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The shearlet transform is a promising and powerful time-frequency tool for analyzing nonstationary signals. In this article, we
introduce a novel integral transform coined as the Clifford-valued shearlet transform on Cl(p,q) algebras which is designed to
represent Clifford-valued signals at different scales, locations, and orientations. We investigated the fundamental properties of the
Clifford-valued shearlet transform including Parseval’s formula, isometry, inversion formula, and characterization of range using
the machinery of Clifford Fourier transforms. Moreover, we derived the pointwise convergence and homogeneous approximation
properties for the proposed transform. We culminated our investigation by deriving several uncertainty principles such as the
Heisenberg-Pauli-Weyl uncertainty inequality, Pitt’s inequality, and logarithmic and local-type uncertainty inequalities for the

Clifford-valued shearlet transform.

1. Introduction

Wavelet transforms have been proved to be a successful tool
for analyzing nontransient signals and have been applied in a
number of fields including signal and image processing,
differential and integral equations, sampling theory, quan-
tum mechanics, medicine, and so on [1]. However, the ef-
ficiency of the wavelet transforms is considerably reduced
when applied to higher dimensional signals as they are not
able to capture the geometric features like edges and corners
at different scales efficiently. The detection of such geometric
features in nontransient signals is often highly desirable in
numerous practical applications such as medical imaging,
remote sensing, crystallography, and several other areas. To
circumvent these constraints, a number of novel directional
representation systems have been introduced and employed
in recent years, such as the wedgelets, ridgelets, ripplets,
curvelets, contourlets, surfacelets, brushlets, and shearlets.
Among all these geometrical wavelet systems, the shearlet
systems have been widely acknowledged and emerged as one
of the most effective frameworks for representing multidi-
mensional data because they are nonisotropic nature, and
they offer optimally sparse representations [2], allow

compactly supported analysing elements [3], are associated
with fast decomposition and reconstruction algorithms, and
provide a unified treatment of continuum and digital data
[4, 5].

Clifford algebras have dethroned both the Grossmann’s
exterior algebra and Hamilton’s quaternion algebra in the
sense that they incorporate both the geometrical and alge-
braic features of Euclidean space into a single structure [6].
As a result, the theory of Clifford algebras has attained an
overwhelming response and gained a respectable status in
higher-dimensional signal and image processing mainly due
to the reason that such algebras encompass all dimensions at
once unlike the multidimensional tensorial approach with
tensor products of one-dimensional phenomena. This true
multidimensional nature allows specific constructions of
higher dimensional signal and image processing tools in-
cluding the Clifford Fourier transforms [7, 8], Clifford
Gabor transforms, Clifford wavelet transforms, and other
integral transforms in general [9-13].

Motivated and inspired by the contemporary develop-
ments in the theory of shearlet transforms abreast the
profound applicability of the Clifford algebras, we introduce

the notion of Clifford-valued shearlet transforms on Cl( )
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algebras in the context of multidimensional signal analysis.
Unlike the conventional shearlet transform, the proposed
transform inherits both the geometric and algebraic prop-
erties of shearlet transforms and Clifford algebras. Although
a meek analgoue of shearlet transform in the Clifford do-
main has been proposed in [14], it only deals with the
Cl o, algebra, where n = 3mod4. Therefore, the centre piece
of this study is to construct the Clifford-valued shearlets and
the corresponding shearlet transforms in the most general
setting Cl(,, ., by employing translations, sharing, scaling,
and spinning elements. Besides, we study the basic prop-
erties of the Clifford-valued shearlet transforms including
Parseval’s and inversion formulae and range theorem using
the machinery of Clifford Fourier transforms. Moreover, we
derive the pointwise convergence and homogeneous ap-
proximation properties for the proposed transform. Finally,
we formulate some uncertainty inequalities including the
classical Heisenberg-Pauli-Weyl inequality, Pitt’s inequal-
ity, and logarithmic inequality for the Clifford shearlet
transforms.

The structure of this article is as follows. Section 2 deals
with the preliminaries of Clifford algebras, whereas a
comprehensive analysis of the general Clifford-valued
shearlet transforms is carried out in Section 3. In Section 4,
we study the homogeneous approximation properties for
proposed transform. Several uncertainty principles for the
proposed transform are also being studied in Section 5.
Finally, a conclusion is summarized in Section 6.

M=) Mye, = (Mg + (M), +
A

where e, =¢;¢e; ...¢, and i <i, < ... <i;. Moreover, {-);
is called as the grade k-part of M, and [OTR OO >,
respectively, denote the scalar part, vector part, bivector part,
and so on. The Clifford conjugate of a multivector
M e Cl(,, is given by

n
M=)
r=0

where the scalar product of multivectors M and N is defined
as

(_1)r(r— 1)/2mp (5)

M),
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2. Basics of Clifford Algebras

In this section, we present a brief overview of the Clifford
algebras including the definitions of Clifford Fourier
transforms, spin group, and some unitary operators.

The Clifford algebra CZ(M) is a noncommutative, as-
sociative algebra generated by the orthonormal basis
{e1,es,...,e,} of the n-dimensional Euclidean space R”
governed by the multiplication rule:

eejteje; =260, Lj=12...,n (1)

ivij>
where n=p+gq, & =+1fori=1,2,...,p and ¢ = -1 for
i=p+1Lp+2,...,n with §;; denoting the usual Kro-
necker’s delta function. The noncommutative product and

the additional axiom of associativity generates the 2"— di-
mensional Clifford geometric algebra CI(,, ;, which can be

decomposed as

n
_ k
Clipg =D Cli,y ()
k=0
where Cl’g 1. denotes the space of k-vectors given by
k . )
Clipg = span{eil,ei2, co€ i S <L < zk}. (3)

Any general element of the Clifford algebra is called a
multivector and every multivector M € CI,, ., can be rep-
resented in the following form:

M,eR,AcC{l,2,...,n} (4)

Sc(MN) = [MN| = M*xN = ) M4N ,. 6)
A

Moreover, for any pair of multivectors M, N ¢ Cl( ) it
can be easily verified that

|MN|SZ"|M||N|. (7)
We now intend to recall the fundamental notion of

Clifford Fourier transforms in L' (R??,CI (p,q)), 1<r<oco
as

1/r
L(R%,Cl, ) = {f: RPD — Cl, 0 Ifll, = ( JR(p)q)|f(x)|’d"x> <00 } (8)

It is imperative to mention that any function
fel (RP?, Cl(P, )) can be expressed as a combination of
the real-valued functions f, and the basis elements e, as

f£(x) =) falx)e, 9)
A

Due to the noncommutativity of Clifford-valued
functions, several analogues of the Clifford Fourier
transforms have been introduced in the literature.
However, we shall be interested in following definition
due to Bahri et al. [15].
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Definition 1. Let I € Cl, . be a square root of —1. The

Clifford Fourier transform of any function f € L' (RP9),
Cl(pg) is defined by

1 _
Falf @O = j e,
where nx,§ € [R{(P’q), d"'x = dx,dx, ...dx,, v: RPDx
R®PD — R, and v (& x) = &, + &%, + -+ &%,
The inversion and Plancherel formulae associated with
the Clifford Fourier transform (10) are given by
1

(10)

(0= | Falf@I @,
(1)

<f’ g>L2 (R(M)’Cl(p,q)) = <‘O}Cl [f]’ ‘O]Cl [g]>LZ (R(P’q),cl(m)),

In this case, the inner product of two multivector functions f
and g is described through

£, (R00c1,,) = JR(P‘q)f(x)g(x)d"x, (12)
and its scalar part is given by
2 qn
KED,: i, ) = | F B
_ J ScE(Rgd'x  (13)
R (P2
= Sc(JRW)f(x)g (x)d x).

For an efficient representation of Clifford-valued func-
tions, we employ the spin elements obtained from the spin
group as defined below.

l/n

a sgn(a)a s, sgn(a)a

0 sgn(a)a'" 0
SSAQ =

0 0 0

3. The Clifford-Valued Shearlet Transform on
Cl,,q Algebras

In this section, we shall construct the Clifford-valued shearlets
on Cl, . algebras by using the combined action of the scaling,
sharing, spin-rotation and translation operators. Besides, we
study the fundamental properties of the Clifford-valued shearlet
transform including Parseval’s formula, inversion formula, and
obtain a complete characterization of the range. Prior to that, we
shall demonstrate that the novel family of Clifford-valued
shearlets is endowed with an affine group structure.

Definition 2. The spin-group is a double covering of special
orthogonal group of R” and is defined by

Spin(n) = {r eCll, :Fr=rf = 1} (14)

(pa)?

where CI, . is a subgroup of the invertible elements in the

Clifford algebra Cl

To facilitate the constructlon of Clifford-valued shearlets,
we define the fundamental unitary operators acting on the
space L' (R®D). For a>0, s € R" ! and b € R", and the
scaling, shearing, spin-rotation, and translation operators
are denoted by D, , Dy, R,, T}, respectively, and are de-
fined as

DA ¥ (x) —|detA | 2y ( 71x),

a

D ¥ (x) = ¥(S; %),

(15)
R (x) = r¥ (rxr)rT,
T,¥(x) =Y¥Y(x-b),
and the matrices involved in equation (15) are
A~ < a 0., >
0, , sgn(a)al”"I,_, (16

1 s
SS ) < >,
on—l In—l

where s = (s;,5,,...,5,.1), and sgn(-) and 0 denote the
well-known Signum function and the null vector, respec-
tively. Moreover, the composition of the scaling matrix A,
and the shearing matrix S, is given by

l/n l/n

, sgn(a)a - sgn(a)a 4
0
(17)
0 0 sgn(a)a"

Consider that the set & = R* x Spin(n) x R" ! x R"
endowed with the binary operation © is defined as

(a,r,s,b)o (a',r',s',b")

(18)
=(aa',r+r',s+a"” W b+ S.Ab )
where a,a’ € RY,s,s' e R, b,b" € R",r,v' € Spin(n).
Clearly, (1,0,0,_,,0,,) is the neutral element of &, whereas
(@', -r,—a""'s,—A71S;'b) is the inverse of any arbitrary
element (a,r,s,b) € &. Moreover, it is easy to verify that



((a,r,s,b)0 (a',1',s', b)) o (a",x",s",b")
=(a,r,s,b)o ((a',r',s",b")o (a",r",s",b")).
(19)

Jgf[(a,r,s,b)o (a',r',s',b )]dn:J

R*xSpin (n)xR"xR"

Making use of the substitution a: =aa',F: =
rr', 5 =s+ ()", b: =b+S.Ab, ie., da = (a')"'da,

J flla,r,s,b)o (a',r',s',b")]dy = J
z

R*xR"xSpin (n)xR"

JR*XR”XSpin (n)xR"

which validates the claim that dy = dadrd” 'sd"b/a™! is
indeed the left Haar measure on &.

Next, we shall construct a novel class of shearlet systems
on Cl, ;) algebras by the combined action of the scaling D, ,
sharing 9, spin-rotation %,, and translation T, operators
on any analyzing function ¥ € L2 (R(P’q),Cl( )

For any a€R*seR"beR" and re€ Spin(n),
consider the family of analyzing functions:

V(%) ={Dy Ds R, T, ¥ (x) = a*" " r¥(A]'SE (x - b))z},
(22)
which is called as the family of Clifford-valued shearlets on

the geometric algebra-C¢,, ). The system of functions (22)
satisfies the following properties:

(i) The system (22) is
L*(R",Cl, )

(ii) The following norm equality holds good:

a dense subspace of

f [(aa/, r+r,s+a" Y b+ SSAab')]

FlansH )

(@,7,3,D0)]

Journal of Mathematics

Hence, we conclude that (&, ©) constitutes a group and is
formally called as the similitude group of dilations, trans-
lations, shearing, and spinning.

Furthermore, we claim that the left Haar measure on & is
given by dy = dadrd™ 'sd"b/a™!. In fact, for any function
feL?(9,Cl,,), we have

dadrd™ 'sd"b

n+l

(20)

2 —_
dr = dF, d" s = (a)” (VMg 15 g7 = (a) V" d"b, the
above expression becomes

_ldﬁd'r‘(a)_(("_ 1)2/n)dn— 13((1)— 2+1/n gn;

a/a; n+l
( ) (21)
(a)nﬂ >
"\P;,s,bn]} (r"Clpy) ~ ”\P”LZ (R"Clpy ) (23)

(iii) The Clifford Fourier transform of the family of
functions ¥}, (x) reads

Fa [\P;,S,b] (&) = " F G [P (VF) (1S, 4,E8)e” P,
(24)
Next, we shall present the notion of an admissible

Clifford-valued shearlet on the space of Clifford-valued
functions L2 (Rn, Cl (P)q)).

Definition 3 (Admissibility). A nontrivial function
¥ e L2 (R",Cl (P»q)) is called an admissible Clifford-valued
shearlet if

. dad" 'sdr

C\Il = J
R*xR"!xSpin (n)

which is an invertible multivector and finite, i.e., § € R,

Remark 1. It is worth noticing that F  [r¥ ()] (0) = 0, for
& =0; that is, ¥ (x) = Y 4 ¥4 (x)e,. and

J ¥ (x)ene M dx = 0, (26)
R (P4

{F o [vY (F] (rS,A ) HF o [vY ()] (xS, A, )}

NCETTOY (25)

which in turn implies that for every component ¥, of the
Clifford-valued shearlet WV is zero; that is,
J ¥, (x)d"x = 0. (27)
R (P9

Based on the novel family of Clifford-valued shearlets
defined in equation (22), we have the following main def-
inition of the continuous Clifford-valued shearlet transform.
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Definition 4. The continuous Clifford-valued shearlet
transform of any multivector signal f € L* (R",Cl(,,,)) with

respect to an analysing Clifford-valued shearlet
VYel? ([R(P'q),Cl(P’q)) is defined by
Syt (a,r,s,b) ={f, \Ilu,s,b>L2 (R(P’q)vCl(p,q))
(28)

_ J £V, (x)d"x.
) S

where W  , (x) is given by equation (22).
The corresponding spectral representation of the Clif-
ford-valued shearlet transform is

Syt (a,1,5,b) = alf(”mnga [f1(5) (29)

e F W ()F] (1S, A, EE)d"E.

We now present an example for the lucid illustration of
the proposed Clifford-valued shearlet transform (28).

Example 1. Consider the Clifford-valued Hermite wavelets

[16]as
i o 1A
I//n(x) = (_1) ax[exp(_ P )])

J, = an+an+ +an
* \ox, ox, ox, )
Therefore, the corresponding Clifford-valued shearlets
of y, (x) are obtained as

1 2
W () =|detA, | r(A]'s]! (x—b)")exp<_7|Aﬂ S ;x o) )f,

(31)

and the Clifford-valued shearlet transform (28) of any
function f € L*(R",Cl,), with respect to the analyzing
shearlets (31) can be computed as

©S,f(arsb) = \/EJ ((x1 -b,)’ —(s - am) (x, - bz)z) x exp(

[RZ

For different values of a,s,r, and b, the corresponding
Clifford-valued shearlet transforms of f (xy, x,) with respect
the analysing shearlets (34) are depicted in Figure 2 after
computing the integrals (35) in Mathematica software. From
the simulation, we infer that the Clifford-valued shearlet
transform enables a precise characterization of location,
orientation, and curvature of discontinuities in two di-
mensional signals.

In the following theorem, we assemble some of the basic
properties of the Clifford-valued shearlet transform (28).

Theorem 1. ¥}, (x,,x,)for f, g€ I? ([R(P’q),Cl(P’q)), and
admissible Clifford-valued shearlets ¥ and ®. The continuous

5
GSyf(ar,s,b) =|detA,| "ZJ for(A;'S] (x-b)")
-
< J4,'s." <x—b>|2>_ :
xexp| ————— |rd"x.
2
(32)

For simplicity, we shall compute the two-dimensional
Clifford-valued shearlet transform for the given function f
with respect to the shearlets:

\P;,s,b (x1,%,) = |detAal71/2(A;ISs_l [ (%, — bl)z’ (%, — bz)z])

< 14,18, (%) — by, x, - b2)|2>
X eXp >

2
(33)

where A, = a (1)/2 S = Ls . After simplifying, we
. 0 a 01
obtain

Woop (x15%,) = \/E( (%) = bl)z _(5 - ‘13/2) (%, = bz)z)

( (%, —b1)2 +(s—a7(1/2))(x2 —b2)2>
X exp .
2a

(34)

The two-dimensional analyzing shearlets v}, (x;, x;)
given by equation (34) at different values of a, s, r, and b are
plotted in Figure 1. The parameters a and s determine the
scaling anisotropy and the decaying rate of shearlets pro-
viding more accurate location and orientation. In com-
parison with wavelets, shearlets not only inherits advantages
of wavelets (s = 0) but also provide detailed information of
position, normal and curvature of discontinuities.

The Clifford-valued shearlet transform of f(x;,x,) =
exp{—(x? + x3)/2} is computed as

(x, - b1)2 +(s —-a 1/2)(x2 - bz)z + az(xf + xé)

P )dxldx2. (35)

Clifford-valued shearlet transform (28) satisfies the following
properties:
(i) Linearity: €Sy (of + g) (a,1,5,b) = a€Syf(a, r,
s, b) + B€Syg(a,r,s,b),a,p € Cl, o
(ii) Anti - linearity: €S yy,p0f (a,1,5,0) = €Syt (a,r,
s;bya+ ESef(a,r,s,b)p
(iii) Translation covariance: €Sy (Tif) (a,r,s,b) =
CSyf(a,r,s,b-k)
(iv) Dilation covariance: €Sy (D (l/y)f (x))(a,r,s,b) =
(€Sg wf (X)) (a. 1,5, (b/y)), y € R
(v) Parity: €Sy (Pf(x))(a,1,s,b) = (-1)"ESpy (f(x))
(a) LS, _b)) Pf(x) = f(_x)
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F1GURE 1: Two-dimensional analyzing shearlets yf  ; (x;, x,) given by equation (34) at different values of a, r, b, and s. (a) 2D-shearlets at
a=1,b=1,and s=0. (b) Contour plot of 2D-shearletsata=1,b=1, and s =0. (c) 2D-shearlets at a=1/2, b=1 and s = 1. (d) Contour plot of
2D-shearlets at a=1/2, b=1 and s=1.

(vi) Translationin'¥: €Sy 4 (f(x))(a,1,5,b) = €Sy (f(x)) Theorem 2. (Plancherel theorem). Let €Syf (a,r,s,b) and
(a,r,s,b+k) €Syg(a,r,s,b) be the Clifford-valued shearlet transforms of
the multivector signals £ and g, respectively. Then, we have

Proof. For the sake of brevity, we omit the proof.

In our next theorem, we show that the Clifford-valued
shearlet transform sets up an isometry from L?(R P,
Cl(pg) to L*(R* x R™ ! x R" x Spin (1), Clp0))- O

dad™ 'sd"bdr

J Sc(‘gé’wf(a, r,s,b)6Syg(a,r,s, b)) P
R*xR" ! xR"xSpin (1) a

(36)
- (Zn)nJR(M)SC(f(x)C\ym)dnx = (27-[)n|<fc\y’g>|L2 (R(P’W,Cl(pvq)))
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F1GURE 2: Two-dimensional Clifford-valued shearlet transforms of f(x,,x,) = exp{—(x? + x3)/2} with respect to analyzing function
W7 o (X1, ;) given by equation (35). (a) Clifford-valued ST of fat a=1/2, b=1, and s=1/2. (b) Clifford-valued ST of fata=b=1,and s=1.
(c) Contour plot of Clifford-valued ST of fat a=1/2, b=1, and s=1/2. (d) Contour plot of Clifford-valued ST of fat a=b=1, and s=1.

where Cy is given by equation (25). Proof. .Invoking the spectral representation (29) of Clifford

shearlet transforms, we obtain

dad™ 'sd"bdr

n+1

j Sc(‘g&},f(a, r,s,b)6Syg(a,r,s, b))
R*xR™ 1xR"xSpin (1)

:J - az_(I/")Sc<J F o[£ (D) VT [ (OF] (154, Er)d"E
R*xR" ! xR"xSpin (1) R"

1o (€ = — .\ dad" 'sd"bd
X J Rng algl (E)e' 0 oy e (] (rS,A,8'T)d"E )%

=J az_(”")J j Se(F oy 1£1 (B S T, 0% (O] (15, A, )
R* xR xR"xSpin (1) RrR"J R?

,dad” 'sd"bdr

n+1
a

x F oy [P¥ (F] (15,4, EF)e WD 5 [g] (f’))d”{d”&

Then, equation (37) can be rewritten as

(37)



J Sc(%é’\yf(a, r,s,b)6Syg(ar,s, b))
R*xR" ! xR"xSpin (1)

PR N
R*xR"™!xR"xSpin (1) J R" J R"

agf)}{gja [I‘\I’()f] (rss

, - 1
=(2m) JR”JR”SC<JCI (f] )

(f)elv(f,b)e—IU(f',b)

X{F o [*¥ ()F] (xS, A,

j er(f—E',b)dnb>
RYI

X J
R*xSpin (n)xR""!

:(2”)"HRJ Sc(Folfl ()8 (E-E)

X J
R*xSpin (m)xR""!

AL DT gl (¢))d"Ed"E’
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dad™ 'sd"bdr

n+l
a

dadrd™ 1sd”b>

a (nz—n+1/n)

dadrd™'s

(F o [0 ()F] (1S, A E0) HF o [1V ()F] (rS,A,E'F)} ~rrim < alsg] (&))d"ea e’
a

dadrd™'s

(F o [0 ()F] (¢S, A E0) HF ¢ [r¥ ()F] (rS,A,£'F)} ~rrim < Falsg] (&))d"ga"e’
a

dadrd™ 's

= (Zﬂ)nJRnSC(ga [£1(8) x J

R*xSpin (n)xR"™!

- @)’ S FalflOC Fa el @)

- @[ Se(f(C,gG)d'x

This completes the proof of Theorem 2. O

dad”
J €S yf (a,1,5,b)
R*xR"!'xR"xSpin (1)

By taking ¥ € L*(RP9,CI ,, ) with Cy = 1, the Clif-
ford-valued shearlet transform €S8'yf (a,r, s,b) becomes an
isometry from L? (R(P’q),Cl(P,q)) to L*(R* x R" !x
R™ x Spin (n), CZ(M)).

$e next theorem guarantees the reconstruction of the
input Clifford-valued signal from the corresponding Clif-
ford-valued shearlet transform.

x) =
f(x) = (27‘[) JR*XR”’IXR"xSpin(n)

{F o [vY ()F] (xS, A

~1sd"bdr

n+l
a

ESyf (a,1,5,b)¥, , (x)Cy

) F o [e¥ (V] (£5,4,£5)} ﬁ xFoi[g] (9)d"E

(38)

Corollary 1. For f = g, we have the following identity:

(39)

= (27[)"J Sc
R (P2

Theorem 3 (Inversion formula). Any Clifford-valued signal
f e L2(R'P,Cl, ) can be reconstructed from the Clifford-
valued shearlet transform €Syf(a,r,s,b) via the formula:

(£(x)Cyf (x))d"x

n-1_1n
1dad™ “sd bdr' (40)

n+1
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Proof. Implication of Plancherel theorem of Clifford-valued
shearlet transform (36) for every ge L?>(R”9,CI o)
yields that

(27-[)”| {Cy.8) |L2 (R#9.Clp) ~ |<Cg§\yf’ CSve) |L2 (9Clpg)

_ . dad"'sd"bd
= J Sc(%é’wf(a, r,s,b)6Syg(a,r,s, b))—a nfl !
R*xR™ 1 xR"xSpin (1) a

- n-1_1qn
Sc(%é’wf(a, I, s, b)J g(x)‘l’zsb(x)>d"xw
(n) R (P2 ” a

JR*xR"-lxR"xSpin

_ (41)

——\ o dad"'sd"bd

=J j S(GSyf (a,1,5, L)V, (0)g(x))d'x T2
R*xR" ! xR"xSpin (n) J R PP 55l .

dad” 'sd"bdr——
= Sc(€Sof (a,r,s,b)¥" - g(x)d"
JR(Prq)JR*xR”’IXR"XSpin(n) C( ¥ (a Bs ) @b (x)) a"“ g(x) *

dad™ 'sd"bd
:‘<J %&\yf (a,1,s, b)‘{’;)s’b (x) %, g> >
R* xR xR"xSpin (1) a L2 (R(p'q)’Cl(p,q))

where we used the Fubini-Tonelli theorem in getting the
second last step. Since g € L? (R(P9, Cl () is arbitrary, we
have

n-1_qn
(27)"f (x)Cy = J Gyt (1,5, b)Y, (x) 204_sdbdr (42)
a

R* xR xR"xSpin (1)

or equivalently

_ dad" 'sd"bdr

1
f(x) =7 %c‘s}\yf (a, LS, b)\P;,s,b (X)C\I, T (43)

)" ,[ R*xIR" xR"xSpin ()

This completes the proof of Theorem 3. Theorem 4 (Characterization of range of €S8y). If

The next theorem presents a characterization of the  h=%8yf € L*(¥Z,Cl (pg))» let ¥ be an admissible Clifford-
range of the Clifford-valued shearlet transform €8§7#’y. The  valued shearlet. Then, h is a Clifford-valued shearlet trans-
result follows as a consequence of the reconstruction for-  form of a function f € L*(%&,Cl (pg) If and only if it satisfies
mula (40) and the well known Fubini theorem. O  the reproducing property:

dad™ 'sd"bdr

1 —1 !
h (a’, r’) 5” b’) = W J’gh (a, IS, b) <\Ij;,s,bc‘y 5 \II;,,SI,h, >L2 ([R(P'q),cl(qu)) an+1

(44)

Proof. Let h belongs to the range of the Clifford-valued  function f € L (R»9,CI (pq) such that €Sy f = h. In order
shearlet transform €&y, Then, there exist a Clifford-valued  to show that h satisfies equation (44), we proceed as
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h(a',r',s',b') = 6Sf(a’,r',s',b")

r n
- JR(M)f(x)‘Par)sf’brd x

~ 1 (dad™ 'sd"bdr | 7,
- JR(M) [WI GSyf (a1, 5,b)¥" ,, (x)Cy af]\y yd'x

dad™ 'sd"bdr (45)
f(a,1,s, ‘1\11, opdix|
- 7 jg%xy (@1 s b)“ Wi (G W 0|
dad™ 'sd"bdr
(27‘[) J-Z%Sq,f a,r,s, b)(‘l’ast\P ,\I’ar S (ReDClp )

dad™ 'sd"bdr

b >L2 (R(P’q),Cl(p’q)) an+1

h(a,r, s, b)Y, Col, V5

(271)" ¢

(dad™ lsd”bdr

v n+1
a

Conversely, suppose that an arbitrary function f(x)= @ J h(a,r,s b)Y, , (x)Cy
hel?*(€,Cl & )satlsﬁes equation (44). Then, we show that

there exists f e L2(R(PD ,Cl(py)> such that €Syf =h. (46)
Assume that Then, it can be easily verified that

2 1 2
||f||L2 (R(P’q),Cl(P,q)) = W'C\P | ” a,s,b||L2 ([R(P'q),Cl(M ) ”h (a, L, s, b)”LZ (? cl, ) (47)

which implies that f € LZ(R(P’Q),Cl(p,q)). Moreover, as a
consequence of the well-known Fubini theorem and in-
version Theorem (40), we have

GSyf (1,5, b)) =J E¥ (D'
R

! . dad” lsd"bdr
= JR(M) [(zn)nj?‘g&yf(a, r,s,b)¥, ,Cy — \y oy (0)d"x

1 ———  dad" 'sd"bdr 48
:WJ "gé’\yf(a,r,s b)J bC “P oy (x)d XT ( )
a
1 e dad" 'sd"bdr
= 2n)" Jgh (a,1,5, b)<\ya,s, ‘Ija sb' >L2 (R(pq) cly,, )) !

=h(a',r',s',b").

This evidently completes the proof of theorem. O  transform 28) is a reproducing kernel in 1> (RP9,Cl (ra)

with kernel that can be given by
Corollary 2. For an admissible Clifford  shearlet

‘I’GLZ(R(*”’@,CZ(M)), the range of the Clifford shearlet

Ky(a,r,s,b,a’,r',s b)— )<‘Past\y,‘I’r 'b>L2(RM )l ) (49)
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4. HAP Property for the Clifford-Valued section, we investigate the homogeneous approximation
Shearlet Transforms property for the proposed Clifford-valued shearlet trans-

forms. Initially, we shall present some results related to the
Homogeneous approximation property (HAP) means that pointwise convergence of the reconstruction formula (40).
the approximation rate in a reconstruction of signal is es-
sentially invariant under time-scale shifts. The HAP is being ~ Theorem 5. Let €Syf(a,r,s,b) be the Clifford-valued
extensively used for studying frame density [17]. In this  shearlet transform of any f € L*(RP9,CI (pq) Such that

1 (N drd" 'sd"bda
£ = ESof(a,r,s,b)V" Cif——— "7 N>M>0, 50
(%) )" JM JR”XR”’IXSpin(n) wE (@05 0¥ (X)Cy a*! - (50

where ¥ € L2 (RP9, Cl(p)q)) is an admissible Clifford-valued
shearlet with Cy #0, real valued. Then, we have

N i 2, drd" 'sda
Faltun]@=Falll® | [ | |FalrOREsAgDE (51)
M J R"'xSpin (n) a(n n+1/n)
Proof. For M,N € R*, we define
1 (N drd"”'sd"bda
f = ESyf(a,1,5, b)Y, (X)Cy ———— 52
(%) 2m)" .[M JR"xRHxspin(n) wf (@55 D)%, (X)Cy a™! 52
Then, the application of Schwartz’s inequality implies
that
N d dn—l dnbd N 1/2
J J €S (a,1,5 D)V, (x)|Co—— " < j “ |€Syf(ar,s, b)|2drd”lsd”b}
M J R"xR" ' xSpin (n) o a M R"xR"!xSpin (n)

1/2
2 -1 _qn -1 da
x V()] drd” Tsd"b Cy——
{J R”xR”’lepin(n)l st () Yar!

N 1/2
_ J “ Gyt (a1, b)|2drd”’lsd”b}
R"xR"! xSpin (1)

M

_y da
X Gl (R"xR*'xSpin () ‘I’IW

) 2 da 1/2
S“ J |€Syf (a,1,5,b)| dfd"_lsd”b_l}
M J R"xR™ ! xSpin (1) P

1/2

N da 1/2
-1 n
Wl (R“xR”"xSpin(n))C‘P {JM a””} < { (27) |<fc\y’f>|]_z ([R(P"f),cl(p,q))}

1
-1 - ~n1/2
1 (R”XR""XSpin(n))C‘I’ W[M "= N <c0.

(53)
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This shows that f,,  is well defined on R%. Next, we show that f; \; is uniformly continuous on R".
For any x,x' € R", we have

drd™ 'sd"bda

1 N
ESyf(a,r,sb) |V, (x)-¥ _, (x')|Cy ——M——
,[ M j R"xR" xSpin (1) ¥ )[ a‘s’b( ) “’s’h( )] ¥ a"!

|fM,N (%) —fyn (x')| = 2n)"

1 N n-1_3n 172
< . J J |BSyf (a,r,s, b)fM
2m)" ) M ) rexee xspin () antl

(54)
1N »drd"™ 'sd"bda) %,
— pr -y N ——— C
X{(zn)" jM J.RanHXsPin(nJ (X)) = ()] P } ICy |
1 11 (N . . oadrd™lsd"wda) P,
= (2ﬂ)"’2{|<fc‘y’ f>|LZ (R("”)’Clw)} * {JM ,I'R"XR""XSPin(n)PPa'S’b (0 = ¥ ()] an+l ICel
From equation (54), we observe that Moreover, for any g € L' N L* (R»?,CI (pg))> We have

[farn (0 —forn x) — 0 as |lx-x'|| — 0. Thus, we
conclude that f,;  is uniformly continuous on R P9,

I(fM,N’g>|Lz C JRnSC(fM’N (x)M)d”x

1 (N . L drd” 'sd"bda) —\ .,
_ &(JR" {(271)" JM waw—lxspmm)(g&wf(“’ s DY (0 S }g(x))d x
drd" 'sd"bda

1 N .
=51 f y Ly O \Pr " } _1)
2n)" JM JR”XR”’lepin(n)Sc<(gSw (@15 b){JRﬂ asp (Vg (X)d X Cy a!

1 N - d dn71 dnbd
J J Sc(ESyf (a,1,5,b)ESyg(a 1,5, b)dnxc‘_lfl)M
R"xR" xSpin (1)

- (27‘[)n M n+1
b Y N M= - —
T (2n) SC(jM JR”XR"’lePin(n){a JR”JCZ {1 (D™ F eV OF] (15, 4,67)d 5}

_drd" 'sd"bda
e e bda

n+l
a

X {ali(mn) jRngCl (g] (5/)610(&)?@ [r¥ ()F] (rS,A,E'T)d"E }C

1 N Tv(&b) = —\ n
- WSC(J-M J'[R”X[R”’IXSP' ( )JR”gCl [f] (f)e ’ gCl [r\P()r] (rSSAafr)d f

n-1_1n
XJ For¥ ()7 (rSsAaf'f)e_I“(El’b)md"f'(?;idrd( > Sdl,b)da>
R” a n*-n+l/n

N '
) ﬁs( J y J Rnxwwsp-n(mj R J _Falfl @ e O 7 (rw (] (15,4, 80)d"¢

n-1_qn
YOS A E T e e

k4 a (nz—n+1/n)
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N
=[] J7
M J R"xR"'xSpin (n) J R"

XF o [PV ()F] (rS,A87)F o [g] (§)d"E'Cy,

N
:&( j j . j Foif1(9)0 (8 - §)F ¢ [r¥ ()] (xS,A,E¥)
R"xR" ' xSpin (n) J R"

M

X F o [P (F] (rS,A,E' ) F ¢y [g] (f’)d”f/c;})

N
B SC(L\/I JR"XR"’IXSPin(n)JRngCl [f] (O)F i [r¥ (-)7] (xS,A,T)

XF o (81 ()F o [r¥ ()F] (rS,A,¢r)d"E

M

N -
- JWSC( {% GG Jw-lxspmm'% [£% (F] (£5,4,80)Cy W}% [g] (f))d"s.

Invoking scalar part for the Clifford Fourier transform,
we can deduce that

N
CNIGEEMGICE |

R"!xSpin

This completes the proof of Theorem 5. O

Theorem 6. Let ¥ € L2(R(P9, Cl( )) be an admissible
Clifford-valued shearlet. Then, for any f € L' NL*(RP9,
Cl P»q))) we have

Jim , N — ooflf - v, =0,

| (57)
A}EO’N — oo||f - fMJ\,"2 =0.

£ - fM,N”L00 (RrClpy) = I£- fM’N"L' (R".Clpp)

N
] STl O]F ey O (15.4,80) Fo ')
R" xSpin(n) J R"

13
o j 8D g5 To¥ (O] (25,4, &) d"E
_drd" 'sd"bda
a(n n+1/n)
drd" 'sda
a(nz—n+1/n)
drd" 'sda
C\y (n n+1/n)
drd" 'sda
a( n?—n+l/n)
_drd" 'sda (55)
n—1
Falrron s, Adp|cydrdsda (56)

¥ a (n?-n+1/n)’

Proof. Using Parseval’s formula for the Clifford Fourier
transforms together with an application of Theorem 5, we
have

= “gcl [f](8) - Fa [fM,N] (5)“L1 (R"’Cl(p-q))

N
= |F i [£1(E) - {F/«‘cl (] (&) JM JR x Spin (m){F ¢ [r¥ ()] (rS, A, EF)|
N
= |F g lf] (5){1 - JM JR x Spin (m) X} F ¢ [P¥ (V] (1S A, )| Cy

N
= J |97Cl [f] (f)|||1 - J J ><Sp1n(n) ><|JCI [r¥ ()] (rS,A, )l
R" M J R

zdl'dn sda -1
el
a—nitm) ¥ [ (recr,,)

»drd™ 'sda
(n2 n+1/n) ||L1 (R" Cl< q))
2drd"'sda
( 2—n+1/n) \y

",

(58)
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Since V¥ is given to be admissible, it follows that

N
| ] |Faley O (55.4,5)
M J R"'xSpin (n)

Therefore, we have

lim ,N — oo
M—0

Journal of Mathematics

»drd" 'sda
a(n —n+1/n)
(59)
drd" 'sd
SJ j lJCZ[rq’()r] (rS,A fr)|2#=c\y<oo.
R* R“’lepin(n) (n —n+1/n)
N n—-1
1-1 J F o [r¥ ()F] (rSSAu£f)|2MC\;} =0. (60)
M J R xSpin (n) a(n -n+1/n)

Using dominated convergence theorem in equation (58),

we conclude that

hm N—>oo||f fMN"

=0.
1 (R",Cl ) (61)

Proceeding in a manner similar to the above case, we can
show that

1\/11120’ N — ooff - fM’N"LZ (RClipy) ~ 0 (62)

This completes the proof of Theorem 6.

In the sequel, we study the homogeneous approximation
property for the proposed Clifford-valued shearlet trans-
forms. Prior to that, we introduce some notations as given
below:

For every (a',r,s',b') € [I*(R* x Spin(n) x R" 'x
R", Cl(p)q)) and M > N, P >0, we denote

Qunp = ([N, =M] U [N, M]) x Spin (1) x [-P, P]""! x [P, P]",

(a,) S’a b,)r,)QM,N;P = {(a,; S,) b,) r’) (a; S, ba r)

1-(1/n)
= (a'a, Sl + a'

where a € [-N,-M]U [N, M],r € Spin(n),s € [-P,P]""!
and b € [-P, P]". O

Theorem 7. Let ‘I’ELZ(R(P’q),Cl(p,q))be an admissible
Clifford-valued shearlet with Cy #0, real valued. Then,

4

fr/I/

a,s,b

where (a',s',b', ¥ )Quy v = @'

Proof. For an arbitrary g € L? ([R(P’q),Cl(P’q)), we have

Ly
- ,|-(ushr)€@<fu, s’ b”\Ijusb>C‘P asb

(63)

s+s,b +SyA,b, r'r)},

for any f € LZ(R(p’q),Cl@)q)) and €>0, there exist some
constants N>M>0,P>0, such that for any
(a',r',s',b) e *(RY xszn(n) x R x R", Clipg) with
any 0<M'<M,N<N' and P' > P, we have

dad™ 'sd"bdr|’
- <e,
a1

2 (r®2cl,,)

(64)
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; o dad™ sd"bdr
fﬁ’t"é’bl _J <fa’$’b \Pasb>c I\Pasb%
(a,s,br)ed a 2R (P Clipa
; dad™ 'sd"bdr |
= su f:,é,ér—-[ f, s,b g Cy Lyt _—
Hgllg e (asbr)e@ € '“b> asb antl 8
dad™ 'sd"bdr \ [
= sup <fh,s,b g>< <fa,s,b ¥ Y, >
lgl=1 (@sbir)e a
; dad™ 'sd"bdr|"
= sup (£, 8, —J f s,b ¥ C“l‘lf -
ugug fpsbop) (a,s,b,r)e@’< b asb T gntl
oo dad™ 'sdbdr|
= sup J (£, s,b ‘P“b>C ‘Pasb—ﬂ
lgl=1 (a,s5,b,r)¢@" a
(65)
1 2dad™ 'sd"bd dad™ 'sd"bd
< SuPJ <fu,5,b \Pasb>|c 1|2% J | asb’ > lu‘
lgl=1 (a,s,br)¢@ (a,s,br)¢@
dad™ sd”bdr dad™ 'sd"bdr
= f s,b v Cy 9 X su J v _—
Jasbr)m '< “5b>| G| a™! lg ||5 (@sbrg@ e o] a™!
L2dad™ 'sd"bdr ,dad™ 'sd"bdr
f:sb\P Cy suj €Sye(a,s, b)) ————
J (ashr)i@ '< asb>| | v l a n+1 ||g||£ (@sbre@ | ‘Pg( )| a n+l
dad™ sd”bdr
£, 50w cl’
j(asb )¢Q|< S asb>| | an+1 v
dad™ sd bdr, _
-, e, jcu

(a s,b,r)é@M/‘Nr:P/

By choosing N and P large enough and M arbitrary
small, we can make R. H. S as small as we need. This
completes the proof of Theorem 7. O

5. Uncertainty Principles for the Clifford-
Valued Shearlet Transforms

In this section, we shall establish several uncertainty in-
equalities including Heisenberg-Pauli-Weyl uncertainty
inequality, Pitt’s inequality, and logarithmic and local un-
certainty inequality for the Clifford-valued shearlet

Fa|6Suf (a,1,5,b)] (&) = 2m)"Pa' "V F L [£] (O)F o [r¥ (-)F] (xS, A, EF).

Theorem 8 (Heisenberg-Weyl inequality). Let €Syt (a, 1,
s, b) be the Clifford-valued shearlet transform of any Clifford-

transform as defined by equation (28). Prior to establishing
the uncertainty principle for the Clifford-valued shearlet
transform, we have the following lemma which shall be
employed for deriving certain uncertainty inequalities and
whose proof follows directly from the Parseval’s and in-
version formulae of the Clifford Fourier transforms.

Lemma 1. Let V¥ e L2 (R(®D ,Cl, ) be an admissible
Clifford-valued shearlet. Then, for anyf € [*(RP, Clip):
we have

(66)

valued function f € L* (R(P9,Cl

(pg))- Then, the following
inequality follows
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1
[6€Sof (a,1,5,b)| (?’Cl(p)q))"f%a [f1(€)Cy] . (R0l ) 2 E' £ (X)Co (%)), (sci,) (67)

Proof. For any Clifford-valued function f € L2(R(PD,
Cl(,), the Heisenberg-Paul-Weyl inequality for the
Clifford Fourier transforms [8, 18] is given by

{JW b1 (D) UZUW 1E2|F o ] (E)|d”£}1/2 > m jw If (b)d". (68)

Considering €S8yf(a,r,s,b) as a function of b and
replacing f by €8'yf (a,r,s,b) in (68), we get

X 12 2 112 2
[ press@rsofas) {[ 1eFalest@nsm) @) @Syt (ar s b)[d'b.  (69)

>—
2(2m)"? JR”

We now integrate the above inequality with respect to
measure (drd" 'sda/a™), and using Schwartz inequality, to
obtain

n-1 172 n—1 12
“ j |b|2|%§’\l,f(a,r,s,b)lzd”bLlsda} ><<“ J Iflzlgc[‘gcfwf(a,r,s,b)](f)lzd”fw}
R*xR™ xSpin (n) J R" art R*xR" xSpin (n) J R” a™t
(70)
1 ,drd™ 'sda ,
22— CSyf(a,r,s,b)| ————d"b.
2(2m)"? J'R*XR"*XSPin(n)J'R” wf(@.r.5.0) a!
Using Lemma 1 together with Fubini theorem, we obtain
_ (1/2)
drd" 'sd
J PGSyt (a1, s, b)Pd"p %
R"xR*xR" " xSpin (1) antl
] drd* 'sda] "
X J f €| (2m) a2 F 6] (8 F oy [P OF] (18,488 4 = (71)
R*xR" ' xSpin () J R" at
1 drd" 'sd
> J 1GSyf (a5, b) s,
2(2m) "2 ) moxr xR xspin () a
Equivalently, we have
12 el 1/2
2 2 — —2 . drd" "sda
‘” bI*|€Syf (a,1,5,b)] dﬂ} X I 1| F i [£1 ()] J- 'gcz [r¥ ()] (szAafl')| & d'e
z R" R*xR“’lepin(n) g (m?*-n+l/n (72)

1

2
ijgl%’\uf (a5, b) d.
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Using the definition of Cy in L. H. S and Corollary 1 in
R. H. S, we obtain the desired result as follows

1
[pBS ot @150, (5., WoF QT OCul: (i, ) 2ACEICE D (51, )

This completes the proof of Theorem 8. O

”b%é’\yf @r.s, b)"L2 (Z’Clmq))”fga [£] (f)"LZ (R#2,Cl(, ) =

The classical Pitt’s inequality expresses a fundamental
relationship between a sufficiently smooth function f and the
corresponding Clifford Fourier transform [19]. We derive

S(RP?,Cl, ) = {f e CO(RP

where C® (R®?,CI (pq) 18 the class of smooth functions,
and a, § denote multiindices, and 9, denotes the usual partial
differential operator.

[IEREAGIG R

where Cy is the admissibility condition of Clifford-valued
shearlet, and C, is given by

o nl[r’ (n— \/4)
N Ut}

T'(n+1/4) 77)

2
] , 0<A<n,

JW|£|‘*|F;C€ [BSyf (a,1,5,b)] ()] 'd"E<

which upon integration with respect to the measure
(drd™ 'sda/a™") yields

o jglblﬂ%&yf(a, rs,b)’Cyldn,

17

(73)

Remark 2. For real-valued Cy, Theorem 5 boils down to

ﬁ

f .
5 IE ol (s.ct,,)

(74)

the Pitt’s type inequality for the proposed Clifford-valued
shearlet transform (28). The Schwartz space on C¢ () al-
gebras is given by

,Cliyp): sup t“aff(t)|<oo}, (75)
teR (P2
Theorem 9 (Pitt’s inequality for €Sy). For any

fe S(R(P’q),Cl(p)q)), the Pitt’s inequality for the Clifford-
valued shearlet transform (28) is given by

(76)

where I (-) denotes the well-known Euler’s gamma function.

Proof. Considering €8yt (a,r,s,b) as a function of the
translation variable b, the Pitt’s inequality in the Clifford
Fourier domain implies 13:

G

2n) (78)

j M Syf (a1, 5, b)d"b,
Rn

drd" 'sda

Mo 2
JR*XR”’IXSPin(n)JRn|£| A'J’Cl [%s‘/’f(a’ LS b)] (E)l &' a™!

C)

<
- (en)”

(79)
drd" 'sda

j j b1 S ot (a1, 5, b)Fd"b L
R*xR"xSpin (n) J R" a
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Invoking Lemma 1, we can express the inequality (79) in

the following manner:
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- n —-(1/2n — =12 in drd"_lsda
| |t en a0 16 (0F o o O (8,48 4 T
R*xR"!'xSpin (1) J R" a
(80)
CA J J 1 2 drd” 'sda
b'€Syf(a,r,s,b)| d"'b———
(27‘[) R*xR"!'xSpin (1) [R"l | | ¥ (a b )l an+1
Equivalently, we have

) drd" 'sda ,

| lerFam©r | L Falry O s8] S

R” R 1xS (n n+1/n)

(81)
drd" 'sda
sc—lzj J b [ESyf (1,5, b db T2
(27)™" J R*xR" ' xSpin (1)
Since ¥ is an admissible Clifford shearlet, inequality (81)
boils down to
N 2 m Cy A 2

|l iFatn@fodss— 2y [ st @ns bl (82)
R" Qn)” e

which is the desired Pitt’s inequality for the Clifford-valued
shearlet transform. O

Remark 3. For A = 0, equality which holds in equation (76)
is equivalent to equation (39).

Next, we shall formulate the logarithmic uncertainty
principle for the Clifford-valued shearlet transform
ESyf(a,r,s,b) given by equation (28).

1

o ng%&wf(a, r,5,b)[Inlbldy + (2n)”jw|9v

provided the left hand side of this inequality is defined.

j I£ (&) Plnfbld"D + ( zn)j | i [£1(©) Infé1d"E (

Upon replacing f(b) by €Syf(a,r,s,b) in the above
inequality, we obtain

Theorem 10 (Logarithmic uncertainty principle). For any
fe S(R(P’q),Cl(p)q)), the Clifford-valued shearlet transform
CSyf(a,r,s,b) satisfies the following logarithmic estimate of
the uncertainty inequality:

I’ (n/4)

£] (&) Cylnlé|d"é > ( oD 1n71)|(fC\I,, Ol (v, ) (83)

Proof. For the Clifford-valued function f e S(R®?,
Cl(,g)> the logarithmic uncertainty inequality in the Clif-

ford Fourier domain yields [18]

I’ (n/4)
I'(n/4)

- lnn)J £ (b)2d". (84)
-
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J |?€c5’\yf(a,r,s,b)|21n|b|d”b+(Zn)”J |F 1 [ESuf (5,5 )] (E)nlEld"E
R" R"
(85)
> r (n/4)—ln7r J |€Syf(ar,s b)|2d"b
= r(n/4) R v > 459 .
Integrating equation (85) with respect to measure
(drd™ 'sda/a™"') and then invoking the Fubini theorem, we
obtain
n-1 n—1
j @Syt (a,r,5,b)Infbldp X4 (271)J |F [yt (arr,5,b)] (O Injelde FL_sda
a” a
(86)
I' (n/4) drd" 'sda
f b bi.
2(1“(71/4) )J |€Syf (a1,s, )ld
Using Lemma 1, the inequality (86) can be further
simplified as
n-1 n—
J |8 Syt (a,1,s,b)|" Infbld"b L +(2n)" J,|(2n)<"/2)a1*<1/2")9c,[f] (6)F o [r¥ ()F] (rS,A gr)| In|é|d™E M
a
2drd” 'sda (T’ (n/4) ) drd" 'sda
x 1 f(a, _
n|§|d"¢ P 2(1‘(11/4) )J |%c$’\y (arsb)l d"b o
(87)

Alternatively, the above inequality can be rewritten as

J €Syt (a1, 5,b) Injbldy + (27) J EMLIG

drd" .,
g YO (S A80) iy nlea’e
R*xR" xSpin (n) .
I’ (n/4) ,
2<r<n/4> ‘1“”)J NESf (@ r.s.b)f dn.
(88)

1
(2n)"

This completes the proof of Theorem 10.

In the following, we establish a local-type uncertainty
principle for the Clifford-valued sharelet transform €&y f
defined by equation (28). More precisely, we shall dem-
onstrate that the portion of €S8y lying outside some given
set M of finite Lebesgue measure cannot be arbitrarily
small. O

Jgrg&yf(a, I,s, b)|2 In|b|dy + (271)"JR”|9CI (f] (£)|2C\y In|¢|d"¢ > <

Noting that ¥ is admissible and using Corollary 1, we
obtain the desired result as

I’ (n/4)
T (n/4)

~In ﬂ)l(fC\y,f>|Lz (5c1,,) (89)

Theorem 11 (Concentration of €&y in small sets). Let
Ve [2(RPD ,Cl,,) be an admissible Clifford-valued
shearlet satlsfymg O< (la| 2=y |12 u(M)/Cy) < 1. Then,
for any measurable subset M of & =R"'xR"!x
R" x Spin(n) and f € L* (R(P’q),Cl(p)q)), we have
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) 12
|a|(1/2 ) 1‘Ll (ﬂ)“\yniz (R(M) a, ))
“pa
|€Suf (a,r,5,0)|,, (1) > VCyl 1- C 1£: (mia ) (90)
where u (M) denotes the measure of M. Proof. Using the definition of Clifford-valued shearlet

transforms, we have

I(gé’\yf (a,r,s, b)|L2 (R(P’q),Cl(P,q)) = ‘a(l/Zn)— 1 J'R(M)f(x)f\y (A;lsglf(x _ b)l’)l’dnx

L2RPD.Cli,
’ (91)

<lal (“2”*1IRW|f(x)||w(A;ls;1f(x — b)r)r|d"x.

By virtue of Holders inequality, we have

/ —
€St (a,rs, b)"Lz CLZISPNE Jal 12 1)"f”Lz (R(P»@,czw)'w'ILz (r®2,C1,,) (92)

On the other hand, we can write

[esut@nsbl oo, ) = [ [|] [BSeE@ns ol @ong,, )dn

2 2
= J Hjﬂi%é’\yf (a,r,s, b)|L2 (R(P,q),aw))dn + J j”ﬂ |6Syf(a,1,s, b)|L2 (R<P’V1’,c1(m))d’7 (93)

(1/2n)—1 2 2 2
<lal " OV, (n . W (o, ) HIESeE @08 B (e, )

Application of Corollary 1 for the real-valued Cy, implies

that
2 (1/2n)-1 2 2 2
C‘I’llf”Lz ([R(P’q),Cl(M)) < |a| U (‘%)”flle (R‘P’q),Cl(P‘q)) ”\P”Lz (R(p:q)’cl(P’q)) + “Cgé’?f (a’ L s, b)"LZ (EC,CI(M>)’ (94)
or
12
(1/2m)-1 2
65385 Dl (11, (Co 1ol ™ WCOM, (01, ) 1 (anc,
al (1/zn)-1#(/%)||\},”i2 ) 12 (95)
=Gy 1~ Cy B "f”Lz (R(qu),cl(},‘q))'
This completes the proof of Theorem 11. O 6. Conclusion

In the present study, we formulated the notion of continuous
Clifford-valued shearlet transform on the generalized
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geometric algebra Cl, ,. The proposed transform has the
advantage of efficiently handling Clifford-valued signals at
various scales, positions and orientations while upholding
the affine structure. Besides, studying the fundamental as-
pects of the Clifford-valued shearlet transform, the homo-
geneous approximation property is also investigated in
detail. Nevertheless, some prominent uncertainty inequal-
ities, such as the Hesienberg-Puali-Weyl logarithmic and
local uncertainty principles are obtained at the end.
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In this study, the highly accurate analytical Aboodh transform decomposition method (ATDM) in the sense of Caputo fractional
derivative is used to determine the approximate and exact solutions of both linear and nonlinear time-fractional Schrodinger
differential equations (SDEs) with zero and nonzero trapping potential that describe the nonrelativistic quantum mechanical
activity. The Adomian decomposition method (ADM) and the Aboodh transform of Caputo’s fractional derivative are combined
in this method. The recurrence and absolute error of the four problems are analyzed to evaluate the efficiency and consistency of
the presented method. In addition, numerical results are also compared with other methods such as the fractional reduced
differential transform method (FRDTM), the homotopy analysis method (HAM), and the homotopy perturbation method
(HPM). The results obtained by the proposed method show excellent agreement with these methods, which indicates its ef-
fectiveness and reliability. This technique has the benefit of not requiring any minor or major physical parameter assumptions in
the problem. As a result, it may be used to solve both weakly and strongly nonlinear problems, overcoming some of the inherent
constraints of classic perturbation approaches. To solve nonlinear fractional-order differential equations, just a few computations
are necessary. As a consequence, it outperforms homotopy analysis and homotopy perturbation approaches significantly. The
procedure is quick, precise, and easy to implement. Convergence analysis of the series solution is also offered.

1. Introduction

The shortcoming of classical mechanics to explain several
physical processes, including those on microscopic scales,
such as the photoelectric effect, black body radiation, and
atomic stability, led to the development of modern quantum
mechanics. It is explained by the fact that all physical
quantities of a bound system are confined to discrete value
quantization. Quantum mechanics may successfully de-
scribe various modern physics processes in atomic and
nuclear physics, as well as other fields of modern physics,
where the Schrédinger equation can be used to describe the
behavior of electrons in atomic physics and nucleons in
nuclear physics [1]. This equation was developed by Austrian

physicist Erwin Schrodinger in late 1925 and published in
1926.

Fractional partial differential equations (PDEs), which
are an extension of integer-order PDEs, have subsequently
received much interest. They can be used to extract memory
and hereditary qualities from a variety of materials and
processes. Fractional PDEs such as the Boussinesq equation,
Korteweg-de Vries equation, Schrodinger equation, Burger’s
equation, and others are frequently used to describe varied
nonlinear wave processes in mechanics, physics, biology,
chemistry, and other areas [2]. The time-fractional SDE is
the fundamental physics equation for characterizing non-
relativistic quantum mechanical activity. Electromagnetic
waves, quantitative finance, quantum development of


mailto:ashraf_math20@juniv.edu
https://orcid.org/0000-0002-5732-9689
https://orcid.org/0000-0002-1490-8576
https://orcid.org/0000-0001-9152-2573
https://orcid.org/0000-0001-8621-7355
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/9999070

complex systems, and dielectric polarization have all been
pulled into the time-fractional SDE in recent years [3, 4].

We examined the exact and numerical approaches to
comprehend the physical mechanism of such a natural
phenomenon. As a result, we are looking for a mathematical
solution to PDEs that is both precise and numerical. Many
papers have focused on constructing solutions to PDEs
through well-known methods. Lie symmetry analysis [5],
inverse scattering approach [6], spectral collocation method
[7], Hirota method [8], Backlund transformation method
[9], Modified Kudryashov method [10], Laplace transform
coupled with Adomian decomposition method [11], Elzaki
residual power series method [12], adaptation on power
series method with conformable operator [13], Legendre
wavelet method [14] and modified conformable Shehu
transform decomposition method [15] are some of the most
effective and efficient methods.

Differential equations (DEs), partial integrodifferential
equations (PIDs), and delayed differential equations (DDEs)
are all solved by employing integral transforms, which are
among the most valuable techniques in mathematics. The
conversion of DEs and integral equations into terms of a
simple algebraic equation is enabled by the appropriate
selection of integral transforms. The origins of integral
transforms can be traced back to P. S. Laplace’s work in the
1780s and Joseph Fourier’s work in 1822. In the beginning,
ordinary and PDEs were solved using the Laplace transform
and the Fourier transform which are two well-known
transforms. These modifications were then applied to
fractional-order DEs in the domain of fractional calculus
[16-19]. In recent years, researchers have proposed lots of
new different transformations to solve a variety of mathe-
matical problems. Fractional-order DEs are solved using the
Laplace transform [20], fractional complex transform [21],
travelling wave transform [22], Elzaki transform [23],
Sumudu transforms [24], and ZZ transforms [25], among
others. These transformations are paired with additional
analytical, numerical, or homotopy-based techniques to
handle fractional-order DEs.

The general state of quantum mechanics equations,
which are commonly described as fractional-order SDEs,
will be solved in this study using an appealing and effective
analytical technique, the Aboodh transform decomposition
method (ATDM). The Aboodh transform was established in
2013 by Khalid Aboodh to facilitate solving ordinary DEs
and PDEs in the time domain [26]. The Aboodh transform is
generated using the traditional Fourier integral. The Elzaki
transform and the Laplace transform are intimately related
to this integral transform. The A-T, which has been used by
several researchers for fractional-order DEs [27-31], has
recently caught the interest of many mathematicians.

We analyze then on linear time fractional-order SDE
with zero trapping potential in its more general version,
which is represented by the complex-valued function & (®, 7)
of the form [32].

iDE(®,7) + Dgoé (@, 7) + 7lé (@, 1) ¢ (@, 1) =0, (1)
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where 17 € R, 0<v<1,i=+/-1, D? indicates Caputo frac-
tional derivative of order v, £ (®, 7) is the unknown complex-
valued function to be determined, ® € R, 7>0, and | (@, 7)|
represent the modulus of &(®, 7); with the following initial
and boundary conditions given by &(@,0) =Y (@),
£(0,7) = A(®), and &, (0,7) = B(®).

The time-fractional nonlinear SDE with nonzero trap-
ping potential has the following form [33]:

DJE(@,7) = a6 (0,1) + 0@ (@1) + HQ(E @)

(2)
7>0,0<v<1,® €R,
with the initial condition:
§(@,0) =Y (@), (3)

where @ € R, ®,(®) is the trapping potential and H, is a
real constant J is a linear operator, Q(£(®, 7)) is a non-
linear function, and D? is the Caputo fractional differential
operator.

The physical model (2) and its generalized forms arise in
various areas of physics, including nonlinear optics, plasma
physics, superconductivity, and quantum mechanics [34].

The time-fractional SDE has been investigated through
various methods, such as the homotopy perturbation
method [35], exponential rational function method [36],
residual power series method [37], modified transformation
method [38], two-dimensional differential transform
method [39], extended simple equation method [40], trig-
onometric B-spline method [41], fractional reduced differ-
ential transform method [42], and homotopy analysis
method [43]. All these methods have their own specific
limits and deficiencies. These methods require enormous
computational work and high running times. In this study,
we used the simple and efficient technique known as the
ATDM to solve the SDE of the fractional derivative in the
sense of Caputo. The recommended method is simple to use
and can be applied to both linear and nonlinear problems. It
also has the ability to reduce the complexity of the com-
putational effort. The set of rules of ATDM depends on
converting the SDE into Aboodh transform space and, after
converting the SDE into an algebraic equation, applying
inverse A-T and then introducing a series of solutions to the
obtained algebraic equation, at the final step, obtaining the
target result through the iteration process.

The structure of the paper is as follows: we will employ
various fundamental definitions and results from fractional
calculus theory in the next section. The primary idea of the
ATDM is investigated in Section 3 in order to establish
fractional SDE solutions. Section 4 demonstrates the
method’s potential, capability, and simplicity by obtaining
approximate and exact solutions to four SDE problems. The
proposed method is illustrated numerically and graphically
in Section 5, and the numerical results are evaluated in
Section 5. The conclusion is covered in Section 6.
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TaBLE 1: The absolute error in ATDM and FRDTM for Example 1 at v=1.

T Real part [ATDM] Abs. error

Img. part [ATDM] Abs. error

Real part [FRDTM] Abs. error Img. part [FRTDM] Abs. error

2.775557561562891 x 1077
6.661338147750939 x 107'°
1.743050148661495 x 1074
1.645683589401869 x 10>
5.585931717178028 x 107!

0.2 0
0.4  3.508304757815494x 10 **
0.6  4.540257059204578 x 1072
0.8 1.43222100845719 x 107 °
1.0 2.081645966711676 x10~°

0 2.775557561562891 x 107
3.508304757815494 x 104 6.66133814775093 x 107'°
4.540257059204578 x 1072 1.743050148661495 x 104

1.43222100845719 x 107'° 1.645683589401869 x 10~
2.081645966711676 x10™° 5.585931717178028 x 107!

2. Basic Concepts and Representations in
Fractional Calculus Theory

Fractional calculus is a modified version of classical calculus.
Fractional calculus can explain a wide range of complex
phenomena, including memory and heredity. This subject
has drawn many researchers because of its worldwide aspect
and numerous applications in several domains of science,
such as physics, signal processing, modeling, control theory,
economics, and chemistry [44, 45]. In this section, we
covered some definitions and basic features of fractional
calculus theory, as well as the fundamentals of the Aboodh
transformation, which will be used later in this paper.

Definition 1 (see [43]). The Aboodh transform (A-T) for
function & () of exponential order over the set of functions
is defined as

R :{E(T)IEIM, uy, U, >0, |€(7)] <Me4”}, (4)

where M is a finite number and u;, u, may be finite or
infinite. A-T is denoted by the operator A [.] and defined as

ALE@T=QW) = [ E@e ™dn r20,u <h s ()

Definition 2 (see [46]). The Inverse A-T of function &(7) is
denoted by A~'[Q(%)] and defined as

7" Q (n)dh. (6)

w—ico

1 B _L
AT Q)] —f(r)-zmj

A-T of several functions can be seen in Table 1 [27-29].
A-T for some elementary functions is given as

E(D)Q(R) = A[E(D)]
1
1—
h
1
2 (7)

@ o
T—, a=1,2,...
2) b bl
htx+

JL+1)
hv+2

Definition 3 (see [47]). The Caputo fractional derivative of
order v>0 is defined by

o

%5(1), a=v€N,
Dl(7) =

1 T a—v-1g(a)
—_— - -1 .
T Jo (t=p) EY(pdp, a-1<v<a

(8)

We have a few properties of Caputo’s fractional
derivative.

D}'D§(7) = D} (n),

D'C=0,CeR,

D)) = D

T )
“TBrion

a-1<v<a, f>a—-1,a€ N, SeR,

DY(C\&, (1) + Cy&, (1)) = C,DYE, (1) + C,DVE, (1), C, C, € R,
9)
i. DY(JY¢ (1)) = &(7), ] is the R-L integral of £(7) order ».

Lemma 1 (see [27-31]). If &, (1) and &, (1) are piecewise
continuous on [0, co) and are of exponential order
Al¢ (D] = Q, (h), Al&,(1)] = Q, (), and C,,C, are con-
stants, then the properties mentioned below are valid:

A[C1£1 (1) + Gy, (T)] =C,Q, (h) + C,Q, (n),

ATN[CQ; (h) + C,Q, ()] = Ci&, (1) + Cr&, (1),

a1 £(0) (10)
A[DYED] = Q) - Y. %
k=0

a—1<v<a, a € N.

3. Analysis of the Aboodh Transform
Decomposition Method

In this section, we derive the main algorithms of the ATDM
separately for the time-fractional Schrodinger differential
equation with zero and nonzero trapping potential. The
convergence analysis of the expansion solution is also
presented.

To present the ATDM on the general SDE with zero
trapping potential given in equation (1), we first rewrite
equation (1) as



D}£(®@,7) = iDgof (@,7) +inlé (@ 1) "¢ (@,7). (1)
Now, applying the A-T to equation (11), we have

A[DLE(@,7)] = A[iDgot (@, 7) + inlé (@, DI (@, 7).
(12)

Using the differentiation property of the A-T and the
initial condition of equation (12), we get

W ALE(@,7)] - ‘z;"" 0 _ A[iDgot (@.7)]
(13)
+ AlinlE (@ D¢ (@,7)].
AlE@,7)] = @ 25 AliDggf (@,7)]
+ WA[i;ﬂ{((D, D*é (@, 7)].
(14)
Taking the inverse A-T on equation (14), we get as
_ ®,0 (1 .
E(@,1)=A 1<]E(h2 )} +A I{EA[szﬁ((D,T)]} -
15

v a ! alig @@ 0]

So, according to the ATDM, we can acquire the solution
£(®, 1) to equation (15) as follows:

§(@,7) = Z&a(w, 7). (16)
The nonlinear operator is decomposed as
R(§(@,7) = ioW‘x(go, >80 00, (17)
where

1 doc a .
w, :EW[N(;)\ £ (@, r)>LO. (18)

The few terms of the decomposed nonlinear terms which
are calculated from equation (18) are given as

W, = & (@, 1)@, 1),

W, = (@, 0& (@, 1) +2& (@, 7)€, (@, D&, (@, 7),
W, = f? (o, T)f() (@, 7) + 250 (@, T)gz (@, T)Eo (@, 1)

+28 (@, D& (@, DE (@, 7) + & (@, D& (@, 7).

Now, by replacing equations (18) and (16) with equation
(15), we attain as follows:
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Zf (@,7) = {E“D 0)} +A1{%A[i%§sa<m)”
a=0

+Al{f;A|:iq2Wa]}.

Equating the like terms on both sides of equation (20)
yields the general solution of equation (11), which is re-
cursively expressed as

(20)

£ (@) = _1{5(:2,0)}’

£ (@) =A" {%A[iDm 250 (@, T)] }
+A"1{%A[niwo]},

L@1)=A" {%A[iDm 251 (@, T)] }
+A_1{%A[;7iwl]},

E;((D,T):A’l{hv [IDMZ%(@ T)” (21)
+A’1{%A[niwz]},

£,(0,7) = A‘Jl . [sz IRAC) r)”
+A"1{%A[niw3]},

b (@) =A"" ‘{%A[iDoco if (@ r)] }

+A_1{%A[in‘iwa]}.

where =0, 1, 2, ...

Now, to present the ATDM on the general SDE with
nonzero trapping potential given in equation (2), we first
rewrite equation (2) as

DLE(@.7) = i Fef(@.1) + 0, (@ (@, 1) + HQ(E (@, 1) ).
(22)
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Now, applying the A-T to equation (22), we have:
A[DE(@,7)] = —iA<—%5®£(GJ, 1)+ 0, () (@, 7)
(23)
+H,QE@.))

Using the differentiation property of the A-T and the
initial condition on equation (23), we get

W AE(@,7)] - f(h‘D 0_ —1A( 13,E@ 1)
(24)
+0,()(@,1) + HQE(@. 7))
®,0
AL (@, f (h2 )

-3 zA( —3,E(@,7) + 0, (@)é(@,7) (25)
+ HyQ( (@, r))).

Taking the inverse A-T on equation (25), we get as

E@,1) = AI{E(:Z’ 0)}

-4 {y““(——«smf (@7) +0,@E@1) 26

+HQE@ 1) )}.

So, according to the ATDM, we can acquire the solution
£(®, 1) to equation (26) as follows:

E@,1) =) & (@,7). (27)
a=0
QE(a,) =) W, (28)
a=0
1 dOt o .
W, = ST N(ZOT\ £ (@, T)>L_O. (29)

The few terms of the decomposed nonlinear terms which
are calculated from equation (29) are given as

W, = & (@, 1)¢(a, 1),

=& (@, 1)& (@, 1) + 2§, (@, D& (@, D& (@, T), 0
30

W, = f? (o, T)fo (@,7) + 250 (@, T)fz (@, T)Eo (@, 1)

+2£, (@, D&, (@, DE, (@, 7) + & (@, )&, (@, 7).

Now, by replacing equations (27) and (29) with equation
(26), we attain as follows:

i £, (@,7) = A‘l{f(‘;’ 0)} -A"! {%iA(—%SQ i £, (@,7)+0,(@) i £ (@,7)+H, i Wa> } (31)
a=0 a=0 a=0 a=0

Equating the like terms on both sides of equation (20),
we finally obtain the general solution of equation (22) given
recursively as

§ (@,7) = £(@,0),

E (@) = A {izA

£, (@,7) = -A"! {iiA
£ (@,7) = ~A" {hlvA %

S
(e
S
S

¢ (@1)=-A" {izA

S0 (@, 7) + 0,4 (@)¢, (@, 7) + HiW,,

o0& (@,7) + 0, (@), (@, 1) + HW,

25 (@, 7) + 0,4 (@), (@, 1) + HyW,

Fole (@, 7) + 0, ()¢, (@, 7) + HyW,,

)
>} (32)
I
)}

E@,1)=¢ @1+ (@,1)+&(@,1)+---,



where =0, 1, 2,...
The following theorem describes the criteria for the
expansion solution to converge.

Theorem 1. Let M be a Banach space with an appropriate
norm . and a series of partial sums Y .2 &, (®, 1) defined over
it. Assume that the initial guess w, = &, (®@, 7) remains inside
the ball B, (§) of the solution & (®, 7). Then, the series solution
Yool (@, 1) converges if  Jo>0  such  that
£ (@,1) <08, (@, 7).

Proof. 'The following is the description of a sequence of
partial sums:

0,=¢,(@,1),

0, =& (®,7) + & (@, 1),

0, =& (@,7) +§ (@, 7) +§, (@, 7),

0, =¢(0,7)+&(0,7)+&(@,71) +& (@, 1), (33)

®oc = f0 ((D’ T) +£1 (‘D)T) +£2(CD’ T)
+& @1+ + & (@, 7).

Then, we would have to demonstrate that {@,},, is a
Cauchy sequence in M. To demonstrate this, consider the
relationship that

0,,-0,=¢,,(@,1)<0t,(@1)<0é, | (@,7)
<ot ,(@,1)< - 0" (@,7),

where =0, 1, 2, 3,. ..
For every ¢, « € N, a > ¢, we have

0, -0, =(0,-0, )+ (0, -0, ,)
+ (042 =0, 3) +(0,5-0,,)+d" (35
a3 (@D,1)< - +(Op — ©y).
We get the following from the triangle inequality:
(04 =0y 1) + (O = Oy ) + (O, — O, )
+ (O3 = Oy y) + - + (0 — )
(0, =0y 1) +(0y 1 = Oy ) +(0, 5 = O, 3)
(03— Opy) +++(0p, —Op),
(03 =0y 1) +(0, 1~ 0,,)
(0,5, -0, 3)+ (043 -0, 4)+-+

(@4 —O,) <0y (@, 7) + 0“_150 (@, 1) + aa_zfo((b, ) -

a—
o

¢
>0€+1£0 (@, 7).
iy

+ Gefo (®,71) = (1 1_
(36)

As a result, we have the following inequality:
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a—¢

)G’MEO (@, 7). (37)
o

1-0
]__

@a—®gs<

Demonstrating that the sequence is bounded and we can
attain for 0 <o <1, that,

lim ®,-0,=0. (38)

£, a—00

As a consequence, the sequence of partial sums of the
ATDM is Cauchy and so convergent. |

4. Approximate and Exact Solutions to
SDEs with Zero and Nonzero
Trapping Potential

In this part, we determined the exact solution to linear and
nonlinear time-fractional SDEs with zero and nonzero
potential by using the ATDM.

Example 1. We consider the following linear SDE with zero
trapping potential:

lD:f((D, T) + Dm@f(m) T) =0,
0<v<1,720,0 €R,

(39)

with the initial condition:
£(@,0) = be'™®. (40)
By using the A-T on both sides of equation (39), we get as
follows:
A[iDJE(®, 1) + Dgpé (@, 7)] = 0. (41)
Using the third part of Lemma 1, equation (41) is
transformed as follows:

£@,0) 1
wooon

Alé(@,7)] = Do AlE®, 7). (42)

By using the inverse A-T, equation (42) becomes as

§(@,71) = A“{E(;‘:; 0)} - A‘l{%DmA[E(a, r)]}. (43)

By using the procedure of ATDM, as explained in
Section 3, the expansion solution of equation (39) can be
represented by the expansion form as follows:

E@1) =) £ (@,7). (44)
a=0

We get as by substituting equation (44) into equation
(43).

Y (@n=a {%} e {;VDMA[Z £(@, T)] }
a=0

a=0

(45)

Using the approach outlined in Section 3, we can get the
following from equation (45):



Journal of Mathematics

& (@,7) = be'™®, (46)

e (@,1) = —A"{%DMQ[@,(@, T)]}, a=0,1,2, ....
(47)

By repeating the iteration process in equation (47), we
obtain the following results:

lTvaZbeiaG)
(D, = )
S(@7) T(v+1)
21/ 47 ia®
a be
D7) =
L@ r(2v+1)°
i a5 heia® (1)
(D,T _ 48
&@7) = F(3v+1)
41/ 87 ia®d
a be
, ey ———
@)= Ty
5v 107 ia®
it be
0,7T)=——7—.
@0 =157
As a result, we can find the series solution as
E((D T) ) beia@ lTvaZbeia(D 21/ 4belu® 1T3v Gbelam
’ F'(v+1) 1"(2v+1) IBv+1)
| (49)
4v Sbemm ITBV lobelao N
1"(4v+ 1) Ir'(5v+1)

When we use v = 1 in equation (49), we get the following
precise solution to equation (39).

£(@, 1) = b © 7, (50)

Example 2. Consider the following one-dimensional non-
linear SDE with zero trapping potential:

iD!E(@, 7) + Dol (@, 7) + 21E (@, 7)[*E(@, 7) = 0,
0<v<1,7>0,® € R,

(51)

with the initial condition:
£(@,0) = €. (52)

By using A-T on both sides of equation (52), we get as

AlE(@.7)] = ’5“’0) !

S A[iDgof (@.7)] +— Al2ilE(@, D¢ (@, 7).
(53)

By following the process stated in Section 3, we achieve
the following result:

7
~1 eim (1 .
E@1)=A {?} P A {WA[szf(a), T)]}
*1{%14[211.{(@, PR T)]}.
(54)
E@1) =) & (@),
a=0
€@ 1)PE(@,7) = R(E(@, 7)),
RE@,1) =) Q& &, &),
a=0
Wo = E(Z) (@, T)£(®> 7),
(55)

W, =& (@ 1 (@,7)
+2&, (@, D)€ (@, )&y (@, 7),
W, =& (@, 1§ (@,7)
+ 28, (@, )&, (@, )&, (@, 7)
+2&, (@, 7)€, (@, )&, (@, 7)
+ &(@, )& (@, 7).

By using equation (55) in equation (54), we obtain as
follows:

i&‘a(@"l—) = Al{(;;_z} +A1{%A|:iD®®§Eu(CD)T)}}
a=0

a=0
+A1iAy§Q
hV four? (4 :

By following the process stated in Section 3, we achieve
the following result:

(56)

& (@,7) = €°,

ey

&H(@,1) = %

£ (@1) = % (57)
£, (@,7) = %

& (@,1) = %ﬁ)ﬁ)

As a result, we get the following solution in series form
for equation (51).



eiﬁ) (I-TV)I

T'(v+1)

ei(D iT'u)Z

T(2v+1)

eiG) (i_[v)3

Ir3v+1)

E(@,7) =+
(58)
ei@ (9iTV)4 eiﬁ) (iTV)S

+ e,
Ir4v+1) T(Grv+1)

When we use » = 1 in equation (58), we get the following
precise solution to equation (51).

(@, 1) =@, (59)

Example 3. Consider the following one-dimensional non-
linear SDE with trapping potential:

D¢ (@,1) = —i(—%DQE(Q, 1) + cos’@E (@, 7) +1& (@, T) ¢ (@, T)),

0<v<1,720,® € R
(60)
with the initial condition:
E(@,0) =sin@. (61)

By using the A-T on both sides of equation (69), we
obtain as follows:

A[DX(@,7)] = A[—i(—%DQE(G), 7) + cos’ ¢ (@, 1)
(62)
Hﬂam%@wﬂ.

Using the third part of Lemma 1, equation (62) is
transformed as follows:

§(@,0)

Al§(@,7)] = 2

+ %A[—i(—%DQE((D, 7) + cos’@é (@, 7) (63)

HE@DPE@)]

On both sides of equation (63), consider the inverse of
the A-T.

E(@,1) = A—l{g(:z,O)}

+ A’l{iA[—i(—%Da,f(@, 7) + cos’ Q& (@, 7)

HE@ e @)}
(64)

By following the process stated in Section 3, we achieve
the following result:
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E@,1) =) & (@,7),
=0 . (65)
Q@ 1) =@l (@,1) =Y W,

a=0

Using equation (65) in equation (64), we get as follows:

ifa(m,r) :Al{f(;m}
a=0

1
+A1{th

A 1. ©
_z<—2D®D;)fa (@,7)  (66)

+cos’®@ 020: & (@,7) + i Wa>:| ]»
a=0 a=0

By equating the like terms on both sides of equation (66),
we get as follows:

£ (@,1) = Afl{f((;z,O)}’

£ (@,7) = A_l{%A[—i(—%DQEa (@,7) + COSZ(Df'x (@, 1) + Wa)] }
(67)

The following results are obtained from equation (67)
using the iteration procedure stated in Section 3.

£ (@,7) =sin®,

3iT
®,7T) = ——sind,
§(@,7) = 5

(v+1)
T21/
D7) =———$ind,
@D =5, it
£ (@.7) 27t (68)
,T) = —/——_-S1Inuw,
3 8T (3v+1)
817"
D7) =——sind,
(@O0 =TT
243i7”"
, = 35in®.
@0 = ey

As a result, we get the following solution in series form
for equation (60).
.V 2v

E(@,7) =sin® — sin @

3iT i@
Sin -
2T (v + 1) 4T (2v+1)

27i 817"

+7sma)+7sin® (69)
8L (3v+1) 16T (4v + 1)

243it™”

————————sin®+---.
32 (57 + 1)
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When we use v = 1 in equation (69), we get the following ~ Example 4. Consider the nonlinear three-dimensional SDE
precise solution to equation (60). with trapping potential:

£(@, 1) = sin@e 72T, (70)

, [ 1({o o o
DTE((D’ﬁ) u, T) = _l<__ <—2 + 2 + —2)5((:0) ﬁ: U, T) + K((D,ﬁ, ﬂ)£(®> ﬁa u, T) + |£(®$ ﬁa u, T)lzf((:b) ﬁa u, T))a (71)
2\oe~ op° ou
E(@, B, u4,0) = sin @ sin B sin u. (72)
where 0<v<1,720,®,5,4 € RxRXR, and hu feinp
K(@,B, 1) = 1 - sin’@ sin®B sin’y, with the initial condition: Using the A-T on equation (71), we get:

0’ . 0’ . 0’
0° o oy

1

A[DE(@, B 1, 7] :A[—i(—i( )f(@,r)+K(®,/3,‘u)f(®,[3,y,r)+ IE(GJ,ﬁ,/,t,T)IZE((D,/?,M,T))]. (73)

Using the third part of Lemma 1, equation (73) is
transformed as follows:

1/ o o

M+lA[_i(__ <$+a—ﬁg+a—ﬁ>f(m,ﬂ,y,r) + K@, B )E (@, B s 7) +E@, o pts DIPE(@, ot T)ﬂ,

Alg(@,Bp, )] = 2 W

2
(74)

On both sides of equation (74), consider the inverse of
the A-T.

E@Bu) = Al{w}

2
(1 [ (9 9 )\ 5

+ A {1 A|-i Q-Fai/jz-k@ EE(@,[},;A,T)+K((D,/5,y)£(co,ﬁ,y,r)+|f(®,ﬁ,‘u,r)| E(@,B,u,1) .
(75)

By following the process stated in Section 3, we achieve Using equation (76) in equation (75), we get as follows:
the following result:

E@Bu1) =) E (@B 1),
a=0 (76)

(&)

QE(@, B 1) =[E(@, B, T)PE(@ Byt T) = ). W,
a=0

Y E(@Bp) = A‘I{W}
a=0

catdal _l<a_2+i+ a_z)oog(mﬁ 7+ K(@,p )if(m/& T)+§W
hv 2 amz aﬁz ayz o\ 55 U, P U = a > P s =~ « .

a=0
(77)
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By equating the like terms on both sides of equation (77),
we get as follows:

& (@, .1, 7) =A‘1{%2’“’0)}’

h

[ [(1({d & 0o
Eor1 (@,B,u,7) = A I{WA[_I(_E<ﬁ+B—[32+a_‘uz

The following results are obtained from equation (78)
using the iteration procedure stated in Section 3.

& (@, B, 4, 7) = sin @ sin Bsinp,

5iT
& (@, B u1) = 3T ! sin @ sin B sin y,

(v+1)

2 2y

& (@, Bu1) =

m sin @ sin ﬁ sin U,

(79)
1257

&(@,Bu, 1) = —m

sin @ sin B sin y,

625i* 7"

§,(@, B, 1) = m

sin @ sin B sin y,

31251° 7

&5 (@, B, 1) = —m

sin @ sin B sin y.

As a result, we get the following solution in series form
for equation (78).

.V

5
E(@,B,u,7) = sind)sinﬁsiny—Wil)sina)sinﬁsiny

25i% 7%

+————sin® sin B sin
AT(2v+ 1) Psinp

1258 7>

—msina)sinﬁsiny

625i* 7"

+msin®sinﬁsiny

312587

——————sin®sinBsiny +---.
320 (57 + 1) Psinu

(80)

When we use » = 1 in equation (80), we get the following
precise solution to equation (78).
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(78)

)Ea(m’ﬁ’[’l’ T) +K(®’ﬁ’[’l)£a(®’ﬁ)#> T) +W{x):|}'

E(@, B u, 1) = sin@sin fsin ye’(iS/Z)T. (81)

5. Numerical Simulation and Discussion

In this section, we discuss and evaluate the graphic and
numerical results of the approximate and exact solutions to
the models discussed in Examples 1-4. Figures 1-8 represent
the 2D graphs of the 5th approximate solution obtained by
ATDM at v = 0.6, 0.7, 0.8, 0.9, 1.0 and the exact solution.
These figures show that the approximate solutions obtained
by the ATDM approach the exact solutions. The approxi-
mate result corresponds with the precise result at v = 1, and
this proves the effectiveness and precision of the suggested
method. Figures 9-16 demonstrate the 2D graph of absolute
error over the 5th term, with approximate and exact solu-
tions to Examples 1-4. As for the figure, approximate and
exact solutions are in very good agreement. Tables 1-4 show
comparisons of the absolute error of the 5th approximate
solution obtained by ATDM of Examples 1-4 at v = 1 with
the absolute error of approximate solutions obtained by
FRDTM [42], HPM [35], and HAM [43]. The results ob-
tained from the suggested method are extremely similar to
those obtained by FRDTM, HPM, and HAM. The conver-
gence of the approximate solution to the exact solution for
Examples 1-4 has been shown numerically as in Tables 5-12.
The results show that the proposed method is a useful and
efficient algorithm for solving certain classes of fractional-
order differential equations with fewer calculations and it-
eration steps. The 3D graphs of these solutions are also
sketched to show the behavior of the exact solutions in
Figures 17-24.

The following 2D graphs show the real and imaginary
parts of approximate and exact solutions to Example 1:

Figures 1 and 2 show the behavior of real imaginary in
the interval 7 € [0, 1] between the 5th step iteration ap-
proximate and exact solutions of equation (39) at several
values of ¥ when @ = 0.05, a =1 and b = 1. The approxi-
mate result corresponds with the precise result at v = 1 and
this proves the effectiveness and precision of the suggested
method.

The graphs of absolute error for the real and imaginary
parts of the 5th approximation and exact solutions to Ex-
ample 1 are as follows:

Figures 9 and 10 demonstrate the 2D graph of real and
imaginary parts of absolute error in the intervals 7 € [0, 1]
when @ =0.05, a=1, and b =1 are over the 5th terms,
approximate and exact solutions of equation (39) at v = 1. As
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0.0 0.2 0.4 0.6 0.8 1.0
T

— a=0.6 — a=0.9

— a=07 a=1.0

— a=0.8 - -~ Exact

FiGure 1: The approximate and exact solutions to the real part of
Example 1.

0.0 0.2 0.4 0.6 0.8 1.0
T

— a=0.6 — a=0.9

— a=0.7 a=1.0

— a=0.8 --- Exact

FIGURE 2: The approximate and exact solutions to the imaginary
part of Example 1.

for the figures, approximate and exact solutions are in very
good agreement.

The accuracy and capability of the numerical method can
be determined using error functions. To demonstrate the
accuracy and capability of the ATDM, we used recurrence
and absolute error functions.

Table 1 shows comparisons of the real and imaginary
parts of the absolute error of the 5th approximate solution
obtained by ATDM in Example 1 at v = 1 with the absolute
error of approximate solutions obtained by FRDTM [42].
The results obtained from the suggested method are ex-
tremely similar to those obtained by FRDTM.

The recurrence error |&°(®,1) — &* (@, 7)| between the
5th and 4th approximate solutions of the real part with
different values of v, when ® =0.05,a=1, and b=1 in
Example 1 are presented as follows:

The recurrence error |& (@, 1) — £ (®, )| between the
5th and 4th approximate solutions of the imaginary part

11
o E T T T T T
0.9 f
0.8 F
0.7 b
N
0.6 F
0.5 F
04 F
03 el 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
T
— a=0.6 — a=0.9
— a=0.7 a=1.0
— a=0.8 --- Exact

FIGure 3: The approximate and exact solutions to the real part of
Example 2.

— a=0.6 — a=0.9
— a=0.7 a=1.0
— a=0.8 - -~ Exact

FIGURE 4: The approximate and exact solutions to the imaginary
part of Example 2.

with different values of v, when ® = 0.05,a = 1,and b = 1in
Example 1 are presented as follows:

The convergence of the ATDM of real and imaginary of
the approximate solution to the exact solution for equation
(39) has been shown numerically as in Tables 5 and 6. The
results show that the current technique is a useful and ef-
ficient algorithm for solving fractional-order differential
equations with fewer calculations and iteration steps.

The following are 3D graphs for the real and imaginary
parts of the exact solution to Example I:

The real and imaginary parts of the exact solution
equation (39) at v = 1 are shown in Figures 17 and 18 re-
spectively in the intervals 7 € [0,2],® € [-27, 2n] witha =1
and b = 1.

The following 2D graphs show the real and imaginary
parts of approximate and exact solutions to Example 2:

Figures 3 and 4 show the behavior of real and imaginary
parts in the interval 7 € [0, 1] between the 5th step iteration
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0.0 0.2 0.4 0.6 0.8 1.0
T

— a=0.6 — a=0.9

— a=0.7 a=1.0

— a=0.8 --- Exact

Ficure 5: The approximate and exact solutions to the real part of
Example 3.

0.00

-0.01

-0.02

R

-0.03

-0.04

-0.05
0.0 0.2 0.4 0.6 0.8 1.0

T

— a=0.6 — a=0.9
— a=0.7 a=1.0
— a=0.8 - -~ Exact

F1GURE 6: The approximate and exact solutions to the imaginary
part of Example 3.

0.0005

0.0000

-0.0005

-0.0010
0.0 0.2 0.4 0.6 0.8 1.0
T
— a=0.6 — a=0.9
— a=0.7 a=1.0
— a=0.8 --- Exact

FIGUure 7: The approximate and exact solutions to the real part of
Example 4.
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0.0004

0.0002

0.0000

e
-0.0002
-0.0004

-0.0006

-0.0008

— a=0.6
— a=0.7
— a=0.8

— a=0.9
a=1.0
--- Exact

FIGUure 8: The approximate and exact solutions to the imaginary
part of Example 4.
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F1Gure 10: The absolute error for the imaginary part of Example 1.

approximate and exact solutions of equation (51) at several
values of v when @ = 0.05. The approximate result corre-
sponds with the precise result at v = 1, and this proves the
effectiveness and precision of the suggested method.

The graphs of absolute error for the real and imaginary
parts of the 5th approximation and exact solutions to Ex-
ample 2 are as follows:
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FiGUure 15: The absolute error for the real part of Example 4.
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FI1GURE 12: The absolute error for the imaginary part of Example 2.
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FiGure 13: The absolute error for the real part of Example 3.

Figures 11 and 12 demonstrate the 2D graph of real and
imaginary parts of absolute error in the intervals 7 € [0, 1]
when @ = 0.05 are over the 5th terms approximate and exact
solutions of equation (51) at v = 1. As for the figures, ap-
proximate and precise solutions are in very good agreement.

Table 2 shows comparisons of the real and imaginary
parts of absolute error of the 5th approximate solution
obtained by ATDM of Example 2 at v = 1 with the absolute
error of approximate solutions obtained by FRDTM [42].
The results obtained from the suggested method are ex-
tremely similar to those obtained by FRDTM.

3.5% 107 : :
3.x107 S
2.5%x 107 T /
2.x107 Y SRR
. . . T

Abs.Errors

1.5x 107 IR
. . . /

1.x 107 R S A

7/

5.x 10710 : ER : :

FI1GURE 16: The absolute error for the imaginary part of Example 4.

The recurrence error |£ (@, 1) — £ (®, )| between the
5th and 4th approximate solutions of the real part with
different values of 7, when ® =0.05 in Example 2 are
presented as follows:

The recurrence error & (@, 1) — &* (@, 7)| between the
5th and 4th approximate solutions of the imaginary part
with different values of v, when @ = 0.05 in Example 2 are
presented as follows:

The convergence of the ATDM of real and imaginary of
the approximate solution to the exact solution for equation
(51) has been shown numerically as in Tables 7 and 8. The

results show that the current technique is a useful and
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TaBLE 2: The absolute error in ATDM and FRDTM for Example 2 at v=2.

T

Real part [ATDM] Abs. error

Img. part [ATDM] Abs. error

Real part [FRDTM] Abs. error

Img. part [FRTDM] Abs. error

0.2
0.4
0.6
0.8
1.0

0
3.508304757815494 x 10
4.519384866341625 x 1072
1.423423601210061 x 10~*°
2.065669746365017 x 10~°

2.775557561562891 x 1077
2.886579864025407 x 107*°
4.35984581770299 x 1072
1.593580822856211 x 107"
2.633981921462691 x 107'°

0
3.508304757815494 x 1074
4.519384866341625 x 1072
1.423423601210061 x 10™*°
2.065669746365017 x 1077

2.775557561562891 x 1077
2.886579864025407 x 107*°
4.35984581770299 x 1073
1.593580822856211 x 107"
2.633981921462691 x 1070

TaBLE 3: The absolute error in ATDM and HPM for Example 3 at v=1.

Real part [ATDM] Abs. error

Img. part [ATDM] Abs. error

Real part [HPM] Abs. error

Img. part [HPM] Abs. error

0.2
0.4
0.6
0.8
1.0

5.551115123125783 x 1077
2.266797860528413 x 107 *
2.933806669824790 x 107!
9.229918426778560 x 10 °
1.337196644298627 x 10~°

0
1.047079090099600 x 10~**
2.032304879939772 x 10712
8.528888012504510 x 107"
1.545451835949229 x 10~°

5.551115123125783 x 1077
2.266797860528413 x 10~
2.933806669824790 x 107!
9.229918426778560 x 10™°
1.337196644298627 x 1078

0
1.047079090099600 x 10~**
2.032304879939772 x 10712
8.528888012504510 x 107"
1.5454518359492290 x 10~°

TaBLE 4: The absolute error in ATDM and HAM for Example 4 at v=1.

Real part [ATDM] Abs. error

Img. part [ATDM] Abs. error

Real part [HAM] Abs. error

Img. part [HAM] Abs. error

0.2
0.4
0.6
0.8
1.0

3.794707603699265 x 10~
1.548127132131732 x 1072
1.994952888051838 x 107'°
6.238188888683330 x 10~°
8.967831111224030 x 108

1.463672932855431 x 107
1.191737680761306 x 1072
2.305647122877174 x 107!
9.625127946185849 x 10™1°
1.732387384885186 x 10™°

3.794707603699265 x 10~
1.548127132131732 x 1072
1.994952888051838 x 10™°
6.238188888683330 10~
8.967831111224030x10°®

1.463672932855431 x 1077
1.191737680761306 x 1073
2.305647122877174 x 10~
9.625127946185849 x 1071°
1.732387384885186 x 10™°

TaBLE 5: The recurrence error of the 5th approximate solution of the real part in Example 1.

v=0.7

v=0.8

=09

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.9863230258832510 x 10!
2.5462310564404910 X 10™°
4.3559264601363860 x 1078
3.2669475564040040 x 10~
1.5594317330665020 x 10~°
5.5932228619978110 x 10~°
1.6470066797307933 x 10™°
4.1978532985731196 x 10™°
9.5822726035593689 x 107>
2.0050812724929500 x 10™*

2.480476538225475x 10713
6.356503419032404 x 107!
1.630598080005387 x 10~°
1.630154704745158 x 1078
9.724388066839424 x 10~°
4.184575219876433 x 1077
1.437319768581204 x 10~°
4.186076646645796 x 10~°
1.0748242434163506 x 10~°
2.4986212656296714 x107°

2.754480547804426 x 107*°
1.41126628375623 x 1072
5.428928326273314x 107!
7.234972435809250 x 1071°
5.393791208135125 % 10~°
2.784754999984136 x 10~°
1.115745763781643 x 10~
3.713180897405904 x 10~
1.072429735204339 x 10~°
2.769704199336456 x 10~°

2.753540058639898 x 1077
2.820907153618413 x 10~
1.6274165548755540 x 102
2.8912347348589850 x 107!
2.6938949149435820 x 10 ¢
1.6687458133498650 x 10~°
7.7992900939752010 x 10™°
2.9660020264616400 x 10~8
9.6359264875560130 x 10™°
2.7648088107301450 x 10~

TaBLE 6: The recurrence error of the 5th approximate solution of the imaginary part in Example 1.

v=0.7

v=0.8

v=0.9

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

5.729282854280857 x 10
6.735588070529998 x 10~"*
2.240327760588405 x 10~°
2.415220588436187 x 1078
1.477344106931362 x 10~/
6.392078149330569 x 10~7
2.187803743850105 x 10~°
6.320873774992085 x 10™°
1.606257206934282 x 10>
3.691229597776269 x 10~°

5.566602532673186 x 10>
1.29434773662193 x 1073
2.657335380224294 x 1071
5.443488739768476 x 107°
4.825025026815447 x 10~°
2.727397229393246 x 10°°
1.152748324472957 x 1077
3.96750649205628 x 10~/
1.171284786793358 x 10~°
3.069260602197251 x 10~°

9.391428658269753 x 107
2.86554558790132 x 1074
3.928763432275554 x 1073
3.891048192098205 x 1012
9.526894455781187 x 107!
8.267292729705227 x 107'°
4.630213360876863 x10~°
1.972744306783386 x 1078
6.92782295622906 x 10~%
2.103049742344222 x 1077

1.127083924407682 x 107
8.979209489138208 x 107'¢
3.7004114535955 x 1074
3.947468488238387 x 1072
1.232929037808270 x 102
7.495149197961302 x 1072
1.0569208657930970 x 10™°
6.7041439426968450 x 107'°
3.0494721017930660 x 10~°
1.1247880551985750 x 10~°
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TaBLE 7: The recurrence error of the the approximate solution of the real part in Example 2.

v=0.7

v=0.8

v=0.9

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.976971658223765 x 10!
2.52678613921649 x 10~
4.311799014005643 x 1078
3.226514454036917 x 10~/
1.536892238892099 x 10~°
5.501465744903981 x 10~°
1.616936914302743 x 10>
4.113778074791275x107°
9.374043008389243 x 10~°
1.9582134116140592 x 10™*

2.473641816908283 x 107 *?
6.326039570110015 x 107"
1.619798972797868 x 10~°
1.616576300475306 x 10~°
9.627636757901811 x 107°
4.136441235299919 x 10~
1.418630876198142 x 10™°
4.125554726718593 x 10°°
1.0577612629278684 x 10>
2.45549708950409 x 10~°

2.750095402344202 x 107*°
1.407076602719864 x 10~
5.405728516404219 x 107"
7.19494314294836 x 107°
5.357333694498901 x 10™°
2.762589303466765 x 10~°
1.105549182157846 x 10~
3.674935878917996 x 10~/
1.060155771139881 x 107°
2.734871750812168 x 10~°

2.751035891508731 x 1077
2.815778619333783 x 1074
1.622980497927706 x 102
2.880731496644064 x 10~
2.681667536373432 x107°
1.659660768720673 x 10~°
7.749774527601226 X 10™°
2.944491394597482 x107°
9.557343069541972 x 10~°
2.739767139418478 x 10

TaBLE 8: The recurrence error of the 5th approximate solution of the imaginary part in Example 2.

v=0.7

7=0.8

v=0.9

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.926007539341256 x 1012
3.212183277944602 x 1071°
6.577805665150846 x 10~°
5.664659911177431 x 1078
3.026797519340784 x 10~
1.194404986717049 x 10~°
3.821136878718447 x 10~°
1.0480156108100884 x 10~°
2.5548636246620873 X 107>
5.674529965660330 x 10>

1.922465206587756 x 107'*
6.217126403566797 x 1072
1.892287752233342 x107°
2.169068535347471 x 10~°
1.450910885437432 x 107°
6.891376017773192 x 10~%
2.581914817482758 x 10~/
8.126788825165077 x 10~/
2.238467006737139 x10~°
5.548386062052328 x 10~°

1.815440978456445 x 1071°
1.123792369482977 x 10713
5.028971037475495 x 1072
7.610081091968145 x 107"
6.332736016444167 x 107'°
3.602715131890486 x 10~°
1.574595275095308 x 10~°
5.66988415843565 x 107°
1.759964515566688 x 10~
4.85763358662764 x 1077

1.627499919875739 x 107
1.922772907632402 x 107°
1.256513068851356 x 1073
2.493643660279493 x 107'2
2.566730381652197 x 107!
1.740543007331589 x 107'°
8.837938438846447 x 107'°
3.628126275591497 x 10~°
1.265411208128710x 1078
3.879371899481992 x 10™°

TaBLE 9: The recurrence error of the 5th approximate solution of the real part in Example 3.

v=0.7

7=0.8

v=0.9

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

5.718354659335265 x 10!
7.319493963949132 x 10~°
1.250604163996619 x 10~/
9.368952273854868 x 10~/
4.467464577605666 x 107°
1.6007733299156725 x 10~°
4.709310951212926 x 107>
1.1992258910534259 x 10™*
2.735071306660605 x 10~
5.718354659335249 x 10™*

7.147943324169061 x 1073
1.829873490987278 x 10™°
4.689765614987320 x 10~°
4.684476136927436 x 107%
2.792165361003536 X 10~/
1.200579997436754 x 10~°
4.120647082311310 x 10°°
1.1992258910534254 x 107>
3.076955219993183 x 10>
7.147943324169061 x 10™°

7.942159249076738 x 107>
4.066385535527289 x 107'2
1.563255204995775 x 10~°
2.081989394189970 x 10~°
1.551202978335300 x 10~°
8.003866649578365 x 10~°
3.204947730686570 x 107
1.065978569825267 x10~°
3.076955219993184 x 10~°
7.942159249076736 x 107°

7.942159249076745 x 107
8.132771071054586 x 107'*
4.689765614987315 x 1072
8.327957576759896 x 10~
7.756014891676498 x 107'°
4.802319989747010 x 10~°
2.243463411480599 x 10~°
8.527828558602135 x 1078
2.769259697993865 x 10~/
7.942159249076734 x 1077

TaBLE 10: The recurrence error of the 5th approximate solution of the imaginary part in Example 3.

v=0.7

7=0.8

v=0.9

v=1.0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

4.044352360290241 x 1072
8.40968933466814 x 10™°
1.908458178643264 x 10™°
1.748682320562088 x 10~
9.748056090119807 x 10~
3.968383306108540 x 10~

1.3004806485065536 x 10™°
3.636150797676397 x 107>
9.005675804590360 x 10"

2.0269777712677892 x 104

2.95593353802917 x 107
1.317524278577765 x 107"}
4.670482042212528 x 107°
3.375983249079892 x 10~®
4.184376006926562 x 10~°
2.081736075628826 x 1077
4.646598110881215 x 1077
2.617499157554769 x 10™°
7.379530772932580 x 10~°
1.8650679756148277 x 10>

1.896521881939167 x 107'°
1.811985904661213 x 107"
1.003363456757901 x 10~
1.731218052350544 x 10~*°
1.576742960965881 x 10~°
9.586393166413172 x10~°
4.409897082301801 x 107%
1.654050363788450 x 10~/
5.308339629215292 x 10~
1.506460878596710 x 10~°

1.083021715783192 x 107'#
2.218028473923979 x 10™"°
1.918540478858446 x 103
4.542522314596309 x 10~
5.288191971597613 x 107!
3.929170900702099 x 10~°
2.141487801867844 x 10~°
9.303085700293241 x 10~°
3.398636902083380 x 10~°
1.083021715783191 x 1077
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TaBLE 11: The recurrence error of the 5th approximate solution of the real part in Example 4.

v=0.9

v=1.0

1.959582051948707 x 1074
1.003306010597737 x 107"
3.857045352850636 x 107'°
5.136926774260415 x 10°
3.827308695212317 x107°
1.974807220659528 x 10~
7.907620400859165 x 10~7
0.000002630106508421338
7.591822368015916 x 10~°
1.959582051948707 x 10~°

1.959582051948706 x 107'°
2.006612021195475 x 1073
1.157113605855191 x 107!
2.054770709704167 x 10~°
1.913654347606158 x 10~°
1.184884332395716 1078
5.535334280601419 x 10
2.104085206737067 x 10~
6.832640131214322x 1077
1.959582051948706 x 10~°

TaBLE 12: The recurrence error of the 5th approximate solution of the imaginary part in Example 4.

v=0.9

v=1.0

16

T v=0.7 7=0.8

0.1 1.410899077403071 x 107 ° 1.763623846753835 x 1072
0.2 1.80595081907593 x 10~° 4.514877047689823 x 107'°
0.3 3.085636282280515x 1077 1.15711360585519 x 10~°
0.4 2.311617048417188 x10™° 1.155808524208595 x 10~
0.5 1.1022649042211474x10~° 6.889155651382168 x 1077
0.6 3.949614441319053 x 10~° 2.96221083098929 x 10°°
0.7 1.1619360589017545 x 10~* 1.0166940515390365 x 10>
0.8 2.958869821974002 x 10~* 2.958869821974005 % 10>
0.9 6.748286549347473 x10~* 7.591822368015921 x 107>
1.0 1.410899077403069 x 10> 1.7636238467538362 x 10
T v=0.7 v=0.8

0.1 1.663116214880405 x 107! 1.215537262646501 x 1072
0.2 3.458227535246130 x 107 5.417915641366231 x 10!
0.3 7.847950572968780 x 10™° 1.920592896894366 x 10~°
0.4 7.190921222780890 x 10~ 2.414883590902916 x 1078
0.5 4.008589930546624 x 10~° 1.720696657048121 x 10”7
0.6 1.6318762648010684 x 10> 8.560502928660110 x 10~
0.7 5.347828925356589 x 10™° 3.323770499911620 x 10~°
0.8 1.495255806774449 x 10~ 1.076366474421812 x 10>
0.9 3.703308743231145 x 10~* 3.0346063333097793 x 10>
1.0 8.335326149365687 x 10™* 7.669521633561604 x 10~°

7.79886620339425 x 107'¢
7.451237851492589 x 102
4.126025345211919 x 107!
7.119104761067955 x 10~*°
6.483873192722287 x 1077
3.942110997503766 x 1078
1.813435301914099 x 10”7
6.801776242977975 x 10~7
2.182892321184059 x 10~°
6.194859624193012 x 10~°

4.453595572610698 x 10™'®
9.120963732706710 x 107*°
7.889410949012672 x 107"
1.867973372458334x 107!
2.174607213188817 x 107'°
1.615751362357795 x 107
8.806213628229532 x 1077
3.825609466794668 x 10~
6.832640131214322 1077
4.453595572610698 x 10”7

2.0

2.0

| The real part of the exact solution to Example 1.

FIGURE 17: The real part of the exact solution to Example 1.

efficient algorithm for solving fractional-order differential
equations with fewer calculations and iteration steps.

The following are the 3D graphs for the real and
imaginary parts of the exact solution to Example 2:

The real and imaginary parts of the exact solution
equation (51) at ¥ = 1 are shown in Figures 19 and 20 re-
spectively in the intervals 7 € [0,2], and @ € [-27, 27].

The following 2D graphs show the real and imaginary
parts of approximate and exact solutions to Example 3:

| The imaginary part of the exact solution to Example 1.

FIGURE 18: The imaginary part of the exact solution to Example 1.

Figures 5 and 6 show the behavior of the real and
imaginary parts in the interval 7 € [0, 1] between the 5th
step iteration approximate and exact solutions of equation
(60) at several values of » when @ = 0.05. The approximate
result corresponds with the precise result at v = 1 and this
proves the effectiveness and precision of the suggested
method.

The 2D graphs of absolute error for the real and
imaginary parts of the 5th approximation and exact solu-
tions to Example 3 are as follows:
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I The real part of the exact solution to Example 2.

FIGURE 19: The real part of the exact solution to Example 2.

[E| The imaginary part of the exact solution to Example 2.

FiGUre 20: The imaginary part of the exact solution to Example 2.

Figures 11 and 12 demonstrate the 2D graph of real and
imaginary parts of absolute error in the intervals 7 € [0, 1]
when @ = 0.05 are over the 5th terms approximate and exact
solutions of equation (60) at v = 1. As for the figures, ap-
proximate and precise solutions are in very good agreement.

Table 3 shows comparisons of the real and imaginary
parts of the absolute error of the 5th approximate solution
obtained by ATDM of Example 3 at v = 1 with the absolute
error of approximate solutions obtained by HPM [35]. The
results obtained from the suggested method are extremely
similar to those obtained by HPM.

The recurrence error |&°(®, 1) — &* (@, 7)| between the
5th and 4th approximate solution of the real part with
different values of v, when @ =0.05 for Example 3 are
presented as follows:

The recurrence error |€ (@, 1) — £ (®, 7)| between the
5th and 4th approximate solution of the imaginary part with

£l The real part of the exact solution to Example 3.

FiGURE 21: The real part of the exact solution to Example 3.

L] The imaginary part of the exact solution to Example 3.

FIGURE 22: The imaginary part of the exact solution to Example 3.

different values of v, when ® =0.05 for Example 3 are
presented as follows:

The convergence of the ATDM of real and imaginary of
the approximate solution to the exact solution for equation
(60) has been shown numerically as in Tables 9 and 10. The
results show that the proposed technique is a useful and
efficient algorithm for solving fractional-order differential
equations with fewer calculations and iteration steps.

The following are 3D graphs for the real and imaginary
parts of the exact solution to Example 3:

The real and imaginary parts of the exact solution
equation (60) at v = 1 are shown in Figures 21 and 22, re-
spectively, in the intervals 7 € [0,2],® € [-3m, 37].

The following 2D graphs show the real and imaginary
parts of approximate and exact solutions to Example 4:

Figures 7 and 8 show the behavior of the real and
imaginary parts in the interval 7 € [0, 1] between the 5th
step iteration approximate and exact solutions of equation
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2.0
| The real part of the exact solution to Example 4.

FIGURE 23: The real part of the exact solution to Example 4.

] The imaginary part of the exact solution to Example 4.

FIGURE 24: The imaginary part of the exact solution to Example 4.

(71) at several values of v when @ =0.05, 8 =0.10,
and ¢ = 0.15. The approximate result corresponds with the
precise result at v = 1 and this proves the effectiveness and
precision of the recommended method.

The 2D graphs of absolute error for the real and
imaginary parts of the 5th approximation and exact solu-
tions to Example 4 are as follows:

Figures 15 and 16 demonstrate the 2D graph of real and
imaginary parts of absolute error in the intervals 7 € [0, 1]
when @ =0.05, $=0.10, andyu = 0.15 are over the 5th
terms approximate and exact solutions of equation (71) at
v = 1. As for the figures, approximate and precise solutions
are in very good agreement.

Table 4 shows comparisons of the real and imaginary
parts of the absolute error of the 5th approximate solution
obtained by ATDM of Example 4 at v = 1 with the absolute
error of the approximate solution obtained by HAM [43].
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The results obtained from the suggested method are ex-
tremely similar to those obtained by HAM.

The recurrence error |& (®, B, u, 1) — & (@, B, u,7)| be-
tween the 5th and 4th approximate solution of the real part
with different values of », when @ = 0.05, # = 0.10, and y =
0.15 for Example 4 are presented.

The recurrence error |& (®, By, T) - & (@,B, 4, 7)| be-
tween the 5th and 4th approximate solutions of the imag-
inary part with different values of v, when @ = 0.05, = 0.10,
and p = 0.15 for Example 4 are presented.

The convergence of the ATDM of real and imaginary of
the approximate solution to the exact solution for equation
(71) has been shown numerically as in Tables 11 and 12. The
results show that the proposed technique is a useful and
efficient algorithm for solving fractional-order differential
equations with fewer calculations and iteration steps.

The following are 3D graphs for the real and imaginary
parts of the exact solution to Example 4:

The real and imaginary parts of the exact solution
equation (71) at v = 1 are shown in Figures 23 and 24 re-
spectively in the intervals 7 € [0,2],® € [-37m,37] with =
0.1 and p =0.2.

6. Conclusion

The Aboodh transform decomposition method is effectively
used in this study to obtain analytical approximate and exact
solutions to time-fractional linear and nonlinear Schro-
dinger equations with zero and nonzero trapping potential
that are regarded in the Caputo sense. The Aboodh trans-
form is more closely related to the Laplace and Elzaki
transforms. The Aboodh transform is a useful method for
solving time-domain differential equations. The recurrence
and absolute error of the four problems are analyzed to
evaluate the efficiency and consistency of the presented
method. In addition, numerical results are also compared
with other methods such as the fractional reduced differ-
ential transform method (FRDTM), the homotopy analysis
method (HAM), and the homotopy perturbation method
(HPM). The results obtained by the proposed method show
excellent agreement with these methods, which indicates its
effectiveness and reliability. This method has the advantage
of needing no assumptions regarding minor or important
physical parameters in the problem. As a result, it can solve
both weakly and strongly nonlinear problems, overcoming
some of the drawbacks of traditional perturbation methods.
Only a few computations are required to solve nonlinear
fractional-order differential equations. As a result, it greatly
improves homotopy analysis and homotopy perturbation
techniques. The ATDM can construct expansion solutions
for linear and nonlinear fractional-order differential equa-
tions without the requirement for perturbation, lineariza-
tion, or discretization, unlike earlier analytic approximation
methods.

Therefore, we concluded that our proposed technique is
simple to apply, accurate, and efficient according to the
results. It is significant to consider that implementing the
ATDM to solve other kinds of ordinary and partial DEs of
noninteger order is actively attainable. For example,
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fractional kdv equations, fractional phi-4 equations, frac-
tional Schrodinger equations, and many more.
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Many nonlinear phenomena are modeled in terms of differential and integral equations. However, modeling nonlinear phe-
nomena with fractional derivatives provides a better understanding of processes having memory effects. In this paper, we
introduce an effective model of iterative fractional partial integro-differential equations (FPIDEs) with memory terms subject to
initial conditions in a Banach space. The convergence, existence, uniqueness, and error analysis are introduced as new theorems.
Moreover, an extension of the successive approximations method (SAM) is established to solve FPIDEs in sense of Caputo
fractional derivative. Furthermore, new results of stability analysis of solution are also shown.

1. Introduction

Most of the physical phenomena are modeled in ordinary
differential equations (ODEs) and partial differential
equations (PDEs). During the last decades, it has been noted
that modeling complex phenomena, using fractional de-
rivatives, provides a good fit due to their nonlocal nature.
Fractional derivatives are effective tools to formulate pro-
cesses having memory effects. Furthermore, fractional PDEs,
which are considered the generalization of PDEs with
fractional-order derivatives, have been widely used in many
areas of sciences and engineering, and they have been the
topics of many workshops and conferences due to their
essential uses applied in numerous diverse and wide-
spread fields in applied sciences [1-7]. Furthermore,
FPIDEs are applicable in sciences and engineering, and
many works in FPIDEs have been introduced (see, for
example, [3, 8-11]), while studying iterative FPIDEs is
very rare and currently an active area of research due to
their particular applications in neural networks. However,
iterative FPIDEs are useful tools for modeling the memory
properties of various materials and processes, with a

nonlinear relationship to time, such as anomalous dif-
fusion, an elasticity theory, solids mechanic, and other
applications [12-14]. The study of the theory of the it-
erative differential equations began with the work of Eder
[15] where Eder worked on a solution of an iterative
functional differential equation. Moreover, many studies
on iterative differential equations have been conducted
(see, for example, [16-18]).

In many physical systems described as models in terms of
initial and boundary value problems, it is essential to develop
techniques based on various types of successive approximations
constructed explicitly in analytic forms. Several analytical and
numerical methods for solving differential and integral equa-
tions are available in the literature. One of the powerful methods
is the successive approximations method (SAM) which was
introduced in 1891 by E. Picard, and it has been used to prove
the existence and uniqueness of solutions of differential
equations [19-22]. The SAM, which is also called the Picard
iterative solutions method, has been increasingly applied to
solve differential equations and integral equations [23, 24]. The
SAM provides an approximate solution in a short series con-
vergent with readily determinable terms [25].
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The existence and uniqueness of solutions are proved
with initial conditions for various types of iterative differ-
ential equations or iterative integro-differential in some
works available in the literature, for example, the exact
analytical solution for an iterative nonlinear differential
equation was given in [26] where the authors studied a
second-order nonlinear iterated differential equation, ana-
Iytic solutions for an iterative differential equation were
given in [27] where the authors studied an iterative func-
tional differential equation, Yang and Zhang introduced
solutions for iterative differential equations [28], and Zhang
et al. [29] introduced the existence of wavefront solutions for
an integral differential equation in a nonlinear nonlocal
neuronal network. However, few works have been intro-
duced for the stability analysis of solutions for iterative
fractional integro-differential equations [30, 31].

This paper presents new analytical and numerical so-
lutions of a new model called “iterative fractional partial
integro-differential equation” of iterative Volterra-type
equation. This model is solved by using the method of
successive approximations. Moreover, the primary advances
applied in this paper are very effective with applications of a
Banach space and Gronwall-Bellman integral inequality in
sense of Caputo derivative. The rest of the paper is organized
as follows. Section 2 gives the preliminaries. Section 3
presents the description of the method of successive ap-
proximations, existence, uniqueness, convergence, and error
analysis of the solution for the proposed model. Section 4
introduces solutions for two types of iterative FPIDEs.
Numerical results and discussion are given in Section 5.

2. Preliminaries and Definitions

There are various definitions and theorems of fractional
calculus available in the literature. This section presents
some of these definitions and theorems that are needed in
this paper and can be found in [32-36] and among other
references cited therein.

Definition 1. Let u(x,t): Rx (0,00) — R and
n—1<a<n € N. The Riemann-Liouville integral of time
fractional order « for a function u is defined by

Tt = )Jt (t - 1w (x, 1)dr, (1)

where T is the well-known gamma function.
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Definition 2. Let u(x,t): Rx (0,00) — R and n-1<a«
<n € N. The Riemann-Liouville time fractional partial
derivative of order « for a function u is defined by

RL 0 o Jf (t—7)"!
2D =55 | T

Definition 3. Let u(x,t): Rx (0,00) — R and
n—1<a<n € N; then, the Caputo derivative of time frac-
tional order « for a function u is

E(t-1)" 3 u(x, 1)

u(x, 7)dr. (2)

Dlu(x,t) = dr,
(U0 Jo I'(n-a) or" 4
(3)
N 0"u(x,t)
D, u(x,t) :T,aanN.
Theorem 1 Let u(x,t): Rx (0,00) — R and

n—1<a<neN. Then,

nlkaku(xo)

TP (x, 1) R
t t =~ k' atk

=u(x,t)—
(4)

D Fu(x,t)  =u(x,t).

Theorem 2 Let a,t € R, t>0, and n—1<a<n € N. Then,

T 1
it :7(q+ ) t7%, n<gqg, qeR,
I'(g-a+1)
(5)
2;t1 =0, q<n-1L

Lemma 1 (Gronwall-Bellman inequality). Let u(x,t) be a
nonnegative continuous functzon on JxJ,]=laa+h],
0<a,heR. If u(x, t)<c+f f(x,r)u(x,r)dr where f is
an analytic functzon and c is a nonnegative constant, then
u(x,t)<c exp(j f(x,r)dr).

3. Description of the Numerical Scheme

In this section, we introduce an effective model of an it-
erative fractional partial integro-differential equation with
memory term subject to initial value conditions of the
following form:

Diu(x,t) = f(x,t)+ J K (x,r)u(x,u(x,r))dr,

9 u(x,0)

k=0,1,2,...
otk

= fk (x),

>n_1) (x’t)GJX]r]:

(6)

[0,T], n—-1<a<n,
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where Df is the a-th Caputo fractional partial derivative,
K (x,t) is a bivariate kernel, f (x,t) and f; (x) are known
analytic functions, and u (x, t) is the unknown function to be
determined.

To find the solution for the iterative fractional partial
integro-differential equation (6), we introduce an extension
of the SAM as follows. We assume that (6) has an ap-
proximate solution given by

t _ a—1
Uy (6,8) =1y + JO%

. (f (%, 1) + J; K (x, r)u, (x,u, (x, r))dr)dr,
(7)

for n=0,1,2,... where uy(x,t) is of class C' from
[0, T]to [0, T] for |uy(x,t)|<T.

Our extension here is that all the components u, (x,t)
are continuous where u, can be given as a sum of successive
differences in the following form:

u, (x,t) = uy(x,t) + Z (g (x, 1) = uy_y (x,1)). (8)
k=1

Next, if (uy (x,t) —u_, (x,t) converges, then u, (x,t)
converges and the solution for (6) is given by

u(x,t) = nlinoo u, (x,t). (9)

Lemma 2. Let a function u € C' ([0, T] x [0,T]) satisfy (6)
on [0,T] x [0,T]; then,

t _ el
u(x,t) =uy+ J'o%

: (f(x, ) + J;K(x, ru(x, u(x, r))dr)dr.

0<|P(u(x,1))| =

o TI'(a)

St I; (tr_(;))al<

3.1. Existence and Uniqueness. This section presents new
results for existence and uniqueness of solution for the
proposed model (6).

Theorem 3. Suppose that [uy + T* (N + T°ky)/T (a + 1)|<T
and 0 < M < T (a+ 1)/T*"'k; — 1< 1. Then, there is a unique
solution for equation (6).

Proof. Let B=C([0,T] x [0,T]) be a Banach space with a
norm [lull = max, yeqlu(x, ), Q c Jx ], ] = [0,T] and

S(p):{ueB:OSuSp,|u(x,t1) o
11
—u(xb,)| <Mty —t,|, Ve, t, € ]},

where  p=uy + T*(N + T?ky)/T (a + 1)
{IK(x,t)]: 0<t<T}.

Before we apply the Banach contraction principle, we
need to define an operator P: B— B as

t _ ool
P(u(x,t)) =uy + Jo%

and Kk =sup

. (f(x, 7) + J; K (x, r)u(x,u(x, r))dr)dr.

(12)
From (12), we have
(10)
t (+_ \*1 T
o + J (t-7 (reen+ j K (e i x5, ) )de

0

fx, 1)+ J;K(x, u (o, u(x,r))dr )dr (13)
T*(N +T°ky)
T(a+1)

t _ a—1 T
<uy+ J Q<|f(x, )|+ J [K (¢, r)1(x, u (x, r))ldr)d‘rguo +
0 0

I'(x)

By similar argument, we obtain
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t; _ ol T ‘ el
|P(u(x,t,)) = P(u(x,t,))| < JO % (f(x, 7) + JO K (x,r)u(x,u(x, r))dr)d-[ - JO %
'(f(x, 7) + J;K(x, ru(x, u(x, r))dr>d1| (14)
“e=n ! N+ kyT° .
< Jtz % <|f(x, )|+ Jo IK (x, )||u (o, u (x, r))l&)drs%hl —t,"

This proves that P is a function from S(p) to S(p). Next,
for u,v € S(p), we have

t (x_T)Ot—l

[P (u(x,t)) — P(v(x, 1)< JOW

tx-*"

(JO (1K Go )l G 1 (6, 7)) — v (36, v (i, r))I)dr)dT

<k; JO e (jo (G (e 7)) — 1 G v Gy )] [t G v (o 7)) — v (26, v (2, r))l)dr)dr

a-1 T
<k; Jt (x-7) (j (M(Iu(x,r)—v(x,r)l)+|u(x,r)—v(x,r)|)dr>dr (15)
0

o TI'(a)

<k; Jt (Gl (jo (M + D (x,7) = v(x, r)|dr>d1

o TI'(a)

Ex—1)"! . T*kep (M +1)

< Thy (M + 1)llu - v] JO =

Therefore, we obtain

Ty (M + 1)

1P (G £) = P (v (e Dl < —F 7 =

llee = vl
(16)

Since M <T(a+1)/T**'k; —1 which implies that
T*'ky (M +1)/T (a + 1) < 1, then by Banach principle, the

Sy = max |u,(x, 1),
0 (x,t>e1x1| o (5.1)

S, = max |u; (x,1)]

Tarn vk

operator P has a unique fixed point. Therefore, equation (6)
has a solution. O

Theorem 4 (convergence).. If the assumptions of Theorem 3
are proposed, then (7) converges.

Proof. Define the sequence S = max, eyt (x,t)—
uy_; (x,t)|. Then,

(x0)efx] (17)
-t ! * 3
= /s N > K > 5> > = 7 4N T T-
(xr’nt)zélﬁl Uy + JO o) (f(x T) + jo (%, )ug (%, ug (x r))dr)dr < lug + Tt D (N + kT) <

Since u, is a function from [0,T] to [0,T], we get
U, <uy+TYT(a+ 1) (N + T?ky) < T:
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S, = (;Itl)ael;(]|u2(x, t) = uy (x,1)|
:(;ggijuoﬁ—J;(t£k1§b1<f(x,r)+.[;K(x,rﬁh(x,ul(xnﬂ)dr>dr—1%
JO (tr( )) _1<f(x, )+ J: K (x, 7)ug (5, tg (x, r))dr)df (18)
= max J;“;(—Z))I(JOK(QC r) (uy (3, 1y (%, 7)) = tg (%, 1 (x, r)))dr)dT
S(iﬁﬁifj Sﬂ%é%ii<j ¢ e Gy oy G5, 19) = s 35 G ) e < 5, < 2
Sy = max Juy(t) =, (x,0)] max
. u0+-Jo(t£k2? 1(f(x, +-[;K(x,rﬁh(x,uz(xnﬁ)dr>dr—1%
_ J ; (xr—(‘?)“_ (Fen +J K G (3,10 (3, 1))dr )do (19)

Jf (t-1)*"
o I'(a)

< max Jt(t‘iﬂ“
T ey o T(a)

X
(xt)e]x]

By induction, we have S,<T*. Since |u,+T"
(N +T?k)IT(a+1)|<T, we get T<1 when u,>0.
Therefore, S, goes to zero as k goes to infinity. For ever
subsequence {ukj} of {S;}, there exists a subsequence {skj},
which uniformly converges and the limit must to be a so-

(J; K (5, 1) (uy (%, 1y (2, 7)) — 14y (26, 14y (x, r)))dr)dr

(J;|K(x, r) (1, (2, 1y (3, 1)) — 1y (%, 1y (x, r)))|dr)d‘r <TS,<T.

0<x,t<T, M >0 with the initial approximations u, (x,t)
and s, (x,t), respectively. Then, the maximum absolute error
for a solution series (7) for (6) is estimated to be

max lu (x,8) = s, (x, t)|

(x,t)eJx
lution of (6). Thus, {S;} uniformly goes to a unique solution
of (6) O kT (M + I)Tochl
< the e el -
< ex ( T(at 1) (xrrtizei;(xlluo(x, t) — sq(x, t)|
3.2. Error Analysis. In this section, we evaluate the maxi- (20)
mum absolute error of the proposed method for the solution
series (7) for (6).
. Proof. By using Theorem 3, we have
Theorem 5. Suppose that the hypothesis of Theorem 3 holds.
Let u,ands, be two solutions satisfying equation (6) for
(t _ T)Ot 1
u, (x,t) = uy(x,t) + J T(f(x, ) + J K (x,r)u,_y (%1, (x, r))dr)dr,
0
(21)
t (t _ T)Ot—l

s, (x, 1) =s5(x, 1) + JO )

<f(x, T) + J: K (x,7)s,_1 (%, 8,1 (%, r))dr)d‘r.



Next, by using Theorem 4, we have

t (¢ - )%t
|t = s,] = uo(x>t)_50(x’t)+10%

J l’—T)
Jo F((x
[

S T(@)

= |u0(x, ) — sy (x, t)| +kr(M+1)

< |u0 (x,t) = s (x, t)| +

= |u0 (x,t) = s (x, t)l +kr

< |u0 (x,t) = s (x, t)| +kp

= |u0(x, ) — s (x, t)| +kpr(M+1)

J
(

0

Sl”o(x)t)— (x, t)l M Jt

I'a+1)

By using Gronwall-Bellman inequality given by Lemma
1, we get

lun (x,t) = s, (x, t)| < |u0 (x, 1) — s (x, t)|exp(J

Thus, we obtain

kp (M +1)T*!
) — t —_—
e Ju, (5 t) = 5, (6 )] < eXP( T(a+1)
X t t
()glngho(x ) =5 (x,1)].
(24)
This completes the proof of Theorem 5. O

3.3. Algorithms for Computer Implementations. In this sec-
tion, we introduce algorithms for computing numerical
results. Algorithm 1 computes the existence conditions given
by Theorem 3.

Further, Algorithm 2 can be used to obtain particular
approximate numerical solutions at particular values of the
fractional order a.

(j; K0 )0 (5 ) 5, 15, G )
([ 0, () =, G, ) e
]t ) =t 5, 5:7) 5,5, ) .5, o)
jo (M +1) at, () =, (7)) )do

;J (u (x,7) =

a-1
J o T) ————(u, (x,1) — s, (x,7))drdr

the (M +1)T®
o T'(a+1)

Journal of Mathematics

(22)

S (x,7))drdr

|un (x,7) — 5, (x, T)ldT.
0

a+1
kr(M+1)T ) (23)

dr) < |u0 (x,t) = 50 (x, t)|exp< I'(a+1)

4. Analytical Solutions for Iterative
Volterra FPIDEs

This section introduces solutions for new examples of it-
erative FPIDEs. These examples are chosen since their so-
lutions are not available in the literature or they have been
solved previously some other well-known methods.for
0<x,t<0.75,0<a< 1.

Example 1. In this example, we solve the following iterative
FPIDEs of Volterra type with initial value:

Dfu(x,t) = cos(g) J; u(x, u(x,r))dr,
(25)
_ sin (x)

u(x,0) 5

>
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Input: T<1, N =|f (x,t)|, kp = K(x,1), uy(x,0) = f(x),

(1) for0<x<1,0<t<1,i—-1<a<i, do

(2)  special treatment of the first element of line i;

(3) fori=1,2,...,n do

(4) Compute [ty + T* (N + T3kp)/T (a + 1)|, T (a + 1)/T* ky — 1.
Output: |uy + T* (N + T?ky)/T (e + 1)|<T, 0<T(a+ 1)/Tkp — 1< 1.

ALGORITHM 1: The computation of the existence conditions.

Input: T<1, N = |f (x,1)], kp = K(x, 1), 1y (x,0) = f(x),
(1) for0<x<1,0<t<l,i—-1<a<i do
(2)  special treatment of the first element of line i;
(3) fori=1,2,...,n do
(4) Compute [ty + T(N + T3k7)/T (a + )|, T (e + 1)/T* Vkp — 1
(5) if |ug + T (N + T?kg)/T (a + 1)| <T, T(a+1)/T*'k; — 1< 1 then
(6) Compute u;,, (x,t) = uy + I (x-1)* 1/1“(04)(f(9c T) + IOK(x, ru; (x,u; (x,r))dr)dr.
(7) Output: u;,, (x,t) = uy + jo (x - T)"‘ YT (a) (f(x,7) .[o K (x,r)u; (x,u; (x, r))dr)dT

ALGORITHM 2: The computation of the numerical solutions.

Then, equation (25) is of form (6) with T =0.75,N =
0,k = 1 which satisfies

T“N+Tk 0.75%(0 + 0.75° x cos (x/2)
Uy + r)| _in (=), i | <075=T, (26)

F(tx SV ) T(a+1) |
where 0<M<T(a+1)/T* ks — 1 =T (a+1)/0.75* Next, by using Theorem 4 and assuming that
|[cos(x/2)] —1<1 forall 0<x<0.75 and O0<a < 1. uy (x, 1) = u(x,0) = sin(x)/2, the first few iterative solutions

As the hypotheses of Theorem 3 are satisfied, a unique  are
solution for equation (25) exists.

t _ el t
uy (x,t) = uy (x,0) + Jo% (cos(%) Jo ug (%, ug (x, r))dr)df, u (x,0)=0
(27)
_ ; a+l . f
= 2(“2 " oc)l“(oc)t sm(x)cos<2>,
u, (x,1) = uy (x,0) + ﬁ J; (x - T)“l(cos(zc) J; uy (2, uy (x, r))dr)dr, u,(x,0)=0
(28)

27 (@ + 2) T (a(a + 2) + 3)E VD g (x) (sin (x)cos (x/2))
X(a(a+2)+2)T (a(a+3)+3)

>
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(x _ T)zx—l

uy (x,1) = uy (x,0) + Jo W(cos(g) Jo u, (x,u, (x, r))dr)d‘r, u;(x,0) =0,

((@(ax+2) +2)T (a(ax +3) + 3))—Dc(a+3)—3
= (o +a+1)(a(a+5)+7)T (a(a(a(a+6)+13) +13) +8)

(29)

x T(a(a +3) (a(a + 3) +4) + 8)((a(@tO+13)+13)+7

a(a+3)+3

y (2“’“‘21"(“ +2) T (a(a+2) + 3)csc(x)<sin(x)605<§>)a+3>

Therefore, the approximate solution of (25) is obtained = Example 2. In this example, we solve the following iterative
by u(x,t) = 21‘3:0 u; (x,1). FPIDEs of Volterra type with initial value:

si t
Diu(x,t) = in (%) +J u(x,u(x,r))dr, 0<x,t<0.75,0<a<]l,
3 0 (30)

u(x,0) =0.

Equation (30) is of  form (8) with where 0<M <T(a+1)/T% k; —1<1 for all x € [0,0.75]
T =0.75,N = |sin(x)/3|, k; = 1, which satisfies and 0 <a < 1. As all the hypotheses of Theorem 3 are sat-
isfied, a unique solution for (30) exists.

o 2
- T (N +T kT) By using Theorem 4, we obtain a solution of (30) for
0 [(a+1) different values of o. We assume that 1, (x,t) = u(x,0) =0
(31)  and by using Mathematica software, the first three iterative
0,75"‘(sin(x)/3 + 0,753)| solutions are obtained as follows:
= <0.75=T,
T'(ax+1) |
1 t 1 t
u, (x,t) = T Jo (x -1 (sin (x)/3 + Jo ug (%, 1y (x, r))dr)dr
(32)
= 3o (@) sin (x),
1 t 3 t
Uy (x,t) = T (@ J.o (x - T)al(SIH;x) + Jo uy (%, uy (x, r))dr)dr
(33)

3l sin(x)<2 X S“F(ocz +a+ 2) + F(OCZ + 2)t0‘2+1 (sin (x)/T (a + 1))“)

2T (a0 + 1)F(a2 +a+ 2)
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TaBLE 1: Numerical values of the iterative solution when ¢q; =g, = 0.5,1 and « = § = 0.5 for Example 2.

X " 1o (x,1) o =0.5 a=1 a=0.5 a=1

03 uy (x,t) u, (x,t) us (x,t) uy (x,t) u, (x,t) us (x,t) Z?:o u; Z;’S:o u;

025 0.123702  0.011541  2.901x107°  9.774x107%  0.003836  3.732x10™°  1.035x107°!  0.135246  0.127538
0.25 0.50 0.123702  0.032643 0.000039 1.892x107% 0.0153421 2.389x1077 1.138x107% 0.156384 0.139044
0.75 0.123702 0.059970 0.000179 2.342x107%° 0.034520 2.721x107° 1.258x1074 0.18385 158224

0.25 0.239713 0.021840 0.000014 1.700x1072° 0.007258 2.470x1078 5.750x107>¢ 0.261567 0.246971
0.50 0.50 0.239713 0.061772 0.000188 3.291x10720 0.029033 1.581x107° 6.322x107% 0.301673 0.268747
0.75 0.239713 0.113483 0.000859 4.073x10717 0.065323 0.000018 6.991x107%7 0.354055 0.305054
0.25 0.340819  0.029821 0.000030 5.667x107%* 0.003836 6.038x1078 3.002x107>3 0.370669  0.350730
0.75 0.50 0.340819 0.084346 0.000393 1.097x10718 0.039642 3.865x107° 3.301x1074! 0.425558 0.380465
0.75 0.340819  0.154953  0.001797 1.358x107">  0.089194 0.000044 3.649x1073*  0.497569  0.430058

TaBLE 2: Numerical values of the iterative solutions when g, = ¢, = 0.5,1 and &« = 8 = 0.5 for Example 1.

x " a=0.5 a=1 a=0.5 a=1

u, (x,t) u, (x,t) us (x,t) u, (x,t) uy (x,t) us (x,t) Z?:1 u; Z?:o u;

0.25 0.0465276 0.047411 0.047483 0.020617 0.020635 0.020644 0.141421 0.061895

0.25 0.50 0.065800 0.068773 0.068501 0.041234 0.041376 0.041340 0.20307 0.123950
0.75 0.080588 0.086632 0.085550 0.061851 0.062329 0.062090 0.25277 0.186270

0.25 0.090162 0.092546 0.092761 0.039952 0.040018 0.040052 0.275470 0.120023
0.50 0.50 0.127509 0.135527 0.134859 0.079904 0.080436 0.080304 0.397895 0.240645
0.75 0.156166 0.172468 0.169670 0.119856 0.121652 0.120756 0.498304 0.362264

0.25 0.128191 0.132233 0.132637 0.020617 0.056938 0.057005 0.393061 0.170746
0.75 0.50 0.181290 0.194884 0.193864 0.113606 0.114682 0.114415 0.570037 0.342704
0.75 0.222034 0.249672 0.245134 0.170410 0.174040 0.172229 0.716839 0.516678

¢ sin (x) ¢
U, (x,t) = —— x—-1)! +J,u xu, (x,7))dr |dr
s = g [, - ( S0 | Gy ()
. . o
sin (x _ sin (x
_ Gl (e ) S
12T (o + DT (a + 2)T (0 + a +2) [(a+1)
2ta+l
(2-2“-1(2 X 3°T (02 + & +2) + 47T (a® + 2) (sin (x)/T (a + 1))”‘))“ ¢
X
2

I'(a+ DI'(a? +a+2) (34)

ararl 4T (a+
+

2)F(a2 +a+ Z)t"‘ + 2tF(a2 +a+ 2)

X (3‘“"1 sin(x))
x <272“7137“71t sin (x)<2 3“1"(04
(en))) )

Therefore, the third order term iterative solution (30) is
u(x,t) = Zle u; (x,1).

sin (x)
T(a+1)

5. Numerical Solutions and Discussion

Table 1 presents numerical solutions for equation (25)
through various values of x,t when « = 0.5,1. Table 2 in-
cludes numerical values of the iterative solutions for
equation (30) by different values of x,t at « =0.5,1. In
Figures 1(a) and 1(b), we plot the graphs of first-order it-
erative solution for (25) using various values of x,t at « =
0.5,1 respectively. We plot the graph of second-order it-
erative solution for (25) by various values of x,t at « = 0.5, 1
in Figures 2(a) and 2(b), respectively. The iterative solution

F(oc+1)l"(oc2+oc+2)

‘ta+ 2) + 2’2(“2”)F(o¢2 + 2)

for Example 1 is graphically represented in Figures 3(a) and
3(b) through various points of x,t when « =0.5,1, re-
spectively. Figures 4(a) and 4(b) represent the graphs of
solution through various values of ¢ for a fixed value of x =
0.75 when a = 0.5, 1, respectively, for Example 1. The first-
order iterative solution for Example 2 is graphically rep-
resented in Figures 5(a) and 5(b) through various values of
x,t when a = 0.5, 1, respectively. The second order of it-
erative solution for Example 2 is graphically represented in
Figures 6(a) and 6(b) by various values of x,t when
a = 0.5, 1, respectively. The third-order iterative solution for
Example 2 is graphically represented in Figures 7(a) and 7(b)
by various points of x,t at « = 0.5, 1, respectively. The so-
lution for Example 2 is graphically represented in
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FIGURE 1: The graphs of the first-order iterative solution u, (x,t) for (25) through various values of x,t at & = 0.5, 1, respectively. (a) The

graph of first-order iterative solution for (25) through various values of x, t at & = 0.5. (b) The graph of the first-order iterative solution for
(25) through various values of x,t at a = 1.

0.0004

0.0002

uy (x, 1)

0.0000
0

() (b)
FI1GURE 2: The graphs of the second-order iterative solution u, (x, t) for (25) through various values of x, t at & = 0.5, 1, respectively. (a) The

graph of the second-order iterative solution for (25) through various values of x, t at & = 0.5. (b) The graph of the second-order iterative
solution for (25) through various values of x,t at a = 1.

u(x,t)

u (x, t)

(b)

FIGURE 3: The graphs of the approximate iterative solution u (x, t) for (25) through various values of x, t at & = 0.5, 1, respectively. (a) The

graph of the approximate iterative solution u(x,t) for (25) through various values of x,t at « = 0.5. (b) The graph of the approximate
iterative solution u (x,t) for (25) through various values of x,t at « = 1.
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FIGURE 4: The graphical comparison of the iterative solutions for (25) through various values of t at x = 0.75 and « = 0.5, 1, respectively.
(a) The graphical comparison of the iterative solutions for (25) through various values of ¢ at x = 0.75 and « = 0.5. (b) The graphical
comparison of the iterative solutions for (25) through various values of ¢t at x = 0.75 and a = 1.
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F1GUREe 5: The graphs of the first-order iterative solution u, (x, t) for (30) through various values of x,t at « = 0.5, 1, respectively. (a) The
graph of first-order iterative solution u; (x,t) for (30) through various values of x,t at a = 0.5. (b) The graph of the first-order iterative
solution u, (x,t) for (30) through various values of x,¢ at a = 1.

0.15
= < 0.10
E o

s < 0.05

0.00

(a) (b)

FIGURE 6: The graphs of second-order iterative solution u, (x, t) for (30) through various points x, t at @ = 0.5, 1, respectively. (a) The graph
of second-order iterative solution u, (x, t) for (30) through various values of x, t at « = 0.5. (b) The graph of second-order iterative solution
u, (x,t) for (30) through various values of x,t at « = 1.
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FIGURE 7: The graphs of the third-order iterative solution u; (x,t) for (30) through various values of x,t at & = 0.5, 1, respectively. (a) The
graph of third-order iterative solution u; (x, t) for (30) through various values of x, t at « = 0.5. (b) The graph of the third-order iterative
solution u (x,t) for (30) through various values of x,t at a = 1.
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FIGURE 8: The graphs of the third-order approximate iterative solution u(x,t) for (30) through various values of x,t at & = 0.5, 1, re-
spectively. (a) The graph of the approximate iterative solution u (x, t) for (30) through various values of x,t at & = 0.5. (b) The graph of the
approximate iterative solution u (x,t) for (30) through various values of x,¢ at a = 1.
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F1GURE 9: The graphical comparison of solutions for (30) through various values of t at x = 0.75, & = 0.5, 1, respectively. (a) The graphical
comparison of solutions for (30) through various values of t at x = 0.75; a = 0.5. (b) The graphical comparison of solutions for (30) through
various values of t at x = 0.75; a = 1.
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Figures 8(a) and 8(b) using various points of x,t when
a = 0.5, 1, respectively. In Figures 9(a) and 9(b), we plot the
graphs of the solution through different values of ¢ for a
fixed value of x =0.75 when a =0.5,1, respectively, for
Example 2.

6. Conclusion

In this paper, we introduced a model of FPIDEs. The
proposed model is iterative with fractional derivative, which
can be used in neural networks and help us to describe how
the input data can be accessed. For instance, for subdiffusion
in the porous media, fractional-order derivatives determine
the decaying rate of the breakthrough curve for long-term
observations. Moreover, new results on the local existence,
uniqueness, and stability analysis of the solution for the
proposed model were introduced. Furthermore, we ex-
tended the method of successive approximations to solve
FPIDEs with memory terms subject to initial conditions in a
Banach space. This extension derives good approximations
and reliable techniques to handle iterative FPIDEs. New
solutions for Volterra types of iterative FPIDEs were in-
troduced. The numerical solutions were successfully ob-
tained which confirm the presented results.
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In this paper, a new class of functions, namely, exponentially (&, h — m) — p-convex functions is introduced to unify various
classes of functions already defined in the subject of convex analysis. By using this class of functions, generalized versions of well
known fractional integral inequalities of Hadamard and Fejér-Hadamard type are obtained. The results of this paper generate
fractional integral inequalities of Hadamard and Fejér-Hadamard type for various types of convex and exponentially convex

functions simultaneously.

1. Introduction and Preliminary Results

Inequalities are important tools for mathematical modeling
of problems that occur in the diverse fields of science and
engineering. Convex functions are very useful in establishing
new and generalized inequalities. For example, Jensen’s
inequality for convex functions is one of the most celebrating
inequalities in the literature. Many classical inequalities are
direct consequences of Jensen’s inequality. Motivated from
the properties and representations of convex functions,
researchers have published a lot of new definitions of
functions which are usually utilized for extensions, refine-
ments, and generalizations of well known inequalities. In
recent decades, it becomes a fashion for authors to generalize
the classical concepts related to ordinary derivatives and
integrals via fractional integral/derivative operators. These
techniques are used frequently in generalizing the classical
mathematical inequalities. For a detailed study, we refer the
readers to [1-13].

The goal of this paper is to establish general Rie-
mann-Liouville fractional integral inequalities of Hadamard
and Fejér-Hadamard type by defining a new class of
functions which will concurrently hold for many kinds of
convex and exponentially convex functions. Next, we give
definitions of Riemann-Liouville fractional integrals which
we will utilize to establish main results. After that we will
give definition of convex function with a detailed discussion
on related definitions.

Definition 1 (see [14]). Let f € L, [a, b]. Then, the left- and
right-sided Riemann-Liouville fractional integrals of f of
order 7 € R (7> 0) are given as follows:

I;f(x):ﬁ J.: (x—t)Tflf(t)dt, x>a, (1)

b
I f(x) = % L (t-0" ' F(dt, x<b,  (2)
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where I'(-) is the gamma function.

Definition 2 (see [15]). A real-valued function f: [a,b]
— R is called convex if the following inequality holds:

flx+ (1 -t)y)<tf(x)+A-1)f(y),

(3)
Vx, y € [a,b],t € [0,1].

There are many kinds of functions which have been
defined inspiring by inequality (3). For example, functions,
namely, p-convex [16], h-convex [17], m-convex [15],
s-convex [18], harmonically convex [6], and many others are
defined just by convenient possible modifications in the
inequality (3). Moreover, (s,m)-convex [19], («, m)-convex
[20], (h—m)-convex [21], (&, h—m)-convex [22], and
(p, h)-convex [3] functions have been defined elegantly after
the definition of convex function. Further, in [23], the notion
of (a,h—m) — p-convex function is defined which unifies
all the aforementioned convexities.

There also exists a class of exponentially convex func-
tions stated as follows.

Definition 3 (see [24]). A real-valued function f: ] C
R — R, is called exponentially convex on ] if the following
inequality holds:

ftx+(1 —t)y)st];,gf)+ ( _:,zyf(y),

(4)
te[0,1,Vx,y e J,n e R.

The term exponentially convex function is used likewise
to convex function, and notions of exponentially p-convex
[25], exponentially h-convex [26], exponentially s-convex
[25] have been introduced. Also, definitions of exponentially
(s,m)-convex [27], exponentially (a,m)-convex [26], ex-
ponentially (h — m)-convex [26], exponentially
(a, h — m)-convex [28], and exponentially (p,h)-convex
[29] functions have been published.

The exponentially («, h — m)-convex function is defined
as follows.

Definition 4 (see [28]). Let JCR be an interval containing
(0,1), and let h: ] — R be a nonnegative function. Then, a
function f: I — R on an interval of real line is said to be
exponentially (a, h — m)-convex, ifforall x, y € I,t € (0,1),
a,m € [0,1], and 7 € R, the following inequality holds:

flex+m(1-1)y) < h(tzzlf(") L mh(l -eﬂty“)f(y). 5)

The following example is important to distinguish an
exponentially convex function from convex function.

Example 1 (see [30]). The function f(x) = x exp(—x) is
exponentially ~ (1,I; —1)-convex function but not
(1,1, — 1)-convex function. More precisely the function f is
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exponentially convex function on [0, co) but not a convex
function on this domain.

All the aforementioned definitions have been used to
derive Hadamard and Fejér-Hadamard type inequalities.
We are motivated to combine all types of convexities and
exponential convexities in a single definition. We will define
exponentially (&, h —m) — p-convex function and prove
Hadamard and Fejér-Hadamard type inequalities which will
unify a plenty of classical inequalities.

The paper is organized as follows: In Section 2, a new
class of functions will be called exponentially
(a, h —m) — p-convex function. Some new definitions will
be deduced in connection with existing definitions in the
literature of mathematical inequalities. In Section 3, we will
present the Hadamard and Fejér-Hadamard inequalities for
newly defined functions via Riemann-Liouville fractional
integrals. We will identify a number of implications of the
results established in this section.

2. Exponentially («, # — m) — p-Convex Function
and Deduced Definitions

We define exponentially (a, h —m) — p-convex function as
follows.

Definition 5. Let J<R be an interval containing (0, 1), and
let h: ] — R be a nonnegative function. Let I ¢ (0, c0)
be a real interval and p € R~{0}. A function f: I — R
is called exponentially (a,h—m)— p-convex if for
te (0,1), neR and (a,m) € [0,1]%, the following in-
equality holds:

B(E)f (@) mh(1=£)f ()
e ’

nb

f( (ta? +m(1 - t)bP)“") <

e

(6)

where a,b € I provided (ta? + m(1 - t)bP)"'? ¢ I.

Remark 1. The following convex functions are reproduced
from above definition:

(i) In Definition 5, if we put p=-1, m=a =1, and
n =0, we have harmonically h-convex function
reproduced (see Definition 2.10 in [31]).

(ii) In Definition 5, for p=1 and 5 =0, we have
(a, h — m)-convex function reproduced (see Def-
inition 4.5 in [20]).

(iii) In Definition 5, for « = m = 1 and # = 0, we have
(p, h)-convex function reproduced (see [3]).

(iv) In Definition 5, for p=1, exponentially
(a, h — m)-convex function is reproduced (see
Definition 1 in [26]). For further deduced func-
tions, see Remark 1 in [26].

(v) In Definition 5, for a=p =1, exponentially
(h —m)-convex function is reproduced (see Def-
inition 2 in [26]).
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(vi) In Definition 5, for p =1 and h(t) = t, exponen-
tially (e, m)-convex function is reproduced (see
Definition 3 in [26]).

(vii) In Definition 5, for p = -1, a =m =1, h(t) = t°,
and 7 = 0, we have harmonic s-convex function in
second sense reproduced (see Remark 1 in [32]).

(viii) In Definition 5, for p=-1, a=m =1, h(t) =t,
and 7 =0, we have harmonic convex function
reproduced (see [33]).

(ix) In Definition 5, for p=1, a =1, h(t) =t°, and
n =0, we have (s, m)-convex function in second
sense reproduced (see Definition 1.2 in [19]).

(x) In Definition 5, for p=-1, a =1, h(t) =t, and
n = 0, we have m-HA-convex function reproduced
(see Definition 2 in [34]).

(xi) In Definition 5, for p = -1, h(t) =t¢, and 5 =0,
(a,m)-HA-convex function is reproduced (see
Definition 2.1 in [35]).

For a=1 in (6), we get
(h —m) — p-convex function as follows:

f( (ta? +m(1 - t)b")llp> sh(tg:(a) +mh(1 _t)f(b).

b
el

exponentially

(7)

For h(t)=t in (6), we get -exponentially

(a, m) — p-convex function as follows:

f< (ta? + m(1 - t)bp)l/p> S t“fn((la) . m(1-t")f (b)' (8)

b
el

For m = 1in (6), we get exponentially (a, h) — p-convex
function as follows:

f( (ta” +(1 - t)bp)l/P> M (t?q{ (@ hA=)F®)

b
el

For =1 and h(t) =¢t° in (6), we get exponentially
(s,m) — p-convex function as follows:

t'f(a) m(1-1t)f(b)

o + .

- (10)

f( (ta? +m(1 - t)bp)”"> <

e

For h(t)=t° in (6), we get exponentially

(s,m) — p-Godunova-Levin function of second kind as
follows:

1f@. m  f®)

+ .
£ e T (1-t) P

f((mp+m(1—t)bf’)”f’)g (11)

Form=a =1 and h(t) =1 in (6), we get exponentially
(p, P)-convex function as follows:

p\_Sf(a)  f(b)
£((ta+ - 007) ") <L 52 AR
For a =m =1, p=-1, and h(t) = (1/t) in (6), we get
exponentially Godunova-Levin type exponentially har-
monic convex function as follows:

f( T )<lf(a)+ LD (13)

th+(1-ta) t & 1-t v’

Fora=m =1, p=-1, and h(t) = (1/t°) in (6), we get
exponentially harmonic convex function as follows:

b 1 f(a) 1 (b)
f( ‘ )<_sfei12+ f

th+(1-t)a)  t (1—1)° o~

(14)

For p = -1 in (6), we get exponentially («, h —m)-HA-
convex function as follows:

f< ab )Sh(t“)f(a)+mh(1 —Wz"‘)f(b). s

tb+m(l-t)a e

e

For p=-1 and m =1 in (6), we get exponentially
(a, h)-HA-convex function as follows:

f( ab )Sh(t“)f(a)th(l—t“)f(b)‘ (16)

th+(1-ta e b

e

For p=-1,m=a=1, and h(t) =t in (6), we get ex-
ponentially HA-convex function as follows:

ab (@) (1-1f®)
f(tb+(1—t)a>S N P (17)

For p=-1 and h(t) =t in (6), we get exponentially
(a, m)-HA-convex function as follows:

f( ab ><t“f(a)+m(1—t“)f(b)_ (18)

th+m(1-t)a)~ € e

From now to onward, we will use the notation E » (a, h —
m) for exponentially (&, h —m) — p-convex function.

3. Inequalities of Hadamard Type for
E, (a, h —m) Function

Theorem 1. Let f: I c (0,00) — R be an Ep(oc,h—m)
positive  function as defined in Definition 5 and
felLlab],abel,a<b. Then, for (a,m) € (0, 112, one
can have fractional integral inequalities for operators (1) and
(2) as follows.

(i) For p>0, we have
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() Yo e (o) o 2,25 i ()

f(a) 21\ fO)\ (! -1y
{(@ (h(e) e+ Dy h< N )87> [ e (19)
YA VA IS A P LU | SRR
om{ D, 00k ) 5+ 2 o S [t
where &(z) = zVP, z € [aP, mbF], D, (5 ) T —nbm''? for n<o0, (ii) For p <0, we have

D, () =e " for n=0,D,(y) =e (“

") for >0, and
D, (1) = e for n<0.

N P Pt )
{(fbs( (e )f(a)+5>4( ym h< )fi?) JO £ (e de (20)
+m<®3(q)h( )fe— @4(q)mh<2a2;1)i((:::;)> j;f‘lh(l—t“)dt},

1/p a
where &(z) = zVP, z € [mbP,af], D, (1) = e~ nbm"'p for <0, f<(xP+myP) >Sh<1)f(x) +mh(2 _ 1>f(y)'

D,(n) =€ for 120, D,y(n) =€ n(aim'®) gor 7<0, and 2 2¢) " 2 e

D, (y) =e " for n=0. (21)
Proof. (i) By using (6), one can have the following For x= (ta? +m(1 -t)b?)""? and y = (tb? + (1 -1)
inequality: (a?/m))"'F in (21), we get

f<<M>I/P> gh(%) f( (ta? +m(1 - t)bp)l/p> . mh<2a _ 1) f( (b +(1-1) (ap/m))l/p) (22)

o1 ((taP4m (1-0)67)'"7) o1 ((tb7+(1-6) @?1m)) ™)

Multiplying the above inequality with t*~! on both sides
and integrating over [0, 1], we have

af + mbP\"P\ (1 1 1t771f< (ta? + m(1 - t)bl’)”P>
fll——— J tT*IdtSh<—a)J ] dr
2 0 2 0 o1 ((ta?+m(1-0p9) ")

+ mh<2a _ 1) Jl tT_lf( (0" +(1-1) (“P/rn))l/p> dr.

2 0 o1 (6P +(1=) (a? /)P

(23)

Set taf + m (1 — t)bP = x, that is, t = (mb? — x)/ (mb? —
aP) and tb? + (1 —t)(aP/m) = y, thatis, t = (y — (af /m))/
(bP— (aP/m)) in right hand side of the above inequality.
Then, after some calculations, one can obtain the first in-
equality of (19).
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On the other hand, by using (6) on the right hand side of
(22), one can obtain the inequality as follows:
| f((ta" fm(l- t)bP)”P) 1 f( (6" + (1~ 1) (aP/m))”P)
h<7) 1/ +m ( a ) 1/
2 eq((mmm(u)hp) ?) 2 eq((tb”ﬂl—t)(a"/m)) ?)
h(1/2%) o f(@) mh(1—t%)f (D) ”
o (h(t L g (24)
mh((2*-1)12%) () f®) mh (1—t%) f (a/m?)
o (07 +(1=0) (a? /) '7) et (natm?) ‘
Multiplying the above inequality with t*!, by inte-
grating over [0, 1], one can get
1\ (!,
D, (")h(z_“) Iot 1f( (ta? + m(1 - t)bP)“P)dt
2°-1\ (! , af
+§)2(;7)mh( - >j0t f((tb (1-t) E) )
1 (25)
s(‘bm)h( ENRALNE N (2 . l)f“’ ) [ e neyar
2 0
f(b) f(aim®) J ol 1 s
+ m( (r])h( ) +9,( ( = ) e h(1 - t%)dt.
Set taf + m(1 — t)b? = x, that is. t = (mb? — x)/ (mb? — (iii) In Theorem 1 (ii), if we put a=m =1, h(t) =1t,

aP) and tbP + (1 —t)(aP/m) = y, that is,
t = (y— (aP/m))/ (bP — (aP/m)) in (25). Then, after some
calculations, the second inequality of (19) is obtained.

(ii) Proof is similar as (i). O
Remark 2.

(i) In Theorem 1 (i), if we put a =m =1, h(t) =t,
n=0, and p=1, then Theorem 2 in [12] is
reproduced.

(ii) In Theorem 1 (i), if we put a=m=1, p=1,
h(t)=t,n =0, and 7 = 1, then classical Hadamard
inequality is reproduced.

aP + mbP\"'P 2 T
f<< 2 > )SF(T+1)(mbP—aP)

a P
- <$1 (n)h(%)(lf(a“mwwzrf °§) (mb) + D, (”)mﬁ1h<227“1)(1 (apmbryamy | f)<IL>>

omin( %
m<®1<n>h(21)f(b’+®2< i

()

n=0, and p=
reproduced.

-1, then Theorem 4 in [8] is

The other variant of the Hadamard inequality is stated
and proved as follows.

Theorem 2. Let the assumptions of Theorem 1 hold. Then, we
have the following inequalities.

(i) For p>0, we have

m

(26)

) () e

)l



where &(z) =zVF, z € [aP,mbF], D,(n), and D, (n) are

same as given in Theorem 1 (i).

a? + mbP\"* 2 T
f<< 2 >>SF(T+1)(aP—mbP)
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(ii) For p <0, we have

1 (25 =1, N
X<®3(n)h(?)(q(www)/zyf°f) (mb) + D, (m)m” lh( 2" >(I<<ap+mbp)/zm)*f f)<%>>

ey

where &(z) = 2P, z € [mbP,aP], D, (y), and D, (1) are

same as given in Theorem 1 (ii).

()h<

+m<s>3( )h( )f(b)+‘2>4() h(

(27)

IO [l () e

S ) [ -G

Proof. (i) For x = ((t/2)a? +m(1 — (t/2))b?)"'P and y =
((t12)bP + (1 = (t/2)) (a?/m))P in (21), we get

f( (1206 + (1 = (¢12)) (aPIm))"* )

() Yoz, ey

2 2%

Multiplying the above inequality with t*~! on both sides
and integrating over [0, 1], we have

2

28
¢ ((2ar sm(1-ar2)b) ) 2" o1 (2067 4(1~(212)) @ 1)) ) 2
o b\ (1 Lyt (@ e m - @)
-
/ ( ) Jot dtSh<2_“> ,[o ev(((t/Z)aP+m(Ht/z»bP)”P) dt
(29)

N 1f< ((t/2)bF + (1~ (8/2)) (ap/m))up>

dt.

2% -1
+mh( 5

Set (t/2)af + m (1 — (t/2))b? = x, thatis, (t/2) = (mb? —
x)/ (mbP —aP) and (1 - (¢/2)) (aP/m) + (t/2)bP = y, that is,
(t/2) = (y — (aP/m))/ (bP — (aP/m)) in right hand side of
the above inequality. Then, after some calculations, one can
obtain the first inequality of (26).

0 o1 (@267 +(1=(/2)) (aPIm))'?)

On the other hand, by applying the E,, (a,h —m) of f,
from right hand side of (28), one can obtain the following
inequality:

2" e’?(((t/Z)aP+m(1_(t/2))bp)1/p)

= N ((t/2):’+(ri/<?2/2>>w>”f’) (h<<2> ) d (a)

mh((2* - 1)/2%)

. WG
o1 (207 +(1112) (a? 1m))''P)

W5 )f (w2 +m(1 - w2p)'") R mh(

w1-()2)

2“— 1) f< ((t12)6" + (1 - (£/2)) (ap/m))l/p>

2% ¢! (((tr2)bP+(1~(t/2)) (aP1m))'P)

(
(1)) )
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Multiplying t! on both sides of (30), then by inte-
grating on [0, 1], one can get

b
M<@1(f1)h<21 )L )+s>2<n>mh(

Set (t/2)af + m (1 — (t/2))b? = x, thatis, (t/2) = (mb? —
x)/ (mb? —aP) and (1 - (t/2)) (a?/m) + (¢/2)bP = y, that is,
(t/2) = (y — (aPIm))/ (bP - (aP/m)) in (31). Then, after
some calculations, the second inequality of (26) is obtained.

(ii) Proof is similar as (i). O

Remark 3.

(i) In Theorem 2 (i), if we puta =1=m, n =0, p>0,
and h(t) =t, then Theorem 2.1(i) in [36] is
reproduced.

(ii) In Theorem 2 (ii), if we puta =1 =m, n =0, p<0,
and h(t) =t, then Theorem 2.1(ii) in [36] is
reproduced.

(iii) In Theorem 2 (i), if weputa=1=m, p=1,41=0,
and h(t) =t, then Corollary 2.1 in [36] is
reproduced.

/ ((%)v (g &) (mb?)

<D, (h( 55 ) (T Fg28) (mb?) + D, (ﬂ)m”lh<2 -

mp—aPT a
L (2on)

0

R CUTERIE

2—1)
e

+9,(n) h(

(31)

2 o
) [ e

Remark 4. From Theorems 1 and 2, one can deduce results
for convex, exponentially  convex, Ep (1,1;-1),
E,(1,1;-m), Ep(l,l'z -1, E,(a1;-m), Ep(l,h -m),
and E, (1,h - 1) functions.

4. Fejéer-Hadamard Type Inequalities for
E,(a, h —m) Function

Theorem 3. Let f: I — R be an E, (o, h —m) positive
function  as  given in  Definition 5  and
f((af + mbP —x)/m) = f(x),a,bel,a<b, m+0. If
g: I — Riisapositive function and f, g € L, [a, b], then one
can have fractional integral inequalities for operators (1) and
(2) as follows.

(i) For p>0, we have

e son(%)
) f (b))

(32)

x Jl tT_1g< (ta® +m(1 - t)bp)”p>h(t“)dt

2% -1 f(a/mz)
> (mm h( )  (rain?) >

1
X IO tHg< (ta? +m(1 - t)bp)”P)h(l - t“)dt},
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where &(z) =zVP, z € [aP,mbP], fgo&= (fo&)(g-f), (ii) For p <0, we have
D, (), and D, (n) are same as given in Theorem 1 (i).

f<<ap Zmbp)”}’) (55 g8) (mb)

<§>3(’7)h< )(IaP’fg 5)(mbp)+$4(’7)mﬂlh<

L (2ol P om(

o sa-0(%)
)f (b))

(33)
1
X JO tT_1g< (ta? +m(1 - t)bp)”p>h(t“)dt

o / 2
() L2 w2 )
e

1
x JO £ 1g< (ta? +m(1 - t)bf’)”f’)hu - t“)dt},

where &(z) = 2P, z e [mbP,aP], fgo&= (fo&)(ge),  Proof. (i) Multiplying (22)byt™'g((ta? +m(1 —t)bP)"'F),
D; (1), and D, (1) are same as given in Theorem 1 (ii). then making integration on [0, 1], the following inequality is
yielded:

1/p
f<<aP +2mbP) > Jl thg( (mp +m(l - t)bp)l/P)dt
0

1
=2 (”)h<zl_“> I e £ (a4 m (1= 067) " Y (ta” 4 m(1 - 067)"" )at (34)
0
@ _ 1 p\ /P
+D, (ri)mh(2 5 1) J tT"f((tbP +(1- t)%) )g((tap +m(1- t)bP)“P)dt
0
For taf +m(1 —1)bP = x, that is, (1 —1)(aP/m) + tbF = Now, multiplying g ((ta? +m(1-1)b?)"?) with

((aP + mbP — x)/m) in (34) and then utilizing condition (24) and integrating over [0, 1], we have
f(x) = f((af + mbP — x)/m) and equations (1) and (2), the
first inequality of (32) can be achieved.

D, (’1)h<2ioc> J; tT_1f< (ta? +m(1 - t)bp)l/P>g< (ta’ +m(1 - t)bp)l/p>dt

1/p
+ @z(ﬂ)mh<2 . 1>j t”f<<tbp +(1 —t)%p) >9<(tap +m(1 —t)bP)l/p>dt
0
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(o) mion(5 2
<@()h( ), i 7).

Again,  setting ta’ +m(1-1t)b? =x, that is,
(1 =1t)(a?/m) + tb? = ((a? + mbP — x)/m) in (35) and uti-
lizing condition f (x) = f ((a? + mb? — x)/m), then by us-
ing definitions (1) and (2), one can get second inequality of
(32).

(ii) Proof is similar as (i). O

e

Remark 5.
(i) In Theorem 3 (i), if we put a =m =1, h(t) =t,
g(x)=1,n=0,and p = 1 then Theorem 2 in [12] is

reproduced.

(ii) In Theorem 3 (i), if we put a=m=1, p=1,
h(t)=t, g(x)=1, =0, and 7=1, then the
Hadamard inequality is reproduced.

(iii) In Theorem 3 (i), if we put a=m=1, p=1,
h(t)=t, n=0, and 7v=1 then classical

Fejér-Hadamard inequality is reproduced.

a? +mbP\'"?\ , |
f<(f> (I((aP+mbP)/2)+g°€) (mbp)

9
“g( (o +m(1 - 0p)" Y (t)ae
? (35)
g:}) J; t“g( (ta” +m(1 - t)bP)”P)hu —t%)dt.
(iv) In Theorem 3 (ii), if we put a =m =1, h(t) =t,

g(x)=1,1=0,and p = -1, then Theorem 4 in [8]
is reproduced.

(v) In Theorem 3 (ii), if we put a =m =1, h(t) =t,
n=0, and p=-1 then Theorem 5 in [8] is
reproduced.

The second variant of the Fejér-Hadamard inequality is
stated and proved as follows.

Theorem 4. Let the assumptions of Theorem 3 hold. Then, we
have the following inequalities.

(i) For p>0, we have

1\, . (25 =1\, . a?
<, (ﬂ)h<27>(1((ap+mbp>/z)*fg ° f) (’“bp) + D, (n)m 1h<2a)(1((a1’+mb1’)/2m) fge f)<m)

sitn (77 {2 mom(F) )
o)) WG J o on7) 52
)

~

ool

(36)

G e | M (R (B Ty R TR

where &(z) =zVP, z € [aP,mbP], fgo&= (fo&)(g-é),
D, (1), and D, (1) are same as given in Theorem 1 (i).

p b 1/p .
/ < (%) >(I (arsmbryiay 9 °8) (mbF)

(ii) For p <0, we have

1\,.. e (25=1\, a?
<D (”)h(z_“>(1 (arsmbryay £9°8) (mbF) + D, (m)m lh(z—“>(1 (ar+mbr)y2my S 9 ° E)(E)
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() (2 2

ool G

(1) () e e () 0
)
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)

(37)

e = I (GRS R (RO}

where &(z) =27, z € [mbP,aP], fgo&= (fo&)(gef),
D, (1), and D, (1) are same as given in Theorem 1 (ii).

Proof.

(i) Multiplying (28) by " 'g(((t/2)a? +m
(1 - (t/2))bP)VP) and integrating over [0, 1], the following

inequality is yielded:

() )G emle-5)” o

cou () (oo ) (- Y
msom( ) (o4

Setting (t/2)af + m(1 — (t/2))b? = x, that is
(1= (t/2)) (a?/m) + (t/2)b? = (a? + mbP — x)/m in (38)
and using condition f(x) = f ((a? + mb? — x)/m) and the
definitions (1), (2), one can get first inequality of (36).

s ) (ol G

(38)

o) el om0 5p) Yo

Now, multiplying t*'g(((t/2)a? +m (1 - (t/2))bP)"P)
with (30) and integrating over [0, 1], we have

(
+i‘)2(r1)mh<2 _1>J0t”f(<;b1’+ 1—;)Z)I/P>g<(£ap+m<1—;)bp)w>dt

(39)

(
< (o) L2 (55 L2
(o) s ) [ (o) )

(ii) In Theorem 4 (ii), if we put a=1=m, p<O0,
g(x)=1,1=0, and h(t) = t, then Theorem 2.1(ii)

Again  for (t/2)af + m(1 — (t/2))bP = x, that is,
(1= (t/2)) (aPIm) + (t/2)bP = (a? + mbP — x)/m in (39)

and the utilizing condition f(x) = f((a? + mb? — x)/m)
and equations (1) and (2), the second inequality of (36) can
be achieved.

(ii) Proof is similar as (i). O

Remark 6.
(i) In Theorem 4 (i), if we put a=1=m, p>0,
g(x)=1,1n=0,and h(t) =t, then Theorem 2.1 (i)
in [36] is reproduced.

in [36] is reproduced.

(iii) In Theorem 4 (i), if we put a=1=m, p=1,
g(x)=1,1=0,and h(t) =t, then Corollary 2.1 in
[36] is reproduced.

Remark 7. From Theorems 3 and 4, one can deduce results
for convex, exponentially convex, E,(1,I;-1),
Ep(lald - m): EP (l»h - 1)) EP ((x: Id - m): EP (l»h - m):
and E, (1,h - 1) functions.
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4.1. Results for E,, (h — m) Function. For a =1 in Theorems  Theorem 5. With the same conditions of Theorem 1, for
1-4, one can obtain the results for E, (h —m) function: E,(h—-m) functions, the following inequalities hold:

(i) For p>0, we have

1 p bP Vp r 1 - T+1 /7T P
hmg((“ ) ><(mb(5 (o ren e s oo @, o5(5)

sr{(a(mfeﬁ) , ("L “”)jo e (e (40)

2
+m<s> (11)f( ) @z(q)mf(“/m )>Jlf‘1h(1—t)dt}.
e 0

(qa/mz)

(ii) For p <0, we have

1 P+ mbP\"P I(r+1 . s P
)’ <<a B ) )S(af’(—T ;bl)f@“”)(’apf °£) (mb”) + D, ()m 1(Ibmfoaf)&))
b)
K%(’“ﬂa >, o’ )Io " (41)

2
+m<§) (q)f( ) ®4(11)mf(a/m )>JltT_lh(1—t)dt}.
e 0

(qa/mz)

Theorem 6. With the same conditions of Theorem 2, for (i) For p>0, we have
E,, (h—m) function, the following inequalities hold:

1 ab + mbP\'"? 2 T . 5 1l vt af
h(1/2)f < ) > <I'(r+ 1)<m> <§31(W)(I((ap+mhp)/2)+f°f) (mb?) + D, (mm (I((aPerbP)/Zm)’foE)(;))

<ol 20 L e o, 0m I [ () (42)

110) flam®)\ (* . ¢
+m<®1(’1)eqb+$2(’7)me(w/mz) jot h<1_5)dt .

(ii) For p <0, we have

1 a? + mbP\"? 2 T . . af
h(1/2)f<< 2 > )SF(TH)(W) <®3(”)(I((apmbﬁ)/zrf"f)(mbp)+94(’7)m (T arsmboyyamy £ © £)<m))

<ol 2 L 2.0 LD [ () (43

)L Flatm? )\ [ n )t
+m<® 2 pm S jot h(l—z)dt.
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Theorem 7. With the same conditions of Theorem 3, for (i) For p>0, we have
E,, (h—m) functions, the following inequalities hold:

! at + b\ " I b)) <D, (n) (I b))+ D I @
h(1/2)f ( B ) (Ip-g° &) (mb") <D, (1) (I fg 2 &) (mb?) + D, (m)m( bpfg"f)(;)

(mb? - aP)’ f(a) f(b) p
T D, ()~ + D, (1)m JO g< (ta? + m(1 - t)bF) )h(t)dt (44)

2
+m<®1 (11)%+ Qz(ﬂ)mf(a/m )> Jl t771g<(tap +m(1 —t)bp)llp)h(l - t)dt}.
e 0

e (natm?)

(ii) For p <0, we have

aP + mbP\ P " , aP
h(1/2) ( ) I, go&) (mb") <Dy () (I fgo&) (mb”) + Dy (nym (I fgo f)( )

P _ bPT b N
S(QF(T))‘K% f m )jot 1g<(tap+n1(1—t)bp)l/P)h(t)dt (45)

2
g ( )f(b) + @4(’7)mf(a/m2) Jl tT_lg< (tap + m(l _t)bp)l/p>h(1 - t)dt .
e (naim?) 0

Theorem 8. With the same conditions of Theorem 4, for (i) For p>0, we have
E,, (h—m) functions, the following inequalities hold:

1 ab + mbP\ "' .
h(1/2) f(( 2 ) >(I((u1’+mw)/z)*9 ° f) (Mbp)

P
=D (’7)( ((aP+mbP)/2)" fg° f)(Mbp)"'gZ(”)mm( (aP+mbP)/2m)fg°f)<(:n>
1 (mbP —af\" f(a) f(b) t t Up\ st
m( 2 ){(9 ) g~ + D2 (m )Jt 9((5““"‘(“5)“’) )h@‘”
f( ) f(a/mz) 1 ¢ ¢ 1/p ¢
+’ﬂ<® () =5~ + Dy ()m ) Iot 1g<<2a1’+m<1—2>b1’) )h<1—2>dt :

(ii) For p <0, we have

(46)
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h(11/2) s < (ap +zmw)”p>(1 (a9 °€) (mb")

< D3 (L@t smry £928) (mbF) + Dy (0™ (I sooyyomy £ © 5)(%)
crta(“7 ) {2 G e o2 [ (oo 5) P
+m<®3( )f(b) %M)m%) J;t”g«; Pem(1- )bp) >h<1—£>dt}.

4.2. Results for E, (a« — m) Functions. For h(t) =t in Theo- ~ Theorem 9. With the same conditions of Theorem 1, for
rems 1-4, one can obtain the results for E,(a-m) function E,(a-m) functions, the following inequalities hold:
as follows.

(47)

(1) For p>0, we have

1/
2rxf<(ap+mbp) P>S I(r+1) T(gl(”)(l‘i’”fof)(mbp)+92(’7)m”1(2“—1)(Igp_fo§)(%p))

2 (mbf - a?)

b
S${< l(n)f( D o, (Pm (2" —1)f( )> (48)

(2.0 Leme o L))

(ii) For p <0, we have

2«f<<ap+szp)1/P> (E(Hl)) (i‘>3<n>(1apf °£) (mb") + Dy (™ (2 = 1) (I}, f E’(ﬁ))

< {(%(n)f 1@ o, pme - 1)L (b)) (49)

T+«

I
L ma <$3(’7)];(11;)+m(2a_1)$4(’7)f(a m2)>}'

T+o e(na/m)
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Theorem 10. With the same conditions of Theorem 2, for (i) For p>0, we have
E, (a —m) functions, the following inequalities hold:

P p\ /P T
2f<(a Wb) )f“””(ﬁ)

p
X (@1 (n)(IE(aPerhl’)/z)*f ° E) (Mbp) + Q2 (n)mﬁ—l (za - 1)(I€(ap+mbp)/2m)' f ° E) (a_>)

m
(50)
b
SZOC(TT+(X)< l(ﬂ)f( )+®2(’1) & )f( )>
: £t f(atnr’)
m(lﬁx (g 2 0m( ) wm)
(ii) For p <0, we have
« a? +mbP\"'"? 2 T
2 f<< - ) >Sr(”1)<r—mw>
p
X(Qa(ﬂ)(lz(apmbp)/z)f"f) (mb”) + @4(’7)7”1+1 (2%~ 1)(11(—(aP+mbP)/2m)*f°f)(%
(51)
b
S2"C(TT+06)( 3(’7)f( )+§> (pm (2* _l)f( ))
4 £ ) « o flam’)
+m<1 —21.(T+“)><®3(7]) Wb ®4(7’l)m(2 - 1)W .
Theorem 11. Under the assumptions of Theorem 3, for (i) For p>0, we have
E, (a—m) functions, the following inequalities hold:
2 f<(““”“" ) >(12p+g°f)(mbp)
p
<D0 (1 fa () + D5 o™ (@ - ) e 1252
(52)
(Q (n)f( )@, (pm (2 - )J;g’;)>(1;;f‘gog)(mbp)
b /m?
+m<s> <n>f ) s o, (pm(* - 1) ((ZaZZ))>((IZP+g°5) (mbf) ~ (1537 g o &) (mbP)).
e

(ii) For p <0, we have
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2 f<<a + mbP ) P)(Iap go &) (mb?) <D, () (I, fgo&) (mb) + D, (nm™" (2 1)(1Zp+fg°£)(§>

g<s>3< 1L s, 0im (“—1)67>(1;:f‘g

om0

Theorem 12. With the same conditions of Theorem 4, for
E, (a—m) functions,

o+ Dy (m m(2" -

F®) 2 &) (mb”) (53)

n? ((ZZZ))) (T 9°8) (mb?) = (159 &) (b)),

(i) For p>0, we have

o aP + mbP Vp . p T » T+1 T a’
2°f 2 (I((apmbp)/z)*g" f) (mb") <D, (W)(I((aumbp)/z)*fg ° 'f) (mb") + D, (mm™ (2 - 1)(1((ap+mbp>/zm)’ fa °£) m

1
S270¢<®1 (ﬂ)fga

+D, (pm(2° - 1)

(ii) For p <0, we have

b T+Q
+D, (nm (2 1)%)(1 (ab+mbP)/2)* 9 © E)(mbp)+m<£b (="

f (b)

a ab + mbP\VP ] D
7S < <f) (I((aPerbP)/z)* g f) (mbp)

P
<D, (ﬂ)(IE(aMmbP)/z)’ fg° f) (mbp) +9, (ﬂ)mm (2% - 1)(1((al’+mb1’ )2m)* +fge £)<a )

<®3(n)f(a)+®4(f7) (2° —l)f(b))(

+D, (nm (2% - )

Remark 8. From Theorems 1-4, one can deduce results for
exponentially  (a, h) — p-convex function, exponentially
(s,m) — p-convex function of second kind, exponentially
(s,m) — p-Godunova-Levin-convex function of second kind,
exponentially (p, P)-convex function, Godunova-Levin type
exponentially harmonic convex function, s-Godunova-Levin
type exponentially harmonic convex function, exponentially
(a, h — m)-HA-convex function, exponentially (a,h)-HA-
convex function, exponentially HA-convex function, and
exponentially («, m)-HA-convex function.

5. Conclusion

The Hadamard and the Fejér-Hadamard inequalities for
Riemann-Liouville fractional integrals are proved by ap-
plying a generalized class of functions. Two fractional

ey 99 E) () + m(ss L ®

alm®
i((na/mz))>((lz(ul’+mhl’)/2 “g° E) (’”bp) 21 (I((uP+mbP y2)r9g° f)(mb")).
(54)
(55)

f(b)

) ( )><(I((“”+mb">/2 g° 5)(mbp) (ngmb?’)/z 9 °f)(’”bp)>'

versions of the Hadamard inequality lead to almost all
variants of such inequalities already published by different
authors using various kinds of convex functions. Hadamard
type inequalities for some new classes of functions are also
given. Two fractional versions of the Fejér-Hadamard in-
equality are also proved which appear as generalizations of
the Hadamard inequalities. By using the generalized con-
vexity defined in this paper, one can obtain extensions of
other classical integral inequalities hold for convex and
related functions. It is also possible to establish these in-
equalities for many kinds of integral operators already
existing in the literature.
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