be measured.
The feature distance function for the thermal infrared images
can be expressed as


𝑑T [𝑘] = 𝑋T [𝑘] − 𝑅T  .
(10)

Because the mapping from distance function to BBA is a
nonlinear mapping and exponential function can reflect this
nonlinear relationship well, the multitarget BBA in this paper
is defined as


𝑚Θ𝑂 (𝐵) [𝑘] = 𝜆 𝑂 [𝑘] exp (− 𝑋𝑂 [𝑘] − 𝑅𝑂) + ]𝑂 [𝑘] ,
1
𝑚ΘT (𝐴) [𝑘] = 𝜆 T [𝑘] exp (− 
 ) + ]T [𝑘] ,
𝑋T [𝑘] − 𝑅T [𝑘]
(11)
where 𝜆 𝑂[𝑘], 𝜆 T [𝑘] are correction factors and ]𝑂[𝑘], ]T [𝑘] are
uncorrelated white Gaussian noise.
2.2. Evidences Combination. The uncertainties in visual
image and thermal image mean that there are some imperfection and misinterpretation data used in the target detection,
which will lead to various mistakes, such as regarding the
interference object as a target, ignoring the target, or confusing the multitarget detection. To reduce the uncertainty
of characterization and improve the robustness of decision
making, evidence from both optical and infrared cameras
over different views should be combined.
There are several rules to combine evidences, such as
the Dempster Combination Rule (DCR) and the Conditional
Update Rule (CUR). Because it is difficult to fuse the conflicting BoEs by DCR [31], the CUR is used in this paper, which
enables one sensor to update its own evidence and exchange
evidence with other sensors without having to expand its FoD
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artificially. The proposed CUR based evidence combination
method is introduced as follows.

If the distance between one evidence and another evidence is
smaller, then the mutual support among them is higher. The
relative degree of confidence of 𝐴 is defined as

2.2.1. The General Conditional Update Rule. In general, the
update rule of 𝜀𝑂[𝑘] is as follows [32]:
𝑚Θ𝑂 (𝐵) [𝑘 + 1] = 𝛼 [𝑘] 𝑚Θ𝑂 (𝐵) [𝑘]
+ ∑ 𝛽 (𝐴) [𝑘] 𝑚ΘT (𝐵 | 𝐴) [𝑘] ,

(12)

Crd𝑂𝑖 =

𝑚Θ𝑂 (𝐵 | 𝐴) =

∑𝐶:𝐶⊆𝐵 𝑚 (𝐶)
Pl (𝐵) − ∑𝑋:𝑋∈𝑙(𝐵) 𝑚 (𝑋)

(13)

− ∑ 𝑚 (𝐶𝐴) ,
𝐶:𝐶⊂𝐵

where 𝑙(𝐵) = {𝑋 ∈ Θ : 𝑋 = 𝐷 ∪ C, ⌀ ≠ 𝐷 ⊆ 𝐴, ⌀ ≠ 𝐶 ⊆ 𝐵 ⊆
𝐴}. If 𝑚(𝐵) = Bel(𝐵), then
𝑚Θ𝑂 (𝐵 | 𝐴) =

𝑚 (𝐴)
Pl (𝐵) − ∑𝑋:𝑋∈𝑙(𝐵) 𝑚 (𝑋)

𝑚 (𝐴)
.
=
𝑚 (𝐴) + Pl (𝐵 − 𝐴)

1/𝑑𝑖 [𝑘]

∑𝑁
𝑗=1

1/𝑑𝑗 [𝑘]

,

𝑤𝑖 =

𝑁

(15)

.

Crd𝑖 =

(Crd𝐼𝑖 + Crd𝑂𝑖 )
.
2

(18)

Thus a new evidence fusion algorithm based on the
concept of comprehensive reliability is proposed to reduce the
subjective factors of CUR. In this paper, the parameter values
of 𝛼 and 𝛽 are defined as
{𝛼 [𝑘] , 𝛽 [𝑘]} = {Crd𝑖 , Crd𝑗 } .

(19)

In the fusion process of heterogeneous image, the types
of evidence which have been updated, respectively, are combined with the order 𝜀Θ [𝑘 + 1] = (𝜀𝑂[𝑘 + 1] ⊲ 𝜀𝑂[𝑘]) ⊲
(𝜀T [𝑘 + 1] ⊲ 𝜀T [𝑘]). The updated weights which considered
the logical importance and reliability of different types of
evidence are calculated by the characteristic distance and
evidence distance.

3. Experiment

where 𝑑𝑖 [𝑘] refers to the feature distance. Let 𝑤𝑖 represent the
degree of support of another evidence, which is defined as
follows:
∑𝑁
𝑗=1 1/𝑑 (𝑑𝑖 [𝑘] , 𝑑𝑗 [𝑘])

(17)

(14)

2.2.2. The Proposed Conditional Update Rule. In the general
fusion process introduced above, the parameter values of
𝛼 and 𝛽 are set artificially. There are some limitations
of this artificial assignment method. The main reason is
that it is difficult to find unity evidence between the two
metrics, which is used to measure the value of the credibility for the heterogeneous information. Furthermore, the
artificial assignment method is short of rigorous reasoning.
To improve the adaptability of the method, a concept of
comprehensive reliability is proposed in this paper where
the credibility of evidence is not only related to its own
credibility in evidence fusion process but also related to the
support of another evidence. In addition, the comprehensive
reliability used in this paper is formulated by distance from
the characterization and evidence that is mentioned in the
evidence modeling process (see Section 2.2). The credibility
of the evidence 𝐴 is denoted by Crd𝐼𝑖 , which is calculated by
Crd𝐼𝑖 =

.

Because both the confidence of evidence itself and the
relative degree of confidence are very important, the comprehensive confidence in this paper is defined as follows:

𝐴⊆ΘT

where 𝜀𝑂[𝑘 + 1] ≡ 𝜀𝑂[𝑘] ⊲ 𝜀T [𝑘], for all 𝑘 ≥ 0; 𝛼[𝑘] +
∑𝐴⊆ΘT 𝛽(𝐴)[𝑘] = 1, for all 𝑘 ≥ 0, and 𝛽(𝐴)[⋅] = 0, for all
𝐴 ∉ IΘ2 [⋅]. 𝑚Θ𝑂 (𝐵 | 𝐴)[𝑘] can be calculated by [33]

𝑤𝑖

∑𝑁
𝑖=1 𝑤𝑖

(16)

To test the performance of the proposed approach, some
experiments are carried out. In these experiments, five cups
with similar shape characteristics are used as the targets. In
these cups, there is some water with different temperatures.
These cups are placed in a complex environment without
sufficient light, where the temperature is changing. So there
are 5 possible target types, identified as 𝜃𝑖 , 𝑖 = 1, 2, . . . , 5,
and 𝜃6 is used to denote any other object. A CCD and a
thermal infrared camera are rotated around the target to
obtain different images. Let 𝛼 denote the incident angle of
sensors to the target. Five visible and thermal infrared images
with the five targets were taken at the angles of 0, 30, 90,
270, and 300 degrees. Figure 2 shows the different perspective
images.
3.1. Establish the BBA for Heterogeneous Images. At first, the
visible images under complex environment are processed by
histogram equalization (see Figure 3). From Figure 3, we can
see that this processing can remove a significant amount of
image noise. But it is still difficult to identify the targets by
only the visible image.
Secondly, an improved Closed-Form Solution (see
Section 2) is used for multitarget extraction under complex
envi-ronments. Figure 4 shows the results of extraction of
different perspectives.
Thirdly, seven Hu invariant moments of visible image in
different perspectives are calculated, respectively. Thus, the
BBA values of the visible images can be obtained by (9) and
(10), which is listed in Table 1 (see 𝜀𝑂(𝛼)).
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23.5∘ C

23.3∘ C

23.3∘ C

23.5∘ C

𝛼=0

𝛼 = 30

𝛼 = 90

𝛼 = 270

𝛼 = 300

Infrared images

23.2∘ C

Figure 2: Thermal infrared and visible images under complex environments from five angles.

(a)

(b)

Figure 3: The histogram equalization for visible image: (a) the original image under complex environment; (b) the image after histogram
equalization.

Table 1: The BBA values of the visible images and the thermal infrared images.
The angle 𝛼
0∘
30∘
90∘
270∘
300∘

𝑚(𝜃1 )

𝑚(𝜃2 )

0.1738
0.1308
0.1596
0.0222
0.1789

0.1465
0.173
0.1286
0.0307
0.1064

𝜀𝑂(𝛼){𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 , 𝜃5 , Θ𝑂}
𝑚(𝜃3 )
𝑚(𝜃4 )
𝑚(𝜃5 )
0.0028
0.0146
0.0007
0.0015
0.0006

0.0014
0.0078
0.0254
0.0026
0.0175

0.1526
0.1821
0.1425
0.0276
0.0863

𝑚(Θ𝑂)

𝑚(𝑇1 )

𝜀𝑇 (𝛼){𝑇1 , 𝑇2 , 𝑇3 , Θ𝑇 }
𝑚(𝑇2 )
𝑚(𝑇3 )

0.5229
0.4917
0.5432
0.9153
0.6104

0.1711
0.207
0.2022
0.2627
0.2197

0.3172
0.3162
0.3162
0.3142
0.3169

0.3219
0.3209
0.3209
0.3213
0.3217

𝑚(Θ𝑇 )
0.1897
0.1559
0.1608
0.1018
0.1424

7

𝛼 = 300

𝛼 = 270

𝛼 = 90

𝛼 = 30

𝛼=0
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𝜃2

𝜃3

𝜃4

𝜃5

Figure 4: The extraction result of improved Closed-Form Solution.

In the same way, the BBA values of the thermal infrared
images are obtained by (10) and (11) (see 𝜀T (𝛼) in Table 1).
Because the thermal infrared camera cannot discern the
targets with the same temperature characteristics, here T1 =
{𝜃1 , 𝜃3 , 𝜃4 }; T2 = {𝜃2 }; and T3 = {𝜃5 }.
3.2. Verify the Proposed Evidence Fusion Method. To reduce
the uncertainty of characterization, evidence from both
the visible and thermal infrared images over different perspectives is combined. The defect data can be chosen to
update evidence from each source individually in different
perspectives or to combine two different types of sources. The
comparison of these two ways of evidence fusion based on
the proposed method in this paper is shown in Figure 5. The
result of evidence fusion based on the proposed method by
optical source or thermal infrared camera individually can be
seen in Figures 5(a) and 5(b), respectively. The characteristics

with uncertain information of visual image are mapped into
𝑚(𝜃𝑖 ), 𝑖 = 1, 2, . . . , 6, while the characteristics with uncertain
information of the thermal image are mapped into 𝑚(T𝑗 ), 𝑗 =
1, 2, 3, 4. By rotating the sensors, the new evidence can update
the existing belief about the multitargets. From Figures 5(a)
and 5(b), we can see that the mass assigned to the total
uncertainty decreases with the process of the iterations and
the support towards the target (namely, 𝜃1 and 𝜃4 ) increases.
To reduce the uncertainty of characterization, evidence from
both the visible and thermal infrared images from different
perspectives is combined. The result of evidence fusion based
on the proposed method by combined information is shown
in Figure 5(c). The decrement of the total uncertainty is more
than that of single sensor, and the support towards target
increases.
To show the performance of the proposed fusion method
(PUR), it is compared with the Dempster Combination Rules
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Figure 5: The comparison of evidence fusion between a source alone and combination of the two different types of sources: (a) evidence
fusion by optical source individually; (b) evidence fusion by thermal infrared camera individually; (c) evidence fusion by both the visible and
thermal infrared images from different perspectives.

Table 2: Update performance evaluation.
The evaluative index
Index A
Index B
Index C

DCR
0.2255
−0.9194∼1
−0.4401∼0.1726

The fusion methods
JUR
LUR
0.0658
0.1235
−0.7869∼4.3333
−0.7923∼3.9167
−0.4063∼0.2486
−0.4108∼0.2641

(DCR) [31], the Jeffrey-like Evidence Update Rules (JUR)
[34], and the Linear Conditions Update Rules (LUR). The
comparison of the BBA values by different update methods
is shown in Figure 6.
In order to evaluate these algorithms more objectively,
three indices are defined:
(1) Index A: the reduction rate of uncertainty after updating five times, which is calculated by 𝑚Θ (Θ)[5];
(2) Index B: the scope of the change rate of the BBA
after disturbance, which is calculated by (𝑚Θ (𝐵)[4] −
𝑚Θ (𝐵)[3])/𝑚Θ (𝐵)[3], 𝐵 = 𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 , 𝜃5 , T1 , T2 ,
T3 , Θ;
(3) Index C: the scope of the recovery rate of the
update results after disturbance and updating the

PUR
0.0617
−0.7566∼4.8333
−0.4009∼0.2803

new evidence, which is calculated by (𝑚Θ (𝐵)[5] −
𝑚Θ (𝐵)[3])/𝑚Θ (𝐵)[3], 𝐵 = 𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 , 𝜃5 , T1 , T2 ,
T3 , Θ.
The three indices obtained by calculating in these experiments are shown in Table 2.
The experimental results in Table 2 and Figure 6 show
that the fusion results by the proposed method conform to the
evidence consistently, when the support degree of evidence
update changes slightly. The support degree of the update
results by the proposed approach is superior to the other
three methods (see the corresponding BBA values of the
five objectives in Table 2). When the support degree of the
evidence changes dramatically, the proposed method in this
paper is the most sensitive to the changes. Furthermore, after
reupdating the new evidence, the result support the original
status. That means, the proposed method can fast recover

9

0.35

0.35

0.3

0.3

0.25

0.25

BBA values

BBA values

Mathematical Problems in Engineering

0.2
0.15

0.2
0.15

0.1

0.1

0.05

0.05

0

1

2

3

4

5

6

7

8

0

9

1

2

3

4

5
Target

Target
Original
Update once
Update twice

Original
Update once
Update twice

Update third
Update fourth

0.3

0.25

0.25

BBA values

BBA values

0.3

0.2
0.15

0.05

0.05
4

5

6

7

8

9

0

1

2

3

Target
Original
Update once
Update twice

8

9

0.15

0.1

3

9

0.2

0.1

2

8

(b)
0.35

1

7

Update third
Update fourth

(a)
0.35

0

6

Update third
Update fourth

4

5
Target

Original
Update once
Update twice

(c)

6

7

Update third
Update fourth
(d)

Figure 6: BBA values by various update methods: (a) evidence updates of Dempster’s combination; (b) evidence updates of Jeffrey-like rules;
(c) evidence updates of linearization condition; (d) evidence updates of proposed method.

BBAs to the Values before a dramatic change. This means
that the proposed approach can conquer the influence of
the abnormal evidence on the update results to improve its
accuracy.
From Figure 6, we can see that although DCR can track
and reflect the influence of changes in evidence on the
result, the uncertainty after updating increases. The update
results of JUR are only related to the new evidence rather
than the original evidence, so its uncertainty reflects the
conclusion contrary to the intuition. The LUR methods
are relatively reasonable, while the selection of evidence

combination weight should be the optimal in accordance with
the experience after several tests, which is restricted in real
application. The proposed method in this paper is obviously
superior to the other methods, especially in the situation that
the BBA of the evidence changes significantly.

4. The Conclusion
The multiple targets detection under complex environment is
investigated in this paper. To deal with this problem, a new
multitarget detection approach based on thermal infrared
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and visible images fusion is proposed. In the proposed
approach, a feature distance based BBA of heterogeneous
images is presented and a new update rule of evidence is
proposed. The proposed approach can improve the distinguished ability of the several objectives and the detection
correctness. The results of the simulation experiments show
that the proposed approach in this paper can reduce the
uncertainty of the objectives detection significantly and
reflect the abnormality in the update process in a timely and
correct manner. Furthermore, the proposed approach can
reduce the influence of the unreasonable evidence on the
update results.
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This paper deals with the convergence of a remote iterative learning control system subject to data dropouts. The system is composed
by a set of discrete-time multiple input-multiple output linear models, each one with its corresponding actuator device and its sensor.
Each actuator applies the input signals vector to its corresponding model at the sampling instants and the sensor measures the output
signals vector. The iterative learning law is processed in a controller located far away of the models so the control signals vector has
to be transmitted from the controller to the actuators through transmission channels. Such a law uses the measurements of each
model to generate the input vector to be applied to its subsequent model so the measurements of the models have to be transmitted
from the sensors to the controller. All transmissions are subject to failures which are described as a binary sequence taking value 1
or 0. A compensation dropout technique is used to replace the lost data in the transmission processes. The convergence to zero of
the errors between the output signals vector and a reference one is achieved as the number of models tends to infinity.

1. Introduction
Iterative learning control (ILC) strategies have been broadly
used in many industrial applications, for instance in manufacturing, robotics, or chemical processes, to improve the
performance of systems which executes the same task multiple times [1–5]. In the past years, such control strategies have
been also applied to improve the performance of closed-loop
discrete-time control systems where the controller device is
sited far away from the set composed by the process to be
controlled, its actuator, and its sensor. On the one hand, these
systems require the transmission of the control signals from
the controller to the actuator in order to apply the control
action to the process at each sampling time. On the other
hand, the output measurements have to be transmitted at
each sampling time from the sensor to the controller for synthesizing the control signals by using the information of the
output of the process. Unfortunately, such transmissions are

susceptible to suffering eventual failures due to several causes
as punctual disconnections or intermittent data dropouts and
delays appearing as a consequence of the limited bandwidth
of the communication channels or by the presence of uncertainties and noises in such channels [6, 7]. These failures cause
the deterioration of the performance in the control system
dynamics and potential instability. Such data dropouts and
delays happen mainly when the transmission channels are
used by several control systems working simultaneously and,
also, in cases of large interconnected systems which need to
have coupled information for control purposes [8, 9]. In such
a context, a possibility to circumvent such difficulties is to
consider several copies of the set composed by the process,
actuator, and sensor for applying the control action several
times at each sampling instant. Each one of these copies
refers to an iterative model. This alternative is interesting for
instance when the process to be controlled is implemented in
a computer, so it is available to dispose several copies of it,

2
and the controller is developed either in another computer or
in an analog device sited far away from the process location
[10].
All the iterative models are running simultaneously
during the finite time interval for executing a certain task.
However, the control signals vector is applied to each iterative
model in a sequential way within each intersampling period.
Namely, the control vector corresponding to the 𝑘th iterative
model is synthesized after the controller has received the
measurements vector from the sensor corresponding to the
precedent (𝑘 − 1)th iterative model. Later, such a control
vector is transmitted to the actuator of the 𝑘th iterative model
to be applied to this model and finally its sensor sends the
output signals vector to the controller in order to synthesize
the control signals vector for the subsequent (𝑘 + 1)th
iterative model. Later such a cycle is repeated for the (𝑘 + 1)th
iterative model and so on. In this context, ILC strategies are
a good choice to synthesize the control signals vector to be
applied to the set of iterative models of the system since
they use the information about the output errors vector of
each iteration model to modify the input signals vector to be
applied to the subsequent one. In such a way, the accuracy
of the system can be improved if a reference model tracking
is required. Obviously, the number of iterative models has
to be appropriately chosen such that all the iterative models
are run within each intersampling time period. Furthermore,
the actuator of the 𝑘th iterative model cannot update the
control signals vector applied to such model in a realistic
situation, with presence of failures in the transmissions at
certain sampling instants, when there is a data dropout in
the communication channel from the controller to such an
actuator, which implies a deterioration in their performance.
The same undesirable result in the performance of the 𝑘th
iterative model occurs when there is a data dropout in the
transmission channel which links the sensor of the (𝑘 − 1)th
iterative model with the controller. In both situations, the
controller cannot use the measurements vector of the (𝑘 −
1)th iterative model to synthesize the control signals vector
to be applied to the 𝑘th iterative model. The performance
deterioration caused by such transmission failures can be
compensated by replacing the lost datum corresponding to
the 𝑘th iterative model, that is, the control signals vector of
𝑘th iterative model or the measurements vector of the (𝑘 − 1)iterative model, by that corresponding to the precedent (𝑘 −
1)th iterative model, that is, the control vector of (𝑘 − 1)th
iterative model or the measurements vector of the (𝑘 − 2)iterative model, respectively [11–13].
This paper studies the output error convergence of an
ILC system, composed of a set of discrete linear and timeinvariant models with their actuators and sensors and a
remote control device, under potential data missing caused
by transmission failures. Such failures, those from the sensors
to the controller as well as those from the controller to the
actuators, are distributed as among the iterative models as
during the time interval which lasts a complete execution of
a task by the system. The study proposes a new data dropouts
compensation algorithm to guarantee the convergence to
zero of the tracking error as the number of iterative models
tends to infinity. Such an algorithm is an extension of those
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proposed in [11, 12]. This paper studies the presence of data
dropouts in the transmission from the controller to the actuators
as well as from the sensors to the controller. In this sense,
the algorithm proposed in [11] only considers transmission
failures from the controller to the actuators while that in
[12] only considers failures in the transmissions from the
sensors to the controller. Moreover, the dropout compensation technique proposed in such papers replaces the lost
datum of the 𝑘th iterative model by that corresponding to
the precedent iterative model at the same sampling instant.
As a consequence, such algorithms can give place to a
defective behaviour if two consecutive iterative models fail
at the same sampling time. In this sense, this paper considers
replacing the lost datum with that corresponding to one of
the precedent models. Concretely, the algorithm takes the
datum corresponding to the closest iterative model to the
current one without failure at such a sampling instant. In
this way, the behaviour of the system can be improved in
the eventual case of several consecutive transmission failures
in a set of consecutive iterative models. The main aim of
the paper is the proof of convergence of the ILC system with
such a dropout compensation algorithm. Also, a simulation
example illustrates the behaviour of the system with such an
algorithm and a comparison with the algorithm proposed in
[11] is provided.

2. Problem Statement
2.1. System Scheme with the Set of Iterative Models. Consider
an ILC system composed by a set of 𝑞 discrete-time linear
time-invariant models described by
𝑥𝑘 (𝑡 + 1) = 𝐴𝑥𝑘 (𝑡) + 𝐵̃
𝑢𝑘 (𝑡) ;
𝑢𝑘 (𝑡) ,
𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) + 𝐷̃

(1)

where 𝑥𝑘 (𝑡), 𝑢̃𝑘 (𝑡), and 𝑦𝑘 (𝑡) are the state, control, and
output vectors of respective dimensions 𝑛, 𝑚, and 𝑝, with
max{𝑚, 𝑝} ≤ 𝑛, of each 𝑘th model. The matrices 𝐴, 𝐵,
𝐶, and 𝐷 are of orders being compatible with the respective dimensions of the above vectors. The subscript 𝑘 ∈
{0, 1, 2, . . . , 𝑞 − 1} and the discrete argument 𝑡 ∈ [0, 𝑇] ∩
N0 with N0 = N ∩ {0} for some integer 𝑇 (defining the
horizon size) run, respectively, for the set of models and
for the set of sampling instants (i.e., for the discrete time).
Each 𝑘th model is equipped with an actuator and a sensor.
The actuator receives from the remote controller a set of
control signals vectors at each sampling time instant, each one
through a different communication channel, and it chooses
one of them, namely, 𝑢̃𝑘 (𝑡), to be applied to its corresponding
model. This redundancy augments the probability that each
actuator receives an actualized control signals vector at each
sampling time when all of the transmissions are subject to
data dropouts due to the unreliability of the communications.
Each sensor measures the outputs vector of its corresponding
model and sends such measurements to the controller which
generates the control signals vectors to be transmitted to the
actuators. Also, such transmissions are subject to failures.
The potential presence of data dropouts in the transmission of signals, from the controller to the actuators as well
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Figure 1: Scheme of the control system.

as from the sensors to the controller, motivates the use of a
platform of several identical models described by (1) instead
of an only one. Although all of such models possess the
same dynamics, their time evolution will be different as a
consequence of the presence of dropouts and the algorithm
to compensate it. In this sense the ILC law calculates the
input signal vector to be applied to the 𝑘th iterative model
by modifying that corresponding to the precedent (𝑘 − 1)th
iterative model with an additional term being proportional
to the tracking errors vector associated to the later iterative
model. Such tracking errors are computed for each iterative
model by comparison of the iterative model outputs vector
with a reference signals vector being obtained from a discretetime dynamic model defined by
𝑥𝑑 (𝑡 + 1) = 𝐴𝑥𝑑 (𝑡) + 𝐵𝑢𝑑 (𝑡) ;
𝑦𝑑 (𝑡) = 𝐶𝑥𝑑 (𝑡) + 𝐷𝑢𝑑 (𝑡) ,

(2)

where 𝑥𝑑 (𝑡), 𝑢𝑑 (𝑡), and 𝑦𝑑 (𝑡) are the reference model state,
input, and output vectors of respective dimensions 𝑛, 𝑚, and
𝑝. In order that the model is BIBO-stable, it is assumed
that the reference inputs vector 𝑢𝑑 (𝑡) is bounded for all time
and that 𝐴 is a stable matrix; that is, all its eigenvalues are
inside the open unit complex circle. The scheme of the control
system is displayed in Figure 1.
The paper addresses the output convergence of the system
as the number of iterative models tends to infinity under the
assumptions that the actuator can miss data from the remote
controller while the controller can miss data from the output
sensors. The output convergence requires the compensation
of both types of data dropouts. The control scheme takes into
account the following features.
(a) The actuator associated to the 𝑘th iterative model
receives its corresponding control signals vector 𝑢𝑘 (𝑡)
as well as those corresponding to its precedent iterative models, namely, 𝑢𝑖 (𝑡) for 𝑖 ∈ {0, 1, . . . , 𝑘 − 1}, from

the remote controller at the current sampling instant.
Each one of these vectors is transmitted through a
different communication channel from the controller
to the actuator. Such an actuator applies the control
vector 𝑢𝑘 (𝑡) to such an iterative model if it has been
transmitted without failure. Otherwise, the control
vector corresponding to the closest precedent iterative
model to the current one which has been received
without transmission failure is used to replace the lost
one.
(b) The remote controller requires the output measurements vector of each iterative model in order to
synthesize the control signals vector of the subsequent iterative model at the current sampling instant.
Namely, the controller needs the output measurements vector 𝑦𝑘−1 (𝑡) of the (𝑘 − 1)th iterative model
to calculate the control vector 𝑢𝑘 (𝑡) corresponding to
the 𝑘th one. In this context, the controller can miss
data due to transmission failures from the sensors
providing such output measurements vectors. In such
a situation, the replacement of the missed output
data with alternative ones is required. In that case,
the controller replaces the lost output measurements
vector, namely, 𝑦𝑘−1 (𝑡), by that corresponding to
the closest precedent iterative model whose output
measurements vector was appropriately transmitted,
namely, 𝑦𝑘−2 (𝑡), if it has been transmitted from its
sensor to the controller without failure, otherwise,
𝑦𝑘−3 (𝑡) and so on.
(c) All the iterative models potentially suffer from transmission failures in their communication channels
from the controller to the actuator and/or from the
sensor to the controller. Such failures are distributed
within the time interval [0, 𝑇] for the execution of
a task. In this context, the scalar variables 𝛼𝑘,𝑗 (𝑡)
and 𝛽𝑘 (𝑡), for 𝑡 ∈ [0, 𝑇], 𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1},
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and 𝑗 ∈ {0, 1, . . . , 𝑘}, taking values 0 or 1, which
are mutually uncorrelated, are used to denote these
failures. The value 1 means that the corresponding
signal has been transmitted without failure while 0
implies the contrary.
(d) The data are missed or not from the sensors to the
controller and from the controller to the actuators
independently of each other.

2.2. Design of the Remote Controller for Compensating the
Presence of Dropouts. An ILC law is implemented in the
remote controller in order to compensate the data dropouts.
Such a control law is given by the following equations:
𝑢𝑘+1 (𝑡) = 𝑢𝑘 (𝑡) + Γ (𝑡) 𝑒̃𝑘 (𝑡)

transmission failure. Note that, at most, only one of the blocks
of 𝑉𝑘 (𝑡) can be equal to 𝐼𝑝 at each sampling instant while the
other ones are zero. Also, if all of such blocks are zero then
the controller uses the error signals vector of the 𝑘th iterative
model at the previous sampling instant, that is, 𝑒̃𝑘 (𝑡 − 1), for
generating the control signals vector 𝑢𝑘+1 (𝑡).
The actuator associated with the 𝑘th iterative model can
receive several control vectors from the controller, each one
through a different transmission channel. They can be com𝑇
𝑇
(𝑡) ⋅ ⋅ ⋅ 𝑢1𝑇 (𝑡) 𝑢0𝑇 (𝑡)]
pactly written as 𝑢𝑘 (𝑡) = [𝑢𝑘𝑇 (𝑡) 𝑢𝑘−1
for 𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1}. The actuator applies the control
given by
𝑢̃𝑘 (𝑡) = Δ 𝑘 (𝑡) 𝑢𝑘 (𝑡)

for 𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1} ,
(3)

where 𝑞 is the number of iterative models, 𝑢0 (𝑡) ∈ R𝑚×1 , for
all 𝑡 ∈ [0, 𝑇], is a free-design control signals vector to the first
iterative model in the ILC scheme, Γ(𝑡) ∈ R𝑚×𝑝 is a learning
gain matrix, and
𝑘

𝑖=0

(4)
with
𝑇

∈ R𝑝(𝑘+1)×1 ,

(5)

𝑉𝑘 (𝑡) = [𝑉𝑘,1 (𝑡) 𝑉𝑘,2 (𝑡) ⋅ ⋅ ⋅ 𝑉𝑘,𝑘 (𝑡) 𝑉𝑘,𝑘+1 (𝑡)]
∈ R𝑝×𝑝(𝑘+1) ,
𝑗−2

where 𝑉𝑘,1 (𝑡) = 𝛽𝑘 (𝑡)𝐼𝑝 and 𝑉𝑘,𝑗 (𝑡) = (∏𝑖=0 (1 −
𝛽𝑘−𝑖 (𝑡)))𝛽𝑘−𝑗+1 (𝑡)𝐼𝑝 , for 𝑗 ∈ {2, 3, . . . , 𝑘 + 1}, 𝐼𝑝 is the 𝑝th
order identity matrix, and 𝛽𝑖 (𝑡), for 𝑖 ∈ {0, 1, . . . , 𝑘 − 1, 𝑘}, are
the scalar variables taking values 0 or 1, as it was described in
feature (c) of the previous subsection, which indicate whether
a transmission failure between the sensor of the 𝑖th iterative
model and the controller has occurred (𝛽𝑖 (𝑡) = 0) or not
(𝛽𝑖 (𝑡) = 1) at the sampling instant 𝑡. If the value of 𝛽𝑘 (𝑡) is
1 then the first block of 𝑉𝑘 (𝑡) is 𝑉𝑘,1 (𝑡) = 𝐼𝑝 while the other
ones are zero. It means that the measurement signals vector of
the 𝑘th iterative model, namely, 𝑦𝑘 (𝑡), has been appropriately
transmitted from the sensor of such a model to the controller
and then 𝑒𝑘 (𝑡) = 𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡) ∈ R𝑝×1 , which is the error
signals vector, is available to be used in the calculation of the
control signals vector of the subsequent (𝑘 + 1)th iterative
model. Otherwise, such a datum has not been received by the
controller and then the controller has to replace such a lost
datum by another one corresponding to one of the precedent
iterative models without transmission failure between its
sensor and the controller. From the construction of 𝑉𝑘 (𝑡),
such an alternative measurements vector corresponds to the
closest precedent iterative model to the current one without

(6)

𝑖=0

with
Δ 𝑘 (𝑡) = [Δ 𝑘,1 (𝑡) Δ 𝑘,2 (𝑡) ⋅ ⋅ ⋅ Δ 𝑘,𝑘 (𝑡) Δ 𝑘,𝑘+1 (𝑡)]
∈ R𝑚×(𝑘+1)𝑚 ,

𝑒̃𝑘 (𝑡) = 𝑉𝑘 (𝑡) 𝑒𝑘 (𝑡) + (∏ (1 − 𝛽𝑘−𝑖 (𝑡))) 𝑒̃𝑘 (𝑡 − 1) ∈ R𝑝×1

𝑇
𝑒𝑘 (𝑡) = [𝑒𝑘𝑇 (𝑡) 𝑒𝑘−1
(𝑡) ⋅ ⋅ ⋅ 𝑒1𝑇 (𝑡) 𝑒0𝑇 (𝑡)]

𝑘

+ (∏ (1 − 𝛼𝑘,𝑘−𝑖 (𝑡))) 𝑢̃𝑘 (𝑡 − 1) ∈ R𝑚×1

𝑗−2

(7)

where Δ 𝑘,1 (𝑡) = 𝛼𝑘,𝑘 (𝑡)𝐼𝑚 , Δ 𝑘,𝑗 (𝑡) = (∏𝑖=0 (1 −
𝛼𝑘,𝑘−𝑖 (𝑡)))𝛼𝑘,𝑘−𝑗+1 (𝑡)𝐼𝑚 for 𝑗 ∈ {2, 3, . . . , 𝑘 + 1}, 𝐼𝑚 is the 𝑚th
order identity matrix, and 𝛼𝑘,𝑖 (𝑡), for 𝑖 ∈ {0, 1, . . . , 𝑘 − 1, 𝑘},
are scalar variables taking values 0 or 1 as those described in
feature (c) of the previous subsection. If the value of 𝛼𝑘,𝑖 (𝑡) is
1 it means that the control vector 𝑢𝑖 (𝑡) has been appropriately
transmitted from the controller to the actuator of the 𝑘th
iterative model at the current sampling instant. From the
construction of Δ 𝑘 (𝑡) the control vector 𝑢𝑘 (𝑡) is used as
input for the 𝑘th iterative model if it has been appropriately
transmitted from the controller to the actuator, that is, if
𝛼𝑘,𝑘 (𝑡) = 1. Otherwise, such a datum has not been received
by the actuator and then the actuator has to apply to the 𝑘th
iterative model another input vector. From the construction
of Δ 𝑘 (𝑡), such an input vector is the control vector of the
closest precedent iterative model to the current one without
transmission failure through the channel which carries such
a control vector from the controller to the actuator of the 𝑘th
iterative model.
Note that if the control signals vector corresponding
to the 𝑘th iterative model, namely, 𝑢𝑘 (𝑡), is transmitted
without failure from the controller to the 𝑘th actuator and the
measurements vector of the (𝑘 − 1)th iterative model, namely,
𝑦𝑘−1 (𝑡), is transmitted without failure from the (𝑘−1)th sensor
to the controller at the sampling instant 𝑡, that is, 𝛼𝑘,𝑘 (𝑡) =
𝛽𝑘−1 (𝑡) = 1, then one gets from (3)–(7) that the control
vector applied to the 𝑘th iterative model at such a sampling
instant is 𝑢̃𝑘 (𝑡) = 𝑢𝑘 (𝑡) = 𝑢𝑘−1 (𝑡) + Γ(𝑡)𝑒𝑘−1 (𝑡). If the control
signal corresponding to the 𝑘th iterative model fails in the
transmission from the controller to the 𝑘th actuator but that
corresponding to the (𝑘 − 1)th one is well transmitted at the
sampling instant 𝑡, that is, 𝛼𝑘,𝑘 (𝑡) = 0 and 𝛼𝑘,𝑘−1 (𝑡) = 1,
then 𝑢̃𝑘 (𝑡) = 𝑢𝑘−1 (𝑡) = 𝑢𝑘−2 (𝑡) + Γ(𝑡)𝑒𝑘−2 (𝑡) provided that
𝛽𝑘−2 (𝑡) = 1; that is, the measurements vector corresponding
to the (𝑘 − 2)th iterative model is transmitted without failure
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from the (𝑘 − 2)th sensor to the controller. Otherwise, the
output measurement vector corresponding to the (𝑘 − 3)th
iterative model will be used if it is transmitted without
failure from the (𝑘 − 3)th sensor to the controller, that is, if
𝛽𝑘−3 (𝑡) = 1 and so on. Finally, if all the transmissions from
the controller to the 𝑘th actuator fail simultaneously at the
sampling instant 𝑡 then 𝑢̃𝑘 (𝑡) = 𝑢̃𝑘 (𝑡 − 1); that is, the actuator maintains the control vector of the previous sampling
instant.

Proof. (i) From (1) and (2), one obtains that
𝛿𝑥𝑘 (𝑡) ≜ 𝑥𝑑 (𝑡) − 𝑥𝑘 (𝑡)
= 𝐴𝛿𝑥𝑘 (𝑡 − 1)
+ 𝐵 (𝑢𝑑 (𝑡 − 1) − Δ 𝑘 (𝑡 − 1) 𝑢𝑑,𝑘 (𝑡 − 1))
+ 𝐵Δ 𝑘 (𝑡 − 1) 𝛿𝑢𝑘 (𝑡 − 1)

Remark 1. From a practical viewpoint, the scheme of
Figure 1 can be simplified such that the actuator corresponding to the 𝑘th iterative model potentially receives
a set of 𝑝 control signals vectors, namely, 𝑢𝑘 (𝑡) =

= 𝐴𝛿𝑥𝑘 (𝑡 − 1) + 𝑔𝛼,𝑘 (𝑡 − 1) 𝑢𝑑 (𝑡 − 1)
+ 𝐵Δ 𝑘 (𝑡 − 1) 𝛿𝑢𝑘 (𝑡 − 1)

𝑇

𝑇
𝑇
𝑇
[𝑢𝑘𝑇 (𝑡) 𝑢𝑘−1
(𝑡) ⋅ ⋅ ⋅ 𝑢𝑘−𝑝+2
(𝑡) 𝑢𝑘−𝑝+1
(𝑡)] , instead of 𝑢𝑘 (𝑡) =
𝑇

𝑇
(𝑡) ⋅ ⋅ ⋅ 𝑢1𝑇 (𝑡) 𝑢0𝑇(𝑡)] if 𝑘 ≥ 𝑝 − 1. Otherwise, it
[𝑢𝑘𝑇 (𝑡) 𝑢𝑘−1
potentially receives the set of 𝑘 + 1 control signals vector as
it has been explained in the main text. Then, the number of
communication channels between the controller and all the
actuators of the ILC system is (𝑝(𝑝 − 1)/2) + (𝑞 − 𝑝 + 1)𝑝 while
there are 𝑞 channels for the transmissions from the sensors to
the controller. Thus, the total number of transmissions in the
system within the time period 𝑡 ∈ [0, 𝑇] is 𝑛𝑡 = ((𝑝(𝑝−1)/2)+
(𝑞 − 𝑝 + 1)𝑝 + 𝑞)(𝑇 + 1).

3. Convergence Analysis of the Output Errors
The following result is concerned with the convergence of the
output errors 𝑒𝑘 (𝑡) to zero as 𝑘 tends to infinity for all 𝑡 ∈
[0, 𝑇].
Theorem 2. Assume the following.
(a) 𝑥𝑘 (0) = 𝑥𝑑 (0) for all 𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1}.
(b) At least one of the scalar variables 𝛼𝑘,𝑖 (𝑡) and at least
one of those 𝛽𝑗 (𝑡), for any 𝑖, 𝑗 ∈ {𝑘, 𝑘 − 1, . . . , 𝑘 − 𝑝 + 1},
are 1 at each sampling time instant for 𝑘 ≥ 𝑝 − 1 with
𝑝 being a large enough integer number.
(c) Each 𝑘th iterative model, for 𝑘 ∈ {0, 1, 2, . . . , 𝑞 −
1}, suffers at most one dropout in its actuator at the
sampling instant 𝑡𝛼,𝑘 ∈ [0, 𝑇] because of 𝛼𝑘,𝑘 (𝑡𝛼,𝑘 ) = 0
and another one in its sensor at 𝑡𝛽,𝑘 ∈ [0, 𝑇]; that is,
𝛽𝑘 (𝑡𝛽,𝑘 ) = 0.

(8)

− 𝐵𝑔𝛼,𝑘 (𝑡 − 1) 𝑢̃𝑘 (𝑡 − 2)

− 𝐵𝑔𝛼,𝑘 (𝑡 − 1) 𝑢̃𝑘 (𝑡 − 2) ,
where 𝑔𝛼,𝑘 (𝑡) = ∏𝑘𝑖=0 (1 − 𝛼𝑘,𝑖 (𝑡)) and 𝛿𝑢𝑘 (𝑡) ≜ 𝑢𝑑,𝑘 (𝑡) −
𝑇

𝑇
𝑢𝑘 (𝑡) = [𝛿𝑢𝑘𝑇 (𝑡) 𝛿𝑢𝑘−1
(𝑡) ⋅ ⋅ ⋅ 𝛿𝑢1𝑇 (𝑡) 𝛿𝑢0𝑇 (𝑡)] with 𝑢𝑑,𝑘 (𝑡) =
𝑇

[𝑢𝑑𝑇 (𝑡) 𝑢𝑑𝑇(𝑡) ⋅ ⋅ ⋅ 𝑢𝑑𝑇 (𝑡) 𝑢𝑑𝑇 (𝑡)] ∈ R𝑚(𝑘+1)×1 . Moreover, the
fact that Δ 𝑘 (𝑡 − 1)𝑢𝑑,𝑘 (𝑡 − 1) = 0 if 𝑔𝛼,𝑘 (𝑡) = 1 and Δ 𝑘 (𝑡 −
1)𝑢𝑑,𝑘 (𝑡 − 1) = 𝑢𝑑 (𝑡 − 1) if 𝑔𝛼,𝑘 (𝑡) = 0 has been used.
In this sense, note that 𝑔𝛼,𝑘 (𝑡) only takes two values, namely,
𝑔𝛼,𝑘 (𝑡) = 1 if all the transmissions from the controller to the
actuator of the 𝑘th iterative model fail at the sampling instant
𝑡 and otherwise; that is, if at least one of such transmissions
is successful then 𝑔𝛼,𝑘 (𝑡) = 0. By proceeding recursively from
(8),
𝛿𝑥𝑘 (𝑡)
𝑡−1

= ∑ 𝐴𝑡−1−𝑗 𝐵
× [Δ 𝑘 (𝑗) 𝛿𝑢𝑘 (𝑗) + 𝑔𝛼,𝑘 (𝑗) (𝑢𝑑 (𝑗) − 𝑢̃𝑘 (𝑗 − 1))] ,

where the fact that 𝛿𝑥𝑘 (0) = 0𝑛×1 ∈ R𝑛×1 has been used. By
using (9), one obtains
𝑒𝑘 (𝑡)
= 𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡)
𝑡−1

Then, the following properties hold.
(i) 𝛿𝑢𝑘 (𝑡) ≜ 𝑢𝑑 (𝑡) − 𝑢𝑘 (𝑡) → 0 as 𝑘 → ∞ ∀𝑡 ∈ [0, 𝑇]
provided that Γ(𝑡) is chosen such that ‖𝐼𝑚 − Γ(𝑡)𝐷‖ < 1
and ‖Γ(𝑡)𝐷‖ < 1/3 ∀𝑡 ∈ [0, 𝑇].
(ii) 𝑒𝑘 (𝑡) → 0 as 𝑘 → ∞ for all 𝑡 ∈ [0, 𝑇].

(9)

𝑗=0

= 𝐶∑ 𝐴𝑡−1−𝑗 𝐵
𝑗=0

× [Δ 𝑘 (𝑗) 𝛿𝑢𝑘 (𝑗) + 𝑔𝛼,𝑘 (𝑗) (𝑢𝑑 (𝑗) − 𝑢̃𝑘 (𝑗 − 1))]
+ 𝐷 [Δ 𝑘 (𝑡) 𝛿𝑢𝑘 (𝑡) + 𝑔𝛼,𝑘 (𝑡) (𝑢𝑑 (𝑡) − 𝑢̃𝑘 (𝑡 − 1))]
𝑡−1

= 𝐶∑ 𝐴𝑡−1−𝑗 𝐵
𝑗=0
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𝑘

× [∑Δ 𝑘,𝑘−𝑖+1 (𝑗) 𝛿𝑢𝑖 (𝑗) + 𝑔𝛼,𝑘 (𝑗) (𝑢𝑑 (𝑗) − 𝑢̃𝑘 (𝑗 − 1))]
𝑖=0

𝑘

𝑘

∑ ∏ (1 − 𝛽𝑗 (𝑡)) 𝛽𝑖 (𝑡) 𝑒𝑖 (𝑡)
𝑖=0 𝑗=𝑖+1

𝑘

+ 𝐷 [∑Δ 𝑘,𝑘−𝑖+1 (𝑡) 𝛿𝑢𝑖 (𝑡) + 𝑔𝛼,𝑘 (𝑡) (𝑢𝑑 (𝑡) − 𝑢̃𝑘 (𝑡 − 1))] .

𝑘

=

𝑖=0

𝑘

∏ (1 − 𝛽𝑗 (𝑡)) 𝛽𝑖 (𝑡) 𝑒𝑖 (𝑡)

∑

𝑖=𝑘−𝑝+1 𝑗=𝑖+1

(10)

From (3), (4), and (10), it follows that

(13)

𝑘−𝑝

for all 𝑘 ≥ 𝑝 − 1 have been applied since ∑𝑖=0 ∏𝑘𝑗=𝑖+1 (1 −
𝑘−𝑝

𝛼𝑘,𝑗 (𝑡))𝛼𝑘,𝑖 (𝑡)𝛿𝑢𝑖 (𝑡) = 0 and ∑𝑖=0 ∏𝑘𝑗=𝑖+1 (1 − 𝛽𝑗 (𝑡))𝛽𝑖 (𝑡)𝑒𝑖 (𝑡) =
0 in view of such an assumption. Moreover, it follows that

𝛿𝑢𝑘+1 (𝑡) = 𝛿𝑢𝑘 (𝑡) − Γ (𝑡) 𝑉𝑘 (𝑡) 𝑒𝑘 (𝑡)
− Γ (𝑡) 𝑔𝛽,𝑘 (𝑡) 𝑒𝑘 (𝑡 − 1)
𝑘

= 𝛿𝑢𝑘 (𝑡) − Γ (𝑡) ∑𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝑒𝑖 (𝑡)

(11)

𝛿𝑢𝑘+1 (𝑡)
= (𝐼𝑚 − 𝛽𝑘 (𝑡) 𝛼𝑘,𝑘 (𝑡) Γ (𝑡) 𝐷) 𝛿𝑢𝑘 (𝑡)

𝑖=0

𝑡−1

− Γ (𝑡) 𝑔𝛽,𝑘 (𝑡) 𝑒𝑘 (𝑡 − 1) ,

− Γ (𝑡) 𝐶𝛽𝑘 (𝑡) ∑ 𝐴𝑡−1−𝑗 𝐵𝛼𝑘,𝑘 (𝑗) 𝛿𝑢𝑘 (𝑗)
𝑗=0

∏𝑘𝑖=0 (1

where 𝑔𝛽,𝑘 (𝑡) =
obtains that

− 𝛽𝑘−𝑖 (𝑡)). From (10) and (11), one

(14)

𝑘−1

− Γ (𝑡) 𝛽𝑘 (𝑡) 𝐷 ∑ Δ 𝑘,𝑘−𝑖+1 (𝑡) 𝛿𝑢𝑖 (𝑡)
𝑖=𝑘−𝑝+1

𝑘−1

− Γ (𝑡) ∑ 𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝐷

𝛿𝑢𝑘+1 (𝑡)

𝑖=𝑘−𝑝+1

𝑘

= 𝛿𝑢𝑘 (𝑡) − Γ (𝑡) ∑ 𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝑒𝑖 (𝑡)

𝑖

× ( ∑ Δ 𝑖,𝑖−ℓ+1 (𝑡) 𝛿𝑢ℓ (𝑡))

𝑖=𝑘−𝑝+1

ℓ=𝑖−𝑝+1

= 𝛿𝑢𝑘 (𝑡) − Γ (𝑡)
×

𝑘

𝑖

𝑖=𝑘−𝑝+1

ℓ=𝑖−𝑝+1

∑ 𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝐷 ( ∑ Δ 𝑖,𝑖−ℓ+1 (𝑡) 𝛿𝑢ℓ (𝑡))

ℓ=𝑖−𝑝+1

𝑖=𝑘−𝑝+1

𝑖=𝑘−𝑝+1

𝑖=𝑘−𝑝+1

𝑗=0

𝑗=0

𝑘−1

− Γ (𝑡) ∑ 𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝐶
𝑖

𝑘−1

− Γ (𝑡) ∑ 𝑉𝑘,𝑘−𝑖+1 (𝑡) 𝐶

𝑘

𝑡−1

𝑡−1

− Γ (𝑡) 𝛽𝑘 (𝑡) 𝐶 ( ∑ 𝐴𝑡−1−𝑗 𝐵 ∑ Δ 𝑘,𝑘−𝑖+1 (𝑗) 𝛿𝑢𝑖 (𝑗))

𝑡−1

𝑖

𝑗=0

ℓ=𝑖−𝑝+1

× ( ∑𝐴𝑡−1−𝑗 𝐵 ∑ Δ 𝑖,𝑖−ℓ+1 (𝑗) 𝛿𝑢ℓ (𝑗)) ,

× ( ∑𝐴𝑡−1−𝑗 𝐵 ∑ Δ 𝑖,𝑖−ℓ+1 (𝑗) 𝛿𝑢ℓ (𝑗))

(15)
(12)

for any 𝑘 ≥ 𝑝 − 1, where the facts that 𝑔𝛼,𝑘 (𝑗) = 0, for all
𝑗 ∈ {0, 1, . . . , 𝑡}, and 𝑔𝛽,𝑘 (𝑡) = 0 in view of assumption (b),
and also

where the facts that Δ 𝑘,1 (𝑡) = 𝛼𝑘,𝑘 (𝑡)𝐼𝑚 and 𝑉𝑘,1 (𝑡) = 𝛽𝑘 (𝑡)𝐼𝑝
have been used. Such an expression holds for all 𝑡 ∈ [0, 𝑇] so
that one can obtain by taking norms in (14)

2𝑝−2
𝑘

𝑘

∑ ∏ (1 − 𝛼𝑘,𝑗 (𝑡)) 𝛼𝑘,𝑖 (𝑡) 𝛿𝑢𝑖 (𝑡)

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝛿𝑈𝑘 + ∑ 𝑁𝑘,𝑘−𝑖 𝛿𝑈𝑘−𝑖 ,

(16)

𝑖=1

𝑖=0 𝑗=𝑖+1

=

𝑘

∑

𝑘

∏ (1 − 𝛼𝑘,𝑗 (𝑡)) 𝛼𝑘,𝑖 (𝑡) 𝛿𝑢𝑖 (𝑡) ,

𝑖=𝑘−𝑝+1 𝑗=𝑖+1

where 𝛿𝑈𝑖 = [‖𝛿𝑢𝑖 (𝑇)‖ ‖𝛿𝑢𝑖 (𝑇−1)‖ ⋅ ⋅ ⋅ ‖𝛿𝑢𝑖 (1)‖ ‖𝛿𝑢𝑖 (0)‖]𝑇
for 𝑖 ∈ {0, 1, 2, . . . , 𝑘 + 1} and
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𝑚𝑘,𝑘 (𝑇, 𝑇 − 1) 𝜌 (𝑇, 0)
𝐼𝑚 − 𝑚𝑘,𝑘 (𝑇, 𝑇) Γ (𝑇) 𝐷


[
0
𝐼𝑚 − 𝑚𝑘,𝑘 (𝑇 − 1, 𝑇 − 1) Γ (𝑇 − 1) 𝐷
[
[
..
..
𝑀𝑘 = [
.
.
[
[
0
0
0
0
[

𝑁𝑘,𝑘−𝑖

𝑛𝑘,𝑘−𝑖 (𝑇, 𝑇 − 1) 𝜌 (𝑇, 0)
𝑛𝑘,𝑘−𝑖 (𝑇, 𝑇) ‖Γ (𝑇) 𝐷‖
[
0
𝑛
(𝑇 − 1, 𝑇 − 1) ‖Γ (𝑇 − 1) 𝐷‖
𝑘,𝑘−𝑖
[
[
..
..
=[
.
.
[
[
0
0
0
0
[

with

⋅⋅⋅
𝑚𝑘,𝑘 (𝑇, 0) 𝜌 (𝑇, 𝑇 − 1)
⋅ ⋅ ⋅ 𝑚𝑘,𝑘 (𝑇 − 1, 0) 𝜌 (𝑇 − 1, 𝑇 − 2)]
]
]
..
],
d
.
]
]
⋅⋅⋅
𝑚𝑘,𝑘 (1, 0) 𝜌 (1, 0)


⋅⋅⋅
𝐼𝑚 − 𝑚𝑘,𝑘 (0, 0) Γ (0) 𝐷 ]

⋅⋅⋅
𝑛𝑘,𝑘−𝑖 (𝑇, 0) 𝜌 (𝑇, 𝑇 − 1)
⋅ ⋅ ⋅ 𝑛𝑘,𝑘−𝑖 (𝑇 − 1, 0) 𝜌 (𝑇 − 1, 𝑇 − 2)]
]
]
..
]
d
.
]
]
⋅⋅⋅
𝑛𝑘,𝑘−𝑖 (1, 0) 𝜌 (1, 0)
⋅⋅⋅
𝑛𝑘,𝑘−𝑖 (0, 0) ‖Γ (0) 𝐷‖
]

(17)

Note that in the ideal case of absence of dropouts for all the
iterative models and for all 𝑡 ∈ [0, 𝑇] one obtains, from (16),
that



𝜌 (𝜏1 , 𝜏2 ) = Γ (𝜏1 ) 𝐶𝐴𝜏2 𝐵 ;
𝑚𝑘,𝑘 (𝜏1 , 𝜏2 ) = 𝛽𝑘 (𝜏1 ) 𝛼𝑘,𝑘 (𝜏2 ) ,
𝑛𝑘,𝑘−𝑖 (𝜏1 , 𝜏2 )

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝛿𝑈𝑘 ≤ 𝑀𝑘 𝑀𝑘−1 𝛿𝑈𝑘−1

𝑖

{
{
∑ 𝑉𝑘,ℓ+1 (𝜏1 ) Δ 𝑘−ℓ,𝑖+1−ℓ (𝜏2 )
{
{
{
{
ℓ=0
{
{
{
{
for 𝑖 ∈ {1, 2, . . . , 𝑝 − 1}
= { 𝑝−1
{
{
{
∑ 𝑉𝑘,ℓ+1 (𝜏1 ) Δ 𝑘−ℓ,𝑖+1−ℓ (𝜏2 )
{
{
{
{
ℓ=𝑖−𝑝+1
{
{
for 𝑖 ∈ {𝑝, 𝑝 + 1, . . . , 2𝑝 − 2} .
{

𝑘

≤ ⋅ ⋅ ⋅ ≤ (∏𝑀𝑖 ) 𝛿𝑈0 = 𝑄𝑘+1 𝛿𝑈0
𝑖=0

(18)

since



𝜌 (𝑇, 0)
𝐼𝑚 − Γ (𝑇) 𝐷


[
𝐼
0
−
Γ (𝑇 − 1) 𝐷

𝑚

[
[
..
..
𝑀𝑖 = 𝑄 = [
.
.
[
[
0
0
0
0
[

for all 𝑖 ∈ {0, 1, 2, . . . , 𝑘}, and all the matrices 𝑁𝑘,𝑘−𝑖 are zero
for all 𝑖 ∈ {0, 1, 2, . . . , 𝑘−1}. In such a situation, if Γ(𝑡) is chosen
such that ‖𝐼𝑚 − Γ(𝑡)𝐷‖ < 1 for all 𝑡 ∈ [0, 𝑇], then 𝛿𝑈𝑘+1 →
0 as 𝑘 → ∞ since the spectral radius of 𝑄 is smaller
than 1. The following facts have to be taken into account
when there are dropouts distributed during the time interval
[0, 𝑇].

[

(19)

⋅ ⋅ ⋅ 𝜌 (𝑇, 𝑇 − 2)
⋅ ⋅ ⋅ 𝜌 (𝑇 − 1, 𝑇 − 3)
..
d
.


⋅ ⋅ ⋅ 𝐼𝑚 − Γ (1) 𝐷
⋅⋅⋅
0

𝜌 (𝑇, 𝑇 − 1)
𝜌 (𝑇 − 1, 𝑇 − 2)]
]
]
..
]
.
]
]
𝜌 (1, 0)


𝐼𝑚 − Γ (0) 𝐷 ]

(20)

Fact 1. When a dropout occurs in the actuator of the 𝑘th
iterative model at the sampling instant 𝑡𝛼,𝑘 ∈ [0, 𝑇] because
of 𝛼𝑘,𝑘 (𝑡𝛼,𝑘 ) = 0, then the entries in the column 𝑇 + 1 − 𝑡𝛼,𝑘
of 𝑀𝑘 are zero except that in the main diagonal which is 1.
Furthermore, the entries in the column 𝑇 + 1 − 𝑡𝛼,𝑘 of one,
and only one, of the matrices 𝑁𝑘,𝑘−𝑖 , for 𝑖 ∈ {1, 2, . . . , 2𝑝 − 2},
namely, 𝑁𝑘,𝑘−ℓ𝛼,𝑘 , are the components of the vector:


 0 0 ⋅⋅⋅ 0 𝑇
𝜌(𝑇 − 𝑡𝛼,𝑘 , 𝑇 − 1 − 𝑡𝛼,𝑘 ) 𝜌(𝑇 − 1 − 𝑡𝛼,𝑘 , 𝑇 − 2 − 𝑡𝛼,𝑘 ) ⋅ ⋅ ⋅ 𝜌(1, 0) Γ(𝑡𝛼,𝑘 )𝐷 ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
] .
𝑡𝛼,𝑘

(21)
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The rest of the columns of 𝑁𝑘,𝑘−ℓ𝛼,𝑘 are zero and the rest of the
matrices 𝑁𝑘,𝑘−𝑖 with 𝑖 ≠ ℓ𝛼,𝑘 are zero.
Fact 2. When there is a dropout in the sensor of the
𝑘thiterative model at the sampling instant 𝑡𝛽,𝑘 ∈ [0, 𝑇]

because of 𝛽𝑘 (𝑡𝛽,𝑘 ) = 0, then the entries in the row 𝑇 + 1 − 𝑡𝛽,𝑘
of 𝑀𝑘 are zero except that in the main diagonal which is 1.
Furthermore, the entries in the row 𝑇+1−𝑡𝛽,𝑘 of one, and only
one, of the matrices 𝑁𝑘,𝑘−𝑖 , for 𝑖 ∈ {1, 2, . . . , 2𝑝 − 2}, namely,
𝑁𝑘,𝑘−ℓ𝛽,𝑘 , are the components of the vector:



0 0 ⋅ ⋅ ⋅ 0 Γ (𝑡𝛽,𝑘 ) 𝐷 𝜌 (𝑡𝛽,𝑘 , 0) ⋅ ⋅ ⋅ 𝜌 (𝑡𝛽,𝑘 , 𝑡𝛽,𝑘 − 2) 𝜌 (𝑡𝛽,𝑘 , 𝑡𝛽,𝑘 − 1)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
].
[
𝑇−𝑡𝛽,𝑘

The rest of the rows of 𝑁𝑘,𝑘−ℓ𝛽,𝑘 are zero and the rest of the
matrices 𝑁𝑘,𝑘−𝑖 with 𝑖 ≠ ℓ𝛽,𝑘 are zero.
Fact 3. If there are dropouts in the 𝑘th iterative model at
several sampling instants, then each one of them implies a
change in one of the matrix 𝑁𝑘,𝑘−𝑖 following the previous
Facts 1 and 2 depending on the occurrence of the failure in
the actuator or in the sensor.
If there is a dropout in the actuator of the 𝑘th iterative
model at the sampling instant 𝑡𝛼,𝑘 because of 𝛼𝑘,𝑘 (𝑡𝛼,𝑘 ) = 0
and a dropout in its sensor at the sampling instant 𝑡𝛽,𝑘 , that
is, 𝛽𝑘 (𝑡𝛽,𝑘 ) = 0, then it follows from (16) that

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝛿𝑈𝑘 + 𝑁𝑘,𝑘−ℓ𝛼,𝑘 𝛿𝑈𝑘−ℓ𝛼,𝑘 + 𝑁𝑘,𝑘−ℓ𝛽,𝑘 𝛿𝑈𝑘−ℓ𝛽,𝑘 (23)

for one ℓ𝛼,𝑘 ∈ {1, 2, . . . , 2𝑝 − 2} and one ℓ𝛽,𝑘 ∈ {1, 2, . . . , 2𝑝 −
2}, where 𝑀𝑘 , 𝑁𝑘,𝑘−ℓ𝛼,𝑘 and 𝑁𝑘,𝑘−ℓ𝛽,𝑘 are built as it has been
pointed out in the above Facts 1 and 2. In the case that ℓ𝛼,𝑘 =
ℓ𝛽,𝑘 , the matrix 𝑁𝑘,𝑘−ℓ𝛼,𝑘 + 𝑁𝑘,𝑘−ℓ𝛽,𝑘 has the column 𝑇 + 1 − 𝑡𝛼,𝑘
and the row 𝑇 + 1 − 𝑡𝛽,𝑘 as it is described in Facts 1 and 2,
respectively, and the rest of its entries are zero. By applying
again the recursion (16) in (23), one obtains that

(22)

of the matrices in the five terms of the right hand side of (24),
it follows that

Max {Diag (𝑀𝑘 𝑀𝑘−1 )}
1
if {𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1 or
{
{
{
{
𝑡𝛼,𝑘 = 𝑡𝛽,𝑘−1 or
{
{
={
{
𝑡𝛽,𝑘 = 𝑡𝛼,𝑘−1 or 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1 }
{
{
{
{
{𝜇1 < 1 otherwise,
Max {Diag (𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛼,𝑘−1 )}
if 𝑡𝛼,𝑘 ≠ 𝑡𝛼,𝑘−1
{0
= {

Γ (𝑡 ) 𝐷 < 1 otherwise,
{ 𝛼,𝑘 

(25)

Max {Diag (𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛽,𝑘−1 )}
0
if 𝑡𝛽,𝑘 ≠ 𝑡𝛽,𝑘−1
= {

Γ (𝑡𝛽,𝑘 ) 𝐷 < 1 otherwise,




Max {Diag (𝑁𝑘,𝑘−ℓ𝛼,𝑘 )} = Γ (𝑡𝛼,𝑘 ) 𝐷 < 1;


Max {Diag (𝑁𝑘,𝑘−ℓ𝛽,𝑘 )} = Γ (𝑡𝛽,𝑘 ) 𝐷 < 1,

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝑀𝑘−1 𝛿𝑈𝑘−1
+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛼,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛼,𝑘−1
+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛽,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛽,𝑘−1

(24)

+ 𝑁𝑘,𝑘−ℓ𝛼,𝑘 𝛿𝑈𝑘−ℓ𝛼,𝑘 + 𝑁𝑘,𝑘−ℓ𝛽,𝑘 𝛿𝑈𝑘−ℓ𝛽,𝑘

for one ℓ𝛼,𝑘−1 ∈ {1, 2, . . . , 2𝑝 − 2} and one ℓ𝛽,𝑘−1 ∈
{1, 2, . . . , 2𝑝 − 2}, if the actuator of the (𝑘−1)th iterative model
fails at the sampling instant 𝑡𝛼,𝑘−1 because of 𝛼𝑘−1,𝑘−1 (𝑡𝛼,𝑘−1 ) =
0 and its sensor fails at the sampling instant 𝑡𝛽,𝑘−1 ; that is,
𝛽𝑘−1 (𝑡𝛽,𝑘−1 ) = 0. By analyzing the entries of the main diagonal

where the fact that Γ(𝑡) is such that ‖𝐼𝑚 − Γ(𝑡)𝐷‖ < 1 ∀𝑡 ∈
[0, 𝑇] has been taken into account. Moreover,
𝜇1 = Max{Max𝑡∈𝐼𝑘 ∪𝐼𝑘−1 {‖𝐼𝑚 − Γ(𝑡)𝐷‖}, Max𝑡∈[0,𝑇]/(𝐼𝑘 ∪𝐼𝑘−1 ) {‖𝐼𝑚 −
Γ(𝑡)𝐷‖2 }} < 1 has been used with 𝐼𝑘 = {𝑡𝛼,𝑘 , 𝑡𝛽,𝑘 }, that is,
the set of sampling instants at which the 𝑘th iterative model
suffers a dropout in its actuator or in its sensor. Note that 𝜇1 =
Max{Max𝑡∈𝐼𝑘 ∪𝐼𝑘−1 {‖𝐼𝑚 −Γ(𝑡)𝐷‖}, Max𝑡∈[0,𝑇] {‖𝐼𝑚 − Γ(𝑡)𝐷‖2 }} ≤
𝜇 with 𝜇 = Max𝑡∈[0,𝑇] {‖𝐼𝑚 − Γ(𝑡)𝐷‖} < 1. Now, the recursion
(16) in (24) is used. Four situations can occur, namely, (s1)
ℓ𝛼,𝑘 ≠ 1 and ℓ𝛽,𝑘 ≠ 1, (s2) ℓ𝛼,𝑘 = 1 and ℓ𝛽,𝑘 ≠ 1, (s3) ℓ𝛼,𝑘 ≠ 1
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but ℓ𝛽,𝑘 = 1, and (s4) ℓ𝛼,𝑘 = ℓ𝛽,𝑘 = 1. In the situation (s1), one
obtains that

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝑀𝑘−1 𝑀𝑘−2 𝛿𝑈𝑘−2

Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑀𝑘−2 )}

+ 𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛼,𝑘−2
+ 𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛽,𝑘−2
+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛼,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛼,𝑘−1

been used. Note also that in this situation (s1) if 𝑡𝛼,𝑘 ≠ 𝑡𝛼,𝑘−1 ,
𝑡𝛼,𝑘 ≠ 𝑡𝛽,𝑘−1 , 𝑡𝛽,𝑘 ≠ 𝑡𝛼,𝑘−1 , and 𝑡𝛽,𝑘 ≠ 𝑡𝛽,𝑘−1 , then

(26)

+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛽,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛽,𝑘−1

𝜇3 < 1 if {𝑡𝛼,𝑘−2 = 𝑡𝛼,𝑘
{
{
{
{
𝑡𝛼,𝑘−2 = 𝑡𝛽,𝑘
{
{
{
{
={
𝑡𝛽,𝑘−2 = 𝑡𝛼,𝑘
{
{
{
{
{
𝑡𝛽,𝑘−2 = 𝑡𝛽,𝑘
{
{
𝜇
<
1
otherwise,
{ 4

or 𝑡𝛼,𝑘−2 = 𝑡𝛼,𝑘−1 or
or 𝑡𝛼,𝑘−2 = 𝑡𝛽,𝑘−1 or
or 𝑡𝛽,𝑘−2 = 𝑡𝛼,𝑘−1 or
or 𝑡𝛽,𝑘−2 = 𝑡𝛽,𝑘−1 }

Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 )}

+ 𝑁𝑘,𝑘−ℓ𝛼,𝑘 𝛿𝑈𝑘−ℓ𝛼,𝑘 + 𝑁𝑘,𝑘−ℓ𝛽,𝑘 𝛿𝑈𝑘−ℓ𝛽,𝑘

= Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 )} = 0,
if the actuator of the (𝑘 − 2)th iterative model fails at the
sampling instant 𝑡𝛼,𝑘−2 because of 𝛼𝑘−2,𝑘−2 (𝑡𝛼,𝑘−2 ) = 0 and its
sensor fails at the sampling instant 𝑡𝛽,𝑘−2 ; that is, 𝛽𝑘−2 (𝑡𝛽,𝑘−2 ) =
0. If 𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1 or 𝑡𝛼,𝑘 = 𝑡𝛽,𝑘−1 or 𝑡𝛽,𝑘 = 𝑡𝛼,𝑘−1 or 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1 ,
then the entries of the main diagonal of the matrices in the
five terms of the right hand side of (26) fulfill the fact that

Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑀𝑘−2 )}
1
if {𝑡𝛼,𝑘−2 = 𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1 or
{
{
{
{
{
𝑡𝛼,𝑘−2 = 𝑡𝛼,𝑘 = 𝑡𝛽,𝑘−1 or
{
{
{
{
{
𝑡𝛼,𝑘−2 = 𝑡𝛽,𝑘 = 𝑡𝛼,𝑘−1 or
{
{
{
{
{
{
𝑡𝛼,𝑘−2 = 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1 or
{
{
{
={
𝑡𝛽,𝑘−2 = 𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1 or
{
{
{
{
{
𝑡𝛽,𝑘−2 = 𝑡𝛼,𝑘 = 𝑡𝛽,𝑘−1 or
{
{
{
{
𝑡𝛽,𝑘−2 = 𝑡𝛽,𝑘 = 𝑡𝛼,𝑘−1 or
{
{
{
{
{
{
𝑡𝛽,𝑘−2 = 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1 }
{
{
{
𝜇
<
1
otherwise,
{ 2

where 𝜇3 = Max{Max𝑡∈𝐼𝑘 =𝐼𝑘−2 {‖𝐼𝑚 − Γ(𝑡)𝐷‖}, Max𝑡∈𝐼𝑘−1 {‖𝐼𝑚 −
Γ(𝑡)𝐷‖2 }, Max𝑡∈[0,𝑇]/(𝐼𝑘 ∪𝐼𝑘−1 ) {‖𝐼𝑚 − Γ(𝑡)𝐷‖3 }} < 𝜇, 𝜇4 =
Max{Max𝑡∈𝐼𝑘∪𝐼𝑘−1∪𝐼𝑘−2{‖𝐼𝑚 − Γ(𝑡)𝐷‖2}, Max𝑡∈[0,𝑇]/(𝐼𝑘∪𝐼𝑘−1∪𝐼𝑘−2){‖𝐼𝑚−
Γ(𝑡)𝐷‖3 }} < 𝜇 have been used. In the situation (s2) one
obtains, by applying again the recursion (16) in (24), that

𝛿𝑈𝑘+1 ≤ 𝑀𝑘 𝑀𝑘−1 𝑀𝑘−2 𝛿𝑈𝑘−2
+ 𝑁𝑘,𝑘−1 𝑀𝑘−2 𝛿𝑈𝑘−2
+ 𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛼,𝑘−2
+ 𝑁𝑘,𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛼,𝑘−2
(27)

Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 )}
0
= {

Γ (𝑡𝛼,𝑘 ) 𝐷 < 1

(28)

if 𝑡𝛼,𝑘−2 ≠ 𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1
otherwise,

Max {Diag (𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 )}
0
if 𝑡𝛽,𝑘−2 ≠ 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1
= {

Γ (𝑡𝛽,𝑘 ) 𝐷 < 1 otherwise,

where 𝜇2 = Max{Max𝑡∈𝐼𝑘 =𝐼𝑘−1 {‖𝐼𝑚 − Γ(𝑡)𝐷‖}, Max𝑡∈𝐼𝑘−2 {‖𝐼𝑚 −
Γ(𝑡)𝐷‖2 }, and Max𝑡∈[0,𝑇]/(𝐼𝑘 ∪𝐼𝑘−2 ) {‖𝐼𝑚 − Γ(𝑡)𝐷‖3 }} < 𝜇 has

+ 𝑀𝑘 𝑀𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛽,𝑘−2

(29)

+ 𝑁𝑘,𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 𝛿𝑈𝑘−2−ℓ𝛽,𝑘−2
+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛼,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛼,𝑘−1
+ 𝑀𝑘 𝑁𝑘−1,𝑘−1−ℓ𝛽,𝑘−1 𝛿𝑈𝑘−1−ℓ𝛽,𝑘−1
+ 𝑁𝑘,𝑘−ℓ𝛽,𝑘 𝛿𝑈𝑘−ℓ𝛽,𝑘

if the actuator of the (𝑘 − 2)th iterative model fails at the
sampling instant 𝑡𝛼,𝑘−2 because of 𝛼𝑘−2,𝑘−2 (𝑡𝛼,𝑘−2 ) = 0 and its
sensor fails at the sampling instant 𝑡𝛽,𝑘−2 ; that is, 𝛽𝑘−2 (𝑡𝛽,𝑘−2 ) =
0. If 𝑡𝛼,𝑘 = 𝑡𝛼,𝑘−1 or 𝑡𝛼,𝑘 = 𝑡𝛽,𝑘−1 or 𝑡𝛽,𝑘 = 𝑡𝛼,𝑘−1 or 𝑡𝛽,𝑘 = 𝑡𝛽,𝑘−1 ,
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then the entries of the main diagonal of the matrices in the
new terms of the right hand side of (29) fulfill the fact that
Max {Diag (𝑁𝑘,𝑘−1 𝑀𝑘−2 )}



{Γ (𝑡𝛼,𝑘 ) 𝐷 𝐼𝑚 − Γ (𝑡𝛼,𝑘 ) 𝐷 < 1
= {
Γ (𝑡 ) 𝐷 < 1
{ 𝛼,𝑘 

if 𝑡𝛼,𝑘−2 ≠ 𝑡𝛼,𝑘
otherwise,

𝑗=ℎ−𝑖

× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛼,𝑘−𝑖

ℎ

if 𝑡𝛼,𝑘−2 ≠ 𝑡𝛼,𝑘
otherwise,

ℎ−1

ℎ−1

𝑖=ℓ𝛽,𝑘 +2

𝑗=ℎ−𝑖

+ ∑ ( ∏ 𝑀𝑘+𝑗−ℎ+1 )

if 𝑡𝛽,𝑘−2 ≠ 𝑡𝛽,𝑘

× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛼,𝑘−𝑖

otherwise.
(30)

Note that in this situation (s2) the expressions in (30) are also
valid if 𝑡𝛼,𝑘 ≠ 𝑡𝛼,𝑘−1 , 𝑡𝛼,𝑘 ≠ 𝑡𝛽,𝑘−1 , 𝑡𝛽,𝑘 ≠ 𝑡𝛼,𝑘−1 , and 𝑡𝛽,𝑘 ≠ 𝑡𝛽,𝑘−1 .
Similar results to that of (29) and (30) can be obtained in the
other situations (s3) and (s4). In the following the situation
(s1) is analyzed since the results can be easily extended to
the other cases. By applying the recursion (16) in (26) a finite
number of times, namely, ℎ − 1, one obtains that
𝛿𝑈𝑘+1
ℎ

ℎ−1

ℎ−1

𝑖=1

𝑖=1

𝑗=ℎ−𝑖

≤ (∏𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1 + ∑ ( ∏ 𝑀𝑘+𝑗−ℎ+1 )
× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛼,𝑘−𝑖 + 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛽,𝑘−𝑖 )
+ 𝑁𝑘,𝑘−ℓ𝛼,𝑘 𝛿𝑈𝑘−ℓ𝛼,𝑘 + 𝑁𝑘,𝑘−ℓ𝛽,𝑘 𝛿𝑈𝑘−ℓ𝛽,𝑘
ℎ

ℎ−1

ℎ−1

𝑖=1

𝑖=1

𝑗=ℎ−𝑖

≤ (∏𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1 + ∑ ( ∏ 𝑀𝑘+𝑗−ℎ+1 )
× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛼,𝑘−𝑖 + 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛽,𝑘−𝑖 )
ℎ

𝑖=ℓ𝛼,𝑘 +2

+ 𝑁𝑘,𝑘−ℓ𝛽,𝑘 [( ∏ 𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
[ 𝑖=ℓ𝛽,𝑘 +2

Max {Diag (𝑁𝑘,𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛽,𝑘−2 )}
{0
= {
2


{Γ (𝑡𝛽,𝑘 ) 𝐷 < 1

ℎ−1

+ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛽,𝑘−𝑖 )]
]

Max {Diag (𝑁𝑘,𝑘−1 𝑁𝑘−2,𝑘−2−ℓ𝛼,𝑘−2 )}
0
= {
2
Γ (𝑡𝛼,𝑘 ) 𝐷 < 1

ℎ−1

+ ∑ ( ∏ 𝑀𝑘+𝑗−ℎ+1 )

+ 𝑁𝑘,𝑘−ℓ𝛼,𝑘 [( ∏ 𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
[ 𝑖=ℓ𝛼,𝑘 +2

+ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽,𝑘−𝑖 𝛿𝑈𝑘−𝑖−ℓ𝛽,𝑘−𝑖 )]
]
+ 𝑁𝑘−ℓ𝛼,𝑘 −1,𝑘−ℓ𝛼,𝑘 −1−ℓ𝛼,𝑘−ℓ

𝛼,𝑘 −1

𝛿𝑈𝑘−ℓ𝛼,𝑘 −1,𝑘−ℓ𝛼,𝑘 −1−ℓ𝛼,𝑘−ℓ

+ 𝑁𝑘−ℓ𝛽,𝑘 −1,𝑘−ℓ𝛽,𝑘 −1−ℓ𝛽,𝑘−ℓ

𝛽,𝑘 −1

𝛿𝑈𝑘−ℓ𝛽,𝑘 −1,𝑘−ℓ𝛽,𝑘 −1−ℓ𝛽,𝑘−ℓ

𝛼,𝑘 −1

𝛽,𝑘 −1

.

(31)
By iterating this process one can express the right hand side
of (31) as a sum of terms where each of them is the product
of a matrix and a vector 𝛿𝑈𝑗 where 𝑗 ∈ 𝑆0 with 𝑆0 defined by
𝑆0 = {𝑘 − ℎ + 1, 𝑘 − ℎ, . . . , 𝑘 − ℎ + 1 − ℓ𝛼,𝑘−ℎ+1 ,
𝑘 − ℎ + 1 − ℓ𝛽,𝑘−ℎ+1 , 𝑘 − ℎ − ℓ𝛼,𝑘−ℎ ,

(32)

𝑘 − ℎ − ℓ𝛽,𝑘−ℎ , . . .} .
One obtains, from (31) and (32), that
𝛿𝑈𝑘+1 ≤ 𝑄𝑒𝑞,1 𝛿𝑈𝑗 ,

(33)

where 𝑄𝑒𝑞,1 is a sum of terms of the form (∏ℎ𝑖=1 𝑀𝑖 ),
𝑚1
𝑚2
𝑚
(∏𝑚
𝑗=1𝑀𝑗 )𝑁𝑖,ℓ , 𝑁𝑖1,𝑖2 (∏𝑗=1𝑀𝑗 )𝑁𝑖3 ,𝑖4 , or (∏𝑗=1𝑀𝑗 )𝑁𝑖,ℓ(∏𝑗=1𝑀𝑗)
plus the last two terms, namely, 𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛼,𝑘−ℎ+1 and
𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛽,𝑘−ℎ+1 . The vector 𝛿𝑈𝑗 is defined as






 𝑇

{𝛿𝑢𝑘−𝑗 (𝑇)} Max {𝛿𝑢𝑘−𝑗 (𝑇 − 1)} ⋅ ⋅ ⋅ Max {𝛿𝑢𝑘−𝑗 (0)}] .
𝛿𝑈𝑘−ℎ+1
= [Max
𝑗∈𝑆0
𝑗∈𝑆0
𝑗∈𝑆0

(34)
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The entries of the main diagonal of the terms in 𝑄𝑒𝑞,1 have the
following properties.
Property 1. Max{Diag(∏ℎ𝑖=1 𝑀𝑘−𝑖+1 )}

=

ℎ−𝑎1

Max𝑡∈𝑆𝑡,1 {‖𝐼𝑚 −

Γ(𝑡)𝐷‖ } where 𝑎1 ≜ Max𝑡∈[0,𝑇] {𝑛𝑚,1 (𝑡)} with 𝑛𝑚,1 (𝑡) being
the number of iterative models included in the set 𝑆1 = {𝑘, 𝑘−
1, . . . , 𝑘−ℎ+1} which suffer a dropout at the sampling instant
𝑡 because of 𝛼𝑗,𝑗 (𝑡) = 0 and/or 𝛽𝑗 (𝑡) = 0 for 𝑗 ∈ 𝑆1 and
𝑆𝑡,1 ≜ {𝑡 ∈ [0, 𝑇] | 𝑛𝑚,1 (𝑡) = 𝑎1 }. If 𝑎1 = ℎ means that
there is at least one sampling instant within [0, 𝑇], namely,
𝑡∗ , at which all the iterative models included in the set 𝑆1 fail
in its actuator because of 𝛼𝑗,𝑗 (𝑡∗ ) = 0 and/or its sensor; that
is, 𝛽𝑗 (𝑡∗ ) = 0, with 𝑗 ∈ 𝑆1 at such a sampling instant. If 𝑎1 = 0,
it means that there are not dropouts at any sampling instant
in the iterative models included in 𝑆1 . When the failures are
distributed within the time interval [0, 𝑇] and among the
set of iterative models in 𝑆1 , if a large enough integer ℎ is
considered, then 0 < 𝑎1 ≪ ℎ by taking into account that
a small number of different iterative models included in 𝑆1
present failures at the same sampling instant.
Property 2. Property 2. All the terms of the
𝑁𝑖1 ,𝑖2 (∏𝑚
or
form
(∏𝑚
𝑗=1 𝑀𝑗 )𝑁𝑖,ℓ ,
𝑗=1 𝑀𝑗 )𝑁𝑖3 ,𝑖4 ,
𝑚1
𝑚2
(∏𝑗=1 𝑀𝑗 )𝑁𝑖,ℓ (∏𝑗=1 𝑀𝑗 ) have zeros in their main diagonal
except those related to dropouts in the actuator because
𝛼𝑗,𝑗 (𝑡𝛼∗ ) = 0 for all 𝑗 ∈ 𝑆0 ∪ 𝑆1 at the same sampling instant
𝑡𝛼∗ and those related to dropouts in the sensor because
𝛽𝑗 (𝑡𝛽∗ ) = 0 for all 𝑗 ∈ 𝑆0 ∪ 𝑆1 at the same sampling instant
𝑡𝛽∗ . Again, all of them can be made zero if a large enough
integer ℎ is considered since a small number of different
iterative models included in 𝑆0 ∪ 𝑆1 present failures at the
same sampling instant.
Property 3. Finally,from (25),Max{Diag(𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛼,𝑘−ℎ+1)} =
=
‖Γ(𝑡𝛼,𝑘−ℎ+1 )𝐷‖ and Max{Diag(𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛽,𝑘−ℎ+1 )}
‖Γ(𝑡𝛽,𝑘−ℎ+1 )𝐷‖.
By applying recursively (33), it follows that

𝛿𝑈𝑘+1 ≤ 𝑄𝑒𝑞,1 𝛿𝑈𝑘−ℎ+1

describing the features of the matrix 𝑄𝑒𝑞,1 . Then, 𝛿𝑈𝑘 → 0
as 𝑘 → ∞ is deduced from (35) since 𝑛ℎ → ∞ when
𝑘 → ∞ and from the fact that Γ(𝑡) has been chosen so that
‖Γ(𝑡)𝐷‖ < 1/3 ∀𝑡 ∈ [0, 𝑇]. Thus, ‖𝛿𝑢𝑘 (𝑡)‖ → 0 ∀𝑡 ∈ [0, 𝑇]
as 𝑘 → ∞. This concludes the proof of property (i).
𝑡−1−𝑗
𝐶 ∑𝑡−1
𝐵×
𝑗=0 𝐴

=

(ii) It follows that 𝑒𝑘

∑𝑘𝑖=𝑘−𝑝+1 Δ 𝑘,𝑘−𝑖+1 (𝑗)𝛿𝑢𝑖 (𝑗) + 𝐷 ∑𝑘𝑖=𝑘−𝑝+1 Δ 𝑘,𝑘−𝑖+1 (𝑡)𝛿𝑢𝑖 (𝑡)
from (10) where the assumption (b) has been taken into
account. Then, 𝑒𝑘 (𝑡) → 0 as 𝑘 → ∞ from the fact that
‖𝛿𝑢𝑘 (𝑡)‖ → 0 ∀𝑡 ∈ [0, 𝑇] as property (i) is established.
Theorem 3. Assume the following.
(a) 𝑥𝑘 (0) = 𝑥𝑑 (0) for all 𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1}.
(b) At least one of the scalar variables 𝛼𝑘,𝑖 (𝑡) and at least
one of those 𝛽𝑗 (𝑡), for any 𝑖, 𝑗 ∈ {𝑘, 𝑘 − 1, . . . , 𝑘 − 𝑝 + 1}
with p being a large enough integer number, are 1 at
each sampling time instant for a large enough k.
(c) The number 𝑛𝑑 (𝑘) = 𝑛𝑑,𝛼 (𝑘) + 𝑛𝑑,𝛽 (𝑘) of dropouts suffered by each 𝑘th iterative model, for 𝑘 ∈ {0, 1, 2, . . . , 𝑞−
1}, because of 𝛼𝑘,𝑘 (𝑡) = 0 and/or 𝛽𝑘 (𝑡) = 0 within the
time interval 𝑡 ∈ [0, 𝑇] is small enough compared with
the parameter 𝑇. In other words, a small percentage of
failures occurs in the transmissions for each iterative
model within such a time interval. The expression
𝑛𝑑,𝛼 (𝑘) denotes the number of the 𝑘th iterative models
because of 𝛼𝑘,𝑘 (𝑡) = 0 and 𝑛𝑑,𝛽 (𝑘) the number of those
because of 𝛽𝑘 (𝑡) = 0 within 𝑡 ∈ [0, 𝑇].
Then,
(i) 𝛿𝑢𝑘 (𝑡) ≜ 𝑢𝑑 (𝑡) − 𝑢𝑘 (𝑡) → 0 as 𝑘 → ∞ ∀𝑡 ∈ [0, 𝑇]
provided that Γ(𝑡) is chosen such that ‖𝐼𝑚 − Γ(𝑡)𝐷‖ < 1
and ‖Γ(𝑡)𝐷‖ < 1/(1 + 𝑛max ) ∀𝑡 ∈ [0, 𝑇] where 𝑛max =
Max0≤𝑘≤𝑞−1 {𝑛𝑑 (𝑘)};
(ii) 𝑒𝑘 (𝑡) → 0 as 𝑘 → ∞ for all 𝑡 ∈ [0, 𝑇].
Proof. (i) By following similar steps to those for the proof of
property (i) of Theorem 2, one obtains that

𝑛ℎ


≤ 𝑄𝑒𝑞,1 𝑄𝑒𝑞,2 𝛿𝑈𝑘−2ℎ+1
≤ ⋅ ⋅ ⋅ ≤ (∏𝑄𝑒𝑞,𝑖 ) 𝛿𝑈0 ,

(35)

𝑖=1


where 𝛿𝑈𝑘−2ℎ+1
= [Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (𝑇)‖} Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (𝑇−
1)‖} ⋅ ⋅ ⋅ Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (0)‖}]𝑇 with 𝑆1 = {𝑘 − 2ℎ +
1, 𝑘 − 2ℎ, . . . , 𝑘 − 2ℎ + 1 − ℓ𝛼,𝑘−2ℎ+1 , 𝑘 − 2ℎ + 1 −
ℓ𝛽,𝑘−2ℎ+1 , 𝑘 − ℎ − ℓ𝛼,𝑘−2ℎ , 𝑘 − ℎ − ℓ𝛽,𝑘−2ℎ , . . .} and so
on until 𝛿𝑈0 = [Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (𝑇)‖} Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (𝑇 −
1)‖} ⋅ ⋅ ⋅ Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (0)‖}]𝑇 with 𝑆∞ = {ℎ − 1, ℎ −
2, . . . , 1, 0}. Note that each 𝑄𝑒𝑞,𝑖 , for ∀𝑖 ∈ {1, 2, . . . , 𝑛ℎ }, is
an upper-triangular matrix since all its nonzero terms are
upper-triangular. Moreover, its spectral radius, which is the
maximum of its diagonal entries, can be made smaller than 1
if ℎ is large enough so that Max𝑡∈𝑆𝑡,𝑖 {‖𝐼𝑚 − Γ(𝑡)𝐷‖ℎ−𝑎𝑖 } < 1/3
and if ‖Γ(𝑡𝛼,𝑘−𝑖ℎ+1 )𝐷‖ + ‖Γ(𝑡𝛽,𝑘−𝑖ℎ+1 )𝐷‖ < 2/3 where 𝑆𝑡,𝑖 and
𝑎𝑖 are defined, respectively, as 𝑆𝑡,1 and 𝑎1 were defined for

𝛿𝑈𝑘+1
ℎ

≤ (∏𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
𝑖=1

ℎ−1

ℎ−1

+ ∑ [( ∏ 𝑀𝑘+𝑗−ℎ+1 )
𝑖=1
[ 𝑗=ℎ−𝑖
𝑛𝑑,𝛼 (𝑘)

× ( ∑ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼
𝑚=1

𝑚 ,𝑘−𝑖

𝛿𝑈𝑘−𝑖−ℓ𝛼

𝑚 ,𝑘−𝑖

𝑛𝑑,𝛽 (𝑘)

+ ∑ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽
𝑚=1

𝑚 ,𝑘−𝑖

𝛿𝑈𝑘−𝑖−ℓ𝛽

𝑚 ,𝑘−𝑖

)]
]
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𝑛𝑑,𝛼 (𝑘)

instead of (31). By repeating the process followed in the proof
of Theorem 2, one can obtain from (36) the following:

+ ∑ 𝑁𝑘,𝑘−ℓ𝛼 ,𝑘 𝛿𝑈𝑘−ℓ𝛼

𝑚 ,𝑘

𝑚

𝑚=1

𝑛𝑑,𝛽 (𝑘)



𝛿𝑈𝑘−ℎ+1
,
𝛿𝑈𝑘+1 ≤ 𝑄𝑒𝑞,1

+ ∑ 𝑁𝑘,𝑘−ℓ𝛽 ,𝑘 𝛿𝑈𝑘−ℓ𝛽

𝑚 ,𝑘

𝑚

𝑚=1


is a sum of terms of the form (∏ℎ𝑖=1 𝑀𝑖 ),
where 𝑄𝑒𝑞,1
𝑚1
𝑚2
𝑚
(∏𝑚
𝑗=1𝑀𝑗)𝑁𝑖,ℓ , 𝑁𝑖1 ,𝑖2 (∏𝑗=1𝑀𝑗 )𝑁𝑖3 ,𝑖4 , or(∏𝑗=1𝑀𝑗 )𝑁𝑖,ℓ(∏𝑗=1𝑀𝑗 )

ℎ

≤ (∏𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
𝑖=1

ℎ−1

𝑛

+ ∑ [( ∏ 𝑀𝑘+𝑗−ℎ+1 )
𝑖=1
[ 𝑗=ℎ−𝑖

𝑛

𝑛𝑑,𝛼 (𝑘)

× ( ∑ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼

𝑚 ,𝑘−𝑖

𝑚=1

𝑚 ,𝑘−𝑖

𝑛𝑑,𝛽 (𝑘)
𝑚 ,𝑘−𝑖

𝑚=1

𝛿𝑈𝑘−𝑖−ℓ𝛽

𝑚 ,𝑘−𝑖

)]
]

ℎ

Max {Diag (∏𝑀𝑘−𝑖+1 )}

ℎ

𝑖=1

[( ∏ 𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
𝑚 ,𝑘
[ 𝑖=ℓ𝛼𝑚 ,𝑘 +2

𝑚=1

+

ℎ−1
𝑖=ℓ𝛼𝑚 ,𝑘 +2

( ∏ 𝑀𝑘+𝑗−ℎ+1 )
𝑗=ℎ−𝑖

× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼

𝑚 ,𝑘−𝑖

𝛿𝑈𝑘−𝑖−ℓ𝛼

𝑚 ,𝑘−𝑖

+ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽

𝑚 ,𝑘−𝑖

𝑛𝑑,𝛽 (𝑘)

1

ℎ−𝑎
= Max {𝐼𝑚 − Γ(𝑡)𝐷 1 } <
𝑡∈𝑆𝑡,1
𝑛max + 1

ℎ−1

∑

𝛿𝑈𝑘−𝑖−ℓ𝛽

𝑚 ,𝑘−𝑖

)]
]

ℎ

𝑚=1

+

ℎ−1

ℎ−1

∑

𝑖=ℓ𝛽𝑚 ,𝑘 +2

+ ∑ 𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛽

𝑗=ℎ−𝑖

𝑚 ,𝑘−𝑖

𝛿𝑈𝑘−𝑖−ℓ𝛼

−1,𝑘−ℓ𝛼𝑚 ,𝑘 −1−ℓ𝛼𝑚 ,𝑘−ℓ𝛼

𝑚 ,𝑘

× 𝛿𝑈𝑘−ℓ𝛼

𝑚 ,𝑘

−1−ℓ𝛼𝑚 ,𝑘−ℓ𝛼

𝑚 ,𝑘

)]
𝑚 ,𝑘−𝑖
]

𝛿𝑈𝑘−𝑖−ℓ𝛽
,𝑘−𝑖

≤ 𝑛max Max {‖Γ (𝑡) 𝐷‖} ≤
𝑡∈[0,𝑇]

𝑛max
.
1 + 𝑛max

Such properties imply that all the main diagonal entries

can be made smaller than 1 if ℎ is large enough and
of 𝑄𝑒𝑞,1
assumption (c) is fulfilled. By similar steps to those of proof
of Theorem 2, one also obtains that

−1

−1



𝛿𝑈𝑘−ℎ+1
𝛿𝑈𝑘+1 ≤ 𝑄𝑒𝑞,1

𝑛𝑑,𝛽 (𝑘)

+ ∑ 𝑁𝑘−ℓ𝛽
𝑚=1

(39)

𝑡∈[0,𝑇]

𝑛𝑑,𝛼 (𝑘)

𝑚 ,𝑘

}
}
}

≤ 𝑛𝑑 (𝑘) Max {‖Γ (𝑡) 𝐷‖}

𝑚 ,𝑘−𝑖

𝑚

𝑚=1

𝑚 ,𝑘−ℎ+1

𝑚=1

+ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽

+ ∑ 𝑁𝑘−ℓ𝛼

is satisfied if ℎ is large enough so that ℎ − 𝑎1 is large enough
to satisfy (38). The difference with the same property related
to 𝑄𝑒𝑞,1 is that each matrix 𝑀𝑗 , for 𝑗 ∈ 𝑆1 , can present a
number of 1 in its diagonal entries equal to 𝑛𝑑 (𝑗) instead of
2. The second property is also valid since a large number of
the models included in 𝑆0 ∪ 𝑆1 does not present a dropout at
the same time instant under the assumption (c). Finally,

𝑛𝑑,𝛽 (𝑘)

( ∏ 𝑀𝑘+𝑗−ℎ+1 )

× (𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛼

(38)

{𝑛𝑑,𝛼 (𝑘)
Max { ∑ 𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛼 ,𝑘−ℎ+1
𝑚
{ 𝑚=1

[( ∏ 𝑀𝑘−𝑖+1 ) 𝛿𝑈𝑘−ℎ+1
𝑚 ,𝑘
[ 𝑖=ℓ𝛽𝑚 ,𝑘 +2

+ ∑ 𝑁𝑘,𝑘−ℓ𝛽

𝑚 ,𝑘−ℎ+1

(𝑘)

𝑑,𝛽

and ∑𝑚=1
𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛽 ,𝑘−ℎ+1 . The matrix 𝑄𝑒𝑞,1
has similar
𝑚
properties to those of 𝑄𝑒𝑞,1 if ℎ is large enough by taking
into account assumption (c). Such an assumption implies
that the number of iterative models included in a certain set
which present failures at the same sampling instants is small
compared with the cardinal of such a set if such a cardinal is
large enough. Then

𝛿𝑈𝑘−𝑖−ℓ𝛼

+ ∑ 𝑁𝑘−𝑖,𝑘−𝑖−ℓ𝛽
𝑛𝑑,𝛼 (𝑘)

(𝑘)

𝑑,𝛼
plus the last 𝑛𝑑 (𝑘) terms, namely, ∑𝑚=1
𝑁𝑘−ℎ+1,𝑘−ℎ+1−ℓ𝛼

ℎ−1

+ ∑ 𝑁𝑘,𝑘−ℓ𝛼

(37)

𝑚 ,𝑘

−1,𝑘−ℓ𝛽𝑚 ,𝑘 −1−ℓ𝛽𝑚 ,𝑘−ℓ𝛽

𝑚 ,𝑘

× 𝛿𝑈𝑘−ℓ𝛽

−1−ℓ𝛽𝑚 ,𝑘−ℓ𝛽
𝑚 ,𝑘

𝑚 ,𝑘




≤ 𝑄𝑒𝑞,1
𝑄𝑒𝑞,2
𝛿𝑈𝑘−2ℎ+1

−1

𝑛ℎ

−1

(36)


≤ ⋅ ⋅ ⋅ ≤ (∏𝑄𝑒𝑞,𝑖
) 𝛿𝑈0 ,
𝑖=1

(40)

Mathematical Problems in Engineering

13


where each of the 𝑄𝑒𝑞,𝑖
, ∀𝑖 ∈ {1, 2, . . . , 𝑛ℎ }, satisfies similar

=
properties to those of 𝑄𝑒𝑞,1 . Moreover, 𝛿𝑈𝑘−2ℎ+1
−
1)‖} ⋅ ⋅ ⋅
[Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (𝑇)‖} Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (𝑇
Max𝑗∈𝑆1 {‖𝛿𝑢𝑘−𝑗 (0)‖}]𝑇 with 𝑆1 = {𝑘 − 2ℎ + 1, 𝑘 −
2ℎ, . . . , 𝑘 − 2ℎ + 1 − ℓ𝛼,𝑘−2ℎ+1 , 𝑘 − 2ℎ + 1 − ℓ𝛽,𝑘−2ℎ+1 , 𝑘 −
ℎ − ℓ𝛼,𝑘−2ℎ , 𝑘 − ℎ − ℓ𝛽,𝑘−2ℎ , . . .} and so on until 𝛿𝑈0 =
−
1)‖} ⋅ ⋅ ⋅
[Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (𝑇)‖} Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (𝑇
𝑇
Max𝑗∈𝑆∞ {‖𝛿𝑢𝑗 (0)‖}] with 𝑆∞ = {ℎ − 1, ℎ − 2, . . . , 1, 0}.

is an upper-triangular
Each one of the matrices 𝑄𝑒𝑞,𝑖
matrix since all its nonzero terms are upper-triangular.
Moreover, its spectral radius, which is the maximum
of its diagonal entries, can be made smaller than 1 if
ℎ is large enough so that Max𝑡∈𝑆𝑡,𝑖 {‖𝐼𝑚 − Γ(𝑡)𝐷‖ℎ−𝑎𝑖 } <
𝑛

(𝑘)

𝑑,𝛼
1/(𝑛max + 1) and if Max{∑𝑚=1
𝑁𝑘−𝑖ℎ+1,𝑘−𝑖ℎ+1−ℓ𝛼

𝑛𝑑,𝛽 (𝑘)
∑𝑚=1

𝑚 ,𝑘−𝑖ℎ+1

+

𝑁𝑘−𝑖ℎ+1,𝑘−𝑖ℎ+1−ℓ𝛽 ,𝑘−𝑖ℎ+1 } < 𝑛max /(𝑛max + 1) where 𝑆𝑡,𝑖
𝑚
and 𝑎𝑖 are defined, respectively, as 𝑆𝑡,1 and 𝑎1 were defined
for describing the features of the matrix 𝑄𝑒𝑞,1 in Theorem 2.
Then, 𝛿𝑈𝑘 → 0 as 𝑘 → ∞ is deduced from (40) since
𝑛ℎ → ∞ when 𝑘 → ∞ and from the fact that Γ(𝑡) has
been chosen so that ‖Γ(𝑡)𝐷‖ < 1/𝑛max ∀𝑡 ∈ [0, 𝑇]. Thus,
‖𝛿𝑢𝑘 (𝑡)‖ → 0 ∀𝑡 ∈ [0, 𝑇] as 𝑘 → ∞. This concludes the
proof of property (i).
(ii) The proof of property (ii) is equal to that of Theorem 2.
Remark 4. If 𝐷 = 0, that is, the iterative models and the
reference one are strictly proper, the same results as those
of Theorem 3 are achieved by replacing the ILC law (3) by
𝑒𝑘 (𝑡 + 1) and the conditions for the gain
𝑢𝑘+1 (𝑡) = 𝑢𝑘 (𝑡) + Γ(𝑡)̃
Γ(𝑡), namely, ‖𝐼𝑚 − Γ(𝑡)𝐷‖ < 1 and ‖Γ(𝑡)𝐷‖ < 1/(1 + 𝑛max ),
by ‖𝐼𝑚 − Γ(𝑡)𝐶𝐵‖ < 1 and ‖Γ(𝑡)𝐶𝐵‖ < 1/(1 + 𝑛max ),
respectively. The steps of the corresponding proof are
similar to those described above. Note that it is necessary
to consider 𝑒̃𝑘 (𝑡 + 1) instead of 𝑒̃𝑘 (𝑡) in the control law
to achieve the same convergence results. Note also that
the matrices 𝑀𝑘 and 𝑁𝑘,𝑘−𝑖 , for 𝑖 ∈ {0, 1, 2, . . . , 𝑘 + 1},
in (17) are modified. Concretely, the entries of the form
‖𝐼𝑚 − 𝑚𝑘,𝑘 (𝑡, 𝑡)Γ(𝑡)𝐷‖ in the main diagonal of 𝑀𝑘 are
replaced by ‖𝐼𝑚 − 𝑚𝑘,𝑘 (𝑡, 𝑡)Γ(𝑡)𝐶𝐵‖ ∀𝑡 ∈ [0, 𝑇] and those of
the form 𝑛𝑘,𝑘−𝑖 (𝑡, 𝑡)‖Γ(𝑡)𝐷‖ in the main diagonal of 𝑁𝑘,𝑘−𝑖 are
replaced by 𝑛𝑘,𝑘−𝑖 (𝑡, 𝑡)‖Γ(𝑡)𝐶𝐵‖.
Remark 5. If 𝐷 = 0 and the iterative models are unstable
or critically stable, that is, the matrix 𝐴 possesses at least an
eigenvalue outside the open unit circle, but stabilizable, then
the same scheme can be used to compensate the dropouts.
In such a case the matrix 𝐴 of the respective models has
to be replaced by 𝐴 𝑐 = 𝐴 − 𝐵𝐾𝑇 where 𝐾𝑇 is a matrix
designed such that the eigenvalues of 𝐴 𝑐 = 𝐴 − 𝐵𝐾𝑇 are
all located inside the open unit circle via a state variables
feedback control law given by 𝑢(𝑡) = 𝑟(𝑡) − 𝐾𝑇 𝑥(𝑡) with 𝑟(𝑡)
being an external input.

4. Simulation Example
Some simulation results illustrate the performance of the
proposed algorithm to compensate the dropouts in the

communication channels. Such results are compared with
those obtained if the algorithm proposed in [11] is used and
with those obtained without using dropout compensation. A
set of 𝑞 = 200 iterative models are considered in the ILC
system. The matrices of the state space representation of each
of them are
−0.0537 −0.5518 −0.1382
𝐴 = [ 0.0384 0.3623 −0.2155] ;
[ 0.0599 0.6874 0.8868 ]
0.0384
𝐵 = [0.0599] ;
[0.0314]

−42.5088
𝐶𝑇 = [−33.5232] ;
[ −11.232 ]

𝐷 = 5.32.
(41)

The initial condition of the iterative models and that of the
𝑇
reference model are 𝑥𝑘 (0) = 𝑥𝑑 (0) = [0 0 1] for all
𝑘 ∈ {0, 1, 2, . . . , 𝑞 − 1}. The input signal of the reference
model is 𝑢𝑑 (𝑡) = 10 sin(300𝑡) and a horizon size of 𝑇 =
50 is used. The learning gain of the ILC is Γ(𝑡) = 0.1 for
all 𝑡 ∈ [0, 𝑇] and the control input 𝑢0 (𝑡) = 𝑢𝑑 (𝑡) for the
0th iterative model is used to initialize the ILC algorithm at
each sampling instant. The structure shown in Figure 1 with
𝑝 = 4 transmission channels between the controller and the
actuator of the 𝑘th iterative model for all 𝑘 ∈ {3, 4, 5, . . . , 𝑞−1}
is used while there are 1, 2, and 3 transmission channels
between the controller and the actuators of the 0th, 1th, and
2th iterative models, respectively (see Remark 1). All models
are susceptible to suffer failures in their transmissions from
sensors to the controller and/or from the controller to the
actuators. Such failures are randomly distributed among the
iterative models as well as within 𝑡 ∈ [0, 𝑇]. In this context, a
set of two random numbers are generated, the first one within
the domain [0, 𝑇] and the second one within [0, 994]. The first
value indicates the sampling time at which a failure occurs
and the second one the transmission which suffers such a
failure at such a sampling instant. In this sense, 994 is the
number of transmission at each sampling instant 𝑡 ∈ [0, 𝑇].
In a first simulation, a set of 2534 pair of numbers, each
pair representing a failure during the time interval [0, 𝑇], is
created. Such a quantity is 4.86% with respect to the total
number of transmissions 𝑛𝑡 = 50694 (see Remark 1). In the
context of the algorithm proposed in [11] the parameter 𝑝 is
2 instead of 4 since each actuator receives 2 control signals,
except the 0th estimators which only receives 1, so that the
total number of transmissions is 30549 instead of 50694 while
the failures in the actuators are less than 2534 (since those
corresponding to transmissions of 𝑢𝑘−2 (𝑡) as those of 𝑢𝑘−3 (𝑡)
has not to be taken into account). Finally, if any technique
of compensation dropout is not applied, then each actuator
only receives a signal from the controller so the number of
transmissions during a simulation is 2𝑞(𝑇 + 1) = 20400 so
the number of failures is also less than 2534.
Figure 2 displays the sum of the absolute values of the
measurement errors during the simulation for each iterative
model, that is, 𝐹(𝑘) = ∑𝑇𝑡=0 |𝑒𝑘 (𝑡)|, if our proposed algorithm
(with 𝑝 = 4) is used and such a result is compared with that
obtained by using the algorithm proposed in [11] (equivalent
to our proposed algorithm with 𝑝 = 2).
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Figure 2: (a) Sum of the measurement errors for each iterative model during a simulation with 4.86% of failures when the proposed
compensation algorithm with 𝑝 = 4 is used and (b) comparison of the performance displayed in (a) with those obtained if the algorithm
designed in [11] is used or if no compensation algorithm is used for the same simulation.

The results in Figure 2 show that 𝐹(𝑘) presents a transient
behavior from 𝑘 = 0 to 𝑘 = 20 approximately where
𝐹(𝑘) decreases monotony until it reaches a stationary value
practically zero for the rest of the iterative models if our
proposed algorithm to compensate the data dropouts is
used. On the contrary, the use of the algorithm proposed in
[11] shows that there is a set of iterative models with 𝐹(𝑘)
practically zero but they are not the last ones. Then, the
convergence to zero as 𝑘 → ∞ is not achieved. In fact,
there are several iterative models from the 53th one to the
199th one (the last one) which present a nonzero value for
𝐹(𝑘) when it seemed like the convergence of 𝐹(𝑘) to zero had
been achieved for the models from the 20 th one to the 52
th as it can be seen in Figure 2(b). Such a defect is corrected
by considering the compensation algorithm developed in this
paper as it can be seen in Figure 2(a). Finally, the accumulated
measurement errors are notable for all the iterative models if
no compensation algorithm is used.
In a second simulation, a set of 4816 pairs of random
numbers is created which represent 9.5% with respect to the
total number of transmissions. Figure 3 displays the same
results, as those in Figure 2, for this second simulation where
there are more failures than in the first simulation distributed
among the iterative models within the time interval [0, 𝑇].
The difference in the performance when one compares
the proposed algorithm with that of [11] or with a simulation
without compensation algorithm is clearer as the percentage
of failures increases. Furthermore, the accumulated measurement error is larger for the majority of the iterative
models when the number of failures increases if the algorithm
proposed in [11] is used. The same fact occurs if no compensation algorithm is used. However, the proposed algorithm
maintains the convergence to zero of the accumulated measurement error of the iterative models as 𝑘 → ∞. One can
see in Figure 3(a) that the accumulated measurement error

presents a peak for the 120th iterative model. Such a nonzero
measurement error makes that the subsequent models until
the 130th one, approximately, present nonzero errors. Such
nonzero errors can be avoided by considering a larger value
for 𝑝. As a consequence, the number 𝑝 has to be chosen by
taking into account the percentage of failures in the system.
The higher such a percentage, the greater the number 𝑝 has
to be chosen.
Figure 4 displays the time evolution of the absolute values
of the sum of the measurement error of the last model of
the ILC scheme, that is, 𝑓199 (𝑡) = ∑𝑡𝑖=0 |𝑒199 (𝑖)|, during
the simulation if the proposed algorithm is used for the
two simulations, that with 4.86% of failures and that with
9.5%. Such results are compared with those obtained if the
algorithm proposed in [11] is used and if no compensation
techniques are considered for both simulations. The accumulated error is practically zero for such a model if the proposed
algorithm is used for both simulations. Moreover, one can
see that the performance deteriorates when the algorithm
proposed in [11] is used if the number of failures increases by
comparing both Figures 4(a) and 4(b). Such a deterioration
is also appreciable when no compensation algorithm is
used.
Figure 5 displays the time evolution of the output error
of the 199th model with the two data dropout compensation
algorithms and without using any compensation for both
simulations. Both figures show that the proposed algorithm
guarantees a perfect tracking of the reference trajectory by
the last iterative model for all sampling instants irrespective
of whether the percentage of failures is 4.86% or 9.5%. Such
a performance is not achieved if the algorithm proposed in
[11] is used or if no compensation techniques are considered.
Moreover the performance goes deteriorating if the number
of failures increases if the algorithm of [11] is used or if no one
is applied.
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Figure 4: Sum of the absolute values of the output error of the 199-th model during (a) a simulation with 4.86% of failures and (b) a simulation
with 9.5% of failures.

In summary, the presented results in Figures 2–5 illustrate
the improvement in the performance if one uses the proposed
algorithm instead of using that proposed in [11] and if no
one is applied to compensate the data dropouts. Such an
improvement is more perceptible as the percentage of failures
in the transmissions increases (see Figure 4). In this sense,
the algorithm proposed in [11] deteriorates its performance
when such a percentage increases while that proposed in the
present paper maintains the performance if an appropriate
value for the parameter 𝑝 (number of transmission channels
from the controller to the actuators) is chosen. In this context,
if the percentage of failures increases, then the number 𝑝
used to design the dropouts compensation algorithm has to

be increased in order to guarantee a good performance of
the system. However, a threshold between the performance
and the number 𝑝 has to be taken into account since the
increasing of 𝑝 implies the use of more transmission channels
which increases the economic cost of the system.

5. Concluding Remarks
This paper proposes an algorithm to compensate data
dropouts in the transmission channels between a remote
controller, sensors, and actuators within an ILC system with
stable and linear iterative models subject to the presence
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Figure 5: Time evolution of the output error of the 199th model
during the both simulations, one with 4.86% of failures (a) and the
other with 9.5% of failures (b).

of dropouts. The convergence to zero of the output errors
vectors is established. Several simulation results prove the
improvement in the performance of the proposed algorithm
compared with that obtained if the algorithm proposed in [11]
is used or if no compensation techniques are used. Future
foreseen researches will expand this technique to ILC with
unstable linear and/or nonlinear models.
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This paper addresses the output regulation problem of synchronous buck converters with piecewise-constant load fluctuations via
linear parameter varying (LPV) control scheme. To this end, an output-error state-space model is first derived in the form of LPV
systems so that it can involve a mismatch error that temporally arises from the process of generating a feedforward control. Then, to
attenuate the mismatch error in parallel with improving the transient behavior of the converter, this paper proposes an LMI-based
stabilization condition capable of achieving both H∞ and pole-placement objectives. Finally, the simulation and experimental
results are provided to show the validity of our approach.

1. Introduction
Drawing on the development of electronic technology,
switching DC-DC converters have been widely and successfully applied to a variety of power conversion systems such as
DC power supplies, DC motor drivers, and power generation
systems (see [1–4] and the references therein). Recently, with
the growing interest in linear matrix inequalities (LMIs) [5],
some advanced control techniques have been investigated
regarding to output regulation of DC-DC buck (step-down)
converters that produce a lower output voltage than the input
voltage, especially for T-S fuzzy control [2, 6–10]. Indeed,
the asynchronous buck converters operating in a largesignal domain are generally modeled in terms of nonlinear
systems. Thus, based on the T-S fuzzy model derived from the
averaging method for one-time-scale discontinuous systems
(AM-OTS-DS), [9] has successfully designed an integral T-S
fuzzy control with respect to the output regulation problem of
the asynchronous buck converter. Meanwhile, in the case of
synchronous buck converters [11–13], the use of the low-side
FET plays an important role in eliminating the voltage drop
across the power diode of the nonsynchronous converter,
which allows buck converters to be modeled with linear timevarying systems.

In general, the operation of the DC-DC converter is
usually affected by the fluctuation of output loads [3, 9,
12, 13]. For this reason, it is of great importance to consider the presence of a wide load range in the problem of
regulating the output voltage and current levels of DC-DC
converters; that is, it has become a hot topic to maintain
high efficiency in a great load fluctuation. Moreover, due to
the fact that conventional pulse-width modulation (PWM)
buck converters have poor efficiency under light load [14],
numerous research efforts have been invested to improve
the efficiency of the PWM converters with a wide load
range (see [12, 15–17] and the references therein). However,
a remarkable point is that most of references cited above
have paid considerable attention at the hardware level to
cover such problem. Further, [13] used a reduced system
model with the limits in theoretically capturing the dynamic
behavior of piecewise-constant load fluctuation in the process
of implementing the robust periodic eigenvalue assignment
algorithm [18]. In other words, limited work has been found
in terms of the control theory. Motivated by the concern, this
paper proposes a suitable approach in light of the control
theory to take the effect of load fluctuations into account.
This paper addresses the output regulation problem of
synchronous buck converters with piecewise-constant load
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fluctuations. To consider the presence of such load fluctuations, we derive an output-error state-space model in the
form of linear parameter varying (LPV) systems [19–21],
thereby converting the underlying regulation problem into
the stabilization problem. Here, it is worth noticing that
a mismatch error that temporally arises from the process
of generating a feedforward control is clearly incorporated
into the LPV model and it is attenuated by the H∞ synthesis technique [22, 23]. However, H∞ design provides
little control over the transient behavior [24, 25]. Hence, to
attenuate the mismatch error in parallel with improving the
transient behavior of the converter, this paper proposes an
LMI-based stabilization condition capable of achieving both
H∞ and pole-placement objectives. Finally, the simulation
and experimental results are provided to show the validity of
our approach.

of the buck converter under consideration is described as
follows:

Notation. The notations 𝑋 ≥ 𝑌 and 𝑋 > 𝑌 mean that 𝑋 − 𝑌
is positive semidefinite and positive definite, respectively. In
symmetric block matrices, (∗) is used as an ellipsis for terms
induced by symmetry. For any square matrix Q, He[Q] =
Q + Q𝑇 . Lebesgue space L2+ = L2 [0, ∞) consists of squareintegrable functions on [0, ∞).

by which (1) and (2) can be rewritten as follows:

2. Modeling for DC to DC PWM
Buck Converter
The equivalent circuit for a class of synchronous DC-DC buck
converters and the corresponding closed-loop control system
are depicted in Figure 1, where the following notations are
used.
(i) 𝑅DS denotes the static drain to source resistances of
the high-side and low-side power MOSFETs, respectively.
(ii) V𝐼 (𝑡) and V𝑂(𝑡) denote the power input and output
voltages, respectively, where it is assumed that V𝐼 (𝑡) =
V𝐼 is time-invariant.
(iii) 𝑖𝐿 (𝑡) and V𝐶(𝑡) denote the inductor current and the
capacitor voltage, respectively.
(iv) 𝐿 and 𝐶 denote the inductance and capacitance
selected by the given design specifications including
the switching frequency of MOSFETs.
(v) 𝑅DCR and 𝑅ESR denote the equivalent series resistances of the inductor and capacitor.
(vi) 𝑅(𝑡) and 𝜏(𝑡) denote the piecewise-constant load
resistance subject to 𝑅− ≤ 𝑅(𝑡) ≤ 𝑅+ and the duty
ratio of PWM buck converter.
Then, based on averaging method for one-time-scale discontinuous system (AM-OTS-DS) [26], the mathematical model

𝑅 + 𝑅DCR
1
1
𝑖𝐿 (𝑡) + V𝐼 𝜏 (𝑡) ,
𝑖𝐿̇ (𝑡) = − V𝑂 (𝑡) − DS
𝐿
𝐿
𝐿

(1)

V̇𝐶 (𝑡) =

1
1
𝑖 (𝑡) −
V (𝑡) ,
𝐶𝐿
𝑅 (𝑡) 𝐶 𝑂

(2)

V̇𝐶 (𝑡) =

1
(V (𝑡) − V𝐶 (𝑡)) .
𝑅ESR 𝐶 𝑂

(3)

Further, combining (2) and (3) yields
V𝑂 (𝑡) =

𝑅 (𝑡)
(𝑅 𝑖 (𝑡) + V𝐶 (𝑡)) ,
𝑅 (𝑡) + 𝑅ESR ESR 𝐿

1 𝑅 (𝑡) 𝑅ESR
+ 𝑅DS + 𝑅DCR ) 𝑖𝐿 (𝑡)
𝑖𝐿̇ (𝑡) = − (
𝐿 𝑅 (𝑡) + 𝑅ESR
V
𝑅 (𝑡)
1
−
V𝐶 (𝑡) + 𝐼 𝜏 (𝑡) ,
𝐿 𝑅 (𝑡) + 𝑅ESR
𝐿
V̇𝐶 (𝑡) =

𝑅 (𝑡)
1
𝑖 (𝑡)
𝐶 𝑅 (𝑡) + 𝑅ESR 𝐿

(4)

(5)

(6)

1
1
−
V (𝑡) .
𝐶 𝑅 (𝑡) + 𝑅ESR 𝐶

Let V𝐶 be a unique equilibrium point of V𝐶(𝑡) and assume that
the value of 𝑅(𝑡) is piecewise-constant; that is, 𝑅(𝑡) = 𝑅𝑗 for
𝑡 ∈ T𝑗 (see Figure 1). Then, by (6), the equilibrium point of
𝑖𝐿 (𝑡), that is, 𝑖𝐿 , is given by
0 = 𝑅𝑗 𝑖𝐿 − V𝐶,

for 𝑡 ∈ T𝑗 .

(7)

Further, by (3), the equilibrium point of V𝑂(𝑡) is given by V𝑂 =
V𝐶. Hence, from (1), the equilibrium point of 𝜏(𝑡), that is, 𝜏, is
given by
0 = V𝐶 + (𝑅DS + 𝑅DCR ) 𝑖𝐿 − V𝐼 𝜏,

for 𝑡 ∈ T𝑗 .

(8)

Remark 1. This paper focuses on addressing the case where
the variation of 𝑅(𝑡) is subject to a class of switching signals
whose finite intervals T𝑗 are larger than the setting time.
Remark 2. Indeed, it is extremely hard to directly measure
the value of V𝐶(𝑡) in the considered buck converter owing to
the existence of 𝑅ESR (see Figure 1). Thus, to find the value of
V𝐶(𝑡) from the ones of the measured V𝑂(𝑡), 𝑖𝑂(𝑡), and 𝑖𝐿 (𝑡), we
introduce a method of using the following equality derived
from (4):
V𝐶 (𝑡) = V𝑂 (𝑡) + 𝑅ESR (𝑖𝑂 (𝑡) − 𝑖𝐿 (𝑡)) .

(9)

Remark 3. From (9), we can see that 𝑖𝑂 = 𝑖𝐿 in the equilibrium point, because V𝐶 = V𝑂.
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Figure 1: Equivalent circuit for a class of synchronous DC-DC buck converters and piecewise-constant load fluctuations.

Remark 4. To solve the regulation problem herein, we need
to find the desired value of 𝑖𝐿 = V𝐶/𝑅𝑗 from (7), where V𝐶 is a
prescribed value and 𝑅𝑗 can be established as follows:
{
𝑅− ,
{
{
{
{
{
{
{
{
𝑅𝑗 = {𝑅+ ,
{
{
{
{
{
{
{
{ V𝑂 (𝑡) ,
{ 𝑖𝑂 (𝑡)

if

V𝑂 (𝑡)
< 𝑅−
𝑖𝑂 (𝑡)

V (𝑡)
> 𝑅+
if 𝑂
𝑖𝑂 (𝑡)

=

𝑅𝑗
𝑅𝑗 + 𝑅𝐸𝑆𝑅

V𝐶) + 𝑤 (𝑡)

(12)

1
(V + (𝑅𝐷𝑆 + R𝐷𝐶𝑅 ) 𝑖𝐿 ) + 𝑤 (𝑡)
V𝐼 𝐶

= 𝜏 + 𝑤 (𝑡) ,

𝑅𝑗 𝑅ESR

̃𝑖𝐿̇ (𝑡) = − 1 (
+ 𝑅DS + 𝑅DCR ) ̃𝑖𝐿 (𝑡)
𝐿 𝑅𝑗 + 𝑅ESR

where 𝑤(𝑡) ∈ L2+ denotes the error that can temporally
occur when finding 𝑅𝑗 and 𝑖𝐿,𝑗 under the saturation operator
(10). Here, a remarkable point is that if 𝑤(𝑡) = 0, then the
feedforward control input 𝜓(𝑡) = 𝜏 for 𝑡 ∈ T𝑗 .
Under (12), the system given in (11) becomes
𝑅𝑅
̃𝑖𝐿̇ (𝑡) = − 1 ( 𝑗 ESR + 𝑅DS + 𝑅DCR ) ̃𝑖𝐿 (𝑡)
𝐿 𝑅𝑗 + 𝑅ESR
−

𝑅𝑗

V
1
̃V (𝑡) + 𝐼 𝑢 (𝑡)
𝐿 𝑅𝑗 + 𝑅ESR 𝐶
𝐿

𝑅𝑗
V
V
1
̃V𝐶 (𝑡) + 𝐼 𝑢 (𝑡) + 𝐼 𝑤 (𝑡) ,
𝐿 𝑅𝑗 + 𝑅ESR
𝐿
𝐿

𝑅𝑗
1
̃𝑖 (𝑡)
̃V̇𝐶 (𝑡) =
𝐶 𝑅𝑗 + 𝑅ESR 𝐿

𝑅𝑗 𝑅ESR
1
+ 𝑅DS + 𝑅DCR ) 𝑖𝐿
(
𝐿 𝑅𝑗 + 𝑅ESR

−

𝑅𝑗
V
1
−
V𝐶 + 𝐼 𝜓 (𝑡) ,
𝐿 𝑅𝑗 + 𝑅ESR
𝐿

1
1
̃V (𝑡) ,
𝐶 𝑅𝑗 + 𝑅ESR 𝐶

(13)

for 𝑡 ∈ T𝑗 .

In what follows, let us define

𝑅𝑗
1
1
̃𝑖 (𝑡) − 1
̃V̇𝐶 (𝑡) =
̃V (𝑡)
𝐶 𝑅𝑗 + 𝑅ESR 𝐿
𝐶 𝑅𝑗 + 𝑅ESR 𝐶
+

𝑅𝑗 𝑅𝐸𝑆𝑅
1
((
+ 𝑅𝐷𝑆 + 𝑅𝐷𝐶𝑅 ) 𝑖𝐿
V𝐼
𝑅𝑗 + 𝑅𝐸𝑆𝑅
+

otherwise.

3.1. LPV Model Description. Let ̃𝑖𝐿 (𝑡) = 𝑖𝐿 (𝑡) − 𝑖𝐿 , ̃V𝐶(𝑡) =
V𝐶(𝑡) − V𝐶, and 𝜏(𝑡) = 𝑢(𝑡) + 𝜓(𝑡), where 𝑢(𝑡) and 𝜓(𝑡) indicate
the feedback and feedforward control inputs, respectively.
Then, for 𝑡 ∈ T𝑗 , the system given in (5) and (6) can be
converted into

−

𝜓 (𝑡) =

(10)

3. LPV Control with Pole
Placement Constraints

−

Proposition 5. Let us consider the feedforward control input
𝜓(𝑡) of the following form:

𝑓1 =

𝑅𝑗
𝑅𝑗 + 𝑅ESR

,

𝑓2 =

1
,
𝑅𝑗 + 𝑅ESR

∀𝑗.

(14)

Then, by letting 𝑥(𝑡) = col(̃𝑖𝐿 (𝑡), ̃V𝐶(𝑡)), we can rewrite (13) as
follows:

1
1
(𝑅 𝑖 − V𝐶) .
𝐶 𝑅𝑗 + 𝑅ESR 𝑗 𝐿
(11)

𝑥̇ (𝑡) = 𝐴 (𝑓1 , 𝑓2 ) 𝑥 (𝑡) + 𝐵𝑢 𝑢 (𝑡) + 𝐵𝑤 𝑤 (𝑡) ,

(15)

4
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where
1
1
− (𝑅 𝑓 + 𝑅DS + 𝑅DCR ) − 𝑓1
]
[ 𝐿 ESR 1
𝐿
],
𝐴 (𝑓1 , 𝑓2 ) = [
[
1
1 ]
− 𝑓2
𝑓
[
𝐶 1
𝐶 ] (16)
V𝐼
[
𝐵𝑢 = 𝐵𝑤 = 𝐿 ] .
[0]
Here, note that, from the fact that
0 < 𝑓1,0

𝑅−
𝑅+
= −
≤ 𝑓1 ≤ +
= 𝑓1,1 ,
𝑅 + 𝑅ESR
𝑅 + 𝑅ESR

0 < 𝑓2,0

1
1
= +
≤ 𝑓2 ≤ −
= 𝑓2,1 ,
𝑅 + 𝑅ESR
𝑅 + 𝑅ESR

(17)

(14) can be represented by 𝑓1 = ∑1𝑖=0 𝜌1,𝑖 𝑓1,𝑖 and 𝑓2 = ∑1𝑖=0 𝜌2,𝑖
𝑓2,𝑖 , where
𝜌1,0

𝑓1,1 − 𝑓1
=
,
𝑓1,1 − 𝑓1,0

𝜌2,0 =

𝑓2,1 − 𝑓2
,
𝑓2,1 − 𝑓2,0

𝜌1,1

𝑓1 − 𝑓1,0
=
,
𝑓1,1 − 𝑓1,0

𝜌2,1 =

𝑓2 − 𝑓2,0
.
𝑓2,1 − 𝑓2,0

(18)

Therefore, we can derive the linear parameter varying (LPV)
form of 𝐴(𝑓1 , 𝑓2 ) as follows:
4

where 𝐹(𝜎) = ∑4𝑝=1 𝜎𝑝 𝐹𝑝 . Then, the closed-loop system under
(15) and (21) is given by
𝑥̇ (𝑡) = (𝐴 (𝜎) + 𝐵𝑢 𝐹 (𝜎)) 𝑥 (𝑡) + 𝐵𝑤 𝑤 (𝑡) ,

(22)

𝑧 (𝑡) = 𝐶𝑧 𝑥 (𝑡) ,

(23)

where 𝑧(𝑡) denotes the performance output in the H∞ sense.
In order to address the D-stability problem, we consider
the following theorem reported in [24], which will be used for
the design of LPV control with pole placement constraints.
Theorem 6 (see [24]). The system matrix 𝐴 is D-stable (i.e.,
all the poles of 𝐴 lie in D) if and only if there exists a symmetric
matrix 𝑋 such that 𝑀D (𝐴, 𝑋) < 0, 𝑋 > 0, where 𝑀D (𝐴, 𝑋) is
related with the following characteristic function 𝑓D (𝑧) on the
basis of the substitution (𝑋, 𝐴𝑋, 𝑋𝐴𝑇 )  (1, 𝑧, 𝑧):
(i) left half-plane such that 𝑅(𝑧) < −𝛼: D = {𝑧 ∈
C | 𝑓D (𝑧) = 𝑧 + 𝑧 + 2𝛼 < 0},
(ii) disk with center at (−𝑞, 0) and radius 𝑟:
−𝑟 𝑞 + 𝑧
D = {𝑧 ∈ C | 𝑓D (𝑧) = [
] < 0} ,
𝑞 + 𝑧 −𝑟

(24)

(iii) conic sector centered at the origin and with inner angle
2𝜃:
D = {𝑧 ∈ C | 𝑓D (𝑧) = [

𝐴 (𝑓1 , 𝑓2 ) = ∑ 𝜎𝑝 𝐴 𝑝 ≜ 𝐴 (𝜎) ,

sin 𝜃 (𝑧 + 𝑧) cos 𝜃 (𝑧 − 𝑧)
] < 0} .
cos 𝜃 (𝑧 − 𝑧) sin 𝜃 (𝑧 + 𝑧)
(25)

𝑝=1

𝜎𝑝 = 𝜌1,[𝑝]1 ⋅ 𝜌2,[𝑝]2 ,
1
1
+ 𝑅DS + 𝑅DCR ) − 𝑓1,[𝑝]1
− (𝑅 𝑓
]
[ 𝐿 ESR 1,[𝑝]1
𝐿
],
𝐴𝑝 = [
]
[
1
1
− 𝑓2,[𝑝]2
𝑓1,[𝑝]1
]
[
𝐶
𝐶

(19)

The following theorem presents a set of LMIs for Dstability criterion for (22).
Theorem 7. Let the required LMI region D be given in terms of
𝛼, 𝑟, 𝜃, and 𝑞 = 0. Then, (22) is D-stable if there exist matrices
{𝐹𝑝 }𝑝=1,2,3,4 ∈ R1×2 and symmetric matrix 0 < 𝑋 ∈ R2×2 such
that, for all 𝑝 ∈ {1, 2, 3, 4},

where [𝑝]1 and [𝑝]2 are decided from 𝑝 = 2[𝑝]2 + [𝑝]1 +
1 and [𝑝]𝑘 ∈ {0, 1}. Here, it should be pointed out that
the piecewise-constant parameters 𝜎𝑝 satisfy the following
properties:
4

1

1

∑ 𝜎𝑝 = ∑ ∑ 𝜌1,[𝑝]1 ⋅ 𝜌2,[𝑝]2

𝑝=1

[𝑝]1 =0[𝑝]2 =0
1

1

[𝑝]1 =0

[𝑝]2 =0

= ( ∑ 𝜌1,[𝑝]1 ) ⋅ ( ∑ 𝜌2,[𝑝]2 ) = 1,
0 ≤ 𝜎𝑝 ≤ 1,

(20)

[

∀𝑝.

3.2. Control Design. Now, consider a state-feedback control
law of the following form:
𝑢 (𝑡) = 𝐹 (𝜎) 𝑥 (𝑡) ,

[
[
0>[
[

(21)

0 > He [𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 + 𝛼𝑋] ,

(26)

−𝑟𝑋 𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝
0>[
],
−𝑟𝑋
(∗)

(27)

sin 𝜃 ⋅ He [𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ]

𝑇

cos 𝜃 ⋅ (𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 − 𝑋𝐴𝑇𝑝 − 𝐹𝑝 𝐵𝑢𝑇 )
(∗)
sin 𝜃 ⋅ He [𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ]
−𝐼
𝐶𝑧 𝑋
0
0 > [(∗) He [𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ] 𝐵𝑤 ] .
−𝛾2 𝐼]
(∗)
[(∗)

]
]
],
]

(28)

]
(29)

Moreover, the control gains 𝐹𝑝 can be reconstructed by 𝐹𝑝 =
𝐹𝑝 𝑋−1 .
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5

Proof. From Theorem 6, the pole placement constraints are
satisfied if and only if there exists 𝑋 > 0 such that
𝑀𝐷 (𝐴 (𝜎) + 𝐵𝑢 𝐹 (𝜎) , 𝑋) < 0.

(30)

Accordingly, the D-stability conditions of (22) are given by
0 > He [Φ (𝜎) + 𝛼𝑋] ,
−𝑟𝑋 Φ (𝜎)
0>[
],
(∗) −𝑟𝑋

(31)

sin 𝜃 ⋅ He [Φ (𝜎)] cos 𝜃 ⋅ (Φ (𝜎) − Φ(𝜎)𝑇 )
],
sin 𝜃 ⋅ (He [Φ (𝜎)])
(∗)

0>[

where Φ(𝜎) = 𝐴(𝜎)𝑋 + 𝐵𝑢 𝐹(𝜎) and 𝐹(𝜎) = 𝐹(𝜎)𝑋 =
∑4𝑝=1 𝜎𝑝 𝐹𝑝 𝑋. By defining 𝐹𝑝 = 𝐹𝑝 𝑋, we can express that

Φ(𝜎) = ∑4𝑝=1 𝜎𝑝 (𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ), which leads to Φ(𝜎) ∈
Co(𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ) by (20), where Co(⋅) indicates the convex
hull. Hence, the D-stability conditions given in (31) can be
assured by (26)–(28), respectively.
Next, we discuss the H∞ performance such that
sup𝑤 (‖𝑧(𝑡)‖2 /‖𝑤(𝑡)‖2 ) < 𝛾 for all 0 ≠ 𝑤(𝑡) ∈ L2+ , where
𝛾 represents the disturbance attenuation capability. As is well
known, the H∞ stability criterion [19] can be derived from
0 > 𝑧𝑇 (𝑡) 𝑧 (𝑡) − 𝛾2 𝑤𝑇 (𝑡) 𝑤 (𝑡) + 𝑉̇ (𝑡) .

(32)

Here, let 𝑉(𝑡) = 𝑥𝑇 (𝑡)𝑋−1 𝑥(𝑡). Then, (32) can be naturally
rewritten as follows:
𝑇

−1

0 > He [𝑥 (𝑡) 𝑋 ((𝐴 (𝜎) + 𝐵𝑢 𝐹 (𝜎)) 𝑥 (𝑡) + 𝐵𝑤 𝑤 (𝑡))]
+ 𝑧𝑇 (𝑡) 𝑧 (𝑡) − 𝛾2 𝑤𝑇 (𝑡) 𝑤 (𝑡) ,

Table 1: Parameters of system (1)–(3).
Parameters
Nominal input voltage V𝐼
Equilibrium point of V𝐶 (𝑡)
Inductance 𝐿
Capacitance 𝐶
Static drain to source resistance 𝑅DS
Equivalent series resistance of inductor 𝑅DCR
Equivalent series resistance of capacitor 𝑅ESR
Load resistance 𝑅(𝑡)
Switching frequency

4. Simulation and Experimental Results
The parameters of the considered buck converter (1)-(3) are
listed in Table 1. As shown in Table 1, the equilibrium point
of V𝐶(𝑡) is given by V𝐶 = 5, and the lower and upper bounds
of 𝑅(𝑡) are given by 𝑅− = 3 and 𝑅+ = 20, which leads to
𝑓1,0 = 0.9662, 𝑓1,1 = 0.9948, 𝑓2,0 = 0.0.0497, and 𝑓2,1 =
0.0.3221 from (17). As a result, system (15) can be represented
as follows:
𝐴 1 = 102 × [

−49.2445 −205.5710
],
43.9174 −2.2609

𝐴 2 = 102 × [

−49.8833 −211.6548
],
45.2172 −2.2609

𝐴 3 = 102 × [

−49.2445 −205.5710
],
43.9174 −14.6391

𝐴 4 = 102 × [

−49.8833 −211.6548
],
45.2172 −14.6391

(33)
which leads to
0>[

He [𝑋−1 (𝐴 (𝜎) + 𝐵𝑢 𝐹 (𝜎))] + 𝐶𝑧𝑇 𝐶𝑧 𝑋−1 𝐵𝑤
] . (34)
−𝛾2 𝐼
(∗)

As a result, pre- and postmultiplying (34) by diag(𝑋, 𝐼) and
its transpose yield
0>[

He [Φ (𝜎)] + 𝑋𝐶𝑧𝑇 𝐶𝑧 𝑋 𝐵𝑤
],
−𝛾2 𝐼
(∗)

(35)

which can be converted by the Schur’s complement [5] into
−𝐼
𝐶𝑧 𝑋
0
(36)
0 > [(∗) He [Φ (𝜎)] 𝐵𝑤 ] .
−𝛾2 𝐼]
(∗)
[(∗)
Therefore, condition (36) is guaranteed by (29) in light of
Φ(𝜎) ∈ Co(𝐴 𝑝 𝑋 + 𝐵𝑢 𝐹𝑝 ).
Remark 8. In general, when investigating the output regulation problem of synchronous buck converters, we need to
consider the dynamic behavior of some natural phenomena
such as piecewise-constant load fluctuations and mismatch
errors arising when generating the feedforward control. Thus,
based on the framework of LPV control theory, this paper
makes an attempt to impose such natural phenomena in the
control design.

Value
12 V
5V
47 𝜇H
220 𝜇F
30 mΩ
100 mΩ
105 mΩ
5–10 Ω
150 kHz

(37)

𝑇
= 105 × [2.5532 0] ,
𝐵𝑢𝑇 = 𝐵𝑤

𝐶𝑧 = [0.1 0.1] .
For three LMI regions {D𝑖 }𝑖=1,2,3 , Theorem 6 provides the
corresponding control gains and the minimized H∞ performances for (37), which are listed in Table 2. Figure 2
shows the behaviors of the output voltage V𝑂(𝑡), simulated
by MATLAB (dot-line) and PSIM (solid-line), for the control
gains corresponding to the LMI region D2 . Here, to verify
the effectiveness of the proposed approach, we consider the
piecewise-constant load 𝑅𝑗 that changes from 5 Ω to 10 Ω
(see Figure 2(a)) and back to 5 Ω (see Figure 2(b)), where
T2 = 0.0025 s is set for simulation. From Figure 2, it can be
found that the transient responses obtained from MATLAB
and PSIM simulations are approximately equal in view of the
average mode, which means that the obtained LPV model
(15) is valuable in investigating the regulation problem of
synchronous buck converters. In particular, from the PSIM
simulation result, we can see that the proposed control offers
the short setting time 1 ms (less than T2 as mentioned in
Remark 1), small overshoot 180 mV, and nearly zero steady
state error even though there exist piecewise-constant load
fluctuations in the synchronous buck converter.
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5.1
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5.2
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5
O (t)

O (t)

5.1
4.95

5.05

4.9

5

4.85

4.95

T2 = 0.0025

T1
4.9

2.4

2.6

2.8
3
Time (ms)

3.2

T3
3.4

4.8

3.6
×10−3

5

5.2

5.4
5.6
Time (ms)

5.8

6

6.2
×10−3

PSIM
MATLAB

PSIM
MATLAB

(b)

(a)

Figure 2: Simulation result. Output voltage V𝑂(𝑡) of the buck converter using the control gains for D2 , where the load is changed: (a) from
5 Ω to 10 Ω at 𝑡 = 2.5 × 10−3 and (b) from 10 Ω to 5 Ω at 𝑡 = 5 × 10−3 .

Table 2: H∞ performance and control gains for each LMI region.
𝛼

𝑟

𝜃

𝛾

D1

11000

13000

𝜋/1000

11.7050

D2

11000

15000

𝜋/1000

4.5797

D3

11000

20000

𝜋/1000

2.1914

Next, an experiment is additionally carried out to confirm
the applicability of our approach verified through the simulation results. The parameters used herein are set the same
as the ones listed in Table 1, and a dual N-channel MOSFET
(FDS8949) and two current sense amplifiers (LMP8481) are
used for the hardware implementation. Here, we need to
tackle several problems concerning the measurement of the
required output signals to construct the controller. First of
all, the ringing problem arising from the used MOSFET
should be addressed (1) by changing the Q-point factor that
influences the setting time of V𝑂; and (2) by adding the
RC snubber circuit placed between the low-side MOSFET
and inductor. In what follows, the residual switching noises
should be attenuated to exactly measure the values of 𝑖𝑂(𝑡),
𝑖𝐿 (𝑡), and V𝑂(𝑡) with respect to the common ground. To do so,
the power voltage V𝐼 is thoroughly isolated from the applied
voltage used for the operation of sensor units, which plays
an important role in reducing such switching noises in the
side of the sensor units. Finally, it is necessary to eliminate
the undesirable effects of electromagnetic interference (EMI)
that may be caused by the wrong PCB layout. In this sense, all

𝐹
[ 1
𝐹3
𝐹
[ 1
𝐹3
𝐹
[ 1
𝐹3

Control gains
−0.0738, −0.0422 −0.0732, −0.0357
𝐹2
]=[
]
−0.0704, −0.0216 −0.0687, −0.0123
𝐹4
−0.0817, −0.0614 −0.0813, −0.0550
𝐹2
]=[
]
−0.0773, −0.0364 −0.0715, −0.0290
𝐹4
−0.1012, −0.1094 −0.1009, −0.1018
𝐹2
]=[
]
−0.0986, −0.0868 −0.0988, −0.0813
𝐹4

net paths on the PCB board are designed as short as possible,
and the top and bottom layers of the PCB board without
inner layers are not assigned to draw the power and ground
nets. Figure 3(a) shows the construction of our experimental
bench, which consists of a prototype of buck converter
(see Figure 3(b)), a dSPACE board, an oscilloscope, and an
electronic loader. Here, data acquisition and real-time control
system are implemented on the basis of dSPACE 1104 software
and digital processor card, which have useful functions
such as analog/digital converters (ADCs) and pulse-width
modulation (PWM) built in TMS320F240 DSP. Figure 4(a)
shows the output response V𝑂(𝑡) of the buck converter with 𝑅𝑗
changing from 5 Ω to 10 Ω, from which we can observe that
the maximum overshoot of V𝑂(𝑡) is approximately 180 mV
and its setting time is less than 1.5 ms. In addition, Figure 4(b)
shows the output response V𝑂(𝑡) of the buck converter with
𝑅𝑗 changing back to 5 Ω, which illustrates that the maximum
undershoot of V𝑂(𝑡) is approximately 180 mV and its setting
time is less than 1.5 ms. That is, by making a comparison
between Figures 2 and 4, we can see that this experiment
achieves similar output transition performances to the ones
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DC electronic loader

Oscilloscope

Power supply
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Control desk

dSPACE
Buck converter

(a)

(b)

Figure 3: (a) Experimental bench for testing the proposed approach and (b) experimental prototype of synchronous DC/DC buck converter.
C1 BwL DC1M Tbase 0.00 ms
100 mV/div
500 𝜇s/div
−5.0010 V ofst 1.00 MS 200 MS/s

C1 BwL DC1M Tbase 0.00 ms
100 mV/div
500 𝜇s/div
−5.0010 V ofst 1.00 MS 200 MS/s

(a)

(b)

Figure 4: Experiment result. Output voltage V𝑂(𝑡) of the buck converter using the control gains for D2 , where the load is changed: (a) from
5 Ω to 10 Ω and (b) from 10 Ω to 5 Ω.

of the simulation results, which means that our approach can
be practically applied to the output regulation problem of
synchronous buck converters with load fluctuations.

5. Concluding Remarks
In this paper, we have shed some light on addressing the
output regulation problem of synchronous buck converters
with piecewise-constant load fluctuations via linear parameter varying (LPV) control scheme. Thus, based on the derived
LPV model, an H∞ stabilization condition is proposed
such that (1) the mismatch error arising temporally in the
feedforward control term can be attenuated and (2) the
closed-loop poles can lie in the a prescribed LMI region.
Finally, the validity of the proposed approach is verified
through the simulation and experimental results.
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Topology control is one of the most important techniques used in wireless sensor networks; to some extent it can reduce energy
consumption in which each node is capable of minimizing its transmission power level while preserving network connectivity.
Reducing energy consumption has been addressed through different aspects till now. In this paper, we present a minimum spanning
tree- (MST-) based algorithm, called noncooperative minimum spanning tree (NMST), for topology control in wireless multihop
networks. In this algorithm, each node constructs its minimum power-cost spanning tree which is a tree and can connect the node
with one hop away from its neighbor node in constructed topology. In addition we address the power-cost allocation problem
when node acts selfishly. A class of strategies is proposed which construct minimum power-cost spanning tree such that the sum
of the power-cost (as proxy of weight), at the same time, is a strong Nash equilibrium for a noncooperative game associated with
the problem of efficient topology construction. Simulation results show that NMST can maximize the sensor network lifetimes.

1. Introduction
Wireless sensor networks (WSNs) are composed of smart
nodes, that is, tiny devices equipped with communication
component, data computation, and sensing capability [1–
3]. In this type of network, each node collects information
from the target area and sends this information to a sink,
through a multihop communication network. A wireless
sensor network consists of a large number of nodes, which
are densely deployed inside the target area or very closed off
the target area.
These WSNs can be employed to increase the efficiency
of many important applications such as health care, intrusion
detection and plants control, weather monitoring, security
and tactical surveillance, disaster monitoring, and ambient
conditions detection [4, 5]. Deployment and development of
wireless sensor network are limited in terms of resources for
a variety of applications. These limitations pose a number of
challenges such as routing protocol, topology control scheme,
aggregation mechanism, and flow maximization [1, 6, 7].

Many of these challenges are related to issuing problems that
have not been solved. Therefore, one of the main design
goals to prolong the lifetime of the network through the
minimization of the per-node energy consumption is topology control. Deploying several hundreds to thousands of
inaccessible and unattended sensor nodes, which are prone to
frequent failures, makes topology control an ambitious task.
Each node optimizes its own power range while preserving
network connectivity by topology control [8–11]. This act
must not intervene in the formal service in the wireless
network and the system must have enough node degree to
increase robustness and adjust minimum transmission power
range as well as reduce energy consumption.
To efficiently extend the lifetime of the WSN nodes,
limited and nonrechargeable battery and energy resources
need to be managed efficiently [12]. Efficient topology control
(TC) algorithm could conserve energy. The main idea of TC is
that nodes collaboratively set their transmission range instead
of maximum transmission level and generate the connected
topology accordingly. The purpose of a topology control is
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prolonging the network lifetime while preserving network
connectivity. It has been demonstrated that the topology of
wireless sensor network has a significant effect on the energy
depletion rate of the node [13]. So far, several algorithms had
been proposed and evaluated to compose connected topology. As a result, energy consumption becomes minimum
while connectivity is preserved.
Several algorithms such as LMST [14], XTC [15], and
OTTC [16] are introduced for connected topology in wireless
networks. In topologies constructed by XTC, LMST, and
OTTC the number of neighbors and energy efficiency are
considerably bounded. However, in previous approaches each
node selects its transmission power individually based on
link weights which reduce energy consumption. Moreover,
as the result of the topology process some nodes have to use
high transmission power level which resulted in the increase
energy consumption specifically when high transmission
power level is chosen.
Nodes act selfishly and are conflicting with each other in
pursuit of energy efficiency and connectivity. However, selfish
nodes try to overcome conflicting objectives with the pursuit
of energy efficiency and topology connectivity. If the nodes
select lower transmitting range, the constructed topology
will be disconnected. The main problem is to establish a
tradeoff within nodes. Game theory is a useful tool to solve
the conflicting objectives of nodes in improving the energy
efficiency and topology connectivity in the presence of selfish
nodes. Several mechanisms for designing of TC based on
game theory had been proposed, such as max improvement
algorithm (MIA) [17], 𝛿-improvement algorithm (DIA) [18],
and Local-DIA [19]. In DIA, the nodes are expected to have
only incomplete information of the topology. However, in
general a Nash equilibrium (NE) does not converge to construct energy-efficient topology. Furthermore, there exists
strategy profile, which is not NE to construct energy efficiency topology.
In this paper, we proposed a minimum spanning tree
based topology control which we called noncooperative
minimum spanning tree (NMST) for wireless network. In
this algorithm, we introduce the class of opportune moment
strategies which, at the same time, are strong Nash equilibria and produce minimum power-cost spanning trees. We
also prove that these strategies are subgame perfect Nash
equilibria and strong Nash equilibria. In addition, it is also
important to note that the payoffs provided by any profile
of opportune moment strategies construct topology with
minimum power level. Hence, our opportune moment strategies can be seen as a new justification for the usage of cost
allocations in minimum power-cost spanning tree games.
The NMST algorithm specifies that (1) the constructed
topology is connected with a sufficient number of neighbors
to increase network performance in real time; (2) the degree
of each node is sufficient which can minimize the amount of
interference and ensure that the network not partition; (3)
the constructed topology should contain only bidirectional
link in which most routing protocols for wireless networks
implicitly assume that wireless links are bidirectional.
The rest of this paper is organized as follows. Section 2
provides an overview of main concepts of game theory which
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are used throughout this paper. Network model, assumptions,
and definitions are presented in Section 3. Moreover, the
topology construction process and some properties in case
of information exchange and transmission power adjusting
which can use moment opportunity model are presented in
Section 4. The analysis of NMST game is presented in
Section 5. In Section 6 we evaluate the effectiveness of NMST
through simulations and compare it with existing algorithms
DIA and OTTC. Finally Section 7 presents the concluding
remarks.
1.1. Related Work. Lately, many TC algorithms have been
introduced for sensor networks. All TC algorithms can be
arranged as centralized and distributed. In the centralized
algorithms [20, 21], a particular node based on global knowledge is responsible for constructing connected topology.
These algorithms cannot be used on distributed nodes. The
other class contains distributed algorithms that we deal with
in this paper. The author in [15] proposed XTC algorithm for
topology control that operates with the neighbors’ link qualities. The main features of XTC algorithm are relevant properties (symmetry, connectivity, sparseness, and planarity) of
TC while being faster than any previous algorithm. The XTC
algorithm does not require node coordinate information.
In [16] the author proposed OTTC algorithm that operates
with weight of the links. Each node collects its one-hop
neighbors in an ordered list and exchanges the list between
its neighbors. The OTTC works in fully distributed and low
quality information.
Game theory has been used as a tool to model and
investigate different aspects of wireless communication [22].
The authors in [23] were the first in proposing the equilibrium
in topology control game. However, in their proposed algorithm, the stable point of NE is not guaranteed. Furthermore,
Nash equilibrium TC algorithms do not consider the energy
efficiency.
The authors in [17] reformulated the algorithm in [23] as
exact potential games (EPG). EPG respond to the existence
of at least one NE. MIA [17], DIA [18], and Local-DIA [19]
were investigated to adjust the per-node power level such that
the resulting topology was energy-efficient while preserving
network connectivity. However, in the MIA approach, the
authors denoted that various steady-state outcomes emerge
based on the order in which nodes modify their strategies.
Local-DIA was enhanced from DIA; however the works
were based on k-hop neighborhood exchange information.
The algorithms assume that nodes are responsible for constructing topology. The authors studied Nash equilibrium to
construct efficient topology, when nodes employ a greedy
best response mechanism. However, in general a NE does not
converge to construct energy-efficient topology.
Most of the previous topology control algorithms adjust
transmission power levels based on residual energy of neighbor nodes to balance energy consumption [24–26]. However,
using such topology construction nodes cannot generate efficient connected topology. Moreover, all proposed algorithms
can be efficient in maintenance phases and their algorithms
cannot construct energy-efficient topology in beginning of
network operational time.
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2. Game Theory Assumptions
This section presents a short review of fundamental elements
of noncooperative strategic-form game. The main element of
this algorithm is the game, which is a general method of an
interactive decision making.
The elements of the game theory are defined as {𝑁𝑢 ,
𝐴 𝑢 , 𝑃𝑢 }, where 𝑁 is a set of players in the game and 𝐴 𝑢 is
a set of strategies of a player 𝑢 ∈ 𝑁, where each strategy 𝑎𝑢
of the vector 𝑢 related to the 𝐴 𝑢 . Denote a strategy profile
𝑎 = (𝑎𝑢 , 𝑎−𝑢 ), where 𝑎𝑢 is the player 𝑢’s strategy and 𝑎−𝑢 denote
the strategy of 𝑛 − 1 players. For each player 𝑢, 𝑃𝑢 is payoff
function.
In noncooperative strategic-form game NE is an important concept and the most prevalent. In such concept solution, no player has any incentive to deviate from its strategy,
because game is defined as a fixed point of NE.
Definition 1. The profile of strategy of 𝑎 ∈ 𝐴 is a Nash
equilibrium for the described game Γ(𝐺, 𝑝), if for every player
of the game {𝑝𝑢 ≤ 𝑝𝑢 (𝑎, 𝑎𝑢 )∀𝑎𝑢 ∈ 𝐴 𝑢 , 𝑎𝑢 ≠ 𝑎𝑢 }, where 𝑎𝑢
is the space vector representing the strategies of all actions
except 𝑢. Informally, (𝑎𝑢 ) is a NE, if no action 𝑢 has the
incentive to change its profile strategy.
That is, 𝑎 is a NE, if any deviation of player 𝑢 from the
profile of strategies 𝑎 does not yield an improvement in the
energy consumption assigned to player 𝑢. In this model, each
node is noncooperative to select its strategy. Therefore, set
of strategies 𝐴 𝑢 for 𝑢 ∈ 𝑁 is 𝑅 for the set of all possible
strategies. The selected strategy 𝑎 is a power vector 𝑝 with 𝑝𝑢
being power levels of 𝑢.

3. Framework and Assumptions
3.1. Network Model. Let the graph 𝐺 = (𝑁, 𝐸, 𝑤) represent
the sensor networks, where 𝑁 is the number of sensor nodes
and 𝑁 = 1, 2, . . . , 𝑛. Each node has to connect to a common
path, 𝑖, and 𝑤 ∈ 𝑅‖𝐸‖ ; that is, 𝑤𝑒 ≥ 0 is the beginning weight
on edges 𝑒 ∈ 𝐸. In WSN with bidirectional transmission range
𝑟 ∈ 𝑅𝑛 constructs topology 𝐺 = (𝑁, 𝐸) in the following
scheme: 𝑒 = (𝑢, V) ∈ 𝐸 in 𝐸 if 𝑟𝑢 ≥ 𝑤𝑒 . Note that the topology
is produced by the radius vector 𝑟 with 𝐺(𝑁, 𝑟).
The graph 𝐺 is in Euclidean space with the number of
neighbors 𝑁 in 𝑅𝑖 , such that 𝑤 = 𝑑(𝑢, V), where 𝑑 is an
Euclidean distance. Denote that nodes 𝑢 and V are connected,
when they are connected with some intermediate node 𝑖.
If 𝑢 and V are connected, then removing any arbitrary set,
𝑆 ⊆ 𝑁 \ {𝑢, V}, preserves network connectivity. Moreover, for
each subgraph of node 𝑆 ⊆ 𝑁, defined by 𝑆𝑖 = 𝑆 ∪ 𝑖 and by 𝐺𝑆
the topology (𝑆𝑖 , 𝐸𝑆𝑖 ), where 𝑆𝑖 defines the set of nodes and
𝐸𝑆𝑖 is the set of edges, 𝐸𝑆𝑖 ⊆ {(𝑢, V) ∈ 𝑆𝑖 × 𝑆𝑖 , | 𝑢, ≠ V}.
3.2. Game Theory Mapping. Here, the topology control process as a normal form game is described. Each node 𝑢
uses incremental power levels to connect to the topology
in each step of the game. As such, if each node decides to
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connect to the topology, it has to use certain transmission
power while preserving network connectivity. Therefore,
to construct an energy-efficient topology, nodes must use
minimum transmission power level between two nodes while
ensuring network connectivity. Given two sets of neighbors
𝑢1 , V1 and 𝑢2 , V2 , the link weights 𝑑 : 𝐸 → 𝑅 are determined
as 𝑑(𝑢1 , V1 ) > 𝑑(𝑢2 , V2 ). The weight function guarantees the
MST 𝑇𝑎 constructed by node 𝑢 are unique. While a node 𝑢
generates the topology, it will determine its neighborhoods.
If no node joins the topology at the end of game, each node
has to use a penalty that means using higher transmission
power than current transmission power to connect to node
V. Node V is neighbor of a node 𝑢, if and only if (𝑢, V) ∈ 𝑇𝑢 .
Furthermore, 𝑢 and V have reverse link if and only if 𝑢 reaches
to V and V reaches to 𝑢.
In each step of the games, node 𝑢 tries to connect to
node V by using high transmission power which results
in more energy consumption. However, each node tries
to connect to the topology even, they have to use their
maximum transmission power. Furthermore, this condition
can be reformulated by stating that when game ends with
some nodes which are not joined to the topology, then it
uses another strategy, which means using higher transmission
power level. Each strategy is represented as 𝑎 = (𝑎𝑢 )𝑢 ∈ 𝑁.
Note that 𝐴 𝑢 is the list of all available strategies for node
𝑢 by 𝐴. Given strategies of 𝑎 for all lists of nodes, 𝑁, and
a subset of nodes 𝑆 ⊂ 𝑁, noted by (𝑎𝑆 , 𝑎−𝑆 ), the layout
of 𝑎 on 𝑆(𝑁 \ 𝑆) denoted the responsible strategies for the
nodes in 𝑆(𝑁 \ 𝑆). Moreover, (𝑎, 𝑎𝑆 ) represents the strategy
profile in which nodes in 𝑆 deviate from 𝑎 by using 𝑎 ; that
is, (𝑎, 𝑎𝑆 𝑢 ) = 𝑎𝑢 for any 𝑢 ∈ 𝑆 and (𝑎, 𝑎𝑆 V ) = 𝑎𝑗 for all
V ∈ 𝑆.
The results about noncooperative minimum spanning
trees that are useful in the analyses of the problem presented
in this chapter are assumed as follows.
Theorem 2. Denote a MST by 𝑇𝑆 on 𝑆𝑖 ⊂ 𝑁𝑖 , that is, NMST
on 𝑁𝑖 . If 𝑢 ∈ 𝑀𝑆 , V ∈ 𝑆𝑖 , then, at least one of the NMSTs on 𝑁𝑖
includes 𝑇𝑆 ∪ (𝑢, V) ∪ 𝐸𝑆 .
Proof. As a result of the properties on MST, if 𝑢 ∈ 𝑀𝑆 and
V ∈ 𝑆𝑖 , the set of topologies {𝑇𝑆 , 𝑇{𝑢}, 𝑢 ∈ 𝑁\𝑆} is considered.
Furthermore, there exists at least one NMST on 𝑁𝑖 which
includes 𝑇𝑆 ∪{(𝑢, V)} since 𝑐𝑢V is minimum power levels within
𝑇𝑆 and any other MST in topology. Moreover, by considering
the topology {𝑇𝑆 ∪ (𝑢, V), 𝑇{𝑘}, 𝑘 ∈ 𝑁 \ 𝑆 ∪ {𝑢}} and any
𝑢∗ ∈ 𝑀𝑆 , the similar reason could be applied to connect 𝑢∗
∗
to a best node V∗ ∈ 𝑆𝑢𝑖 , since 𝑐𝑢∗ V∗ is the minimum power
for 𝑢∗ and is the lower communication cost within 𝑇𝑢∗ and
any other MST in the topology. Additionally, there is at least
one NMST on 𝑁𝑖 which includes 𝑇𝑆 ∪ {(𝑢, V) ∪ (𝑢∗ , V∗ )}. In
addition, all other nodes 𝑢∗ ∈ 𝑀𝑆 could connected to nodes
in 𝑆𝑖 in the similar process.
It is significant to point out that to deduce the result
in Theorem 2 it is not sufficient for 𝑇𝑆 to be a NMST on
𝑆𝑖 , but it is necessary that 𝑇𝑆 be contained in a NMST on
𝑁.

4

Mathematical Problems in Engineering

4. Noncooperative MST Topology
Control Algorithm

and each 𝑎𝑆 = 𝑎𝑆 , there is at least one node with a minimum
power level 𝑢 ∈ 𝑆 such that 𝑝𝑢 (𝑎) ≤ 𝑝𝑢 (𝑎; 𝑎𝑆 ).

This section discusses the MST with connectivity on a
bidirectional link, where each node has to reach each of
the other sensor nodes over 𝑢. The further discussion is on
decision making of nodes to connect to the other nodes in a
noncooperative game, Γ(𝐺, 𝑝), related with each lower power
level problem in the topology 𝐺 with energy costs 𝑝. The
introduced algorithm consists of 3 phases: exchange information, adjust transmission power that constructs topology with
opportunity moment, and update phases.

In general, this last equilibrium notion is stronger than
that of NE. A SNE is such that deviations from the strategy
of any nodes will not yield a development in the transmission
cost of all the nodes that deviate.
However, in this algorithm, a NE of the game Γ(𝑁, 𝑝) is
also a SNE, as is presented in the following lemma.

4.1. Information Exchange Phases. Each node 𝑢 needs all
nodes in its response neighborhood’s information for topology construction. This can be obtained by having each node 𝑢
broadcast “Hello Messages” using its maximum transmission
power level and receive ACK from neighbor. The information
contained in a “Hello Message” should include the node
ID and the position of node. Each node can define its
neighborhoods power level. 𝑝𝑢V is the power required to
edge 𝑢 → V and it is channel attenuation, internodal
separation, and the power range threshold 𝑝th at which
the response neighbor can understand the “Hello Message.”
The transmission power level between two nodes can be
computed based on “Determination of Transmission Power”
[14]. For simplicity 𝑖𝑑𝑁𝑢 = 𝑢, neighborhood response 𝑁𝑢 (𝐺)
of a node 𝑢 is defined by the following definition.
Definition 3 (response neighbor). The response neighbor
𝑁𝑢 (𝐺) is the list of nodes that node 𝑢 can be connected to
by using its maximal power level 𝑝max 𝑁𝑢 (𝐺) = {V ∈ 𝐺𝑠 } :
𝑝(𝑢, V) < 𝑝max and maximum distance 𝑑max ; that is, 𝑁𝑢 (𝐺) =
{V ∈ 𝐺𝑠 } : 𝑑(𝑢, V) < 𝑑max .
In this algorithm, nodes’ neighbor list is set to arrange
node 𝑢’s strategy. In order to collect other nodes’ strategy
profile, each node 𝑢 is required to broadcast “Hello Message”
to its 1-hop and 2-hop neighbors.
4.2. Transmission Power Adjusting Phases. In the beginning,
all nodes are disconnected. Based on information exchange
each node 𝑢 decides whether to join the topology or not.
The game ends, when either no node connects or every node
connects to the topology. Otherwise, the game proceeds to a
next step. In subsequent steps, the unconnected node faces
a set of nodes already joined to the topology and has made
a decision, whether to remain unconnected or to join to one
of the nodes in the topology. The game ends when no more
nodes join or when all the nodes are already joined in a
topology.
Let 𝑝𝑢 (𝑎) denote the transmission power for node 𝑢 when
a strategy profile 𝑎 is adjusted. Thus, the total transmission
power generated by 𝑎 is noted by 𝑝(𝑎), 𝑝(𝑎) = ∑𝑢∈𝑁 𝑝𝑢 (𝑎).
Denote that, in the rest of this chapter, any NE construct
a MST on 𝑁.
Definition 4. The strategy profile of 𝑎 ∈ 𝐴 is a strong Nash
equilibrium (SNE) for 𝛾(𝑁, 𝑝), if, for each cooperation 𝑆 ⊂ 𝑁

Lemma 5. If 𝑎 ∈ 𝐴 is a NE for Γ(𝑁, 𝑝), then 𝑎 is a SNE.
Proof. Without loss of generality, 𝑎 is a non-SNE for a game
Γ(𝑁, 𝑝). Let 𝐻 ⊂ 𝑁 be a subset of a node and 𝑎∗ be a strategy
∗
) < 𝑝𝑢 (𝑎) for all 𝑢 ∈ 𝐻.
of the nodes in 𝐻 such that 𝑝𝑢 (𝑎, 𝑎𝐻
Let 𝑇 ⊆ 𝑁 \ 𝐻 be the list of nodes, which join if the response
neighbor 𝑁 \ 𝐻 plays based on 𝑎 and if nodes in 𝐻 ever
play 𝑎. Furthermore, for all 𝑢 ∈ 𝐻, 𝑝𝑢 (𝑎) ≤ minV∈𝑇 {𝑝𝑢V },
since 𝑎 is a NE and the strategy of delaying until all response
neighbors of 𝑇 are connected at a current transmission power
level. Let 𝑢 be the first node in 𝐻 that joins when (𝑎, 𝑏𝐻)
is played. Then 𝑢applies𝑎𝑟𝑐 to a node in 𝑇, and therefore
∗
) ≥ minV∈𝑇{𝑝𝑢V } , which is a contradiction.
𝑝𝑢 (𝑎, 𝑎𝐻
Let 𝑎 = (𝑎𝑢 )𝑖∈𝑁 be a strategy for the set of nodes, 𝑁, and
let 𝑇𝑎 be the topology constructed on 𝑆𝑢 ⊆ 𝑁𝑢 (this topology
connects a set of nodes 𝑆𝑢 to the 𝑢). Let 𝑇𝑆 be any subgraph
of 𝑇𝑎 , which contains the node 𝑢, where 𝑆 ⊂ 𝑆𝑢 is the set of
involved bidirectional paths.
Notice 𝑁 \ 𝑆 by 𝑆 and push 𝑇𝑆 to a fictitious node 𝑢 ∈ 𝑆.
𝑆
Define the subgame (𝑆𝑢 , 𝑝𝑆 ), where 𝑆𝑢 = 𝑆 ∪ 𝑢 and 𝑝𝑢V
= 𝑝𝑖𝑗 .
Definition 6. The strategy 𝑎 ∈ 𝐴 is a subgame prefect Nash
equilibrium (SPNE) for the game Γ(𝑁, 𝑝) if 𝑎−𝑆 is a NE for
any subgame (𝑆𝑢 , 𝑝𝑆 ).
Recall that not all NE are SPNE and a NE does not
construct a NMST. Furthermore, there exist strategies which
are not NE but construct NMST on 𝑁𝑢 .
The necessity of selecting a minimum power level forces
the nodes to connect to the topology when the minimum
transmission range is available. Define 𝐵𝑢 = {V ∈ 𝑁 : (V, 𝑢) ∈
𝐴∗𝑢 , 𝑝 ∪ (V, 𝑢) ∈ 𝑃𝑢 , ∀𝑝 ∈ 𝑃V }, 𝑢 ∈ 𝑁, as the set of nodes V such
that node 𝑢 can connect at its lower power level to V and the
union of (V, 𝑢) with any shortest bidirectional path from 𝑢 to
V.
Definition 7. The strategy 𝑎𝑢 ∈ 𝐴 𝑢 is a Bellman strategy for
node 𝑢 in Γ(𝐺, 𝑝) if, for any 𝑆 ∈ 2𝑁(𝑢),
𝑃 ∪ (V, 𝑢)
𝑎𝑢 (𝑆) = {
dis

if V ∈ 𝐵𝑖 ∩ 𝑆, 𝑠 ∈ 𝑃V , 𝑝 ⊆
otherwise.

(1)

Let 𝑃𝑢 be the collection of all minimum transmission
power from 𝑢 to V. A profile strategy for the node 𝑢 ∈ 𝑁 is
a map 𝑎𝑢 : 2𝑁
(𝑢) → 𝑃𝑢 ∪ {dis} such that 𝑎𝑢 (𝑆) = 𝑝 illustrates
that the node 𝑢 generates the subgraph of 𝑝 starting from the
last node on a graph 𝑝 that is a response neighbor of 𝑆 and
ending at node 𝑢. Note that no graph was named “dis” and
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use this symbol for the selection of the unconnected nodes;
𝑎𝑢 (𝑆) = dis means that node 𝑢 does not generate any link
when the current MST is 𝑆.
4.2.1. Opportune Moment Adjusting. In the case where each
node’s smallest power level constructs a topology, this topology is a MST. However, this action could not construct a
topology, and further improvement is necessary to algorithm
of the strategy that the nodes will adjust transmission power.
Initially, when at a current time of the game Γ(𝑁, 𝑝) the
minimum power of a node is available, it joins to the topology,
by using the “best individual opportunity.” However, when
the node does not consider the “best individual opportunity”
and wants to wait for connection to the topology, it may have
opportunity of a best connection with a minimum power
level. Let 𝜎 : 2𝑁 → 𝑁 represent a permutation function
that denoted node power level ranking. Furthermore, for each
ranking, 𝜎, let 𝑓𝜎 2𝑁 → 𝑁 represent the function that adopts
to every coalition 𝑀 ∈ 2𝑁 the node, 𝑢𝜎 ∈ 𝑀, 𝑓𝜎 (𝑀) =
𝑢𝜎 ∈ (𝑀), such that 𝜎(𝑢𝜎 ≤ 𝜎(𝑢), ∀𝑢 ∈ 𝑀). The strategies
for the aforementioned function are based on the ranking, 𝜎,
applied as a tiebreaker to select the nodes that wish to join its
neighbors which have the minimum power level. Moreover,
given the ranking, 𝜎, when nodes in 𝑆 are already connected,
the best node in 𝑀𝑆 = {𝑢 ∈ 𝑁\𝑆 | ∃V ∈ 𝑆, 𝑝𝑢V = 𝑚𝑆 }, 𝑓𝜎 (𝑀𝑆 ),
is selected to connect to the connected topology.
Definition 8. A ranking of each node, 𝜎, an opportune
moment strategy, 𝑎𝜎 ∈ 𝐴, for Γ(𝑁, 𝑝) is denoted as follows:
𝑢

𝑘 ∈ 𝐵 ∩ 𝑆,
{
{
𝑎𝑢𝜎 (𝑆) = {V ∈ 𝑆𝑢 ,
{
{dis

𝑢

if, 𝐵 ∩ 𝑆 ≠ 0
if, 𝑢 ∈ 𝑀𝑆 , 𝑓𝜎 (𝑀𝑆 ) = 𝑢
otherwise.

(2)

Recall that, by applying an “opportune moment strategy”
profile, more than one node may reach to the existing connected topology at any step of the game, but only one of
these response nodes uses its best opportunity. Additionally,
a strategy is well defined since, if at the same proceeding time,
𝐵𝑢 ∩ 𝑆 ≠ 0 and 𝑢 ∈ 𝑀𝑆 , then 𝐵𝑢 ∩ 𝑆 = 𝑆𝑢 .
Note that the opportune strategy is different from those
strategies used by Prim’s algorithm with a ranking; that is,
𝑦𝑢𝜎 (𝑆) = {

𝑢

V∈𝑆
dis

𝑆

𝑆

if 𝑢 ∈ 𝑀 , 𝑓𝜎 (𝑀 ) = 𝑢
otherwise.

(3)

The following result states that Bellman profile strategies
are NE for the game Γ(𝐺, 𝑝) and push dis NMST on 𝑁𝑢 and
then a profile of opportune moment strategies is a SPNE and
induces a NMST on 𝑁𝑢 .
Theorem 9. Given a ranking for nodes, 𝜎, a profile of opportune moment strategies for the game Γ(𝐺, 𝑝) constructs NMST
on 𝑁𝑢 and is SPNE. On the other hand, if strategy 𝑎 constructs
a NMST on 𝑁𝑢 , then ranking of nodes, 𝜎, and a profile of
opportune moment strategies, 𝑎𝜎 , exist such that 𝑝𝑢(𝑎) =
𝑝𝑢(𝑎𝜎 ) for all nodes 𝑢 ∈ 𝑁.

Proof. To prove that a strategy profile of 𝑎𝜎 is a SPNE
𝜎
𝜎
considering the MST 𝑇𝑎 , any subgraph 𝑇𝑆 of 𝑇𝑎 , with
bidirectional path on the connected topology, and the set
of nodes 𝑆 ⊂ 𝑁 generate (𝑆𝑖 = 𝑆 ∪ 𝑖). Let (𝑆̃𝑖, 𝑝𝑆 ) be the
corresponding subgame. Assume that node 𝑢 ∈ 𝑆 deviates
from strategy 𝑎𝜎 by using a strategy 𝑎𝑢 . One of the following
inductions occurs.
(1) Either
(a) 𝐵𝑢 ∩ 𝑆𝑖 = 0 and 𝑢 ∉ 𝑀𝑆 or
(b) 𝐵𝑢 ∩ 𝑆𝑖 = 0, 𝑢 ∈ 𝑀𝑆 , and 𝑓𝜎 (𝑀𝑆 ) ≠ 𝑢.
If node 𝑢 is refused from 𝑎𝜎 by applying 𝑎𝑢 , which
consists of connection to any node V ∈ 𝑆 of the certain
topology, then (𝑎𝜎 ; 𝑎𝑢 )𝑢 (𝑆) = 𝑎𝑢 (𝑆) = V ∈ 𝑆 and
node 𝑢 higher transmission power level 𝑝𝑢 (𝑎𝜎 , 𝑎𝑢 ) =
𝑝𝑢V ≥ 𝑚𝑢𝑆 . Since every node in 𝑆, except for node 𝑢,
𝜎
, if the node 𝑢 is not refused from 𝑎𝑢𝜎 and
uses 𝑎−(𝑆∪{𝑢})
remains disconnected from the topology, it waits for
its best opportunity to connect to the topology with a
minimum power level. Therefore, if the node 𝑢 uses an
opportunity, 𝑎𝑢𝜎 , it could be reached at this stage with
maximum power level 𝑝𝑢 (𝑎𝜎 ) = 𝑚𝑢𝑅 ≤ 𝑚𝑢𝑆 ≤ 𝑝𝑢V =
𝑝𝑢 (𝑎𝜎 , 𝑎𝑢 ).
(2) 𝐵𝑢 ∩ 𝑆𝑖 = 0, 𝑢 ∈ 𝑀𝑆 , and 𝑓𝜎 (𝑀𝑆 ) = 𝑢, but either
(i) (𝑎𝜎 ; 𝑎𝑢 )𝑢 (𝑆𝑖 ) = 𝑎𝑢 (𝑆𝑖 ) = V ∉ 𝑆𝑖𝑢 or

(ii) (𝑎𝜎 ; 𝑎𝑢 )𝑢 (𝑆𝑖 ) = 𝑎𝑢 (𝑆𝑖 ) = dis.

Obviously, node 𝑢 is not improved by joining to
V ∉ 𝑆𝑢 . On the other hand, if the node 𝑢 is
refused from 𝑎𝜎 by applying 𝑎𝑢 , which consists of
𝜎
nonconnected nodes, the rest of the nodes play 𝑎𝑆∪𝑢
and the minimum transmission level does not appear,
since nodes in 𝑀𝑆 connect at their minimum power
level, which are not less than 𝑚𝑢𝑆 . Therefore, node 𝑢
does not improve its opportunity strategy and loses
its best opportunity.
(3) 𝐵𝑢 ∩ 𝑆𝑖 ≠ 0, but either
(a) (𝑎𝜎 ; 𝑎𝑢 )𝑢 (𝑆𝑖 ) = 𝑎𝑢 (𝑆𝑖 ) = V ∉ 𝐵𝑢 ∩ 𝑆𝑖𝑢 , or

(b) (𝑎𝜎 ; 𝑎𝑢 )𝑢 (𝑆𝑖 ) = 𝑎𝑢 (𝑆𝑖 ) = dis.

Since 𝐵𝑢 = {V ∈ 𝑁 \ {𝑢} | 𝑎𝑢V ≤ 𝑎𝑢𝑘 , ∀𝑘 ∈ 𝑁, 𝑘 ≠ 𝑢},
then node 𝑢 is not improved by joining V ∉ 𝐵𝑢 ∩𝑆, nor
by waiting for a minimum power level and therefore,
𝑝(𝑎𝜎 ; 𝑎𝑢 ) ≥ 𝑝𝑢 (𝑎𝜎 ).
Conversely, let 𝑎 be a strategy for the set of nodes, 𝑁,
that construct a NMST on graph 𝐺. Let 𝑇𝑎 be the constructed NMST topology. Since, by using Prim’s algorithm, all
minimum transmission power levels in the topology can be
constructed, consider the ranking of the nodes, 𝜎, that reflects
how the nodes are reached by Prim’s algorithm when 𝑇𝑎 is
the result. Consider also the profile of opportune moment
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Data: node 𝑢’s one and one-hop and two hop neighborhood list
Output: node 𝑢’s power range 𝑝𝑢
(1) 𝑚 = 1
(2) Construct the undirected, complete graph 𝐾𝑁 over 𝑁 with edge weights 𝑝(𝑢, 𝑣) for all
{𝑢, 𝑣 ∈ 𝑁}. // Initialize each sensor node transmission power to max
(3) Find a minimum weight spanning tree 𝑇 of 𝐾𝑁
(4) For all 𝑣 ∈ 𝑁 let 𝑝𝑢𝑣 = max{𝑤𝑣,𝑢 ‖{𝑣, 𝑢} ∈ 𝑇}
(5) while: 𝑃𝑢 is not strong Nash equilibrium do
(6) 𝑚 = 𝑚 + 1
(7) for 𝑢 ∈ 𝑁 in ascending neighborhood list of ID do
(8) select best individual 𝑝𝑢 = 𝑝𝑢𝑣 ∈ 𝑃𝑢
(9) if 𝑢 can connect by Bellman strategy the node 𝑘 with reverses link
(10) Γ(𝐺, 𝑝) = 𝑝(𝑎𝑢 (𝑆))
(11) else 𝑑𝑖𝑠
(12) if Bellman profile strategy is NE for the game Γ(𝐺, 𝑝) and pushes dis to join MST on 𝑁
A ranking of the sensor nodes, 𝜎, an opportune moment strategy, 𝑎𝜎 , for Γ(𝐺, 𝑝)
(13) endif
(14) endif
(15) 𝑝𝑢 = arg max Γ(𝐺, 𝑝𝑢 (𝑎𝜎 ))
(16) endfor
(17) endwhile
Algorithm 1: Noncooperative MST Γ(𝑝max → 𝑝𝑢 ) algorithm.

strategies 𝑎𝜎 . Obviously, 𝑝𝑢 (𝑎) ≥ 𝑝𝑢 (𝑎𝜎 ) for all 𝑢 ∈ 𝑁.
Furthermore, the equality holds since if at a stage when the
nodes in 𝑆𝑢 = 𝑆 ∩ 𝑢 are connected the nodes in 𝑀𝑆 use their
minimum transmission to connect to the topology. Therefore,
𝑝𝑢 (𝑎) = 𝑝𝑢 (𝑎𝜎 ) for all nodes that, when using 𝑎𝜎 , do not
use their best individual opportunity. The equality holds also
for those nodes that, by playing 𝑎𝜎 , use their best individual
opportunity when it is not their best collective opportunity.
This happens due to the fact that they use their minimum
transmission power which is already available.
Note that, in the converse part of Theorem 9, it can be
concluded that the allocation of costs provided by any profile
of strategies inducing a MCST (which is not necessarily NE)
can always be attained by a profile of opportune moment
strategies.
Algorithm 1 formulate the description of NMST topology
control Γ(𝑁, 𝑝).
4.3. Update Phases. Under algorithm NMST, nodes’ selection
of transmission power range in each iteration redefines its
neighbor. Since a particular node adjusts its transmission
power to the current power level, other neighbors are made
aware of this adjustment by means of sending “Hello Message.” Each node sends messages to its neighbor order list
every time there is a change in its 1-hop neighbor. Denote that
it is necessary for every node to broadcast updates only to
those nodes that are within their two-hop order list. The idea
of two-hop neighbor is capable of minimizing the overhead
cost from increasing with network size. Upon receiving these
messages, other nodes update their neighbor order lists.
Every node responds to the topology change by adjusting an
adequate transmission power range.

5. Analysis of NMST Algorithm
Based on Theorem 9 the OMS converges to energy-efficient
topology. The foundation of this algorithm consists of the
following results: when nodes utilize the OMS, the process
converges to a NE that generates an energy-efficient topology.
Recall from Theorem 2, which construct the topology, where
the power thresholds between two nodes is weight functions
of the current network. The NMST considers weight function
to be defined as follows.
Definition 10. A topology 𝐺 is a NMST 𝐺NMST if it is a MST
and consists of any link generated by bidirectional properties.
Based on that, Lemmas 11 and 12 present main results
in which there exists strategy profile that is not NE but
constructs energy-efficient topology.
Lemma 11. Let the noncooperative game Γ(𝑁, 𝑝) where nodes
utilize the OMS under Definition 8 denote ranking 𝜎 for each
node. For all 𝑢 ∈ 𝑁, 𝑎𝑢𝜎 be an opportune moment for node 𝑢
and 𝑦𝑢𝜎 be the strategy given in Definition 3. Then, 𝑝𝑢 (𝑎, 𝑎𝑢𝜎 ) ≤
𝑝𝑢 (𝑎, 𝑦𝑢𝜎 ) for all 𝑎 ∈ 𝐴.
Proof. Let 𝑎 ∈ 𝐴 be a strategy for the list of nodes 𝑁. If,
when a node 𝑢 is refused from strategy 𝑎 by applying 𝑎𝜎 ,
at the end of the game node 𝑢 still is disconnected, then it
also will be disconnected if it uses 𝑎𝜎 . On the other hand,
by refusing from 𝑎 by using 𝑎𝜎 , node 𝑢 connects when the
number of nodes 𝑆 ⊂ 𝑁 is already connected. Furthermore,
in this situation, 𝑝𝑢 (𝑎, 𝑎𝑢𝜎 ) = 𝑝𝑢V for some V ⊂ 𝑆. If V ∈ 𝐵𝑢 ∩ 𝑆,
then 𝑝𝑢V = 𝑝𝑢 (𝑎, 𝑎𝑢𝜎 ) ≤ 𝑝𝑢 (𝑎, 𝑎𝜎𝑢 ), since 𝑝𝑢V is minimum
transmission power that node 𝑢 can use. Otherwise, V ∈ 𝑆
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Figure 1: Illustration of NMST based on ranking finds minimum power level for three nodes.
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Figure 2: Illustration of NMST based on ranking finds the minimum power level for four nodes.

using 𝑎𝜎 is already connected. Moreover, 𝑝𝑢V = 𝑝𝑢 (𝑎, 𝑎𝑢𝜎 ) =
𝑝𝑢 (𝑎, 𝑎𝜎𝑢 ), node 𝑢 connected V ∈ 𝑆 , and 𝑝𝑢V = 𝑝𝑢V . For
simplicity, consider the topology with two available rankings
of the nodes 𝜎1 and 𝜎2 , where 𝜎1 (1) = 1, 𝜎1 (2) = 0.02,
𝜎2 (1) = 0.02, and 𝜎2 (2) = 0.02. 𝑓𝜎 generates two minimum
𝜎1
𝜎1
spanning trees by 𝑎𝜎1 : 𝑇1𝑎 = {(0, 1), (1, 2)} and 𝑇2𝑎 =
𝜎2
{(0, 1), (0, 2)}. On the other hand, 𝑎𝜎2 : 𝑇1𝑎 = {(0, 2), (1, 2)}
𝜎2
and 𝑇2𝑎 = {(0, 1), (0, 2)} constructed two minmum spaning
tree by 𝑎𝜎2 as shown in Figure 1. However, if the nodes
adjust strategy of opportune moment, then only one MST is
𝜎1
𝜎2
generated regardless of ranking 𝑇𝑎 , 𝑇𝑎 = {(0, 1), (0, 2)}.
The example in Figure 2(a) considers the topology with
different transmission power. Without loss of generality, that
𝐺max is a connected topology with 4 nodes. Furthermore,
the strategy used by node 1 is 𝑎𝜎 ; the strategy of node 2
generates connection to node 3 when node 3 is already
connected and remains disconnected meanwhile. If node
3 uses an opportune moment strategy, then the connected
topology as shown in Figure 2(b) is generated, and it uses
transmission power 0.018. However, if node 3 uses 𝑎𝜎1 it will be
disconnected when the game ends, as shown in Figure 2(c).

Lemma 12. NMST reduces maximum transmission power of
every given sensor node in the connected network.
Proof. Let the idea behind the proof be the rule that NMST
reduces the link-cost of the connected topology. Furthermore, this explanation is shown by contradiction. Obtain,
in contrast, that there exists different spanning tree 𝑇 that
reduces the link-cost. Let 𝑑𝑡max = arg max𝑢V∈𝑇 𝑐(𝑢V) and
max
= arg max𝑢V∈NMST 𝑝(𝑢V), where 𝑝 is the link-cost func𝑑nmst
max
) < 𝑝(𝑑𝑡max ). The nodes are
tion. By this contradiction, 𝑝(𝑑nmst
max
divided into two lists 𝑇1 and 𝑇2 in NMST by deleting 𝑑nmst
from the connected topology. Since 𝑇 is a spanning tree, a
minimum transmission level link is determined as 𝑝 ∈ 𝑇
by combining 𝑇1 and 𝑇2 and constructing a new spanning
tree 𝑇 . Because 𝑑𝑡max is the link in 𝑇 with the maximal link
max
weight, there is 𝑝(𝑑nmst
) < 𝑝(𝑑 ) < 𝑝(𝑑𝑡max ). Since a tree

𝑇 is essentially generated from the NMST, ∑𝑝∈NMST 𝑝(𝑑) <
∑𝑑∈𝑇 𝑝(𝑑), and a contradiction is obtained. Therefore, NMST
is a connected topology with the minimum power level.
The following result states that an opportune moment
strategy profile is a SPNE and constructs a NMST on 𝑁.
Furthermore, with an initial topology 𝐺max generated by
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Table 1: Parameters and values are used for the proposed algorithm.
Parameter
Simulation area
The antenna gain of the receiver 𝐺𝑟
The system loss 𝐿
The wave length 𝜆
The antenna gain of the transmission 𝐺𝑡
Number of sensor nodes
The maximal transmission distance, 𝑑max

Value
500 × 500
7 × 10−10 w
1
0.1224 m
1
30, . . . , 80
150 (m)

the power level 𝑝max , the algorithm converges to a subgraph,
𝐺𝑆 , of the NMST.
Theorem 13. The communication complexity of the NMST
algorithm is 𝑂(𝑛), where 𝑛 is the number of sensor nodes in
the networks.
Proof. Based on initialization phase of NMST in Section 4.1,
it obviously shows that each sensor node requires exchanging information with its neighbors twice for its individual
information collection which include neighbor request message and neighbor list message. Thus, the total information
exchange for their individual information collection in this
phase is 2𝑛. And there is not any information exchange in
NMST algorithm. The communication complexity of NMST
algorithm is on the order of 𝑂(𝑛). However, DIA and OTTC,
although distributed, require large information exchange; as
it update transmission power adjustment, which to know the
topology is connected or not to all other node in the networks,
which complexity is on the order of 𝑂(𝑛2 ).

6. Simulation Results
Optimum transmission power selection in a wireless sensor
network has some additional issues over ad hoc topology
control. These issues are related to limited battery resource.
In this section, the NMST is compared with two existing
topology control algorithms, including OTTC [16] and DIA
[18]. Simulations are implemented by using Matlab. In the
experimental nodes are randomly deployed in a (500 × 500)
size. The minimum power 𝑝𝑢V between nodes 𝑢 and V can
𝑠
be characterized, as 𝑝𝑢V
= 𝑝𝑡 (4𝜋)2 𝑑𝑖𝑗2 𝐿/𝐺𝑡 𝐺𝑟 𝜆2 [14]. Other
settings are listed in Table 1 [14].
With the experimental setup as illustrated in Table 1, two
scenarios are considered in which each scenario consists of
the following. The first scenario is derived from the proposed
network topology control and current topology control to
show the drawback of the current topology with 70 nodes.
In the second scenario, the number of nodes in the network
area changes from 30 to 80. In addition, all data are an average
of 100 experimental runs. The following metrics are considered for comparative evaluation of the abovementioned
algorithms: node degree, transmission range, and stretch
factor and power stretch mean psm. The sf of node 𝑢 and V
is determined as sf(𝑢, V) = 𝑝𝑡𝑐 (𝑢, V)/𝑝(𝑢, V) where 𝑝𝑡𝑐 (𝑢, V)

represents the energy cost of the shortest path between nodes
𝑢 and V on the topology network of 𝐺𝑡𝑐 and the initial
graphs, respectively [16]. In addition, the psm is determined
as psm(𝑢, V) = ∑𝑢,V∈𝑉(𝑝𝑡𝑐 (𝑢, V)/𝑝(𝑢, V))/𝑛2 where 𝑛 denotes
the number of nodes [16]. The maximum transmission power
levels for each node in initial topology are 150 m.
The algorithms DIA, OTTC, and NMSTs shown in
Figure 3, respectively, are extracted based on original graph.
However, the DIA and OTTC topology as shown in Figures
3(a) and 3(b) are sparser, as nodes are working at transmission
power level less than their maximal power. Figure 3 illustrates
that the connected topology constructed by OTTC and DIA
appears (the node in a circle), which use high transmission
power for constructing topology. On the other hand, NMST
constructs topology as illustrated in Figure 3(c) which used
minimum transmission power level. Minimum transmission
power level can minimize energy consumption significantly.
The figure shows that the constructed topology by NMST
has less transmission power level than the executed OTTC
and DIA algorithms. Furthermore, the figure shows that
NMST, OTTC, and DIA algorithms guarantee connectivity
of network as there exists a reverse link within each neighbor
node; besides, NMST constructs an efficient topology.
The mean node degree and maximum degree of the nodes
in the OTTC, DIA, and NMST topologies are illustrated
in Figure 4. In addition, each node should, at least, have a
minimum one degree to preserve network connectivity. The
results in Figure 4(b) show that the maximum degree for
NMST is lower than that for OTTC and DIA. Furthermore,
the slope of the maximum degree (Figure 4(b)) curve for
the NMST topology grows very slightly as the number of
nodes increases. The maximum node degree for the OTTC
and DIA topologies varies around 6.9 and 5.2, respectively,
and, for NMST, is 4.462. The mean degree for DIA and
NMST algorithms is constant at approximately 2.1143 and
2.233, respectively. However, the mean node degree and
maximum node degree of OTTC are higher than those of
NMST and DIA algorithms as shown in Figures 4(a) and
4(b), respectively. Although with considering the maximum
mean degree value (about 2.1) the node degree of NMST
algorithm is not high. It implies that the NMST is robust
in some sense; this is mainly because NMST uses minimum
transmission power levels compared to OTTC and DIA and
helps to improve the operational lifetime of the topology.
On the other hand, maximum node degree in OTTC and
DIA is higher than in NMST, in which each node uses high
transmission level to construct topology.
The experimental results in Figure 5 show the mean,
maximal, and minimum transmission power level for NMST,
OTTC, and DIA algorithms which are extracted from the
original graph. Figures 5(a) and 5(b) show the maximum
and average transmission power level in NMST are lower
than in OTTC and DIA algorithms. Moreover, NMST uses
minimum transmission power levels which can minimize the
energy consumption of nodes. The average and maximum
transmission level reduce as the number of nodes increases.
The average transmission level in the NMST topology is the
smallest and compared to the DIA and OTTC algorithms is
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Figure 3: OTTC, DIA, and NMST.
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reduced by about 9% and 12.5%, respectively. Additionally,
as shown in Figure 5(c), the minimum transmission level in
the OTTC topologies is less than NMST 0.0023 and 0.0032,
respectively. Figure 5(c) shows that the NMST algorithm does
not have fewer transmission power levels. It illustrates that
each node wants to connect to those nodes which are already
connected and selects minimum transmission power levels.
However, it needs to increase its transmission power levels.
The power required to transmit messages between nodes
increases with an exponent 𝑎 > 2. Furthermore, Figure 5
illustrates that transmission power level is decreased as the
number of nodes increases.

Figures 6(a) and 6(b) illustrate the stretch factor (sf) and
power stretch mean (psm) values over topology. Results show
that the mean of the sf for the NMST topology in topology
is 0.9, while these values for the DIA and OTTC connected
topology are 1.2 and 1.1, respectively. The psm of the NMST,
DIA, and OTTC algorithms is approximately equivalent and
has small difference and does not exceed 0.001. Furthermore,
the psm decreases while the number of nodes increases. Also
the NMST connected topologies have the best sf compared to
DIA and OTTC. Moreover, it shows that the NMST topology
can construct an energy-efficient connected topology and
helps to improve the network operational lifetime.
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a transmission power level while preserving network connectivity. It adaptively selects a subset of nodes to be individual
opportunity from all nodes within the network. Furthermore,
the main goal of the topology control, when minimizing the
transmission power levels, is the network connectivity. Each
node can join the topology and find the bidirectional path
between its neighbors based on individual opportunity. In
order to address this problem, the NMST algorithm is able to
minimize the transmission power level and preserve network
connectivity. In another point of view, optimum transmission
power level can significantly minimize energy consumption.
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7. Summary
Most of the previous topology control algorithms have
been used individually to select transmission power level,
which cannot optimize the network topology. Moreover,
many mechanisms did not consider the energy usage and
robustness and they select very high or extremely low power
levels, which results in reduced network performance and
operational lifetime. In this paper, a noncooperative MST
topology control (NMST) is proposed which can adjust minimum power levels. The NMST algorithm considers reducing
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With depletion of traditional energy and increasing environmental problems, wind energy, as an alternative renewable energy,
has drawn more and more attention internationally. Meanwhile, wind is plentiful, clean, and environmentally friendly; moreover,
its speed is a very important piece of information needed in the operations and planning of the wind power system. Therefore,
choosing an effective forecasting model with good performance plays a quite significant role in wind power system. A hybrid CSEEMD-FNN model is firstly proposed in this paper for multistep ahead prediction of wind speed, in which EEMD is employed
as a data-cleaning method that aims to remove the high frequency noise embedded in the wind speed series. CS optimization
algorithm is used to select the best parameters in the FNN model. In order to evaluate the effectiveness and performance of the
proposed hybrid model, three other short-term wind speed forecasting models, namely, FNN model, EEMD-FNN model, and CSFNN model, are carried out to forecast wind speed using data measured at a typical site in Shandong wind farm, China, over three
seasons in 2011. Experimental results demonstrate that the developed hybrid CS-EEMD-FNN model outperforms other models
with more accuracy, which is suitable to wind speed forecasting in this area.

1. Introduction
With the rapid development of China’s economy over the
last few decades, China is becoming a big power in energy
consumption. The consumption of coal, crude oil, and natural
gas constituted 68%, 19%, and 4.4% of the total annual
primary energy consumption in 2010, respectively, and the
corresponding proportions have changed to 66.6%, 18.8%,
and 5.2% in 2012 [1]. The total annual primary energy
consumption has increased from 3249.39 million tons of
standard coal as calorific value calculation in 2010 to 3617.32
million tons in 2012 [2]. Fossil fuels are nonrenewable resources; moreover, a tremendous amount of greenhouse gases is
exhausted, which inevitably increases the burden of global
climate warming [3]. Burning fossil fuels is responsible for
environmental issues that are high on the political agenda
these days. Thus, in order to deal with the energy crisis
and global climate warming, clean and renewable energy is
urgently needed.

With depletion of traditional energy and increasing economic development, the ecological environmental problems
have become increasingly acute in recent years. And many
countries in the world are struggling to look for new alternative energy sources. The potential role of renewable energy
sources, such as wind, solar, geothermal, tidal, biomass, and
hydropower, is becoming increasingly significant and has
received increasing attention as they offer various advantages
over nonrenewable, conventional energy sources in terms of
environmental health and safety [4, 5]. Wind energy, as an
alternative renewable energy to fossil fuels, has drawn more
and more attention, which is plentiful, widely distributed,
clean, and environmentally friendly because of producing no
greenhouse gas emissions during operation and exploitation.
With large scale development and utilization, wind energy
has become one of the most rapidly growing renewable
energy sources and has been regarded as an appealing
alternative to conventional energy generating from fossil
fuels [6]. The effects on the environment of wind energy
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are generally less problematic than those from other power
sources; thus wind energy is very important among the lowcarbon energy strategies, which has the potential to achieve
sustainable energy supply.
Over the last decade, wind energy has developed very
fast worldwide. At the end of 2009, the global wind energy’s
installed capacity reached 158 GW (gigawatts). In China, as
a big energy consumer, the wind power generation capacity
has been growing rapidly. And in 2010, China replaced the
United States as the biggest wind market. The current total
capacity of wind farms in China is 91.413 GW in 2013 [7]. The
integration of wind energy provides a number of advantages,
but the large scale penetration and high-efficiency utilization
of wind power pose many challenges as well in power system
operations and planning, primarily because of the uncertainty and intermittency of wind speed [6]. The wind speed
is random and intermittent, resulting in that wind power
has a strong volatility and uncontrollability. In the electricity
system the power supply must be in correspondence with the
power demand all the time. However, the variation of wind
power output makes it difficult to maintain this balance. To
use the increasing wind energy effectively and safely, one of
the possible solutions to the balance challenge is to improve
the wind speed forecasting precision [8, 9].
In the last several decades, different wind speed predicted
models have been developed to realize wind speed forecasting
including linear time series analysis approaches ARIMA
models [10, 11], Kalman filters [12, 13], and machine learning
techniques, involving support vector machines [14, 15] and a
variety of artificial neural networks such as multilayer feedforward neural networks [16–18] and recurrent neural networks [19, 20]. Despite signs of some improvements in these
methods, however, there is always some limitation that each
type of model directly tries to capture only linear patterns or
nonlinear patterns. In order to get the most of each method,
some hybrid models emerge as the times require which
mostly combines two or more of the above models [21–23].
Zhang et al. [24] employed four improved adaptive coefficient approaches optimized by particle swarm optimization
(PSO) to forecast the daily mean wind speed, of which the
simulated results showed the PSO obtained an observable
improvement in forecasting performance. The fractionalARIMA models [11] were applied to forecast hourly average
wind speed on the day-ahead (24 h) and two-day-ahead
(48 h) horizons, which parsimoniously capture the presence
of correlations of the wind speed. Then, the forecasted wind
speeds were used in conjunction with the power curve of
an operating wind turbine generator to achieve corresponding forecasting output powers. A hybrid ARMA-GARCH
method [25] was presented to forecast hourly wind speed
based on a series of 7-year data in Colorado, USA, the results
of which showed the performance of the ARMA-GARCH was
satisfactory. Guo et al. [26] proposed a modified EMD-FNN
model combining empirical mode decomposition (EMD)
with feedforward neural network (FNN) ensemble learning
paradigm which performed better accuracy than that of the
basic FNN and unmodified EMD-FNN. Cadenas and Rivera
[27] developed a hybrid ARIMA-ANN model, in which the
ARIMA was used to forecast the wind speed, and then in
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order to reduce the final errors, ANN was built to capture
the nonlinear tendencies of the obtained errors of ARIMA
model. An ARIMA-ANN model and an ARIMA-Kalman
model were compared by Liu et al. [28] for multistep ahead
prediction of wind speed, in which the ARIMA was not
employed to predict the wind speed directly but was adopted
to choose the best parameters for the ANN and Kalman
components. A hybrid approach [29] based on the ensemble
empirical mode decomposition (EEMD) and the support
vector machine (SVM) was proposed to forecast the mean
hourly wind speed, which proved to be effective in improving
the prediction accuracy. Guo et al. [30] proposed a hybrid
wind speed forecasting method based on BP neural network
and eliminating seasonal effects using seasonal exponential
adjustment, which forecasted the daily average wind speed
more accurately than the BP model without adjustment.
Another novel hybrid approach [31] combining seasonal
adjustment method (SAM), exponential smoothing method
(ESM), and radial basis function neural network (RBFN) was
employed to improve the quality of wind speed forecasting.
The rest of this paper is organized as follows. In Section 2,
the development of wind energy in China is described as
well as a brief analysis to the available wind speed data in
Shandong wind farm, China. The novel hybrid CS-EEMDFNN method is presented in Section 3, which combines
fuzzy neural network (FNN) with ensemble empirical mode
decomposition (EEMD) and cuckoo search (CS). Statistics
measures to determine the accuracy of the forecast are
presented in Section 4. Section 5 gives the final forecasting
results in the studied area. The performance of four methods
is compared with the under four error evaluation criteria in
Section 4, and the best model selected in Section 5 is applied
to the wind speed prediction in the practical application of
wind farms. Finally, Section 6 concludes the findings of this
paper.

2. Wind Energy in China
Wind energy has developed very fast worldwide over the last
decades, especially in China. The new global total installed
capacity of wind power at the end of 2013 was 318.105 GW,
representing cumulative market growth of more than 12.5%,
an excellent industry growth rate given the economic climate,
even though it is lower than the annual average growth rate
over the last 10 years of about 21%. China, the largest overall
market for wind since 2009, had a good year and once again
gained the top spot in 2013 with an installed capacity of
91,412 MW, sharing 28.7% of the global total.
2.1. Development of Wind Energy in China. With large land
mass and long coastline, China has exceptional wind
resources. In 2007, the total installed wind power capacity
in China (excluding Hong Kong, Macao, and Taiwan) was
only 5.85 GW, and since then, the scale of China’s wind
power industry has continued explosive growth. In the year
of 2008, China’s new wind power installed capacity reached
6.15 GW, achieving a new capacity growth rate of 108% and
the cumulative installed capacity jumped over 12 GW [32]. In
2011, the new annual installed wind power capacity became
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Figure 1: Annual and cumulative installed wind capacity and the growth rates in China 2002–2013.
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system of the city’s sustainable development. So case studies
are carried out using wind speed data from Shandong wind
farms of China.
The wind speed data used in this paper are collected
from Wind Turbine Generator of number 25 to number 28
(WTG25–WTG28) in Shandong wind farm of China. The
studied time range covers January 1, 2011, to July 31, 2011.
The ambient wind speed data are sampled with a certain
time interval of 10 minutes, so there are 144 data records
in a day. Figure 2 shows the variation trend of wind speed
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2.2. The Available Wind Speed Data. As located in demand
centers of China, Shandong wind farms have got good opportunities for harnessing the power of wind; meanwhile, the
significant wind power potentials of the wind farms are
around the coastal areas and islands. The total installed capacity of wind power in Shandong Province is 4562.3 MW in
2011, which becomes 6980.5 MW in 2013 ranking the fourth
in China. Moreover, Chinese government has formulated a
series of preferential policies for the development of wind
electricity in this area; thus, accurate wind speed forecasting
is of crucial importance for planning and operating a power
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Figure 2: The original wind speed time series from WTG 25 to
WTG 28 in January.
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17.63 GW, and by the end of 2011 the cumulative installed
capacity was 62.36 GW, almost 11 times that in 2007. In
2011, China was the world’s second-largest wind producer,
generating 73.2 billion kWh (kilowatt-hours), a level about
64% higher than in 2010 when the wind-generated electricity
was 44.6 kWh [33]. In 2012, wind-generated electricity in
China amounted to 100.4 billion kWh, accounting for 2% of
the country’s total electricity output, up from 1.5% in 2011
[34]. Wind power generated 134.9 billion kWh of electricity in
2013, contributing 2.6 percent of the country’s total electricity
generation. The Chinese wind capacity rose from 75.3 GW in
2012 to reach 91.4 GW by the end of 2013 with an increase
of 21.4%, cementing the global lead in terms of cumulative
installed wind power capacity. All the statistic data, including
“Cumulative capacity” and “Annual installed capacity” and
the corresponding growth rates, are shown clearly in Figure 1.
In China, Inner Mongolia, Xinjiang, Liaoning, Shandong,
and Guangdong are rich in wind resources and the wind
power industry has developed very rapidly.
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represents an If-part (or premise part) of a fuzzy rule. The
function of the second layer is to calculate the fuzzy membership function of each input variable. The corresponding
membership function of the input subvariable 𝑥𝑗 is calculated
as

Calculation
layer

Output layer

2

(𝑥𝑗 − 𝑐𝑗𝑖 )
],
𝜇𝐴𝑖𝑗 (𝑥𝑗 ) = exp [−
𝑖 2
[ 2 (𝜎𝑗 ) ]

Figure 3: The architecture of T-S fuzzy neural network (FNN) with
four layers.

𝑗 = 1, 2, . . . , 𝑟;
throughout the studied time range. Then we implement
multistep forecasting for the 10-minute wind speed using the
above-mentioned four models (FNN, EEMD-FNN, CS-FNN,
and CS-EEMD-FNN), respectively.

3. Methodology
3.1. T-S Fuzzy Neural Network (FNN). T-S fuzzy system [35]
was initially proposed by Takagi and Sugeno, which could
be presented as the linear combination of input variables.
T-S fuzzy model expresses the knowledge with fuzzy and
qualitative features and thus can deal with the uncertainty,
nonlinear, and ill-posed problems. When T-S fuzzy system
is applied into general fuzzy neural network, it brings T-S
fuzzy neural network. Recent results [36, 37] show that TS fuzzy neural network is a promising approach to capture
the advantages of both fuzzy systems and neural networks
and discard their weakness. Moreover, a fuzzy neural network
can self-adjust the parameters of fuzzy rules using neural
network based learning algorithms. Now it has been widely
and successfully used in a variety of applications in many
fields [38–40].
3.1.1. The Common Structure of T-S Fuzzy Neural Network. TS fuzzy system consists of a set of fuzzy IF-THEN rules. The
rules of T-S fuzzy system can be represented as follows.
Rule 𝑅𝑖 : If 𝑥1 is 𝐴𝑖1 , 𝑥2 is 𝐴𝑖2 , . . ., and 𝑥𝑟 is 𝐴𝑖𝑟 ,
𝑖

Then 𝑦 =

𝑝0𝑖

+

𝑝1𝑖 𝑥1

+ ⋅⋅⋅ +

𝑝𝑟𝑖 𝑥𝑟 .

(1)

Here 𝐴𝑖𝑗 (𝑗 = 1, 2, . . . , 𝑟) is the 𝑖th fuzzy set of input 𝑥𝑗 in
the fuzzy system, 𝑝𝑗𝑖 (𝑗 = 1, 2, . . . , 𝑟) is parameter of the fuzzy
system, and 𝑦𝑖 is the output through the fuzzy rules, which is
expressed as the linear combination of input variables.
The architecture of the T-S fuzzy neural network (FNN)
is a four-layer fuzzy neural network shown in Figure 3. The
four layers are the input layer, the fuzzification layer, the fuzzy
rules calculation layer, and the output layer. Function of every
layer is described as follows.

(2)

𝑖 = 1, 2, . . . , 𝑛,

where 𝜇𝐴𝑖𝑗 (𝑥𝑗 ) is the 𝑗th membership function in the 𝑖th

neuron; 𝑐𝑗𝑖 is the center of the 𝑗th membership function in the
𝑖th neuron; 𝜎𝑗𝑖 is the width of the 𝑗th membership function in
the 𝑖th neuron; 𝑟 is the number of input variables; 𝑛 is the
number of the fuzzy subsets (the fuzzy division number of
𝑥𝑗 ).
Layer 3: The Fuzzy Rules Calculation Layer. The third layer
calculates the applicability of each rule, which computes
membership grade according to each fuzzy membership
function. The degree that the input variable x matches rule
𝑅𝑖 is computed by products of the grades of membership
functions:
𝑟

𝜔𝑖 = ∏𝜇𝐴𝑖𝑙 (𝑥𝑗 ) = 𝜇𝐴𝑖1 (𝑥1 ) × 𝜇𝐴𝑖2 (𝑥2 ) × ⋅ ⋅ ⋅ × 𝜇𝐴𝑖𝑟 (𝑥𝑟 ) ,
𝑗=1

𝑖 = 1, 2, . . . , 𝑛,
(3)
where 𝜔𝑖 is also called the firing strength of rule 𝑅𝑖 .
Layer 4: The Output Layer. The fourth layer takes on the
calculation of the output of a neuron converting the results
into unitary form. Each neuron in this layer represents an
output variable as the weighted summation of incoming
signals. The output of a neuron in the layer 4 is
𝑦𝑖 =

𝑛
𝑖
𝑖
𝑖
𝑖
∑𝑛𝑖=1 𝜔𝑖 × 𝑦𝑖 ∑𝑖=1 𝜔 × (𝑝0 + 𝑝1 𝑥1 + ⋅ ⋅ ⋅ + 𝑝𝑟 𝑥𝑟 )
=
.
∑𝑛𝑖=1 𝜔𝑖
∑𝑛𝑖=1 𝜔𝑖
(4)

3.1.2. The Learning Method of T-S Fuzzy Neural Network. (a)
The error cost function can be defined as
𝑒=

1
2
(𝑦𝑑 − 𝑦𝑐 ) .
2

(5)

Here 𝑦𝑑 and 𝑦𝑐 are the expected output and real output,
respectively. In FNN the gradient method is used for optimization and the Gauss function is chosen as the fuzzy
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membership function; then the learning parameters can be
got by partial derivative method. These parameters are the
weights of fuzzy system 𝑝𝑗𝑖 , the center values 𝑐𝑗𝑖 , and the width
values 𝜎𝑗𝑖 of the membership function of the nodes in the
second layer of FNN.
(b) The learning recursive formula of 𝑝𝑗𝑖 can be represented as
𝑝𝑗𝑖 (𝑘 + 1) = 𝑝𝑗𝑖 (𝑘) − 𝛽 × (𝑦𝑑 − 𝑦𝑐 ) × 𝜔𝑖 × 𝑥𝑗 .

(6)

Here 𝑗 = 1, 2, . . . , 𝑟, 𝑖 = 1, 2, . . . , 𝑛, 𝛽 ∈ (0, 1) is the rate of
learning. 𝑘 is the number of sampling:
𝜔𝑖 =

𝜔𝑖

∑𝑛𝑝=1

𝜔𝑝

.

(7)

When fixing the parameter 𝑝𝑗𝑖 , the whole structure is similar
to the network of the typical fuzzy BP network essentially.
(c) The learning formula of 𝑐𝑗𝑖 and 𝜎𝑗𝑖 can be described as
(𝑘 + 1) =

𝑐𝑗𝑖

(𝑘 + 1) =

𝜎𝑗𝑖

(𝑘) − 𝛽 × (𝑦𝑑 − 𝑦𝑐 ) × 𝜔𝑖 ×

(𝑥𝑗 − 𝑐𝑗𝑖 (𝑘))

,

2

(𝜎𝑗𝑖 (𝑘))

(𝑘) − 𝛽 × (𝑦𝑑 − 𝑦𝑐 ) × 𝜔𝑖 ×

(𝑥𝑗 − 𝑐𝑗𝑖 (𝑘))
3

(𝜎𝑗𝑖 (𝑘))

(9)

Theoretically, ℎ1 (𝑡) should be an IMF satisfying the above
two conditions of an IMF. However, that is usually not the
truth because changing a local zero from a rectangular to a
curvilinear coordinate system may bring about a new extrema; thus further adjustments are needed [26]. Therefore, the
above sifting procedure must be repeated again.
In the subsequent sifting processes, ℎ1 (𝑡) can be treated as
the data needed to be decomposed in the next iteration:
ℎ11 (𝑡) = ℎ1 (𝑡) − 𝑚11 (𝑡) .

ℎ1𝑘 (𝑡) = ℎ1(𝑘−1) (𝑡) − 𝑚1(𝑘−1) (𝑡) ,

2

𝜎𝑗𝑖

ℎ1 (𝑡) = 𝑥 (𝑡) − 𝑚1 (𝑡) .

(10)

The sifting process will be repeated 𝑘 times, until ℎ1𝑘 (𝑡)
becomes a true IMF satisfying the above two conditions; that
is,

2

𝑐𝑗𝑖

spline line 𝑈1 (𝑡) to form the upper envelope of 𝑥(𝑡), and
similarly, the lower envelope 𝐿 1 (𝑡) is produced with all the
local minima by repeating the procedure. The upper and
lower envelopes should cover all the data of 𝑥(𝑡). Their mean
is designated as 𝑚1 (𝑡) where 𝑚1 (𝑡) = [𝑈1 (𝑡) + 𝐿 1 (𝑡)]/2, and
the difference between the signal 𝑥(𝑡) and 𝑚1 (𝑡) is the first
component ℎ1 (𝑡); that is,

.
(8)

3.2. Ensemble Empirical Mode Decomposition Method
(EEMD). The ensemble empirical mode decomposition
(EEMD) method is improved in order to overcome the
shortcoming of the mode mixing problem in the empirical
mode decomposition (EMD) method, which was accepted as
a method of data preprocessing and was initially developed
in 1998 [41]. Nowadays, the EEMD method has been successfully employed to remove the noise embedded in the time
series in nature science and social science researches [42–44].
The EEMD has been widely used to decompose nonlinear
and nonstationary time series data into a finite and small
number of intrinsic mode functions (IMFs) through the sifting process using the Hilbert-Huang transform (HHT) until
the final data series are stationary. An IMF can be best defined
as a hidden oscillation mode that is embedded in the data
series, since it is allowed to be nonstationary and be amplitude
or frequency modulation [45]. Thus, the EEMD approach
is a significant and meaningful part of data cleaning to the
operation of forecasting wind speed, in which the highest frequency oscillation mode is identified as the first IMF, and the
frequency of the following IMFs decreases on each step. All
the IMFs should satisfy the following two conditions: (a) the
number of extremes (sum of maxima and minima) and the
number of zero-crossings must be equal or differ at most by
one in the whole data set; (b) at any point, the mean value of
both the local maxima envelope and local minima envelope is
zero. With the above definition of IMFs in the EMD method,
any original signal 𝑥(𝑡) can be decomposed as follows.
Identify all the local extremes (maxima and minima)
of 𝑥(𝑡), and then connect all the local maxima by a cubic

(11)

where 𝑚1(𝑘−1) (𝑡) is the mean of the upper envelope 𝑈1(𝑘−1) (𝑡)
and the lower envelope 𝐿 1(𝑘−1) (𝑡) of ℎ1(𝑘−1) (𝑡) and 𝑚1(𝑘−1) (𝑡) =
[𝑈1(𝑘−1) (𝑡) + 𝐿 1(𝑘−1) (𝑡)]/2. Then, it is denoted by
𝑐1 (𝑡) = ℎ1𝑘 (𝑡) .

(12)

Moreover, a standard deviation 𝑆𝑑 between the two
successive sifting operations is defined to determine whether
the sifting process should be stopped, which is expressed as
2
𝑇 ℎ
 1(𝑘−1) (𝑡) − ℎ1𝑘 (𝑡)
𝑆𝑑 = ∑ 
.
2
ℎ1(𝑘−1)
(𝑡)
𝑡=0

(13)

Particularly, 𝑆𝑑 can be accepted as the agreed termination
condition, and the test requires 𝑆𝑑 to be small. If it is less than
0.2 or 0.3, then stop sifting the procedure, and set 𝑐1 (𝑡) =
ℎ1𝑘 (𝑡) and 𝑐1 (𝑡) is recognized as the first IMF.
After the sifting processing which demonstrates in
Figure 4, we can finally get an amount of 𝑛 decomposition
IMF component and a residual:
𝑟1 (𝑡) = 𝑥 (𝑡) − 𝑐1 (𝑡) ,
𝑟2 (𝑡) = 𝑟1 (𝑡) − 𝑐2 (𝑡) ,
..
.

(14)

𝑟𝑚 (𝑡) = 𝑟𝑚−1 (𝑡) − 𝑐𝑚 (𝑡) .
The original data 𝑥(𝑡) can finally be expressed as a sum of
IMFs and a residual:
𝑚

𝑥 (𝑡) = ∑ 𝑐𝑘 (𝑡) + 𝑟𝑚 (𝑡) ,

(15)

𝑘=1

where 𝑚 denotes the number of IMFs, 𝑐𝑘 (𝑡) denotes the IMF,
and 𝑟𝑚 (𝑡) is the final residual.

IMFs: low frequency ← high frequency
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Figure 4: The IMFs from high frequency to low frequency in the
EEMD method.

However, EMD suffers from the mode mixing problem
which makes EMD fail to represent the characteristics of
the original data. Therefore, to overcome the shortcoming of
EMD, an additional step adding white noise into the original
data is adopted in EEMD model to help extract true IMFs in
the data [46].
The procedure of EEMD is presented as follows.
Step (a). Adding a white noise to the original data 𝑥(𝑡).

an evolutionary process, the basic idea of which is based on
the obligate brood parasitic behavior of cuckoos and their
way in egg laying and breeding. Actually, the group behavior
of searching food is effectively recognized as a random walk
because the next move is based on the current location and
the transition probability to the next location.
In the survive competition, cuckoos make two main operations: the first is a random search based on the probability of
being discovered by a host bird; and the second is a direct
search based on Levy flights. With the combination of two
operations, CS shows more effective than other optimization
algorithms for nonconvex and complex optimization problems.
In the CS method, each nest represents a candidate solution and the best nest is the best solution. For a 𝑁 dimensional optimization problem, each nest is an array with 𝑁
parameters, which represents the current living position of
the cuckoo. The main steps of CS are described as follows.
Step (a). Initializing the population 𝑋: suppose the number
of host nests is ℎ and the optimization problem has 𝑁
parameters (the parameters in T-S fuzzy networks can be
viewed as a nest of 𝑁 optimization search). Then a population
of ℎ nests is denoted by
𝑃11 𝑃21
[ 𝑃11 𝑃22
[
𝑋 = [𝑋1 , 𝑋2 , . . . , 𝑋ℎ ] = [ ..
..
[ .
.
𝑃
𝑃
[ 1𝑁 2𝑁

⋅ ⋅ ⋅ 𝑃ℎ𝑁]

(17)

𝑇

Step (b). Decomposing the data plus the white noise into IMFs
through EMD algorithm.
Step (c). Repeating the above two steps, but each time adding
different scales of white noise, and then calculating the
ensemble means of corresponding IMFs as the final IMFs.
Wu and Huang [46] proved a well-established statistical
rule in (16) to control the effect of the added noise:
𝜀
,
𝜀𝑛 =
(16)
√𝑁

⋅ ⋅ ⋅ 𝑃ℎ1
⋅ ⋅ ⋅ 𝑃ℎ2 ]
]
. ],
⋅ ⋅ ⋅ .. ]

(𝑋𝑖 = [𝑃𝑖1 , 𝑃𝑖2 , . . . , 𝑃𝑖𝑁] ) .
Step (b). Updating the new solution through Levy flights:
the best path of the Levy flights is estimated by Mantegna’s
algorithm. The new solution of each nest is updated by the
formulations:
𝑋𝑖new = 𝑋𝑖best + 𝛼 × rand1 × Δ𝑋𝑖new ,
Δ𝑋𝑖new = V ×

𝜎𝑥 (𝛽)
× (𝑋𝑖best − 𝐺best ) ,
𝜎𝑦 (𝛽)

(18)

where 𝑁 is the number of ensemble members, 𝜀 is the amplitude of the added white noise, and 𝜀𝑛 is the standard deviation
of error, which is defined as the difference between the input
signal and the corresponding IMFs.
It is suggested that an ensemble of a few hundred and
the amplitude of the added white noise fix at 0.2 times the
standard deviation of the original signal will lead to an exact
result. Unfortunately, there is no literature explicating how to
set the best amplitude of the added white noise until now. We
set the number of ensemble members as 100 and select the
optimal standard deviation of white noise series from 0.1 to
0.2 using 𝑘-fold cross-validation method. Figure 5 shows the
original observed wind speed time series and that by EEMD.
And in this study, we remove the first two IMFs with high
frequency.

where 𝛽 is the distribution factor between 0.3 and 1.99 and
Γ(⋅) is the gamma function.

3.3. Cuckoo Search (CS). Cuckoo search (CS) is a new metaheuristic optimization method firstly proposed by Yang and
Deb in 2009 [47]. CS is a new optimization algorithm with

Step (c). Being discovered by the host bird and randomization
of nests: suppose that the probability a cuckoo egg to be
discovered by a host bird in its nest is 𝑃𝑎 . The action of this

where 𝑋𝑖best is the individual best, 𝐺best is the global best of
the population, 𝛼 > 0 is the iteration step size, and rand1 is
a random number uniformly distributed in the interval from
0 to 1; V is defined as rand𝑥 /rand𝑦 , and rand𝑥 and rand𝑦 have
normal distribution with standard deviation 𝜎𝑥 (𝛽) and 𝜎𝑦 (𝛽)
given as follows:
sin (𝜋𝛽/2)
× 𝛽 × 2((𝛽−1)/2) ]
𝜎𝑥 (𝛽) = [Γ (1 + 𝛽) ×
Γ ((1 + 𝛽) /2)

1/𝛽

,

𝜎𝑦 (𝛽) = 1,
(19)
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Figure 5: The original observed wind speed time series and that by EEMD in Jan.

discovery also creates a new solution which is defined as follows:
𝑋𝑖dis = 𝑋𝑖best + 𝐾 × Δ𝑋𝑖dis ,
Δ𝑋𝑖dis = rand2 × [rand𝑝1 (𝑋𝑖best ) − rand𝑝2 (𝑋𝑖best )] ,

(20)

where rand2 is a uniformly distributed random number and
ranges from 0 to 1. rand𝑝1 (𝑋𝑖best ) and rand𝑝2 (𝑋𝑖best ) are the
random perturbation of the current best nest 𝑋𝑖best , respectively. 𝐾 is a number determined based on 𝑃𝑎 :
1 if rand2 < 𝑃𝑎 ,
𝐾={
0 otherwise.

(21)

After the three steps are done, it is time to stop the algorithm
when the maximum number of iterations is reached.
3.4. The Hybrid Model. The main hybrid CS-EEMD-FNN
model is proposed to forecast the short-term wind speed in
Shandong wind farm in China, which is firstly employing the
EEMD method to remove the noise embedded in the wind
speed series and then combining FNN with CS. The second
hybrid short-term wind speed forecasting model combines
FNN with the EEMD approach, that is, EEMD-FNN model.
The third hybrid model is based on FNN and the optimized
CS algorithm, that is, CS-FNN model. The last one is a single
FNN model which is used to compare the performance of the
hybrid models. In this paper, the following four forecasting
approaches are analyzed:
(a) FNN model;
(b) EEMD-FNN model;
(c) CS-FNN model;
(d) CS-EEMD-FNN model.

4. Statistics Measures to Determine the
Accuracy of the Forecast
In order to evaluate the performance of the proposed models,
comparisons of these forecasted outcomes with the observed
wind speed are processed using some statistical evaluation
indices. They are the mean absolute error (MAE), squared

mean square error (RMSE), and mean absolute percentage
error (MAPE) which are defined as
MAE =

1 𝑛  
∑ 𝑒  ,
𝑛 𝑡=1  𝑡 

1 𝑛
RMSE = √ ∑𝑒𝑡2 ,
𝑛 𝑡=1
MAPE =

(22)

1 𝑛  𝑒𝑡 
∑   × 100%,
𝑛 𝑡=1  𝑦𝑡 

where 𝑛 is the number of periods of time, 𝑒𝑡 = 𝑦̂𝑡 − 𝑦𝑡 and
𝑦̂𝑡 denotes the forecasted wind speed for the time period
𝑡, and 𝑦𝑡 is the actual observation at the same time-point,
respectively.
Then these commonly used performance metrics are
defined as follows: MAE and RMSE are used to evaluate
the absolute error between the observed and the forecasted
concentrations. Including the power term in the RMSE makes
it more sensitive to excessive values than MAE. In addition
to the evaluation of the absolute error, the relative error is
estimated using MAPE. For an absolute perfect model, the
values of MAE, RMSE, and MAPE are equal to 0.

5. Forecasting Results and
Comparative Analysis
To estimate the performance of the proposed hybrid CSEEMD-FNN forecasting model, three other models, which
are the random combination of any two models, are adopted
to make one-step ahead predictions. Then in order to evaluate
the hybrid CS-EEMD-FNN forecasting model more intensively, multistep ahead predictions are done.
This section shows the forecasting results obtained from
FNN model, EEMD-FNN model, CS-FNN model, and CSEEMD-FNN model for one-step (10 minutes), two-step (20
minutes), three-step (30 minutes), four-step (40 minutes),
five-step (50 minutes), and six-step (1 hour) ahead wind speed
forecasts.
Once the parameters of FNN are determined, the forecasting results can be obtained by the FNN model with
the optimized parameters. A randomly chosen FNN model
denoted by FNN model is developed to compare with the
optimized FNN models based on the three criteria: MAE,
MAPE, and RMSE, shown in Table 1. The forecasting results

a

25
0.84
7.47
1.15
3.17
25.35
9.96
5.19
53.46
12.24

Wind Turbine Generator.

Models
WTGa
MAE
Jan. MAPE
RMSE
MAE
Apr. MAPE
RMSE
MAE
Jul. MAPE
RMSE

26
0.90
10.66
1.14
5.63
39.19
15.16
9.9
89.05
23.43

FNN model
27
28
1.11
0.89
9.86
8.47
2.14
1.23
5.85
2.34
42.48 21.40
14.42
5.13
8.1
4.12
72.84 51.48
19.76
10.14
Mean
0.94
9.12
1.42
4.25
32.11
11.17
6.83
66.71
16.39

25
0.63
5.74
0.85
0.87
9.05
1.48
0.91
14.80
1.77

EEMD-FNN model
26
27
28
0.60
0.77
0.62
6.88
7.19
6.03
0.80
1.09
0.83
1.04
1.27
1.02
9.50
12.20
13.14
1.92
1.98
1.37
1.78
2.00
1.42
24.52 22.87 30.87
2.86
3.62
2.09
Mean
0.66
6.46
0.89
1.05
10.97
1.69
1.53
23.27
2.59

25
0.60
5.46
0.80
0.97
9.46
2.59
4.49
45.98
40.57

CS-FNN model
26
27
28
0.63
0.79
0.62
6.97
7.34
6.12
0.84
1.22
0.83
1.93
3.40
2.47
14.72 24.69 21.26
6.25
10.53
7.63
1.29
1.95
2.66
18.31 20.80 36.34
2.77
6.00
7.41

Table 1: The one-step ahead forecasting errors of the four models in three months.
Mean
0.66
6.47
0.92
2.19
17.53
6.75
2.60
30.36
14.19

25
0.46
4.31
0.64
0.63
6.71
1.01
0.99
14.63
1.21

CS-EEMD-FNN model
26
27
28
Mean
0.46
0.64
0.50
0.52
5.08
5.93
4.77
5.02
0.62
0.91
0.68
0.71
0.90
0.77
0.75
0.76
8.14
7.56
8.79
7.8
1.46
1.13
1.14
1.19
1.58
1.46
0.99
1.25
20.86 18.63 17.78
17.98
2.90
2.57
1.76
2.11
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Table 2: The more the step of forecast, the lower the accuracy.

Jan.

Errors

WTG25

MAE (m/s)
MAPE (%)
RMSE (m/s)

0.60
5.46
0.80

MAE (m/s)
MAPE (%)
RMSE (m/s)

0.73
6.80
0.98

MAE (m/s)
MAPE (%)
RMSE (m/s)

0.79
7.41
1.07

MAE (m/s)
MAPE (%)
RMSE (m/s)

0.86
8.19
1.13

MAE (m/s)
MAPE (%)
RMSE (m/s)

0.92
8.79
1.21

MAE (m/s)
MAPE (%)
RMSE (m/s)

1.01
9.56
1.32

CS-FNN model
WTG26
WTG27
One-step ahead forecasting errors
0.63
0.79
6.97
7.34
0.84
1.22
Two-step ahead forecasting errors
0.79
1.30
9.15
11.23
1.05
2.97
Three-step ahead forecasting errors
0.75
1.07
8.83
10.54
0.99
1.51
Four-step ahead forecasting errors
0.87
1.15
11.05
11.53
1.13
1.85
Five-step ahead forecasting errors
0.89
1.22
11.29
12.53
1.18
1.73
Six-step ahead forecasting errors
0.99
1.41
12.20
14.01
1.29
2.62

Three-step ahead forecasting
Wind speed errors (m/s)

16
Wind speed (m/s)
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8
6
4

0
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Forecasting wind speed by CS-EEMD-FNN

5
4
3
2
1
0
−1
−2
−3
−4
−5

WTG28

Mean

0.62
6.12
0.83

0.66
6.47
0.92

0.75
7.40
0.98

0.89
8.65
1.50

0.80
7.96
1.07

0.85
8.68
1.16

0.85
8.66
1.15

0.93
9.86
1.32

0.93
9.49
1.24

0.99
10.52
1.34

0.97
10.12
1.31

1.09
11.47
1.64

Three-step ahead forecasting errors
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Figure 7: The three-step ahead forecasting errors of all methods.

Figure 6: The three-step ahead forecasting results of all methods.

of one-step, two-step, three-step, four-step, five-step, and sixstep ahead forecasting errors of January are shown in Table 2.
Figures 6-7 and Tables 1–3 reveal the following.
(i) The more the step of forecast, the lower the accuracy.

(ii) These forecasting models adopted in this study are
proved to be effective to forecast the short-term
wind speed; all the forecasting models get satisfactory performance. Taking the one-step ahead prediction, for example, the MAPE errors of the general
FNN, EEMD-FNN, CS-FNN, and CS-EEMD-FNN
are 9.12%, 6.46%, 6.47%, and 5.02%, in Jan., respectively.

Errors

a

WTG 25
WTG 26
WTG 27
WTG 28
Model 1a Model 2b Model 3c Model 4d Model 1 Model 2 Model 3 Model 4 Model 1 Model 2 Model 3 Model 4 Model 1 Model 2 Model 3 Model 4
0.84
0.63
0.60
0.46
0.90
0.60
0.63
0.46
1.11
0.77
0.79
0.64
0.89
0.62
0.62
0.50
7.47
5.74
5.46
4.31
10.66
6.88
6.97
5.08
9.86
7.19
7.34
5.93
8.47
6.03
6.12
4.77
1.15
0.85
0.80
0.64
1.14
0.80
0.84
0.62
2.14
1.09
1.22
0.91
1.23
0.83
0.83
0.68
1.08
0.71
0.73
0.57
0.96
0.69
0.79
0.53
1.36
0.97
1.30
0.64
1.17
0.68
0.75
0.54
9.79
6.67
6.80
5.28
10.98
8.33
9.15
6.03
12.17
9.30
11.23
6.28
11.40
6.84
7.40
5.13
1.49
0.95
0.98
0.74
1.24
0.88
1.05
0.69
3.25
1.33
2.97
0.85
1.60
0.92
0.98
0.74
1.08
0.77
0.79
0.63
1.26
0.76
0.75
0.64
1.18
0.98
1.07
0.81
1.03
0.76
0.80
0.62
10.73
7.27
7.41
5.90
15.34
8.98
8.83
7.26
11.66
10.00
10.54
8.01
10.09
7.66
7.96
6.10
1.41
1.02
1.07
0.83
1.60
0.99
0.99
0.83
1.59
1.32
1.51
1.13
1.41
1.01
1.07
0.83
0.98
0.85
0.86
0.71
0.89
0.81
0.87
0.69
1.56
0.99
1.15
0.87
1.10
0.83
0.85
0.70
9.19
8.08
8.19
6.77
10.44
9.73
11.05
8.12
14.30
10.55
11.53
8.96
10.81
8.53
8.66
7.10
1.30
1.13
1.13
0.94
1.16
1.07
1.13
0.92
2.97
1.32
1.85
1.14
1.44
1.11
1.15
0.93
1.02
0.94
0.92
0.81
1.39
0.90
0.89
0.79
1.98
1.12
1.22
1.00
1.10
0.91
0.93
0.81
9.55
8.92
8.79
7.63
17.67
10.75
11.29
9.35
18.28
11.86
12.53
10.38
10.97
9.37
9.49
8.36
1.36
1.22
1.21
1.03
1.72
1.19
1.18
1.03
3.03
1.49
1.73
1.31
1.48
1.22
1.24
1.09
1.18
1.01
1.01
0.90
1.14
0.93
0.99
0.87
1.49
1.15
1.41
1.13
1.18
0.97
0.97
0.90
10.85
9.61
9.56
8.64
13.23
11.34
12.20
10.35
14.51
12.23
14.01
11.71
12.95
9.99
10.12
9.22
1.58
1.31
1.32
1.18
1.50
1.24
1.29
1.15
2.60
1.51
2.62
1.54
1.56
1.30
1.31
1.19

FNN model; b EEMD-FNN model; c CS-FNN model; d CS-EEMD-FNN.

MAE
One-step ahead MAPE
RMSE
MAE
Two-step ahead MAPE
RMSE
MAE
Three-step ahead MAPE
RMSE
MAE
Four-step ahead MAPE
RMSE
MAE
Five-step ahead MAPE
RMSE
MAE
Six-step ahead MAPE
RMSE

Steps

Table 3: The multi-step ahead forecasting errors of the four models in Jan.
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(iii) When comparing the CS-EEMD-FNN model with
the EEMD-FNN model, the CS improved the accuracy of multistep ahead forecast of the EEMD-FNN
model, and the promoted percentage of MAPE is
4.31%, 5.28%, 5.9%, 6.77%, 7.63%, and 8.64% from
one-step ahead to six-step ahead prediction of WTG
25 in Jan., respectively. The CS optimized the initial
weights and subsequently improved the global search
ability of the EEMD-FNN model. This can accelerate
the learning and training process and avoid converging on a local optimal value.
(iv) When comparing the CS-FNN model with the FNN
model, the CS improved the accuracy of multistep
ahead forecast of the FNN model, and the promoted
percentage of MAPE is 5.46%, 6.8%, 7.41%, 8.19%,
8.79%, and 9.56% from one-step ahead to six-step
ahead prediction of WTG 25 in Jan., respectively.
(v) When comparing the EEMD-FNN model with the
FNN model, the EEMD decomposition improved the
accuracy of the multistep ahead forecast of the FNN
model, and the promoted percentage of MAPE is
5.74%, 6.67%, 7.27%, 8.08%, 8.89%, and 9.61% from
one-step ahead to six-step ahead prediction of WTG
25 in Jan., respectively. Owing to the EEMD decomposition, the EEMD-FNN model has an excellent
ability in signal tracking, which can deal with the
wind speed jumping data better.
(vi) The EEMD decomposition part in the optimized CSEEMD-FNN model makes more contribution than
the CS part.

6. Discussion and Conclusions
Short-term wind speed forecasting is of crucial importance
to improve the stability of grid-connected wind energy system and to avoid unfavorable impacts on the electric network.
An accurate short-term wind speed forecasting is thus prerequisite for planning and operating wind power system. This
paper proposed a hybrid CS-EEMD-FNN model to the shortterm wind speed prediction.
Because of the uncertainty and intermittency, wind speed
contains a mass of noisy information, which makes wind
speed extremely hard to forecast. As a result, the redundancy
information must be removed for good performance of the
forecasting model. EEMD is thus used to remove the noise
embedded in the wind speed series. In the FNN model, the
outputs at any moment only depend on the parameters at
that moment. Selecting the optimal parameters is another
way to improve the predictive ability of FNN model. With
fast convergence rate and low computational complexity, CS
is used to tune the optimal parameters in FNN model.
The hybrid CS-EEMD-FNN method is performed on
wind speed series in Shandong wind farm, China. The forecast horizons are from 10 minutes to 1 hour. The hybrid
CS-EEMD-FNN model is compared to single FNN model,
EEMD-FNN model, and CS-FNN model.
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Among the hybrid methods proposed in this paper, the
CS-EEMD-FNN method has the best performance. Removing redundancy information in the wind speed series is the
main reason of its good performance.
Then, the EEMD and FNN parts use the efficient information to build the forecasting model. Although the performance of EEMD-FNN model is slightly inferior to that
of CS-EEMD-FNN, it is also satisfactory considering a
lower forecasting accuracy. Besides the CS-EEMD-FNN and
EEMD-FNN models, the hybrid CS-FNN model also gives
satisfactory forecasting outcomes.
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This paper presents an explicit fuzzy predictive control method for a class of nonlinear systems with constrained inputs. The main
idea is to construct a terminal invariant set and explicit predictive controller with affine input on the basis of T-S fuzzy model.
This method need not compute the complex nonconvex nonlinear programming problem of earlier nonlinear predictive control
methods and decreases the number of optimization variables and guarantees stability of the closed-loop system. The simulation
results on a numerical example show the validity of the method presented in this paper.

1. Introduction
Almost all of the industrial processes have strong nonlinearity. Such strongly nonlinear industrial process is difficult to
be modeled and controlled. It has attracted much attention in
industry and academia by referring to [1, 2]. There are many
constraints due to physical conditions to limit the flexible
performance of the closed-loop systems, which need high
skills in control system design.
Model predictive control (MPC), as an efficient control
strategy to handle constraints within an optimal control
setting, has received much attention in the past decades (e.g.,
[3–5]). The nonlinearity of the nonlinear systems makes the
optimization problems nonconvex and thus leads to heavy
calculation. It makes the parameters difficult to be adjusted
online. In literature [6], using norm-bounded linear differential inclusion (LDI) of nonlinear system, a kind of predictive
control scheme was put forward based on terminal domain
optimization by solving linear matrix inequalities optimization problem. In [7] a robust model predictive control
strategy was presented on the basis of polyhedral description
systems for discrete-time nonlinear systems with bounded
persistent disturbances. Both literatures [6, 7] used linearization of the original nonlinear model approximately. However
the methods produce large errors. So these methods can
only be applied in weakly nonlinear systems. Literature [8]

combined the robust method and hybrid method to design
the MPC for constrained piecewise linear (PWL) systems
with structured uncertainty. For the proposed approach, as
the system model is known at current time, a free control
move is optimized to be the current control input. Paper [9]
investigated the problem of predictive control for constrained
control systems, in which the measurement signal may be
multiply missing. However their applications are limited by
their linearity.
T-S fuzzy models have become an important tool for
researching control problems of the nonlinear system because
of their universal approximation capability by referring to
[10]. And then fuzzy predictive control scheme is developed.
Literature [11] gives a fuzzy multistep linear predictive control
strategy taking advantage of T-S model as predictive model
and achieves better effect. But it also increases the online
optimization computation. In literature [12] a nonlinear
predictive control algorithm is proposed based on subsection
Lyapunov function and T-S model for the input and output
constrained Hammerstein-Wiener nonlinear system. Most
of the study results can not obtain explicit expression of
controller that is easy to adjust (e.g., [13–15]).
In this paper, we present a model predictive control algorithm for a class of constrained nonlinear system based on TS fuzzy model. Firstly, the feedback correction is introduced
after we establish T-S fuzzy model. For this corrected T-S
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fuzzy model, the terminal invariant set is designed, and in
the terminal set the linear feedback control law is proposed
to satisfy constraints and guarantee closed-loop stability.
Secondly, we design predictive controller with affine control
outside the terminal set which satisfies the constraints as well
as making the system states eventually enter the terminal set.
Meanwhile, the procedure guarantees closed-loop stability
and reduces the amount of computation burden. At last we
show the validity of this method by a simulation example.
In literatures [16], filters are given when the systems’ states
are immeasurable. Inspired by them, we will consider the
cases with immeasurable states and stochastic disturbance in
the future research. We hope to be given more tips.
Notations introduction: for vector 𝑥 and positive definite
matrix 𝑊, ‖𝑥‖2𝑊 = 𝑥𝑇 𝑊𝑥; symbol ∗ represents symmetric
∗
𝐻 𝑇𝑇
structure [ 𝐻
𝑇 𝑅 ] = [ 𝑇 𝑅 ], where 𝐻 and 𝑅 are symmetric
matrices.

2. Problem Statement
Consider the following constrained nonlinear system:

𝑗

where 𝑗 = 1, . . . , 𝑐, 𝑐 is the number of fuzzy rules and 𝑀𝑖 are
fuzzy sets, for all 𝑖 = 1, . . . , 𝑛 + 𝑚. 𝐴 𝑗 ∈ 𝑅𝑛×𝑛 and 𝐵𝑗 ∈ 𝑅𝑛×𝑚 .
Many kinds of the membership functions can be chosen,
such as triangular membership function, trapezoidal membership function, and Gaussian membership function. The
selection of membership functions depends on the expert
experience. In general, the membership functions of fuzzy
sets with sharp curve shape have high resolution and high
control sensitivity; on the contrary, the membership function
with gentle curve has relatively smooth control performance
and good stable performance. So, in this paper, we choose the
Gaussian membership functions; namely, the membership of
𝑗
𝑥𝑖 belonging to the set 𝑀𝑖 is 𝐺𝑖𝑗 (𝑥𝑖 ) = exp(−(𝑥𝑖 − V𝑖𝑗 )2 /2𝜎𝑖𝑗2 ),
where V𝑖𝑗 , 𝜎𝑖𝑗2 denote the center and the variance of the
function.
G-K fuzzy clustering algorithm is chosen to determine the
premise parameters combined with the least square method
to complete the identification of the consequent parameters
of T-S fuzzy model by referring to [12].
The objective function of G-K algorithm is
𝑐

𝑥 (𝑘 + 1) = 𝑓 (𝑥 (𝑘) , 𝑢 (𝑘))

(1)

min

𝑁

𝑚

𝐽 (𝑍, 𝑉, 𝑈) = ∑ ∑ (𝜇𝑟𝑗 ) 𝑑2 (𝑧𝑟 , V𝑗 ) ,
𝑗=1 𝑟=1

subject to control constraints
𝑢 ≤ 𝑢 (𝑘) ≤ 𝑢,
𝑛

(2)

∞

𝑢(𝑘+𝑖), 𝑖≥0

𝜇𝑟𝑗 ∈ [0, 1] ,

(5)

𝑁

∑ 𝑢𝑟𝑗 = 1,

0 < ∑ 𝑢𝑟𝑗 < 𝑁,
𝑟=1

𝑗=1

𝑚

where 𝑥(𝑘) ∈ 𝑅 and 𝑢(𝑘) ∈ 𝑅 are state and control vectors,
𝑓 is a nonlinear function in 𝑅𝑛 × 𝑅𝑚 , and 𝑓(0, 0) = 0, 𝑢 =
[𝑢1 , . . . , 𝑢𝑚 ]𝑇 , and 𝑢 = [𝑢1 , . . . , 𝑢𝑚 ] 𝑇 , so control condition (2)
can also be expressed as 𝑢𝑖 ≤ 𝑢𝑖 (𝑘) ≤ 𝑢𝑖 ; 𝑢𝑖 (𝑘), 𝑢𝑖 , and 𝑢𝑖 are
the 𝑖th element of the 𝑢(𝑘), 𝑢, and 𝑢, respectively, 𝑖 = 1, . . . , 𝑚.
The objective of this paper is to design a predictive
controller that can make the following performance index
reach to optimization and ensure the stability of the closedloop system:
min

s.t.

𝑐

𝐽 (𝑘) = ∑ (‖𝑥(𝑘 + 𝑖 |
𝑖=0

𝑘)‖2𝑅𝑥

+ ‖𝑢(𝑘 + 𝑖 |

𝑘)‖2𝑅𝑢 ) ;
(3)

where 𝑍 = [𝑧1 , 𝑧2 , . . . , 𝑧𝑁] is the data set, 𝑈 = [𝜇𝑟𝑗 ]𝑁×𝑐 is
the membership matrix, 𝑉 = [V1 , V2 , . . . , V𝑐 ] is the clustering
center and also the center of membership function, the
number of clustering is 𝑐 (which is also the number of fuzzy
rules), 𝑁 is the sample size, 𝑚 is the fuzzy exponent, 𝜇𝑟𝑗 is
the membership of the 𝑟th data relative to the 𝑗th clustering
center, and 𝑑(𝑧𝑟 , V𝑗 ) denotes the distance norm of the 𝑗th
clustering relative to the 𝑟th data:
𝑇
2

𝑑2 (𝑧𝑟 , V𝑗 ) = 𝑧𝑟 − V𝑗 𝐸 = (𝑧𝑟 − V𝑗 ) 𝐸𝑗 (𝑧𝑟 − V𝑗 ) ,
𝑗

(6)

where
1/𝑛

𝑥(𝑘 + 𝑖 | 𝑘) and 𝑢(𝑘 + 𝑖 | 𝑘) denote predicted values of the
states and input vectors. Here we choose T-S fuzzy model as
the predictive model. 𝑅𝑥 ∈ 𝑅𝑛×𝑛 and 𝑅𝑢 ∈ 𝑅𝑚×𝑚 are positive
definite, symmetric weighting matrices.

𝐸𝑗 = det (𝐹𝑗 )

𝐹𝑗 −1 ,

𝑚

𝐹𝑗 =

𝑇

∑𝑁
𝑟=1 (𝜇𝑟𝑗 ) (𝑧𝑟 − V𝑗 ) (𝑧𝑟 − V𝑗 )
𝑚

∑𝑁
𝑟=1 (𝜇𝑟𝑗 )

(7)
.

3. Identification of T-S Model
As T-S fuzzy model can approximate nonlinear systems with
arbitrary precision, we use T-S fuzzy model to approximate
the nonlinear system. The rules of T-S fuzzy model are
𝑗

𝑗

then 𝑥 (𝑘 + 1 | 𝑘) = 𝐴 𝑗 𝑥 (𝑘) + 𝐵𝑗 𝑢 (𝑘) ,

−1/𝑚

𝜇𝑟𝑗 =

𝑗

𝑅𝑗 :if 𝑥1 is 𝑀1 , 𝑥2 is 𝑀2 , . . . , 𝑥𝑛 is 𝑀𝑛𝑗 ,
𝑗
𝑢1 is 𝑀𝑛+1 , . . . , 𝑢𝑚 is 𝑀𝑛+𝑚
,

The necessary conditions obtained by Lagrange multipliers that make the objective function minimum are

(4)

𝑑2 (𝑧𝑟 , V𝑗 )

−1/𝑚

∑𝑐𝑗=1 𝑑2 (𝑧𝑟 , V𝑗 )

𝑚

,

V𝑗 =

∑𝑁
𝑟=1 (𝜇𝑟𝑗 ) 𝑧𝑟
∑𝑁
𝑟=1 (𝜇𝑟𝑗 )

𝑚

.

(8)

The variance of the Gaussian membership function is
𝑁
𝜎𝑖𝑗2 = ∑𝑁
𝑡=1 𝜇𝑡𝑗 (𝑥𝑖𝑡 − V𝑖𝑡 )/ ∑𝑡=1 𝜇𝑡𝑗 .

Mathematical Problems in Engineering

3

By the weighted least squares, the amount of the parameters to be identified is (𝑛2 + 𝑛 × 𝑚) × 𝑐; make 𝐷 = (𝐴1 , 𝐵1 ,
𝐴2 , 𝐵2 , . . . , 𝐴𝑐 , 𝐵𝑐 )𝑇 , where
𝑗
𝑎11

𝑗
𝑎1𝑛

⋅⋅⋅
]
[ .
[
.
𝐴 = [ . d ... ]
],
𝑗
𝑗
[𝑎𝑛1 ⋅ ⋅ ⋅ 𝑎𝑛𝑛 ]
𝑗

𝑗
𝑏11

𝑗
𝑏1𝑛

⋅⋅⋅
]
[ .
[
.
𝐵 = [ . d ... ]
].
𝑗
𝑗
[𝑏𝑛1 ⋅ ⋅ ⋅ 𝑏𝑛𝑚 ]
𝑗

(9)

𝑗
𝑗
𝑗
𝑗
For identification, define 𝐴 𝑖 = (𝐴 𝑖1 , . . . , 𝐴 𝑖𝑛 ) and 𝐵𝑖 =
𝑗
𝑗
(𝐵𝑖1 , . . . , 𝐵𝑖𝑚 ) which are the 𝑖th line of 𝐴𝑗 and 𝐵𝑗 , 𝑁 is assumed

4. Prediction Control Strategy on the Basis of
T-S Fuzzy Models
In this paper, T-S fuzzy model (14) is selected as prediction
model. Due to stochastic disturbance, modeling error, and
so on, there must be error between predicted values and the
actual state values 𝑥(𝑘). We assume the state error at sample
time 𝑘 is 𝑒(𝑘) = 𝑥(𝑘) − 𝑥𝑚 (𝑘), where 𝑥𝑚 (𝑘) is the predictive
model state values being gotten by predictive model (14). For
the sake of eliminating the error of prediction values caused
by several reasons, revising 𝑥𝑚 (𝑘 + 𝑖 | 𝑘) by 𝑒(𝑘), we obtain

to be the number of data, and 𝑧𝑟 = {𝑥𝑟 (𝑘 + 1), 𝑥𝑟 (𝑘), 𝑢𝑟 (𝑘)},
𝑟 = 1, . . . , 𝑁. Construct the following matrix:

𝑥pc (𝑘 + 𝑖 | 𝑘) = 𝑥𝑚 (𝑘 + 𝑖 | 𝑘) + 𝑒 (𝑘) ,

ℎ1 𝑥1𝑇 ℎ1 𝑢1𝑇 ⋅ ⋅ ⋅ ℎ𝑐 𝑥1𝑇 ℎ𝑐 𝑢1𝑇
[
..
..
.. ] .
Ψ = [ ...
.
d
.
. ]
𝑇
𝑇
𝑇
𝑇
[ℎ1 𝑥𝑁 ℎ1 𝑢𝑁 ⋅ ⋅ ⋅ ℎ𝑐 𝑥𝑁 ℎ𝑐 𝑢𝑁]

where 𝑥𝑚 (𝑘 + 𝑖 | 𝑘) is the predicted values of state variables
and 𝑥pc (𝑘 + 𝑖 | 𝑘) is the predicted values achieved from the
revised T-S model as follows. Substituting (15) into (14), we
can obtain

(10)

Then by the least squares we get the coefficient matrices
̂𝑖 = (Ψ𝑇 Ψ𝑖 )−1 Ψ𝑇 𝑥 (𝑘 + 1) ,
𝐷
𝑖
𝑖

𝑥pc (𝑘 + 𝑖 | 𝑘)
𝑐

(11)

= ∑ ℎ𝑗 (𝐴 𝑗 𝑥pc (𝑘 + 𝑖 − 1 | 𝑘)

(16)

𝑗=1

where
ℎ𝑗 =

∏𝑛𝑖=1 𝜇𝑖𝑗 (𝑥𝑖 )

∑𝑐𝑗=1 ∏𝑛𝑖=1 𝜇𝑖𝑗 (𝑥𝑖 )

,

𝑗 = 1, . . . , 𝑐.

+ 𝐵𝑗 𝑢 (𝑘 + 𝑖 − 1 | 𝑘) + (𝐼 − 𝐴 𝑗 ) 𝑒 (𝑘)) .
(12)

The proposed T-S fuzzy model parameters identification
algorithm can now be specified as follows.
Step 1. Select the number of fuzzy rule 𝑐, fuzzy exponent 𝑚,
and standard termination 𝜀 > 0.

Step 3. Update fuzzy matrix, denote 𝑈1 , and calculate clustering center by (8).
Step 4. Calculate distance norm by (6).
Step 5. If ‖𝑈1 − 𝑈0 ‖ ≤ 𝜀, stop; otherwise, repeat Step 3.
Step 6. Calculate consequent parameters of the T-S model
according to (11); that is to say, work out the coefficient
̂𝑗 , 𝐵𝑗 = 𝐵̂𝑗 .
matrices 𝐴 𝑗 = 𝐴
The rules of the T-S model we get by G-K clustering
algorithm are

̂𝑗 𝑥 (𝑘) + 𝐵̂𝑗 𝑢 (𝑘) .
then 𝑥 (𝑘 + 1) = 𝐴

(13)

The expression of T-S fuzzy model by the above algorithm
is
𝑐

̂𝑗

̂𝑗

𝑥 (𝑘 + 1) = ∑ ℎ𝑗 (𝐴 𝑥 (𝑘) + 𝐵 𝑢 (𝑘)) .
𝑗=1

For the revised model, solve the following optimal problem:
∞

min

𝑢(𝑘+𝑖),𝑖≥0

s.t.

Step 2. Generate fuzzy matrix 𝑈0 randomly.

𝑅𝑗: if 𝑧𝑟 = {𝑥𝑟 (𝑘) , 𝑢𝑟 (𝑘)} ∈ 𝑀𝑗 ,

(15)

(14)

𝐽 (𝑘) = ∑ (‖𝑥(𝑘 + 𝑖 | 𝑘)‖2𝑅𝑥 + ‖𝑢(𝑘 + 𝑖 | 𝑘)‖2𝑅𝑢 )
𝑖=0

(2) , (16) , 𝑥 (𝑘 | 𝑘) = 𝑥 (𝑘) , 𝑥 (𝑘 + 𝑝 | 𝑘) ∈ Ω,
(17)

where 𝑝 is a prediction horizon (for simplicity of exposition,
the control and prediction horizons are chosen to have
identical values in this paper) and Ω denotes terminal region.
Now we first design terminal variant set and linear
feedback control law which meet the condition of constraints
as well as guaranteeing the closed-loop stability of the system
in the terminal variant set.
Theorem 1. Suppose there exist symmetric positive definite
matrices 𝑆 ∈ 𝑅𝑛×𝑛 , 𝑃 ∈ 𝑅𝑚×𝑛 , such that the following equations
are satisfied:
𝑆
[∗
[
[∗
[
[∗
[∗

0 𝑆𝐴𝑇𝑗 − 𝑃𝑇 𝐵𝑗𝑇 𝑃𝑇 𝑆
0
𝐼 − 𝐴𝑗
0
0 ]
]
∗
𝑆
0
0 ]
] ≥ 0,
∗
∗
𝑅𝑢−1 0 ]
∗
∗
∗ 𝑅𝑥−1 ]
[
[

𝑢̂𝑖2
𝑇

∗

𝑃 𝑒𝑖 𝑆

] ≥ 0,
]

∀𝑗 = 1, . . . , 𝑐 (18)

∀𝑖 = 1, . . . , 𝑚.

(19)
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Then there exists a terminal variant set Ω = {𝑥 ∈ 𝑅𝑛 |
𝑥𝑇 𝑆−1 𝑥 ≤ 1}, such that the controller 𝑢 = −𝑃𝑆−1 𝑥 defined in
Ω meets the constraints and the following inequality holds:
2

2

𝑥pc (𝑘 + 𝑖 + 1 | 𝑘) −1 − 𝑥pc (𝑘 + 𝑖 | 𝑘) −1
𝑆

𝑆


2
≤ − 𝑥pc (𝑘 + 𝑖 | 𝑘)𝑅 − ‖𝑢(𝑘 + 𝑖 | 𝑘)‖2𝑅𝑢 ,
𝑥

∀𝑖 ≥ 0.
(20)

Proof. Give the set Ω = {𝑥 ∈ 𝑅𝑛 | 𝑥𝑇 𝑆−1 𝑥 ≤ 1} and candidate
Lyapunov function 𝑉(𝑥) = 𝑥𝑇 𝑆−1 𝑥.
Then (20) is equivalent to (21) based on (16) and 𝑢 =
−𝑃𝑆−1 𝑥 in Ω. Consider
𝑇

𝜉𝑇 (𝑘) ([𝐴 𝑗 − 𝐵𝑗 𝑃𝑆−1 𝐼 − 𝐴 𝑗 ] 𝑆−1
(21)

−1

× [𝐴 𝑗 − 𝐵𝑗 𝑃𝑆

𝐼 − 𝐴 𝑗 ] + Φ) 𝜉 (𝑘) ≤ 0,
𝑇

where 𝜉(𝑘) = [𝑥𝑇 (𝑘) 𝑒𝑇 (𝑘)] , Φ = diag{−𝑆−1 + 𝑅𝑥 +
(𝑃𝑆−1 )𝑇 𝑅𝑢 𝑃𝑆−1 , 0}.
Based on (21) and the Schur complement, inequation (18)
is obtained.
As 𝑢 ≤ 𝑢(𝑘) ≤ 𝑢, it should hold 𝑢𝑖2 (𝑘) ≤ 𝑢̂𝑖2 , 𝑖 = 1, . . . , 𝑚,
where 𝑢̂𝑖 = max{|𝑢𝑖 |, |𝑢𝑖 |}. Hence we can obtain the following
inequality by 𝑢𝑖 (𝑘) = −𝑒𝑖𝑇 (𝑃𝑆−1 )𝑥(𝑘) (where 𝑒𝑖 is the 𝑖th item
in standard vector base of the input space 𝑅𝑚 ):
𝑇

𝑥𝑇 (𝑘) (𝑃𝑆−1 ) 𝑒𝑖 𝑒𝑖 𝑇 𝑃𝑆−1 𝑥 (𝑘) ≤ 𝑢̂𝑖2 .

In the terminal variant set Ω, feedback control law 𝑢 =
−𝑃𝑆−1 𝑥 can ensure the stability of the closed-loop system.
However with this control law outside the set Ω, the system
performance will be worse. Therefore define the following
affine input structure (referring to [13]):
𝑢 (𝑘 + 𝑖 | 𝑘)
−𝑃𝑆−1 𝑥pc (𝑘 + 𝑖 | 𝑘) + 𝑑 (𝑘 + 𝑖 | 𝑘) ,
={
−𝑃𝑆−1 𝑥pc (𝑘 + 𝑖 | 𝑘) ,

The perturbation 𝑑(𝑘 + 𝑖 | 𝑘) is optimization variables.
Remark 5. Here we can translate the optimization about 𝑢(𝑘+
𝑖 | 𝑘) into the optimization about 𝑑(𝑘 + 𝑖 | 𝑘) and thus reduce
𝑇
𝑇
(𝑘) 𝑑𝑇 (𝑘)] denotes
the computational burden. 𝑧(𝑘) = [𝑥pc
augmented state variables, where 𝑑(𝑘) = [𝑑𝑇 (𝑘 | 𝑘) ⋅ ⋅ ⋅ 𝑑𝑇 (𝑘 +
𝑝 − 1 | 𝑘)]𝑇 ; then we get the augmented state space model:
𝑧 (𝑘 + 1) = Γ𝑗 𝑧 (𝑘) + 𝐺𝑗 𝑒 (𝑘) ,

Γ𝑗 = [
𝐹=[

(22)

Then due to 𝑥 𝑆 𝑥 ≤ 1, we can obtain a sufficient condition
of (22):
𝑥𝑇 (𝑘)

𝑇

𝑢̂𝑖2
𝑇

𝑆

−

(𝑃𝑆−1 ) 𝑒𝑖 𝑒𝑖𝑇 (𝑃𝑆)
𝑢̂𝑖2

≥ 0.

(24)

Thus constraints (2) can be turned into (19) according to (24)
and the Schur complement.
Remark 2. The stability of the system in the terminal set Ω
and the invariance of Ω are guaranteed by (20).
𝑇

Remark 3. 𝜉(𝑘) = [𝑥𝑇 (𝑘) 𝑒𝑇 (𝑘)] is designed to deal with
the difficulty getting the results brought by considering error.
Remark 4. In the terminal set Ω, the controller is chosen as
𝑢 = −𝑃𝑆−1 𝑥 to be convenient to adjust.

min trace (𝑆)
𝑆,𝑃

(25)
(18) (19) .

(28)

𝑇

𝐺𝑗 = [(𝐼 − 𝐴 𝑗 ) , 0, . . . , 0] .
For augmented system (27), the augmented feasible set
is denoted by Ω = {𝑧 ∈ 𝑅𝑛+𝑝𝑚 | 𝑧𝑇 𝑆̃−1 𝑧 ≤ 1}, where 𝑆̃ is
symmetric positive definite matrix. Then, from Theorem 1,
inequality (30) holds for arbitrary 𝑧 ∈ Ω if the following
conditions are satisfied:
𝑆̃ 0 𝑆̃𝑇 Γ𝑗𝑇 𝑆̃𝑇 𝑃̃𝑇

[
[∗
[
[
[∗
[
[∗
[∗

0 𝐺𝑗 𝑇
∗
∗
∗

𝑆̃
∗
∗

0
0
𝑅𝑢−1
∗

𝑆̃
0

]
]
]
] ≥ 0,
]
]
]

0
0
𝐸𝑇 𝑅𝑥−1 𝐸]

∗
𝑢̂𝑖2
] ≥ 0,
[ −1
𝑇
[𝑃𝑆 , 𝐼, . . . , 0] 𝑒𝑖 𝑆̃

∀𝑗 = 1, . . . , 𝑐,

∀𝑖 = 1, . . . , 𝑚,
(29)

where 𝐸 = [𝐼 0]𝑛×(𝑛+𝑝) , 𝑃̃ = [𝑃𝑆−1 , 𝐼, . . . , 0], and

Solve the following optimization problem for 𝑃, 𝑆:

s.t.

0(𝑝−1)𝑚×𝑚 𝐼(𝑝−1)𝑚×(𝑝−1)𝑚
],
0𝑚×𝑚
0𝑚×(𝑝−1)𝑚

𝐷 = [𝐼(𝑝−1)×(𝑝−1) , 0, . . . , 0] ,

𝑥 (𝑘) ≤ 𝑥𝑇 (𝑘) 𝑆−1 𝑥 (𝑘) . (23)

The above inequality can also be expressed as follows:

(27)

𝐴 𝑗 − 𝐵𝑗 𝑃𝑆−1 𝐵𝑗 𝐷
],
0
𝐹

𝑇

−1

(𝑃𝑆 ) 𝑒𝑖 𝑒𝑖 (𝑃𝑆 )

−1

𝑗 = 1, . . . , 𝑐,

where

𝑇 −1

−1 𝑇

𝑖 = 1, . . . , 𝑝 − 1,
𝑖 = 𝑝, . . . .
(26)

‖𝑧(𝑘 + 𝑖 + 1 | 𝑘)‖2𝑆̃−1 − ‖𝑧(𝑘 + 𝑖 | 𝑘)‖2𝑆̃−1
≤ − ‖𝑥(𝑘 + 𝑖 | 𝑘)‖2𝑅𝑥 − ‖𝑢(𝑘 + 𝑖 | 𝑘)‖2𝑅𝑢 .

(30)
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Adding each side of (30) from 𝑖 = 0 to 𝑖 = ∞, we get
𝐽(𝑘) ≤ 𝑧𝑇 (𝑘)𝑆̃−1 𝑧(𝑘), where 𝑆̃ can be obtained by solving the
following convex optimal problem:

5. Simulation Example

̃
min trace (𝑆)
𝑆̃

s.t.

(31)
(29) .

As a consequence, optimal problem (17) can be transformed as follows:
min 𝑧𝑇 (𝑘) 𝑆̃−1 𝑧 (𝑘)
𝑑(𝑘)

s.t.

𝑧𝑇 (𝑘) 𝑆̃−1 𝑧 (𝑘) ≤ 1.

Theorem 6. In the case of the existence of optimal problem
(32), the system is Lyapunov stable under input control (26) in
the augmented feasible set Ω.
Proof. The optimal solution at time 𝑘 is denoted by 𝑑∗ (𝑘) =
{𝑑∗ (𝑘 | 𝑘), . . . , 𝑑∗ (𝑘 + 𝑝 − 1 | 𝑘)}; meanwhile the feasible
sequence at time 𝑘 + 1 is 𝑑 (𝑘 + 1) = {𝑑∗ (𝑘 + 1 | 𝑘), . . . , 𝑑∗ (𝑘 +
𝑝 − 1 | 𝑘), 0}. As a result the cost function at time 𝑘 + 1 is
𝑇

̃−1 

𝑉 (𝑧 (𝑘 + 1)) = 𝑧 (𝑘 + 1) 𝑆 𝑧 (𝑘 + 1) =

Consider the problem of balancing and swing-up of an
inverted pendulum on a cart from [12]. The equations of
motion for the pendulum are
𝑥2
𝑥̇
̃ 22 sin (2𝑥1 ) /2 − 𝑎 cos 𝑥1 𝑢 ] ,
[ 1 ] = [ 𝑔 sin 𝑥1 − 𝑎𝑚𝑙𝑥
𝑥2̇
̃ cos2 𝑥1
4𝑙/3 − 𝑎𝑚𝑙
[
]

(32)

Then 𝑑(𝑘) can be obtained by solving optimal problem (32).



Step 5. Apply feedback control 𝑢(𝑘 | 𝑘) = −𝑃𝑆−1 𝑥(𝑘) + 𝑑(𝑘 |
𝑘). Let 𝑘 = 𝑘 + 1 and go to Step 4.

where 𝑥1 denotes the angle (in radians) of the pendulum from
the vertical and 𝑥2 denotes the angular velocity. 𝑔 = 9.8 m/s2
̃ is the mass of the pendulum, 𝑀 is
is the gravity constant, 𝑚
the mass of the cart, 2𝑙 is the length of the pendulum, and 𝑢 is
̃ = 2 kg, 𝑀 = 8 kg,
the force applied to the cart. We choose 𝑚
and 𝑙 = 0.5 m.
Discretize the system by forward difference (𝑥(𝑘 + 1) −
𝑥(𝑘))/𝑇 = 𝑥,̇ and here 𝑇 = 0.01 s.
Identify the above model using the scheme in Section 2.
Let 𝑚 = 2 and 𝜀 = 0.02; we obtain the T-S fuzzy model as
follows.
𝑅1 : if 𝑥1 is 𝐴 1 , 𝑥2 is 𝐵1 , and 𝑢 is 𝐶1 , then

𝑇
𝑧𝑘∗ Γ𝑗𝑇 𝑆̃−1 Γ𝑗 𝑧𝑘∗ .

(33)
According to (30), we can obtain Γ𝑗𝑇 𝑆̃−1 Γ𝑗 − 𝑆̃−1 ≤ 0, so
𝑉 (𝑧(𝑘 + 1)) ≤ 𝑉∗ (𝑧(𝑘)).
And the performance index with optimal solution must
not be larger than that with feasible solution. Namely,
𝑉∗ (𝑧(𝑘 + 1)) ≤ 𝑉 (𝑧(𝑘 + 1)). Thus we can get 𝑉∗ (𝑧(𝑘 + 1)) ≤
𝑉∗ (𝑧(𝑘)). In conclusion, 𝑉∗ (𝑧(𝑘)) is a decreasing Lyapunov
function of the system. That is to say, the system is closedloop stable.
Now, we give the nonlinear predictive control strategy on
the basis of T-S fuzzy model.
Step 1. Get T-S model (4) of nonlinear system (1) by T-S fuzzy
model parameters identification algorithm in Section 3.
Step 2. Compute 𝑆, 𝑃 by optimal problem (25), and obtain the
terminal variant set Ω as well as linear feedback control law.
Step 3. Use affine input structure (26), and solve optimal
̃ Consequently, determine the variant set
problem (31) for 𝑆.
Ω of the augmented system and set initial state 𝑥0 that should
be in Ω.
Step 4. Measure the current state 𝑥(𝑘). If 𝑥(𝑘) ∈ Ω, adopt the
control law 𝑢 = −𝑃𝑆−1 𝑥. Otherwise, solve optimal problem
(32) for 𝑑(𝑘) at the current time.

(34)

[

𝑥1 (𝑘 + 1)
1
0.01 𝑥1 (𝑘)
0
]=[
]+[
][
] 𝑢 (𝑘) .
𝑥2 (𝑘 + 1)
0.1034 1.002 𝑥2 (𝑘)
−0.004
(35)
𝑅2 : if 𝑥1 is 𝐴 2 , 𝑥2 is 𝐵2 , and 𝑢 is 𝐶2 , then
[

𝑥1 (𝑘 + 1)
1
0.01
𝑥 (𝑘)
]= [
][ 1 ]
𝑥2 (𝑘 + 1)
0.0162 1.0006 𝑥2 (𝑘)
0
+[
] 𝑢 (𝑘) .
−0.0912

(36)

𝑅3 : if 𝑥1 is 𝐴 3 , 𝑥2 is 𝐵3 , and 𝑢 is 𝐶3 , then
𝑥 (𝑘 + 1)
1
0.01 𝑥1 (𝑘)
0
[ 1
]=[
]+[
][
] 𝑢 (𝑘) .
𝑥2 (𝑘 + 1)
𝑥2 (𝑘)
−0.0659 1
0.002
(37)
Membership functions are as Figure 1.
The comparison between actual measure output and TS model output is as Figure 2. The result shows that the
simulation acquires good fitting effect.
Compute the control law by the algorithm in Section 4.
Set the algorithm parameters as follows: prediction horizon
𝑝 = 5, control constraint 𝑢max = 1000 N, weight matrix of
optimal performance index 𝑅 = 0.01, and 𝑅𝑥 = diag{100, 1}.
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Figure 3: State trajectory 𝑥1 (the solid lines are states obtained by
the approach in this paper and the dotted linear are states obtained
by approach in the paper [12]).

Figure 1: Membership functions.
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Figure 4: State trajectory 𝑥2 (the solid lines are states obtained by
the approach in this paper and the dotted linear are states obtained
by approach in the paper [12]).
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Figure 2: Comparison between actual output and T-S model output.

300

200

Solving the optimal problem (25), we obtain
0.2028 −0.0572
],
−0.0572 0.4332

20

250

k

𝑆=[

0

𝑃 = [0.0258 −0.0311] .

u

100

(38)
Set the initial state value 𝑥0 = [2, −3]𝑇 , and for
facilitating comparison we adopt the approach in this paper
and [12] for state value and control law, respectively. We can
obtain the simulation results showed by Figure 3, Figure 4
and Figure 5. From the figures we can see the control law
designed by this paper converges to origin faster than that by
[12]. The system reaches the stability state at last and the effect
is better than that in [12].
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Figure 5: Input profiles (the solid line is the input obtained by the
approach in this paper and the dotted line is the input obtained by
the approach in [12]).
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6. Conclusions
In this paper, we considered the design and stability problem
of predictive controller based on T-S fuzzy models for
a class of nonlinear system with constrained inputs. We
approximated the original nonlinear model by the T-S model
on the basis of G-K clustering algorithm and least squares
method. And then we designed predictive controller with
affine input based on T-S models. Meanwhile the closed-loop
stability of the above-mentioned approach was proved by
Lyapunov theory and the validity of the approach was showed
by a simulation example.
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For an online-shopping company, whether it can provide its customers with customized service is the key to enhance its customers’
experience value and its own competence. A good customized service requires effective integration and reasonable allocation of
the company’s supply chain resources running in the background. Based on the analysis of the allocation of supply chain resources
in the customized online shopping service mode and its operational characteristics, this paper puts forward an optimization
model for the resource allocation and builds an improved ant algorithm to solve it. Finally, the effectiveness and feasibility of
the optimization method and algorithm are demonstrated by a numerical simulation. This paper finds that the special online
shopping environments lead to many dynamic and uncertain characters of the service demands. Different customized service
patterns and their combination patterns should match with different supply chain resource allocations. The optimization model
not only reflects the required service cost and delivery time in the objective function, but also considers the service scale effect
optimization and the relations of integration benefits and risks. The improved ant algorithm has obvious advantages in flexibly
balancing the multiobjective optimizations, adjusting the convergence speed, and adjusting the operation parameters.

1. Introduction
As a means of circulation, the essence of online shopping [1–
6] is to meet different customer needs by building integrated
trading platform for information, funding, and logistics
[2]. Within online shopping, different customized services
(such as customized payment methods, shipping methods,
and after-sale service methods) require online shopping
companies to provide corresponding customized services;
this capacity to provide customized service is acquired by
supply chain network, which is led by online shopping companies (especially core businesses). This supply chain network
mainly consists of online shopping firms, suppliers, thirdparty logistic companies, and other companies related to
capital flows, such as banks and third-party payment platforms, which together form the online-shopping supply chain
resources. Therefore, how to integrate and allocate supply
chain resources based on different customers’ individual
needs directly determines the capacity of online shopping
companies to provide customized services [1, 5].

Nowadays, online shopping has dramatically changed
people’s consumption habits. For example, in China, according to iReserach, the online shopping scale has reached 1.304
trillion yuan in 2012 with a year-on-year growth of 66.2%, and
the number of online shoppers has reached 242 million with
a year-on-year growth of 24.8%. Moreover, in 2012, China’s
mobile shopping scale has climbed to 55.04 billion with a
year-on-year growth of 380.3%. Along with the rapid development of internet technology and mobile internet technology, more and more new ideas and modes have emerged
in the online shopping industry, bringing online shopping
firms with both opportunities and challenges, such as heated
competition among companies, fierce price wars, complex
and volatile industry environment, and upcoming reshuffle
or integration. Those changes require online shopping companies to reposition their operation philosophy from a new
perspective. Today, an increasing number of online shopping
firms have realized that competing with extremely low prices
is no longer an effective method; instead, meeting the individualized needs of their customers should be the strategic focus.
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For example, JD.com and Yixun.com have been involved in
the distribution sector in order to offer their customers better
customized shopping experience; similarly, Amazon.com has
carried out a service that the more you subscribe, the more
you save. However, as the number of categories of online
products and the number of customers keep increasing, and
the needs for customization and diverse service keep elevating, online shopping companies face new challenges about
how to improve supply chain flexibility in resource allocation,
how to improve supply chain collaboration revenue and
reduce corresponding risks, and how to effectively carry out
the optimization under uncertain demand and other related
issues.
What cannot be ignored is that online shopping firms are
also facing some serious problems, such as the dissatisfaction
of customers caused by “warehouse explosion” [6], a situation
in which a company’s ability to handle logistics cannot keep
up with its customers’ orders. There are mainly two main
reasons that can account for this phenomenon: (1) customer
needs change unexpectedly; (2) the allocation of supply chain
resources does not keep up with customers’ needs. Another
example is the common credit issue (third-party logistic firms
change products without permission and pack and distribute
products barbarically and so on). Part of the reason lies in the
unreasonable resource allocation and task scheduling.
All those problems prohibit current online shopping
companies from improving its customer shopping experience. To solve those problems, it is crucial for companies to
successfully match the integration and allocation of supply
chain resources in its customized service mode. For online
shopping businesses, simply establishing a beautiful and
humane interface or efficient information system without
efficient operation and effective integration of background
supply chain resources is not feasible. Thus, it is of great
importance to analyze the optimization of supply chain
resource allocation in customized service mode of online
shopping.

2. Related Work
Research on online shopping has been a new focus recently
[1–8]. As the value and mode of online shopping, as well
as other problems, have attracted general attention, supply
chain operation in the online shopping environment has also
come to light [1–3]. For example, the paper [2] defines the
online shopping supply chain, pointing out that it consists of
manufacturers, shop operators, logistic firms, and customers,
and further studies the online shopping equilibrium model
of supply chain constituted by those four levels. The paper
[3], based on the former studies, analyzes the equilibrium
and optimal conditions for decision makers on each level, as
well as the conditions to reach systematic equilibrium, and
finally gives some economic explanations. It should be noted
that, unlike the traditional off-line supply chain operation
[9, 10], the characteristics of online shopping customized
services (especially when there are a variety of products and
various customer needs) determine that the corresponding
characteristics of customer needs are more dynamic and
of high uncertainty [2]. This feature determines that to
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understand and deal with the randomness and uncertainty
of supply chain resources allocation is of great concern, and
how to deal with this kind of problem is also an important
means to prevent and solve excess capacities and warehouse
explosion which are common in online shopping practices.
Currently, the integration and allocation of supply chain
resources under the dynamic and uncertain demand environment, among which systematic supply chain resource
integration in uncertain environment [11], flexible scheduling of supply chain [12–16], and inventory control related
to resource allocation [17] are several important research
aspects, have drawn enough attention. For example, papers
[11] investigate supply chain resource integration from the
fourth-party logistics perspective and construct a decisionmaking optimization model and algorithm. Papers [14–16]
mainly study dynamic optimization problem in the uncertain
demand environment (mass customization) and set up allocation optimization model and algorithm. Although those
studies mainly focus on manufacturing products, their ideas
and methods for analyzing the optimization of resource
allocation in the online shopping environment, which is
a service product environment, have significant reference
value.

3. Customized Service Mode of Online
Shopping and Related Relationships
3.1. Customized Service Mode of Online Shopping. The customized services that online shopping companies provide to
the consumers can be embodied in many aspects, such as
the customizations of payment, the distribution methods, and
after-sales service choices. And every aspect of customized
service has several modes. For example, individual payment
modes include online payment, cash on delivery, and virtual
credit payment. As the Internet industry belongs to the
emerging industry, all kinds of business philosophy and
management styles change quickly, leading to the customized
service mode of online shopping coming up endlessly.
At the same time, the characters of electronic commerce
environment give rise to various and widely distributed
customers and quite different, complex, and volatile service
requirements of the online company. Therefore, providing
consumers with different shopping experiences not only
relies on different service modes that the online company
provides, but also reflects in the different service combination
patterns, which is shown in Figure 1.
Obviously, the success of online shopping service not only
requires different customized service modes of online shopping to match different allocations of supply chain resources
but also requires different customized service combination
modes to match the different allocations and combinations
of supply chain resources. Since different customized service
modes and corresponding combination modes need different
characteristics, strengths, and relationships in between, it is
necessary for the online company to carefully identify and
screen the available supply chain resources in different service
modes (and the combination modes), and find the best way
to allocate those resources.
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Figure 1: Elastic equilibrium of supply and demand ability.

3.2. Relationship between Supply Chain Resources of Online
Shopping. The online company has to do the following work
in order to provide consumers with customized service on
its own e-commerce platform, including network interaction
platform and supply chain support platform. First of all, the
online company should grasp the different characteristics of
consumers’ customized service demand (including demand
which can be expected and which cannot) and clear the
specific requirements on the supply chain service ability
to provide customers with different personalized service
modes (and combination modes). Its purpose is to plan
and allocate the necessary supply chain resources ahead
of the requirements. Secondly, the online company needs
to allocate the supply chain resources in accordance with
the requirements that customized service modes bring up
to supply chain service ability and determine the way to
allocate supply chain resources under the different guidance
of relations between supply (supply chain resources supply)
and demand (customized service demand), so that it can
allocate different consumers’ customized service tasks to
different supply chain resources rationally and realize the
effective utilization of supply chain resources on the premise
of meeting customized demands. Figure 2 briefly describes
the supply chain resources relationship of the general online
shopping company (core business).

4. Optimization Method
4.1. Assumptions. Considering characteristics of the allocation mechanism and resources interlinks with online

shopping customized services, this paper makes following
assumptions to construct the optimization model.
(1) 𝑁0 denotes the total number of customer orders
received by a core online shopping company in a certain
period. 𝐼 denotes the number of service categories defined
by online shopping company to meet 𝑁0 customized orders
from when the task starts, and 𝑖 denotes each category of
service index (𝑖 = 1, 2, . . . , 𝐼), meaning that in the 𝑖 order set,
there are 𝑀𝑖 orders in total. 𝑗 denotes the index of each order
in the 𝑖 order set (𝑗 = 1, 2, . . . , 𝑀𝑖 ). Thus, for each customer
order, it has a specific index (𝑖, 𝑗).
(2) Suppose that according to the 𝑁0 orders, online
shopping company sets the starting time needed to meet
those orders at 𝑡𝑠 , and the total number of operation stages for
the online shopping supply chain to accomplish those orders
to be 𝐾 (𝑘 is the index for each stage of 𝐾), which is showed
in Table 1.
(3) Suppose that in 𝐾 service provider stages, each stage
has 𝑁𝑘 cooperators. For those stages that online shopping
company are involved in, suppose that each stage is divided
into 𝑁𝑘 business sectors (such as self-management logistic
sector) and within in 𝑁𝑘 cooperators; 𝑟 denotes the index for
each cooperators (𝑟 = 1, 2, . . . , 𝑁𝐾 ). Thus, the index for the
𝑟th collaboration member in 𝑘th service providing stage is
(𝑘, 𝑟).
(4) In the online shopping environment, it is a necessary
prerequisite to meet the basic needs of customer orders.
In addition, as the needs for customized services deepen,
customers’ requirements for time get stricter. Therefore,
suppose that 𝑇𝐷⋅𝑖𝑗 (𝑡𝑘 ) denotes the expected delivery lead time
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Figure 2: Types and basic relationships of online customized supply chain resources.
Table 1: Sample of operation stages in customized online shopping supply chain system.
Logistic service

Payment service

⋅⋅⋅

After-sale service

Supplier resource 1
Supplier resource 2

1 (e.g., home delivery service)
2 (e.g., self-pickup service)

1 (e.g., cash on delivery)
2 (e.g., POS on delivery)

⋅⋅⋅
⋅⋅⋅

Supplier resource 3

3 (e.g., mailbox)

3 (e.g., online payment)

⋅⋅⋅

⋅⋅⋅
𝑘=2

⋅⋅⋅
𝑘=3

⋅⋅⋅
⋅⋅⋅

1 (e.g., on-site installation)
2 (e.g., return pickup on-site)
3 (e.g., return at self-pickup
post)
⋅⋅⋅
𝑘=𝐾

Supplier service

⋅⋅⋅
𝑘=1

for order (𝑖, 𝑗) in stage 𝑘 and 𝑇𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) denotes the operation
time needed for the collaboration member (𝑘, 𝑟) in stage 𝑘.
𝑇𝐸⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) denotes the expected processing time for collaboration member (𝑘, 𝑟), which is determined by online
shopping company according to both subjective and objective
factors, to handle order (𝑖, 𝑗) in stage 𝑘. Suppose that when
order (𝑖, 𝑗) is processed by member (𝑘 + 1, 𝑟), the upper limit
for the range of difference between the actual processing
time and expected processing time is 𝑇𝑘+1⋅𝑖𝑗 (𝑡𝑘 ). Thus, from
the perspective of processing time, rational allocation aims
to achieve on-time delivery, which means that in every
processing stage, the order is handled within the expected
time requirement.
However, considering that there might be unexpected
situations, such as traffic accidents, warehouse collapse in the
supplier side, and other objective factors, this paper introduces the backordered tolerant coefficient 𝜆, whose upper
limit 𝜆 max is set by all online shopping cooperators, in which
0 < 𝜆 < 𝜆 max < 1. If an order cannot be completed with the
promised delivery lead time, customers must be reimbursed.
(5) Suppose that the processing cost for collaboration
member (𝑘, 𝑟) to handle order (𝑖, 𝑗) in stage 𝑘 is 𝐶𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )
and the maximum expected processing cost for collaboration
member (𝑘, 𝑟) to handle order (𝑖, 𝑗) in stage 𝑘 is 𝐶𝐸⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ).
(6) Suppose that when the order (𝑖, 𝑗) is in stage 𝑘,
the minimum spare service ability required for this stage is

𝐴 dem⋅𝑖𝑗 (𝑡𝑘 ), and for collaboration member (𝑘, 𝑟) at time 𝑡𝑘 in
stage 𝑘, the spare ability for order (𝑖, 𝑗) is 𝐴 sup ⋅𝑖𝑗 (𝑡𝑘 ). Similarly,
when the order (𝑖, 𝑗) is in stage 𝑘, the basic quality required for
this stage is 𝑄dem⋅𝑖𝑗 (𝑡𝑘 ), and for collaboration member (𝑘, 𝑟),
the service quality required for order (𝑖, 𝑗) is 𝑄sup ⋅𝑖𝑗 (𝑡𝑘 ).
(7) Suppose that the expected collaboration benefits
for online shopping company to choose member (𝑘, 𝑟) to
handle order (𝑖, 𝑗) is 𝐸𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ), and the expected collaboration benefits for collaboration member (𝑘, 𝑟) is 𝐸𝑐⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ),
with 𝐸𝑐⋅min ⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) as the minimum acceptable value of the
expected benefits. Suppose that at time 𝑡𝑘 , the consolidated
benefit satisfaction degree for the whole supply chain network
is 𝐸sc (𝑡𝑘 ), and the contribution factor for each member (𝑘, 𝑟)
to the consolidated benefit satisfaction degree is 𝜌𝐸⋅𝑘𝑟 (𝑡𝑘 ) (0 ≤
𝜌𝐸⋅𝑘𝑟 (𝑡𝑘 ) ≤ 1). Different cooperators (𝑘, 𝑟) possess different
contribution factors; when the benefit preference satisfaction
degree reaches the maximum, and all 𝜌𝐸⋅𝑘𝑟 (𝑡𝑘 ) equals 1, the
consolidated benefit satisfaction degree achieves the ideal
maximum.
(8) Suppose that the subjective collaboration risks for
online shopping company to choose member (𝑘, 𝑟) to handle
order (𝑖, 𝑗) is 𝑅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ), and the subjective collaboration
risks for collaboration member (𝑘, 𝑟) is 𝑅𝑐⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ), with
𝑅𝑐⋅max ⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) as the maximum acceptable value of the subjective collaboration risks. Suppose that at time 𝑡𝑘 , the consolidated risk control satisfaction degree for the whole supply
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chain network is 𝑅sc (𝑡𝑘 ), and the contribution factor for each
member (𝑘, 𝑟) to the consolidated risk control satisfaction
degree is 𝜌𝑅⋅𝑘𝑟 (𝑡𝑘 ) (0 ≤ 𝜌𝑅⋅𝑘𝑟 (𝑡𝑘 ) ≤ 1). Different cooperators
(𝑘, 𝑟) possess different contribution factors; when the risk
control satisfaction degree reaches the maximum, and all
𝜌𝑅⋅𝑘𝑟 (𝑡𝑘 ) equals 1, the consolidated risk control satisfaction
degree achieves the ideal maximum.
(9) Define variable 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ). When online shopping company chooses member (𝑘, 𝑟) to handle order (𝑖, 𝑗), 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) =
1; otherwise, 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) = 0.
4.2. Optimization Model
Objective Functions. Consider
𝐾 𝑁𝑘 𝐼 𝑀𝑖

min 𝑍1 = ∑ ∑ ∑ ∑ [𝐶𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )]

(1)

𝑘=1 𝑟=1 𝑖=1 𝑗=1
𝑀

𝑁

𝐾
𝑘 𝐼
𝑖


min 𝑍2 = ∑ ∑ ∑ ∑ [𝑇𝐸⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) − 𝑇𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )]
𝑘=1 𝑟=1 𝑖=1 𝑗=1

+𝜆
(2)

 𝑀𝑖


min 𝑍3 =  ∑ 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) − 𝑀𝑖 

𝑗=1



(3)

𝐾 𝑁𝑘 𝐼 𝑀𝑖

max 𝑍4 = ∑ ∑ ∑ ∑ [𝐸𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )]

(4)

𝑘=1 𝑟=1 𝑖=1 𝑗=1
𝐾 𝑁𝑘 𝐼 𝑀𝑖

min 𝑍5 = ∑ ∑ ∑ ∑ [𝑅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )]

(5)

𝑘=1 𝑟=1 𝑖=1 𝑗=1

subject to
𝐼 𝑀𝑖

𝑁𝑘

𝑖=1 𝑗=1

𝑟=1

∑ ∑ 𝐴 dem⋅𝑖𝑗 (𝑡𝑘 ) ≤ ∑ 𝐴 sup ⋅𝑖𝑗 (𝑡𝑘 )
𝑇𝐷⋅𝑖𝑗 (𝑡𝑘 ) ≤ [𝑇𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )] ≤ (1 + 𝜆) 𝑇𝐷⋅𝑖𝑗 (𝑡𝑘 )


𝑇𝐸⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) − 𝑇𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) ≤ max 𝑇𝑘+1⋅𝑖𝑗 (𝑡𝑘 )



(6)
(7)
(8)

𝑁𝑘 𝐼 𝑀𝑖

∑ ∑ ∑ 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) = 𝑁0

(9)

𝑟=1 𝑖=1 𝑗=1
𝑁𝑘

∑ 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) = 1

(10)

𝐸𝑐⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) ≥ 𝐸𝑐⋅min ⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )

(11)

𝑅𝑐⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) ≥ 𝑅𝑐⋅max ⋅𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 )

(12)

𝑄sup ⋅𝑖𝑗 (𝑡𝑘 ) ≥ 𝑄dem⋅𝑖𝑗 (𝑡𝑘 ) ,

(13)

𝑟=1

where 𝑔𝑘𝑟⋅𝑖𝑗 (𝑡𝑘 ) = 0 or 1; 𝑘 = 1, 2, . . . , 𝐾; 𝑟 = 1, 2, . . . , 𝑁𝑘 ;
𝑖 = 1, 2, . . . , 𝐼; 𝑗 = 1, 2, . . . , 𝑀𝑖 .

4.3. Model Interpretation. Formula (1) is the optimization
function to minimize the total cost for online shopping
service; formula (2) is the optimization function for the ontime delivery of online shopping service. As a supply chain
network, when online shopping company processes a certain
order in the corresponding stage within the supply chain
system, there is a corresponding expected processing time
(expected delivery lead time). For customers, it is not always
a good thing if the lead time is short; however, what really
counts is the time lag between the delivery lead time and
the expected delivery time for customers. The closer the
actual processing time carried out by cooperators to the
expected delivery time, the more likely to ensure on-time
delivery, and at the same time, the more likely to enhance the
stability of the system, to achieve the operational goal and
to maximize the consolidated benefits for the whole supply
chain network. Formula (3) is the optimization function
of scale effect. For each collaboration member, the smaller
the value of formula (3), the larger the bulk of processed
orders, which are of the similar category within a certain
time period, and the greater the scale effect. Formula (4) is
the maximum optimization function for the expected collaboration benefits, which indirectly indicates that the online
shopping company, the allocation subject, has predominant
impact on the strategic orientation and determination for
the collaboration relationship. Formula (5) is the minimum
optimization function for the collaboration risks, which also
indirectly indicates that online shopping company should
understand both the current and potential collaboration risks
faced by cooperators.
Formula (6) is the capacity constraint for providing
online shopping service. Formula (7) is the constraint for
the online shopping delivery lead time. Formula (8) is the
constraint for the smoothness of each stage within online
shopping service, which guarantees that a certain order runs
smoothly among different stages. Meanwhile, this constraint
also indirectly indicates that because all cooperators work in
one supply chain network, when making decisions, they must
take other members’ benefits into consideration, and only in
this way can the supply chain network as a whole achieve
a rational collaboration relationship and accomplish online
shopping service. Formula (9) is the constraint for each stage
of online shopping service, which ensures that every order
should pass all the processing stages (of course, in fact, some
orders might not engage in certain stages of processing, which
means they run through several virtual processing stages).
Formula (10) is the ownership uniqueness constraint for
online shopping, which ensures that each service task is done
by corresponding collaboration member and there will be
no repetition. Formula (11) is the constraint for the satisfaction degree about expected collaboration benefits, which
ensures that the collaboration relationship is built on the
expected benefit satisfaction for each collaboration member.
Otherwise, they will not provide any online shopping service.
Formula (12) is the constraint for the satisfaction degree
about collaboration risk control, which ensures that the
collaboration relationship is built on the expected risk control
satisfaction for each collaboration member. Otherwise, they
will not provide any online shopping service, either. Formula
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(13) is the constraint for the quality of the online shopping
service, which helps to meet the basic customer satisfaction.

5. Algorithm Interpretation
Because this model consists of several optimization objectives
and constraints, this paper chooses ant algorithm [18, 19] that
functions well (e.g., fast to converge to the global approximate optimal solution, easy to carry multifacet attributes
of customized service) and solves those functions through
corresponding design and improvement.
This algorithm regards each collaboration member in
the supply chain as an individual service provider unit, and
each unit has a corresponding operation parameter at each
moment during the online shopping service processing time
(the processing cost, processing time limit, expected collaboration benefits, and subjective collaboration risks, etc.).
Because different attributes of online shopping service
determine that several cooperators need not be involved in
a supply chain network, such as those who cannot meet the
basic constraints (as shown in formula (6) to (13)), in order to
accelerate the convergence of those nodes, this paper defines
those nodes as the forbid nodes.
To meet customers’ demand to the maximum degree,
online shopping company must guarantee the punctuality of
product delivery. For each stage of online shopping service,
there is a required expected delivery lead time. Therefore,
during the resource allocation, finding out the collaboration
member that provides the closest lead time to the expected
lead time at each stage is a critical optimization goal, which
must be solved when constructing algorithms.
Another concern is the task flow congestion which might
take place at some nodes when multiple order tasks are
carried out by a supply chain member at the same time.
In order to ensure that the supply chain network as a
whole can achieve the maximum consolidated benefits, it is
required that no member should change the corresponding
delivery time without permission after the task is allocated.
Admittedly, cooperators can change its internal processing
time in terms of other collaboration relationships.
Suppose that at a certain moment, the supply chain network is made up by source point, end point and collaboration
member nodes in between. In the ant algorithm, an ant moves
from the source point to the end point through the online
shopping supply chain resource network and then dies, as
shown in Figure 3. Since ants never come back, information
in different paths is determined by the parameters of the task
allocation among different cooperators. Algorithm constructions are as follows.
(1) This paper divides the ants based on two steps: firstly,
according to the classification of customized online shopping
order categories, each type of ants stands for a certain order
category; secondly, according to the classification of the same
customized service in different stages, different stages are
represented by different types of ants. Thus, each type of ants
denotes 𝐴 𝑖𝑗 (𝑖 = 1, 2, . . . 𝐼; 𝑗 = 1, 2, . . . , 𝐾).
(2) For each type 𝐴 𝑖𝑗 , since its demand attributes determine that the ants do not need to pass all the nodes, in order
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to accelerate the convergence, this paper defines those nodes
as the forbid nodes for different types of ants.
(3) Define 𝑀𝑖𝑗 as feasible domain (the set made up
by cooperators) for 𝐴 𝑖𝑗 at time 𝑡𝑘 . (𝑘𝑟) denotes the 𝑟th
collaboration member at stage 𝑘 (𝑘 = 1, 2, . . . , 𝐾). Since one
of the optimization goals for supply chain allocation is to minimize the processing costs, assume that the pheromone left
(1)
is inversely proporby ants 𝐴 𝑖𝑗 passing (𝑘𝑟) defined as 𝜋𝑖𝑗⋅𝑘𝑟
tional to processing cost (𝐶). Thus, the (1) type of attraction
probability of (𝑘𝑟) to 𝐴 𝑖𝑗 is
𝑃𝐴(1)

=

(1)
𝜋𝑖𝑗⋅𝑘𝑟
𝑁

(1)
𝑘
𝜋𝑖𝑗⋅𝑘𝑟
∑𝑟=1

.

(14)

(4) Suppose that 𝑇𝐸 is the expected time window for 𝐴 𝑖𝑗
at stage 𝑘. Due to the dynamics of supply chain collaboration
relationship, a certain member, who is also involved in other
supply chain network, may adjust the processing time according to its own business stages. Suppose the time window that
is provided to handle the online shopping service is 𝑇𝑆 and
denote that 𝑇 = |𝑇𝐸 − 𝑇𝑆 |. In order to finish the task on time
and keep the coherence of different stages, the smaller the 𝑇
the better. Sometimes, the value of 𝑇 has something to do
with the processing costs, requiring the supply chain system
as a whole to judge unitedly. Assume that the pheromone left
(2)
, is
over after the ants 𝐴 𝑖𝑗 pass (𝑘𝑟), which is defined as 𝜋𝑖𝑗⋅𝑘𝑟
inversely proportional to (𝑇). Thus, the (2) type of attraction
probability of collaboration member (𝑘𝑟) to ants 𝐴 𝑖𝑗 is
𝑃𝐴(2) =

(2)
𝜋𝑖𝑗⋅𝑘𝑟
𝑁

(2)
𝑘
∑𝑟=1
𝜋𝑖𝑗⋅𝑘𝑟

.

(15)

(5) Since one of the optimization goals for supply chain
allocation is to maximize the collaboration benefits, assume
that the pheromone left over after the ants 𝐴 𝑖𝑗 pass (𝑘𝑟), which
(3)
is defined as 𝜋𝑖𝑗⋅𝑘𝑟
, is proportional to the expected collaboration benefits (𝐸). Thus, the (3) type of attraction probability
of collaboration member (𝑘𝑟) to ants 𝐴 𝑖𝑗 is
𝑃𝐴(3)

=

(3)
𝜋𝑖𝑗⋅𝑘𝑟
𝑁

(3)
𝑘
𝜋𝑖𝑗⋅𝑘𝑟
∑𝑟=1

.

(16)

(6) Since one of the optimization goals for supply chain
allocation is to minimize the collaboration risks, assume that
the pheromone left over after the ants 𝐴 𝑖𝑗 pass (𝑘𝑟), which is
(4)
defined as 𝜋𝑖𝑗⋅𝑘𝑟
, is inversely proportional to the potential
collaboration risks (𝑅). Thus, the (4) type of attraction
probability of collaboration member (𝑘𝑟) to ants 𝐴 𝑖𝑗 is
𝑃𝐴(4)

=

(4)
𝜋𝑖𝑗⋅𝑘𝑟
𝑁

(4)
𝑘
∑𝑟=1
𝜋𝑖𝑗⋅𝑘𝑟

.

(17)

(7) In order to solve the capacity constraints of cooperators and the scale effect of similar orders, repulsion
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Figure 3: Sample for optimizing algorithm of every operation batch.

probability should be established to avoid possible ant-flow
congestion or confusion of task assignment. Suppose that the
pheromone left over after other ants expect for 𝐴 𝑖𝑗 pass (𝑘𝑟)
is 𝜌𝑝𝑞⋅𝑘𝑟 , thus the repulsion probability for 𝐴 𝑖𝑗 is
𝑃𝑅 =

𝜌𝑝𝑞⋅𝑘𝑟
;
𝑁𝑘
∑𝑟=1 𝜌𝑝𝑞⋅𝑘𝑟

(18)

(𝑝 = 𝑖, 𝑞 ≠ 𝑗; 𝑝 ≠ 𝑖, 𝑞 = 𝑗; 𝑝 ≠ 𝑖, 𝑞 ≠ 𝑗) .
(8) Through (3) to (7), this paper defines that the comprehensive probability for ants 𝐴 𝑖𝑗 to choose collaboration
member (𝑘𝑟) is
𝑃𝑖𝑗⋅𝑘𝑟 = 𝜔𝑃𝐴(1) + 𝜉𝑃𝐴(2) + 𝜓𝑃𝐴(3) + 𝜁𝑃𝐴(4) + 𝜇 (1 − 𝑃𝑅 ) ,

(19)

where 𝜔, 𝜉, 𝜓, 𝜁, 𝜇 (0 < 𝜔, 𝜉, 𝜓, 𝜁, 𝜇 < 1; 𝜔 + 𝜉 +
𝜓 + 𝜁 + 𝜇 = 1) are adjustment factors, indicating the
weighted expected coefficient of both attraction probability
and repulsion probability.
(9) The pheromone update. Since the ants defined at this
paper only move toward one direction, the update of the
pheromone is automatically done by the algorithm itself. To
illustrate the algorithm in a simpler way, let Φ denote 𝜋(1) ,
𝜋(2) , 𝜋(3) , 𝜋(4) , and 𝜌; the update rule is
Φ (𝑡 + 1) = Φ (𝑡) + ΔΦ (𝑡, 𝑡 + 1) − 𝛽Φ (𝑡)
= (1 − 𝛽) Φ (𝑡) + ΔΦ (𝑡, 𝑡 + 1) ,

(20)

where Φ(𝑡) and Φ(𝑡+1) each suggest the total pheromone left
over by ants passing through a certain collaboration member
at 𝑡 batch and 𝑡 + 1 batch; ΔΦ(𝑡, 𝑡 + 1) suggests the pheromone
left over at 𝑡 + 1 batch; and 𝛽 (0 < 𝛽 < 1) is the volatility
coefficient of the pheromone.
For specific operation steps, please refer to paper [15].

6. Illustrative Example
An online shopping company DD mainly has two kinds
of supply chain resources, namely, supplier (SUP) and the
third party logistics company (3PL). There is more than
one supplier that can provide similar products and they are

distributed in different locations; each of those third party
companies has its own logistics network, which basically
covers the regions that online shopping consumers are in. The
core activity of company DD is to provide consumers with
different shopping experiences and satisfy their customized
requirements in terms of price, time, and service. Because the
individualized requirements of online shopping consumers
have strong diversity and change quickly, and the cooperators
are various and have complex relationships, company DD
needs to choose cooperators and allocate online shopping
tasks through complex and dynamic allocation activities of
supply chain.
Now we select five suppliers that provide the same online
products (shown as SUP1, SUP2, SUP3, SUP4, and SUP5)
and five third party logistics enterprises (shown as 3PL1,
3PL2, 3PL3, 3PL4, and 3PL5) to demonstrate the illustrative
example. According to the long-term and short-term strategic
development requirements of the company DD, when allocating tasks to the above two kinds of cooperators it will
emphasize several aspects, including cost and punctuality of
corresponding online shopping tasks, the expected benefits
from the collaboration and the subjective risk aversion. The
company DD obtains the related operation parameters of all
the cooperators (for the convenience of calculation, all the
data in this section have gone through consistent-direction
transformation, unit identification, and normalization procession) through a period of serious tracking investigation
and scientific prediction, which is shown as Tables 2 and 3.
To some online shopping service task, given that the
capacity requirements of task processing for the supplier is 0.8
and for the 3PL is 0.5, set the ant type for the supplier resource
allocation to be class A and for 3PL resource allocation to
be class B. Firstly we find that SUP3, 3PL1, and 3PL4 is not
in conformity with the basic constraints, so we set them as
forbid nodes.
(1) Supplier Resource Allocation. For online shopping company DD, on one hand, the supplier is the key to its
cooperation strategy; thus choosing a suitable supplier that
provides products of excellent quality can not only improve
the satisfaction of online shopping consumers, the viscosity
coefficient of the online shopping company and consumers
but also reduce the cost of online shopping effectively and
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Table 2: Supplier optimization parameter.

Resource allocation decision optimization parameter

SUP1

SUP2

SUP3

SUP4

SUP5

Online shopping task handling capacity
Processing cost (the larger the value, the smaller the
cost)
On-time delivery
(the larger the value, the more the punctuality)
Expected collaboration benefits
(the larger the value, the greater the benefits)
Expected collaboration risks
(the larger the value, the smaller the risks)
Expected collaboration benefits for cooperators
(the larger the value, the greater the benefits)
The minimum expected collaboration benefits
The subjective collaboration risks for cooperators
(the larger the value, the smaller the risks)
The maximum acceptable collaboration risks

0.86

0.96

0.85

0.80

0.93

0.76

0.64

0.66

0.72

0.70

0.55

0.46

0.45

0.49

0.52

0.60

0.63

0.62

0.54

0.61

0.45

0.50

0.53

0.46

0.54

0.60

0.57

0.48

0.47

0.46

0.50

0.45

0.50

0.38

0.33

0.55

0.52

0.57

0.66

0.60

0.53

0.50

0.56

0.60

0.58

Table 3: 3PL optimization parameter.
Resource allocation decision optimization parameter

3PL1

3PL2

3PL3

3PL4

3PL5

Online shopping task handling capacity
Processing cost (the larger the value, the smaller the
cost)
On-time delivery
(the larger the value, the more the punctuality)
Expected collaboration benefits
(the larger the value, the greater the benefits)
Expected collaboration risks
(the larger the value, the smaller the risks)
Expected collaboration benefits for cooperators
(the larger the value, the greater the benefits)
The minimum expected collaboration risks
The subjective collaboration risks for cooperators
(the larger the value, the smaller the risks)
The maximum acceptable collaboration risks

0.45

0.57

0.51

0.35

0.40

0.55

0.52

0.53

0.49

0.50

0.32

0.35

0.37

0.28

0.30

0.38

0.38

0.40

0.41

0.33

0.41

0.44

0.40

0.47

0.48

0.30

0.42

0.61

0.48

0.49

0.36

0.41

0.58

0.45

0.47

0.45

0.52

0.46

0.50

0.51

0.50

0.55

0.49

0.48

0.56

guarantee on-time delivery of online shopping. On the other
hand, the cooperation between suppliers and the online
shopping company is not only for profit in the cooperation,
but for the long-term cooperation as well and gets more
expected benefits and reduces the risks of future collaboration
at the same time. Among them, how to elude the strategic
risks of long-term cooperation and fusion risks (especially
for the international supply cooperation) is an important
problem on the premise of focusing on the culture, history,
reputation, brand, scale, and market of the suppliers.
Here we discuss two kinds of situations. One is that
because there are a lot of suppliers and the products provided
by those suppliers have few differences in quality, assume that
the online company DD mainly considers the processing cost
and time of online shopping tasks when it sets the weight for
supplier resource allocation optimization objectives. Choose
the coefficient of the algorithm as 𝜔 = 0.4, 𝜉 = 0.3, 𝜓 = 0.2,
𝜁 = 0.1, 𝜇 = 0 (there is no capacity constraint), 𝜆 = 0.1; set

ants batch as 500. Use MATLAB 7.1 R14 to make simulation
and the convergence results are shown in Figure 4(a).
Another situation, suppose that the products that suppliers provide are important strategic ones for the online shopping company DD, which are the key products to enhance
consumers’ value, maintain consumers’ viscosity and improve
DD’s competitiveness. Although there is more than one
supplier that offers the same products, not all the suppliers
have a long-term cooperation strategic value because of the
difference in their historical reputation and cultural position.
Therefore, the company DD tends to consider the expected
benefits and cooperation risks based on the strategic consideration when it sets the weight for supplier resource allocation
optimization objectives. Set the coefficient in the operation
of the algorithm as 𝜔 = 0.2, 𝜉 = 0.2, 𝜓 = 0.3, 𝜁 = 0.3,
𝜇 = 0, and 𝜆 = 0.1, and ants batch as 500. The convergence
results are shown in Figure 4(b).
From the analysis of Figure 4(a), ants of type A reach
steady state after several operation batches. All the ants
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Figure 5: Results for 3PL resource allocation.

choose SUP1. This is because SUP1 has more advantages in
terms of service processing costs and processing time limit.
Unlike this, SUP5 embodies the trend of decline after rising
first, which is because although this supplier also has an
obvious advantage in terms of cost and time it is not better
than SUP1.
For the situation shown as Figure 4(b), all the ants that
reach steady state choose SUP5. This is because SUP5 has
more advantages in terms of expected benefits and risk
aversion when cooperating with the company DD, which
meets the long-term strategic requirements of DD.
(2) 3PL Resource Allocation. 3PL is the important carrier for
the online shopping company DD to realize noncore business

outsourcing. With the development of the socialized logistics
systems, there is an increasing number of 3PLs that can
provide satisfactory consumers’ logistic service, thus there is
less long-term risks to cooperate with the 3PL enterprises. As
a result, expected cooperation benefits are mainly determined
by the online shopping task processing cost of the logistics
and the way to guarantee the punctuality of logistics activities.
Thus, set the coefficient in the operation of the algorithm as
𝜔 = 0.3, 𝜉 = 0.4, 𝜓 = 0.1, 𝜁 = 0.2, 𝜇 = 0, and 𝜆 = 0.1;
set ants batch as 150. The convergence results are shown in
Figure 5(a).
For the ant type B in Figure 5(a), after several operation
batches, it reaches steady state. Most ants choose 3PL3 and
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3PL2, while others choose 3PL5. This is because 3PL3 and
3PL2 are better than 3PL5 in terms of the processing cost and
time of the logistics, which conforms to the strategic intent
of the company DD. At the same time, choosing a number
of 3PL companies can achieve the goal of risk aversion and
elevate competitive benefits. Figure 5(b) shows the result that
company DD goes for cooperation benefits and risks of logistics outsourcing (adjust the algorithm parameters as 𝜔 = 0.1,
𝜉 = 0.2, 𝜓 = 0.3, 𝜁 = 0.4, 𝜇 = 0, 𝜆 = 0.1, set the ant batches
as 400), the result of which is clearly different with
Figure 5(a).

7. Conclusion
Starting from the analysis of the characteristics of customized
B2C online shopping service modes and of the dynamic equilibrium between different service demand modes (including
their combination modes) and the capacity supply of the
supply chain resources, this paper studies the optimization
problems of supply chain resource allocation in customized
online shopping service mode, which is different from the
supply chain resource allocation under traditional manufacturing or service circumstances.
As an exploratory study about the supply chain operation
in customized online shopping environment, this paper, from
the perspective of supply-demand equilibrium, constructs
the decision-making optimization model to solve resource
allocation problems and discusses the solution method. The
model proposed in this paper not only throws light upon
major indicators of customer service value experience from
the view of supply chain system, but also introduces the
benefit and risk equilibrium relations of both cooperation
sides.
The main conclusions of this paper are as follows.
(1) Characteristics of the customized service demands
in online shopping determine that there are more obvious
dynamic and uncertain characters of B2C online shopping
demands. It is most important and valuable for us to
understand and deal with the uncertainties in the online
shopping supply chain resource allocation. How to deal with
this problem is an important means to give preventions and
treatments of the service capacity overstocks and storehouse
explosions often generated in the online shopping practice.
(2) The success of online shopping service requires two
essential matching relations. One is that different online
shopping customized service patterns should match with
different supply chain resource allocation schemes; the other
is that different customized service combination patterns
should also match with different supply chain resource
allocation schemes.
(3) The characters, intensions, and the inner relations of
the supply chain resources needed by different customized
service patterns and their combination patterns are always
different. It is necessary for online shopping companies
screening and selecting carefully the supply chain resources
for its different service patterns (including combination
patterns) and finding the best ways of resource allocations.
(4) The establishment of supply chain resource allocation
optimization model in online shopping customized service
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mode needs several special treatments of the objective functions. One is to reflect the service cost and delivery time
relations in the optimization objective functions; the other is
to consider the service scale effects at the same time. Moreover, how to introduce the supply chain cooperation benefits
and risks into the optimization model are also very important.
(5) The ant algorithm based on ants’ optimization mechanism of looking for food has the advantages of fast convergence to the global optimal solution and it is easy to carry
representative multiattribute of customized service differentiations. Through the algorithm improvement, the supply chain
resource allocation algorithm in online shopping customized
services has great advantages in weighting multiobjective
optimizations, in flexibly judging the convergence speed and
in the flexibilities of parameter adjustment.
All these indicate that the supply chain resource allocation optimization in online shopping customized service
environment are more complex but it really reflects the
practical operations of the online shopping service activities
and the complicated supply chain collaboration relations.
In future studies, the analysis about the core value of
online shopping service modes strategically, about the twoway interaction decision on risk-benefit between online
shopping companies and their supply chain cooperators, and
about the dynamic match of supply-demand capacities will
be the focus.
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Real-time aircraft dynamics simulation requires very high accuracy and stability in the numerical integration process. Nonetheless,
traditional multistep numerical methods cannot effectively meet the new requirements. Therefore, a novel real-time multistep
method based on Predict-Evaluate-Correct scheme of three-step fourth-order method (RTPEC-34) is proposed and developed in
this research to address the gap. In addition to the development of a highly accurate algorithm based on predictor-corrector, the
contribution of this work also includes the analysis of truncation error for real-time problems. Moreover, the parameters for the
RTPEC-34 method are optimized using intelligent optimization algorithms. The application and comparison of the optimization
algorithms also lead to general guidelines for their applications in the development of improved multistep methods. Last but not
least, theoretical analysis is also conducted on the stability of the proposed RTPEC-34 method, which is corroborated in simulation
experiments and thus provides general guidelines for the evaluation of real-time numerical methods. The RTPEC-34 method is
compared with other multistep algorithms using both numerical experiments and a real engineering example. As shown in the
comparison, it achieves improved performance in terms of accuracy and stability and it is also a viable and efficient algorithm for
real-time aircraft dynamics simulation.

1. Introduction
Aircraft dynamics simulation is a complex nonlinear process
whereby engine, aerodynamic, and atmospheric models are
solved simultaneously [1]. Aircraft variables such as aircraft
velocity, orientation angles, aerodynamic angles, and angular
rates are assembled by ordinary differential equations (ODEs)
with initial value problems (IVP). The real-time simulation of
aircraft dynamics requires very accurate and stable numerical
methods for solving the ODEs.
A numerical solution of an ODE is a table of approximated values of the variables for a set of discrete time
points. Multistep methods, as a class of the most widely
used numerical solution, use information at more than one
previous point to estimate the solution at the next point.
Linear multistep methods have the form shown in (1) where

the parameters 𝛼𝑖 and 𝛽𝑖 are determined using polynomial
interpolation [2]
𝑘

𝑘

𝑖=1

𝑖=0

𝑦𝑛+1 = ∑𝛼𝑖 𝑦𝑛+1−𝑖 + ℎ∑𝛽𝑖 𝑓 (𝑥𝑛+1−𝑖 , 𝑦𝑛+1−𝑖 ) .

(1)

If 𝛽0 = 0, the method is explicit; and if 𝛽0 ≠ 0, then the
method is implicit. Since multistep methods require several
values of variables and derivatives from previous calculations
history, they cannot self-start before the values have been
obtained. Using a single-step method, which does not require
past history, is a common strategy to generate solution values
at enough points for starting using a multistep method of a
desired order. The Euler method and the Runge-Kutta (RK)
method (or variants of them) are popular single-step methods
to assist multistep methods in providing initial values. We
know that implicit single-step methods are generally more
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accurate and stable than the explicit ones. Similarly, implicit
multistep methods are usually more accurate and stable than
the explicit ones but a nonlinear equation needs to be solved
to obtain the derivative values 𝑦𝑛+1 . On the other hand,
explicit linear multistep methods can conveniently make a
guess of initial values and have simple and direct formulas.
These advantages help meet the requirements of real-time
input and calculation. As a result, the explicit and implicit
methods are often used together as a predictor-corrector pair
and the Predict-Evaluate-Correct (PEC) method has become
a very useful scheme for solving ODEs with IVP. When
computational complexity and the error constants relative
to order are concerned [3], the most popular fourth-order
Adams-Bashforth-Moulton (ABM) [2] of predictor-corrector
method is widely used. This method, however, does not
satisfy the needs of real-time simulation [4]. In addition,
although implicit methods have a much greater region of
stability than explicit methods, they are still not necessarily
unconditionally stable. Explicit methods cannot be A-stable
due to the famous Dahlquist barrier, which means it is less
useful for solving stiff ODEs [5] and a PEC scheme is actually
explicit in a complicated way. On the contrary, a properly
designed implicit multistep method is suitable for dealing
with stiff problems. Since the accuracy restriction depends
on the slowly varying components of the solution and the
stability restriction depends on the rapidly varying ones, the
Gear method [6] and the Rosenbrock method [7] aim to solve
stiff ODEs with long intervals of stability regions, at the cost
of accuracy.
According to the different requirements and constraints
of a simulation, many researchers improved the multistep
methods from different aspects. Huang [8] considered twostage hybrid methods of seventh order. Gottlieb et al. [9]
considered a class of two-step and two-stage methods and
Xu and Zhao [3] proposed an estimation of the longest
stability interval for three-order four-step methods. In addition, Bulatov and Berghe [10] discussed two-step fourthorder methods of the second order and Bresten et al. [11]
focused on strong stability preserving methods. Seong et
al. [12] considered the fifth-order multistep method using
constant step size and Wang et al. [13] discussed the variablestep interaction algorithm for multidisciplinary collaborative
simulation. Although these methods attempted to improve
the method by varying the order and number of integration
steps, very few of them focused on optimizing parameters
for a fixed order. When stability and accuracy of numerical
solutions are considered at the same time, a predictorcorrector pair of order four is a very good choice based on
which improved methods can be developed.
This research, with a particular focus on the aircraft
dynamics ODE problems, aims to improve the accuracy of
the real-time predictor-corrector methods and analyze the
stability regions of the proposed methods. Both simulation
experiments of numerical examples and an engineering
example are used to evaluate the performance of the proposed
method by comparing its results with those obtained from
the classic RK method and the methods for stiff ODEs. It has
been shown in the evaluation that these proposed methods
are effective. The rest of this paper is organized as follows.
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Section 2 details the development of a predictor-corrector
method for highly accurate real-time aircraft dynamics simulation as well as the optimization of its key parameters. In
Section 3, a theoretical analysis is conducted to evaluate the
stability of the RTPEC-34 method. In Section 4, the RTPEC34 method is evaluated by comparing it with other classic
multistep algorithms in several simulation experiments. The
main conclusions of this research are drawn in Section 5.

2. Optimization of the Accuracy of
Multistep Numerical Methods Using
Predictor-Corrector Scheme
Aircraft simulation involves a computation process that is
subject to real-time constraints as it is a real-time system.
This means the responses or results of the simulation process
have a deadline that must be met, regardless of system load,
in order for the system considered to be correct [14, 15]. The
predictor-corrector multistep formula is rearranged as the
real-time form discussed in [16]. In particular, the predictor
equation is obtained as follows:
𝑝

𝑦𝑛+1 = 𝑦𝑛 + ℎ [𝛽0 𝑓 (𝑥 (𝑡𝑛 ) , 𝑦𝑛 )+ 𝛽1 𝑓 (𝑥 (𝑡𝑛−1 ) , 𝑦𝑛−1 )
+ 𝛽2 𝑓 (𝑥 (𝑡𝑛−2 ) , 𝑦𝑛−2 ) + 𝛽3 𝑓 (𝑥 (𝑡𝑛−3 ) , 𝑦𝑛−3 )] .
(2a)
𝑝

𝑝

Evaluate 𝑓(𝑥(𝑡𝑛+1 ), 𝑦𝑛+1 ) at this predicted value of 𝑦𝑛+1 to
obtain 𝑦𝑛+1 at 𝑡𝑛+1 . The corrector equation is then obtained
as
𝑝

𝑦𝑛+1 = 𝑦𝑛 + ℎ [𝛽] 𝑓 (𝑥 (𝑡𝑛+1 ) , 𝑦𝑛+1 )+ 𝛽0 𝑓 (𝑥 (𝑡𝑛 ) , 𝑦𝑛 )
+ 𝛽1 𝑓 (𝑥 (𝑡𝑛−1 ) , 𝑦𝑛−1 ) + 𝛽2 𝑓 (𝑥 (𝑡𝑛−2 ) , 𝑦𝑛−2 ) ] .
(2b)
In order to improve the accuracy of the real-time
predictor-corrector multistep methods, the step of the predictor equation needs to be reduced. Consider the fourth-order
three-step algorithm as follows:
𝑦𝑛+V = 𝑦𝑛 + ℎ (𝛽0 𝑓𝑛 + 𝛽1 𝑓𝑛−1 + 𝛽2 𝑓𝑛−2 )
𝑦𝑛+1 = 𝑦𝑛 + ℎ (𝛽] 𝑓𝑛+V + 𝛽0 𝑓𝑛 + 𝛽1 𝑓𝑛−1 + 𝛽2 𝑓𝑛−2 ) ,

(3)

where parameters 𝛽0 , 𝛽1 , 𝛽2 , 𝛽] , 𝛽0 , 𝛽1 , and 𝛽2 are yet
to be determined. Numerical convergence can be achieved
for formula (3) when the following constraint equations are
established [17]:

𝛽0 + 𝛽1 + 𝛽2 = V,
𝛽V + 𝛽0 + 𝛽1 + 𝛽2 = 1.

(4a)
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Additionally, based on the method of undetermined coefficients [18], formula (3) can be further constrained by five
equations as follows:
−𝛽1 − 2𝛽2 =

V2
,
2

1
V3
𝛽1 + 2𝛽2 = ,
2
6
1
V𝛽V − 𝛽1 − 2𝛽2 = ,
2

𝑛

V𝑎𝑙 (𝑥) = 𝑓 (𝑥) + ∑𝑟𝑖 𝑝𝑖 (𝑥) ,

1
4
1
V3
𝛽 − 𝛽 − 𝛽 = .
2 V 6 1 3 2 24
Thus, (4a) and (4b) include seven undetermined equations which contain eight unknown variables. The multistep
numerical methods for solving an ODE suffer from two
distinct sources of error. Compared to truncation error,
round-off error generally plays only a minor role [19, 20].
Therefore, truncation error is the main focus of this research
and the estimation of the p-order truncation error can be
done using the following formula:
𝑘

𝑘

𝑖=0

𝑖=0

where 𝑥 is the chromosome, 𝑓(𝑥) is the objective function,
𝑝𝑖 (𝑥) is 𝑖th penalty element, and 𝑟𝑖 is the changeable penalty
coefficient of the 𝑝𝑖 (𝑥). The element ∑𝑛𝑖=1 𝑟𝑖 𝑝𝑖 (𝑥) in formula
(8) is for multiplying constraint violations, which will be
used to alter feasible region unless the original function is
unsolvable. The complete expression of penalty function then
can be established as follows:
𝑓 (𝑥) ,
{
{
𝑛
V𝑎𝑙 (𝑥) = {
{𝑓 (𝑥) + ∑𝑟𝑖 𝑝𝑖 (𝑥) ,
𝑖=1
{

𝐶𝑝+1 = (−1)
+

1
(𝛽 + 2𝑝 𝛽2 + ⋅ ⋅ ⋅ + 𝑘𝑝 𝛽𝑘 ) .
𝑝 1

𝛽1 = −

(5)

𝐶𝑝−34

2
1
= (−1)
+ [V4 𝛽V + 𝛽1 + 24 (𝛽2 + 𝛽2 )] .
5! 4!

(9)

V3
− V2 ,
3

(10)

1
1
𝛽2 = V3 + V2 .
6
4
Thus, the objective function (7) can be rearranged as

(6)

For (3), the estimation of truncation error coefficient can be
represented as
5

other.

1
3
𝛽0 = V3 + V2 + V,
6
4

The local truncation error coefficient is then represented as
1
(𝛼 + 2𝑝+1 𝛼2 + ⋅ ⋅ ⋅ + 𝑘𝑝+1 𝛼𝑘 )
(𝑝 + 1)! 1

𝑥 workable,

To simplify the constraint, use V to represent 𝛽0 , 𝛽1 , and 𝛽2 :

= ℎ𝑝+1 𝐶𝑝+1 𝑦(𝑝+1) (𝑡𝑛𝑘 ) + ⋅ ⋅ ⋅ .

𝑝+1

(8)

𝑖=1

(4b)

V2
1
1
𝛽 + 𝛽 + 2𝛽2 = ,
2 V 2 1
6

∑𝛼𝑖 𝑦 (𝑡𝑛+𝑘 − 𝑖ℎ) − ℎ∑𝑦̇ (𝑡𝑛+𝑘 − 𝑖ℎ)

Hence, some other optimization methods should be utilized
to assist the GA [25]. The penalty function has the advantages
of considering the points out of the feasible regions when
solving nonlinear constraints problems [26]. In this research,
the GA with a punishment strategy is chosen to find solutions
outside the feasible regions.
A penalty function is generally constructed using the
addition form below:

(7)

Based on the above discussion, the problem has now become
how to figure out the minimum value of formula (7) with the
constraints described in (4a) and (4b).
There are many optimization methods to find out the
minimum value with nonlinear constraints, such as feasible
direction method (FDM) [21], penalty function method, and
quadratic programming (QP) [22]. However, these methods are not accurate enough to solve multivalue equality.
The genetic algorithm (GA) [23] has the potential to fix
the problem of falling into local optimum compared with
the classic methods mentioned above. While the equality
nonlinear constraints in the above model are strict, the
infeasible solution will become a large proportion in the
populations as the genetic algorithm is used separately [24].

7
𝑓 (𝑥) = 𝐶𝑝−34 = V4 𝛽V + V3 + 3V2 + 𝛽1 + 16𝛽2 .
3

(11)

Then, the following three penalty elements are used for
the GA optimization process, which are derived from (4a),
(4b), and (10):
𝑝1 =
𝑝2 =

V2
1
1
𝛽V + 𝛽1 + 2𝛽2 − = 0,
2
2
6

(12a)

V3
1
4
1
𝛽V − 𝛽1 − 𝛽2 −
= 0,
2
6
3
24

(12b)

𝑝3 = V𝛽V − 𝛽1 − 2𝛽2 −

1
= 0.
2

(12c)

The setting for the GA running is as follows: binary code
is used; the number of individuals in the population is 1000;
the crossover operator is 0.9; and mutation operator is 0.08.
A simulation is done using MATLAB software, and then
the parameters can be obtained for the minimum truncation
error of the RTPEC-34 method.
Compared with the classic optimization methods, it can
be found that different parameters are obtained as shown in
Table 1.

4
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Apply the parameters to (3); a family of the RTPEC34 method with the highest accuracy can be obtained. The
RTPEC-34 method using FDM optimization is shown as
follows:
𝑦𝑛+V = 𝑦𝑛 + ℎ (0.5239𝑓𝑛 − 0.1775𝑓𝑛−1 + 0.0495𝑓𝑛−2 ) ,
𝑦𝑛+1 = 𝑦𝑛 + ℎ (1.5534𝑓𝑛+V − 0.6811𝑓𝑛

(13a)

+ 0.1403𝑓𝑛−1 − 0.0126𝑓𝑛−2 ) .
The RTPEC-34 method using QP optimization is shown as
follows:

Table 1: Parameter values obtained using different optimization
methods.
Parameter FDM
V
0.3959
1.5534
𝛽V
−0.6811
𝛽0
0.1403
𝛽1
−0.0126
𝛽2
𝛽0
0.5239
𝛽1
−0.1775
𝛽2
0.0495

QP
0.5450
0.9122
0.1233
−0.0681
0.0326
0.7947
−0.3510
0.1012

GA with a punishment strategy
0.5181
0.9963
0.0125
−0.0337
0.0249
0.7425
−0.3147
0.0903

𝑦𝑛+V = 𝑦𝑛 + ℎ (0.7947𝑓𝑛 − 0.3510𝑓𝑛−1 + 0.1012𝑓𝑛−2 ) ,
𝑦𝑛+1 = 𝑦𝑛 + ℎ (0.9122𝑓𝑛+V + 0.1233𝑓𝑛

Im u

(13b)
2j

− 0.0681𝑓𝑛−1 + 0.0326𝑓𝑛−2 ) .
The RTPEC-34 method using GA optimization with a punishment strategy is shown as follows:

1j

R3

R1

𝑦𝑛+V = 𝑦𝑛 + ℎ (0.7425𝑓𝑛 − 0.3147𝑓𝑛−1 + 0.0903𝑓𝑛−2 ) ,
𝑦𝑛+1 = 𝑦𝑛 + ℎ (0.9963𝑓𝑛+V + 0.0125𝑓𝑛

−3

−2

−1

1

2

Re u

(13c)
C3

− 0.0337𝑓𝑛−1 + 0.0249𝑓𝑛−2 ) .

−1j
R2

3. Stability Analysis

C2

A widely used approach to determining stability region is to
apply the method to the linear ODE 𝑑𝑦/𝑑𝑥 = 𝜆𝑦 with initial
condition 𝑦(0) = 𝑦0 , and its analytical solution is given as
𝑦(𝑥) = 𝑦0 𝑒𝜆𝑥 . Applying the three-step fourth-order ABM
algorithms (12a), (12b), and (12c) to this equation using a fixed
step-size ℎ, we have

C1

−2j

(13a)
(13b)
(13c)

Figure 1: The region of absolute stability of the RTPEC-34 method.

𝑦𝑛+V = 𝑦𝑛 + ℎ (𝛽0 𝜆𝑦𝑛 + 𝛽1 𝜆𝑦𝑛−1 + 𝛽2 𝜆𝑦𝑛−2 ) ,
𝑦𝑛+1 = 𝑦𝑛 + ℎ (𝛽] 𝜆𝑦𝑛+V + 𝛽0 𝜆𝑦𝑛 + 𝛽1 𝜆𝑦𝑛−1 + 𝛽2 𝜆𝑦𝑛−2 ) .
(14)
Substituting 𝑦𝑛+V into 𝑦𝑛+1 , we can obtain the following
stability polynomial:
𝜋 (𝜉, 𝜇) = 𝜉3 − (𝛽] 𝛽0 𝜇2 + (𝛽] + 𝛽0 ) 𝜇 + 1) 𝜉2
− (𝛽] 𝛽1 𝜇2 + 𝛽1 𝜇) 𝜉 − 𝛽] 𝛽2 𝜇2 − 𝛽2 𝜇,

(15)

where 𝜇 = ℎ𝜆.
Obtaining RTPEC-34 stability polynomial with the
parameters shown in Table 1, we can then use root-locus
method to obtain the diagram for the stability regions of this
method as shown Figure 1.
The curves 𝐶1 , 𝐶2 , and 𝐶3 are the root locus of RTPEC34 (13a), (13b), and (13c) stability polynomial, respectively.
Since no multistep methods of greater than second order are
unconditionally stable, an explicit linear multistep method

cannot be A-stable if it is higher than order two due to the
famous Dahlquist barrier theorem. Even if it is implicit, it
is still the case. Thus the fourth-order method can be stable
only in the finite stability region. From Figure 1, it can be
concluded that the highest accuracy RTPEC-34 method (13c)
using GA with a punishment strategy has the largest stability
region among the three methods.

4. Evaluation and Discussion
4.1. Numerical Experiments. In this section, the numerical
results obtained by using the highest accuracy RTPEC-34
method are presented in Example 1. In addition, the method
proposed is compared with the Runge-Kutta method of
fourth-order (RK4) method to demonstrate its good performance in supporting real-time simulation in Example 2.
Furthermore, the Rosenbrock method for stiff ODEs is used
to evaluate the accuracy of the proposed method.
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Figure 2: Comparison of numerical error for (13a), (13b), and (13c).

Example 1. The ODE with IVP (16) is used to compare
the proposed methods (13a), (13b), and (13c) using different
parameters. Consider
𝑑𝑦
= 1 + cos (𝑥) ,
𝑑𝑥

(16)

𝑦 (0) = 0.
The analytical solution of this ODE is 𝑦(𝑥) = √1 + 2𝑥.
Applying (13a), (13b), and (13c) to the ODE (16), the numerical calculation errors in different simulation settings with
different step-size ℎ are shown in Table 2. According to
Figure 2, the accuracy of (13c) is better than that of (13a) and
(13b) under the condition of ℎ = 0.005, ℎ = 0.01, and ℎ =
0.02. The RTPEC-34 methods using GA optimization with
a punishment strategy (13c) are much more stable than the
other two cases. Thus, we choose (13c) as the method with the
highest accuracy after the optimization and comparison. It is
used to demonstrate the efficiency of the proposed methods
in other simulation experiments.
Example 2. To compare the proposed method (13c) with
the RK4 method, the real-time simulation procedure of an
aircraft propulsion system [27] is considered in which the
motion ODE with IVP has the following form:
𝑑𝑦
= −10𝑦2 + 1 + sin (2𝜋𝑥) ,
𝑑𝑥

𝑥 ∈ [0, 1] ,

0.45
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0.25
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0.2
0.15
0.1
0.05
0

0

0.5

1

1.5

2

2.5
t

3

3.5

4

4.5

5

RTPEC-34 (13c)
RK4

Figure 3: The numerical solutions obtained using the RTPEC-34
method and the RK4 method.

dynamics simulation requires the numerical solutions in real
time.
Example 3. Due to the quality of being A-stable, the Rosenbrock method is a half-implicit RK method used for solving
stiff ODEs. The Rosenbrock method of order three has the
following form:
𝑦𝑛+1 = 𝑦𝑛 + 𝑤1 𝑘1 + 𝑤2 𝑘2 ,

(17)

𝑦 (0) = 0.
Applying (13c) and the RK4 to system (17), numerical
solutions can be obtained, as shown in Figure 3. It is shown
in the curves in Figure 3 that the solutions obtained using
the RTPEC-34 method come earlier in time (for about one)
than the RK4 method, which is a significant phenomenon in
the real-time simulation. This means the RTPEC-34 method
(13c) is much more adaptive than RK4 when the aircraft

−1

𝑘1 = ℎ [1 − ℎ𝑎1 𝑓𝑦 (𝑥𝑛 , 𝑦𝑛 )] 𝑓 (𝑥𝑛 , 𝑦𝑛 ) ,
𝑘2 = ℎ [1 − ℎ𝑎2 𝑓𝑦 (𝑥𝑛 𝑐1 ℎ, 𝑦𝑛 + 𝑐2 𝑘1 )]

−1

(18)

× 𝑓 (𝑥𝑛 + 𝑑1 ℎ, 𝑦𝑛 + 𝑑2 𝑘1 ) ,
where 𝑎1 = 1.40824829, 𝑎2 = 0.59175171, 𝑐1 = 𝑐2 =
0.17378667, 𝑤1 = −0.41315432, 𝑑1 = 𝑑2 = 0.17378667,
and 𝑤2 = 0.41315432. However, it is difficult to estimate
the truncation error directly. Hence, the following ODE (19)
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Table 2: Numerical errors due to different values of the parameters in (13a), (13b), and (13c).

𝑡
0.0000
0.0200
0.0400
0.0600
0.0800
0.1000
0.1200
0.1400
0.1600
0.1800
0.2000

ℎ = 0.005
0𝑒 − 4
0.0065𝑒 − 4
0.0355𝑒 − 4
0.0834𝑒 − 4
0.1499𝑒 − 4
0.2352𝑒 − 4
0.3391𝑒 − 4
0.4617𝑒 − 4
0.6028𝑒 − 4
0.7625𝑒 − 4
0.9406𝑒 − 4

Formula (13a)
(FDM)
ℎ = 0.01
0𝑒 − 3
−0.0008𝑒 − 3
0.0052𝑒 − 3
0.0149𝑒 − 3
0.0284𝑒 − 3
0.0457𝑒 − 3
0.0666𝑒 − 3
0.0913𝑒 − 3
0.1197𝑒 − 3
0.1519𝑒 − 3
0.1877𝑒 − 3

ℎ = 0.02
0𝑒 − 3
−0.0013𝑒 − 3
−0.0067𝑒 − 3
0.0136𝑒 − 3
0.0413𝑒 − 3
0.0765𝑒 − 3
0.1192𝑒 − 3
0.1693𝑒 − 3
0.2269𝑒 − 3
0.2919𝑒 − 3
0.3642𝑒 − 3

ℎ = 0.005
0𝑒 − 4
0.0038𝑒 − 4
0.0226𝑒 − 4
0.0533𝑒 − 4
0.0960𝑒 − 4
0.1507𝑒 − 4
0.2173𝑒 − 4
0.2958𝑒 − 4
0.3862𝑒 − 4
0.4885𝑒 − 4
0.6025𝑒 − 4

Formula (13b)
(QR)
ℎ = 0.01
0𝑒 − 3
−0.0008𝑒 − 3
0.0031𝑒 − 3
0.0094𝑒 − 3
0.0181𝑒 − 3
0.0291𝑒 − 3
0.0426𝑒 − 3
0.0585𝑒 − 3
0.0767𝑒 − 3
0.0973𝑒 − 3
0.1202𝑒 − 3

104
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103

103

y 102

y 102

101

101

100

0

0.5

1

1.5
x(h = 0.1)

2

2.5

3

100

0

Formula (13c)
(GA with a punishment strategy)
ℎ = 0.02
ℎ = 0.005
ℎ = 0.01
ℎ = 0.02
0𝑒 − 3
0𝑒 − 4
0𝑒 − 4
0𝑒 − 3
−0.0013𝑒 − 3 0.0029𝑒 − 4 −0.0083𝑒 − 4 −0.0013𝑒 − 3
−0.0067𝑒 − 3 0.0179𝑒 − 4 0.0230𝑒 − 4 −0.0067𝑒 − 3
0.0065𝑒 − 3 0.0425𝑒 − 4 0.0734𝑒 − 4
0.0039𝑒 − 3
0.0245𝑒 − 3 0.0767𝑒 − 4 0.1431𝑒 − 4
0.0184𝑒 − 3
0.0473𝑒 − 3 0.1205𝑒 − 4 0.2319𝑒 − 4
0.0366𝑒 − 3
0.0748𝑒 − 3 0.1738𝑒 − 4 0.3398𝑒 − 4
0.0587𝑒 − 3
0.1071𝑒 − 3 0.2367𝑒 − 4 0.4667𝑒 − 4
0.0846𝑒 − 3
0.1442𝑒 − 3 0.3090𝑒 − 4 0.6127𝑒 − 4
0.1142𝑒 − 3
0.1860𝑒 − 3 0.3909𝑒 − 4 0.7776𝑒 − 4
0.1477𝑒 − 3
0.2325𝑒 − 3 0.4822𝑒 − 4 0.9614𝑒 − 4
0.1850𝑒 − 3
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Figure 4: Comparison of the numerical solutions obtained by the RTPEC-34 and Rosenbrock methods.

is used to compare the RTPEC-34 method (13c) with the
Rosenbrock method in terms of accuracy:
𝑑𝑦
= 2𝑥𝑦,
𝑑𝑥

𝑥 ∈ [0, 1] ,

(19)

angular rate 𝑝̇ and yaw angular rate 𝑟 ̇ when pitch angle
𝜃 passes through ±(𝜋/2), quaternion methods are used for
the aircraft orientation representation [28]. We have got an
aircraft system representation consisting of 13 scalar first
order differential equations as follows:

𝑦 (0) = 1.
2

The analytical solution of ODE (18) is 𝑦(𝑥) = 𝑒𝑥 .
Table 3 shows the exact solutions and numerical solutions
using the RTPEC-34 method (13c) and the Rosenbrock
method in the interval [0, 1]. It is noted that the accuracy
of RTPEC-34 method (13c) is much better than that of the
Rosenbrock method at ℎ = 0.1 in Figure 4. It is indicated in
this phenomenon that ODEs can be solved more accurately
by the proposed method unless they are extremely stiff.

𝑢̇ = 𝑟𝑢 − 𝑞𝑤 +

1
(𝑋 + 𝐹𝑇 ) + 2 (𝑞1 𝑞3 − 𝑞0 𝑞2 ) 𝑔,
𝑚

V̇ = 𝑝𝑤 − 𝑟𝑢 +
𝑤̇ = 𝑞𝑢 − 𝑝V +

1
𝑌 + 2 (𝑞2 𝑞3 + 𝑞0 𝑞2 ) 𝑔,
𝑚

(20a)

1
𝑍 + (𝑞02 − 𝑞12 − 𝑞22 + 𝑞32 ) 𝑔,
𝑚

𝑝̇ = (𝑐1 𝑟 + 𝑐2 𝑝) 𝑞 + 𝑐3 𝐿 + 𝑐4 (𝑁 + ℎ𝐸 𝑞) ,
4.2. Aircraft Dynamics Experiment. The aircraft dynamics
experiment is focused on the simulation of the motion
model, which is a system of 12 scalar order differential
equations [1]. To avoid the singularities of derivatives of roll

𝑞 ̇ = 𝑐5 𝑝𝑟 − 𝑐6 (𝑝2 − 𝑟2 ) + 𝑐7 (𝑀 − ℎ𝐸 𝑟) ,
𝑟 ̇ = (𝑐8 𝑝 − 𝑐2 𝑟) 𝑞 + 𝑐4 𝐿 + 𝑐9 (𝑁 + ℎ𝐸 𝑞) ,

(20b)
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Table 3: Comparison of numerical solutions obtained with different step sizes.
𝑥

Rosenbrock method
ℎ = 0.05
ℎ = 0.1
1.0000
1.0000
1.0075
1.0049
1.0355
1.0303
1.0859
1.0777
1.1617
1.1501
1.2679
1.2522
1.4118
1.3910
1.6038
1.5765
1.8588
1.8228
2.1978
2.1501
2.6511
2.5875

Theoretical value

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.0000
1.0101
1.0408
1.0942
1.1735
1.2840
1.4333
1.6323
1.8965
2.2479
2.7183

0 −𝑝
𝑞0̇
[𝑞1̇ ] 1 [𝑝 0
[ ]= [
[𝑞2̇ ] 2 [ 𝑞 −𝑟
[𝑟 𝑞
[𝑞3̇ ]

−𝑞
𝑟
0
−𝑝

−𝑟
𝑞0
[𝑞1 ]
−𝑞]
][ ],
𝑝 ] [𝑞2 ]
0 ] [𝑞3 ]

(20c)

𝑥𝐸̇
[𝑦𝐸̇ ]
[ 𝑧̇𝐸 ]
𝑞02 + 𝑞12 − 𝑞22 − 𝑞32 2 (𝑞1 𝑞2 − 𝑞0 𝑞3 ) 2 (𝑞1 𝑞3 + 𝑞0 𝑞2 )
= [ 2 (𝑞1 𝑞2 + 𝑞0 𝑞3 ) 𝑞02 − 𝑞12 + 𝑞22 − 𝑞32 2 (𝑞2 𝑞3 − 𝑞0 𝑞1 ) ]
2
2
2
2
[ 2 (𝑞1 𝑞3 − 𝑞0 𝑞2 ) 2 (𝑞2 𝑞3 + 𝑞0 𝑞1 ) 𝑞0 − 𝑞1 − 𝑞2 + 𝑞3 ]
𝑢
× [V],
[𝑤]

(20d)

The 12 aircraft variables, [𝑉𝑇 , 𝛼, 𝛽], [𝑝, 𝑞, 𝑟], [𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸 ], and
[𝜙, 𝜃, 𝜓], represent velocity, sideslip angle, attack angle, bodyaxis rolling rate, pitch rate and yaw rate, x-position, yposition, and z-position with respect to earth, rolling angle,
pitch angle, and yaw angle, respectively. For the sake of
calculation simplicity, 7 parameters are introduced, where
[𝑢, V, 𝑤] are velocity in 𝑥-axis, 𝑦-axis, and 𝑧-axis direction and
[𝑞0 , 𝑞1 , 𝑞2 , 𝑞3 ] are quaternion components which do not have
any physical meaning.
To demonstrate the effectiveness and efficiency of the
proposed method (13c), it has been applied to a real aircraft
dynamics simulation problem. A number of comparisons
with other classic linear multistep methods such as the
fourth-order Adams-Bashforth method (AB4) have been
made in the simulation which has high real-time requirements
𝑦𝑛+1 = 𝑦𝑛 +

where
𝑞0
[𝑞1 ]
[ ]
[𝑞2 ]
[𝑞3 ]
𝜓
𝜙
𝜓
𝜙
𝜃
𝜃
cos cos cos + sin sin sin
[
2
2
2
2
2
2]
[
]
[ 𝜙
]
[sin cos 𝜃 cos 𝜓 − cos 𝜙 sin 𝜃 sin 𝜓 ]
[
]
2
2
2
2
2
2]
[
= ±[
].
[
]
[cos 𝜙 sin 𝜃 cos 𝜓 + sin 𝜙 cos 𝜃 sin 𝜓 ]
[
2
2
2
2
2
2]
[
]
[
]
𝜙
𝜓
𝜙
𝜓
𝜃
𝜃
cos
cos
sin
−
sin
sin
cos
[
2
2
2
2
2
2]
𝑢 = 𝑉𝑇 cos 𝛼 cos 𝛽,
V = 𝑉𝑇 sin 𝛽,
𝑤 = 𝑉𝑇 sin 𝛼 cos 𝛽,

(21)

RTPEC-34 method (13c)
ℎ = 0.05
ℎ = 0.1
1.0000
1.0000
1.0050
1.0100
1.0405
1.0300
1.0991
1.0822
1.1843
1.1714
1.3019
1.2934
1.4601
1.4567
1.6705
1.6737
1.9498
1.9616
2.3217
2.3451
2.8203
2.8599

1
(55𝑓𝑛 − 59𝑓𝑛−1 + 37𝑓𝑛−2 − 9𝑓𝑛−3 ) .
24

(22)

The nonlinear dynamics model of the F-16 aircraft [29]
is used in the experiment as the simulation in such an
engineering problem requires a detailed model and practical
data. For the atmospheric data relative to the coefficient of
formulas (20a), (20b), (20c), and (20d) an approximation is
used based on the guidelines by the International Standard
Atmosphere (ISA) [30]. In the experiment, the flight status of
the F-16 aircraft with the altitude at 1000 m and the velocity
at 200 m/s and the initial values of variables are calculated
by using the ISA atmospheric model, aerodynamics model,
and engine model. The simulation is performed for the F-16
aircraft dynamical model using different numerical methods,
the RTPEC-34 (13c) and the AB4 method. The configuration
for the simulation is shown in Table 4.
As demonstrated in these simulation experiments, the
aircraft variables curves in Figure 5 can illustrate the real
state of a whole fight, where the roll rate, pitch rate, and yaw
rate [𝑝, 𝑞, 𝑟] tend to be stable in Figures 5(a)∼5(c). This is
also the case for [𝛼, 𝛽] in Figure 5(d) through to Figure 5(f)
and the coordinates [𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸 ] of the fight position in the
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Figure 5: Simulation results of different numerical methods for the F-16 aircraft model.

Table 4: Simulation configuration for the F-16 aircraft dynamics
model.

Initial values of variables

[𝑉𝑇 , 𝛼, 𝛽] = [200, −0.0552, 0.0102]
[𝑞0 , 𝑞1 , 𝑞2 , 𝑞3 ] = [1, 0, 0.0051, 0]
[𝑝, 𝑞, 𝑟] = [0, 0, 0]
[𝑥𝐸 , 𝑦𝐸 , 𝑧𝐸 ] = [0, 0, −1000]

Simulation period

0∼10 seconds

Step size

0.02 seconds

whole air route in Figure 5(g) through to Figure 5(i). Both
of the numerical methods are effective in the simulation
of the F-16 aircraft at the altitude of 1000 m; however the
curve of RTPEC-34 demonstrates smaller fluctuations than
that of AB4 in Figures 5(a) and 5(b), which means that the
convergence speed of RTPEC-34 (13c) is faster than that of
AB4. With the number of iteration increased, the accuracy of
RTPEC-34 will be higher than AB4.
The example of the F-16 aircraft simulation demonstrates
that the proposed method is adaptive in the field of dynamic
ODEs. The comparison with the classic multistep methods
of the same order shows the good accuracy and speed
of convergence of the RTPEC-34 (13c) and confirms that
the proposed real-time fourth-order three-step predictorcorrector method achieves the highest accuracy.

5. Conclusions
In this paper, a novel real-time multistep method based on
Predict-Evaluate-Correct scheme of three-step fourth-order
(RTPEC-34) method is proposed and developed for the realtime simulation of aircraft dynamics, which is improved
by obtaining the predictor-corrector parameters using optimization algorithms. The method of using GA optimization
with a punishment strategy is more stable and accurate than
others both theoretically and practically. This work involves
theoretical analysis of the truncation error of the predictorcorrector for real-time problems as well as of the stability of
the proposed RTPEC-34 method. The analysis work can be

used by other applications that involve improvement of accuracy and stability. Both numerical examples and engineering
examples are used in simulation experiments to evaluate
the performance of the RTPEC-34 method by comparing it
with the RK4 and the Rosenbrock methods. It is shown in
the evaluation that the proposed method achieves improved
performance in terms of accuracy, stability, and support of
real-time simulation. Moreover, the successful application of
the proposed method in the F-16 aircraft experiment has
shown that the proposed method is adaptive to solve the
multivariable ODEs popular in aircraft dynamics simulation.
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Continuous system can be discretized for computer simulation. Quantized state systems (QSS) method has been used to discretize
time invariant systems based on the discretization of the state space. A HLA based QSS method is proposed in this paper to address
issues of real-time advancements in simulation and an aircraft control example was introduced to illustrate our method. Moreover,
to simulate time varying systems, a novel approach is also proposed and exemplified with a practical case.

1. Introduction
Continuous system simulation is a topic which has advanced
significantly with the appearance of modern computers.
Based on classic methods for numerical resolution of ordinary differential equation (ODE) such as Euler and RungeKutta, several variable steps and implicit ODE solver methods
were developed. These modern methods which usually make
use of iteration rules and symbolic manipulation allow the
efficient simulation of complex systems, including differential
algebraic equation (DAE) and variable structure systems.
Although there are several differences between the mentioned ODE solver algorithms, all of them share a property:
they are based on time discretization. That is, they give a
solution obtained from a difference equation system (i.e., a
discrete-time model) which is only defined in some discrete
instants.
A completely different approach for ODE numerical
simulation has been being developed since the end of the
90s. In this new approach, the time discretization is replaced
by the state variables quantization and a discrete event
simulation model (within the DEVS formalism framework)
is obtained instead of a discrete-time one.
Discrete event system specification (DEVS) [1–3] is a
formalism which allows representing and simulating any
system having a finite number of changes in a finite interval of
time. In that way, systems modelled by petri nets, state charts,

event graphs, and even difference equations can be seen as
particular cases of DEVS models.
The origin of the quantization based integration methods
can be found in the definition of quantized systems and
their representation in terms of DEVS models [4]. This idea
was reformulated with the addition of hysteresis and it was
formalized as a simulation method for ODEs in [5, 6] where
the quantized state systems (QSS) were defined. Moreover,
there exist some other approaches such as Backward QSS and
Centered QSS [7–9]. But all the previous works using QSS to
simulate continuous systems did not address the issue how
to implement QSS in real-time distributed simulations such
as high level architecture (HLA) and distributed interactive
simulation (DIS). They did not mention the approach to
extend QSS to time varying simulations either. As such,
this paper proposes QSS based researches on both real-time
and time varying simulation methods, where QSS must be
extended for simulation. To accomplish this, we develop
a way to keep the real-time synchronization in high level
architecture (HLA) distributed simulation environment and
propose a method to simulate time varying system.
The paper is structured as follows. In Section 2, key technologies of QSS are introduced and analyzed. Section 3 introduces the proposed distributed QSS framework to address
real-time systems and a validation example is designed and
results are shown and analyzed. In Section 4, a new method of
time varying case is proposed and illustrated with a practical
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example. Finally, conclusions are drawn and future works are
discussed.

Time Memory

Real Timer

2. Quantized State Systems (QSS)
RTI Interface

Consider a continuous system model:
𝑥̇ (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑢 (𝑡)) ,
𝑦 (𝑡) = 𝑔 (𝑥 (𝑡) , 𝑢 (𝑡)) .

(1)

𝑥(𝑡) represents a set of state variables, 𝑢(𝑡) represents a
̇ represents a set of state derivate
set of input variables, 𝑥(𝑡)
variables, 𝑦(𝑡) represents a set of output variables, 𝑓(⋅)
represents the state transform function, and 𝑔(⋅) represents
the output function.
To deduce quantization function, let 𝐷 = {𝑑0 , 𝑑1 , . . . , 𝑑𝑟 }
be a set of real numbers, where 𝑑𝑖−1 < 𝑑𝑖 , 1 ≤ 𝑖 ≤ 𝑟. Let Ω
be the set of piecewise continuous real valued trajectories and
𝑥 ∈ Ω is a continuous trajectory. Let 𝑏 : Ω → Ω be a
mapping and let 𝑞 = 𝑏(𝑥), where the trajectory 𝑞 satisfies
𝑑𝑖+1 , if 𝑥 (𝑡) = 𝑑𝑖+1 ∧ 𝑞 (𝑡− ) = 𝑑𝑖 ∧ 𝑖 < 𝑟,
{
{
{
{
𝑞 (𝑡) = {𝑑𝑖−1 , if 𝑥 (𝑡) = 𝑑𝑖 − 𝜀 ∧ 𝑞 (𝑡− ) = 𝑑𝑖 ∧ 𝑖 > 0,
{
{
{
otherwise.
{𝑑𝑖 ,

𝑦 (𝑡) = 𝑔 (𝑞 (𝑡) , 𝑢 (𝑡)) .

Figure 1: The structure of RTFederate module.

Federate 1
.
..

Advance time 1

Federate N

RTI

Advance time N
RIFederate
Tmin

(2)
Advance time

Then the map 𝑏 is hysteretic quantization function [2].
𝑞(𝑡) is a set of quantized state variables used to simulate 𝑥(𝑡) of
(1), where the discrete values 𝑑𝑖 are called quantization levels
and the distance Δ𝑑 ≜ 𝑑𝑖+1 −𝑑𝑖 is defined as quantum, which is
usually constant. The width of the hysteresis window is 𝜀. The
values 𝑑0 and 𝑑𝑟 are the lower and upper saturation values.
Replace 𝑥(𝑡) on the right side of (1) with 𝑞(𝑡). The
approximated model is as the following equation shows:
𝑥̇ (𝑡) = 𝑓 (𝑞 (𝑡) , 𝑢 (𝑡))

RTI

(3)

Kofman and Junco [1] proved that if 𝑢(𝑡) has piecewise
constant and bounded trajectories and 𝑓(⋅) is continuous and
̇ and 𝑦(𝑡) have piecewise conbounded, then 𝑞(𝑡), 𝑥(𝑡), 𝑥(𝑡),
stant trajectories.

3. Real-Time Simulation of Time Invariant
System in HLA
Although previous works [7–9] introduced hysteretic quantization function above, they did not address the issue how to
fulfill time management in real-time distributed simulations
such as DIS and HLA systems. To tackle this problem, we
propose using RTFederate in distributed simulations such
as HLA and DIS systems. This method is about real-time
management and is generic to all distributed simulations.
Therefore we will use HLA as our example system in this
section.
3.1. RTFederate: A Time Control Member. As shown in
Figure 1, RTFederate mainly has three components: Time

Figure 2: The procedure of time advance.

Memory, Real Timer and RTI Interface. They are designed
to ensure that the time scale in simulation is identical with
that of real world time. RTFederate would be an independent
federate in HLA, and its time management strategy is set as
both Constrained and Regulation.
For the component of Time Memory, it needs to set a
minimum time step denoted as 𝑇min ; it would be a positive
integer.
RTFederate module would get the allowed advance time
from RTI through RTI Interface and then add it to the Time
Memory. If the value 𝑇 in Time Memory is smaller than 𝑇min ,
Time Memory would request time advance with 𝑇min through
RTI Interface. Otherwise, Time Memory would transfer the
value 𝑇 to Real Timer and then reset the value 𝑇 to zero. Real
Timer would count ⌊𝑇⌋ of unit time. ⌊𝑇⌋ means the largest
integer which is smaller than 𝑇. At the end of the count, Real
Timer would request time advance with 𝑇min through RTI
Interface.
3.2. Real-Time Simulation. Each of the subsystems would be
discretized with QSS method and be treated as a federate
in HLA. The time management mode of all the federates
should be set as “both Constrained and Regulating”. Also,
RTFederate module needs to be set with the same mode.
In HLA, Runtime Infrastructure (RTI) software would allow
time advance only if all of the federates request to advance
and the least requested time step would be allowed. Figure 2
shows the procedure of time advance.
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Only if RTFederate especially requests to advance, RTI
would allow its time advancement. So the simulation speed
would be controlled by RTFederate module and then it would
support real-time simulation.
3.3. Example of Time Invariant System. Consider a vertical
control system of a plane as the following equation shows:
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Figure 3: Curve of ΔV in the simulation with QSS method.

Table 1: The step intervals around the first peak value.
Step width 2.179262 1.010354 1.010355 ⋅ ⋅ ⋅ 1.09538 1.095208
(s)
0.733
0.736
0.738 ⋅ ⋅ ⋅ 0.741
0.74
ΔV

]
[ ] [
−𝑍𝛿𝑒
] Δ𝛿𝑇
[Δ𝛼] [ 0
]+[
][
⋅[
] Δ𝛿 ] .
[ Δ𝜃 ] [ 0
0
]
[ ] [
𝑒
−𝑀
−𝑀
+
𝑀
𝑍
Δ𝑞
[ ] [
𝛿𝑇
𝛿𝑒
𝛼̇ 𝛿𝑒 ]
(4)
The symbols in the equation are listed below.
The Symbols in (4). The symbols are as follows: ΔV: change
value of plane velocity, state variable; Δ𝛼: change value of
attack angle, state variable; Δ𝜃: change value of pitch angle,
state variable; Δ𝑞: change value of pitch rate, state variable;
𝑋V : derivative coefficient of 𝑥-axis force (body axis) caused
by velocity; 𝑋𝛼 : derivative coefficient of 𝑥-axis force (body
axis) caused by attack angle; 𝑋𝜃 : derivative coefficient of 𝑥axis force (body axis) caused by pitch angle; 𝑋𝛿𝑇 : derivative
coefficient of 𝑥-axis force (body axis) caused by throttle
control lever; 𝑍V : derivative coefficient of 𝑧-axis force (body
axis) caused by velocity; 𝑍𝛼 : derivative coefficient of 𝑧-axis
force (body axis) caused by attack angle; 𝑍𝛿𝑒 : derivative coefficient of 𝑧-axis force (body axis) caused by the deflection of
elevator; 𝑀V : derivative coefficient of rolling moment caused
by velocity; 𝑀𝛼 : derivative coefficient of rolling moment
caused by attack angle; 𝑀𝛼̇ : derivative coefficient of rolling
moment caused by changing rate of attack angle; 𝑀𝑞 : the
derivative coefficient of rolling moment caused by pitch rate;
𝑀𝛿𝑇 : the derivative coefficient of rolling moment caused by
throttle control lever; 𝑀𝛿𝑒 : the derivative coefficient of rolling
moment caused by the deflection of elevator; Δ𝛿𝑒 : change of
deflection angle of elevator; and Δ𝛿𝑇 : changes of the position
of thrust lever.
The system is discretized with QSS method, the quantum
unit is 𝑞 = 0.001 and so as the hysteresis, and the initial
conditions are ΔV = Δ𝛼 = Δ𝜃 = Δ𝑞 = 0, Δ𝛿𝑒 = 2∘ , Δ𝛿𝑇 = 0∘ .

Table 2: The step intervals around the relative stable region.
Step width 2.111777 3.908981 11.875489 ⋅ ⋅ ⋅ 1.871779 2.88458
(s)
0.436
0.435
0.436
⋅ ⋅ ⋅ 0.438
0.439
ΔV

Figure 3 shows the response of ΔV, which is a long period
transition process.
As seen from Figure 3, the step intervals became smaller
when ΔV gets close to peak values, where the values change
severely. On the other hand, the step intervals get bigger when
ΔV reaches a relatively stable status, where the value does not
change much.
Table 1 shows the step interval around the first peak value,
and Table 2 shows the step intervals in relative stable status.
The results indicate that the QSS method reduces the redundant calculation and improves the simulation efficiency.
To be simulated in distributed environment each of the
state variables would be treated as a federate and in addition
to RTFederate module it has five federates in total. Considering the procedure of time advance shown in Figure 4,
we have the following time advance equations for these
federates:
Federate1: 𝑑ΔV/𝑑𝑡 = −𝑋V ⋅ ΔV − 𝑋𝛼 ⋅ Δ𝛼 − 𝑋𝜃 ⋅ Δ𝜃 −
𝑋𝛿𝑇 ⋅ Δ𝛿𝑇 ;
Federate2: 𝑑Δ𝛼/𝑑𝑡 = −𝑍V ⋅ΔV−𝑍𝛼 ⋅Δ𝛼+Δ𝑞−𝑍𝛿𝑒 ⋅Δ𝛿𝑒 ;
Federate3: 𝑑Δ𝜃/𝑑𝑡 = Δ𝑞;
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Federate4: 𝑑Δ𝑞/𝑑𝑡 = (−𝑀V + 𝑀𝛼̇ 𝑍V ) ⋅ ΔV + (−𝑀𝛼 +
𝑀𝛼̇ 𝑍𝛼 ) ⋅ Δ𝛼 − (𝑀𝑞 + 𝑀𝛼̇ ) ⋅ Δ𝑞 − 𝑀𝛿𝑇 ⋅ Δ𝛿𝑇 + (𝑀𝛼̇ 𝑍𝛿𝑒 −
𝑀𝛿𝑒 ) ⋅ Δ𝛿𝑒 .

Federate 1
Advance time 1
Federate 2
Advance time 2

4. QSS for Time Varying System

Federate 3

4.1. QSS Method for Time Varying System. In the previous
section, a QSS method of time invariant system is proposed.
However, in practical systems, there exist time varying state
variables. And in this section, we proceed to propose a QSS
approach of time varying system (TVS).
Consider the TVS as follows:
𝑥̇ = 𝐴 (𝑡) 𝑥.

RTI
Advance time 3

Federate 4
Advance time 4
RTFederate

Tmin

(5)

When 𝑡 = 𝑡𝑖 (𝑖 ≥ 0), (5) follows to be
𝑥̇ = 𝐴 (𝑡𝑖 ) 𝑥.

Advance time

At this point, state derivative is 𝑥𝑖̇ and simulation


. When 𝑡 = 𝑡𝑖+1
, (5) can be rewritten as
advances to 𝑡𝑖+1

)𝑥
𝑥̇ = 𝐴 (𝑡𝑖+1

(7)

̇ have the same
̇ . If 𝑥𝑖̇ and 𝑥𝑖+1
and the state derivative is 𝑥𝑖+1

] is regarded as (1/2)(𝑥𝑖̇ +
signs, the state derivative of [𝑡𝑖 , 𝑡𝑖+1
̇ ) and simulation is advanced to 𝑡𝑖+1 based on selected
𝑥𝑖+1
̇ have different signs, it means
quantum of 𝑥. If 𝑥𝑖̇ and 𝑥𝑖+1

]; then advance time should
the sign changes during [𝑡𝑖 , 𝑡𝑖+1


):
be shortened half as 𝑡𝑖+1 = 0.5 ∗ (𝑡 + 𝑡𝑖+1

) 𝑥.
𝑥̇ = 𝐴 (𝑡𝑖+1

Figure 4: Procedure of time advance.

(6)
1
0.9
0.8
0.7
0.6
0.4
0.3

(8)

0.2

̇ have the same signs, then
̇ ; if 𝑥𝑖̇ and 𝑥𝑖+1
Reconsider 𝑥𝑖+1

̇ ) and simulation
] is (1/2)(𝑥𝑖̇ + 𝑥𝑖+1
state derivative of [𝑡𝑖 , 𝑡𝑖+1
advances to 𝑡𝑖+1 . Otherwise the advance time is shortened half
again until the two state variables have the same signs.
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Equation (9) is an instance of TVS, with the initial
conditions: 𝑥0 = 1, 𝑡0 = 1. At initial time 𝑡0 , 𝑥0̇ = −2 ×
1 × (1 + 1)−2 × 1 = −0.5. The quantum of 𝑥 is set to 0.001 and
the advancing step is 0.001/(0.5) = 0.002. In the first step,

= 1 + 0.002 = 1.002
the simulation time advances to 𝑡𝑖+1
−2
and 𝑥1̇ = −2 × 1 × (1.002 + 1) × 1 = −0.499. As 𝑥0̇ and
𝑥1̇ have the same signs, state derivative of 𝑡 ∈ [1, 1.002] is
𝑥̇ = (1/2)(−0.5 − 0.499) = −0.4995.
The analytical solution of (9) is
𝑥 = 𝑒−2(ln(𝑡+1)−ln 2+(1/(𝑡+1))−0.5)

0

13.6 13.8

Figure 5: The solution trajectories of QSS method (the stair line)
and the analytical solution (the line).

4.2. Example of Time Varying System. Consider
𝑥̇ = −2𝑡 (𝑡 + 1)−2 𝑥.

0.048
0.046
0.044
0.042
0.04
0.038
0.036

0.5

(10)

and Figure 5 shows the trajectories of (9) produced by
QSS method and the analytical solution, respectively. As we
can see, they are almost identical with each other, except
the difference in step intervals. The QSS method is more
computationally efficient.
The trajectory values at some time points are listed in
Table 3. We can also get the conclusion that the result of our
method corresponds to analytic curve with minor errors.

Table 3: Comparing QSS with analytic result.
1.001
1.003
1.005 ⋅ ⋅ ⋅
1.017
1.019
Time (s)
QSS
1
0.999
0.998 ⋅ ⋅ ⋅ 0.992
0.991
solution
Analytical 0.999500 0.998501 0.997503
0.991536 0.990545
solution

5. Conclusions and Future Work
The paper discretizes the continuous system using QSS
method which is based on the quantization of the state space
to improve the simulation efficiency. QSS method transforms
the continuous system to the discrete event model. The paper
introduces both time invariant and time varying methods to
support different system simulations. QSS method guarantees
the stability and convergence under some conditions and it is
not adapted to all the continuous system simulations yet. We
need to extend the application range in the future.
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Acceleration adds negative effect to Hemispherical Resonator Gyro (HRG) output; therefore, it is important to model the influence
and then make necessary compensations, accordingly. Based on the elastic thin-shell theory under the Kirchhoff-Love assumption,
the acceleration influence on HRG forcing system is modeled and then schemes for incentive are suggested. Firstly, the dynamic
model of resonator is introduced. Then, inertial load and electrostatic force are calculated to obtain the deformation of resonator. At
last, schemes for pickoff incentive are proposed to weaken the effect of acceleration on HRG forcer. The simulation results illustrate
that acceleration has negative effects on the exciting confidents of forcers and the proposed scheme can eliminate the acceleration
influence on forcing system.

1. Introduction
The hemispherical resonator gyro (HRG) is a solid state
gyroscope whose sensing property is based on the vibration
structure. It has the features of high accuracy, long life span,
inherent high reliability, natural radiation hardness, and no
parts that can wear out, which makes it very suitable for
applications in long-time working state such as in space
vehicles [1–4]. Particularly, over 125 spacecraft missions
whose Space Inertial Reference Unit (SIRU) is based on HRGs
have been launched successfully by NASA, Department of
Defense (DOD) and so on. Moreover, it is reported that HRGs
have already achieved 18 million h of continuous operation
with 100 percent mission success in space application.
In the practical use of HRG, acceleration will have
inevitable effects on the HRG, which also can increase the
gyro drift. As a kind of high precision gyro, the drift caused by
acceleration is not allowable to be ignored. So the research on
the drift caused by the accelerations has important practical
application value.
The HRG contains three primary functional components: the hemispherical resonator, the forcer, and the
pickoff. According to the elastic thin-shell theory under

the Kirchhoff-Love assumption [5], under the action of
acceleration, the resonator will produce a large deformation,
causing the change of relative position between resonator and
the exciting electrode, which inevitably impacts on internal
control system of HRG. Zhou et al. [6] provided some acceleration consequence analysis of HRG based on experiments.
Zhbanov [7–9] discussed the effect of movability of the
resonator center excited by an electrostatic field. Watson [10]
studied on the driver geometry of skewed pick-off. Forcer
is the “actuator” of the internal control system of HRG.
The resonator’s deformation will increase the errors in the
excitation system, which is an important part of gyro’s drift
of HRG, so the influence of resonator deformation caused by
acceleration on forcing system will be discussed in this paper.

2. Dynamic Characteristics of Resonator
2.1. Dynamic Model of Resonator. Acquiring from the elastic
thin-shell theory, under the Kirchhoff-Love assumption,
shell satisfies the force balance equation, the geometric
equation of deformation and displacement, and the elastic
equation. Synthesizing the three equations, the differential equations of the shell’s middle surface can be set in
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the domain of shell, under the given boundary conditions;
the distribution of displacement field or the force field can
be obtained by solving the differential equations within the
domain.
In the process of modeling, the structure of an umbrellatype resonator whose radius is 𝑅 and thickness is 2ℎ can
be simplified as hemispherical and be modeled; then the
hemispherical latitude line 𝜃 and longitude line 𝜑 constitute
the principal coordinate system, as shown in Figure 1; the differential equation to establish the displacement components
is shown as follows:
𝐷[

3

3

+ 𝐷1 [
𝐷[

𝐷[

1 𝜕𝑤
cos 𝜃 𝜕 𝑤
−
] = 𝑅4 𝑋,
sin2 𝜃 𝜕𝜃𝜕𝜑2 sin3 𝜃 𝜕𝜑2

1 𝜕3 𝑤
1 𝜕𝑤
+
] = 𝑅4 𝑌,
2
sin 𝜃 𝜕𝜃 𝜕𝜑 sin 𝜃 𝜕𝜑

(1)

2𝜇 𝜕4 𝑤
𝜕4 𝑤
1 𝜕4 𝑤
+
+
𝜕𝜃4 sin4 𝜃 𝜕𝜑4 sin2 𝜃 𝜕𝜃2 𝜕𝜑2
+
+

2 cos 𝜃 𝜕3 𝑤 2𝜇 cos 𝜃 𝜕3 𝑤
cos2 𝜃 𝜕2 𝑤
−
−
3
3
2
sin 𝜃 𝜕𝜃
sin 𝜃 𝜕𝜃𝜕𝜑
sin2 𝜃 𝜕𝜃2
2

2 + 2𝜇 𝜕 𝑤
2 cos 𝜃 cos 𝜃 𝜕𝑤
+(
+
)
]
4
2
sin 𝜃
sin3 𝜃 𝜕𝜃
sin 𝜃 𝜕𝜑

+ 𝐷1 [

𝜕4 𝑤
2
2 cos 𝜃 𝜕3 𝑤
−
2 𝜕𝜃2 𝜕𝜑2
sin 𝜃
sin3 𝜃 𝜕𝜃𝜕𝜑2

+

𝜌

𝜃

𝝆2


u
𝜌

𝝆1
yh

O
𝜑

a𝑖 = a𝑖ℎ +

(1 + 𝜇) 𝜕𝑤
]
sin 𝜃 𝜕𝜑

+ 𝐷1 [

P

P

2.2. Inertial Load. Inertial force of spherical shell is an
important part of the external loads, and the gyroscopic
effect of oscillator is embodied through the item. Acceleration
expression of any material point on oscillator relative to the
inertial space is

2

𝜇 𝜕3 𝑤
𝜕3 𝑤 1
cos 𝜃 𝜕2 𝑤
+
+
𝜕𝜑3 sin3 𝜃 sin 𝜃 𝜕𝜃2 𝜕𝜑 sin2 𝜃 𝜕𝜃𝜕𝜑
+

U

Figure 1: Schematic diagram of resonator.

− cos 𝜃 − 𝜇 cos 𝜃 𝜕2 𝑤 sin2 𝜃 − cos2 𝜃 𝜕𝑤
+
]
𝜕𝜑2
𝜕𝜃
sin3 𝜃
sin2 𝜃
3

w

xh

2

𝜇 𝜕𝑤
cos 𝜃 𝜕 𝑤
𝜕𝑤
+
+
2
3
2
𝜕𝜃
sin 𝜃 𝜕𝜃2
sin 𝜃 𝜕𝜃𝜕𝜑
+

n

zh

2 𝜕2 𝑤
] = 𝑅2 𝑍,
sin4 𝜃 𝜕𝜑2

where 𝑤 is defined as a spherical point 𝑃 that moves to 𝑃 for
the spherical deformation, deriving the displacement vector
U, and the projections on the local frame 𝜌1 𝜌2 n are 𝑢, V, 𝑤,
respectively, in which 𝑤 is the normal displacement, shown in
Figure 1; 𝑅 is the radius of middle surface of spherical shell;
𝑁 = 2𝐸ℎ/(1−𝜇2 ); 𝑁1 = 𝐸ℎ/(1+𝜇); 𝐷 = 2𝐸ℎ3 /3(1−𝜇2 ); 𝐷1 =
2𝐸ℎ3 /3(1 + 𝜇); 𝐸 is Young’s modulus; 𝜇 is Poisson ratio; 𝑋,
𝑌, and 𝑍 are the projections of external load (the distributed
force) on 𝜌1 𝜌2 n.
It can be seen from (1) that, under the function of additive
loads, the equation meets the superposition principle. The
external loads discussed in the paper include inertial load and
the electrostatic force of exciter.


𝑑2 U 
𝑑U 
 + 2𝜔𝑖𝑐 ×
,
2

𝑑𝑡 𝑐
𝑑𝑡 𝑐

(2)

where a𝑖ℎ is the acceleration of resonator coordinate system
relative to inertial coordinate system; 𝜔𝑖𝑐 is the rotation
angular rate of the local frame 𝜌1 𝜌2 n relative to the inertial
coordinate system. Because 𝜌1 𝜌2 n is static relative to the resonator coordinate system, 𝜔𝑖𝑐 is also the rotation angular rate
of resonator coordinate system relative to inertial coordinate
system which is described as 𝜔𝑖ℎ .
The types of components of the vectors in (2) in the local
frame are expressed as
𝑇

𝑐
𝑐
𝑐
a𝑖 = [𝑎𝑖𝑥 𝑎𝑖𝑦 𝑎𝑖𝑧 ] ,
𝑐
𝑐
𝑐
a𝑖ℎ = [𝑎𝑖ℎ𝑥 𝑎𝑖ℎ𝑦 𝑎𝑖ℎ𝑧 ]

𝑇
ℎ

𝑎𝑖ℎ𝑥
cos 𝜃 cos 𝜑 cos 𝜃 sin 𝜑 − sin 𝜃
ℎ ]
cos 𝜑
0 ][
= [ − sin 𝜑
[𝑎𝑖ℎ𝑦 ] ,
ℎ
[ sin 𝜃 cos 𝜑 sin 𝜃 sin 𝜑 cos 𝜃 ] [𝑎𝑖ℎ𝑧 ]
𝑑U 
𝑑𝑢 𝑑V 𝑑𝑤 𝑇
] ,
 = [
𝑑𝑡 𝑐
𝑑𝑡 𝑑𝑡 𝑑𝑡

𝑇
𝑑2 U 
𝑑2 𝑢 𝑑2 V 𝑑2 𝑤 ] ,

=
[

𝑑𝑡2 𝑐
𝑑𝑡2 𝑑𝑡2 𝑑𝑡2

(3)

𝑇

ℎ
ℎ
ℎ
𝜔𝑖ℎ𝑦
𝜔𝑖ℎ𝑧
𝜔𝑖ℎ = [𝜔𝑖ℎ𝑥
] ,
𝑐
𝑐
𝑐
, 𝑎𝑖𝑦
, and 𝑎𝑖𝑧
are the acceleration components
where 𝑎𝑖𝑥
of material point of harmonic point relative to inertial
ℎ
ℎ
, 𝑎𝑖ℎ𝑦
,
coordinate system in the local frame, respectively; 𝑎𝑖ℎ𝑥

ℎ
and 𝑎𝑖ℎ𝑧
are components of the acceleration of the resonator
coordinate system relative to inertial coordinate system in
ℎ
ℎ
, 𝜔𝑖ℎ𝑦
, and
the resonator coordinate system, respectively. 𝜔𝑖ℎ𝑥
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ℎ
𝜔𝑖ℎ𝑧
are the components of angular rate of the resonator
coordinate system relative to inertial coordinate system in the
resonator coordinate system, respectively.
Because (1) satisfies the superposition principle, the
inertial load can be divided into two conditions in this paper.
The first condition is the consideration of the function
of external low-frequency acceleration a𝑖ℎ as well as the
deformation of resonator 𝑑2 U/𝑑𝑡2 |𝑐 caused by a𝑖ℎ , namely,

𝑑2 U 
 .
a𝑖 = a𝑖ℎ +
(4)
𝑑𝑡2 𝑐

The second condition is the inconsideration of a𝑖ℎ in the
state of second-order vibration of resonator; meanwhile (2)
can be simplified as

𝑑2 U 
𝑑U 

+
2𝜔
×
a𝑖 =
(5)
.

𝑖𝑐
𝑑𝑡2 𝑐
𝑑𝑡 𝑐
2.3. Electrostatic Force. The structure of polar plate of actuator on external base of HRG is spherical sector, shown as
Figure 2. 𝜃𝑎𝑏 , 𝜃𝑎𝑡 are the latitude ranges of the spherical sector
and 𝜑𝑎𝑙 , 𝜑𝑎𝑟 are the longitude ranges of the sector.
The frequency of the control alternating current voltage is
the half of the second order resonance frequency of resonator.
The expression of the AC voltage is:
{0
𝑉 (𝜃, 𝜑, 𝑡) = {
𝜔𝑡
𝑉0 cos ( 2 )
2
{

else
𝜃𝑎𝑡 ≤ 𝜃 ≤ 𝜃𝑎𝑏 , 𝜑𝑎𝑙 ≤ 𝜑 ≤ 𝜑𝑎𝑟 .
(6)

Because the capacitance clearance is in micron level,
which is small relative to the resonator radius, so the spherical
curvature can be ignored, the exciter can be treated as platetype capacitor, and the boundary effect is ignored at the same
time. The expression of electric field force (surface force)
acting to the resonator can be expressed as
𝑞=−

𝜀0 𝑉02
𝜀0 𝑉2
𝜔𝑡
=
−
𝑓 (𝜑, 𝜃) cos2 2 ,
2
2
2𝑑
2𝑑
2

(7)

where
0
𝑓 (𝜑, 𝜃) = {
1

else
𝜃𝑎𝑡 ≤ 𝜃 ≤ 𝜃𝑎𝑏 , 𝜑𝑎𝑙 ≤ 𝜑 ≤ 𝜑𝑎𝑟 .

(8)

Ignoring the constant of the electric field force, (7) can be
formed as
𝑞=−

𝜀0 𝑉02
𝑓 (𝜑, 𝜃) cos 𝜔2 𝑡.
4𝑑2

(9)

The effecting direction of electric field force is the normal
direction of the outside surface of resonator. When resonator
is under the condition of vibration, because the vibration
contains the tangential motion, the normal direction of the
outside surface of resonator varies constantly, leading to the
existence of tangential component. While the amplitude of
resonator is small compared to the radius, the tangential
component can be negligible and the normal component of
electric field force can be approximately taken as (9).

zh
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Figure 2: Structure diagram of vibration pickup.

3. Multielectrode Incentive Features
3.1. Actuator Configuration Structure. The external base of
HRG uniformly distributes 16 exciter, and the interval is 22.5∘ ,
presented as 𝐹1∼𝐹16 as shown in Figure 3. The longitude and
latitude ranges of electrode are shown in Table 1. Typically, the
exciter in position of wave amplitude of resonator actuator
can be used in amplitude vibration and amplitude stability
and electrode of node can be used for rate feedback. According to the symmetry of the second-order resonance state of
resonator, 16 exciters can construct the following three kinds
of structure forms.
(1) 𝐹1 at 0∘ of electrode axis is taken as exciter for
amplitude stability, and 𝐹3 at 45∘ of electrode axis
is taken as exciter for force feedback. As shown
in Figure 3, this is the most basic form of testing
structure, defined as Scheme a.
(2) 𝐹1 and 𝐹5 are paralleled as the exciter for amplitude
stability. 𝐹2 and 𝐹6 are paralleled as exciter for force
feedback, shown as Figure 3, which is defined as
Scheme b.
(3) 𝐹1 , 𝐹9 , 𝐹5 , and 𝐹13 are taken as exciter for amplitude
stability, 𝑉𝑎 cos 𝜔2 𝑡 AC voltage is exerted on 𝐹1 , 𝐹9 ,
and −𝑉𝑎 cos 𝜔2 𝑡 AC voltage is exerted on 𝐹5 , 𝐹13 . 𝐹3 ,
𝐹11 , 𝐹7 , and 𝐹15 are taken as exciter for amplitude
stability, 𝑉𝑚 cos 𝜔2 𝑡 AC voltage is exerted on 𝐹3 , 𝐹11 ,
and −𝑉𝑚 cos 𝜔2 𝑡 AC voltage is exerted on 𝐹7 , 𝐹15
shown as Figure 3(c) and defined as Scheme c.
3.2. Exciter Characteristics. As Figure 2 showed, in the condition of existence of electrode excitements, 𝑋, 𝑌, and 𝑍 in
components of external load in (1) can be expressed as
𝑐
,
𝑋 = −𝜌ℎ𝑎𝑖𝑥
𝑐
𝑌 = −𝜌ℎ𝑎𝑖𝑦
,

(10)

𝑐
𝑍 = −𝜌ℎ𝑎𝑖𝑧
+ 𝑞.

Substituting it into (1), the vibration equation can be complied
under the effect of single exciter of resonator.
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Table 1: Electrode range.
Parameter value

Name
𝜃𝑎𝑏𝑖
𝑖 = 1, 2, . . . , 16
𝜑𝑎𝑙1
𝜑𝑎𝑙2
𝜑𝑎𝑙3
𝜑𝑎𝑙4
𝜑𝑎𝑙5
𝜑𝑎𝑙6
𝜑𝑎𝑙7

85∘

𝜃𝑎𝑡𝑖
𝑖 = 1, 2, . . . , 16

75∘

350∘
12.5∘
35∘
57.5∘
80∘
102.5∘
125∘

𝜑𝑎𝑟1
𝜑𝑎𝑟2
𝜑𝑎𝑟3
𝜑𝑎𝑟4
𝜑𝑎𝑟5
𝜑𝑎𝑟6
𝜑𝑎𝑟7

10∘
32.5∘
55∘
77.5∘
100∘
122.5∘
145∘

F5

F3

P1

P6
F4

P7

F3

F7

P1

F4

P8

P7

𝜑𝑎𝑟8
𝜑𝑎𝑟9
𝜑𝑎𝑟10
𝜑𝑎𝑟11
𝜑𝑎𝑟12
𝜑𝑎𝑟13
𝜑𝑎𝑟14
𝜑𝑎𝑟15
𝜑𝑎𝑟16

167.5∘
190∘
212.5∘
235∘
257.5∘
280∘
302.5∘
325∘
347.5∘

Va cos(𝜔2 t/2)

Vm cos(𝜔2 t/2)

F6
F8

F7

(a) Scheme a

(b) Scheme b

F5

F6

F1

F2

P3

P4
F3

F1 F
2

F8

F8

Parameter value

F7

P5

F4

Name

F5

P2

P6

F6
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Figure 3: Structure diagram of exciter.

While the form of the analytical solution of the state
equation of second-order harmonic vibration of resonator is
𝑈2 cos 2𝜑
𝑈2 sin 2𝜑
𝑢2
[ V2 ] = [ 𝑉2 sin 2𝜑 ] 𝑝 (𝑡) + [−𝑉2 cos 2𝜑] 𝑞 (𝑡) ,
[ 𝑊2 sin 2𝜑 ]
[𝑤2 ] [𝑊2 cos 2𝜑]

(11)

where 𝑝(𝑡), 𝑞(𝑡) are undetermined variables related to time
and 𝑈2 , 𝑉2 , and 𝑊2 are Rayleigh Functions, the form is as
follows:
𝜃
𝑈2 = 𝑉2 = sin 𝜃 tan2 ,
2
2𝜃

𝑊2 = − (2 + cos 𝜃) tan

2

(12)
.

When the dynamic equation and the analytical solution
form are known, a method of solving the equation’s approximate solution is to use Bubnov-Galerkin method. Eventually
the undetermined variables 𝑝(𝑡) and 𝑞(𝑡) in (11) can be
obtained that they meet the second-order differential equation. Substituting damping coefficient 𝜉2 into the equation, it
can be formed as

𝑝̈ (𝑡) + 𝜔22 𝜉2 𝑝̇ (𝑡) − 4𝐾Ω𝑞 ̇ (𝑡) + 𝜔22 𝑝 (𝑡)
= − (𝐻𝑎 𝐾𝑐0 + 𝐻𝑚 𝐾𝑐45 ) cos 𝜔2 𝑡,
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𝑞 ̈ (𝑡) + 𝜔22 𝜉2 𝑞 ̇ (𝑡) + 4𝐾Ω𝑝̇ (𝑡) + 𝜔22 𝑞 (𝑡)
= − (𝐻𝑎 𝐾𝑠0 + 𝐻𝑚 𝐾𝑠45 ) cos 𝜔2 𝑡,
(13)
where
𝐻𝑎 =

𝜀0 𝑅2 𝑉𝑎2
,
4𝑚0

𝐻𝑚 =

𝜀0 𝑅2 𝑉𝑚2
.
4𝑚0

(14)

When the excitement mode is taken as Scheme a,
𝐾𝑐0 = 𝐾𝑐1 ,

𝐾𝑐45 = 𝐾𝑐2 ,

𝐾𝑠0 = 𝐾𝑠1 ,

𝐾𝑠45 = 𝐾𝑠2 .

(15)

4. Deformation Caused by Acceleration

When the excitement mode is taken as Scheme b,
𝐾𝑐0 = 𝐾𝑐1 + 𝐾𝑐3 ,

𝐾𝑐45 = 𝐾𝑐2 + 𝐾𝑐4 ,

𝐾𝑠0 = 𝐾𝑠1 + 𝐾𝑠3 ,

𝐾𝑠45 = 𝐾𝑠2 + 𝐾𝑠4 .

(16)

When the excitement mode is taken as Scheme c,

𝐾𝑠0 = 𝐾𝑠1 + 𝐾𝑠3 − 𝐾𝑠5 − 𝐾𝑠7 ,

(17)

𝐾𝑠45 = 𝐾𝑠2 + 𝐾𝑠4 − 𝐾𝑠6 − 𝐾𝑠8 ,
where
𝐾𝑐𝑖 = ∫

𝜑𝑎𝑟𝑖

𝜑𝑎𝑙𝑖

𝐾𝑠𝑖 = ∫

𝜑𝑎𝑟𝑖

𝜑𝑎𝑙𝑖

∫

𝜃𝑎𝑏𝑖

𝜃𝑎𝑡𝑖

∫

𝜃𝑎𝑏𝑖

𝜃𝑎𝑡𝑖

𝑊 (𝜃) sin 𝜃 cos 2𝜑
𝑑𝜃 𝑑𝜑,
𝑑2
𝑊 (𝜃) sin 𝜃 sin 2𝜑
𝑑𝜃 𝑑𝜑,
𝑑2

(18)

− 4𝐾Ω𝑛𝜔2 = − (𝐻𝑎 𝐾𝑐0 + 𝐻𝑚 𝐾𝑐45 ) ,

𝜔23 𝜉2 𝑛 + 4𝐾Ω𝑚𝜔2 = − (𝐻𝑎 𝐾𝑠0 + 𝐻𝑚 𝐾𝑠45 ) ,
Ω=

𝜔22 𝜉2
𝐻 𝐾 + 𝐻𝑚 𝐾𝑐45
− 2𝜗] .
tan [arctan 𝑎 𝑐0
4𝐾
𝐻𝑎 𝐾𝑠0 + 𝐻𝑚 𝐾𝑠45

(19)

(20)

For further discussion of the exciting features, Scheme a
is taken as an example to explain, ignoring the structure error
of HRG. Substitute the data in Table 1 into the equation:
𝜔2 𝜉
𝐻
Ω = 2 2 tan {arctan 𝑚 − 2𝜗} .
4𝐾
𝐻𝑎

(21)

Seen from the equation above, appropriate 𝐻𝑚 , 𝐻𝑎 can be
found to make 𝜗 = 0; when 𝑛 = 0 in (19), (19) can be simplified
as
𝐾 𝐻
𝑚 = − 𝑐13 𝑎 ,
𝜔2 𝜉2
(22)
𝐾𝑠2 𝐻𝑚
.
Ω=−
4𝐾𝑚𝜔2

(24)

And the component form in the resonator coordinate system
𝑥ℎ 𝑦ℎ 𝑧ℎ is
𝑥
sin 𝜃 cos 𝜑
[𝑦] = 𝑅 [ sin 𝜃 sin 𝜑 ]
[𝑧]
[ cos 𝜃 ]

Then,

(23)

In order to solve 𝑅𝑑 in the above equation, the surface
equation after deformation should be known. As shown in
Figure 2, the material point 𝑃 in the middle surface of resonator moves to point 𝑃 after deformation, the displacement
vector 𝜌 corresponds to 𝑃 and 𝜌 corresponds to 𝑃, and the
deformation vector has the relationship as follows:
𝜌 = 𝜌 + U.

𝑖 = 1, 2, . . . , 8.
𝜔23 𝜉2 𝑚

As shown in Figure 2, take any point 𝑀 within the scope
of exciter area. Line 𝑂𝑀 intersects with the middle surface
after the deformation of resonator at point 𝑁, where 𝑂𝑀 =
𝑅𝑖𝑛 ; suppose 𝑂𝑁 = 𝑅𝑑 , and the expression of capacitance
clearance is
𝑑 = 𝑅𝑖𝑛 − 𝑅𝑑 − ℎ.

𝐾𝑐0 = 𝐾𝑐1 + 𝐾𝑐3 − 𝐾𝑐5 − 𝐾𝑐7 ,
𝐾𝑐45 = 𝐾𝑐2 + 𝐾𝑐4 − 𝐾𝑐6 − 𝐾𝑐8 ,

When the vibration mode angle of resonator is locked
at zero, the above two equations represent the rules for
amplitude control and control link of the vibration mode
angle. It can be seen that the two control loops are no
coupling, but actually because of factors such as errors
of form and position and deformation, the two loops are
coupling, and the coupling relationship can be described
by (19). In the process of gyro design, make sure to avoid
coupling of two control loops to the greatest extent; namely,
the aim 𝐾𝑐0 = 𝐾𝑠45 = 0 comes true and 𝐾𝑐45 , 𝐾𝑠0 are
constants.

cos 𝜃 cos 𝜑 − sin 𝜑 sin 𝜃 cos 𝜑
𝑢
+ [ cos 𝜃 sin 𝜑 cos 𝜑 sin 𝜃 sin 𝜑 ] [ V ] ,
0
cos 𝜃 ] [𝑤]
[ − sin 𝜃

(25)

where 𝑢, V, and 𝑤 include the deformation caused by
acceleration 𝑢1 , V1 , 𝑤1 and 𝑢2 , V2 , 𝑤2 when resonator steps
into second-order state.
The intersection between Line 𝑂𝑀 and the middle
surface of resonator meets the equation as follows:
sin 𝜃̂ cos 𝜑̂
sin 𝜃 cos 𝜑
[ ̂
]
𝑅𝑑 [ sin 𝜃 sin 𝜑̂ ] = 𝑅 [ sin 𝜃 sin 𝜑 ]
̂
[ cos 𝜃 ]
[ cos 𝜃 ]
cos 𝜃 cos 𝜑 − sin 𝜑 sin 𝜃 cos 𝜑
+ [ cos 𝜃 sin 𝜑 cos 𝜑 sin 𝜃 sin 𝜑 ]
0
cos 𝜃 ]
[ − sin 𝜃
𝑢1 + 𝑢2
× [ V1 + V2 ] ,
[𝑤1 + 𝑤2 ]

(26)
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̂ 𝜑̂ are the latitude and the longitude of the base polar
where 𝜃,
plate in vibration pickup, 𝜃̂ ∈ [𝜃V𝑡 , 𝜃V𝑏 ], 𝜑̂ ∈ [𝜑V𝑙 , 𝜑V𝑟 ] are
known variables, and 𝑅𝑑 , 𝜃, and 𝜑 are unknown variables.
The deformations 𝑢1 , V1 , and 𝑤1 in (26) are shown in (29)
and the deformations 𝑢2 , V2 , and 𝑤2 in (29) are shown as
follows:
𝑈2 cos 2 (𝜑 − 𝜗)
𝑢2
[ V2 ] = 𝐴 𝑎 [ 𝑉2 sin 2 (𝜑 − 𝜗) ] sin 𝜔2 𝑡,
[𝑊2 cos 2 (𝜑 − 𝜗)]
[𝑤2 ]

(27)

Table 2: Simulation parameters.
Name
𝐴𝑎
𝜗
𝜔2
𝑑0
Grid width

Parameter value

Mane

Parameter value

4 𝜇m
0∘
4 kHz
100 𝜇m
0.5∘

𝜀0
𝑅
ℎ
𝑅in
Step interval

8.85 × 10−12 F/m
15 mm
0.5 mm
15.6 mm
5 𝜇s

where 𝐴 𝑎 is the amplitude; 𝜔2 is the frequency of secondorder harmonic vibration of resonator; 𝑡 is the time; 𝜗 is
vibration mode angle; 𝑈2 , 𝑉2 , and 𝑊2 are Rayleigh Functions,
the form of which is shown as follows:

(2) Calculation of vibration deformation: given the
amplitude 𝐴 𝑎V of second-order resonance state of
resonator and the vibration mode angle 𝜗, using (27),
𝑢2 , V2 , and 𝑤2 can be calculated.

𝜃
𝑈2 = 𝑉2 = sin 𝜃tan2 ,
2

(3) Discretization: meshing the spatial domain of 𝐹1 ∼𝐹8
vibration pickup, respectively (as shown in Table 1).
(28)

(4) Calculation of capacitance clearance and integral
range:

The form of deformation equation under the effect of
resonator is

(i) Quasi-Newton method is used to calculate the
numerical solution of 𝑅𝑑 at each grid point in
(26) and corresponding range of latitude and
longitude of exciting electrode after deformation; in (26) 𝑢, V, and 𝑤 contain deformations
𝑢1 , V1 , and 𝑤1 caused by acceleration;
(ii) the capacitance clearance at each point can be
calculated by (23).

2𝜃

𝑊2 = − (2 + cos 𝜃) tan

2

.

𝑈1 sin (𝜑 + 𝜓)
𝑢1
[ V1 ] = 𝐴 𝑔 [−𝑉1 cos (𝜑 + 𝜓)] ,
[ 𝑊1 sin (𝜑 + 𝜓) ]
[𝑤1 ]

(29)

where 𝐴 𝑔 is the amplitude of the deformation of resonator
under the effect of acceleration; 𝜓 is the orientation of the
acceleration effect; 𝑈1 , 𝑉1 , and 𝑊1 are Rayleigh Functions, the
form of which is shown as follows:
𝜃
𝑈1 = 𝑉1 = sin 𝜃 tan ( ) ,
2
𝜃
𝑊1 = − (1 + cos 𝜃) tan ( ) .
2

(30)

5. Simulation Analysis
Under the effect of acceleration, a relative displacement
occurs between the resonator and the excitation electrode
in external base, which leads to the changes of the integral
domain in (18) and the initial electrode clearance 𝑑, making
the change of exciting coefficients 𝐾𝑐0 , 𝐾𝑠0 , 𝐾𝑐45 , and 𝐾𝑠45 .
Known from (19), when 𝐾𝑠0 , 𝐾𝑐45 are not zeros, amplitude
stability loop and rate loop couple, and the zero drift of gyro
occurs, while the variation of the 𝐾𝑐0 , 𝐾𝑠45 will cause changes
in the gyro scale factor.
Because of the complexity of the transcendental equation
and double integral analytical solution, the method of numerical calculation is used to research the exciting coefficient
errors, and the process of establishment of the simulation
system is as follows.
(1) Deformation caused by acceleration: 𝐴 𝑔 is changing
from 0.01 𝜇m to 0.1 𝜇m, the interval is 0.01 𝜇m, and 𝜓
is changing at the range of 0∘ ∼360∘ ; then the interval
is 10∘ . The deformations 𝑢1 , V1 , and 𝑤1 caused by
acceleration in (29) can be calculated.

(5) Calculation of exciting coefficients 𝐾𝑐0 , 𝐾𝑠0 , 𝐾𝑐45 , and
𝐾𝑠45 :
(i) calculate 𝐾𝑐𝑖 , 𝐾𝑠𝑖 using (18);
(ii) calculate the exciting coefficient in Schemes a, b,
and c in the form of combination of (15)∼(17).
Analyzing the effect of acceleration on incentive system is
the analysis of the relationship between 𝐴 𝑔 , 𝜓 in (26) and the
exciting coefficients 𝐾𝑐0 , 𝐾𝑠0 , 𝐾𝑐45 , and 𝐾𝑠45 . The simulation
system parameter is set as Table 2 showed; implement the
simulation process and calculate the exciting coefficients
and compare the solutions to the ideal value of the nodeformation circumstance; then the exiting coefficient errors
can be acquired in Schemes a, b, and c, shown as Figures 4, 5,
and 6.
It can be known from the harmonic analysis of the
10 curves shown in Figure 4 (only give the results because
of more data) that the two times with the second-order
harmonic coefficient of errors is equal to the amplitude of
the exciting coefficient error in Scheme b, which proves that
Scheme b can compensate for the first-order of the exciting
coefficient error in Scheme a. In Scheme b, the constant
component is amplified two times, but comparing with the
first-order harmonic amplitude, the constant component is
small, so it greatly weakens the exciting coefficient errors
caused by acceleration in Scheme b.
It can be seen from Figure 6 that Scheme c compensates
for the second-order harmonic component of Scheme b, and
the constant component is amplified. While the scale of the

Mathematical Problems in Engineering

7

×104
2
200
ΔKc45

ΔKc0

A g = 0.1 𝜇m
0
A g = 0.01 𝜇m
−2

0

A g = 0.1 𝜇m

0
A g = 0.01 𝜇m

−200

100

200

300

0

100

200

(a) Error of 𝐾𝑐0

(b) Error of 𝐾𝑐45

×10
2

4

200

A g = 0.01 𝜇m
ΔKs45

ΔKs0

A g = 0.01 𝜇m
0
−200

0
A g = 0.1 𝜇m

A g = 0.1 𝜇m
0

300

𝜓 (∘ )

𝜓 (∘ )

100

200

300

−2

100

0

200

𝜓 (∘ )

300

𝜓 (∘ )

(c) Error of 𝐾𝑠0

(d) Error of 𝐾𝑠4

Figure 4: Exciting coefficients errors in Scheme a.
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Figure 6: Exciting coefficients errors in Scheme c.

exciting coefficient error comparing to the ideal value is small,
Scheme c is considered to completely eliminate the excitation
system errors caused by the acceleration.
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A method for modeling an Electrorheological (ER) damper is proposed. The modeling method comprehends two simple steps:
characterization and model customization. These steps are based on the experimental data of the damper behavior. Experiments
were designed to explore the nonlinear behavior of the damper at different frequencies and actuation signals (i.e., automotive
domain). The resulting model has low computational complexity. The method was experimentally validated with a commercial
damper. The error-to-signal Ratio (ESR) performance index was used to evaluate the model accuracy. The results were quantitatively
compared with two well-known ER damper models: the Choi parametric model and the Eyring-plastic model. The new proposed
model has a 44% better ESR index than the Choi parametric model and 28% for the Eyring-plastic model. A qualitative comparison
based on density plots highlights the advantages of this proposal.

1. Introduction
In an automotive suspension system the shock absorber
has the purpose of dissipating the energy of the motion of
the vehicle caused by the road disturbances. This energy
dissipation allows the suspension to achieve two important
objectives: decrease the vertical acceleration and maintain
the tires in contact with the ground. Passive suspension
systems are tailored to achieve a tradeoff of these objectives
[1]. Semiactive (SA) suspension systems use a particular type
of shock absorber which is capable of online modifying
the amount of energy that can dissipate. This change on
the damper needs to be controlled, to achieve the desired
objectives.
The electrorheological (ER) damper is a hydraulic device,
which is filled with a mixture of low viscosity oil and particles
that are sensitive to an electric field. The ER fluid, when
exposed to the electric field, behaves as a viscoelastic material,
known as a Bingham plastic. This means that ideally it behaves
as a solid at low stress efforts, but it flows as a viscous fluid
when this force reaches its yield stress. Furthermore, the yield
stress is field dependent; it increases as the electric field does.

An accurate mathematical model to predict the nonlinear
dynamic behavior of the ER damper is needed in order to
get a better control of the SA suspension system. There are
several contributions in this topic [2, 3]. However, most of
them are highly dependent on internal physical properties of
the damper (usually confidential information), demand too
much computational effort, or fail to capture the nonlinear
behavior of the ER damper.
A new method to model an ER damper is proposed. The
method comprehends two main steps: (1) a characterization
procedure where the dynamical response of the damper is
analyzed and (2) a model customization where a general
model is tailored. This method requires experimental data
of the ER damper. The resulting model is light enough to
be implemented in an embedded system. The method is
validated with intensive experimental data and compared to
others published.
This paper is organized as follows: in Section 2 a bibliographic review of ER damper modeling is presented.
In Section 3 the experimental system and the Design of
Experiments (DoE) are shown. Section 4 describes the proposed method. Section 5 presents the modeling procedure.

2
Section 6 shows the results and evaluates the performance of
the customized model. Finally, Section 7 concludes the paper.

2. ER Damper Models: State of the Art
There are many mathematical models to reproduce the
characteristic behavior of the ER damper. The major efforts
have been aimed at parametric models. [4] proposes a model
based on the viscoelastic characteristics of the ER damper;
this model contemplates a linear passive damping force that
depends on the piston velocity and a lineal SA effect that only
depends on the electric field applied to the ER fluid, this is
a simple model that does not contemplate hysteresis and the
damping force is completely linear.
A model based on the pressure drop in the ER channel
is presented by [5]; this pressure drop considers an effect
that depends on the damper velocity and others that just
depend on the electric field; the coefficients for this model
are based on physical dimensions of the damper and physical
properties of the ER fluid. [6] proposes a model using a
bond graph to model de governing equation of motion of
the damper, but the physical dimensions and properties of
the damper and ER fluid are needed. Later [7] shows two
different types of ER damper configurations. The first one is
the most common, the cylindrical type, in which the ER fluid
flows through an annular channel where the electric field is
applied. The second one is the orifice type; this type has a
mechanism located inside the piston of the damper, which
regulates the flow of the ER fluid through its chambers; two
models were proposed, one for each type of damper, but the
ones of physical parameters are needed.
Following the same line in terms of parametric models,
[8] describes a hydromechanical based model. This model
divides the damper in different zones where the pressure
drop is calculated and the damper force depends on those
pressure drops. This model captures the damper behavior in
the preyield zone, in terms of the hysteresis. The authors do
not evaluate the effects of the frequency in the model and the
transient behavior of the force during changes in intensity of
the electric field, which is important for control purposes. [9]
presents a parametric dynamic model in which the pressure
drops in the annular duct are calculated with respect to
time. This model represents the hysteretic behavior of the
ER damper in postyield zone and its increment due to the
frequency, but the assessment of the model is done with constant conditions of frequency displacement and electric field.
Another model is based on a lumped parameter method, in
which the sections of the ER damper (upper chamber, lower
chamber, annular duct, and connecting pipe) are divided
into lumps and modeled with differential equations. This
model predicts the nonlinear behavior of the ER damper in
the preyield and postyield zones but depends on physical
properties of the damper and it is sensitive to the initial
conditions, [10].
Regarding the nonparametric models, [11] presents a
polynomial equation with only three constants that can be
fitted by least square estimation (LSE) methods; the force
of the damper only depends on the velocity of the piston.
The advantage of this model is the few number of constants

Mathematical Problems in Engineering
but it does not seem to be very accurate; also it needs a set
of constants for every field manipulation interval. Another
approach is the Eyring model [12] which uses an Arcsinh
function with shape parameters that depends on the electric
field intensity and the frequency. This model can represent the
behavior in both the preyield and the postyield zone but needs
the identification of every parameter in each combination
of frequency and field intensity; the accuracy of the model
depends on how small are the considered intervals of the
variables, but when changing the between this levels the
model does not consider a transient response of the force.
[13] introduces a neurofuzzy training algorithm to model the
force of the ER damper, using the values of the acceleration
and velocity of the damper; this model captures the nonlinear
behavior of the ER damper with high level of accuracy, but the
evaluation was done under very limited conditions.
Most of the models are dependent on internal physical
properties of the damper, ER fluid, and its design; this makes
the implementation of these models very restricted (i.e.,
confidential information). Our proposal considers general
model that is customized based only on experimental data
of the ER damper. The experimental system and Design of
Experiments are shown in the next section.

3. Design of Experiments
A commercial ER damper was used, Figure 1(a). The damper
has a stroke of ±150 mm and a force range of [−2500, 4500] N.
The damper is actuated by a 2 module which is controlled by
a 25 kHz pulse-width modulated (PWM) signal. The PWM
duty cycle range was 10–80%. Since the ER damper needs
to be operated with a voltage signal of 0–5 kV the 2 module
proportionally transforms the duty cycle of PWM signal to
voltage. Figure 1(b) shows the characteristic force-velocity
(FV) diagrams at different PWM duty cycles.
The experimental setup, Figure 2(a), consists of three
modules: (1) the acquisition system, which registers the displacement, velocity, damper force, and PWM signals using a
National Instruments (NI) cDAC; (2) the hydraulic actuation
system which consists of a piston that is actuated by a MTS
407 controller; and (3) the control system, which is used as
an interface (control panel programmed in NI LabView) to
operate the system.
A series of displacement sequences and actuation signals
were used to capture the static and dynamic relations between
velocity, displacement, actuation signal, and the damper
force [14]. These sequences ensure the ER damper will be
tested in the automotive domain. The sequences used for the
displacement of the piston are road profile (RP), Figure 2(b),
[15], and decreasing-amplitude stepped frequency sinusoidal
(DSFS) signal, Figure 2(c), [16].
The RP sequence is used to test the ER damper under
standard automotive conditions and represents the motion
in a vehicle suspension when the car is driven through a
specific surface. The RP smooth highway is the most common
road for commercial vehicles. On the other hand, the DSFS
signal is used to analyze the transient response and the hysteresis loops when changes in magnitude and frequency are
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Figure 2: Experimental system and displacement sequences (RP and DSFS).

present. The bandwidth of the DSFS displacement sequence
is [0.5, 14.5] Hz wherein lie comfort and road holding specifications. In addition, DSFS sequence has a similar frequency
spectrum experienced by automotive suspension systems.
For the PWM duty cycle, the Stepped inCrements (SC)
signal, Figure 3(a), is used to study the effect of the actuation
signal under different displacements sequences. Increased
clock period signal (ICPS), Figure 3(b), and pseudorandom
binary signal (PRBS), Figure 3(c), sequences are used to

analyze the damper transient response under actuation signal
variations. The ICPS is a signal with random amplitude variations, whereas the PRBS is a signal whose amplitude switches
between two constant values with a random frequency.
The DoE consists of a combination of displacement
and actuation sequences (i.e., 5 experiments). Experiment 1
(E1 ) for characterization purposes uses the DSFS sequence
repeated at each of the steps of the SC signal so that the
damper could be excited in a wide range of displacements
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Table 1: Design of experiments.

Experiment

Frequency [Hz]
[0.5–14.5]
[0–3]
[0–3]
[0.5–14.5]
[0.5–14.5]

1

1

0.8

0.8
PWM duty cycle

PWM duty cycle

E1
E2
E3
E4
E5

Displacement
Amp. [mm]
±1–±8
±8
±8
±1–±8
±1–±8

Sequence
DSFS
RP
RP
DSFS
DSFS

0.6
0.4
0.2
0

Actuation signal

Purpose

SC
PRBS
ICPS
ICPS
PRBS
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Identification
Identification
Identification
Identification
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Figure 3: Actuation signals.

and forces. Experiments 2–5 (E2 , . . . , E5 ) for identification
purposes are a combination of RP-DSFS sequences and
PRBS-ICPS signals; while the DSFS explores a wide range
of movement the RP only explores a limited one. For the
actuation signal the use of a PRBS signal shows how the
damper behaves when operated at its limit conditions; for the
case of ICPS the full range of force was shown. Three replicas
were implemented at a sampling frequency of 512 Hz, Table 1.

the damper, Figure 4. In the DoE step, the experiments
are defined on the automotive range of operation. In the
characterization step, the dynamical characteristics of the
damper behavior are analyzed based on the characteristic
force-displacement (FD) and force-velocity (FV) diagrams.
Then the general model is customized. In the identification
step the model fits the 60% of the experimental data. In the
validation step, the model is tested with the remaining 40%
of the experimental data using the error-to-signal ratio (ESR)
performance index.

4. Proposed Method
The proposed method does not need a priori knowledge
(i.e., physical properties, dimensional information, etc.) of

4.1. Characterization. The ER damper force can be represented by two components: a passive component, which is
present for all voltage input values, and a SA component,
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Figure 5: Characteristics diagrams of a semiactive damper.

which depends on the actuation input [5]. The SA force
component depends on the actuation signal as
𝐹SA (𝑉) = 𝐹𝐷 (𝑉) − 𝐹𝑃 ,

(1)

where 𝐹SA is the added force due to the manipulation signal
𝑉 to de damper force 𝐹𝐷 if a voltage 𝑉 is applied and 𝐹𝑃 is the
measured damper force in an experiment with zero or minimum manipulation. The FV and FD diagrams are analyzed
to find the characteristics that define the damper, Figure 5.
The passive FV and FD experimental diagrams, Figures 5(a)

and 5(b), are analyzed and the following characteristics can
be identified:
(i) hysteresis: the observed hysteresis is considered significant, based on the dispersion of the force measurements (wider plot forms);
(ii) static friction: the passive force presents a drastic
change of force at low velocities
(iii) viscous damping: it is the constant force gain that
depends of the velocity
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Figure 6: Characteristic diagrams of the ER damper passive behavior.

Table 2: Model terms used to represent the ER damper characteristics.
Characteristic
Observed diagram Model term
Viscous damping
Passive FV
𝑐𝑝 ż
Stiffness
Passive FD
𝑘𝑝 z
Friction
Passive FV
𝑓fr
Hysteresis loop
Passive FV
𝑓ℎ,𝑧
Frequency dependent hysteresis
Passive FV
𝑓ℎ,𝑧̇ , 𝑚𝐷
Preyield zone
SA FV
𝑓pre-𝑦,𝑧̇
Gain in force due to manipulation
SA FV
𝑐SA

(iv) stiffness: this characteristic is related to how much
the gas in the accumulator can be compressed after
defriction force has yielded.
Afterwards the SA diagram, Figure 5(c), is analyzed
using (1). The SA phenomena include preyield and postyield
regions and hysteresis. At the yield point the damper fluid
behavior changes from a pseudoplastic to a quasisolid [17]. In
the FV diagram the yield point is a Cartesian point where the
damping force becomes independent of the velocity. The yield
point defines where the SA damper operates: in preyield zone
or in postyield zone. Also, at the postyield zone, an average
force gain (FM) is obtained, based on the average value in
which the yield of the force occurs at each manipulation
value.
The characterization procedure was applied to the
damper, using experiment E1 , Table 2. E1 was selected
because the DSFS displacement excitation signal explores all
the realistic operational range of an automotive damper, in
terms of frequency and displacement, and the SC actuation
signal causes the damper to show its entire force range.
E1 allows observing the same dynamical effects of the ER
damper caused by the excitation signal at different levels of
actuation. Since this damper cannot be operated with no

applied field, the sequence at 10% of duty cycle PWM will be
considered passive.
Passive Behavior. Figure 6 shows the significant effects that
are present in this ER damper operating in passive mode.
From the FV diagram, Figure 6(a), it can be seen that this
ER damper is asymmetrical; the maximum force in extension
(positive velocity) is greater than the force generated in
compression (negative velocity). The force has a velocity
dependent component, which is also different in extension
and compression. This damper presents significant hysteresis
in all its operational range, being more notorious at low speed
and in positive velocity. At low speed a friction component
(∼700 N) can be observed. This ER damper is subjected to
the stick-slip phenomenon, especially in positive velocity;
according to [5] this phenomenon appears in the ER damper
as a force overshot when the flow changes its direction in the
annular duct. In the FD diagram, Figure 6(b), an abnormal
stick-slip appears as a peak, as well as effect of the frequency
in the damper stiffness.
Semiactive Behavior. The behavior of the SA component
of the force is presented in Figure 7. The relation between
the SA force and the PWM duty cycle becomes evident;
this relationship is asymmetrical, Figures 7(a) and 7(b). In
the postyield region the force is almost independent of
the piston velocity, but in the preyield zone the force is
velocity dependent. Also at low speed the hysteresis loop
in SA force is not significant, but as the velocity and the
PWM duty cycle rise, the hysteresis rises too, Figure 7(a).
In Figure 7(b) the stiffness of the damper is affected when
the frequency is incremented; also it is notorious how the
stick-slip phenomenon became greater as the manipulation
increases. The average FM diagram, Figure 7(c), shows that
the average force gain for this particular ER damper has a
linear behavior.
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Figure 7: Characteristic diagrams of the ER damper SA behavior.

4.2. Customization. Equations (2), (3), and (4) are a general
SA model which includes almost all the phenomena observed
in SA dampers. Consider
𝐹𝐷 (𝑉) = 𝐹𝑃 + 𝐹SA (𝑉) ,

(2)

𝑓ℎ,𝑧̈ = 𝑓ℎ,𝑧̈ (

Vℎ,𝑧̈ 𝑧̇ + 𝑥ℎ,𝑧̈ sign (𝑧)̈

) ,
1 + Vℎ,𝑧̈ 𝑧̇ + 𝑥ℎ,𝑧̈ sign (𝑧)̈ 

𝑓pre-𝑦,𝑧,𝑉
̇ =(

̇
Vpre-𝑦,𝑧,𝐼̇ 𝑧𝑉
) ,

̇ 
1 + Vpre-𝑦,𝑧,𝐼̇ 𝑧𝑉

where
𝐹𝑃 = 𝑓0 + 𝑐𝑝 𝑧̇ + 𝑘𝑝 𝑧 + 𝑚𝐷𝑧̈ + 𝑓fr + 𝑓ℎ,𝑧 + 𝑓ℎ,𝑧̈ ,

(3)

𝐹SA (𝑉) = 𝑉𝑐SA [𝑓pre-𝑦,𝑧,𝑉
̇ + 𝑓pre-𝑦,𝑧 ]

(4)

with
𝑓fr = 𝑓𝑓 (
𝑓ℎ,𝑧 = 𝑓ℎ,𝑧 (

V𝑓 𝑧̇ + 𝑥𝑓 𝑧

) ,
1 + V𝑓 𝑧̇ + 𝑥𝑓 𝑧

Vℎ,𝑧 𝑧̇ + 𝑥ℎ,𝑧 sign (𝑧)

) ,
1 + Vℎ,𝑧 𝑧̇ + 𝑥ℎ,𝑧 sign (𝑧)

𝑓pre-𝑦,𝑧 = (

𝑥pre-𝑦,𝑧 𝑧

) .
1 + 𝑥pre-𝑦,𝑧 𝑧
(5)

Equation (3) describes the passive force (𝐹𝑃 ). The passive
force component 𝑓0 is an initial compensation force generated by the accumulator, 𝑐𝑝 is the viscous damping coefficient
which describes the linear viscous damping of the Newtonian
fluids, 𝑘𝑝 is the stiffness coefficient which is the characteristic
of linear elastomers, 𝑚𝐷 is the virtual damper mass, 𝑓fr is
the damping force due to friction, and 𝑓ℎ,𝑧 , 𝑓ℎ,𝑧̇ model the
hysteresis [18–20]. Equation (4) represents the SA force 𝐹SA ,
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Figure 8: Comparison of estimated (green) and experimental (black) data of based on E2 .

where 𝑉 is the manipulation applied to the damper, 𝑐SA is the
force gain due to manipulation, and 𝑓pre-𝑦,𝑧 , 𝑓pre-𝑦,𝑧,𝐼̇ describe
the behavior of the damper in the preyield zone. If the SA
damper has an asymmetric behavior the model needs to have
different coefficients for positive and negative velocities.
In these equations, the use of the tanh function is
replaced with the so-called squash function: 𝑥/(1 + |𝑥|). This
function has the advantage of been lighter for computing
while reproducing almost the same pattern as the tanh.
Depending on the physical characteristics of the ER
damper, (3), (4) are customized so that only the required
terms are considered to preserve an accurate representation
while simplifying the model structure, Table 2. For the passive
force, Figure 6, friction, stiffness, and viscous damping were
observed. Frequency dependent hysteresis was also present
in the ER damper response. The SA damper force, Figure 7,
presents a sigmoid behavior without significant hysteresis.
The preyield and postyield zones depend on the actuation
signal but only the preyield zone depends on the damper
velocity.

Based on those observations, (3), (4) were customized for
this ER damper; the following asymmetric model for the ER
damper is proposed:
𝐹𝑃 = 𝑓0 + 𝑐𝑝 𝑧̇ + 𝑘𝑝 𝑧 + 𝑚𝐷𝑧̈ + 𝑓fr ,

(6)

𝐹SA = 𝑉𝑐SA [𝑓pre-𝑦,𝑧,𝑉
̇ + 𝑓pre-𝑦,𝑧 ] .

(7)

5. Modelling
Based on the previous analysis, the identification and validation steps are relatively standard.
5.1. Identification. The model parameters were fitted using
the LSE method. Since the ER damper behavior is asymmetric, the model parameters have different values for positive
and negative velocities. Three replicas of each experiment
were used to evaluate the performance of the customized
model. Figures 8 and 9 show the experimental and estimated
FV, FD, FE, and FT diagrams generated from experiments E2
and E3 , respectively.
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Based on Figures 8 and 9 the customized model correctly
describes the nonlinear behavior of the ER damper and the
effect of the actuation signal, and estimated data looks similar
to the real data. However, this model was unable to describe
the stick-slip phenomenon, Figures 8(a) and 9(a), in the FV
diagrams; they are the force peaks around 0.04 and −0.05 m/s
that the model cannot mimic. In Figures 8(b) and 9(b) it
can be seen that the model can represent the rigidity of the
damper, but in the same way as in Figures 9(a) and 10(a)
the stick-slip phenomenon appears again. This force peaks
appear also in Figures 8(c) and 8(d) and Figures 9(c) and 9(d),
where the real data differ from the estimated data in the top
and bottom zones of the diagrams.
For quantitative validation purposes the error-to-signal
ratio (ESR) performance index was selected. It represents the
ratio between the variance of the estimation error and the
variance of the experimental damper force [21]. If the value of
the ESR is 0, it indicates that the model estimates exactly the
damper force; however, a value of 1 indicates that the model
only predicts the mean value of the damper force.
The performance indexes for all the experiments (customized and full models) are shown in Table 3. It can be

Table 3: ESR index for the full and customized models.
Experiment
E2
E3
E4
E5
E2
E3
E4
E5

Replica 1
Replica 2
Customized model
0.0741
0.0749
0.062
0.0627
0.1284
0.1337
0.1558
0.1494
Full model
0.0730
0.0739
0.0674
0.0661
0.1258
0.1353
0.0797
0.0762

Replica 3
0.0716
0.0654
0.1315
0.1416
0.0719
0.0681
0.1330
0.0744

observed that the values of the ESR are consistent in the
three replicas, with an average difference of 3%; therefore,
for the following analysis only the first replica will be
considered. It can be observed that in almost all experiments
the customized model shows same results as the full model,
with the exception of E5 . This is because E5 uses the DSFS
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Table 4: Performance indices for different datasets.

Experiment used for validation
E2
E3
E4
E5
Average

Force variance 𝜎2 × 105
8.39
6.50
5.79
6.13

displacement sequence with the PRBS control signal. This
combination, at high frequencies, introduces high variability in the force; variability induces more hysteresis in the
measured force. Since the terms related with the hysteresis
have been taken out from the model, when the hysteresis is
predominant, the customized model is not able to reproduce
the force as correct as the full model.
5.2. Validation. The first step of the validation process is
to prove that the terms discarded have little influence in
the modeling performance; this is done by comparing the
performance indexes obtained with the full model, (3), (4),
versus the ones obtained with the customized model, (6), (7).
Table 3 shows that the performance indices of the customized model are very similar to the full model; for both
models the ESR indices are low. Therefore, the discarded
terms in the customized model has little effect in the response
of this damper; this is consistent with the results obtained
in the characterization step. Experiments E2 and E5 have a
greater ESR index when compared with the ones achieved in
experiments E3 and E4 , respectively. This is because the small
changes in the ICPS manipulation signal have little effect
on the variability of the force; on the other hand the PRBS
manipulation signals, which are steps of 10% to 80% and
vice versa, cause the force to experiment greater variability
that increments the effects of some phenomena as stickslip and hysteresis. Since in the model customization step
those terms were excluded, the model was less effective in
capturing those highly hysteric behaviors. This explains why
in the experiment E5 the ESR is almost the double of the one
achieved with the full model.
A second validation procedure was to prove the extrapolation ability. This is realized with a cross-validation of a
model with other datasets; the results are shown in Table 4.
It was observed that the customized model can be
extrapolated to other signals different from those used in
the identification stage. The best average performance was
obtained by the experiment E5 (even though the ESR for each
experiment is not the smallest). This is result of the actuation
and manipulation signals used in that experiment, because
the DSFS signal captures best the dynamical behavior of the
damper in its whole range of operation while the RP only
explores a limited zone. The ICPS covers the whole force
range of the shock absorber while the PRBS only captures the
limits of the force range.
The two validation procedures show that the customized
model performance is as the full model. Also, the customized

Experiment used for identification
E3
E4
0.0811
0.1988
0.0620
0.1762
0.0614
0.1258
0.3032
0.1727
0.1269
0.1684

E2
0.0741
0.0676
0.3041
0.2546
0.1751

E5
0.1065
0.1154
0.1664
0.1558
0.1360

model can extrapolate the results for different experimental
data.

6. Results
These results were also validated with two-dimensional density plots. The density plots are scatter plots that use different
colors to indicate the density of incidences in different
zones of the diagram; blue color indicates a lower number
of occurrences (i.e. data samples), whereas red indicates a
higher number. The FD, FV, and FM density plots with
the customized model and experimental data are compared,
Figure 10.
According to [22], since the experiment is a RP the zones
with higher density of occurrences should be at low velocities
for the FV diagram; in the case of the FD diagrams these
zones should be in the small displacement range; on the other
hand this experiment has a PRBS actuation signal; therefore
the higher density zones must be in the ends of the control
signal (0.1 and 0.8). The FV diagram of the estimated data,
Figure 10(b), is similar to the one obtained with experimental
data, Figure 10(a), but because the stick-slip phenomenon is
not considered by the model, the estimated force does not
present the peaks around 0.04 and −0.05 m/s observed in
experimental data. For the FD diagrams, the friction zone is
well defined in the model, Figure 10(d); this means, that in
the zone of the 𝑦-axis between ±0.2, there should be little
incidences. Also, the two levels of force, caused by the PRBS
signal, should be clearly defined as well. In the case of the FM
diagrams, Figures 10(e) and 10(f), only four points should be
well define, since only two levels of current were used.
In order to analyze the effectiveness of the customized
model, a comparative analysis with other two well-known
models was carried out: the Choi parametric model [23] and
the Eyring-plastic model [12]. The Choi parametric model is
based on the physical characteristics of the ER damper. It is
defined as follows:
𝐹𝐷 = 𝑘𝑒 𝑧 + 𝑐𝑒 𝑧̇ + 𝐹ER sign (𝑧)̇

(8)

with
𝐹ER = (𝐴 𝑝 − 𝐴 𝑟 ) 𝑃ER ,
𝑘𝑒 =

𝐴2𝑟
,
𝐶𝑔

𝑃ER = 𝑑𝛼𝐸𝛽 ,
2

𝑐𝑒 = (𝐴 𝑝 − 𝐴 𝑟 ) Re,

(9)

where 𝐴 𝑝 and 𝐴 𝑟 are the piston and rod areas, respectively,
𝐶𝑔 is the gas compliance, 𝑅𝑐 is the flow resistance due to
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Figure 10: Density plots for experimental and estimated data.
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Table 5: Comparison of ER damper models.

Model
Parameters
Inputs
Actuation signal as input
Hysteresis

Choi parametric model
4
𝑧, 𝑧̇
Yes
No

3000

2000

2000

2000

1000
0
−1000

Force (N)

3000

Force (N)

1000
0

−0.2

−0.1

0

0.1

−2000

0.2

1000
0
−1000

−1000
−0.2

Velocity (m/s)
(a) Experiment E 2

−0.1
0
0.1
Velocity (m/s)

−2000
0.2

2000

1000

1000

1000

Force (N)

2000

0
−1000

−1000
−0.1

(b) Experiment E 3

0
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0
Velocity (m/s)

0.2

(e) Experiment E 2

2000

0

−0.1
0
0.1
Velocity (m/s)

−0.2

(c) Experiment E 2

Force (N)

Force (N)

Customized model

3000

−2000

Customized model
20
𝑧, 𝑧,̇ 𝑧̈
Yes
Yes

Eyring-plastic model

Choi parametric model

Force (N)

Eyring-plastic model
7
𝑧, 𝑧̇
No
Yes

−0.1

0.1
0
Velocity (m/s)

(d) Experiment E 3

0.1
0
Velocity (m/s)

(f) Experiment E 3

Figure 11: Comparison of models performance based on FV diagrams.

the velocity of the ER fluid, 𝑃ER is the pressure drop due
to the field-dependent yield stress, 𝐸 is the applied electric
field, 𝑑 is a constant related to the geometry of the electrode,
and 𝛼 and 𝛽 are experimentally determined constants which
characterize the yield stress of the ER fluid.
In the Eyring-plastic model the force is considered a
nonlinear function of the velocity:

Table 6: Performance indices of the ER damper models.
Model
Choi parametric model
Eyring-plastic model
Customized model

E2
0.1337
0.0996
0.0714

Experiment
E3
0.1164
0.0816
0.0642

E4
0.2222
0.1996
0.1284

̇

𝐹𝐷 = 𝐹𝛼 [arcsinh (𝜆 1 𝑧̇ − 𝜆 2 𝑧)] (1 + 𝛽1 𝑒−𝛽2 |𝑧| )
+ 𝑐 − 1𝑧̇ + 𝑐3 𝑧̇ 3 ,

(10)

where 𝜆 1 defines the slope of the response in the preyield
region, 𝜆 2 defines the preyield hysteresis loop, 𝐹𝛼 is related
to the yield force amplitude, 𝛽1 , 𝛽2 are yield force correction
factors, and 𝑐1 , 𝑐3 model the damping in the postyield
region. The seven parameters are functions of the excitation
frequency and electric field. Table 5 summarizes the different
features of the models.
All the analyzed models are nonlinear and depend on
̇ Only the
the damper displacement (𝑧) and velocity (𝑧).
customized model includes the acceleration 𝑧̈ as input. The
Choi parametric model and the customized model explicitly

include the actuation signal in the model structure whereas
in the Eyring-plastic model the parameters are undefined
functions of the actuation signal.
These models were identified using the same data and
algorithms, Table 6. Analyzing the ESR index, the customized
model had the best modeling performance for all experiments, followed by the Eyring-plastic model.
Figure 11 compares the FV diagrams for each model in
experiments E2 and E3 . The Choi parametric model, Figures
11(a) and 11(b), does not estimate correctly the hysteresis
and nonlinearities of the damping force, but the levels of
force caused by the changes in the manipulation signal are
notorious. The Eyring-plastic model, Figures 11(c) and 11(d),
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Figure 12: Density plots of experimental and estimated data for different models (experiment E2 ).

has acceptable results at high velocities, but at low velocities
(±0.02 m/s) it does not capture the hysteresis effect correctly.
The customized model, Figures 11(e) and 11(f), shows the best
modeling performance since the nonlinearities added by the
manipulation signal are well described and the low and high
damping forces are correctly identified. None of the analyzed
models consider the stick-slip effect so the force peaks around
0.04 and −0.05 m/s are not reproduced by any of them.
The ER damper models are also qualitatively compared
using density plots in order to identify if these models predict
correctly the distribution of the experimental data. Figure 12
presents a comparison of the density plots of experiment
E2 . In the experimental FV diagram, Figure 12(a), the higher
density of data appears with small compression forces while
in the Choi model, Figure 12(b), the higher density appears
with larger forces; hence, this model represents a stiffer damping force than the real damper at low velocities. In the Eyringplastic model FV diagram, Figure 12(c), the higher density
appears with zero force; therefore the model generates smaller
forces than the real damper with low velocities. Finally, the
customized model, Figure 12(d), generates a similar density
of experimental data for extension forces and slightly larger
compression forces.
In the FD diagram the experimental data presents
higher density with small forces, especially in compression,

Figure 12(e). The Choi model presents higher density in
extension forces with zero displacement; thus it generates
larger forces with small displacements, Figure 12(f). This
model also produces larger compression forces with large
displacements. In contrast with the experimental data, in
the Eyring-plastic model the higher density appears with
large forces and exhibits a saturation, Figure 12(g); hence
the Eyring-plastic model produces smaller forces with large
displacements than the real damper. Finally, the customized
model, Figure 12(h), produces slightly higher forces at low
frequencies and a density distribution similar to the experimental data.
The FM diagram is important for control systems purposes. A model with the same shape and density distribution
to the experimental data is required in order to compute a
right manipulation to achieve a desired force. Since in experiment E2 a PRBS actuation signal was used, the FM diagram
mostly exhibits two manipulation values, Figure 12(i). All the
models generate smaller forces with a manipulation of 90%
where the stick-slip effect is more evident. Nonetheless, the
FM diagram obtained with the customized model resembles
the experimental data the most. The Choi and Eyring-plastic
models present smaller forces than the customized model.
The Choi model is not able to generate small forces due to the
use of a discontinuous function; this explains why this model
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Table 7: Execution times of the ER damper models.

Model
Choi parametric model
Eyring-plastic model
Customized model (squash)
Customized model (tanh)
Full model

Time [s]
0.1500
0.1970
0.3093
0.3600
0.3950

could not predict the small forces present on the experimental
data.
Since the model should be well suited for real time
implementations, there was another comparative test done to
all the models. This test consists in measuring the time that
the model takes to compute a vector of data points; in this case
the selected vector contains 58,123 data points. The results of
this test are presented in Table 7, and each point is the average
of 3 replicas of the test. For comparison purposes there are
included the full model and the customized model using the
tanh function instead of the squash function.
The results show, as expected, that the Choimodel spends
less than half the time (0.15 s) than the customized model
(0.3093 s), but its ESR index is almost twice the index of
the customized model. The Eyring-plasticmodel spends 33%
less time (0.197 s) than the customized model, but its ESR
index is more than 30% bigger. Even if the customized model
lasts longer to be computed its precision is much better.
Comparing the customized model using the tanh function its
time is 20% less, and as expected the time to compute the full
model is 30% more.

7. Conclusions
A method for modeling ER dampers was proposed. The
proposal does not need prior knowledge of the damper
such as physical properties, dimensions, and so forth, just
experimental data. The main contribution of this method is
the simplicity that by analyzing the experimental data (i.e., in
the form of characteristic diagrams) the ER damper can be
modelled with a general equation; then it can be customized
to obtain a simple model that captures the real behavior of a
damper.
Based on design of experiments (DoE), the representative
behavior of the damper into the automotive domain can be
obtained. The resultant model proves its accuracy with an
error-to-signal ratio (ESR) of 15.5% in the worst case and an
average of 12.7% when extrapolating other experiments. Also,
when compared with well-known models, the results have
better performance, an average of 44.5% less than the Choi
parametric model and 28.4% less than the Eyring-plastic
model. Additionally, the density plots allow a qualitative
comparison of the results, giving same conclusions.
The customized model ends with a short equation with
high performance. Compared with well-known approaches,
the simplicity of the method that does not demand a specialized background of design and modeling of electrorheological dampers is the main important contribution.
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Aiming at the nonlinear characteristics of VIENNA rectifier and using differential geometry theory, a dual closed-loop control
strategy is proposed, that is, outer voltage loop using sliding mode control strategy and inner current loop using feedback
linearization control strategy. On the basis of establishing the nonlinear mathematical model of VIENNA rectifier in d-q
synchronous rotating coordinate system, an affine nonlinear model of VIENNA rectifier is established. The theory of feedback
linearization is utilized to linearize the inner current loop so as to realize the d-q axis variable decoupling. The control law of outer
voltage loop is deduced by utilizing sliding mode control and index reaching law. In order to verify the feasibility of the proposed
control strategy, simulation model is built in simulation platform of Matlab/Simulink. Simulation results verify the validity of the
proposed control strategy, and the controller has a strong robustness in the case of parameter variations or load disturbances.

1. Introduction
With the development of power electronic technology, threelevel pulse width modulation (PWM) rectifiers are widely
used in high or medium power converters because of their
excellent performance: low switch voltage stress, low input
current harmonic distortion, high efficiency, input power
factor is unit, and so on [1–7]. Three-phase/switch/level
VIENNA rectifier (abbreviated as VIENNA rectifier) is one
of the best three-level rectifier, which is proposed in 1994 by
Kolar and Zach. Compared with traditional three-level rectifier, such as diode clamping three-level rectifier, VIENNA
rectifier has lots advantages, such as small number of power
switch tube, simple control circuit, and low design costs,
without output voltage bridge arm shoot-through problems.
So, more and more scholars and engineers focus their
attention on the study of VIENNA rectifier and its control
strategy [3–14].
Since VIENNA rectifier is a typical strong coupling nonlinear system, it leads to difficulty in designing the controller.
In [8, 9], the mathematical models of large and small signals
topology are analyzed in detail, and the controller is designed

by using proportion and integral (PI) algorithm. A control
method of input/output accurate linearization is proposed
in [10]. State-space average model is established, and PI
control algorithm is used in the outer voltage loop; hysteresis
control is used in the inner current loop in [11–13]. The
control methods described above improved the performance
of VIENNA rectifier to some extent. However, there are
some disadvantages, such as system excessive dependence on
the accurate mathematical model, inconvenience of parameter setting, complicated of control algorithm, and poor
dynamic. In order to overcome the above drawbacks, this
paper proposes a control strategy which combines feedback
linearization control and sliding mode control.
In recent decades, nonlinear control theory has made
great progress, especially feedback linearization theory based
on differential geometry. In this method, nonlinear system
can achieve status or input/output linearization by using a
certain nonlinear state transformation or feedback transformation. Feedback linearization control has been applied
to three-phase voltage PWM rectifier [14–16], which is a
multivariable and strong coupling nonlinear system, and
achieved well control effect. All these methods can solve
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the problem of decoupling for original nonlinear system
and obviously improve static and dynamic performance for
three phase rectifier. Yet, this control method depends on
an accurate mathematical model and is sensitive to system
parameters. Sliding mode control is different from feedback
linearization control method. Sliding mode control shows
great robustness and stays out of parameter changes when the
system is running in the sliding surface. In [17–20], sliding
mode control has been applied to the three-phase PWM
rectifier and achieved a good result.
The three-phase PWM rectifier is a two-level rectifier,
while the VIENNA rectifier is a three-level rectifier. Although
their structure is not the same, there are some similarity in
control strategy. Learning from the applications of feedback
linearization control and sliding mode control for threephase PWM rectifier, this paper integrates feedback linearization control method and sliding mode control method and
eventually establishes a new type of VIENNA rectifier nonlinear control system. That is, sliding mode control is used in the
outer voltage loop and state feedback linearization control is
used in the inner current loop. At the same time, space vector
pulse width modulation (SVPWM) technology is introduced
to modulate the output signal of inner currentloop [21].
In order to reduce the chattering phenomenon produced
by sliding mode control, index reaching law is adopted to
improve the whole approaching process. In order to verify the

correctness and superiority of the proposed control strategy,
numerical simulation is done.

2. Physical and Modeling Considerations
In this section, the physical system and the mathematical
model of VIENNA rectifier are presented. The main circuit
of VIENNA rectifier and its simplified model are shown in
Figures 1(a) and 1(b), respectively. The main circuit includes
six fast-recovery diodes (D1 –D6 ), three boost inductors, three
bidirection power switching tubes (𝑆𝑎 , 𝑆𝑏 , and 𝑆𝑐 as shown
in the dashed box), and two groups of output capacitances.
Among them, 𝑒𝑎 , 𝑒𝑏 , 𝑒𝑐 are the AC input power of VIENNA
rectifier; 𝐶1 and 𝐶2 are DC side output voltage filter capacitor,
and their voltage across, respectively, are 𝑉𝐶1 , 𝑉𝐶2 ; 𝑅𝑙 is load
resistance and the voltage across is 𝑉𝑑𝑐 , and 𝑖𝑙 is the output
current; 𝐿 is the boosting inductor and 𝑅 is defined as an
equivalent resistance of inductor. In order to simplify the
system, all the power-switching devices are seen as ideal and
switching frequency is much higher than the grid frequency.
The mathematical model of VIENNA rectifier in abc
coordinates can be expressed as follows:
𝑍

𝑑𝑋
= 𝐴𝑋 + 𝐵𝐸,
𝑑𝑡

(1)

where

𝑍 = [𝐿 𝐿 𝐿 𝐶1 𝐶2 ] ,
𝑇

𝑋 = [𝑖𝑎 𝑖𝑏 𝑖𝑐 𝑉𝐶1 𝑉𝐶2 ] ,
𝐵 = [1 1 1 0 0] ,
𝑇

𝐸 = [𝑒𝑎 𝑒𝑏 𝑒𝑐 0 0] ,
𝑆𝑎𝑝 + 𝑆𝑏𝑝 + 𝑆𝑐𝑝
𝑆 + 𝑆𝑏𝑛 + 𝑆𝑐𝑛
) (𝑆𝑎𝑛 − 𝑎𝑛
)]
0
0 − (𝑆𝑎𝑝 −
[ −𝑅
3
3
]
[
[
𝑆𝑎𝑝 + 𝑆𝑏𝑝 + 𝑆𝑐𝑝
𝑆𝑎𝑛 + 𝑆𝑏𝑛 + 𝑆𝑐𝑛 ]
[ 0
−𝑅
0 − (𝑆𝑏𝑝 −
) (𝑆𝑏𝑛 −
)]
]
[
3
3
]
[
]
[
𝑆
𝑆
+
𝑆
+
𝑆
+
𝑆
+
𝑆
𝑎𝑝
𝑏𝑝
𝑐𝑝
𝑎𝑝
𝑏𝑝
𝑐𝑝
𝐴= [
0
−𝑅 − (𝑆𝑐𝑝 −
) (𝑆𝑐𝑝 −
)]
].
[ 0
3
3
]
[
]
[
1
1
]
[𝑆
𝑆
𝑆
−
−
𝑏𝑝
𝑐𝑝
]
[ 𝑎𝑝
𝑅𝑙
𝑅𝑙
]
[
]
[
1
1
−𝑆𝑎𝑛 −𝑆𝑏𝑛 −𝑆𝑐𝑝
−
−
𝑅𝑙
𝑅𝑙
]
[

With Park’s transformation, the mathematical model of
VIENNA rectifier in d-q coordinates system is given as
follows:
𝐿
𝐿

𝑑𝑖𝑑
= −𝑅𝑖𝑑 + 𝜔𝐿𝑖𝑞 − 𝑆𝑑𝑝 𝑉𝐶1 + 𝑆𝑑𝑛 𝑉𝐶2 + 𝑒𝑑 ,
𝑑𝑡
𝑑𝑖𝑞
𝑑𝑡

= −𝜔𝐿𝑖𝑑 − 𝑅𝑖𝑞 − 𝑆𝑞𝑝 𝑉𝐶1 + 𝑆𝑞𝑛 𝑉𝐶2 + 𝑒𝑞 ,

(3)
(4)

𝑑𝑉𝐶1 3
3
= 𝑆𝑑𝑝 𝑖𝑑 + 𝑆𝑞𝑝 𝑖𝑞 − 𝑖𝑙 ,
𝑑𝑡
2
2

(5)

𝑑𝑉𝐶2
3
3
= − 𝑆𝑑𝑛 𝑖𝑑 − 𝑆𝑞𝑛 𝑖𝑞 − 𝑖𝑙 ,
𝑑𝑡
2
2

(6)

𝐶
𝐶

(2)

where 𝑒𝑑 and 𝑒𝑞 are the grid voltage variable in d-q coordinate system; 𝑖𝑑 and 𝑖𝑞 are the grid current variable in
d-q coordinate system. As for 𝑆𝑑𝑝 , 𝑆𝑑𝑛 , 𝑆𝑞𝑝 , and 𝑆𝑞𝑛 , they
are the switching function in d-q coordinate system for
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Figure 2: Equivalent circuit of VIENNA rectifier in d-q coordinates.

in

3. Control Goal and Control Strategies

ec

The main control goal for VIENNA rectifier is to make
sure that input current waveform is sinusoid and track
the input voltage waveform, the power factor is unity, and
DC side output voltage stabilized at the given reference
voltage. Equations (8)-(9) show that VIENNA rectifier is a
strong decoupling nonlinear system. In order to realize the
variables decoupling in d-q axis, ensure that input current is
sinusoid and tracks input voltage; the feedback linearization
technology is used in the inner current loop. At the same time,
sliding mode control based on index reaching law is used in
the voltage loop to stabilize the output voltage and provide
the reference directive current 𝑖𝑑∗ for inner current loop.

ip

ec

Sqp VC1 − Sqn VC2 +
−
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(a)
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3.1. Inner Current Loop Controller Design Based on Feedback
Linearization. The role of inner current loop is making 𝑖𝑑 and
𝑖𝑞 keep track of reference directive current 𝑖𝑑∗ and 𝑖𝑞∗ , respectively, and realizes system unity power factor operation.

in
(b)

Figure 1: Main circuit of VIENNA rectifier and its simplified model.

𝑆𝑥 (𝑥 = 𝑎, 𝑏, 𝑐). The equivalent circuit of VIENNA rectifier
in d-q coordinate system is shown in Figure 2.
For three-phase balance power grid, because of 𝐶1 = 𝐶2 =
𝐶, yield 𝑉𝐶1 = 𝑉𝐶2 = (1/2)𝑉𝑑𝑐 . Assume that
𝑆𝑑 = 𝑆𝑑𝑝 − 𝑆𝑑𝑛 ,

(7)

𝑆𝑞 = 𝑆𝑞𝑝 − 𝑆𝑞𝑛 .

𝐿

𝑑𝑖𝑑
𝑆
= −𝑅𝑖𝑑 + 𝜔𝐿𝑖𝑞 − 𝑑 𝑉𝑑𝑐 + 𝑒𝑑 ,
𝑑𝑡
2
𝑑𝑖𝑞
𝑑𝑡

= −𝑅𝑖𝑞 − 𝜔𝐿𝑖𝑑 −

𝑆𝑞
2

𝑖
𝑥
𝑥 = [ 1] = [ 𝑑] .
𝑖𝑞
𝑥2

(10)

Select input variables as
𝑆
𝑢
𝑢 = [ 1] = [ 𝑑] .
𝑆𝑞
𝑢2

(11)

Select output variables as

Thus, (3) and (4) can be rewriten as follows:
𝐿

3.1.1. Affine Nonlinear Models of VIENNA Rectifier. Select
state variables as

𝑦1 = ℎ1 [𝑥 (𝑡)] = 𝑖𝑑 ,
𝑦2 = ℎ2 [𝑥 (𝑡)] = 𝑖𝑞 .
(8)

𝑉𝑑𝑐 + 𝑒𝑞 .

According to (8), we get the affine nonlinear equation for
two-input and two-output system as follows:
𝑥̇ = 𝑓 (𝑥) + 𝑔1 (𝑥) 𝑢1 + 𝑔2 (𝑥) 𝑢2 ,

With (5) plus (6), we can obtain
𝑑𝑉
3
𝐶 𝑑𝑐 = (𝑆𝑑 𝑖𝑑 + 𝑆𝑞 𝑖𝑞 ) − 2𝑖𝑙 .
𝑑𝑡
2

(12)

𝑦1 = ℎ1 [𝑥 (𝑡)] ,
(9)

𝑦2 = ℎ2 [𝑥 (𝑡)] ,

(13)

4
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where

where

𝑅
[− 𝐿 𝑖𝑑 + 𝜔𝑖𝑞 +
𝑓 (𝑥) = [
[ 𝑅
− 𝑖 − 𝜔𝑖𝑑 +
[ 𝐿 𝑞

1
𝑒
𝐿 𝑑]
],
1 ]
𝑒
𝐿 𝑞]

𝑉𝑑𝑐
[− 2𝐿 ]
𝑔1 (𝑥) = [
],
0
]
[

0
𝑔2 (𝑥) = [ 𝑉𝑑𝑐 ] .
−
[ 2𝐿 ]

𝐿 𝑔1 ℎ1 (𝑥) = 𝐿 𝑔2 ℎ2 (𝑥) = −

𝐿 𝑔2 ℎ1 (𝑥) = 𝐿 𝑔1 ℎ2 (𝑥) = 0,
𝑒
𝑅
𝐿 𝑓 ℎ1 (𝑥) = − 𝑖𝑑 + 𝜔𝑖𝑞 + 𝑑 ,
𝐿
𝐿
𝑒𝑞
𝑅
𝐿 𝑓 ℎ2 (𝑥) = − 𝑖𝑞 − 𝜔𝑖𝑑 + .
𝐿
𝐿

(14)

For the system which is described in (13), it is nonlinear
to state variable 𝑋(𝑡) while linear to controlled variable 𝑢.

𝑖
𝑦
𝑦 = [ 1] = [ 𝑑] .
𝑖𝑞
𝑦2

Lemma 1 (see [22]). Let one assume 𝐵 (𝑥) = [𝑏1 , . . . , 𝑏𝑚 ] as a
nonsingular matrix and define the following sets:
𝐺0 (𝑥) = {𝑏1 , . . . , 𝑏𝑚 } ,

(19)

According to the definition of relative degree [22], the
derivative of two input/output system output functions is
𝐿 ℎ
𝑦̇
𝑢
[ 1 ] = [ 𝑓 1 ] + 𝐴 (𝑥) [ 1 ] = 𝛼 (𝑥) + 𝐴 (𝑥) 𝑢,
𝐿 𝑓 ℎ2
𝑢2
𝑦2̇

𝐺1 (𝑥) = {𝑏1 , . . . , 𝑏𝑚 , 𝑎𝑑𝑓 𝑏1 , . . . , 𝑎𝑑𝑓 𝑏𝑚 } ,

(18)

3.1.3. Coordinate Transformation and the Control Law. Select
output vector as

3.1.2. Linearization Processing of VIENNA Rectifier

(20)

where

..
.
𝐺𝑖 (𝑥) = {𝑎𝑑𝑓𝑘 : 0 ≤ 𝑘 ≤ 𝑖, 1 ≤ 𝑘 ≤ 𝑚} ,

𝑉𝑑𝑐
,
2𝐿

𝑖 = 0, 1, . . . , 𝑛 − 1.
(15)

So, the necessary and sufficient conditions for these linearization solutions above are as follows:
(1) for each 𝑖 = 0, 1, . . . , 𝑛 − 1, the distribution 𝐺𝑖 (𝑥) has
constant dimension near 𝑥;
(2) for each 𝑖 = 0, 1, . . . , 𝑛 − 1, the distribution 𝐺𝑖 (𝑥) is
involution;
(3) the dimension of 𝐺𝑛−𝑖 (𝑥) is 𝑛.
According to the requirements of exact linearization for
nonlinear system, verify the two-input and two-output affine
nonlinear system described in (13) as follows:
𝑎𝑑𝑓 𝑔1 (𝑥) =

0
𝜕𝑓 (𝑥)
𝜕𝑔1 (𝑥)
𝑓 (𝑥) −
𝑔1 (𝑥) = [ −𝜔𝑉𝑑𝑐 ] ,
𝜕𝑥
𝜕𝑥
[ 2𝐿 ]

𝑎𝑑𝑓 𝑔2 (𝑥) =

𝜔𝑉𝑑𝑐
𝜕𝑓 (𝑥)
𝜕𝑔2 (𝑥)
𝑓 (𝑥) −
𝑔2 (𝑥) = [ 2𝐿 ] .
𝜕𝑥
𝜕𝑥
[ 0 ]
(16)

𝑉𝑑𝑐
0 ]
[− 2𝐿
𝐴 (𝑥) = [
(21)
𝑉𝑑𝑐 ] .
0 −
[
2𝐿 ]
In the meanwhile, since the matrix 𝐴(𝑥) is invertible, the
state feedback control law is given by
𝐿 ℎ
V
𝑢
[ 1 ] = −𝐴−1 (𝑥) ([ 𝑓 1 ] + [ 1 ]) .
𝑢2
𝐿 𝑓 ℎ2
V2

(22)

In order to track the desired value, a new control law is
given by [14]
V1 = −𝑘10 (𝑦1∗ − 𝑦1 )
V2 = −𝑘20 (𝑦2∗ − 𝑦2 ) .

(23)

From (20), (22), and (23), the new state feedback control
law of the original nonlinear inner current loop is obtained:
𝑅𝑖 − 𝜔𝑖𝑞 − 𝑒𝑑
2
𝑢
−𝑘 (𝑦∗ − 𝑦1 )
]) .
[ 𝑑] = −
([ 𝑑
] + [ 10 1∗
𝑢𝑞
𝜔𝑖𝑑 + 𝑅𝑖𝑞 − 𝑒𝑞
−𝑘20 (𝑦2 − 𝑦2 )
𝑉𝑑𝑐
(24)
So far, the original nonlinear system is linearization.
Meanwhile, the control for inner current loop can be achieved
by setting feedback coefficients 𝑘10 and 𝑘20 .

From (16), we can obtain this conclusion: the total relative
degree 𝑟 = 1 + 1 = 2, which just right equals the system’s dimension 𝑛. Meanwhile, when 𝑛 = 2, the vector
𝐷 = [𝑔1 (𝑋) 𝑔2 (𝑋) 𝑎𝑑𝑓 𝑔1 (𝑋) 𝑎𝑑𝑓 𝑔2 (𝑋)] is involution.
Hence, it meets the requirements of linearization.
Taking Lie derivative for (13), we can obtain

3.1.4. Analysis of System Dynamic Stability. Because of the relative degree of (8) being 1 and according to the literature [14],
we can get the error dynamic closed-loop system as follows:

𝑥1̇ = 𝐿 𝑓 ℎ1 (𝑥) + 𝐿 𝑔1 ℎ1 (𝑥) 𝑢1 + 𝐿 𝑔2 ℎ1 (𝑥) 𝑢2 ,
𝑥2̇ = 𝐿 𝑓 ℎ2 (𝑥) + 𝐿 𝑔1 ℎ2 (𝑥) 𝑢1 + 𝐿 𝑔2 ℎ2 (𝑥) 𝑢2 ,

(17)

𝑇

𝑒1̇ + 𝑘10 𝑒1 = 0,

(25)

𝑒2̇ + 𝑘20 𝑒2 = 0,

(26)

𝑧̇ = 𝑎 (𝑧, 𝑒 + 𝑦∗ , 𝜉) ,

(27)

where 𝜉 = [𝑦1̇ 𝑦2̇ ] , 𝑒𝑖 = 𝑦𝑖∗ − 𝑦𝑖 (𝑖 = 1, 2).
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Lemma 2. For internal dynamic formula (27), when tracking
error 𝑒 vanishes, that is
𝑧̇ = 𝑎 (𝑧, 𝑦∗ , 0) ,

(28)

it is called the zero dynamics [14]. And if a nonlinear system’s
zero dynamics is asymptotically stable, it is said to be minimum
phase.
Because the power supply is three-phase symmetrical
voltage and the rectifier is operated with unity power factor
and considered in the steady state, we have 𝑒𝑑 = 𝐸𝑚 , 𝑉𝑑𝑐 =
∗
, 𝑖𝑑 = 𝐼𝑑∗ and 𝑖𝑞 = 0. Therefore, (8) and (9) can be simplified
𝑉𝑑𝑐
as follows:
𝑅𝐼𝑑∗ +

∗
𝑆𝑑 𝑉𝑑𝑐
= 𝐸𝑚 ,
2

𝜔𝐿𝐼𝑑∗ +

∗
𝑆𝑞 𝑉𝑑𝑐

2

= 0,

(29)

∗
− 𝑉𝑑𝑐 .
𝑉𝑒 = 𝑉𝑑𝑐

3  ∗
𝑆 𝐼 = 2𝐼𝑙 ,
2 𝑑 𝑑
where 𝑆𝑑 , 𝑆𝑞 , 𝐼𝑑∗ , and 𝐼𝑙

represent the steady-state values of the
switching functions 𝑆𝑑 and 𝑆𝑞 , 𝑑-axis reference current 𝑖𝑑∗ , and
output load current 𝑖𝑙 , respectively.
By contrast, we find that (29) are the same as (21)–(23) in
[14], so the dynamic analysis of VIENNA rectifier can learn
from the literature [14].
Transform the original nonlinear system (13) into the
linear form of (25)–(27) with 𝑧 = 𝑥3 = 𝑉𝑑𝑐 . The internal
dynamics (27) becomes
𝐸
3𝐿 𝑖𝑑
𝑅
[𝑘10 (𝐼𝑑∗ − 𝑖𝑑 ) + 𝑖𝑑 + 𝜔𝑖𝑞 − 𝑚 ]
𝑥3̇ = −
2𝐶 𝑉𝑑𝑐
𝐿
𝐿
−

𝑅
1
3𝐿 𝑖𝑞
[−𝑘20 𝑖𝑞 + 𝑖𝑞 − 𝜔𝑖𝑑 ] − 𝑖𝑙 .
2𝐶 𝑉𝑑𝑐
𝐿
𝐶

(30)

1
(𝑉∗2 − 𝑥32 ) .
𝑅𝑙 𝐶𝑥3 𝑑𝑐

(31)

(32)

Based on the principle of sliding mode control [26, 27],
the sliding surfaces can be defined as
𝑡

𝑆𝑑𝑐 = 𝑉𝑒 + 𝑘3 ∫ 𝑉𝑒 𝑑𝑡,
0

𝑘3 > 0.

(33)

When 𝑆𝑑𝑐 = 0, the system runs in sliding mode surface.
∗
is
Take a derivate on both sides of (33), and because 𝑉𝑑𝑐
constant, yield
̇ =−
𝑆𝑑𝑐

𝑑𝑉𝑑𝑐
+ 𝑘3 𝑉𝑒 .
𝑑𝑡

(34)

According to (9), (34) can be rewritten as
̇ =−
𝑆𝑑𝑐

According to the energy balance and because of the
tracking error vector 𝑒 approaching zero, that is, 𝑖𝑑 → 𝐼𝑑∗ and
𝑖𝑞 → 0, we can get the following zero dynamics equation:
𝑥3̇ =

loop control system which adopts inner current loop and
outer voltage loop, 𝑖𝑑∗ is always provided by the outer loop.
For three-level PWM rectifier, PI algorithm [23], fractional
control algorithm [24], and sliding mode control algorithm
[25] are used in the outer voltage loop. Since inner current loop uses feedback linearization control, it brings a
shortcoming for this control system; that is, the control
system is overreliance on accurate mathematical model. In
order to compensate this shortcoming, sliding mode control
algorithm is used in the outer voltage loop. One of the
biggest advantages for sliding mode control is insensitive to
the change of system parameters and having less demand
for control system model. In order to avoid chattering,
improve the approaching performance, index reaching law is
introduced based on sliding mode control which is described
in [25].
Let us assume the error between dc output voltage and the
given reference voltage as follows:

3
2
(𝑆𝑑 𝑖𝑑 + 𝑆𝑞 𝑖𝑞 ) + 𝑖𝑙 + 𝑘3 𝑉𝑒 .
2𝐶
𝐶

(35)

In order to guarantee the system having a good quality
in the transition process, especially improving the quality of
arrival stage, and eliminating the chattering phenomenon,
index reaching law is applied [26]:
𝑆 ̇ = −𝜀 sgn 𝑆 − 𝜆𝑆

𝜀 > 0, 𝜆 > 0.

From (31), we can know the following. For a positive
initial 𝑑𝑐 side output voltage, the steady-state value of 𝑥3 will
∗
. So, when using
eventually equal the desired value of 𝑉𝑑𝑐
cascaded current mode, the control system is a minimum
phase system, and the dynamic is stability. Therefore, we can
design a superior performance control system.

According to the literature [26], yield

3.2. Voltage Loop Controller Design Based on Sliding Mode
Control. The role of voltage loop controller is to guarantee
∗
output voltage 𝑉𝑑𝑐 tracking the given reference voltage 𝑉𝑑𝑐
and stable. In the meantime, voltage loop controller provides
𝑑-axis reference current 𝑖𝑑∗ for the current loop.
For (24), 𝑖𝑑 and 𝑖𝑞 can be acquired by taking Park’s transformation to input currents 𝑖𝑎 , 𝑖𝑏 , and 𝑖𝑐 . For dual closed

From (37), we can obtain

𝑆 (𝑡) =

𝜀
𝜀
+ (𝑆 (0) − ) 𝑒−𝑘𝑡 ,
𝜆
𝜆

𝑆 > 0;

𝑆 (𝑡) =

−𝜀
𝜀
+ (𝑆 (0) + ) 𝑒−𝑘𝑡 ,
𝜆
𝜆

𝑆 < 0.

𝑡∗ =

(36)

(37)

1
𝜀
𝜀
(ln (𝑆 + ) − ln ) .
𝜆
𝜆
𝜆

(38)

From (38), it shows that reducing 𝜀 and increasing 𝜆 can
accelerate the approaching process.
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3
2
(𝑆𝑑 𝑖𝑑 + 𝑆𝑞 𝑖𝑞 ) + 𝑖𝑙 + 𝑘3 𝑉𝑒 = 0.
2𝐶
𝐶
(39)

3
2
2𝐶
[𝜆𝑆𝑑𝑐 + 𝜀 sgn (𝑆𝑑𝑐 ) −
− 𝑖 = 0.
𝑆𝑞 𝑖𝑞 + 𝑖𝑙 + 𝑘3 𝑉𝑒 ] ⋅
2𝐶
𝐶
3𝑆𝑑 𝑑
(40)
According to the above assumption, power grid is symmetrical three-phase voltage. When the system is in steady
∗
state, yield 𝑖𝑞 = 0, 𝑑𝑖𝑞 /𝑑𝑡 = 0, 𝑒𝑑 = √3𝑈RMS , 𝑒𝑞 = 0, 𝑉𝑑𝑐 = 𝑉𝑑𝑐
.
At the same time, the processing speed of inner loop is faster
than the outer loop. Thus, 𝑖𝑑 can be seen as constant; yield
𝑑𝑖𝑑 /𝑑𝑡 = 0. From (8), the following approximation algorithm
can be obtained:
2 (𝑒𝑑 − 𝑅𝑖𝑑 )
,
𝑉𝑑𝑐

𝑆𝑞 ≈ −

2𝜔𝐿𝑖𝑞
𝑉𝑑𝑐

(41)

.

𝐶𝑉𝑑𝑐
3 (√3𝑈RMS − 𝑅𝑖𝑑 )
𝑡

𝑡

0

0

⋅ [𝜆 (𝑉𝑒 + 𝑘3 ∫ 𝑉𝑒 𝑑𝑡) + 𝜀 sgn (𝑉𝑒 + 𝑘3 ∫ 𝑉𝑒 𝑑𝑡) (42)
+

2𝑖𝑙
+ 𝑘3 𝑉𝑒 ] .
𝐶

When the system is in steady state, 𝑖𝑑 = 𝑖𝑑∗ . So, (42) is
rewritten as
𝑖𝑑∗ =

𝐶𝑉𝑑𝑐
3 (√3𝑈RMS − 𝑅𝑖𝑑 )
𝑡

𝑡

0

0

⋅ [𝜆 (𝑉𝑒 + 𝑘3 ∫ 𝑉𝑒 𝑑𝑡) + 𝜀 sgn (𝑉𝑒 + 𝑘3 ∫ 𝑉𝑒 𝑑𝑡) (43)
+

−
+

id∗ +

k20

k10

ud

Sa

uq

−
id

Sb
Sc

Vdc

Figure 3: Control system block diagram.
Table 1: Simulation parameters.
Input phase voltage
Output reference voltage
Boost inductance
Line equivalent impedance
Output filtering capacitor
Nominal load resistance
Power rating
Switching frequency

𝑒(𝑎,𝑏,𝑐) = 110 V
∗
= 400 V
𝑉𝑑𝑐
𝐿 = 2.8 mH
𝑅 = 0.1 Ω
𝐶1 = 𝐶2 = 680 𝜇F
𝑅𝑙 = 100 Ω
𝑃 = 1.6 KW
𝑓 = 10 KHz

4. Simulation Results

From (40) and (41), we can obtain
𝑖𝑑 =

iq∗ = 0

Eq. (43)

Further, (39) can be transformed as follows:

𝑆𝑑 ≈

∗
Vdc

Rectifier

𝜆𝑆𝑑𝑐 + 𝜀 sgn (𝑆𝑑𝑐 ) −

ed eq

iq

SVPWM

From (35) and (36), we can obtain

Eq. (24)
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2𝑖𝑙
+ 𝑘3 𝑉𝑒 ] .
𝐶

As a result, the output of outer voltage loop just is the
current instructions 𝑖𝑑∗ for the inner loop, which is relevant
to the output voltage, output current, valid value of phase
voltage, 𝑑-axis current 𝑖𝑑 , and so on. Besides, 𝑖𝑑∗ is irrelevant
to the switching function variables.
3.3. Control System Block Diagram. According to the above
analysis, we can get the control system block diagram as
shown in Figure 3.

In order to verify the correctness and superiority of the
proposed control method, the simulation model is built
in the simulation platform of Matlab/Simulink. The main
simulation parameters are given in Table 1. SVPWM algorithm based on two-level space vector is used in modulation
methods of VIENNA rectifier. Small positive vector is set as
the first vector, by judging the direction of phase load current
which is connected to the output neutral point and adjusting
relative action time according to the imbalance between small
positive and negative vectors. Voltage regulating factor 𝑟 (0 <
𝑟 < 1) is introduced. The adjustment to vector action time is
done so as to realize the midpoint potential balance control.
4.1. System Startup Responses. When the system is started,
DC side output voltage rapidly rises from 0 V and stabilizes at
∗
approximately at 0.0035 s, the response
reference voltage 𝑉𝑑𝑐
waveforms of output voltage are shown in Figure 4. At the
same time, it shows that the system has a rapid response,
without overshoot and static error. Also, it verifies that using
sliding mode control method could force the system running
path moving fast to sliding surfaces, thereby accelerating the
convergence process of the system.
4.2. System Steady-State Characteristics. When VIENNA rectifier is operating in steady state, input current waveform
tracks input voltage waveform very well and shows sinusoid,
as shown in Figure 5(a); the active current 𝑖𝑑 can well
track reference current 𝑖𝑑∗ given by outer voltage loop, as
shown in Figure 5(b); the reactive current 𝑖𝑞 is 0, which
means the rectifier operates with unit power factor, as shown
in Figure 5(c). The simulation waveforms indicate that the
VIENNA rectifier reaches predetermined target.

500
400
300
200
100
0

7
420
∗
Vdc
, Vdc (V)

∗
Vdc
, Vdc (V)
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380
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t (s)

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
t (s)
∗
Vdc
Vdc

∗
Vdc
Vdc

Figure 4: Response waveforms of output voltage when system starts
up.
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Figure 6: Transient responses to step changes in load.

0.5
0
−0.5
−1

Figure 5: Steady-state simulation waveforms.

input current waveform can correctly track the input voltage
waveform and maintain sinusoid. Figure 6(c) shows that
active current 𝑖𝑑 can correctly track the given active current
reference 𝑖𝑑∗ . At the same time, the system response time
is short. In a word, it shows significant anti-interference
capability to external disturbance by using the proposed
strategy.

4.3. Transient Responses to Step Changes in Load. When load
suddenly changes, the simulation waveforms are shown in
Figure 6. The value of load resistance 𝑅𝑙 is changed from
100 Ω to 200 Ω at 0.05 s. As shown in Figure 6(a), DC side
output voltage rises to about 6 V instantaneously and then
reverts to a stable value (400 V) after 0.001 s. Figure 6(b)
shows that input current also suddenly changes. However,

4.4. Transient Responses to Step Changes in the Given Output
Reference Voltage. Assuming output voltage value instantaneously declines to 350 V at 0.06 s, the simulation waveforms
are shown in Figure 7. From Figure 7(a), output voltage
begins to decrease at 0.06 s and stabilized at 350 V after
0.003 s. From Figure 7(b), 𝑎-phase input current value is 0 at
0.06 s and lasts about 0.003 s. Since then, it starts to increase
rapidly and tracks input voltage and remains sinusoid.

t (0.01 s/div)
iq∗
iq

(c)
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accurate mathematical models by using feedback linearization control strategy. Meanwhile, the proposed
control strategy greatly improves the robustness of the
system.
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5. Conclusions
In this paper, a dual closed loop control method, that is, outer
voltage loop based on sliding mode control and inner current
loop based on feedback linearization, is proposed. Simulation
results show that the proposed control strategy has a good
control effect. The main contributions of this paper are as
follows.
(i) It presents feedback linearization control strategy for
VIENNA rectifier inner current loop such that it
solves the linearization problems and realizes 𝑑-𝑞 axis
variable decoupling.
(ii) It presents sliding mode control strategy for VIENNA
rectifier outer voltage loop and introduces the index
reaching law such that it solves stability of output
voltage, system startup response, and dynamic characteristics.
(iii) The combination control strategy overcomes the
disadvantage that the system is overreliance on the
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Safety design and probabilistic optimization are fields that are widely subject to uncertainty, thus making traditional deterministic
methods highly unreliable for these two fields. Popular design optimizations methods widely used for safety design and probabilistic
optimization are the performance measure approach (PMA) and the performance measure approach (RIA). In a problem where
the analysis is performed from an infeasible design space, a modified reliability index approach (MRIA) is employed to address
some inefficiency of the traditional RIA to be able to find the optimal solutions. The PMA uses an inverse reliability analysis, which
is more computationally efficient at finding the most probable design points but has been reported to have numerical instabilities
on some cases. In this paper, three benchmark examples were thoroughly studied with various initial points to examine the stability
and efficiency of MRIA and PMA. A hybrid reliability approach (HRA) was then presented after determining a selection factor from
the optimum conditions. The proposed HRA aims to determine which of the two optimization methods would be more appropriate
during the optimization processes.

1. Introduction
Traditional deterministic approaches for optimization of
components, products, and systems have been replaced in
the past decades of approaches that integrate probabilistic
considerations due to the nature of the problem for safety
design and probabilistic considerations. These probabilistic
considerations might be allowable failure probabilities from
standards [1], reported incidences of failures or satisfactions
[2], production condition [3], operation condition [4], and
material property deviation [5], to mention a few. Incorporating these factors in the optimization process has been
the basic concept of reliability based design optimization
(RBDO) methods and a multitude of these methods have
been developed in the past. Among them, the reliability
index approach (RIA) [6–13] and the performance measure
approach (PMA) [14–18] have been one of the more popular
methods. These methods are not perfect and continuous
efforts to improve them are being made.

One improvement in the RIA due to its problems on
convergence [14] has been implemented by Lin et al. [19] and
was called the modified reliability index approach (MRIA).
They have determined a new reliability index and the resulting MRIA can evaluate the failure probability correctly, thus
solving the convergence problems sometimes encountered
in RIA. PMA implements an inverse reliability analysis in
determining the performance measures of a design. These
obtained performance measures were then used to formulate
the probabilistic constraints. PMA has been preferred over
MRIA to solve RBDO problems because the inverse reliability
analysis was generally more efficient compared to MRIA.
Several incidences of numerical instability were encountered
in using PMA and will be reported in the latter parts of this
paper.
In implementing an RBDO, stability and efficiency are
of key concern. In this paper, a hybrid reliability approach
(HRA) [20] is presented to achieve stability and efficiency
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using a limited and definite number of iterations. The number
of iterations was limited because some designs should be
validated by destructive tests or other performance measures
[21–24], which can only be done in a limited amount of times
due to resource restrictions.
The HRA aims to use the most efficient method for a
problem by first determining a selection factor which would
determine whether PMA or MRIA would be used. The
conditions on which approach would be more appropriate
are presented in detail in the later parts of this paper. The
approach is then tested on 3 benchmark problems obtained
from different literatures [15, 16, 18, 19, 25–30] with all
approaches used to prove validity of the claim. Strengths or
weaknesses of each approach are discussed in detail for each
result. The HRA has been previously presented [20] and this
paper is differentiated with the elaboration of the selection
factor. The results of this paper have also proven an increase
in the performance of the HRA. It is claimed that the said
approach could be used for safety or design problems with
determined constraint functions. Determination of these
constraint functions, however, would not be part of the scope
of this paper.

2. Reliability-Based Design
Optimization (RBDO)
The concept of incorporating uncertainty early on in the
design stages has paved way to carry out design optimization
with the addition of probabilistic reliability as one of the
design constraints. The objective is to minimize a cost
function or maximize a goal function depending on the
nature of the objective while incorporating and satisfying
uncertainties or variations. Several methods and approaches
have been developed to provide the optimized design in
which probabilities of system failures could be reduced to an
acceptable level of reliability or safety. A general RBDO can
be formulated in the following manner:
Min 𝑦 (d)
d

s.t.

𝑃 [𝑔𝑖 (X) > 0] ≤ 𝑃𝑓,𝑖

𝑖 = 1, . . . , 𝑛,

𝑔>0

𝑓 (x) 𝑑x,

 
𝛽HL,𝑖 = u∗𝑖  .

(2)

where 𝑓(x) is the JPDF of X. Instead of evaluating this
integral, RBDO algorithms have been developed to complete
this task.

(3)

In (3), u∗𝑖 is the most probable failure point (MPFP) for the
reliability analysis of 𝑖th performance constraint and it is
determined by solving the following subproblem:
Min

 
u𝑖 

s.t.

𝑔𝑖 (u𝑖 ) = 0.

(4)

Figure 1(a) is added to visually illustrate, in three dimensions, the process of finding the MPFP in the u𝑖 -space. The
nonlinear surface represents the function of 𝑔𝑖 (u𝑖 ); a color
gradient is used to represent function values from 𝑔𝑖 (u𝑖 ) > 0
to 𝑔𝑖 (u𝑖 ) < 0; the solid boundary is the limit state of 𝑔𝑖 (u𝑖 ) =
0. The current design point is located at the origin of the u𝑖 space and the cross in Figure 1(a) represents the projection of
design point on the constraint function. The subproblem (4)
is solved and the MPFP u∗𝑖 is found on the limit state along the
direction of ∇ui 𝑔𝑖 (u∗𝑖 ), illustrated in a separate cross-section
A-A in Figure 1(b).
Lin et al. [19] introduced a modified reliability index in
(5), which is able to evaluate the failure probabilities correctly
regardless of the location of the design points. Consider

−1
𝛽𝑀,𝑖 = u∗𝑖 ⋅ ∇ui 𝑔𝑖 (u∗𝑖 ) ∇u 𝑔 (u∗𝑖 ) .

(5)

The probability of failure is then evaluated using the standard
normal cumulative distribution function (CDF) given by (6).
Consider

(1)

where 𝑔𝑖 (X) is the 𝑖th performance constraint function of
the random variable X; 𝑦(d) is the objective function of the
expected design variable d of X; and 𝑃𝑓,𝑖 is the 𝑖th allowable
probability of failure. In (1), it is computationally costly to
evaluate the failure probabilities using the integral of the
joint probability density function (JPDF) within the entire
infeasible domain, which is expressed as
𝑃 [𝑔 (X) > 0] = ∫

2.1. Reliability Index Approach (RIA). It was reported that the
RIA has convergence problems when the design points fall
within the infeasible design domains [14, 19]. The HasoferLind reliability index [31] as defined in (3) does not include
evaluations for infeasible design points and thus produces
incorrect evaluations of the failure probabilities for the
infeasible design points. Consider

𝑃 [𝑔𝑖 (X) > 0] ≅ Φ (−𝛽𝑀,𝑖 ) .

(6)

Using the inverse operation of Φ and substituting (6) into (1),
(1) is reformulated as
Min 𝑦 (d)
d

s.t.

− 𝛽𝑀,𝑖 (d) ≤ −𝛽𝑓,𝑖

𝑖 = 1, . . . , 𝑛.

(7)

For the 𝑖th constraint, the modified reliability index is
obtained from a first order Taylor expansion of (5) and is
expressed as

−1
𝛽𝑀,𝑖 (d) = u∗𝑖 ⋅ ∇ui 𝑔𝑖 (u∗𝑖 ) ∇ui 𝑔𝑖 (u∗𝑖 )
(𝑘)

− (d − d ) ⋅


−1
∇d 𝑔𝑖 (u∗𝑖 ) ∇ui 𝑔 (u∗𝑖 )

(8)

Mathematical Problems in Engineering

3

Infeasible region g(u) > 0

g(u) < 0
u=0

u∗

Min ‖u‖ on g(u) = 0
u2

g(u) > 0

∇g(u∗)

∇g(u∗)

u∗

u1

A

g(u) = 0

Limit stage g(u) = 0
Feasible region g(u) < 0

Min ‖u‖ on g(u) = 0

A
(a)

(b)

Figure 1: (a) MPFP in standard normal space; (b) cross-sectional view of A-A.

and thus is the modification proposed by Lin et al. [19] for
the reliability index in their method. This method is capable
of finding the correct optimal solutions within a range of
acceptable probabilities of failure. The efficiency of solving the
benchmark MPFP problem is the bottleneck of MRIA.
2.2. Performance Measure Approach (PMA). The performance measure approach (PMA) uses an inverse reliability
analysis [32] to formulate the probabilistic constraint. An
evaluation of a performance measure [14] is first conducted
by evaluating (9). Consider
𝛾 (d) = 𝐹𝑔−1𝑖 [1 − Φ (−𝛽𝑓,𝑖 )] ,

(9)

where 𝐹𝑔𝑖 (𝛾) denotes the probability of 𝑔𝑖 (X) ≤ 𝛾. After the
performance measure is defined, a general RBDO problem
could be formulated as
Min 𝑦 (d)
d

s.t. 𝛾𝑖 (d) ≤ 0

𝑖 = 1, . . . , 𝑛.

(10)

The most probable target point (MPTP) u#𝑖 is then used
to evaluate (10) using the performance measures as the
constraints. The subproblem in (11) is formulated to find the
optimal solution and the MPTP is determined under the
condition of 𝛽𝑖 > 0. Consider
Max

𝑔𝑖 (u𝑖 )

s.t.

 
u𝑖  = 𝛽𝑓,𝑖 .

(11)

The MPTP is determined from the distance of 𝛽𝑓,𝑖 away from
the design point along the direction of ∇u 𝑔𝑖 (u#𝑖 ). Subproblem
(11) considers the inverse reliability analysis and Figure 2(a)
illustrates the process of finding the MPTP in the standard
normal space. The red 𝛽𝑓,𝑖 -contour represents the area of
the allowable probability surrounding the current design

and the blue contour is the projection of the 𝛽𝑓,𝑖 -contour on
the surface of 𝑔𝑖 (u𝑖 ). The B-B cross-section in Figure 2(b)
shows how the location of the MPTP is determined at the
maximum function value on the 𝛽𝑓,𝑖 -geometry along the
direction of ∇u 𝑔𝑖 (u#𝑖 ).
The performance measure for the 𝑖th constraint for
problem (9) is then approximated as

𝛾𝑖 (d) = 𝑔𝑖 (u#𝑖 ) + (d − d(𝑘) ) ⋅ ∇d 𝑔𝑖 (u#𝑖 ) .

(12)

Some researchers [17, 33, 34] preferred to use PMA for RBDO
problems due to its efficiency for their problem by utilizing
mean-value iterative methods, such as a hybrid mean value
(HMV) method [17, 35].
2.3. Instability of PMA. The subproblem as expressed in (11)
does not guarantee finding the most probable target that
satisfies 𝑔𝑖 (u𝑖 ) = 0 for all possible locations. Some researchers
[18] have found ways to ensure that the locations would not
fall within the improbable location but there might be some
scenarios where constraints are constantly changing or are
unknown thus selecting a design point falling within the
improbable areas is still a possibility. The additional function
calls from the optimization may be too costly in complicated
engineering problems and other methods require additional
function evaluations. In Figure 3, an attempt is made to
visually illustrate this phenomenon through several different
probable cases.
In Figures 3 and 4 different possible scenarios are
explored in one plane, which may represent different design
points. Design points d1 and d2 fall within the feasible region.
For d1 , the most probable target of zero function value of
𝑔 is determined at the maximum function measure on the
𝛽𝑓 -contour, which defines the MPTP d#1 . The performance
measure is then evaluated by mapping d#1 to u-space and
substituting u#1 to (9). For d2 , the 𝛽𝑓 -contour is in contact
with the limit state and the MPTP is found exactly at
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𝛽f -circle projection
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Figure 2: (a) MPTP in standard normal space; (b) cross-sectional view of B-B.

Infeasible region g(x) > 0
Infeasible region g(x)
x >0
d#
4

𝛽f -circles
x2

d#
2

d1

𝛽f -circle projections

d4
d#
1

x1

d#
3

x2

d3

x1

𝛽f -circle
Limit stage g(x ) = 0

Limit stage g(x ) = 0
d2

Feasible region g(x ) < 0

Feasible region g(x ) < 0

𝛽f -circle projections
(a)

(b)

Figure 3: Generalization of different design points: (a) point d1 in the feasible region and point d2 with its MPTP on the limit state; (b) point
d3 with its 𝛽𝑓 -contour crossing the limit state and point d4 in the infeasible region.

the intersection of the 𝛽𝑓 -contour and the limit state. In this
condition, the MPTP is determined at 𝑔𝑖 (u#𝑖 ) = 0 on the 𝛽𝑓 contour.
The next two points, d3 and d4 , are cases in which the
design points fall outside the feasible regions. The 𝛽𝑓 -contour
for the design point d3 crosses the limit state and the targets
of zero function values can be found at the intersection of
the 𝛽𝑓 -contour and limit state. However, the MPTP will be
determined in the infeasible region instead of on the limit
state using the subproblem in (11) but it is not the most
probable target of 𝑔(x) = 0. Lastly, for point d4 , the MPTP
is found away from the limit state on the 𝛽𝑓 -contour and
it produces inappropriate inverse reliability analysis. These
cases were encountered in solving the benchmark problems
using the PMA and will be presented later in the numerical
examples.

3. A Multifaceted Approach for RBDO
3.1. Investigations of Active Probabilistic Constraints of MRIA
and PMA. Lin et al. [20] proposed the HRA and expected
to use the methods of MRIA and PMA in cases where they
perform the best. MRIA is able to find the optimal solution
in any design location but the PMA, on the other hand, is
able to solve the RBDO problem using the inverse reliability
analysis very efficiently.
MRIA and PMA optimality conditions are first presented
to demonstrate that both approaches obtain the same point in
the RBDO problem, given the same probabilistic constraints.
This is necessary since even though each approach uses a
different perspective, they are trying to obtain the same
optimal solution under constraints. Thus, both approaches
can be used interchangeably whenever their performance is
superior.
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For the conditions of −g(0)/‖∇g(0)‖ > 𝛽f

Infeasible region g(x) > 0
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d2

d1

d#
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x1

Limit stage g(x ) = 0
Boundary of −g(0)/‖∇g(0)‖ = 𝛽f
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(a)

For the conditions of −g(0)/‖∇g(0)‖ > 𝛽f
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x2
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Feasible region g(x ) < 0

Boundary of −g(0)/‖∇g(0)‖ = 𝛽f
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Figure 4: Selection of algorithms based on the relative relationship between Cornell reliability index and 𝛽𝑓 : (a) conditions where PMA is
used; (b) conditions when MRIA is used.

The optimality conditions of both methods are first
investigated to identify their similarity and differences. A
selection factor is derived according to the relations between
the two methods and utilized to determine whether they
would be considered during the optimization processes of
RBDO.
It is given that the active probabilistic constraints using
both MRIA and PMA are the same. In other words, both
methods should be able to generate the same approximations
of probabilistic constraints. They are numerically shown in
(13) and (14), respectively, when the design variables are close
to the optimal solution of RBDO problem in (1). Consider

+ (d − d ) ⋅


−1
∇d 𝑔𝑖 (u∗𝑖 ) ∇ui 𝑔 (u∗𝑖 )

(13)
= 0,

(14)


−1
⋅ ∇d 𝑔𝑖 (u#𝑖 ) ∇ui 𝑔 (u#𝑖 ) = 0.

Equations (13) and (14) were derived from the active conditions of the inequality constraints in (7) and (10), respectively.
At the optimal solution, ∇d 𝑔𝑖 (u∗𝑖 ) ≅ ∇d 𝑔𝑖 (u#𝑖 )and the
following relation could be obtained by substituting this
condition and subtracting (13) from (14). Consider

−1
𝑔𝑖 (u#𝑖 ) ∇ui 𝑔 (u#𝑖 ) + u∗𝑖
⋅


−1
− u∗𝑖 ⋅ ∇ui 𝑔𝑖 (u∗𝑖 ) ∇ui 𝑔𝑖 (u∗𝑖 ) + 𝛽𝑓,𝑖
(𝑘)


−1
𝑔𝑖 (u#𝑖 ) ∇ui 𝑔 (u#𝑖 ) + (d − d(𝑘) )


∇ui 𝑔𝑖 (u∗𝑖 ) ∇ui 𝑔𝑖

−1
(u∗𝑖 )

(15)
− 𝛽𝑓,𝑖 = 0.

3.2. Derivation of Selection Factor Using the Generalized
Formulations of RBDO Algorithms. Equation (15) can also
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be derived from the difference of the unified reliability
formulations (URFs) [36] of MRIA and PMA. Lin [36]
has found the generalized mathematical expression of the
linearly approximated probabilistic constraints of various
RBDO algorithms. The URFs of MRIA and PMA have been
derived as (16) and (17), respectively. Consider
[d − x𝑖∗ + 𝑔𝑖 (x𝑖∗ ) 𝜎2 ⋅ 
𝜎


∇d 𝑔𝑖 (x𝑖∗ )
2
⋅ ∇d 𝑔𝑖 (x𝑖∗ )

∇ 𝑔 (x∗ )
+ 𝛽𝑓,𝑖 𝜎2 ⋅  d 𝑖 𝑖 ∗  ] ⋅ ∇d 𝑔𝑖 (x𝑖∗ ) ≤ 0,
𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖 )
∇d 𝑔𝑖 (x𝑖# )
[d − x𝑖# + 𝑔𝑖 (x𝑖# ) 𝜎2 ⋅ 
𝜎 ⋅ ∇d 𝑔𝑖 (x# )2
𝑖 


(16)

(17)

∇d 𝑔𝑖 (x𝑖# )

#
+ 𝛽𝑓,𝑖 𝜎2 ⋅ 
 ] ⋅ ∇d 𝑔𝑖 (x𝑖 ) ≤ 0,
𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖# )

where x𝑖∗ and x𝑖# , respectively, represent the MPFP and
MPTP in the original design space. When both inequality
constraints are active and the gradient vectors evaluated at
MPFP and MPTP are the same, the following relation is
obtained:
x𝑖∗

−

+

𝑔𝑖 (x𝑖∗ ) 𝜎2

⋅
𝜎 ⋅ ∇d 𝑔𝑖 (x∗ )2
𝑖 


=

+

𝑔𝑖 (x𝑖# ) 𝜎2

(18)

∇d 𝑔𝑖 (x𝑖# )

⋅
𝜎 ⋅ ∇d 𝑔𝑖 (x# )2
𝑖 


∇d 𝑔𝑖 (x𝑖# )‖𝜎2

⋅

=

0 and x𝑖# − d(𝑘)

∇d 𝑔𝑖 (x𝑖# )‖

−1

=

𝛽𝑓,𝑖 𝜎2 ⋅

, (18) is rewritten as

∇d 𝑔𝑖 (x𝑖# )

(19)

= −d(𝑘) + 𝑔𝑖 (x𝑖# ) 𝜎2 ⋅ 
.
𝜎 ⋅ ∇d 𝑔𝑖 (x# )2
𝑖 

A dot product between (19) and 𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖∗ ) produces


− u∗𝑖 ⋅ 𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖∗ ) + 𝛽𝑓,𝑖 𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖∗ )
=

3.3. Improvements in the Selection Factor for Hybrid Reliability
Approach. In this paper, a conditional selection factor is
proposed to determine whether MRIA and PMA should
be utilized during the optimization processes without the
decision of threshold parameter 𝐷. In order to enhance the
numerical performance of HRA, the mean-value approximation is utilized to reformulate (15) as the following equation:
(22)

Furthermore, the mean-value approximations of MPFP and
MPTP near the optimal solution are given by u∗𝑖 ≅ u#𝑖 ≅
𝛽𝑓,𝑖 ∇ui 𝑔𝑖 (0)‖∇ui 𝑔(0)‖−1 . A new selection factor 𝑆𝑖 is then
derived as
−1

(23)
𝑆𝑖 ≡ 𝑔𝑖 (0) ∇ui 𝑔 (0) + 𝛽𝑓,𝑖 .
After evaluating (23), three cases can then be generalized
to describe 𝑆𝑖 . These three cases are elaborated below and
define the selection between PMA and MRIA.

∇ 𝑔 (x∗ )
− x𝑖∗ + 𝛽𝑓,𝑖 𝜎2 ⋅  d 𝑖 𝑖 ∗ 
𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖 )

𝑔𝑖 (x𝑖# )

(21)

which confirms derived Equation (15).
Lin et al. [20] defined a selection factor 𝑆𝑖 based on the
ratio of right-hand-side of (21) over the left-hand-side. As
the ratio is close to or equal to one, the approximations of
MRIA and PMA are very similar. Therefore, it was suggested
to utilized the efficient PMA when ‖𝑆𝑖 − 1‖ < 𝐷, where
𝐷 is a user-defined threshold parameter. Otherwise, the
stable MRIA was utilized to formulate the 𝑖th probabilistic
constraint. However, the selection of the threshold parameter
is crucial for the performance of HRA. In this paper, an
improved definition of selection factor is proposed for the
multifaceted selection in HRA.

−1

+ u∗𝑖 ⋅ ∇ui 𝑔𝑖 (0) ∇ui 𝑔 (0) − 𝛽𝑓,𝑖 = 0.

∇d 𝑔𝑖 (x𝑖# )
+ 𝛽𝑓,𝑖 𝜎2 ⋅ 
.
𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖# )
Since 𝑔𝑖 (x𝑖∗ )

𝑔𝑖 (x𝑖# )
∇ 𝑔 (x∗ )
u∗𝑖 ⋅  u 𝑖 𝑖∗  = 𝛽𝑓,𝑖 − 

∇u 𝑔𝑖 (x𝑖 )
∇u 𝑔𝑖 (x𝑖# )

−1

[𝑔𝑖 (0) + u#𝑖 ⋅ ∇ui 𝑔 (0)] ∇ui 𝑔 (0)

∇d 𝑔𝑖 (x𝑖∗ )

∇ 𝑔 (x∗ )
+ 𝛽𝑓,𝑖 𝜎2 ⋅  d 𝑖 𝑖 ∗ 
𝜎 ⋅ ∇d 𝑔𝑖 (x𝑖 )
−x𝑖#

The relation of ∇d 𝑔𝑖 (x𝑖# ) ≅ ∇d 𝑔𝑖 (x𝑖∗ ) simplifies (20) to the
following final form:

∇d 𝑔𝑖 (x𝑖# ) ⋅ 𝜎2 ⋅ ∇d 𝑔𝑖 (x𝑖∗ )
.
𝜎 ⋅ ∇d 𝑔𝑖 (x# )2
𝑖 


(20)

(i) Case 1 is when 𝑆𝑖 = 0, the Cornell reliability index
[37] 𝛽𝐶,𝑖 ≡ −𝑔𝑖 (0)‖∇ui 𝑔(0)‖−1 under mean-value firstorder second-moment (MVFOSM) [38] is the desired
reliability index, 𝛽𝑓,𝑖 , and the failure probability from
the MRIA and the PMA is approximately the same.
In this case, the PMA would be chosen to perform an
efficient inverse reliability analysis.
(ii) Case 2 is when 𝑆𝑖 < 0 and the Cornel reliability index
is larger than 𝛽𝑓,𝑖 indicating that the beta-contour is
located within the feasible region, the efficient inverse
reliability analysis can find the MPTP of 𝑔𝑖 (u𝑖 ) = 0
and PMA is the logical choice for this case.
(iii) Lastly, Case 3 is when 𝑆𝑖 > 0, the 𝛽𝑓,𝑖 -contour is either
crossing the limit state or entirely located outside
the feasible region. To avoid the numerical instability
experienced in PMA, MRIA is chosen as the approach
to find the optimal conditions.
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These three cases could further be simplified by expressing
them into a decision RBDO algorithm with the following
rule:
PMA is used.
otherwise,

for 𝑆𝑖 ≤ 0;
MRIA is used.

(24)

It is novel to use a conditional algorithm to solve a
problem using PMA and MRIA in cases where their strengths
are used, PMA using an efficient inverse reliability and MRIA
utilizing its stability. The evaluation of the selection factor, 𝑆𝑖 ,
from (23) does not generate additional functional evaluations
because both 𝑔𝑖 (0) and ∇ui 𝑔(0) are used in performing the
analysis in PMA and MRIA. It is expected that the proposed
HRA will be more efficient in finding the optimal solution.
Figure 4 visually represents the algorithm selection process.
In Figure 4(a), design point d1 is located in the region
of 𝑆𝑖 ≤ 0. The Cornell reliability index is larger than or
maybe equal to the allowable reliability index and PMA
is implemented in formulating the probabilistic constraint
based on (10) and (12). Design point d2 is a point where the
corresponding 𝛽𝑓,𝑖 -contour contacts the limit state and it is
located on the boundary of 𝑆𝑖 = 0 and PMA is used and
the MPTP is found on the limit state. Figure 4(b), on the
other hand, shows infeasible design points d3 and d4 , where
𝑆𝑖 > 0 and 𝛽𝐶,𝑖 < 𝛽𝑓,𝑖 . In these cases, the MRIA is utilized
to produce the probabilistic constraints from (7) and (8) and
stable reliability analyses are expected.
The proposed procedure of HRA establishes a multifaceted approach in solving RBDO problems and could be
also applied to other methods after carefully knowing the
strengths and weaknesses of each method and formulating
a selection factor based on the conditions in which these
methods perform well. As mentioned in the RIA section of
these paper, different approaches such as AMV [39], FORM
[31, 40], and SORM [38] could be utilized in finding the
MPFP. Meanwhile, other PMA methods, such as HMV [35]
and HMV+ [17], can also be utilized in obtaining the MPTP.
The proposed approach is also adaptive to probabilistic constraints. It can be applied to linear or high-order expansions
such as that related to safety and reliability information.
Performance-based shifting [16, 41, 42], variable-based shifting [43], and nonlinear transformations in nonnormally
distributed random variables [15] can be covered by the
proposed approach.

4. Numerical Examples
This section makes a comparative investigation of MRIA,
PMA, and HRA using a set of benchmark examples obtained
from related studies [15, 16, 19, 25–29]. The iteration processes
and optimal results performed at randomly selected starting
points were investigated with the function evaluations used
as efficiency indicators. Any violation in the conditions of the
allowable failure probabilities was further investigated using
Monte Carlo Simulations. The results of the Monte Carlo
Simulations are utilized as an indicator for correctness and
stability.

All problems were examined with 20 × 20 uniformly
distributed starting points from the design domain and the
optimization process stops when a relative difference of
10−3 from the objective function is reached. The maximum
iteration for finding the MPFP and the global iteration loop
was limited to five [25].
4.1. Application on a Nonlinear Problem I. The first benchmark problem is a two-bar frame problem. The full statement
of the problem can be found at [15]. The formulation of the
optimization problem for this paper is stated as
Min 𝑦 (d) = 𝑑1 + 𝑑2
d

𝑃𝑖 [𝑔𝑖 (X) > 0] ≤ 𝑃𝑓

s.t.

0 ≤ 𝑑𝑗 ≤ 10

𝑖 = 1, . . . , 3

(25)

𝑗 = 1, 2,

where
𝑔1 (X) = 1 −

𝑋12 𝑋2
,
20
2

𝑔2 (X) = 1 −

2

(𝑋 + 𝑋2 − 12)
(𝑋1 + 𝑋2 − 5)
− 1
,
30
120

𝑔3 (X) = 1 −

(26)

80
𝑋12 + 8𝑋2 + 5

with the probabilistic constraint of 𝑃𝑓 = 0.13% to follow
3𝜎 criterion. The design point X has the standard deviation
of [𝜎1 , 𝜎2 ] = [0.3, 0.3] and is a mutually independent,
normally distributed random variable. The problem and the
optimal solution to the problem are graphically represented
in Figure 5.
The required function evaluations (FE) to solve the
RBDO problem using 400 starting points are demonstrated in
Figure 6. The location of the bars represents the decisions of
the starting points. The heights of the bars record the number
of FE for the optimization process with the corresponding
starting points.
The design points may fall into the infeasible regions
during the optimization process to determine whether the
starting points are feasible or not. At first glance, Figure 6(a)
shows that MRIA has some points with high FEs, most of
which are outside the feasible region. Figure 6(b), on the other
hand, shows a more stable distribution in the FEs. It is quite
noticeable that the HRA in Figure 6(c) has lowest FE since
it adopted the best solution of both approaches. The average
of the FE among all possible starting points is taken as the
efficiency indicator, later tabulated in Table 1.
In evaluating the correctness of the optimal solutions,
Monte Carlo Simulations (MCS) was used to study the
probability of failure corresponding to each starting point.
The sum of violations (SOV) of the allowable probability is
calculated by ∑𝑛𝑖=1 (𝑃MCS,𝑖 −𝑃𝑓,𝑖 ), where 𝑃MCS,𝑖 is used to denote
the probability of failure of the 𝑖th constraint based on the
MCS with 106 sampling points. Figure 7 shows the SOVs of
all three methods.
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Table 2: FE and SOV of 400 starting points for Example 2.

9
3

8
7

Approach

Descent dir.

MRIA
PMA
HRA

4

6
x2

∗

6

5
4

1
5

3

2

2
1
2

4

6

8

10

x1
1
2
3
4

Obj. func.
Deter. constr. #1
Deter. constr. #2
Deter. constr. #3
Prob. constr. #1

5 Prob. constr. #2
6 Prob. constr. #3
𝛽-circle
Optimal point

Figure 5: Graphical representation of Example 1 [20].

Average FE

Average SOV

Number of
points with
high SOV∗

204.9
155.9
167.0

0.024%
0.023%
0.024%

0
0
0

Sum of violations > 1%.

The Cornell reliability index in some instances of the 158
starting points, presented above, as a value lower than that of
the allowable reliability index and the MPTP in (11), cannot
guarantee to get the most probable target toward the limit
state. In such cases, the HRA follows (4) and uses the MRIA
to solve the RBDO analysis up to such time that the design
point is led into conditions that 𝑆𝑖 ≤ 0 and the efficient inverse
reliability analysis of PMA is used. This ensures that HRA
keeps the stability of MRIA and maintains the efficiency of
PMA.
4.2. Application on a Nonlinear Problem II. A second nonlinear benchmark problem [30], which considers uncertainties
in the design variables in a real safety system, is presented as
follows:
Min 𝑦 (d) = 4𝑑12 + 𝑑1 − 𝑑2 − 2.5
d

s.t.

Table 1: FE and SOV of 400 starting points for Example 1.

Average FE

Average SOV

Number of
points with
high SOV∗

MRIA

282.9

0.018%

0

PMA

274.5

52.199%

158

HRA

256.2

0.018%

0

Approach

∗

Sum of violations > 1%.

Figure 7(a) demonstrates that MRIA has a very low SOV
proving that it can find the correct optimal solution within
the allowable probability of failure in any given starting point.
This property was adopted by HRA as seen in Figure 7(c).
Figure 7(b), on the other hand, shows the instability of PMA
on points outside the feasible regions. The results of the FEs
and SOVs are summarized on Table 1.
The first glance claims are validated with the summary
and it is notable that HRA has the lowest number of FEs,
taking good results from the PMA and MRIA. The SOV of
MRIA is almost close to zero and was adopted by the HRA.
PMA on the other hand had a large number of violations and
158 stating points produce SOVs higher than 1%, meaning
that in 158 points, approximations of the PMA are incorrect.
The locations of the 158 incorrect points for PMA are shown
in Figure 8.

𝑃𝑖 [𝑔𝑖 (X) > 0] ≤ 0.13%
𝑑1 ∈ [−1, 2] ,

𝑖 = 1, . . . , 2

(27)

𝑑2 ∈ [0.1, 3]

[𝜎1 , 𝜎2 ] = [0.1, 0.1] ,
where
𝑔1 (X) = − 𝑋22 + 1.5𝑋12 − 2𝑋1 + 1,
𝑔1 (X) = 𝑋22 + 2𝑋12 − 2𝑋1 − 4.25.

(28)

The problem and the optimal solution to the problem are
graphically presented in Figure 9. In this illustration, the
descent direction arrows were used to simplify the visualization of the location of the optimal point. There were
no stability incidents reported in this given problem in the
utilization of all the approaches. The performances of each
approach are summarized in Table 2.
When no numerical instabilities were present, the PMA,
which uses the lowest function evaluations averagely, seems
to be the most efficient. The HRA had higher average FEs
compared to PMA. This is due to some cases in which 𝑆𝑖 > 0
and HRA had to use MRIA. This example shows the cost
of computation using MRIA. For this example, the average
FEs are around 30% compared to PMA. The HRA on the
other hand suffers an increase of approximately 7% in FEs
compared to PMA due to the cases in which 𝑆𝑖 > 0. The MRIA
has stable optimization processes but the MPFP-searching
processes are costly.
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Figure 6: Function evaluations for 400 different starting points using (a) MRIA, (b) PMA, and (c) HRA.

4.3. Application on a Highly Nonlinear Problem. The third
benchmark problem originally proposed in [42] is a highly
nonlinear two-dimensional RBDO problem. The optimization problem was presented as
Min

𝑦 (d)

s.t.

𝑃𝑖 [𝑔𝑖 (X) > 0] ≤ 5%

d

𝑑1 ∈ [2, 7] ,

𝑖 = 1, . . . , 3

𝑑2 ∈ [0.5, 5.5]

2

2

(𝑑1 + 𝑑2 − 10)
(𝑑 − 𝑑2 + 10)
− 1
,
30
120
𝑔1 (X) = 1 −

𝑋12 𝑋2
,
20

3

+ (0.9063𝑋1 + 0.4226𝑋2 − 6)

4

− 0.6(0.9063𝑋1 + 0.4226𝑋2 − 6)
− (−0.4226𝑋1 + 0.9063𝑋2 ) ,
𝑔3 (X) = 1 −

80
.
𝑋12 + 8𝑋2 + 5
(29)

[𝜎1 , 𝜎2 ] = [0.5, 0.5] ,
𝑦 (d) = −

2

𝑔2 (X) = − 1 + (0.9063𝑋1 + 0.4226𝑋2 − 6)

The problem and the optimal solution to the problem are
graphically presented in Figure 10. It is expected that all
three methods would have some instability due to the nature
and formulation of the problem and the constraints. Table 3
summarizes the results for three approaches.
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Figure 7: SOVs of the allowable probability of failure for 400 different starting points using (a) MRIA, (b) PMA, and (c) HRA.

In this problem, the PMA has the highest averaged SOV
of 24.702%, which was consistent with the first problem. The
number of points with SOV > 1% was reported to be 118 points
and some instances reported SOVs higher than 5%. Incidence
in PMA with SOVs higher than 5% is presented in Figure 11.
Most of the instabilities come from regions with Cornell
reliability indexes smaller than the allowable ones. In this
case, PMA seems to perform poorly compared to the other
approaches. The MRIA seems to be the most efficient given
the constraints and the measure used for this paper. The
HRA on the other hand performs better in terms of average
FEs with the MRIA but is slightly higher on SOVs since it
considers the PMA on instances where 𝑆𝑖 ≤ 0. The stability of
HRA is somewhat at par to that of MRIA, especially when
PMA suffers cases of numerical instabilities, such as these
examples.
4.4. General Discussion of Presented Examples. Through these
examples, the HRA proves to be a very useful approach to

solve problems more stably using a few numbers of global
iterations. This is useful when the nature of the problem is
unknown or is constantly changing such as that in safety
systems and complex products that would normally be
numerically expensive to reach convergence. The stability of
the solution using a low number of iterations is highlighted
in this paper as presented in the numerical examples. The
first nonlinear problem shows a general case for nonlinear
problems; MRIA would yield stable results with efficiency
expressed in terms of the FEs relatively poorer compared to
PMA but PMA suffers from some instabilities which was also
prominent in the highly nonlinear problem. The proposed
HRA, on the other hand, shows stability close to that of MRIA
with efficiencies close to that of PMA. The second nonlinear
problem presents an example that highlights the efficiency of
the PMA. In this case, the proposed HRA also encountered
a slight drop in efficiency compared to the PMA. The highly
nonlinear problem is an extreme case in which PMA suffers
greatly in terms of the SOVs with some instances with SOVs
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Figure 11: Location of starting points with SOV > 5% using PMA.

higher than 5% as presented in Figure 11. In this case, the
MRIA remains stable with SOVs less than 2%.
All of these problems were solved with 400 different
starting points, which could represent a given design or
operating condition for any system or component under the
design space given highly irregular or unlikely constraints.
The problems were chosen in such a way that they may be able

to approximate extreme real world constraints for problems
in which they are applied to. The number of global iterations
was also limited to 5. Keeping this constraint does not provide
ample time for the methods to reach convergence but it is
appropriate for problems under uncertainty or large complexity where computational time is expensive. The proposed
HRA would always maintain a relatively stable result due to
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Table 3: FE and SOV of 400 starting points for Example 3.

Approach
MRIA
PMA
HRA
∗

Average FE

Average SOV

Number of
points with
high SOV∗

282.7
371.4
245.3

1.694%
24.702%
1.783%

10
118
13

Sum of violations > 1%.

the nature of the MRIA formulation and efficiency is relatively
faster compared to the MRIA due to the formulation of the
PMA. Lastly, this approach could also be applicable to other
approaches given that an appropriate selection factor for two
or more approaches would be well established.

5. Conclusion
In summary, this paper proposes a hybrid reliability approach
(HRA), which utilizes two popularly used RBDO algorithms,
namely, the modified reliability index approach (MRIA) and
the performance measure approach (PMA). HRA multifacetedly utilizes the stability of MRIA and the efficiency
of PMA as exhibited by the presented nonlinear examples.
The proposed HRA is novel in the selection factor and its
formulation on the conditions on which method is going to be
utilized. When the selection factor is smaller than or equal to
zero, PMA is used. If the selection factor is greater than zero,
the MRIA is used to formulate the probabilistic constraint
until such time that the PMA becomes stable.
The three methods were then compared and contrasted
under fixed iterations and starting points to three benchmark
problems representing safety design and a highly nonlinear
problem. It was proven that the method could never be
worse in performance than PMA and MRIA. It was also
demonstrated that the method has acquired the stability of
MRIA and the efficiency of PMA.

Nomenclature
Expected value of X; d = 𝐸[X] = 𝑑𝑗 e𝑗
written in the Einstein notation
𝐷: A threshold parameter
e𝑗 : 𝑗th normal basis of the design variable
𝑓(x): Joint probability density function of X
𝐹𝑔𝑖 : Cumulative distribution function (CDF)
for the 𝑖th constraint
𝑔𝑖 : 𝑖th constraint; 𝑔𝑖 (X) > 0 is considered as
the failed design and 𝑔𝑖 (X) ≤ 0 represents
the feasible domain
𝑖:
Dimensional index of the constraint;
𝑖 = 1, 2, . . . , 𝑛
𝑗:
Dimensional index of the design variable;
𝑗 = 1, 2, . . . , 𝑁
𝑘:
Iteration index of the global loop in the
RBDO process
𝑛:
Number of the constraint
d:

𝑃:
𝑃𝑓,𝑖 :

Probability of an event
Allowable failure probability with respect
to the 𝑖th constraint
𝑃MCS,𝑖 : 𝑖th failure probability based on Monte
Carlo Simulations (MCS)
𝑖th selection factor
𝑆𝑖 :
Deterministic standard normal design
u𝑖 :
variable associated with the 𝑖th constraint;
−1
u𝑖 = ∑𝑁
𝑗=1 𝑢𝑖,𝑗 e𝑗 and 𝑢𝑖,𝑗 = 𝜎𝑗 (𝑥𝑗 − 𝑑𝑗 ) ∀𝑖
U𝑖 :
Random standard normal design variable
for 𝑖th constraint; U𝑖 = ∑𝑁
𝑗=1 𝑈𝑖,𝑗 e𝑗
u∗𝑖 :
Most probable failure point for 𝑖th
∗
constraint; u∗𝑖 = ∑𝑁
𝑗=1 𝑢𝑖,𝑗 e𝑗
u#𝑖 :
Most probable target point for 𝑖th
#
constraint; u#𝑖 = ∑𝑁
𝑗=1 𝑢𝑖,𝑗 e𝑗
x:
Most probable failure point in the original
design space; x∗ = 𝑥𝑗∗ e𝑗
x∗ :
Most probable target point in the original
design space; x# = 𝑥𝑗# e𝑗
#
x :
Deterministic design variable; x = 𝑥𝑗 e𝑗
X:
Random design variable; X = 𝑋𝑗 e𝑗
𝑦:
Cost function
𝛽𝑓,𝑖 : Allowable modified reliability index for
the 𝑖th constraint
𝛽𝐶,𝑖 : 𝑖th Cornell reliability index evaluated by
mean-value first-order second-moment
method
𝛽HL,𝑖 : 𝑖th Hasofer-Lind reliability index
𝛽𝑀,𝑖 : Modified reliability index for the 𝑖th
constraint
Performance measure associated with the
𝛾𝑖 :
𝑖th constraint
𝜎:
Standard deviation of X; 𝜎= ∑𝑁
𝑗=1 𝜎𝑗 e𝑗 e𝑗
Φ:
Standard normal CDF.
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In the car company, the painted body storage (PBS) is set up between the paint shop and the assembly shop. It stores the vehicles
in production and reorders the vehicles sequence. To improve production efficiency of assembly shop, a mathematical model is
developed aiming at minimizing the consumption rate of options and the total overtime and idle time. As the PBS sequencing
process contains upstream sequence inbound and downstream sequence outbound, this paper proposes an algorithm with two
phases. In the first phase, the discrete small-world optimization algorithm (DSWOA) is applied to schedule the inbound sequence by
employing the short-range nodes and the long-range nodes in order to realize the global searching. In the second phase, the heuristic
algorithm is applied to schedule the outbound sequencing. The proposed model and algorithm are applied in an automobile
enterprise. The results indicate that the two-phase algorithm is suitable for the PBS sequencing problem and the DSWOA has a
better searching performance than GA in this problem. The sensitivity of model parameters is analyzed as well.

1. Introduction
Motivated by the diversified demands from customers, the
make-to-order, multiple variety, and small batch production
model gains a wide application in the automotive industry
and brings the mixed-model assembly lines. In an automotive
assembly plant, the production lines mainly consist of four
kinds of shops: the press shop, the welding shop, the paint
shop, and the assembly shop. Since the processing time of
different types of vehicles is different, the storage is set up
between the workshops to guarantee the safety lead time of
the next shop [1].
Besides storing, the storage reorders the production
sequence also [2]. A large number of studies have been done
on sequencing problem with considering the storage. These
studies mainly focus on two aspects: the modeling method of
the storage and the optimization algorithms to the model.
Jayaraman et al. [3] simulated and designed the capacity
of the storage according to the requirements of sequencing capacity and proved the effectiveness of the method

with a given case. Kavusturucu and Gupta [4] researched
the manufacturing system of limited storage serial. They
computed the production capacity of the system using the
methods of decomposition, isolation, and expansion and
then compared their results with simulation results. Aksoy
and Gupta [5] studied the manufacturing cell with limited
storage and unreliable machine. Based on decomposition
principle and extension method, a scheme of the approximate
optimal storage allocation was proposed. Bulgak [6] studied
the interstage storage of open loop step assembly line and
obtained the optimal solution on the basis of metamodeling
and genetic algorithm.
With the establishment of the storage, more scholars
have focused on the sequencing function of storage. Muhl et
al. [7] resolved the storage sequencing problems through a
heuristic algorithm and then provided some suggestions for
the problems. Spieckermann et al. [8] researched the linear
storage sequencing between the body shop and the paint shop
to minimize the times of color switching in the paint shop.
Moon et al. [9] put forward a storage/retrieval algorithm to
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solve the linear storage sequencing between the paint shop
and assembly shop and verified the algorithm with simulation
modes.
Storage sequencing problems can be classified into the
discrete problems. In discrete optimization fields, there are
many mature algorithms to solve sequencing problem, and
we usually use heuristic algorithms such as ant colony
algorithm and genetic algorithm. When solving the discrete
sequencing problem, the ant colony algorithm may be convergence to local optimum and the genetic algorithm has low
solving efficiency as producing a lot of redundancy iteration
by using insufficient feedback information. Therefore, we
need an algorithm which has a strong capability of global
searching and fast convergence speed. Discrete small-world
optimization just meets our requirements.
The earliest research on the small-world originated in
1929 from a Hungarian writer F. Karinthy, who conjectured
that in this world any two persons could be related by a chain
composed of five contacts [10]. In 1967, Milgram confirmed
this conjecture by the famous letters delivery experiments
and proposed the theory of Six Degrees of Separation [11].
Watts and Strogatz first established the small-world network
model, which is based on a ring lattice and called W-S model
[12, 13]. In W-S model, the edges of the network are divided
into “local” and “long-range” contacts.
As the small-world network theory system is gradually
maturing, the small-world networks have begun to be used
in the optimization field. Walsh [14] studied the application
of the small-world network on the problem of graph theory
search. He improved the small-world networks to adapt the
graph theory search. Chen et al. [15] pointed out that different
values of the spread probability parameters will affect the
quick searching feature of small-world network. A smallworld topology structure was applied in PSO by Cui et al. [16]
to observe the behavior of swarm. This method has made PSO
more efficient than before. Li et al. [17] proposed a decimalcoding small-world optimization algorithm (DSWOA) based
on Kleinberg’s model and demonstrated its stability and fast
convertible rate for high-dimensional optimization problems. Li et al. [18] developed a small-world hierarchical tree
model, which took advantage of characteristics of social
network, aiming at solving the continuous optimization
problem. Inspired by the intelligent experiments of Milgram’s
letters delivery and its application in continuous optimization
problem, we propose a fast search algorithm based on smallworld effect for discrete problems called discrete small-world
optimization algorithm (DSWOA).
This paper focuses on a mixed-model production line
of a car manufacturing enterprise (J Company) and studies
storage between the paint shop and assembly shop. Considering the existing heuristic sequencing rules, the sequencing
algorithm which combines intelligent algorithm with heuristic algorithm is used to deal with the storage sequencing
problems. A two-phase optimization algorithm is proposed
based on the small-world theory and the heuristic method.
This algorithm realizes the optimization of the production
target in the assembly shop with the reordering of the vehicle
sequence through the painting storage.
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2. The Painted Body Storage
Sequencing Problem
In the mixed-model assembly line of automobile, the TAKT
time of the paint shop is usually inconsistent with that of the
assembly shop. The painted body storage is therefore set up to
adjust the sequence of different painted bodies and keep pace
between the two shops. The main task of the paint shop is to
paint the white body. In order to reduce the paint cleaning loss
of frequent color change, the times of color switching need
to be minimized for the vehicles going into the paint shop.
There is no special requirement to the color for the assembly
shop. However, the consumption rate of the key parts and
the production load for each workstation are required to be
emphasized. Therefore, the sequence of vehicle going into
the assembly shop through the PBS needs to be reordered
to realize the optimization of the production objective in the
assembly shop.
2.1. Description of PBS. Wortmann and Spieckermann [19]
summarized various storage forms in the production system.
According to the structure and function of storage, storage
can be divided into list storage, stack storage, circular storage,
linear storage, retroposition storage, and free storage. These
storages differ in sequencing capacity, equipment cost and
maintenance, and so forth.
This paper studies a multichannel linear storage. Figure 1
shows the structure diagram. To simplify the description of
the multichannel linear storage model, the process of products getting into the multichannel storage is called inbound,
and the process of products getting out of the multichannel
storage is called outbound. The FIFO queue is called channel.
The multichannel storage is to alleviate the inconsistence of
the cycle time in the upstream and downstream production.
There is a certain amount of WIP in the practical production.
The storage sequencing is also a process with dynamical
continuous input and output products. In order to simplify
the calculation, the dynamical problem is converted into
the static problem, and the continuous production process
becomes the problem with multiple production batches.
Then the storage sequencing for each batch becomes a static
problem.
Linear storage has two essential parameters: the capacity
of storage 𝑉 and the number of sequencing channels 𝑁.
Assume that 𝐿 presents the length of the channel; then 𝑉 =
𝐿 × 𝑁. The optimization sequencing problem of PBS is
described as follows: through a multichannel storage Ξ =
(𝑉, 𝑁), for a work in process (WIP) sequence with the length
𝑛, the sequence of the upstream shop 𝑤 is translated into
the sequence 𝑤 with the optimization of the objective 𝑓 in
the downstream shop. 𝑓 is (1) and (2) in Sections 2.2 and
2.3, in order to minimize the leveling of the logistic cost and
production load balance for each station in the downstream
shop. The following are the problem assumptions.
𝑤: it means the sequence which consists of 𝑛 WIP in
the upstream shop. The 𝑖th WIP could be the same
type with the 𝑗th.
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Figure 1: The structure diagram linear storage.

𝑤 : it means the sequence which consists of 𝑛 WIP in
the downstream shop. The 𝑖th WIP could be the same
type with the 𝑗th.
Ξ: it is the linear storage; Ξ = (𝑉, 𝑁). 𝑉 is the capacity
of the storage and 𝑁 is the number of the channels
into which the products could enter.
For all the above, 𝑖, 𝑗 = 1, 2, . . . , 𝑛.
The objective of PBS sequencing problem is minimizing
the consumption rate of options, the total overtime, and the
idle time of workstations when assigning 𝑛 vehicles into the
multichannel storage. According to the description of PBS,
the size of the problem depends on the sequence length of
1 𝑛
) ×
WIP 𝑛 and the number of the channels 𝑁; that is, (𝐶𝑁
𝑛
1
2𝑛
(𝐶𝑁) = 𝑁 . With the increasing of the product sequence
length, the size of the problem increases exponentially. So the
problem is also a NP-hard problem.
In the practical application, the heuristic method based
on rules is always used to solve this problem [20]. Considering the production sequencing process of J Company, the
common inbound heuristic rules are as follows according to
the order of priority from high to low.
Rule 1. If the material requirement of an inbound product is
consistent with the last product in the channel, the product
will go into the channel.

2.2. Minimizing the Consumption Rate of Options. Considering the assembly shop objectives, we use one function
described in Miltenburg [21] and used in numerous works
[22, 23]. Cycle sorting method is often used to balance the
output ratio of product in the plan sequencing of mixedmodel assembly enterprise [24]. Based on the bill of materiel
(BOM) of the master production plan, the BOM of each
product can be calculated based on the layered and the calculation method of material requirements planning (MRP).
The model parameters are given as follows:
𝑛: number of vehicles in a sequence,
𝐼: number of options of the PBS,
𝑚𝑖 : number of options of type 𝑖 to produce, 𝑖 =
1, 2, . . . , 𝐼,
𝑊𝑖 : weight of the option 𝑖, 𝑖 = 1, 2, . . . , 𝐼,
𝑝: position of the vehicle, 𝑝 = 1, 2, . . . , 𝑛,
𝑥𝑖,𝑝 : number of vehicles with the option 𝑖 between the
positions 1 and 𝑝, 𝑥𝑖,𝑝 = 0, 1, . . . , 𝑛 − 1.
The minimization of the consumption rate of options is
𝑛

Rule 2. If the channel meeting rule 1 cannot be found, an
empty channel will be chosen.
Rule 3. If the channel meeting rule 2 cannot be found, the
channel with the least WIP will be chosen.
The common outbound heuristic rules are as follows.
Rule 1. Select the WIP in which the material requirement is
inconsistent with the previous outbound WIP.
Rule 2. If the channels meeting rule 1 cannot be found, a WIP
from the channel with the most WIP will be selected.
Based on these rules, similar products should be put
together for inbound to simplify the subsequent sequencing
process. The outbound rules consider the objective of the
assembly shop. The material distribution should be leveled
in the assembly shop, in order to balance the production
load for each workstation. This paper quantifies the abstract
rules; then PBS problem can be converted to an optimization
sequencing problem which will realize the leveling of material
consumption and the balancing of station load.

𝐼

𝑓1 = ∑ ∑
𝑝=1 𝑖=1

𝑊𝑖 ((𝑥𝑖,𝑝 /𝑝) − (𝑚𝑖 /𝑛))
∑𝐼𝑖=1 𝑊𝑖

2

.

(1)

𝑓1 denotes the smoothing function for the assembly shop
by calculating the outbound sequence. 𝑓1 is an objective
function measuring the variability in the resource usage.
2.3. Minimizing Total Overtime and Idle Time of Workstations. As the diversified vehicles have different demands, the
workstations in the case company are often in the status
of overload or idle. The switching time between different
vehicles is ignored here. The workstation is idle when an
operator finished the operation on a vehicle and is waiting
for the next vehicle on the workstation. The workstation
is overload if a new vehicle arrives in the station before
the operator finishes processing the previous vehicle on the
station and the remaining work must be processed in time
by another worker outside the workstation [25, 26]. In order
to balance the processing time of each workstation in the
whole mixed-model assembly line, it is important to optimize
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the overload and idle time of workstations. The optimization
model is established as follows:
{𝐽 𝐼
}
𝑓2 = min { ∑ ∑ (idt𝑗𝑖 + ovt𝑗𝑖 )}
{𝑗=1 𝑖=1
}
𝑀

∑ 𝑥𝑚𝑖 = 1

s.t.

(2)

∀𝑖

𝑚=1

𝑥𝑚𝑖 = 0 or 1
𝑆𝑗1 = 0

∀𝑚, 𝑖 𝑚 = 1, 2, . . . , 𝑀
𝑗 = 1, 2, . . . , 𝐽

sequence 𝑤, we can get the outbound vehicle sequence 𝑤 .
Thus, the PBS sequencing problem is converted into a twophase optimization process: optimizing the inbound routing
strategy by DSWOA and scheduling the outbound sequence
by heuristic algorithm.

(3)
(4)

𝐸𝑗𝑖 = 𝑆𝑗𝑖 + 𝑇𝑗𝑚

(5)

𝑆𝑗𝑖+1 = max {0, 𝐸𝑗𝑖 − 𝐶}

(6)

idt𝑗𝑖 = max {0, 𝐶 − 𝐸𝑗𝑖 }

(7)

ovt𝑗𝑖 = max {0, 𝐸𝑗𝑖 − 𝐶} .

(8)

𝑥𝑚𝑖 is 1 if the 𝑖th vehicle of the assembly sequence belongs
to type 𝑚; otherwise 𝑥𝑚𝑖 is 0. 𝑆𝑗𝑖 indicates the start time when
𝑖th vehicle is at the 𝑗th station. 𝐸𝑗𝑖 represents the end time
when 𝑖th vehicle is at 𝑗th station. 𝐶 is the cycle time of the
mixed-model assembly line. idtji and oVtji represent the idle
time and the overload time of 𝑖th vehicle on the 𝑗th station,
respectively.

3. A Two-Phase Algorithm for the PBS
Sequencing
Since the sequence of the painted body first goes into the
storage and then goes out of the storage, the algorithm
is divided into two phases as well, the inbound algorithm
and the outbound algorithm. By using the DSWOA and
the heuristic algorithm, there are four combinations of the
algorithm:
(1) the inbound heuristic algorithm and the outbound
heuristic algorithm,
(2) the inbound heuristic algorithm and the outbound
DSWOA,
(3) the inbound DSWOA and the outbound heuristic
algorithm,
(4) the inbound DSWOA and the outbound DSWOA.
Combination 1 is widely applied in practice, also being
used in the case company. In combination 2, the problem
is simplified as a job-shop scheduling problem and the
results depend on the selection of the heuristic algorithm;
the DSWOA has a limited solution space. In combination 4,
the two-phase DSWOA costs much more time and is seldom
applied in practice.
Due to the above reasons, combination 3 is selected to
solve the model. This method can give more optimization
space to the DSWOA and closely combine the objective
function to the outbound rules. For any inbound vehicle

3.1. DSWOA for Inbound Process Optimization. In the
DSWOA, each solution under consideration is called an
envelope node. The basic ideas of small-world optimization
are described as follows: first deliver several envelopes from
different places in the original solution space and regard each
envelope node as a candidate solution, then inquire each
envelope node’s short-range and long-range contacts nodes in
the solution space, deliver the envelope to the contacts node
which has a better objective value, and at last, each envelope
will be closer to the objective node through the delivery in
the solution space of small-world network. In summary, the
optimization of DSWOA is an iterative process that envelope
nodes deliver their envelopes to their contacts nodes. The
computation steps of the DSWOA are as follows.
(1) Set the parameters, the number of the envelope nodes,
the number of short-range and long-range contacts
nodes, the iteration times, and so forth.
(2) Initialize the population. Randomly generate a certain
number of solutions (or envelope nodes).
(3) Inquire the neighbor nodes. A certain number
of short-range and long-range contacts nodes are
inquired for each envelope node in the solution space.
(4) Evaluate the inquired contacts nodes of each envelope
node. Calculate the objective value for each contacts
node, and sort them.
(5) Update envelope nodes. Select the best contacts node
to replace the current envelope node. Calculate all the
selected contacts nodes and select the node with the
best objective value.
(6) If the termination criterion is reached, return the best
solution found so far; otherwise go to step 3.
3.1.1. Encoding and Initialization. The optimization for PBS
sequencing problem is solved by a two-phase optimization
process. The vehicle sequence in upstream paint shop is coded
as 𝑤 = {1, 2, . . . , 𝑛} by integers, where 𝑛 is the total number
of vehicles to sequence. In the SWO algorithm, supposing 𝑚
is the number of envelopes and 𝑛 is the coding length, for
each node, the inbound routing solution is represented by
a permutation of jobs as 𝑋𝑖 = {𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑗 , . . . , 𝑥𝑖𝑛 }, 𝑖 =
1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑛, for all 𝑥𝑖𝑗 = 1, 2, . . . , 𝑁, where
𝑚 indicates the number of envelope nodes, 𝑁 represents
the number of PBS channel, and 𝑥𝑖𝑗 is the selected inbound
channel of production 𝑗 in the envelope node 𝑖.
The initial cluster 𝑋𝑖 is composed of the original mail
holders, and each node represents a candidate solution. The
initial cluster is randomly generated as follows:
𝑥𝑖𝑗 = Math.Ceil (Random () × 𝑁) .

(9)

Mathematical Problems in Engineering

5

As the routing solution 𝑋𝑖 cannot directly indicate the
real situation in the PBS, we introduce a variable 𝑃𝐵𝑆 𝑋𝑎𝑏 to
indicate the vehicle information of position 𝑏 in the channel
𝑎 for PBS. If 𝑃𝐵𝑆 𝑋𝑎𝑏 = 0, there is no vehicle in this position.
𝑋𝑖 can be transformed into 𝑃𝐵𝑆 𝑋𝑎𝑏 by a short procedure; the
following example illustrates the transformation.
Assuming that the number of total vehicles is 15, the
number of PBS channel is 4. Randomly generate an inbound
routing strategy 𝑋 = {2, 2, 2, 1, 1, 3, 3, 3, 3, 3, 4, 4, 1, 1, 1}; then
the vehicles in the PBS can be described as in Figure 2 and the
sequence in PBS can be indicated as
4
{
{
{1
𝑃𝐵𝑆 𝑋 = {
{6
{
{11

5
2
7
12

13
3
8
0

14
0
9
0

15
0
10
0

0
0
0
0

⋅ ⋅ ⋅}
}
⋅ ⋅ ⋅}
.
⋅ ⋅ ⋅}
}
}
⋅ ⋅ ⋅}

Outbound
process
W

4

5

13

1

2

3

6

7

8

11

12

3.1.2. The Short-Range and Long-Range Operators. The distinctive feature of small-world network is the presence of
large amounts of short neighbor relations. The small-world
network models proposed by Watts and Strogatz [12] and
Kleinberg [27] defined the short-range and long-range contacts for each individual. In the DSWOA, these two contacts
are redefined to search for the optimization objectives.
In the small-world network models proposed by Watts
and Strogatz [12] and Kleinberg [27], there is small difference between the short-range nodes; however the difference between the long-range nodes becomes larger. For the
sequence coding in each channel of PBS shown in Figure 2,
the operation that will not change the number of vehicles in
each channel is defined as a short-range operator, as shown in
Figure 3. If the number of vehicles in all channels has changes,
the operation is called long-range operator, such as the two
methods described in Figure 4. It should be noted that the
vehicle sequence in PBS may be an illegal solution after the
short-range and long-range operator. To ensure the sequence
is shorter than the length of PBS channel, the check method
is needed to change the length of vehicle sequence in every
channel and rearrange the vehicle sequence in ascending
order.
Operator 𝑀1 selects several elements in any two channels
to swap. Operator 𝑀2 exchanges all the elements after some
position in any two channels. Operator 𝑀3 inserts an element
of a sequence before some position of another sequence.
Operator 𝑀4 inserts a string of elements of a sequence before
some position of another sequence. The vehicle sequence
after all the operations should be rearranged in ascending
order.

15

9

10

Inbound
process
W

Figure 2: An example of the inbound routing strategy.
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14
9

(10)

In this example, the optimization for the inbound routing
strategy is transformed into the optimization for the vehicle
sequence in PBS channel and the optimization for 𝑃𝐵𝑆 𝑋 is
more intuitive. At the same time, the problem of optimizing
the 𝑃𝐵𝑆 𝑋 is very similar to the vehicle routing problem
(VRP); the main difference is that the sequence in each
PBS channel should be in an ascending order. From the
structure of the PBS, switching all the vehicles between any
two channels will not change the outbound sequence.
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M2 (swapping operator)

Figure 3: Two kinds of short-range operators.

3.1.3. Updating the Envelope Node. In the iterative process
of DSWO, the envelope nodes need to be updated in each
generation. When delivering the envelope, we select a fixed
number of short-range contacts nodes generated by the
short-range operators 𝑀1 and 𝑀2 , as well as some longrange contacts nodes by long-range operators 𝑀3 and 𝑀4
in Section 3.1.2. Finally, we compare the selected nodes with
the envelope node by calculating the objective values of these
nodes. The envelope node with better objective value replaces
the current node.
3.2. Heuristic Method for Outbound Process Optimization.
Several common outbound rules for PBS sequencing problem are introduced in Section 2.1. The rule-based heuristic
method is featured by the simplicity and rapidity and it
conforms to the production sequencing operators’ experience
guidance method; it gains a wide application in practice. The
heuristic method in the J vehicle company mainly considers
the component properties of the vehicle sequence in each
channel, avoiding the vehicles with the same parts demand
for going out of the storage continuously.
The objective function in Section 2.2 shows that the total
number of each option demand 𝑛𝑖 is calculated by the BOM
of WIP; when vehicle 𝑘 is outbound, the consumption rate of
options can be defined as
𝑘

𝐼

𝑓𝑘 = ∑ ∑
𝑝=1 𝑖=1

𝑊𝑖 ((𝑥𝑖,𝑝 /𝑝) − (𝑛𝑖 /𝑀))
∑𝐼𝑖=1 𝑊𝑖

2

,

(11)

where 𝑥𝑖,𝑘 is the number of demanded parts. For a PBS with
𝑁 channels, the channel with the smallest consumption rate
will be chosen to outbound the vehicle.
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Figure 4: Two kinds of long-range operators.
Calculate the objective value

3.3. The Procedure of the Two-Phase Algorithm. The DSWOA
has a superior searching and updating strategy when solving
the PBS sequencing problem. After searching for the shortrange and long-range neighbors, an ideal target node will
be found through continuous delivery and iteration. The
DSWOA is only used to optimize the inbound sequence. The
outbound operation is optimized by the greedy algorithm,
providing a clear target for the inbound optimization. The
combination of the two algorithms realizes the optimization
of the PBS sequencing problem. The flow chart of the
algorithm is shown in Figure 5.

4. Computational Experiments and Results
The J Company produces multipurpose vehicles, trucks, and
so forth. This paper mainly studies the sequencing problem of
the painted body storage in a multipurpose vehicles production line. The WIP undergoes spray-painting in the painted
shop and the TAKT time is the longest in all workstations, so
the storage is particularly necessary. In order to minimize the
consumption rate of storage option and the sum of overtime
and idle time of the workstations, we use the DSWOA method
and heuristic rules to schedule the inbound and outbound
sequence.
A number of numerical experiments are conducted using
the actual production data in the J Company to compare the
DSWOA with the genetic algorithms for the PBS sequencing
problem. The algorithm is realized in Java and the experiments are performed on a PC with Intel Core 2.53 GHZ.
4.1. Preparing the Actual Production Data. To simplify the
calculation, this paper focuses on the critical options and the
key workstations. In the master production plan, one batch
includes 40 vehicles and there are 12 different kinds of vehicles
in one batch, as is shown in Table 1. Each vehicle is made up
of 6 critical parts: engine, front axle, rear axle, gearbox, wheel,
and braking system. Different types of vehicles can have the
same type of critical part; for example, vehicle model 𝑎 and
vehicle model 𝑓 have the same type of engine. Moreover,
each type of vehicle has similar processes and we focus on
10 critical processes. The times of each process for different

Update all envelope nodes

Meet termination
condition?

No

Yes
Output optimal result and
scheduling solution

Figure 5: The flow chart of the two-phase algorithm for PBS
sequencing problem.

models of vehicle are shown in Table 2. For example, the first
process of vehicle model 𝑎 needs 105 seconds.
According to the difference of throughput and production
TAKT time between the painted shop and assembly shop, we
designed a PBS with 5 channels and each channel can hold 16
vehicles. The PBS is denoted by Ξ = (80, 5).
4.2. Resolution and Results Analysis of the Case Problem.
According to the major plan, each production batch contains
12 kinds and 40 vehicles. The original sequence in one batch
is
aaaabbbcccccddeeefgggggghhhiiiijjkkkkkkl.
We code the sequence by integer as is shown in Table 3.
In the DSWOA’s optimization process of the multiobjective PBS sequencing problem, for the target of each envelope
nodes Goal𝑖 = (𝑓1,𝑖 , 𝑓2,𝑖 ), only when 𝑓1,𝑖+1 < 𝑓1,𝑖 , 𝑓2,𝑖+1 < 𝑓2,𝑖 ,
the envelope nodes updates, Goal𝑖+1 = (𝑓1,𝑖+1 , 𝑓2,𝑖+1 ).
The parameters in SWO are set as follows: the number of
envelope nodes is 50; each envelope node selects 20 shortrange nodes and 5 long-range nodes; the iteration is 100.
4.2.1. The Consumption Rate of Options. Based on the data in
Tables 1 and 2, the ideal consumption rate of each option is
calculated and the results are shown in Table 4.
Based on the heuristic rules for inbound and outbound
in PBS sequencing process mentioned in Section 2.1, the
outbound sequence is calculated as
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Table 1: The major plan of actual production data and critical parts of each product model.
Amount
4
3
5
2
3
1
6
3
4
2
6
1

Engine
S1-3
S1-2
S1-2
S1-1
S1-4
S1-3
S1-4
S1-1
S1-1
S1-2
S1-2
S1-4

Front axle
S2-1
S2-2
S2-1
S2-2
S2-1
S2-1
S2-2
S2-1
S2-1
S2-2
S2-1
S2-2

Table 2: The processing time in each critical workstation for 12 kinds
of vehicles.
Vehicle
model

𝑇01 𝑇02 𝑇03 𝑇04 𝑇05 𝑇06 𝑇07 𝑇08 𝑇09 𝑇10

a
b
c
d
e
f
g
h
i
j
k
l

105
115
112
107
90
120
97
108
104
101
112
105

113
107
106
115
112
112
108
99
106
104
104
121

90
100
103
113
105
105
112
105
93
115
105
116

105
107
94
105
116
106
99
113
114
117
99
98

108
110
115
107
113
114
107
104
109
94
115
104

109
113
95
112
96
117
113
93
110
103
103
101

101
104
106
103
109
106
95
107
115
112
102
113

94
97
109
100
103
90
102
110
93
97
93
94

109
108
113
106
102
112
107
113
112
99
107
107

104
114
97
107
93
121
97
99
92
105
113
99

Rear axle
S3-1
S3-2
S3-1
S3-1
S3-2
S3-1
S3-1
S3-2
S3-1
S3-1
S3-2
S3-2

The number of consumption options

Vehicle model
a
b
c
d
e
f
g
h
i
j
k
l

Gearbox
S4-1
S4-2
S4-3
S4-2
S4-1
S4-3
S4-1
S4-1
S4-2
S4-3
S4-2
S4-3

Wheel
S5-1
S5-2
S5-2
S5-2
S5-2
S5-1
S5-2
S5-1
S5-2
S5-1
S5-2
S5-1

Braking system
S6-1
S6-2
S6-2
S6-1
S6-3
S6-3
S6-1
S6-2
S6-2
S6-1
S6-3
S6-2

30

25

S2-1

20

Maximum deviation
by DSWO
Maximum deviation by
general rules

15
10

S4-2

S1-1

5
0

0

5

10

15
20
25
30
The position in car sequence

35

40

The ideal consumption rate
The practical consumption rate by rules
The practical consumption rate by DSWO algorithm

Figure 6: The comparison chart between the practical consumption
rate and ideal consumption rate for three options.

agebebdgfabahikkcagccgikkldgchcehiijgjkk.

the 3.4% of that by the heuristic rules, so the two-phase
algorithm performs better.
In order to fully demonstrate the effectiveness of the
two-phase algorithm, we select three kinds of parts (S11, S2-1, and S4-3) which urgently demand to analyze the
difference between the practical consumption rate and the
ideal consumption rate. In the consumption chart shown
in Figure 6, the practical consumption rate is very close to
the ideal consumption rate by using two-phase algorithm
and the maximum deviation is 2.25; however, the practical
consumption rate has a great difference with that by using
heuristic rules and the maximum deviation is 4.875. It can
be found that the two-phase algorithm can effectively solve
the problem of minimizing the consumption rate of options
and constrain the fluctuation of the consumption rate of the
options. Therefore, the optimization solution could be used
to guide production in practice.

The consumption rate goal is 𝑓1 = 0.2714 and the vehicle
sequence in the PBS channel is shown in Table 5.
Considering the objective of the consumption rate of
options, the result calculated by the two-phase algorithm is

4.2.2. The Pareto Solutions Set of the Multiobjective PBS
Sequencing Problem. DSWOA is proven for its favorable
searching capability in the previous section. In this section,

1 5 2 6 3 7 4 8 9 10 11 15 32 16 33 17 19 12 34 13 20 35 14
21 36 18 28 22 37 25 29 23 38 26 30 40 24 39 27 31
which corresponds to the practical outbound sequence
abababaccccejejegckdgkdgkfigkhigkhilgkhi.
We can get the consumption rate goal 𝑓1 = 7.8923.
When only taking into account the goal of minimizing
the consumption rate of options, we can get an optimal solution calculating by the two-phase algorithm. The outbound
sequence is
4 19 15 5 16 6 14 21 18 1 7 2 27 31 34 38 8 3 20 9 10 23 29
36 37 40 13 22 11 25 12 17 26 28 30 32 24 33 35 39
and the corresponding practical outbound sequence is
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Vehicle model
Integer coding
Vehicle model
Integer coding

a
1
g
21

a
2
g
22

a
3
g
23

a
4
g
24

b
5
h
25

b
6
h
26

b
7
h
27

c
8
i
28

c
9
i
29

Table 4: The ideal consumption rate of each option.
Option number
S1-1
S1-2
S1-3
S1-4
S2-1
S2-2
S3-1
S3-2
S4-1
S4-2
S4-3
S5-1
S5-2
S6-1
S6-2
S6-3

Total demand
9
16
5
10
26
14
24
16
16
15
9
11
29
14
16
10

The ideal consumption rate
0.225
0.400
0.125
0.250
0.650
0.350
0.600
0.400
0.400
0.375
0.225
0.275
0.725
0.350
0.400
0.250

Table 5: The vehicle sequence in the PBS channel.
Channel 1
Channel 2
Channel 3
Channel 4
Channel 5

4
19
1
14
5

15
21
2
18
6

16
23
3
20
7

27
29
9
22
8

31
36
10
26
11

34
37
13
28
12

38
40
25
30
17

32
24

33

35

39

the DSWOA is compared with genetic algorithm. The parameters of GA are set as follows: the size of population is 50;
the genetic crossover probability is 0.4; the gene mutation
probability is 0.1; the iteration number is 100.
By calculating the two objectives of the PBS sequencing
problem, we obtain a set of Pareto solutions by DSWOA and
GA as shown in Figure 7. It can be found that the Pareto
solutions by the DSWOA is proved better than the GA. It
proves that the DSWOA has a comparable performance with
the GA and in some ways even better than GA.
4.2.3. The Influence of PBS Parameters. The channel number
and the storage capacity greatly affect the optimization result.
When the channel number is 1, the storage cannot schedule
the upstream inbound sequence. When the channel number
is infinite, the PBS sequencing problem can be regarded as a
common vehicle sequencing problem.
In order to investigate the impact of the channel number
and the capacity of storage for the solution, we only consider
the objective of minimizing the consumption rate of options.

c
10
i
30

c
11
i
31

The total overtime and idle time
of workstations

Table 3: The coding vehicle sequence.

2700

c
12
j
32

d
13
j
33

d
14
k
34

e
15
k
35

e
16
k
36

0.32

0.34

e
17
k
37

f
18
k
38

g
19
k
39

g
20
l
40

2650
2600
2550
2500
2450
0.26

0.28

0.3

0.36

0.38

0.4

The consumption rate of options
The Pareto solutions by DSWO
The Pareto solutions by GA

Figure 7: The comparison chart of Pareto solution between the
DWSO algorithm and GA.

This paper designs a set of the following contrast experiments
as in Table 6.
In Table 6, it is obvious that when the number of storage
channel gradually increases, the optimization results of the
consumption rate of options decrease. When the number of
storage channel reaches a certain value, the objective achieves
the optimal value and increasing the channel number is
meaningless. We also find that when only changing the length
of the storage channel, the change of the target value is
insignificant. Therefore, the channel number is an important
parameter in the designing process of storage capacity; the
channel length only needs to meet the requirement of storage
capacity.

5. Conclusion
To improve the efficiency of PBS, we develop a mathematical
model aiming at minimizing the consumption rate of options
and the sum of overtime and idle time of workstations. As the
PBS sequencing contains upstream sequence inbound and
downstream sequence outbound. The two-phase algorithm
includes the DSWOA and HA, is proposed. The mathematical
model and the two-phase algorithm are applied in a PBS of
a vehicle manufacturing enterprise. The results indicate that
the two-phase algorithm is suitable for the PBS sequencing
problem and the DSWOA has a better searching ability than
GA in this problem. At last, we analyze the sensitivity of the
parameters of PBS and conclude that the channel number
is an important factor in the designing process of storage
capacity.
This research provides a new method to solve the PBS
sequencing problem. However, the practical PBS sequencing
problem is a dynamical problem. Further research is needed
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Table 6: The consumption rate of options under different paremeters of PBS.
Test number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22

Channel number
3

4

5

6

7
8
9
10
15
20
30
40

Channel length
15
20
30
10
15
20
8
15
20
7
10
15
6
10
5
10
10
10
10
10
10
10

Average consumption rate of 10 experiment
0.3394
0.3349
0.3359
0.2746
0.2749
0.2736
0.2705
0.2713
0.2711
0.2701
0.2698
0.2700
0.2693
0.2695
0.2691
0.2690
0.2690
0.2690
0.2690
0.2690
0.2690
0.2690

The best solution
0.3435
0.3452
0.3444
0.2997
0.2859
0.2929
0.2754
0.2785
0.2751
0.2718
0.2727
0.2729
0.2709
0.2712
0.2705
0.2709
0.2707
0.2704
0.2700
0.2700
0.2701
0.2703

to find out better inbound and outbound methods in solving
this problem. At the same time, when optimizing the PBS
sequencing problem for Pareto solutions, this paper only
considers the single object in/outbound operation. In the
future research, the multiple objectives condition is worth
being probed. Each objective could be transformed into a
satisfactory function based on the actual requirements from
industry.
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A maturing and promising technology, Cloud computing can benefit large-scale simulations by providing on-demand, anywhere
simulation services to users. In order to enable multitask and multiuser simulation systems with Cloud computing, Cloud
simulation platform (CSP) was proposed and developed. To use key techniques of Cloud computing such as virtualization to
promote the running efficiency of large-scale military HLA systems, this paper proposes a new type of federate container, virtual
machine (VM), and its dynamic migration algorithm considering both computation and communication cost. Experiments show
that the migration scheme effectively improves the running efficiency of HLA system when the distributed system is not saturated.

1. Introduction
Nowadays, Cloud computing has been recognized as a new
revolution in the IT industry. Key techniques in Cloud computing such as virtualization technology, automatic deployment, resource management, Web services, SOA, high performance I/O, and high-speed internet are well-developed and
have been widely applied in various domains. Accordingly
in the area of modeling and simulation (M&S), Cloud-based
computer simulation (CSim) [1–6] has been proposed and
designed to provide users with better solutions to solve M&S
problems including large capital outlays in hardware but low
utilization, high complexity in building simulation system,
and high labor cost in simulation software maintenance.
Currently CSim research is at its preliminary stage and
the pioneering works can be divided into three categories.
(i) CSim framework and how to plant existing simulation
software into the cloud: Liu et al. [1] presents the
process of deploying existing Parallel Discrete-Event
Simulation (PDES) engine into the cloud, the deployment includes adjusting the structure of the model
to fit the features of Cloud computing, developing
the simulation execution mode, adding the horizontal
scalability module to achieve service scalability, and
using the resource allocator. Li et al. [2] proposed

Cloud simulation platform and its prototype architecture, which implement new techniques including
HLA/RTI (runtime infrastructure, software implementation of HLA) technique based on Web, resource
dynamic management middleware technique based
on virtualization technique.
(ii) Optimistic time advancement algorithms in the cloud:
Jafer et al. [3] presents the state of the art in PDES, and
it summarizes current research of PDES in the clouds
and hardware acceleration. In order to address concerns about interference and communication delays
that are inherent in Cloud computing environments,
Fujimoto et al. [4, 5] consecutively studied parallel
and distributed simulation in the cloud focusing on
optimistic parallel simulation advancement approach
named “time warp straggler message identification
protocol (TW-SMIP).”
(iii) Cloud agents and web-based simulations: Jávor and
Fur [6] proposes to solve high complexity problems
using advanced Web services and Cloud computing
techniques. It designs a framework in which cloud
agents are composed of Web services integrating
complex agent elements including large databases and
different novel concepts of inference engines.
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Meanwhile, one of the most important M&S standards,
high level architecture (HLA) is an essential IEEE simulation interoperability standard in the area of distributed
and parallel simulations. And IEEE has developed HLA
implementation standards such as HLA-evolved [7–9]. With
HLA and its implementation program runtime infrastructure
(RTI), a lot of HLA compatible simulation systems have been
developed including large-scale military HLA applications
such as ModSAF [10], CCTT SAF [11], OneSAF [12, 13],
and COSIM [14]. These large-scale simulations are usually
hardware-consuming and software-intensive as they contain
numerous models of environments and entities. Grid technology [15–17] has been used to solve the resource allocation
and scheduling problem, but Grid is not fully used while
cloud is more supported by many international companies
such as Amazon [18], Google [19], and Softlayer [20].
As such we propose to use Cloud computing techniques
to develop simulation systems, to solve the high cost and
overlapped hardware and software resources problem with
cloud. Cloud computing infrastructure offers numerous benefits such as reconfigurable dynamic resources and unified
and simplified access to resources.
Although the works in [1–6] explored new paradigms
of CSim, few papers addressed the specific steps of how to
run HLA simulations in cloud, especially virtualization based
large-scale military applications. Therefore, in this paper,
we mainly study how to run existing large-scale HLA/RTI
simulations with cloud and how to run them more efficiently.
The paper is structured as follows. In Section 2, key
technology of Cloud computing, virtualization and HLA
load balancing strategies are introduced and analyzed. Core
part of the contribution, Section 3 introduces the proposed
virtualization based HLA federation framework and runtime dynamic migration algorithm. Section 4 shows designed
validation experiments and discusses results. Finally, conclusions are drawn and future works are discussed.

2. Related Work
In this section, virtualization related technologies and load
balancing approaches are studied and analyzed.
2.1. Virtualization Technology and HLA Simulations. In
cloud, Virtualization technology (VT) encapsulates the simulation application models and software packages to a relatively independent execution environment, VM, and deploys
VMs to the underlying Physical Machines (PM, or hosts) [21].
Furthermore, by the segmentation in space and the timesharing in time [22, 23], VT encapsulates the distribution and
heterogeneity of the hardware resources, allowing multiple
virtual machines to run simultaneously on one host as well
as the migration of VMs among different hosts. In this way
VT greatly improves the resource utilization and quality of
service and is gradually implemented in the medium-scale
and large-scale distributed simulation platform.
One of the key virtualization technologies is VM monitor
(VMM), which connects applications and VMs with underlying hardware to control the running of multiple operating
systems. VMM decouples the software from the hardware by
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inserting a layer of interaction between the software running
in the VM and hardware, so that VMM could obtain direct
control of how operating systems in VMs access underlying
hardware resources [24]. The design of VMM also makes
it possible to implement the functions like live migration
[25] and security that are difficult to achieve in modern
operating systems. Through VMM, computing resources can
be encapsulated into a collection of VMs according to user’s
requirements, and VMs can be remapped and replicated
easily. In addition, the state of VMs can be suspended
and resumed at any time, and the running context can be
rolled back to a checkpoint. Thus, virtualization technology
provides the ability to consolidate management of distributed
and heterogeneous resources by means of decoupling software and hardware, transparent access, encapsulation, live
migration, and resources isolation.
Compared with the federate migration method of [17,
26], the main difference is that we use Virtual Machines
(VMs) to be containers of federates. From the perspective of
practical implementation, using cloud-based VMs to handle
the resource management and dynamic migration of HLA
simulation systems has the following merits compared with
previous approaches.
(i) It saves programming efforts to implement migration
of federates with the support of the virtualization
middleware interfaces developed by many business
or open-source VM vendors such as VMware [27],
Opennebula [28], Eucalyptus [29], and Xen [30].
(ii) VM live (or online) migration technique makes it
feasible to realize high efficient federate migration.
Previous works show that VM live migration downtime is mainly proportional to the amount of the
“writable working set” and could have downtime as
low as 60 to 200 ms [31, 32].
(iii) VM encapsulating HLA application software packages such as RTI could be copied easily. This greatly
saves the time and efforts simulation practitioners
spend to configure the operational system and software environment, which is often a tricky and tedious
process especially during the large-scale simulation
applications deployment phase.
Therefore, it is more convenient for simulationists to
develop and run large-scale simulations if we adapt the
virtualization technology. That is why we study cloud-based
HLA simulation in this paper. However, when we are ensured
that we could use VMs to help us handle the federate
migrations, we also encounter the problems that using VM to
encapsulate federates create additional overhead. Some works
[1, 33, 34] have designed experiments to find performance
loss caused by virtualization. They found that the applications
(with different event interaction complexity) ran in VM have
the maximum loss of 3.33% compared to ran in Physical
Machine. Although the performance loss is not high, we
still have to take more measures to make HLA federation
run faster. One effective way is to improve current load
balancing algorithms with better heuristics which considers
HLA communication cost among federates.
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2.2. Load Balance Strategy in HLA and Beyond. A famous
developing IEEE standard in Modeling and Simulation
(M&S) society, HLA is also gradually known for its slow
running characteristics. One important reason is that HLA
is short of load-balance methods [17, 26, 35–38] to make the
heavy load host run faster while all the other nodes must wait
until the slowest federate advances so they can move to the
next safe lookahead.
Current studies of HLA load balance techniques could be
divided into two categories.
(i) Load Balance Algorithms for Distributed and Parallel Systems, Including HLA. Load balance strategies for distributed
and parallel systems are basically adaptable for HLA, which
is designed to provide a common set of framework and
rules for distributed simulation. In load balance algorithms,
the core concerns are computing and communication costs
[17, 26, 39–43]. Our algorithm has been influenced by earlier
works in three main areas: heuristics, computation, and
communication cost.
Most dynamic load balancing works use heuristic algorithms because of its NP-hard nature [39]. Paper [40] studied
heuristic methods for dynamic load balancing in a messagepassing supercomputer. It uses easy-to-implement heuristics
(choosing a node with minimum load as the migration destination node) and variable threshold in migrating processes
among the multicomputer nodes. Genetic algorithms are
used in [41] to dynamically distribute simulation tasks and
compared with a first fit algorithm and a random allocation
scheme. In this work, the test results show that genetic
method outperforms the other two both in completion time
and average processor utilization. In paper [39], adaptive
load threshold is emphasized to suit the changing load on
the system, and its basic strategy is also to ensure that
heavily loaded node is balanced first with lightly loaded node.
Simulated annealing algorithm is addressed in paper [42],
which transforms the problem into a NP-complete problem
named degree-constrained minimum spanning tree. This
approach needs to adjust the heuristic factors according to
the practical applications. These works use heuristics as an
essential approach, which is also our basic strategy because
it is simple, practical, and time-saving, especially in largescale distributed simulation. However, most of the traditional
works are one-by-one migration, while in our approach it is
designed to migrate a set of interaction-aware VMs to save
the cost of migration procedure latency and communication.
Moreover, papers [17, 26] study dynamic load balancing
using Grid services for HLA-based large-scale simulations.
These pioneering works store all the resources in a queue and
organize them in ascendant order, and the migration pairs are
assembled with both extremities. The algorithm is practical
and simple but it does not consider the communication cost.
Fujimoto et al. in [4, 5] addressed “Network traffic and communication delays are significant in current implementation
of Cloud computing infrastructure.” Thus, for the cloudbased large-scale simulations, communication cost must be
taken into account in dynamic HLA load balancing.
All the abovementioned works are meaningful, but HLA
simulation systems have some more distinct characteristics
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which are neglected by these researches. For instance, all
interactions among HLA federates are mainly modeled and
implemented with interaction classes and object classes. In
most cases of military simulations, the former classes are
stochastic and the latter classes are periodic. For example, the
status data describing the position of a tank in Cartesian
coordinates would be modeled as an object class and its
instance data is updated by the tank entity at every time
step. The data describing the fire of a tank entity would be
modeled as an interaction class and its instance data is sent
when the tank fires. Moreover, the interaction classes, object
classes, and their relations of subscription and publication
are all defined before the simulation starts. Therefore, despite
the stochastic interaction class communications, we can still
compute the communication cost of periodic object classes
and these core HLA characteristics will be considered in the
load balance strategy of this paper.
(ii) Federate Migration Techniques. The approach presented
by Tan et al. [35, 36] accomplishes federate migration with
a federate wrapper, which controls the federates execution
through SugarCubes stopping and resuming a federate. The
key point of this research is using the third-party mechanisms
to avoid HLA federation save/restore approach. Although
it gains less latency than some other works, its minimum
latency is about 8 seconds which is much longer than VM
approach in this paper.
To propose and implement an efficient procedure for
balancing HLA simulation’s load, paper [17] migrates federates through the GRAM Grids’ service such as Web services
grid resource allocation and management (WS GRAM)
and GridFTP. To make the migration delay as negligible
as possible, the authors implement the migration in two
steps. In the first step, it executes in a way that federate
does not stop its execution while initialization files are
transferred. In the second step, the RTI methods are called
to freeze the federation and the rest of data regarding the
federate’s running status and messages are transferred. The
two migration steps are well-devised and similar strategy is
implemented in this paper while using live VM migration.
Furthermore, in the companion work of [17], thesis [26]
decreases the migration latency to around 0.8 seconds, which
is highly efficiency. However, as we described in the previous
section, VM live migration downtime is mainly proportional
to the amount of the frequently updated memory and could
have latency of tens of ms; thus we propose using VM as a
new federate container and migration enabler in this paper.

3. Dynamic VM/Federate Migration Method
In a Cloud computing environment resources are shared
among multiple users. The number and nature of the
workload presented by these users can vary over time [5].
In addition, large-scale military HLA systems dynamically
change their computation and communication load during
their execution time [1, 17]. Thus, migration of simulation
tasks is essential in CSim.
For CSim of military HLA, there are four basic concepts
including entity, federate, VM, and host.
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(i) An entity often refers to a simulation object such as a
tank, an airplane, and a helicopter or a car.
(ii) A federate is the encapsulated HLA form of one or
more entities.
(iii) VM is the container of one or more federates because
VM is the basic service unit of user’s request in CSim.
(iv) Host is the container of VMs, which means one or
more VM could be consolidated to one host mostly
depending on the host’s computation ability.
As previously mentioned, federate migration is enabled
by VM in this paper. The mapping relations among the four
concepts are illustrated in Figure 1.
The primary clustering strategy of multiscale HLA simulation implementation is shown in Figure 2, where VM based
migration algorithm and implementation approach will be
illustrated.
In the following sections we study dynamic VM migration mechanisms. Section 3.1 proposes federates’ distribution
and communication architecture. Section 3.2 develops the
algorithm solving the problem when to migrate VMs, what
VMs are to be migrated, and where the migrating VMs are to
be contained.
3.1. VM Distribution and Communication Architecture. In
HLA simulations, entities are often encapsulated in federates,
which are then located into VMs deployed in different
hosts. Each federate executes the simulation by message
communication. The federate communication architecture is
shown in Figure 3.

In this architecture, each VM encapsulates a local-RTI
component (LRC) and there is one server-RTI running on a
host. The RTI communication here is hybrid, which means
that HLA global management services including time synchronizations are executed by the communications among
server-RTI and LRC. Meanwhile, federate to federate communications including object instance attribute reflections
and interaction instance sending/receiving are executed via
LRC in peer-to-peer mode [44].
The VM/Federate distribution architecture is designed as
Figure 4, each host is equipped with a VM monitor (VMM)
in charge of monitoring the VMs’ load and hosts’ load. In our
CSim, every VMM is both a load monitor and a migration
executor. VMM keeps track of running state of local host
and VMs. Also VMM captures the snapshots of local VMs
periodically and then keeps them in a database located in
local host.
Meanwhile, one host has a migration management agent
(MMA) in charge of monitoring all VMs’ periodic status,
triggering VM migration procedure when a host is overloaded, selecting the migrated federate sets and target VMs,
and sending the command. MMA monitors all VMs’ periodic
status by collecting status data from VMM of each host. This
is a pull manner because VMM pulls data from distributed
hosts to MMA. The frequency of this monitoring is set as 1/s
in this paper.
3.2. VM Migration Algorithm. Based on the architecture
shown in Figures 3 and 4, this section delivers a solution
which handles dynamic load imbalance in HLA federations
considering both computational and communication costs.
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Let us start from analyzing the utilization and workload of
hosts.
3.2.1. Hosts’ Utilization Threshold. 𝑈𝑝𝑗 (𝑡) is the utilization of
host 𝑝𝑗 at time 𝑡:
𝑈𝑝𝑗 (𝑡) = 𝛼 ∗ 𝑈cpu (𝑡) + (1 − 𝛼) 𝑈mem (𝑡) ,
Th𝑝𝑗 = 𝑘,

0 < 𝑘 ≤ 1,

(1)

where 𝑈cpu (𝑡) is CPU utilization of host 𝑝𝑗 (in percent) and
𝑈mem (𝑡) is memory utilization of host 𝑝𝑗 (in percent). 𝛼 is
a coefficient representing the relative importance between
CPU utilization and memory utilization. As both CPU and
memory are equally important for running VM, 𝛼 is set to
0.5.

The utilization threshold host 𝑝𝑗 is Th𝑝𝑗 or 𝑘, which is
a parameter that allows the adjustment of the effect of the
method; the lower 𝑘 is, the higher the possible overload is and
the higher possibility of migration is. For the determination
of utilization threshold, the following equation is used: 𝑘 =
⌈(1 + 𝛽) ⋅ ((∑𝑛𝑗=1 𝑈𝑝𝑗 )/𝑛)⌉, where 𝑘 is the CPU utilization
threshold for all hosts, 𝑈𝑝𝑗 is load of node 𝑗, 𝑛 is the number
of hosts in the simulation system, and 0 ≤ 𝛽 ≤ 0.2 is a
normalized constant. To generate moderate migration, here
we set 𝛽 = 0.1.
Obviously there are two load states for the hosts.
(i) If 𝑈𝑝𝑗 (𝑡) ≥ 𝑘, host 𝑝𝑗 is overloaded.
(ii) If 𝑈𝑝𝑗 (𝑡) < 𝑘, host 𝑝𝑗 is not overloaded.
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3.2.2. Load of Host and VM. At time 𝑡, load 𝐿 𝑝𝑗 (𝑡) of host 𝑝𝑗
is computed by the following equation:
𝐿 𝑝𝑗 (𝑡) = 𝑈cpu (𝑡) ∗ 𝐶𝑗 ,

(2)

where 𝐶𝑗 is the computation capacity of host 𝑝𝑗 , which
is the frequency of the host’s CPU mapped onto millions
instructions per second (MIPS) ratings of each core [45].
In this paper we assume that each federate has variable
workload throughout a simulation, but we can use preliminary experiments to test the maximum loaded VMs of a
host according to their configurations. Suppose that all VMs
are homogeneously configured and have the same amount of
entities; the load 𝐿 V𝑖𝑗 (𝑡) (MIPS) of VM V𝑖𝑗 at time 𝑡 is defined
as follows:
𝐿 𝑝𝑗 (𝑡)
(3)
𝐿 V𝑖𝑗 (𝑡) =
,
𝑛𝑗
where 𝑛𝑗 is the number of VMs in host 𝑝𝑗 and the assumption
here also enables that we can migrate a set of VMs at one time
(see algorithm studied later).
3.2.3. Communication Cost. In CSim HLA federation, federates communicate with each other through the interaction class instance and object class instance. As discussed
in Section 2.2, we assume the interaction class instance is
stochastically sent and object class instance is periodically
updated every time step for the correctness of simulations.
The communication bandwidth request (bit/s) between federate 𝑎1 and 𝑎2 is as follows:
Comm𝑎1 ,𝑎2 =

1
∗ obj ins bytes ∗ 8,
sim step

(4)

where obj ins bytes is the amount of object class instances
bytes exchanged every time step. This means the communication cost shown in Figure 5 is the object class instances’
requirements of network bandwidth.
Then we try to compute the communication cost between
host and VM and host and host. Figure 5 illustrates the
interactions.
In most cases a prerequisite is that VMs in a local host
can communicate much faster than VMs among different
hosts. Therefore, we must consider the two cases separately. In
Figure 5(a), the solid lines are communications among VMs
within hosts, and the dashed lines are the communications
among VMs of different hosts. After communication merging, we can get Figure 5(b), where the c1s represents the sum
of communication costs between vm1 and host 𝑝𝑗 .
Therefore, the communication cost at time 𝑡 between the
VM 𝑎𝑖𝑘 and the host 𝑝𝑗 is defined as follows:
𝑛𝑗

Comm𝑎𝑖𝑘 ,𝑝𝑗 (𝑡) = ∑Comm𝑎𝑖𝑘 ,𝑎𝑙𝑗 .

(5)

𝑙=1

Then hosts 𝑝𝑘 and 𝑝𝑗 communication cost at time 𝑡 is as
follows:
𝑛𝑘

Comm𝑝𝑘 ,𝑝𝑗 (𝑡) = ∑Comm𝑎𝑖𝑘 ,𝑝𝑗 (𝑡) .
𝑖=1

(6)

Host k

Host j
VM1

VM2
VM3

c16

c14

c34

c26

Host k

VM4
VM5

(a)

VM6
Host j

VM1

c1s = c14 + c16
c2s = c26

VM2
VM3

VMs

(b)

c3s = c34

Host k

Host j

VMs

ckj = c1s + c2s +

c3s

VMs

(c)

Figure 5: Merging of VM interactions in hosts.

With respect to two objectives of dynamic load balancing,
reducing the load of the overloaded hosts and decreasing
the interhost communication cost, a dynamic load balancing
model is proposed as follows:
𝑛

min 𝑧 (𝑡) = ∑ Comm𝑝𝑘 ,𝑝𝑗 (𝑡) ,
𝑗=1

s.t. 𝑈𝑝𝑗 (𝑡) < Th𝑝𝑗 .

(7)

The objective function 𝑧(𝑡) is to minimize the interhost
communications between host 𝑝𝑘 with VM to be migrated
and other hosts, and the constraint is that each host’s
computation load is below its threshold.
3.2.4. Migration Algorithm. The migration model above is a
NP-hard problem. Many researchers have used heuristics to
find the optimal solutions and our approach is influenced
by them including the works in [17, 26, 35, 36, 39–43,
45–48]. However, compared with existing researches, our
algorithm not only considers the periodical HLA object class
communication cost, but also migrates a set of VMs every
time decreasing the migration procedure latency compared
to most one-by-one federate migration methods.
Suppose the overloaded host is 𝑝𝑘 and the destination
host selected by migration management agent (MMA) is 𝑝𝑗 ,
which has least utilization in the simulation. The heuristic is
to select a set of VMs from 𝑝𝑘 to migrate to 𝑝𝑗 , in order to
reduce the load of 𝑝𝑘 and minimize the communication cost
after migration. The algorithm is illustrated in Algorithm 1.
For the proposed algorithm in Algorithm 1, the time
2
) (𝑁ave is the average number
complexity of Steps 1–4 is 𝑂(𝑁ave
of VMs per host) and the time complexity of Step 5 is 𝑂(𝑚).
2
Thus the time complexity is 𝑂(𝑚 ∗ 𝑁ave
). Moreover, the
algorithm is executed with the same frequency of MMA
monitoring all VMs’ periodic status, that is, 1/s.
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Input: VM list with m VMs, host list with n hosts.
Output: Deployment that VM to host, (VM𝑖 , host𝑗 | 𝑖 ∈ (1, 𝑚) , 𝑗 ∈ (1, 𝑛)).
Algorithm:
(1) At time 𝑡, MMA finds that host 𝑝𝑘 is overloaded and needs VM migration, where 𝑈𝑝𝑘 (𝑡) > 𝑘,
𝐿 mig (𝑡) = (𝑈𝑝𝑘 ,cpu (𝑡) − 𝑘) ∗ 𝐶𝑘 . Also 𝑝𝑗 is the least loaded host in host list. If 𝑈𝑝𝑗 (𝑡) ≥ 𝑘, all hosts
are overloaded and this algorithm does not perform migration; else if 𝑈𝑝𝑗 (𝑡) < 𝑘 MMA
sends command to 𝑝𝑘 that 𝑝𝑗 is its migration destination host.
(2) Then min{𝐿 migrate (𝑡), (𝑘 − 𝑈𝑝𝑗 (𝑡)) ∗ 𝐶𝑗 } is the largest accepted migration load. The largest
mig
accepted VM number is calculated according to 𝑛𝑗 (𝑡) = floor(min{𝐿 mig (𝑡), (𝑘 − 𝑈𝑝𝑗 (𝑡)) ∗ 𝐶𝑗 }/(𝐿 V𝑖𝑘 (𝑡))).
(3) Calculate the communication cost CommV𝑖𝑘 ,𝑝𝑗 (𝑡) between every VM of 𝑝𝑘 and host 𝑝𝑗 , and the
sum of communication cost CommV𝑖𝑘 ,𝑝𝑘 −V𝑖𝑘 (𝑡) between the VM in 𝑝𝑘 and the rest VMs in 𝑝𝑘 . The
VM which has min𝑖 (CommV𝑖𝑘 ,𝑝𝑘 −V𝑖𝑘 (𝑡) − CommV𝑖𝑘 ,𝑝𝑗 (𝑡)) is selected into the VM set 𝑠𝑘𝑗 (𝑡). Then the
selected VM is removed from 𝑝𝑘 , while 𝑝𝑗 adds the selected VM. Accordingly, the communication
relations of VMs’ communication are updated.
mig
(4) If the number of VMs in 𝑠𝑘𝑗 (𝑡) is less than 𝑛𝑗 (𝑡), back to Step 3. Otherwise output its planned
migration set 𝑠𝑘𝑗 (𝑡) of 𝑝𝑘 .
(5) If 𝐿 𝑠𝑘𝑗 (𝑡) ≤ 𝐿 mig (𝑡), VMM of host 𝑝𝑘 and 𝑝𝑗 starts the migration.
Algorithm 1: Communication cost based VM dynamic migration algorithm.

4. Experiment Results and Analysis
4.1. Experiment Design. To validate the effectiveness of the
proposed VM based HLA simulation load balancing method
in CSim, experiments have been designed and implemented.
The simulations were run in a system comprising 2 nodes
of Lenovo 8200t, 2 nodes of HP 6300 Pro MT, 6 nodes of
HP Compaq 8000 Elite CMT, and a 100 Mbit/sec Ethernet
connection among all the nodes. The node of Lenovo 8200t
had an Intel i7-870 (8 cores) 2.93 GHz CPU and 8 G MEM.
The node of HP 6300 had an Intel i5-3470 (4 cores) 3.2 GHz
CPU and 4 G MEM. The node of Compaq 8000 had an Intel
Core 2 E8400 (2 cores) 3.00 GHz CPU and 2 G MEM.
The nodes run a paravirtualized Linux CentOS 5.6 kernel
as a privileged virtual machine on top of the Xen hypervisor
4.0.1 [30]. The guest virtual machines are configured to
single core and run the same version of the Linux kernel as
that of the privileged one. HLA platform was AST-RTI [49,
50] version 2.0 performing communication through TCP/IP
connections.
Moreover, as our benchmark, a practical HLA armored
force game for tactical training was developed. The game
coded in C/C++ was used to conduct experiments and analyze the performance of our approach. The scenario for our
experiments was a simulation of battle engagement game of
red and blue tank forces, which were hierarchically organized
as Platoon (P), Company (C), Battalion (B), and Regiment
(R). The tank effectuated random selection of several tactical
routes and engagement strategies in two-dimensional space
that was within range of some military training location.
The organization structure of tank forces is illustrated
in Figure 6, which shows that red forces are formed hierarchically in 3 to 3 organization. This means that every red
company has 3 platoons and every platoon has 3 tanks, while,
for the blue side, it is formed in 4 to 4 organization, which

Table 1: The number of VMs in different game scenarios.
Scenario (or scale)
1 red Company versus 1 blue Company
1 red Battalion versus 1 blue Company
1 red Company versus 1 blue Battalion
1 red Battalion versus 1 blue Battalion
1 red Battalion + 1 red Company versus 1 blue Battalion
1 red Battalion + 1 red Company versus 1 blue Battalion
+ 1 blue Company
1 red Battalion + 2 red Company versus 1 blue Battalion
+ 1 blue company
1 red Battalion + 2 red Company versus 1 blue Battalion
+ 2 blue Company
2 red Battalion versus 1 blue Battalion + 2 blue
Company

Number
of VMs
9
18
25
34
38
43
47
52
57

means every blue company has 4 platoons and every platoon
has 4 tanks.
In order to accomplish such simulations, we cluster tank
entities into VMs according to their military affiliations. The
abbreviations are P: Platoon, C: Company, B: Battalion, R:
Regiment, r: red, b: blue.
Table 1 shows the experiments’ deployment. Each VM
contains one federate in the experiments because computation and communication costs are mainly due to the number
of tank entities. When the number of entities in one VM is
fixed, the number of federates has little impact on the VM’s
costs as interhost communication cost is normally much
greater than local host cost.
Moreover, each red tank Company is deployed with
4 VMs, which are Platoon-1 (P-1), P-2, P-3, and Company
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Figure 6: Hierarchical organizational structure of red and blue forces.

tank. Each blue tank Company is deployed with 5 VMs, which
are Platoon-1, P-2, P-3, P-4, and Company tank.
To fulfill migration algorithm addressed in Section 3.2,
the communication cost between VM/Federates were estimated according to periodic HLA object class instances
while ignoring stochastic HLA interaction class instances. For
example, rR1B1C1 needs to report its information by sending
its object class instances to rR1B1 every simulation step. Its
object class contains the information of ID, name, position,
fuel consumption, ammunition, and so forth. According
to this, we can estimate the size of its object class, for
instance, 48 bytes. Assuming the simulation step is 50 ms,
then the communication cost caused by the object class
instance is 960 bytes/sec. By using this method, we can get
the communication cost among all the federates.
4.2. Experimental Results and Analyses. In order to evaluate
the proposed VM based migration algorithm’s efficiency, the
experiments were accomplished in two test case groups over
heterogeneous, nondedicated sets of resources, applying an
increasing large load to the distributed system. In the first test
case group, the effectiveness of the dynamic load balancing
system was observed as distributed load imbalances occur. In
the second test case group, to analyze the detection of external
background load, an external load is added in the system and
the balancing reaction is observed.
(1) Reactivity to Load Imbalances. In this test case, all the
distributed simulations were deployed based on an initial
static partitioning that evenly placed the VM/Federates on
the resources. However, due to the resource heterogeneity
characteristics and variable federate loads, the simulation
shows an uneven distribution of load, decreasing the simulations’ performance. In order to evaluate the balancing system’s reaction to load imbalances and the VM encapsulation's
impact on simulation, the balanced VM based simulation’s
performance was compared with static distribution wrapped
and unwrapped with VM. In this case of experiments, the
system comprehended the run of the experimental scenario
with a configuration of federates that ranged from 9 to 57 (see
Table 1).

To provide trustworthy results, each execution time in
our graphs represents the average of 20 runs. For every
mean value of simulation execution time, a 95% confidence
interval was evaluated. The half-widths of all confidence
intervals are less than 5% of their respective mean values.
According to Figure 7, the proposed dynamic balancing
algorithm and VM migration improved the performance of
HLA-based simulations on large-scale distributed systems
in most of the experiments. When the distributed load was
under 20 federates, the balancing scheme’s improvement
is unnoticeable or nonexistent because the simulations did
not require any load balancing. In this case, the balancing
just caused a small overhead (2.1%) for the distributed
system, consuming computing from the resource where the
MMA was deployed. A noticeable improvement was detected
with experiments over 25 federates because considerable
load imbalances occurred during the simulation, along with
the different deployment of VMs and the heterogeneity of
resources caused an imbalanced division of load. Then, a
high increase in execution time in the balanced system is
observed when the number of federates is over 50. This
increases evidence that the distributed system is reaching
a saturation point in which the balancing system cannot
improve the simulation performance since all resources are
becoming totally overloaded.
In addition, blue and red curves in Figure 7 show that
the average overhead with VM encapsulation compared to
without VM in all runs is 3.28%, which means using VM
is acceptable because of two reasons. Firstly, using VM, live
migration techniques saves lots of simulation programmers’
efforts in realization of federate migrations. Secondly, when
the number of federates is less than 50, that is, below the
saturated point of the system, the average execution time
saved is 22.25% compared to the static distribution runs
without VMs.
(2) Detection of Background Load. In order to measure the
efficiency of the load balancing system in detecting and
reacting to the background loads, external jobs are generated
using a tool called Stress [5]. Stress is a workload generator
for POSIX systems and allows for a configurable amount
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Figure 7: Dynamic balancing scheme versus a static distribution for
an increasing scale of federates.

Figure 8: Capacity of the dynamic balancing scheme in detecting
background load for an increasing scale of federates.

of CPU and memory stress on the system. In the test case,
the federates were deployed evenly on the distributed nodes,
and Stress was placed on two nodes of HP Compaq 8000
workstation. The load was 1-CPU bound, 1 I/O bound, and
one memory allocator process.
As shown in Figure 8, the curves are similar to those in
Figure 7 except that introduction of an external load caused
an addition of execution time for experiments which have no
dynamic balancing scheme. However, the saturated point is
earlier (changes from 52 to 47) because of the external load
imposed on the distributed system. Thus, the load balancing
system presented a performance improvement detecting the
external load and triggering redistribution of load only when
the distributed system is not saturated.

VM is actually a heavy container for current resources, and
if one VM contains only one federate, the federate should
include as many simulation entities as possible. However,
a big federate containing many entities may not be flexible
to migrate for load balancing. Therefore, it is complex to
design an appropriate computing granularity and this should
be solved in the future. Secondly, migration algorithm should
be designed to be more adapted to HLA systems. In this paper,
we devised an algorithm considering both computational and
communication cost. However, the algorithm neglected the
stochastic interaction classes’ characteristics, which may be
considered in an intelligent way to enhance the efficiency of
load balancing in HLA.

5. Conclusions and Future Work
The paper proposes a VM based federate migration scheme
for HLA system load balancing on Cloud Simulation Platform. Contribution of this work could be summed in two
aspects: (i) it proposed to use VM as the container of federate.
The overhead brought by VM is about 3.33% according to
papers [1, 33, 34] (in our tests it is around 3.28%). (ii)
It devised an algorithm of HLA load balancing under the
constraints of both computational and communication costs.
The experiment results show that the migration scheme
effectively improved the efficiency of the HLA system with
the prerequisite that the distributed system is not saturated.
As a preliminary work in Cloud computing based HLA
system, this research has a lot of future work to do. Firstly,
the computing granularity is still a difficult problem because
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This paper investigates the structural design optimization to cover both the reliability and robustness under uncertainty in design
variables. The main objective is to improve the efficiency of the optimization process. To address this problem, a hybrid reliabilitybased robust design optimization (RRDO) method is proposed. Prior to the design optimization, the Sobol sensitivity analysis is
used for selecting key design variables and providing response variance as well, resulting in significantly reduced computational
complexity. The single-loop algorithm is employed to guarantee the structural reliability, allowing fast optimization process. In
the case of robust design, the weighting factor balances the response performance and variance with respect to the uncertainty in
design variables. The main contribution of this paper is that the proposed method applies the RRDO strategy with the usage of
global approximation and the Sobol sensitivity analysis, leading to the reduced computational cost. A structural example is given
to illustrate the performance of the proposed method.

1. Introduction
The deterministic models do not account for parameter variation, which is poorly identified and provides an inaccurate
picture of the problem in question. In practice, a theoretically
excellent deterministic solution may be proved catastrophic
due to uncertainty introduced by manufacturing process and
environmental changes. To tackle the uncertainty in design
variables and parameters, nondeterministic methods have
been developed rapidly in the last twenty years [1, 2]. The
aim of mechanical structure optimization is to find a highperformance system, which generally has two criteria, robustness and reliability. Nondeterministic methods thus can
be classified into two approaches, namely, reliability-based
design optimization (RBDO) and robust design optimization
(RDO) [3]. RBDO concentrates on finding an optimal design
with low probability of failure, while RDO aims to reduce the
variability of the system performance. To obtain a reliable and
robust product, a hybrid algorithm named reliability-based
robust design optimization (RRDO) employs both RDO and
RBDO techniques to search for robust optima while obeying
reliability type of constraints.

In the present study, structural sizing RRDO problems
aim to minimize both the weight and the response variance
of the structure. A number of RRDO methods have been
reported for structural optimization in the recent years [2, 4–
9]. Stochastic design optimization employing Monte Carlo
simulation (MCS) is known as the most adequate methodology, which can directly calculate the probability of failure and
the response moments of system [2]. Lagaros et al. took into
account the probabilistic constraints using MCS combined
with Latin hypercube sampling in the framework of RBDO
[5]. Then each optimal design was checked if it satisfies the
RDO formulation (European design codes for structures) in
order to select the final results. However, a large number
of sample points need to be generated to ensure accuracy,
which makes MCS time consuming for implementation when
numerical simulations are involved.
Besides MCS, reliability level may be estimated through
the first- or second-order reliability methods (FORM or
SORM) in the process of RBDO. Reliability index is introduced as an optimization criterion instead of the probabilistic
constraints [6]. In [7] and later in [8], a combined algorithm
was discussed based on performance measure approach
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(PMA), finding the reliable and robust Pareto optimal solutions. Although reliability methods reduce the sampling sets
and simulation cost, they make the optimization structure
more complex with double loops (the outer loop is the
optimization loop and reliability analysis is performed in the
inner loop), even triple loops (including robustness evaluation loop) as presented in [9]. Hence a common challenge for
the designers is the computational expense of either RDO or
RBDO, whose objective is distinctly different. Some attempts
have been made to improve the optimization efficiency for a
one desired characteristic (robustness or reliability) [10–13],
and few of the existing works address the development of
efficient techniques for both robustness and reliability.
The main purpose of this paper is to improve the optimization efficiency for both the reliability design and the robust
design under uncertainty. To address this problem, a hybrid
RRDO method is proposed combining the single-loop RBDO
algorithm and monoobjective RDO formulation to improve
efficiency. In the case of RBDO, the single-loop approach
based on the conjugate gradient is employed to treat the constraints efficiently. The robustness evaluation is fulfilled considering both the mean and the variance of response represented by a weighting factor. The proposed RRDO method is
applied to a “hook” problem with uncertainty in design variables. The results are compared with those from other
methods in the literature, leading to a reduced computational
cost.

2. Design Optimization under Uncertainty

minimize
: 𝑓 (k)
k

𝑖 = 1, . . . , 𝑚

(1)

v𝐿 ≤ v ≤ v𝑈 ,
where v ∈ R𝑛 is the design vector, v𝐿 and v𝑈 are the lower
limit and upper limit of the design vector, respectively, 𝑔𝑖 (⋅)
is the 𝑖th limit state function dividing the safety region (𝑔 >
0) and failure region (𝑔 < 0), Φ(⋅) is the standard cumulative function for the standard normal distribution, and 𝛽𝑖𝑡
is target reliability index of the 𝑖th probabilistic constraint
representing the reliability level.
In the field of RBDO considering uncertainty, reliability
index approach (RIA) and performance measure approach
(PMA) based on the reliability index have been mainly
studied. The reliability index approach is a FORM-based
method, which is a direct method in comparison to other
optimization approaches. The basic formulation of RIA is
written as
: 𝑓 (k)
minimize
k

𝑖 = 1, . . . , 𝑚

k𝐿 ≤ k ≤ k𝑈 .
(2a)
The suboptimization problem for the evaluation of reliability
is defined as
minimize: 𝛽𝑖𝑡 = ‖u‖
subject to: 𝑔𝑖 (u) = 0,

𝑖 = 1, . . . , 𝑚,

(2b)

where u is independent standard normal random variable
vectors taking the following form:
u=

k − 𝜇k
𝜎k

(3)

and 𝑔(u) is the probabilistic constraint defined in u-space.
Similarly, the PMA formulation is expressed as follows:
: 𝑓 (k)
minimize
k
subject to: 𝐺𝑖 (u) ≥ 0,

𝑖 = 1, . . . , 𝑚

(4a)

k𝐿 ≤ k ≤ k𝑈 ,
where 𝐺𝑖 (u) is the minimum of the performance function
among the points that have the target reliability index, which
is obtained from a suboptimization problem. Consider
minimize: 𝐺𝑖 = 𝑔𝑖 (u)

2.1. Reliability-Based Design Method. The objective of RBDO
is to find an optimal solution that verifies as a probability of
failure lower or equal to the target probability, expressed as
𝑃𝑓𝑡 . The classical RBDO is expressed in the form

subject to: Pr [𝑔𝑖 (k) < 0] ≤ 𝑃𝑓𝑡 = Φ (−𝛽𝑖𝑡 ) ,

subject to: 𝛽𝑖 (u) ≥ 𝛽𝑖𝑡 ,

subject to: ‖u‖𝑖 = 𝛽𝑖𝑡 ,

𝑖 = 1, . . . , 𝑚.

(4b)

It is necessary for both RIA and PMA to solve the suboptimization problem in order to estimate the reliability because
of its double-loop structure.
2.2. Robust Design Method. A commonly used definition
states that a robust design is a design that is insensitive (or
less sensitive) to input variations. RDO aims to improve the
quality of products by minimizing the performance variation
without eliminating the existing uncertainty [14]. To achieve
the robustness, there is no unified mathematical formulation.
In most cases, designers emphasized obtaining the robustness
of the objective performance rather than satisfying constraints with more robust limit state functions. Thus, the
construction of a robust problem generally is based on the
mean and standard deviation of objective functions. Consider
: F (k) = [𝜇𝑓 (k) , 𝜎𝑓 (k)]
minimize
k
subject to: 𝑔𝑖 (k) ≥ 0,

𝑖 = 1, . . . , 𝑚

(5)

k𝐿 ≤ k ≤ k𝑈 ,
where 𝜇𝑓 (v) and 𝜎𝑓 (v) are the mean and standard deviation
of the objective function 𝑓(v), respectively. Within this formulation, RDO is defined as a multiobjective problem (MOP)
that gives a series of solutions, known as a set of optimal
Pareto solutions. However, MOP suffers from a large degree
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of complexity, with regard to numerical implementation, and
provides large numbers of candidate solutions for designers
to make a decision. In this paper, the MOP is converted to a
monoobjective problem by adding weighting factors before
each entry. A normalized RDO therefore becomes
: F (k) = 𝑤
minimize
k

𝜇𝑓 (k)
𝜇𝑓∗

+ (1 − 𝑤)

𝜎𝑓 (k)
𝜎𝑓∗

,

0<𝑤<1
subject to: 𝑔𝑖 (k) ≥ 0,

(6)

𝑖 = 1, . . . , 𝑚

k𝐿 ≤ k ≤ k𝑈 ,
where 𝑤 is the positive weighting factor and 𝜇𝑓∗ and 𝜎𝑓∗
are the values that take the function 𝑓 as their optimum
considering only the response mean or standard deviation
as objective functions (i.e., 𝑤 = 1 and 𝑤 = 0, resp.). The
weighting factor is determined according to the importance
between minimum performance and robustness.
2.3. Proposed RRDO Method. In order to improve the optimization efficiency, especially for the multicriteria problem,
the single-loop approach (SLA) has been used to substitute
the double-loop structure [15]. The SLA aims to replace the
characteristic point with the minimum performance target
point integrating system’s reliability. The SLA formulation is
as follows:
: 𝑓 (k)
minimize
k
subject to: 𝑔𝑖 (z) ≥ 0,

𝑖 = 1, . . . , 𝑚

(7a)

such that z = 𝜇v − 𝜎v 𝛽𝑡 𝛼 with
𝜎 ∇ 𝑔 (k)
𝛼 =  k k 𝑖  ,
𝜎k ∇k 𝑔𝑖 (k)

(7b)

where z corresponds to the characteristic point connected to
the target level of reliability 𝛽𝑡 and 𝜇v and 𝜎v are the mean and
standard deviation of the design variables v, respectively.
The RRDO problem therefore is formulated combining
(5) and (7a) and (7b) in the following form:
𝜇𝑓 (k)
𝜇𝑓∗

+ (1 − 𝑤)

𝜎𝑓 (k)
𝜎𝑓∗

𝐿

𝑖 = 1, . . . , 𝑚

(4) Consider the less significant variables as deterministic
without variation by the Sobol method and at the
same time obtain mean and standard deviation of
objective function.
(5) Define optimization problem (weighting factor, upper
and lower limits, etc.)
(6) Check convergence. If there is a feasible result, go to
the 7th step; otherwise, insert more sample sets and
go to the 2nd step.
(7) Obtain the optimum design and the corresponding
objective function value.

3. Methodology Used in RRDO
(8)

𝑈

k ≤k≤k ,
where

(2) Get the studied responses from finite element analysis.

(8) Repeat from the 5th step to the 7th step, if another
optimization with respect to a different weighting
factor is needed.

,

0<𝑤<1
subject to: 𝑔𝑖 (z) ≥ 0,

(1) According to the information on the uncertain parameters, determine and generate the sets of random
design variables v.

(3) Construct the approximate models of the objective
function and constraint function in (8).

k𝐿 ≤ k ≤ k𝑈

: F (k) = 𝑤
minimize
k

the moments (i.e., mean and standard deviation) of the
performance function. To begin with, many approximated
models have been developed for several decades. Detailed
description of meta-modeling can be found in Section 3.1. On
the other hand, the moments generally can be achieved in
two ways: Taylor series expansion and Monte Carlo method.
Taylor series expansion method omits higher-order indices
of performance function and becomes difficult as the number
and intersection of variables increase. Although Monte Carlo
simulation gives more accurate results, the computation is
expensive and time consuming. In this paper, the moments
are calculated through a fully quantitative variance-based
global analysis, which is also called Sobol method. The
moments can be obtained analytically from Sobol functions
for simple mathematical model or estimated from Monte
Carlo calculation when the model is more complex and nonintegrable. By means of the Sobol method, the main sources
of uncertainty also can be determined. This measure will be
specifically discussed in Section 3.2.
In summary, the general framework of the proposed
RRDO algorithm is depicted in Figure 1, and it can be described in the following steps.

𝜎 ∇ 𝑔 (k)
z = 𝜇k − 𝜎k 𝛽𝑡  k k 𝑖  .
𝜎k ∇k 𝑔𝑖 (k)

It can be seen from formulation (8) that two essential elements of the RRDO problem are (i) determining objective function and constraint function and (ii) estimating

3.1. Global Approximation. To optimize the performance of
complex structures, the relationship between design variables
and considered functions can be approximated by means of a
pure mathematical model. The global approximation model
technology presents an advantage that it can be used for optimization through a single meta-model rather than a sequence
of fitted local meta-models. The parameters of the metamodel are defined on the basis of a limited number of
simulations, such as finite element simulation.
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Start

Generate sampling points using Latin hypercube method
Formulation
of f(𝒗), g(𝒗)

Get responses from finite element simulation
Construct multivariate approximation

Calculation
of 𝜇f and 𝜎f

Insert
more
sampling
points of
important
variables

Variance-based global sensitivity analysis of f(𝒗)
Obtain 𝜇f and 𝜎f ; rank the importance of design variables

Specification of weighting factors and reliability index
Optimization
Evaluate objective and constraints
Change
weighting
factors or
reliability
index

No

Converged?
Yes

Single robust and safety optimal solution

Yes

Need another
solution?
No
Stop

Figure 1: Flowchart of proposed method.

A linear or quadratic polynomial regression model has
been used frequently in engineering due to its computational
simplicity. The used multivariate polynomial expression considering the cross-product term is given as [16]
𝑛

̃ (𝑥) = ∑ 𝐶𝑖 ,𝑖 ,...,𝑖 ∏𝑥𝑖𝑗 ,
𝑌
𝑗
1 2
𝑛
𝑗=1

(9)

𝑛

∑ 𝑖𝑗 ≤ 𝑃,

C𝑎 = [𝐶0 𝐶1 ⋅ ⋅ ⋅ 𝐶𝑛 𝐶11 ⋅ ⋅ ⋅ 𝐶𝑛𝑛 𝐶12 ⋅ ⋅ ⋅ 𝐶𝑖𝑗 ] ,
∀𝑖 < 𝑗.
(11)
To obtain polynomial coefficients, the least-square fitting
method [17] is generally used by keeping a minimum distance
(fitting error e) between the original data and the approximated one. Consider
𝑛𝑝

𝑗=1

̃
where 𝑌(𝑥)
is the approximated function, 𝐶 are the polynomial coefficients, 𝑛 is the number of the polynomial
variables x, 𝑖𝑗 is the degree of the polynomial variables, and
𝑃 is the polynomial degree. The polynomial expression can
be converted to the general form by grouping the fitting
parameters C𝑎 and the corresponding functions of variables
X𝑎𝑇 as shown:
̃ (x) = C𝑎 X𝑇 = C𝑎 [1, X, 𝑓 (X)]𝑇 .
𝑌
𝑎

(10)

For the second-order approximation, the submatrix of functions of X and 𝑓(X) represent the order and interaction terms
of the vector, respectively, as shown:
𝑇

X𝑎𝑇 = [1 𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛 𝑥12 ⋅ ⋅ ⋅ 𝑥𝑛2 𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑖 𝑥𝑗 ] ,
∀𝑖 < 𝑗,

̃𝑖 (k)]2 .
min e = min∑[𝑌𝑖 (k) − 𝑌
𝐶

𝐶

(12)

𝑖=1

This method can provide a good fit for the low nonlinear
functions with a small variable region. If the response data
have multiple local extremes, then polynomial models cannot
be used to construct an effective meta-model. In order to
approximate globally nonlinear functions, other algorithms,
for example, Kriging interpolation model [18, 19], radial basis
function [20], and multilayer perceptron neural networks
(MLPNN) [21], have been employed.
̃𝑖 is considered by
A percentage error between 𝑌𝑖 and 𝑌
using the 𝑛𝑝 simulations that constitute the validation set.
Percentage error is given as
𝐸=

̃𝑖 − 𝑌𝑖
𝑌
.
𝑌𝑖

(13)
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3.2. Global Sensitivity Analysis. A fully quantitative variancebased global sensitivity method, namely, the Sobol method,
can analyze the impact of the uncertainties of inputs on
the output [22]. The Sobol decomposition was originally
developed for the analysis with respect to uniformly distributed variables [23]. However, Sobol method can be used
for functions of variables with any distribution. Here we
use the extended Sobol formulation for normal distribution
mentioned in [24].
Let the random design variables X = (𝑋1 , 𝑋2 , . . . , 𝑋𝑛 )
with normal distribution functions Φ1 (𝑋1 ), Φ2 (𝑋2 ), . . . ,
Φ𝑛 (𝑋𝑛 ). And then system response 𝐹(X) in Sobol decomposition format is given by

1≤𝑖<𝑗≤𝑛

R1

20

𝑅𝑛

𝐹 (x ≠ 𝑖 , 𝑋𝑖 ) 𝜑𝑛−1 (x ≠ 𝑖 ) dx ≠ 𝑖

= (𝐹0 + 𝐹𝑖 (𝑋𝑖 )) 𝜑1 (x𝑖 ) ,
𝑅𝑛−2

𝐹 (x ≠ 𝑖𝑗 , 𝑋𝑖 , 𝑋𝑗 ) 𝜑𝑛−2 (x ≠ 𝑖𝑗 ) dx ≠ 𝑖𝑗

= (𝐹0 + 𝑓𝑖 (𝑋𝑖 ) + 𝐹𝑗 (𝑋𝑗 ) + 𝐹𝑖𝑗 (𝑋𝑖 , 𝑋𝑗 )) 𝜑2 (x𝑖 , x𝑗 ) ,
..
.
(15)
where 𝜑𝑛 (𝑥) is the 𝑛-dimensional probability density function
of normal distribution, x ≠ 𝑖 implies a vector of variables
corresponding to all but 𝑋𝑖 and x ≠ 𝑖𝑗 notation implies the
vector of variables corresponding to all but 𝑋𝑖 and 𝑋𝑗 , and
𝐹0 is the mean value of the response function. The variance
of 𝐹(𝑋), denoted by 𝐷, can be decomposed as well as the
function 𝐹(𝑋) according to
∫ 𝐹2 (x) 𝜑𝑛 (x) dx − 𝐹02
𝑅𝑛

= ∫ 𝐹12 (𝑥1 ) 𝜑1 (𝑥1 ) d𝑥1 + ∫ 𝐹22 (𝑥2 ) 𝜑1 (𝑥2 ) d𝑥2 (16)
𝑅1

𝑅1

2
+ ⋅ ⋅ ⋅ + ∫ 𝑓12
(𝑥1 , 𝑥2 ) 𝜑2 (𝑥1 , 𝑥2 ) d𝑥1 𝑥2 + ⋅ ⋅ ⋅ ;
𝑅2

thereby the partitioned variance has the form
𝐷 = ∑ 𝐷𝑖 + ∑ 𝐷𝑖𝑗 + ⋅ ⋅ ⋅ + 𝐷12⋅⋅⋅𝑛 .
1≤𝑖≤𝑛

1≤𝑖<𝑗≤𝑛

R2

Figure 2: Dimensions of the section of the hook structure.

𝑆𝑖1 ⋅⋅⋅𝑖𝑡 =

∫ 𝐹 (x) 𝜑𝑛 (x) dx = 𝐹0 ,

∫

5

100
W2

(14)

In this expansion, the terms 𝐹𝑖 (𝑋𝑖 ) , 𝐹𝑖𝑗 (𝑋𝑖 , 𝑋𝑗 ) , . . ., called
the Sobol functions, can be calculated by integrating 𝐹(X)
according to

𝑅𝑛−1

R3

W1

+ ⋅ ⋅ ⋅ + 𝐹1,2,...,𝑛 (𝑋𝑖 , . . . , 𝑋𝑛 ) .

∫

R4

The Sobol index for a group of indices {𝑖1 , 𝑖2 , . . . , 𝑖𝑡 } with 1 ≤
𝑖1 < ⋅ ⋅ ⋅ < 𝑖𝑡 ≤ 𝑛 is defined as

𝐹 (X) = 𝐹0 + ∑ 𝐹𝑖 (𝑋𝑖 ) + ∑ 𝐹𝑖𝑗 (𝑋𝑖 , 𝑋𝑗 )
1≤𝑖≤𝑛

200

(17)

𝐷𝑖1 ⋅⋅⋅𝑖𝑡
𝐷

.

(18)

All the 𝑆𝑖1 ,...,𝑖𝑡 are nonnegative and their sum equals 1. In
practice, the sum of first-order Sobol index, denoted by
𝑆(1) , usually makes up a large part of the whole variance.
Thus if all or part of the first-order Sobol index satisfies the
condition 1 − 𝑆(1) < 𝜀, where 𝜀 is some small number,
the rest of Sobol index is negligible. When a relative simple
model (e.g., linear or quadratic regression) is insufficient for
the response function, the analytic estimating method may
become difficult to be implemented. Hence, for engineering
problems, it is convenient to estimate all the Sobol indices
from Monte Carlo simulations. The specified Monte Carlo
method for calculating Sobol indices is detailed in [23].

4. Case Study
In this section, a “hook” structure from [25] is selected to
examine the performance of the proposed method, as shown
in Figure 2. While uncertainty is considered in geometric
dimensions of the hook, no uncertainty is considered in
material properties or load condition. It is rational since manufacturing tolerance is the most likely source of uncertainty
at the conceptual design stage. In later design phase, variation
introduced by other sources (changes in temperature and
fluctuation in load) can be taken into account to search a
more thorough optimal design.
The hook’s load environment is composed of a welded
constraint around the left hole and even pressure 𝑃 =
50 N/mm2 applied to the lower half of the right side. The
material has the following mechanical properties: elastic
modulus 𝐸 = 71.018 MPa, Poisson ratio ] = 0.33, and the
density 𝜌 = 8.25 kg/m3 .
The goal of this problem is to find an optimal shape of
hook so that the area of hook should be as small and robust
as possible while keeping the maximum von Mises stress
less than the admissible constraint 𝜎ad = 150 MPa with a
probability of 99.73% (i.e., the target reliability index 𝛽𝑐 = 3).
The shape of hook can be defined using six design variables
that are modeled by a vector v = {𝑅1 , 𝑅2 , 𝑅3 , 𝑅4 , 𝑊1 , 𝑊2 }.
All random design variables are statistically independent and
distributed normally with a standard deviation of 0.1. The

6

Mathematical Problems in Engineering
Table 1: Properties of design variables.

Variables
Initial value (mm)
Lower limit (mm)
Upper limit (mm)

𝑅1
45
30
60

𝑅2
20
6
30

𝑅3
10
5
30

𝑅4
20
10
30

Table 3: Results of the different solutions.
𝑊1
75
65
85

𝑊2
125
110
140

𝑅1
(mm)

𝑅2
(mm)

𝑅3
(mm)

𝑅4
(mm)

𝑊1
(mm)

𝑊2
(mm)

Deterministic 40.63
RBDO
41.49
RRDO
41.51

12.51
12.64
12.55

10.00
10.00
10.00

18.90
19.33
19.20

69.70
69.83
70.07

115.0
115.0
115.0

Table 2: Approximation errors (mean ‖𝐸‖ × 100).
Area
Stress

QPA
4.4 × 10−11
7.2

RBF
1.64 × 10−8
3.62

MLPNN
8.47 × 10−8
0.89

initial values and upper and lower limits of design variables
(nominal value) are presented in Table 1. The optimization
problem is therefore expressed in the following form:
: 𝑤
minimize
k

𝜇𝐴 (k)
𝜎 (k)
+ (1 − 𝑤) 𝐴 ∗ ,
𝜇𝐴∗
𝜎𝐴

0<𝑤<1

subject to: 𝜎eq (z) ≤ 𝜎ad
k𝐿 ≤ k ≤ k𝑈 ,
where

Table 4: Comparison of different designs.
Objective (area 𝐴)
𝜇𝐴 (mm2 )
𝜎𝐴
Constraint (stress 𝜎𝑒𝑞 )
𝜇𝜎 (MPa)
Pr{𝐹}
Number of function calls
Objective
Constraint

Deterministic

RBDO

RRDO

10104.6
1817.2

10375.5
1839.1

10382.6
1835.8

150.0
52.1%

145.7
0.17%

145.8
0.17%

157
1,467

237
8,462

822
1,778

(19)

𝜎k ∇k 𝜎eq (k)
z = 𝜇k − 𝜎k 𝛽𝑡 
.
𝜎k ∇k 𝜎eq (k)



In numerical implementation, a set of area and stress
values are obtained through finite element simulations at 200
sampling points generated using Latin hypercube method
based on orthogonal array. The minimum number of simulation points is chosen equal to 10 times the number of
variables as recommended in [26]; thus 200 samples are
enough for the case of six design variables. Then these sampling points and their corresponding function values are used
to construct the approximation models of the area and the
maximum stress. Since the complexity of the response behavior in the design space is unknown beforehand, a family
of approximating algorithms, namely, quadratic polynomial
approximation (QPA), radial basis functions (RBF), and
multilayer perceptron neural networks (MLPNN), are used
and compared. The approximation errors (percentage errors)
are summarized in Table 2. It is evident that the area indices
are approximated with a sufficient accuracy in the shape of
polynomial expression. Sobol sensitivity analysis thus can
be performed on the polynomial model, resulting in the
response mean 𝜇𝐴 and standard deviation 𝜎𝐴 as a function of
design variables. For the maximum stress data, the MLPNN
model results in the most accurate fit with the maximum
error equal to 0.89%.
The global sensitivity analysis is performed by means of
the simulations based on the approximated model. The firstorder Sobol indices are computed by considering the design
variables at their initial values reported in Table 1. Each index
is obtained by varying one single variable, the other ones
being constant and equal to those of the reference value. The
results of the variable first-order sensitivity indices for the
function of area are shown in Figure 3.

By inspection of Figure 3 it is noticed that the area
function is not influenced significantly by 𝑊1 and 𝑊2 . In
the current case, an obvious truncation would include only
the uncertainty in input variables corresponding to the four
radius values, 𝑅1 , 𝑅2 , 𝑅3 , and 𝑅4 , which account, in only their
first-order forms, for 98.03% of the total response variance.
Thus 𝑊1 and 𝑊2 can be regarded as two deterministic parameters, which can efficiently reduce the sample size and variable dimension in the later optimization process. Since genetic algorithm (GA) works well in obtaining global optimum,
it is chosen as the solver in the proposed RRDO optimization.
The optimal results from the hybrid RRDO (𝑤 = 0.5) using
(19), deterministic design, and RBDO approach are presented
in Table 3.
Table 4 compares the results of the different optimal
designs. As shown in Table 4, the deterministic design gives
the smallest values in both the area response and its standard
deviation, which is right because the purpose of deterministic
optimization is to obtain the minimal value without regard
for uncertainties. Consequentially, it has a relatively large
probability of failure value of 52.1% when the maximum stress
𝜇𝜎 satisfies the constraint condition. At the same time, both
RRDO and RBDO let the mean values of area increase to
meet the requirements of structural safety. To clearly show
the difference between RBDO and RRDO results, the range of
area response can be briefly estimated based on the moments
of area value (mean and standard deviation). By using 3𝜎 rule applied for normal distribution, the ranges of area
from RBDO and RRDO are [4858, 15893] and [4875, 15890],
respectively. Thus RRDO gives a feasible result with better
robustness as the range is smaller.
As to the constraint of stress, three probability density
functions (PDFs) of maximum stress are compared with each
other in Figure 4. Note that these three PDFs are expanded
across just for better showing each failure region, and it
cannot tell the exact number of probability density. From
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Figure 3: Nondimensional first-order sensitivity indices.

Stress (MPa)

52.1%

0.17%

0.17%
Failure

150
145.8
145.7
Deterministic

RRDO
RBDO

Figure 4: Probability density functions of maximum stress 𝜎eq .

Figure 4, failure occurs over the red line whose value is
150 MPa, and the PDF area belonging to the failure region
corresponds to the probability of failure. It is seen that
both RBDO and RRDO ensure reliability with the target

probability of failure (i.e., 0.17%). Considering the number
of function evaluations for all the approaches, the proposed
method shows an economical solution with much lower computational cost over RBDO. From the results, it is evident that
the proposed method reduces the computational cost, while
maintaining the accuracy of reliability and robustness analysis.

5. Conclusions
In this study, a hybrid RRDO approach is presented to find
a reliable and robust solution under uncertainty in design
variables. This work combined the single-loop approach
and monoobjective robust design (weighted sum) method,
applying a RRDO strategy with the usage of global approximation and global sensitivity analysis. The central advantage
of the proposed method is reducing the computational cost,
which is implemented through three ways. First, using a
family of approximated models to replace the computational
expensive FE simulations, the response model was accurately
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constructed. Second, global sensitivity analysis ensured a
relatively small sample size, because some insensitive design
variables were considered deterministic without uncertainty.
Third, the optimization structure was converted into singleloop process by the adoption of single-loop approach. A
structural example was tested and the results have been
compared with those from RBDO and deterministic case. The
accuracy and efficiency of the proposed method have been
demonstrated.
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Since the image feature points are always gathered at the range with significant intensity change, such as textured portions or edges
of an image, which can be detected by the state-of-the-art intensity based point-detectors, there is nearly no point in the areas of
low textured detected by classical interest-point detectors. In this paper we describe a novel algorithm based on affine transform
and graph cut for interest point detecting and matching from wide baseline image pairs with weakly textured object. The detection
and matching mechanism can be separated into three steps: firstly, the information on the large textureless areas will be enhanced
by adding textures through the proposed texture synthesis algorithm TSIQ. Secondly, the initial interest-point set is detected by
classical interest-point detectors. Finally, graph cuts are used to find the globally optimal set of matching points on stereo pairs. The
efficacy of the proposed algorithm is verified by three kinds of experiments, that is, the influence of point detecting from synthetic
texture with different texture sample, the stability under the different geometric transformations, and the performance to improve
the quasi-dense matching algorithm, respectively.

1. Introduction
In the last decades, more and more methods for 3D modeling
have been proposed. Techniques which only use images or
video as input have been developed to reconstruct 3D scenes.
For examples, techniques of shape-from-video used flexibility
of the recording to reconstruct the wide variety of scenes.
However, these methods require large overlap between subsequent frames, which might not always be possible to
record video of the interest object due to time pressure or
obstacles. Furthermore a reconstruction is desirable from the
images which are not taken for the purpose of 3D modeling.
Since the stereo matching has been focusing on the small
baseline stereo or frontoparallel planes, many algorithms
such as graph cuts [1–3], minimal path search [4], and belief
propagation [5] are based on the diversity of concepts.
One of the most studied problems in stereo matching
is finding corresponding points between stereo image pairs,
and this is sometimes very hard. The system should set

aside smoothness assumptions to detect the occlusions and
depth discontinuities, and it also strongly depends on the
capacity of handling weakly textured regions. The algorithms
mentioned above can handle short-baseline stereo matching
well; however in contrast, there are much more challenging in
the wide-baseline situation due to increased occluded areas
and large perspective distortions. But the wide-baseline only
requires fewer images to reconstruct a scene completely, and
it is worth addressing.
On the other hand, local, viewpoint invariant features
can be used for wide-baseline matching, and hence the
viewpoints can be further apart. Amintoosi et al. [6] used
SIFT key-points for image registration, and Jian et al. [7]
proposed a key-point detector based on wavelet transform
for image retrieval. In general, the process for matching
the discrete image points can be divided into three main
steps: firstly, extracting the interest point from each image,
such as T-junctions, corners. The point detector should
have the property of repeatability, which guarantees finding

2
the same physical interest point under different viewing
conditions. Secondly, each interest point can be represented by a distinctive feature vector through the descriptor.
Finally, the descriptor vectors are matched between different
images.
Almost all of the detectors are based on the gradient
map of image. For example, the Harris corner detector [8]
is based on the second moment matrix, which describes
the gradient distribution in a local neighborhood of a point
in image. But corners detected by this method are not
scale invariant. Mikolajczyk and Schmid [9] proposed two
scale-invariant methods, that is, Harris-Laplace and HessianLaplace, which are based on the concept of automatic scale
selection [10]. And the location is selected by Harris measure
or the determinant of the Hessian matrix; scale is selected
by Laplacian. Lowe [11] speeds up the above methods by
using the difference of Gaussians (DoG) to approximate
the Laplacian of Gaussians (LoG). Stansk and Hellwich [12]
introduce a new operator to extract the salient points from
image, which used interest points as the anchor points
to match points between different perspectives. There are
lots of different detectors that have been proposed in the
literature [13–16]. However, image blurring, magnification,
and illumination are still problems of the methods based on
interest point; one of the most serious weaknesses is that these
methods could not get a point on the weakly texture areas by
classical interest-point detectors. For solving this, Dragon et
al. [17] proposed an NF-features method to complementary
regular feature detection, which is similar to our method.
The method uses regular detectors, such as SIFT, HessianAffine, and SURF to get the interest points surround the
nontextured regions and get the NF-features by using these
points as anchor features according to the Euclidean distance
between every location in the textureless areas and regular
point.
In this paper, we will extend the capability of classical interest-point detectors by transfer strongly texture
to extracting the corresponding points in the weakly texture areas. The motivation is the fact that large nearly
flat textureless areas in the real world are always assumed
as a smoothness surface [18], which means the depth of
these areas are continuous. Hence, if the textureless area
is nearly flat, it can also be approximated by a plane and
the transformation of this plane between two image pairs
can be described by a simple affine transform. Different
from the texture synthesis for 3D shape algorithm, we will
use a 2D texture synthesis for the weakly texture regions
in two image pairs and then use classical interest-point
detectors to extract the correspondences from these regions.
Hence, we can take advantage of these powerful detectors to
obtain corresponding points from 3D textureless objects in
wide-baseline stereo matching. We focus only on the points
corresponding problem in large nearly flat textureless areas
and propose an algorithm to get the corresponding points
on those areas by using both salient features surround large
weakly texture objects and the information on these objects.
The proposed algorithm can be divided into two steps. First,
the feature points detected on the contour of the object, which
has a large textureless region, will be used to estimate the
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affine transform and to locate the center points for adding
synthesize textures on the object surface between two image
pairs. Second, since the real surfaces of these objects are
not planar completely, the correspondences extract from the
first step are not accurate. We therefore use the graph cut
algorithm to adjust the corresponding results from first step
by incorporating the features on the object, such as the
intensity and the self-similarity.
The proposed approach can be used for enhancing the
performance of dense wide-baseline matching by increasing the seed points obtained from classical interest-point
detectors [16]. The results obtained on image sets under
different types of photometric and geometric transformations
show the high robustness of the method. The proposed
approach gives a rich set of corresponding points in the
large weakly-textured region which has no distinctive feature
points detected by classical detectors.
The paper is organized as follows. Section 2 describes
the method for adding synthetic texture to image pairs.
We will discuss why the texture can be added in two
image pairs by an affine transform and how this transform will be estimated. In Section 3, we propose an
approach to adjust the position of the corresponding point
in the second image by graph cut algorithm and comparing the adjusting result to the one which is directly
obtained from Section 2. In Section 4, we verify the proposed method with extensive experiments of human model
images under different circumstances. Section 5 provides
concluding remarks and possible extensions of the proposed
approach.

2. Texture Synthesis for Point
Detecting and Matching
In this section, we will present a texture transfer mechanism
used for interest point detecting and matching. We first
explain the reason why the relationship of a large weak
texture region between two image pairs can be approximated by an affine transform and then can present the
estimation methods of this affine transform and structuring
synthetic texture for adding texture on the textureless object
surface.
2.1. Relationship of Large Textureless Area between Image
Pairs. Let 𝑃0 be a 3D point and 𝑝, 𝑝 are the corresponding
projection points in image plane 𝐼, 𝐼 from two cameras
with different orientations, respectively. According to this
relationship, a mapping 𝐻 : 𝐼 → 𝐼 exists, when (𝑝𝑖 , 𝑝𝑖 ) ∈ 𝐻,
𝑝𝑖 ∈ 𝐼, 𝑝𝑖 ∈ 𝐼 are the projection points from a same scene
point 𝑃𝑖 .
In wide-baseline situations, the feature of point in two
images would be changed frequently by lighting or perspective changes. Thus, most researchers favor using classical
detectors, such as GLOH and SURF [16, 19], which are
both based on the gradient map of image and have proven
successful for sparse matching in wide-baseline situation.
And the mapping 𝐻 : 𝐼 → 𝐼 can be got by using the sparse
matching result as seed points [20].
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vector in camera coordinate system is m = [𝑥, 𝑦, 𝑧, 1]𝑇 ;
according to the simple pinhole model, the relationship
between M and m is given by

The general sparse matching algorithm is as follows:
(1) interesting point detecting;
(2) point describing;
(3) matching points between two images.

m= [



Let 𝑃 and 𝑃 denote the point sets got by interest point
detector, 𝑥 is a point in 𝑃, and then its corresponding point
𝑥 in 𝑃 can be got as follows:
𝑥 = arg min𝐷 (𝐹 (𝑥) , 𝐹 (𝑥𝑖 )) ,
𝑥𝑖 ∈𝑃

(1)

where 𝐹 (⋅) denotes the descriptor operator, 𝐷 (⋅) is the match
operator and the pair of points (𝑥, 𝑥 ) ∈ 𝐻.
From the above analysis, we see that the result from
sparse matching algorithm depend largely on its detector and
descriptor, so these algorithms cannot give the corresponding
points in textureless areas, since points in these areas will not
be detected by those detectors. On the other hand, texture
synthesis can replace the textureless areas with strong texture
image. The idea is as follows.
let Ω𝑡𝑥1 and Ω𝑡𝑥2 be the regions which the textureless areas
are replaced by texture image 𝐼TX in image 𝐼, 𝐼 , respectively;
then according to sparse matching algorithm, it can get a
new mapping 𝐺 : Ω𝑡𝑥1 → Ω𝑡𝑥2 . On the other hand,
considering the relationship between two images, we should
estimate the transformation of the texture image 𝐼TX from
𝐼 to image 𝐼 . Let 𝑇 (⋅) denote the transformation operator,
which transforms the point location in Ω𝑡𝑥1 to Ω𝑡𝑥2 . Then 𝑇 (⋅)
should satisfy the following two conditions.
Condition 1. If 𝑝, 𝑝 are corresponding points; that is,
(𝑝, 𝑝 ) ∈ 𝐻; then 𝑇 (𝑝) = 𝑝 .
Condition 2. Let 𝐹 (⋅) denote the descriptor operator, since
after the transformation we should still use classical detectors
to detect interest point; then 𝑇 (⋅) should satisfy 𝐹 (𝑇 (𝑝)) ≈
𝐹 ∗ (𝑝) and Condition 1, 𝑝 ∈ Ω𝑡𝑥1 , 𝑇(𝑝) ∈ Ω𝑡𝑥2 .
Obviously, if transformation operator 𝑇 (⋅) satisfies the
above conditions, then 𝐺 = 𝐻 in Ω𝑡𝑥1 , Ω𝑡𝑥2 ; that is, if
(𝑝1 , 𝑝1 ) ∈ 𝐺, then (𝑝1 , 𝑝1 ) ∈ 𝐻, where (𝑝1 , 𝑝1 ) are the point
locations in image 𝐼, 𝐼 , respectively.
In general situation, it is more difficult to get transformation operator 𝑇 (⋅) than to get mapping 𝐻 directly.
However, if 𝑇 (⋅) is an affine transform, then descriptors such
as SIFT and SURF are both satisfying Condition 2 with this
transformation.
As discussed above, it is difficult to get a transformation
which satisfies Condition 1, but fortunately, textureless region
can be assumed as a plane, and in this paper we assume that
these regions are almost planar, and according to the property
of affine transform, it is possible to use affine transform as
𝑇 (⋅) under this hypothesis. The following theorem explains
the reason why an affine transform can be used as an
approximation of mapping between 3D points in the same
plane which are projected on different viewpoint images.
A 3D point coordinate vector in world coordinate system
is denoted by M = [𝑋𝑊, 𝑌𝑊, 𝑍𝑊, 1]𝑇 , and its coordinate

R t
] M,
0T 1

(2)

where [R,t] is the extrinsic parameters which describes the
rotation and translation between two coordinate systems.
Moreover, the relationship between m and its image projection m = [𝜇, V, 1]𝑇 is given by
𝑎𝑥 0 𝜇0 0
with C = [ 0 𝑎𝑦 ]0 0] ,
(3)
0
0
1
0
[
]
where C is the camera intrinsic matrix, 𝑎𝑥 and 𝑎𝑦 are scale
factors in image 𝜇 and V axes, respectively, and (𝜇0 , V0 ) are
the coordinates of the principal point. According to formulas
(2)-(3), the relationship between M and m is given by
m = Cm,

m = C [

R t
] M=BM,
0T 1

(4)

R t
]
0T 1

(5)

where
B = C[

which denotes the Pinhole camera model. Let 𝑝𝑖 (𝑖 = 1, 2, 3)
be the 3D points in the same plane as shown in Figure 1; then
each 3D point 𝑝𝑗 on this plane can be represented as follows:
𝑋1
[ 𝑌1
[
𝑝𝑗 = [
𝑍1
[1

𝑋2
𝑌2
𝑍2
1

𝑋3
𝑌3
𝑍3
1

0
𝑤1
[ ]
0]
] [𝑤2 ] = [𝑝1 , 𝑝2 , 𝑝3 ] ⋅ W = ΡW,
0] [𝑤3 ]
1] [ 1 ]
(6)

where W is the parameter for 𝑝𝑖 (𝑖 = 1, 2, 3) to represent point
𝑝𝑗 in 3D coordinate. According to above formulas, the 2D
coordinate of 𝑝𝑗 in each image can be represented as
𝑝𝑗 = B 𝑝𝑗 = B PW,

𝑝𝑗 = B 𝑝𝑗 = B ΡW.

(7)

Equation (7) gives the 2D coordinates of a 3D point in two
images, respectively, since the relationship of points 𝑝𝑖 (𝑖 =
1, 2, 3) in image pairs can be represented by affine transform
A as follows:
B Ρ=AB P.

(8)

According to formulas (7) and (8), the relationship between
𝑝𝑗 and 𝑝𝑗 is represented as follows:
𝑝𝑗 = B ΡW = AB PW = A𝑝𝑗 .

(9)

Formula (9) proves that the relationship between this
two 2D coordinates in two images is an affine transform,
which means if we find three noncollinear corresponding
points between two image pairs, and the affine transform
according to these points can be estimated, the corresponding
relationship of the points which are on the same planar can
be obtained from the affine transform. Figure 2(b) shows that
the image got from the affine transform is almost seem to the
one get from camera in different perspectives.
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The minimization of (10) can be solved by variational
calculus techniques and the force balance equation as follows
[19]:

x

y
z

−

𝜕𝐸ext
= −𝛼𝑥𝑠𝑠 + 𝛽𝑥𝑠𝑠𝑠𝑠 ,
𝜕𝑥

𝜕𝐸
− ext = −𝛼𝑦𝑠𝑠 + 𝛽𝑦𝑠𝑠𝑠𝑠 ,
𝜕𝑦

𝜇

where (−𝜕𝐸ext /𝜕𝑥, −𝜕𝐸ext /𝜕𝑦) are the external forces which
can be used for attracting the snake to the object boundary.
Figure 3 shows the segmentation results.

v
p1
pi
Z

(13)

p2
p3

2.3. Embed Texture Image Based on Feature Point. After the
objects have been segmented, the next step is to estimate the
affine transform between them and select the centre position
for adding the texture image in each object. To develop this
method, we first have to extract the image content. Since the
centre positions in two images should be the same point on
the real object, the representation of the image content has to
be robust to geometric transformations. We choose classical
feature points detectors to extract the image content.
The embed texture method is summarized as follows:

Y
X
OW

Figure 1: Pinhole camera model.

(1) detecting robust feature points on the object (include
the boundary of the object);
2.2. Snake Based Textureless Object Segmentation. As
described in Section 2.1. the corresponding point on the
textureless surface can be obtained by affine transformation.
We use the snake-based scheme to segment the textureless
region from image. In this paper, we use human model
surface as the example of textureless object.
According to [21], the snake can be defined as a controlled
continuity contour which is attracted by salient features of an
image and whose motion should satisfy the minimize of the
following energy function:
1

𝐸snake = ∫ [𝐸int (𝑟 (𝑠)) + 𝐸ext (𝑟 (𝑠))] 𝑑𝑠,
0

(10)

where 𝑟 (𝑠) = (𝑥(𝑠), 𝑦(𝑠)) represents the position of a snake.
𝐸int and 𝐸ext are the internal energy and the external energy,
respectively. They are defined as
1 
2
2

(𝛼 𝑟 (𝑠) + 𝛽 𝑟𝑠𝑠 (𝑠) ) ,
2 𝑠 


𝐸ext (𝑟 (𝑠)) = − ∇𝐺𝜎 (𝑥, 𝑦) ∗ 𝐼 (𝑥, 𝑦) ,
𝐸int =

(11)
(12)

where the internal energy is used to keep the active contour
smooth, and the external energy is depended on the application. 𝐺𝜎 (𝑥, 𝑦) is a 2D Gaussian kernel with the standard
deviation 𝜎, 𝐼(𝑥, 𝑦) denotes the image intensity at position
(𝑥, 𝑦), and ∇ denotes the gradient operator.

(2) using different sizes of slide windows to detect the
largest region inside the textureless object, and this
region will seem to be the centre region of the object;
(3) computing the characteristic scale of each detected
feature point by searching for a local extremum over
scales of LoG as the way in [22], and the detection
scale is represented by a circle around the point as
show in Figure 3;
(4) selecting point whose characteristic scale region and
the centre region are intersect;
(5) using those points’ positions to estimate the affine
transform by least squares, computing the centroid
coordinate of those points and this coordinate will
seem to be the centre position of the textureless
object.
Note that they might have no feature points on the object;
therefore we will add the feature points along the contour
of the object by a marked cross line. Figure 3 is the texture
adding presentation from above mechanism.
2.4. Texture Synthesis Based on Image Quilting (TSIQ). In
this section we will develop a texture synthesis algorithm
based on the quilting technique described in [23]. The goal
of texture synthesis algorithms TSIQ is that using images
from samples of the real world to synthesize novel views
instead of recreating the entire physical world from scratch
directly. In the situation of weakly texture areas, we need to
use this algorithm to transfer texture from the samples with
strong texture to these areas. However, the traditional texture
synthesis algorithm need not consider the correspondence
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(a)

5

(b)

(c)

Figure 2: Plane transformation by an affine transform. (a) Target images. (b) The transformation results from the original image according
to the affine transform. (c) Three corresponding points between image pairs which are used to estimate the affine transform, where the first
column in (c) is the original image, and the second column is the target images.

(a)

(b)

(c)

Figure 3: The texture adding mechanism using human model. First row, from left to right: (a) detecting the largest region inside the textureless
object with different sizes of slide windows. (b) Getting points overlap the slide window. (c) Getting the corresponding point. The second
row, from left to right: (a), (b) computing centre position of the textureless object on each image and estimating the affine transform between
two images. (c) Adding synthetic texture to the object surface in two images.

problems between two image pairs; hence, it should not be
used in weak texture areas directly.
The texture synthesis algorithm should follow the follwoing criteria.

According to the above two criteria, our proposed TSIQ
algorithm is as follows.

Criteria 1. The results from this algorithm could be used
for point matching, specifically; the classical detectors can
find corresponding points as much as possible; that is,
each patch of quilting should be distinctive under an affine
transformation.

(2) For every location, search the input texture for a
set of new blocks and use some transformation to
transform each block (e.g., use rotation or Gaussian
transformation), and pick the transformed block with
the biggest distinction compared to old blocks.

Criteria 2. The distribution of the detected correspondences
inside the texture image should be uniform against the
circumstance that the points gathered on the edge which were
quilting together.

(3) Compute the error surface between the old blocks
and the newly chosen transformed block at overlap
region. Find the minimum cost path along the surface
and make the boundary of the new block. Paste the
block onto the texture. Repeat.

(1) Go through the image to be synthesized in raster scan
order in steps of one block.

6
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(a)

(b)

(c)

(d)

Figure 4: The results from traditional texture synthesis algorithm and TSIQ. (a) Texture sample. (b) The corresponding result on the
traditional synthetic texture image. (c) The synthesis texture given by TSIQ. (d) The corresponding result of TSIQ.

Figure 5: The assumed possible region of corresponding point in the right picture.

The difference between our image quilting algorithm and
the algorithm in [23] is that we transform each new block and
pick the one with the biggest distinction to the old blocks in
step 2; the reason of doing this is directly from Criteria 1.
Figure 4 shows the results from our texture synthesis
algorithm, and the performance is quite good for extracting
correspondences.

3. Adjust the Corresponding Points
Based on Graph Cut
Since the surface of human model is not planar completely
(see Figure 5), the matching result obtained from classic

detectors is not accurate exactly. The second picture of
Figure 5 shows the possible position of corresponding point.
We assume that the possible position in the region which
surround the initial corresponding point detected by classical
interest point detectors. On the other hand, the human
model of surface can be assumed to be composed of local
regions which are self-similar, and these self-similar regions
are also distinguishable with their neighborhoods. Hence,
this structure can also be used for point matching.
In this section, we propose a method of incorporation
self-similarity into graph cut to improve the point matching
accuracy. In Section 3.1, we focus on measuring the selfsimilarity of region in human model surface. In Section 3.2,
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we explain the mechanism for incorporating self-similarity
within the formulation of graph cut. In Section 3.3, we adjust
the performance of point matching process.
3.1. Self-Similarity Region Quantifying. Let 𝐼 (𝑥) be the intensity value at location 𝑥, 𝑃 denotes points set in a fragment
Ω, and 𝐼 denotes the average intensity value of fragment Ω.
Then the similarity of the fragment Ω by transformation 𝑇
can be measured by the normalized correlation coefficient as
follows:
∑𝑖 (𝐼 (𝑥𝑖 ) − 𝐼) (𝐼 (𝑇 (𝑥𝑖 )) − 𝐼)

ncc (𝑃, 𝑇) =

2

2

.

√ (∑𝑖 (𝐼 (𝑥𝑖 ) − 𝐼) ) (∑𝑖 (𝐼 (𝑇 (𝑥𝑖 )) − 𝐼) )

constraint conditions, and we assume the accurate location
of point correspondence in the region with the center of its
prior correspondence.
As mentioned above, the goal is to find a labeling 𝑓 that
assigns each pixel 𝑥 a label 𝑓𝑥 ∈ 𝐿, the mean of labeling 𝑓
is the location of accurate correspondence against its prior
correspondence, and since the distribution of the points on
the human model surface is both piecewise smooth and
consistent with observed date, 𝑓 should also satisfy these two
conditions.
It can be formulated in terms of energy minimization to
find the best labeling 𝑓, and the energy can be represented as
follows:
𝐸 (𝑓) = 𝐸smooth (𝑓) + 𝐸data (𝑓) .

(14)
Since transformation 𝑇 is reflection and rotation, formula (14)
also can be written as follows:
ncc (𝑃, 𝑇) =

∑𝑖 (𝐼 (𝑥𝑖 ) − 𝐼) (𝐼 (𝑇 (𝑥𝑖 )) − 𝐼)
∑𝑖 (𝐼 (𝑥𝑖 ) − 𝐼)

2

,

(15)

𝑆𝑤-texture (Ω𝑥 ) =

1 𝑁−1
∑ ncc (Ω𝑥 , 𝑇 (𝜑𝑖 )) ,
𝑁 𝑖=0

𝐸smooth (𝑓) measures the extent to which 𝑓 is not piecewise
smooth, and 𝐸data (𝑓) measures the disagreement between 𝑓
and the observed data. The form of the energies can also be
represented as
𝐸 (𝑓) =

where the purpose of formula 𝐼 (𝑥) − 𝐼 is to reduce the
influence caused by intensity change.
It is clear that fragment on the human model surface has
strong mirror symmetry, let point 𝑥 = (𝑟, 𝜃) be in polar
coordinates, let 𝜑 ∈ [0, 𝜋) denote the mirror line orientation,
and then the symmetric point of 𝑥 about the mirror line can
be represented as 𝑥 = (𝑟, 2𝜑 − 𝜃). For measuring the mirror
symmetry about the region Ω𝑥 , it should fulfill all mirror line
orientations 𝜑 ∈ [0, 𝜋), the symmetry of region Ω𝑥 can be
obtained as follows [24]:
(16)

where 𝑇 (⋅) denotes the symmetry transformation function,
and it transforms Ω𝑝 to its symmetric region about the mirror
line orientation 𝜑𝑖 ∈ {𝜑0 , 𝜑1 , . . . , 𝜑𝑁−1 }, Δ𝜑 = 𝜋/𝑁, and 𝜑𝑖 =
𝑖 × Δ𝜑. It is easy to prove that the max(𝑆𝑤-texture (Ω𝑥 )) = 1 and
min(𝑆𝑤-texture (Ω𝑥 )) = 0, Ω𝑥 ∈ 𝐼.
3.2. Graph Cut Based Point Matching. In this section we
incorporate self-similarity into graph cut for improving the
point matching accuracy.
The idea is as follows: let 𝑙 ⃗ be the motion vector from prior
correspondence to the accurate correspondence position. If
pixels 𝑝 and 𝑞 correspond, they are assumed to have similar
intensity, and since the surface of object is piecewise smooth,
same value of self-similarity 𝑆𝑝 and 𝑆𝑞 should have same
motion vector 𝑙.⃗ However, there are special circumstance
when corresponding pixels have very different intensity due
to the effects of image sampling. We use the technique of [25]
to avoid the sensitivity to image sampling.
On the other hand, while the matching results given by
classical interest point detector are not accurate exactly, they
have given the approximation locations of point correspondences in two images. Hence, these results can be used as

(17)

∑ 𝑉𝑥,𝑦 (𝑓𝑥 , 𝑓𝑦 ) + ∑ 𝐷𝑥 (𝑓𝑥 ) .

{𝑥,𝑦}∈𝑁

𝑥∈𝑝

(18)

In this paper we use the Potts model for its distinct penalty 𝑉;
that is,
𝐸 (𝑓) =

∑ 𝑢{𝑥,𝑦} ⋅ 𝑇 (𝑓𝑥 ≠ 𝑓𝑦 ) + ∑ 𝐷𝑥 (𝑓𝑥 ) .

{𝑥,𝑦}∈𝑁

𝑥∈𝑝

(19)

We turn to improving the point correspondence problem,
and the improving process is scored according to the following criteria.
Criterion 1. The pixel’s intensity 𝐼 (𝑥) is used for measuring
how well the pixel matches its corresponding point; that is,
comparing intensities between corresponding points and low
values represents better matches.
Criterion 2. Each pixel 𝑥 on the human model surface is
given a value of self-similarity with region Ω𝑥 . According to
the property of piecewise smooth, the adjacent pixels with
the same value of self-similarity should also have the same
label; hence, the adjacent pixels which have the same label
correspond to low 𝐸smooth . The goal of the above criteria is
to devise an algorithm improving the point correspondence
results in Section 2.
For data support energy 𝐸data (𝑓), how well the point
position 𝑥 fits to its corresponding point position 𝑦 in the
range of |𝑦 − (𝑦 + 𝑓)| ≤ 1/2 will be measured by
𝐶𝑓𝑤𝑑 (𝑥, 𝑦, 𝑓) =




 .
min 𝐼𝑥 − 𝐼𝑦+Δ𝑙

|Δ𝑙−𝑓|≤1/2

(20)


The fractional values 𝐼𝑦+Δ𝑙
can be gotten by linear interpolation between pixel values, and we also measure the following
parameter as symmetry:


 
 .
𝐶𝑟𝑒V (𝑥, 𝑦, 𝑓) = min 𝐼𝑥+Δ𝑙 − 𝐼𝑦+𝑓

|Δ𝑙|≤1/2

(21)
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(a)

(b)

Figure 6: Results of corresponding-points adjusting by graph cut algorithm. The second row is the local enlarged image of the first row; the
dot points in the right image are the modulated points adjusted by graph cut algorithm. The square points in the right image are the original
points directly got from classical point detector.

The final dissimilarity 𝐶 between two points is defined as
follows:
2

𝐶 (𝑥, 𝑦, 𝑓) = (min {𝐶𝑓𝑤𝑑 (𝑥, 𝑦, 𝑓) , 𝐶𝑟𝑒V (𝑥, 𝑦, 𝑓) , const}) .
(22)
In this paper we set const = 20 for all experiments.
For smooth energy 𝐸smooth (𝑓), as mentioned above, we
consider the Potts model as the distinct penalty, and it
can be represented as 𝑉𝑥,𝑦 = 𝑢{𝑥,𝑦} ⋅ 𝑇(𝑓𝑥 ≠ 𝑓𝑦 ). The
information of self-similarity of pixels in the first image can
significantly influence the assessment of motion vector label
𝑓 without even considering the second image. Specifically,
the neighboring pixels are much more likely to have same
motion vector label if we know that 𝑆𝑥 ≈ 𝑆𝑦 , that is, Criterion
2.
According to Criterion 2, it is easy to incorporate the
information of the first image into the framework by varying
𝑢{𝑥,𝑦} depending on the self-similarities 𝑆𝑥 and 𝑆𝑦 . Let


𝑢{𝑥,𝑦} = 𝑈 (𝑆𝑥 − 𝑆𝑦 ) .

(23)

Each 𝑢{𝑥,𝑦} denotes a penalty for assigning different
motion vector label to neighboring pixels 𝑥 and 𝑦. As
Criterion 2 mentioned above, the value of penalty 𝑢{𝑥,𝑦}
should be larger for pairs {𝑥, 𝑦} with smaller self-similarity

difference |𝑆𝑥 − 𝑆𝑦|. In practice, 𝑈(|𝑆𝑥 − 𝑆𝑦|) can be defined as
follows:


2𝐾 if 𝑆𝑥 − 𝑆𝑦  ≤ 0.02


(24)
𝑈 (𝑆𝑥 − 𝑆𝑦 ) = {


𝐾 if 𝑆𝑥 − 𝑆𝑦  > 0.02,
where 𝐾 is the Potts model parameter.
3.3. Improved Results from Graph Cut. The size of images
we used here is 512 × 512, and the region of the motion
vector label for graph cut is 81 × 81 pixels, so the position
of the corresponding points in the second image can be
adjusted in this size of region with the center of their prior
correspondences positions. The self-similarity radius for each
point is set to 10 pixels. To determine the neighboring of each
point, we set the distance up to 30 pixels; that is, two points
in the first image are neighbours, if their distance is less than
30 pixels.
Figure 6 shows the correspondences from classical detectors and the adjusted correspondences (e.g., in each right
image of the corresponding pairs, the points represented by
square are got from classical detectors directly, and the points
represented by circle are results from the graph cut algorithm.), respectively. Moreover, for showing the efficiency of
the adjustment in more detail, we also marked four improved
correspondence results.
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4. Experiment Results
In this section, we present experiments for evaluation of the
proposed approach. The experiments can be divided into
three parts. In the first part, the performance of extracting
feature points from textureless region will be examined in a
texture database of 36 samples of textures with three classical
interest point detectors. In the second part, we will demonstrate the stability of TSIQ method by comparing the performance across different images in various situations with
classical detectors. And in the last part, TSIQ will be used for
improving the performance of dense wide-baseline matching
[20].
4.1. Points Extraction Testing with Different Textured Surfaces.
Since the number of detected points varies with different textured surfaces, we measure our algorithm performance for points detection under the publicly available textured database at http://sipi.usc.edu/database/database.php.
And the texture with the best performance is selected
under three classical point detectors, that is, SIFT, SURF,
and Harris-Affine. The database consists of 12 samples,
each of them has three different textures (the resolution
of each sample is 512 × 512), and the textures include
additional sources of variability wherever possible: inhomogeneous texture patterns (bark and wood), nonplanarity
surface (bark), and nonrigid deformations in the same
classes (water and leather). For measuring the performance, we use the proportion between the number of
detected points on the objects (OP) and total number
of detected points (TP). Table 1 gives the average performance at each texture with three detectors under test
images.
The first observation of the results from Table 1 is that
SIFT detector which performs better than SURF, and HarrisAffine, but it is more sensitive to the change of texture
than others; the standard deviations of the points’ numbers on the object detected by SIFT, SURF and HarrisAffine are 123.6, 72.6, and 27.9, respectively. Next, the
performance of individual textures for our system can be
analyzed. To this end, the texture is arranged in order
to increase the detection rate of points on the objects
which are detected by SIFT detector (second column).
Roughly speaking, the number of detected points is positively correlated with the resolution of the texture. Some of
the lowest numbers belong to coarse-scale like Brick wall
(T12) and weave (T04), while some of the highest belong
to fine-scale textures like plastic bubbles (T13), grass (T01),
and woolen cloth (T05). However, the relationship is not
universal. For example, wood grain (T09), which is finescale, has a relatively low rate 60.62%, while the largescale, bark, (T02) has a relatively high rate 80.18%. On
the other hand, the order of detection rate is different
with different detectors. Overall, the intrinsic characteristics of the various textures are not related directly to
point detection performance. According to Table 1, Raffia (T10) has the best average performance under three
detectors. Figure 7 shows the performance of TSIQ under
T10.

9
4.2. The TSIQ Performance under Varying Blur, Lighting
Change, Rotating, and Viewpoint Change. The aim of these
experiments is to test the proposed TSIQ algorithm with
three detectors, that is, SIFT, SURF, and Harris-Affine. Four
measures are reported: the number of matched points on
the object with and without adding texture (i.e., TOP and
OP) and the number of matched points on the total pairs
of test images with and without adding texture (i.e., TTP
and TP). Since the Harris-Affine detector has no descriptor,
the SIFT descriptor will be used to represent the detected
region. To display the performance of baseline under different
photometric and geometric transformations, all image pairs
used in this experiment are shown in Figures 8, 9, 10, and 11;
the curves show the proportion of the number of matched
points on the object compared with the original image pairs
under different transformation levels.
Moreover, since the purpose is to detect the stability of
TSIQ in various situations, the number of points detected
from the initial image pairs become important for measuring
this property, so all experiments reported will use Raffia (T10)
as the texture sample because of its best performance for
point detection that has been demonstrated by the previous
experiment. On the other hand, the interest points were
detected on images of size 512 × 512, and the resolution of
texture image is 256 × 256.
4.2.1. Lighting Changes. Figure 8 shows the results obtained
from the reference image and lighting change images which
are undergoing decreasing amounts of light intensity. The
initial numbers of matched points on the object got from
SIFT, SURF, and Harris-affine are 114, 208, and 128, respectively; when the intensity decreases to 50%, the decrease of
the numbers of detected points on the weak texture region
is 23.7%, 22.6%, and 34.4%, respectively. However the ratio
between the number of points detected on the object and
total image is increased with the decrease of intensity level.
There are two reasons for those results: the first one is that
the lighting change has little influence on HSV space, so
the contour of human detected by snake algorithm is almost
the same in different levels; moreover the synthetic texture
added on the region is independent from lighting changes.
More generally, the second reason is that the feature in the
background becomes nonsignificant to detectors.
4.2.2. Scale Changes. Results presented in Figure 9 clearly
show the performance on the image pairs with increasing
amounts of object scale. The initial numbers of matched
points on the object got from SIFT, SURF, and Harris-affine
are 66, 68, and 62, respectively. And the reason why it gets
the low numbers of initial matched points on the object here
is that the object on the reference image is too small (as
Figure 9 shows). The decrease of the numbers of detected
points on the total pair of test images is 38.1%, 53.9%, and
61.1%, respectively. The decrease of the numbers of detected
points on the object is 57.6%, 23.5%, and 62.9%, respectively.
The decrease speed of the number of detected points on
the object is slower than on the total pair of test images,
as show in Figure 9(c). According to the performance with
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Figure 7: Performance of TSIQ under T10.
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Figure 8: Lighting changes for image. First row, from left to right: the first image is the left image in each image pairs; images from second
to the end are the right images in each image pairs. The second row from (a) to (c): the Number of TOP, OP, TTP, and TP under lighting
changes with SIFT, SURF, and Harris-affine detectors, respectively. The third row: (a) the proportion of number of corresponding points on
the objects compared to the original image pairs. (b) The proportion of number of corresponding points on entire image pairs compared to
the original image pairs. (c) The ratio between the number of points detected on the object and entire image pairs.
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Table 1: Performance of points’ extraction on different texture surface.
Texture images

SIFT

SURF

OP/TP

OP

OP/TP

OP

Harris-Affine
OP/TP
OP

0.6062

137

0.5465

376

0.3436

167

0.6293

146

0.5355

347

0.3319

152

0.6654

179

0.3573

174

0.4011

223

0.6813

171

0.5081

314

0.3458

175

0.6957

208

0.5620

390

0.3851

201

0.7833

318

0.5756

411

0.4177

241

0.8018

356

0.5758

418

0.3897

205

0.8022

369

0.5615

402

0.3860

210

0.8083

371

0.5658

404

0.4019

207

0.8164

378

0.5522

397

0.4026

219

0.8242

422

0.5893

452

0.4044

220

0.8257

431

0.5961

459

0.4063

221

T09 (Wood grain)

T12 (Brick wall)

T04 (weave)

T03 (Straw)

T08 (Water)

T06 (calf leather)

T02 (Bark)

T01 (Grass)

T13 (Plastic bubbles)

T07 (Beach sand)

T05 (Woolen cloth)

T11 (Pigskin)
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Table 1: Continued.
SIFT

Texture images
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OP/TP
OP
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Figure 9: Scale changes for image. First row, from left to right: the first image is the left image in each image pairs; images from second to the
end are the right images in each image pairs. The second row from (a) to (c): the number of TOP, OP, TTP, and TP under scale changes with
SIFT, SURF, and Harris-affine detectors, respectively. The third row: (a) the proportion of number of corresponding points on the objects
compared to the original image pairs. (b) The proportion of number of corresponding points on entire image pairs compared to the original
image pairs. (c) The ratio between the number of points detected on the object and entire image pairs.
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Figure 10: Changes in vertical camera angle. First row, from left to right: the first image is the left image in each image pairs; images from
second to the end are the right images in each image pairs. The second row from (a) to (c): the number of TOP, OP, TTP, and TP under
vertical camera angle changes with SIFT, SURF, and Harris-affine detectors, respectively. The third row: (a) the proportion of number of
corresponding points on the objects compared to the original image pairs. (b) The proportion of number of corresponding points on entire
image pairs compared to the original image pairs. (c) The ratio between the number of points detected on the object and entire image pairs.

three detectors, SURF gives the best stability under the scale
changes situation (Figure 9(a)).

4.2.3. Changes in Vertical Camera Angle. Figure 10 shows the
results changing amounts of vertical camera angle. The initial
numbers of matched points on the object got from SIFT,
SURF, and Harris-affine are 136, 193, and 144, respectively,
The decrease of the numbers of detected points on the total
pair of test images is 74.7%, 66.2%, and 71.6%, respectively,
and the decrease of the numbers of detected points on the
object is 78.7%, 69.4%, and 74.3%, respectively, the decrease
speed of the number of detected points on the object is almost

close with the one on the total pair of test images as show
in Figure 10(c), and it also demonstrates that the stability
of added texture by this scheme is the same as the nature
texture on the background in this situation; furthermore,
the performance depends mostly on detectors. Here the
performance of three detectors is nearly as the same as the
one shown in Figures 10(a) and 10(b).

4.2.4. Changes in Horizontal Camera Angle. The results for
changing amounts of horizontal camera angles are shown in
Figure 11. The initial numbers of matched points on the object
got from SIFT, SURF, and Harris-affine are 97, 147, and 94,
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Figure 11: Changes in horizontal camera angle. First row, from left to right: the first image is the left image in each image pairs; images from
second to the end are the right images in each image pairs. The second row from (a) to (c): the number of TOP, OP, TTP, and TP under
horizontal camera angle changes with SIFT, SURF, and Harris-affine detectors, respectively. The third row: (a) the proportion of number of
corresponding points on the objects compared to the original image pairs. (b) The proportion of number of corresponding points on entire
image pairs compared to the original image pairs. (c) The ratio between the number of points detected on the object and entire image pairs.

respectively. The decrease of the detected points on the total
pair of test images is 61.2%, 52.8%, and 48.0%, respectively.
And the decrease of the detected points on the object is 49.5%,
38.1%, and 31.9%, respectively. Harris-Affine detector gives
the most stability under these perspective distortions. The
comparative evaluation of detected points with the ones on
the total image pairs has confirmed that the TSIQ method
is more stable than nature texture on the background in this
situation as shown in Figure 11(c).

4.3. Improved Quasidense Matching. In this section, we use
the TSIQ mechanism to promote the quasidense matching
algorithm which was proposed by Maxime Lhuillier and Long
Quan (2002). The quasidense matching algorithm starts from
a set of sparse seed matches which were usually obtained by
classical detectors, then propagates to the neighboring pixels
by the best-first strategy, and finally produces a quasidense
disparity map. Since most initial sparse seed matches are
distributed in the strong texture regions, they nearly have
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(a)

(b)

Figure 12: Results from improved dense matching and original one under different circumstance. Top row: corresponding points
matched with horizontal camera angle changes. Middle row: corresponding points matched with vertical camera angle changes. Bottom
row: corresponding points matched with scale changes. (a) Corresponding results from improved quasidense matching algorithm. (b)
Corresponding results from original quasidense matching algorithm.

no seed matches in the textureless areas; furthermore if the
matches got from propagated step in this area are wrong,
gross reconstruction errors will occur, so we use the proposed
approach to get the initial sparse seed matches in the large
textureless areas.
The quasidense matching algorithm in [20] is independently implemented for comparison on the same image pairs.
The TSIQ based algorithm is evaluated on the changes of horizontal camera angle, vertical camera angle, and image scale,
respectively, and the corresponding point sets obtained by
the proposed TSIQ based method and traditional quasidense
matching algorithm are shown in Figure 12; according to this
result our method can get more points on the textureless
region between wide baseline images due to more sparse
seeds gotten by TSIQ algorithm. Table 2 also lists the numbers of corresponding points taken by improved quasi and
original quasi, respectively, under different circumstance. The
improved quasidense matching algorithm is very efficient; in
particular, the number of corresponding points gotten from
this algorithm is nearly three times more than the original one
with the vertical camera angle situation.

5. Conclusions
We propose a TSIQ based method to add texture to large
weak texture areas between two wide-baseline image pairs;
it extends the capability of classical detectors to extract
the correspondences in the weak texture. While adding
corresponding texture to image pairs is sometimes harder

Table 2: Comparison between original dense matching and TSIQ
under different circumstance.
Algorithm

#Corresponding point
on untex

Horizontal camera
angle

Quasi + TSIQ
Quasi

813
637

Vertical camera angle

Quasi + TSIQ
Quasi

876
222

Scale

Quasi + TSIQ
Quasi

270
130

Change

even than extracting the corresponding points directly, we
developed an incorporate affine transform and graph cut
algorithm to add corresponding texture to large weak texture
areas based on the assumption described in Section 2. The
performance of this algorithm was demonstrated on a wide
variety of geometric transformations, and empirically the
TSIQ based algorithm performs well for improving the dense
wide-baseline matching. The proposed approach gives rich
information in the textureless object under wide-baseline that
can be used for 3D reconstruction.
A deficiency of the proposed method is that the added
texture will become unreliable, when there are no enough
corresponding points surrounding the object, and our future
research goal is to find a way to use the information inside the
object such as edges to estimate the affine transform which

16
can extend this approach to larger perspective distortion
circumstance.
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Interorganizational Workflow nets (IWF-nets) can well model many concurrent systems such as web service composition, in which
multiple processes interact via sending/receiving messages. Compatibility of IWF-nets is a crucial criterion for the correctness
of these systems. It guarantees that a system has no deadlock, livelock, or dead tasks. In our previous work we proved that the
compatibility problem is PSPACE-complete for safe IWF-nets. This paper defines a subclass of IWF-nets that can model many
cases about interactions. Necessary and sufficient condition is presented to decide their compatibility, and it depends on the net
structures only. Finally, an algorithm is developed based on the condition.

1. Introduction
Petri nets are widely used to model concurrent/distributed
systems due to both the intuitive descriptions for these
systems and the diversified analysis methods. Researchers
usually define different Petri net classes for different systems
with different features.
For example, in flexible manufacturing systems [1–7],
every product corresponds to one or several manufacturing
processes. Every process uses a group of resources (like
machines or robots) by a fixed order. These processes are
not required to interact or collaborate with each other but
have to share common resources. S3 PRs [8–10] are famous
in modeling these systems. Particularly, researchers utilize
structures of Petri nets, such as siphons, resource-transition
circuits, and structurally circular waits, to decide liveness or
deal with deadlock for these systems [11–14].
Another important application of Petri nets is to model
and analyze such concurrent systems as web services, in
which multiple parallel processes interact/collaborate via
sending/receiving messages. Interorganizational workflow
nets (IWF-nets for short) [15–19] are famous in these Petri
net classes to model these concurrent systems. They can well

characterize the system features, especially on synchronous
and/or asynchronous communication. This paper focuses on
IWF-nets.
Compatibility [20, 21] is a crucial property of IWF-nets.
It implies that the target state can always be reached, no
deadlock or livelock takes place, and each event/activity
has a (potential) right to execute. If the target state is not
reached for a given run, the designed system possibly have
problems (e.g., deadlocks). If an event/activity of the designed
system is not triggered for any run, then the event/activity
should not have been defined. Notice that Section 2 will show
that compatibility of IWF-nets is identical with soundness
of workflow nets (WF-nets) [22] since an IWF-net can be
translated into an equivalent WF-net. IWF-nets mainly focus
on interactions/collaborations among different processes. In
the next text, terminologies of soundness and compatibility
are used without distinction.
van der Aalst et al. have proven that the soundness
problem is decidable for general WF-nets [17, 22, 23]. It was
also proven that the soundness problem is PSPACE-complete
for bounded WF-nets [24]. Fortunately, van der Aalst et
al. [22, 25] gave a polynomial-time algorithm to solve the
soundness problem for free-choice WF-nets (FCWF-nets for
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short), which is based on the rank theory proposed for wellformed free-choice nets by Desel and Esparza [26]. FCWFnets can well model the structures of business processes
such as AND-split, AND-join, OR-split, and OR-join [22,
25, 27]. However, some concurrent systems like web services
composite have to consider the interaction among different
components/processes [15, 20, 21, 28–30], which makes the
related models more and more complex so that FCWFnets cannot model them in many cases. So far, only van
der Aalst proposed net-structure-based conditions to decide
soundness for a few subclasses of WF-nets such as free-choice
ones and well-structured ones [25]. There is not too much
work on the soundness decision for IWF-nets, especially on
the basis of the net structures.
Additionally, many design patterns were proposed in
order to standardize the system design and reduce the
occurrence of some bad things (e.g., deadlocks) [16, 31]. For
example, van der Aalst et al. defined some service interaction
patterns that should be observed when a complex service is
composed of some simpler services [16]. They also proposed
some antipatterns that should be avoided because these
patterns possibly introduce some errors like deadlock [16].
These patterns can reduce but hardly eradicate these bad
things. In general, one still needs to verify soundness after a
WF-net is built by observing these patterns.
Therefore, how to decide compatibility for IWF-nets is
interesting and important.
This paper defines a subclass of IWF-nets called SIWFnets. A necessary and sufficient condition is proposed to
decide compatibility. The condition is based on the net
structures only. Furthermore, an algorithm is developed on
the basis of this condition. SIWF-nets can model many cases
of interactions. To the best of our knowledge, it is the first
time to propose a net-structure-based condition to solve the
compatibility problem for IWF-nets. Therefore, the method
proposed in this paper opens up a new way to explore the
net-structure-based conditions of deciding the compatibility
for more complex subclasses of IWF-nets.
The remainder of this paper is organized as follows.
Section 2 reviews some notions and notations. Section 3
defines SIWF-nets. Section 4 proposes a net-structure-based
condition to decide compatibility, and Section 5 develops a
decision algorithm. Section 6 concludes this paper.

2. Basic Notions
For readability, in this section Petri nets and WF-nets are
recalled that are from [22, 32, 33].
2.1. Petri Nets. First, let N = {0, 1, 2, . . .} be the set of
nonnegative integers. Given 𝑚 ∈ N and 𝑚 > 0, denote
N𝑚 = {1, 2, . . . , 𝑚} by the set of integers from 1 to 𝑚. Denote
N0 = {0}.
Definition 1 (net). A net is a 3-tuple 𝑁 = (𝑃, 𝑇, 𝐹), where 𝑃 is
a finite set of places, 𝑇 is a finite set of transitions, 𝐹 ⊆ (𝑃 ×
𝑇) ∪ (𝑇 × 𝑃) is a set of arcs, and 𝑃 ∩ 𝑇 = 0.
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A net may be seen as a directed bipartite graph. Generally,
a transition is represented by a rectangle and a place by a
circle in a net graph. A path of a net is a nonempty sequence
𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 of nodes such that for all 𝑗 ∈ N𝑛−1 : (𝑥𝑛 , 𝑥𝑛+1 ) ∈ 𝐹.
A path 𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 is elementary if and only if for any two
nodes 𝑥𝑗 and 𝑥𝑘 of the path, 𝑗 ≠ 𝑘 ⇒ 𝑥𝑗 ≠ 𝑥𝑘 . A path
𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 is a circuit if and only if no node occurs more
than once in it and (𝑥𝑛 , 𝑥1 ) ∈ 𝐹. A net is acyclic if and only
if it has no circuits. A net is strongly connected if and only
if for any two nodes 𝑥 and 𝑦 there is a path from 𝑥 to 𝑦.
A transition 𝑡 is called an input transition of a place 𝑝
and 𝑝 is called an output place of a transition 𝑡 if and only
if (𝑡, 𝑝) ∈ 𝐹. Input place and output transition can be defined
accordingly. Given a net 𝑁 = (𝑃, 𝑇, 𝐹) and a node 𝑥 ∈ 𝑃 ∪ 𝑇,
∙
𝑥 = {𝑦 ∈ 𝑃 ∪ 𝑇 | (𝑦, 𝑥) ∈ 𝐹} and 𝑥∙ = {𝑦 ∈ 𝑃 ∪ 𝑇 |
(𝑥, 𝑦) ∈ 𝐹} are called the preset and postset of 𝑥, respectively.
Two different transitions 𝑡1 and 𝑡2 are in conflict if and only if
∙
𝑡1 ∩ ∙ 𝑡2 ≠ 0.
𝑁 = (𝑃 , 𝑇 , 𝐹 ) is a subnet of 𝑁 = (𝑃, 𝑇, 𝐹) if and only

if 𝑃 ⊆ 𝑃, 𝑇 ⊆ 𝑇, and 𝐹 = 𝐹 ∩ ((𝑇 × 𝑃 ) ∪ (𝑃 × 𝑇 )). 𝑁
contains 𝑁 if the latter is a subnet of the former.
A marking of 𝑁 = (𝑃, 𝑇, 𝐹) is a mapping 𝑀: 𝑃 → N. A
place 𝑝 ∈ 𝑃 is marked at 𝑀 if and only if 𝑀(𝑝) > 0.
Notice that a marking may be viewed as a |𝑃|-dimensional
nonnegative integer vector in which every element represents the number of tokens in corresponding place at this
marking. For example, 𝑀 = (1, 0, 6) over 𝑃 = {𝑝1 , 𝑝2 , 𝑝3 }
represents that 𝑝1 , 𝑝2 , and 𝑝3 have 1, 0, and 6 tokens at
𝑀, respectively. When the number of places is very large
and the distribution of tokens is sparse, the above two kinds
of presentation of a marking are relatively complex. For
convenience, 𝑀 is denoted as a multiset 𝑀 = ∑𝑝∈𝑃 𝑀(𝑝) ⋅
𝑝 in this paper. For the above example, it is written
as 𝑀 = 𝑝1 + 6𝑝3 or 𝑀 = {𝑝1 , 6𝑝3 }.
If for all 𝑝 ∈ ∙ 𝑡: 𝑀(𝑝) > 0, then 𝑡 is said to be enabled at
𝑀, which is denoted as 𝑀[𝑡⟩. If ∃𝑝 ∈ ∙ 𝑡: 𝑀(𝑝) = 0, then 𝑡 is
said to be disabled at 𝑀, which is denoted by ¬𝑀[𝑡⟩. Firing
an enabled transition 𝑡 produces a new marking 𝑀 , which is
denoted by 𝑀[𝑡⟩𝑀 , such that 𝑀 (𝑝) = 𝑀(𝑝)−1 if 𝑝 ∈ ∙ 𝑡\𝑡∙ ;
𝑀 (𝑝) = 𝑀(𝑝)+1 if 𝑝 ∈ 𝑡∙ \ ∙ 𝑡; and 𝑀 (𝑝) = 𝑀(𝑝) otherwise.
A marking 𝑀𝑘 is reachable from a marking 𝑀 if and only
if there exists a transition sequence 𝜎 = 𝑡1 𝑡2 ⋅ ⋅ ⋅ 𝑡𝑘 such that
𝑀[𝑡1 ⟩𝑀1 [𝑡2 ⟩ ⋅ ⋅ ⋅ ⟩𝑀𝑘−1 [𝑡𝑘 ⟩𝑀𝑘 . 𝑀[𝜎⟩𝑀𝑘 represents that 𝑀
reaches 𝑀𝑘 after firing sequence 𝜎. The set of all markings
reachable from 𝑀 in a net 𝑁 is denoted by 𝑅(𝑁, 𝑀). Given
a transition sequence 𝜎, Ψ(𝜎) is denoted by the multiset of
transitions occurring in 𝜎. For an example of 𝜎 = 𝑡1 𝑡4 𝑡2 𝑡1 ,
Ψ(𝜎) = {2𝑡1 , 𝑡2 , 𝑡4 }.
A net 𝑁 with an initial marking 𝑀0 is called a Petri net or
net system and denoted by (𝑁, 𝑀0 ).
A Petri net (𝑁, 𝑀0 ) = (𝑃, 𝑇, 𝐹, 𝑀0 ) is called kbounded if and only if ∃𝑘 ∈ N, for all 𝑝 ∈ 𝑃, for
all 𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀(𝑝) ≤ 𝑘. A Petri net is bounded
if and only if it is k-bounded for some integer 𝑘. A 1bounded Petri net is also called safe. A net 𝑁 is structurally
bounded if and only if (𝑁, 𝑀0 ) is bounded for any initial
marking 𝑀0 .
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A transition 𝑡 is said to be dead at a marking 𝑀 if and only
if for all 𝑀 ∈ 𝑅(𝑁, 𝑀): ¬𝑀 [𝑡⟩.
A transition 𝑡 is said to be live at a marking 𝑀 if and only
if for each 𝑀 ∈ 𝑅(𝑁, 𝑀), 𝑡 is not dead at 𝑀 . A Petri net
(𝑁, 𝑀0 ) is live if and only if each transition of it is live at 𝑀0 .
A net 𝑁 is structurally live if and only if there is an initial
marking 𝑀0 such that (𝑁, 𝑀0 ) is live.
A net 𝑁 = (𝑃, 𝑇, 𝐹) is a marked graph if and only if for all
𝑝 ∈ 𝑃: |∙ 𝑝| = |𝑝∙ | = 1.
A net 𝑁 = (𝑃, 𝑇, 𝐹) is a free-choice net if and only if for all
𝑝1 , 𝑝2 ∈ 𝑃: (𝑝1∙ ∩ 𝑝2∙ ≠ 0 ∧ 𝑝1 ≠ 𝑝2 ) ⇒ |𝑝1∙ | = |𝑝2∙ | = 1.
2.2. WF-Nets
Definition 2 (WF-net). A net 𝑁 = (𝑃, 𝑇, 𝐹) is a WF-net if
(1) 𝑁 has two special places 𝑖 and 𝑜 where 𝑖 ∈ 𝑃 is called
source place if ∙ 𝑖 = 0 and 𝑜 ∈ 𝑃 is called sink place if
𝑜∙ = 0;
(2) 𝑁𝐸 = (𝑃, 𝑇 ∪ {𝑏}, 𝐹 ∪ {(𝑏, 𝑖), (𝑜, 𝑏)}) is strongly
connected where 𝑏 ∉ 𝑇.
In Definition 2, 𝑁𝐸 is called the trivial extension of 𝑁.
Definition 3 (soundness of WF-net). Let 𝑁 = (𝑃, 𝑇, 𝐹) be a
WF-net, 𝑀0 = 𝑖, and 𝑀𝑑 = 𝑜. 𝑁 is sound if
(1) for all 𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀𝑑 ∈ 𝑅(𝑁, 𝑀);
(2) for all 𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀 ≥ 𝑀𝑑 ⇒ 𝑀 = 𝑀𝑑 ;
(3) for all 𝑡 ∈ 𝑇, ∃𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀[𝑡⟩.
This definition was given in the early work of van der
Aalst [34], and later he showed that the second requirement
is implied by the first one [22]. Generally, 𝑀0 = 𝑖 and
𝑀𝑑 = 𝑜 are called initial and target markings of a WFnet, respectively. Additionally, a safe (resp., bounded) WF-net
means that the WF-net is safe (resp., bounded) at its initial
marking. van der Aalst also proved that the soundness of a
WF-net is equal to the liveness and boundedness of its trivial
extension at the initial marking [25].
A subclass of nets called inte-organizational workflow
nets (IWF-nets for short) [15] are often used to model the
composition of web services, interorganizational business
processes, or some other concurrent systems in which multiple processes interact via sending/receiving messages. An
IWF-net describes the synchronous and/or asynchronous
communication among multiple partners (each partner is
modeled by a basic WF-net) [15, 35]. The following definition
considers the asynchronous communication only.
Definition 4 (IWF-net). A net 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶)
is an IWF-net if
(1) 𝑁1 = (𝑃1 , 𝑇1 , 𝐹1 ), . . ., and 𝑁𝑚 = (𝑃𝑚 , 𝑇𝑚 , 𝐹𝑚 ) are
pairwise disjoint WF-nets where 𝑚 ≥ 2 and these
WF-nets are called basic;
(2) 𝑃𝐶 is a finite set of channel places such that 𝑃𝐶 ∩𝑃𝑗 = 0
for each 𝑗 ∈ N𝑚 ;
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𝑚
(3) 𝐹𝐶 ⊆ (𝑃𝐶 × ⋃𝑚
𝑗=1 𝑇𝑗 ) ∪ (⋃𝑗=1 𝑇𝑗 × 𝑃𝐶 ) is a set of arcs by
which channel places connect with the 𝑚 basic WFnets;

(4) for all 𝑐 ∈ 𝑃𝐶, ∃𝑗, 𝑘 ∈ N𝑚 : 𝑗 ≠ 𝑘 ∧ ∙ 𝑐 ⊆ 𝑇𝑗 ∧ 𝑐∙ ⊆
𝑇𝑘 ∧ ∙ 𝑐 ≠ 0 ∧ 𝑐∙ ≠ 0.
Example 5. Figures 1(a) and 1(b) are two IWF-nets whose
basic WF-nets (see Figures 1(c) and 1(d)) are the same but
interactions are different.
From the fourth item of Definition 4 it is known that
each channel place is used only by two fixed basic WF-nets.
In other words, two different basic WF-nets cannot send
messages into the same channel place; similarly, two different
basic WF-nets cannot take messages from the same channel
place either. Certainly, two different basic WF-nets may use
multiple channel places to communicate.
Notice that Definition 1 uses a 3-tuple to represent a net
while Definition 4 uses an (𝑚 + 2)-tuple to represent an IWFnet. In fact, if an IWF-net is also represented by a 3-tuple
(𝑃, 𝑇, 𝐹), then 𝑃 = 𝑃1 ∪ ⋅ ⋅ ⋅ ∪ 𝑃𝑚 ∪ 𝑃𝐶, 𝑇 = 𝑇1 ∪ ⋅ ⋅ ⋅ ∪ 𝑇𝑚 ,
and 𝐹 = 𝐹1 ∪ ⋅ ⋅ ⋅ ∪ 𝐹𝑚 ∪ 𝐹𝐶. For convenience, an IWF-net is
represented by a (𝑚 + 2)-tuple. When no confusion is caused,
𝑇 is used to represent the set of all transitions of an IWF-net;
that is, 𝑇 = 𝑇1 ∪ ⋅ ⋅ ⋅ ∪ 𝑇𝑚 . For all 𝑗 ∈ N𝑚 , denote 𝑖𝑗 and 𝑜𝑗 by
the source and sink places of 𝑁𝑗 , respectively.
Definition 6 (compatibility of IWF-net). Let 𝑁
=
(𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) be an IWF-net, 𝑀0 = 𝑖1 +𝑖2 +⋅ ⋅ ⋅+𝑖𝑚 ,
and 𝑀𝑑 = 𝑜1 + 𝑜2 + ⋅ ⋅ ⋅ + 𝑜𝑚 . 𝑁 is compatible if
(1) for all 𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀𝑑 ∈ 𝑅(𝑁, 𝑀);
(2) for all 𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀 ≥ 𝑀𝑑 ⇒ 𝑀 = 𝑀𝑑 ;
(3) for all 𝑡 ∈ 𝑇, ∃𝑀 ∈ 𝑅(𝑁, 𝑀0 ): 𝑀[𝑡⟩.
For instance, Figure 1(a) is compatible but Figure 1(b) is
not. In fact, if two special places 𝑖 and 𝑜 and two special
transitions 𝑡𝑖 and 𝑡𝑜 are added to an IWF-net such that ∙ 𝑡𝑖 =
{𝑖} ∧ 𝑡𝑖∙ = {𝑖1 , . . . , 𝑖𝑚 } ∧ ∙ 𝑡𝑜 = {𝑜1 , . . . , 𝑜𝑚 } ∧ 𝑡𝑜∙ = {𝑜}, then this
new net is a WF-net by Definition 2. Particularly, it is easy to
prove that the original IWF-net is compatible if and only if the
new WF-net is sound. Therefore, an IWF-net may be thought
of as a special WF-net and the definitions of compatibility and
soundness are equal. In this paper, an IWF-net is sometimes
called a WF-net directly.
For convenience, the trivial extension of an IWF-net is
that a transition is added to the IWF-net such that the outputs
of the transition are exactly all source places and the inputs
of the transition are exactly all sink places. 𝑀0 and 𝑀𝑑 in
Definition 6 are called the initial and target markings of 𝑁,
respectively.
If a WF-net is also a free-choice net, then it is called freechoice WF-net (FCWF-net for short).

3. SIWF-Nets
This section defines a subclass of IWF-nets named simple
interorganizational workflow nets (SIWF-nets for short).
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Figure 1: (a) A compatible SIWF-net; (b) an incompatible SIWF-net; and ((c)-(d)) two sound acyclic FCWF-nets.

Definition 7 (SIWF-net). 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) is a
simple IWF-net (SIWF-net) if
(1) 𝑁 is an acyclic IWF-net;
(2) for all 𝑗 ∈ N𝑚 : 𝑁𝑗 is a sound FCWF-net;
(3) for all 𝑐 ∈ 𝑃𝐶: |∙ 𝑐| = |𝑐∙ | = 1.
In fact, Figures 1(a) and 1(b) are two SIWF-nets that have
the same basic FCWF-nets as shown in Figures 1(c) and 1(d).
Obviously, three constraints simplify an IWF-net.
First, it is acyclic. As we all know, if an IWF-net has a
siphon that does not contain any source place, then the IWFnet is unsound (because all transitions associated with the
siphon are dead at the initial marking) and this siphon must
contain a circuit. Therefore, an SIWF-net is required to be
acyclic, which guarantees that each siphon includes at least
one source place.
Second, each basic WF-net is sound and free-choice. For
an IWF-net combined by multiple basic WF-nets via a group
of channel places, what this paper pays more attention to is
the interaction among these basic WF-nets. Therefore, we
suppose that these basic WF-nets are sound. In addition,
FCWF-nets can not only model many basic structures of
workflow, such as AND-split, AND-join, OR-split, and ORjoin, but also own a nice property (i.e., their soundness is
decidable in polynomial time [25]). Since an SIWF-net is

acyclic, each basic FCWF-net of it is also acyclic. Therefore,
SIWF-net cannot model an iterative structure.
Finally, Definition 7 considers the most simple case of
using a message channel; that is, for a fixed channel place,
a message is sent into it by firing a unique transition and
the message is taken away from it by firing another unique
transition. Certainly, a transition may use multiple channel
places.
It is worthy to note that this paper does not require an
SIWF-net to observe the patterns proposed in [16] although
these patterns can make an SIWF-net much simpler.
Although SIWF-nets seem simple, they can model many
interaction cases except for iterative structure. Indeed, iterative structure is sometimes frustrating. Some scholars
consider limited iterations so that they can be unfolded
into iteration-free structures [8]. Therefore, it is valuable to
explore efficient decision methods for SIWF-nets. Next, a
novel one is given.

4. Sufficient and Necessary Condition
for Compatibility of SIWF-Nets
This section gives a net-structure-based condition to decide
compatibility for SIWF-nets. First, some concepts related to
the net structures are defined.
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Figure 2: ((a)-(b)) All 𝑇-components of the FCWF-net in Figure 1(c); and ((c)–(f)) all 𝑇-components of the FCWF-net in Figure 1(d).

Definition 8 (𝑇-component of FCWF-net). Let 𝑁 = (𝑃, 𝑇, 𝐹)
be an acyclic FCWF-net. Denote 𝑖 ∈ 𝑃 and 𝑜 ∈ 𝑃 by the source
and sink places of 𝑁, respectively. Then 𝑁 = (𝑃 , 𝑇 , 𝐹 ) is a
𝑇-component of 𝑁 if 𝑁 is a subnet of 𝑁 such that
(1) 𝑃 = ∙ 𝑇 ∪ 𝑇∙ ; that is, for all 𝑡 ∈ 𝑇 , the preset and
postset of 𝑡 in 𝑁 are the same as the preset and postset
of it in 𝑁, respectively;
(2) 𝑖 ∈ 𝑃 ∧ 𝑜 ∈ 𝑃 ∧ |𝑖∙ ∩ 𝑇 | = |∙ 𝑜 ∩ 𝑇 | = 1;
(3) for all 𝑝 ∈ 𝑃 \ {𝑖, 𝑜}: |𝑝∙ ∩ 𝑇 | = |∙ 𝑝 ∩ 𝑇 | = 1.
Example 9. Figure 2 shows all 𝑇-components of the two
FCWF-nets in Figures 1(c) and 1(d).
Notice that because of for all 𝑡 ∈ 𝑇 : ∙ 𝑡 ∪ 𝑡∙ ⊆ 𝑃 ∧
for all 𝑝 ∈ 𝑃 : |∙ 𝑝| = |𝑝∙ | = 1, there always exists a path
in 𝑁 from 𝑖 to 𝑥 for any node 𝑥 of 𝑁 . Therefore, if a
transition is added to a 𝑇-component such that its input is
exactly the sink place and its output is exactly the source
place, then a marked graph is produced. This shows that the
definition of 𝑇-component coincides with the traditional one
in [26]. Therefore, a sound acyclic FCWF-net is covered by
𝑇-components according to the conclusion in [26]. Here, an
FCWF-net is covered by 𝑇-components if and only if for each
transition there is a 𝑇-component containing it. In addition,
a complete transition sequence of a sound acyclic FCWF-net
corresponds to a 𝑇-component. Here, a transition sequence
is complete if and only if the marking 𝑀𝑑 = 𝑜 reached from
𝑀0 = 𝑖 by firing it. van der Aalst proved that a sound FCWFnet is safe [25]. Therefore, each transition of a 𝑇-component
occurs once and only once and each place of it is marked once
and only once when the corresponding complete transition
sequence is fired. Notice that a 𝑇-component may correspond
to multiple complete transition sequences due to the parallel
structure (see the examples in Figures 2(c)–2(f)).
Definition 10 (cap of FCWF-net). Let 𝑁 = (𝑃, 𝑇, 𝐹) be an
acyclic FCWF-net and let 𝑖 be its source place. Then 𝑁 =
(𝑃 , 𝑇 , 𝐹 ) is a cap of 𝑁 if 𝑁 is a subnet of 𝑁 such that

(1) 𝑃 = ∙ 𝑇 ∪ 𝑇∙ ; that is, for all 𝑡 ∈ 𝑇 , the preset and
postset of 𝑡 in 𝑁 are the same as the preset and postset
of it in 𝑁, respectively;
(2) for all 𝑝 ∈ 𝑃 : |∙ 𝑝| ≤ 1 ∧ |𝑝∙ | ≤ 1 in 𝑁 ;
(3) for all 𝑡 ∈ 𝑇 , there is a path from 𝑖 to 𝑡 in 𝑁 .
Example 11. Figure 3 shows all caps related to the 𝑇component in Figure 2(f).
Obviously, each 𝑇-component is a cap that represents
some complete transition sequences. The subnet only containing the source place is also viewed as a cap that reflects the
empty transition sequence. Next it is shown that for a sound
acyclic FCWF-net each cap is a prefix of some 𝑇-component.
Lemma 12. A sound acyclic FCWF-net is covered by 𝑇components and for each cap there exists a 𝑇-component such
that the cap is a subnet of the 𝑇-component.
Proof. Let 𝜎 be a complete transition sequence, that is, 𝑖[𝜎⟩𝑜.
Because the FCWF-net is sound, it is safe for the initial
marking 𝑀0 = 𝑖 (see [25]). Because it is acyclic, each
transition in 𝜎 occurs once only. Therefore, the transitions in
𝜎 and their preset and postset directly form a 𝑇-component.
Because the FCWF-net is sound, for each transition there
exists a complete transition sequence containing it, thereby
a 𝑇-component containing it. Therefore, the FCWF-net is
covered by 𝑇-components.
For each cap an enabled transition sequence 𝜎 is obtained
such that 𝜎 contains all transitions of the cap and each
transition of the cap occurs in 𝜎 once and only once. Because
the acyclic FCWF-net is sound and safe, there exists a
complete transition sequence 𝜎 such that 𝜎 is a prefix of
𝜎 . Therefore, the cap is a subnet of the 𝑇-component that
corresponds to 𝜎 .
In fact, an acyclic FCWF-net is also sound if it is
covered by 𝑇-components and for each cap there exists a 𝑇component containing it. Because this conclusion is not used
in the proofs of other conclusions and only Lemma 12 is used,
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Figure 3: All caps related to the 𝑇-component in Figure 2(f).

i1
t1,1

a1,1

i2
c1

c2
t1,2

t2,1
a2,1 a2,3

t2,3

a1,1
t1,4

t2,4
c4 a
2,2

a1,2

o2

o1

a1,3

a2,4

t2,6

t1,3

c1

a2,3

a2,1

t2,2

a1,1

c1

c2
t1,2

c5

a2,4

t2,6

o1

(a)

t1,1

t2,5

c3
a2,2

t1,5

i2

i1

i2
t2,1

i1
t1,1

o2
(b)

t2,1
a2,1 a2,3

c4 a2,2

t2,3
a2,4

t2,6

t1,3

o2

o1
(c)

a1,1

c1

t1,4

t2,4

a1,2

i2
t2,1

i1
t1,1

a1,3
t1,5

a2,3

a2,1

t2,2

t2,5

c3
a2,2

c5

a2,4

t2,6

o1

o2
(d)

Figure 4: ((a)-(b)) 𝑇-components of the SIWF-net in Figure 2(a); and ((c)-(d)) 𝑇-components of the SIWF-net in Figure 2(b).

the related proof is not described any more, which is very
similar to the proof of the sufficiency of Theorem 20. This
paper only gives the following conclusion that may be seen
as a special case of Theorem 20.
Theorem 13. An acyclic FCWF-net is sound if and only if
(1) it is covered by 𝑇-components;
(2) for each cap there exists a 𝑇-component such that the
cap is a subnet of the 𝑇-component.
Definition 14 (𝑇-component of SIWF-net). Let 𝑁 = (𝑁1 , 𝑁2 ,
. . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) be an SIWF-net. Then 𝑁 = (𝑁1 , 𝑁2 , . . . ,
𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) is a 𝑇-component of 𝑁 if
(1) for all 𝑗 ∈ N𝑚 , 𝑁𝑗 = (𝑃𝑗 , 𝑇𝑗 , 𝐹𝑗 ) is a 𝑇-component of
𝑁𝑗 = (𝑃𝑗 , 𝑇𝑗 , 𝐹𝑗 ) and is called basic;
∙ 
∙
∙ 
∙
(2) 𝑃𝐶 = ⋃𝑚
𝑗=1 ( 𝑇𝑗 ∪ 𝑇𝑗 ) ∩ 𝑃𝐶 where 𝑇𝑗 and 𝑇𝑗 represent
the preset and postset of 𝑇𝑗 in 𝑁, respectively;




(3) 𝐹𝐶 = ⋃𝑚
𝑗=1 ((𝑃𝐶 × 𝑇𝑗 ) ∪ (𝑇𝑗 × 𝑃𝐶 )) ∩ 𝐹𝐶 ;

(4) for all 𝑐 ∈ 𝑃𝐶 : |∙ 𝑐| = |𝑐∙ | = 1 in 𝑁 .
Example 15. The SIWF-net in Figure 1(a) has two and only
two 𝑇-components as shown in Figures 4(a) and 4(b). The
SIWF-net in Figure 1(b) also has two and only two 𝑇components as shown in Figures 4(c) and 4(d).

A 𝑇-component of an SIWF-net includes one and only
one 𝑇-component of each basic FCWF-net. Additionally, all
channel places connected to those basic 𝑇-components are
also in the 𝑇-component of the SIWF-net and must satisfy
the closure property (i.e., if the input transition of a channel
place is in this 𝑇-component, then its output transition must
also be in this 𝑇-component, and vice versa). From the above
examples it can be seen that not every basic 𝑇-component
is contained in a 𝑇-component of the SIWF-net. That is to
say, some behaviors of some basic WF-nets are inhibited.
For an example of the SIWF-net in Figure 1(a), there are
no 𝑇-components containing the basic 𝑇-component in
Figure 2(c).
If a transition is added to a 𝑇-component of an SIWFnet such that its inputs are exactly all sink places and its
outputs are exactly all source places, then the new net is a
marked graph. This marked graph is strongly connected and
each circuit contains a source place. Therefore, this marked
graph is live and safe at the initial marking 𝑀0 = 𝑖1 + 𝑖2 +
⋅ ⋅ ⋅ + 𝑖𝑚 (see [33]). Therefore, a 𝑇-component of an SIWFnet corresponds to some complete transition sequence, and
any complete transition sequence (i.e., it results in the target
marking 𝑀𝑑 ) corresponds to a 𝑇-component. However,
an incompatible SIWF-net must include some incomplete
transitions sequences (i.e., they do not lead to 𝑀𝑑 ). Therefore, the following structure is used to reflect all enabled
transition sequences.
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Figure 5: (a) A cap of the SIWF-net in Figure 1(b), which is a subnet of the 𝑇-component in Figure 4(c); (b) a cap of the SIWF-net in
Figure 1(b), which is not a subnet of the 𝑇-component in Figures 4(c) or 4(d); and ((c)-(d)) not caps of the SIWF-net in Figure 1(b).

Definition 16 (cap of SIWF-net). Let 𝑁
be
an
SIWF-net.
(𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶)
𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) is a cap of 𝑁 if

=
Then

(1) for all 𝑗 ∈ N𝑚 , 𝑁𝑗 = (𝑃𝑗 , 𝑇𝑗 , 𝐹𝑗 ) is cap of 𝑁𝑗 =
(𝑃𝑗 , 𝑇𝑗 , 𝐹𝑗 );
∙ 
∙
∙ 
∙
(2) 𝑃𝐶 = ⋃𝑚
𝑗=1 ( 𝑇𝑗 ∪ 𝑇𝑗 ) ∩ 𝑃𝐶 where 𝑇𝑗 and 𝑇𝑗 represent
the preset and postset of 𝑇𝑗 in 𝑁, respectively;




(3) 𝐹𝐶 = ⋃𝑚
𝑗=1 ((𝑃𝐶 × 𝑇𝑗 ) ∪ (𝑇𝑗 × 𝑃𝐶 )) ∩ 𝐹𝐶 ;

(4) for all 𝑐 ∈ 𝑃𝐶 : |𝑐∙ | = 1 ⇒ |∙ 𝑐| = 1 in 𝑁 .
Example 17. Figure 5(a) is a cap of the SIWF-net in
Figure 1(b), which is a subnet of the 𝑇-component in
Figure 4(c). Although Figure 5(b) is also a cap of the SIWFnet in Figure 1(b), there are no 𝑇-components containing it.
Figure 5(c) is not a cap of the SIWF-net in Figure 1(b) because
the input transition of the channel place 𝑐5 is not in the subnet;
that is, it does not fulfill the fourth condition in Definition 16.
Figure 5(d) is not a cap of the SIWF-net in Figure 1(b) because
𝑐5 , as the output of 𝑡2,5 and the input of 𝑡1,5 , is not in the
subnet; that is, it does not satisfy the second condition of
Definition 16.
Notice that each 𝑇-component of an SIWF-net is also a
cap of the SIWF-net and each cap of an SIWF-net contains
one and only one cap of each basic FCWF-net.

sequence in (𝑁𝑗 , 𝑖𝑗 ) for each 𝑗 ∈ N𝑚 where 𝜎 ↾ 𝑁𝑗
is the projection of 𝜎 over the transitions of 𝑁𝑗 . By the
proof of Lemma 12 it is known that there is a cap 𝑁𝑗 of 𝑁𝑗
corresponding to 𝜎 ↾ 𝑁𝑗 . Because each transition 𝑡 in 𝜎 is
fired, each channel place, which is an input of 𝑡, must be an
output of some transition 𝑡 where 𝑡 is fired earlier than 𝑡 in
𝜎. Therefore, the transitions of 𝜎 and their preset and postset
can form a subnet of 𝑁 and this subnet satisfies the conditions
in Definition 16.
(2) Because the cap 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) is
acyclic and each place that has no inputs (i.e., the source
places) is marked, there are enabled transitions in (𝑁 , 𝑖1 +
𝑖2 +⋅ ⋅ ⋅+𝑖𝑚 ). One of these enabled transitions is selected to fire
and then delete this fired transition as well as its input places.
Then, the new Petri net is also acyclic and each place that has
no inputs is also marked. By doing the above operations until
the net has no transitions, a transition sequence is obtained
that satisfies the conditions of the lemma.
Definition 19 (covered). An SIWF-net is covered by 𝑇components if for each transition of it there is a 𝑇-component
of it containing the transition.
Theorem 20. An SIWF-net 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) is
compatible if and only if
(1) it is covered by 𝑇-components;

Lemma 18. Let 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) be an SIWFnet.

(2) for each cap there exists a 𝑇-component such that the
cap is a subnet of the 𝑇-component.

(1) For each enabled transition sequence 𝜎 in (𝑁, 𝑖1 + 𝑖2 +
⋅ ⋅ ⋅ + 𝑖𝑚 ) (i.e., (𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 )[𝜎⟩), there is a cap
𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) of 𝑁 such that the cap
is a subnet produced by the transitions in 𝜎 as well as
their pre- and postsets.
(2) For each cap 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) of 𝑁, there
exists an enabled transition sequence 𝜎 in (𝑁, 𝑖1 + 𝑖2 +
⋅ ⋅ ⋅ + 𝑖𝑚 ) such that each transition in 𝜎 occurs once and
only once in 𝜎 and the transitions in 𝜎 are just those in
𝑁𝑗 .

Proof. (⇒) Let 𝜎 be a complete transition sequence, that is,
(𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 )[𝜎⟩(𝑜1 + 𝑜2 + ⋅ ⋅ ⋅ + 𝑜𝑚 ). Then, for all 𝑗 ∈ N𝑚 ,
𝜎 ↾ 𝑁𝑗 is a complete transition sequence of (𝑁𝑗 , 𝑖𝑗 ) where
𝜎 ↾ 𝑁𝑗 is the projection of 𝜎 over the transitions of 𝑁𝑗 .
By Lemma 12 it is known that 𝜎 ↾ 𝑁𝑗 corresponds to a 𝑇component of 𝑁𝑗 . Additionally, all channel places have no
tokens after firing 𝜎 because 𝑁 is compatible. Therefore, a
channel place as an output of 𝜎 must be an input of 𝜎, and
vice versa. Therefore, all transitions of 𝜎 and their preset and
postset form a 𝑇-component of 𝑁 by Definition 14. Because
𝑁 is sound, for each transition there is a complete transition
sequence containing it, thereby a 𝑇-component containing it.
Therefore, 𝑁 is covered by 𝑇-components.

Proof. (1) Because 𝜎 is an enabled transition sequence in
(𝑁, 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ), 𝜎 ↾ 𝑁𝑗 is also an enabled transition
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Figure 6: (a) An incompatible SIWF-net; ((b)-(c)) two 𝑇-components of (a); (d) a cap of (a); and (e) another incompatible SIWF-net.

By the second conclusion in Lemma 18 it is known
that, for each cap 𝑁 = (𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶 , 𝐹𝐶 ) of 𝑁,
there exists an enabled transition sequence 𝜎 in (𝑁, 𝑖1 +
𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ) such that the transitions in 𝜎 are exactly
those in 𝑁𝑗 . Because 𝑁 is compatible, there is a complete
transition sequence 𝜎 such that 𝜎 is a prefix of 𝜎 . By
the first conclusion in Lemma 18 we can construct a cap
𝑁 for 𝜎 . Obviously, 𝑁 is a subnet of 𝑁 and 𝑁 is
a 𝑇-component.
(⇐) (by contradiction) It is assumed that 𝑁 is incompatible. Then, by Definition 6 we know that one of the following
three cases must take place: Case (1) ∃𝑡 ∈ 𝑇, for all 𝑀 ∈
𝑅(𝑁, 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ): ¬𝑀[𝑡⟩; or Case (2) there is a marking
𝑀 ∈ 𝑅(𝑁, 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ) that marks not only all sink places
but also some channel places; or Case (3) there is marking
𝑀 ∈ 𝑅(𝑁, 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ) that does not mark all sink places
but all transitions are dead.
Case 1 does not hold: because 𝑁 is covered by 𝑇components, for each transition there is a 𝑇-component
containing it. By Lemma 18 it is known that for each 𝑇component there is an enabled transition sequence that
contains all transitions of the 𝑇-component. Therefore, for all
𝑡 ∈ 𝑇, ∃𝑀 ∈ 𝑅(𝑁, 𝑖1 + 𝑖2 + ⋅ ⋅ ⋅ + 𝑖𝑚 ): 𝑀[𝑡⟩.
Case 2 does not hold either: let enabled transition
sequence 𝜎 lead to a marking that marks all sink places
as well as some channel places. By the first conclusion in
Lemma 18 it is known that there is a cap 𝑁 corresponding
to 𝜎. Because each sink place is marked after firing 𝜎, 𝑁
contains one 𝑇-component of each basic FCWF-net and these
marked channel places have no outputs in 𝑁 . By the given
condition it is known that for 𝑁 there must exist a 𝑇component of 𝑁 such that 𝑁 is a subnet of the 𝑇-component.
To produce such a 𝑇-component 𝑁 , we must add some
𝑇-components of some basic FCWF-nets into 𝑁 in order
to make those marked channel places have output, which
makes the required “𝑇-component” 𝑁 containing multiple
basic 𝑇-components that are from the same basic FCWF-net.
This does not satisfy the requirements of the definition of 𝑇component; that is, a 𝑇-component of an SIWF-net contains
one and only one basic 𝑇-component of each basic FCWF-net
(see Definition 14).
Case 3 holds neither: let 𝜎 be an enabled transition
sequence leading to a marking at which some sink places
are not marked but all transitions have been dead. Similar to
the analysis of Case 2, it is known that, for the cap related
to 𝜎, there are no 𝑇-components containing it. If there is a
𝑇-component containing the cap, then there must exist an
enabled transition sequence 𝜎 such that 𝜎 corresponds to

the 𝑇-component and 𝜎 is a prefix of 𝜎 . This contradicts that
all transitions are dead after firing 𝜎.
Example 21. Figure 1(a) is compatible. It is easy to verify that
it is covered by 𝑇-components (see Figures 4(a) and 4(b)) and
each cap is contained in a 𝑇-component.
Example 22. Figure 1(b) is incompatible. Although it is covered by 𝑇-components (see Figures 4(c) and 4(d)), there
is a cap (e.g., the cap in Figure 5(b)) such that any 𝑇component does not contain it. This example corresponds to
Case 3 in the proof of “⇐” of Theorem 20. The example in
Figure 6(a) shows Case 2 in the proof of “⇐” of Theorem 20.
It has two 𝑇-components as shown in Figures 6(b) and
6(c), but it is incompatible because it has a cap, just as
shown in Figure 6(d), which is not a subnet of any 𝑇component. Figure 6(e) demonstrates Case 1 in the proof
of “⇐” of Theorem 20 in which the transition 𝑡3 is dead
at the initial marking.
Definition 23 (maximal cap of SIWF-net). A cap of an SIWFnet is maximal if there are no other caps properly containing
it.
Example 24. Figure 5(b) is a maximal cap of Figure 1(b) and
each of Figures 6(b)–6(d) is a maximal cap of Figure 6(a).
Notice that each 𝑇-component is a maximal cap. Therefore, the following conclusion is drawn.
Corollary 25. An SIWF-net is compatible if and only if
(1) it is covered by 𝑇-components;
(2) each maximal cap is a 𝑇-component.
Proof. (⇒) By Theorem 20 it is known that a compatible
SIWF-net is covered by 𝑇-components. If a maximal cap
is not a 𝑇-component, then there are no 𝑇-components
containing the maximal cap by the definition of maximal
(see Definition 23), thereby making the SIWF-net incompatible by Theorem 20. Therefore, each maximal cap is a 𝑇component.
(⇐) For each cap, there is a maximal cap containing
it. Therefore, for each cap there exists a 𝑇-component
containing it. Therefore, the SIWF-net is compatible by
Theorem 20.
In fact, the decision conditions in Theorem 20 and
Corollary 25 can be sharpened and a simpler one is obtained;
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that is, the first conditions in Theorem 20 and Corollary 25
can be removed.
Lemma 26. If each maximal cap of an SIWF-net is a 𝑇component, then the SIWF-net is covered by 𝑇-components.
Proof. (by contradiction) Assume that the SIWF-net is not
covered by 𝑇-components; that is, there exists a transition
𝑡 that does not belong to any 𝑇-component. Because each
maximal cap is a 𝑇-component (i.e., for each cap there exists
a 𝑇-component containing it), 𝑡 does not belong to any cap.
Thus, one of the following two cases must exist.
Case 1. If 𝑃𝐶 ∩ ∙ 𝑡 ≠ 0 (i.e., 𝑡 has input channel places), then for
all 𝑡 ∈ ∙ (𝑃𝐶 ∩ ∙ 𝑡): 𝑡 does not belong to any cap either. This is
because if ∃𝑡 ∈ ∙ (𝑃𝐶 ∩ ∙ 𝑡): 𝑡 belongs to some cap, then there
is a maximal cap containing 𝑡 (by Definition 23); thereby a
𝑇-component containing 𝑡 exists (by the given condition);
thus the 𝑇-component has to contain 𝑡 (by the fourth item of
Definition 14).
Case 2. If 𝑃𝐶 ∩ ∙ 𝑡 = 0 (i.e., 𝑡 has no input channel places), then
for all 𝑡 ∈ ∙∙ 𝑡: 𝑡 does not belong to any cap either (notice that
𝑡 and 𝑡 are in the same FCWF-net). The following two cases
are used to explain the reason.
Case 2.1 (∙ 𝑡 = {𝑝}). If there is 𝑡 ∈ ∙ 𝑝 such that there is a
cap containing 𝑡 , then we know by the second conclusion
in Lemma 18 that there is an enabled transition sequence
containing 𝑡 . Thus, place 𝑝 is marked after firing 𝑡 , which
leads to 𝑡 being enabled. Therefore, it is known by the first
conclusion in Lemma 18 that there is a cap containing 𝑡. This
contradicts the assumption that no cap contains 𝑡. Therefore,
for all 𝑡 ∈ ∙ 𝑝: 𝑡 does not belong to any cap.
Case 2.2 (|∙ 𝑡| > 1). It is known by the free-choice property
that for all 𝑝 ∈ ∙ 𝑡: 𝑝∙ = {𝑡}. If there is 𝑡 ∈ ∙∙ 𝑡 such that there is
a cap containing 𝑡 , then there must exist a 𝑇-component 𝑁
containing 𝑡 (by the given condition). Let 𝑝 ∈ 𝑡∙ and 𝑝∙ =
{𝑡}. Then, it is known by Definition 14 that 𝑡 must belong to 𝑁.
This also contradicts the assumption that 𝑡 does not belong
to any 𝑇-component. Therefore, for all 𝑡 ∈ ∙∙ 𝑡: 𝑡 does not
belong to any cap.
The above cases indicate that if 𝑡 does not belong to any
cap, then there must exist a transition, as the input transition
of some input place of 𝑡, that does not belong to any cap either.
Because the set of transitions is finite and the SIWF-net is
acyclic, we finally find a transition such that (1) it has no input
channel places, (2) only some source place is its input, and
(3) it does not belong to any cap. However, this transition as
well as its input and output forms a cap. A contradiction takes
place. Therefore, the SIWF-net is covered by 𝑇-components
if each maximal cap of an SIWF-net is a 𝑇-component.
Theorem 27. An SIWF-net is compatible if and only if each
maximal cap is a T-component.
Proof. The necessity is derived directly by Corollary 25 and
the sufficiency directly by Corollary 25 and Lemma 26.
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procedure IsT-component(𝑁, 𝑁 ) {
𝑋 := {𝑝 ∈ 𝑁 | 𝑝∙ = 0 in 𝑁 };
𝑌 := {𝑡 ∈ 𝑁 | 𝑋[𝑡⟩};
if (𝑋 ≠ 𝑀𝑑 ∧ 𝑌 ≠ 0) then
for (each 𝑡 ∈ 𝑌) do {
𝑁 := 𝑁 ∪ {𝑡} ∪ 𝑡∙ ∪ (𝑡 × 𝑡∙ ) ∪ (∙ 𝑡 × 𝑡);
IsT-component(𝑁, 𝑁 );
};
else if (𝑋 ≠ 𝑀𝑑 ∧ 𝑌 = 0) then {
output(𝑁 );
exit(0);
};
};
Procedure 1

Corollary 28. An SIWF-net is compatible if and only if for
each cap there is a T-component containing it.
Example 29. The SIWF-nets in Figures 1(b) and 6(a) are
incompatible because there exist maximal caps (see Figures
5(b) and 6(d)) that are not 𝑇-components. The SIWF-net in
Figure 6(e) is incompatible since each maximal cap of it is
not a 𝑇-component. Notice that the first two examples are
covered by 𝑇-components but the last one is not.

5. Algorithm to Solve the Compatibility
Problem for SIWF-Nets
Here a recursive algorithm is developed to solve the compability problem for an SIWF-net based on the decision
conditions in Theorem 27 and Corollary 28. Let 𝑁 =
(𝑁1 , 𝑁2 , . . . , 𝑁𝑚 , 𝑃𝐶, 𝐹𝐶) be an SIWF-net, 𝑀0 = {𝑖1 , . . . , 𝑖𝑚 }
the set of all source places, 𝑀𝑑 = {𝑜1 , . . . , 𝑜𝑚 } the set of all
sink places, and 𝑁 a cap of 𝑁. Notice that 𝑀0 may be seen
as the most basic cap. See Procedure 1.
Please notice that 𝑋 means a reachable marking by firing
all transitions in 𝑁 and 𝑌 records all transitions of 𝑁 that are
enabled at 𝑋.
𝑋 ≠ 𝑀𝑑 ∧ 𝑌 = 0 represents that after firing all transitions
in 𝑁 the system reaches a marking such that it is not the
target marking and no transition is enabled at it. Therefore,
𝑋 ≠ 𝑀𝑑 ∧ 𝑌 = 0 means that the current cap is maximal but
not a 𝑇-component; that is, the SIWF-net is incompatible. In
this case, therefore, the program outputs this counterexample
and terminates early.
𝑋 ≠ 𝑀𝑑 ∧ 𝑌 ≠ 0 means that 𝑁 is still not maximal.
Therefore, for each bigger cap (i.e., 𝑁 := 𝑁 ∪ {𝑡} ∪ 𝑡∙ ∪ (𝑡 ×
𝑡∙ ) ∪ (∙ 𝑡 × 𝑡)) this procedure is recursively called to do the
same decision. Please note that 𝑁 ∪ {𝑡} ∪ 𝑡∙ ∪ (𝑡 × 𝑡∙ ) ∪ (∙ 𝑡 × 𝑡)
means that the enabled transition 𝑡 as well as all places and
arcs related to it in 𝑁 is added to 𝑁 .
𝑋 = 𝑀𝑑 means that the current procedure will end
correctly and return the previous layer correctly.
Also please notice that if two transitions 𝑡1 and 𝑡2 in
𝑌 can be concurrently fired at 𝑋, then the procedure IsTcomponent(𝑁, 𝑁 ) will be called twice where 𝑁 is the net
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generated by adding 𝑡1 and 𝑡2 as well as the related places and
arcs to 𝑁 . To avoid those repeated calls, 𝑌 should be reduced
such that for those transitions that can be concurrently fired
at 𝑋 only one is left in 𝑌. This operation can be completed in
polynomial time and is omitted here for the simplification of
this algorithm.
Therefore, when this procedure is called in a main procedure, 𝑁 should be 𝑀0 (i.e., it is the most basic cap). When
IsT-component(𝑁, 𝑀0 ) is executed, the worst case is that all
maximal caps are 𝑇-components; that is, each maximal cap
is tested. The number of 𝑇-components grows exponentially
for the following very special example: an SIWF-net is
composed of 𝑚 basic FCWF-nets, each basic FCWF-net
has 𝑘 𝑇-components, and there are no channel places. The
SIWF-net has 𝑘𝑚 𝑇-components. In practice, however, the
number of maximal caps of an SIWF-net does not increase
like the above example. If the number 𝑛 of maximal caps
grows polynomially but not exponentially, then the number
of recursively calling the procedure is polynomial, that is,
𝑂(|𝑇| ∗ 𝑛).

6. Conclusion
This paper gives a necessary and sufficient condition to decide
compatibility for a subclass of IWF-nets, which advances
the state-of-the-art in the area of deciding the compatibility
problem based on net structures. Future work may focus on
some bigger subclasses of IWF-nets in which each basic WFnet may permit circuits.
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The problem of robust fault detection filter (FDF) design and optimization is investigated for a class of networked control systems
(NCSs) with random delays. The NCSs are modeled as Markovian jump systems (MJSs) by assuming that the random delays obey
a Markov chain. Based on the model, an observer-based residual generator is constructed and the corresponding fault detection
problem is formulated as an 𝐻∞ filtering problem by which the error between the residual signal and the fault is made as small
as possible. A sufficient condition for the existence of the desired FDF is derived in terms of linear matrix inequalities (LMIs).
Furthermore, to improve the performance of the robust fault detection systems, a time domain optimization approach is proposed.
The solution of the optimization problem is given in the form of Moore-Penrose inverse of matrix. A numerical example is provided
to illustrate the effectiveness and potential of the proposed approach.

1. Introduction
Networked control systems (NCSs) are feedback control
systems in which sensors, controllers, actuators, and other
system components are connected with real-time networks [1,
2]. The new structure has many advantages over conventional
control systems, such as low cost, simple installation and
maintenance, reliability, and enhanced resource utilization,
which make NCSs a promising structure for control systems
[3]. However, this structure also brings challenges on NCSs
analysis and design, for instance, network induced delay and
packet dropout [4–8], which inevitably increase the complexity of system design and degrade the system performance
[9]. As an important essential to improve the performance,
safety, and reliability of dynamic systems, fault detection technique for NCSs has recently attracted considerable attention
[10, 11].
Network induced delay is an active field of NCSs research. So far, there are fruitful results in fault detection for
NCSs with various network induced delays [12–16]. In [12],
the influence caused by unknown network induced delays

is transformed into time-varying polytopic uncertainty.
Assisted by parameter-dependent Lyapunov function matrix,
an optimal fault detection filter (FDF) is designed to detect
faults. In many cases, network induced delays are random and
can be modeled as Markov chains [17–20]. In the literature
[17], by employing the multirate sampling method together
with the augmented state matrix method, NCSs with long
random delays are modeled as Markovian jump systems
(MJSs). Then based on the model, an 𝐻∞ filter is designed
for detecting faults. Since all or part of the elements in the
desired transition probabilities matrix are hard or costly to
obtain, a robust FDF for discrete-time MJSs with partially
known transition probabilities is designed in the literature
[21]. Moreover, in order to improve the performance of fault
detection systems, time domain optimization approaches
are proposed for observed-based fault detection systems
[22–24].
To the best of authors’ knowledge, the problem of
robust FDF design and optimization for a class of NCSs,
which can be modeled as MJSs, has not been fully investigated yet. This motivates us to study this interesting
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and challenging problem, which has great potential in
practical applications.
This paper addresses the problem of robust FDF design
and optimization for a class of NCSs with random delays
and the main achievement is composed of the following four
steps. Firstly, the NCSs are modeled as MJSs and the partially
known transition probabilities of the Markov process are
taken into account. Secondly, an observer-based residual
generator is constructed and the robust fault detection problem is formulated as an 𝐻∞ filtering problem. A sufficient
condition for the existence of the desired FDF is derived in
terms of linear matrix inequalities (LMIs). Thirdly, a time
domain optimization approach for detecting smaller faults is
proposed for the robust fault detection systems. The optimal
solution of the problem is given in terms of Moore-Penrose
inverse of matrix. Lastly, a numerical example is provided
to illustrate the effectiveness and potential of the proposed
approach.

𝑇−𝜏𝑘 𝐴 𝑡
𝑐

where 𝐴 = 𝑒𝐴 𝑐 𝑇 , 𝐵0 (𝜏𝑘 ) = ∫0

𝑒

𝑇

𝑇

𝐵𝑐 𝑑𝑡, 𝐵1 (𝜏𝑘 ) = ∫𝑇−𝜏
𝑇

𝑒𝐴 𝑐 𝑡 𝐵𝑐 𝑑𝑡, 𝐵𝑑 = ∫0 𝑒𝐴 𝑐 (𝑇−𝑡) 𝐵𝑐𝑑 𝑑𝑡, and 𝐵𝑓 = ∫0 𝑒𝐴 𝑐 (𝑇−𝑡) 𝐵𝑐𝑓 𝑑𝑡.

𝑘

Remark 3. In this paper, we only consider the network
induced delay 𝜏𝑘 < 𝑇. In more general case, the network
induced delay 𝜏𝑘 < 𝑑1 𝑇 and 𝜏𝑘sc < 𝑑2 𝑇 with 𝑑1 and 𝑑2 being
nonnegative integers. System (1) can be written as
𝑑1

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + ∑𝐵𝑖 (𝜏𝑘 ) 𝑢 (𝑘 − 𝑖)
𝑖=0

(3)

+ 𝐵𝑑 𝑑 (𝑘) + 𝐵𝑓 𝑓 (𝑘)
𝑦 (𝑘) = 𝐶𝑥 (𝑘 − floor (

𝜏𝑘sc
)) + 𝐷𝑑 𝑑 (𝑘) + 𝐷𝑓 𝑓 (𝑘) ,
𝑇

where floor(⋅) stands for the function rounding towards
minus infinity.

2. Problem Formulation
Consider the following continuous-time, state-space model
of the linear time-invariant plant dynamics:
𝑥̇ (𝑡) = 𝐴 𝑐 𝑥 (𝑡) + 𝐵𝑐 𝑢 (𝑡) + 𝐵𝑐𝑑 𝑑 (𝑡) + 𝐵𝑐𝑓 𝑓 (𝑡)
𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑑 𝑑 (𝑡) + 𝐷𝑓 𝑓 (𝑡) ,

(1)

where 𝑥 ∈ 𝑅𝑛 , 𝑢 ∈ 𝑅𝑚 , 𝑦 ∈ 𝑅𝑙 , and 𝑓 ∈ 𝑅𝑞 denote the state, the
control input, the output, and the latent fault, respectively, 𝑑 ∈
𝑅𝑝 is the external disturbance belonging to 𝑙2 [0, ∞), and the
real matrices 𝐴 𝑐 , 𝐵𝑐 , 𝐵𝑐𝑑 , 𝐵𝑐𝑓 , 𝐶, 𝐷𝑑 , and 𝐷𝑓 are of appropriate
dimensions.
Consider the NCSs as [17]; we introduce the following
assumptions.
Assumption 1 (see [1, 14]). The sampling period of the
NCSs is 𝑇. The sensors are clock-driven, and the controllers
and actuators are time-division-driven with the same timedivision. There are no packet dropout and packet disordering.
The control law is fixed. The sensor-to-controller delay is 𝜏𝑘sc
and the controller-to-actuator delay is 𝜏𝑘ca . 𝜏𝑘 = 𝜏𝑘sc + 𝜏𝑘ca
is introduced to denote the network induced delay at time
instant 𝑘 and supposed to be smaller than the sampling period
𝑇 in this paper.
Assumption 2 (see [17]). The sampling interval [𝑘𝑇, (𝑘 + 1)𝑇]
is divided into 𝑁 pieces.
From Assumption 1, system (1) can be transformed into
the following discrete time model:
1

From Assumption 2 and similar to [10, 17], we can obtain
that the random network induced delay 𝜏𝑘 = (ℎ(𝑘) −
1)𝑇/𝑁, where the sequence {ℎ(𝑘)} can be considered as a
discrete-time homogeneous Markov chain taking values in
the following finite state space Γ = {1, 2, . . . , 𝑁} and 𝜋 =
[𝜋𝑖𝑗 ] is the stationary transition probability matrix with its
elements defined as 𝜋𝑖𝑗 = Prob{ℎ(𝑘 + 1) = 𝑗 | ℎ(𝑘) = 𝑖} > 0
and ∑𝑗∈Γ 𝜋𝑖𝑗 = 1. In addition, for all or part of the elements in
𝜋 are hard or costly to obtain, we assume that the stationary
transition probabilities of the Markov chain in this paper are
partially known. For notation clarity [21], ∀𝑖 ∈ Γ, we denote
𝑖
= {𝑗 : 𝜋𝑖𝑗 is unknown}. Also, we
Γ𝑘𝑖 = {𝑗 : 𝜋𝑖𝑗 is known}, Γuk
𝑖
denote that 𝜋𝑘 = ∑𝑗∈Γ𝑖 𝜋𝑖𝑗 throughout the paper.
𝑘
Considering the control input signal 𝑢(𝑘) = −𝐾𝑥(𝑘), then
(2) can be equivalently written as the following MJSs:
𝑧 (𝑘 + 1) = 𝐴 𝑖,𝑘 𝑧 (𝑘) + 𝐵𝑑 𝑑 (𝑘) + 𝐵𝑓 𝑓 (𝑘) ,

where one has 𝑧(𝑘)
𝑘 )𝐾 ],
[ 𝐴−𝐵0𝐼(𝜏𝑘 )𝐾 −𝐵1 (𝜏
0

=

𝑇

[𝑥𝑇 (𝑘) 𝑥𝑇 (𝑘 − 1)] , 𝐴 𝑖,𝑘
[𝐵𝑑𝑇

𝑇

[𝐵𝑓𝑇

𝑇

=

0] , 𝐶 =
𝐵𝑑 =
0] , 𝐵𝑓 =
[𝐶 0], and the subscript 𝑖, 𝑘 of 𝐴 𝑖,𝑘 denotes ℎ(𝑘) = 𝑖 ∈ Γ
at time instant 𝑘.
An observer-based FDF is adopted to generate residual
signal:
𝑧̂ (𝑘 + 1) = 𝐴 𝑖,𝑘 𝑧̂ (𝑘) + 𝐿 𝑖,𝑘 (𝑦 (𝑘) − 𝐶̂𝑧 (𝑘)) ,
𝑟 (𝑘) = 𝑦 (𝑘) − 𝐶̂𝑧 (𝑘) ,

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + ∑𝐵𝑖 (𝜏𝑘 ) 𝑢 (𝑘 − 𝑖)

(4)

𝑦 (𝑘) = 𝐶𝑧 (𝑘) + 𝐷𝑑 𝑑 (𝑘) + 𝐷𝑓 𝑓 (𝑘) ,

(5)

𝑖=0

+ 𝐵𝑑 𝑑 (𝑘) + 𝐵𝑓 𝑓 (𝑘) ,
𝑦 (𝑘) = 𝐶𝑥 (𝑘) + 𝐷𝑑 𝑑 (𝑘) + 𝐷𝑓 𝑓 (𝑘) ,

(2)

where 𝑧̂ ∈ 𝑅2𝑛 is the state estimation vector of 𝑧(𝑘), 𝑟 ∈ 𝑅𝑙 is
the generated residual signal, and 𝐿 𝑖,𝑘 is the filter’s gain matrix
to be designed.
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Set the filter error 𝑒(𝑘) = 𝑧(𝑘) − 𝑧̂(𝑘), and then the overall
fault detection system is given by

we first introduce the following lemma which will help us to
derive the gain of the FDF (5).

𝑒 (𝑘 + 1) = 𝐴𝑖,𝑘 𝑒 (𝑘) + 𝐵𝑖,𝑘 𝑤 (𝑘)

Lemma 6 (see [21]). Consider system (6) with partially known
transition probabilities and let 𝛾 > 0 be a given scalar. If there
exist matrices 𝑃𝑖 > 0, 𝐺𝑖 > 0, ∀𝑖 ∈ Γ, such that

(6)

𝑟 (𝑘) = 𝐶𝑒 (𝑘) + 𝐷𝑤 (𝑘) ,

𝑖,𝑘
𝑖,𝑘
𝑖,𝑘
𝐵𝐿𝑓
where 𝐴𝑖,𝑘 = 𝐴 𝑖,𝑘 − 𝐿 𝑖,𝑘 𝐶, 𝐵𝑖,𝑘 = [𝐵𝐿𝑑
], 𝐵𝐿𝑑
= 𝐵𝑑 −
𝑖,𝑘
𝐿 𝑖,𝑘 𝐷𝑑 , 𝐵𝐿𝑓 = 𝐵𝑓 − 𝐿 𝑖,𝑘 𝐷𝑓 , 𝐷 = [𝐷𝑑 𝐷𝑓 ], and 𝑤(𝑘) =

−𝑃𝑖

[
[
[∗
[
[
[
[∗
[
[
[
∗
[

𝑇

[𝑑𝑇 (𝑘) 𝑓𝑇 (𝑘)] .
Remark 4. In (5) and (6), the subscripts or superscripts 𝑖, 𝑘
have the same meanings as the subscript of 𝐴 𝑖,𝑘 in system (4).
After the above manipulations, the original robust FDF
problem for system (1) can be further converted to find a
series of filter gain matrices 𝐿 𝑖,𝑘 such that the MJSs (6) are
stochastically stable and under zero initial condition, and the
𝐻∞ performance index 𝛾 is made as small as possible in the
feasibility of [21]
2

‖𝑟(𝑘)‖
} < 𝛾2 ,
sup 𝐸 {
2
‖𝑤(𝑘)‖
𝑤(𝑘)=0̸

1/2

,

(8)

where 𝛽 denotes the detection window.
Then the fault can be observed by comparing 𝐽(𝑘) with a
threshold 𝐽th according to the following logic:

𝐽 (𝑘) ≤ 𝐽th ⇒ no fault.

∗
∗

(9)

Remark 5. Note that the threshold 𝐽th in (9) is the minimum
threshold that prevents false alarms and it is also an adaptive
threshold which will be shown in the following section.

3. Main Results

𝐶

𝑇

]
𝑇]
𝐷 ]
]
]
] < 0,
−𝐺𝑖 − 𝐺𝑖𝑇 + 𝑃𝑗 0 ]
]
]
]
∗
−𝐼
]
Τ

𝐵𝑖,𝑘 𝐺𝑖𝑇

(10)

where asterisk (∗) is used to represent a term that is induced by
symmetry in symmetric block matrices, and
𝜋𝑖𝑗 𝑃𝑗

𝑗∈Γ𝑘𝑖

(7)

For improving the performance of the fault detection
system (6), we use a time domain optimization approach
to optimize the fault detection system (6). Let 𝜉(𝑘) =
𝑉𝑘 (𝑧)𝑟(𝑘) = (𝑉𝑠,𝑘 + 𝑉𝑠−1,𝑘 𝑧−1 + ⋅ ⋅ ⋅ + 𝑉0,𝑘 𝑧−𝑠 )𝑟(𝑘) denote the
modified residual signal [25], where matrix 𝑉𝑘 (𝑧) is called the
postfilter [22, 25]. Then the residual evaluation function can
be selected as

𝐽 (𝑘) > 𝐽th ⇒ alarm for fault

−𝛾2 𝐼

𝑃𝑗 = ∑

𝛾 > 0.

𝑘
1


∑ 𝜉𝑇 (𝑖) 𝜉 (𝑖)]
𝐽 (𝑘) = 𝜉 (𝑘)𝑒 = [
𝛽 + 1 𝑖=𝑘−𝛽
[
]

𝑇

𝐴𝑖,𝑘 𝐺𝑖𝑇

0

𝑃𝑗 = 𝑃𝑗

𝜋𝑘𝑖

𝑗 ∈ Γ𝑘𝑖
(11)

𝑖
𝑗 ∈ Γ𝑢𝑘

then the system (6) is stochastically stable with an 𝐻∞
performance index 𝛾.
As an application of Lemma 6, the following theorem provides a sufficient condition for the existence of an admissible
𝐻∞ FDF in the form of (5).
Theorem 7. Consider system (6) with partially known transition probabilities and let 𝛾 > 0 be a given scalar. If there exist
matrices 𝑃𝑖 > 0, 𝐺𝑖 > 0, and ∀𝑖 ∈ Γ and matrices 𝐾𝑖 , ∀𝑖 ∈ Γ,
such that
−𝑃𝑖

[
[
[∗
[
[
[
[
[∗
[
[
[
[∗
[
[
[
∗
[

0
−𝛾2 𝐼
∗
∗
∗

0

𝑇

𝑇

𝐴𝑇𝑖,𝑘 𝐺𝑖𝑇 − 𝐶 𝐾𝑖𝑇 𝐶

]
]
𝑇
𝐵𝑑 𝐺𝑖𝑇 − 𝐷𝑑𝑇 𝐾𝑖𝑇 𝐷𝑑𝑇 ]
]
]
]
𝑇
]
−𝛾2 𝐼 𝐵𝑓 𝐺𝑖𝑇 − 𝐷𝑓𝑇 𝐾𝑖𝑇 𝐷𝑓𝑇 ] < 0,
]
]
]
∗ −𝐺𝑖 − 𝐺𝑖 𝑇 + 𝑃𝑗 0 ]
]
]
]
∗
∗
−𝐼
]
0

(12)

In this section, we will discuss the robust FDF design problem
of system (4) with partially known transition probabilities
and the time domain optimization of fault detection systems
(6).

where 𝐴 𝑖,𝑘 , 𝐶, and 𝑃𝑗 are defined in (4) and (11), then the
system (6) is stochastically stable with an 𝐻∞ performance
index 𝛾. Moreover, the filter gains of an admissible 𝐻∞ FDF
in the form of (5) are given by 𝐿 𝑖,𝑘 = 𝐺𝑖−1 𝐾𝑖 , ∀𝑖 ∈ Γ.

3.1. Filter Gain Design. To finish the filter design based on the
MJSs model (6) with partially known transition probabilities,

Proof. From (6), we can replace 𝐴𝑖,𝑘 , 𝐵𝑖,𝑘 , 𝐷 in (10) by
𝐴𝑖,𝑘 = 𝐴 𝑖,𝑘 − 𝐿 𝑖,𝑘 𝐶, 𝐵𝑖,𝑘 = [𝐵𝑑 − 𝐿 𝑖,𝑘 𝐷𝑑 𝐵𝑓 − 𝐿 𝑖,𝑘 𝐷𝑓 ], and
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𝐷 = [𝐷𝑑 𝐷𝑓 ], respectively. Then, (10) in Lemma 6 can be
written as
𝑇

0 𝐴𝑇𝑖,𝑘 𝐺𝑖𝑇 − 𝐶 𝐿𝑇𝑖,𝑘 𝐺𝑖𝑇
−𝑃 0
[ 𝑖
[
[ ∗ −𝛾2 𝐼 0 𝐵𝑇𝑑 𝐺𝑖𝑇 − 𝐷𝑑𝑇 𝐿𝑇𝑖,𝑘 𝐺𝑖𝑇
[
[
[
𝑇
[
∗ −𝛾2 𝐼 𝐵𝑓 𝐺𝑖𝑇 − 𝐷𝑓𝑇 𝐿𝑇𝑖,𝑘 𝐺𝑖𝑇
[∗
[
[
[
[∗
∗
∗
−𝐺𝑖 − 𝐺𝑖 𝑇 + 𝑃𝑗
[
[
[
∗
∗
∗
∗
[

𝐶

𝑇

]
]
𝐷𝑑𝑇 ]
]
]
]
𝑇]
𝐷𝑓 ] < 0.
]
]
]
0]
]
]
]
−𝐼
]

Remark 8. The optimal 𝐻∞ performance index 𝛾∗ and the
corresponding filter gains can be obtained by setting 𝛿 = 𝛾2
and solving the following optimization problem:
Minimize : 𝛿,

(14)

s.t. (12) .
(13)

3.2. Determination of Threshold. From Section 3.1, we can
obtain the residual signal 𝑟(𝑘), and then the modified residual
signal 𝜉(𝑘) can be generated by using 𝑟(𝑘) as the input of the
postfilter. According to the system (6) and the definition of
𝜉(𝑘), we can rewrite 𝜉(𝑘) in the following compact form [22]:

Define 𝐾𝑖 = 𝐺𝑖 𝐿 𝑖,𝑘 ; (13) can be transformed into (12). This
completes the proof.

𝜉 (𝑘) = 𝑉𝑘 (𝐻𝑑,𝑘 𝑑𝑠 (𝑘) + 𝐻𝑓,𝑘 𝑓𝑠 (𝑘)) ,

(15)

where

𝐻𝑓,𝑘

0
⋅⋅⋅
0
𝐷𝑓
[𝑔 (𝑘 − 𝑠 + 1, 𝑘 − 𝑠) 𝐷
⋅⋅⋅
0]
]
[ 𝑓
𝑓
],
=[
]
[
.
..
]
[
⋅ ⋅ ⋅ 𝑔𝑓 (𝑘, 𝑘 − 1) 𝐷𝑓 ]
[ 𝑔𝑓 (𝑘, 𝑘 − 𝑠)
𝑓 (𝑘 − 𝑠)
[𝑓 (𝑘 − 𝑠 + 1)]
[
]
],
𝑓𝑠 (𝑘) = [
[
]
.
..
[
]
[

𝐻𝑑,𝑘

𝑓 (𝑘)

]

𝐷𝑑
0
⋅⋅⋅
0
𝑔𝑒 (𝑘 − 𝑠, 𝑘 − 𝑠)
[𝑔 (𝑘 − 𝑠 + 1, 𝑘 − 𝑠) 𝑔 (𝑘 − 𝑠 + 1, 𝑘 − 𝑠) 𝐷
⋅⋅⋅
0]
]
[ 𝑒
𝑑
𝑑
],
=[
]
[
.
..
]
[
𝑔𝑑 (𝑘, 𝑘 − 𝑠)
⋅ ⋅ ⋅ 𝑔𝑑 (𝑘, 𝑘 − 1) 𝐷𝑑 ]
[ 𝑔𝑒 (𝑘, 𝑘 − 𝑠)

(16)

𝑒 (𝑘 − 𝑠)
[
]
[𝑑 (𝑘 − 𝑠)]
],
𝑑𝑠 (𝑘) = [
..
[
]
[
]
.
[ 𝑑 (𝑘) ]
𝑖,𝑗

𝑔𝑓 (𝑘, 𝑗) = 𝐶Φ (𝑘, 𝑗 + 1) 𝐵𝐿𝑓 ,

𝑔𝑒 (𝑘, 𝑗) = 𝐶Φ (𝑘, 𝑗) ,
𝑘−1

Φ (𝑘, 𝑗) = ∏𝐴𝑖,𝑎 ,

Φ (𝑘, 𝑘) = Ι,

𝑖,𝑗

𝑔𝑑 (𝑘, 𝑗) = 𝐶Φ (𝑘, 𝑗 + 1) 𝐵𝐿𝑑 ,

𝑘 − 𝑠 ≤ 𝑗 ≤ 𝑘 − 1,

𝑎=𝑗

𝑉𝑘 = [𝑉0,𝑘 𝑉1,𝑘 ⋅ ⋅ ⋅ 𝑉𝑠,𝑘 ] .

Remark 9. From (16), we know that the matrices 𝐻𝑓,𝑘 and
𝐻𝑑,𝑘 are time-varying matrices since they are constructed by
𝑖,𝑗
𝑖,𝑗
𝐵𝐿𝑓 , 𝐵𝐿𝑑 , and 𝐴𝑖,𝑗 (𝑖 ∈ Γ, 𝑘−𝑠 ≤ 𝑗 ≤ 𝑘−1) which are influenced
by the mode of system (6). We can obtain the mode and these
matrices online at each time instant. It also should be noted
that the selection of index 𝑠 which is the order of the postfilter

𝑉𝑘 (𝑧) is arbitrary in principle, but, in this paper, considering
the computational complexity of online implementation, we
set it equal to 2𝑛.
Once the modified residual signal has been generated
and the residual evaluation function has been selected, we
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can determine the threshold 𝐽th . From (8) and (15), we
have


𝐽th = sup 𝐽 (𝑘) = sup 𝜉 (𝑘)𝑒
𝑑,𝑓=0

𝑑,𝑓=0

𝑘
1
= sup [
∑ 𝜉𝑇 (𝑖) 𝜉 (𝑖)]
𝑑,𝑓=0 𝛽 + 1 𝑖=𝑘−𝛽
[
]

1/2

(17)
.

It should be pointed out that the threshold defined in
(17) is the minimum threshold that prevents false alarms. It
follows from (15) and (17) that
𝑘
1
𝑇
𝐽th = sup[
∑ (𝑉𝑘 𝐻𝑑,𝑘 𝑑𝑠 (𝑗)) 𝑉𝑘 𝐻𝑑,𝑘 𝑑𝑠 (𝑗)]
𝛽
+
1
𝑑
𝑗=𝑘−𝛽
]
[
𝑘

1
≤ 𝜎 (𝑉𝑘 𝐻𝑑,𝑘 ) sup[
∑ 𝑑𝑇 (𝑗) 𝑑𝑠 (𝑗)]
𝛽 + 1 𝑗=𝑘−𝛽 𝑠
𝑑
]
[

3.3. Optimization of Fault Detection Systems. The objective
of optimizing the fault detection system (6) is to seek a
performance index in order to detect faults as small as
possible. For describing the performance index, we first give
the following definitions [22].
Definition 10. The set of detectable faults which are denoted
by 𝑆𝑓 can be expressed by


 
𝑆𝑓 = {𝑓 | inf 𝜉𝑒 ≥ 𝐽th } = {𝑓 | 𝑉𝑘 𝐻𝑓,𝑘 𝑓𝑠 (𝑘)𝑒 ≥ 2𝐽th } .
𝑑

(23)

1/2

(18)

1/2

,

Definition 11. Minimum detectable faults, denoted by 𝑓min ,
are faults which belong to 𝑆𝑓 and minimize inf 𝑑 ‖𝜉‖𝑒 . So
an 𝑓min can be obtained by solving the following extreme
problem:
 
inf 𝜉𝑒 = 𝐽th .

𝑓∈𝑆𝑓 ,𝑑

where 𝜎(⋅) denotes the maximum singular value.
From (16), we can obtain

(24)

Definition 12. Maximal minimum detectable faults, denoted
by 𝑓mmin , are defined by

𝑘

∑ 𝑑𝑠𝑇 (𝑗) 𝑑𝑠 (𝑗)

𝑗=𝑘−𝛽

𝑘

𝑠

𝑗=𝑘−𝛽

𝑛=0

= ∑ [𝑒𝑇 (𝑗 − 𝑠) 𝑒 (𝑗 − 𝑠) + ∑ 𝑑𝑇 (𝑗 − 𝑛) 𝑑 (𝑗 − 𝑛)] .
(19)

𝑇
= max[ ∑ 𝑓min
(𝑘 + 𝑎)𝑓min (𝑘 + 𝑎)]
𝑓min
𝑎=−𝛽
]
[

1/2

[ ∑ 𝑒𝑇 (𝑗 − 𝑠) 𝑒 (𝑗 − 𝑠)]
]
[𝑗=𝑘−𝛽

−1 𝑖,𝑘 
1/2 

≤ (𝛽 + 1) (𝑒𝑗𝜔 𝐼 − 𝐴𝑖,𝑘 ) 𝐵𝐿𝑑
 ‖𝑑 (𝑘)‖𝑒

∞
≤ (𝛽 + 1)

1/2

(20)



min𝐽 = min𝑓mmin 2,[0,𝛽] .

−1

𝑉𝑘

𝑖∈Γ,𝜔

where Δ𝑑 ≥ ‖𝑑(𝑘)‖𝑒 , and note that
𝑘

𝑠

.

Note that the smaller 𝑓mmin becomes, the more faults can be
detected. So our objective of optimizing can be formulated as

𝑖,𝑘
sup 𝜎 ((𝑒𝑗𝜔 𝐼 − 𝐴𝑖,𝑘 ) 𝐵𝐿𝑑
) Δ𝑑,

(26)

𝑉𝑘

Followed from (23) and (24), the minimum detectable faults
𝑓min ensure that

1/2

[ ∑ ∑ 𝑑𝑇 (𝑗 − 𝑛) 𝑑 (𝑗 − 𝑛)]
]
[𝑗=𝑘−𝛽 𝑛=0

(25)

1/2

0

According to (6), we have [22]
𝑘

1/2

0



𝑇
𝑓mmin 2,[0,𝛽] = [ ∑ 𝑓mmin (𝑘 + 𝑎)𝑓mmin (𝑘 + 𝑎)]
[𝑎=−𝛽
]

≤ [(𝛽 + 1) (𝑠 + 1)]

1/2

Δ𝑑.
(21)

So according to (18)–(21), the threshold can be defined as
1/2

𝐽th = 𝜎 (𝑉𝑘 𝐻𝑑,𝑘 ) (𝑠 + 1 + 𝜆 𝑑 )

Δ𝑑,

0
[ 1 ∑ (𝑉𝑘 𝐻𝑓,𝑘 𝑓𝑠,min (𝑘 + 𝑎))𝑇 𝑉𝑘 𝐻𝑓,𝑘 𝑓𝑠,min (𝑘 + 𝑎)]
𝛽 + 1 𝑎=−𝛽
[
]

1/2

= 2𝐽th ,
(22)

(27)

2

𝑖,𝑘
where 𝜆 𝑑 = (sup𝑖∈Γ,𝜔 𝜎((𝑒𝑗𝜔 𝐼 − 𝐴𝑖,𝑘 )−1 𝐵𝐿𝑑
)) .
Note that 𝑉𝑘 , 𝐻𝑑,𝑘 vary with the mode of system (6), so 𝐽th
is an adaptive threshold which can be obtained online.

where
𝑇
[𝑓min
(𝑘

one
+ 𝑎 − 𝑠)

has
𝑇
𝑓min
(𝑘

𝑓𝑠,min (𝑘

+

+ 𝑎 − 𝑠 + 1) ⋅ ⋅ ⋅

𝑎)
𝑇
𝑓min
(𝑘

𝑇

+ 𝑎)] .

=

6
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0
[ 1 ∑ (𝑉𝑘 𝐻𝑓,𝑘 𝑓𝑠,min (𝑘 + 𝑎))𝑇 𝑉𝑘 𝐻𝑓,𝑘 𝑓𝑠,min (𝑘 + 𝑎)]
𝛽 + 1 𝑎=−𝛽
[
]

1/2

Thus, we can know that the objective of optimizing system
(6) is reduced to finding matrices 𝑉𝑘 at each time instant that
solve the following optimization problem:


min𝐽 = min𝑓mmin 2,[0,𝛽]
𝑉𝑘

≥ 𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )

𝑉𝑘

1/2

= 2Δ𝑑(𝛽 + 1)

0
1
𝑇
×[
∑ (𝑓𝑠,min (𝑘 + 𝑎)) 𝑓𝑠,min (𝑘 + 𝑎)]
𝛽 + 1 𝑎=−𝛽
[
]

1/2

Next, we give the following lemma that plays a key role in
deriving the solution of optimization problem (32).
Lemma 13 (see [22]). Given matrices 𝐻, 𝑃 of appropriate
dimensions, then the optimal solution 𝑋 for optimization
problem min𝑋 𝜎(𝑃 + 𝑋𝐻) is given by

1/2

𝑠

1
×[
∑ ∑ 𝑓𝑇 (𝑘 + 𝑎 − 𝑏) 𝑓min (𝑘 + 𝑎 − 𝑏)]
𝛽 + 1 𝑎=−𝛽 𝑏=0 min
[
]

𝑋 = −𝑃𝐻+ ,

(33)

min𝜎 (𝑃 + 𝑋𝐻) = 𝜎 (𝑃 − 𝑋𝐻+ 𝐻) ,

(34)

= 𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )
𝑠

and furthermore

1/2

0

1
×[
∑ ∑ 𝑓𝑇 (𝑘 + 𝑎 − 𝑏) 𝑓min (𝑘 + 𝑎 − 𝑏)]
𝛽 + 1 𝑏=0 𝑎=−𝛽 min
[
]

,
(28)

where 𝜎(⋅) denotes the minimum singular value, then we have
𝑠
0
[ 1 ∑ ∑ 𝑓𝑇 (𝑘 + 𝑎 − 𝑏)𝑓min (𝑘 + 𝑎 − 𝑏)]
𝛽 + 1 𝑏=0 𝑎=−𝛽 min
[
]

≤

2𝐽th
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )

1/2

(29)

.

𝑋

where 𝐻+ denotes the pseudoinverse or Moore-Penrose inverse
of matrix 𝐻.
Based on Lemma 13, we have the following theorem to
determine the optimal solution for problem (32).
Theorem 14. Given time-varying matrices 𝐻𝑑,𝑘 , 𝐻𝑓,𝑘 with
rank(𝐻𝑓,𝑘 ) = 𝑞(𝑠 + 1) = 𝛼 which are defined as (16) at each
time instant, then the optimal solution 𝑉𝑘∗ for (32) is given by
+

−
−
𝑉𝑘∗ = 𝐻𝑓,𝑘
− 𝐻𝑓,𝑘
𝐻𝑑,𝑘 (𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) 𝐻𝑓𝑛,𝑘

It is evident that the equality in (29) holds true only if
vectors 𝑓min (𝑘 + 𝑎 − 𝑏), 𝑏 = 0, . . . , 𝑠, satisfy
𝑓min (𝑘 + 𝑎) = 𝑓min (𝑘 + 𝑎 − 1) = ⋅ ⋅ ⋅ = 𝑓min (𝑘 + 𝑎 − 𝑠)

(30)

−
𝑤𝑖𝑡ℎ 𝐻𝑓,𝑘
𝐻𝑓,𝑘 = 𝐼𝛼×𝛼 ,

and are equal to the eigenvector of matrix (𝑉𝑘 𝐻𝑓,𝑘 )𝑇 𝑉𝑘 𝐻𝑓,𝑘
corresponding to 𝜎2 (𝑉𝑘 𝐻𝑓,𝑘 ). According to the definition of
𝑓mmin , we finally have
1/2

0

𝛽 + 1 1/2
)
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 ) 𝑠 + 1

= 2Δ𝑑(𝛽 + 1)

(

1/2

(1 +

𝜆 𝑑 1/2 𝜎 (𝑉𝑘 𝐻𝑑,𝑘 )
.
)
𝑠+1
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )

(35)



min𝐽 = min𝑓mmin 2,[0,𝛽]
𝑉𝑘

𝑉𝑘

= 2Δ𝑑(𝛽 + 1)

(1 +

𝜆 𝑑 1/2
)
𝑠+1
+

−
× 𝜎 (𝐻𝑓,𝑘
𝐻𝑑,𝑘 (𝐼 − (𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) 𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 )) ,

(36)
where (⋅)+ denotes the Moore-Penrose inverse.

𝑇
max[ ∑ 𝑓min
(𝑘 + 𝑎) 𝑓min (𝑘 + 𝑎)]
𝑓min
𝑎=−𝛽
[
]

2𝐽th

𝐻𝑓𝑛,𝑘 𝐻𝑓,𝑘 = 0.

Furthermore,

1/2

=

𝜎 (𝑉𝑘 𝐻𝑑,𝑘 )
𝜆 𝑑 1/2
].
) min [
𝑉
𝑠+1
𝑘
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )
(32)

= 𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )
0

(1 +

(31)

Proof. From Theorem 7 and (22), we know that 𝜆 𝑑 is a
constant which can be calculated offline. So the original
optimization problem (32) is equivalent to the following timevarying optimization problem:
min [
𝑉𝑘

𝜎 (𝑉𝑘 𝐻𝑑,𝑘 )
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )

].

(37)
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For deriving the solution of problem (37), at each time
instant, we set
−
+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ,
𝑉𝑘∗ = 𝑋1,𝑘 𝐻𝑓,𝑘

(38)

and substitute it into (37)
𝜎 (𝑉𝑘∗ 𝐻𝑑,𝑘 )
𝜎 (𝑉𝑘∗ 𝐻𝑓,𝑘 )

=

=

−
𝜎 ((𝑋1,𝑘 𝐻𝑓,𝑘
+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ) 𝐻𝑑,𝑘 )
−
𝜎 ((𝑋1,𝑘 𝐻𝑓,𝑘
+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ) 𝐻𝑓,𝑘 )
−
𝜎 ((𝑋1,𝑘 𝐻𝑓,𝑘

+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ) 𝐻𝑑,𝑘 )

𝜎 (𝑋1,𝑘 )

(39)

,

where 𝑋1,𝑘 ∈ 𝑅𝛼×𝛼 and rank(𝑋1,𝑘 ) = 𝛼, 𝑋𝑘 is arbitrarily
selectable. Note that
−
𝜎 ((𝑋1,𝑘 𝐻𝑓,𝑘
+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ) 𝐻𝑑,𝑘 )

𝜎 (𝑋1,𝑘 )
≥

−
−1
𝜎 (𝑋1,𝑘 ) 𝜎 (𝐻𝑓,𝑘
𝐻𝑑,𝑘 + 𝑋1,𝑘
𝑋𝑘 𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 )

(40)

𝜎 (𝑋1,𝑘 )

−
−1
𝐻𝑑,𝑘 + 𝑋1,𝑘
𝑋𝑘 𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) ,
= 𝜎 (𝐻𝑓,𝑘

3.4. Summary. The following Algorithm 17 summarizes the
essential parts of this section and the approach proposed
above for the FDF system design.
Algorithm 17. Consider the following steps.
Step 1. Solve the optimal 𝐻∞ problem in Theorem 7 and
Remark 8 for 𝐿 𝑖,𝑘 , ∀𝑖 ∈ Γ.
Step 2. Generate residual signal 𝑟(𝑘) from FDF (5).
Step 3. From (16), form 𝐻𝑓,𝑘 , 𝐻𝑑,𝑘 , and 𝐻𝑦,𝑘 .
−
−
Step 4. Find 𝐻𝑓,𝑘
, 𝐻𝑓𝑛,𝑘 with 𝐻𝑓,𝑘
𝐻𝑓,𝑘 = 𝐼𝛼×𝛼 , 𝐻𝑓𝑛,𝑘 𝐻𝑓,𝑘 = 0,
+
and calculate (𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) .
−
−
Step 5. Set the optimal postfilter 𝑉𝑘∗ = 𝐻𝑓,𝑘
− 𝐻𝑓,𝑘
𝐻𝑑,𝑘
+
(𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) 𝐻𝑓𝑛,𝑘 .
Step 6. Establish the adaptive threshold 𝐽th = 𝜎(𝑉𝑘 𝐻𝑑,𝑘 )(𝑠 +
1 + 𝜆 𝑑 )1/2 Δ𝑑.
Step 7. Let 𝜉(𝑘) = 𝑉𝑘∗ 𝑟(𝑘) denote the modified residual signal;
then the residual evaluation function is
𝑘
1


𝐽 (𝑘) = 𝜉 (𝑘)𝑒 = [
∑ 𝜉𝑇 (𝑖) 𝜉 (𝑖)]
𝛽 + 1 𝑖=𝑘−𝛽
[
]

1/2

.

(45)

From Algorithm 17, it can be easily known that these steps are
implemented online except Step 1.

and the equality holds true if and only if
𝜎 (𝑋1,𝑘 ) = 𝜎 (𝑋1,𝑘 ) ⇐⇒ 𝑋1,𝑘 = 𝐼𝛼×𝛼 .

(41)

Thus, we finally have
min [
𝑉𝑘

𝜎 (𝑉𝑘 𝐻𝑑,𝑘 )
𝜎 (𝑉𝑘 𝐻𝑓,𝑘 )

] = min

−
𝜎 ((𝑋1,𝑘 𝐻𝑓,𝑘
+ 𝑋𝑘 𝐻𝑓𝑛,𝑘 ) 𝐻𝑑,𝑘 )

𝑋1,𝑘 ,𝑋𝑘

𝜎 (𝑋1,𝑘 )

𝑋𝑘

(42)
Using Lemma 13, we can obtain
𝑋𝑘 =

(43)

Hence, the optimal solution 𝑉𝑘∗ for (32) is given by
+

−
−
− 𝐻𝑓,𝑘
𝐻𝑑,𝑘 (𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) 𝐻𝑓𝑛,𝑘 .
𝑉𝑘∗ = 𝐻𝑓,𝑘

In this section, a numerical example is given to show the
effectiveness of the proposed method. Consider the following
continuous dynamics model:
𝑥̇ (𝑡) = [

−
−1
= min𝜎 (𝐻𝑓,𝑘
𝐻𝑑,𝑘 + 𝑋1,𝑘
𝑋𝑘 𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) .

+
−
−𝐻𝑓,𝑘
𝐻𝑑,𝑘 (𝐻𝑓𝑛,𝑘 𝐻𝑑,𝑘 ) .

4. Numerical Example

(44)

Furthermore, substituting 𝑉𝑘∗ into (32) leads to (36). This
completes the proof.
Remark 15. From Remark 9 and (35), we can know that the
optimal solution 𝑉𝑘∗ for (32) is time-varying and can be
obtained online at each time instant. As a result, the postfilter
𝑉𝑘 (𝑧) is time-varying as well. That is different from the
conventional approach in [22], in which the postfilter 𝑉𝑘 (𝑧)
is time-invariant.
Remark 16. Note that if 𝐻𝑓,𝑘 is a full rank square matrix which
−
−1
is a special case that is often met, we have 𝐻𝑓,𝑘
= 𝐻𝑓,𝑘
, 𝐻𝑓𝑛,𝑘 =
∗
−1
0. Thus, the optimal solution 𝑉𝑘 = 𝐻𝑓,𝑘 .

0 1
2
0.1
2
] 𝑥 (𝑡) + [ ] 𝑢 (𝑡) + [
] 𝑑 (𝑡) + [ ] 𝑓 (𝑡) ,
−3 −4
1
0.05
1
𝑦 (𝑡) = [1 0] 𝑥 (𝑡) + 0.1𝑑 (𝑡) + 0.8𝑓 (𝑡) .
(46)

We choose the sampling period of NCSs as 0.3 s and the
division of the sample interval as 𝑁 = 3; then it is easily
obtained that the Markov chain ℎ(𝑘) ∈ {1 2 3}. The initial
mode is set to be 𝜏0 = 0, and the detection window 𝛽 = 10. For
𝑘 = 0, 1, . . . , 200, the external disturbance 𝑑(𝑘) is supposed to
be a random noise uniformly distributed over [−0.5, 0.5], and
the fault signal 𝑓(𝑘) is given as
𝑓 (𝑘) = {

0.13,
0

for 𝑘 = 100, 101, . . . , 200
others.

(47)

The discrete control law and the transition probability matrices are given as
𝐾=[

𝑇

1.6918
] ,
−0.0623

0.5 ? ?
𝜋2 = [ ? ? 0.2] ,
[0.2 0.3 0.5]

0.5 0.4 0.1
𝜋1 = [0.2 0.6 0.2] ,
[0.2 0.3 0.5]
? ? ?
𝜋3 = [? ? ?] ,
[? ? ?]

(48)
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0.2
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0
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180

200

Time step k

𝐿 3,𝑘

Case 2: 𝐿 1,𝑘

Case 3: 𝐿 1,𝑘
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0.7548
[−0.0445]
]
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[ 0.0393 ] .
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0

20
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100

120

Figure 2: Residual signals 𝑟(𝑘) for three different cases.

Case 1 without optimization

1.5
1

103 104 105

0.5
0

20

40

60

80 100 120
Time step k

140

160

180

200

160

180

200

J(k)
Jth

Case 1 with optimization

1

0.7552
[−0.0296]
]
=[
[ 0.0143 ] ,
[ 0.0002 ]

0.7312
[−0.0334]
[
],
=[
0.0288 ]
[ 0.0028 ]
𝐿 3,𝑘

𝐿 2,𝑘

80 100 120
Time step k
Case 3

1.5

0.7505
[−0.0277]
]
=[
[ 0.0120 ] ,
[ 0.0007 ]

60

Time step k

0

0.7533
[−0.0265]
]
=[
[ 0.0098 ] ,
[ 0.0023 ]

0.7550
[−0.0268]
[
],
=[
0.0098 ]
[−0.0001]

0.7487
[−0.0231]
]
=[
[ 0.0113 ] ,
[ 0.0129 ]
𝐿 3,𝑘

𝐿 2,𝑘

40

0.2
0.1
−0.1

where “?” denotes the inaccessible elements of the matrices.
So 𝜋1 , 𝜋2 , and 𝜋3 denote the transition probability matrix with
completely known transition probabilities (Case 1), partially
known transition probabilities (Case 2), and completely
unknown transition probabilities (Case 3), respectively.
Considering Case 1 as the practical one for the other two
cases, we can generate a possible evolution of system modes
as shown in Figure 1.
Then according to Theorem 7, the filter’s gain matrices for
the three cases of the observer (5) are, respectively, given by

Case 1: 𝐿 1,𝑘

20

0

Figure 1: Mode evolution.

0.7505
[−0.0231]
]
=[
[ 0.0074 ] ,
[ 0.0053 ]

0

103 104 105

0.5
0

0

20

(49)

40

60

80 100 120
Time step k

140

J(k)
Jth

Figure 3: Evaluation of 𝐽(𝑘) and threshold 𝐽th for case 1.

0.7431
[−0.0386]
[
],
=[
0.0317 ]
[ 0.0040 ]

Accordingly, Figure 2 shows the generated residual signals 𝑟(𝑘) for three different cases, and Figures 3, 4, and 5
present the evolution of 𝐽(𝑘) and the corresponding threshold
𝐽th , respectively, for three different transition probability
matrices. In order to show the time steps 𝑁𝑑 for the fault
detection in different case, the corresponding enlarged figures
are given in Figures 3–5 as well.
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Case 2 without optimization
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Case 2 with optimization
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Figure 5: Evaluation of 𝐽(𝑘) and threshold 𝐽th for case 3.

Table 1: The optimal 𝐻∞ performance index 𝛾∗ , time steps 𝑁𝑑 , and
the minimum detectable faults 𝑓min for three different cases.
𝛾∗

20
J(k)
Jth

Figure 4: Evaluation of 𝐽(𝑘) and threshold 𝐽th for case 2.

1
2
3

60

Case 3 with optimization

1.5

1

Case

40

J(k)
Jth

1.5

0

20

With optimization
𝑁𝑑
𝑓min
4
5
5

0.1053
0.1056
0.1057

Without optimization
𝑁𝑑
𝑓min
5
6
6

0.1204
0.1211
0.1215

In order to compare the performance of detection systems
in three different cases before and after optimization, the minimum detectable faults 𝑓min for the six different conditions
are obtained by 500 times simulation. For example, when the
fault signal 𝑓(𝑘) is given as
0.12,
𝑓 (𝑘) = {
0

for 𝑘 = 100, 101, . . . , 200,
others,

(50)

the evolution of 𝐽(𝑘) and the corresponding threshold 𝐽th in
Case 3 are shown in Figure 6. It is obvious from Figure 6 that
the FDF system with optimization can detect the given fault
but the FDF system without optimization cannot.
Based on the path in Figure 1 and the selected threshold
𝐽th , the optimal 𝐻∞ performance index 𝛾∗ by Theorem 7,
the time steps 𝑁𝑑 for the fault detection by the evaluation
function 𝐽(𝑘) and logic (9), and the minimum detectable
faults 𝑓min can be obtained and given in Table 1.
Obviously, it can be seen from Figures 3–6 and Table 1
that the fault detection systems with optimization can detect
the smaller faults and need less time steps than the system
without optimization; that is, the fault detection systems

Case 3 with optimization
0.6
0.4
0.2
0

0

20

40

60

80

100

120

140

160

180

200

160

180

200

Time step k
J(k)
Jth

Case 3 without optimization
0.6
0.4
0.2
0

0

20

40

60

80 100 120
Time step k

140

J(k)
Jth

Figure 6: Evaluation of 𝐽(𝑘) and threshold 𝐽th for case 3 when 𝑓(𝑘)
is given as (50).

with optimization have a better performance than the system
without optimization for each case. It also can be depicted
from Figures 3–5 and Table 1 that the more transition
probability knowledge we have, the better 𝐻∞ performance
index can be achieved, the less time is needed, and the
smaller faults can be detected. Therefore, our design and
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optimization approaches for robust fault detection systems
actually build a tradeoff in practice between the complexity to
obtain transition probabilities and the performance benefits
and efficiency of detection.

5. Conclusion
The problem of observer-based robust FDF design and
optimization for NCSs with random delays is investigated in
this paper. A MJSs model has been developed by assuming
the random delays to obey a Markov chain, and the partially
known transition probabilities of the Markov process are
taken into account. Based on the developed model, an 𝐻∞
FDF is derived in terms of LMIs. Furthermore, to improve
the performance of the FDF, a time domain optimization
approach is proposed for the robust fault detection systems.
The optimal solution of the problem is given in the form
of Moore-Penrose inverse of matrix. Finally, a numerical
example has been given to demonstrate the effectiveness and
potential of the proposed approach. Some extensions of the
present method are under investigation. For example, the
problem of FDF design and optimization for NCSs with
unknown delays or packet dropout needs to be further
studied. Besides, in order to reduce the computation of
the fault detection algorithm and enhance the engineering
practicability of the time domain optimization approach, a
recursive algorithm is worth forthcoming investigation.
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Developments of technologies that facilitate vehicle connectivity represent a market demand. In particular, mobile device (MD)
technology provides advanced user interface, customization, and upgradability characteristics that can facilitate connectivity and
possibly aid in the goal of autonomous driving. This work explores the use of a MD in the control system of a conceptual electric
vehicle (EV). While the use of MD for real-time control and monitoring has been reported, proper consideration has not been given
to delays in data flow and their effects on system performance. The motor of a novel propulsion system for an EV was conditioned to
be controlled in a wireless local area network by an ecosystem that includes a MD and an electronic board. An intended accelerator
signal is predefined and sent to the motor and rotational speed values produced in the motor are sent back to the MD. Sample periods
in which the communication really occurs are registered. Delays in the sample periods and produced errors in the accelerator and
rotational speed signals are presented and analyzed. Maximum delays found in communications were of 0.2 s, while the maximum
error produced in the accelerator signal was of 3.54%. Delays are also simulated, with a response that is similar to the behavior
observed in the experiments.

1. Introduction
Transportation systems of the future will likely rely on some
form of autonomous driving capabilities from vehicles [1].
Potential benefits of autonomous driving technology include
the reduction or elimination of accidents, improved traffic
flow, and increased energy efficiency [2, 3]. Vehicle connectivity is considered to be a key technological feature of reliable
and universally autonomous driving. A “connected vehicle”
is capable of communicating and interacting with other
devices, vehicles, infrastructure, and remote servers [4, 5].
The recent passing of vehicle to vehicle (V2V) connectivity
laws in Europe and the USA [6] is only the latest of a series
of events that highlight the importance that connectivity has
for the transportation industry.

Mobile devices (MD), such as smartphones and tablets,
use operating systems (OS) that represent a potential enabling
technology for connected vehicles. MD possess features
and characteristics that may be extremely useful for such
applications. For example, MD offer a wide catalogue of connectivity options, such as Wi-Fi, Bluetooth, NFC, and 4G LTE
[7], provide location awareness as a key feature [8, 9], and
provide built-in useful sensors like accelerometers and video
cameras [10–12]. Features that are inherent to MD, such as
customizable and upgradable user interfaces, have become
highly desirable for vehicle operation simply because people
have become familiarized with them [13–15].
There are many examples of the use of MD technology in
automotive applications. For example, the use of smartphone
OS in infotainment and navigation subsystems has been
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reported [16]. Also, recent products such as Android Auto
and CarPlay allow a safe use of the phone features inside the
car. Android Auto apps must be synchronized with installed
phone apps and interact mainly with navigation and infotainment services. However, the potential of the use of MD
in the vehicle environment extends beyond infotainments.
Advantages of including a smartphone in the energy management systems of electric vehicle [17] and hybrid electric
vehicles [18] have been presented. There are also examples of the use of smartphones in critical applications. For
example, smartphones have been connected to the on-board
diagnosis (OBD) network to extract information of potential
risks on the road [19]. Other studies have explored the inclusion of a smartphone in a motorcycle helmet to obtain
information and produce actuation with the objective of
enhancing safety [20].
In spite of all their capabilities and the enthusiasm with
which they have been used in transportation applications,
there are important technological issues that need to be
addressed before mobile devices can be introduced as a reliable enabler of connected vehicle capabilities. In particular,
delays in communication and the impossibility to rigorously
meet deadlines in scheduled tasks are factors that affect
system performance. The studies discussed before have not
addressed these issues. In particular, data processing for decision making and control of autonomous vehicles in future
transportation systems will require real-time capabilities.
Current MD OS are optimized for telecommunications
and energy savings but not for critical real-time tasks [21]. The
use of unmodified smartphone OS to control mechatronic
systems in real-time depends on the nature of the application.
Common sense dictates that critical functions, such as the
operation of antilock braking system in a vehicle whose faulty
operation can result in serious damage, are beyond the capabilities of these systems. However, there are other possible
applications in which potential damage can be prevented
and for which the risks associated with the use of MD OS
may be offset by their advantages. For example, applications
in EVs have been reported for personal transportation [22],
wheelchairs [23], and small unmanned electric vehicles [24].
Although research is currently underway to modify Android
OS to produce a real-time operating system [25–27], there is
still an open case about which subsystems can use and exploit
the advantages of current OS [28] in real-time applications,
particularly those in a vehicle. Of particular interest are the
effects of the delays on the system being controlled, an issue
that is critical for establishing the feasibility of using a MD OS
for a given purpose.
With the ultimate goal of facilitating vehicle connectivity,
this work explores the use of an Android based control ecosystem (ABCe) to manage critical functions within the propulsion system of an experimental, task-oriented electric vehicle
of modular design that is currently under development, called
EvTEC. This work presents the basic architecture of the
ABCe, a modular controller that incorporates a MD with
unmodified Android OS that communicates with an embedded system. Special attention is paid to the measurement
of the delays occurring in the control system. For this reason,
the ABCe is evaluated through the measurement of the signal
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delays and their effect on performance of the propulsion
system of the vehicle. The effects of the delays on the electric
motor acceleration signal are quantified, from which the
implications of the use of the MDOS are discussed.
The paper is arranged as follows. Details of the vehicle
and propulsion system are provided in Section 2. Section 3
describes the Android based control ecosystem and the
experimental setup. Section 4 presents the results of the
experiments. Section 5 provides a discussion and remarks
obtained, while Section 6 presents a simulation of the delays
and a comparison with experimental results. Future work and
conclusions of this study are shown in Sections 7 and 8,
respectively.

2. The Electric Powertrain of EvTEC
The modular controller presented in this paper was developed
to manage the powertrain of EvTEC, an electric vehicle that is
currently under development. The goal of the EvTEC project
is to design and build a utilitarian electric vehicle whose
design is characterized by modularity, energy efficiency, and
connectivity. The basic concept is shown in Figure 1. At the
current stage, a prototype vehicle is under construction to
serve as a test bed for the development of technology that will
be required to achieve the intended design characteristics.
The open architecture Android based controller is an example
of such technological developments. The propulsion system
of this vehicle is composed of a LiFeMnPO4 battery pack with
a 4.2 kWh storage capacity and a powertrain composed of two
electric motors connected to a gear train.
As mentioned before, energy efficiency in an electric
vehicle can be improved by optimizing energy management
inside the vehicle according to the foresighted driving conditions or as a byproduct of reduced vehicle weight, which in
turn is a consequence of improved safety capabilities [2, 3].
The design goals for the ABCe are thus to provide connectivity with the user and the infrastructure and to manage power
flow within the system in such a way that energy use is
optimized.
Details of the powertrain architecture are shown in
Figure 2. The shaft of the motor/generator A (M/G A) is
connected to one of the lateral gears on differential 1 (D1).
The shaft of the motor/generator B (M/G B) is connected to
the other lateral gear on D1. The rotation of the lateral gears in
D1 move the planetary gears inside D1 and the carrier. The
carrier of D1 is meshed with a gear reduction (R). R is meshed
with the carrier of differential 2 (D2) which is connected to
the shaft of the wheels and provides traction. Lock 1 (L1) and
lock 2 (L2) can fix the shaft of M/G A and M/G B, respectively.
In operation, the control will coordinate the motors
response to obtain the highest combined efficiency according
to the torque and speed requirement of the powertrain. The
idea being to make the best use of the energy stored in the
battery pack to extend the driving range of the vehicle.
The ABCe is used to control and manage the electric
powertrain, as illustrated in Figure 3.
As a key element of the control system, the MD is a
useful input/output user interface(UI), which enables the
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Figure 1: EvTEC concept. (a) Relative size with human being. (b) Platform structure with location of tires and seats. (c) Platform structure
(1), battery pack (2), and propulsion module (3).
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L2

M/G B
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R

D2
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Figure 2: (a) Schematic of the gears, shaft, and actuators in the proposed powertrain and (b) propulsion system.

connection of the powertrain to the external world. The MD
OS makes for a modular controller in that it is portable,
customizable, and upgradable. This work uses these characteristics to develop an app that can be used to control the
powertrain from a tablet or a phone.

3. The Android Based Control Ecosystem
(ABCe)
The primary goal of the ABCe is to control the vehicle’s
forward movement. To enable this, the system was designed
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Figure 3: Android based control ecosystem (ABCe) applied to the connected electric vehicle.
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to include an electronic board that can communicate with a
MD using Bluetooth, USB cable, or wireless local area network
(WLAN) connection. The particular connection through
WLAN enables a drive over wireless (DoW) application,
which eliminates the need for physical cable and provides superior transfer rates in comparison with a Bluetooth connection. This idea is in tune with the modular and customizable
concept because it enables the control of the vehicle from
anywhere, inside or outside of the passenger compartment.
The core of the electronic board used in this research is a
P8X32A microcontroller. This microcontroller is made up of
8 independent cores of 32 bits each that share clock and I/O
resources. The electronic board has 16 general use I/O digital
channels and 8 analog input channels.
Figure 4 shows a schematic of the connections of the
electronic board. The board controls the flow of accelerator
signals (D I/O 0 and D I/O 4), regenerative braking signals (D
I/O 1 and D I/O 5), and the signals to reverse the rotational
speed (D I/O 2 and D I/O 6) of the motors. The electronic
board also receives the signals from sensors and can measure
the speed of the motors (D I/O 3 and D I/O 7), the current and
voltage drawn from the battery (AI 0 and AI 1), the accelerator
pedal signal (AI 6), and the braking pedal signal (AI 7).
The electronic board can be connected to the MD to
WLAN, Bluetooth, or USB through the specialized transmitter and receiver pins (Tx and Rx in Figure 4). In this case,
WLAN connection is used with an additional adapter, a RN
XV Wi-Fly module. The MD used in this work is a first generation Nexus Tablet running Android 4.4.
The next section presents the details of the signal conditioning implemented for the control of the motor accelerator
signal and the motor rotational speed sensing, as well as the
details of the communication between the MD and the electronic board. Effects of the generated delays in communication over the speed of one of the motors already connected to
the gear box are also discussed.

Analog inputs
AI 7 AI 6 AI 5 AI 4 AI 3 AI 2 AI 1 AI 0
Current

Voltage
Battery pack

Accelerator pedal
Braking pedal

Figure 4: Input and output signals managed by the electronic board.

3.1. Control of the Accelerator Signal. In this control, the MD
generates a command for the accelerator, which can be either
produced by the user by an autonomous driving algorithm
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Figure 5: Accelerator signal circuit generated from a PWM signal coming from PIN D I/O 0 in the electronic board.
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Figure 6: (a) Installation of hall sensor and magnet in the shaft of the electric motor and (b) circuit to measure the rotational speed.

or received remotely by the connectivity options that are
free. The command for the accelerator is transmitted to the
electronic board at a programmed writing rate. The command
for the accelerator is received by the electronic board Rx pin,
at the programmed writing rate ± delays, which occur with
a random nature. The command for the accelerator is translated into a pulse width modulated (PWM) signal which is
conditioned to produce the accelerator signal: a voltage from
0 to 5 V that is received by the electric motor controller. The
circuit schematic showing the implementation of the signal
conditioning is presented in Figure 5.
3.2. Sensing of the Electric Motor Speed. The rotational speed
of the electric motor is sensed by attaching a magnet to the
electric motor shaft. A Hall Effect sensor is located in the
near zone. When the sensor detects the magnetic field of
the magnet, it acts like a switch, producing digital pulses.
Figure 6 shows the implementation of the sensor and the
schematic of the circuit to measure the rotational speed. The
electronic board translates the signal received from the sensor
to a rotational speed. The information of the rotational speed
is transmitted through the Tx pin to the MD at a programmed
Tx rate. The MD reads this information at the Tx rate ± delays,
which are inherent to the MD in the control and monitoring
system.
3.3. Experimental Setup. Delay data was obtained from direct
measurements of the electric motor performance. The electric

motor controller transmits the energy stored in the battery
pack to the electric motor. The motor controller receives the
acceleration signal from the electronic board as explained
before. Figure 7 shows the experimental setup.
The RN XV Wi-Fly module in the electronic board is
working as the host of the WLAN connection. Communication is performed under IEEE 802.11 g standard, working
in the 2.4 GHz band. The baud rate was set at 11520. The
operation range is 38 m. For tests purposes, authentication
and encryption were left open.

4. Measurement Results
An accelerator signal is generated in the MD (𝛼𝑊) as function
of time in seconds (𝑡). The function is of the type 𝐴 ⋅ sin(𝐵 ⋅
𝑥 + 𝐶) + 𝐷, a sine function where the amplitude is 𝐴, the
period is 2⋅𝜋/𝐵, 𝐶 is the phase shift, and 𝐷 is the vertical shift.
In this particular case, a sine function as shown in (1) was
implemented. Consider
𝛼𝑊 (𝑡) = 20 ⋅ sin (1.25663706 ⋅ 𝑡 + 𝜋) + 118.

(1)

The electronic board receives the acceleration signal
filtered by a floor function (𝛼Rx ), as shown in (2). Conisder
𝛼Rx (𝑡) = ⌊20 ⋅ sin (1.25663706 ⋅ 𝑡 + 𝜋) + 118⌋ .

(2)
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Table 1: Definition of delays in each of the sampling loops in MD and electronic board.
Schedule in Test Schedule in Test Actual sample
1 (s)
2 (s)
period (s)

Delay (s)

Writing loop in MD

𝜏𝑊𝑠 = .02

𝜏𝑊𝑠 = .01

𝜏𝑊𝑎 (𝑛)

𝛿𝑊 (𝑛) = 𝜏𝑊𝑎 (𝑛) − 𝜏𝑊𝑠

(∗)

Receiving loop in electronic board (Rx)

𝜏𝑊𝑠 = .02

𝜏𝑊𝑠 = .01

𝜏Rx𝑎 (𝑛)

𝛿Rx (𝑛) = 𝜏Rx𝑎 (𝑛) − 𝜏𝑊𝑠

(∗∗)

Transmitting loop in electronic board (Tx)

𝜏Tx𝑠 = .025

𝜏Tx𝑠 = .01

𝜏Tx𝑎 (𝑛)

𝛿Tx (𝑛) = 𝜏Tx𝑎 (𝑛) − 𝜏Tx𝑠

Reading loop in MD

𝜏Tx𝑠 = .025

𝜏Tx𝑠 = .01

𝜏𝑅𝑎 (𝑛)

𝛿𝑅 (𝑛) = 𝜏𝑅𝑎 (𝑛) − 𝜏Tx𝑠

(∗ ∗ ∗)
(∗ ∗ ∗∗)

Battery pack

Gear box

Motor controller

Electronic
board

Electric motor

Figure 7: Components of the experimental setup.

Delays in sampling period of writing loop of Test 1, run1

𝛼 (𝑡) ⋅ 25
(3)
𝛼PWM (𝑡) = Rx
.
100
Experiments were performed at two different sample
rates. In the first set of experiments (Test 1), a writing
rate of 20 ms was programmed in Android to send the
command for the accelerator signal. In return, a Tx rate of
25 ms was scheduled in the electronic board to send the
rotational speed of the electric motor to the MD. In a second
set of experiments (Test 2), the sample rates for writing in
Android and the Tx in the electronic board were scheduled at
10 ms both. Each test was run 3 times. The mobile OS can
schedule operations; however, it cannot guarantee the rigorous accomplishment of deadlines. The delays (𝛿) incurred in
the sending and receiving periods (𝜏) for each sample (𝑛) are
calculated using the equations shown in Table 1.
Figure 8 shows a typical plot of the delays in the sampling
period for the experiments run here. The plot of Figure 8
corresponds to the writing loop delays (𝛿𝑊) in the MD for
the run 1 of the Test 1.
The magnitude and variation of the delays are represented
graphically in boxplots as shown in Figures 9(a) and 9(b),
where data from the sampling loops for Test 1 and Test 2
are shown. The left whisker represents the 2-percentile mark
while the right whisker represents the 98-percentile mark.
The left and right extremes of the box represent the 25- and
75-percentile marks, respectively. The bar inside the box

𝛿W (s)

Finally, the acceleration signal translated to a PWM
percentage (𝛼PWM ) is given by (3). Consider

0.004
0.003
0.002
0.001
0
−0.001

0

5

10

15
20
Time (s)

25

30

Figure 8: Plot with the delays measured in the sample period for the
writing loop of Test 1.

represents the median. The star represents the mean and the
circles represent outliers. There were 1500 samples in each
run, so the boxplots, which shows data of the three runs, contain 4500 samples each. The boxplots reveal that, in average,
the delays are close to zero; however the distribution, mainly
of the reading and receiving loops, presents large spreads.
The delays introduced by the communication with the
MD have an effect in the transmitted data. For example, the
effect of the delays in the accelerator signal is displayed in
Figure 10. The plots show the accelerator signal generated in
the MD as a thin line and the accelerator signal received
by the electronic board in markers. The three runs of the
tests are displayed. Percentage of errors (𝑒𝑊 and 𝑒Rx ) between
the ideal accelerator signal (𝛼𝑊 and 𝛼Rx ) with respect to the
real values sent and received (𝛼𝑊𝑎 and 𝛼Rx𝑎 ) are calculated
with (4) where 𝑡𝑛 is the time in which sample 𝑛 happened.
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Table 2: Average, maximum, and minimum percentage of error between the ideal accelerator signal and the transmitted and received
accelerator signal.

Writing (𝑒𝑊)

Run 1
Reception (𝑒Rx )

Writing (𝑒𝑊)

Average % of error (𝑒)
Maximum % of error (𝑒)
Minimum % of error (𝑒)

−0.00050703
0.028597682
−0.02858194

0.001664
2.290076
−1.5873

0.000115
0.01548
−0.01425

Average % of error (𝑒)
Maximum % of error (𝑒)
Minimum % of error (𝑒)

−0.00147714
0.039644728
−0.03899027

−0.00929
1.010101
−2.63158

−0.00058
0.02188
−0.0224

Run 2
Reception (𝑒Rx )
Test 1
−0.00307177
1.941747573
−1.57480315
Test 2
−0.00599
1.73913
−1.02041

Writing (𝑒𝑊)

Run 3
Reception (𝑒Rx )

−0.00065
0.043425
−0.04398

−0.00437
1.941748
−3.53982

−0.0003124
0.02372237
−0.0230413

0.001745285
2.272727273
−1.88679245

Delays in the sampling period for Test 1
Mobile device
receiving loop (𝛿R )
Electronic board
transmitting loop (𝛿Tx )
Electronic board
receiving loop (𝛿Rx )
Mobile device
writing loop (𝛿W )

0

0.05

0.1

0.15

0.2

0.15

0.2

Delays (𝛿) (s)

(a)

Delays in the sampling period for Test 2
Mobile device
receiving loop (𝛿R )
Electronic board
transmitting loop (𝛿Tx )
Electronic board
receiving loop (𝛿Rx )
Mobile device
writing loop (𝛿W )

0

0.05

0.1
Delays (𝛿) (s)

(b)

Figure 9: Boxplots for distribution of delays in (a) Test 1 and (b) Test 2.

Table 2 summarizes the maximum, minimum, and average
percentage of error obtained in each run. Consider
𝑒𝑊 (𝑛) =

[𝛼𝑊𝑎 (𝑛) − 𝛼𝑊 (𝑡𝑛 )] ⋅ 100%
,
𝛼𝑊𝑎 (𝑛)

[𝛼 (𝑛) − 𝛼Rx (𝑡𝑛 )] ⋅ 100%
.
𝑒Rx (𝑛) = Rx𝑎
𝛼Rx𝑎 (𝑛)

(4)

The effects of the delays on the speed of the motors can be
appreciated in Figure 11. In Figure 11(a), the results for speed
for the 3 runs of Test 1 are presented. In Figure 11(b), the
results for speed for the 3 runs of Test 2 are presented. The
speed transmitted by the electronic board is displayed like

a thin line, while the speed read by the MD is presented in
markers. The internal algorithm in the electronic board for
the measurement of speed cannot yet effectively distinguish
speeds below 2 revolutions per second. As a consequence, it
takes some time to register the speed of zero. However, the
data presented is still valid for the differences between what
is sent and received between the electronic board and the MD.
It is also accurate for speeds above 2 revolutions per second.

5. Discussion
The generation of a control signal in the MD is an important
function for the purpose of controlling the electric motor
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Example of the effect of the delays
in the accelerator signal
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Figure 10: Plots for the accelerator signal. (a) Test 1, scheduled sampling rate of 20 ms. (b) Test 2, scheduled sampling rate of 10 ms.
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Figure 11: Rotational speed measured. (a) Test 1, sending rate scheduled in 25 ms. (b) Test 2, sending rate scheduled in 10 ms.

of the vehicle powertrain. The purpose of the choice of a
sine function introduced in (1) is not to reproduce a realistic
accelerator signal function but to have control of what is sent
to the electronic board. More work is needed to conclude
whether the generation of the accelerator signal with the
MD is the best choice, when, alternatively, an intended speed
profile can be sent and, after that, control the necessary
accelerator signal to produce that speed directly in the realtime embedded system of the electronic board.
The objective of Test 1 and Test 2, which differ in the
communication sample rate, is to find a difference in the
generation of delays in dependence of the scheduled sample
rate, which was already found for the MD in [29]. Figure 9 not
only expands that information for the electronic board but
also illustrates the magnitude and number of outliers (data
outside 2 and 98 percentiles). It was found that, indeed, the
spread in the delays is different for each test, being larger
for Test 1. Test 2 is performed with a sample rate of 0.01 s,
which is the sample rate at which standard Controller Area
Network (CAN) systems manage information in automotive
applications [30]. While the median and mean in the delays
measured are close to zero, the outliers above 98 percentiles
show big delays. For Test 1 and Test 2, four and two values,
respectively, of the sample period delays were between 0.15
and 0.2 s. Those are relatively big delays compared to the

delays presented in the scheduled transmitting loop in the
electronic board, which are almost zero. The electronic board,
which is a real time embedded system, can schedule tasks
with very good compliance with deadlines. For the current
EvTEC propulsion system design, at its maximum speed of
40 km/h, a 0.2 s span represents about 2.2 m. Studies have
shown that driver reaction times lie within 1.2 sec on average,
and the NHTSA uses 1.5 sec as a standard for calculations [31].
In the worst case, signal delays may contribute significantly
to the reaction time of the driver. A suitable safety strategy
would have to be devised to attenuate the effects of such a
delay.
The errors between the information that is sent and
received (accelerator signal and speed) between the electronic
board and the MD are small in all runs. The writing loops in
the MD present lower errors than the receiving loop in the
electronic board. This can be explained by the fact that while
the writing loop is running, the data to be sent are stored
in a buffer still inside the Android OS, which introduces
variability in the receiving loop of the electronic board. The
absolute maximum percentage of error found in the data was
3.54%, which corresponds to the difference between the ideal
accelerator signal and the signal received in the electronic
board. For the rotational speed, the errors can be appreciated
in the plots (Figure 11). The rotational speed read follows
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Table 3: Parameters for the probability density function.
𝑓(𝑥) for delays in
Writing cycle
Receiving cycle

𝑎1
702.9
2294

𝑏1
.0003881
3.4e − 5

Parameters
𝑑1
𝑎2
5.787
365.8
1.53
104.4

𝑐1
.0003288
.001515

closely the rotational speed transmitted in each run; the
largest variations are observed between runs.
For the purpose of energy management, the control and
monitoring system was able to pick up behavior from which
power consumption data can be extracted. For example,
Figure 11 clearly shows that the rotational speed data sent
from the electronic board and the rotational speed data
received in the MD have some variations. In fact, a pattern
that indicates some type of transitory behavior between
consecutive runs can be observed within the trials. Each
acceleration cycle shown in the figure is produced by electric
pulses ordered by the controller. In this particular case,
all electric pulses were measured to be identical. Hence,
these changes could be attributed to physical mechanisms
taking place inside the power module, such as variations
in oil viscosity caused by temperature fluctuations or the
inertial effects of the moving masses of oil. Further work
and instrumentation is necessary to find those factors and
measure and control them or to adjust operating conditions
to make better use of available energy (stored in the batteries).
The Android application is installed in an unmodified
version of the OS, which means that processes that have a negative effect on predictability, like the garbage collector (GC),
are still there. GC is responsible for memory management
and periodically frees memory occupied by objects no longer
used in the program [25, 27, 28]. The tests presented here are
conducted in the presence of the actions of the GC.

6. Simulation of the MD OS Delays
Clearly, the delays produced by MD OS affect the response
of the system. Models for these delays can help the designer
predict the performance of a proposed control. To reproduce
the effects of the delays in the proposed system with a
simulation, an approach based on probability density functions is now introduced. The delays measured experimentally
in Section 4 can be simulated using a mixture of skewed
Gaussian distributions. The proposed probability density
function is presented in (5) to (7), where 𝑎 is the mixture
weight, 𝑏 represents the location, 𝑐 represents the scale, and 𝑑
represents the shape factor. Consider

𝑓 (𝑥) = 𝑎1 ⋅ 𝜙 (

𝑥 − 𝑏1
𝑥 − 𝑏1
) ⋅ Φ (𝑑1 ⋅ (
))
𝑐1
𝑐1

+ 𝑎2 ⋅ 𝜙 (

𝑥 − 𝑏2
𝑥 − 𝑏2
) ⋅ Φ (𝑑2 ⋅ (
)) ,
𝑐2
𝑐2

(5)

𝑏2
.0005971
.007136

𝜙(
Φ (𝑑 ⋅ (

𝑐2
.0007046
.01445

2
𝑥−𝑏
) = 𝑒−((𝑥−𝑏)/𝑐) ,
𝑐

𝑥−𝑏
1
𝑥−𝑏
)] .
)) = ⋅ [1 + erf (
𝑐
2
𝑐√2

𝑑2
14.57
−2.968

(6)
(7)

The parameters of the distributions that provide a best fit
for the experimental data are provided in Table 3. Random
delays 𝛿𝑊 and 𝛿Rx can then be generated using 𝑓(𝑥). Figure 12
compares histograms of simulated and experimental delays
obtained for the cycles of the MD and the electronic board.
The simulated delays can be plugged into equations (∗)
and (∗∗) in Table 1 to predict the time at which each sampling
cycle starts in the MD (𝑡𝑊) and the electronic board (𝑡Rx ).
Equation (8) is obtained in this manner. Consider
𝑡𝑊 (𝑛) = 𝜏𝑊𝑠 + 𝛿𝑊 (𝑛) + 𝑡𝑊 (𝑛 − 1) ,
𝑡Rx (𝑛) = 𝜏𝑊𝑠 + 𝛿Rx (𝑛) + 𝑡Rx (𝑛 − 1) .

(8)

The accelerator signals sent by the MD are calculated
using (9), where 𝑡proc is the processing time between the
start of the sampling cycle 𝑛 (when the ideal acceleration is
computed) and the moment in which 𝛼𝑊𝑎 (𝑛) is calculated and
sent. Figure 13 illustrates 𝑡proc measured experimentally and
simulated with a uniform distribution with values between
1.4 ms and 3.5 ms. Consider
𝛼𝑊𝑎 (𝑛) = 𝛼𝑊 (𝑡𝑊 (𝑛) + 𝑡proc (𝑛)) .

(9)

The values of 𝛼𝑊𝑎 are transferred to the electronic board
(𝛼Rx𝑎 = ⌊𝛼𝑊𝑎 ⌋). The errors (𝑒𝑊 and 𝑒Rx ) are calculated
according to (4). Figure 14 shows the obtained errors and
their comparison with experimental results.
As can be seen, the simulated results follow a pattern
similar to that of the experimental data. Clearly, a limitation
of the approach presented here for the simulation of the
delays is that outliers cannot be represented properly. For
example, in this test, the 2.57% of the most extreme values
of the delays in the MD were not shown in the simulation.
For the case of the electronic board, 0.8% of the most extreme
values of the delays were not simulated. Nevertheless, most of
the delays in the sampling cycles can be effectively covered by
this approach. To prepare a full simulation of the effects of the
delays on the speed measured in the powertrain, it is necessary to include the mathematical models of the operation of
the electric motors and the mechanical resistance created by
the powertrain, which is beyond the scope of this paper.

7. Future Work
Future work includes a redundant system to handle the
communication and enables the implementation of a fault
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Figure 12: Histograms with the distribution of delays obtained in experimentation and by simulations with probability density function of
(5).
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Figure 13: 𝑡proc obtained experimentally (a) and generated with a uniform distribution (b).
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Figure 14: Errors produced in the accelerator signal as they were sent by the MD (a) and received by the electronic board (b).

tolerant control system. This would imply that the performance of the mechanical system will not be affected by
the delays introduced by the communication with the MD.
Other aspects to explore are the integration of the ABCe with
a CAN bus and the possibility of complying with international
communication standards. Finally, effects of electric and
magnetic fields in the proposed control system must be
further studied and evaluated. WLAN is susceptible to interferences from other networks working at the 2.4 GHz band
[32], depending on factors such as the location inside the
car. For that reason, an evaluation of possible interference
sources given the distance between the WLAN host and the
MD (which is expected to be short most of the time) must be
addressed.

8. Conclusions
This work presented the basic architecture of an Android
OS based controller used to control a critical system of the
EvTEC concept. In particular, control of the accelerator signal
was used. To achieve this, one of the electric motors that
compose the propulsion system was conditioned and instrumented to interact with the Android based control ecosystem
(ABCe). The integration of the MD is intended to provide the
propulsion system of EVTEC with a modular and customizable controller that potentially can facilitate connectivity and
driving autonomy.
Two stages were identified in the communication process
between the electronic board and the MD: when the MD generates and writes commands to be received in the electronic
board and when the electronic board transmits information
to be read in the MD. Sample rates were programmed for
these two stages.
Experiments were performed in which an intended acceleration signal was established and programmed in the MD to
be sent to the electronic board. The electronic board transformed the received accelerator signal into a PWM signal to
control the accelerator of the electric motor. Rotational speed
of the shaft was measured and the information was transmitted back to the MD. During two tests, composed of three
runs each, the sample periods in which the communication
was produced between the MD and the electronic board were
registered.

On average, the sample rates are accomplished as scheduled; however, maximum delays in communication occasioned by the introduction of the MD in the system can be as
big as 0.2 s. The maximum absolute percentage of error in the
accelerator signal caused by the delays in the scheduled rates,
compared with the intended accelerator signal, was found to
be only 3.54%.
A simulation for the delays in the sampling cycles is
presented. A mixture of Gaussian distributions was fitted to
the experimental data and was used to reproduce randomly
the delays. With the simulated delays in the writing and Rx
cycles, the errors in the transmission of the accelerator signal
were simulated.
This work demonstrated that introducing a MD in the
control and monitoring of physical systems will introduce
delays in communications that must be taken into account in
each application. While in this work the accelerator signal was
generated and sent by the MD as a demonstration of capabilities and limitations, the MD can have numerous different
uses in the context of connectivity, autonomous driving, and
control of propulsion system, like speed limit detection,
energy management, auxiliary in safety subsystems, or networks for cooperation between vehicles and infrastructure
elements.
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This work proposes a discrete-time nonlinear rational approximate model for the unstable magnetic levitation system. Based on
this model and as an application of the input-output linearization technique, a discrete-time tracking control design will be derived
using the corresponding classical state space representation of the model. A simulation example illustrates the efficiency of the
proposed methodology.

1. Introduction
The magnetic levitation system is an interesting nonlinear
and unstable complex system. Due to its great importance
in many fields of the engineering, this system is becoming
popular in recent years. In fact, the magnetic levitation system
has been successfully applied in high speed trains [1, 2],
frictionless bearings [3, 4], and vibration isolation tables [5].
Although the magnetic levitation has been successfully
applied to many real systems which work in continuous
time, most of the control functions need to be implemented
through digital devices such as computers. For this reason,
a direct design strategy is to design discrete-time controllers
directly from discrete-time models based on either inputoutput models or state space models. Moreover, when a
nonlinear plant needs to be controlled, this immediately
raises the problem of what class of model should be used [6].
Polynomial models are generally used for many applications
but they are inadequate for severe nonlinear systems and
the nonlinear rational NARMAX model was introduced to
overcome this problem. The main advantage of the rational
model is the efficiency to depict high nonlinearities with a
few parameters. However, control design and identification

for this model are comparatively complicated compared with
the polynomial models [7–10].
Despite the fact that many works have used either inputoutput models or state space models for control design,
the model based control system design expresses a clear
preference for the latter. In fact, the classical state space
representation is still dominant in the control literature since
it allows describing internal dynamics in almost all systems
(mechanical systems, electrical systems, economics systems,
and so forth). Some advantages of this representation can
be described as follows: the model directly provides a timedomain solution, which is ultimately the thing of interest; the
form of the solution is the same as that for a single firstorder differential equation; the effect of initial conditions
can be easily incorporated in the solution; the matrix-vector
modeling is very efficient in computation and computer
implementation, which are particularly significant in large
and complex system simulations. In this way, the importance
of the state space models for either simulation or control
design is undisputed.
As is well known, the nonlinear trajectory tracking
problem is a topic of great importance in many real
applications [11–13]. In practical control problems, however,
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the nonlinearities of a complex system are in general very
difficult to handle in a direct way. Therefore, a well-known
control strategy consists, first of all, in transforming the
system structure by appropriate feedbacks, so as to substitute
nonlinear relations with linear ones [14].
In the literature, a number of control strategies have been
reported in order to design stabilizing control laws for the
magnetic levitation system. However, these existing solutions are mainly discussed using classical methods [15, 16].
Moreover, new approaches have been reported (frequently
based on continuous-time techniques); however, these are
based on the linearized model about a nominal operating
point and the tracking performance falls quickly when the
deviations leave the nominal operating point [17]. Therefore,
to ensure long ranges of motion and still having a good
tracking performance, it is necessary to consider a nonlinear
model rather that a linear one.
In this spirit and since control functions need to be
implemented through digital devices, this work considers the
problem of finding a discrete-time nonlinear rational model
for a generic magnetic levitation system and then designing a
discrete-time tracking controller for this model.
The arrangement of this study is as follows. In Section 2,
the discrete-time model for a generic magnetic levitation system is presented. Section 3 formulates the tracking problem
studied in this work. Additionally, this section presents the
corresponding feedback solution derived as an application
of the input-output linearization technique. In Section 4,
a numerical example is presented in order to validate the
proposed methodology of the study. Finally, in Section 5
some conclusions are given.

2. System Dynamics and Modeling
Figure 1 shows the schematic of a generic magnetic levitation
system. The target of this system is to control the position of
the small ball of mass 𝑚. By using an electromagnetic force
𝑓𝑚 , which is produced from a current 𝑖(𝑡), this small metal
ball can be displaced a distance 𝑦(𝑡) from the electromagnet.
Notice, however, that this system assumes that 𝑦(𝑡) ≠ 0.
As it is mentioned in [19], the mathematical model for this
generic magnetic levitation system can be described as
𝐿

𝑑𝑖 (𝑡)
+ 𝑅𝑖 (𝑡) = 𝑢 (𝑡)
𝑑𝑡

𝑚𝑦̈ (𝑡) = 𝑚𝑔 − 𝑓𝑚

(1)

𝑖(𝑡) 2
= 𝑚𝑔 − 𝑐(
),
𝑦(𝑡)
where 𝑓𝑚 is electromagnetic force, 𝑖(𝑡) is coil current, 𝑦(𝑡) is
distance between the electromagnet and the small metal ball,
𝑐 is inductive coupling constant, 𝑢(𝑡) is applied voltage, 𝐿 is
coil inductance, 𝑅 is coil resistance, 𝑚 is mass of the small
metal ball, and 𝑔 is gravitational constant.
As can be seen from (1), the system dynamics for this
generic magnetic levitation system are nonlinear. Therefore,
since this nonlinear continuous-time model needs to be
controlled via a digital controller, this nonlinear model can be

i(t)
R

L

+
u(t)
−

fm (t)
y(t)
m

mg

Figure 1: A generic magnetic levitation system.

discretized using sampling devices. However, a shortcoming
of this approach is that the sampling will destroy important
features of the dynamics of this system. For this reason,
an alternative approach is to find the corresponding Euler
approximate model of this system [20]. Indeed, one motivation for doing this comes from the fact that this technique
preserves many important features of the continuous systems
such as the strict feedback structure [21].
Consider the nonlinear coupled system (1). That is,
𝑑2 𝑦 (𝑡)
𝑐 𝑖2 (𝑡)
=𝑔−
2
𝑑𝑡
𝑚 𝑦2 (𝑡)
𝑑𝑖 (𝑡)
𝑅
1
= − 𝑖 (𝑡) + 𝑢 (𝑡) .
𝑑𝑡
𝐿
𝐿

(2)

Thus, the last equations can be discretized in time by setting
𝑡 = 𝑛𝑇, where 𝑇 is a fixed positive number and 𝑛 takes only
integer values. This means that

𝑑2 𝑦(𝑡) 
𝑐 𝑖2 (𝑛𝑇)

,
=
𝑔
−
2
𝑑𝑡 𝑡=𝑛𝑇
𝑚 𝑦2 (𝑛𝑇)
𝑑𝑖(𝑡) 
𝑅
1
= − 𝑖 (𝑛𝑇) + 𝑢 (𝑛𝑇) .

𝑑𝑡 𝑡=𝑛𝑇
𝐿
𝐿

(3)

Moreover, notice that

𝑑2 𝑦(𝑡) 
𝑦 (𝑛𝑇 + 2𝑇) − 2𝑦 (𝑛𝑇 + 𝑇) + 𝑦 (𝑛𝑇)

=
,
2

𝑑𝑡 𝑡=𝑛𝑇
𝑇2
𝑑𝑖(𝑡) 
𝑖 (𝑛𝑇 + 𝑇) − 𝑖 (𝑛𝑇)
=
.

𝑑𝑡 𝑡=𝑛𝑇
𝑇

(4)

Now, inserting the approximations (4) into (3) gives
𝑦 (𝑛𝑇 + 2𝑇) − 2𝑦 (𝑛𝑇 + 𝑇) + 𝑦 (𝑛𝑇)
𝑐 𝑖2 (𝑛𝑇)
=
𝑔
−
𝑇2
𝑚 𝑦2 (𝑛𝑇)
𝑖 (𝑛𝑇 + 𝑇) − 𝑖 (𝑛𝑇)
𝑅
1
= − 𝑖 (𝑛𝑇) + 𝑢 (𝑛𝑇) .
𝑇
𝐿
𝐿

(5)
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In order to be consistent with the notation that is being used
for discrete-time signals, the signal 𝑖(𝑛𝑇) and the signal 𝑦(𝑛𝑇)
can be denoted by 𝑖(𝑘) and 𝑦(𝑘), respectively; that is,
𝑖 (𝑘) = 𝑖 (𝑡)|𝑡=𝑛𝑇 ,

(6)

𝑦 (𝑘) = 𝑦(𝑡)𝑡=𝑛𝑇 .
Therefore, in terms of this notation and after some algebra (5)
becomes
𝑦 (𝑘 + 2) = 𝑇2 𝑔 −

𝑐𝑇2 𝑖2 (𝑘)
+ 2𝑦 (𝑘 + 1) − 𝑦 (𝑘)
𝑚 𝑦2 (𝑘)

(7)
𝑅𝑇
𝑇
𝑖 (𝑘 + 1) = [1 −
] 𝑖 (𝑘) + 𝑢 (𝑘) ,
𝐿
𝐿
where 𝑇 is the sampling period.
Now, without loss of generality assume that 𝑇 = 1. Hence
the discrete-time representation of the magnetic levitation
system considered in this work is given by
𝑦 (𝑘 + 2) = 𝑔 −

𝑐 𝑖 (𝑘) 2
(
) + 2𝑦 (𝑘 + 1) − 𝑦 (𝑘)
𝑚 𝑦 (𝑘)

Theorem 1 (general tracking [14, 22]). If the nonlinear system
(10) has a well-defined relative degree 𝑟 and if the zero dynamics
of the linearized system is asymptotically stable, then a control
law 𝑢(𝑘) exists.
Note that the relative degree 𝑟 is the smallest number of
sampling periods after which the input 𝑢(𝑘) affects the output
𝑦(𝑘). In fact, in every well-formulated control problem the
output 𝑦(𝑘) has a finite relative degree 𝑟.
Remark 2. In the special case that 𝑟 = 𝑛, the zero dynamics
of the linearized system does not exist. In this case, the
linearized system is called minimum phase [14].
Under the special condition 𝑟 = 𝑛, one can define in
an arbitrary way the behavior of the error. However, this
behavior needs to satisfy the asymptotic performance of the
original problem. In general, one can select the evolution of
the error as
𝑟−1

𝑒 (𝑘 + 𝑟) = −∑𝑝𝑖 𝑒 (𝑘 + 1) ,

(8)

𝑅
1
] 𝑖 (𝑘) + 𝑢 (𝑘) .
𝐿
𝐿
Notice that the difference equation (8) is a nonlinear rational
NARMAX model. Moreover, if we define 𝑥1 (𝑘) = 𝑦(𝑘),
𝑥2 (𝑘) = 𝑦(𝑘 + 1), and 𝑥3 (𝑘) = 𝑖(𝑘), this yields
𝑖 (𝑘 + 1) = [1 −

where 𝑧𝑟 + 𝑝𝑟−1 𝑧𝑟−1 + ⋅ ⋅ ⋅ + 𝑝0 is a Schur polynomial and the
𝑝𝑖 ’s are real numbers.
After some basic algebra, (12) can be rewritten as

𝑥1 (𝑘 + 1) = 𝑥2 (𝑘)
𝑐 𝑥 (𝑘) 2
𝑥2 (𝑘 + 1) = 𝑔 − ( 3 ) + 2𝑥2 (𝑘) − 𝑥1 (𝑘)
𝑚 𝑥1 (𝑘)
𝑅
1
𝑥3 (𝑘 + 1) = [1 − ] 𝑥3 (𝑘) + 𝑢 (𝑘)
𝐿
𝐿

𝑟−1

(9)

which is the classical state space representation of the coupled
system (8).

3. Design of the Controller
In this section, as an application of the input-output linearization technique, a discrete-time tracking controller for the
system (9) will be developed. In general, this problem can be
stated as follows.
Consider the system

𝑦 (𝑘) = ℎ (𝑥 (𝑘)) ,

where 𝑥 ∈ R , 𝑢 ∈ R, and 𝑦 ∈ R. The mappings 𝑓 and ℎ are
assumed to be analytic.
Thus, given a reference 𝑦𝑑 (𝑘), 𝑘 = 1, 2, 3, . . ., one needs
to find a suitable control input so that the output 𝑦(𝑘) of the
closed-loop system follows 𝑦𝑑 (𝑘) asymptotically. That is,
goes asymptotically to 0 as 𝑘 → ∞.

(13)

𝑦 (𝑘 + 𝑟) = ℎ ∘ 𝑓𝑟−1 ∘ 𝑓 (𝑥 (𝑘) , 𝑢 (𝑘)) .

(14)

where

And ∘ denotes the composition operator. In this way, via
the implicit function theorem, (13) is locally solvable in 𝑢(𝑘)
which is assumed to be well defined on R𝑛 × R and solves the
problem.
Based on above discussion, let us consider to design a
discrete-time tracking controller for the nonlinear discrete
rational model system (9). Since this system has a finite
relative degree 𝑟 = 3 and satisfies the special condition 𝑟 = 𝑛
(one can readily verify this), one can proceed as follows.
Given a desired trajectory 𝑦𝑑 (𝑘), define the tracking error
as

(10)

𝑛

𝑒 (𝑘) = 𝑦𝑑 (𝑘) − 𝑦 (𝑘)

𝑦 (𝑘 + 𝑟) = 𝑦𝑑 (𝑘 + 𝑟) + ∑𝑝𝑖 𝑒 (𝑘 + 1) ,
𝑖=0

𝑦 (𝑘) = 𝑥1 (𝑘) ,

𝑥 (𝑘 + 1) = 𝑓 (𝑥 (𝑘) , 𝑢 (𝑘))

(12)

𝑖=0

(11)

𝑒 (𝑘) = 𝑦𝑑 (𝑘) − 𝑦 (𝑘)
= 𝑦𝑑 (𝑘) − 𝑥1 (𝑘) .

(15)

Next, increasing one step time ahead the last expression gives
𝑒 (𝑘 + 1) = 𝑦𝑑 (𝑘) − 𝑥1 (𝑘 + 1)
= 𝑦𝑑 (𝑘 + 1) − 𝑥2 (𝑘) .

(16)

4
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Finally, (22) can be easily solved in 𝑢(𝑛) as

Moreover, notice that

𝑢1,2 (𝑘)

𝑒 (𝑘 + 2) = 𝑦𝑑 (𝑘 + 2) − 𝑥2 (𝑘 + 1)
= 𝑦𝑑 (𝑘 + 2) − 𝑔 +

2

𝑐 𝑥3 (𝑘)
(
) − 2𝑥2 (𝑘) + 𝑥1 (𝑘) ,
𝑚 𝑥1 (𝑘)
(17)

𝑒 (𝑘 + 3) = 𝑦𝑑 (𝑘 + 3) − 𝑔 +

𝑥1 (𝑘) > 0,

2𝑐 𝑥 (𝑘) 2
+ [ 3 ] + 2𝑥1 (𝑘) − 3 (𝑔 + 𝑥2 (𝑘)) .
𝑚 𝑥1 (𝑘)

2

𝑒 (𝑘 + 3) = −𝑝2 𝑒 (𝑘 + 2) − 𝑝1 𝑒 (𝑘 + 1) − 𝑝0 𝑒 (𝑘) ,

(18)

(19)

it can be seen from the Schur-Cohn Criterion [23] that a
necessary and sufficient condition for the zero solution of the
last equation to be asymptotically stable is


2
𝑝1 − 𝑝2 𝑝0  < 1 − 𝑝0 .

(20)

Thus, after some algebra (18) can be rewritten as
𝑐 ([1 − 𝑅/𝐿] 𝑥3 (𝑘) + (1/𝐿)𝑢 (𝑘))
𝑚
𝑥22 (𝑘)

(21)

or
(𝑘) + 𝑇 (𝑘) = 0,
(22)

where
𝑇 (𝑘) = −

𝑚𝐿2 𝑥22 (𝑘)
𝑐

× [𝑒 (𝑘 + 3) − 𝑦𝑑 (𝑘 + 3) + 3 (𝑔 + 𝑥2 (𝑘)) − 2𝑥1 (𝑘)]
+ 2𝐿2 𝑥22 (𝑘) [

𝑥3 (𝑘) 2
].
𝑥1 (𝑘)

(25)
2

2𝑐 𝑥3 (𝑘)
[
] + 2𝑥1 (𝑡) .
𝑚 𝑥1 (𝑘)

Remark 3. At this point it is important to mention that in this
work it is assumed that
(i) 𝑦𝑑 (𝑘) and its time-shift up to 𝑦𝑑 (𝑘 + 𝑟) are bounded
for all 𝑘 ≥ 0 and the 𝑘th time-shift is a piecewise
continuous function of 𝑘;
(ii) the signals 𝑦𝑑 (𝑘), . . . , 𝑦𝑑 (𝑘 + 𝑟) are available online.
With this in mind, one can easily compute the evolution of
the error
𝑒 (𝑘 + 3) = −𝑝2 𝑒 (𝑘 + 2) − 𝑝1 𝑒 (𝑘 + 1) − 𝑝0 𝑒 (𝑘) ,

(26)

𝑒 (𝑘 + 1) = 𝑦𝑑 (𝑘 + 1) − 𝑥2 (𝑡) ,
𝑒 (𝑘 + 2) = 𝑦𝑑 (𝑘 + 2) − 𝑔 +

𝑐 𝑥3 (𝑘)
[
] + 𝑥1 (𝑘)) ,
𝑚 𝑥1 (𝑘)

𝑢 (𝑘) + 2 [𝐿 − 𝑅] 𝑥3 (𝑘) 𝑢 (𝑘) + (𝐿 −

𝑒 (𝑘 + 3) + 3 (𝑔 + 𝑥2 (𝑘))

𝑒 (𝑘) = 𝑦𝑑 (𝑘) − 𝑦 (𝑡) ,

2

𝑅)2 𝑥32

𝑥3 (𝑘) ≠ 0,

as follows. After choosing the corresponding 𝑝0 , 𝑝1 , and 𝑝2 ,
we have that

2

= 𝑒 (𝑘 + 3) − 𝑦𝑑 (𝑘 + 3) + 3 (𝑔 + 𝑥2 (𝑘))

2

𝑥2 (𝑘) > 0,

≥ 𝑦𝑑 (𝑘 + 3) +

Now, since the behavior of the error can be chosen as

− 2(

× (2)−1
which solves our problem. Notice, however, that these solutions are well defined for

𝑐 [1 − 𝑅/𝐿] 𝑥3 (𝑘) + (1/𝐿)𝑢 (𝑘)
]
[
𝑚
𝑥2 (𝑘)



𝑝2 + 𝑝0  < 1 + 𝑝1 ,

2

±√(2 [𝐿 − 𝑅] 𝑥3 (𝑘)) − 4 ((𝐿 − 𝑅)2 𝑥32 (𝑘) − 𝑇 (𝑘)))

(24)

𝑐 𝑥3 (𝑘 + 1) 2
)
(
𝑚 𝑥1 (𝑘 + 1)

− 2𝑥2 (𝑘 + 1) + 𝑥1 (𝑘 + 1)
= 𝑦𝑑 (𝑘 + 3) +

= ( − 2 [𝐿 − 𝑅] 𝑥3 (𝑘)

(23)

𝑐 𝑥3 (𝑘) 2
(
) − 2𝑥2 (𝑘) + 𝑥1 (𝑘) ,
𝑚 𝑥1 (𝑘)
(27)

where 𝑥1 (𝑘), 𝑥2 (𝑘), and 𝑥3 (𝑘) can be estimated from system
(9).
Remark 4. When the input-output linearization technique is
applied to a nonlinear system we have to consider two cases.
In the first case (𝑟 < 𝑛), the complete dynamic of the
compensated system can be divided in two parts: the external
controller part and the internal unobserved and uncontrolled
part also known as the internal dynamic system. As is well
known, to determine the internal dynamics of the system can
be very difficult; however, the designed control for external
dynamics is applicable only when the internal dynamics of
the systems is stable or bounded in some sense.
In the second case (𝑟 = 𝑛), the zero dynamics of the
linearized system does not exist. In this case, the linearized
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Table 1: Physical parameters of the magnetic levitation system.

Mass of the small metal ball
Steady-state coil current
Coil inductance
Coil resistance
Inductive coupling constant
Gravitational constant
Steady-state gap between the
electromagnet and the ball

Value

𝑚 [kg]
0.068
0.76
𝑖0 [A]
𝐿 [H]
0.438
𝑅 [Ω]
28
𝐶 [Nm2 /A2 ] 7.39 × 10−5
9.81
𝑔 [m/s2 ]
𝑦0 [m]

y(k)

Symbol

Parameter

10
9
8
5

10

15

20
25
Time (k)

30

35

40

30

35

40

(a)

0.008

×10−3
3

e(k)

2

system is called minimum phase [14]. In this way, since this
study considers the special case 𝑟 = 𝑛, the stability analysis of
this work can be stated as follows. Consider system (12); that
is,

1
0
−1

5

𝑒 (𝑘 + 𝑟) + 𝑝𝑟−1 𝑒 (𝑘 + 𝑟 − 1) + ⋅ ⋅ ⋅ + 𝑝1 𝑒 (𝑘 + 1) + 𝑝𝑜 𝑒 (𝑘) = 0
(28)
with 𝑝0 , 𝑝1 , . . . , 𝑝𝑟−1 ∈ R.
Thus, the zero solution of (12) will be asymptotically
stable if and only if |𝑧| < 1 for every characteristic root 𝑧
of (12). That is, for every zero solution of the characteristic
polynomial,

20
25
Time (k)

Figure 2: NARMAX model (8) controlled by the feedback solution
(24). (a) Output 𝑦(𝑘) (solid) and reference input 𝑦𝑑 (𝑘) (dashed). (b)
Tracking error 𝑒(𝑘) for the controls 𝑢1 (𝑘) and 𝑢2 (𝑘), respectively.
×10−3
11

(29)

Additionally, the solution of (12) is stable if and only if |𝑧| ≤
1 for all characteristic roots of (12) and those characteristic
roots 𝑧 with |𝑧| = 1 are simple (not repeated). In contrast,
if there is a repeated characteristic root 𝑧 with |𝑧| = 1, then
the zero solution of (12) is unstable. Note that necessary and
sufficient conditions for the stability of system (19) are




2
(30)
𝑝1 − 𝑝2 𝑝0  < 1 − 𝑝0 .
𝑝2 + 𝑝0  < 1 + 𝑝1 ,

15

(b)

x1 (k)

𝑃 (𝑧) = 𝑧𝑘 + 𝑝𝑟−1 𝑧𝑘−1 + ⋅ ⋅ ⋅ + 𝑝0 .

10

10
9
8
5

10

15

20

25

30

35

40

25

30

35

40

Time (k)
(a)

×10

4. Simulation Results

−3

𝑒 (𝑘 + 3) − 1.1𝑒 (𝑘 + 2) + 0.48𝑒 (𝑘 + 1) − 0.09𝑒 (𝑘) = 0
(31)

x2 (k)

11

In this section, in order to validate the procedure described
in the last section, a simulation was developed to control the
nonlinear rational model (8).
The physical parameter values used in this simulation
were taken from [19] and are presented in Table 1.
In this simulation the desired reference 𝑦𝑑 (𝑘) was defined
to be a sinusoidal signal as is shown in Figure 2. Moreover, the
error equation (19) was defined to be

10
9
8
5

10

15

20
Time (k)
(b)

Figure 3: System response of the rational NARMAX model (8). (a)
State signal 𝑥1 (𝑘). (b) State signal 𝑥2 (𝑘).

which means that
𝑧3 − 1.1𝑧2 + 0.48𝑧 − 0.09 = 0

(32)

is a Schur polynomial. That is, the characteristic roots
𝑧 = −0.5
𝑧 = −0.3 ± 0.3𝑖
satisfy the condition |𝑧| < 1.

(33)

As was predicted in the last section, the corresponding
feedback solutions achieve an asymptotic tracking of the reference trajectory; see Figures 2 and 3. A plot of the designed
signal controls 𝑢1 (𝑘) and 𝑢2 (𝑘) with their corresponding
current signals is depicted in Figures 4 and 5, respectively.
Note that the issue of the internal dynamic for this work was
ignored because of (𝑟 = 𝑛).

6

Mathematical Problems in Engineering
30

1

28
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u1 (k)
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0.6
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(a)

x3 (k)

1.1
1
0.9
0.8
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0.5
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Time (k)
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0
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0

(b)

Figure 4: Designed controllers for the rational NARMAX model
(8). (a) Control signal 𝑢1 (𝑘). (b) Current signal 𝑥3 (𝑘) generated by
𝑢1 (𝑘).

1.5

2

Reference trajectory
Position of the ball

Figure 6: Magnetic levitation system response for the exact inputoutput feedback linearization technique (continuous-time) given in
[18], time (𝑡) in seconds.
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Figure 5: Designed controllers for the rational NARMAX model
(8). (a) Control signal 𝑢2 (𝑘). (b) Current signal 𝑥3 (𝑘) generated by
𝑢2 (𝑘).

In order to compare our approach with related works,
we chose the exact input-output feedback linearization
technique (continuous-time) given in [18] and the classical
controller design proposed in [19].
The methodology used in the study proposed in [18]
works with the exact input-output feedback linearization and
the pole assignment technique. As is described in this work,
the resulting input transformation, the state transformation,
and the control law of the form
V = −𝐾𝑥̃ + 𝑁𝑦ref

0

(34)

with 𝐾 as the vector of gains, 𝑁 as feedforward gain, 𝑥̃
as the new state variable, and 𝑦ref as the reference input

Figure 7: Response of the discrete-time magnetic levitation system
controlled via the feedback solution (24); output 𝑦(𝑘) (solid) and
reference input 𝑦𝑑 (𝑘) (dashed). The signal 𝑦(𝑘) was plotted with 𝑝0 =
0.1, 𝑝1 = 0.3, and 𝑝2 = 0.5.

were implemented in Simulink in order to validate these
results; see Figure 6. Although the results reported in this
work have been successfully validated via simulations, the
real implementations will need a discrete version of these
results. As was mentioned before, if one uses sampling devices
it will destroy important features of the dynamics of this
system. For this reason, a direct design strategy is to design
discrete-time controllers directly from discrete-time models.
In this way, the results presented in our study allow avoiding
these inconveniences; see Figure 7.
Alternatively, we compare our approach with the controller proposed in [19]. As can be seen in Figure 8, our
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−3
10.5 ×10

nonlinear rational model allows finding its corresponding
state space representation.
As can be seen from the simulation results, the corresponding control signals perform well in the presence of
nonlinear behaviors. In this way, these signals are attractive
candidates for a real application of a magnetic levitation
system.
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approach follows the same step reference given in [19]; see
Figure 9. However, the work proposed by Wong becomes
unstable for ranges outside of the linearized range. In fact, the
allowable tolerance band was found to be ±1 mm around 𝑦𝑜 .
In this way, the results proposed in our work overcome this
problem.

5. Conclusions
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system was designed. Although in general a generic nonlinear
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space representation, the simplicity of the proposed discrete
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Martı́nez-Navarro, and M. Moreno-Armendariz, “The trajectory tracking problem for an unmanned four-rotor system:
flatness-based approach,” International Journal of Control, vol.
85, no. 1, pp. 69–77, 2012.
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A real-time infrastructure, called MLRTI, is proposed in this paper to fulfill the requirement of real-time simulation in distributed
environment. There are two novel contributions in this work. Firstly, a flexible timing mechanism is proposed to integrate external
time source and local timer utility, enabling the distributed nodes to advance their timeline simultaneously at different speeds with
high precision. A data transmission solution is also presented in which the reflective memory card (VMIC) is employed to provide
fast data transmission with minimum delay. Secondly, a system partition schema is proposed in MLRTI to reduce the solution errors
introduced by transforming a continuous system into distribution system, which is common in a class of control applications where
the system is designed in centralized model but simulated in distributed environment for constrains on system structure or the need
to balance computation load. Experiments are conducted and the results show this schema effectively reduces the possible errors
by properly partitioning the system into parts that are suitable to be deployed in distributed environment.

1. Introduction
Real-time simulation has been applied in many domains like
defense [1, 2], aero, and air space systems [3, 4], embedded
automotive electronics [5], and so forth. These domains
are often involved with hardware-in-the-loop or human-inthe-loop applications, where the response speed to control
signals/commands is critical and the model equations must
be solved within limited time intervals. For example, in a
robotic control system, the vision system needs to respond
with low latency because the produced image is required with
the feedback loops of robotic application [6].
Sometimes a real-time system has to be deployed in
distributed environment. One case is the system’s structure
which is scattered. For example, a training system is where
the human operated device is located at one place while the
controller is at another place. Another case is the scale of the
system which is large and has to be distributed to average
the computation load on each node [7]. As a result, a realtime infrastructure for distribution simulation must handle
the following issues.

(i) It is to synchronize time advancements on distributed
nodes. There are often multiple subsystems coexisting and each has different timing requirements.
For example, in combat simulation, virtual entities
created by computer may need not to interact with
human operator directly. Thus their time advancement step can be longer (e.g., 50 milliseconds); occasionally delay on time advancement would not lead
to fatal failure. On the other hand, nodes operated by
human being (e.g., a manned flight simulator) need
strict real-time performance in which the simulation
step of 1∼5 milliseconds or shorter is needed.
(ii) It is to ensure the data between subsystems can be
exchanged timely. The performance on data transmission will be affected by multiple factors like
bandwidth, data load, topology, and so forth. The
unpredictable delays among simulation nodes are
unacceptable in critical real-time applications.
(iii) A common but little concerned one is the transforming problem when constructing the distributed
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system. In the application of continuous system, the
original system is normally designed and tested in
centralized manner; that is, the system is constructed
as a whole and tested in a standalone computer;
the data transmission does not cross network. When
such system is deployed in distributed environment,
the solution errors, that is, the difference on states
trajectories in two systems, can be introduced.

There does exist formal approach like QSS [8–10] to
transform a continuous model/system into one that is suitable
for distributed environment. However, the quantization operation, named as “hysteretic quantization,” is necessary for
QSS to hold the outputs of submodels until some predefined
thresholds are crossed. This operation needs to modify
system models, which will lead to problem when too many
models exist or modifications are not allowed at all due to
classified reason. Additionally, QSS approach did not discuss
the situation where the model resolver step ℎ is different from
the distributed simulation step 𝑇, which is the common cases
in real-world applications.
In this paper, a multiple layer real-time infrastructure
(MLRTI) is proposed to address these problems. MLRTI
highlight the following three characteristics: (i) high precision global timing capability achieved by integrating external
timing source and local timer; (ii) low latency on data transmission and the publish/subscribe mechanism borrowed
from High Level Architecture (HLA) (IEEE standard 1516)
to specify data exchanging map between components; (iii)
a novel partition schema to reduce the solution errors (for
control system) incurred by system transformation from the
centralized one to the distributed one.
The content of this paper is organized as follows. In
Section 2, the structure of MLRTI is introduced. Two critical
characteristics, the high precision timing and low latency data
communication, are discussed in detail. And a publishing and
subscribing mechanism is also presented to form the data
exchanging map in distributed environment. In Section 3, the
system partition schema is given to minimize the possible
solution errors caused by transforming a centralized system
into distributed system. Comparative experiments are conducted to verify its effectiveness.

2. System Structure
MLRTI is designed to allow the distributed parts of a
system to work together. Each part can have different timing
speeds. Normally, there are different requirements on timing
performance within a system:
(a) the nonreal-time (NRT) tasks like resource management, deployment configuration, and so forth; these
tasks are normally performed at presimulation period
and need not to advance time with real-time manner;
(b) the soft real-time (SRT) parts, which advance their
times at real-time but failures (e.g., the inconsistency
caused by inaccurate timing or delays on data transmission) are allowed; examples include the displaying
part or virtual entities that do not interact with human

operators directly; the time interval here can be 1 ms–
100 ms;
(c) the hard real-time (HRT) parts, including the human
operated equipment or the models whose inputs
must be sampled from external environment; the
computation of these parts must be completed within
specified interval (e.g., 1 𝜇s–1 ms); their times need to
be advanced with high precision.
To satisfy all these requirements, a layered infrastructure
is proposed, as Figure 1 shows.
The NRT layer, SRT layer, and HRT layer are presented
from the top to the bottom, respectively. The differences
among layers are distinguished by two factors: the timing
precision and the data transmission speed. They are often
connected with each other: high data transmission speed
helps to improve the timing precision, and high timing precision helps to align data updating interval, thus eliminating
the data jitters.
In NRT layer, the network media can be common Ethernet. Currently, the bandwidth of Ethernet can reach 1 Gb/s or
more. However, the underlying mechanism of detecting data
collision on Ethernet (CSMA/CD according to IEEE802.3)
could cause inevitable delays on data transmission. According
to our test, the average transmission delay in a commonly
configured Ethernet LAN is about 10∼15 milliseconds [11].
To reduce this delay, one solution is to measure and
compensate time-delay by special schedule mechanism [12].
However, it is not a complete approach. A better solution is
to improve the collision detecting mechanism of Ethernet
protocol. An excellent example is the PowerLink protocol
[13] whose PowerLink stack can replace the TCP/IP and
UDP/IP layer seamlessly, called PowerLink Layer. This layer
realizes fast, real-time data transmission in which a collision
prevention mechanism called “Slot Communication Network
Management (SCNM)” is employed to synchronize each
node in the polling way. In the best case, the minimum
interval between data package sending is about 100 𝜇s, which
can meet the requirement of SRT.
As for HRT layer, the requirements on timing and data
transmission are higher. Specialized hardware needs to be
employed to meet such requirement. High precision time
sources, like GPS and BDS (BeiDou Navigation Satellite System), can be introduced into the simulation for high precision
synchronizing signal. Additionally, reflective memory card
(VMIC) connected with optical fiber provides a mechanism
for high speed, low latency data transmission capability (e.g.,
GE PCI-5565piorc’s data rate ≥ 170 Mb/s; time delay can reach
nanosecond level). The specialized hardware and protocol
enable CPUs not to be involved in data sending/receiving
process; the big bandwidth of optical fiber also contributes
to the high performance on data communication.
2.1. Flexible Timing Solution. As mentioned previously, precise timing is one of the key factors of real-time system. Time
synchronization is important to maintain correct timeline
and causal relationship between nodes. Two issues need to
be addressed [14]:
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Figure 1: The structure of MLRTI.

(a) absolute synchronization: simulation time needs to
align precisely with external time in real world, that is,
the physical time; it is important in hybrid simulation
like military drill STOW 99 held in US, where real
military force (human and equipment) and virtual
force interact with each other;
(b) relative synchronization: the distributed nodes also
need to align their own times during simulation.
Relative synchronization is easier to realize. Timer utilities provided by operation system (OS) or other commercial
software can be used to fulfill it. Four utilities are introduced
here.
The first one is the timer utility provided by OS. For
example, the multimedia time provided by Windows OS can
provide periodic timing with accuracy of 1 ms; and its builtin error compensation mechanism can check and remove
accumulated timing error.
The second one is the crystal oscillator clock embedded
on computer’s motherboard, which could provide more
accurate time signal with nanoseconds interval. However,
the precision of this signal will vary with motherboard type,
manufacturing technology, or working temperature.

Commercial software RTX (real-time extension) is
designed to overcome the lack of real-time capability of
Windows operating system. RTX can provide time interval
at 1 ms, 1 𝜇s, or one-tick interval produced by computer
hardware by giving its own clock signals.
The fourth one is the specialized hardware. VMIC is often
used in HRT domain to get high precision timing capability.
It can broadcast the interrupt signals to network and the perdefined interrupt function on each node will be invoked to
process them.
The former two utilities cost low since they are easy to
access. However, their performances are limited. The latter
two provide improved performance, at the cost of expensive
investment.
External time source needs to be imported into system
when absolute synchronization is required. The most convenient way is to use timing signals from global navigation
satellite system (GNSS). However, it is difficult to get high
resolution time signals from such system due to cost or
authorization reason. The common resolution is 1 s [15].
As a result, a “Master-Slave” structure is proposed here to
manage the timing in distributed manner, as Figure 2 shows.
The master node is responsible for timing control
throughout the system. Its time is pinned to external time
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Figure 2: The Master-Slave structure for global timing in MLRTI.

source and produces synchronization signals. The signals are
broadcasted to the whole network, as Figure 2 shows. The
slave nodes keep listening to the signals. Each slave node
will firstly check the received signal. If this signal is intended
for it, the slave node will proceed the following process: (i)
update its local time; (ii) read in the latest data from its source
node (if any exists); and (iii) do computation and update its
outputs. When using VMIC device, this process is done via
interrupt functions. The timing precision is ensured by both
external time source and local timer.
To maintain different time advancement speeds on simulation nodes, there are two information arrays being maintained in the master node: (i) the time advancement request
array; request from each slave node specified the next time
point it needs to go to; (ii) the priority array that records a
predefined priority sequence, by which the distributed nodes
are allowed to advance their time one by one. A complete
procedure is described as follows.
(1) Master node polls the request array and pick up the
nearest next time point 𝑇𝑛 . The slave nodes (there
could be multiple nodes asking for advancing to the
same time point) who send this request are recorded
in set variable 𝑁𝑞 .
(2) Master node resorts 𝑁𝑞 with descending priority
order and then sends the interrupt signals when each
item’s 𝑇𝑛 is reached.
(3) Slave nodes that are allowed to advance their time
do model computation in specified time interval and
then send a new time advancement request to the
master node. The next time point is told by this way.

(4) Master node keeps waiting until all time advancing
requests (from 𝑁𝑞 ) arrived; then the request array is
updated. If some node does not respond in time, the
master node would have three options: (a) ignore this
delay and keep going; (b) warn this delay and ask user
if to continue; (c) warn this delay and stop simulation.
It is decided by user.
(5) Go back to step (1).
2.2. Data Exchanging Map between Nodes. The data exchanging between simulation nodes is defined before simulation
start. The data is classified into two classes according to their
importance: “property” and “message.” “Property” refers to
data periodically produced by models and exchanged during
simulation, which are not critical and a small amount of
loss cannot lead to fatal consequence to the stability and
correctness of the whole system. On the other hand, “message” is important to notify the critical events and keeping
causality correct. In Figure 1, the “messages” are kept and the
“properties” are discarded when data exchanging happened
between real-time domains with different advancing speed.
To describe the data exchanging between nodes, the
concept of “publishing and subscribing” is borrowed from
HLA in which “publishing” node means it can produce data
to simulation space and “subscribing” node consumes data
produced by others.
The publishing and subscribing map is defined in a tree,
in which the parent node represents the parent publishing
or subscribing over its son nodes. For example, a “vehicle”
node may has son nodes of “fighter” and “tank”; subscribing
“vehicle” data means subscribing both “fighter” and “tank”
data. On the other hand, publishing or subscribing of a leaf
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node only triggers the corresponding nodes when that leaf
node (data or event) updates itself. This mechanism provides
extra flexible to the description of data exchanging.
2.3. Performance Experiments. A distributed HRT environment was built up to test the delays that may exist in
timing and data exchange. In our experiment scenario, three
computers equipped with VMICs (GE PCI-5565piorc) are
connected with optical fiber. Time advancing mechanism
takes “Master-Slave” structure, and the local timer of master
node is enhanced by RTX middleware working with Windows XP.
The performance of relative synchronization is tested
in this scenario. On each timing step, delay comes from
three aspects: (i) timing aberration of RTX timer, (ii) data
transmission delay caused by VMIC’s ring network protocol,
and (iii) responding latency of interrupt function of VMIC
since receiving interrupt signal.
According to the product specification, data transmission
latency between adjacent RMICs is about 0.4 𝜇s. In Figure 3,
1000 measurements of RTX timer callback with interval of
1 ms are recorded. As we can see, the maximum deviation is
less than 1.8 𝜇s and the average deviation is 0.3758 𝜇s.
In Figure 4, 1000 measurements of the responding latency
of interrupt function of VMIC since receiving interrupt signal
are recorded. The maximum latency is less than 23 𝜇s; the
average latency is about 13.228 𝜇s.
The average time advancement error between simulation
nodes is 0.3758 + 13.228 + 0.4 = 14.0038 𝜇s. For HRT domain
advancing at millisecond level, this error is less than 5% of
time step and can be omitted most of time.
The experiment on timing performance with external
time source is not conducted here, considering the fact that
external time sources like GPS and BDS have been quite
mature in their technological evolution and own stable timing
precision, which can be added with time delay inside the
simulation (Figures 3 and 4) to get the final performance.
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since VMIC received the interrupt signal.

3. System Partition Schema
MLRTI guarantees that the distributed system can advance its
global time synchronously with high precision and exchange
data swiftly with low latency. However, for a class of continuous system application, the possible errors introduced by
system transforming are not considered yet. It is a common
case that a control system is designed in “centralized” manner; that is, the system is constructed as a whole and is tested
in a standalone computer. When such a system is deployed in
distributed environment, the new system has been different
from the original one. In brief, the input/output sequence
between each distributed part could be disordered. This can
be explained with a simple example shown in Figure 5, an
inverted pendulum control system.
3.1. Problem Description. The inverted pendulum system
contains 9 submodels in it, as Figure 5 shows. In nondistributed simulation, all submodels need to be computed
and updated on each step, with certain computing order.

The principle to determine this order is not to violate data
dependence among submodels. To achieve this, the models
can be classified into two categories according to their
input/output characteristics.
(a) Direct-Feed-Through (DFT) Model. DFT port is defined as
a pair of <input, output> where the output is determined by
current input value. A DFT model owns one or more DFT
ports. Assuming a model can be described with three sets of
variables: input set 𝑋, state set 𝑆, and output set 𝑌; then the
DFT model can be expressed as
̇ = 𝐼 (𝑆𝑛 , 𝑋𝑛+1 ) ,
𝑆𝑛+1
̇ , 𝑆𝑛 , ℎ) ,
𝑆𝑛+1 = 𝑇 (𝑆𝑛+1
𝑌𝑛+1 = 𝑂 (𝑆𝑛+1 , 𝑋𝑛+1 ) ,

(1)

6

Mathematical Problems in Engineering
(7)
−9.4
(1)

(5)
−
+

Step

Proportional gain
(3)
(8)
1
0.06
s
Integral
Limited
gain
integrator
(2)
7.12s
s+2
Feedforward gain

(9)
+
+
+
−

(4)
Car pos

U

(6)

State estimation

Pendulum angle
Pendulum
Car pos
Pendulum angle

Discrete state estimator

Figure 5: Inverted pendulum control system: a sorted order (represented with red, bracketed figures) needs to be determined to compute
and update each model correctly in nondistributed environment.

where 𝐼(∗) is input function, 𝑇(∗) is state transition function,
and 𝑂(∗) is output function. The latest output 𝑌𝑛+1 is
determined by current input 𝑋𝑛+1 and states 𝑆𝑛+1 , which
implies a sequent computing order existing between this DFT
model and its preceding models (that produce 𝑋𝑛+1 ). 𝑆 = Φ
is a special case of DFT model, where Φ is the empty set.
Common DFT models include gain, product, sum, derivative,
and so forth.
(b) Non-Direct-Feed-Through (NDFT) Model. NDFT model
has no DFT ports. A NDFT model can be expressed as
̇ = 𝐼 (𝑆𝑛 , 𝑋 ) ,
𝑆𝑛+1
𝑛+1
𝑆𝑛+1 = 𝑇 (𝑆𝑛̇ , 𝑆𝑛 , ℎ) ,

(2)

𝑌𝑛+1 = 𝑂 (𝑆𝑛+1 ) .
The output is associated with current state 𝑆𝑛+1 rather than
the current input 𝑋𝑛+1 , which means this NDFT model can
produce output without waiting for the latest input; thus
the constrain on the computing order between it and its
preceding models is relaxed. Common NDFT models include
integrator, input signal, memory, and so forth.
Upon this classification, the rules to determine the computing order can be stated as follows.
(1) For a DFT model, the models which drive its DFT
ports should be computed before it.
(2) For a NDFT model, it can be computed with any order
as long as before the DFT models it drives.
There could be multiple feasible computing orders for a
specific system according to the above rules; the red bracketed
figures in Figure 5 indicate one of them. In centralized
simulation, the system works well by this order; however,
the case becomes complex when it is deployed in distributed
environment.
An extreme scenario is to deploy each submodel to a
separate node. Obviously, the system would still work well
as long as the computation order is maintained. However,
it is meaningless to maintain a “sequent” computation in a
distributed environment. If we want to make full use of the
advantage of distributed environment, that is, to compute in

Table 1: Model classification.
NDFT model
(1) Signal source (step) A
(2) Feedforward gain B
(3) Integrator C
(4) Pendulum D

DFT model
(1) Sum operator E
(2) Discrete state estimator F
(3) Proportional gain G
(4) Integral gain H
(5) Multiple-input sum 0

parallel, the input/output between distributed models may
become disordered. To describe it, the output sequence of
each submodel will be analyzed.
In the following analysis, two time symbols would be
referred to: the time step ℎ of model resolver and the simulation step 𝑇 of distributed system. Actually, the continuous
model is normally implemented as “discrete time model”
with specific numerical simulation schema, and the respond
numerical resolver (e.g., the Euler or Runge-Kutta resolver) is
employed to compute it. The resolver can be fixed or variable
step size. In this example, a fixed step of ℎ = 0.001 s is used.
Simulation step is the globally allocated time interval for each
simulation node to compute the models deployed on it. Data
exchanges are performed at the end of each simulation step.
Without losing generality, we specify that 𝑇 = 𝑛 ⋅ ℎ, 𝑛 =
1, 2, . . ..
According to the types of model port, there are 4
NDFT and 5 DFT models in the inverted pendulum system
as shown in Table 1.
Each model is described by three variable sets {𝑋, 𝑆, 𝑌}.
The subscript of them refers to the index of time step, and the
superscript refers to the index of submodel (denoted as 𝑚𝑛 ).
The computation of each model is displayed in Figure 6. The
expressions are briefly explained as follows:
(i) 𝑋 = {∗}: receiving current inputs “∗”; it should be
noted that there are two special representations on
inputs: (a) 𝑋 = {Φ} means this model has no inputs,
and (b) 𝑋 = {𝑁𝑈𝐿𝐿} means the input is not available
at computing time;
(ii) 𝑇(𝑆, 𝑋, 𝐻) : 𝑆 → 𝑆 : transiting states from old state 𝑆
to new state 𝑆 , with current input 𝑋 and time interval
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T 4 (S04 , NULL, h) : S04 → S14
Y04 = O 4 (S04 )

X05 = {Y 01 , Y 04 }

m5

Y05 = O 5 (X05 )
X06 = {Y04 }

Y06 = O 6 (X06 )

m6

X07 = {Y05 }

Y07 = O 7 (X07 )

m7

X08 = {Y05 }

Y08 = O 8 (X08 )

m8

X09 = {Y07 , Y06 , Y03 , Y02 }

Y09 = O 9 (X09 )

m9

Figure 6: Model computation and data exchanging within one step in centralized simulation.

𝐻. A brief convention is employed here; for example,
𝑇(𝑆 = 𝑆0 , 𝑋 = {Φ}, 𝐻 = ℎ) : 𝑆0 → 𝑆 is represented
as 𝑇(𝑆0 , Φ, ℎ) : 𝑆0 → 𝑆 ;
𝑇(𝑆, 𝑁𝑈𝐿𝐿 | Φ, ℎ) which represents that the state
transition is triggered by time interval ℎ, not by input;
this case only appears when 𝑋 = {Φ} or 𝑋 = {𝑁𝑈𝐿𝐿};
the model can be considered being out of control
when 𝑋 = {𝑁𝑈𝐿𝐿};
DFT models which have no internal states; thus their
state transitions are omitted in the following analysis;
(iii) 𝑌 = 𝑂(∗): computing the outputs 𝑌; symbol “∗”
represents (a) the internal states if this is a NDFT
model or (b) the current inputs if this is a DFT model.
The outputs and state transitions at the first 3 steps are
listed in Table 2.
Figure 7 shows the simulation advancing in distributed
environment. Each submodel is computed in parallel manner
and data exchange happens at the end of each simulation step.
The outputs and states transition of the first 5 (or 6) steps
are listed in Table 3.

The outputs of 𝑚4 (NDFT model) and 𝑚5 (DFT model)
are compared here between centralized and distributed scenario, as Figure 8 shows. Firstly, 𝑚4 and 𝑚5 ’s outputs are
all delayed in distributed environment. The 3rd output of
𝑚5 in centralized simulation, 𝑦25 , appears at the 7th step in
distributed simulation. Similarly, the 3rd output of 𝑚4 in centralized simulation, 𝑦24 , appears at the 6th step in distributed
simulation. Secondly, the values of the corresponding outputs
in centralized and distributed scenarios are also changed
except the delayed time. For example, it is found that 𝑦25 ≠ 𝑦65
by backtracking their data dependence.
The following facts on output delay can be concluded
from the above comparison. All models’ outputs would be
delayed except the source model (𝑚1 ). Delays start from the
first step since all nodes need to advance their computation
simultaneously. The first input of each node is missing. For
DFT model, the missing input would produce invalid output
(denoted as “𝑁𝑈𝐿𝐿”); for NDFT model, it is equivalent that
the model’s dynamics is changing with inertia rather than
external stimulation.
When two or more DFT models are cascaded, the delay
will accumulate along the cascading path, but NDFT do not.

8

Mathematical Problems in Engineering
T=h

T=0

T = 2h

X01 = Φ

T1 (S 01 , Φ, h) : S01 → S11

m1

Y01 = O1 (S01 )
X02 = NULL
T 2(S02, NULL, h) : S02 → S12

m2

Y02 = O 2(S02)
X03 = NULL
T 3(S03, NULL, h) : S03 → S13

m3

Y03 = O 3(S03)
X04 = NULL
T 4(S04, NULL, h) : S04 → S14

m4

Y04 = O 4(S04)
X05 = {NULL, NULL }

m5

Y05 = O 5 (X05 ) = NULL
X06 = { NULL}

m6

Y06 = O 6 (X06 ) = NULL
X07 = { NULL}

m7

Y07 = O 7 (X07 ) = NULL
X08 = { NULL}

m8

Y08 = O 8 (X08 ) = NULL
X09 = {NULL, NULL, Y 03 , Y 02 }

m

9

Y09 = O 9 (X09 ) = NULL
Exchange data

Exchange data

Figure 7: Model computation and data exchange in distributed simulation.

m1 : s 0

1

s11

s 21

y10

y11

y12

5

m:

y05

y15

y04
4

m

4
: s0

y24

s14

s24

3

m : s03
2
m 2 : s0
(a)

y06
y03
y02

m5:
y52

y14

y07

NULL

1
m1 : s 0

s11

s 21

s 31

s 41

s 51

y01

y11

y12

y31

y 14

y51

y15

y05 = NULL
NULL

y04
4

m4 : s0

y35

y25

y65

y55

y45

y14

y24

y34

y44

y54

s14

s24

s34

s44

s54

y27

y09

m 3 : s0

3

s13

2

s12

m 2 : s0

s23
s22

y26

y39

y23
y22

(b)

Figure 8: The output sequences of 𝑚4 and 𝑚5 in centralized (a) and distributed (b) scenario. Solid arrows indicate the data dependence for
output generation; dotted arrows indicate the data dependence for state transition.
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Table 2: The output sequence of submodels in centralized simulation.

4
3.5

States transition

1

𝑚1

𝑚2

𝑚3

𝑚4

5

𝑚

𝑚6

𝑚7

8

𝑚

𝑚9

𝑌01 = 𝑂 (𝑆01 )
1

𝑌11 = 𝑂 (𝑆11 )
𝑌21
𝑌02
𝑌12
𝑌22
𝑌03
𝑌13
𝑌23
𝑌04
𝑌14
𝑌24
𝑌05
𝑌15
𝑌25
𝑌06
𝑌16
𝑌26
𝑌07
𝑌17
𝑌27
𝑌08
𝑌18
𝑌28
𝑌09
𝑌19
𝑌29

1

=𝑂

2

=𝑂

2

=𝑂

2

=𝑂

3

=𝑂

3

=𝑂

3

=𝑂

= 𝑂4
4

=𝑂

4

=𝑂

= 𝑂5
5

=𝑂

5

=𝑂

6

=𝑂

6

=𝑂

6

=𝑂

7

=𝑂

7

=𝑂

7

=𝑂

8

=𝑂

8

=𝑂

8

=𝑂

9

=𝑂

9

=𝑂

9

=𝑂

(𝑆21 )
(𝑆02 ),
(𝑆12 ),
(𝑆22 )
(𝑆03 ),
(𝑆13 ),
(𝑆23 )
(𝑆04 ),
(𝑆14 ),
(𝑆24 )
(𝑌01 , 𝑌04 ),
(𝑌11 , 𝑌14 ),
(𝑌21 , 𝑌24 )
(𝑌04 ),
(𝑌14 ),
(𝑌24 )
(𝑌05 ),
(𝑌15 ),
(𝑌25 )
(𝑌05 ),
(𝑌15 ),
(𝑌25 )
(𝑌07 , 𝑌06 , 𝑌03 , 𝑌02 ),
(𝑌17 , 𝑌16 , 𝑌13 , 𝑌12 ),
(𝑌27 , 𝑌26 , 𝑌23 , 𝑌22 )

3

𝑆11 = 𝑇1 (𝑆01 , Φ, ℎ),
𝑆21 = 𝑇1 (𝑆11 , Φ, ℎ)
𝑆12
𝑆22

=
=

2

𝑇 (𝑆02 , 𝑌01 , ℎ),
𝑇2 (𝑆12 , 𝑌11 , ℎ)

Cart position

Outputs

2.5
2
1.5
1

𝑆13 = 𝑇3 (𝑆03 , 𝑁𝑈𝐿𝐿, ℎ),
𝑆23 = 𝑇3 (𝑆13 , 𝑌08 , ℎ)

0.5
0

0

𝑆14 = 𝑇4 (𝑆04 , 𝑁𝑈𝐿𝐿, ℎ),
𝑆24 = 𝑇4 (𝑆14 , 𝑌09 , ℎ)

1

2

3

4

5
6
Time (s)

7

8

9

10

7

8

9

10

T=h
T = 2h
(a)

—

4
3.5
3

—

—

Pendulum angle

Models

2.5
2
1.5
1

—

0.5
0

0

1

—

2

3

4

5
6
Time (s)

T=h
T = 2h
(b)

In the situation where NDFT and DFT models are mixed
cascaded, the delays can be counted as follows.
(a) Back-track NDFT model’s preceding DFT models
until to itself (loop) or another NDFT model. There
could be multiple trace paths, among which the
longest one determines the delays on the output of this
NDFT. For example, there are four incoming paths
before 𝑚4 : two go back to itself, one to 𝑚2 , and one
to 𝑚3 , as Figure 1 shows. The longest one (DFT model
cascaded) is the “𝑚5 → 𝑚7 → 𝑚9 ”; thus 𝑚4 ’s output
delay is 3 simulation steps.
(b) For DFT model, count the maximum delay of its
preceding models and then plus one delay produced
by itself. For example, the maximum delay before 𝑚5
is 3 (contributed by 𝑚4 ); thus 𝑚5 ’s output delay is
3 + 1 = 4.

Figure 9: The models are computed with fixed-step resolver, where
the step ℎ = 0.001 s. When all nine submodels are totally distributed
and deployed, the property of stability is volatile. As we can see, the
cart position (a) and pendulum angle (b) cannot be stably controlled
any more when distributed simulation step 𝑇 ≥ 2ℎ.

3.2. Performance Improvement by Proper System Partition.
Obviously, the accumulated delays are produced when distributed nodes only contain DFT models, which deteriorate
the control quality. For example, in the inverted pendulum
system, the pendulum is actually out of control during the
time when the control signal is delayed by its preceding
DFT models. Thus the system solution, that is, the state
trajectories, could produce undesired errors. In some cases,
it can produce instability, as Figure 9 shows.
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Table 3: The output sequence of submodels in distributed simulation.
Models

𝑚1

𝑚2

𝑚3

𝑚4

𝑚5

𝑚6

𝑚7

𝑚8

𝑚9

Outputs
𝑌01
𝑌11
𝑌21
𝑌31
𝑌41
𝑌02
𝑌12
𝑌22
𝑌32
𝑌42
𝑌03
𝑌13
𝑌23
𝑌33
𝑌43
𝑌04
𝑌14
𝑌24
𝑌34
𝑌44
𝑌54
𝑌05
𝑌15
𝑌25
𝑌35
𝑌45
𝑌55
𝑌65
𝑌06
𝑌16
𝑌26
𝑌36
𝑌46
𝑌07
𝑌17
𝑌27
𝑌37
𝑌47
𝑌08
𝑌18
𝑌28
𝑌38
𝑌48
𝑌09
𝑌19
𝑌29
𝑌39
𝑌49

1

= 𝑂 (𝑆01 )
1
= 𝑂 (𝑆11 )
1
= 𝑂 (𝑆21 )
1
= 𝑂 (𝑆31 )
1
= 𝑂 (𝑆41 )
2
= 𝑂 (𝑆02 ),
2
= 𝑂 (𝑆12 ),
2
= 𝑂 (𝑆22 )
2
= 𝑂 (𝑆32 )
2
= 𝑂 (𝑆42 )

States transition
𝑆11 = 𝑇1 (𝑆01 , Φ, ℎ),
𝑆21 = 𝑇1 (𝑆11 , Φ, ℎ),
𝑆31 = 𝑇1 (𝑆21 , Φ, ℎ),
𝑆41 = 𝑇1 (𝑆31 , Φ, ℎ)
𝑆12
𝑆22
𝑆32
𝑆42

= 𝑇2 (𝑆02 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇2 (𝑆12 , 𝑌01 , ℎ),
= 𝑇2 (𝑆22 , 𝑌11 , ℎ),
= 𝑇2 (𝑆32 , 𝑌21 , ℎ)

3

𝑆13
𝑆23
𝑆33
𝑆43

= 𝑇3 (𝑆03 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇3 (𝑆13 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇3 (𝑆23 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇3 (𝑆33 , 𝑌28 , ℎ)

= 𝑂4 (𝑆04 ),
4
= 𝑂 (𝑆14 ),
4
= 𝑂 (𝑆24 ),
4
= 𝑂 (𝑆34 ),
4
= 𝑂 (𝑆44 ),
4
= 𝑂 (𝑆54 )

𝑆14
𝑆24
𝑆34
𝑆44
𝑆54

= 𝑇4 (𝑆04 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇4 (𝑆14 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇4 (𝑆24 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇4 (𝑆34 , 𝑁𝑈𝐿𝐿, ℎ),
= 𝑇4 (𝑆44 , 𝑌39 , ℎ)

= 𝑂 (𝑆03 ),
3
= 𝑂 (𝑆13 ),
3
= 𝑂 (𝑆23 )
3
= 𝑂 (𝑆33 )
3
= 𝑂 (𝑆43 )

= 𝑂5 (𝑁𝑈𝐿𝐿, 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
5
= 𝑂 (𝑌01 , 𝑌04 ),
5
= 𝑂 (𝑌11 , 𝑌14 ),
5
= 𝑂 (𝑌21 , 𝑌24 ),
5
= 𝑂 (𝑌31 , 𝑌34 ),
5
= 𝑂 (𝑌41 , 𝑌44 ),
5
= 𝑂 (𝑌51 , 𝑌54 )
6
= 𝑂 (𝑋06 = 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
6
= 𝑂 (𝑌04 ),
6
= 𝑂 (𝑌14 ),
6
= 𝑂 (𝑌24 ),
6
= 𝑂 (𝑌34 )
7
= 𝑂 (𝑋07 = 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
7
= 𝑂 (𝑌05 = 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
7
= 𝑂 (𝑌15 ),
7
= 𝑂 (𝑌25 ),
7
= 𝑂 (𝑌35 )
8
= 𝑂 (𝑋08 = 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
8
5
= 𝑂 (𝑋18 = 𝑌0 = 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
8
= 𝑂 (𝑌15 ),
8
= 𝑂 (𝑌25 ),
8
= 𝑂 (𝑌35 )
9
= 𝑂 (𝑁𝑈𝐿𝐿, 𝑁𝑈𝐿𝐿, 𝑁𝑈𝐿𝐿, 𝑁𝑈𝐿𝐿) = 𝑁𝑈𝐿𝐿,
9
= 𝑂 (𝑁𝑈𝐿𝐿, 𝑁𝑈𝐿𝐿, 𝑌03 , 𝑌02 ) = 𝑁𝑈𝐿𝐿,
9
3
= 𝑂 (𝑁𝑈𝐿𝐿, 𝑌16 , 𝑌1 , 𝑌12 ) = 𝑁𝑈𝐿𝐿,
9
= 𝑂 (𝑌27 , 𝑌26 , 𝑌23 , 𝑌22 ),
9
= 𝑂 (𝑌37 , 𝑌36 , 𝑌33 , 𝑌32 )

—

—

—

—

—
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−
+
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0.14

3

0.12
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Figure 10: Four new submodels are formed by proposed partition schema, marked with dashed boxes and numbers. Separately deployed
DFT models do not exist anymore and the accumulated delays incurred are eliminated.

2.5
2
1.5

0.1
0.08
0.06

1

0.04

0.5

0.02

0

0

1

2

T = 5h
T = 10h

3

4

5
6
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7

8

9
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T = 50h
T = 100h

(a)

0

0

1

2

3

4

5
6
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8

9
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T = 50h
T = 100h

T = 5h
T = 10h

(b)

Figure 11: The control quality in distributed environment is improved greatly after repartition of the system. In (a), the dynamics of cart
positions are almost unchanged with 𝑇 increasing; in (b), although the pendulum angle is affected, it is still under control.

To reduce the delays caused by DFD models, a schema is
proposed here to partition the system properly as follows.

(c) Repeat steps (a) and (b) until the system is partitioned
completely.

(a) Pick up one of the NDFT models, denoted as 𝑚start .
Disconnect its outgoing connections and backtrack
its preceding DFT models along each incoming path
until a different NDFT model, denoted as 𝑚end . Loop
is enabled and kept as composition of this part. There
could be multiple tracking paths; thus 𝑚end is a set.

Using this schema, the separately deployed DFT models
are eliminated; as a result, the accumulated delays are eliminated either. In Figure 10, the inverted pendulum system is
partitioned into 4 parts; the computing order inside each part
is determined by the same way as introduced in Section 3.1.
With this partition schema, the control quality of the
system in distributed environment is improved greatly, as
we can see in Figure 11. The main benefit brought out by
this schema is it enlarges the tolerance of simulation step 𝑇
with which the distributed system can sustain the stability
property of the original system. It relaxes the criterion under

(b) Disconnect the connections between 𝑚end set and
their adjacent DFT models (along the tracking paths).
This separated part forms a new integrated NDFT
model.
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which the original system can be deployed into distributed
environment without any modifications to models.
[9]

4. Conclusion
A simulation infrastructure, MLRTI, is proposed in this
paper to address some practical issues related with real-time
simulations. The integrating timing mechanism and high
data transmission speed achieved with specialized hardware
guarantee the performance of the infrastructure of real-time
system. Additionally, the system partition schema successfully reduced the possible errors incurred by improper system
distribution. With these characteristics, MLRTI is used in
the following domains: (a) the virtual combat simulation
domain, where computer generated entities act as friendly or
rival forces and human pilots combat with or against them
by simulators; (b) the distributed control domain, where
different parts of the system residents on different nodes.
In the future, more theoretical work would be done to
improve the system partition schema in two directions: (1)
considering the load balance (computation balance and communication balance) requirement in the partition schema; (2)
finding a formal approach to determine the upper bond of
step size in distributed environment.
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3
LASPI, IUT Roanne, 42334 Roanne, France
4
Laboratoire des Sciences de l’Information et des Systèmes, UMR CNRS, ENSAM, 13617 Aix-en-Provence, France
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A new family of MLE type 𝐿 𝑝 estimators for model order reduction in dynamical systems identification is presented in this paper.
A family of 𝐿 𝑝 distributions proposed in this work combines 𝐿 𝑝2 (1 < 𝑝2 < 2) and 𝐿 𝑝1 (0 < 𝑝1 < 1) distributions which are
quantified by four parameters. The main purpose is to show that these parameters add degrees of freedom (DOF) in the estimation
criterion and reduce the estimated model complexity. Convergence consistency properties of the estimator are analysed and the
model order reduction is established. Experimental results are presented and discussed on a real vibration complex dynamical
system and pseudo-linear models are considered.

1. Introduction
The choice of the norm is a fundamental problem in system
identification. For some special cases, the least squares (LS)
(𝑝 = 2), the least absolute deviation (LAD) (𝑝 = 1),
and the Chebyshev estimator (𝑝 = ∞) methods have been
proposed by many authors [1, 2]. It is well known that the
𝐿 1 norm estimators are efficient when the noise follows the
Laplace distribution, the 𝐿 2 norm estimators are efficient
when the noise follows the Gaussian distribution, and the
𝐿 ∞ norm estimators are efficient when the noise follows the
uniform distribution. Furthermore, it has been shown that
the 𝐿 𝑝 norm estimator is the MLE if noise is a generalized
𝑝-Gaussian [3]. Thus, we can always find a suitable exponent
𝑝 for the 𝐿 𝑝 norm method. In the reference paper [4],
the authors discuss smooth and sensitive 𝐿 𝑝 norms for
prediction error system identification when disturbances are
magnitude-bounded. They show that a necessary condition
for 𝐿 𝑝 norm to be statistically robust with respect to the
̃ 𝑝 (𝜔) of the 𝜔-contaminated distribution model with
family P
support [−𝛽, 𝛽] for some arbitrary 𝛽 > 0 is that its second

derivative does not vanish on the support and must be
̃ 𝑝 (𝜔). This latter condition
strictly positive with respect to P
is fundamental in our framework by ensuring the parameter
estimate variance convergence rate (see Proposition 4.2 and
Corollary 4.3 [4]). However, many drawbacks come from
the use of the 𝐿 𝑝 norm. Firstly, 𝑝 is the unique DOF of
the norm. Secondly, the support is a restricted condition
to deal with the outliers [5]. Thirdly, the choice of 𝑝 may
prevent robustness to the large data. Finally, most of the time,
𝐿 ∞ norm is used to the model reduction for robust control
[6] with the restricted case where the model parameters
number is limited. The 𝐿 𝑝 norms are widely used in many
domains [7, 8]. Even though the formal framework presents
some difficulties, previous works show the interest to use
these estimators. In system identification, Chen et al. in
[9] propose an ARMA robust system identification using a
generalized 𝐿 𝑝 norm estimation algorithm. The authors use
this norm to identify a system with a non-Gaussian noise,
since the classical LSE is related to the situation when the
noise distribution is white-Gaussian. Likewise, these authors
in [10] propose the parameter estimation of linear systems
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with input-output noisy data, supposed to be corrupted by
measurement noise unknown distributions.
Here, we deal with the problem of the 𝐿 𝑝 estimation in
system identification in the presence of atypical data (outliers) in the vibration dynamical system output signal, in
order to reduce the model order for the controller design. In
such a vibration dynamical system, natural outliers occur in
the output signal, increasing considerably the model order in
the estimation procedure.
To avoid this problem, a new variety of MLE type 𝐿 𝑝
estimators are considered. We define a mixed 𝐿 𝑝 distribution
with multiple DOF containing 1 < 𝑝2 < 2 and 0 <
𝑝1 < 1 [11], parametrized by a threshold named scaling
factor, denoted by 𝜂̃. To ensure both the parameter estimate
variance convergence and the model order reduction and
apply conditions in [4] related to the second derivative of the
̃ 𝑝 (𝜔), we show that
𝐿 𝑝 norm on the support with respect to P
there exists a tradeoff between 𝑝2 , 𝑝1 , and 𝜂̃. This reduction is
efficient only with 𝜂̃ < 1 and 𝑝2 < 2, involving 𝑝1 < 1.
Model reduction has been subject to considerable interest
in many domains. In [12], a method of the model reduction
of the nonlinear complex Ginzburg-Landau equation is
presented. In [13] the authors propose dimension reduction
and dynamics of a spiking neural network model for decision
making under neuromodulation. The model order reduction
is a fundamental step, espacially in control design. To estimate
a low order model of a system, several possibilities exist.
The most obvious one is to directly estimate a lower order
model. As known from, for example, Ljung [14], the prediction/output error estimate automatically gives models that
are 𝐿 2 approximations of the true system in frequency-weight
norm, determined by the input spectrum and noise model.
See [14, chapter 8] for more details. A second possibility is
to estimate a high order model which is then subjected to
model reduction to the desired order. Indeed, some contributions that take into account that the high order model
is obtained through an identification experiment when performing model reduction are Porat and Friedlander [15],
Porat [16], Söderström et al. [17], Stoica and Söderström [18],
Zhu and Backx [19, chapter 7] and Tjärnström and Ljung [20],
and Tjärnström [21]. Porat and Friedlander study an ARMA
parameter estimation via covariance estimates. Recently, in
time domain, [22] presents a relevant paper on a new model
order reduction algorithm based on general orthogonal
polynomials. The following contributors deal with models
having input signals. Söderström et al. [17] focus on model
structures that can be embedded in larger structures which
are easy to estimate, such as ARX structures. After estimating
the high order structure, they reduce the estimate to the low
order structure in a weighted nonlinear least-squares sense.
The method is called indirect prediction error method. In [20],
the authors focus on 𝐿 2 model reduction. They study FIR
and OE models. The former is estimated directly from data
and the latter is computed by reducing a high order model,
by 𝐿 2 model reduction. For OE models, they show that the
reduced model has the same variance as the directly estimated
one, if the reduced model class used contains the true system.
Recently, in [23], the authors illustrate procedures to identify

Mathematical Problems in Engineering
a state-space representation of a lossless or dissipative system
from a given noise-free trajectory. The idea is to perform
model reduction by obtaining a balanced realization directly
from data and truncating it to obtain a reduced order model.
However, these different model order reduction methods are
performed after estimation phases with high model orders.
On the other hand, this reduction is made in favorable
conditions, where no outliers are present in the dataset and
the prediction errors. In practice, we all know that real
conditions lead to model complexity strongly increased. The
lack of robustness of these methods damages the estimation
and the model order. Different works have been performed,
using robust estimators. A first alternative is the use of the 𝐿 1
norm [24–26], as a possibility to reduce the model complexity
to identify a complex dynamical system, for example, an
acoustic duct for active noise control (ANC). The authors
propose relevant OE (output error) 𝐿 1 models with complex𝐿
ity 𝑑M1 equal to 21. The second one is to use a symmetrix
convex Huber’s function [27]. Recently, in [28, 29], the
identification of the same plant, using 𝐿 2 −𝐿 1 estimators with
low values of the scaling factor in Huber’s function, proposes
𝐻
equal to 17.
OE-𝐿 2 − 𝐿 1 models with complexity 𝑑M
Here, we will tackle the 𝐿 𝑝2 − 𝐿 𝑝1 distribution approach
and, from this, we will propose a 𝐿 𝑝 parameterized robust
estimation criterion (PREC) using a symmetric convex function, offering to the user more flexibility in terms of an extra
DOF, in order to improve the estimation balance robustness/
performances. We will show that the number of DOF in this
function facilitates the model order reduction. We will see
that the reduced order models are provided by the 𝐿 𝑝2 −
𝐿 𝑝1 estimation itself, where classical approaches separate
the phases, estimation and then reduction. Indeed, we will
demonstrate that the 𝐿 𝑝 model order thus obtained remains
lower than the corresponding 𝐿 2 −𝐿 1 estimate. Finally, experimental results on the acoustic duct will confirm these results.
We start in Section 2 by introducing the mathematical
background related to definition and properties of the 𝐿 𝑝
estimator. We develop the consistency and convergence
properties of this estimator. The application to the system
identification is presented in Section 3. Section 4 proposes
the main results concerning the model order reduction. In
Section 5, the improvement of the model order reduction
with respect to the number of DOF is presented. Experimental results based on a vibration dynamical system are
presented and discussed in Section 6. Conclusions and perspectives are drawn in Section 7.

2. Definition and Properties of
the 𝐿 𝑝 Estimators
The new family of 𝐿 𝑝 -distributions proposed in this paper
combines 𝐿 𝑝2 and 𝐿 𝑝1 distributions, quantified by four
parameters, 𝑝2 (1 < 𝑝2 < 2), 𝑝1 (0 < 𝑝1 < 1), 𝜙 (𝜙 > 0), and
𝜂̃ (0 < 𝜂̃ < 1). Hence, it can be viewed as a generalization of
the redescending mixed distributions, which corresponds to
the M-estimates 𝑝2 = 2 and 𝑝1 = 1 (see [27, chapter 4, page
84-85]). A formal definition of a probability density function
(pdf) of a random variable is as follows.
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Definition 1. Consider a function 𝑓𝑝 : R → R∗+ , 𝑋 → 𝑓𝑝 (𝑋)
such that
𝑝2

𝑝2

𝑓 (𝑋) = 𝐶𝑒−|𝑋| /2𝜙
𝑓𝑝 (𝑋) = { 𝑝2
𝑝1
𝑝2
2
𝑝2
𝑓𝑝1 (𝑋) = 𝐶𝑒−̃𝜂|𝑋| /𝜙 +̃𝜂 /2𝜙

for |𝑋| ≤ 𝜂̃
(1)
for |𝑋| > 𝜂̃,

2

𝑝2

𝜙𝑝2 /𝑝1
1 𝜂̃𝑝1 +1
Γ
(
,
)
𝑝1 𝜙𝑝2
𝑝1 𝜂̃1/𝑝1

for |𝑋| > 𝜂̃,

𝜙21/𝑝2
1
1 𝜂̃𝑝2
[Γ ( ) − Γ ( , 𝑝 )]
𝐾2 =
𝑝2
𝑝2
𝑝2 2𝜙 2

(2)
for |𝑋| ≤ 𝜂̃,

where Γ(𝑎) and Γ(𝑎, 𝑋) are, respectively, the complete and
incomplete Euler’s gamma functions. We can easily verify
that, for all 𝑋 ∈ R, 𝑓𝑝 (𝑋) ≥ 0 and ∫R 𝑓𝑝 (𝑋)𝑑𝑋 = 1, which
ensure that 𝑓𝑝 is a probability density. The parameter 𝜂̃ is
defined as a threshold named scaling factor. Its value depends
on the degree of the contamination of the random variables
𝑋. Moreover, a low value will ensure a good robustness and a
high value a good efficiency of the estimation.
The pdf 𝑓𝑝 (𝑋) belongs to the maximum likelihood estimators (MLE) class. Then, there exists a symmetric function
𝑝
𝑝
variety 𝜌𝜂̃ (𝑋) such that 𝜌𝜂̃ (𝑋) ∼ − log 𝑓𝑝 (𝑋).
Definition 2. Let one define a new estimator variety as a 𝐿 𝑝
𝑝
estimator, denoted by 𝜃̂𝑁. Let (𝑆, S, 𝑃) be a probability space
𝑁
and let {𝑋𝑡 }𝑡=1 be a sequence of i.i.d.r.v’s with values in 𝑆. Let
𝑝
Θ be a Borel subset in R𝑑 . Let 𝜌𝜂̃ : 𝑆×Θ → R be a symmetric
𝑝

function such that 𝜌𝜂̃ (∙(𝜃)) : 𝑆 → R is measurable for each
𝑝
𝜃 ∈ Θ. The 𝐿 𝑝 estimator 𝜃̂𝑁 is defined by a minimum of the
form
𝑁

−1

𝑁

𝑝
∑𝜌𝜂̃
𝑡=1

𝜃∈Θ

(3)

𝑡=1

̃ 𝑝 (𝜔) = {𝐹𝑝 | 𝐹𝑝 = (1 − 𝜔) 𝐹𝑝 + 𝜔𝐻, 𝐻 ∈ M} .
P
2

(4)

for |𝑋| > 𝜂̃

Now, our goal is to provide the relation between the level
of contamination 𝜔 and the scaling factor 𝜂̃. In practice, the
robustness is defined by a suitable value of 𝜂̃ that fixes the 𝜔contamination model.
𝑝

Theorem 4. If one adjusts the scaling factor 𝜂̃ in 𝜌𝜂̃ , such that

̃ = (1 − 𝜔)𝐶, from the condition ∫∞ 𝐶𝑒
̃ −𝜌𝜂̃ (𝑋)/𝜎 2 𝑑𝑋 = 1, 𝜔
𝐶
−∞
and 𝜂̃ are linked by

𝑝
𝜌 2
{
{ 𝜂̃

𝑝
𝜌𝜂̃ 1

(±̃
𝜂) =
(±̃
𝜂)
DCC : { 𝜕 𝑝2
𝜕
{( 𝜌𝜂̃ (𝑋)) = ( 𝜌𝜂̃𝑝1 (𝑋)) ,
𝜕𝑋
±̃
𝜂
±̃
𝜂
{ 𝜕𝑋
𝑝

𝑝

where 𝜌𝜂̃ 2 (𝑋) = |𝑋|𝑝2 /2 and 𝜌𝜂̃ 1 (𝑋) = 𝜂̃|𝑋|𝑝1 − 𝜂̃2 /2.

(5)

1
1−𝜔

𝜙21/𝑝2
1 𝜂̃𝑝2
1
[Γ ( ) − Γ ( , 𝑝 )]
𝑝2
𝑝2 2𝜙 2
𝑝2 (𝐾1 + 𝐾2 )
2

In robust statistics, continuity conditions are necessary to
ensure good estimations [27, chapter 2, page 24-25]. There𝑝
fore, these conditions must be applied for both 𝜌𝜂̃ and its first
derivative. This latter must be a bounded continuous function. From these considerations, we define the dimensional
continuity conditions (DCC) as follows:

𝑝

(8)

with
A=

with 1 < 𝑝2 < 2 and 0 < 𝑝1 < 1 for all 𝜂̃ > 0.

(7)

Here, M is the set of all probability measures on the real line.
̃ 𝑝 , is given by (1),
The corresponding pdf of 𝐹𝑝 , contained in P
and it puts all contamination outside [−̃
𝜂, 𝜂̃]. A suitable value
of 𝜂̃ should efficiently reduce the propagation of outlier in the
𝑝
prediction errors. This is done by 𝜌𝜂̃ 1 . Accordingly, the 𝐿 𝑝1
treatment of the estimated residuals is focused on the outlier
occurrence, so the following errors rapidly decrease and they
𝑝
are advantageously treated by 𝜌𝜂̃ 2 .

A+B=
for |𝑋| ≤ 𝜂̃

(6)

Definition 3. Let 𝐹𝑝2 be a fixed probability distribution having
a twice differentiable density 𝑓𝑝2 , such that − log 𝑓𝑝2 is convex
on the convex support of 𝐹𝑝2 . Let 𝜔 > 0 be the level of
̃ 𝑝 (𝜔) be the set of all probability
contamination and let P
distributions arising from 𝐹𝑝2 through the 𝜔-contamination
model

where
|𝑋|𝑝2
{
{
𝑝
𝜌𝜂̃ (𝑋) = { 2
𝜂̃2
{
̃|𝑋|𝑝1 −
𝜂
{
2

𝑝2
.
1 + 𝜂̃2−𝑝2

𝑝

𝑁

𝑝
𝑝
(𝑋𝑡 (𝜃̂𝑁)) = inf 𝑁−1 ∑𝜌𝜂̃ (𝑋𝑡 (𝜃)) ,

𝑝1 =

Equation (6) allows to show that, for the conditions 𝜂̃ < 1 and
𝑝2 < 2, we get 𝑝1 < 1. We now define the gross error model
(GEM) in the mixed 𝐿 𝑝 framework as a generalization of the
GEM given in [27, chapter 1, page 12].

where 𝐶 = 1/2(𝐾1 + 𝐾2 ) with
𝐾1 = 𝑒𝜂̃ /2𝜙

The dimensional 𝑝1 is given from DCC and, after straightforward calculations, we obtain

𝑝2

𝑒𝜂̃ /2𝜙 𝜙𝑃2 /𝑝1
1 𝜂̃𝑝1 +1
Γ
(
,
),
B=
𝑝1 𝜙𝑝2
(𝐾1 + 𝐾2 ) 𝑝1 𝜂̃1/𝑝1

(9)

∞

where Γ(𝑎, 𝑋) = ∫𝑋 𝑍𝑎−1 𝑒−𝑍 𝑑𝑍, 𝑎 > 0, is incomplete Euler’s
gamma function.
See Appendix A for the proof. Notice that in the limit
case, where (𝑝2 , 𝑝1 ) = (2, 1) (M-estimates), we obtain, for
𝜂 = 𝑘𝜎 (𝜙 = 𝜎), A = 1 − 2Φ(−𝑘) and B = 2𝜑(𝑘)/𝑘. See
[27, chapter 4, page 84].
Figure 1 shows an example of the level of contamination
𝜔 as a function of 𝜂̃, 𝑝1 , parameterized by 𝑝2 , with 𝜙 = 𝜎 = 1.
A large value of the scaling factor means that the probability
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p2 = 1.9

p2 = 2 (Huber)

p2 = 1.5

p2 = 1.5

p2 = 1.6

I𝑟1 = (

1
Level of contamination

with

𝜎=1

p2 = 1.7

0.8

𝜙𝑟+1 2(𝑟+1)/𝑝2
𝑝2
× [Γ (

0.6

𝑟+1
𝑟 + 1 𝜂̃𝑝2
) − Γ(
,
)] )
𝑝2
𝑝2 2𝜙𝑝2
−1

× (𝐾1 + 𝐾2 ) ,

0.4

I𝑟2

0.2

𝜂̃2 /2𝜙𝑝2

= (𝑒

0

0
0

2
4
Scalin
g fact
or

0.5

6

1
8

p1

1.5
p2 = 2 (Huber)

−1

distribution of the prediction errors is weakly disturbed, corresponding to 𝜔 < 0.1 (see Figure 1). Conversely, a small
value corresponds to a pdf more disturbed. For 𝑝2 ≤ 1.7,
the curves have a minimum, meaning that a particular value
of the scaling factor renders the corresponding pdf weakly
contaminated.
𝑝

Definition 5. Let 𝜌𝜂̃ (𝑋) be a symmetric function given by
𝑝

𝜂̃2
|𝑋|𝑝2
𝜂|𝑋|𝑝1 − ) I{|𝑋|>̃𝜂} ,
I{|𝑋|≤̃𝜂} + (̃
2
2

(10)

where I{𝑌} is the unit function with the condition 𝑌. Let us
introduce two index subsets ]𝑝2 and ]𝑝1 , respectively, related
to the 𝐿 𝑝2 and 𝐿 𝑝1 contributions, defined by ]𝑝2 (𝜃) = {𝑡 :
|𝜀𝑡 (𝜃)| ≤ 𝜂̃} and ]𝑝1 (𝜃) = {𝑡 : |𝜀𝑡 (𝜃)| > 𝜂̃}. From this, the
𝐿 𝑝 -PREC to be minimized is given by
𝑝

𝑔𝑁 (𝜃) =


𝑝
𝜀 (𝜃) 2
1
∑ 𝑡 
𝑁 𝑡∈] (𝜃) 2
𝑝2

+

2
𝜂̃
𝑝 𝜂̃𝑠 (𝜃)

),
∑ (𝜀𝑡 (𝜃) 1 − 𝑡
𝑁 𝑡∈] (𝜃)
2

See Appendix B for the proof.
𝑝
Theorem 7. Let Θ be a compact subset of R𝑑 and let 𝜃̂𝑁 be the
estimator obtained as a solution of the problem
𝑁

inf 𝑁−1 ∑ (− ln 𝑓𝑝 (𝜀𝑡 (𝜃))) .

𝜃∈Θ

(14)

𝑡=1

Let 𝜃∗ be the global minimum obtained as a solution of the
problem
𝑁

inf 𝑁−1 ∑ (−𝐸 ln 𝑓𝑝 (𝜀𝑡 (𝜃))) ,

𝜃∈Θ

𝑎𝑠 𝑁 → ∞,

(15)

𝑡=1

𝑝
and then 𝜃̂𝑁 is a consistent estimate of 𝜃∗ ; that is,
𝑝
𝜃̂𝑁 → 𝜃∗ ,

𝑤.𝑝.1.

(16)

In order to do so, we use the (MLE) consistency result by
Newey and McFadden [30] and show that all the assumptions
of their theorem hold.
Theorem 8. Suppose that 𝑧𝑖 (𝑖 = 1, 2, . . .) are iid rv’s with pdf
𝑓(𝑧𝑖 | 𝜃∗ ) and
(i) 𝜃 ≠ 𝜃∗ ⇒ 𝑓(𝑧𝑖 | 𝜃) ≠ 𝑓(𝑧𝑖 | 𝜃∗ );

(11)

(ii) 𝜃∗ ∈ Θ, which is compact;

(iii) ln 𝑓(𝑧𝑖 | 𝜃) is continuous at each 𝜃 ∈ Θ w.p.1;
(iv) 𝐸[sup𝜃∈Θ | ln 𝑓(𝑧𝑖 | 𝜃)|] < ∞.

𝑝1

where 𝜀𝑡 (𝜃) is the estimated modeling error and 𝑠𝑡 (𝜃) is the
sign function such that 𝑠𝑡 (𝜃) = 0 for |𝜀𝑡 (𝜃)| ≤ 𝜂̃, 𝑠𝑡 (𝜃) = −1
𝜂, and 𝑠𝑡 (𝜃) = 1 for 𝜀𝑡 (𝜃) > 𝜂̃.
for 𝜀𝑡 (𝜃) < −̃
In order to prove the consistency and convergence of the
𝑝
robust estimator 𝜃̂𝑁, we need the following lemma related to
the moment of order 𝑟 of the random variable 𝑈.
Lemma 6. For the considered pdf 𝑓𝑝 , the moments of order
𝑟 (𝑟 ∈ N) of a random variable 𝑈 are
𝐸 (|𝑈|𝑟 ) = I𝑟1 + I𝑟2

𝑟 + 1 𝜂̃𝑝1 +1
, 𝑝 ))
𝑝1
𝜙 2

× (𝐾1 + 𝐾2 ) .

Figure 1: Level of contamination 𝜔 is plotted as a function of 𝜂̃, 𝑝1 ,
parameterized by 𝑝2 and 𝜙 = 𝜎 = 1.

𝜌𝜂̃ (𝑋) =

× Γ(

p2 = 1.9

(13)

𝜙(𝑝2 /𝑝1 )(𝑟+1)
𝑝1 𝜂̃(𝑟+1)/𝑝1

(12)

𝑝𝑟𝑜𝑏
Then 𝜃̂𝑁 → 𝜃∗ .

See Appendix C for the proof.
Remark 9. Before presenting the theorem related to the
asymptotic distribution of the 𝐿 𝑝 estimator, let us notice
that the standard asymptotic normality results for MLE
requires that the PREC be twice continuously differentiable,
which is not the case here. There exist, however, asymptotic
normality results for nonsmooth functions and we will
hereafter use the one proposed by Newey and McFadden [30]
and Andrews [31]. The basic insight of their approaches is
𝑝
that the smoothness condition of the PREC, 𝑔𝑁(𝜃), can be
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replaced by a smoothness of its limit, which in the standard
maximum likelohood case corresponds to the expectation
−𝐸 ln 𝑓𝑝 (𝜀𝑡 (𝜃)) = 𝑔𝑝 (𝜃), with the requirement that certain
remainder terms are small. Hence, the standard differentiability assumption is replaced by a stochastic differentiability
𝑝
condition, which can then be used to show that the MLE 𝜃̂𝑁 is
consistent and asymptotically normal. Let us consider the Ψ𝑝
function as the derivative with respect to 𝜃 of 𝜌𝜂̃ denoted by
Ψ𝑡 (𝜀; 𝜃). If this function is differentiable in 𝜃, one can establish
𝑝
𝑝
the asymptotic normality of 𝜃̂𝑁 by expanding √𝑁(𝜃̂𝑁 − 𝜃∗ )
∗
about 𝜃 using element by element mean value expansions.
This is the standard way of establishing asymptotic normality
of the estimator. In a variety of applications, however, Ψ𝑡 (𝜀; 𝜃)
is not differentiable in 𝜃, or not even continuous, due to
the appearence of a sign function. In such a case, one can
still establish asymptotic normality of the estimator provided
𝐸Ψ𝑡 (𝜀; 𝜃) is differentiable in 𝜃. Since the expectation operator
is a smoothing operator, 𝐸Ψ𝑡 (𝜀; 𝜃) is often differentiable in 𝜃
even though Ψ𝑡 (𝜀; 𝜃) is not.
Let us consider the following theorem establishing the
asymptotic distribution of the estimator.
𝑝
𝑝
Theorem 10. Let 𝜀1 (𝜃̂𝑁), . . . , 𝜀𝑁(𝜃̂𝑁) be iid rv’s from the pdf 𝑓𝑝
∗ ∗
with an unknown parameter 𝜃 , 𝜃 ∈ 𝐵∘ with 𝐵 a compactness
𝑝
and 𝐵∘ interior of 𝐵. Then the MLE 𝜃̂𝑁 of 𝜃∗ is consistent and
asymptotically normal:
𝑑
𝑝
√𝑁 (𝜃̂𝑁
− 𝜃∗ ) → N (0, P (𝜃∗ )) ,

(17)

where P(𝜃∗ ) is the asymptotic covariance matrix.
In order to do so, we use Theorem 7.1 given by Newey and
McFadden [30] and show that all the assumptions of their
theorem hold.
𝑝 𝑝
𝑝
Theorem 11. Suppose 𝑔𝑁(𝜃̂𝑁) ≥ sup𝜃∈𝐷M 𝑔𝑁(𝜃) − 𝑜𝑝 (𝑁−1 ),

𝑝 𝑝𝑟𝑜𝑏
𝜃̂𝑁 → 𝜃∗ , and

(i) 𝑔𝑝 (𝜃) is maximized on 𝐷M at 𝜃∗ ;
(ii) 𝜃∗ is an interior point of 𝐷M ;
(iii) 𝑔𝑝 (𝜃) is twice differentiable at 𝜃∗ with nonsingular
second derivative 𝑔𝑝 (𝜃);
𝑑

𝑝

 N(0, 𝑄(𝜃∗ ));
(iv) √𝑁(𝐸(𝜕𝑔𝑁(𝜃)/𝜕𝜃))𝜃̂𝑝 →
𝑁

̂ 𝑁(𝜃̂ )/(1+ √𝑁‖𝜃̂ −
(v) for any 𝛿𝑁 → 0, sup‖𝜃̂𝑝 −𝜃∗ ‖≤𝛿𝑁 |𝑅
𝑁
𝑁
𝑝

𝑝

𝑝𝑟𝑜𝑏

+

and then

𝑝
𝑔𝑁 (𝜃)

−

𝑝
𝑔𝑁 (𝜃∗ )

𝑝
− (𝜕𝑔𝑁(𝜃)/𝜕𝜃)𝜃∗
‖𝜃 − 𝜃∗ ‖

−𝑔𝑝 (𝜃) + 𝑔𝑝 (𝜃∗ )
,
‖𝜃 − 𝜃∗ ‖

𝑝
√𝑁(𝜃̂𝑁

Having defined the mixed 𝐿 𝑝 framework, our purpose is
now to apply this approach to the system identification by
introducing the 𝐿 𝑝 -PREC and its first and second derivatives,
to express the asymptotic 𝐿 𝑝 covariance matrix of the 𝐿 𝑝 estimator. Before this, let us recall the prediction error context.
3.1. Prediction Error Approach. Throughout the paper, we
denote the input signal by 𝑢𝑡 , the output signal by 𝑦𝑡 , and
the disturbance signal by 𝑒𝑡 as a random variable sequence
with zero mean and variances 𝜆, and 𝑁 is the total number of
measured data. We assume that 𝑦𝑡 is generated according to
𝑦𝑡 = 𝐺0 (𝑞) 𝑢𝑡 + 𝐻0 (𝑞) 𝑒𝑡 ,

∗

𝑑

(𝜃 − 𝜃 )

𝑛

(20)

𝑛

𝐹
𝐵
with F(𝑞, 𝜃) = 1 + ∑𝑖=1
𝑓𝑖 𝑞−𝑖 , B(𝑞, 𝜃) = ∑𝑖=1
𝑏𝑖 𝑞−𝑖 , and
𝑇
−1
𝜃 = [𝑏1 . . . 𝑏𝑛𝐵 𝑓1 . . . 𝑓𝑛𝐹 ] . Moreover, 𝑞 is the lag operator
such that 𝑞−𝑙 𝑦𝑡 = 𝑦𝑡−𝑙 , 𝑙 ∈ N. The prediction error (also
named estimated residuals) is 𝜀𝑡 (𝜃) = 𝑦𝑡 − 𝑦̂𝑡 (𝜃) with
𝑦̂𝑡 (𝜃) = 𝜑𝑡𝑇 (𝜃)𝜃 the prediction model, 𝜑𝑡 (𝜃) = [𝑢𝑡−1 . . . 𝑢𝑡−𝑛𝐵 −
𝑦̂𝑡−1 (𝜃) . . . − 𝑦̂𝑡−𝑛𝐹 (𝜃)]𝑇 the regressor, and 𝜓𝑡 (𝜃) = (𝜕/𝜕𝜃)𝑦̂𝑡 (𝜃)
the gradient of 𝑦̂𝑡 (𝜃) [14].

𝑝

3.2. Limit Hessian and 𝑄𝜔 -Matrix. The main purpose of this
section is to express the asymptotic covariance matrix of the
𝑝
estimator 𝜃̂𝑁 for prediction error estimates in case, essentially,
a true description of the system is available in the model
set. The condition then becomes S ∈ M, where M is a
model structure, a mapping from a parameter space to a set
of models. Let us consider the convergence domain defined
by 𝐷𝑐 = arg min𝜃∈𝐷M 𝑔𝑝 (𝜃) = {𝜃 | 𝜃 ∈ 𝐷M , 𝑔𝑝 (𝜃) =
̃ We put ourselves in the case where the global
min ̃ 𝑔𝑝 (𝜃)}.
𝜃∈𝐷M

minimum is equal to the true parameter vector 𝜃0 ; in this case,
𝐷𝑐 = {𝜃∗ } = {𝜃0 }. To establish this asymptotic covariance
𝑝
matrix, we need the limit Hessian and the 𝑄𝜔 -matrix. Using
Theorem 10, the covariance matrix is given by


cov 𝜃̂𝑁𝑝 ∼

−1



𝑝

−1

𝑔𝑝 𝜔 (𝜃0 ) 𝑄𝜔 (𝜃0 ) 𝑔𝑝 𝜔 (𝜃0 )
𝑁

P (𝜃0 )
𝑁

=

(21)

𝑝

with the limit Hessian and the 𝑄𝜔 -matrix yielded, respectively, by


𝑔𝑝 𝜔 (𝜃0 ) =

(18)

𝑝2 (𝑝2 − 1) 0
𝑚H,2 𝐸Φ0]𝑝 ,𝑡
2
2
0
+ 𝜂̃𝑝1 (𝑝1 − 1) 𝑚H,1
𝐸Φ0]𝑝 ,𝑡 ,
1

∗

−𝜃 )→
 N(0, P(𝜃 )).

The proof is given in Appendix D.

B (𝑞, 𝜃)
𝑢 +𝑒,
F (𝑞, 𝜃) 𝑡 𝑡

𝑦𝑡 = 𝐺 (𝑞, 𝜃) 𝑢𝑡 + 𝐻 (𝑞, 𝜃) 𝑒𝑡 =

𝐿

∗

(19)

where 𝐺0 (𝑞) is a linear time-invariant system, usually referred
to as the true system and 𝐻0 (𝑞) is the noise filter. In the
case of OE models, the model set is parameterized by a 𝑑dimensional real-valued parameter vector 𝜃; that is,

𝑁

𝜃∗ ‖)| → 0 with the remainder
̂ 𝑁 (𝜃) = √𝑁
𝑅

3. Application to the System Identification

𝑝

𝑄𝜔 (𝜃0 ) =

𝑝22 0
0
𝐸Φ0]𝑝 ,𝑡 ,
𝑚 𝐸Φ0 + 𝜂̃2 𝑝12 𝑚H,4
1
4 H,3 ]𝑝2 ,𝑡

(22)
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𝑇

where 𝐸Φ0]𝑝 ,𝑡 = 𝐸𝜓]0𝑝 ,𝑡 𝜓]0𝑝 ,𝑡 , 𝑖 = 1, 2. See Appendix E for the
𝑖
𝑖
𝑖
proof.
Remark 12. It is easy to show that the second derivative of
𝑝
𝑝 
2
𝑇 𝑝
𝑔𝑁(𝜃) is given by 𝑔𝑁 (𝜃) = (1/𝑁) ∑𝑁
𝑡=1 (𝜕 /𝜕𝜃𝜕𝜃 )𝜌𝜂̃ (𝜀𝑡 (𝜃))
with
𝑝 (𝑝 − 1)
𝜕2
𝑝
𝜌𝜂̃ (𝜀𝑡 (𝜃)) = 2 2
𝑚H,2 𝜓]𝑝 ,𝑡 (𝜃) 𝜓]𝑝 ,𝑡 𝑇 (𝜃)
𝑇
2
2
2
𝜕𝜃𝜕𝜃
+ 𝜂̃𝑝1 (𝑝1 − 1) 𝑚H,1 𝜓]𝑝 ,𝑡 (𝜃) 𝜓]𝑝
1

1

,𝑡

𝑇

where 𝐼 is the identity matrix. Now, in order to completely
define the expression of the 𝐿 𝑝 -RFPE, we need the following
result due to the Schur complement.
Lemma 13. Let 𝑀 be a symmetric matrix of the form 𝑀 =
( 𝐵𝐴𝑇 𝐶𝐵 ), where 𝐴, 𝐵, and 𝐶 are real and positive definite matrices. If 𝐶 is invertible, then the following property holds:

(𝜃) .
(23)

Since 𝑝1 < 1, the second term on the right-hand side of (23) is
negative. Accordingly, there exists a limit value of 𝑝1 denoted
by 𝑝1𝐿 such that (23) is positive and then verifies Proposition
4.2 and Corollary 4.3 in [4].
3.3. 𝐿 𝑝 Robust Final Prediction Error. Similar to the RFPE in
Huber’s framework [29], we now establish a quality measure
𝑝
̃ 𝜃̂𝑝 ) be the robust model to be
̂𝑁 = M(
for a given model. Let 𝑚
𝑁
̃ Let us
evaluated. It is estimated within the model structure M.
̃
denote J𝜃̂𝑝 (M; 𝜔), this quality measure that depends on the

In the mixed 𝐿 𝑝 context, the estimation procedure is
mainly a 𝐿 𝑝2 estimation since the impulsional effect of the
outlier is rapidly treated by the 𝐿 𝑝1 . Accordingly, card{]𝑝2 } >
𝑇

card{]𝑝1 }. Moreover, 𝐸Φ0]𝑝 ,𝑡 = 𝐸𝜓]0𝑝 ,𝑡 𝜓]0𝑝 ,𝑡 , 𝑖 = 1, 2, are posi𝑖

1

̃ 𝜔) =
J𝜃̂𝑝 (M;
𝑁

(24)

𝑝

where 𝑔𝜔 (𝜃) is the limit criterion. Let 𝜃0 be the argument of
𝑝
the minimum of this limit criterion and let us expand 𝑔𝜔 (𝜃)
around 𝜃0 , and we obtain
𝑝
𝑇
1 𝑝
𝑝
𝑝
𝑝
𝑝
𝑝
𝑔𝜔 (𝜃̂𝑁) ≈ 𝑔𝜔 (𝜃0 ) + (𝜃̂𝑁 − 𝜃0 ) 𝑔 𝜔 (𝜁̂𝑁) (𝜃̂𝑁 − 𝜃0 ) .
2
(25)
𝑝 𝑝
Similarly, since 𝑔𝑁 (𝜃̂𝑁) = 0,
𝑇 𝑝
1 𝑝
𝑝
𝑝
𝑝
𝑝
𝑝
𝑔𝑁 (𝜃̂𝑁) ≈ 𝑔𝑁 (𝜃0 ) − (𝜃̂𝑁 − 𝜃0 ) 𝑔𝑁,𝜔 (𝜁̂𝑁) (𝜃̂𝑁 − 𝜃0 ) .
2
(26)

From the Hessian uniform convergence theorem and the
expectations of (25) and (26), we obtain for the 𝐿 𝑝 -RFPE
̃ 𝜔) ≈ 𝐸𝑔 (𝜃̂ ) +
J𝜃̂𝑝 (M;
𝑁
𝑁
𝑝

𝑝

𝑁

𝑝
1
−1
𝑝
tr (𝑄𝜔 (𝜃0 ) 𝑔 𝜔 (𝜃0 ) ) .
𝑁
(27)

If a single run is taken into account, then we can classically
𝑝 𝑝
replace the expectation of 𝑔𝑁(𝜃̂𝑁) with only one observation
available. Therefore,
𝑝
̃ 𝜔) ≈ 𝑔𝑝 (𝜃̂𝑝 ) + 1 tr (𝑄𝑝 (𝜃0 ) 𝑔 (𝜃0 )−1 ) . (28)
J𝜃̂𝑝 (M;
𝜔
𝑁
𝑁
𝜔
𝑁
𝑁
𝑝

𝑝

𝑝

Let us denote S𝜔 (𝜃0 ) = 𝑄𝜔 (𝜃0 )𝑔 𝜔 (𝜃0 )−1 and T𝑝]𝑝

,] (𝜃0 )
1 𝑝2

−1

𝐸Φ0]𝑝 ,𝑡 (𝐸Φ0]𝑝 ,𝑡 ) . We obtain
1

𝑝

=

2

S𝜔 (𝜃0 ) = V0 𝐼 − X0𝜔 T𝑝]𝑝

,]
1 𝑝2

(𝜃0 ) − Y0𝜔 (T𝑝]𝑝

,]
1 𝑝2

2

(𝜃0 )) ,
(29)

𝑖

2

(𝐸Φ0]𝑝 ,𝑡 ) > (𝐸Φ0]𝑝 ,𝑡 ) ⇒ T𝑝]𝑝
2

1

1

,]𝑝2

(𝜃0 ) = 𝛼𝐼𝑑 ,

(31)

where 𝑑 is the model complexity and 0 < 𝛼 < 1. Therefore,
2
𝑝
(T𝑝]𝑝 ,]𝑝 (𝜃0 )) = 𝛼2 𝐼𝑑 and the trace of S𝜔 (𝜃0 ) becomes
1

2

𝑝

𝑑M (V0 − 𝛼X0𝜔 − 𝛼2 Y0𝜔 )

actual data record 𝑍𝑁. We classically have

𝑝
(𝜃̂𝑁) ,

𝑖

tive definite matrices. Using Lemma 13 with 𝐵 = 𝐼𝑑 , 𝐴 =
−1
(𝐸Φ0]𝑝 ,𝑡 ) , and 𝐶 = 𝐸Φ0]𝑝 ,𝑡 , we have

𝑁

𝑝
𝐸𝑔𝜔

𝐴 − 𝐵𝐶−1 𝐵𝑇 > 0 ⇒ 𝐶 > 𝐴−1 .
(30)

(𝑖) 𝑀 > 0 𝑖𝑓𝑓 𝐶 > 0,

(32)

𝑝

with 𝑑M being the model complexity. The 𝐿 𝑝 -RFPE becomes
̃ 𝜔) ≈ 𝑔 (𝜃̂ ) +
J𝜃̂𝑝 (M;
𝑁
𝑁
𝑝

𝑝

𝑁

𝑝

𝑑M
(V0 − 𝛼X0𝜔 − 𝛼2 Y0𝜔 ) . (33)
𝑁

4. Model Order Reduction
̃ be given, respectively, related
Let two model classes M and M
to Huber’s and 𝐿 𝑝 estimators. To avoid some drawbacks with
the notation of the parameter vectors, model classes M and
̃ respectively. Recall that the
̃ are parameterized by 𝜃 and 𝜃,
M
PREC in Huber’s approach is defined as follows:
𝑊𝑁 (𝜃) =

2
𝜀2 (𝜃) 𝜂
1
 𝜂𝑠 (𝜃)

+
).
∑ 𝑡
∑ (𝜀𝑡 (𝜃) − 𝑡
𝑁 𝑡∈] (𝜃) 2
𝑁 𝑡∈] (𝜃)
2
2

1

(34)
See [29, chapter 4, page 50]. Let us consider the following
conditions C1:
(1) 𝜂 < 1 and 𝜔 < 0.4;
(2) 𝜂̃ < 1 and 𝜔 < 0.4;
(3) 1.8 ≤ 𝑝2 < 2 with 𝑝1 < 1;
(4) 𝜙 < 2.
Theorem 14. Assume that the conditions C1 are verified. Let
̃
|Ω𝑖 | = sup(𝑡,𝜃,𝜃)
̃ (|𝜀𝑡 (𝜃)|, |𝜀𝑡 (𝜃)|) be the innovation outlier; then
 𝑝 ̃ 
 < sup 𝑊𝑁 (𝜃) .
sup 𝑔𝑁 (𝜃)

𝜃̃

𝜃

(35)
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Table 1: DOF in the symmetric function.

Estimator
LSE
LSAD
2

Function
𝑋2
2

𝐷𝑓

DOF

0

0

|𝑋|

0

0

1

𝜂

2

𝜂̃, 𝑝2

𝑋
{
{
{
2
2
{
{
{𝜂 |𝑋| − 𝜂
2
{ 𝑝
|𝑋| 2
{
{
2
{
𝜂̃2
{
𝜂̃|𝑋|𝑝1 −
{
2

Huber

Mixed-𝐿 𝑝

for |𝑋| ≤ 𝜂
for |𝑋| > 𝜂
for |𝑋| ≤ 𝜂̃
for |𝑋| > 𝜂̃

𝐻
See the proof in Appendix F. Let 𝜃̂𝑁
be Huber’s estimator.
Using J𝜃̂𝐻 (M; 𝜔) in [29, chapter 7, page 125] and Lemma 13,
𝑁
since 𝛼 < 1 and 𝜔 < 0.4, then

̂ (𝜔) 𝑑𝐻


  2𝜆
M
sup J𝜃̂𝐻 (M; 𝜔) = 1 + Ω𝑖  +
.
𝑁


𝑁
𝐻
̂
𝜃

Table 2: Effect of the DOF in the model order reduction.
Dimensional
𝐿
𝐿
𝑑M1 < 𝑑M2
𝐿

(36)

𝑁

𝐻
𝑑M
< 𝑑M1
𝑝

𝐻
𝑑M < 𝑑M

𝐷𝑓
0
1
3

1

Condition
̂ <1
𝜆
𝑁

̂
2𝜆(𝜔)

< 1, 𝜔 = 𝑔(𝜂)
R𝑑 < 1

DOF
0
𝜂
𝜂, 𝜂̃, 𝑝2

From (33) and conditions C1, since |X0𝜔 | < 1/2 and |Y0𝜔 | <
1/2, we obtain
𝑝



𝑑
̃ 𝜔) = 1 + Ω𝑖 𝑝1 + M (1 + V0 ) .
sup J𝜃̂𝐿 𝑝 (M;



 
𝑁
𝑁
𝐿𝑝 

𝜃̂

(37)

𝑁

From the curves of V0 and using the conditions C1, then
V0 ≈

2𝑝22
(2̃
𝜂 + 1) .
5𝑝2 (𝑝2 − 1)

(38)

̂
+ |V0 |), where 𝜔 = 𝑔(𝜂) and
Let us denote R𝑑 = 2𝜆(𝜔)/(1
(̃
𝜂, 𝑝2 ) are the DOF, respectively, related to Huber’s and 𝐿 𝑝
symmetric functions.
̃ 𝜔)| < sup ̂𝐻 |J ̂𝐻 (M; 𝜔)| and
Theorem 15. If sup𝜃̂𝑝 |J𝜃̂𝑝 (M;
𝜃𝑁
𝜃𝑁
𝑁
𝑁
R𝑑 < 1, then
𝑝

𝑑M <

̂ (𝜔) 𝐻
2𝜆
𝑝
𝐻
 0  𝑑M ⇒ 𝑑M < 𝑑M .
1 + V 

(39)

The proof is given in Appendix G. This tuning offers to the
user the necessary DOF to estimate and validate the reduced
order models, as described in the following section.

First, the reason for which the LSE and LSAD estimators
do not allow the model order reduction seems to be due to
the number of DOF; here, 𝐷𝑓 = 0. From the comparison
𝐿
between Akaike’s FPE and the 𝐿 1 -FPE [24], we obtain 𝑑M1 <
𝐿
𝐿
𝐿
̂ 𝑑 2 . The condition 𝑑 1 < 𝑑 2 is ensured only by the
𝜆
𝑁 M
M
M
̂ of the 𝐿 estimation. Sometimes,
value of the variance 𝜆
𝑁
2
this one is obtained with difficulty, especially in the presence
of some outliers in the prediction errors. Since 𝐷𝑓 = 0,
the model complexity reduction remains difficult. From our
point of view, the introduction of DOF in the estimation symmetric function facilitates the model complexity reduction.
For example, the DOF in Huber’s symmetric function may
ensure both the robustness and the model order reduction.
𝐻
<
Therefore, comparing (36) and the 𝐿 1 -FPE, we have 𝑑M
𝐿1
̂
.
Consequently,
the
model
order
reduction
may
(1/2𝜆(𝜔))𝑑
M
be obtained by tuning 𝜂 in Huber’s function to have the
̂
condition 1/2𝜆(𝜔)
< 1. By extention, with three DOF, the
condition R𝑑 < 1 in (G.2) may be obtained by tuning 𝜔
(through 𝜂), 𝜂̃, and 𝑝2 . Thus, the flexibility of the 𝐿 𝑝 symmetric function ensures the model order reduction. Table 2
summarizes these main results related to the effect of the
norm’s DOF on the model order reduction.

5. Effect of DOF in the Symmetric Function to
the Model Order Reduction

6. Experimental Results

Here, we focus on a new vision on the link between the model
reduction objective and its link to the estimation chosen, in
particular the number of DOF of this symmetric function.
Let 𝐷𝑓 be the number of DOF. We present in Table 1 different
symmetric function related to the MLE context and the
corresponding 𝐷𝑓 with their associated tuning parameters.

6.1. Presentation. This section presents different results
related to the identification of a real system, namely, an acoustic duct plant, in order to estimate and validate reduced order
models, using 𝐿 𝑝 estimators. We compare the 𝐿 𝑝 estimation
results with those given by Huber’s [28, 29], LSAD, LSE [24],
∞
= min𝜃 max𝑡 |𝜀𝑡 (𝜃)|). As shown in
and 𝐿 ∞ estimators (𝜃̂𝑁
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Table 3: Main results from 𝐿 ∞ , LSE, LSAD, 𝑀, and 𝐿 𝑝 estimators for model order reduction.
Model
(31, 11)

Fit (%)
12

𝑘
—

𝜂
—

𝜔
—

̂
𝜆(𝜔)
—

𝜂̃
—

𝜔
—

R𝑑
—

𝑑M
42

LSE

(2, 0)-(14, 9)

48

—

—

—

—

—

—

—

23

LSAD

(0, 1)-(14, 7)

72

—

—

—

—

—

—

—

21

𝑀

(2, 1)-(9, 8)

69.45

0.75

0.6159

0.22

0.2819

—

—

—

17

𝐿𝑝

(1.9, 0.9924)-(8, 7)

67.95

—

—

—

—

0.71

0.265

0.185

15

(1.8, 0.939)-(7, 7)

65.52

—

—

—

—

0.64

0.351

0.182

14

Estimator
𝐿∞

Table 4: Parameters from the Huber estimation (2, 1)-(9, 8) (𝑏𝑛𝐻 , 𝑓𝑛𝐻 ) and from the 𝐿 𝑝 estimation (1.8, 0.939)-(7, 7) (𝑏𝑛𝑝 , 𝑓𝑛𝑝 ).
𝑛
𝑏𝑛𝐻

1
−0.0856

2
−0.1642

3
0.1062

4
0.2241

5
0.1460

6
0.0440

7
−0.1929

8
−0.0707

9
—

𝑓𝑛𝐻

0.4241

−0.5992

−0.4307

−0.0207

0.2362

0.3232

−0.1615

0.0462

0.0744

𝑏𝑛𝑝
𝑓𝑛𝑝

−0.0927

−0.1415

0.1829

0.1553

0.0447

0.0412

−0.1857

—

—

−0.0699

−0.7319

0.0578

0.0387

−0.0021

0.3249

−0.2332

—

—

6.2. Reduced Order Models. Table 3 presents the main results
from 𝐿 ∞ , LSE, LSAD, 𝑀, and 𝐿 𝑝 estimators. The model
order reduction is clearly shown and we can notice that the
complexity reduction between LSE and the low dimension
of the new mixed 𝐿 𝑝 estimator is 40%. In Table 4, the
parameters of the (2, 1)-(9, 8) and (1.8, 0.939)-(7, 7) models
are given. Figures 4 and 5 show the frequency responses of the
(2, 1)-(9, 8) and (1.8, 0.939)-(7, 7) models, respectively, versus
the spectral estimation of the process. Even though the 𝐿 𝑝
model presents a lower complexity than Huber’s model, its
frequency response especially in low frequencies particularly
interesting in controller design is good. Remark that, for
𝐿 ∞ estimator, the fit is low and the model order increases
∞
= 42.
considerably with 𝑑M

6

Outliers
Outliers

4
Output signal (V)

Figure 3, we have to find discrete-time dynamical models
with reduced orders of the plant including the secondary
loudspeaker, its amplifier, the acoustic secondary path, the
measurement microphone, and its amplifier/antialiasing filter. For more details, the reader could refer to [24]. The
identification has been realized from a PRBS (pseudrandom
binary sequence) as excitation input signal, with a length
L = 210 − 1 and level ±3𝑉, approximating a white noise
upon the frequency range [0; 1000 Hz]. The sampling period
is 𝑇𝑠 = 500 𝜇s and the number of data is 𝑁 = 1024. The
pure delay 𝑑 of the duct is given as an integer of the sampling
period. Here, 𝑑 = 7. Figure 2 shows the output signal given
by the microphone during the recording phase of the data
set 𝑍𝑁 of the process. An estimations campaign has been
conducted to get the value of 𝑝1𝐿 ensuring Proposition 4.2 and
Corollary 4.3 in [4]. 𝑝1 was varied over the range [0.5; 1[ with
an incremental step of 0.01. The convergence is ensured for
𝑝1 ≥ 0.88. We deduce that 𝑝1𝐿 = 0.88. In the sequel, for the 𝐿 𝑝
estimation context, 1.8 ≤ 𝑝2 ≤ 2, 𝜂̃ < 1, and 0.88 ≤ 𝑝1 < 1,
and we will denote all the models by (𝛼, 𝛽) − (𝑛𝐹 , 𝑛𝐵 ).

2
0
−2
−4
−6

Outliers

0

200

400

600

Outliers
800

1000

kTs (s)

Figure 2: Output signal given by the microphone during the
recording phase of the data set 𝑍𝑁 . It clearly shows some outliers
with distinguished levels.

7. Conclusion
In this paper, a new robust estimator based on a mixed 𝐿 𝑝 distribution has been proposed in order to reduce the estimated
model complexity. The main consistency and convergence
properties of the robust estimator have been established and
it has been shown that the tuning of DOF in the symmetric
function improves the model order reduction. In effect, the
additional DOF in the symmetric function of the estimation
criterion present the advantage to tune its parameters. This
flexibility offers to the user the choice to estimate and reduce
the estimated model complexity in the same procedure. We
presented experimental results from a vibration real process
and we showed the effective reductions. Many aspects of these
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Primary path

Secondary path
Direction of propagation
Loudspeaker

Anechoic end

Output
microphone

Loudspeaker

Open end

Power

PRBS: ±3 V
Ts = 500 𝜇s

Ampli. + antialiasing
filter

PC

Figure 3: Experimental setup.

M estimation: k = 0.75

5

𝜂 = 0.75 𝜎

(1.8, 0.939)-(7, 7) model

10

0
0

−5
Magnitude (dB)

Magnitude (dB)

−10
−15
−20
−25
−30
−35

−10
−20
−30
−40

−40
−45

0

200

400
600
Frequency (Hz)

800

1000

−50

0

200

400
600
Frequency (Hz)

800

1000

Process
(1.8, 0.939)-(7, 7) OE model

Process
Model OE (9, 8)

Figure 4: Frequency response of the (2, 1)-(9, 8) model (solid line)
versus spectral estimation of the process (dashed line).

studies are opened to further researches. First, from a formal
point of view, we should study the generalization of multiple
DOF in a mixed symmetric function by investigating the link
between the number of DOF and the model reduction. Then,
it would be relevant to apply our 𝐿 𝑝 framework to a process
with a level of contamination of the data more significant.

Appendices

Figure 5: Frequency response of the (1.8, 0.939)-(7, 7) model (solid
line) versus spectral estimation of the process (dashed line).

𝑝

Since 𝜌𝜂̃ is a symmetric function, then (A.1) becomes
A+B=

1
1−𝜔

(A.2)

with

A. Proof of Theorem 4
𝑝

𝑝2

For all 𝜔 > 0, the pdf (1 − 𝜔) 𝐶𝑒−𝜌𝜂̃ (𝑋)/𝜙 has a total mass 1.
Hence,
∫

∞

−∞

𝑝

−𝜌𝜂̃ (𝑋)/𝜙𝑝2

𝐶𝑒

1
𝑑𝑋 =
.
1−𝜔

𝜂̃

0

∞

(A.1)

𝑝2
/2𝜙𝑝2

A = 2𝐶 ∫ 𝑒−𝑋

(A.3)
−̃
𝜂𝑋𝑝1 /𝜙𝑝2 +̃
𝜂2 /2𝜙𝑝2

B = 2𝐶 ∫ 𝑒
𝜂̃

𝑑𝑋;
𝑑𝑋.
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Case 1 (for A). With 𝑍 = 𝑋𝑝2 /2𝜙𝑝2 , we get 𝑑𝑍 = (𝑝2 /
2𝜙𝑝2 )𝑋𝑝2 −1 𝑑𝑋. Moreover, 𝑋𝑝2 −1 = 𝜙𝑝2 −1 (2𝑍)(1−1/𝑝2 ) and
𝑑𝑋 = (𝜙21/𝑝2 /𝑝2 )𝑍1/𝑝2 −1 𝑑𝑍. We obtain
𝜂̃𝑝2 /2𝜙𝑝2

2𝜙21/𝑝2 ∫0

A=

𝑍1/𝑝2 −1 𝑒−𝑍 𝑑𝑍

𝑝2

𝑝2
/2𝜙𝑝2

𝜂̃
𝜙21/𝑝2
=
∫
𝑝2 (𝐾1 + 𝐾2 ) 0

𝑍

𝑒 𝑑𝑍.

𝜙𝑝2 )𝑋𝑝1 −1 𝑑𝑋. Moreover, 𝑋1−𝑝1 = 𝜙𝑝2 /𝑝1 −𝑝2 𝑍1/𝑝1 −1 /̃
𝜂1/𝑝1 −1
𝑝2 /𝑝1 1/𝑝1 −1
1/𝑝1
and we deduce 𝑑𝑋 = 𝜙
𝑍
/𝑝1 𝜂̃ 𝑑𝑍. Therefore,
𝜙𝑝2 /𝑝1 ∞
𝑍1/𝑝1 −1 𝑒−𝑍 𝑑𝑍
∫
𝑝1 𝜂̃1/𝑝1 𝜂̃𝑝1 +1 /𝜙𝑝2
𝜙𝑝2 /𝑝1
1 𝜂̃𝑝1 +1
Γ
(
,
),
𝑝1 𝜙𝑝2
𝑝1 𝜂̃1/𝑝1
2

(A.5)

Since 𝑓𝑝 is a symmetric function, it is easy to show that
𝜂̃

𝑝2
/2𝜙𝑝2

0

∞

+ 2𝐶 ∫ 𝑢𝑟 𝑒−̃𝜂𝑢

𝑑𝑢

𝑝1
/𝜙𝑝2 +̃
𝜂2 /2𝜙𝑝2

𝜂̃

=

I𝑟1

𝑑𝑢

(B.1)

+ I𝑟2 .
J𝑟1

𝜂̃

𝜙𝑟 2𝑟/𝑝2 𝑍𝑟/𝑝2
𝑝2
/2𝜙𝑝2

𝜙𝑟+1 2(𝑟+1)/𝑝2 𝜂̃
=
∫
𝑝2
0

𝜙 1/𝑝2 1/𝑝2 −1 −𝑍
2 𝑍
𝑒 𝑑𝑍
𝑝2

(B.2)

(𝑟+1)/𝑝2 −1 −𝑍

𝑍

(C.1)

where 𝜑𝑡𝑇 (𝜃) is the regressor of the model and 𝑒𝑡 is the disturbance signal with zero mean and variance 𝜆. Let 𝜀𝑡 (𝜃) be
the estimation error equal to 𝑦𝑡 − 𝜑𝑡𝑇 (𝜃)𝜃. At 𝜃∗ , we have
𝜀𝑡 (𝜃∗ ) = 𝑒𝑡∗ .
(i) We can say 𝜃 = 𝜃∗ ⇒ 𝑓𝑝 (𝜀𝑡 (𝜃)) = 𝑓𝑝 (𝑒𝑡∗ ); that is,
𝑓𝑝 (𝑦𝑡 − 𝜑𝑡𝑇 (𝜃) 𝜃) = 𝑓𝑝 (𝑦𝑡 − 𝜑𝑡𝑇 (𝜃∗ ) 𝜃∗ ) .

(C.2)

(C.3)

𝑒 𝑑𝑍,

where the last integral is equal to Γ((𝑟 + 1)/𝑝2 ) − Γ((𝑟 +
1)/𝑝2 , 𝜂̃𝑝2 /2𝜙𝑝2 ), which proves I𝑟1 .
𝑝1
𝑝2
∞
For I𝑟2 , let us denote J𝑟2 = ∫𝜂̃ 𝑢𝑟 𝑒−̃𝜂𝑢 /𝜙 𝑑𝑢. With

𝑍 = 𝜂̃𝑢𝑝1 /𝜙𝑝2 , we obtain 𝑑𝑍 = (̃
𝜂𝑝1 /𝜙𝑝2 )𝑢𝑝1 −1 𝑑𝑢. Moreover, 𝑢1−𝑝1 = 𝜙𝑝2 /𝑝1 −𝑝2 𝑍1/𝑝1 −1 /̃
𝜂1/𝑝1 −1 and we deduce

(C.4)

Using (C.3), we get that 𝑓𝑝,𝑉(V) = 𝑓𝑝 (V), which combined
with (C.4) yields 𝜑𝑡𝑇 (𝜃∗ )𝜃∗ = 𝜑𝑡𝑇 (𝜃)𝜃 ⇒ 𝜃∗ = 𝜃.
(ii) The compactness condition (ii) is ensured by considering that 𝜃∗ ∈ 𝐷M ⊂ Θ, where 𝐷M is a compact subset of
R𝑑 .
(iii) The continuity condition is trivially verified since
ln 𝑓𝑝 (𝜀𝑡 (𝜃)) is continuous at each 𝜃 ∈ 𝐷M w.p.1.
(iv) The boundedness condition requires that, for all 𝜃 ∈
𝐷M , 𝐸[sup𝜃∈Θ ln 𝑓𝑝 (𝜀𝑡 (𝜃))] < 𝐾 < ∞. From (1), we then have
ln 𝑓𝑝 (𝜀𝑡 (𝜃)) = ln 𝐶 −

𝑟 −𝑢𝑝2 /2𝜙𝑝2

let us denote
= ∫0 𝑢 𝑒
𝑑𝑢. With 𝑍 =
For
𝑢𝑝2 /2𝜙 , we get 𝑑𝑍 = (𝑝2 /2𝜙𝑝2 )𝑢𝑝2 −1 𝑑𝑢. Moreover, 𝑢𝑝2 −1 =
𝜙𝑝2 −1 (2𝑍)(1−1/𝑝2 ) and 𝑑𝑢 = (𝜙21/𝑝2 /𝑝2 )𝑍1/𝑝2 −1 𝑑𝑍. We obtain

0

𝑦𝑡 = 𝜑𝑡𝑇 (𝜃) 𝜃 + 𝑒𝑡 ,

Let us consider 𝑉𝑡 = 𝜑𝑡𝑇 (𝜃∗ )𝜃∗ − 𝜑𝑡𝑇 (𝜃)𝜃 + 𝑒𝑡∗ . We then get

B. Proof of Lemma 6

J𝑟1 = ∫

To prove Theorem 7, we need to describe system S with
output 𝑦𝑡 by

𝑓𝑝,𝑉 (V) = 𝑓𝑝 (𝑉𝑡 − 𝜑𝑡𝑇 (𝜃∗ ) 𝜃∗ + 𝜑𝑡𝑇 (𝜃) 𝜃) .

𝐸 (|𝑈|𝑟 ) = 2𝐶 ∫ 𝑢𝑟 𝑒−𝑢

(B.3)

C. Proof of Theorem 7

𝑓𝑝 (𝜑𝑡𝑇 (𝜃∗ ) 𝜃∗ − 𝜑𝑡𝑇 (𝜃) 𝜃 + 𝑒𝑡∗ ) = 𝑓𝑝 (𝑒𝑡∗ ) .

which proves B.

𝜂̃𝑝2 /2𝜙𝑝2

𝜙(𝑝2 /𝑝1 )(𝑟+1)
𝑟 + 1 𝜂̃𝑝1 +1
=
Γ
(
, 𝑝 ),
𝑝1
𝜙 2
𝑝1 𝜂̃(𝑟+1)/𝑝1

We obtain

𝑝2

𝑒𝜂̃ /2𝜙 𝜙𝑝2 /𝑝1
1 𝜂̃𝑝1 +1
Γ
(
,
),
B=
𝑝1 𝜙𝑝2
(𝐾1 + 𝐾2 ) 𝑝1 𝜂̃1/𝑝1

I𝑟1 ,
𝑝2

𝜙(𝑝2 /𝑝1 )(𝑟+1) ∞
𝑍(𝑟+1)/𝑝1 −1 𝑒−𝑍 𝑑𝑍
∫
𝑝1 𝜂̃(𝑟+1)/𝑝1 𝜂̃𝑝1 +1 /𝜙𝑝2

which proves I𝑟2 and finally the lemma.

Case 2 (for B). From straightforward calculations, expression B only necessitates the result of the integral 𝐼 =
𝑝1
𝑝2
∞
𝜂𝑝1 /
∫𝜂̃ 𝑒−̃𝜂𝑋 /𝜙 𝑑𝑋. With 𝑍 = 𝜂̃𝑋𝑝1 /𝜙𝑝2 , we obtain 𝑑𝑍 = (̃

=

J𝑟2 =

(A.4)
1/𝑝2 −1 −𝑍

The integral in (A.4) is equal to Γ(1/𝑝2 ) − Γ(1/𝑝2 , 𝜂̃𝑝2 /2𝜙𝑝2 ),
which proves A.

𝐼=

𝑑𝑢 = (𝜙𝑝2 /𝑝1 𝑍1/𝑝1 −1 /𝑝1 𝜂̃1/𝑝1 )𝑑𝑍. After straightforward calculations,

1 𝑝
𝜌 (𝜀 (𝜃)) .
𝜙𝑝2 𝜂̃ 𝑡

(C.5)

𝑝

With 𝜌𝜂̃ defined in (10), we obtain for 𝜃 ∈ 𝐷M
1


𝑝

𝐸 ln 𝑓𝑝 (𝜀𝑡 (𝜃)) ≤ |ln 𝐶| + 𝑝 𝐸 [𝜀𝑡 (𝜃) 2 ]
2𝜙 2
𝜂̃
1
𝑝

+ 𝑝 𝜂̃2 + 𝑝 𝐸 [𝜀𝑡 (𝜃) 1 ] .
2
2𝜙
𝜙 2

(C.6)

From Lemma 6, we deduce 𝐸[|𝜀𝑡 (𝜃)|𝑝2 ] and 𝐸[|𝜀𝑡 (𝜃)|𝑝1 ]. Then,
for
1
1
𝑝
𝑝
𝐾 = sup [|ln 𝐶| + 𝑝 𝜂̃2 + 𝑝 (I1 2 + I2 2 )
2
2
2𝜙
2𝜙
𝜃∈𝐷M
(C.7)
𝜂̃
𝑝1
𝑝1
+ 𝑝 (I1 + I2 )]
𝜙 2
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and by compactness of 𝐷M , we have 𝐾 < ∞, so that, for each
𝜃 ∈ 𝐷M , we get 𝐸[sup𝜃∈𝐷M | ln 𝑓𝑝 (𝜀𝑡 (𝜃))|] ≤ 𝐾 < ∞, which
𝑝
proves 𝜃̂𝑁 → 𝜃∗ w.p.1.

AS

parameter vector 𝜃∗ , since 𝐸𝑠]∗𝑝 ,𝑡 → 0 (𝑖 = 1, 2), the limit
𝑖
Hessian is


𝑔𝑝 𝜔 (𝜃∗ ) =

D. Proof of Theorem 11

+ 𝜂̃𝑝1 (𝑝1 −

(i) From 𝐸 ln 𝑓𝑝 (𝜀𝑡 (𝜃)), we can deduce that
𝜃∗ = arg max (
𝜃∈𝐷M

𝑁

−1
𝑝
∑𝜌 (𝜀 (𝜃))) ,
𝑁 𝑡=1 𝜂̃ 𝑡

𝜃∈𝐷M

1 𝑁 𝑝
∑𝜌 (𝜀 (𝜃))) ,
𝑁 𝑡=1 𝜂̃ 𝑡

𝑇

𝑖

as 𝑁 → ∞, (D.1)

as 𝑁 → ∞.

(D.2)

−𝑝2

𝑝 −1
∑ 𝜓𝑡 (𝜃) 𝜀𝑡 (𝜃) 2 𝑠𝑡 (𝜃)
(𝜃) =
2𝑁 𝑡∈] (𝜃)
(D.3)

𝑝 

𝑝2 (𝑝2 − 1)

𝑝 −2
∑ 𝜓𝑡 (𝜃) 𝜓𝑡𝑇 (𝜃) 𝜀𝑡 (𝜃) 2
2𝑁
𝑡∈] (𝜃)

(𝐸

𝑝

𝑝2
𝜕

𝑝 −1
∑ 𝜀 (𝜃) 2 𝑠𝑡 (𝜃) 𝜓𝑡𝑇 (𝜃)
2𝑁 𝑡∈] (𝜃) 𝑡 
𝜕𝜃

𝑝
with 𝜃̂𝑁 ≤ 𝜃̃𝑁 ≤ 𝜃∗ . For 𝑁 → ∞, 𝜃̃𝑁 → 𝜃∗ ,
𝑝
𝑝
𝑝
(𝐸(𝜕𝑔𝑁(𝜃)/𝜕𝜃))𝜃∗ = 𝐸Ψ𝑡,̃𝜂(𝜀; 𝜃∗ ) = 0 and (𝐸(𝜕2 𝑔𝑁(𝜉)/


𝜕𝜉𝜕𝜉𝑇 ))𝜃̃𝑁 → 𝑔𝑝 𝜔 (𝜃∗ ). One has

𝑁

𝑝

𝜕𝑔𝑁 (𝜃)
)
𝑝
𝜕𝜃
𝜃̂

= √𝑁 {

𝑝1

𝜂̃𝑝
𝜕
𝑝 −1

− 1 ∑ 𝜀𝑡 (𝜃) 1 𝑠𝑡 (𝜃) 𝜓𝑡𝑇 (𝜃) .
𝑁 𝑡∈] (𝜃)
𝜕𝜃
𝑝1

(D.4)

− √𝑁
=

−
(D.5)

In the sequel, we adopt Ljung’s notations: 𝐸𝑓𝑡
=
𝐸𝑓
(see
[14]),
where
𝐸
is
the
expectation
lim𝑁 → ∞ (1/𝑁) ∑𝑁
𝑡
𝑡=1
with respect to the considered probability distribution.
Moreover, write for short in the general case ℎ𝑡 (𝜃∗ ) = ℎ𝑡∗ . In
order to render differentiable the limit Hessian, we use the
stochastic differentiable condition; therefore, at the global

𝑁

1
𝑝
𝑝
𝑝
𝑝
∑ [Ψ (𝜀; 𝜃̂𝑁) − 𝐸Ψ𝑡,̃𝜂 (𝜀; 𝜃̂𝑁)]}
𝑁 𝑡=1 𝑡,̃𝜂
1 𝑁 𝑝
𝑝
∑Ψ (𝜀; 𝜃̂𝑁)
𝑁 𝑡=1 𝑡,̃𝜂

(D.9)

1 𝑁
𝑝
𝑝
𝑝
𝑝
∑ (Ψ (𝜀; 𝜃̂𝑁) − 𝐸Ψ𝑡,̃𝜂 (𝜀; 𝜃̂𝑁))
√𝑁 𝑡=1 𝑡,̃𝜂

From (D.3), the Ψ-function is

𝑝2 −1
−𝑝2
𝑠]𝑝 ,𝑡 (𝜃)
𝜓]𝑝 ,𝑡 (𝜃) 𝜀]𝑝 ,𝑡 (𝜃)
2
2
 2

2
𝑝
−1
 1

− 𝜂̃𝑝1 𝜓]𝑝 ,𝑡 (𝜃) 𝜀]𝑝 ,𝑡 (𝜃)
𝑠]𝑝 ,𝑡 (𝜃) .
1
1
 1


𝑝

𝜕𝑔 (𝜃)

𝑝
√𝑁 (𝜃̂𝑁
− 𝜃∗ ) = (𝑔𝑝 𝜔 (𝜃∗ )) √𝑁(𝐸 𝑁 ) . (D.8)
𝑝
𝜕𝜃
𝜃̂

𝑁

𝜂̃𝑝 (𝑝 − 1)

𝑝 −2
+ 1 1
∑ 𝜓𝑡 (𝜃) 𝜓𝑡𝑇 (𝜃) 𝜀𝑡 (𝜃) 1
𝑁
𝑡∈] (𝜃)

𝑝

𝑝

𝜕𝑔 (𝜃)
𝜕𝑔 (𝜃)
𝜕2 𝑔𝑁(𝜉)
𝑝
) (𝜃̂𝑁 − 𝜃∗ ) = (𝐸 𝑁 ) − (𝐸 𝑁 )
𝑇
𝑝
𝜕𝜃
𝜕𝜃
𝜕𝜉𝜕𝜉
𝜃̃𝑁
𝜃̂𝑁
𝜃∗
(D.7)

− √𝑁(𝐸

𝑝2

Ψ𝑡,̃𝜂 (𝜀; 𝜃) =

𝑝 −2

fore,

𝑝2

−

𝑝 −2

moments, respectively, given by 𝐸|𝜀]∗𝑝 ,𝑡 | 2 and 𝐸|𝜀]∗𝑝 ,𝑡 | 1
2
1
established by Lemma 6. Expression (D.6) satisfies the stochastic differentiable condition and, for a fixed scaling factor,

the matrices 𝐸Φ∗]𝑝 ,𝑡 are nonsingular. Therefore, 𝑔𝑝 𝜔 (𝜃∗ ) is
𝑖
invertible.
(iv) Using the mean value theorem, we get

𝑝
The asymptotic distribution of √𝑁(𝜃̂𝑁 − 𝜃∗ ) only depends on
𝑝
the asymptotic distribution of √𝑁(𝐸(𝜕𝑔𝑁(𝜃)/𝜕𝜃))𝜃̂𝑝 . There𝑁

𝑝1

𝑔𝑁 (𝜃) =

𝑖

−1

𝑝2

𝜂̃𝑝

𝑝 −1
− 1 ∑ 𝜓𝑡 (𝜃) 𝜀𝑡 (𝜃) 1 𝑠𝑡 (𝜃) ,
𝑁 𝑡∈] (𝜃)

𝑖

𝑝

𝑝

Since 𝑔𝑝 (𝜃) = 𝐸(𝜌𝜂̃ (𝜀𝑡 (𝜃))), then 𝑔𝑝 (𝜃) is maximized on 𝐷M
at 𝜃∗ .
(ii) The interior condition of Theorem 11 is equivalent to
∘
∘
, where 𝐷M
is the interior of 𝐷M .
the assumption 𝜃 ∈ 𝐷M
(iii) From (11), the gradient and the Hessian are, respectively,
𝑝
𝑔𝑁

(D.6)

∗
1) 𝑚H,1
𝐸Φ∗]𝑝 ,𝑡 ,
1

∗
∗
with 𝐸Φ∗]𝑝 ,𝑡 = 𝐸𝜓]∗𝑝 ,𝑡 𝜓]∗𝑝 ,𝑡 , 𝑖 = 1, 2. 𝑚H,2
and 𝑚H,1
are the

which is equivalent to
arg min (

𝑝2 (𝑝2 − 1) ∗
𝑚H,2 𝐸Φ∗]𝑝 ,𝑡
2
2

1 𝑁 𝑝
𝑝
∑Ψ (𝜀; 𝜃̂𝑁) .
√𝑁 𝑡=1 𝑡,̃𝜂

𝑝
𝑝
Let us denote 𝑆𝑁(𝜃) = (1/√𝑁) ∑𝑁
𝑡=1 (Ψ𝑡,̃
𝜂 (𝜀; 𝜃) − 𝐸Ψ𝑡,̃
𝜂 (𝜀; 𝜃));
then

−√𝑁(𝐸

𝑝

𝜕𝑔𝑁 (𝜃)
𝑝
) = (𝑆𝑁 (𝜃̂𝑁) − 𝑆𝑁 (𝜃∗ )) + 𝑆𝑁 (𝜃∗ )
𝑝
𝜕𝜃
̂
𝜃
𝑁

−

1 𝑁 𝑝
𝑝
∑Ψ (𝜀; 𝜃̂𝑁) .
√𝑁 𝑡=1 𝑡,̃𝜂
(D.10)
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𝑝
̂𝑝
Since (1/𝑁) ∑𝑁
𝑡=1 Ψ𝑡,̃
𝜂 (𝜀; 𝜃𝑁 ) = 0, the third term on the righthand side of (D.10) is 𝑜𝑝 (1). Its first term is 𝑜𝑝 (1) provided

(3) The family of filters 𝑓𝑡,𝑘 (𝜃), 𝑡 = 1, 2, . . ., is uniformly
stable for all 𝑡, 𝜃, with 𝑓𝑡,𝑘 (𝜃) < 𝜇𝑘 and ∑𝑘≥0 𝜇𝑘 < ∞.

𝑝 prob
{𝑆𝑁(∙), 𝑁 ≥ 1} is stochastically equicontinuous and 𝜃̂𝑁 →
∗
𝜃 (see Theorem 7). This follows because, given any 𝛼 > 0 and
𝛽 > 0, there exists a 𝛿 > 0 such that

(4) {𝑢𝑡 } and {𝑦𝑡 } are jointly quasistationary.



𝑝
lim 𝑃 (𝑆𝑁 (𝜃̂𝑁) − 𝑆𝑁 (𝜃∗ ) > 𝛼)
𝑁→∞


𝑝
≤ lim 𝑃 ( 𝑆𝑁 (𝜃̂𝑁) − 𝑆𝑁 (𝜃∗ ) ,
𝑁→∞
 𝑝

𝜌 (𝜀𝑡 (𝜃̂𝑝 )) − 𝜌𝑝 (𝜀𝑡 (𝜃∗ )) ≤ 𝛿)
𝑁
 𝜂̃

𝜂̃
(D.11)
 𝑝

𝑝
𝑝

+ lim 𝑃 (𝜌𝜂̃ (𝜀𝑡 (𝜃̂𝑁)) − 𝜌𝜂̃ (𝜀𝑡 (𝜃∗ )) > 𝛿)


𝑁→∞

(5) Innovation outliers Ω𝑗 (𝜃) and 𝜙𝑗 (𝜃) are bounded for
̂
̂ and sup |𝜙𝑗 (𝜃)| = 𝜙.
all 𝜃 and 𝑗, sup |Ω𝑗 (𝜃)| = Ω
𝑗,𝜃

Let us consider the following short expressions: 𝜀]𝑝 ,𝑡 (𝜃∗ ) =
𝑖
∗
∗
𝜀𝑖,𝑡
, 𝑓𝑡,𝑘 (𝜃∗ ) = 𝑓𝑡,𝑘
. We then have
∗
∗,𝑚
∗,𝑚
𝜀2,𝑡
= 𝜀2,𝑡
+ 𝜀̃2,𝑡

𝑘≥1

𝜃∈𝐷M

𝑝
where the second inequality uses 𝜃̂𝑁 → 𝜃∗ and the third
uses the stochastic equicontinuity. Accordingly, this shows
that, for 𝑁 tends to infinity, we have in law L

∼

𝑁→∞

L (𝑆𝑁 (𝜃∗ ))

(D.12)

1 𝑁 𝑑 𝑝
𝑑 𝑝
∑( 𝜌𝜂̃ (𝜀𝑡 (𝜃)) − 𝐸 𝜌𝜂̃ (𝜀𝑡 (𝜃))) .
√𝑁 𝑡=1 𝑑𝜃
𝑑𝜃
𝜃∗
(D.13)

The main purpose is to prove that 𝑆𝑁(𝜃∗ ) in law is a normal
asymptotic distribution. For this, we must show that the terms
of 𝑆𝑁(𝜃∗ ) are independent. However, if we show that the
dependence between distant terms decreases, that is, if we
show that they are 𝑚-dependent (i.e., independent beyond
lags of length 𝑚), then we show the asymptotic normal
behavior of 𝑆𝑁(𝜃∗ ). For our proof, we will use the following
technical assumptions.

(D.16)

∗
∗,𝑚
∗,𝑚
= 𝜓2,𝑡
+ 𝜓̃2,𝑡
𝜓2,𝑡
𝑚

∞

𝑘=0

𝑘=𝑚+1

∗
∗
∗
= ∑ 𝛾𝑡,𝑘
𝑢𝑡−𝑘 + ∑ 𝛿𝑡,𝑘
𝑒𝑡−𝑘 + ∑ 𝛿𝑡,𝑘
𝑒𝑡−𝑘 ,
𝑘≥1

(D.17)

∗
𝐾
= ∑𝜙𝑗∗ 𝛿𝑡,𝑗
,
𝜓1,𝑡
𝑗

with 𝜙𝑗∗ = 𝜙𝑗 (𝜃∗ ). Let us consider the following lemmas.
Lemma D.1. Consider the sum of doubly indexed rv’s {𝑥𝑡,𝑁}
such that 𝑆𝑁 = ∑𝑁
𝑡=1 𝑥𝑡,𝑁 , where 𝐸𝑥𝑡,𝑁 = 0 and where
{𝑥1,𝑁, . . . , 𝑥𝑠,𝑁} and {𝑥𝑡,𝑁, 𝑥𝑡+1,𝑁, . . . , 𝑥𝑛,𝑁} are independent of
𝑡 − 𝑠 > 𝑚 as follows:
𝑁

2
< ∞,
lim sup ∑𝐸𝑥𝑡,𝑁

𝑁→∞
𝑁

2+𝛿

lim ∑𝐸𝑥𝑡,𝑁 = 0,
𝑁→∞

𝜀𝑡 (𝜃) = ∑ 𝛼𝑡,𝑘 (𝜃) 𝑢𝑡−𝑘 + ∑ 𝛽𝑡,𝑘 (𝜃) 𝑒𝑡−𝑘
𝑘≥1
𝑘≥0
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
+ ∑Ω𝑗 (𝜃) 𝛿𝑡,𝑗 .
𝑗
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑘=𝑚+1

(D.15)

𝐾
with Ω∗𝑗 = Ω𝑗 (𝜃∗ ) and 𝛿𝑡,𝑗
is Kronecker’s function. Analogously, since 𝜓𝑡 (𝜃) = −(𝜕/𝜕𝜃)𝜀𝑡 (𝜃), we have

(H1). The dataset 𝑍∞ is such that, for some filters {𝛼𝑡,𝑘 (𝜃),
𝛽𝑡,𝑘 (𝜃), 𝛾𝑡,𝑘 (𝜃), 𝛿𝑡,𝑘 (𝜃)} = 𝑓𝑡,𝑘 (𝜃), the estimated error is

𝑡∈]𝑝2

𝑘=0

𝑗

with
𝑆𝑁 (𝜃∗ ) =

∞

∗
𝐾
𝜀1,𝑡
= ∑Ω∗𝑗 𝛿𝑡,𝑗
,

prob

𝑝

𝑚

∗
∗
∗
= ∑ 𝛼𝑡,𝑘
𝑢𝑡−𝑘 + ∑ 𝛽𝑡,𝑘
𝑒𝑡−𝑘 + ∑ 𝛽𝑡,𝑘
𝑒𝑡−𝑘 ,

where 𝑚 is an integer. Moreover,



≤ lim 𝑃 ( sup 𝑆𝑁 (𝜃) − 𝑆𝑁 (𝜃∗ ) > 𝛼) < 𝛽,
𝑁→∞

L (√𝑁 (𝜃̂𝑁 − 𝜃∗ ))

𝑗,𝜃

𝑡=1

𝛿 > 0,

𝐿𝑦𝑎𝑝𝑢𝑛𝑜V’𝑠 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛.

𝑡=1

(D.18)
(D.14)

𝑡∈]𝑝1

(1) {𝑢𝑡 } is a bounded, deterministic, exogenous, and input
sequence with sup𝑡 |𝑢𝑡 | = 𝐶𝑢 .
(2) {𝑒𝑡 } is a sequence of independent rv’s with zero mean
values and bounded moments of order 4 + 𝛿, for 𝛿 >
0.

Then 𝑆𝑁 is asymptotically normally distributed with zero mean
𝑇
and covariance matrix 𝑄 = lim𝑁 → ∞ 𝐸𝑆𝑁𝑆𝑁
. See [32, 33].
Lemma D.2. Let 𝑆𝑁 = 𝑍𝑚,𝑁 + 𝑋𝑚,𝑁, 𝑚, 𝑁 = 1, 2, . . ., such
that
2
(i) 𝐸𝑋𝑚,𝑁
≤ 𝐶𝑚 , lim𝑚 → ∞ 𝐶𝑚 = 0;

(ii) 𝑃(𝑍𝑚,𝑁 ≤ 𝑧) = 𝐹𝑚,𝑁(𝑧).
Then lim𝑚 → ∞ lim𝑁 → ∞ 𝑃(𝑍𝑚,𝑁 ≤ 𝑧) = 𝐹(𝑧). See [34, 35].
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𝑆𝑁(𝜃∗ ) can be written as 𝑆𝑁(𝜃∗ ) = 𝑍𝑚,𝑁(𝜃∗ ) + 𝑋𝑚,𝑁(𝜃∗ ),
with
𝑍𝑚,𝑁 (𝜃∗ ) =

1 𝑁 𝑑 𝑝 𝑚
𝑑 𝑝
∑( 𝜌𝜂̃ (𝜀𝑡 (𝜃)) − 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))) ,
√𝑁 𝑡=1 𝑑𝜃
𝑑𝜃
𝜃∗
(D.19)

𝑋𝑚,𝑁 (𝜃∗ ) =

1 𝑁 𝑑
𝑝
𝑝
∑ [𝜌 (𝜀 (𝜃)) − 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))]
√𝑁 𝑡=1 𝑑𝜃 𝜂̃ 𝑡

(D.21)

𝑝 𝛿+2  ∗,𝑚 𝛿+2  ∗,𝑚 (𝑝2 −1)(𝛿+2)
 𝜀2,𝑡 
(( 2 ) 𝜓2,𝑡
 

2
𝛿+2  ∗,𝑚 𝛿+2  ∗,𝑚 (𝑝1 −1)(𝛿+2)
𝜓1,𝑡  𝜀1,𝑡 
).

 


(D.22)
Lyapunov’s condition becomes
 𝑑
𝛿+2
𝑝

2𝛿+2 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))

 𝑑𝜃
 ∗,𝑚 𝛿+2  ∗,𝑚 (𝑝2 −1)(𝛿+2)
 𝜀2,𝑡 
≤ 2𝛿+1 𝑝2𝛿+2 𝐸𝜓2,𝑡
 

𝛿+2

 ∗,𝑚 (𝑝1 −1)(𝛿+2)

𝛿+2
∗,𝑚 
 𝜀1,𝑡

+ 22𝛿+3 (̃
𝜂𝑝1 ) 𝐸𝜓1,𝑡
.
 


1,𝑡

(𝑝 −1)(2𝛿+4)

2𝛿+4

∗,𝑚 1
∗,𝑚
We deduce that 𝐸|𝜀1,𝑡
|
and 𝐸|𝜓1,𝑡
|
∗
bounded. Accordingly, 𝐵 ≤ 𝐶.
𝛿+2

By inserting (1/√𝑁)

are

, we finally obtain

 1
𝛿+2
𝑑 𝑝
𝑑 𝑝
𝐶


𝐸
[ 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) − 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))] ≤ 1+𝛿/2 .
 √𝑁 𝑑𝜃
𝜃∗
𝑑𝜃
𝑁
(D.26)

→ 0.
(D.27)

Part 2. In 𝑋𝑚,𝑁(𝜃∗ ), we can write
𝑝

𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃))

𝑝

−

𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))
𝑑𝜃

𝑝

𝑝

𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝜕𝜀 (𝜃) 𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝜕𝜀𝑚 (𝜃)
𝑡
𝑡
−
𝜕𝜀𝑡 (𝜃)
𝜕𝜃
𝜕𝜀𝑡 (𝜃)
𝜕𝜃

(D.23)

𝑝

+

𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝜕𝜀𝑚 (𝜃)
𝑡

𝜕𝜀𝑡 (𝜃)

𝜕𝜃

(D.28)

𝑝

−

𝜕𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) 𝜕𝜀𝑚 (𝜃)
𝜕𝜀𝑡𝑚 (𝜃)

𝑡

𝜕𝜃

.

That is,
𝑝

𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃))
𝑑𝜃

 ∗,𝑚 2𝛿+4  ∗,𝑚 (𝑝2 −1)(2𝛿+4) 1/2

≤ 2𝛿+1 𝑝2𝛿+2 (𝐸𝜓2,𝑡
𝐸𝜀2,𝑡 
)

𝛿+2

𝑁 → ∞ 𝑁𝛿/2

=

 𝑑
𝛿+2
𝑝


𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))
 𝑑𝜃


+ 22𝛿+3 (̃
𝜂𝑝1 )

𝐶

≤ lim

𝑑𝜃

Using Schwarz’s inequality, we then have
2

]

Expression (D.27) proves (D.18) in Lemma D.1 with 𝑄𝑚 (𝜃∗ ) =
𝑇
lim𝑁 → ∞ 𝐸𝑍𝑚,𝑁(𝜃∗ )𝑍𝑚,𝑁
(𝜃∗ ).

+ (̃
𝜂𝑝1 )

𝛿+2

].

∗,𝑚
|
≤ 𝐶∗ and after
From (H1), we have 𝐸|𝜓2,𝑡
∗
straightforward calculations 𝐴 ≤ 𝐶.
̂
(ii) For 𝐵∗ , from (H1) we obtain sup𝑡,𝜃 |𝜀∗,𝑚 | = Ω.

𝑝2  ∗,𝑚   ∗,𝑚 𝑝2 −1
 ∗,𝑚   ∗,𝑚 𝑝1 −1 𝛿+2
𝜓2,𝑡  𝜀2,𝑡 
 𝜀1,𝑡 
+ 𝜂̃𝑝1 𝜓1,𝑡
)






2

𝛿+1

(D.25)

𝑁 
𝛿+2
𝑑 𝑝
𝑑 𝑝
 1

[ 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) − 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))]
lim ∑𝐸

𝜃∗
𝑁→∞
√
𝑑𝜃
𝑑𝜃
𝑁
𝑡=1 

𝛿+2
 𝑑
𝑝 𝑚


 𝜌𝜂̃ (𝜀𝑡 (𝜃))

 𝑑𝜃

≤2

 2𝛿+4
+ 𝐸𝑒𝑡−𝑘 
( ∑ 𝜇𝑘 )

2𝛿+4

Then,

On the other hand,

≤(

𝑚

2𝛿+4

 𝑑
𝛿+2
𝑑 𝑝
𝑝

𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) − 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))
 𝑑𝜃

𝑑𝜃
 𝑑
𝛿+2
 𝑑
𝛿+2
𝑝
𝑝




≤ 2𝛿+1 𝐸 ( 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) + 𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) )
 𝑑𝜃

 𝑑𝜃

≤2

2𝛿+4

 ∗,𝑚 2𝛿+4

≤ 22𝛿+3 [𝐶𝑢2𝛿+4 (∑ 𝜇𝑘 )
𝐸𝜓2,𝑡

𝑘≥1
[

𝑘=0

Part 1. From (D.19) and using Lyapunov’s condition, we obtain

𝛿+2
 𝑑
𝑝


𝐸 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) .

 𝑑𝜃

∗,𝑚
(i) For 𝐴∗ , in ]𝑝2 , for all 𝑡 and 𝜃∗ , |𝜀2,𝑡
| ≤ 𝜂̃. Therefore,

(D.20)

𝑑 𝑝
𝑝
− 𝐸 [𝜌𝜂̃ (𝜀𝑡 (𝜃)) − 𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))] ∗ .
𝜃
𝑑𝜃

𝛿+2

The first and second terms on the right-hand side of (D.24)
are, respectively, denoted by 𝐴∗ and 𝐵∗ .

=

 ∗,𝑚 2𝛿+4  ∗,𝑚 (𝑝1 −1)(2𝛿+4) 1/2

(𝐸𝜓1,𝑡
𝐸𝜀1,𝑡 
) .

(D.24)

𝑝
𝜕𝜌𝜂̃

𝑝

−

𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))

(𝜀𝑡 (𝜃))

𝜕𝜀𝑡 (𝜃)

𝑑𝜃
(

𝜕𝜀𝑡 (𝜃) 𝜕𝜀𝑡𝑚 (𝜃)
−
)
𝜕𝜃
𝜕𝜃

𝑝

+(

𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃))
𝜕𝜀𝑡 (𝜃)

𝑝

−

𝜕𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))
𝜕𝜀𝑡𝑚 (𝜃)

)

(D.29)
𝜕𝜀𝑡𝑚 (𝜃)
.
𝜕𝜃
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Using mean value theorem, we then get
𝑝

𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃))
𝜕𝜀𝑡 (𝜃)

𝑝

−

𝜕𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃))
𝜕𝜀𝑡𝑚 (𝜃)

Expression (D.32) becomes
𝑝

 𝑝
 𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) 


−


𝑑𝜃
𝑑𝜃





𝑝

=

𝜕2 𝜌𝜂̃ (𝜉𝑡 (𝜃))
𝜕𝜉𝑡 (𝜃)2

(𝜀𝑡 (𝜃) − 𝜀𝑡𝑚 (𝜃)) .
(D.30)

(D.34)

∞

 

  
≤ 𝐶 ( ∑ 𝜇𝑘 𝑒𝑡−𝑘 ) (𝜀𝑡 (𝜃) + 𝜓𝑡𝑚 (𝜃)) .

Hence,

𝑘=𝑚+1

𝑝

 𝑝
 𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) 


−


𝑑𝜃
𝑑𝜃




 𝑝
 
 𝜕𝜌𝜂̃ (𝜀𝑡 (𝜃))   𝜕𝜀𝑡 (𝜃) 𝜕𝜀𝑡𝑚 (𝜃) 
 

≤ 
−


𝜕𝜃 
 𝜕𝜀𝑡 (𝜃)   𝜕𝜃


 2 𝑝


 𝜕 𝜌𝜂̃ (𝜉𝑡 (𝜃))  
 𝑚

 𝜀 (𝜃) − 𝜀𝑚 (𝜃)  𝜕𝜀𝑡 (𝜃)  .

+ 



𝑡
𝑡


 𝜕𝜉𝑡 (𝜃)2 
 𝜕𝜃 



Moreover,
𝑚


  𝑚 
 
𝜀𝑡 (𝜃) + 𝜓𝑡 (𝜃) ≤ 2𝐶𝑢 ∑ 𝜇𝑘 + 2 ∑ 𝜇𝑘 𝑒𝑡−𝑘 
𝑘≥1

(D.31)

 
+ ∑ 𝜇𝑘 𝑒𝑡−𝑘  .
𝑘=𝑚+1

Accordingly,
𝑝
 𝑝

 𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) 

 ≤ 𝛼 + 𝛽 + 𝛾 ,
−


𝑡
𝑡
𝑡
𝑑𝜃
𝑑𝜃





(i) ‖𝜕𝜌(𝜀)/𝜕𝜀‖ ≤ 𝐶|𝜀|, 𝜃 ∈ 𝐷M , all 𝑡,

∞

 
𝛼𝑡 = 2𝐶𝐶𝑢 (∑ 𝜇𝑘 ) ( ∑ 𝜇𝑘 𝑒𝑡−𝑘 ) ,

2

(iii) ‖𝜕 𝜌(𝜀)/𝜕𝜀 ‖ ≤ 𝐶,

𝑘≥1

we then have

𝑘=𝑚+1

𝑚

∞

𝑘=0

𝑘=𝑚+1

 
𝛽𝑡 = 2𝐶 ( ∑ 𝜇𝑘 ) ( ∑ 𝜇𝑘 𝑒𝑡−𝑘 ) ,
2

∞

𝑘=𝑚+1

(D.32)
Therefore,
𝑋𝑚,𝑁 (𝜃∗ ) ≤

1 𝑁
1 𝑁
∑ (𝛼𝑡 − 𝐸𝛼𝑡 ) +
∑ (𝛽 − 𝐸𝛽𝑡 )
√𝑁 𝑡=1
√𝑁 𝑡=1 𝑡
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛼
𝑋𝑚,𝑁
(𝜃∗ )



𝑚
 𝜕𝜀𝑡 (𝜃) 𝜕𝜀𝑡 (𝜃)   𝑚 

 = 𝜓̃ (𝜃)
−
 𝜕𝜃
𝜕𝜃   𝑡


+

1
∑ (𝛾𝑡 − 𝐸𝛾𝑡 ).
√
𝑁 𝑡=1
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛾

Each term on the right-hand side of (D.38) verifies the corollary to Lemma 2B.1 in [14, page 57]. Hence, as 𝑚 → ∞,

𝑘=𝑚+1
∞

∞

  
≤ ∑ 𝛽𝑡,𝑘  𝑒𝑡−𝑘 

(D.33)

 
≤ ∑ 𝜇𝑘 𝑒𝑡−𝑘  .
𝑘=𝑚+1

∞

2

𝛼
(𝜃∗ )) ≤ 𝐾 (∑ 𝜇𝑘 ) ( ∑ 𝜇𝑘 ) → 0,
𝐸(𝑋𝑚,𝑁

𝛽

2

𝑘≥1

𝑘=𝑚+1

𝑚

∞

𝑘=0

𝑘=𝑚+1

𝐸(𝑋𝑚,𝑁(𝜃∗ )) ≤ 𝐾 ( ∑ 𝜇𝑘 ) ( ∑ 𝜇𝑘 ) → 0,

𝑘=𝑚+1
∞

(D.38)

𝑋𝑚,𝑁 (𝜃∗ )

  
≤ ∑ 𝛿𝑡,𝑘  𝑒𝑡−𝑘 


  𝑚 
𝑚
𝜀𝑡 (𝜃) − 𝜀𝑡 (𝜃) = 𝜀̃𝑡 (𝜃)

𝛽

𝑋𝑚,𝑁 (𝜃∗ )

𝑁

∞

𝑘=𝑚+1

(D.37)

 
𝛾𝑡 = 𝐶( ∑ 𝜇𝑘 𝑒𝑡−𝑘 ) .

In detail,

 
≤ ∑ 𝜇𝑘 𝑒𝑡−𝑘  ,

(D.36)

with

(ii) ‖𝜕𝜌(𝜀)/𝜕𝜃‖ ≤ 𝐶|𝜀|2 , 𝜃 ∈ 𝐷M , all 𝑡,

𝑝

 𝑝
 𝑑𝜌𝜂̃ (𝜀𝑡 (𝜃)) 𝑑𝜌𝜂̃ (𝜀𝑡𝑚 (𝜃)) 


−


𝑑𝜃
𝑑𝜃






𝑚

  𝜕𝜀 (𝜃) 𝜕𝜀𝑡 (𝜃) 
≤ 𝐶 𝜀𝑡 (𝜃)  𝑡
−

𝜕𝜃 
 𝜕𝜃
 𝑚


  𝜕𝜀 (𝜃) 
+ 𝐶 𝜀𝑡 (𝜃) − 𝜀𝑡𝑚 (𝜃)  𝑡
.
 𝜕𝜃 

(D.35)

∞

From the regularity conditions C1 in [36] given by

2

𝑘=0

2
𝛾
𝐸(𝑋𝑚,𝑁(𝜃∗ ))

∞

2

≤ 𝐾( ∑ 𝜇𝑘 ) → 0.
𝑘=𝑚+1

(D.39)
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Hence, 𝑍𝑚,𝑁(𝜃∗ ) ∈ A𝑠N(0, 𝑄𝑚 (𝜃∗ )) and 𝑆𝑁(𝜃∗ ) ∈ A𝑠N(0,
𝑄(𝜃∗ )) with 𝑄(𝜃∗ ) = lim𝑚 → ∞ 𝑄𝑚 (𝜃∗ ), which proves the
point (iv) of Theorem 11.
(v) Expanding 𝑔𝑝 (𝜃) into Taylor series around 𝜃∗ , we then
get
𝑇
1 𝑝
𝑝
𝑝
𝑔𝑝 (𝜃̂𝑁) = 𝑔𝑝 (𝜃∗ ) + (𝜃̂𝑁 − 𝜃∗ ) 𝑔𝑝 (𝜃∗ ) (𝜃̂𝑁 − 𝜃∗ )
2
2
 𝑝
+ 𝑜 (𝜃̂𝑁 − 𝜃∗  ) .
(D.40)

On the other hand, the Hessian 𝑔𝑝 (𝜃∗ ) is positive definite
and nonsingular, so there is 𝐶 > 0 and a neighborhood of 𝜃∗
with
𝑇
1 ̂𝑝
̂ (𝜃̂𝑝 − 𝜃∗ )
(𝜃 − 𝜃∗ ) 𝑔𝑝 (𝜃∗ ) (𝜃)
𝑁
2 𝑁
 𝑝
2
2
 𝑝
+ 𝑜 (𝜃̂𝑁 − 𝜃∗  ) ≤ 𝐶𝜃̂𝑁 − 𝜃∗  ,

(D.41)

and then
 𝑝
∗

̂ 𝑁 (𝜃̂𝑝 )
√𝑁 𝜃̂𝑁
𝑅
𝑁
 − 𝜃  (𝐾 + 𝑜𝑝 (1)) . (D.46)
≤


 𝑝
 𝑝
1 + √𝑁 𝜃̂𝑁 − 𝜃∗ 
1 + √𝑁 𝜃̂𝑁 − 𝜃∗ 
𝑝



̂ 𝑁 (𝜃̂𝑝 )
 prob

𝑅
𝑁
 → 0,


sup 


𝜃̂𝑝 − 𝜃∗  
 ̂𝑝 ∗ 
𝜃𝑁 −𝜃 ≤𝛿𝑁  1 + √𝑁 



 𝑁



2
𝑝
𝑝
and we obtain 𝑔 (𝜃̂𝑁) ≤ 𝑔𝑝 (𝜃∗ ) + 𝐶‖𝜃̂𝑁 − 𝜃∗ ‖ . Moreover,

which proves the point (v) and finally Theorem 11.

E. Proof of the Limit Hessian
𝑝
and the 𝑄𝜔 -Matrix
𝑝2 −2

𝐸|𝜀]0𝑝 ,𝑡 |
2

𝑝1 −2

and 𝐸|𝜀]0𝑝 ,𝑡 |
1

𝑝

𝑇

𝜕𝑔𝑁(𝜉)
𝑝
) (𝜃̂𝑁 − 𝜃∗ ) (D.42)
𝜕𝜉
𝜃∗

1
 ̂ ̂𝑝
 𝑝
+ 𝜃̂𝑁 − 𝜃∗  𝑅
).
𝑁 (𝜃𝑁 ) + 𝑜𝑝 (
𝑁

𝜂̃

𝑝2

𝑝2

̂ = ∫ 𝑋𝑝2 −2 𝑒−𝑋 /2𝜙 𝑑𝑋 and 𝐶 = 1/2(𝐾1 + 𝐾2 ). After
with 𝐴
0
̂ is given by
straightforward calculations, 𝐴
(E.2)

0
0
We can deduce 𝑚H,2
. For 𝑚H,1
, we have

𝑝
𝑝
𝑝
𝑔𝑁 (𝜃̂𝑁) − 𝑔𝑁 (𝜃∗ )

 𝑝
2
≤ 𝐶𝜃̂𝑁 − 𝜃∗ 

2

𝑝

2
0
𝑚H,1
= 2 (1 − 𝜔) 𝐶𝑒𝜂̃ /2𝜙 𝐵̂

 𝑝 
 𝜕𝑔 (𝜉)   𝑝

+  𝑁  𝜃̂𝑁 − 𝜃∗ 
 𝜕𝜉  ∗

𝜃

∞

(D.43)

1
 𝑝


 𝑝
+ 𝜃̂𝑁 − 𝜃∗  (1 + √𝑁 𝜃̂𝑁 − 𝜃∗ ) 𝑜𝑝 (
)
√𝑁

𝑝1
/𝜙𝑝2

with 𝐵̂ = ∫𝜂̃ 𝑋𝑝1 −2 𝑒−̃𝜂𝑋
culations,

(E.3)

𝑑𝑋. With straightforward cal-

𝜙𝑝2 −𝑝2 /𝑝1 ∞
𝑍−1/𝑝1 𝑒−𝑍 𝑑𝑍.
𝐵̂ =
∫
𝑝1 𝜂̃1−1/𝑝1 𝜂̃𝑝1 +1 /𝜙𝑝2

1
+ 𝑜𝑝 ( ) .
𝑁
Since

(E.1)

21−1/𝑝2 𝜙𝑝2 −1
1
1 𝜂̃𝑝2
[Γ (1 − ) − Γ (1 − , 𝑝 )] .
𝑝2
𝑝2
𝑝2 2𝜙 2

Therefore,

𝑝
‖𝜕𝑔𝑁(𝜉)/𝜕𝜉‖𝜃∗

0
. In detail, for 𝑚H,2
, we have

0
̂
𝑚H,2
= 2 (1 − 𝜔) 𝐶𝐴

1
𝑝
𝑝
𝑝
𝑔𝑁 (𝜃̂𝑁) − 𝑔𝑁 (𝜃∗ ) + 𝑜𝑝 ( )
𝑁
𝑝

(D.47)

0
0
The moments 𝑚H,2
and 𝑚H,1
are, respectively, given by

𝑝

= 𝑔𝑝 (𝜃̂𝑁) − 𝑔𝑝 (𝜃∗ ) + (

prob

Since √𝑁‖𝜃̂𝑁 − 𝜃∗ ‖ → 0, then

(E.4)

∞

In (E.4), ∫𝜂̃𝑝1 +1 /𝜙𝑝2 𝑍−1/𝑝1 𝑒−𝑍 𝑑𝑍 is convergent. Indeed, since

→ 0, as 𝑁 → ∞, then

∞

 𝑝
2
𝑝
𝑝
𝑝
𝑔𝑁 (𝜃̂𝑁) − 𝑔𝑁 (𝜃∗ ) ≤ (𝐶 + 𝑜𝑝 (1)) 𝜃̂𝑁 − 𝜃∗ 
+ 𝑜𝑝 (

1  ̂𝑝
1

) 𝜃 − 𝜃∗  + 𝑜𝑝 ( ) .
√𝑁  𝑁
𝑁
(D.44)

̂ 𝑁(𝜃̂ ) can be written as
The remainder 𝑅
𝑁
𝑝

̂ 𝑁 (𝜃̂𝑝 ) ≤ √𝑁 𝜃̂𝑝 − 𝜃∗  (𝐾 + 𝑜𝑝 (1))
𝑅
𝑁

 𝑁

(D.45)

𝑒−𝑍 /𝑍1/𝑝1 < 1/𝑍1/𝑝1 , then, for 𝑋 > 0, ∫𝑋 𝑒−𝑍 /𝑍1/𝑝1 𝑑𝑍 <
∞
∫𝑋 1/𝑍1/𝑝1 𝑑𝑍. Moreover, since 𝑝1 < 1, then 1/𝑝1 > 1 and
1/𝑍1/𝑝1 ∼ 1/𝑍𝛼 (𝛼 > 1), that is, the general term of Riemann’s
integral. We deduce
2

𝑝2

0
= 2 (1 − 𝜔) 𝑒𝜂̃ /2𝜙 𝐶
𝑚H,1

∞

with 𝐼̂ = ∫𝜂̃𝑝1 +1 /𝜙𝑝2 𝑍−1/𝑝1 𝑒−𝑍 𝑑𝑍.

𝜙𝑝2 −𝑝2 /𝑝1 ̂
𝐼
𝑝1 𝜂̃1−1/𝑝1

(E.5)
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𝑝

Now, to express 𝑄𝜔 -matrix, we need the expectation of

𝑝
𝑝
𝑔𝑁 (𝜃0 )𝑔𝑁 (𝜃0 )𝑇 as 𝑁 → ∞.
𝑝
𝑝
lim𝑁 → ∞ 𝑁𝐸𝑔𝑁 (𝜃0 )𝑔𝑁 (𝜃0 )𝑇 . In

contains three terms given by

𝑝
More precisely, 𝑄𝜔 (𝜃0 ) =
𝑝
𝑝
detail, 𝑁𝐸𝑔𝑁 (𝜃0 )𝑔𝑁 (𝜃0 )𝑇

𝑝22
∑ ∑
4𝑁 𝑡∈]𝑝 𝑢∈]𝑝

 𝑝2 −1  0 𝑝2 −1 0 0 0 0 𝑇
𝜀𝑢 
𝐸𝜀𝑡0 
𝐸𝑠𝑡 𝑠𝑢 𝐸𝜓𝑡 𝜓𝑢 ,
 

(E.6)

𝜂̃𝑝1
∑ ∑
𝑁 𝑡∈]𝑝 𝑢∈]𝑝

 𝑝2 −1  0 𝑝1 −1 0 0 0 0 𝑇
𝜀𝑢 
𝐸𝜀𝑡0 
𝐸𝑠𝑡 𝑠𝑢 𝐸𝜓𝑡 𝜓𝑢 ,
 

(E.7)

2

2

2

1

𝜂̃2 𝑝12
∑ ∑
𝑁 𝑡∈]𝑝 𝑢∈]𝑝

 𝑝1 −1  0 𝑝1 −1 0 0 0 0 𝑇
𝜀𝑢 
𝐸𝜀𝑡0 
𝐸𝑠𝑡 𝑠𝑢 𝐸𝜓𝑡 𝜓𝑢 .
 

Since
= 0, if (𝑡, 𝑢) ∈ ]𝑝𝑖 ∩ ]𝑝𝑗 , with 𝑖 ≠ 𝑗, then (E.7) is
zero and (E.6), (E.8) become respectively
𝑝22
 2𝑝2 −2 0
𝐸Φ𝑡 ,
∑ 𝐸𝜀0 
4𝑁 𝑡∈]𝑝  𝑡 
2

𝜂̃2 𝑝12
𝑁

 𝑝2 +𝑝1 −2 0
𝐸Φ𝑡 .
∑ 𝐸𝜀𝑡0 

𝑝2 +𝑝1 −2

1

−1

+ R0𝜔 𝐸Φ0]𝑝 ,𝑡 ]


−1

[𝐸Φ0]𝑝

,𝑡
2

+ R0𝜔 𝐸Φ0]𝑝 ,𝑡 ]
1

≈ (𝐸Φ0]𝑝 ,𝑡 )

−1

2

−1

−1

−1

and we obtain


−1

𝑔𝑝 𝜔 (𝜃0 )

≈

−1
1
[(𝐸Φ0]𝑝 ,𝑡 )
0
2
𝛼𝜔

− R0𝜔 (𝐸Φ0]𝑝 ,𝑡 ) 𝐸Φ0]𝑝 ,𝑡 (𝐸Φ0]𝑝 ,𝑡 ) ] .
2

1

2
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2

𝑝22 0
0
𝐸Φ0]𝑝 ,𝑡 ,
𝑚 𝐸Φ0 + 𝜂̃2 𝑝12 𝑚H,4
1
4 H,3 ]𝑝2 ,𝑡
2𝑝2 −2

𝐸|𝜀]0𝑝 ,𝑡 |
2

(E.10)

0
and 𝑚H,4

=

. These moments are
0
̂∗
= 2 (1 − 𝜔) 𝐶𝐴
𝑚H,3

(E.11)

with
22−1/𝑝2 𝜙2𝑝2 −1
1
1 𝜂̃𝑝2
𝐴 =
[Γ (2 − ) − Γ (2 − , 𝑝 )] ,
𝑝2
𝑝2
𝑝2 2𝜙 2
̂∗

(E.12)

+ 𝛿𝜔0 𝐸Φ0]𝑝 ,𝑡 .
1

(E.18)

F. Proof of Theorem 14
From (34), we have
1 2


𝜂 (card {]2 (𝜃)} + card {]1 (𝜃)})
𝑊𝑁 (𝜃) ≤
2𝑁
𝜂  
+ Ω𝑖  card {]1 (𝜃)} .
𝑁

(F.1)

Since card(]2 (𝜃)) + card(]1 (𝜃)) = 𝑁 with card(]1 (𝜃)) < 𝑁,
then for all and 𝜂 < 1
 


sup 𝑊𝑁 (𝜃) = 1 + Ω𝑖  .
(F.2)
̃ < 𝑁, then for all 𝜃̃
From (11) and DCC (5), with card(]𝑝1 (𝜃))
 𝑝 ̃ 
 = 1 + Ω𝑖 𝑝1 .
sup 𝑔𝑁 (𝜃)


with
𝑝1 +1

𝜙
𝑝 + 𝑝1 − 1 𝜂̃
𝐵̂∗ =
Γ( 2
, 𝑝 ).
(𝑝
+𝑝
−1)/𝑝
2
1
1
𝑝1
𝜙 2
𝑝1 𝜂̃

,𝑡

𝜃

𝑝

2
0
𝑚H,4
= 2 (1 − 𝜔) 𝐶𝑒𝜂̃ /2𝜙 𝐵̂∗

(𝑝2 /𝑝1 )(𝑝2 +𝑝1 −1)

−1

− R0𝜔 (𝐸Φ0]𝑝 ,𝑡 ) 𝐸Φ0]𝑝 ,𝑡 (𝐸Φ0]𝑝 ,𝑡 )
2
1
2
(E.16)

𝑝

2

(E.15)

.

1

𝛼𝜔0

𝑄𝜔 (𝜃0 ) = 𝛾𝜔0 𝐸Φ0]𝑝

𝑝

=

,𝑡
2

On the other hand,

𝑡∈]𝑝1

0
with the moments 𝑚H,3

[𝐸Φ0]𝑝

Since |R0𝜔 | << 1, an approximation of 𝑔𝑝 𝜔 (𝜃0 )−1 is considered; therefore,

(E.9)

Accordingly, the 𝑄𝜔 -matrix is

𝐸|𝜀]0𝑝 ,𝑡 |

=

1

1

𝑝


−1
𝑔𝑝 𝜔 (𝜃0 )

(E.8)

𝐸𝑠𝑡0 𝑠𝑢0

𝑄𝜔 (𝜃0 ) =

In the restricted case, where 1.8 ≤ 𝑝2 ≤ 2 with 𝜂̃ < 1, |R0𝜔 | <<
1. Then, the limit Hessian matrix can be written as

(E.13)

𝜃̃

(F.3)

Since 𝑝1 < 1, then |Ω𝑖 |𝑝1 < |Ω𝑖 |, which proves the theorem.

Now, let us denote
𝛼𝜔0 =

𝑝2 (𝑝2 − 1) 0
𝑚H,2 ;
2

𝛾𝜔0 =

𝑝22 0
𝑚 ;
4 H,3

𝛽0
R0𝜔 = 𝜔0 ;
𝛼𝜔
X0𝜔 =

0
𝛽𝜔0 = 𝜂̃𝑝1 (𝑝1 − 1) 𝑚H,1
,

0
𝛿𝜔0 = 𝜂̃2 𝑝12 𝑚H,4
,

Y0𝜔 =

𝛿𝜔0 R0𝜔
.
𝛼𝜔0

̃ 𝜔)| − sup ̂𝐻 |J ̂𝐻 (M; 𝜔)|.
Let us denote ΔJ = sup𝜃̂𝑝 |J𝜃̂𝑝 (M;
𝜃𝑁
𝜃𝑁
𝑁
𝑁
From (36) and (37), we have
𝑝
̂ (𝜔) 𝑑𝐻
2𝜆
 
 𝑝   𝑑
M
ΔJ = Ω𝑖  1 − Ω𝑖  + M (1 + V0 ) −
.
𝑁
𝑁

𝛾0
V0 = 𝜔0 ,
𝛼𝜔

𝛾𝜔0 R0𝜔 − 𝛿𝜔0
;
𝛼𝜔0

G. Proof of Theorem 15

(G.1)

Since 𝑝1 < 1, then |Ω𝑖 |𝑝1 < |Ω𝑖 |. ΔJ < 0 if and only if
𝑝
𝐻
̂
(𝑑M /𝑁)(1 + |V0 |) − (2𝜆(𝜔)𝑑
M /𝑁) < 0. We then obtain
𝑝

(E.14)

𝑑M <

̂ (𝜔) 𝐻
2𝜆
 𝑑 .
1 + V0  M

(G.2)

Mathematical Problems in Engineering
The model order reduction condition R𝑑 < 1 is tuned by the
main parameters 𝜔, 𝜂̃, and 𝑝2 by means of V0 , which proves
the theorem.
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Cognitive radio (CR), which is proposed as a solution for spectrum scarcity, imposes some threats to the network. One severe attack
to cognitive radio network is the primary user emulation attack (PUEA), in which an attacker may transmit its signal with high
power or mimic specific features of the primary user’s signal to prevent secondary users from accessing the licensed spectrum. In
this paper, we study a subcarrier and power allocation problem for orthogonal frequency division multiple access-(OFDMA-) based
CR systems in the presence of PUEA. To maximize the system throughput while keeping the interference introduced to the primary
user (PU) below given thresholds with a certain probability, a joint design of a robust cooperative spectrum sensing and a resource
allocation scheme is proposed. In the proposed scheme, the inaccurate classification of PU signals and PUEA signals provided
by robust cooperative spectrum sensing is utilized by resource scheduling module. To further exploit the underutilized spectrum
bands, we also evaluate the performance of the proposed scheme in the hybrid overlay/underlay spectrum access mechanism.
Numerical results demonstrate the effectiveness of the proposed scheme compared to conventional scheme regardless of the number
of SUs or the kind of spectrum access mechanism being used.

1. Introduction
Cognitive radio networks (CRNs) are expected to bring a
revolution to the spectrum scarcity problem through intelligent use of the underutilized or the free spectrum bands
[1]. In CRNs, a secondary (unlicensed) user (SU) can access
the licensed bands under the condition that the induced
interference to the primary (licensed) users (PUs) does not
reach an unacceptable level. In general, to exploit unused
and underutilized spectrum bands, an SU has three spectrum
sharing approaches for a dynamic spectrum access mechanism [2], namely, the underlay spectrum access mechanism
(USAM), the overlay spectrum access mechanism (OSAM),
and hybrid overlay/underlay spectrum access mechanism
(HOUSAM) [3]. According to the OSAM, SUs access the
spectral bands only when they are not being used by the
PUs; in the USAM, the PUs and SUs can coexist in the
same spectral band which means the SUs can utilize the
underutilized frequency bands of the PUs. In HOUSAM,
the SU can transmit in both the unused and underutilized

spectrum bands. It improves the throughput of the secondary
network while maintaining a harmless interference to the PU.
Orthogonal frequency division multiplexing (OFDM) is
a promising candidate for CRNs [4]. With OFDM, the SU
has the ability to flexibly fill the spectral gaps left by PUs
and/or utilize the underutilized frequency bands of the PUs,
by disabling or decreasing the power allocated to a set of
subcarriers. In a conventional OFDM system, to maximize
the efficiency of the spectral resources utilization, a powerallocation algorithm is proposed in [5]. In an orthogonalfrequency-division multiple-access- (OFDMA-) based system, to exploit the time-varying nature of fading gains across
users in a given subcarrier, a subcarrier allocation algorithm is proposed in [6]. For conventional OFDMA wireless
systems, resource allocation algorithms have been studied
extensively [7]. Using these resource allocation algorithms
directly into CRNs may result in higher mutual interference
in the PUs’ band, since they coexist in side-by-side bands
and the nonorthogonality of transmitting signals. Recently,

2
resource allocations in OFDM-based CRNs have received a
great deal of attention.
Finding unused and underutilized spectrum bands in
CRNs is based on the information gathered from SUs’
spectrum sensing reports. However, in the hostile network
environment, an attacker can mount primary user emulation
attack (PUEA) to affect SUs’ reports. In such scenario, an
attacker transmits signals whose characteristics resemble
that of the PU transmitter, misleading the SUs to believe
that the spectrum bands are occupied by the PU. Robust
spectrum sensing [8] and resource allocation are two key
enabling technologies for cognitive radio (CR). The former
mainly concerns how to reliably recognize the existence
of the unused spectrum bands and the latter concerns
how to maximize the utilization of the recognized unused
spectrum bands. For instance, in [9] a hybrid PUEA defense
strategy based on a combination of energy detection and
variance detection is proposed. The authors in [10] proposed a
robust cooperative spectrum sensing that considers an always
present PUEA. For a smart PUEA, who is able to perform
spectrum sensing and send its signal in a planned way, the
authors in [11] proposed a new spectrum sensing scheme.
In [12], the authors study resource allocation problem for
OFDMA-based cognitive radio systems. A subcarrier and
power allocation schemes for a hybrid overlay and underlay
spectrum access mechanism are proposed in [13]. In [14], a
distributed power allocation algorithm for underlay CRNs
is proposed, where channel gains between SUs and PU base
stations are uncertain.
In most of existing designs for CRNs, robust spectrum
sensing and resource allocation are implemented separately.
That is, in the first step, robust spectrum sensing makes a
relatively reliable decision on whether the primary signal
is present or not. Then this decision is transferred to the
next step. Based on the information got from the first step,
a resource scheduling module could accomplish the power
allocation and/or spectrum band assignment task. In this
paper, we study the joint design of robust spectrum sensing
and resource allocation in OFDMA-based cognitive radio
systems. The feasibility of this idea is as follows.
Firstly, robust spectrum sensing has the ability to make
a relatively reliable classification of PU signals and PUEA
signals not just distinguish vacant bands from occupied
bands. Secondly, conventional resource allocation assumes a
secure environment and did not utilize the information of
imperfect classification of PU signals and PUEA signals got
from robust spectrum sensing. Recently, a valuable work [15]
has revealed that robust resource allocation, which takes into
account possible spectrum sensing errors occurring due to
the presence of PUEA signals in the environment, is more
efficient than conventional resource allocation. The scenario
that the authors in [15] considered is composed of a primary
and a secondary transceiver. This scenario is simple and the
proposed resource allocation scheme is based on OSAM,
which does not utilize the underused spectral regions.
Due to the uncertainty present in the secondary base
station- (SBS-) to-SU channel, underlay SU subcarriers may
experience relatively better channel qualities, whereas the
channel quality between the SBS and an overlay SU subcarrier
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Figure 1: System model.

can be poor. Therefore, to increase the overall spectrum
utilization, the SUs may need to utilize not only the unused
frequency bands but also underutilized frequency bands in
a given geographical location and in a particular time. In
this paper, considering the factor of the not fully reliable
spectrum sensing results due to the PUEA, we propose
a robust cooperative spectrum sensing-assisted multiuser
resource allocation scheme (Rope-Alone) for OFDM-based
CRNs. We showed that joint design of a robust cooperative
spectrum sensing and a resource allocation outperforms the
separated design. The proposed Rope-Alone can be used not
only with an OSAM but also with a HOUSAM.
The rest of the paper is organized as follows. In Section 2,
the system model is introduced and the problem discussed
in this paper is formulated as an optimization problem.
Section 3 presents the details of the solution for our proposed
Rope-Alone. The results of numerical tests are presented in
Section 4, followed by conclusions in Section 5.

2. System Model
2.1. Overall Description. In this paper, as shown in Figure 1,
we consider a downlink transmission scenario consisting of
a centralized primary user network (PN) and a centralized
cognitive radio network. An attacker attempts to fool the SUs
in the CRN by transmitting PUEA signals, whereas the CRN
endeavors to distinguish PU signals from PUEA signals and
arrive at an optimal resource allocation scheme. As shown
in Figure 2, the total available bandwidth licensed to the PU
is equal to 𝑊 which is divided into 𝑁 subcarriers of equal
width Δ𝑓. N = {1, . . . , 𝑁} is the set of subcarriers. The
CRN which employs an OFDM scheme includes a secondary
base station (SBS) and 𝐾 SUs and operates on a frameby-frame basis. K = {1, . . . , 𝐾} is the set of SUs. At the
beginning of each frame, each SU𝑖 𝑖 ∈ N carries out robust
spectrum sensing to determine the vacant subcarriers and
distinguish PU signals from PUEA signals in the occupied
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Figure 2: Example of the total available bandwidth.

subcarriers. Then, each SU𝑖 sends its sensing results through
the uplink reporting link to the SBS. Based on the reports
collected from the SUs, we assume the SBS can perfectly
differentiate vacant subcarriers from occupied subcarriers.
Also, we assume that the SBS can distinguish between the
PU and the PUEA signals in occupied subcarriers imperfectly.
With the imperfect knowledge of the PU activity in occupied
subcarriers, the SBS performs resource allocation, that is,
channel or spectrum band assignment and power allocation,
and feeds back the decisions to all SUs through the downlink
broadcast link.
In this paper, perfect synchronization is assumed between
FC and SU. This is because the IEEE 802.22 standard has
defined Quiet Periods (QPs) where spectrum sensing is
performed and SUs are not allowed to transmit. CRNs can
synchronize their QPs through an offset synchronization
technique using beacons [16]. In a centralized CRN, the FC
distributes synchronization information through the control
channel [17]. It is reasonable to assume that SUs are able to
synchronize with the FC.
In downlink transmission scenario shown in Figure 1,
there are four interference links: (1) between the primary
user’s transmitter (PT) and the secondary user’s receiver (SR),
𝑃𝑆
denote the channel fading gain between the PT and
let ℎ𝑘,𝑛
the 𝑘th SR in the 𝑛th subcarrier; (2) between the attacker’s
transmitter (AT) and the primary user’s receiver (PR), let
ℎ𝑙𝐸𝑃 denote the channel fading gain between the AT and the
PR in the 𝑙th subcarrier; (3) between the AT and the SR,
𝐸𝑆
denote the channel fading gain between the AT and
let ℎ𝑘,𝑛
the 𝑘th SR in the 𝑛th subcarrier; (4) between the SBS and
the PR, let ℎ𝑙𝑆𝑃 denote the channel fading gain between the
SBS and the PR in the 𝑙th subcarrier. Furthermore, the link
between the SBS and SR is the downlink broadcast link; let
𝑆𝑆
denote the channel fading gain between the SBS and the
ℎ𝑘,𝑛
𝑘th SR in the 𝑛th subcarrier. These instantaneous channel
fading gains are assumed to follow a Rayleigh distribution
and we assume these instantaneous fading gains are known
at the SBS. Specifically, we assume that the SU can estimate
instantaneous fading gains and report to the SBS through the
uplink reporting link [18].
2.2. Modeling of the Imperfect Robust Cooperative Spectrum
Sensing. Robust spectrum sensing can not only distinguish

vacant subcarriers from occupied subcarriers, but also make
a relatively reliable decision on the classification of PU signals
and PUEA signals. In order to exploit this extra information,
we will quantify the accuracy of classification and provide this
to the subsequent resource allocation module to improve the
spectrum utilization efficiency.
Each SU senses the subcarriers periodically and makes a
local decision about the presence of the PU signals and PUEA
signals based on its own observations. The local decisions
are to be sent to the SBS in consecutive time slots based
on a time division multiple access (TDMA) scheme through
the uplink reporting link. The reported local decisions are
combined at the SBS, as shown in Figure 2; all of these
subcarriers 𝑆 = {1, . . . , 𝑁} will be divided into three parts
[15]: the set of vacant subcarriers 𝑉, the set of subcarriers 𝑂𝑃
occupied by the PU, and the set of subcarriers 𝑂𝐴 occupied
by the PUEA. Note that intersymbol interference (ISI) and
intercarrier interference (ICI) are two factors of degrading
the OFDM system performance. The shorter time of SU
occupancy of the estimated free carriers may result in ISI.
Furthermore, mobility of the SUs generates Doppler frequency spread, which may destroy the orthogonality between
subcarriers. The loss of orthogonality (of the carriers) at the
SUs results in ICI [19]. Many methods have been proposed
to combat ICI. Among these methods, adaptive subcarrier
bandwidth is one of the representatives. The authors in [20]
reveal that increasing the subcarrier bandwidth (i.e., decreasing 𝑁) can reduce ICI. However, as the subcarrier bandwidth
increases, the ISI also increases. Therefore, the subcarrier
bandwidth selection is a tradeoff between decreasing the
subcarrier bandwidth to eliminate the ISI and increasing the
subcarrier bandwidth to reduce the ICI.
We can write
𝑆 = 𝑉 ∪ 𝑂𝑃 ∪ 𝑂𝐴,

𝑂𝑃 ∩ 𝑂𝐴 = ⌀.

(1)

Due to the imperfect robust spectrum sensing, there
would be errors in classification of 𝑂𝑃 and 𝑂𝐴 . Let 𝑝𝑙
denote the real state in which the PU is sending signals over
subcarrier 𝑙 (𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴 ), and let 𝑝̂𝑙 denote the estimate
of 𝑝𝑙 by robust spectrum sensing. Similarly, we denote 𝑒𝑙 to
indicate the real state in which the attacker is sending PUEA
signals over subcarrier 𝑙 (𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴), and let 𝑒̂𝑙 denote the
estimate of 𝑒𝑙 by robust spectrum sensing.
So when the signal is from the PU, the probability that the
𝑒𝑙 | 𝑝𝑙 ).
SBS falsely classifies it as from the attacker is 𝑝𝑓𝐸 = Pr(̂
When the signal is from the attacker, the probability that the
SBS falsely classifies it as from the PU is 𝑝𝑓𝑃 = Pr(𝑝̂𝑙 | 𝑒𝑙 ).
Note that the probability of detection of PU signals and PUEA
signals can be written as 𝑝𝑑𝑃 = Pr(𝑝̂𝑙 | 𝑝𝑙 ) = 1 − 𝑝𝑓𝐸 and
𝑒𝑙 | 𝑒𝑙 ) = 1 − 𝑝𝑓𝑃 , respectively.
𝑝𝑑𝐸 = Pr(̂
Here, let us define Pr(𝑝𝑙 | 𝑝̂𝑙 ) as the probability that the
SBS classifies the signals to be from the PU when it is indeed
from the PU, and Pr(𝑒𝑙 | 𝑒̂𝑙 ) as the probability that the SBS
classifies the signals to be from the PUEA when it is indeed
from the PUEA. Hence, we use 𝛼𝑙𝑃 and 𝛼𝑙𝐴 to evaluate the
accuracy of classification for the PU signals and the PUEA
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signals. Formally, these two probabilities which will be used
in the subsequent resource allocation are defined as

and the power budget of the SBS simultaneously; that
is,
𝐾 𝑁

𝛼𝑙𝑃 = Pr (𝑝𝑙 | 𝑝̂𝑙 ) =
𝛼𝑙𝐴 = Pr (𝑒𝑙 | 𝑒̂𝑙 ) =

𝑝𝑑𝑃 Pr (𝑝𝑙 )
,
Pr (𝑝̂𝑙 )
𝑝𝑑𝐸 Pr (𝑒𝑙 )
Pr (̂
𝑒𝑙 )

max

(2)

𝐶𝑘,𝑛 ,𝑝𝑘,𝑛

s.t.
,

(3)

Δ𝑓 ∑ ∑ 𝐶𝑘,𝑛 log2 (1 +
𝑘=1 𝑛=1

2.3. Modeling of the Resource Allocation Problem in the
Presence of an Attacker. In this paper, the goal of resource
allocation is to maximize the total transmission rate of 𝐾
SUs while keeping total interference introduced to the PU
subcarriers below a certain threshold and total power below
a constraint.
The capacity for the 𝑛th subcarriers used by the 𝑘th SU is
calculated via the Shannon formula as [21]

𝑟𝑘,𝑛 = Δ𝑓log2 (1 +

 𝑆𝑆 2

𝑝𝑘,𝑛 ℎ𝑘,𝑛


𝜎2 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛

),

(4)

where 𝑝𝑘,𝑛 is the transmission power of the 𝑘th SU for the
𝑛th subcarrier, 𝜎2 denotes the additive white Gaussian noise
(AWGN) variance, 𝑖𝑘,𝑛 denotes the interference introduced to
the 𝑛th subcarriers of the 𝑘th SU due to the transmission of all
PUs, and 𝑗𝑘,𝑛 denotes the interference introduced to the 𝑛th
subcarriers of the 𝑘th SU due to the transmission of PUEA
signals.
The sum capacity of the 𝑘th SU is

𝑟𝑘,𝑛

 𝑆𝑆 2

𝑝𝑘,𝑛 ℎ𝑘,𝑛
 ),
= Δ𝑓 ∑ 𝐶𝑘,𝑛 log2 (1 + 2
𝜎
+
𝑖
+
𝑗𝑘,𝑛
𝑘,𝑛
𝑛=1
𝑁

(5)

where 𝐶𝑘,𝑛 can have only value of either 1 or 0, indicating
whether the 𝑛th subcarrier is used by the 𝑘th SU or not, as
only one SU can occupy a particular subcarrier.
Mathematically, the objective is to find the optimal
exclusive subcarrier assignment policy 𝐶𝑘,𝑛 and power
allocation policy 𝑝𝑘,𝑛 jointly such that the CRN system
throughput is maximized, while satisfying the interference
temperature constraint required by the PU on each channel

𝜎2 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛

(𝑙)
) ≥ 𝑎,
C1 : Pr (𝐼 (𝑙) ≤ 𝐼th

C2 : 𝐶𝑘,𝑛 = {0, 1} ,
𝐾

respectively. The probability of Pr(𝑝̂𝑙 ) in (2) and the probability of Pr(̂
𝑒𝑙 ) in (3) can be rewritten as Pr(𝑝̂𝑙 ) = 𝑝𝑑𝑃 Pr(𝑝𝑙 ) +
𝑝𝑓𝑃 Pr(𝑒𝑙 ) and Pr(̂
𝑒𝑙 ) = 𝑝𝑑𝐸 Pr(𝑒𝑙 )+𝑝𝑓𝐸 Pr(𝑝𝑙 ), respectively, where
Pr(𝑝𝑙 ) denotes the probability of presence of the PU which is
signal in the subcarrier 𝑙, Pr(𝑒𝑙 ) denotes the probabilities of
presence of the PUEA signal in the subcarrier 𝑙.

 𝑆𝑆 2

𝑝𝑘,𝑛 ℎ𝑘,𝑛


)

𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴

∀𝑘 ∈ K,

∀𝑛 ∈ N
(6)

C3 : ∑ 𝐶𝑘,𝑛 = 1,

∀𝑛 ∈ N

𝑘=1

C4 : 𝑝𝑘,𝑛 ≥ 0,

∀𝑘 ∈ K,

∀𝑛 ∈ N

𝐾 𝑁

C5 : ∑ ∑ 𝐶𝑘,𝑛 𝑝𝑘,𝑛 ≤ 𝑃𝑇 ,
𝑘=1 𝑛=1

where 𝑃𝑇 denotes the total power budget, 𝐼(𝑙) denotes the
interference introduced to the 𝑙th subcarriers of the PU due to
(𝑙)
denotes the interference
the transmission of all SUs, and 𝐼th
threshold for the 𝑙th PU subcarriers. C1 are the interference
constraints for all PUs subcarriers; it can be guaranteed that
the interference introduced to the 𝑙th PU subcarriers remains
(𝑙)
with specified
below a specified interference threshold 𝐼th
probability 𝑎 [12]. C2 and C3 indicate each subcarrier can be
allocated to only one SU. C4 and C5 are the transmitter power
constraints.
In the subsequent section, this optimization problem
will be deduced in detail; an optimal subcarrier-and-power
allocation can be obtained.

3. Robust Cooperative Spectrum SensingAssisted Multiuser Resource Allocation
The optimization problem considered here is similar to the
conventional resource allocation problem, except for the
added interference to the CRN due to the presence of the
attacker and the modified interference constraints C1 got
from robust cooperative spectrum sensing algorithm. In the
following, we derive three kinds of interferences. Then, we
formulate the objective function with the constraints in (6)
and propose the Rope-Alone.
3.1. PU-SU Interference. This is the PN interference on the SU
subcarrier. Since the waveform of the PU activity is unknown,
an elliptically filtered white noise process is assumed as PU
signal [22]. We assume that ΦPU
𝑙 (𝜔) is the power spectrum
density of the PU signal at subcarrier 𝑙; then the interference
introduced by the 𝑙th PU subcarrier to the SU 𝑘 that is using
subcarrier 𝑛 can be calculated as follows [22]:
 𝑃𝑆 2 𝑑𝑛,𝑙 +Δ𝑓/2 PU
PU
 ∫
Φ𝑙 (𝜔) 𝑑𝜔,
𝑖𝑘,𝑛
(𝑙) = ℎ𝑘,𝑛

𝑑𝑛,𝑙 −Δ𝑓/2

(7)

where 𝑑𝑛,𝑙 is the frequency distance between subcarrier 𝑛 and
subcarrier 𝑙.
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The interference introduced by the PU subcarriers that
are correctly detected in the set 𝑂𝑃 , imposed to the SU 𝑘 that
is using subcarrier 𝑛, can be written as
𝑃
PU
= ∑ 𝛼𝑙𝑃 𝑖𝑘,𝑛
𝑖𝑘,𝑛
(𝑙) .

(8)

𝑙∈𝑂𝑃

The interference introduced by the PU subcarriers that
are incorrectly detected as PUEA signals in the set 𝑂𝐴,
imposed to the SU 𝑘 that is using subcarrier 𝑛, can be written
as
𝐴
PU
= ∑ (1 − 𝛼𝑙𝐴) 𝑖𝑘,𝑛
𝑖𝑘,𝑛
(𝑙) .
𝑙∈𝑂𝐴

 𝐸𝑆 2 𝑑𝑛,𝑙 +Δ𝑓/2
𝐸𝐴
 ∫
Φ𝐴 (𝑒𝑗𝜔 ) 𝑑𝜔,
𝑖𝑘,𝑛
(𝑙) = ℎ𝑘,𝑛

𝑑𝑛,𝑙 −Δ𝑓/2

𝑃
𝐸𝐴
= ∑ (1 − 𝛼𝑙𝑃 ) 𝑖𝑘,𝑛
𝑗𝑘,𝑛
(𝑙) .
𝑙∈𝑂𝑝

𝐸𝐴
𝛼𝑙𝐴𝑖𝑘,𝑛
(𝑙) .

Thus, the interference introduced by the PUEA signal to the
SU 𝑘 that is using subcarrier 𝑛 can be written as

𝑓 (𝑑𝑛,𝑙 ) = 𝑇𝑠 ∫

2

sin 𝜋𝑓𝑇𝑠
),
𝜋𝑓𝑇𝑠

𝑑𝑛,𝑙 +Δ𝑓/2

𝑑𝑛,𝑙 −Δ𝑓/2

(

sin 𝜋𝑓𝑇𝑠 2
) 𝑑𝑓.
𝜋𝑓𝑇𝑠

(17)

Using similar methods discussed in Section 3.1, the interference introduced by the SUs’ signal to the 𝑙th PU subcarrier
(𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴 ) can be written as
𝐾 𝑁

SU
𝐼 (𝑙) = ∑ ∑ 𝛼𝑙𝑃 𝑖𝑘,𝑛
(𝑙) ,

𝑙 ∈ 𝑂𝑃 ,

𝐾 𝑁

SU
𝐼 (𝑙) = ∑ ∑ (1 − 𝛼𝑙𝐴) 𝑖𝑘,𝑛
(𝑙) ,

(18)

𝑙 ∈ 𝑂𝐴 ,

(19)

𝑘=1 𝑛=1

respectively.
Hence, the C1 constraint in (6) can be written as
 2 𝐾 𝑁
(𝑙)
) ≥ 𝑎,
Pr (ℎ𝑙𝑆𝑃  ∑ ∑ 𝐶𝑘,𝑛 𝛼𝑙𝑃 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 ) ≤ 𝐼th

𝑙 ∈ 𝑂𝑃 ,

𝑘=1 𝑛=1

𝐾 𝑁

 2
(𝑙)
Pr (ℎ𝑙𝑆𝑃  ∑ ∑ 𝐶𝑘,𝑛 (1 − 𝛼𝑙𝐴) 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 ) ≤ 𝐼th
) ≥ 𝑎,
𝑘=1 𝑛=1

(15)

(21)

𝑙 ∈ 𝑂𝐴 .
Since the amplitude fading gain |ℎ𝑙𝑆𝑃 | is Rayleigh distributed
with known parameter 𝜆 𝑙 , the distribution of |ℎ𝑙𝑆𝑃 |2 is an
exponential distribution. Hence, (20) can be written as
1 − exp {−

(14)

3.3. SU-PU Interference. This is the CRN interference on the
PN. Since SBS-SU is an OFDM signal, we assume an ideal
Nyquist pulse shaping; the power density spectrum of the 𝑛th
subcarrier in the SU subcarrier can be written as [22]
ΦSU
𝑛 (𝑓) = 𝑝𝑛 𝑇𝑠 (

where

(20)
(12)

(13)

𝑃
𝐴
+ 𝑗𝑘,𝑛
.
𝑗𝑘,𝑛 = 𝑗𝑘,𝑛

(16)

 2
= 𝐶𝑘,𝑛 𝑝𝑛 ℎ𝑙𝑆𝑃  𝑓 (𝑑𝑛,𝑙 ) ,

(11)

Similarly, the interference introduced by the PUEA subcarriers that are correctly detected as PUEA signals in the set 𝑂𝐴,
imposed to the SU 𝑘 that is using subcarrier 𝑛, can be written
as
𝑙∈𝑂𝐴

𝑑𝑛,𝑙 +Δ𝑓/2 sin 𝜋𝑓𝑇 2
 2
𝑠
= 𝐶𝑘,𝑛 𝑝𝑛 ℎ𝑙𝑆𝑃  𝑇𝑠 ∫
(
) 𝑑𝑓
𝜋𝑓𝑇𝑠
𝑑𝑛,𝑙 −Δ𝑓/2

𝑘=1 𝑛=1

where Φ𝐴(𝑒𝑗𝜔 ) is the power spectrum density of the PUEA
signal.
Then the interference introduced by the PUEA subcarriers that are incorrectly detected as PU signals in the set 𝑂𝑃 ,
imposed to the SU 𝑘 that is using subcarrier 𝑛, can be written
as

= ∑

𝑑𝑛,𝑙 −Δ𝑓/2

(10)

3.2. PUEA-SU Interference. This is the PUEA signal interference on the SU subcarrier. As an attacker attempts to fool
SUs via mimicking the characteristics of the PU signal, the
interference introduced by the 𝑙th PUEA subcarrier to the SU
𝑘 that is using subcarrier 𝑛 can be calculated as follows:

𝐴
𝑗𝑘,𝑛

 2 𝑑𝑛,𝑙 +Δ𝑓/2 SU
SU
𝑖𝑘,𝑛
Φ𝑛 (𝑓) 𝑑𝑓
(𝑙) = 𝐶𝑘,𝑛 ℎ𝑙𝑆𝑃  ∫

(9)

Thus, the interference introduced by the PU signal to the
SU 𝑘 that is using subcarrier 𝑛 can be written as
𝑃
𝐴
𝑖𝑘,𝑛 = 𝑖𝑘,𝑛
+ 𝑖𝑘,𝑛
.

where 𝑝𝑛 is the power loaded in the 𝑛th subcarrier and 𝑇𝑠 is
the symbol duration.
The interference, introduced by the SU 𝑘 that is using
subcarrier 𝑛, to the 𝑙th PU subcarrier (𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴 ) can be
written as follows:

(𝑙)
𝐼th

𝑁
𝑃
2𝜆 𝑙 ∑𝐾
𝑘=1 ∑𝑛=1 𝐶𝑘,𝑛 𝛼𝑙 𝐶𝑘,𝑛 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 )

} ≥ 𝑎,
𝑙 ∈ 𝑂𝑃 .
(22)

Equation (22) can be rewritten as
𝐾 𝑁

∑ ∑ 𝐶𝑘,𝑛 𝛼𝑙𝑃 𝐶𝑘,𝑛 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 )
𝑘=1 𝑛=1

(𝑙)
𝐼th
≤
,
2𝜆 𝑙 [− ln (1 − 𝑎)]

𝑙 ∈ 𝑂𝑃 .
(23)
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Similarly, (21) can be written as
𝐾 𝑁

∑ ∑ 𝐶𝑘,𝑛 (1 − 𝛼𝑙𝐴) 𝐶𝑘,𝑛 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 ) ≤

𝑘=1 𝑛=1

(𝑙)
𝐼th
,
2𝜆 𝑙 [− ln (1 − 𝑎)]

𝑙 ∈ 𝑂𝐴.
(24)

where Ω𝑘 denotes the set of subcarriers allocated to the 𝑘th
SU according to (26).
Theorem 2. The optimal power allocated to 𝑛th subcarrier that
the 𝑘th SU is using can be written as
∗
= [1 × (ln 2 [𝜃 + ∑ 𝛽𝑙 𝛼𝑙𝑃 𝑓 (𝑑𝑛,𝑙 )
𝑝𝑘,𝑛
𝑙∈𝑂𝑃

3.4. Subcarrier Allocation. The optimization problem defined
by (6) is a mixed binary integer programming problem which
is generally hard to solve. We decouple the optimization
problem into two separate problems: a subcarrier allocation
problem and a power allocation problem. In order to maximize the CRN system throughput, we allocate a particular
subcarrier to a CR user that has the highest channel gain to
interference and noise ratio (CINR).
Taking the background noise and interference from PU
signal and PUEA signal into consideration, the CINR at SU 𝑘
that is using subcarrier 𝑛 can be expressed as
𝛾𝑘,𝑛

 𝑆𝑆 2
ℎ𝑘,𝑛 
= 2  
.
𝜎 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛

(25)

Theorem 1. Using the subcarrier allocation in (26), the
optimization problem in (6) is decoupled into two separate
problems, and the decoupling is optimal
(26)

𝑘∗ = arg max 𝛾𝑘,𝑛 .

(27)

𝑘

Proof. The proof is shown in Appendix A.
3.5. Power Allocation. After the subcarrier allocation, the
optimization problem defined in (6) is turned into
 𝑆𝑆 
𝐾

𝑝𝑘,𝑛 ℎ𝑘,𝑛
 )
max Δ𝑓 ∑ ∑ log2 (1 + 2
𝑝𝑘,𝑛
𝜎
+
𝑖
+
𝑗
𝑘,𝑛
𝑘,𝑛
𝑘=1 𝑛=Ω
𝑘

𝐾

s.t.

C1 : ∑ ∑ 𝛼𝑙𝑃 𝐶𝑘,𝑛 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 )
𝑘=1 𝑛=Ω𝑘

(𝑙)
𝐼th
,
≤
2𝜆 𝑙 [− ln (1 − 𝑎)]

𝑙 ∈ 𝑂𝑃

𝐾

C2 : ∑ ∑ 𝐶𝑘,𝑛 (1 − 𝛼𝑙𝐴) 𝐶𝑘,𝑛 𝑝𝑛 𝑓 (𝑑𝑛,𝑙 )
𝑘=1 𝑛=Ω𝑘

≤

(𝑙)
𝐼th
,
2𝜆 𝑙 [− ln (1 − 𝑎)]

C3 : 𝑝𝑘,𝑛 ≥ 0,

∀𝑘 ∈ K,

(29)

𝑙∈𝑂𝐴

+

−

𝜎2 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛
]
 𝑆𝑆 
ℎ𝑘,𝑛 
 

∀𝑘 ∈ K, 𝑛 ∈ Ω𝑘 ,

where [𝑥]+ = max(0, 𝑥), 𝜃, 𝛽𝑙 (𝑙 ∈ 𝑂𝑃 ), and 𝜌𝑙 (𝑙 ∈ 𝑂𝐴 ) are
Lagrange constants.
The proof of Theorem 2 and the method of calculating the
∗
and the Lagrange multipliers
optimal power allocation 𝑝𝑘,𝑛
are given in Appendix B.
3.6. Proposed Rope-Alone. The whole process of the proposed
Rope-Alone can be summarized in Algorithm 1.

4. Simulations and Discussions

1, 𝑘 = 𝑘∗
0, 𝑘 ≠ 𝑘∗

𝐶𝑘,𝑛 = {

−1

+ ∑ 𝜌𝑙 (1 − 𝛼𝑙𝐴) 𝑓 (𝑑𝑛,𝑙 )])

𝑙 ∈ 𝑂𝐴
∀𝑛 ∈ N

(28)

4.1. Simulation Settings. We give simulation results to evaluate the performance of the proposed algorithm in this section.
The total available bandwidth (𝑊), which is equally divided
into 16 OFDM subcarriers, is assumed to be equal to 8 MHz.
So the bandwidth Δ𝑓 is 0.5 MHz for each subcarrier. The
values of 𝑇𝑠 and 𝜎2 have been taken to be 4 𝜇s and 10−7
Watt, respectively. We assumed that there are 𝐾 = 4 SUs.
𝑆𝑆
𝑃𝑆
The channel fading gains ℎ𝑙𝑆𝑃 , ℎ𝑘,𝑛
, and ℎ𝑘,𝑛
are assumed to
be Rayleigh distributed with mean values of −46 dB, −40 dB,
and −54 dB, respectively. In addition, the channel fading gain
ℎ𝑙𝐸𝑃 is assumed to be Rayleigh distributed with mean values of
−46 dB. The transmit power of the PU is assumed to be 0.1 W.
The probability 𝑎, with which the interference introduced to
𝑙
, is equal
the PU 𝑙th subcarrier remains below the threshold 𝐼th
to 0.95.
We also assume that, after the robust spectrum sensing,
all of these subcarriers will be divided into three parts:
𝑉 = [1, 2, 6, 7, 8, 12, 13, 16], 𝑂𝑃 = [3, 4, 5, 9, 10], and 𝑂𝐴 =
[11, 14, 15]. To analyze the performance of the proposed
Rope-Alone, we give the detection performance of the robust
spectrum sensing being used. Given 𝑃𝑓𝑃 = 0.06, the 𝑃𝑑𝑃 is equal
to [0.99, 0.98, 0.97, 0.98, 0.96] over subcarriers in the set
𝑂𝑃 . In addition, the 𝑃𝑑𝐴 is equal to [0.97, 0.98, 0.96] over
subcarriers in the set 𝑂𝐴 . The probability of PU activity in
each subcarrier follows normal distribution with mean 0.7
and variance 0.01.

𝐾

C4 : ∑ ∑ 𝑝𝑘,𝑛 ≤ 𝑃𝑇 ,
𝑘=1 𝑛=Ω𝑘

4.2. Impact of Power Budget. For a given value of interference
𝑙
= 5×10−9 Watt for PU subcarrier 𝑙, 𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴 ,
threshold 𝐼th
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The Proposed Rope-Alone
Step 1. Each SU performs local robust spectrum sensing on each subcarrier,
then sends the sensing results and the channel state information to the SBS
through the uplink reporting link.
Step 2. The SBS performs subcarrier allocation according to (26) and set
appropriate initial values to the dual variables 𝜃, 𝛽 and 𝜌 for ∀𝑘, 𝑛 ∈ Ω𝑘 .
∗
≥ 0; ∀𝑘, 𝑛 ∈ Ω𝑘 } from (29).
Step 3. calculate the value of 𝑝opt = {𝑝𝑘,𝑛
opt
Step 4. Substitute 𝑝 and the dual variable into (B.6)/(B.7)/(B.8), update the dual variables.
Step 4. If the conditions of


𝐾
 𝑛+1

𝜃 (𝑃 − ∑ ∑ 𝑝∗ ) ≤ 𝜀,

𝑇
𝑘,𝑛 


𝑘=1𝑛=Ω𝑘


(𝑙)
𝐾

𝐼th
 𝑛+1
𝑃 ∗
 ≤ 𝜀, 𝑙 ∈ 𝑂𝑃
𝛽𝑙 (
𝛼
𝑝
𝑓(𝑑
))
−
∑
∑

𝑛,𝑙
2𝜆 𝑙 [− ln(1 − a)] 𝑘=1𝑛=Ω𝑘 𝑙 𝑘,𝑛






(𝑙)
𝐾
 𝑛+1

𝐼
𝐴
∗
th


and𝜌𝑙 (
− ∑ ∑ (1 − 𝛼𝑙 )𝑝𝑘,𝑛 𝑓(𝑑𝑛,𝑙 )) ≤ 𝜀, 𝑙 ∈ 𝑂𝐴
2𝜆 𝑙 [− ln(1 − a)] 𝑘=1𝑛=Ω𝑘




are satisfied simultaneously, then terminate the algorithm. Otherwise, jump to Step 3
Algorithm 1: Robust cooperative spectrum sensing-assisted multiuser resource allocation scheme.

×107
2.2

2
System throughput (bit/s/Hz)

we study the performance of the proposed Rope-Alone and
conventional scheme [12] in subcarrier-and-power allocation
in Figure 3. The conventional scheme in subcarrier-andpower allocation makes no distinction between the subcarriers in set 𝑂𝑃 and the subcarriers in set 𝑂𝐴 and extends
the same protection to all subcarrier 𝑙, 𝑙 ∈ 𝑂𝑃 ∪ 𝑂𝐴 . In
Figure 3, we have plotted the maximum system throughput
of the CRN versus the total power budget for Rope-Alone
and conventional scheme with the HOUSAM. In this figure,
we have also plotted the maximum system throughput of
the CRN for Rope-Alone and conventional scheme with
the OSAM. It can be observed that both schemes with
the HOUSAM achieve higher transmission rate compared
with OSAM. Furthermore, regardless of the spectrum access
mechanism (OSAM or HOUSAM) being used, the achievable
maximum system throughput for the Rope-Alone is greater
than that of the conventional scheme.
In Figure 3, we also observed that, for the conventional
scheme when the power budget exceeds 180 mW, the maximum system throughout becomes roughly constant, while
for Rope-Alone this power budget threshold is approximately
370 mW. This is due to the fact that, when the power budget
exceeds a certain threshold, these schemes will operate in the
interference-limited scenario; that is, interference constraints
C1 in (28) become the boundary constraint, and the total
power loaded on all subcarriers became a constant and does
not change with power budget increases. To gain a clearer
vision of how much power can be loaded into different subcarriers under diffident power budget, Figures 4 and 5 provide
the power loading profile for Rope-Alone and conventional
scheme under various spectrum access mechanisms with
the power budget of 160 mW and 300 mW, respectively. In
𝑙
= 5
Figures 4 and 5, we also have fixed the values of 𝐼th
× 10−9 . From Figure 5, it can be observed that the power
loaded in some subcarriers with Rope-Alone is much higher

1.8
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Figure 3: System throughput versus total power budget for various
schemes.

than that with conventional scheme as expected. We find
that, owning to the assist of robust cooperative spectrum
sensing, the proposed Rope-Alone could exploit spectrum
opportunity more effectively; that is, making full use of the
sensing information to some extent means better system
performance.
4.3. Impact on Energy Efficiency. We define an energy efficiency metric, 𝜓, as the ratio between the system throughput
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Figure 4: Power profile for various schemes (power budget =
160 mW).
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Figure 6: Energy efficiency 𝜓 versus total power budget.

Figure 6, we notice that the energy efficiency of Rope-Alone
is higher than that of conventional scheme, regardless of the
spectrum access mechanism (OSAM or HOUSAM) being
used. We also find when the power budget is over 220 mW, the
energy efficiency of the HOUSAM based scheme is smaller
than that of the OSAM based scheme. However, in Figure 3,
we find that the achievable system throughput with the
HOUSAM based scheme is higher than that of the OSAM
based scheme when the power budget is over 220 mW. This
fact demonstrates that the performance improvement of the
HOUSAM based scheme comes at the expense of energy
efficiency.

×10−3
45
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Figure 5: Power profile for various schemes (power budget =
300 mW).

and the total achievable transmission power. To see the
performance of energy efficiency of the Rope-Alone and the
conventional scheme allocation schemes, we further plotted
the energy efficiency 𝜓 versus the total power budget for
both schemes with HOUSAM and OSAM. In Figure 6, we
𝑙
= 5 × 10−9 for all 𝑙. From
have fixed the values of 𝐼th

4.4. Impact of Interference Threshold. Figure 7 shows the
𝑙
on the system throughput
impact of interference threshold 𝐼th
in different schemes. For this plotting, we have used power
budget 𝑃𝑇 = 100 mW. We can see that, for all schemes, the
system throughput increases almost linearly as the inter𝑙
ference threshold 𝐼th
increases up to a certain value of
interference threshold and then it becomes roughly constant.
The reason behind this is that, for the given power budget,
with the interference threshold increasing, the interference
constraint is no longer a boundary constraint, but the power
budget becomes the boundary constraint which restricts the
improvement of the system throughput. Moreover, we can see
that Rope-Alone outperforms the conventional scheme under
all spectrum access mechanisms.
4.5. Impact of Secondary Users. The system throughput versus
number of secondary users for various schemes is shown in
𝑙
=5
Figure 8. In this figure, we have fixed the values of 𝐼th
× 10−9 and the total power budget 𝑃𝑇 to be 250 mW. It is
shown that the system throughput increases with the number
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Figure 9: System throughput versus the accuracy of detecting the
PUEA signal.

Figure 7: System throughput versus interference threshold for
various schemes.

the accuracy of detecting the PUEA signal for the robust
cooperative spectrum sensing. In Figure 9, we have fixed the
𝑙
values of 𝐼th
to be 5 × 10−9 Watt and total power budget
to 100 mW. We have plotted 𝛼𝑙𝐴 (the accuracy of detecting
the PUEA signal) versus system throughput for various
schemes under consideration. The value 𝛼𝑙𝐴 is determined by
the performance of robust cooperative spectrum sensing to
differentiate PUEA signal from PU signal. Higher 𝛼𝑙𝐴 means
less ambiguity between PUEA signals from PU signals. As can
be observed from Figure 9, the system throughput increases
as 𝛼𝑙𝐴 increases as expected. When 𝛼𝑙𝐴 is close to 1, the
improvement in system throughput with HOUSAM is much
higher than that with OSAM.
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5. Conclusion
2
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Figure 8: System throughput versus number of secondary users for
various schemes.

of SUs. This is mainly because the more the number of SUs
in CRN, the more likely for the CRN to have high quality
channel. In addition, the Rope-Alone performs better than
the conventional scheme regardless of the number of SUs.
4.6. Impact of the Accuracy of Detecting the PUEA Signal. We
evaluate the impact on the system throughput when varying

How to maximize the system throughput of OFDMA-based
CRN while keeping the interference introduced to the PU
below certain thresholds in the present of a PUEA is a challenging issue. To address this problem, we studied the joint
design of robust spectrum sensing and resource allocation in
OFDMA-based CRN and formulated a joint design scheme as
a convex optimization problem. The Lagrange duality theory
has been introduced to solve this problem. To further exploit
the underutilized spectrum bands, we also have evaluated
the performance of the proposed scheme in the hybrid
overlay/underlay spectrum access mechanism. Simulation
results have confirmed the superiority of our proposed RopeAlone compared to conventional resource allocation scheme
under various spectrum access mechanisms. These results
also have shown that the Rope-Alone achieves higher energy
efficiency than conventional scheme. The proposed RopeAlone is mainly for stationary SUs and may be applicable
to low speeds; an interesting challenge ahead is to design
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a robust resource allocation scheme applicable to OFDMAbased medium/high speed mobile CRN. Since the high
mobility of the SU leads to Doppler frequency spread, which
will give rise to intercarrier interference. Such intercarrier
interference severely affects the performance of OFDMAbased CRN.

where p = {𝑝𝑘,𝑛 ≥ 0; ∀𝑘, 𝑛 ∈ Ω𝑘 }, |𝑂𝑃 | is the cardinality of the
set 𝑂𝑃 and |𝑂𝐴 | is the cardinality of the set 𝑂𝐴.
Secondly, Lagrange dual function can be obtained by

𝐷 (𝛽, 𝜌, 𝜃) = max 𝐿 (p, 𝛽, 𝜌, 𝜃) ,

(B.2)

p

Appendices
A. Proof of Theorem 1

and the dual problem can be written as

Let us prove Theorem 1 with reduction to absurdity. Assume
an optimal subcarrier allocation exists and SU 𝑘1 in the
𝑛th subcarrier with the highest CINR 𝛾𝑘1 ,𝑛 . However, the
𝑛th subcarrier is assigned to SU 𝑘2 with the CINR 𝛾𝑘2 ,𝑛
smaller than 𝛾𝑘1 ,𝑛 . Let us assume that the optimal power 𝑝𝑘2 ,𝑛
is allocated to SU 𝑘2 in the 𝑛th subcarrier which satisfies
constraints C1–C5 in (6). If we allocate 𝑛th subcarrier with
the power 𝑝𝑘2 ,𝑛 to SU 𝑘1 , the constraints C1–C5 will still be
satisfied. But CRN system throughput in (6) will be higher as
𝛾𝑘1 ,𝑛 𝑝𝑘2 ,𝑛 > 𝛾𝑘2 ,𝑛 𝑝𝑘2 ,𝑛 . Therefore, assigning the 𝑛th subcarrier
to SU 𝑘2 is not optimal. Hence, Theorem 1 is proven by
reduction to absurdity.

B. Proof of Theorem 2
To make the optimization problem in (28) tractable, we solve
it by considering its Lagrange dual problem. It is known that if
the optimization problem is convex, the duality gap is zero. As
a result, the optimal solution obtained by the duality problem
is the global optimal solution of the primary problem [23].
The optimization problem specified in (28) is convex with
respect to the optimization variable 𝑝𝑘,𝑛 .
Firstly, by introducing nonnegative dual variables 𝜃, 𝛽 =
[𝛽1 , 𝛽2 , . . . , 𝛽|𝑂𝑃 | ] and 𝜌 = [𝜌1 , 𝜌2 , . . . , 𝜌|𝑂𝐴 | ], the Lagrange
function is given by
𝐾

𝐿 (p, 𝛽, 𝜌, 𝜃) = ∑ ∑ log2 (1 +
𝑘=1 𝑛=Ω𝑘

+ ∑ 𝛽𝑙 (
𝑙∈𝑂𝑃

 𝑆𝑆 

𝑝𝑘,𝑛 ℎ𝑘,𝑛


𝜎2 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛

)

𝑑∗ =

(B.3)

The dual problem in (B.3) can be decomposed into the
following two sequentially iterative subproblems.
Subproblem 1 (Power Allocation). Given the dual variable 𝜃,
𝛽 and 𝜌, for ∀𝑘, 𝑛 ∈ Ω𝑘 , the objective function (B.1) is
maximized when the derivative with respect to 𝑝𝑘,𝑛 is zero;
the optimized power allocation for each subcarrier can be
written as

∗
= [1× (ln 2 [𝜃 + ∑ 𝛽𝑙 𝛼𝑙𝑃 𝑓 (𝑑𝑛,𝑙 )
𝑝𝑘,𝑛
𝑙∈𝑂𝑃

+ ∑ 𝜌𝑙 (1 −
𝑙∈𝑂𝐴

−1
𝐴
𝛼𝑙 ) 𝑓 (𝑑𝑛,𝑙 )])

(B.4)

+

𝜎2 + 𝑖𝑘,𝑛 + 𝑗𝑘,𝑛
] ,
−
 𝑆𝑆 
ℎ𝑘,𝑛 
 

(𝑙)
𝐼th
2𝜆 𝑙 [− ln (1 − 𝑎)]

∀𝑘, 𝑛 ∈ Ω𝑘 .

(𝛽opt , 𝜌opt , 𝜃opt )

− ∑ ∑ 𝛼𝑙𝑃 𝑝𝑘,𝑛 𝑓 (𝑑𝑛,𝑙 ))

= arg

𝑘=1 𝑛=Ω𝑘

𝑙∈𝑂𝐴

𝐷 (𝛽, 𝜌, 𝜃) .

Subproblem 2 (Dual Variable Update). The optimal dual
variable can be obtained by solving the dual problem:

𝐾

+ ∑ 𝜌𝑙 (

min

𝜃≥0,𝛽≥0,𝜌≥0

(𝑙)
𝐼th
2𝜆 𝑙 [− ln (1 − 𝑎)]
𝐾

− ∑ ∑ (1 − 𝛼𝑙𝐴) 𝑝𝑘,𝑛 𝑓 (𝑑𝑛,𝑙 ))
𝑘=1 𝑛=Ω𝑘

max

𝜃≥0,𝛽≥0,𝜌≥0

min [𝐿 (popt , 𝛽, 𝜌, 𝜃)] ,

(B.5)

∗
≥ 0; ∀𝑘, 𝑛 ∈ Ω𝑘 }. The Lagrange
where popt = {𝑝𝑘,𝑛
opt opt
multipliers 𝛽 , 𝜌 , and 𝜃opt in (B.5) can be calculated using
the interior point method; here we can use a subgradient
update method (a generalization of gradient) [23]:

𝐾

+ 𝜃 (𝑃𝑇 − ∑ ∑ 𝑝𝑘,𝑛 ) ,
𝑘=1 𝑛=Ω𝑘

𝑛+1

(B.1)

𝜃

𝐾

+

∗
= [𝜃𝑛 − Δ𝑛𝜃 (𝑃𝑇 − ∑ ∑ 𝑝𝑘,𝑛
)] ,
𝑘=1 𝑛=Ω𝑘
[
]

(B.6)
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(𝑙)
𝐼th
𝛽𝑙𝑛+1 = [𝛽𝑙𝑛 − Δ𝑛𝛽 (
2𝜆 𝑙 [− ln (1 − 𝑎)]
[
𝐾

−∑ ∑
𝑘=1 𝑛=Ω𝑘
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(B.8)
where 𝑛 is the iteration number and Δ is the iteration step size.
According to the theoretical results in [24], the above
dual variable updating method is guaranteed to converge to
the optimal solution, as long as the iteration step chosen is
sufficiently small.
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Attacker’s transmitter
Channel gain to interference and noise
ratio
CR:
Cognitive radio
CRN:
Cognitive radio networks
HOUSAM: Hybrid overlay/underlay spectrum access
mechanism
OFDM:
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A closed-form mixed Logit approach is proposed to model the stochastic route choice behaviours. It combines both the advantages
of Probit and Logit to provide a flexible form in alternatives correlation and a tractable form in expression; besides, the heterogeneity
in alternative variance can also be addressed. Paths are compared by pairs where the superiority of the binary Probit can be fully
used. The Probit-based aggregation is also used for a nested Logit structure. Case studies on both numerical and empirical examples
demonstrate that the new method is valid and practical. This paper thus provides an operational solution to incorporate the normal
distribution in route choice with an analytical expression.

1. Introduction
Route choice is one of the crucial issues in transportation
analysis because it models the travelling behaviours so as to
provide predictions for the future demand. Drivers always
try to maximize their travelling welfare when choosing a
path from a given origin-destination (OD) pair. However
not all of them choose the best alternative because of the
imperfect knowledge of network. To model this perception
error and the stochastic route choice behaviour, Probit and
Logit models are two of the most wildly used methods. The
utility of each alternative is decomposed into a deterministic
and a random portion. Assume that there are 𝑛 paths between
an OD pair and the route choice set is 𝐾; the utility (welfare)
of an alternative path 𝑖 can be represented as
𝑈𝑖 = 𝑉𝑖 + 𝜂𝑖 ,

𝑖 ∈ 𝐾,

(1)

where 𝑈𝑖 is the utility of path 𝑖, 𝑉𝑖 is the deterministic part
which is composed by attributes such as length and cost that
can be explicitly captured, and 𝜂𝑖 is the random term that
captures the perception error. A rational traveller would select
a path with the maximum utility among the alternatives in 𝐾.
Probit assumes that the random portion is normally
distributed; besides, it provides a highly flexible structure for

correlation. However, it is limited due to the computation
burden. It does not have a closed-form formula when there
are more than two alternatives. Generally, the computation of
multinomial Probit requires either Clark’s approximation [1,
2], Monte Carlo simulation [3], or numerical integration [4].
Yai et al. [5] used the multinomial Probit model in the context
of route choice in the Tokyo rail network, but the maximum
number of alternatives is limited to four. On the other
hand, Logit is more popular for its analytical tractability.
Logit assumes that the error term is type I extreme value
(EV) distributed. Moreover, it assumes each of the error
terms is independently identically distributed (IID), which
leads to a closed-form mathematical structure to simplify
the computation in estimation and prediction. As a consequence, Logit has two main disadvantages because of the
IID assumption: (1) it cannot represent the path correlation
which leads to enlarged probabilities of the overlapped paths,
namely, the overlapping problem and (2) it cannot represent
the heterogeneity in perception errors which would produce
unreasonable results, namely, the scaling problem.
There are several modified methods to address the two
drawbacks of Logit in the context of route choice. Regarding
the first disadvantage, the overlapping problem, the improved
models are classified into two types.
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(i) Modifications of multinomial Logit (MNL), such
as path size Logit (PSL) [6–9], C-Logit [10], and
implicit availability/perception (IAP) model [11]: in
these models, an additional term is introduced in the
utility function to capture the correlations of paths,
so as to decrease the attraction of the overlapped
path. This method maintains the simple form of
MNL. Besides, the log-likelihood function of this
method is globally concave, so it guarantees a global
optimum for parameters estimations. However, the
additional terms are convenient approximations. Previous researches show that they might be too sensitive
to the composition of the choice set [9, 12].
(ii) Generalized extreme value (GEV) proposed by
McFadden [13]: the most widely used methods of this
type in route choice are the link-based crossed nested
Logit (CNL) [14, 15] and the paired combinatorial
Logit (PCL) [16–19] model. These two models all have
a tree structure to represent the link-path relation,
where alternatives with shared attributes are classified
into the same nest so the correlation can be explicitly
captured. The link-based CNL model treats each link
as a nest, and each path uses several links which
are classified into the corresponding nests. The PCL
model compares paths by paired combinations, and
each path pair is a nest. The CNL model has a large
set of parameters that need to be estimated, so some
researches provide approximated formulas [14, 20].
Besides, some researchers suggest that the parameters
can be achieved by solving a system of equations of
the correlation and constraints [21, 22]. Likewise, the
PCL model also requires a parameter to represent
the correlation, and the specifications are provided by
Gliebe [23] and Prashker and Bekhor [24].

As for the second drawback of Logit, the scaling problem,
Pravinvongvuth and Chen [18] propose origin-destination
specific scaling factor to represent the different scale of
diverse networks. Chen et al. [25] examine the scaling effect
when applying route choice model in stochastic equilibrium
models. Miwa et al. [26] examine how to set the scale parameter (dispersion parameter) and apply a multiclass stochastic user equilibrium (SUE) assignment model to consider
differences in drivers’ perception errors.
Some researches combine both advantages of Probit and
Logit, and the most representative model is the mixed Logit
[27], also named as Logit kernel, error component, or hybrid
Logit. It incorporates other distributions other than type
I EV to provide a flexible and tractable form to represent
the correlation across alternatives, the alternative specific
variances, and also taste heterogeneity. Frejinger and Bierlaire
[8] use the error component to model the subnetwork so
as to represent the path overlap in an abstract network.
Bekhor et al. [28] estimate an error component model based
on the Boston route choice data. However, the mixed Logit
does not have a closed-form expression; consequently the
estimation and prediction all require the simulation-based
method. Researches [20, 29] show that the simulation-based
method requires a large number of draws to achieve stable

predictions. Besides, currently there is no efficient path-based
SUE traffic assignment for solving the route choice model
with the mixed Logit model [18].
To fully use the advantages of Probit and Logit, this
paper proposes a mixed Logit method with a closed-form to
model the stochastic route choice behaviours. With a closedform expression, the computation burden in estimation and
prediction would be relieved. Moreover, the closed-form
formula alleviates the difficulties in the path-based SUE
assignment with a mixed Logit model. The paper is organized
as follows. Section 2 describes the methodology, including
the nested model structure and the Probit-based aggregation.
The validation from a numerical example is presented in
Section 3. The new method is applied to real data in Section 4.
Finally conclusions and discussions for future study are given
in Section 5.

2. Methodology
2.1. Model Structure. The proposed model has a similar
structure as the PCL model. Paths are compared by paired
combination. Consider 𝑛 alternatives in the choice set 𝐾
between an OD pair; by paired combination there are totally
𝑁 = 𝑛(𝑛 − 1)/2 paths pairs. The new model has a twolevel nest structure. Each path pair is a nest; within the nest
there is actually a binary choice case. The expected maximum
utility [7] of each path pair is used as the utility of the nest.
In the upper level, it is a multinomial choice model with 𝑁
nests. Consider a three-alternative case, as shown in Figure 1,
paths 𝑖, 𝑗, and 𝑘, and the path pairs are (𝑖, 𝑗), (𝑖, 𝑘), and (𝑗, 𝑘).
The probability that path 𝑖 is chosen among three paths is a
combination of the marginal probability 𝑃(𝑖, 𝑗) of the nest and
the conditional probability 𝑃[𝑖 | (𝑖, 𝑗)] within the nest, which
is
𝑃 (𝑖) = 𝑃 (𝑖, 𝑗) ⋅ 𝑃 [𝑖 | (𝑖, 𝑗)] + 𝑃 (𝑖, 𝑘) ⋅ 𝑃 [𝑖 | (𝑖, 𝑘)] .

(2)

In order to relax constraints of the Logit model, the error
part 𝜂𝑖 in (1) is decomposed into two parts, 𝜀𝑖 and 𝜉𝑖 . The first
error 𝜀𝑖 , which is IID EV distributed, captures the differences
of nests; the second error 𝜉𝑖 , which obeys normal distribution,
captures the differences within the nest. For the first nest that
includes paths 𝑖 and 𝑗, their utilities are
𝑈𝑖 = 𝑉𝑖 + 𝜉𝑖 + 𝜀𝑖 ,
𝑈𝑗 = 𝑉𝑗 + 𝜉𝑗 + 𝜀𝑗 ,

(3)

where 𝑉𝑖 = 𝛽𝑋𝑖 and 𝑉𝑗 = 𝛽𝑋𝑗 , 𝑋𝑖 and 𝑋𝑗 are attributes
of paths 𝑖 and 𝑗; 𝛽 is a vector of parameters that to be
estimated. 𝜀𝑖 and 𝜀𝑗 are nest specific, and they capture the
unobserved attributes shared by alternatives in the same nest,
so consequently they are the same, which is 𝜀𝑖 = 𝜀𝑗 = 𝜀(𝑖,𝑗) .
2
The variance of nest (𝑖, 𝑗) is 𝜎(𝑖,𝑗)
= 𝜋2 /6𝜃2 , where 𝜃 is the
scale parameter. 𝜉𝑖 and 𝜉𝑗 are alternative-specific, and they
capture the unobserved attributes specific to alternatives 𝑖 and
𝑗. 𝜉𝑖 and 𝜉𝑗 are assumed to be normally distributed with the
expectation of zero and the variances 𝜎𝑖2 and 𝜎𝑗2 , respectively.
Sheffi [30] argues that the variance can be assumed to be
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Figure 1: Model structure of a three-alternative case.

proportional to the deterministic utility of paths, so as to
link the perception error to the paths attributes. Hence the
variance-covariance matrix of paths 𝑖, 𝑗 is
Σ=[

𝜆𝑉𝑖 𝜆𝐶𝑖𝑗
],
𝜆𝐶𝑖𝑗 𝜆𝑉𝑗

(4)

where 𝐶𝑖𝑗 is the correlated utility of paths 𝑖 and 𝑗, such as the
overlapped links; 𝜆 is the scale parameter of the lower-level
and it is to be estimated.
The probability that traveller chooses path 𝑖 given the nest
(𝑖, 𝑗) is chosen as

(5)

= Pr (𝜉𝑖 − 𝜉𝑗 > 𝑉𝑗 − 𝑉𝑖 ) .
Because 𝜉𝑖 and 𝜉𝑗 are both normally distributed with zero
means, 𝜉 = 𝜉𝑖 − 𝜉𝑗 is also normally distributed with
expectation zero but with variance 𝜎2 = 𝜎𝑖2 + 𝜎𝑗2 − 2𝜎𝑖 𝜎𝑗 𝜌𝑖𝑗 =
𝜆(𝑉𝑖 + 𝑉𝑗 − 2𝐶𝑖𝑗 ), where 𝜌𝑖𝑗 is the correlation. We have
𝑃 [𝑖 | (𝑖, 𝑗)] = ∫

𝑉𝑖 −𝑉𝑗

𝜉=−∞

= Φ[

1
1 𝜉 2
exp [− ( ) ] d𝜉,
2 𝜎
𝜎√2𝜋

𝑉𝑖 − 𝑉𝑗
𝜎

𝑈(𝑖,𝑗) = 𝑉(𝑖,𝑗) + 𝜀(𝑖,𝑗) ,

(7)

where 𝜀(𝑖,𝑗) = 𝜀𝑖 = 𝜀𝑗 .
The probability that nest (𝑖, 𝑗) is chosen among 𝑛(𝑛 − 1)/2
nests is
𝑃 (𝑖, 𝑗) = Pr [𝑈(𝑖,𝑗) > 𝑈(𝑟,𝑠) , ∀𝑟 ≠ 𝑠; 𝑟, 𝑠 ∈ 𝐾]
= Pr [𝑉(𝑖,𝑗) + 𝜀(𝑖,𝑗) > 𝑉(𝑟,𝑠) + 𝜀(𝑟,𝑠) , ∀𝑟 ≠ 𝑠; 𝑟, 𝑠 ∈ 𝐾]

𝑃 [𝑖 | (𝑖, 𝑗)] = Pr (𝑈𝑖 > 𝑈𝑗 )
= Pr (𝑉𝑖 + 𝜉𝑖 + 𝜀𝑖 > 𝑉𝑗 + 𝜉𝑗 + 𝜀𝑗 )

The expected maximum utility of each nest is the aggregation of the paths within the nest; define it as 𝑉(𝑖,𝑗) for nest
(𝑖, 𝑗). The utility of nest (𝑖, 𝑗) is

𝜎>0

],

= Pr [𝜀(𝑖,𝑗) − 𝜀(𝑟,𝑠) > 𝑉(𝑟,𝑠) − 𝑉(𝑖,𝑗) , ∀𝑟 ≠ 𝑠; 𝑟, 𝑠 ∈ 𝐾] ,
(8)
where 𝜀(𝑟,𝑠) ∀𝑟 ≠ 𝑠; 𝑟, 𝑠 ∈ 𝐾 is IID EV distributed. According
to the properties of EV distributed [7], we have

𝑃 (𝑖, 𝑗) =

exp [𝜃𝑉(𝑖,𝑗) ]
exp [𝜃𝑉(𝑟,𝑠) ]
∑𝑟=𝑠;𝑟,𝑠∈𝐾
̸

.

The probability that traveller chooses path 𝑖 in the choice
set 𝐾 is
𝑃 (𝑖) = ∑ 𝑃 (𝑖, 𝑗) ⋅ 𝑃 [𝑖 | (𝑖, 𝑗)] .

(6)

where Φ(⋅) is the standard cumulative normal distribution
function. Since the Probit model is only used in a binary
choice case with a closed-form expression, the advantages of
Probit, such as flexible form of correlation and alternativespecific variance, could be fully exploited in our model.

(9)

𝑖∈𝐾,𝑖=𝑗̸

(10)

2.2. Calculation of the Nest Utility. The nest utility 𝑉(𝑖,𝑗) in (7)
is represented by the expected maximum utility of paths 𝑖 and
𝑗. In order to fully use the advantage of the Probit model, this
paper incorporates the Probit-based aggregation to represent
the utility of the nest.
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Clark [1] provided an approximation method with which
the expected maximum utility of paths 𝑖 and 𝑗 is
𝐸 [max (𝑈𝑖 , 𝑈𝑗 )] = 𝑉𝑖 Φ (

𝑉𝑖 − 𝑉𝑗
𝛼

+ 𝑉𝑗 Φ (

)

𝑉𝑗 − 𝑉𝑖
𝛼

) + 𝛼𝜙 (

𝑉𝑖 − 𝑉𝑗
𝛼

),
(11)

where 𝜙(⋅) is the standard normal distribution function and
𝛼 is given by
𝛼 = 𝑉𝑖2 𝜎𝑖2 + 𝑉𝑗2 𝜎𝑗2 − 2𝜎𝑖 𝜎𝑗 𝜌𝑖𝑗 𝑉𝑖 𝑉𝑗 .

(12)

Noticing that Φ(−𝑥) = 1 − Φ(𝑥), the right-hand side of
(11) can be simplified as
𝑉𝑗 + (𝑉𝑖 − 𝑉𝑗 ) Φ (

𝑉𝑖 − 𝑉𝑗
𝛼

) + 𝛼𝜙 (

𝑉𝑖 − 𝑉𝑗
𝛼

).

(13)

The Probit-based aggregation which is used in (9) is
𝑉(𝑖,𝑗) = 𝐸 [max (𝑈𝑖 , 𝑈𝑗 )] .

(14)

3. Numerical Example
The new model is tested in a three-path network with one
independent path and two correlated paths, as shown in
Figure 2. Three paths have the same lengths of 10. The value
of 𝑥 varies from 0 to 10. When 𝑥 = 0, the middle and lower
paths are completely correlated, so the choosing probabilities
for the upper, middle, and lower paths are 1/2, 1/4, and 1/4,
respectively. When 𝑥 = 10, three paths are all independent,
so the probabilities are 1/3 for all of them. When 0 <
𝑥 < 10, the probabilities for the middle and lower paths
should monotonically increase from 1/4 to 1/3, while the
probability for the upper route should decrease from 1/2
to 1/3. The purposes of this numerical example are firstly
to check whether the models have reasonable outcomes in
extreme cases, which are when 𝑥 = 0 and when 𝑥 = 10, and
secondly to check whether the shapes of the models are as the
same as expected when 0 < 𝑥 < 10, which means whether
they are concave or convex and monotonously increase or
decrease.
The proposed model is compared with the Probit, PCL,
CNL, MNL, C-Logit, PSL, and Logit kernel (LK) models.
The results of Probit, calculated by Clark’s approximation, are
assumed to be the standard. The new model is actually an
improved version of the PCL model with mixed distribution.
The LK model is compared because it is also a mixed Logit
model but without a closed-form. The CNL is compared
because it is also a nested structure as the proposed one.
The PSL and C-Logit models are the two most widely used
models for their simplicity. The MNL, without addressing the
overlapping or scaling issues, is supposed to be the worst.
Assume that length is the only attribute in the deterministic
utility and its parameter is set to be one. The choosing
probability of the middle path in MNL, namely, 𝑃 (2), is
𝑃 (2) =

exp (−𝜃𝐿 2 )
,
∑𝑖=1,2,3 exp (−𝜃𝐿 𝑖 )

(15)

where 𝐿 𝑖 is the length of path 𝑖. The scale parameter 𝜃 is
normalized to one.
The link-based CNL model [14] is chosen because it is the
most widely used CNL model in the route choice field because
it systematically captures the route-link relations in the road
network, where each link corresponds to a nest and the paths
that share the same link belongs to the same nest. Therefore
we choose the formula as follows:
𝑃 (2) =

exp (−𝜃𝐿 2 + ln 𝐺2 )
,
∑𝑖=1,2,3 exp (−𝜃𝐿 𝑖 + ln 𝐺𝑖 )
(𝜃−𝜃𝑚 )/𝜃𝑚

4

ln 𝐺𝑖 = ln ∑ [𝜇𝐼𝑖𝑚 𝑒−𝐿 𝑖 (𝜃𝑚 −1) (∑ 𝐼𝑗𝑚 𝑒−𝜃𝑚 𝐿 𝑗 )
𝑚=1
𝑗∈𝐶
[

],
]
(16)

where 𝐺 is the GEV generating function, 𝐺𝑖 is its partial
derivative with respect to exp(−𝜃𝐿 𝑖 ), and 𝐼𝑖𝑚 is the inclusive
parameter and is defined as 𝐼𝑖𝑚 = 𝑙𝑚 /𝐿 𝑖 , where 𝑙𝑚 is the length
of link 𝑚 and 𝐿 𝑖 is the length of path 𝑖. 𝜃 is the root scale
parameter and is normalized to 1; 𝜃𝑚 is the scale parameter
for nest 𝑚 and is set as 1.5 in our case. Since this case is just
illustrative, a larger or a smaller setting of the parameter 𝜃𝑚
would not change the major properties of the model, which
means that it would not change its value when 𝑥 = 0 or
when 𝑥 = 10 and it would not change the concave, convex,
or monotonic properties. Without loss of generality, in this
case we set the nest parameter 𝜃𝑚 = 1.5.
The choice probability of the middle path in the LK model
is calculated by
𝑃 (2) = exp (−𝜃𝐿 2 − 𝜆 LK √𝑙𝑑 𝜉)
× (exp (−𝜃𝐿 1 ) + exp (−𝜃𝐿 2 − 𝜆 LK √𝑙𝑑 𝜉)

(17)

−1

+ exp (−𝜃𝐿 3 − 𝜆 LK √𝑙𝑑 𝜉)) ,
where 𝑙𝑑 is the length of link 𝑑, 𝜆 LK is the scale parameter and
is set to be 1 in this case just for illustration, and 𝜉 is a random
number from the standard normal distribution. Simulationbased method [28] is used with one million draws.
The formulas of PSL, C-Logit, and PCL are corresponded
to the researches of Ben-Akiva and Bierlaire [6], Cascetta et
al. [10], and Koppelman and Wen [17], respectively. Probit
employs the scale parameter 𝜆, whereas the MNL, PCL,
CNL, PSL, and C-Logit models employ the parameter 𝜃. To
ensure consistency among different models, we assume that
perception errors are the same, which is 𝜋2 /6𝜃2 = 𝜆𝐿 𝑖 . In this
case all the paths lengths are the same so the variances are the
same.
The choice probabilities for the middle route calculated
by different models are provided in Figure 3. When 𝑥 = 0
and 𝑥 = 10, the new model has the expected results, so do
the PCL, PSL, and C-Logit models; however both the CNL
and the LK models fail to produce reasonable value when
𝑥 = 0. When 0 < 𝑥 < 10, the curve of the new model is
close to the Probit and they both show a downward concave

Mathematical Problems in Engineering

5

a = 10

D
O

b=x

d = 10 − x

M

c=x

Figure 2: A three-path network.

0.40

Probability

0.35

Figure 4: Map of the studied region from Guangzhou city.
0.30

0.25

0.20

0

1

2

New model
Probit
MNL
PCL

3

4

5
x

6

7

8

9

10

C-Logit
PSL
LK-1M
CNL-1.5

Figure 3: Probabilities of selecting the middle route in network 1.

shape. Besides, the result from the new model demonstrates
a substantial improvement over the PCL model. The results
from PSL and C-Logit also have reasonable performances.
However, the results from the CNL model have bizarre
behaviours. It overpredicts the choosing probabilities while
the paths are partly correlated. The curves of Probit, PSL,
PCL, and the new model are upward concave, while the
curves for C-Logit and LK are downward concave. The results
from MNL are 1/3 regardless of the variation of 𝑥. It fails
to provide logical prediction while paths are overlapped, as
expected. According to the results and the comparisons in
this case, the new model is valid and capable to produce
reasonable outcomes.

4. Empirical Results
In order to evaluate the performances of the proposed
method, we apply the new model to real data. A case
study of taxi drivers choosing routes in the city center
is presented. The studied city, Guangzhou, is situated in
the southern China and it has approximately ten million
inhabitants. Only the central business district (CBD), the
Tianhe region as highlighted in Figure 4, is studied. The
data set for the estimation is from GPS-equipped taxis when
they were carrying passengers. The data was collected by

a management company for monitoring purpose but not
for navigation, so the route choice behavior is based on the
drivers’ own judgment. The vehicles were monitored within
a radius of 5 km in the CBD, and 5786 trips from 473 ODs
are collected for case study. The information on the studied
network is shown in Table 1. Three data sets are collected:
the first one is for estimating the parameters of the new
model and the compared models, which will be presented
in Sections 4.1, 4.2, and 4.3; the last two data sets are for
validating forecasting, which is to use the estimated models
to predict the choosing probabilities and compare them with
the actual choosing behaviors, and the results are shown in
Section 4.4.
4.1. Model Specification. Three attributes, length, artery road
ratio, and the number of signal-controlled intersections, are
included into the utility function, as shown in Table 2. Length
and time are two highly similar and correlated attributes, so
only one of them would be sufficient into the utility function.
However a precise actual travelling time is difficult to obtain
before departure. When drivers decide which route to choose,
they usually process the information which is more stable in
their concept, in this case length is relatively more stable than
time. Therefore we use length in the utility other than time.
The unit of length is kilometer so its magnitude is similar with
other attributes for the convenience of the estimation. The
artery road ratio is the length of the artery road (major roads
and arterial streets) divided by the total length of the trip.
We assume that artery roads have a significant and positive
impact in the utility, because, compared with minor streets,
the artery roads have more lanes, higher capacity, and even
less traffic lights in the studied region, which means higher
level of service when driving. Therefore the larger value of
the artery road ratio is supposed to be more attractive to
the drivers and this attribute is included. The number of
signal-controlled intersections is expected to have significant
and negative impact when driving in the city center. More
traffic lights mean more chances of stopping and delay; therefore the more intersections with traffic lights are expected
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Table 1: Information on the studied network.

Nodes
208

Unidirectional
links

Major roads

Arterial streets

Collector streets

Signal-controlled
intersections

662

24

34

32

57

Table 2: Statistics on routes corresponding to observations.
Attributes

Min.

Average

Max.

Length (km)
Artery road ratio
Number of the signal-controlled
intersections

0.447
0

2.84
0.797

8.34
1

0

3.65

14

Table 3: Information on the number of actually chosen paths.
Average
4

Max.
12

Min.
2

to have a lower utility. The deterministic utility is shown
in
𝑉𝑖 = 𝛽𝐿 × Length𝑖 + 𝛽ARR
× Artery Road Ratio𝑖 + 𝛽𝑆 × Signal𝑖 .

(18)

4.2. Route Choice Set. According to the researches from
Ramming [20] and Frejinger and Bierlaire [8], it is difficult to
generate a choice set including all the actually chosen paths.
At best 84% of the observed paths are found by combining all
the choice set generation algorithms that Ramming [20] had
tested. In order to avoid generating a choice set that misses the
important chosen paths, we employ a data mining method
to build the choice set for each individual. Assume that we
observe the trips between a given OD pair for a long enough
time period 𝑇, and if there are totally 𝑛 paths that are actually
chosen by the travellers, we can conclude that these 𝑛 paths
are the choice set 𝐾 of this OD. Since the GPS data is large
enough and is continuously provided, it is possible to find out
the choice sets for all the ODs. The advantage of this method
is that it would not miss the important and actually chosen
paths, but the shortcoming is that it may require a very long
observation time 𝑇 to determine a stable choice set 𝐾.
According to 5786 trips from 473 ODs collected by taxi
drivers in a period of one week, this paper analyzes the size of
the choice set, denoted by 𝑛. As shown in Table 3, the number
of actual chosen paths between any OD pair are not larger
than 12, and the average is just 4 paths. It suggests that it is
rational to use the paired combination model in route choice,
because the magnitude of 𝑁 = 𝑛(𝑛 − 1)/2 does not lead to a
heavy computation burden.
The objective of this paper is purely illustrative. It does not
provide a full analysis to determine how long the observation
time 𝑇 should be or how large the number of the observed
trips should be. More tests on this subject would be desirable.
4.3. Model Estimation. This paper uses the maximum likelihood estimation method to calibrate the parameters. Five

models are estimated and compared in this section: the
proposed model; the MNL, expected to have a poor result;
the two most wildly used models with tree structure, the
PCL and CNL; the LK model with 100 draws estimated by a
simulated-based method [31]. Ramming [20] points out that
the estimation of the Logit family either is normalizing the
scale parameter as 𝜃 = 1 or alternatively is actually the jointly
estimates of 𝜃𝛽. To facilitate the comparison among different
models, a scaled parameter estimate is also provided. The
scaling, 𝜃𝛽𝐿 , is based on the estimated length parameter in
the MNL model. The magnitude of the scaled estimate for the
parameters is consequently the same among the models.
The signs of all the estimated parameters are as expected,
as shown in Table 4. The positive sign of the parameter 𝛽ARR
suggests that taxi drivers tend to travel on the artery roads.
The scaled estimates of 𝛽ARR and 𝛽Signal in models MNL and
PCL and the new model have the same magnitude, and the
magnitude of these parameters is approximately ten times
smaller. The magnitude of the scaled and nonscaled estimates
is the same for models PCL and CNL, but not for the new
model. Actually, the log-likelihood function of the new model
is not globally concave; when searching for the optimum it is
easily “trapped” in a local point. The selection of the initial
values, upper and lower bounds, is important in estimation.
It would be a reasonable approach to estimate a MNL model
first in order to gain adequate information on the parameters.
The parameters estimates of all the models but LK are all
significantly different from zero. Two parameters of LK, 𝛽ARR
and 𝛽Signal , are not significantly estimated. The reason may
be that the draws are not enough (only 100 draws). The
estimation time for MNL, PCL, CNL, and the new model is
within five minutes thanks to the closed-form expression. On
the other hand, the LK model uses 19 hours, with only 100
draws, and still cannot attain good estimates.
Table 5 provides the likelihood ratio test between the
models. It is asymptotically distributed as 𝜒2 with 𝐹 degrees
of freedom, where 𝐹 is the difference of the numbers of
estimated parameters between two models. Results from this
test show that the new model and LK and CNL models
are significantly better than the PCL and MNL within the
95% confidence interval. Since the number of estimated
parameters for CNL and the new model is the same, it is
possible to compare the goodness-of-fit by the final loglikelihood. The data shows that the new model is better than
LK, but the CNL model has a better model fit than the new
model.
4.4. Forecasting. Route choice models are important to predict individual behavior; therefore the comparison of models
should not just focus on model fit, but also on the forecasting
results. Two out-of-sample data sets are chosen to validate the
forecasting ability of models. “Out-of-sample” means these
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Table 4: Estimation results.

Parameters
𝛽𝐿
Scaled estimates
Std. Err.
𝑡-test 0
𝛽ARR
Scaled estimates
Std. Err.
𝑡-test 0
𝛽Signal
Scaled estimates
Std. Err.
𝑡-test 0
𝜆
Scaled estimates
Std. Err.
𝑡-test 0
𝜃𝑚
Scaled estimates
Std. Err.
𝑡-test 0
Final log-likelihood
Estimation time∗
∗

MNL
−0.999
−0.999
0.0281
35.5
2.34
2.34
0.0407
57.7
−0.197
−0.197
0.0103
19.3
—
—
—
—
—
—
—
—
−8220
60.2 s

PCL
−0.812
−0.999
0.0245
33.1
2.05
1.99
0.0329
62.3
−0.168
−0.154
0.00860
19.5
—
—
—
—
—
—
—
—
−8130
85.1 s

CNL
−0.448
−0.999
0.0248
18.1
0.571
0.411
0.0453
12.6
−0.0828
−0.0279
0.0108
7.64
—
—
—
—
4.94
4.06
0.125
39.4
−6930
79.6 s

LK
−0.723
−0.999
0.227
3.19
0.277
0.5126
0.189
1.47
−0.277
−0.0322
0.478
0.579
0.537
0.1356
0.193
2.79
—
—
—
—
−8710
18.4 h

New model
−0.0184
−0.999
0.00218
88.5
0.0278
1.12
0.00287
101
−0.00273
−0.149
0.00125
23.1
0.0484
0.559
0.00355
139
—
—
—
—
−7990
199 s

Computed with MATLAB on Intel i5 with 4 GB RAM, one processor.

Table 5: Likelihood ratio test.
Model 1
New model
New model
CNL
CNL
LK
LK

Model 2

Test

Threshold
(95%)

PCL
MNL
PCL
MNL
PCL
CNL

276
457
2580
2760
980
1160

3.84
3.84
3.84
3.84
3.84
3.84

two data sets for validating forecasting have not been used for
estimating the models. Each data set includes 200 OD pairs
which are randomly selected in the studied region, and all
observations associated with these OD pairs are included in
the forecasting data sets. 3345 and 3536 observations are in
the first and second data set.
To compare the forecasting power of models, we define
the out-of-sample error as
𝑁

2

𝑅
𝑀
(𝑐, 𝛽𝑀)) ,
𝜀𝑓𝑀 = √ ∑ (𝑃obs,𝑟𝑠
(𝑐) − 𝑃obs,𝑟𝑠

(19)

obs=1

where 𝜀𝑓𝑀 is the out-of-sample forecasting error of model 𝑀,
and a smaller value would suggest a better forecasting ability
𝑀
(𝑐, 𝛽𝑀) is the predicted probability of the
in this case; 𝑃obs,𝑟𝑠
actual chosen path 𝑐 computed by model 𝑀 with estimated

parameter 𝛽𝑀, between OD pair 𝑟𝑠, and for the observation
𝑅
(𝑐) is the probability of the chosen path in reality,
obs. 𝑃obs,𝑟𝑠
which is 1. 𝑁 is the number of observations in the data set.
The out-of-sample forecasting errors of the models are
shown in Table 6. The MNL model uses the least time
for computation in each data set; however its errors are
the second largest among all the compared models. Even
though the LK model provides a highly flexible structure by
incorporating the multinomial normal distribution, however
its errors in both data sets are the largest, and its computation
time is also the largest. Although the CNL model has a
good model fit in the estimation, it does not provide the
most promising forecasting results in this case. The PCL
model and the new model, which is also a PCL-based model,
provide the least forecasting errors in both data sets. Because
of the mixture of the Probit model, the new model uses
more computation time than the PCL, but it still uses less
time than the traditional mixed Logit model (the LK model)
because the new one is closed-form and it does not require the
simulation-based method in computation. By summarizing
the numerical example, the estimation by real data, and
the out-of-sample forecasting results, this paper therefore
concludes that the new model is a promising approach in
route choice analysis.

5. Conclusions
This article proposes incorporating the normal distribution
to model the perception error of the travellers in route
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Table 6: Out-of-sample forecasting errors of compared models.

Data set 1
Elapsed time∗
Data set 2
Elapsed time∗
∗

MNL
48.1
0.13 s
48.7
0.16 s

PCL
29.9
5.27 s
30.5
6.38 s

CNL
47.0
3.92 s
48.3
4.54 s

LK
54.7
68.2 s
56.1
72.6 s

New model
29.1
21.5 s
29.9
23.6 s

Computed with MATLAB on Intel i5 with 4 GB RAM, one processor.

choice and at the same time retain the superiority of Logit
for its closed-form expression. The traditional mixed Logit
model requires a simulation-based method for estimation
and prediction. This paper provides a new mixed model
with an analytical formula, where the computation burden
would be relieved. Besides, it would be practical to use the
new model in the path-based SUE traffic assignment because
of its closed-form expression. Probit model is employed in
two places: firstly paths are compared by pairs where the
superiority of the binary Probit can be fully used; secondly
the Probit-based aggregation is also used for a nested Logit
structure. The results on numerical example demonstrate that
the proposed approach is valid, and the application with
real data shows that the proposed method is practical. The
parameter estimates show that the new model is practical,
and the likelihood ratio tests present the superiority of
the new model compared to the multinomial Logit and
paired combinatorial Logit models. Moreover, the out-ofsample forecasting results suggest that the new model has a
promising forecast power.
The proposed model provides new perspectives for the
mixed Logit model in route choice modelling. It is a
reasonable trade-off between the flexibility in correlation
and analytical tractability. A natural extension is to loosen
the assumption that the scale parameters 𝜆 of the normal
distribution are all the same, because travellers are supposed
to have different perception errors on different path pairs.
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The consumption of conventional energy sources and environmental concerns have resulted in rapid growth in the amount of
renewable energy introduced to power systems. With the help of distributed generations (DG), the improvement of power loss
and voltage profile can be the salient benefits. However, studies show that improper placement and size of energy storage system
(ESS) lead to undesired power loss and the risk of voltage stability, especially in the case of high renewable energy penetration.
To solve the problem, this paper sets up a microgrid based on IEEE 34-bus distribution system which consists of wind power
generation system, photovoltaic generation system, diesel generation system, and energy storage system associated with various
types of load. Furthermore, the particle swarm optimization (PSO) algorithm is proposed in the paper to minimize the power loss
and improve the system voltage profiles by optimally managing the different sorts of distributed generations under consideration
of the worst condition of renewable energy production. The established IEEE 34-bus system is adopted to perform case studies. The
detailed simulation results for each case clearly demonstrate the necessity of optimal management of the system operation and the
effectiveness of the proposed method.

1. Introduction
Recently an increasing amount of renewable energy is introduced into the local and regional utility grids in order to
reduce the serious environmental pollution, improve energy
efficiency, and reinforce the power system stability. However,
a high penetration of renewable energy raises a problem of
system instability, caused by the nature of wind and solar
uncertainty. The integration of ESS has become one of the
most viable solutions to ensure the stability and power quality
of power system with facilitating increased penetration of
distributed generation resources.
An optimal management of ESS with distributed generators in power system can achieve significant benefits as
follows [1]: (1) enhance power system reliability and power
quality; (2) minimize the power loss and improve the voltage
profiles; (3) reduce the power system cost and control high
cost energy imbalance charges; (4) serve the demand for peak
load and decrease the environmental negative influence.
Optimization is an important consideration among the
distribution network; in recent years, a few researches have

been performed to determine the optimal location and
capacity of ESS. The study in [2] presents a smart energy
management system to optimize the operation of the microgrid. The system power loss and cost are minimized by
the smart management of ESS and operation optimization
of distributed generation. The authors in [3] make use of
linear programming to develop a new methodology for
determining the optimal allocation of embedded generation
with respect to the system constraints. In [4], a multiobjective
optimization combined with nondominated sorting genetic
algorithm is presented to minimize the power generation
cost and to maximize the useful life of lead-acid batteries.
The research in [5] proposes a new approach based on
the cost benefit analysis for optimal sizing of an ESS in
microgrid. Two mathematical models have been built for
both the islanded and grid-connected modes of microgrid
and different operation situations are analyzed. Reference [6]
presented an integrated electricity production cost analysis
for autonomous electrical networks based on renewable
energy sources and energy storage configurations. The initial
cost of the energy storage, the input electricity and fuel cost,
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Figure 1: The construction of 34-bus microgrid.

and the fixed and variable M&O cost of the entire installation
were taken into consideration. A vulnerability assessment for
power system planning and operation has been discussed
in [7]. The authors in [8] focused on the optimal ESS for
maximizing the support to the network voltage control in a
distributed system.
Particle swarm optimization has become an efficient tool
for solving the nonlinear, nondifferentiable, multiobjective,
and discrete variables optimization problems due to its
flexible applications and better robustness in controlling
parameters. The authors in [9] made use of PSO to achieve the
best performance by effectively utilizing controllable loads
and ESS. The study in [10] proposed the PSO algorithm to
solve economic dispatch problem in a microgrid. With the
help of the approach, the system cost, power loss and emission
are reduced sharply. The research in [11] employs the PSO
technique to search the optimal settings of the optimized
parameters for enhancing the microgrid stability. Linear and
nonlinear models of a microgrid operating in grid-connected
and autonomous modes have been presented. In [12], Lee
utilizes PSO approach for optimal wind-battery coordination in a power system. The optimal operating schedule
for a battery energy storage system and thermal unit was
reached while minimizing the total operation cost. Reference
[13] establishes an economic operation model of microgrid
including PV, wind energy, heat recovery boiler, and battery.
PSO is employed to reduce the emission of pollutant for
greenhouse gases and minimize the operation cost. In [14],
a novel PSO based on multiagent systems is presented as a
solution to the reactive power dispatch problem. A modified
PSO based on multiobjective optimization algorithm to solve
the energy storage design problem which includes not only
energy storage capacity and power rate but also the operation
strategy is proposed in [15].
In this paper, a microgrid based on IEEE 34-bus system
is set up, which consists of wind power generation system,

photovoltaic (PV) generation system, diesel generation system, ESS, and various types of loads. Due to the concern of the
power quality and surety in microgrid, particle swarm optimization to allocate the ESS for minimizing the total power
loss is proposed. With the help of the optimal allocation of
ESSs, the system power loss is dramatically reduced and the
voltage profile is improved much. Furthermore, the system
reliability is enhanced with a smaller voltage fluctuation. The
performance of the microgrid in islanded mode with different
operation situation is analyzed in detail and the uncertainty
of wind and solar power is taken into consideration.
The rest of this paper is organized as follows. In Section 2,
a microgrid configuration based on IEEE 34-bus distribution
system is presented and different types of distributed generations are modeled. Section 3 states the problem in formulas.
Section 4 proposes the algorithm of PSO. In Section 5, the
established 34-bus microgrid system is adopted to implement
and verify the proposed algorithm. Several case studies are
conducted and compared.

2. Microgrid Configuration
2.1. System Structure. Due to its role in driving modern power
systems to achieve clean energy generation, the concept of
microgrid has been considered more frequently in recent
years [16]. A primary goal of a microgrid is to operate a cluster
of DGs which are placed in an area power system to provide
power and energy with higher reliability, surety, and quality to
the local loads. In this paper, a stand-alone 34-bus microgrid
is set up for studying the behavior of the renewable energy
systems and diesel generator and their effects on the voltage
and frequency in a microgrid. The system with the scale of
12 KV and 6 MVA consisting of two 750 KW wind turbines,
one 1 MW solar PV, one 1.5 MW diesel generator, and one
500 KW energy storage system is shown in Figure 1.
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Figure 2: The model for a 750 KW wind generator.

2.2. Microgrid Components
2.2.1. Wind Turbine. The large-scale integration of wind
power into modern power systems has challenged the wind
turbine modeling and analysis innovatively. Accurate modeling of different wind turbine technologies is becoming a
necessity as wind turbines replace conventional units in the
production side [17]. In the paper, a 750 KW induction wind
generator is modeled, which is shown in Figure 2.
2.2.2. Solar PV. PV intermittency, or discontinuity of power
output, is one of the most important traits used in evaluation
and it is often the largest barrier to introducing DGs on
a utility system [18], so a detailed solar PV model with
maximum power point tracing control method is set up in the
paper. The structure of PV model is described in Figure 3.
2.2.3. Diesel Generator. In order to obtain an acceptable
efficiency and moderate operation condition, diesel generators are widely used to maintain the voltage in microgrid, especially when more renewable energy generations
are introduced into the system. This paper proposes a
1.5 MW synchronous diesel generator model and voltage and
frequency drool control is developed, which is shown in
Figure 4.
2.2.4. Energy Storage System. Due to the randomness of the
natural condition, the output power of renewable energy
generations varies drastically and these fluctuations make
undesirable effects on the voltage, frequency, and transient
stability of the utility grid [19]. In this paper, a 500 KW
energy storage system is employed to support the short-term
shortcomings of renewable energy and the construction of
the ESS model is depicted in Figure 5.

2.2.5. Loads. The system includes a total of 53 loads, consisting of fixed and variable PQ loads and fixed impedance loads.
The total microgrid load profile is shown in Figure 6. The
maximum load occurs at 7 PM with the capacity of 1100 KW,
which is selected as a peak load condition to conduct PSO
algorithm in case studies.

3. Problem Formulation
A higher power loss always occurs in microgrids so it is
significant to optimally allocate the ESS. The optimal storage
placement and sizing problem is formulated as a constrained
nonlinear integer optimization problem with both locations
and sizes of storage devices being discrete. The objective
function encompasses the total loss of real power, which is
restricted by equality and inequality.
3.1. Objective Function. The goal is to minimize the total loss
of real power and that of the storage system with improving
the voltage profile. The objective function is given by
𝑁

min 𝐹 = 𝑃loss = ∑ 𝐺𝑖𝑗 [𝑉𝑖 2 + 𝑉𝑗 2 − 2𝑉𝑖 𝑉𝑗 cos (𝛿𝑖 − 𝛿𝑗 )] ,
𝑖=1,𝑗=𝑖̸

(1)
where 𝑃loss is the total real power loss (MW); 𝑉𝑖 is the voltage
magnitude at bus 𝑖 (pu); 𝛿𝑖 is the angle at bus 𝑖 (degree).
3.2. Constraints. Along with the objective function, there is
another important part of the optimization model which
needs to be defined and that is the constraints. There are two
types of constraints considered in this research: equality and
inequality.
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𝑘
is the best position particle 𝑖 achieved based
of [0, 1]; 𝑝best𝑖
𝑝
𝑝
𝑝
𝑘
𝑘
= [𝑥𝑖1best , 𝑥𝑖2best , . . . ., 𝑥𝑖𝑁best ]; 𝑔best
is
on its own experience, 𝑝best𝑖
the best particle position based on overall swarm’s experience,
𝑔
𝑔
𝑔
𝑘
= [𝑥1 best , 𝑥2 best , . . . ., 𝑥𝑁best ].
𝑔best
In order to improve the efficiency and accuracy, a linearly
decreasing inertia weight from maximum 𝑤max value to 𝑤min
is applied to update the inertia weight [22]:
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𝑤𝑘 = 𝑤max −

Figure 6: Total load in microgrid.

3.2.1. Equality Constraints. These constraints (2) are related
to the nonlinear power flow equations
𝑁

𝑃𝑖 − 𝑉𝑖 ∑ 𝑉𝑗 (𝐺𝑖𝑗 cos 𝛿𝑖𝑗 + 𝐵𝑖𝑗 sin 𝛿𝑖𝑗 ) = 0,
𝑗=1

(2)

𝑁

𝑄𝑖 − 𝑉𝑖 ∑𝑉𝑗 (𝐺𝑖𝑗 sin 𝛿𝑖𝑗 − 𝐵𝑖𝑗 cos 𝛿𝑖𝑗 ) = 0.
𝑗=1

In this paper, simulation analysis for power flow is used
to solve the equality constraints.
3.2.2. Inequality Constraints. The inequality constraints are
those associated with the bus voltages, the reactive power of
generation, and the tap of the transformer. The inequality
constraints are shown as follows:
𝑉min ≤ 𝑉𝑖 ≤ 𝑉max ,
𝑇min ≤ 𝑇𝑖 ≤ 𝑇max ,

(3)

𝑄𝐺 min ≤ 𝑄𝐺𝑖 ≤ 𝑄𝐺 max ,

4. Solution Method
PSO is a heuristic optimization technique first developed in
1995 by Kennedy and Eberhart [20, 21]. The original objective
of their research was to mathematically simulate the social
behavior of bird flocks and fish schools. The fundamental idea
behind the PSO algorithm is that a population called a swarm
is randomly generated, consisting of individuals called particles. Each particle, representing a potential solution of the
optimization problem, flies through an N-dimensional search
space at a random velocity and updates its position based
on its own best exploration, best swarm global experience,
and its previous velocity vector according to the following
equations:

𝑥𝑖𝑘+1

=

𝑥𝑖𝑘

+

V𝑖𝑘+1 ,

(5)

where 𝑤max and 𝑤min are the initial and final inertia weights
and 𝑘max is the maximum iteration number.
In this paper, by combining the PSCAD simulation and
MATLAB programming, the particle swarm optimization
algorithm is developed to search the best combination of
the placements and sizes of energy storage devices in the
microgrid. A mixed integer PSO is applied to optimally locate
and rate the storage. The developed PSO algorithm starts
with randomly generating a swarm for initializing diesel
generator’s voltage, output power and position, and size of
ESS. The random selections of swarm of particles considering
constraints and corresponding velocity for each particle
are initialized. Through running the 34-bus microgrid in
PSCAD, particles are evaluated by objective function, and
recalls their best solutions associated with the best fitness
value. After checking and preserving the 𝑝best and 𝑔best ,
if the algorithm has not yet searched the minimum loss,
the position and velocity of each particle are continuously
updated. The algorithm will output the optimal allocation of
ESS till the best result has been found. The flowchart shown
in Figure 7 illustrates the proposed PSO algorithm.

5. Results and Discussion

where 𝑉𝑖 is the RMS value of the bus 𝑖 voltage; 𝑇𝑖 is the tap of
transformer 𝑖; 𝑄𝐺𝑖 is the reactive power of generator 𝑖.

𝑘
𝑘
− 𝑥𝑖𝑘 ) + 𝑐2 𝑟2 (𝑔best
− 𝑥𝑖𝑘 ) ,
V𝑖𝑘+1 = 𝑤V𝑖𝑘 + 𝑐1 𝑟1 (𝑝best𝑖

𝑤max − 𝑤min
⋅ 𝑘,
𝑘max

(4)

where 𝑤 is the inertia weight; 𝑐1 and 𝑐2 are acceleration
constants; 𝑟1 and 𝑟2 are two random numbers in the range

The established 34-bus microgrid system shown in Figure 1
is selected to perform the proposed algorithm. The system
consists of 4 generations and 58 loads, where bus 800 is diesel
generation system, bus 840 and 848 are two wind power
generation systems, bus 890 is solar PV system, and other
buses are load nodes.
The impacts of the integration of renewable energy
and energy storage systems in two cases are studied and
compared to demonstrate the effectiveness of the proposed
PSO method. The voltage profiles and the output power of
diesel generator and ESS are shown in Tables 1 and 2.
Case 1. A regular power flow simulation analysis for the
system under consideration of the minimum of the renewable
energy and the maximum of the load.
Case 2. PSO with distributed ESS considering the worst
operation condition.
It can be seen from Table 1 that when the renewable
energy source is reduced and one conventional 500 KW ESS
is installed, the system will confront with low voltage problem
in Case 1. Even though diesel generation system supplies more
power to support the system, the voltages at bus 820, bus 822,
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Table 1: Voltage profiles in Cases 1 and 2.
Bus

Case 1
Voltage
(pu)

Case 2
Voltage
(pu)

Bus

Case 1
Voltage
(pu)

Case 2
Voltage
(pu)

800
802
806
808
810
812
814
850
816
818
820
822
824
826
828
830
854

0.9989
0.9969
0.9957
0.9732
0.9776
0.9506
0.9375
1.014
1.014
0.9966
0.9473
0.9419
1.013
1.011
1.014
0.997
0.9967

0.9989
0.9987
0.9986
0.9977
0.9987
0.9973
0.9973
0.9973
0.9973
0.9827
0.9799
0.9757
0.9987
1.011
0.999
1.001
1.001

856
852
832
888
890
858
864
834
842
844
846
848
860
836
840
862
838

0.9982
0.9806
0.9806
0.9517
0.9247
0.9834
0.9879
0.987
0.987
0.9871
0.9886
0.9888
0.9883
0.9904
0.9912
0.9904
0.9893

1
1.007
1.007
0.9812
0.9727
1.012
0.9719
1.018
1.011
1.018
1.02
1.021
1.019
1.022
1.023
1.022
1.013

and bus 890 in Case 1 still drop below 0.95 pu. Due to the
improper size and placement of ESS in Case 1, the system faces

instability problem accompanied by a large power loss which
is 378 KW. However, with the help of distributed ESS, the
voltage profiles in Case 2 are improved much and the system
no longer faces voltage problem with less voltage violation.
Furthermore, in Case 2, the best placement to install ESSs is
buses 814, 828, and 832 with sizes of 183.3 KW, 220.2 KW, and
22.7 KW, respectively. As a result, the system has minimum
power loss. Comparing with Case 1, the total power loss in
Case 2 is dramatically reduced to be 113.8 KW, which is 69.9%
less than that (378 KW) in Case 1. In addition, the total size
of ESS is 426.2 KW in Case 2 which is enough to maintain
the system stability when the renewable energy is 0, which
is 73.8 KW less than that (500 KW) in the original plan, and
it demonstrates that the calculated ESS allocations in Case 1
tend to overcompensate the voltage when applied to the entire
wind and solar distribution. Another phenomenon worthy
to be noted is that the voltage profile has less fluctuation
with distributed ESS and all the voltages are within voltage
constraints which proves that the system has a strong stability.
The voltage deviation is computed by
𝑛

𝑓= ∑(
𝑘=1

spec

2

𝑉𝑘 − 𝑉𝑘
) ,
Δ𝑉𝑘max

(6)

where 𝑉𝑘 is the expected voltage; Δ𝑉𝑘max is the maximum
of voltage deviation.
The comparison of voltage deviation for two cases is
shown in Figure 8, where one can easily conclude that the
voltages in Case 1 tend to fluctuate higher than those in Case
2.
spec

6. Conclusion
As renewable energy penetration continues to increase in
the power grids, it becomes important to consider the
uncertainty of wind and solar power when optimizing the
placement and size of energy storage systems. In the paper,
a 34-bus microgrid consisting of wind power generation
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Table 2: Output power of diesel generator and ESS.

Case 1

Bus
800

𝑉 (pu)
0.9989

Case 2

800

0.9989

Diesel
𝑃 (KW)
1478
1008

𝑄 (KVA)
721.3
638.5

system, photovoltaic generation system, diesel generation
system, and energy storage system is set up for studying the
performance of distributed generations and their effects on
power systems. To optimize the microgrid operation, the PSO
algorithm is proposed to select the best allocation of ESS
and determine the output of diesel generation system. The
paper gives out optimization results for each case. It can be
concluded as follows. (i) The proposed PSO is well developed
for finding proper placement and size of ESS. (ii) The total real
power loss is minimized, and voltage profiles are improved
by properly installing ESS to the system. (iii) Distributed ESS
tends to be better than centralized ESS.
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Friction is an inevitable nonlinear phenomenon existing in servomechanisms. Friction errors often affect their motion and contour
accuracies during the reverse motion. To reduce friction errors, a novel time-varying friction compensation method is proposed to
solve the problem that the traditional friction compensation methods hardly deal with. This problem leads to an unsatisfactory
friction compensation performance and the motion and contour accuracies cannot be maintained effectively. In this method,
a trapezoidal compensation pulse is adopted to compensate for the friction errors. A generalized regression neural network
algorithm is used to generate the optimal pulse amplitude function. The optimal pulse duration function and the pulse amplitude
function can be established by the pulse characteristic parameter learning and then the optimal friction compensation pulse can
be generated. The feasibility of friction compensation method was verified on a high-precision X-Y worktable. The experimental
results indicated that the motion and contour accuracies were improved greatly with reduction of the friction errors, in different
working conditions. Moreover, the overall friction compensation performance indicators were decreased by more than 54% and
this friction compensation method can be implemented easily on most of servomechanisms in industry.

1. Introduction
Friction is a very complex time-varying phenomenon and
exists in the sliding surfaces of servomechanism extensively,
such as bearings and guide-ways. Friction errors occur
during the reverse motion, and the servo motion controllers
hardly deal with them effectively. Friction errors affect
motion accuracy significantly and degrade contour accuracy
of computer numerical control (CNC) machine tools [1–
3]. More and more researchers have suggested that the
friction should be taken into consideration seriously for highprecision servomechanisms [4]. Friction phenomenon can
be alleviated by modifying servomechanism design or using
lubricants. However, even with the proper lubrication and
design, friction cannot be completely eliminated [5].
To reduce friction errors, the following two ways are usually adopted. One is to improve the bandwidth of servomechanism, such as using a disturbance observer, employing

a neural network controller, and optimizing control parameters [6–8]. The other is to develop a friction compensation
strategy with small modifications to the servo motion controller, such as adopting a friction model, applying a repetitive
control strategy, and using a friction compensation pulse [9].
The disturbance observer is often used to estimate the external perturbations and reduce the adverse effects caused by the
nonlinear uncertainties [10]. Using the disturbance observer
or optimizing the control parameters, friction errors can be
suppressed effectively to a certain extent, but the desired
performance can hardly be achieved [11]. Even if the neural
network controller can effectively reduce the friction errors,
designing such kind of controller is very complicated and it
is helpless for most of servomechanisms adopting the conventional proportion-integration-differentiation (PID) controllers [12]. To solve these problems, in-depth study on the
friction compensation strategy has been carried out. Friction
models are commonly used to predict friction force and to
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realize friction compensation [13]. Several friction models
have been applied in describing the friction characteristics
of sliding surfaces, such as Stribeck model, Dahl model, and
LuGre model [14]. However, friction is time-varying and
closely related to humidity, temperature, ageing, inevitable
misalignment of axis, uneven distributed lubricant, and so on.
So, it is very difficult to obtain an accurate friction model [15].
Meanwhile, the identification results are unrepeatable even
for well-prepared experiments and can hardly be applied in
the servomechanisms in industry [16]. The repetitive control
strategy proposed by Tung et al. [17] compensated the friction
errors by adding the compensation command based on the
previous measured friction errors to the position command.
Obviously, this approach cannot be applied in the working
conditions where the feed rate and trajectory vary frequently.
Mei et al. adopted a rectangular compensation pulse to reduce
friction errors [18]. The rectangular compensation pulse is
added to the position command. The amplitude and duration
of optimal rectangular compensation pulse can be obtained
by the friction compensation experiments. Similarly, Chen
et al. used a double compensation pulse to compensate the
friction errors [19]. However, it is well known that the position
loop bandwidth is much smaller than the velocity loop
bandwidth and the current loop bandwidth in servomechanisms [20]. Therefore, adding the compensation pulse to
the position command limits friction errors to be further
reduced. Moreover, one of the most important characteristics
of friction is the time-varying characteristic. So far, this way
neglects the time-varying characteristic. It is considered that
the friction is a time-invariant physical phenomenon. However, specifically for servomechanism in industry, friction
may vary with time greatly, and the friction compensation
performance becomes worse. As a result, motion and contour
accuracies will degrade and cannot be maintained effectively.
Therefore, it is very urgent to develop a new friction compensation method against the time-varying friction.
In this paper, a novel time-varying friction compensation
method is proposed to solve this problem. When the friction existing in servomechanism has changed greatly, as a
result, the friction compensation performance cannot satisfy
the required friction compensation performance. A novel
trapezoidal compensation pulse was adopted to compensate
the friction errors and a friction compensation performance
evaluation function was designed. Then, an optimal pulse
duration function and a pulse amplitude function were
established by the pulse characteristic parameter learning.
According to these functions, the optimal pulse amplitude
and the pulse duration can be calculated under different
working conditions. Hence, the required friction compensation performance can be obtained, and the motion and
contour accuracies of servomechanism can be guaranteed
effectively. In addition, according to different working conditions, the friction errors can be compensated adaptively.
The paper is organized as follows. The generation mechanism of friction errors and compensation strategy are
introduced briefly in Section 2. Then, the novel time-varying
friction compensation method is mainly described in Sections 3 and 4. Experimental results are presented in Section 5.
Finally, conclusions are given in Section 6.
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2. Analysis of Friction Errors
and Friction Compensation
To reveal the generation mechanism of friction errors and to
validate the friction compensation method proposed by this
paper, a high-precision X-Y worktable was set up. Figure 1
shows the high-precision X-Y worktable. Each axis is driven
by a ball screw coupled to a servo motor and its amplifier.
The X-Y worktable motion is controlled by an open CNC
system composed of a host computer and a slave computer
[21, 22]. The host computer is responsible for the operation,
data sampling, motion monitoring, and so on. A digital
PID motion controller is developed on the slave computer
and generates the control signals which are sent to the
corresponding amplifiers. Some logic control operations can
be implemented by the logic signals, such as emergency stop.
The position feedback signals are produced by the grating
scales installed on the X-Y worktable. The velocity feedback
signals can be obtained by the encoders directly coupled to
the servo motors. These feedback signals are sampled by the
digital PID motion controller. In addition, the related data
of each axis such as position feedback and velocity feedback
are transmitted to the host computer in real time. The main
specifications of this high-precision X-Y worktable are shown
in Table 1.
As shown in Figure 2, the controller structure of 𝑥-axis
includes a cascade PID feedback controller, a velocity feedforward controller and an acceleration feedforward controller.
The controller structure of 𝑦-axis is similar with the controller
structure of 𝑥-axis. The cascade PID feedback controller is
composed of a position controller, a velocity controller, and
a current controller to reject both the steady-state errors
and the external disturbances. In addition, these feedforward
controllers are used to further improve the dynamics of servomechanism. The position controller and the velocity controller adopt the proportion controller and the proportionintegration controller, respectively. The current controller is
contained in the amplifier and can be equivalent as a torque
constant. Meanwhile, to show the superiority of the proposed
method, a disturbance observer was developed to suppress
the friction errors. The current differences between the
normal model output and physical plant output are induced
by the external nonlinear friction force. These differences are
considered as equivalent perturbations which can be added to
current command. Thus, the friction errors can be suppressed
to a certain extent.
To make the proposed method clearly, the friction compensation method is illustrated with the worktable in the 𝑥direction as an example in this paper. Figure 3 shows the
actual velocity and the tracking errors during the reverse
motion of the worktable in the 𝑥-direction with the feed
rate 𝐹 = 1000 mm⋅min−1 and the circular radius 𝑅 = 25 mm.
As shown in Figure 3, the prominent errors caused by the
friction force are friction errors which degrade the motion
accuracy of the worktable. The whole process of reverse
motion will be briefly introduced as follows.
When the worktable arrives at a reverse position at the
moment 𝑡stick , its motion is stopped. From then on, the
friction errors begin to generate and to increase until they
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Figure 1: High-precision X-Y worktable.
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Table 1: Main specifications of high-precision 𝑋-𝑌 worktable.
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0.015

tn
40.2

40.25
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Parameter
Worktable area (mm×mm)
𝑋/𝑌 stroke (mm×mm)
Maximum allowed acceleration 𝑎𝑙 (mm⋅s−2 )
Inertia of the plant for 𝑥-axis (kg⋅m2 )
Inertia of the plant for 𝑦-axis (kg⋅m2 )
Torque constant (N⋅m⋅V−1 )
Rated torque of servo motor (N⋅m)
Sampling period 𝑇 (s)
Screw lead (mm)
Resolution of encoder (𝜇m)
Resolution of scale (𝜇m)

Value
560 × 420
250 × 150
1500
0.00298
0.00358
2.68
7.16
0.001
16
0.5
0.5

Tracking errors
Actual velocity

Figure 3: Dynamic reverse motion process of the worktable in the
𝑥-direction.

reach a peak at the moment 𝑡err . Then, when the driving
force overcomes the break-away force, the worktable starts
to slip at the moment 𝑡slip . However, it is essential to note

4

Mathematical Problems in Engineering

that the friction affects the position control system in the
form of external force or torque and takes time for the effects
of friction to be transformed into the position output. In
addition, there exists a backlash during the reverse motion;
this contributes to an additional delay. Let 𝑇𝑑 be the sum of
these delays and a transition time 𝑇𝑏 from the moment 𝑡stick
to the moment of 𝑡slip can be expressed as
𝑇𝑏 = 𝑡slip − 𝑡stick .

(1)

The moment 𝑡err can be described as
𝑡err = 𝑇max + 𝑡stick ,

(2)

where 𝑇max is a time interval from the moment 𝑡stick to the
moment 𝑡err , and it can be expressed as
𝑇max = 𝑇𝑑 + 𝑇𝑏 .

where 𝑃𝑐𝑥 and 𝑃𝑓𝑥 are the position command and position
feedback of the worktable, respectively. Considering the
existing delay 𝑇𝑑 , the worktable actually starts to slip at the
moment 𝑡err . At this moment, the position command and
position feedback are 𝑃𝑐𝑥 (𝑡stick + 𝑇max ) and 𝑃𝑓𝑥 (𝑡stick ) + 𝐷𝑏 +
Δ𝐸, respectively. The peak error 𝐸𝑝 rises as the transition time
𝑇𝑏 and it can be further declined by decreasing the transition
time 𝑇𝑏 . However, the transition time 𝑇𝑏 is determined by the
break-away force which varies with the time-varying friction.
Thus, the time-varying characteristic should be considered
seriously in designing a friction compensator. The friction
errors begin to attenuate after the moment 𝑡err and disappear
at the moment 𝑡𝑛 . A time interval 𝑇𝑧 from the moment 𝑡stick
to the moment 𝑡𝑛 can be expressed as
𝑇𝑧 = 𝑡𝑛 − 𝑡stick .

(3)

The elastic junctions appear in the sliding surfaces and
behave like springs during the reverse motion. There is a
presliding displacement 𝐷𝑏 which is an approximately linear
function of the driving force till the driving force reaches
the break-away force. Meanwhile, there is an additional measured error Δ𝐸 caused by the external noise and grating scale
resolution. The presliding displacement 𝐷𝑏 and measured
error Δ𝐸 are very small and can be neglected. The delay time
𝑇𝑑 is inevitable and hard to be further decreased. However,
its value is much smaller than the transition time 𝑇𝑏 and
its effects on the tracking errors can be ignored. Moreover,
the position command is not influenced during the reverse
motion. Thus, a great peak error 𝐸𝑝 is produced and can be
expressed as
𝐸𝑝 = 𝑃𝑐𝑥 (𝑡stick + 𝑇max ) − (𝑃𝑓𝑥 (𝑡stick ) + 𝐷𝑏 + Δ𝐸)
= 𝑃𝑐𝑥 (𝑡stick + 𝑇𝑑 + 𝑇𝑏 ) − 𝑃𝑓𝑥 (𝑡stick ) − 𝐷𝑏 − Δ𝐸

(4)

≈ 𝑃𝑐𝑥 (𝑡stick + 𝑇𝑏 ) − 𝑃𝑓𝑥 (𝑡stick ) ,

(5)

To reduce the friction errors, an external friction compensation pulse is commonly employed to decrease the transition time 𝑇𝑏 . Compared with the position loop, the velocity
loop has a much higher bandwidth. Moreover, compared
with being added to the current command, the additional
external friction compensation pulse is added to velocity
command and has a smaller impact on the servomechanism.
Therefore, it is reasonable to add the pulse to velocity
command. Meanwhile, as shown in Figure 2, a trapezoidal
compensation pulse 𝑉𝑏 is proposed to compensate the friction
errors. Compared with the conventional rectangular friction
compensation pulse, the trapezoidal compensation pulse
has some advantages such as better friction compensation
performance, smaller impact on servomechanism, and better
flexibility.
When the worktable arrives at a reverse position at the
moment 𝑡stick , that is, 𝑖𝑇, the trapezoidal compensation pulse
𝑉𝑏 compensates the friction errors at the moment 𝑡stick𝑇 , that
is, (𝑖 + 1)𝑇, and can be expressed as

𝐴 ⋅ sgn (𝑑𝑟 ) , 𝑡 ∈ (𝑡stick𝑇 , (𝑇𝑚 + 𝑡stick𝑇 ))
𝑉𝑏 (𝑡) = { 𝑝
0
(𝑡 − 𝑡stick ) 𝐹𝑝
{
{
,
𝑡 ∈ (𝑡stick𝑇 , (𝑡stick𝑇 + 𝑇𝑟 ))
{
{
𝑇𝑟
{
{
𝐴 𝑃 (𝑡) = {𝐹𝑝 ,
𝑡 ∈ ((𝑇𝑟 + 𝑡stick ) , (𝑡stick + 𝑇𝑚 − 𝑇𝑟 ))
{
{
{
+
𝑇
)
−
𝑡)
𝐹
((𝑡
𝑚
𝑝
{
{ stick
, 𝑡 ∈ ((𝑡stick + 𝑇𝑚 − 𝑇𝑟 ) , (𝑡stick + 𝑇𝑚 )) ,
𝑇𝑟
{
𝑑𝑟 = 𝑃𝑐𝑥 ((𝑖 + 1) 𝑇) − 𝑃𝑐𝑥 (𝑖𝑇) ,
−1,
{
{
sgn (𝑑𝑟 ) = {0,
{
{1,

𝑑𝑟 ∈ (−∞, 0)
𝑑𝑟 = 0
𝑑𝑟 ∈ (0, +∞) ,
(6)
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(𝑖+𝑁𝑎 )

𝐸𝑎 =

∑𝑘=𝑖



𝑃𝑐𝑥 (𝑘𝑇) − 𝑃𝑓𝑥 (𝑘𝑇)


𝑁𝑎

(7)

𝑇
𝑁𝑎 = 𝑀 ,
𝑇
where 𝑇𝑀 is the monitoring time and 𝑁𝑎 is the number
of sampling points per 𝑇𝑀. The friction compensation performance is better as this function value decreases. In this
paper, a pulse characteristic parameter learning is proposed
to search the optimal pulse duration and the pulse amplitude.
The pulse characteristic parameter learning is an automatic
optimization process composed of friction compensation
pulse amplitude learning and friction compensation pulse
duration learning. The friction compensation pulse duration
learning is used to search the optimal pulse duration and to
establish the optimal pulse duration function. The friction
compensation pulse amplitude learning is used to search the
optimal pulse amplitude and to establish the optimal pulse
amplitude function.
To compensate the friction errors in different trajectories,
it is necessary to establish the relationships between the friction compensation pulse characteristic parameters and the
characteristic parameters of motion trajectory. On one hand,
acceleration is one of the main characteristic parameters of
motion trajectory and can be easily obtained. On the other
hand, the acceleration at the moment 𝑡stick , that is, reverse
acceleration, is closely related to the transition time 𝑇𝑏 and the
break-away force [23]. Therefore, relationships between the
reverse acceleration and the pulse characteristic parameters
need to be established to realize friction compensation in
different trajectories. When the high-precision X-Y worktable performs a circular motion, the reverse acceleration
is equal to the centripetal acceleration [24]. Furthermore,
the centripetal acceleration can be obtained by the position
command of circular motion trajectory and then the reverse
acceleration can be calculated as
𝑎=(

𝐹 21
)
= 𝜔2 𝑅,
60 𝑅

(8)

Fp

where 𝐹𝑝 , 𝑇𝑚 , and 𝑇𝑟 are the amplitude, duration, and rise
time of the pulse, respectively. 𝑇 is the sampling period and
𝑑𝑟 is the difference between the position command of two
consecutive sampling instants. 𝐴 𝑝 is the value of pulse and
𝑇𝑟 is generally set as a constant. The pulse characteristic
parameters are the pulse amplitude 𝐹𝑝 and the pulse duration
𝑇𝑚 . With 𝑑𝑟 > 0, the generated trapezoidal compensation
pulse 𝑉𝑏 is shown in Figure 4.
A reasonable friction compensation pulse is essential to
achieve the desired friction compensation performance. Even
with a smaller friction compensation pulse amplitude or a
short friction compensation pulse duration, the great friction
errors still appear. On the contrary, with a high friction
compensation pulse amplitude or a long friction compensation pulse duration, the great oscillations of tracking errors
appear and motion accuracy degrades greatly. To evaluate the
friction compensation performance, a friction compensation
performance evaluation function 𝐸𝑎 can be given as follows:

A p (mm·s−1 )
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Figure 4: Trapezoidal compensation pulse.

where 𝜔 is the angular velocity of circular motion trajectory
and 𝑎 is the reverse acceleration. According to this equation,
the reverse acceleration can be obtained and modified easily.
The position command of a circular motion trajectory for the
high-precision X-Y worktable can be written as
𝑃𝑐𝑥 = 𝑅 sin (𝜔𝑡)
𝑃𝑐𝑦 = 𝑅 sin (𝜔𝑡)

(9)

𝑎
𝜔=√ ,
𝑅
where 𝑃𝑐𝑦 is the position command of the worktable in the
𝑦-direction.
The relationships can be built by the friction compensation pulse duration learning and the friction compensation
pulse amplitude learning. When the friction existing in the
servomechanism has changed greatly, the values of pulse
characteristic parameters need to be learned to solve the
problems caused by the time-varying friction. Thus, the
motion and contour accuracies of servomechanism can be
guaranteed effectively.

3. Friction Compensation Pulse
Duration Learning
To obtain the optimal pulse duration and to establish the
optimal pulse duration function, the friction compensation
pulse duration learning is proposed in this paper. Considering the practical working conditions, the learning efficiency
and the required friction compensation performance, different reverse acceleration intervals, and their increments are
adopted to satisfy different requirements of friction compensation. To make this friction compensation method simple,
three different reverse acceleration intervals are adopted in
this paper. The related parameters are set as follows:
𝑎𝑖 : minimum reverse acceleration;
𝑎𝑚 : maximum reverse acceleration;
𝑎1 : reverse acceleration 1;
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𝑎2 : reverse acceleration 2;

Reverse
acceleration
interval 1

𝐹𝑡𝑠 : pulse amplitude increment;
𝑁1 : number of steps in the reverse acceleration interval 1;

0 ai

𝑁2 : number of steps in the reverse acceleration interval 2;
𝑁3 : number of steps in the reverse acceleration interval 3;
𝑁𝐶: iteration number of coarse learning;

Reverse
acceleration
interval 2

a1

The reverse acceleration configuration is shown in
Figure 5.
The maximum amplitude of friction compensation pulse,
𝐹𝑚 , can be expressed as
(10)

where 𝑎𝑙 is the maximum allowed acceleration. The initial
amplitude of the friction compensation pulse, 𝐹𝑖 , can be
obtained as

𝑇𝑚 = 2𝑇𝑟 .

(12)

The initial value of pulse amplitude 𝐹𝑝 can be obtained as
𝐹𝑝 = 𝐹𝑖 .

(13)

At the reverse acceleration 𝑎𝑖 , the worktable performs a
sinusoidal movement. The induced friction errors are compensated by the generated friction compensation pulse. In
this paper, a pulse duration learning evaluation function
𝐸𝑡 was designed. The pulse duration learning performance
becomes better as this function value decreases. The pulse
duration learning evaluation function 𝐸𝑡 can be given as
follows:

(𝑖+𝑁 ) 
∑𝑘=𝑖 𝑡 𝑃𝑐𝑥 (𝑘𝑇) − 𝑃𝑓𝑥 (𝑘𝑇)
𝐸𝑡 =
𝑁𝑡
(14)
2𝑇𝑧
𝑁𝑡 =
,
𝑇

(16)

The aforementioned process is repeated until 𝑇𝑚 > 𝑇𝑧𝑖 .
The value of pulse duration 𝑇𝑚 is the 𝑇𝑚𝑖 which is considered
as the optimal pulse duration 𝑇𝑜𝑚 at the reverse acceleration
𝑎𝑖 and it corresponds to the minimum of pulse duration learning evaluation function 𝐸𝑡 . Similarly, the reverse acceleration
𝑎 can be updated automatically in the order of 𝑎1 , 𝑎2 , and
𝑎𝑚 . The corresponding optimal pulse duration 𝑇𝑜𝑚 can be
obtained as 𝑇𝑚1 , 𝑇𝑚2 , and 𝑇𝑚𝑚 , respectively. According to the
results of pulse duration learning, an optimal pulse duration
function 𝑇𝑜𝑚 can be expressed as

(11)

where 𝜂 is the friction compensation coefficient. Generally,
the value of 𝜂 is between 0.1 and 0.15. Without the friction
compensation, the reverse acceleration 𝑎 updates automatically in the order of 𝑎𝑖 , 𝑎1 , 𝑎2 , and 𝑎𝑚 . At each reverse acceleration 𝑎, the worktable performs a sinusoidal movement. As
a result, the time interval 𝑇𝑧 can be automatically calculated
as 𝑇𝑧𝑖 , 𝑇𝑧1 , 𝑇𝑧2 , and 𝑇𝑧𝑚 , respectively, based on the tracking
errors. The initial pulse duration, 𝑇𝑚 , can be expressed as

𝑇𝑜𝑚

𝑇𝑚𝑖 ,
{
{
{
{
{
{
{
𝑇 − 𝑇𝑚𝑖
{
{
{
(𝑎 − 𝑎𝑖 ) ,
𝑇𝑚𝑖 + 𝑚1
{
{
𝑎1 − 𝑎𝑖
{
{
{
{
= {𝑇𝑚1 + 𝑇𝑚2 − 𝑇𝑚1 (𝑎 − 𝑎1 ) ,
{
{
𝑎2 − 𝑎1
{
{
{
{
𝑇 − 𝑇𝑚2
{
{
{
(𝑎 − 𝑎2 ) ,
𝑇 + 𝑚𝑚
{
{ 𝑚2
𝑎𝑚 − 𝑎2
{
{
{
{
{𝑇𝑚𝑚 ,

𝑎 ∈ (0, 𝑎𝑖 )
𝑎 ∈ [𝑎𝑖 , 𝑎1 )
𝑎 ∈ [𝑎1 , 𝑎2 )

(17)

𝑎 ∈ [𝑎2 , 𝑎𝑚 )
𝑎 ∈ [𝑎𝑚 , 𝑎𝑙 ] .

Thus, the corresponding optimal pulse duration 𝑇𝑜𝑚 can be
calculated at different reverse accelerations.

4. Friction Compensation Pulse
Amplitude Learning
To obtain the optimal pulse amplitude, an optimal pulse
amplitude function can be established by a coarse learning
stage, a fine learning stage, and the generation of optimal
pulse amplitude function in this paper.
4.1. Coarse Learning Stage. An initial pulse amplitude array
can be obtained in the coarse learning stage. The reverse
acceleration increment of coarse learning stage Δ𝑎𝑐 in different reverse acceleration intervals can be calculated as
Δ𝑎𝑐 =

𝑎1 − 𝑎𝑖
,
𝑁1

𝑎 ∈ [𝑎𝑖 , 𝑎1 )

where 𝑁𝑡 is the number of sampling points per 2𝑇𝑧 . When
the sinusoidal movement terminates, the pulse amplitude 𝐹𝑝
can be updated as

Δ𝑎𝑐 =

𝑎2 − 𝑎1
,
𝑁2

𝑎 ∈ [𝑎1 , 𝑎2 )

𝐹𝑝 = 𝐹𝑝 + 𝐹𝑡𝑠

Δ𝑎𝑐 =

𝑎𝑚 − 𝑎2
,
𝑁3

𝑎 ∈ [𝑎2 , 𝑎𝑚 ] .

(15)

a

and 𝐹𝑝 keeps updating until 𝐹𝑝 > 𝐹𝑚 . Then, the pulse duration 𝑇𝑚 can be updated as
𝑇𝑚 = 𝑇𝑚 + 𝑇𝑒 .

𝑇𝑒 : pulse duration increment.

𝐹𝑖 = 𝜂𝐹𝑚 ,

am

a2

Figure 5: Reverse acceleration configuration.

𝑁𝐹 : iteration number of fine learning;

𝐹𝑚 = 𝑇𝑟 𝑎𝑙 ,

Reverse
acceleration
interval 3

(18)
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The amplitude increment of the friction compensation pulse
in the coarse learning stage 𝐹𝑐𝑠 can be calculated as
𝐹𝑐𝑠 =

𝐹𝑚 − 𝐹𝑖
.
𝑁𝐶

(19)

At the beginning of the coarse learning stage, the initial value
of reverse acceleration 𝑎 can be expressed as
𝑎 = 𝑎𝑐𝑘 ,

(20)

where 𝑘 = 1 and 𝑎 = 𝑎𝑐𝑘 = 𝑎𝑖 . The initial value of pulse
amplitude 𝐹𝑝 can be expressed as
𝐹𝑝 = 𝐹𝑖 .

(21)

According to (17), the pulse duration 𝑇𝑚 can be calculated as
𝑇𝑚 = 𝑇𝑜𝑚 (𝑎) .

(22)

The monitoring time 𝑇𝑀 can be expressed as
𝑇𝑀 = 2𝑇𝑜𝑚 (𝑎) .

(23)

At the reverse acceleration 𝑎, the worktable performs a
sinusoidal movement. The induced friction errors can be
compensated by the generated friction compensation pulse.
In this paper, the evaluation function 𝐸𝑎 is employed to
evaluate the friction compensation performance. The friction
compensation performance becomes better as the function
value decreases. When the sinusoidal movement terminates,
the pulse amplitude 𝐹𝑝 can be updated as
𝐹𝑝 = 𝐹𝑝 + 𝐹𝑐𝑠 .

(24)

And 𝐹𝑝 keeps updating until 𝐹𝑝 > 𝐹𝑚 . The value of pulse
amplitude 𝐹𝑝 is 𝐹𝑐𝑘 which corresponds to the minimum of
evaluation function 𝐸𝑎 at the reverse acceleration 𝑎. Then, the
reverse acceleration 𝑎 can be updated as
𝑘=𝑘+1
𝑎 = 𝑎𝑐𝑘 = 𝑎 + Δ𝑎𝑐 .

(25)

The aforementioned process is repeated until 𝑎 > 𝑎𝑚 , and the
coarse learning stage is finished. At different reverse accelerations, the pulse amplitude array in the coarse learning stage
can be expressed as [𝐹𝑐1 , 𝐹𝑐2 , . . . , 𝐹𝑐𝑘 , . . . , 𝐹𝑐𝑛 ], 𝑘 = 1, 2, . . . ,
(𝑁1 +𝑁2 +𝑁3 +2), 𝑘 ≤ 𝑛. The corresponding reverse acceleration array can be expressed as [𝑎𝑐1 , 𝑎𝑐2 , . . . , 𝑎𝑐𝑘 , . . . , 𝑎𝑐𝑛 ], where
𝑎𝑚 = 𝑎𝑐𝑛 .
4.2. Fine Learning Stage. To further improve the friction
compensation performance, on the basis of the results
obtained in the coarse learning stage, a fine learning stage is
adopted. The reverse acceleration array can be expanded as
[𝑎𝑐1 , 𝑎𝑐𝑓12 , 𝑎𝑐2 , 𝑎𝑐𝑓23 , 𝑎𝑐3 , . . . , 𝑎𝑐𝑓(𝑖)(𝑖+1) , . . . , 𝑎𝑐(ℎ−1) , 𝑎𝑐𝑓(ℎ−1) , 𝑎𝑐ℎ ],
𝑖 = 1, 2, . . . , (ℎ − 1), where ℎ = 2𝑛 − 1, 𝑎𝑐𝑛 = 𝑎𝑐ℎ . The element
of this array 𝑎𝑐𝑓(𝑖)(𝑖+1) can be expressed as
Δ𝑎𝑓 =

Δ𝑎𝑐
2

𝑎𝑐𝑓(𝑖)(𝑖+1) = 𝑎𝑐(𝑖) + Δ𝑎𝑓 ,

(26)
𝑖 = 1, 2, . . . , ℎ − 1,

where Δ𝑎𝑓 is the reverse acceleration increment in the fine
learning stage. The subscript indexes of these elements are
renumbered and can be recorded as
[𝑎𝑓1 , 𝑎𝑓2 , . . . , 𝑎𝑓𝑗 , . . . , 𝑎𝑓ℎ ] ,
𝑗 = 1, 2, . . . , ℎ,

ℎ = 2𝑛 − 1.

(27)

Similarly, the generated pulse amplitude array in the coarse
learning stage can be expanded as [𝐹𝑐1 , 𝐹𝑐𝑓12 , 𝐹𝑐2 , 𝐹𝑐𝑓23 , 𝐹𝑐3 ,
. . . , 𝐹𝑐𝑓(𝑖)(𝑖+1) , . . . , 𝐹𝑐(ℎ−1) , 𝐹𝑐𝑓(ℎ−1) , 𝐹𝑐ℎ ], where ℎ = 2𝑛−1, 𝐹𝑐𝑛 =
𝐹𝑐ℎ , and the element of this pulse amplitude array 𝐹𝑐𝑓(𝑖)(𝑖+1)
can be expressed as
𝐹𝑐𝑓(𝑖)(𝑖+1) =

𝐹𝑐(𝑖) + 𝐹𝑐(𝑖+1)
,
2

𝑖 = 1, 2, . . . , ℎ − 1.

(28)

The subscript indexes of the elements in the expanded pulse
amplitude array are renumbered and can be recorded as
[𝐹𝑏𝑓1 , 𝐹𝑏𝑓2 , 𝐹𝑏𝑓3 , . . . , 𝐹𝑏𝑓𝑗 , . . . , 𝐹𝑏𝑓(ℎ−1) , 𝐹𝑏𝑓ℎ ] ,
𝑗 = 1, 2, . . . , ℎ,

ℎ = 2𝑛 − 1,

(29)

where 𝐹𝑏𝑓𝑗 is the element of the expanded pulse amplitude
array. The pulse amplitude increment in the fine learning
stage 𝐹𝑓𝑠 can be calculated as
𝐹𝑓𝑠 =

𝐹cs
.
𝑁𝐹

(30)

At the beginning of the fine learning stage, the initial value of
reverse acceleration 𝑎 can be expressed as
𝑎 = 𝑎𝑓𝑗 ,

(31)

where 𝑗 = 1 and 𝑎 = 𝑎𝑓1 = 𝑎𝑖 . The initial value of pulse
amplitude 𝐹𝑝 can be expressed as
𝐹𝑝 = 𝐹𝑏𝑓𝑗 −

𝐹𝑐𝑠
.
2

(32)

According to (17), the pulse duration 𝑇𝑚 can be calculated as
𝑇𝑚 = 𝑇𝑜𝑚 (𝑎) .

(33)

The worktable performs a sinusoidal movement at the
reverse acceleration 𝑎. The induced friction errors are compensated by the generated friction compensation pulse.
Meanwhile, the evaluation function 𝐸𝑎 is also adopted. When
the sinusoidal movement terminates, the pulse amplitude 𝐹𝑝
can be updated as
𝐹𝑝 = 𝐹𝑝 + 𝐹𝑓𝑠 .

(34)

And 𝐹𝑝 keeps updating until 𝐹𝑝 > 𝐹𝑏𝑓𝑗 + (𝐹𝑐𝑠 /2). The
optimal value of pulse amplitude 𝐹𝑝 is 𝐹𝑏𝑓𝑗 which corresponds
to the minimum of evaluation function 𝐸𝑎 at the reverse
acceleration 𝑎. Then, the reverse acceleration 𝑎 can be
updated as
𝑗=𝑗+1
𝑎 = 𝑎𝑓𝑗 = 𝑎 + Δ𝑎𝑓 .

(35)
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The aforementioned process is repeated until 𝑎 > 𝑎𝑓ℎ ,
and the fine learning stage is finished. At different reverse
accelerations, the optimal pulse amplitude array can be
expressed as
[𝐹𝑓1 , 𝐹𝑓2 , 𝐹𝑓3 , . . . , 𝐹𝑓𝑗 , . . . , 𝐹𝑓(ℎ−1) , 𝐹𝑓ℎ ] ,
𝑗 = 1, 2, . . . , ℎ,

ℎ = 2𝑛 − 1.

(36)

4.3. Generation of Optimal Pulse Amplitude Function. Due
to the fact that there is a complicated nonlinear relationship
between the optimal pulse amplitude array and the corresponding reverse acceleration array, it is very difficult to
achieve the satisfactory fitting performance with the approximate equation or the conventional least square method.
However, the neural network has a strong ability in nonlinear
fitting and can map the arbitrary nonlinear relationships
[25]. Meanwhile, its learning rule is easy to implement on
a computer. Therefore, the GRNN algorithm is proposed to
train the complicated nonlinear relationship in this paper.
An optimal pulse amplitude function (OFGN) is generated by the generalized regression neural network (GRNN)
algorithm due to its advantages such as simple structure,
high training efficiency, and global convergence. Moreover,
the high accurate fitting can be obtained by the OFGN. The
GRNN algorithm includes an input layer, a mode layer, a
summation layer, and an output layer. The number of neurons
in the input layer is equal to the dimension of the optimal
pulse amplitude array and each neuron is a simply distributed
unit which transfers the input variables to the mode layer
directly. The summation layer sums these neurons, and the
output layer exports the value of the optimal pulse amplitude
𝐹𝑜𝑝 which can be expressed as
𝑎 ∈ (0, 𝑎𝑖 )
𝐹𝑓1 ,
{
{
{
{
𝐹𝑜𝑝 = {OFGN, 𝑎 ∈ [𝑎𝑖 , 𝑎𝑚 )
{
{
{
𝑎 ∈ [𝑎𝑚 , 𝑎𝑙 ] .
{𝐹𝑓ℎ

(37)

Thus, the corresponding value of optimal pulse amplitude 𝐹𝑜𝑝
can be calculated at different reverse accelerations 𝑎.

5. Experimental Investigation
To verify the effectiveness of this friction compensation
method, a friction compensation module was developed and
embedded into the open CNC system. The flowchart of
the module is shown in Figure 6. When the actual value
of friction compensation performance evaluation function
cannot satisfy the required friction compensation performance, that is, 𝐸𝑎 > 𝐸𝑟 , it indicates that the pulse
characteristic parameter learning is necessary. Exiting the
module or performing the pulse characteristic parameter
learning is optional. If the pulse characteristic parameter
learning is required, according to working conditions and
the required friction compensation performance, the related
parameters of friction compensation module are set. The
friction compensation pulse duration learning is performed
automatically and an optimal pulse duration function is

established. Then, the friction compensation pulse amplitude learning is performed automatically and an optimal
pulse amplitude function is generated. The process of pulse
characteristic parameter learning is finished. When the
friction compensation is enabled, the optimal characteristic
parameters can be calculated by the optimal pulse amplitude
function and the pulse duration function. The friction errors
are compensated by the generated friction compensation
pulse during the reverse motion. In addition, the friction
compensation performance can be evaluated and monitored
online. In this paper, the setting values of this module are
shown in Table 2.
With the circular radius 𝑅 = 50 mm, the high-precision XY worktable carries out the friction compensation pulse characteristic parameter learning automatically. Figure 7 shows
the results of friction compensation pulse characteristic
parameter learning at the reverse acceleration 𝑎 ∈ [𝑎𝑖 , 𝑎𝑚 ].
As shown in Figure 7(a), the optimal friction compensation
pulse durations of high-precision X-Y worktable decrease
continuously with the reverse acceleration 𝑎. The optimal
friction compensation pulse duration of 𝑦-axis is longer than
that of 𝑥-axis. The optimal pulse amplitude arrays of highprecision X-Y worktable and the corresponding optimal
pulse amplitude function curves are shown in Figure 7(b).
The optimal pulse amplitude of 𝑥-axis is larger than that of
𝑦-axis. Moreover, it shows that these optimal pulse amplitude
functions generated by the GRNN algorithm can achieve the
accurate fitting of optimal pulse amplitude arrays.
Figure 8 shows the circular contour errors, with the
feed rate 𝐹 = 500 mm⋅min−1 and the circular radius 𝑅 =
25 mm. It is noted that the prominent contour errors occur in
four quadrants. The prominent contour errors in quadrants
A and C are mainly induced by the nonlinear friction
during the reverse motion of 𝑥-axis. Similarly, the prominent
contour errors in quadrants B and D are mainly induced
by the nonlinear friction during the reverse motion of 𝑦axis. Generally, the prominent contour errors in quadrants
A and C are similar. The same is true with the prominent
contour errors in quadrants B and D. Therefore, the friction
compensation performance can be studied by these tracking
errors and contour errors in quadrants A and B and can be
monitored during the monitoring time 𝑇𝑀.
To verify the feasibility of this friction compensation
method, friction compensation experiments were carried
out on the high-precision X-Y worktable, with the radius
𝑅 = 25 mm and the feed rates 𝐹 = 500 mm⋅min−1 ,
1000 mm⋅min−1 , 2000 mm⋅min−1 , and 3000 mm⋅min−1 .
Moreover, to show the superiority of the proposed method,
a disturbance observer was designed to suppress the friction
errors under the aforementioned working conditions. In
this paper, the friction compensation performances for the
high-precision X-Y worktable are comprehensively evaluated
by a set of friction compensation performance indicators as
follows:
𝐶𝑋𝐸 : peak value of the contour errors during the
reverse motion of 𝑥-axis;
𝐶𝑌𝐸 : peak value of the contour errors during the
reverse motion of 𝑦-axis;
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Figure 6: Flowchart of friction compensation module.

𝑃𝑋𝐸 : absolute peak value of the tracking errors during
the reverse motion of 𝑥-axis;
𝑃𝑌𝐸 : absolute peak value of the tracking errors during
the reverse motion of 𝑦-axis;
𝐸𝑋𝑅 : root mean square of the tracking errors during
the reverse motion of 𝑥-axis;
𝐸𝑌𝑅 : root mean square of the tracking errors during
the reverse motion of 𝑦-axis;
𝐸𝑋𝑀: absolute mean of the tracking errors during the
reverse motion of 𝑥-axis;
𝐸𝑌𝑀: absolute mean of the tracking errors during the
reverse motion of 𝑦-axis.
These indicators can be calculated by sampling the position command and the position feedback during the monitoring time 𝑇𝑀 and are compared with friction compensation
(WFC), disturbance observer (WDOB), and without friction
compensation (WTFC).
With the circular radius 𝑅 = 25 mm and the feed
rates 𝐹 = 500 mm⋅min−1 and 3000 mm⋅min−1 , as shown in
Figures 9 and 10, the tracking errors and the contour errors in
quadrants A and B are compared during the monitoring time

Table 2: Setting values of friction compensation module.
Parameter
𝑎𝑖 (mm⋅s−2 )
𝑎𝑚 (mm⋅s−2 )
𝑎1 (mm⋅s−2 )
𝑎2 (mm⋅s−2 )
𝑁1
𝑁2
𝑁3
𝑁𝐶
𝑁𝐹
𝐸𝑟 (mm)
𝐹ts (mm⋅s−1 )
𝐹𝑖 (mm⋅s−1 )
𝑇𝑒 (s)
𝑇𝑟 (s)

𝑥-axis
5
150
50
100
10
8
8
10
4
0.01
0.5
0.5
0.005
0.003

𝑦-axis
5
150
50
100
10
8
8
10
4
0.01
0.5
0.5
0.005
0.003

𝑇𝑀, under three situations: with friction compensation, with
disturbance observer, and without friction compensation. As
shown in Figures 9 and 10, the friction errors can be decreased
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Figure 7: Results of friction compensation pulse characteristic parameter learning: (a) optimal friction compensation pulse duration curves;
(b) optimal pulse amplitude arrays and the corresponding optimal pulse amplitude function curves.
Table 3: Friction compensation performance indicators during the reverse motion of 𝑥-axis.
Trajectory
−1

𝐹 = 500 mm⋅min
𝑅 = 25 mm, 𝑎 = 2.78 mm⋅s−2
𝐹 = 1000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 11.11 mm⋅s−2
𝐹 = 2000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 44.44 mm⋅s−2
𝐹 = 3000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 100 mm⋅s−2

𝐶𝑋𝐸

WTFC (𝜇m)
𝐸𝑋𝑀
𝑃𝑋𝐸

𝐸𝑋𝑅

𝐶𝑋𝐸

WFC (𝜇m)
𝐸𝑋𝑀
𝑃𝑋𝐸

𝐸𝑋𝑅

𝐶𝑋𝐸

WDOB (𝜇m)
𝐸𝑋𝑀
𝑃𝑋𝐸

𝐸𝑋𝑅

6.89

3.33

6.93

3.84

2.50

1.54

2.53

1.61

4.96

2.24

4.73

2.62

13.37

4.70

13.36

6.25

2.06

0.81

2.07

0.97

10.56

3.19

10.01

2.92

18.99

6.26

19.11

8.56

4.15

1.36

4.09

1.72

17.09

4.63

16.79

5.7

20.09

7.46

20.21

9.66

5.3

2.09

5.29

2.46

18.95

5.84

17.95

8.15

WTFC: without friction compensation; WFC: with friction compensation; WDOB: with disturbance observer.

with friction compensation and disturbance observer, and the
contour errors as well as the tracking errors were decreased
with the reduction of friction errors. So, it can be seen that the
better friction compensation performance can be achieved by
the proposed friction compensation method. With different
feed rates and reverse accelerations, the friction compensation performance indicators are shown in Tables 3 and 4.
As shown in Tables 3 and 4, these friction compensation
performance indicators with the friction compensation are
smaller than those with the disturbance observer. Furthermore, as shown in Table 3, during the reverse motion of
𝑥-axis, the friction compensation performance indicators
were decreased greatly with the friction compensation. The
𝐶𝑋𝐸 , 𝐸𝑋𝑀, 𝑃𝑋𝐸 , and 𝐸𝑋𝑅 with different feed rates were
decreased more than 63%, 54%, 63%, and 58%, respectively.
Meanwhile, as shown in Table 4, during the reverse motion
of 𝑦-axis, the friction compensation performance indicators
were decreased greatly as well. The 𝐶𝑌𝐸 , 𝐸𝑌𝑀, 𝑃𝑌𝐸 , and 𝐸𝑌𝑅

with different feed rates were decreased more than 71%, 62%,
71% and 69%, respectively. Compared with the disturbance
observer, the friction compensation method proposed by this
paper is more effective and feasible to compensate the friction
errors.
To verify the conclusion that this friction compensation
method can be applied to compensating friction errors
with different motion trajectories, different S-shaped motion
trajectories S1 , S2 , S3 , and S4 based on trapezoidal velocity
profile, are adopted. The parameters of motion trajectories S1 ,
S2 , S3 , and S4 are as follows: the accelerations in the acceleration and deceleration sections are 10 mm⋅s−2 , 20 mm⋅s−2 ,
20 mm⋅s−2 , and 30 mm⋅s−2 , respectively. The velocities in constant velocity sections are 10 mm⋅s−1 , 20 mm⋅s−1 , 30 mm⋅s−1 ,
and 30 mm⋅s−1 , respectively. The motion distances are 30 mm,
30 mm, 50 mm, and 80 mm, respectively. Moreover, these
motion trajectories have different accelerations, velocities,
and distances, which can be used to test the limitations of this
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Table 4: Friction compensation performance indicators during the reverse motion of 𝑦-axis.
Trajectory
𝐹 = 500 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 2.78 mm⋅s−2
𝐹 = 1000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 11.11 mm⋅s−2
𝐹 = 2000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 44.44 mm⋅s−2
𝐹 = 3000 mm⋅min−1
𝑅 = 25 mm, 𝑎 = 100 mm⋅s−2

𝐶𝑌𝐸

WTFC (𝜇m)
𝐸𝑌𝑀
𝑃𝑌𝐸

𝐶𝑌𝐸

WFC (𝜇m)
𝐸𝑌𝑀
𝑃𝑌𝐸

𝐸𝑌𝑅

6.18

2.49

6.17

7.47

2.52

10.94
14.42

𝐶𝑌𝐸

WDOB (𝜇m)
𝐸𝑌𝑀
𝑃𝑌𝐸

𝐸𝑌𝑅

𝐸𝑌𝑅

3.09

1.72

0.74

1.69

0.80

3.13

1.45

3.10

1.68

7.42

3.32

1.37

0.43

1.32

0.53

4.79

1.67

4.58

1.56

3.09

10.89

4.32

2.75

0.78

2.66

1.02

8.24

2.08

8.03

2.48

3.91

14.41

5.76

4.14

1.45

4.16

1.78

12.90

2.99

11.25

4.39

WTFC: without friction compensation; WFC: with friction compensation; WDOB: with disturbance observer.
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Figure 8: Circular contour errors with 𝐹 = 500 mm⋅min−1 ; 𝑅 =
25 mm.

proposed method. This friction compensation experiment is
carried out on the worktable in the 𝑦-direction.
Figure 11 shows the experimental results with the motion
trajectories of S1 , S2 , S3 , and S4 . Figures 11(b) and 11(d)
indicate that the friction errors were decreased greatly in
same motion distances at different accelerations. Figures
11(d) and 11(f) show that the friction errors were decreased
greatly in different motion distances at same accelerations.
Figures 11(b), 11(f), and 11(h) illustrate the friction errors were
decreased greatly in different motion distances at different
accelerations. Meanwhile, the different accelerations imply
different velocities. As shown in Figure 11, the motion and
contour accuracies were improved with the reduction of the
friction errors. Table 5 shows that the friction compensation
performance indicators were decreased significantly, with
different motion trajectories. Moreover, the 𝐶𝑌𝐸 , 𝐸𝑌𝑀, 𝑃𝑌𝐸 ,
and 𝐸𝑌𝑅 with the motion trajectories of S1 , S2 , S3 , and S4
were decreased by more than 76%, 71%, 76%, and 75%,
respectively. Tables 4 and 5 together indicate that this friction
compensation method proposed by this paper can be applied
to different motion trajectories.

Friction is a complex physical phenomenon and varies with
time. It exerts some adverse effects on precision motion.
The conventional friction compensation methods neglect
the time-varying characteristic and cannot cope with the
problems caused by the time-varying friction, effectively.
Meanwhile, these methods can hardly compensate the friction errors under different working conditions. In this paper,
a novel time-varying friction compensation method is proposed. The main contributions are as follows.
(1) A novel trapezoidal compensation pulse is adopted
in this paper. The friction errors can be compensated
by adding the friction compensation pulse to the
velocity command. A reasonable friction compensation pulse is essential to achieve the desired friction
compensation performance. To evaluate the friction
compensation performance, a friction compensation
performance evaluation function was designed. The
pulse characteristic parameter learning is an automatic optimization process and can be employed
to search the optimal pulse characteristic parameter
and to establish the optimal pulse duration function
and pulse amplitude function. Then, the optimal
pulse duration and the pulse amplitude under different working conditions can be obtained. When
the friction has changed greatly, these functions can
be established by the pulse characteristic parameter
learning. Thus, the required friction compensation
performance can be achieved even if the friction
varies with time. Moreover, this method has some
advantages such as automation, intelligence, flexibility, and practicality. It can be implemented easily on
most of servomechanisms in industry.
(2) A generalized regression neural network algorithm is
employed to train the nonlinear relationship between
the optimal pulse amplitude array and the corresponding reverse acceleration array. An optimal pulse
amplitude function is generated by this algorithm.
The experimental results show that the accurate fitting
of optimal pulse amplitude arrays can be achieved by
the generated optimal pulse amplitude function.
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Figure 9: 𝐹 = 500 mm⋅min−1 ; 𝑅 = 25 mm: (a) contour errors in quadrant A; (b) contour errors in quadrant B; (c) corresponding tracking
errors of 𝑥-axis in quadrant A; and (d) corresponding tracking errors of 𝑦-axis in quadrant B. WTFC: without friction compensation; WFC:
with friction compensation; WDOB: with disturbance observer.

Table 5: Friction compensation performance indicators with different S-shaped motion trajectories.
Trajectory
S1
𝐿 = 30 mm, 𝑎 = 10 mm⋅s−2
S2
𝐿 = 30 mm, 𝑎 = 20 mm⋅s−2
S3
𝐿 = 50 mm, 𝑎 = 20 mm⋅s−2
S4
𝐿 = 80 mm, 𝑎 = 30 mm⋅s−2

𝐶𝑌𝐸

WTFC (𝜇m)
𝐸𝑌𝑀
𝑃𝑌𝐸

𝐸𝑌𝑅

𝐶𝑌𝐸

WFC (𝜇m)
𝐸𝑌𝑀
𝑃𝑌𝐸

𝐸𝑌𝑅

7.18

2.25

7.18

3.02

1.00

0.38

1.00

0.47

7.89

2.32

7.89

3.29

1.84

0.69

1.84

0.77

8.46

2.45

8.46

3.32

1.92

0.71

1.92

0.82

9.28

3.66

9.28

4.55

2.15

0.73

2.15

0.85

WTFC: without friction compensation; WFC: with friction compensation.
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Figure 10: 𝐹 = 3000 mm⋅min−1 ; 𝑅 = 25 mm: (a) contour errors in quadrant A; (b) contour errors in quadrant B; (c) corresponding tracking
errors of 𝑥-axis in quadrant A; and (d) corresponding tracking errors of 𝑦-axis in quadrant B. WTFC: without friction compensation; WFC:
with friction compensation; WDOB: with disturbance observer.

(3)The novel time-varying friction compensation method
was verified on a high-precision X-Y worktable with
different feed rates in different trajectories. The friction errors were compensated adaptively, and the
friction compensation performance was evaluated
comprehensively by the friction compensation indicators. Meanwhile, to show the superiority of the
proposed friction compensation method, the disturbance observer was developed to suppress the friction
errors. The experiment results show that the proposed friction compensation method is more effective
and feasible to compensate the friction errors. The
friction compensation performance indicators were

decreased by more than 54% and this friction compensation method can be used in different working
conditions.

Notation
𝑎:
𝑎1 :
𝑎2 :
𝑎𝑐𝑓(𝑖)(𝑖+1) :
𝑎𝑖 :
𝑎𝑙 :

Reverse acceleration (mm⋅s−2 )
Reverse acceleration 1 (mm⋅s−2 )
Reverse acceleration 2 (mm⋅s−2 )
Element of reverse acceleration array
(mm⋅s−2 )
Minimum reverse acceleration (mm⋅s−2 )
Maximum allowed acceleration (mm⋅s−2 )
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15
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−0.005
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0
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2

3

4

5

6

7

8
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Figure 11: Experimental results with the motion trajectories of S1 , S2 , and S3 as well as S4 : (a) S-shaped motion trajectory S1 ; (b) tracking
errors at the reverse position of motion trajectory S1 ; (c) S-shaped motion trajectory S2 ; (d) tracking errors at the reverse position of motion
trajectory S2 ; (e) S-shaped motion trajectory S3 ; (f) tracking errors at the reverse position of motion trajectory S3 ; (g) S-shaped curve motion
trajectory S4 ; and (h) tracking errors at the reverse position of motion trajectory S4 . WTFC: without friction compensation; WFC: with
friction compensation.

Maximum reverse acceleration (mm⋅s−2 )
Value of pulse (mm⋅s−1 )
Difference of position command (mm)
Presliding displacement (mm)
Friction compensation performance evaluation function (mm)
𝐸𝑝 : Peak error (mm)
𝐸𝑟 : Required friction compensation performance (mm)
𝐸𝑡 : Pulse duration learning evaluation function (mm)

𝑎𝑚 :
𝐴 𝑝:
𝑑𝑟 :
𝐷𝑏 :
𝐸𝑎 :

𝐹𝑏𝑓𝑗 : Element of expanded pulse amplitude
array (mm⋅s−1 )
𝐹𝑐𝑠 : Amplitude increment of friction compensation pulse in the coarse learning stage
(mm⋅s−1 )
𝐹𝑓𝑠 : Pulse amplitude increment in the fine
learning stage (mm⋅s−1 )
𝐹𝑖 : Initial amplitude of the friction compensation pulse (mm⋅s−1 )
𝐹𝑚 : Maximum amplitude of friction compensation pulse (mm⋅s−1 )
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𝐹𝑝 :
𝐹𝑡𝑠 :
𝑁1 :
𝑁2 :
𝑁3 :
𝑁𝑎 :
𝑁𝐶:
𝑁𝐹 :
𝑃𝑐𝑥 , 𝑃𝑓𝑥 :
𝑡err :
𝑡𝑛 :
𝑡slip :
𝑡stick :
𝑡stick𝑇 :
𝑇:
𝑇𝑏 :
𝑇𝑑 :
𝑇𝑒 :
𝑇𝑚 :
𝑇max :
𝑇𝑚1 , 𝑇𝑚2 ,
and 𝑇𝑚𝑚 :
𝑇𝑜𝑚 :
𝑇𝑟 :
𝑇𝑧 :

Friction compensation pulse amplitude
(mm⋅s−1 )
Pulse amplitude increment (mm⋅s−1 )
Number of steps in the reverse acceleration interval 1
Number of steps in the reverse acceleration interval 2
Number of steps in the reverse acceleration interval 3
Number of sampling points per 2𝑡𝑚
Iteration number of coarse learning
Iteration number of fine learning
Position command and position feedback
of the 𝑥-axis (mm)
Moment at the peak error (s)
Moment of friction errors that disappeared (s)
Moment when the worktable starts to
motion (s)
Moment at the reverse position (s)
Moment at the moment of (𝑖 + 1)𝑇 (s)
Sampling period (s)
Transition time (s)
Sum of delays (s)
Pulse duration increment (s)
Friction compensation pulse duration (s)
Time interval from the moment 𝑡stick to
the moment 𝑡err (s)
optimal duration at the reverse accelerations 𝑎1 , 𝑎2 , and 𝑎𝑚 (s)
Optimal pulse duration (s)
Pulse rise time (s)
Time interval from the moment 𝑡stick to
the moment 𝑡𝑛 (s)

𝑇𝑧𝑖 , 𝑇𝑧1 ,
𝑇𝑧2 , and 𝑇𝑧𝑚 : Value of time interval 𝑇𝑧 at the reverse
accelerations 𝑎𝑖 , 𝑎1 , 𝑎2 , and 𝑎𝑚 (s)
Monitoring time (s)
𝑇𝑀:
Trapezoidal compensation pulse
𝑉𝑏 :
Δ𝑎𝑐 :
Reverse acceleration increment in the
coarse learning stage (mm⋅s−2 )
Reverse acceleration increment in the fine
Δ𝑎𝑓 :
learning stage (mm⋅s−2 )
Δ𝐸:
Additional measured error (mm)
𝜂:
Friction compensation coefficient
𝜔:
Angular velocity of circular motion trajectory (rad⋅s−1 ).
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A mutualism quantum genetic algorithm (MQGA) is proposed for an integrated supply chain scheduling with the materials pickup,
flow shop scheduling, and the finished products delivery. The objective is to minimize the makespan, that is, the arrival time of the
last finished product to the customer. In MQGA, a new symbiosis strategy named mutualism is proposed to adjust the size of
each population dynamically by regarding the mutual influence relation of the two subpopulations. A hybrid Q-bit coding method
and a local speeding-up method are designed to increase the diversity of genes, and a checking routine is carried out to ensure
the feasibility of each solution; that is, the total physical space of each delivery batch could not exceed the capacity of the vehicle.
Compared with the modified genetic algorithm (MGA) and the quantum-inspired genetic algorithm (QGA), the effectiveness and
efficiency of the MQGA are validated by numerical experiments.

1. Introduction
The coordination of logistics activities in a supply chain has
received a lot of attention recently. From the manufacturer’s
point of view, the important problem in the supply chain
scheduling is the coordination of the three stages including
material supply, production scheduling, and product delivery.
Traditionally, research on scheduling generally focuses on the
models with various machine setting, job characteristics, and
performance measures [1], and the transportation arrangements of the materials and the finished products are normally
ignored in these models.
In the past decades, many researchers studied the
machine scheduling problems with transportation under
consideration. Some of the results consider the transportation
of the jobs between machines in the flow shop model, which
incorporates transport times when the jobs are transferred
from one machine to another. Maggu et al. [2–4] firstly considered the scheduling problem with transportation between
machines. In addition, Langston [5] designed algorithms for
the problem of planning and coordinating movement within

a deterministic flow shop system and analyzed the worstcase performances of the algorithms. Haouari and Ladhari
[6] presented an effective branch and bound algorithm for
the model proposed by Langston [5]. Hurink and Knust [7]
considered the flow shop problems with transportation and a
single robot with the objective of minimizing the makespan.
They derived complexity results for the problems. Hurink
and Knust [8] developed a tabu search algorithm for the
problem with time windows. Hurink and Knust [9] extended
some of the results in [8] to the job-shop scheduling models.
For the model with a single robot, Lee and Strusevich [10]
studied the two machine flow shop and open shop problems.
They presented a best possible approximation algorithm for
each of the two problems with some constraints. Naderi et
al. [11] proposed simulated annealing algorithms for flow
shop problems with the objective of minimizing the total
weighted tardiness and makespan. For more new results
on the scheduling problems with transportation between
machines, please see [12–15], among others.
Another type of scheduling model with transportation
focuses on the delivery of finished jobs to customers.
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Lee and Chen [16] considered some scheduling models that
incorporate the delivery decisions of the finished jobs. They
researched the computational complexity of some problems
and proposed polynomial or pseudopolynomial algorithms
for them. Chang and Lee [17] extended one of the models in
[16] to the environment in which each job has an individual
amount of space. Li et al. [18] studied a single-machine
scheduling problem with routing decisions of a vehicle that
serves customers at different addresses. In addition, Chen and
Vairaktarakis [19] researched eight problems with production
and distribution under consideration and either designed a
polynomial time algorithm or proved the NP-hardness for
each of the problems. Geismar et al. [20] extended the Chen
and Vairaktarakis model to the problem with a short shelf
life and no inventory in the process. In addition, Soukhal et
al. [21] investigated the scheduling models with constraints
on both transportation and buffer capacities to minimize the
makespan. They proved new complexity results for special
cases of the problems considered. We refer to, for example,
[22–25], for more recent results on the model with delivery
operations for finished products.
This paper considers the scheduling model that integrates the pickup of materials, flow shop scheduling, and
the delivery of finished jobs. In this model, the material
warehouse, the factory, and the customer are located at three
different places. There are two vehicles (namely, conveyor and
truck) each with a limited capacity. One vehicle (conveyor)
travels between the factory and the warehouse for material
transportation, and the other vehicle (truck) travels between
the customer and the factory for finished products delivery.
This model applies to many situations in supply chain business activities. For example, a shoes manufacturer purchases
materials from India and arranges the production in China.
Finally, the finished products are delivered to the USA.
To the best of our knowledge, research on this model
includes Hall and Potts [26], Li and Ou [27], and Wang
and Cheng [28]. Hall and Potts [26] provided algorithms
for models in which jobs are produced on machines and
formed in batches for delivery. Li and Ou [27] studied the
problem with a vehicle traveling between a warehouse and
the factory. They proved the problem is NP-hard in strong
sense and developed polynomial time and effective heuristic
algorithms, respectively, for special case and the general
setting. Wang and Cheng [28] studied the complexity of the
model in which the warehouse, the factory, and the customer
locations are different. They proved the problem is strongly
NP-hard and proposed a heuristic with a tight bound of 2.
The model considered in this paper is different from that
in [26]. Each job in our model has its own transportation
time between the warehouse and the factory and between
the factory and the customer. Our model also differs from Li
and Ou’s model in which the locations of the warehouse and
the customer are the same. Furthermore, this paper considers
flow shop during the production scheduling, while the model
in [28] considers processing jobs in a single machine.
Quantum genetic algorithms (QGA) are heuristic search
techniques inspired from the principles of survival of the
fittest in natural genetic evolution and quantum theory. They
are known to be efficient in a large search space, without

Mathematical Problems in Engineering
explicitly requiring additional information (such as convexity
or derivative information) about the objective. In addition,
the 𝑄-bit encoding method has the superposition and probability expression characteristics, and each individual can
express more states to increase the diversity of populations.
For these reasons, in the last few years, they have been applied
to many combinatorial problems, including scheduling and
vehicle routing applications that are partially related to our
problem.
In order to solve the integrated supply chain scheduling
model with the materials pickup, flow shop scheduling, and
the finished products delivery, a technique called mutualism
quantum genetic algorithm (MQGA) is developed, which
differs from traditional QGA method in two aspects. The first
aspect is the encoding method. With the encoding method
in [29], a chromosome including two segments, the job
sequence and the job-to-batch assignment, is designed, and
this encoding method could equally and uniquely represent
all possible solutions. Furthermore, in order to improve
the encoding performance, a local speeding-up method is
introduced to perform the deep search operation. After that, a
checking routine is carried out to ensure the feasibility of each
solution, that is, ensure that the total physical space of each
delivery batch could not exceed the capacity of the vehicle.
The second aspect is as follows: based on the relationship
between two mutually symbiotic species, a population growth
model (namely, mutualism) is introduced to improve the
performance of the algorithm. In this model, a symbiosis
strategy is developed to dynamically adjust the sizes of two
subpopulations. This strategy helps to increase the diversity
of genes and avoid premature convergence.
The remainder of this paper is organized as follows.
In Section 2, the problem including the assumptions and
notations is introduced. In Section 3, the two species growth
model and the corresponding evolutionary strategy are proposed. The mechanism of MQGA is introduced in Section 4,
and the experimental results are discussed in Section 5.
Section 6 contains some concluding remarks.

2. Problem Description
In this paper, it is assumed that the material warehouse, the
factory, and the customer are located at different addresses,
and there is a set of jobs, 𝐽 = {𝐽1 , 𝐽2 , . . . , 𝐽𝑛 }, processed
in a flow shop scheduling, which consists of 𝑚 machines
𝑀 = {𝑀1 , 𝑀2 , . . . , 𝑀𝑚 }. All unprocessed jobs are initially
located at the supplier’s warehouse and need to be transported
to the factory for processing by a vehicle (conveyor). The
conveyor is located at the warehouse at the beginning and
is available for transportation of jobs from warehouse to the
factory and comes back. Each pickup journey takes a constant
amount of time, and in a trip the conveyor loads a limited
number of jobs due to the limitation of its space capacity. In
addition, the finished jobs need to be delivered to a customer
by another vehicle (truck), which is initially located at the
factory. Because of the constraint of its space capacity, the
truck transports limited finished jobs to the customer and
returns to the factory. Each trip also takes a constant amount
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of time. The objective is to minimize the makespan, that is, the
arrival time of the last finished job to the customer. Figure 1
gives a description of the integrated supply chain problem
including the pickup of materials, flow shop scheduling, and
the delivery of finished products.
2.1. Assumptions. Before the introduction of the notations, a
number of assumptions are given as follows:
(i) all the facilities including conveyor, machines, and
truck are available from time zero;
(ii) there is no idle time between any consecutive two
pickup journeys;
(iii) the time of loading and unloading jobs is included in
the pickup time and delivery time;
(iv) the time of transporting jobs between machines is
negligible;
(v) the storage or buffer capacities between successive
machines are unlimited;
(vi) there is no priority among jobs;
(vii) machine failure is not considered.
2.2. Notations. The following notations are used in the
problem model:

3
Conveyor

Truck

Flow shop workshop

Warehouse

Figure 1: Schematic of the cooperative problem of flow shop
production with pickup and delivery transportations.

2.3. The Optimization Model. Tang and Gong [30] proposed
a mixed integer programming (MIP) model for a singlemachine batch scheduling with pickup and delivery transportations. Based on it, this paper studies a different integrated supply chain problem, which consists of the pickup of
materials, flow shop scheduling, and the delivery of finished
products. For this problem, a MIP model is constructed
below. This model is to decide the following policy: (1)
how and when the materials are assigned to an appropriate
delivery batch, (2) what the scheduling of n jobs on a series
of 𝑚 machines is, (3) how to dispatch the finished product as
soon as possible to satisfy the customer’s demand:
(max 𝑙2𝑖 )

min

(1)

1≤𝑖≤𝑛

𝑛

Subject to ∑ 𝑞𝑖𝑘𝑜 = 1,

𝑖 = 1, 2, . . . , 𝑛, 𝑘 = 1, 2, . . . , 𝑚,

𝑜=1

(2)

𝑐𝑖 : physical space of job 𝐽𝑖 ;
𝑆1 (𝑆2 ): physical space capacity of the conveyor
(truck);
𝑇11 (𝑇12 ): travel time from the warehouse to the
factory (from the factory to the warehouse);
𝑇21 (𝑇22 ): travel time from the factory to the customer
(from the customer to the factory);
𝑙1𝑖 : the arrival time of 𝐽𝑖 to the factory;
𝑙2𝑖 : the arrival time of 𝐽𝑖 to the customer;
𝑝𝑖𝑘 : processing time of 𝐽𝑖 on machine 𝑀𝑘 ;
𝑠𝑘𝑜 : the earliest start time of the 𝑜th position job on
machine 𝑀𝑘 ;
𝑢1𝑗 : departure time of the 𝑗th batch from the warehouse to the workshop;

𝑛

∑𝑞𝑖𝑘𝑜 = 1,

𝑜 = 1, 2, . . . , 𝑛, 𝑘 = 1, 2, . . . , 𝑚,

𝑛

𝑠𝑘𝑜 + ∑𝑝𝑖𝑘 𝑞𝑖𝑘𝑜 ≤ 𝑠𝑘,𝑜+1 ,

(4)

𝑖=1

𝑘 = 1, 2, . . . , 𝑚,

𝑜 = 1, 2, . . . , 𝑛 − 1

𝑛

𝑠𝑘𝑜 + ∑𝑝𝑖𝑘 𝑞𝑖𝑘𝑜 ≤ 𝑠𝑘+1,𝑜

(5)

𝑖=1

𝑘 = 1, 2, . . . , 𝑚 − 1,

𝑜 = 1, 2, . . . , 𝑛,

𝑠1𝑜 ≥ 𝑙1𝑖 − 𝑀 (1 − 𝑞𝑖1𝑜 ) ,

𝑖 = 1, 2, . . . , 𝑛, 𝑜 = 1, 2, . . . , 𝑛,
(6)

𝐿 𝑗 ≥ 𝑠𝑚𝑜 + 𝑝𝑖𝑚 − 𝑀 (2 − 𝑉𝑖𝑗 − 𝑞𝑖𝑚𝑜 ) ,

𝑞𝑖𝑘𝑜 : equal to 1 if job 𝐽𝑖 is scheduled on the 𝑜th position
on machine 𝑀𝑘 ; 0, otherwise;

𝑖 = 1, 2, . . . , 𝑛,

𝑈𝑖𝑗 : equal to 1 if job 𝐽𝑖 is in the 𝑗th pickup batch; 0,
otherwise;
𝑉𝑖𝑗 : equal to 1 if job 𝐽𝑖 is in the 𝑗th delivery batch; 0,
otherwise;
𝑀: very large positive constant.

(3)

𝑖=1

𝑢2𝑗 : departure time of the 𝑗th batch from the workshop to the customer;

𝐿 𝑗 : the latest completion time of the jobs in the 𝑗th
delivery batch;

Customer

𝑛

∑𝑐𝑖 𝑈𝑖𝑗 ≤ 𝑆1 ,

(7)

𝑜 = 1, 2, . . . , 𝑛,
𝑗 = 1, 2, . . . , 𝑛,

(8)

𝑗 = 1, 2, . . . , 𝑛,

(9)

𝑖=1
𝑛

∑𝑐𝑖 𝑉𝑖𝑗 ≤ 𝑆2 ,
𝑖=1
𝑛

∑ 𝑈𝑖𝑗 = 1,

𝑗=1

𝑖 = 1, 2, . . . , 𝑛,

(10)
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𝑛

∑ 𝑉𝑖𝑗 = 1,

𝑖 = 1, 2, . . . , 𝑛,

(11)

𝑗=1
𝑛

𝑛

𝑖=1

𝑖=1

𝑛

𝑛

𝑖=1

𝑖=1

∑𝑈𝑖(𝑗+1) ≤ 𝑀∑𝑈𝑖𝑗 ,
∑𝑉𝑖(𝑗+1) ≤ 𝑀∑𝑉𝑖𝑗 ,

𝑗 = 1, 2, . . . , 𝑛 − 1,
𝑗 = 1, 2, . . . , 𝑛 − 1,

𝑢21 = 𝐿 1 ,
𝑢2𝑗 ≥ 𝐿 𝑗 ,

(12)

(13)
(14)

𝑗 = 2, 3, . . . , 𝑛,

(15)

𝑢1𝑗 ≥ 𝑢1(𝑗−1) + 𝑇11 + 𝑇12 ,

𝑗 = 2, 3, . . . , 𝑛,

(16)

𝑢2𝑗 ≥ 𝑢2(𝑗−1) + 𝑇21 + 𝑇22 ,

𝑗 = 2, 3, . . . , 𝑛,

(17)

𝑙1𝑖 ≥ 𝑢1𝑗 + 𝑇11 − 𝑀 (1 − 𝑈𝑖𝑗 ) ,
𝑖 = 1, 2, . . . , 𝑛,

(18)

𝑗 = 1, 2, . . . , 𝑛,

𝑙2𝑖 ≥ 𝑢2𝑗 + 𝑇21 − 𝑀 (1 − 𝑉𝑖𝑗 ) ,
𝑖 = 1, 2, . . . , 𝑛,

(19)

𝑗 = 1, 2, . . . , 𝑛,

𝑙2𝑖 ≥ 0,

𝑖 = 1, 2, . . . , 𝑛,

(20)

𝐿 𝑗 ≥ 0,

𝑗 = 1, 2, . . . , 𝑛,

(21)

𝑢1𝑗 ≥ 0,

𝑢2𝑗 ≥ 0,

(22)

𝑠𝑘𝑜 ≥ 0,

𝑘 = 1, 2, . . . , 𝑚, 𝑜 = 1, 2, . . . , 𝑛,

𝑈𝑖𝑗 , 𝑉𝑖𝑗 ∈ {0, 1} ,

𝑗 = 1, 2, . . . , 𝑛,

𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑛,

𝑞𝑖𝑘𝑜 ∈ {0, 1} ,
𝑖 = 1, 2, . . . , 𝑛,

𝑘 = 1, 2, . . . , 𝑚,

𝑜 = 1, 2, . . . , 𝑛.

time of the 𝑗th batch should not be earlier than the returning
time of the (𝑗 − 1)th batch. Constrains (18) and (19) specify
the nonnegativity of 𝑙1𝑖 and 𝑙2𝑖 . Equations (20)–(25) define the
variables.

(23)
(24)
(25)

Objective function (1) represents the arrival time of the last
finished product to the customer. Constraints (2) ensure that
job 𝐽𝑖 should be placed in one and only one position on
each machine. Constraints (3) guarantee that there is one
and only one job processed on the 𝑜th position on each
machine. Constraints (4) define that the earliest start time
of the job on the (𝑜 + 1)th position should not be earlier
than the completion time of the 𝑜th position job on the same
machine. Constraints (5) ensure that, for the same job, the
earliest start time on machine 𝑀𝑘+1 should not be earlier than
its completion time on machine 𝑀𝑘 . Constraints (6) define
that the start processing time of a job should not be earlier
than its release time. Constraints (7) indicate that the ready
time for delivering the 𝑜th job should not be earlier than its
completion time on the last machine. Constraints (8) and (9)
define that the number of jobs in each batch should satisfy
the space capacity of the conveyor or the truck. Constraints
(10) and (11) determine each job to be assigned to one and
only one batch. Constraints (12) and (13) indicate that if no
job is assigned to batch 𝑗, then no job will be assigned to
batch (𝑗 + 1). Constraints (14) and (15) define the departure
time 𝑢1𝑗 . Constraints (16) and (17) define that the departure

3. The Mutualism Strategy for
Population Growth
As the long evolutionary process of nature, the relationship
between living beings is complicated. The phenomenon that
two species live together is generally referred to as the
symbiosis. This paper studies a kind of symbiosis called
mutualism, which refers to two species living together and
depending on each other over a long period of time. The
nutrition of one species is the food source of the other one.
Mutualism brings two advantages to our algorithm.
Firstly, there is no need to design the fitness function, and
the fitness value of an individual is obtained by the cooperation between two populations, which could reduce the
dependence on the domain knowledge. Secondly, different
from the traditional framework in which the evolution of
populations depends on the fitness values of individuals,
mutualism incorporates the cooperative behavior between
an individual and its surroundings, so as to postpone the
premature convergence and improve the convergence speed.
3.1. The Mutualism Population Growth Model. A differential
equation of mutualism population growth model is introduced in this subsection. Assume two species A and B live
in the same environment and they do not take each other
as food, but the existence of one species can promote the
population growth of the other one. For example, algae and
fungi are two species living in lichen. Algae provide nutrient
to fungi through photosynthesis, and fungi offer algae water
and inorganic substance. If algae and fungi are separated in
lichen, both of them will die.
Let 𝑥(𝑡) and 𝑦(𝑡), respectively, be the numbers of individuals of species A and B at the 𝑡th generation. Define the
maximal individual number of species A (B) by 𝐾1 (𝐾2 ), and
the cooperation degree is 𝑎1 (𝑎2 ). In this way, the differential
equation of the cooperation system can be written as follows:
𝑥 (𝑡) 𝑎1 𝑦 (𝑡)
𝑑𝑥 (𝑡)
+
) 𝑥 (𝑡) ,
= 𝑟1 (1 −
𝑑𝑡
𝐾2
𝐾1

(26)

𝑑𝑦 (𝑡)
𝑎 𝑥 (𝑡) 𝑦 (𝑡)
−
) 𝑦 (𝑡) ,
= 𝑟2 (1 + 2
𝑑𝑡
𝐾2
𝐾1

(27)

where 𝑟𝑖 (𝑖 = 1, 2) denotes the accrual rate, that is, birth
rate subtracting death rate. In time interval [𝑡, 𝑡 + Δ𝑡], define
𝑥(𝑡 + Δ𝑡) − 𝑥(𝑡) = 𝑟1 ⋅ Δ𝑡 ⋅ 𝑥(𝑡) as the modified number of
species A. So Δ𝑥/Δ𝑡 = 𝑟1 𝑥(𝑡). Once the population number
reaches the maximal value, species A will stop growing, and
the accrual rate 𝑟1 will become zero. 1 − 𝑥(𝑡)/𝐾2 denotes the
block function on the population size of species A. Suppose
the total amount of food is 1; then 𝑥(𝑡)/𝐾2 is the amount
of food consumed by species A. When species A and B live
together in the same environment, they cooperate with each
other and bring direct advantages for population growth,
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The 1st generation
Step 1: two subpopulations

Step 3: cooperative degree of
a subpopulation and
adjustment of subpopulation
size (Δx Δy)

Step 2: cooperative degree of an individual
Individual i

Pop A

Expert evaluation

Δx

Delegation X

Pop B

Δy

The 2nd generation

Add Δx

Delete Δx
Pop A

Pop A
Or

Add Δy

Delete Δy
Pop B

Pop B

···

Figure 2: Description of the mutualism strategy for population growth.
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⌈
⌈1 0 1
0 0 1

⌈

[

⌊

Job schedule
Part 1

Figure 3: The encoding and decoding mode of 𝑄-bit.

and 𝛼1 𝑦(𝑡)/𝐾1 denotes the influence degree of species B on
the population size of species A. We have similar explanation
for (27).
3.2. The Mutualism Strategy. In the standard genetic algorithm, the fitness function will be given as an input, and
the fitness is easy to reach the peak value. However, in the
real environment the adaptability of a species is dynamic
and is affected by its surroundings. Therefore, in MQGA, the
fitness value of an individual is replaced by its cooperation
degree with individuals in other species, and the details on
the computation of the cooperation degree are given below.

3.2.1. Expert Evaluation Method. Given two individuals 𝑖
and 𝑗, respectively, from populations A and B, a method is
proposed to evaluate the cooperation degree of individual 𝑖.
Let ob𝑖 and ob𝑗 be the objective values of 𝑖 and 𝑗. Denote,
respectively, by obmin , obmax , and ob the minimum value,
the maximum value, and the average objective value of all
individuals in A and B. By cooperating with individual 𝑗,
define Score𝑖𝑗 as the cooperative degree of individual 𝑖.
Case 1. Consider ob𝑖 ∈ [obmin , ob], ob𝑗 ∈ [obmin , ob]. In this
case, each of the two individuals has a high survival rate and
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Table 1: The cooperation degree of individual 𝑖 (with individual 𝑗)
Score𝑖𝑗 .
Condition
ob𝑖 ∈ [obmin , ob], ob𝑗 ∈ [obmin , ob]
ob𝑖 ∈ [obmin , ob], ob𝑗 ∈ [ob, obmax ]
ob𝑖 ∈ [ob, obmax ], ob𝑗 ∈ [obmin , ob]
ob𝑖 ∈ [ob, obmax ], ob𝑗 ∈ [ob, obmax ]

Score
4
2
0
1

Orders
1

Processing time
𝑀1
𝑀2

𝐽1
3
4

𝐽2
1
1

𝐽3
2
2

𝐽4
1
3

𝐽5
2
4

𝐽6
3
3

𝐽7
3
1

the “matching” ability to cooperate. They can offer nutrition
to each other, and the collaborative effect is the best. So, the
cooperative degree of individual 𝑖 is set to be “4.”
Case 2. Consider ob𝑖 ∈ [obmin , ob], ob𝑗 ∈ [ob, obmax ]. In
this case, compared to individual 𝑗, individual 𝑖 has a smaller
objective value, which indicates that individual 𝑖 is more
capable of growing and developing. If the two individuals
work together, individual 𝑖 cannot obtain enough nutrition
from individual 𝑗, and the cooperation is a “mismatch.”
Therefore, the cooperative degree of individual 𝑖 is set to be
“2.”
Case 3. Consider ob𝑖 ∈ [ob, obmax ], ob𝑗 ∈ [obmin , ob].
Known from Case 2, in this case individual 𝑗 is more capable
of growing and developing, and individual 𝑗 will absorb
more nutrition from individual 𝑖. That will eventually impede
the development and growth of individual 𝑖. Therefore, the
cooperative degree of individual 𝑖 is defined to be “0.”
Case 4. Consider ob𝑖 ∈ [ob, obmax ], ob𝑗 ∈ [ob, obmax ].
In this case, the two individuals have the similar low levels
of growing, and a long period of time is needed for the
development of the individuals. But they have the “matching”
abilities and can cooperate with each other. Therefore, the
cooperative degree of individual 𝑖 is set to be “1.” The four
cases are summarized in Table 1.

3.2.2. Cooperative Degree of Individual. Given two populations A and B, denote by 𝑐Fitness𝑖 the cooperative degree of
individual 𝑖 in A. Firstly choose some individuals from B to
form a delegation 𝑋, and 𝑋 can be chosen by ways including
random selection, greedy selection, or tournament. Then let
individual 𝑖 cooperate with each individual in 𝑋 with the
expert evaluation method. The fitness of 𝑖 is calculated as
follows:
𝑐Fitness𝑖 = ∑ Score𝑖𝑗 ,
𝑗∈𝑋

5

5

(28)

where Score𝑖𝑗 denotes the cooperative degree of individual 𝑖
by cooperating with individual 𝑗.

5

8

3

8

4

8

2

2

2

1

5

1

3
1

3

6

4

4
7

8

3

6

7

𝐽8
4
2

Batches of truck

Schedule

2

6

Table 2: The processing times of the 8 jobs on 2 machines.

Batches of car

6

4

7

7

Figure 4: Job sequence and the job-to-batch assignment.

3.2.3. Cooperative Degree of a Population. The cooperative
degree of a population stands for the cooperative level of the
population, and it can be calculated as follows:
𝑎1 =

∑𝑖∈Pop1 𝑐Fitness𝑖
∑𝑖∈Pop2 𝑐Fitness𝑖

,

𝑎2 =

1
,
𝑎1

(29)

where Pop1 (Pop2) is the delegation of population A (B). If
𝑎1 > 1, A is more cooperative and obtains more advantage or
nutrition from B. Conversely, if 𝑎2 > 1, B is more cooperative
than A. The two parameters 𝑎1 and 𝑎2 show the mutual
influence degree on population sizes.
3.2.4. Adjustment of Population Sizes. In our mutualism
population growth model, assume
𝑟1 =

𝐾1 − 𝑥 (𝑡)
,
𝑠1

𝑟2 =

𝐾2 − 𝑦 (𝑡)
,
𝑠2

(30)

where 𝑠1 , 𝑠2 are constants. Based on (26) and (27), at each
generation 𝑡, the population sizes of A and B will be modified
by Δ𝑥 and Δ𝑦, respectively, which are given as follows:
Δ𝑥 =

𝑎𝑦
𝐾1 − 𝑥
𝑥
(1 −
+ 1 ) 𝑥,
𝑠1
𝐾2 𝐾1

𝑦
𝐾 −𝑦
𝑎𝑥
(1 + 2 −
) 𝑦.
Δ𝑦 = 2
𝑠2
𝐾2 𝐾1

(31)

The newly added individuals are generated randomly, and the
deleted individuals are the ones with the smallest cooperative
degree values.
If the cooperative degree of a population is high, its
population size will increase. Thus the growth of a population
size mostly depends on its ability to coordinate. If the ability
is strong, the size will become bigger and bigger till the
maximum value. Otherwise, the size will become small and
eventually extinct. In order to survive, each population will
try its best to gain good genes and cooperate with others.
In this way, the quality of solution is improved and the
performance of algorithm is enhanced.
3.3. Framework of the Mutualism Strategy for Population
Growth. A description of the mutualism strategy for population growth is given in Figure 2.
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Figure 5: The decoding process and the Gantt chart.

4. The Mutualism Quantum Genetic Algorithm
The genetic algorithm (GA) proposed by Holland has
achieved a great success for solving complex combinational
problem. To improve GA, Han and Kim [31] recently introduced a quantum-inspired genetic algorithm, which attracted
many researchers’ attention. However, the experiment results
are still not satisfactory for large-scale problems. In this section, a method named mutualism quantum genetic algorithm
(MQGA) is introduced to solve the integrated supply chain
problem including the pickup of materials, the flow shop
scheduling, and the delivery of finished jobs. The symbiosis
evolutionary strategy is embedded in the quantum genetic
algorithm (QGA).

4.1. Hybrid Q-Bit Coding. The encoding in [29] is adopted in
this paper, as it has obtained the success on the coordinated
scheduling problem with batching machine scheduling and
two-stage transportation. Their encoding divided a chromosome into two segments, the job sequence and the job-tobatch assignment, which can represent all possible solutions.
Besides, the 𝑄-bit representation is combined in our algorithm for its advantage of linear superposition of solutions
and increase of diversity of genes. The details of the encoding
are illustrated as follows.
Firstly, based on the concept and principles of quantum
computing, the smallest unit of information stored in a twostate quantum computer is called a 𝑄-bit. A 𝑄-bit may be in
the “1” state, “0” state, or any superposition of the two. A 𝑄bit can be represented as |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩, where 𝛼 and 𝛽 are
complex numbers that specify the probability amplitudes of
the corresponding states. |𝛼|2 gives the probability that the 𝑄bit will be found in the “0” state and |𝛽|2 gives the probability
that the 𝑄-bit will be found in the “1” state. Normalization
of the state to unity guarantees |𝛼|2 + |𝛽|2 = 1. Therefore,
𝑡
} in 𝑄-bit reprein MQGA, a population 𝑃𝑄(𝑡) = {𝑃1𝑡 , . . . , 𝑃𝑁
sentation is initially randomly generated, and an individual

Table 3: Parameters of the conveyor and truck.
Problem
N(FT06)
N(FT10)
N(FT20)
N(ABZ3)
N(ABZ6)
N(ABZ7)
N(ABZ8)
N(ABZ9)
N(TA1)
N(TA2)
N(TA3)

𝐶1
6
6
6
6
6
6
6
6
6
6
6

Tr1
10
40
20
100
100
30
30
30
30
100
100

Parameter
𝑅1
𝐶2
3
10
20
10
10
10
100
10
100
10
30
10
30
10
30
10
30
10
30
10
30
10

Tr2
20
100
60
300
300
100
100
100
100
300
300

𝑅2
10
30
30
100
100
100
100
100
100
200
200

Note: 𝐶1 and 𝐶2 are the capacities of conveyor and truck, respectively. Tr1
and Tr2 are the pickup and delivery times. 𝑅1 and 𝑅2 are the returning times
of conveyor and truck.

Table 4: Physical space of jobs.
Jobs 1–20
2 6 1 0.3 3 1.3 2 3.3 1.2 4 2.8 3.2 0.7 0.1 0.9 2 6 1 0.3 3
Jobs 21–40
1.3 2 3.3 1.2 4 2.8 3.2 0.7 0.1 0.9 2 6 1 0.3 3 1.3 2 3.3 1.2 4
Jobs 41–60
2.8 3.2 0.7 0.1 0.9 3 4 3 6 1 2 6 1 0.3 3 1.3 2 3.3 1.2 4
Jobs 61–80
2.8 3.2 0.7 0.1 0.9 2 6 1 0.3 3 1.3 2 3.3 1.2 4 2.8 3.2 0.7 0.1 0.9
Jobs 81–100
2 6 1 0.3 3 1.3 2 3.3 1.2 4 2.8 3.2 0.7 0.1 0.9 3 4 3 6 1

𝛼 
is defined as a string of 𝑚 𝑄-bits [ 𝛽11 
|𝛼𝑖 |2 + |𝛽𝑖 |2 = 1, 𝑖 = 1, 2, . . . , 𝑚.

𝛼2
𝛽2





...
...

 𝛼𝑚
 𝛽𝑚 ], where
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Table 5: AOV results for the experiment on tuning the parameters.
Source
Sum of squares
A: 𝑃𝑐
0.0083
0.0072
B: 𝑃𝑚
Interactions AB
0.0438

Df
4
4
16

Mean square
0.0021
0.0018
0.0029

𝐹 value
3.3334
4.3732
7.3679

Secondly, the individual is converted into binary representation in the following way. For each 𝑄-bit, let 𝜂𝑖 be a
random number generated in [0, 1]. If |𝛼𝑖 |2 > 𝜂𝑖 , the 𝑄-bit
is converted to be 1; otherwise it is 0.
Thirdly, the 𝑄-bit representation needs to be changed
into two segments, the job sequence and the job-to-batch
assignment, which include the comprehensive information of
production and delivery. Thus we give a converting rule to
form three parts, flow shop part (the code size is (⌈log𝑛2 ⌉+1)×
𝑛), material pickup part (the code size is 1 × 𝑛), and product
delivery part (the code size is 1 × 𝑛), in which we set the last
𝑄-bit of part 2 and part 3 as “1” to ensure the last job belongs
to the last batch.
For example, given a 3-job, 3-machine problem, let 15
𝑄-bits represent a code, and every three 𝑄-bits form one
group. So a code contains five groups, which are then
separated into 3 parts. The first three groups are defined
as Part 1, the fourth group is Part 2, and the fifth group is
Part 3.
For Part 1, suppose the binary representation is [0 1 1 |
1 0 1 | 1 1 0], which is already converted from 𝑄bit representation; then get [3 5 6]. This job permutation
is regarded as a random key representation. If values of
two elements in the representation are different, let the
smaller one denote the job with smaller index; otherwise,
let the first one denote the job with smaller index. So, the
above random key representation is corresponding to job
permutation [1 2 3].
For Part 2 and Part 3, suppose the binary representations
are [1 0 1] and [0 0 1], which represent the job-to-batch
assignment of the conveyor and the truck, respectively. The
final code is the combination of Part 1, Part 2, and Part 3. An
example is given in Figure 3.
The final code for another problem with 8 jobs and
2 machines is presented in (32) which is the individual structure of the MQGA, where the first line represents a permutation of 8 jobs and the second (third)
line denotes the job-to-batch assignment in the conveyor
(truck):
5 8 2 1 3 6 4 7
(1 0 1 0 0 0 1 1 ) .
0 0 1 0 1 0 0 1

job 1 and job 3 belong to the next batch, and job 6, job 4, and
job 7 are in the last batch. Figure 4 illustrates the job sequence
and the job-to-batch assignment.
Assume the processing times of the 8 jobs on the two
machines are given in Table 2. The pickup time and returning
time of the conveyor are 4 time units and 2 time units,
respectively. The delivery time and returning time of truck
are 8 time units and 4 time units, respectively. Figure 5 gives
the visual assignment of jobs to be transported and produced.
4.2. Further Processing Mechanisms Solutions
4.2.1. The Speeding-Up Method of Inserting Neighborhood.
When applying local search techniques to search better solutions, the neighborhood structure is very important, since it
will directly affect the results. For the flow shop problem, the
results in [32–34] show that the inserting operation is better
than exchanging when searching in the local neighborhood.
Therefore, this paper employs the inserting operation during
the process of search in the neighborhood. The inserting
neighborhood of a permutation is a set of solutions, that
is, the permutations generated by deleting a job from the
original position and inserting the job into a new position.
Denote by 𝜋(𝑖) the job in the 𝑖th position in the permutation 𝜋, and define 𝜔𝜋(𝑖) as the subpermutation after removing
job 𝜋(𝑖). Assuming job 𝜋(𝑖) is inserted in the ℎth position of
𝜔𝑖 , let 𝜔𝜋(𝑖) (ℎ) be the new permutation and 𝜎 the position
where job 𝜋(𝑖) is inserted to achieve the minimal makespan;
that is,
𝜔𝜋(𝑖) (𝜎) = min 𝜔𝜋(𝑖) (ℎ) .

(33)

1≤ℎ≤𝑛

Take the two-machine flow shop problem as an example.
Let 𝐶max (𝜋; 𝑀1 , 𝑀2 ) be the makespan for a given permutation 𝜋, and let 𝑇𝑀1 (𝜋(𝑗)) and 𝑇𝑀2 (𝜋(𝑗)), respectively, be the
earliest possible completion times of job 𝜋(𝑗) on machines
𝑀1 and 𝑀2 in the forward channel. In addition, define


(𝜋(𝑗)), 𝑇𝑀
(𝜋(𝑗)), respectively, denoting the earliest pos𝑇𝑀
1
2
sible completion times of job 𝜋(𝑗) on machines 𝑀1 and 𝑀2
in the backward channel. The iterative formulas are given as
follows:
𝑇𝑀1 (𝜋 (𝑗)) = 𝑇𝑀1 (𝜋 (𝑗 − 1)) + 𝑝1𝜋(𝑗) ,

𝑗 = 1, 2, . . . , 𝑛,

𝑇𝑀2 (𝜋 (𝑗)) = max [𝑇𝑀1 (𝜋 (𝑗)) , 𝑇𝑀2 (𝜋 (𝑗 − 1))] + 𝑝2𝜋(𝑗) ,
𝑗 = 1, 2, . . . , 𝑛,

(32)

The rule is that the jobs in the positions after each “1” to
the next “1” belong to a new batch. Therefore, in the pickup
transportation, job 5 is in the first batch, job 8 and job 2
belong to the second batch, job 1, job 3, job 6, and job 4 are
in the third batch, and job 7 is in the last batch. The third
line is the delivery batch of truck. Similarly, in the delivery
transportation, job 5, job 8, and job 2 are in the same batch,

𝑇𝑀1 (𝜋 (0)) = 𝑇𝑀2 (𝜋 (0)) = 0,


(𝜋 (𝑗)) = 𝑇𝑀
(𝜋 (𝑗 + 1)) + 𝑝2𝜋(𝑗) ,
𝑇𝑀
2
2

𝑗 = 𝑛 − 1, 𝑛 − 2, . . . , 1,



𝑇𝑀
(𝜋 (𝑗)) = max [𝑇𝑀
(𝜋 (𝑗)) , 𝑇𝑀
(𝜋 (𝑗 + 1))] + 𝑝1𝜋(𝑗) ,
1
2
1

𝑗 = 𝑛 − 1, 𝑛 − 2, . . . , 1,
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Begin
𝑖←1
While (𝑖 ≤ 𝑛) do
Begin
Obtain the subpermutation 𝜔𝜋(𝑖) by removing job 𝜋(𝑖) in the original permutation 𝜋.
For 𝑘 = 1, 2, . . . , 𝑚 − 1


(𝜔𝜋(𝑖) (𝑗)) and 𝑇𝑀
(𝜔𝜋(𝑖) (𝑗)).
Calculate 𝑇𝑀𝑘 (𝜔𝜋(𝑖) (𝑗)), 𝑇𝑀𝑘+1 (𝜔𝜋(𝑖) (𝑗)), 𝑇𝑀
𝑘+1
𝑘
End
For ℎ = 1, 2, . . . , 𝑛 and ℎ ≠ 𝑖
For 𝑘 = 1, 2, . . . , 𝑚 − 1
Calculate 𝐶max (𝜔𝜋(𝑖) (ℎ) ; 𝑀𝑘 , 𝑀𝑘+1 ).
End
Calculate 𝐶max (𝜔𝜋(𝑖) (ℎ)) = 𝐶max (𝜔𝜋(𝑖) (ℎ) ; 𝑀𝑚−1 , 𝑀𝑚 ).
End
Denote by 𝜎 the position where job 𝜋(𝑖) is inserted to get the minimal objective value.
𝑖 = 𝑖 + 1;
End
End
Output the local optimal individual.
Procedure 1: The speeding-up method of inserting neighborhood.

𝑖=1
For batch 𝐵𝑗
If Vol(𝐵𝑗 ) > TVol,
Find the job 𝐽𝑗,𝑏 in 𝐵𝑗 such that
Vol(𝐽𝑗,1 + 𝐽𝑗,2 + ⋅ ⋅ ⋅ + 𝐽𝑗,𝑏 ) ≤ TVol and Vol(𝐽𝑗,1 + 𝐽𝑗,2 + ⋅ ⋅ ⋅ + 𝐽𝑗,𝑠 + 𝐽𝑗,𝑏+1 ) > TVol.
Let 𝐵𝑗 = {𝐽𝑗,1 , . . . , 𝐽𝑗,𝑏 } and 𝐵𝑗+1 = 𝐵𝑗+1 ∪ {𝐽𝑗,𝑏+1 , . . . , 𝐽𝑗,𝑏𝑗 }. Update the index of jobs in 𝐵𝑗+1 .
𝑖 = 𝑖 + 1.
End
Procedure 2: The modified mechanism of a solution.
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Figure 6: Crossover operation of MQGA.
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Table 6: Detailed comparison results of MQGA, QGA, and MGA on N(TA1) problem.

RUN
1
2
3
4
5
6
7
8
9
10

MQGA
3166
3182
3165
3172
3164
3179
3164
3145
3154
3163

500 × 10
MGA
3329
3336
3382
3277
3307
3330
3267
3371
3297
3298

QGA
3199
3204
3229
3218
3220
3215
3222
3221
3226
3206

MQGA
3139
3166
3154
3162
3151
3165
3144
3138
3163
3140

1000 × 10
MGA
3326
3328
3351
3266
3323
3319
3253
3218
3293
3285

QGA
3194
3193
3209
3210
3208
3170
3222
3191
3221
3145

MQGA
3152
3147
3154
3147
3148
3155
3128
3167
3140
3135

2000 × 20
MGA
3308
3327
3345
3210
3285
3324
3253
3313
3305
3276

QGA
3183
3184
3206
3195
3187
3131
3220
3185
3226
3146

Begin
𝑡←0
Step 1. Set parameters: crossover probability 𝑃𝑐 , mutation probability 𝑃𝑚 , iterative
generation GN, two sub-populations sizes PS1 , PS2 .
Step 2. Initialize subpopulations in hybrid 𝑄-bit representation.
While (𝑡 ≠ GN) do
Begin
Step 3. If (subpopulation is not empty)
Apply mutualism strategy, rescale the size of sub-populations according to population growth model.
End.
Step 4. Perform selection, crossover, mutation operations in each subpopulation;
Step 5. If (catastrophe condition is satisfied)
Perform catastrophe operation.
Else
Apply quantum rotation operation.
End
Step 6. Calculate objective value and fitness value of each individual in the current generation,
and update the best solution if possible.
𝑡←𝑡+1
End
End
Output the global best result.
Algorithm 1: MQGA (mutualism quantum genetic algorithm).



𝑇𝑀
(𝜋 (𝑛)) = 𝑇𝑀
(𝜋 (𝑛)) = 0,
1
2

𝐶max (𝜋) = 𝑇𝑀2 (𝜋 (𝑛)) = 𝑇𝑀
(𝜋 (1)) ,
1

𝐶max (𝜔𝜋(𝑖) (ℎ) ; 𝑀1 , 𝑀2 )

= max [𝑇𝑀1 (𝜔 (ℎ − 1)) + 𝑝1 𝜋(𝑖) + 𝑇𝑀
(𝜔 (ℎ)) ,
1

𝑇𝑀2 (𝜔 (ℎ − 1)) + 𝑝2 𝜋(𝑖) + 𝑇𝑀
(𝜔 (ℎ)) ,
2

𝑇𝑀1 (𝜔 (ℎ − 1)) + 𝑝1 𝜋(𝑖) + 𝑝2 𝜋(𝑖) + 𝑇𝑀
(𝜔 (ℎ))] .
2
(34)

For the flow shop problem with more than two machines,
the details of obtaining the local optimal solution are given in
Procedure 1.

4.2.2. A Modified Mechanism of the Solution. Because the
total physical space of all jobs in a batch may exceed the
capacity of the vehicle, our encoding could not ensure a
feasible solution, and a modified mechanism is needed to
update the solution, which is an important step, not only
in encoding process, but also in the steps of crossover and
mutation, as an unfeasible solution may affect the search
process in local neighborhood.
Let TVol be the capacity of the vehicle and Vol(𝐵𝑗 ) the
total space of all jobs in batch 𝐵𝑗 . For simplicity, denote by
𝐽𝑗,1 , 𝐽𝑗,2 , . . . 𝐽𝑗,𝑏𝑗 the jobs in batch 𝐵𝑗 , where 𝑏𝑗 is the number
of jobs in 𝐵𝑗 . The modified mechanism is described in
Procedure 2.
4.3. Other Operations. The operations introduced below
are performed at each generation of the quantum genetic
algorithm (QGA). The fitness of each individual can be
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Table 7: Comparison results of MQGA, QGA, and MGA on N(TA1) problem.
Size
500 × 10
1000 × 10
2000 × 20

MQGA
WV
3192
3166
3167

BV
3155
3138
3128

AV
3165.4
3150.2
3147.3

MGA
WV
3382
3351
3345

BV
3267
3218
3210

AV
3325.7
3296.2
3294.6

BV
3199
3145
3131

QGA
WV
3229
3222
3226

AV
3216
3196.3
3186.3

3400

3400

3350

Makespan

Makespan

3300
3300

3250

3200
3200

3150

0

600

400

200

3100
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Generation
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Generation

MGA
QGA
MQGA

MGA
QGA
MQGA
3500

Makespan

3400

3300

3200

3100

0

1000

2000

Generation
MGA
QGA
MQGA

Figure 7: The convergence curves of MQGA, QGA, and MGA.

calculated by the mutualism strategy in Section 3.2. In order
to ensure the individual with good genes can be chosen in the
offspring, the roulette selection is applied here, which could
maintain the diversity of genes. In the crossover operation,
two decoded individuals are selected as parents to operate

single-point crossover. See Figure 6 for the illustration of this
operation, in which the corresponding genes of 𝑄-bit parents
are swapped to produce two new offspring.
In the mutation operation, a NOT Gate is used as the
mutation operator. Firstly, select individuals with mutation
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Figure 8: Distributions of solutions of MQGA, QGA, and MGA.

probability 𝑃𝑚 ; then randomly generate a mutation position.
Quantum rotation gate is used to maintain diversity of
genes, which could change the probability amplitude of
quantum states. See more details in our previous work [35].
Besides, a catastrophe operator is used to avoid premature
convergence. If the solution does not change in two consecutive generations, it could be regarded to be trapped in
local optimal solution, and the local best solution will be
reserved while others will be replaced by solutions generated
randomly.

4.4. The Main Procedure of MQGA. In this subsection, the
details of the MQGA are introduced in Algorithm 1.

5. Experiment
In this paper, all algorithms are programmed with MATLAB
language, and all the computations are conducted on a
Pentium PC 1.66 GHZ with 512 MB memory. In order to
evaluate the performance of MQGA, an extensive set of
instances with different characteristics are generated based on
the flow shop benchmark problems, including FT benchmark
and ABZ benchmark. In order to test the relative large-scale
problem, three test instances are designed, where there are
50 jobs and 5 machines, 50 jobs and 10 machines, and 100
jobs and 5 machines, seen in the Appendix. Table 3 shows
the transporting times of conveyor and truck in different
problems. Table 4 shows the physical spaces of the 100 jobs.
These test instances are named N(FT06), N(FT10), N(FT20),
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Table 8: Computational results of MQGA and QGA, MGA.
Problem

Approach

Ob

Improved%

AG

AT

N(FT06)
(6 ∗ 6)

MGA
QGA
MQGA

103.3
103.3
103

—
0
0.48%

73.3
33.6
9.8

13
30
113

N(FT10)
(10 ∗ 10)

MGA
QGA
MQGA

1282.2
1280.7
1273.6

—
0.12%
0.31%

300.8
97.3
76.2

29
98
163

N(FT20)
(20 ∗ 5)

MGA
QGA
MQGA

1330
1328.6
1323.1

—
0.09%
0.32%

26.7
18.3
36.7

23
36
133

N(ABZ3)
(10 ∗ 10)

MGA
QGA
MQGA

2088.6
2079.4
2071.3

—
0.44%
0.83%

430.8
146.6
83.4

29
101
164

N(ABZ6)
(10 ∗ 10)

MGA
QGA
MQGA

1883.2
1874.4
1861.4

—
0.47%
1.16%

363.6
111.3
123.3

29
101
164

N(ABZ7)
(15 ∗ 20)

MGA
QGA
MQGA

1276.2
1233.8
1228.2

—
3.32%
3.76%

140.3
104.3
86.8

68
172
310

N(ABZ8)
(15 ∗ 20)

MGA
QGA
MQGA

1290.3
1277.2
1268.4

—
1.03%
1.71%

114.4
17.7
19.8

68
172
310

N(ABZ9)
(15 ∗ 20)

MGA
QGA
MQGA

1273.3
1238.3
1241.3

—
1.18%
2.3%

143.9
29.7
11.3

68
171
310

N(TA1)
(50 ∗ 5)

MGA
QGA
MQGA

3286.2
3173.3
3134.2

—
3.37%
4.02%

71.7
17
21.1

84
426
778

N(TA2)
(50 ∗ 10)

MGA
QGA
MQGA

3346.6
4917
4803

—
11.33%
13.4%

91.2
9.1
19.3

130
480
814

N(TA3)
(100 ∗ 5)

MGA
QGA
MQGA

10706.3
9289.33
9126.4

—
13.23%
14.76%

63.3
16.2
17.8

171
632
963

Note: AG represents the converged generation and AT represents the average
computation time.

N(ABZ3), N(ABZ6), N(ABZ7), N(ABZ8), N(ABZ9), N(TA1),
N(TA2), and N(TA3).
5.1. Parameter Settings. Two parameters including crossover
rate 𝑃𝑐 and mutation rate 𝑃𝑚 are discussed in this section.
Assume the two rates are set with the following levels:
𝑃𝑚 : 0.2, 0.4, 0.6, 0.8, 1;
𝑃𝑐 : 0.2, 0.4, 0.6, 0.8, 1.

(35)

In this way, there are a total of 25 combinations. For each
combination, MGA [13] is used to test the 11 testing instances
in Table 3. After the experiment, the data is transformed to be

the relative percentage deviation (RPD), which is calculated
as follows:
WTA − WTref
× 100%,
RPD =
(36)
WTref
where WTA is the corresponding objective value of the
solution achieved by proposed algorithm and WTref is the
minimum objective value under multiple simulation of the
same test problem. In addition, for a combination of 𝑃𝑐
and 𝑃𝑚 values, the analysis of variance (AOV) model is
employed to eliminate the different RPD values caused by the
block (each test problem is regarded as a block). The main
experiment results of the AOV are shown in Table 5.
According to the theory of statistical analysis, the greater
the 𝐹 value is, the more significantly the corresponding
factors affect. Table 5 shows the interaction between the two
parameters has a significant effect on the performance of the
algorithm. Based on the experiment, we find the best value of
𝑃𝑐 is 0.8 and the best value of 𝑃𝑚 is 0.2, since they could find
the most times of optimal objective value.
5.2. Simulation Work
5.2.1. The Detailed Simulation Result of N(TA1) Problem. In
order to validate the performance of MQGA, MGA [13] and
QGA [36] are compared. Firstly problem N(TA1) is chosen
as the representative instance to analyze the performance of
algorithms. Three combinations of iterative generations and
population sizes are 500 × 10 (i.e., the maximum number of
iterations is 500, population size is 10, and subpopulation size
is 5), 1000 × 10, and 2000 × 20. For each combination, the
results are presented in Table 6, and more results are given in
Table 7, where “BV” and “WV,” respectively, denote the best
and worst objective values in the 10 run times. “AV” is the
average objective value.
Known from the results in Table 6, for each calculation,
MQGA always obtains a better solution than that obtained
by MGA and QGA. When the iteration is 500, the range of
objective values of MQGA is (3155, 3192) and (3267, 3382) and
(3199, 3229) for MGA and QGA. When the iteration is 2000,
the ranges of objective values are, respectively, (3128, 3167),
(3210, 3345), and (3131, 3226). Therefore, the search ability
of MQGA increases faster than that of MGA and QGA as
the iteration increases, and MGA and QGA are more likely
to be trapped in local optimal solutions.
The convergence curves of MQGA, MGA, and QGA
obtained for each combination are depicted in Figure 7,
which indicates the convergence speed of MQGA is faster
than that of MGA and QGA, especially for the combination
with larger iteration.
The solutions distributions of MQGA, QGA, and MGA
are given in Figure 8, which shows that there is no overlap in
the solution space of each algorithm. Moreover, the change in
the solutions achieved by MQGA is smaller than that of MGA
and QGA, which implies that the quality of solution obtained
by MQGA is better than that of MGA and QGA.
5.2.2. The Comparison Results of MQGA with MGA and QGA.
The maximum number of iterations is 1000, and the size of
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Table 9: (a) N(TA1): 50 jobs ∗ 5 machines. (b) N(TA2): 50 jobs ∗ 10 machines. (c) TA3: 100 jobs ∗ 5 machines.
(a)

Machines
𝑀1
𝑀2
𝑀3
𝑀4
𝑀5

Processing times
73 87 13 11 41 43 93 69 80 13 24 72 38 81 83 88 26 6 89 67 70 30 89 30 68 21 78 46 99 10 17 23 83 47 86 18 67 46 4 14
4 20 88 30 84 38 93 76 30 30
26 37 23 93 49 12 39 17 46 20 32 44 92 73 93 33 10 43 2 62 62 82 29 29 94 20 42 80 94 33 8 41 63 4 71 30 14 32 30 30
27 98 39 84 63 12 38 43 49 13
48 4 92 92 72 43 3 98 93 17 79 11 16 89 81 92 43 61 39 28 94 87 23 1 33 91 67 91 4 60 38 23 90 93 13 63 23 34 47 98 91
11 46 30 77 3 14 47 80 43
26 67 4 14 93 34 21 20 6 18 73 23 16 77 28 24 13 77 36 16 32 46 21 81 28 70 89 34 96 62 46 60 19 97 13 7 44 7 73 13 66
70 97 33 97 64 73 28 4 87
77 94 9 37 29 79 33 73 63 86 23 39 76 24 38 3 91 29 22 27 39 31 46 18 93 38 83 38 97 10 79 93 2 87 17 18 10 30 8 26 14
21 13 10 83 46 42 18 36 2
(b)

Machines
𝑀1
𝑀2
𝑀3
𝑀4
𝑀5
𝑀6
𝑀7
𝑀8
𝑀9
𝑀10

Processing times
46 32 79 43 97 10 44 24 83 73 66 49 93 61 19 47 84 13 11 19 98 2 83 44 7 73 19 69 12 73 83 23 33 16 88 8 26 42 38 63 7
2 44 38 24 76 83 61 32 90
61 87 31 23 73 93 28 90 94 39 64 2 16 33 33 40 81 26 83 4 4 10 63 96 33 71 66 94 7 13 11 99 37 30 36 69 22 36 67 63 96
74 4 42 40 30 93 36 23 87
31 38 83 33 71 38 36 64 43 48 69 96 33 82 33 64 11 61 36 33 87 88 10 32 38 23 24 90 7 11 49 2 76 17 32 39 9 83 69 67
28 88 23 91 71 3 26 41 96
31 24 21 37 69 31 30 31 21 19 63 91 11 6 31 63 36 39 37 47 36 63 39 4 10 12 62 43 49 34 87 29 2 18 73 39 77 69 13 78 68
37 22 41 92 67 24 87 91 31
37 16 42 47 94 14 94 34 72 36 88 31 41 71 94 99 11 97 44 77 69 91 38 23 87 7 66 34 86 49 3 48 44 93 37 82 31 39 78 33
36 3 38 10 98 6 44 62 24 94
79 93 68 73 37 44 34 39 76 62 74 28 78 43 98 83 91 27 6 82 60 44 43 76 99 66 11 33 32 8 40 62 23 24 30 1 73 27 16 91
33 11 99 2 60 90 36 62 13 3
83 87 38 38 86 67 23 19 97 78 66 67 7 23 67 8 77 71 83 29 49 3 94 76 93 48 4 37 82 37 61 6 97 3 27 93 46 92 46 32 8
11 7 34 72 37 83 22 87 63
22 29 99 23 98 33 80 82 33 68 47 74 26 61 93 33 11 42 72 14 8 98 90 36 73 69 26 24 33 98 86 30 92 94 66 47 3 41 41
47 89 28 39 80 47 37 74 38 39 3
27 92 73 94 18 41 37 38 36 20 2 39 91 81 33 14 88 22 36 63 79 23 66 3 13 31 2 81 12 40 39 32 16 87 78 41 43 94 1 93 22
93 62 33 30 34 27 30 34 77
24 47 39 66 41 46 24 23 68 30 93 22 64 81 94 97 34 82 11 91 23 32 26 22 12 23 34 87 39 2 38 84 62 10 11 93 37 81 10 40
62 49 90 34 11 81 31 21 39 27
(c)

Machines

𝑀1

84.6317
32.3333
83.9330
17.1233
83.6232
70.0938
64.9842
18.3346
93.3273
41.2603
77.1361
30.9947
93.4269
96.6370
66.8269

68.0327
4.4926
27.7676
22.6226
12.0133
30.8900
21.4270
31.9796
27.8467
34.3209
60.7312
33.1613
19.8363
67.6072
44.3931

97.8144
9.2277
37.3838
6.0628
9.4702
30.2302
93.8391
79.8378
63.8107
42.7133
7.4211
77.0320
30.6913
1.3964

Processing times
20.8223
31.4611
30.3118
74.2341
27.0917
43.1238
42.2748
11.1263
48.3132
4.6217
13.2976
42.0403
83.1429
30.3368

22.0642
18.0836
33.6348
33.4834
37.0777
41.1160
27.2131
39.2043
67.9713
63.8433
66.3300
7.9610
10.3026
62.9276

31.3817
83.0344
32.3347
39.4332
36.4394
31.3372
37.3729
28.3831
30.4670
23.6188
4.0213
74.3028
89.1798
29.0398

40.4331
63.7339
22.3726
46.8303
61.8333
39.7248
39.4439
82.1932
47.9016
76.6038
31.2134
99.9878
93.6973
60.9821
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(c) Continued.

Machines

𝑀2

𝑀3

𝑀4

𝑀5

3.8077
33.9639
43.8637
29.7237
63.8303
64.3916
32.9836
36.9339
3.2671
79.9701
31.0398
37.6434
39.3800
34.7736
11.4333
37.0079
19.0191
69.8134
76.9814
94.1423
33.6438
94.8882
3.4326
79.3679
6.0822
83.1172
3.9994
36.1939
61.0278
31.2407
79.3039
13.4142
37.7344
47.9722
37.0047
31.7673
37.1149
99.8103
10.0022
81.3674
81.2803
36.8882
4.2014
93.1060
9.7908
46.0182
1.1682
10.0888
70.0836
23.2021
13.8809
33.4487
63.4906
43.9343
76.3623
23.3668
43.4437
18.2683
63.8373
47.6381

68.7184
32.9803
26.0218
24.9201
89.6336
74.1080
37.3679
31.2930
88.2232
33.3020
37.3793
21.2294
34.1221
73.7374
43.9139
47.6363
92.3208
32.7903
23.6630
91.3789
89.0716
22.4733
24.9428
48.9789
37.3802
27.6230
74.3970
38.6870
23.8668
13.8634
32.9897
93.8438
9.7682
47.8333
94.8397
67.9373
13.7774
93.3610
44.4773
43.6923
27.3601
99.7779
4.7337
93.7823
63.7969
70.8827
73.2947
83.4943
73.4314
20.4869
36.4386
29.1977
63.7133
63.0724
23.4309
99.9983
40.4863
44.6693
44.3997
9.2464

67.7863
63.0667
93.0429
19.3493
11.3332
8.2019
87.3114
46.0303
17.1819
79.0346
31.1383
23.1638
42.7137
38.2443

Processing times
31.3860
88.7886
64.2378
17.8681
40.3292
90.6283
71.4010
2.3923
19.3328
73.3813
38.7069
39.8660
86.3060
73.9441

4.0038
72.8946
93.1670
33.8913
74.7622
94.3113
93.0243
43.4493
31.4467
21.1483
36.4293
88.1233
97.8039
79.1348

92.7664
80.2037
44.7731
8.7417
86.1109
92.2433
39.3819
22.6322
6.9719
68.0938
33.9889
18.2311
23.4139
31.9843

82.9002
60.6660
47.8723
28.9312
90.3164
42.3333
42.0138
18.8634
33.8983
22.2373
2.4179
34.4082
40.0631
93.7063

86.7381
78.0443
10.2037
68.1342
22.3412
22.0123
61.8833
33.2202
12.8067
18.7386
33.3916
32.0863
2.3033
31.3109

36.0169
77.9396
63.0130
24.8938
34.2217
10.2334
80.0331
76.1338
94.3034
21.6410
92.4096
77.0834
41.1629
16.4060

23.9910
74.4131
43.4309
74.0296
18.2232
97.3328
30.4777
43.0818
86.6166
11.0119
33.0112
33.4703
31.4037
93.9227

9.3497
9.1036
62.3464
77.4290
99.8933
32.2667
2.3938
91.6040
13.3706
83.0266
39.0013
29.9367
18.4714
30.7267

91.3933
3.1612
49.9032
73.3663
63.0020
88.2888
86.1700
66.1194
93.9793
49.0443
30.3430
87.0861
60.3132
98.7219

47.6910
30.0931
18.3971
93.3017
44.0043
43.9669
99.9414
84.7230
16.0306
38.7263
39.3646
12.2373
74.4997
68.7374

43.9032
20.0777
7.6113
48.3228
28.4989
90.9212
72.7029
97.3806
46.4031
37.3334
22.3763
16.3636
17.4811
78.9328

36.0006
14.9284
76.3946
83.3002
73.2636
27.1023
69.0932
10.7734
20.4337
96.4237
92.6382
30.3478
60.4477
16.2863

82.3696
8.6927
63.8904
71.6867
70.9429
33.3360
18.7311
78.1100
93.7849
18.6704
43.3897
89.7477
38.0942
31.7426

66.3923
43.8123
94.7271
39.6977
31.1982
76.3692
32.1909
44.3464
1.8234
11.2710
38.6866
33.2003
63.8836
7.9919

42.3334
74.3247
8.1367
86.4972
93.3820
43.4073
42.6223
41.8206
39.6809
24.2814
11.6722
90.1080
10.9124
79.0272

23.9494
33.3868
31.3683
34.8031
74.4314
32.8384
39.6733
93.1286
33.3300
81.0009
92.1918
90.7238
22.2803
34.2089

78.7140
80.9084
93.0997
18.2930
82.4732
68.6438
19.3706
73.4143
99.3787
34.4622
37.6619
33.8413
23.8896
18.3843

11.2288
30.3979
38.3136
30.8623
34.6946
99.1667
13.3877
87.1880
21.3336
46.7340
93.3813
39.7471
72.8488
13.0348

87.7309
29.9039
64.6483
20.3774
94.8308
6.2637
64.6711
31.7227
92.2013
8.9193
36.9370
47.7907
74.6871
14.6130
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population is 100 (in MQGA, there are two subpopulations,
and the size of each subpopulation is 50). To be fair, each
algorithm runs 10 times for each instance. The experiment
results are shown in Table 8, in which each item is an average
value. The “Improved%” column represents the percentage
difference between the average objective values obtained by
the current algorithm with MGA and is calculated by the
following formula:
Improved% =

(Ob − MGA)
MGA

× 100%,

(37)

where Ob represents the objective value achieved by the
current algorithm and MGA represents the objective value
achieved by MGA. Boldface and italic indicate the best results
for each problem.
In the performance of solution, from Table 8, MQGA is
superior to MGA and QGA for all the test instances, and
QGA always outperforms MGA. The improvement becomes
more obvious as the scale of the problem increases. For
example, for medium-scale problem N(FT20), the optimal
ability of MQGA improves 0.32%. For the large-scale problem
N(TA3), the MQGA improves 14.76%. The reason is that
when the number of jobs increases the transportation of vehicle will become the bottleneck for MGA and QGA. Therefore,
MGA and QGA are not applicable to the relative largescale problem instances. In addition, in the performance of
convergence, MQGA can obtain a better solution than MGA
and QGA with less iterative generations. For the relative
large-scale problems like N(TA1), N(TA2), and N(TA3),
MGA and QGA converge faster to the local optimal solution.
However, MQGA could jump out of the local optimum with
more iterative generations. Finally, in the performance of
time, MQGA needs more computation time than MGA and
QGA but obtains an improved solution.

6. Conclusions and Future Research
This paper studies an integrated scheduling with the materials
pickup, flow shop scheduling, and the finished products
delivery. The objective is to find a coordinated schedule to
minimize the arrival time of the last completed product to
the customer. In order to solve the problem, a biologically
inspired quantum genetic algorithm is proposed with a new
mutualism strategy. The experiment results demonstrate that
MQGA can find a satisfactory solution with an acceptable
amount of computation time.
Future research could address problems with multiple
customers or multiple transport vehicles or different shop
environments, including flexible scheduling and job-shop.
Problems with other performance measures, including minimum mean tardiness, and multimeasures should also be
studied.

Appendix
See Table 9.
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In order to maximize network lifetime and balance energy consumption when sink nodes can move, maximizing lifetime of
wireless sensor networks with mobile sink nodes (MLMS) is researched. The movement path selection method of sink nodes is
proposed. Modified subtractive clustering method, k-means method, and nearest neighbor interpolation method are used to obtain
the movement paths. The lifetime optimization model is established under flow constraint, energy consumption constraint, link
transmission constraint, and other constraints. The model is solved from the perspective of static and mobile data gathering of
sink nodes. Subgradient method is used to solve the lifetime optimization model when one sink node stays at one anchor location.
Geometric method is used to evaluate the amount of gathering data when sink nodes are moving. Finally, all sensor nodes transmit
data according to the optimal data transmission scheme. Sink nodes gather the data along the shortest movement paths. Simulation
results show that MLMS can prolong network lifetime, balance node energy consumption, and reduce data gathering latency under
appropriate parameters. Under certain conditions, it outperforms Ratio w, TPGF, RCC, and GRND.

1. Introduction
Wireless sensor networks (WSNs) usually have a large number of sensor nodes. The sensor nodes gather data in the
monitoring area and transmit the data to sink node for
further processing. They are usually applied to monitor
the indoor and outdoor environment, factory and process
automation, earthquake, and so forth. They are also applied
to trace animals, humans, vehicles, and other targets. WSNs
have received more and more attention from industry and
academia. They have great potentiality in enhancing and
changing people’s interaction with the world [1].
In WSNs, sensor nodes are distributed densely in unattended or even harsh environment and have large quantity.
The batteries of sensor nodes are not available to recharge or
replace battery [2]. Basic function realization of data gathering and transmission and other function realizations of safety,
multimedia, and QoS security in wired and wireless networks
are based on network normal operation and sufficient node
energy. Therefore, network lifetime is the most important
indicator of network performance. The algorithms of WSNs

should consider energy saving and maximize the network
lifetime. It can cut down the enormous spending of WSNs
redeployment.
In static terrestrial WSNs (all node locations are fixed),
the sensor nodes which are located around sink node consume more energy than others and become disabled quickly.
The uneven energy consumption causes energy hole problem.
The problem will split the network and block the data
transmission to sink nodes [3]. In underwater WSNs, DGs
(designated gateways) real-timely gather data of underwater
sensor nodes. However, underwater WSNs also have energy
hole problem [4].
To overcome the problems such as energy hole and lifetime optimization in static terrestrial WSNs and underwater
WSNs, [5–7] research into lifetime optimization algorithms.
Those algorithms assume that the node locations are fixed.
Sensor nodes which locate around the sink node are easy
to be hub nodes and lead to consuming a lot of energy. It
is inevitable to cause the unbalanced distribution of node
energy consumption and energy hole problem. The problem
can be overcome by sink nodes’ movement. When sink
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node moves to locations at which nodes are distributed
intensively or other key locations, it can balance nodes energy
consumption and make all nodes’ residual energy tend to 0.
Reference [8] proposes range constrained clustering
(RCC) method. In RCC, all nodes in the monitoring area
are divided into several clusters. Concorde TSP (traveling
salesman problem) solver is used to obtain the optimal
movement path of sink node which traverses all cluster
centers. References [9–13] research into the network lifetime
maximization problem, establish network lifetime optimization models with single or multiple mobile sink nodes,
and use optimization methods to solve the models and
obtain optimal scheme. References [9–11] consider the sink
node’s movement to be discrete movement. The movement
of sink node contains several anchors and sojourn time.
They establish network lifetime optimization model under
energy consumption constraint, flow balance constraint, and
transmission power constraint. Reference [12] proposes a
linear program (LP) whose solution provides a provable
upper bound on the maximum lifetime possible for any given
number of sinks. The centralized heuristic and distributed
heuristic are proposed to solve the LP and obtain the network
lifetime which is close to the optimal value. Reference [13]
considers energy consumption constraint and flow balance
constraint and researches into lifetime maximization problem under two different situations. The situations are fixed
sojourn time and variable sojourn time.
In summary, some algorithms focus on searching the
movement paths, but whether optimal solution can be
obtained still needs theoretical analysis and derivation. Some
algorithms focus on establishing and solving the lifetime
optimization models but assume that the movement paths
of sink nodes are already known, while most of the above
algorithms only consider single sink node. The data gathering
latency is long. Therefore, based on the above references,
maximizing lifetime of wireless sensor networks with mobile
sink nodes (MLMS) is researched. In MLMS, the movement
path selection and lifetime optimization are considered. The
modified subtractive clustering method, k-means method,
and nearest neighbor interpolation method are used to find
the movement paths and get approximate solution of the
shortest movement paths. Network lifetime optimization
model with known movement paths is established. The
mobile gathering and static gathering are considered. Subgradient algorithm and geometric method are used to solve the
lifetime optimization model and obtain the data transmission
scheme. Finally, sink nodes gather the data along the shortest
movement paths. All sensor nodes transmit data according to
the data transmission scheme. The simulation results clearly
show that MLMS can prolong network lifetime, balance node
energy consumption, and reduce data gathering latency.
The remaining parts of paper are organized as follows. In
Section 2, the movement path selection method of sink nodes
and lifetime optimization model are proposed. In Section 3,
the solution of model is proposed. In Section 4, algorithm
realization is proposed. In Section 5, the simulation results
are presented. In Section 6, the paper is concluded.
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2. Model Establishment
2.1. Algorithm Assumptions
(1) All sensor nodes are randomly distributed in 2D
monitoring area. The sensor node locations are fixed.
Sink nodes can move.
(2) In WSNs, when sink nodes are moving, they gather
data. Thus, it is necessary to consider mobile gathering and static gathering of sink nodes.
(3) When sensor nodes are not in the data gathering
range of sink nodes, they store all sensing data in
cache and basically are in sleep state. When sensor
nodes are in the data gathering range of sink nodes,
they are in work state and transmit data to one sink
node by direct or multihop way.
(4) All sensor nodes can obtain their own location coordinates by installing GPS module or using other location methods.
(5) All sensor nodes have the same performance (such as
sensing rate, maximum communication radius, initial
energy, and energy consumption parameter) and use
the same energy consumption model.
(6) Energy of sensor nodes is limited and unrenewable.
Energy of sink nodes is limited and renewable.
(7) Each sink node gathers sensor nodes’ data in multihop range. But the maximum hop is a fixed number
and not infinitely large.
2.2. Movement Path Selection. Many references consider that
sink node stays at one node location, gathers data, and takes
its responsibilities to sense. It basically limits the mobile
location selection of sink node and does not consider other
locations where sensor nodes are never distributed. Thus,
their algorithms obtain local optimal solutions and have
certain limitations.
It is difficult to determine the optimal location coordinates directly by location information of sensor nodes. As is
shown in Figure 1, the monitoring area is divided into several
grids of the same size and each grid is numbered. The sink
node can stay at each grid center to gather data. The method
enlarges the selection range of sojourn locations for sink
nodes. But it is also difficult to determine the movement paths
of sink nodes. Therefore, modified subtractive clustering
method is used and some anchors for sink nodes based on the
node distribution and residual energy are determined [14].
The potential value of each grid is
𝑃 (V) = 𝑥1 ∑ exp (−
𝑗∈𝑁(V)

𝛼1 𝑑V𝑗
𝑑max

) + 𝑥2 ∑ exp (−
𝑗∈𝑁(V)

𝛼2 𝐸initial
),
Re (𝑗)
(1)

where 𝑃(V) represents potential value of gridV . gridV represents the center of grid V. 𝑑V𝑗 represents the distance from
sensor node 𝑗 to gridV . 𝑁(V) represents the set of sensor nodes
from which the distance to grid center is not longer than
maximum communication distance 𝑑max . Re(𝑗) represents
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Figure 1: Grids in the monitoring area.

the residual energy of node 𝑗. 𝛼1 represents distance potential
factor. 𝛼2 represents residual energy potential factor. 𝑥1 represents distance weight factor. 𝑥2 represents residual energy
weight factor, and 𝑥1 + 𝑥2 = 1. Around the center of grid
which has large potential value, node density is high, number
of nodes is large, and node residual energy is large. Sink node
staying at the location of grid center is helpful to reduce node
energy consumption of data transmission in the area. The
modified subtractive clustering method is as follows.
Step 1. Each grid’s potential value 𝑃(V) and the number of
anchors 𝑁𝑎 = 1 are initialized.
Step 2. The grid of maximum potential value is found. Its
grid center as anchor point is selected. 𝑃∗ (𝑁𝑎 ) represents its
potential value.
Step 3. The grid center is aggregation point. The sensor nodes
whose minimum transmission hops to aggregation point do
not exceed 𝑘 are determined. Potential values of the grids
in the maximum communication coverage region of those
sensor nodes are subtracted:
𝑃 (V) = 𝑃 (V) − 𝑃∗ (𝑁𝑎 ) .

(2)

Step 4. If the following inequality (3) holds, go to Step 5; else
𝑁𝑎 = 𝑁𝑎 + 1 and go to Step 2:
∗

max
𝑃 (V) ≤ 𝜀𝑃 (1) ,
V

(3)

where 𝜀 represents judgment factor.
Step 5. According to the anchor locations, minimum transmission hops of sensor nodes are calculated. If minimum
transmission hops of some sensor nodes are greater than 𝑘,
then the sensor nodes are isolated nodes; go to Step 6; else
end the method.
Step 6. Each grid’s potential value is calculated by only
considering isolated nodes. The grid of maximum potential

Circulating the above steps, 𝑁𝑎 number of anchors is
obtained. In Steps 1–4, the sensor nodes whose minimum
transmission hops to aggregation point do not exceed 𝑘 are
determined. Subtraction is used for the potential values of
grids which are in the maximum communication coverage
region of those sensor nodes. It has no effect on other
potential values of grids. In Steps 5-6, network coverage is
considered. The isolated nodes are processed. Therefore, the
determined anchors in the monitoring area are distributed in
the subregion around where node density is high and residual
energy is large and in the subregion near the isolated nodes.
When the anchors are determined, sink nodes stay at one
anchor location for some time and then they move to the
next anchor location. After several times, sink nodes finally
move back to initial location. There are several sink nodes
in network. Each sink node is located in separate subregion.
Before planning the movement paths of sink nodes, it is
necessary to consider that the anchors appear in which
movement paths of sink nodes. k-means method [15] is used
to cluster all anchors and get 𝑀 (the number of sink nodes)
clusters and corresponding cluster anchors. According to
information of each cluster, one sink node is assigned to
traverse the cluster anchors, and the movement path selection
problem of multiple sink nodes is converted into several path
selection problem of single sink node.
In the path selection problem of single sink node, because
of the complicated wireless environment, the mobile gathering efficiency of sink node is far lower than static gathering
efficiency. And the too long movement distance increases the
data gathering latency. It is not conducive to data cache of
sensor nodes. Thus, the path selection problem is TSP. Its
target is to find the path of the shortest movement distance.
Because the number of anchors is not large, nearest neighbor
interpolation method [16] is used to find the approximate
solution of the shortest path. The steps are as follows.
Step 1. The location of sink node is initialized and 𝑖 = 0. The
anchor V0 is the starting point. The initial closed path is V0 V0 .
Step 2. In 𝑉 − {V0 , V1 , . . . , V𝑖 }, anchor V𝑖+1 is found which has
the nearest distance to any anchor in {V0 , V1 , . . . , V𝑖 } set, where
𝑉 is a nonempty set of all sensor nodes.
Step 3. The anchor V𝑖+1 is inserted into the closed path
V0 V1 ⋅ ⋅ ⋅ V𝑖 V0 . The paths V0 V𝑖+1 V1 ⋅ ⋅ ⋅ V𝑖 V0 , V0 V1 V𝑖+1 ⋅ ⋅ ⋅ V𝑖 V0 , . . .,
V0 V1 ⋅ ⋅ ⋅ V𝑖 V𝑖+1 V0 are obtained. The shortest path is selected as
the new shortest closed path.
Step 4. If 𝑖 < (𝑁𝑚 + 1), where 𝑁𝑚 represents the number
of cluster anchors for 𝑚th sink node, then go to Step 2; else
obtain the approximate solution, and go to Step 5.
Step 5. According to the approximate solution, the shortest
movement grid path from one anchor to another is calculated.
The method is that firstly the grid centers are selected along
the vertical direction. When their ordinates are the same,
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the grid centers are selected along the horizontal direction.
The selected grid centers and anchors constitute the movement path.

NA

NB

2.3. Lifetime Optimization Model. The network lifetime is
defined as the working time when network starts to run until
one node runs out of energy. When the movement paths
of sink nodes are determined, the optimization model of
network lifetime can be transformed to the following model:
max
s.t. :

min (∑𝑇𝑖𝑚 )
𝑖

𝑚

∑ 𝑓𝑖𝑗𝑚 = 𝑆𝑖 + ∑ 𝑓𝑗𝑖𝑚 ,

𝑗∈𝑁(𝑖)

∀𝑖 ∈ 𝑉, ∀𝑚

𝑗∈𝑁(𝑖)

(4b)
Figure 2: Data gathering method.

∑𝑇𝑖𝑚 ( ∑ 𝑓𝑗𝑖𝑚 𝐸elec + ∑ 𝑓𝑖𝑗𝑚 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 ))
𝑚

𝑗∈𝑁(𝑖)

≤ 𝐸initial ,

𝑗∈𝑁(𝑖)

∀𝑖 ∈ 𝑉, ∀𝑚
(4c)

𝑓𝑖𝑗𝑚 + 𝑓𝑗𝑖𝑚 ≤ 𝑅max ,
𝑓𝑖𝑗𝑚 ≥ 0,

ND

NC

(4a)

𝐿 (𝑖, 𝑗) ∈ 𝐿,

∀𝑖, 𝑗 ∈ 𝑉, ∀𝑚,

𝑗 > 𝑖, ∀𝑚 (4d)
(4e)

where 𝑇𝑖𝑚 represents the work time of node 𝑖 when 𝑚th
sink node stays at one anchor, 𝑆𝑖 represents data sensing
rate of node 𝑖, and 𝑓𝑖𝑗𝑚 represents the data transmission rate
from node 𝑖 to node 𝑗 when the data of node 𝑖 aggregate to
𝑚th sink node. 𝐸initial represents the initial energy of sensor
nodes. 𝑑𝑖𝑗 represents the transmission distance from node 𝑖
to node 𝑗, 𝜀fs represents electronic energy consumption of
amplifying unit signal, and 𝐸elec represents electric energy
consumption of receiving or transmitting unit data. 𝐿(𝑖, 𝑗)
represents the link from node 𝑖 to node 𝑗, 𝐿 represents a set of
all wireless links (edges), and 𝑅max represents the maximum
transmission rates of nodes.
The constraint (4b) is flow constraint. It ensures that the
transmission data are composed of sensing data and received
data from neighbor nodes. The constraint (4c) is energy
consumption constraint. It ensures that, during the lifetime of
node, the node energy consumption which includes energy
consumption of receiving data from neighbor nodes and
energy consumption of transmitting data is not larger than
its initial energy. The constraint (4d) is link transmission
constraint. Because link bandwidth resource is limited, the
total amount of link transmission data needs to be limited.

3. Solution of Model
The model (4a) has too many parameters and direct solution
is overwhelmingly complicated; therefore solution of the
model (4a) is researched from the perspective of static and
mobile data gathering of sink nodes. As is shown in Figure 2,
data gathering method can be divided into static gathering
and mobile gathering. Static gathering is to gather data
in the 𝑘-hop range when sink node stays at one anchor

location (five-pointed star in Figure 2). Mobile gathering is to
dynamically gather data in the 𝑘-hop range when sink node is
moving from one anchor location to another. Neighbor nodes
of sink node during its movement are defined as DGs. The
movement rate of sink node is fast and the time of mobile
gathering is relatively short. In order to evaluate the data
amount of mobile gathering, assume that once DGs are in the
communication range of sink node, they begin to gather data
in the 𝑘-1 hop range and transmit data directly to sink node.
3.1. Static Gathering. According to the above analysis, the
circle movement of sink node in the path consists of several
discrete events. In static gathering, network lifetime maximization problem is transformed to several optimization
models of network lifetime in which the sink node stays
at different anchor location. When 𝑚th sink node stays at
location 𝑃𝑘 , the optimization model of network lifetime is
max

𝑇𝑝

s.t. :

∑ 𝑓𝑖𝑗 𝑘

(5a)
𝑃 ,𝑚

𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

= 𝑆𝑖 + ∑ 𝑓𝑗𝑖𝑘 ,
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

∀𝑖 ∈ 𝑉𝑃𝑘

(5b)

𝑃 ,𝑚

( ∑ 𝑓𝑗𝑖𝑘 𝐸elec + ∑ 𝑓𝑖𝑗 𝑘 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 ))
𝑗∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

𝐸
≤ initial ,
𝑇𝑝
+ 𝑓𝑗𝑖𝑘

≤ 𝑅max ,

𝑃 ,𝑚

≥ 0,

∀𝑖, 𝑗 ∈ 𝑉,

𝑓𝑗𝑖𝑘

𝑃 ,𝑚

∀𝑖 ∈ 𝑉𝑃𝑘

𝑃 ,𝑚

𝑓𝑖𝑗 𝑘

(5c)

𝐿 (𝑖, 𝑗) ∈ 𝐿 𝑃𝑘 ,

𝑗 > 𝑖 (5d)
(5e)

where 𝑇𝑝 represents the network lifetime when 𝑚th sink
𝑃 ,𝑚
node stays at location 𝑃𝑘 and 𝑓𝑖𝑗 𝑘 represents the data transmission rate from node 𝑖 to node 𝑗 when the data of node
𝑖 aggregate to 𝑚th sink node and 𝑚th sink node stays at
location 𝑃𝑘 . 𝑉𝑃𝑘 represents the set of sensor nodes whose
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minimum transmission hops to 𝑚th sink node do not exceed
𝑘 when 𝑚th sink node stays at location 𝑃𝑘 . 𝐿 𝑃𝑘 represents a
set of wireless links among all sensor nodes in 𝑉𝑃𝑘 . If node 𝑗
𝑃 ,𝑚
is not the neighbor node of node 𝑖, 𝑓𝑖𝑗 𝑘 = 0.
Let 𝑞𝑝 = 1/𝑇𝑝 ; network lifetime maximization problem
(5a) is transformed to the minimization problem min(𝑞𝑝 ).
𝑃 ,𝑚
According to all independent variables 𝑞𝑝 and 𝑓𝑖𝑗 𝑘 , the
target function min(𝑞𝑝 ) is not a convex function. The quadratic regularization term of node transmission rate
𝑃 ,𝑚
𝑓𝑖𝑗 𝑘 is introduced. The strict convex function is 𝑞𝑝2 +
𝑃 ,𝑚

∑𝑖∈𝑉𝑃 ∑𝑗∈𝑉𝑃 𝜓(𝑓𝑖𝑗 𝑘 )2 , where 𝜓 (𝜓 ≥ 0) is regularization
𝑘
𝑘
factor.
Optimization model (5a) of network lifetime is transformed to the optimization model as follows:

𝑃 ,𝑚

+ ∑ 𝜆 𝑖 ( ∑ 𝑓𝑖𝑗 𝑘
𝑖∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

− ∑ 𝑓𝑗𝑖𝑘 )
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

+ ∑ ∑ ]𝑖𝑗 (𝑓𝑖𝑗 𝑘
𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

+ 𝑓𝑗𝑖𝑘 )

𝑃 ,𝑚

𝑃 ,𝑚

+ ∑ 𝜇𝑖 ( ∑ 𝑓𝑗𝑖𝑘 𝐸elec + ∑ 𝑓𝑖𝑗 𝑘 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 ))
𝑖∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

− ∑ 𝜆 𝑖 𝑆𝑖 − 𝑅max ∑ ∑ ]𝑖𝑗
𝑖∈𝑉𝑃𝑘

𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

= − ∑ 𝜆 𝑖 𝑆𝑖 − 𝑅max ∑ ∑ ]𝑖𝑗 + 𝑞𝑝2 − 𝑞𝑝 𝐸initial ∑ (𝜇𝑖 )
𝑖∈𝑉𝑃𝑘

𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑖∈𝑉𝑃𝑘

𝑃 ,𝑚 2

+ ∑ ∑ (𝜓(𝑓𝑖𝑗 𝑘 )
(𝑞𝑝2

min
s.t. :

+ ∑ ∑
𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚 2
𝜓(𝑓𝑖𝑗 𝑘 ) )

𝑃 ,𝑚

+ 𝑓𝑖𝑗 𝑘 (𝐸elec 𝜇𝑗 + 𝜇𝑖 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 )

(6a)

Constraints (5b) , (5d) , (5e)
(∑
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚
𝑓𝑗𝑖𝑘 𝐸elec

≤ 𝑞𝑝 𝐸initial ,

+ ∑
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚
𝑓𝑖𝑗 𝑘

+𝜆 𝑖 − 𝜆 𝑗 + ]𝑖𝑗 + ]𝑗𝑖 ) ) .
(7)

(𝐸elec +

𝜀fs 𝑑𝑖𝑗2 ))

(6b)

Let
𝐺𝑎 (𝜆, ], 𝜇) =

∀𝑖 ∈ 𝑉𝑃𝑘 .

𝑃 ,𝑚

min {𝐿 𝑎 (𝑞𝑝 , 𝑓𝑖𝑗 𝑘 , 𝜆, ], 𝜇)} .

𝑃 ,𝑚
(𝑞𝑝 ,𝑓𝑖𝑗𝑘 )

(8)

The model (6a) is transformed to the dual model
When 𝜓 tends to 0, the optimal solution of model (6a)
tends to the optimal solution of model (5a) [17]. In order to
process constraints, Lagrange multipliers are used to get the
following Lagrange equation:

max

𝐺a (𝜆, ], 𝜇)

s.t.

]𝑖𝑗 ≥ 0 ∀𝑖, 𝑗 ∈ 𝑉𝑃𝑘

(𝜆,],𝜇)

𝜇𝑖 ≥ 0
𝑃 ,𝑚
𝐿 𝑎 (𝑞𝑝 , 𝑓𝑖𝑗 𝑘 , 𝜆, ], 𝜇)
𝑃 ,𝑚 2

𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

𝑖∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

− 𝑆𝑖 − ∑ 𝑓𝑗𝑖𝑘 )
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

+ ∑ ∑ ]𝑖𝑗 (𝑓𝑖𝑗 𝑘
𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

∀𝑖 ∈ 𝑉𝑃𝑘 .

Because the target function of dual model (9) is concave
differentiable function, subgradient method is used to solve
it.
The step length of 𝑘th iteration 𝜑(𝑘) (𝑘 > 0) meets the
nonsummable descending rule:

= 𝑞𝑝2 + ∑ ∑ 𝜓(𝑓𝑖𝑗 𝑘 )

+ ∑ 𝜆 𝑖 ( ∑ 𝑓𝑖𝑗 𝑘

(9)

𝑃 ,𝑚

+ 𝑓𝑗𝑖𝑘

− 𝑅max )

lim 𝜑(𝑘) = 0,

𝑘→∞

∞

∑ 𝜑(𝑘) = ∞.

(10)

𝑘=1

When the iteration goes on, the solution of model (6a)
converges to optimal value. The update formulae of dual
variables in (𝑘 + 1)th iteration are as follows:

𝑃 ,𝑚

+ ∑ 𝜇𝑖 ( ∑ 𝑓𝑗𝑖𝑘 𝐸elec
𝑖∈𝑉𝑃𝑘

𝑃 ,𝑚

(𝑘)
= 𝜆(𝑘)
(𝑆𝑖 + ∑ 𝑓𝑗𝑖𝑘
𝜆(𝑘+1)
𝑖
𝑖 −𝜑

𝑗∈𝑉𝑃𝑘

𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

− ∑ 𝑓𝑖𝑗 𝑘 ) ,
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚

+ ∑ 𝑓𝑖𝑗 𝑘 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 ) − 𝑞𝑝 𝐸initial )
𝑗∈𝑉𝑃𝑘

=

𝑞𝑝2

− 𝑞𝑝 𝐸initial ∑ 𝜇𝑖 + ∑ ∑
𝑖∈𝑉𝑃𝑘

𝑖∈𝑉𝑃𝑘 𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚 2
𝜓(𝑓𝑖𝑗 𝑘 )

∀𝑖 ∈ 𝑉𝑃𝑘
𝑃 ,𝑚

(𝑘)
](𝑘+1)
= max {0, ](𝑘)
(𝑅max − 𝑓𝑖𝑗 𝑘
𝑖𝑗
𝑖𝑗 − 𝜑

𝑃 ,𝑚

− 𝑓𝑗𝑖𝑘 )} ,
∀𝑖, 𝑗 ∈ 𝑉𝑃𝑘
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(xA , yA )
A
d4

(xA , yA )

A
dmax

d2

d1

d1

(x3 , y3 )

dmax

d3
(x1 , y1 )

is moving. If 𝑑1 ≤ 𝑑max and 𝑑2 ≤ 𝑑max , the movement path
between the anchors appears in the communication range of
node 𝐴 and 𝑑𝑎 = 𝑑𝑎 + 𝑑3 . If 𝑑1 > 𝑑max and 𝑑2 ≤ 𝑑max , the sink
node enters into the communication range of node 𝐴. If 𝑑1 ≤
𝑑max and 𝑑2 > 𝑑max , the sink node leaves the communication
range of node 𝐴. The coordinates of node 𝐴 are (𝑥𝐴 , 𝑦𝐴 ). Sink
node moves from anchor (𝑥1 , 𝑦1 ) to anchor (𝑥2 , 𝑦2 ). The line
slope is 𝑧1 = (𝑦2 − 𝑦1 )/(𝑥2 − 𝑥1 ). The distance and abscissa of
foot from point 𝐴 to the line 𝑦 − 𝑧1 (𝑥 − 𝑥1 ) − 𝑦1 = 0 are

(x1 , y1 )

(x2 , y2 )



𝑦 − 𝑧1 𝑥𝐴 + 𝑧1 𝑥1 − 𝑦1 
𝑑4 =  𝐴
,
√2 1 + (𝑧1 )2

(x2 , y2 )

Figure 3: Two cases of the path between two anchors.



𝑥 + 𝑧1 𝑦𝐴 + 𝑧1 (𝑧1 𝑥1 − 𝑦1 )
𝑥3 =  𝐴
.
2
1 + (𝑧1 )

𝜇𝑖(𝑘+1)
{
𝑃 ,𝑚
= max {0, 𝜇𝑖(𝑘) − 𝜑(𝑘) (𝑞𝑝 𝐸initial − ∑ 𝑓𝑗𝑖𝑘 𝐸elec
𝑗∈𝑉𝑃𝑘
{
− ∑
𝑗∈𝑉𝑃𝑘

𝑃 ,𝑚
𝑓𝑖𝑗 𝑘

When sink node enters into or leaves the communication
range of node 𝐴, the communication distance is
2
2
2
2
{
𝑑𝑎 + √(𝑑max ) − (𝑑4 ) + √(𝑑1 ) − (𝑑4 ) ,
{
{
{
{
𝑥2 ≤ 𝑥3 ≤ 𝑥1
{
{
{
{
{ 𝑑 + √(𝑑 )2 − (𝑑 )2 − √(𝑑 )2 − (𝑑 )2 ,
max
4
1
4
𝑑𝑎 = { 𝑎
{
𝑥3 > 𝑥2 , 𝑥3 > 𝑥1
{
{
{
{
2
2
2
2
{
√
√
{
{
{ 𝑑𝑎 + (𝑑max ) − (𝑑4 ) − (𝑑1 ) − (𝑑4 ) .
𝑥3 < 𝑥2 , 𝑥3 < 𝑥1
{

}
(𝐸elec + 𝜀fs 𝑑𝑖𝑗2 ))} ,
}
∀𝑖 ∈ 𝑉𝑃𝑘 ,
(11)

where 𝜑(𝑘) = 𝑤/√𝑘, 𝑤 > 0, and it meets nonsummable
descending rule (10). The update formulae of variables 𝑞𝑝(𝑘+1)
𝑃 ,𝑚

and (𝑓𝑖𝑗 𝑘 )(𝑘+1) in (𝑘 + 1)th iteration are as follows:

𝑃 ,𝑚 (𝑘+1)

(𝑓𝑖𝑗 𝑘 )

𝑖∈𝑉𝑃𝑘

𝑃 ,𝑚 2

= 𝜓(𝑓𝑖𝑗 𝑘 )

(12)

𝑃 ,𝑚

+ 𝑓𝑖𝑗 𝑘 (𝐸elec 𝜇𝑗 + 𝜇𝑖 (𝐸elec + 𝜀fs 𝑑𝑖𝑗2 )
+𝜆 𝑖 − 𝜆 𝑗 + ]𝑖𝑗 + ]𝑗𝑖 ) .
Subgradient method is used to solve the model (6a). The
optimal network lifetime 𝑇𝑝max and the corresponding data
transmission scheme when the sink node stays at one anchor
location are obtained.
3.2. Mobile Gathering. Because the anchors can cover all
sensor nodes in the network, as is shown in Figure 3, the path
between two anchors has two cases during movement of sink
nodes. One is that the movement path between two anchors
appears in the communication range of node 𝐴. The other
one is that part of the path is in the communication range of
node 𝐴.
𝑑1 represents the distance between node 𝐴 to anchor 1.
𝑑2 represents the distance between node 𝐴 to anchor 2. 𝑑3
represents the distance between two anchors. 𝑑𝑎 represents
the total communication distance of node 𝐴 when sink node

(14)

The communication time between sink node and node 𝐴
is
𝑡𝐴 =

𝑞𝑝(𝑘+1) = arg min (𝑞𝑝2 − 𝑞𝑝 𝐸initial ∑ 𝜇𝑖 )
(𝑞𝑝 ≥0)

(13)

𝑑𝑎
,
𝑢

(15)

where 𝑢 represents the movement speed of sink node.
The topology changes frequently when sink node is
moving. To facilitate the evaluation of gathering data amount,
according to the topology of static gathering and communication time of sensor nodes which are in the 1-hop range of sink
node, evaluate communication time of each link, and get the
amount of node data transmission when sink node is moving.

4. Algorithm Realization
The process in which one sink node starts at initial position, traverses the anchors, and moves back to initial position is defined as one data gathering period. Algorithm of
MLMS is Algorithm 1.
The time complexity of MLMS is analyzed. It mainly
consists of time complexity of anchor determination, clustering method, movement path determination, and data
gathering method. Anchor determination needs to iteratively
calculate the potential values of grid when each anchor is
selected. Namely, its time complexity is Θ(𝑛2 ∗ 𝑁𝑎 ), where
𝑛 represents the number of each row or column grids.
Clustering method cyclically executes the division of relative
anchors and calculation of new cluster centers. Namely, its
time complexity is Θ(𝐼𝑐 𝑀𝑁𝑎 ), where 𝐼𝑐 represents iteration
number and 𝑀 represents the number of clusters in network.
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(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
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(13)
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(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
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gather the information of all sensor nodes, and initialize all parameters, such as 𝑃(𝑖), 𝑁𝑎 = 1, etc;
While (each 𝐸(𝑖) > 0)
{
do {
calculate 𝑃(V);
find the grid of maximum potential value, and select its grid center as anchor;
calculate 𝑃(V) = 𝑃(V) − 𝑃∗ (𝑁𝑎 );
𝑁𝑎 = 𝑁𝑎 + 1;
𝑃 (V) > 𝜀𝑃∗ (1));
}while (max
V
process the isolated nodes;
use 𝑘-means to obtain the 𝑀 cluster;
𝑛𝑐 = 0;
while (𝑛𝑐 ≤ 𝑀) {
use nearest neighbor interpolation method to find the optimal movement path;
𝑛𝑠 = 0;
while (𝑛𝑠 ≤ 𝑁𝑚 ) {
initialize all parameters of sub-gradient method; 𝑘 = 1;
while (𝑘 < 𝐾) {
update parameters of neighbor nodes;
determine step length 𝜑(𝑘) = 𝑤/√𝑘;
𝑃 ,𝑚
solve 𝑞𝑝(𝑘+1) and (𝑓𝑖𝑗 𝑘 )(𝑘+1) ;
𝑘+1
update (𝜆, ], 𝜇) ;
𝑘 = 𝑘 + 1;
}
𝑛𝑠 = 𝑛𝑠 + 1;
}
𝑛𝑐 = 𝑛𝑐 + 1;
}
inform the sink nodes to move under the optimal movement scheme;
inform all sensor nodes to transmit their data and residual energy under the optimal data transmission scheme;
gather data during certain time;
}
Algorithm 1

Movement path determination uses 𝑀 number of nearest
neighbor interpolation method. Nearest neighbor interpolation method calculates all possibilities when one anchor is
added. Namely, its time complexity is Θ(𝑁12 + ⋅ ⋅ ⋅ + 𝑁𝑚2 + ⋅ ⋅ ⋅ +
2
). Data gathering method uses 𝑁𝑎 subgradient algorithm.
𝑁𝑀
Subgradient algorithm mainly executes 𝐾 times of formulae
(11)-(12); namely, its time complexity is Θ(𝐾|𝑉|2 𝑁𝑎 ).

which all sensor nodes successfully transmit 1 Mbit data to
sink node.
Average node energy consumption = total energy consumption of all sensor nodes when one node runs out of
energy/(number of nodes ∗ number of DGC).
Residual energy variance is the residual energy variance
of all sensor nodes when one node runs out of energy.
The network data gathering latency of multiple sink nodes
is

5. Simulation Realization and Analysis
5.1. Simulation Parameters. In the simulation, the energy
consumption of calculation, data fusion, information inquiry
packet transmission, timeout retransmission, and debugging
are not considered. Only the energy consumption of data
wireless communication is considered. 𝐸elec is 50 nJ/bit, 𝜀fs is
100 pJ/bit/m2 , 𝑑max is 200 m, edge length of simulation area is
1000 m, 𝐸initial is 1000 J, 𝜀 is 0.4, 𝑆𝑖 is 1 Mbit/h, 𝑅max is 5 Mbit/h,
𝑤 is 5 ∗ 10−8 , 𝜓 is 1 ∗ 10−4 , number of iterations 𝐾 in the
subgradient method is 2000, and 𝑢 is 5.5 m/s.
The network lifetime is defined as the number of data
gathering cycles (DGC) sink nodes complete in the time
when network starts to run until one node runs out of energy.
DGC is the working time (does not include the sleep time) in

𝑡delay =

(∑𝑚 𝑡𝑑𝑚 )
,
𝑀

(16)

where 𝑡𝑑𝑚 represents data gathering latency of 𝑚th sink node.
The data gathering latency of 𝑚th sink node is the half of data
gathering period [18]:
𝑡𝑑𝑚 =

𝑚
𝑡𝑐𝑚 (∑𝑝 𝑡𝑝 + Path𝑚 /𝑢)
=
,
2
2

(17)

where 𝑡𝑐𝑚 represents data gathering period of 𝑚th sink node
and 𝑡𝑝𝑚 represents the sojourn time of 𝑚th sink node at anchor
𝑝. Path𝑚 represents the movement path distance of 𝑚th sink
node.
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Figure 5: Value of network lifetime when sink node stays at one
anchor location.

5.2. Simulation Result Analysis. The movement paths of sink
nodes are analyzed when the nodes are uniformly distributed.
Figure 4 is obtained when the number of nodes is 100, 𝑥1 =
0.5, 𝛼1 = 1, 𝛼2 = 2, the number of grids is 30 ∗ 30,
the gathering hop is 2, and the number of sink nodes is 2.
As is shown in Figure 4, the 1000 m ∗ 1000 m monitoring
area is divided into 30 ∗ 30 number of grids. All 100 sensor
nodes (hollow circle) are uniformly distributed. There are
five anchors (five-pointed star) which are divided into two
clusters. Each sink node selects the cluster anchors and has
the grid movement path.
The solution convergence of static gathering model is
researched and Figure 5 is obtained with the same parameters
in Figure 4. As shown in Figure 5, when the number of
iterations increases, the value of network lifetime when sink
node stays at one anchor location can converge to optimal
value. The solution method of static gathering model is
convergent.

In order to verify the effectiveness of MLMS, Ratio w [6],
TPGF [7], RCC [8], GRND (grid random scheme) [12], and
MLMS are compared. In Ratio w and TPGF, sink node is
static. In RCC, GRND, and MLMS, sink nodes are mobile.
In RCC, the grid center which is the closest to one cluster
center is selected as anchor and the optimization method in
MLMS is used for data gathering. In GRND, the anchors are
randomly selected and the optimization method in MLMS
is used for data gathering. The location coordinates of 60,
80, 100, 120, 140, 160, and 180 sensor nodes are uniformly
generated in the area. For each fixed number of sensor nodes,
10 different network topologies are generated. Their mean
values of network lifetime, residual energy variance, and data
gathering latency are calculated to evaluate the algorithm’s
performance.
Figure 6 compares the network lifetime. As is shown
in Figure 6, the network lifetime of MLMS is optimal. The
network lifetime of algorithms with mobile sink node is
longer than the network lifetime of algorithms with static sink
node. The reason is that MLMS comprehensively analyzes
the node density, residual energy, and network coverage, uses
the movement path selection method to find the movement
path scheme, and uses subgradient method to maximize the
network lifetime and obtain the optimal data transmission
scheme. All of those methods balance the node energy consumption of communication and prolong network lifetime.
Ratio w and TPGF are for static WSNs and do not consider
the mobility of sink nodes. The two algorithms easily cause
energy hole problem, so the network lifetimes are short.
Because, in TPGF and Ratio w, only hub nodes consume
a lot of energy, other nodes have much residual energy,
so they have greater residual energy variances than RCC,
GRND, and MLMS. In order to conveniently display the
simulation result, Figure 7 only shows the residual energy
variance of RCC, GRND, and MLMS when one sensor node
runs out of energy. As is shown in Figure 7, MLMS has the
lowest residual energy variance. RCC has the largest residual
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data along the shorter movement path and the data gathering
latency is lower.
In summary, compared with Ratio w, TPGF, RCC, and
GRND, MLMS makes full use of node energy to prolong
network lifetime, balance node energy consumption, and
reduce data gathering latency.
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Figure 8: Data gathering latency comparison.

energy variance. The reason is that MLMS obtains the anchor
distribution considering node density, residual energy, and
network coverage. All sensor nodes have the opportunity to
transmit data near the sink nodes. It balances the node energy
consumption. Therefore, all sensor nodes basically exhaust
the energy and the residual energy variance is the lowest.
Ratio w and TPGF are real-time data gathering algorithms. RCC, GRND, and MLMS are mobile data gathering
algorithms. When sensor nodes are not in the data gathering
range of sink nodes, they are basically in the sleep state.
The two types of data gathering latency are bad comparison.
Therefore, Figure 8 compares the data gathering latency of
RCC, GRND, and MLMS. As is shown in Figure 8, MLMS
has the lowest data gathering latency. RCC has the largest
data gathering latency. The reason is that MLMS finds the
best movement path scheme of sink nodes. Sink nodes gather

5.3. Key Parameters Analysis. In MLMS, number of grids,
parameters in modified subtractive clustering method, gathering hop, and number of sink nodes affect the network
lifetime, node energy consumption, and data gathering
latency. Then 10 different network topologies in which nodes
are randomly distributed are generated. In the simulation,
exhaustive method is used to obtain the simulation data.
Some possible key parameters are selected and calculated
with loops and the simulation results are obtained. For
convenience of explanation, the calculated simulation data
when one parameter changes and other parameters are fixed
are analyzed as an example.
5.3.1. Number Selection of Grids. The simulation data are
analyzed (e.g., the number of nodes is 100, the gathering hop
is 2, the number of sink nodes is 2, and the numbers of
grids are 10 ∗ 10, 20 ∗ 20, 30 ∗ 30, 40 ∗ 40, 50 ∗ 50, and
60 ∗ 60, resp.). As is shown in Figures 9 and 10, when the
number of grids is 30∗30, the mean value of network lifetime
(the red line) is maximum and the mean value of average
node energy consumption is minimum. The reason is that
when the number of grids is small, the side length of grid is
large and the optional movement locations of sink nodes are
less. The anchor locations have not met the optimal solution;
therefore, the network lifetime is smaller and average node
energy consumption is larger when the number of grids is
10 ∗ 10 or 20 ∗ 20. When the number of grids increases, the
optional movement locations of sink nodes increase and the
selected anchors are relatively close to the optimal locations,
so the network lifetime increases. When the number of grids
reaches certain number, it slightly affects the performance
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Figure 10: The effect on average node energy consumption under
different number of grids.

of MLMS. But, when the number of grids increases, the
coordinates of anchors have some change. It affects the mobile
gathering of sink nodes, so the network lifetime and average
node energy consumption fluctuate around optimal values
when the numbers of grids are 40 ∗ 40, 50 ∗ 50, and 60 ∗ 60.
In summary, when the number of grids reaches certain
number, it slightly affects network lifetime but increases the
computation amount of algorithm.
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5.3.2. Parameter Selection in Modified Subtractive Clustering
Method. There are multiple parameters 𝑥1 , 𝑥2 , 𝛼1 , and 𝛼2 in
formula (1). The set of 𝑥1 is {0.1, 0.3, 0.5, 0.7, 0.9, 1}; the set of
𝛼1 and 𝛼2 is {1, 2, 3, 4, 5, 6}. The values of 𝑥1 , 𝛼1 , and 𝛼2 are
selected in their sets, respectively.
The simulation data are analyzed (e.g., 𝑥1 = 0.5, 𝑥2 = 0.5,
the number of nodes is 100, the gathering hop is 2, the number
of sink nodes is 2, and the number of grids is 30 ∗ 30). As
is shown in Figures 11 and 12, when 𝛼1 is the small value
(1, 2, 3), the network lifetime is comparatively long and the
average node energy consumption is comparatively small.
Network lifetime has the maximum value and average node
energy consumption has the minimum value when 𝛼2 = 2.
When 𝛼1 is the large value (4, 5, 6), with the 𝛼2 increases,
the network lifetime becomes shorter and the average node
energy consumption becomes larger. The reason is that when
𝛼1 is the small value (1, 2, 3), according to formula (1), the
distance between node and grid center has great effect on the
potential values of grids. The anchors are the locations around
where node dense is high, so the network lifetime is longer
and the average node energy consumption is smaller than that
when 𝛼1 is the large value. When 𝛼2 = 2, the residual energy
plays its effect on the potential values and the selected anchors
are fit for the network topology. So network lifetime has the
maximum value and average node energy consumption has
the minimum value. When 𝛼1 is the large value (4, 5, 6), the
effect of the distance between node and grid center on the
potential values of grids weakens. With the 𝛼2 decreases, the
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6

Figure 12: The effect on average node energy consumption under
different 𝛼1 and 𝛼2 .

effect of residual energy enhances; thus, the network lifetime
increases and the average node energy consumption reduces.
In summary, in MLMS, the small 𝛼1 and 𝛼2 can prolong
the network lifetime.
The simulation data are analyzed (e.g., 𝛼1 = 1, 𝛼2 = 2,
the number of nodes is 100, the gathering hop is 2, the number
of sink nodes is 2, and the number of grids is 30 ∗ 30).
As is shown in Figures 13 and 14, when 𝑥1 = 0.5, the
mean value of network lifetime (the red line) is maximum
and the mean value of average node energy consumption
is minimum. The reason is that if 𝑥1 is 0.1 or 0.3, the
effect of node residual energy on potential values of grids is
prominent. Some anchors are the grid centers around where
the node residual energy is large but the communication
distance is also long. It increases the energy consumption of
communication and reduces network lifetime. When 𝑥1 is 0.7,
0.9, or 1, the effect of the communication distance on potential
values of grid network node is prominent. Some anchors are
the grid centers around where the communication distance
is small but the residual energy is also small. It increases the
relay burden of low residual energy nodes, improves their
energy consumption of data forwarding, and reduces the
network lifetime.
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In summary, in MLMS, too large or too small 𝑥1 and 𝑥2
affect the performance of MLMS.
5.3.3. Gathering Hop Selection. The simulation data are analyzed (e.g., the gathering hops 𝑘 are 1, 2, 3, resp., the number
of sink nodes is 2, and the number of grids is 30 ∗ 30).
As is shown in Figures 15 and 16, when the gathering hop
increases, the network lifetime is shorter and data gathering
latency is lower. The reason is that when the gathering hop
is 1, sink nodes only gather the data of neighbor nodes. The
communication distance is short and sensor nodes do not
forward other data. Therefore, it reduces the node energy
consumption and prolongs the network lifetime. However,
in order to ensure network coverage, sink node needs to
gather data near all sensor nodes. It greatly increases the
movement distance and data gathering latency. When the
gathering hop of sink nodes increases, their gathering range
increases. The sensor nodes near sink nodes not only transmit
their own data, but also take the task of forwarding other data.
It consumes much energy. The larger the gathering hop is, the
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Figure 16: The effect on data gathering latency under different
gathering hop.

more the data transmission amount is, the greater the node
energy consumption is, and the shorter the network lifetime
is. However, with the gathering hop increases, the movement
distance in one date gathering period reduces, and the data
gathering latency greatly reduces.
In summary, in MLMS, the gathering hop selection needs
to be tradeoff between network lifetime and data gathering
latency.
5.3.4. The Number Selection of Sink Nodes. The simulation
data are analyzed (e.g., the gathering hop is 2, the numbers of
sink nodes are 1, 2, 3, resp., and the number of grids is 30∗30).
The data of one sink node represents the data of lifetime
optimization algorithm with single mobile sink node. In the

12

Mathematical Problems in Engineering
has some effect on the energy consumption. Therefore, when
the number of sink nodes increases, the network lifetime
changes a little.
In summary, in MLMS, the number of sink nodes affects
the data gathering latency but slightly affects the network lifetime. Compared with lifetime optimization algorithm with
single sink node, MLMS greatly reduces the data gathering
latency.
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Figure 17: The effect on network lifetime under different number of
sink nodes.
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Figure 18: The effect on data gathering latency under different
number of sink nodes.

In MLMS, the movement path selection method is proposed
and network lifetime optimization model with known movement paths is established. The modified subtractive clustering
method, k-means method, nearest neighbor interpolation
method, subgradient method, and other methods are used
to calculate the network lifetime, movement path scheme,
and data transmission scheme. All sensor nodes transmit data
according to the optimal data transmission scheme and sink
nodes gather the data along the shortest movement paths.
Compared with Ratio w, TPGF, GRND, and RCC, MLMS has
an improvement.
The time complexity of MLMS is high. Some iteration
time needs to converge. Only when the energy consumption
of data transmission is far greater than the energy consumption of optimal solution calculation, the operation of
MLMS works well. Therefore, the next goal is to research into
the distributed lifetime maximization algorithm of wireless
sensor networks with mobile sink nodes. In the algorithm,
each node establishes its own optimization model according
to the local information which is exchanged with neighbor
nodes. The sink node solves its own model to find the next
sojourn location and time. The sensor node solves its own
model to judge the next forwarding node. Finally, all nodes
find the optimal scheme and network lifetime is prolonged
by distributed calculation.
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Clustering has been widely used in different fields of science, technology, social science, and so forth. In real world, numeric as well
as categorical features are usually used to describe the data objects. Accordingly, many clustering methods can process datasets that
are either numeric or categorical. Recently, algorithms that can handle the mixed data clustering problems have been developed.
Affinity propagation (AP) algorithm is an exemplar-based clustering method which has demonstrated good performance on a wide
variety of datasets. However, it has limitations on processing mixed datasets. In this paper, we propose a novel similarity measure for
mixed type datasets and an adaptive AP clustering algorithm is proposed to cluster the mixed datasets. Several real world datasets
are studied to evaluate the performance of the proposed algorithm. Comparisons with other clustering algorithms demonstrate
that the proposed method works well not only on mixed datasets but also on pure numeric and categorical datasets.

1. Introduction
With the development of information technology and with
the wide use of computer and networks, the explosion of
data in almost all fields provides a totally new perspective
for data scientists towards knowledge discovery and future
decision. Because of the urgent need of data processing,
new techniques that can extract useful information and
knowledge from the vast amount of data have been developed
by researchers. In this context, data mining is an effective and
attractive approach to meet these requirements.
Clustering is one of the most commonly encountered data
mining techniques that are implemented to extract knowledge arising from many areas, some of which are community detection [1], pattern recognition [2, 3], bioinformatics
[4], and spatial database applications, for example, GIS or
astronomical data [5, 6]. The general purpose of clustering
is to partition a dataset consisting of 𝑛 points embedded
in 𝑚-dimensional space into 𝑘 clusters, such that the data
points within the same cluster are more similar to each other
than to data points in other clusters [7–9]. Because of the
simplicity and ease of implementation in a wide variety of
scenarios, distance-based clustering methods, for instance,

𝑘-means, 𝑘-medians, 𝑘-medoids, and hierarchical clustering,
are widely used and deeply researched. The main problems
of distance-based clustering methods are defining a proper
similarity measure to discriminate the similarity or dissimilarity between different data points and aggregating most
similar elements into appropriate clusters in an unsupervised
way. Thus, the problem of clustering can be reduced to
the problem of finding a distance function for that data
type [10–12]. Traditional clustering methods use Euclidean
distance measure to calculate the similarity (or dissimilarity)
of two data points [13, 14]. It is suitable for the datasets
that are purely numeric. Actually, datasets in real world are
more complicated. Large amount of data is mixed containing
both numeric attributes like height, age, and so forth and
categorical attributes like male or female, on or off, and so
forth. In this case, however, Euclidean distance measure fails
to judge the similarity of two data points when attributes are
of categorical or mixed type.
Up to the present, researchers have been developing many
ways dealing with mixed data. Similarity based agglomerative
clustering (SBAC) [15], a hierarchical agglomerative algorithm, based on Goodall similarity measure [16], presented by
Li and Biswas works well with mixed numeric and categorical
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attributes. But the amount of computation, while clustering
large datasets, is rapidly increasing, which is not acceptable.
Huang [17] proposed k-prototype clustering method that
divides the dataset into two distinct parts, one for numeric
attributes and another for categorical attributes, and handles
the two components separately. Due to the information loss
in dealing with cluster center and the simple binary distance
measure between two categorical attributes of Huang’s algorithm, Ahmad and Dey [18] developed a modified cost function alleviating the shortcomings of Huang’s cost function
based on a 𝑘-mean type algorithm. In Ahmad and Dey’s algorithm, the distance computation of two values in a single categorical attribute considers not only the attribute they belong
to, but also other attributes including the numeric ones.
They also proposed a significance computing approach of a
numeric attribute based on the attribute value distributions
within the data. Ji et al. [19] improved Ahmad and Dey’s algorithm with a novel fuzzy k-prototype algorithm integrating
mean and fuzzy centroid to represent the prototype of a cluster. Like many other fuzzy 𝑘-means type algorithms, Ji’s algorithm also needs the determination of fuzzy coefficient value.
The novel affinity propagation clustering (APC) algorithm based on message passing is a more powerful approach
proposed by Frey and Dueck [20] in 2007. Traditional
distance-based clustering methods satisfy the conditions of
metric similarities, that is, symmetry, nonnegativity, and the
triangle inequality. Compared to the traditional approaches,
the affinity propagation algorithm’s ability to take as input
also general nonmetric similarities makes it suitable for
exploratory data analysis using unusual measures of similarity [21]. For instance, AP has been used to identify key
sentences and air-travel routing on the basis of nonstandard
optimization criteria [20]. Furthermore, affinity propagation
is a completely data-driven analysis technique that partitions
the data points to different clusters and identifies exemplars
among them by simultaneously considering all data points as
possible exemplars and exchanging messages between data
points until a good set of exemplars and clusters emerges
[22]. However, the original AP method assumes features are
numeric valued, which means the algorithm cannot process
features of categorical values or mixed type values.
Based on AP algorithm and Ahmad and Dey’s mixed similarities measure architecture [18], this paper proposes an
adaption affinity propagation clustering method for mixed
numeric and categorical attributes datasets using a novel similarity measure as a cost function. The key innovative points
of the paper are as follows. (1) This paper has applied the
AP algorithm to cluster mixed type attributes datasets for the
first time. (2) This paper proposes a novel mixed similarities
measure based on Ahmad and Dey’s work. (3) The method
improves the original AP clustering algorithm with adaption
strategies.
The rest of the paper is organized as follows. We start in
Section 2 with a brief review of affinity propagation clustering
algorithm and the distance measure for mixed type datasets.
In Section 3, the novel similarity measure for mixed type
data is introduced and then the novel adapted AP approach
is described in detail. Section 4 presents the experimental
methodology and results on several benchmark datasets as
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well as the comparisons with the selected baseline algorithms.
Discussions and conclusions are given in Section 5.

2. Background
2.1. Description of AP. Exemplar-based clustering, such as
the popular 𝑘-centers and 𝑘-medians clustering methods,
partitions the dataset by identifying a subset of representative
elements (exemplars), so that the sum of distances between
data points and their exemplars is minimized [23]. The
traditional clustering analysis methods usually start with an
initialization step that the algorithm selects 𝐾 initial data
centers as exemplars and allocates other data points based
on the distances to exemplars. It is obvious that different
initial selection comes to different clustering results. On the
contrary, AP runs based on an entirely different mechanism.
Firstly, all data points are considered as potential exemplars
and they are viewed as nodes in a network. Secondly, a
number of real-valued messages are iteratively transmitted
along edges of the network so that a relevant set of exemplars
and corresponding clusters is identified [20]. Details of the
framework are as follows [24].
AP takes as input a matrix of real-valued similarities
between data points. Let {𝑠𝑖𝑗 }, 𝑖 = 1, . . . , 𝑁, 𝑗 = 1, . . . , 𝑁,
be a set of 𝑁2 real-valued variables where 𝑠𝑖𝑗 indicates the
similarity between two objects 𝑥𝑖 and 𝑥𝑗 in it. AP defines 𝑠𝑖𝑗
as the negative of the square of their Euclidean distance; that
is, 𝑠(𝑖, 𝑗) = −‖𝑥𝑖 − 𝑥𝑗 ‖2 , 𝑖 ≠ 𝑗. The self-similarities 𝑠𝑘𝑘 are
referred to as “preferences” that influence the probability of
one point being an exemplar. If there is no a priori knowledge,
preferences are set to common values so that each data point
is regarded as a potential exemplar with equal probability.
As mentioned above, in AP algorithm, data points
exchange information by passing messages. Two kinds of
messages are produced in the procedure and each takes into
account a different kind of competition. One is called“‘responsibility” 𝑟(𝑖, 𝑘), which is sent from data point 𝑖 to
candidate exemplar point 𝑘. 𝑟(𝑖, 𝑘) reflects the accumulated
evidence for how well suited point 𝑘 is to serve as the
exemplar for point 𝑖, taking other potential exemplars for
point 𝑖 into consideration. The “responsibility” 𝑟(𝑖, 𝑘) is
updated as follows:
𝑟 (𝑖, 𝑘) ← 𝑠 (𝑖, 𝑘) − max {𝑎 (𝑖, 𝑘 ) + 𝑠 (𝑖, 𝑘 )} .
𝑘 s.t.𝑘 =𝑘
̸

(1)

The other one is called “availability” 𝑎(𝑖, 𝑘), gathering evidence from data points as to whether each candidate exemplar would make a good exemplar. It is sent from the
candidate representative point 𝑘 to point 𝑖, reflecting the
accumulated evidence for how appropriate it would be for
point 𝑖 to choose point 𝑘 as its exemplar. Beside, the support
from other points that point 𝑘 should be an exemplar is taken
into account. The “availability” 𝑎(𝑖, 𝑘) is updated as follows:
}
{
𝑎 (𝑖, 𝑘) ← min {0, 𝑟 (𝑘, 𝑘) + ∑ max {0, 𝑟 (𝑖 , 𝑘)}} .
𝑖 s.t.𝑖 ∉{𝑖,𝑘}
}
{
(2)
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The “self-availability” 𝑎(𝑘, 𝑘) reflects accumulated evidence
that point 𝑘 is an exemplar, based on the positive responsibilities sent to candidate exemplar 𝑘 from other points. 𝑎(𝑘, 𝑘)
is updated differently as follows:
𝑎 (𝑘, 𝑘) ←

∑ max {0, 𝑟 (𝑖 , 𝑘)} .
𝑖 s.t.𝑖 =𝑘
̸

(3)

After iterative message passing, exemplars can be identified
by calculating maximum of 𝑎(𝑖, 𝑘) + 𝑟(𝑖, 𝑘) for point 𝑖. If 𝑘 = 𝑖,
point 𝑖 is selected as an exemplar, or point 𝑘 is the exemplar
of point 𝑖.
Furthermore, in order to avoid numerical oscillations
in some circumstances when updating the messages, the
damping factor 𝜆 is introduced to iteration process:
𝑟𝑡+1 (𝑖, 𝑘) = 𝜆 ⋅ 𝑟𝑡 (𝑖, 𝑘) + (1 − 𝜆) ⋅ 𝑟𝑡+1 (𝑖, 𝑘) ,
𝑎𝑡+1 (𝑖, 𝑘) = 𝜆 ⋅ 𝑎𝑡 (𝑖, 𝑘) + (1 − 𝜆) ⋅ 𝑎𝑡+1 (𝑖, 𝑘) ,

(4)

The first step is to calculate the distance between each pair
of values for categorical attributes. For the given mixed type
dataset, 𝐴 𝑖 denote a categorical attribute, in which 𝑥 and 𝑦 are
two of the values. Let 𝐴 𝑗 denote another categorical attribute
and 𝑤 a subset of values of 𝐴 𝑗 . Accordingly, ∼ 𝑤 denotes the
complementary set of 𝑤. The conditional probability 𝑃𝑖 (𝑤 |
𝑥) means the probability that a data point having value 𝑥 for
𝐴 𝑖 has a value belonging to 𝑤 for 𝐴 𝑗 . Likewise, 𝑃𝑖 (∼ 𝑤 | 𝑦)
denotes the conditional probability that a data point having
value 𝑦 for 𝐴 𝑖 has a value belonging to ∼ 𝑤 for 𝐴 𝑗 .
The distance between the pair of values 𝑥 and 𝑦 of 𝐴 𝑖 as
regards the attribute 𝐴 𝑗 and a particular subset 𝑤 is defined
as follows:
𝛿𝑤𝑖 (𝑥, 𝑦) = 𝑃𝑖 (𝑤 | 𝑥) + 𝑃𝑖 (∼ 𝑤 | 𝑦) .

(5)

Distance between attribute values 𝑥 and 𝑦 for 𝐴 𝑖 concerning
attribute 𝐴 𝑗 is denoted by 𝛿𝑖𝑗 (𝑥, 𝑦) and is given by
𝛿𝑖𝑗 (𝑥, 𝑦) = 𝑃𝑖 (𝜔 | 𝑥) + 𝑃𝑖 (∼ 𝜔 | 𝑦) ,

(6)

where 𝑡 indicates the iteration times.
The primary advantage of AP algorithm is that AP does
not need to preassign the number of clusters, which is different with 𝑘-means methods specifying the 𝐾 value. This is
because AP considers each data point as a potential exemplar
and the probability of being an exemplar depends on the
shared value of preference. With greater value of preference,
AP generates more clusters. Another advantage is that AP
only accepts the collection of similarities as input, which
eliminates the need to deal with the raw dataset directly.
This is an instrumental feature with which researchers can
determine the similarity input matrix using various distance
measures that are suitable for the objects of clustering.
Moreover, wide-ranging applications [20] of AP demonstrate
its ability of processing large datasets rapidly and effectively.
However, AP meets some limitations as well. The specific
value of “preferences,” for the procedure of clustering, is a
double-edged sword. Frey and Dueck [20] suggested setting
the shared value of preferences as the median of the input
similarities resulting in a moderate number of clusters. It is
difficult to determine suitable value of preference in which
different values lead to completely different results if there
is no a priori knowledge. In addition, the damping factor
𝜆 acquires an appropriate value. Equation (4) shows that a
larger value of damping factor means not easily trapping
into oscillations but reducing the convergence rate, while a
smaller one results in a fast rate of convergence but with a risk
of no convergence when the message-passing procedure is
terminated. Frey and Dueck [20] suggested a default damping
factor of 𝜆 = 0.5 to keep balance between convergence and
oscillation.

where 𝜔 is the subset 𝑤 of values of 𝐴 𝑖 that maximizes the
quantity 𝑃𝑖 (𝜔 | 𝑥) + 𝑃𝑖 (∼ 𝜔 | 𝑦). Considering both 𝑃𝑖 (𝜔 | 𝑥)
and 𝑃𝑖 (∼ 𝜔 | 𝑦) lie between 0 and 1.0, in order to restrict the
value of 𝛿𝑖𝑗 (𝑥, 𝑦) between 0 and 1.0, 𝛿𝑖𝑗 (𝑥, 𝑦) is defined as

2.2. Distance and Significance. Based on Huang’s cost function [17], Ahmad and Dey developed a motivated distance
and significance computation framework that not only considers the distances between pairs of distinct values within
an attribute, but also takes their cooccurrence with other
attributes into account [18]. Two parts are introduced to
generate the distance matrix of a mixed dataset.

3. Method

𝛿𝑖𝑗 (𝑥, 𝑦) = 𝑃𝑖 (𝜔 | 𝑥) + 𝑃𝑖 (∼ 𝜔 | 𝑦) − 1.0.

(7)

For a dataset with 𝑚 attributes, including categorical and
numeric attributes which have been discretized, the distance
between two dissimilar values 𝑥 and 𝑦 of any categorical
attribute is given by
𝛿 (𝑥, 𝑦) =

∑𝑗=1,...,𝑚,𝑖=𝑗̸ 𝛿𝑖𝑗 (𝑥, 𝑦)
𝑚−1

.

(8)

Using (5) to (8), it is possible to compute the distance
between two distinct values of categorical attributes and the
discretized numeric attributes.
In the second step, significance for each numeric attribute
is determined. Significance of an attribute defines the importance of that attribute in the dataset [25, 26]. To compute the
significance of a numeric attribute, it must be discretized to 𝑆
intervals first. Thus each interval can be assigned a categorical
value 𝑐[1], 𝑐[2], . . . , 𝑐[𝑆]. Therefore, using (5) to (8), in the
same way as it is computed for categorical values, the distance
𝛿(𝑐[𝑖], 𝑐[𝑗]) for every pair of discretized numeric values 𝑐[𝑖]
and 𝑐[𝑗] can be computed. Eventually, the significance of a
numeric attribute, 𝜔𝑟 , is computed as the mean of 𝛿(𝑐[𝑖], 𝑐[𝑗])
for all pairs 𝑐[𝑖] ≠ 𝑐[𝑗]:
𝜔𝑟 =

∑𝑆𝑖=1 ∑𝑆𝑗>𝑖 𝛿 (𝑐 [𝑖] , 𝑐 [𝑗])
𝑆 (𝑆 − 1) /2

.

(9)

The main idea of our proposed algorithm is that our method
attempts to obtain a clustering result using a similarity
measure for mixed data based on AP clustering approach.
We propose the novel method to handle the problem in the
following sections.
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Set 𝑖 = 0;
for each numeric attribute 𝐴 𝑖 in dataset 𝐴 do
Figure out the similarity matrix based on (10) as the input;
Calculate the median of similarities as the shared value of preference;
Perform the AP algorithm using (1)–(4) to obtain an 𝑆𝑖 classification result;
Discretize attribute 𝐴 𝑖 to 𝑆𝑖 intervals according to the clustering result;
𝑖 = 𝑖 + 1;
end for
Establish a new dataset 𝐵 which is a pure categorical dataset composed of the discretized numeric
attributes and the original categorical attributes;
for each attribute 𝐵𝑗 in dataset 𝐵 do
Calculate the distance between two distinct values of any categorical attribute using (5)–(8);
Compute the significance (weight) of each numeric attribute using (9) in which the interval 𝑆 is replaced by 𝑆𝑖 .
end for
Algorithm 1: Pseudocode of computing significance.

3.1. Improved Similarity Measure. The main advantage of
Ahmad and Dey’s distance measure method is that it considers the distance between a pair of values for an attribute as
the function of their cooccurrence probabilities with a set of
values of another categorical attribute. Therefore, the distance
is a reflection of the difference between two categorical values
rather than being the same or different (0 or 1). On the other
hand, significance of an attribute is not user-defined like
other algorithms but computed based on the discretization of
numeric attributes. In other words, the algorithm, by itself,
decides which attribute is more important and assigns a
higher weight to it.
However, the distance measure also faces some limitations. In the process of discretization of numeric attributes, a
number of the intervals (𝑆) of numeric values are user-defined
referring to different problems, equally for all numeric
attributes, which will cause an inaccurate discretization
because the algorithm has no consideration on the different
distribution of distinct attributes. Beside, one should test
the parameter 𝑆 to find a suitable interval for discretizing
numeric values.
As mentioned in Section 2.1, AP algorithm separates
data objects into suitable clusters without assigning the
object number of classes, since each data point is viewed
as a potential exemplar. Therefore, we propose an improved
similarity measure based on Ahmad and Dey’s work in which
the discretization operation is replaced by AP clustering
discretization approach. Data objects are allocated to clusters
as natural as they are distributed. Furthermore, different
intervals emphasize the distinction of each attribute influencing the significance values.
For a given mixed dataset, let 𝐴 𝑖 , 𝑖 = 1, . . . , 𝑟, denote a
numeric attribute, whose values are {𝑥1 , 𝑥2 , . . . , 𝑥𝑛 }, where 𝑟
is the number of numeric attributes and 𝑛 is the number of
data points. The similarity between 𝑥1 and 𝑥2 is defined by
2

𝑠 (𝑥1 , 𝑥2 ) = −(𝑥1 − 𝑥2 ) ,

(10)

where 𝑠 can be viewed as an 𝑛 × 𝑛 matrix and the similarity
𝑠(𝑥𝑘 , 𝑥𝑗 ) indicates the negative squared error for points 𝑥𝑘

and 𝑥𝑗 . The novel method for computing significance of
numeric attribute is listed in Algorithm 1.
Figure 1 illustrates the performance of three different
discretization techniques. Raw data, equal width, equal frequency, and AP method are listed in the figure. It shows that
AP method performs the best reflection for the distribution
regularity of the data points.
Let 𝑆 denote the 𝑁 × 𝑁 similarity matrix, and we define
the similarity between two values 𝑥𝑖 and 𝑥𝑗 as follows:
𝑚𝑟

2

𝑟
))
𝑆 (𝑥𝑖 , 𝑥𝑗 ) = −∑(𝜔𝑡 ⋅ (𝑥𝑖𝑡𝑟 − 𝑥𝑗𝑡
𝑡=1

𝑚𝑐

(11)
2

𝑐
− ∑(𝛿 (𝑥𝑖𝑡𝑐 , 𝑥𝑗𝑡
)) ,
𝑡=1

𝑚

𝑟 2
)) denotes the distance of objects
where ∑𝑡=1𝑟 (𝜔𝑡 ⋅ (𝑥𝑖𝑡𝑟 − 𝑥𝑗𝑡
𝑥𝑖 and 𝑥𝑗 for numeric attributes only, 𝜔𝑡 is the significance
of the 𝑖th numeric attribute described in Section 3.1, and
𝑚
𝑐 2
)) denotes the distance between data objects 𝑥𝑖
∑𝑡=1𝑐 (𝛿(𝑥𝑖𝑡𝑐 , 𝑥𝑗𝑡
and 𝑥𝑗 in terms of categorical attributes only. The similarities
are set to a negative squared error to coordinate the input of
AP algorithm.

3.2. Adaptive AP Algorithm. In Section 2.1, we discussed the
advantages and limitations of AP algorithm. The shared value
of “preferences” (𝑝) is the key value that determines the
clustering performance as well as the number of classes in
the result. In some cases, the objective number of clusters is
preassigned while it is hard to define an appropriate value of
𝑝. This is because there is not a one-to-one correspondence
between the output number of classes and the value of 𝑝
which means a certain range of values will arrive at the
same number of clusters, with different distributions yet. To
search the optimal 𝑝 value for the given number of classes, an
adaptive strategy is proposed as follows:
𝑝𝑡+1 = 𝛼𝑝𝑡 + 𝛽,

(12)

where 𝑡 denotes the running time of AP algorithm, 𝛼 > 1
is a function of the number of clusters 𝐾𝑡 in the 𝑡th running

Mathematical Problems in Engineering

0

5

10

5

15

20

0

5

(a) Raw data

0

5

10

10

15

20

15

20

(b) Equal width

15

20

0

5

(c) Equal frequency

10

(d) AP method

Figure 1: Different discretization techniques. (a) The raw data are assigned a random 𝑦-axis component such that the data points can be
distinguished. (b) The data points are divided by equal width discretization method that cannot work well obviously. (c) The data points
are divided by equal frequency method that is better than equal width method, but not the best. (d) The data points are well divided by AP
method we proposed, and it is the best one of the three.

result, and 𝛽 denotes the searching step. 𝑝𝑡+1 and 𝑝𝑡 are negative values.
We named 𝛼 as coarse tuning coefficient while 𝛽 was
named as fine tuning coefficient. When the value of 𝐾𝑡 is
much greater than the target value 𝐾, a relevant greater value
of 𝛼 should be employed, so that the 𝑝 value may reduce
quickly. On the contrary, when 𝐾𝑡 is close to the target 𝐾,
smaller value of 𝛼 should be defined. So we set the coarse
tuning coefficient as 𝛼 = √(𝐾𝑡 − 𝐾) + 0.5. In this case, the
algorithm is able to tune the value of 𝛼 dynamically, according
to the current cluster number 𝐾𝑡 .
Since the coarse tuning strategy makes the algorithm
obtain the right number of clusters, fine tuning steps lead
to the better clustering performance. In the iteration stage of
𝐾𝑡 ≠ 𝐾, 𝛽 is set to 0. Meanwhile, when entering the stage of
𝐾𝑡 = 𝐾, 𝛼 is assigned to 1. Value of 𝛽 is important for scanning
local area to maximize the energy function. Referring to the
settings in [27], 𝛽 is defined as 𝛽 = 0.01𝑝𝑚 , where 𝑝𝑚 denotes
the initial value of 𝑝. The scanning stage may be terminated
after the energy function decreases or after a fixed number of
iterations of fine tuning.
On the other hand, the damping factor 𝜆 is another parameter that controls the convergence and the speed of
algorithm. Our intention is that, in the case of no oscillation,
the algorithm is able to acquire a faster convergence speed.

An adaptive mechanism of 𝜆 is adopted to balance the
contradiction between oscillation and convergence.
Although maintaining a larger 𝜆 close to 1 may avoid numerical oscillations much more easily, a homologous decline
of the updating rate for “availability” and “responsibility”
becomes inevitable. The algorithm needs more iteration times
than that with smaller 𝜆 to obtain a corresponding result.
Therefore, a changing 𝜆 along with the iteration of algorithm
is a better choice. According to this conception, we have
designed an adaptive mechanism for 𝜆 as follows:
𝜆 𝐾 = −(

𝑎
𝐾
) ⋅ (𝜆 max − 𝜆 min ) + 𝜆 max ,
iteration

(13)

where 𝐾 denotes current number of iterations and iteration
denotes maximum iteration. 𝜆 max and 𝜆 min denote the maximum and minimum values of 𝜆, respectively. We introduce
the coefficient 𝑎 to adjust the rate of descent for 𝜆. When
the value of 𝑎 is greater than 1, 𝜆 declines from flat to sharp.
We recommend 𝑎 to be greater than 1 to guarantee a smooth
iteration process.
3.3. The Proposed Algorithm. Based on the above explanations, the pseudocode of the proposed algorithm is listed in
Algorithm 2.
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Calculate the similarity matrix and preferences as input of AP algorithm.
for each numeric attribute 𝐴 𝑖 in dataset 𝐴 do
Calculate the significance of attribute 𝐴 𝑖 using the method in Section 3.1;
end for
for each categorical attribute 𝐴 𝑗 in dataset 𝐴 do
Calculate the distance of any pairs of values in 𝐴 𝑗 based on (5)–(8);
end for
Generate the input similarity matrix of the mixed dataset using (11);
Set the value preference 𝑝𝑚 by the median of similarities;
Input the target number of clusters as 𝐾;
while the termination conditions are not met do
for each running time 𝑡 of AP algorithm do
if 𝐾𝑡 ≠ 𝐾 then
The 𝑝 value adaptive strategy is defined as 𝑝𝑡+1 = 𝛼𝑝𝑡 , where 𝛼 = √(𝐾𝑡 − 𝐾) + 0.5;
else if 𝐾𝑡 = 𝐾 then
The 𝑝 value adaptive strategy is defined as 𝑝𝑡+1 = 𝑝𝑡 + 𝛽, where 𝛽 = 0.01𝑝𝑚 ;
end if
𝜆 adaptive strategy is defined by (13);
end for
end while
Algorithm 2: Pseudocode of the proposed algorithm.

4. Experimental Evaluation

Table 1: Comparative study of significance of attributes for Iris data.

In this section, experimental results are presented by our
proposed approach and other popular clustering methods
on several standard datasets. To validate the effectiveness
of the proposed algorithm, we have chosen four different
kinds of datasets: pure numeric (Iris), pure categorical
(Zoo), and mixed type (Heart diseases and Credit Approval),
which are taken from UCI Machine Learning Repository
(http://archive.ics.uci.edu/ml/index.html).
Four well-performed clustering methods including kprototype [17], SABC [15], Ahmad and Dey’s algorithm [18],
and fuzzy k-prototype [19] are employed for the comparison.
All clustering results have been obtained with random initialization if needed. The experiments were carried out on a
workstation with a 3.40 GHz Intel i7-2600 CPU and 4.0 GB
RAM. All the programs were written by C code complying
with GCC 4.6 and the operating system was Fedora Linux.
To evaluate the performance of clustering method, microprecision [28] is introduced. Let 𝑎𝑖 denote the number of data
points that are correctly assigned to the class 𝐶𝑖 , let 𝑏𝑖 denote
the data objects that are incorrectly assigned to the class 𝐶𝑖 ,
and let 𝑐𝑖 denote the data objects that are incorrectly rejected
from the class 𝐶𝑖 . The precision of the 𝑖th class is defined as

Attribute of Iris
data

𝐴1

𝐴2

𝐴3

𝐴4

Significance [18]
Significance
(proposed
algorithm)

0.70

0.67

0.78

0.77

0.52

0.49

0.68

0.69

𝑝𝑖 =

𝑎𝑖
,
𝑎𝑖 + 𝑏𝑖

(14)

𝑟𝑖 =

𝑎𝑖
.
𝑎𝑖 + 𝑐𝑖

(15)

and recall is defined as

And microprecision (micro-p) is defined as
micro precision =

∑𝐶𝑖=1 𝑎𝑖
,
𝑛

(16)

where 𝑛 is number of data objects in dataset and 𝐶 denotes
the number of classes for a given clustering. According to
this evaluation, a higher value of micro-p indicates a better
clustering result.
4.1. Iris. Iris dataset consists of 150 instances of 3 classes: Iris
Setosa, Iris Versicolour, and Iris Virginica. All 4 attributes
are pure numeric in this dataset. Because there are no
categorical attributes in the dataset, we just need to discretize
the numeric values and calculate the significance of each
attribute. Here, a comparison of significance between [18] and
our proposed algorithm is illustrated in Table 1. From this
table, we can see that each attribute obtains different weight
value by the two significance calculation algorithms. By [18]’s
algorithm, the biggest difference value is 0.11 between 0.67
of 𝐴 2 and 0.78 of 𝐴 3 . By our proposed algorithm, the biggest
difference value is 0.20 between 0.49 of 𝐴 2 and 0.69 of 𝐴 4 .
It is obvious that more significant difference of weight was
calculated by the proposed algorithm which helps in the
discrimination of different attributes.
A comparison of clustering results is presented in Table 2.
Ahmad and Dey’s algorithm, 𝑘-mean, original AP, and our
proposed algorithm give the microprecisions 0.947, 0.88, 0.9,
and 0.947, respectively. In this case, we can see that the
proposed algorithm obtains a better result than the original
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Table 2: Comparative study of different clustering algorithms for
Iris dataset.
Algorithm
Ahmad and Dey’s
algorithm
𝑘-mean
AP
Proposed algorithm

Number of data objects
in desired clusters

Micro-p

142

0.947

132
135
142

0.880
0.900
0.947

AP algorithm due to the introduction of the significance value
of each attribute and the improvements based on the original
AP algorithm. Because of the simplicity of Iris dataset, the
proposed method does not show significant advantages to
Ahmad and Dey’s algorithm.
4.2. Zoo. Zoo dataset contains 101 instances distributed into
7 classes. Since all 16 attributes are of categorical type, only
those algorithms that can deal with categorical data or mixed
type data are applied in this section. For the proposed
algorithm, only categorical part remains in the similarity
measure function 11. Fuzzy k-prototype algorithm uses the
same similarity measure as Ahmad and Dey’s algorithm.
Table 3 shows the microprecision values of each clustering
algorithm on Zoo dataset. K-prototype, SABC, fuzzy kprototype, and our proposed algorithm give the microprecisions 0.802, 0.426, 0.908, and 0.921, respectively. From the
table, we can see that the proposed algorithm allocated 93
data objects in desired clusters from the total 101 instances
while the other three algorithms give the numbers 81, 43, and
91, respectively.
4.3. Heart Diseases. Heart diseases database contains 76
attributes, and 14 of them are for the experiments. The 14th
attribute is the class index. This dataset is a mixed one
with 8 categorical and 5 numeric features. 303 instances
belong to 5 classes, that is, 1 for normal (164) and 4 for
sick (139). Table 4 shows the results of 4 clustering methods.
K-prototype, SABC, fuzzy k-prototype, and our proposed
algorithm give the microprecisions 0.545, 0.545, 0.717, and
0.886, respectively. From the table, we can see that the
proposed algorithm allocated 263 data objects in desired
clusters from the total 303 instances while the other three
algorithms give the numbers 162, 162, and 213, respectively.
The proposed algorithm performs better than the other three
algorithms.
4.4. Credit Approval. Credit Approval dataset, from credit
card organization, is also a mixed dataset containing 9 categorical and 6 numeric attributes. 690 instances of data objects
are divided into 2 classes: positive (307) and negative (383).
Table 5 presents the results of 5 clustering algorithms. Kprototype, SABC, Ahmad and Dey’s algorithm, fuzzy kprototype, and our proposed algorithm give the microprecision values 0.562, 0.555, 0.883, 0.838, and 0.920, respectively.
Ahmad and Dey’s algorithm and fuzzy k-prototype use

Table 3: Comparative study of different clustering algorithms for
Zoo dataset.
Algorithm
K-prototype
SABC
Fuzzy k-prototype
Proposed algorithm

Number of data
objects in desired
clusters

Micro-p

81
43
91
93

0.802
0.426
0.908
0.921

Table 4: Comparative study of different clustering algorithms for
Heart diseases dataset.
Algorithm
K-prototype
SABC
Fuzzy k-prototype
Proposed algorithm

Number of data objects
in desired clusters

Micro-p

162
162
213
263

0.545
0.545
0.717
0.886

Table 5: Comparative study of different clustering algorithms for
Credit Approval dataset.
Algorithm
K-prototype
SABC
Ahmad and Dey’s
algorithm
Fuzzy k-prototype
Proposed algorithm

Number of data objects
in desired clusters

Micro-p

388
383

0.562
0.555

609

0.883

578
635

0.838
0.920

the same similarity measure so they get close values in the
result. 635 data objects from the total 690 instances were
clustered in their desired clusters while the other four algorithms give 388, 383, 609, and 578, respectively. Our approach
achieves better result in the comparison.

5. Conclusion
Extracting knowledge and information from mixed data
meets the urgent needs of real world applications. Affinity propagation is a novel unsupervised clustering method
presented in recent years. In this paper, we proposed a
new approach for clustering mixed numeric and categorical
data based on AP method. We made the contribution of
three aspects. Firstly, we extend AP method to deal with
the mixed type dataset removing its numeric data limitation
and the results have shown the feasibility of this extension.
Secondly, an improved mixed similarity measure is proposed
to compute distances between pairs of values for categorical
attribute and to obtain the weight coefficients for numeric
attribute. Finally, we improve the original AP by employing
adaption strategies.
Our approach works well not only for mixed data clustering but also for clustering pure numeric or categorical data,

8
which has been demonstrated in the experiments by comparing with other clustering algorithms. The experimental
results illustrate the efficiency of the proposed method on
several real life mixed type datasets. However, like many other
algorithms with parameter tuning problem, we introduce
several user-defined parameters, and it is not always clear
which is the best value for these parameters. Our future work
will focus on the further improvement of AP algorithm and
its applications on various fields.
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A terminal sliding mode controller with nonlinear disturbance observer is investigated to control mobile wheeled inverted
pendulum system. In order to eliminate the main drawback of the sliding mode control, “chattering” phenomenon, and for
compensation of the model uncertainties and external disturbance, we designed a nonlinear disturbance observer of the mobile
wheeled inverted pendulum system. Based on the nonlinear disturbance observer, a terminal sliding mode controller is also
proposed. The stability of the closed-loop mobile wheeled inverted pendulum system is proved by Lyapunov theorem. Simulation
results show that the terminal sliding mode controller with nonlinear disturbance observer can eliminate the “chattering”
phenomenon, improve the control precision, and suppress the effects of external disturbance and model uncertainties effectively.

1. Introduction
Mobile wheeled inverted pendulum- (MWIP-) based robots
are able to provide effective physical assistance to humans in
various activities such as delivery and touring. Recently, many
robotic systems are designed based on MWIP model, such as
Segway [1], JOE [2], UW-Car [3], and PMP [4].
However, the control of the inherent unstable MWIP
system is a challenge. First of all, the dynamics of MWIP
system is underactuated; that is, the number of the control
inputs is less than the number of the degrees of freedom
to be stabilized. In addition, MWIP systems are different
from either the conventional cart and pendulum systems or
the conventional nonholonomic systems. Therefore, many
available control design approaches are not applicable to the
MWIP systems.
In the past several years many approaches have been
applied in the control of MWIP, including the linear [5] or
feedback linearization [6] methods, fuzzy control methods
[7], neural network-based methods [8], adaptive control, and
optimized model reference adaptive control [9].

The sliding mode control (SMC) approach seems an
appropriate control method to deal with uncertain MWIP
systems because SMC is less sensitive to model uncertainty
and noise disturbances. Sankaranarayanan and Mahindrakar
[10] proposed a sliding mode control algorithm to robustly
stabilize a class of underactuated mechanical systems that are
not linearly controllable and violate Brockett’s necessary condition for smooth asymptotic stabilization of the equilibrium,
with parametric uncertainties.
Park et al. [11] proposed an adaptive neural SMC method
for trajectory tracking control of nonholonomic wheeled
mobile robots with model uncertainties and external disturbances. Huang et al. [12] proposed a velocity control method
for the MWIP based on sliding mode and a novel sliding
surface.
Terminal sliding mode control (TSMC) of finite-time
convergence is a variable structure control method whose
formation and development are based on the introduction
of a nonlinear function into sliding hyperplane. Compared
to the conventional SMC, TSMC provides faster finite-time
convergence and higher control precision. So far, the research
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of control methods of the terminal sliding mode control
can be mainly divided into two types, that is, fractional
exponent method such as 𝑠 = 𝑒 ̇ + 𝑒𝑝/𝑞 [13] and cubic
polynomials [14]. Bayramoglu and Komurcugil [15, 16] proposed a nonsingular decoupled terminal sliding mode control
(NDTSMC) method for a class of underactuated fourth-order
nonlinear systems. This control method is relatively simple.
However, these references do not involve how to choose two
intermediate parameters 𝑧𝑢 and Φ𝑧 , which brings difficulty
of their practical applications. Huang et al. [3], for a novel
narrow vehicle based on an MWIP system and a movable
seat, called UW-Car, proposed two terminal sliding mode
controllers to control the velocity and braking.
Although TSMC controller is less sensitive to parameter
variations and noise disturbances, its robustness is normally
obtained by increasing the switch gain 𝑘. Note that a bigger 𝑘
also brings chatter to the system which is the main drawback
of the SMC.
Disturbance observer might be a candidate solution for
the problem. It is found that using a disturbance observer
can further improve the robustness of controller. A nonlinear
disturbance observer was proposed by Mohammadi et al.
[17] to manage the disturbance of nonlinear system, which
is applied for a 4-degree-of-freedom SCARA manipulator.
Chen [18] proposed a nonlinear disturbance observer to deal
with the disturbance of nonlinear system, which is applied
to tracking control of pneumatic artificial muscle actuator by
using DSC control method [19]. Wei et al. [20], for uncertain
structural systems, proposed a new type of composite control
scheme of disturbance-observer-based control and terminal
sliding mode control (TSMC). Yang et al. [21], for systems
with mismatched uncertainties, proposed a sliding mode
control approach by using a novel sliding surface based on
a disturbance observer.
However, most of the aforementioned studies rarely
discussed terminal sliding mode control with disturbance
observer for an underactuated system such as the MWIP.
In this paper, we proposed a terminal sliding mode
controller with nonlinear disturbance observer (TSMCNDO)
for the balance control of an MWIP system. Compared
with the conventional sliding mode controller in [14], larger
stability region, very higher control precision, and smaller
chattering can be achieved by applying the TSMCNDO
strategy.
The rest of this paper is organized as follows. The MWIP
system formulation and a nonlinear disturbance observer are
discussed in Section 2. The terminal sliding mode control
with nonlinear disturbance observer (TSMCNDO) and stability analysis are discussed in Section 3. Section 4 presents
some MATLAB simulation results and the paper finally ends
by the conclusion in Section 5.
In the rest of this paper, (̂⋅) denotes a nominal value of (⋅).

2. System Formulation
2.1. MWIP System Dynamic Model. The MWIP system is a
one-dimensional inverted pendulum that rotates about the
wheels’ axles. Hence, inclination and translational motion of
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Table 1: Notations for MWIP parameters.
Parameter

Description

𝑚𝑏 , 𝑚𝑤
𝐼𝑏 , 𝐼𝑤

Masses of the body and the wheel
Moments of inertia of the body and the wheel
Length between the wheel axle and the center of
gravity of the body
Radius of the wheel
Viscous resistance in the driving system
Viscous resistance of the ground
Rotation torque generated by the wheel motor

𝑙
𝑟
𝐷𝑏
𝐷𝑤
𝑢

𝜃b

mb , Ib

(xb , yb )

𝜃w
r

y

mw , Iw
u

(xw , yw )

x

Figure 1: Mobile wheeled inverted pendulum (MWIP) system
model.

the body determined the whole motion on a plane. Figure 1
shows the structure of an MWIP system, where 𝜃𝑏 and 𝜃𝑤
are the inclination angle of the body and the wheel’s rotation
angle, respectively. To describe the parameters of the MWIP
system, some notations should be clarified first (see also
Figure 1), which are shown in Table 1.
Lagrange’s motion equation is used to analyze the dynamics of this system, which leads to a second-order underactuated model given by Huang et al. [12]. Consider
𝑚11 𝜃𝑤̈ + 𝑚12 cos (𝜃𝑏 ) 𝜃𝑏̈
= 𝑢 − (𝐷𝑤 + 𝐷𝑏 ) 𝜃𝑤̇ + 𝐷𝑏 𝜃𝑏̇ + 𝑚12 𝜃𝑏2̇ sin (𝜃𝑏 ) ,
𝑚12 cos (𝜃𝑏 ) 𝜃𝑤̈ + 𝑚22 𝜃𝑏̈
= − 𝑢 − 𝐷𝑏 (𝜃𝑏̇ − 𝜃𝑤̇ ) + 𝐺𝑏 sin (𝜃𝑏 ) ,
where parameters 𝑚11 , 𝑚12 , 𝑚22 , and 𝐺𝑏 satisfy
𝑚11 = (𝑚𝑏 + 𝑚𝑤 ) 𝑟2 + 𝐼𝑤 ,
𝑚12 = 𝑚𝑏 𝑙𝑟,

(1)
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𝑚22 = 𝑚𝑏 𝑙2 + 𝐼𝑏 ,

To estimate the lumped disturbance 𝜏𝑑 , the nonlinear disturbance observer is designed as follows:

𝐺𝑏 = 𝑚𝑏 𝑔𝑙.

̂ (𝑞) 𝑞 ̈ + 𝑁
̂ (𝑞, 𝑞)̇ − 𝜏) .
𝜏𝑑 + 𝐿 (𝑀
𝜏̂̇𝑑 = − 𝐿̂

(2)
Add the first equation of (1) to the second one and consider
external disturbance; we have
𝑚11 𝜃𝑤̈ + 𝑚12 cos (𝜃𝑏 ) 𝜃𝑏̈
= 𝑢 − (𝐷𝑤 + 𝐷𝑏 ) 𝜃𝑤̇ + 𝐷𝑏 𝜃𝑏̇ + 𝑚12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝜏ex ,
(𝑚11 + 𝑚12 cos (𝜃𝑏 )) 𝜃𝑤̈ + (𝑚22 + 𝑚12 cos (𝜃𝑏 )) 𝜃𝑏̈

Define 𝜏̃𝑑 = 𝜏𝑑 −̂
𝜏𝑑 as the disturbance tracking error and using
(9), it is observed that
𝜏̂̇𝑑 = 𝐿̃
𝜏𝑑

(10)

𝜏̃̇𝑑 = 𝜏𝑑̇ − 𝐿̃
𝜏𝑑 .

(11)

or, equivalently,
(3)

In general, there is no prior information about the derivative
of the disturbance 𝜏𝑑 . When the disturbance varies slowly
relative to the observer dynamics, it is reasonable to suppose
that 𝜏𝑑̇ = 0. Then, we get

= − 𝐷𝑤 𝜃𝑤̇ + 𝑚12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝐺𝑏 sin (𝜃𝑏 ) ,
where 𝜏ex are used to denote external disturbance.
2.2. Nonlinear Disturbance Observer Design. In order to
improve the robustness and control precision of the MWIP
system, it is necessary to design a nonlinear disturbance
observer estimating model uncertainties and external disturbance. This subsection illustrates the design procedure of a
nonlinear disturbance observer in the MWIP system.
For the nonlinear underactuated system with disturbances, in order to simplify the denotation, we can rewrite
(3) as
𝑀 (𝑞) 𝑞 ̈ + 𝑁 (𝑞, 𝑞)̇ + 𝐹 (𝑞)̇ = 𝜏 + 𝜏ext ,

𝜏̃̇𝑑 = − 𝜏̂̇𝑑 = − 𝐿̃
𝜏𝑑 .

(12)
𝑇

̇
Let us define an auxiliary variable 𝑧 = [𝑧1 𝑧2 ] = 𝜏̂𝑑 −𝑝(𝑞, 𝑞),
̂ 𝑞.̈ Substitute it into (9); the
where (𝑑/𝑑𝑡)𝑝(𝑞, 𝑞)̇ = 𝐿(𝑞, 𝑞)̇ 𝑀(𝑞)
observer can be designed as
̂ (𝑞, 𝑞)̇ − 𝜏 − 𝑝 (𝑞, 𝑞)̇ − 𝑧] ,
𝑧̇ = 𝐿 (𝑞, 𝑞)̇ [𝑁
𝜏̂𝑑 = 𝑧 + 𝑝 (𝑞, 𝑞)̇ ,
̂−1 (𝑞) ,
𝐿 (𝑞) = 𝑋𝑀

(4)

𝑝 (𝑞)̇ = 𝑋𝑞.̇

𝑋=[

𝑚12 cos (𝑞2 )
𝑚11
],
𝑀 (𝑞) = [
𝑚11 + 𝑚12 cos (𝑞2 ) 𝑚22 + 𝑚12 cos (𝑞2 )

𝐹 (𝑞)̇ = [

(5)

𝑧̇

̂12 𝜃𝑏2̇ sin (𝜃𝑏 )
−𝑚
⋅ {[ ̂
]
̂12 𝜃𝑏2̇ sin (𝜃𝑏 )
−𝐺𝑏 sin (𝜃𝑏 ) − 𝑚
(6)

The lumped disturbance vector 𝜏𝑑 is defined as
𝑇
𝜏𝑑 = [𝜏𝑑1 𝜏𝑑2 ] = 𝜏ext − Δ𝑀 (𝑞) 𝑞 ̈ − Δ𝑁 (𝑞, 𝑞)̇ − 𝐹 (𝑞)̇ . (7)

Therefore, the effect of all modelling uncertainties and external disturbance is lumped into a single disturbance vector 𝜏𝑑 .
From (4), it is seen that
̂ (𝑞) 𝑞 ̈ + 𝑁
̂ (𝑞, 𝑞)̇ = 𝜏 + 𝜏𝑑 .
𝑀

(15)

̂12 cos (𝜃𝑏 ) −𝑚
̂12 cos (𝜃𝑏 )
̂ +𝑚
𝑐 𝑐
𝑚
= 𝐴−1 [ 1 2 ] [ 22
]
̂12 cos (𝜃𝑏 )
̂11
̂11 − 𝑚
𝑐3 𝑐4 −𝑚
𝑚

Then, we can get

̂ (𝑞, 𝑞)̇ + Δ𝑁 (𝑞, 𝑞)̇ .
𝑁 (𝑞, 𝑞)̇ = 𝑁

𝑐𝑖 ≥ 0, 𝑖 = 1, 2, 3, 4.

𝑧̇
= [ 1]
𝑧̇2

𝜏
𝜏ext = [ ex ] .
0

̂ (𝑞) + Δ𝑀 (𝑞) ,
𝑀 (𝑞) = 𝑀

𝑐1 𝑐2
],
𝑐3 𝑐4

Substituting (14) and (15) into (13) and using (4) we have

(𝐷𝑤 + 𝐷𝑏 ) 𝑞1̇ − 𝐷𝑏 𝑞2̇
],
𝐷𝑤 𝑞1̇

𝑢
𝜏 = [ ],
0

(14)

𝑋 is a constant invertible matrix; that is,

𝑇

𝑞 = [𝑞1 𝑞2 ] = [𝜃𝑤 𝜃𝑏 ] ,

−𝑚12 𝑞22̇ sin (𝑞2 )
𝑁 (𝑞, 𝑞)̇ = [
],
−𝐺𝑏 sin (𝑞2 ) − 𝑚12 𝑞22̇ sin (𝑞2 )

(13)

where observer gain matrix 𝐿(𝑞, 𝑞)̇ and vector 𝑝(𝑞, 𝑞)̇ satisfy

where
𝑇

(9)

(8)

𝑢
𝜃̇
𝑧
𝑐 𝑐
− [ ] − [ 1 2 ] [ 𝑤̇ ] − [ 1 ] }
𝑐3 𝑐4 𝜃𝑏
𝑧2
0
̂ −𝑐 𝑚
̂ cos (𝜃𝑏 )
𝑐 𝐷 −𝑐 𝐷 𝑐 𝑚
= 𝐴−1 [ 1 1 2 2 2 11 1 12
]
̂11 − 𝑐3 𝑚
̂12 cos (𝜃𝑏 )
𝑐3 𝐷1 − 𝑐4 𝐷2 𝑐4 𝑚
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) − 𝑢 − 𝑐1 𝜃𝑤̇ − 𝑐2 𝜃𝑏̇ − 𝑧1
−𝑚
⋅[ ̂
],
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) − 𝑐3 𝜃𝑤̇ − 𝑐4 𝜃𝑏̇ − 𝑧2
−𝐺𝑏 sin (𝜃𝑏 ) − 𝑚
𝜃̇
𝜏̂
𝑧
𝑐 𝑐
𝜏̂𝑑 = [ 𝑑1 ] = [ 1 ] + [ 1 2 ] [ 𝑤̇ ] ,
𝑧2
𝑐3 𝑐4 𝜃𝑏
𝜏̂𝑑2
(16)
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where
̂22 + 𝑚
̂12 cos (𝜃𝑏 ) ,
𝐷1 = 𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 ) ,
𝐷2 = 𝑚

(17)

The TSMC method is applied to the subsystem (20). The
desired inclination angle 𝜃𝑏∗ and its rate of change 𝜃𝑏∗̇ are
expected to be zero. Let us define the following sliding
surfaces:
𝑆 (𝑡) = 𝜃𝑏̇ (𝑡) + 𝑐𝜃𝑏 (𝑡) − V̇ (𝑡) − 𝑐V (𝑡) ,

2
̂ (𝑞)) = 𝑚
̂12 cos (𝜃𝑏 )) > 0.
̂11 𝑚
̂22 − (𝑚
𝐴 = det (𝑀

Therefore, the disturbance observer can be designed as
follows:
𝑧̇1

(23)

where 𝑐 is a positive constant. The augmenting function V(𝑡) is
designed as cubic polynomials that guarantee Assumption 1
in [14] holds.
Assumption 1. The tracking errors of the nonlinear disturbance observer are bounded and satisfy
𝜏̃𝑑2  ≤ 𝑑2 ,
𝜏̃𝑑1  ≤ 𝑑1 ,
(24)
 
 

= 𝐴−1 [ (𝑐2 𝐷2 − 𝑐1 𝐷1 )
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝑢 + 𝑐1 𝜃𝑤̇ + 𝑐2 𝜃𝑏̇ + 𝑧1 )
⋅ (𝑚

where 𝑑1 and 𝑑2 are known bounds.

̂11 − 𝑐1 𝑚
̂12 cos (𝜃𝑏 ))
− (𝑐2 𝑚
̂𝑏 sin (𝜃𝑏 )+ 𝑚
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝑐3 𝜃𝑤̇ + 𝑐4 𝜃𝑏̇ + 𝑧2 )],
× (𝐺
𝑧̇2

Theorem 2. The sliding surfaces (23) will be achieved while
the inclination angle 𝜃𝑏 converges to zero in finite time if the
following control law is applied to the subsystem (20):
−1

̂11 + 𝑚
̂12 cos (𝜃𝑏 ))
𝑢 = (𝑚

−1

= 𝐴 [ (𝑐4 𝐷2 − 𝑐3 𝐷1 )
⋅

̂12 𝜃𝑏2̇
(𝑚

2 2̇
̂𝑏 sin (𝜃𝑏 ) − 𝑚
̂11 𝐺
̂12
̂11 𝜏̂𝑑2
𝜃𝑏 sin (𝜃𝑏 ) cos (𝜃𝑏 ) + 𝑚
× [𝑚

sin (𝜃𝑏 ) + 𝑢 + 𝑐1 𝜃𝑤̇ + 𝑐2 𝜃𝑏̇ + 𝑧1 )

̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏̂𝑑1
− (𝑚

̂11 − 𝑐3 𝑚
̂12 cos (𝜃𝑏 ))
− (𝑐4 𝑚

+ 𝐴 (𝑐𝜃𝑏̇ − V̈ − 𝑐V)̇ + 𝑘 sgn (𝑆)] ,

̂𝑏 sin (𝜃𝑏 )+ 𝑚
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝑐3 𝜃𝑤̇ + 𝑐4 𝜃𝑏̇ + 𝑧2 )],
× (𝐺
𝜏̂𝑑1 = 𝑧1 + 𝑐1 𝜃𝑤̇ + 𝑐2 𝜃𝑏̇ ,

where
̂11 𝑑2 + (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝑑1 ] ,
𝑘 = 𝛾 + [𝑚

𝜏̂𝑑2 = 𝑧2 + 𝑐3 𝜃𝑤̇ + 𝑐4 𝜃𝑏̇ .
(18)

The MWIP system model (3) can be rewritten as

Proof. Choose the following Lyapunov function candidate:

𝑉̇ = 𝑆𝑆 ̇ = 𝑆 [𝜃𝑏̈ + 𝑐𝜃𝑏̇ − V̈ − 𝑐V]̇

̂12 cos (𝜃𝑏 ) 𝜃𝑏̈ = 𝑢 + 𝑚
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝜏𝑑1 ,
̂11 𝜃𝑤̈ + 𝑚
𝑚

2 2̇
̂𝑏 sin (𝜃𝑏 ) − 𝑚
̂11 𝐺
̂12
𝜃𝑏 sin (𝜃𝑏 ) cos (𝜃𝑏 ))
= 𝑆 [𝐴−1 (𝑚

(19)

̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝑢
− 𝐴−1 (𝑚

̂𝑏 sin (𝜃𝑏 ) + 𝜏𝑑2 .
̂12 𝜃𝑏2̇ sin (𝜃𝑏 ) + 𝐺
=𝑚

(28)

̂11 𝜏𝑑2 − (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏𝑑1 ]
+ 𝐴−1 [𝑚

From the two equations of (19), we have
2 2̇
̂𝑏 sin (𝜃𝑏 ) − 𝑚
̂11 𝐺
̂12
𝜃𝑏 sin (𝜃𝑏 ) cos (𝜃𝑏 )]
𝜃𝑏̈ = 𝐴−1 [𝑚

̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝑢
− 𝐴−1 (𝑚

+ 𝑐𝜃𝑏̇ − V̈ − 𝑐V]̇ .
(20)

According to the TSMC method proposed in [14], the sliding
surface is defined as follows:
s (𝑡) = ė (𝑡) + Ce (𝑡) − w (𝑡) ,

(21)

where e(𝑡) = x(𝑡)−xd (𝑡), and xd (𝑡) is the reference value. And,
𝑐𝑖 > 0,

w (𝑡) = k̇ (𝑡) + Ck (𝑡) .

Substituting (25) into (28)
𝑉̇

̂11 𝜏𝑑2 − (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏𝑑1 ] .
+ 𝐴−1 [𝑚

C = diag (𝑐1 , 𝑐2 , . . . , 𝑐𝑚 ) ,

𝛾 > 0. (26)

1
(27)
𝑉 = 𝑆2 .
2
Differentiating (27) along the controlled system (20) yields

3. Controller Design

̂12 cos (𝜃𝑏 )) 𝜃𝑤̈ + (𝑚
̂22 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜃𝑏̈
̂11 + 𝑚
(𝑚

(25)

(22)

= 𝑆 {−𝐴−1 𝑘 sgn (𝑆)
̂11 𝜏̃𝑑2 − (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏̃𝑑1 ]}
+ 𝐴−1 [𝑚
̂11 𝜏̃𝑑2 − (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏̃𝑑1 ]}
= − 𝐴−1 𝑆 {𝑘 sgn (𝑆) − [𝑚
̂11 𝜏̃𝑑2 − (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏̃𝑑1 ]
= − 𝑘𝐴−1 |𝑆| + 𝐴−1 𝑆 [𝑚
̂ ̃
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝜏̃𝑑1 
≤ − 𝑘𝐴−1 |𝑆| + 𝐴−1 |𝑆| 𝑚
11 𝜏𝑑2 − (𝑚
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Table 2: Physical parameters of MWIP system.
Parameter
𝑚𝑤
𝑟
𝐼̂𝑏
𝑚𝑏
𝑙
𝐷𝑤

Value
29.0 (Kg)
0.254 (m)
55.0 (Kg⋅m2 )
310.6 (Kg)
0.317 (m)
4.0 (N⋅s/m)

Parameter
𝐼𝑤
̂𝑏
𝑚
̂𝑙
𝐼𝑏
𝐷𝑏

Table 3: Control parameters of TSMC and TSMCNDO strategies.

Value
0.6 (Kg⋅m2 )
210.6 (Kg)
0.267 (m)
65.0 (Kg⋅m2 )
0.1 (N⋅s/m)

TSMC
TSMCNDO

Parameters
̂ 𝐶 = 3, Γ = 3, 𝐷 = 0.3, 𝜙TSMC = 0.05
𝐹 = 0.7𝐹,
𝛾 = 3, 𝑐 = 3, 𝑑1 = 1, 𝑑2 = 1, 𝑐1 = 𝑐4 = 2000,
𝑐2 = 𝑐3 = 0, 𝜙TSMCNDO = 0.05

where
𝑎0 = 𝜃𝑏 (0) ,

 ̂ ̃   ̂
̂12 cos (𝜃𝑏 )) 𝜏̃𝑑1 ]
≤ − 𝑘𝐴−1 |𝑆| + 𝐴−1 |𝑆| [𝑚
11 𝜏𝑑2  + (𝑚11 + 𝑚
̂11 𝑑2 + (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝑑1 ]
≤ − 𝑘𝐴−1 |𝑆| + 𝐴−1 |𝑆| [𝑚
̂11 𝑑2 + (𝑚
̂11 + 𝑚
̂12 cos (𝜃𝑏 )) 𝑑1 ])
≤ − 𝐴−1 |𝑆| (𝑘 − [𝑚
= − 𝛾𝐴−1 |𝑆| < 0.
(29)
Therefore, 𝑉 is a positive-definite function and 𝑉̇ is a
negative-definite function. From Remark 1 in [14], it is easily
known that 𝑆(0) = 0, and it implies that 𝑉(0) = 0. Thus,
it implies that 𝑉(𝑡) ≡ 0 and 𝑆(𝑡) ≡ 0. This completes the
proof.
Theorem 3. For the internal dynamic model of the MWIP
system (the second equation of (3)), the proposed TSMCNDO
controller (25) guarantees that the angular velocity 𝜃𝑤̇ can
converge to zero.
Proof. Similar to Proposition 2 in [3], the second equation of
(3) can be rewritten as
𝑄 (𝑡) 𝜃𝑤̈ (𝑡) + 𝐷𝑤 𝜃𝑤̇ (𝑡) = 𝑃 (𝑡) ,

(30)

where 𝑄(𝑡) = 𝑚11 + 𝑚12 cos(𝜃𝑏 ) > 0 and 𝐷𝑤 > 0. Therefore,
we can know, the solution of (30) is asymptotically stable.
From Theorem 2, it follows that 𝜃𝑏 and 𝜃𝑏̇ converge to zero,
which makes 𝑃(𝑡) finally converge to zero. This results in the
final convergence of 𝜃𝑤̇ .

4. Simulation Study
In order to verify the performance of the proposed controller,
we present some simulations in this section. In the simulations, the nominal values of system parameters come from
a real MWIP-based vehicle. All the parameters are given in
Table 2.
The external disturbance is assumed as
𝜏ex = 100 sin (2𝑡 +

Controllers

𝜋
) (N ⋅ m) .
2

(31)

The augmenting function V(𝑡) is designed as a cubic polynomial:
𝑎 + 𝑎1 𝑡 + 𝑎2 𝑡2 + 𝑎3 𝑡3 ,
V (𝑡) = { 0
0,

if 0 ≤ 𝑡 ≤ 𝑇𝑓 ,
if 𝑡 > 𝑇𝑓 ,

(32)

𝑎1 = 𝜃𝑏̇ (0) ,

𝑎2 = −3 (

𝜃𝑏 (0)
𝜃̇ (0)
) − 2( 𝑏
),
2
𝑇𝑓
𝑇𝑓

𝑎3 = 2 (

𝜃𝑏̇ (0)
𝜃𝑏 (0)
)
+
(
).
𝑇𝑓2
𝑇𝑓3

(33)

For the sliding surface, 𝑇𝑓 = 1 were used.
Suppose the initial conditions are given by 𝜃𝑏 =
−10/180𝜋, 𝜃𝑏̇ = 0, 𝜃𝑤 = 0, and 𝜃𝑤̇ = 0.
We consider the balance control of MWIP systems by
using the conventional linear quadratic regulator (LQR),
the TSMC in [14], and the TSMCNDO proposed in this
paper. When using the LQR controller, an approximately
linearized dynamic model was established by choosing state
𝑇
as x = [𝑥1 , 𝑥2 , 𝑥3 ]𝑇 = [𝜃𝑤̇ , 𝜃𝑏 , 𝜃𝑏̇ ] . The calculated
state feedback gain matrix of LQR controller is K =
[−4.3141, −962.2, −255.2].
In order to avoid chattering associated with the terminal
sliding mode control law, we have approximated the discontinuous sign function sgn(𝑆) with continuous saturation
function sat(𝑆) defined as
{sgn (𝑆) if |𝑆| > 𝜙,
sat (𝑆) = { 𝑆
if |𝑆| ≤ 𝜙,
{𝜙

(34)

𝜙 > 0,
where 𝜙 is boundary layer. For applying the two control
strategies to the subsystem (20), the determined parameters
of all controllers are listed in Table 3.
The balance control simulation results of the MWIP
system with uncertainties and disturbances using the LQR,
the TSMC given by [14], and the TSMCNDO proposed in this
paper are shown in Figures 2, 3, 4, and 5.
Figure 6 shows the inclination angle tracking errors of the
MWIP system considering uncertainties and disturbances
using the two control strategies.
From Figures 2–6 the following turn out.
(1) The control performance of LQR controller seems
worst because it is not designed to deal with the model
uncertainties and external disturbance.
(2) Even if there are model uncertainties and external
disturbance, the inclination angle, angular velocity,
and wheel rotation velocity of the MWIP system will
finally converge when either TSMC or TSMCNDO
controller is employed.
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Figure 2: Inclination angles of the MWIP system by employing
LQR, TSMC, and TSMCNDO control strategies (𝜃𝑏 (0) = −10∘ ,
𝜙TSMC = 𝜙TSMCNDO = 0.05).
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Figure 4: Wheel rotation velocities of the MWIP system by
employing LQR, TSMC, and TSMCNDO control strategies (𝜃𝑏 (0) =
−10∘ , 𝜙TSMC = 𝜙TSMCNDO = 0.05).
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Figure 3: Inclination angle velocities of the MWIP system by
employing LQR, TSMC, and TSMCNDO control strategies (𝜃𝑏 (0) =
−10∘ , 𝜙TSMC = 𝜙TSMCNDO = 0.05).

(3) The control performance of the MWIP system by
using TSMCNDO control strategy is better than the
one by using TSMC control strategy. The effect of
external disturbance on the MWIP system is significantly reduced by using TSMCNDO control strategy
while it still remains when using a conventional
TSMC controller.
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Figure 5: Control inputs of the MWIP system by employing LQR,
TSMC, and TSMCNDO control strategies (𝜃𝑏 (0) = −10∘ , 𝜙TSMC =
𝜙TSMCNDO = 0.05).

In the case of TSMC strategy, the control precision of
the system is mainly related to parameter 𝜙TSMC . In order to
improve the control precision of the MWIP system, usually
smaller value of the parameter 𝜙TSMC should be chosen.
However, the chattering will increase as the value of 𝜙TSMC
decreases. On the other hand, when using the TSMCNDO
strategy, a satisfactory control performance can be easily
achieved even if the value of parameter 𝜙TSMCNDO is relatively
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large. This is because the NDO can compensate the lumped
disturbance in a feedforward way.
In a word, the proposed TSMCNDO control strategy is
superior to a conventional LQR or TSMC strategy in the
balance control of an MWIP system.

5. Conclusion
The balance control of MWIP system is a challenge due
to its strong nonlinearity and underactuated feature. The
TSMC seems an appropriate method because it can deal with
both the modeling uncertainties and external disturbances.
In addition, a TSMC controller can guarantee the system
trajectory converges in a finite time, whereas there are
few researches about the robust finite-time control strategy
applied in an underactuated system such as an MWIP. The
main contribution of this paper lies in the following.
(1) We formulated the TSMC design for the balance
control of the underactuated MWIP system.
(2) To remove the “chattering” caused by sliding mode
control and further improve the control performance,
a new TSMCNDO strategy is proposed for controlling the MWIP system.
Together with the nonlinear disturbance observer, the
control precision is significantly enhanced by the proposed
method even if the boundary layer parameter 𝜙 is relatively
large. Simulation results demonstrate the effectiveness of the
proposed methods.
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This paper studies the problem of scheduling a set of jobs on a single machine subject to stochastic breakdowns, where jobs have
to be restarted if preemptions occur because of breakdowns. The breakdown process of the machine is independent of the jobs
processed on the machine. The processing times required to complete the jobs are constants if no breakdown occurs. The machine
uptimes are independently and identically distributed (i.i.d.) and are subject to a uniform distribution. It is proved that the Longest
Processing Time first (LPT) rule minimizes the expected makespan. For the large-scale problem, it is also showed that the Shortest
Processing Time first (SPT) rule is optimal to minimize the expected total completion times of all jobs.

1. Introduction
Machine scheduling problems belong to the classic combinational optimization problems. These problems deal with the
model where decision maker needs to arrange jobs to process
on a limited number of machines or processors. Machine
scheduling problems play an important role in manufacturing, parallel computing, or compiler optimization. These
problems have been studied since the 1950s and a lot of
results have been achieved until now. We refer to the books by
Brucker [1] and Pinedo [2] for a general overview of literature
in scheduling problems.
In the environment of classical scheduling problems,
the machine is assumed to be workable continuously until
the completion of all jobs. Nevertheless, some unexpected
events during production (e.g., equipment damaged, error
operation, and instrument breakdown) often occur in manufacturing environment. Therefore, it is very common that
a machine breakdown happens during the processing of a
job. Moreover, the information about the breakdowns may be
uncertain. In the realistic situation, the decision maker has
to consider how to utilize the available information to give

a more effective scheduling plan in order to increase the
output and reduce the cost. In this way, it is necessary and
valuable to research the stochastic scheduling problems with
random machine breakdowns.
According to the impact a machine breakdown exerts
to the job being processed, the machine breakdowns could
be categorized into two models: preemptive-resume model
and preemptive-repeat. In the preemptive-resume model, if a
breakdown happens during the processing of a job, the work
done prior to the breakdown is not lost, and the job could be
resumed when the machine becomes available again. In the
preemptive-repeat model, the job has to be reprocessed in its
entirety if the machine breakdown occurs before the job is
completed.
The main purpose of this paper is to study the problem with machine breakdowns of preemptive-repeat model.
There are many results on preemptive-resume model. Such as
Glazebrook [3], Birge et al. [4], Mittenthal and Raghavachari
[5], Cai and Zhou [6, 7], and Qi et al. [8]. Regarding the
preemptive-repeat model, many authors have contributed
remarkable achievements. Adiri et al. [9, 10] studied the
problems with single breakdown; Cai et al. [11–13] studied
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the problems in which the realizations of processing times
for a job between breakdowns are the same. They referred
to this model as the case of without resampling. Frostig [14]
considered the resampling mechanism in which the repeated
processing times of a job are i.i.d. between breakdowns. Khalil
and Dimitrov [15] studied the flow time of a job under the
preemptive-repeat and preemptive-resume models. Lee and
Lin [16] considered the problem where the decision maker
can decide whether to activate a maintenance or to leave the
machine to run at a slower speed. Kasap et al. [17] studied the
uptime distributions to ensure that the LPT rule minimizes
the expected makespan. Tang and Zhao [18] designed an
optimal algorithm for the problem with early and tardy
penalties. Lee and Yu [19] gave algorithms to the problem with
the objective to minimize the expected weighted completion
times and expected maximum tardiness.
However, all the papers reviewed above (except Kasap
et al. [17]) carry the implicit assumption that the breakdown
process of the machine is dependent on the job it is processing. With this assumption, the problem with machine
breakdowns could be converted to the traditional scheduling
problem without breakdowns; see papers [11, 12, 18].
In this paper, the machine breakdowns are subject to
preemptive-repeat model and are independent of job it
is processing. The objective is to minimize the expected
makespan or expected total completion times of all jobs. For
this problem, Adiri et al. [9] firstly studied a special case of
a single machine scheduling with only one breakdown, and
the machine is assumed to be continuous workable after the
breakdown. Subject to this restriction, Adiri et al. concluded
that the LPT (SPT) rule minimizes the expected makespan
when the distribution function of the uptime is convex
(concave). This paper considers the general problem where
the downtimes (repairing time) are i.i.d., and the uptimes
are independently subject to a common uniform distribution.
Under the assumptions above, it is proved that LPT rule is
optimal to achieve the minimal expected makespan, and SPT
rule minimizes the expected total completion times for largescale problem, where the number of jobs is large enough.
The remainder of the paper is organized as follows.
In Section 2, the model with stochastic preemptive-repeat
breakdowns is formulated. Then, for a given processing order,
we present a formulation of the expected completion time
of a job. In Section 3, we show that the LPT rule minimizes
the expected makespan. Section 4 demonstrates that SPT rule
minimizes the expected total completion times for largescale problems. Finally, some concluding remarks are made
in Section 5.
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process one and only one job at a time, and once a job begins
to be processed on the machine, it could not be preempted
by other jobs (except by machine breakdowns) until its
completion.
The machine is subject to stochastic breakdowns, and,
after each maintenance, the machine will start anew. The
breakdown process is characterized by a sequence of positive
random vectors {𝑈𝑘 , 𝐷𝑘 }∞
𝑘=1 , where 𝑈𝑘 , 𝐷𝑘 are, respectively,
the durations of the 𝑘th uptime and downtime of the
machine. The uptimes and downtimes are defined to be independent of the jobs. If the machine breaks down during the
processing of job 𝐽𝑗 , the work done on the job will be lost and
the job has to be restarted. 𝑈𝑘 (𝑘 = 1, 2, . . .) are defined to be
i.i.d. and follow the uniform distribution with the distribution
function 𝐹(𝑥) with the support in [0, 𝐶] (0 ≤ 𝐶 ≥ ∑𝑛𝑖=1 𝑝𝑗 ).
Hence, 𝐹(𝑥) = 𝑥/𝐶, (𝑥 ≤ 𝐶). 𝐷𝑘 (𝑘 = 1, 2, . . .) are also i.i.d.
with an arbitrary distribution with E[𝐷𝑘 ] = 𝑑0 . The objective
functions in this paper are the expected makespan and the
expected total completion times. Our work focuses on the
scheduling order of all jobs so as to minimize the objective
functions.
Define a jobs processing order 𝜆 = (𝐽1 , 𝐽2 , . . . , 𝐽𝑛 ), and
𝑗
𝑠𝑗 = ∑𝑘=1 𝑝𝑘 , (𝑠0 = 0). Given a processing order 𝜆, assume
the machine begins to process only the 𝑗th, (𝑗 + 1)th, . . . , 𝑘th
jobs at time zero; then define that 𝐶𝜆(𝑗,𝑘) (𝑘 ≥ 𝑗) denotes the
𝜆
time to complete the 𝑘 − 𝑗 + 1 jobs. So the makespan 𝐶max
=
𝐶𝜆(1,𝑛) , and the completion time of 𝑗th job is 𝐶𝜆(1,𝑗) . Let 𝐼𝐴
be an indicator variable such that 𝐼𝐴 = 1 if event A occurs;
otherwise 𝐼𝐴 = 0. Based on the notations defined above,
the expected completion time of job 𝐽𝑗 could be expressed
as
𝑗

E [𝐶𝜆(1,𝑗) ] = E [ ∑ 𝐶𝜆(1,𝑗) 𝐼{𝑠𝑘−1 ≤𝑈1 <𝑠𝑘 } + 𝐶𝜆(1,𝑗) 𝐼{𝑈1 ≥𝑠𝑗 } ]
𝑘=1

𝑗

= ∑ E [𝐶𝜆(1,𝑗) 𝐼{𝑠𝑘−1 ≤𝑈1 <𝑠𝑘 } ] + E [𝐶𝜆(1,𝑗) 𝐼{𝑈1 ≥𝑠𝑗 } ]
𝑘=1
𝑗

= ∑ Pr (𝑠𝑘−1 ≤ 𝑈1 < 𝑠𝑘 )
𝑘=1

× E [𝐶𝜆(1,𝑗) | 𝑠𝑘−1 ≤ 𝑈1 < 𝑠𝑘 ]
+ Pr (𝑈1 ≥ 𝑠𝑗 ) E [𝐶𝜆(1,𝑗) | 𝑈1 ≥ 𝑠𝑗 ]
𝑗

2. Formulation of Problem
Suppose there are 𝑛 jobs 𝐽1 , 𝐽2 , . . . , 𝐽𝑛 available at time 0
and these jobs are to be processed on a single machine.
Denote by a constant 𝑝𝑗 the time needed to process job
𝐽𝑗 if no breakdown occurs during its processing. Due to
the breakdowns, the actual time needed to process job 𝐽𝑗
may be more than 𝑝𝑗 , and the time may vary in different
processing orders. It is assumed that the machine could

= ∑ Pr (𝑠𝑘−1 ≤ 𝑈1 < 𝑠𝑘 )
𝑘=1

× {E [𝑈1 | 𝑠𝑘−1 ≤ 𝑈1 < 𝑠𝑘 ]
+ 𝑑0 + E [𝐶𝜆(𝑘,𝑗) ]}
+ Pr (𝑈1 ≥ 𝑠𝑗 ) 𝑠𝑗
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𝑗

𝑝
𝑝𝑘
[(𝑠𝑘−1 + 𝑘 ) + 𝑑0 + E [𝐶𝜆(𝑘,𝑗) ]]
𝐶
2
𝑘=1

By replacing (5) in (3),

=∑

+

𝐶 − 𝑠𝑗
𝐶

E [𝐶𝜆(1,𝑛) ]
𝑛
𝑝
1
∑ 𝑝𝑘 (𝑠𝑘−1 + 𝑘 + 𝑑0 + E [𝐶𝜆(𝑘,𝑛) ])
𝐶 − 𝑝1 𝑘=3
2

=

𝑠𝑗 ,
(1)

which implies
𝑗

E [𝐶𝜆(1,𝑗) ] =

𝑝
1
{ ∑ 𝑝 [𝑠 + 𝑘 + 𝑑0 + E [𝐶𝜆(𝑘,𝑗) ]]
𝐶 − 𝑝1 𝑘=2 𝑘 𝑘−1 2
+ (𝐶 − 𝑠𝑗 ) 𝑠𝑗 +

𝑝12
+ 𝑑0 𝑝1 } .
2

+

𝑝2
1
[(𝐶 − 𝑠𝑛 ) 𝑠𝑛 + 1 + 𝑑0 𝑝1 ]
𝐶 − 𝑝1
2

+

𝑝2
𝑝
(𝑠 + 2 + 𝑑0 )
𝐶 − 𝑝1 1 2

𝑛

(2)

(6)

𝑝2
+
(𝐶 − 𝑝2 ) (𝐶 − 𝑝1 )
× [ ∑ 𝑝𝑘 ((𝑠𝑘−1 − 𝑝1 ) +
𝑘=3

𝑝𝑘
+ 𝑑0 + E [𝐶𝜆(𝑘,𝑛) ])
2

Therefore, we obtain the expected makespan
𝜆
]
E [𝐶max

+ (𝐶 − (𝑠𝑛 − 𝑝1 )) (𝑠𝑛 − 𝑝1 ) +

= E [𝐶𝜆(1,𝑛) ]
𝑛
𝑝
1
{ ∑ 𝑝𝑘 [𝑠𝑘−1 + 𝑘 + 𝑑0 + E [𝐶𝜆(𝑘,𝑛) ]]
=
𝐶 − 𝑝1 𝑘=2
2

+ (𝐶 − 𝑠𝑛 ) 𝑠𝑛 +

That is,
E [𝐶𝜆(1,𝑛) ] =

𝑝12
+ 𝑑0 𝑝1 } .
2

𝐶
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 )
𝑛

× ∑ 𝑝𝑘 (𝑠𝑘−1 +
𝑘=3

(3)
−

3. LPT Minimizes Expected Makespan

E [𝐶𝜆 1 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] < 0.

(4)

Proof. According to the definition of 𝐶𝜆(𝑗,𝑘) and by (3), it is
obtained that
E [𝐶𝜆(2,𝑛) ]
=

× (+

(7)

𝐶𝑝12 𝐶𝑝22
+
+ 𝐶𝑑0 𝑝1 + 𝐶𝑑0 𝑝2 ) .
2
2
3𝑝2 𝑝
− 𝑑0 𝑝1 𝑝2 − 𝑝1 𝑝22 − 1 2
2

By the same method, we could get the expression of
E[𝐶𝜆 1 (1,𝑛) ]. Since
E [𝐶𝜆 1 (𝑘,𝑛) ] = E [𝐶𝜆(𝑘,𝑛) ] ,

for 𝑘 = 3, 4, . . . , 𝑛,

(8)

we obtain
E [𝐶𝜆 1 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ]

𝑛
𝑝
1
{ ∑ 𝑝𝑘 [(𝑠𝑘−1 − 𝑝1 ) + 𝑘 + 𝑑0 + E [𝐶𝜆(𝑘,𝑛) ]]
𝐶 − 𝑝2 𝑘=3
2

𝑝22
+ 𝑑0 𝑝2 } .
2
(5)

𝑛
𝑝1 𝑝2
∑ 𝑝𝑘
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 ) 𝑘=3

+2𝑝1 𝑝2 𝑠𝑛 + 𝐶2 𝑠𝑛 − 𝐶𝑠𝑛2

=

+ [𝐶 − (𝑠𝑛 − 𝑝1 )] (𝑠𝑛 − 𝑝1 ) +

𝑝𝑘
+ 𝑑0 + E [𝐶𝜆(𝑘,𝑛) ])
2

1
+
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 )

In this section, we will prove the optimality of LPT to minimize the expected value of makespan. Define the processing
order 𝜆 𝑘 = (𝐽1 , . . . 𝐽𝑘−1 , 𝐽𝑘+1 , 𝐽𝑘 , 𝐽𝑘+2 . . . , 𝐽𝑛 ) (1 ≤ 𝑘 ≤ 𝑛 − 1),
which is obtained by interchanging the processing order of
the two jobs 𝐽𝑘 , 𝐽𝑘+1 in 𝜆. The following lemma shows that
the processing of first two jobs is subject to LPT rule.
Lemma 1. Consider the processing order 𝜆 = (𝐽1 , 𝐽2 , . . . , 𝐽𝑛 ). If
the uptimes are i.i.d and uniformly distributed and 𝑝1 < 𝑝2 ,
then the expected makespan can be reduced by interchanging
the first two jobs 𝐽1 , 𝐽2 ; that is,

𝑝22
+ 𝑑0 𝑝2 ] .
2

1
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 )
× [(−𝑝2 𝑝12 −

=

3𝑝22 𝑝1
3𝑝2 𝑝
) − (−𝑝1 𝑝22 − 1 2 )]
2
2

𝑝1 𝑝2
(𝑝 − 𝑝2 ) .
2 (𝐶 − 𝑝1 ) (𝐶 − 𝑝2 ) 1

The conclusion follows by 𝑝1 < 𝑝2 .

(9)
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Corollary 2. Assume the uptimes are i.i.d and uniformly
distributed. If 𝑝𝑘 < 𝑝𝑘+1 , then
E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] < 0,

𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑛 − 1.

(10)

Proof. The proof is the same as that in Lemma 1.
Next we will give another expression for E[𝐶𝜆 𝑘 (𝑘,𝑛) ] −
E[𝐶𝜆(𝑘,𝑛) ]. Assume the machine begins to process jobs
𝐽𝑘 , 𝐽𝑘+1 , . . . , 𝐽𝑛 at time zero and 𝑝𝑘 < 𝑝𝑘+1 . Let 𝑘1 = min{𝑖 |
𝑈𝑖 ≥ 𝑝𝑘 }; then we consider the following three cases.
Case 1 (𝑝𝑘 ≤ 𝑈𝑘1 < 𝑝𝑘+1 ). With the possibility (𝐹(𝑝𝑘+1 ) −
𝐹(𝑝𝑘 ))/(1 − 𝐹(𝑝𝑘 )), in this case, we have
E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] = E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ]
≐ Δ 1 > 0.

(11)

Proof. Let 𝑈∗ be the uptime where the job 𝐽𝑘−1 is completed,
and assume the machine has been continuously processing
jobs for 𝑡∗ time units when 𝐽𝑘−1 is finished at time 𝑡0 ; that
is, we have 𝑈∗ > 𝑡∗ . Let 𝑋 = 𝑈∗ − 𝑡∗ , and let 𝐺(𝑥) be the
distribution function of 𝑋. We have
𝐺 (𝑥) = Pr (𝑋 ≤ 𝑥) = Pr (𝑈∗ − 𝑡∗ ≤ 𝑥 | 𝑈∗ > 𝑡∗ )
=

𝑥 ∈ (0, 𝐶 − 𝑡∗ ] ,

(18)

which implies that 𝑋 is uniformly distributed for any given 𝑡∗ .
According to the definition of 𝐶, we know 𝐶 − 𝑡∗ ≥ ∑𝑛𝑙=𝑘 𝑝𝑙 .
We now consider four possibilities depending on the value 𝑋
obtains.
Case 1 (𝑋 < 𝑝𝑘 ). We have
E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] = E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] . (19)

Case 2 (𝑝𝑘+1 ≤ 𝑈𝑘1 < 𝑝𝑘 +𝑝𝑘+1 ). With the possibility (𝐹(𝑝𝑘+1 +
𝑝𝑘 ) − 𝐹(𝑝𝑘+1 ))/(1 − 𝐹(𝑝𝑘 )), we have
E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] = E [𝐶𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ]
≐ Δ 2 < 0.
(12)

Case 2 (𝑝𝑘 ≤ 𝑋 < 𝑝𝑘+1 ). We have
E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] = E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ] .
(20)
Case 3 (𝑝𝑘+1 ≤ 𝑋 < 𝑝𝑘 + 𝑝𝑘+1 ). We have
E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] = E [𝐶𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ] .
(21)

Case 3 (𝑈𝑘1 ≥ 𝑝𝑘 + 𝑝𝑘+1 ). We have
E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] = 0.

(13)

Case 4 (𝑋 ≥ 𝑝𝑘 + 𝑝𝑘+1 ). We have

From the three cases above, we get

E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] = 0.

𝐹 (𝑝𝑘+1 ) − 𝐹 (𝑝𝑘 )
Δ1
E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] =
1 − 𝐹 (𝑝𝑘 )
+

𝑥
,
𝐶 − 𝑡∗

(22)

Hence,

𝐹 (𝑝𝑘 + 𝑝𝑘+1 ) − 𝐹 (𝑝𝑘+1 )
Δ 2.
1 − 𝐹 (𝑝𝑘 )
(14)

E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ]
= 𝐺 (𝑝𝑘 ) [E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ]]
+ [𝐺 (𝑝𝑘+1 ) − 𝐺 (𝑝𝑘 )] [E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ]]

Known from Corollary 2, we know E[𝐶𝜆 𝑘 (𝑘,𝑛) ] − E[𝐶𝜆(𝑘,𝑛) ] <
0. Hence

+ [𝐺 (𝑝𝑘 + 𝑝𝑘+1 ) − 𝐺 (𝑝𝑘+1 )]

𝐹 (𝑝𝑘+1 ) − 𝐹 (𝑝𝑘 )
𝐹 (𝑝𝑘 + 𝑝𝑘+1 ) − 𝐹 (𝑝𝑘+1 )
Δ1 +
Δ 2 < 0.
1 − 𝐹 (𝑝𝑘 )
1 − 𝐹 (𝑝𝑘 )
(15)

× [E [𝐶𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ]] .
(23)
Because

That is,
𝑝𝑘
Δ1
>
.
Δ 2 𝑝𝑘 − 𝑝𝑘+1

(16)

E [𝐶𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ] = Δ 2 < 0,

The following lemma shows that the processing of any two
consecutive jobs is subject to LPT rule.
Lemma 3. Assume the uptimes are i.i.d and uniformly distributed. If 𝑝𝑘 < 𝑝𝑘+1 , then
E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ] < 0,

𝑓𝑜𝑟 1 < 𝑘 ≤ 𝑛 − 1.

E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘+1,𝑛) ] = Δ 1 > 0,

(17)

E [𝐶𝜆 𝑘 (𝑘,𝑛) ] − E [𝐶𝜆(𝑘,𝑛) ] =

𝐹 (𝑝𝑘+1 ) − 𝐹 (𝑝𝑘 )
Δ1
1 − 𝐹 (𝑝𝑘 )
+

𝐹 (𝑝𝑘 + 𝑝𝑘+1 ) − 𝐹 (𝑝𝑘+1 )
Δ 2.
1 − 𝐹 (𝑝𝑘 )
(24)
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By replacing (24) in (23), we obtain

Proof. Firstly we have
𝑛

E [𝜋𝜆 1 (1,𝑛) ] − E [𝜋𝜆(1,𝑛) ] = ∑ [E [𝐶𝜆 1 (1,𝑘) ] − E [𝐶𝜆(1,𝑘) ]]

E [𝐶𝜆 𝑘 (1,𝑛) ] − E [𝐶𝜆(1,𝑛) ]
=

𝐹 (𝑝𝑘+1 ) − 𝐹 (𝑝𝑘 )
𝑝𝑘
Δ1
[
𝐶 − 𝑡∗
𝐹 (𝑝𝑘 )
+
+

=

𝑘=1

𝐹 (𝑝𝑘 + 𝑝𝑘+1 ) − 𝐹 (𝑝𝑘+1 )
𝐹 (𝑝𝑘 )

= E [𝐶𝜆 1 (1,1) ] − E [𝐶𝜆(1,1) ]
𝑛

+ ∑ [E [𝐶𝜆 1 (1,𝑘) ] − E [𝐶𝜆(1,𝑘) ]] .
Δ 2]

𝑘=2

(25)

(28)
By (3), we could get the expressions for E[𝐶𝜆 1 (1,1) ] and
E[𝐶𝜆(1,1) ]. Hence we obtain

𝑝𝑘+1 − 𝑝𝑘
𝑝𝑘
Δ1 +
Δ
∗
𝐶−𝑡
𝐶 − 𝑡∗ 2

E [𝐶𝜆 1 (1,1) ] − E [𝐶𝜆(1,1) ]

𝐶 (𝑝𝑘+1 − 𝑝𝑘 ) Δ 2 Δ 1
𝑝𝑘
−
].
[
∗
(𝐶 − 𝑡 ) (𝐶 − 𝑝𝑘 ) Δ 2 𝑝𝑘 − 𝑝𝑘+1

= [𝑝2 +

By (16) and Δ 2 < 0, the conclusion in this lemma holds.

𝑝2
1
( 2 + 𝑑0 𝑝2 )]
𝐶 − 𝑝2 2

− [𝑝1 +
Based on Lemmas 1 and 3, the following theorem is
immediate.
Theorem 4. Assume the uptimes are i.i.d and uniformly
distributed with support in [0, 𝐶], where 𝐶 ≥ ∑𝑛𝑗=1 𝑝𝑗 ; then
the LPT rule is optimal to minimize the expected makespan.

=

E [𝐶𝜆 1 (1,𝑘) ] − E [𝐶𝜆(1,𝑘) ]
=

𝑛

E [ ∑𝐶𝜆(1,𝑗) ] = E [𝜋𝜆(1,𝑛) ] .
[𝑗=1
]

(26)

Lemma 5. Assume the uptimes are i.i.d and uniformly distributed. If 𝑝1 > 𝑝2 , then

for large number 𝑛.

(𝑝2 − 𝑝1 ) 𝑝1 𝑝2
,
2 (𝐶 − 𝑝2 ) (𝐶 − 𝑝1 )

for 𝑘 = 2, 3, . . . , 𝑛.

(30)

Therefore, we have
E [𝜋𝜆 1 (1,𝑛) ] − E [𝜋𝜆(1,𝑛) ]
=

(𝑝2 − 𝑝1 )
𝑝𝑝
𝐶
[𝐶2 − (𝑝1 + 𝑝2 ) + 1 2 + 𝑑0 𝐶]
2
2
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 )
+ (𝑛 − 1)

=

(𝑝2 − 𝑝1 ) 𝑝1 𝑝2
2 (𝐶 − 𝑝2 ) (𝐶 − 𝑝1 )

(𝑝2 − 𝑝1 )
[2𝐶2 − 𝐶 (𝑝1 + 𝑝2 − 2𝑑0 )
2 (𝐶 − 𝑝2 ) (𝐶 − 𝑝1 )
− (𝑛 − 2) 𝑝1 𝑝2 ] .

In this section, we focus on the large-scale scheduling
problems; that is, the number of jobs 𝑛 is large enough. With
the assumption, the SPT rule will be proved to be optimal.

E [𝜋𝜆 1 (1,𝑛) ] − E [𝜋𝜆(1,𝑛) ] < 0,

(𝑝2 − 𝑝1 )
𝑝𝑝
𝐶
[𝐶2 − (𝑝1 + 𝑝2 ) + 1 2 + 𝑑0 𝐶] .
2
2
(𝐶 − 𝑝1 ) (𝐶 − 𝑝2 )
(29)

Known from (9), we have

4. SPT Minimizes Expected Total
Completion Times
This section considers the single machine problem to minimize the expected value of total completion times, that is,
E[∑𝑛𝑗=1 𝐶𝜆(1,𝑗) ]. Assume there exist two constants 𝑝, 𝑝 such
that 𝑝 ≤ 𝑝𝑗 ≤ 𝑝 for 𝑗 = 1, 2, . . . , 𝑛; that is, the processing times
of all jobs are uniformly bounded. For a given processing
order 𝜆, if machine begins to process the 𝑗th, (𝑗+1)th, . . . , 𝑘th
jobs at time zero, define that 𝜋𝜆(𝑗,𝑘) denotes the sum of the
completion times of the 𝑘 − 𝑗 + 1 jobs. So we have

𝑝2
1
( 1 + 𝑑0 𝑝1 )]
𝐶 − 𝑝1 2

(27)

(31)
Note 𝐶 ≥ ∑𝑛𝑗=1 𝑝𝑗 ≥ 𝑝𝑛, so we have 𝐶2 = Ω(𝑛2 ) and
E [𝜋𝜆 1 (1,𝑛) − 𝜋𝜆(1,𝑛) ] → 𝑝2 − 𝑝1 ,

(𝑛 → ∞) .

(32)

Since 𝑝1 > 𝑝2 , we obtain
E [𝜋𝜆 1 (1,𝑛) ] − E [𝜋𝜆(1,𝑛) ] < 0
as long as 𝑛 is large enough.

(33)
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By Lemma 5, the corollary below follows immediately.

Corollary 6. Assume the uptimes are i.i.d and uniformly
distributed. If 𝑝𝑘 > 𝑝𝑘+1 , then
E [𝜋𝜆 𝑘 (𝑘,𝑛) ] − E [𝜋𝜆(𝑘,𝑛) ] < 0,

𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑛 − 1,

Case 2 (𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ). In this case, we have
E [𝐶𝜆 𝑘 (𝑘,𝑘) | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ] = 𝜌 + 𝑝𝑘+1 ,
E [𝐶𝜆 𝑘 (𝑘,𝑙) | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ]
= 𝜌 + E [𝑈𝑘2 | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ]

(34)

+ 𝑑0 + E [𝐶𝜆 𝑘 (𝑘,𝑙) ] ,

as long as 𝑛 is large enough. Also, we have

(38)

E [𝐶𝜆(𝑘,𝑘) | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ] = 𝜌 + 𝑝𝑘 ,

(𝑝𝑘+1 − 𝑝𝑘 )
E [𝜋𝜆 𝑘 (𝑘,𝑛) ] − E [𝜋𝜆(𝑘,𝑛) ] =
2 (𝐶 − 𝑝𝑘+1 ) (𝐶 − 𝑝𝑘 )

E [𝐶𝜆(𝑘,𝑙) | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ]

× [2𝐶2 − 𝐶 (𝑝𝑘 + 𝑝𝑘+1 − 2𝑑0 )

= 𝜌 + E [𝑈𝑘2 | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]
+ 𝑑0 + E [𝐶𝜆(𝑘,𝑙) ] ,

− (𝑛 − 𝑘 − 1) 𝑝𝑘 𝑝𝑘+1 ]
→ 𝑝𝑘+1 − 𝑝𝑘 ,

𝑙 = 𝑘 + 1, . . . , 𝑛,

𝑙 = 𝑘 + 1, . . . , 𝑛.

Therefore, we get

(𝑛 → ∞) .
(35)

E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) | 𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 ]
= 𝑝𝑘+1 − 𝑝𝑘 + E [𝜋𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝜋𝜆(𝑘+1,𝑛) ] ≐ 𝛿2 .

Proof. The proof is the same as that in Lemma 5.
In order to prove the main conclusion in this section,
we will give another expression for E[𝜋𝜆 𝑘 (𝑘,𝑛) ] − E[𝜋𝜆(𝑘,𝑛) ].
Assume the machine begins to process jobs 𝐽𝑘 , 𝐽𝑘+1 , . . . , 𝐽𝑛 at
time zero and 𝑝𝑘 > 𝑝𝑘+1 . Let 𝑘2 = min{𝑖 | 𝑈𝑖 ≥ 𝑝𝑘+1 }, and
𝑘2 −1
𝜌 = ∑𝑙=1
(𝑈𝑙 + 𝐷𝑙 ) (𝜌 = 0 for 𝑘2 = 1). We consider the
following three cases.

Case 3 (𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ). We have
E [𝐶𝜆 𝑘 (𝑘,𝑘) | 𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ] = 𝜌 + 𝑝𝑘+1 ,
E [𝐶𝜆(𝑘,𝑘) | 𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ] = 𝜌 + 𝑝𝑘 ,
E [𝐶𝜆 𝑘 (𝑘,𝑙) | 𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ]
= E [𝐶𝜆(𝑘,𝑙) | 𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ] ,

Case 1 (𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ). In this case, we have

(39)

(40)

𝑙 = 𝑘 + 1, . . . , 𝑛.

And we obtain
E [𝐶𝜆 𝑘 (𝑘,𝑘) | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ] = 𝜌 + 𝑝𝑘+1 ,

E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) | 𝑈𝑘2 ≥ 𝑝𝑘 + 𝑝𝑘+1 ] = 𝑝𝑘+1 − 𝑝𝑘 ≐ 𝛿3 < 0.
(41)

E [𝐶𝜆 𝑘 (𝑘,𝑙) | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]

Based on the three cases above, we have
E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) ]

= 𝜌 + E [𝑈𝑘2 | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]
+ 𝑑0 + E [𝐶𝜆 𝑘 (𝑘,𝑙) ] ,

𝑙 = 𝑘 + 1, . . . , 𝑛,

(36)

= Pr (𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 | 𝑈𝑘2 ≥ 𝑝𝑘+1 ) 𝛿1
+ Pr (𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 | 𝑈𝑘2 ≥ 𝑝𝑘+1 ) 𝛿2

E [𝐶𝜆(𝑘,𝑙) | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]

+ Pr (𝑈𝑘2 > 𝑝𝑘 + 𝑝𝑘+1 | 𝑈𝑘2 ≥ 𝑝𝑘+1 ) 𝛿3

= 𝜌 + E [𝑈𝑘2 | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]
+ 𝑑0 + E [𝐶𝜆(𝑘,𝑙) ] ,

=

𝑙 = 𝑘, . . . , 𝑛.

for large number 𝑛. The inequality holds by the conclusion in
Corollary 6.

E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) | 𝑝𝑘+1 ≤ 𝑈𝑘2 < 𝑝𝑘 ]

− E [𝜋𝜆(𝑘,𝑛) ] ≐ 𝛿1 .

1
[(𝑝𝑘 − 𝑝𝑘+1 ) 𝛿1 + 𝑝𝑘+1 𝛿2
𝐶 − 𝑝𝑘+1
+ (𝐶 − 𝑝𝑘 − 𝑝𝑘+1 ) 𝛿3 ] < 0,

We obtain

𝑝 − 𝑝𝑘
= 𝑘+1
− 𝑑0 + E [𝜋𝜆 𝑘 (𝑘+1,𝑛) ]
2

(42)

(37)

Lemma 7. Assume the uptimes are i.i.d and uniformly distributed. If 𝑝𝑘 > 𝑝𝑘+1 (1 < 𝑘 < 𝑛), then one has
E [𝜋𝜆 𝑘 (1,𝑛) ] − E [𝜋𝜆(1,𝑛) ] < 0,
for large number 𝑛.

(43)
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Proof. We let 𝑈∗ be the uptime where the job 𝐽𝑘−1 is
completed and let 𝐷∗ be the downtime after 𝑈∗ . Assume the
machine has been continuously processing for 𝑡∗ time units
when 𝐽𝑘−1 is finished at time 𝑡0 ; that is, we have 𝑈∗ > 𝑡∗ . Let
𝑋 = 𝑈∗ − 𝑡∗ , and let 𝐺(𝑥) be the distribution function of 𝑋.
Here, we have
𝑛

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ]
= Pr (𝑋 < 𝑝𝑘+1 ) E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑋 < 𝑝𝑘+1 , 𝑡∗ ]
+ Pr (𝑝𝑘+1 ≤ 𝑋 < 𝑝𝑘 )

𝑛

𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) = ∑𝐶𝜆 𝑘 (1,𝑙) − ∑𝐶𝜆(1,𝑙) .
𝑙=𝑘

Based on the four cases above, we have

× E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑝𝑘+1 ≤ 𝑋 < 𝑝𝑘 , 𝑡∗ ]

(44)

𝑙=𝑘

+ Pr (𝑝𝑘 ≤ 𝑋 < 𝑝𝑘 + 𝑝𝑘+1 )
× E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑝𝑘 ≤ 𝑋 < 𝑝𝑘 + 𝑝𝑘+1 , 𝑡∗ ]

Case 1 (𝑋 < 𝑝𝑘+1 ). In this case, we have

+ Pr (𝑋 > 𝑝𝑘 + 𝑝𝑘+1 )
E [𝐶𝜆 𝑘 (1,𝑙) | 𝑋 < 𝑝𝑘+1 ]

× E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑋 > 𝑝𝑘 + 𝑝𝑘+1 , 𝑡∗ ]

= 𝑡0 + E [𝑋 | 𝑋 < 𝑝𝑘+1 ] + 𝑑0 + E [𝐶𝜆 𝑘 (𝑘,𝑙) ] ,
E [𝐶𝜆(1,𝑙) | 𝑋 < 𝑝𝑘+1 ]

=
(45)

× [(𝑝𝑘 − 𝑝𝑘+1 ) 𝛿1 + 𝑝𝑘+1 𝛿2 + (𝐶 − 𝑝𝑘 − 𝑝𝑘+1 ) 𝛿3 ]

= 𝑡0 + E [𝑋 | 𝑋 < 𝑝𝑘+1 ] + 𝑑0 + E [𝐶𝜆(𝑘,𝑙) ] ,

+

𝑙 = 𝑘, . . . , 𝑛.
=

Therefore, we obtain

−𝑡∗ 𝛿3
(𝐶 − 𝑡∗ )

=

−𝑡∗ 𝛿3
𝐶
E
[𝜋
−
𝜋
]
+
𝜆
(𝑘,𝑛)
𝜆(𝑘,𝑛)
𝑘
𝐶 − 𝑡∗
(𝐶 − 𝑡∗ )

=

𝐶
[E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) ] − 𝛿3 ] + 𝛿3 .
𝐶 − 𝑡∗

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑝𝑘+1 ≤ 𝑋 < 𝑝𝑘 ]

Case 3 (𝑝𝑘 ≤ 𝑋 < 𝑝𝑘 + 𝑝𝑘+1 ). The case is similar to the case
𝑝𝑘 ≤ 𝑈𝑘2 < 𝑝𝑘 + 𝑝𝑘+1 . We have

1
𝐶
𝐶 − 𝑡∗ 𝐶 − 𝑝𝑘+1

+

Case 2 (𝑝𝑘+1 ≤ 𝑋 < 𝑝𝑘 ). The case is similar to the case 𝑝𝑘+1 ≤
𝑈𝑘2 < 𝑝𝑘 . So we get

𝑝𝑘+1 − 𝑝𝑘
− 𝑑0 + E [𝜋𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝜋𝜆(𝑘,𝑛) ] = 𝛿1 .
2
(47)

𝑝𝑘 − 𝑝𝑘+1
𝑝𝑘+1
𝐶 − 𝑡∗ − 𝑝𝑘 − 𝑝𝑘+1
𝛿
+
𝛿
+
𝛿3
1
2
𝐶 − 𝑡∗
𝐶 − 𝑡∗
𝐶 − 𝑡∗

× [(𝑝𝑘 − 𝑝𝑘+1 ) 𝛿1 + 𝑝𝑘+1 𝛿2 + (𝐶 − 𝑝𝑘 − 𝑝𝑘+1 ) 𝛿3 ]

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑋 < 𝑝𝑘+1 ] = E [𝜋𝜆 𝑘 (𝑘,𝑛) ] − E [𝜋𝜆(𝑘,𝑛) ] .
(46)

=

𝑝𝑘+1
1
𝐶 − 𝑡∗ 𝐶 − 𝑝𝑘+1

(50)

By (35), we have
E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ]
=

𝐶
1
[
𝐶 − 𝑡∗ 2 (𝐶 − 𝑝𝑘+1 ) (𝐶 − 𝑝𝑘 )
× (2𝐶2 − 𝐶 (𝑝𝑘 + 𝑝𝑘+1 − 2𝑑0 )

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑝𝑘 ≤ 𝑋 < 𝑝𝑘 + 𝑝𝑘+1 ]
= 𝑝𝑘+1 − 𝑝𝑘 + E [𝜋𝜆 𝑘 (𝑘+1,𝑛) ] − E [𝜋𝜆(𝑘+1,𝑛) ] = 𝛿2 .

− (𝑛 − 𝑘 − 1) 𝑝𝑘 𝑝𝑘+1 ) − 1] ⋅ 𝛿3 + 𝛿3

(48)

Case 4 (𝑋 ≥ 𝑝𝑘 + 𝑝𝑘+1 ). The case is similar to the case 𝑈𝑘2 ≥
𝑝𝑘 + 𝑝𝑘+1 . We obtain
E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑋 ≥ 𝑝𝑘 + 𝑝𝑘+1 ] = 𝑝𝑘+1 − 𝑝𝑘 = 𝛿3 .
(49)

=

𝐶
𝐶 − 𝑡∗
×

𝐶 (𝑝𝑘 + 𝑝𝑘+1 ) + 2𝐶𝑑0 − (𝑛 − 𝑘 + 1) 𝑝𝑘 𝑝𝑘+1
⋅ 𝛿3 + 𝛿3 .
2 (𝐶 − 𝑝𝑘+1 ) (𝐶 − 𝑝𝑘 )
(51)

We discuss the following cases.
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2

Case 1 ((𝑝) − 2(𝑝)2 ≤ 0). Because 𝑘 > 1, we have

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ]

2

2

𝑘>

for all 𝑛 > 𝑁. Therefore,

(𝑝) − 2(𝑝)
2

(𝑝)

⋅ 𝑛 + 1.

(52)

=

𝐶
[E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) ] − 𝛿3 ] + 𝛿3
𝐶 − 𝑡∗

That is,
2

2

2

2

2(𝑝) 𝑛 − (𝑝) 𝑛 + 𝑘(𝑝) − (𝑝) > 0.

(53)

1+𝑎 𝑝
⋅ ] [E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) ] − 𝛿3 ] + 𝛿3
1−𝑎 𝑝

for all 𝑛 > 𝑁. So we obtain

So we obtain

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) ]

𝐶 (𝑝𝑘 + 𝑝𝑘+1 ) + 2𝐶𝑑0 − (𝑛 − 𝑘 + 1) 𝑝𝑘 𝑝𝑘+1
2

2

2

2

≥ 2(𝑝) ⋅ 𝑛 − (𝑝) ⋅ 𝑛 + 𝑘(𝑝) − (𝑝) > 0.

(54)

Therefore, in this case we obtain

= E [E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ]]
≤ [1 +

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ] ≤ 𝛿3 < 0.

(55)

E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) ] = E [E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) | 𝑡∗ ]] ≤ 𝛿3 < 0.
(56)
2

1+𝑎 𝑝
⋅ ] {E [𝜋𝜆 𝑘 (𝑘,𝑛) − 𝜋𝜆(𝑘,𝑛) ] − 𝛿3 } + 𝛿3
1−𝑎 𝑝

→ 𝛿3 < 0,

That is,

2

Case 2 ((𝑝) − 2(𝑝)2 > 0). In this case, we define 𝑎 ≐ ((𝑝) −
2

2

≤ [1 +

(62)

(63)

(𝑛 → ∞) .

2

Either (𝑝) − 2(𝑝)2 > 0 or not, we always have
E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) ] < 0

(64)

for large number 𝑛.

2(𝑝) )/(𝑝) , and 0 < 𝑎 < 1. Next two cases are discussed for
the value 𝑘 obtains.

Based on Lemmas 5 and 7, the following theorem is
immediate.

Case 2.1 (𝑘 > 𝑎 ⋅ 𝑛 + 1). In this case, we have
(57)

Theorem 8. Assume the uptimes are i.i.d. and uniformly
distributed with support [0, 𝐶], where 𝐶 ≥ ∑𝑛𝑖=1 𝑝𝑖 ; then the
SPT rule is optimal to minimize the expected value of total
completion times if the number of jobs 𝑛 is large enough.

(58)

5. Concluding Remarks

2

2

2

2

𝑘(𝑝) > (𝑝) + [(𝑝) − 2(𝑝) ] ⋅ 𝑛.
That is,
2

2

2

2

2(𝑝) ⋅ 𝑛 − (𝑝) ⋅ 𝑛 + 𝑘(𝑝) − (𝑝) > 0.
Known from Case 1 above, we obtain
E [𝜋𝜆 𝑘 (1,𝑛) − 𝜋𝜆(1,𝑛) ] ≤ 𝛿3 < 0.

(59)

Case 2.2 (𝑘 ≤ 𝑎 ⋅ 𝑛 + 1). According to the definition of 𝑡∗ , we
have 𝑡∗ ≤ 𝑠𝑘−1 , so
0<

𝐶
𝐶
≤
𝐶 − 𝑡∗ 𝐶 − 𝑠𝑘−1

=1+

𝑘⋅𝑝
𝑠𝑘−1
<1+
𝐶 − 𝑠𝑘−1
𝑝𝑘 + 𝑝𝑘+1 + ⋅ ⋅ ⋅ + 𝑝𝑛

<1+

𝑝
𝑝
𝑘
𝑎𝑛 + 1
⋅ ≤1+
⋅
𝑛−𝑘 𝑝
𝑛 − 𝑎𝑛 − 1 𝑝

=1+

𝑝
𝑎 + 1/𝑛
⋅ .
1 − 𝑎 − 1/𝑛 𝑝

(60)

Note that there exists a number 𝑁 such that 1/𝑛 ≤ (1 −
𝑎)/2, ∀𝑛 > 𝑁, so we get
𝐶
1+𝑎 𝑝
<1+
⋅
𝐶 − 𝑡∗
1−𝑎 𝑝

(61)

The stochastic scheduling problem on a single machine with
random breakdowns has been investigated in this paper.
We consider the situation where the uptimes are uniformly
distributed and i.i.d; the downtimes are also assumed to
be i.i.d and follow an arbitrary distribution. The machine
breakdowns are defined to be independent of the job it is
processing. Under the assumptions above, we prove that (1)
the LPT rule could achieve the minimal expected makespan;
(2) the SPT rule is optimal to minimize the expected value
of total completion times for large scale problems. For the
scheduling with stochastic breakdowns independent of job
it is processing, the result obtained in this paper is the
foundation in this area.
Some problems may be considered for the future research:
(a) whether optimal rule exists when the uptimes are subject
to other probability distributions; (b) problems with other
objective functions are worth investigation; (c) the multimachine version will also be an interesting but difficult problem
in the future.
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As a continuous state space problem, air combat is difficult to be resolved by traditional dynamic programming (DP) with
discretized state space. The approximated dynamic programming (ADP) approach is studied in this paper to build a high
performance decision model for air combat in 1 versus 1 scenario, in which the iterative process for policy improvement is replaced
by mass sampling from history trajectories and utility function approximating, leading to high efficiency on policy improvement
eventually. A continuous reward function is also constructed to better guide the plane to find its way to “winner” state from any
initial situation. According to our experiments, the plane is more offensive when following policy derived from ADP approach
other than the baseline Min-Max policy, in which the “time to win” is reduced greatly but the cumulated probability of being killed
by enemy is higher. The reason is analyzed in this paper.

1. Introduction
Unmanned aerial vehicle (UAV) plays an important role in
modern battlefield. For the past decades, UAV has made
significant advancement on both hardware and software
and achieved mission capabilities including “simple” ones
like intelligence, surveillance, and reconnaissance (ISR),
and “complex” ones like electronic attack, ground targets
strike, suppression or destruction of enemy air defense
(SEAD/DEAD), and others. According to the development
roadmap [1] proposed by UAV technical leading countries,
even the mission of air combat, which has been believed to
be the dominated domain of human pilots due to the dynamic
and complexity on tactical decisions, is possible to be carried
out by autonomy UAV in the near future.
However, the decision technologies supporting automatic
air combat are far from maturity. They are still on the way for
better robustness, intelligence, autonomy, team cooperation,
and adaption to complex environment. The methods applied
in this domain include game theory [2–4], knowledge-based
decision [5–9], graphic based methods like influence diagram
[10], and others. Dynamic programming (DP) [11] is one of
the most powerful methods for its adaptation to dynamic

environment and the capability to improve policy constantly
by learning [12]. However, traditional DP approach is not
suitable to resolve continuous state space problem like
air combat, in which the computation complex becomes
intractable because of the curse of dimensionality.
In this paper, a tactical decision framework employing 5
approximated dynamic programming (ADP) method [13–15]
is proposed for air combat mission. The trait of ADP method
is that the utility function is learned from mass sampled
states in problem space rather than from scratch, which lead
to high efficiency in policy converging. As the result, ADP
can be used as a second stage tool to improve the policy
derived from other decision systems (denoted by the “first
stage tool” for decision here), for example, a knowledge-based
system. If we treat the combat traces produced in the first
stage tool as the sampled states, then ADP algorithms can
learn its utility function and policy from these states directly.
Considering the optimizing capability of ADP inherited from
DP approach, the learned policy can be improved constantly
to achieve better decision performance. Thus, the merits of
different decision system are combined together.
The content of this paper would be arranged as follows.
In Section 2, the 1 versus 1 air combat problem is formulated
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Figure 1: The geometrical measures of the firing position.

with DP formation. In Section 3, the ADP method is briefly
reviewed. Section 4 discusses the reward function for air
combat, which is designed to guide the UAVs to enter into
goal states smoothly. Some features are also specified to gain
an insight of engagement situation. In Section 5, the key
algorithms of ADP decision framework are proposed. The
followed comparative experiments (Section 6) validate the
effectiveness of the proposed framework.

2. Problem Formulation
A 1 versus 1 air combat scenario involves two opponent planes
(denoted by red and blue, where the red is supposed to
be “my” side). Omitting vertical movement, the kinematic
equations of the plane are
𝜓̇ =

𝑓𝑛
V

𝑥̇ = V ⋅ cos (𝜓)

(1)

𝑦̇ = V ⋅ sin (𝜓) ,
where V is the scalar value of velocity, which is assumed to
be const during the combat. 𝜓 ∈ [−𝜋, 𝜋] is yaw angle and is
defined as the deviation of velocity from north (the 𝑦 axis).
𝜓 is controlled by 𝑓𝑛 . 𝑓𝑛 is plane’s normal overload, which
always points right from the gravity center of the plane and
is orthogonal to velocity. In our control schema, 𝑓𝑛 can take
a value from three options once a time: {−3, 0, 3}. The plane
will turn counterclockwise, turn clockwise, and keep current
velocity direction, respectively, with these values.
The goal of the planes is to occupy advantage position by
tactical decision and gain the fire opportunities at its rival.
The state space of air combat can be described with vector
𝑥 = {𝑥𝑟 , 𝑦𝑟 , 𝜓𝑟 , 𝑥𝑏 , 𝑦𝑏 , 𝜓𝑏 } ,

(2)

where subscript 𝑟 and 𝑏 refer to red and blue, respectively.
Any state 𝑠 is an instance of 𝑥. With (1), the state transition in
combat space can be represented as a function
𝑠 = 𝑓 (𝑠, 𝑎𝑟 = 𝑓𝑛1 , 𝑎𝑏 = 𝑓𝑛2 )

(3)

which means the current state 𝑠 will transfer into a new state
𝑠 after performing 𝑎𝑟 and 𝑎𝑏 .
The goal state is reached when one plane gains opportunities to fire at its opponent. The firing position is defined by
three geometrical measures:
(a) |Aspect angle| < 𝜋/3. Aspect angle (AA) is a relative
angle between the longitudinal symmetry axis (to the
tail direction) of the target plane and the connecting
line from target plane’s tail to attacking plane’s nose.
|AA| < 𝜋/3 refers to area where the killing probability
is high when attacking from rear considering most
close-combat air missiles are infrared guidance;
(b) |Antenna train angle| < 𝜋/6. Antenna train angle
(ATA) is the angle between attacking plane’s longitudinal symmetry axis and its radar’s line of sight (LOS),
as Figure 1 shows. This criterion defines an area from
which the target plane is difficult to escape with radar
locking.
(c) Relative range (𝑅) between two planes: this criterion
makes sure that the target plane is within the attacking
range of air-to-air weapon.

3. ADP Method Review
DP defines adaptive learning process and its mathematic
model is Markov decision process (MDP). In DP formulation,
the air combat can be described as a discrete time decision
problem with five-tuples: {𝑆, 𝐴, 𝑃, 𝑅, 𝑈}:
(1) 𝑆 = {𝑠} is the problem space defined with state variable
𝑥; 𝑠 is the instance of 𝑥;
(2) 𝐴(𝑠) is the finite action set available in state 𝑠, from
which the plane selects one to execute at each decision
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interval. In our problem, 𝐴(𝑠) is same for each state 𝑠
and thus can be simply denoted as 𝐴;
(3) 𝑃(𝑠 | 𝑠, 𝑎) is the probability of transition from state 𝑠
to s ;
(4) 𝑅(s) is the reward of state 𝑠. If 𝑠 is visited multiple
times during the combat, the rewards are discounted
cumulated to form utility value of that state;
(5) 𝑈(𝑠) is the utility of state 𝑠. Its value is the cumulated
rewards of multiple visiting. If every state is visited
adequate times, the utility distribution will converge
to the optimal one, by which the optimal policy is
derived.
The decision process starts from an initial state 𝑠0 and
then selects action to perform. The action interacts the
environment and leads to a new state, and so on. Then, the
utility of the starting state is the expectation of discounted
cumulated rewards on all states following the start one:
𝑈 (𝑠)
= 𝐸 {𝑅 (𝑠0 ) + 𝛾 ⋅ 𝑅 (𝑠1 ) + 𝛾2 ⋅ 𝑅 (𝑠2 ) + ⋅ ⋅ ⋅ | 𝑠 = 𝑠0 , 𝜋 (𝑠)} ,
(4)
where 𝛾 ∈ (0, 1) is the discounted coefficient, making sure
𝑈(𝑠) converges eventually. Policy 𝜋(𝑠) → 𝑎 is a mapping
from state space to action space. For a fixed policy 𝜋, the
utility satisfies Bellman equation
𝑈 (𝑠) = ∑𝑃 (𝑠, 𝜋 (𝑠) , 𝑠 ) ⋅ [𝑅 (𝑠 | 𝑠, 𝜋 (𝑠)) + 𝛾 ⋅ 𝑈 (𝑠 )] .
𝑠

(5)

converge to its “true” distribution. Then, the optimal policy
can be derived:
𝜋∗ (𝑠)
= argmax {∑𝑃 (𝑠, 𝑎, 𝑠 ) ⋅ [𝑅 (𝑠 | 𝑠, 𝑎) + 𝛾 ⋅ 𝑈∗ (𝑠 )]} .
𝑎

𝑠

(8)
As we can see from (4)–(8), traditional DP method needs
to traverse discrete states iteratively, resulting in tabular utility
function. This approach is not suitable to resolve continuous
state space problem. Discretization on state space leads to two
defects: (i) the unreasonable assuming that utility function
is const in each discrete state cell and (ii) the curse of
dimensionality.
ADP method mitigates these problems with two operations: (i) sampling mass states effectively from problem space,
thus reducing the consumed time on space exploration;
̃ using sampled states, with
(ii) approximating state utility 𝑈
which the near-optimal policy, rather than the optimal one, is
employed to determine actions. Denoting the sampled states
as a set 𝑆 = {𝑠1 , 𝑠2 , . . . , 𝑠𝑚 }, we have
̃𝑘+1 = 𝑇𝑈
̂𝑘 ,
𝑈

(9)

̃𝑘+1 is one
̂𝑘 is the current approximation of utility; 𝑈
where 𝑈
𝑘
𝑘+1
̂ . Then, 𝑈
̂ can be approximated
Bellman iteration from 𝑈
̃𝑘+1 . There are multiple options for approximation
based on 𝑈
operation [16, 17]; the least squares approximation is used
here:
−1

𝛽𝑘+1 = (𝑆𝑇 𝑆)

̃𝑘+1 ,
⋅𝑈

̂𝑘+1 = 𝑆 ⋅ 𝛽𝑘+1 ,
𝑈

(10)

The optimal utility 𝑈∗ is the value function that simultaneously maximizes the expected cumulative reward in all
states 𝑠 ∈ 𝑆. Bellman proved that 𝑈∗ is the unique solution of
(5):

where 𝛽 is approximation coefficients vector and 𝑆 is sampled
states set. Normally, a set of features need to be defined to
gain an insight on characteristics of the studied problem. The
approximated utility function will converge more quickly and
be more precise since these features come from pilots’ combat
experiences in real world. We have

𝑈∗ (𝑠) = max {∑𝑃 (𝑠, 𝑎, 𝑠 ) ⋅ [𝑅 (𝑠 | 𝑠, 𝑎) + 𝛾 ⋅ 𝑈∗ (𝑠 )]} .

Φ (𝑆) = {𝜙1 (𝑆) , . . . , 𝜙𝑐 (𝑆)} ,

𝑎

𝑠

(6)
Actually, 𝑈∗ can be obtained through iterations on
Bellman equation:
𝑈

𝑘+1

(𝑠)
= 𝑇𝑈𝑘 (𝑠)

̃𝑘+1 ,
⋅𝑈

(11)

̂𝑘+1 = Φ ⋅ 𝛽𝑘+1 .
𝑈
Φ is feature vector.
As a conclusion, the steps of ADP method can be briefly
listed as follows:
(a) to sample states set 𝑆 in problem space;

= max {∑𝑃 (𝑠, 𝑎, 𝑠 ) ⋅ [𝑅 (𝑠 | 𝑠, 𝑎) + 𝛾 ⋅ 𝑈𝑘 (𝑠 )]} .
𝑎

−1

𝛽𝑘+1 = (Φ𝑇 Φ)

𝑠

(7)
𝑇 is denoted by Bellman operator, representing the iterative
improvement on 𝑈 by traversing states throughout the
space eventually. During this process, 𝑃(𝑠, 𝑎, 𝑠 ) would also

̃𝑘+1 from
(b) to get the one iteration improvement utility 𝑈
𝑘
𝑘
̂ ; the initial value of 𝑈
̂ can be set as
current utility 𝑈
0
̂
the reward of initial states; that is, 𝑈 = 𝑅(𝑆0 ), where
𝑆0 is initial state set;
̂𝑘+1
(c) to update the next value of approximated utility 𝑈
following (10) and (11);
(d) if the policy still needs to be improved, go back to (a).
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ADP Learn()
Input variables:
(1) 𝑆: sampled states set;
(2) 𝑁: the number of learning round.
(3) 𝜋mm (𝑆): blue plane’s policy derived from Min-Max approach.
Output variables:
̂𝑘 : utility function approximated.
(1) 𝑈
Local variables:
(2) 𝐴 𝑏 : action vector of blue plane derived from Min-Max policy;
(3) 𝐴 𝑟 : action vector of red plane derived from current utility;
̃𝑘 : one step improved utility function by Bellman iteration;
(4) 𝑈
(5) Φ: features vector used to compute approximation coefficients;
(6) 𝛽𝑘 : vector of approximation coefficients.
Code:
̂𝑘=0 = 𝑅(𝑆);
(1) 𝑈
(2) FOR 𝑘 = 1 : 𝑁, DO:
(3)
𝐴 𝑏 = 𝜋mm (𝑆);
̃𝑘 } =
(4)
{𝐴 𝑟 , 𝑈
̂𝑘−1 (𝑓 (𝑆, 𝐴, 𝐴 𝑏 )) + 𝑅 (𝑓 (𝑆, 𝐴, 𝐴 𝑏 ))};
(5)
arg max {𝜆 ⋅ 𝑈
𝐴

(6)
Φ(𝑆) = {𝜙1 (𝑆) , 𝜙2 (𝑆) , . . .}
−1
̃𝑘
(7)
𝛽𝑘 = (Φ𝑇 Φ) Φ𝑇 ⋅ 𝑈
𝑘
𝑘
̂
(8)
𝑈 =Φ⋅𝛽
(9) END
̂𝑘=𝑁 ;
(10) RETURN 𝑈
Algorithm 1: Utility function approximating based on sampled states.

Rollout ADP Policy()
Input variables:
(1) 𝑠: the current state;
(2) 𝑁roll : the number of rollout steps;
̂𝑘=𝑁 : utility function approximated in ADP Learn algorithm;
(3) 𝑈
̂𝑘=𝑁 , see (8).
(4) 𝜋appx (𝑠): red plane’s policy derived from 𝑈
Output variables:
(1) 𝑎best : the best action respect to current state 𝑠.
Local variables:
(1) 𝑈best : to cache the maximum utility responding to different actions;
(2) 𝑠 : the cache the next state computed by system equation.
Code:
(1) 𝑎best = 𝑁𝑈𝐿𝐿;
(2) 𝑈best = 𝑁𝑈𝐿𝐿;
(3) FOR 𝑎𝑟 = {−3, 0, 3}, DO:
(4)
𝑠 = 𝑓(𝑠, 𝑎𝑟 , 𝜋mm (𝑠));
(5)
FOR 𝑖 = 1 : 𝑁roll , DO:
(6)
𝑠 ← 𝑓(𝑠 , 𝜋appx (𝑠 ), 𝜋mm (𝑠 ));
(7)
END
̂𝑘=𝑁 (𝑠 ) + 𝑅(𝑠 )} > 𝑈best , THEN:
(8)
IF {𝛾 ⋅ 𝑈
̂𝑘=𝑁 (𝑠 ) + 𝑅(𝑠 );
(9)
𝑈best = 𝛾 ⋅ 𝑈
(10)
𝑎best = 𝑎𝑟 ;
(11)
END
(12) END
(13) RETURN 𝑎best ;
Algorithm 2: Rollout decision procedure using approximated utility function.
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Table 1: Features evaluating combat situation.

My plane

My plane

Enemy

Enemy

I

II

III

IV

My plane

Enemy

My plane

Enemy

Features (Φ)
𝑅
AA
AȦ
|AA|
ATA
|ATA|
̇
ATA

Figure 2: Four basic initial situations in air combat.

𝐻𝐶𝐴
|𝐻𝐶𝐴|

Description
Relative distance between red and blue planes.
Aspect angle. Reference is Figure 1.
The changing ratio of AA.
Absolute value of AA.
Antenna Train angle.
Absolute value of ATA.
The changing ratio of ATA.
The error on yaw angle of both planes.
Absolute value of 𝐻𝐶𝐴.

4. Reward Function and Combat Features
Before giving ADP algorithm, the reward function 𝑅(𝑠) needs
to be discussed firstly since it is a necessary part in ADP steps.
As (4) shows, the utility is actually the discounted cumulated
𝑅(𝑠) along state trace. Thus, a properly defined 𝑅(𝑠) can better
guide plane approach to goal state from any starting state.
The computation of 𝑅(𝑠) is domain related. As for our
scenario, the attacking plane in its goal state gets reward +1,
and the target plane in the same state gets −1 as punishment.
The reward in other states is 0. Intuitively, with these discrete
rewards, the planes will spend more time on space exploration to find trace from starting state to goal state. To better
guide the plane, a reward function is defined as
𝑅 = [

(1 − |AA| /𝜋) + (1 − |ATA| /𝜋) −((|𝑅|−𝑅𝐷 )/(𝜋⋅𝑘))
,
]𝑒
2
(12)

where 𝑅𝐷 is the expected attacking range of weapons, 𝑅 is
the relative distance between planes, and 𝑘 is an coefficient
adjusting the influence of 𝑅 in total reward.
With (12), the plane occupying firing position (AA = 0,
ATA = 0, and 𝑅 = 𝑅𝐷) gets reward 𝑅 = 1; the plane
under attack (AA = 𝜋, ATA = 𝜋, and 𝑅 = 𝑅𝐷) gets
reward 𝑅 = 0. In other states, the reward will increase
continuously and monotonically from the worst state to the
most advantage state. To emphasize the punishment in bad
state (the punishment will guide planes to avoid these states),
a simple linear transformation is applied to 𝑅 to get the final
reward function:
𝑅 (𝑠) = 2 ⋅ 𝑅 − 1.

(13)

To construct the utility function, some geometric features
[18] are specially defined to describe combat situation, as
Table 1 shows. These feature are optional for utility approximation in ADP steps because we can use sampled states
instead, as (10) shows. However, they are more straightforward to capture the “true” utility of states, and that is why
human pilots also use them to judge their situations in realworld combat. In other words, these well-defined features are
more representative to approximate utility function.

5. Method
In the combat scenario, the red plane is marked as “my”
side, and the blue one is marked as enemy. To describe

ADP approach, a reference decision algorithm, the MinMax search algorithm [19] is employed here. The MinMax algorithm looks into future for 𝑛 steps, using domain
knowledge to determine the acting consequent before giving
final decision.
ADP approach involves two algorithms: (i) the learning algorithm (ADP Learn()), in which the utility function is approximated, and (ii) the decision algorithm (Rollout ADP Policy()), in which the final action is determined
based on ADP policy derived from learned utility. The
ADP Learn() algorithm is displayed in Algorithm 1.
In ADP Learn(), the utility function is approximated
with sampled states, which is expected to be sampled from
frequently visited space, to fully capture the changes on utility
values in these areas. An option is to use the trajectories produced in real-world combat or other authoritative decision
tools for air combat, since the trajectories themselves indicate
the high probability of being visited in combat. In this paper,
a scenario is built to get combat trajectories, where two rival
planes all take Min-Max policies, and their trajectories are
recorded as 𝑆0 .
̂𝑘 is assigned as the reward of 𝑆0
The initial value of 𝑈
(line 1 in Code section) and then is improved 𝑁 rounds. In
each round, firstly, the blue plane’s action 𝐴 𝑏 is determined
by Min-Max policy (line 3). Secondly, the red plane’s action
𝐴 𝑟 is selected by applying one step Bellman operator. The
̃𝑘 is also recorded (lines 4-5) for further use.
changed utility 𝑈
Thirdly, the feature vector is updated (line 6), with which the
̂𝑘
least squares approximation is performed to approximate 𝑈
̃𝑘 (lines 7-8).
according to 𝑈
̂𝑘=𝑁 returned by
The approximated utility function 𝑈
ADP Learn() already can be used to give decisions, as (8)
shows. However, a rollout procedure is employed here to
further improve the quality of final decisions, as Algorithm 2
shows.
Assuming the red plane is making decision in Rollout ADP Policy(). It will not follow ADP policy directly. On
the contrary, it tries each possible action (line 1 in Code
section). For each possible action, the red plane’s future state
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Figure 3: Baseline experiment: combat start from Setup 4. Both red and blue follow Min-Max policies. The plane icons appear at the start
position in each subfigure; the 𝑥, 𝑦 positions (denoted as Pos-𝑥 and Pos-𝑦) are scaled down for better representation. The red plane wins at
last and TTW = 23 s.

(𝑠 ) is rolled out for 𝑁roll steps (lines 5–7). The red plane
follows ADP policy during this process and the blue one
follows Min-Max policy. The sum of reward and utility of
𝑠 is compared with the historical best value 𝑈best : if the

former is bigger than 𝑈best , then update 𝑈best and record the
corresponding best action 𝑎best (lines 8–11). Having tried all
possible actions, the red plane gets the best action 𝑎best in state
𝑠.
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Table 2: Four initial setups of air combat.

Initial situation
Setup 1
Setup 2
Setup 3
Setup 4

𝑥𝑏
0
2.75
0
0

Description
Offensive
Neutral
Defensive
Confronting

𝑦𝑏
−2.5
0
0
−4

𝜓𝑏
0
−𝜋/10
0
0

0 s–4.5 s

5

𝑥𝑟
0
0
0
0

𝑦𝑟
0
0
−4
0

𝜓𝑟
0
0
0
𝜋

0 s–3.25 s

4
3.5

4

3

Enemy

2.5

3
Pos-y

Pos-y

2
2

1.5
1

1

0.5
0

0

−0.5

My plane
−1
−1

0

1

2

3

4

5

Pos-x

−1
−1

Enemy
0

My plane
1

2

3

4

Pos-x

Figure 4: Engagement process starts from Setup 1 with red plane
following ADP policy 𝜋𝑟𝑘=40 and blue plane following 𝜋𝑏mm . TTW =
4.5 s.

Figure 5: Engagement process starts from Setup 2 with red plane
following ADP policy 𝜋𝑟𝑘=40 and blue plane following 𝜋𝑏mm . TTW =
3.25 s.

6. Simulation and Analysis

To speed up the experiment, a bigger 𝑓𝑛 is assigned
to red plane which means it can change direction more
quickly. This measurement would avoid long time standoff
when both planes follow the same policy. This performance
advantage will not influence policy comparison since both set
experiments use the same configured planes.
The baseline experiments are conducted firstly. Only the
result of Setup 4 (confront) is displayed here considering the
paper space limitation, as Figure 3 shows.
Figures 4, 5, 6, and 7 show the result of each initial setup
where red plane follows ADP policy and blue plane follows
Min-Max policy. Comparing Figures 7 and 3, we can see the
performance of red plane is improved greatly by taking ADP
policy, in which the TTW is reduced from 23 s to 10.5 s.
The comparison on decision performance is displayed
in Table 3. As we can see, the TTW of 𝜋𝑟𝑘=40 is reduced
in all setups compared to 𝜋𝑟mm , especially in Setup 3. This
means 𝜋𝑟𝑘=40 can guide the red plane to get rid of the
chasing quickly and find its way to occupy the firing position.
On the other hand, the APK is slightly higher with ADP
policy.
These results show that a plane is more offensive when
following ADP policy. The plane is likely to occupy firing
position risk at the risk of being killed. This phenomenon can
be explained from the working mechanism of two decision

The initial state of 1 versus 1 air combat can be classified into
4 basic situations (from red plane’s perspective): offensive,
neutral, defensive, and confronting, as Figure 2 shows.
In our experiments, all four initial situations are configured (Table 2) to compare the performance of ADP policy
and Min-Max policy.
The experiments are arranged as follows. Firstly, a baseline experiment is conducted in which both red and blue
plane would take Min-Max policy (denoted as 𝜋mm ). The
decision performance of 𝜋mm is treated as the baseline to
compare ADP policy.
Secondly, the learned ADP policy is applied with same
initial situations. ADP policy is denoted as 𝜋𝑘=𝑁, where 𝑁
is the learning rounds. For example, 𝜋𝑘=40 means this policy
is approximated after 40 rounds. The decision performance
is measured with 2 metrics: (a) the average time to win
(TTW); the winning states have been defined in Section 2; the
attacking plane needs to hold that state for at least 10 seconds
to win; (b) the accumulated probability of being killed (APK);
this indicates the total risks of one plane during the combat,
in which the probability of being killed by enemy would be
cumulated. A good policy would result in both small TTW
and APK.
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Figure 6: Engagement process starts from Setup 3 with red plane following 𝜋𝑟𝑘=40 and blue plane following 𝜋𝑏mm . TTW = 12.5 s.

approaches. In Min-Max algorithm, the decision is finally
made considering each possible reaction from the opponent.
This leads to a conservative style in decision making. By
contrast, the ADP approach uses utility to guide the plane
to make best profit by acting properly and avoid punishment
at the same time. This somehow makes the plane abandon
conservative choice for high reward in the future. This result

also proved that ADP approach is effective and of high
performance to resolve air combat problem

7. Conclusion
This paper studied the 1 versus 1 air combat decision problem
and employed ADP approach to resolve it quickly and
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Figure 7: An engagement starts from Setup 4 with red plane following ADP policy
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0
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1

𝜋𝑟mm
𝜋𝑟𝑘=40

134
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2
3
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72
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0
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APK
3
0
0.0179

and blue plane following 𝜋𝑏mm . TTW = 9.5 s.

combines the advantages of different decision frameworks
together.

Table 3: Comparison on performance of different policies.
Initial
setup

5

0

My plane

−1

4

1

−1
−2
−2

3

7.5 s–9.5 s

5

Pos-y

Pos-y

4

2
Pos-x

4
0
0.047

effectively. The ADP approach involves two operations: (i)
learning utility function from mass sampled states rather
than from scratch; (ii) making final decision by evaluating
the future incoming of any possible action. Comparative
experiments show that the policy initially produced by MinMax algorithm is improved greatly after ADP process.
In the future work, we plan to build a hybrid-decision
framework for UAV in which the decision functionality
is divided into two parts. The first part is responsible for
making initial acting policy for specific task, which is a
knowledge-based decision module, and can handle large
scale, complex task environment. The second part is the ADP
module proposed in this paper. This ADP module gets state
samples from the first part, with which the utility function is
approximated and the acting policy is improved. This process
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Production function theory combined with data envelopment analysis (DEA) and ridge regression analysis (RRA) is applied to
evaluate the technological progress of the smart grid. The feasible conditions of production function models are determined by the
DEA algorithm. RRA is applied to estimate the relevant parameters of the evaluation models under study. One of the significant
steps in the design of the assessment algorithm is the structure of production function models. Therefore, the Cobb-Douglas,
constant elasticity of substitution, and translog production functions are employed to evaluate the technological progress of the
smart grid, respectively. The results of analysis and calculation mainly include the DEA relative efficiency, slacks in inputs and
outputs of inefficient units, estimated parameters, and quantitative indices of technological progress.

1. Introduction
The smart grid is a new modern power grid, and it owns
advanced metering technologies, information communication technologies, analysis and decision technologies, automatic control technologies, and highly integrated physical
infrastructures [1]. Different from traditional power grid, the
intelligence is the most significant attribute, and it is also the
core value of the smart grid, to improve the socioeconomic
benefits for the public. Generally, the intelligent technologies
of the smart grid mainly include advanced technologies
and equipment in the generation, transmission, substation,
distribution, and dispatching fields, and they will enhance
the self-healing ability, the integration of information and
communication, the highly efficiency of management, and
the interaction with consumers to play a part in optimizing
the operation of the system [2].
The evaluation of technological progress not only will be
able to reflect the technological level of a smart grid, but also
can measure the economic benefits brought from the applied
advanced technologies. However, the smart grid as a comprehensive engineering is with a long construction period,
intensive investments, and highly technical difficulties. It is
very hard to quantitatively identify the development level of

the smart grid. Hence, how to evaluate the construction effect
of a smart grid and the intelligent technology availability
has become one of the challenges for the current assessment
research of the smart grid. It is necessary to present an
evaluation methodology to measure technological progress of
a smart grid.
Although the construction state of smart grid is still
in the initial stage, the evaluation research and practice of
smart grid have been reported preliminarily. The US Electric
Power Research Institute (EPRI) designed the assessment
system for smart grid programs over the planning and
construction periods, for the purpose of the identification
of the technological levels and the metrics of smart grids.
Furthermore, this work would be helpful to perform the costbenefit analysis of smart grids in US [3, 4]. Different from the
EPRI, the US Department of Energy only outlined the overall
development ideas and some major metrics for the smart grid
in the report, not describing the specific interpretations in
detail [5]. The European Network of Transmission System
Operators (ENTSO) also conducted an evaluation index
system of investment grant project for the European smart
grid, but not analyzing the technological benefits [6].
As known to all, the smart grid has been a hot topic
in electrical engineering sector. An effective and scientific
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evaluation method is beneficial to the identify, the problems of smart grid construction, and advanced technology
application. Hence, in this paper we attempt to present a
methodology to evaluate the technical level of the smart
grid based on the product function. The production function
specifies the maximum output that can be produced with
a given quantity of inputs. It is defined for a given state of
engineering and technical knowledge. From the economic
point of view, technology innovation occurs when new
engineering knowledge improves production techniques for
existing products. Such technological change is equivalent
to a shift in the production function. Consequently, the
production function models are developed to assess the
technological progress and socioeconomic benefits of the
smart grid. Moreover, we consider the application of the DEA
methodology to determine the efficient production state of
the smart grid, because efficient production is the necessary
condition of application to production function theory [7–
9]. Through the analysis of DEA, the production function
models are built based on the output, input, and technology
items. The advantage of the proposed methodology is to
quantitatively evaluate the impact of the smart grid technologies on economic benefits, which will show the intellectualization effects of a power grid. In addition, ridge regression is
employed to estimate the parameters of production function
models. Finally, case studies demonstrate the effectiveness of
the proposed approaches [10].
This paper is organized as follows. Section 2 constructs
some mathematical models with DEA and production function theory. In Section 3, the application of the proposed
methodology is presented. Some discussion about the property of production function is done in Section 4. Finally,
Section 5 summarizes the main conclusions and contributions of this paper.

max 𝜃 − 𝜀 (e𝑇𝑠 𝑆 + e𝑇𝑚 𝑀)
𝑛

s.t.

∑𝜆 𝑗 𝐴 𝑗 + 𝑆 = 𝜃𝐴 0

𝑗=1
𝑛

∑𝜆 𝑗 𝐵𝑗 + 𝑆 = 𝜃𝐴 0

2.1. Data Envelopment Analysis. The DEA is an efficiency
modeling approach that can be widely used to measure the
relative efficiency of different decision-making units (DMUs).
The DEA can not only analyze the simple input-output ratio,
but also handle multiple input-output variables. The purpose
of applying the DEA is to provide a judging standard that
shows that the production state for the smart grid is efficient,
and then the production function can be used to analyze the
technological change. Otherwise, supposing the production
based on the given inputs and outputs is inefficient, the slack
analysis of DEA will offer the improved measure enabling
the efficient perfect input-to-output state. Mathematically,
the DEA algorithm is in essence a linear programming
procedure. The formulation for the DEA methodology can
be described as follows:

(1)

(2)

𝑗=1

𝜆 𝑗 ≥ 0, 𝑗 = 1, . . . , 𝑛
𝑆 ≥ 0, 𝑀 ≥ 0,
where 𝜃 is the scalar quantity that is technical efficiency score,
𝜆 𝑗 is the decision variable of the DMU 𝑗, and 𝑆 and 𝑀 are,
respectively, the slack and surplus variables.
Once the optimal solution 𝜃∗ = 1, 𝑆∗ = 0, 𝑀∗ = 0,
it illustrates that the DMU is called DEA efficient [12, 13].
The slack vectors including the input excess and the output
shortfalls are defined as
Δ𝐴 = 𝐴 − (𝜃∗ 𝐴 − 𝑆)
Δ𝐵 = 𝐵 + 𝑀,

2. Methodology

max 𝜇𝑇 𝐵0
s.t. 𝑤𝑇 𝐴 𝑗 − 𝜇𝑇 𝐵𝑗 ≥ 0
𝑤𝑇 𝐴 0 = 1
𝑤 ≥ 𝑒𝑠 , 𝜇 ≥ 𝜀𝑒𝑚
𝑗 = 1, 2, . . . , 𝑛,

where 𝜇 and 𝑤 are, respectively, the weight coefficients of
input and output variables, 𝐴 𝑗 is the amount of input utilized
by the DMU 𝑗, 𝐵𝑗 is the amount of output produced by DMU
𝑗, the notation 0 is the designed unit for an optimization run,
𝜀 is a small positive number, 𝑒𝑠 is the 𝑠 dimension unit vector,
and 𝑒𝑚 is the 𝑚 dimension unit vector.
The above model is Charnes-Cooper-Rhodes (CCR)
model that is suitable for DEA-based study of electric utilities
[11]. The CCR model is first presented and named by the
operation researchers of A. Charnes, W. W. Cooper, and
E. Rhodes. It is remarkable that the CCR model is linear
programming problem in mathematics. Instead of solving
the CCR model as stated above, an equivalent model is
presented since it requires lesser computations and is easier
to implement. The dual program form of primary CCR model
is represented as follows:

(3)

where Δ𝐴 is the gap vector in inputs, Δ𝐵 is the gap vector in
outputs, 𝐴 is the input vector, and 𝐵 is the output vector.
2.2. Production Function Theory. The production function
focuses on the relationship between the amount of input
required and the amount of output that can be obtained.
Suppose 𝑌 is the output vector and 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 is the
combination of input variables; the production function can
be generally described as
𝑌 = 𝐹 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) .

(4)

It is noticeable that technological progress is an implicit
variable and it is difficult to be calculated by the universal
methods. Based on the idea of “residual value,” the technology
as the independent variable can be separated from the
production function. Hence, technological progress regarded
as a residual value is calculated indirectly by this way. Some
typical production functions are introduced as follows.
2.2.1. Cobb-Douglas (C-D) Production Function. The C-D
specification is described as a function with the input
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and maximum amount of output that can be produced
using a combination of applied production technology [14].
The inputs consist of the capital investment and the labor
resource. The mathematical expression of a C-D production
function is presented in [15] as follows:
𝑌 = 𝐴𝐾𝛼 𝐿𝛽 ,

0 < 𝛼, 𝛽 < 1,

(5)

where 𝐴 is the technological progress variable, 𝐾 is the
capital investment variable, 𝐿 is the labor resource variable,
𝑌 is the output variable, and 𝛼 and 𝛽 are, respectively, the
output elasticities of capital and labor. It is remarkable that
some assumptions play a key role in the derivation of C-D
production function: constant returns to scale and perfect
competition. Under the law of constant returns to scale, the
sum of 𝛼 and 𝛽 is equal to one. Moreover, it is also assumed
that the technological progress for the production is neutral.
2.2.2. Constant Elasticity of Substitution (CES) Production
Function. The classical CES production function derived by
Arrow, Chenery, Minhas, and Solow in 1961 is one of the
most widely used production functions. The CES production
function is developed based on the assumption that the
relationship between 𝑌/𝐿 (output per unit of labor) and
𝑊 (the wage rates) is independent of the stock of capital.
However, the CES production function is also subject to the
limitation that the value of the elasticity of substitution is
constant although not necessarily equal to one. The explicit
formula of a CES production function is described in [16]
𝑌 = 𝐴[𝛿𝐾−𝑝 + (1 − 𝛿) 𝐿−𝑝 ]
0 < 𝛿 < 1,

−𝑟/𝑝

−1 < 𝑝 < ∞,

(6)

where 𝛿 is the proportional distribution parameter, 𝑟 is the
scale parameter, 𝑟 > 1, 𝑟 = 1, or 𝑟 < 1, respectively,
corresponds to increasing returns to scale, constant returns
to scale, or decreasing returns to scale, and 𝑝 is the substitution parameter. In particular, while 𝑝 tends to zero, the
CES production function will be transformed into the CD production function, so C-D production function is the
special form of CES production function.

A major advantage of the translog production function is
that the elasticity of substitution for each input component
is variable. Besides, the translog production function enables
a richer specification of the relationships for the inputs
compared to other production functions in the previous
description. Nevertheless, the translog production function
owns more parameters than the C-D and CES production
functions, which means that the complexity of parameter
estimation for translog production function will make a
significant challenge.
2.3. Parameter Estimation. Solving the parameter estimation
problem is one of the most significant steps in the evaluation
procedure using the production functions [18]. Considering the characteristics of the estimated parameters in the
proposed production functions, such as the collinearity and
correlation properties, the ridge regression analysis (RRA)
is adopted to perform the parameter estimation in this
paper. The RRA is a dedicated to the analysis of the data
of linear biased estimation regression method, and it is in
essence an improved least-square estimation method [19].
Therefore, it is suitable to employ the RRA to minimize the
correlation effects of the variables. The fundamental principle
of parameter estimation by the RRA is shown in brief [19].
Give the linear model
𝑐 = 𝐺𝑏 + 𝜉,

(8)

where 𝐺 is the variable matrix, 𝑐 is the observed vector, 𝑏 is
the estimated parameter, and 𝜉 is the error term. The ridge
estimator of 𝑏 is
̂𝑏 = (𝐺𝑇 𝐺 + 𝑘𝐼)−1 𝐺𝑇 𝑐,

(9)

where 𝐺𝑇 is the transposed matrix of 𝐺, 𝐼 is the identity
matrix, and 𝑘 is the scalar parameter.
2.4. Quantity Property of Technological Progress. Using the
production functions, some quantitative indices representing
technological progress in the production process need to be
calculated. The evaluation indices are described in detail as
follows.

2.2.3. Translog Production Function. The translog production
function imposes no more restrictions on returns to scale and
the elasticity of substitution than the production functions
above. The translog production function is recommended
in [17], and the mathematical representation is defined as
follows:

2.4.1. Rate of Technical Progress. The rate of technical progress
denotes the effect of saving inputs per unit output in the
assessment period. The derivation of the index is generally
introduced as follows. Consider the following form of the
general production function:

ln 𝑌 = 𝛼0 + 𝛼𝐾 ln 𝐾 + 𝛼𝐿 ln 𝐿 + 𝛼𝑇 ln 𝑇

𝑌 = 𝐹 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 , 𝑡) .
The differential form of (10) is obtained as follows:

1
+ 𝛽𝐾𝐾 ln2 𝐾 + 𝛽𝐾𝐿 ln 𝐾 ln 𝐿
2
1
+ 𝛽𝐾𝑇 (ln 𝐾) 𝑇 + 𝛽𝐿𝐿 ln2 𝐿
2

(10)

(7)

1
+ 𝛽𝐿𝑇 (ln 𝐿) 𝑇 + 𝛽𝑇𝑇 𝑇2 ,
2
where 𝛼0 , 𝛼𝐾 , 𝛼𝐿 , 𝛼𝑇 , 𝛽𝐾𝐾 , 𝛽𝐾𝐿 , 𝛽𝐾𝑇 , 𝛽𝐿𝐿 , 𝛽𝐿𝑇 , and 𝛽𝑇𝑇 are the
undetermined parameters and 𝑇 is the time variable.

𝑑𝑌 𝜕𝐹 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 , 𝑡) 𝑑𝑡
=
𝑌
𝜕𝑡
𝑌
𝑛

+ ∑[
𝑖=1

𝜕𝐹 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 , 𝑡) /𝜕𝑥𝑖 𝑑𝑥𝑖
]
𝐹/𝑥𝑖
𝑥𝑖
𝑛

= 𝑎 (𝑡) + ∑𝛼𝑖
𝑖=1

𝑑𝑥𝑖
,
𝑥𝑖

(11)
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where 𝑑𝑌/𝑌 = 𝑦 that is the growth rate of outputs and 𝑑𝑥𝑖 /𝑥𝑖
is the input growth rate of the element 𝑖. Then the definition
of rate of technical progress is
𝑛

𝑎 = 𝑦 − ∑𝛼𝑖
𝑖=1

𝑑𝑥𝑖
.
𝑥𝑖

(12)

2.4.2. Technical Contribution to Output Growth. The technical contribution to output growth 𝑆𝑎 is the proportion of the
rate of technical progress in the output growth speed. The
definition of this index is represented as follows:
𝑆𝑎 =

𝑎
,
𝑦

(13)

where 𝑦 is the actual output growth speed.
2.4.3. Technical Merit. The technical merit index indicates the
technological level of the smart grid and it can be measured
by the following form:
𝐴 (𝑡) = 𝐴 (𝑡 − 1) [1 + 𝑎 (𝑡 − 1)] ,

(14)

where 𝑎(𝑡 − 1) is the growth rate of technical progress at the
time point 𝑡 − 1.

3. Application
In this section, the application of production function theory
combined with DEA and RRA will be implemented. Figure 1
shows the overall evaluation process, in which the technological level of smart grid technologies and the technological
progress of the smart grid can be displayed by means of the
selected evaluation indices.
The smart grid associated with a group of various technologies, attributes, and objectives covers comprehensive
construction, where major breakthroughs in key technology
and equipment should be achieved. It is a challenge to
evaluate the technical level of a smart grid considering all
concerns. Thus, it is suitable to select a specific attribute or
goal of smart grid to study in detail. One of the representative
objectives is integrating more clean energy, including solar
and wind energy, into electric power grids, which is also taken
as a classic example to implement the evaluation of technology level and technological progress for the integration
of clean energy in this paper. The integration of large-scale
clean energy is an important part of smart grid technologies.
Generally, the clean energy turbine technology, integration
technology into power grids, bulk storage devices, and power
forecast technology have a significant impact on the clean
energy development. Specifically, a highly efficient clean
energy turbine can reduce cost and improve reliability. The
optimal operation and sustainable construction are regarded
as an effective suggestion for the improvement of clean energy
integrated into power systems. The flexible bulk storage
devices and the power forecast technology may overcome the
volatility of renewable energy, so as to promote the utility of
the clean energy widely. Therefore, to adapt the development

of clean energy in the smart grid, the input-output relationship of such objective and the development level of intelligent
technologies will be analyzed deeply.
The data about the clean energy development plan in
a regional power grid has been obtained in Table 1 which
includes the forecast values of output and input variables in
the next decade. The inputs contain labor and three kinds
of investments which are the clean energy investments in
capacities (CEIC), the bulk energy storage devices (BESD),
and the construction investments of power grids (CIPG). The
outputs include the reduced paying carbon taxes (RPCT),
the benefits from the reduced fossil energy (BRFE), and the
electricity sales of the clean energy (ESCE).
According to the data about the clean energy development plan in Table 1, the feasibility of the production
functions should be analyzed by the DEA technique. The
DEA optimization model is solved by MATLAB optimization
toolbox. The optimal solution of relative technical efficiency
is gained and the performance of intelligent technologies can
also be understood. Figure 2 shows the results of relative
technical efficiency at the time points. It turns out that the
relations between the inputs and outputs are DEA efficient
in years 1, 2, 3, 5, 8, 9, and 10, respectively. Furthermore, it
also illustrates that the technical efficiencies are available and
the returns to scale are constant in these years. However, the
ratio efficiency between the inputs and outputs is inefficient
in years 4, 6, and 7. In order to identify the reason why the
relative technical efficiency is not available, it is necessary
to analyze the gaps of the outputs and inputs. The analysis
will provide the suggestions of how to adjust the original
outputs and inputs, so that the application of the production
functions can be achieved. Figure 3 shows the state of slack
variables of the inputs for power grids in the evaluation cycle.
In Figure 3, it shows that the slack variables of investment 1,
investment 2, and investment 3 are unequal to zero, which
means that the investments are obviously in the idle states and
the values of slack variables are equal to the idle quantity of
the investments of power grids.
The parameter estimation is also a significant step in
overall procedure of the technological progress evaluation.
Due to the advantage of RRA that is capable of coping with
the problem of collinearity between each variable in the
production functions, the results of the estimated parameters
will be more accurate using the RRA technique. Tables 2
and 3 show the estimated parameter values using the C-D,
CES, and translog production functions, respectively, with
the scalar parameter of ridge regression 𝑘 = 0.11, 0.13, and
0.2. All the numerical results in Tables 2 and 3 are calculated
by the SPSS software based on the observed measures of the
input and output historical data [20]. The results in Table 2
indicate that the economic scale is the constant returns to
scale, owing to the equation of 𝛼 + 𝛽 = 1 and 𝑟 ≈ 1.
The results in Table 3 demonstrate that all the coefficients of
the translog production function are positive, which means
that the technical progress is neutral and the trend will be
accelerating in the evaluation cycle. In addition, the results
from SPSS show 𝑅2 = 0.987, 0.951, and 0.865 for the C-D,
CES, and translog production models, which indicates that
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Figure 1: Block diagram of technological progress evaluation.

the complex determined coefficients 𝑅2 are highly significant.
Consequently, these estimated parameters are reasonable and
nearly conform to the actual condition of the smart grid as
well.
Through the DEA examination analysis of multiple inputoutput variables and the parameter estimation of the production functions, the assessment of technological progress of the
smart grid can be performed. The rate of technical progress,
technical contribution to output growth, and technical merit,
representing the indices of the technological progress level of
the smart grid, can be calculated by the proposed production

functions in the evaluation cycle. Figures 4 and 5 show the
index results about the rate of technical progress and technical contribution to output growth, respectively. The results
in Figure 4 indicate that the values of the rate of technical
progress obtained from the translog production function are
significantly smaller than other production functions. Except
the results in the second year and the last year, the index values calculated by the CES and C-D production functions are
approximately the same. The results in Figure 5 demonstrate
that the numerical values of the technical contribution to
output growth calculated by the translog production function
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Table 1: The input data of clean energy development plan.

Time (year)

Investment
1: CEIC

Investment
2: BESD

Investment
3: CIPG

Labor force

Income
1: RPCT

Income
2: BRFE

Income
3: ESCE

23.8
25.1
27.6
30.4
32.5
35.4
37.7
38.5
39.3
42.1

6.50
7.20
7.59
8.23
8.56
9.22
9.71
9.51
10.11
11.00

2.50
3.00
3.10
3.40
3.60
3.91
4.10
4.25
4.44
4.82

1.49
1.50
1.51
1.54
1.55
1.57
1.59
1.61
1.65
1.64

15.6
16.1
16.8
17.5
18.8
19.1
19.3
20.1
21.0
22.5

4.00
4.80
5.42
6.09
6.77
7.54
7.93
8.27
8.82
9.80

23.40
24.80
26.13
27.53
29.67
30.70
31.24
32.54
34.12
36.80

1
2
3
4
5
6
7
8
9
10

The units of measurements of investment and income 1, 2, and 3 are hundred million dollars. The unit of measurement of labor force is ten thousand people.

3

1.01

2.5

1
0.995

2

0.99

Slack variables

Relative technical efficiency

1.005

0.985
0.98
0.975

1.5

1

0.97
0.965
0.96

0.5
1

2
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6

7

8

9

10

Time (year)

Figure 2: Input-output relative technical efficiency for power grids
in evaluation cycle.
Table 2: The results of parameter estimation of C-D and CES
production functions.
Parameter
𝛼
𝛽
𝑟
𝑝
𝛿

Result
0.7321
0.2679
0.9923
0.5236
0.7401

Standard error
0.8103
0.2017
1.1205
0.5138
0.6942

are distinctly less than the results obtained from others.
Moreover, the difference between the translog production
function and other production functions in the initial stage is
slightly bigger than its later stage. With respect to the property
of the rate of technical progress, the values calculated by the
CES and C-D production functions are also approximately
uniform. Synthesizing the data analysis for Figures 4 and
5, we can generally summarize that the calculation results
obtained from the translog production function tend to

0

1

2

3

Investment 1
Investment 2

4

5
6
Time (year)

7

8

9

10

Labor force
Investment 3

Figure 3: Schematic drawing of slack variables of inputs for power
grids.

be rather conservative, while the calculation results of the
C-D and CES production functions display the optimistic
property. Another point of view from the data analysis is
that the calculation results obtained from the CES production
function are close to the results of the C-D production
function. The main reason is that on one hand they have the
similar function expression and on the other hand they own
the same application condition that the environment is the
constant returns to scale.
The index values of the technical merit are shown in
Figure 6, and the results indicate that the technical merit of
the smart grid is improved annually in the evaluation periods.
The growth pattern of the technical merit is similar to an
exponential function form. Due to the significant difference
of the technical merit between the translog production function and other production functions, the numerical results
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Table 3: The results of parameter estimation of translog production functions.
Parameter
𝛼0
𝛼𝐾
𝛼𝐿
𝛼𝑇
𝛽𝐾𝐾

Result
0.0802
0.2539
0.0316
0.0195
0.0402

Standard error
0.0928
0.3641
0.0472
0.0307
0.0583

Parameter
𝛽𝐾𝐿
𝛽𝐾𝑇
𝛼0
𝛼𝐾
𝛼𝐿

22
Technical contribution to output growth (%)

Rate of technical progress (%)

Standard error
0.0236
0.0093
0.0928
0.3641
0.0472

35

20
18
16
14
12
10
8
6
4
2
0

Result
0.0100
0.0013
0.0802
0.2539
0.0316

2

3

4

5

6

7

8

9

30
25
20
15
10
5
0

10

2

3

4

5

Time (year)
Translog production function
CES production function
C-D production function

of the translog production function are also less than the
results of others. The technical merit results reveal that the
technological level of smart grid technologies is enhanced
yearly. It also means that intelligent technologies are generally
used widely in the smart grid.
The indices of the rate of technical progress, technical
contribution to output growth, and technical merit represent
the intelligent properties of the smart grid. Especially, the data
results in Figure 5 show that the technological proportion
is from about 20% to 30% for the C-D production function, which illustrates that the revenues from the intelligent
technology are less than the investment and labor. It is
necessary for managers to take effective measures to improve
the intelligent level of the smart grid, furthermore promoting
the extensive application of intelligent technologies.
As for the proposed assessment models based on the production function approaches in this paper, a more important
question is how to choose from these production functions
to reflect the actual smart grid. In authors’ opinion, it seems
that the C-D production function could be used to evaluate
the technological progress more properly in most cases. The
reason is that the CES and translog production functions

8

9

10

C-D production function
CES production function
Translog production function

Figure 5: The technical contribution to output growth calculated by
production functions.

2.8
2.6
2.4
Technical merit

Figure 4: The rate of technical progress calculated by production
functions.

6
7
Time (year)

2.2
2
1.8
1.6
1.4
1.2
1
1

2

3

4

5
6
Time (year)

7

8

9

10

C-D production function
CES production function
Translog production function

Figure 6: The technical merit calculated by production functions.
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contained in the new translog production function, the
specific formulation is introduced as follows:

Technical contribution to output growth (%)

28
26

ln 𝑌 = 𝛽0 + 𝛽𝐾 ln 𝐾 + 𝛽𝐿 ln 𝐿 + 𝛽𝐷 ln 𝐷 + 𝛽𝑇 ln 𝑇

24
22

+ 𝛼𝐾𝐿 ln 𝐾 ln 𝐿 + 𝛼𝐾𝐷 ln 𝐾 ln 𝐷 + 𝛼𝐿𝐷 ln 𝐿 ln 𝐷

20

1
1
1
1
+ 𝛼𝐾𝐾 ln2 𝐾 + 𝛼𝐿𝐿 ln2 𝐿 + 𝛼𝐷𝐷ln2 𝐷 + 𝛼𝑇𝑇 ln2 𝑇
2
2
2
2

18
16

+ 𝛼𝐾𝑇 (ln 𝐾) 𝑇 + 𝛼𝐿𝑇 (ln 𝐿) 𝑇 + 𝛼𝐷𝑇 (ln 𝐷) 𝑇,

14

(15)

12

where 𝐷 is the additional load demand.
The additional load demand can be approximately forecasted according to the smart grid plans, technological innovation, and policy orientations. In [21], the forecast results
of the additional load demand are given. Based on the data
of the forecast additional load demand, the index values of
technical contribution to output growth obtained from the
different production functions can be shown in Figure 7.
Translog production function I includes the additional load
demand factor, while translog production function II is the
original form of the translog production function previously
mentioned. The difference from the results indicates that the
influence of additional load demand cannot be ignored. In
other words, the additional factors may conduct the different
index results to represent technological level; consequently, it
is necessary to focus on the impact of the various factors on
the technological progress assessment of the smart grid.
For the proposed methodology to evaluate the technological progress of smart grids, it describes an empirical
relationship between specific output and inputs for a power
grid. In the modeling process, the production functions are
used to represent the output production generated from
investment and labor inputs, as well as technology. For
application to production function approaches, we assume
that the input variables include 𝑌, 𝐿, and 𝐾 and the output
variables are 𝑎 and 𝑆𝑎 . Hence, the technological progress
of smart grids can be measured by this measure that is a
parametric method in operations research and economics
for the estimation of power system production. In addition,
DEA technique as a nonparametric method is used to select
the optimal inputs and output of production functions. DEA
is a preprocessing using, underlying the application to production function approaches. The evaluation of technological
progress proposes such mathematical problem that is a timeseries estimation of the production state of smart grids based
on multiple inputs/outputs in power system planning and
operation models. In the solving procedure, the following
properties of the evaluation framework can be obtained. (i)
The models approached by production functions are built
on the assumption of DEA availability. (ii) Besides the input
variables 𝑌, 𝐿, and 𝐾 determined by DEA, the parameters 𝛼
and 𝛽 also have the impact on the results of technology assessment. (iii) Data for a portion of the technological progress
evaluation can provide the primary basis for exploration
of the production function model, while the data used to
implement the assessment can play a significant role in the
accurate estimation.

10
8
2

3

4

5

6
7
Time (year)

8

9

10

Translog production function I
Translog production function II

Figure 7: Technical contribution to output growth calculated by
translog production models.

require more complex computation to estimate their parameters, which may result in the deterioration of calculation
precision. Although a critical application condition of the
C-D production function is limited to constant returns to
scale, most actual situations in not only power systems but
also other industries are thought to submit to it in general.
However, if the decision-maker tends to implement more
complex and detailed analysis to evaluate the technological
progress, the CES and translog production functions will be
recommended. Under the same conditions, C-D production
function can be applied more widely and conveniently. Under
some special circumstances, it should be noted that different
production models have their corresponding and unique
applied scopes, which will be discussed in the next section.

4. Discussion
As to the mathematical formulations of the production
functions, the structure of the C-D production function is
similar to the CES production function and they both have
the unique inputs such as technology, capital investment, and
labor. Moreover, the C-D and CES production functions can
be widely used because of the simple expressions. However,
for the translog production function, though it has more
complex mathematical representation than other production
functions, the law of restricting the fixed inputs and the
constant elasticity of substitution may not be complied.
Therefore, the translog production function can be applied
on more academic areas considering more and more nonroutine factors. For example, the environmental factor is an
important objective for smart grid development. Supposing
the additional load demand as an environmental factor is
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The evaluation framework can perform the technological
progress assessment for smart grids from a macroview.
Moreover, we assume that technical contribution to output growth represents technological progress in evaluation
models. Different from the commonly evaluation methods,
such as comprehensive assessment approach and cost-benefit
analysis, this paper presents a novel evaluation model based
on the parametric and nonparametric estimation methods
to implement technology-based assessment for smart grids.
The proposed methodologies can be used to evaluate the
effects of the adopted intelligent technologies in smart grid
construction, which is helpful to direct the future power
system planning and operation.

5. Conclusion
This paper presents the evaluation methodology to measure
the technological progress of the smart grid based on production function theory. The proposed method is mathematically
formulated to analyze the relationship between multiple input
and output variables of the smart grid. In the evaluation
process, the DEA test is regarded as an important step to
ensure the application condition of the production functions
in economic law. The indices representing the technological
progress characteristic of the smart gird are obtained from
the adopted C-D, CES, and translog production. Moreover,
the simulation results in case studies indicate that the
tendency of technological levels is generally improved. The
comparison analysis about the different production functions
is performed in discussion, from which the application
scope, modeling mechanism and engineering value of the
production function can be understood. Finally, this study is
a first strategic approach for the evaluation of technological
progress of the smart grid from the macro view.
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The reservoirs that feed large hydropower plants should be managed in order to provide other uses for the water resources. Those
uses include, for instance, flood control and avoidance, irrigation, navigability in the rivers, and other ones. This work presents
an evolutionary multiobjective optimization approach for the study of multiple water usages in multiple interlinked reservoirs,
including both power generation objectives and other objectives not related to energy generation. The classical evolutionary
algorithm NSGA-II is employed as the basic multiobjective optimization machinery, being modified in order to cope with specific
problem features. The case studies, which include the analysis of a problem which involves an objective of navigability on the river,
are tailored in order to illustrate the usefulness of the data generated by the proposed methodology for decision-making on the
problem of operation planning of multiple reservoirs with multiple usages. It is shown that it is even possible to use the generated
data in order to determine the cost of any new usage of the water, in terms of the opportunity cost that can be measured on the
revenues related to electric energy sales.

1. Introduction
The optimal use of water resources is increasingly being
recognized as a strategic issue for the nations [1]. In several
countries, a significant share of the energetic matrix is
supported by hydropower plants. The large reservoirs that
feed the operation of those plants should be managed in order
to provide the economic operation of the power generation,
considering also the other multiple uses that the water
resources should allow. Those uses include, for instance, flood
control and avoidance, irrigation, navigability in the rivers,
and other ones. It is necessary to focus on improving the
operational effectiveness of reservoir systems for maximizing
the benefits of its usage.
The optimal planning of the operation of single and
multiple reservoir systems involves essentially the decision
about how much electricity should be generated in each plant
on each time period. This decision determines how much
water is available for electricity generation in the next time
periods, interacting with the effect of reservoir filling due

to seasonal rainfall. Other usages for the water will rely on
the availability of water, either in the reservoir (measured by
the reservoir level) or in the river watercourse (measured by
the water flow). For instance, the flood control is better if
there is less water in the reservoir, allowing the impoundment
of a large additional volume of water, while more water in
the reservoir is better for irrigation purposes. For allowing
navigability, there is a need for a minimum water flow in the
watercourse, which imposes a minimum level of electricity
generation in order to liberate such a flow.
The underlying optimization problem can be characterized as (i) a multiobjective optimization problem, since
the possible alternative usages of the water are conflicting
with each other and with the power generation. (ii) It is a
dynamic optimization due to the interdependence of the time
stages with any decision being constrained by the decisions
taken in the former stages. (iii) The problem is nonlinear,
mainly due to the nonlinear relationship between the water
flow through the reservoirs and the water level in them.
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Figure 1: Schematic representation of a hydroelectric central.

These nonlinear functions are also nonconvex, in general.
The objective functions may also be defined as nonlinear
functions. (iv) There are constraints related to the minimum
and maximum admissible levels of water in the reservoirs and
to the minimum and maximum water flow that can be sent to
power generation.
Several methods, both deterministic and stochastic, have
been used for tackling simplified instances of this general
problem. Some of them are reviewed in [2, 3]. Over the last
decade, single objective evolutionary methods, in particular
several instances of the genetic algorithms, were applied to
single reservoir systems [4–6]. The nonlinear model of the
complete Brazilian hydropower system was solved by linear
programming techniques, after linearization, considering the
weighted sum of six objectives [7]. The multiobjective evolutionary algorithm NSGA-II was employed for optimizing the
operation of a multipurpose reservoir, considering two objectives [8]. In another work, the same authors also employed
an elitist-mutated particle swarm algorithm, considering the
weighted sum of two objectives [9]. The loss of diversity in
the population was an important concern in several works.
For instance, in [10], a new macroevolutionary multiobjective
genetic algorithm was proposed for the optimization of the
rule curves of a multipurpose reservoir system.
In this work, a multiobjective genetic algorithm is employed to optimize the operation of a set of five existing
Brazilian hydropower plants through the course of one year
for a typical year and for a dryer than usual year. Two
objectives related to energy generation are considered: the
maximization of the minimal power generation along the
year (which is related to the power delivery which can be
ensured by the system on any time) and the maximization of
the total energy generation along the year. Those objectives
represent a typical trade-off to be examined by decisionmakers that work under the viewpoint of the electricity
system planning. Another objective, not related to energy
generation, is also included: the navigability in the river
downstream the reservoir. This objective is expressed as the
need to maintain the water flow above a given minimum,
which allows the operation of ships above a given draft.

The inclusion of this objective exemplifies the employment of
the proposed methodology for the generation of data for the
decision-making process considering several stakeholders, in
addition to the electric power system viewpoint.
The proposed algorithm is a variation of the NSGAII algorithm, which has been modified in order to include
a new representation for the individuals, allowing a better
constraint handling and new problem-specific mutation and
crossover operators, which enhance the algorithm computational efficiency [11]. Preliminary results of the proposed
algorithm were presented in the conference paper [12].

2. System Mathematical Model
A hydroelectric central is shown schematically in Figure 1. It
is composed of a dam that impounds the river, making the
reservoir. A duct system leads the water to the powerhouse
where the generator turbines are driven and the water is
restored to the river by an outflow channel. If the reservoir
becomes full and the capacity of the outflow channel is
exceeded by the water inflow, it becomes necessary to release
water by the spillway, which means that this water will not
generate electricity.
The difference between the water level in the reservoir
and its level in the outflow channel is called the head.
This difference determines the potential energy that can
be transformed into electric power. The water level in the
reservoir presents a nonlinear relationship with the stored
volume, while the level in the outflow channel also depends
nonlinearly on the sum of flow through the turbines and the
spillway flow.
The following variables are involved in the model of a
hydroelectric central:
(i) 𝑉: volume stored in the reservoir;
(ii) 𝑉max : maximal operational volume of the reservoir;
(iii) 𝑉min : minimal operational volume of the reservoir;
(iv) 𝑉𝑜𝑝 = 𝑉max − 𝑉min : reservoir operational volume;
(v) 𝑊:̇ generated power;
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(vi) 𝑊̇ max : maximum power that can be generated;

2.2.2. Operational Limits. The volume of water in the reservoir is bounded below by the level of the forebay (intake
channel) and above by the structural limit of the dam:

𝐹

(vii) 𝑄 : water inflow into the reservoir;
(viii) 𝑄𝑇 : turbined flow;
(ix) 𝑄𝑆 : spillway flow;
𝐷

𝑇

𝑉𝑗min ≤ 𝑉𝑡,𝑗 ≤ 𝑉𝑗max .

𝑆

(x) 𝑄 = 𝑄 + 𝑄 : total outflow;
(xi) 𝑄𝐷,min : minimum allowed total outflow;
(xii) 𝑄𝑇,max : maximum turbined flow allowed;
(xiii) 𝜙(𝑉): height of the reservoir elevation, as a function
of the stored volume;
(xiv) 𝜃(𝑄𝐷): height of the outflow channel level, as a
function of the total outflow;
(xv) ℎ = 𝜙(𝑉) − 𝜃(𝑄𝐷): head.
In all cases, 𝑁 stands for the number of reservoirs and 𝑀
stands for the number of months in the optimization horizon.
A variable represented by 𝑉 stands for water volume; 𝑄 stands
for water flow; 𝑊 stands for energy; 𝑊̇ stands for power. The
considered time unit is represented by Δ𝑡.
2.1. Power Generation. The power generated by a hydropower
plant 𝑖 in the 𝑡th time interval can be determined by the
expression
𝑇
.
𝑊̇ 𝑡,𝑖 = 𝜉𝑡,𝑖 𝑄𝑡,𝑖

(1)

In this expression 𝜉𝑡,𝑖 is the energy production function which
depends on the average volume of the water stored in the
reservoir during the 𝑡th time period for the 𝑖th power plant,
𝑇
is the average volumetric flow rate of water through
and 𝑄𝑡,𝑖
the turbines of that plant in the same time period.
2.2. Constraints. There are both physical and operational
constraints for the operation of hydroelectric power plants.
2.2.1. Conservation of Mass. The conservation of mass constraint, over a time interval, imposes that the increase of
stored water volume in each one of the reservoirs must be
𝐹
) minus the
equal to the amount of water flowing into it (𝑄𝑡,𝑖
𝑇
) and
amount of water discharged through the turbine (𝑄𝑡,𝑖
𝑆
spilled (𝑄𝑡,𝑖 ),
𝐹
𝑇
𝑆
− 𝑄𝑡,𝑖
− 𝑄𝑡,𝑖
) Δ𝑡.
𝑉𝑡+1,𝑖 − 𝑉𝑡,𝑖 = (𝑄𝑡,𝑖

(2)

If the reservoir is the first one on a river, the affluent flow
is determined by nature. If not, the total volume coming from
the upstream reservoir must be added to the incremental
volume—that of water from other tributaries, added between
the two reservoirs:
𝐹
=
𝑄𝑡,𝑖

𝑁

𝑇
𝑠
𝐼
+ 𝑄𝑡,𝑘
) + 𝑄𝑡,𝑖
.
∑ (𝑄𝑡,𝑘

(3)

𝑘=1,𝑘∈𝑈

𝐼
denotes the
Here 𝑈 is the set of upstream reservoirs and 𝑄𝑡,𝑖
incremental flow into the river between reservoirs, on the 𝑡th
month, upstream of the 𝑖th reservoir.
The mass conservation establishes a direct relationship
between the water outflow and the volume of water in the
reservoir, as the affluent flow is known.

(4)

The operational parameters of the turbines also impose
constraints to the problem, in terms of both a maximum
power and a maximum volumetric flow:
𝑊̇ 𝑡,𝑖 ≤ 𝑊̇ 𝑖max ,

(5)

𝑇
≤ 𝑄𝑖𝑇,max .
𝑄𝑡,𝑖

If the volume variation in a given interval requires a flow
through the turbine that exceeds the maximum allowed,
it is assumed that some water was discharged through the
spillway.
For ecological, sanitary, and economical reasons, a minimum volumetric flow to the river downstream of the reservoirs must also be ensured:
𝑇
.
𝑄𝑖𝐷,min ≤ 𝑄𝑡,𝑖

(6)

In this work the availability of the turbines is assumed.
Therefore no spillage is allowed when the flow is smaller than
the allowed maximum; that is, all the water passes through
the turbines.
Finally, it is assumed here that every reservoir must be
returned to its initial state at the end. Therefore,
𝑉0,𝑖 = 𝑉𝑀,𝑖 .

(7)

This constraint can be hard-coded on the algorithm by
excluding the volume at the end of the last interval from the
decision variable set.

3. System Optimization
The optimization of the reservoir system usage is defined
by the choice of the objective functions to be maximized or
minimized. In this section, several formulations of different
objective functions are presented.
3.1. Energy Generation Objectives. Some possible objective
functions related to energy generation are shown in this
subsection. In all cases, the index 𝑖 ∈ {1, . . . , 𝑁} indicates
the specific power plant, with its reservoir, among all power
plants that compose the system, and the index 𝑡 ∈ {1, . . . , 𝑀}
indicates the considered time interval, with the time discretized in intervals of Δ𝑡. 𝑊𝑡,𝑖 represents the total energy
generated by plant 𝑖 in the time interval indexed by 𝑡.
3.1.1. Minimize the Usage of Complementary Sources. A usual
expression [7, 13] for the objective to be pursued in the
optimization procedure is given by 𝑊𝑐𝑒 :
𝑀

𝑁

2

min [𝑊𝑐𝑒 = ∑(𝐷𝑡 − ∑𝑊𝑡,𝑖 ) ] ,
𝑡=1
𝑖=1
[
]

(8)
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in which 𝐷𝑡 represents the total demand of energy in
time period 𝑡. This expression defines a differentiable function, which is suitable for being optimized by conventional
gradient-based methods. The variable 𝑊𝑐𝑒 represents the total
energy from complementary power sources that is necessary
for supplying the demand, which should be minimized. The
complementary power to the system is usually generated by
thermal fossil fuel or nuclear power plants, with higher costs.
3.1.2. Maximize the Energy Generation. The maximization of
the total generated energy is represented by
𝑀 𝑁

max (𝑊𝐺 = ∑ ∑𝑊𝑡,𝑖 ) .

(9)

𝑡=1 𝑖=1

This expression makes sense under the assumption that the
system to be optimized has a generation capacity, that is,
always less than the demand, that is, supposing that all energy
that the plant can produce will be sold. In such a case, the
maximization of 𝑊𝐺 will lead to an exact minimization of
the total amount of complementary energy that is necessary
along the whole optimization period. In this case, the same
would not happen with the minimization of 𝑊𝑐𝑒 , which would
not achieve the exact minimization of the complementary
energy demand.
3.1.3. Maximize the Minimum Power Generated. Another
objective is the maximization of the minimum monthly
power generation:
𝑁

max min∑𝑊𝑡,𝑖 .
𝑡

(10)

𝑖=1

Under the viewpoint of an independent company of electric power generation which sells energy in a market, this
objective corresponds to the maximization of the assured
energy, which is the share of the total energy produced by
the company that should be guaranteed to be furnished
under any circumstance. This share is sold by a price that is
defined in a long term contract which, in average, provides
a better price for the energy, with less volatility. Under the
viewpoint of the whole system, this objective corresponds
to the minimization of the need of installation of backup
power plants that would operate only in case of low availability of hydroelectric energy. Notice that this objective is
different both from max 𝑊𝐺 and from min 𝑊𝑐𝑒 , since those
objectives perform the minimization of the need of energy
from complementary power sources, but they do not perform
the minimization of the need of installation of those power
plants. This objective becomes particularly important when
the rainfall is subject to large variations which, without a
large reservoir, would lead to corresponding variations in the
power generation.

maximize the profit that comes from the sale of that energy,
by selling the energy in the moments in which the price is
expected to be higher. This objective can be expressed as
𝑀

𝑁

𝑡=1

𝑖=1

max ∑ (𝑝𝑡 (∑𝑊𝑡,𝑖 − 𝐷𝑐 )) ,

(11)

in which 𝑝𝑡 is the expected price of energy on period 𝑡 and
𝐷𝑐 is the assured energy, which is not available for sale in the
spot market.
3.2. Other Objectives
3.2.1. Water Supply for Cities, Industry, and Irrigation. Several
works [14] employ the following expression in order to
represent an objective related to the extraction of water from
reservoirs, for several uses:
𝑀 𝑁

2

𝑠
𝑠
Δ𝑡 − 𝐷𝑡,𝑖
),
min ∑ ∑(𝑄𝑡,𝑖

(12)

𝑡=1 𝑖=1

𝑠
Δ𝑡 represents the volume of water withdrawn
in which 𝑄𝑡,𝑖
from the reservoir 𝑖 for the other usages in time period 𝑡 and
𝑠
represents the corresponding demand for water supply
𝐷𝑡,𝑖
on that time and from that reservoir. It should be noticed that
the demand for water is specific for each reservoir, differently
from the energy demand, which is for the whole system.

3.2.2. Flood Control. The control of water flow downstream a
reservoir can contribute to avoid the occurrence of floods in
urban or agricultural areas. Such an objective is sometimes
expressed as [14]
𝑀 𝑁

𝑓𝑐 2

𝐷
− 𝑄𝑖 ) ,
min ∑ ∑(𝑄𝑡,𝑖

(13)

𝑡=1 𝑖=1

𝑓𝑐

in which 𝑄𝑖 represents a threshold above which a flood can
occur downstream the reservoir 𝑖. This expression is constructed such that both negative and positive flow differences
in relation to the threshold are avoided. The reasoning behind
this expression is that if one tries to keep the water flow
always near the threshold (and not below it), the reservoirs
will be driven to their minimum possible level in the end of
the optimization period, and there will be the largest capacity
for flood control in the future in any moment of maximum
rainfall.
A different formulation which takes into account only the
positive violations of the threshold may be stated as
𝑀 𝑁

𝑓𝑐

𝐷
− 𝑄𝑖 , 0} .
min ∑ ∑ max {𝑄𝑡,𝑖

(14)

𝑡=1 𝑖=1

3.1.4. Maximize the Profit from Secondary Energy. After a
share of the total energy produced by a company is compromised by a long term contract (the assured energy), the
remaining energy is sold in a spot market. It is possible to

This formulation is less conservative, avoiding the floods
while allowing the preservation of water in the reservoirs for
other usages.
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Figure 2: Representation of the Pareto-set, in the space X of decision variables, as a set starting in the point 𝑥𝐴 and ending in the point 𝑥𝐵 .
The image of such a set is represented in the objective space Y as the curve starting in the point 𝑦𝐴 and ending in the point 𝑦𝐵 . The feasible
set, in the decision variable space, is represented by the closed set F𝑥 , and its image in the objective space is represented by the closed set F𝑦 .
The image of the Pareto-set is part of the boundary of the set F𝑦 , which motivates it being called the Pareto-front of the problem. It should be
clear that any point inside F𝑦 , except the points belonging to the Pareto-front, will have some other points belonging to F𝑦 that dominates
it.

3.2.3. Navigability. Several rivers have large seasonal variations of their water flows along the year, which makes them
be navigable by large ships during part of the year only. The
flow in those rivers can be regulated by the reservoirs, making
them navigable throughout the year. A larger minimum water
flow means that a larger ship is allowed to navigate the river,
which means that the maximization of the minimum water
flow leads to the maximization of the allowed ship’s draft:

max

𝐷
.
min 𝑄𝑡,𝑖
𝑡

(15)

The optimization of this expression leads to the maximization
of the minimum flow downstream the reservoir 𝑖, where the
navigability will be guaranteed.

4. Multiobjective Optimization
The problem of planning the usage of the water stored in
hydroelectric plant reservoirs was shown to be related to
several different objective functions, which may be conflicting with each other. Therefore, the suitable framework for
performing such a planning is the multiobjective optimization. A brief explanation about the subject of multiobjective
optimization is presented in this section.
A conventional single-objective optimization problem is
stated as the problem of finding the point, in a space of
decision variables, in which an objective function reaches its
minimum value. The multiobjective optimization problem,
instead, searches for a set of points, the Pareto-optimal set,
which constitutes the set of optimal solutions of a problem
with more than one objective function [15]. The Paretooptimal set, X∗ , is defined in the following.
Consider the minimization of a vector function 𝑓(⋅) :
F → R𝑚 (the vector of 𝑚 objective functions), in which
the set F represents the problem feasible set. There is not,

in general, any single point 𝑥 ∈ F in which 𝑓(⋅) reaches the
minimum value for all its components. Then
X∗ = {𝑥∗ ∈ F | ∄𝑧 ∈ F such that 𝑓 (𝑧)
≤ 𝑓 (𝑥∗ ) , 𝑓 (𝑧) ≠ 𝑓 (𝑥∗ )} ,

(16)

in which the relational operators ≤ and ≠ are defined for
vectors 𝑢, V ∈ R𝑚 as
𝑢 ≤ V ⇐⇒ 𝑢𝑖 ≤ V𝑖

∀𝑖 = 1, . . . , 𝑚,

𝑢 ≠ V ⇐⇒ 𝑢𝑖 ≠ V𝑖

for some 𝑖 = 1, . . . , 𝑚.

(17)

The points 𝑥 ∈ F that do not belong to the set X are said to
be dominated, since there is at least one other point, 𝑧 ∈ F,
such that 𝑓(𝑧) ≤ 𝑓(𝑥) and 𝑓(𝑧) ≠ 𝑓(𝑥), meaning that 𝑓(𝑧)
is better than 𝑓(𝑥) in at least one coordinate, without being
worse in any other coordinate. In this case, 𝑧 dominates 𝑥.
The solutions 𝑥∗ that belong to the set X∗ are the efficient
solutions, which are not dominated by any other solution.
Notice that the efficient points have all objective coordinates
not worse than the coordinates of the nonefficient points
that they dominate, but not necessarily in comparison with
the coordinates of all nonefficient points. The feature that
determines that a point is nonefficient is that it is dominated
by some efficient points, but not necessarily by all efficient
points. The multiobjective optimization looks for the set of
efficient solutions of a problem of vector optimization. The
concept of a Pareto set is illustrated in Figure 2.
Finding the set X∗ is a useful analysis tool in a system
design procedure, since the relative position of the elements
of this set represents the information about existing trade-offs
among the problem objectives. This means that the designer
can evaluate the effect of replacing a solution by another
one, in terms of loss in some objective with simultaneous
enhancement in another one. The single-objective approach
does not allow for such an analysis. In the case of problems
in which the decision variables are continuous, as is the case
here, the set X∗ becomes a continuous object, and therefore
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(1) 𝑃1 ← InitialPopulationGenerator
(2) 𝑃0 ← 0
(3) for 𝑡 ← 1 : maxgen do
(4) 𝑅𝑡 ← 𝑃𝑡 ⋃ 𝑃𝑡−1
(5) Evaluate fitness(𝑅𝑡 ) using fast non-dominated sorting and crowding-distance-assignment
(6) 𝑅𝑡 ← StochasticTournament(𝑅𝑡 )
(7) 𝑅𝑡 ← Crossover(𝑅𝑡 )
(8) 𝑅𝑡 ← Mutation(𝑅𝑡 )
(9) 𝑃𝑡+1 ← 𝑅𝑡
(10) end for
(11) 𝑂maxgen ← ParetoExtraction(𝑃𝑡 ⋃ 𝑃𝑡+1 )
Algorithm 1: Multiobjective genetic algorithm-NSGA-II.

it is not possible to determine all its elements. In this case,
the usual procedure is to find a set of representative samples
of X∗ , covering all its extension—this discretized set can be
used for the same purpose of performing the multicriteria
analysis. This approach will be employed here.

5. Problem-Specific Multiobjective
Genetic Algorithm
Although general purpose shelf routines devoted to evolutionary multiobjective optimization are usually quite userfriendly, it has been recognized recently that in several cases
some problem-specific adaptations become necessary in
order to achieve reasonable levels of algorithm performance
[11]. This is the case of the problem considered here, for which
no consistent result has been achieved with shelf routines
only.
This section describes the problem-specific evolutionary
multiobjective optimization algorithm that was developed
here. The computational tool employed in this work in
order to estimate the Pareto-set solutions for the problem of
multiple reservoir operation is based on the classical NSGA-II
algorithm [16], modified in some aspects in order to enhance
its suitability to the specific problem. The basic structure
of the algorithm is presented first, and the specific features
introduced in this work are presented after.
5.1. Basic NSGA-II. The basic structure of the NSGA-II is
presented in Algorithm 1, according to Deb et al. [16].
Details about the fast-nondominated sorting, crowdingdistance-assignment, and stochastic tournament procedures
can be found in [16]. The set 𝑂maxgen is the approximation of
the Pareto-set of the problem.
The nonstandard components of the algorithm which are
proposed here are described next.
5.2. Variable Encoding and Constraint Handling. The authors
proposed, in a previous work [12], a new variable encoding
that implicitly provides most of the constraint-handling
that is necessary in the problem. The same formulation is
employed here, as described below.

First, a modified lower bound to the volume of the
reservoir is imposed at the end of each interval, ensuring
that the reservoir can be replenished at the end interval
with the available upstream affluent flow and discounting the
minimum downstream volume:
min
= 𝑉𝑖𝑗min − (𝑄𝑖𝑗𝑎 + 𝑄𝑗𝑡,min ) Δ𝑡𝑖
𝑉𝑖−1,𝑗

∀𝑖 ∈ {1, 2, . . . , 𝑀 − 1} ,
∀𝑗 ∈ {1, 2, . . . , 𝑁} .
(18)

A modification to the upper bound constraint was also
introduced in order to avoid cases in which the affluent flow
minus the minimum downstream flow becomes insufficient
to allow for the desired increase in volume:
max
={
𝑉𝑖+1,𝑗

𝑉𝑖𝑗 + (𝑄𝑖𝑗𝑎 − 𝑄𝑗𝑡,min ) Δ𝑡𝑖 ,
𝑉𝑗max ,

∀𝑖 ∈ {1, 2, . . . , 𝑀 − 1} ,

if < 𝑉𝑗max ,
otherwise,

(19)

∀𝑗 ∈ {1, 2, . . . , 𝑁} .

The decision variables were also changed from the
monthly volume of water stored in the reservoir to the fractions of the monthly allowable volumes:
𝑉𝑖𝑗 = 𝑉𝑖𝑗min + 𝛼𝑖𝑗 (𝑉𝑖𝑗max − 𝑉𝑖𝑗min ) ,

𝛼𝑖𝑗 ∈ [0, 1] .

(20)

Within those limits, the volumetric flow through the turbines
is always greater than the minimum, though it can still
lead to a calculated power generation which is greater than
the maximum allowed or it can be itself greater than the
maximum allowed volumetric flow. To deal with those cases,
it is assumed that some water was spilled, and the true flow
through the turbine is one that satisfies both conditions (5).
5.3. Crossover. The crossover adopted in the proposed algorithm is described in Algorithm 2. This crossover is an
adaptation of the real-biased crossover which was presented
in [17]. In Algorithm 2, 𝑃 represents the population that will
perform crossover, with 𝑃(𝑖, 𝑗) representing the variable 𝑗 of
individual 𝑖 and 𝑁𝑐 represents the number of individuals in 𝑃.
The probability of crossover per pair of individuals is given by
𝑝cross . The function F(𝑃(𝑖, :)) furnishes the ranking position
of the fitness of individual 𝑃(𝑖, :) in the population, after
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(1) Inputs: 𝑃, 𝑝cross , 𝑁𝑐 and F(𝑃)
(2) Output: 𝐺
(3) 𝑃 ← randperm𝑃
(4) 𝑃1 ← 𝑃(1 : 𝑁𝑐 /2, :)
(5) 𝑃2 ← 𝑃(𝑁𝑐 /2 + 1 : 𝑁𝑐 , :)
(6) for 𝑖 ← 1 : 𝑁𝑐 /2 do
(7) cross ← rand(1)
(8) if cross < 𝑝cross then
(9)
if F(𝑃1(𝑖, :)) > F(𝑃2(𝑖, :)) then
(10)
𝐴𝑈𝑋(:) ← 𝑃1(𝑖, :)
(11)
𝑃1(𝑖, :) ← 𝑃2(𝑖, :)
(12)
𝑃2(𝑖, :) ← 𝐴𝑈𝑋
(13)
end if
(14)
𝛽1 ← rand(1)
(15)
𝛽2 ← rand(1)
(16)
𝛼 ← 1.4𝛽1 𝛽2 − 0.2
(17)
𝐺(𝑖, :) ← 𝛼𝑃1(𝑖, :) + (1 − 𝛼)𝑃2(𝑖, :)
(18) else
(19)
𝑠𝑒𝑙 ← rand(1)
(20)
if 𝑠𝑒𝑙 < 0.5 then
(21)
𝐺(𝑖, :) ← 𝑃1(𝑖, :)
(22)
else
(23)
𝐺(𝑖, :) ← 𝑃2(𝑖, :)
(24)
end if
(25) end if
(26) end for
Algorithm 2: Crossover.

the application of nondominated sorting and crowding distance, with the best individual assigned with F = 1. The
offspring individuals are stored in matrix 𝐺, with 𝐺(𝑖, 𝑗)
representing the variable 𝑗 of individual 𝑖.
In Algorithm 2 the function rand returns a random
number drawn from a uniform distribution U(0, 1), and
the function randperm returns a random permutation, with
uniform probability, of the argument set. An important
difference of Algorithm 2 in relation to the one presented
in [17] is that there is a low probability of Algorithm 2 to
generate an offspring which is too different from one of the
parent individuals. This feature was verified to promote the
algorithm efficiency in the problem under study here.
5.4. Mutation. The mutation employed in the algorithm is
performed on each variable, independently of the individual,
as shown in Algorithm 3. In this algorithm, 𝑃 represents
the population to be mutated, with 𝑃(𝑖, 𝑗) representing the
variable 𝑗 of individual 𝑖, and 𝑝mut represents the probability
of mutation per variable. 𝑁𝑝 represents the number of
individuals in 𝑃. The offspring mutated individual is stored
in matrix 𝐺, in which 𝐺(𝑖, 𝑗) represents the variable 𝑗 of
individual 𝑖.
In Algorithm 3 the function rand works as in Algorithm 2
and the function randn returns a random Gaussian number with zero mean and unitary standard deviation. The
parameter 𝑓mut controls the relative range of the mutation.
The algorithm was represented as Algorithm 3 for clarity;
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(1) Inputs: 𝑃 and 𝑝mut
(2) Output: 𝐺
(3) 𝑉𝑅(𝑗) ← max(𝑃(𝑖, 𝑗)) − min(𝑃(𝑖, 𝑗)) ∀𝑖 = 1, . . . , 𝑛
(4) for 𝑖 ← 1 : 𝑁𝑝 do
(5) for 𝑗 ← 1 : 𝑛 do
(6)
mut ← rand(1)
(7)
if mut < 𝑝mut then
(8)
𝐺(𝑖, 𝑗) ← 𝑃(𝑖, 𝑗) + 𝑉𝑅(𝑗) × rand𝑛(1) × 𝑓mut
(9)
else
(10)
𝐺(𝑖, 𝑗) ← 𝑃(𝑖, 𝑗)
(11)
end if
(12) end for
(13) end for
Algorithm 3: Mutation.

however, it was actually implemented with matrix operations
for the sake of computational efficiency.

6. Algorithm Validation
The proposed constraint-handling procedure (the unconstrained-encoding formulation) constitutes the main modification in the conventional NSGA-II which leads to a much
enhanced algorithm performance, in terms of the solution set
quality. In order to assess the importance of that procedure,
a preliminary study of its effect was performed on a singlereservoir system, considering a series of comparisons of the
proposed procedure with (i) a naive approach, in which
the conventional constraint-handling procedure of NSGAII is employed [16], and (ii) a more sophisticated approach
which would constitute an obvious enhancement of the naive
approach, employing a variable reduced-range constraint
box.
This reduced-range constraint management is defined
as follows. It can be observed that most of the infeasible
individuals generated in the naive approach are related to the
need for replenishing the reservoir, if at the end of any interval
its volume becomes significantly lower than the initial one.
If the affluent flow becomes insufficient, the conservation of
mass leads to an infeasible flow through the turbines. To deal
with this situation, instead of imposing a single lower bound
to the volume of the reservoir, a lower bound can be imposed
at the end of each interval:
min
= 𝑉𝑖min − (𝑄𝑖𝑎 + 𝑄𝑡min ) Δ𝑡𝑖 ,
𝑉𝑖−1

∀𝑖 ∈ {1, 2, . . . , 𝑁 − 1} .

(21)

The lower bound volume at the end of a period becomes
equal to the upstream affluent water minus the minimum
downstream volume.
The experiments were run using data for a typical year
(from May, 1976 to April, 1977), with initial and final volumes
of the reservoir set to 95 percent of the maximum. The multiobjective optimization problem that was solved considered

Mathematical Problems in Engineering
300

300

280

280
Minimum power generation (MW)

Minimum power generation (MW)

8

260
240
220
200
180
160
140
120
2.63

2.64

2.65

2.66

2.67

2.68

2.69

2.7

2.71

Total energy generated (MWh)

220
200
180
160
140

300

280

280

240
220
200
180
160
140
120
2.63

2.64

2.65

2.66

2.67

2.68

2.69

2.7

Total energy generated (MWh)

2.71

2.72
×106

Figure 4: Efficient sets for 21 runs of the reduced-range formulation,
with 400 individuals and 2500 generations.

only the Nova Ponte hydropower plant in the Araguari River.
The problem was formulated as follows:
max

{(9) , (10)}

subject to: (3) , (4) , (5) , (6) , (7) .

(22)

The crossover and mutation probabilities were studied
in preliminary experiments and finally set at 85% and 35%,
respectively, in order to improve the exploration of the
domain. This mutation probability is for each individual,
since a Gaussian operator is employed.
Only some few experiments that were run with the naive
formulation yielded a population with feasible individuals,
even when the initial population was hand-tailored to include
only near-feasible individuals. The Pareto fronts for 8 of those
runs, with 400 individuals and 5000 generations, are shown
in Figure 3. The first objective, the total energy generated (in
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Figure 5: Efficient sets for 21 runs of the unconstrained-encoding
formulation, with 400 individuals and 2500 generations.
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Figure 3: Efficient sets for 8 runs of the basic formulation, with 400
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Figure 6: Efficient sets for every run of the reduced-range and
unconstrained-encoding formulations, with the combined Pareto
fronts.

MWh), is shown in the horizontal axis. The second objective,
the minimum power generated (in MW), is shown in the
vertical axis. In all those experiments, the Pareto front is short
extending more in the direction of the first objective.
The proposed approach and the reduced-range constraint
formulation were able to find feasible solutions in all runs. For
those algorithms, 21 experiments were run with 400 individuals and 2500 generations. The reduced-range formulation was
able to generate a fully populated Pareto front, but with large
variation in solution quality between runs, as can be seen in
Figure 4. Most of the runs generated solution sets that were
dominated by other solution sets, in those experiments.
Every run of the new proposed formulation yielded a
well spread Pareto front, as shown in Figure 5. In Figure 6,
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Figure 7: Schematic representation of the subsystem composed of five power plants.

every efficient solution and the combined Pareto front for
both formulations are presented. It becomes clear that the
proposed formulation leads to better results, with a more
spread front that consistently dominates even the combined
front of all runs of the reduced-range formulation algorithm.
Those results support the conclusion that the proposed
formulation is suitable for being included in the algorithm
that will perform the studies to be conducted here.

7. Case Studies
In this section, the results of two case studies are presented.
The first one deals with power generation objectives only, and
the second one includes an objective that is not related to
power generation, the river navigability.
The case studies consider a small subset of the Brazilian
electric generation system. This subsystem is composed of
five hydroelectric power plants, in the Paranaı́ba river basin,
on the southeastern region of Brazil, with a total installed
power of 4,765 MW (see Figure 7).
Three of the considered power plants are installed on
affluents of the Paranaı́ba River: two on the Araguari River
and the Nova Ponte dam, hereafter referred to as (1),
with 510 MW, and downstream the Miranda dam (2), with
408 MW of installed power. A single plant is on the Corumbá
River: the Corumbá I dam (3) with 375 MW. On the Paranaı́ba
River itself, the Emborcação dam (4), with 1,192 MW, is
located upstream of the mouths of the Araguari and Corumbá
Rivers. The largest power station of the subsystem, the
Itumbiara Dam (5), with 2,280 MW of total installed power,
is located further downstream.
The climate in the region features two very well defined
seasons: a dry winter, from April to September, and a
rainy summer, from October to March. This determines the
volumetric affluent flow to the reservoirs, for which data
is available from 1931. The power generated by each plant
is given by (1), where the energy production function is
represented by a fifth order polynomial of the average volume
in the reservoir, whose coefficients are presented in Table 1.

Table 1: Energy production function polynomial coefficients.
Coefficient
𝑎0 (×101 )
𝑎1 (×105 )
𝑎2 (×109 )
𝑎3 (×1013 )
𝑎4 (×1017 )
𝑎5 (×1021 )

1
7.261600
6.84174
−7.87711
9.11797
−6.49561
1.95365

2
5.774166
18.1900
0.0
0.0
0.0
0.0

Power plant
3
4
4.555294 7.985410
34.9788
5.7208
196.0
5.0
0.0
0.0
0.0
0.0
0.0
0.0

5
5.244398
3.1731
2.0
0.0
0.0
0.0

Table 2: Operational parameters and constraints for the five hydropower plants and their reservoirs.
Parameter

1
Minimum volume (hm3 ) 2,412
Maximum volume (hm3 ) 12,792
Maximum power (MW)
510
125
Minimum flow (m3 /s)
510
Maximum flow (m3 /s)

2
974
1,120
408
080
675

Power plant
3
4
470 4,669
1,500 17,725
375
1,192
070
170
570
1,048

5
4,573
17,027
2,280
190
3,222

The operational parameters and constraints for each
hydropower plant, listed in Table 2, as well as the polynomial
coefficients, were provided by ONS, the National Electrical
System Operator.
7.1. Case Study 1. The first case study was performed using
as objectives the expressions (9) and (10), which, respectively,
mean the maximization of total power generation in the system and the maximization of the minimum power provided
by the system along the year. Formally, the multiobjective
optimization problem becomes
max

{(9) , (10)}

subject to: (3) , (4) , (5) , (6) , (7) .

(23)
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Figure 8: Results for the 1976-77 case. Efficient sets from three sets
of 30 experiments, with 400 individuals and 50,000 generations with
mutation probabilities of 35% in black, 50% in blue, and 65% in
green. In red, the efficient set for a single run initialized with the
combined efficient set, with 400 individuals and 25000 generations.

3200
3000
Minimum power (MW)

Those objectives are conflicting, as can be inferred from a
simple reasoning: the situation in which the reservoir has a
higher level of water generates more power than a situation
of lower water level for the same volume of water passing
through the turbines due to the difference of gravitational
potential energy in the water. Therefore, given a certain water
inflow regime in the reservoir, the best policy for reaching
a maximum total generated energy would be to avoid the
generation when the reservoir is with low level, in order
to make the level as high as possible in the future, in this
way leading to the extraction of more power in that future
for the same total water volume. This policy would lead to
some periods of very small power generation. On the other
hand, a policy which tried to avoid the moments of low
power generation would spend the water more uniformly and
consequently would not be able to take so much profit of the
power peaks that would be obtained in the moments in which
the reservoir would be almost full, because those moments
would occur less frequently under such a policy.
The optimization was performed with the modified
NSGA-II algorithm as described previously. As indicated by
previous experience, the crossover and mutation probabilities
were initially set at 85% and 35%, respectively, in order
to improve the exploration of the domain. The mutation
probability is per individual, for a Gaussian mutation operator. This value becomes similar to the mutation probability
per individual for a simulated binary crossover, employed
in reference [16]. The crossover probability is per pair of
individuals.
The experiments were run with data for both a typical year
(from May, 1976 to April, 1977), with initial and final volumes
of all the reservoirs set to 95 percent of the maximum and a
dryer than usual year (from May, 2000 to April, 2001), with
initial and final volumes of the reservoirs set to 85 percent of
the maximum.
The efficient solutions sets that resulted from preliminary
experiments with the 1976-77 data were widely spread.
Extending the number of generations to 50,000 reduced this
problem somewhat, as can be observed in Figure 8. Attempts
to further improve the quality of the results were made by
increasing the mutation probability to 50% and 65%. They led
to solution sets that lied between the best and the worst that
resulted from the experiments with the basic 35% mutation
probability and could not, visually, be judged neither better
nor worse than these.
Shown in Figure 9, the results from experiments with the
more difficult conditions of the 2000-01 years, at the end of
a dryer than usual period, were more consistent. As could be
expected from the operational conditions, they were worse
than the ones in the 1976-77 case but spanned a wider range
of values of the objectives, in special of the minimum power
generated.
There was a clear difference in the results from the
algorithm in the two cases. An explanation was found in
the analysis of the decision variables for the overall most
efficient solutions. In the 1976-77 case, though those solutions
originated from four different experiments throughout the
solution set the fractions of the allowable volumes were nearly
constant for the two largest power plants, Emborcação and
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Figure 9: Results for the 2000-01 case. In black, the efficient sets
for 30 experiments, with 400 individuals and 50,000 generations. In
red, the efficient set for a single run initialized with the combined
efficient set, with 400 individuals and 25000 generations.

Itumbiara (see Figure 10), and their spread was very narrow
for the third largest one, Nova Ponte.
In the 2000-01 case, the spreads were significant for
every power plant, except Itumbiara (which, being the furthest downstream, receives a steadier inflow of water) (see
Figure 11). The analysis of this behavior and the apparent
insensitivity to the mutation probability suggests the mutation operator as being the culprit for the observed problem.
Since a mutation corresponds to a change in every variable
of the individual and since, in the 1976-77 case, the values
of almost half of the variables are nearly fixed in the most
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Figure 10: Results for the 1976-77 case. Boxplot of the decision variables (𝛼) for each month and power plant for the set of overall most
efficient solutions.
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efficient set found, a mutation had a very low probability of
producing a better individual.

6.155

7.2. Case Study 2. The second case study considered the
problem of guaranteeing the navigability in the segment of
the Araguari River between Nova Ponte dam and Miranda
Dam, according to objective function (15), in conjunction
with the same power generation objectives (9) and (10) that
were employed in Case Study 1, considering the data for
the year from May 1976 to April 1977. The multiobjective
optimization problem becomes formulated as
max

{(9) , (10) , (15)}

subject to: (3) , (4) , (5) , (6) , (7) .

(24)

An adaptation of the 𝜖-constraint formulation [15] was
employed, such that the Pareto-optimal solutions of the
problem (9) × (10) are found for fixed values of function
(15), which leads to a planar graphical representation of the
three-objective Pareto-front. Those results are presented in
Figure 12.
As expected, the minimum power that will be generated is
much less affected than the mean power when the navigability
objective is considered. However, even the minimum power
objective has some conflict with the navigability objective
because a given navigability index requires a given water flow,
while a given minimum power can be obtained with different
turbined water flows, provided that the reservoir level has
different values—therefore making those objectives different.
Another visualization of the same results can be obtained
considering the prices for assured energy and variable energy.
In order to exemplify this, an example was built considering
the price of 120/MWh for the assured energy and 80/MW for
the variable energy. Figure 13 represents, in its horizontal axis,
the assured energy, and in its vertical axis, the total revenue

Revenue (R$)

6.15
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6.14
6.135
6.13
6.125
6.12

3.05

3.055

3.06
3.065
3.07
Assured energy (MWh)

3.075
×106

Figure 13: Total revenue versus assured energy for different navigability conditions. A zoom view of the region in which the maximum
values occur is presented in the bottom.

from both assured energy and variable energy. It becomes
clear, from this figure, that the maximum revenue for this
situation of relative prices occurs nearby the maximum of
the assured energy. The maximum revenue, however, does
not coincide exactly with the maximum assured energy and
deviates more from it for higher navigability indices.
Figure 14 shows the points in which the maximum revenue obtained from energy sale occurs for that relative price
condition. This figure allows the analysis of the economic
trade-off between power generation and navigability. It is
interesting to notice that changing the navigability index,
from 125 m3 /s to 225 m3 /s, may be obtained almost “for
free,” with a change of only 0.4% in the revenue that would
be obtained without considering the navigability objective.
However, changing the water flow from 225 m3 /s to 275 m3 /s
would cost nearly 2.5% of the total revenue. It becomes
clear that the analysis of this trade-off defines the cost of
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navigability, in terms of an opportunity cost related to a
tradable commodity (the electric energy). A similar approach
can be used in order to evaluate the cost of other usages for
the water.

8. Conclusions
This work presented an evolutionary multiobjective optimization approach for the study of multiple water usages
in multiple interlinked reservoirs, including both power
generation objectives and other objectives not related to
energy generation.
The classical algorithm NSGA-II was employed as the
basic multiobjective optimization machinery. This algorithm
was modified in order to cope with specific problem features.
The main modification, which caused the major enhancement in the algorithm performance, was the new encoding
scheme. This encoding procedure allowed the implicit handling of most of the constraints involved in the problem, in
this way removing an important computational bottleneck.
The case studies, which included the analysis of a problem
involving energy generation objectives only and of another
problem which involved also an objective of navigability on
the river, were tailored in order to illustrate the usefulness
of the data generated by the proposed methodology for
decision-making on the problem of operation planning of
multiple reservoirs with multiple usages. It was shown that
it is even possible to use the generated data in order to
determine the cost of any new usage of the water in terms
of the opportunity cost that can be measured on the revenues
related to electric energy sales.
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The authors present an orbital guidance scheme for the satellite with an electrical propulsion system using a Lyapunov feedback
control. The construction of a Lyapunov candidate is based on orbital elements, which consist of angular momentum and
eccentricity vectors. This approach performs orbit transfers between any two arbitrary elliptic or circular orbits without any
singularity issues. These orbital elements uniquely describe a non degenerate Keplerian orbit. The authors improve the reliability of
the existing Lyapunov orbital guidance scheme by considering the energy term. Additional improvement is achieved by adding the
penalty function. Furthermore, it is shown that the final suggested approach is suitable for the satellite passing the earth’s shadow
area.

1. Introduction
Orbit transfer problems for a satellite, which has an electric
propulsion system, are very interesting and difficult because
of the low and continuous thrust of the electric propulsion
system. There are various approaches to solve the orbit
transfer problem. Some of the earliest work in this field has
focused on finding optimal trajectories using either indirect
or direct techniques or mixtures of them [1–4]. The orbit
transfer duration of the satellite using an electric propulsion
system, however, is quite long. It means that obtaining control
profiles for the transfer orbit is extremely difficult for the onboard computer of a satellite to calculate. In addition, trajectory optimization methods typically determine an openloop steering program that may be difficult or impractical to
store at the on-board computer. Therefore, orbital guidance
schemes are demanded for interplanetary or small satellites
[5].
There are two categories of the approach for orbital
guidance. One category (see [6–8]) involves “blending” the
instantaneously optimal thrust directions for changing each
of the orbital elements during each of several phases of
the orbit transfer. The second category (see [9–14]) is based

on Lyapunov feedback controls, where a suitable Lyapunov
function candidate must be defined by mission designers.
Ilgen [9] has suggested a Lyapunov candidate is based on
only five of the classical orbital elements. While the physical
interpretations of the classical orbital elements are easy to
visualize, this set of orbital elements often leads to singular
equations as the eccentricity and the orbit inclination angle
tend to zero. Chang et al. [13] have proposed a Lyapunov
candidate is based on the orbital elements, which consist of
angular momentum and eccentricity vectors. This approach
helps to avoid the singular equations.
Moreover, small satellites on low earth orbits (LEOs) can
be in the earth’s shadow area, which is an important issue [15,
16]. Supplying electric powers to the satellite during the time
when it is in the earth’s shadow area is going to be difficult
due to insufficient sun powers. Hence, the earth’s shadow
effect should be taken into account for guidance schemes for
orbit transfers. This work studies an orbital guidance law of a
satellite passing through the shadow area of the earth using
an electric propulsion system for transferring orbits. Note
that the Lyapunov feedback control law is the most promising
technology for orbit transfers because of its simplicity.
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2. Review of Orbital Dynamics

̂iz

In classical orbital mechanics, six orbital elements are usually
used to describe motions of an orbiting body. These classical
orbital elements, however, have some singularity issues when
the eccentricity is 0 or the orbit inclination is 0∘ or 180∘ .
The equinoctial orbital elements are used to avoid singularity
issues, but the state dynamics, by using calculus of variation,
are very complex. In contrast with the orbital elements,
a vector notation using the angular momentum and the
eccentricity vectors is very simple, and the singularities can
also be avoided. For this reason, the vector notation is utilized
for this work.
Every nondegenerate Keplerian orbit can be uniquely
described by the angular momentum and the eccentricity
vectors. In general, six elements are required to describe the
motion of the particle moving around the massive body. In
this study, the final time is not specified and the injection
point is free. That is, only five elements are required to solve
the orbit transfer problem. Note that these two orthogonal
vectors can be uniquely used to describe the initial and
desired orbits.
From Figure 1, one can easily convert the orbital elements
to the following vector notations:

h

e

F
𝜔

𝑇

̂ix

Figure 1: The conversion between classical orbital elements and
vector notation.

The differential equations for e and h in (1) are expressed
as
̂,
ḣ = 𝑎𝑇 [̃r] u
u,
ė = 𝑎𝑇 Γ̂

(1)

𝑇

e = [𝑅3 (𝑤)𝑅1 (𝑖)𝑅3 (Ω)] [𝑒, 0, 0] ,
where 𝑅𝑖 (⋅) is the rotational matrix for the 𝑖th Euler angle, e
is the eccentricity vector, h is the angular momentum vector,
𝑎 is the semimajor axis, 𝜇 is the earth gravitational constant,
and 𝑒 is the eccentricity. Because these vector notations do not
consider a particle’s position in orbits, additional parameters
are required for rendezvous missions.
A satellite motion, which includes only the gravitational
force from the earth, is considered and the governing equation is given by [17]
r̈ = −

𝜇
r + a𝑇 ,
𝑟3

2𝜂𝑃
̂ = 𝑎𝑇 u
̂,
u
𝑚𝑔𝐼SP

(3)

where 𝑚 is the mass of spacecraft, 𝑃 is the input power to
the electric propulsion system, 𝜂 is the engine efficiency, 𝑔 is
the earth gravitational acceleration, 𝐼SP is the specific impulse,
̂ is the unit vector along the thrust direction. Note that
and u
the unit thrust vector direction is the control command and
an acceleration vector due to perturbations is not considered.
The mass flow rate due to the low-thrust engine is given by
[10]
𝑚̇ = −

2𝜂𝑃
2

(𝑔𝐼SP )

.

(5)

where Γ is defined as
Γ=

1
[̃k] [̃r]
𝜇

(6)

̃ represents
and the notation [d]
0 −𝑑3 𝑑2
̃ = [ 𝑑3 0 −𝑑1 ] ,
[d]
[−𝑑2 𝑑1 0 ]

(7)

where d ≡ [𝑑1 , 𝑑2 , 𝑑3 ]𝑇 is the generic variable.

3. Previous Guidance Schemes
(2)

where r is the position vectors of the spacecraft in Earthcentered inertial (ECI) coordinate frames and the thrust
acceleration vector a𝑇 in the ECI frame is described by [10]
a𝑇 = −

i

Ω

𝑇

h = √𝜇𝑎 (1 − 𝑒2 ) [𝑅3 (𝑤)𝑅1 (𝑖)𝑅3 (Ω)] [0, 0, 1]𝑇 ,

̂iy

(4)

There is much research about orbital guidance schemes
for satellites moving around the earth or other planets. In
these researches, the guidance scheme using the Lyapunov
feedback control method is suitable for the satellites with an
electric propulsion system. Because these satellites have very
low thrust for the orbit transfer mission, the orbit transfer
duration is quite long. That is, during the orbit transfer, the
reliability of the convergence is a very important factor, and
the reliability can be verified by using the Lyapunov feedback
control.
Many researchers have explored the Lyapunov feedback
control. For example, Vadali et al. [12] have used the Lyapunov
feedback control for the earth capture mission. This method,
however, is only applicable to two-dimensional orbit transfer
missions because scalar terms for the Lyapunov feedback
control are only considered. In contrast with this work, Chang
et al. [13] have used the vector notation to consider threedimensional orbit transfer missions. In this section, this
orbital guidance scheme is introduced.
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Consider a Lyapunov candidate
𝑇
1
𝑉 = (e − e𝑓 ) 𝑊1 (e − e𝑓 )
2

(8)
𝑊2 (h − h𝑓 ) [̃r]
,
 
h𝑓 
 
where e𝑓 and h𝑓 are the desired eccentricity and angular momentum vectors, respectively. Note that the angular
momentum vector term is normalized because this value
is very large. On the other hand, the eccentricity vector is
not normalized to avoid the singularity as the eccentricity
approaches zero. 𝑊1 and 𝑊2 are the positive definite gain
matrices. Thus, the Lyapunov candidate always has positive
values except when the satellite achieved the desired orbit
state. Therefore, during the orbit transfer, the time derivative
of the Lyapunov candidate must have negative values to let
the Lyapunov candidate go to zero.
Using (5), the time derivative of the Lyapunov candidate
in (8) is written as
𝑇

+

1 (h − h𝑓 )
2

𝑇

(h − h𝑓 ) 𝑊2 [̃r]
𝑇
d𝑉 [
] 𝑎𝑇 u
̂ , (9)
= (e − e𝑓 ) 𝑊1 Γ +
 
d𝑡
h𝑓 
 
]
[
̂ is the control parameter which is selected to make
where u
(9) negative as follows:
𝑇
𝑇
  𝑇
[(e − e𝑓 ) 𝑊1 Γ + (h − h𝑓 ) 𝑊2 [̃r] / h𝑓 ]
(10)
̂=− 
u
𝑇
𝑇
  .

(e − e𝑓 ) 𝑊1 Γ + (h − h𝑓 ) 𝑊2 [̃r] / h𝑓 


Now, (9) is always negative except the following two cases:
(i) the orbit reaches the desired orbit and (ii) the thrust
magnitude is zero. Case (ii) will be discussed in Section 5.

4. Improved Guidance Schemes
The guidance scheme [13] performs well even though the
orbit state has some singularity conditions. However, this
guidance scheme also has some problems by using the vector
notation. One of the problems is caused when large-angle
maneuvers are performed. Because this orbital guidance
scheme uses the vector control, the transition vector is
varying during the orbit transfer as shown in Figure 2. This
transition vector is not exactly passing the line between
the initial and final angular momentum vectors. This phenomenon comes from the coupled dynamics between the
angular momentum vector and the eccentricity vector as
follows:
𝑎
1
̂ = [̃k] h.̇
u = 𝑇 [̃k] [̃r] u
ė = 𝑎𝑇 Γ̂
(11)
𝜇
𝜇
For this reason, the angular momentum vector is sometimes
decreased during the orbit transfer. That is, the semimajor
axis is also decreased from the following relationship:
‖h‖ = √𝜇𝑝 = √𝜇𝑎 (1 − 𝑒2 ),
where 𝑝 ≡ 𝑎(1 − 𝑒2 ) is the semilatus rectum.

Target vector

Initial vector

Transition vector

Figure 2: The conversion between classical orbital elements and
vector notation.

The spacecraft model is described in Table 1, and identity
gain matrices are assumed.
Figure 3 shows the simulation result for the large-angle
maneuver using the conditions described in Table 2. The total
duration of orbit transfer is about 45.3 days by consuming
the propellant fully. The initial and final eccentricities are the
same; thus the semimajor axis is only affected by the angular
momentum. Figure 3(a) shows that the altitude of the satellite
is sometimes lower than the radius of the earth. That is, for the
LEO, the satellite crashes with the earth by using this guidance
scheme.
4.1. Guidance Scheme 1: Addition of an Energy Term. To avoid
the crash problem for the large-angle maneuver using the
previous guidance scheme, the semimajor axis of the transfer
orbit must be controlled. A Lyapunov candidate adding the
orbital energy term is proposed as follows:
𝑇
1
𝑉 = (e − e𝑓 ) 𝑊1 (e − e𝑓 )
2
𝑇

1 (h − h𝑓 )
+
2

2

𝑊2 (h − h𝑓 ) [̃r] 1 (𝐸 − 𝐸𝑓 )
+ 𝑘1
,
 
2
𝐸𝑓2
h𝑓 

(13)

where 𝐸 and 𝐸𝑓 are the orbital energy and the desired orbital
energy, respectively. Note that the orbital energy term is
normalized because this value is large. 𝑘1 is the positive gain
parameter. Thus, the Lyapunov candidate always has positive
values except when the satellite achieved the desired orbit
state. Therefore, during the orbit transfer, the time derivative
of the Lyapunov candidate must have negative values to let
the Lyapunov candidate go to zero.
The time derivative of the orbital energy is given by

(12)
̂.
𝐸̇ = 𝑎𝑇 k𝑇 u

(14)
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Figure 3: The simulation result for the large-angle maneuver using the previous guidance scheme.

̂ is selected to make this time derivative negative as
and u
follows:

Table 1: The spacecraft model for the simulation.
Parts

Features

Total mass for spacecraft (initial mass)

350 kg
30% of the total
mass for S/C
1 N (ideal)
3800 sec

Total mass for propellant
Thrust level
Specific impulse (𝐼sp )

Table 2: The first simulation conditions.
Initial values

Desired
values

20000 km
0.3
45∘

20000 km
0.3
45∘

205∘

25∘

225∘

45∘

Semimajor axis (𝑎)
Eccentricity (𝑒)
Inclination angle (𝑖)
Longitude of the
ascending node (Ω)
Argument of perigee
(𝜔)

Using (9) and (14), the time derivative of the Lyapunov
candidate in (13) is written as
𝑇

(h − h𝑓 ) 𝑊2 [̃r]
𝑇
d𝑉 [
= (e − e𝑓 ) 𝑊1 Γ +
 
d𝑡
h𝑓 
 
[
+ 𝑘1

𝐸 − 𝐸𝑓
𝐸𝑓2 k𝑇

] 𝑎𝑇 u
̂
]

(15)

𝑇
̂ = − ([(e − e𝑓 ) 𝑊1 Γ +
u

[
+ 𝑘1

𝐸 − 𝐸𝑓
𝐸𝑓2

𝑇

(h − h𝑓 ) 𝑊2 [̃r]
 
h𝑓 
𝑇

k𝑇 ]
]


𝑇

(h − h𝑓 ) 𝑊2 [̃r]
𝑇

× ((e − e𝑓 ) 𝑊1 Γ
 

h𝑓 
 

+ 𝑘1

𝐸 − 𝐸𝑓
𝐸𝑓2

(16)

 −1

k ) ) .



𝑇

Now, (15) is always negative except when the orbit is the
desired orbit or the thrust magnitude is zero.
Figure 4 shows the result for the large-angle maneuver
using the conditions in Table 2 with guidance scheme 1. The
gain parameter 𝑘1 = 100 is assumed for the soft constraint. Note that this value can be changed to improve
the performance of the suggested guidance scheme. The
total duration of orbit transfer is about 35.1 days and the
crash problem from the previous orbital guidance scheme is
successfully avoided.
This orbital guidance scheme has the redundancy term;
initial and final orbit conditions are 5, and the Lyapunov
candidate uses the six elements (eccentricity vector (3) +
angular momentum vector (3) + orbital energy (1) − constraint between eccentricity vector and angular momentum
vector (1)). For this reason, the transition vector of the
angular momentum vector is affected by the orbital energy

Mathematical Problems in Engineering

5

Eccentricity error

20000

Altitude (km)

Eccentricity error

0.35

15000
10000

0.30

120

0.25

100

0.20

80

0.15

60
Angular momentum error

0.10

5000

140

40

0.05
0

0

10

20
Time (days)

30

0.00

40

Angular momentum error (km2 /s)

0.40

25000

×103
160

20
0

5

10

15

20
25
Time (days)

30

35

40

0

Altitude
(a) The profile of the satellite altitude

(b) The profile of the eccentricity vector error and the angular momentum
vector error

Figure 4: The simulation result for the large-angle maneuver using the improved guidance scheme.
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Figure 5: The simulation result for the Molniya orbit using the improved guidance scheme.

term. Furthermore, the semimajor axis value is nearly under
constraint. Therefore, the transition vector of the angular
momentum vector is passing near the line between the initial
and final angular momentum vectors. There is a difference
between the transition vector and the line from the initial to
the final angular momentum vector. This difference comes
from the coupled dynamics between the angular momentum
vector and the eccentricity vector as shown in (12).
Figure 5 shows the simulation result using the conditions
in Table 3 with guidance scheme 1. The gain matrices 𝑊1 =
𝐼3×3 and 𝑊2 = 10𝐼3×3 and the parameter 𝑘1 = 1 are assumed. The initial orbit condition is as follows: the perigee
and apogee altitude are 1,000 km and 12,000 km, respectively,

and the angles for the orientation are the arbitrary values.
Then, at the final time, the semimajor and semiminor axes
are 20,000 km and 15,000 km, respectively. These final orbit
states are similar to the Molniya orbit, which has very low
altitude of the perigee. Therefore, one can find the transition
orbit altitude using the previous guide scheme or guidance
scheme 1. Figure 5(a) shows that the satellite passes the earth’s
surface (ground) or the low boundary altitude.
4.2. Guidance Scheme 2: Addition of a Penalty Function Term.
To avoid the crash problem when the initial or final orbit
state has the very low altitude of the perigee, the perigee of
the transfer orbit must be considered as a constraint. For this
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Figure 6: The simulation result for the Molniya orbit using penalty function method.

Table 3: The second simulation conditions.

The radius of the earth
𝛽
𝛼

Earth

Semimajor axis (𝑎)

Sun

Eccentricity (𝑒)

Satellite

Figure 7: The calculation of the earth’s shadow area.

Lyapunov candidate

At this time, the spacecraft is
at the earth shadow area

Initial values

Desired values

12878.14 km

20000 km

0.4270803

0.6614378

Inclination angle (𝑖)

∘

20

45∘

Longitude of the ascending
node (Ω)

90∘

180∘

Argument of perigee (𝜔)

0∘

270∘

When the spacecraft is near the minimum bound of
the perigee, the penalty function affects the orbital guidance
scheme. In this work, the sigmoid function is used as a penalty
function, which is expressed as
Time

Figure 8: The Lyapunov candidate profile under the earth’s shadow
effect.

reason, a penalty function is suggested. To avoid the crash
problem during the orbit transfer, it needs to be satisfied with
the following condition:
𝑟𝑝 = 𝑎 (1 − 𝑒) ≥ 𝑟𝑝𝑐 ,

(17)

where 𝑟𝑝 is the perigee radius and 𝑟𝑝𝑐 is the minimum bound
of the perigee radius. This condition can be rewritten as the
following inequality condition:
𝑒≤1−

𝑟𝑝𝑐
𝑎

=1+

2𝑟𝑝𝑐 𝐸
𝜇

.

(18)

𝑠=

1
.
1 + exp (−𝑐𝐹)

(19)

The shape of the sigmoid function can be changed by the
positive constant value of 𝑐 and the function 𝐹. For example, if
the value of 𝑐 is infinitely large, the sigmoid-function shape is
similar to the step function. In addition, the sigmoid function
has three values depending on the value of 𝐹 as follows: (i)
𝐹 < 0 → 𝑠 = 0, (ii) 𝐹 > 0 → 𝑠 = 1, and (iii)
𝐹 = 0 → 𝑠 = 1/2.
From the sigmoid function in (19) and the inequality
constraint in (18), 𝐹 is obtained as follows:
𝐹 = e2 − (1 +

2𝑟𝑝𝑐
𝜇

𝐸) .

(20)
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Figure 9: The simulation result for the earth’s shadow effect.

The penalty function is added to guidance scheme 1, and
the Lyapunov candidate is written as

Using (15) and (22), the time derivative of the Lyapunov
candidate in (21) is written as
𝑇

𝑇

𝑇
1
1 (h − h𝑓 )
𝑉 = (e − e𝑓 ) 𝑊1 (e − e𝑓 ) +
2
2

1
+ 𝑘1
2

(𝐸 − 𝐸𝑓 )
𝐸𝑓2

2

𝑊2 (h − h𝑓 ) [̃r]
 
h𝑓 
 

+ 𝑘1

1
1
,
+ 𝑘2
2 1 + exp (−𝑐𝐹)
(21)

where 𝑘2 is the positive gain parameter. Thus, the Lyapunov
candidate always has positive values except when the satellite
achieved the desired orbit state. Therefore, during the orbit
transfer, the time derivative of the Lyapunov candidate must
have negative values to let the Lyapunov candidate go to zero.
Using the chain rule, the time derivative of the penalty
function is obtained as follows:
d𝑠 d𝐹
d𝑠
̂,
=
= 2Δ𝑎𝑇 u
d𝑡 d𝐹 d𝑡

(22)

where Δ is defined as

Δ=[

𝐸 − 𝐸𝑓
𝐸𝑓2

2𝑟𝑝𝑐
𝜇

𝐸)

2𝑟𝑝𝑐
𝜇

(23)
k𝑇 ] .

(24)

̂
k𝑇 + 𝑘2 Δ] 𝑎𝑇 u
]

̂ is selected to make this time derivative negative as
and u
follows:
𝑇
̂ = − ( [(e − e𝑓 ) 𝑊1 Γ +
u

[

+ 𝑘1

𝐸 − 𝐸𝑓
𝐸𝑓2

𝑇

(h − h𝑓 ) 𝑊2 [̃r]
 
h𝑓 
𝑇

]
k𝑇 + 𝑘2 Δ]

]

𝑇

(h − h𝑓 ) 𝑊2 [̃r]
𝑇

× ((e − e𝑓 ) 𝑊1 Γ +
 

h𝑓 
 

+ 𝑘1

𝑐
]
exp (𝑐𝐹) + 2 + exp (−𝑐𝐹)

× [e𝑇 Γ − (1 +

(h − h𝑓 ) 𝑊2 [̃r]
𝑇
d𝑉 [
= (e − e𝑓 ) 𝑊1 Γ +
 
d𝑡
h𝑓 
 
[

𝐸 − 𝐸𝑓
𝐸𝑓2

(25)

 −1


k + 𝑘2 Δ) ) .


𝑇

Now, (24) is always negative except when the orbit is the
desired orbit or the thrust magnitude is zero.
Figure 6 shows the simulation result using the conditions
in Table 3 with guidance scheme 2. The gain parameter
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Figure 10: The profile of the Lyapunov candidate under the earth’s shadow effect.

𝑘2 = 1 is assumed. The total duration of orbit transfer is
about 24.7 days. As shown in Figure 6(a), the crash problem
is completely avoided by considering the penalty function,
which affects the orbit state. Now, the semimajor axis value is
under constraint, and the altitude of the perigee is bounded.
Regardless of the increase of the consumed mass of the
satellite, the reliability is guaranteed for the orbit transfer
mission.

5. Applied Earth’s Shadow Effect
Several types of the orbital guidance schemes are discussed
in previous sections. The guidance command is generated
to make negative values for the derivative of the Lyapunov
candidate, and the derivative of the Lyapunov candidate
is zero when the magnitude of the thrust acceleration is
zero. This means that the electrical propulsion system is not
operated, and one of operating modes is the eclipse mode.
Consider small satellite missions on LEOs, especially when
a satellite is in the earth’s shadow area. During this time,
supplying electrical powers to the satellite is going to be
difficult, because of the insufficient sun power for the solar
array. For this reason, the thrust magnitude is zero during this
time. Figure 7 shows the position of the satellite and the sun
for the earth’s shadow area. When the angle 𝛽 between the sun
and the satellite is larger than the sum of the angle 𝛼, which
is the half cone angle, and 90∘ , the satellite is under the earth’s
shadow area. That is, the earth’s shadow effect is applied when
the following condition is satisfied:
𝛽 > 𝛼 + 90∘ .

(26)

In the earth’s shadow area shown in Figure 8, the thrust
magnitude is zero, and the derivative of Lyapunov candidate
is the seminegative definite. In general, when the derivative
of Lyapunov candidate is the seminegative definite, the
Lyapunov candidate is not always converged into zero. Since

Table 4: The third simulation conditions.
Initial values

Desired values

Semimajor axis (𝑎)

7278.14 km

7478.14 km

Eccentricity (𝑒)

0.0137398

0.0133723

∘

Inclination angle (𝑖)

15

45∘

Longitude of the ascending
node (Ω)

25∘

0∘

Argument of perigee (𝜔)

45∘

0∘

the spacecraft is always turning around the earth, however,
the sum of the derivative of the Lyapunov candidate during
one revolution is always the negative definite. Thus, the
Lyapunov candidate is always converged into zero for the
orbit transfer in elliptic orbits. This means that the desired
orbital conditions can be approached successfully.
Figures 9 and 10 show the simulation result using the
conditions in Table 4 with guidance scheme 2. For simplicity,
a fixed position for the sun and the position vector 1𝐴𝑈 ×
[𝑒, 0, 0]𝑇 are assumed. The total duration of orbit transfer
is about 14.8 days. Figure 10(b) shows that the Lyapunov
candidate values are not changed when the satellite is passing
the earth’s shadow area.
From these results, we show that guidance scheme 2 can
be applied on the satellite passing the earth’s shadow area.

6. Conclusions
In this study, for the simplicity and avoidance of the singularity of the orbit dynamics, the vector notation is utilized
to describe the motion of the satellite moving around the
earth’s gravity field. The Lyapunov feedback control method is
used as a simple and reliable guidance scheme with the vector
notation. In the previous study, the eccentricity and angular
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momentum vectors are considered as a Lyapunov candidate
to avoid singularities of the orbit dynamics. However, the
altitude of the satellite is sometimes lower than the surface of
the earth using the previous guidance scheme. To avoid the
crash problem, a vector constraint is considered by using the
energy term in the Lyapunov candidate. The soft constraint
about the altitude is considered, and the crash problem is
avoided for the large-angle maneuver. Furthermore, the crash
problem including the Molniya orbit is completely avoided
by using the penalty function. In addition, the orbit transfer
under the earth’s shadow effect is also successfully achieved by
using guidance scheme 2, which is the general one and would
be very useful for solving any orbit transfer problems.
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The energy consumption forecast is important for the decision-making of national economic and energy policies. But it is a complex
and uncertainty system problem affected by the outer environment and various uncertainty factors. Herein, a novel clustering model
based on set pair analysis (SPA) was introduced to analyze and predict energy consumption. The annual dynamic relative indicator
(DRI) of historical energy consumption was adopted to conduct a cluster analysis with Fisher’s optimal partition method. Combined
with indicator weights, group centroids of DRIs for influence factors were transferred into aggregating connection numbers in order
to interpret uncertainty by identity-discrepancy-contrary (IDC) analysis. Moreover, a forecasting model based on similarity to
group centroid was discussed to forecast energy consumption of a certain year on the basis of measured values of influence factors.
Finally, a case study predicting China’s future energy consumption as well as comparison with the grey method was conducted to
confirm the reliability and validity of the model. The results indicate that the method presented here is more feasible and easier to
use and can interpret certainty and uncertainty of development speed of energy consumption and influence factors as a whole.

1. Introduction
Nowadays China is in the middle term of industrialization
and urbanization and is the world’s second largest energy
consumer. As we know, energy is an essential material base
for economic development. Energy consumption skyrockets
along with the rapid and steady economic growth, industrialization, and urbanization in China, which has resulted in
a serious imbalance between supply and demand of energy
[1, 2]. In China, the total energy consumption increased from
0.987 billion ton coal equivalents (tce) in 1990 to 3.25 billion
tce in 2010 [3]. This has a significant influence on the current
global energy profiles, and China also faces a big challenge
of carbon emission decrease in the future. As we know,
forecast of energy consumption is a significant precondition
and basis for making energy policies of a developing country
like China. Consequently, to keep sustainable and stable
development, accurate forecast of energy consumption is
essential, and the development of rational forecast model
especially is urgent and necessary.
Many researchers have studied the relation between
energy consumption and economic growth in national

or regional level and proposed some forecast models for
countries such as Turkey, India, Iran, UK, Finland, New
Zealand, and China [4–7]. Nonetheless, energy consumption
is affected by outer environment and various elements.
Thus, to obtain rational forecast results, various prediction
models based on regression analysis [8, 9], artificial neural
networks (ANN) theory [10–17], grey theory [18–20], multivariate statistical analysis theory, and time series theory
[21, 22] were proposed. However, there is not a general
model up to now because the previous models do not
reveal general characteristics and have drawbacks themselves.
Besides, traditional techniques, such as regression analysis,
econometric model, and autoregressive integrated moving
average (ARIMA) model, are poor in precision when data are
few or exhibit nonlinear characteristics [20, 23–25]. Although
the grey models (GMs) can overcome this problem induced
by small data sets or data with limited information, the
weakness of grey theory is uncontrollable on the accuracy
of prediction since the effectiveness of the residual series of
GM(1, 1) depends on the number of data points with the same
sign, which is low when the observations are limited [26].
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ANN techniques can avoid this disadvantage, but it shows
inability to present an explicit relationship between energy
consumption and impact factors, and its application is limited
by knowledge acquisition. Other effective approaches such
as support vector regression (SVR), adaptive particle swarm
optimization (PSO), and genetic algorithm (GA) were also
introduced to forecast electricity consumption [27–29]. But
their procedures are complex and rather inconvenient for
the decision-makers. Meantime, some integrated models [30,
31] were also proposed and the results exhibited superiority
compared with the single optimization. To study energy
savings in buildings, Gaitani et al. [32] defined five energy
classes for 1100 schools from all the prefectures of Greece
through clustering techniques and introduced the principal
components analysis to identify the typical characteristics
of school buildings belonging to a particular energy class.
As mentioned above, much research has been performed
to advance the techniques for energy consumption forecast,
whereas energy consumption forecast is still not well resolved
nowadays. And there are few studies focusing on energy
consumption forecast by uncertainty analysis methods, and
the previous researches cannot consider and depict quantitatively certainty and uncertainty relationship between energy
consumption and influence factors as a whole. A newly
proposed method of set pair analysis (SPA) can deal with
the uncertainty problem from three aspects of identity, discrepancy, and contrary features and depict comprehensively
essential characteristics of things [33–35]. So this method
provides a fresh idea for energy consumption forecast.
This paper introduces a novel clustering model based on
SPA for energy consumption prediction to deal with uncertainty relation between energy consumption and its influence
factors. And the proposed model is used to forecast China’s
energy consumption, and its feasibility and effectiveness are
also further discussed.

2. Theory
2.1. Brief of Set Pair Analysis Theory. The set pair analysis
theory put forward by Zhao [33] is an uncertainty analysis
method. Certainty and uncertainty can be taken into consideration as a whole and be treated dialectically during the
process of SPA. The connection number, a basic idea of SPA
theory, was described to depict the relation of a set pair made
up by two sets [33–40]. And the corresponding function of
the connection number can be written as
𝜇(𝐴,𝐵) = 𝑎 + 𝑏𝑖 + 𝑐𝑗,

(1)

where 𝑖 is the discrepancy coefficient, 𝑖 ∈ [−1, 1], and
the uncertainty number sometimes denotes only a mark of
difference; 𝑗 is the contrary coefficient, 𝑗 ≡ −1, or a sign of
the contrary; 𝑎, 𝑏, and 𝑐 are identical degree, different degree,
and contrary degree, respectively, and 𝑎 + 𝑏 + 𝑐 = 1.
In case application, SPA theory can describe certainty
and uncertainty by connection numbers in one system.
Meanwhile, IDC analysis of set pair is a dynamic process, in
which ideality can transfer into discrepancy or contrary with
condition changes. Therefore, SPA can be utilized to clearly
interpret the uncertainty of energy consumption forecast.

2.2. Optimal Partition Method. Cluster analysis is widely used
in pattern recognition, image analysis, information retrieval,
and other fields. Popular notions of clusters include groups
with small distances among the cluster members, dense
areas of the data space, intervals, or particular statistical
distributions [41, 42]. The reported literatures show that most
cluster methods cannot deal with the problem of ordered
samples since the ordered samples cannot be scattered in the
clusters. However, the optimal partition method presented by
Fisher in 1958 can effectively overcome this problem [43, 44].
This method is of concise calculation process and efficient to
find out reasonable groups and save computing cost. Suppose
that 𝑙 samples are partitioned into 𝑞 clusters 𝐺(𝑞, 𝑙). The
core of Fisher algorithm can be expressed as the following
recursion formulas:
𝐿 [𝑃 (𝑙, 2)] = min {𝐷 (1, 𝑞 − 1) + 𝐷 (𝑞, 𝑙)} ,
2≤𝑞≤𝑙

𝐿 [𝑃 (𝑙, 𝑘)] = min {𝐷 (𝑞 − 1, 𝑘 − 1) + 𝐷 (𝑞, 𝑙)} ,
𝑘≤𝑚≤𝑙

𝑙

(2)

2

𝐷 (𝑞, 𝑙) = ∑ (𝑥𝑡 − 𝑥) ,
𝑡=𝑞

where 𝐿[𝑃(𝑙, 𝑘)] denotes an objective function. 𝐷(𝑞, 𝑙) is the
diameter of a cluster 𝐺(𝑞, 𝑙) = {𝑥𝑞 , 𝑥𝑞+1 , . . . , 𝑥𝑙 } (𝑞 < 𝑙). 𝑥𝑡
and 𝑥 are indicator value and mean value of ordinal samples
in 𝐺(𝑞, 𝑙).

3. Development of Cluster Forecasting Model
Based on Set Pair Analysis
3.1. Basic Principle and Procedures. Basic principle of SPAbased clustering model is depicted as follows. Based on
ordered DRIs of historical energy consumption, first conduct
cluster analysis with Fisher’s partition method to obtain categories of development speed. Then analyze the uncertainty
of influence factors through identity-discrepancy-contrary
analysis. And forecast the energy consumption in a certain
year according to the similarities of measured influence
factors to each category. The corresponding flow chart is
sketched as showed in Figure 1. And the detailed procedure
is illustrated as below.
Step 1. Conduct cluster analysis with Fisher’s optimal partition method for the ascending DRI of historical energy
consumption. And calculate group centroid values of energy
consumption and influence factors for each cluster.
Step 2. A criterion is constructed to conduct set pair analysis,
and the corresponding formulas are described to transfer
mean values of DRIs into connection numbers in order to
calculate the identical degree, different degree, and contrary
degree between influence factors and reference sets. Then,
combined with weights of influence factors, obtain integrated
connection numbers.
Step 3. Express influence factors of energy consumption to
be forecasted in a certain year with connection numbers
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Classify historical data based on the DRI of energy consumption and
Fisher’s optimal partition method
Conduct identity-discrepancy-contrary analysis for the group centroid
of influence factors

number 𝜇𝑘 , used to depict growth and decline features, can
be written as
𝑁

𝑁

𝑁

𝑛=1

𝑛=1

𝑛=1

𝜇𝑘 = 𝑎𝑘 + 𝑏𝑘 𝑖 + 𝑐𝑘 𝑗 = ∑ 𝑎𝑛𝑘 𝑤𝑛 + 𝑖 ∑ 𝑏𝑛𝑘 𝑤𝑛 + 𝑗 ∑ 𝑐𝑛𝑘 𝑤𝑛 ,
(4)

Get integrated connection number expression

𝑎𝑛𝑘 = 𝜆𝑥(𝑘)
𝑛 ,

Analyze identity, discrepancy, and contrary degree between prediction
sample and reference set

𝑐𝑛𝑘 =

𝜂
𝑥(𝑘)
𝑛

(5)

,

(6)

𝑏𝑛𝑘 = 1 − 𝑎𝑛𝑘 − 𝑐𝑛𝑘 ,

Calculate similarity of influence factors of sample to each cluster
Forecast energy consumption in a specified year

Figure 1: Flow chart of SPA-based cluster forecast model.

obtained from the IDC analysis, and calculate their similarities to each cluster.
Step 4. Construct a forecasting model and predict the energy
consumption in a specified year.

(7)

where 𝑎𝑘 , 𝑏𝑘 , and 𝑐𝑘 are integrated identical degree, different
degree, and contrary degree, respectively; 𝑤𝑛 is an indicator
weight; 𝑎𝑛𝑘 , 𝑏𝑛𝑘 , and 𝑐𝑛𝑘 are identical degree, discrepancy
degree, and contrary degree of 𝑛th indicator relative to reference set on category 𝑘, respectively; 𝜆 and 𝜂 are coefficients;
L U
if 𝑥(𝑘)
𝑛 ∈ [𝑥 , 𝑥 ], 𝜆 and 𝜂 will satisfy
0 < 𝜆𝜂 ≤ 0.25,

(8)

2

(𝑥U ) 𝜆 + 𝜂 − 𝑥U ≥ 0,

(9)

2

(𝑥L ) 𝜆 + 𝜂 − 𝑥L ≥ 0,
3.2. Expressions of Influence Factors in terms of Connection
Numbers
3.2.1. Definition of IDC Criteria. To combine the concept of
IDC with the development speed, suppose that the reference
set is 𝑥𝑛𝑘 = 1 (𝑛 = 1, 2, . . . , 𝑁; 𝑘 = 1, 2, . . . , 𝐾) because the
original state of annual DRI is a relative certainty variable.
Then, the IDC analysis between the annual DRI and the
reference set can be conducted for the discussed year on a
basis of IDC criteria. The IDC criteria are defined as follows. If
the annual DRI value is greater than 1, it is defined as identity
according to the SPA theory, and the bigger the amount of the
dynamic relative number appears, the higher the possibility
of the growth situation is. When the annual dynamic relative
number is less than 1, this is defined as contrary, and the
smaller the amount of dynamic relative number exhibits the
higher possibility of attenuation. Besides, while the annual
DRI is 1, it is called discrepancy, which means that the
discussed indicator shows uncertainty characteristic against
the initial state of the influence factor.
3.2.2. Expressions of Group Centroids. Let 𝑘 (𝑘 = 1, 2, . . . , 𝐾)
represent the number of clusters or categories. The corresponding group centroid of influence factors for each
category is defined as
𝑥(𝑘)
𝑛 =

where 𝑥L and 𝑥U are the lower and upper values of DRI for
historical indicators. The value ranges of 𝜆 and 𝜂 are presented
in Figure 2.
The intersection point of two linear functions (9) and (10)
is always used to specify 𝜆 and 𝜂. Namely,
𝜆=

1
,
(𝑥U + 𝑥L )
(11)

𝑥U 𝑥L
.
𝜂= U
(𝑥 + 𝑥L )

In a similar way, the connection degree between the measured
indicator value of a forecasting year and reference set (𝑥𝑛𝑘 = 1)
can also be achieved.
3.2.3. The Forecast Model Based on Similarity. Let set 𝐴
be DRIs of influence factors of energy consumption, set
𝐵 is Reference set in which all the DRI values are 1, and
set 𝐶 represents measured DRIs of influence factors of a
forecast object. According to the definition of set pair, two
set pairs, 𝐻1 (𝐴, 𝐵) and 𝐻2 (𝐶, 𝐵), can be established. And
corresponding connection numbers are written as follows:
𝜇(𝐴,𝐵) = 𝑎𝑘 + 𝑏𝑘 𝑖 + 𝑐𝑘 𝑗,

(12)

𝜇(𝐶,𝐵) = 𝑎𝑓 + 𝑏𝑓 𝑖 + 𝑐𝑓 𝑗,

𝑀

1
∑ 𝑥(𝑘) ,
𝑀 𝑚=1 𝑚𝑛

(10)

(3)

where 𝑥(𝑘)
𝑛 is the mean value of 𝑛th influence factor on
(𝑘)
is the corresponding DRI value of 𝑛th
category 𝑘. 𝑥𝑚𝑛
influence factor on sample 𝑚 (𝑚 = 1, 2, . . . , 𝑀). Then, based
on the set pair analysis theory [40], integrated connection

where 𝑎𝑓 , 𝑏𝑓 , and 𝑐𝑓 are identical degree, different degree, and
contrary degree, respectively.
The similarity between set pairs 𝐻1 and 𝐻2 can be defined
as
2

2

2 1/2

𝑑𝑘 = [(𝑎𝑘 − 𝑎𝑓 ) + (𝑏𝑘 − 𝑏𝑓 ) + (𝑐𝑘 − 𝑐𝑓 ) ]

,

(13)

4
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𝜂
𝜆𝜂 ≤ 0.25

xU

(

xU

1
xU xL
, U
)
L
+ x x + xL

xL

1
xU

0

𝜆

1
xL

2

(xL ) 𝜆 + 𝜂 − xL ≥ 0

U 2

(x ) 𝜆 + 𝜂 − xU ≥ 0

Figure 3: Relationship between the number of clusters and the
objective function.

Coefficient value scope

Figure 2: Coefficient value scope of 𝜆 and 𝜂.

where 𝑑𝑘 is the similarity to category 𝑘. And the forecast
model for the annual development speed is given as
𝑦=

∑𝐾
𝑘=1 (𝑦𝑘 /𝑑𝑘 )
∑𝐾
𝑘=1 (1/𝑑𝑘 )

,

(14)

where 𝑦𝑘 is the centre of energy consumption on category 𝑘
and 𝑦 is the forecasted value.

4. Case Study
The model discussed is applied to analyze and predict China’s
energy consumption. Data from China statistics yearbook
were used to confirm its validity and effectiveness [3]. Many
reports have shown that energy consumption has a deep association with factors such as GDP, proportion of secondary
industry, urbanization level, and price index. Thus, in this
model, GDP, proportion of secondary industry, urbanization
level, and price index were taken as major influence factors
for energy consumption. Detailed materials of sample data
and annual DRI values are listed in Tables 1 and 2.
According to Table 2, from 1990 to 2010, energy consumption increased significantly from 0.987 to 3.25 billion tce
with an average annual development speed of 1.07. Chained
development speed of Chinese energy consumption varied
from 1.002 to 1.162. Based on Fisher’s optimal partition
method, the objective function varied with the number of
clusters as shown in Figure 3. The knee point of the objective
function was observed when the number of clusters is equal
to 4. So chained speed of development for historical energy
consumption should be divided into 4 categories. Then, the
group centroids of influence factors as listed in Table 3 were
obtained according to (3). Thereby, we substituted mean
values of influence factors into (5), (6), and (7), which

got corresponding connection numbers for each category.
Herein, 𝜆 and 𝜂 were 0.5 and 0.2, respectively, obtained on
the basis of formulas (11). Combined with the same weights
of influence factors, through (4), the integrated connection
degree was obtained. The results were presented in Table 4.
In the year of 2010 China’s practical information about
energy consumption was used to test and verify this model
(see Table 5). Firstly, let set 𝐶, which consists of the statistical
values of GDP, be proportion of secondary industry, urbanization level, and price index for the year of 2010. Based on
SPA theory, conduct IDC analysis between influence factors
value and reference set 𝐵 = {1, 1, 1, 1}, and calculate the corresponding connection numbers. Meanwhile, according to the
definition of similarity in expression (13) and a nearby rule,
chained development speed for 2010 was specified as category
3. Finally, by (14), the forecasted chained development speed
of energy consumption value was 1.085 in reference to 2009,
which is of 2.37% relative error in comparison to the real
value of 1.06. Besides, the prediction was conducted with the
GM(1, 1) model, and its forecasted value was 1.024, whose
relative error reached 3.40%. It indicated that the proposed
model improves prediction performance significantly and is
feasible and effective.
As noted above, the method proposed here overcomes
drawbacks of conventional methods based on single type
information and a static perspective. And it will enable
us to provide a more comprehensive background for the
characterization of energy consumption and to make appropriate energy policies of a developing country. However, the
forecast of energy consumption involves various factors of
incompatibility, complexity and diversity, combination, and
dynamic uncertainty. Consequently, it would be important
to clarify effects of factors on the energy forecast in various
time frames. The same weights of influence factors used
to calculate the integrated connection degree in the case
study may neglect the importance of indicators and effect
on the prediction. To provide more information about the
most sensitive parameters and improve the forecast accuracy,
considerable amount of work both on the sensitivity analysis
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Table 1: Energy consumption and its influence factor from 1990 to 2010 in China.
Year

Energy consumption
(108 tce)

GDP
(billion RMB)

Proportion of secondary industry
(%)

Urbanization level
(%)

Price index

1990
1991
1992
1993
1994
1995
1996
1997
1998
1999
2000
2001
2002
2003
2004
2005
2006
2007
2008
2009
2010

9.87
10.38
10.92
11.6
12.27
13.12
13.52
13.59
13.62
14.06
14.55
15.04
15.94
18.38
21.35
23.6
25.87
28.05
29.14
30.66
32.5

18.55
20.25
23.13
26.36
29.81
33.07
36.38
39.76
42.88
46.14
50.04
54.19
59.11
65.04
71.59
79.69
89.79
102.51
112.39
122.74
135.39

41.34
41.79
43.44
46.57
46.57
47.18
47.54
47.54
46.21
45.76
45.92
45.05
44.79
45.97
46.23
47.37
47.95
47.34
47.45
46.3
46.75

26.41
26.94
27.46
27.99
28.51
29.04
30.48
31.91
33.35
34.78
36.22
37.66
39.09
40.53
41.76
42.99
44.34
45.89
46.99
48.34
49.95

100
112.97
131.45
179.71
212.03
230.51
253.99
277.61
275.14
277.61
320.36
321.01
321.3
345.07
378.55
435.36
487.17
508.12
612.75
546.59
635.65

Table 2: Ordered relative numbers of energy consumption and corresponding DRIs of influence factors.
Year

DRI of energy
consumption

DRI of GDP

DRI of proportion of
secondary industry

DRI of urbanization level

DRI of price index

1998
1997
1996
1999
2001
2000
2008
1991
1992
2009
1994
2002
1993
1995
2007
2006
2005
2003
2004

1.0022
1.0052
1.0305
1.0323
1.0337
1.0349
1.0389
1.0517
1.0520
1.0522
1.0578
1.0598
1.0623
1.0693
1.0843
1.0962
1.1054
1.1531
1.1616

1.0785
1.0929
1.1001
1.0760
1.0829
1.0845
1.0964
1.0916
1.1422
1.0921
1.1309
1.0908
1.1396
1.1094
1.1417
1.1267
1.1131
1.1003
1.1007

0.9720
1.0000
1.0076
0.9903
0.9811
1.0035
1.0023
1.0109
1.0395
0.9758
1.0000
0.9942
1.0721
1.0131
0.9873
1.0122
1.0247
1.0263
1.0057

1.0451
1.0469
1.0496
1.0429
1.0398
1.0414
1.0240
1.0201
1.0193
1.0287
1.0186
1.0380
1.0193
1.0186
1.0350
1.0314
1.0295
1.0368
1.0303

0.9911
1.0930
1.1019
1.0090
1.0020
1.1540
1.2059
1.1297
1.1636
0.8920
1.1798
1.0009
1.3671
1.0872
1.0430
1.1190
1.1501
1.0740
1.0970
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Table 3: Interval of energy consumption and mean values of DRIs of influenced factors for each cluster.

Category
𝑘=1
𝑘=2
𝑘=3
𝑘=4

DRI interval for energy
consumption

Number of samples DRI of GDP
7
7
3
2

[1.00, 1.05)
[1.05, 1.08)
[1.08, 1.10)
[1.10, 1.20]

DRI of proportion of
secondary industry

DRI of
urbanization level

DRI of
price index

0.9938
1.0151
1.0081
1.0160

1.0414
1.0232
1.0319
1.0336

1.0796
1.1172
1.1040
1.0855

1.0873
1.1138
1.1272
1.1005

Table 4: Connection numbers between influence factor and reference set.
Category
GDP
Proportion of secondary industry
Urbanization level
Price index
Integrated connection number

𝑘=1
0.544 + 0.272𝑖 + 0.184𝑗
0.497 + 0.302𝑖 + 0.201𝑗
0.521 + 0.287𝑖 + 0.192𝑗
0.540 + 0.275𝑖 + 0.185𝑗
0.525 + 0.284𝑖 + 0.191𝑗

𝑘=2
0.557 + 0.264𝑖 + 0.180𝑗
0.508 + 0.295𝑖 + 0.197𝑗
0.512 + 0.290𝑖 + 0.194𝑗
0.559 + 0.262𝑖 + 0.179𝑗
0.534 + 0.279𝑖 + 0.188𝑗

𝑘=3
0.564 + 0.259𝑖 + 0.177𝑗
0.504 + 0.298𝑖 + 0.198𝑗
0.516 + 0.290𝑖 + 0.194𝑗
0.552 + 0.267𝑖 + 0.181𝑗
0.534 + 0.278𝑖 + 0.188𝑗

𝑘=4
0.550 + 0.268𝑖 + 0.182𝑗
0.508 + 0.295𝑖 + 0.197𝑗
0.517 + 0.290𝑖 + 0.193𝑗
0.543 + 0.273𝑖 + 0.184𝑗
0.529 + 0.281𝑖 + 0.189𝑗

Table 5: Forecasted results and comparison with the gray method.
Year

Integrated connection number

2010
2015

0.539 + 0.275𝑖 + 0.186𝑗
0.528 + 0.282𝑖 + 0.190𝑗

𝑘=1
0.0167
0.0035

Similarity 𝑑𝑘
𝑘=2
𝑘=3
0.0062
0.0059
0.0070
0.0073

and on the comparison with other methods is required to
conduct with actual indicator weights in future.
Based on mean values of influence factors within 5 years
from 2006 to 2010, the energy consumption in 2015 can be
predicted with this discussed method as showed in Table 5.
If the economy continues as usual, energy demand in China
will continue to increase rapidly to 5.35 billion tce by 2015.
However, there is a huge potential for reducing this projected
level, since growth could be better by adjusting the energy and
industrial structure and strengthening technology innovation. They may be especially helpful to frame suitable energy
policy.

5. Conclusions
To provide reliable data for the decision-making of macroeconomic policy, a rational forecast model for energy consumption is of significance since well-targeted policies and
reasonable measures are indispensable for rational energy
consumption forecast. However, energy consumption forecast is a complex and uncertainty problem due to interactive
factors. In this study, based on historical data of China’s
energy consumption and influence factors, a novel clustering
forecast model based on SPA was presented to analyze energy
consumption. Some conclusions can be drawn as follows.
(1) The results indicate that this novel method used to
forecast energy consumption is feasible and effective
and convenient for practical applications. This cluster
forecast model provides a potential method for other
uncertainty problems.

𝑘=4
0.0115
0.0017

Proposed model

GM(1, 1) model

1.085
1.105

1.024
1.051

(2) The expressions in terms of connection number for
group centroids of influence factors can depict the
certainty and uncertainty of development speed as a
whole.
(3) Based on the similarities of DRIs of influence factors, interaction among the influence factors and
similar information between historical samples and
prediction object can be taken into account in the
proposed model. Although our work has provided a
useful clustering tool for making full use of similar
information from historical samples for the energy
consumption forecast and analyzing the certainty
and uncertainty of evaluation indicators from three
aspects embracing identity, discrepancy, and contrary,
further investigations will still be in progress with
sensitivity analysis to clarify effects of indicators on
the prediction in various time frames.
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