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Emergence and development of computational intelligence
in the last 20 years have broadened the scope of simulation
and modelling in many scientific and engineering disciplines. In conjunction with the 2013 International Conference
on Information Technology, Computation and Applications
(ICITCA2013) held in Hohhot, China on August 6–8, 2013,
an open special issue on “Intelligent Techniques for Simulation and Modelling (ITSM)” in Mathematical Problems
in Engineering (MPE) was organized for publishing highquality papers selected from both the conference and open
submissions. In total, fifty-three papers were submitted to this
special issue through MPE’s online submission system by the
closure. Contributors were from more than 70 institutions in
Australia, Brazil, Canada, China, India, Iran, Mexico, Serbia,
Spain, and USA. After rigorous peer review of each of these
submissions, thirty-two revised papers were accepted for
publishing in this special issue. Depending on the completion
time of revision and final editing, these papers have been
published progressively since September 2013.
An engineering or a scientific problem is often based
on some physical natures. To solve such a problem, we
need to formulate the problem as a mathematical model
in terms of variables, functions, and equations. The process
of creating such a model, solving it, and interpreting the
result in physical, chemical, geometric, engineering, or other
terms is modelling. Such a model is likely comprised of a
number of unknown factors, such as temporal and spatial
constraints. By varying one or more of these unknown factors
within the limits, different outcomes can be generated from
the mathematical model and/or solution. These outcomes

correlate to different physical, chemical, geometric, engineering scenarios. This model-based iterative mathematical
computation is simulation. Modelling and simulation are two
different but closely related approaches in many disciplines,
which are illustrated in Figure 1 [1].
Many techniques play important roles in the stages of
finding solutions for and interpreting the solutions for different purposes from the simulation and modelling process.
Commonly used techniques in simulation and modelling
include statistics, intelligent methods, numeric computations, experiments, and combinations [2–6]. Popular and
emerging applications of simulation and modelling include
systems control, forecasting, scheduling or planning, network
security, and various optimizations [7–10]. All these techniques and applications are found in the 32 accepted papers
in this special issue.
Categorically, there are six papers in adaptive or optimal
control of various systems. Pedroso et al. presented an adaptive control that integrates two linear control strategies for the
stepdown converter. Hong and Cheng designed a predictive
control algorithm based on the Kalman filter for constrained
Hammerstein—Wiener systems. Liu et al. studied the mathematical model of the machine directional register system
for the multicolor gravure printing machines in order to
improve the control accuracy of the register system. Mo et
al. presented a new behavior-based fuzzy control method for
mobile robot navigation which can deal with uncertainties
in unknown environments and has the ability to accommodate different behaviors. Prema et al. described the design,
modeling, simulation, control, and implementation of an
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Figure 1: The procedure of modelling and simulation (modified from [1]).

intelligent system for controlling the teleoperated agricultural
vehicle. Zhou and Chen proposed a sliding mode control
scheme for near space vehicles with strong nonlinearity, high
coupling, parameter uncertainty and unknown time-varying
disturbance based on radial basis function neural networks
(RBFNNs) and the nonlinear disturbance observer.
The five papers in scheduling, planning, and resources
allocation include the paper on a new pruning strategy for
search based planning and its realisation through numeric
approximation by Cai et al., the paper on a new algorithm for
phase transitions of the planning problem by Zhou et al., the
paper on crop yield forecasting using neural network models
by Guo and Xue, the paper on a new similarity-based link
prediction algorithm for social networks by Dong et al., and
the paper on a new method for learning resources allocation
or recommendation by Wang et al. There are nine papers that
proposed new algorithms for feature detection, extraction,
or reconstruction in digital data and image processing contributed by Feng et al., Zhao et al., Wang et al., Zhang et al.,
Wang et al., Li et al., Zhang et al., Liu et al., and Su et al.,
respectively.
The four papers in encryption and security in digital
data storage and communication networks are contributed
by Zhu et al. on an effective structural attack to deanonymize
social graph data on social networks, Rahuman and Athisha
on a new reconfigurable architecture for elliptic curve cryptography using FPGA, Li and Fu on a new scalable model
for the design of p-cycles with the differentiated levels of
node protection for communication networks, and Yin et
al. on a new efficient cloud storage system to protect and
recover data in cloud environment. The remaining eight
papers in optimization algorithms for various applications
were contributed by Liu et al., Liu et al., Wang et al., Liu
et al., Moreno-Salinas et al., Zhang et al., and Liu and Yu,
respectively.
All these papers have made new contributions to the
broad area of modelling and simulation.
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Our recent study using historic data of wheat yield and associated plantation area, rainfall, and temperature has shown that
incorporating statistics and artificial neural networks can produce highly satisfactory forecasting of wheat yield. However, no
comparison has been made between the outcomes from the spatial neural network model and commonly used temporal neural
network models in crop forecasting. This paper presents the latest research outcomes from using both the spatial and temporal
neural network models in crop forecasting. Our simulation shows that the spatial NN model is able to predict the wheat yield with
respect to a given plantation area with a high accuracy compared with the temporal NARNN and NARXNN models. However, the
high accuracy of the spatial NN model in crop yield forecasting is limited to the forecasting of crop yield only within normal ranges.
Users must be cautious when using either NARNN or NARXNN for crop yield forecasting due to their inconsistency between the
results of training and forecasting.

1. Introduction
Crop yield forecasting plays an important role in farming
planning and management, domestic food supply, international food trade, ecosystem sustainability, and so on [1–3].
For instance, China has the largest population in the world
but with limited agricultural land so accurate crop forecasting
helps the government provide sufficient food supply to the
people. Australia has a small population with vast agricultural
land so its concern on crop production is how to optimize revenue from international crop export to countries like China.
There are many factors that have an influence on crop
yield, such as plantation area, efficiency of irrigation systems,
variations in rainfall and temperature, quality of crop seeds,
topographic attributes, soil quality and fertilisation, and
disease occurrences [4–8]. Crop growing follows seasonal
cycles but many of the factors above are largely irrelevant
to the temporal factor. For example, plantation area, rainfall,
fertilising, and disease occurrence vary yearly; efficiency of
irrigation systems, quality of crop seeds, and soil quality may
be improved or degraded from year to year; and topographic

attributes may largely remain the same for a long period of
time.
Effort has been made in using either statistics to identify relationships or neural networks to establish mappings
between crop yield and some of these factors [4–10]. Our
recent study using historic data of wheat yield and associated
plantation area, rainfall, and temperature in Queensland,
Australia, has shown that incorporating statistics and artificial neural networks can produce a high level of satisfactory
forecasting of wheat yield [10]. The neural network employed
in this study was a spatial model that treats the wheat
plantation areas and yields as mutual mappings, rather than
yearly time series. Doubts have been raised about the lack of
comparison between the outcomes from this spatial neural
network model and commonly used temporal neural network
models in crop forecasting. To address this issue, using
the wheat yield in Queensland as a reference, this paper
presents our research outcomes from using both the spatial
and temporal neural network models in crop forecasting.
Comparison and discussion are made in terms of their
usefulness in crop yield forecasting.

2

Mathematical Problems in Engineering
Hidden layer with delays
y(t)

1:5

w

w

+

1

1

Output layer

b

b
10

x(t)

1:5

w
y(t)

1

2. Neural Network-Based Forecasting Models
2.1. Nonlinear Autoregressive Neural Network (NARNN)
Model. Nonlinear autoregressive (NAR) is a widely used
statistical forecasting model for time series [15, 16]. The
forecasting model takes the form as follows:
𝑦 (𝑡) ≈ 𝑓 (𝑦 (𝑡 − 1) , 𝑦 (𝑡 − 2) , . . . , 𝑦 (𝑡 − 𝑑)) ,

(1)

where 𝑦(𝑡) is the forecasted output and 𝑓 is an unknown
function of 𝑑 previous known outputs. Traditionally, function
𝑓 is determined by statistical optimization processes, such as
the minimum mean square method.
The feedforward neural network has been used to establish NAR models, in which the traditional function 𝑓 is
replaced by a number of neurons that work together to
implicitly approximate the same functionality [11, 17, 18] as
𝑦 (𝑡) ≈ 𝑓 (𝑦 (𝑡 − 1) , 𝑦 (𝑡 − 2) , . . . , 𝑦 (𝑡 − 𝑑))
𝑑

= ∑𝑏𝑖 𝜓 ( ∑𝑎𝑗𝑖 𝑦 (𝑡 − 𝑗)) ,

(2)

𝑗=1

where 𝜓 is the transfer functions; 𝑎𝑗𝑖 denotes the input-tohidden layer weights at the hidden neuron 𝑗; and 𝑏𝑖 is the
hidden-to-output layer weight.
This is a time-delay and recurrent neural network model.
The input is the known time series which is fed to the hidden
layer as input according to the number of time delay. This
model is visually illustrated in Figure 1.
2.2. Nonlinear Autoregressive with External Input Neural
Network (NARXNN) Model. Nonlinear autoregressive with
external input (NARX) is a modified NAR model by including another relevant time series as extra input to the forecasting model [19–21], which can be expressed as
𝑦 (𝑡) ≈ 𝑓 (𝑥 (𝑡 − 1) , 𝑥 (𝑡 − 2) , . . . , 𝑥 (𝑡 − 𝑑) , 𝑦 (𝑡 − 1) ,

1:5

(3)

where 𝑥[𝑡] is the external input to the forecasting model with
the same number of time delay as 𝑦[𝑡].

Output layer
w

+

b

b

1

1

This is a comparative study between two types of NNbased forecasting models so our strategy is to focus on
examining the performances of existing models that have
been applied to forecasting, rather than introducing new forecasting models. Readers who are interested in fundamentals
of NN forecasting can refer to [9–14] for details.
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Figure 1: Structure of NARNN with 10 hidden neurons and 5 delays.
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Figure 2: Structure of NARXNN with 10 hidden neurons and 5
delays.

Similarly the feedforward neural network is able to
establish NARX models, which can be expressed as
𝑑

𝑦 (𝑡) ≈ ∑𝑐𝑖 𝜓 ( ∑ (𝑎𝑗𝑖 𝑥 (𝑡 − 𝑗) + 𝑏𝑗𝑖 𝑦 (𝑡 − 𝑗))) ,
𝑖

(4)

𝑗=1

where 𝜓 is the transfer functions; 𝑎𝑗𝑖 and 𝑏𝑗𝑖 denote the inputto-hidden layer weights at the hidden neuron 𝑗; and 𝑐𝑖 is the
hidden-to-output layer weight.
This time-delay recurrent neural network model uses two
known time series as independent inputs to the hidden layer
according to the same number of time delay. This model is
visually illustrated in Figure 2.
2.3. Spatial Feedforward Neural Network Forecasting Model.
Multilayer perceptron (MLP) model belongs to feedforward
neural networks. In terms of functionality, MLP has no
difference from the neural networks used in both NARNN
and NARXNN models if the input is time series. Additionally
MLPs have been proven to be able to approximate any
continuous function by adjusting the number of nodes in
the hidden layer [12], with numerous cases of successful
applications [13, 14, 22–24]. Figure 3 illustrates the general
structure of a three-layer MLP with one hidden layer of 𝐿
nodes, a 𝑝-dimensional input vector X, and a 𝑞-dimensional
output vector Y. The relationship between the input and
output components for this MLP can be generally expressed
as
𝐿

𝑦𝑘 = 𝜑 ( ∑ 𝑏𝑘𝑗 𝜓 (∑ 𝑎𝑗𝑖 𝑥𝑖 )) ,

(5)

𝑗=1

where 𝜑 and 𝜓 are the transfer functions; 𝑎𝑗𝑖 denotes the
input-to-hidden layer weights at the hidden neuron 𝑗; and 𝑏𝑘𝑗
is the hidden-to-output layer weights at the output unit 𝑘.
There are at least two relevant time series used in the
NARXNN model, the internal series 𝑦[𝑡] and external series
𝑥[𝑡]. Time series analysis emphasises on the appearance
of consecutive events. However, for example, in crop yield
forecasting, the current plantation area should have a much
higher impact on the forthcoming crop yield than the historic
yields of any past years.
Treating crop yield and plantation area as a correlated
pair, MLPs have been used to approach the nonlinear relation
that may exist between the two sequences in a correlated
“spatial” manner [9, 10], rather than a correlated temporal
mode. This has resulted in some encouraging outcomes.
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3. Crop Data for Neural Network Simulation
3.1. Historic Crop Data. The Queensland historic wheat
plantation area in hectare and wheat yield in ton from 1861
to 2007 are extracted from the report of Australian Bureau of
Statistics [25], which gives a total of 135 entries over the past
147 years. Both plantation area in hectare and wheat yield in
ton are listed in their approximated absolute values each year
in the original data. We normalise both factors with their ceilings in the order of millions. The ceiling for plantation area is
13 million hectares and that for wheat yield is 20 million tons.
Plot of these two normalised factors is shown in Figure 4(a).
After two rounds of outlier detection and exclusion, a thirdorder polynomial correlation has been defined as
𝑤 = 0.8197𝑎3 − 0.5102𝑎2 + 0.8511𝑎 − 0.0073,

(6)

where 𝑤 represents the normalised annual wheat yield and
𝑎 is the normalised plantation area. This correlation fits the
filtered data well (Figure 4(b)) with a coefficient of 0.9904.
This nonlinear correlation indicates that, through properly
training, a neural network system can be used to approach

such nonlinear relation between the crop production and
plantation area.
3.2. Data for Training and Testing Neural Network Models.
Neural network training requires a sufficient amount of data
for achieving a high reliability. For MLPs, since temporal
factor does not play any role in correlation (6), this correlation
can be used to generate more data without changing the
general trend. By keeping the same pattern, a moving window
operator with different sizes is repeatedly applied to these
cleaned data so as to generate more entries to fill the gaps
where the original entries are scarce. The final data to train
and test the selected neural networks are compiled by mixing
the cleaned and regenerated entries together.
For both NARNN and NARXNN models, such data
expansion cannot be applied because the training data must
be a sequence ordered by time. Among the 135 datasets, the
first three are with an interval of 5 years and thus excluded
from both NARNN and NARXNN training and testing. Time
series data for NARNN model is the normalised annual wheat
yield by the corresponding plantation area because NARNN
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Table 1: Statistical results of neural network training and testing.
Training

Testing

𝑁

MSE

𝑅

𝑁

MSE

𝑅

MLP (100)

329

0.0001

0.9996

40

0.0001

0.9943

MLP (200)
NARNN (5 d)
NARNN (10 d)

329
105
105

0.0001
0.1035
0.0069

0.9998
0.9682
0.9753

40
20
20

0.0001
0.0231
0.0188

0.9981
0.8800
0.9298

NARXNN (5 d)
NARXNN (10 d)

105
105

0.0174
0.0271

0.908
0.8574

20
20

0.0528
0.0628

0.6945
0.6801

takes only one time series as the input. To some extent, this
normalised series actually absorbs the effect of plantation
area on crop yield into the forecasting. For NARXNNs, the
normalised annual wheat yield by wheat ceiling is the internal
input 𝑦[𝑡] and the normalised plantation area by plantation
ceiling is the external input 𝑥[𝑡]. If the normalised wheat yield
by plantation area is used as the internal input 𝑦[𝑡], the effect
of plantation area on wheat yield will be doubly accounted in
the forecasting.

4. Results of Neural Network Simulation
Two MLP models are used for training and simulation.
By running the process ten times with both the 100-node
hidden-layer MLP and 200-node hidden-layer MLP, the
simulations produce a highly satisfactory average outcome
for both training and testing (Table 1). The difference is
that the latter achieves a slightly lower MSE and a higher
correlation than the former but both show a high consistency
between the results of training and simulation or testing.
Two NARNN models are also used in training and
simulation. Both models have ten hidden neurons but with
5 delays and 10 delays, respectively. Running ten repetitions
for each model has resulted in a fairly satisfactory outcome
on average shown in Table 1. Since the model changes
data partition for training and testing dynamically between
separate runs, a highly satisfactory outcome from training
does not always produce a highly satisfactory outcome from
testing. In general, the result of simulation is always inferior to
that of training, with the 10-delay model performing slightly
better than the 5-delay model. Similar trends are found from
the results of training and testing the two NARXNN models,
whose performance is even worse than that of NARNNs
(Table 1).

trained and tested with multiple crossing validations. Since
the original data have been cleaned, in theory the MLPs
should only be effective for crop forecasting of any “normal”
year.
NARNNs exhibit a highly satisfactory performance in
training but the simulation is highly dependent on the
selection of testing dataset; hence, the range of forecasting
error is large. This indicates that a well trained NARNN
model is not able to produce consistently accurate forecasting. This inconsistency between the training and testing is
clearly illustrated in Figure 5. Our experiments also show that
changes in number of hidden neuron and length of delay
(>3) for NARNN do not make significant improvement to
the performance of forecasting. Although the NARNNs are
not consistent in forecasting, they use the whole data without
excluding “abnormal” datasets in both training and testing.
This is a complement to MLPs to some extent.
NARXNNs exhibit similar inconsistent patterns between
training and testing but even worse than NARNNs (Figure
6). This may be caused by the double impacts on forecasting
exerted by the “anomalies” in both the wheat yield series and
plantation area series, which were not excluded through data
cleaning.
Data cleaning for both NARNN and NARXNN is very
challenging since both models use time series as the input.
Excluding some temporal events will leave irregular gaps
in the time series, which in turn influences the training
and testing. The other possible reason that contributed to
the inconsistency between the training and testing of both
NARNN and NARXNN may be the inadequacy of the
historic data in this case. Since we cannot artificially create
extra yearly crop yields, like using interpolation to generate
extra spatial datasets [9, 26], using time series based NN
models to forecast crop yield may be immature at this
stage.

5. Discussion
In terms of consistency between the performances of training
and testing using the same model, MLPs are able to achieve
the highest consistency and hence produce the best simulation results among the three forecasting models. This is
mainly because the data used to train MLPs have been subject
to outlier cleaning, which means the abnormal wheat yields
outside the statistical trend have no impact on the training
and testing. In addition, without the temporal constraint,
the expanded dataset ensures that the MLPs are adequately

6. Conclusion
The spatial NN model is able to predict the wheat yield with
respect to a given plantation area with a high accuracy, compared with the temporal NN models such as NARNN and
NARXNN. However, the high accuracy of the spatial NN
model in crop yield forecasting is only applicable to the forecasting of crop yield within normal ranges because the model
is trained using the cleaned and expanded data following
a third-order polynomial trend between the crop yield and
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Figure 5: Linear regression for two separate training and testing runs of NARNN.

plantation area. NARNNs may be used as a complementary
means to the MLPs due to its usage of the whole data. Users
must be cautious when using either NARNN or NARXNN
for crop yield forecasting due to the inconsistency between
training and forecasting.

In the future, other factors, such as efficiency of irrigation
systems, variations in rainfall and temperature, quality of
crop seeds, topographic attributes, soil quality and fertilisation, and disease occurrences, should be incorporated in
forecasting model building and simulation.
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[23] E. Bojórquez, J. Bojórquez, S. E. Ruiz, and A. Reyes-Salazar,
“Prediction of inelastic response spectra using artificial neural
networks,” Mathematical Problems in Engineering, vol. 2012,
Article ID 937480, 5 pages, 2012.
[24] Y. E. Shao, “Prediction of currency volume issued in Taiwan
using a hybrid artificial neural network and multiple regression
approach,” Mathematical Problems in Engineering, vol. 2013,
Article ID 676742, 9 pages, 2013.
[25] Australian Bureau of Statistics, Agricultural Commodities—
Historical Data, Commonwealth of Australia, Canberra, Australia, 2008.
[26] W. W. Guo, “A novel application of neural networks for instant
iron-ore grade estimation,” Expert Systems with Applications,
vol. 37, no. 12, pp. 8729–8735, 2010.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 590861, 10 pages
http://dx.doi.org/10.1155/2013/590861

Research Article
Design and Implementation of Fuzzy Logic Controller for
Online Computer Controlled Steering System for Navigation of
a Teleoperated Agricultural Vehicle
Prema Kannan,1 Senthil Kumar Natarajan,2 and Subhransu Sekhar Dash3
1

Department of Electronics and Instrumentation Engineering, SRM University, Chennai, Tamil Nadu 603 203, India
Department of Electrical and Electronics Engineering, Mepco Schlenk Engineering College, Sivakasi, Tamil Nadu 626 005, India
3
Department of Electrical and Electronics Engineering, SRM University, Chennai, Tamil Nadu 603 203, India
2

Correspondence should be addressed to Prema Kannan; prema.k@ktr.srmuniv.ac.in
Received 12 July 2013; Revised 28 November 2013; Accepted 3 December 2013
Academic Editor: Siddhivinayak Kulkarni
Copyright © 2013 Prema Kannan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
This paper describes design, modeling, simulation, control, and implementation of teleoperated agricultural vehicle using intelligent
technique. This vehicle can be used for ploughing, sowing, and soil moisture sensing. Online computer controlled steering system
for a vehicle utilizing two independent drive wheels can be used to avoid obstacles and to improve the ability to resist external side
forces. To control the steer angles of the nondriven wheels, the mathematical relationships between the drive wheel speeds and the
steer angles of the nondriven wheels are used. A fuzzy logic controller is designed to change the drive wheel speeds and to achieve
the desired steer angles. Online control of the agricultural vehicle is achieved from a remote place by means of Web Publishing Tool
in LabVIEW. IR sensors in the vehicle are used to detect and to avoid the obstacles around. The developed steering angle control
algorithm and fuzzy logic controller have been implemented in an agricultural vehicle which depicts that the vehicle performs its
operation efficiently and reduces the manpower and becomes advantageous.

1. Introduction
The diminishing number of agricultural wages in India is a
momentous issue for Indian agriculture. Robot tractors have
been introduced to replace human labors for field work and
for improving work efficiency. However, robot tractor needs
safety devices to ensure safe operation when it is not operated
by a human. Therefore, the safety issue is an important
research topic for agricultural robots when utilized on a farm
[1].
Numerous studies on the automation of agricultural
machines, particularly on a solution of this problem, have
been carried out. Autonomous navigation and vehicle guidance, a global positioning system (GPS), a gyroscope, machine vision, and other sensors have been used in most of those
studies [2–4].
Sgorbissa and Zaccaria [5] have proposed a navigation
subsystem of a mobile robot which operates in human environments to carry out different tasks, such as transporting

waste in hospitals or escorting people in exhibitions. This
approach integrates prior knowledge of the environment with
local perceptions to carry out the given tasks efficiently and
safely. They had discussed the properties of their approach
and experimental results recorded during real-world experiments.
Murakami et al., [6] have presented a teleoperation system for a hydrostatic transmission drive crawler type robotic
vehicle. Their system was developed to satisfy the needs
of various farm operations and teleoperation in unknown
agricultural fields.
There are two vital issues to be resolved for developing
a safety device for a teleoperated agricultural vehicle; one
is to detect an obstacle surrounding the vehicle and the
other one is to determine the location of the obstacle. The
performance of various sensors for detecting obstacles has
been investigated in recent studies to improve the safety of an
autonomous vehicle or assist human driving. Noguchi et al.
[7] have introduced a master-slave robot system in which a

2
wireless local area network was utilized to broadcast the GPS
position of a slave robot to a master robot, so that the master
and slave robots could work together without collision of two
robot tractors but could not detect other objects except the
robot. In order to identify general obstacles, radar and stereo
vision were used in some studies for automobiles [8, 9]. A
laser scanner was used to identify and locate other vehicles
working in the same field with the robot [10]. In addition,
ultrasonic sensors [11] and a bumper switch were mounted
in front of robot tractor as a safety system. In those previous
studies, a laser scanner, radar, and an ultrasonic sensor were
used as a range finder because these sensors can determine
distance to the obstacle with a high accuracy.
Knudson and Tumer [12] have evaluated reactive and
learning navigation algorithms for exploration robots that
avoid obstacles and reach specific destinations in limited time
and with limited observations. This method uses neuroevolutionary based navigation. Neuroevolutionary approach is
policy search method where control is achieved through
a search across policies. This search through a population
of policies allows the discovery of new and robust control
strategies.
Direct current (DC) motors are broadly used in conveyors, textile mills, paper mills, position control, and robotic
manipulators because they are reliable for an extensive
range of operating conditions and their control is fairly
simple. Usually DC motors are modeled as linear systems
and controlled by linear control approaches. However, most
linear controllers give unsatisfactory performance due to
changes in the control parameters, loading conditions, and
nonlinearities introduced by the armature reaction. When
these nonlinearities of the motor are known functions, then
adaptive tracking control method can be used [13, 14]. If
these nonlinearities of the motor are unknown, neural or
fuzzy control is suitable for ensuing satisfactory performance
of the closed loop system [15–18]. Senthil Kumar et al.,
[19] have designed an artificial neuron controller for chopper fed embedded DC drives. The designed neuron controller reduces the steady state error, overshoot, and settling
time.
The objective of this work is to develop a teleoperated
agricultural vehicle which can be used for ploughing, sowing, and soil moisture sensing. Online computer controlled
steering system for the vehicle is described and a fuzzy
logic controller is designed to achieve steering control based
on obstacle and boundary information of the agricultural
land. The mathematical relationships between the drive wheel
speeds and the steer angles of the nondriven wheels are
used to calculate and control the steer angles. The developed
fuzzy logic controller controls the speeds of DC motors
connected with rear wheels of the agricultural vehicle to
achieve the desired steer angle. Using the proposed approach,
a teleoperated agricultural vehicle is controlled from a remote
place. Infrared (IR) sensors are employed to detect the
obstacle. The status of IR sensor helps path planning and
changing the direction of the vehicle. Data transmission
between the agricultural vehicle and the remote client is
achieved by means of Web Publishing Tool. To accomplish
this goal, a soil moisture sensor, a stepper motor, and
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Figure 1: Hardware structure of the proposed system.

a solenoid valve are used for measuring soil moisture, to control ploughing tool and seed box open and close operation,
respectively.

2. Architecture of the Proposed System
Figure 1 shows the hardware structure of the proposed
system. The system consists of DC motors, stepper motor,
soil moisture sensor, IR sensors, and a solenoid valve. Soil
moisture sensor is used to measure the moisture content
of the land. The obstacles around the vehicle are detected
using IR sensors. The seed box open and close operation
is controlled by solenoid valve during sowing operation.
Stepper motor is used to control the up and down movement
of ploughing tool. The depth of ploughing can also be
controlled by this stepper motor by varying its step angle.
The steer angles of the nondriven wheels are controlled
by two DC motors connected with the rear driven wheels of
the vehicle. Based on the desired steering angle values, the
desired speed values of the DC motors are calculated by using
the developed algorithm. The speeds of the DC motors are
controlled to the desired value by the designed fuzzy logic
controller.
The length and width of the agricultural land are measured. The time taken by the vehicle to travel a particular
length is determined. Based on this determined time value
and the length of the land, the time taken by the vehicle to
reach one end of the land to the other end is calculated. The
timer value is set to this calculated time value to navigate the
vehicle in forward direction. For this calculated time period,
the vehicle moves in forward direction, subsequently turns
left, and moves in forward direction for the same period and
then it turns right and moves forward. Thus by using the time
taken by the vehicle to travel the length once, wheel track,
and the width of the land, its navigation and steering control
actions are repeated.
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3. Experimental Setup
The hardware prototype set-up of the teleoperated agricultural vehicle is shown in Figures 2 and 3. The developed fuzzy logic controller and the control algorithm for
ploughing action and solenoid valve were implemented using
ATMEL 89C51 microcontroller. A two-way normally closed
electromechanical solenoid valve is used to control the flow
of seeds. The solenoid valve is energized by a normally closed
relay. When the relay is energized, it comes to normally
opened position. In this relay position, the solenoid valve is
energized and it opens to drop the seeds. By increasing or
decreasing the frequency of energization of relay circuit, the
distance between the seeds can be increased or decreased.
A 12 V stepper motor is used to adjust the position of
ploughing tool. By controlling the stepping angle of the stepper motor, the ploughing tool position is being controlled.
The navigation speed and steering angle control are achieved
by two 12 V DC motors connected with two independent
drive wheels. The stepper motor and DC motors are supplied
by a 12 V, 7 Ah sealed lead acid battery. A soil moisture sensor
is used to measure the moisture content of the soil. The
measured value is displayed using LCD display.

4. Fuzzy Logic Controller
General proportional integral (PI) and proportional integral
derivative (PID) controllers are extensively used for motor
control applications. But they do not give satisfactory results
when control parameters, loading conditions, and the motor
itself are changed. But fuzzy logic controller can be designed
without the exact model of the system. This approach of fuzzy
logic controller (FLC) design guarantees the stable operation
even if there is a change in the parameters and the motor [20].
Fuzzy logic control is derived from fuzzy set theory introduced by Zadeh in 1965. In fuzzy set theory, the transition
between membership and nonmembership can be gradual. Therefore, boundaries of fuzzy sets can be vague and
ambiguous, making it useful for approximate systems. Fuzzy
logic controller (FLC) is an attractive choice when precise
mathematical formulations are not possible [21].
The designed fuzzy logic controller has two inputs and
one output. The inputs are error value and change in error

Front nondriven
wheels

Table 1: Rule table.
Error
NVB
NB
NM
NS
Z
PS
PM
PB
PVB

NVB
NVB
NVB
NVB
NVB
NVB
NB
NM
NS
Z

NB
NVB
NVB
NVB
NVB
NB
NM
NS
Z
PS

Change in error
NM NS
Z
PS PM
NVB NVB NVB NB NM
NVB NVB NB NM NS
NVB NB NM NS
Z
NB NM NS
Z
PS
NM NS
Z
PS PM
NS
Z
PS PM PB
Z
PS
PM PB PVB
PS
PM
PB PVB PVB
PM
PB PVB PVB PVB

PB
NS
Z
PS
PM
PB
PVB
PVB
PVB
PVB

PVB
Z
PS
PM
PB
PVB
PVB
PVB
PVB
PVB

and the output is duty cycle. The seven linguistic variables
used for “error” and “change in error” are NVB (negative very
big), NB (negative big), NM (negative medium), NS (negative
small), Z (zero), PS (positive small), PM (positive medium),
PB (positive big), and PVB (positive very big). The duty cycle
output uses seven linguistic variables like NVB (negative very
big), negative big (NB), negative medium (NM), negative
small (NS), zero (Z), positive small (PS), positive medium
(PM), PB (positive big), and PVB (positive very big). The rule
table for the designed fuzzy logic controller is given in Table 1.
From the rule table, the rules are manipulated as follows.
If error is NS and change in error is PB, then output is PM.
The symbolic expression of 𝑘th rule of the designed fuzzy
logic controller is given as follows.
If 𝑒 is 𝐿𝐸(𝑘) and Δ𝑒 is 𝐿Δ𝐸(𝑘) , then Δ𝑢 is 𝐿Δ𝑈(𝑘) ,

(1)

where 𝐿𝐸(𝑘) , 𝐿Δ𝐸(𝑘) , and 𝐿Δ𝑈(𝑘) are linguistic values from
term sets of error, change in error, and change in output duty
cycle, respectively.
The meaning of the above defined 𝑘th rule in terms of
mamdani type implication is given as a fuzzy relation 𝑅(𝑘) as
follows
𝜇𝑅 (𝑘) (𝑒, Δ𝑒, Δ𝑢) = 𝜇𝐿𝐸 (𝑘) (𝑒) Λ𝜇𝐿Δ𝐸 (𝑘) (Δ𝑒) Λ𝜇𝐿Δ𝑈(𝑘) (Δ𝑢) .
(2)
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The overall conclusion by combining the outputs of all the
fuzzy rules can be written as
𝜇𝑅 (𝑒, Δ𝑒, Δ𝑢) = 𝜇𝑅 (1) (𝑒, Δ𝑒, Δ𝑢) 𝑉𝜇𝑅 (2) (𝑒, Δ𝑒, Δ𝑢)
⋅ ⋅ ⋅ 𝑉𝜇𝑅 (𝑘) (𝑒, Δ𝑒, Δ𝑢) .

(3)
Steering angle ΦL = tan−1

The value of 𝜇𝑅 (𝑘) for each value of 𝑘 is defined in (2).
The crisp value of change in duty cycle is computed using
centre of area method as follows:
Duty cycle output = 𝑢∗ =

∫ 𝑢 ⋅ 𝜇𝑈 (𝑢) ⋅ 𝑑𝑢
∫ 𝜇𝑈 (𝑢) ⋅ 𝑑𝑢

,

(4)

where 𝑢∗ is defuzzified duty cycle, 𝑢 is duty cycle output, and
𝜇𝑈(𝑢) is Union of the clipped control outputs.

5. Mathematical Model for Steering System
Figure 4 represents kinematic model of the proposed agricultural vehicle with a primary steering system using two
independently driven wheels. 𝜔L and 𝜔R are the wheel speeds
of the rear left and rear right drive wheels, respectively. ΦL
and ΦR are the steer angles of the front left and front right
wheels, respectively. 𝑏 is the wheel base. 𝑡𝐵 is the track of the
rear wheels and 𝑡𝐹 is the track of the front wheels. 𝑅 is the
radius of the turning circle of the vehicle (radius of curvature)
[22].
The rate of rotation of the drive axle about the centre of
curvature is given by
𝜃̇
=

𝑉R
𝑉L
=
,
𝑅 + (𝑡𝐵 /2) 𝑅 − (𝑡𝐵 /2)

(5)

where 𝑅 is radius of the turning circle of the vehicle (radius
of curvature),
𝑉L is translational velocity of the left drive wheel, 𝑉R is
translational velocity of the right drive wheel, 𝑡𝐵 is the track
of the rear wheels, and 𝑡𝐹 is the track of the front wheels.
If longitudinal slip is considered, the translational velocities become
𝑉L = 𝑟𝜔L (1 − 𝑖L ) ,
𝑉R = 𝑟𝜔R (1 − 𝑖R ) ,

(6)

where 𝑟 is radius of a drive wheel, and 𝑖 is longitudinal slip
When we substitute (6) in(5)
The centre of curvature
𝑟𝜔 (1 − 𝑖L ) 𝑟𝜔R (1 − 𝑖R )
𝜃̇
=
.
= L
𝑅 + 𝑡𝐵 /2
𝑅 − 𝑡𝐵 /2

(7)

When the longitudinal slips are equal for left and right drive
wheels, as well as equal radius for the drive wheels, then
=
𝜃̇

𝜔R
𝜔L
=
.
𝑅 + 𝑡𝐵 /2 𝑅 − 𝑡𝐵 /2

Equal longitudinal slips will occur where traction conditions are the same and under these conditions, slip angles will
not be significant.
For the front left steerable wheel,

(8)

2𝑏 (𝜔L − 𝜔R )
.
𝜔L (𝑡𝐵 + 𝑡𝐹 ) + 𝜔R (𝑡𝐵 − 𝑡𝐹 )
(9)

Similarly, for the front right steerable wheel,
Steering angle ΦR = tan−1

2𝑏 (𝜔L − 𝜔R )
.
𝜔L (𝑡𝐵 − 𝑡𝐹 ) + 𝜔R (𝑡𝐵 + 𝑡𝐹 )
(10)

If 𝑡𝐵 = 𝑡𝐹 , (9) and (10) will be simplified as given in (11),
and (12), respectively,
𝜔
𝑏
ΦL = tan−1 [ (1 − R )] ,
𝑡
𝜔L

(11)

𝑏 𝜔
ΦR = tan−1 [ ( L − 1)] .
𝑡 𝜔R

(12)

6. Calculation of Drive Wheel Speed for
Steering Control
If both drive wheels turn with same speed, the robot moves
in a straight line. If one wheel rotates faster than the other, the
robot follows a curved path inward towards the slower wheel.
If the wheels turn at equal speed, but in opposite directions,
the robot spins around. Thus, steering the robot is just a
matter of varying the speeds of the drive wheels. These drive
wheel speeds are calculated from the steer angles ΦL and ΦR .
6.1. Calculation of Drive Wheels Speed to Turn the Vehicle Left.
To turn the vehicle left, the left wheel speed should be less
than the right wheel speed. Hence the left wheel speed is
assigned with some low speed value and the expression for
desired right wheel speed 𝜔DR is derived from the steering
angle ΦL of left steerable wheel.
Let 𝜔L = 1 rpm; then, (9) will be
tan ΦL =

2𝑏 (1 − 𝜔R )
.
(𝑡𝐵 + 𝑡𝐹 ) + 𝜔R (𝑡𝐵 − 𝑡𝐹 )

(13)

From (13), the desired right wheel speed can be written as
𝜔DR =

2𝑏 − tan ΦL (𝑡𝐵 + 𝑡𝐹 )
.
2𝑏 + tan ΦL (𝑡𝐵 − 𝑡𝐹 )

(14)

6.2. Calculation of Drive Wheels Speed to Turn the Vehicle
Right. To turn the vehicle right, the right wheel speed should
be less than the left wheel speed. Hence the right wheel speed
is assigned with some low speed value and the expression
for desired left wheel speed 𝜔DL is derived from the steering
angle ΦR of right steerable wheel.

Mathematical Problems in Engineering

5

tF
ΦL

ΦR

b

·

𝜃

ΦR

𝜔R

𝜔L

ΦL

R
tB

Figure 4: Kinematic model of the proposed agricultural vehicle.

Start

Initialize rule table
Get actual drive wheel speeds 𝜔 L and 𝜔R
Get desired steer angles ΦL and ΦR
ΦL = 0

Yes

ΦR = 0

No
ΦL > 0

No
Yes

No
ΦL = ΦR

Yes

Find 𝜔DL and 𝜔DR for
reverse turn

No
Yes

No
No
ΦL > ΦR

ΦL > 0
ΦR > 0

𝜔DL and 𝜔DR for
front motion

Yes

Calculate 𝜔DL and 𝜔DR
for forward right turn

Yes

Calculate speeds of 𝜔DL and 𝜔DR
for forward left turn from equation
Compare actual 𝜔L and 𝜔R with
desired 𝜔DL and 𝜔DR
Fuzzify the inputs of FLC

Defuzzify the output of FLC
Calculate new duty cycle

Output new duty cycle
Delay

Figure 5: Flow chart of the control algorithm.
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Figure 6: Block diagram of the simulated fuzzy logic control system for a teleoperated agricultural vehicle.

Figure 7: Block diagram of the simulated steering angle control system to turn the vehicle left.

Let 𝜔R = 1 rpm and then (10) will be
tan ΦR =

2𝑏 (𝜔L − 1)
.
𝜔L (𝑡𝐵 − 𝑡𝐹 ) + (𝑡𝐵 + 𝑡𝐹 )

7. Computer Simulation and Teleoperation
(15)

From (15), the desired right wheel speed can be written as
𝜔DL =

2𝑏 + tan ΦR (𝑡𝐵 + 𝑡𝐹 )
.
2𝑏 − tan ΦR (𝑡𝐵 − 𝑡𝐹 )

(16)

The simulation of online computer controlled steering system
for a teleoperated agricultural vehicle is done based on
equation modeling using LabVIEW. Flow chart of the proposed control algorithm is given in Figure 5. The simulated
models are shown in Figures 6, 7, and 8. The simulation of
computer controlled steering system was done with a fuzzy
logic controller.
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Figure 8: Block diagram of the simulated steering angle control system to turn the vehicle right.

Figure 9: Configuration of server computer for remote clients using Web Publishing Tool in LabVIEW.

Online control is achieved from remote place using Web
Publishing Tool in LabVIEW. This tool is used to create an
HTML document and embed static or animated images of
the server computer’s front panel in an HTML document as
shown in Figures 9 and 10. When the HTML document is
created, URL is generated as shown in Figure 11. Using this
generated URL, a remote user can view and control the front
panel remotely by a web browser.

8. Experimental Results
The developed fuzzy logic controller and the control algorithm for ploughing action and solenoid valve were implemented using ATMEL 89C51 microcontroller. The drive
wheels speeds are controlled by two 12 V DC motors. By
using the proposed control algorithm, the speeds of these DC
motors are controlled and measured values are plotted in the
graph. The experimental response of left and right DC motors

8
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Figure 10: Configuration of server computer for remote clients using Web Publishing Tool in LabVIEW with header and footer details.

Figure 11: URL generation by the HTML document.

when the vehicle moves in forward, reverse, left, and right
directions are shown in Figures 12, 13, 14, and 15.

9. Conclusion
In this paper, a teleoperated agricultural vehicle capable of
performing ploughing, sowing, and soil moisture sensing

was successfully developed. Two independent drive wheels
installed on the vehicle are used for motion and steering control. The developed fuzzy logic controller controls
the steering angle of the teleoperated vehicle according to
the desired steering angle. Using the proposed agricultural
vehicle depth of ploughing and the distance between the
seeds can be varied. By measuring the moisture content of
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(b)

Figure 12: Graph of actual speed values of left motor and right motor when the agricultural vehicle moves in forward direction with the set
speed value of 10 rpm.

(a)

(b)

Figure 13: Graph of actual speed values of left motor and right motor when the agricultural vehicle moves in reverse direction with the set
speed value of 10 rpm.

(a)

(b)

Figure 14: Graph of actual speed values of left motor and right motor when the agricultural vehicle turns in left direction.

(a)

(b)

Figure 15: Graph of actual speed values of left motor and right motor when the agricultural vehicle turns in right direction.
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the soil, the crops are watered adequately. Thus this teleoperated agricultural vehicle reduces the manpower and becomes
advantageous.
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Solving reinforcement learning problems in continuous space with function approximation is currently a research hotspot of
machine learning. When dealing with the continuous space problems, the classic Q-iteration algorithms based on lookup table
or function approximation converge slowly and are difficult to derive a continuous policy. To overcome the above weaknesses, we
propose an algorithm named DFR-Sarsa(𝜆) based on double-layer fuzzy reasoning and prove its convergence. In this algorithm,
the first reasoning layer uses fuzzy sets of state to compute continuous actions; the second reasoning layer uses fuzzy sets of action
to compute the components of Q-value. Then, these two fuzzy layers are combined to compute the Q-value function of continuous
action space. Besides, this algorithm utilizes the membership degrees of activation rules in the two fuzzy reasoning layers to update
the eligibility traces. Applying DFR-Sarsa(𝜆) to the Mountain Car and Cart-pole Balancing problems, experimental results show
that the algorithm not only can be used to get a continuous action policy, but also has a better convergence performance.

1. Introduction
Reinforcement learning is a kind of machine learning methods that gets the maximum cumulative rewards by interacting
with the environment [1, 2]. If a reinforcement learning problem can be modeled as a Markov decision process (MDP),
methods such as dynamic programming (DP), Monte Carlo
(MC), and temporal difference (DP) can be used to get an
optimal policy.
Classic reinforcement learning methods are generally
used for dealing with discrete state and action space problems, where each of the state values or state action values
is stored in a lookup table. This kind of methods can
effectively solve simple tasks, but not for large, continuous
space problems. At present, the most common approach to
solve this problem is using function approximation methods
to approximate the state value or action value function. The
approximate function can generalize the learned experience
from a state space subset to the entire state space. Besides, an
agent can choose the best action sequence through the function approximation [3, 4]. A variety of function approximation methods are used to reinforcement learning problems at

present. Sutton et al. proposed a gradient TD (GTD) learning
algorithm [5], which combined TD algorithms with linear
function approximation, and also introduced a new objective function related to Bellman errors. Sherstov and Stone
proposed a linear function approximation algorithm based
on online adaptive tile coding, in which the experimental
results verified its effectiveness [6]. Heinen and Engel used
incremental probabilistic neural network to approximate
value function in reinforcement learning, which can be used
to solve continuous state space problems well [7].
Reinforcement algorithms with the function approximation methods mentioned above usually have slow convergence and generally can only be used for getting discrete
action policies [5–9]. By introducing prior knowledge, reinforcement learning algorithms based on fuzzy inference systems (FIS) not only can effectively accelerate the convergence
rate, but also may get continuous action policies [10–12].
Horiuchi et al. put forward fuzzy interpolation-based Qlearning, which can solve the continuous space problems [13].
Glorennec and Jouffe combined FIS and Q-learning, using
prior knowledge to make the global approximator, which
can effectively speed up the convergence rate. However, the
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algorithm cannot be used to get a continuous action policy
[14]. Fuzzy Sarsa proposed by Tokarchuk et al. can effectively
reduce the scale of state space and accelerate the convergence
rate, but it easily causes “curse of dimensionality” when
applied to multidimensional state-space problems [15]. Type2 fuzzy Q-learning proposed by Hsu and Juang has strong
robustness to noise, but its time complexity is relatively high,
and meanwhile, it cannot guarantee convergence [12].
Though the classic Q-iteration algorithms based on only
one fuzzy inference system can be used for solving continuous
action space problems, there still exist reasons for the slow
convergence: for each iteration step in the learning process,
there might exist a state-action pair that corresponds to
different Q-values due to the structure of FIS. If the next
iteration step needs to use the Q-value of the mentioned stateaction pair to update the value function, the algorithm will
simply select a Q-value randomly, since there are no criteria
on how to choose the best one from different Q-values, which
will influence the learning speed. Because this situation may
happen many times in the learning process, it will greatly slow
down the convergence rate.
In allusion to the problem that classic Q-iteration algorithms based on the lookup table and fuzzy inference system
converge slowly and cannot obtain continuous action policies
as well, DFR-Sarsa(𝜆), which means Sarsa(𝜆) based on
double-layer fuzzy reasoning, is proposed in this paper, and
the convergence is proven theoretically. The algorithm has
two-layer fuzzy reasoning. Firstly, it puts states as input of
the first fuzzy reasoning layer and gets continuous actions as
output. Secondly, the second fuzzy reasoning layer uses the
obtained actions from the first layer as input and gets Q-value
component of each activation rule of the first layer. Finally,
through the combination of two-layer fuzzy reasoning, Qvalues of the input states are obtained. What is more, a new
eligibility trace based on gradient descent is defined, which
is dependent on membership degrees of activation rule in
two-layer fuzzy reasoning. Applying DFR-Sarsa(𝜆) and other
algorithms to Mountain Car and Cart-pole Balancing problems, the results show that DFR-Sarsa(𝜆) not only can obtain
a continuous action policy, but also has a better convergence
performance.

2. Backgrounds
2.1. Markov Decision Process. In reinforcement learning
framework, the process interacting with the environment can
be modeled as an MDP [16], and the MDP can be described
as a quadruple 𝑀 = ⟨𝑋, 𝑈, 𝜌, 𝑓⟩, where
(1) 𝑋 is the state set and 𝑥𝑡 ∈ 𝑋 is the state at time 𝑡;
(2) 𝑈 is the action set and 𝑢𝑡 ∈ 𝑈 is the action that the
agent takes at time 𝑡;
(3) 𝜌 : 𝑋 × 𝑈 → R𝑛 is the reward function, that means,
after the agent takes action 𝑢𝑡 at time 𝑡, the current
state transfers from 𝑥𝑡 to 𝑥𝑡+1 , and the agent receives
an immediate reward 𝑟(𝑥𝑡 , 𝑢𝑡 , 𝑥𝑡+1 ) at the same time.
𝑟𝑡 represents a random reward generated from a
distribution with mean 𝑟(𝑥𝑡 , 𝑢𝑡 , 𝑥𝑡+1 );

(4) 𝑓 : 𝑋×𝑈×𝑋 → [0, 1] is the state transition function,
where 𝑓(𝑥, 𝑢, 𝑥 ) represents the probability of reaching 𝑥 after taking action 𝑢 in state 𝑥.
The policy ℎ(𝑥, 𝑢) is a mapping from state space 𝑋 to
action space 𝑈, ℎ : 𝑋 → 𝑈, which represents the probability
that the agent selects action 𝑢 in state 𝑥. ℎ(𝑥, 𝑢) is used to solve
the state value function (V-function) or action value function
(Q-function). V-function satisfies (1)
∀𝑥 ∈ 𝑋:
𝑉ℎ (𝑥) = ∑ ℎ (𝑥, 𝑢) (𝜌 (𝑥, 𝑢) + 𝛾 ∑ 𝑓 (𝑥, 𝑢, 𝑥 ) 𝑉ℎ (𝑥 )) .
𝑢∈𝑈

𝑥 ∈𝑋

(1)
And Q-function satisfies (2)
∀𝑥 ∈ 𝑋 : 𝑄ℎ (𝑥, 𝑢) = 𝜌 (𝑥, 𝑢) + 𝛾 ∑ 𝑓 (𝑥, 𝑢, 𝑥 ) 𝑉ℎ (𝑥 ) .
𝑥 ∈𝑋

(2)
The objective of reinforcement learning is to get the opti∗
mal policy ℎ∗ . It satisfies for all 𝑥 ∈ 𝑋 : 𝑉ℎ (𝑥) ≥ 𝑉ℎ (𝑥).
Under the optimal policy ℎ∗ , the optimal 𝑉-function and
optimal 𝑄-function satisfy (3) and (4), respectively:
∀𝑥 ∈ 𝑋:
𝑉∗ (𝑥) = max (𝜌 (𝑥, 𝑢) + 𝛾 ∑ 𝑓 (𝑥, 𝑢, 𝑥 ) 𝑉∗ (𝑥 )) ,
𝑢∈𝑈

𝑥 ∈𝑋

(3)
∀𝑥 ∈ 𝑋, 𝑢 ∈ ℎ (𝑥) :
𝑄∗ (𝑥, 𝑢) = 𝜌 (𝑥, 𝑢) + 𝛾 ∑ 𝑓 (𝑥, 𝑢, 𝑥 ) max
𝑄∗ (𝑥 , 𝑢 ) .

𝑥 ∈𝑋

𝑢 ∈𝑈

(4)
If 𝑓 and 𝜌 are known, DP is a good solution for getting
optimal action policy. However if 𝑓 and 𝜌 are unknown, TD
algorithms such as 𝑄-learning or Sarsa can be the choice.
Sarsa is an on-policy algorithm, and when the eligibility
trace mechanism is introduced, it becomes a more efficient
algorithm, which can effectively deal with temporal credit
assignment. Besides, Sarsa(𝜆) can be combined with function
approximation to solve continuous state space problems.
Definition 1 is a constraint on bounded MDP (mainly
about state-space, action-space, reward, and value function).
Attention should be given that all algorithms in this paper
meet the definition.
Definition 1 (bounded MDP). 𝑋 and 𝑈 are known as finite
sets; let 𝑍 represent the state-action set; that is, 𝑍 : 𝑋 × 𝑈,
and then 𝑍 is also a finite set. Reward function 𝜌 satisfies 0 ≤
𝜌(𝑥, 𝑢) ≤ 𝐶. The bound factor of MDP is 𝛽 = 1/(1 − 𝛾), where
𝛾 is a discount factor. For all 𝑥 ∈ 𝑋 and for all (𝑥, 𝑢) ∈ 𝑍,
0 ≤ 𝑉(𝑥) ≤ 𝛽𝐶 and 0 ≤ 𝑄(𝑥, 𝑢) ≤ 𝛽𝐶 hold.
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2.2. Fuzzy Inference System. FIS is a system that can handle
fuzzy information. Typically, it mainly consists of a set of
fuzzy rules whose design and interaction are crucial to the
FIS’s performance.
There are many types of fuzzy inference systems at present
[17] in which a simple type of FIS named TSK-FIS is described
as follows:
Rule 𝑅𝑟 : if 𝑥1 is 𝜒1𝑟 AND ⋅ ⋅ ⋅ AND 𝑥𝑛 is 𝜒𝑛𝑟 then y = 𝑔𝑟 (x),
(5)
where the first part is called antecedent and the second part
is called consequent. 𝑅𝑟 means 𝑟th rule in the rule base. x =
(𝑥1 , 𝑥2 , . . . , 𝑥𝑁) is an 𝑁-dimensional input variable. 𝜒𝑖𝑟 is the
fuzzy set in the 𝑟th fuzzy rule which corresponds to the 𝑖th
dimension of input variable. A membership function 𝜇𝜒𝑟,𝑖 (𝑥𝑖 )
is usually used to describe it. y = 𝑔𝑟 (x) is a polynomial
function with an input variable x. If the input x is a vector,
the output y is also a vector. When 𝑔𝑟 (x) is a constant, FIS is
called zero-order FIS.
When the FIS has an exact input value x = (𝑥1 , 𝑥2 , . . . ,
𝑥𝑁), we can calculate the firing strength 𝜙𝑟 (x) of the 𝑟th rule
(for T-norm product):
𝜙𝑟 (x) = 𝜇𝜒𝑟,1 (𝑥1 ) ⋅ 𝜇𝜒𝑟,2 (𝑥2 ) ⋅ ⋅ ⋅ ⋅ ⋅ 𝜇𝜒𝑟,𝑁 (𝑥𝑁) ,

𝑟 = 1, . . . 𝑁𝑅 .
(6)

𝜙𝑟 (x) is used to calculate the output of FIS: set firing strength
𝜙𝑟 (x) as weight, multiply their corresponding consequent and
sum up; then we can obtain the final output 𝑌(x) as follows:
𝑌 (x) =

∑ (𝜙1 (x) y1 + 𝜙2 (x) y2 + ⋅ ⋅ ⋅ + 𝜙𝑁𝑅 (x) y𝑁𝑅 )
∑ (𝜙1 (x) + 𝜙2 (x) + ⋅ ⋅ ⋅ + 𝜙𝑁𝑅 (x))

TSK-FIS can be used for function approximation which
approximates the objective function by updating the consequent of fuzzy rules. In general, the approximation error
is measured by mean square error (MSE). When FIS gets
an optimal approximation performance, the vector 𝜃, which
consists of all rules consequents, satisfies (8)
𝑁

2

𝜃

Fuzzy rule
base 2

FIS1
State x

Fuzzy
inference 2

Continuous
action C(x)

Fuzzy
inference 1

̃ r (x, C(x))
Q

Fuzzy rule
base 1
Q(x, C(x))

Figure 1: Framework of approximating the 𝑄-value functions by
using double-layer fuzzy reasoning.

actions. Then, the two-layer FISs are combined to get the
approximating Q-function of continuous action 𝐶(x).
The main structure of the two-layer FIS is described as
follows.
(1) The rule of FIS1 is given as follows:
Rule 𝑅𝑟 : if 𝑥1 is 𝜒1𝑟 AND ⋅ ⋅ ⋅ AND 𝑥𝑛 is 𝜒𝑛𝑟
then 𝑦 = 𝑢𝑟,1 with 𝑞𝑟,1 = 𝜃𝑟,1
or 𝑦 = 𝑢𝑟,2 with 𝑞𝑟,2 = 𝜃𝑟,2

(9)

..
.
or 𝑦 = 𝑢𝑟,𝑀 with 𝑞𝑟,𝑀 = 𝜃𝑟,𝑀,

.
(7)

̂𝑖 (x)) ,
𝜃 = arg min∑(𝑌𝑖 (x) − 𝑌

FIS2

(8)

𝑖=1

̂𝑖 (x) is its approxiwhere 𝑌𝑖 (x) is the objective function and 𝑌
mate function.

3. DFR-Sarsa(𝜆)
3.1. The Update of 𝑄-Value. Under the framework of MDP,
two-layer fuzzy inference structures are constructed to
approximate 𝑄-function. Figure 1 shows the framework using
two-layer fuzzy reasoning to approximate 𝑄-function, where
the inputs of FIS1 are states; the outputs are continuous
actions obtained by FIS1 through fuzzy reasoning; the inputs
of FIS2 are continuous actions obtained from FIS1; the outputs are the components of Q-value of the continuous

where x = (𝑥1 , 𝑥2 , . . . , 𝑥𝑁) is the state and 𝑢𝑟,𝑗 is the 𝑗th
discrete action in the 𝑟th fuzzy rule. The action space is
divided into 𝑀 discrete actions. 𝑞𝑟,𝑗 is a component of 𝑄value corresponding to the 𝑗th discrete action in the 𝑟th fuzzy
rule. When the state is x, the firing strength of the 𝑟th rule is
𝜑𝑟 (x) = 𝜇𝜒𝑟,1 (𝑥1 ) ⋅ 𝜇𝜒𝑟,2 (𝑥2 ) ⋅ ⋅ ⋅ ⋅ ⋅ 𝜇𝜒𝑟,𝑁 (𝑥𝑁) .

(10)

If 𝜑𝑟 (x) > 0, we call the 𝑟th rule “the activation rule.”
In the activation rule 𝑅𝑟 , we select an action from 𝑀
discrete actions by 𝜀-greedy action selection policy according
to the value 𝑞𝑟,𝑗 . The selected action is called activation action,
denoted by 𝑢̃𝑟 . Therefore, by multiplying activation actions
selected from FIS1 to its firing strength 𝜑𝑟 (x) and summing
them up, we get the continuous action 𝐶(x) as follows:
𝐶 (x) =

𝑁𝑅
𝜑𝑟 (x) 𝑢̃𝑟
∑𝑟=1
𝑁

𝑅
𝜑𝑟 (x)
∑𝑟=1

.

(11)

We call 𝐶(x) a continuous action because the change of
𝐶(x) is smooth with state x, which does not mean that any
action in action space can be selected in state x. To simplify
(11), regularize the firing strength 𝜑𝑟 (x) as follows:
𝜙𝑟 (x) =

𝜑𝑟 (x)
;
𝑁𝑅
∑𝑟=1 𝜑𝑟 (x)

(12)
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so (11) can be written as
𝑁𝑅

𝐶 (x) = ∑𝜙𝑟 (x) 𝑢̃𝑟 .

(13)

𝑟=1

In order to minimize the approximation error of FIS, that
is, parameter vector 𝜃 meets (8), the algorithm uses gradient
descent method to update the parameter vector 𝜃 as follows:
1
2
𝜃𝑡+1 = 𝜃𝑡 − 𝛼∇𝜃𝑡 [𝑟𝑡+1 + 𝛾𝑄𝑡 (x𝑡+1 , 𝑢𝑡+1 ) − 𝑄𝑡 (x𝑡 , 𝑢𝑡 )]
2

(2) The rule of FIS2 is given as follows:

= 𝜃𝑡 + 𝛼[𝑟𝑡+1 + 𝛾𝑄𝑡 (x𝑡+1 , 𝑢𝑡+1 ) − 𝑄𝑡 (x𝑡 , 𝑢𝑡 )]∇𝜃𝑡 𝑄𝑡 (x𝑡 , 𝑢𝑡 ),
(19)

̃ 𝑟,1 : if 𝑢 is ]𝑟,1 then 𝑞𝑟,1 = 𝜃𝑟,1
𝑅
̃ 𝑟,2 : if 𝑢 is ]𝑟,2 then 𝑞𝑟,2 = 𝜃𝑟,2
𝑅
(14)

..
.

where the bracket part in (19) is the TD error. Set 𝛿 = 𝑟𝑡+1 +
𝛾𝑄𝑡 (x𝑡+1 , 𝑢𝑡+1 ) − 𝑄𝑡 (x𝑡 , 𝑢𝑡 ); combining the backward TD(𝜆)
algorithm [1], we get

̃ 𝑟,𝑀: if 𝑢 is ]𝑟,𝑀 then 𝑞𝑟,𝑀 = 𝜃𝑟,𝑀.
𝑅

𝜃𝑡+1 = 𝜃𝑡 + 𝛼𝛿e𝑡 ,

̃ 𝑟,𝑗 depends on FIS1. The core of the
The construction of 𝑅
fuzzy set ]𝑟,𝑗 is the 𝑗th action of the 𝑟th rule in FIS1, and its
membership function is described as 𝜎]𝑖,𝑗 (𝑢); the value 𝑞𝑟,𝑗
from the consequent part of the rule equals the value 𝑞𝑟,𝑗 in
FIS1.
Set the continuous action 𝐶(x) obtained from FIS1 as the
input of FIS2; it can activate 𝑁𝑅̃ rules of FIS2. Through fuzzy
reasoning of FIS2, we can get the 𝑄-value component of the
𝑟th rule in FIS1 as follows:
̃𝑟 (x, 𝐶 (x)) =
𝑄

∑𝑀
𝑗=1 𝜎]𝑟,𝑗 (𝐶 (x)) 𝜃𝑟,𝑗
∑𝑀
𝑗=1 𝜎]𝑟,𝑗 (𝐶 (x))

.

(15)

In the same way of getting (12), regularize the membership function 𝜎]𝑟,𝑗 (𝐶(x)) in (15); we get
𝜇]𝑟,𝑗 (𝐶 (x)) =

𝜎]𝑟,𝑗 (𝐶 (x))
∑𝑀
𝑗=1

𝜎]𝑟,𝑗 (𝐶 (x))

;

(20)

where 𝛼 is a step-size parameter and e𝑡 is the eligibility trace
vector at time 𝑡, which corresponds to parameter vector 𝜃𝑡 . It
is updated as follows:
e𝑡 (𝑟, 𝑗)
0,⃗
{𝛾𝜆e𝑡−1 (𝑟, 𝑗) + ∇𝜃𝑡 𝑄𝑡 (x𝑡 , 𝑢𝑡 ) , if ∇𝜃𝑡 𝑄𝑡 (x𝑡 , 𝑢𝑡 ) ≠
← {
else.
𝛾𝜆e (𝑟, 𝑗) ,
{ 𝑡−1
(21)
e𝑡 of (21) is a kind of accumulating trace [1], where 𝛾 is the discount factor and 𝜆 is the decay factor. ∇𝜃𝑡 𝑄𝑡 (x𝑡 , 𝑢𝑡 ) represents
the gradient vector obtained by the partial derivative of 𝑄function on each dimension of parameter vector at time 𝑡 [1].
According to (18), we get the gradient value of each dimension
in 𝜃𝑡 at time 𝑡 as follows:

(16)

𝑁𝑅 𝑀

𝑡 𝑄 (x, 𝑢) = ∇ 𝑡 ∑ ∑ 𝜙 (x) 𝜇
∇𝜃𝑟,𝑗
𝑡
𝜃𝑟,𝑗
𝑟
]𝑟,𝑗 (𝑢) 𝜃𝑟,𝑗 = 𝜙𝑟 (x) 𝜇]𝑟,𝑗 (𝑢) ,

then (15) can be written as

𝑖=1 𝑗=1

where 𝑟 = 1, . . . , 𝑁𝑅 , 𝑗 = 1, . . . , 𝑀;
(22)

𝑀

̃𝑟 (x, 𝐶 (x)) = ∑ 𝜇] (𝐶 (x)) 𝜃𝑟,𝑗 .
𝑄
𝑟,𝑗

(17)

𝑗=1

̃𝑟 (x, 𝐶(x)), the 𝑄-value component
From (17), we can get 𝑄
obtained by the activation rule 𝑅𝑟 of FIS1. So when taking
continuous action 𝐶(x), the 𝑄-value of all activation rules in
FIS1 is given as follows:
𝑁𝑅

̃𝑟 (x, 𝐶 (x))
𝑄 (x, 𝐶 (x)) = ∑𝜙𝑟 (x) 𝑄
𝑟=1

𝑁𝑅 𝑀

(18)

= ∑ ∑𝜙𝑟 (x) 𝜇]𝑟,𝑗 (𝐶 (x)) 𝜃𝑟,𝑗 .
𝑟=1 𝑗=1

From (18) we can see that 𝑄-value depends on fuzzy sets
of the two-layer FIS and their shared consequent variables
𝜃𝑟,𝑗 . Since fuzzy sets are set according to prior knowledge
in advance, they are no longer changed in the algorithm. In
order to get convergent 𝑄-value, the FISs require updating
𝜃𝑟,𝑗 until convergence.

then (21) can be further expressed as
e𝑡 (𝑟, 𝑗)
and
𝛾𝜆e𝑡−1 (𝑟, 𝑗) + 𝜙𝑟 (x) 𝜇]𝑟,𝑗 (𝑢) , if 𝜙𝑟 (x) =0̸
{
{
{
̸
𝜇]𝑟,𝑗 (𝑢) =0,
← {
{
{
else.
{𝛾𝜆e𝑡−1 (𝑟, 𝑗) ,

(23)

3.2. The Learning Process of DFR-Sarsa(𝜆). In this section,
DFR-Sarsa(𝜆) is proposed based on the algorithm Sarsa in
literature [1] and the content of MDP in Section 2.1. DFRSarsa(𝜆) not only can solve reinforcement learning problems
with continuous state and discrete action space, but also can
solve problems with continuous state and continuous action
space. Algorithm 1 describes the general process of DFRSarsa(𝜆).
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(1) Initialize parameter vector 𝜃 = 0,⃗
eligibility trace vector e = 0,⃗
discount factor 𝛾, step-size parameter 𝛼
(2) Repeat(for every episode):
(3) 𝑥 ← initial state
(4) According to (10), compute 𝜙𝑟 (x), 𝑟 = 1, . . . , 𝑁𝑅
(5) According to 𝜀-greedy policy, select activation action 𝑢̃𝑟 , 𝑟 = 1, . . . , 𝑁𝑅
(6) According to (13), select action 𝑢 when state is 𝑥
(7) According to (16), compute 𝜇]𝑟,𝑗 (𝑢), 𝑟 = 1, . . . , 𝑁𝑅 , 𝑗 = 1, . . . , 𝑀
(8) According to (17) and (18), compute 𝑄𝑢
(9) Repeat(for each step of episode)
(10)
Update eligibility trace: e(𝑟, 𝑗) ← 𝛾𝜆e(𝑟, 𝑗) + 𝜙𝑟 (x)𝜇]𝑟,𝑗 (𝑢), 𝑟 = 1, . . . , 𝑁𝑅 , 𝑗 = 1, . . . , 𝑀
(11)
Take action 𝑢, receive next state 𝑥 and reward 𝑟
(12)
𝛿 ← 𝑟 − 𝑄𝑢
(13)
According to 𝜀-greedy policy, select activation action 𝑢̃𝑟 , 𝑟 = 1, . . . , 𝑁𝑅
(14)
According to (13), select action 𝑢 when state is 𝑥
(15)
According to (16), compute 𝜇]𝑟,𝑗 (𝑢 ), 𝑟 = 1, . . . , 𝑁𝑅 , 𝑗 = 1, . . . , 𝑀
(16)
According to (10), compute 𝜙𝑟 (x ), 𝑟 = 1, . . . , 𝑁𝑅
(17)
According to (17) and (18), compute 𝑄𝑢
(18)
𝛿 ← 𝛿 + 𝛾𝑄𝑢
(19)
𝜃 ← 𝜃 + 𝛼𝛿e
(20)
𝑢 ← 𝑢
(21) Until 𝑥 is the terminal state
(22) Until preset episode number or other terminal condition meets
Algorithm 1: DFR-Sarsa(𝜆).

3.3. Convergence Analysis. In the literature [18, 19], the convergence of on-policy TD(𝜆) using linear function approximation is analyzed in detail. When this kind of algorithm
meets some assumptions and lemmas, it converges with
probability 1. Since DFR-Sarsa(𝜆) is exactly such an on-policy
TD(𝜆) algorithm, it can be proved to be convergent when it
satisfies some assumptions and lemmas in literature [18]. And
this paper will not take too much details for its convergence
proof.
Assumption 2. The state transition function and reward
function of MDP follow stable distributions.
Lemma 3. The Markov chain that DFR-Sarsa(𝜆) depends on
is irreducible and aperiodic, and the reward and value function
are bounded.
Proof. Firstly, we prove its irreducibility. According to the
property of Markov process, if any two states of a Markov
process can be transferred from each other, it is irreducible
[20]. DFR-Sarsa(𝜆) is used for solving reinforcement learning
problems that satisfy MDP framework, and the MDP meets
Definition 1. Thus for any state 𝑥 in the MDP, there must
exist an 𝑓 that meets 𝑓(𝑥, 𝑢, 𝑥 ) ≥ 0, which indicates that
state 𝑥 can be visited infinitely. Therefore, each state can be
transferred to any other state. So the Markov chain of DFRSarsa(𝜆) is irreducible.
Secondly, we prove that it is aperiodic. For the irreducible
Markov chain, if one of the states in Markov chain is proved
aperiodic, the entire Markov chain can be proved aperiodic.
In addition, if a state of the Markov Chain has the property
of autoregression, the state can be proven aperiodic [20]. For
state 𝑥 of the MDP, there must exist a state transition

satisfying 𝑓(𝑥, 𝑢, 𝑥) > 0, which indicates that state 𝑥 is
autoregressive. From the above analysis, we can conclude that
the MDP is aperiodic. Therefore, the Markov chain that DFRSarsa(𝜆) depends on is aperiodic.
Finally, we prove that its reward and value function
are bounded. Literature [1] shows that value function is a
discounted accumulating reward function, which satisfies the
𝑖
equation 𝑄(𝑥, 𝑢) = ∑∞
𝑖=0 𝛾 𝜌(𝑥, 𝑢), 𝛾 ∈ (0, 1). By Definition 1,
we know that the reward function 𝜌 is bounded, and it
satisfies 0 ≤ 𝜌(𝑥, 𝑢) ≤ 𝐶, where 𝐶 is a constant. Hence
∞

∞

𝑄 (𝑥, 𝑢) = ∑𝛾𝑖 𝜌 (𝑥, 𝑢) < ∑𝛾𝑖 𝐶 = lim
𝑖=0

𝑖=0

𝑖→∞

(1 − 𝛾𝑖 )
1−𝛾

𝐶=

𝐶
.
1−𝛾
(24)

By Inequation (24), we can conclude that value function 𝑄(𝑥,
𝑢) is bounded.
In summary, Lemma 3 is proved.
Condition 1. For each membership function 𝑖, there exists a
𝑥𝑖 , while the
unique state 𝑥𝑖 that 𝜇𝑖 (𝑥𝑖 ) > 𝜇𝑖 (𝑥), for all 𝑥 ≠
other membership functions in state 𝑥𝑖 are 0; that is, 𝜇𝑖 (𝑥𝑖 ) =
𝑖.
0, for all 𝑖 ≠
Lemma 4. The basis functions of DFR-Sarsa(𝜆) are bounded,
and the basis function vector is linearly independent.
Proof. Firstly, we prove the basis functions are bounded.
From 𝜙𝑟 (x) ∈ [0, 1] and 𝜇]𝑟,𝑗 (𝐶(x)) ∈ [0, 1], we get


𝜙𝑟 (x) 𝜇] (𝐶 (x)) ≤ 1,
∞

𝑟,𝑗

(25)
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where ‖ ⋅ ‖∞ represents infinite norm. Since the basis function of DFR-Sarsa(𝜆) is known as 𝜙𝑟 (x)𝜇]𝑟,𝑗 (𝐶(x)) from (25),
we get that the basis functions of DFR-Sarsa(𝜆) are bounded.
Secondly, we prove the basis function vector is linearly
independent. In order to make the basis function vector
linearly independent, let the basis functions meet Condition 1
[21], where the function form is shown in Figure 4. From
literature [21] we know that, when Condition 1 is met, the
basis function vector is linearly independent.
The requirement in Condition 1 can be relaxed appropriately by making the membership degree of 𝜇𝑖 (𝑥𝑖 ) at state 𝑥𝑖
a small value, for example, a Gaussian membership function
with smaller standard deviation. Applying the membership
function to DFR-Sarsa(𝜆), experimental results show that
DFR-Sarsa(𝜆) is convergent, though the convergence still
cannot be given theoretically.
In summary, Lemma 4 is proved.
Lemma 5. Step-size parameter 𝛼 of DFR-Sarsa(𝜆) satisfies
(26)
∞

∑𝛼𝑡 = ∞,

𝑡=0

∞

∑𝛼𝑡2 < ∞.

(26)

𝑡=0

Proof. Set step-size parameter of DFR-Sarsa(𝜆) 𝛼 = 1/(𝑡 + 1),
where 𝑡 is the time step. By Newton power series expansion,
we get
∞

∞

𝑡=0

𝑡=0

∑𝛼𝑡 = ∑ (1 +

1
1
+ ⋅ ⋅ ⋅ + ) = ln (𝑡 + 1) + 𝑟,
2
𝑡

(27)

where 𝑟 = 0.577218 is Euler’s constant. Because ln 𝑡 is an
increasing function, it satisfies ∑∞
𝑡=0 𝛼𝑡 = ∞ when 𝑡 → ∞.
Cosider
∞
∞
1 2
1 2
2𝑡 − 1
1
=2− ;
∑𝛼𝑡2 = ∑ (12 + ( ) + ⋅ ⋅ ⋅ + ( ) ) <
2
𝑡
𝑡
𝑡
𝑡=0
𝑡=0
(28)

the inequality part in Inequation (28) can be proven by induc2
tion; thus ∑∞
𝑡=0 𝛼𝑡 < ∞ is met when 𝑡 → ∞.
By (27) and Inequation (28), we get that the step-size
parameter of DFR-Sarsa(𝜆) satisfies (26); thus we proved
Lemma 5.
Theorem 6. Under the condition of Assumption 2, if DFRSarsa(𝜆) satisfies Lemma 3 to Lemma 5, the algorithm converges with probability 1.
Proof. Literature [18] gives the related conclusion that, under
the condition of Assumption 2, when on-policy TD(𝜆) algorithms with linear function approximation meet certain
conditions (Lemma 3 to Lemma 5), the algorithms converge
with probability 1. DFR-Sarsa(𝜆) is just such an algorithm and
it meets Assumption 2 and Lemma 3 to Lemma 5. So we get
that DFR-Sarsa(𝜆) converges with probability 1.

4. Experiments
In order to verify DFR-Sarsa(𝜆)’s performance about the
convergence rate, iteration steps after convergence, and the

Figure 2: Mountain Car.

Figure 3: Cart-pole Balancing.

effectiveness of continuous action policy, we take two problems as experimental benchmarks: Mountain Car and Cartpole Balancing. These two problems are classic episodic tasks
with continuous state and action spaces in reinforcement
learning, which are shown in Figures 2 and 3, respectively.
4.1. Mountain Car. Mountain Car is a representative problem
with continuous state space, as shown in Figure 2. Suppose
the underpowered car cannot accelerate up directly to reach
the top of the right side. So, it has to move around more than
once to get there. Modeling the task as an MDP, in which the
state represented a two-dimensional variable: location and
speed; that is, 𝑥 = [𝑦, V]. The action is the force that drives
the car to move horizontally, which is bounded in [−1, 1]. In
this problem, the system dynamics are described as follows:
V𝑡+1 = bound [V𝑡 + 0.001 𝑢𝑡 + 𝑔 cos (3𝑦𝑡 )] ,
𝑦𝑡+1 = bound [𝑦𝑡 + 1] ,

(29)

where bound(V𝑡 ) ∈ [−0.07, +0.07], bound(𝑦𝑡 ) ∈ [−1.5, +0.5],
and 𝑔 = 0.0025 is a constant related to gravity. In addition,
time step is 0.1 s and the reward function is as follows:
𝑟𝑡 = {

−1, 𝑦 < 0.5,
0,
𝑦 ≥ 0.5.

(30)

Equation (30) is a punishment reward function, where 𝑟𝑡
means the reward received at time 𝑡.
In the simulation, the number of episodes is set to 1000.
The maximum time step in each episode is also set to 1000.
The initial state of the car is 𝑦 = −0.5, 𝑢 = 0. When the
car arrives to the destination (𝑦 = 0.5) or the time steps
exceed 1000, we finish this episode and begin a new one. The
experiment will end after 1000 episodes.
In order to show the effectiveness of DFR-Sarsa(𝜆), we
compare the algorithm with Fuzzy Sarsa proposed by
Tokarchuk et al. [15], GD-Sarsa(𝜆) proposed by Sutton et al.
[3], and Fuzzy Q(𝜆) proposed by Zajdel [22]. Additionally,
the effect of eligibility trace on the convergence performance
is also tested.
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Figure 4: Triangular membership functions (except the domains of
states are different, the form of membership functions of position,
and velocity is described in Figure 4. Besides, the form of membership functions in Section 4.2 is also the same).

At present, there is no proper way to select parameters
that make the four algorithms have their best performance,
respectively. In order to make the comparison more reasonable, the parameters that exist in all of the four algorithms
will be set at the same value, while the parameters that do not
exist in all of the four algorithms will be set at the value from
where it firstly comes.
We first set the parameters of DFR-Sarsa(𝜆): 20 triangular
fuzzy sets whose cores are equidistant are used to partition
each state variable, which results in 400 fuzzy rules. Similarly,
use eight triangular fuzzy sets whose cores are equidistant to
partition the continuous action space, where the number of
fuzzy rules is 8. Set the other parameters 𝜀 = 0.001, 𝛼 = 0.9,
𝜆 = 0.9, and 𝛾 = 1.0. The form of fuzzy partition in Fuzzy
Sarsa is the same as in DFR-Sarsa(𝜆). Other parameters are
set to 𝜀 = 0.001, 𝛼 = 0.9, and 𝛾 = 0.9. GD-Sarsa(𝜆) uses
10 tilings of 9 × 9 to divide state space, where the parameters
are set as the best experimental parameters given in literature
[1]: 𝜀 = 0.001, 𝛼 = 0.14, 𝜆 = 0.3, and 𝛾 = 1.0. The form
of fuzzy partition in Fuzzy Q(𝜆) Sarsa is also the same as in
DFR-Sarsa(𝜆). Other parameters are set in accordance with
literature [22] to 𝜀 = 0.005, 𝛼 = 0.1, 𝜆 = 0.1, and 𝛾 = 0.995.
DFR-Sarsa(𝜆), Fuzzy Sarsa, GD-Sarsa(𝜆), and Fuzzy Q(𝜆)
are applied to Mountain Car. Figure 5 shows the average result in 30 independent simulation experiments. The
𝑥-coordinate indicates the number of episodes, and ycoordinate represents the average time steps the car drives
from the initial state to the target. As can be seen from
Figure 5, the convergence performance of DFR-Sarsa(𝜆) is
better than those of the other three algorithms.
The detailed performance of the four algorithms is shown
in Table 1 (the benchmark time is the average time of a single
iteration of DFR-Sarsa(𝜆)).
In order to test the effectiveness of the proposed eligibility
trace, DFR-Sarsa(𝜆) with eligibility trace and DFR-Sarsa
without eligibility trace are both applied in Mountain Car.
Figure 6 shows the convergence performance of these two
algorithms. It can be seen that these two algorithms converge
in the same average time steps, but the convergence speed of
DFR-Sarsa(𝜆) is better than that of DFR-Sarsa.
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Figure 5: Comparisons on convergent efficiency of the four algorithms.
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Figure 6: The effect of eligibility traces on convergent efficiency of
DFR-Sarsa(𝜆).
Table 1: Performance comparison of the four algorithms in Mountain Car problem.
Algorithm
Average episodes
Average steps
Average time within
an iterative step

DFR-Sarsa
(𝜆)

Fuzzy
Q (𝜆)

GD-Sarsa
(𝜆)

Fuzzy
Sarsa

86
79

98
101

118
134

103
112

100%

80%

30%

65%

4.2. Cart-Pole Balancing. Figure 3 shows a Cart-pole Balancing system, in which the cart can move left or right on the
horizontal plane. A pole is hinged to the cart, which can
rotate freely within a certain angle. The task is to move the
cart horizontally to keep the pole standing in a certain range
[−𝜋/2, 𝜋/2]. Similarly, modeling the task as an MDP, the state
is a two-dimensional variable, which is represented by the
vertical angle of pole 𝜃, and the angular velocity of the pole
̇
𝜃;̇
that is, 𝑥 = [𝜃, 𝜃].
These two state variables satisfy 𝜃 ∈
[−𝜋/2, 𝜋/2] (rad) and 𝜃̇
∈ [−16𝜋, 16𝜋] (rad/s). The action
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Figure 7: Comparisons on convergent efficiency of the two algorithms.

is the force exerted on the cart, which ranges from −50 N to
50 N. In addition, the force is added by a noise force which is
uniformly distributed in [−10 N, 10 N]. The system dynamics
are described as
2
sin (2𝜃) /2 − 𝛼 cos (𝜃) 𝑢
𝑔 sin (𝜃) − 𝑎𝑚𝑙(𝜃)̇
̈
,
𝜃=
4𝑙/3 − 𝑎𝑚𝑙 cos2 (𝜃)
2

Change of pole angle (𝜃)

Average steps in 30 runs
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Figure 8: Changes of the pole angle 𝜃 when using the two mentioned
algorithms, respectively.

(31)

where 𝑔 = 9.8 m/s is acceleration of gravity, 𝑚 = 2.0 kg is
the mass of pole, 𝑀 = 8.0 kg is the mass of cart, 𝑙 = 0.5 m is
the length of pole, and constant 𝛼 = 1/(𝑚 + 𝑀). The change
of reward depends on the change of state. At each time step
(0.1 s), when the angle of the pole with vertical direction is no
more than 𝜋/2, reward 0 is received. While the angle is more
than 𝜋/2, the reward is −1, and the episode ends.
The parameter setting in this example is similar to the
settings in Section 3.1, so we only give the difference here:
12 equidistant triangular fuzzy sets are used to partition the
continuous action space, which leads to 144 fuzzy rules.
DFR-Sarsa(𝜆) and GD-Sarsa(𝜆) are executed on 30 independent simulations on Cart-pole Balancing; the results are
shown in Figure 7, where the 𝑥-coordinate represents the
number of episodes; the 𝑦-coordinate represents the average
time steps. As can be seen from Figure 7, the convergence performance of DFR-Sarsa(𝜆) is also better than GD-Sarsa(𝜆).
The detailed performance of the two algorithms is shown
in Table 2 (the benchmark time is the average time of a single
iteration of DFR-Sarsa(𝜆)).
Figure 8 shows the results of GD-Sarsa(𝜆) and DFRSarsa(𝜆) on Cart-pole Balancing task, respectively. We have
known that GD-Sarsa(𝜆) is based on discrete action policies,
while DFR-Sarsa(𝜆) is based on continuous action policies.
From Figure 8 we can see that the continuous action policy
obtained by DFR-Sarsa(𝜆) can make the pole’s angle change
in only a small angle, while discrete action policy obtained by
GD-Sarsa(𝜆) makes the pole’s angle change in a large range.
This fact indicates that policies obtained by DFR-Sarsa(𝜆)
are much more stable than that of GD-Sarsa(𝜆). Thus, DFRSarsa(𝜆) is more suitable for applications which require more
stable policies.

Table 2: Performance comparison of the two algorithms in Cartpole Balancing problem.

Algorithm

Episodes
Minimum
Average
episodes
episodes

DFR-Sarsa(𝜆)
GD-Sarsa(𝜆)

135
179

155
204

Average time within
an iterative step
100%
46%

5. Conclusions
In allusion to the problem that classic reinforcement learning
algorithms based on lookup table or function approximation
converge slowly and are difficult to obtain continuous action
policies, this paper presents an algorithm with eligibility
trace based on double-layer fuzzy reasoning—DFR-Sarsa(𝜆).
Firstly, the algorithm constructs two fuzzy reasoning layers
to approximate Q-function, which are associated with state,
action, and Q-value. Then, it uses gradient descent method
to update eligibility trace and the consequent of fuzzy rules
in the two FISs. Applying the proposed algorithm and other
three similar relatively new algorithms to Mountain Car and
Cart-pole Balancing system, experimental results show that,
compared with reinforcement learning algorithms using only
one fuzzy inference system, our algorithm requires fewer
steps to convergence, though it increases the time complexity;
compared with algorithms based on lookup table or some
other function approximation methods, DFR-Sarsa(𝜆) has
better convergence performance and can obtain a continuous
action policy.
The performance of DFR-Sarsa(𝜆) relies on the twolayer fuzzy inference systems, while the performance of fuzzy
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inference system mainly depends on the fuzzy sets and fuzzy
rules. In this paper, the type of fuzzy sets and the number of
rules are given as prior knowledge, and they are no longer
changed during the learning process. In order to achieve
a much better convergence performance, we will focus on
using appropriate optimization algorithms to optimize the
membership functions and adjust the fuzzy rules adaptively.
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One of the most important problems in many research fields is the development of reliable mathematical models with good
predictive ability to simulate experimental systems accurately. Moreover, in some of these fields, as marine systems, these models
play a key role due to the changing environmental conditions and the complexity and high cost of the infrastructure needed to carry
out experimental tests. In this paper, a semiphysical modelling technique based on least-squares support vector machines (LS-SVM)
is proposed to determine a nonlinear mathematical model of a surface craft. The speed and steering equations of the nonlinear
model of Blanke are determined analysing the rudder angle, surge and sway speeds, and yaw rate from real experimental data
measured from a zig-zag manoeuvre made by a scale ship. The predictive ability of the model is tested with different manoeuvring
experimental tests to show the good performance and prediction ability of the model computed.

1. Introduction
The availability of tools and methods to compute mathematical models for simulation purposes is of key importance,
making the system identification field one of the highlights
among the research topics in engineering and one of the
most important stages in the control research area. Moreover,
aspects that go from the high cost of practical implementations and tests in an open air environment to the complexity
of the infrastructure needed to carry out experimental tests,
and even the changing environmental conditions, call for
the availability of these mathematical models with which
new designs and ideas can be tested in simulation with
high accuracy. In addition, the importance of the modelling
stage is crucial since an inadequate model identification may
yield large prediction errors. The literature on linear and
nonlinear system identification is extensive and covers many
areas of engineering research. For a short survey on some
essential features in the identification area and a classification
of methods the reader is referred to [1, 2].

Among the number of techniques and methods on system
identification, semiphysical modelling presents some interesting own characteristics. In this method, the prior knowledge about the application is used to develop a good model
structure to be defined with raw measurements. The model
structures defined are not physically complete, but allow for
very suitable models to describe the behaviour of the systems
involved, [3]. There exist several tools to be applied on semiphysical modelling [4], and potential tools that can support
the process of semiphysical modelling are neural networks
and support vector machines (SVM). The work at hand is
focused on the semiphysical modelling (based on SVM) of a
surface craft to describe its dynamical behaviour in an experimental environment. The computation of the model is carried
out with the least-squares support vector machines (LSSVM) technique [5], which is one of the different types of
SVM algorithms available in the literature.
One of the most popular and widely used techniques in
the artificial intelligence (A.I.) field for system identification
is the artificial neural networks, such as multilayer perceptron
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(MLP); see, for example, [6]. This kind of techniques is robust
and effective in many problems in identification and control.
Despite this, they present some disadvantages such as the
local minima, overfitting, large computation time to converge
to the solution, and so forth, to name but a few. Some of
these problems can be solved effectively using SVM since it
provides a larger generalisation performance, offering a more
attractive alternative for the system identification problem, as
it is not based on the empirical error implemented in neural
networks, but on the structural risk minimization (SRM).
The basic idea of SVM is Vapnik-Chervonenkis (VC) theory
which defines a measure of the capacity of a learning machine
[7]. The idea is to map input data into a high-dimensional
feature Hilbert space using a nonlinear mapping technique,
that is, the kernel dot product trick [8], and to carry out
linear classification or regression in feature space. The Kernel
functions replace a possibly very high-dimensional Hilbert
space without explicitly increasing the feature space [9].
SVM, both for regression and classification, has the ability to
simultaneously minimize the estimation error in the training
data (the empirical risk) and the model complexity (the
structural risk) [10]. Moreover, SVM can be designed to deal
with sparse data, where we have many variables but few data.
Furthermore, the solution of SVM is globally optimal. The
formulation of SVM for regression, that is, support vector
regression (SVR), is very similar to the formulation of SVM
for classification. For a survey on SVR the reader is referred to
[11] and the references therein. The formulation of SVR shows
how this technique is suitable to be used as a semiphysical
modelling tool to obtain the parameters of a mathematical
model. In this sense, it is of practical interest to describe a
nonlinear system from a finite number of input and output
measurements.
Although there are not many results for system identification using SVM, we can find some interesting works such
as the work in [12], where the authors make a study of the
possible use of SVM for system identification, in [13] where
an identification method based on SVR is proposed for linear
regression models, or in [14] in which the application of SVM
to time series modelling is considered by means of simulated
data from an autocatalytic reactor. Other interesting works
can be found in [15–18]. It is important to remark that most
of the papers that study the problem of system identification
using SVM deal only with simulation data. As mentioned
above, among the different SVM techniques, we can find LSSVM, [5]. This technique allows a nice simplification of the
problem making it more tractable, as will be commented in
higher detail in Section 2. We can also find some interesting
works that deal with this problem, for example [19], where
LS-SVM is used for nonlinear system identification for some
simple examples of nonlinear autoregressive with exogenous
input (NARX) input-output models. There also exist some
other representative examples that deal with identification
using LS-SVM; see, for example, [20–22].
In this paper LS-SVM is used for the semiphysical
modelling of a surface marine vessel. System identification of
marine vehicles starts in the 70s with the works in [23], where
an adaptive autopilot with reference model was presented,
and in [24], where parametric linear identification techniques
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were used to define the guidance dynamics of a ship using the
maximum likelihood method. There exist many algorithms
and tools to compute mathematical models that describe the
dynamics of marine vehicles for different applications and
scenarios. For instance, in [25] several parametric identification algorithms are used to design autopilots for different
kinds of ships, in [26] the hydrodynamic characteristics of a
ship are determined by a Kalman filter (KF), and in [27] an
extended kalman filter (EKF) is used for the identification of
the ship dynamics for dynamic positioning. The computation
of these models usually needs a lot of time and practical
tests to obtain enough information about the hydrodynamic
characteristics of the vehicle and an important computational
effort to define an accurate model, so it is clear that the
identification task may become a complex and tedious task.
Moreover, the operational conditions may affect the vehicle
providing different models depending on these conditions, as
studied in [28]. For some other interesting related works the
reader is referred to [29–31] and the references therein.
For the above reason, in some practical situations, it is
usual to employ simple vehicle models that, although they
reproduce with less accuracy the dynamics of the vehicle, they
show very good results and prediction ability for most of the
standard operations; see, for example, [32] where the authors
obtain a linear second-order Nomoto heading model with an
added autoregressive moving average (ARMA) disturbance
model for an autonomous in-scale physical model of a fastferry. They use a turning circle manoeuvre for the system
identification. See also [33] where a nonlinear ship model
is identified in towing tests in a marine control laboratory
for automatic control purposes. Following this trend, in this
paper the nonlinear Blanke model is identified [30, 34]. This
model has a large prediction ability in the experimental
setup for standard operations, as will be seen throughout this
work, although the model is less precise than other models
available in the literature, such as the Abkowitz model [35].
Furthermore, it can be obtained with semiphysical modelling
techniques based on SVM in a fast manner with relatively few
data.
We can find some works that employ neural networks
to define the dynamics of a surface marine vehicle, such as
[36–38] or [39]. We can also find some interesting works
that deal with the identification of marine vehicles by using
SVM, for example, [40], where an Abkowitz model for
ship manoeuvring is identified by using LS-SVM, and [41],
where 𝜖-SVM is employed for the computation of the same
model. These two above works search to determine the
hydrodynamic coefficients of a mariner class vessel with
simple training manoeuvres; however, the identification of
the mathematical model is made with data obtained from
simulation, and the prediction ability of the model is also
tested only in simulation. These works do not deal with real
data. Furthermore, as far as the authors know, most of the
works that deal with system identification using some SVR
technique employ simulation data and numerical examples,
where the models obtained are not tested on an experimental
setup. Two exceptions are the works [42], in which the steering equations of a Nomoto second-order linear model with
constant surge speed are identified using LS-SVM and tested
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in an experimental setup with a scale ship model, and [43], in
which an identification method based on SVM is proposed
for modelling nonlinear dynamics of a torpedo AUV. In this
reference the authors determine the hydrodynamic model
with a series of captive model tests, and based on this experimental model, manoeuvring simulations are developed. Then
SVM is used to identify the damping terms and Coriolis
and centripetal terms by analysing the simulation data. In
the work at hand, following a similar methodology to that
explained in [40, 42], we seek to determine the nonlinear
model of Blanke from raw data obtained from a physical scale
ship and to validate the model with several experimental tests.
Therefore, the key contributions of the present paper are
twofold: (i) the mathematical nonlinear Blanke model of a
scale ship is computed from experimental data collected from
a 20/20 degree zig-zag manoeuvre with the LS-SVM technique; (ii) the prediction ability of the mathematical model is
tested on an open air environment with different manoeuvres
carried out with the scale ship. These tests allow checking the
connection between the mathematical model and the ship,
showing how this nonlinear model predicts with large accuracy the actual behaviour of the surface vessel. In this sense,
the model can be used to design control strategies to predict
the ship behaviour on a simulation environment before its
implementation on the real vehicle. It is important to keep
in mind, for the experimental results obtained in this paper,
that the analytical properties of SVM can be compromised
in stochastic problems because the noise generates additional
support vectors. However, if the noise ratio is good and the
amplitude is limited, the SVM can solve the problem as if it
was deterministic [12].
The document is organized as follows. In Section 2 LSSVM is introduced. The nonlinear model of Blanke and
the input and output data for the LS-SVM algorithm are
stated in Section 3. In Section 4 the Blanke model obtained
from the semiphysical modelling is explicitly defined and its
prediction ability is tested with some manoeuvres, namely,
evolution circles and zig-zags. Finally, the conclusions and a
brief discussion of topics for further research are included in
Section 5.

2. Least Squares Support Vector
Machines for Regression
For the sake of completeness and clarity, in this section LSSVM is briefly introduced. The notation and concepts of this
section follow the explanation in [5]. The interested reader
can see also [11] for a report on support vector regression. The
basic idea behind SVM is that, using nonlinear mapping techniques, the input data are mapped into a high-dimensional
feature space where linear classification or regression is
carried out. Consider a model in the primal weight space:
𝑦 (𝑥) = 𝜔𝑇 𝜑 (𝑥) + 𝑏,

(1)

where 𝑥 ∈ R𝑛 is the input data, 𝑦 ∈ R is the output data, 𝑏 is
a bias term for the regression model, 𝜔 is a matrix of weights,
and 𝜑(⋅) : R → R𝑛ℎ is the mapping to a high-dimensional
Hilbert space, where 𝑛ℎ can be infinite. The optimization

problem in the primal weight space for a given training set
𝑁
{𝑥𝑖 , 𝑦𝑖 }𝑖=1𝑠 yields
𝑁

1
1 𝑠
minJ (𝜔, 𝑒) = 𝜔𝑇 𝜔 + 𝛾 ∑𝑒𝑖2
𝜔,𝑏,𝑒
2
2 𝑖=1

(2)

𝑦𝑖 = 𝜔𝑇 𝜑 (𝑥𝑖 ) + 𝑏 + 𝑒𝑖 ,

(3)

subject to

where 𝑁𝑠 is the number of samples, 𝑒𝑖 are regression error
variables, and 𝛾 is the regularisation parameter that determines the deviation tolerated from the desired accuracy. The
parameter 𝛾 must be always positive. The minimization of
𝜔𝑇 𝜔 is closely related to the use of a weight decay term in the
training of neural networks, and the second term of the righthand side of (2) controls the tradeoff between the empirical
error and the model complexity.
In the above problem formulation 𝜔 may become infinite
dimensional, and then the problem in the primal weight space
cannot be solved. In this situation, the Lagrangian must be
computed to derive the dual problem:
𝑁𝑠

L (𝜔, 𝑏, 𝑒, 𝛼) = J (𝜔, 𝑒) − ∑𝛼𝑖 {𝜔𝑇 𝜑 (𝑥𝑖 ) + 𝑏 + 𝑒𝑖 − 𝑦𝑖 } ,
𝑖=1

(4)
where 𝛼𝑖 , with 𝑖 = 1, . . . , 𝑁𝑠 , are the Lagrange multipliers.
Now the derivatives of (4) with respect to 𝜔, 𝑏, 𝑒𝑖 , and 𝛼𝑖 must
be computed to define the optimality conditions:
𝜕L (𝜔, 𝑏, 𝑒, 𝛼)
𝜕𝜔,𝑏,𝑒,𝛼
𝜕L
{
{
{
{
{
{ 𝜕𝜔
{
{
{
{
𝜕L
{
{
{
{ 𝜕𝑏
→ {
{
{ 𝜕L
{
{
{
{
𝜕𝑒𝑖
{
{
{
{
{
{
{ 𝜕L
{ 𝜕𝛼𝑖

𝑁𝑠

= 0 → 𝜔 = ∑𝛼𝑖 𝜑 (𝑥𝑖 )
𝑁𝑠

𝑖=1

= 0 → ∑𝛼𝑖 = 0

(5)

𝑖=1

= 0 → 𝛼𝑖 = 𝛾𝑒𝑖
= 0 → 𝜔𝑇 𝜑 (𝑥𝑖 ) + 𝑏 + 𝑒𝑖 − 𝑦𝑖 = 0.

After straightforward computations, variables 𝜔 and 𝑒 are
eliminated from (5), and then the kernel trick is applied. The
kernel trick allows us to work in large dimensional feature
spaces without explicit computations on them [8]. Thus, the
problem formulation yields
𝑁𝑠

𝑦 (𝑥) = ∑𝛼𝑖 𝐾 (𝑥, 𝑥𝑖 ) + 𝑏.

(6)

𝑖=1

In (6) the term 𝐾(⋅, ⋅) represents the kernel function, which
involves an inner product between its operands. This kernel
must be positive definite and must satisfy the Mercer condition [44]. The equation defined in (6) may be applied now to
compute the regression model.
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Equation (6) is very similar to that which would be
obtained for a standard SVM formulation. The main differences between both formulations are the equality constraints
in (3) and the squared error term of the second term in the
right-hand side of (2), implying a significant simplification
of the problem.

3. Semiphysical Modelling of the Nonlinear
Model of Blanke
In marine systems, the experimental tests can become costly
in time and money, due to the need of deployment, calibration, and recovery of complex systems at sea. Therefore,
the number of experimental tests that may be carried out
are partially constrained by this reason among others, like
environmental conditions, transportation of equipment, and
so forth, to name but a few. In this sense, the availability of
mathematical models, which describe the real systems accurately, is of utmost importance because most of these experimental tests may be carried out in simulation, predicting with
high accuracy the real behaviour of the real systems and
saving a number of practical tests.
There exists a wide range of different marine systems that
require mathematical models. The problem arises when a
detailed and trustworthy mathematical ship model is needed,
since it requires the identification of a multitude of hydrodynamic parameters; see [35]. This task can become hard and
complex, with the need of multiple experimental tests [30].
In many practical scenarios, it is very usual to employ
simple models that predict the behaviour of real ships with
large accuracy in most of the standard operations, like the
Nomoto models [45]. For example, in [42] the identification
of a second-order linear model of Nomoto for control
purposes is defined, although this model assumes linear ship
dynamics and describes only the steering equations. This kind
of model may be insufficient accurate for some scenarios due
to its simplicity and thus its use would be seriously limited. It
is necessary to compute a more general model to be applied
in a wider variety of situations and control actions, and this
work tries to overcome this limitation.
Therefore, in the present work a nonlinear manoeuvring model based on second-order modulus functions is
employed. The model used is the one proposed by Blanke
[34], which is a simplification of the Norrbin’s nonlinear
model, but with the most important terms for steering and
propulsion loss assignment. This 3-degree-of-freedom (DOF)
manoeuvring model is defined, following the definition in
[30], as
(𝑚 − 𝑋𝑢̇) 𝑢̇= 𝑋|𝑢|𝑢 |𝑢| 𝑢 + (𝑚 + 𝑋𝜐𝑟 ) 𝜐𝑟
+ (𝑚𝑥𝐺 + 𝑋𝑟𝑟 ) 𝑟2 + (1 − 𝑡) 𝑇 + 𝑋𝛿𝛿 𝛿2 + 𝑋ext
(𝑚 − 𝑌𝜐̇) 𝜐̇+ (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑟 ̇= − (𝑚 − 𝑌𝑢𝑟 ) 𝑢𝑟 + 𝑌𝑢𝜐 𝑢𝜐
+ 𝑌|𝜐|𝜐 |𝜐| 𝜐 + 𝑌|𝜐|𝑟 |𝜐| 𝑟
+ 𝑌𝛿 𝛿 + 𝑌ext

(𝑚𝑥𝐺 − 𝑁𝜐̇) 𝜐̇+ (𝐼𝑧 − 𝑁𝑟̇) 𝑟 ̇= − (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ) 𝑢𝑟 + 𝑁𝑢𝜐 𝑢𝜐
+ 𝑁|𝜐|𝜐 |𝜐| 𝜐 + 𝑁|𝜐|𝑟 |𝜐| 𝑟
+ 𝑁𝛿 𝛿 + 𝑁ext ,
(7)
where 𝑢 is surge speed, 𝑟 is yaw rate, 𝜐 is sway velocity, 𝛿 is
the rudder angle, 𝐼𝑧 is moment of inertia about the 𝑧-axis, 𝑚
is mass, 𝑥𝐺 is the 𝑥-axis coordinate of the centre of gravity,
𝑡 is the thrust deduction number, 𝑇 is propeller thrust, 𝑋𝛿𝛿
is resistance due to rudder deflection, and 𝑋𝑢̇, 𝑋|𝑢|𝑢 , 𝑋𝜐𝑟 ,
𝑋𝑟𝑟 , 𝑋ext , 𝑌𝜐̇, 𝑌𝑢𝑟 , 𝑌𝑟̇, 𝑌𝑢𝜐 , 𝑌|𝜐|𝜐 , 𝑌|𝜐|𝑟 , 𝑌𝛿 , 𝑌ext , 𝑁𝜐̇, 𝑁𝑟̇, 𝑁𝑢𝑟 ,
𝑁𝑢𝜐 , 𝑁|𝜐|𝜐 , 𝑁|𝜐|𝑟 , 𝑁𝛿 , and 𝑁ext are added inertia hydrodynamic
coefficients. For more details, the reader is referred to [30].
The interest of this particular model resides in that,
despite its relative simplicity, the most important nonlinear
terms of the ship dynamics are taken into account. Furthermore, it is possible to compute a dynamic model for control
purposes from the experimental data without the need of
computing the hydrodynamic derivatives that define all the
ship characteristics and its complete behaviour. Therefore, (7)
may be rewritten as
1
(𝑋 |𝑢| 𝑢 + (𝑚 + 𝑋𝜐𝑟 ) 𝜐𝑟
𝑢̇=
𝑚 − 𝑋𝑢̇ |𝑢|𝑢
+ (𝑚𝑥𝐺 + 𝑋𝑟𝑟 ) 𝑟2 + (1 − 𝑡) 𝑇
+ 𝑋𝛿𝛿 𝛿2 + 𝑋ext ) ,
𝜐̇=

𝐼𝑧 − 𝑁𝑟̇
(− (𝑚 − 𝑌𝑢𝑟 ) 𝑢𝑟 + 𝑌𝑢𝜐 𝑢𝜐 + 𝑌|𝜐|𝜐 |𝜐| 𝜐
Θ
+ 𝑌|𝜐|𝑟 |𝜐| 𝑟 + 𝑌𝛿 𝛿 + 𝑌ext )
−

𝑚𝑥𝐺 − 𝑌𝑟̇
(− (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ) 𝑢𝑟 + 𝑁𝑢𝜐 𝑢𝜐
Θ
+ 𝑁|𝜐|𝜐 |𝜐| 𝜐 + 𝑁|𝜐|𝑟 |𝜐| 𝑟 + 𝑁𝛿 𝛿 + 𝑁ext ) ,

𝑟 ̇=

𝑚 − 𝑌𝜐̇
(− (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ) 𝑢𝑟 + 𝑁𝑢𝜐 𝑢𝜐 + 𝑁|𝜐|𝜐 |𝜐| 𝜐
Θ
+ 𝑁|𝜐|𝑟 |𝜐| 𝑟 + 𝑁𝛿 𝛿 + 𝑁ext )
−

𝑚𝑥𝐺 − 𝑁𝜐̇
(− (𝑚 − 𝑌𝑢𝑟 ) 𝑢𝑟 + 𝑌𝑢𝜐 𝑢𝜐 + 𝑌|𝜐|𝜐 |𝜐| 𝜐
Θ
+ 𝑌|𝜐|𝑟 |𝜐| 𝑟 + 𝑌𝛿 𝛿 + 𝑌ext ) ,
(8)

with Θ = (𝐼𝑧 − 𝑁𝑟̇)(𝑚 − 𝑌𝜐̇) − (𝑚𝑥𝐺 − 𝑌𝑟̇)(𝑚𝑥𝐺 − 𝑁𝜐̇).
Now we can proceed with the derivation of the semiphysical
model. For simplicity reasons, (8) is discretized with Euler’s
stepping method using a forward-difference approximation
on the derivative:
𝑢 (𝑘 + 1) − 𝑢 (𝑘)
Δ𝑘
1
=
(𝑋 |𝑢 (𝑘)| 𝑢 (𝑘)
𝑚 − 𝑋𝑢̇ |𝑢|𝑢
+ (𝑚 + 𝑋𝜐𝑟 ) 𝜐 (𝑘) 𝑟 (𝑘)
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𝜐 (𝑘 + 1)

+ (𝑚𝑥𝐺 + 𝑋𝑟𝑟 ) 𝑟(𝑘)2 + (1 − 𝑡) 𝑇 (𝑘)

= 𝜐 (𝑘) − Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) (𝑚 − 𝑌𝑢𝑟 )

+ 𝑋𝛿𝛿 𝛿(𝑘)2 + 𝑋ext ) ,

− (𝑚𝑥𝐺 − 𝑌𝑟̇) (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ))

𝜐 (𝑘 + 1) − 𝜐 (𝑘)
Δ𝑘
=

⋅ 𝑢 (𝑘) 𝑟 (𝑘)

𝐼𝑧 − 𝑁𝑟̇
(− (𝑚 − 𝑌𝑢𝑟 ) 𝑢 (𝑘) 𝑟 (𝑘)
Θ

+ Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌𝑢𝜐 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁𝑢𝜐 )
⋅ 𝑢 (𝑘) 𝜐 (𝑘)

+ 𝑌𝑢𝜐 𝑢 (𝑘) 𝜐 (𝑘) + 𝑌|𝜐|𝜐 |𝜐 (𝑘)| 𝜐 (𝑘)

+ Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌|𝜐|𝜐 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁|𝜐|𝜐 )

+ 𝑌|𝜐|𝑟 |𝜐 (𝑘)| 𝑟 (𝑘) + 𝑌𝛿 𝛿 (𝑘) + 𝑌ext )

⋅ |𝜐 (𝑘)| 𝜐 (𝑘)

𝑚𝑥𝐺 − 𝑌𝑟̇
−
(− (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ) 𝑢 (𝑘) 𝑟 (𝑘)
Θ

+ Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌|𝜐|𝑟 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁|𝜐|𝑟 )

+ 𝑁𝑢𝜐 𝑢 (𝑘) 𝜐 (𝑘) + 𝑁|𝜐|𝜐 |𝜐 (𝑘)| 𝜐 (𝑘)

⋅ |𝜐 (𝑘)| 𝑟 (𝑘)

+ 𝑁|𝜐|𝑟 |𝜐 (𝑘)| 𝑟 (𝑘) + 𝑁𝛿 𝛿 (𝑘) + 𝑁ext ) ,

+ Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌𝛿 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁𝛿 ) 𝛿 (𝑘)
+ Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌ext − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁ext ) ,

𝑟 (𝑘 + 1) − 𝑟 (𝑘)
Δ𝑘
=

𝑟 (𝑘 + 1)

𝑚 − 𝑌𝜐̇
(− (𝑚𝑥𝐺 − 𝑁𝑢𝑟 ) 𝑢 (𝑘) 𝑟 (𝑘)
Θ

= 𝑟 (𝑘) − Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) (𝑚𝑥𝐺 − 𝑁𝑢𝑟 )
− (𝑚𝑥𝐺 − 𝑁𝜐̇) (𝑚 − 𝑌𝑢𝑟 ))

+ 𝑁𝑢𝜐 𝑢 (𝑘) 𝜐 (𝑘) + 𝑁|𝜐|𝜐 |𝜐 (𝑘)| 𝜐 (𝑘)

⋅ 𝑢 (𝑘) 𝑟 (𝑘)

+ 𝑁|𝜐|𝑟 |𝜐 (𝑘)| 𝑟 (𝑘) + 𝑁𝛿 𝛿 (𝑘) + 𝑁ext )

+ Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁𝑢𝜐 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌𝑢𝜐 )

𝑚𝑥𝐺 − 𝑁𝜐̇
−
(− (𝑚 − 𝑌𝑢𝑟 ) 𝑢 (𝑘) 𝑟 (𝑘)
Θ

⋅ 𝑢 (𝑘) 𝜐 (𝑘)

+ 𝑌𝑢𝜐 𝑢 (𝑘) 𝜐 (𝑘) + 𝑌|𝜐|𝜐 |𝜐 (𝑘)| 𝜐 (𝑘)

+ Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁|𝜐|𝜐 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌|𝜐|𝜐 )

+ 𝑌|𝜐|𝑟 |𝜐 (𝑘)| 𝑟 (𝑘) + 𝑌𝛿 𝛿 (𝑘) + 𝑌ext ) ,

⋅ |𝜐 (𝑘)| 𝜐 (𝑘)

(9)
where Δ𝑘 is considered to be the sampling time of the inertial
measurement unit (IMU) on board the ship, and 𝑘 and 𝑘 + 1
define two successive data measurements from the IMU. We
have to rearrange the terms of (9) in a similar way as (6).
Doing so, (9) leads to
Δ𝑘 ⋅ 𝑋|𝑢|𝑢
𝑢 (𝑘 + 1) = 𝑢 (𝑘) +
|𝑢 (𝑘)| 𝑢 (𝑘)
𝑚 − 𝑋𝑢̇
+

Δ𝑘 ⋅ (𝑚 + 𝑋𝜐𝑟 )
𝜐 (𝑘) 𝑟 (𝑘)
𝑚 − 𝑋𝑢̇

Δ𝑘 ⋅ (𝑚𝑥𝐺 + 𝑋𝑟𝑟 )
+
𝑟(𝑘)2
𝑚 − 𝑋𝑢̇
Δ𝑘 ⋅ 𝑋𝛿𝛿
Δ𝑘
+
𝛿(𝑘)2
(1 − 𝑡) 𝑇 (𝑘) +
𝑚 − 𝑋𝑢̇
𝑚 − 𝑋𝑢̇
+

Δ𝑘 ⋅ 𝑋ext
,
𝑚 − 𝑋𝑢̇

+ Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁|𝜐|𝑟 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌|𝜐|𝑟 )
⋅ |𝜐 (𝑘)| 𝑟 (𝑘)
+ Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁𝛿 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌𝛿 ) 𝛿 (𝑘)
+ Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁ext − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌ext ) .
(10)
Equation (10), following the notation introduced in [5] and in
Section 2, can be rewritten in compact form as
𝑦𝑘𝜉 = Γ𝜉 𝑥𝑘𝜉

(11)

for 𝑘 = 1, . . . , 𝑁𝑠 − 1, where 𝜉 = 𝑢, 𝜐, 𝑟, 𝑦𝑘𝑢 = 𝑢(𝑘 + 1), 𝑦𝑘𝜐 =
𝜐(𝑘 + 1), and 𝑦𝑘𝑟 = 𝑟(𝑘 + 1) are the output training data for
the sampling time 𝑘 and where the input training data are
𝑇

𝑥𝑘𝑢 = [𝑢 (𝑘) , |𝑢 (𝑘)| 𝑢 (𝑘) , 𝜐 (𝑘) 𝑟 (𝑘) , 𝑟(𝑘)2 , 𝑇 (𝑘) , 𝛿(𝑘)2 , 1] ,
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𝑥𝑘𝜐 = [𝜐 (𝑘) , 𝑢 (𝑘) 𝑟 (𝑘) , 𝑢 (𝑘) 𝜐 (𝑘) , |𝜐 (𝑘)| 𝜐 (𝑘) ,

Table 1: Main parameters and dimensions of the real and the scale
ships.

|𝜐 (𝑘)| 𝑟 (𝑘) , 𝛿 (𝑘) , 1]𝑇 ,
𝑥𝑘𝑟 = [𝑟 (𝑘) , 𝑢 (𝑘) 𝑟 (𝑘) , 𝑢 (𝑘) 𝜐 (𝑘) , |𝜐 (𝑘)| 𝜐 (𝑘) ,
|𝜐 (𝑘)| 𝑟 (𝑘) , 𝛿 (𝑘) , 1]𝑇
(12)

Parameter
Length between perpendiculars (Lpp )
Maximum beam (B)
Mean depth to the top deck (H)
Design draught (Tm)

Real ship
74.400 m
14.200 m
9.050 m
6.300 m

Scale ship
4.389 m
0.838 m
0.534 m
0.372 m

and with
Γ𝑢 = [1,

Δ𝑘 ⋅ 𝑋|𝑢|𝑢 Δ𝑘 ⋅ (𝑚 + 𝑋𝜐𝑟 ) Δ𝑘 ⋅ (𝑚𝑥𝐺 + 𝑋𝑟𝑟 )
,
,
,
𝑚 − 𝑋𝑢̇
𝑚 − 𝑋𝑢̇
𝑚 − 𝑋𝑢̇

Δ𝑘 ⋅ 𝑋𝛿𝛿 Δ𝑘 ⋅ 𝑋ext 𝑇
Δ𝑘
,
] ,
(1 − 𝑡) ,
𝑚 − 𝑋𝑢̇
𝑚 − 𝑋𝑢̇ 𝑚 − 𝑋𝑢̇
Γ𝜐 = [1, −Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) (𝑚 − 𝑌𝑢𝑟 )
− (𝑚𝑥𝐺 − 𝑌𝑟̇) (𝑚𝑥𝐺 − 𝑁𝑢𝑟 )) ,
Figure 1: Scale ship used in the experimental tests.

Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌𝑢𝜐 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁𝑢𝜐 ) ,
Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌|𝜐|𝜐 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁|𝜐|𝜐 ) ,

kernel 𝐾(𝑥𝑖 , 𝑥𝑗 ) = (𝑥𝑖 ⋅ 𝑥𝑗 ) may be used for the semiphysical
modelling:

−1

Δ𝑘Θ ((𝐼𝑧 − 𝑁𝑟̇) 𝑌|𝜐|𝑟 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁|𝜐|𝑟 ) ,

𝑁𝑠

Δ𝑘Θ−1 ((𝐼𝑧 − 𝑁𝑟̇) 𝑌𝛿 − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁𝛿 ) ,

𝑦𝑘𝜉 = (∑𝛼𝑖𝜉 𝑥𝑖𝜉 ) ⋅ 𝑥𝑘𝜉 + 𝑏𝜉

𝑇

−1

(14)

𝑖=1

Δ𝑘Θ ((𝐼𝑧 − 𝑁𝑟̇) 𝑌ext − (𝑚𝑥𝐺 − 𝑌𝑟̇) 𝑁ext )] ,

for 𝜉 = 𝑢, 𝜐, 𝑟 and 𝑘 = 1, . . . , 𝑁𝑠 . Comparing (14) with (11),
after the training process we have

Γ𝑟 = [1, −Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) (𝑚𝑥𝐺 − 𝑁𝑢𝑟 )
− (𝑚𝑥𝐺 − 𝑁𝜐̇) (𝑚 − 𝑌𝑢𝑟 )) ,

𝑁𝑠

Γ𝜉 = ∑𝛼𝑖𝜉 𝑥𝑖𝜉 ,

Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁𝑢𝜐 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌𝑢𝜐 ) ,

(15)

𝑖=1

where the bias terms 𝑏𝜉 must be equal to or approximately 0.
The support vectors obtained allow to define the parameters
of the Blanke model immediately from (13).

Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁|𝜐|𝜐 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌|𝜐|𝜐 ) ,
Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁|𝜐|𝑟 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌|𝜐|𝑟 ) ,
Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁𝛿 − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌𝛿 ) ,

4. Experimental Results
𝑇

Δ𝑘Θ−1 ((𝑚 − 𝑌𝜐̇) 𝑁ext − (𝑚𝑥𝐺 − 𝑁𝜐̇) 𝑌ext )] .
(13)
The estimates of the elements in vectors (13) are obtained
from LS-SVM regression. In fact, we are interested in the
values of the vectors Γ𝜉 themselves, regardless of the values
of the different hydrodynamic coefficients that appear in (13),
because these vectors will define the equations of motion of
the ship, and we look for a model for control purposes. However, if we want to know the values of these hydrodynamic
coefficients, additional manoeuvres should be carried out
to identify some of them independently, and then, together
with the model obtained from LS-SVM, those remaining
would be computed.
The structure of the mathematical model is known in
advance, and elements in vectors (13) are linear in the
parameters, so linear regression can be applied and a linear

The data used for the training of the LS-SVM algorithm were
obtained by carrying out a 20/20 degree zig-zag manoeuvre,
since it is a simple manoeuvre but enough to define the
main characteristics of the ship dynamics. Once the model
is defined with the above zig-zag data, its prediction ability
must be compared with the real behaviour of the ship for the
same commanded input data, namely, surge speed and rudder
angle.
The vehicle used for the experimental tests is a scale
model in a 1/16.95 scale; see Figure 1. The scale ship,
hereinafter referred to as the ship, has the dimensions shown
in Table 1, where the dimensions of the real ship that it
represents are also shown.
4.1. Semiphysical Modelling of the Surface Craft. The 20/20
degree zig-zag manoeuvre to obtain the training data is
carried out with a commanded surge speed of 2 m/s, during
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90 seconds. The sampling time is 0.2 seconds, so 450 samples
are measured. Figure 2 shows the commanded rudder angle
(dashed line) and the corresponding yaw angle (solid line)
defined by the vehicle during the 20/20 degree zig-zag
manoeuvre. The training data are the commanded control
signals or inputs (rudder angle and surge speed) and the data
measured from the IMU on board the ship or outputs (effective surge speed, sway speed, and yaw rate). For the sake of
clarity on the results shown, the one sigma confidence levels
of the measured data from the IMU are heading: 0.05 deg,
attitude: 0.025 deg, position: 0.5 m, and velocity: 0.04 m/s.
Now the LS-SVM algorithm for regression may be trained
with these input and output data to compute the vectors
defined in (13). Different values of the regularisation parameter 𝛾 were tested, and 𝛾 = 104 was selected as the best
candidate. Following the comments made by Blanke [34], the
term (𝑚𝑥𝐺 + 𝑋𝑟𝑟 ) is considered to be zero since it will be
very small for most ships; thus the nonlinear model, after the
training process, yields
𝑢̇= −0.0321 |𝑢| 𝑢 − 2.7053𝜐𝑟 + 0.0600 − 0.2257𝛿2 + 0.06

Figure 3: Surge speed measured in the zig-zag manoeuvre with the
ship (solid line) and in simulation (dashed line).

0.2

0.15
Sway speed (m/s)

Figure 2: 20/20 degree zig-zag manoeuvre. Yaw angle (solid line)
and rudder angle (dashed line).
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Figure 4: Sway speed measured in the zig-zag manoeuvre with the
ship (solid line) and in simulation (dashed line).

𝜐̇= −0.4531𝑢𝑟 − 0.5284𝑢𝜐 + 0.5354 |𝜐| 𝜐
− 0.4121 |𝜐| 𝑟 + 0.0520𝛿 + 0.0007
𝑟 ̇= −1.1699𝑢𝑟 − 0.6696𝑢𝜐 + 2.3001 |𝜐| 𝜐
+ 3.9335 |𝜐| 𝑟 − 0.5503𝛿 − 0.0054.
(16)
Note that the term (1 − 𝑡)𝑇(𝑘) of (8) is constant in (16)
since the commanded surge speed is constant for all the
experiences carried out in the present work. Once the model
is well defined, we must check if it fits correctly the training
data; that is, it is necessary to compare the training data
with the results obtained with (16) for the same input signals.
In Figure 3 the comparison of the semiphysical modelling

results with the experimental data for the surge speed is
shown. It is important to notice that the scale used in Figure 3
has been chosen to show clearly the difference between the
simulated and real surge speeds, but we can see how the
maximum error between both speeds is less than 0.1 m/s, and
hence, the simulation results are very similar to the real ones.
Similarly, in Figure 4 the sway speed measured from the
IMU on board the ship is shown together with the sway
speed obtained from the Blanke model defined in (16). Notice
how the results are also very similar. Moreover, the large
similarity between the real and simulated sway speeds is even
more interesting because the sway speed cannot be directly
controlled due to the fact that the ship studied is an underactuated vehicle; that is, we have more degrees of freedom
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is 0.0066 rad/s, so it is clear that the simulation model has a
behaviour very close to the real one.

0.15

Yaw rate (rad/s)

0.1

4.2. Predictive Ability of the Model. The predictive ability of
the model must be tested with different tests and manoeuvres.
For this purpose two different manoeuvres are now undertaken. These tests are some turning manoeuvres (evolution
circles) and a 10/10 degree zig-zag manoeuvre. The initial
values of the effective surge speed, sway speed, and yaw rate
used in the simulation tests are the same as those of the real
ones to show clearly the connection between the real and the
simulated systems.
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Figure 5: Yaw rate obtained in the zig-zag manoeuvre with the ship
(solid line) and in simulation (dashed line).
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Figure 6: Approximation errors in the surge speed (dashed line),
sway speed (dotted line), and yaw rate (solid line).

(DOF) than control actions, the latter acting directly on the
surge speed and the rudder angle.
Finally, in Figure 5 the IMU and simulated yaw rates are
shown. Notice how both curves are practically the same,
showing that the model has a dynamical behaviour very close
to the actual one of the ship.
For comparison purposes, in Figure 6 the approximation
errors for the surge speed, the sway speed, and the yaw rate are
shown. It can be seen how the errors are very small and their
average values are very close to zero. The standard deviation
of the error in the surge speed is 0.0486 m/s and in the sway
speed is 0.0171 m/s. For the yaw rate the standard deviation

4.2.1. Test 1: Evolution Circles. The first validation test consists
in two turning manoeuvres (evolution circles) for commanded rudder angles of ±20 deg. The test was run during
240 seconds for each of the turning manoeuvres. In Figures
7(a) and 7(b) we can check the effective surge speed for
the ship (solid line) and for the simulation model (dashed
line) during these experimental tests for commanded rudder
angles of −20 deg and +20 deg, respectively. Notice the similar
behaviour of both speeds and how the simulated surge speed
is smoother than the real one because the simulated model is
not affected by noise or disturbances.
In Figures 8(a) and 8(b) the sway speeds for the ship and
the simulation model are shown for the commanded rudder
angles of −20 deg and +20 deg, respectively. It can be seen
how both speeds are very similar, although, as mentioned
above, the simulated one is free of noise and disturbances.
The yaw rate for the simulated and the actual systems can
be studied in Figures 9(a) and 9(b) for the two manoeuvres,
where it is shown that the simulation model and the ship have
a similar behaviour. In Figures 9 and 7 we can also notice
that the real system behaviour is not exactly symmetric; the
turnings are slightly larger for negative rudder angles. This
nonsymmetrical behaviour is possibly also the reason for
the different (small) errors in surge and sway speeds, which
vary depending on the turning angle. Despite the above
mentioned, the results obtained from the simulated model
are very similar to the actual ones, and their difference is not
significant. Moreover, the nonsymmetrical behaviour may be
caused by environmental conditions, like currents or winds,
or by structural characteristics, like the trimming of the ship.
This problem does not arise with the semiphysical model
since it does not incorporate environmental disturbances
that are always present in an experimental setup. Including
the possibility of modelling the environmental disturbances
would be some interesting future work.
In Figures 10(a) and 10(b) the approximation errors
between the real and the predicted surge speed, sway speed,
and yaw rate are shown. Notice how the yaw rate error
is larger for negative rudder angles as mentioned above.
Despite the commented deviation, the errors are small and
their average values are close to zero, providing a more than
satisfactory prediction of the real dynamical behaviour of the
ship. In this sense, the standard deviation of the predicted
surge speed with respect to the real one is 0.1786 m/s in the
first manoeuvre and 0.04 m/s in the second one. For the sway
speed the standard deviations are 0.0303 m/s and 0.0236 m/s,
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Figure 7: Surge speed obtained in two turning manoeuvres with the ship (solid line) and in simulation (dashed line), (a) −20 deg and (b)
+20 deg.
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Figure 8: Sway speed obtained in two turning manoeuvres with the ship (solid line) and in simulation (dashed line), (a) −20 deg and (b)
+20 deg.
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Figure 9: Yaw rate obtained in two turning manoeuvres with the ship (solid line) and in simulation (dashed line), (a) −20 deg and (b) +20 deg.
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Figure 10: Approximation errors in the surge speed (dashed line), sway speed (dotted line), and yaw rate (solid line) for the turning
manoeuvres, (a) −20 deg and (b) +20 deg.
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respectively. Finally the yaw rate standard deviations are
0.0160 rad/s and 0.0129 rad/s, respectively. These standard
deviations give us a clear image of the slightly nonsymmetrical behaviour of the real ship, showing also how the simulated
model has a dynamical behaviour very close to that seen in
the real ship.
4.2.2. Test 2: 10/10 Degree Zig-Zag Manoeuvre. In this second
test a 10/10 degree zig-zag manoeuvre is carried out to prove
the prediction ability of the model. The manoeuvre is run
during 90 seconds. In Figure 11 the surge speed during the
zig-zag test is shown for both the simulated model and the
ship. Notice again that the scale used in Figure 11 has been
chosen to show the difference between both speeds and
that the maximum error is around 0.06 m/s. Therefore, both
speeds are very similar, and the approximation error is very
small, as the details in Figure 14 show.
In Figure 12 the sway speed for both systems is shown, and
the similarity between both outputs is again easy to check.
Finally, in Figure 13 the yaw rate shows that the simulation
model obtained with LS-SVM regression has a dynamical
behaviour very close to that of the real ship.
In Figure 14 the approximation errors in the surge speed,
sway speed, and yaw rate are shown. The standard deviation
of the error in the surge speed for this case is 0.0466 m/s,
in the sway speed is 0.0239 m/s, and in the yaw rate is
0.0097 rad/s. Hence, the model predicts again the behaviour
of the real ship with large accuracy, validating the model
obtained with the LS-SVM regression algorithm.
Therefore, it is clear that the nonlinear mathematical
model defined for a surface marine vehicle with LS-SVM
provides a satisfactory result which predicts with large accuracy the nonlinear dynamics of the experimental system and
that it is suitable to be used for control purposes. Thus, this
technique has the potential to be implemented for different
kinds of marine vehicles in a simple and fast manner, avoiding
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Figure 12: Sway speed obtained in a 10/10 degree zig-zag manoeuvre
with the ship (solid line) and in simulation (dashed line).
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Figure 11: Surge speed obtained in a 10/10 degree zig-zag manoeuvre
with the ship (solid line) and in simulation (dashed line).
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Figure 13: Yaw rate obtained in a 10/10 degree zig-zag manoeuvre
with the ship (solid line) and in simulation (dashed line).

many practical tests to define a reliable mathematical model
and providing a very large prediction ability.
It would be interesting as future research to compare the
results obtained in this work with the results that would be
obtained using extreme learning machines (ELM) [46], as
this technique overcomes some drawbacks that neural networks present, and it also reduces significantly the computation time [47].

5. Conclusions and Future Work
In this work, the nonlinear ship model of Blanke has been
computed using experimental data obtained from a zig-zag

Surge and sway speeds (m/s) and yaw rate (rad/s)
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manoeuvre test. A semiphysical modelling technique based
on a least squares support vector machines algorithm has
been applied to determine the parameters of the nonlinear
model using the rudder angle, surge and sway speeds, and
yaw rate as training data. It was shown that the model
obtained fits the training data in a nice manner, showing the
simulated system a behaviour very similar to that of the real
ship. Furthermore, the prediction ability of the model was
validated carrying out several experimental tests, like turning
manoeuvres and zig-zags, demonstrating that the mathematical model can reproduce the actual ship dynamics with large
accuracy in different manoeuvres. In addition, the model
computed is suitable to be used for testing control algorithms
in simulation, avoiding the execution of a large number of
experimental tests.
Future work will aim at (i) extending the methodology
developed to deal with models whose structures are not
known in advance to capture all the features of the real ship,
incorporating disturbances and environmental conditions,
(ii) studying the performance of control algorithms for
path following and tracking with the ship model defined in
comparison with the results obtained for the real vehicle, and
(iii) comparing the results obtained in this work with other
different identification techniques, like the extreme learning
machines (ELM).
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Multilabel learning is now receiving an increasing attention from a variety of domains and many learning algorithms have been
witnessed. Similarly, the multilabel learning may also suffer from the problems of high dimensionality, and little attention has been
paid to this issue. In this paper, we propose a new ensemble learning algorithms for multilabel data. The main characteristic of
our method is that it exploits the features with local discriminative capabilities for each label to serve the purpose of classification.
Specifically, for each label, the discriminative capabilities of features on positive and negative data are estimated, and then the
top features with the highest capabilities are obtained. Finally, a binary classifier for each label is constructed on the top features.
Experimental results on the benchmark data sets show that the proposed method outperforms four popular and previously
published multilabel learning algorithms.

1. Introduction
Data classification is one of the major issues in data mining
and machine learning. Generally speaking, it consists of two
stages, that is, building classification models and predicting
labels for unknown data. Depending on the number of
labels tagged on each data, the classification problems can
be divided into single-label and multilabel classification [1].
In the former, the class labels are mutually exclusive and
each instance is tagged with only one class label. On the
contrary, each instance may be tagged with more than
one class label simultaneously. The multilabel classification
problems are ubiquitous in real-world applications, such as
text categorization, image annotation, bioinformatics, and
information retrieval [1, 2]. For example, the movie “avatar”
may be tagged with action, science fiction, and love types.
Now, many multilabel classification algorithms have been
witnessed. Roughly speaking, they can be grouped into
two categories, that is, algorithm adaption and problem
transformation [1]. The first kind of technique extends traditional single-label classifiers, such as 𝑘NN, C4.5, SVM, and
AdaBoost, by modifying some constraint conditions to handle multilabel data. Typical examples include AdaBoost.MH
[3], BR𝑘NN [4], and LP𝑘NN [4]. For instance, Zhang and

Zhou [5] proposed ML𝑘NN and applied tscene classification,
while Clare and King [2] employed C4.5 to deal with
multilabel data by altering the discriminative formula of
information entropy.
The second technique of multilabel learning transforms
multilabel data into corresponding single-label ones and then
handle them one by one using the traditional methods.
An intuitive approach is to treat the multilabel problem
as a set of independent binary classification problems, one
for each class label [6, 7]. However, they often have not
considered the correlations among the class labels and may
suffer from the problem of unbalanced data, especially when
there are a large number of the class labels [8]. To cope with
these problems, several strategies have been introduced. For
example, Zhu et al. [9] explored the label correlation with
maximum entropy, while Cai and Hofmann [10] captured
the correlation information among the labels by virtue of a
hierarchical structure.
Analogous to traditional classification, multilabel learning may also encounter the problems, such as over-fitting and
the curse of dimensionality, raised from high dimensionality
of data [11, 12]. To alleviate this problem, an effective solution
is to perform dimension reduction or feature selection on
data in advance. As a typical example, Ji et al. [13] extracted
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a common subspace shared among multiple labels by using
ridge regression. One common characteristic of these methods is that they make use of only one feature set to achieve
the learning purpose under the context of multilabel data.
However, in reality, only one feature subset can not represent
the properties of different labels exactly. Therefore, it is
necessary to choose different features for each label during
the multilabel learning stage. A representative example of
such kind is LIFT [14].
In this paper, we propose a new multilabel learning algorithm. The main characteristic of our method is that during
the procedure of constructing binary classifiers different feature subsets will be exploited for each label. More specifically,
given a class label, the features with high discriminative
capabilities with respect to the label are chosen and then
used to train a binary classifier. This means that the selected
features have local properties. Note that they may have lower
discriminative capabilities with respect to other class labels.
Other binary classifiers can also be constructed in a similar
manner. Finally, all binary classifiers are assembled into an
overall one, which will be used to predict or classify the labels
of unknown data.
The rest of this paper is organized as follows. We describe
the details of the proposed method in Section 2. Experimental results conducted to evaluate the effectiveness of our
method are presented in Section 3. Finally, conclusions and
future works are given in the end.

2. Binary Classification with Feature Selection
Assume that 𝐿 = {𝑙1 , . . . , 𝑙𝑚 } denotes the finite set of labels
in a multilabel learning task. Let D = {(x1 , y1 ), (x2 , y2 ),
. . . , (x𝑛 , y𝑛 )} be a multilabel data set. It consists of 𝑛
independently identically distributed (iid) samples. x𝑖 =
(𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑑 )𝑇 ∈ 𝑋 and y𝑖 = (𝑦𝑖1 , 𝑦𝑖2 , . . . , 𝑦𝑖𝑚 )𝑇 ∈ 𝑌 are
the 𝑑-dimensional feature and 𝑚-dimensional label vectors
of the 𝑖th sample, respectively. 𝑦𝑖𝑗 takes a value of 1 or 0,
indicating whether is the 𝑖th sample associated with the 𝑗th
label or not.
2.1. Binary Classification. According to the formal description of D, we know that the multilabel data is a general
form of traditional single-label data, whereas y𝑖 only involves
one single label. Thus, a natural and intuitive solution for
multilabel learning is to transform the multilabel data into its
corresponding single-label data and then train classifiers on
the generated data. There are many transformation strategies.
Copy, selection, and ignore are three typical transformation
techniques [1]. Besides, the power set of labels is also
introduced in the literature, where every y𝑖 is often taken as a
new class label.
Before giving the principle of binary classification, let us
introduce the concepts of positive and negative samples of
labels.
Definition 1. Given a multilabel data set D with 𝑛 samples
associated with 𝑚 labels 𝐿, for each class label 𝑙𝑘 ∈ 𝐿, its
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positive samples 𝑃(𝑙𝑘 ) and negative samples 𝑁(𝑙𝑘 ) are defined
as follows:
𝑃 (𝑙𝑘 ) = {x𝑖 | (x𝑖 , y𝑖 ) ∈ D, 𝑦𝑖𝑘 = 1} ,

(1)

𝑁 (𝑙𝑘 ) = {x𝑖 | (x𝑖 , y𝑖 ) ∈ D, 𝑦𝑖𝑘 = 0} .

(2)

From this definition, we know that, given a label 𝑙𝑘 , all
examples of the original data set are positive if they are
associated with the class label 𝑙𝑘 and negatively otherwise.
Moreover, 𝑃(𝑙𝑘 ) ∩ 𝑁(𝑙𝑘 ) = 0 and 𝑃(𝑙𝑘 ) ∪ 𝑁(𝑙𝑘 ) = 𝑋.
Binary relevance (BR), also known as one-against-all
method, is the most popular and most commonly used transformation method for multilabel learning in the literature
[1]. It learns 𝑚 different binary classifiers independently, one
for each different label in 𝐿. Specifically, it transforms the
original data set D into 𝑚 data sets D𝑖 , 𝑖 = 1, .., 𝑚. Each
data set D𝑖 consists of the positive samples 𝑃(𝑙𝑖 ) and negative
samples 𝑁(𝑙𝑖 ) with respect to 𝑙𝑖 . Based on the new data set
D𝑖 , a binary classifier 𝑓𝑖 for the label 𝑙𝑖 can be built using
the off-the-shelf learning methods, for example, 𝑘NN and
SVM. After obtaining 𝑚 binary classifiers for all labels, the
prediction of BR for a new sample 𝑥 is the union of the labels
𝑙𝑘 that are positively predicted by the 𝑚 classifiers; that is,
𝑓(𝑥) = [𝑓1 (𝑥), 𝑓2 (𝑥), . . . , 𝑓𝑚 (𝑥)]𝑇 , where 𝑓𝑖 (𝑥) takes a value
of 0 or 1, indicating 𝑥 is predicted positively or negatively by
the classifier 𝑓𝑖 .
BR is a straight forward transformation method and
widely used as a baseline in comparson with multilabel
learning algorithms. However, the drawback of BR is that it
does not take correlations among the labels into account and
treats all labels independently. In addition, it also suffers from
the class imbalance problem. In multilabel data, the number
of positive samples 𝑃(𝑙𝑘 ) is significantly less than the number
of negative samples 𝑁(𝑙𝑘 ) for some labels due to the typical
sparsity of labels. To alleviate this problem, feature selection
should be performed on the data sets in advance.
2.2. Feature Selection. The purpose of feature selection is
to select significant features to represent data from the
original space without losing information greatly. It has
been extensively studied in the traditional learning. However,
little work of feature selection has been done in the context
of multilabel learning. Currently, there are many criteria
available to measure the interestingness of features [15]. Here,
we exploit the concept of density distribution of data to
represent the interestingness of features.
Definition 2. Given a data set D𝑘 with 𝑛 samples, the density
of value distribution of the 𝑖th feature is defined as
𝜌𝑖𝑘 (D𝑘 ) =

∑𝑛𝑢=1 ∑𝑛V=1 sim (𝑥𝑢𝑖 , 𝑥V𝑖 )
,
𝑛 ⋅ min1≤𝑢,V≤𝑛 sim (𝑥𝑢𝑖 , 𝑥V𝑖 )

(3)

where 𝑥𝑢𝑖 denotes the 𝑖th feature value of 𝑥𝑢 and sim is a
similar function between two values.
In (3), the sim function is often taken as the form of
inverse Euclidean distance. If the positive samples 𝑃(𝑙𝑘 ) and
negative samples 𝑁(𝑙𝑘 ) are considered in (3), we can get the
positive and negative densities of features.
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Definition 3. Given the positive samples 𝑃(𝑙𝑘 ) and negative
samples 𝑁(𝑙𝑘 ), the positive and negative densities of the 𝑖th
feature are defined as
𝑘
𝜌𝑖+
= 𝜌𝑖𝑘 (𝑃 (𝑙𝑘 )) ,

(4)

𝑘
= 𝜌𝑖𝑘 (𝑁 (𝑙𝑘 )) .
𝜌𝑖−

(5)

𝑘
,
𝜌𝑖+

as well as the negative density
The positive density
𝑘
𝜌𝑖−
, can effectively represent the specific characteristic of data.
𝑘
𝑘
The larger the value of 𝜌𝑖+
(or 𝜌𝑖−
), the better discriminative
capability to distinguish positive (or negative) samples from
others.
Based on this principle, we adopt these two criteria
to choose significant features during the learning stage.
Specifically, for each feature 𝑎𝑖 in D𝑘 , we calculate its positive
𝑘
𝑘
density 𝜌𝑖+
and negative density 𝜌𝑖−
, respectively. Then, the
positive densities of all features will be ranked in a decreasing
order, and the top 𝑡 features with high positive densities will
be selected. Similar situation can be done for the negative
densities. Finally, the features with high positive and negative
densities will be used to train desirable binary classifiers.
How many features should be selected for classification
is still an open problem. Here, we empirically determine
the number of selected features with a concept called 𝑚𝑘 minimum density, which is defined in the following.
Definition 4. Let D𝑘 be the data set, and let 𝑃(𝑙𝑘 ) and 𝑁(𝑙𝑘 )
be the positive and negative samples of the 𝑖th feature,
respectively. The 𝑚𝑘 -minimum density of D𝑘 with respect to
𝑙𝑘 is


𝑚𝑘 = 𝑟 ⋅ min (𝑃 (𝑙𝑘 ) , 𝑁 (𝑙𝑘 )) ,
(6)
where 𝑟 ∈ [0, 1] and | ⋅ | is the set cardinality.
The 𝑚𝑘 -minimum density can effectively measure the
information amount that one feature has. If the density is
larger than the 𝑚𝑘 -minimum density, the corresponding feature has enough information to represent the characteristics
of data. As a result, the feature will be chosen during the stage
𝑘
and
of feature selection. In other words, after calculating 𝜌𝑖+
𝑘
𝑘
𝑘
𝜌𝑖− , we retain the features with 𝜌𝑖+ or 𝜌𝑖− larger than 𝑚𝑘 and
discard the others. Note that the parameter 𝑟 in Definition 4
is to control the number of selected features. The larger value
of 𝑟 is, the more features would be chosen. In our empirical
experiments, the classifier achieved good performance when
𝑟 was set to 0.1.
2.3. The Proposed Method. Based on the analysis above, we
propose a new multilabel learning algorithm. The framework of our algorithm is shown as Algorithm 1. The proposed method works in a straightforward way and can
be easily understood. It consists of two major stages, that
is, learning and prediction stages. In the training stage,
a new data set will be generated for each class label by
obtaining its positive and negative samples. Subsequently,
we estimate the interestingness of features in the data set,
so as to retain significant features for classification. Finally,

a binary classifier is constructed with a baseline learning
method. Given a new sample, its class labels can be predicted
by testing it with all binary classifiers.

3. Empirical Study
To validate the performance of our proposed method, we
made a comparson ofEMCFS with three popular multilabel
learning algorithms. They are ML-𝑘NN, LIFT, and RankSVM, standing for different kinds of learning types. In
addition, we took a linear support vector machine as the
baseline binary classification algorithm and assigned 0.1 to
the parameter 𝑟. Other parameters were set as their default
values suggested by authors. For example, the number of
the nearest neighbors in ML-𝑘NN was 10 and the distance
measure is the Euclidean distance [5]. In the Rank-SVM
classifier, the degree of polynomial kernels was 8 and the cost
parameter 𝑐 was assigned as one [16].
3.1. Data Sets. To validate the effectiveness of our method
roundly, our experiments have been conducted on four data
sets, including emotions, medical, corel16k (sample 1), and
delicious. They are often used to verify the performance of
multilabel classifiers in the literature and are available at
http://mulan.sourceforge.net/datasets.html. Table 1 summarizes their general information, where the cardinality and
density columns refer to the average number of class labels of
the samples and its fraction by the number of labels. These
multilabel data sets vary from the quantities of labels and
differ greatly in the sizes of samples and features [17].
3.2. Experimental Results. There are lots of evaluation criteria
available to evaluate the performance of multilabel classifiers.
In this work, average precision, hamming loss, one error, and
coverage have been adopted to assess the effectiveness of the
proposed method. Their detailed descriptions can be found
in several literatures such as those in [1, 18].
Table 2 reports the average precision of the multilabel
classifiers on the data sets. In in this table, each row denotes an
observation on the data sets. The best result comparable with
others in the same row is highlighted in boldface, where the
larger the value, the better the performance. From the table,
one may observe that the proposed method, EMCFS, works
quite well and is comparable to others in most cases with the
average precision. For example, on the delicious data set (the
last row in in the table), the precision of EMCFS is 29.5%,
which is the best one among the others.
Apart from the average precision, we also compared
EMCFS to the others from the perspective of the hamming
loss, one error, and coverage. Tables 3, 4, and 5 present the
averaged performance of the learning algorithms in terms
of these three criteria, respectively, where the smaller the
value, the better the performance. The best results are also
highlighted in boldface.
According to algorithms the results in these tables, we
know that similar to the average precision, EMCFS is also
superior to other regarding the aspects of hamming loss, one
error and coverage. Although EMCFS achieved slightly poor
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Input: D = {(x1 , y1 ) , . . . , (x𝑛 , y𝑛 )}: The training multilabel data set;
𝑟: The parameter of 𝑚𝑘 ;
𝑈 = x1 , . . . , x𝑠 : The test data set without labels;
Output: Y = {y1 , . . . , y𝑠 }: The label set of 𝑈;
Training stage
For each label 𝑙𝑘 in 𝐿 do
Obtain 𝑃 (𝑙𝑘 ) and 𝑁 (𝑙𝑘 ) of 𝑙𝑘 from D according to Def.(1)(2);
Calculate 𝑚𝑘 with 𝑃 (𝑙𝑘 ) and 𝑁 (𝑙𝑘 ) according to Def. (6);
For each feature 𝑎𝑖 in D𝑘 = 𝑃 (𝑙𝑘 ) ∪ 𝑁 (𝑙𝑘 ) do
𝑘
𝑘
Calculate 𝜌𝑖+
and 𝜌𝑖−
according to Def.(4)(5);
𝑘
𝑘
or 𝜌𝑖−
is larger than 𝑚𝑘 ;
Select the features whose 𝜌𝑖+
Train a binary classifier 𝑓𝑘 on D𝑘 with the selected features;
Endfor
Prediction stage
For each sample 𝑜𝑖 in 𝑈 do
y𝑖 = 0;
For each classifier 𝑓𝑘 do
y𝑖 = y𝑖 ∪ {𝑓𝑘 (𝑜𝑖 )}, where 𝑓𝑘 returns 0 or 1;
Endfor
Algorithm 1: Ensemble multilabel classifier using feature selection (EMCFS).
Table 1: The brief description information of data sets in experiments.
Data set
Emotions
Medical
Corel16k
Delicious

Domain
Music
Text
Image
Web

Sample
593
978
13766
16105

Feature
72
1449
500
500

Table 2: A comparison of average precision of four classifiers on
data sets (%).
Data set
Emotions
Medical
Corel16k
Delicious

EMCFS
80.5
89.9
32.3
29.5

ML-𝑘NN
76.3
78.2
27.6
25.7

LIFT
78.9
86.9
31.5
28.2

Rank-SVM
77.6
87.2
29.7
22.4

Label
6
45
153
983

Cardinality
1.87
1.25
2.86
19.02

Density
0.31
0.03
0.02
0.02

Table 4: A comparison of one error of four classifiers on data sets.
Data set
Emotions
Medical
Corel16k
Delicious

EMCFS
0.253
0.140
0.671
0.401

ML-𝑘NN
0.285
0.267
0.852
0.482

LIFT
0.264
0.180
0.674
0.433

Rank-SVM
0.293
0.194
0.783
0.665

Table 5: A comparison of coverage of four classifiers on data sets.
Table 3: A comparison of hamming loss of four classifiers on data
sets.
Data set
Emotions
Medical
Corel16k
Delicious

EMCFS
0.189
0.009
0.017
0.019

ML-𝑘NN
0.214
0.016
0.928
0.998

LIFT
0.206
0.012
0.017
0.021

Rank-SVM
0.218
0.014
0.019
0.025

coverage on the corel16k data set, the performance is 140.428,
which is slightly worse than the best one. However, it is not
the worst in comparson with ML-𝑘NN.

4. Conclusions
In this paper, we propose a new ensemble multilabel learning
method. The central idea of our method is that, for each label,

Data set
Emotions
Medical
Corel16k
Delicious

EMCFS
2.148
1.256
140.428
662.746

ML-𝑘NN
2.561
2.504
151.853
674.613

LIFT
2.302
1.403
139.592
667.513

Rank-SVM
2.335
1.852
136.527
671.652

it exploits different features to build learning models. The
advantage is that the classifiers are constructed on the features
with strong local discriminative capabilities. Generally, the
proposed method consists of three steps. Firstly, for each
label, a new data set is generated by identifying the positive
and negative samples. Then, the interestingnes’s of features
will be estimated and the features with high density will
be retained to train a learning model. Finally, all binary
classifiers built with the selected features will be integrated
into an overall one. Experimental results on four multilabel
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data sets show that the proposed method can potentially
improve performance and outperform other competing and
popular methods.

Acknowledgments
The authors are grateful to the anonymous referees for their
valuable comments and suggestions. This work is partially
supported by the National NSF of China (61100119, 61170108,
61170109, 61272130, and 61272468), the NSF of Zhejiang
province (Y1110483), Postdoctoral Science Foundation of
China (2013M530072), and the Open Project Program of
the National Laboratory of Pattern Recognition (NLPR)
(201204214).

References
[1] G. Tsoumakas, I. Katakis, and I. Vlahavas, “Mining multi-label
data,” in Data Mining and Knowledge Discovery Handbook, O.
Maimon and L. Rokach, Eds., pp. 667–686, 2010.
[2] A. Clare and R. King, “Knowledge discovery in multi-label phenotype data,” in Proceedings of the 5th European Conference on
Principles of Data Mining and Knowledge Discovery, pp. 42–53,
2001.
[3] R. E. Schapire and Y. Singer, “BoosTexter: a boosting-based
system for text categorization,” Machine Learning, vol. 39, no.
2, pp. 135–168, 2000.
[4] G. Tsoumakas, I. Katakis, and I. Vlahavas, “Random k-labelsets
for multilabel classification,” IEEE Transactions on Knowledge
and Data Engineering, vol. 23, no. 7, pp. 1079–1089, 2011.
[5] M.-L. Zhang and Z.-H. Zhou, “ML-KNN: a lazy learning
approach to multi-label learning,” Pattern Recognition, vol. 40,
no. 7, pp. 2038–2048, 2007.
[6] L. Rokach, “Ensemble-based classifiers,” Artificial Intelligence
Review, vol. 33, no. 1-2, pp. 1–39, 2010.
[7] M. L. Zhang and Z. H. Zhou, “A review on multi-label learning
algorithms,” IEEE Transactions on Knowledge and Data Engineering, no. 99.
[8] G. M. Weiss and F. Provost, “Learning when training data are
costly: the effect of class distribution on tree induction,” Journal
of Artificial Intelligence Research, vol. 19, pp. 315–354, 2003.
[9] S. Zhu, X. Ji, W. Xu, and Y. Gong, “Multi-labelled classification
using maximum entropy method,” in Proceedings of the 28th
Annual International ACM SIGIR Conference on Research and
Development in Information Retrieval, pp. 274–281, 2005.
[10] L. Cai and T. Hofmann, “Hierarchical document categorization
with Support Vector Machines,” in Proceedings of the Thirteenth
ACM Conference on Information and Knowledge Management
(CIKM ’04), pp. 78–87, November 2004.
[11] H. Liu, X. Wu, and S. Zhang, “A new supervised feature selection
method for pattern classification,” Computational Intelligence,
2013.
[12] B. Bonev, F. Escolano, D. Giorgi, and S. Biasotti, “Informationtheoretic selection of high-dimensional spectral features for
structural recognition,” Computer Vision and Image Understanding, vol. 117, no. 3, pp. 214–228, 2013.
[13] S. Ji, L. Tang, S. Yu, and J. Ye, “A shared-subspace learning
framework for multi-label classification,” ACM Transactions on
Knowledge Discovery from Data, vol. 4, no. 2, article 8, 2010.

5
[14] M. L. Zhang, “LIFT: multi-label learning with label-specific features,” in Proceedings of the 22nd international joint conference
on Artificial Intelligence (IJCAI ’11), pp. 1609–1614, 2011.
[15] X. Li, J. Wang, J. Zhou, and M. Yin, “A perturb biogeography
based optimization with mutation for global numerical optimization,” Applied Mathematics and Computation, vol. 218, no.
2, pp. 598–609, 2011.
[16] A. Elisseeff and J. Weston, “A kernel method for multi-labelled
classification,” in Proceedings of the Neural Information Processing Systems, pp. 681–687, 2002.
[17] X. Li and M. Yin, “An opposition-based differential evolution
algorithm for permutation flow shop scheduling based on
diversity measure,” Advances in Engineering Software, vol. 55,
pp. 10–31, 2013.
[18] X. Li and M. Yin, “Application of differential evolution algorithm on self-potential data,” PloS ONE, vol. 7, no. 12, Article
ID e51199, 2012.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 756185, 11 pages
http://dx.doi.org/10.1155/2013/756185

Research Article
BMCloud: Minimizing Repair Bandwidth and Maintenance
Cost in Cloud Storage
Chao Yin,1 Changsheng Xie,1,2 Jiguang Wan,1,2 Chih-Cheng Hung,3,4
Jinjiang Liu,5 and Yihua Lan5
1

School of Computer Science and Technology, Huazhong University of Science and Technology, Wuhan 430074, China
Wuhan National Laboratory for Optoelectronics, Wuhan 430074, China
3
School of Computer and Information Engineering, Anyang Normal University, Anyang 455000, China
4
Center for Biometrics Research, Southern Polytechnic State University, Atlanta, GA, USA
5
School of Computer and Information Technology, Nanyang Normal University, Nanyang 473061, China
2

Correspondence should be addressed to Changsheng Xie; cs xie@mail.hust.edu.cn
Received 11 July 2013; Accepted 8 September 2013
Academic Editor: William Guo
Copyright © 2013 Chao Yin et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
To protect data in cloud storage, fault tolerance and efficient recovery become very important. Recent studies have developed
numerous solutions based on erasure code techniques to solve this problem using functional repairs. However, there are two
limitations to address. The first one is consistency since the Encoding Matrix (EM) is different among clouds. The other one is
repairing bandwidth, which is a concern for most of us. We addressed these two problems from both theoretical and practical
perspectives. We developed BMCloud, a new low repair bandwidth, low maintenance cost cloud storage system, which aims to
reduce repair bandwidth and maintenance cost. The system employs both functional repair and exact repair while it inherits
advantages from the both. We propose the JUDGE STYLE algorithm, which can judge whether the system should adopt exact
repair or functional repair. We implemented a networked storage system prototype and demonstrated our findings. Compared
with existing solutions, BMCloud can be used in engineering to save repair bandwidth and degrade maintenance significantly.

1. Introduction
With the rapid growth of data production in companies, the
requirement of storage space grows very largely as well. This
growth leads to the emergence of cloud storage. Cloud storage
is a concept which is an extension and development from
cloud computing. This system collects application software in
order to work together and provide systems of data storage
and business access features through grids or distributed
file systems [1]. Cloud storage is produced by distributed
storage technology and virtualization technology, and it is the
latest development of distributed storage technology. Cloud
storage provides effective solutions for network mass data
storage. Also this system provides on-demand pay services,
which reduces not only the threshold for the user but also
the payment. Some companies have been involved in cloud
storage systems, such as Amazon, Sun, Google, and Yahoo.

According to forecasts from the International Data Corporation (IDC), the size of the global cloud computing and
cloud storage market has increased from $16 billion in 2008
to $42 billion in 2012 [2], which is the proportion of the
total IT investment from 4.2% to 5%. In addition, the IDC
predicts that cloud computing and cloud storage investments
will be 25% of the annual IT investment in 2012, and that
will rise to 30% or more in 2013. The advisory body Merrill
(MerriliLynch) foresees that this will be $160 billion market
by 2011.
In order to improve the reliability of cloud storage, some
companies have developed their own solutions, such as HDFS
[3] and GFS [4]. The two cloud storage systems use duplicate
technology to have reliability guaranteed. Of course, this
method can solve the problem of data loss and data error. But
there is a lot of storage space wasted by using this method
and this will bring consistency issues. For these reasons, the
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erasure code has become one of the most popular choices
for storage to improve its utilization and avoid the problem
of consistency. A good erasure code technology can not only
improve the availability and reliability of the system but can
also improve the efficiency of data access.
We hereby focus on the recovery problem for a family of
network coding. In the current situation, cloud coding is a
popular direction to prevent large-scale cloud node failure.
While bandwidth consumption is an important performance
signal in cloud storage system, we always want to repair data
using the minimum bandwidth and the fastest repair speed.
The model for a cloud file system using erasure codes is
inspired by NCCloud [5], which is the implementable design
for the functional minimum-storage regenerating code [6].
Other cloud file systems such as Khan et al. [7] are also
function repair systems. In functional repair, the system
needs to keep the value of the repair matrix to ensure
consistency. Following each functional repair, that matrix
needs to be synchronized to each cloud in order to ensure
the consistency across the system. The number of recovery
matrices increases with the number of recoveries, which will
affect the overall system reliability and consistency. Therefore
we should establish a system with an exact repair in case the
system experiences data loss or data error.
In this paper, we have proposed Bandwidth and Maintenance minimum Cloud system (BMCloud) which has
low bandwidth consumption and low overhead in terms of
maintenance. The system has both functional repair and exact
repair when data loss or data error are experienced. When
a part of data in cloud is lost, the system can recover with
exact repair to degrade the overhead of maintenance for the
future. More importantly, it has the ability to consume less
bandwidth when recovering. While almost all the data in
the cloud breaks, the system can recover it with a functional
repair. We have developed a JUDGE STYLE rule to judge
whether the system should use exact repair to recover or not.
The system includes a proxy which can calculate and
transfer data through the clouds and can maintain the system
consistency. In the exact repair function, the proxy itself does
not require arithmetic processing of the data or the data
cache, and it does not need to provide calculation and storage
capabilities. Since most of the calculation work is loaded on
the cloud nodes in this function, which will be described
in Section 4 with more details, the proxy would not be a
bottleneck in terms of calculation and storage.
The contributions of this paper are described as follows.
(i) We have developed E Code algorithm to recover data
in exact repair. It can improve recovery bandwidth
performance and ensure data integrity.
(ii) We have developed the JUDGE STYLE algorithm,
which can judge whether the system should use exact
repair or functional repair.
(iii) We have implemented the system BMCloud. When
the number of the fail strips in the cloud is less than or
equal to 4, or between 4 and 10 but we can recover data
in exact repair, BMCloud could significantly improve
repair bandwidth by 53.9% and 41.8% compared to

current solutions (RDP, NCCloud, etc.). In addition,
it can degrade maintenance cost.
The rest of this paper is organized as follows. Section 2
describes related work in erasure code. The architecture and
the design of BMCloud are introduced in Section 3. Section 4
is the prototype and algorithms. Section 5 is the experimental
result and evaluation. Section 6 is the conclusions.

2. Related Works and Motivation
2.1. RAID Code. Since Patterson et al. [8] brought the concept
of RAID into storage systems, erasure coding has been one
of the most popular choices to supply high reliability and
high performance storage services with acceptable spatial
and monetary cost. Examples such as LAN, RAID0, RAID1,
and RAID5 are very small and their integration versions
are widely used. These can be used to recover systems
when a disk error occurs. With the reliability requirements
improved, single-fault-tolerant could not meet the needs of
the consumers, so two-fault-tolerant comes into play. There
are a lot of two-fault-tolerant codes storage systems, such as
EVENODD [9], RDP [10], and X-code [11]. A typical RAID6 storage system is composed of 𝑘 + 2 disk drives. The first
𝑘 disk drives are used to store original data, and the last two
are used as parity disk drives. All the disk drives are in two
check chains. When one or two disk drives lose data, we can
recover data from the two check chain. Wan et al. [12] have
used the raid code to improve the system performance and
save the energy.
Maximum Distance Separable (MDS) can tolerate maximum failures with a given amount of redundancy. It is widely
used in RAID-6 code, so that most of the RAID-6 codes are
MDS codes. The most important feature of MDS is the ability
to verify that the length of the chain is equal to the length of all
the disks, which means that all disks are involved in checking,
so you can reach the maximum disk utilization. But there is
another coding which is different to MDS. In these cases, the
length of the chain is less than the length of all the disks, such
as in M-code [13]. Therefore due to careful design of the parity
chain arrangement, the length of its check chain is shorter
than that of the conventional RAID-6 code, which makes its
I/O consumption smaller.
2.2. Network Coding. With the development of the network,
especially the development of the cloud in recent years,
erasure code is also transferred from the disk array level to
the cloud level. In network coding, there are three versions of
repair which include exact repair, functional repair, and exact
repair of systematic parts.
Functional repair has been researched to the greatest
extent of the three [14–16]. Dimakis et al. [17] have proposed
regenerating codes for functional repairs. They have created
a serial theory of the threshold function with informational
flow graph. This function describes the relationship between
node numbers, surviving nodes numbers, communicating
bits, and repair bandwidth. They also studied two extremal
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points on the optimal trade-off curve between MinimumBandwidth Regenerating (MBR) Codes [18] and minimumstorage regenerating (MSR) codes [19, 20]. In MSR codes, the
system stores the average bits at each node while ensuring the
MDS-code property, so that they are equivalent to standard
MDS codes. While in MBR codes, because we are concerned
with the minimum bandwidth, MDS codes and non-MDS
codes can be used.
After Rashmi et al. [21] had deeply researched MBR
and MSR codes, they proposed the model of twin-code
framework, which is the trade-off between MBR codes and
MSR codes. Under this framework, the nodes are partitioned
into two types and encoded using two codes in a manner
that reduces the problem of node repair to that of erasuredecoding of the constituent codes. Depending upon the
choice of the two codes, the framework can be used to
avail one or more of the following advantages: simultaneous
minimization of storage space and bandwidth repair, low
complexity of operation, fewer disk reads at helper nodes
during repair, and error detection and correction.
Exact repair is also proven theoretically. With the idea of
interference alignment [22, 23], the exact repair also includes
Exact-MBR Codes and Exact-MSR Codes as does functional
repair. The idea is to align multiple interference signals in
a signal subspace whose dimensions are smaller than the
number of interferers.
Different from the theory analysis above, NCCloud has
proposed the implementable design for the functional repair.
The system has divided each cloud into two parts and uses its
algorithm, so that time for data reads can be reduced by 25%
compared to time taken to reconstruct the whole file. There
are cloud storage systems that provide a scalable platform for
storing massive data over multiple storage nodes via erasure
coding [24, 25].

3. BMCloud
3.1. Design Goals. In this paper, we want to develop a
cloud system applied as a deep archive and make some
progress on the base of an existing system. We specifically
design BMCloud under a thin cloud assumption—that the
remote data center storing the backups does not provide any
special backup services, as Cumulus [26] has proposed. The
following factors are taken into account.
3.1.1. Low Bandwidth Consumption. Due to the importance of
bandwidth consumption, we put it first on this list. Network
code has made some advancements on this issue, but we
believe that there is still plenty of room for improvement.
That is why the bandwidth is one of the most important
factors to consider. We wanted to develop an extra layer on
functional repair to create a hybrid system, and so finally
we chose E Code, which is a RAID-6 code and has excellent
I/O properties. In BMCloud, we elaborately apply E Code on
the cloud platform and reserve its excellent properties in I/O
(see details in Section 3). E Code can also help the system in
locating errors and repairing them efficiently. This creation
fills in the blanks in the cloud storage system. In BMCloud,
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cloud nodes are required to have computing abilities, limited
to XOR operations, which could easily compute concurrently.
However, the response time will not increase due to the
reduction in the size of the file’s need to transport.
3.1.2. Low Overhead of Maintenance. In BMCloud, we want
to improve the functional repair model in some aspects, such
as bandwidth and computing cost.
Existing systems such as NCCloud, which use functional
repair models, need to regenerate EM to repair failed nodes
and that may cause some problems that we should not ignore.
Since each fault will lead to whole node data regeneration
and EM updates, the maintenance overhead of EM may rise
significantly, because it will take many computing resources
to generate new EM. After a certain number of faults, the
maintenance overhead of the whole system may become
unacceptable.
In BMCloud, E Code can deal with faults with size of one
or two F-MSR blocks and repair them exactly. Every fault
repaired by E Code will not need to regenerate and update
EM. This property guarantees that the EM will stay stable
for a relatively long time. Furthermore, repairing computing
cost of E Code is much less than F-MSR. So the system will
not incur cost as high as that for computing and bandwidth
resources to maintain stability. Since faults in small scale
constitute to the majority of regular faults, E Code can be very
helpful.
From that, we know that even though we added an extra
layer in our system, there is still room for improvement in
terms of better computing and bandwidth performance.
3.1.3. Preservation of Regenerating Code Properties. Though
faults on a large scale seldom occur, cloud systems must have
a mechanism to deal with these lethal problems. F-MSR code
is an excellent approach to a solution and has an acceptable
bandwidth cost. We preserve the fault tolerance requirement
and repair traffic with F-MSR (with up to a small constant
overhead) as compared to the conventional repair method in
erasure codes.
In BMCloud, we improve the performance of bandwidth,
stability, and other aspects on the premise of the preservation
of the properties of F-MSR code.
3.1.4. Flexibility. In BMCloud, we elaborately designed the
repair model which made it capable to provide the most
economical and stable solutions for faults on different scales.
Furthermore, BMCloud has excellent expandability. The
number of nodes in E Code can be any number larger than
4, and this property helps the E Code layer connect to FMSR seamlessly. If a better system using the functional repair
model came up, it would be very convenient to deploy E Code
on it, so the mechanism of BMCloud can be applied in many
situations.
3.2. Notations. For an (𝑛, 𝑘)-F-MSR code, we define the
𝑛∗ (𝑛−𝑘) code chunks encoded from 𝑘∗ (𝑛−𝑘) native chunks as
F-MSR chunks. Normally, an F-MSR chunk would be placed
on a different cloud node. The encode coefficient matrix in
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Table 1: Notations of BMCloud.

Notations
F-MSR chunk
Stripe
Strip
E Code area
Encode matrix (EM)
Extended F-MSR chunk

the F-MSR is defined as the encoding matrix (EM), which is
the main part in F-MSR metadata. Each F-MSR chunk will be
divided into (𝑛 − 1)∗ 𝑛 strips.
In E Code, we define any two cloud nodes adjacent to
each other as an E Code area. An exception occurs for the
first cloud node, which is grouped with the last node in an
E Code area. To a specific file, an E Code area contains two
F-MSR chunks.
A stripe is a concept borrowed from traditional RAID
codes, and they are an independent coding group of strips.
Any stripe in E Code belongs to specific E Code area.
After E Code coding, an additional strip would be
appended to a stripe and more strips in each F-MSR chunk.
We define the code chunk after extension as an extended FMSR chunk. Table 1 shows the notations of BMCloud.

3.3. The Design of BMCloud
3.3.1. Software Architecture of BMCloud. In order to solve the
concerns mentioned in Section 3.1, we developed BMCloud.
BMCloud is a dual-layer system based on F-MSR shown
as Figure 1. The first layer contains the classic F-MSR code,
providing the tolerance ability on a cloud level. The second
layer implements E Code. Data on every cloud node is firstly
encoded by F-MSR code and then encoded by E Code before
unloading to the cloud node.
BMCloud consists of three modules as coding, storage,
and protocol, and defines four workflows as download,
update (upload), delete, and repair. Basic functions in file
systems and data structure definitions, as well as consistency
control and other utility functions, are also included in the
system.
BMCloud is mounted on Linux with FUSE (filesystem
in userspace). Basic functions in a filesystem are supported
by user-defined codes. Our system implements reading and
writing, rename, link, creating a new folder, changing file
attributes, and other basic functions only because a perfectly
functioned filesystem is not BMCloud’s point. BMCloud
applies Hadoop zookeeper distributed applications to provide
coordination services and ensure the system’s strict consistency. In the part of workflows, the system mainly defines the
encoding, decoding, update (upload), download, repair, and
delete operation workflows. This part is the implementation
section about encoding and decoding operation and repair
strategy in FMSR and E Code. The underlying part has
three modules. Coding module provides a variety of basic
encoding methods, including FMSR, RAID0, RAID1, and RS

Description
A data unit in F-MSR code
A coding group containing a collection of strips in E Code
A data unit of a stripe in E Code
Two neighboring cloud nodes in one stripe
Coefficient matrix in the F-MSR code
An code chunk after E Code encoding and extension

coding, in which we focused on the use of FMSR, a functional
repair coding method. Storage module is designed to adapt
to different network environments and cloud vendors to
provide an interface for basic I/O. Protocol module is a
specialized extension module for E Code, defining generation
and transmission of the parity blocks in E Code.
3.3.2. E Code Algorithm. Figure 2 is an example of an E Code
encoded process. The deep gray squares are the parity strips of
E Code. The other 12 strips are data strips which are partitions
of F-MSR chunks. In Figure 2, we can see that every data strip
belongs to two data links. If 𝑛 is the number of the nodes,
when 𝑛 > 3, E Code can provide double-fault tolerance to
protect data in nodes.
Define the row sequence and the column sequence in a
strip in the left cloud node as 𝑥 and 𝑦, respectively. So all the
left strips in a stripe are equal to (𝑥 + 𝑦) mod (𝑛 + 1), which is
defined as 𝐿. When 𝑟 represents the row sequence in the right
cloud node, we see that 𝐿 = (2𝑛 − 1 − 𝑟) mod (𝑛 + 1).
Therefore, we know that
𝐿 = (𝑥 + 𝑦) mod (𝑛 + 1) = (2𝑛 − 1 − 𝑟) mod (𝑛 + 1) . (1)
We use an algorithm to improve recovery bandwidth
performance and ensure data integrity. The details are given
in Algorithm 1.
3.3.3. The Design of Functional Repair. F-MSR code is a code
using the functional repair method, which is an important
foundation of BMCloud. In F-MSR code, the system utilizes
EM to record the mathematical relation between the original
data and encoded data. From the EM, the system can retrieve
the original data. When faults occur, the system can repair
them by calculating a linear transformation on EM and
regenerating new encoded data on the cloud nodes.
The encoding process preserves the F-MSR code block. It
just adds a parity block of E Code to the data, so that in daily
use, there is no need for the system to decode the block twice.
The added parity block will only be used in the repair process.
The reason why we choose E Code is that it introduces
abundance by adding parity blocks. This method maintains
the contents of the data.
The E Code layer can improve the stability of the system
while not delaying the response time of the system.
3.3.4. The Design of Exact Repair. The deep gray squars are
the parity strips of E Code. The other 12 strips are data strips
which are partitions of F-MSR chunks. In Figure 2, we can
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1: Requirements:
2: Native chunks;
3: Encoding request;
4: Main parameters (𝑛, 𝑘, 𝑠) in F-MSR code and E Code;
5: Step 1. System initialization
6: Step 2. F-MSR (𝑛, 𝑘) encoding
7: (a): Generate random encoding coefficient vectors;
8: (b): If MDS is satisfied
9:
then generate an encoding matrix from then coding coefficient vectors;
10:
else return to a;
11: (c): Compute the product of encoding matrix and native
12:
chunks as F-MSR chunk;
13: Step 3. E Code (𝑛, 𝑠) encoding
14: (a): Divide each F-MSR chunk into stripes and strips;
15: (b): For stripe A in F-MSR chunks
16:
Calculate the parity strip of this stripe;
17:
Save the parity strip in certain position
18: (c): Consolidate the strips into extended F-MSR chunks
Algorithm 1: Algorithm E Code: encode algorithm of the exact layer.

Linux

Fuse

System interface of FUSE
BMCloud

Utilities
Info
Check

Workﬂow

Config analysis,
functions in filesystem:
read, write, mkdir, mknod,
rename, symlink, link,
chmod, trunc, etc.
Zookeeper

Clear
Config

Workﬂows of download,
update, repair, and delete

Codings
FMSR C
k = n − 2 FMSR
Other codings
RAID0 RAID1
RS
EMBR

Coding

Protocol
Split

Storages
Local
Amazon S3

XOR
Block-msgr

Azure
Rackspace
Openstack swift
Storage

Encoding, decoding,
repairing, and updating
metadata

Consistency
service
application

Protocol

Sync, update, download, partial Data block partition, parity
block generation, and parity block
download, check, wait,
transmission
delete, etc.

Figure 1: Software architecture of BMCloud.

see that every data strip belongs to two data links. If 𝑛 is
the number of the nodes, when 𝑛 > 3, E Code can provide
double-fault tolerance to protect data in nodes.
The dividing method provides system repair abilities in
smaller granularity. That enables BMCloud to avoid repairing
whole nodes in most situations. In other words, BMCloud
avoids the cost of calculating the data of a whole node and
updating bandwidth costs of EM.

3.3.5. Proxy Architecture. The prototype system of BMCloud
is constructed of a proxy and several cloud servers (cloud
nodes) in heterogeneous environments. Figure 3 shows a
coding group of clouds, which provides storage capacities,
redundancy, and computing.
As a controller, a proxy functions to coordinate data
transmission between several cloud nodes and to maintain
the system’s consistency. In the idealized mode, the proxy
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S2

S1

S3

S4

Stripe
Native strip

Parity strip

Signal

Figure 2: An example of an E Code encoded process.

Cloud server 3

Cloud server 1

P1

P5

P2

P6
Proxy

P3
P4
Cloud server 2

P7
P8

will trigger a repeated XOR operation in the corresponding
stripe and the result will be sent to the next node, as the
recovery node. Before this order, the proxy should send an
order to the recovering node, defined as recnode (𝑥, 𝑦). 𝑥 and
𝑦 are, respectively, the row and column sequence of the fault.
When the recovering node receives this order, it will wait for
the coming strips from the previous node. After it is received,
the recovering node will operate XOR on the strip and other
strips in the row with fault and the result will be the strip
needing recovery.

Cloud server 4

4. The Implement Algorithms
Figure 3: The communication ring of cloud servers.

has no need to compute or store any data, which strengthens
the system’s scalability. In a large-scale archive environment,
proxy process requests remain limited and affordable to
current servers or cloud servers, Therefore proxy will not
become the bottleneck in this prototype.
Data packages could be directly transmitted between
cloud nodes, cutting the bandwidth cost from multiple
transmissions. Cloud nodes may need computing capacity to
encode and decode the data, undertake the recoveries, and
respond to instructions from proxies or requests from other
cloud nodes.
We employ a distributed structure in which all the
cloud nodes and proxy functions have ability to calculate
independently, so that it is necessary to arrange a unified
protocol to control and maintain the system.
As with single-fault recovery, there are two equivalent
strategies, recovery with the last node or recovery with the
next node. In the former case, there will be two kinds of
orders from the proxy, the ones to the previous node and
the ones to the recovering node. In order to prompt this,
we will send an order formatted as follows for prenode
(𝑘): 0 ≤ 𝑘 ≤ 𝑛−2 or 𝑘 = 𝑛. 𝐾 is the stripe sequence. This order

4.1. Encode Algorithms
4.1.1. Encode with F-MSR. Encode the original data with FMSR code. In this process, the encoded data is divided and
distributed to several cloud nodes.
4.1.2. Divide the F-MSR-Encoded Data into E Code Chunks
and Add Parity Chunks. Every F-MSR chunk is divided into
(𝑛 − 1)∗ 𝑛 strips in this step. The strips will be mapped into
certain positions. Strips on the diagonal will be reserved for
parity strips in step 3.
4.1.3. Calculate Parity Blocks and Upload Data. Calculate the
data of the parity strips and insert it into the reserved space
in the second step. Figure 2 is an example of a block location.
After the calculation, the extended F-MSR chunk will be
uploaded to the cloud.
Furthermore, since BMCloud is developed on the foundation of F-MSR code, the system has the cloud level fault
tolerance ability. When one cloud node fails, the system can
repair the data from the surviving node.
Every neighboring cloud node pair is defined as an E
Code area. Any stripe belongs to one and only one E Code
Area. In an E Code area, the cloud node on the left owns
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(𝑛 − 1) strips in the stripe, which is leaning towards the topright corner and the right cloud node has n strips in the stripe
showing as a row in Figure 2.
4.2. JUDGE STYLE Algorithm. In BMCloud, most strips are
located on two data-links. In order to improve the recovery
ability of BMCloud, we added a parity strip S𝑛 which is the
checksum of all the parity blocks on each node (in order
to make the Figures more clear, we have hidden S𝑛 in the
following figures.). When a fault occurs, the system can
search the data link which owns the failed strip and repairs
it with the surviving part of the data link. We now take an
overview of the related work on the recovery of faults in
different scales. We propose the JUDGE STYLE algorithm,
which can judge what kind of style the system will be used.
We classify existing recovery solutions into three families,
namely exact recovery, enumeration recovery, and functional
recovery. Respectively, they are designed for faults of small,
medium, and large scales.
4.2.1. Exact Recovery. E Code in our system has excellent
recovery abilities. When the number of the failed strips is less
than or equal to 4, BMCloud will recover the data with an
exact recovery policy. All faults in this scale can be repaired
by the E Code layer exactly. In extended-F-MSR chunks,
we divide the strips into two families: data strips and parity
strips. In these cases, we use vectors (𝑚, 𝑛) to represent the
situation where there are 𝑚 failed data strips and 𝑛 failed
parity strips.
(a) (0, 4). Since there are 4 failed parity strips for different
data links, which all have only one failed strip, it is obvious
that these 4 parity strips can be easily repaired. In the
following situations, we will skip all similar relationships.
(b) (1, 3). In this case, there are 3 failed parity strips and 1
failed data strip. If the one failed data strip is in the same
data link with the one parity strip, then the other two parity
strips can be repaired and the system can repair the rest of
the parity strip by using a S1 parity strip. Finally only the data
strips can be repaired.
(c) (2, 2). In this situation, we will give an example of every
possible approach. We use the symbol S(𝑚, 𝑛) to represent
the 𝑛th strip in the 𝑚th cloud.
(i) S(1,3), S(1,6), S(1,10), S(1,13): they can be easily
repaired because they are all in a data link, which has
only one failed strip.
(ii) S(1,3), S(1,6), S(1,7), S(1,10): S(1,3) and S(1,10) can be
repaired first then, the recovery trace of S(1,6) and
S(1,7) is obvious.
(iii) S(1,2), S(1,3), S(1,4), S(1,7): S(1,7) first, and from S1
we can repair S(1,4), then S(1,2) can be recovered
by a data-link-square, and S(1,3) can by a data-linkupside-down triangle.
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(iv) S(1,3), S(1,4), S(1,6), S(1,7): from four involved datalinks, we get the equitation set as follows:
S (1, 3) + S (1, 4) = 𝑅1 ,
S (1, 3) + S (1, 6) = 𝑅2 ,
S (1, 4) + S (1, 7) = 𝑅3 ,

(2)

S (1, 6) + S (1, 7) = 𝑅4 .
R1−4 is the result the system calculates from survived
strips in the involved data links. So from the equitation set
we can calculate the data of the four failed strips.
(d) (3,1) and (4,0). These situations are similar to the situations
in (0,4) and (1,3), the repair trace is simple and easy to find so
we will not introduce it in detail.
4.2.2. Enumeration Recovery. When the numbers of the failed
strips are between 4 and 10. The E Code layer can handle these
faults except for in some special situations. So first, BMCloud
will scan all the failed strips and check their relationships.
Then, the system will try to use a greedy algorithm to repair
the fault. The details are in Algorithm 2.
4.2.3. Functional Recovery. When the number of failed strips
is larger than 10, the scale of the fault overcomes the upper
bound of repair ability of the E Code layer. So BMCloud will
repair the fault by the F-MSR layer. The data of the whole
node will be regenerated by F-MSR code from the data on
surviving cloud servers. After regenerating the new F-MSR
chunk, BMCloud will recalculate the parity strips and add
them into the F-MSR chunk to restore and extend the F-MSR
chunk onto a new cloud sever. In the meanwhile, the related
parity strip on the related cloud server will be updated.

5. Evaluation Methodology
5.1. Cost Analyze. Table 2 shows the monthly price plans for
three major vendors of cloud storage as of January 2013. We
used the price of Azure [27] and assume that the storage usage
was within 1 TB/month; data transferred out was more than
1 GB/month but less than 10 TB/month. From the analysis in
Section 4, we can save 33.33% of the download traffic during
storage repair when 𝑛 = 4. The storage size and the number
of chunks being generated per file object of BMCloud are
33.33% larger than RAID-6 when 𝑛 = 4. Since the price of
storage is much lower than the bandwidth, the redundancy
of BMCloud is acceptable to the user.
However, in the analysis, we have ignored three practical
considerations: the computing cost, the size of metadata,
and the number of requests issued during repair, because we
considered these values negligible in real-life applications.
Computing cost: in real-life applications, the MTTF
(99.999999999%) of the Business Cloud is very long, so it will
cost few computing resources to guarantee high availability.
Metadata size: in BMCloud, regardless of the size of the
data files, the F-MSR metadata size is always within 160 B.
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1: Requirements:
2: Native chunks;
3: Repair request;
4: Main parameters (𝑛, 𝑘, 𝑠) in F-MSR code and E Code;
5: k stands for the number of fail strips
6: Step 1. Basic information collection
7: Step 2. Greedy repair
8: (a): Scan failed strip 𝑆𝑖 (1 < 𝑖 < 𝑘);
9: (b): If 𝑆𝑖 can be recovered by a simple data-link
10:
then restore 𝑆𝑖 , go to Step 1.
11:
else 𝑖 = 𝑖 + 1;
12: (c): List the equation set of the rest of the failed strips
13:
from the related data-links
14: (d): If the equation set is soluble
15:
then restore all the failed strips
16:
else got Step 3.
17: Step 3. Functional Repair
18: (a): Repair the whole node with F-MSR code;
19: (b): Recalculate the related parity strip and update all
20:
the EMs on every cloud server;
Algorithm 2: Algorithm enumeration recovery.

Table 2: Monthly price plans (in US dollars) for Amazon S3 (US
Standard) and Windows Azure Storage, as of January, 2013.
Azure
$0.062
free
$0.119
$0.010
$0.010

80
70
Response time (s)

Storage (per GB)
Data transfer in (per GB)
Data transfer out (per GB)
PUT, POST (per 10 K requests)
Get (per 10 K requests)

S3
$0.064
free
$0.120
$0.100
$0.010

90

60
50
40
30
20

In evaluation, we used a 512 MB file to test the response time
of BMCloud, and compared to the size of the test file, the
metadata size will usually negligible. In real-life applications,
the size of the data file usually overcomes 1 GB, so the effects
caused by metadata on system are too small and do not need
evaluation.
Number of Requests. From Table 2, we know that the charge of
requests is relatively low compared to storage and bandwidth.
RAID-6 and F-MSR differ in the number of requests when
recovering data during repairs. Suppose that we store a file of
size 4 MB with 𝑛 = 4 and 𝑘 = 2. BMCloud may need special
protocol to support this function. When we repair cloud data,
there is an agreement that it is merged before the data is
transferred over. But if you do not follow these steps, the Get
Operation will put all the data transmitted over a result of the
flow rate increase.
5.2. Response Time Analysis. In this part, we deploy our
BMCloud prototype in a real local cloud environment to
evaluate the system performance of the response time. This
cloud storage environment is chosen to carry out this analysis
in order to evaluate the performance without the effects

10
0

512

256

128
64
32
File size (MB)

16

1

RAID-6
BMCloud

Figure 4: File upload response times of BMCloud on a local cloud.

of network fluctuations. We may continue the analysis on
commercial clouds as a future work. All results are averaged
over 50 runs.
The experiment is implemented on a storage platform
based on OpenStack swift. The proxy of the system is
installed on a laptop with Intel Core i5-580 and 8 GB RAM.
This machine is connected to an OpenStack swift platform
attached to a number of storage servers with Xeon E5606
CPU and 8 GB DDR3 RAM. We create 6 containers on this
platform, and 4 containers act as 4 cloud nodes and other
2 containers act as spare nodes, to constitute the testing
environment of F-MSR (𝑛 = 4, 𝑘 = 2) and BMCloud system.
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Figure 5: File download response times of BMCloud on a local
cloud.
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Figure 6: Recovery response times of BMCloud on a local cloud.
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We test the response time of the three most important
operations in the workflow of BMCloud: file upload, file
download, and file recovery. For each operation workflow,
we keep a record of the detailed time costs in every type of
operation. We use random files sized from 1 MB to 512 MB
as the test data set. RAID-6 Reed-Solomon code is chosen as
a control group. There are two types of recovery situations,
considering whether the failed node is native or parity.
Figures 4, 5 and 6 show response time in 3 main
operations workflows, upload, download, and recovery in
BMCloud and RAID-6 RS code. BMCloud performs over
RAID-6 on response time in file upload and file download.
Figures 7 and 8 show detailed component of the response
time in the case of the 512 MB file. We can clearly see
that the data transfer time contributes to the main part of
the response time for all 3 operation workflows and time
costs in both methods are quantitatively similar. In contrast
to RAID-6 code, F-MSR code properties make BMCloud
present a significant encoding/decoding overhead when a
file is uploaded or downloaded. When uploading a 500 MB
file, RAID-6 takes 2.496 s to encode and BMCloud takes
12.065 s; when downloading a 500 MB file, BMCloud takes
4.512 s to decode and RAID-6 needs no decoding when native
nodes are available. However, uploads and downloads are
infrequent operations in an archive storage environment.
Moreover, network fluctuation in real environments will
balance the difference between RAID-6 and BMCloud.
In the recovery process, BMCloud shows a shorter
response time than RAID-6. BMCloud needs to download
less data during repairs than RAID-6 and NCCloud. There
are two kinds of recovery methods in BMCloud, exact repair,
and functional repair. Exact repair sharply curtails repair
bandwidth and hence repair response time, showing our
main advantage. In repairing a 512 MB file, NCCloud spends

Figure 7: 512 MB file response time detailed analysis (Functional).

9.593 s in download; the native-chunk repair while RAID6 spends 12.124 s and BMCloud spends only 5.583 s for all
the data. The response time of BMCloud is 41.8% and 53.9%
better than that of NCCloud and Raid-6, respectively. On the
other hand, BMCloud spends 11.467 s in functional repair,
which is a little less than NCCloud and RAID-6.
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Figure 8: 512 MB file response time detailed analysis (exact).

We have not tested our system on a commercial cloud
since our test environment is limited. But from NCCloud
[5], we can see that network fluctuation plays a bigger role
in determining the response time. So it will be proved that
BMCloud will have no performance in functional repair and
have good performance when it is in exact repair.

6. Conclusions
In this paper, we developed a low repair bandwidth, low
maintenance cost cloud storage system named BMCloud.
It has the exact repair algorithm E Code to degrade repair
bandwidth and it also provides functional repair to recover
data in any condition. The JUDGE STYLE algorithm can
help BMCloud decide in which cases exact repair will be used
and in which cases functional repair will be used.
We implemented the system and conducted experiments
which prove that BMCloud is effective in degrading repair
bandwidth and maintenance costs. The result shows that the
response time of BMCloud is 41.8% and 53.9% better than
those of NCCloud and Raid-6 when the system operates in
the recovery methods of exact repair.
There are still much more work to be done in the future
which mainly take two directions. First, we will focus on the
recovery of a single-disk failure and do some experiments to
verify the performance of BMCloud. Second, we will take a
twin-code model into account and make the system more
suitable for cloud storage.
In conclusion, we believe that BMCloud is an attractive
cloud storage system: one that offers low repair bandwidth,
while achieving low maintenance cost.
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With the rapid development of social networks and its applications, the demand of publishing and sharing social network data
for the purpose of commercial or research is increasing. However, the disclosure risks of sensitive information of social network
users are also arising. The paper proposes an effective structural attack to deanonymize social graph data. The attack uses the
cumulative degree of n-hop neighbors of a node as the regional feature and combines it with the simulated annealing-based graph
matching method to explore the nodes reidentification in anonymous social graphs. The simulation results on two social network
datasets show that the attack is feasible in the nodes reidentification in anonymous graphs including the simply anonymous graph,
randomized graph and k-isomorphism graph.

1. Introduction
A social network is a social relation structure which is made
up of a set of social entities and their social ties or interactions.
The research of social network analysis can be traced back
to the contributions of Moreno who discusses the dynamics
of social interactions within groups of people [1]. Nowadays,
with the emerging of online social networks and services,
the social relationship in reality has been extended to the
virtual network world. Billions of users use online social
website making friends, sharing pictures, micrologging and
so on. The social structure hidden in the social network data
are valuable for social analysis for the purpose of commerce
or academy. For example, the user behavior and interests
derived from social data are important for all the commercial
recommendation systems [2, 3]. At the same time, more and
more attentions are being paid to the privacy preservation
problems in the process of using social networks and sharing
social data, since data publishing and exchange increase the
risk of disclosure and leakage of personal information of
social network users [4, 5].
Social networks are usually modeled as graphs, in which
the vertices represent social entities and the edges represent
the social links or social ties. The properties of entities,
such as age, gender, and SIN. can be represented as the
attributes of vertices, and the properties of links between

entities, such as the tightness of social ties, can be shown
as the edge label or weight. Therefore, the natural and
simple way to prevent the disclosure of personal information
of social users is to remove the user portfolios, such as
names and ISN, or replace them with random identifications.
But the simple method cannot prevent the disclosure of
personal sensitive information. The earliest privacy event
causing public attention is the publishing of email data set
of Enron Corpus [6]. Although the original purpose is for
legal investigation, the regularity of email communications
among employees within the company, even the organization
structure of Enron Corpus, can be inferred from the email
data. Other personal information disclosure events include
the AOL Company publishing anonymized user search data
for the research in search engine [7], and Netflix Company
publishing user movie scoring data for improving the movie
recommendation systems [8]. All of the intended purposes of
these data publishing issues are not to leak users’ information,
but it results in the privacy risks.
On the other hand, many privacy-preserving methods
have been put forward and examined including 𝑘-anonymity
based privacy preservation via edge modification, probabilistic privacy preservation via edge randomization and
privacy preservation via clustering and generalization (see
the recent review papers [9–11]). Besides these methods,
the differential privacy method, which depends on specific
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privacy guarantees and aims to make users in released data
computationally indistinguishable from most of the other
users in that data set, are paid more and more attention
recently [12, 13].
In the paper, we present a structural attack method
to deanonymize social graph data, called 𝑛-hop neighbor
Feature for Node Reidentification (𝑛-hop neighFNR). The
method relies only on the network structure. It uses the
cumulative degree of 𝑛-hop neighbors as the regional feature
and combines with the simulated annealing-based graph
matching method. With the aid of auxiliary graph, it can
reidentify the nodes in anonymized social graphs. The
simulations on two data sets including Karate clubs [14]
and email networks of URV [15] show it is feasible on deanonymizing social graphs including the simple anonymous
graph, randomized anonymous graph and 𝑘-isomorphism
graph.
The rest of the paper is organized as follows. Section 2
presents the related work, and Section 3 describes the definition of 𝑛-hop neighbor feature and the node reidentification
algorithm, followed by the experiments results on data sets in
Section 4. Finally, we conclude the paper in Section 5.

2. Related Work
In the graph data of social networks, nodes usually correspond to the users in social networks and edges correspond
to the relationship between users. The privacy attack to
graph data of social networks aims to obtain the sensitive
information including identity, friendship and other personal
information that is hidden in social networks.
Backstrom et al. [16] firstly proposes the active and
passive attack to simple anonymous social graphs. These two
methods try to identify the target in the released social graph.
The difference between them is whether the attackers change
the graph data before data publishing. In active attacks, the
adversary can create a certain number of Sybil nodes and
edges linked to the target and embed these node and edges
into the graph before data publish, then find these “Sybil”
nodes together with the targeted users in the anonymized
network. In passive attacks, attackers try to discover a target
using their knowledge of local structure of the network
around the target.
Different privacy attacks depend on different background
knowledge. Zhou et al. [10] generalize some possible background knowledge that can be used in the privacy attacks.
The background information includes degree, attribute of
nodes, special links with the target node, neighbors, embedded sub-graphs, and other properties of graphs such as
betweenness, closeness centrality and etc. Some literature
[17–22] discusses different background knowledge and the
corresponding privacy protection methods. Literature [17]
proposes the known degree attack and corresponding 𝑘degree anonymous graph for solving the problem. Literature
[18] presents a degree trace attack which traces the change
of certain node degree in the evolution graphs to reidentify
the target node. Other privacy attacks are based on the
structure of 1-hop neighbor [19] or neighbor subgraph and
the corresponding privacy preserving methods are usually
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based on 𝑘-anonymity methods in structure, such as 𝑘automorphism [20], 𝑘-isomorphism [21] and 𝑘-symmetry
model [22]. Compared with these 𝑘-anonymity methods,
edge Randomization is a generalized privacy preservation
methods which is not specific to the privacy attacks.
The de-anonymizing social network based on the auxiliary graph is a feasible attack which can recognize nodes
from the large scale social networks. The auxiliary graph
which can be obtained by crawling, is used to match the
anonymized graph and reidentify the targets on the viewpoint
of graph structure. Literature [23] proposes this method and
use it to reidentify a third of the users who have accounts
on both Twitter and Flickr with small error rate. In such
attack, there are usually two phases: the recognition of certain
amount of seed nodes in the anonymous graph, and then
the propagation process to match the rest of nodes in the
auxiliary graph with the targets in the anonymous graph
on the basis of the known seeds. Rattigan [24] employs the
crawling data of Yahoo! Music data as the auxiliary graph
and attends to recognize the artist in the data set of KDD
Cup 2011. Although there is no ground-truth graph to show
the accuracy of this work, it still shows the feasibility of such
attack. More recently, Narayanan et al. [25] use the crawling
Flickr graph to deanonymize much of the competition test
set of a machine learning contest in Kaggle challenge. They
use the neighbor similarity between node pairs as a structural
feature and combine it with simulated annealing-based graph
matching method to reidentify a small number of nodes with
largest degree. These recognized nodes can be used as the seed
nodes in the first phase of de-anonymizing attack.
In privacy attacks mentioned above, the degree, neighbor
structure, neighbor similarity of certain node pair are all
metrics used to match or recognize the target nodes in
anonymized graphs. In graph mining, Henderson et al. [26]
present the concept of recursive feature, which combines
node-based local features with egonet-based neighborhood
features to capture the regional information of an individual
node in large graphs. It can be applied in de-anonymization
tasks on evolution graphs or partially anonymized graphs.
Influenced by these ideas, the paper proposes a structural
attack, which combines the cumulative 𝑛-hop neighbors’
degree feature with the simulated annealing algorithm, to
reidentify the nodes in anonymized graphs.
Many computational intelligent algorithms for optimization problems are proposed like in literature [27–31]. In
this paper, we use simulated annealing method [32] to
match the auxiliary graph with anonymized graph, although
other intelligent algorithms can be used to replace simulated
annealing method.

3. 𝑛-Hop Neighbor Feature for
Node Reidentification
3.1. 𝑛-Hop Neighbor Feature. A social network can be modeled as a graph 𝐺 = (𝑉, 𝐸), where 𝑉 is the set of nodes and
𝐸 is the set of connections. In this paper, undirected graph is
used, although social networks can be directed graphs if the
direction of connections is considered. In a graph structure,
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Figure 1: Discrimination of 𝑛-hop neighbor feature; 𝑛 = 4.

the node degree is the basic local feature of a node. When
considering the relation of a node and its 1-hop neighbors,
the related metrics are computed in the range of egonet. For
example, in literature [25], the cosine similarity between a
pair of nodes is defined as: |𝑥 ∩ 𝑦|/√|𝑥| ⋅ |𝑦|, while 𝑥 and 𝑦
are the neighbor sets of a node pair, respectively.
In this paper, we considered the cumulative degree feature
of a node in the range of 𝑛-hop neighbors. For a node 𝑖, its
cumulative degree is defined as the sum of 𝑛-hop neighbors’
degree of a node and denoted as follows:

∑

∑

𝑗1 ∈neigh(𝑖) 𝑗2 ∈neigh(𝑗1 )

⋅⋅⋅

∑

∑

𝑗𝑛−1 ∈neigh(𝑗𝑛−2 ) 𝑗 𝑛 ∈neigh(𝑗𝑛−1 )

degree (𝑗𝑛 ) .
(1)

The 𝑛-hop neighbor feature is a regional feature and captures
the node’s properties better than the node degree since for
the nodes with same degree would have different value of
cumulative value 𝑛-hop neighbor degree. It qualifies the
connections of a node with other nodes and shows the
importance of a node in the 𝑛-hop range and even the whole
network.
In order to show the discrimination of the 𝑛-hop cumulative feature, we analyze two data sets: karate club data and
email network of URV, in terms of the value of degree and nhop cumulative feature; here, 𝑛 = 4. In karate data set, there
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there are 11 nodes with the same degree 2, while there are 5
nodes with same n-hop neighbor feature value of 6376 and
another 2 nodes with the other n-hop neighbor feature of
5977. These figures show that most of the nodes with the same
degree have different 4-hop neighbor feature value on the
two data sets. Specially, Figure 1(b) shows that most of the
nodes with large degree value in email network data can be
discriminated by 4-hop neighbor feature value. Although the
discrimination becomes worse for some lower degree value,
like 3 or 2, it is still better than the degree feature.
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Figure 2: The results on simple anonymous graph for karate data set
and e-mail network data.

are 34 nodes and 156 edges, while there are 1133 nodes and
5451 edges in email data set. Figures 1(a) and 1(b) shows that
n-hop neighbor features discriminates nodes much better
than the feature of degree on both two data sets. In these
figures, 𝑥 presents the degree of nodes in decreasing order,
and 𝑦 presents the corresponding 4-hop neighbor feature
value. In a graph, there may be some nodes with the same
degree value, and the nodes with the same degree value
may also have the same or different 4-hop neighbor features;
therefore we use the number besides the circle to denote how
many nodes have the same n-hop neighbors feature value. For
example, in Figure 1(a), in the 5 nodes with same degree 4, 3
nodes have different n-hop neighbor feature value and only 2
nodes have same n-hop neighbor feature value. Furthermore,

3.2. 𝑛-Hop Neighbor Feature for Node Reidentification. The 𝑛hop neighbor feature can capture the regional information
of a node in the graph. This paper combines 𝑛-hop neighbor
feature with simulated annealing algorithm and proposes 𝑛hop neighbor feature for node reidentification algorithm (𝑛hop neighFNR) to deanonymize social networks by the aid of
auxiliary graph.
For two graphs 𝐺𝐴 and 𝐺𝑇 , 𝐺𝐴 is the auxiliary graph,
in which the identities of nodes are already known, and 𝐺𝑇
is the anonymous target graph. 𝐺𝐴 and 𝐺𝑇 can be thought
as the induced graph from the same graph 𝐺. Usually the
auxiliary graph 𝐺𝐴 can be obtained by the crawling. 𝐺𝑇 is the
anonymous social data for publishing. The process of privacy
attack can be thought as a matching process between the
nodes of 𝐺𝐴 and 𝐺𝑇 . We use the original data sets as 𝐺𝐴 ,
and three kinds of anonymous graphs as 𝐺𝑇 , including the
simple anonymous graph, which removes the identification
of nodes, the randomize anonymous graph, which is obtained
by randomly adding one edge followed by deleting another
edge and repeating the process for 𝑘 times, as shown in [33],
and 𝑘-isomorphism graph, as shown in [21].
We combine the 𝑛-hop neighbor feature with the simulated annealing methods to match the two graphs, 𝐺𝐴
and 𝐺𝑇 . The Euclidian distance between two sets of 𝑛-hop
neighbor feature value of node pairs is defined to measure
the quality of a candidate mapping, so that we can optimize
the matching over all the possible mapping. The Euclidian
distance is defined as: √∑𝑛𝑖=1 (𝑥𝑖 − 𝑦𝑖 )2 , in which 𝑥𝑖 and 𝑦𝑖 is
the cumulative degree value of node 𝑖’s 𝑛-hop neighbors in 𝐺𝐴
and 𝐺𝑇 , respectively.
Algorithm 1 shows the method in n-hop neighbor feature
for node reidentification. In the algorithm, Δ𝑝 is the change
of Euclidian distance in different matching processes. T is the
temperature, which will be cooled with a rate of 𝛼; 𝛼 = 0.9.
The initiating value of temperature depends on the nodes in
the graph; 𝑇 = 100 ∗ 𝑛. The ending of simulated annealing
algorithm is determined by the threshold 𝑇min . 𝑐 is constant,
which is also dependent on the nodes, and 𝑐 = 20 ∗ 𝑛.

4. Experiment Results
In order to show the feasibility and effectiveness of 𝑛hop neighbor feature, we compare it with the neighbor
similar feature used in literature [25], which is called
neighSNR, to deanonymize the simply anonymous graphs,
randomized graphs, and 𝑘-isomorphism graphs. In e-mail
data set, we select 30 nodes with the largest degree
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Figure 3: The results on randomized anonymous graph for karate data set and e-mail network data.

as the targets. The randomized graphs are obtained by
adding or deleting edges randomly and repeatedly. The
perturbation degree is defined as the percentage of the
number of adding/deleting edges and we use 10%, 20%,
and 50% as the perturbation degree, respectively. The 𝑘isomorphism graph is obtained by adding or deleting edges
to satisfy the definition of 𝑘-isomorphic: A graph 𝐺 is 𝑘isomorphic if 𝐺 consists of 𝑘 disjoint subgraphs 𝑔1 , . . . , 𝑔𝑘 ,

where 𝑔𝑖 and 𝑔𝑗 are isomorphic for 𝑖 ≠𝑗. In the experiment, we use 2-isomorphic graph as the anonymous graph
[21].
Figures 2(a) and 2(b) show the recognition results in
simple anonymous graph. Our method 𝑛-hop neighFNR is
much better than neighSNR. It can recognize 32 out of 34
nodes for karate data set in the best case and all the 30 largest
degree nodes for email network data.
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Input: 𝐺𝐴 and 𝐺𝑇 : the auxiliary graph and target anonymous graph
Output: node mapping between 𝐺𝐴 and 𝐺𝑇
Initialize the original mapping and temperature T;
while (Temperature 𝑇 > Threshold 𝑇min )
Exchange two nodes position to make a new mapping;
if (the Euclidian distance of the new mapping < the Euclidian distance of old mapping)
Accept the changing of nodes position;
else
Accept it with a probability 𝑒−Δ𝑝/𝑐∗𝑇 ;
endif
Decrease the temperature 𝑇 with a rate;
endwhile
Algorithm 1: 𝑛-hop neighbor feature for node reidentification.
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Figure 4: The results on 2-isomorphism anonymous graph for karate data set and e-mail network data.

Figures 3(a) and 3(b) show the results of the number
of reidentification node in randomized anonymous graph
with different perturbation degree for karate data and email
network data. Although with the increasing of perturbation
degree, the number of reidentification nodes decrease, our
algorithm neighFNR outperforms neighSNR in general. For
karate data set, 12 node pairs are matched in the best case
when our method is employed and perturbation degree is
10%. When perturbation degree increases to 50%, 8 node
pairs are re-identified using our algorithm. For neighSNR
method, 4 node pairs are recognized when perturbation
degree is 50% in the best case. For email network data,
when perturbation degree is 10%, 10 nodes pairs are matched.
When perturbation degree increases to 50%, both the n-hop
neighFNR and neighSNR method recognize 4 nodes pairs in
the best case. In the average and worst cases, 𝑛-hop neighFNR
also outperforms neighSNR on both of two data sets.
Figures 4(a) and 4(b) show the de-anonymizing results on
𝑘-isomorphism graphs, in which 𝑘 = 2. In the graph of Karate

data, 16 edges are added and 36 edges are deleted in order to
generate 2-isomorphism anonymous graph. In the graph of
Email data, 2428 edges are added and 2454 edges are deleted.
Both neighSNR and 𝑛-hop neighFNR does not work well
on 2-isomorphism graphs, since these two 2-isomorphism
anonymous graphs are obtained by perturbation of about
50% edges of the corresponding original graphs, and the 𝑘isomorphism method enforces 𝑘-security for protecting the
nodes and links in anonymous graph [21].

5. Conclusion
The paper presents 𝑛-hop neighbor feature to capture node
characteristics in a graph. It uses the sum of degree of
𝑛-hop neighbors of a node as a regional feature. When
combining with simulated annealing algorithm, it can be used
as a structural attack to de-annoymize social networks. The
experiments on two data sets show it is very effective for
de-anonymizing the simple anonymous graph and feasible

Mathematical Problems in Engineering
for the randomized graph. The research provides insights for
the privacy-preserving problem of social networks and the
design of privacy-preserving algorithms. The future work we
should do is to evaluate the effectiveness of our algorithm on
large-scale real networks.
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This work presents an adaptive control that integrates two linear control strategies applied to a step-down converter: Proportional
Integral Derivative (PID) and Linear Quadratic Regulator (LQR) controls. Considering the converter open loop transfer function
and using the poles placement technique, the designs of the two controllers are set so that the operating point of the closed loop
system presents the same natural frequency. With poles placement design, the overshoot problems of the LQR controller are
avoided. To achieve the best performance of each controller, a hyperbolic tangent weight function is applied. The limits of the
hyperbolic tangent function are defined based on the system error range. Simulation results using the Altera DSP Builder software
in a MATLAB/SIMULINK environment of the proposed control schemes are presented.

1. Introduction
The technological evolution of electronic devices has been
very significant in recent years. With the increasing performance of microcontrollers and Digital Signal Processors
(DSP), as well as the ascension of Field-Programmable Gate
Array (FPGA), associated with high speeds of current A/D
converters, some concepts related to digital signal processing
have been reevaluated, and new forms of mathematical
processing and algorithms developed [1, 2].
More powerful digital devices are needed to enable
the implementation of complex control systems in several
applications to help improve their performance, stability,
and robustness. In the power electronics field, better control
strategies can enhance power quality and efficiency [3],
by reducing losses, which represents important goals in
forthcoming appliances that must comply with government
environmental policies for electric power generation.
FPGAs are devices with flexible logic programming. They
allow several product features and functions, adapt to new
standards, and reconfigure hardware for specific applications,

even after the device has been already installed in the end
product. One can use a FPGA to implement any logical
function that an application-specific integrated circuit (ASIC)
could perform, but the ability to update the functionality
after shipping provides advantages for many application
areas such as automotive, broadcast, computer and storage,
display, medical, military, test and measurement, wireless,
wire line, and in a lot of other areas. The main advantage
of FPGA is the ability to have its logical structures arranged
to work in parallel as opposed to the inherent sequential
execution in microcontrollers. This can drastically boost the
overall performance of the device. Also, when compared to
microcontrollers and DSPs, FPGAs offer many design advantages including rapid prototyping, shorter time to market,
the ability to reprogram in the field, lower Nonrecurring
Engineering (NRE) costs, and long product life cycle to
mitigate obsolescence risk [4–6]. In the last years, FPGAs
manufacturing costs decreased significantly, making possible
its use in most common applications like power electronics
applications [7–11]. In these applications, the use of FPGAs
allows more complex control techniques that can be used to
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improve the system performance such as response time along
with reduced overshoot.
FPGAs can be programmed using Hardware Development Language (HDL) which describes the connections of
the logic gates together to form adders, multipliers, registers,
and so on. The HDL places a dedicated resource for the task
and allows for parallel operation. However, the complexity of
HDL coding can be a barrier for many electrical engineering
applications [12].
As an alternative to low-level HDL programming, there
are some optimized frameworks with ready-to-use highlevel blocks such as the Altera’s DSP Builder software, which
provides graphical design blocks to run simulations into
a MATLAB/SIMULINK environment. The same blocks are
used by DSP Builder as the basis for autogenerating an optimized HDL code to be loaded into FPGA hardware. The use
of DSP builder tool can reduce the implementation time of a
project resulting in lower costs associated to human-related
design efforts.
In electrical power conditioning systems that use
switched static converters, the integration of high performance hardware with linear and nonlinear control techniques
implemented digitally has provided the improvement of
system performance, resulting in increased efficiency as well
as enhanced quality of power supply [3]. Several types of voltage and current controllers can be implemented, either in
the analog or digital way.
Regarding the control techniques employed in these
applications, traditionally the Proportional-Integral (PI) controller is one of the mostly used techniques to carry out control of some aspects of the converters, like regulating the output voltage or correcting the power factor. In these applications, the derivative action is usually not considered because
it can amplify high frequency noise caused by switches commutation. Due to the integral component, PID has been
widely used because it presents a favorable characteristic of
eliminating the steady-state error, but its response time is
high when compared to other kinds of controllers when the
system is subjected to external disturbances. Other linear
control techniques are also widely used like, for example,
the LQR control. As it is an optimal control, it is common
to appear as significant overshoots. It is desired to improve
the system response time without worrying about the overshoot, commonly resulted from load disturbance or reference
change, which can be achieved by employing poles placement
design. However, LQR control does not have integral action,
and its use does not guarantee null steady-state error.
In order to improve system performance in relation to
the response time without causing overshoots, which could
damage the load or circuit elements, and to obtain a steadystate null error, adaptive and nonlinear controllers have
being used. The Feedback Linearization, Adaptive Control,
Gain Scheduling, Sliding Mode control, and State Dependent
Riccati Equation (SDRE), can be highlighted each with its
own characteristics regarding their application or parameters
such as stability, robustness, and computational cost [13–24].
Another possibility of enhancing the system performance
is the integration of two or more controllers. In this sense,
the system error is compensated according to the best
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independent performance of each controller. The combined
action of the two controls is considered as an adaptive control
[24, 25]. A common approach is the use of a decision function
that establishes a limit value that supports the decision of
which control will be used. Another approach is the use of
both control actions in a weighted fashion, determined by a
weight function.
Along with the advances in digital control, the use of
more complex theories, mainly related to nonlinear and
adaptive controllers design, has been excelling ever more.
Adaptive control techniques have been highlighted in various
applications. Alternative forms of adaptive control techniques applied to power electronic circuits are presented in [18–
24].
In this context, this paper presents an adaptive control
that uses the best responses of two linear controllers, that is,
the PID and LQR controls. To reduce overshoot problems of
the LQR controller, poles placement design is applied. As a
result, a composite control law is obtained for two different
controllers used at the same time, where the control actions
are mathematically weighted according to system error by
means of a hyperbolic tangent function. This function represents the decision function that establishes the weights of
PID and LQR control actions into the resulting control action,
referred to as Hyperbolic Tangent Adaptive Control (HTAC).
The main objective of this control technique is to perform
the output voltage control of a step-down converter operating in continuous conduction mode (CCM). This strategy
was tested by means of simulations using the DSP Builder
software in a MATLAB/SIMULINK environment applied
to the output voltage control on a classic Buck converter.
Load steps were applied to assess the performance of the
Hyperbolic Tangent Adaptive Control (HTAC). The results
show that the proposed technique achieves better responses
than the controllers alone, with a fast transient response, a
small overshoot, due to the poles placement design, and null
steady-state error.

2. Control Strategies
2.1. Linear PID Control. Among the control structures used
in the industrial segment, the classic parallel PID controller,
shown in Figure 1, stands out as one of the most widely used
controllers due to well established practical implementation
and tuning. There are various consolidated techniques which
uses the PID transfer function and the system transfer
function in order to obtain the proportional (𝐾plin ), integral
(𝐾ilin ), and derivative (𝑘dlin ) gains of the controller [26]. The
design criteria, like overshoot and settling time for the closed
loop system, are generally satisfactory when using this linear
PID controller structure.
The transfer function and the control law in the time
domain of a PID controller with fixed gains are expressed by
𝐶 (𝑠) =

𝐾dlin 𝑠2 + 𝐾plin 𝑠 + 𝐾ilin
𝑠

,

(1)

where 𝑘dlin represents the derivative linear gain, 𝑘plin the proportional linear gain, and 𝑘ilin the integral linear gain.
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LQR controller. Thus, the state feedback 𝐾 is found satisfying
all conditions imposed by LQR controller, and the operating
point of the closed loop system can be assured.
Therefore, the vector 𝐾 can be defined, by the pole
placement technique, by equation
𝐾𝑝 = [ 𝛼𝑛 − 𝛽𝑛 𝛼𝑛−1 − 𝛽𝑛−1 ⋅ ⋅ ⋅ 𝛼2 − 𝛽2 𝛼1 − 𝛽1 ] 𝑇−1 ,
(6)

Figure 1: Hyperbolic tangent adaptive control.

where 𝛼𝑖 is obtained from the characteristic polynomial:
2.2. LQR Control. The LQR controller is based on the minimization of a quadratic criterion associated with the state
variables energy and the control signals. An optimal control
provides a systematic way to calculate the gain matrix of the
state feedback control [27, 28].
As LQR is a consolidated control technique, the controller
design will not be presented in this work.
The problem formulation of optimal control (LQR) for
the Buck converter can be ordered as follows: find a control
function 𝑢(𝑡) ensuring that the output voltage of the converter
is independent from the initial state to the reference value.
The objective is to minimize the functional
∞

𝑇

𝑇

𝐽 = ∫ (𝛿 𝑄𝛿 + 𝑢 𝑅𝑢) 𝑑𝑡,
0

(2)

where 𝑄 and 𝑅 are symmetric and positive definite matrices,
𝛿 is a vector of the input errors, and 𝑢 is the control signal. In
addition, 𝑅 can be chosen unitary without loss of generality
[28].
From the control law presented in (3), for 𝑅 = 1,
𝑢 (𝑡) = −𝐾𝑥 (𝑡) ,

(3)

𝐾 = −𝐵𝑇 𝑃.

(4)

(𝑠 − 𝜇1 ) (𝑠 − 𝜇1 ) ⋅ ⋅ ⋅ (𝑠 − 𝜇1 )
= 𝑠𝑛 + 𝛼1 𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝛼𝑛−1 𝑠 + 𝛼𝑛 ,

where 𝜇𝑖 are the desired poles and the elements 𝛽𝑖 are the
characteristic polynomial coefficients given by
|𝑠𝐼 − 𝐴| = 𝑠𝑛 + 𝛽1 𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝛽𝑛−1 𝑠 + 𝛽𝑛 .

𝐴𝑇 𝑃 + 𝑃𝐴 − 𝑃𝐵𝐵𝑇 𝑃 + 𝑄 = 0.

(5)

The limitation is that the LQR addresses a regulation
problem and cannot originally be applied to a tracking problem, which is desired in practice [27].
It is important to note that different values for the weight
coefficient matrix 𝑄 are obtained for different trajectories,
which implies that the range of values of 𝑄 matrix components influence the quality of the transient process.
The technique of pole placement is proposed in this paper
to find an optimal matrix 𝑄 (LQR formulation) which ensures
the desired characteristics of transient response, ensuring
achieving optimal regulation.
To design the LQR controller feedback vector, the technique of pole placement is initially used [27, 28], since this
control law works in the same way as the control law for the

(8)

The transformation matrix 𝑇 is given by
𝑇 = 𝑀𝑊,

(9)

where 𝑀 is the controllability matrix given by (10) and 𝑊 is
given by (11).
Consider
𝑀 = [𝐵 𝐴𝐵 ⋅ ⋅ ⋅ 𝐴𝑛−1 𝐵] ,
𝑎𝑛−1 𝑎𝑛−2
[𝑎𝑛−2 𝑎𝑛−3
[
[
..
𝑊 = [ ...
.
[
[ 𝑎1
1
0
[ 1

where

For the defined values of the matrix 𝑄 (where 𝑄 is a
positive definite matrix), the matrix 𝑃 (where 𝑃 is a symmetric matrix) can be found, which is a solution for the
Riccati equation:

(7)

⋅ ⋅ ⋅ 𝑎1 1
⋅ ⋅ ⋅ 1 0]
]
.. .. ] .
d . .]
]
⋅ ⋅ ⋅ 0 0]
⋅ ⋅ ⋅ 0 0]

(10)

(11)

Replacing (6) in (4), the Riccati matrix (𝑃) for gain vector
(𝐾𝑝 ) can be obtained by
+

𝑃𝑝 = (𝐵𝑇 ) 𝐾𝑝 ,

(12)

+

where (𝐵𝑇 ) is a pseudoinverse matrix.
Replacing (12) in (5) yields
𝑄 = −𝐴𝑇 𝑃𝑝 − 𝑃𝑝 𝐴 + 𝑃𝑝 𝐵𝐵𝑇 𝑃𝑝 .

(13)

Through the solution of (13), the control that causes the
system to the desired orbits minimizing the functional (2) can
be defined, with the predefined transient behavior, where, by
means of mathematical manipulations, one can find a matrix
𝑄 that satisfies the conditions of the LQR controller. The
matrix 𝑄 must be positive. In this sense, a single test can
be carried through an algorithm to prove that the obtained
matrix 𝑄 is equal to 𝑄𝑇 . Thus, it can be said that the (𝐾𝑝 ) state
feedback vector corresponds to an optimal controller offered
by LQR algorithm.
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2.3. Proposed Hyperbolic Tangent Adaptive Control (HTAC).
After some analyses realized by numeric simulations, to be
presented afterwards, and relating to the system response
during a load disturbance and to the steady-state error, it
is possible to observe that either the proposed LQR and
PID controllers are effective to maintain the system over the
dominant poles in closed loop defined in the control design.
Also, it can be observed that the LQR control is more effective
for the transient response and the PID control for the steady
state.
With the objective of obtaining a control that presents
the combined efficiency of both controllers, enhancing the
performance of the system in closed loop as well as reducing
the overshoot and the settling time, a parallel combination
of LQR and PID controls is proposed. The simplest approach
is to switch which controller will actuate over the system
given a specific rule, such as a predefined error value. The
disadvantage of this approach is the occurrence of an abrupt
change in the control structure. In order to avoid this abrupt
commutation between the controllers, a weighted combination is proposed where their control actions are regulated by
weights (𝑤𝑖 ) defined by a hyperbolic tangent function.
The control law for the HTAC controller is defined by
𝑢 (𝑡) = 𝑢𝐶1(𝑠) (𝑡) ∗ 𝑤1 + 𝑢𝐶2(𝑠) (𝑡) ∗ 𝑤2 ,

(14)

where 𝑢𝐶1(𝑠) (𝑡) and 𝑤1 represent the LQR control and its
weight, respectively, and 𝑢𝐶2(𝑠) (𝑡) and 𝑤2 represent the PID
control and its weight, respectively, with 𝑤1 + 𝑤2 = 1.
The value 𝑤1 is determined as a function of the system
error, given by
𝑤1 = tanh |𝑒| ,

Vo

Lo
Vi

Ro

Co

A/D

DSP builder blocks

PWM
uPID [z]

+
u[z] +

PID

uLQR [z]

e[z]

+
−

Vref

LQR
w1
w2

Weighting
algorithm
[|tgh(e)|]

Figure 2: Control strategy scheme applied to the step-down converter.
Table 1: Parameters for the buck converter.
Parameters
Input voltage (𝑉𝑖 )
Capacitance (𝐶𝑜 )
Inductance (𝐿 𝑜 )
Resistance (𝑅𝑜 )
Reference voltage (𝑉ref )

Value
48 V
3.33 𝜇F
1.1 mH
30 Ω
30 V

(15)

where 𝑒 is the normalized error.
In this sense, it is possible to define the higher weight 𝑤1
for the controller with faster responses in situations of larger
errors, this will be the controller with higher predominance
in the control action.
The value 𝑤2 is defined by
𝑤2 = 1 − 𝑤1 .

Buck converter

(16)

So, the weight 𝑤2 will be inversely proportional to the
error and will present higher values in situations of small
errors, bringing into spot the controller that ensures a null
error in steady state. Considering this objective, a controller
with an integrative term is a good choice.
In Figure 1, one can observe how the HTAC controller can
be implemented.

3. Control Strategy Applied to
a Step-Down Converter
Figure 2 presents the control strategy scheme applied to the
step-down converter.
The design parameters for the converter are presented in
Table 1.

The matrices that determine the state space system of the
buck converter are presented in the following equation:
0
[
𝐴1 = 𝐴2 = [
[ −1
[ 𝐿𝑜

1
𝐶𝑜 ]
];
1 ]
𝐶𝑜 𝑅𝑜 ]
(17)

0
𝐵1 = [ 1 ] ;
[ 𝐿𝑜 ]

0
𝐵2 = [ ] ;
0

𝐶1 = 𝐶2 = [0 1] ,

𝐷1 = 𝐷2 = 0.

As the duty cycle (𝐷) is the ratio between the output
reference voltage and the input voltage, the state matrices are
rewritten as
𝐴1 = 𝐴2 = [
𝐵1 = [

0 300300
];
909.1 10010

0
];
909.1

𝐶1 = 𝐶2 = [0 1] ,

0
𝐵2 = [ ] ;
0
𝐷1 = 𝐷2 = 0.

(18)
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Figure 3: Block diagram implemented in DSP Builder.

Replacing the data in Table 1 into (17), one can define the
duty cycle to the output voltage transfer function of the Buck
converter, as expressed in
𝐺V𝑜 𝑑 (𝑠) =

̂V𝑜 (𝑠)
1, 28𝑒10
= 2
.
𝑠 + 10000𝑠 + 2.667𝑒7
𝑑̂ (𝑠)

(19)

Having the transfer function of the converter, the design
of the controllers is set so that the operating point of the
closed loop system has a natural frequency according to:
𝑤𝑛 =

1
= 16333 rad/s.
√𝐿 𝑜 𝐶𝑜

(20)

The damping ratio (𝜉) in open loop, determined by (20),
is approximately 0.3 and is defined as a function of the settling
time (𝑡𝑠 ) at 2% and the natural frequency of the system. The
value of 𝑡𝑠 can be found from the step response of the open
loop system:
4
.
𝜉=
𝑤𝑛 𝑡𝑠

(21)

From these data, the operating point of the closed loop
system can be set to a new damping ratio near 0.8, which is the
maximum acceptable value for second order systems. Thus,
the set point is
𝑠1 = −13064 ± 9798𝑗.

(22)

With the control design parameters of the converter
defined, one can design the PID and LQR, so that the operation of the closed loop system occurs at the same operating
point. So, having the controllers following the same operating
sequence, a comparative analysis of the performance for each
control scheme can be carried out with more accuracy.
Following this analysis, the hyperbolic tangent function
is applied in order to use the best responses of the applied
controllers according to the error generated by possible
disturbances.
From the operating point of the closed loop system,
defined in (22), it is possible to design the PID controller. The
designed controller gains are 𝐾𝑝 = 0.0723, 𝐾𝑖 = 367.16, and
𝐾𝑑 = 0.000004037.

For the LQR controller using the operation point of the
closed loop system defined in (22), the state feedback gain
found from the proposed algorithm is
𝐾𝑝 = [4094 16078] .

(23)

0.0283
Replacing (23) into (13) results in 𝑄 = 108 [ 0.0591
0.0283 2.6274 ],
achieving the optimal control given in

𝑢 (𝑡) = −4094V𝑐𝑜 − 16078𝑖𝑐𝑜 .

(24)

Taking the previous designed results, the HTAC was
implemented and presented in this paper using the combination of these two controllers. The limits of the hyperbolic
tangent function are defined from the system error range.

4. Simulation Results
The hardware chosen for implementation of the proposed
controllers in this project is a EP3C25Q240C8N Cyclone
III FPGA, manufactured by Altera. The simulations are
performed in the MATLAB/SIMULINK environment where
the DSP Builder framework, provided by Altera, is installed
as a toolbox, making, possible to simulate the model of the
power converter itself and to export it to be compiled by the
Altera Quartus II software without leaving Simulink.
To obtain more accurate results, various factors of a real
prototype are taken into consideration. The simulation step
size period was defined in the Simulink as 25 nanoseconds.
The signal obtained from the output voltage is adjusted by
a block that simulates the conditioning circuit in order to
satisfy the inputs of the analog-to-digital converter (A/D).
The external A/D converter is necessary because the FPGA
hardware does not have internal A/D converters.
The chosen A/D converter is the AD7655, manufactured
by Analog Devices, with a 16-bit resolution and sampling rate
of 500 KSPS (samples per second). In the simulation, a system
of blocks is used to represent the inherent delay of the digital
conversion and quantization according to the sampling rate.
The complete implementation of the HTAC controller
using DSP Builder is shown in Figure 3. It can be observed
that the block diagram has a 16-bit input and a single output
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(single bit) which is connected to the pulse driver that
actuates the switch.
Figure 4 presents the transient response for the Buck
converter in closed loop for the two control techniques
employed, PID and LQR. For the converter startup process, a
250 𝜇s length ramp is used to achieve the rated output voltage.
Figure 5 presents the responses of each system alone for
a load disturbance. Figure 6 presents the steady-state output
voltage of the converter for all controllers. Unlike LQR, PID
presents a zero steady-state error.
Figure 7 shows the current across the converter inductor
𝐿 𝑜 for the PID and LRQ. It can be observed that the
inductor 𝐿 𝑜 currents have the same ripple value defined in
the converter’s design. In relation to the load step response, it
can be observed that for the initial overshoot the currents of
PID and LRQ controllers are similar.
Figure 8 presents the transient for the Buck converter
in closed loop, enabling comparison between the responses
of the controllers implemented separately: PID, LQR, and
HTAC. Figure 9 presents in detail the responses for a load disturbance. Thus, one can observe that the HTAC presents a
response as fast as that for the LQR controller and a null error
in steady state as for the PID controller. Figure 10 presents the
responses of HTAC for a load disturbance of 50%.
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Figure 8: Startup process converter with HTAC control.

Figure 11 shows the converter inductor current 𝐿 𝑜 for the
hyperbolic tangent adaptive control.
The variation on the weights 𝑤1 and 𝑤2 applied to the
HTAC controller, multiplied by the control action of the PID
and LQR controllers, is presented in Figure 12, where it is
possible to observe that in the moments when disturbances
occur, the weights exhibit variations that goes up to the
moment of stabilization.

5. Conclusions
This work presented the design and simulations of an adaptive PID + LQR control technique applied to a step-down
converter. The pole placement technique was used to guarantee that the two controllers work in the same operation
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point and the system does not present excessive voltage and
current overshoot. Knowing that the steady-state error of
the converter output voltage for the PID is smaller than for
the LQR control and the response time for LQR controller
is smaller than for the PID, a parallel combination of
the designed controllers is proposed, yielding an adaptive
controller which improves the performance of the system,
both in response to time and the reduction of overshoots of
the controlled magnitudes.
A hyperbolic tangent weight function is used to gather
the best performance of each controller according to the
system error. Thus, the best responses in settling time and
overshoot and annulling the steady-state error are achieved
as compared to independent implementation of each controller. The Altera DSP Builder framework was used in a
MATLAB/SIMULINK environment for the implementation
of the Hyperbolic Tangent Adaptive Control (HTAC) and to
obtain real-time simulation results.
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Bidirectional singleton arc consistency (BiSAC) which is an extended singleton arc consistency (SAC) has been proposed recently.
The first contribution of this paper is to propose and prove two theorems of BiSAC theoretically (one is a property of BiSAC and the
other is the property of allowing the deletion of some BiSAC-inconsistent values). Secondly, based on these properties we present
two algorithms, denoted by BiSAC-DF and BiSAC-DP, to enforce BiSAC. Also, we prove their correctness and analyze the space and
time complexity of them in detail. Besides, for special circumstances, we show that BiSAC-DF admits a worst-case time complexity
in 𝑂(𝑒𝑛2 𝑑4 ) and a best one in 𝑂(𝑒𝑛2 𝑑3 ) when the problem is an already BiSAC, while BiSAC-DP also has the same best one when
the tightness is small. Finally, experiments on a wide range of CSP instances show BiSAC-DF and BiSAC-DP are usually around
one order of magnitude faster than the existing BiSAC-1. For some special instances, BiSAC-DP is about two orders of magnitude
efficient.

1. Introduction
Constraint satisfaction problem (CSP) is an important
researching area in artificial intelligence. Many combinatorial
problems can be solved by modeling as CSP. However, it is
the NP-complete task of determining whether a given CSP
instance has a solution. Fortunately, consistency techniques
can reduce the search space and speed up solving process by
removing the inconsistent values [1]. Many notions and algorithms of consistency have been proposed to achieve these
goals so far. Among these techniques, arc consistency (AC)
[2] is the oldest and most well-known way of filtering domain.
This is indeed very simple and natural. More importantly, it
is an effective technique to solve CSP instances. Now there
are many algorithms to enforce it. For example AC-3 [3],
AC-4 [4], and AC-2001 [5] are all very efficient methods
and they are very easy to implement. Besides, nowadays
singleton arc consistency (SAC) [6] has been focused on
widely. It can remove redundant values like arc consistency

and path consistency [7], but the power of pruning the
inconsistent values is stronger than that of AC. In fact, it
ensures that the problem is also arc consistent after assigning
any value to any variable. Debruyne and Bessière proposed
a straightforward algorithm SAC-1 [6], and Prosser studied
SAC again [8]. Consiquently, the second algorithm SAC-2 [9]
has been proposed by Bartok. It is based on AC-4 and uses
external data structures to avoid invoking the AC procedure
to test SAC condition more times than SAC-1. Bessière
and Debruyne presented the algorithms SAC-OPT [10] and
SAC-SDS [11]. SAC-OPT has the optimal time complexity
with a high space complexity. SAC-SDS has a better space
complexity though it is not optimal in time. However, it tries
to avoid redundant work. Lecoutre proposed the first depthfirst greedy algorithm SAC-3 [12]. Bessière and Debruyne
(2008) studied the comprehensive theoretical of SAC and
proposed a new local consistency—bidirectional singleton
arc consistency (BiSAC) [13] by extending the SAC. They have
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also proved BiSAC is stronger than SAC and presented the
first algorithm BiSAC-1 to enforce it. Zhang et al. proposed
the algorithms BiSAC-DF and BiSAC-DP (Algorithms 4 and
5), both of them were the enforced algorithms of BiSAC.
In this paper, we firstly propose two properties of BiSAC
and then prove their correctness. Based on them, we present
two algorithms to enforce BiSAC, denoted by BiSAC-DF
and BiSAC-DP. BiSAC-DF is inspired by algorithm SAC3 proposed by Lecoutre, and it is also a depth-first greedy
algorithm. The BiSAC-DP also uses the previous properties as
a theoretical foundation and combines domain partition and
divide-and-conquer strategy. Besides, we propose operator 𝜌
on subdomain to improve the efficiency of it. Also we prove
their correctness and analyze their complexity. Finally, in
our experiments on random CSPs, classical problems, and
benchmarks, the results show that our algorithms perform
better than the BiSAC-1.
In terms of complexity, BiSAC-DF and BiSAC-DP have a
space complexity in 𝑂(𝑛𝑑) and a worst-case time complexity
in 𝑂(𝑒𝑛3 𝑑5 ), where 𝑛 is the number of variables, 𝑑 is the
greatest domain size, and 𝑒 is the number of constraints. In
particular, when applied to an already bidirectional singleton
arc consistent problem, BiSAC-DF admits the worst-case
time complexity in 𝑂(𝑒𝑛2 𝑑4 ) and a best one in 𝑂(𝑒𝑛2 𝑑3 ).
BiSAC-DP has a best-case time 𝑂(𝑒𝑛2 𝑑3 ) if the tightness of
the problem is relatively small. Notice that it does not mean
the problem is BiSAC if the tightness of it is small. Actually,
the problem which is an already BiSAC may have a high
tightness.

2. Preliminaries
A constraint satisfaction problem 𝑃 = (𝑉, 𝐷, 𝐶), where 𝑉 is a
finite set of 𝑛 variables, 𝐷 is a finite set of domains for every
variable, and 𝐶 is a finite set of 𝑒 constraints. For each variable
𝑋 ∈ 𝑉, its domain is denoted by 𝐷(𝑋) ∈ 𝐷. 𝑚 will denote
the size of the greatest domain. We can use the label 𝐷𝑃 to
represent the domain set of the problem 𝑃. Each 𝑐𝑖 ∈ 𝐶 has
an associated relation denoted by rel𝑃 (𝑐𝑖 ) which represents the
set of tuples allowed for the variables involved in 𝑐𝑖 . We can
say the tightness of 𝑃 is small if |rel𝑃 (𝑐𝑖 )| is large enough for
∀𝑐𝑖 ∈ 𝐶, respectively. Problem 𝑄 is a subproblem of 𝑃 if ∀𝑋 ∈
𝑉, 𝐷𝑄 ⊆ 𝐷𝑃 and ∀𝑐𝑖 ∈ 𝐶, rel𝑄(𝑐𝑖 ) ⊆ rel𝑃 (𝑐𝑖 ). A solution of
a constraint satisfaction problem is an assignment of value
from its domain to each variable such that every constraint is
satisfied. A problem is said to be satisfiable if it admits at least
one solution. We denote 𝑃 = ⊥ if there is a variable 𝑋 of 𝑃
and 𝐷𝑃 (𝑋) wipes out.
A constraint satisfaction problem can be characterized by
properties called partial consistency. It always removes some
inconsistent values and some inconsistent pairs of values.
There are many methods to do this. Now, we introduce several
important notions. In this paper, we focused on binary CSP.
Definition 1. The value 𝑎 of variable 𝑋 is arc consistent (AC)
if and only if, for each variable 𝑌 connected by the constraint
𝑐, there exists a value 𝑏 of 𝑌 such that (𝑎, 𝑏) ∈ rel𝑃 (𝑐). The CSP
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is arc consistent if and only if every value of every variable is
arc consistent.
We use AC(𝑃) to represent the problem which is obtained
after enforcing AC on a given problem 𝑃. If there is a variable
with an empty domain in AC(𝑃), denote AC(𝑃) = ⊥.
Definition 2. The value 𝑎 of variable 𝑋 is singleton arc
consistent (SAC) if and only if the problem restricted to 𝑋 =
𝑎 is arc consistent (AC(𝑃|𝑋=𝑎 ) ≠⊥). The CSP is singleton
arc consistent if and only if every value of every variable is
singleton arc consistent.
From the definition of AC and SAC, we can clearly
see SAC is stronger than AC. In 2008, Bessière extended
SAC to a stronger level of local consistency and proposed
a new technique—bidirectional SAC (BiSAC) [13]. Now we
introduce BiSAC below.
Definition 3. The value 𝑎 of variable 𝑋 is bidirectional
singleton arc consistent (BiSAC) if and only if AC(𝑇𝑋𝑎 ) ≠⊥,
𝑇𝑋𝑎 = (𝑉, 𝐷𝑋𝑎 , 𝐶), where 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈ 𝐷𝑃 (𝑌) | (𝑋, 𝑎) ∈
AC(𝑃|𝑌=𝑏 )}. The CSP is bidirectional singleton arc consistent
if and only if every value of every variable is bidirectional
singleton arc consistent.
In [13] Bessière proposed a straightforward algorithm
BiSAC-1 to enforce bidirectional singleton arc consistency. Its
correctness and its space and time complexity are 𝑂(1) and
𝑂(𝑒𝑛3 𝑑5 ), respectively (see Algorithm 1).

3. New Algorithms to Enforce BiSAC
In this paper, we propose two algorithms to enforce BiSAC.
Before describing them, we need to present two important
theorems of BiSAC. They not only provide a theoretical
basis for correctness of our algorithms, but also can improve
efficiency for our algorithms.
3.1. Theoretical Analysis of BiSAC
Theorem 4. Let 𝑃 = (𝑉, 𝐷𝑃 , 𝐶) be a CSP and let 𝑄 be a
subproblem of 𝑃. Given (𝑋, 𝑎) ∈ 𝑄,
(1) (𝑋, 𝑎) is bidirectional singleton arc consistent in 𝑃, if
(𝑋, 𝑎) is bidirectional singleton arc consistent in 𝑄;
(2) (𝑋, 𝑎) is bidirectional singleton arc consistent in 𝑃, if



= (𝑉, 𝐷𝑋𝑎
, 𝐶), 𝐷𝑋𝑎
(𝑌) =
𝐴𝐶(𝑇𝑋𝑎 ) ≠⊥, where 𝑇𝑋𝑎
𝑄
{𝑏 ∈ 𝐷 (𝑌) | (𝑋, 𝑎) ∈ 𝐴𝐶(𝑃|𝑌=𝑏 )}.



Proof. (1) Let 𝑇𝑋𝑎
= (𝑉, 𝐷𝑋𝑎
, 𝐶), where 𝐷𝑋𝑎
(𝑌) = {𝑏 ∈
𝐷𝑄(𝑌) | (𝑋, 𝑎) ∈ AC(𝑄|𝑌=𝑏 )}. Because (𝑋, 𝑎) is BiSAC in

) ≠⊥ is clearly concluded by the definition
𝑄, thus AC(𝑇𝑋𝑎
of BiSAC. For every 𝑌 ∈ 𝑉, the fact that 𝑄 is a subproblem
of 𝑃 can produce 𝐷𝑄(𝑌) ⊆ 𝐷𝑃 (𝑌). Moreover, according to
the correctness of AC procedure, for (𝑌, 𝑏) ∈ 𝑄, if (𝑋, 𝑎) ∈
AC(𝑄|𝑌=𝑏 ), then (𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 ). Above all, it implies

(𝑌) ⊆ 𝐷𝑋𝑎 (𝑌), where 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈ 𝐷𝑃 (𝑌) |
𝐷𝑋𝑎

is a
(𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )}. Let 𝑇𝑋𝑎 = (𝑉, 𝐷𝑋𝑎 , 𝐶); hence, 𝑇𝑋𝑎
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(1) repeat
(2)
𝐶𝐻𝐴𝑁𝐺𝐸 ← false;
(3)
foreach (𝑋, 𝑎) ∈ 𝐷𝑃 do
(4)
𝐷𝑇 ← 0;
(5)
foreach (𝑌, 𝑏) ∈ 𝐷𝑃 do
(6)
if (𝑋, 𝑎) ∈ AC(𝑃 |𝑌=𝑏 ) then 𝐷𝑇 ← 𝐷𝑇 ∪ {(𝑌, 𝑏)};
(7)
if AC(𝑉, 𝐷𝑇 , 𝐶) = ⊥ then
(8)
D(X) ← D(X)\{𝑎};
(9)
if D(X) = 0 then return false;
(10)
CHANGE ← true;
(11) until not CHANGE;
(12) return true;
Algorithm 1: BiSAC-1.

subproblem of the problem 𝑇𝑋𝑎 . According to the correctness

of AC procedure again, AC(𝑇𝑋𝑎
) ≠⊥ implies AC(𝑇𝑋𝑎 ) ≠⊥. So
(𝑋, 𝑎) is also bidirectional singleton arc consistent in 𝑃 by the
definition of BiSAC.
(2) Let 𝑇𝑋𝑎 = (𝑉, 𝐷𝑋𝑎 , 𝐶), where 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈ 𝐷𝑃 (𝑌) |

is a subproblem of 𝑇𝑋𝑎 . Now,
(𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )}. Thus, 𝑇𝑋𝑎

using the correctness of AC and the fact that AC(𝑇𝑋𝑎
) ≠⊥,
AC(𝑇𝑋𝑎 ) ≠⊥ is deduced correspondingly. Hence conclusion
(2) is obtained by the definition of BiSAC.
Actually conclusion (1) exploits BiSAC of the subproblem
𝑄 to ensure that (𝑋, 𝑎) is BiSAC in 𝑃. So it can avoid revoking
the redundant AC procedure (see Definition 3). Conclusion
(2) can be a similar result through a combination of definition
of BiSAC and subproblem 𝑄. It is not enough although
Theorem 4 as a property of BiSAC can conclude that (𝑋, 𝑎) is
BiSAC in 𝑃. We also need another property to ensure (𝑋, 𝑎)
is bidirectional singleton arc inconsistent in 𝑃.
Theorem 5. Let 𝑃 = (𝑉, 𝐷𝑃 , 𝐶) be a CSP and (𝑋, 𝑎) ∈ 𝑃.
(1) (𝑋, 𝑎) is bidirectional singleton arc inconsistent in 𝑃, if
𝐴𝐶(𝑃|𝑋=𝑎 ) = ⊥.
(2) (𝑋, 𝑎) is bidirectional singleton arc inconsistent in 𝑃, if


𝑄 = 𝐴𝐶(𝑃|𝑋=𝑎 ) ≠⊥ and 𝐴𝐶(𝑇𝑋𝑎
) = ⊥, where 𝑇𝑋𝑎
=


𝑄
(𝑉, 𝐷𝑋𝑎 , 𝐶), 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈ 𝐷 (𝑌) | (𝑋, 𝑎) ∈
𝐴𝐶(𝑃|𝑌=𝑏 )}.
Proof. (1) Let 𝑇𝑋𝑎 = (𝑉, 𝐷𝑋𝑎 , 𝐶), where 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈
𝐷𝑃 (𝑌) | (𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )} and 𝑅 = 𝑃|𝑋=𝑎 . It means that
𝐷𝑋𝑎 (𝑋) = 𝐷𝑅 (𝑋) = {𝑎} and 𝐷𝑋𝑎 (𝑌) ⊆ 𝐷𝑃 (𝑌) = 𝐷𝑅 (𝑌) for
every 𝑌 ∈ 𝑉 s.t. 𝑌 ≠𝑋. Thus, according to the correctness
of AC, AC(𝑅) = AC(𝑃|𝑋=𝑎 ) = ⊥ can lead to AC(𝑇𝑋𝑎 ) = ⊥.
Therefore, (𝑋, 𝑎) is bidirectional singleton arc inconsistent in
𝑃 by the definition of BiSAC.
(2) Let 𝑆 = {(𝑍, 𝑐) | (𝑍, 𝑐) ∈ 𝑅 = 𝑃|𝑋=𝑎 ⋀(𝑍, 𝑐) ∉
𝑄 = AC(𝑃|𝑋=𝑎 )}; it means that every value in 𝑆 is arc
inconsistent when the problem 𝑃 is restricted to 𝑋 = 𝑎.
Besides, let 𝑇𝑋𝑎 = (𝑉, 𝐷𝑋𝑎 , 𝐶) where, 𝐷𝑋𝑎 (𝑌) = {𝑏 ∈ 𝐷𝑃 (𝑌) |

(𝑋) = {𝑎} and
(𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )}. It implies 𝐷𝑋𝑎 (𝑋) = 𝐷𝑋𝑎

𝐷𝑋𝑎 (𝑌) ⊆ 𝐷𝑋𝑎 (𝑌) for every 𝑌 in 𝑉 and 𝑌 ≠𝑋. Thus every


must be in 𝐷𝑅 \𝐷𝑄, so 𝐷𝑋𝑎 \𝐷𝑋𝑎
⊆ 𝑆 and
element in 𝐷𝑋𝑎 \𝐷𝑋𝑎



is a subproblem of 𝑇𝑋𝑎 . However, every value in 𝐷𝑋𝑎 \𝐷𝑋𝑎
𝑇𝑋𝑎
is arc inconsistent in 𝑇𝑋𝑎 by the correctness of AC. Again,

) = ⊥ will lead to AC(𝑇𝑋𝑎 ) = ⊥.
this correctness and AC(𝑇𝑋𝑎
Thus (𝑋, 𝑎) is bidirectional singleton arc inconsistent in 𝑃. So,
conclusion (2) is obtained.

Theorem 5 is a property of bidirectional singleton arc
inconsistency. Conclusion (1) of it, using the fact that problem
𝑃 restricted to 𝑋 = 𝑎 is arc inconsistent, can infer (𝑋, 𝑎)
is bidirectional singleton arc inconsistent in 𝑃. Another
conclusion also can tell us (𝑋, 𝑎) is bidirectional singleton
arc inconsistent in 𝑃 through arc inconsistency of a special
subproblem. Actually, these theorems together provide a
theoretical basis for soundness and completeness of our
algorithms. More importantly, they are also approaches to
speed up the efficiency of consistency technique.
Now, we propose two algorithms to enforce BiSAC,
denoted by BiSAC-DF and BiSAC-DP, which rely on Theorems 4 and 5.
3.2. BiSAC-DF Algorithm. The first algorithm BiSAC-DF is
inspired by SAC-3, which is also depth-first greedy approach.
Moreover the above theorems can improve efficiency and
ensure correctness of BiSAC-DF. The function BiSAC-DF
firstly puts all variable-value pairs in the structure Queue and
then calls the function Judge-DF to establish BiSAC. If the
Judge-DF returns ⊥, it means there exists a domain that wipes
out. So the BiSAC returns false. Otherwise, this processing
continues until a fix-point is reached.
The function Judge-DF performs a depth-first search in
order to instantiate variables, but it does not have a backtrack
mechanism when dead ends occur. As long as, the current
branch, no inconsistency is found, we try to extend it. In
other words, the current problem 𝐵𝑃 is restricted to 𝑋 = 𝑎
and then arc consistency is maintained. So a subproblem
AC(𝐵𝑃|𝑋=𝑎 ) is generated correspondingly. The other value
pairs will be judged whether they are BiSAC on this current
subproblem. Theorem 4 concludes that (𝑋, 𝑎) is BiSAC in 𝑃
if it is BiSAC in sub-problem or AC(𝐵𝑃|𝑋=𝑎 ) ≠⊥ (line 15 and
line 25). In particular, it maybe finds a lucky solution (line
18). For bidirectional singleton arc inconsistency, a dead end
must occur. In that case, Theorem 5 can tell us that (𝑋, 𝑎) is
bidirectional singleton arc inconsistent in 𝑃 if the structure
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occur is null (line 6 and line 14). Therefore, the value 𝑎 should
be removed from the domain of the variable 𝑋. If this domain
wipes out, the algorithm terminates and returns ⊥ (line 23).
Otherwise, we cannot judge whether (𝑋, 𝑎) is BiSAC or not.
So, it needs further propagations.
Theorem 6. BiSAC-DF is a correct algorithm to enforce
bidirectional singleton arc consistency.

(1) repeat
(2)
CHANGE ← false;
(3)
foreach (𝑋, 𝑎) ∈ 𝑃 do
(4)
𝑄𝑢𝑒𝑢𝑒 ← 𝑄𝑢𝑒𝑢𝑒 ∪ {(𝑋, 𝑎)};
(5)
while Queue ≠0 do
(6)
if Judge-DF() = ⊥ then return false;
(7) until not CHANGE
(8) return true;

Proof. Consider the following.
Soundness. Suppose (𝑋, 𝑎) is the first BiSAC value removed
by BiSAC-DF. It is necessarily removed in line 22 of the
function Judge-DF. It means that the structure occur is 0, and
at this time it goes to line 22 only from line 6 or line 14.
Hence, if it jumps from line 6, it implies AC(𝐵𝑃|𝑋=𝑎 ) = ⊥.
The main loop in Judge-DF was executed only once because
the structure occur is 0, so 𝐵𝑃 = 𝑃. Therefore, (𝑋, 𝑎)
is bidirectional singleton arc inconsistent in 𝑃 according
to conclusion (1) of Theorem 5. Jumping from line 14, it
is implied that 𝑄 = AC(𝐵𝑃|𝑋=𝑎 ) ≠⊥ and AC(𝑇𝑄) =
⊥; conclusion (2) of Theorem 5 admits that (𝑋, 𝑎) is also
bidirectional singleton arc inconsistent in 𝑃. Therefore, this
contradicts the assumption that (𝑋, 𝑎) is the first BiSAC value
removed by BiSAC-DF. So, BiSAC-DF is sound.
Completeness. When the BiSAC-DF terminated, for every
(𝑋, 𝑎) ∈ 𝐷, (𝑋, 𝑎) is removed from Queue if the clause
repeat (in Judge-DF) is executed for the first time. It means
AC(𝐵𝑃) ≠⊥, where 𝐵𝑃 = (𝑉, 𝐷𝐵𝑃 , 𝐶), 𝐷𝐵𝑃 (𝑌) = {𝑏 ∈
𝐷𝑃 (𝑌) | (𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )}. According to the definition
of BiSAC, (𝑋, 𝑎) is bidirectional singleton arc consistent in
𝑃. Otherwise, it is concluded that AC(𝐵𝑃) ≠⊥, where 𝐵𝑃 =
(𝑋, 𝐷𝐵𝑃 , 𝐶), 𝐷𝐵𝑃 (𝑌) = {𝑏 ∈ 𝐷𝑄(𝑌) | (𝑋, 𝑎) ∈ AC(𝑃|𝑌=𝑏 )}.
Theorem 4 can ensure that (𝑋, 𝑎) is also bidirectional singleton arc consistent in 𝑃. Thus, BiSAC-DF is complete.
Theorem 7. BiSAC-DF admits a space complexity in 𝑂(𝑛𝑑)
and a worst-case time complexity in 𝑂(𝑒𝑛3 𝑑5 ).
Proof. The additional data structure in BiSAC-DF is Queue
and 𝐵𝑃, while the space of them is also 𝑂(𝑛𝑑), so the overall
space complexity of BiSAC-DF is 𝑂(𝑛𝑑).The worst-case of
running BiSAC-DF is that there is exactly one value removed
from its domain when the loop (see line 5 in Algorithm 2)
terminates. In that case, the number of elements in Queue is
(𝑛𝑑 − 𝑖 + 1) when the loop repeat is executed 𝑖 (1 ≤ 𝑖 ≤ 𝑛𝑑)
times. Notice that the number of variable-value pairs in 𝑃 is
also (𝑛𝑑−𝑖+1). Let 𝑘 be the total times of calling Judge-DF at 𝑖
iterative times in the loop repeat (in BiSAC-DF), and let del𝑗
be the number of elements removed from Queue at 𝑗 times
of calling Judge-DF. From the function Judge-DF, it is easily
concluded that the times of calling AC are at most (𝑛𝑑 − 𝑖 + 1)
when a value is removed from Queue. Thus, at 𝑖 iterative times
in the loop repeat (in BiSAC-DF), the total number of calling
AC is
𝑗=𝑘

∑ del𝑗 × (𝑛𝑑 − 𝑖 + 1) = (𝑛𝑑 − 𝑖 + 1)2 .

𝑗=1

(1)

Algorithm 2: BiSAC-DF.

Therefore, the times of AC called by BiSAC-DF are (𝑛𝑑)2 +
(𝑛𝑑 − 1)2 +⋅ ⋅ ⋅+(𝑛𝑑 − 𝑖 + 1)2 +⋅ ⋅ ⋅+12 = 1/6×(𝑛𝑑)×(𝑛𝑑+1)×
(2𝑛𝑑+1). If an optimal AC is used, then the time complexity is
𝑂(𝑒𝑑2 ), such as AC-2001. So, the worst-case time complexity
of BiSAC-DF is 1/6 × (𝑛𝑑) × (𝑛𝑑 + 1) × (2𝑛𝑑 + 1) × 𝑂(𝑒𝑑2 ),
namely, 𝑂(𝑒𝑛3 𝑑5 ).
Theorem 8. Applied to a constraint network which is BiSAC,
the worst-case time complexity of BiSAC-DF is 𝑂(𝑒𝑛2 𝑑4 ) and
the best-case time complexity is 𝑂(𝑒𝑛2 𝑑3 ).
Proof. When it is applied to a BiSAC network, there will
be no value removed. It implies that the loop repeat (in
Algorithm 2) is executed only once. During this procedure,
the number of elements in Queue is 𝑛𝑑. For every element
in Queue, in the worst-case, it needs call AC 2 × 𝑛𝑑 times
and the total is 2 × (𝑛𝑑)2 . Thus, worst-case time complexity
is 2 × (𝑛𝑑)2 × 𝑂(𝑒𝑑2 ) = 𝑂(𝑒𝑛2 𝑑4 ). For the best case, it only
executes Judge-DF exactly once (finding a lucky solution). So
the number of calling AC is 𝑑(𝑛 − 𝑖) + 𝑖 at 𝑖 (1 ≤ 𝑖 ≤ 𝑛)
iterative times in the loop repeat (in Algorithm 3). Note that
the number of elements in 𝐵𝑃 is 𝑑(𝑛 − 𝑖) + 𝑖. Thus, the total of
calling AC is
𝑖=𝑛

∑ (𝑑 (𝑛 − 𝑖) + 𝑖) = 𝑛/2 × (𝑛 (𝑑 + 1) + (1 − 𝑑)) .

(2)

𝑖=1

So the best-case time complexity is 𝑛/2 × (𝑛(𝑑 + 1) + (1 − 𝑑)) ×
𝑂(𝑒𝑑2 ) = 𝑂(𝑒𝑛2 𝑑3 ).
3.3. BiSAC-DP Algorithm. Another algorithm BiSAC-DP is
also based on the previous propositions, but it is not depthfirst greedy approach. So it cannot find a lucky solution.
However, it combines domain partition technique and uses
the operator 𝜌 presented by us to find a special subproblem so
that it saves lots of redundant work. Now we propose operator
𝜌: let 𝑃 = (𝑉, 𝐷, 𝐶); operator 𝜌(𝑃, 𝑋) must remove every
value 𝑏 from the domain of every variable 𝑌 connected with
𝑋 by the constraint 𝑐, where the value 𝑏 s.t. ∃𝑎 ∈ 𝐷(𝑋) such
that (𝑎, 𝑏) ∉ rel𝑃 (𝑐). During removing values, if a domain
wipes out, operator 𝜌 returns ⊥; otherwise, it returns the
new problem. From the definition, we know operator 𝜌 can
run in 𝑂(𝑛𝑑2 ) at worst without additional data structure.
Actually, if |𝐷(𝑋)| = 1, the function of operator 𝜌 is the
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(1) 𝑜𝑐𝑐𝑢𝑟 ← 0;
(2) 𝐵𝑃 ← 𝑃;
(3) repeat
(4)
get (𝑋, 𝑎) from 𝑄𝑢𝑒𝑢𝑒 s.t. 𝑋 ∉ vars(𝑜𝑐𝑐𝑢𝑟) and (𝑋, 𝑎) ∈ 𝐵𝑃;
(5)
𝐵𝑃 ← AC(𝐵𝑃 |𝑋=𝑎 );
(6)
if BP = ⊥ then goto 𝐿;
(7)
flag ← false;
(8)
foreach (𝑌, 𝑏) ∈ 𝐵𝑃 do
(9)
if (𝑋, 𝑎) ∉ AC(𝑃 |𝑌=𝑏 ) then
(10)
𝐵𝑃 ← 𝐵𝑃 \ {(𝑌, 𝑏)}
(11)
flag ← true;
(12)
if flag = true then
(13)
𝐵𝑃 ← AC(𝐵𝑃 |𝑋=𝑎 );
(14)
if 𝐵𝑃 = ⊥ then goto 𝐿;
(15)
else 𝑜𝑐𝑐𝑢𝑟 ← 𝑜𝑐𝑐𝑢𝑟 ∪ {(𝑋, 𝑎)};
(16)
else 𝑜𝑐𝑐𝑢𝑟 ← 𝑜𝑐𝑐𝑢𝑟 ∪ {(𝑋, 𝑎)};
(17) until vars(𝑜𝑐𝑐𝑢𝑟) = vars(𝑃);
(18) return Solution;
(19) L:
(20) if 𝑜𝑐𝑐𝑢𝑟 = 0 then
(21)
CHANGE ← true;
(22)
𝑃 ← 𝑃 \ {(𝑋, 𝑎)};
(23)
if 𝑃 = ⊥ then return ⊥;
(24) else
(25)
𝑄𝑢𝑒𝑢𝑒 ← 𝑄𝑢𝑒𝑢𝑒 \ 𝑜𝑐𝑐𝑢𝑟;
(26)
𝑄𝑢𝑒𝑢𝑒 ← 𝑄𝑢𝑒𝑢𝑒 ∪ {(𝑋, 𝑎)};
Algorithm 3: Judge-DF.

(1) repeat
(2)
CHANGE ← false;
(3)
foreach 𝑌 ∈ 𝑉 do
(4)
𝐷1 :: 𝐷2 ← 𝐷(𝑌);
(5)
if Judge-DP(𝑌, 𝐷1 ) = ⊥ ‖ Judge-DP(𝑌, 𝐷2 ) = ⊥ then
(6)
return false;
(7) until not CHANGE;
(8) return true;
Algorithm 4: BiSAC-DP.

same as forward checking (FC). For |𝐷(𝑋)| > 1, it can be
considered as the extended forward checking. Note that the
operator 𝜌 is only used to improve efficiency through finding
an appropriate special subproblem. However 𝜌(𝑃, 𝑋) = ⊥
when |𝐷(𝑋)| > 1; we cannot say that the current problem has
no solutions. Actually, in that case all values in 𝐷(𝑋) are also
necessary to be propagated for BiSAC. So, a “good” domain
𝐷(𝑋) for 𝜌(𝑃, 𝑋) ≠⊥ is very important for efficiency of our
algorithm. Therefore, we introduce divide-conquer strategy
to automatically find an appropriate subdomain.
The function BiSAC-DP partitions the domain of every
variable into two subdomains firstly and then calls the function Judge-DP to establish the BiSAC. This process terminates
until the fix-point is reached. It means that every value in
the current subdomain 𝐷𝑋 is bidirectional singleton arc
consistent when function Judge-DP returns true. Otherwise,
it means that a domain has wiped out when it returns ⊥.

The main function of Judge-DP is to determine whether
all values in subdomain 𝐷𝑋 are BiSAC in the special subproblem. If they are all BiSAC, then they return true; otherwise it
needs to partition the current subdomain. Firstly, Judge-DP
uses operator 𝜌 to find the special subproblem. If 𝜌(𝑄, 𝑋) = ⊥
(line 4), the function would go to label L. Otherwise, JudgeDP calls the AC. It would still go to L if AC returns ⊥ too.
Otherwise, it enforces BiSAC on this current problem (line
6–line 10). Theorem 4 can ensure that it is BiSAC in 𝑃 if it
is BiSAC in the current subproblem for every value in subdomain 𝐷𝑋 (line 10). However, if not, it also needs to go to L
for further processing. In label L, according to the definition
of BiSAC, if |𝐷𝑋 | = 1, the single value in 𝐷𝑋 is bidirectional
singleton arc inconsistent, so it must be removed (line 13).
However, if |𝐷𝑋 | ≠1, the current subdomain 𝐷𝑋 needs to be
partitioned further (line 18).
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(1) 𝑄 ← 𝑃;
(2) 𝐷𝑄(𝑋) ← 𝐷𝑋 ;


(3) if 𝐷𝑄(𝑋) = 0 then return true;
(4) if 𝜌(𝑄, 𝑋) = ⊥ then goto 𝐿;
(5) if AC(𝑄) = ⊥ then goto 𝐿;
(6) foreach (𝑌, 𝑏) ∈ 𝑄 s.t 𝑌 ≠𝑋 do
(7)
if AC(𝑃 |𝑌←𝑏 ) ≠⊥ then
(8)
if exist 𝑎 ∈ 𝐷𝑋 s.t. (𝑋, 𝑎) ∉ AC(𝑃 |𝑌=𝑏 ) then
(9)
𝑄 ← 𝑄 \ {(𝑌, 𝑏)};
(10) if AC(𝑄) ≠⊥ then return true;
(11) L:
 
(12) if 𝐷𝑋  = 1 then
(13)
𝑃 ← 𝑃 \ {(𝑋, 𝐷𝑋 )};
(14)
𝐶𝐻𝐴𝑁𝐺𝐸 ← true;
(15)
if 𝑃 = ⊥ then return ⊥;
(16)
else return true;
(17) 𝐷1 :: 𝐷2 ← 𝐷𝑋 ;
(18) if Judge-DP(𝑋, 𝐷1 ) = ⊥ ‖ Judge-DP(𝑋, 𝐷2 ) = ⊥ then return ⊥;
(19) return true;
Algorithm 5: Judge-DP (𝑋, 𝐷𝑋 ).

Theorem 9. BiSAC-DP is a correct algorithm to enforce
bidirectional singleton arc consistency.

time complexity of BiSAC-DP is 2 × 𝜆 × 𝑛𝑑 × 𝑂(𝑒𝑑2 ) =
𝑂(𝜆𝑒𝑛𝑑3 ).

Proof. Consider the following.

Corollary 11. The worst-case time complexity of BiSAC-DP is
𝑂(𝑒𝑛3 𝑑5 ), and the best-case time complexity is 𝑂(𝑒𝑛2 𝑑3 ).

Soundness. Suppose (𝑋, 𝑎) is the first BiSAC value removed
by BiSAC-DP. It is necessarily removed in line 13 of the
function Judge-DP. It implies that the subdomain 𝐷𝑋 only
contains one value 𝑎(𝐷𝑋 = {𝑎}). From the Judge-DP, it goes
to line 13 only through line 4, line 5, or line 10 (in this case,
AC(𝑄) = ⊥). If it goes through line 5, then AC(𝑄) = ⊥ and
𝑄 = 𝑃|𝑋=𝑎 . So conclusion (1) of Theorem 5 admits (𝑋, 𝑎) is
bidirectional singleton arc inconsistent in 𝑃. Through line 4,
AC(𝑄) = ⊥ and 𝑄 = 𝑃|𝑋=𝑎 can also be concluded because
𝐷𝑋 = {𝑎} and 𝜌(𝑄, 𝑋) = ⊥. So the same result can be
obtained. Otherwise, from line 10 and AC(𝑄) = ⊥, in this
case, according to conclusion (2) in Theorem 5, (𝑋, 𝑎) is also
bidirectional singleton arc inconsistent in 𝑃. Above all, this
contradicts the assumption. So, BiSAC-DP is sound.
Completeness. When the BiSAC-DP terminated, for every
(𝑋, 𝑎) ∈ 𝐷, (𝑋, 𝑎) is checked or 𝐷𝑋 is checked for BiSAC,
where 𝐷𝑋 is subdomain of 𝐷 and (𝑋, 𝑎) ∈ 𝐷𝑋 . If (𝑋, 𝑎) is
checked, then (𝑋, 𝑎) is BiSAC in 𝑃 by Theorem 4. Otherwise,
the same result is also obtained by the definition of operator
𝜌 and Theorem 4. Thus, BiSAC-DP is complete.
Theorem 10. BiSAC-DP admits a space complexity in 𝑂(𝑛𝑑)
and a time complexity in 𝑂(𝜆𝑒𝑛𝑑3 ), where 𝜆 denotes the
number of partitions built by the BiSAC-DP.
Proof. The BiSAC-DP has only the additional data structure
𝑄 and the space complexity of it is 𝑂(𝑛𝑑). So the space complexity of BiSAC-DP is 𝑂(𝑛𝑑). From the function partition,
we can see that the number of calling AC is 𝑛𝑑 when the
Judge-DP (from lines 1 to 10) is executed only once. So, the

Proof. The worst-case of running BiSAC-DP is that there is
exactly one value removed from its domain when the loop
(see line 3 in BiSAC-DP) terminates. So it calls the function
Judge-DP 2 × 𝑛2 𝑑 times. The number of partitions produced
by calling the function Judge-DP once is at most 2 + 22 + ⋅ ⋅ ⋅ +
2𝑘 = 2𝑘+1 − 2, where 2𝑘 = 𝑑. Consequently, 𝜆 = 2 × 𝑛2 𝑑 ×
(2𝑘+1 − 2). Thus the worst-case time complexity is 𝑂(𝑒𝑛3 𝑑5 ).
However the best case is 𝜆 = 𝑛. The best-case time complexity
𝑂(𝑒𝑛2 𝑑3 ) is obtained.
From the above proofs, the time complexity of the
algorithm BiSAC-DP is 𝑂(𝑒𝑛2 𝑑3 ) when 𝜆 = 𝑛. In that case,
the tightness of problem must be small enough. For another
algorithm BiSAC-DF, it has the same time complexity if it
can find a solution in an already BiSAC constraint network.
Note that a problem whose tightness is small may not be
a bidirectional singleton arc consistent. In other words a
bidirectional singleton arc consistent problem may have a big
tightness.

4. Experiments
To compare the different algorithms mentioned in this paper,
we have performed experimentation with respect to random
CSPs, classical problems, and benchmarks. Performances
have been measured in terms of the CPU time in seconds and
the number of checks performed by BiSAC. All algorithms
have been implemented in C++ and embedded into the
constraint solving platform “Ming Yue” [14–16] designed by
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Table 1: Results obtained on classical problems.

Problems

BiSAC-1

BiSAC-DF
Times (ms)
#chks (M)
1719
104

BiSAC-DP
Times (ms)
#chks (M)
485
29

15-queens

Time (ms)
3813

#chks (M)
229

20-queens
25-queens
15-pigeons

26140
129031
2672

1763
8543
182

11297
55781
1187

771
3636
82

2672
10750
218

174
687
14

20-pigeons
25-pigeons

20250
99828

1491
7482

9547
43860

716
3304

1109
4141

82
299

⟨60, 6, 177⟩
⟨80, 6, 316⟩
⟨100, 5, 495⟩

6234
17093
26156

329
1043
1514

2484
8938
15171

155
544
914

1718
5500
9717

102
328
576

Table 2: Results obtained on benchmarks.
Problems
frb30-15-1
frb30-15-2
Lsq dg 7
Lsq dg 8
qk 8 0 5
qk 10 0 5
qk 12 0 5
composed-25 1 25 0
composed-25 1 80 9

BiSAC-1
Time (ms)
40688
42235
19094
64235
1828
9844
38187
406
484

#chks (M)
2106
2195
1298
4712
69
389
1621
23
26

us. In this platform, we use dom/deg variable ordering and
choose the AC with heuristic information [17] because it is
easy to implement and very efficient. The experiments were
carried out on a DELL Intel PIV 3.0 GHz CPU/512 MB RAM
with Windows XP Professional SP2/Visual C++6.0.
Random constraint satisfaction problems have become
a standard for testing constraint satisfaction algorithms
and heuristic algorithms because of their randomness
[18]. A binary random constraint satisfaction problem
(http://www.lirmm.fr/∼bessiere/generator.html) is specified
by four parameters ⟨𝑛, 𝑚, 𝑝1 , 𝑝2 ⟩, where 𝑛 defines a number
of variables, 𝑚 defines the size of domains, 𝑝1 (density)
defines how many constraints appear in the problem, and 𝑝2
(tightness) defines how many pairs of values are inconsistent
in a constraint. This paper chooses 𝑚 = 𝑛 = 20, while 𝑝1 and
𝑝2 range from 0.05 to 0.95 (interval is 0.05). Figure 1 shows
the difference of running times for BiSAC-1 and BiSAC-DF
and a ratio BiSAC-1/BiSAC-DF. From Figure 1(a) we can see
that the average running time required by BiSAC-DF is much
less than that of BiSAC-1. Actually, from the right graph of
Figure 1, we can know that BiSAC-DF is around 2–5 times
faster the BiSAC-1 for small tightness. When the tightness is
relatively big, BiSAC-DF is about 10–25 times than BiSAC-1.
For some special combination of the density and tightness,
BiSAC-DF can reach about 30 times the BiSAC-1. All of them
can be explained by the fact that the times of revoking AC
procedure of BiSAC-DF are much less than BiSAC-1, and
BiSAC-DF can determine whether (𝑋, 𝑎) is BiSAC earlier

BiSAC-DF
Times (ms)
#chks (M)
25141
1294
25297
1312
5868
392
37218
2769
16
0.107
16
0.296
47
0.664
1516
89
1766
104

BiSAC-DP
Times (ms)
#chks (M)
15766
796
15782
803
4016
273
12563
912
0
0.1
16
0.277
31
0.624
375
21
422
24

than BiSAC-1. Figure 2 tells us that the number of checks
performed by BiSAC-DF is also much smaller than BiSAC-1.
For the other algorithm BiSAC-DP, the running time is also
less than BiSAC-1. In fact, it is less than BiSAC-DF too (see
Figure 3). For small tightness BiSAC-DP is about 2–20 times
the BiSAC-1 because the BiSAC-DP can find the appropriate
subproblem earlier and more easily so that lots of values can
be inferred BiSAC without more BiSAC checks. For the other
tightness, BiSAC-DP is on average 40–60 times the BiSAC.
BiSAC-DP is around 100 times faster than BiSAC-1 when
density ranges from 0.5 to 0.6, and tightness is set to about
0.7, which is not surprising since BiSAC-DP not only uses
the operator 𝜌 to find a good subproblem successfully, but
also avoids much redundant work at testing BiSAC checks.
Figure 4 also shows that BiSAC-DP performs a visibly
smaller number of checks than BiSAC-1.
Besides random CSPs, we have made our algorithms
apply to classical problems like Queens, Pigeons, and Color
problems. From Table 1, we can see BiSAC-DF and BiSACDP also outperform BiSAC-1 on range of CSP instances. On
average, the efficiency of BiSAC-DF is about 3 times that of
BiSAC-1, and BiSAC-DP is around 8–20 times faster than
BiSAC-1.
Table 2, built from other instances (http://cpai.ucc.
ie/05/Benchmarks.html), shows that our algorithms also have
a better performance than BiSAC-1. Especially, BiSAC-DP
and BiSAC-DP are about 1000 times more efficient than
BiSAC-1 for the instances—“qk.” For frb and Lsq dg, our
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Figure 1: A comparison of running times for BiSAC-1 and BiSAC-DF. The left shows time difference (BiSAC-1 − BiSAC-DF), while the right
shows time ratio (BiSAC-1/BiSAC-DF). Time is measured in milliseconds.
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Figure 2: A comparison of number of checks performed by BiSAC-1 and BiSAC-DF. The left shows a relative comparison (BiSAC-1 − BiSACDF), while the right shows number of checks ratio (BiSAC-1/BiSAC-DF). Check is measured in million.

algorithms are 2-3 times more efficient than BiSAC-1. However, BiSAC-DF is slower than BiSAC-1. Maybe this is because
that the procedure of depth-first instantiating variables delays
the time of finding the domain which has been wiped out.

5. Conclusion
In this paper, we made a study of bidirectional singleton
arc consistency and then proposed two properties. Based
on these properties, two algorithms (BiSAC-DF and BiSACDP) were proposed. Besides, we theoretically prove that these

algorithms have the same space complexity 𝑂(𝑛𝑑) and worstcase time complexity 𝑂(𝑒𝑛3 𝑑5 ). For different cases, they also
have the same best-case time complexity 𝑂(𝑒𝑛2 𝑑3 ). Because
our algorithms do not invoke the AC procedure to test
the BiSAC condition more times than the original BiSAC1, so they avoid lots of redundant works and have a better
performance. Our experimental results also show that our
approaches significantly outperform BiSAC-1 on range of
CSP instances, and it will be applied to solve large scale real
life problems coming from the scheduling and configuration
areas.
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In the latest type of gravure printing machines referred to as the shaft-less drive system, each gravure printing roller is driven by an
individual servo motor, and all motors are electrically synchronized. The register error is regulated by a speed difference between
the adjacent printing rollers. In order to improve the control accuracy of register system, an accurate mathematical model of the
register system should be investigated for the latest machines. Therefore, the mathematical model of the machine directional register
(MDR) system is studied for the multicolor gravure printing machines in this paper. According to the definition of the MDR error,
the model is derived, and then it is validated by the numerical simulation and experiments carried out in the experimental setup
of the four-color gravure printing machines. The results show that the established MDR system model is accurate and reliable.

1. Introduction
Recently, with the development of high-speed and highprecision printing, shaft-less drive technology has been
widely used in the latest gravure printing machines. In this
technology, the printing rollers are driven by independent
servo motors, and the register error is controlled through
directly adjusting the speed of the pertinent servo motor
instead of changing the position of the compensation roller,
so the traditional mechanical shaft is eliminated to make
printing faster and more accurate. This register mode has the
advantages such as higher response frequency, better control
accuracy, and lower additional cost. However, the register
error in the shaft-less drive mode has a cumulative effect;
namely, the adjustment of register error in upstream will
affect all register errors in downstream. Hence, the mathematical model of the register system which can accurately
reflect the variation of the register errors is needed to be
studied to control the register errors accurately.
It is difficult to get an exact register system model because
the register errors are affected by various factors, such as the
web tension and speed, the precision of parts and assembling,
and the web material and production environment. Register

errors are defined as two-dimensional errors: machine directional register (MDR) errors and cross-directional register
(CDR) errors. Brandenburg [1] derived a linear mathematical
model of the MDR errors of a moving web in a first-order
differential equation by using an equilibrium equation of
mass which is transported by printing rollers, but this model
was based on the mechanical shaft drive mode and could
not adapt to the shaft-less drive mode. Yoshida et al. [2–
4] developed the MDR system model for the mechanical
shaft and shaft-less drive mode, but the model still ignores
many influencing factors and is imperfect. Hua et al. [5]
got the MDR errors model of gravure printing machines via
the system identification method, but this method has poor
universality and bad practicability. Although the MDR errors
model of the two-color system was established in [6], the
MDR system model of the multicolor system was not derived,
some key deducing steps were ignored, and some wrong
symbols appeared in some formulae, which makes some
processes of derivation difficult to be understood for readers.
The modeling and control of CDR system were studied in [7–
9]. The CDR errors are controlled by the lateral motion of
printing rollers, which is greatly different from the control
of MDR errors. In addition, initial works of modeling and
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Figure 1: Schematic diagram of the n-color gravure printing machines.

control in correlation between MDR and CDR errors were
researched in [10, 11]. However, the in-depth research on the
MDR system model based on shaft-less drive mode is still not
enough in gravure printing machines.
Therefore, in this study, a mathematical model of the
MDR system in shaft-less drive mode is derived for gravure
printing machines by using an equilibrium equation of
mass and considering the fluctuation of tension, speed, and
other factors. This paper is structured as follows. Section 2
introduces the schematic diagram of shaft-less drive gravure
printing machines. Section 3 establishes the MDR errors
model of the two-color system and then obtains the MDR
system model of the multicolor gravure printing machines.
Section 4 verifies the derived model by simulation and
experiments. The results show that the model is accurate
enough to describe the MDR errors in shaft-less drive gravure
printing machines.

2. Shaft-Less Drive Gravure
Printing Machines
The schematic diagram of the n-color gravure printing
machines is presented in Figure 1, and n stands for the
total number of printing units. This system is composed of
an unwinding unit, an infeeding unit, an n-color printing
system, an outfeeding unit, and a rewinding unit. Shaftless drive mode has been used in the machines; that is,
all of the driving shafts are driven by independent servo
motors. The n-color printing system consists primarily of
n printing rollers, and c1 is the first printing roller whose
main task is to maintain the system speed constant. In the
printing subsystem, tension is same with that in infeeding
zone at steady state. Load cells are installed at idle rollers
in the middle of continuous process in both the infeeding
and outfeeding units for tension pickup. Two passive dancer
rollers are used to reduce tension fluctuations and measure
the tension signals simultaneously in the unwinding and
rewinding units. Photoelectric sensors are installed in the
machine for registering errors pickup.
Control of the gravure printing machines is basically
composed of tension control and register control. Register
control is required for high printing resolution in the multistage printing systems. Hence, an accurate MDR system

model is essential to ensure adequate printing performance
for the gravure printing machines.

3. Mathematical Modeling
3.1. Basic Assumption. In the gravure printing machines, the
MDR error of a moving web is defined in two adjacent printing rollers as the relative difference of the distance between
the previous printed pattern by the upstream printing roller
and the later printed one in the downstream printing roller.
To remove unnecessary interference and simplify the mathematical model, the following assumptions are made in the
derivation of model.
(1) There is no slippage between web material and rollers
and no mass transfer between the web material and
the environment.
(2) The web material is isotropic, and its properties do not
change with temperature and humidity.
(3) The web cross-section in the unstretched state does
not vary along machine direction in a web span.
(4) The density and modulus of elasticity of the web in the
unstretched state are constant in the cross-section.
(5) The strain in web is small (much less than unity) and
uniform within the web span.
(6) The printing system is in a stable state, in which there
are no disturbances from tension and other factors in
time 𝑡 ≤ 0.
3.2. MDR Error Model of the Two-Color System. The mathematical MDR error model of the two-color system in shaftless drive gravure printing machines is illustrated in Figure 2
by the coupling between the ith and (i+1)th units, and the
ith unit is register errors reference. As shown in Figure 2, a
coordinate axis along the machine direction is set up and the
position of the ith unit is set as the origin of the coordinate
axis. Figures 2(b) and 2(c) show that the color marks on
printing roller ci and ci+1 are printed on the web at the
printing instants t 1 and t 2 , respectively.
The MDR error in the moving coordinate system is
to calculate the difference between the printing point on
the roller and the printed point on the web representing
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Figure 2: MDR error model of the two-color system.

the same point of the pattern at the printing instants.
Therefore, according to the moving coordinate system, the
MDR error is just the deviation from the coordinate of color
mark on the printing roller 𝑋𝐹𝑖+1 and that on the web 𝑋𝐵𝑖 . At
instant t 2 , the MDR error is defined by
𝑒𝑖 (𝑡2 ) = 𝑋𝐵𝑖 (𝑡2 ) − 𝑋𝐹𝑖+1 (𝑡2 ) .

(1)

It is to be noted that the movement of the printing roller can
be viewed as a combination of two movements: one is the
rotation of the roller and the other is the virtual translational
movement of the roller along the machine direction which
is caused by the variation of the web length. This variation
can be affected by many factors such as dryer system, tension
sensors, or some other disturbances.
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By using assumptions (1) and (2), the following conclusion can be obtained:

So, (9) can be rewritten as follows:
𝑡

𝑋𝐹𝑖 (𝑡) = 𝑅𝑖 𝛼𝑖 (0) + ∫ [𝑉𝑖𝑅 (𝑡) + 𝑉𝑖𝑇 (𝑡)] 𝑑𝑡.

𝐿𝑖

𝑑
∫ 𝜌 (𝑥, 𝑡) 𝐴 𝑖 (𝑥, 𝑡) 𝑑𝑥
𝑑𝑡 0 𝑖

0

𝑅
= 𝜌𝑖−1 (𝑥, 𝑡) 𝐴 𝑖−1 (𝑥, 𝑡) 𝑉𝑖𝑅 (𝑡) − 𝜌𝑖 (𝑥, 𝑡) 𝐴 𝑖 (𝑥, 𝑡) 𝑉𝑖+1
(𝑡) .
(2)

At t = t 1 , as shown in Figure 2(b), the color mark on the
printing roller ci is printed on the web, the following equation
can be gotten
𝑡1

Hence, the mass of the web material entering the printing unit
i in the time interval from t 1 to t 2 can be derived as follows:
𝑑 𝑋𝐵𝑖 (𝑡2 )
𝜌 (𝑥, 𝑡) 𝐴 𝑖 (𝑥, 𝑡) 𝑑𝑥 = 𝜌𝑖−1 (𝑥, 𝑡) 𝐴 𝑖−1 (𝑥, 𝑡) 𝑉𝑖𝑅 (𝑡) .
∫
𝑑𝑡 𝑋𝐵𝑖 (𝑡1 ) 𝑖
(3)

(11)

𝛼𝑖 (𝑡1 ) = 𝛼𝑖 (0) + ∫ 𝜔𝑖 (𝑡) 𝑑𝑡 = 0.

(12)

0

We can rewrite (12) as follows:
𝑡1

𝑡1

0

0

∫ 𝜔𝑖 (𝑡) 𝑑𝑡 = −𝛼𝑖 (0) ⇒ ∫ 𝑉𝑖𝑅 (𝑡) 𝑑𝑡 = −𝑅𝑖 𝛼𝑖 (0) .

(13)

According to assumptions (3) and (4) and the definition
of strain, the relationship between the stretched and unstretched webs can be written as follows:

The coordinate of the color mark on the printing roller ci
coincides with that of the color mark on the web at t = t 1 ,
so combining (11) with (13), we can get the following:

𝜌𝑖 (𝑥, 𝑡) 𝐴 𝑖 (𝑥, 𝑡)
1
,
=
𝜌𝑢 𝐴 𝑢
1 + 𝜀𝑖 (𝑥, 𝑡)

𝑋𝐹𝑖 (𝑡1 ) = 𝑋𝐵𝑖 (𝑡1 ) = ∫ 𝑉𝑖𝑇 (𝑡) 𝑑𝑡.

𝑡2
𝑉𝑖𝑅 (𝑡)
1
𝑑𝑥 = ∫
𝑑𝑡.
𝑋𝐵𝑖 (𝑡1 ) 1 + 𝜀𝑖 (𝑥, 𝑡)
𝑡1 1 + 𝜀𝑖−1 (𝑥, 𝑡)
𝑋𝐵𝑖 (𝑡2 )

Because the ith unit is MDR error reference, the printing
roller ci has no virtual translational movement, so 𝑉𝑖𝑇 (𝑡) = 0,
and we can obtain
𝑋𝐵𝑖 (𝑡1 ) = ∫ 𝑉𝑖𝑇 (𝑡) 𝑑𝑡 = 0.

(15)

0

Hence, (7) can be rewritten as follows:
(6)

Combining (5) with (6), we can get
𝑡2

(𝑋𝐵𝑖 (𝑡2 ) − 𝑋𝐵𝑖 (𝑡1 )) (1 − 𝜀𝑖 (𝑡)) = ∫ (1 − 𝜀𝑖−1 (𝑡)) 𝑉𝑖𝑅 (𝑡) 𝑑𝑡.
𝑡1

𝑡1

(5)

Under assumption (5), we can obtain
1
1
=
≈ 1 − 𝜀𝑖 (𝑡) .
1 + 𝜀𝑖 (𝑥, 𝑡) 1 + 𝜀𝑖 (𝑡)

(14)

0

where u means the unstretched state of the web.
Combining (3) with (4), we can obtain
∫

𝑡1

(4)

(7)

𝑋𝐵𝑖 (𝑡2 ) =

𝑡2
1
∫ (1 − 𝜀𝑖−1 (𝑡)) 𝑉𝑖𝑅 (𝑡) 𝑑𝑡.
1 − 𝜀𝑖 (𝑡) 𝑡1

(16)

Similarly, as shown in Figure 2, the coordinate of the color
mark on the printing roller ci+1 can be derived by.
𝑅
𝑇
𝑋𝐹𝑖+1 (𝑡) = 𝑋𝐹𝑖+1
(𝑡) + 𝑋𝐹𝑖+1
(𝑡)
𝑡

As shown in Figure 2(a), the initial phase angle of the color
mark on the printing roller ci is negative and can be calculated
by

0

(8)

The coordinate of color mark on the printing roller ci 𝑋𝐹𝑖 can
𝑅
𝑇
be calculated by (9) including two parts, 𝑋𝐹𝑖
and 𝑋𝐹𝑖
, which
are caused by rotation and virtual translational movement of
the printing roller ci, respectively:
𝑅
𝑇
𝑋𝐹𝑖 (𝑡) = 𝑋𝐹𝑖
(𝑡) + 𝑋𝐹𝑖
(𝑡)

(17)

𝑇
𝑋𝐹𝑖+1
(0) = 𝐿 𝑢𝑖 .

(18)

Derived with the same procedure as 𝑋𝐹𝑖 , the following
conclusion can be obtained:
𝑡2

𝑅
𝑅
∫ 𝑉𝑖+1
(𝑡) 𝑑𝑡 = −𝑋𝐹𝑖+1
(0) .

(19)

0

Combining (17), (18) with (19), we can get
𝑡

𝑅
𝑇
= 𝑋𝐹𝑖
(0) + 𝑋𝐹𝑖
(0) + ∫ [𝑉𝑖𝑅 (𝑡) + 𝑉𝑖𝑇 (𝑡)] 𝑑𝑡.

(9)

0

𝑅
𝑋𝐹𝑖
(0) = 𝑅𝑖 𝛼𝑖 (0) ≤ 0,

(0) = 0.

𝑡2

𝑇
𝑋𝐹𝑖+1 (𝑡2 ) = 𝑋𝐵𝑖+1 (𝑡2 ) = 𝐿 𝑢𝑖 + ∫ 𝑉𝑖+1
(𝑡) 𝑑𝑡.

(20)

0

Under assumption (6), the following equation could be
obtained

𝑇
𝑋𝐹𝑖

0

At t = 0, (18) can be obtained as follows:

𝑡

𝛼𝑖 (𝑡) = 𝛼𝑖 (0) + ∫ 𝜔𝑖 (𝑡) 𝑑𝑡.

𝑅
𝑇
𝑅
𝑇
= 𝑋𝐹𝑖+1
(0) + 𝑋𝐹𝑖+1
(0) + ∫ [𝑉𝑖+1
(𝑡) + 𝑉𝑖+1
(𝑡) 𝑑𝑡] .

From the literature [12], we can obtain
[1 − 𝜀𝑖 (𝑡)]

(10)

𝑅

𝑑𝐿 𝑖 (𝑡)
𝑑𝜀 (𝑡)
− 𝐿 𝑖 (𝑡) 𝑖
𝑑𝑡
𝑑𝑡

= 𝑉𝑖 (𝑡) −

𝑅
𝑉𝑖+1

(𝑡) −

𝜀𝑖−1 (𝑡) 𝑉𝑖𝑅 (𝑡)

(21)
+

𝑅
𝜀𝑖 (𝑡) 𝑉𝑖+1

(𝑡) .
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Since 𝑑𝜀𝑖 (𝑡)/𝑑𝑡 ≈ 0, (21) can be rewritten as follows:
𝑑𝐿 𝑖 (𝑡) 1 − 𝜀𝑖−1 (𝑡) 𝑅
𝑅
𝑉 (𝑡) − 𝑉𝑖+1
=
(𝑡) .
𝑑𝑡
1 − 𝜀𝑖 (𝑡) 𝑖

Extending (28) to any time interval, then we can get
𝑡

Because the change of the web length mapped to the coordinate is equivalent to the speed difference between the virtual
translational movements of the two printing rollers, it can be
expressed as follows:
𝑑𝐿 𝑖 (𝑡)
𝑇
= 𝑉𝑖+1
(𝑡) − 𝑉𝑖𝑇 (𝑡) .
𝑑𝑡

(23)

Due to 𝑉𝑖𝑇 (𝑡) = 0, combining (22) with (23), (24) can be
obtained as follows:
𝑇
𝑉𝑖+1
(𝑡) =

1 − 𝜀𝑖−1 (𝑡) 𝑅
𝑅
𝑉 (𝑡) − 𝑉𝑖+1
(𝑡) .
1 − 𝜀𝑖 (𝑡) 𝑖

(24)

Combining (20) with (24), (20) can be rewritten as follows:
𝑡2

𝑋𝐹𝑖+1 (𝑡2 ) = 𝐿 𝑢𝑖 + ∫ [
0

𝑅
𝑒𝑖 (𝑡) = ∫ [𝑉𝑖+1
(𝑡) − 𝜀𝑖 (𝑡) 𝑉𝑖𝑅 (𝑡)] 𝑑𝑡

(22)

1 − 𝜀𝑖−1 (𝑡) 𝑅
𝑅
𝑉 (𝑡) − 𝑉𝑖+1
(𝑡)] 𝑑𝑡.
1 − 𝜀𝑖 (𝑡) 𝑖
(25)

By using assumptions (5), we can get the following:

0

𝑡−𝑡𝑇𝑖

−∫

0

(26)

𝜀𝑖−1 (𝑡) 𝜀𝑖 (𝑡) ≈ 0.

𝑑𝑒𝑖 (𝑡)
𝑅
= 𝑉𝑖+1
(𝑡) − 𝑉𝑖𝑅 (𝑡 − 𝑡𝑇𝑖 )
𝑑𝑡
+ 𝜀𝑖−1 (𝑡 −

(27)

𝜀𝑖 (𝑡)) 𝑉𝑖𝑅 (𝑡)]

𝑑𝑡.

According to the definition of MRD error, and combining (1),
(16), and (27), the MDR error between the ith and unit (i+1)th
printing units at the instant t 2 can be calculated as follows:
𝑡2

1
∫ (1 − 𝜀𝑖−1 (𝑡)) 𝑉𝑖𝑅 (𝑡) 𝑑𝑡 − 𝐿 𝑢𝑖
1 − 𝜀𝑖 (𝑡) 𝑡1

𝐿 𝑖 (𝑡) = 𝐿 𝑢𝑖 + Δ𝐿 𝑖 (𝑡) ≈ 𝐿 𝑢𝑖 .

𝑅
− ∫ [𝑉𝑖𝑅 (𝑡) − 𝑉𝑖+1
(𝑡) − (𝜀𝑖−1 (𝑡) − 𝜀𝑖 (𝑡)) 𝑉𝑖𝑅 (𝑡)] 𝑑𝑡.
0

(28)

The running time 𝑡𝑇𝑖 = 𝑡2 − 𝑡1 represents the time that a color
mark on the web takes to move from printing roller ci to
printing roller ci+1, so 𝑡1 = 𝑡2 − 𝑡𝑇𝑖 , (28) can be simplified as
follows:
𝑡2

𝑅
𝑒𝑖 (𝑡2 ) = ∫ (𝑉𝑖+1
(𝑡) − 𝜀𝑖 (𝑡) 𝑉𝑖𝑅 (𝑡)) 𝑑𝑡
0

−∫

0

(29)
(1 −

(32)

In (21), we substitute 𝐿 𝑢𝑖 for 𝐿 𝑖 (t), and then (21) can be
rewritten as follows:
𝑑𝜀𝑖 (𝑡)
𝑅
= [1 − 𝜀𝑖 (𝑡)] 𝑉𝑖+1
(𝑡) − [1 − 𝜀𝑖−1 (𝑡)] 𝑉𝑖𝑅 (𝑡) . (33)
𝑑𝑡

Combining (31) with (33), the MDR error model of the twocolor system can be obtained as follows:

− 𝐿 𝑢𝑖 .

𝐿 𝑢𝑖

(34)

𝑑𝜀𝑖 (𝑡)
𝑅
= [1 − 𝜀𝑖 (𝑡)] 𝑉𝑖+1
(𝑡) − [1 − 𝜀𝑖−1 (𝑡)] 𝑉𝑖𝑅 (𝑡) .
𝑑𝑡

Considering 𝑉𝑖𝑅 (𝑡) = 𝑅𝑖 𝜔𝑖 (𝑡) and 𝜀𝑖 (𝑡) = 𝑇𝑖 (𝑡)/𝐴𝐸, we can
obtain
𝐴𝐸

𝑑𝑒𝑖 (𝑡)
= 𝐴𝐸 (𝑅𝑖+1 𝜔𝑖+1 (𝑡) − 𝑅𝑖 𝜔𝑖 (𝑡 − 𝑡𝑇𝑖 ))
𝑑𝑡
+ 𝑅𝑖 (𝑇𝑖−1 (𝑡 − 𝑡𝑇𝑖 ) 𝜔𝑖 (𝑡 − 𝑡𝑇𝑖 ) − 𝑇𝑖 (𝑡) 𝜔𝑖 (𝑡)) ,

𝑡2

𝜀𝑖−1 (𝑡)) 𝑉𝑖𝑅 (𝑡) 𝑑𝑡

− 𝑡𝑇𝑖 ) −

(31)
𝜀𝑖 (𝑡) 𝑉𝑖𝑅 (𝑡) .

+ 𝜀𝑖−1 (𝑡 − 𝑡𝑇𝑖 ) 𝑉𝑖𝑅 (𝑡 − 𝑡𝑇𝑖 ) − 𝜀𝑖 (𝑡) 𝑉𝑖𝑅 (𝑡) ,

0

𝑡2 −𝑡𝑇𝑖

𝑡𝑇𝑖 ) 𝑉𝑖𝑅 (𝑡

In the shaft-less drive printing system, there is no change
of the web length caused by compensation rollers, so Δ𝐿 𝑖 (t)
is mainly caused by load cells, dryer systems, and other
disturbances. In practice, Δ𝐿 𝑖 (t) ≪ 𝐿 𝑢𝑖 , so we can obtain

𝑡2

𝑅
𝑋𝐹𝑖+1 (𝑡2 ) = 𝐿 𝑢𝑖 + ∫ [𝑉𝑖𝑅 (𝑡) − 𝑉𝑖+1
(𝑡)

𝑒𝑖 (𝑡2 ) =

− 𝐿 𝑢𝑖 .

𝑑𝑒𝑖 (𝑡)
𝑅
= 𝑉𝑖+1
(𝑡) − 𝑉𝑖𝑅 (𝑡 − 𝑡𝑇𝑖 )
𝑑𝑡

Therefore, (25) can be simplified as follows:

− (𝜀𝑖−1 (𝑡) −

(1 −

The differential form of MDR error between the ith and
(i+1)th units can be derived as follows:

𝐿 𝑢𝑖

1
≈ 1 + 𝜀𝑖 (𝑡) ,
1 − 𝜀𝑖 (𝑡)

(30)
𝜀𝑖−1 (𝑡)) 𝑉𝑖𝑅 (𝑡) 𝑑𝑡

𝐿 𝑢𝑖

𝑑𝑇𝑖 (𝑡)
= 𝐴𝐸 (𝑅𝑖+1 𝜔𝑖+1 (𝑡) − 𝑅𝑖 𝜔𝑖 (𝑡))
𝑑𝑡
+ 𝑇𝑖−1 (𝑡) 𝑅𝑖 𝜔𝑖 (𝑡) − 𝑇𝑖 (𝑡) 𝑅𝑖+1 𝜔𝑖+1 (𝑡) .
(35)

In the practical printing process of gravure printing
machines, the change of the web cross-section in different
web spans is very small and negligible, so we substitute
average A for 𝐴 𝑖 (t) in (35). Equation (35) shows that the
MDR mathematical model of the two-color gravure printing
machines is expressed by two equations representing the
dynamics of tension fluctuation between units and the
dynamics of the register error fluctuation, respectively.
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Figure 3: Schematic diagram of the n-color gravure printing machine.

The 𝜔𝑖 (t) is composed of a stationary component 𝜔∗ which
corresponds to web feed speed and a variable component
Δ𝜔𝑖 (t) determined by the MDR control input. In particular,
𝜔1 (t) is used as a speed reference, so we can get (37) as follows:
𝜔1 (𝑡) = 𝜔∗ ,
𝜔2 (𝑡) = 𝜔∗ + Δ𝜔2 (𝑡) ,
(37)

..
.
Figure 4: Experimental setup of the four-color gravure printing
machines.

𝜔𝑛 (𝑡) = 𝜔∗ + Δ𝜔𝑛 (𝑡) .
In (36), 𝑡𝑇𝑖 is also known as time delay and is defined as
follows:

3.3. MDR System Model of the n-Color Gravure Printing
Machines. The schematic diagram of the n-color MDR system is presented in Figure 3. T 0 (t) is the tension of the
infeeding zone at steady state and can be measured by load
cells.
According to (35) and Figure 3, the MDR system model
of the n-color gravure printing machines can be expressed as
follows:
𝐴𝐸

𝑑𝑒1 (𝑡)
= 𝐴𝐸 (𝑅2 𝜔2 (𝑡) − 𝑅1 𝜔1 (𝑡 − 𝑡𝑇1 ))
𝑑𝑡
+ 𝑅1 (𝑇0 (𝑡−𝑡𝑇1 ) 𝜔1 (𝑡−𝑡𝑇1 )−𝑇1 (𝑡) 𝜔1 (𝑡)) ,

𝐿 𝑢1

𝑑𝑇1 (𝑡)
= 𝐴𝐸 (𝑅2 𝜔2 (𝑡) − 𝑅1 𝜔1 (𝑡))
𝑑𝑡
+ 𝑇0 (𝑡) 𝑅1 𝜔1 (𝑡) − 𝑇1 (𝑡) 𝑅2 𝜔2 (𝑡) ,
..
.

𝐴𝐸

𝑑𝑒𝑛−1 (𝑡)
= 𝐴𝐸 (𝑅𝑛 𝜔𝑛 (𝑡) − 𝑅𝑛−1 𝜔𝑛−1 (𝑡 − 𝑡𝑇(𝑛−1) ))
𝑑𝑡
+ 𝑅𝑛−1 (𝑇𝑛−2 (𝑡−𝑡𝑇(𝑛−1) ) 𝜔𝑛−1 (𝑡−𝑡𝑇(𝑛−1) )
− 𝑇𝑛−1 (𝑡) 𝜔𝑛−1 (𝑡)) ,

𝐿 𝑢(𝑛−1)

𝑑𝑇𝑛−1 (𝑡)
= 𝐴𝐸 (𝑅𝑛 𝜔𝑛 (𝑡) − 𝑅𝑛−1 𝜔𝑛−1 (𝑡))
𝑑𝑡
+ 𝑇𝑛−2 (𝑡) 𝑅𝑛−1 𝜔𝑛−1 (𝑡)−𝑇𝑛−1 (𝑡) 𝑅𝑛 𝜔𝑛 (𝑡) .
(36)

𝑡𝑇𝑖 =

𝐿 𝑢𝑖
𝐿
≈ 𝑢𝑖 .
𝑅𝑖 𝜔𝑖 𝑅𝑖 𝜔∗

(38)

Equations (36) and (37) show that the n-color MDR system
in the gravure printing machine is a multi-input multioutput,
nonlinear, strong-coupling, and time-delay system. In the
system, 𝜔2 (t)∼𝜔𝑛 (t) are the input signals, and e1 (t)∼ 𝑒𝑛−1 (t)
are the output signals.

4. Simulation and Experiments
4.1. Experimental Setup and MDR Simulation Model of
the Four-Color System. To investigate the reliability of the
derived MDR mathematical model, numerical simulation
and experiments under open-loop control are carried out
by using MATLAB and experimental setup for the fourcolor gravure printing machines. Figures 4 and 5 show the
setup configuration of the shaft-less drive gravure printing
machine.
The system includes an unwinding unit, an infeeding
unit, an outfeeding unit, a rewinding unit, and a four-color
printing subsystem, and all of the driving shafts are driven by
independent servo motors. The printing rollers are driven by
servo motors (YASKAWA SGMGH-44), and printing speed
is obtained by the encoder on the servo motor. The register
controller (KESAI ST3000) works in shaft-less drive mode,
and the MDR errors are measured using photoelectric sensors
(XINMAO XM08). Tension signals are tested by load cells
(MITSUBISHI LX-030TD) and tension measuring amplifiers
(MITSUBISHI LM-10TA) mounted on the shaft of idle
rollers. The shaft-less drive system is controlled by multiaxis

Mathematical Problems in Engineering

7
L u1

T0 (t)

T1 (t)

2

M
Servo
driver

L u2

L u3

T2 (t)

T3 (t)

c1

c2

c3

c4

M 𝜔1 (t)

M 𝜔2 (t)

M 𝜔3 (t)

M 𝜔4 (t)

Servo
driver

Servo
driver

Tension measuring
amplifiers

Servo
driver

e1 (t)

e2 (t)

Shaft-less drive controller

Servo
driver

e3 (t)

Register controller

Load cell
Photoelectric sensor
M Servo motor

Figure 5: Control configuration of the experimental setup.
Table 1: System parameters.
Parameters
Entry tension to 1th unit (𝑇0 )
Web length (𝐿 𝑢𝑖 )
Radius of the printing roller (𝑅𝑖 )
Web cross-section area (A)
Modulus of elasticity of the web (E)

Values
100
9.1
0.2
2.0 × 10−5
160

𝐴𝐸
Units
N
m
m
m2
MPa

+ 𝑅 (𝑇1 (𝑡 − 𝑡𝑇 ) 𝜔2 (𝑡 − 𝑡𝑇 ) − 𝑇2 (𝑡) 𝜔2 (𝑡)) ,
𝐴𝐸

𝑅1 = 𝑅2 = 𝑅3 = 𝑅4 = 𝑅,
𝐿 𝑢1 = 𝐿 𝑢2 = 𝐿 𝑢3 = 𝐿 𝑢 ,
𝑡𝑇1 = 𝑡𝑇2 = 𝑡𝑇3 = 𝑡𝑇 .

(39)

Hence, combining (36) with (39), the MDR system model of
the four-color gravure printing machines in the simulation
can be expressed as follows:
𝐴𝐸

𝑑𝑒1 (𝑡)
= 𝐴𝐸𝑅 (𝜔2 (𝑡) − 𝜔1 (𝑡 − 𝑡𝑇 ))
𝑑𝑡
+ 𝑅 (𝑇0 (𝑡 − 𝑡𝑇 ) 𝜔1 (𝑡 − 𝑡𝑇 ) − 𝑇1 (𝑡) 𝜔1 (𝑡)) ,

𝑑𝑒3 (𝑡)
= 𝐴𝐸𝑅 (𝜔4 (𝑡) − 𝜔3 (𝑡 − 𝑡𝑇 ))
𝑑𝑡
+ 𝑅 (𝑇2 (𝑡 − 𝑡𝑇 ) 𝜔3 (𝑡 − 𝑡𝑇 ) − 𝑇3 (𝑡) 𝜔3 (𝑡)) ,

𝐿𝑢
controller (GOOGOLTECH T8VME). The experimental web
material is biaxially oriented polypropylene (BOPP). As
shown in Figure 5, tension of the printing subsystem is
same with that in the infeeding zone at steady state and
is not controlled; in other words, T 1 (t), T 2 (t), and T 3 (t)
are not controlled. In the infeeding unit, T 0 (t) is adjusted
by changing the speed of the roller 2. After preregistration,
e1 (t), e2 (t), and e3 (t) work in the open-loop control mode
and are sampled once per revolution of the printing rollers.
The parameters of the experimental setup are summarized in
Table 1.
According to Table 1, we can get

𝑑𝑒2 (𝑡)
= 𝐴𝐸𝑅 (𝜔3 (𝑡) − 𝜔2 (𝑡 − 𝑡𝑇 ))
𝑑𝑡

𝑑𝑇1 (𝑡)
= 𝐴𝐸𝑅 (𝜔2 (𝑡) − 𝜔1 (𝑡))
𝑑𝑡
+ 𝑅 (𝑇0 (𝑡) 𝜔1 (𝑡) − 𝑇1 (𝑡) 𝜔2 (𝑡)) ,

𝐿𝑢

𝑑𝑇2 (𝑡)
= 𝐴𝐸𝑅 (𝜔3 (𝑡) − 𝜔2 (𝑡))
𝑑𝑡
+ 𝑅 (𝑇1 (𝑡) 𝜔2 (𝑡) − 𝑇2 (𝑡) 𝜔3 (𝑡)) ,

𝐿𝑢

𝑑𝑇3 (𝑡)
= 𝐴𝐸𝑅 (𝜔4 (𝑡) − 𝜔3 (𝑡))
𝑑𝑡
+ 𝑅 (𝑇2 (𝑡) 𝜔3 (𝑡) − 𝑇3 (𝑡) 𝜔4 (𝑡)) .
(40)

4.2. Results and Analysis of the Simulation and Experiments.
In order to ensure the consistency of the simulation and
experiments, the parameters used in the numerical simulation are taken from Table 1. Because the simulation and
experiments under open-loop control are carried out, the
speed of all servo motors is the same in the four-color printing
system. In order to verify the developed MDR system model
of the n-color gravure printing machines, T 0 (t) has a step
change from 100 N to 110 N at 𝑡 = 5 s when 𝜔1 is equal to
100 r/min and 200 r/min. The responses of the MDR errors
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Figure 6: Open-loop dynamics of the MDR errors in simulation.

and tension signals in simulation and experiments are shown
in Figures 6 and 7, respectively.
As shown in Figure 6, the step change of T 0 (t) causes the
step change of T 1 (t), T 2 (t), and T 3 (t), and with an increase in
𝜔1 (t), the time that T 1 (t), T 2 (t), and T 3 (t) take to reach the
steady state value is gradually shortened. For example, when
𝜔1 (t) is equal to 100 r/min and 200 r/min, T 1 (t) reaches 110 N
at 35 s and 20 s, respectively. The step change of T 0 (t) also
directly causes the change of e1 (t) and then the changes of
e2 (t) and e3 (t) by coupling characteristics, and as the speed
increases, the interval from the peak of 𝑒𝑖 (t) to the peak of 𝑒𝑖+1
(t) is gradually shortened; for example, when 𝜔1 (t) is equal to
100 r/min and 200 r/min, the interval from the peak of e1 (t)
to the peak of e2 (t) is 3.11 s and 1.56 s, respectively.
Figures 6 and 7 illustrate that although there are some
disturbances in the experiments, the experimental results are

almost coincident with the simulation curves. For example,
with an increase in 𝜔1 (t), the time that tension signals take
to reach the steady state value is gradually shortened and
so on. Comparing with Figures 6(c), 6(d), 7(c), and 7(d),
respectively, the peak of 𝑒𝑖 (t) in the experiments is slightly
more than that in the simulation, such as when 𝜔1 (t) is
equal to 200 r/min, the peaks of e1 (t) in the experiments
and simulation are −0.82 mm and −0.78 mm, respectively.
There are two primary reasons: one is that there are external
disturbances from environment in the experiments, and
the other is that there are errors between the simulation
parameters and real experimental parameters.
The results of the simulation and experiments indicate
that the established MDR system model is accurate and
reliable and can be used to design a MDR controller. At the
same time, the results also offer a powerful proof that the
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Figure 7: Open-loop dynamics of the MDR errors in experiments.

MDR system of the multicolor gravure printing machines is
a multi-input multioutput, nonlinear, strong-coupling, and
time-delay system.

5. Conclusions
In the gravure printing machines, the register accuracy is
the most important in performance. Therefore, in order to
improve the control accuracy of MDR system, a nonlinear
mathematical model of the MDR system in shaft-less drive
mode is presented and derived in detail for the multicolor
gravure printing machines in this paper. First, we introduce
the schematic diagram of the shaft-less drive gravure printing
machines. Secondly, we make a deep analysis of the causes
and influencing factors of the MDR errors, then establish the
MDR error of the two-color system, and further obtain the
MDR system model of the n-color gravure printing machines.

At last, the proposed model is verified by the numerical
simulations and experimental studies. Therefore, it can be
concluded that the MDR system model is accurate enough to
describe dynamics of the MDR errors in multicolor printing
system and is worthwhile to be developed as an effective MDR
controller in future study.

Nomenclature
𝛼𝑖 : Phase angle of the color mark on the roller
ci
𝑡𝑖 : Printing moment of the color mark on the
roller ci
𝑡𝑇𝑖 : Transmission time of the color mark from
ith to (i+1)th printing units
𝜔𝑖 : Angular velocity of rotation of the roller ci
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𝑋𝐹𝑖 : Coordinate on x-axis of the color mark on
the roller ci
𝑋𝐵𝑖 : Coordinate on x-axis of the color mark on
the web
𝑒𝑖 : Register error between ith and (i+1)th
printing units
𝑅𝑖 : The radius of the roller ci
𝐿 𝑢𝑖 : Length of the free web between ith and
(i+1)th printing units
𝐿 𝑖 : Actual length of the web between ith and
(i+1)th printing units
Δ𝐿 𝑖 : The length variation of the web between ith
and (i+1)th printing units
𝜀𝑖 : Strain of the web between ith and (i+1)th
printing units
𝑇𝑖 : Tension of the web between ith and (i+1)th
printing units
𝑉𝑖𝑇 : Virtual velocity of the roller ci
𝑉𝑖𝑅 : Web velocity of the roller ci
E: The modulus of elasticity of the web material
𝜌𝑖 : Density of the web between ith and (i+1)th
printing units
𝐴 𝑖 : Cross-section of the web between ith and
(i+1)th printing units.
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Traditional caching strategy is mainly based on the memory cache, taking read-write speed as its ultimate goal. However, with the
emergence of SSD, the design ideas of traditional cache are no longer applicable. Considering the read-write characteristics and
times limit of erasing, the characteristics of SSD are taken into account as far as possible at the same time of designing caching
strategy. In this paper, the flexible and adaptive cache strategy based on SSD is proposed, called FAC, which gives full consideration
to the characteristics of SSD itself, combines traditional caching strategy design ideas, and then maximizes the role SSD has played.
The core mechanism is based on the dynamic adjustment capabilities of access patterns and the efficient selection algorithm of hot
data. We have developed dynamical adjust section hot data algorithm, DASH in short, to adjust the read-write area capacity to suit
the current usage scenario dynamically. The experimental results show that both read and write performance of caching strategy
based on SSD have improved a lot, especially for read performance. Compared with traditional caching strategy, the technique can
be used in engineering to reduce write times to SSD and prolong its service life without lowering read-write performance.

1. Introduction
In recent years, CPU has been faster and faster, but storage
system is always the performance’s bottleneck of computer
system. Meanwhile, in a computer system, I/O is still the
biggest bottleneck. For some applications which have quite
high requirements on response time, simply to improve CPU
performance cannot improve the overall performance of a
system; hence, it is necessary to improve the I/O performance
and reduce the speed difference between storage system
and CPU. However, caching technology is good enough to
make up the gap between the performance of storage system
and CPU. Through the analysis of locality of reference and
accessing frequency, part of data will be stored in cache,
greatly reducing the response time and improving the overall
performance of system.

In order to solve the problem that the accessing speed of
storage system cannot keep up with the processing speed of
CPU, we brought in caching technology, whose mechanism
is putting those frequently accessed data in fast accessing
device, speeding up the access and reducing the latency time
[1]. In the caching technology research, hot spot is still the
policy to balance recency and frequency, while detectionbased is the direction of the efforts, which combines those
technologies in other fields of computer with cache replacement technology. Most of the current caching algorithms take
into account locality of reference and accessing frequency;
yet, it is still a big problem about how to combine the two
factors to adapt to the current access features. Furthermore,
each caching algorithm has its own emphasis and can only be
applied to some sort of access pattern or service environment
in using. But how to design a more versatile caching strategy
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which can make dynamical adjustment according to different
access patterns is an exciting research.
All traditional caching strategies take improving cache
hit ratio as their main goal [2–4], an accurate method of
evaluating for disks which have the same read-write cost.
However, for the current SSD mainly based on flash media,
read-write performance is greatly different, and, moreover,
service time of SSD should be taken into account for the
magnifying of write.
Thus, we should evaluate caching strategies for SSD by
access cost [5, 6]. CFLRU is the first cache replacement
algorithm, which applies LRU into flash medium storage and
takes features of flash medium into consideration, prolonging
write of dirty pages as far as possible and reducing write
to flash medium. But there are some limitations because
this strategy cannot make dynamical adjustment based on
diverse access patterns and is greatly dependent on boundary
definition and window size of working area and erasing area.
So a new strategy is needed to include all the above [7–9].
With the emergence of SSD, it brings about traditional
caching strategy with many new ideas because of its superior
read-write performance. Nevertheless, SSD cannot spread
universally for its fatal flaws: the high price and limit of
erase-write times. Unfortunately, if we apply it to cache
technologies in the future, these problems must be taken
into consideration, and then SSD can play its best role [10–
12]. Thus, there are still a lot of needs for research and
exploration, such as how to apply SSD to cache technologies
and how to combine SSD with features of other storage
devices such as memory and disks. Different from diskoriented caching strategy, caching strategy based on SSD does
not take simply improving cache hit rate as its main target
but needs to evaluate accessing overhead of system, reducing
read-write response time as far as possible. In view of readwrite characteristics of flash media and service life of SSD,
we should reduce write times to SSD as much as possible
without affecting the system performance. Besides, we need
to design caching strategy that is suitable for different usage
scenarios, and it can make dynamical adjustment according
to different usage scenarios and read-write ratio, dropping
accessing overhead to the minimum in the range that the
system allows.
Flexible and adaptive cache strategy based on SSD-FAC
strategy designed in this paper is a kind of caching algorithm
based on SSD, the ultimate goal of which is to reduce response
time of the system and the accessing overhead as far as
possible and extend the service life of SSD when considering
the limit of SSD erase-write times and without affecting the
performance.
At the same time, it can make dynamical adjustment
according to the current program access pattern and system
response to adapt to the current usage scenario and achieve
optimal performance.
The contributions of this paper are described as follows.
(i) In view of the analysis of some existing caching
strategies, we abandon the design schema taking
read-write speed as ultimate goal and propose design
thought whose ultimate goal is to reduce accessing

overhead, offering the basis for the design of FAC
strategy, which can have ability of access patterns to
make dynamical adjustment to adapt to the different
scenes.
(ii) Research and design of the selection algorithm of
hot data—DASH, which selects comparable amount
of hot data each time according to the capacity of
SSD. Because of the impact on system services caused
by data migration, data migration does not process
separately but processes with requests processing.
(iii) The result shows that the strategy can make dynamic
adjustment according to the current access pattern
and greatly reduce the write times to SSD and extend
the service life of SSD while increasing the system
performance of read and write. FAC cache is 13.5%
higher than flash cache in sequential read request and
18.7% in sequential write, while it is 9.2% and 30.1%
higher than flash cache in random read request and
random write request averagely.
The rest of this paper is organized as follows. Section 2
shows related works. The design of FAC is introduced in
Section 3. Section 4 gives the experimental evaluation and
results. We make conclusions in Section 5.

2. Related Work
At present, many researchers have proposed flash-based
buffer management algorithm for SSD usage scenarios, such
as FAB [13], CLC [14], BPLRU [15], BPAC [16], BPCLC [17],
CFLRU [18], and improved CRLRU [19]. Taking advantage of
flash read-write performance asymmetry, CFLRU is a kind
of buffer replacement strategy which first replaces read-only
pages and assumes that write cost of flash is far greater than
read cost. Its core idea is dividing LRU linked list into two
parts: working area and replacement area. Once cache is full
and some data needs to be replaced to outside, supposing
there exists read-only data in replacement area, CFLRU will
choose read-only pages for replacement according to LRU.
When there are only dirty pages in replacement area, dirty
pages at the tail of the linked list will be replaced. Some
other researchers improved traditional LRU and LFU to
accommodate diverse application requirements.
SieveStore [20] designed by Pritchett and Thottethodi
and some others put forward two filter storage solutions
based on high traffic, using a small SSD which can be shared
to store hot data. In order to lower SSD write allocation
selective buffer allocation strategy is adopted to make full
use of cache. We can use two practical filtering methods to accurately find accessed frequently blocks. The first
approach is an offline, discrete-allocation variant-SieveStoreD, which enforces selectivity using an access-count-based
discrete batch-allocation (ADBA) mechanism. SieveStore-D
maintains precise state of block, by logging each access, and
periodically combines the states of block in an offline pass.
Blocks are allocated into SSD only if their access count in
an epoch exceeds a threshold value. The second approach is
an online, continuous-allocation variant-SieveStore-C, which
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sieves accesses using a hysteresis-based, lazy cache allocation
mechanism wherein disk blocks are allocated into SSD on
the 𝑛 times (for some threshold 𝑛) miss over a recent time
window. To maintain the state of blocks that are not cached,
SieveStore-C uses a two-tier structure, a preliminary tier
that sieves with imprecise (potentially aliased) state of block,
followed by an accurate tier to maintain the quality of sieving.
Griffin [21] put forward by Soundararaja and some others
uses disk as write cache of SSD, which can reduce write
times to SSD in the case of high performance. Through tests,
we found that Griffin can prolong the service life of SSD
apparently and reduce the average I/O latency by 56%.
Within the industry, many companies put forward some
solutions for SSD as cache and hierarchical storage medium.
SSD cache scheme of Huawei Symantec is called SmartCache. The scheme uses one or more SSDs as cache array,
called SmartCache buffer pool. Acquire hot data statistics of
other mechanical disks in the array and then every once in a
while update to buffer pool; thus, when hot data is accessed, it
can be directly read in SmartCache, which just takes enough
advantage of high read performance of SSD, improving the
read performance of the overall system. The scheme is mainly
suitable for the case when there exist more read and less write
hot data and mainly random small requests.
LSI launched LSI Mega RAID Cache Cade Pro2.0
read/write cache software used for some LSI Mega RAID
6 Gb/s SATA+SAS control cards, which uses SSD as a fast
buffer to store hot data, improving read-write performance
effectively, reducing I/O time delay, speeding up application
response, and shortening RAID accessing and rebuilding
time. This software can import hot data into SSD cache
dynamically, with no need of artificially manual configuration.
Since 2009, EMC has successively launched two generations of FAST. The first generation of FAST is applicable
to some storage series products, such as CLAR ii ON and
Symmetrix. Function of FAST in different product lines is
slightly different in details of setting and executing, however,
the same on the basic modes of operation. In view of that,
automatic migration of FAST is the whole LUN, and the
granularity is not elaborate enough; thus, the layered effect is
not optimal, and requirement of the source migration needs
is too high. So far, FAST has been upgraded to the second generation, which is called FAST VP (short for virtual pool). As
EMC announced, FAST VP adopts Sub-LUN level automatic
migration technology, which means that, because of LUN,
fidelity of data can go with Symmetrix VMAX and newly
launched VNX to integrate storage products. In this paper, we
have used the same idea to select the hot data and cold data.

3. FAC
3.1. The Architecture of FAC. During designing FAC caching
algorithm, considering three relations among memory cache,
SSD and disk, and their respective access features, FAC
caching strategy can be divided into two modules: memory
cache module and SSD cache module. The memory cache
module is mainly applied to cache the hottest data, and
according to the analysis of some accessing traces, we know
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Figure 1: The architecture of FAC.

that, in particular access pattern, only 4% data in average will
be accessed in a large number, whose traffic takes over more
than 90% of the total traffic, and these data will be stored in
memory cache and attained directly when application needs.
Besides, 3%–7% data belongs to hotter data and will be stored
in SSD according to filtering mechanism of memory cache.
The rest of the data will be directly written to the underlying
disk due to its extremely low access frequency, avoiding the
pollution to SSD caused by cold data. The architecture of FAC
caching strategy is shown in Figure 1.
3.2. Design of Memory Cache Module
3.2.1. Data Organization. Based on read-write performance
difference of SSD, data in memory cache can be divided into
read area and write area. Data application read request is
stored in read area and data write request is stored in write
area. Hot data that has been recently accessed is stored both
in read and write areas. If one of them is full, according to
hot data filtering mechanism of memory cache, filtered hot
data will be imported into SSD and cold data will be directly
written into disk. As shown in Figure 2, for those data blocks
obsoleted because of using up of free blocks in read area or
write area, their Meta data will be preserved in respective
memory block, convenient to subsequent analysis of access
pattern and capacity adjustment of read and write area. Data
blocks obsoleted in read and write area will immediately
be written into disk. When data is confirmed to be hot
data, it can be written into SSD. Once hot data in disk is
imported into SSD, Meta data zone which is mainly used to
record Meta data of SSD needs to be updated, including the
mapping relationship between data in SSD and data in disk.
In addition, data consistency of disk and SSD needs to be
recorded by Meta data zone.
In view of write speed of SSD and depletion to SSD caused
by frequent writing, adopting hot data filtering mechanism
can as far as possible avoid the case that cold data that has
been stored in SSD directly is obsoleted into disk because of
none access, causing pollution to SSD. Therefore, data that
has been confirmed to be hot data through hot data filtering
mechanism can be written into SSD.
3.2.2. Elimination Strategy. Through review of some currently mainstream cache replacement algorithm, class LRU
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Figure 2: Data elimination in read-write area.

algorithm is suitable for most usage scenarios. However, LRU
needs to record related access record terms, and each time
these record terms are accessed, they need to be updated
and large amount of extra space is also needed, and the cost
of operation is great. But, by attentive analysis, according
to the features of locality of reference, there is no need to
record accurately the access situation of each data block but
only to judge whether the data block in the window at the
present has been accessed. In this way, cost of space and time
can be significantly reduced. Therefore, we adopt CLOCK
replacement algorithm.
The main idea of the algorithm is that an access bit is
set in every page, and all pages in memory are linked into a
circular queue through a link pointer. When one page is being
accessed, its access bit will be set to 1.
When the replacement algorithm chooses one page to
eliminate, it only needs to check the access bit of the page. If
the bit is zero, then the page will be replaced; if the bit is one,
then the bit will be set to zero again, and the page will not be
replaced for the time being and will have the second chance
to stay in memory. Then, the next page will be checked
according to FIFO algorithm. Once it comes to the last page
of the queue, if the access bit is still one, then it goes back to
the head of queue to check the first page, as shown in Figure 2.
On the basis of hot and cold data selection algorithm, the
cold data which were eliminated from read-write memory
area would be directly written to disk instead of entering SSD.

3.2.3. Dynamic Adjustment Mechanism of Read-Write Area.
When an application write request is not required hitting
from disk or SSD in the first reading is needed; there may be
a large part because of the need to phase out dirty blocks to
operate the disk writing, so that the missing of writing causes
much more space. When reading misses, if the selection
algorithm of thermal SSD data can select a large part of hot
spot data, you can make most of the read requests completed
in the SSD, apparently costing very little space. According
to the current needs of read-write access mode and the
characteristics of the system, the read-write in the memory
buffer zone is dynamically adjusted to minimize the cost of
accessing to the system, which makes the system applicable
in the current scenario optimal.
Because large performance difference of flash media
always causes cost difference of access, traditional method
that evaluates replacement algorithm based on hit rate is not
applicable anymore; instead, cost of access needs to be taken
as the ultimate goal. FAC strategy divides the memory cache
into read area and write area, and capacity of write area is 8
times larger than that of read area.
Shown as follows, the adjustment mechanism of readwrite area based on access pattern is that, assuming that the
total capacity of memory buffer is 𝑆, capacity of read area is
1/9 × 𝑆 and that of write area is 8/9 × 𝑆.
Considering that Meta data of blocks that have recently
been eliminated is preserved in read-write memory area,
when read request does not hits in read area but hits in
read memory area, it shows that the data has been accessed
not long ago, but the block was replaced by updated block
because of the capacity of read area. Therefore, we take into
account the increasing capacity of read area. Every time one
unit length is added, capacity of write area will decrease by
one unit length at the same time, keeping the total length
invariant. It is in the same way for write request of application.
Because capacity of write area is 8 times larger, there are
two strategies for increasing write area. One is gradually
changing, which means a minor increase every time. For
example, every time two units length is added and the read
area decreases the same length meanwhile. If the effect is
not so obvious, increasing length will be 4 units length, 8
units length, and so forth. Different from gradual changing,
leaping means that increasing length will be on the basis of the
capacity rate between write area and read area, which is to say
8 units length will be added to write area each time. Leaping
strategy can help achieve ideal effect rapidly; however, it also
is easy to cause sharp decreasing of read area capacity and
increasing of hit rate of read memory area, and the case
cannot be improved immediately because of the restriction of
expansion unit length of read area. We give some definitions
in Table 1.
Expansion of read area:
RAC (𝑡 𝑖) = RAC (𝑡 (𝑖 − 1)) + 𝑃,
WAC (𝑡 𝑖) = WAC (𝑡 (𝑖 − 1)) − 𝑃.

(1)
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Table 1: Symbols and meaning.

Figure 3: Multiple-one mapping.

Expansion of write area:
WAC (𝑡 𝑖) = WAC (𝑡 (𝑖 − 1)) + 𝑃 ,
RAC (𝑡 𝑖) = RAC (𝑡 (𝑖 − 1)) − 𝑃 .

(2)

𝑃 increases progressively from 𝑃 to 2𝑃, 4𝑃, and 8𝑃:
WAC (𝑡 𝑖) = WAC (𝑡 (𝑖 − 1)) + 8𝑃,
RAC (𝑡 𝑖) = RAC (𝑡 (𝑖 − 1)) − 8𝑃.

(3)

3.3. Design of SSD Cache Module
3.3.1. Selection Algorithm of Hot Data. First, let us see some
existing research in this problem. Some researchers have put
forward OHPM (short for object hot spot prediction model)
to serve for hot spot data selection. In a storage system, 𝑁
objects form a set 𝑆, in which objects are in order, and 𝑜𝑖
means object ranking the 𝑖th place. The total access frequency
of all objects is 𝑀 and hot spot queue length is 𝑁𝑏 . At a time
𝑇, assuming an object 𝑜𝑖 in 𝑆 is in hot spot queue, at 𝑡 which
equals 𝑘 times of 𝑇, if 𝑜𝑖 ranks the 𝑖 th place, then what is the
value of 𝑖 ?
After some researches, the minimum hot spot rank can
be counted by the following:
𝑖𝑚 = 𝑁𝑏 𝑘−1/𝛼 .

(4)

And hot spot ratio is confirmed by the following formula:
HR (𝑡) =

···

Meaning
Unit length
Read area capacity
Write area capacity
The minimum hot spot rank
The total access frequency
Hot spot ratio
The minimum hot spot ratio
Time window
Heat counting
Weight of Ki window
Access times of the current time window

Data block

···

Symbol
𝑃
RAC
WAC
𝑖𝑚
𝑁𝑏
HR(𝑡)
HR𝑚
Ki
𝐻𝐵
𝛿𝑖
𝐾

Virtual block

𝐻 (𝑡)
.
𝑁𝑏

(5)

Further, the minimum hot spot ratio can be conducted by the
previous formula and some other tests. Consider
HR𝑚 = 𝑘−1/𝛼 .

(6)

Selecting cold and hot data is mainly judged by its access
times; when it exceeds a specified threshold, the data will be
judged as hot data, and the threshold can make dynamical
adjustment. It is unnecessary to set a counter for every data
block because of the huge cost. Through the observation on

the access trace of a large number of applications, only about
2% data can be judged as hot spot data in the absolute sense
that will be accessed by a large number of applications. 4%–
7% data is counted as hotter data because of relatively high
access times. The rest of data has quite a little access time. On
account of this point, we proposed selection algorithm of hot
and cold data, Dynamical Adjust Section Hot data algorithm,
called DASH, which is designed in two-layer structure. The
first layer is filter layer, filtering blocks that do not achieve
the threshold. Before filtering, multiple blocks are mapped
into a large virtual data block, set with a counter as shown
in Figure 3. For instance, 100 blocks are mapped into virtual
data block, and those data blocks that have exceeded the filter
value are qualified to enter the second layer of accurate statistics. For most filtered virtual data blocks, it is dispensable to
count access times of each request page because the traffic of
every virtual data block is less than the threshold. The second
layer is statistics layer, counting accurately the access times
of each small data block or request page and further judging
whether it is hot data or not. In the procedure of implementation, the number of data blocks to make up a virtual data
block depends on the characteristics of data stored in the
current system. The less the amount of hot data is, the larger
the request page selected should be; then, the space for counting hot data will be smaller. And many misjudgments caused
by small request page in large data block, which will lead to
entering the second layer of large amount of cold data, can be
avoidable because of less hot data amount. On the contrary,
in the case of plenty of hot data, selecting a hand of request
pages to form large data block can avoid entering the second
layer of large amount of cold data because of too many request
pages in large data block and the counting cost of time.
The virtual blocks whose traffic exceeds filter value will
generate an accurate statistical table, called Hash Table, which
is used to record later access times of each request page in
the virtual block as shown in Figure 4. The virtual block
which has generated an accurate statistical table will enter the
second layer to conduct accurate statistics, mainly, selecting
a time window first and then counting the access times of
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Figure 4: Multiple-one mapping.
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Figure 5: Hot data migration.

each page in the time window. The time window will be
divided into several smaller time windows such as 𝐾, for the
characteristics of locality of reference. Access times weight of
each time window is different; the closer to present time the
time window is, the larger the weight is.
The heat of each request block in the whole time window
can be counted according to the access times of request block
and weight of each time window. Assuming that the weight
of 𝐾𝑖 window is 𝛿𝑖 , then heat counting formula of the current
request page is
𝑁

𝐻𝐵 = ∑ 𝐾𝑖 𝛿𝑖 .

(7)

𝑖=1

For one data block, counting formula of its access times is
𝐾𝑇𝑖 = 𝐾 + 𝛿𝐾𝑇𝑖−1 .

(8)

𝐾 refers to the access times of the current time window.
3.3.2. Hot Data Migration. In view of hot data updating with
every data access, only when the data block accessed in disk is
confirmed to be hot data before the next access and is marked
as “ought to be in SSD,” it can be written into SSD. Thus,
it is necessary to set a record table to record the mapping
relation between data in SSD and that in disk and update
the record table at the same time of updating data in SSD.
Besides, because of write request of application not passing
SSD and all data update completed in disk, which might lead
to inconformity of data in disk and SSD, it is needful to
set a flag bit to record whether the data in disk and SSD is
consistent or not.
Before writing new hot data into SSD, we need to select
one data block in SSD to eliminate. Considering that flag
bit of data in SSD has been modified after hot data filtering,
for those data blocks without being marked with “reserving,”
they can be replaced. After modifying flag bit, the address
of these data blocks can be recycled, similar to memory

management mechanism. Forming a linked list with data
blocks waiting to be eliminated, when elimination is needed,
one data block in the list will be directly eliminated and SSD
record table will be updated, as shown in Figure 5.
3.3.3. Dirty Data Migration. When it comes to the write
request of application, those data not hit in memory cache
will be directly read into memory from disk or SSD and
then be modified. Before data page is read into memory, it
will involve elimination in the case of that memory is full,
and dirty block which is eliminated will be written into disk;
thus, when writing data block including SSD copy, it leads to
data inconformity of disk and SSD. So, dirty data migration
mechanism is needed to ensure the consistency.
One policy is that, when modifying data including SSD
copy, a flag bit is set to mark the data block, which can be
only read from disk if it is dirty. That is to say, for those hot
data that have been modified, SSD does not work and data
in SSD has been invalid. Data marked as dirty block can be
imported into SSD according to a particular policy, mainly
guiding disk by time and according to the threshold. In the
process of guiding disk by time, start guiding disk generator
at set intervals, and update dirty data blocks in disk into SSD;
meanwhile, update Meta data flag bit in SSD. In practical
applications, frequency of guiding disk depends on the access
features of the current system. If guiding disk is too frequent,
it is likely to cause repetitive writing of SSD, reducing the
service life of SSD. However, once the interval of guiding disk
is too long, then maybe large amount of hot data needs to
be accessed in disk, affecting the performance of the system.
The other policy is guiding disk by threshold, meaning that
the operation of guiding disk will be launched when dirty
blocks in disk reach a certain quantity and write dirty data
into disk without affecting disk. Magnitude of threshold is
decided according to both the current access features and
condition of loading.
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Table 2: Server hardware environment.

Mapped device

CPU
RAM
DISK
SSD
OS
KERNEL

Mapping table

Intel Xeon CPU E5606 @ 2.13 GHz 8 cores
DDR2 16 G
Seagate 7200 1 T
Intel SSD 320 Serials 120 G
RHEL5.4 x86 64
Linux2.6.18-164

Table 3: Client machine environment.
Target device

Target device

Target device

Mapped device

CPU
RAM
DISK
OS

Intel Pentium Dual-Core CPU E5300 @ 2.60 Hz
DDR2 2 G
Seagate 7200 500 G
Windows 7 Ultimate 32 bit

Figure 6: Device mapper mechanism.

Another strategy is that, if the coming write request hits
in SSD, modify data in SSD directly. Compared with the
previous strategy, the benefit of this strategy is to reduce
system overhead and lower response time due to the faster
write of SSD. Defects come with meeting frequent write,
leading to multiple repetitive write and affecting the service
life of SSD. Data modified in SSD, needs to be marked as
“dirty” and guided into disk at regular time, enduring the
consistency of data in disk and SSD.

4. Implement and Evaluation Methodology
4.1. Implements. FAC strategy designed in this paper based
on SSD is implemented on the basis of flash cache. Flash cache
is a new open source project of Facebook technical team, the
fundamental purpose of which is using SSD to cache data to
accelerate a kernel module of MySQL. It was originally used
to accelerate the database and meanwhile was designed as
general caching strategy, applicable to any applications built
up on block device.
Based on Device Mapper mechanism, SSD and ordinary
disk are mapped into a logical block device with cache,
to be the interface of user action. Users perform read and
write operations directly not on underlying SSD or ordinary
disk but on this logical device. Which operating on these
underlying block devices, caching function offered as an
entirety will be lost.
Mapped device builds up mapping relations through
mapping table and three target devices, and target device
could be a single storage device or be evolved through
mapped device and build up mapping relation through
mapping table and the next layer target device as shown in
Figure 6.
4.2. Experimental Setup. Cache system based on SSD works
mainly on the existing storage server in laboratory, which
is linked to server through client and tested with its read

and write performance in client-side. The environmental
hardware configuration of server and client is provided in
Tables 2 and 3.
The test mainly adopts Iometer to test the read-write
performance of the system. Iometer is an I/O subsystem
measurement and a characterization tool for single and
clustered systems created by Intel Corporation, which can
test performance of disk or network controller, capability of
bandwidth transmission and response, network throughput
of devices, and performance of hardware and network.
Iometer primarily consists of Iometer and dynamo. Launch
dynamo on the storage server first, link it to client machine,
and then turn on Iometer application on client, and so we can
see server-side host and disk to test in the case of different
access patterns.
4.3. Performance Test Results
4.3.1. Read and Write Speed Comparison in Sequence. Performance test for caching strategy based on SSD on hybrid
storage system is mainly to test read-write performance of
system, capability of making dynamical adjustment based on
access pattern, and depletion to SSD. We test depletion to SSD
mainly by counting write times to SSD and judging and then
comparing it with caching strategy of flash cache itself.
It can be seen from Figure 7, compared with included
LRU caching algorithm of flash cache, in sequence, that FAC
does not have performance advantage at the beginning, but its
advantage of read-write performance has surfaced for making
dynamical adjustment with the handing out of read-write
requests. Furthermore, owing to SSD being mainly used as
read cache in FAC caching strategy, it can be told from the
figure that increasing read speed is larger and write speed do
not decrease but suffer a certain growth.
While focusing on sequential read request, when block
requests 8 KB, read speed of FAC has been obviously superior
to LRU caching algorithm of flash cache, and with the
processing of request handing, the advantage becomes more
and more visible. When block requests 128 KB in sequential
write request, read speed of FAC caching strategy starts to
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Figure 7: Read-write performance comparison between flash cache
and FAC in sequence.
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FAC caching strategy based on SSD and cloud platform
is designed in this paper. The strategy is combined with
designing ideas of traditional caching strategy at the same
time of giving full consideration to the characteristics of
SSD itself, maximizing the role SSD plays. It can be seen
from the test result that, benefit from the capability of
making dynamical adjustment of FAC caching strategy and
the advantage SSD has as read cache, the system can make
dynamical adjustment according to the access pattern, greatly
reduce write times to SSD, and prolong its service life without
lowering read-write performance.
Caching strategy designing scheme designed in this paper
is able to reduce the response time of system and the erase
times to SSD. After that, considering that capability of making
dynamical adjustment of memory cache would do little to
make read-write of large disk qualitative change, it will be
the next research target to combine memory cache and SSD
better to improve accessing performance of disk.
So far, we have just implemented capability of making
dynamical adjustment of memory cache module and hot
data selection algorithm and data migration of SSD module,
and the next target is to implement prefetching in system to
improve performance.

20
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512 B
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Block request
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FAC cache RR
FAC cache RW

Figure 8: Read-write performance comparison between flash cache
and FAC in random.

exceed that of flash cache and then superiority becomes larger
and larger.
4.3.2. Read and Write Speed Comparison in Random. It can be
seen from Figure 8, because of low cache hit rate in random,
read-write performance of both flash cache LRU algorithm
and FAC caching strategy is far lower than that in sequence.
However, compared with flash cache LRU algorithm, FAC has
a certain performance advantage in random even though the
increasing is inferior to that in sequence.
It can be told from the figure that performance advantage
of FAC caching strategy begins to appear from block size
being 128 KB in case of random. Though its speed waves are
slower than that of flash cache LRU algorithm when block size
reaches 2 M, the overall trend of curve is still superior to flash
cache LRU. In the case of random write, when block size is
32 KB, write speed of FAC caching strategy starts to exceed
that of flash cache LRU algorithm and the overall trend is
always superior to flash LRU algorithm.
The encoding efficiency with ICRS coding is 34.2% higher
than using CRS and 56.5% more than using RS coding
equally. The decoding rate by using ICRS is 18.1% higher than
using CRS and 31.1% higher than using RS averagely.
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AMO is a simple and efficient optimization algorithm which is inspired by animal migration behavior. However, as most
optimization algorithms, it suffers from premature convergence and often falls into local optima. This paper presents an oppositionbased AMO algorithm. It employs opposition-based learning for population initialization and evolution to enlarge the search space,
accelerate convergence rate, and improve search ability. A set of well-known benchmark functions is employed for experimental
verification, and the results show clearly that opposition-based learning can improve the performance of AMO.

1. Introduction
Many real world problems can be summarized as optimization problems. Optimization problems play an important role
in both industrial application and scientific research. In the
past decades, different optimization algorithms have been
proposed. Among them, genetic algorithm may be the first
and popular algorithm inspired by natural genetic variation
and natural selection [1, 2]. Inspired by the social behavior
of bird flocking or fish school, particle swarm algorithm was
developed by Kennedy and Eberhart in 1995 [3, 4]. Artificial
bee colony algorithm was proposed by Karaboga and Basturk
in 2005, which simulates the foraging behavior of bee swarm
[5, 6]. Ant colony optimization (ACO) which simulates the
action of ants was first introduced by Dorigo [7, 8]. Animal
Migration Optimization (AMO) as a new optimization algorithm inspired by animal migration behavior was first proposed by Li et al. in [9]. AMO simulates the widespread
migration phenomenon in the animal kingdom, through the
change of position, replacement of individual, and finding the
optimal solution gradually. AMO has obtained good experimental results on many optimization problems.
Optimization algorithms often begin from an initial set of
variables which are generated randomly and through iteration to obtain the global optimal solutions or the maximum of
the objective function. It is known that the performance of
these algorithms is highly related to diversity of particles;
it may easily fall into local optima and has slow convergence
rate and poor accuracy in the later stage of evolution. In

recent years, many efforts have been done to improve the
performance of different algorithms.
The concept of opposition-based learning (OBL) was first
introduced by Tizhoosh [10]. The main idea is to consider
current candidate solution and its opposite candidate in order
to enlarge the search scope, and it also uses elite selection
mechanism to speed up the convergence speed and find the
optimal solution. It has been proved in [11], an opposite learning mechanism has more chance to be closer to the global
optimum solution than a random candidate solution. The
opposition-based learning idea has been successfully applied
on GA [11] that PSO [12–16], DE [17, 18], artificial neural
networks (ANN) [19, 20], and ant colony optimization (ACO)
[21]; experimental results show that opposition-based learning can improve the search capabilities of the algorithm to
some extent.
This paper presents an algorithm to improve the performance of AMO. In the absence of priori information about
the population, we employ opposition-based learning during
population initialization and population evolution. Through
the introduction of opposition-based learning mechanism, it
can transform solutions from current search space to a new
search space to enlarge the search space. By means of selecting
the better solution between current solution and the opposite
solution, it will improve search ability and accelerate convergence rate, and it has more chance to find the global optima.
The rest of this paper is organized as follows. Section 2 briefly introduces the animal migration optimization algorithm. Section 3 gives a simple description of
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For 𝑖 = 1 to NP
For 𝑗 = 1 to D
If rand > Pa
𝑥𝑖,𝐺+1 = 𝑥𝑟1,𝐺 + rand ⋅ (𝑥best,𝐺 − 𝑥𝑖,𝐺) + rand ⋅ (𝑥𝑟2,𝐺 − 𝑥𝑖,𝐺)
End if
End for
End for
Algorithm 1

opposition-based learning. Section 4 explains an implementation of the proposed algorithm, opposition-based AMO
algorithm. Section 5 presents a comparative study among
AMO, OPAMO, and other optimization algorithms on 23
benchmark problems. Finally, the work is concluded in
Section 6.

2. Animal Migration Optimization
AMO is a new heuristic optimization algorithm inspired by
the behavior of animal migration which is a ubiquitous phenomenon that can be found in all major animal groups, such
as birds, mammals, fish, reptiles, amphibians, insects, and
crustaceans [9].
In this algorithm, there are mainly two processes. In the
first process the algorithm simulates how the groups of animals move from current position to a new position. During
this process, each individual should obey three main rules:
(1) move in the same direction as its neighbors; (2) remain
close to its neighbors; (3) avoid collisions with its neighbors.
We select one neighbor randomly and update the position of
the individual according to this neighbor, as can be seen in
the following formula:
𝑥𝑖,𝐺+1 = 𝑥𝑖,𝐺 + 𝛿 (𝑥neighborhood,𝐺 − 𝑥𝑖,𝐺) ,

(1)

where 𝑥neighborhood,𝐺 is the current position of the neighborhood, 𝛿 is produced using a random number generator
controlled by a Gaussian distribution, 𝑥𝑖,𝐺 is the current position of 𝑖th individual, and 𝑥𝑖,𝐺+1 is the new position of 𝑖th
individual.
In the following process, the algorithm simulates how
new animals are introduced to the group during the migration. During the population updating process, some animals
will leave the group and some new animals will join the new
population. We assume that the number of available animals
is fixed. The animals will be replaced by some new individuals
with a probability Pa. The probability is used according to the
quality of the fitness. For the best fitness, the probability Pa
is 1/NP. For the worst fitness, the probability is 1. This process
can be shown in Algorithm 1, where 𝑟1 , 𝑟2 ∈ [1, . . . , 𝑁𝑃 ] are
𝑟2 ≠
𝑖. After producing a
randomly chosen integers and 𝑟1 ≠
new solution, it will be evaluated and compared with 𝑥𝑖,𝐺.
If the objective fitness of 𝑥𝑖,𝐺+1 is smaller than the fitness of
𝑥𝑖,𝐺, 𝑥𝑖,𝐺+1 is accepted as a new basic solution; otherwise, 𝑥𝑖,𝐺
would be obtained.
To verify the performance of AMO, 23 benchmark functions chosen from the literature are employed. The results

show that the proposed algorithm clearly outperforms some
evolution algorithms from the literature.

3. Opposition-Based Learning
In the evolutionary algorithm, algorithm often starts from
random initial population until a satisfactory solution is
found. If no population prior information is known, the speed
of evolution is relation to the distance between the initial particles and the best particle. If we select some initial particles
close to the best individual, we can accelerate the convergence
of the algorithm to some extent.
The opposition learning algorithm is a new type of reinforcement learning algorithm, and it has been proven to be an
effective concept to enhance various optimization approaches
[22]. This algorithm utilizes opposition learning mechanism
to generate opposite population and employs elite selection
to choose the individual closer to the best individual as the
member of initial population, thus facilitating the overall
evolutionary convergence speed.
For ease of description, we give the definition of the opposition point first.
Definition 1. Let 𝑥 ∈ [𝑎, 𝑏] be a real number; the opposite
point 𝑥∗ is defined as
𝑥∗ = 𝑎 + 𝑏 − 𝑥.

(2)

Similarly, the definition can be extended to high dimensional space.
Definition 2. Let 𝑥 = [𝑥1 , 𝑥2 , . . . , 𝑥𝐷] as a point in 𝐷dimension space, where 𝑥𝑖 ∈ [𝑎𝑖 , 𝑏𝑖 ], for all 𝑖 ∈ {1, 2, 3, . . . , 𝐷};
∗
) is defined as the opposition
the point 𝑥∗ = (𝑥1∗ , 𝑥2∗ , . . . , 𝑥𝐷
value of 𝑥, in which
𝑥𝑖∗ = 𝑎𝑖 + 𝑏𝑖 − 𝑥𝑖 .

(3)

Through the two previous definitions, we can conclude
that the opposite learning algorithm is defined as follows.
Definition 3. 𝑥 = [𝑥1 , 𝑥2 , . . . , 𝑥𝐷] is a candidate solution
in 𝐷-dimension space; assume 𝑓(𝑥) is the fitness function
which is used to evaluate the fitness of the candidate.
According to the definition of the opposite point, 𝑥∗ =
∗
) is the opposite of 𝑥. If 𝑓(𝑥∗ ) is better than
(𝑥1∗ , 𝑥2∗ , . . . , 𝑥𝐷
𝑓(𝑥), then choose 𝑥∗ as candidate instead of 𝑥; otherwise, 𝑥 is
obtained, through evaluating the fitness of 𝑥 and the opposite
𝑥∗ to get the better individual.
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(1) Begin
(2) Set the generation counter 𝐺 = 0, and randomly initialize with a population of NP animal 𝑋𝑖 .
(3) Evaluate the fitness for each individual 𝑋𝑖 .
(4) For 𝑖 = 1 to NP do
(5) For 𝑗 = 1 to D do
𝑂𝑃𝑋𝑖,𝑗 = 𝑘 (𝑎𝑗 + 𝑏𝑗 ) − 𝑋𝑖,𝑗
(6) End for
(7) Calculate the fitness value of 𝑂𝑃𝑋𝑖
(8) End for
(9) Select NP fittest individual from {𝑋𝑖 } ∪ {𝑂𝑃𝑋𝑖 } as an initial population;
(10) While stopping criteria is not satisfied do
(11) For 𝑖 = 1 to NP do
(12)
For 𝑗 = 1 to D do
(13)
𝑋𝑖,𝐺+1 = 𝑋𝑖,𝐺 + 𝛿 ⋅ (𝑋neighborhood,𝐺 − 𝑋𝑖,𝐺)
(14)
End for
(15)
If rand < Pa then
(16)
For 𝑗 = 1 to D do
(17)
𝑂𝑃𝑋𝑖,𝐺+1 = 𝑘 (𝑎𝑗 + 𝑏𝑗 ) − 𝑋𝑖,𝐺+1
(18)
End for
(19) End for
(20) Select NP fittest particles from {𝑋𝐺} ∪ {𝑋𝐺+1 } ∪ {𝑂𝑃𝑋𝐺+1 } as current population;
(21) For 𝑖 = 1 to NP
(22) For 𝑗 = 1 to D
(23)
Select randomly 𝑟1 ≠
𝑟2 ≠
𝑖
(24)
If rand > Pa then
(25)
𝑋𝑖,𝐺+1 = 𝑋𝑟1,𝐺 + rand ⋅ (𝑋best,𝐺 − 𝑋𝑖,𝐺) + rand ⋅ (𝑋𝑟2,𝐺 − 𝑋𝑖,𝐺)
(26)
End if
(27) End for
(28) For 𝑖 = 1 to NP do
(29) Evaluate the offspring 𝑥𝑖,𝐺+1
(30)
If 𝑥𝑖,𝐺+1 is better than 𝑥𝑖 then
(31)
𝑥𝑖 = 𝑥𝑖,𝐺+1
(32)
End If
(33) End for
(34) Memorize the best solution achieved so far
(35) End while
(36) End
Algorithm 2: Opposition-based AMO algorithm.

4. Enhanced AMO Using
Opposition-Based Learning
4.1. Basic Concept. According to the probability principle,
each randomly generated candidate solution has fifty percent
probability chance away from the optimal solution compared
to its opposition solution; AMO algorithm usually generates
candidate solutions randomly in the search space as initial
population because of the lack of prior information. During
the optimization process, the calculation time of finding optimal solution will be changed according to the distance between the candidate solution and the optimal solution. By
applying opposition-based learning, we not only evaluate the
current candidate 𝑥 but also calculate its opposition candidate
𝑥∗ ; this will provide more chance of finding the solution
closer to the global optimal value.
Let 𝑥 be a solution in current search space, 𝑥 ∈ [𝑎, 𝑏]; the
new solution 𝑥∗ in the opposite space is
𝑥∗ = Δ − 𝑥.

(4)

From the above definition, we can infer 𝑥∗ ∈ [Δ−𝑏, Δ−𝑎].
Obviously, through the opposite transformation, the center of
search space is changed from (𝑎 + 𝑏)/2 to (2Δ − 𝑎 − 𝑏)/2.
Let Δ = 𝑘(𝑎 + 𝑏), where 𝑘 is a real number in [0, 1], and
it is often generated randomly; this denotes the probability of
reverse learning.
4.2. Opposition-Based AMO Algorithm. In this paper, we
introduce a novel algorithm which combines opposition
learning algorithm with AMO algorithm. Through the introduction of opposition learning mechanism, we consider the
candidate solution in both current search space and its opposite space simultaneously. By selecting the better individuals
in the two search spaces, it can provide more chance to find
the global optimal solution and largely speed up the convergence.
During the process of population initialization and evolution, through the introduction of opposition learning mechanism, more candidate solutions will be considered, and we
choose the most likely candidate solutions for evolution.
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Table 1: Benchmark functions based on our experimental study.

Test function
𝑓01 =

𝑛
∑𝑖=1

𝑓02 =

𝑛
∑𝑖=1

D

Range

30

[−100, 100]

Optimum
0

30

[−10, 10]

0

30

[−100, 100]

0

30

[−100, 100]

0

30

[−30, 30]

0

(⌊𝑥𝑖 + 0.5⌋)

30

[−100, 100]

0

𝑖𝑥𝑖4

30

[−1.28, 1.28]

0

30

[−500, 500]

−418.9829 ∗ n

30

[−5.12, 5.12]

0

30

[−32, 32]

0

30

[−600, 600]

0

30

[−50, 50]

0

30

[−50, 50]

0

2

[−65.53, 65.53]

0.998004

4

[−5, 5]

0.0003075

2

[−5, 5]

−1.0316285

2

[−5, 10] ∗ [0, 15]

0.398

2

[−5, 5]

3

3

[0, 1]

−3.86

6

[0, 1]

−3.32

4

[0, 10]

−10.1532

4

[0, 10]

−10.4029

4

[0, 10]

−10.5364

𝑥𝑖2

 
𝑛  
𝑥𝑖  + ∏𝑖=1 𝑥𝑖 

𝑛

2

𝑖

𝑓03 = ∑𝑖=1 (∑𝑗=1 𝑥𝑗 )
 
𝑓04 = max𝑖 {𝑥𝑖  , 1 ≤ 𝑖 ≤ 𝐷}
𝑓05 =

𝐷−1
∑𝑖=1 [100(𝑥𝑖+1

𝑓06 =
𝑓07 =

𝐷
∑𝑖=1
𝐷
∑𝑖=1

𝑓08 =

𝐷
∑𝑖=1

− 𝑥𝑖2 )2
2

2

+ (𝑥𝑖 − 1) ]

+ random[0, 1)
 
−𝑥𝑖 sin (√𝑥𝑖 )

𝐷

𝑓09 = ∑𝑖=1 [𝑥𝑖2 − 10cos(2𝜋𝑥𝑖 ) + 10]
𝐷

𝐷

𝑓10 = −20 exp(−0.2√(1/𝐷) ∑𝑖=1 𝑥𝑖2 ) − exp((1/𝐷) ∑𝑖=1 cos 2𝜋𝑥𝑖 ) + 20 + 𝑒
𝑓11 =

𝐷
(1/400) ∑𝑖=1

𝑥𝑖2 −

𝐷
∏𝑖=1

2

𝑓12 = (𝜋/𝐷) {10sin (𝜋𝑦𝑖 ) +

cos(𝑥𝑖 /√𝑖) + 1

𝐷−1
∑𝑖=1 (𝑦𝑖

2

2

2

− 1) [1 + 10sin (𝜋𝑦𝑖 + 1)] + (𝑦𝐷 − 1) +
𝑚

𝑘(𝑥 − 𝑎)
{
{
{ 𝑖
𝑢(𝑥𝑖 , 𝑎, 𝑘, 𝑚) = {0
{
{
𝑚
{𝑘(−𝑥𝑖 − 𝑎)

𝑦𝑖 = 1 + ((𝑥𝑖 + 1) /4)

𝐷
∑𝑖=1

𝑢(𝑥𝑖 , 10, 100, 4)}

𝑥𝑖 > 𝑎
−𝑎 < 𝑥𝑖 < 𝑎
𝑥𝑖 < −𝑎

𝐷−1

𝐷

𝑓13 = 0.1{10sin2 (𝜋𝑦𝑖 ) + ∑𝑖=1 (𝑦𝑖 − 1)2 [1 + 10sin2 (𝜋𝑦𝑖 + 1)] + (𝑦𝐷 − 1)2 } + ∑𝑖=1 𝑢(𝑥𝑖 , 10, 100, 4)
𝑓14 = [(1/500) +
𝑓15 =

11
∑𝑖=1 [𝑎𝑖

25
∑𝑗=1

(1/ (𝑗 +

2
∑𝑖=1 (𝑥𝑖

6

− 𝑎𝑖𝑗 ) ))]

− 𝑥1 (𝑏𝑖2 + 𝑏𝑖 𝑥𝑖 )/(𝑏𝑖2 + 𝑏1 𝑥3 + 𝑥4 )]

−1

2

𝑓16 = 4𝑥12 − 2.1𝑥𝑖4 + (1/3) 𝑥16 + 𝑥1 𝑥2 − 4𝑥22 + 4𝑥24
𝑓17 = (𝑥2 − (5.1/4𝜋2 ) 𝑥12 + (5/𝜋) 𝑥1 − 6)2 + 10(1 − (1/8𝜋)) cos 𝑥1 + 10
2

𝑓18 = [1 + (𝑥1 + 𝑥2 + 1) (19 − 14𝑥1 +

3𝑥12

− 14𝑥2 + 6𝑥1 𝑥2 +

3𝑥22 )]

×[30 + (2𝑥1 − 3𝑥2 )2 (18 − 32𝑥1 + 12𝑥12 + 48𝑥2 − 36𝑥1 𝑥2 + 27𝑥22 )]
4

2

3

𝑓19 = − ∑𝑖=1 𝑐𝑖 exp (−∑𝑗=1 𝑎𝑖𝑗 (𝑥𝑗 − 𝑝𝑖𝑗 ) )
𝑓20 =

4
− ∑𝑖=1 𝑐𝑖

6
exp (−∑𝑗=1

𝑓21 =

5
−∑𝑖=1 [(𝑋

2

𝑎𝑖𝑗 (𝑥𝑗 − 𝑝𝑖𝑗 ) )

− 𝑎𝑖 )(𝑋 − 𝑎𝑖 )𝑇 + 𝑐𝑖 ]

−1

𝑓22 = −∑𝑖=1 [(𝑋 − 𝑎𝑖 )(𝑋 − 𝑎𝑖 )𝑇 + 𝑐𝑖 ]

−1
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𝑓23 =

10
−∑𝑖=1 [(𝑋

𝑇

− 𝑎𝑖 )(𝑋 − 𝑎𝑖 ) + 𝑐𝑖 ]

−1

We described the opposition-based population initial
process in detail.
(1) Initialize the population 𝑃(𝑁𝑃 ) in the search space
[𝑎, 𝑏] randomly.
(2) Calculate opposition population according to initial
population; each dimension is calculated as follows:
OP𝑖𝑗 = 𝑘 (𝑎𝑗 + 𝑏𝑗 ) − 𝑃𝑖𝑗 ,

𝑖 = 1, 2, . . . , 𝑁𝑃 ; 𝑗 = 1, 2, . . . , 𝐷,
(5)

where 𝑃𝑖𝑗 and OP𝑖𝑗 denote the 𝑗th variable of the
𝑖th vector of the population and opposite population,
respectively, and 𝑘 is a real number in [0, 1] which
denotes the probability of reverse learning.

(3) Choose 𝑁𝑃 fittest individual as initial population
from the union of random population 𝑃 and opposition population OP according to the value of fitness.
During the evolution process, we still adopt opposition
learning method to increase the opportunity of finding the
optimal solution. When a new individual is generated or
joined, its opposition value is considered; if the fitness of
opposite solution is better than the new individual, the opposite solution is adopted; otherwise, the new individual is
obtained.
However, opposition learning method could not be suitable for all kinds of optimization problems. For instance,
when calculating the opposition candidate, the solution
may jump away from the solution space. If this happens,
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Table 2: Minimization result of benchmark functions 𝑓1–𝑓7 for different algorithms.
Function
𝑓01
𝑓02
𝑓03
𝑓04
𝑓05
𝑓06
𝑓07

Algorithm
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Average rank
Overall rank

PSO
3.3340𝑒 − 10
6
6.6598𝑒 − 11
4
2.9847
6
7.9997
6
46.9202
7
3.6925𝑒 − 10
6
0.0135
6
5.86
7

DE
5.6016𝑒 − 14
5
4.7348𝑒 − 10
5
2.8038𝑒 − 11
2
0.2216
4
0.2657
3
4.5028𝑒 − 14
5
0.0042
4
4
3

FA
0.0017
7
0.0453
7
0.0182
4
0.0554
3
38.1248
6
0.0017
7
0.0082
5
5.57
6

GSA
3.3748𝑒 − 18
4
8.92115𝑒 − 09
6
0.1126
5
9.9302𝑒 − 10
1
20.0819
5
3.3385𝑒 − 18
4
0.0039
3
4
3

ABC
2.9860𝑒 − 20
3
1.4213𝑒 − 15
3
2.4027𝑒 + 03
8
18.5227
7
0.0441
2
3.0884𝑒 − 20
3
0.0324
7
4.71
5

AMO
8.6464𝑒 − 40
2
8.2334𝑒 − 32
2
8.8904𝑒 − 04
3
2.8622𝑒 − 05
2
4.1817
4
0
1
0.0017
2
2.28
2

OP-AMO
1.4222𝐸 − 61
1
1.5342𝐸 − 40
1
1.0303𝐸 − 60
1
0.6132
5
2.9114𝐸 − 06
1
0
1
0.0004
1
1.57
1

Table 3: Minimization result of benchmark functions 𝑓8–𝑓13 for different algorithms.
Function Algorithm
Mean
𝑓8
Rank
Mean
𝑓9
Rank
Mean
𝑓10
Rank
Mean
𝑓11
Rank
Mean
𝑓12
Rank
Mean
𝑓13
Rank
Average rank
Overall rank

PSO
−8.8278𝑒 + 03
5
18.2675
5
3.8719𝑒 − 06
5
0.0168
6
0.0083
7
4.6694𝑒 − 07
6
5.67
6

DE
−1.1276𝑒 + 04
4
134.6789
8
7.4739𝑒 − 08
4
0
1
4.7114𝑒 − 15
5
3.1598𝑒 − 14
5
4.5
4

FA
−6.2238𝑒 + 03
6
23.5213
6
0.0094
6
0.0025
4
8.8694𝑒 − 06
6
1.2812𝑒 − 04
7
5.83
5

the solution will be invalid; to avoid this case, the transformed
candidate is assigned to a random value as follows:
𝑥∗ = rand (𝑎, 𝑏)

if 𝑥 < 𝑎 ‖ 𝑥 > 𝑏,

(6)

where rand (𝑎, 𝑏) is a random number between 𝑎 and 𝑏.
The opposition learning based AMO algorithm is
described in Algorithm 2.

5. Experimental Results
To evaluate the performance of our algorithm, we applied it to
23 standards benchmark functions as shown in Table 1. These
functions have been widely used in the literature.
The maximum numbers of generations are 1500 for 𝑓1 ,
𝑓6 , 𝑓10 , 𝑓12 , and 𝑓13 , 2000 for 𝑓2 and 𝑓11 , 3000 for 𝑓7 , 𝑓8 ,
and 𝑓9 , and 5000 for 𝑓3 , 𝑓4 ,and 𝑓5 , 400 for 𝑓15 , 100 for 𝑓14 ,
𝑓16 , 𝑓17 , 𝑓19 , 𝑓21 , 𝑓22 , and 𝑓23 , 30 for 𝑓18 , and 200 for 𝑓20 .

GSA
−3.0499𝑒 + 03
7
7.2831
4
1.4717𝑒 − 09
3
0.01265
5
2.0358𝑒 − 20
4
5.6991𝑒 − 33
1
4
3

ABC
−1.2507𝑒 + 04
3
0
1
1.1946𝑒 − 09
2
0
1
1.1928𝑒 − 21
3
2.2990𝑒 − 20
4
2.33
2

AMO
−1.2569𝑒 + 04
2
0
1
4.4409𝑒 − 15
1
0
1
1.5705𝑒 − 32
2
1.3498𝑒 − 32
3
1.67
1

OP-AMO
−1.1562𝐸 + 04
1
0
1
1.7183
7
1
7
1.5704𝐸 − 32
1
1.3496𝐸 − 32
2
3.17
3

The population size is 50 because this algorithm has two
phases. The results of the algorithm on the 23 test problems
are presented in Tables 2, 3, and 4.
As seen from Table 2 to Table 4, opposition-based AMO
algorithm significantly improves the results on functions 𝑓1 ,
𝑓2 , 𝑓3 , 𝑓5 , 𝑓6 , and 𝑓7 and achieves the same performance
with AMO on most other functions, and it is better than
PSO, DE, ABC, and FA. This denotes that the algorithm can
accelerate convergence rate and find better solutions for some
optimization problems, and it did not lead to the premature
of algorithm.
Figure 1 shows the evolutionary process of test function 𝑓2
by AMO and opposition learning based AMO. The horizontal
ordinate denotes the evolution iterations, and the vertical
ordinate is the optimal value of objective function. We can
see from the graph that the convergence rate of oppositionbased AMO is obviously accelerated and the accuracy of
optimization is also enhanced.
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Table 4: Minimization result of benchmark functions 𝑓14–𝑓23 for different algorithms.

Function
𝐹14
𝐹15
𝐹16
𝑓17
𝑓18
𝑓19
𝐹20
𝐹21
𝐹22
𝐹23

Algorithm
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Mean
Rank
Average rank
Overall rank

PSO
0.9980
3
6.5867𝑒 − 04
4
−1.0316
4
0.3979
5
3.0001
4
−3.8628
4
−3.2554
6
−7.6393
5
−7.3602
6
−8.9611
5
4.6
5

DE
0.9980
2
4.5400𝑒 − 04
3
−1.0316
3
0.3979
1
3.0000
2
−3.8628
3
−3.2174
7
−10.1532
1
−10.4029
1
−10.5364
1
2.4
2

FA
3.0273
6
0.0010
6
−1.0314
7
0.3979
6
3.0123
5
−3.8613
8
−3.2741
5
−6.5633
6
−10.4027
3
−10.2297
6
5.8
7

Fitness value

1.50E−007

GSA
5.9533
7
0.0048
7
−1.03163
1
0.3979
1
3.7403
7
−3.8625
7
−3.3220
1
−4.784
7
−6.5797
7
−8.2651
7
5.2
6

ABC
0.9980
1
7.4715𝑒 − 04
5
−1.0316
2
0.3979
7
3.0000
2
−3.8628
4
−3.3220
2
−10.1528
3
−10.4012
4
−10.5339
3
3.3
3

AMO
0.9980
4
3.9738𝑒 − 04
2
−1.0316
5
0.3979
1
3.0018
6
−3.8628
2
−3.3220
3
−10.0592
4
−10.3899
6
−10.4990
4
3.7
4

OP-AMO
0.9980
4
3.0748𝐸 − 04
1
−1.0316
5
0.3979
1
2.9999
1
−3.8629
1
−3.3223
4
−10.1532
1
−10.4029
1
−10.5364
1
2
1

is efficient in most of the test functions. However, we can also
see from the experimental results that this algorithm is not
suitable for all kinds of problems; for some optimization
problems, algorithm has no significant improvement. How to
improve the algorithm to adapt to a more optimization problem is worth of further study.
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Figure 1: Evolutionary process of the two algorithms on function
𝑓2 .

6. Conclusions
A novel opposition-based AMO algorithm is proposed in this
paper. This approach can provide more chance to find better
solutions by transforming candidate solutions from current
search space to a new search space. Experimental results show
that, compared with previous AMO, the proposed algorithm
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Parameter estimation of chirp signal, such as instantaneous frequency (IF), instantaneous frequency rate (IFR), and initial phase
(IP), arises in many applications of signal processing. During the phase-based parameter estimation, a phase unwrapping process
is needed to recover the phase information correctly and impact the estimation performance remarkably. Therefore, we introduce
support vector regression (SVR) to predict the variation trend of instantaneous phase and unwrap phases efficiently. Even though
with that being the case, errors still exist in phase unwrapping process because of its ambiguous phase characteristic. Furthermore,
we propose an SVR-based joint estimation algorithm and make it immune to these error phases by means of setting the SVR’s
parameters properly. Our results show that, compared with the other three algorithms of chirp signal, not only does the proposed
one maintain quality capabilities at low frequencies, but also improves accuracy at high frequencies and decreases the impact with
the initial phase.

1. Introduction
Chirp signals, that is, second-order polynomial phase signals,
are common in various areas of science and engineering.
For example, in a synthetic aperture radar (SAR) system,
when the target is moving, the regulated signals will change
into chirp ones after being reflected [1]. The SAR imaging
quality may be degraded by shifting and/or defocusing
due to inaccurate estimation of instantaneous frequency
(IF) and instantaneous frequency rate (IFR), respectively
[2]. In optical communications, coding or instability of the
laser diode results in chirp phenomenon [3]. The research
on estimating these chirp parameters is divided into two
parts: one is based on cubic phase function (CPF), even
high-order phase function (HPF) [4–6] and the other is
based on maximum likelihood (ML) [7–9]. The former has
the advantage in fast calculation of IFR, but costs more
to find IF. The latter tries its best to maximize an ML
function mainly in frequency domain, which involves a twodimensional nonlinear optimization. Unfortunately, there
is no exact, closed-form solution for solving this general
nonlinear programming problem. The solution either resorts
to a burdensome numerical search or is approximated by

linearized techniques. Djuric and Kay proposed an efficient
time-domain ML estimator [10], which can achieve optimum
estimation at a moderate complexity. By extending the phase
noise model of [11] to chirp signals, Li et al. derived an
improved ML estimator and analyzed its performance in the
time domain [12, 13]. However, both of them are suitable
only at high signal-to-noise ratio (SNR), for the reason of
approximations of noise phase model and imperfections in
phase unwrapping process.
By introducing structural risk minimization (SRM) principle, support vector regression (SVR) exhibits excellent
capabilities for generalizing and learning. From the viewpoint
of the quadratic relationship between absolute signal phase
and time series, therefore, this paper employs SVR to unwrap
phases and estimate IF and IFR recursively. We avoid taking
the rationality of phase noise model into account by not
making any approximations in it. At one time, we reduce the
estimation performance’s dependence on phase unwrapping
process with a proper choice of SVR’s parameters. It has been
shown that, except for the property of low sensitivity to initial
phase and closely approaching the Cramer-Rao lower bound
(CRLB) at low frequencies, the proposed algorithm improves
its estimation performance at high frequencies.

2

Mathematical Problems in Engineering

2. The Proposed Algorithm
2.1. Signal Model. The signal model used here is similar to
that in [10, 12]. The complex, baseband chirp signal polluted
by noise is modelled as
2

𝑟𝑛 = 𝑎𝑛 𝐴 exp {𝑗 [𝜙 + 2𝜋𝑓𝑑 𝑛𝑇𝑠 + 2𝜋𝑓𝑟 (𝑛𝑇𝑠 ) ]} + 𝑤𝑛 ,
𝑛 = 0, . . . , 𝑁 − 1.

(1)

Here, 𝑎𝑛 is an independent symbol; 𝐴 > 0, 𝑓𝑑 , 𝑓𝑟 ∈
[−0.5, 0.5), and 𝜙 ∈ [−𝜋, 𝜋) are the amplitude, deterministic
but unknown IF, IFR, and initial phase, respectively; 𝑇𝑠 is the
sampling period; 𝑁 is the sample size; 𝑤𝑛 is an independent
complex additive white Gaussian noise (AWGN) with zero
mean and variance 𝜎2 . For the sake of simplicity, we set 𝑇𝑠 = 1
and rearrange (1):
𝑟𝑛 = exp [𝑗 (𝜙 + 2𝜋𝑓𝑑 𝑛 + 2𝜋𝑓𝑟 𝑛2 )]
× {𝐴 + 𝑎𝑛∗ exp [−𝑗 (𝜙 + 2𝜋𝑓𝑑 𝑛 + 2𝜋𝑓𝑟 𝑛2 )] 𝑤𝑛 }
= exp [𝑗 (𝜙 + 2𝜋𝑓𝑑 𝑛 + 2𝜋𝑓𝑟 𝑛2 )] (𝐴 + 𝑤𝑛 ) ,

𝑛 = 0, . . . , 𝑁 − 1.
(3)

When SNR = 𝐴2 /𝜎2 is large enough, the approximate
model in [10] is expressed as

≈ arctan
≈

Im (𝑤𝑛 )
𝐴 + Re (𝑤𝑛 )
Im (𝑤𝑛 )
𝐴

Im (𝑤𝑛 )
𝐴

,

(4)

𝑛 = 0, . . . , 𝑁 − 1.

≈

Im (𝑤𝑛 )
 
𝑟𝑛 

Im (𝑤𝑛 )
 
𝑟𝑛 

,

where 𝜀𝑘 is insensitive loss coefficient at time point 𝑘.
Next, we assume 𝑓𝑘 (𝑥) insofar as for 𝜀𝑘 to completely fit
all elements of 𝑆𝑘 , and we denote 𝑑𝑖𝑘 as the distance from point
(𝑥𝑖𝑘 , 𝑦𝑖𝑘 ) ∈ 𝑆𝑘 to 𝑓𝑘 (𝑥):


(w𝑘 ⋅ 𝜙 (𝑥𝑖𝑘 )) + 𝑏𝑘 − 𝑦𝑖𝑘 


=
√1 + w𝑘 2
𝜀𝑘
≤
,
√1 + w𝑘 2

(7)

𝑖 = 1, . . . , 𝑘.

According to (7), we optimize 𝑓𝑘 (𝑥) through maximizing
𝜀𝑘 /√1 + ‖w𝑘 ‖2 , that is, minimizing ‖w𝑘 ‖2 . Thereby, SVR is
presented as
1  2
min 𝐽 (w𝑘 , 𝑏𝑘 ) = w𝑘 
2


s.t. (w𝑘 ⋅ 𝜙 (𝑥𝑖𝑘 )) + 𝑏𝑘 − 𝑦𝑖𝑘  ≤ 𝜀𝑘 ,

(8)
𝑖 = 1, . . . , 𝑘.

In fact, fitting errors larger than 𝜀𝑘 always exist. By
𝑘
introducing slack variables 𝜉𝑖𝑘 , (𝜉∗ )𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑘, and
penalty factor 𝐶𝑘 at time point 𝑘, (8) is converted into
𝑘

1  2
𝑘
min 𝐽 (w𝑘 , 𝑏𝑘 , 𝜉𝑘 , 𝜉∗𝑘 ) = w𝑘  + 𝐶𝑘 ∑ [𝜉𝑖𝑘 + (𝜉∗ )𝑖 ]
2
𝑖=1

A more reasonable model proposed in [12] is given:
∠ (𝐴 + 𝑤𝑛 ) ≈ arcsin


 𝑘
𝑦𝑖 − 𝑓𝑘 (𝑥𝑖𝑘 ) ≤ 𝜀𝑘


else,
(6)

0,
= { 𝑘

𝑦𝑖 − 𝑓𝑘 (𝑥𝑖𝑘 ) − 𝜀𝑘 ,



𝑑𝑖𝑘

where 𝑤𝑛 = 𝑎𝑛∗ exp[−𝑗(𝜙 + 2𝜋𝑓𝑑 𝑛 + 2𝜋𝑓𝑟 𝑛2 )]𝑤𝑛 is still an
independent complex AWGN with zero mean and variance
𝜎2 . Absolute phase of 𝑟𝑛 is presented as

∠ (𝐴 + 𝑤𝑛 ) ≈ arctan



𝐿 (𝑦𝑖𝑘 , 𝑓𝑘 (𝑥𝑖𝑘 )) = 𝑦𝑖𝑘 − 𝑓𝑘 (𝑥𝑖𝑘 )𝜀

(2)

𝑛 = 0, . . . , 𝑁 − 1,

∠𝑟𝑛 = 𝜙 + 2𝜋𝑓𝑑 𝑛 + 2𝜋𝑓𝑟 𝑛2 +∠ (𝐴 + 𝑤𝑛 ) ,

training set 𝑆𝑘 = {(𝑥𝑖𝑘 , 𝑦𝑖𝑘 ) | 𝑖 = 1, . . . , 𝑘}, 𝑥𝑖𝑘 = 𝑖 − 1, 𝑦𝑖𝑘 =
∠̂𝑟𝑖−1 at time point 𝑘 (1 ≤ 𝑘 ≤ 𝑁), where ∠̂𝑟𝑖−1 denotes the
estimation value of ∠𝑟𝑖−1 .
At first, we present a line 𝑓𝑘 (𝑥) = (w𝑘 ⋅𝜙(𝑥)) + 𝑏𝑘 , where (⋅)
is an inner product operator and 𝜙(⋅) is a nonlinear mapping
from low to high dimension feature space. And also, we define
its 𝜀-insensitive loss function as

(5)

𝑦𝑘 − (w𝑘 ⋅ 𝜙 (𝑥𝑖𝑘 )) − 𝑏𝑘 ≤ 𝜀𝑘 + 𝜉𝑖𝑘
s.t. { 𝑖
𝑘
(w𝑘 ⋅ 𝜙 (𝑥𝑖𝑘 )) + 𝑏𝑘 − 𝑦𝑖𝑘 ≤ 𝜀𝑘 + (𝜉∗ )𝑖 ,

𝑖 = 1, . . . , 𝑘,
(9)

𝑛 = 0, . . . , 𝑁 − 1.

2.2. SVR-Based Phase Unwrapping Process and Frequency
Estimation Algorithm. In (5), there are two approximations
still existing. Based on the quadratic relation in (3), this
paper utilizes SVR’s excellent capability for learning unknown
models to unwrap phases and estimate frequency. We yield a

𝑇

𝑘

𝑘

𝑘 𝑇

where 𝜉𝑘 = [𝜉1𝑘 , 𝜉2𝑘 , . . . , 𝜉𝑘𝑘 ] , 𝜉∗𝑘 = [(𝜉∗ )1 , (𝜉∗ )2 , . . . , (𝜉∗ )𝑘 ] ,
[⋅]𝑇 is a transpose operator, and 𝐶 is a positive constant
to take compromise in SVR’s generalization capability and
fitting errors which are denoted by the first and second items
of 𝐽(w𝑘 , 𝑏𝑘 ), respectively.
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Initialization
At time point k = 0, ∠̂r0 =
̂ 0 )[
arg(r0 ) = arg[𝜙 + ∠(1 + w

Set construction
At time point 1 ≤ k ≤ N,
Sk = {)xik , yik )|i = 1, · · · , k},
xik = i − 1, yik = ∠̂ri−1

Approximated function

Phase prediction

Make use of SVR and derive

k<N

fk (x) = (wk · 𝜙(x)) + b k
k

2

k

∠ SVRrk = ∑ [𝛼ki − (𝛼∗ )i [ )xik k + 1) + b k

∠̂rk = arg(rk ) + 2𝜋m ∈

i=1

2

k

k

Phase unwrapping
Select a proper m ∈ to satisfy
[∠SVR rk − 𝜋, ∠SVR rk + 𝜋)

= ∑ [𝛼ki − (𝛼∗ )i [ )xik x + 1) + b k
i=1

k=N

Ultimate values
At time point k = N,
N

N
∗
k
∑N
i=1 [𝛼i − (𝛼 ) ]xi

̂N =
f
d
̂N =
f
r

𝜋

i

,

N

N
∗
k
∑N
i=1 [𝛼i − (𝛼 ) [)xi )

2𝜋
N

2

i

,

N

̂ N = ∑ [𝛼N − (𝛼∗ ) ] + bN
𝜙
i
i

i=1

Figure 1: Recursive implementation of SVR-based algorithm.

Equation (9) is a strict convex quadratic programming
(QP) problem in optimal theories. Then, using Lagrange
multiplier method:

𝑘

𝑘

2
1 𝑘
𝑘
𝑘
= − ∑ [𝛼𝑖𝑘 − (𝛼∗ )𝑖 ] [𝛼𝑗𝑘 − (𝛼∗ )𝑗 ] (𝑥𝑖∗ 𝑥𝑗 + 1)
2 𝑖,𝑗=1

𝑖=1

𝑘

∑ [(𝛼∗ )𝑖 − 𝛼𝑖𝑘 ] = 0,
𝑖=1

𝐶𝑘 − 𝛼𝑖𝑘 − 𝛾𝑖𝑘 = 0,
𝐶𝑘 −

𝑘
(𝛼∗ )𝑖

−

2

quadratic kernel function 𝐾(𝑥𝑖 , 𝑥𝑗 ) = (𝑥𝑖∗ 𝑥𝑗 + 1) in this
study, and deriving the wolf dual problem of (9):
max 𝑊 (𝛼𝑘 , 𝛼∗𝑘 )

w𝑘 = ∑ [𝛼𝑖𝑘 − (𝛼∗ )𝑖 ] 𝜙 (𝑥𝑖𝑘 ) ,
𝑘

Substituting (10) into (9), replacing (𝜙(𝑥𝑖𝑘 ) ⋅ 𝜙(𝑥𝑗𝑘 )) with

𝑘
(𝛾∗ )𝑖

𝑖 = 1, . . . , 𝑘,

= 0,

𝑘

(10)

𝑖 = 1, . . . , 𝑘,

𝑖=1

𝑘

𝑘

𝑘

𝑖=1

𝑘

s.t.∑ [𝛼𝑖𝑘 − (𝛼∗ )𝑖 ] = 0
𝑖=1

0 ≤ 𝛼𝑖𝑘 ,
𝑘

𝑘

+ ∑𝑦𝑖𝑘 [𝛼𝑖𝑘 − (𝛼∗ )𝑖 ] − 𝜀𝑘 ∑ [𝛼𝑖𝑘 + (𝛼∗ )𝑖 ]

𝑘

(𝛼∗ )𝑖 ≤ 𝐶𝑘 ,

𝑖 = 1, . . . , 𝑘,
(11)

𝑘

where 𝛼𝑖𝑘 , (𝛼∗ )𝑖 , 𝛾𝑖𝑘 , and (𝛾∗ )𝑖 are the 𝑖th Lagrange multipliers of 𝑦𝑖𝑘 − (w𝑘 ⋅ 𝜙(𝑥𝑖𝑘 )) − 𝑏𝑘 ≤ 𝜀𝑘 + 𝜉𝑖𝑘 , (w𝑘 ⋅ 𝜙(𝑥𝑖𝑘 )) + 𝑏𝑘 − 𝑦𝑖𝑘 ≤
𝑘
𝑘
𝜀𝑘 + (𝜉∗ )𝑖 , 𝜉𝑖 ≥ 0, and (𝜉∗ )𝑖 ≥ 0, respectively.

𝑇

𝑘

𝑘

𝑘 𝑇

where 𝛼𝑘 = [𝛼1𝑘 , 𝛼2𝑘 , . . . , 𝛼𝑘𝑘 ] , 𝛼∗𝑘 = [(𝛼∗ )1 , (𝛼∗ )2 , . . . , (𝛼∗ )𝑘 ] .
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Figure 2: (a) Arbitrary phase unwrapping processes with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0, 𝑁 = 32, and SNR = 8 dB. (b) Arbitrary phase unwrapping
processes with 𝑓𝑑 = 0.3, 𝑓𝑟 = 0.05, 𝜙 = 0, 𝑁 = 32, and SNR = 8 dB. (c) Arbitrary phase unwrapping processes with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.2, 𝜙 =
0, 𝑁 = 32, and SNR = 8 dB.

We obtain 𝛼𝑘 , 𝛼∗𝑘 through solving (11). Ultimately, we get
the best approximation of (3) by using Karush-Kuhn-Tucker
(KKT) conditions:
𝑓𝑘 (𝑥) = (w𝑘 ⋅ 𝜙 (𝑥)) + 𝑏𝑘
𝑘

2

𝑘

= ∑ [𝛼𝑖𝑘 − (𝛼∗ )𝑖 ] (𝑥𝑖∗ 𝑥𝑗 + 1) + 𝑏𝑘 ,

(12)

𝑖=1

𝑘

2

where 𝑏𝑘 = 𝑦𝑖𝑘 −∑𝑘𝑗=1 [𝛼𝑗𝑘 −(𝛼∗ )𝑗 ](𝑥𝑖∗ 𝑥𝑗 + 1) −𝜀𝑘 , 𝛼𝑖𝑘 ∈ (0, 𝐶𝑘 )
𝑘
𝑦𝑖𝑘 − ∑𝑘𝑗=1 [𝛼𝑗𝑘 − (𝛼∗ )𝑗 ](𝑥𝑖∗ 𝑥𝑗

𝑘

or 𝑏𝑘 =
+ 1)2 + 𝜀𝑘 , (𝛼∗ )𝑖 ∈ (0, 𝐶𝑘 )
is bias at time point 𝑘.
Not only does (6) guarantee less fitting errors, but it also
possesses a good generalization capability. It means that, after

learning previous unwrapped phases ∠̂𝑟0 , . . . , ∠̂𝑟𝑘−1 , (6) can
predict the variation trend of a phase efficiently for the next
𝑘
2
time point 𝑘 and derive ∠SVR 𝑟𝑘 = ∑𝑘𝑖=1 [𝛼𝑖𝑘 −(𝛼∗ )𝑖 ](𝑥𝑖∗ 𝑘 + 1) +
𝑏𝑘 . The phase ∠̂𝑟𝑘 is then unwrapped within a 2𝜋 interval
centered around ∠SVR 𝑟𝑘 , by adding multiples of ±2𝜋 to the
principal value of ∠̂𝑟𝑘 when the absolute difference between
∠SVR 𝑟𝑘 and the principal value of ∠̂𝑟𝑘 is greater than 𝜋.
Namely, we select a proper 𝑚 to satisfy ∠̂𝑟𝑘 = arg(𝑟𝑘 ) + 2𝜋𝑚 ∈
[∠SVR 𝑟𝑘 − 𝜋, ∠SVR 𝑟𝑘 + 𝜋). Till time point 𝑘 = 𝑁, we get 𝑓̂𝑑𝑁 =
𝑁
𝑁
∗ 𝑁 𝑁
𝑁
∗ 𝑁
𝑁 2
̂𝑁
(∑𝑁
𝑖=1 [𝛼𝑖 −(𝛼 )𝑖 ]𝑥𝑖 )/𝜋, 𝑓𝑟 = (∑𝑖=1 [𝛼𝑖 −(𝛼 )𝑖 ](𝑥𝑖 ) )/2𝜋,
𝑁
𝑁
and 𝜙̂𝑁 = ∑𝑖=1 [𝛼𝑖𝑁 − (𝛼∗ )𝑖 ] + 𝑏𝑁 as the ultimate estimation
values. This algorithm can be implemented recursively in
time, as shown schematically in Figure 1.
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Figure 3: (a) MSE of IF with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0, and 𝑁 = 32. (b) MSE of IF with 𝑓𝑑 = 0.3, 𝑓𝑟 = 0.05, 𝜙 = 0, and 𝑁 = 32. (c) MSE of
IF with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.2, 𝜙 = 0, and 𝑁 = 32.

2.3. SVR’s Parameter Settings. Setting SVR’s parameters is a
difficult problem, but has a pronounced impact on SVR’s performance, for example, insensitive loss coefficient 𝜀, penalty
factor 𝐶. There is no complete theoretical basis or explicit
closed form. Cross-validation is a widely used method until
now, but it is complex and time consuming. In this study, we
formulate proper parameter values by understanding SVR’s
theory and integrating a large number of references and
experiments.
When 𝑘 is small, imperfect phase unwrapping at a
particular time point can easily have an impact on the
variation trend of 𝑓(𝑥). In order to avoid this discrepancy,
a new model must be constructed with the aptitude of
better generalization capability. As 𝑘 increases, its necessity
decreases contrarily, which is due to the degrading impact of

improperly unwrapped phase. Simple speaking, the model’s
generalization capability is inversely proportional to the size
of the set 𝑆.
Intuitively, insensitive loss coefficient 𝜀 is the vertical
height of 𝜀-tube. The larger 𝜀 is, the less support vectors
there are. Nevertheless, too large 𝜀 will cause unfixable 𝑏.
Noted that, if the predicted phase is in the vicinity of 𝜋’s
odd times, the estimation performance is deteriorated rapidly
for its ambiguous phase characteristic. Selecting a proper
𝜀 can reduce this impact. At the same time, 𝜀 is inversely
proportional to SNR, so insensitive loss coefficient at time
point 𝑘 (1 ≤ 𝑘 ≤ 𝑁) is given by [14]
𝜀𝑘 = 𝜏√

1 ln 𝑘
,
SNR 𝑘

𝑘 = 1, . . . , 𝑁,

(13)
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Figure 4: (a) MSE of IFR with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0, and 𝑁 = 32. (b) MSE of IFR with 𝑓𝑑 = 0.3, 𝑓𝑟 = 0.05, 𝜙 = 0, and 𝑁 = 32. (c) MSE
of IFR with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.2, 𝜙 = 0, and 𝑁 = 32.

where 𝜏 is a positive constant, and 𝜏 = 0.8 is set in this study
after experimental comparisons and validations, and SNR is
assumed to be known.
Penalty factor 𝐶 controls the penalty degree of vectors
outside the 𝜀-tube and determines SVR’s generalization capability. 𝐶 is directly proportional to the sample size and SNR.
As (12) is a line in a two-dimension plane, the first item of
target function during solving SVR’s QP problem is directly
proportional to its slope; so a very small 𝐶 will result in a
horizontal and underfitting 𝐶. Inspired by [14, 15], penalty
factor at time point 𝑘 (1 ≤ 𝑘 ≤ 𝑁) is given by
3
 


𝐶𝑘 = 𝛿√SNR√𝑘 max (𝑔𝑘 − 𝜆𝜎𝑘  , 𝑔𝑘 + 𝜆𝜎𝑘 ) ,

𝑘 = 1, . . . , 𝑁;

(14)

2
2
2
√(1/𝑘) ∑𝑘−1
where 𝑔𝑘 = (1/𝑘) ∑𝑘−1
𝑛=0 |𝑦𝑛 | , 𝜎𝑘 =
𝑛=0 (|𝑦𝑛 | − 𝑔𝑘 ) ,
𝑦𝑛 = ∠̂𝑟𝑛−1 is a section of the element of training set 𝑆𝑘 ; as
(13), SNR is assumed to be known; 𝛿, 𝜆 are positive constants
and 𝛿 = 0.1, 𝜆 = 0.5 are set in this study, by the same way as
𝜏.

3. Results and Analyses
We have compared the proposed algorithm entitled as SVR
estimator with the other three: the HPF estimator proposed
in [6]; the DK estimator proposed in [10]; the LFK estimator
proposed in [12].
3.1. Phase Unwrapping Process. Because HPF estimator does
not need the phase unwrapping process, Figure 2 illustrates
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the estimation values of 𝑓𝑑 , 𝑓𝑟 . CRLBs are given by [12]

10−1

6 (8𝑁 − 11) (2𝑁 − 1)
1
,
SNR (2𝜋)2 𝑁 (𝑁 − 1) (𝑁3 + 𝑁2 − 4𝑁 − 4)
360
1
,
CRLB𝑓𝑟 =
SNR (2𝜋)2 𝑁 (𝑁 − 1) (𝑁3 + 𝑁2 − 4𝑁 − 4) (15)

CRLB𝑓𝑑 =

10−2

MSE

10−3

2
1 3 (3𝑁 − 3𝑁 + 2)
CRLB𝜙 =
.
SNR 2𝑁 (𝑁2 + 3𝑁 + 2)

10−4
10−5
10−6
10−7
−10

−5

0
SNR (dB)
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5

N = 32
N = 64

N=8
N = 16

Figure 5: MSE of IF of SVR estimator with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 =
0.

10−2

3.3. Impact of the Sample Size 𝑁. Everything is as in Figure 2
other than 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05; the MSE curves of IF and IFR
of SVR estimator versus SNR while 𝑁 is 8, 16, 32, and 64 are
plotted in Figures 5 and 6, respectively. It is clear that as 𝑁
increases, MSE performances of IF and IFR of SVR estimator
are both improved.
3.4. Impact of Initial Phase 𝜙. Everything is as in Figure 3
except that 𝜙 = 0.4𝜋, 0.8𝜋; the MSE curves of IF and IFR
are plotted against SNR in Figures 7 and 8, respectively.
Comparing with Figures 3(a) and 4(a), we can see that SVR
estimator is immune to 𝜙, but the other three are not.

10−3
10−4
10−5

MSE

It is shown that whether 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝑓𝑑 =
0.3, 𝑓𝑟 = 0.05, or 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.2, SVR estimator is the
best one during both IF and IFR estimations all the while;
also, MSE performances of IF and IFR totally decrease as 𝑓𝑑
and 𝑓𝑟 increase, but SVR estimator is the most robust and has
had a great advantage already when 𝑓𝑑 = 0.3, 𝑓𝑟 = 0.05 or
𝑓𝑑 = 0.1, 𝑓𝑟 = 0.2.

10−6
10−7
10−8
10−9
10−10
−10

−5

0
SNR (dB)

10

5

N = 32
N = 64

N=8
N = 16

Figure 6: MSE of IFR of SVR estimator with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 =
0.

the arbitrary phase unwrapping processes of the other three,
while 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝑓𝑑 = 0.3, 𝑓𝑟 = 0.05, and 𝑓𝑑 =
0.1, 𝑓𝑟 = 0.2. The number of Monte Carlo experiments is
10000, and 𝜙 = 0, 𝑁 = 32, and SNR = 8 dB. It is shown
that SVR estimator can unwrap phase accurately, whatever
the value of 𝑓𝑑 and 𝑓𝑟 is. However, errors emerge in DK and
LFK ones as 𝑓𝑑 and 𝑓𝑟 increase.
3.2. Estimation Performance. Figures 2, 3, and 4 illustrate the
MSE curves of IF and IFR versus SNR, respectively, where
2
2
MSEs are defined as 𝐸[(𝑓̂ − 𝑓 ) ], 𝐸[(𝑓̂ − 𝑓 ) ], 𝑓̂ , 𝑓̂ are
𝑑

𝑑

𝑟

𝑟

𝑑

𝑟

3.5. Computational Complexity. Because we translate SVR
into QP problem and need to search the minimums during
the process, we can not derive the explicit form of the
computational complexity of SVR estimator. So everything
is as in Figure 2 except that the number of Monte Carlo
experiments is 100, SNR is 8 dB, and 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05;
the consuming times are listed in Table 1, while 𝑁 is 8, 16, 32,
and 64, respectively. The running computer is ASUS-PC1111
having, Intel(R) Pentium 2.13 GHz CPU and 2.00 GB RAM.
We can see that SVR estimator’s consuming times are
more than the others’, especially when 𝑁 becomes larger. As
a matter of fact, however, it is acceptable and tolerable.

4. Conclusions
Phase unwrapping process is a key point in phase-based
frequency estimation of chirp signal. Firstly, we adopt SVR
to learn the unwrapped phases at previous time points,
predict the variation trend of phase efficiently, and derive the
estimation value for the next time point. Once acquired, in
terms of relationship between absolute signal phase and time
series, we address a simple and effective frequency estimation
algorithm of chirp signal. The proposed algorithm completely
exhibits its advantages of higher estimation accuracy, lower
sensitivity of frequency, and initial phase, by sacrificing more
consuming times.
Because SVR predicts the curve’s variation trend merely
in terms of training set which consists of previous points’
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Figure 7: (a) MSE of IF with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0.4𝜋, and 𝑁 = 32. (b) MSE of IF with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0.8𝜋, and 𝑁 = 32.
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Figure 8: (a) MSE of IFR with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0.4𝜋, and 𝑁 = 32. (b) MSE of IFR with 𝑓𝑑 = 0.1, 𝑓𝑟 = 0.05, 𝜙 = 0.8𝜋, and 𝑁 = 32.
Table 1: Consuming time with different 𝑁 (ms).
Algorithm
HPF
DK
LFK
SVR

𝑁=8
380
203
299
437

𝑁 = 16
942
476
784
1107

𝑁 = 32
3721
1098
2362
4805

𝑁 = 64
10654
3711
8643
13074

values, we even can estimate the frequency of chirp signal
under the nonGaussian condition by the same way.

Stressing that the proposed algorithm learns training set
and gets the approximate values of SVR’s insensitive loss
coefficient 𝜀 and penalty factor 𝐶, as a next step, therefore,
improving SVR’s parameter setting is an important research
point.
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Multiresolution hierarchy based on features (FMRH) has been applied in the field of terrain modeling and obtained significant
results in real engineering. However, it is difficult to schedule multiresolution data in FMRH from external memory. This paper
proposed new multiscale feature model and related strategies to cluster spatial data blocks and solve the scheduling problems of
FMRH using spatial neighborhood. In the model, the nodes with similar error in the different layers should be in one cluster. On
this basis, a space index algorithm for each cluster guided by Hilbert curve is proposed. It ensures that multi-resolution terrain data
can be loaded without traversing the whole FMRH; therefore, the efficiency of data scheduling is improved. Moreover, a spatial
closeness theorem of cluster is put forward and is also proved. It guarantees that the union of data blocks composites a whole
terrain without any data loss. Finally, experiments have been carried out on many different large scale data sets, and the results
demonstrate that the schedule time is shortened and the efficiency of I/O operation is apparently improved, which is important in
real engineering.

1. Introduction
Terrain model is widely applied in actual engineering, such
as film, game, and simulation. One of the grand challenges
is that it requires huge amounts of data set, in order to
guarantee its precision. Especially in recent years, with the
rapid development of spatial visualization technology, the
requirement for terrain details is higher and higher; therefore,
the terrain scene is more and more complex. Owing to
the massive data, it is very difficult on the establishment,
management, and index of terrain model in the scientific
computing visualization engineering.
The capacity of RAM is limited for storing huge amounts
of data set; therefore, the support of external storage is
needed, when rendering a large scale of terrain. According to
the requirements of scene, it is important to dynamically load
data into the memory interactively for realizing to render the
scene in real-time visualization engineering. However, there
is a serious speed difference between RAM and external storage, so that the interactive operation between them frequently
makes a big influence to the efficiency of the system directly.

It has become a bottleneck for the process of large scale data.
As a result, how to establish the model with huge amounts of
data set and provide effective scheduling method is one of the
research hotspots.
The pyramid is a kind of data model composed by
multiresolution levels [1]. It can provide all kinds of resolution
of the data without real-time sampling, because the model
generates the different resolution data levels of data elevation
model (DEM) in advance. It has been widely applied to
commercial software. However, there are two aspects of
drawbacks.
(1) The pyramid model increases the storage space of
data; that is to say, a lot of data is repeated on the
different layers of it. Hence, decreasing the amount
of loaded data is at the cost of consuming external
storage.
(2) There is still mass of redundant data in the data set
which has been loaded in memory. No matter the
terrain is plain or rugged, in the classical method,
the data resolution for each level is uniform, and
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interlaced sampling is adopted in the various adjacent
levels, which does not consider the terrain geometry
feature.

Lindstrom and Silva [2] proposed the dynamic data loading method using the function of mirror file. This method
is extremely simple, and it takes advantage of operation
system to divide data pages automatically. Dai et al. [1]
brought up a method of incremental data update, which
dynamically updated local terrain data, according to the move
of viewpoint and the geometry center of the data page. Li et al.
[3] adopted the technique of incremental horizon to eliminate
the invisible part of the model.
In order to further improve the efficiency of data schedule, grid simplified model is expressed as data stream by many
scholars [4]. Space-filling curve including Hilbert curve [5],
Z curve [6], and Π Curve [7] in terrain model is a common
approach of linearization for data in external storage. It still
takes additional time on the index of external storage even
if those methods improve the efficiency of data schedule
in different ways. In recent years, a new function based
on cluster analysis has been proposed to simplify the data
model in external storage, and improve the efficiency of data
schedule [8, 9]. But the out-of-core methods based on cluster
almost aimed at irregular data set. However, the primary
research object in terrain modeling engineering is large scale
data set of grid model; therefore, the methods mentioned
above are not capable of disposing the large scale data in
real engineering. In addition, the parallel algorithm using
hardware to deal with out-of-core terrain data was proposed.
But it is not applied widely, because of its requirement for high
quality hardware [10].
This paper utilized a multiresolution out-of-core model
based on geometry terrain feature. There is the following
advantages (1) It consists of physical model and logic model,
in which the physical model is original full resolution data,
so the model is independent of the data scale. (2) The logical
model is a multiresolution hierarchical structure on physical
model, which establishes the index of data blocks, according
to the geometry feature of terrain. (3) It decreases the amount
of data loaded to memory while keeping the external storage
constant.
In this paper, we proposed a strategy of scheduling data,
which is based on logic model after the cluster analysis. It
decreases the time cost of searching the target data in external
storage, by clustering the data blocks whose static geometry
errors are similar. Meanwhile, we put forward the method
that sorts the data blocks in the cluster via space-filling curve
and presents encoding strategy on multiresolution terrain
model. It resolves two primary problems (1) One is to map
terrain data blocks in two-dimension structure into the form
of one dimension. (2) The other is to solve the problem of how
to intercept the data blocks in cluster for the multiresolution
model in a local area.

2. Related Work
As we all know, the effect of 3D modeling based on vectors
is usually good; however, there are a lot of problems such as

the process of large scale data and accelerative rendering. In
recent years, few scholars have achieved significant research
progress in the following aspects.
Level of details (LOD) is a classical simplification method
for multiresolution model. There are three categories of
algorithms for LOD, that is, triangulation algorithm based on
quadtree [11], simplified algorithm based on adaptive grids
[12], and progressive mesh algorithm [13].
Triangulation algorithm based on quadtree is to divide
one data block into four blocks according to a screen error
and viewpoint. Its advantage is that it built the hierarchy using
Quad-tree code, which is easy in solving the crack problem
of adjacent blocks on the common edges. The representative
method contains algorithm based on constrained Quad-tree
[14], simplified method based on implicit restricted quadtree
[15], and so on. The advantage of this kind of algorithm is that
it adopts the efficient strategy to refine layers from the top to
the bottom. However, a mass of information of each quadtree
node needs to be stored. Thus it consumes massive storage
resources.
The simplified algorithm based on adaptive regular grid
evaluates whether model data should be eliminated according
to model error and then determined to divide grid area
adaptively [12].
Progressive mesh algorithm adopts embedded grids to
remove crack between layers by setting “skirt” for different
multiresolution layers [13]. The literature [16, 17] takes advantage of geometry clipping to optimize algorithm that it creates
data buffer in order to accelerate real-time roaming of terrain
scene. Meanwhile, Sun et al. [18] described the technique to
compress the texture based on mipmap structure. Although
this kind of algorithm improves model precision, it needs
higher CPU consumption. So there are difficulties for general
3D vector model, when dealing with large scale data sets.
Cluster analysis is also a valid strategy of solving problems
in construction of multiresolution model. It is widely applied
in many areas. The literature [19, 20] described the method
of solving problems of computing coordinates mean by using
cluster analysis.
When rendering multiresolution terrain model, it is
necessary to deal with huge scale data. Jeong et al. [21]
proposed a new method to render the complex scene. It is
hard to imagine rendering such complex scene in early years.
However, with the development of graphic hardware, GPU
has become an important computing resource to deal with
huge scale data. The literature [22, 23] shows more details
using this new method.

3. Cluster Analysis Based on Similar Error
3.1. Cluster with Similar Error. Multiresolution hierarchy
based on features (FMRH) is a structure on the basis of physical model. According to the structure of FMRH proposed in
the literature [24], a mass of redundant data was eliminated
from the view of terrain features, so that the multiresolution
model could be stored in the minimum capacity of external
storage. However, the efficiency of scheduling the data in
external storage would not be improved even though the
amount of physical data decreased. In fact, the information
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simplified model. Thus, the static error in all data blocks of
min
max
to 𝛿metric
.
FMRH ranged from 𝛿metric

Bl1

Layer l

Bl+1
13
Layer l + 1

Layer l + 1
Bl+1
14
Layer l + 2

Bl+2
133
Layer l + 2

Figure 1: Multiresolution layer hierarchy of logical model in
external storage.

of level of data blocks is not inherence with its errors; that
is to say, the errors of data blocks in the same level may not
be similar. The error in current data block is only related
to its source data block or its sub-data block, because the
hierarchical structure proposed in our paper is based on a
realization of depth-first traversal. As shown in Figure 1, B𝑙1 ,
𝑙+2
and B𝑙+1
13 , B133 are the blocks on the same branch in FMRH,
and they satisfy the following relation:
𝑙+2
CovSE (B𝑙1 ) ≥ CovSE (B𝑙+1
13 ) ≥ CovSE (B133 ) .

(1)

𝑙+1
The error of nodes in the same layer such as B𝑙+1
13 and B14
𝑙+2
is uncorrelated, while the one of B𝑙+2
133 and B143 is possibly
great, so it cannot load data into memory as the unit of
layer. Hence, it is necessary to traverse the whole hierarchical
structure in external storage to load data. As a consequence,
selecting data blocks of multiresolution on different levels
increases the burden of rendering scene in real time.
A cluster algorithm, which satisfies spatial constraint and
maximum static error of closure based on FMRH, is raised in
this section. The main idea of this algorithm is to make cluster
partition for nodes which own similar errors in external
storage and propose the method of spatial index for each
cluster. According to this strategy, it achieves multiresolution
terrain data of the current scene rapidly for each frame,
every error threshold, position of viewpoint and visible area,
without traversing the entire FMRH structure of terrain.
According to the literature [24] and formula (1) in this
paper, the static spatial error threshold can be computed, and
a series of error thresholds will be gained by adjusting the
parameter 𝜌. The bigger the threshold, the smaller the amount
of extracted data and, the lower the resolution of model;
otherwise, the larger the amount of data, the higher the data
max
min
and 𝛿metric
be the maximum
resolution for memory. Let 𝛿metric
max
equals to
and minimum static spatial error threshold. 𝛿metric
min
max
𝛿metric when establishing the FMRH; namely, 𝜌 = 0.03. 𝛿metric
is the basic condition which reserves the profile feature of
terrain, so it adopts 𝜌 = 0.2 in the experiment. The threshold
min
aims at guaranteeing the required higher resolution
𝛿metric
max
data in memory by FMRH, while the goal of threshold 𝛿metric
is to provide the lower resolution data which maintains the
profile feature of terrain with the lowest requirement of the

1
2
𝑖
𝑖+1
𝑚
, 𝛿metric
, . . . , 𝛿metric
, 𝛿metric
, . . . , 𝛿metric
Definition 1. Let 𝛿metric
be the static error threshold, and satisfy the constraint:
min
1
2
𝑖
𝑖+1
𝑚
≤ 𝛿metric
≤ 𝛿metric
, . . . , 𝛿metric
≤ 𝛿metirc
, . . . , ≤ 𝛿metric
≤
𝛿metric
max
𝛿metric . Assume the set 𝐺 = {𝜉1 , 𝜉2 , . . . , 𝜉𝑚−1 } and each 𝜉𝑖 is in
the set of data block B𝑙index in different layers; then define 𝜉𝑖
𝑖−1
𝑖
as a cluster based on 𝛿metric
and 𝛿metric
(similar error cluster,
SEC), where it satisfies the following constraints:
𝑖
𝑖−1
≥ CovSE(B𝑙index ) ≥ 𝛿metric
, where 𝑙 can be the
(1) 𝛿metric
index of every spatial layer in the structure of FMRH,

(2) ⋃B𝑙 𝜖𝜉𝑖 B𝑙index = Ω, where Ω denotes an entire closed
index
terrain space.
3.2. Cluster Algorithm Based on FMRH. A cluster instance
is described as Figure 2, and Figure 2(a) is a cluster, which
satisfies the constraints in Definition 1 as well. The data blocks
marked within a transparent rectangle build the terrain area
in Figure 2(b). These data blocks distribute on four levels in
FMRH and satisfy the uniform error threshold. These data
blocks obviously construct a closed space area which is to be
proved in Section 3.3.
According to algorithm of construction of FMRH [24], it
records the static error of closure of each data block in FMRH
when constructing the FMRH model. Hence, the work is to
traverse the structure of FMRH and put data blocks which
own similar static error into the proper clusters, according to
their static error. In order to satisfy the second constraint in
Definition 1, traversing the structure of FMRH by depth-first
strategy is better. More details of the cluster algorithm based
on FMRH are shown as follows (Algorithm 1).
According to Algorithm 1, the data block in the same
interval is aggregated into one cluster, while these different
resolution data blocks distribute in different layers, and their
union covers the terrain space of FMRH.
3.3. Proof of Cluster Space Closeness Proposition. The majority
of data block with different resolution on the same branch
distributes into different clusters by depth-first traverse, and
the static error satisfies formula (1) on a branch from the top
to the bottom in FMRH. The special case is that the error
of data blocks, which are partly adjacent or distributed in
closed layers, are similar on the same branch, so that they
locate in the same error threshold interval. As you can see
in Figure 3, three branches are marked by black dotted lines.
Assume that there is small difference between CovSE(B113 )
and CovSE(B2134 ); B113 and B2134 are probably classified into
one cluster, only through error threshold which data block
belongs to. But it goes against the second constraint in
Definition 1; in fact there is an overlapped partition in space
between B113 and B2134 .
In order to solve this problem, the current Block is not
classified as cluster 𝜉𝑖 , if there is ancestor data block in the
current cluster 𝜉𝑖 , in Algorithm 1. Thus, there is no overlapped
area in the covered place of different data blocks for each
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Input: The structure in external storage of FMRH.
Output: The set of cluster 𝐺 = {𝜉1 , 𝜉2 , . . . , 𝜉𝑚−1 }.
Description: This algorithm generates the set of cluster
by traversing the structure of FMRH with depth-first order,
according to the relationship of static error and threshold.
(1) Initialization:
(1.1) According to Definition 1, set
1
2
𝑖
𝑖+1
, 𝛿metric
, . . . , 𝛿metric
, 𝛿metric
, . . .,
𝛿metric
𝑚
and make
𝛿metric
min
1
2
𝑖
≤ 𝛿metric
≤ 𝛿metric
, . . . , 𝛿metric
≤
𝛿metric
𝑖+1
𝑚
max
𝛿metric , . . . , ≤ 𝛿metric ≤ 𝛿metric .
(1.2) Clear the clusters 𝜉1 , 𝜉2 , . . . , 𝜉𝑚−1 in aggregation 𝐺.
(2) Recall the function of Traverse FMRH (FMRH, B01 , 0).
(3) Generate the index file of clusters, and save the index of data block for each cluster.
(4) The end.
Traverse FMRH (FMRH, current Block, level S)
Function Description: Load static error of data blocks in
FMRH, and decide which cluster it belongs to.
Parameter Description: FMRH is a multi-resolution
level of structure based on features. The parameter
current Block is the current data block. The parameter
level S is the index of current data block in the level.
(1) Load the static error of current Block from FMRH as current Block.CovSE.
(2) Decide which cluster current Block belongs to:
(2.1) Construct 𝑚 − 1 intervals according to 𝑚 error
1
2
𝑖
𝑖+1
𝑚
, 𝛿metric
, . . . , 𝛿metric
, 𝛿metric
. , . . . , 𝛿metric
thresholds 𝛿metric
(2.2) Each threshold interval corresponds a cluster from 𝑖 = 1 to 𝑚 − 1:
(2.2.1) Decide the size of current Block.CovSE, if it meet two constraints:
𝑖
𝑖+1
≤ current Block.CovSE ≤ 𝛿metric
;
A 𝛿metric
B add data block current Block into the cluster 𝜉𝑖 ,
if there is no ancestor data block of current Block
including in the cluster 𝜉𝑖 .
(2.2.2) When current Block.leaf is false, then, get four data
blocks sub Block𝑗 in the next level
from current Block in FMRH, and recall the function of
DeepTraverse FMRH(FMRH, sub Block𝑗 , level S + 1).
(3) The end.
Algorithm 1: The cluster algorithm based on FMRH.

B11

B12

(a)

B13

B12

B13

B11

B14

B14

(b)

Figure 2: A cluster instance based on similar static error. (a) Structure of FMRH (transparent boxes denote data blocks which are gathered
as the same cluster of the one corresponding to (b)). (b) The space closed terrain area of cluster corresponding to (a).
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Figure 3: Analysis of problems about depth-first traversing FMRH.

cluster, and the union of all data blocks constructs the
completed closed terrain. The following proof attempted to
demonstrate the inevitability in theory.
Theorem 2. Let 𝐺 = {𝜉1 , 𝜉2 , . . . , 𝜉𝑚−1 } be the set of cluster

generated by Algorithm 1; then for any 𝜉𝑖 , ⋃𝐵𝑙 ∈𝛿 𝐵𝑥𝑙 = Ω is
𝑖
𝑥
held, where Ω denotes a completed terrain closed in the space.
Proof. Use induction method to prove the theorem. Let 𝑙 be
the maximum spatial layer in FMRH.
When 𝑙 = 0, there is only one spatial layer in FMRH0 .
According to Definition 1, 𝑆0 = {B01 } is consisting of single
data block, so that the space is obviously closed.
Assume the theorem holds for any 𝜉𝑖 , 𝑙 ≤ 𝑘 and

⋃B𝑙 𝜖𝜉 B𝑙𝑥 = Ω, when 𝑙 = 𝑘. So that for FMRH𝑘+1 a layer
𝑥 𝑖
of data block is increased (denoted as Path A) on branch of
each FMRH𝑘 or remaining the branch (denoted as Path B),
when 𝑙 = 𝑘 + 1. In the case of Path B, since there is no change
on branch, all clusters, generated on the basis of FMRH𝑘 ,
have already been closed in the space, when 𝑙 = 𝑘. As a
consequence, the closeness proposition holds. The remaining
work is to prove spatial closeness proposition for the branch
of Path A in cluster.
Without loss of generality, we chose any branch on Path
A (shown as Figure 3) for any cluster 𝜉𝑖 . According to the
method of depth-first traversal in Algorithm 1, for the branch
on Path A from the top to the bottom, the current data block

B𝑙𝑥 , where 1 ≤ 𝑘 + 1, shown in Figure 3, is divided into two

categories. If the ancestor data block of B𝑙𝑥 is included in 𝜉𝑖 , it
will no longer be in 𝜉𝑖 , before traversing the 𝑘+1 layer. On the

contrary, B𝑙𝑥 and its three brother data blocks are listed into
𝜉𝑖 , conducted by recursive traversal for four sub-data blocks
in step 2.2.2. For the former situation, keep 𝜉𝑖 constant; thus

the closeness proposition is held. B𝑙𝑥 and its three brother data
blocks are overlapped with their father data blocks, so that the
latter one still keeps the closeness proposition hold. This ends
the proof of Theorem 2.

4. Index of Levels of Data Blocks in Cluster
The union of entire data blocks in each cluster composites a
closed space of terrain through our algorithm. When loading

data, a proper cluster is obtained accurately as long the scope
of error threshold as is ascertained. Therefore, it realizes
multiresolution data loading with no redundancy, which does
not need to search and judge further. However, one frame
roamed in a scene just requires a small part of data to load in
memory. Thus, the work of encoding and sorting data blocks
in each cluster by characteristics of space is necessary in order
to establish the relationship of multiresolution model of level
and data blocks in cluster. It realizes the index of local data
blocks rapidly as well.
As a matter of fact, the reconstruction of large scale
grid data is applied widely in terrain visualization, volume
rending, and matrix operation, and its advantage is that it
verifies data access locally. The best strategy of linearization
of multidimensional data is using the technique of spacefilling curves. The reconstructed data can be intercepted as
the rule of filling, according to the requirements, while the
closeness proposition in space is still held. This characteristic
is corresponded to the goal of indexing the feature cluster
and takes advantage of the local proposition of space-filling
curves. It can also realize the interception of data in any scope.
4.1. Strategy of Hilbert Space-Filling Curves. This paper
focuses on the space-filling curves of two-dimension, because
the data of elevation can be mapped into the a tow-dimension
space. The characters of these curves are listed as follows.
(1) They not only verify to traverse every data block in the
space, but the data blocks are adjacent in local area of filling
curves. (2) It is easy to form the triangle strips rendering real
time, and the public vertices can be used more than once. It
takes advantage of the modern graphic hardware resource.
These papers adopted Hilbert curves to guide the process of
index coding for data blocks in cluster, so that it improves the
efficiency of data loading of terrain.
The basic approach of generating Hilbert curves, formed
with the process of subdividing the current square to four
small ones and connecting the center of these squares, is
recursion. The literature [5] proposes a serial of indexes for
Hilbert curve along different coordinate’s axes. However, the
Hilbert curve cannot be put into use directly, because data
blocks in each cluster are presented with multiresolution.
It is necessary to consider the level information of
data blocks, in order to apply it to Hilbert curve in the
multiresolution model. The train of thought is as follows. First
of all, ascertain the filling order of children data blocks where
its number is less than or equal to four, which is determined
by their father data blocks, by using the level information
of data block in cluster. The data block traversed forms a
multiresolution filling curve in a certain arrangement from
the top to the bottom, by executing the process of above
judgments. The details are stated as follows.
(1) Divide the data block into four types in cluster 𝜉𝑖 as
type I, II, III, and IV. This division plays two roles in
classifying the data blocks. On one hand, it can make
sure the sequence in space-filling curve of the subdata block is of current data block. On the other hand,
it takes advantage of self-similarity of Hilbert curve to
summarize rules of production. Therefore, the type of
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sub data block is ascertained, and it can be used for
recognizing where the position of data block of next
layer in the curve is.
(2) Sort sub-data blocks, according to the current type of
data block. For type I, sort sub-data blocks as mark 0
to 3. For type II, sort sub-data blocks as mark 0 to 3.
For type III, sort sub-data blocks as mark 0 to 3. For
type IV, sort sub-data blocks as mark 0 to 3.
(3) Let the type of current data block be 𝑇𝐵 , and the type
of its child’s data block is probably 𝑇0 , 𝑇1 , 𝑇2 , or 𝑇3 . In
order to make sure of the type of its child’s data block,
the following rules of production are proposed.

Rule 1. If 𝑇𝑁 = I then 𝑇0 = III, 𝑇1 = I, 𝑇2 = I, and 𝑇3 = IV.
Rule 2. If 𝑇𝑁 = II then 𝑇0 = IV, 𝑇1 = II, 𝑇2 = II, and 𝑇3 = III.
Rule 3. If 𝑇𝑁 = III then 𝑇0 = I, 𝑇1 = III, 𝑇2 = III, and 𝑇3 = II.
Rule 4. If 𝑇𝑁 = IV then 𝑇0 = II, 𝑇1 = IV, 𝑇2 = IV, I, and
𝑇3 = I.
4.2. Algorithm of Generating Multiresolution Model Using
Hilbert Space-Filling Curve. The necessary condition that
each cluster can be sorted through space-filling curve is
proved as follows. Due to Definition 1 and Theorem 2, there
is only one data block on the same branch in the same cluster,
and the set of all data blocks in a cluster composites a closed
space area. Thus, cluster is a set with no intersections and
spatial closeness data blocks. An instance of cluster is shown
as follows.
By traversing data blocks in cluster from layer 𝑙, top layer
in cluster, to layer 𝑙 , the lowest layer in cluster, it forms spacefilling curves. Data blocks are sorted in cluster, because each
cluster is produced by the manner of depth-first recursion.
The principle is that it backtracks to the original data blocks
when a branch traverses all of the data blocks in current
cluster, and then executes the depth-first recursive operation
of their brother data blocks. As a result, adjacent data blocks
selected in cluster are the nearest ones in FMRH space. As
shown in Algorithm 2, taking an example for a cluster, more
details of generating space-filling curves are described.
An instance of coding cluster is as follows. Taking the
area of left bottom corner as an example, it contains 11 data
blocks B111 , B2111 , B2112 , B31131 , B31132 , B31133 , B31134 , B31141 , B31142 ,
B31143 , and B31144 . Checking the first and the last data blocks
of the original cluster, their types can be deduced, supposing
the type of the top layer 𝑙 is type III. Therefore, the type of
data block B111 is type I, according to rule 3 in Algorithm 2.
As sorting its sub-data block by type I, B2111 , B2112 , B2113 , B2114 ,
B2111 , and B2112 are coded directly as 0 and 1, because they are
data blocks in cluster. As for B2113 and B2114 , the algorithm
examines their sub-data blocks furthermore because they are
not in the cluster. The types of B2113 and B2114 are type I and
type IV, respectively, because of the type of B111 is type I.
The sub-data blocks B31131 , B31132 , B31133 , and B31134 of B2113
are not changed after sorting because the type is type I. In the

same way, the sub-data blocks B31141 , B31142 , B31143 , and B31144 of
B2114 have been changed after sorting as B31143 , B31142 , B31141 , and
B31144 ; therefore, the codes for them are B31143 → 6, B31142 →
7, B31141 → 8, and B31144 → 9. As a result, the filling curve in
area of the left bottom corner consists of B111 , B2111 , B2112 , B31131 ,
B31132 , B31133 , B31134 , B31143 , B31142 , B31141 , and B31144 .
4.3. Update Model with Large Scale Data Sets. The out-of-core
management framework allow the update of original data sets
and expansion of new data sets. The steps of updating the
physical model are as follows.
(1) Dividing new data source as square physical data
block on the basis of the form of 𝑛 × (2𝑚 + 1) × (2𝑚 +
1). For the irregular shape data source, the manner
of mending boundaries is adopted to form many
physical data block files. Then arranging physical file
blocks, it remains the original irregular size of terrain,
which satisfies the condition of (2𝑚 + 1) × (2𝑚 + 1) for
each file size.
(2) Storing a physical block used head file and data body
file. Replacing the old data file with new data file, if it
is the one to be updated, and then modifying the head
file; otherwise, adding new head file and body file into
physical model. For each physical block, establishing
the corresponding logical model, and adding cluster
analysis. The steps of updating logical model are as
follows.
(1) Construct the structure of FMRH.
(2) Get the set of cluster 𝐺, and make cluster
analysis for FMRH.
(3) Establish the adjacent cluster set 𝐺 for each
couple of neighboring physical file blocks.

5. Multiresolution Data Schedule
The majority of data schedule methods is view-dependent,
which computes the error of simplified model at the same
time to schedule data, so that it realizes loading multiresolution model, in order to decrease amount of loaded data
in memory. The efficiency of the operation for I/O is low,
because the burden of schedule program is too heavy. The
multiresolution model is established directly with calculation, as long as it is achieving the error threshold of model,
because the schedule program is based on multiresolution
logical model and data block cluster proposed previously.
Figure 4 describes the framework of data schedule based
on the above thinking. The majority of works has been
completed already in Sections 3 to 4. The questions still need
to be solved are as follows.
(1) Establishing the relationship between screen error of
view-dependent model and the static error of closure,
so that it ascertains the error threshold of loaded
data in memory, according to the requirements for
memory, and determines to which cluster the data
source belongs.
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Input: Cluster 𝜉.
Output: Space-filling curve (code arrangement of data block) CodeString.
Description: This algorithm generates the space-filling curve
which contains all data blocks in cluster 𝜉, by judging
the type and position of data blocks in cluster 𝜉.
(1) Initialization:
(1.1) Define the top layer 𝑙 and bottom layer 𝑙 in cluster 𝜉.
(1.2) Extract the first and the last data block from cluster 𝜉.
According to this, decide the type 𝑇 of data block B𝑙 in layer 𝑙.
(1.3) Clear CodeString.
(2) Recall the function DeepTraverse Cluster (B𝑙 , 𝑇, 𝑙).
(3) Modify the index file of cluster, and save the new index code
of data blocks in cluster.
(4) The end
DeepTraverse Cluster (currentBlock, Type, 𝑙)
Function description: As Hilbert space filling curve,
generate code of data block in cluster.
Parameter description: currentBlock is the current data block,
Type is the type of current data block, 𝑙 is
the layer of current data block.
(1) Get the four data blocks B1 , B2 , B3 , and B4 of currentBlock.
(2) Sort B1 , B2 , B3 , and B4 , as the type of Type
(shown in Figures 4(a)–4(d)).
(3) Judge the data block is whether in cluster 𝜉:
(3.1) If B𝑖 is a data block in cluster 𝜉, then encode B𝑖
by the order after sorting, and add it into
CodeString, where 𝑖 = 0, 1, 2, and 3.
(3.2) If B𝑖 is not a data block in cluster 𝜉, then ascertain
the type of B𝑖 by using rules, and make the recursion
furthermore, where 𝑖 = 0, 1, 2, and 3.
(3.2.1) If Type is I, then the types of B1 , B2 , B3 ,
and B4 are Type III, Type I, Type I, and Type IV.
(3.2.2) If Type is II, then the types of B1 , B2 , B3 ,
and B4 are Type IV, Type II, Type II, and Type III.
(3.2.3) If Type is III, then the types of B1 , B2 , B3 , and
B4 are Type I, Type III, Type III, and Type II.
(3.2.4) If Type is IV, then the types of B1 , B2 , B3 , and
B4 are Type II, Type IV, Type IV, and Type I.
(3.2.5) According to the new order, judge data
blocks on next layer
For 𝑖 = 1 to 4:
If 𝑙 + 1 ≤ 𝑙 , then recall
DeepTraverse Cluster (B𝑖 , Type B𝑖 , 𝑙+ 1),
where Type B𝑖 denotes the new type of data block B𝑖 .
(4) The end of function.
Algorithm 2: The algorithm of generating multi-resolution model of Hilbert space-filling curve.

(2) Locating and gaining the real data block according to
the index of cluster in physical model.
5.1. Searching Strategy of Target Cluster. The view-dependent
simplification technology is that it selects the proper multiresolution terrain model according to the position and
direction of viewpoint. Finer layer is used for terrain near
the viewpoint, and coarser layer for the area is abundant to
the viewpoint. We adopt the static error of closure to realize
the multi-resolution model in external storage, because there
is no information of viewpoint, when organizing the data in

external storage. In the schedule program, determining the
needed physical data block in practice, which takes advantage
of static error, should be calculated according to the error
of screen to select the proper index of cluster. The relation
between the screen error of view-dependent model and the
static error of closure is set up in this section. Let 𝜏 be the
dynamic error threshold of viewpoint model, and let 𝜀 be the
static error threshold. The relation is stated below:
𝜀=

𝜏
⋅𝑃 .
𝜆 min

(2)
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Figure 4: Framework of data schedule in external storage.
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Figure 5: Five types of position relation of index of multifile data block.

Let 𝜆 be the number of pixels of screen in a unit distance,
and let 𝑃min be the nearest distance from the viewpoint to
screen. Applying formula (2), set the value of 𝜏, such as 0.5,
1, 1.5, or 2, which are the values of pixel. So the required
static error threshold 𝜀 of current multiresolution scene can
be obtained. Then the index of cluster is ascertained based
on the size relation between the cluster static error threshold
preestablished in advance and that in 𝜀. Assume that the
arrangement of static error threshold in cluster which is
min
1
2
𝑖
𝑖+1
𝑚
≤ 𝛿metric
≤ 𝛿metric
, . . . , 𝛿metric
≤ 𝛿metric
, . . . , ≤ 𝛿metric
≤
𝛿metric
max
𝑖
𝑖+1
𝛿metric is in the interval between 𝛿metric and 𝛿metric , so that the
multiresolution data block recorded by cluster 𝜉𝑖 loads into
memory.
5.2. Data Prefetching and Strategy of Incremental Data Schedule. For data prefetching operation, double-threads pattern
is adopted, in order to render the terrain system in real time
and guarantee roaming the scene coherently. Incremental
data schedule is used to decrease the amount of data loaded
in memory, by taking advantage of the correlation of different
frames in space and time. The main thread is used to render
foreground scene, and the other one realizes preschedule of
data blocks stored in external storage.
As for single file, apply the index of cluster in Section 5.1
to ascertain the selected cluster 𝜉𝑖 . Determine the code of the
beginning and the end data block in cluster 𝜉𝑖 , according to
the required position and size of data in the current scene. For
example, assuming that the codes of the beginning and the
end block are 10 and 24, this part of multiresolution data clips
the required data and loads into memory, through searching

the related file of physical data block from the structure of
FMRH.
The aim is to locate data blocks in which files for the
multifile data schedule operation. It is easy to determine the
required data blocks, by traversing latitude and longitude of
physical data blocks contained in it and position relation of
current scene according to the index of head file of each data
source. There are only five kinds of position relation as shown
in Figure 5, because data blocks are classified by rules. So a
set of cluster corresponds with each physical data block. The
method in Section 5.1 selects the proper cluster 𝜉𝑖 for each
physical data block in the set of cluster and implements the
same process for each 𝜉𝑖 as single file. In addition, it is very
important to match them using the adjacent cluster of the
boundary of two files. Finally, we prepare the gotten data by
the file mapping technology in data buffer.
Most operation of data schedule is for single file; the
amount of data for one frame in roaming scene is not large.
The maximum number of files is four, when it satisfies the
condition of multifile (illustrated in Figure 5), so that it
creates four file mappings at most. This question can be solved
using file mapping API supported by VC. Another simple
method, which can improve the efficiency of data schedule
and decrease the amount of loaded data, is using incremental
data schedule. A method which is similar to the literature
[25] is adopted, which forms the supplication data block of
strip shape on the direction of which viewpoint changes and
puts them into a data buffer, in order to support data for
next frame. The difference in our method against the above
method is based on multiresolution data strips of the FMRH
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Input: The dynamic error of view-dependent 𝜏,
data scale of current data of scene 𝑚, data
position: longitude LONG, latitude LAT.
Output: Pre-fetch data set 𝐷, and load file mapping buffer.
Description of function: Locate physical data block, and
load data buffer in memory through the threshold of screen
error and the position of scene, as the requirement of
the amount of data in memory.
(1) Initialization: Clear data set 𝐷.
(2) Traverse the head file of data source (physical model),
and determine which data block belongs to it
according to (LONG, LAT), meanwhile, record the number of involved files.
(3) For each file from 𝑛 = 1 to fileN, do the process as follows:
//If it is a single file, then execute once,
otherwise, execute more than once
(3.1) According to 𝜏 and Formula (2), compute the error
threshold 𝜀 needed by current scene.
(3.2) Get cluster 𝐺, and let the arrangement of static error
min
1
2
𝑖
𝑖+1
≤ 𝛿metric
≤ 𝛿metric
, . . . , 𝛿metric
≤ 𝛿metric
, . . .,
thresholds of 𝐺 be: 𝛿metric
𝑚
max
≤ 𝛿metric
, determine which interval belongs to,
≤ 𝛿metric
and define the cluster which meets the requirements as 𝜉𝑖𝑛 .
(3.3) If 𝑛 is less than fileN, then go to step 3.
(4) According to the moving direction of viewpoint, update the
value of LONG and LAT, and establish fileN file mapping buffers.
(5) If fileN is 1, then determine the initial position of 𝜉𝑖1
(according to LONG, LAT), and intercept data block 𝐷 .
(6) If fileN is greater than 1, then determine the position
of cluster 𝜉𝑖𝑛 , and let 𝑛 be 1, 2, . . ., and fileN:
(6.1) Judge the relation of the file of two adjacent data block
(as Figures 5(b), 5(c), and 5(e));
(6.2) Distribute data blocks in 𝜉𝑖𝑛 , and form 𝐷 .
According to the position relation Z-shape filling adjacent
data block cluster after that.
(7) If the intersection of 𝐷 and the existed data in data
buffer is empty, then load 𝐷 , otherwise load 𝐷 − 𝐷old ∩ 𝐷 ,
namely load data incrementally.
(8) The end.
Algorithm 3: The algorithm of data prefetching and incremental data schedule.

structure. But the method supposed by the literature [25] is
based on the nested strip-shaped data structure. Specifically,
each strip is the same resolution data block with no relation to
terrain features. So the amount of loaded data is much more
than the incremental data schedule. More details on data
prefetching and the strategy of incremental data schedule are
described in Algorithm 3.

6. Results and Discussion
We have researched on ten data sources and analyzed results
in our experiment, in order to verify the model based on huge
dataset in external storage and the validity of scheduling.
These data sources contain GTOPO30 global elevation data,
the elevation data of Jilin province, Zhujiang, and Tian-chi
(crater) lake of the Changbai Mountains in China, Colorado
Grand Canyon, Mount Rainier, Crater Lake, Puget Sound,
Seattle, and Yakima in America. The sum amount of elevation
data is about 8,111,735,217 Byte ≈ 7.554 G, and the one of

texture is 21.37 G. We used a PC with a 3.0 GHz Pentium
4 CPU, 1 GB system memory, and a Geforce 5900fx graphic
card. We also used VC++ as the IDE for software developing.
We have experimented with the amount of loaded data
in memory and schedule time for 10 datasets by setting error
threshold 𝜏 1 and 2.5, respectively. The resolution of screen is
1024 × 768, where the clipped window size of GTOPO30 and
Zhujiang is 129×129, the one of Jilin province, Tian-chi crater,
Colorado Grand Canyon, Puget Sound, and Mount Rainier is
257 × 257, and the one of Seattle, Yakima, and Crater Lake is
513 × 513.
Table 1 describes the result of the time and the amount of
loaded data, when screen error is 0.5 pixels. There are four
situations. The first one is loading data from physical block
model directly. Without loss of generality, levels of detail are
adopted as well, which is similar to pyramid model, but the
data is the same resolution loaded in the same time. The
second one is loading multiresolution data block through
the FMRH structure in our logic model. The third one is
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Table 1: Time and amount of data load when screen error is 1 pixel.
Using physical model directly Using logic structure FMRH
Schedule
Schedule
Loaded triangles
Loaded triangles
time (s)
time (s)

Data source
GTOPO30
Jilin province
Zhujiang
Tian-chi
Colorado Grand Canyon
Seattle
Yakima
Crater Lake
Puget Sound
Mount Rainier

29,491
115,343
29,164
120,586
125,829
477,102
466,616
498,074
121,897
125,829

0.18
0.52
0.20
0.56
0.55
2.20
2.10
2.03
0.70
0.69

22,938
89,129
21,955
95,683
98,304
367,002
356,516
398,459
98,304
95,683

Schedule time using
cluster analysis (s)

0.15
0.48
0.13
0.51
0.53
1.90
1.87
1.96
0.54
0.53

Schedule time using
space-filling curve (s)

0.08
0.26
0.06
0.24
0.23
0.98
0.90
0.94
0.29
0.26

0.06
0.20
0.03
0.12
0.11
0.70
0.69
0.70
0.18
0.15

Table 2: Experiment result of the quantity of data load in different frames when screen error is 2.5 pixels.
Data source

1st frame
Loaded
Schedule
triangles
time (s)

GTOPO30
Jilin province
Zhujiang
Tian-chi
Colorado Grand Canyon
Seattle
Yakima
Crater Lake
Puget Sound
Mount Rainier

19,661
76,022
18,678
85,289
83,886
319,816
325,059
309,330
85,197
83,886

0.04
0.16
0.02
0.10
0.09
0.65
0.60
0.61
0.15
0.12

10th frame
Loaded
Schedule
triangles
time (s)
1,967
4,842
2,241
5,063
5,381
10,231
10,565
10,967
4,568
4,922

loading data block by using the hierarchical cluster to index
FMRH structure. The fourth one is loading data block by
using cluster to index FMRH structure, with encoding and
arranging nodes in cluster through space-filling curve.
Three results can be obtained from Table 1. On one hand,
compared with using physical files, the data quantity in
memory and the time of data schedule are reduced apparently
after using the logic structure of FMRH. On the other hand,
data quantity loaded in memory is invariant; however, the
time of data schedule is shortened obviously, after using the
data schedule of cluster analysis. In addition, it is significant
to use space-filling curve on the base of cluster analysis, so
that the time of data schedule is further shortened. The main
reason for this result is that the physical model has been
simplified according to the ups and downs of terrain by the
structure FMRH. So a mass of redundant data is eliminated
before loading in memory. It ensures loading small scale of
multiresolution data into memory each time, so that the time
of data schedule is decreased. Another reason for this result
is that the cluster analysis is taken for data block of similar
errors to the structure of FMRH when establishing the logic

0.010
0.050
0.010
0.070
0.030
0.400
0.360
0.390
0.069
0.060

100th frame
Loaded
Schedule
triangles
time (s)
1,804
4,947
2,306
49,040
5,412
10,059
10,884
10,932
4,623
4,867

0.009
0.052
0.015
0.067
0.035
0.390
0.370
0.390
0.069
0.053

1034th frame
Loaded
Schedule
triangles
time (s)
1,924
4,859
2,598
5,813
5,569
10,952
10,237
11,098
4,754
4,733

0.010
0.050
0.015
0.720
0.035
0.420
0.340
0.410
0.070
0.051

model. Locating the suitable cluster for data block, when data
schedule is preceded, shortens the time of searching data
block and realizes the high efficient data schedule. Finally,
it is an efficient way which is proper to file mapping, taking
advantage of space-filling curve to code and arrange data
blocks in cluster. Meanwhile, owing to space-filling curve is
local, the method can retrieve the local data blocks rapidly.
With the threshold of screen error increased, the quantity
of data loaded in memory and schedule time decreases
obviously. Data in Table 1 is the result of loading in memory
at the first time, but in fact the incremental data schedule
technology is adopted when it roams the scene. As a result,
with the rate of frame increased, the time of data schedule
and I/O response is decreased furthermore. With screen error
threshold 2.5, data quantity loaded in different frames is
shown in Table 2. Data quantity in first frame and the time of
loading data are large, and the ones in 10th, 100th, and 1034th
frame tend to be stable. Compared to the first frame, data
quantity in other frames in memory is decreased obviously,
and the efficiency of data schedule is increased significantly,
because it adopts incremental data schedule.
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7. Conclusions
This paper proposed the strategy of rapid data schedule based
on cluster analysis, which improves the efficiency of I/O
operation. It is very significant to expand terrain modeling
method for large scale data in application of real engineering.
More details follow.
Firstly, the cluster analysis method based on FMRH is
proposed to solve the linearization problem of multiresolution terrain model. In details, each cluster satisfies two
constraints. One is that data blocks owned similar error are
classified into one cluster; the other is that the multiresolution
data blocks in cluster covered the whole closed terrain
spatial zone. Because data needs to satisfy some screen error
threshold when it loads into memory, the first constraint
conforms to the data requirement of simplified model in
memory. The second constraint verifies loading data in each
cluster as a unit, so that the situation of data block loss does
not appear.
Moreover, the proposed strategy sorts each cluster
through space-filling curve and encodes it. Because the
nodes within the cluster are closed in space and obtained
through the depth-first traversal. Small adjustments and local
updating on the clustering can be mapped to form a onedimensional sequence of contiguous spatial data blocks. The
advantage of those strategies is that there is no need traversing
the whole data set.
Finally, our strategy solves the problem of file-block
splicing and adopts incremental data scheduling strategy to
further reduce the amount of data loaded into memory when
roaming the scene. As a result, our method improved the
scheduling efficiency, which is important in real engineering.
In our future work, the theory and idea about scheduling [26],
planning [27], and phase transitions [28] will be introduced
to improve the efficiency of terrain modeling further.
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We present a novel solver for solving Quantified Boolean Formulae problem (QBF). In order to improve the performance, we
introduce some reasoning rules into the message passing algorithm for solving QBF. When preprocessing the formulae, the solver
incorporates the equality reduction and the hyperbinary resolution. Further, the solver employs the message passing method to
obtain more information when selecting branches. By using the unit propagation, conflict driven learning, and satisfiability directed
implication and learning, the solver handles the branches. The experimental results also show that the solver can solve QBF problem
efficiently.

1. Introduction
Quantified Boolean Formulae can be seen as an extension of the well-known canonical NP-complete problem of
Propositional Satisfiability (SAT) with existential or universal
quantifiers to every variable in the propositional formulae.
Given a Quantified Boolean Formula, the question of deciding the satisfiability of the formula is called a Quantified
Boolean Satisfiability problem (QBF). QBF is an important
issue in artificial intelligence because it is the prototypical
PSPACE-complete problem. Many practical problems can be
transformed into QBF, for example, conformant planning [1],
verification [2], nonmonotonic reasoning [3], and reasoning
about knowledge [4].
Now most researchers make great efforts on designing
excellent QBF solvers in order to increase the efficiency for
solving QBF problem. WalkQSAT is the first incomplete
QBF solver using stochastic local search methods, and it
applies a SAT solver—walksat for selecting the next branch
[5]. WATCHEDCSBJ features watched data structure [6].
QuBE is an adaptation of the classic DPLL (Davis, Putnam,
Logemann, and Loveland) backtracking search algorithm.
Moreover, it adopts watched data structure and learning [7].
QSAT employs the maximum occurrences in minimum sized
clauses (MOMS) heuristic [8]. Quaffle extends variable state
independent decaying sum (VSIDS) heuristic and conflict
driven learning [9].

In this paper, we propose a novel QBF solver based on
a DPLL algorithm, called EHSPQBF. The system combines
many advanced techniques together. In preprocessing, we
adopt the equality reduction and the hyperbinary resolution
to simplify the formulae. In choosing branches process, we
employ a message passing method—survey propagation. By
giving exact information, the approach selects branches more
exactly, which can decrease the search space and improve the
backtracking time. In branched treatment process, we utilize
conflict reasoning, conflict driven learning, and satisfiability
directed implication and learning to help pruning the search
space. Owing to these outstanding techniques, the ability of
solving QBF problems has greatly improved.

2. Quantified Boolean Formulae
We begin this section by presenting some notions in this
paper. A literal is either a Boolean variable V or its negation ¬V.
If a literal is 𝑙, the negation of the literal is ¬𝑙. A clause is a disjunction of literals which does not contain a complementary
pair V and ¬V simultaneously. A propositional logic formula
in Conjunction Normal Form (CNF) is a conjunction of
clauses. A Quantified Boolean Formula (QBF) has the form
𝑄1 𝑥1 ⋅ ⋅ ⋅ 𝑄𝑛 𝑥𝑛 𝐸 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) ,

(1)
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where 𝐸(𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) is a propositional logic formula in
CNF involving Boolean variables 𝑥1 , 𝑥2 , . . . , 𝑥𝑛 , and every
𝑄𝑖 (1 ≤ 𝑖 ≤ 𝑛) is either an existential quantifier ∃
or a universal quantifier ∀. A variable is existential if the
restriction quantifier of the variable is ∃, and universal
otherwise. Any Boolean variable V can take a value true or
false. A truth assignment for a propositional logic formula
is a map that assigns each variable a value. The satisfying
assignment, called model, is the truth assignment that makes
the propositional logic formula evaluated to true. The partial
variable assignment is a map that assigns some variables
values. We say a formula composed of zero clause is an empty
formula, denoted by 𝐸 = ⌀, which is interpreted as true. An
empty clause is a clause containing zero literal, which means
that the clause is false.
The Quantified Boolean Formulae Satisfiability problem
is to decide whether a Quantified Boolean Formula is satisfiable. For example, given a QBF ∀𝑥1 ∃𝑥2 ((𝑥1 ∨ 𝑥2 ) ∧ (¬𝑥1 ∨
¬𝑥2 )), the QBF is satisfiable if and only if for each truth
assignment to 𝑥1 there exists a truth assignment to 𝑥2 . In the
rest of the paper, we will use QBF to denote the formulae and
the satisfiability problems.
For a QBF of the form (1), because ∃𝑥1 ∃𝑥2 𝐸(𝑥1 , 𝑥2 ) ≡
∃𝑥2 ∃𝑥1 𝐸(𝑥1 , 𝑥2 ) and ∀𝑥1 ∀𝑥2 𝐸(𝑥1 , 𝑥2 ) ≡ ∀𝑥2 ∀𝑥1 𝐸(𝑥1 , 𝑥2 ),
we can group in the same set all consecutive variables having
the same quantifier. Therefore, equality (1) can be rewritten
into the following form:
𝑄1 𝑋1 ⋅ ⋅ ⋅ 𝑄𝑘 𝑋𝑘 𝐸 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 )

(1 ≤ 𝑘 ≤ 𝑛) ,

(2)

where 𝑋𝑖 (1 ≤ 𝑖 ≤ 𝑘) is a set of propositional variables and all
such sets are mutual disjoint. In such a format, each quantifier
is applied to a set of variables rather than to a single Boolean
variable. Moreover, the sequence of quantifiers alternates;
an existential quantifier follows a universal quantifier and
vice versa. With the quantifier restricted, each variable has
a quantification level, which increases from the outermost
quantification set to the innermost quantification set; that is,
the variables belonging to the outermost quantification set
have quantification level 1 and so forth.

3. The Relationship between SAT and QBF
The SAT problem is a typical NP-complete problem, which
has a close relationship with QBF problem. More specifically,
SAT can be regarded as an especial form of QBF with only
existing existential quantifier, and QBF can be regarded as an
extended form of SAT with additional prefixes. In addition,
they are both prototypical problems for complexity classes.
SAT is an NP-complete problem while QBF is a PSPACEcomplete problem, which is inherently more difficult than
SAT. In the following, we will discuss the similarities and
dissimilarities between QBF and SAT.
Orders of Disposing Variables. When dealing with SAT, we
can select variables in a random order. While dealing with
QBF, we must select variables in a sequence of quantifier level
that is, the variables whose quantifier level is minimal will
be assigned first and so on. As a matter of fact, the reason

of doing so is that the variables in QBF have a dependency
relationship. For example, given a QBF ∀𝑥1 ∃𝑥2 ((𝑥1 ∨ 𝑥2 ) ∧
(¬𝑥1 ∨ ¬𝑥2 )), the value of an existential 𝑥2 that makes the
formula true may depend directly on the value of a universal
𝑥1 which is quantified prior to 𝑥2 . Therefore, the key of
dealing with QBF is to select the variables in the sequence
of quantifier level.
Search Space. The search space of SAT is a tree while the
search space of QBF is an AND/OR tree. They both regard
the assignment of variables as weights and variables as nodes.
The difference is that QBF has two types of nodes: AND node
and OR node. In the AND/OR tree, the universal variables
correspond to the AND nodes and the existential variables
correspond to the OR nodes.
Hardness of the Problems. The QBF is more difficult than SAT.
As we know, SAT is NP-complete while QBF is PSPACEcomplete. For a SAT, the algorithm will stop when a satisfying
assignment is found. However, for a QBF, the algorithm needs
to continue searching because of the universal quantifiers.
Because of the close relationship between SAT and QBF,
most of methods for QBF can be regarded as a generalization
of algorithms commonly for SAT. Therefore, we can solve
QBF with equality reduction and the hyperbinary resolution
which is really effective in solving SAT.

4. QBF Algorithm Framework
Recently, search-based QBF solvers are based on an extension
to the DPLL algorithm. Now we give the DPLL algorithm for
QBF in Algorithm 1. In the algorithm, 𝐶⌀ is an empty clause
and 𝐶all∀ is a clause composed of only universal variables.
The DPLL algorithm works on the principle of preprocessing,
choosing branches, branched treatment, and then recursively
solving the simplified QBF. In preprocessing process (line 1),
DPLL employs several reasoning rules to simplify QBF like
pure literal rule, unit literal rule, and so forth. In choosing
branches (variables) process (line 4), DPLL selects variables
in a fixed order; that is, the variables in the outermost
quantification set are chosen first and so on. In branched
treatment process (lines 5–8), DPLL searches AND/OR tree
depending on the chosen variable. If the chosen variable is
an existential variable, an OR node is explored; otherwise an
AND node is explored. DPLL terminates when the simplified
QBF is an empty formula (line 2), which means the input
formula 𝑄 ⋅ 𝐸 is satisfiable; when the simplified QBF contains
an empty clause or there is a clause made of all universally
quantified variables (line 3), which means the input formula
𝑄 ⋅ 𝐸 is unsatisfiable.
In Algorithm 2, we present the basic algorithm of
EHSPQBF, which is based on DPLL algorithm. At first, we
explain the terms occurred in the algorithm. The term 𝐶⌀
is an empty clause, and 𝐶all∀ is a clause composed of only
universal variables. In preprocessing process (line 1), we
simplify the input formula in CNF employing unit literal
rule, the equality reduction, and the hyperbinary resolution. In choosing branches process (line 9), we use survey
propagation as a heuristic. By giving exact information,
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Procedure DPLL (𝑄 ⋅ 𝐸)
(1) preprocess (𝑄 ⋅ 𝐸);
(2) if 𝐸 = ⌀ then return SAT;
(3) if (𝐶⌀ ∈ 𝐸) ∨ (𝐶all∀ ∈ 𝐸) then return UNSAT;
(4) V ← choosevariable (𝑄 ⋅ 𝐸);
(5) if (V is existential)
(6) then return DPLL ( 𝑄 ⋅ 𝐸|V=true ) or DPLL (𝑄 ⋅ 𝐸|V=false )
(7) if (v is universal)
(8) then return DPLL (𝑄 ⋅ 𝐸|V=true ) and DPLL (𝑄 ⋅ 𝐸|V=false )
Algorithm 1: DPLL for solving QBF.

Procedure EHSPQBF (𝑄 ⋅ 𝐸)
(1) preprocess (𝑄 ⋅ 𝐸);
(2) if (𝐸 = ⌀) then return SAT;
(3) if (𝐶⌀ ∈ 𝐸) ∨ (𝐶all∀ ∈ 𝐸) then return UNSAT;
(4) result = deduce();
(5) if (result = conflict)
(6) then analyze conflict();
(7) if (result = satisfaction)
(8) then analyze satisfaction();
(9) V ← SP choosevariable (𝑄 ⋅ 𝐸);
(10) if (V is existential)
(11) then return EHSPQBF (𝑄 ⋅ 𝐸|V=true ) or EHSPQBF (𝑄 ⋅ 𝐸|V=false )
(12) if (v is universal)
(13) then return EHSPQBF (𝑄 ⋅ 𝐸|V=true ) and EHSPQBF (𝑄 ⋅ 𝐸|V=false )
Algorithm 2: EHSPQBF algorithm.

the approach makes the choice of branch more exactly,
which can decrease the search space and improve the runtime. In branched treatment process (line 4), we deduce
the formula using conflict reasoning rule. The result of the
deduction has three values: undetermined, satisfaction, and
conflict. If result is conflict (satisfaction), that is, 𝐸 evaluates
to 0 (resp., 1) under the current partial variable assignment,
the algorithm analyzes the conflict (resp., satisfaction); if the
result is undetermined, that is, 𝐸 evaluates neither 0 nor 1, the
algorithm continues to choose branches. In this process, we
employ the conflict driven learning and satisfiability directed
learning to reduce the search space.

5. Preprocessing via Reasoning Rules
Besides the unit literal rule, the preprocess stage also uses
more powerful reasoning rules, that is, the hyperbinary
resolution and the equality reduction [10]. As a matter of
fact, the hyperbinary resolution rule is a sequence of ordinary
resolution steps. Though they are of similar function in
simplifying the formulae, the hyperbinary resolution reduces
the space which the sequence intermediate clauses occupy.
And the equality reduction rule can further reduce the size
of the input formula. It first finds the equivalences, and then
it substitutes each equivalent variable, which can simplify the
input formula. Now we describe them in the following.

Definition 1. The hyperbinary resolution rule of inference
takes as input a 𝑚 + 1-ary clause (𝑙1 ∨ 𝑙2 ∨ ⋅ ⋅ ⋅ ∨ 𝑙𝑚 ∨ 𝑙) and
𝑚 binary clauses each of the form (¬𝑙𝑖 ∨ 𝑙 ) (1 ≤ 𝑖 ≤ 𝑚),
where 𝑙𝑖 (1 ≤ 𝑖 ≤ 𝑚) is existential variable; then it deduces
the clause (𝑙 ∨ 𝑙 ).
The advantage of the hyperbinary resolution is that it
can save the solving time. The hyperbinary resolution can
generate unit clauses or binary clauses in order to simplify
the input formula. In addition, if the deduced clause contains
only universal variables, the formula can be directly decided
the QBF instance is unsatisfiable. For example, consider a
formula 𝐹 = ∀𝑥∃𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 (𝑥1 ∨ 𝑥) ∧ (𝑥2 ∨ 𝑥) ∧ (𝑥3 ∨ 𝑥) ∧
(𝑥4 ∨𝑥)∧(𝑥5 ∨𝑥)∧(𝑥6 ∨𝑥)∧(¬𝑥1 ∨¬𝑥2 ∨¬𝑥3 ∨¬𝑥4 ∨¬𝑥5 ∨¬𝑥6 ).
If we apply the hyperbinary resolution rule to 𝐹, the rule
is able to obtain a deduced clause 𝑥 which contains only
one universal variable, and we can decide that the formula
is unsatisfiable. By simplifying the formula, the hyperbinary
resolution rule reduces the solving time.
Definition 2. The equality reduction of a QBF formula 𝐹 by a
pair of equivalent literals 𝑙1 ≡ 𝑙2 is a rule of replacing 𝑙1 by 𝑙2
if 𝐹 satisfies
(1) 𝐹 contains the pair of binary clauses (¬𝑙1 ∨𝑙2 ) and (𝑙1 ∨
¬𝑙2 );
(2) the quantification level of 𝑙1 is greater than 𝑙2 ;
(3) 𝑙1 and 𝑙2 are both existential.
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graph in Figure 1, where clause 𝑎 represents 𝑥1 ∨𝑥2 and clause
𝑏 represents ¬𝑥1 ∨ ¬𝑥2 .

1
b

a

2

Figure 1: A simple example of a factor graph.

Note that the QBF formula 𝐹 is unsatisfiable if there
is a universal in the clause ¬𝑙1 ∨ 𝑙2 . Once that equality
reduction finds the equivalences, then it substitutes each
variable with its definition in the formula. For example, let
𝐹 = ∃𝑥1 ∀𝑥3 𝑥4 ∃𝑥2 (𝑥1 ∨ ¬𝑥2 ) ∧ (¬𝑥1 ∨ 𝑥2 ) ∧ (𝑥1 ∨ ¬𝑥2 ∨
𝑥3 ) ∧ (𝑥2 ∨ ¬𝑥4 ) ∧ (𝑥1 ∨ 𝑥2 ∨ 𝑥4 ). Since literals 𝑥1 and 𝑥2
are equivalent literals, we obtain the simplified QBF. 𝐹 is
∃𝑥1 ∀𝑥4 (𝑥1 ∨ ¬𝑥4 ) ∧ (𝑥1 ∨ 𝑥4 ) by using equality reduction.
Notice that when the hyperbinary resolution rule applies to
𝐹 , the input formula can be further simplified.
Above all, we can find that the hyperbinary resolution
rule and equality reduction have the power to reduce the size
of the formula. They cannot only occupy less space but also
increase the efficiency for solving QBF.

6. Choosing Branches with
Survey Propagation
The survey propagation (SP) [11] method is a groundbreaking development for solving SAT. The occurrence makes
the SAT problems that we can deal with scale from with
ten thousand variables to with one million variables. As far
as we know, SP is the only algorithm successful at solving
random SAT problems with one million variables and beyond
in near-linear time in the hardest region. In this section, we
will discuss how to choose branches with the SP method. As
a message passing algorithm, SP passes message on a factor
graph which provides an easy graphical description to the
message passing procedures. In the following, we will address
the factor graph in detail.
6.1. Factor Graph. The factor graph is an undirected graph
(see Figure 1). It has two types of nodes: one represents
variables called “variable node” (circles in Figure 1) and the
other represents clauses called “function node” (squares in
Figure 1). A function node 𝑎 is connected to a variable node
𝑖 by an edge whenever the variable 𝑖 (or its negation) appears
in the clause 𝑎. In the graphical representation, we use a
full (dashed) line between 𝑎 and 𝑖 whenever the variable
appearing in the clause is 𝑖 (¬𝑖). For every variable node 𝑖,
we denote by 𝑉(𝑖) the set of function nodes to which it
is connected, by 𝑉+ (𝑖) the subset of consisting of function
nodes where the variable appears unnegated, and by 𝑉− (𝑖)
the complementary set of 𝑉+ (𝑖). V(𝑖) \ 𝑏 denotes the set V(𝑖)
without node 𝑏. Similarly, for each function node 𝑎, we denote
by 𝑉(𝑎) = 𝑉+ (𝑎)∪𝑉− (𝑎) the set of neighboring variable nodes.
For example, given a QBF ∀𝑥1 ∃𝑥2 (𝑥1 ∨ 𝑥2 ) ∧ (¬𝑥1 ∨ ¬𝑥2 ),
we can represent the propositional logic formula with factor

6.2. Message Passing. The survey propagation algorithm
passes two types of messages: one passed from a function
node to a variable node; the other passed from a variable node
to a function node. The update of both messages is realized by
the message update rule which is defined as follows.
(1) The message passed from a function node 𝑎 to a
variable node 𝑖: the message, called “survey”, is a real
number 𝜂𝑎 → 𝑖 𝜖 [0, 1]:
𝜂𝑎 → 𝑖 = ∏ [
𝑗∈𝑉(𝑎)\𝑖

Π𝑢𝑖→ 𝑎

Π𝑢𝑖→ 𝑎
].
+ Π𝑠𝑖 → 𝑎 + Π0𝑖→ 𝑎

(3)

If 𝑉(𝑎) \ 𝑖 is empty, then 𝜂𝑎 → 𝑖 = 1. In equality (3), the
variable 𝑗 sends a particular symbol to clause 𝑎 saying
that the variable cannot satisfy the clause (“𝑢”), that
the variable can satisfy the clause (“𝑠”), or that it is
indifferent (“0”).
(2) The message passed from a variable node 𝑖 to a
function node 𝑎: each variable 𝐼 ∈ 𝑉 passes a triplet
of real numbers Π𝑖 → 𝑎 = (Π𝑢𝑖→ 𝑎 , Π𝑠𝑖 → 𝑎 , Π0𝑖→ 𝑎 ) to each
of its clause neighbors 𝑎 ∈ 𝑉(𝑖):
Π𝑢𝑖→ 𝑎 = [1 − ∏ (1 − 𝜂𝑏 → 𝑖 )] ∏ (1 − 𝜂𝑏 → 𝑖 ) ,
𝑠
𝑏∈𝑉𝑎𝑢 (𝑖)
[
] 𝑏∈𝑉𝑎 (𝑖)
Π𝑠𝑖 → 𝑎 = [1 − ∏ (1 − 𝜂𝑏 → 𝑖 )] ∏ (1 − 𝜂𝑏 → 𝑖 ) ,
𝑢
𝑏∈𝑉𝑎𝑠 (𝑖)
[
] 𝑏∈𝑉𝑎 (𝑖)

(4)

Π0𝑖→ 𝑎 = ∏ (1 − 𝜂𝑏 → 𝑖 ) ,
𝑏∈𝑉(𝑖)\𝑎

where V𝑎𝑢 (𝑖) and V𝑎𝑠 (𝑖) denote neighbors which tend to make
variable 𝑖 dissatisfy or satisfy clause 𝑎. If a set like V𝑎𝑠 (𝑖) is
empty, the corresponding product takes value 1. In the above
equalities, the variable 𝑖 sends a particular symbol to clause
𝑎 saying that the variable cannot satisfy the clause (“𝑢”), that
the variable can satisfy the clause (“𝑠”), or that it is indifferent
(“0”).
When SP converges to a fixed point set of messages 𝜂𝑎∗→ 𝑖 ,
one can use it to estimate the statistic characteristic (called
bias) of every variable. There are two types of biases: positive
bias and negative bias. The positive (negative) bias is the
probability that variable 𝑖 is restricted to 1 (0). The computing
formulae are as follows:
𝑊𝑖(+) =
𝑊𝑖(−)

̂+
Π
𝑖
,
+
̂
̂
̂0
Π + Π− + Π
𝑖

𝑖

𝑖

̂−
Π
𝑖
= +
,
̂ +Π
̂− + Π
̂0
Π
𝑖

𝑖

𝑖

(5)
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where
̂+
Π
𝑖

= [1 − ∏ (1 −
𝑎∈𝑉+ (𝑖)
[

𝜂𝑎∗→ 𝑖 )]

∏ (1 −
] 𝑎∈𝑉− (𝑖)

𝜂𝑎∗→ 𝑖 ) ,

̂ − = [1 − ∏ (1 − 𝜂∗ )] ∏ (1 − 𝜂∗ ) ,
Π
𝑖
𝑎→𝑖
𝑎→𝑖
𝑎∈𝑉− (𝑖)
[
] 𝑎∈𝑉+ (𝑖)

(6)

̂ 0 = ∏ (1 − 𝜂∗ ) .
Π
𝑖
𝑎→𝑖

Routine analyze conflict()
(1) conflictcl = find conflict clause();
(2) newcl = gen clause (conflict cl);
(3) add clause (new cl);
0)
(4) if (dl (new cl) ≠
(5) then backtrack (dl(new cl));
(6) end
Algorithm 3: Analyze conflict routine.

𝑎∈𝑉(𝑖)

As a whole, SP gathers the statistical information which
can guide the choosing branches. In choosing branches
process, we select branches obeying quantification orders.
For variables in the same quantification level, we compute
positive and negative biases with SP. Then we fix the biased
variable in the same quantification level; that is, one variable
has the largest bias |𝑊𝑖(+) −𝑊𝑖(−) |. Having selected the variable,
we assign the variable depending on the current quantification level. If the current quantification level is existential, we
assign the biased value to the variable; otherwise we assign
the reverse biased value to the variable.

Routine analyze SAT()
(1) entity = find sat entity();
(2) if (entity = NULL)
(3) then entity = gen sat induced entity();
(4) if (!termnate condition (entity))
(5) then newen = consensus gen entity (entity);
(6) add newentity (newen);
(7) if (dl (newen) ≠
0)
(8) then backtrack (dl (newen));
(9) end
Algorithm 4: Analyze SAT routine.

7. Branched Treatment
After choosing branches, we can perform branched treatment
on the chosen variable. The purpose of treatment is to decide
whether the current branch of search tree is satisfiable. In
branched treatment process, we employ some efficient technologies, such as conflict reasoning, conflict driven learning,
and satisfiability directed learning.
7.1. Conflict Driven Learning. Conflict driven learning utilizes the knowledge learned from failures in certain search
space to help prune search in future spaces. If the current
branch of the search tree is not satisfied, we can perform
conflict driven learning. It is carried out by the analyze
conflict routine in Algorithm 3.
The analyze conflict routine analyzes the current status
and brings the search to a new space by backtracking. At
first, we explain some terms in the routine. As an algorithm
based on DPLL, EHSPQBF is a branch and search procedure.
Each branch has a decision level (𝑑𝐿). The first branch has
decision level 1 and so forth. And variables implied by a
decision variable will have the same decision level as the
decision variable. Now we introduce the analyze conflict
routine. At the beginning, it decides whether there exist
conflict clauses in the current QBF formula (line 1). If they
exist, we utilize function gen clause() for generating learned
clause (line 2). The learned clause can guarantee that the
decision level which the algorithm backtracks to is unique.
Then function add clause() performs conflict driven learning
when the result of deduction is conflict, which causes a
learned clause constructed and added to the database (line
3). At last, we decide whether the decision level that the
algorithm backtracks to 0 (line 4). If it is not 0, EHSPQBF
will backtrack to the decision level (line 5). The aim of conflict
driven learning is to memorize the conflict branch. If search

space has the same branch in the further, we can prune the
branch directly, which need not go on searching.
7.2. Satisfiability Directed Learning. Satisfiability directed
learning utilizes the knowledge learned from satisfactions
to reduce the number of satisfying leaves which need to be
visited. When the result of deduction is satisfaction, we can
perform satisfiability directed learning. It is carried out by the
analyze SAT routine in Algorithm 4. At first, we show relevant
definitions used in the routine.
Definition 3. (extended CNF) Let 𝐸(𝑥1 , . . . , 𝑥𝑛 ) be a CNF. An
extended CNF is 𝐸 = 𝐸(𝑥1 , . . . , 𝑥𝑛 ) ∨ 𝐸𝑁1 ∨ . . . ∨ 𝐸𝑁𝑚 , where
𝐸𝑁𝑖 (1 ≤ 𝑖 ≤ 𝑚) is an entity, that is, a conjunction of literals.
Now let us introduce the detail of the routine. At the
beginning, it judges whether there exist satisfying entities
in the current QBF in extended CNF (line 1). If they
exist, the routine goes to line 4; otherwise, 𝑎 entity from
the current variable assignment is generated by function
gen sat induced entity() (lines 2-3). In lines 4-5, a learned
entity is not generated by function consensus gen entity()
until the generated entity meets the following conditions. (1)
Among all its universal variables, one and only one has the
highest decision level, supposing the variable is 𝑉; (2) 𝑉 is
at a decision level with a universal variable as the decision
variable; (3) all existential literals with quantification level
smaller than 𝑉’s are assigned true before 𝑉’s decision level.
The decision level of universal variable 𝑉 is the decision
level which the algorithm will backtrack to. Then function
add newentity() performs satisfiability directed learning (line
6). It occurs when the result of deduction is satisfaction, which
causes a learned entity constructed and added to the database.
At last, we decide whether the decision level of variable 𝑉 is
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Table 1: Comparisons of EHSPQBF-EQR, EHSPQBF-HBR, and EHSPQBF.

Instances
(3, 60, 80, 5, 0)
(3, 60, 80, 5, 1)
(3, 60, 80, 5, 2)
(3, 60, 80, 5, 3)
(3, 60, 80, 5, 4)
(3, 60, 80, 5, 5)

EHSPQBF-EQR
10.470
56.342
230.230
1.783
98.456
12.479

EHSPQBF-HBR
15.390
41.230
153.690
3.467
132.678
30.745

EHSPQBF
10.209
40.725
153.436
1.659
87.513
11.873

0 or not (line 7). If it is not 0, EHSPQBF will backtrack to the
decision level of variable 𝑉 (line 5). The aim of satisfiability
directed learning is memorizing the satisfied branch. If search
space has the same branch in the further, we can decide the
branch is satisfiable directly and go on searching the other
branch of the universal variable.
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8. Experimental Evaluation
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9. Conclusions
In this paper, we present a novel QBF solver EHSPQBF.
In preprocessing, we adopt the equality reduction and the
hyperbinary resolution to simplify the formulae. When
choosing branches, the system uses survey propagation to
select next branch; when handling branches, the system
employs conflict reasoning and conflict driven learning as
well as satisfiability directed learning together. Experimental
results show that, as a heuristic, SP can choose branches
effectively. And other techniques such as conflict driven
learning also speed up the solving process. As a whole,
EHSPQBF is an efficient QBF solver.
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Outer membrane proteins (OMPs) are transmembrane proteins (TMPs) located in outer membranes. These proteins perform
diverse biochemical functions and have immediate medical relevance, so that their spatial structures are important for studying.
But the special physicochemical properties of OMP make it hard to obtain their structures experimentally. For the purpose of
predicting OMP structures, discriminating OMPs and aligning their sequences to native structures are indispensable steps. We
developed a novel method OMSA (Outer Membrane Segment Alignment), which implemented both steps in one program. OMSA
integrates OMP-specific topology features to implement a sequence-to-structure alignment, for example, segment type and segment
orientation, while a segment-dependent gap penalty model is employed to improve the alignment. Compared to peer top-leading
methods, OMSA achieved higher accuracy in both OMP discrimination and alignment, which may further improve OMP structure
studying.

1. Introduction
Outer membrane proteins (OMPs) are the transmembrane
proteins (TMPs) found in outer membranes of cell, mitochondria, or plastids. They perform diverse biochemical
functions such as active ion transport, passive nutrient uptake
and intake, or enzymatic activity and structural anchoring
[1]. Meanwhile, they also are the potential targets for antimicrobial drugs and vaccines [2–4]. Native structures of OMP
are extremely scarce in Protein Data Bank (PDB) [5], where
hundreds of OMPs account for no more than 2% of all
solved structures [6]. However, there are thousands of OMPs
estimated to be existing in the genomic databases currently
[7], and the number is increasing by ongoing large-scale
sequencing [8].
Computational structure prediction provides a practical
approach to bridge the gap between sequences and structures.
A few efforts have been made to predict the general structures
of membrane proteins [9, 10], but the prediction accuracy
remains to be further improved. Some methods that focused

on the family of G-protein-coupled receptors (GPCRs) [11,
12] achieved better performances. However, those methods
perform poorly on OMPs for lacking of homologous templates, predicting OMP structures is still a challengeable problem. For the purpose, the above all task is to accurately discriminating the OMP from sequences and aligning them to
solved structures.
There are many methods that effort to discriminate
the OMP from sequence databases; Gromiha and Suwa
used OMP motifs for excluding and identifying OMP form
globular proteins [13], and they further compared performances of several machine learning based methods; the
highest accuracy is no more than 91% [14]. By contrast,
few OMP alignment methods have been reported despite its
importance for fold recognition [15]. The structure prediction
of OMPs is estimated to obtain the accuracy as high as that
of globular proteins under the condition that the alignment
of OMPs achieves similar accuracy to its compeer [16],
but alignment methods [17–21] for globular protein did not
work well on OMPs, the reason being mainly because those
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sequence-to-structure methods could not efficiently abstract
the OMP-specific features used in the alignment process.
It is notable that OMPs have special physicochemical
properties compared to globular proteins. They are composed
of several beta strands which form a barrel to span outer
membrane. These strands are enriched polar, charged, and
hydrophobic residues, antiparallel crossing membrane alternatively, from one side of outer membrane to the other side.
In addition, the number of transmembrane (TM) strands is
mostly even. These remarkable properties can be clearly represented by topology structure of OMPs. Therefore, topology
structure is considered helpful improving the OMP alignment as OMP-specific feature. Currently, several OMP topology structure predictors are available, such as TMBHMM
[22], TMBETAPRED-RBF [23], and TMBpro [24]; these
methods utilize many OMP-specific features to improve
the prediction accuracy, including amino acid composition,
alternating hydrophobicity pattern [25], or “positive-inside”
rule [26, 27].
In this study, we developed a novel Outer Membrane
Segment Alignment method (OMSA) to discriminate and
align OMPs from sequences at the same time. The method
for the first time used OMP-specific features abstracted from
topology structure to improve the alignment, for example,
TM segment type and TM segment orientation. Particular
scoring function designed for OMP was applied to a localglobal dynamic programming to optimize the alignment.
Comprehensive OMP datasets have been used for training
and testing, and the results represented that OMSA perform
well on OMP discrimination and alignment compared to
peer methods. Hence, our method will be useful for OMP
structure studying.

2. Materials and Methods
2.1. Datasets. Orientations of Proteins in Membranes (OPM)
database [28] was used in OMSA training and testing; it
provides the most comprehensive collection of membrane
proteins with calculated spatial arrangements. Differing to
computational-based databases [29, 30], OPM database is
more in agreement with the experimental data and further
classifies the membrane proteins based on their main transmembrane domains by referencing SCOP [31] and TCDB
[32]. In this database, 98 entries are classified to 26 superfamilies, and each of them is composed of one or more protein
families. Here, proteins in the same superfamily are evolutionarily related and with superimposable tertiary structures,
but in low sequence identity, while it is high among the
proteins in the same family. We randomly picked two entries
from each superfamily to comprise training and testing
datasets, respectively. For those superfamilies which have
only one entry, the entries were selected to training dataset.
Finally, the training dataset is composed of 19 nonredundant
entries, while testing dataset has 28 nonredundant entries
(see Table S1 in supplementary material available online at
http://dx.doi.org/10.1155/2013/541359).
For the purpose of benchmarking the performance of
OMP discrimination, Gromiha and Suwa’s dataset (GSdataset) [13] is used, which includes 377 OMPs, 268 𝛼-helical
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transmembrane proteins, and 674 globular protein chains.
All these well-annotated transmembrane proteins included
in the dataset were obtained from PSORT-B database [33],
while those globular protein chains were obtained from the
PDB40D 1.37 database of SCOP [34]. In this dataset, a few
transmembrane proteins are homologous, and the globular
proteins have sequence identity less than 30%.
2.2. Segment Type and Orientation. Segments on an OMP
sequence are classified to TM segment (TMB) and nonTM segment according to their location relative to outer
membrane. TM segment is the part of sequence that is across
the outer membrane, and non-TM segments include outside
segment and inside segment, where the outside segment
locates outside the area surrendered by outer membrane,
while the inside segment locates in the area. The segment
orientation describes the direction of those segments across
the outer membrane; it can be abstracted when segment types
have been identified.
The segment type seg (𝑖) at sequence position 𝑖 is given as
B,
{
{
{
{I,
seg (𝑖) = {
{O,
{
{
{U,

TMB,
Inside,
Outside,
Unknown.

(1)

The orientation of each TM segment is determinated
according to the inside/outside it forwards to. TM segment
orientation orn(𝑖) at position 𝑖 is valuated as follows:
1,
from inside to outside,
{
{
orn (𝑖) = {−1, from outside to inside,
{
else.
{0,

(2)

Given an OMP as shown in Figure 1(a), segment types
and orientations are clearly described by topology structure
in Figure 1(b), and they have been labeled for each amino
acid on its sequence using (1) and (2), respectively, shown
in Figure 1(c). In each pairwise alignment, query sequences
used predicted topologies, while the template sequences
directly utilized native topology structures obtained from
OPM database. We employed TMBHMM [22] to predict
topology structures for its high performance and accuracy.
The method integrates particular features to build a hidden
Markov model (HMM) for topology structure predicting,
for example, SASA (relative solvent-accessible surface area)
feature [35] and frequency profile [36].
2.3. Sequence Profile. Almost all OMPs are homologous to
each other [37], so that the sequence profile is especially
conductive to identifying the compatibility within the same
segment types by sequence patterns. This sequence-based
profile generated by PSI-BLAST [36] is called Position Specific Scoring Matrix (PSSM), which is derived by aligning the
amino acid sequence against NCBI’s nonredundant sequence
database (NR) with three iterations. The profiles present
the evolutionary conservation of sequences by large-scale
searching, whereas it has a significant impact on protein fold
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Figure 1: The special conformation of OMPs. (a) is the conformation of a sample OMP, and the rectangles represent the TM segments. Its
N-terminus locates on the outside. (b) is the topology structure of the protein, which has been unfolded to sequence; the right arrow means
that the orientation of the corresponding TM segment is from outside to inside and vice versa. Meanwhile, the non-TM segments alternatively
locate on the outside and inside. (c) The protein sequences represented by segment types and orientations according to (1) and (2).

recognition [38]. A PSSM profile pm[𝑖, 𝑗] is a 𝑛 × 20 log-odds
matrix, where the 𝑛 represents the sequence length. Each
element in pm[𝑖, 𝑗] negatively represents the frequency of the
residue type 𝑗 at position 𝑖.
2.4. Scoring Function. The scoring function is the kernel of
dynamic programming (DP) which is used to derive the
optimal path searching for alignment. It is composed of
two major parts, fitness scoring and gap penalty model.
The fitness scoring responds to measure the compatibility
between any residue pair, while the gap penalty model affects
the alignment accuracy by controlling the gap insertion. They
coordinate with each other making a balance to achieve the
best alignment accuracy. Tailing for the OMP, the scoring
function used here is different from that of globular proteins,
the fitness scoring adopts the OMP-specific features and
correspondingly strategies, and the gap penalty is thereby
particularly designed to support the OMP segment alignment. Here, the integrated three features, segment type,
segment orientation, and sequence profile, compose a compact profile for the profile-to-profile scoring, where segment
type guarantees the proteins are aligned by segment and
segment orientation prevents the TM segments being incorrectly aligned, while sequence profile further improves the
alignment accuracy between non-TM segments. Meanwhile,

a segment-dependent gap model is employed correspondingly.
(1) Fitness Scoring. Differing to the sequence-to-sequence
alignment method, the profile-to-profile alignment offers
the more opportunities to align the proteins according to
their overall properties. The so-called profile is the general
conception of assemble of the selected features, and those
features must be efficient to describe the properties of target
proteins and less redundant to decrease the computational
complex. The selected three features can overall describe the
sequence patterns (by sequence profile) and conformation
properties (by segment type and TM segment orientation) of
OMPs.
The fitness score of 𝑖th position on query sequence and 𝑗th
position on template sequence is calculated by the equation
Fitness (𝑖, 𝑗) = 𝑤1 PRO (𝑖, 𝑗) − 𝑤2 SEG (𝑖, 𝑗)
− 𝑤3 ORN (𝑖, 𝑗) + 𝑤shift ,

(3)

where PRO(𝑖, 𝑗) is the fitness score of sequence profile,
SEG(𝑖, 𝑗) is the segment type fitness score, and ORN(𝑖, 𝑗)
is the segment orientation fitness score; 𝑤1 , 𝑤2 and 𝑤3 are
the weights of the three fitness scores, while 𝑤shift is a tobe-determinated constant that avoids the unrelated residues
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aligned [39]. The segment type fitness score can be simply
computed by
2,
if seg (𝑖) = seg (𝑗) = “𝐵”,
{
{
SEG (𝑖, 𝑗) = {1,
(4)
if seg (𝑖) = seg (𝑗) ≠
“𝐵”,
{
−1,
else.
{
Segment orientation fitness score is calculated according to
the equation
ORN (𝑖, 𝑗)
1,
{
{
= {−1,
{
{0,

orn (𝑖) = orn (𝑗) and orn (𝑖) ≠
0 and orn (𝑗) ≠
0,
orn (𝑖) ≠
orn (𝑗) and orn (𝑖) ≠
0 and orn (𝑗) ≠
0,
else.
(5)

The evolution fitness score is calculated according to the
equation
20

PRO (𝑖, 𝑗) = ∑ (pmquery [𝑖, 𝑘] × pmtemplate [𝑗, 𝑘]) ,

(6)

𝑘=0

where pmquery [𝑖, 𝑘] is PSSM profile value of residue type 𝑘 at
position 𝑖 on the target sequence, and pmtemplate [𝑗, 𝑘] follows
the same meaning.
(2) Gap Penalty. Gap penalty is used to evaluate the cost
of making an insertion (or deletion) option; the balance
between fitness score and the gap penalty makes the decisions
for the DP to trace the optimal aligning path. Various gap
penalty models have been designed for globular protein
alignment previously, for example, position-dependent gap
penalty models used in [17, 39] or profile-based model [40].
Even a more complicate model [41] was used recently for lowhomology protein threading. In this study, we employed a
segment-dependent gap penalty model to satisfy the segment
alignment, in which insertions in TM segments are more
stricterly punished compared to non-TM segments, because
these segments are more conserved. Considering the predictions accuracy of topology, we do not simply forbid the
insertions as H. Zhou and Y. Zhou [42] did for globular
protein alignment but allow the gaps insert to query sequence
using open-gap-penalty optm and one-time-penalty eptm ,
while they are forbidden to template sequences which use
the native topology structures. Similarly, open-gap-penalty
opnon-tm and one-time-penalty epnon-tm are used for non-TM
segments of query sequence. Here, the open-gap-penalty is
used only when the gap opens, and the one-time-penalty is
used for the continuous insertion after the gap opened.
2.5. Training Parameters. All parameters, 𝑤1 , 𝑤2 , 𝑤3 , 𝑤shift ,
optm , opnon-tm , eptm , and epnon-tm , used in the scoring function are trained using the same method as [42] on our
training dataset. All the parameters are randomly assigned
the start value and then optimized by grid search. Here,
the gold standard TM-score [43] is used to supervise the
searching. The higher TM-score derived by aligned sequences
is considered the higher accuracy achieved. The iterations exit
when the average TM-score does not increase any more.

2.6. Dynamic Programming. DP is the most popular
paradigm in computational biology [44]. It is a method
for solving complex problems by breaking them down
into simpler subproblems and has been applied widely in
sequence alignment or optimal searching. Decided by our
scoring function, the DP process of OMSA is OMP specific,
which can align the correct segments as much as possible.
We use local-global algorithm to optimize the alignment
path for requirement of segment alignment. By using the
OMP-specific scoring function introduced above, the DP
procedure of OMSA can find better path for an alignment.
The segments with the same type are aligned preferentially,
while different segment types are hard to match unless they
are extremely compatible with the evolutionary conservation.

3. Results and Discussion
In this section, we will firstly show that the segment orientation significantly improves the alignment accuracy and
then compare the OMSA to one of the top-leading generated profile-to-profile alignment methods, HHalign [45]. As
the outputs of sequence-to-structure alignment, rawscores
generated by OMSA negatively relate to the structural similarities. However, only the rawscores derived by the same
query protein are comparable; they cannot be directly used
as a criterion to evaluate the structure similarity between
different alignment pairs. Thus, we transform the rawscores
to rawscore correlation (RC), which bridges the rawscores
and the structure similarity by normalizing the rawscores to
interval (0, 1]. Finally, the RC is applied to OMP discrimination and the OMP fold recognition.
3.1. Topology Features Improve the Alignment Accuracy.
OMSA improves alignment principally relied on topology
features. We implemented method nOMSA that removed
topology features for comparison, where the nOMSA used
the secondary structure and sequence profile as features
and trained using the same dataset. We made all-versusall pairwise alignments on testing dataset using OMSA and
nOMSA, respectively; average GDT TS [46, 47] was used
to evaluate the alignment accuracy. GDT TS scores the
structure similarity for two length-equal proteins using their
3D structures. The structure similarity is positively related
with the GDT TS when the score increases from 0 to 1.
Therefore, for each alignment pair, the higher GDT TS means
the better alignment that has been made by the method,
whereas the overall alignment accuracy of a query protein can
be described using the average GDT TS of all the templates.
Each query, there were aligned to 27 templates, and the
average GDT TS was statistic using the corresponding 27
GDT TSs. The average GDT TS of all the 28 queries derived
by OMSA are shown using the solid polyline in Figure 2,
while the corresponding nOMSA results are shown using
dotted polyline, where the solid polyline lies obviously above
the dotted polyline, which indicates that all the query proteins
will obtain higher alignment accuracy when the topology
features are involved.
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Figure 2: Feature of segment orientation improves the alignment
accurate. The alignments of OMSA are more accuracy for all the
testing proteins shown using solid polyline in blue than those of
nOMSA (non-segment-orientation based). The results are derived
based on the all-versus-all pairwise alignments on the testing
dataset.

3.2. Performance of OMSA Alignment. Generally, comparison with the peer methods powerfully proves the improvements of the new methods; however, there is no such OMP
pairwise alignment method currently available; thus, we
chose top-leading general alignment method HHalign [45].
HHalign uses profile hidden Markov model (HMM) to make
pairwise HMM-HMM (profile-HMM) alignments, and the
confidence values and a full seven-state secondary structure
are employed to improve the alignment quality; thus, it is a
very sensitive repeat-identification tool.
To arrange the comparison, the profile-HMMs of 28 proteins of testing dataset were generated to make the all-versusall pairwise alignment, in which the default parameters
were used. Correspondently, the previous pairwise alignment
results derived by OMSA are used for the comparison.
Avoiding the pseudo increasing of alignment accuracy, those
pairs which the queries align to themselves were excluded;
finally, in total 28 × 27 pairs of alignments were used for
comparison.
The alignment accuracy can be evaluated by two criterions: (1) calculating the percentage of correctly aligned positions [15] and (2) scoring the structural similarity between
the aligned pairs [48]. For the first approach, each aligned
residue pair in the alignment has to be verified whether it
belongs to the correct alignment, whereas a golden standard
of structural alignment is required, such as widely used
method TM-align [49], since there is no unique solution that
solves the problem finding the optimal structure alignment
[50]. For the second one, structure similarity of alignment
is scored directly by their native 3D structures of aligned
parts, depicting whether they were correctly aligned or not;
GDT TS [46, 47] and TM-score [43] are commonly used for
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the purpose. Notably, TM-score is designed to be independent of protein lengths, and the structures with a score higher
than 0.5 assume roughly the same fold [51], while it indicates
that the proteins are unrelated when the score is below 0.20.
To comprehensively show the performances, we adopted both
approaches to exhibit the alignment results, where the alignment accuracy (ACC) was used according to approach (1) and
TM-score and GDT TS were used according to approach (2).
As shown in Table 1, OMSA derived the better alignment in average against the testing dataset compared to
the HHalign. Here, the accuracy of the TM segments and
the non-TM segments is counted separately, and the overall
accuracy is also given. The alignment accuracy is obtained
using the TM-align as the standard. The HHalign aligns both
types of segments with almost the same accuracy, while the
OMSA shows much difference in accuracy between them.
There is more than eleven percentage margin that the OMSA
surpasses the HHalign in the alignment accuracy of the TM
parts, while the margin is just no more than three percent
of the non-TM parts; for this reason, the OMSA achieves
the 50.6% of overall alignment accuracy and surpasses its
companion nearly eight percent. The result is consistent
with the TM-score and the GDT TS, where the alignments
for TM segments are much better than non-TM segments.
Correspondingly, the improvement of TM-score achieves the
eight percent, as well nine percent improvement of GDT TS.
Comparing the integrated features, sequence profile has
been commonly used in both methods, but the HHalign
addresses the predicted secondary structure in alignment,
while OMSA uses topology-based features instead. Obviously, the utilization of topology structure based features
improves alignment accuracy than secondary structure, especially for the segments alignment methods. However, it lacks
to determinate the structures similarity for non-TM segments
which have secondary structures and decreases the alignment
accuracy for non-TM segments, but this shortness has been
obscured by the less secondary structures existing outside TM
segments. The results illuminate that the TMB orientation
improves the OMP segment alignment by decreasing the
misleading of the incorrect topology prediction and further
distinguishing the TM segments and thereby improves the
alignment performance.
3.3. Alignment Rawscore and Structural Similarity. The
OMSA generates a rawscore for each alignment pair, and its
value directly reflects the structure similarity between the
proteins. The aligned pair with smaller rawscore illustrates
that the two proteins are more likely having similar spatial
conformations, which is exhibited in Figure 3 using the
alignment results of Porin (PDB ID:2POR) [52].
The left-top point represents the alignment result of 2POR
with itself, so that it totally matched in structure which is
presented by GDT TS of value 1 and derived the smallest negative rawscore at the same time. The nearest point represents
protein OmpF porin (PDB ID:1HXX), which belongs to the
same superfamily but not the same family with 2POR. The
two proteins have the most similar conformations with each
other within the testing dataset. In similar manner, the points
in the left-top area are mostly the proteins that have similar
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Table 1: Comparison of alignment accuracy with HHalign. The performances are compared separately within TM segments, non-TM
segments, and overall sequence. OMSA achieved the best alignment accuracy in all the fields, and that within the TM segments has
significantly surpassed the general alignment program HHalign. It indicates that the segment orientation further improves the alignment
for OMPs.
Methods
OMSA
HHalign

Acc (%)
Non-TM
45.1
42.6

TM
53.3
42.9

Overall
50.6
42.7

TM
0.403
0.217

TM-score
Non-TM
0.314
0.256

Overall
0.322
0.242

TM
0.335
0.209

GDT TS
Non-TM
0.295
0.226

Overall
0.307
0.216

−5500

−4500

−3500

−2500

−1500

−500

1
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0.6
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0.3
0.2
0.1
0

GDT_TS

TM: TM segments; Non-TM: non-TM segments; Acc: accuracy.

Rawscore

Figure 3: An example of 2POR shows rawscores negatively related
to structure similarity. The structure similarity is represented using
GDT TS. The rawscores generated by OMSA negatively relate to
the 3D structure similarity between the aligned proteins, where a
smaller score indicates that the corresponding protein is similar to
the query protein in spatial conformation.

structures with 2POR (16 TM segments each chain), such as
Fatty Acid Transporter FadL (PDB ID:1T16, 14 TM segments)
[53], Porin OmpG (PDB ID:2IWV, 14 TM segments) [54],
and BenF-like porin (PDB ID:3JTY, 18 TM segments) [55].
These proteins are similar to the topology structures, but
it is not the only driving force for OMSA to recognize the
proteins; even the difference among the same-type segments
can be further distinguished, such as Alginate export protein
(PDB ID:3RBH) [56], which is reported recently with 18
TM segments, resembling to 2POR in topology structure
but significantly differing in non-TM segments. Most proteins centralized in the middle area superimpose their 3D
structures to 2POR partially, whereas they derived higher
rawscores, while the other proteins fell to the right-bottom
corner are totally different with 2POR, such as Leukocidin
F (PDB ID:1PVL) [57] and OprM (PDB ID:1WP1) [58]. All
the testing proteins showed similar rawscore distribution as
2POR; the results illuminate that the rawscore of OMSA
negatively responds to the structure similarity.
3.4. Rawscore Correlations. Since the rawscores produced
by OMSA are negatively related to the protein structural
similarity, they are able to be used to discriminate the OMPs
from the globular proteins. However, the comparison of the
rawscores can be done only among those produced by aligning to the same query protein, otherwise, the rawscores are
not comparable. The reason is easy to understand; assuming

aligning two pairs of proteins at the same time, proteins in
one pair have short sequences and very similar structures,
while their companions have much longer sequences and less
similar structures; even when the proteins in shorter pair
are perfectly aligned, they still may not obtain the smaller
rawscore; it is decided by the alignment between the other
two proteins. Considering the homologous among the OMPs,
two proteins that have similar sequence length tend to have
more similar local structures, so that proteins in longer pair
have more chance to derive the smaller rawscore. Therefore,
the rawscore cannot be directly used for the purpose.
It has been noticed that each query protein will achieve
the best rawscore aligning to itself; the other rawscores are
all smaller than the value and decrease almost according to
the structure similarity, so that rawscore correlation (RC)
between query protein and templates can be described by the
relative values of rawscores. The RC of query protein 𝑖 and
template protein 𝑗 is calculated using the equation
RC (𝑖, 𝑗) =

rs (𝑖, 𝑗)
,
rs (𝑖, 𝑖)

(7)

where rs (𝑖, 𝑗) and rs (𝑖, 𝑖) are, respectively, the alignment
rawscores of responding proteins. All the rawscores are
negative numbers, so the RC is a positive number and belongs
to (0, 1]. With the transformation, the rawscores are kind of
normalized. The ranking of rawscores has not been changed
for each query protein, but the structure similarity between
the different query-template pairs becomes comparable.
To exhibit the correlation between rawscores and structures, all the testing pairwise alignment rawscores were
transformed to RC value, each blue point in Figure 4 presents
a RC value, and each column is composed of 28 points, which
are the RCs of 28 templates (including itself). All the proteins
are best matched with themselves, so the RC values are always
1 on the top of each column accordingly, and the others are
smaller than 1. For the reason that we did not change the
orders of rawscores, the RC values distribute similarly with
rawscores, the primary function of the diagram is to present
the commonness among the columns. It can be found that
most RC values of each column concentrate between 0.45
and 0.8, and fewer points scatter above or under the region.
The phenomenon indicate that most templates have some
parts obviously similar with query protein in conformation,
and fewer templates are significantly similar or different to
that. Meanwhile, the last three columns which correspond to
Leukocidin F (PDB ID:1PVL) [57], Cytolysin and hemolysin
HlyA Pore-forming toxin (PDB ID:3O44) [59], and Porin
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0
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Table 2: Performance of OMP discrimination methods.
Region A
Region B

Region C
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Figure 4: The rawscore correlations of testing proteins. All the RC
values of the testing proteins are pointed in blue and shown in
separate columns. Those RC = 1 points respond to the alignments
of queries with themselves. According to the 3D structure similarity,
RC values of testing proteins fall into three different regions: region
A (proteins are in the same superfamily), region B (proteins are
OMPs), and region C (proteins are not OMP). Therefore, RC can
be further used to measure the similarity of 3D structures instead of
rawscore.

MspA (PDB ID:1UUN) [60] show the RC distributions
slightly different that the average RC value smaller than the
other proteins. The three proteins are all special OMPs that
have particular conformations different from other proteins,
so that the OMSA could not obtain the better alignment for
them. It is also the partial reason that result the smaller RC
values in other columns. The distribution illuminates the RC
value responds to the structure similarity between the query
and templates.
Although the structure differences exist among the
OMPs, the RC values still remain bigger than 0.28 with each
other, which indicates that they have common properties at
least in some parts. Meanwhile, the scanty two superfamilies
that have two proteins each are observed from Figure 4; all
the four proteins derive RC values bigger than 0.84 and are
the top 4 among the alignments between different query and
template. According to the results, we divided the RC value
into three intervals: region A: (0.84, 1], region B: (0.28, 0.84],
and region C: (0, 0.28]. The proteins in region A are considered to share the same superfamily with corresponding query
protein, those in region B can be regarded as OMPs, and those
in region C are the non-OMPs. Because the OMSA effectively
amplified the OMP-specific features, the non-OMPs are hard
to achieve a bigger RC value than 0.28. The performance of
discriminating OMPs is shown in the next section.
3.5. Improving OMP Discrimination. We adopted the GSdataset to the benchmark the performance of OMSA to
discriminate the OMPs, because the dataset was wildly
used for the purpose as benchmark by the other OMP
discrimination methods, such as DD [13], NN AAC [14],
and SVM AAC DPC [61]. As known, the testing dataset is
nonredundant and covers all the OMP superfamilies; we used
it as the OMP library. For each protein in GS-dataset, we
calculated its RC values aligning to all the proteins of our

Methods
OMSA
DD
NN ACC
SVM ACC DPC

MCC
0.896
0.541
0.716
0.816

Acc (%)
95.4
82.4
91.0
93.9

SN (%)
86.4
78.8
79.3
90.9

SP (%)
99.8
83.3
93.8
94.7

The results are respectively cited from [13, 14, 61]. MCC: Matthews correlation
coefficient; Acc: accuracy; SN: sensitivity, SP: specificity.

OMP library; if the 26 of 28 RC values are bigger than 0.28,
the corresponding protein is considered as the OMP.
To compare the discrimination accuracy, four criterions
were used to show the performance: Matthews correlation
coefficient (MCC), accuracy (AC), sensitivity (SN), and
specificity (SP). As shown in Table 2, OMSA achieves the
higher accuracy than DD, NN ACC, and SVM ACC DPC
in MCC, AC, and SP. There were 2 false positives (FPs) and
59 false negatives (FNs) in the results of OMSA. It is obvious
that our method is highly reliable to determinate OMPs with
95.4% of AC, accompanied by 0.896 of MCC, which is much
higher than the second top one of 0.816. The FNs decreased
the accuracy of OMSA and also resulted in that the SN was
slightly lower than that of SVM AAC DPC, but that can be
improved by further optimizing the discriminating threshold
of RC. Therefore, OMSA has the potential abilities to achieve
higher accuracy of OMP discrimination. Notably, it is hard
to discriminate the transmembrane strands and beta water
soluble proteins for most methods, because both of them
share some common features, such as amphipathicity [62].
Benefited by the predicted topology structure, most all-beta
water soluble proteins showed no TM segments, whereas the
OMSA has been never confused by the two kinds of proteins.
3.6. Improving Fold Recognition. The pairwise alignment
results of the testing dataset are used to show the fold
recognition performance of our method. For the comparison,
we applied top-leading general fold recognition program
HHsearch [45] to the same dataset. As mentioned, the testing
dataset is redundant but small, all the proteins included are
at the fold level, there are only two four proteins at the
superfamily level, and no proteins at the family level, whereas
the comparison conducted here is slightly different from that
among the globular proteins, where the top 3 recognized
folds are enough to show the performance on such a small
dataset, and the recognition accuracy is compared using
the average TM-score. Differing to the usage in alignment
accuracy, TM-scores are obtained here using the native
structures of the query-template pairs, instead of aligned
parts, to show the native structure similarity of recognized
folds. To further show the performance, the accuracy of
recognizing the best one is exhibited, respectively. As shown
in Table 3, OMSA derived the best performance comparing
to HHsearch; it recognized the most similar folds for the
queries with accuracy of 57.1%, while HHsearch achieved the
accuracy above ten percent less, and the results are consistent
with native TM-scores. The accuracy with which best protein
fold appears within the top 2 recognized folds increases to
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Table 3: Comparison of the performance of fold recognition for OMPs with HHsearch.

Methods
OMSA
HHsearch

Top 1
Acc. (%)
57.1
46.4

Top 2
TM-score
0.621
0.553

Acc. (%)
66.7
60.0

Top 3
TM-score
0.576
0.512

Acc. (%)
76.7
66.7

TM-score
0.491
0.407

Acc.: accuracy.

66.7% of OMSA, and that remains ten percent more than
HHsearch in the top 3.

4. Conclusions
This paper describes a novel segment OMP alignment
method, OMSA, which is designed based on OMP-specific
features. OMPs have distinct physicochemical properties
compared to globular proteins, which is the biggest obstacle
for other methods to predict their structures but provides
opportunities for our method on the contrary. We extract
the segment type and segment orientation as the features
from topology structures, combining with sequence profile to
comprise the aligning profile, and segment alignment is firstly
employed to address the problem. Correspondingly, we reassign the scoring functions to satisfy the requirement, in which
the residue-residue compatibility is scored using the OMPspecific features and a segment-dependent gap penalty model
is employed. OMSA has been tested based on a nonredundant
testing dataset. Compared to HHalign, our method performs
well as a sequence-to-structure alignment method, where
the feature of segment orientation indispensably improves
the alignment accuracy, especially for TM segments. The
alignment rawscore of OMSA is observed negatively relating
to the structure similarity, so that the method surpassed
HHsearch certain percentage of accuracy in fold recognition.
Furthermore, RC value which is derived from the rawscore
can be directly used to measure the structure similarity
between query and template pairs. By using the RC value,
OMSA achieved the best accuracy of OMP discrimination
compared to other existing methods. For the same reason,
the RC can also be applied to the fold recognition by further
adjusting the threshold. This state-of-the-art technology will
thereby facilitate the discriminating, structure recognizing,
and function predicting for OMPs.
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To precisely track the reactor temperature in the entire working condition, the constrained Hammerstein-Wiener model describing
nonlinear chemical processes such as in the continuous stirred tank reactor (CSTR) is proposed. A predictive control algorithm
based on the Kalman filter for constrained Hammerstein-Wiener systems is designed. An output feedback control law regarding the
linear subsystem is derived by state observation. The size of reaction heat produced and its influence on the output are evaluated
by the Kalman filter. The observation and evaluation results are calculated by the multistep predictive approach. Actual control
variables are computed while considering the constraints of the optimal control problem in a finite horizon through the receding
horizon. The simulation example of the CSTR tester shows the effectiveness and feasibility of the proposed algorithm.

1. Introduction
Temperature control of the batch reactor during chemical
processes [1] is the key to producing qualified chemical products. The control requirement is to change the temperature in
the reactor with the given temperature process curve set up
in advance for the entire batch reaction process. The accuracy
of following the temperature change is the scale used to
judge the performance of the designed controller. Two factors
affect temperature change. First is the change of the interlayer
cooling capacity, where the size reflects the input change of
the control system. Second is the heat production issue of the
chemical reaction in the reactor with a variation in size that
cannot be measured generally because of uncertain, strong,
and nonlinear characteristics, raising higher requirements for
the design of the controller.
The Hammerstein-Wiener model can describe the processes in the continuous stirred tank reactor (CSTR), pH
neutralization reaction process, and other nonlinear chemical
processes. Many research results were achieved in the nonlinear model predictive control (NMPC) [2–4]. Considering
that the state of the actual system is usually unpredictable, the
literature [5] presents a new two-step NMPC algorithm that

constrains the output feedback of the Hammerstein system.
The literature [6] designs the predictive controller of the batch
reaction based on the Kalman filter; the DMC is used as the
framework and is combined with the size of the interference
evaluated by the Kalman filter. Its impact on the system
output for the problems regarding uncertainty and strong
nonlinear characteristics is reflected by the system during
the heat production of the batch reaction itself. However,
no reasonable method was found to resolve the complex
relationship among the states of the practical nonlinear
system, the constraints of the intermediate mass, and the
impact of the interference signal on the output of the system.
Considering the Hammerstein-Wiener system of state,
output, and intermediate mass constraints, this paper proposes the predictive control algorithm of the batch reaction
based on the Kalman filter for the constrained HammersteinWiener system by combining the literature [5, 6]. The paper
designs the output feedback optimal control law of the linear
subsystem with the state observer, and it evaluates the size
of interference and its impact on the system output with
the linear Kalman filter. By predicting the solving error
of the nonlinear algebraic equation and by roll optimizing
the error performance indicator of the finite horizon, the

2

Mathematical Problems in Engineering

relationship between the outputs calculates the actual control
variables. The simulation study of the CSTR proves that the
control method in this paper overcomes the impact of the
heat production in the reaction in terms of the accuracy of
temperature tracking and improves the control effect to a
certain extent.

2. Description of Batch Reaction Process and
the Hammerstein-Wiener System
2.1. Description of Batch Reaction Process [1]. The batch
reactor process is generally operated under a closed reactor
condition so that the reactants are added to the reactor once
to react in the given condition. The intensifying reaction will
cause the heat to accumulate and the temperature to rise
and further intensify. Obviously, this process, as well as the
interlayer temperature, is unsteady. As the control process
is complex, the batch reactor control system is generally
required to design the cascade structure, in which the main
circuit of the outer ring takes the interlayer temperature as
the control input and the reaction temperature as the control
output, using 𝑇𝑗 and 𝑇𝑟 , respectively. The secondary circuit
takes the cooling water flow rate as the control input and the
interlayer temperature as the control output, using 𝑄𝑐 and
𝑇𝑗 , respectively. The value of the secondary circuit is set up
by the main circuit and the secondary circuit, is generally
controlled with a simple PID. The external structure diagram
of the reactor is shown in Figure 1.
2.2. Description of the Hammerstein-Wiener System. The
Hammerstein-Wiener model consists of two static, nonlinear
modules and one dynamic linear module. Its model structure
is shown in Figure 2.
Consider the following discrete-time multivariable Hammerstein-Wiener absolute system:
x (𝑡 + 1) = Ax (𝑡) + Bk (𝑡) ,
w (𝑡) = Cx (𝑡) ,

k (𝑡) = g (u (𝑡) , 𝑡) ,

𝑦 (𝑡) = h (w (𝑡) , 𝑡) ,

(1)

where x ∈ R𝑛 , k ∈ R𝑟 , and u ∈ R𝑚 are the state
variable, intermediate variable, and the input variable of
the system, respectively; w is the output variable in the
linear part; (A, B, C, D) is the constant coefficient matrix
with the corresponding dimension; g, h are the continuously
differentiable nonlinear function vectors, indicating the static
nonlinear link between the system input and the intermediate
variable and between the linear part and the intermediate
variable and meeting g(0, 𝑡) = 0, h(0, 𝑡) = 0.
It is assumed that the system controllability, state observability, and the origin as the equilibrium point of the system,
the parameters of the system states, intermediate variables,
and the input constraints are defined as follows:
x (𝑡) ∈ 𝑀𝑥 ⊆ R𝑛 ,

k (𝑡) ∈ 𝑀V ⊆ R𝑟 ,

u (𝑡) ∈ 𝑀𝑢 ⊆ R𝑚 ,

w (𝑡) ∈ 𝑀𝑤 ⊆ R𝑟 ,

3. The Constrained Predictive Controller
Design Based on the Kalman Filter
3.1. The Constrained NMPC Algorithm [5]. The Hammerstein-Wiener model can be divided into the Hammerstein
model [7] and the Wiener model [8]. Different approaches
are adopted for these two models to design the controller
of the system and to deal with the impact of system output
and interference signal on the system. This section mainly
describes the designs of the output feedback optimal control
law of the Hammerstein linear subsystem based on the state
observer.
The considered output signal 𝑦(𝑡) is assumed to have
no direct control relationship with the input signal 𝑢(𝑡) in
formula (1). Therefore, in its corresponding linear subsystem
(𝐴, 𝐵, 𝐶), x(𝑡 + 1) = Ax(𝑡) + Bk(𝑡), w(𝑡) = Cx(𝑡); if the
observer status is x̂(𝑡), the optimal control law of the linear
subsystem can be described as k(𝑡) ≈ K̂x(𝑡), where K =
−(R+B𝑇 PB)−1 B𝑇 PA, R = 𝑟I is the positive definite weighting
matrix of the intermediate mass, P is a symmetric positive
definite solution to the Riccati equation A𝑇 PA−P+A𝑇PB(R+
B𝑇 PB)−1 B𝑇 PA + Q = 0, and Q = 𝑞I is the semipositive
definite state weighting matrix.
The actual control variable u(𝑡) can be calculated by
solving the nonlinear equations g(u, 𝑡) − k(𝑡) = 0, inevitably
introducing the calculation error, and thereby affecting the
closed-loop stability and optimality. Next, the actual control
is determined through the prediction and the scroll optimization of the calculation error.
Considering the system in formula (1), the calculation
error objective function is defined as follows:
𝑡+𝑇𝑝 −1

𝑇

J1 (𝑡) = ∑ {[g (𝑖) − k (𝑖)] [g (𝑖) − k (𝑖)] + u(𝑖)𝑇 Wu (𝑖)} ,
𝑖=𝑡

(3)
where the integer 𝑇𝑝 > 0 predicts the step length and the
positive definite matrix W is the input weighting matrix.
Thus, the NMPC issue of the constrained Hammerstein
system is defined as follows:
∗

J,
u(𝑡, x̂ (𝑡) , 𝑇𝑝 ) = min
𝑢 1
s.t. x (𝑖 + 1) = Ax (𝑖) + Bg (u (𝑖) , 𝑖) ,
k (𝑖) = K̂x (𝑡) ,
x (𝑡) ∈ 𝑀𝑥 ,
k (𝑡) ∈ 𝑀V ,
w (𝑡) ∈ 𝑀𝑤 ,
u (𝑡) ∈ 𝑀𝑢 ,
x (𝑡) = x̂ (𝑡) ,

(4)

(𝑖 = 𝑡, 𝑡 + 1, . . . , 𝑡 + 𝑇𝑝 − 1) .

The sequential quadratic programming is applied to
calculate online the optimization problem in formula (4) and
obtain the optimal control solution:
∗

(2)

where 𝑀𝑥 , 𝑀V , 𝑀𝑢 , and 𝑀𝑤 represent the compact convex
set, including the origin as the interior point.

u(𝑡, x̂ (𝑡) , 𝑇𝑝 )

∗

= {u(𝑡, x̂ (𝑡))∗ , u(𝑡 + 1, x̂ (𝑡))∗ , . . . , u(𝑡 + 𝑇𝑝 − 1, x̂ (𝑡)) } .
(5)
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Figure 1: CSTR.
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Figure 2: Hammerstein-Wiener model structure.

According to the principle of rolling optimization, the
NMPC law based on the observation state is defined as
follows:
u(𝑡)NMPC = u(𝑡, x̂ (𝑡))∗ ,

(𝑡 = 0, 1, . . .) .

(6)

In formula (6), the observation state x̂(𝑡) can be obtained
through the following all-dimensional observer:
x̂ (𝑡 + 1)
= (A − LC) x̂ (𝑡) + Bg (u(𝑡)NMPC , 𝑡)
+ Lw (𝑡) ,

(7)

(𝑡 = 0, 1, . . .) ,

where L is the gain matrix of the observer.
Control law (6) observes the system status with the state
observer (7) at each sampling time. It then updates the initial
conditions of the optimal control problem (4) on this basis
and scrolls the optimization to calculate the predictive control
variables of the current.
The observation error of the defined state is e = x − x̂;
thus, the NMPC closed-loop Hammerstein system is
x (𝑡 + 1) = Ax (𝑡) + Bg (u(𝑡)NMPC , 𝑡)
= (A + BK) x (𝑡) − BKe (𝑡) + Bk𝑒 (𝑡) ,
e (𝑡 + 1) = (A − LC) e (𝑡) ,

(𝑡 = 0, 1, 2, . . .) ,

where k𝑒 (𝑡) = g(uNMPC , 𝑡) − k(𝑡) is the calculation error of
the control variables; the controller gain 𝐾 is given by k(𝑡) ≈
K̂x(𝑡).
The NMPC closed-loop structure of the whole system is
shown in Figure 3.
3.2. The Predictive Controller Design Based on the Kalman
Filter. This section mainly introduces the interference model
[6] based on the Kalman filter and evaluates the size of
the interference signal as well as its impact on the system
output based on the Wiener model. Meanwhile, with the
above constrained NMPC output, the relationship between
their outputs solves the error through the predictive nonlinear algebraic equation, and roll optimizes the performance
indicators in the finite horizon to calculate the actual control
variables.
The input interference model is the key to achieving
unbiased control and to improving the tracking performance.
To improve the tracking performance and to realize the
unbiased control, the system is characterized by introducing
the interference model. The model is built in the input
interference along with the influence of heat produced by the
materials in the chemical reactor on the output. Davison and
Smith [8] regarded this method as the standard in eliminating
the steady-state error in the design of the quadratic regulator:

(8)
T𝑟 (𝑘 + 1) = 𝛼T𝑟 (𝑘) + 𝛽 [T𝑗 (𝑘) + d (𝑘)] .

(9)
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Bg(u(t)NMPC , t) + Lw(t)

Figure 3: NMPC closed-loop system structure of the constrained hammerstein system.

After the establishment of the input interference model,
the input interference d is evaluated. If the interference is
the state vector, the following augmented-state space model
is obtained:
[

𝛼 𝛽 T𝑟 (𝑘)
𝜂 (𝑘)
T𝑟 (𝑘 + 1)
𝑇
]=[
]+[
][
] [𝛽 0] T𝑗 (𝑘) ,
d (𝑘 + 1)
d (𝑘)
0 1
𝜉 (𝑘)
𝑇

4. Simulation Analysis

𝑦 (𝑘) = [1 0] [T𝑟 (𝑘) d (𝑘)] ,
(10)
where 𝜂 and 𝜉 are the process noises when the mean value is
zero.
According to the measured value of the current output,
the system state T and the interference d of the current can
be determined using the following formula:
𝑇̂
𝑇̂
𝐿
[ 𝑘|𝑘 ] = [ 𝑘|𝑘−1 ] + [ 1 ] (𝑦𝑘 − 𝑇̂𝑘|𝑘−1 ) ,
𝑑̂𝑘|𝑘
𝑑̂𝑘|𝑘−1
𝐿2

(11)

where 𝐿 1 and 𝐿 2 represent the corresponding Kalman gains
of the state variable T and the interference d, respectively.
Then, the predictive value of the augmented state at the
next moment is
[

𝑇̂𝑘+1|𝑘
𝛼 𝛽 𝑇̂𝑘|𝑘
𝛽
]=[
] + [ ] 𝑇𝑗 (𝑘) .
][
𝑑̂𝑘+1|𝑘
0 1 𝑑̂𝑘|𝑘
0

(12)

For the sake of discussion, the following are set: A1 =
[ 𝛼0 𝛽1 ], B2 = [ 𝛽0 ], H = [ 1 0 ], and L = [L1 L2 ]. The
Kalman gains of each cycle can then be calculated by 𝐿 𝑘 =
P𝑘 H𝑇 (HP𝑘 H𝑇 + R)−1 , where P𝑘 = (I − K𝑘−1 H)AP𝑘−1 A𝑇 + Q
is the covariance of the estimation error of the current; Q, R
are the process incentive noise covariance matrix and the
observation noise covariance matrix, respectively, and their
values directly affect the performance of the Kalman filter.
Greg Welch and Gary Bishop (2006) discussed it in detail in
their writings. Interference 𝑑 has no direct relationship with
input 𝑇𝑗 , but the observability of interference 𝑑 ensures passing the Kalman filter and then evaluates 𝑑. When designing
the controller, the evaluation value of 𝑑 is used to remove its
influence on the system output. After evaluating the size of 𝑑
using the Kalman filter in each sampling period, feedforward
compensation is made on this part, and its influence on the
system output is included in the prediction model. The realtime control variable is
̃𝑜𝑝 (𝑘)]
Δ𝑇𝑗 (𝑘) = D𝑇 [𝑇𝑟 𝑠𝑝 (𝑘) − 𝑏Δ𝑑 (𝑘) − 𝑇
̃𝑜𝑝 (𝑘)] ,
= D𝑇 [𝑇𝑟𝑠𝑝 (𝑘) − 𝑇

where Δ𝑑(𝑘) = 𝑑(𝑘) − 𝑑(𝑘 − 1); D = (A𝑇QA + R)−1 A𝑇Q; and
𝑇𝑟𝑠𝑝 (𝑘) deducts the influence of interference 𝑑 on the output
from the expected value to form the new one.
The predictive control algorithm flowchart of the constrained Hammerstein-Wiener model with the feedforward
compensation is shown in Figure 4.

(13)

The experimental platform is the CSTR tester that can
simulate in real time the entire process of the batch reaction.
The main parameters selected include the volume of the
reactants: 200 L, the spin speed of the stirrer: 90 r/ min, the
power of the stirrer: 1.5 Kw, the feeding of the reactant 𝑚1 :
50 kg, and the specific heat: 1.2 kJ/kgK. The valve operation
of the heating steam comprises manual and automatic modes.
The initial stage of the reaction mainly involves the evoked
response within the reactor. In other words, the temperature
of the reactor is improved to 60∘ C with steam. The steam valve
is manually operated in this process. The temperature in the
reactor continues to rise because of the heat production in
the reaction. The steam valve is switched to automatic mode
to implement the control strategies. The process curve of
the reaction temperature is set as follows: rising at 0.2∘ C/s,
remaining constant at 120∘ C, and the overshoot of the
temperature being less than 1.5∘ C. The result is compared with
that of the traditional PID control, as shown in Figure 5.
Compared with the PID control, the PID control method
cannot make the reactor temperature follow the process
curve well because of the inherent nonlinearity and time lag
characteristics of the object. However, the method in this
paper achieves a good control effect.
In practical production, different products are produced
through different processes, requiring corresponding control
tasks to be changed, that is, selecting different process curves
while keeping the algorithm unchanged. In the same simulation platform, the process curve is set to rise at 0.3∘ C/s and
be constant at 120∘ C, with other parameters unchanged. The
control result is shown in Figure 6(a), whereas the traditional
PID algorithm control result is shown in Figure 6(b).
For batch production, the different natures of the reactants result in different exothermic characteristics in the
entire reaction process, requiring the adopted control algorithm to have good robustness. In other words, the original
control result remains even when the material property
changes. Now, the reactant 𝑚2 is used with the specific heat of
1.5 kJ/kgK. The reaction temperature process curve is set as
follows: rising at 0.2∘ C/s and remaining constant at 120∘ C. The
result is compared with that of the traditional PID control, as
shown in Figure 7.

Mathematical Problems in Engineering

−


Tr_
sp

Tr_ sp

−

d

Δd

b

D

T

5

Predictive

ΔTj

Summator

̃ rp
T

+

Tj

v(t)

K

Tr

CSTR

g

−

w (t) x(t + 1) = Ax(t) + Bv(t)
y(t) = Cx(t)

H

x̂ (t + 1) = (A − LC)̂
x (t) +
x̂ (t) Bg(u(t)NMPC , t) + Lw(t)

Figure 4: The predictive control algorithm of the constrained Hammerstein-Wiener model with the feedforward compensation.
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The traditional PID control algorithm is difficult to use
in controlling the reaction temperature in a satisfactory
range because of the specific heat change of the reactant.
However, the method proposed in this paper shows good
robustness, indicating practical significance to the complex
and changeable strong, nonlinear, chemical process system.

5. Conclusions
With the temperature tracking issue in the batch reaction
process as the study object, as well as with the condition
that the value of the heat production cannot be measured
and its influence law on the output is unknown in the whole
process of the reactant reaction, this paper proposes the
predictive control algorithm of the batch reaction based on
the Kalman filter for the constrained Hammerstein-Wiener
system. Combined with state observer, the paper designs the
output feedback optimal control law of the linear subsystem
and characterizes the unmodeled dynamic system with the
output interference model, which compensates for the impact
of the heat production from the reaction on the system
output and improves the accuracy of temperature tracking.
The simulation experiment is conducted to verify the control
results of this algorithm on different process curves and
determine its robustness. The proposed algorithm, when
compared with the traditional PID algorithm, fully demonstrates effectiveness and feasibility.
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According to cross-domain personalized learning resources recommendation, a new personalized learning resources recommendation method is presented in this paper. Firstly, the cross-domain learning resources recommendation model is given. Then, a method
of personalized information extraction from web logs is designed by making use of mixed interest measure which is presented in
this paper. Finally, a learning resources recommendation algorithm based on transfer learning technology is presented. A time
function and the weight constraint of wrong classified samples can be added to the classic TrAdaBoost algorithm. Through the
time function, the importance of samples date can be distinguished. The weight constraint can be used to avoid the samples having
too big or too small weight. So the Accuracy and the efficiency of algorithm are improved. Experiments on the real world dataset
show that the proposed method could improve the quality and efficiency of learning resources recommendation services effectively.

1. Introduction
With the continuous development of network technology
and educational informationization, the network learning
system is widely applied in every stage of education. How
to improve the intelligence of the network learning system
and the users’ efficiency has become a common concern for
all researchers. It is more and more difficult for students
to look for their interested resources from the increasing learning resources in the network learning system. So
adding learning resources recommendation service to the
network learning system can save the students’ time and
effort on information searching and can free the students
from enormous network information resources. Under these
conditions and needs, the personalized learning resources
recommendation service technique has been gradually developed.
The personalized learning resources recommendation
service refers to predicting whether the new learning
resources can meet the students’ personalized demand which
is extracted from the previous learning information and
recommending the interested resources to the students.

In order to obtain good recommendation results, a certain
amounts of personalized information should be accumulated.
The accumulation time is proportional to the student’s
learning time in the network learning system. Shortening the
accumulation time is an effective method to improve learning
resources recommendation service efficiency. The crossdomain learning resources recommendation is an effective
method to shorten the process of accumulating personalized
information.
In this paper, a cross-domain personalized learning
resources recommendation method is presented. First, a
cross-domain personalized learning resources recommendation service model is introduced. Next, a personalized
information mining method is designed. Then, a crossdomain learning resources recommendation algorithm is
presented. Finally, the simulation results and the experiment
analysis are given.

2. Service Model
There are large amount of learning resources in network
learning system. Generally, the student does not know if
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𝑃=
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(1)

where 𝐶 is the browsing times, 𝑇 is the each browsing time,
and 𝐵 is the number of bytes of the browsing content.
In network learning system, the file types of learning
resources are not only text but also image, animation, audio,
and video. In formula (1), the difference from different file
types is not considered. In addition, the learning resources
not only include the resource content but also include the
resource description which is called the brief of resource.
According to the characteristics of learning resources, the
mixed interest measure 𝐼 is computed as follow.
First, the content browsing interest measure 𝑃𝑐 is computed as the following:
𝑛

𝑃𝑐 = 𝜂 × 𝛼 × ∑
𝑖=1

𝑇𝑖𝑐
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Figure 1: Service Model.

Then, the brief browsing interest measure 𝑃𝑏 is computed as the following:
𝑚

𝑃𝑏 = 𝛽 × ∑
𝑖=1

𝑇𝑖𝑏
,
𝐵𝑏

(3)

where 𝑚 is the browsing times, 𝑇𝑏 is the each brief browsing
time, 𝐵𝑏 is the number of bytes of the resource brief, and 𝛽 is
the coefficient of resource brief.
Next, the browsing interest measure 𝑃 is computed as the
following:
𝑃 = 𝑃𝑐 + 𝑃𝑏 .

(4)

Finally, the mixed interest measure 𝐼 is computed as the
following:

(2)

where 𝑛 is the browsing times, 𝑇 is the each content
browsing time, 𝐵𝑐 is the number of bytes of the resource
content, 𝛼 is the coefficient of resource content, and 𝜂 is the
coefficient of resource type.

Resources of
subject y

Information mining

3. Personalized Information Mining Based on
Mixed Interest Measure
For a student, what learning resources they are interested in
is the most easy and effective way to reflect his personalized
demands. From the web logs, the service can find out the
learning resources that the student has browsed, analyze what
they are interested in, what they are uninterested in, and then
compose the personalized information of the student.
Now, browsing interest measure [1] is widely used to estimate whether the users are interested in the browsed contents
or not. The browsing interest measure 𝑃 is computed as:

Recommendation
model

Learning
system
web logs

Cross-domain personalized
recommendation service

it contains the interested contents when he studies new
resource. So, he can only check the content or the resource
description. If it does not contain the interested content, the
checking is useless. In order to reduce the useless checking,
the recommendation service should be added to the system.
For improving the service efficiency, a cross-domain personalized recommendation service model is presented in this
paper. The service model is shown in Figure 1.
As shown in Figure 1, when students use the network
learning system, some web logs data are generated. These data
include user name, access date, access times, access time, and
requested URL. Through mining the data, the personalized
information of students are obtained. Put the personalized
information as a basis for personalized learning resources
recommendation into the student personalized information
database. When a student learns some subject, the service
can extract learning information from current subject and
the subjects learned before based on his personalized information, and train the recommendation model. Through the
recommendation model, the service can find the learning
resources which the student is interested in the current
subject and recommend them to the student.

𝐼=

𝑃/ ∑𝑁
𝑗=1 𝑃𝑗
1/𝑁

,

(5)

where 𝑁 is the total number of the browsed resources.
If 𝐼 ≥ 1, the learning resource is interested; otherwise, the
learning resource is uninterested.
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4. Cross-Domain Learning Resources
Recommendation Algorithm
The basic theory of resources recommendation is analyzing
new learning resources for students based on their personalized information and finding their interested resources.
At present, traditional machine learning technology is used
in most of resources recommendation service, and most of
traditional machine learning is based on statistic learning, in
which training data and testing data should be under the same
distribution.
But in the cross-domain recommendation field, traditional machine learning cannot solve this problem, and the
transfer learning is an effective method to solve it.
4.1. Transfer Learning. Now, transfer learning includes instance-based transfer learning and feature-based transfer
learning [2–7]. Source domain data and target domain
data may have different distribution, yet similar content,
in which case, instance-based transfer learning has more
obvious effect. The instance-based transfer learning refers to
estimate instances from source domain data by some method
and applies the instances evaluated better to the learning
task of the target domain. Researchers have proposed many
instance-based transfer learning algorithms [8–12]. Dai and
others [13] have expanded traditional Boosting ensemble
learning algorithm and proposed TrAdaBoost algorithm that
has ability to transfer. The basic idea of TrAdaBoost is that
the source domain data and the target domain data are
mixed, and then they are trained. And after each iteration
training, adapt the weight of the instance which is classified
to be wrong. If the instance belongs to the target domain,
the weight of it which is considered important should be
increased and the effect of the sample should be improved
at the next iteration training. If the instance belongs to
the source domain, the weight of it which is considered
unimportant should be decrease and the effect of sample
should be reduced at next iteration training.
4.2. Cross-Domain Resources Recommendation Algorithm
Design. In TrAdaBoost, the instances are treated in the
same way during the initial weight assignment stage, and
the weights of source domain instances and the weights of
target domain instances are assigned averagely. For learning
resources recommendation, the learning resources that the
students browsed recently are more likely to reflect the
current personalized information, so a time function can
be added to weight assignment stage of the algorithm.
In this way, the importance of learning resources can be
distinguished.
In addition, the instance’s weight which is classified
wrong in target domain in TrAdaBoost algorithm will be
increased continuously. On the contrary, the instance’s weight
which is classified wrong in source domain will be decreased
continuously. When the number of instances which have too
big or too small weight reaches a certain degree, it will decline
the classifier ability of the algorithm. In order to solve this

3
problem, the weight of the wrong classified samples will be
constrained.
The detailed description of the cross-domain personalized resource recommendation algorithm is shown below.
Step 1. Let 𝐷 = 𝐷𝑠 ∪ 𝐷𝑜 , where 𝐷𝑜 = {(𝑑𝑚+1 ,
𝐶(𝑑𝑚+1 )), (𝑑𝑚+2 , 𝐶(𝑑𝑚+2 )), . . . , (𝑑𝑛 , 𝐶(𝑑𝑛 ))} is the learned
resources set in the current subject, 𝐷𝑠 = {(𝑑1 , 𝐶(𝑑1 )),
(𝑑2 , 𝐶(𝑑2 )), . . . , (𝑑𝑚 , 𝐶(𝑑𝑚 ))} is the learned resources set in
other subjects, and 𝐶(𝑑𝑖 ) ∈ {0, 1} is the category label of 𝑑𝑖 .
Step 2. Set 𝑅 (𝑅 < 𝑚) and initialize 𝑟 = 0; 𝑅 is the times of
iteration, and 𝑟 is the count of iteration.
Step 3. Initialize the weight of instances:
1
{
1 ≤ 𝑖 ≤ 𝑚,
( ) × 𝑓 (𝑡𝑖 ) ,
{
{
𝑚
{
{
0
𝑤𝑖 = { 1
{
{( − 𝑚) × 𝑓 (𝑡𝑖 ) , 𝑚 + 1 ≤ 𝑖 ≤ 𝑛.
{
{ 𝑛
{
The time function 𝑓(𝑡𝑖 ) is as the following:
𝑡𝑖 = 0
{
{1,
𝑡𝑖
𝑓 (𝑡𝑖 ) = {
1
{1 − 𝜆 × ln (1 + ) , 𝑡𝑖 > 0.
𝑡
𝑖
{
Step 4. 𝑟 = 𝑟 + 1.

(6)

(7)

Step 5. The weight of sample should be normalized, and it
should be adjusted as the following:
𝑤𝑖𝑟 =

𝑤𝑖𝑟

𝑤𝑖𝑟−1
,
𝑛
∑𝑖=1 𝑤𝑖𝑟−1

𝑢,
𝑤𝑖𝑟 > 𝑢
{
{
= {𝑙,
𝑤𝑖𝑟 < 𝑙
{ 𝑟
{𝑤𝑖 , others.

(8)

Step 6. Call weak learner; then get back a hypothesis ℎ𝑟 (𝑑) :
𝑑− > 𝐶(𝑑).
Step 7. Calculate the error of ℎ𝑟 (𝑑):


𝑛
𝑤𝑟 ×  ℎ𝑟 (𝑑 ) − 𝑐 (𝑑 )
𝜀𝑟 = ∑ 𝑖  𝑛 𝑖 𝑟 𝑖  .
∑𝑖=𝑚+1 𝑤𝑖
𝑖=𝑚+1

(9)

Let
1
{
𝜀𝑟 𝜀𝑟 <
{
{
2
𝜀𝑟 = {
{
{ 1 𝜀𝑟 ≥ 1 .
{2
2
Step 8. Update the weights of the instances:

(10)

𝑤𝑖𝑟 = 𝑤𝑖𝑟
1,
ℎ𝑟 (𝑑𝑖 ) = 𝑐(𝑑𝑖 ) or 𝑤𝑖𝑟 ∈ {𝑢, 𝑙}
{
{
𝑐(𝑑𝑖 ), 1 ≤ 𝑖 ≤ 𝑚, 𝑤𝑖𝑟 > 𝑙
ℎ𝑟 (𝑑𝑖 ) ≠
× {𝛽𝑠 ,
{ 𝑟 −1
𝑟
𝑐(𝑑𝑖 ), 𝑚 + 1 ≤ 𝑖 ≤ 𝑛, 𝑤𝑖𝑟 < 𝑢,
{(𝛽𝑜 ) , ℎ (𝑑𝑖 ) ≠
(11)
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5. Experimental Evaluation

Table 1: Experimental data.
Literature
History
Student (data set)
Interested Uninterested Interested Uninterested
𝑆0 (𝑈0 )
812
614
789
543
785
586
856
654
𝑆1 (𝑈1 )
914
689
758
542
𝑆2 (𝑈2 )
1021
754
699
488
𝑆3 (𝑈3 )
654
562
951
623
𝑆4 (𝑈4 )
..
..
..
..
..
.
.
.
.
.
948
643
751
523
𝑆59 (𝑈59 )
987
763
928
616
𝑆60 (𝑈60 )
1012
670
789
563
𝑆61 (𝑈61 )
965
543
851
652
𝑆62 (𝑈62 )

This paper chooses the Literature subject and the History
subject to verify the effectiveness of the recommendation
method and select the learning logs of a class with 62 students
as the experimental data from a network learning system
without recommendation service. The learning resources
which are placed in “favorite” by students are used as the
interested resources, and the learning resources which are
placed in “recovery” by students are used as the uninterested
resources. The experimental data sets are composed of the
resources feature expression and their browsed time. Part of
the information is shown in Table 1.
Firstly, test the effectiveness of the personalized information mining based on mixed interest measure; the specific
experimental process of the personalized information mining
for each student is shown as follows.
(1) Extract the records of student 𝑆𝑖 from web logs.

where
𝛽𝑠 =

(2) Extract the records which are corresponding to the
resources in 𝑈𝑖 .

1
,
√
1 + 2 × ln (𝑚/𝑅)
𝛽𝑜𝑟

(12)

𝜀𝑟
=
.
1 − 𝜀𝑟

Step 9. If 𝑟 < 𝑅, go to Step 4; otherwise, get back the final
hypothesis:
{
{1,
ℎ𝑅 (𝑑) = {
{
{0,

𝑅

∑ ln (

𝑟=𝑅/2

𝑅

1
1
1
) × ℎ𝑟 (𝑑) ≥ × ∑ ln ( 𝑟 ) .
𝛽𝑜𝑟
2 𝑟=𝑅/2
𝛽𝑜

others.
(13)

In this algorithm, the formula (7) has the following
properties: the function 𝑓(𝑡𝑖 ) on [0,+∞) is monotonically
decreasing; 𝑓(0) = 1; lim𝑡𝑖 → +∞ 𝑓(𝑡𝑖 ) = 0; the decrease of
function 𝑓(𝑡𝑖 ) is from fast to slow. Its properties satisfy the
time characteristics of the learning resources. When 1 ≤ 𝑖 ≤
𝑚, 𝑡𝑖 is the time interval between the browsed time of the
current instance and the recent browsed time of the instances
in 𝐷𝑠 . when 𝑚 + 1 ≤ 𝑖 ≤ 𝑛, 𝑡𝑖 is the time interval between
the browsed time of the current instance and the recent
browsed time of the instances in 𝐷𝑜 . 𝜆 ∈ [0, 1] reflects
the descending rate of the instance’s importance. When 𝜆 =
0, the time characteristics of instances are not considered.
When 0 < 𝜆 ≤ 1, the bigger the 𝜆, the faster the
descending rate of the instance’s importance, and the value
of 𝑓(𝑡𝑖 )/𝑓(0) is bigger than 1 − 𝜆.
In formula (11), 𝑢 is the upper threshold of the
weight, 𝑙 is the limit threshold of the weight, 𝑢
=
1
1
1
max (𝑤𝑖 ) × 𝜃, and 𝑙 = min (𝑤𝑖 )/𝜃. The max (𝑤𝑖 ) is
the maximum value of 𝑤𝑖1 , min(𝑤𝑖1 ) is the minimum value
of 𝑤𝑖1 , 𝜃 ≥ 1 is a real and can be adjusted. When 𝜃 is large
enough, it means that the weights of the wrong classified
instances are not constrained.

(3) According to the proposed method, calculate the
student’s interest measure of each learning resources
in 𝑈𝑖 .
(4) Classify the learning resources according to whether
the interest measure is bigger than 1, compare the
results with the actual categorical attribute, and calculate the accuracy 𝑓 of the method.
The experimental results are shown in Figure 2.
In 62 groups experimental data, 8 groups are between
84 and 85%, 25 groups are between 85 and 86%, 27 groups
are between 86 and 87%, 2 groups are between 87 and
88%, and the average accuracy rate can reach 86.48%, and
these meet the demands of personalized learning resources
recommendation.
Then, apply the data set that was achieved from personalized information mining to test cross-domain resources
recommendation algorithm, and the specific experimental
process is as follows.
(1) For each data set, randomly select 10% instances
from History subject and all instances from Literature
subject, use this data set as training set, and use the
rest instances of History subject as test set.
(2) The values of 𝜃 are 5 and 106 , the values of 𝜆 are 0.5
and 0.
(3) Train and test, and the iteration times are 1 to 50. We
should compute the accuracy, precision, and recall.
(4) Repeat 10 times, calculate the average of accuracy,
precision and recall.
(5) Calculate the average of accuracy, precision, and recall
of all data sets.
The final comparison results of the average of accuracy,
precision, and recall are shown in Table 2.
Using the same data set, the experimental results of the
traditional methods SVM and TrSVM [12] are as in Table 3.
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Table 2: Final results comparison.

Coefficient
𝜃
106
106
5
5

𝜆
0
0.5
0
0.5

Accuracy

Precision

Recall

Comment

80.98%
82.11%
85.59%
86.54%

81.63%
82.15%
86.10%
86.63%

81.17%
82.06%
86.06%
86.42%

TrAdaBoost
Add time function only
Add weight constraints only
In this paper

Table 3: Experimental results.
SVM
Precision
55.89%

Accuracy
55.13%

Recall
56.03%

Accuracy
82.3%

TrSVM
Precision
82.5%

Accuracy
86.54%

In this paper
Precision
86.63%

Recall
86.42%

90

30

27

85

24

80
Accuracy (%)

25

The number of sets

Recall
82.4%

20

75
70
65
60

15

55
10

50

8

5

2
0

84-85

85-86
86-87
Accuracy (%)

87-88

1

5

9

13 17 21 25 29 33 37 41
The number of labeled resources

TrAdaBoost
Add time function only

45

49

Add weight constraints only
In this paper

Figure 3: Convergence comparison.

Figure 2: Personalized information mining experimental results.

Using the transfer learning recommendation method,
the accuracy, precision and recall are all much higher than
the traditional SVM method and higher than the TrSVM
method.
It is shown in Table 2 that the accuracy, precision,
and recall of TrAdaBoost algorithm are 80.98%, 81.63%,
and 80.98%. After adding the time function to the weight
assignments stage, the accuracy, precision and recall are
82.11%, 82.15% and 82.06%, just a slight improvment, this
is because the algorithm uses Boosting integration learning
framework, and so the initial weight assignment has a small
effect on the result of final recommendation. When adding
weight constraints only, the accuracy, precision, and recall
are 85.59%, 86.10%, and 85.59%, better than TrAdaBoost
algorithm; this is because there are error data in the data
set obtained from personalized information mining. Without
weight constraint, the error data will greatly affect the quality
of recommendation service, and under the help of the
weight constraint, the quality of recommend service is greatly
improved. The accuracy, precision, and recall in this paper

are 86.54%, 86.63%, and 86.42%, apparently higher than the
TrAdaBoost algorithm; the recommendation algorithm in
this paper is more effective.
The convergence comparison is shown in Figure 3.
It is shown in Figure 3 that the TrAdaBoost algorithm
needs about 45 times of iteration to achieve convergence.
While adding time functions or weight constraints, the
algorithm needs about 40 times to achieve convergence, and
the proposed algorithm in this paper only needs about 35
times of iteration. The proposed algorithm is more effective.
The experimental results show that the recommendation
service based on the proposed algorithm in this paper is
superior to the recommendation service based on TrAdaBoost algorithm both in quality and efficiency and meets
the demands of personalized learning resources recommendation service.

6. Conclusion
In the personalized learning resources recommendation
service, the learning resources recommendation method
requires a certain amount of personalized information to
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achieve a satisfactory effect. How to achieve the information accurately and conveniently and make full use of the
information to recommend is an urgent puzzle to be solved.
We extract students’ personalized information from web log
based on the mix interest measure, put forward a kind of
cross-domain learning resources recommendation method,
and this method not only can take advantage of the students’
personalized information in current subjects but also can
use the personalized information in other subjects they have
learned. The experimental results show that the proposed
learning resources recommendation method can effectively
improve the quality and efficiency of learning resources
recommendation.
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Calpains are an important family of the Ca2+ -dependent cysteine proteases which catalyze the limited proteolysis of many specific
substrates. Calpains play crucial roles in basic physiological and pathological processes, and identification of the calpain cleavage
sites may facilitate the understanding of the molecular mechanisms and biological function. But traditional experiment approaches
to predict the sites are accurate, and are always labor-intensive and time-consuming. Thus, it is common to see that computational
methods receive increasing attention due to their convenience and fast speed in recent years. In this study, we develop a new
predictor based on the support vector machine (SVM) with the maximum relevance minimum redundancy (mRMR) method
followed by incremental feature selection (IFS). And we concern the feature of physicochemical/biochemical properties, sequence
conservation, residual disorder, secondary structure, and solvent accessibility to represent the calpain cleavage sites. Experimental
results show that the performance of our predictor is better than several other state-of- the-art predictors, whose average prediction
accuracy is 79.49%, sensitivity is 62.31%, and specificity is 88.12%. Since user-friendly and publicly accessible web servers represent
the future direction for developing practically more useful predictors, here we have provided a web-server for the method presented
in this paper.

1. Introduction
Calpains are an important family of the Ca2+ -dependent
cysteine proteases which catalyze the limited proteolysis of
many specific substrates [1, 2]. Probably, 16 known calpain
isoform genes are founded in humans. Then, 14 genes
encoded proteins have cysteine protease domains, and the
other 2 genes that encode some regulatory proteins are associated with some catalytic subunits forming heterodimeric
proteases [3, 4]. Calpains play crucial roles in basic physiological and pathological processes, including the regulation of gene expression, signal transduction, cell death and
apoptosis, remodeling cytoskeletal attachments during cell
fusion or motility, and cell cycle progression [3–5]. Moreover,
calpain aberrancies frequently lead to a variety of diseases and
cancers [6]. As we know, traditional experimental identification and characterization of calpain cleavage sites are laborintensive and expensive. Recently, calpain cleavage sites prediction attracts more and more attention, and more and more

studies have understood its regulatory roles and molecular
mechanisms of calpain cleavage.
In recent years, many computational methods were developed to predict calpain cleavage sites. In the paper [7],
Tompa et al. selected 49 calpain substrates with a total of 106
sequentially identified cleavage sites from the literature. They
determined the amino acid preferences around the cleavage
bond with 11-mer peptide, and they synthesized a short peptide of TPLKSPPPSPR to be a superior substrate of calpain.
Then, Boyd et al. developed PoPS online tool to predict
protease specificity [8, 9]. And the site prediction based on the
frequency and substitution matrix scoring strategy predicted
Calpain 1 and 2 specific cleavage sites [10]. Recently, Liu et
al. developed a new computational program for the prediction of calpain cleavage sites. With the previously released
algorithm of GPS (Group-based Prediction System), they
designed a novel software package of GPS-CCD (Calpain
Cleavage Detector) for prediction of calpain cleavage sites
[6]. Although aforementioned predictors were effective, we
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should make more efforts to improve the performance of
calpain cleavage sites prediction.
In this study, we developed a new predictor based on the
support vector machine (SVM) with the maximum relevance
minimum redundancy (mRMR) method followed by incremental feature selection (IFS). And we concerned the features
of physicochemical/biochemical properties, sequence conservation, residual disorder, secondary structure, and solvent
accessibility to represent the calpain cleavage sites. Experimental results showed that the performance of our predictor was better than several other state-of-the-art predictors, whose average prediction accuracy was 79.49%, sensitivity was 62.31%, and specificity was 88.12%. Since userfriendly and publicly accessible web servers represented
the future direction for developing practically more useful
predictors [11], here we have provided a web server for
the method presented in this paper at http://202.198.129.
219:8080/calpain cleavage/.

2. Materials and Method
2.1. Data Sets. Here, we selected 130 unique substrates for
calpain cleavage sites. And all the proteins were extracted
from Uniprot/Swiss-Prot (Jul 20, 2012), by searching the “calpain” in the field “Sequence annotation” with experimental
verification. We defined a calpain cleavage peptide (𝑚, 𝑛) as
the cleavage bond flanked by 𝑚 residues upstream and 𝑛
residues downstream, where 𝑚 and 𝑛 were equal to 10. Similar
to [6], all experimentally verified cleavage sites were regarded
as positive samples, and the other noncleavage sites in the
same substrates were taken as the negative samples. With the
threshold of 40% identity by CD-HIT, the training dataset
contained 368 positive samples.
2.2. Protein Features and Vector Encoding. The first feature
we select is the position specific scoring matrix (PSSM)
of each calpain cleavage peptide. All biological species
have developed starting out from a very limited number
of ancestral species. Their evolution involves changes of
single residues, insertions and deletions of several residues
[12], gene doubling, and gene fusion. With these changes
accumulated for a long time, many similarities between initial
and resultant amino acid sequences are gradually eliminated,
but the corresponding proteins may still share some equal
functions and action mechanisms. Accordingly, evolutionary
conservation may play important roles in biological analysis
[13]. We used PSI-BLAST [14] to generate the scoring of
specific residues. PSSM profile for each peptide can be
represented as a matrix of 𝑀 × 20 dimensions, and 𝑀 is the
length of peptide; 20 dimensions mean a measure of residue
conservation of 20 different standard amino acids [15].
The second feature we exploit is the feature of amino
acid factors derived from AAIndex [16], which is a famous
database including various physicochemical and biochemical
properties. Due to native 20 amino acids having their own
specific properties, the composition of these properties of
different residues will affect the structure and function of
the protein [13]. Atchley et al. [17] performed multivariate
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statistical analyses on AAIndex and replaced amino acid
properties with five pattern scores (polarity, secondary structure, molecular volume, codon diversity, and electrostatic
charge) [13]. We use the five pattern scores to represent each
amino acid.
We also consider other features to make full use of protein
sequence and prior knowledge, including disorder score,
secondary structure, and solvent accessibility. Therefore, the
information of disorder score is involved with protein structure and function. In this study, we use VSL2 [18] to calculate
the disorder score of each amino acid peptide. Moreover, we
use SSpro4 [19] to predict the secondary structural property
of each amino acid of a given protein sequence as “helix,”
“stand,” or “other” which are encoded with “100,” “010,” and
“001”. So, we construct a series of 𝐾 × 3 matrix, 𝐾 is the
length of the chain peptide. The predictor SSpro4 also can
predict solvent accessibility of each amino acid as “buried” or
“exposed,” which is encoded with “10” and “01;” then, 𝐾 × 2
matrix is formed; 𝐾 is also the length of chain peptide.
2.3. The Feature Space. As mentioned previously, for each
amino acid of a given peptide, the following 31 features are
needed: 20 PSSM conservation score features, 5 amino acid
factors features, 1 disorder feature, 3 secondary structure
features, and 2 solvent accessibility features. The length of
given peptide is 21; there are total of 31 × 21 = 651 features.
According to (6) of [20], the feature vector for any protein,
peptide, or biological sequence is none but a general form of
pseudo amino acid composition or PseAAC [21, 22] that can
be formulated as
𝑇

𝑃 = [𝜓𝜓 𝜓2 ⋅ ⋅ ⋅ 𝜓𝜇 ⋅ ⋅ ⋅ 𝜓Ω ] ,

(1)

where Ω = 651, 𝑇 is the transpose operator, and 𝜓𝜇 (𝜇 =
1, 2, . . . , 651) represents the 𝜇 feature.
2.4. The mRMR Method. We use the mRMR method to
rank the importance of the 651 features based on minimal
redundancy and maximal relevance [23]. The ranked feature
with the smaller index indicates that it has a better trade-off
between the maximum relevance and minimum redundancy.
The mutual information is used for reflecting the dependence
of vector 𝑥 and vector 𝑦:
𝐼 (𝑥, 𝑦) = ∬𝑝 (𝑥, 𝑦) log

𝑝 (𝑥, 𝑦)
𝑑𝑥 𝑑𝑦,
𝑝 (𝑥) 𝑝 (𝑦)

(2)

where 𝑥 and 𝑦 are two random vectors, 𝑝(𝑥, 𝑦) is the joint
probabilistic density, and 𝑝(𝑥) and 𝑝(𝑦) are the marginal
probabilistic densities.
Suppose that the set 𝑀 is the already-selected feature set
containing 𝑚 features, and the set 𝑁 is the to-be-selected
feature set containing 𝑛 features. 𝐷 denotes the relevance
between the feature 𝑓 in 𝑁 and the class 𝑐:
𝐷 = 𝐼 (𝑓, 𝑐) .

(3)
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And 𝑅 denotes the relevance between the feature 𝑓 in 𝑁 and
all features in 𝑀, and 𝑅 can be calculated by
𝑅=

1
∑ 𝐼 (𝑓, 𝑓𝑖 ) .
𝑚 𝑓 ∈𝑀

(4)

𝑖

prediction result is the average accuracy of the five testing
sets.
Four parameters, sensitivity (Sn), specificity (Sp), accuracy (Ac), and matthews’ correlation coefficient (MCC) are
used to measure the performance of our model. They are
defined by the following formulas:

So the feature 𝑓𝑖 in the set 𝑁 with the maximum relevance
and minimum redundancy can be calculated by
1
max [𝐼 (𝑓𝑗 , 𝑐) −
∑ 𝐼 (𝑓𝑗 , 𝑓𝑖 )] ,
𝑓𝑗 ∈𝑁
𝑚 𝑓 ∈𝑀
𝑖
]
[

(𝑗 = 1, 2, . . . , 𝑛) .
(5)

We can use the mRMR method to find the feature set 𝑆,
and each feature in 𝑆 has the index indicating its importance;
the more important the feature is, the smaller the index is.
2.5. Support Vector Machine. SVM belongs to the family
of margin-based classifier and is very powerful to deal
with prediction, classification, regression problems [24, 25].
Therefore, SVM is widely used for all kinds of problems. SVM
looks for optimal hyperplane which maximizes the distance
between the hyperplane and the nearest sample from each of
the two classes. Formally, given a training vector 𝑥𝑖 ∈ 𝑅𝑛 and
their class values 𝑦𝑖 ∈ (−1, 1), 𝑖 = 1, . . . , 𝑁, SVM solves the
following optimization problems:
𝑁
1 𝑇
𝜔 ⋅ 𝜔 + 𝐶 ∑ 𝜉𝑖 ,
2
𝑖=1
subject to 𝑦𝑖 (𝜔𝑇 ⋅ 𝑥𝑖 + 𝑏) ≥ 1 − 𝜉𝑖 ,

Minimize

(6)
𝜉𝑖 ≥ 0,

where 𝜔 is a normal vector perpendicular to the hyperplane
and 𝜉𝑖 is slake variables for allowing misclassifications. Here
𝐶 (>0) is the penalty parameter which balances the trade-off
between the margin and training error. In the work, LIBSVM
package [26, 27] with radial basis kernel function is used. Two
parameters, the regularization parameter 𝐶 and kernel width
parameter 𝛾, are optimized based on 5-fold cross validation
using a grid search strategy.
2.6. Evaluation. In statistical prediction, three cross validation tests are often used to evaluate the performance of
predictors: subsampling test, independent dataset test, and
jackknife test [28, 29]. However, of the three test methods,
the jackknife test is deemed the least arbitrary that can
always yield a unique result for a given benchmark dataset
as elaborated in [30] and demonstrated by (28)–(30) in
[21]. Accordingly, the jackknife test has been increasingly
and widely used by investigators to examine the quality of
various predictors (see, e.g., [31–34]). However, to reduce the
computational time, we adopted the 5-fold cross validation
in this study as done by many investigators with SVM as the
prediction engine.
5-fold cross validation [29] is used in this work. The
dataset is randomly divided into five equal sets, out of which
four sets are used for training and the remaining one for
testing. This procedure is repeated five times, and the final

Ac =

Sn =

TP
,
TP + FN

Sp =

TN
,
TN + FP

TP + TN
,
TP + FP + TN + FN

MCC
=

(TP × TN) − (FN × FP)
,
√(TP + FN) × (TN + FP) × (TP + FP) × (TN + FN)
(7)

where TP, TN, FP, and FN are the number of true positive,
true negative, false positive, and false negative, respectively.
For a given dataset, all these values can be obtained from the
decision function with fixed cutoff.
2.7. Incremental Feature Selection (IFS). With the mRMR
method, we can rank the importance of the 651 features, and
then, we can use Incremental Feature Selection (IFS) [35–38]
to determine the optimal number of features. We can create
the features set by the features importance rank, such as
𝑆𝑖 = {𝑓1 , 𝑓2 , . . . , 𝑓𝑖 } ,

(1 ≤ 𝑖 ≤ 𝑁) .

(8)

We can use SVM to predict the performances of each feature set and evaluate the set with the 5-fold cross validation;
thus, the optimal feature set can be yielded [39–41].

3. Result and Discussion
3.1. The mRMR Result and IFS Result. In the Supporting
Information S5, the mRMR feature table listed the ranked
651 features with the maximum relevance and minimum
redundancy to the class of samples. The list of ranked feature
was to be used in the following IFS procedure for the optimal
feature set selection.
In IFS test (Support Information S5, see Supplementary
Material available online at http://dx.doi.org/10.1155/2013/
861269), we added the feature one by one and built about
651 predictors. In Figure 1, the MCC reached their maximum
value when 284 features were used. The accuracy, sensitivity,
specificity, and MCC were 0.7949, 0.6231, 0.8812, and 0.5249.
Figure 1 showed the MCC plot based on Supporting Information S5.
3.2. Analysis of the Optimal Feature Set. In the IFS procedure,
we selected 284 optimal features (Supporting Information
S5). In the result, 154 belonged to the PSSM conservation
score, 43 to the amino acid factors, 21 to the disorder, 63 to the
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3.2.3. Disorder, Secondary Structure, and Solvent Accessibility
Feature Analysis. With the final optimal feature set, there
were 63 secondary structure features; 21 disorder features and
a reasonable explanation was that the feature of secondary
structure and disorder encoding were sensitive for predicting
calpain cleavage sites. And in the Supporting information S5,
we could show that first index of secondary structure was 189
in site 1, and it was the “stand” feature; also the first index of
disorder was 143 at site 1. There were 3 solvent accessibility
features in the optimal feature set; they were in sites 1 and 2;
however the index was 281, 282, and 284.

Figure 1: Plot of the MCC of different number features.

secondary structure, and 3 to the solvent accessibility. It indicated that PSSM conservation score, amino acid factors and
secondary structure played important roles to predict calpain
cleavage sites. The optimal feature distribution revealed that
site 1, site 7 to site 8, site 10, and site 12 to site 14 played
the most important roles in prediction of calpain cleavage
sites. Moreover, the features close to calpain cleavage site were
more important than central site and the site far from the
calpain cleavage site.
3.2.1. PSSM Conservation Score Feature Analysis. As mentioned previously, there were 154 PSSM conservation features,
and we found that the conservation against mutations of
the 20 amino acids had different impacts on the prediction
of calpain cleavage sites. We measured the number of each
kind of amino acids for the PSSM features (Figure 2(a)) and
found that different mutations of amino acid had different
roles in prediction of calpain cleavage sites. Mutation of
the amino acid Valine (V), Leucine (L) and Phenylalanine
(P) were important in predicting the calpain cleavage sites.
In the mRMR feature list, the 2 to 5 ranked features were
PSSM features at site 11, site 8, site 6, and site 4 against
transition to amino acid Leucine (L). This indicated that the
conservation of Valine, Leucine, and Phenylalanine were the
keys to determining whether or not it was calpain cleavage
site. We also measured the PSSM feature number of each
amino acid site (Figure 2(b)). The result revealed that site 5,
site 8, site 12, and site 13 were more important in predicting
calpain cleavage sites than other sites (shown in Figure 2(b)).
3.2.2. Amino Acid Factor Analysis. We investigated the number of each type of amino acid factor features (Figure 3(a))
and the number of amino acid factors at each site (Figure
3(b)). As a result, the secondary structure was the most
important features in predicting the calpain cleavage sites.
And the codon diversity was the second important feature to
predict calpain cleavage sites. In Figure 3(b), site 10, site 11,
and site 21 had relatively more effects on the calpain cleavage
sties. Moreover, in the Supporting Information S5, the first
feature was the polarity feature, and the polarity feature at
site 10, site 12, and site 15 played more roles in the calpain
cleavage sites prediction. This indicated that the polarity of
the residues located more close to the calpain cleavage site
has a critical role in predicting the calpain cleavage site.

3.3. Comparison with Existing Method. According to the
mRMR and IFS procedure, the performance of predictor was
the best when we selected 284 features. And the accuracy,
specificity, sensitivity, Matthews’ correlation coefficient was
0.7949, 0.8812, 0.6231, and 0.5249. And we made a comparison
with GPS 2.0, GPS 1.0, PoPS, site prediction 1, and site prediction 2. For MCC, our predictor was obviously improved
than all other predictors. It indicated that our predictor has
excellent performance in predicting positive samples. And
in the same value of specificity (∼0.90), our sensitivity was
0.6231, higher than the other predictor. But the accuracy of
our predictor was slightly worse than those of the others.
Since we did not know the ratio of positive and negative in
their training set, we built the predictor based on a training set
in which the negative samples were two times than positive
samples. The sensitivity of our method was 0.6231, and the
sensitivity GPS 2.0 was 0.6087, GPS1.0 was 0.5000, PoPS was
0.5245, site prediction 1 was 0.4130, and site prediction 2 was
0.3967, when the threshold was medium.
More importantly, the reasonably good performance of
our method reflects that the physicochemical/biochemical
properties can effectively capture the information of around
calpain cleavage sites. But there still exists some limits in
our method. For example, our predictor only considers the
amino acid sequence information but does not consider
the protein structure features. Therefore, in the future, we
should focus on development of amino acid encoding schema
and development of a predictor to maximize the prediction
performance of calpain cleavage sites.

4. Conclusion
Calpains are an important family of the Ca2+ -dependent
cysteine proteases which catalyze the limited proteolysis of
many specific substrates. Calpains play crucial roles in basic
physiological and pathological processes. In the paper, we
developed a new predictor based on the support vector
machine (SVM) with the maximum relevance minimum
redundancy (mRMR) method followed by incremental feature selection (IFS). And we concerned the feature of physicochemical/biochemical properties, sequence conservation,
residual disorder, secondary structure, and solvent accessibility to represent the calpain cleavage sites. And we selected
284 optimal features; these features were central to predict the
calpain cleavage sites, and with the optimal features set, the
accuracy of our predictor was 0.7949, and the sensitivity and
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Figure 2: Bar plots to show the distribution in the final optimal feature set for (a) the PSSM score and (b) the corresponding specific site
score. It was shown from panel (a) that mutations of amino acid Valine (V) played most important role in prediction of calpain cleavage sites;
followed by Leucine (L) and Phenylalanine (P). And it was shown from panel (b) that conservation in site 5, site 8, site 12, and site 13 was
more important in determining the calpain cleavage sites.
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Figure 3: Bar plots to show the distribution in the final optimal feature set for (a) the amino acid factor features, and (b) the corresponding
specific site score. It can be seen from panel (a) that the secondary structure and codon diversity were the most important one for predicting
the calpain cleavage sites. It can be seen from panel (b) that the residues at site 10, site 11, and site 21 played more roles in the calpain cleavage
sites prediction.

MCC were especiallyhigher than other predictor. Further,
remaining feature would contain more information of calpain
cleavage and are needed more analysis in the feature.
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It is always difficul to reserve rings and main truck lines in the real engineering of feature extraction for terrain model. In this paper,
a new skeleton feature extraction method is proposed to solve these problems, which put forward a simplification algorithm based
on morphological theory to eliminate the noise points of the target points produced by classical profile recognition. As well all know,
noise point is the key factor to influence the accuracy and efficiency of feature extraction. Our method connected the optimized
feature points subset after morphological simplification; therefore, the efficiency of ring process and pruning has been improved
markedly, and the accuracy has been enhanced without the negative effect of noisy points. An outbranching concept is defined, and
the related algorithms are proposed to extract sufficient long trucks, which is capable of being consistent with real terrain skeleton.
All of algorithms are conducted on many real experimental data, including GTOPO30 and benchmark data provided by PPA to
verify the performance and accuracy of our method. The results showed that our method precedes PPA as a whole.

1. Introduction
Terrain model is an important component in the actual
engineering about 3D geographic information system and is
applied widely in the field of spatial information visualization,
including battleground simulation, flight simulation training,
and terrain deformation simulation. However, it is a big
challenge to construct a terrain model, because terrain model
usually contains massive data, and its feature is rather complex. A valid approach of building terrain model is to extract
the key feature of terrain instead of using all of the terrain
data. The aim is not only to guarantee the accuracy of terrain
model but also to decrease the data scale.
Over the years, many skeleton feature extraction methods
have been proposed, which are mainly based on terrain flow
simulation [1–3] or geometrical gradient analysis [4–6]. The
moving-window algorithm is an early classical algorithm,
which takes elevation map as 2D image [4]. Although this
algorithm can extract the basic outline feature of terrain, it
does not consider the morphological information but just
connects simply the extreme value of elevation in 2 × 2 window into feature lines. Therefore, the accuracy is very low.

Another classical algorithm is deterministic eight nodes (D8)
proposed by O’Callaghan and Mark, which obtains the ridge
lines by simulating the procedure of the surface water flow
from 8 directions [7]. A series of improved algorithms are
proposed based on D8 [8–11]. However, since drainage accumulation matrixes and flow direction matrixes are complex
so as to take a lot of time overhead to calculate, the efficiency
is not acceptable in many application fields.
Furthermore, for some special terrain, such as depression
and flat, flow simulation algorithms are not capable of extracting the feature lines correctly [12]. The main reason is that
flow simulation algorithm depends on the outlet to establish
the flow direction matrixes. Nevertheless, it is possible that
there is no outlet for depression and flat. Hence, depression
filling algorithm is a relative valid approach to solve this
problem [13–15]. However, it may increase the area of flat
and thus suffer from the new problems [16]. In addition,
depression filling also leads to extra time consumption.
Barnes proposed the simplified algorithm to improve the
efficiency [15]. For terrain feature of flat, researchers also proposed the related strategies, including graph structure [17],
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elevation increments method [18], and radial basis function
[19].
Because of the above limitations, most flow simulation
algorithms cannot guarantee both the precision of the feature
extraction and the global morphology of the feature lines.
Chang et al. raise the Profile recognition and the Polygonbreaking Algorithm (PPA) [20]. Its advantage is not to
be influenced by depression and flat and to be capable
of extracting the global skeleton feature in most instances.
In recent years, PPA is applied in various terrain modeling, including terrain synthesis [21] and terrain deformation
[22–28], because of its fine characteristics mentioned. Zhou et
al. utilized PPA to extract the skeleton feature of terrain and
realized the terrain synthesis [21]. Gain improved the terrain
synthesis and proposed the method based on user’s sketch
map [29]. In addition, there are other applications of PPA in
terrain visualization, including multiresolution terrain deformation [22] and enhanced terrain synthesis based on GPU
[30]. In order to deal with global large scale data, the related
work, such as artificial intelligence planning [31] and the differential evolution algorithm [32, 33], has also referential significance.
Nevertheless, PPA cannot reserve the ring feature, and
the accuracy and stability of algorithm need to be improved
further. In this paper, we proposed a new method, Morphological Profile recognition and Polygon breaking (MPPA). Its
primary advantage is that MPPA is capable of recognizing
the stable rings and reserving them. Moreover, MPPA defined
the outbranching in order to remain the sufficient long truck
lines, which is consistent with real terrain feature. Furthermore, the noise points have been eliminated by our simplification algorithm based on morphology; therefore, the whole
performance of MPPA has been improved greatly.

(North, South)

2. Target Recognition and
Feature Simplification
The original data of terrain model is usually stored as the
form of Digital Elevation Model (DEM). It is a large scale
data set. It is necessary to extract the significant data which
contains the skeleton structure information of the terrain
from the massive data set. In our work, profile recognition
strategy is adopted to recognize the initial feature points as
candidate target points, which are similar to the target in PPA.
Its advantage is that it can almost cover most of the feature
points.
PPA connected all of the candidate target points into
polygon areas and then disassembled those closed polygons
in order to extract the ridge axes. Owing to there are a lot of
noisy points, the efficiency of algorithm is really low. Moreover, its principle of removal of noisy points is the inexistence
of the closed polygon, which did not accord with the original
ridge morphology. Different from PPA, our method proposed a new strategy to refine the initial feature points by
morphological simplification algorithm, which can eliminate
a lot of noisy points in large quantity. And then we utilized the
simplified feature points, that is, subset of initial target points,
to exact the skeleton feature lines.

(Northeast, Southwest)

lp = 5

(East, West)

(Northwest, Southeast)

Figure 1: Profile recognition.

2.1. Profile Recognition. The profile recognition is a classical
method that extracts the candidate target points from the
original DEM data set [20]. For the adjacent points on the
eight directions of the current central point, they are divided
into four couples as (North, South), (East, West), (Northeast,
Southwest), (Northwest, Southeast), as shown in Figure 1.
Each couple represents a profile of terrain model, which has
been identified by mean of different shapes in Figure 1.
Let the number of points on each profile be the profile
length as 𝑙𝑝 , which is closely related to recognition result of
feature points. In this paper, we set 𝑙𝑝 as 5, that is to say,
there are two adjacent points at each side of the current point
in each profile. Afterwards, the current point is determined
whether it is a candidate target points according to the
relationship between the elevation data of the current point
with that of its adjacent points on different profiles. The
definition of the candidate feature points set is as follows.
Definition 1. Let 𝑉 be an original set of elevation points, let
V𝑟,𝑐 ∈ 𝑉 be current point, let 𝑚 = ⌊𝑙𝑝 /2⌋ be the number
𝑛
= {V𝑟±Δ,𝑐±Δ |
of adjacent points for each profile, and let 𝑃𝑟,𝑐
0 ≤ Δ ≤ 𝑚} be the set of adjacent points on the 𝑛th profile;
then V𝑟,𝑐 ∈ V is a candidate feature point, if the following
constraints are satisfied:
(1) on all the profiles, there exist at least two points 𝑝1 ∈
𝑛
𝑛
and 𝑝2 ∈ 𝑃𝑟,𝑐
; their elevations are lower than that
𝑃𝑟,𝑐
of V𝑟,𝑐 ;
(2) 𝑝1 and 𝑝2 should be at the different side on the same
profile,
where 𝑙𝑝 is profile length, (𝑟, 𝑐) are coordinates of current
points, and 𝑛 = 1, 2, 3, 4 is the sequence number of profile.
By using Definition 1, a set of candidate target points will
be extracted, which almost covered the whole ridge feature
of the terrain. It is important to note that the constraints are
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relationship between (𝑟, 𝑐) and 𝑑𝑆 . In Figure 3(b), each morphological coding stands for a kind of morphology, which
has been denoted as 𝑑𝑆 . However there are only 12 types of
morphologies illustrating in Figure 3(b). And the other ones
can be deduced by rotating these instances.
For each candidate target point, we detect the terrain
morphology feature according to the relationship between
it with its 8 adjacent points. If the morphology feature
matched any morphological coding above-mentioned, then
the current point should be removed from the set of candidate
target points. The morphology feature MF(𝑟,𝑐) of the current
point is calculated by
MF(𝑟,𝑐) =

Figure 2: Target points.

loose enough so as to prevent from missing the real target
points. As a result, it is a data set with a lot of redundant noise
points, but its whole feature information has been reserved.
Figure 2 shows the set of candidate target points which we
have obtained by using profile recognition.
2.2. Morphological Simplification. Morphology has presented
its superior properties in the field of image processing. In
our work, we adopted the morphological idea to solve the
simplification problem of candidate target points. In this
section, we defined a suit of binary coding sequence and then
proposed a new simplification strategy for candidate target
points according to the terrain morphology features. It is
noteworthy that efficiency of our skeleton extraction method
MPPA will be improved greatly, because the feature points
are connected into polygon strips after the candidate target
points have been simplified by our strategy.
Let 𝑆 = (𝑏𝑖 = 0 or 1 | 𝑖 = 0, 1, 2, . . . , 8) be a binary
coding sequence, and the mapping relationship between the
bit code and the position of elevation point is presented by
the following:
𝑖
𝑟 = ⌊ ⌋ + 1,
3
𝑐 = mod (𝑖, 3) + 1,

(1)

𝑖 = (𝑟 − 1) ∗ 3 + 𝑐 − 1,
where (𝑟, 𝑐) is the spatial position of the elevation point V𝑟,𝑐 .
Obviously, it is easy to implement Formula (1). Nevertheless, we can determine the corresponding spatial position of
each bit in 𝑆 according to the mapping relationship. Moreover,
there exists a corresponding decimal value 𝑑𝑆 = ∑8𝑖=0 2𝑏𝑖
for each 𝑆, and thus each 𝑑𝑆 can represent a kind of spatial
morphology of terrain, named morphological coding. Since
𝑆 consists of nine bits, the value range of 𝑑𝑆 is 20 ∼ 29 .
Hence, morphological coding 𝑑𝑆 can stand for 512 types of
morphology of terrain at most. In our work, we defined
48 kinds of morphologies to simplify the candidate target
points, shown in Figure 3. Figure 3(a) described the mapping

∑
Δ𝑟=0,−1,1,Δ𝑐=0,−1,1

V𝑟+Δ𝑟,𝑐+Δ𝑐 ∗ 2𝑖 ,

(2)

where the value range of V𝑟+Δ𝑟,𝑐+Δ𝑐 is 0 or 1 and V𝑟,𝑐 = 1 if V𝑟,𝑐
is a candidate target point; otherwise V𝑟,𝑐 = 0.
The detail steps of simplification algorithm about candidate target points are described in Algorithm 1.
According to Algorithm 1, it is not hard to see that we take
the morphology feature MF(𝑟,𝑐) of the current point as the
index in the contiguous space of MTC. Therefore, searching
procedure is not necessary to recognize the morphology of
terrain and then determine whether the current point should
be eliminated from the set of candidate target points. As a
result, the efficiency of algorithm is very high. In our experiment for real data, the outermost iteration is approximate 6
times to complete the simplification procedure.
2.3. Connection of Feature Points. Morphology simplification
is significant to improve the efficiency of MPPA. The main
reason is that the number of optimized feature points is less
than that of the initial candidate target points. And then we
connect the optimized set of feature points into the polygon
strips by the following rules.
(1) For each feature point, connect with 4 adjacent feature
points, shown in Figure 4, and 1, 2, 3, and 4 represent
the direction coefficients.
(2) Eliminate the edge, which the average of elevation of
its two end points is lower, if there are two edges to be
cross.
If there is edge from current point V𝑟,𝑐 to the point in
direction 2, at the same time there is edge from V𝑟,𝑐+1 to the
point in its direction 3, the cross phenomenon will appear,
shown in Figure 4. The Rule (2) is a valid method to solve
the above problems. Finally, the optimized feature segments
composed by triangles and edges are obtained.

3. Ring Process
The most skeleton features of terrain are presented by tree
topology. Hence, PPA breaks the polygon segments until
there are not the closed polygons. Nevertheless, the real
terrain contains a lot of atoll textures. As a result, tree topology is not enough to cover all of the skeleton features of real
terrain. Therefore, we utilize graphic structure to store the
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(r, c)

(1, 1)

2i

(1, 2)

(1, 3)

8

64

(2, 2)

(2, 3)

1
(2, 1)
2
(3, 1)
4

16

128

(3, 2)

Morphological coding A
Remove the below
redundant point
Morphological coding B
Remove the left below
redundant point

ds = 89

ds = 91

ds = 217 ds = 219

ds = 152 ds = 153 ds = 216 ds = 217

(3, 3)

32

ds = 408 ds = 409 ds = 472 ds = 473

256

(a) Binary sequence

(b) A case of morphologies

Figure 3: Morphological coding.

Input: The set 𝑉𝑓 of candidate target points.
Output: The optimized set 𝑉𝑓 of feature points.
1. Assign the 512 bits of contiguous space MTC to
store the state of morphological coding.
2. Initialize the designed 48 kinds of morphologies in
MTC into 1, other bits should be set into 0.
3. If there is no change in 𝑉𝑓 , then go to step 4;
otherwise do the following loop:
3.1 For each V𝑟,𝑐 ∈ 𝑉𝑓 , calculate its morphology
feature MF(𝑟,𝑐) using formula (2);
3.2 Evaluate whether MF(𝑟,𝑐) matches one of 48
kinds of morphologies;
3.3 Eliminate V𝑟,𝑐 from set 𝑉𝑓 , if MTC[MF(𝑟,𝑐) ]
equals to 1;
4. Algorithm end.
Algorithm 1: Simplification of target points.

Input: Feature segments set FS with triangles and
single edges.
Output: Feature segments set FS without any little triangles.
1. Traverse all of the feature segments:
1.1 If there is not any case of 4 kinds of triangles of
Figures 5(a)–5(d) into set T, go to step 5; otherwise
go to step 1.2;
1.2 For 𝑡 ∈ 𝑇, evaluate whether its three edges are shared;
1.3 Denote the edge as 2, if it has been shared by
two triangles; otherwise denote it as 1 and put it
into set E.
2. Sort edges in set E in ascending order.
3. Remove the edge 𝑒 ∈ 𝐸 from FS and E, if 𝑒
satisfies the conditions as shown in Figures 5(a)–5(d).
4. Go to step 1.
5. Algorithm end.
Algorithm 2: Polygon disassembling.

Figure 4: Direction coefficient.

3.1. Polygon Disassembling. In MPPA, we take those rings
that do not contain any nontarget points as single polygons.
Figures 5(a)–5(d) described the 4 kinds of triangles that need
to be disassembled. Let V𝑟,𝑐 be the current point; we just
consider the triangles in the 4 directions as shown in Figure 4,
since those in other directions can be processed by its left-top
points.
For those triangles that accord with morphologies in
Figure 5, we will break the edge with lower elevation. However, the undesirable parallelograms will appear, when two
triangles shared a common edge, shown as dot lines in
Figures 5(e)–5(h). Hence, the edge shared by triangles will be
remained (denoted by 2 in Figure 5), while the outer edges
will be removed (denoted by 1 in Figure 5) in that case. The
detailed procedure is described by Algorithm 2.

skeleton features. However, not all of the rings are expected in
the final result. Those single polygons and those sufficiently
small rings should be disassembled, while big rings that
can stand for the certain terrain feature are reserved by our
method MPPA.

3.2. Judgment of Connected Domain. Besides breaking polygons, MPPA focuses on the ring process. In fact, there are
few small rings in real terrain. It is reasonable that MPPA
breaks the small rings but remains the big rings. Hence, it is
important to evaluate the size of ring. The filling intensity is
proposed in this paper to resolve this problem.

r,c
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1
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Figure 5: Triangles breaking.

Definition 2. Let 𝑉𝑓 and 𝑉𝑛 be feature points set and nonfeature points set, respectively, and denote V𝑛 ∈ 𝑉𝑛 as a common
label, if V𝑛 is enclosed in a closed area by the feature points
of 𝑉𝑓 . The count of V𝑛 with the same label is called filling
intensity.
By Definition 2, it is not difficult to find that filling intensity is the count of the interconnected points. Afterwards, we
proposed the algorithm to judge the connected domain and
calculate the filling intensity.
In Algorithm 3, each point is traversed once at most;
therefore it does not bring big time overhead. Nevertheless,
it is necessary to process the rings and reserve the long
branches of skeleton features. As you can see, all of the nonfeature points have been assigned in the certain connected

domain, parts of which have closed into rings, shown in
Figure 6.
3.3. Eliminate the Small Rings. For these small rings whose
filling intensity is smaller than the criterion, MPPA consider
it as the inauthentic terrain features. Hence, it is an important
task to eliminate the sufficiently small rings. In Section 3.2,
we have denoted the signs and calculated the filling intensity
for each connected domain, which made it relative easy to
remove the insignificant small rings.
By polygon breaking in Section 3.1, the basic skeleton
features of terrain have come into being in substance. Afterwards, the main task is to denote those segments, as borders
of small rings, and then delete them. The following rules
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Input: Non-feature points set 𝑉𝑛 .
Output: The connected domain matrix DOM, and its
filling intensity Ins𝑖 , 𝑖 = 1, 2, 3, . . ..
1. Set Ins𝑖 = 0, 𝑖 = 1, 2, 3, . . ..
2. Set 𝑖 = 0 and DOM(𝑟, 𝑐) = 0, 0 ≤ 𝑟, 𝑐 ≤ 𝑚,
where 𝑚 is the scale of original data.
3. Find one point that is neither target point, nor
marked point from 𝑉𝑛 , let V𝑟,𝑐 ∈ 𝑉𝑛 as the
current non-feature point, 𝑖 = 𝑖 + 1 and mark it, go to
step 3.1; there is no such point go to step 4:
3.1 Initialize array A;
3.2 Set 𝑘 = 1 and 𝐴[𝑘] = V𝑟,𝑐 ;
3.3 Set Ins𝑖 = Ins𝑖 + 1 and DOM(𝑟, 𝑐) = 𝑖;
3.4 Find one point that is neither target point, nor
the marked point in eight adjacent points of
current point, let V𝑟𝑟,𝑐𝑐 be the point which is
found at this time, if find the point go to
step 3.6; if there is no such point, 𝑘 = 𝑘 − 1,
V𝑟,𝑐 = 𝐴[𝑘], go to step 3.5.
3.5 If 𝑘 = 1, go to step 4.
3.6 Mark V𝑟𝑟,𝑐𝑐 , 𝑘 = 𝑘 + 1, 𝐴[𝑘] = V𝑟𝑟,𝑐𝑐 , V𝑟,𝑐 = V𝑟𝑟,𝑐𝑐 ,
go to step 3.3.
4. Algorithm end.
Algorithm 3: Connected domain judgment.

the connected domain, we use DOM(𝑟, 𝑐) = 𝑛𝑖 to mark the
different domains. If the above rules are satisfied, the current
segment should be denoted and put them into a set. In terms
of this strategy, those segments are traversed and processed
in the same way. Finally, the segment with the lowest average
elevation of its two end points should be eliminated. As a
result, the undesirable small rings are disassembled.
3.4. Evaluate and Reserve Stable Big Rings. It is important to
recognize accurate skeleton features with ring and prevent
extracting wrong features; therefore not all the big rings
should be reserved. It is a key problem to recognize the stable
rings and remain them in the skeleton features. At the same
time, unstable big rings still need to be disassembled.
By using the same method as in Section 3.2, we find out
the big rings and determine the segments which belong to
those big rings. By contrast with Rule (1) in Section 3.3, the
opposite rule is adopted as the evaluation principle of big
rings, that is to say, the filling intensity is bigger than the
criterion. However, Rule (2) in Section 3.3 is also suitable for
the judgment of big rings.
Nevertheless, these rules are not sufficient to judge the
stability of big rings. An additional and significant rule is
that the segments that comprised the big rings should be
composed by the thick points. It is important to note that the
above judgment is completed by original target points before
the morphology simplification is performed. If the big ring
contained some single segments composed by sparse target
points, there is reason to believe that the big ring is unstable
and this phenomenon is aroused by noise points.
In addition, the reasons for using the original target
points to judge the density of segments on big rings are
in order to avoid the effect of omitted noise points during
the procedure of morphology simplification. Algorithm 4
described the detailed steps to evaluate and disassemble
the unstable big rings. It is noteworthy that reduction of
single branches around rings should have been done before
Algorithm 4.

4. Customizable Pruning of Skeleton Features
Figure 6: Connected domain.

are proposed to evaluate whether those segments should be
eliminated.
(1) Filling intensity of area where any adjacent point on
both sides of the current segment belongs is less than
the criterion.
(2) Points on both sides of the current segment belong to
different domains according to DOM matrix.
Figure 7 described the distributing instances of points on
both sides of the current segment, which bold line shows
the current segment detected, green point indicates the start
point of segment, and the yellow point indicates the end point
of segment. The other points denote the detected points on
both sides of the current segment. In order to distinguish

Although the skeleton features have been extracted by the
above stages, there are some redundant little branches, shown
in Figure 8. Moreover, the skeleton features that only contain
the trunk or the branches with specified step length are
usually required in many application fields. However, there
are few extraction methods that can provide the personalized
strategy of pruning.
4.1. Recognize Outbranch Points. In our MPPA, we proposed
the customizable pruning strategy to solve the above problems. Since the branches whose step lengths are equal to
one are bound to be undesirable, they should be pruned. In
Figure 8, the blue lines described the little branches, whereas,
those long branches, especially for main lines, should be
remained, even by pruning for many times. Therefore, we
proposed the method to recognize the outbranches and
reserve them.
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Figure 7: Evaluation of segment eliminating.

The premise of recognizing the outbranches is to find
the branch points. In order to clearly express the concept of
branch points, the formalized describing is as follows.

all of branches are treated with by the uniform principle, then
the feature lines will become shorter. Hence, we proposed the
concept of the outbranch based on the outbranching point.

Definition 3. Let V𝑟,𝑐 be a feature point, and let 𝑛 be the
number of segments that are connected directly with V𝑟,𝑐 ;
then V𝑟,𝑐 is also a branch point, if 𝑛 > 2.

Definition 5. Let 𝑆𝑏 be an outbranch points set, and let 𝑒𝑏 be
a branch in direction of end point of 𝑏 ∈ 𝑆𝑏 ; then 𝑒𝑏 is an
outbranch, if 𝑒𝑏 is the longest branch in the end segments that
connected with 𝑏.

Based on Definition 3, the outbranch point is defined as
follows.
Definition 4. Let V𝑟,𝑐 be a branch point, and let 𝑛 be the
number of branch points that are connected directly with V𝑟,𝑐 ;
then V𝑟,𝑐 is also an outbranch point, if and only if 𝑛 = 1.
As shown in Figure 9, the branches that are denoted
by red squares are outbranches. It is very important to
reserve the main feature lines. According to Definition 4,
the outbranches must be located at the end of the skeleton
features. If this kind of branches can be preserved, then the
main feature lines will not be influenced during the period of
the repeated pruning. Algorithm 5 described the procedure
to recognize the outbranches.
4.2. Prereserve Outbranches. In fact, the outbranching points
are the border of feature lines. Moreover, the skeleton feature
of real terrain is expected to be as long as possible and
be consecutive. The main aim of recognizing outbranching
points is to reserve the long and continuous feature lines. If

The red lines in Figure 10 showed the longest branch
of each outbranching point. Those longest outbranches are
preserved, so that these significant branches will not be
influenced during the pruning, that is to say, the main trunk
of skeleton features are still long enough, although most of
insignificant branches have been eliminated.
4.3. Process of Pruning. By the process of rings and the preservation of outbranch mentioned before, our MPPA method
can extract more precise skeleton features of real terrain. At
the same time, it is a customizable method, which can determine the pruning length according to user’s different requirements. The detailed steps are presented in Algorithm 6.
By Algorithm 6, the final personalized skeleton features
have been extracted, as shown in Figure 11. As we can see,
the final skeleton features have reserved the longer main
ridge lines, and those insignificant little branches have been
eliminated, as shown in Figure 11(a). Moreover, it is noteworthy that a stable ring has been remained in the final skeleton features, which are in accordance with the real terrain

8

Mathematical Problems in Engineering

Input: Segments set segres without polygons and
small rings.
Output: Segments set segbr and segments set
segres that has been disassembled.
1. Traverse segments set segres . If all the segments
have been traversed, then go to step 5.
2. Let 𝑠 ∈ segres as the current segment:
2.1 Find the adjacent points of 𝑠 as Figure 7, and
evaluate the filling intensities ins of these
points, if ins < criterion, then go to step 1;
2.2 Evaluate whether 𝑠 satisfies the Rule (2) in
Section 3.3.
3. If the points (Figure 7) on the both sides of 𝑠 are
non-target points according to the original target
points set, and then:
3.1 Disassemble the rings and remove 𝑠 from
segres ;
3.2 Otherwise, denote 𝑠 as the segment of the
stable ring and put it into segbr .
4. If there is no any change for the segments set
segres , then go to step 5.
5. Algorithm end.
Algorithm 4: Evaluate and process the big rings.

Figure 9: Branch points.

Input: Array 𝐴 𝑏 with branch points signs.
Output: Array 𝐴 𝑜 with out-branching points signs.
1. Let 𝑛 as the count of the adjacent branch points of
the current point.
2. For each branch point 𝑝𝑏 in 𝐴 𝑏 , do:
2.1 Set 𝑛 = 0;
2.2 For each branch connected with 𝑝𝑏 , do:
2.2.1 Find the end point 𝑝𝑎 of each branch
connected with 𝑝𝑏 , according to the
direction coefficients of 𝑝𝑏 ;
2.2.2 If 𝑝𝑎 is an end point that has not any
direction coefficient, then go to 2.2;
otherwise, if 𝑝𝑎 is an out-branching
point then set 𝑛 = 𝑛 + 1, and go to 2.2.
2.3 If 𝑛 is equal to 1, denote 𝑝𝑏 as out-branch
point in 𝐴 𝑜 .
3. Algorithm end.
Algorithm 5: Recognize the outbranches.

Figure 8: Little branches.

features in the natural world. It is not hard to find that the
screenshot in Figure 11(b) is the known Crater Lake. Obviously, the ring skeleton feature has been extracted clearly.

5. Experimental Results and Discussion
To test validity of the results extracted by our MPPA, many
experiments have been conducted. Since PPA is applied
widely in synthesis and deformation of terrain [22, 27, 30],
we compare our method MPPA with the classical method
PPA. The experimental platform is a PC with a 3.0 GHz CPU,
DDR3 1600 MHz 4 GB main memory, and Nvidia Geforce
GTX 560 (1 GB) graphic card, and the experiment program
is coded in VS2008.

Figure 10: Outbranching.
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(a) Ex100

(b) Crater lake

Figure 11: Results of skeleton features.

Table 1: Contrast of segments between PPA and MPPA.
Input: The current segments set segres , ring
segments set segbr , and out branch sign
array 𝐴 𝑜 .
Output: The result segments set segres with the
final skeleton features.
1. Let 𝐴 𝑏 be branch points array produced in Section
4.1 and let loop = 1 as loop times.
2. Call Algorithm 5 to update the out-branching set
𝐴 𝑜 of the current segments set segres .
3. Let lengthcriterion be criterion of branch length.
4. Search the unchecked directions of adjacent points
of 𝑝 ∈ 𝐴𝑏 , until reach the end points of this
branch.
5. For each branch 𝑒𝑏 at the beginning of 𝑝:
5.1 Let lengthcriterion = lengthcriterion + loop;
5.2 Calculate the length 𝑛 of 𝑒𝑏 ;
5.3 If 𝑛 < lengthcriterion , then eliminate 𝑝 and
the branch 𝑒𝑏 ;
5.4 Check direction coefficient of 𝑝, if there is the
direction that has not be traversed, then go to
step 4;
5.5 loop = loop + 1.
6. Retrieval the stable ring according to ring segments
set segbr .
7. Retrieval the out branch according to
out-branching sign array 𝐴 𝑜 .
8. Algorithm end.
Algorithm 6: Repeated pruning of MPPA.

Our MPPA is conducted based on GTOPO30, which
contains the global elevation data. Its resolution is 30 arc
second, that is, approximately 1 km. In order to compare
MPPA with PPA, we download the benchmark data set ex100
and ex200 that is provided by PPA. There are 10000 points in
ex100 and 40000 points in ex200.
Without loss of generality, we select the data L1T7, L1T15,
and L1T16 randomly by our another roaming system of

DEM data
ex100
ex200
L1T7
L1T15
L1T16

Number of segments
PPA
MPPA
8032
1968
41374
11876
16208
6138
22928
12405
23608
8687

Simplification ratio
75.50%
71.30%
62.13%
45.90%
63.20%

terrain visualization for GTOPO30. Their longitude and
latitude are (97.458, 0.258), (41.458, 33.858), and (99.458,
31.458), respectively. Furthermore, the scale of data is about
16900 points. In addition, we also select G1, G2, and G3
to verify the effect of skeleton features extraction of MPPA.
These three blocks of data will be described in Section 5.3.
In addition, Crater Lake has been used as our experimental data, which is of 10 m resolution with 4123×4207 elevation
points. In our experiment, Crater Lake is simplified as data set
with 128 × 128 points. The aim is to verify the effect of ring
process of MPPA.
5.1. Performance Contrast Analysis. Whether for PPA or
MPPA, profile recognition method is utilized to detect the
target points. The main advantage is that it can cover all
of terrain features because of its super loose judgment
condition. Nevertheless, a lot of noise points will come into
being.
The advantage of MPPA is that it first simplifies the points
to obtain the subset of the points with more precise features,
before those target points are connected into segments. However, PPA connected all of the target points to construct the
polygon segments. Hence, the number of original segments
of MPPA is less than that of PPA greatly. Table 1 described
the number contrast of original segments between PPA and
MPPA. This means that subsequent algorithms of MPPA are
conducted on the little subset of segments, compared with the
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(a) PPA

(b) MPPA

Figure 12: Contrast of accuracy (the top right corner of ex200B3).

segments set of PPA. There is reason to believe that MPPA is
of relatively high efficiency.
Certainly, the fine efficiency of MPPA is at the price of
the time overhead of simplification algorithm. In fact, the
simplification algorithm of MPPA replaced with the polygonbreaking algorithm of PPA. Afterwards, we analyze and
contrast the two methods.
MPPA proposed the simplification method of noise
points based on the morphology. By defining the 48 kinds
of morphological coding, the noise points are eliminated
largely. From the perspective of simplification algorithm
performance, each target point in MPPA need to be traversed
only once to judge whether it should be reserved. If the feature
morphology composed by the target points and its adjacent
points satisfied anyone of the 48 kinds of morphologies, the
target point will be eliminated.
Assume that the scale of elevation data is 𝑛, and then on
the surface, the simplification algorithm of MPPA needs to
calculate the 48 × 𝑛 times. Nevertheless, our method does not
need to match the 48 kinds of morphologies but calculate a
morphological coding value and directly index the designed
morphological signs. The signs have been built in advance by
creating a space with 512 bits, equal to 64 bytes. It is really little
space overhead. So, the calculating times of the simplification
algorithm of MPPA is less than the original data scale 𝑛.
Obviously, the time complexity of the simplification method
is 𝑂(𝑛).
Nevertheless, PPA starts with an end point of each
segment 𝑠 to traverse all the branches that connected with it
directly or indirectly, until return its end point of 𝑠, or there
is no path to go. It is noteworthy that the segments set of
PPA is so big because it is constructed by fully connecting
all of the original target points with a lot of noise points.
And a mass of target points have been traversed for many
times repeatedly. At worst, the time complexity of the polygon
breaking method is 𝑂(𝑛2 ). Even though the less points need to
be traversed with process of the polygon breaking, its average
time complexity is approximate 𝑂(𝑛3/2 ).
Obviously, our simplification method can eliminate the
noise points rapidly. The following chat presents the change of

the noise point number with the increasing of iteration times,
as shown in Figure 23.
5.2. Accuracy Analysis and Contrast. Except for the difference
mentioned in Section 5.1, the effects of feature extraction by
MPPA differ from those by PPA, which can be presented in
the following three aspects.
First, since the principle of polygon breaking of PPA is
that there is no closed polygon, it is impossible to extract
the skeleton feature with rings, such as crater. Nevertheless,
our method MPPA is accomplished in ring process. It can
recognize the stable rings, reserve them, and at the same time
eliminate unstable rings and small rings.
Furthermore, during the procedure of polygon breaking
of PPA, it traverses all of the branches blindly and then
reaches the other end point or backdates the jump-off point.
Obviously, it does not consider any morphological information about skeleton features, which might lead to some error
phenomenon. Figure 12 described the renderings contrast
between PPA and MPPA. In order to present the visualized
effect of feature extraction, we render the terrain model as
the form of gray scale image, in which the light area shows the
higher elevation, and the dark area shows the lower elevation.
As we can see, some area with lower elevation has been
taken as skeleton feature by PPA, shown as the part B denoted
by blue rectangle in Figure 12(a). It is not hard to see that the
both sides of the part B are bright; therefore, this area is a
valley, which should not be contained in the skeleton features.
By MPPA, this area has been removed from the skeleton
feature segments, shown in Figure 12(b). At the same time,
the area A, denoted by white rectangle in Figure 12(a), ought
to be reserved; however, PPA breaks the key feature segments.
The last but the most important, for some terrain elevation data, the pruning effect of MPPA is different from
that of PPA. Since PPA connected all of points including
a lot of noise points into polygon segments, there are so
many insignificant little branches, after polygon breaking.
Figure 13(a) showed the case of little branches, which might
influence the effect of pruning. Whereas Figure 13(b) is the
effect of feature segments connected by MPPA after target
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(b) MPPA

Figure 13: Contrast of segments before pruning (the left of ex100).

(a) PPA

(b) MPPA

Figure 14: Contrast of segments after pruning (the left of ex100).

points simplification. It is not difficult to find that the trunk
line extracted by the two methods is consistent, which also
verified the validity of MPPA.
It is noteworthy that the feature segments of MPPA have
few little branches. It is beneficial to prune accurately. Figure
14(b) showed the effect of MPPA after feature segments
have been pruned, which is consistent with the effect of
Figure 13(b). Nevertheless, as shown in Figure 14(a), PPA has
omitted the trunk lines, which is inconsistent with its results
before pruning, shown in Figure 13(a).
In our experiment, the step length of segment 𝑜𝑎 is 15,
and that of segment 𝑜𝑏 is 5. Since the short branch should
be pruned preferentially, 𝑜𝑏 ought to be eliminated. However,
PPA has removed 𝑜𝑎, which lost the accuracy of skeleton
features. MPPA reserved 𝑜𝑎 and then connected it with segment 𝑜𝑐; therefore, a long truck line was formed. Obviously,
these skeleton features that extracted by our method are more
close to the real terrain features. Compared with PPA, MPPA
reserved the long trunk lines and is of more precise.

5.3. Stability of Algorithm and Rendering Results. By executing the program of PPA, we find the various results for
the same data. However, the results of MPPA are consistent
though the experiment is executed for many times repeatedly. Three real elevation data are adopted to conduct the
experiments, including ex100, ex200B0, and ex200B1. The
results are shown in Figures 15, 16, and 17, where the two left
screenshots are produced by PPA, and the right results are
extracted by MPPA.
Apparently, these results from the three data sources
demonstrate that many details of feature lines extracted by
PPA are different even for the same data, which have been
denoted by blue rectangle in Figures 15–17. Hence, MPPA is
of good stability, compared with PPA.
In order to further verify the effects of MPPA, we conduct
MPPA on many real elevation data, including ex200B2,
ex200B3, and other three blocks from GTOPO30.
Figure 18 described the three screenshots, including the
original terrain, skeleton features, and longest truck line.
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(a) One of results of PPA

(b) Another result of PPA

(c) MPPA

Figure 15: Contrast of stability (ex100).

(a) One of results of PPA

(b) Another result of PPA

(c) MPPA

Figure 16: Contrast of stability (ex200B0).

(a) One of results of PPA

(b) Another result of PPA

(c) MPPA

Figure 17: Contrast of stability (ex200B1).

About 10000 points are contained, and the longest truck
feature has been denoted by blue line whose total length of
steps is 202. Similarly, the results from data source ex200B3
have been presented in Figure 19. The length of the longest
truck line is 210.

Other data sources are from GTOPO30, whose resolution
is 1 km and the scale is to contain 93 ∗ 75 = 6975 points.
Their longitude and latitude are about G1(137.502, 69.995),
G2(138.278, 70.620), and G3(140.628, 67.495), and their
screenshots are shown in Figures 20, 21, and 22. Obviously,
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(a) Original Terrain
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(b) Skeleton feature results

(c) Longest branch

Figure 18: Screenshots extracted by MPPA (right below of ex200B2).

(a) Original Terrain

(b) Skeleton feature results

(c) Longest branch

Figure 19: Screenshots extracted by MPPA (left below of ex200B3).

(a) Original Terrain

(b) Skeleton feature results

(c) Longest branch

Figure 20: Screenshots extracted by MPPA (G1).

the skeleton features with long truck lines are extracted
well. The length of the longest branch is 201, 231, and 264,
respectively, as shown in Figures 20–22. By the above experiments and analysis for the experimental results, MPPA is of
fine performance and accuracy of feature extraction.

6. Conclusions
At present, most features extraction methods of terrain skeleton are not competent to extract the ring features. Furthermore, the trunk line is not long enough to present the real
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(a) Original Terrain

(b) Skeleton feature results

(c) Longest branch

Figure 21: Screenshots extracted by MPPA (G2).

(a) Original Terrain

(b) Skeleton feature results

(c) Longest branch

The noise point number

Figure 22: Screenshots extracted by MPPA (G3).
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Figure 23: Eliminating rate of noise points of MPPA.

terrain. Moreover, the accuracy of skeleton features for some
terrain is not very high because of the negative effect of noisy
points. Aimed at the above problems, a new method of skeleton feature extraction is proposed to eliminate the noise
points, to reserve the truck line, and to recognize and remain

the stable ring, which is significant in terrain modeling engineering.
In this paper, we defined the candidate feature points
and proposed a morphological simplification algorithm to
eliminate the noise points rapidly, which is benefit to the
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subsequent ring process and pruning. The feature point
subset that has been simplified contains less data, compared
with the original target points; therefore, the efficiency of
ring process and pruning algorithms has been improved.
Moreover, the accuracy of extraction has also been enhanced
without the negative effect of noise points.
In addition, a concept of filling intensity is defined to
determine a big stable ring. For small and unstable rings,
we proposed the disassembling algorithm. In order to keep
the long truck line, a concept of outbranch is defined, and
the pruning algorithm is proposed to reserve the outbranch
feature lines and eliminate the little branches.
Finally, all algorithms have been tested on many real
elevation data and benchmark data. The experimental results
show that our MPPA outweighs PPA in the aspects of performance and accuracy. Moreover, we proposed the strategy of
ring process and customized pruning rules.
In the future, we will extract the skeleton features on the
huge set of terrain elevation and expand these theories and
algorithms of MPPA in the field of 3D visualization, such as
3D terrain synthesis and terrain deformation.
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A new behavior-based fuzzy control method for mobile robot navigation is presented. It is based on behavioral architecture which
can deal with uncertainties in unknown environments and has the ability to accommodate different behaviors. Basic behaviors are
controlled by specific fuzzy logic controllers, respectively. The proposed approach qualifies for driving a robot to reach a target
while avoiding obstacles in the environment. Simulation and experiments are performed to verify the correctness and feasibility of
the proposed method.

1. Introduction
One way to accomplish robot navigation is using behavior
arbitration and behavior control [1, 2]. Since the behavior
control architecture was proposed in 1986, it has been
adopted to solve the robot navigation problem frequently.
The behavior control is a special form of decentralized
switching control in which each behavior is autonomous
and can drive the robot on its own without dependencies
on other behaviors. Under the standard behavior paradigm,
each behavior triggers its own specific control command
according to the behavior. The behavior control architecture
can handle the navigation problem in an online manner and it
does not require environment model; thus, it has been widely
used for mobile robot navigation [3–5]. Fuzzy logic control
(FLC) [6] is the most important method for robot behaviorbased control and has been investigated for mobile robot
navigation and obstacle avoidance by many researchers, see
[7–14].
In [9], Selekwa et al. presented the design of a preference-based fuzzy behavior system for navigating robotic
vehicles using the multivalued logic framework. The proposed method allows the robot to smoothly and effectively navigate through cluttered environments. In [11], a new
fuzzy logic algorithm is developed for mobile robot navigation in local environments. A robot perceives its environment through sensors, while the fuzzy logic algorithm

performs the main tasks of obstacle avoidance and target
seeking. In [13], Wang et al. proposed behavior-based hierarchical fuzzy control method for mobile robot navigation in
dynamic environment.
Fuzzy logic controllers can be used for driving mobile
robot to perform specific motions with good robustness.
However, a fuzzy mobile robot controller should be selfadaptive since it must deal with very different control situations such as following a wall or a corridor, or avoiding
an obstacle. Rules must be designed so that they can handle
these different situations. A way of solving this problem
is to create a fundamental or basic controller which can
be incrementally updated and optimized by tuning both
labels and rules adequately. Another way of solving this
problem is to decompose the complex behavior into several
subbehaviors or motions which are controlled by separate
schema. These control schemas can be merged by combining
the corresponding actions. Within each control schema, it
is possible to define the most appropriate semantics for
the linguistic variables which are manipulated in the rules,
and thus each behavior can be tuned independently to be
more effective in its own context. Complex behaviors can be
obtained based upon the composition of simpler behaviors.
This paper will address the mobile robot navigation
issue by combining the ideas of behavior-based control and
fuzzy logic control. The rest of this paper is organized as
follows. Section 2 presents the framework of behavior-based
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robot navigation. Section 3 gives the robot kinematic model.
Section 4 presents the detailed structure of the proposed
control method which contains three elementary behaviors.
Simulation results that demonstrate the performance of the
proposed approach are given in Section 5. Experiments are
carried out in Section 6 while concluding remarks are given
in Section 7 to close this paper.

Stop or
next goal
Behavior 1
Yes

U

Preprocessing

Goal?

No

Command
fusion

Y

Behavior n

2. Framework of Behavior-Based
Robot Navigation
This section proposes a framework for a behavior-based
navigation strategy for a mobile robot in an unknown environment. The general structure of a fuzzy behavior system
consists of some independent fuzzy behaviors and a component of command fusion, see Figure 1. The framework totally
includes four components, which are preprocessing, goal
determination, behavior arbitration, and command fusion. In
each robot control cycle, the robot reasoning system provides
a set of motor control commands via an inference process
I. This inference process can be considered as a relationship
between the input U and the output Y. The input U is
represented by a multidimensional vector corresponding to a
particular set of input data, for example, distance to obstacle,
direction to the goal. Similarly, the output Y corresponds to
motor speed and steering angle, and so on. Thus, the relation
between Y and U can be expressed by
I : U (𝑈1 , 𝑈2 , . . . , 𝑈𝑛 ) → Y (𝑌1 , 𝑌2 , . . . , 𝑌𝑚 ) .

···

(1)

2.1. Preprocessing. Input data from the robot sensors is
performed with a simple preprocessing to reduce noises.
Specifically, the sonar and infrared sensor measurements are
preprocessed. Meanwhile, in the preprocessing module, if
the input U is too large, the computational complexity also
will be reduced. The dimensions of input U can be reduced
by introducing a limited number of intermediate variables.
These variables classify different perceptual situations which
are relevant to the robot’s current behavior and status. Some
intermediate variables are statements such as front-obstacle
distance, right-obstacle distance, or left-obstacle distance.
These variables are also used for afterwards behavior design.
2.2. Goal Determination. In this investigation, we classify the
goal determination to two types which are a determined goal
and a undetermined goal. When the goal is determined, its
exact coordinates are given. The robot must move to a given
target while autonomously avoids the blocking obstacles on
the robot path. When the goal is undetermined, it does not
have the exact coordinates of the goal.
2.3. Behaviors and Fuzzy Logic Controllers. In general, in
our case there are two types of robot behaviors, which are
goal seeking (GS) and obstacle avoidance (OA). In order to
realize the GS behavior, a controller is designed to generate
motor commands to reach the goal as soon as possible.
The OA behavior is actually sensor-based behavior, which
implements a control strategy based on external sensing.

Behavior
arbitration

Figure 1: Framework of behavior-based robot navigation.

Knowledge
base

Fuzzifier

Inference
engine

Fuzzy logic
controller (FLC)

Defuzzifier

Figure 2: Architecture of a basic fuzzy logic controller.

As we designed, each behavior will be controlled by a
specific fuzzy controller. In those controllers, reasoning is
contained in the rules operating on linguistic inputs and
outputs, such as
If 𝑢1 is 𝐴 1 and 𝑢2 is 𝐴 2 and ⋅ ⋅ ⋅ and 𝑢𝑛 is 𝐴 𝑛 ,
Then 𝑦1 is 𝐵1 and 𝑦2 is 𝐵2 and ⋅ ⋅ ⋅ and 𝑦𝑚 is 𝐵𝑚 ,

(2)

where 𝑢𝑖 is the input linguistic variable taking linguistic
value 𝐴 𝑖 . Each linguistic value is defined by a membership
function 𝜇𝐴 𝑖 (𝑢𝑖 ). The 𝑦𝑖 is the output linguistic variable taking
linguistic value 𝐵𝑖 . Each linguistic value of output is defined
by a membership function 𝜇𝐵𝑖 (𝑦𝑖 ).
Given two linguistic values 𝐴 and 𝐵 defined on the
same universe of discourse, the AND and OR operations are
defined by (3) and (4), respectively, which are
𝜇𝐴∩𝐵 = min (𝜇𝐴 (𝑢) , 𝜇𝐵 (𝑢)) ,

(3)

𝜇𝐴∪𝐵 = max (𝜇𝐴 (𝑢) , 𝜇𝐵 (𝑢)) .

(4)

𝑢∈𝑈
𝑢∈𝑈

Figure 2 shows the principle of a basic fuzzy logic controller. In this investigation, we use a Takagi-Sugeno-Kang
model as the fuzzy inference engine and the Centroid method
for defuzzification.
The fuzzy inference engine is defined as in Box 1.
2.4. Behavior Arbitration (Coordination). Behavior arbitration can be taken as two conceptually different problems.
The first one is the behaviors of OA and GS. In our case,
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Input: 𝑢𝑖 —crisp numerical value.
Output: 𝑦𝑖 —crisp numerical value.
BEGIN:
Step 1. Fuzzification of the input 𝑢𝑖 ,
Step 2. Application of the fuzzy operators (AND or OR)
in the antecedent of the rules according to (3) and (4),
Step 3. Implication from the antecedent to the consequent
using of the AND operation according to (3),
Step 4. Aggregation of the consequents across
the rules using the OR operation according to (4),
Step 5. Defuzzification to output variable 𝑦𝑖 .
END

Arbitration strategy
Exteroception

B
Behavior
1
Command
fusion

Behavior 2

Proprioception

···

Controls

Beh
Behavior
N

Figure 3: Behavior arbitration.

Box 1

Y

𝜔

they are activated during the whole motion process. The
second problem is combining the results from different
behaviors into one command sent to the robot’s actuators.
These problems are expressed in Figure 3.
One strategy for behavior arbitration is contextdependent blending (CDB) in which fuzzy logic is applied
so that a decision between behaviors can be made in a
prevailing situation. Our behavior arbitration strategy is
similar to the CDB method. It uses fuzzy context rules to
express the behavior arbitration strategy. When the obstacle
is close, both OA and GS behaviors are activated and each
behavior is assigned a weighting factor. These factors are
adjusted dynamically according to the fuzzy weight rules.
The weighting factors determine the degree of influence of
each behavior on the final motion command. The weight
rules continuously update the behavior weighting factors
during robot motions.
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∙
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Figure 4: The kinematic illustration of the used mobile robot.

Combining (5) and (6) yields

3. Kinematic Model of Mobile Robot
In this investigation, a differentially driven mobile robot is
used, see its kinematic illustration in Figure 4.
The robot has two drive wheels mounted on the same axis.
Kinematic equations of this two-wheeled mobile robot are
𝑥̇
cos 𝜃𝑚
[ 𝑦̇]
[ ] = [ sin 𝜃𝑚
[ ]
̇
𝜃𝑚
[ 0
[ ]
1
[ 2𝑟
V
[ ]=[
[ 𝑟
𝜔
[ 𝐷

1
𝑟
2
−𝑟
𝐷

0
V
0 ] ⋅ [ ],
𝜔
1]

(5)

] 𝑉𝑅
] ⋅ [ ],
] 𝑉𝐿

(6)

]

where 𝑥 and 𝑦 are coordinates of the mass center of the mobile
robot, 𝜃𝑚 is the angle that represents the current orientation
of the robot, V and 𝜔 are linear and angular velocities of the
robot, 𝑉𝑅 and 𝑉𝐿 are angular velocities of right and left wheels,
𝑟 is the wheels radius, and 𝐷 is the distance between the two
wheels centers.

1
𝑟 cos 𝜃𝑚
[ 2
[
𝑥̇
[
[ 𝑦̇] = [ 1 𝑟 sin 𝜃
[ 2
𝑚
̇
[
[𝜃𝑚 ] [
𝑟
[
𝐷

1
𝑟 cos 𝜃𝑚
2
1
𝑟 sin 𝜃𝑚
2
−𝑟
𝐷

]
]
] 𝑉𝑅
] ⋅ [ ].
] 𝑉𝐿
]
]

(7)

]

Equation (7) is the kinematic model of the used robot
for both simulation and experiments. Right wheel angular
velocity 𝑉𝑅 and left wheel angular velocity 𝑉𝐿 are used
as motion commands to the motors for realizing different
behaviors.

4. Behavior-Based Fuzzy Control for
Mobile Robot Navigation
We decompose the task of robot navigation into three
elementary behaviors: goal seeking (GS), obstacle avoidance
(OA), and behavior fusion (BF).
4.1. Global Goal-Seeking Behavior. The GS behavior discussed
here is a kind of global behavior which does not rely on
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𝜇EP

external sensed data but seeks for the global and exact goal.
The inputs of the fuzzy logic controller include distance from
the robot to the goal (EP) and the angular between robot
orientation and goal orientation (EA). They are shown in
Figure 4. The expressions of these two inputs are

ZE

M

S

B

VB

EP = √𝐷𝑥2 + 𝐷𝑦2 ,

EP (m)
0

EA = 𝜃𝑚 − 𝜃,
𝐷𝑥 = 𝑥𝑔 − 𝑥,

0.1

0.3

0.6

0.9

1.2

(a)

(8)

𝜇EA

𝐷𝑦 = 𝑦𝑔 − 𝑦,

NB

NM

NS ZE PS

PM

PB

𝜃 = arctan (𝐷𝑦 , 𝐷𝑥 ) ,
where (𝑥, 𝑦, 𝜃𝑚 ) is the robot position and orientation and
(𝑥𝑔 , 𝑦𝑔 , 𝜃𝑔 ) is the position and orientation of the goal.
The position deviation is represented by a five-variable
linguistic fuzzy set {ZE, S, M, B, VB} with its entries for distance of zero, small, medium, big, and very big, respectively.
Their corresponding membership functions are shown in
Figure 5(a). Similarly, the angular error is represented by {NB,
NM, NS, ZE, PS, PM, PB} with linguistic members to indicate
negative big, negative medium, negative small, zero, positive
small, positive medium, and positive big, respectively, see
their membership functions in Figure 5(b). The positive and
negative imply that the robot turns to the left and right,
respectively.
The motion control variables of the mobile robot are
the angular velocities of the right and left wheels. Similarly,
the two velocities are represented by a seven linguistic
variables’ fuzzy set {NB, NM, NS, ZE, PS, PM, PB} with their
membership functions shown in Figure 5(c).
The rule base of the GS behavior is summarized in Table 1.
For instance, the (1, 1) entry in Table 1 can be written as
If EP is ZE and EA is NB, then 𝑉𝐿 is NM and 𝑉𝑅 is PM.
(9)
We can use this behavior-based fuzzy controller alone
in an environment without obstacles. However, usually the
environment contains obstacles.
4.2. The Obstacle Avoidance Behavior. Obstacle avoidance is
actually a sensor-based behavior which implements a control
strategy based on external sensing. We reduce the dimensions
of inputs by grouping the robot’s sonar reading into three
options which are left, front, and right. For example, our
robot has 24 ultrasonic sonars that produce a set of obstacle
distances by the following equations:
𝑑right = min (𝑑2 , 𝑑3 , 𝑑4 , 𝑑5 ) ,
𝑑front = min (𝑑0 , 𝑑1 , 𝑑21 , 𝑑22 , 𝑑23 ) ,

(10)

𝑑left = min (𝑑17 , 𝑑18 , 𝑑19 , 𝑑20 ) .
This is due to the layout of the ultrasonic sensors. The
obstacle distance of each option is represented by threemember fuzzy set {VERYNEAR, NEAR, FAR} with their

EA (∘ )
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180
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Figure 5: Membership functions (a) for position deviation (b) for
angular deviation (c) for angular velocities of right and left wheels.

Table 1: Rule base of the GS behavior.

Position error (EP)
ZE
𝑉𝐿
𝑉𝑅
S
𝑉𝐿
𝑉𝑅
M
𝑉𝐿
𝑉𝑅
B
𝑉𝐿
𝑉𝑅
VB
𝑉𝐿
𝑉𝑅

Angular error (EA)
NS ZE
PS
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membership functions shown in Figure 6(a) while behavior
weight member functions are shown in Figure 6(b).
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Figure 7: The 𝑉𝐿 rule base for OA behavior.

(b)
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Figure 6: Membership functions (a) for distance and (b) for behavior weight.

Very near

d left

The velocity variables 𝑉𝑅 and 𝑉𝐿 (here for obstacle avoidance) are represented by fuzzy set {NF, NM, PM, PF} which
means negative fast, negative medium, positive medium, and
positive fast. The velocity rules of left and right wheels for the
OA behavior are summarized in Figures 7 and 8, respectively.
The rules exhibit a behavior characteristic that, if the obstacle
distance in any situation is very near, the robot should turn
away to find a safer direction.
For instance, the two (3, 3) elements of the top layers in
Figures 7 and 8 have the rules as

Near

Far

PF

𝑑 right is far, THEN 𝑉𝐿 is NM;
IF 𝑑 front is very near AND 𝑑 left is far AND
𝑑 right is far, THEN 𝑉𝑅 is PM,

respectively.
When the three parts of the robot body corresponding
to (10) have similar obstacle distances as shown in the (1, 1)
element of the two top layers in Figures 7 and 8, the robot has
to escape from its current embarrassed situation, so 𝑉𝐿 is NF
and 𝑉𝑅 is PF which let the robot make a large left turn angle
and decrease its speed since
𝜔=

𝑟
(𝑉 − 𝑉𝐿 ) ,
𝐷 𝑅

V=

𝑟
(𝑉 + 𝑉𝐿 ) .
2 𝑅

(12)

4.3. Behavior Fusion. The behavior fusion is based on the
weight assigned for each of the behaviors. The weight of
OA behavior 𝜏 is represented by three-member linguistic
fuzzy set {SMALL, MEDIUM, LARGE} with the membership

PM
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Figure 8: The 𝑉𝑅 rule base for OA behavior.

functions shown in Figure 6(b) and rules in Figure 9. At
first, we use a behavior arbitration module to calculate the
defuzzified weight factors of all behaviors and then carry out
command fusion by using these weight factors via
𝑉𝑅 =
𝑉𝐿 =

∑ 𝑤𝑖 𝑉𝑅𝑖
∑ 𝑤𝑖
∑ 𝑤𝑖 𝑉𝐿 𝑖
∑ 𝑤𝑖

,
(13)
,

where 𝑉𝑅 and 𝑉𝐿 are angular velocities of right and left wheels
as motion commands, while 𝑉𝑅𝑖 and 𝑉𝐿 𝑖 are angular velocities
of right and left wheels preference values suggested by each
specific behavior.
Here, 𝑤𝑖 is the defuzzified weight factor. The implementation of the behavior fusion is depicted in Figure 10.
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Figure 10: Diagram of behavior fusion.

5. Simulation
As shown in the figure, the motion control variables (angular
velocities of right and left wheels) are inferred by the GS
and OA behaviors. And they are weighted by 1 − 𝜏 and 𝜏,
respectively. The results can be given by
𝑉𝑅 = (1 − 𝜏) 𝑉Rgs + 𝜏 𝑉Roa ,
𝑉𝐿 = (1 − 𝜏) 𝑉Lgs + 𝜏 𝑉Loa .

(14)

For instance, the rule of (3, 3) element of the top layer in
Figure 9 can be written as
IF 𝑑 front is very near AND 𝑑 left is far AND
𝑑 right is far, THEN 𝜏 is large.

(15)

In order to verify the proposed method, simulation has
been carried out within MATLAB. We designed the different
fuzzy logic controllers based on different behaviors via fuzzy
inference system (FIS).
5.1. Simulation in the Environment without Obstacles. In this
case, the robot is supposed to move from the start point
(𝑥𝑚 , 𝑦𝑚 ) = (5, 5) to the goal (𝑥𝑔 , 𝑦𝑔 ) = (25, 25). Note that
the initial orientation of the robot is 𝜃𝑚 = 𝜋/2 and there are
no obstacles in the environment.
As illustrated in Figure 11, the robot reaches the goal. The
trajectory is indicated by the chain of red circles. The robot’s 𝑥
and 𝑦 directions separated trajectories are shown in Figure 12.
The weight of each behavior represents its extent of
influence on the final motion commands. In this simulation,
the proposed control system uses the GS behavior, because
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Figure 15: Robot’s path in a clustered environment.
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10
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there is no any obstacle so the GS behavior weight is 1 and
OA weight is 0.
5.2. Simulation in the Environment with Obstacles. The robot
now is moving in the environment with obstacles. The initial
position is also (𝑥𝑚 , 𝑦𝑚 ) = (5, 5) and the final position is
(25, 25).
When the robot is close to obstacles, it must decrease its
speed and turn for safety. So, the weight of OA behavior is
high when the robot is close to the obstacles. Otherwise, the
weight is low when the obstacles are far away. The robot is set
at a particular start point and the goal is defined in Cartesian
coordinates with respect to the start position. The simulation
results are shown in Figure 13. It demonstrates that the fuzzy
behavior controller has a good performance. From Figure 14,
we also can see that the robot reaches the goal after about 3.2
seconds.
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Figure 16: Robot’s separated trajectories in a clustered environment
(blue solid—𝑥 direction, green dashed—𝑦 direction).

5.3. Simulation in a Clustered Environment. Figure 15 shows
the results in a more complex situation (a clustered environment). It illustrates the method’s ability to navigate the robot
in very small gaps and even turning away from the goal when
it is necessary to avoid obstacles. Here, the initial position
is set at (𝑥𝑚 , 𝑦𝑚 ) = (5, 5) and the final position is set at
(𝑥𝑔 , 𝑦𝑔 ) = (30, 25).
The robot reaches the goal after about 5.5 seconds as
shown in Figure 16. Since there are many obstacles, the
robot takes much time to reach this goal compared to the
simulations in Sections 5.1 and 5.2.

8

Mathematical Problems in Engineering
1.8
1.6

Speed (m/s)

1.4
1.2
1
0.8
0.6
0.4
0.2

Figure 17: Voyager 2 robot in a laboratory environment: a representative illustration.

0

20

40

60

80
100
Time (s)

120

140

160

180

Figure 19: The speed of the robot during wandering.
7
6

Desk 2

80

Desk 4

End

5

60

4

40

2

Turn angle (deg)

3
Desk 1

1
0 Start
Desk 3

−1

20
0
−20

−2

−40

−3

−60

−4
−1

0

1

2

3

4

5

6

7

Figure 18: Robot roaming path in the laboratory environment.

−80

0

20

40

60

80
100
Time (s)

120

140

160

180

Figure 20: The turn angle during wandering.

6. Experiment
Our used real robot is a mobile robot endowed with a ring of
24 sonars, see the real robot in Figure 17. This robot platform
is configured with two drive wheels and two swivel casters for
balance. Each wheel is driven independently by a motor with
10 : 1 gear ratio which enables the robot to drive at a maximum
speed of 3 m/s and climb a 15% grade [15]. The wheel diameter
is 217 mm and the mobile robot base width is 𝐷 = 446 mm.
6.1. Experiment for Robot Roaming. This experiment allows
the robot to wander within a small area provided with
static obstacles, for example, desks and walls, and dynamic
obstacles, for example, moving humans. The weight of OA
behavior is very high and the GS behavior is very low.
The experiment is stopped after a given time or distance of
wandering. Figure 18 shows the robot path in the laboratory
environment. The trajectory is indicated by the chain of
blue circles. The program draws the circle once every 0.02
second. A concentration of circles indicates that the robot
is moving more slowly at that moment. Figures 19 and 20
show the variations of robot speed and turn angle during the
wandering.

6.2. Experiment of Robot Avoiding Obstacles and Reaching a
Goal. Now the robot’s task is using the proposed navigation
method to avoid obstacles and reach a goal. For this experiment, the robot is set at the start point (𝑥𝑚 , 𝑦𝑚 ) = (0, 0)
and the goal is defined in Cartesian coordinates with the
position of (𝑥𝑔 , 𝑦𝑔 ) = (3, 5). The obstacles configurations
were mapped and the localization data of the robot are
recorded and plotted in Figure 21. We can see clearly that the
robot reaches the goal and avoids the obstacles.
Figures 22 and 23 show the variations of robot’s speed and
turn angle, respectively. The positive degree implies turning
left while negative indicates right. The robot reaches the goal
in almost 20 seconds.
The results presented in the previous sections show
the performance of the proposed behavior-based control
(navigation) method. Mobile robot usually has uncertain
and incomplete information about the environment, so fuzzy
rules provide an attractive means for mapping sensor data to
appropriate control actions.
The main difference between our approach and the existing ones is that they have different reasoning and different
motion commands, while in our approach the final motor
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command is generated by fusing different behavior-based
fuzzy logic controllers into a uniform representation.

7. Conclusions
This paper presented a new behavior-based fuzzy control
method for mobile robot navigation. This method takes
angular velocities of driving wheels as outputs of different
behaviors. Fuzzy logic is used to implement the specific
behaviors. In order to reduce the number of input variables,
we introduced a limited number of intermediate variables to
guarantee the consistency and completeness of the fuzzy rule
bases.
To verify the correctness and effectiveness of the proposed approach, simulation and experiments were performed. A Voyager II robot equipped with a ring of ultrasonic
sensors was involved in the real experiments. The promising results demonstrated that our method is feasible and
reasonable for navigating mobile robot. This method could
be extended for any behavioral system by introducing more
flexible behavior arbitration strategies.
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At present, most link prediction algorithms are based on the similarity between two entities. Social network topology information
is one of the main sources to design the similarity function between entities. But the existing link prediction algorithms do not
apply the network topology information sufficiently. For lack of traditional link prediction algorithms, we propose two improved
algorithms: CNGF algorithm based on local information and KatzGF algorithm based on global information network. For the defect
of the stationary of social network, we also provide the link prediction algorithm based on nodes multiple attributes information.
Finally, we verified these algorithms on DBLP data set, and the experimental results show that the performance of the improved
algorithm is superior to that of the traditional link prediction algorithm.

1. Introduction

2. The Summary of Social Network

Currently with the rapid development, online social network
has been a part of people’s life. A lot of sociology, biology,
and information systems can use the network to describe,
in which nodes represent individual and edges represent the
relationships between individuals or the interaction between
individuals. Therefore, the study of complex networks has
been the important branch of many scientific fields. Link
prediction is an important task in link mining. Link prediction is to predict whether there will be links between two
nodes based on the attribute information and the observed
existing link information. Link prediction not only can be
used in the field of social network but can also be applied
in other fields. As in bioinformatics, link prediction can be
used to discover interactions between proteins [1]; in the
field of electronic commerce, link prediction can be used to
create the recommendation system [2]; and in the security
field, link prediction can help to find the hidden terrorist
criminal gangs [3]. Link prediction is closely related to many
areas. Therefore, in recent years there are a lot of correlation
algorithms proposed to solve the problem of link prediction.

In real life, the individuals are not independent of each
other. They are mutually contacted and affected. If we only
pay attention to individual attributes, while ignoring the
relationships between individuals, this is bound to affect the
accuracy and comprehensiveness of analysis. Social network
represents the relationship between social entities (such as
each person, social group). Social network analysis focuses
on explaining the hidden patterns and the effects of these
relationships. It is based on such an assumption, namely,
the individuals in social groups are interdependent, not
independent autonomous units. Social network includes a
set of objects and relationships between them [4]. These
relationships can be any type of social relationships, such as
friendship, the purchase of relationship. Social networks can
be represented by graph. Graph 𝐺 contains nodes set 𝑉 and
edges set 𝐸. We can use 𝐺 = ⟨𝑉, 𝐸⟩ to represent the graph 𝐺.
In this paper, the nodes set represents objects, and the edges
set represents the relationships between objects.
The properties of social network are small world effect,
scale-free effect, and cluster effect. Small world effect is
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produced by American psychologist Stanley Milgram in 1969
[5]. He found that assign the name of the recipient randomly,
and send a message to his own people, and so on, this message
can reach the hands of the recipient in a relatively short
path (about 6 people). The result was that the famous “six
degrees of separation” theory was generated. Social network,
internet network, and simulation network have small world
properties. In the network, small world effect refers to that the
average distance in the network is very small compared to the
size of the network. That is to say, each pair of nodes can be
connected through a short path in a network [6]. The scalefree effect refers to that most nodes’ links are very small in the
network; only a few nodes have lots of links. In this network,
nodes with high degree are called hubs (hinge node). The
hub node dominates the network operation. Scale-free effect
displays that node degree distribution is seriously uneven
in large-scale network. Clustering effect of social network
refers to that there is a circle of friends, acquaintances, rings,
and other small groups in social network. Each member of
the small group knows each other. This phenomenon can be
described by graph; namely, there is many fully connected
subgraphs in social network.

3. The Traditional Link Prediction Algorithms
The link prediction is an important research field in data
mining. It has a wide range of scenarios. Many data mining
tasks involve the relationship between the objects. Link
prediction can be used for recommendation systems, social
networks, information retrieval, and many other fields.
Given a snapshot graph of the social network at a moment
𝐺 = ⟨𝑉, 𝐸⟩ and the node V𝑖 and the node V𝑗 , link prediction
is to predict the probability of the link between the node V𝑖
and the node V𝑗 . It can be seen through the definition of link
prediction that the link prediction task is divided into two
categories. The first category is to predict that the new link
will appear in future time. The second category is to forecast
hidden unknown link in the space.
The easiest framework of link prediction algorithm is
based on the similarity of the algorithm. Any pair of node
𝑥 and node 𝑦, we have assigned to this node is a function
Similarity (𝑥, 𝑦), this function is defined as the similarity
function between nodes 𝑥 and 𝑦. Then sorting the nodes pair
in accordance with the function values from the largest to
smallest, the greater the value of the similarity function, the
greater the probability of the link in the nodes.
Here we introduce some simple link prediction similarity
indexes.

3.1. Local Similarity Index
3.1.1. Common Neighbors. Assume that the node V ∈ 𝑉; then
the neighbors of the node set Γ(V) := {𝑡 | (𝑡, V) ∈ 𝐸 ∨
(V, 𝑡) ∈ 𝐸 ∧ 𝑡 ≠
V}; that is, Γ(V) is the set of all the neighbors
of node V. The common neighbors of node 𝑢 and node V
refer to the jointly owned neighbors by node 𝑢 and node V.
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For the undirected graph, the common neighbors can use the
following definition:
Similarity (𝑢, V) = |Γ (𝑢) ∩ Γ (V)| .

(1)

Kossinets and Watts analysis of the large-scale social
network, found that two students who have more mutual
friends will have greater possibility to become friends [7].
3.1.2. Preferential Attachment. Preferential attachment mechanism can be used to generate scale-free network evolution
model. The probability of generating a new link of node 𝑢 is
directly proportional to the degree of the node [8]. This is the
same as the truth “the rich are getting richer” in economics.
Therefore, the probability of the link between node 𝑢 and
node V is directly proportional to 𝑑𝑢 × 𝑑V . Inspired by this
mechanism, the PA similarity index can be defined as follows:
Similarity (𝑢, V) = 𝑑𝑢 × 𝑑V .

(2)

It may be noted that the similarity index does not require
any node neighbor information; therefore, this similarity
index has the lowest computational complexity.
3.1.3. Adamic-Adar [9]. This similarity index assigns a higher
similarity function value to a small degree node. AdamicAdar algorithm believes that an affair owned by less objects,
compared to owned by more objects, has greater effect on link
prediction. Its definition is as follows:
Similarity (𝑢, V) =

1
.
log
𝑑𝑧
𝑧∈Γ(𝑢)∩Γ(V)
∑

(3)

3.1.4. Resource Allocation. This similarity index is inspired by
the ideas of complex network resources dynamically allocated
[10]. In pair of nodes 𝑢, V that have no direct link, node
𝑢 can allocate some resources to the node V through their
common neighbor. Their common neighbors assume the
role of passers. In the simplest case, we assume that each
passer has a unit of resources; it assigns these resources to
its neighbors evenly. Therefore, the similarity of node 𝑢 and
node V can be defined as the number of resources that node
𝑢 get from node V; namely,
Similarity (𝑢, V) =

1
.
𝑑
𝑧∈Γ(𝑢)∩Γ(V) 𝑧
∑

(4)

3.2. Overall Similarity Index
3.2.1. Katz [11]. In 1953, Katz described the similarity using
the global path. The idea of the method is that the more paths
between two nodes are, the greater the similarity between two
nodes is. Katz measure is defined as follows:
𝑙

=∞

max


Similarity (𝑢, V) = ∑ 𝛽𝑙 ⋅ path𝑙𝑢,V 

(5)

𝑙=1

2

2

3

3

= 𝛽𝐴 𝑢V + 𝛽 (𝐴 )𝑢V + 𝛽 (𝐴 )𝑢V + ⋅ ⋅ ⋅ ,
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where |path𝑙𝑢,V | is the number of paths between node 𝑢 and
node V and the length of the path is 𝑙. 𝛽 is a parameter
between 0 and 1. This parameter is used to control the
contribution of path to the similarity; the longer the path
is, the less contribution the path made to the similarity.
The computational complexity of Katz measure is 𝑛3 , so the
measure is not suitable for large-scale network.
3.2.2. Random Walk with Restart (RWR) [12]. This indicator
is a direct application of the PageRank algorithm. A random
walker starting from node 𝑢 will reach its random neighbor
with probability 𝑐 repeatedly and return the node 𝑢 with
the probability 1 − 𝑐. 𝑞𝑢V represents the probability of the
random walker reaching node V in the steady state condition.
Therefore, we have 𝑞𝑢⃗ = 𝑐𝑃𝑇 𝑞𝑢⃗+ (1 − 𝑐)𝑒𝑢⃗, where 𝑃 is the
transfer matrix. If the node 𝑢 is connected with node V, then
𝑃𝑢V = 1/𝑑(𝑢); else 𝑃𝑢V = 0. So the solution is simple; namely,
𝑞𝑢⃗= (1 − 𝑐)(𝐼 − 𝑐𝑃𝑇 )−1 𝑒𝑢⃗. RWR coefficient can be defined as
Similarity (𝑢, V) = 𝑞𝑢V + 𝑞V𝑢 .

(6)

Compared to the local similarity index, the global similarity index needs more overall network topology information.
Although the performance of the overall similarity index
is better than the local similarity index, it has two fatal
flaws: first, the global similarity index calculation is very time
consuming, and when the network is huge, this calculation
program of the global similarity index does not work. Second,
sometimes the global topology information is not available,
especially when we use a decentralized approach to implement the algorithm. Therefore, how to design a similarity
index is particularly important, which is easy to calculate and
its accuracy is high.
Although the traditional link prediction algorithms have
made some prediction effect, they do not make full use of the
topology information. Common neighbor algorithm treats all
the common neighbors equally; it does not distinguish the
different neighbors’ different effects on the link prediction.
Katz algorithm distinguishes the different path’s influences
which have different lengths, but it does not distinguish the
influence of the paths with the same length on link prediction.
These algorithms only consider the topology characteristics
of the network, treat the social networking static, and ignore
the time attributes and node attribute of social network. How
to integrate the topology characteristics, time characteristics,
and node attributes of social network reasonably is an
enormous challenge for link prediction facing.

4. Link Prediction Algorithms Based on
Node Guidance Capability
If there is the case in Figure 1, the traditional link prediction
algorithm think the degree of similarity calculated between
node 𝐴 and node 𝐵 is the same as the similarity between node
𝑋 and node 𝑌. However, when we extracted the subgraph that
contained the node 𝐴, node 𝐵, and their common neighbors,
the node 𝑋, node 𝑌, and their common neighbors, as shown
in Figure 2, we can see that the paths between node 𝐴 and
node 𝐵 are more than the paths between the node 𝑋 and the

node 𝑌. According to Katz algorithm the similarity of node 𝐴
and node 𝐵 is higher than the similarity of node 𝑋 and node
𝑌.
Observing the density of the extracted common neighbor
subgraph, if the common neighbors subgraph is denser,
the nodes in the subgraph made more contribution to link
prediction. Assigning the dense of the subgraph to each node,
we can see that if the common neighbor occupied the greater
the proportion in the neighbor of the node, it has greater
ability to generate new link between the node 𝐴 and node 𝐵.
Therefore, we designed the following formula to measure the
guiding force of the node:


𝜙 (𝑧)
,
Guidance − force (𝑧) = 
log 𝑑𝑧

(7)

where 𝑑𝑧 is the degree of node 𝑧 and |𝜙(𝑧)| is the degree of
node 𝑧 in the extracted subgraph.
4.1. CNGF Algorithm. By introducing the definition of node
guidance capability, we know that the guidance capabilities
of the different nodes are different. The similarity between
the two nodes can be represented by the sum of each node’s
guidance capability. The guidance capability of the common
neighbors is greater and the likelihood of the new link
between the two nodes is greater. On this basis, we define the
formula of the similarity degree of two nodes:
SimilarityCNGF (𝑢, V) =



𝜙 (𝑧)
,
log 𝑑𝑧
𝑧∈Γ(𝑢)∩Γ(V)
∑

(8)

where |𝜙(𝑧)| is the number of links that the node connected
with the common neighbors.
With the previous formula, we can give the pseudocode
of CNGF algorithm based on node guidance capability (see
Algorithm 1).
The computational complexity of CNGF algorithm is
𝑂(𝑁2 ); 𝑁 is the maximum of all the nodes’ degree. This
computational complexity is also acceptable in large-scale
network.
4.2. KatzGF Algorithm. The idea of Katz algorithm is that
if there are more paths between two nodes, the possibility
of a new link existing in the two nodes is greater. Katz
algorithm did not distinguish the contribution of the paths
with the same path length. The node guidance capability
proposed in this paper can distinguish the contribution of
different nodes effectively. We can make use of the node
guidance capability in Katz algorithm. Because of different
nodes, the contribution of the paths with the same path
length is different. Based on the previous ideas, we designed
the KatzGF algorithm. The KatzGF algorithms integrated
the local node information and the global social network
information reasonably.
The most important part of the KatzGF algorithm is how
to design the formula for the degree of similarity between two
nodes. Taking into account the contribution of the different
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Figure 1: Two social network graphs with the same node degree.

A

X

1

1
2

2

3

4

3

4
5

5

Y

B

Figure 2: The extracted subgraph contains the prediction nodes and their common neighbor.

nodes on the same path length is different, we can design the
similarity formula of KatzGF:
𝑙=∞

SimilarityKatzGF (𝑢, V) = ∑ 𝛽𝑙 ( ∑
𝑙=1

𝑧∈Path𝑙𝑢V



𝜙 (𝑧)
),
log 𝑑𝑧

(9)

where 𝛽 is a parameter between 0 and 1. This parameter is
used to control the contribution of path to the similarity; the
longer the path is, the less contribution the path made to
the similarity. |𝜙(𝑧)| is the degree of node 𝑧 in the subgraph
containing the test nodes and all the path nodes between
the test nodes. 𝑑𝑧 is the degree of node 𝑧. The formula first
calculated the guidance capability of each node on the path
between node pairs and then put the sum of all path nodes’
guidance capability as the contribution of the path to link
prediction.
With the previous formula, we can give the pseudocode
of KatzGF algorithm (see Algorithm 2).
The computational complexity of KatzGF algorithm is
𝑂(𝐾𝑛 ); 𝐾 is the number of nodes in social network. It can be
seen that when the network size is large, the time complexity
degree of the KatzGF algorithm is very high. And KatzGF
algorithm needs to know the global information of social
networks. This is also difficult to achieve in real life, so KatzGF
algorithm is not suitable for large-scale network.

5. Link Prediction Algorithms Based on
Node Multiple Attributes
Traditional link prediction algorithm only intercepts a time
snapshot of the social network, ignoring the time characteristics of the network. In fact, social network changes constantly
over time; it is not static.
Considering the time characteristics of the network,
social network graph can be divided into different graph
sequences in accordance with a certain time step 𝐺 =
⟨𝐺Δ𝑡1 , 𝐺Δ𝑡2 , . . . , 𝐺Δ𝑡𝑛 ⟩. These snapshots graphs are disjoint.
And {Δ𝑡1 , Δ𝑡2 , . . . , Δ𝑡𝑛 } is a set of disjoint time. For all 𝑖, 𝑗,
1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛, Δ𝑡𝑖 is earlier than Δ𝑡𝑗 . The selection of time
step depends on the application. The time step can be set to a
month or a year.
In order to illustrate the role of the node time statistics
on link prediction better, we can make an analogy of the
moving average line of finance. We use the moving average
line (moving averages) to extract long-term development
trends from the short-term noise data in finance. The moving
average is the average of an index value in a certain period
time. For example, we consider the average degree value of
node V𝑖 within 50 time steps; the average node degree is
∑𝑡=50
𝑡=1 degree𝑡 (V𝑖 )/50. In social networks, we can remove some
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Input: social network graph 𝐺 = ⟨𝑉, 𝐸⟩, node 𝑥, node 𝑦
Output: the similarity of node 𝑥 and node 𝑦
The description of the algorithm:
(1) Find the common neighbor set 𝑥𝑦.common neighbor of the node pair.
(2) Extract the sub-graph which contains the tested node pair and their common neighbors.
(3) While (the common neighbor ser is not null){
(4) Calculate the degree of node V, and get V.degree. Node V is one node of the
common neighbor set.
(5) Calculate the degree of node V in the sub-graph extracted in the Step 2, get
V.common degree.
(6) Calculate the guidance capability of node V, Guidance (V) = V.common degree/ log(V.degree)
(7) The similarity of node 𝑥 and node 𝑦 is Similarity.𝑥𝑦+ = Guidance (V)}
Algorithm 1: CNGF algorithm.

Input: social network graph 𝐺 = ⟨𝑉, 𝐸⟩, node 𝑥, node 𝑦
Output: the similarity of node 𝑥 and node 𝑦
The description of the algorithm:
(1) Find all paths between node 𝑥 and node 𝑦 which length are less then 6. Put all the
nodes in the paths into the set 𝑥𝑦.path nodes. Record the length of each path.
(2) Extract the sub-graph which contains the tested node pair and all the nodes in their paths.
(3) for (from the first path to the last path){
(4)
while (the nodes set of the path is not null){
(5)
Calculate the degree of node V, and get V.degree. Calculate the degree of node V
in the extracted sub-graph in the Step 2, get V.path degree.
Calculate the guidance capability of this node
Guidance-capability. V = V.path degree/ log(V.degree).
(6)
Calculate the weight of this path Guidance capability.path+ = Guidance capability.V}.
(7) Calculate the similarity of node 𝑥 and node 𝑦 Similarity.𝑥𝑦+ = 𝛽𝑙 Guidance capability.path}
Algorithm 2: KatzGF algorithm.

noise data using the node attribute average value and get a
stable long-term trend.
Combining the node guidance capability and the average
of node’s degree, we propose a link prediction based on
node topology attributes and network time attributes. In
this section, we make some modifications of the node
guidance capability’s definition and add the time attributes
into the definition of node guidance capability. We get a
graph sequences 𝐺 = ⟨𝐺Δ𝑡1 , 𝐺Δ𝑡2 , . . . , 𝐺Δ𝑡𝑛 ⟩ from the social
network graph 𝐺 = (𝑉, 𝐸), where each snapshot graph is
an undirected graph. In each snapshot graph, we calculate
|𝜙(𝑧)Δ𝑡𝑛 | and 𝑑𝑧− Δ𝑡𝑛 , respectively. Then use the idea of nodes
moving average and compute the average degree of node in
the entire network and the extracted subgraph. The node’s
average degree in the extracted subgraph is |𝜙(𝑧)|avg =
∑𝑖=𝑛
𝑖=1 |𝜙(𝑧)Δ𝑡𝑖 |/𝑛. The node’s average degree in the entire graph

is 𝑑𝑧− avg = ∑𝑖=𝑛
𝑖=1 |𝑑𝑧− Δ𝑡𝑖 |/𝑛. Finally, putting |𝜙(𝑧)avg | and
𝑑𝑧− avg into the definition formula of node guidance capability,
we can get a new formula that combines the time attributes:
Guidance − force(𝑧)time =



𝜙 (𝑧)avg
log (𝑑𝑧− avg )

.

(10)

With the previous new definition, we can modify the
CNGF algorithm and KatzGF algorithm. We combine CNGF
algorithm with social network topology attributes and time
attributes and then get CNGF T algorithm. The new similarity formula is
CNGF T

Similarity

(𝑢, V) =



𝜙 (𝑧)avg

∑
𝑧∈Γ(𝑢)∩Γ(V)

log (𝑑𝑧− avg )

.

(11)

We also can get the new similarity formula in KatzGF T:
KatzGF T

Similarity

𝑙=∞

(𝑢, V) = ∑ 𝛽 ( ∑
𝑙=1



𝜙 (𝑧)avg

𝑙

𝑧∈Path𝑙𝑢V

log (𝑑𝑧− avg )

).
(12)

6. The Algorithm Implementation
and Verification
In this experiment, we used DBLP (Digital Bibliography
and Library Project) experimental data sets to verify the
performance of the link prediction algorithm. This data set
is real. It covers 28 international conferences records related
to data mining, machine learning, and so on.

6
1
0.8
True positive rate

We use AUC indicators to evaluate the experimental
results. The AUC index refers to the area under ROC curve.
ROC curve puts false positive rate as 𝑥-axis and puts true positive rate as cases 𝑦-axis. The point in the curve corresponds
to the performance of the algorithm under each threshold.
The greater the AUC value is the better performance the
predictors have.
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6.1. Data Preprocessing. The real conetwork is particularly
sparse. In order to achieve the best performance of the algorithm, we need to preprocess the data set. The preprocessing
of the data set can be divided into the following steps to
complete.

0

0

Step 4. Construct the known network. Using the data from
2000 to 2004, we can construct the known conetwork. Put
the topology structure attributes and the time attributes as
the training set. And put the data from 2005 to 2006 as the
unknown network.
Step 5. Screen less the known network. We did not select all
the nodes of the data, so we should screen less the appropriate
link. If a node is deleted, then all the links on the node should
be removed.

7. Conclusion
Firstly, we introduce the concept of social networks and
describe the basic nature of social networks: small world,
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6.2. The Experimental Results. By setting different thresholds,
we calculate the true positive rate and the false positive
rate, respectively. Then we draw the corresponding ROC
curve. Firstly, we give the ROC curve of the local algorithm
common neighbor and the ROC curve of the improved
algorithms CNGF and CNGF T, as shown in Figure 3. The
ROC curve shows the overall impact of different thresholds
for link prediction. It can be seen from the figure that
the performance of three algorithms is very similar in the
beginning; however, with the increase of false positive rate,
the true positive rate of CNGF T is larger than CNGF
algorithm and common neighbor algorithm. This shows that
the prediction performance of the CNGF T algorithm is the
best of the three algorithms.
The ROC curves of Katz algorithm, KatzGF, and
KatzGF T are shown in Figure 4. From the figure, we can
see that KatzGF algorithm is better than Katz algorithm, but
it is not very obvious in the overall performance. But the
ROC curve of KatzGF T algorithm is significantly closer to
the upper left corner than those of the first two algorithms.
KatzGF T algorithm takes into account the time attribute
information and the global topology information of social
network, so it has the best prediction performance.

0.3

Figure 3: The ROC curves of common neighbor algorithm, CNGF
algorithm, and CNGF T algorithm.

True positive rate

Step 3. Remove the high degree of complete graphs.

0.2

Common neighbor
CNGF
CNGF T

Step 1. Intercept the data from 2000 to 2006.
Step 2. Delete the independent writings node.

0.1

0

0.2

0.4

0.6
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1

False positive rate
Katz
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KatzGF T

Figure 4: The ROC curves of Katz algorithm, KatzGF algorithm,
and KatzGF T algorithm.

scaling, and clustering features. Then we introduce the
link prediction definition and link prediction algorithms.
Comparing these link prediction algorithms, we analyse the
existing problems of the traditional link prediction. For the
problems in traditional link prediction on social networks, we
proposed the improved CNGF algorithm KatzGF algorithm.
And for the lack of static social network, we gave the
link prediction algorithm based on multiple attributes. The
experimental results show that the prediction performance of
the improved algorithm is superior to that of the traditional
link prediction algorithm.
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Prediction of RNA structure is a useful process for creating new drugs and understanding genetic diseases. In this paper, we
proposed a particle swarm optimization (PSO) and ant colony optimization (ACO) based framework (PAF) for RNA secondary
structure prediction. PAF consists of crucial stem searching (CSS) and global sequence building (GSB). In CSS, a modified ACO
(MACO) is used to search the crucial stems, and then a set of stems are generated. In GSB, we used a modified PSO (MPSO) to
construct all the stems in one sequence. We evaluated the performance of PAF on ten sequences, which have length from 122 to
1494. We also compared the performance of PAF with the results obtained from six existing well-known methods, SARNA-Predict,
RnaPredict, ACRNA, PSOfold, IPSO, and mfold. The comparison results show that PAF could not only predict structures with
higher accuracy rate but also find crucial stems.

1. Introduction
RNA functions as an information carrier, catalyst, and regulatory element, perhaps reflecting its importance in the earliest
stages of evolution. The structures of RNAs provide insight
into the mechanisms behind these functions. Determining
sequence is the first step in determining structure, and many
billions of nucleotide sequences are now known. The second
step is determining secondary structure, and relatively few
classes of RNAs currently have known secondary structures
[1]. The RNA secondary structure prediction problem is a
critical one in molecular biology. Secondary structure as well
as tertiary structure can be determined by X-ray crystallography and Nuclear Magnetic Resonance (NMR) spectroscopy.
Data analysis tools used for prediction of RNA structure
are mainly based on dynamic programming [2]. Recently,

the metaheuristic methods are widely used to predict RNA
secondary structure. These methods generally include genetic
algorithm (GA) [3], particle swarm optimization (PSO) [4],
ant colony optimization (ACO) [5], and simulated annealing
(SA) [6]. The state-of-the-art methods are introduced as
follows.
For SA. Shapiro and Wu [7] later modified the algorithm
by introducing an annealing mutation operator. Tsang and
Wiese [8] presented SARNA-Predict, the permutation-based
algorithm for RNA secondary structure prediction based
on SA with a simple thermodynamic model and studied
mainly its convergence behavior. A performance evaluation
of SARNA-Predict in terms of prediction accuracy was made
via comparison with eight state-of-the-art RNA prediction
algorithms. The results presented in this paper demonstrate
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that SARNA-Predict can outperform other state-of-the-art
algorithms in terms of prediction accuracy. Furthermore,
there is substantial improvement of prediction accuracy by
incorporating a more sophisticated thermodynamic model.
For GA. Benedetti and Morosetti [9] compared the accuracy
of an EA against known RNA structures with the objective
of finding optimal and suboptimal structures that were
similar. Shapiro et al. [10] modified their EA to study folding
pathways using a massively parallel genetic algorithm. Wiese
et al. designed a serial EA, RnaPredict [11], which encodes
RNA secondary structures as permutations. RnaPredict was
parallelized via a coarse-grained distributed EA for RNA
secondary structure prediction [12].
For ACO. Yu et al. [13] put forward ACRNA based on ACO
for RNA secondary structure prediction. For a given RNA
sequence, the set of all possible stems is obtained, and the
energy of each stem is calculated and stored at the initial stage.
Furthermore, a more realistic formula is used to compute
the energy of multibranch loop in the following iteration.
Then a folding pathway is simulated, including such processes
as construction of the heuristic information, the rule of
initializing the pheromone, the mechanism of choosing the
initial and next stem, and the strategy of updating the
pheromone between two different stems.
For PSO. Geis and Middendorf [14] introduced HelixPSO
for finding minimum energy RNA secondary structures.
Neethling and Engelbrecht [15] proposed a set-based Particle
Swarm Optimization algorithm to optimize the structure of
an RNA molecule, using an advanced thermodynamic model.
Liu et al. [16] proposed an improved PSO (IPSO). The authors
designed an efficient objective function according to the
minimum free energy, the number of selected stems, and the
average length of selected stems. A promising experimental
result was obtained, and the effectiveness and practicability
of IPSO for RNA secondary structure prediction was shown.
Xing et al. [17, 18] proposed PSOfold based on IPSO. An
adaptive parameter controller of PSO based on fuzzy logic
is used to improve the balance between exploration and
exploitation. Solution conversion strategy (SCS) is designed
to enhance the PSO performance in discrete problem such as
stem combination.
The metaheuristic methods [19, 20] mentioned previously
only paid attention to structure of the sequence but ignored
the searching capability of algorithm. PSOfold is our previous
work with an attempt to enhance the searching range in PSO,
but the crucial stems are not considered. In this paper, we
proposed PAF to improve the exploration ability and focused
on the influence of the crucial stems.
The main contributions of this paper are described as
follows.
(1) A framework, namely, PAF, was proposed for RNA
secondary structure prediction, which includes CSS
and GSB.
(2) In CSS, MACO was proposed to search the crucial
stems.

(3) In GSB, MPSO was designed to construct all the stems
in one sequence.
The rest of the paper is organized as follows. Section 2 briefly
introduces the theory of ACO and PSO. In Section 3, we
present the proposed PAF framework and describe the implementation of CSS and GSB. In Section 4, the experiment
results on various public sequences are discussed. Finally, we
draw the conclusions of this paper in Section 5.

2. Basic Theory
2.1. ACO. ACO algorithm is biologically inspired from the
behavior of colonies of real ants, and in particular how
they forage for food. ACO has been formalized into a
metaheuristic for combinatorial optimization problems by
Dorigo and coworkers [21].
In ACO, an ant 𝑘 being in node 𝑖 chooses the next node
𝑗 with a probability given by the random proportional rule
defined as follows [22].
(a) State Transition Rule. Consider
𝛽

[𝜏𝑖𝑗 (𝑡)] ⋅ [𝜂𝑖𝑗 ]
{
{
{
𝑃𝑖𝑗 (𝑡) = { ∑ 𝑘 [𝜏 (𝑡)] ⋅ [𝜂 ]𝛽
{ 𝑗∈𝐼𝑖 𝑖𝑗
𝑖𝑗
{
{0

if 𝑗 ∈ 𝐼𝑖𝑘 ,

(1)

otherwise,

where 𝐼𝑖𝑘 is its feasible neighborhood. The feasible neighborhood excludes nodes already visited in the partial tour of ant
𝑖, and it may be further restricted to a candidate set of the
nearest neighbors of a city 𝑖. Once an ant has visited all nodes,
it returns to its starting node.
(b) State Updating Rule. After all ants have completed their
solutions, pheromone evaporation on all nodes is triggered
according to (2). The pheromone on each edge is updated
according to the following equation:
𝑁

𝜏𝑖𝑗 (𝑡 + 1) = (1 − 𝜌) ⋅ 𝜏𝑖𝑗 (𝑡) + ∑ Δ𝜏𝑖𝑗𝑘 (𝑡) ,

(2)

𝑘=1

where 𝑚 is the number of ants at each iteration and 𝜌 ∈ (0, 1)
is the pheromone evaporation rate. Consider
𝑄
{
Δ𝜏𝑖𝑗𝑘 = { 𝐿 𝑘
{0

if 𝜏𝑖𝑗 ∈ tour done by ant 𝑘,

(3)

otherwise,

where 𝐿 𝑘 denotes the tour length and 𝑄 is a predefined
constant.
2.2. PSO. PSO originated from the simulation of social
behavior of birds in a flock [23, 24]. In PSO, each particle flies
in the search space with a velocity adjusted by its own flying
memory and its companion’s flying experience. All particles
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have objective function values which are decided by a fitness
function. Consider the following:
𝑡
𝑡−1
𝑡
𝑡
𝑡
𝑡
= 𝑤 × V𝑖𝑑
+ 𝑐1 × 𝑟1 (𝑝𝑖𝑑
− 𝑥𝑖𝑑
) + 𝑐2 × 𝑟2 (𝑝𝑔𝑑
− 𝑥𝑖𝑑
),
V𝑖𝑑

𝑑 = 1, 2, 3, 4, . . . , 𝐷,
(4)
where 𝑐1 indicates the cognition learning factor, 𝑐2 indicates
the social learning factor, and 𝑟1 and 𝑟2 are random numbers
uniformly distributed in 𝑈(0, 1). Each particle then moves to
a new potential solution based on the following equation:

where 𝜌 is the pheromone trail evaporation rate and 𝜏𝑖 is the
quantity per unit of length of the trail substance that is laid
on stem 𝑖 by the 𝑘th ant. Also,
Energy if 𝑘 uses stem 𝑖 in its tour
Δ𝜏𝑖𝑘 = {
0
otherwise,

(9)

where Energy represents the quality of an ant’s solution. If
stem 𝑖 is not included, the zero is returned.
3.1.2. Algorithm of MACO. See Algorithm 1.
3.2. GSB

𝑡+1
𝑥𝑖𝑑

=

𝑡
𝑥𝑖𝑑

+

𝑡
V𝑖𝑑
,

𝑑 = 1, 2, . . . , 𝐷.

(5)

Kennedy and Eberhart [25] proposed a binary PSO in
which a particle moves in a state space restricted to 0 and 1 on
each dimension, in terms of the changes in probabilities that
a bit will be in one state or the other. Consider the following:
1,
𝑥𝑖𝑑 = {
0,

rand () < 𝑆 (V𝑖,𝑑 ) ,
otherwise,

3.2.1. MPSO. MPSO was modified based on our previous
studies IPSO [16] and PSOfold [18] which could predict the
RNA secondary structure with excellent performance. The
objective function is improved according to the size of stem
and the number of pseudoknots. Consider the following:
𝑓𝑖 = 𝑎𝐸𝑖 − 𝑏 [
[

(6)

∑𝑁
𝑗=1 𝛿 (𝑗)
𝑃

𝑀

] − 𝑐 [ ∑𝑘=1 𝜑 (𝑘) /𝐿 + 𝑆 ] , (10)
𝑊
]

The function 𝑆(V) is a sigmoid limiting transformation
and rand() is a random number selected from a uniform
distribution in [0.0, 1.0].

where 𝑎, 𝑏, 𝑐 is the weight; 𝐸𝑖 is the free energy for the
secondary structure in the 𝑖th particle; 𝛿 is the number of
pairs of the 𝑗th stem; 𝑃 is the length of possible pairs; 𝜑 is
the size of stem 𝑘 which is higher than 4; 𝑀 is the number
of selected stems; 𝐿 is the total number of stems which are
higher than 4; 𝑆 is the size of pseudoknots; 𝑊 is the size of
possible pairs.

3. PAF

3.2.2. Algorithm of MPSO. See Algorithm 2.

3.1. CSS

4. Results

3.1.1. MACO

The parameter details of ACRNA are number of ants = 100,
number of iterations = 600, 𝜌 = 0.2, 𝛼 = 1, and 𝛽 = 1. For IPSO,
number of particles = 100, number of iterations = 600, 𝜔 =
0.9, 𝑐1 = 2, and 𝑐2 = 2. For PSOfold, number of particles = 100,
number of iterations = 600, 𝜔 = 0.9, 𝑐1 = 2, and 𝑐2 = 2. For CSS,
number of ants = 100, number of iterations = 600, 𝜌 = 0.2,
𝛼 = 1, and 𝛽 = 1. For GSB, number of particles = 100, number
of iterations = 600, 𝜔 = 0.9, 𝑐1 = 2, and 𝑐2 = 2. To generate the
mfold results presented here, the mfold Web server version 3.1
was used with default settings. One noteworthy setting is the
percentage of suboptimality. This percentage allows the user
to control the number of suboptimal structures predicted by
mfold. In this experiment, the value was set to return the 5
percent lowest energy structures.
The measures used for prediction accuracy on the majority of documents currently are sensitivity, specificity, and
F-measure. In RNA secondary structure prediction, TP
(true positive) indicates the number of base pairs predicted
correctly; FN (false negative) denotes the number of base
pairs which existed in real structure but were not predicted
correctly; FP (false positive) represents the number of base
pairs which existed in no real structure but was mistakenly

1
𝑆 (V) =
.
1 + 𝑒−V

(1) State Transition Rule. The task of each ant is to build a
set of stems. The ants find an RNA secondary structure via
a probabilistic decision rule to move through adjacent states.
An ant selects a stem as follows:
𝛼

𝛽

[𝜏𝑖 ] [𝜂𝑖 ]
{
{
{
𝑃𝑖 = { ∑ 𝑘 [𝜏 ]𝛼 [𝜂 ]𝛽
𝑗
{
{ 𝑗∈𝐼𝑖 𝑗
0
{

if 𝑗 ∈ 𝐼𝑖𝑘 ,

(7)

otherwise,

where 𝛼 and 𝛽 are the regulatory factors, 𝜏𝑖 is the amount of
pheromone trail on stem 𝑖, 𝜂𝑖 is the priori available heuristic
information, and 𝐼𝑖𝑘 is the remaining stems.
(2) State Update Rule. The pheromone trails are updated
according to (8) and (9). Consider
𝑛

𝜏 = (1 − 𝜌) ⋅ 𝜏𝑖 + ∑ Δ𝜏𝑖𝑘 ,
𝑘=1

(8)
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Table 1: RNA sequence details.
Organism
Drosophila virilis

Accession number
X05914

RNA class
16S rRNA

Length
784

Base pairs in known structure
233

M27605

16S rRNA

945

251

AF034620

5S rRNA

122

38

U40258

Group I intron, 16S rRNA

468

113

AF197120

Group I intron, 23S rRNA

394

120

Xenopus laevis
Haloarcula marismortui
Aureoumbra lagunensis
Metahizium anisopliae var.
Hildenbrandia rubra

L19345

Group I intron, 16S rRNA

543

138

Acanthamoeba griffini

U02540

Group I intron, 16S rRNA

556

131

J01415

16S rRNA

954

266

Ailurus fulgens

Y08511

16S rRNA

964

265

Sulfolobus acidocaldarius

D14876

16S rRNA

1494

468

Homo sapiens

Table 2: A comparison of the highest matching base pair structures from PAF and mfold in terms of sensitivity, specificity, and 𝐹-measure.

233

Predicted bps
PAF mfold
247
252

TP
FP
FN
PAF mfold PAF mfold PAF mfold
103
82
144
170
130
151

Sensitivity
PAF mfold
44.2 35.2

Specificity
PAF mfold
41.7
32.5

𝐹-measure
PAF mfold
42.9 33.8

X. laevis

251

235

245

116

113

119

132

135

138

46.2

45.0

49.4

46.1

47.7

45.6

H. marismortui

38

31

34

28

29

3

5

10

9

73.7

76.3

90.3

85.3

81.2

80.6

A. lagunensis

113

124

133

85

74

39

59

28

39

75.2

65.5

68.6

55.6

71.7

60.2

M. anisopliae var.

120

110

116

91

92

19

24

29

28

75.8

76.7

82.7

79.3

79.1

78.0

H. rubra

138

141

167

82

83

59

84

56

55

59.4

60.1

58.1

49.7

58.8

54.4

Sequence

Known bps

D. virilis

A. griffini

131

160

174

102

95

58

79

29

36

77.9

72.5

63.8

54.6

70.1

62.3

H. sapiens

266

260

258

124

95

136

163

142

171

46.6

35.7

47.7

36.8

47.2

36.3

A. fulgens

265

249

241

99

74

150

167

166

191

37.4

27.9

39.8

30.7

38.5

29.2

468
202.3

483
204

496
211.6

281
111.1

271
100.8

202
92.9

225
110.8

187
91.2

197
101.5

60
57.9
58.1
59.64 55.28 60.02

54.6
52.52

59.1
56.2
59.63 53.66

S. acidocaldarius
Averages

Table 3: A comparison of the highest matching base pair structures from SARNA-predict, RnaPredict, ACRNA, PAF, PSOfold, and mfold in
terms of sensitivity and specificity.

784

SARNA-Predict
Se
Sp
42.1
42.2

RnaPredict
Se
Sp
27.9
26.9

ACRNA
Se
Sp
27.9
26.9

Se
44.2

Sp
41.7

PSOfold
Se
Sp
42.9
41.5

mfold
Se
Sp
35.2
32.5

945

46.2

37.1

38.8

45.8

46.9

46.2

49.4

45.6

48.5

45.0

Sequence

Length

D. virilis
X. laevis

48.9

PAF

46.1

H. marismortui

122

71.1

90.0

71.1

90.0

76.3

78.4

73.7

90.3

71.1

87.1

76.3

85.3

A. lagunensis

468

74.3

64.6

60.2

51.9

63.7

54.1

75.2

68.6

76.1

64.7

65.5

55.6

M. anisopliae var.

394

63.3

65.0

62.5

62.0

63.3

65.0

75.8

82.7

75.0

74.4

76.7

79.3

H. rubra

543

64.5

56.7

57.2

49.1

58.0

47.9

59.4

58.1

58.0

53.0

60.1

49.7

A. griffini

556

74.0

58.8

61.8

50.3

73.3

55.2

77.9

63.8

76.3

59.2

72.5

54.6

H. sapiens

954

44.7

48.8

33.5

35.6

44.7

48.8

46.6

47.7

44.4

47.2

35.7

36.8

A. fulgens

964

35.1

38.9

30.9

33.9

34.3

38.7

37.4

39.8

35.1

39.6

27.9

30.7

1494
722.4

52.4
56.77

51.9
56.58

52.4
49.46

51.9
49.04

58.3
54.56

58.0
51.99

60
59.64

58.1
60.02

58.3
58.28

58.0
57.32

57.9
55.28

54.6
52.52

S. acidocaldarius
Averages

Mathematical Problems in Engineering

5

Initialize the parameters of MACO
Randomly initialize the solutions for all the ants
While current number of iterations < Max iteration
For each ant in the population
For each stem
Decide whether to select current stem according to (7)
End for
Evaluate the solution according to the energy.
End for
For each stem in the set
Update the pheromones according to (8) and (9)
End for
End while
Algorithm 1

Initialize all the parameters of MPSO
While current number of iterations < Max iteration
For each particle
Update its velocity
Update its position
Restrict position and velocity
Calculate fitness and Update local best
End for
Update the global best
Turn the parameters of MPSO via fuzzy logic controllers
End while
Algorithm 2

100

200

300

400

500

600

0

70

70

60

60

50

50

40

40

30

30

20

20
0

100
ACRNA
IPSO

200
300
400
Number of iterations

500

600

PAF
PSOfold

Sensitivity (%)

Sensitivity (%)

0

100

200

300

400

500

600

60

60

55

55

50

50

45

45

40

40

35

35

30

30

25

25
0

100

200

300

400

500

600

Number of iterations
ACRNA
IPSO

PAF
PSOfold

Figure 1: Average best sensitivity by running the algorithms 10 times
on A. griffini.

Figure 2: Average best sensitivity by running the algorithms 10
times on H. rubra.

predicted; TN (true negative) stands for the number of
base pairs which were not matched and predicted correctly.
The TN is rarely used in actual measurement because it is
generally much larger than TP, FN, and FP. Sensitivity (Se)

means the percentage of all base pairs which was correctly
predicted in the real structure; specific (Sp) refers to the
percentage of all predicted base pairs which was correctly
predicted. The general prediction is very difficult for both and
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Table 4: Average sensitivity and specificity via ACRNA, IPSO, PAF, and PSOfold.

Sequence

ACRNA

Length

IPSO

D. virilis

784

se
25.1

X. laevis

945

40.2

38.8

PAF

PSOfold

sp
24.5

se
27.8

sp
27.1

se
34.1

sp
30.4

se
32.6

sp
29.9

38.7

36.7

43.8

41.5

42.4

40.1

H. marismortui

122

70.5

73.6

67.8

68.1

70.6

76.0

69.2

75.4

A. lagunensis

468

61.3

52.6

60.5

51.8

62.4

53.8

63.9

52.6

M. anisopliae var.

394

60.9

63.5

57.1

56.2

66.5

64.1

65.1

63.3

H. rubra

543

56.2

48.8

50.1

41.3

56.9

47.8

54.4

47.8

A. griffini

556

67.1

54.1

63.2

47.3

69.2

52.9

68.5

54.5

H. sapiens

954

34.1

32.1

31.9

33.5

35.8

34.9

32.4

33.3

964

31.1

30.2

30.2

32.5

34.2

31.8

32.6

31.8

1494
722.4

56.0
50.25

55.4
47.36

52.5
47.98

51.4
44.59

54.5
52.8

56.3
48.95

56.5
51.76

55.9
48.46

A. fulgens
S. acidocaldarius
Averages

Sensitivity (%)

0

100

200

300

400

500

600

45

45

40

40

35

35

30

30

25

25

20

20
0

100

200
300
400
Number of iterations

ACRNA
IPSO

500

600

PAF
PSOfold

Figure 3: Average best sensitivity by running the algorithms 10
times on X. laevis.

is always biased in favor of one side. A metric that combines
both the specificity and sensitivity measures into one is Fmeasure; it can be used as a single performance measure for
a predictor. The main result of the paper will be concluded by
the sensitivity and specificity [18]. The specific formula is as
follows:

𝐹=

Se =

TP
,
TP + FN

Sp =

TP
,
TP + FP

2 × specificity × sensitivity
.
specificity + sensitivity
(11)

Ten sequences from the comparative RNA website are
selected for evaluation of the proposed method, and the
details of the sequence are described in Table 1. For these
sequences the natural secondary structures are also available
from the comparative RNA website. These sequences were
chosen as they represent different sequence lengths and come
from various genomes of organisms that are exposed to a
range of physiological conditions. They represent four RNA
classes: 5S rRNA, Group I intron 16S rRNA, 16S rRNA,
and Group I intron 23S rRNA. Due to space constraints in
some tables, we refer to these specific RNA sequences by an
abbreviation of the name of the organism from which they
originated [18].
Table 2 shows the comparative results of the highest
matching base pair structures between PAF and mfold in
regard to sensitivity, specificity, and F-measure. PAF predicts
fewer base pairs on 8 sequences. PAF obtained higher TP in
7 cases and lower FP in all cases. The values FN predicted
by PAF are also lower than mfold in 7 out of 10 cases. For
sensitivity, specificity, and F-measure, PAF won in 7, 10, and
10 cases, respectively. Generally, PAF performs significantly
better than mfold with respect to sensitivity, specificity, and
F-measure.
Table 3 shows a more detailed analysis of comparing the
highest matching base pair structures from SARNA-Predict,
RnaPredict, ACRNA, PAF, PSOfold, and mfold according to
sensitivity and specificity. The results generated by SARNAPredict and RnaPredict were taken from the literature [8, 11].
From Table 3, it can be seen that PAF gets better sensitivity
on 6 sequences and predicts higher specificity in 8 cases.
SARNA-Predict gets better results in 2 cases in terms of
sensitivity and in 2 cases with regard to specificity. ACRNA
wins on 1 sequence for sensitivity and on 1 sequence for
specificity. PSOfold and mfold obtained better sensitivity on
one sequence and two sequences, respectively. Among the
six methods, PAF gets the best results in most cases. From
another point of view, the average performance of PAF on
sensitivity and specificity exceeds that of the other methods. It

Mathematical Problems in Engineering
is demonstrated that PAF is significantly superior to the other
5 methods.
In order to validate the stability of the proposed method,
we ran ACRNA, IPSO, PAF, and PSOfold ten times and
calculated the average highest matching base pair structures
of each algorithm in terms of sensitivity and specificity. The
detail results are shown in Table 4. From Table 4, it is easy
to see that PAF obtains best sensitivity and specificity on
8 sequences and on 7 sequences, respectively. Thus, this
proves that the proposed method performs stably on multiple
sequences, considerably surpassing the other methods. The
convergence progress is shown in Figures 1, 2, and 3. From
the figures, we can clearly see that the proposed method could
avoid trapping in the local optimum during the iterations.
This is because the crucial stems lead the algorithm to the
right direction.

5. Conclusion
In this paper, a framework, PAF, was proposed for RNA
secondary structure prediction, which consists of CSS and
GSB. In order to preserve crucial structures, MACO in CSS
is proposed to find the important stems. MPSO in GSB is
developed to generate predicted structures in order to save
searching spaces. The experimental results show that the
performance of the proposed method is significantly better
than those of the other metaheuristic methods in terms of
sensitivity, specificity, and F-measure. We will try to enhance
the performance of convergence and reduce time complexity
in the future.
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Pupylation, one of the most important posttranslational modifications of proteins, typically takes place when prokaryotic ubiquitinlike protein (Pup) is attached to specific lysine residues on a target protein. Identification of pupylation substrates and their
corresponding sites will facilitate the understanding of the molecular mechanism of pupylation. Comparing with the labor-intensive
and time-consuming experiment approaches, computational prediction of pupylation sites is much desirable for their convenience
and fast speed. In this study, a new bioinformatics tool named EnsemblePup was developed that used an ensemble of support vector
machine classifiers to predict pupylation sites. The highlight of EnsemblePup was to utilize the Bi-profile Bayes feature extraction
as the encoding scheme. The performance of EnsemblePup was measured with a sensitivity of 79.49%, a specificity of 82.35%,
an accuracy of 85.43%, and a Matthews correlation coefficient of 0.617 using the 5-fold cross validation on the training dataset.
When compared with other existing methods on a benchmark dataset, the EnsemblePup provided better predictive performance,
with a sensitivity of 80.00%, a specificity of 83.33%, an accuracy of 82.00%, and a Matthews correlation coefficient of 0.629. The
experimental results suggested that EnsemblePup presented here might be useful to identify and annotate potential pupylation sites
in proteins of interest. A web server for predicting pupylation sites was developed.

1. Introduction
As the firstly identified posttranslational small protein
modifier in prokaryotes, prokaryotic ubiquitin-like protein
(Pup) in Mycobacterium tuberculosis (Mtb) is an important
signal for the selective degradation of proteins [1]. Pup
attaches to substrate lysine via isopeptide bonds in a manner
reminiscent of ubiquitin (Ub) and ubiquitin-like modifier
(Ubl) conjugation to proteins in eukaryotes [2]. Although
pupylation and ubiquitylation are functional similarity, the
enzymology of pupylation and ubiquitylation is different
[3]. Generally, there are three-step reaction and three kinds
of enzymes participating in the eukaryotic ubiquitylation
process, including ubiquitin-activating enzymes, ubiquitinconjugating enzymes, and ubiquitin ligases [4, 5], but only
two-step reaction and two kinds of enzymes participating in
the prokaryotic pupylation process. Firstly, the Pup-GGQ Cterminal is deamidated to -GGE by deamidase of Pup [6],
and then the proteasome accessory factor A (PafA) attaches

the deamidated Pup to specific lysine residues of substrates
[7].
Since identification of protein pupylation sites is of fundamental importance to understand the molecular mechanism
of pupylation in biological systems, much interest has focused
on this field and large-scale proteomics technology has been
applied to identify pupylation proteins and pupylation sites
[8–10]. However, the experimental determination of exact
modified sites of pupylated substrates is labor intensive and
time consuming, especially for large-scale data sets. In this
regard, the computation approaches which could effectively
and accurately identify the pupylation sites are urgently
needed. Liu et al. had constructed the first online predictor,
GPS-PUP, for the prediction of pupylation sites [11]. In their
method, 127 experimentally identified pupylation sites in 109
prokaryotic proteins had been utilized as the training dataset,
with an accuracy of 0.789 and an MCC of 0.286. However,
there is significant room for improvement of the prediction
performance.
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Table 1: Number of pupylation and non-pupylation sites in each
dataset.

Dataset 1
Dataset 2

Pupylation
proteins sequences

Positive sites

Negative sites

153
109

183
127

2288
1405

In this study, the prediction performance of pupylation
sites has been improved by using a new encoding scheme,
Bi-profile Bayes feature extraction (BPB), which has been
widely used to deal with diverse prediction topics in the
field of bioinformatics [12–15]. Since the new constructed
pupylation sites dataset was highly imbalanced: the number
of pupylation sites was much smaller than the number
of nonpupylation sites, the ensemble learning method was
adopted here to deal with the imbalanced data classification
problem. The performance of EnsemblePup was measured
with a sensitivity of 79.49%, a specificity of 82.35%, an
accuracy of 85.43%, and a Matthews correlation coefficient of
0.617 using the 5-fold cross validation on the training dataset.
When compared with other existing methods on a benchmark dataset, the EnsemblePup provided better predictive
performance, with a sensitivity of 80.00%, a specificity of
83.33%, an accuracy of 82.00%, and a Matthews correlation
coefficient of 0.629. The experimental results suggested that
EnsemblePup presented here might be useful to identify and
annotate potential pupylation sites in proteins of interest. A
web server for predicting pupylation sites was developed and
was available at http://210.47.24.217:8080/EnsemblePup/.
The organization of this paper is as follows. Section 2
introduces the dataset for establishing the predictor, the
vector encoding schemes, and the proposed prediction
model. Section 3 shows the experimental results, discusses
the performance of the proposed predictor, and compares
the proposed predictor with other methods. Finally Section 4
gives the conclusions.

2. Materials and Methods
2.1. Dataset. The pupylated proteins used in this study were
extracted from PupDB [3]. Protein sequences with less than
50 amino acids were excluded because they may be just
fragments [16, 17]. Protein sequences including nonstandard
amino acids, such as “B,” “J,” “O,” “U,” “X,” and “Z” were
excluded as well. As a result, there were 182 pupylated proteins
with 215 known pupylation sites. After a homology-reducing
screening procedure by using CD-HIT [18, 19] to remove
those proteins that had 40% sequence identity to any other,
we finally got 153 pupylated proteins with 183 positive sites,
which constructed the nonredundant training dataset named
as Dataset 1 in this study (see Supporting Information Text S1
available online at http://dx.doi.org/10.1155/2013/283129). In
order to fairly compare our proposed method EnsemblePup
with a previously developed method GPS-PUP, the dataset
collected by Liu et al. [11] was also adopted here. We named
it as Dataset 2 in this work, and the details of Dataset 2 were
listed in Table 1.

Subsequently, similar to the development of other PTM
site predictors [20, 21], the sliding window strategy was
utilized to extract positive and negative samples. In order
to ensure the peptides (sequence fragments) with a unified
length, a nonexisting residue coded by “ ” was used to fill the
corresponding position. Peptides with pupylation lysine as
the middle residue were regarded as positive samples, and the
remaining peptides with nonpupylation lysine as the middle
residue were regarded as negative samples.
2.2. Vector Encoding Schemes. In this study, the Bi-profile
Bayes feature extraction (BPB) based encoding scheme was
used. For details on this encoding scheme, readers are advised
to refer to Shao et al. [14]. Briefly, let 𝑆 = 𝑠1 , 𝑠2 , . . . , 𝑠𝑛
represent a sequence fragment, where 𝑠𝑗 denotes one amino
acid and 𝑛 stands for the length of the sequence fragment. 𝑆
belongs to two categories 𝐶1 and 𝐶−1 , where 𝐶1 and 𝐶−1 represent pupylation sites and nonpupylation sites, respectively.
Then, a feature vector can be described as
𝑃⃗= (𝑝1 , 𝑝2 , . . . , 𝑝𝑛 , 𝑝𝑛+1 , . . . , 𝑝2𝑛 ) ,

(1)

where 𝑝1 , 𝑝2 , . . . , 𝑝𝑛 represent the posterior probability of
each amino acid at each position for the sequence fragment of
pupylation sites (category 𝐶1 ) and 𝑝𝑛+1 , . . . , 𝑝2𝑛 represent the
posterior probability of each amino acid at each position for
the sequence fragment of nonpupylation sites (category 𝐶−1 ),
which is the so-called Bi-profile. In this paper, the posterior
probability is estimated by the occurrence of each amino acid
at each position in the training datasets [14].
The binary encoding scheme was also carried
out here to be compared with the BPB encoding
scheme. As it is known to all, there are 20 types of
amino acids in protein sequences, which are given as
ACDEFGHIKLMNPQRSTVWY. Therefore, each amino
acid is represented by a 20-dimensional binary vector; that is,
A corresponds to (10000000000000000000), C corresponds
to (01000000000000000000), and Y corresponds to
(00000000000000000001). For each sequence fragment with
length 𝑛, the total dimension of the binary feature vector is
20 × (𝑛 − 1), since the central amino acid is always K, which
is not necessary to be considered.
2.3. Support Vector Machine Learning and Imbalanced Data.
Support vector machine (SVM) is a popular machine learning
algorithm mainly used in dealing with binary classification
problems. SVM looks for a rule that best maps each member
of training set to the correct classification [22, 23], and it has
been widely used in bioinformatics community. In this paper,
LIBSVM package [24] with radial basis kernels (RBF) is
used, where the kernel width parameter 𝛾 represents how the
samples are transformed to a high dimensional space. Grid
search strategy based on 5-fold cross-validation is utilized to
find the optimal parameters C and 𝛾 ∈ {2−7 , 2−6 , . . . , 28 }, so
that a total number of 256 grids are evaluated.
Since the training dataset was imbalanced, in which
the number of pupylation sites was much smaller than the
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Figure 1: The bootstrap procedure for the imbalanced dataset.
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···
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Test data

Result n

Output ensemble

Final result

Figure 2: The entire schematic diagram for the prediction of pupylation sites.

number of nonpupylation sites, the bootstrap procedure was
used to deal with this situation. As shown in Figure 1, we
obtained 𝑛 training subsets using the bootstrap procedure,
where 𝑛 represented the times of data sampling. In this study,
the bootstrap procedure was implemented by WEKA package
[25] and the parameter 𝑛 was set as the ratio of the number of
positive samples divided by the number of negative samples.
2.4. The Ensemble Model for Pupylation Sites Identification.
Since ensemble learning methods have unique advantages in
dealing with high-dimensional and complicated data, there
is an increasing use of it in the field of bioinformatics [26–
30]. In this study, the ensemble model was established by a
collection of SVM classifiers, each was trained on a subset
of the original training dataset (obtain by the bootstrap
procedure in Figure 1). Figure 2 showed the entire schematic
diagram for the prediction of pupylation sites. As shown in
Figure 2, the final result was computed from the prediction
result of the individual SVM classifier. For example, when

given a new unlabeled test data 𝑥, the 𝑗th SVM classifier
returned a probability 𝑃𝑗 of 𝑥 belonged to the positive class,
where 𝑗 = 1, 2, . . . , 𝑛. The collection estimated probability was
obtained by 𝑃Ensemble = (1/𝑛) ∑𝑛𝑗=1 𝑃𝑗 .
2.5. Performance Assessment. In this study, 5-fold cross validation and jackknife cross validation tests were chosen for
evaluating the proposed predictor. More details about these
two methods can be found in two recent papers [31, 32]. In
order to evaluate the proposed predictor, four measurements
are used: sensitivity (Sn), specificity (Sp), accuracy (Ac), and
Matthews correlation coefficient (MCC). They are defined by
the following formulas:
Sn =

TP
,
TP + FN

Sp =

TN
,
TN + FP

4
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Figure 3: The Two-Sample-Logo of the position-specific residue composition surrounded the pupylation sites and nonpupylation sites. This
logo was generated using the web server http://www.twosamplelogo.org/ and only residues significantly enriched and depleted surrounding
pupylation sites (𝑡-test, 𝑃 < 0.1) were shown.
Table 2: Results of the SVM prediction on Dataset 1.
SVM classifier
BPB-SVM15
BPB-SVM17
BPB-SVM19
BPB-SVM21
BPB-SVM23
Binary-SVM17

Ac =
MCC =

Sensitivity (%)
78.79
75.76
69.23
65.79
63.16
55.50

Specificity (%)
67.50
72.50
67.65
80.00
80.00
51.52

TP + TN
,
TP + TN + FP + FN
TP × TN − FP × FN
,
√(TP + FN)×(TN + FP)×(TP + FP)×(TN + FN)
(2)

where TP, TN, FP, and FN stand for the number of true
positive, true negative, false positive, and false negative,
respectively. In addition, the receiver operating characteristic
(ROC) curves and the area under the curve (AUC) values are
also carried out.

3. Results and Discussion
3.1. Determination of the Best Window Size. We firstly
analyzed the position-specific propensities of the residues
surrounding pupylation sites and nonpupylation sites using
Two-Sample-Logo, which generated the graphical sequences
logo for the relative frequency of the corresponding amino
acid at each position around pupylation sites and nonpupylation sites. As shown in Figure 3, we found that the characteristics of the residues had significant differences between
pupylation sites and nonpupylation sites. To encapsulate
the position-specific propensities of residues for computational prediction, we established SVM prediction models of
different lengths (represented as BPB-SVM15, BPB-SVM17,
BPB-SVM19, BPB-SVM21, and BPB-SVM23) trained on a
balanced training dataset (constructed by sampling a number
of nonpupylation sites equal to the number of pupylation
sites) using the Bi-profile Bayes feature extraction (BPB)
method. As shown in Table 2, after a preliminary evaluation,
the optimal window size was 17 in this paper (BPB-SVM17),
with 8 residues located upstream and 8 residues located
downstream of the pupylation sites in the protein sequence.

Accuracy (%)
72.60
73.97
68.49
72.60
71.23
53.42

𝐴 ROC
0.791
0.807
0.738
0.741
0.788
0.527

MCC
0.462
0.480
0.368
0.463
0.436
0.065

Table 3: The comparison of predictive performance between single
SVM and ensemble of SVMs using the 5-fold cross validation on
Dataset 1.
SVM
classifier
SinglePup
EnsemblePup

Sensitivity Specificity Accuracy
(%)
(%)
(%)
75.76
79.49

72.50
82.35

73.97
80.82

MCC

𝐴 ROC

0.480
0.617

0.807
0.862

However, when the Bi-profile Bayes feature extraction encoding scheme was replaced by the binary encoding scheme of
window size of 17 (represented as Binary-SVM17), the binary
encoding scheme showed mediocre prediction performance,
the prediction accuracy was 20.55% lower than that of
the Bi-profile Bayes feature extraction encoding scheme,
which indicated that the Bi-profile Bayes feature extraction
encoding scheme has an advantage over the binary encoding
scheme in predicting pupylation sites. Therefore, we adopted
Bi-profile Bayes feature extraction encoding scheme in this
study.
3.2. Comparison of EnsemblePup with a Single SVM Classifier.
In order to enhance the prediction performance of the
pupylation sites predictor, ensemble learning was used, and
the final results were obtained by combining the outputs
of different single SVM classifier. Here, we compared the
performance of the ensemble of SVM classifiers with that of
a single SVM classifier. All experiments were performed and
reported the Sn, Sp, Ac, and MCC. The comparison results of
the two prediction models by 5-fold cross validation test on
the Dataset 1 were shown in Table 3 we can see the ensemble
predictor got the accuracy of 80.82%, higher than the result
obtained by using a single SVM classifier with 73.97%, and
the AUC value was 0.55 higher than that of the a single
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Table 4: The comparison of predictive performance between our method and GPS-PUP using the leave-one-out cross validation on Dataset
2.
Prediction method
GPS-PUP
SinglePup
EnsemblePup

Sensitivity (%)
63.78
73.91
80.00

Specificity (%)
80.21
78.95
83.33

Accuracy (%)
78.85
76.19
82.00

MCC
0.286
0.526
0.629

𝐴 ROC
0.708
0.825
0.873

Figure 4: The prediction page of the EnsemblePup web server at http://210.47.24.217:8080/EnsemblePup/.

SVM classifier. In summary, the ensemble learning had an
advantage in predicting pupylation sites.
3.3. Comparison of EnsemblePup with Other Methods. We
have demonstrated that EnsemblePup could achieve a
promising prediction performance in the 5-fold cross validation on Dataset 1. To objectively evaluate our proposed
predictor, we further compared the EnsemblePup predictor
with GPS-PUP [11]. Liu et al. searched PubMed with the
keywords of “pupylation” and “prokaryotic ubiquitin” and
collected 127 experimentally identified pupylation sites in 109
prokaryotic proteins; we named the data from Liu et al. as
Dataset 2 in this work (the details were listed in Table 1).
The compared results were shown in Table 4. As can be seen
from the table, the EnsemblePup predictor proposed in this
study obtained an accuracy of 82.00%, higher than the GPSPUP predictor with the accuracy of 80.21%, and MCC of
EnsemblePup was 0.343 greater than that of GPS-PUP.
3.4. The EnsemblePup Web Server. The EnsemblePup was
implemented in Java and hosted on Windows platform.
For the convenience of experimental scientists, we
gave a step-by-step guide on how to use it to get the
desired results as follows. (i) Open the web server at
http://210.47.24.217:8080/EnsemblePup/ and you can see
the prediction page on your computer screen, as shown
in Figure 4. You must input your email address since the
prediction process may take a long time. (ii) Input your
query protein sequence to the text box in Figure 4. Note that

the input protein sequence must be in the FASTA format.
The FASTA format sequence consists of a single initial line
beginning with a greater-than symbol (“>”), followed by
lines of amino acid sequence. You can click on the “example
and note” button to see the example protein sequence.
(iii) Choose a threshold value in the drop-down list. For
prediction with high confidence (less probability of false
positive prediction), high threshold should be chosen. (iv)
Click on the submit button to see the predicted result. For
example, if you use the first sequence in the example page,
the prediction results will be “>A0QNF6 K147 0.7450251
yes,” which means that the lysine on the position of 147 is a
pupylation site with the probability of 0.7450251. Generally,
it takes about 50 seconds to predict the pupylation site for a
protein sequence shorter than 1000 amino acids before the
predicted result appears.

4. Conclusion
Prediction of pupylation sites is important to understand the
molecular mechanism of pupylation in biological systems.
Though some researchers have focused on this problem,
the accuracy of prediction is still not satisfied. In this
study, we have presented a new predictor EnsemblePup
for the prediction of pupylation sites based on Bi-profile
Bayes feature extraction encoding scheme. Since the new
constructed pupylation sites dataset was highly imbalanced:
the number of pupylation sites was much smaller than
the number of nonpupylation sites, the ensemble learning
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method was adopted here to deal with the imbalanced data
classification problem. The performance of EnsemblePup
was measured with a sensitivity of 79.49%, a specificity of
82.35%, an accuracy of 85.43%, and a Matthews correlation
coefficient of 0.617 using the 5-fold cross-validation on
the training dataset. When compared with other existing
methods on a benchmark dataset, the EnsemblePup provided
better predictive performance, with a sensitivity of 80.00%, a
specificity of 83.33%, an accuracy of 82.00%, and a Matthews
correlation coefficient of 0.629. Experimental results have
shown that our method is very promising and may be a useful
supplement tool to existing methods. Due to the considerable
performance, we have made EnsemblePup freely available as
a web server. Although the results obtained here were very
promising, further investigation was needed to further clarify
the mechanism of pupylation process.
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The sliding mode control (SMC) scheme is proposed for near space vehicles (NSVs) with strong nonlinearity, high coupling,
parameter uncertainty, and unknown time-varying disturbance based on radial basis function neural networks (RBFNNs) and
the nonlinear disturbance observer (NDO). Considering saturation characteristic of rudders, RBFNNs are constructed as a
compensator to overcome the saturation nonlinearity. The stability of the closed-loop system is proved, and the tracking error as
well as the disturbance observer error can converge to the origin through the Lyapunov analysis. Simulation results are presented
to demonstrate the effectiveness of the proposed flight control scheme.

1. Introduction
The NSV [1–3] is a kind of vehicles and flights above 20 km
from the ground, which can be divided into low-speed NSV
and high-speed NSV. Among them, the high-speed NSV has
some significant advantages such as rapid response ability,
difficulty of detecting, and strong penetration ability. Thus, it
has drawn much attention around the world in recent years.
Since the NSV has the large flight envelop as well as the
changeable flight environment and it is susceptible to the
severely external time-varying disturbance, it is necessary to
develop the robust control scheme for the NSV. However,
strong nonlinearity, high coupling, parameter uncertainty,
and unknown time-varying disturbance will further increase
the design difficulty of the robust flight control [4]. To
efficiently handle the system uncertainty and the suffering
unknown external disturbance, NDO can be employed to
design the robust control scheme. According to the known
information of the studied system, NDO can estimate the
compounded disturbance on line and feedback the estimate
value to the control system. As a result, the disturbance
cancellation is guaranteed to improve the performance and
robustness of the closed-loop system. Therefore, the technology of NDO has been extensively studied. In [4–7], NDO was
used to estimate the system uncertainty and the unknown

external disturbance, and it was successfully applied to the
robust control design of inverted pendulum and air vehicles,
respectively.
Saturation as a common input nonlinearity exists in
a wide range of practical systems, such as the NSV. The
existence of input saturation will degrade the control system
performance and even leads to the system instability if it is
ignored in the control design. On the other hand, the control
design considering input saturation is a challenging problem
for uncertain nonlinear systems. Several control schemes for
nonlinear systems with input saturation have been proposed
in recent years. In [8–10], neural network was proposed
to approximate the input-output difference of the actuator,
and a compensator was designed to overcome the saturation
nonlinearity. In [11, 12], considering the smoothness of a
hyperbolic tangent function, the robust adaptive control was
proposed based on the backstepping approach via using the
special property of a Nussbaum function to handle input
saturation. However, the rudder saturation of the NSV needs
to be further studied in the robust attitude control design.
For the nonlinear systems, many robust control schemes
were studied [13–18] in which SMC is an effective method. By
applying a discontinuous control signal to change the system
state, the system is forced to slide along a predesigned sliding
mode. It has higher robustness because of the insensitivity to
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the parameter uncertainty. However, the control input needs
to be changed according to the system states, which causes the
system trajectory passing across the sliding mode repeatedly.
Thus, there exists chattering problem in the system [19]. By
designing a new switching function which is related to the
first-order or higher-order derivative of the control input,
the continuous dynamic sliding mode control law can be
obtained though integration. Therefore, the system chattering
can be effectively reduced. In [20], a robust dynamic sliding
mode control law was proposed to control a multi-degreeof-freedom humanoid robot arm, and satisfactory control
results had been obtained through simulation. In [21], higherorder sliding mode control and sliding mode differentiator
were studied. In [22], a second-order dynamic sliding control
scheme was proposed to overcome chattering problem for the
NSV. However, the sliding mode control considering input
saturation should be further developed for the NSV based on
NDO.
Motivated by above discussion and analysis, the robust
attitude control is developed for the NSV in the presence
of the system uncertainty, the unknown time-varying disturbance, and the input saturation. To handle the compounded
disturbance, the NDO is proposed. Since the rudders of
the NSV have the saturation characteristic, RBFNNs are
constructed as a compensator to overcome the saturation
nonlinearity. The stability of the closed-loop system is proved,
and the tracking error as well as the disturbance observer
error can converge to the origin through the Lyapunov analysis. The organization of the paper is as follows. In Section 2,
the dynamic sliding mode control is reviewed. The robust
attitude control is investigated for the NSV by considering
the system uncertainty, the unknown external disturbance,
and the input saturation in Section 3, and simulation results
are given to illustrate the effectiveness of the proposed robust
attitude control scheme. Section 4 concludes the remark.
For the convenience of description, the following notations are required.
Notations. Throughout this paper, |∙| stands for absolute value
of each element of the vector; |∙|𝑐 denotes power operation for
the absolute value of each element of the vector, where 𝑐 is a
power exponent; sgn(∙) stands for sign function operation of
each element of the vector; ‖∙‖ represents the Euclidean norm
𝑡
(or Frobenius norm for a matrix); ∫0 (∙)𝑑𝑡 stands for integral
operation of each element of the vector; diag(∙) represents a
diagonal matrix constructed by the elements of the vector;
diag{sgn(∙)} denotes constructing a diagonal matrix after sign
function operation of the vector. Specifically, given a matrix
𝑊 and a vector 𝜒, then we have

𝑛

𝑚

‖𝑊‖ = √ ∑ ∑𝑤𝑖𝑗2 , 𝑊 ∈ 𝑅𝑛×𝑚 ,
𝑖=1 𝑗=1

𝑡

𝑡

𝑡

𝑡

0

0

0

0

𝑇

∫ 𝜒𝑑𝑡 = [∫ 𝜒1 𝑑𝑡, ∫ 𝜒2 𝑑𝑡, . . . , ∫ 𝜒𝑛 𝑑𝑡] ,
𝜒1 ⋅ ⋅ ⋅
[
diag (𝜒) = [ ... d
[ 0 ⋅⋅⋅

0
.. ] ∈ 𝑅𝑛×𝑛 ,
.]

𝜒𝑛 ]

sgn (𝜒1 ) ⋅ ⋅ ⋅
0
[
]
𝑛×𝑛
.
..
..
diag (sgn (𝜒)) = [
]∈𝑅 .
d
.
⋅ ⋅ ⋅ sgn (𝜒𝑛 )]
[ 0
(1)

2. Design of Dynamic Sliding Mode Control
for MIMO System
In this paper, the dynamic sliding mode control scheme is
used to the robust attitude control design of the NSV. For
the convenience of control development, the dynamic sliding
mode control scheme is described as follows according to
[22, 23].
Consider that a class of multiinput and multioutput
(MIMO) nonlinear affine systems is given by
𝑥̇(𝑡) = 𝑓 (𝑥 (𝑡)) + 𝑔 (𝑥 (𝑡)) 𝑢 (𝑡) ,
𝑦 (𝑡) = ℎ (𝑥 (𝑡)) ,

where 𝑥 ∈ 𝑅𝑛 is the state vector of the nonlinear system, 𝑦 ∈
𝑅𝑚 is the output vector, 𝑢 ∈ 𝑅𝑚 is the control input vector,
and 𝑓(𝑥) ∈ 𝑅𝑛 , 𝑔(𝑥) ∈ 𝑅𝑛×𝑚 , and ℎ(𝑥) ∈ 𝑅𝑚 are continuous
functions which are related to the state vector 𝑥. Suppose that
the sliding mode surface for the MIMO nonlinear system (2)
can be written as 𝜎 = [𝜎1 (𝑥), 𝜎2 (𝑥), . . . , 𝜎𝑚 (𝑥)]𝑇 ∈ 𝑅𝑚 .
To analyze the nonlinear system (2), the following definitions and assumptions are required.
Definition 1 (see [24]). The gradient of the smooth scalar
function 𝜎𝑖 (𝑥) with respect to the state vector 𝑥 is defined as
∇𝜎𝑖 (𝑥) =

𝜕𝜎𝑖 (𝑥)
𝜕𝜎 (𝑥)
𝜕𝜎 (𝑥) 𝜕𝜎𝑖 (𝑥)
,
,..., 𝑖
].
=[ 𝑖
𝜕𝑥
𝜕𝑥1
𝜕𝑥2
𝜕𝑥𝑛

(4)

The multiple Lie derivative can be defined as the following
recurrence relations:

 𝑐
 𝑐  𝑐
 𝑐 𝑇
𝜒 = [𝜒1  , 𝜒2  , . . . , 𝜒𝑛  ] ,

𝐿0𝑓 𝜎𝑖 (𝑥) = 𝜎𝑖 (𝑥) ,
𝑇

sgn (𝜒) = [sgn (𝜒1 ) , sgn (𝜒2 ) , . . . , sgn (𝜒𝑛 )] ,
  √ 2
𝜒 = 𝜒1 + 𝜒22 + ⋅ ⋅ ⋅ + 𝜒𝑛2 ,

(3)

Definition 2 (see [24]). The Lie derivative of the smooth scalar
function 𝜎𝑖 (𝑥) with respect to the vector field 𝑓(𝑥) is given by
𝐿 𝑓 𝜎𝑖 (𝑥) = ∇𝜎𝑖 (𝑥) 𝑓 (𝑥) .

 𝑇
   
 
𝜒 = [𝜒1  , 𝜒2  , . . . , 𝜒𝑛 ] ,

(2)

𝑘

𝑘 −1

𝑘 −1

𝐿 𝑓𝑖 𝜎𝑖 (𝑥) = 𝐿 𝑓 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) = ∇ (𝐿 𝑓𝑖 𝜎𝑖 (𝑥)) 𝑓 (𝑥) ,
𝑘𝑖 = 1, 2, 3, . . . .

(5)
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Figure 1: structure of the robust control scheme for the NSV.

Definition 3 (see [24]). If the Lie derivative of the smooth
scalar function 𝜎𝑖 (𝑥) with respect to the vector field 𝑓(𝑥)
satisfies the following two expressions:
𝑘
𝐿 𝑓𝑖 𝜎𝑖

The derivative of 𝜎𝑖 (𝑥) is given by
(𝑘𝑖 )

𝑘

𝜎𝑖
𝑘𝑖 = 0, 1, . . . , 𝑟𝑖 − 1,

(𝑥) = 0,
𝑟
𝐿 𝑓𝑖 𝜎𝑖

(𝑟𝑖 )

(6)

(𝑥) ≠0,

then the relative degree of 𝜎𝑖 (𝑥) with respect to 𝑓(𝑥) is 𝑟𝑖 .
Also, the relative degree of 𝜎 = [𝜎1 (𝑥), 𝜎2 (𝑥), . . . , 𝜎𝑚 (𝑥)]𝑇
with respect to𝑓(𝑥) is 𝑟, where 𝑟 = max{𝑟1 , 𝑟2 , . . . , 𝑟𝑚 }.

= 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) ,

𝜎𝑖

(𝑟𝑖 +1)

𝜎𝑖

𝑘

𝑗=1

𝑟 −1
∑ 𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖
𝑗=1

(𝑥) ≠0,

where 𝑔𝑗 is the jth column vector of the matrix 𝑔, 𝑖 =
1, 2, . . . , 𝑚.
Assumption 6 (see [22]). For the MIMO nonlinear system (2),
the following matrix is invertible for all 𝑥 in the domain:
𝑟 −1

𝑟 −1

𝐿 𝑔 (𝐿 1 𝜎1 (𝑥)) 𝐿 𝑔2 (𝐿 𝑓1 𝜎1 (𝑥))
[ 1 𝑟𝑓 −1
[ 𝐿 (𝐿 2 𝜎 (𝑥)) 𝐿 (𝐿𝑟2 −1 𝜎 (𝑥))
2
𝑔2
2
[ 𝑔1 𝑓
𝑓
[
[
.
.
.
.
[
.
.
[
𝑟𝑚 −1
𝑟𝑚 −1
𝐿
𝐿
(𝐿
𝜎
(𝐿
𝜎𝑚 (𝑥))
(𝑥))
𝑚
𝑔2
𝑓
[ 𝑔1 𝑓

𝑚

𝑟 +1

(10)

𝑟

𝑗=1

𝑚

𝑚

𝑙=1

𝑗=1

𝑟 −1

+ ∑𝐿 𝑔𝑙 ( ∑𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) 𝑢𝑗 ) 𝑢𝑙
𝑚

+∑
𝑗=1

(11)

𝑟 −1
𝐿 𝑓 𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖

𝑚

(𝑥) 𝑢𝑗

𝑟 −1

+ ∑𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) 𝑢̇𝑗 ,
𝑗=1

where 𝑖 = 1, 2, . . . , 𝑚.
Design a new sliding mode as

𝑘𝑖 = 0, 1, . . . , 𝑟𝑖 − 1,
(7)

𝑚

𝑟 −1

(9)

= 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) + ∑ 𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) 𝑢𝑗

Assumption 5 (see [22]). For the MIMO nonlinear system (2),
the relative degree vector of the sliding mode 𝜎 with respect to
the input 𝑢 is [𝑟1 , 𝑟2 , . . . , 𝑟𝑚 ]. That is, the following equations
are always held for all 𝑥 in the domain:
𝑚

𝑚

𝑟

= 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) + ∑ 𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) 𝑢𝑗 ,
𝑗=1

Assumption 4 (see [22]). For the MIMO nonlinear system (2),
the state 𝑥 can converge to the origin when the system enters
the sliding mode of 𝜎 = 0.

∑𝐿 𝑔𝑗 𝐿 𝑓𝑖 𝜎𝑖 (𝑥) = 0,

𝑘𝑖 = 0, 1, . . . , 𝑟𝑖 − 1,

𝑟 −1

⋅ ⋅ ⋅ 𝐿 𝑔𝑚 (𝐿 𝑓1 𝜎1 (𝑥))

]
𝑟 −1
⋅ ⋅ ⋅ 𝐿 𝑔𝑚 (𝐿 𝑓2 𝜎2 (𝑥)) ]
]
]
]
.
.
]
.
d
]
𝑟 −1
⋅ ⋅ ⋅ 𝐿 𝑔𝑚 (𝐿 𝑓𝑚 𝜎𝑚 (𝑥))]

∈ 𝑅𝑚×𝑚 .

(8)

(𝑟𝑖 )

𝜗𝑖 = 𝜎𝑖

(𝑟𝑖 −1)

+ 𝑐𝑖,1 𝜎𝑖

+ ⋅ ⋅ ⋅ + 𝑐𝑖,𝑟𝑖 −1 𝜎𝑖̇ + 𝑐𝑖,𝑟𝑖 𝜎𝑖 + 𝑐𝑖,𝑟𝑖 +1 ,

(12)

where 𝑐𝑖,𝑗 (𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑟𝑖 + 1) must make the
polynomial (12) Hurwitz stable.
The derivative of 𝜗𝑖̇ is given by
𝜗𝑖̇ = 𝜎𝑖

(𝑟𝑖 +1)

+ 𝑐𝑖,1 𝜎𝑖

(𝑟𝑖 +1)

+ ∑𝑐𝑖,𝑗 𝜎𝑖

= 𝜎𝑖

(𝑟𝑖 )

𝑟𝑖

+ ⋅ ⋅ ⋅ + 𝑐𝑖,𝑟𝑖 −1 𝜎𝑖̈
+ 𝑐𝑖,𝑟𝑖 𝜎𝑖̇
(𝑟𝑖 +1−𝑗)

.

(13)

𝑗=1

Considering (11) and (13), we obtain
𝜗̇ = 𝐴 (𝑥, 𝑢) + 𝐵 (𝑥) 𝑢̇+ 𝐶 (𝑥, 𝑢) ,
𝐴 (𝑥, 𝑢) = 𝐴 1 (𝑥) + 𝐴 2 (𝑥) 𝑢 + 𝐴 3 (𝑥) 𝑢 + 𝐴 4 (𝑥) 𝑢,
̇ ]𝑇 , and we have
where 𝜗̇ = [𝜗1̇ , 𝜗2̇ , . . . , 𝜗𝑚

(14)
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𝑟 +1

𝑇

𝑟 +1

𝑟 +1

𝐴 1 (𝑥) = [𝐿 𝑓1 𝜎1 (𝑥) , 𝐿 𝑓2 𝜎2 (𝑥) , . . . , 𝐿 𝑓𝑚 𝜎𝑚 (𝑥)] ∈ 𝑅𝑚 ,
𝑟

𝑟

𝐿 𝑔1 𝐿 𝑓1 𝜎1 (𝑥) ⋅ ⋅ ⋅ 𝐿 𝑔𝑚 𝐿 𝑓1 𝜎1 (𝑥)
]
[
..
..
] ∈ 𝑅𝑚×𝑚 ,
𝐴 2 (𝑥) = [
.
d
.
]
[
𝑟
𝑟
𝐿 𝑔1 𝐿 𝑓𝑚 𝜎𝑚 (𝑥) ⋅ ⋅ ⋅ 𝐿 𝑔𝑚 𝐿 𝑓𝑚 𝜎𝑚 (𝑥)
]
[
𝑟 −1

𝑟 −1

𝐿 𝑓 𝐿 𝑔1 𝐿 𝑓1 𝜎1 (𝑥) ⋅ ⋅ ⋅ 𝐿 𝑓 𝐿 𝑔𝑚 𝐿 𝑓1 𝜎1 (𝑥)
]
[
..
..
] ∈ 𝑅𝑚×𝑚 ,
𝐴 3 (𝑥) = [
.
d
.
]
[
𝑟𝑚 −1
𝑟𝑚 −1
[𝐿 𝑓 𝐿 𝑔1 𝐿 𝑓 𝜎𝑚 (𝑥) ⋅ ⋅ ⋅ 𝐿 𝑓 𝐿 𝑔𝑚 𝐿 𝑓 𝜎𝑚 (𝑥)]
𝑚

𝑚

[ 𝐿 𝑔1 ( ∑ 𝐿 𝑔𝑗 𝐿𝑟𝑓1 −1 𝜎1 (𝑥) 𝑢𝑗 ) ⋅ ⋅ ⋅ 𝐿 𝑔𝑚 ( ∑𝐿 𝑔𝑗 𝐿𝑟𝑓1 −1 𝜎1 (𝑥) 𝑢𝑗 ) ]
]
[
𝑗=1
𝑗=1
]
[
]
[
..
..
] ∈ 𝑅𝑚×𝑚 ,
𝐴 4 (𝑥) = [
.
d
.
]
[
]
[
𝑚
𝑚
]
[
[𝐿 ( ∑𝐿 𝐿𝑟𝑚 −1 𝜎 (𝑥) 𝑢 ) ⋅ ⋅ ⋅ 𝐿 ( ∑ 𝐿 𝐿𝑟𝑚 −1 𝜎 (𝑥) 𝑢 )]
𝑔1
𝑔𝑗 𝑓
𝑚
𝑗
𝑔𝑚
𝑔𝑗 𝑓
𝑚
𝑗
𝑗=1
𝑗=1
]
[
𝑟 −1

(15)

𝑟 −1

𝐿 𝑔 𝐿 𝑓1 𝜎1 (𝑥) ⋅ ⋅ ⋅ 𝐿 𝑔𝑚 𝐿 𝑓1 𝜎1 (𝑥)
]
[ 1 .
..
] ∈ 𝑅𝑚×𝑚 ,
..
𝐵 (𝑥) = [
d
.
]
[
𝑟𝑚 −1
𝑟𝑚 −1
𝐿
𝜎
𝐿
𝜎
𝐿
⋅
⋅
⋅
𝐿
(𝑥)
(𝑥)
𝑚
𝑔𝑚 𝑓
𝑚
]
[ 𝑔1 𝑓
𝐶 (𝑥, 𝑢) =

𝑟𝑚
𝑟2
[∑𝑐1,𝑗 𝜎(𝑟1 +1−𝑗) , ∑𝑐2,𝑗 𝜎(𝑟2 +1−𝑗) , . . . , ∑𝑐𝑚,𝑗
1
2
𝑗=1
𝑗=1
𝑗=1
𝑟1

[

To ensure the reaching condition of the sliding mode
surface hold, the reaching law Φ𝜗 can take an exponential
form which is described by
Φ𝜗 = −𝐶1 𝜗 − 𝐶2 sgn (𝜗) ,

(16)

𝑇
(𝑟𝑚 +1−𝑗) ]
𝜎𝑚

∈ 𝑅𝑚 .

]

the whole time domain. Thus, the chattering of the system can
be effectively reduced.

3. Design of Robust Attitude Control for
the NSV

where 𝐶𝑖 = diag{𝑐𝑖,1 , 𝑐𝑖,2 , . . . , 𝑐𝑖,𝑚 } > 0, 𝑖 = 1, 2, are designed
matrices.
Considering (14) and (16), we have

3.1. Attitude Dynamic Model for the NSV. Due to the fact
that the change of attitude angular rate is faster than that
of attitude angle, the attitude motion can be decomposed
into two affine MIMO nonlinear systems [25] in accordance
with singularly perturbed theory and time-scale separation
principle:

𝑢̇ = 𝐵−1 (𝑥) (Φ𝜗 − 𝐴 (𝑥, 𝑢) − 𝐶 (𝑥, 𝑢)) .

Ω̇ = 𝑓𝑠 (Ω) + 𝑔𝑠 (Ω) 𝜔 + 𝑔𝑠𝛿 (Ω) 𝛿 (V (𝑡)) ,

(17)

𝑦𝑠 = Ω,
𝜔̇ = 𝑓𝑓 (𝜔) + 𝑔𝑓1 𝑔𝑓𝛿 (𝜔) 𝛿 (V (𝑡)) ,

Integration of (17) yields

𝑦𝑓 = 𝜔,

𝑡

𝑢 (𝑡) = 𝑢 (0) + ∫ (𝐵−1 (𝑥) (Φ𝜗 − 𝐴 (𝑥, 𝑢) − 𝐶 (𝑥, 𝑢))) 𝑑𝑡.
0

(19)

(18)

Since the discontinuous term of the reaching law is taken
into integration, we can obtain a continuous control input in

where (19) are called slow-loop equation and fast-loop
equation, respectively, and Ω = [𝛼, 𝛽, 𝜇]𝑇 is the vector of
attitude angles which are angle of attack, sideslip angle, and
roll angle, 𝜔 = [𝑝, 𝑞, 𝑟]𝑇 is the vector of attitude angular
rates which are roll angular rate, pitch angular rate, and yaw
angular rate. In slow-loop equation, 𝑓𝑠 (Ω) = [𝑓𝛼 , 𝑓𝛽 , 𝑓𝜇 ]𝑇
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is the state function vector, 𝑔𝑠 (Ω) is the system matrix, and
𝑔𝑠𝛿 (Ω) is allocation matrix of rudders. In fast-loop equation,
𝑓𝑓 (𝜔) = [𝑓𝑝 , 𝑓𝑞 , 𝑓𝑟 ]𝑇 is the state function vector, 𝑔𝑓1 is
the system matrix, 𝑔𝑓𝛿 (𝜔) is allocation matrix of rudders,
V(𝑡) = [V1 , V2 , V3 , V4 , V5 ]𝑇 is the control input vector, and
𝛿(V(𝑡)) = [𝛿𝑎 , 𝛿𝑒 , 𝛿𝑟 , 𝛿𝑦 , 𝛿𝑧 ]𝑇 denotes the plant input vector
subject to saturation nonlinearity which are ailerons, elevator,
rudder, lateral deflection, and longitudinal deflection of the
thrust vector control surface. The detailed expressions of
corresponding terms in (19) can be found in [25].
The saturated function of 𝛿𝑖 (V𝑖 ) can be expressed as
V𝑖 > 𝛿𝑖𝑀,
𝛿 ,
{
{ 𝑖𝑀
𝛿𝑖 (V𝑖 ) = sat (V𝑖 ) = {V𝑖 ,
−𝛿𝑖𝑀 ≤ V𝑖 ≤ 𝛿𝑖𝑀,
{
{−𝛿𝑖𝑀, V𝑖 < −𝛿𝑖𝑀,

(20)

where 𝛿𝑖𝑀 is the bound of 𝛿𝑖 (V𝑖 ), 𝑖 = 1, 2, 3, 4, 5, 𝛿(V) =
[𝛿1 (V1 ), 𝛿2 (V2 ), 𝛿3 (V3 ), 𝛿4 (V4 ), 𝛿5 (V5 )]𝑇 .
Considering that the control effect of Ω is mainly determined by 𝑔𝑠 𝜔 and the effect of 𝑔𝑠𝛿 𝛿 on slow-loop system
is very small, 𝑔𝑠𝛿 𝛿 is taken as a part of the compounded
disturbance 𝐷𝑠 . On the other hand, there exists modeling
error for the NSV, and the NSV is affected by the unknown
time-varying external disturbance in flight. Thus, (19) can be
rewritten as
Ω̇ = 𝑓𝑠 + 𝑔𝑠 𝜔 + 𝐷𝑠 ,
𝑦𝑠 = Ω,
𝜔̇ = 𝑓𝑓 + 𝑔𝑓 𝛿 (V) + 𝐷𝑓 ,
𝑦𝑓 = 𝜔,

(21)

Assumption 8 (see [22]). For the attitude motion (21) and (22)
of the NSV, the desired attitude angle Ω𝑐 and its second-order
derivative are known, bounded, and continuous.
Assumption 9 (see [26]). For the attitude motion (21) and (22)
of the NSV, generalized inverse matrices of the control gain
matrices 𝑔𝑠 and 𝑔𝑓 exist.
Remark 10. For a practical system, the external disturbance
is bounded since it actually exists. In addition, the parameter
uncertainty Δ(∙) is the function of system state Ω or 𝜔. Thus,
we assume that the boundaries of 𝐷𝑠 , 𝐷̇𝑠 , and 𝐷𝑓 satisfy
|𝐷𝑠,𝑖 | ≤ 𝛽𝑠,𝑖 , |𝐷̇𝑠,𝑖 | ≤ 𝛽𝑑𝑠,𝑖 , and |𝐷𝑓,𝑖 | ≤ 𝛽𝑓,𝑖 , respectively.
Accordingly, the Assumption 7 is reasonable.
3.2. Design of Slow-Loop System for the NSV. In slow-loop
system, only the system uncertainty is considered. The adaptive control approach is used to estimate the upper bound of
the system uncertainty. The robust control scheme of slowloop system is proposed based on the dynamic sliding mode
control. To obtain the corresponding function’s derivative, the
higher-order sliding mode differentiator (HOSMD) [27–29]
is employed because of the ability of its arbitrary approximation.
Theorem 11. Consider slow-loop system (21) of the NSV
satisfied Assumptions 7–9. Under sliding modes (23) and (24),
exponential reaching law (25), parameter updated law (26),
and the dynamic sliding mode control law (27), the tracking
error of slow-loop system asymptotically converges to the origin:

(22)

where 𝐷𝑠 = Δ𝑓𝑠 + Δ𝑔𝑠 𝜔 + 𝑔𝑠𝛿 𝛿 and 𝐷𝑓 = Δ𝑓𝑓 + Δ𝑔𝑓 𝛿 + 𝑑𝑓
are the compounded disturbance of slowloop and fastloop,
respectively; Δ𝑓𝑠 , Δ𝑔𝑠 , Δ𝑓𝑓 , and Δ𝑔𝑓 are modeling error
of slowloop and fastloop, 𝑑𝑓 is the time-varying external
disturbance of fastloop, 𝑔𝑓 = 𝑔𝑓1 𝑔𝑓𝛿 .
In this paper, the control objective is that the robust
attitude control is designed to render 𝑦𝑠 to follow the given
desired trajectory Ω𝑐 in the presence of the system uncertainty, unknown external disturbance, and input saturation.
The external disturbance only acts on fast-loop system in the
form of torque. On the other hand, the slow-loop system is
only affected by the system uncertainty. The block diagram of
the developed robust control scheme is shown in Figure 1.
To proceed the design of flight control scheme for the
attitude motion (21) and (22) of the NSV, the following
assumptions are required.
Assumption 7. For the attitude motion (21) and (22) of the
NSV, the compounded disturbance of slow-loop system and
its first-order derivative are bounded, that is, |𝐷𝑠,𝑖 | ≤ 𝛽𝑠,𝑖 ,
𝛽𝑠,𝑖 > 0, |𝐷̇𝑠,𝑖 | ≤ 𝛽𝑑𝑠,𝑖 , 𝛽𝑑𝑠,𝑖 > 0, 𝐷𝑠 = [𝐷𝑠,1 , 𝐷𝑠,2 , 𝐷𝑠,3 ]𝑇 , 𝐷̇𝑠
= [𝐷̇𝑠,1 , 𝐷̇𝑠,2 , 𝐷̇𝑠,3 ]𝑇 , 𝛽𝑠 = [𝛽𝑠,1 , 𝛽𝑠,2 , 𝛽𝑠,3 ]𝑇 , 𝛽𝑑𝑠 = [𝛽𝑑𝑠,1 , 𝛽𝑑𝑠,2 ,
𝛽𝑑𝑠,3 ]𝑇 . At the same time, the compounded disturbance of
fastloop is bounded, that is, |𝐷𝑓,𝑖 | ≤ 𝛽𝑓,𝑖 , 𝛽𝑓,𝑖 > 0, 𝐷𝑓 =
[𝐷𝑓,1 , 𝐷𝑓,2 , 𝐷𝑓,3 ]𝑇 .

𝑡

𝜎𝑠1 = 𝑒𝑠 + ∫ 𝐴 𝑠1 𝑒𝑠 𝑑𝑡,

(23)

̇ + 𝐴 𝑠2 𝜎𝑠1 ,
𝜎𝑠2 = 𝜎𝑠1

(24)

Φ𝜎𝑠2 = −𝐵𝑠1 𝜎𝑠2 − 𝐵𝑠2 sgn (𝜎𝑠2 ) ,

(25)

̂̇ = 𝐵 𝜎  ,
𝛽
𝑠3  𝑠2 
𝑑𝑠

(26)

0

𝑡

𝜔𝑐 = 𝑔𝑠−1 ∫ (𝜓1 + 𝜓2 ) 𝑑𝑡,
0

𝜓1 = −𝑓𝑠̇ + Ω̈
𝑐 − (𝐴 𝑠1 + 𝐴 𝑠2 ) 𝑒𝑠̇ − 𝐴 𝑠2 𝐴 𝑠1 𝑒𝑠 ,

(27)

𝜓2 = −𝐵𝑠1 𝜎𝑠2 − 𝐵𝑠2 sgn (𝜎𝑠2 ) − diag {sgn (𝜎𝑠2 )} 𝛽̂𝑑𝑠 ,
where 𝑒𝑠 = Ω − Ω𝑐 is the tracking error of slowloop, 𝐴 𝑠1 =
diag{𝑎𝑠1,1 , 𝑎𝑠1,2 , 𝑎𝑠1,3 } > 0, 𝐴 𝑠2 = diag{𝑎𝑠2,1 , 𝑎𝑠2,2 , 𝑎𝑠2,3 } > 0,
𝐵𝑠1 = diag{𝑏𝑠1,1 , 𝑏𝑠1,2 , 𝑏𝑠1,3 } > 0, 𝐵𝑠2 = diag{𝑏𝑠2,1 , 𝑏𝑠2,2 , 𝑏𝑠2,3 } >
0, and 𝐵𝑠3 = diag{𝑏𝑠3,1 , 𝑏𝑠3,2 , 𝑏𝑠3,3 } > 0 are designed matrices,
and 𝛽̂𝑑𝑠 is the estimate value of 𝛽𝑑𝑠 .
Proof. Consider the Lyapunov function as
1 𝑇
1 𝑇 −1 ̃
𝑉𝑠 = 𝜎𝑠2
𝜎𝑠2 + 𝛽̃𝑑𝑠
𝐵𝑠3 𝛽𝑑𝑠 ,
2
2
̃̇ = 𝛽 ̇ − 𝛽
̂̇ = −𝛽
̂̇ .
where 𝛽̃𝑑𝑠 = 𝛽𝑑𝑠 − 𝛽̂𝑑𝑠 and 𝛽
𝑑𝑠
𝑑𝑠
𝑑𝑠
𝑑𝑠

(28)
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Differentiating (24) and considering (21), (23), and (27),
we have
̇ = 𝑓𝑠̇ + 𝜓1 + 𝜓2 + 𝐷̇𝑠 − Ω̈
𝜎𝑠2
𝑐 + 𝐴 𝑠1 𝑒𝑠̇ + 𝐴 𝑠2 𝑒𝑠̇ + 𝐴 𝑠2 𝐴 𝑠1 𝑒𝑠
= 𝐷̇𝑠 − 𝐵𝑠1 𝜎𝑠2 − 𝐵𝑠2 sgn (𝜎𝑠2 ) − diag {sgn (𝜎𝑠2 )} 𝛽̂𝑑𝑠 .
(29)
by

Invoking (26) and (29), the time derivative of 𝑉𝑠 is given
𝑇
𝑇 −1 ̂̇
̇ − 𝛽̃𝑑𝑠
𝜎𝑠2
𝐵𝑠3 𝛽𝑑𝑠
𝑉𝑠̇ = 𝜎𝑠2
𝑇
= 𝜎𝑠2
(𝐷̇𝑠 − 𝐵𝑠1 𝜎𝑠2 − 𝐵𝑠2 sgn (𝜎𝑠2 )


𝑇 
− diag {sgn (𝜎𝑠2 )} 𝛽̂𝑑𝑠 ) − 𝛽̃𝑑𝑠
𝜎𝑠2 
 𝑇
𝑇
𝑇
≤ − 𝜎𝑠2
𝐵𝑠1 𝜎𝑠2 − 𝜎𝑠2
𝐵𝑠2 sgn (𝜎𝑠2 ) + 𝜎𝑠2  𝛽𝑑𝑠

(30)


 𝑇
𝑇 
− 𝜎𝑠2  𝛽̂𝑑𝑠 − 𝛽̃𝑑𝑠
𝜎𝑠2 
3

3

𝑖=1

𝑖=1



2
= − ∑𝑏𝑠1,𝑖 𝜎𝑠2,𝑖
− ∑𝑏𝑠2,𝑖 𝜎𝑠2,𝑖  ,
where 𝜎𝑠2 = [𝜎𝑠2,1 , 𝜎𝑠2,2 , 𝜎𝑠2,3 ].
It is obvious that if 𝜎𝑠2 ≠0, then 𝑉𝑠̇ < 0. Thus, the
sliding mode 𝜎𝑠2 satisfies the reaching condition, and 𝜎𝑠2 can
asymptotically converge to the origin. From (23) and (24), we
can know that the sliding mode 𝜎𝑠1 and the tracking error
𝑒𝑠 converge to the origin when 𝜎𝑠2 converges to the origin.
This concludes the proof.
Remark 12. 𝜔𝑐 in (27) is the controller of slow-loop system as
well as the desired input of fast-loop system.
Remark 13. In the control law of the slow-loop system, the
̇ , are difficult to obtain
differential terms, such as 𝑓𝑠̇, 𝑒𝑠̇, and 𝜎𝑠1
through derivative method. Thus, HOSMD is employed to
get the corresponding derivatives. The form of nth-order
HOSMD is given by [27–29]

𝑛/(𝑛+1)
sgn (𝑧0 − 𝑓 (𝑡)) + 𝑧1
𝑧̇0 = 𝜍0 = −𝜆 0 𝑧0 − 𝑓 (𝑡)
..
.

(𝑛−𝑖)/(𝑛−𝑖+1)
sgn (𝑧𝑖 − 𝜍𝑖−1 ) + 𝑧𝑖+1
𝑧̇𝑖 = 𝜍𝑖 = −𝜆 𝑖 𝑧𝑖 − 𝜍𝑖−1 
..
.

(1/2)
sgn (𝑧𝑛−1 − 𝜍𝑛−2 ) + 𝑧𝑛
𝑧̇𝑛−1 = 𝜍𝑛−1 = −𝜆 𝑛−1 𝑧𝑛−1 − 𝜍𝑛−2 
𝑧̇𝑛 = −𝜆 𝑛 sgn (𝑧𝑛 − 𝜍𝑛−1 ) ,
(31)
where 𝑧𝑖 and 𝜍𝑗 are states of the system (31), 𝜆 0 , 𝜆 1 , . . . , 𝜆 𝑛 are
designed parameters, and 𝑓(𝑡) is the known function. The
aim of HOSMD is to make 𝜍𝑗 approximate the differential
term 𝑓(𝑡)(𝑗+1) to arbitrary any accuracy, 𝑖 = 0, 1, . . . , 𝑛, 𝑗 =
0, 1, . . . , 𝑛 − 1.

3.3. Design of Fast-Loop System for the NSV. In fast-loop
system, the compounded disturbance is subjected to the
system uncertainty as well as the unknown time-varying
external disturbance. In general, the order of magnitude of
the external disturbance is much larger than that of the
system uncertainty. If we still use the adaptive scheme to
handle the compounded disturbance of fast-loop system, the
system trajectory will pass through the equilibrium point
repeatedly. Thus, the designed disturbance cancellation can
not accurately compensate the suffering disturbance and
leads to the performance of the control system degeneracy.
Here, the nonlinear disturbance observer is proposed to
estimate the compounded disturbance. However, the robust
control design of fast-loop system is different from that of
slow-loop system based on DSMC and NDO. The reason is
that the output derivative of NDO will be contained in the
control law and it is more complex and difficult to prove the
closed-loop system stability as well as the boundedness of
disturbance observer error. Therefore, the traditional sliding
mode control is used in fast-loop system, and the double
power reaching law is designed to reduce the chattering of
the system.
Considering that rudders are subject to saturation nonlinearity in fast-loop system and RBFNNs can smoothly
approximate any continuous function over the compact set
to arbitrary accuracy [30, 31]. Here, RBFNNs are constructed
as a compensator to overcome the saturation nonlinearity.
Specifically, we employ RBFNNs to estimate the limited part
exceeding the bound of saturation and use it to design the
robust control law. As a result, the actuator can drop out the
saturation nonlinearity.
Considering (20), we obtain
𝛿 (V) = sat (V) = V + 𝜉 (V) ,

(32)

where 𝜉(V) is the limited part exceeding the actuator.
Using RBFNNs to approximate 𝜉(V), we have
𝜉 (V) = 𝑊𝜉∗𝑇 𝑠𝜉 (𝑧) + 𝜀𝜉 ,

(33)

where 𝑊𝜉∗ ∈ 𝑅𝑙×5 are the optimal weights and satisfy ‖𝑊𝜉∗ ‖ ≤
𝑊𝑀, 𝑙 is the number of nodes; 𝑧 = [𝜔𝑐 , 𝑒𝑓 ]𝑇 is the input
vector of RBFNNs; 𝜀𝜉 = [𝜀𝜉,1 , 𝜀𝜉,2 , 𝜀𝜉,3 , 𝜀𝜉,4 , 𝜀𝜉,5 ]𝑇 is the smallest
approximated error, and 𝜀𝜉 can be arbitrarily small through
turning weights and nodes; suppose |𝜀𝜉,𝑖 | ≤ 𝜀𝑀𝜉,𝑖 and 𝜀𝑀𝜉,𝑖 > 0
in this paper; 𝑠𝜉 (𝑧) = [𝑠𝜉1 , 𝑠𝜉2 , . . . , 𝑠𝜉𝑙 ]𝑇 is the radial basis
function vector, and 𝑠𝜉𝑘 has the form as follows:
2

𝑧 − 𝑐𝑘 
𝑠𝜉𝑘 = exp (− 
),
2𝑏𝑘2

(34)

where 𝑐𝑘 and 𝑏𝑘 are the center and width of the neural cell of
the 𝑘th hidden layer, 𝑘 = 1, 2, . . . , 𝑙.
Design the control law as
V = V0 − V𝜉 + V𝑟 ,

(35)

where V0 is the controller by neglecting saturation nonlinear̂𝑇 𝑠𝜉 (𝑧) is the output of RBFNNs, and V𝑟 is the robust
ity, V𝜉 = 𝑊
𝜉
term.
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Substituting (33) and (35) into (32), we obtain
𝛿 (V) = V0 − V𝜉 + V𝑟 + 𝑊𝜉∗𝑇 𝑠𝜉 (𝑧) + 𝜀𝜉
̃𝑇 𝑠𝜉 (𝑧) + V𝑟 + 𝜀𝜉 ,
= V0 + 𝑊
𝜉

(46). Under the control law (47), the tracking error of fast-loop
system asymptotically converges to the origin, and the error of
the disturbance observer also converges to the origin:
(36)

̃𝜉 = 𝑊∗ − 𝑊
̂𝜉 .
where 𝑊
𝜁
Considering the unknown compounded disturbance 𝐷𝑓
of the fast-loop system (22), it cannot be directly used in
the design of fast-loop control scheme. To estimate the compounded disturbance, the nonlinear disturbance observer is
presented below.
An auxiliary variable is given by
𝜎 = 𝜂 − 𝜔.

(37)

+ diag {sgn (𝜎𝑓 )} 𝛽̂𝑓 .

(39)

Differentiating (37) and considering (22) and (38), we
have
𝜎̇ = 𝜂̇− 𝜔̇ = −𝐾𝜎 − diag {sgn (𝜎)} 𝛽̂𝑓 − 𝐾𝜎𝑓 − 𝐷𝑓 .

(40)

The disturbance approximation error is given by
̃𝑓 = 𝐷𝑓 − 𝐷
̂𝑓 .
𝐷

(41)

Substituting (39) and (40) into (41), we obtain

 𝑐2
− 𝐵𝑓2 diag {sgn (𝜎𝑓 )} 𝜎𝑓  ,

(44)

̂̇ = Γ (|𝜎| + 𝜎 ) ,
𝛽
𝛽
𝑓
 𝑓

(45)

̂̇ 𝜉 = Γ𝜉 𝑠𝜉 (𝑧) 𝜎𝑇 𝑔𝑓 − 𝛾 𝜎𝑇 𝑔𝑓  Γ𝜉 𝑊
̂𝜉 ,
𝑊
𝑓
 𝑓 

(46)

̂𝑓
V0 = 𝑔𝑓𝑇 (𝑔𝑓 𝑔𝑓𝑇 ) (−𝑓𝑓 + 𝜔̇𝑐 − 𝐴 𝑓 𝑒𝑓 − 𝐷
 𝑐1
− 𝐵𝑓1 diag {sgn (𝜎𝑓 )} 𝜎𝑓 

 𝑐2
− 𝐵𝑓2 diag {sgn (𝜎𝑓 )} 𝜎𝑓  ) ,

(47)

̂𝑇 𝑠𝜉 (𝑧) ,
V𝜉 = 𝑊
𝜉
V𝑟 = −𝐾𝑟 sgn (𝑔𝑓𝑇 𝜎𝑓 ) ,
where 𝑒𝑓 = 𝜔 − 𝜔𝑐 is the tracking error of fastloop; 𝐴 𝑓 =
diag{𝑎𝑓,1 , 𝑎𝑓,2 , 𝑎𝑓,3 } > 0, 𝐵𝑓1 = diag{𝑏𝑓1,1 , 𝑏𝑓1,2 , 𝑏𝑓1,3 } > 0,
𝐵𝑓2 = diag{𝑏𝑓2,1 , 𝑏𝑓2,2 , 𝑏𝑓2,3 } > 0, Γ𝛽 = Γ𝛽𝑇 > 0, Γ𝜉 = Γ𝜉𝑇 > 0,
and 𝐾𝑟 = diag{𝑘𝑟,1 , 𝑘𝑟,2 , 𝑘𝑟,3 , 𝑘𝑟,4 , 𝑘𝑟,5 } are designed matrices,
2
and 𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 − 𝑊𝑀
𝛾/4 > 0; 𝛾 > 0, 𝑐1 > 1 and 0 < 𝑐2 < 1
are designed parameters.
Proof. Consider the Lyapunov function as
1
1
1
1
̃𝜉 ) ,
̃𝑇 Γ−1 𝑊
𝑉𝑓 = 𝜎𝑓𝑇 𝜎𝑓 + 𝜎𝑇 𝜎 + 𝛽̃𝑓𝑇 Γ𝛽−1 𝛽̃𝑓 + tr (𝑊
𝜉 𝜉
2
2
2
2
(48)
̃̇ = 𝛽 ̇ − 𝛽
̂̇ = −𝛽
̂̇
̃𝜉 = 𝑊∗ − 𝑊
̂𝜉 , and 𝛽
where 𝛽̃𝑓 = 𝛽𝑓 − 𝛽̂𝑓 , 𝑊
𝑓
𝜉
𝑓
𝑓
𝑓
̃̇ 𝜉 = 𝑊̇∗ − 𝑊
̂̇ 𝜉 = −𝑊
̂̇ 𝜉 .
and 𝑊
𝜉
Differentiating (43) and considering (22), we obtain

̃𝑓 = 𝐾𝜎 + diag {sgn (𝜎)} 𝛽̂𝑓
𝐷
 
+ 𝐷𝑓 − diag {sgn (𝜎𝑓 )} 𝛽̂𝑓 
− diag {sgn (𝜎𝑓 )} 𝛽̂𝑓

 𝑐1
Φ𝜎𝑓 = − 𝐵𝑓1 diag {sgn (𝜎𝑓 )} 𝜎𝑓 

(43)

−1

(38)

where 𝐾 = diag{𝑘1 , 𝑘2 , 𝑘3 } > 0 is a designed
matrix, 𝛽̂𝑓 = [𝛽̂𝑓,1 , 𝛽̂𝑓,2 , 𝛽̂𝑓,3 ]𝑇 is the estimate value of 𝛽𝑓 =
[𝛽𝑓,1 , 𝛽𝑓,2 , 𝛽𝑓,3 ]𝑇 , 𝜎 = [𝜎1 , 𝜎2 , 𝜎3 ]𝑇 is the auxiliary variable,
and 𝜎𝑓 = [𝜎𝑓,1 , 𝜎𝑓,2 , 𝜎𝑓,3 ]𝑇 is the sliding mode surface of fastloop system, which will be introduced later.
The estimate value of 𝐷𝑓 can be written as
̂𝑓 = −𝐾𝜎 − diag {sgn (𝜎)} 𝛽̂ + diag {sgn (𝜎𝑓 )} 𝛽̂𝑓 
𝐷
𝑓
 

0

V = V0 − V𝜉 + V𝑟 ,

And the derivative of 𝜂 is
𝜂̇ = −𝐾𝜎 − diag {sgn (𝜎)} 𝛽̂𝑓 + 𝑓𝑓 + 𝑔𝑓 𝛿 (V) − 𝐾𝜎𝑓 ,

𝑡

𝜎𝑓 = 𝑒𝑓 + ∫ 𝐴 𝑓 𝑒𝑓 𝑑𝑡,

(42)

 
= − 𝜎̇− 𝐾𝜎𝑓 − diag {sgn (𝜎𝑓 )} 𝛽̂𝑓 
− diag {sgn (𝜎𝑓 )} 𝛽̂𝑓 .
Theorem 14. Consider that fast-loop system (22) of the NSV
satisfied Assumptions 7–9. The sliding mode is designed as
(43), and the reaching law is chosen as (44). The nonlinear
disturbance observer is proposed as (39), and the parameter
adaptation law is designed as (45). RBFNNs are constructed
as a compensator to overcome the saturation nonlinearity, and
the updated law of the neural network weight is chosen as

𝜎𝑓̇ = 𝑓𝑓 + 𝑔𝑓 𝛿 (V) + 𝐷𝑓 − 𝜔̇𝑐 + 𝐴 𝑓 𝑒𝑓 .

(49)

Substituting (36), (41), and (47) into (49), we have
𝜎𝑓̇ = 𝑓𝑓 + 𝐷𝑓 − 𝜔̇𝑐 + 𝐴 𝑓 𝑒𝑓
̃𝑇 𝑠𝜉 (𝑧) + V𝑟 + 𝜀𝜉 )
+ 𝑔𝑓 (V0 + 𝑊
𝜉
̃𝑓 − 𝐵𝑓1 diag {sgn (𝜎𝑓 )} 𝜎𝑓 𝑐1
=𝐷
 
 𝑐2
− 𝐵𝑓2 diag {sgn (𝜎𝑓 )} 𝜎𝑓 

̃𝑇 𝑠𝜉 (𝑧) − 𝑔𝑓 𝐾𝑟 sgn (𝑔𝑇 𝜎𝑓 ) + 𝑔𝑓 𝜀𝜉 .
+ 𝑔𝑓 𝑊
𝜉
𝑓

(50)
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Invoking (40) and (50), the time derivative of 𝑉𝑓 is given

3
 1+𝑐1 3
 1+𝑐2 3
𝑉𝑓̇ ≤ −∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 
− ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 
− ∑𝑘𝑖 𝜎𝑖2

̂̇ − tr (𝑊
̂̇ 𝜉 )
̃𝑇 Γ−1 𝑊
𝑉𝑓̇ = 𝜎𝑓𝑇 𝜎𝑓̇ + 𝜎𝑇 𝜎̇− 𝛽̃𝑓𝑇 Γ𝛽−1 𝛽
𝜉 𝜉
𝑓
3

Considering parameter updated laws (45) and (46), we
have

𝑖=1

3

̃𝑓 − ∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 1+𝑐1 − ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 1+𝑐2
= 𝜎𝑓𝑇 𝐷
 
 
𝑖=1

+

(𝑧) −

𝜎𝑓𝑇 𝑔𝑓 𝐾𝑟

sgn (𝑔𝑓𝑇 𝜎𝑓 )

𝑖=1

(54)

(51)
Considering the following fact that

3

+ 𝜎𝑓𝑇 𝑔𝑓 𝜀𝜉 − ∑𝑘𝑖 𝜎𝑖2 − |𝜎|𝑇 𝛽̂𝑓 − 𝜎𝑇 𝐾𝜎𝑓

̃   ∗   ̃ 2
̃𝜉 )) ≤ 𝑊
̃𝑇 (𝑊∗ − 𝑊
tr (𝑊
𝜉
𝜉
 𝜉  𝑊𝜉  − 𝑊𝜉  ,

𝑖=1

𝑇

− 𝜎 𝐷𝑓 −

̂̇
𝛽̃𝑓𝑇 Γ𝛽−1 𝛽
𝑓

−

̂̇ 𝜉 ) .
̃𝑇 Γ−1 𝑊
tr (𝑊
𝜉 𝜉

 ̃𝑇 ̂

tr (𝛾 𝜎𝑓𝑇 𝑔𝑓  𝑊
𝜉 𝑊𝜉 )



̃𝑇 (𝑊∗ − 𝑊
̃𝜉 ))
= 𝛾 𝜎𝑓𝑇 𝑔𝑓  tr (𝑊
𝜉
𝜉

̃𝑓 = 𝜎𝑇 𝐾𝜎 + 𝜎𝑇 diag {sgn (𝜎)} 𝛽̂𝑓
𝜎𝑓𝑇 𝐷
𝑓
𝑓

  ̃ 
 ̃ 2

≤ 𝛾 𝜎𝑓𝑇 𝑔𝑓  (𝑊
 𝑊𝑀 − 𝑊
 )
𝜉
𝜉

𝜎𝑓𝑇 𝐷𝑓

(52)

𝑖=1

𝑖=1

3

3


≤ −∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 

𝑖=1

𝑖=1

 𝑇
̃𝑇 𝑠𝜉 (𝑧)
+ 𝜎𝑓  𝛽̃𝑓 − |𝜎|𝑇 𝛽̂𝑓 + |𝜎|𝑇 𝛽𝑓 + 𝜎𝑓𝑇 𝑔𝑓 𝑊
𝜉

−

3

∑𝑘𝑖 𝜎𝑖2
𝑖=1

3

  𝑇

− ∑ (𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 ) 𝜎𝑓𝑇 𝑔𝑓,𝑖  + 𝜎𝑓  𝛽̃𝑓
𝑖=1

̂̇
+ |𝜎|𝑇 𝛽̃𝑓 − 𝛽̃𝑓𝑇 Γ𝛽−1 𝛽
𝑓
̂̇ 𝜉 − 𝑊
̃𝑇 Γ−1 𝑊
̃𝑇 𝑠𝜉 (𝑧) 𝜎𝑇 𝑔𝑓 ) ,
− tr (𝑊
𝜉 𝜉
𝜉
𝑓
where 𝑔𝑓,𝑖 is the 𝑖th column vector of the matrix 𝑔𝑓 .

1+𝑐1

3

(57)

1+𝑐2


− ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 
𝑖=1

3
3
1 2  𝑇 
− ∑𝑘𝑖 𝜎𝑖2 − ∑ (𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 − 𝑊𝑀
𝛾) 𝜎𝑓 𝑔𝑓,𝑖 
4
𝑖=1
𝑖=1

̂̇ − tr (𝑊
̂̇ 𝜉 )
̃𝑇 Γ−1 𝑊
− 𝛽̃𝑓𝑇 Γ𝛽−1 𝛽
𝜉 𝜉
𝑓

𝑖=1

𝑖=1

2
1 2  𝑇 

  ̃  1
+ 𝑊𝑀
𝛾 𝜎𝑓 𝑔𝑓  − 𝛾 𝜎𝑓𝑇 𝑔𝑓  (𝑊
 − 𝑊𝑀)
𝜉
4
2

− ∑𝑘𝑖 𝜎𝑖2 − 𝜎𝑓𝑇 𝑔𝑓 𝐾𝑟 sgn (𝑔𝑓𝑇 𝜎𝑓 ) + 𝜎𝑓𝑇 𝑔𝑓 𝜀𝜉

𝑖=1

𝑖=1

3
3


− ∑𝑘𝑖 𝜎𝑖2 − ∑ (𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 ) 𝜎𝑓𝑇 𝑔𝑓,𝑖 

𝑖=1

 1+𝑐1 3
 1+𝑐2
− ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 
≤ −∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 

2
1 2
 ̃  1


= 𝛾 𝜎𝑓𝑇 𝑔𝑓  (− (𝑊
 − 𝑊𝑀) + 𝑊𝑀) .
𝜉
2
4

3
 1+𝑐1 3
 1+𝑐2
𝑉𝑓̇ ≤ −∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 
− ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 

3
 1+𝑐1 3
 1+𝑐2
𝑉𝑓̇ ≤ −∑𝑏𝑓1,𝑖 𝜎𝑓,𝑖 
− ∑𝑏𝑓2,𝑖 𝜎𝑓,𝑖 

3

(56)

Substituting (56) into (54) yields

Substituting (52) into (51) yields

𝑖=1

(55)

we have

Considering (42), we obtain

 𝑇    𝑇
+
− 𝜎𝑓  𝛽̂𝑓  − 𝜎𝑓  𝛽̂𝑓
 𝑇    𝑇
≤ 𝜎𝑓𝑇 𝐾𝜎 + 𝜎𝑓  𝛽̂𝑓  + 𝜎𝑓  𝛽𝑓
 𝑇    𝑇
− 𝜎𝑓  𝛽̂𝑓  − 𝜎𝑓  𝛽̂𝑓
 𝑇
= 𝜎𝑓𝑇 𝐾𝜎 + 𝜎𝑓  𝛽̃𝑓 .

𝑖=1

3


 ̃𝑇 ̂

− ∑ (𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 ) 𝜎𝑓𝑇 𝑔𝑓,𝑖  + tr (𝛾 𝜎𝑓𝑇 𝑔𝑓  𝑊
𝜉 𝑊𝜉 ) .

𝑖=1

̃𝑇 𝑠𝜉
𝜎𝑓𝑇 𝑔𝑓 𝑊
𝜉

𝑖=1

(53)

2

  ̃  1
− 𝛾 𝜎𝑓𝑇 𝑔𝑓  (𝑊
 − 𝑊𝑀) .
𝜉
2
2
𝛾/4 > 0, then 𝑉𝑓̇ < 0. Thus, 𝜎𝑓 and 𝜎
If 𝑘𝑟,𝑖 − 𝜀𝑀𝜉,𝑖 − 𝑊𝑀
converge to the origin. According to (43), we obtain that the
tracking error 𝑒𝑓 converges to the origin. When 𝜎 converges
to the origin, we have 𝜎̇ = 0. Thus, we can know that the
̃𝑓 converges to the origin from (42).
approximation error 𝐷
This includes the proof.

Remark 15. For the double power reaching law [32–34], the
first term of (44) plays a key role when the system state is far
away from the sliding mode (|𝜎𝑓,𝑖 | > 1), and the speed of the
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Figure 5: Roll angular rate.

Figure 3: Sideslip angle.

double power reaching law is faster than that of the standard
reaching law. On the other hand, when the system state is
close to the sliding mode (|𝜎𝑓,𝑖 | < 1), the second term of (44)
plays a key role, and the speed of the double power reaching
law is lower than that of the standard reaching law. Therefore,
the chattering phenomenon can be attenuated through the
double power reaching law.
3.4. Simulation Study for the NSV. In this section, the
simulation results are given to illustrate the effectiveness of
the proposed attitude control schemes for the NSV. The initial
values are chosen as 𝛼0 = 2∘ , 𝛽0 = 1∘ , 𝜇0 = 0∘ , 𝑝0 = 𝑞0 = 𝑟0 =
0 rad/s, 𝐻0 = 22000 m, 𝑉0 = 600 m/s, 𝛿𝑎𝑀 = 𝛿𝑒𝑀 = 𝛿𝑟𝑀 =
30∘ , and 𝛿𝑦𝑀 = 𝛿𝑧𝑀 = 15∘ . The desired flight attitudes are

chosen as
2∘ ,
𝛼𝑐 = { ∘
5,

3𝑘 ≤ 𝑡 < 3 (𝑘 + 1) ,
3 (𝑘 + 1) ≤ 𝑡 < 3 (𝑘 + 2) ,
𝛽𝑐 = 2∘ ,

0∘ ,
𝜇𝑐 = { ∘
3,

3𝑘 ≤ 𝑡 < 3 (𝑘 + 1) ,
3 (𝑘 + 1) ≤ 𝑡 < 3 (𝑘 + 2) ,

(58)

𝑘 = 0, 1, 2, . . . .
Suppose that there are +20% and −20% uncertainties on
aerodynamic coefficients and aerodynamic moment coefficients, respectively. On the other hand, the unknown external
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disturbance moments in fast-loop system of the NSV are
given by
𝑑𝑀𝑓,1 (𝑡) = 4 × 105 (sin (5𝑡) + 0.2) 𝑁𝑚,
𝑑𝑀𝑓,2 (𝑡) = 4 × 106 (cos (5𝑡) + 0.1) 𝑁𝑚,

(59)

𝑑𝑀𝑓,3 (𝑡) = 4 × 106 sin (5𝑡) 𝑁𝑚.
In order to obtain continuous and bounded derivatives
of the desired flight attitudes, two-order reference model
𝐺(𝑠) = 𝜔𝑠2 /(𝑠2 + 2𝜉𝜔𝑠 𝑠 + 𝜔𝑠2 ) is employed, where 𝜔𝑠 and 𝜉
are designed parameters. All parameters are given as 𝐴 𝑠1 =
diag{1.5, 1, 1}, 𝐴 𝑠2 = diag{1, 1, 1}, 𝐵𝑠1 = diag{0.2, 0.2, 0.2},

𝐵𝑠2 = diag{0.2, 0.2, 0.2}, 𝐵𝑠3 = diag{0.1, 0.1, 0.1}, 𝐴 𝑓 =
diag{0.5, 0.5, 0.5}, 𝐵𝑓1 = diag{0.18, 0.18, 0.18}, 𝐵𝑓2 =
diag{0.18, 0.18, 0.18}, 𝐾 = diag{6, 6, 6}, Γ𝛽 = diag{4, 4, 4},
Γ𝜉 = diag{50}15 × 15 , 𝐾𝑟 = diag{20, 20, 20, 20, 20}, 𝛾 = 0.001,
𝑐1 = 2.5, 𝑐2 = 0.5, 𝜔𝑠 = 4, and 𝜉 = 0.8.
The simulation results are shown in Figures 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, and 12, where dash dot lines (with subscript “𝑐”)
represent the desired attitudes and dot lines (with subscript
“1”) stand for the responses without NDO and saturation
compensation, while solid lines (with subscript “2”) represent
the responses with NDO and saturation compensation.
From Figures 2 to 4, we can observe that the small
tracking errors of attitude angles are obtained and the
attitude angular rates tend to be stable from Figures 5 to 7
based on the proposed sliding mode control scheme while
the oscillation phenomena emerge without the nonlinear
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disturbance observer and RBFNNs saturation compensator.
On the other hand, the control inputs are presented from
Figures 8 to 12. Under the proposed robust control scheme,
it is clear that all deflections of rudders are in the saturation
range. The deflections of ailerons and elevator reach the
saturation limits without the nonlinear disturbance observer
and RBFNNs saturation compensator. That is, the developed
robust control scheme for the NSV can prevent the control
signals from reaching saturation limits. From the previously
stated analysis, the satisfactory attitude tracking control
performance is obtained under the proposed robust control
scheme for the NSV in the presence of the unknown external
disturbance and the input saturation. Thus, the proposed
robust control scheme is valid for the NSV.

An effective control scheme is proposed for the NSV with
strong nonlinearity, high coupling, parameter uncertainty,
and unknown time-varying disturbance based on SMC
and NDO. Firstly, the nonlinear disturbance observer is
designed to handle the compounded disturbance. Secondly,
considering saturation characteristic of rudders, RBFNNs are
constructed as a compensator to overcome the saturation
nonlinearity. The stability of the closed-loop system is proved,
and the tracking error as well as the disturbance observer
error can converge to the origin through the Lyapunov analysis. Finally, Simulation results demonstrate the effectiveness
of the proposed flight control scheme.
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Map-Reduce-Merge is an improved parallel programming model based on Map-Reduce in cloud computing environment. Through
the new Merge module, Map-Reduce-Merge can support processing multiple related heterogeneous datasets more efficiently. In
order to demonstrate the validity and effectiveness of this new model, we present a rigorous description for Map-Reduce-Merge
model using Haskell. Firstly, we describe the basic program skeleton of Map-Reduce-Merge programming model. Secondly, an
abstract description for the Merge module is presented by analyzing the structure and function of the Merge module with Haskell
as the description tool. Thirdly, we evaluate the Map-Reduce-Merge model on the basis of our description. We capture the functional
characteristics of the Map-Reduce-Merge model by our abstract description, which can provide theoretical basis for designing more
efficient parallel programming model to process join operation.

1. Introduction
Recently, lots of research works on improving Google’s MapReduce [1] model have been proposed to analyze large
volumes of data [2–5]. One important type of data analysis
is joining multiple datasets. There are increasing efforts for
implementing join algorithms using Map-Reduce or the
improved Map-Reduce programming model [6–11]. MapReduce-Merge is such an effort that can directly express
join operation and implement several join algorithms by the
new Merge module. In this new model, Map and Reduce
modules are inherited from Map-Reduce model, so that
existing Map-Reduce programs can run directly on this new
framework without modifications. Not only join operator
but also all the other relational operators can be modeled
using various combinations of the three primitives: Map,
Reduce, and Merge. Map-Reduce-Merge removes the burden
of implementing join algorithms. The emergency of MapReduce-Merge shows a trend that parallel databases and
Map-Reduce learn with each other and new data analysis ecosystems are developed [12, 13].
Many formal methods can be used to describe programming model [14–17]. Lämmel [18] first delivers a rigorous description of Map-Reduce programming model as

well as its advancement called Sawzall [19]. He uses typed
functional programming Haskell as a tool to describe the
fundamental characteristics underlying the Map-Reduce and
Sawzall model. The description is made up of several Haskell
functions. Our paper is based on his work. We will present
an abstract description for Map-Reduce-Merge model, especially for the new added Merge module. This paper makes the
following contributions. Firstly, we define the basic program
skeleton of Map-Reduce-Merge to capture the abstraction for
Map-Reduce-Merge computations. Secondly, we decompose
the Merge module according to its structure and present the
rigorous description called moduleMerge. Thirdly, we analyze
the Map-Reduce-Merge programming model based on our
abstract description with an example. Some implementation
details (such as fault tolerance and task scheduling [20–25])
will be considered in the future.
Haskell is characterized by strong type inference and type
checking [26]. The recent paper [18] suggests that Haskell
can be used as a tool to support executable specification.
Using Haskell as a description tool can be beneficial for both
programming model designers and users. For designers, they
can know explicitly what will happen during the execution of
a Map-Reduce-Merge job, which is good for them to analyze
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map :: (a → b) → [a] → [b ]
map f [] = []
map f (x: xs) = f x : map f xs

--type of map
--the empty list case
--the non-empty list case

Algorithm 1

map (+1) [1,2,3]
= 2: map (+1) [2,3]
= 2: 3: map (+1)[3]
= 2: 3: 4: []
= [2, 3, 4]
Algorithm 2

and evaluate this new model. For users, they can use the
abstract description as an executable specification in software
development to ensure the correctness and robustness of
software.
This paper is organized as follows. Section 2 gives a brief
introduction of Map-Reduce-Merge programming model
and Haskell programming language. Section 3 defines the
basic programming skeleton of Map-Reduce-Merge programming model. Section 4 designs the helper functions
composing the Merge module. Section 5 defines the helper
functions designed in Section 4. Section 6 shows an example
and gives a brief comment. Section 7 concludes this paper.

2. Background
In this section, we will briefly recall Map-Reduce-Merge
programming model and some concepts in Haskell.
2.1. Map-Reduce-Merge Programming Model. The most
important feature of Map-Reduce-Merge is that it adds to
Map-Reduce a Merge phase, so that it can directly support
join algorithms of different datasets. Figure 1 illustrates the
data flow of the Map-Reduce-Merge framework. It consists
of three phases, two independent Map-Reduce phases,
and a Merge phase. At first, two datasets are processed by
corresponding Map and Reduce phases. Then in the Merge
phase, a merger can select data to be merged from those two
reducer outputs according to different join algorithm. Notice
that the reducer outputs are stored in local disks instead of
distributed file system because the Reduce phase is not the
last phase any more.
The main purpose of the Merge module is to implement
join algorithms. The Merge module includes four components: Partition Selector, Processors, Configurable Iterators,
and Merger as shown in Figure 2. Partition Selector is a
selector that determines which data partitions produced by
up-stream reducers should be retrieved and then merged.
Configurable Iterators include two logical iterators which can
implement different join algorithms, including sort-merge
join, nested-loop join, and hash join. Processors include two
processor functions which define the logic to process data

from different datasets. Merger includes a merger function
where users can implement data processing logic on data
from two sources.
2.2. Haskell Programming Language. To avoid confusion, we
will introduce the map function and the Map type in Haskell,
as well as the map primitive in Map-Reduce programming
model.
In Haskell, the map function is a higher-order function.
It takes two parameters, the first is a function whose type is
𝑎 → 𝑏, and the second is a list whose type is [𝑎]. It returns
a list whose type is [𝑏]. The formal definition of map is as
in Algorithm 1.
We illustrate how to use map to add one to every element
in a list. Here, the expression (+1) represents a function that
adds one to a variable, which equals to the function 𝑓(𝑥) =
𝑥 + 1. The example is shown as in Algorithm 2.
The type Map is a build-in type in Haskell. It is an efficient
implementation of maps from keys to values. We can use the
function toList to convert a Map to an association list and the
function fromList to build a Map from an association list.
The signature of map primitive is (K1, V1) → [(K2,
V2)]. The map primitive in essence corresponds to the first
parameter of the function map in Haskell [18]. We define the
signatures of map, reduce, and merge primitives in Table 1.
The first digit after letter K/V is used to distinguish different
keys/values, while the second digit is used to distinguish
different datasets.

3. Definition of mapReduceMerge
In this section, we define the mapReduceMerge function to
model the abstraction for Map-Reduce-Merge computations.
A full Map-Reduce-Merge job includes two individual MapReduce phases and a Merge phase as shown in Figure 1.
Hence, we take for granted that the mapReduceMerge function can be decomposed into three helper functions that
represent these three phases, respectively. The type and
definition for mapReduceMerge are shown as in Algorithm 3.
The mapReduceMerge function is defined in terms of
function application in Haskell. The arguments lTable and
rTable corresponding to the types [Map K11 V11] and [Map
K12 V12] are the input data for a Map-Reduce-Merge job.
They are first processed by the functions mapReduce 1 and
mapReduce2, respectively, and then are merged by the function moduleMerge. These helper functions correspond to
three phases in a Map-Reduce-Merge computation.
By taking advantage of the works done in [18], a MapReduce job is divided into three phases: Map, Shuffle, and
Reduce. We can define mapReduce as in Algorithm 4.
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Figure 1: Data flow for the Map-Reduce-Merge framework.

Here, function composition, which is denoted by Haskell
infix operator (.), is used to compose three helper functions.
A more detailed definition for mapReduce can be found
in [18]. In this paper, we mainly focus on describing the
Merge module with the moduleMerge function. By analyzing
mapReduceMerge and mapReduce, we can discover the type
for moduleMerge with its definition to be defined later
(Algorithm 5).
Now, we will explain the types used in the definition of
mapReduceMerge. The type Map K1 V1 represents the input
split type for moduleMap. Typically, every split corresponds
to a map task. Hence, the list type [Map K1 V1] represents all
the input data of a Map-Reduce job. Similarly, the type Map
K2 V3 represents the output result of a reduce task, and the
list type [Map K2 V3] represents all the output data of a MapReduce job. Our types are compatible with the types defined
in [18].
In parallel databases, a table is divided into different splits
in order to store in large clusters. The splits form the unit of
distribution and load balancing. In this paper, we use Table
to represent a table, Tablet to represent a split of a table,
and Record to represent a row in a table. According to our
discussion above, Table has a type of [Map K V], Tablet has a
type of Map K V, and Record has a type of (K, V). It happens
that a table in Google’s Bigtable [27] is a sparse, distributed,
persistent multidimensional sorted Map.

4. Discovery of the Types in Merge
In this section, we design some helper functions for moduleMerge and discover the types of those functions. The
moduleMerge function is defined to model the abstraction for
the Merge module. According to Figure 2, the components
of the Merge module can be divided into two parts, data
transferring and data processing. First part includes Partition
Selector, which can select and transfer the output of up-stream
reducers. Second part is made up of Processors, Configurable
Iterators, and Merger, which can merge two different datasets.
Hence, we design two helper functions for moduleMerge,
which are getPartitionPair and mergeTwoPartition. The getPartitionPair function selects the output Tablets from upstream reducers and then delivers those Tablets to mergers.
The mergeTwoPartition function takes two Tablets as input
and returns a new Tablet as the merge result. The types of
these two functions are shown as in Algorithm 6.
Here, [Map K21 V31] denotes the input type of moduleMerge. It coincides with the result type of mapReduce1, which
reflects the fact that the output of mapReduce1 is one input
for moduleMerge. The type (Map K21 V31, Map K22 V32)
represents two Tablets to be merged. The type [(Map K21 V31,
Map K22 V32)] represents all the Tablet pairs that is a merger,
process and the type [[(Map K21 V31, Map K22 V32)]]
represents all the Tablet pairs that is all the mergers process.
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Figure 2: Data flow for the Merge module.

Table 1: The signatures of three Map-Reduce-Merge primitives.

Map
Reduce
Merge

Source 1
Source 2
K11 → V11 → [(K21, V21)]
K12 → V12 → [(K22, V22)]
K21 → [V21] → Maybe V31
K22 → [V22] → Maybe V32
(K21, V31) → (K22, V32) → (K23, V33)

mapReduceMerge :: [Map K11 V11] → [Map K12 V12] → [Map K23 V33]
mapReduceMerge lTable rTable = moduleMerge (mapReduce1 lTable)(mapReduce2 rTable)
Algorithm 3

mapReduce :: [Map K1 V1] → [Map K2 V3]
mapReduce = moduleReduce.moduleShuffle.moduleMap
Algorithm 4

moduleMerge :: [Map K21 V31] → [Map K22 V32] → [Map K23 V33]
moduleMerge = undefined
Algorithm 5

Mathematical Problems in Engineering

5

getPartitionPair :: [Map K21 V31]
--Table1 as distributed input data
→ [Map K22 V32]
--Table2 as distributed input data
→ [[(Map K21 V31, Map K22 V32)]] --The tasks of all mergers
mergeTwoPartition :: Map K21 V31
--Tablet1 as input data
→ Map K22 V32
--Tablet2 as input data
→ Map K23 V33
--Tablet3 as output data
Algorithm 6

getPair :: Map K21 V31
--Tablet1 as input data
→ Map K22 V32
--Tablet2 as input data
→ [(KV1, KV2)]
--The task of one merger
mergeTwoRecord :: KV1
--Record1 as input data
→ KV2
--Record2 as input data
→ Maybe KV3
--Maybe Record3 or Nothing as output data
Algorithm 7

Every merger has a serial number in the Map-Reduce-Merge
programming model. We implicitly express this characteristic
by the merger position in the list.
We decompose the mergeTwoPartition function into two
helper functions called getPair and mergeTwoRecord. The
getPair function chooses and emits all the Record pairs that
will be processed by the mergeTwoRecord function, where a
Record pair is merged into a new Record. In fact, mergeTwoPartition is implemented by executing mergeTwoRecord
many times. The types of these two functions are shown as
in Algorithm 7.
Here, the type KV1 is short for the type (K21, V31), KV2
is short for (K22, V32), and KV3 is short for (K23, V33). The
type [(KV1, KV2)] represents all the possible Record pairs
that need to be merged. The type Maybe is a built-in type in
Haskell, which is defined as “data Maybe a = Just a | Nothing.”
Only those Record pairs that satisfy the merge condition can
be merged into a new Record whose type is Just KV3. The type
(Map K21 V31, Int) represents a Tablet and its number, which
corresponds to the reducer number in Map-Reduce-Merge.
The getPair function has to decide whether two Records
need to be merged or not, so the iterationLogic function is
designed to implement this work. The same thing happened
in the getPartitionPair function, where partitionSelector is
designed to judge whether two Tablets need to be merged.
The types for iterationLogic and partitionSelector are shown
as in Algorithm 8.
We now summarize the components of the Merge module
and the designed functions, as well as the relationship
between them. In the Merge module, Partition Selector selects
the input data for mergers from reducers. We design the
partitionSelector function to model it. The partitionSelector
function is invoked by getPartitionPair to transfer data from
reducers to mergers. Hence, this phase is similar to the shuffle
phase in Map-Reduce. Configurable Iterator includes two
iterators corresponding to two datasets. All join algorithms,
such as sort-merge join, nested-loop join, and hash join,
have their own processing logic to control the relative

movements of two iterators. In our paper, we abstract it by
the iterationLogic function according to the characteristics
of Haskell. The iterationLogic function is called by getPair to
generate all the wanted Record pairs. Merger that implements
the user-defined logic is captured by the mergeTwoRecord
function. Processors include two functions called leftProcessor
and rightProcessor, which can implement hash join. For
simplicity, we model it with the iterationLogic function. The
relationship of our functions is summarized in Figure 3.

5. Definition of the Helper Functions in Merge
In this section, we describe how to implement the functions
whose types have been determined in last section. After
every function, some concepts of Haskell are explained when
needed.
5.1. mergeTwoRecord. The mergeTwoRecord function is composed of two helper functions match and mergeResult. We
use the match function to judge whether the join keys of
two Records satisfy the given condition. If K21 and K22
satisfy a merge condition defined by the match function,
these two Records will be processed by mergeResult where
users can implement data processing logic. The definitions of
match and mergeResult are related to concrete applications. In
Section 6, we will illustrate how to use these two functions.
The definition of mergeTwoRecord is as in Algorithm 9.
In the definition of mergeTwoRecord, the symbol “@”
which is called as-pattern is a kind of pattern matching forms
in Haskell. It denotes that KV1 can be replaced by (K21,
V31) and KV2 can be replaced by (K22, V32). The symbol
“$” denotes function application which can be substituted by
parentheses. In this definition, “Just $ mergeResult KV1 KV2”
is equal to “Just (mergeResult KV1 KV2).” This representation
is much simpler than using parentheses, especially when
nested parentheses are needed. The vertical pipe “ ” represents
guards in Haskell. It is used to judge whether the parameters
satisfy some conditions. In this definition, if K21 and K22
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moduleMerge
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iterationLogic
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mergeTwoPartition

match

mergeTwoRecord
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Figure 3: The relationship of the functions in Merge.

iterationLogic :: KV1
--Record1 as input data
→ KV2
--Record2 as input data
→ Bool
--Need to be merged or not
partitionSelector :: (Map K21 V31, Int)
--Tuple (Tablet1, Id1) as input data
→ (Map K22 V32, Int)
--Tuple (Tablet2, Id2) as input data
→ Bool
--Choose Tablet pair to be merged
Algorithm 8

mergeTwoRecord KV1@(K21, V31) KV2@(K22, V32)
| match K21 K22 = Just $ mergeResult KV1 KV2
| otherwise = Nothing
Algorithm 9

getPair lTablet rTablet =
filter (uncurry iterationLogic)
[(pairLeft, pairRight) | pairLeft ← toList lTablet, pairRight ← toList rTablet ]

-- Step 2
-- Step 1

Algorithm 10

satisfy the condition defined in the match function, KV1 and
KV2 will be processed by the mergeResult function and then
wrapped by the type Maybe. Otherwise, mergeTwoRecord will
return Nothing as the result.
5.2. getPair. We implement getPair in two steps as follows.
Step 1. Get all possible combinations of Records from lTablet
and rTablet; the result is the Cartesian product of these two
Tablets.

We could also do the same thing using set comprehensions, like this: {(𝑝𝑎𝑖𝑟𝐿𝑒𝑓𝑡, 𝑝𝑎𝑖𝑟𝑅𝑖𝑔ℎ𝑡) | 𝑝𝑎𝑖𝑟𝐿𝑒𝑓𝑡 ∈
𝑡𝑜𝐿𝑖𝑠𝑡𝑙 𝑇𝑎𝑏𝑙𝑒𝑡, 𝑝𝑎𝑖𝑟𝑅𝑖𝑔ℎ𝑡 ∈ 𝑡𝑜𝐿𝑖𝑠𝑡 𝑟𝑇𝑎𝑏𝑙𝑒𝑡}. The filter function takes a predicate and a list and returns the list whose
elements satisfy that predicate. In Step 2, those elements
which satisfy the conditions defined in iterationLogic will
remain in the list, while others will be removed from the list.
The definition of getPair is as in Algorithm 10.
5.3. mergeTwoPartition. The mergeTwoPartition function is
implemented in the following four steps.

Step 2. Filter the undesired Record pairs with iterationLogic.
In Haskell, list comprehensions are a handy way to
produce lists. Their concepts are similar to set comprehensions in mathematics. Here in Step 1, the list comprehension is used for building a list out of two lists.

Step 1. Get the list of pairs from lTablet and rTablet by
invoking getPair.
Step 2. Process every pair from the list with mergeTwoRecord.
As a result; the return type is [Maybe KV3].
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MergeTwoPartition lTablet rTablet =
fromList
-- Step 4
$ map (\(Just x) → x) $ filter (\x → x/=Nothing)
-- Step 3
$ map (uncurry mergeTwoRecord)
-- Step 2
$ getPair lTablet rTablet
-- Step 1
Algorithm 11

getPartitionPair lTable rTable =
map (map (\((lTablet, lNum), (rTablet, rNum)) → (lTablet, rTablet)))
$ map (filter (uncurry partitionSelcetor))
$ [[(pairLeft, pairRight) | pairRight ← rTableNum] | pairLeft ← lTableNum]
where
lTableNum = zip lTable [1,2.. ]
rTableNum = zip rTable [1,2.. ]

-- Step 4
-- Step 3
-- Step 2
-- Step 1

Algorithm 12

moduleMerge lTable rTable =
map (foldl union empty)
$ map (map (uncurry mergeTwoPartition))
$ getPartitionPair lTable rTable

-- Step 3
-- Step 2
-- Step 1

Algorithm 13

Step 3. Remove the element equal to Nothing from the list
with the function filter. Then change the element type from
Maybe KV3 to KV3 with the map function.
Step 4. Change the list type to the type Map with the fromList
function.
In the definition of the mergeTwoPartition function,
the symbol “\” denotes 𝜆 expression. For example, the 𝜆
expression “\𝑥 → 𝑥/=Nothing” represents a function whose
parameter is 𝑥 and function body is 𝑥/=Nothing. Hence, this
function decides whether 𝑥 is equal to Nothing. The definition
of mergeTwoPartition is as in Algorithm 11.

The definition of getPartitionPair is as in Algorithm 12.
5.5. moduleMerge. We implement the moduleMerge function
in the following three steps.
Step 1. Get all the combinations for Tablets from lTable and
rTable with the getPartitionPair function.
Step 2. Merge two Tablets from different Tables with the
mergeTwoPartition function. The outermost map application
corresponds to the parallel merge tasks. The innermost
map application corresponds to a merge task where the
mergeTwoPartition function is executed.

5.4. getPartitionPair. We implement the getPartitionPair
function in the following four steps.

Step 3. Concatenate all the partitions that produced by a
merger with the foldl function.

Step 1. Use the zip function to identify each Tablet with a
number. It simulates the situation that we use the reducer
number to select the output data.

In the definition of the moduleMerge function, we use
some concepts about type Map and its operations. The
function foldl has three parameters: a binary function, an
initial value, and a Map type value. It returns a result that
is the same type as the initial value. The union function
combines two dictionaries into one dictionary. The value
empty is an empty dictionary. The definition of moduleMerge
is as in Algorithm 13.

Step 2. Get all possible combinations of the elements from
lTable and rTable, just like the Cartesian product of two
Tables. In fact, we need all possible combinations of lTablets
and rTabelts.
Step 3. Filter the useless combinations with the partitionSelector function.
Step 4. Remove the Num part from pair (Tablet, Num).

5.6. iterationLogic and partitionSelector. The iterationLogic
and partitionSelector functions are implemented according to
different join algorithms as in Algorithm 14.
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partitionSelcetor :: (Map K21 V31, Int) → (Map K22 V32, Int) → Bool
partitionSelcetor (lTablet, left) (rTablet, right) = True
iterationLogic :: KV1 → KV2 → Bool
iterationLogic (K21, V31)(K22, V32) = True
Algorithm 14
type K21 = (Int, String)
type V31 = Float
type K22 = String
type V32 = Float
type K23 = Int
type V33 = Float

--Employee key is (emp-id,dept-id)
--Employee value is bonus
--Department key is dept-id
--Department value is bonus-adjustment
--Bonus key is emp-id
--Bonus value is bonus-final
Algorithm 15

lTablet1 = fromList [((2, “A”), 0), ((3, “A”), 250), ((1, “B”), 150)]
lTablet2 = fromList [((4, “B”), 0), ((7, “C”), 200), ((6, “D”), 100)]
lTablet3= fromList [((5, “A”), 300), ((8, “C”), 150), ((9, “D”), 0)]
lTable = [lTablet1, lTablet2, lTablet3]
rTablet1 = fromList [(“A”, 0.95), (“B”, 1.15)]
rTablet2 = fromList [(“C”, 1.00), (“D”, 1.25)]
rTable = [rTablet1, rTablet2]

--Tablet1 of Table1
--Tablet2 of Table1
-- Tablet3 of Table1
--Table1
--Tablet1 of Table2
--Tablet2 of Table2
--Table2

Algorithm 16

The iterationLogic function judges whether two Records
satisfy the merge condition. As we can see in this definition,
we assume that it is always true no matter what the input data
is. This is correct when we want to implement nested-loop
join. The definition will change to K21=K22 if sort-merge join
is implemented.
The partitionSelector function selects those Tablets that
need to be merged. Just like the iterationLogic function, the
return value is true when we want to implement nested-loop
join. We will change the definition to left==right when sortmerge join is needed, on condition that two Map-Reduce
phases use the same partitioners.
As we can see in this section and last section, our method
to describe the Merge module is “firstly design the types and
then define the functions.” The types are designed from top
to down, while the definitions are defined from bottom to up.
At last, we get the abstract description of the Merge module
by using Haskell as shown in Figure 4.

6. Case Study
In this section, an example of how to use our description is
designed to demonstrate the proposed method. Then a brief
analysis on two join algorithms that have been implemented
in Map-Reduce-Merge is given, including nested-loop join
and sort-merge join.
There are two tables in this example: Employee and
Department. We use Table1 and 𝑇𝑎𝑏𝑙𝑒2 to represent them,
respectively. The primary keys of the tables are shown in bold

in Figures 5 and 6. One possible query is to compute the
employee final bonus that is the product of bonus in Table1
and bonus adjustment in 𝑇𝑎𝑏𝑙𝑒2. This query result is stored
in 𝑇𝑎𝑏𝑙𝑒3. To accomplish this query, we take steps as follows.
Firstly, we divide the record in a table into two parts,
corresponding to Key and Value in Map-Reduce, respectively,
and assign every attribute with a Haskell type. In Employee,
we chose the composition of emp-id and dept-id as Key and
the others as the Value. As to Department, we chose dept-id
as Key and the others as the Value. All the types of Key and
Value emerging in the tables are defined as in Algorithm 15.
Notice that the Key we use in Map-Reduce is not the
same as the key we use in databases. In our example,
we use the same Key as the primary key in Table1, while
in 𝑇𝑎𝑏𝑙𝑒2 we chose not to. In the subsequent steps, we
implement the nested-loop join with our description. The
way to process sort-merge join is similar except that we
use other definitions of iterationLogic and partitionSelector,
which will be discussed later.
Secondly, we construct the input data by modifying
the table to the form of list of Maps as follows. Table1
consists of three Tablets, and 𝑇𝑎𝑏𝑙𝑒2 consists of two Tablets
(see Algorithm 16).
Thirdly, we define the functions match and mergerResult.
In the match function, we guarantee that the employee deptid is equal to the department dept-id. Only those Record pairs
that satisfy this condition can be merged. In the mergeResult
function, we implement the product of bonus and bonus
adjustment to get the final bonus. The types and definitions
of these two functions are shown as in Algorithm 17.
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import Data.Map (Map, empty, union, fromList, toList)
moduleMerge :: [Map K21 V31]

→

[Map K22 V32]

[Map K23 V33]

→

moduleMerge lTable rTable =
map (foldl union empty)
$ map (map (uncurry mergeTwoPartition))
$ getPartitionPair lTable rTable
where
mergeTwoPartition :: Map K21 V31

→

Map K22 V32

→

Map K23 V33

mergeTwoPartition lTablet rTablet =
fromList
(\x → x/=Nothing)

$ map (\(Just x) → x) $ filter

$ map (uncurry mergeTwoRecord) $ getPair lTablet rTablet
where
mergeTwoRecord :: KV1

→

KV2

→

Maybe KV3

mergeTwoRecord kv1@(k21, v31) kv2@(k22, v32)
| match k21 k22 = Just $ mergeResult kv1 kv2
| otherwise = Nothing
getPair :: Map K21 V31

→

Map K22 V32

→

[(KV1, KV2)]

←

toList lTablet,

getPair lTablet rTablet =
filter (uncurry iterationLogic)
[(pairLeft, pairRight) | pairLeft
pairRight

←

toList rTablet]

getPartitionPair :: [Map K21 V31]
→

→

[Map K22 V32]

[[(Map K21 V31, Map K22 V32)]]

getPartitionPair lTable rTable =
map (map (\((lTablet, lNum), (rTablet, rNum)) → (lTablet,
rTablet)))
$ map (filter

(uncurry partitionSelcetor))

$ [[(pairLeft, pairRight) | pairRight
pairLeft

←

←

rTableNum] |

lTableNum]

where
lTableNum = zip lTable [1, 2..]
rTableNum = zip rTable [1, 2..]
partitionSelcetor :: (Map K21 V31, Int)
→

(Map K22 V32, Int)

→

Bool

partitionSelcetor (lTablet, left) (rTablet, right) = True
Figure 4: The abstract description for moduleMerge.
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Table 1: Employee

emp-id

dept-id

Table 3: Bonus

emp-id

Bonus

2

A

$0

3

A

$250

1

B

$150

4

B

$0

1

2

Merger 1

Merger 2

Bonus final

1

$172.5

2

$0

3

$237.5

4

$0

6

$125

7

C

$200

6

D

$100

7

$200

5

A

$300

5

$285

8

C

$150

8

$150

9

D

$0

9

$0

3

Merger 3

Table 2: Department

dept-id

Internal transfer
Remote read

Bonus adjustment

A

0.95

B

1.15

C

1.00

D

1.25

1

2

Figure 5: Data flow of nested-loop join.

Table 1’: Employee

emp-id

dept-id

2

A

$0

3

A

$250

5

A

$300

Table 3’: Bonus

1

B

$150

emp-id

4

B

$0

7

C

$200

8

C

$150

6

D

9

D

Bonus
1

1

$172.5

2

$0

3

$237.5

$100

4

$0

$0

5

$285

6

$125

7

$200

8

$150

9

$0

2
Merger 1

Table 2’: Department

dept-id

Bonus adjustment

A

0.95

B

1.15

C

1.00

D

1.25

Bonus final

Merger 2
1

2

Internal transfer
Remote read

Figure 6: Data flow of sort-merge join.
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match :: K21
--Key21 as input data
→ K22
--Key22 as input data
→ Bool
--Satisfy the merge condition or not
match K21 K22 = let (int, str) = K21 in if str == K22 then True else False
mergeResult :: KV1
--Record1 as input data
→ KV2
--Record2 as input data
→ KV3
--Record3 as output data
mergeResult (K21, V31) (K22, V32)= let (int, str)= K21 in (int, V31∗ 𝑉32)
Algorithm 17

Finally, we run the following command in Haskell compiler WinGHCi:
Prelude > moduleMerge lTable rTable.
The result is as follows. It corresponds to Table 3
in Figure 5:
[fromList[(1,172.5),(2,0.0),(3,237.5)],fromList[(4,0.0),
(6,125.0),(7,200.0)],fromList[(5,285.0),(8,150.0),(9,0.0)]].
It shows that our description can implement these two
join algorithms. The corresponding dataflow graphs are
Figures 5 and 6. We set the result of the partitionSelector
function to be true in order to ensure that every Tablet from
Table1 can be merged with all tables in 𝑇𝑎𝑏𝑙𝑒2. On the other
hand, we set the function body of partitionSelector to be
left==right so as to map reducers and mergers in a oneto-one relationship. We use the same strategy to define the
iterationLogic function. The main difference between sortmerge join and nested-loop join is that the input of sortmerge join has been sorted, while the input of nested-loop
join has not been. In this example, we take advantage of the
combining phase strategy in Map-Reduce-Merge framework
to reduce the remote read between reducers and mergers.
Since the size of Table1 is much bigger than the size of 𝑇𝑎𝑏𝑙𝑒2,
we combine the mergers with the reducers into same workers.
As we can see there are two processors and two iterators in the Merge module. Hence, Map-Reduce-Merge can
implement two-way join algorithms. If we want to implement
multiway join algorithms, a join tree (or a Map-ReduceMerge workflow) is needed. According to the data flow of
Figures 5 and 6, we can find that using sort-merge join can
decrease the remote reads than nested-loop join. In MapReduce-Merge, sort-merge join is more efficient than nestedloop join when processing equal join. When processing more
complicated join, the nested-loop join algorithm is in need.

7. Conclusions
Map-Reduce-Merge is an improved work based on Google’s
Map-Reduce programming model. It improves the ability
to express and to process join operation among multiple
heterogeneous datasets. At the same time, it increases the
complexity to understand the execution flow of a job. This
paper presents a rigorous description of Map-Reduce-Merge
to abstract the fundamental functions for Map-ReduceMerge using Haskell. Based on the abstract description,
we analyze the characteristics of Map-Reduce-Merge programming model. On one hand, our work can help with

an unambiguous understanding of Map-Reduce-Merge and
provide strong theoretical basis for designing more efficient
parallel programming model to process join operation. On
the other hand, programmers can use our description as a
specification in software development. Our result can ensure
the correctness and robustness of the software with Haskell
strong type checking and type inference.
Since this paper mainly concentrates on describing the
dataflow in Map-Reduce-Merge, an important future direction is to introduce some control parameters into our description to improve its flexibility and usability. In addition, cost
information can cooperate with our description to estimate
the performance of a Map-Reduce-Merge job.
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This paper develops a new scalable and efficient model for the design of p-cycles with the differentiated levels of node protection. The
proposed model allows the indicated level of node survivability ranging from 0% to 100%, which could facilitate a carrier offer nodefailure survivability (and hence availability) on a differentiated service basis. To design p-cycles, an integer linear program (ILP) is
usually formulated with the prerequisite of a prior enumeration of all possible p-cycle candidates. A huge number of candidates may
exist in a large-scale network. Thus, the resulting ILP becomes intractable. We propose a new design and solution method based on
large-scale optimization techniques, known as column generation (CG). With CG, our design method generates p-cycle candidates
dynamically when needed. Extensive experiments have been conducted for evaluation. The numerical results show that, with the
spare capacity used only for link protection, up to 50% node-failure survivability can be achieved for free. Full node protection can
be achieved at a marginal cost in comparison with those for link protection only.

1. Introduction
WDM (wavelength division multiplexing) mesh networks
are preferred as next generation optical core networks [1].
The WDM technology enables a single fiber to carry up to
hundreds of wavelength channels, each of which operates at a
speed of several Gbps. Thus, a single network element failure
may cause the failure of a number of light paths, which leads
to the huge data as well as revenue loss. Survivability therefore
is an important requirement in the design of WDM mesh
networks.
Different kinds of protection approaches have been proposed for WDM optical mesh networks to ensure survivability from any single failure. Among them, p-cycles (short for
preconfigured protection cycle) [2] have attracted extensive
research interests due to their unique characteristics, that
is, fast recovery speed and efficient capacity usage. Most of
studies on p-cycle-based survivable network design [2–7]
only consider protection against a single link failure with no
consideration of a single node failure. A single node failure
happens less frequently than a single link failure in WDM
mesh networks. However, the resulting effects may be catastrophic as a single node failure disrupts all its incident links.

Moreover, according to service level agreements, customers
may require differentiated levels of node protection. Thus,
partial protection of paths from a single node failure may
be cost effective and an attractive offering of a differentiated
business.
So far, however, very few papers have explored p-cycle
design with the differentiated levels of node protection.
Node-encircling p-cycles (NEPC) are proposed in [8] for
protection against any single node failure. An enhanced APS
for p-cycles with node protection is proposed in [9]. Pathsegment-protecting p-cycles are suggested in [10] for node
protection. A very recent finding regarding p-cycles for node
protection is reported in [11]. In order to keep the simplicity of p-cycle protection switching, the authors propose
the two-hop-segment strategy for node protection [12] (see
Section 2).
To design p-cycles with node protection, the conventional
way (e.g., [9, 10]) is to formulate the design problem as integer
linear program (ILP). The prerequisite for the ILP solution is
a prior enumeration of all possible p-cycle candidates. The
number of p-cycle candidates increases exponentially with
the increase of network size (the number of links). Thus,
the resulting ILP becomes less tractable in large-scale optical
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networks. If only a subset of p-cycles candidates is considered,
solution quality may not be guaranteed.
In this paper, we explore p-cycle design with the differentiated levels of node protection using the two-hop-segment
strategy. The objective is to minimize spare capacity cost such
that a network can survive from any single link failure as well
as survive from the required level of any single node failure.
(Note that for a single node failure, only the working paths
passing through it are considered for protection.) In contrast
with the protection approach in [12], the proposed approach
[13, 14] enhances the p-cycle protection capability. A p-cycle
can protect multiple affected paths upon an intermediate
node failure. To deal with the scalability issues suffered in
the conventional designs, we develop a new design method
based on large-scale optimization tools, namely, column
generation (CG). With CG, our proposed design generates pcycle candidates dynamically when needed in the course of
the optimization process.
The rest of the paper is organized as follows. Section 2
illustrates the principle of p-cycles for node protection.
Section 3 presents the CG formulation developed for the
design of p-cycles with differentiated levels of node protection. Section 4 evaluates the solution performance of the
proposed design. Conclusions are made in Section 5.

2. Background
In this section, we illustrate the two-hop-segment strategy
for node protection using p-cycles. p-Cycles are originally
proposed for link protection. The very recent study [12]
suggests the two-hop-segment strategy, with which p-cycles
can protect from a single node failure. For an intermediate
node of a working path, the related two-hop segment includes
two links on the path which are adjacent to the node. If a
p-cycle protects the two links of a two-hop segment, a pcycle can protect the associated intermediate node in an oncycle protection manner. In this on-cycle manner, a p-cycle
provides one protection path for the recovery of one unit
traffic through the failed node. If only two end nodes of a twohop segment are sitting on a p-cycle, the p-cycle cab offers
two protection paths. This protection manner is named as a
straddling protection manner.
Figure 1 illustrates the principal of node protection with
p-cycles, where a demand 𝑠-𝑑 is carried on working path 𝑠𝑎-𝑏-𝑐-𝑑. For the intermediate node 𝑏, the associated two-hop
segment consists in 𝑎-𝑏-𝑐. To protect node 𝑏, the associated
p-cycle must protect the two-hop segment 𝑎-𝑏-𝑐 wholly. As
shown in Figure 1(a) to Figure 1(d), each p-cycle, from 𝑐1 to
𝑐4 , can be used to protect the intermediate node 𝑏. Among
them, Figure 1(a) to Figure 1(c) show the on-cycle protection
manner, while Figure 1(d) shows the straddling protection
manner.

3. A Column Generation Model
An optical network is denoted by a graph 𝐺 = (𝑉, 𝐿), where
𝑉 is the set of nodes and 𝐿 is the set of links, indexed by V and
ℓ, respectively.
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Figure 1: Two-hop-segment strategy for node protection with pcycles.

In order to deal with the scalability issues in the classical
design, we develop a column-generation- (CG-) based optimization model. Only a very few number of promising pcycle candidates are generated online as needed in the course
of the optimization process. With the CG technique (see,
e.g., [15] for basic reference), the original design problem
is decomposed into two problems: the master problem and
the pricing problem. The master problem chooses p-cycles
from candidates in order to protect all traffic against a single
link failure or a single node failure according to the related
quality of protection of node. A p-cycle candidate is generated
dynamically by the pricing problem in each iteration of the
CG algorithm.
3.1. The Master Problem. We denote the number of traffic
units on link ℓ by 𝜔ℓ . For a given working path 𝑝 ∈ 𝑃, let
𝑑𝑝 be the number of connection requests carried on it and
let 𝑉𝑝 be its intermediate node set. Let Φ be the QoP of the
intermediate nodes of the working path 𝑝.
Candidates are associated with the configuration set 𝐶.
A cycle configuration 𝑐 consists in a cycle that protects a
set of links and a set of working paths against the failure of
the associated intermediate nodes. A cycle configuration 𝑐
𝑐
)𝑝∈𝑃,V∈𝑉𝑝 .
is associated with a vector (𝑎ℓ𝑐 )ℓ∈𝐿 and a matrix (𝑎𝑝V
𝑐
The element 𝑎ℓ ∈ {2, 1, 0} denotes the number of protection
paths for link ℓ provided by the configuration 𝑐. The element
𝑐
∈ {2, 1, 0} represents the number of protection paths
𝑎𝑝V
provided by configuration 𝑐 for working path 𝑝 against the
failure of its relay node V. Let COST𝑐 be the spare capacity
cost of configuration 𝑐, which relies on the number of the oncycle links.
Variables 𝑧𝑐 denote the number of configuration 𝑐 copies
that are selected in the current solution. The design objective
is to minimize the total spare capacity usage to protect all
links as well as meet the required QoP for nodes.
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The mathematical model can then be written as follows:
min

∑ COST𝑐 𝑧𝑐
∑ 𝑎ℓ𝑐 𝑧𝑐 ≥ 𝜔ℓ

ℓ∈𝐿

𝑐∈𝐶

(3)
𝑐 ∈ 𝐶.

𝑐
COST𝑐 = COST𝑐 − ∑ 𝑢ℓ 𝑎ℓ𝑐 − ∑ ∑ 𝑢𝑝V 𝑎𝑝V
,
𝑝∈𝑃 V∈𝑉𝑝

(5)

where 𝑢ℓ and 𝑢𝑝V are dual variables associated with constraints (2) and constraints (3), respectively.
Let us next define the following notations.
Sets and Parameters. 𝜔(V) is the set of links adjacent to a node
V. 𝜔(𝑉 ) is the set of links with one end node in the set 𝑉 but
the other end node not. 𝑃V is the set of working paths going
through node V. 𝜏Vℓ = 1 if link ℓ is adjacent to node V and
1
2
and 𝑒𝑝V
are two end nodes of the
on path 𝑝; 0 otherwise. 𝑒𝑝V
2-hop segment defined by working path 𝑝 and its relay node
V.
Variables. 𝑏ℓ = 1 if link ℓ sits on the current cycle; 0 otherwise.
𝑠ℓ = 1 if link ℓ straddles the current cycle; 0 otherwise. 𝑦V = 1
ℓ
if node V belongs to the current cycle; 0 otherwise. 𝑥𝑝V
= 1 if
link ℓ is used to protect a path 𝑝 against the failure of its relay
node V; 0 otherwise.
With these notations, the objective function of the pricing
problem can then be written as follows:
ℓ
.
min ∑ (Λ ℓ − 𝑢ℓ ) 𝑏ℓ − 2∑ 𝑢ℓ 𝑠ℓ − ∑ ∑ 𝑢𝑝V ∑ 𝑥𝑝V
ℓ∈𝐿

𝑝∈𝑃 V∈𝑉𝑝

1 )
ℓ∈𝜔(𝑒𝑝V

(6)

Regarding constraints, there are two parts in the pricing
problem. The first part defines a cycle, while the second part
identifies the associated intermediate nodes of the working
paths which can be protected by the current cycle.

(7)
(8)
(9)

 
∑ 𝑏ℓ ≥ 𝑦V + 𝑦V − 1 𝑉 ⊂ 𝑉, 3 ≤ 𝑉  ≤ |𝑉| − 3
(10)






V∈𝑉 , V ∈𝑉\𝑉 .

(4)

3.2. The Pricing Problem. The pricing problem corresponds
to the optimization problem for generation of the promising
p-cycle candidates. The pricing problem is the same as the one
in [13, 14] as the same protection approach is adapted for node
protection with p-cycles. The objective is to minimize the socalled reduced cost of the master problem and subject to sets
of constraints.
The reduced cost can be written as follows:

ℓ∈𝐿

V ∈ 𝑉, ℓ ∈ 𝜔 (V) ,

ℓ∈𝜔(𝑉 )

V ∈ 𝑉𝑝

Constraints (2) ensure that all traffic units are protected
against any single link failure. Constraints (3) ensure that all
demands are protected against a single node failure according
to the associated level of QoP. Constraints (4) are variable
domain constraints.

ℓ∈𝐿

𝑠ℓ ≤ 𝑦V − 𝑏ℓ

𝑠ℓ ≥ 𝑦V + 𝑦V − 𝑏ℓ − 1 V, V ∈ 𝑉, ℓ = {V, V } ∈ 𝐿,

𝑐∈𝐶

𝑧𝑐 ∈ Z+

V ∈ 𝑉,

ℓ∈𝜔(V)

(2)

𝑐 𝑐
𝑧 ≥ Φ𝑑𝑝
∑ 𝑎𝑝V

𝑝 ∈ 𝑃,

∑ 𝑏ℓ = 2𝑦V

(1)

𝑐∈𝐶

subject to :

In the following, the first part of constraints is presented:

Constraints (7) ensure that an on-cycle node holds two
incident links on the cycle. Constraints (8) and (9) say
that a link is a straddling link if the link is with two oncycle end nodes but itself is not. Constraints (10) forbid
generating a configuration with multiple cycles. Otherwise,
it may complicate the determination of straddling links.
The second part of the constraints is next presented as
follows:
ℓ
≤ 𝑏ℓ
𝑥𝑝V

𝑝 ∈ 𝑃, V ∈ 𝑉𝑝 , ℓ ∈ 𝐿,

ℓ
𝑥𝑝V
≤ 1 − 𝜏Vℓ
ℓ
=
∑ 𝑥𝑝V

ℓ
∑ 𝑥𝑝V

1 )
ℓ∈𝜔(𝑒𝑝V

2 )
ℓ∈𝜔(𝑒𝑝V

ℓ
≤2
∑ 𝑥𝑝V

ℓ∈𝜔(V )|ℓ ≠ℓ

𝑝 ∈ 𝑃, V ∈ 𝑉𝑝 ,

(12)
(13)

𝑝 ∈ 𝑃, V ∈ 𝑉𝑝 , V ∈ 𝑉,

ℓ∈𝜔(V )

∑

𝑝 ∈ 𝑃, V ∈ 𝑉𝑝 , ℓ ∈ 𝐿,

(11)



ℓ
ℓ
𝑥𝑝V
≥ 𝑥𝑝V

𝑝 ∈ 𝑃, V ∈ 𝑉𝑝 , ℓ ∈ 𝜔 (V )

1
2
V ∈ 𝑉 \ {𝑒𝑝V
, 𝑒𝑝V
},
ℓ
≤1
∑ 𝑥𝑝V

ℓ ∈ 𝐿, V ∈ 𝑉,

𝑝∈𝑃V

ℓ
∈ {0, 1}
𝑏ℓ , 𝑠ℓ , 𝑦V , 𝑥𝑝V

ℓ ∈ 𝐿, V ∈ 𝑉, 𝑝 ∈ 𝑃.

(14)

(15)
(16)
(17)

Constraints (11) say that only on-cycle links are eligible
for protecting the intermediate nodes of the working path
𝑝. Constraints (12) say that a link cannot be used by the
associated protection paths if the link is adjacent to the
intermediate node V of the working path 𝑝. Constraints
(13)–(15) are flow conservation constraints for defining the
associated protection paths. The failure of a node affects all
working paths through it. Constraints (16) say that, among
them, only a disrupted working path can be recovered. The
final set of constraints is variable domain constraints.

4. Computational Results
In this section, we evaluate the solution performances of our
proposed design experimentally. Two metrics are exploited
for evaluation, which include capacity redundancy (the ratio
of spare capacity to working capacity [9]) and the average size
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Table 1: Network instances.
Nodes
17
15
11
11

Links
26
28
23
26

Node degree
3.1
3.7
4.2
4.7

160

14

140

12

Average number of links

Redundancy (%)

Networks
GERMANY [16]
BELLCORE [17]
NJLATA [17]
COST239 [18]

120
100
80
60
40
20
0

BELLCORE

NJLATA

COST239

8
6
4
2
GERMANY

Network instances
75%
100%

0%
25%
50%

Working capacity
4034
2610
943
792

10

0
GERMANY

Num. demands
136
105
55
55

BELLCORE
NJLATA
Network instances
75%
100%

0%
25%
50%

(a)

COST239

(b)

Figure 2: QoP p-cycle design.

(the average number of links) of the p-cycles selected in the
final solution. Both design methods are implemented in C++
and solved by IBM CPLEX solver.
4.1. Date Instances. Four test networks are presented in
Table 1. For each network, we provide network name, the
number of nodes, the number of links, and the node degree
for approximately representing connectivity. Also, we list the
number of demands carried on each network and the associated working capacity cost. Each element in the associated
traffic matrices represents the number of requests between
each node pair, which is uniformly distributed on the interval
[1, . . . , 20].
4.2. Experimental Comparison. Experimental results regarding capacity redundancy and the average size of the pcycles are shown in Figure 2. In Figure 2(a), for the indicated
network instance, each bar corresponds to the capacity
redundancy of an optimal solution for the indicated level
of node-failure recovery ratio (i.e., Φ values). Experimental
results reveal that, with our proposed QoP design, p-cycles
can provide 100% node-failure survivability (i.e., Φ = 1)
at marginal additional redundant spare capacity compared
with those only for link protection (Φ = 0), which ranges
from ∼1% to ∼15%. The denser the network is, the less the
redundant spare capacity is required for full node protection
compared with that only for link protection. In addition, we
can observe that, with the same spare capacity as the p-cycles
designed for link protection, 25% node-failure survivability

can be achieved for free for each network instance. For GERMANY and COST239, up to 50% node-failure survivability
can be achieved with the spare capacity used for the provision
of link-protecting p-cycles.
Figure 2(b) shows the solution structure of the QoP pcycle design, where each bar indicates the average number of
links of optimally selected p-cycles for the indicated network
instance and the indicated level of node-failure survivability.
We can observe that, for network instance GERMANY, the
higher the level of node-failure survivability is, the larger
the average size of p-cycles is. However, the trends do not
appear in network instances NJLATA and BELLCORE. For
the instance COST239, due to its high density of the network
topology, there are many chances existing to build the same
size (the same number) of p-cycles while holding a different
node-protection capability. As a result, the average size of
optimally designed p-cycles keeps invariable upon the QoP
level (Φ value) no more than 75%.

5. Conclusion
In this paper, we investigated the design of p-cycles with
the differentiated levels of the node-failure survivability in
WDM mesh networks. The main goal is to develop a capacityefficient and scalable design method. Our proposed design
method enhances the p-cycle protection capabilities. A pcycle can protect multiple affected paths upon a node failure.
In order to manage the scalability issue suffered in the
conventional design method, this paper exploited the largescale optimization techniques, that is, column generation
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(CG). Based on CG, our proposed method generates the pcycle candidates dynamically as needed in the course of the
optimization process.
Extensive experiments have been conducted. Experimental results show clearly that, with our proposed design
method, p-cycles can provide full node protection at a
marginal additional redundant capacity compared with those
for link protection only. For some instances, up to 50%
node-failure survivability can be achieved for free with spare
capacity used only for link protection.
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The paper suggests a new method that combines the Kennard and Stone algorithm (Kenstone, KS), hierarchical clustering (HC), and
ant colony optimization (ACO)-based extreme learning machine (ELM) (KS-HC/ACO-ELM) with the density functional theory
(DFT) B3LYP/6-31G(d) method to improve the accuracy of DFT calculations for the Y-NO homolysis bond dissociation energies
(BDE). In this method, Kenstone divides the whole data set into two parts, the training set and the test set; HC and ACO are used
to perform the cluster analysis on molecular descriptors; correlation analysis is applied for selecting the most correlated molecular
descriptors in the classes, and ELM is the nonlinear model for establishing the relationship between DFT calculations and homolysis
BDE experimental values. The results show that the standard deviation of homolysis BDE in the molecular test set is reduced from
4.03 kcal mol−1 calculated by the DFT B3LYP/6-31G(d) method to 0.30, 0.28, 0.29, and 0.32 kcal mol−1 by the KS-ELM, KS-HCELM, and KS-ACO-ELM methods and the artificial neural network (ANN) combined with KS-HC, respectively. This method
predicts accurate values with much higher efficiency when compared to the larger basis set DFT calculation and may also achieve
similarly accurate calculation results for larger molecules.

1. Introduction
In the past few decades, quantum chemistry has attracted
remarkable attention and made significant improvements
along with the corresponding fields of physics, mathematics,
and computer science [1–7]. Quantum chemical methods
have captured the physical essence of molecules through
numerous research efforts, to the point where various
molecular properties (including geometry, dipole moment,
polarizability, thermodynamics, and excited states) can be
obtained without experiments. However, quantum chemical
calculations for large molecules can be quite demanding, in
particular for high-accuracy calculations that need to solve
the Schrödinger equation thoroughly. Therefore, accuracy
often has to be sacrificed for practical reasons, for example,
introducing approximations when solving the wave function
for large molecular systems. Despite these approximations,
the size of molecule is still limited. For a large system with
a regular structure, the quantum chemical methods can only
give a qualitative description. For complex systems, it is hard

to calculate with existing quantum chemical methods; even if
the calculation can be carried out, the accuracy might be very
low and the error is far beyond the specifications in scientific
research [8, 9]. Therefore, alternative methods for large or
complex systems need to be developed to meet the challenges
of molecular calculations.
Artificial intelligence methods can resolve the accuracy
problem of quantum chemical calculations for molecular
bond properties by establishing the relationship between the
calculated and experimental values instead of strictly solving
wave functions with very high cost. By this method, highprecision calculation results can be obtained without wasting
time on advanced quantum chemical methods and ultra-large
basis sets because this combination-type calculation method
can take mutual advantages of two methods to reduce the
systematic errors induced by defects of theories and functions with simple physical parameters adopted in artificial
intelligence methods. Thus quantum chemical calculations
with low-level methods and small basis sets are sufficient
for obtaining valid data from artificial intelligence methods.

2
Meanwhile, small basis sets enable quantum chemical calculations to apply to larger molecules, further increasing the
chance to design novel lead molecules.
Although the artificial intelligence method is a relatively
new multidisciplinary research field, in the past decade, it has
received a lot of attention and thus has developed rapidly.
The combination strategy consists of the quantum chemical
method first being used to obtain the molecular properties
and then take the quantum chemical calculation results as
inputs for the statistical methods to establish the relationship
between the experimental and calculation values. There are
many choices on statistical methods including linear methods
such as linear regression [10–14], nonlinear methods such
as neural networks [15–37], and support vector machines
[38–40]. Usually, the linear regression method is simple
and intuitive, but problems in molecular systems are mainly
nonlinear; for the same descriptor inputs, neural networks
can better solve complicated nonlinear problems that might
be too difficult to be modeled by mathematical equations [27].
However, the traditional neural networks have the following
major drawbacks. (1) The speed of training is slow. The
gradient descent method generally takes multiple iterations
to converge, so the training process takes a long time. (2)
Because it is easy to fall into a local minimum, the global
minimum can be missed during the calculation. (3) The selection of learning rate 𝜂 is sensitive. The learning rate 𝜂 has a
great impact on the performance of the neural network, so the
proper 𝜂 must be chosen to obtain a stable network. If 𝜂 is too
small, the rate of algorithm convergence is very slow and the
training process takes a long time; on the other hand, if it is
too large, the training process might be unstable (divergent).
Therefore, it is important to explore a training algorithm
where the learning rate is comparably high, which increases
the possibility of acquiring the global optimum solution. This
leads to better generalization for the prediction. The extreme
learning machine (ELM) method avoids these defects, thus
exhibiting a better performance than neural networks [3, 4].
Nitric oxide (NO) plays an important physiological role
in the human life cycle [41–50]. It is difficult to accurately
obtain homolysis BDE values in NO carrier molecules due to
the complexity of the experiments. Professor Cheng’s group
recently devoted considerable efforts to measuring Y-NO
bond homolysis BDE in solvents [51–61], which provides
a great opportunity for designing NO molecule carriers in
silico. Hence, we herein use artificial intelligence and DFT to
achieve high-accuracy homolysis BDE calculation results to
better design potentially novel NO carriers.
The content of this paper is arranged as follows. First,
it describes the HC, ACO, and ELM methods. Second, it
illustrates the technology roadmap of the KS-HC/ACO-ELM
method. Third, it discusses the calculation results of the Kenstone, HC, ACO, and ELM methods (i.e., the appropriate
classification of the training set and the test set, clustering
analyses for molecular descriptors with both the known and
unknown class numbers, and the establishment of the ELM
model, resp.). Finally, the results and the discussions are
summarized.
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2. Methods
2.1. Hierarchical Clustering (the Known Number). The basic
idea of the hierarchical clustering (HC) method is to classify
samples in terms of distances. Firstly, it defines the distance
between samples and classes and combines the nearest two
classes into classes of samples, and then it recalculates the
distance between the new class and other classes and classifies
them according to the minimum distance. By reducing one
class at a time, this process is repeated until all of the samples
come into one class. The chart showing the clustering process
is called a clustering chart. One of the features of the HC
method is that when samples are classified into a class in a
certain level, they will always belong to the same class in the
subsequent divisions.
There are a variety of methods to define the distance
between classes. Different definitions generate different HC
analysis methods, which include the following: the shortestdistance method, the longest-distance method, the middledistance method, the center of gravity method, the groupaverage method, the variable group-average method, the variable method, and the variance and sum method. The recurrence formula for these methods is
 2
2
2
2
2 
 ,
+ 𝛼𝑞 𝐷𝑖𝑝
+ 𝛽𝐷𝑝𝑞
+ 𝑟 𝐷𝑖𝑝
− 𝐷𝑖𝑞
𝐷𝑖𝑟2 = 𝛼𝑝 𝐷𝑖𝑝
(1)

where 𝐷𝑖𝑗 is the distance between classes. The values of parameters 𝛼, 𝛽, and 𝛾 vary according to the different methods and are adopted in the program. The default values of the
parameters are used in the calculations.
2.2. Ant Colony Optimization (the Unknown Number). One
of the clustering problems is that the number of clusters is
unknown. In the ant colony optimization (ACO) clustering
method, the samples are thought of as ants with different
attributes, and the cluster center is the food sources that the
ants seek. Therefore, the sample clustering is the mechanism
of ants looking for food sources.
If 𝑋 is a data set to be classified and 𝑁 is the feature set of
the samples, the clustering algorithm is as follows.
(1) Initially, allocate 𝑁 samples into 𝑁 classes because
one sample belongs to one class.
(2) Calculate Euclidean distances between classes 𝑤𝑖
and 𝑤𝑗 :
𝑛

𝑤

𝑤

2

𝑑𝑖𝑗 = √ ∑ (𝑋𝑘 𝑖 − 𝑋𝑘 𝑗 ) ,

(2)

𝑘=1

𝑋𝑤𝑖 =

𝑁

1 𝑖
∑𝑋 ,
𝑁 𝑘=1 𝑘

(3)

where 𝑑𝑖𝑗 represents the Euclidean distance between
classes 𝑖 and 𝑗, 𝑋𝑤𝑖 is the cluster center vector, and 𝑁𝑖
is the number of samples in class 𝑤𝑖 .
(3) Calculate the amount of pheromone on each path.
Let 𝑟 be the radius of the cluster. 𝜏𝑖𝑗 (𝑡) is the residual
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pheromone at time 𝑡 on the path from 𝑤𝑖 to 𝑤𝑗 . The
pheromone on the path (𝑖, 𝑗) is
1,
𝜏𝑖𝑗 (𝑡) = {
0,

(4)

where 𝑟 = 𝐴 + 𝑑min + (𝑑max − 𝑑min ) ∙ 𝐵 and 𝐴 and 𝐵
are constants.
(4) Calculate the probability of 𝑤𝑖 merging into 𝑤𝑗 :
𝛽

𝑝𝑖𝑗 (t) =

𝛽

∑𝑖∈𝑠 𝜏𝑖𝑠𝛼 (𝑡) 𝜂𝑖𝑠 (𝑡)

y1

o1

𝑑𝑖𝑗 ≤ 𝑟,
𝑑𝑖𝑗 > 𝑟,

𝜏𝑖𝑗𝛼 (𝑡) 𝜂𝑖𝑗 (𝑡)

𝛽jk

wij

x1

,

(5)

where 𝑆 = {𝑠 | 𝑑𝑖𝑗 ≤ 𝑟, 𝑠 = 1, 2, . . . , 𝑗−1, 𝑗+1, . . . , 𝑀},
𝑠 stands for a number of a certain class, 𝑆 represents a
collection of all numbers of classes, where the distance
is less than or equal to 𝑟 in the class 𝑗, 𝑀 is the total
number of classes, and 𝜂𝑖𝑠 (𝑡) is the weight parameters.
(5) If 𝑝𝑖𝑗 (𝑡) ≥ 𝑝0 , then 𝑤𝑖 is subsumed in the 𝑤𝑗 , the
number of classes minus 1. 𝑝0 is a given probability
value. Recalculate the merged cluster center.
(6) Determine whether there is merging or not. If
there is no merging, stop the cycle; otherwise, go to
step (2) and continue the iteration.
2.3. Extreme Learning Machine. The extreme learning
machine (ELM) was proposed by Huang et al. in 2006 [62].
The core principle of ELM is a single-hidden layer feedforward neural network (SLFN), a typical structure of which
is shown in Figure 1. This network consists of an input layer, a
hidden layer, and an output layer. The neurons in the former
two and latter two are fully connected. There are 𝑛 neurons
corresponding to the input variables in the input layer;
there are 𝑙 neurons in hidden layer; there are 𝑚 neurons
corresponding to 𝑚 output variables in the output layer.
Briefly, suppose the connection weight 𝜔 between the
input layer and the hidden layer is given by
𝜔11 𝜔12 ⋅ ⋅ ⋅ 𝜔1𝑛
[𝜔21 𝜔22 ⋅ ⋅ ⋅ 𝜔2𝑛 ]
[
]
𝜔 = [ ..
..
.. ] ,
[ .
.
. ]
[ 𝜔𝑙1 𝜔𝑙2 ⋅ ⋅ ⋅ 𝜔𝑙𝑛 ]𝑙×𝑛

..
.

y2
o2
..
.

..
.

..
.

..
.
ym

xn

Figure 1: A typical structure of a single-hidden layer feed-forward
neural network (SLFN).

The threshold 𝑏 of the neuron in the hidden layer is given
by
𝑏1
[𝑏2 ]
[ ]
𝑏 = [ .. ] .
[.]
[ 𝑏𝑙 ]𝑙×1

(8)

The input matrix 𝑋 and the output matrix 𝑌 in the training set with 𝑄 samples are given by
𝑥11 𝑥12 ⋅ ⋅ ⋅ 𝑥1𝑄
[𝑥21 𝑥22 ⋅ ⋅ ⋅ 𝑥2𝑄 ]
]
[
𝑋=[ .
..
.. ] ,
[ ..
.
. ]
[𝑥𝑛1 𝑥𝑛2 ⋅ ⋅ ⋅ 𝑥𝑛𝑄]𝑛×𝑄
(9)
𝑦11 𝑦12 ⋅ ⋅ ⋅ 𝑦1𝑄
[ 𝑦21 𝑦22 ⋅ ⋅ ⋅ 𝑦2𝑄 ]
[
]
𝑌=[ .
.
..
.. ]
[ ..
.
. ]
[𝑦𝑚1 𝑦𝑚2 ⋅ ⋅ ⋅ 𝑦𝑚𝑄]𝑚×𝑄
The activation function of the neuron in the hidden layer
is 𝑔(𝑥); the output of net 𝑇 can be seen in Figure 1. Consider
𝑇 = [𝑡1 , 𝑡2 , . . . , 𝑡𝑄]𝑚×𝑄,

(6)

where 𝜔𝑖𝑗 represents the weight between neuron 𝑖 in the input
layer and neuron 𝑗 in the hidden layer.
The connection weight matrix 𝛽 between the hidden layer
and the output layer is given by
𝛽11 𝛽12 ⋅ ⋅ ⋅ 𝛽1𝑚
[𝛽21 𝛽22 ⋅ ⋅ ⋅ 𝛽2𝑚 ]
[
]
𝛽 = [ ..
..
.. ] ,
[ .
.
. ]
[ 𝛽𝑙1 𝛽𝑙2 ⋅ ⋅ ⋅ 𝛽𝑙𝑚 ]𝑙×𝑚

x2

𝑙

𝑡1𝑗
[ 𝑡2𝑗 ]
[ ]
𝑡𝑗 = [ . ]
[ .. ]
[𝑡𝑚𝑗 ]𝑚×1

[ ∑ 𝛽𝑖𝑙 𝑔 (𝜔𝑖 𝑥𝑗 + 𝑏𝑖 ) ]
]
[ 𝑖=1
]
[
]
[ 𝑙
[ ∑ 𝛽 𝑔 (𝜔 𝑥 + 𝑏 ) ]
[
𝑖2
𝑖 𝑗
𝑖 ]
= [ 𝑖=1
] ,
]
[
..
]
[
.
]
[
]
[𝑙
]
[
∑ 𝛽𝑖𝑚 𝑔 (𝜔𝑖 𝑥𝑗 + 𝑏𝑖 )
𝑖=1
]𝑚×𝑙
[
𝑗 = 1, 2, . . . , 𝑄,

(7)

where 𝛽𝑗𝑘 represents the weight value between the 𝑗 neuron
in the hidden layer and the 𝑘 neuron in the output layer.

(10)

where 𝜔𝑖 = [𝜔𝑖1 , 𝜔𝑖2 , . . . , 𝜔𝑖𝑛 ], 𝑥𝑗 = [𝑥1𝑗 , 𝑥2𝑗 , , 𝑥𝑛𝑗 ]𝑇 .
Equation (10) can be expressed as
𝐻𝛽 = 𝑇 ,

(11)
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where 𝑇 is the transpose of the matrix 𝑇 and 𝐻 is the output
matrix of the hidden layer of the neural network. Consider
𝐻 (𝑤1 , 𝑤2 , . . . , 𝑤𝑙 , 𝑏1 , 𝑏2 , . . . , 𝑏𝑙 , 𝑥1 , 𝑥2 , . . . , 𝑥𝑄)
𝑔 (𝑤1 𝑥1 + 𝑏1 ) 𝑔 (𝑤2 𝑥1 + 𝑏2 ) ⋅ ⋅ ⋅ 𝑔 (𝑤𝑙 𝑥1 + 𝑏𝑙 )
]
[
]
[
[ 𝑔 (𝑤1 𝑥2 + 𝑏1 ) 𝑔 (𝑤2 𝑥2 + 𝑏2 ) ⋅ ⋅ ⋅ 𝑔 (𝑤𝑙 𝑥1 + 𝑏𝑙 ) ]
=[
] .
..
..
..
]
[
]
[
.
.
.
𝑔
(𝑤
𝑥
+
𝑏
)
𝑔
(𝑤
𝑥
+
𝑏
)
⋅
⋅
⋅
𝑔
(𝑤
𝑥
+
𝑏
)
1 𝑄
1
2 𝑄
2
𝑙 𝑄
𝑙 ]𝑄×𝑙
[
(12)
Because the number of neurons in the hidden layer is
equal to the number of samples in the training set, SLFN can
approach the training samples with zero error for any 𝑤 and
𝑏; that is,
𝑄



∑ 𝑡𝑗 − 𝑦𝑗  = 0,

(13)

𝑗=1

where 𝑦𝑗 = [𝑦1𝑗 , 𝑦2𝑗 , . . . , 𝑦𝑚𝑗 ]𝑇 , 𝑗 = 1, 2, . . . , 𝑄
However, when the number of the training set 𝑄 is
relatively large, the number of the hidden layer neurons 𝐾 is
usually smaller than 𝑄 to reduce the computational complexity. Meanwhile, the training error of SLFN can approach any
𝜀 > 0; that is,
𝑄



∑ 𝑡𝑗 − 𝑦𝑗  < 𝜀.

(14)

𝑗=1

Therefore, when the activation function 𝑔(𝑥) can be
infinitely differentiable, not all of the parameters of SLFN
need to be adjusted. The values of 𝑤 and 𝑏 can be chosen
randomly before training and remain the same in the rest of
the selection process. The connection weights 𝛽 between the
hidden layer and output layer can be obtained by solving the
equations to obtain the least squares solution:


min 𝐻𝛽 − 𝑇  ,
(15)
𝛽
the estimated solution is 𝛽̂ = 𝐻+ 𝑇 , where 𝐻+ is the
Moore-Penrose generalized inverse of the output matrix of
the hidden layer 𝐻.
From the above analysis, ELM can randomly generate
𝑤 and 𝑏 before training. It is only needed to determine the
number of hidden layer neurons and the activation function
of the hidden layer neuron (infinitely differentiable), and
then 𝛽 can be calculated. Generally, ELM learning algorithms
follow the next steps.
(1) Determine the number of the neurons in the hidden
layer and randomly set the connection weight 𝑤
between the input layer and the hidden layer and the
bias 𝑏 of the neurons in the hidden layer.
(2) Select an infinitely differentiable function as the activation function of the neurons in the hidden layer,
and then calculate the matrix 𝐻 of the hidden layer
output.
(3) Calculate the output layer weight 𝛽̂ : 𝛽̂ = 𝐻+ 𝑇 .

3. Technology Roadmap
The technology roadmap of the ELM method based on KSHC/ACO to improve the accuracy of the molecular bond
energies calculated by DFT is shown in Figure 2. It consists
of three parts. Part one is the collection of the data, including
molecular bond data and the molecular descriptors. The
second part describes the theoretical calculation. Ninetytwo important organic NO carrier molecules are studied, 12
molecular descriptors are calculated by DFT B3LYP/6-31G(d)
(Δ𝐻homo , 𝑄𝑌 , 𝑄𝑁, 𝑄𝑂, 𝑁𝑋 , 𝜇, 𝛼, 𝐸HOMO , 𝐸LUMO , 𝐸HOMO−1 ,
𝐸LUMO+1 , and Δ𝐸), and homolysis BDE experimental values
are included [34]. The Kenstone method is used to divide the
training set and the test set. HC and ACO are taken as different classification methods; the former requires a predefined
number of the classes to select the appropriate molecular
descriptors that will be modeled by the ELM method, while
the latter does not need to specify the number of classes. The
third part aims at testing and analyzing the models. When
the calculation results are not satisfied, the algorithm should
be optimized repeatedly up to a reasonable accuracy. At the
same time, it is suggested to determine the comparison test.

4. Results and Discussion
4.1. Kenstone Calculation Results. The basic idea of the
Kenstone method [63] is to divide the training and test sets
according to the distance between two data points in the
data set. First, the furthest points are put into the training
set; the distances between the remaining points and the
training data are then calculated. The minimum distances
are retained while the maximum distance is selected and
put into the training data one by one until the training
set population reaches the desired number. While random
assignment of the training and test sets can occasionally yield
a better calculation result, it cannot guarantee the best result
or an outlier-free outcome. For the Kenstone method, these
problems are avoided, which means that the KS-HC/ACOELM model always yields good results and generalizability. In
this study, 80 molecules selected with the Kenstone method
are regarded as the training set and 12 molecules represent the
test set. Molecules 13, 19, 21, 27, 31, 35, 36, 43, 55, 70, 78, and
81 are in the test set, and the rest are in the training set. It can
be seen from the Kenstone calculation results that molecules
13, 19, 21, 27, 31, 35, 36, and 43 contain N–NO; molecule 55
contains O–NO; molecules 70 and 78 contain S–NO; and
molecule 81 contains C–NO. This shows that the KS method
can achieve diversity and balance for the training and test sets.
4.2. Hierarchical Clustering Calculation Results. It is critical
for the HC to adopt the appropriate distance and clustering
method. It is best if the method can exclude the dimensional
effect, and usually the standard Euclidean distance is a
reasonable choice. As for the clustering method, the shortestdistance method is too contracted and the longest-distance
method is too expanded. These two methods are simple, but
they belong to extreme classification methods. Therefore, the
more appropriate methods are the average-distance method,
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Figure 2: The flow chart of the KS-HC/ACO-ELM model.
Table 1: Cophenetic correlation coefficients of various clustering methods based on the Euclidean distance.
Clustering methods
Cophenetic correlation coefficients
based on the Euclidean distance

Longestdistance
method

Shortestdistance
method

Averagedistance
method

Weightedaverage
method

Center of
gravity method

Middledistance
method

Sum of squares

0.7726

0.6685

0.8381

0.8246

0.8113

0.7739

0.7995

the weighted average method, and the center of gravity
method.
There is no existing standard for evaluating the quality
of clustering results, and the application of the clustering
method depends on the researchers’ application skills and
experiences with the classification objects. If the clustering
method is applied properly, the critical scale and the distance matrix could be highly correlated. The correlation is
calculated by cophenetic correlation coefficients, which can
be used to evaluate the clustering results. The value of the
cophenetic correlation coefficient is between zero and one.
If the clustering is effective, the value is large. However, the
high value is only statistically significant; it does not mean
that the result is physically effective. Sometimes the result is
not meaningful in practice.
The cophenetic correlation coefficients are shown in
Table 1. The clustering methods based on the Euclidean
distance include the longest-distance method, the shortestdistance method, the average-distance method, the weightedaverage method, the center of gravity method, the middledistance method, and the sum of squares.
Based on the average-distance method of the Euclidean
distance, 12 molecular descriptors are clustered into classes,
and the numbers of classes are given from 2 to 11. This

paper only takes for an example the 7 classes. The clustering pedigree chart of the average-distance method is
shown in Figure 3. Numbers 1 through 12 on the horizontal
axis in Figure 3 correspond to twelve molecular descriptors
(Δ𝐻homo , 𝑄𝑌 , 𝑄𝑁, 𝑄𝑂, 𝑁𝑋 , 𝜇, 𝛼, 𝐸HOMO , 𝐸LUMO , 𝐸HOMO−1 ,
𝐸LUMO+1 , and Δ𝐸). The clustering calculation results are (1, 7,
2, 7, 4, 6, 4, 5, 5, 5, 5, and 3), which indicate that Δ𝐻homo , 𝑄𝑁, 𝜇,
and Δ𝐸 are clustered into classes 1, 2, 6, and 3, respectively; 𝑄𝑌
and 𝑄𝑂 are clustered into class 7; 𝑁𝑋 and 𝛼 into class 4; and
𝐸HOMO , 𝐸LUMO , 𝐸HOMO−1 , and 𝐸LUMO+1 into class 5. When
the given numbers of the clustering classes are different, the
analysis and principle are the same as those used in class 7.
4.3. Ant Colony Optimization Calculation Results. The HC
method needs a predefined number of clusters, which
includes every type of classification. The advantage is obvious
when the sample (i.e., the number of molecule descriptors)
is small, but when the sample is large, it is neither necessary
nor practical to list every classification using an exhaustive
method. Therefore, in this paper, an ACO without a predefined number of clusters is also applied to the screening
of molecular descriptors to arrive at a generalized model
of the ELM method for either a small or large number of
descriptors.
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Figure 3: Clustering pedigree chart of the average-distance method.

According to the definition of the ACO, the optimization
function is the minimum ratio of the within-class distance to
interclass distance. This means the distance among the classes
should be large, but the distance between two samples within
a class should be small:

2
𝑁
∑𝑖=1𝑗 ∑𝑛𝑝=1 𝑤𝑖𝑗 𝑥𝑖𝑝 − 𝑐𝑗𝑝 
min 𝐽 (𝑤, 𝑐) =
(16)
2 ,
𝑛 
𝑐

∑𝑀−1
∑
−
𝑐
 𝑗+1,𝑝 𝑗𝑝 
𝑗=1
𝑝=1 
where
𝑁

𝑐𝑗𝑝 =

∑𝑖=1𝑗 𝑤𝑖𝑗 𝑥𝑖𝑝
𝑁

∑𝑖=1𝑗 𝑤𝑖𝑗
1,
𝑤𝑖𝑗 = {
0,

,

𝑗 = 1, 2, . . . , 𝑀;

𝑝 = 1, 2, . . . , 𝑛,
(17)

sample 𝑖 belongs to class 𝑗,
otherwise,

where 𝑥𝑖𝑝 is the 𝑝 factor of sample 𝑖 and 𝑐𝑗𝑝 is the 𝑝 factor of
the center of the class 𝑗.
The results of the ACO calculation of the clustering
molecular descriptors (Δ𝐻homo , 𝑄𝑌 , 𝑄𝑁, 𝑄𝑂, 𝑁𝑋 , 𝜇, 𝛼,
𝐸HOMO , 𝐸LUMO , 𝐸HOMO−1 , 𝐸LUMO+1 , and Δ𝐸) are (1, 2, 2, 2,
3, 4, 5, 6, 6, 6, 6, and 6), where the numbers in the bracket
correspond to the classes of the molecular descriptors. From
the calculation results it can be observed that twelve molecular descriptors can be divided into six classes: Δ𝐻homo is class
1, 𝑄𝑌 , 𝑄𝑁, and 𝑄𝑂 are class 2, 𝑁𝑋 , 𝜇, and 𝛼 are classes 3, 4,
and 5, respectively, and 𝐸HOMO , 𝐸LUMO , 𝐸HOMO−1 , 𝐸LUMO+1 ,
and Δ𝐸 are class 6.
4.4. ELM Calculation Results. The correlation coefficients
between the 12 molecular descriptors and homolysis BDE
experimental values were calculated, and they are 0.64, 0.46,
0.49, 0.02, 0.12, 0.18, 0.28, 0.51, 0.17, 0.43, 0.05, and 0.27.
According to the magnitude of the correlation coefficients
(e.g., by HC calculation) when 𝑄𝑌 and 𝑄𝑂 cluster into a class,
𝑄𝑌 is correlated higher with homolysis BDE than 𝑄𝑂 and will
therefore be selected as the input of ELM. Similarly, when
𝑁𝑋 and 𝛼 are classified into one class, 𝛼 will be selected as
the input of ELM. In the cluster consisting of 𝐸HOMO , 𝐸LUMO ,
𝐸HOMO−1 , and 𝐸LUMO+1 , 𝐸HOMO is selected as the input of

ELM. Δ𝐻homo , 𝑄𝑁, 𝜇, and Δ𝐸 are clustered into one class.
Therefore, Δ𝐻homo , 𝑄𝑁, 𝜇, Δ𝐸, 𝑄𝑌 , 𝛼, and 𝐸HOMO are selected
as the final inputs of ELM by using the HC method. In the
same way, Δ𝐻homo , 𝑄𝑁, 𝑁𝑋 , 𝜇, 𝛼, and 𝐸HOMO are selected
as the final inputs of ELM after using the ACO clustering
method. The errors of the test set in different methods are
shown in Figure 4(a).
To assess the KS-HC/ACO-ELM method, the results
calculated by the molecular descriptors without screening
KS-ELM (using all descriptors), KS-HC-ELM (best results
are obtained when the molecular descriptors cluster into 7
classes), and KS-ACO-ELM are compared with the results
calculated by B3LYP/6-31G(d). A three layered artificial neural network (KS-HC-ANN) calculation was also performed
for comparison. The ANN structure uses the same number
of inputs and 6 hidden neurons (shown in Figure 4(b)).
The corrected results show that the systematic errors of the
calculation value are eliminated, that the homolysis BDE
are significantly improved by the KS-ELM, KS-HC-ELM,
and KS-ACO-ELM methods, the range of error is narrowed
down, the STD calculated by the KS-ELM, KS-HC-ELM, and
KS-ACO-ELM methods is much smaller than the calculation
error by DFT B3LYP/6-31G(d), the errors are in a Gaussian
distribution, and the values of most of the errors are approximately 0. As is clearly seen in Figure 4(b), the results from
KS-HC-ELM approach the homolysis BDE experimental
values better than those obtained from the ANN, and the
calculation time is also much less than that in the ANN
because the ANN learning algorithm requires a number of
network training parameters set by manual work. ANN also
easily leads to a local optimal solution, and its calculated
results are very unstable. The ELM method only requires
setting the number of hidden layer nodes of the network.
It does not need to adjust the network input weights and
hidden bias in the implementation process of the algorithm,
and it can generate a unique optimal solution, so it has both
high learning speed and good generalization performance.
The STD corrected by the KS-ELM method is much
smaller than the error of the B3LYP/6-31G(d), and the STD
calculated by KS-HC-ELM and KS-ACO-ELM is smaller than
that by KS-ELM. That means that it is necessary to screen
molecular descriptors to eliminate redundant descriptors.
The STD is reduced from 4.03 to 0.30, 0.28, 0.29, and
0.32 kcal mol−1 after correction by the KS-ELM, KS-HCELM, KS-ACO-ELM, and KS-HC-ANN methods, respectively. It is quite simple to see that the result corrected by
the KS-HC-ELM method is much closer to the experimental
results. If some trivial features are introduced into ELM, the
accuracy of the model might decrease, and if the parameters
are selected inappropriately, overfitting could also appear. In
this experiment, although the calculation results using the
KS-HC-ELM method are superior to those by the KS-ACOELM method, it cannot be assumed that this will be the
case under every circumstance because each method has its
own advantages. The clustering methods can be divided into
two categories, where one requires a predefined number of
categories, while the other does not. Because the ELM inputs
affect its performance and the best combination of molecular
descriptors is difficult to determine, it is recommended
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Figure 4: Errors of the calculated homolysis BDE and experimental values for the test set. (a) Errors calculated by the B3LYP/6-31G(d),
KS-ELM (including all the molecular descriptors), KS-HC-ELM, and KS-ACO-ELM methods for twelve molecules in the test set. (f), (◊),
(I), and (∗) represent methods B3LYP/6-31G(d), KS-ELM, KS-HC-ELM, and KS-ACO-ELM, respectively. (b) Experimental homolysis BDE
and the calculated homolysis BDE values determined using the KS-HC-ELM and KS-HC-ANN methods (kcal mol−1 ).

that when the number of clustering molecular descriptors
is smaller, both the HC method and the ACO method
are suitable and that when the number of the molecular
descriptors is larger, the ACO method is more appropriate.

5. Conclusions
Nitric oxide (NO) is a very important signaling molecule
in mammalian systems. When there are problems resulting
in the release of NO molecules in the body, NO carrier
molecules may be taken as a drug to treat the disease. It is
complicated to measure NO molecular bond homolysis BDE
in various experimental methods, and it is rather difficult
to achieve chemical accuracy. The DFT method has been
very popular in computational chemistry for the past two
decades because many computational studies have shown
that DFT calculations can capture the physical essence of
the molecules. For the calculation of small molecules, the
accuracy can reach a high level, but for large molecules,
the cost of calculation is too expensive and the calculation
accuracy is quite poor.
In this paper, the combination of KS-HC/ACO-ELM
and DFT calculation methods succeeds in improving the
DFT calculation accuracy of NO bond homolysis BDE. The
results show that for three KS-HC/ACO-ELM methods, the
STD of homolysis BDE of 92 organic molecules in the test
set decreases from 4.03 to 0.30, 0.28, and 0.29 kcal mol−1 .
This proves that the KS-HC/ACO-ELM method based on
B3LYP/6-31G(d) can remarkably improve homolysis BDE
calculations, and its result may be used as the reference value
to experimental results with high accuracy. The adoption
of Kenstone makes the model more generalized. Although
the model is ambiguous and the space of the descriptors

is complex, the reproducibility of the calculation is very
important. The selection of the training set and test set using
the Kenstone method makes the model more robust and
reproducible and makes the calculation results more convincing. The selection of appropriate molecular descriptors
using the HC/ACO can eliminate the subjective bias on
some input descriptors. Compared to the ANN method, the
nonlinear model created by ELM can not only avoid sensitive
parameters and local minimum problems, but it can also
achieve more accurate calculation results with less calculation
time and computing resources.
The KS-HC/ACO-ELM method expands the feasibility
and applicability of the B3LYP/6-31G(d) method, and the
more experimental data and molecular descriptors there are,
the higher calculation accuracy the KS-HC/ACO-ELM will
achieve, leading to more obvious advantages. It is important
that such a high-precision method can be used to design
novel NO-releasing drug molecule. We believe that it is
significantly effective for the KS-HC/ACO-ELM method to
improve the accuracy of DFT B3LYP/6-31G(d) calculations,
even with a smaller basis set (e.g., STO-3G, etc.). Meanwhile,
this method can be applied to correct other properties
such as Heterolytic Bond Dissociation Energies, Absorbed
Energies, Ionization Energies, and heat of formation. Further
studies are ongoing. This study provides an effective tool (the
combination of the KS-HC/ACO-ELM and DFT methods) to
improve and predict highly accurate homolysis BDE of the
molecular NO carrier systems.
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The main goal of image fusion is to combine substantial information from different images of the same scene into a single image that
is suitable for human and machine perception or for further image-processing tasks. In this study, a simple and efficient image fusion
approach based on the application of the histogram of infrared images is proposed. A fusion scheme to select adaptively weighted
coefficients for preserving salient infrared targets from the infrared image and for obtaining most spatial detailed information from
the visible image is presented. Moving and static infrared targets in the fused image are labeled with different colors. This technique
enhances perception of the image for the human visual system. In view of the modalities of infrared images, low resolution, and
low signal-to-noise ratio, an anisotropic diffusion equation model is adopted to remove noise and to effectively preserve edge
information before the fusion stage. By using the proposed method, relevant spatial information is preserved and infrared targets
are clearly identified in the resulting fused images.

1. Introduction
With the rapid improvement of sensor technology, many
surveillance systems have been developed in recent years.
Infrared sensors, which are useful tools because of their individual modalities, have been employed in fields that include
military surveillance, medical imaging, and machine vision.
Infrared sensors can detect relative differences in the amount
of thermal energy reflected from objects in the scene. They are
thus more effective than visible cameras under poor lighting
conditions. Current studies have focused on object detection
and tracking from infrared images, and infrared sensor-based
methods have shown good performance [1–4]. However, sensors often differ in modalities, considering physical and technological limitations. The image data acquired using different
sensors exhibit diverse modalities, such as degradation and
thermal and visual characteristics. By combining two or more
different sensor data sets, a surveillance system can perform
better than a system that uses only a single sensor. This
technology is called image fusion. Image fusion is defined
as the process of combining substantial information from

several sensors using mathematical techniques to create a
single composite image that is highly comprehensive and thus
extremely useful for a human operator or in the execution of
other computer vision tasks [5].
In this study, we focus on the fusion process of visible
and infrared imagery. Visible imagery has high resolution
and can provide spatial details of the scene. Infrared imagery
aids in the detection and recognition of heat-based targets
under poor lighting conditions or in cases in which the target
and the background are of the same color [6, 7]. Relevant
information in both visible and infrared images should be
preserved in the resulting fused images. A surveillance system
can benefit from an efficient fusion to improve targeting
and identification performance. In recent years, image fusion
has become an important topic. Many fusion methods for
visible and infrared images have been proposed [4, 6, 8, 9].
However, these techniques often lead to spatial distortions
in the visible image because of the mixing of irrelevant
infrared information in the nontarget area of the infrared
image. In [8], the experiments on visible and infrared images
show the contamination of the background regions by the
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infrared information. Considering the modalities of visible
and infrared images, the following three basic requirements
must be met to achieve a good fusion method: (1) infrared
targets must be perfectly preserved in the fused image; (2)
spatial detail information from the visible image must not
contaminate the nontarget regions of the infrared image;
and (3) the fused image should be enhanced to be easily
understood by the human visual system.
In the current work, a novel fusion algorithm is proposed to meet these requirements. The method is aimed
at preserving high spatial detail information and showing
infrared targets clearly in the resulting fused image. An
adaptive threshold can be determined by the histogram of
the infrared image. If the gray value (pixel by pixel) of the
infrared image is greater than or equal to the threshold value,
then the pixel value of the fused image is calculated by a
weight determination function. Otherwise, the new value of
the fused image would be directly obtained from the visible
image. The proposed fusion algorithm is highly suitable for
the image fusion of visible and infrared images because it
displays salient infrared targets and avoids spatial distortion.
Furthermore, the idea of labeling moving targets with red
contours and marking static targets (or the highlighted
nontarget areas of the infrared image) with green contours
is very effective for the human visual system.
The rest of the paper is organized as follows. Section 2
gives a brief introduction of nonlinear diffusion filtering.
Section 3 describes in detail the image fusion scheme.
Section 4 provides the experimental results and comparisons. Section 5 discusses infrared target detection. Section 6
presents the conclusions.

2. Image Denoising
Given the physical limitations of sensors, many infrared
imaging systems produce images with low signal-to-noise
ratio, contrast, and resolution; these features reduce the
detectability of targets and impede further investigation
of infrared images [1, 10, 11]. Thus, image denoising has
become an important issue in addressing the shortcomings of
infrared images. Several methods, such as Gaussian filtering
[12] and wavelet-based denoising, have been developed to
address these issues [10, 13]. A disadvantage of some common
methods is that they do not only smooth noise, but they
also blur edges that contain significant image features. In
the current study, an anisotropic diffusion [14–16] algorithm
is adopted in infrared image denoising to filter noise and
effectively preserve edge information.
After more than two decades of research, partial differential equation- (PDE-) based nonlinear diffusion processes
have been widely applied in signal and image processing.
PDE-based and improved PDE approaches have been successfully applied in image denoising, segmentation, enhancement, and restoration [15–18]. The first PDE-based nonlinear
anisotropic diffusion technique was reported by Perona and
Malik [14]. Different from the isotropic heat conduction
equation, the anisotropic diffusion equation filters an image
depending on its local properties. The anisotropic diffusion
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equation removes image noise and simultaneously preserves
its edges.
The diffusion equation in two dimensions can be
expressed as
𝜕𝐼 (𝑥, 𝑦, 𝑡)
= div (𝑔 (|∇𝐼|) ∇𝐼) ,
𝜕𝑡

(1)

𝐼 (𝑥, 𝑦, 0) = 𝐼0 (𝑥, 𝑦) ,
where div is the divergence operator, ∇ is a gradient operator,
and 𝑔(|∇𝐼|) denotes the diffusion conductance function
chosen as a decreasing function to ensure high diffusion in
a homogeneous region and weak diffusion near the edges. A
typical choice for the conductance function is
𝑔 (|∇𝐼|) =

1
,
1 + (|∇𝐼|/𝐾)2

(2)

where 𝐾 is a gradient threshold that can be fixed by an
empirical constant.

3. Image Fusion Scheme
First, a common weighted combination rule is presented
𝐼𝑓 (𝑥, 𝑦) = {

𝜔2 𝐼V (𝑥, 𝑦) + 𝜔1 𝐼𝑖 (𝑥, 𝑦) if 𝐼𝑖 (𝑥, 𝑦) ≥ th,
(3)
𝐼V (𝑥, 𝑦)
otherwise,

where 𝐼V (𝑥, 𝑦) is the intensity value of the pixel coordinate
(𝑥, 𝑦) in the visible image; 𝐼𝑖 (𝑥, 𝑦) and 𝐼𝑓 (𝑥, 𝑦) are the
intensity values of the corresponding pixel (𝑥, 𝑦) in the
infrared image and the fused image, respectively; and th
is used to distinguish between the dark background and
the bright objects determined by image histogram-based
method. The fused image is produced pixel by pixel according
to the gray value of the infrared image. If the gray value is
greater than or equal to th, then the new gray value of the
fused image is obtained at the corresponding pixel location
using (3). Otherwise, the gray value of the fused image
is directly obtained from the visible image. The next step
of the fusion algorithm is the production of the weighted
coefficients.
Second, a weight determination function is defined as
𝜔1 =

1
,
1 + exp (−𝑘 ((𝑥 − sp) / (𝐺max − sp) − 𝜎))

(4)

𝜔2 = 1 − 𝜔1 ,
where 𝑥 represents the intensity value of the infrared image,
𝐺max is equal to 255, 𝑘 controls the slope of the function, 𝜎
determines the translation of the curve, and sp is the starting
position of the curve. Figure 1 depicts the function defined in
(4), considering the conditions wherein 𝑘 = 10, 𝜎 = 0.5, and
sp = 120. An increase in 𝑘 results in a steep curve. Therefore,
𝑘 is usually limited to the range in [8, 12], depending on the
intensity levels of each image. The quantity 𝜎 is a constant
equal to 0.5; this constant specifies that the values of 𝜔1 and 𝜔2
must be 0.5 when 𝑥 is the middle point in the range [sp, 𝐺max ].
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On the contrary, the human figure is highlighted in the
infrared image, but other objects are hard to recognize
correctly. The second data set (AIC) was chosen from the
AIC thermal and visible nighttime data set sequence [19,
20]. Frame 3853 (Figure 3(a)) was extracted from the visible
MPEG format file, and the corresponding frame (Figure 3(b))
was obtained from the infrared (thermal: 7 𝜇m to 14 𝜇m)
sequence. To ensure consistency in the procedure, the color
image was converted to a grayscale image. The white margin
of the infrared image was manually filled with black color
to achieve good image fusion. The scene contains buildings,
bright windows, roads, and pedestrians. Further details and
descriptions of the data acquisition procedure can be found
in [20].
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Figure 1: Example of a weight determination function.

In this study, the parameters 𝑘 = 10 and 𝜎 = 0.5 are chosen,
but the sp value is an adaptive selection based on the intensity
histogram of the infrared image.
Third, the sp value is defined as
sp = 𝐺max − 2 (𝐺max − th) ,

(5)

where 𝐺max is equal to 255 and th is the same threshold
described in (3) that distinguishes between the targets and
the background according to the histogram of the infrared
image. The value of th is in the range [40, 80], as determined
by considering the intensity level distribution of the infrared
image in the experiments.

4. Experimental Results
4.1. Image Data Sets. Two sets of visible and infrared
images were chosen. They are publicly available through
the ImageFusion.org website [19]. These image sets were
chosen because (1) the grayscale levels of the visible image
are abundant and the light objects of the scene are clearly
distinguishable in the infrared image (Figures 2(a) and 2(b));
and (2) the infrared image is corrupted by noise and the
intensities of targets are low (Figure 3(b)). Figures 3(a) and
3(b), respectively, show a visible frame and the corresponding
infrared frame from the sequences extracted from MPEG
files. The image in Figure 3(b) was warped using planar
homography to align it with the visible spectrum image [20].
All input images were assumed to be registered, and each pair
of images contains exactly the same scene.
The first image set (UN Camp, frame 1815) comprises
a terrain scene characterized by a path, trees, fences, and
a house roof (Figure 2(a)). A person standing behind the
trees and closing the fence is shown in the infrared image
(thermal 3–5 𝜇m, Figure 2(b)). Although the two images
exhibit the same scene, the visible image clearly provides
spatial details of the scene, but the human figure is invisible.

4.2. Infrared Image Denoising. The method for reducing noise
in this case is nonlinear diffusion filtering using techniques
similar to those discussed in Section 2. An additive operator
splitting (AOS) algorithm [21], a type of efficient nonlinear
diffusion filtering, was applied to the infrared images. The
AOS algorithm performs anisotropic diffusion to remove
image noise while preserving its edges.
4.3. Fusion Results and Comparisons. To illustrate the performance of the proposed image fusion approach, image
fusion was performed using conventional methods, namely,
weighted averaging (WAV-based), discrete wavelet transform
(DWT-based), and nonsubsampled contourlet transform
(NSCT-based). The DWT-based and NSCT-based methods
are performed by simply merging the low-pass and highpass subband coefficients using the averaging scheme and the
choose-max selection scheme, respectively. The DWT-based
fusion algorithm is performed using five-level decomposition. The NSCT-based method is performed by using db3
wavelets in scale decomposition; 9–7 wavelets are used in a
nonsubsampled directional filter bank, in which the number
of directions is 4.
Figures 2 and 3 illustrate the fusion results using the
aforementioned methods. The proposed scheme captures
most of the salient areas of the infrared images and preserves
the spatial detail information from the visible images. The
infrared targets are obvious, and the nontarget regions are
seldom contaminated in the fused images. For clear comparisons, the difference images between the fused images and
the source visible images are given in Figure 4. The fused
images obtained using the proposed method have the best
visual quality.
Objective evaluation criteria, namely, fusion root-meansquare error (FRMSE) and correlation coefficient (CC), were
used to evaluate the fused images. Considering that the size
of the target in the infrared image is small compared with that
in the scene, we suppose that 𝐼V is the ideal reference image.
𝐼V (𝑥, 𝑦) and 𝐼𝑓 (𝑥, 𝑦) denote the pixel value of the visible image
and the fused image at points (𝑥, 𝑦), respectively. The size of
the images is calculated as 𝑀 × 𝑁.
(1) FRMSE can effectively reflect the similarity between
two images. Small FRMSE values provide satisfactory
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Figure 2: Source images and fusion results of different fusion algorithms from the UN Camp sequence set. (a) Visible image; (b) denoised
infrared image; and (c)–(f) images obtained by the WAV-based, DWT-based, NSCT-based, and proposed methods, respectively.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: Source images and fusion results of different fusion algorithms from the AIC sequence set. (a) Visible image; (b) denoised infrared
image; and (c)–(f) images obtained by the WAV-based, DWT-based, NSCT-based, and proposed methods, respectively.

(2) CC can be evaluated to compare 𝐼V (𝑥, 𝑦) with 𝐼𝑓 (𝑥, 𝑦):

fusion results:
FRMSE = √

2
1 𝑀 𝑁
∑ ∑ (𝐼V (𝑥, 𝑦) − 𝐼𝑓 (𝑥, 𝑦)) .
𝑀𝑁 𝑥=1 𝑦=1

𝑀 𝑁

(6)

CC = ( ∑ ∑ [(𝐼V (𝑥, 𝑦) − 𝐼V ) × (𝐼𝑓 (𝑥, 𝑦) − 𝐼𝑓 )])
𝑥=1𝑦=1
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(a)

(b)

(c)

(d)
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(f)

(g)

(h)

Figure 4: Difference images between the fused images and the corresponding visible images. (a)–(d) For the UN Camp sequence, fusion was
performed using the WAV-based, DWT-based, NSCT-based, and proposed methods, respectively. (e)–(h) For the AIC sequence, fusion was
performed using the WAV-based, DWT-based, NSCT-based, and proposed methods, respectively.

𝑀 𝑁

Table 1: Comparison of fusion results.

2

× ( ∑ ∑ [(𝐼V (𝑥, 𝑦) − 𝐼V ) ]
𝑥=1 𝑦=1

𝑀 𝑁

Method
2

−1/2

× ∑ ∑ [(𝐼𝑓 (𝑥, 𝑦) − 𝐼𝑓 ) ])

,

𝑥=1𝑦=1

(7)
where 𝐼V and 𝐼𝑓 are the means of the visible image and
the fused image, respectively. The maximum coefficient
corresponds to the optimum fusion.
Table 1 shows the results of the quantitative evaluation
using the two evaluation methods. The proposed method
achieves superior results. The values of the fusion results of
the first image set are not entirely consistent with those of
the second image set because the visible image from the UN
Camp sequence contains abundant texture information. By
contrast, the AIC visible sequence contains structural details
of buildings, such as edges. These objective criteria prove that
the images fused using the proposed method are strongly
correlated with the corresponding visible images; that is,
the proposed scheme ensures that useful spatial detailed
information of the visible images is preserved in the fused
images.

5. Infrared Target Detection
Automatic object detection remains difficult to be undertaken. An object detector needs to cope with the diversity
of visual imagery that exists in the world at large. Different
detection methods can be used for different environmental
conditions, so numerous approaches for automatic object
detection have been investigated [22–26]. A common method
is to extract targets from the image sequence through background subtraction when the video is captured by a stationary

WAV-based
DWT-based
NSCT-based
Proposed

UN Camp set
FRMSE
CC
26.0935
0.7913
26.9110
0.7394
25.4268
0.7813
13.0508
0.9443

AIC set
FRMSE
CC
26.1056
0.9512
14.1720
0.9605
18.4112
0.9439
7.3073
0.9892

camera. The simplest way is to calculate an average image
of the scene or to smoothen the pixels of the background
with a Kalman filter [23] under the assumption that the
background consists of stationary objects. A preferable way
to tolerate background variation in a video is to employ a
Gaussian function that describes the distribution of each
pixel belonging to a stable background object. Among these
background subtraction techniques, the mixture of Gaussians
(MoG) has been widely utilized to model scene backgrounds
at the pixel level [24–26].
In MoG, the distribution of recently observed values of
each pixel in the scene is characterized. A new pixel value is
represented by one of the major components of the mixture
model and is used to update the model. One of the significant
advantages of this method is that when something is allowed
to become part of the background the existing model of the
background is not destroyed. The original background color
remains in the mixture until it becomes the most probable
distribution and a new color is observed [26]. Good results
of foreground object detection by applying MoG to outdoor
scenes have been reported.
In surveillance applications, moving and static targets
need to be correctly detected (for military surveillance systems, static targets must not be arbitrarily ignored), and the
locations of the targets need to be identified. In Section 4, the
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Figure 5: Moving and static objects were detected and labeled with different colors. (a)–(c) UN Camp sequence: frames 1813, 1815, and 1830
are shown. (d)–(f) AIC sequence: frames 3796, 3853, and 3890 are shown.

resulting fused image is obtained according to the proposed
fusion rule of visible and infrared images. However, the fused
image in the implementation was not computed to determine
whether a moving object is present in the scene.
To separate moving targets from the static targets,
infrared images easily address the issues of background modeling based on the MoG method. The chromatic contours of
infrared targets in the fused images are highly suitable for
the human visual system. Visual effect is enhanced in the
natural scene when moving, and static targets are labeled with
different colors. The data sets are still UN Camp and AIC
images, as described in Section 4. In Figure 5, the moving
and static targets are marked in red and green, respectively.
These colors help humans clearly distinguish targets from the
background in the fused images. All AIC infrared frames
were warped to align them with the corresponding visible
spectrum images. Green-dotted borders can be observed on
top of the frames of the AIC sequence (Figure 5).

surveillance. Moving targets are also detected and marked in
red in this study. Future work will be focused on determining
ways to track certain moving targets effectively.

6. Conclusions
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An efficient fusion method for the image fusion of infrared
and visible images is proposed. To obtain good results
using the proposed fusion scheme, a weight determination
function by a suitable coefficient that enhances infrared
targets and preserves spatial detail information from the
infrared and visible images, respectively, is described. The
method is appropriate for the image fusion of visible and
infrared images. The infrared targets in the natural scene can
be clearly distinguished in the resulting fused images. The
infrared targets are highlighted by marking them in red (or
green) in the fused image. This technique is useful for visual
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This paper explores the phase transitions of the contingent planning problems. We present CONTINGENT PLAN-EXISTENCE
algorithm and CONTINGENT PLAN-NONEXISTENCE algorithm for quickly proving that the contingent planning instances have
solutions and have no solutions, respectively. By analyzing the two algorithms, the phase transition area of the contingent planning
problems is obtained. If the number of the actions is not greater than 𝜃ub , the CONTINGENT PLAN-NONEXISTENCE algorithm
can prove that nearly all the contingent planning instances have no solution. If the number of the actions is not lower than 𝜃lb ,
the CONTINGENT PLAN-EXISTENCE algorithm can prove that nearly all the contingent planning instances have solutions. The
results of the experiments show that there exist phase transitions from a region where almost all the contingent planning instances
have no solution to a region where almost all the contingent planning instances have solutions.

1. Introduction
There are many artificial intelligence (AI) problems that
have been shown to be inherently intractable. For example,
the propositional satisfiability problem, or 𝑘-SAT problem
for short, is a prototypical NP-complete problem [1], which
means that 𝑘-SAT problem cannot be solved in polynomial
time if 𝑃 ≠NP. It is significant to investigate the phase transitions of the intractable problems. That is because by working
on it the researchers cannot only analyze the structure of
intractable problems, but also understand the average-case
performance of the solvers that solve these AI problems.
In recent years, much attention has been given to the
phase transitions of the random 𝑘-SAT problems [2–8]. The
researchers found that the phase transitions of the random 𝑘SAT problems did exist, where instances changed from being
almost all satisfiable to being almost all unsatisfiable, and the
hard instances only occurred in the phase transition area.
The same phenomena were also observed for some other NPcomplete problems, such as the traveling salesman problems
[9], the constraint satisfaction problems [10], and the MaxSAT problems [11]. Some other researchers made tremendous
progress towards the phase transitions of the artificial planning problems, for instance, STRIPS planning problems [12],
conformant planning problems [13], and plan modification
of the conformant planning problems [14]. In consequence,

one interesting question was put forward whether there were
phase transitions in other artificial planning problems.
The aim of this paper is to explore the phase transitions of
the contingent planning problems. In order to investigate the
phenomena, CONTINGENT PLAN-EXISTENCE algorithm
and CONTINGENT PLAN-NONEXISTENCE algorithm are
presented. The phase transition point of the contingent planning problems is obtained by providing probabilistic analyses
of the CONTINGENT PLAN-EXISTENCE algorithm and
the CONTINGENT PLAN-NONEXISTENCE algorithm.
The results of the experiments show that the empirical results
match the phase transitions from the theoretic analyses.

2. Background
2.1. Definitions and Notations. This section describes some
notations about contingent planning problem relevant to our
work. Further details, such as the exclusive actions and the
consistent actions, can be found in [15–19].
Definition 1 (contingent planning problem). A contingent
planning problem is a 5-tuple 𝑃 = ⟨𝑆, 𝐴, 𝑂, 𝐼, 𝐺⟩ with the
following components:
(i) 𝑆 is a finite set of states and the subset of 𝑆 is called
belief state;
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(ii) 𝐴 is a finite set of actions. An action is a pair ⟨pre, eff⟩,
respectively, called preconditions and effects. Effects
are a triple ⟨cond, del, add⟩, where cond is the effect
conditions, del is the deleting effects and add is the
adding effects;
(iii) 𝑂 is a finite set of observations;
(iv) 𝐼 ⊆ 𝑆 is a set of states over 𝑆, which is called the initial
belief state;
(v) 𝐺 ≠⊘ is the goal, which is actually a partial state
composed of the goal conditions.

More specifically, contingent planning problem is the task
of generating a conditional plan given uncertainty about the
initial state and action effects, but with the ability to observe
some aspects of the current state [20]. In this paper we only
focus on the contingent planning problem with uncertainty
about the initial state and determinacy about the actions
effects, but with the ability to sense the current state.
Definition 2 (action applicability). Let Bs be a belief state. The
action 𝑎 is applicable in Bs if ∀𝑠 ∈ Bs: pre(𝑎) ⊆ 𝑠.
If the preconditions of an action are satisfied by all states
of the belief state, then the action can be applicable. On the
contrary, if the preconditions of an action are not satisfied,
the action cannot be carried out, which means that the belief
state is changeless. The resulting belief state by executing an
action is determined by the adding effects and the deleting
effects.
Definition 3 (observation function). Let 𝑂 be a finite set of
observations and Bs an arbitrary belief state. The observation
function over Bs and 𝑂 is a function 𝜑 : Bs → 2𝑂 \ 0 such
that ∀𝑠 ∈ Bs : 𝜑(𝑠) ⊆ 𝑂.
In the following, we will use 𝜑− (𝑜) to denote the set
of states that are compatible with the observation 𝑜; 𝜑− (𝑜− )
to denote the set of states that are compatible with other
observations rather than 𝑜.
Definition 4 (conditional plan). The set of conditional plans
Π is the minimal set such that
(i) 0 ∈ Π;
(ii) for an action 𝑎, if 𝑎 ∈ 𝐴 and 𝜋 ∈ Π, then 𝑎 ∘ 𝜋 ∈ Π;
(iii) if 𝑜 ∈ 𝑂 and 𝜋1 , 𝜋2 ∈ Π, then if 𝑜 then 𝜋1 else 𝜋2 ∈ Π.
Definition 5 (contingent plan). Given a contingent planning
problem 𝑃 = ⟨𝑆, 𝐴, 𝑂, 𝐼, 𝐺⟩, a contingent plan or solution is a
conditional plan 𝜋 to the problem 𝑃 if and only if
(i) 𝜋 is applicable in the initial belief state 𝐼;
(ii) every run of 𝜋 from the initial belief state 𝐼 ends in 𝐺.
A random contingent planning model, called variable
model, is used to carry out an investigation on the phase
transitions, which we will address in the following.

Definition 6 (variable model). A variable model 𝑀V is a 5tuple ⟨𝑆, 𝐴, 𝑂, 𝐼, 𝐺⟩, where
(i) 𝑆 is a finite set of states and every state is made up of
some propositions;
(ii) 𝐴 is a finite set of actions. For ∀𝑎1 , 𝑎2 ∈ 𝐴,
Num(pre(𝑎1 )) = Num(pre(𝑎2 )) and Num(eff(𝑎1 )) =
where
Num(pre(𝑎1 ))
and
Num(eff(𝑎2 )),
Num(pre(𝑎2 )) are the numbers of preconditions of 𝑎1
and 𝑎2 respectively, Num(eff(𝑎1 )) and Num(eff(𝑎2 ))
are the numbers of postconditions of 𝑎1 and 𝑎2 ,
respectively;
(iii) 𝑂 is a finite set of observations;
(iv) 𝐼 ⊆ 𝑆 is a set of initial states over 𝑆, which is also called
the initial belief state;
(v) 𝐺 ≠⊘ is the goal, which is actually a partial state
composed of the goal conditions.
2.2. The Fundamental Analysis of the Variable Model. In this
section, we present the distributions of instances under the
variable model. Before addressing the analysis of the variable
model, two assumptions of the random contingent planning
instances generated in this paper are provided. The first one is
that each precondition of an action is selected independently
of other precondition and postcondition. Similar rule is hold
for the postconditions. The second one is that each action
has a fixed number of preconditions. And the number of
postconditions also agrees with the rule.
Because of the assumptions that each precondition (or
postcondition) of an action is selected independently of other
preconditions and postconditions, and the precondition or
the postcondition is either a proposition or its negation, the
random contingent planning instances under the variable
model are distributed as follows.
Given 𝑛 propositions, 𝑚 actions, 𝑟 preconditions, 𝑐 postconditions, and 𝑔 goal conditions, for a random proposition
𝑝 and an action 𝑎, 𝑝 is a precondition of the action with
the probability 𝑟/(2𝑛); alternatively ¬𝑝 is a precondition
with the probability 𝑟/(2𝑛). And 𝑐/(2𝑛) is the probability for
postconditions.
Because the initial state of the contingent planning problem is partially known, there exists a set of initial states, where
the number of the initial states is 𝑘 in this paper. Every initial
state is made up of conditions, each of which is selected at
random from the 2𝑛 conditions since there are 𝑛 propositions.
For the goal conditions, the 𝑔 goal conditions are also selected
at random from the 2𝑛 conditions.
Furthermore, in the rest of paper, three inequalities are
also used to analyze the phase transitions. The detailed proofs
can be found in [21]
𝑒−𝑥/(1−𝑥) ≤ 1 − 𝑥,

𝑥 ∈ [0, 1)

1 − 𝑥 ≤ 𝑒−𝑥
𝑥𝑦
≤ 1 − (1 − 𝑥)𝑦 ,
1 + 𝑥𝑦

(1)
(2)

𝑥 ∈ [0, 1) .

(3)
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Algorithm CONTINGENT PLAN-NONEXITENCE (S, A, O, I, G)
for each 𝑠 ∈ I
if 𝑝𝑟𝑒(A) ⊄𝑠;
then return failure;
endfor
for each 𝑔 ∈ G
if 𝑔 ⊄𝑒𝑓𝑓(A)
then return failure;
endfor
for each 𝑜 ∈ O
Bs𝑇 = I ∩ 𝜑− (𝑜);
Bs𝐹 = I ∩ 𝜑− (𝑜− );
for each 𝑠 ∈ Bs𝑇
if 𝑝𝑟𝑒(A) ⊂ 𝑠;
then return don’t know;
endfor
for each 𝑠 ∈ Bs𝐹
if 𝑝𝑟𝑒(A) ⊂ 𝑠 ;
then return don’t know;
endfor
endfor
return failure;
end
Algorithm 1: Contingent plan-nonexistence algorithm.

Actually, the following analyses for the phase transitions
of the contingent planning problems are based on the fundamental analysis of the variable model. Because it is very
simple to solve the sort of contingent planning problems that
the goal conditions are satisfied when there is not any actions,
in this paper we only deal with the sort of contingent planning
problems that the goal conditions are not satisfied by the
initial belief state.

3. Contingent Plan Nonexistence Algorithm
In this section, we present the CONTINGENT PLANNONEXISTENCE algorithm for quickly proving that a contingent planning instance has no solutions. By analyzing
the algorithm, the phase transition area is obtained. The
framework of the CONTINGENT PLAN-NONEXISTENCE
algorithm is presented in Algorithm 1.
The CONTINGENT PLAN-NONEXISTENCE algorithm firstly considers whether the preconditions of all
actions are not in any state 𝑠 in the initial belief state. If a state
in the initial belief state does not satisfy the preconditions
of all actions, then the instance has no solutions. Then the
algorithm checks out whether a goal condition is not a
postcondition of any action. If the postconditions of the
actions do not cover all the goal conditions, then the instance
has no solutions. The algorithm finally applies an observation
to split the initial belief state into two belief states and checks
out whether the preconditions of all actions are in any state in
the two belief states, respectively. If there is a state in one of the
belief states that satisfies the preconditions of all actions, then
we cannot decide whether the instance has solutions or not.
In addition, if there is not a state in all the split belief states
that satisfies the preconditions of all actions, the instance has

no solutions. For a contingent planning instance with 𝑘 initial
states, 𝑚 actions, 𝑏 observations, and 𝑔 goal conditions, the
time complexity of the algorithm is 𝑂((𝑘 + 𝑔 + 2𝑘𝑏)𝑚). Therefore, the CONTINGENT PLAN-NONEXISTENCE algorithm can decide that the instance has no solutions efficiently.
Theorem 7. The contingent planning instance has no solution if CONTINGENT PLAN-NONEXISTENCE algorithm
returns failure; the contingent planning instance cannot be
determined whether it has solutions if CONTINGENT PLANNONEXISTENCE algorithm returns do not know.
Proof. Let us first list the cases that the CONTINGENT
PLAN-NONEXISTENCE algorithm returns failure. (1) The
initial belief state involves a state that does not contain the
preconditions of all the actions. As we know, if the preconditions of all the actions are not in the state, any action cannot
be executed. Because in this paper we only deal with the
sort of contingent planning problems that no goal conditions are satisfied by the initial belief state, a sequence of
empty actions cannot be the solution of the instances. Therefore, the contingent planning instances do not have solutions. (2) There is a goal condition that is not an effect of
any action, which means that the goal condition cannot be
obtained by executing any action. Therefore, the contingent
planning instances do not have solutions. (3) There is not
a state in all the split belief states that satisfies the preconditions of all actions, which means that any action cannot
be executed. Therefore, the contingent planning instances
have no solutions. Then let us discuss the case that the
CONTINGENT PLAN-NONEXISTENCE algorithm returns
do not know. There is a state in one of the belief states
that satisfies the preconditions of all actions, which means
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that at least an action can be executed from the belief state.
However, we cannot guarantee that all the goal conditions are
satisfied by executing any conditional plan from each state
in the initial belief state. Therefore, the contingent planning
instance cannot be determined whether it has solutions.
By Theorem 7, we know that the CONTINGENT PLANNONEXISTENCE algorithm is correct, but it cannot guarantee the completeness. In other words, if a contingent
planning instance has solutions, the CONTINGENT PLANNONEXISTENCE algorithm could not determine that the
instance has solutions. However, we can prove in Theorem 8
that nearly all contingent planning instances have no solutions when 𝜎 is small enough (𝜎 is a constant and 0 < 𝜎 <
1).
Theorem 8. For random contingent planning instances under
the variable model, if the number of actions satisfies
𝑚 ≤ 𝜃𝑢𝑏 ,

𝜃𝑢𝑏

(1 − (1 − 𝑟/2𝑛)𝑛 ) (− ln ln 1/𝜎)
= min (
,
(1 − 𝑟/2𝑛)𝑛
(

1
(2𝑛 − 𝑐)
) (ln 𝑔 − ln ln ) ) ,
𝑐
𝜎

(4)

Proof. If we are to prove that the algorithm determines that
no solution exists for at least 1 − 𝜎 of the instances, we
only need to prove that the probability that every initial state
satisfies the preconditions of any action, the probability that
a goal condition is not a postcondition of any action, and the
probability that every initial state in the belief state Bs𝑇 (or
Bs𝐹 ) satisfies the preconditions of any action are not more
than 𝜎. Suppose (4) is true, we have
(1 − (1 − 𝑟/2𝑛)𝑛 ) (− ln ln 1/𝜎)
,
(1 − 𝑟/2𝑛)𝑛
1
(2𝑛 − 𝑐)
(
) (ln 𝑔 − ln ln ) ) .
𝑐
𝜎

1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 : probability that a state satisfies
the preconditions of any action;
(1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 )𝑘 : probability that every initial
state satisfies the preconditions of any action.
Then, the probability that every initial state in the belief
state Bs𝑇 satisfies the preconditions of any action is given as
follows, where the number of the states in Bs𝑇 (or Bs𝐹 ) is 𝑥
(1 ≤ 𝑥 ≤ 𝑘),
(1 − 𝑟/2𝑛)𝑛 : probability that a state satisfies the preconditions of an action;
1 − (1 − 𝑟/2𝑛)𝑛 : probability that a state does not satisfy
the preconditions of an action;
(1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 : probability that a state does not
satisfy the preconditions of any action;

where 𝑛 is the number of propositions; 𝑚 is the number
of actions; 𝑟 and 𝑐, respectively, are the expected numbers
of preconditions and postconditions within an action; 𝑔 is
the number of goal conditions; 𝑘 is the number of initial
states; 𝜎 (0 < 𝜎 < 1) is a constant, then the CONTINGENT
PLAN-NONEXISTENCE algorithm proves that no solution
exists for at least 1 − 𝜎 of the instances.

𝑚 ≤ min (

(1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 : probability that a state does not
satisfy the preconditions of any action;

1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 : probability that a state satisfies
the preconditions of any action;
(1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 )𝑥 : probability that every
initial state in the belief state Bs𝑇 (or Bs𝐹 ) satisfies the
preconditions of any action.
For the goal conditions, the 𝑔 goal conditions are also
selected at random from the 2𝑛 conditions. Then, the probability that a goal condition is not a postcondition of any action
is as follows:
𝑐/2𝑛: probability that the goal condition is a postconditions of the action;
1 − 𝑐/2𝑛: probability that the goal condition is not a
postconditions of the action;
(1 − 𝑐/2𝑛)𝑚 : probability that the goal condition is not
a postconditions of any action;
1 − (1 − 𝑐/2𝑛)𝑚 : probability that the goal condition is
a postconditions of some action;
(1−(1−𝑐/2𝑛)𝑚 )𝑔 : probability that every goal condition
is a postconditions of some action.

(5)

Because the initial state of the contingent planning problem is partially known, there exists a set of initial states, where
the number of the initial states is 𝑘 in this paper. Every initial
state is made up of conditions, each of which is selected at
random from the 2𝑛 conditions since there are 𝑛 propositions.
At first, the probability that every initial state satisfies the
preconditions of any action is given as follows:
(1 − 𝑟/2𝑛)𝑛 : probability that a state satisfies the
preconditions of an action;
1 − (1 − 𝑟/2𝑛)𝑛 : probability that a state does not satisfy
the preconditions of an action;

In the following, we will prove that the probability that
every initial state satisfies the preconditions of any action and
the probability that every initial state in the belief state Bs𝑇
(or Bs𝐹 ) satisfies the preconditions of any action both are
not more than 𝜎. Because the probability that every initial
state satisfies the preconditions of any action is less than the
probability that every initial state in the belief state Bs𝑇 (or
Bs𝐹 ) satisfies the preconditions of any action, we only prove
that the probability that every initial state in the belief state
Bs𝑇 (or Bs𝐹 ) satisfies the preconditions of any action is not
more than 𝜎.
By (5), we get
𝑚≤

(1 − (1 − 𝑟/2𝑛)𝑛 ) (− ln ln 1/𝜎)
.
(1 − 𝑟/2𝑛)𝑛

(6)
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This is equivalent to

By (1), we get

𝑚(1 − 𝑟/2𝑛)𝑛
1
,
)≥
ln (1/𝜎)
1 − (1 − 𝑟/2𝑛)𝑛

(7)

1
𝑚(1 − 𝑟/2𝑛)𝑛
ln (ln ( )) ≤ −
.
𝜎
1 − (1 − 𝑟/2𝑛)𝑛

(8)

ln (

𝑛

/(1−(1−𝑟/2𝑛)𝑛 )

≤ 1 − (1 −

𝑟 𝑛
) .
2𝑛

(9)

−(1 −
(10)

This is equivalent to
𝑛 𝑚

𝑟
) ) ≤ (ln 𝜎) .
2𝑛

(11)

Let 𝑥 = (1 − (1 − 𝑟/2𝑛)𝑛 )𝑚 . By (2), we have
𝑛 𝑚

𝑛 𝑚

𝑟
) ) ) ≤ (ln 𝜎) .
2𝑛

(13)

1 − (1 − (1 −

𝑟 𝑛 𝑚
) ) ≤ 𝜎.
2𝑛

(14)

In addition, for
𝑟 𝑛 𝑚 𝑥
𝑟 𝑛 𝑚
(1 − (1 − (1 − ) ) ) ≤ 1 − (1 − (1 − ) ) ; (15)
2𝑛
2𝑛
therefore, we obtain
𝑟 𝑛 𝑚 𝑥
) ) ) ≤ 𝜎.
2𝑛

(16)

Thus, if the inequality of the theorem is satisfied, then the
probability that every initial state in the belief state Bs𝑇 (or
Bs𝐹 ) does not satisfy the preconditions of any action and the
probability that every initial state satisfies the preconditions
of any action are at least 1 − 𝜎.
Finally, we prove that the probability that a goal condition
is not a postcondition of any action is not more than 𝜎.
From (5), we get
𝑚≤(

1
(2𝑛 − 𝑐)
) (ln 𝑔 − ln ln ) .
𝑐
𝜎

(17)

This is equivalent to
−𝑚𝑐
ln (1/𝜎)
≥ ln (
).
𝑔
(2𝑛 − 𝑐)

(18)

(21)

(22)

From (21) and (22), we have
𝑐 𝑚
(ln 𝜎)
) )≤
.
2𝑛
𝑔

(23)

𝑐 𝑚 𝑔
) ) ≤ 𝜎.
2𝑛

(24)

Simplify (23), and we get
(1 − (1 −

Simplify (13), and we get

(1 − (1 − (1 −

𝑐 𝑚
𝑐 𝑚
) ) ≤ −(1 − ) .
2𝑛
2𝑛

𝑛 𝑚

From (11) and (12), we have
ln (1 − (1 − (1 −

𝑐 𝑚 (ln 𝜎)
) ≤
.
2𝑛
𝑔

ln (1 − (1 −

𝑟
𝑟
) ) ) ≤ −(1 − (1 − ) ) . (12)
2𝑛
2𝑛

(20)

By (2), we get
ln (1 − (1 −

−(1 − (1 −

ln (1 − (1 − (1 −

ln (1/𝜎)
𝑐
) ≤ 𝑚 ln (1 − ) .
𝑔
2𝑛

This is equivalent to

From (8) and (9), we have
1
𝑟 𝑛
ln (ln ( )) ≤ 𝑚 ln (1 − (1 − ) ) .
𝜎
2𝑛

(19)

From (18) and (19), we have
ln (

Let 𝑥 = (1 − 𝑟/2𝑛)𝑛 . By (1), we have
𝑒−(1−𝑟/2𝑛)

𝑐
−𝑐
≤ ln (1 − ) .
2𝑛
(2𝑛 − 𝑐)

Thus, if the inequality of the theorem is satisfied, then the
probability that some goal condition is not a postcondition
of any action is at least 1 − 𝜎.
Therefore, if the inequality of the theorem is satisfied, then
the algorithm will determine that no solution exists for at least
1 − 𝜎 of the instances.
Theorem 8 presents an upper bound of the phase transition. If we can obtain a lower bound, the phase transition
area of the contingent planning problems will be acquired.
Therefore, in the next section, we will present the CONTINGENT PLAN-EXISTENCE algorithm and discuss the lower
bound of the contingent planning problems by analyzing the
algorithm.

4. Contingent Plan Existence Algorithm
In this section, we present the CONTINGENT PLANEXISTENCE algorithm for powerfully determining that a
contingent planning instance has solutions. By analyzing
the algorithm, the lower bound of the phase transition is
obtained. The framework of the CONTINGENT PLANEXISTENCE algorithm is presented in Algorithm 2.
In the algorithm, 𝑁 denotes the set of unsatisfied goal
conditions, 𝑌 denotes the set of satisfied goal conditions, Bs
denotes the considered belief state; add(𝑎) denotes the adding
effects of the action 𝑎, del(𝑎) denotes the deleting effects of the
action 𝑎, and applicable (Bs, 𝑎) denotes the action 𝑎 applicable
in the belief state Bs. The algorithm firstly initializes 𝑁, 𝑌,
and Bs, that is, 𝑁 = 𝐺, 𝑌 = NULL, and Bs = 𝐼. Then it
checks whether all states in the considered belief states satisfy
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Algorithm CONTINGENT PLAN-EXISTENCE (N, Y, Bs, A, O)
𝑓𝑙𝑎𝑔 = 0;
for each 𝑠 ∈ Bs
if N ⊄𝑠
then 𝑓𝑙𝑎𝑔 = 1;
endfor
if 𝑓𝑙𝑎𝑔 == 0
then return true
for each 𝑎 ∈ A
if applicable(Bs, 𝑎) and N ∩ 𝑎𝑑𝑑(𝑎) ≠0 and Y ∩ 𝑑𝑒𝑙(𝑎) = 0
then Bs = Bs + 𝑎𝑑𝑑(𝑎) − 𝑑𝑒𝑙(𝑎);
N = N − (N ∩ 𝑎𝑑𝑑(𝑎));
Y = Y + (N ∩ 𝑎𝑑𝑑(𝑎));
CONTINGENT PLAN-EXISTENCE (N, Y, Bs , A, O);
endfor
for each 𝑜 ∈ O
Bs𝑇 = Bs ∩ 𝜑− (𝑜);
Bs𝐹 = Bs ∩ 𝜑− (𝑜− );
if Bs𝑇 ≠0 and Bs𝐹 ≠0
then CONTINGENT PLAN-EXISTENCE (N, Y, Bs𝑇 , A, O) ∧
CONTINGENT PLAN-EXISTENCE (N, Y, Bs𝐹 , A, O)
endfor
return don’t know
end
Algorithm 2: Contingent plan-existence algorithm.

the goal. If each state in the considered belief state satisfies the
goal, the value of flag will not change, which means that the
instance has solutions. Otherwise, the algorithm considers
whether an action can be applied to the considered belief
state to ensure that the postconditions of the actions satisfy
more goal conditions. If there exists such actions, the process
is repeated. The algorithm finally checks whether there is an
observation that can split the considered belief state into two
nonnull belief states. If the observation does exist, the similar
process is repeated in the two branches, and the instance has
solutions only when the two branches return true. Except the
above three cases, the algorithm cannot determine whether
the contingent planning instance has solutions.
Theorem 9. The contingent planning instance has solutions
if the CONTINGENT PLAN-EXISTENCE algorithm returns
true; the contingent planning instance cannot be determined whether it has solutions if the CONTINGENT PLANEXISTENCE algorithm returns do not know.
Proof. Let us first discuss the case that the CONTINGENT
PLAN-EXISTENCE algorithm returns true. When all the
goal conditions are satisfied by a conditional plan from
each state in the initial belief state, we can determine that
the instance has solutions. Then we list the cases that the
CONTINGENT PLAN-EXISTENCE algorithm returns do
not know. (1) The considered belief state has no applicable
actions. (2) The number of unsatisfied goal conditions does
not decrease by executing all applicable actions. (3) One of
branches that the observation splits returns do not know. The
above three cases imply that we cannot determine whether
the instance has solutions or not.

The CONTINGENT PLAN-EXISTENCE algorithm is
correct, but we also cannot guarantee the completeness. In the
following, we prove that almost all the contingent planning
instances have solutions by analyzing the algorithm when 𝜎
is small enough (𝜎 is a constant and 0 < 𝜎 < 1).
Lemma 10. Consider random planning instances under the
variable model expecting that 𝑑 of the 𝑔 goal conditions are not
satisfied, if
𝑚 ≥ 𝑒(1−(1−𝑟/2𝑛)
× ((

𝑛 𝑘

) /(1−(1−(1−𝑟/2𝑛)𝑛 )𝑘 ) 𝑐(𝑔−𝑑)/𝑛

2𝑛
1
) + 1) (ln ) ,
𝑐𝑑
𝜎

𝑒

(25)

where 𝑛 is the number of propositions; 𝑚 is the number of
actions; 𝑟 and 𝑐, respectively, are the expected numbers of
preconditions and postconditions within an action; 𝑔 is the
number of goal conditions; 𝑘 is the number of initial states; 𝑥 is
the number of states of an arbitrary belief state; 𝜎 (0 < 𝜎 < 1)
is a constant, then the CONTINGENT PLAN-EXISTENCE
algorithm applying some action will increase the number of
satisfied goal conditions for at least 1 − 𝜎 of the instances.
Proof. At first, the probability that some action will increase
the number of satisfied goal conditions is given as follows:
(1 − 𝑟/2𝑛)𝑛 : probability that a state satisfies the
preconditions of an action;
1 − (1 − 𝑟/2𝑛)𝑛 : probability that a state does not satisfy
the preconditions of an action;
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(1 − (1 − 𝑟/2𝑛)𝑛 )𝑥 : the least probability that every
state in an arbitrary belief state does not satisfy the
preconditions of an action;

Theorem 11. Consider random planning instances under the
variable model if;
𝑚 ≥ 𝜃𝑙𝑏 ,

1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑥 : probability that every state in
the arbitrary belief state satisfies the preconditions of
an action;
1 − (1 − (1 − 𝑟/2𝑛)𝑛 )𝑘 : the most probability that
every state in the arbitrary belief state satisfies the
preconditions of an action. Because in this paper we
research on the contingent planning problem whose
actions have deterministic effects, the belief state
during the execution has most 𝑘 states;
(1 − 𝑐/2𝑛)𝑔−𝑑 : probability that the postconditions of
an action are consistent with the 𝑔 − 𝑑 goal conditions
already achieved;
1 − (1 − 𝑐/2𝑛)𝑑 : probability that the postconditions
of an action achieve at least one of 𝑑 remaining goal
conditions.
Thus, the probability 𝑝 that a particular action can be
applied will not exclude any satisfied goals and will achieve
at least one more goal condition which is
𝑝 = (1 −(1 − (1 −

𝑛 𝑘

𝑐
𝑟
) ) ) (1 − )
2𝑛
2𝑛

𝑔−𝑑

(1 − (1 −

𝑑

𝑐
) ).
2𝑛
(26)

1−𝑝 is the probability that the action is missing one or more of
these properties, and (1−𝑝)𝑚 is the probability that 𝑚 actions
are unsatisfactory.
Because (1 − 𝑝)𝑚 ≤ 𝑒−𝑝𝑚 ≤ 𝑒− ln(1/𝜎) = 𝜎, then there will
be some satisfactory action with probability at least 1 − 𝜎. The
inequality is satisfied if 𝑚 ≥ (1/𝑝)(ln 1/𝜎).
By (1), we get
1 − (1 − (1 −
(1 −

𝑛 𝑘
𝑛 𝑘
𝑟 𝑛 𝑘
) ) ≥ 𝑒−(1−(1−𝑟/2𝑛) ) /(1−(1−(1−𝑟/2𝑛) ) )
2𝑛

𝑐 𝑔−𝑑
≥ 𝑒−𝑐(𝑔−𝑑)/(2𝑛−𝑟) ≥ 𝑒−𝑐(𝑔−𝑑)/𝑛 .
)
2𝑛

𝑐𝑑
𝑐 𝑑
) ≥
.
2𝑛
2𝑛 + 𝑐𝑑

(28)

Then, finally,
𝑛 𝑘
𝑛 𝑘
1
1
( ) (ln ) = 𝑒(1−(1−𝑟/2𝑛) ) /(1−(1−(1−𝑟/2𝑛) ) ) 𝑒𝑐(𝑔−𝑑)/𝑛
𝑝
𝜎

2𝑛
1
× (( ) + 1) (ln ) .
𝑐𝑑
𝜎

× ((

𝑛 𝑘

) ) 𝑐𝑔/𝑛

𝑒

𝑔
2𝑛
) + 1) (ln ) ,
𝑐
𝜎

(30)

where 𝑛 is the number of propositions; 𝑚 is the number of
actions; 𝑟 and 𝑐, respectively, are the expected numbers of
preconditions and postconditions within an action; 𝑔 is the
number of goal conditions; 𝑘 is the number of initial states;
𝜎 (0 < 𝜎 < 1) is a constant, the CONTINGENT PLANEXISTENCE algorithm will find solutions for at least 1 − 𝜎 of
the instances.
Proof. For a contingent planning instance with 𝑔 goal conditions, the number of satisfied goal conditions will be
increased at most 𝑔 times. If each increase occurs with
probability at least (1 − 𝜎)/𝑔, 𝑔 increase (the most possible)
will occur with probability at least 1 − 𝜎.
Thus, Lemma 10 can be applied using 𝜎/𝑔 instead of 𝜎.
Maximizing over the 𝑔 goal conditions leads to
𝑔

max 𝑒(1−(1−𝑟/2𝑛)

𝑛 𝑘

) /(1−(1−(1−𝑟/2𝑛)𝑛 )𝑘 ) 𝑐(𝑔−𝑑)/𝑛

𝑒

𝑑=1

× ((

𝑔
2𝑛
) + 1) (ln )
𝑐𝑑
𝜎

≤ 𝑒1/(1−(1−(1−𝑟/2𝑛)

𝑛 𝑘

) ) 𝑐𝑔/𝑛

𝑒

((

(31)
𝑔
2𝑛
) + 1) (ln ) .
𝑐
𝜎

Therefore, if the inequality is satisfied by the number of
the actions, the algorithm will find solutions for at least 1 − 𝜎
of the instances.
Theorem 11 shows that when the number of actions is
not lower than 𝜃lb , the CONTINGENT PLAN-EXISTENCE
algorithm can prove that nearly all the contingent planning
instances have solutions.

5. Experimental Results
(27)

By (3), we get
1 − (1 −

𝜃𝑙𝑏 = 𝑒1/(1−(1−(1−𝑟/2𝑛)

(29)

Thus, if the inequality is satisfied by the number of the
actions, the CONTINGENT PLAN-EXISTENCE algorithm
applying some action will increase the number of satisfied
goal conditions for at least 1 − 𝜎 of the instances.

In this section, we take experiments on the contingent planning instances under the variable model in order to investigate the relationship between the densities (ratio of the number of actions to the number of propositions) and the effectiveness of the contingent planning instances. In the experiment, we generate a large collection of instances with three
preconditions and two postconditions within an action, 2𝑖
(𝑖 is a constant) initial states, one observation, and two goal
conditions. In addition, the propositions are 6, 8, 10, 12, 14,
16, and 18, respectively. All experiments are run on a cluster
of 2.4 GHz Intel Xeon machines with 2 GB memory running Linux CentOS 5.4. Figure 1 illustrates the relationship
between the densities and the effectiveness of the contingent
planning instances. From the results we can see that the effectiveness grows when the density increases and the numbers of
propositions and goal conditions are constant. Furthermore,
the experiments show that there is a transition from insoluble
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The relationship between densities and effectiveness
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Figure 1: The Relationship between densities and effectiveness of
contingent planning problems.

to soluble instances as the density grows and the transition
points drop with the propositions growing.

6. Conclusions
In this paper, we present analyses for the phase transitions
of the contingent planning problems. By analyzing the CONTINGENT PLAN-NONEXISTENCE algorithm and the
CONTINGENT PLAN-EXISTENCE algorithm, quantitative
results are obtained. If the number of actions is not greater
than 𝜃ub , the CONTINGENT PLAN-NONEXISTENCE
algorithm can prove that almost all the contingent planning
instances have no solution; if the number of actions is
not lower than 𝜃lb , the CONTINGENT PLAN-EXISTENCE
algorithm can prove that almost all the contingent planning
instances have solutions. The results of the experiments also
show that there exist the phase transition phenomena.
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The high performance of an elliptic curve (EC) crypto system depends efficiently on the arithmetic in the underlying finite field.
We have to propose and compare three levels of Galois Field GF(2163 ), GF(2193 ), and GF(2256 ). The proposed architecture is based
on Lopez-Dahab elliptic curve point multiplication algorithm, which uses Gaussian normal basis for GF(2163 ) field arithmetic. The
proposed GF(2193 ) is based on an efficient Montgomery add and double algorithm, also the Karatsuba-Ofman multiplier and ItohTsujii algorithm are used as the inverse component. The hardware design is based on optimized finite state machine (FSM), with a
single cycle 193 bits multiplier, field adder, and field squarer. The another proposed architecture GF(2256 ) is based on applications
for which compactness is more important than speed. The FPGA’s dedicated multipliers and carry-chain logic are used to obtain
the small data path. The different optimization at the hardware level improves the acceleration of the ECC scalar multiplication,
increases frequency and the speed of operation such as key generation, encryption, and decryption. Finally, we have to implement
our design using Xilinx XC4VLX200 FPGA device.

1. Introduction
Many hardware designs of elliptic curve cryptography have
been developed, aiming to accelerate the scalar multiplication
processes, mainly those based on the field programmable
gate arrays (FPGAs). The application field of FPGAs has
clearly outgrown the prototype-only use. More and more
FPGA implementations are in an environment which used to
be ASIC-only territory. When these applications are implemented on an FPGA, they need secure data communication.
In this rapidly changing environment, the reconfigurability of
an FPGA is a very useful feature which is not available on an
ASIC. Secure public key authentication and digital signatures
are increasingly important for electronic communications
and coerce, and they are required not only on high powered
desktop computers, but also on smart cards and wireless
devices with severely constrained memory and processing
capabilities. Cryptography offers a robust solution for IT
security services in terms of confidentiality, data integrity,
authenticity, and nonrepudiation. In fact, security deals

mainly with the ability to face counterattacks [1], while speed
and area, which represent the eternal trade-off, concern
the ability to make intensive cryptographic processes, while
keeping used hardware as low as possible. In other words, it
is the ability to embed a strategic and strong algorithm in very
few hardware, that is, finding an optimal solution to the one to
many problem: portability against power consumption, speed
against area, but the main issue in cryptography is security.
In the last decade, the approach of hardware implementing elliptic curve cryptography (ECC) algorithm knew a very
concentrated contest, due essentially to the requirements
of security, speed, and area constraints. Cryptography has
become one of the most important fields in our life, due
essentially to two factors: increase in secrecy and increase
in breaking code or hackers in the other side. Organizations
tend to increase their benefits by keeping their information
system as transparent as possible. On the other hand, hackers
and code or key breakers are being organized in kind of unofficial groups; this leads to being a step ahead before getting
the codes breakdown. Scientists are tending to complicate the
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Input: 𝐴, 𝐵 𝜖 GF(2𝑚 )
Output: 𝐷 = (𝐷0 , 𝐷1 , 𝐷2 , . . . , 𝐷𝑚−1 ) 𝜖 GF(2𝑚 ), 𝐷 = 𝐴 ⋅ 𝐵
(1) For 0 ≤ 𝑡 ≤ 𝑚 − 1
(2) For 0 ≤ 𝑠 ≤ 𝑚 − 1
(3) 𝐷𝑠+𝑡+1 ← 𝑦𝑠,𝑠+1
(4) end for
(5) end for
(6) return 𝐷
Algorithm 1: Bit-level multiplication algorithm for GF(2𝑚 ).

reverse engineering process of the encryption system, at the
same time, keeping encryption keys as low as possible. This
issue is being tackled by many mathematics, mainly those
working on elliptic curves [2].
Elliptic curve cryptosystems possess a number of degrees
of freedom like Galois field characteristic, extension degree,
elliptic curve parameters, or the fixed point generating the
working subgroup on the curve. The beauty of this new field
is potentially related to the simplicity of the operators used
in the encryption process, to the nonsecure transmission
constraints used in the exchange of the keys and to the
enhanced complexity that might face hackers when unwanted
information goes out of the organization. This paper focuses
on the high-performance comparisons of hardware design of
ECC over GF(2163 ), GF(2193 ), and GF(2256 ) (Table 4).

2. Elliptic Curve Cryptography
In 1985, Koblitz and Miller introduced the use of elliptic
curves in public key cryptography called Elliptic curve Cryptography (ECC). Basically, the main operation of elliptic
curves consists of multiplying a point by a scalar in order to
get a second point; the complexity arises from the fact that,
given the initial point and the final point, the scalar could
not be deduced, leading to a very difficult problem of reversibility, or cryptoanalysis, called also the elliptic curve discrete
logarithm problem [1].
The ECC algorithms with their small key sizes present
nowadays the best challenge for cryptanalysis problems compared to RSA or AES, thus dealing with ECC will lead to
smaller area hardware, less bandwidth use, and more secure
transactions.
The attractiveness of ECC algorithms is that they operate
on a Galois Field (GF), by means of two simple operations,
known as the field addition and field multiplication, which
define a ring over GF(𝑃𝑚 ) where 𝑃 and 𝑚 are primes. In
the particular case, where we deal with hardware designs, a
binary field is preferred, where the couple, (𝑃, 𝑚), defines the
set of elliptic curves. In this work, 𝑃 = 2 and 𝑚 = 163, 193,
and 256.
In this paper, we propose a high-performance elliptic
curve cryptographic processor over GF(2𝑚 ), that is, GF(2163 ),
GF(2193 ), and GF(2256 ). The proposed architecture is based
on a modified Lopez-Dahab elliptic curve point multiplication algorithm and uses GNB for GF(2𝑚 ) field arithmetic.
Three major characteristics of the proposed architecture use

fast arithmetic units based on a word-level multiplier which
adopts a parallelized point doubling and point addition unit
with uniform addressing mode to utilize the benefits of GNB
representation. Therefore, the proposed architecture leads to
a considerable reduction of computational delay. The proposed architecture has the feature of modularity and a simple
control structure; it is well suited to VLSI implementations
(see Algorithm 1).
In this research, we present a hardware design of the elliptic curve cryptography scheme, using Montgomery scalar
multiplication based on the “add and double” algorithm,
targeting as a primary goal of an increase in the speed of the
hardware and an optimization in the ensuing inverse component.

3. Materials and Methods
3.1. Hardware Design. The strategy of hardware executing
the ECC algorithms reposes on the ability of making the
scalar multiplication in the GF(2𝑚 ) in a very few clock [1].
While increasing 𝑚, implementations become very time and
resource consuming. Most of the known architectures concern the acceleration of the multiplication process by modifying the elliptic equations by changing the 𝑍 coordinate
term [3], or by multiplication scalability [4], or by using
many serial and parallel Arithmetic units [5], or using High
parallel Karatsuba Multiplier [6], those based on the MassyOmura multipliers, or the work based on a hybrid multipliers
approach, also some parallel approach approaches, or the new
word level structure, or through the systolic architecture, or
by using the half and add method, or by parallelizing both the
add and double Montgomery algorithms [7].
The second problem concerns the inversion based on the
Fermat little theorem, or the almost inverse algorithm based
on Kali ski’s research [8]. In order to concentrate on one of the
problems, some modifications have been done on the ECC
equations in order to postpone inversion to the last stage,
while dealing only with the multiplication process.
3.2. Elliptic Curve Mathematical Background. ECC is based
on the discrete logarithm problem applied to elliptic curves
over a finite field. In particular, for an elliptic curve 𝐸 that
relies on the fact, it is computationally easy to find that
𝑄 = 𝑘𝑥◻𝑃,

(1)
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(1) When Bob receives the encrypted message, he first
multiplies the public key of Alice, which happens to
be the first point in the encrypted message with his
private key 𝑛𝐵.

Input: Elliptic curve domain parameters (𝑝, 𝐸, 𝑃, 𝑛)
Output: Public key 𝑄 and private key 𝑘
(1) Select 𝑘𝜀𝑅 [1, 𝑛 − 1]
(2) Compute 𝑄 = 𝑘𝑃
(3) Return(𝑄, 𝑘)

(2) The result of this is then subtracted from the second
point, the cipher text.
(3) This gives him the original message 𝑃𝑚.

Algorithm 2: Elliptic curve key pair generation.

where 𝑃 and 𝑄 = Points of the elliptic curve 𝐸 and their
coordinates belong to the underlying GF(2𝑚 ), 𝑘 = A scalar
that belongs to the set of numbers {1 ⋅ ⋅ ⋅ #𝐺−1}, 𝐺 is the order
of the curve 𝐸.
Elliptic Curve Key Generation. Let 𝐸 be an elliptic curve
defined over a finite field GF(2𝑚 ). Let 𝑃 be a point in
𝐸(GF(2𝑚 )), and suppose that 𝑃 has prime order 𝑛. Then,
the cyclic subgroup of 𝐸(GF(2𝑚 )) generated by 𝑃 is 𝑃 =
{∞, 𝑃, 2𝑃, 3𝑃, . . . , (𝑛 − 1)𝑃}. The prime 𝑝, the equation of
the elliptic curve 𝐸, and the point 𝑃 and its order 𝑛 are the
public domain parameters. A private key is an integer 𝑘 that is
selected uniformly at random from the interval [1, 𝑛 − 1], and
the corresponding public key is 𝑄 = 𝑘𝑃 (see Algorithm 2).
An encryption is described in what follows.
Encryption. (1) User A-Alice first selects a random generator
point (𝑥, 𝑦) lying on the elliptic curve.
(2) Message (𝑀) to be encrypted is coded on to an elliptic
curve point 𝑃𝑚 = (𝑥𝑚, 𝑦𝑚).
(3) Alice selects a random private key “𝑛𝐴” and then
computes the public key as
𝑃𝐴 = 𝑛𝐴 (𝑥, 𝑦) .

(2)

(4) To encrypt her message, Alice uses her private key and
Bob’s (user B) public key.
(5) The encrypted message denoted by 𝐶𝑚 is created as
follows:
𝐶𝑚 = {𝑃𝐴, (𝑃𝑚 + 𝑛𝐴 ⋅ 𝑃𝐵)}
PB is the public key of Bob—user B.

(3)

The sender transmits the points {𝑃𝐴, (𝑃𝑚 + 𝑛𝐴 ⋅ 𝑃𝐵)} to the
recipient who uses her private key 𝑘 to compute 𝑘𝑃𝐴 = 𝑘(𝑛𝐴 ⋅
(𝑥, 𝑦)) = 𝑛𝐴(𝑘 ⋅ (𝑥, 𝑦)) = 𝑛𝐴 ⋅ 𝑅, where 𝑅 is the public key of
the recipient.
The algorithm for an encryption is described in the following.
As it can be seen from the previous algorithm, point multiplication plays a major role during the encryption process.
The same hold during decryption too. The encrypted message
is then communicated to the receiver. The receiver, Bob, then
decrypts the message using the decryption mechanism [9].
A decryption at the receiver end is as follows.
Decryption. When Bob receives the encrypted message, he
first multiplies the public key of Alice, which happens to be
the first point in the encrypted message with his private key
NB.

Importance of Elliptic Curve Cryptography. There are several
criteria that need to be considered when selecting a family of
public key schemes for a specific application. The principal
ones are as follows:
(1) functionality,
(2) security,
(3) performance.
Measuring the Efficiency of Algorithms. The efficiency of an
algorithm is measured by the scarce resources it consumes.
Typically, the measure used is time, but sometimes other
measures such as space and number of processors are also
considered. It is reasonable to expect that an algorithm consumes greater resources for larger inputs, and the efficiency
of an algorithm is therefore described as a function of the
input size. Here, the size is defined to be the number of
bits needed to represent the input using a reasonable encoding.
In the affine coordinate representation, a finite field point
on GF(2𝑚 ) is specified by two coordinates 𝑥 and 𝑦 both
belonging to GF(2𝑚 ) satisfying (4). The point at infinity has
no affine coordinates.
In most ECC hardware designs, the choice of using three
coordinates responds on avoiding the periodic division of
(5), which consumes a lot of resources in terms of execution
cycles, as well as memory and power consumption.
The advantage here is, Bob’s private key is only known to
him and not to anyone else and therefore only Bob can extract
the original message by subtracting the product of his private
key and Alice’s public key with the second point [7].
Nowadays, there is no known algorithm able to compute
𝑘 given 𝑃 and 𝑄 in a subexponential time. The equation of
a nonsupersingular elliptic curve with the underlying field
GF(2𝑚 ) is presented in (4). It is formed by choosing the
elements “𝑎” and “𝑏” within GF(2𝑚 ) with
𝑦2 + 𝑥𝑦 = 𝑥3 + 𝑎𝑥2 + 𝑏.

(4)

A point is converted from a couple of coordinates to
a triple system of coordinates using one of the transforms
of
𝑥3 = (

𝑦1 + 𝑦2
𝑦1 + 𝑦2 2
) +(
) + 𝑥1 + 𝑥2 + 𝑎,
𝑥1 + 𝑥2
𝑥1 + 𝑥2
𝑥3 = 𝑥12 + (

𝑏
),
𝑥12

𝑃 = 𝑄,

𝑃 ≠𝑄,
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𝑦3 = (

𝑦1 + 𝑦2
) (𝑥1 + 𝑥3) + 𝑥3 + 𝑦1,
𝑥1 + 𝑥2

𝑦3 = 𝑥12 + (𝑥1 +

𝑦1
) 𝑥3,
𝑥1

𝑃 ≠𝑄,

𝑃 = 𝑄.
(5)

Thus, a point 𝑃(𝑥, 𝑦) is mapped into 𝑃(𝑥, 𝑦, 𝑧), that is; a
third projective coordinate is introduced in order to “flatten”
the equations and avoid the division. Projective coordinates
allow us to eliminate the need for performing inversion. The
startup transformation required for the design is simply done
by initializing 𝑋, 𝑌, and 𝑍 as follows: [10]
{𝑋 = ◻𝑥, 𝑌 = ◻𝑦, 𝑍 = ◻1◻◻◻◻◻◻◻} .

(6)

Input: 𝑘 = (𝑘𝑛−1 , 𝑘𝑛−2 , . . . , 𝑘1 , 𝑘0 )2 with 𝑘𝑛−1 = 1,
𝑃 (𝑥, 𝑦) 𝜀𝐸 (GF(2𝑚 )).
Output: 𝑄 = 𝐾𝑃.
(1) Set 𝑥1 = 𝑥, 𝑧1 = 1, 𝑥2 = 𝑥4 + 𝑏, 𝑧2 = 𝑥2 ;
(2) for 𝑖 = 𝑛 − 2 to 0 do
(3) if 𝑘𝑖 = 1 then
(4)
(𝑥1 , 𝑧1 ) ← 𝑀𝑎𝑑𝑑 (𝑥1 , 𝑧1 , 𝑥2 , 𝑧2 , 𝑥);
(𝑥2 , 𝑦2 ) ← 𝑀𝑑𝑜𝑢𝑏𝑙𝑒 (𝑥2 , 𝑧2 , 𝑏);
(5) else
(6)
(𝑥2 , 𝑦2 ) ← 𝑀𝑎𝑑𝑑 (𝑥2 , 𝑧2 , 𝑥1 , 𝑧1 , 𝑥);
(𝑥1 , 𝑦1 ) ← 𝑀𝑑𝑜𝑢𝑏𝑙𝑒 (𝑥1 , 𝑧1 , 𝑏);
(7) end if
(8) end for
(9) 𝑄 ← 𝑀𝑥𝑦(𝑥1 , 𝑧1 , 𝑥2 , 𝑧2 , 𝑥, 𝑦);
(10) return 𝑄;

Introducing the new tricoordinates into (4) becomes
𝑌2 + 𝑋𝑌𝑍 = 𝑋3 𝑍 + 𝑎𝑋2 𝑍2 + 𝑏𝑍4 .

(7)

The VHDL implementation will be based now on (7).
After completion of the successive operations of addition and
multiplication, back to two affine coordinates as follows:
{𝑥 =

𝑋
𝑌
, 𝑦 = 2}.
𝑧
𝑧

(8)

In order to make the different computations, the Montgomery point doubling and Montgomery point addition
algorithms are used, mainly through the ingenious observation of Montgomery, which states that the 𝑌 coordinate does
not participate into the computations and can be delayed to
the first stage and it working with two projective coordinates
[11] (see Algorithm 3).
In the Decryption, 𝑀𝑎𝑑𝑑() function is the point addition
operation on the elliptic curve, 𝑀𝑑𝑜𝑢𝑏𝑙𝑒() is the point doubling computation, and 𝑀𝑥𝑦() is the conversion of projective
coordinates to affine coordinates. The reader is referred
to (Lopez and Dahab 1999) [12] for detailed explanation.
Function 𝑀𝑎𝑑𝑑(), 𝑀𝑑𝑜𝑢𝑏𝑙𝑒(), and 𝑀𝑥𝑦() in the Decryption
are defined as follows:
𝑀𝑎𝑑𝑑(𝑥1 , 𝑦1 , 𝑥2 , 𝑦2 , 𝑥)
{𝑋 ← 𝑥1 𝑧2 𝑥2 𝑧1 + 𝑥(𝑥1 𝑧2 + 𝑥2 𝑧1 )2 ;
𝑍 ← (𝑥1 𝑧2 + 𝑥2 𝑧1 )2 ;
return(𝑋, 𝑍);
}.
Requiring 1 field squaring operations, 4 field multiplications, One has and two simple field additions.
𝑀𝑑𝑜𝑢𝑏𝑙𝑒(𝑥1 , 𝑧1 , 𝑏)
{𝑋 ← 𝑥1 4 + 𝑏𝑧1 4 ;

𝑍 ← 𝑥1 2 𝑧1 4 ;

return (𝑋, 𝑍);
}.
Requiring 4 field squaring operations, 2 field multiplications, and one simple field addition.

Algorithm 3: Montgomery scalar multiplication algorithm.

𝑀𝑥𝑦(𝑥1 , 𝑧1 , 𝑥2 , 𝑧2 , 𝑥, 𝑦)
{𝑥𝑘 ← 𝑥1 /𝑧1 ;

𝑦𝑘 ← [𝑥2 + 𝑦 + (𝑥 + 𝑥1 /𝑧1 )(𝑥 + 𝑥2 /𝑧2 )](𝑥 + 𝑥𝑘 )/𝑥 = 𝑦;
return (𝑥𝑘 , 𝑦𝑘 )

}.
In these functions, (𝑥, 𝑦) is the coordinate of the original
point 𝑃, which is fixed during the calculation of 𝑘𝑃; (𝑥𝑘 , 𝑦𝑘 )
is the coordinate of 𝑘𝑃 ⋅ 𝑘 is represented on an m bits register.
The three basic functions in turn rely on finite field operations
such as addition, multiplication, and inversion.
The inversion in GF(2193 ), required at the final stage,
could be realized in one of the two known methods, either
via the extended Euclidean algorithm, or by Fermat’s theorem
𝑚
which states that knowing after proof that 𝐴2 − 1 = 1 leads
𝑚−2
to consider that 𝐴−1 = 𝐴2 is also factual.
Thus, in order to compute the inverse of one element in
GF(2193 ), one needs to take the power of this element (2193 2) times. By using the Itoh-Tsujii algorithm based on the add
and multiply Method leads to realize the inverse as presented
in Table 3 [13].
C. ECC Components. The ECC processor shown in Figure 1
consists of eight main components. Eight components are
host interface (HI), data memory, register file, instruction
memory, control-1, control-2, AU-1, and AU-2. The HI communicates with host processor. Processor transmits all parameters for 𝑘𝑝 to HI with start signal and receives “𝑘𝑝” results
and end signal. In the proposed work, we have used Intel 32bit processor as host processor. Therefore, HI is 32-bit interface. The HI transmits all parameters for computing elliptic
curve point doubling and point addition to register file and
receives “𝑘𝑝” results from data memory. The data memory
consists of 8 × 163-bit dual port block RAM and the instruction memory contains 13 microcode sequences of 11-bits
word, respectively. Thus, these two block memories are
to compute coordinate conversion. For high-performance
implementation of point doubling and addition, we add
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Figure 1: ECC components block diagram.
Figure 2: Simulation waveform of multiplexer.

7 × 163-bit register file, which receives data from HI and
transmits temporary computation results (𝑋1 , 𝑋2 , 𝑍1 , 𝑍2 ) to
data memory. The AU-1 is used for point doubling and
addition and controlled by control-1. The AU-2 performs the
coordinate conversion in algorithm. The control-2 receives
operation code from instruction memory and generates
control signals for AU-2, HI, and Data memory. “𝐿” gives
the number of required clock cycles to perform elliptic curve
point multiplication over GF(2163 ), where we assumed the
digit size 𝜔 = 55; that is, 𝐿 = 3.
The 193 bits ECC components have been developed using
the VHDL language. The different components forming the
design are as follows: A 193 bits adder which is a simple
193 “2 bits” Xors. A 193 bits modulo which is an xor-array
evaluated through a Matlab script as an input-output matrix,
through polynomial reduction using the National Institute
of Standards and Technology (NIST) proposed polynomial
𝑃(𝑥) = 𝑥193 + 𝑥15 + 1. A 193 bits squarer that has also been
generated from a Matlab script. A 193 bits modified version
of the Karatsuba-Ofman multiplier circuit that is a based
on splitting the operands into 3 identical operands (High
(H), Middle (M), and Low (L) bits). A Galois inverter circuit
requiring 21 power squaring 9 field multiplications.
The 256 bits ECC components have developed a system
describes the architecture of the most crucial component in
ECDSA, namely that the one that implements elliptic curve
operations and modular operations over a finite field GF(𝑃).
For this purpose, a flexible, yet compact, elliptic curve processor is developed for applications where speed is of minor
importance. The processor is optimized for FPGA families
that were introduced to the market from the year 2003 on. But
that are still used in many new products. These FPGAs also
contain some Hard-IPs (HIPs). The presented processor uses
Block RAM and multiplier HIPs, which are available on the
majority of FPGA devices. The proposed system is the design
of hardware that executes the ECC algorithm that reposes
on the ability of making the modular operation over the
GF(2256 ). The research was based on using the efficient Montgomery ladder algorithm, ECDSA algorithm for EC point
multiplication. In this system achieved compact architecture.

Figure 3: Simulation waveform of field adder.

In Figure 2 the efficient implementation of finite field
arithmetic in elliptic curve system. The implementation uses
dedicated multiplexer on the FPGA.
In Figure 3 the elliptic curve system achieved high
throughput rates. The implementation uses dedicated field
adder on the FPGA.
In Figure 4 design of an efficient Field multiplexer over
GF(2163 ) using Gaussian Normal Basis.
In Figure 5 the elliptic curve system achieved high performance. The implementation uses dedicated field squarer
on the FPGA.

4. Results and Performance Comparisons
We present the respective estimated number of cycles,
required for each part of the algorithm at each stage of FSM
controller (Table 1).
Working with 193 bits and 2193 order numbers or more
is not a direct way and checking the results is very bulky. In
this matter, different Matlab scripts with similar input/output
behavior to the VHDL programming have been written, in
order to compare the execution steps, as well the final results;
timing is not taken into consideration in this specific stage.
Synthesis Result of Multiplexer
Speed Grade: −6
Minimum period: no path found
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Figure 4: Simulation waveform of field multiplexer.
Figure 6: Final result of the scalar multiplication 𝐾◻𝑃.

Figure 5: Simulation waveform of field squarer.

Figure 7: Simulation result of encryption operation.

Table 1: Field operations required for the ECC operation.
Occurrences in one Field operations #cycles

#cycle of the FSM

Field multiplication (193 bits)

1

24

Field squaring (𝐴 )
6
Field squaring (𝐴2 )
15
Field squaring (𝐴2 )

1
1
1

15
7
8

Field addition
Field reduction (modulo)

1
1

11
24

2 1

Minimum input arrival time before clock: 11.217 ns
Maximum output required time after clock: 6.514 ns
Maximum combinational path delay: no path found
Logic utilization:

application where security is needed but lacks the power,
storage, and computational power that is necessary for our
current cryptosystems (Figure 8).
The processor is optimized for compactness on an FPGA.
The implementation uses dedicated modular addition on the
FPGA (Figure 9).
In Figure 10, the processor is optimized for compactness
on an FPGA. The implementation uses dedicated modular
subtraction on the FPGA.
In Figure 11, the processor is optimized for compactness
on an FPGA. The implementation uses dedicated multiplier
on the FPGA.
In Figure 12, the research was based on using the efficient
Montgomery ladder algorithm, ECDSA Algorithm for EC
point multiplication. In this system architecture achieved less
area.

Number of slices: 466 out of 6144 7%
Number of 4 input LUTs: 932 out of 12288 7%

5. Discussion

Number of bonded IOBs: 210 out of 240 87.5%

The main contribution of the present research concerned
three major points: an optimal finite state machine (FSM)
controlling the whole components, minimizing empty cycles;
optimization of the inversion process, by reducing the number of different squaring from 192 to 21, leading to an
inversion; separation of the data path routing from the control part, in order to modify only the multiplier, the squarer,
the adder and the modulo components.
The results we have obtained are very encouraging and
will impact our decision on the embedding of larger encryption schemes, mainly the extension to the NIST proposed
curves (233, 283, 409, and 571), taking into account the use

Number used as Route-thru: 254.
Figure 6 and Table 5 show the output results of the ECC
scalar multiplication for a “193 bits” arbitrary value of 𝑘.
The frequency of encryption operation is 1930 MHZ and
speed of operation also increases (Figure 7). It can be used in
any application where security is needed but lacks the power,
storage, and computational power that is necessary for our
current cryptosystems.
The frequency of decryption operation is 1930 MHZ and
the speed of operation also increases. It can be used in any
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Figure 8: Simulation result of decryption operation.

Table 2: Performance comparisons of ECC (GF(2193 )) with previous
design.
Frequency design [MHz] (Max)

Performance [𝜇s]

Chelton and Benaissa [10] 153.900
Smyth et al. [13] 166.000
Sozzani et al. [12] 416.700

19.5500
3720.0000
30.0000

Satoh and Takano [14] 510.200
Sakiyama et al. [3] 555.600

190.0000
12.0000

Mohamed Abdelkader 561.136
This work (Fastest) 1930

6.1799
1.625

Table 3: Estimation of the FSM stages and their respective execution
number of cycles.
FSM steps

#stages

Figure 10: Simulation result of modular subtraction.

#execution cycles

Startup

1

1

Affine to Projective
Initial point Doubling

1
2

1
2

Counter increase
Counter compare
Montgomery point Addition

1
1
7

1
1
192

Montgomery point Doubling
Projective to affine

7
62

192
1

∗

Figure 9: Simulation result of modular addition.

The symbol # stands for “Number of.”

Figure 11: Simulation result of modular multiplication.
Table 4: Performance comparisons.
GF(2𝑚 )

Device/size

𝐹 (MHZ)/time

163-bit
193-bit

XC4VLX200/24,363 Slices
XC4VLX200/6376 Slices

143/10 𝜇s
1930/1.625 𝜇s

256-bit

XC4VLX200/2085 Slices

2140/1.035 𝜇s

of two or more multipliers (tuned parallel design), the use
of internal memories such as Block RAMs (optimized timing memory accesses), the speedup of the FSM, and using different ECC hardware algorithms; these optimization schemes
are constrained to minimize the parallel inputs of the design
and reduce routing circuitry that severely decrease efficiency,
lower speed, and increase power consumption.

Figure 12: Synthesis waveform of Montgomery multiplexer.
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Table 5: The 𝑋 and 𝑌 coordinates of the result 𝑄 = 𝐾𝑃.
𝑘 = “1376F29DD55FCA07557F281055FCA07557F281D55FCA67551”
𝑥𝑘 = “0FFF0FFFFFFFFFFFFF0FFF0FFF0FFFFFFFF00FFFFFFFFFFFF”
𝑦𝑘 = “12A85D262AA5B53EAA7FD712AAF35F8AA9C28E2AA33558EAA”

6. Results and Conclusion
We have presented the design of a fast version of EC cryptohardware based on a Finite State Machine. A new ECC processor for GF(2163 ) is proposed in this paper. The ECC processor consists of eight main components: host interface (HI),
data memory, register file, instruction memory, control-1,
control-2, AU-1, and AU-2. Secondly, GF(2193 ) design introduces a better optimization at the level of multiplier and
the squaring components, which utilizes the modular inverse
circuit. The main characteristics of this design are concerned
with the elimination of delays between the different internal components, the minimization of the global clocking
resources, and a strategic separation of the data path from the
control part.
We have proposed GF(2193 ) result, indicating that using
different optimization at the design of hardware level
improves efficiency (Table 2), acceleration of the ECC scalar
multiplication (615384 per seconds), and the frequency that
is, the frequency of scalar multiplication, encryption, and
decryption operations are 1930 MHZ and speed of operation
such as key generation, encryption, and decryption are also
increased. It can be used in any application where security
is needed but lacks the power, storage, and computational
power that is necessary for our current cryptosystem.
Thirdly, GF(2256 ), an elliptic curve processor, which is
used to perform the finite field operations in an elliptic curve
digital signature unit. The processor is optimized for compactness on an FPGA. The implementation uses dedicated
multipliers and block RAMs on the same generation on
FPGAs. In this we have achieved the most compact solution.
This makes our processor suitable for applications where a
small overhead for security is desirable. Security issues will
play an important role in the majority of communication and
computer networks of the future. As the Internet becomes
more and more accessible to the public, security measures
have to be strengthened. Elliptic curve cryptosystems allow
for shorter operand lengths than other public-key schemes
based on the discrete logarithm in finite fields. We have
implemented our design using Xilinx XC4VLX200 FPGA
device which uses 16,209 slices and has a maximum frequency
of 143 MHz. This design is roughly 4.8 times faster than
two times increased hardware complexity compared with the
existing methods.
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Pruning techniques and heuristics are two keys to the heuristic search-based planning. The helpful actions pruning (HAP) strategy
and relaxed-plan-based heuristics are two representatives among those methods and are still popular in the state-of-the-art planners.
Here, we present new analyses on the properties of HAP. Specifically, we show new reasons for which HAP can cause incompleteness
of a search procedure. We prove that, in general, HAP is incomplete for planning with conditional effects if factored expansions
of actions are used. To preserve completeness, we propose a pruning strategy that is based on relevance analysis and confrontation.
We will show that both relevance analysis and confrontation are necessary. We call it the confrontation and goal relevant actions
pruning (CGRAP) strategy. However, CGRAP is computationally hard to be exactly computed. Therefore, we suggest practical
approximations from the literature.

1. Introduction
The research of AI planning has advanced to a new level.
Pioneers from the AI planning community have developed
various practical methods that can solve much larger problems than those toy problems in early days. Two such well
known methods are SAT-based planning [1], and heuristic
search-based planning [2]. SAT-based planning translates
planning problems into propositional satisfiability problems
or more general constraint satisfaction problems (CSPs) [3].
An obvious advantage of the method is that it can exploit
the power of fast algorithms from the CSP literature [4–
6]. On the other hand, the “planning as search” community
has been pursuing more informative heuristics to make the
search fast [7, 8]. While recent studies show that planning
specific heuristics can make SAT-based planning methods
more competitive [9, 10], the planning as search method has
shown its potential in many kinds of planning problems
including classical planning [11, 12], conformant planning
[13], contingent planning [14], and probabilistic planning
[15]. Recent International Planning Competitions (IPCs)
http://ipc.icaps-conference.org/ have witnessed the success

of heuristic search-based planners, since the winners: FastForward (FF) [11], LPG [16], SGPlan [17], and Fast Downward
[12] and its successors—LAMA [18] all employ heuristic
search. Two enabling techniques underlying heuristic searchbased planning are heuristic functions and pruning techniques.
A heuristic function measures the distances to goal of states,
while pruning techniques eliminate branches that are safe to
ignore. Here, we focus on the pruning techniques.
HAP is a pruning strategy developed in FF with the idea of
making the search process goal directed [19].Though, initially,
it was a byproduct of the relaxed-plan heuristic, its notion has
been popular and important in the design of top performance
planners, such as Fast Downward [12]. However, the HAP
strategy does not guarantee completeness; that is, it may cut
branches that can reach the goal. Some of these cases were
explained by Hoffmann and Nebel [11]. Nevertheless, here, we
uncover a new case in which HAP can cause incompleteness.
We study the conditions under which the new case will occur,
the way to remedy the HAP strategy, and the cost of doing
that. Based on our work, one can gain more insights into
why Fast Downward, which employs the helpful transitions
strategy, is powerful.
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Action A

Action A

Pre: p

Pre: {p}

Effects: (and q
(when (r ∧ s)¬t))
(a)

Effects: {(∅, {q}, ∅),
({r, s}, ∅, {t})}
(b)

Figure 1: An action with conditional effects (a) and its compiling result by IPP (b).

The rest of the paper is organized as follows. In the next
section, we introduce some background. Then, we show the
incompleteness of HAP and extend it to a more general
one called goal relevant actions pruning (GRAP), which
is complete only for STRIPS planning. In Section 4, we
propose our confrontation and goal relevant actions pruning
(CGRAP), which is complete for both STRIPS planning and
actions with conditional effects. In Section 5, we discuss some
pruning techniques in the literature that can be seen as
approximations of CGRAP. Finally, we conclude the paper
and discuss some future work.

2. Background
We will first introduce notations from the state space searchbased planning, then methods for handling conditional
effects, and finally the heuristic function and the HAP
strategy in FF.
A planning task is a quadtuple T = (P, A, I, G), where P
is the set of atoms, A is the set of actions, I ⊆ P is a set of
atoms called the initial state, and G ⊆ P is the goal condition
that each goal state must fulfill. States are denoted by sets of
atoms. We adopted the “closed world” assumption; that is, an
atom that is not in a state is false in the state. So, if P = {𝑝, 𝑞, 𝑟}
and a state 𝑠 = {𝑝, 𝑞}, then 𝑠 is logically equal to 𝑝 ∧ 𝑞 ∧ ¬𝑟.
An action 𝑎 is a pair ⟨pre(𝑎), 𝐸(𝑎)⟩, where pre(𝑎) is a set of
atoms denoting the preconditions of 𝑎 and 𝐸(𝑎) is the set
of conditional effects of 𝑎. Each conditional effect 𝑒 ∈ 𝐸(𝑎)
has the form ⟨con(𝑒), add(𝑒), del(𝑒)⟩, where con(𝑒), add(𝑒),
and del(𝑒) are conditions, add effects, and delete effects of 𝑒,
respectively. For an action 𝑎 and a state 𝑠, if pre(𝑎) ⊆ 𝑠, then
we say 𝑎 is applicable in 𝑠. We use App(𝑠) = {𝑎 | pre(𝑎) ⊆ 𝑠} to
denote all the actions that are applicable in 𝑠. The execution
of 𝑎 on 𝑠, denoted by 𝑎(𝑠), results in a state 𝑠 , where 𝑠 =
𝑠 − ⋃𝑒:con(𝑒)⊆𝑠 del(𝑒) + ⋃𝑒:con(𝑒)⊆𝑠 add(𝑒) if 𝑎 is applicable in
𝑠, and 𝑠 = 𝑠 otherwise. A state 𝑠 is called a goal state if
𝐺 ⊆ 𝑠. A plan for a planning task is an action sequence
𝜋 = ⟨𝑎0 , 𝑎1 , . . . , 𝑎𝑛−1 ⟩ that transforms the initial state 𝐼 into a
goal state. We use |𝜋| to denote its length, which is the number
of actions in it. Here, we assume that a plan does not have
redundant actions; that is, when some action is removed from
𝜋, it will no longer be a plan.
Actions with conditional effects were introduced in the
planning problem description language “Action description
language” (ADL) [20]. And there are mainly three ways for
handling conditional effects. Conditional effects of actions
are expressed with the keyword “when”. Figure 1 (left) shows

an action with two conditional effects: the first effect 𝑞 will
happen with no condition and the second effect ¬𝑡 will
happen if 𝑟 ∧ 𝑠 holds in the state where the action is executed.
The three ways for handling conditional effects are, full
expansion [21], IPP’s method [22] and factored expansion
[23]. Here, we focus on IPP’s method, which is used in FF. The
method will translate the action in Figure 1 (left) into the form
shown in Figure 1 (right). From now on, we will call planning
with actions with conditional effects ADL planning.
FF employs a forward state space search framework.
Three key techniques of FF are the relaxed-plan-based
heuristic (RP), HAP, and the enforced hill-climbing (EHC)
algorithm. Here, we focus on RP and HAP. A relaxed plan is
extracted from a relaxed version of a planning task where the
delete effects of actions are ignored. Specifically, the relaxed
version of a planning task T = (P, A, I, G) is T = (P, A , I, G),
where A = {⟨pre(𝑎), 𝐸 (𝑎)⟩ | 𝑎 ∈ A} and 𝐸 (𝑎) =
{⟨con(𝑒), add(𝑒), 0⟩ | ⟨con(𝑒), add(𝑒), del(𝑒)⟩ ∈ 𝐸(𝑎)}. An
action sequence 𝜋 = ⟨𝑎0 , 𝑎1 , . . . , 𝑎𝑛−1 ⟩ is called a relaxed plan
for T if it is a plan for T . For a state 𝑠, its heuristic value
is the length of a relaxed plan for the planning task Ts =
(P, A, s, G). Note that the relaxed plan for Ts is not unique
and FF finds one using the Graphplan [24] algorithm. During
the process of computing a relaxed plan, FF keeps track of
the subgoals generated in the second propositional level of a
planning graph, which is saved in a set 𝐺1 (𝑠). Helpful actions
are the set of actions 𝐻(𝑠) = {𝑎 | pre(𝑎) ⊆ 𝑠 ∧ ∃𝑒 ∈ 𝐸(𝑎) :
0)}. For a state 𝑠, the EHC
(con(𝑒) ⊆ 𝑠) ∧ (add(𝑒) ∩ 𝐺1 (𝑠) ≠
algorithm only considers actions in 𝐻(𝑠) and ignores others.
This search strategy is called helpful actions pruning. We say
that a strategy is complete if using it does not make a complete
algorithm eliminate search branches that are directions to
goal states. As shown in [11], HAP is incomplete for STRIPS
planinng.

3. Complete Pruning Strategy for STRIPS
In this section, we will extend HAP to a complete strategy for
STRIPS that we call goal relevant actions pruning (GRAP).
We will then prove the completeness of GRAP for STRIPS
and show that GRAP is incomplete for ADL planning. As a
result, we will extend GRAP to a complete strategy for ADL
planning in the next section.
3.1. Goal Relevant Actions. Helpful actions for a state 𝑠 are
actions in App(𝑠) that is relevant for adding the subgoals
in 𝐺1 (𝑠). To obtain completeness, our goal relevant actions
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for 𝑠 are actions in App(𝑠) that is relevant for adding every
(sub)goal generated by the GraphPlan algorithm.
Definition 1 (Dependency among Facts). For two facts 𝑙, 𝑔 ∈
P and a set of actions A, 𝑙 is dependent on 𝑔 with respect to A
(denoted as 𝑙 ⊲A 𝑔) if
(1) 𝑙 = 𝑔,
(2) ∃𝑎 ∈ A : ∃𝑒 ∈ 𝐸(𝑎) : (𝑙 ∈ add(𝑒) ∧ 𝑔 ∈ (pre(𝑎) ∪
con(𝑒))),
(3) ∃ℎ ∈ 𝑃 : (𝑙 ⊲A ℎ ∧ ℎ ⊲A 𝑔).
Definition 2 (Dependency between Facts and Actions). For
an atom 𝑙 ∈ P and an action 𝑎 ∈ A, 𝑙 is dependent on 𝑎 with
respect to A (denoted as 𝑙⊲A 𝑎) if
(1) ∃𝑎 ∈ A : ∃𝑒 ∈ 𝐸(𝑎) : 𝑙 ∈ add(𝑒),
(2) ∃𝑔 ∈ 𝑃 : 𝑙⊲A 𝑔 ∧ 𝑔⊲A 𝑎.
We note that Definitions 1 and 2 capture the relevant facts
and actions to a goal. Specifically, if we are going to reach a
goal 𝑔, then the actions on which 𝑔 is dependent are relevant,
and further, actions that adds facts on which 𝑔 is dependent
are also relevant. Note that in the previous definitions we use
“dependent,” instead of “relevant,” to indicate a directional
relation.
Now, we are ready to introduce the notion of goal relevant
actions. The actions are those a search algorithm could
explore for reaching some goal state. Actions that are not
relevant are to be ignored.
Definition 3 (Goal Relevant Actions, GRA). Given a planning
task T = (P, A, I, G), actions that are relevant to 𝑙 ∈ P are
DEP⊲A (𝑙) = {𝑎 | 𝑎 ∈ A 𝑎𝑛𝑑 𝑙⊲A 𝑎}, actions that are relevant
to G ⊆ P are DEP⊲A (G) = ⋃𝑙∈G DEP⊲A (𝑙). Given a state 𝑠,
the “goal relevant actions” for 𝑠 is RELG,⊲A (𝑠) = DEP⊲A (G) ∩
App(𝑠).
We propose the following pruning strategy based on
GRA. For any search algorithm and any state 𝑠, we only
consider actions in REL𝐺,⊲A (𝑠) and ignore those in App(𝑠) −
REL𝐺,⊲A (𝑠). We call the strategy GRA pruning (GRAP). We
will prove that GRAP is a generalization of HAP and is
complete for STRIPS planning.
Proposition 4. For a planning task T = (P, A, I, G) and any
state 𝑠 of 𝑇, 𝐻(𝑠) ⊆ REL𝐺,⊲A (𝑠).
As the directional relation ⊲A is transitive, the correctness
of Proposition 4 is straightforward in that 𝐺1 (𝑠) ⊆ DEP⊲A (𝐺).
Next, we will prove that GRAP is complete for STRIPS
planning.
Proposition 5. GRAP is a complete pruning strategy for
STRIPS planning.
Proof. Let T = (P, A, s, G) be a STRIPS planning task, and
let 𝜋 = ⟨𝑎0 , 𝑎1 , . . . , 𝑎𝑛−1 ⟩ be one of the plans for 𝑠. Note
that 𝜋 is not redundant. As we restrict to STRIPS planning,
each action 𝑎 ∈ A has only one conditional effect, which
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is denoted by 𝑒(𝑎). We will prove that 𝑎0 ∈ REL𝐺,⊲A (𝑠).
We will compute DEP⊲A (𝐺) with 𝑘 = 𝑛 − 1, . . . , 0. Initially,
DEP⊲A (𝐺) = 𝐺. For the action 𝑎𝑛−1 , if its effect 𝑒(𝑎𝑛−1 ) does
not add a fact in 𝐺 then 𝜋 with 𝑎𝑛−1 removed will still be a
plan. This contradicts the assumption that 𝜋 is not redundant.
Following Definition 1, DEP⊲A (𝐺) = DEP⊲A (𝐺) ∪ pre(𝑎𝑛−1 ).
Similarly, for 𝑎𝑘 (0 < 𝑘 < 𝑛 − 1), 𝑎𝑘 must add a fact in
DEP⊲A (𝐺) ∪ pre(𝑎𝑛−1 ) ∪ ⋅ ⋅ ⋅ ∪ pre(𝑎𝑘+1 ); otherwise, 𝜋 with
𝑎𝑘 removed is still a plan, which contradicts the assumption
that 𝜋 is not redundant. Therefore, DEP⊲A (𝐺) = DEP⊲A (𝐺) ∪
pre(𝑎𝑛−1 ) ∪ ⋅ ⋅ ⋅ ∪ pre(𝑎𝑘+1 ). For 𝑎0 , as 𝜋 is not redundant, it
0.
must hold that 𝑒(𝑎0 ) ∩ (𝐺 ∪ pre(𝑎𝑛−1 ) ∪ ⋅ ⋅ ⋅ ∪ pre(𝑎1 )) ≠
Following Definition 2, 𝑎0 is in DEP⊲A (𝐺). And according to
Definition 3, 𝑎0 ∈ REL𝐺,⊲A (𝑠) holds. As 𝜋 is an arbitrary plan,
we finish the proof.
Note that the above proof cannot be adapted to prove
the completeness of HAP, as helpful actions are defined
with respect to a specific relaxed plan. In other words, the
arbitrariness of plans is not guaranteed.
3.2. GRAP is Incomplete for ADL Planning. Hoffmann and
Nebel [11] pointed out that HAP is incomplete as the
GraphPlan algorithm is greedy in computing shorter relaxed
plans. Therefore, the source of this incompleteness could be
eliminated if we use other algorithms to compute relaxed
plans, other than GraphPlan. The method proposed by
Hoffmann and Nebel [11] works in the following way: for
a state 𝑠 and a relaxed planning task T = (P, A , s, G),
they expand the planning graph to the level |A | and collect
subgoals backward from the level |A | to level 1. Specifically,
let 𝐺𝑖 be the subgoals at level 𝑖, then
𝐺|A | = G,

𝐺𝑖 = 𝐺𝑖+1
∪

⋃

pre (𝑒) ∪ con (𝑒) .

(1)

𝑎∈𝐴 𝑖 ∧(∃𝑒∈𝐸(𝑎):add(𝑒)∩𝐺𝑖+1 ≠
0)

Following the method, 𝐺1 is the union of subgoals of
every relaxed plan for 𝑇 at level 1. We call actions in {𝑎 | 𝑎 ∈
0} “full helpful actions”
App(𝑠), ∃𝑒 ∈ 𝐸(𝑎) : add(𝑒) ∩ 𝐺1 ≠
(FHAs). Intuitively, an FHA is equivalent to our definition
REL𝐺,⊲A (𝑠). However, the former is more procedural, and
ours is more formal. We will use our definition to develop a
new pruning strategy for ADL planning. Before that, we will
show, by example, that both the FHA pruning (FHAP) strategy and GRAP are generally incomplete for ADL planning.
Example 6. Given a planning task T , where P =
{𝑝, 𝑞, 𝑟, 𝑠, 𝑚}, I = {𝑝, 𝑞, 𝑟}, G = {𝑟, 𝑚}, and A =
{𝑎1 , 𝑎2 } where 𝑎1 is ({𝑝}, {(0, {𝑚}, 0), ({𝑞}, {𝑚}, {𝑟})}) and 𝑎2 is
(𝑞, (0, 0, {𝑞})). The meaning of 𝑎1 is as follows: its preconditions are {𝑞} and it has two conditional effects—the first
is (0, {𝑚}, 0) (denoted as 𝑒0 ) and the second is ({𝑞}, {𝑚}, {𝑟})
(denoted as 𝑒1 ). The action 𝑎2 has one condition 𝑞, and has a
conditional effect (0, 0, {𝑞}) that falsifies 𝑞.
Next, let us consider the plan for Example 6. The difference between G and I is that the atom 𝑚 is not 𝑡𝑟𝑢𝑒 in I .
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To make 𝑚 true, we would use action 𝑎1 . However, executing
𝑎1 on I will result in a state 𝑠 = {𝑝, 𝑞, 𝑚} where atom 𝑟 does
not hold. After that, there is no action that can transform 𝑠
into a goal state. One could notice that this dead end is due
to the fact that 𝑒0 and 𝑒1 both happened and 𝑒1 destroyed
𝑟. If we could prevent 𝑒1 from happening, then we would
succeed in finding a plan. This is the idea proposed by Weld
[25], which is called “confrontation.” It is easy to see that with
“confrontation” as a choice, we can find a plan < 𝑎1 , 𝑎0 >.
In Example 6, 𝑎1 is relevant for reaching a goal state.
However, pruning strategies HAP, GRAP, and FHAP all
ignore it. With a generalization, we have the following results.
Proposition 7. Let T = (P, A, s, G) be an ADL planning
task and the set of plans for T be 𝑃𝐿𝐴𝑁𝑠(T). If every
plan 𝜋 ∈ 𝑃𝐿𝐴𝑁𝑠(T) contains an action 𝑎 of the form
(pre(a), {(con(e0 ), 0, del(e0 )), . . . , (con(em ), 0, del(em ))}), then
HAP, FHAP, and GRAP are incomplete for T.
The correctness of Proposition 7 is in that if an action does
not have any add effects, then it will not be considered as
“helpful” or “relevant” anyway. As a result, this kind of actions
will be mistakenly ignored.
From Example 6, we can see that actions that make
“confrontations” are also “helpful” and “relevant.” Following
this direction, we extend GRAP to a new pruning strategy
that is complete for both STRIPS and ADL planning.

4. Complete Pruning Strategy for
ADL Planning

𝑎 ∈ A 𝑎𝑛𝑑 𝑙⊴A 𝑎}, and actions that are confrontationally
relevant to G ⊆ P are DEP⊴A (G) = ⋃𝑙∈G {DEP⊴A (𝑙)}. Given
a state 𝑠, the “confrontation and goal relevant actions” for 𝑠 is
RELG,⊴A (𝑠) = DEP⊴A (G) ∩ App(𝑠).
The pruning strategy that considers actions in RELG,⊴A (𝑠)
only, that is, ignores App(𝑠) − RELG,⊴A (𝑠) is called confrontation and goal relevant actions pruning (CGRAP). In the
following proposition, we will prove that CGRAP is complete
for ADL planning.
Proposition 11. CGRAP strategy is complete for ADL planning.
Proof (Proof by Contradiction). Given a planning task T =
(P, A, I, G) and any plan 𝜋 = ⟨𝑎0 , 𝑎1 , . . . , 𝑎𝑛−1 ⟩ for it, we
use 𝑠𝑗+1 = 𝑎𝑗 (𝑠𝑗 ) to denote the result of executing 𝑎𝑗 on 𝑠𝑗 .
Without loss of generality, suppose that 𝑎𝑖 (𝑖 = 0, . . . , 𝑛 − 1)
is eliminated by CGRAP; that is, 𝑎𝑖 ∉ RELG,⊴A (𝑠𝑖 ). When
𝑖 = 𝑛−1, as 𝜋 is not a redundant plan, 𝑎𝑛−1 must add one atom
0. Therefore, 𝑎𝑖 ∈
of G; that is, ∃𝑒 ∈ 𝐸(𝑎𝑛−1 ) : add(𝑒) ∩ G ≠
DEP⊴A (G). For 𝑖 ≤ 𝑛 − 2, 𝑎𝑖 either (1) adds an atom 𝑔 ∈ G, (2)
adds an atom 𝑞 which is the (pre)condition of 𝑎𝑖+1 , . . ., or 𝑎𝑛−1 ,
or (3) deletes one condition 𝑟 of 𝑒 ∈ 𝐸(𝑎𝑚 ) (𝑚 = 𝑖 + 1, . . . , 𝑛 −
1) in order to prevent 𝑒 from happening. In case (1), ∃𝑔 ∈
G : 𝑔⊴A 𝑎𝑖 , in case (2), ∃𝑔 ∈ G : 𝑔 ⊴A 𝑞 𝑎𝑛𝑑 𝑞 ⊴A 𝑎𝑖 , and
in case (3), ∃𝑔 ∈ G : 𝑔 ⊴A 𝑟 𝑎𝑛𝑑 𝑟⊴A 𝑎𝑖 . In either cases,
and according to our Definitions 8 and 9, 𝑎𝑖 ∈ DEP⊴A (𝐺)
holds. Note that pre(𝑎𝑖 ) ⊆ 𝑠𝑖 . Therefore, we conclude that
𝑎𝑖 ∈ RELG,⊴A (𝑠𝑖 ).

(1) 𝑙 = 𝑔,

The completeness of CGRAP for ADL planning costs.
One reason is that the pruning power of CGRAP is weak.
In other words, CGRAP may cut a rather limited amount of
branches of a search space. In addition, computing CGRAP
is PSPACE-hard, as deciding irrelevant actions for a planning
task is PSPACE-hard [26]. Therefore, it is practical to collect
confrontation and goal relevant actions in an approximate way.
In the next section, we will discuss some methods from the
literature that fall into this scope.

(2) ∃𝑎 ∈ A : ∃𝑒 ∈ 𝐸(𝑎) : 𝑙 ∈ ((add(𝑒) ∪ del(𝑒)) ∧ 𝑔 ∈
(pre(𝑎) ∪ ⋃𝑒 ∈𝐸(𝑎) con(𝑒 )),

5. Discussion

We first introduce the notion of “confrontation and goal
relevant actions” and then prove that its corresponding
pruning strategy CGRAP is complete for ADL planning.
Definition 8 (Confrontational Dependency among Facts).
For two atoms l, 𝑔 ∈ P, a set of actions A, 𝑙 is confrontationally
dependent on 𝑔 with respect to A (denoted as 𝑙⊴A 𝑔) if

(3) ∃ℎ ∈ P : 𝑙⊴A ℎ ∧ ℎ⊴A 𝑔.
Definition 9 (Confrontational Dependency between Facts
and Actions). For two atoms 𝑙, 𝑔 ∈ P, an action 𝑎 ∈ A, 𝑙 is
confrontationally dependent on 𝑎 with respect to A (denoted
as 𝑙⊴A 𝑎) if
(1) ∃𝑎 ∈ A : ∃𝑒 ∈ 𝐸(𝑎) : 𝑙 ∈ (add(𝑒) ∪ del(𝑒)),
(2) ∃𝑔 ∈ P : 𝑙⊴A 𝑔 ∧ 𝑔⊴A 𝑎.
According to the previous two definitions, one could
notice that actions that add or delete an atom 𝑙 are considered
as relevant to 𝑙.
Definition 10 (Confrontation and Goal Relevant Actions).
Given a planning task T = (P, A, I, G), actions that are
confrontationally relevant to 𝑙 ∈ P are DEP⊴A (𝑙) = {𝑎 |

We will first review the helpful transition notion developed in
Fast Downward [12] and then the delayed partly reasoning
procedure [27].
Fast Downward is a representative planner that uses the
SAS+ planning formalism [28], which supports multivalued
variables. It translates a propositional planning problem into
an SAS+ planning problem by utilizing an invariants analysis
procedure [12]. After that, Fast Downward builds a causal
graph that involves all the variables and a domain transition
graph for each variable. Dependencies among variables are
reasoned through the causal graph, and dependencies among
values of a variable are reasoned through the corresponding
domain transition graph. For details of the two kinds of
graphs, please refer to [12]. The goal distance of a state 𝑠 is
the sum of goal distances of variables. For each variable, its
goal distance is computed by solving a shortest path problem
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formulated on the corresponding domain transition graph.
In the problem, the source node is the value the variable
currently takes, and the target node is the value that goal conditions require. When such a path is obtained, the transition
associated with the first edge is labeled as “helpful transition.”
Note that transitions are conditional effects of actions. So, we
can collect “helpful actions” based on “helpful transitions.”
Here we note that “helpful transitions” consider both goal
relevant actions and actions that are for confrontations. The
ability of collecting actions that are helpful for confrontations
originates from the multivalued variable representation. In
the representation, the change from one value to another
one models both the add and delete effects of an action on
a variable. As a result, actions have only one kind of effects,
which are considered by Fast Downward to collect “helpful
transitions.” In contrast, propositional planners, such as FF,
consider only the add effects of actions for collecting “helpful
actions.” Therefore, the “helpful transitions” strategy can be
considered as an approximation of CGRAP.
The “delayed partly reasoning procedure” is proposed by
Cai et al. [7]. This procedure is implemented on top of the
propositional planning formalism. In the first action level of
a planning graph, the procedure tracks harmful inducements
with respect to an order of conditional effects and collects
actions that confront the inducements. An inducement is that
one conditional effect 𝑒 induces another conditional effect 𝑒 .
It is harmful if 𝑒 deletes some previously added atoms of
other conditional effects. As the procedure only operates on
the first actions level and works with a predefined order, it is
an approximation of CGRAP. Therefore, the computational
cost of the procedure is not high.

6. Conclusions and Future Work
In this work, we analyzed some well-known pruning techniques, which are currently utilized by state-of-the-art planners. In particular, we showed that the helpful actions pruning
strategy is incomplete for ADL planning and extended it to
a complete strategy called confrontation and goal relevant
actions pruning. Though our proposed strategy is computationally hard, we discussed methods from the AI planning
literature that can be seen as approximations of it. In addition,
we believe that this work will help us gain more insights into
why the planner Fast Downward is powerful.
This work was done on pruning techniques in searchbased planning. Future directions may consider pruning
techniques in SAT-based ADL planning and conformant
planning. As IPP’s method for handling conditional effects
does not lead to a high increase in problem size, it is suitable
for SAT-based planning. Therefore, developing adaptations
or approximations of our proposed strategy CGRAP in that
settings could be interesting.
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