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Control theory asks how to influence the behavior of a
dynamical system with appropriately chosen inputs so that
the system’s output follows the desired trajectory or final
state [1–5]. A key notion in control theory is the feedback
process: the difference between the actual and desired output
is applied as feedback to the system’s input, forcing the
system’s output to converge to the desired output. Feedback
control has deep roots in physics and engineering [6, 7].

Indeed, when a system is performing the same task
repeatedly, it is advantageous to use the knowledge from
the previous iterations of the same task to reduce the error
on successive trials. An example of such a system is robot
arm manipulators when the reference trajectory is repeated
over given operation time. When the conventional control
algorithms with such systems are used, the same error is
repeated from cycle to cycle. Iterative Learning Control (ILC)
is a relatively new addition to the toolbox of the control
algorithm. It is concerned with the performance of systems
that operate repetitively. ILC differs from most existing
control methods in the sense that it exploits every possibility
of incorporating past control information, such as tracking

errors and control input signals, into the construction of
the present control action to enable the controlled system
to perform progressively better from operation to operation.
Since the ILC method was proposed by Uchiyama [8] and
presented as a formal theory by Arimoto [9], this technique
has been the center of interest of many researchers over the
last decades [10–19].

Fractional order control systems have also received con-
siderable attention recently, from both an academic and
industrial viewpoint, because of their increased flexibility
(concerning integer-order systems) which allows more accu-
rate modeling of complex systems and the achievement of
more challenging control requirements [20–24].

The overall purpose of this special issue lies in gathering
the latest developments, trends, research solutions, and appli-
cations of ILC and fractional order control and to explore the
more productive avenues for future research. The breadth of
scope for the special issue includes both theoretical study and
experimental application.We receive a total of 26 submissions
where the authors are from geographically distributed coun-
tries, denoting the high impact of the proposed topic and the
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seniority in the organization of the special issue. After two
rounds of rigorous review, only ten papers were accepted.

In the paper “Robust Fractional-Order PID Controller
Tuning Based on Bode’s Optimal Loop Shaping,” L. Liu and
S. Zhang present a novel fractional-order PID controller
tuning strategy based on Bode’s optimal loop shaping which
is commonly used for LTI feedback systems. The controller
parameters are achieved based on flat phase property and
Bode’s optimal reference model so that the controlled system
is robust to gain variations. Also, the proposed fractional-
order PID controller does not have any restriction on the
controlled plant so that it can be widely applied to both
integer-order and fractional-order systems.

In the paper “A Fractional-Order Systemwith Coexisting
Chaotic Attractors and Control Chaos via a Single State Vari-
able Linear Controller,” P. Zhou et al. propose a 3D fractional-
order nonlinear system with coexisting chaotic attractors.
The fractional-order system exhibits chaotic attractors with
the order as low as 2.5431. Meanwhile, a control scheme for
the stabilization of the unstable equilibrium is suggested via
a single state variable linear controller.

In the paper “New Iterative Method for the Solution
of Fractional Damped Burger and Fractional Sharma-Tasso-
Olver Equations,” M. J. Khan et al. apply the new itera-
tive method to obtain the approximate solutions of time-
fractional dampedBurger and time-fractional Sharma-Tasso-
Olver equations. The 2nd-order approximate solutions by
the new iterative method are in good agreement with the
exact solution as compared to the 5th-order solution by the
FRDTM.

In the paper “Consensus of Multi-Integral Fractional-
Order Multiagent Systems with Nonuniform Time-Delays,”
J. Liu et al. study the consensus problems for multi-
integral fractional-order multiagent systems (MIFOMASs)
with nonuniform time-delays. The consensus conditions
for MIFOMASs are obtained by a novel frequency-domain
method which properly eliminates consensus problems of
the systems associatedwith nonuniform time-delays.Numer-
ical simulations with different parameters demonstrate the
results.

In the paper “TheUnique Existence ofWeak Solution and
the Optimal Control for Time-Fractional Third Grade Fluid
System,” G. Shao et al. study the third grade fluid system with
the time-fractional derivative of the order ∝∈ (0, 1). They
first establish a unique existence criterion of weak solutions
in the case that the dimension. Then they prove the sufficient
condition of optimal pairs.

In the paper “Adaptive Inverse Control Based on Kriging
Algorithm and LyapunovTheory of Crawler Electromechan-
ical System,” G. Zhang et al. propose an adaptive inverse con-
trolmethod based on kriging algorithm and Lyapunov theory
to improve control accuracy during adaptive driving of the
electromechanical system of a crawler. The adaptive travel
control law of the crawler was obtained by the Lyapunov
theory. Combined with the kriging algorithm, the adaptive
driving reverse control method is designed, and the online
system is used to update and perfect the inverse systemmodel
in real time. The adaptive inverse control method is verified
by theoretical analysis and virtual prototype simulation.

In the paper “Complex Dynamics of the Fractional-Order
Rössler System and Its Tracking Synchronization Control,”
H. Wang et al. study the fractional-order Rössler system with
a fast discrete iteration using the Adomian decomposition
method (ADM) for its implementing on a DSP board.
Complex dynamics of the fractional-order chaotic system
are analyzed by means of Lyapunov exponent spectra, bifur-
cation diagrams, and phase diagrams. Moreover, tracking
synchronization controllers were theoretically designed and
numerically investigated. That lays a foundation for the
application of the fractional-order Rössler system.

In the paper “Dynamics Feature and Synchronization of
a Robust Fractional-Order Chaotic System,” X.-B. Yang et
al. introduce a three-dimensional fractional-order chaotic
system. The critical finding by analysis is that the position
of signal x3 descends at the speed of 1/c as the parameter b
increases, and the signal amplitude of x1, x2 can be controlled
by the parameter m in terms of the power function with
the index −1/2. Consequently, this system can provide rich
encoding keys for chaotic communication. By considering
the properties of amplitude and position modulation, the
partial projective synchronization and partial phase syn-
chronization are also realized with a linear control scheme.
Numerical simulations are executed to confirm the theoreti-
cal analysis.

In the paper “Evaluating Fractional PID Control in a
Nonlinear MIMO Model of a Hydroelectric Power Station,”
O. A. Rosas-Jaimes et al. present a fractional PID control
for a hydropower plant with six generation units working
in an alternation scheme. The parameters and other features
of such a set of hydrogeneration units have been used to
perform the respective tuning up. To assess the behavior of
this controlled system, a model of such nonlinear plant is
regulated through a classical PID by classical linearization of
its set points, and then a pseudo-derivative part is substituted
into a fractional PID. Both sets of resulting signals are
compared; the simulations show that the fractional PID has
a faster response concerning those plots obtained from the
classical PID used.

In the paper “Results on a Novel Piecewise-Linear
Memristor-Based Chaotic System,” B.Wang studies a kind of
piecewise-linear memristor-based chaotic system. Based on
a novel and complicated piecewise-linear memristor model,
a chaotic system is constructed; then a random sequence
extraction approach from the given memristor-based chaotic
system is designed. At last the random sequence test is carried
out to show the potential application value in encryption field
of the new memristor-based chaotic system.
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The paper studies a kind of piecewise-linear memristor-based chaotic system. Based on a novel and complicated piecewise-linear
memristormodel, a chaotic system is constructed; then a random sequence extraction approachon the basis of the givenmemristor-
based chaotic system is designed; at last the random sequence test is carried out to show the potential application value in encryption
field of the new memristor-based chaotic system.

1. Introduction

Chaos phenomenon in circuit was first reported by Leon O.
Chua at Waseda University in 1983. Since then, chaos gets a
number of attentions from scholars for its potential applica-
tion in chaotic synchronization [1, 2], secret communication
[3, 4], image’s encryption [5, 6], and so on.

In 1971, Chua first proposed the concept of memristor
[7], which was regarded as the fourth element in electronic
circuits. Although the technique to produce the real mem-
ristor is not mature so far, memristor model can be used
to construct chaotic circuit system. At present, a number of
investigations on memristor-based chaotic system have been
carried out [8–12]. For example, the chaotic circuit with one
memristor is studied in [13, 14], the chaotic circuit with two
memristors is concerned in [15, 16], the integer order chaotic
memristor circuit is investigated in [17, 18], and the fractional
chaotic memristor circuit is researched in [19, 20]. However
for the existing piecewise-linear memristive chaotic circuits,
the nonlinear device usually adopts Chua’s piecewise-linear
memristor model, and there are seldom other kinds of
piecewise-linear memristor model for selection.

Random number generator is one important application
field of chaotic system [21, 22], and how to generate a
random sequence with better performance has always been
a challenging issue. Although some approaches to extract

random sequence based on memristive chaotic system have
been proposed up to now, corresponding random sequences
are easy to analyze by attackers with the well-known prior
knowledge of memristive chaotic system. Hence it is mean-
ingful to build the memristive chaotic system on the basis of
the new and complicated memristor model. All these motive
our research.

The organization of the paper is as follows: a chaotic
system based on a novel piecewise-linear memristor model
will be proposed in Section 2, and corresponding analysis
will also be provided; then the random sequence test will be
carried out in Section 3; the conclusion will be presented in
Section 4.

2. Memristor-Based Chaotic System

In this section, a novel memristor-based system is proposed
as follows:

�̇� = 𝛼 (𝑦 − 𝑥 − 𝑊 (𝑤) 𝑥)

�̇� = 𝛽𝑥 + (𝜅 + 𝛾 − 𝛽) 𝑦 − 𝑧
�̇� = 𝜅𝑦 − 𝑧
�̇� = 𝑥

(1)
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Figure 1: Time response of state variables of the memristor-based system.

where 𝑊(𝑤) is the constructed memristor model, which
satisfies

𝑊 (𝑤) =

{{{{{{{
{{{{{{{
{

𝐴, |𝑤| ≤ 𝑚, |𝑥| ≤ 𝑛
𝐵, |𝑤| > 𝑚, |𝑥| ≤ 𝑛
𝐶, |𝑤| ≤ 𝑚, |𝑥| > 𝑛
𝐷, |𝑤| > 𝑚, |𝑥| > 𝑛

(2)

When 𝛼 = 4.7, 𝛽 = 0.061, 𝛾 = 1, 𝜅 = 2.1, 𝐴 = −1.29, 𝐵 =
0.75, 𝐶 = −1.17, 𝐷 = 0.93, 𝑚 = 1, 𝑛 = 1.56, initial value
is [0.01, 0, 0, 0.01], and the system dynamics are displayed in
Figures 1 and 2.

Remark 1. Figure 1(a) displays the time response of state
variable x(t). Figure 1(b) displays the time response of state
variable y(t). Figure 1(c) displays the time response of state
variable w(t). It can be seen that the state variables of
the memristor-based system look chaotic and disorganized
visually.

Remark 2. Figure 2(a) displays the phase diagram of y-w.
Figure 2(b) displays the phase diagram of x-w. Figure 2(c)
displays the phase diagram of x-z. It can be seen that the state
variables of the memristor-based system keep moving in a
certain attractor and do not converge to a point or diverge
to infinity.

Firstly, consider the system dissipativity:

∇𝑉 = 𝜕�̇�
𝜕𝑥 + 𝜕 ̇𝑦

𝜕𝑦 + 𝜕�̇�
𝜕𝑧 + 𝜕�̇�

𝜕𝑤 (3)

When |𝑤| ≤ 𝑚, |𝑥| ≤ 𝑛, one can get

∇𝑉 = −1.37 (4)

When |𝑤| > 𝑚, |𝑥| ≤ 𝑛, one can get

∇𝑉 = −3.41 (5)

When |𝑤| ≤ 𝑚, |𝑥| > 𝑛, one can get

∇𝑉 = −1.49 (6)
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Figure 2: Phase diagram of state variables of the memristor-based system.

When |𝑤| > 𝑚, |𝑥| > 𝑛, one can get

∇𝑉 = −3.59 (7)

From the above it can be concluded that ∇𝑉 < 0, which
means that the memristor-based system is dissipative.

Next, by adjusting parameter 𝛼, consider the dynamics
of the given memristor-based system. The simulations are
displayed in Figure 3.

Remark 3. Figure 3(a) displays the Lyapunov exponent dia-
gram of the memristor-based system. Figure 3(b) displays the
bifurcation diagram of the memristor-based system. It can be
seen that the given memristor-based system is in the chaotic
state when 𝛼 ∈ [3.5, 7].

3. Random Sequence

In this section, we design a new random sequence extraction
approach on the basis of the given memristor-based system
as follows.

Step 1. Let X=[x,y,z,w]. Set the initial variable of the given
memristor-based chaotic system X

0
=[0.01, 0, 0, 0.01], the

threshold value m=4, and the sequence label j=0.

Step 2. Carry out iterations 1000 times based on the given
memristor-based chaotic system, corresponding system state
variable is denoted as X(j), and set the sequence label j=1.

Step 3. Carry out an iterative operation based on the given
memristor-based chaotic system, and set the sequence label
j=j+1.
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Figure 3: Dynamics of given memristor-based system with different a.

Table 1: NIST test on random sequences.

Chaos Systems New system Chua’s system [23]
Statistical test P value Proportion P value Proportion
Frequency 0.9735 0.9900 0.7981 0.9800
Block Frequency 0.7362 1.0000 0.6786 1.0000
Cumulative Sums 0.5478 0.9900 0.1222 0.9800
Runs 0.9176 1.0000 0.8343 0.9900
Longest Run 0.5261 0.9900 0.2896 0.9800
Rank 0.6858 1.0000 0.4372 1.0000
Approximate Entropy 0.5247 0.9800 0.1916 0.9800
Serial 0.8653 1.0000 0.5955 1.0000
Linear Complexity 0.4275 0.9900 0.0668 0.9700

Step 4. Determine i:
i = REM (z(j),2),

where REM (.) is the remainder operation.

Step 5. Determine Pt1(j):
when wi(j) > 4, Pt1(j)=1;
otherwise, Pt1(j)=0;

where wi(j) denotes the value of ith decimal place of w(j).

Step 6. Determine the mapping variable M(j) according to i:
if i=0, M(j)=x(j);
if i=1, M(j)=y(j).

Step 7. Determine Ps1(j):
when Mi(j) > 4,Ps1(j)=1;
otherwise, Ps1(j)=0.

where Mi(j) denotes the value of ith decimal place of Mi(j).

Step 8. Determine Pj
Pj = XOR (Pt1(j), Ps1(j));

where XOR (.) is the exclusive-or operation.

Step 9. Carry out circulation from Step 3 to Step 8 10 million
times; one can obtain the binary random sequence:

P = {P
1
, P

2
, . . . ,PN}

where j=N, and N=10000000 is the required sequence length.

Set the sampling time T as 0.001s, and ℎ = 5, 𝑖 = 4.
Extract a binary random sequence with 10million bits, which
is divided into 100 groups and put into a software test kit,
NIST, and the NIST test results of random sequences are
displayed in Table 1.

Remark 4. Table 1 displays NIST test results of random
sequences. The significance level of each test in NIST is set
to 0.01, and P value ⩾ 0.01 means that the sequence would
be random with a confidence of 0.99. It can be noted that P
values of all tests on the proposed sequence are all bigger than
0.01, which means our sequence can be regarded as random.
In addition, it can be seen that, compared with Chua’s system
[23], the sequence based on the newmemristor-based chaotic
system has bigger P value in Frequency test, Block Frequency
test, Cumulative Sums test, Runs test, Longest Run test,
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Table 2: Statistic test on sequences based on Beker and Piper method.

Frequency test Serial test Poker test Run test
m=1 m=2 m=3

Chua’s system [23] 0.23 1.07 0.73 3.24 5.03 1.14
New system 0.08 0.76 0.56 2.87 4.35 0.52
Threshold 3.84 5.99 7.81 14.07 26.00 1.96

Rank test, Approximate Entropy test, Serial test, and Linear
Complexity test; hence the proposed sequence has the better
overall random statistic characteristics.

Next, the statistic test on 100000 bits of sequence based on
Beker and Piper method [24] is carried out. Corresponding
test results are shown in Table 2.

Remark 5. Table 2 shows the statistic test results of sequences
based on Beker and Piper method. Frequency test, Serial
test, Poker test, and Runs test are included in Beker and
Piper approach to measure the relative frequencies of ‘0’ and
‘1’ in a section of sequence. The confidence level is set as
0.95, and threshold is introduced to determine the confidence
of test results. It can be seen that all results are less than
the preset threshold, which means that all tests are passed
successfully, and the sequences can be regarded as random
signal. In addition, it can be seen that the numerical values
of Frequency test, Serial test, Poker test, and Runs test based
on the proposed sequence are less than the ones based on
Chua’s system. More importantly, the proposed sequence is
on the basis of chaotic system with the novel piecewise-
linear memristor model, which will increase the security of
corresponding cryptosystem for its unusual mechanism.

4. Conclusion

In this paper, based on a proposed complicated piecewise-
linear memristor model, a new chaotic system has been
constructed; then an extraction method on the basis of the
given memristor-based system has been designed to obtain
the random sequence; finally the random sequence test is
carried out to show the potential application value of the new
memristor-based chaotic system in encryption field.
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In this paper a Fractional PID Control is presented. This control was designed for a hydropower plant with six generation units
working in an alternation scheme. The parameters and other features of such a set of hydrogeneration units have been used to
perform the respective tuning up. In order to assess the behavior of this controlled system, a model of such nonlinear plant is
regulated through a classical PID by classical linearization of its set points, and then a pseudo-derivative part is substituted into a
Fractional PID. Both groups of signals contain variations of voltage suggesting some abrupt changes in the supply of electricity fed
to the network. Both sets of resulting signals are compared; the simulations show that the Fractional PID has a faster response with
respect to those plots obtained from the classical PID used.

1. Introduction

Hydropower pumped storage stations are important because
they have the capacity of releasing, on demand, large amounts
of energy to an electrical net (Figure 1). Water is pumped to
an upper reservoir from a lower one and released to generate
electricity [1]. The model to be used in this work is based
on Dinorwig, North Wales, UK [1–3]. It is composed of six
reversible pump-turbines of 300MWeach [2, 3]. Tomodulate
the flow, six valves that enclose the turbine inlet are used. Two
closed loop control signals are used to determine the guide
vane angle: an inner loop controls the generated power, and
an outer loop controls the grid frequency. Different works
have been published for Dinorwig [1–3]. In this study a
nonlinear model will be considered. To improve the plant
performance, different controllers have been employed [1]
including a Fractional PID, whose performance is evaluated
in this paper.

As can be seen in Figure 1, in the hydro station the
behavior of a single unit depends on the flow in the common
tunnel, because its penstocks share a common conduit [4, 5].
Thenumber of units in operation among the operating points

determines the total flow. It is a common practice that only
one unit operates at part-load.

Notwithstanding the advances in automatic control, the
use of classical controllers is still very common in hydropower
systems. In the literature there are many examples where
industrial loops are controlled by these classical controllers,
getting results that accomplish the requirements of the power
systems [1, 6]. However, as was stated, the hydropower plant
(Dinorwig) is a complex system and some of its characteris-
tics make it difficult to obtain an appropriate performance by
“only” using classical controllers.

For many years, different variations of PID that include
nonlinear characteristics have been reported. In recent years,
applications of PID controllers with integral and derivative
parts of fractional order have been described. Those studies
show an improvement of the performance of the controlled
systems [7]. For instance, a generalization of the PID con-
troller was proposed by Podlubny [8, 9]; that approach
includes an integrator of order 𝜆 and a differentiator of order
𝛿 (PI𝜆D𝛿 controller). In that work, the better response of
this type of controller as compared with the classical PID
controller was demonstrated. Frequency domain approaches
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Figure 1: Dinorwig power station’s representation showing only 2 of the 6 units.

for fractional order PID controllers have also been studied
[10].

Several fractional order controller applications to
hydropower plants have been published in recent years.
Meng and Xue [11] have proposed, for example, a robust
controller with fractional order for hydropower plants using
automatic loop shaping to employ a Quantitative Feedback
Theory (QFT) design. In that work, a flexible structure model
is the main feature of this fractional order compensator.
These authors have found that the fractional order controller
is able to obtain a smaller high-frequency gain than the
integer-order controller.

Chen et al. [12] have also described a fractional order
PID controller (FOPID), whose parameters are calculated by
means of a multiobjective optimization through a chaotic
nondominated sorting genetic algorithm II (NSGAII). These
authors used such a design to regulate a hydraulic turbine.

Xu et al. [13] have analyzed the dynamic stability of a
mathematical model for a hydroturbine governing system
using a fractional order regulator. The model includes a
penstock system, a hydraulic servo-system, a generator, and
a hydroturbine.

Wang et al. [14] have studied a finite time regulator
when a hydroturbine is governed by using a fractional order
nonlinear control. Their simulation results show that their
proposed scheme is useful and robust.

Li et al. [15] have employed a fractional order regula-
tor in a pumped storage unit. Their experimental results
indicate that their proposal algorithm has shown excellent

performance.Those results have also proved that the FOPID-
CGGSA regulator presents superior benefits over other PID-
type regulators with particular optimization proposals.

Xu et al. [16] have proposed a FOPID to control a
reversible turbine. In their work, they use a combination
of bacterial foraging (BFA) algorithm with a multiscenario
functions set to select the controller’s parameters.

Li, Yang, and Xia [17] have published a study that focused
on the stability problems in a hydropower station, where a
nonlinear hydropower generation system for the load rejec-
tion transient process was considered. They identified four
critical variables of the system. Afterward, dynamic safety
assessment based on the Fisher discriminant method was
carried out. Their results demonstrate that the hydropower
generation system in this study case can operate safely.

Fang, Yuan, and Liu [18] applied an approach based
on active-disturbance-rejection-control fractional order PID
to a hydroturbine speed governor system. Their proposed
control has shown a strong ability of active disturbance
rejection and more flexibility of nonlinear characteristics
of hydroturbine speed governor system, which resolves the
contradiction between fast response and small overshoot.

Nangrani and Bhat [19] have evaluated a Fractional Order
Proportional Integrative Regulator for rotor angle control.
Their results have shown that the proposed controller has
improved the dynamic behavior of their power system.

Plant response optimization is significant for technical
and economic reasons, and it is a priority for the company.
Though many controllers have been applied to hydropower
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Figure 2: Subsystems of the power plant model.

systems, there are current opportunities. For example, Hote
and Jain [20] recognized that the main challenge in Load Fre-
quency Control is to develop a highly robust PID controller
that maintains frequency deviation strictly in specified limits
even in the presence of nonlinearities, physical constraints,
and uncertain environment. For those reasons the main
objective of the present paper is to increase power plants
response in their precision and speed for short-term load
perturbations and for frequency control using a nonlinear
model to asset the performance of the proposed controller.
To achieve this objective, a PID controller with fractional
elements is deduced and evaluated as a proposed governor
for a hydropower plant.

2. Hydropower Plant Model

In Dinorwig, the common tunnel produces an important
cross-coupling effect; therefore the system is inherently
multivariable [4]. This behavior has a contrary effect on
the stability margin in closed loop. The units connected
react modifying their control signals, via their governors,
changing their operation points, while those units that are not
connected have their valves closed in order to not “disturb”
the flow. Consequently the number of active units determines
the structure of the system. For this model all the variables are
in per-unit (p.u.) form, standardized to 300MW and 50Hz;
normally an electrical net with infinite busbars is assumed
[21]; however, to simulate frequency control, a grid model
is connected to the hydropower model. Figure 2 shows the
5 subsystems that compose the hydropower plant model.
The governor is where the control signals are calculated;
in this work a classical and a fractional order controller
are evaluated; they are discussed in Sections 3 and 4. The
guide vane model includes the valve dynamics and also

the servo-mechanism for the six units; see (1). The hydro-
dynamics include the main tunnel and the six penstocks.
Furthermore the turbine/generator ismodeled, the outputs of
this subsystem are filtrated before they are fed back; see (5).

For the guide vane subsystem, a hydraulic servo-system
is employed to move the guide vanes in order to control the
flow, represented by

Δ𝐺 (𝑠)
𝑢 (𝑠) =

1
(𝜏1𝑠 + 1) (𝜏2𝑠 + 1) (1)

where u in (1) is the control signal [1, 2].
For the hydrodynamics subsystem, a nonlinear model

that includes elastic characteristic is applied to simulate
speed and power changes [4]. Figure 3 shows the interaction
between the main tunnel and one penstock; the “surge tank
and main tunnel” block will be connected to the other 5
penstocks in the complete hydraulic model.

In Figures 2 and 3, we have the following:

Surge impedance of the conduit, Z0 (2)
Head loss coefficient in m/(m3/s)2, fp
No load flow in m3/s, qnl
Turbine gain, At

Guide vane opening, ΔG
Mechanical power output of the turbine, ΔPmi, i = 1,
2, . . ., 6
Electrical power alteration provided to the electrical
net, ΔPei, i = 1, 2, . . ., 6
Length of penstocks in m, l
Water time constant in seconds, 𝑇𝑤 [3, 22]
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Wave travel time in seconds, Te (3) [1, 3]
Velocity of sound in water in m/s, v

𝑍𝑜 = 𝑇𝑤𝑇𝑒 (2)

𝑇𝑒 = 𝑙V (3)

It is considered, for practical purposes, that the factors At,
f p, and qnl are identical to simulate this system. Because the
power plant has large penstocks, the water columns were
modeled assuming elastic behavior [4]. The coupling effect
is also modeled by including the main tunnel, which is
represented as a penstock.

In Figures 2 and 3, the mechanical power ΔPm is the
input to the turbine-generator which is modeled for the
turbine/generator subsystem, assuming a steady state by the
“swing” equations [22] and

Δ𝑃𝑚 − Δ𝑃𝑒 = 2𝐻𝑠Δ𝜔 (4)

where
ΔPe is the alteration in electrical power contributed to
the grid

H is the inertia constant of the electrical subsystem
Δ𝜔 is the alteration of the rotor’s angular velocity

Finally, a first-order filter is used for noise reduction, indi-
cated as noise filters subsystem in Figure 2, which has the
transfer function:

Δ𝑃𝑒𝑠 (𝑠)Δ𝑃𝑒 (𝑠) =
1
𝑠 + 1 (5)

3. Classical and Fractional PID

To regulate hydropower stations, classical controllers have
been used for many years. Linear transfer functions are
normally the basis to tune up these controllers. Nonetheless,
as was stated before, hydropower plants are highly nonlinear,
time variant, and multivariable. Therefore, it is difficult to
have a good performance with a classical linear controller.
As these controllers are, normally, the actual governors for
many hydropower stations, it is important to conduct studies
for improving the classical governor performance.

The performance of classical controllers depends strongly
on their fixed value parameters. Generally, the main purpose
of tuning is to have a suitable equilibrium among sensitivity,
control effort, and fast response [23].



Complexity 5

Error
E(s)

＋Ｊ

＋Ｃ

Ｍ

＋＞Ｍ


+
+

+

Control Signal
U(s)

Figure 5: PI𝜆D𝛿 controller (parallel general structure).

3.1. PI Antiwindup. API cautiously adjusted can offer suitable
response although all processes are subjected to constraints.
When constraints are activated, the performance of con-
trollers can be significantly deteriorated. When the output of
a system is saturated, making the error constant, an integral
windup occurs. Because of a physical system, compared with
an ideal one, it is physically impossible to reach the output
in these conditions. This typically occurs when the output of
the controller can no longer affect the controlled variable. To
return the plant to stability, the control signal has to be of
the contrary sign for a prolonged period, producing a longer
settling time and a large overshoot [24–26].

A PIwith antiwindup structure is showed in Figure 4.The
PI controller contains an interior feedback track. To reduce
the integrator input an internal saturation is employed. A
value of 0.95 p.u. is usually employed for the saturation limit
and the dead zone, both values selected manually. As was
stated before, the hydropower model is in per-unit (p.u.)
form, normalized to 300MW and 50Hz.

3.2. Fractional PID. The fractional order PI𝜆D𝛿 (FOCPID
controller) was first proposed by Podlubny [8, 9]. Figure 5
shows the internal structure of the fractional order controller
[26]. In this controller, the 𝜆-order integrator and the 𝛿-order
differentiator operators are real. The transfer function of such
controller is represented by

𝐶 (𝑠) = 𝑈 (𝑠)𝐸 (𝑠) = 𝐾𝑝 + 𝐾𝑖𝑠−𝜆 + 𝐾𝑑𝑠𝛿 (6)

where (𝜆,𝛿 > 0)
Kp is the proportional constant
Ki is the integration constant
Kd is the differentiation constant

In discrete time the controller has the form:

𝐶 (𝑧) = 𝑈 (𝑧)𝐸 (𝑧) = 𝐾𝑝 +
𝐾𝑖
(𝜔 (𝑧−1))𝜆 + 𝐾𝑑 (𝜔 (𝑧

−1))𝛿 (7)

In both (6) and (7) taking 𝜆 =1 and 𝛿 =1, a classical PID
controller is obtained. If 𝜆 =0 and Ki =0, a PD

𝛿 controller is
found [7, 27].

4. Gain-Scheduled Antiwindup PID with
Integral and Derivative of Fractional Order

Gain scheduling is a common method to control nonlinear
systems since it is simple and employs linear design meth-
ods [29, 30]. Conventionally, gain-scheduled controllers are
designed by carrying out a first linearization of the system to
be regulated at certain scheduling operational points. Next,
for each of these operational points, linear controllers are
designed; each one is valid “only” near to that operational
point. Then the regulator parameters are calculated at every
operational point selected [31].

Figure 6 shows the general structure of the antiwindup
fractional order PID controller with gain scheduling. As can
be seen, the parameters Kp, Ki, and Kd can be adjusted
depending on an external algorithm. Various algorithms have
been published to tune up FOPID [32–35]. For this work
a compromise between fast response and short overshoot
was pursued, according to an Integral of Time Absolut
Error (ITAE) index which was used to adjust the control
parameters.The hydraulic head (h) was the station parameter
used to retune the controller; therefore a different set of
parameters was selected depending on the value of h. To
reduce the ITAE indexwas the principal condition taking into
account selecting those parameters. The method is based on
the one described by Awouda and Mamat [36].

In some applications, it has been shown that calculating
the control signal with the derivative of the output rather
than the derivative of the error could help to improve the
performance of the system. This structure, called Pseudo-
Derivative Feedback (PDF) controller, provides all the control
aspects of a PID, excluding the system zeros that are naturally
introduced by this controller [37]. Figure 7 shows a diagram
with the general structure of a fractional order controller with
gain scheduling.

5. Evaluation of the Antiwindup PID with
Fractional Order

The function of a hydropower system in frequency control
mode is to deliver opportune and correct supply of its
contribution objective to the total power to the net. The
concrete form of the demanded power is associated with
net frequency deviation; nevertheless it can be indicated as
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Figure 6: General structure of the antiwindup PI𝜆D𝛿 gain scheduling controller.

＋Ｊ

＋Ｃ

Ｍ

＋＞Ｍ


++

+

++++

−

−
Reference

Reference

Feedback

Feedback

Algorithm of
Scheduling

10

Dead zone

Saturation

Control signal

Guide vane
position

Figure 7: General structure of the antiwindup FO-PDF gain scheduling controller.

a relation of these input signals: step, ramp, and random
[28, 38].

In this work some specifications are used to evaluate the
hydroelectric station performance, which were proposed by
Jones et al. [28]; those specifications represent an equilibrium
between an important enhancement in speed and accuracy of
response but are not so stressful that they result in impractical
control activity and tunnel pressures.

The step response specification for one unit in operation
is showed in Figure 8 [28]. Test P1, primary response is usually
the most significant criterion, which measures the time to
accomplish a minimum 90% of the required step power
change. Other important parameters are the overshoot (P2)
and the initial negative excursion (undershoot, P6).

The Gain Scheduling Pseudo-Derivative Feedback Frac-
tional Order with Antiwindup method (GS-PDF-AWU-FO)
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Figure 8: Specifications for a response to a step change in demanded power [1, 28].

was compared with an antiwindup PID controller (PID-
AWU) with fix parameters (compromise to six operational
units). Several simulations were run to assist the response of
the two controllers. To evaluate the controllers an integral of
time-weighted absolute error (ITAE) index was used. Both
controllers were tuned for six operational units. However,
the GS-PDF-AWU-FO has a different set of parameters
depending on the value of the hydraulic head.

Adjusting a PID controller involves selecting the correct
parameters that admit the controller to accomplish a required
output specification. Mansoor [2] has presented a study with
different sets of control parameters for Dinorwig’s turbines
in addition to the classical controller. The PI control with this
set of parameters has a function that is a balance between one
and six operational units. Hence, to optimize the functioning
of the power system diverse groups of control constants were
selected for different operational conditions, the extreme
cases.

The PID-AWUparameter values were chosen as K = 0.16,
Ki = 0.667, and Kd = 0 (working really as a PI controller),
with a Rate Limit of 0.2 p.u. (Figure 3), in search of the best
response when all units are in operation. TheGS-PDF-AWU-
FO was tuned for h=1 with 𝜆= 0.95, 𝛿= 0.6, Kp = 0.14, Ti =0.85, and Td = 0.025. For h=0.9 only two parameters were
retuned: Kp = 0.16 and Ti=0.75 (Figure 7).

Figure 9 shows the reference values of the simulation;
those values were selected because they represent “normal”
changes when the frequency control mode is active. These
references are also consistent with the ones reported by
Munoz-Hernandez et al. [1], Mansoor [2], and Munoz-
Hernandez [3]. The simulation begins with steps of 0.8 p.u.

tested for the six units at time t = 0 for unit 1 and 0.5 for units
2-6. Formerly a 0.05 p.u. step is tested for unit 1 at t=100 s.
Unit 2 was lifted to 0.8 p.u. and after that a step at 0.05 p.u.
was tested only for unit 2 at t=500 s. At 600 s all units were
fixed to 0.8 p.u. After that a 0.05 p.u. step was tested for all
units at t=700 s. At t = 800 the value of the h is changed from
1 to 0.9 p.u. With this new value for h a 0.05 p.u. step was
introduced to unit 1 at t = 900 s. Then unit 1 is getting back
to 0.8 p.u. and then a step of 0.05 is applied at t= 1100 s to all
units. Finally, at t=1200 s the unit 1 is connected in frequency
control model using a model of the British Grid [1, 39].

Following the changes at the references specified before
(Figure 9), the response produced by the Gain Scheduling
Pseudo-Derivative Feedback Fractional Order with Anti-
windup method (GS-PDF-AWU-FO) is compared with an
antiwindup PID controller (PID-AWU). The results for one
unit and six operational units, with h=1, are shown in Figures
10 and 11, respectively. In both cases the output under the
GS-PDF-AWU-FO is faster than the one obtained under
PID-AWU, although for six operational units the GS-PDF-
AWU-FO produces an overshoot of less than 0.5%. As can
be seen from Figure 10, one operational unit and h=1, the
primary response of the system under the PID is higher
(15.79 seconds) than the one obtained under the GS-PDF-FO
(13.57 seconds). The result is similar to the system with six
operational units and h=1 (Figure 11); in this case the primary
response under the PID is 12.37 seconds and under the GS-
PDF-AWU-FO is 10 seconds.

The cross-coupling responses for GS-PDF-AWU-FO and
the modified PID-AWU are shown in Figure 12, where
it is seen that although the GS-PDF-AWU-FO produces



8 Complexity

At 800 seconds of simulation
the Hydraulic Head (h)
changes from 1 to 0.9 p.u.

Reference Unit 1
Reference Unit 2
Reference Units 3-6

100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 15000
Time in Seconds

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

El
ec

tr
ic

al
 P

ow
er

 (p
.u

.)

Figure 9: References used to simulate the hydropower plant.
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Figure 10: Step responses of PID and GS-PDF-FO, both with antiwindup, one operational unit, and h=1.

a bigger overshoot, it improves the nonminimum phase
undershoot.

Following the sequence of the references indicated before
(Figure 9), the outputs obtained by the GS-PDF-AWU-
FO are compared with the ones from a PID -AWU. The
results for one unit and six operational units, with h=0.9,
are shown in Figures 13 and 14, respectively. As with h=1,
in both cases the output under the GS-PDF-AWU-FO is
faster than the one obtained under PID-AWU. Also for six

operational units the GS-PDF-AWU-FO produces an over-
shoot, again less than 0.4%. As can be seen from Figure 13,
one operational unit and h=1, the primary response of the
system under the PID is higher (19.03 seconds) than the one
obtained under the GS-PDF-FO (16.46 seconds). The result
is similar to the system with six operational units and h=1
(Figure 13); in this case the primary response under the PID
is 14.74 seconds and under the GS-PDF-AWU-FO is 12.37
seconds.
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Figure 11: Step responses of PID and GS-PDF-FO, both with antiwindup, six operational units, and h=1.
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Figure 12: Cross-coupling reaction of unit 1 when unit 2 is under a step of 0.05 with 0.85 of operational point while h=1.

For both groups of simulation, one and six operational
units, with different values of the hydraulic head (h=1 and
h=0.9), ITAE indexes were calculated. For all cases, this index
is lower when the system is controlled by the GS-PDF-AWU-
FO rather than PID-AWU (Figure 15).

It is common that hydropower governors include a
derivative term in the feedforward track from the reference
for frequency control [22]. This produces a rapid change in
power in response to rapidly changing frequency. A critical

component of power systems is the model for the power
network, because it is fundamental to assist or even to
predict how the frequency will respond to power modifi-
cations. Evidently, the dynamic characteristics of a power
network depend on its precise configuration at any instant.
Nevertheless, studies have shown that a severe injection of
power onto a network will often cause the frequency to
increase, reaching a peak after some tens of seconds, after
which it will fall back slightly.
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Figure 13: PID and GS-PDF-FO step responses, both with antiwindup, one operational unit, and h=0.9.
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Figure 14: PID and GS-PDF-FO step responses, both with antiwindup, six operational units, and h=0.9.

In order to assist the system under frequency control it
is essential to simulate the connection to the grid. For this
purpose, a second-order transfer function is used in this work
(8). This equation expresses fluctuations in grid frequency to
load imbalance. The first time constant related to the addition
of all the inertias of the rotating machines and the second
time constant related to all governing mechanisms connected
to the electrical net.

Δ𝜔𝐺 = 𝐾𝜔2𝑛𝑇𝑅( 𝑠 + 1/𝑇𝑅𝑠2 + 2𝜁𝜔𝑛𝑠 + 𝜔2𝑛) (Δ𝑃𝑒 − Δ𝑃𝐿) (8)

In this equation [1, 40]:

K is the grid “stiffness”
TR is the time constant of the regulatory mechanisms
𝜔𝑛 is the grid natural frequency
𝜁 is the grid damping factor

The grid works as a collector whose accumulated energy
is proportional to the synchronous frequency of all the
rotational equipment connected [22]. The total “amount”
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Figure 15: ITAE indexes. (a) One operational unit, h=1. (b) Six operational units, h=1. (c) One operational unit, h=0.9. (d) Six operational
units, h=0.9.
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Figure 16: Grid model.

of the grid load (which ranges from 30 to 55GW in
Great Britain) produces variations in the parameters 𝐾,
TR, 𝜔𝑛, and 𝜁. Whereas ΔPe is known, ΔPL is the sum of
a vast numbers of time-varying contributions, so ΔPL is
included in the model as an additive, random disturbance
[1, 40].

In Figure 16 the net model, employed in this work, is
showed [1].This gridmodel simulates frequency variation. To
introduce weak rapid variations a 0.003 p.u. white noise with
limited band is included, as a disturbance element, in the net
model. On the other hand, to introduce strong variations a

high disturbance is included, using a step (in this case, 0.014
p.u. at t = 1250 s of simulation). The values of the parameters
for the second-order model were 𝐾 = 0.089, 𝑇𝑅 = 8, 𝜔𝑛 =0.37, and 𝜁 = 0.54 [40].The values of the second-order model
and the disturbance elements are comparable with the ones
reported byMunoz-Hernandez et al. [1, 30],Mansoor [2], and
Jones [39].

A comparison of the responses produced by the
hydropower station under PID-AWU and GS-PDF-AWU-
FO controllers, with unit 1 in frequency variation and units
2-6 with a fix operational point at 0.85 p.u., was performed
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Figure 17: Evaluation of the responses produced by PID and GS-PDF-FO (both with antiwindup) with unit 1 in frequency variation
(connected to the grid) and units 2-6 with 0.85 p.u. of fix operational point, h=0.9 p.u.
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Figure 18: Evaluation of the responses produced by PID and GS-PDF-FO (both with antiwindup) with unit 1 in frequency variation
(connected to the grid) and units 2-6 with 0.85 p.u. of fix operational point, h=0.9 p.u. (zoom).

using a hydraulic head equal to 0.9 p.u. (in Figure 9 with
references shown). The reference value to units 2-6 was
chosen close to the maximum power that is 0.95 [3]. As can
be seen from Figures 17 and 18 both controllers produce
responses that follow the input closely. However, the ITAE
indexes, showed at Figure 19, indicate a better performance
of the GS-PDF-AWU-FO.

The last analysis was developed to evaluate the perform-
ance of the GS-AWU-PDF-FO controller (with antiwindup)
using the ITAE index as the way to select the tun-
ing parameters. However, to compare the performance of
GS-AWU-PDF-FO controller looking to fulfill the restric-
tions proposed by Jones et al. [28] this controller was
retuned. Figures 20 and 21 show the specifications for single
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Figure 19: ITAE indexes of the comparison of the responses produced by PID and GS-PDF-FO (both with antiwindup) with unit 1 in
frequency variation (connected to the grid) and units 2-6 with 0.85 p.u. of fix operational point, h=0.9 p.u.
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Figure 20: Step response of GS-PDF-FO with antiwindup, one operational unit, and h=1.

operational unit and also compares the parameters reported
by [3] and the ones obtained using GS-AWU-PDF-FO as
a controller. As can be seen in Table 1, all parameters
are lower (or equal) than the ones from the standard
when GS-AWU-PDF-FO is controlling the hydropower
system.

6. Conclusions

The results from this study have shown that antiwindup GS-
PDF-AWU with fractional order could be employed for a

hydropower system to enhance its performance. When the
nonlinear characteristic of the system is considered, as with
GS-PDF-AWU, it is possible to improve the direct transient
responses.The inclusion of adaptive characteristics, hydraulic
head value, produces a rapid, well-damped response when
the hydraulic head is at the maximum limit, without affecting
the stability when this parameter has a lower value. Also
the response of the hydropower plant under the GS-PDF-
AWU-FO has a better performance when grid changes were
evaluated. Finally, these results have showed that the anti-
windup PDF controller with fractional order could produce
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Figure 21: Step response of GS-PDF-FO with antiwindup, one operational unit, and h=1 (zoom).

Table 1: Specification of step response for advanced control design at Dinorwig [1, 3].

Test Specification for single
unit operation.

Single unit response with
the governor reported in

[3].

Single unit response with
GS-AWU-PDF-FO.

P1 P1 ≥ 90% at tp1 = 10s 81% at 10s, 94.6 % at 10 s,
90% at 13.7 s 90% at 8.3 s

P2 P2 ≤ 5% and tp2 ≤ 20s No overshoot No overshoot
P3 tp3 = 25s for P3 ≤ 1% 25.9 s 16.9 s
P4 tp4 = 60s for P4 ≤ 0.5% 29.2 s 19.3 s
P5 tp5 = 8s 12.1 s 7.64 s
P6 P6 = 2% 1.75% 2%
P7 tp7 = 1.5s 0.88 s 0.975 s

concrete advantages for hydroelectric systems operating in
fast response.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Additional Points

Highlights. (i) Nonlinear modeling of a hydropower station.
(ii) Evaluation of the application of Fractional PIDController
to a hydroelectric station to increase the performance.
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Exploring the dynamics feature of robust chaotic system is an attractive yet recent topic of interest. In this paper, we introduce a
three-dimensional fractional-order chaotic system. The important finding by analysis is that the position of signal x3 descends at
the speed of 1/c as the parameter b increases, and the signal amplitude of x1, x2 can be controlled by the parameter m in terms of
the power function with the index −1/2. What is more, the dynamics remains constant with the variation of parameters b and m.
Consequently, this system can provide rich encoding keys for chaotic communication. By considering the properties of amplitude
and position modulation, the partial projective synchronization and partial phase synchronization are realized with linear control
scheme. The distribution map of optimal synchronization region in the control-parameter space is charted by defining the power
consumption of controller. Numerical simulations are executed to confirm the theoretical analysis.

1. Introduction

Over the past few decades, the dynamics and property of
chaotic system have been extensively studied from different
points of views as an active topic [1–4]. The investigation of
chaos has benefited the exploration of the complex behavior,
intrinsic nonlinear structure of natural system, and the con-
struction of chaotic system, as well as practical applications
such as secure communications and signal detection [5–9].
Robust chaotic system can usually provide signal-amplitude
modulation by controlling one or some of the parameters in
the dynamical equations yet keep the Lyapunov exponents
and power spectral density invariable [10–14]. Therefore,
it is a type of chaotic system with potential applications
in synchronization, signal processing, image encryption,
chaotic radar, and chaotic communication [10, 12]. However,
according to what we know, there is little information and
variety about such system reported in the present literatures.

Although fractional calculus has a history of more than
300 years, it was not really applied to physics, life sciences,
and psychology until the last decade [15–18]. Fractional
calculus can provide an excellent description of hereditary
and memory properties in various materials and processes.

The advantage of the fractional system is that it holds more
degrees of freedom and that contains a “memory” in it.
Therefore, it is of universal significance to study fractional
dynamics and its applications [19–22]. Synchronization of
integer-order chaotic system is investigated extensively and
deeply, and many different types and methods have been
presented since the landmark work by Pecora and Carroll
[23–29]. However, due to the computational complexity of
fractional systems, not all synchronization methods of the
integer-order system are suitable for the fractional-order one
[10]. In the existing synchronization types, projective syn-
chronization can be interpreted as that the state trajectories
of the drive and response systems synchronize to a constant
proportion factor.This characteristic is usually used to extend
binary digital communication to faster M-nary communi-
cation [30, 31]. Another synchronization type to be worth
mentioning is phase synchronization, in which the controlled
chaotic system adjusts the signal frequencies of dynamics to
the rhythm of another chaotic system while the amplitudes
go on varying in an irregular and uncorrelated fashion [32].
Phase synchronization has been observed in electrochemical
oscillators [33], plasma discharge tubes [34], coupled HR
neurons [35], fractional differential chaotic systems [36], etc.
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Figure 1: (a) 3D phase portrait; (b) Poincaré map with x3=0.6.

In this paper, we attempt to explore some new dynamics
properties of robust chaotic system by constructing a three-
dimensional fractional chaotic system and to further consider
the synchronization problem. Analysis of the derived system
shows that the parameter m can control the signal amplitude
of x1, x2 by the power function with the index −1/2 and
that the parameter b can control the position of signal x3
at the descent velocity of 1/c. Then, by considering the vital
property of amplitude and position modulation, a linear
coupling scheme is designed to realize the partial projective
synchronization and partial phase synchronization, respec-
tively. Thus, the proportional factors in projective synchro-
nization and the phase feature in phase synchronization are
only determined by system parameters, which will improve
the security of synchronous communication. The coupling-
parameter range for synchronization is derived analytically
and can be effectively narrowed down by appropriately
selecting the auxiliary parameters. The distribution map of
optimal synchronization region in the coupling-parameter
space is further evaluated by defining the power consumption
of controller. Numerical simulations are shown to further
confirm the theoretical analysis.

2. Model of Fractional-Order Chaotic System

2.1. Model Description. The introduced fractional system is
written in the form𝐷𝑞𝑥1 = 𝑥2 − 𝑎𝑥1𝐷𝑞𝑥2 = −𝑏𝑥1 − 𝑐𝑥1𝑥3𝐷𝑞𝑥3 = −𝑛 + 𝑚𝑥1𝑥2 (1)

In system (1), 𝐷𝑞𝑥 = 𝑑𝑞𝑥/𝑑𝑡𝑞 denotes the Caputo
fractional derivative with the initial time 𝑡 = 0 [37]. With the
positive parameters a, b, c, n, and m, two equilibrium points
of system (1) are obtained as

𝐸+ (√ 𝑛𝑎𝑚,√𝑎𝑛𝑚 , −𝑏𝑐) ,𝐸− (−√ 𝑛𝑎𝑚, −√𝑎𝑛𝑚 , −𝑏𝑐) . (2)

The corresponding characteristic equation for any equi-
librium point (𝑥𝐸1, 𝑥𝐸2, 𝑥𝐸3) can be deduced as𝜑 (𝜆) = −𝜆3 − 𝑎𝜆2 − (𝑏 + 𝑐𝑥𝐸3 + 𝑐𝑚𝑥𝐸12) 𝜆− 𝑎𝑐𝑚𝑥𝐸12 − 𝑐𝑚𝑥𝐸1𝑥𝐸2 (3)

Specially, when selecting the parameter set 𝑃 = {𝑎 = 2,𝑏 = 1, 𝑐 = 1, 𝑛 = 30,𝑚 = 1}, the corresponding equilibrium
points and characteristic roots are𝐸+ (3.873, 7.746, −1) :𝜆1 = −3.1912,𝜆2 = 0.5956 + 4.2950𝑖,𝜆3 = 0.5956 − 4.2950𝑖𝐸− (−3.873, −7.746, −1) :𝜆1 = −3.1912,𝜆2 = 0.5956 + 4.2950𝑖,𝜆3 = 0.5956 − 4.2950𝑖

(4)

With the aid of stability theory of commensurate
fractional system [38], the necessary condition for the
chaos emergence is 𝑞 > (2/𝜋)atan(|Im(𝜆∗)|/Re(𝜆∗)) =(2/𝜋)atan(4.295/0.5956) = 0.9123. For the parameter set P
and the fractional order q=0.96, the 3D phase diagram and
Poincarémapwith dense dots are shown in Figure 1, revealing
that system (1) is indeed chaotic.
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Figure 2: (a), (b), and (c) Bifurcation diagram and (d) Lyapunov exponent spectrum versus parameterm.

2.2. Dynamics Feature of Amplitude and Position Modulation.
Our analysis found that the introduced system has the robust
chaos of constant Lyapunov exponents with the variation
of parameters m and b. More specifically, the parameter m
can control some of the signal amplitude of state variables,
and the parameter b can control the position of one of the
variables with a certain speed. The revealed feature is rare
in the current literature and we believe it will stimulate an
exploration boom.

The linear transformation of 𝑥1 → 𝑥1/√𝑚, 𝑥2 →𝑥2/√𝑚, and 𝑥3 → 𝑥3 is first considered to deduce system (1)
to the normalized form about parameter m [12], as follows:𝐷𝑞𝑥1 = 𝑥2 − 𝑎𝑥1𝐷𝑞𝑥2 = −𝑏𝑥1 − 𝑐𝑥1𝑥3𝐷𝑞𝑥3 = −𝑛 + 𝑥1𝑥2 (5)

Therefore, the control parameter m can modulate the
signal amplitude of variables x1, x2 according to 1/√𝑚, but
the signal x3 keeps its amplitude constant.

We substitute the nonzero equilibrium point 𝐸+ or 𝐸−
into characteristic equation (3) to obtain𝜑 (𝜆) = −𝜆3 − 𝑎𝜆2 − 𝑐𝑛𝑎 𝜆 − 2𝑐𝑛 (6)

Since (6) is irrespective to parameter m, the Lyapunov
exponent spectrum remains invariablewhenm increases.The
dynamics feature of amplitude modulation for system (1) is
illustrated by bifurcation diagram and Lyapunov exponent
spectrum, as shown in Figure 2. In the figure, the bifurcation
diagrams are plottedwith the localmaximaof variables versus
control parameter, and the spectrum of Lyapunov exponents
is calculated by the wolf method.
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Figure 3: (a), (b), and (c) Bifurcation diagram and (d) Lyapunov exponent spectrum versus parameter b with the parameter set P except for
b.

When introducing the linear transformation of𝑥1 → 𝑥1,𝑥2 → 𝑥2, and 𝑥3 → 𝑥3 + 𝑘𝑝/𝑐, we then deduce system (1)
to 𝐷𝑞𝑥1 = 𝑥2 − 𝑎𝑥1𝐷𝑞𝑥2 = − (𝑏 + 𝑘𝑝) 𝑥1 − 𝑐𝑥1𝑥3𝐷𝑞𝑥3 = −𝑛 + 𝑚𝑥1𝑥2 (7)

Therefore, the position of signal x3 descends at the speed
of 1/c as the parameter b increases, while the signals x1, x2
keep their amplitude invariable. Similarly, it is known that
(6) is also irrespective to parameter b.Thus, the spectrum of
Lyapunov exponent remains constant when b varies in field
of real number. The phenomenon of position modulation for

system (1) is described by bifurcation diagram and Lyapunov
exponent spectrum, as shown in Figure 3. And the speed of
position modulation influenced by parameter c is interpreted
in Figure 4 by the bifurcation diagram and the maximal
Lyapunov exponent spectrum, which signifies that a smaller
c will give rise to a larger descent velocity.

3. Preliminaries for Synchronization of
Fractional Chaotic System

In this section, some concepts and techniques are recalled for
the stability analysis of fractional system.

Definition 1 (see [39]). When function 𝛼 : 𝑅+ → 𝑅+ is
continuous, strictly increasing, and 𝛼(0) = 0, it is said to be
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Figure 4: Influence of c on position modulation interpreted by (a) Bifurcation diagram and (b) Lyapunov exponent spectrum versus b with
c=1 in magenta and c=0.5 in blue.

of class 𝜅. If 𝛼 ∈ 𝜅 and satisfies 𝛼(𝑡) → ∞ with 𝑡 → ∞, it
is said that 𝛼 is of class 𝜅∞.
Lemma 2 (see [40, 41]). Let 𝑧(𝑡) ∈ 𝑅 be a continuous and
derivable function. Then, for any time instant 𝑡 ≥ 0, it is held:0.5𝐷𝑞𝑧2 (𝑡) ≤ 𝑧 (𝑡) 𝐷𝑞𝑧 (𝑡) , ∀𝑞 ∈ (0, 1) (8)

Lemma 3 (see [42, 43]). Let 𝑧(𝑡) ∈ 𝑅𝑛 be a real-valued
continuous and derivable vector function. Then, for any time
instant 𝑡 ≥ 0, one will always hold the following inequality:0.5𝐷𝑞𝑧𝑇 (𝑡) 𝑃𝑧 (𝑡) ≤ 𝑧𝑇 (𝑡) 𝑃𝐷𝑞𝑧 (𝑡) ,∀𝑞 ∈ (0, 1) , 𝑃 = diag (𝑝1, 𝑝2, ⋅ ⋅ ⋅ , 𝑝𝑛) > 0 (9)

Theorem 4 (Lyapunov stability and uniform stability of
fractional system [42]). Considering the following fractional-
order system with the Caputo definition𝐷𝑞𝑧 (𝑡) = 𝑓 (𝑧, 𝑡) , 𝑞 ∈ (0, 1) (10)

Let z=0 be an equilibrium point of system (10). If there exists
a continuous Lyapunov function 𝑉(𝑧, 𝑡) and a scalar class-K
function 𝛼1 satisfying𝑉 (𝑧, 𝑡) ≥ 𝛼1 (‖𝑧 (𝑡)‖) (11)

and 𝐷𝑞𝑉 (𝑧, 𝑡) ≤ 0, 𝑞 ∈ (0, 1) (12)

for any 𝑧 ̸= 0, then system (10) is Lyapunov stable at 𝑧 = 0.
Furthermore, if there exists another scalar class-K function𝛼2 such that 𝑉 (𝑧, 𝑡) ≤ 𝛼2 (‖𝑧 (𝑡)‖) (13)

then the origin of system (10) is said to be Lyapunov uniformly
stable.

4. Partial Projective Synchronization of
Fractional Chaotic System

4.1. Synchronization Scheme. The partial projective synchro-
nization of the proposed system is studied here by taking the
advantage of the property of amplitude modulation.

Let system (1) be as the drive system, and the response
system is expressed as𝐷𝑞𝑦1 = 𝑦2 − 𝑎𝑦1𝐷𝑞𝑦2 = −𝑏𝑦1 − 𝑐𝑦1𝑦3 + 𝑢2𝐷𝑞𝑦3 = −𝑛 + 𝑚1𝑦1𝑦2 + 𝑢3 (14)

where u2 and u3 are the controllers to be determined.

Assumption 5. The state variables of systems (1) and (14) are
all bounded, and there exist three positive constants 𝜎1, 𝜎2,
and 𝜎3, such that |𝑥1|, |𝑦1| ≤ 𝜎1, |𝑥2|, |𝑦2| ≤ 𝜎2, and |𝑥3|, |𝑦3| ≤𝜎3.

The synchronization errors are set as 𝑒1 = 𝑦1−√𝑚/𝑚1𝑥1,𝑒2 = 𝑦2−√𝑚/𝑚1𝑥2, and 𝑒3 = 𝑦3−𝑥3, by taking the property of
amplitude modulation considered. Then we obtain the error
dynamical system𝐷𝑞𝑒1 = 𝑒2 − 𝑎𝑒1𝐷𝑞𝑒2 = −𝑏𝑒1 − 𝑐𝑦1𝑒3 − 𝑐𝑒1𝑥3 + 𝑢2𝐷𝑞𝑒3 = 𝑚1𝑦2𝑒1 + 𝑚1√ 𝑚𝑚1𝑥1𝑒2 + 𝑢3 (15)

Theorem 6. For the drive system (1) and response system (14),
the controllers are designed as 𝑢2 = −𝑘2𝑒2 and 𝑢3 = −𝑘3𝑒3. If
the coupling parameters k2 and k3 satisfy
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𝑘2 > (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3)24𝑎𝑝1𝑝2 (16)

𝑘3 > 𝑚1𝑝3𝜎2 (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3) (𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎1) + 𝑘2𝑝2 (𝑚1𝑝3𝜎2)2 + 𝑎𝑝1 (𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎1)2𝑝3 (4𝑎𝑝1𝑝2𝑘2 − (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3)2) (17)

where p1, p2, and p3 are positive auxiliary parameters to
narrow down the values range of the coupling parameters, then
the partial projective synchronization is realizedwith Lyapunov
uniformly stability.

Proof. Let us propose the Lyapunov function 𝑉(𝑡) =0.5(𝑝1𝑒12 + 𝑝2𝑒22 + 𝑝3𝑒32), which satisfies 𝛼1(‖𝑒‖) ≤ 𝑉(𝑡) ≤𝛼2(‖𝑒‖) for 𝛼1(‖𝑒‖) = 𝜆min(𝑃)‖𝑒‖2, 𝛼2(‖𝑒‖) = 𝜆max(𝑃)‖𝑒‖2,
and 𝑃 = diag(𝑝1, 𝑝2, 𝑝3). Taking q-order fractional derivative
with respect to time t along the trajectories of (15), it
yields𝐷𝑞𝑉 (𝑡) = 0.5𝐷𝑞𝑝1𝑒12 + 0.5𝐷𝑞𝑝2𝑒22 + 0.5𝐷𝑞𝑝3𝑒32≤ 𝑝1𝑒1𝐷𝑞𝑒1 + 𝑝2𝑒2𝐷𝑞𝑒2 + 𝑝3𝑒3𝐷𝑞𝑒3= −𝑎𝑝1𝑒12 − 𝑘2𝑝2𝑒22 − 𝑘3𝑝3𝑒32

+ (𝑝1 − 𝑏𝑝2 − 𝑐𝑝2𝑥3) 𝑒1𝑒2+ (𝑚1𝑝3√ 𝑚𝑚1𝑥1 − 𝑐𝑝2𝑦1) 𝑒2𝑒3+ 𝑚1𝑝3𝑦2𝑒1𝑒3≤ −𝑎𝑝1𝑒12 − 𝑘2𝑝2𝑒22 − 𝑘3𝑝3𝑒32+ (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3) 𝑒1 𝑒2+ (𝑚1𝑝3√ 𝑚𝑚1𝜎1 + 𝑐𝑝2𝜎1) 𝑒2 𝑒3+ 𝑚1𝑝3𝜎2 𝑒1 𝑒3 = |𝑒|𝑇Π |𝑒|
(18)

with

|𝑒| = (𝑒1 , 𝑒2 , 𝑒3)𝑇 ,
Π =( −𝑎𝑝1 𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32 𝑚1𝑝3𝜎22𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32 −𝑝2𝑘2 𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎12𝑚1𝑝3𝜎22 𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎12 −𝑝3𝑘3 ). (19)

It requiresΠ ≤ 0 for catering to𝐷𝑞𝑉(𝑡) ≤ 0.Thus we have

Δ 1 = −𝑎𝑝1 ≤ 0
Δ 2 = det( −𝑎𝑝1 𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32 −𝑝2𝑘2 ) ≥ 0
Δ 3 = det( −𝑎𝑝1 𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32 𝑚1𝑝3𝜎22𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎32 −𝑝2𝑘2 𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎12𝑚1𝑝3𝜎22 𝑚1𝑝3√𝑚/𝑚1𝜎1 + 𝑐𝑝2𝜎12 −𝑝3𝑘3 )≤ 0

(20)

Therefore, we finally obtain inequalities (16) and (17).This
completes the proof.

4.2. SimulationAnalysis. Theappropriate selection of param-
eters p1, p2, and p3 can effectively narrow down the values
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Figure 5: The distribution of the maximal power consumption of synchronous controller.

range of the coupling parameters, which is useful in actual
synchronization process.However, it is a complicated relation
between the coupling strengths (k2, k3) and (p1, p2, p3). To
optimize the synchronization scheme, we will evaluate the
distribution map of optimal synchronization region in the
coupling-parameter space, by coopting the idea introduced
by Ma [44]. We first define the power consumption of the
synchronous systems as 𝑝𝑑 = |𝑥1𝑥3| and 𝑝𝑟 = |𝑦1𝑦3|,
respectively. Thus, the power consumption for evaluating the
synchronous controller can be defined as𝑝𝑠𝑦𝑛 = 𝑦1𝑦3 − √ 𝑚𝑚1 𝑥1𝑥3 (21)

And for the sake of simplicity, we only consider the
maximal power consumption of synchronous controller, as
below 𝑝𝑚𝑠𝑦𝑛 = max (𝑝𝑠𝑦𝑛) (22)

Therefore, the optimal synchronization region will be the
coupling-parameter region (k2, k3) with the minimum 𝑝𝑚𝑠𝑦𝑛.

In the numerical analysis, we choose the parameter values
as a=2, b=1, c=1, n=30, m=1, m1=16, and q=0.96 and set the
initial values of drive system and the response system as
x(0)=(-0.2, 0.1, 0.5), y(0)=(0.6, -0.5, -0.2). The distribution
about the maximal power consumption of synchronous con-
troller in the coupling-parameter space (k2, k3) is illustrated
in Figure 5. It is known that the power consumption 𝑝𝑚𝑠𝑦𝑛
is mainly determined by the coupling parameter k2, and
the optimal synchronization region appears alternately as k2
increases. But to get shorter synchronous transition time,
larger values of k2 and k3 are more appropriate.

The synchronization result with k2=3.3, k3=0.6 is depicted
in Figure 6, which provides the proportional factors 𝛼1 =√𝑚/𝑚1 = 0.25, 𝛼2 = √𝑚/𝑚1 = 0.25, and 𝛼3 = 1.
Figure 7 shows the synchronization result with the same
proportional factors, when k2=6, k3=8. The comparative
analysis shows that larger parameters k2 and k3 will lead to
shorter synchronous transition time.

5. Partial Phase Synchronization of
Fractional Chaotic System

5.1. Synchronization Scheme. Select the drive system (1) and
the following response system:𝐷𝑞𝑦1 = 𝑦2 − 𝑎𝑦1𝐷𝑞𝑦2 = −𝑏1𝑦1 − 𝑐𝑦1𝑦3 + 𝑢2𝐷𝑞𝑦3 = −𝑛 + 𝑚𝑦1𝑦2 + 𝑢3 (23)

And when considering the property of position modula-
tion, the errors of partial phase synchronization are expressed
as 𝑒1 = 𝑦1 − 𝑥1, 𝑒2 = 𝑦2 − 𝑥2, and 𝑒3 = 𝑦3 − 𝑥3 + (𝑏1 − 𝑏)/𝑐,
then the error dynamical system is obtained as𝐷𝑞𝑒1 = 𝑒2 − 𝑎𝑒1𝐷𝑞𝑒2 = −𝑏𝑒1 − 𝑐𝑦1𝑒3 − 𝑐𝑒1𝑥3 + 𝑢2𝐷𝑞𝑒3 = 𝑚𝑒1𝑦2 + 𝑚𝑥1𝑒2 + 𝑢3 (24)

Theorem 7. For the drive system (1) and response system (23),
the controllers are designed as 𝑢2 = −𝑘2𝑒2, 𝑢3 = −𝑘3𝑒3. If the
coupling parameters k2 and k3 satisfy the condition

𝑘2 > (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3)24𝑎𝑝1𝑝2 (25)

𝑘3 ≥ 𝑚𝑝3𝜎2 (𝑚𝑝3𝜎1 + 𝑐𝑝2𝜎1) (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3) + 𝑘2𝑝2 (𝑚𝑝3𝜎2)2 + 𝑎𝑝1 (𝑚𝑝3𝜎1 + 𝑐𝑝2𝜎1)24𝑎𝑝1𝑝2𝑝3𝑘2 − 𝑝3 (𝑝1 − 𝑏𝑝2 + 𝑐𝑝2𝜎3)2 (26)
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Figure 6: Partial projective synchronization with k2=3.3; k3=0.6: (a) time response; (b) synchronization error.

where p1, p2, and p3are positive constants, then the partial
phase synchronization is realized with Lyapunov uniformly
stability.

Here we skip the proof process for brevity since it
resembles the one of Theorem 6.

5.2. Simulation Analysis. Likewise, to effectively evaluate the
optimal synchronization region, we consider the distribution
of coupling parameters by defining the maximal power
consumption of synchronous controller, as follows:𝑝𝑚𝑠𝑦𝑛 = max(𝑦1𝑦3 − 𝑥1 (𝑥3 − (𝑏1 − 𝑏)𝑐 )) (27)

In the numerical analysis, we choose the parameter values
as a=2, b=1, c=1, n=30, m=1, b1=12, and q=0.96 and set the
initial values of drive system and the response system as
x(0)=(-0.2, 0.1, 0.5), y(0)=(0.6, -0.5, -0.2). The distribution
map about the maximal power consumption of synchronous
controller in the coupling-parameter space (k2, k3) is illus-
trated in Figure 8. It is found that the distribution of 𝑝𝑚𝑠𝑦𝑛
is complicated when k2 is less than 4, and there exists an
optimized coupling-parameter region near k2=1. When k2
continues to increasewith the condition of 𝑘3 > 1, the value of𝑝𝑚𝑠𝑦𝑛 gradually decreases, and finally it keeps in the optimal
synchronization region with 𝑘2 > 9.

As the examples to explain our analysis, we select two
sets of coupling parameters (k2=1, k3=4) and (k2=10, k3=4)

to realize the optimal synchronization. It can be found that
we can realize the partial phase synchronization of fractional
chaotic system with the selected coupling parameters, but
larger parameters k2 and k3 will lead to shorter synchronous
transition time, as illustrated in Figures 9 and 10. Further, to
analyze the influence of c on the difference between various
states of synchronized systems, the representative process
of phase synchronization when k2=10, k3=4, and c=0.5 is
considered, as shown in Figure 11. The graphs in Figures 10
and 11 signify that a smaller c will lead to a larger difference
between the system variables of the phase synchronization.

6. Conclusion

Robust chaotic system is a recent research interest yet a
promising candidate for signal processing, image encryption,
chaotic radar, and chaotic communication. Therefore, it is
worthwhile to explore the dynamics feature of robust chaotic
system. In this paper, we introduced a robust fractional-
order chaotic system and revealed the significant dynamics
of position modulation and amplitude modulation.

The linear control scheme is designed to realize the
partial projective synchronization and partial phase syn-
chronization, by considering the property of amplitude and
position modulation. The distribution of optimal synchro-
nization region in the control-parameter space is evaluated
by searching the minimum power consumption of the linear
controller. Numerical experiments are executed to confirm
the theoretical analysis. Since the relation of synchronization
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Figure 7: Partial projective synchronization with k2=6; k3=8: (a) time response; (b) synchronization error.
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Figure 8: The distribution of the maximal power consumption of synchronous controller.

variables only depends on the system parameters, it is not
easy to attack and accurately reconstruct the drive system.
Therefore, it could be significant in secure communication for
masking signals.
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Numerical analysis of fractional-order chaotic systems is a hot topic of recent years. The fractional-order Rössler system is solved
by a fast discrete iteration which is obtained from the Adomian decomposition method (ADM) and it is implemented on the DSP
board. Complex dynamics of the fractional-order chaotic system are analyzed by means of Lyapunov exponent spectra, bifurcation
diagrams, and phase diagrams. It shows that the system has rich dynamics with system parameters and the derivative order 𝑞.
Moreover, tracking synchronization controllers are theoretically designed and numerically investigated. The system can track
different signals including chaotic signals from the fractional-order master system and constant signals. It lays a foundation for
the application of the fractional-order Rössler system.

1. Introduction

Some studies have shown that fractional-order chaotic sys-
tems have more complex dynamic properties than the cor-
responding integer-order systems. The differential order 𝑞 of
the fractional-order chaotic system equation is one of the
bifurcation parameters of the system [1, 2]. It is necessary
to study the corresponding fractional-order chaotic system
based on the existing integer-order chaotic system. Since
the well-known Rössler system was derived in 1976 [3], it
has been studied as one of typical chaotic systems [4–6].
The properties and characteristics of its attractor depend
on the control parameters a, b, and 𝑐. Some researchers
investigated the chaotic dynamics of fractional-order Rössler
systems [7–9]. In [7], Li and Chen analyzed the dynamics
of fractional-order Rössler systems by employing frequency-
domain method [10] based on the approximation of the tran-
sition function 1/s𝑞 and discussed only cases of q=0.7, 0.8, 0.9.
For this approximation, in general, 𝑞 ∈ [0.1, 0.9]with the step
size of 0.1 is considered because of complicated mathematical
transformations [11]. Obviously, the step size of order is too
large. So, it is not competent when 𝑞 changes continuously. In
addition, whether this approximation accurately reflects the
chaos characteristics of a fractional-order nonlinear system
was questioned in [12, 13]. The Adams-Bashforth-Moulton

predictor-corrector approaches [14–16] were used to solve the
fractional-order Rössler systems in [8, 9]. However, along
with the computation, the algorithm consumes too much
computer resources, and the speed of calculation is very slow.
So, this algorithm is not suitable for engineering applications.

Adomian decomposition method (ADM) [17] is capable
of dealing with linear and nonlinear problems in time
domain. In [18], the fractional-order Chen system was inves-
tigated, and it shows that ADM provides the solution in a
closed formand preserves the systemnonlinearity. In [19], the
fractional-order Lorenz system, the fractional-order Chua-
Hartley system, and the fractional-order Lü system are ana-
lyzed by using ADM, and the results reveal that the method
is very effective, and it leads to accurate, approximately
convergent solutions. The fractional-order Lorenz-Stenflo
system was analyzed by adopting ADM, and some different
dynamics were provided with different order 𝑞 compared
with its integer-order counterpart [1]. The chaos range of the
fractional-order simplified Lorenz system solved by adopting
ADM is wider than that by using Adams-Bashforth-Moulton
predictor-corrector approach [2]. Further, the two fractional-
order chaotic systems in [1, 2] are implemented on DSP
platform. He et al. [20] concluded the characteristics of ADM
which has the advantages of high accuracy, fast convergence,
and less computer resource consumption. So, it is worth
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studying whether the fractional-order Rössler system solved
by employing ADM provides different dynamics compared
with its integrate-order counterpart and by using others
methods.

On the other hand, the synchronization of chaotic sys-
temshas always been a hot topic [21–23].The synchronization
of the fractional-order chaotic systems has just begun to
attract some attentions due to its potential applications in
secure communications and control processing [24]. A vari-
ety of approaches have been proposed for the synchroniza-
tion of fractional-order chaotic systems [25–28]. However,
numerical solutions of the above reports are obtained by
employing the Adams-Bashforth-Moulton algorithm and the
frequency-domain method. As far as we know, there are
no articles dealing with synchronization of fractional-order
Rössler systems based on ADM. Thus, it is still a novel topic
to investigate the synchronization of fractional-order Rössler
systems by employing ADM.

The outline of this paper is as follows. In Section 2, the
ADM is introduced briefly, and the iterative algorithm and
Lyapunov exponent spectra algorithm of the fractional-order
Rössler system are presented. In Section 3, the dynamics
of this fractional-order chaotic system are analyzed by Lya-
punov exponent spectra and bifurcation diagram. In Sec-
tion 4, the synchronization of fractional-order Rössler sys-
tems is investigated theoretically and numerically. It includes
tracking constant signals and tracking chaotic signal from the
master system. Finally, the results are summarized.

2. Numerical Analysis Methods Based on ADM

2.1. The Adomian Decomposition Method. For a given frac-
tional-order differential equation ∗𝐷𝑞𝑡0x(𝑡) = 𝑓(x(𝑡)), f (x(t))
can be separated into three terms [29, 30],

∗𝐷𝑞𝑡0x (𝑡) = 𝐿x (𝑡) + 𝑁x (𝑡) + g (𝑡) . (1)

Here, ∗𝐷𝑞𝑡0 is theCaputo derivative operator of order q (m-1<q≤m,m∈N) [31], and 𝑡0 represents the starting time, t>t0 . x(t) =
[𝑥1(t), 𝑥2(t), . . ., 𝑥𝑛(t)]T are state variables. L and 𝑁 represent
linear and nonlinear operator, respectively, and g(t)=[𝑔1(t),𝑔2(t), . . ., 𝑔𝑛(t)]T are constants in the autonomous system.
x(𝑘)(𝑡+0 ) = b𝑘, 𝑘 = 0, ⋅ ⋅ ⋅ , 𝑚 − 1, are initial states of the
equation. 𝐽𝑞𝑡0 is R-L fractional integral operator with order q.

Definition 1 (see [31]). The Caputo definition is defined as

∗𝐷𝑞𝑡0𝑓 (𝑡) = 1
Γ (1 − 𝑞) ∫𝑡

𝑡0

̇𝑓 (𝜏)
(𝑡 − 𝜏)𝑞 𝑑𝜏, (2)

where 0<q≤1 and Γ(⋅) is the gamma function.
The fundamental properties of the integral operator 𝐽𝑞𝑡0

are described by [31]

∗𝐷𝑞𝑡0𝐽𝑞𝑡0x (𝑡) = x (𝑡) , (3)

𝐽𝑞𝑡0 (∗𝐷𝑞𝑡0) x (𝑡) = x (𝑡) − 𝑚−1∑
𝑘=0

x(𝑘) (𝑡+0 ) (𝑡 − 𝑡0)𝑘𝑘! , (4)

𝐽𝑞𝑡0 (𝑡 − 𝑡0)𝛾 = Γ (𝛾 + 1)
Γ (𝛾 + 1 + 𝑞) (𝑡 − 𝑡0)𝛾+𝑞 , (5)

𝐽𝑞𝑡0𝐶 = 𝐶
Γ (𝑞 + 1) (𝑡 − 𝑡0)𝑞 , (6)

𝐽𝑞𝑡0𝐽𝑟𝑡0𝑥 (𝑡) = 𝐽𝑞+𝑟𝑡0 𝑥 (𝑡) . (7)

Here, r≥0, 𝛾 >-1, and 𝐶 is a real constant. According to (4),
the following equation is obtained by applying the operator𝐽𝑞𝑡0 to both sides of (1) [32]:

x = 𝐽𝑞𝑡0𝐿x + 𝐽𝑞𝑡0𝑁x + 𝐽𝑞𝑡0g + 𝑚−1∑
𝑘=0

b𝑘
(𝑡 − 𝑡0)𝑘𝑘! . (8)

Based on ADM, the nonlinear terms in (8) are expressed
by Adomian polynomials [32]

𝑁x = ∞∑
𝑖=0

A𝑖 (x0, x1, ⋅ ⋅ ⋅ , x𝑖) . (9)

Here, xi is the No. i (i = 0, 1, . . ., ∞) of Adomian polynomials,
and 𝐴𝑖𝑗 is obtained according to

𝐴𝑖𝑗 = 1
𝑖! [ 𝑑𝑖

𝑑𝜆𝑖𝑁 (V𝑖𝑗 (𝜆))]
𝜆=0

V𝑖𝑗 (𝜆) = 𝑖∑
𝑘=0

(𝜆)𝑘 𝑥𝑘𝑗 ,
(10)

where j= 1, 2, . . .,n (the systemdimension).Then, the solution
of (1) is expressed as x = ∑∞𝑖=0 x𝑖, where xi is derived from

x0 = 𝐽𝑞𝑡0g + 𝑚−1∑
𝑘=0

b𝑘
(𝑡 − 𝑡0)𝑘𝑘!

x1 = 𝐽𝑞𝑡0𝐿x0 + 𝐽𝑞𝑡0A0 (x0)
x2 = 𝐽𝑞𝑡0𝐿x1 + 𝐽𝑞𝑡0A1 (x0, x1)

...
x𝑖 = 𝐽𝑞𝑡0𝐿x𝑖−1 + 𝐽𝑞𝑡0A𝑖−1 (x0, x1, ⋅ ⋅ ⋅ , x𝑖−1)

... .

(11)

2.2. Numerical Solution of Fractional-Order Rössler System.
The fractional-order Rössler system is [7]

∗𝐷𝑞𝑡0𝑥 = −𝑦 − 𝑧
∗𝐷𝑞𝑡0𝑦 = 𝑥 + 𝑎𝑦
∗𝐷𝑞𝑡0𝑧 = 𝑏 + 𝑧 (𝑥 − 𝑐) ,

(12)

where a, b, and 𝑐 are the control parameters. By employing
ADM and according to (5)-(7), the exact numerical solution
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of fractional-order Rössler system can be obtained, but it is
an infinite length iteration. Considering the fast convergence
performance of ADM [33], the first five terms of the iteration
are truncated as approximate solution as shown in (13)-(18).

[[
[

𝑥𝑚+1
𝑦𝑚+1
𝑧𝑚+1

]]
]

= [[
[

𝑥10 + 𝑥11 + 𝑥12 + 𝑥13 + 𝑥14
𝑦10 + 𝑦11 + 𝑦12 + 𝑦13 + 𝑦14
𝑧10 + 𝑧11 + 𝑧12 + 𝑧13 + 𝑧14

]]
]

, (13)

where

𝑥10 = 𝑥𝑚
𝑦10 = 𝑦𝑚
𝑧10 = 𝑧𝑚 + 𝑏 ℎ𝑞

Γ (𝑞 + 1)
𝐶10 = 𝑥10
𝐶20 = 𝑦10
𝐶30 = 𝑧0,

(14)

𝐶11 = −𝐶20 − 𝐶30
𝐶110 = −𝑏
𝑥11 = 𝐶11 ℎ𝑞

Γ (𝑞 + 1) + 𝐶110 ℎ2𝑞
Γ (2𝑞 + 1)

𝐶21 = 𝐶10 + 𝑎𝐶20
𝑦11 = 𝐶21 ℎ𝑞

Γ (𝑞 + 1)
𝐶31 = 𝐶10𝐶30 − 𝑐𝐶30
𝐶310 = 𝑏𝐶10 − 𝑏𝑐
𝑧11 = 𝐶31 ℎ𝑞

Γ (𝑞 + 1) + 𝐶310 ℎ2𝑞
Γ (2𝑞 + 1) ,

(15)

𝐶12 = −𝐶21 − 𝐶31
𝐶120 = −𝐶310
𝑥12 = 𝐶12 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐶120 ℎ3𝑞
Γ (3𝑞 + 1)

𝐶22 = 𝐶11 + 𝑎𝐶21
𝐶220 = 𝐶110
𝑦12 = 𝐶22 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐶220 ℎ3𝑞
Γ (3𝑞 + 1)

𝐶32 = 𝐶11𝐶30 + 𝐶10𝐶31 − 𝑐𝐶31
𝐶320 = 𝑏𝐶11 Γ (2𝑞 + 1)

Γ2 (𝑞 + 1) + 𝐶30𝐶10 + 𝐶10𝐶310 − 𝑐𝐶310

𝐶321 = 𝑏𝐶110 Γ (3𝑞 + 1)
Γ (𝑞 + 1) Γ (2𝑞 + 1)

𝑧12 = 𝐶32 ℎ2𝑞
Γ (2𝑞 + 1) + 𝐶320 ℎ3𝑞

Γ (3𝑞 + 1)
+ 𝐶321 ℎ4𝑞

Γ (4𝑞 + 1) ,
(16)

𝐶13 = −𝐶22 − 𝐶32
𝐶130 = −𝐶120 − 𝐶320
𝐶131 = −𝐶321
𝑥13 = 𝐶13 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐶130 ℎ4𝑞
Γ (4𝑞 + 1)

+ 𝐶131 ℎ5𝑞
Γ (5𝑞 + 1)

𝐶23 = 𝐶12 + 𝑎𝐶22
𝐶230 = 𝐶120 + 𝑎𝐶220
𝑦13 = 𝐶23 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐶230 ℎ4𝑞
Γ (4𝑞 + 1)

𝐶33 = 𝐶12𝐶30 + 𝐶10𝐶32 − 𝑐𝐶32 + 𝐶11𝐶31 Γ (2𝑞 + 1)
Γ2 (𝑞 + 1)

𝐶330 = 𝐶30𝐶120 + 𝐶10𝐶320
+ (𝑏𝐶12 + 𝐶11𝐶310 + 𝐶31𝐶110) Γ (3𝑞 + 1)

Γ (2𝑞 + 1) Γ (𝑞 + 1)
− 𝑐𝐶320

𝐶331 = 𝑏𝐶120 Γ (4𝑞 + 1)
Γ (3𝑞 + 1) Γ (𝑞 + 1) + 𝐶10𝐶321

+ 𝐶110𝐶310 Γ (4𝑞 + 1)
Γ2 (2𝑞 + 1) − 𝑐𝐶321

𝑧13 = 𝐶33 ℎ3𝑞
Γ (3𝑞 + 1) + 𝐶330 ℎ4𝑞

Γ (4𝑞 + 1)
+ 𝐶331 ℎ5𝑞

Γ (5𝑞 + 1) ,

(17)

𝐶14 = −𝐶23 − 𝐶33
𝐶140 = −𝐶230 − 𝐶330
𝐶141 = −𝐶331
𝑥14 = 𝐶14 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐶140 ℎ5𝑞
Γ (5𝑞 + 1)

+ 𝐶141 ℎ6𝑞
Γ (6𝑞 + 1)
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𝐶24 = 𝐶13 + 𝑎𝐶23
𝐶240 = 𝐶130 + 𝑎𝐶230
𝑦14 = 𝐶24 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐶240 ℎ5𝑞
Γ (5𝑞 + 1)

+ 𝐶131 ℎ6𝑞
Γ (6𝑞 + 1)

𝐶340 = 𝐶13𝐶30 + 𝐶10𝐶33
+ (𝐶11𝐶32 + 𝐶12𝐶31) Γ (3𝑞 + 1)

Γ (2𝑞 + 1) Γ (𝑞 + 1) − 𝑐𝐶33
𝐶341 = 𝐶30𝐶130 + 𝐶10𝐶330 − 𝑐𝐶330

+ (𝑏𝐶13 + 𝐶11𝐶320 + 𝐶31𝐶120) Γ (4𝑞 + 1)
Γ (3𝑞 + 1) Γ (𝑞 + 1)

+ (𝐶110𝐶32 + 𝐶12𝐶310) Γ (4𝑞 + 1)
Γ2 (2𝑞 + 1)

𝐶342 = 𝐶30𝐶331 + 𝐶10𝐶331 − 𝑐𝐶331
+ (𝑏𝐶130 + 𝐶11𝐶321) Γ (5𝑞 + 1)

Γ (4𝑞 + 1) Γ (𝑞 + 1)
+ (𝐶110𝐶320 + 𝐶120𝐶310) Γ (5𝑞 + 1)

Γ (3𝑞 + 1) Γ (2𝑞 + 1)
𝐶343 = 𝑏𝐶131 Γ (6𝑞 + 1)

Γ (5𝑞 + 1) Γ (𝑞 + 1)
+ 𝐶110𝐶321 Γ (6𝑞 + 1)

Γ (2𝑞 + 1) Γ (4𝑞 + 1)
𝑧14 = 𝐶340 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐶341 ℎ5𝑞
Γ (5𝑞 + 1)

+ 𝐶342 ℎ6𝑞
Γ (6𝑞 + 1) + 𝐶343 ℎ7𝑞

Γ (7𝑞 + 1) .
(18)

Here ℎ is iteration step size. In this paper, we set h=0.01.

2.3. Lyapunov Exponent Spectra. According to (13)-(18), the
chaotic sequences of the fractional-order Rössler system are
obtained with initial values [𝑥0, 𝑦0, 𝑧0], q, and appropriate
parameters a, b, c. So, the bifurcation diagrams of the
fractional-order chaotic system are plotted. In addition, if we
obtain the solution of the fractional-order chaotic system, the
Lyapunov exponent spectra can be calculated by adopting
QR-factorization [34]

𝑞𝑟 [J𝑚J𝑚−1...J1] = 𝑞𝑟 [J𝑚J𝑚−1...J2 (J1Q0)]
= 𝑞𝑟 [J𝑚J𝑚−1...J3 (J2Q1)] [R1]
= 𝑞𝑟 [J𝑚J𝑚−1... (J3Q2)] [R2R1] = ...

= 𝑞𝑟 [J𝑚J𝑚−1... (J𝑖Q𝑖−1)] [R𝑖−1R𝑖−2...R2R1] = ...

= Q𝑚 [R𝑚...R2R1] = Q𝑚R.
(19)

Here, qr[.] denotes the QR-factorization process. J is the
Jacobin matrix of the iteration (13). Q is the orthogonal
matrix, and R are the diagonal elements. m is the iteration
number. Then, the Lyapunov exponent spectra are calculated
by

𝜆𝑘 = 1
𝑚ℎ
𝑚∑
𝑖=1

ln R𝑖 (𝑘, 𝑘) , (20)

where the system dimension k = 1, 2, . . ., n. Dynamics of
system (12) are investigated with the variation of derivative𝑞 and system parameter a.

3. Numerical Analysis of the Fractional-Order
Rössler System

3.1. Dynamics with Variation of Derivative q. For a=0.55,
b=2, and c=4, the bifurcation diagrams versus q∈ [0.2, 1]
and the corresponding Lyapunov exponent spectra are shown
in Figure 1. The bifurcation diagram is consistent with the
Lyapunov exponent spectra. As 𝑞 increases, the system is
periodic at q=0.268, and it gradually enters chaotic state by
period-doubling bifurcations. The first pitchfork bifurcation
occurs at q=0.346. The lowest order at which the chaos
exists is about 3 (the dimension of the system) ×0.346=1.119
when q=0.373, and the corresponding phase portrait is shown
in Figure 2(a). However, in [7], the lowest order obtained
is about q=0.7-0.8. For q∈[0.346, 1], the system maintains
the chaotic state in most regions except for some periodic
windows. The phase portrait when q=0.564 is plotted as
shown in Figure 2(b). Figure 1 indicates that the differential
order 𝑞 is another bifurcation parameter except for the system
parameters a, b, and 𝑐 in the fractional-order Rössler system.

Compared with q=1, the system has different dynamic
characteristics when 𝑞 is fractional, including chaotic, peri-
odic, period-doubling, and tangent bifurcations. In Figure 1,
the step size of 𝑞 is 0.001 when the fractional-order chaotic
system is analyzed. In theory, the step size of 𝑞will be smaller,
and it is not limited according to the iteration.

3.2. Dynamics with Variation of Parameter a. Let b=2 and
c=4; the dynamics are investigated versus a∈ [0.2, 0.6] with
the step sizes of 0.001. Figures 3(a), 3(b), and 3(c) are the
bifurcation diagrams for q=1, q=0.8, and q=0.6, respectively.
Their bifurcation structures are similar. However, the first
pitchfork bifurcations occur at different positions, located at
a=0.330, a=0.339, and a=0.366 for q=1, q=0.8, and q=0.6,
respectively. The maximum 𝑎 at which the chaos exists are
also different, and they are at a=0.556, a=0.560, and a=0.572
for q=1, q=0.8, and q=0.6, respectively. The chaotic regions
of the system move to the right along with the decreasing 𝑞.
Figure 3(d) shows the maximum Lyapunov exponent spectra
versus 𝑎 with different 𝑞. Obviously, the smaller 𝑞 is, the
larger the maximum Lyapunov exponent is. It illustrates that
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Figure 1: Bifurcation diagram and Lyapunov exponent spectra for fractional-order Rössler system with a=0.55, b=2, and c=4. (a) Bifurcation
diagram. (b) Lyapunov exponent spectra.
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Figure 2: Phase portraits on x-y plane of attractor obtained by simulation. (a) q=0.373. (b) q=0.564.

the smaller the differential order 𝑞 is, the more complex the
fractional-order chaotic system is. This result indicates that
the fractional-order Rössler system has broader applications
than its integer-order counterpart. Figure 3 verifies that the
differential order 𝑞 affects the dynamic characteristics of
the fractional-order Rössler system. Figure 4 shows phase
portraits on x-y plane of attractor obtained by simulation for
different 𝑞 and 𝑎. It illustrates that the other conditions are
the same, but 𝑞 is different, and the phase portraits of the
system are different. When a=0.504, the system is periodic
for q=1, and it is chaotic for q=0.8 and q=0.6. However, when
a=0.441, the system is periodic for q=0.6, and in the other
two cases, the system is chaotic. Figure 4 also verifies that
the dynamic characteristics of the fractional-order Rössler
system are affected by q.

3.3. Implementation on DSP. The realization of fractional-
order chaotic system is an important part of its application.
We implement the fractional-order Rössler system on DSP
platform. In [2], we realized the fractional-order simpli-
fied Lorenz system in the DSP board based on Adomian

decomposition method, and the same technique is employed
in this paper. For hardware design, the block diagram of the
working principle is shown in Figure 5. In the experiments,
the Texas Instrument DSP device TMS320F2812 is employed.
TMS320F2812 is a 32-bit DSP running at 150MHz with fixed
point operation. Such a high-speed clock rate is considered to
be sufficient for our experiments. It can easily interface with
a 16-bit dual channels digital-to-analog converter DAC8552
by SPI (serial peripheral interface). Phase portraits of the
system are captured randomly by oscilloscope (Tektronix
MSO 4102B-L).

For software design, the operational procedure is shown
in Figure 6. It is based on the discrete iterative equations
(13)-(18). The initial values, including h, q, [𝑥0, 𝑦0, 𝑧0],
parameters and iteration number are set after initializing
DSP. To improve the calculation speed, all Γ(⋅) and hnq are
calculated before iterative computation. According to (13)-
(18), some sequences are negative, and input data of DAC8552
must be integers in [0, 216−1]. Thus, to display the attractors
of the fractional-order chaotic system, the data processing
includes three steps. Firstly, a positive integer 𝐴 is added
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Figure 3: Bifurcation diagrams andLyapunov exponent spectra for fractional-orderRössler systemwith b=2 and c=4. (a) Bifurcation diagram
with q=1. (b) Bifurcation diagram with q=0.8. (c) Bifurcation diagram with q=0.6. (d) Maximum Lyapunov exponent spectra.

to all sequences. It makes sure that each dataset is positive.
Secondly, a scaling process is carried out by multiplying a
positive integer 𝐵. Finally, the above results are rounded
up. A and 𝐵 are different for the sequences with different
parameters and 𝑞. In addition, the iterative computation is
not affected by data processing by employing the operation
of pushing and popping [2].

We set h = 0.01, initial values [𝑥0, 𝑦0, 𝑧0] = [2, -3, 2], and
the parameters a, b, c are the same as those in Section 3.3; A
= 15 and B = 1400. Phase portraits of the system are captured
by the oscilloscope as shown in Figure 7. The experimental
results qualify the simulation analysis, as shown in Figure 2.
It indicates that the fractional-order Rössler system is realized
successfully onDSP platform. For theDSP implementation of
the fractional-order Rössler system, the number of variations
is not changed in the calculation. So, it is not worrisome
that the computer resources will be exhausted, and ADM is
suitable for engineering applications.

4. Tracking Synchronization

Synchronization control of fractional-order chaotic system
is one of the main aspects of its applications. In practical
applications, we need to eliminate the chaos or transform

it into some useful signals. Therefore, tracking control,
which transforms the chaos signal into desired bounded
signal, is significant in practice. We investigate the tracking
synchronization of fractional-order Rössler systems based on
ADM.

The tracking system with controllers is defined as

∗𝐷𝑞𝑡0𝑥 = −𝑦 − 𝑧 + 𝑢1
∗𝐷𝑞𝑡0𝑦 = 𝑥 + 𝑎𝑦 + 𝑢2
∗𝐷𝑞𝑡0𝑧 = 𝑏 − 𝑐𝑧 + 𝑥𝑧 + 𝑢3,

(21)

whereu=[𝑢1, 𝑢2, 𝑢3]T are the controllers. By designing proper
controllers, variable states 𝑥, 𝑦, and 𝑧 in system (21) track
the signals 𝜑1, 𝜑2, and 𝜑3, respectively. Here we define the
error between variable states and target signals as follows:

𝑒1 (𝑡) = 𝑥 (𝑡) − 𝜑1 (𝑡)
𝑒2 (𝑡) = 𝑦 (𝑡) − 𝜑2 (𝑡)
𝑒3 (𝑡) = 𝑧 (𝑡) − 𝜑3 (𝑡) .

(22)
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Figure 4: Phase portraits on x-y plane of attractor obtained by simulation. (a) q=1, a=0.504. (b) q=0.8, a=0.504. (c) q=0.6, a=0.504. (d) q=1,
a=0.441. (e) q=0.8, a=0.441. (f) q=0.6, a=0.441.

DSP
(TMS320F2812)

OSC
(Tektronix MSO 4102B-L)

D/A
(DAC8552)

SPI

Figure 5: Simplified block diagram for DSP implementation of a fractional-order chaotic system.

Definition 2. For the tracking system (21), if there is a
controller u making 𝑒𝑖(𝑡) → 0, (𝑖 = 1, 2, 3), then variable
states 𝑥, 𝑦, and 𝑧 of the system are synchronized with the
signals 𝜑1, 𝜑2, and 𝜑3, respectively.

For a fractional-order linear system given by ∗𝐷𝑞𝑡0𝑥(𝑡) =
−𝑘𝑥(𝑡), where 𝑘 is a real constant, if k>0, then x(t) conver-
gences to zero with the increase of time 𝑡. In this paper, the
obtained error system ∗𝐷𝑞𝑡0𝑒𝑖(𝑡) = −𝑘𝑖𝑒𝑖(𝑡) (i=1, 2, 3) will
satisfy this property.

4.1. Tracking the Constant Signals. Let variable states 𝑥, 𝑦,
and 𝑧 in system (21) track the constants 𝜑1, 𝜑2, and 𝜑3,
respectively. It means that the system will be controlled to a
fixed point. Suppose that we have the following controllers:

𝑢1 = −𝑘1 (𝑥 − 𝜑1) + 𝑦 + 𝑧
𝑢2 = −𝑘2 (𝑦 − 𝜑2) − 𝑥 − 𝑎𝑦
𝑢3 = −𝑘3 (𝑧 − 𝜑3) − 𝑏 + 𝑐𝑧 − 𝑥𝑧.

(23)

By subtracting (11) from (21), we have
∗𝐷𝑞𝑡0𝑒1 = ∗𝐷𝑞𝑡0𝑥 = −𝑘1 (𝑥 − 𝜑1) = −𝑘1𝑒1

∗𝐷𝑞𝑡0𝑒2 = ∗𝐷𝑞𝑡0𝑦 = −𝑘2 (𝑦 − 𝜑2) = −𝑘2𝑒2
∗𝐷𝑞𝑡0𝑒3 = ∗𝐷𝑞𝑡0𝑧 = −𝑘3 (𝑧 − 𝜑3) = −𝑘3𝑒3.

(24)

Linearizing error system (24) at its equilibrium point𝑒1=𝑒2=𝑒3=0 yields the Jacobin matrix J as shown in (25). The
eigenvalues of J are 𝜆1 = 𝜆2 = 𝜆3 = −1, and they satisfy|arg(𝜆𝑖)| > 𝑞𝜋/2. So, the error system (24) is asymptotically
stable at its equilibrium point.

J = [[
[

−𝑘1 0 0
0 −𝑘2 0
0 0 −𝑘3

]]
]

. (25)

The error system (24) with controller is solved by adopting
ADM, too. The obtained approximate solution is shown in
(26)-(31).

[[[
[

𝑥𝑚+1
𝑦𝑚+1
𝑧𝑚+1

]]]
]

= [[[
[

𝑥10 + 𝑥11 + 𝑥12 + 𝑥13 + 𝑥14
𝑦10 + 𝑦11 + 𝑦12 + 𝑦13 + 𝑦14
𝑧10 + 𝑧11 + 𝑧12 + 𝑧13 + 𝑧14

]]]
]

, (26)
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Figure 6: Flow chart for DSP implementation of a fractional-order
chaotic system.

where

𝐶10 = 𝑥𝑚
𝐶20 = 𝑦𝑚
𝐶30 = 𝑧𝑚

𝐶100 = 𝑘1𝜑1
𝐶200 = 𝑘2𝜑2
𝐶300 = 𝑘3𝜑3
𝑥10 = 𝐶10 + 𝐶100 ℎ𝑞

Γ (𝑞 + 1)
𝑦10 = 𝐶20 + 𝐶200 ℎ𝑞

Γ (𝑞 + 1)
𝑧10 = 𝐶30 + 𝐶300 ℎ𝑞

Γ (𝑞 + 1) ,

(27)

𝐶11 = −𝑘1𝐶10
𝐶110 = −𝑘1𝐶100
𝐶21 = −𝑘2𝐶20

𝐶210 = −𝑘2𝐶200
𝐶31 = −𝑘3𝐶30

𝐶310 = −𝑘3𝐶300
𝑥11 = 𝐶11 ℎ𝑞

Γ (𝑞 + 1) + 𝐶110 ℎ2𝑞
Γ (2𝑞 + 1)

𝑦11 = 𝐶21 ℎ𝑞
Γ (𝑞 + 1) + 𝐶210 ℎ2𝑞

Γ (2𝑞 + 1)

𝑧11 = 𝐶31 ℎ𝑞
Γ (𝑞 + 1) + 𝐶310 ℎ2𝑞

Γ (2𝑞 + 1) ,
(28)

𝐶12 = −𝑘1𝐶11
𝐶120 = −𝑘1𝐶110
𝐶22 = −𝑘2𝐶21

𝐶220 = −𝑘2𝐶210
𝐶32 = −𝑘3𝐶31

𝐶320 = −𝑘3𝐶310
𝑥12 = 𝐶12 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐶120 ℎ3𝑞
Γ (3𝑞 + 1)

𝑦12 = 𝐶22 ℎ2𝑞
Γ (2𝑞 + 1) + 𝐶220 ℎ3𝑞

Γ (3𝑞 + 1)
𝑧12 = 𝐶32 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐶320 ℎ3𝑞
Γ (3𝑞 + 1) ,

(29)

𝐶13 = −𝑘1𝐶12
𝐶130 = −𝑘1𝐶120
𝐶23 = −𝑘2𝐶22

𝐶230 = −𝑘2𝐶220
𝐶33 = −𝑘3𝐶32

𝐶330 = −𝑘3𝐶320
𝑥13 = 𝐶13 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐶130 ℎ4𝑞
Γ (4𝑞 + 1)

𝑦13 = 𝐶23 ℎ3𝑞
Γ (3𝑞 + 1) + 𝐶230 ℎ4𝑞

Γ (4𝑞 + 1)
𝑧13 = 𝐶33 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐶330 ℎ4𝑞
Γ (4𝑞 + 1) ,

(30)

𝐶14 = −𝑘1𝐶13
𝐶140 = −𝑘1𝐶130
𝐶24 = −𝑘2𝐶23

𝐶240 = −𝑘2𝐶230
𝐶34 = −𝑘3𝐶33

𝐶340 = −𝑘3𝐶330
𝑥14 = 𝐶14 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐶140 ℎ5𝑞
Γ (5𝑞 + 1)

𝑦14 = 𝐶24 ℎ4𝑞
Γ (4𝑞 + 1) + 𝐶240 ℎ5𝑞

Γ (5𝑞 + 1)
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Figure 7: Phase portraits on x-y plane of attractor displayed on oscilloscope. (a) q=0.373. (b) q=0.564.
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Figure 8: Tracking constant signals. (a) Error curves of synchronization system. (b) Tracked variable states.

𝑧14 = 𝐶340 ℎ4𝑞
Γ (4𝑞 + 1) + 𝐶341 ℎ5𝑞

Γ (5𝑞 + 1)
(31)

Setting q=0.98, [𝑘1, 𝑘2, 𝑘3]=[2, 3, 4], and [𝜑1, 𝜑2, 𝜑3]=[1, 2, 3]
in (24), respectively, the synchronizations of fractional-order
Rössler systems are simulated. The error curves of simulation
results are displayed in Figure 8(a). It shows that the evolution
of the synchronization errors asymptotically converges to
zero. Eventually [𝑥, 𝑦𝑧]= [𝜑1, 𝜑2, 𝜑3]=[1, 2, 3] as shown
in Figure 8(b). The results verify that the variable states 𝑥,𝑦, and 𝑧 in system (21) track the constants 𝜑1, 𝜑2, and 𝜑3,
successfully.

4.2. Tracking the Fractional-Order Chaotic Signals. In this
case, 𝜑1, 𝜑2, and 𝜑3 are fractional q-order differentiable
function signals. Suppose that 𝜑1(𝑡) = 𝑥(𝑡), 𝜑2(𝑡) = 𝑦(𝑡), and𝜑3(𝑡) = 𝑧(𝑡), from the driving system given by

∗𝐷𝑞𝑡0𝑥 = −𝑦 − 𝑧
∗𝐷𝑞𝑡0𝑦 = 𝑥 + 𝑎𝑦
∗𝐷𝑞𝑡0𝑧 = 𝑏 − 𝑐𝑧 + 𝑥𝑧.

(32)

The controller’s equations are as given as follows:

𝑢1 = −𝑘1 (𝑥 − 𝜑1) + 𝑦 + 𝑧 + ∗𝐷𝑞𝑡0𝜑1 (𝑡)
𝑢2 = −𝑘2 (𝑦 − 𝜑2) − 𝑥 − 𝑎𝑦 + ∗𝐷𝑞𝑡0𝜑2 (𝑡)
𝑢3 = −𝑘3 (𝑧 − 𝜑3) − 𝑏 + 𝑐𝑧 − 𝑥𝑧 + ∗𝐷𝑞𝑡0𝜑3 (𝑡) .

(33)

Now system (21) is denoted as

∗𝐷𝑞𝑡0𝑥 = −𝑘1 (𝑥 − 𝜑1) + ∗𝐷𝑞𝑡0𝜑1 (𝑡)
∗𝐷𝑞𝑡0𝑦 = −𝑘2 (𝑦 − 𝜑2) + ∗𝐷𝑞𝑡0𝜑2 (𝑡)
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∗𝐷𝑞𝑡0𝑧 = −𝑘3 (𝑧 − 𝜑3) + ∗𝐷𝑞𝑡0𝜑3 (𝑡) ,
(34)

Obviously,

∗𝐷𝑞𝑡0𝑥 − ∗𝐷𝑞𝑡0𝜑1 (𝑡) = ∗𝐷𝑞𝑡0𝑒1 = −𝑘1 (𝑥 − 𝜑1)
= −𝑘1𝑒1

∗𝐷𝑞𝑡0𝑦 − ∗𝐷𝑞𝑡0𝜑2 (𝑡) = ∗𝐷𝑞𝑡0𝑒2 = −𝑘2 (𝑦 − 𝜑2)
= −𝑘2𝑒2

∗𝐷𝑞𝑡0𝑧 − ∗𝐷𝑞𝑡0𝜑3 (𝑡) = ∗𝐷𝑞𝑡0𝑒3 = −𝑘3 (𝑧 − 𝜑3)
= −𝑘3𝑒3,

(35)

and system (21) can be synchronized with the driving signals.
Moreover, since 𝜑1(𝑡) = 𝑥(𝑡), 𝜑2(𝑡) = 𝑦(𝑡), and 𝜑3(𝑡) = 𝑧(𝑡),
system (21) is given by

∗𝐷𝑞𝑡0𝑥 = −𝑘1 (𝑥 − 𝑥) + ∗𝐷𝑞𝑡0𝑥 (𝑡)
= −𝑘1 (𝑥 − 𝑥) − 𝑦 − 𝑧

∗𝐷𝑞𝑡0𝑦 = −𝑘2 (𝑦 − 𝑦) + ∗𝐷𝑞𝑡0𝑦 (𝑡)
= −𝑘2 (𝑦 − 𝑦) + 𝑥 + 𝑎𝑦

∗𝐷𝑞𝑡0𝑧 = −𝑘3 (𝑧 − 𝑧) + ∗𝐷𝑞𝑡0𝑧 (𝑡)
= −𝑘3 (𝑧 − 𝑧) + 𝑏 − 𝑐𝑧 + 𝑥𝑧,

(36)

System (36) is solved by adopting ADM, and the solution is
as follows:

[[[
[

𝑥𝑚+1
𝑦𝑚+1
𝑧𝑚+1

]]]
]

= [[[
[

𝑥10 + 𝑥11 + 𝑥12 + 𝑥13 + 𝑥14
𝑦10 + 𝑦11 + 𝑦12 + 𝑦13 + 𝑦14
𝑧10 + 𝑧11 + 𝑧12 + 𝑧13 + 𝑧14

]]]
]

, (37)

where

𝑥10 = 𝑥𝑚
𝑦10 = 𝑦𝑚
𝑧10 = 𝑧𝑚 + 𝑏 ℎ𝑞

Γ (𝑞 + 1)
𝐺10 = 𝑥10
𝐺20 = 𝑦10
𝐺30 = 𝑧0,

(38)

𝐺11 = −𝑘1 (𝐺10 − 𝐶10) + 𝐶11
𝐺110 = 𝐶110
𝑥11 = 𝐺11 ℎ𝑞

Γ (𝑞 + 1) + 𝐺110 ℎ2𝑞
Γ (2𝑞 + 1)

𝐺21 = −𝑘2 (𝐺20 − 𝐶20) + 𝐶21
𝑦11 = 𝐺21 ℎ𝑞

Γ (𝑞 + 1)
𝐺31 = −𝑘3 (𝐺30 − 𝐶30) + 𝐶31

𝐺310 = 𝐶310 − 𝑘3𝑏
𝑧11 = 𝐺31 ℎ𝑞

Γ (𝑞 + 1) + 𝐺310 ℎ2𝑞
Γ (2𝑞 + 1) ,

(39)

𝐺12 = −𝑘1 (𝐺11 − 𝐶11) + 𝐶12
𝐺120 = −𝑘1 (𝐺110 − 𝐶110) + 𝐶120
𝑥12 = 𝐺12 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐺120 ℎ3𝑞
Γ (3𝑞 + 1)

𝐺22 = −𝑘2 (𝐺21 − 𝐶21) + 𝐶22
𝐺220 = 𝐶220
𝑦12 = 𝐺22 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐺220 ℎ3𝑞
Γ (3𝑞 + 1)

𝐺32 = −𝑘3 (𝐺31 − 𝐶31) + 𝐶32
𝐺320 = −𝑘2 (𝐺310 − 𝐶320) + 𝐶320
𝐺321 = 𝐶321
𝑧12 = 𝐺32 ℎ2𝑞

Γ (2𝑞 + 1) + 𝐺320 ℎ3𝑞
Γ (3𝑞 + 1)

+ 𝐺321 ℎ4𝑞
Γ (4𝑞 + 1) ,

(40)

𝐺13 = −𝑘1 (𝐺12 − 𝐶12) + 𝐶13
𝐺130 = −𝑘1 (𝐺120 − 𝐶120) + 𝐶130
𝐺131 = 𝐶131
𝑥13 = 𝐺13 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐺130 ℎ4𝑞
Γ (4𝑞 + 1)

+ 𝐺131 ℎ5𝑞
Γ (5𝑞 + 1)

𝐺23 = −𝑘2 (𝐺22 − 𝐶22) + 𝐶23
𝐺230 = −𝑘2 (𝐺220 − 𝐶220) + 𝐶230
𝑦13 = 𝐺23 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐺230 ℎ4𝑞
Γ (4𝑞 + 1)
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Figure 9: Tracking chaotic signal from the master system. (a) Error curves of synchronization system. (b) Tracked variable state (x and 𝑥).
(c) Tracked variable state (y and 𝑦). (d) Tracked variable state (z and 𝑧).

𝐺33 = −𝑘3 (𝐺32 − 𝐶32) + 𝐶33
𝐺330 = −𝑘3 (𝐺320 − 𝐶320) + 𝐶330
𝐺331 = 𝐶331
𝑧13 = 𝐺33 ℎ3𝑞

Γ (3𝑞 + 1) + 𝐺330 ℎ4𝑞
Γ (4𝑞 + 1)

+ 𝐺331 ℎ5𝑞
Γ (5𝑞 + 1) ,

(41)

𝐺14 = −𝑘1 (𝐺13 − 𝐶13) + 𝐶14
𝐺140 = −𝑘1 (𝐺130 − 𝐶130) + 𝐶140
𝐺141 = −𝑘1 (𝐺131 − 𝐶131) + 𝐶141

𝑥14 = 𝐺14 ℎ4𝑞
Γ (4𝑞 + 1) + 𝐺140 ℎ5𝑞

Γ (5𝑞 + 1)
+ 𝐺141 ℎ6𝑞

Γ (6𝑞 + 1)
𝐺24 = −𝑘2 (𝐺23 − 𝐶23) + 𝐶24

𝐺240 = −𝑘2 (𝐺230 − 𝐶230) + 𝐶240
𝐺241 = 𝐶131
𝑦14 = 𝐺24 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐺240 ℎ5𝑞
Γ (5𝑞 + 1)

+ 𝐺241 ℎ6𝑞
Γ (6𝑞 + 1)

𝐺340 = −𝑘3 (𝐺33 − 𝐶33) + 𝐶340
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𝐺341 = −𝑘3 (𝐺330 − 𝐶330) + 𝐶341
𝐺342 = −𝑘3 (𝐺331 − 𝐶331) + 𝐶342
𝐺343 = 𝐶343
𝑧14 = 𝐺340 ℎ4𝑞

Γ (4𝑞 + 1) + 𝐺341 ℎ5𝑞
Γ (5𝑞 + 1)

+ 𝐺342 ℎ6𝑞
Γ (6𝑞 + 1) + 𝐺343 ℎ7𝑞

Γ (7𝑞 + 1)
(42)

In (37)-(42), C is the same as that in the solution (see (13)-
(18)) of the driving system.

In (36), let a=0.55, b=2, c=4, q=0.95, and [𝑘1, 𝑘2, 𝑘3]=[1, 2,3]. The simulation results are shown in Figure 9. Figure 9(a)
demonstrates that synchronization between two fractional-
order Rössler systemswith the designed controller is achieved
by employing ADM. Figures 9(b), 9(c), and 9(d) illustrate
the changes of the tracked variable states, and they show that
the system can track the chaotic signals from master system
successfully.

5. Conclusions

The fractional-order Rössler system is solved by adopting
Adomiandecompositionmethod, and the numerical solution
is presented. Based on the given iteration, dynamics and
synchronizations of the fractional-order Rössler system are
investigated.(1) Compared with its integer-order counterpart, the
fractional-order Rössler system shows different dynamics.
q affects the dynamic characteristics of the fractional-order
chaotic system, and it is another bifurcation parameter except
for the system parameters a, b, and c.(2) When the fractional-order Rössler system is solved
by employing ADM, the lowest order at which the chaos
exists is about 1.119 when q=0.373 with a=0.55, b=2, c=4, and
h=0.01. The results are more accurate than that by adopting
frequency-domain method.(3) Based on ADM, the tracking synchronization of
fractional-order Rössler systems is realized. It lays the
foundation for the extensive applications research of the
fractional-order chaotic system.
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The electromechanical systemof a crawler is amulti-input,multioutput strongly coupled nonlinear system. In this study, an adaptive
inverse control method based on kriging algorithm and Lyapunov theory is proposed to improve control accuracy during adaptive
driving.The electromechanical couplingmodel of the electromechanical system is established on the basis of the dynamic analysis of
the crawler. In accordancewith the kriging algorithm, the inversemodel of the electromechanical systemof the crawler is established
by offline data.The adaptive travel control law of the crawler is obtained on the basis of Lyapunov theory. Combinedwith the kriging
algorithm, the adaptive driving reverse control method is designed, and the online system is used to update and perfect the inverse
system model in real time. Finally, the virtual prototype model of the crawler is established, and the control effect of the adaptive
inverse control method is verified by theoretical analysis and virtual prototype simulation.

1. Introduction

As the most common construction machinery traveling
device used in engineering applications, the crawler mecha-
nism incurs increasing requirements on the driving force due
to the trend of large-scale construction vehicles. Therefore,
increasing crawler-type construction vehicles use a motor as
their driving mode. On the basis of the characteristics of the
motor itself, the electromechanical system of a crawler has
become a typical multi-input, multioutput (MIMO) strong
coupling and nonlinear dynamic model. Hence, with the
development of intelligent control technology, intelligent
modeling technologies have been applied extensively to the
inverse system control for this complexMIMO system, which
provides the possibility of precise control of the adaptive
travel process of a crawler. Among these technologies, inverse
system control is a control strategy based on feedback
linearization method. The basic idea is as follows. First, the
inverse system model of the controlled object is established,
and the inverse system model and the controlled object are
connected in series to form the pseudolinear compound
method, thereby realizing the approximate linearization

and basic decoupling of the controlled object. Additional
controllers are then designed for each subsystem after lin-
earization and decoupling using various mature controller
designmethods to control themultivariable nonlinear system
effectively [1–3].

In the existing inverse control research, neural network
algorithm is the most commonly used method in inverse
modeling [4, 5]. Alexandridis, Stogiannos, and Kyriou pre-
sented a novel control scheme based on the approximation
of the inverse process dynamics with a radial basis function
(RBF) neural network model trained with the fuzzy means
algorithm [6]. Imtiaz, Assadzadeh, and Jamuar investigated
the approximation capability of a neural network model.
Inverse neural networks (INNs) were used to control the
temperature of a biochemical reactor and its effect on ethanol
production. An INN trained using the backpropagation
learning algorithm from data sets of a fundamental model
provided an artificial neural network application of the recog-
nition and control of nonlinear systems [7]. Alanis, Ornelas-
Tellez, and Sanchez presented a robust inverse optimal neural
control approach to stabilize a discrete-time uncertain non-
linear system while simultaneously minimizing ameaningful
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cost function, thereby improving the adaptability of a neural
network by introducing an optimization algorithm [8]. Singh,
Vinoth, and Kiran addressed the inverse dynamics of a three-
degrees-of-freedom U-shaped planar parallel manipulator
with three legs consisting of prismatic–prismatic–revolute
joint arrangement, in which each leg has one active pris-
matic joint; they also proposed a proportional–derivative-like
adaptive sliding mode control combined with a disturbance
observer for the motion control of the proposed manipulator
[9, 10]. Bilello proposed the recursive neural network theory
to establish positive and inverse models simultaneously with
a recurrent neural network, in which the nonlinear object
can show good adaptivity under a control system [11]. J.
Li, S. Li, and Chen developed an adaptive control strategy
that combined a neural network inverse controller with an
RBF network disturbance observer for a MIMO system with
non-minimum phase and internal and external disturbances
[12]. In electronic systems, Aravind and Alexander explored
the inverse control effect of a neural network on an H-
bridge inverter [13]. The aforementioned studies reveal that
inverse control systems with a neural network have a good
effect in many industrial fields. However, realizing real-
time tracking control is difficult because of low training
efficiency.

In addition, foreign scholars have worked on other
algorithms with considerable experimentation and research
to improve the performance of inverse control systems. In
the optimal control aspect, Ornelas-Tellez, Sanchez, and
Loukianov presented an inverse optimal control approach
to prevent solving the associated Hamilton–Jacobi–Bellman
equation and minimize the cost function in stabilizing
discrete-time nonlinear systems [14]. El-Hussieny, Abouel-
soud, and Assal used particle swarm optimization to retrieve
the unknown cost in their proposed ILQR problem; they
proposed an evolving ILQR algorithm in refining the learned
cost once new unseen demonstrations exist to overcome
the overfitting problem [15]. In the fuzzy control aspect,
Boukezzoula et al. applied the Takagi–Sugeno fuzzy model
and the fuzzy mathematical model to identify the inverse
model of nonlinear systems [16]. Chen, Zhang, and Zhao et
al. proposed an independent adaptive fuzzy control system
of nominal dynamics and uncertain parts to control an
underactuated underwater vehicle with uncertainties based
on a computed torque controller [17]. In the aspect of adap-
tive control, Rahideh, Bajodah, and Shaheed investigated
the development and experimental implementation of an
adaptive dynamic nonlinear model inversion control law for
a twin rotor MIMO system using artificial neural networks;
they used a highly nonlinear aerodynamic test rig with
complex cross-coupled dynamics to represent the control
challenges of modern air vehicles [18]. Wang, Chen, and Jian
et al. proposed a new adaptive inverse control method based
on a recently developed maximum correntropy criterion
algorithm to improve the robustness of the adaptive inverse
control against impulsive noises [19]. To some extent, the
aforementioned algorithms improve the effectiveness of the
inverse control. However, in a complex environment, the
inverse modeling accuracy of the algorithms is extremely low.
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Figure 1: Kinematics analysis diagram of double crawlers.

Thus, the present study focuses on improving the inverse
modeling precision and efficiency.

In this study, a kriging algorithm is used for the inverse
modeling of complicated nonlinear MIMO systems to realize
accurate online control. In comparison with other tradi-
tional function-modeling technologies, the kriging algo-
rithm presents two advantages. First, instead of using all
information, a kriging model uses only some data near
the estimated point based on the known information of
dynamic construction to simulate the unknown. Second, this
model has local and global statistical features, which allow
the analysis of the known trend and information dynamics
[20].

In this study, it is assumed that the crawler can be
unmanned in a complex environment. Because the elec-
tromechanical coupling model of crawler is a nonlinear
system with multiple parameters and strong coupling, the
problem of control precision is more difficult. In order
to improve control accuracy during adaptive driving, a
Lyapunov adaptive control algorithm, a kriging algorithm
modeling, an adaptive inverse control design, and an inverse
control in the application of the crawler, we analyze the
control performance of adaptive inverse control algorithm
through theoretical calculation and virtual prototype simula-
tion. The control method provides a theoretical basis for the
practical application of the crawler in the unmanned driving
situation.

2. Modeling of the Crawler

2.1. Kinematics Analysis of the Crawler. As shown in Figure 1,
a global coordinate system XOY and a moving coordinate
system XRORYR are established, where 𝑂𝑅 is the geometric
center of the crawler; ORXR points to the track; ORYR points
to the track side and is perpendicular to ORXR; V𝑅 and V𝐿
are located on both sides of the crawler forward speed and
direction, respectively; and ORXR is consistent. 𝜃𝑑 is the
included angle between the global and moving coordinate
systems; it is positive when deflected counterclockwise and
negative when clockwise. D denotes the body width. In the
course of driving, the crawler mainly relies on both sides
of the track to achieve the speed difference. In the steering
movement, the inner and outer crawlers undergo some side
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slip. The sliding movement of the crawler belts on both sides
is consistent, and the wheel displacement and tracks of the
track internal mechanism will not occur because the crawler
frame is an entirely rigid structure.

Figure 1 shows the crawler movement to 𝑡 at the moment.
The state equation of motion can be expressed as

�̇� = [[[
[

̇𝑥
�̇�
̇𝜃𝑑
]]]
]

=
[[[[[[
[

1
2 cos 𝜃𝑑 1

2 cos 𝜃𝑑1
2 sin 𝜃𝑑 1

2 sin 𝜃𝑑
− 1𝐷 + 2𝑏 1𝐷 + 2𝑏

]]]]]]
]

[V𝐿
V𝑅

] (1)

where 𝑊 is the current travel position and attitude equation
of the crawler. According to the structural characteristics
and geometric center of the track 𝑂𝑅, linear velocity V𝑂 and
angular velocity 𝜔𝑂 determine the current left track speed V𝐿
and the right track speed V𝑅.

[V𝐿
V𝑅

] = [[
[
1 −𝐷 + 2𝑏

2
1 𝐷 + 2𝑏2

]]
]

[V𝑂𝜔𝑂] (2)

Substituting (2) into (1) yields

�̇� = [[[
[

�̇�
̇𝑦
̇𝜃𝑑
]]]
]

= [[
[

cos 𝜃𝑑 0
sin 𝜃𝑑 0

0 1
]]
]

[V𝑂𝜔𝑂] = 𝐻1 [V𝑂𝜔𝑂] (3)

where H1 is the velocity state matrix of the crawler in the
global coordinate system. On the basis of V = R⋅𝜔 and (2), the
crawler radius during steering can be calculated as follows:

𝑅 = V𝑂𝜔𝑂 = 𝐷 + 2𝑏
2 ⋅ V𝐿 + V𝑅

V𝐿 − V𝑅
(4)

When V𝐿 = V𝑅, both sides of the crawler speed are equal to
the straight crawler line; that is, R = ∞; when V𝐿 ̸= V𝑅 and
V𝐿 ̸= −V𝑅, the crawler is in the course of steering.

2.2. Kinetic Analysis of the Crawler. Figure 2 shows the
process of driving the crawler to overcome the operational,
wind, and steering resistance.

Figure 3 shows the crawler used for speed analysis. 𝑟𝑆𝑖
is the distance from the longitudinal axis of the track to
the steering center, 𝜔 is the steering angular velocity of the
vehicle, 𝑂𝑖 is the geometric center of the track ground plane,𝑂𝑖 is the intersection of the steering center with the vertical
line and longitudinal axis of the track,𝑂𝑆𝑖 is the instantaneous
center of the track speed, 𝑏 denotes the track width, and 𝐴 𝑖
represents the distance from 𝑂𝑖 to 𝑂𝑆𝑖.

The speed analysis indicates that, for the driving side of
the crawler, the instantaneous center of the speed is away
from the steering center position. For the brake side of
the crawler, the instantaneous speed is in the center of the
steering center position. The magnitude of the force acting
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Figure 2: Turning diagram.
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Figure 3: Velocity analysis of the crawlers.

on the track by the ground is related to the vertical load, and
the direction is opposite to the absolute speed. Therefore, the
speed of the crawler surface can be subjected to stress analysis
after the evaluation.

The crawler ground is used for dxdy force analysis, as
shown in Figure 4. A right-angle scale is constructed by
taking the crawler center𝑂𝑖 as the origin, the longitudinal axis
of the track as the 𝑌𝑖-axis, and the straight line that crosses
the center and perpendicular to the 𝑌𝑖-axis as the 𝑋𝑖-axis. To
withstand the role of trace friction dFi, the direction and the
absolute speed of the opposite for each dxdy crawler surface
are expressed as follows:

d𝐹𝑖 = 𝜇𝑝 (𝑥, 𝑦)d𝑥d𝑦, (5)

where p(x, y) is the ground pressure ratio function and𝜇 is the
steering resistance coefficient, the value of which is correlated
to the turning radius.
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Figure 4: Force analysis of the crawler.

The component of dFi in the direction of the 𝑋𝑖- and 𝑌𝑖-
axes is

d𝐹𝑋𝑖 = d𝐹𝑖 sin 𝜙 = d𝐹𝑖 𝑦 − 𝐷𝑖
√(𝑥 − 𝐴 𝑖)2 + (𝑦 − 𝐷𝑖)2 (6)

d𝐹𝑌𝑖 = d𝐹𝑖 cos 𝜙 = d𝐹𝑖 𝑥 − 𝐴 𝑖
√(𝑥 − 𝐴 𝑖)2 + (𝑦 − 𝐷𝑖)2 (7)

When the crawler ground pressure is uniform, the
available ground facing the track resistance torque (crawler
ground geometric center 𝑂𝑖) is as follows:

𝑀𝑂𝑖 = ∬𝑦d𝐹𝑋𝑖 − ∬𝑥d𝐹𝑌𝑖

= ∫𝑙/2
−𝑙/2

∫𝑏/2
−𝑏/2

[[
[

𝑦 (𝑦 − 𝐷𝑖) + 𝑥 (𝑥 − 𝐴 𝑖)
√(𝑥 − 𝐴 𝑖)2 + (𝑦 − 𝐷𝑖)2

]]
]

⋅ 𝜇𝑝 (𝑥, 𝑦)d𝑥d𝑦

(8)

where 𝑝(𝑥, 𝑦) = 𝐹𝑍𝑖/𝑏𝑙, i = 1, 2, and 𝐷𝑖 is the vertical offset of
the instantaneous center.

After the integration obtains the single crawler on the
longitudinal friction, lateral force and steering resistance
torque occur. Figure 5 shows the crawler walking device
balance analysis of stress. The overall force of the vehicle can
be listed in a balance equation.

𝐹𝑋1 + 𝐹𝑋2 = 0
𝐹𝑌1 + 𝐹𝑌2 + 𝐹𝑅1 + 𝐹𝑅2 − 𝐹𝑄1 − 𝐹𝑄2 = 0

𝑀𝑂1 + 𝑀𝑂2 − 𝐹𝑌1𝑟𝑆1 − 𝐹𝑌2𝑟𝑆2 + 𝐹𝑋1𝐷1 + 𝐹𝑋2𝐷2 = 0
(9)

Steering or braking force is required to obtain the solution
equilibrium equation. Thus, we can list the crawler travel
device steering dynamic equation as

Q1F

Q2F

Y1FY2F

X1F
X2F

O1MO2M

R1FR2F



Figure 5: Force equilibrium diagram of the crawler.

V̇𝑐 = 𝐹𝑄1 + 𝐹𝑄2 − (𝐹𝑅1 + 𝐹𝑅2)𝑚
�̇�𝑐 = 𝐵 [−𝐹𝑄1 + 𝐹𝑄2 − (−𝐹𝑅1 + 𝐹𝑅2)] − 2𝑀

𝐽𝑂 .
(10)

2.3. Electromechanical Coupling Modeling of the Crawler.
The symmetrical three-phase asynchronous motor electric
current oscillations in its windings are described by the six
circuit voltage equations transformed next into the system
of four Park’s equations in the so-called “𝛼𝛽–dq” reference
system. We obtain the state equation of the induction motor,
as shown as follows:

𝑑𝜔
𝑑𝑡 = 𝑛2𝑝𝐿𝑚𝐽𝐿𝑟 (𝑖𝑠𝑞𝜓𝑟𝑑 − 𝑖𝑠𝑑𝜓𝑟𝑞) − 𝑛𝑝𝐽 𝑇𝐿

𝑑𝜓𝑟𝑑𝑑𝑡 = − 1
𝑇𝑟𝜓𝑟𝑑 + (𝜔𝑛 − 𝜔)𝜓𝑟𝑞 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑑

𝑑𝜓𝑟𝑞𝑑𝑡 = − 1
𝑇𝑟𝜓𝑟𝑞 − (𝜔𝑛 − 𝜔)𝜓𝑟𝑑 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑞

𝑑𝑖𝑠𝑑𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑑 +
𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔𝜓𝑟𝑞

− 𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑑 + 𝜔𝑛𝑖𝑠𝑞 + 𝑢𝑠𝑑𝜎𝐿 𝑠
𝑑𝑖𝑠𝑞𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑞 +

𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔𝜓𝑟𝑑

− 𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑞 − 𝜔𝑛𝑖𝑠𝑑 + 𝑢𝑠𝑞𝜎𝐿 𝑠

(11)

where 𝑢𝑠𝑑 and 𝑢𝑠𝑞 are the stator voltages; 𝑅𝑠 and 𝑅𝑟 are the
stator and rotor winding resistance, respectively; 𝑖𝑠𝑑 and 𝑖𝑠𝑞
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are the stator currents; Ψrd and Ψrq are the rotor fluxes; 𝐿 𝑠
and 𝐿𝑟 are the self-inductance of the equivalent two-phase
winding of the stator and the rotor, respectively; 𝐿𝑚 is the
mutual inductance between the equivalent windings when
the stator and rotor are coaxial; 𝑛𝑝 is the number of pole pairs;
J is the motor’s moment of inertia; 𝑇𝐿 is the load torque; 𝜔n is
the rotating magnetic field speed; 𝜔 is the rotor speed; 𝜎 = 1− L2m/(𝐿 𝑠⋅𝐿𝑟) is the flux leakage factor of the motor; and 𝑇𝑟 =𝐿𝑟/𝑅𝑟 is the rotor’s electromagnetic time constant.

The torque and motion are expressed as

𝑇𝑒 = 𝑛𝑃𝐿𝑚 (𝑖𝑠𝑞𝑖𝑟𝑑 − 𝑖𝑠𝑑𝑖𝑟𝑞) (12)

𝐽
𝑛𝑃

𝑑𝜔
𝑑𝑡 = 𝑇𝑒 − 𝑇𝐿. (13)

Substituting (10) into (13) yields

𝑇𝑒1 = [𝐹𝑅1 − 𝑀
𝐵 − 𝐽𝑂𝑟𝐵2𝑖 (𝑑𝜔2𝑑𝑡 − 𝑑𝜔1𝑑𝑡 )

+ 𝑚𝑟
4𝑖 (𝑑𝜔2𝑑𝑡 + 𝑑𝜔1𝑑𝑡 )] 𝑟

𝑖 + 𝐽
𝑛𝑝

𝑑𝜔1𝑑𝑡
𝑇𝑒2 = [𝐹𝑅2 + 𝑀

𝐵 + 𝐽𝑂𝑟𝐵2𝑖 (𝑑𝜔2𝑑𝑡 − 𝑑𝜔1𝑑𝑡 )
+ 𝑚𝑟4𝑖 (𝑑𝜔2𝑑𝑡 + 𝑑𝜔1𝑑𝑡 )] 𝑟𝑖 + 𝐽𝑛𝑝

𝑑𝜔2𝑑𝑡 .

(14)

According to the kinematic characteristics of the crawler,
the dynamic equation of motion is expressed by combining
(11) and (14), as shown as follows:

𝑑𝜔1𝑑𝑡
= (𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝) {(𝑛𝑝𝐿𝑚/𝐿𝑟) (𝑖𝑠𝑞1𝜓𝑟𝑑1 − 𝑖𝑠𝑑1𝜓𝑟𝑞1) − [𝐹𝑅1 − 𝑚𝑔𝑙𝜇max (2𝑅𝑘𝜔2 − 2𝑅𝑘𝜔1 − 𝐵𝜔2 − 𝐵𝜔1) /2𝑅𝑘 (2𝜔2)𝑛𝑘 (𝜔2 − 𝜔1)1−𝑛𝑘 𝐵] (𝑟/𝑖)}

(𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝)2 − (−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2))2

− ⋅ ⋅ ⋅ − (−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2)) {(𝑛𝑝𝐿𝑚/𝐿𝑟) (𝑖𝑠𝑞2𝜓𝑟𝑑2 − 𝑖𝑠𝑑2𝜓𝑟𝑞2) − [𝐹𝑅2 + 𝑚𝑔𝑙𝜇max (2𝑅𝑘𝜔2 − 2𝑅𝑘𝜔1 − 𝐵𝜔2 − 𝐵𝜔1) /2𝑅𝑘 (2𝜔2)𝑛𝑘 (𝜔2 − 𝜔1)1−𝑛𝑘 𝐵] (𝑟/𝑖)}
(𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝)2 − (−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2))2

𝑑𝜓𝑟𝑑1𝑑𝑡 = − 1
𝑇𝑟𝜓𝑟𝑑1 + (𝜔𝑛1 − 𝜔1) 𝜓𝑟𝑞1 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑑1

𝑑𝜓𝑟𝑞1𝑑𝑡 = − 1
𝑇𝑟𝜓𝑟𝑞1 − (𝜔𝑛1 − 𝜔1) 𝜓𝑟𝑑1 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑞1

𝑑𝑖𝑠𝑑1𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑑1 +
𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔1𝜓𝑟𝑞1 −

𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑑1 + 𝜔𝑛1𝑖𝑠𝑞1 + 𝑢𝑠𝑑1𝜎𝐿 𝑠
𝑑𝑖𝑠𝑞1𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑞1 +

𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔1𝜓𝑟𝑑1 −
𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑞1 − 𝜔𝑛1𝑖𝑠𝑑1 + 𝑢𝑠𝑞1𝜎𝐿 𝑠

𝑑𝜔2𝑑𝑡 = (−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2)) {(𝑛𝑝𝐿𝑚/𝐿𝑟) (𝑖𝑠𝑞1𝜓𝑟𝑑1 − 𝑖𝑠𝑑1𝜓𝑟𝑞1) − [𝐹𝑅1 − 𝑚𝑔𝑙𝜇max (2𝑅𝑘𝜔2 − 2𝑅𝑘𝜔1 − 𝐵𝜔2 − 𝐵𝜔1) /2𝑅𝑘 (2𝜔2)𝑛𝑘 (𝜔2 − 𝜔1)1−𝑛𝑘 𝐵] (𝑟/𝑖)}
(−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2))2 − ((𝐽𝑂𝑟2/𝐵2𝑖2) + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝)2

− ⋅ ⋅ ⋅
− (𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝) {(𝑛𝑝𝐿𝑚/𝐿𝑟) (𝑖𝑠𝑞2𝜓𝑟𝑑2 − 𝑖𝑠𝑑2𝜓𝑟𝑞2) − [𝐹𝑅2 + 𝑚𝑔𝑙𝜇max (2𝑅𝑘𝜔2 − 2𝑅𝑘𝜔1 − 𝐵𝜔2 − 𝐵𝜔1) /2𝑅𝑘 (2𝜔2)𝑛𝑘 (𝜔2 − 𝜔1)1−𝑛𝑘 𝐵] (𝑟/𝑖)}

(−𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2))2 − (𝐽𝑂𝑟2/𝐵2𝑖2 + (1/4) (𝑚𝑟2/𝑖2) + 𝐽/𝑛𝑝)2
𝑑𝜓𝑟𝑑2𝑑𝑡 = − 1

𝑇𝑟𝜓𝑟𝑑2 + (𝜔𝑛2 − 𝜔2) 𝜓𝑟𝑞2 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑑2
𝑑𝜓𝑟𝑞2𝑑𝑡 = − 1

𝑇𝑟𝜓𝑟𝑞2 − (𝜔𝑛2 − 𝜔2) 𝜓𝑟𝑑2 + 𝐿𝑚𝑇𝑟 𝑖𝑠𝑞2
𝑑𝑖𝑠𝑑2𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑑2 +

𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔2𝜓𝑟𝑞2 −
𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑑2 + 𝜔𝑛2𝑖𝑠𝑞2 + 𝑢𝑠𝑑2𝜎𝐿 𝑠

𝑑𝑖𝑠𝑞2𝑑𝑡 = 𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝑇𝑟𝜓𝑟𝑞2 +
𝐿𝑚𝜎𝐿 𝑠𝐿𝑟𝜔2𝜓𝑟𝑑2 −

𝑅𝑠𝐿2𝑟 + 𝑅𝑟𝐿2𝑚𝜎𝐿 𝑠𝐿2𝑟 𝑖𝑠𝑞2 − 𝜔𝑛2𝑖𝑠𝑑2 + 𝑢𝑠𝑞2𝜎𝐿 𝑠 .

(15)

3. Controller Design

3.1. Approximate Inversion Modeling Based on Kriging. As
a semiparametric interpolation method, the kriging model
contains polynomials and random parts [20], as shown as
follows:

𝑌 (𝑋) = 𝑓𝑇 (𝑥) 𝛽𝑘 + 𝑧𝑘 (𝑥) , (16)

where f (x) = [f 1(x), . . ., 𝑓𝑚(x)]T and 𝛽k =[𝛽k1, . . ., 𝛽km]
T, in

which 𝑚 is the number of basis functions of the regression
model. Y(x) is the response to be measured; and f (x)
is a polynomial for x, which provides a simulated global
approximation. Normally, f (x) can take a constant value
without affecting the accuracy of the simulation, and it does
not play a decisive role in the accuracy of the simulation. 𝛽k is
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Figure 6: Inverse system modeling.

a vector of regression coefficients, and 𝑧𝑘(x) is a random error
function whose mean is zero but the variance is not zero.𝑧𝑘(x) is not independent and identically distributed to
provide a simulated local error approximation. Specifically,
the covariance is not zero, and its covariance matrix is

cov (𝑥𝑖, 𝑥𝑗) = 𝜎2𝑅 (𝑥𝑖, 𝑥𝑗) , 𝑖, 𝑗 = 1 . . . 𝑛𝑘, (17)

where 𝑥𝑖 is the known sample point, 𝑛𝑘 is the sample point,
R(. . .) is the correlation equation, and 𝜎2 is the process
variance.

In the kriging model, the random error function is
dependent, and the associated correlation function R(𝑥𝑖, 𝑥𝑗)
plays a decisive role in the accuracy of the simulation.

𝑅 (𝜃𝑘, 𝑥𝑖, 𝑥𝑗) = 𝑛∏
𝑘=1

𝑅 (𝜃𝑘, 𝑥𝑘𝑖 − 𝑥𝑘𝑗) , (18)

where 𝜃𝑘 is a relative coefficient and 𝑥𝑘𝑖 is the 𝑛th component
of 𝑥𝑖.
3.2. Adaptive Control Law Design. On the basis of Lyapunov
theory, we construct a scalar function that can satisfy its
stability condition as follows:

𝐸 (𝑥𝑒, 𝑦𝑒, 𝜃𝑒) = 12 [𝑥2𝑒 + (𝑦𝑒 + 𝑘𝜃𝜃𝑒)2]
+ 𝑘𝑦 (1 − cos 𝜃𝑒) .

(19)

The differential equation (see (19)) combined with the
system error formula is expressed as follows:

�̇� (𝑥𝑒, 𝑦𝑒, 𝜃𝑒)
= 𝑥𝑒 (𝜔𝑦𝑒 − V + V𝑟 cos 𝜃𝑒)

+ (𝑦𝑒 + 𝑘𝜃𝜃𝑒) (−𝜔𝑥𝑒 + V𝑟 sin 𝜃𝑒 + 𝑘𝜃𝜔𝑟 − 𝑘𝜃𝜔)
+ 𝑘𝑦 sin (𝜃𝑒) (𝜔𝑟 − 𝜔) .

(20)

We obtain the control law U = [v, 𝜔] as
V = V𝑟 cos 𝜃𝑒 + 𝑘𝑥𝑥𝑒 − 𝑘𝜃𝜃𝑒𝜔
𝜔 = 𝜔𝑟 + V𝑟 [ 1𝑘𝑦𝛼𝑐 (𝑦𝑒 + 𝑘𝜃𝜃𝑒) + 𝛽𝑐𝑘𝜃 sin 𝜃𝑒] . (21)

Substituting (21) into (20) yields

�̇� (𝑥𝑒, 𝑦𝑒, 𝜃𝑒) = −𝑘𝑥𝑥2𝑒 − 𝑘𝜃V𝑟𝛼𝑐𝑘𝑦 (𝑦𝑒 + 𝑘𝜃𝜃𝑒)2

− 𝑘𝑦𝛽𝑐V𝑟𝑘𝜃 sin2𝜃𝑒
+ (1 − 𝛼𝑐 − 𝛽𝑐) (𝑦𝑒 + 𝑘𝜃𝜃𝑒) V𝑟 sin 𝜃𝑒,

(22)

where 𝑘𝑥, 𝑘𝑦, 𝑘𝜃, 𝛼𝑐, and 𝛽𝑐 are constants greater than zero.
When 𝛼c + 𝛽c = 1, (22) must be negatively definite.

Therefore, on the basis of Lyapunov theory, the crawler
walking device can achieve the effect of stable tracking
control under the control of the law U = [v, 𝜔].
3.3. Inverse Controller Design with Kriging Model. As shown
in Figure 6, on the basis of the characteristics of the elec-
tromechanical system of the crawler, the input parameters
include the supply voltage of the drive motor on both sides
of the crawler 𝑈𝐿, 𝑈𝑅, drive motor supply frequencies 𝑓𝐿,𝑓𝑅, and the crawler load torque on both sides TLL, TLR. The
output parameters include both sides of the crawler driving
speed𝑉𝐿,𝑉𝑅.The function mapping relationship between the
input and output parameters of the electromechanical system
of the crawler is approximated by the kriging algorithm to
establish the black box model.

In this system, the control and output signals are U =
[𝑈𝐿, 𝑈𝑅, 𝑓𝐿, 𝑓𝑅, TLL, TLR] and Y = [𝑉𝐿, 𝑉𝑅], respectively.
The corresponding output signal is obtained by inputting the
control signal into the system of the identification object. The
input and output signals are taken as samples, and the kriging
algorithm is used for modeling and training. The inverse
model parameters established by the kriging algorithm are
adjusted using the deviation signal between the output signals
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Figure 8: Virtual prototype model of the crawlers.

of the identification object and the inverse model to improve
the modeling accuracy of the inverse system.

Figure 7 shows the complete block diagram of the
developed adaptive nonlinearmodel using the inverse control
approach based on the kriging model. The concrete realiza-
tion process is as follows.

(1) t = 0. The online learning kriging inverse system is
initialized, and themodeling coefficient of the offline training
kriging inverse system is taken as the initial value of the
adaptive inverse control of online learning.

(2) In the adaptive control process, the error e(t) between
the ideal output signal and the output of the controlled system
is calculated at time 𝑡. The deviation is taken as the controller
input to calculate the theoretical control signal. The theoret-
ical control signal is disturbed by external disturbances. The
signal is inputted as an inverse system model.

(3) The inverse system model outputs 𝑈𝑐 input to the
original system and the inverse system correction model.The
parameters of the kriging inverse system and the model are
corrected on the basis of the error e, inverse system output𝑈𝑐, and original system output Y.

(4) The parameters obtained in the modified model are
inputted to the kriging inverse system. Moreover, the inverse
system is modified to improve its control accuracy.

4. Simulation Analysis and Discussions

The test crawler design dimensions are used to establish the
dynamic simulation model shown in Figure 8, and the road
surface is a hard pavement.

The input and output parameters of the range are shown
in

𝑈𝐿 = 𝑈𝑅 = 380V
0 ≤ 𝑓𝐿, 𝑓𝑅 ≤ 50Hz

0 ≤ 𝑉𝐿, 𝑉𝑅 ≤ 0.4m/s
(23)

Figure 9 shows the designed trajectory. After traveling at a
linear velocity of 0.3 m/s at a centroid of 0.3 m/s, the trajectory
turns to the right at an angular velocity of 0.1 rad/s, turns to
the left, and then stops for a while after traveling in a straight
line.

The preset travel path indicates that this study uses
neural network, fuzzy, and kriging algorithms to establish
the inverse control system of the tracked mobile device and
simulates the crawler walking device. The simulation results
are as mentioned in Figures 10, 11, and 12.

Figure 10 indicates that the inverse control system based
on kriging, neural network, and fuzzy algorithms shows a
good control effect. However, the adaptive inverse control
system based on the kriging algorithm indicates the best
control effect. The robustness based on the kriging algorithm
is the strongest during the two steering operations and can
follow the reference path better. The same course angle
deviation is set during the start of the crawler travel. In the
first straight-line phase (Figure 11), the control system based
on the kriging algorithm allows the crawler to track the upper
reference path considerably faster. The deviation of the X-
and Y-axes and heading angle 𝜃 is maintained at 0m and 0
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Figure 10: Result analysis of travel path.

rad, respectively. Fuzzy control and neural network control
effects are relatively close. From the analysis of the results
of the crawler walking speed on both sides in Figure 12,
the outputs of the kriging and neural network algorithms
are closer to a given ideal traveling speed under the three
inverse control systems. Among them, the fuzzy inverse
control system presents a relatively large deviation, especially
in the steering of the moment. A larger deviation gain will
occur when the maximum error is up to 50%. Therefore, the
results suggest that, on the basis of the same training samples,
the kriging algorithm indicates better training efficiency and
training effect and shows the best control effect in the classical
inverse control algorithm.

The inverse control system is based on the kriging
algorithm in the control of the driving process of the crawler
walking device.The electromechanical coupling performance
analysis results are as mentioned in Figures 13, 14, and 15.

In the course of traveling, the crawler initially runs
through a straight line and then goes through two turns,
such that it travels straight to the final point. Therefore,
the load on the crawler drive motor is nearly the same as
that of the crawler on both sides while traveling straight
(Figure 13(b)). The effective value fluctuates at approximately
30 N⋅m. During the driving process, the crawler walking
device receives the ground and the load of the machine itself
and will also be turned to the driving torque. Therefore, the
load on the inner track decreases, and that on the outer track
increases. Finally, a straight-line driving process is resumed.

On the basis of the above variation of load torque, the
input voltage of the driving motor on both sides of the
crawler is consistently kept at 380 V, and the change of the
driving power of themotor directly influences the load torque
(Figures 14 and 15). Therefore, during the entire driving
process, the change of the output current of the driving motor
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Figure 11: Result analysis of deviation.

is consistent with the load torque, and the output power of
the driving motor is approximately 750 W when traveling in
a straight line. When steering, the output power values of the
outer and inner track drive motors are approximately 1 kW
and 550W, respectively.

5. Conclusion

An adaptive inverse control algorithm based on kriging
algorithm is proposed in this study, and the control algorithm
is applied to the adaptive control of the crawler. First, an
inverse modeling system based on the kriging algorithm and
anonline adaptive inverse control system are established. Sec-
ond, taking the crawler as an example, the electromechanical

coupling model of the crawler is established. Moreover, the
inverse model of the electromechanical system is developed
by the kriging algorithm. Finally, the virtual prototyping
cosimulation is used to set a specific driving path. Further-
more, the control effects of the classical inverse modeling
method neural network and fuzzy and kriging algorithms
are compared. The simulation results show that the adaptive
inverse control method based on the kriging algorithm
has better control accuracy and robustness. The robustness
based on kriging algorithm is the strongest during the two
steering operations and can better follow the reference path,
compared with neural network and fuzzy algorithm, thereby
establishing a foundation for the adaptive walking function
of a crawler in driverless situations.
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The paper concerns the third grade fluid system with the time-fractional derivative of the order 𝛼 ∈ (0, 1). We first establish unique
existence criterion of weak solutions in the case that the dimension 𝑛 = 3. Then we prove the sufficient condition of optimal pairs.

1. Introduction

We consider the significant case of the fluids of grade 𝑛
introduced by Rivlin-Ericksen [1] in a bounded domain Ω ⊂
R3

𝜕V𝜕𝑡 − ]Δ𝑢 + (𝑢 ⋅ ∇) V +∑
𝑗

V𝑗∇𝑢𝑗
− (𝜎1 + 𝜎2) div (𝐴2 (𝑢))

− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) + ∇𝑝 = 𝑓,
V = 𝑢 − 𝜎1Δ𝑢,

(1)

where ] > 0 is the constant kinematic viscosity, 𝜎1, 𝜎2, and𝛽 are material constants, and 𝛽 > 0. The unknown functions𝑢, 𝑝 are the fluid velocity and the scalar pressure, respectively.
The given functions 𝑢0, 𝑓 represent the initial fluid velocity
and the forcing term, respectively. In fact, 𝐴 is the tensor
whose component is

𝐴 (𝑢) = ∇𝑢 + (∇𝑢)𝑇 . (2)

Here, (∇𝑢)𝑇 is the transposition of the Jacobian matrix ∇𝑢,
and |𝐴(𝑢)|2 denotes 𝑡𝑟(𝐴2(𝑢)).

In [2], Ladyzhenskaya studied a particular case of the
third grade fluids (1) in R3, where they assumed 𝜎1 = 0. In
this case, system (1) becomes

𝜕𝑡𝑢 − ]Δ𝑢 + 𝑢 ⋅ ∇𝑢 − 𝜎div (𝐴2 (𝑢))
− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) + ∇𝑝 = 𝑓,

div𝑢 = 0,
𝑢 = 0, 𝑥 ∈ 𝜕Ω, 𝑡 > 0, 𝑢 (𝑥, 0) = 𝑢0, 𝑥 ∈ Ω.

(3)

In the past years, some nice works on the third grade fluid
system have already been available. We refer to Fosdick and
Rajagopal [3], Amrouche and Cioranescu [4], Sequeira and
Videman [5], Busuioc and Iftimie [6], Paicu [7], Hamza and
Paicu [8], Zhao et al. [9], and Chai et al. [10]; much is yet to
be carried out.

Unlike the boundary value problems of the classical third
grade fluid system, the theoretical analysis of time-fractional
third grade fluid system is not so rich, so we need to develop
many aspects of these problems. It is significant to study
this type of system when it is recognized that the time-
fractional third grade fluid system can be used to describe
diffusion phenomenon in fractal media. So the scholars have
been more and more interested in investigating the fractional
calculus.
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The fractional calculus was introduced by Herrmann [11]
and Hilfer [12], especially for the classical time-fractional
Navier-Stokes equations

𝜕𝛼𝑡 𝑢 − ]Δ𝑢 + (𝑢 ⋅ ∇) 𝑢 + ∇𝑝 = 𝑓,
div𝑢 = 0, (4)

where 𝜕𝛼𝑡 is the Caputo fractional derivative of order 𝛼 ∈(0, 1).
For some recent work on analytical solutions of these

systems, we refer to El-Shahed et al. [13], Ganji et al.
[14], Zhou [15], Momani and Zaid [16], Carvalho-Neto and
Gabriela [17], Zhou and Peng [18, 19], Zhou et al. [20], Al-
Mdallal et al. [21], Jarad [22–25], and further papers cited
therein.

In this paper, we considermainly theweak solutions of the
time-fractional third grade fluid system and optimal control
in an open set Ω ⊂ R3 with smooth boundary 𝜕Ω

𝜕𝛼𝑡 𝑢 − ]Δ𝑢 + 𝑢 ⋅ ∇𝑢 − 𝜎div (𝐴2 (𝑢))
− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) + ∇𝑝 = 𝑓,

div𝑢 = 0,
(5)

with the initial and boundary value conditions

𝑢 = 0,
𝑥 ∈ 𝜕Ω,
𝑡 > 0,

𝑢 (𝑥, 0) = 𝑢0, 𝑥 ∈ Ω.
(6)

Noting that the system converges formally to the well-
known time-fractional Navier-Stokes equations when the
material constants 𝜎, 𝛽 in (5) tend to zero. So it is reasonable
to propose the time-fractional third grade fluid system.

In this paper, we firstly investigate the existence and
uniqueness of solutions for the time-fractional third grade
fluid equations (5) (associated with appropriate initial and
boundary conditions). Then we proceed the systems with
control inΩ ∈ R3

𝜕𝛼𝑡 𝑢 − ]Δ𝑢 + (𝑢 ⋅ ∇) 𝑢 − 𝜎div (𝐴2 (𝑢))
− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) = −∇𝑝 + 𝑐0𝜔 + 𝑓,

∇ ⋅ 𝑢 = 0,
𝑢 = 0, 𝑥 ∈ 𝜕Ω; 𝑢 (𝑥, 0) = 𝑢0, 𝑥 ∈ Ω,

(7)

where 𝑈 is a real Hilbert space, 𝜔 : [0, 𝑇] → 𝑈, and the
operator 𝑐0 : 𝑈 → H is linear continuous.

Now let us talk about the organization of this paper. In
Section 2, we provide some preliminaries about the function
spaces. In Section 3, we prove the existence of solutions
for system (5). The uniqueness of solutions is established in
Section 4, while in Section 5 we show the existence of the
optimal control of system (7).

2. Preliminaries

In this section, for convenience, we mainly introduce some
notions, operators, definitions, and lemmas, which are useful
in the sequel.

Let Ω ⊂ R3 be an open bounded smooth domain; we
define

V = {𝑢 ∈ 𝐶∞0 (Ω) × 𝐶∞0 (Ω) × 𝐶∞0 (Ω)} , div𝑢 = 0�,
H =V

L2(Ω),with norm ‖⋅‖
= ‖⋅‖L2 (the usual L2 norm) ,

H
𝑠
0 =V

H2(Ω),with norm ‖⋅‖
= ‖⋅‖H2 (the usual H2 norm) ,

V =V
H10(Ω),with norm ‖⋅‖V

= ‖∇⋅‖ , and the dual space V
∗,

W =V
W1,40 (Ω),with norm ‖⋅‖W

= ‖∇⋅‖L4 , and the dual space W
∗.

(8)

Define the linear “Stokes operator”A = −△ from V to V∗ by

⟨A𝑢, V⟩V∗,V = 3∑
𝑖,𝑗=1

∫
Ω
𝜕𝑗𝑢𝑖𝜕𝑗V𝑖 𝑑𝑥, ∀𝑢, V ∈ V , (9)

and the bilinear operatorB(𝑢, V) from V × V into V∗ as

⟨B (𝑢, V) , 𝑤⟩V∗ ,V = 3∑
𝑖,𝑗=1

∫
Ω
𝑢𝑖 𝜕V𝑗𝜕𝑥𝑖𝑤𝑗 𝑑𝑥,

∀𝑢, V, 𝑤 ∈ V .
(10)

We also introduce the operatorsK(𝑢),J(𝑢) fromW intoW∗
as

⟨K (𝑢) , 𝜙⟩W∗ ,W
= 𝛼∫
Ω
𝐴2 (𝑢) ⋅ ∇𝜙 𝑑𝑥 (≤ 𝐶 ‖𝐴 (𝑢)‖2L4 ∇𝜙L4) ,

∀𝑢, 𝜙 ∈ W,
⟨J (𝑢) , 𝜙⟩

W∗ ,W = 𝛽∫
Ω
|𝐴 (𝑢)|2 𝐴 (𝑢) ⋅ ∇𝜙 𝑑𝑥,

∀𝑢, 𝜙 ∈ W.

(11)

Let |𝛼| < √2]𝛽. We denoteT(𝑢) fromW intoW∗ as

T (𝑢) = (] − ]𝛿0)A𝑢 + (1 − 𝛿0)J (𝑢) +K (𝑢) ,
𝛿0 = 1 − √ 𝛼22]𝛽 ∈ (0, 1) .

(12)



Complexity 3

Note that (see, e.g., [26–28])

A𝑢 = −Δ𝑢 for 𝑢 ∈ 𝐷 (A) = {𝑢 ∈ H
2
0 (Ω) , div𝑢 = 0} . (13)

By the Hilbert-Schmidt theorem, one can deduce that A has
a sequence of orthonormal eigenfunctions 𝑤𝑗, belonging to𝐶∞𝑝 (Ω)with zeromean inΩ. SinceA is a self-adjoint positive
operator with compact inverse, {𝜔𝑗}∞𝑗=1 forms a basis of the
space H. Moreover, {𝜔𝑗}∞𝑗=1 also forms a basis of the space𝐷(A𝑠/2) = {H𝑠0(Ω),div𝑢 = 0}, for any positive integer 𝑠 [28].

Next, we will introduce some definitions and lemmas,
which are used throughout this paper.

Definition 1 (see [18, 29]). Let 𝑋 be a Banach space, V :[0, 𝑇] → 𝑋; the left and right Riemann-Liouville fractional
integrals 0𝐼𝛼𝑡 V(𝑡) and 𝑡𝐼𝛼𝑇V(𝑡) of order 𝛼 ∈ (0, 1] are defined
by

0𝐼𝛼𝑡 V (𝑡) = ∫𝑡
0
𝑔𝛼 (𝑡 − 𝑠) V (𝑠) 𝑑𝑠,

𝑡𝐼𝛼𝑇 V (𝑡) = ∫𝑇
𝑡
𝑔𝛼 (𝑠 − 𝑡) V (𝑠) 𝑑𝑠,

𝑡 > 0,
(14)

provided the integrals are point-wise defined on [0,∞),
where 𝑔𝛼 denotes the Riemann-Liouville kernel

𝑔𝛼 (𝑡) = 𝑡𝛼−1Γ (𝛼) , 𝑡 > 0. (15)

Definition 2 (see [29]). The left Caputo and right Riemann-
Liouville fractional derivative 𝑐0𝐷𝛼𝑡 V(𝑡) and 𝑡𝐷𝛼𝑇 V(𝑡) of order
are defined by

𝑐

0𝐷𝛼𝑡 V (𝑡) = ∫𝑡
0
𝑔1−𝛼 (𝑡 − 𝑠) 𝑑𝑑𝑠V (𝑠) 𝑑𝑠,

𝑡𝐷𝛼𝑇 V (𝑡) = − 𝑑𝑑𝑡 (∫
𝑇

𝑡
𝑔1−𝛼 (𝑠 − 𝑡) V (𝑠) 𝑑𝑠) ,

𝑡 > 0.
(16)

More generally, for V : [0,∞) × R𝑛 → R𝑛, the left Caputo
fractional derivative with respect to time can be defined by

𝜕𝛼𝑡 𝑢 (𝑥, 𝑡) = ∫𝑡
0
𝑔1−𝛼 (𝑡 − 𝑠) 𝜕𝜕𝑠V (𝑥, 𝑠) 𝑑𝑠, 𝑡 > 0. (17)

For more detail, we can refer to [30].

Definition 3 (see [18, 29]). Let V : R → 𝑋; the Liouville-
Weyl fractional integral and the Caputo fractional derivative
on the real axis are defined, respectively, as follows:

−∞𝐼𝛼𝑡 V (𝑡) = ∫𝑡
−∞

𝑔𝛼 (𝑡 − 𝑠) V (𝑠) 𝑑𝑠,
−∞
𝑐𝐷𝛼𝑡 V (𝑡) = ∫𝑡

−∞
𝑔1−𝛼 (𝑡 − 𝑠) 𝑑𝑑𝑠V (𝑠) 𝑑𝑠.

(18)

Lemma 4 (see [8]). The operator J is a monotone operator;
that is, for any 𝑢, V ∈ W, we have

⟨J (𝑢) −J (V) , 𝑢 − V⟩W∗ ,W ≥ 0. (19)

Lemma 5 (see [8]). The operator T is a monotone operator;
that is, for any 𝑢, V ∈ W, we have

⟨T (𝑢) −T (V) , 𝑢 − V⟩W∗ ,W ≥ 0. (20)

LetT1 : W → W∗ be defined as

T1 (V) = AV +K (V) +J (V) . (21)

Thanks to the above lemmas,T1 is also amonotone operator.

Lemma 6 (see [31]). The fractional integration by parts in the
formula

∫𝑇
0
(𝜕𝛼𝑡 V (𝑡) , 𝜑 (𝑡)) = ∫𝑡

0
(V (𝑡) , 𝑡𝐷𝛼𝑇 𝜑 (𝑡)) 𝑑𝑡

+ (V (𝑡) , 𝑡𝐼1−𝛼𝑇 𝜑 (𝑡))𝑇0 .
(22)

Since lim𝑡→𝑇 𝑡𝐼1−𝛼𝑇 𝜑(𝑡) = 0 for 𝜑 ∈ 𝐶∞0 (0, 𝑇;𝑋), then
∫𝑇
0
(𝜕𝛼𝑡 V (𝑡) , 𝜑 (𝑡)) = ∫𝑇

0
(V (𝑡) , 𝑡𝐷𝛼𝑇𝜑 (𝑡)) 𝑑𝑡

− (V (0) , 𝑡𝐼1−𝛼𝑇 𝜑 (𝑡)) . (23)

For more details, we refer to relations (16)-(21) in [31].

Lemma 7 (see [19]). 𝜕𝛼𝑡 (𝑢(𝑡), V) = ⟨𝜕𝛼𝑡 𝑢(𝑡), V⟩ in
L(𝐶∞0 (0, 𝑇; Ω)) for 𝑢 ∈ 𝑊𝛼([0, 𝑇], 𝑉, 𝑉), V ∈ 𝑉,
where 𝑊𝛼([[0, 𝑇], 𝑉, 𝑉) fl {𝑢 ∈ 𝐿2([0, 𝑇], 𝑉) : 𝜕𝛼𝑡 𝑢 ∈𝐿2([0, 𝑇], 𝑉)}.
Lemma8 (see [32]). Suppose that𝑋 is a real Hilbert space and
V : [0, 𝑇] → 𝑋 have a derivative, then there holds

(V (𝑡) , 𝑐0𝐷𝛼𝑡 V (𝑡)) ≥ 12 𝑐0𝐷𝛼𝑡 |V (𝑡)|2 . (24)

Lemma 9 (see [19]). Suppose that a nonnegative function V(𝑡)
satisfies

𝑐

0𝐷𝛼𝑡 V (𝑡) + 𝑐1V (𝑡) ≤ 𝑐2 (𝑡) (25)

for almost all 𝑡 ∈ [0, 𝑇], where 𝑐1 > 0 and the function 𝑐2 is
nonnegative and integrable for 𝑡 ∈ [0, 𝑇]. Then

V (𝑡) ≤ V (0) + 1Γ (𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑐2 (𝑠) 𝑑𝑠. (26)

We need the compactness theorem [26] involving frac-
tional derivative.

Assume𝑋0, 𝑋,𝑋1 are Hilbert spaces with

𝑋0 → 𝑋 → 𝑋1, (27)
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being continuous, and

𝑋0 → 𝑋 is compact. (28)

Let 𝜓(𝑡) be a function from R to 𝑋1; we denote by �̂�(𝜏) its
Fourier transform

�̂� (𝜏) = ∫+∞
−∞

exp (−2𝜋𝑖𝑡𝜏) 𝜓 (𝑡) 𝑑𝑡. (29)

The derivative in 𝑡 of order 𝛾 is the inverse Fourier transform
of (2𝑖𝜋𝜏)𝛾�̂�(𝜏); that is,

𝐷𝛾𝑡𝜓 (𝑡) = (2𝑖𝜋𝜏)𝛾 �̂� (𝜏) . (30)

For given 𝛾 > 0, define the space
𝑀𝛾 = 𝑀𝛾 (R; 𝑋0, 𝑋1)

= {𝜓 ∈ 𝐿2 (R; 𝑋0) ,𝐷𝛾𝑡𝜓 ∈ 𝐿2 (R; 𝑋1)} . (31)

Then,𝑀𝛾 is a Hilbert space with the norm

𝜓𝑀𝛾 = {𝜓2𝐿2(R;𝑋0) + |𝜏|𝛾 �̂� (𝜏)2𝐿2(R;𝑋1)}1/2 . (32)

For any set 𝐾 ⊂ R, the subspace𝑀𝛾𝐾 of𝑀𝛾 is defined as
the set of functions 𝑢 ∈ 𝑀𝛾 with support contained in𝐾:

𝑀𝛾𝐾 = 𝑀𝛾𝐾 (R; 𝑋0, 𝑋1) = {𝜓 ∈ 𝑀𝛾, supp𝜓 ⊆ 𝐾} . (33)

Lemma 10 (see [26]). Assume 𝑋0, 𝑋,𝑋1 are Hilbert spaces
satisfying (27) and (28). Then, for any bounded set 𝐾 and∀𝛾 > 0, we have following compact embedding:

𝑀𝛾𝐾 (R; 𝑋0, 𝑋1) → 𝐿2 (R; 𝑋) . (34)

The following Korn’s inequality plays an essential role in
our analysis.

Lemma 11 (see [33]). Assume that 1 < 𝑞 < ∞ and Ω ∈ R𝑛,𝑛 = 2, 3. Let V ∈ W
1,𝑞
0 (Ω). Then there exist two positive

constants 𝑐0 = 𝑐0(𝑞,Ω), 𝑐1 = 𝑐1(𝑞,Ω) such that
𝑐0 ‖∇V‖𝐿𝑞 ≤ ‖𝐴 (V)‖𝐿𝑞 ≤ 𝑐1 ‖∇V‖𝐿𝑞 . (35)

Using the notation and operators introduced earlier, we
can express the weak formulation of the time-fractional third
grade fluid system (5) in the solenoidal vector fields as
follows.

Definition 12. Let 𝑢0 ∈ H and 𝑓 ∈ 𝐿2/𝛼1(0, 𝑇;V∗) (𝛼1 ∈ (0, 𝛼))
be given. A weak solution of system (5) is a function 𝑢 ∈𝐿2(0, 𝑇;V)∩𝐿∞(0, 𝑇;H)∩𝐿4(0, 𝑇;W) such that for any V ∈ W

𝜕𝛼𝑡 (𝑢, V) + ] ((𝑢, V)) + 𝑏 (𝑢, 𝑢, V)
− ⟨𝜎div (𝐴2 (𝑢)) + 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) , V⟩
= ⟨𝑓, V⟩ ,

𝑢 (𝑥, 0) = 𝑢0.
(36)

Now we give the equivalent form of the first equality of
(36) as follows:

𝜕𝛼𝑡 (𝑢, V) = ⟨𝑓 − ]A𝑢 −B (𝑢, 𝑢) + 𝜎div (𝐴2 (𝑢))
+ 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) , V⟩ , ∀V ∈ W. (37)

Since A𝑢 ∈ 𝐿2(0, 𝑇;V∗) → 𝐿4/3(0, 𝑇;W∗), then 𝑓 − ]A𝑢 −
B(𝑢, 𝑢) + 𝜎div(𝐴2(𝑢)) + 𝛽div(|𝐴(𝑢)|2𝐴(𝑢)) ∈ W∗. Thus

𝜕𝛼𝑡 𝑢 = 𝑓 − ]A𝑢 −B (𝑢, 𝑢) + 𝜎div (𝐴2 (𝑢))
+ 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) . (38)

An equivalent form of (36) is as follows:
𝑐

0𝐷𝛼𝑡 𝑢 + ]A𝑢 +B (𝑢, 𝑢) − 𝜎div (𝐴2 (𝑢))
− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) = 𝑓,

𝑢 (𝑥, 0) = 𝑢0.
(39)

3. Existence for Time-Fractional Third Grade
Fluid System

In this section, we prove the existence of solutions for time-
fractional third grade fluid system.

Theorem 13. Let 𝑢0 ∈ H and 𝑓 ∈ 𝐿2/𝛼1(0, 𝑇;V∗), 𝛽 > 0, |𝜎| <√2]𝛽. Then there exists at least one solution 𝑢 ∈ 𝐿2(0, 𝑇;V) ∩𝐿∞(0, 𝑇;H) ∩ 𝐿4(0, 𝑇;W).
Proof. In order to apply the Galerkin procedure.We consider
a basis of H10(Ω) constituted of elements 𝜔𝑖 of D(Ω) and set𝑃𝑚 : H → H𝑚 be the corresponding projection operators.
For each 𝑚, we define 𝑢𝑚 by

𝑢𝑚 (𝑡) = 𝑚∑
𝑖=1

𝑔𝑖𝑚 (𝑡) 𝜔𝑖. (40)

Applying 𝑃𝑚 to (39), we can obtain
𝑐

0𝐷𝛼𝑡 𝑢𝑚 + ]A𝑢𝑚 + 𝑃𝑚B (𝑢𝑚, 𝑢𝑚)
− 𝜎𝑃𝑚div (𝐴2 (𝑢𝑚))
− 𝛽𝑃𝑚div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) = 𝑓𝑚,

𝑢𝑚 (0) = 𝑢0𝑚,
(41)

where 𝑢0𝑚 is the orthogonal projection of 𝑢0 onto the space
spanned by 𝜔1, . . . , 𝜔𝑚 in H.

Taking the scalar product of (41) 1 with 𝜔𝑘, we have
(𝑐0𝐷𝛼𝑡 𝑢𝑚, 𝜔𝑘) + ] ((𝑢𝑚, 𝜔𝑘)) + (𝑃𝑚B (𝑢𝑚, 𝑢𝑚) , 𝜔𝑘)
− ⟨𝜎𝑃𝑚div (𝐴2 (𝑢𝑚))
+ 𝛽𝑃𝑚div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) , 𝜔𝑘⟩ = ⟨𝑓𝑚, 𝜔𝑘⟩ .

(42)
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Equations (42) form a nonlinear differential system for the
functions 𝑔1𝑚, . . . , 𝑔𝑚𝑚. By the standard theory of ODE, we
have the existence of a solution defined at least on some
interval [0, 𝑡𝑚), 0 < 𝑡𝑚 ≤ 𝑇. Moreover, if 𝑡𝑚 < 𝑇, then
lim𝑡→𝑡𝑚‖𝑢𝑚‖ → +∞. Otherwise, the following a priori
estimates show that in fact 𝑡𝑚 = 𝑇.

Indeed, if we multiply (42) by 𝑔𝑘𝑚(𝑡) and add all these
equations for 𝑘 = 1, . . . , 𝑚,

(𝑐0𝐷𝛼𝑡 𝑢𝑚, 𝑢𝑚) + ] ((𝑢𝑚, 𝑢𝑚)) + 𝑏 (𝑢𝑚, 𝑢𝑚, 𝑢𝑚)
− ⟨𝜎div (𝐴2 (𝑢𝑚)) + 𝛽div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) , 𝑢𝑚⟩
= (𝑓𝑚, 𝑢𝑚) .

(43)

Since 𝑏(𝑢𝑚, 𝑢𝑚, 𝑢𝑚) = 0, according to Lemma 5 and Young’s
inequality, we have

𝑐

0𝐷𝛼𝑡 𝑢𝑚2 + 2] 𝑢𝑚2
+ 2∫
Ω
(𝜎𝐴2 (𝑢𝑚) + 𝛽 𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚))

⋅ ∇𝑢𝑚𝑑𝑥 ≤ 1] 𝑓2 + ] 𝑢𝑚2 .
(44)

Note that 𝐴(𝑢𝑚) is symmetric; we get

∫
Ω

𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚) ⋅ ∇𝑢𝑚𝑑𝑥 = 12 𝐴 (𝑢𝑚)4L4 . (45)

From the Cauchy-Schwartz inequality and the fact that

𝐴2 (𝑢𝑚) = 𝐴 (𝑢𝑚)𝐴 (𝑢𝑚) ≤ 𝐴 (𝑢𝑚)2 , (46)

we deduce that

𝜎 ∫Ω𝐴2 (𝑢𝑚) ⋅ ∇𝑢𝑚𝑑𝑥


≤ |𝜎| 𝛿2 𝐴 (𝑢𝑚)4L4 + |𝜎|2𝛿 𝑢𝑚2 .
(47)

Since |𝜎| < √2𝛽], we can choose 𝛿 = (2𝛽] + 𝜎2)/4|𝜎|], such
that

|𝜎| 𝛿2 < 𝛽2
and |𝜎|2𝛿 < ]. (48)

We deduce that

𝑐

0𝐷𝛼𝑡 𝑢𝑚2 + 𝐶0 𝑢𝑚2 + 𝐶1 𝐴 (𝑢𝑚)4L4 ≤ 1] 𝑓2 . (49)

Integration of (49) from 0 to 𝑡 shows that
𝑢𝑚 (𝑡)2 + 𝐶0 ∫𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑢𝑚2 𝑑𝑠

+ 𝐶1 ∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝐴 (𝑢𝑚)4L4 𝑑𝑠 ≤ 𝑢0𝑚2

+ 1
]
∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝑓2 𝑑𝑠 ≤ 𝑢0𝑚2 + 1] ∫

𝑡

0

𝑓2/𝛼1 𝑑𝑠
+ 1
]
∫𝑡
0
(𝑡 − 𝑠)(𝛼−1)/(1−𝛼1) 𝑑𝑠 ≤ 𝑢0𝑚2

+ 1
]
∫𝑡
0

𝑓 (𝑡)2/𝛼1 𝑑𝑠 + 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1)

≤ 𝑢02 + 1] ∫
𝑇

0

𝑓 (𝑡)2/𝛼1 𝑑𝑠
+ 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1).

(50)

Hence 𝑡𝑚 = 𝑇 and

sup
𝑡∈[0,𝑇]

𝑢𝑚 (𝑡) ≤ 𝑑3, (51)

∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝑢𝑚2 𝑑𝑠 ≤ 𝑑3𝐶0 , (52)

∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝐴 (𝑢𝑚)4L4 𝑑𝑠 ≤ 𝑑3𝐶1 , (53)

where

𝑑3 = 𝑢02 + 1] ∫
𝑇

0

𝑓 (𝑡)2/𝛼1 𝑑𝑠
+ 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1).

(54)

Moreover

𝑇𝛼−1∫𝑇
0

𝑢𝑚2 𝑑𝑠 ≤ ∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝑢𝑚2 𝑑𝑠 ≤ 𝑑3𝐶0 , (55)

𝑇𝛼−1∫𝑇
0

𝐴 (𝑢𝑚)4L4 𝑑𝑠 ≤ ∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝐴 (𝑢𝑚)4L4 𝑑𝑠

≤ 𝑑3𝐶1 .
(56)

Hence, {𝑢𝑚} is bounded in 𝐿2(0, 𝑇;V) ∩ 𝐿∞(0, 𝑇;H) ∩𝐿4(0, 𝑇;W).
As done several times before, we extend all functions by 0

outside the interval [0, 𝑇] and consider the Fourier transform
of the different equations. The following relations then hold
onR.
𝑐

0𝐷𝛼𝑡 (�̃�𝑚 (𝑡) , 𝜔𝑘) = ⟨𝜙𝑚 (𝑡) , 𝜔𝑘⟩
+ (𝑢0𝑚, 𝜔𝑘) −∞𝐼1−𝛼𝑡 𝛿(0)
− (𝑢𝑚 (𝑇) , 𝜔𝑘) −∞𝐼1−𝛼𝑡 𝛿(𝑇),

(57)
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where

𝜙𝑚 = 𝑓 − ]A𝑢𝑚 −B (𝑢𝑚) + 𝜎div (𝐴2 (𝑢𝑚))
+ 𝛽div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) . (58)

After taking Fourier transforms, (57) yields

(2𝑖𝜋𝜏)𝛼 (�̂�𝑚, 𝜔𝑘)
= ⟨𝜙𝑚, 𝜔𝑘⟩ + (𝑢0𝑚, 𝜔𝑘) (2𝑖𝜋𝜏)𝛼−1
− (𝑢𝑚 (𝑇) , 𝜔𝑘) (2𝑖𝜋𝜏)𝛼−1 exp (−2𝑖𝜋𝜏𝑇) ,

(59)

where �̂�𝑚 and 𝜙𝑚 represent, respectively, the Fourier trans-
forms of �̃�𝑚 and 𝜙𝑚.

We multiply (59) by 𝑔𝑘(𝜏) (𝑔𝑘 = Fourier transform of 𝑔𝑘)
and then add these relations for 𝑘 = 1, . . . , 𝑚; we obtain

(2𝑖𝜋𝜏)𝛼 �̂�𝑚 (𝜏)2
= ⟨𝜙𝑚 (𝜏) , �̂�𝑚 (𝜏)⟩ + (𝑢0𝑚, �̂�𝑚 (𝜏)) (2𝑖𝜋𝜏)𝛼−1
− (𝑢𝑚 (𝑇) , �̂�𝑚 (𝜏)) (2𝑖𝜋𝜏)𝛼−1 exp (−2𝑖𝜋𝜏𝑇) .

(60)

In view of the inequality

‖B (𝑢)‖V∗ ≤ 𝐶 ‖𝑢‖2 , for all 𝑢 ∈ V . (61)

We can obtain

∫𝑇
0

𝜙𝑚V∗ 𝑑𝑡 ≤ ∫𝑇
0
(𝑓V∗ + 𝐶0 𝑢𝑚 + 𝐶1 𝑢𝑚2

+ 𝐶2 𝐴 (𝑢𝑚)4L4) 𝑑𝑡 ≤ ∫𝑇
0
(𝑓V∗ + 𝐶0 𝑢𝑚

+ 𝐶1 𝑢𝑚2 + 𝐶2 𝑢𝑚4W) 𝑑𝑡 ≤ 𝐶.
(62)

Therefore

sup
𝜏∈R

𝜙𝑚 (𝜏)V∗ ≤ 𝐶,
𝑢0𝑚 ≤ 𝐶,𝑢𝑚 (𝑇) ≤ 𝐶,

for all 𝑚.
(63)

And we can conclude from (60) that

|𝜏|𝛼 �̂�𝑚 (𝜏)2 ≤ 𝐶3 �̂�𝑚 (𝜏) + 𝐶4 |𝜏|𝛼−1 �̂�𝑚 (𝜏) ; (64)

namely

|𝜏|𝛼 �̂�𝑚 (𝜏)2 ≤ 𝐶5max {1, |𝜏|𝛼−1} �̂�𝑚 (𝜏) . (65)

For some fixed 𝛾 ∈ (0, 1/4), we have |𝜏|2𝛾 ≤ 𝐶6(𝛾)((1 +|𝜏|𝛼)/(1 + |𝜏|𝛼−2𝛾)), ∀𝜏 ∈ R. Thus

∫+∞
−∞

|𝜏|2𝛾 �̂�𝑚 (𝜏)2 𝑑𝜏
≤ 𝐶6 (𝛾) ∫+∞

−∞

1 + |𝜏|𝛼1 + |𝜏|𝛼−2𝛾 �̂�𝑚 (𝜏)2 𝑑𝜏
= 𝐶6 (𝛾) ∫+∞

−∞

�̂�𝑚 (𝜏)21 + |𝜏|𝛼−2𝛾 𝑑𝜏
+ 𝐶6 (𝛾) ∫+∞

−∞

|𝜏|𝛼 �̂�𝑚 (𝜏)21 + |𝜏|𝛼−2𝛾 𝑑𝜏
≤ 𝐶6 (𝛾) ∫+∞

−∞

�̂�𝑚 (𝜏)2 𝑑𝜏
+ 𝐶6 (𝛾) ∫+∞

−∞

|𝜏|𝛼 �̂�𝑚 (𝜏)21 + |𝜏|𝛼−2𝛾 𝑑𝜏.

(66)

By Parseval equality and Poincaré inequality, we have

𝐶6 (𝛾) ∫+∞
−∞

�̂�𝑚 (𝜏)2 𝑑𝜏 = 𝐶6 (𝛾) ∫+∞
−∞

�̃�𝑚 (𝑡)2 𝑑𝑡
= 𝐶6 (𝛾) ∫𝑇

0

𝑢𝑚 (𝑡)2 𝑑𝑡
≤ 𝜆−21 𝐶6 (𝛾)∫𝑇

0

𝑢𝑚 (𝑡)2 𝑑𝑡 ≤ 𝐶 (𝐶0, 𝛾, 𝑑3) ,
(67)

and

𝐶6 (𝛾) ∫+∞
−∞

|𝜏|𝛼 �̂�𝑚 (𝜏)21 + |𝜏|𝛼−2𝛾 𝑑𝜏 ≤ 𝐶7 (𝛾)
⋅ ∫+∞
−∞

|𝜏|𝛼−1 �̂�𝑚 (𝜏)1 + |𝜏|𝛼−2𝛾 𝑑𝜏 + 𝐶8 (𝛾)
⋅ ∫+∞
−∞

�̂�𝑚 (𝜏)1 + |𝜏|𝛼−2𝛾 𝑑𝜏 ≤ 𝐶7 (𝛾)
⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

⋅ (∫+∞
−∞

|𝜏|2𝛼−2 �̂�𝑚 (𝜏)2 𝑑𝜏)1/2 + 𝐶8 (𝛾)
⋅ (∫+∞
−∞

�̂�𝑚 (𝜏)2 𝑑𝜏)1/2

⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

= 𝐶7 (𝛾)

⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2
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⋅ (∫+∞
−∞

|𝜏|2𝛼−2 �̂�𝑚 (𝜏)2 𝑑𝜏)1/2 + 𝐶8 (𝛾)
⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

(∫𝑇
0

𝑢𝑚 (𝑡)2 𝑑𝑡)1/2

= 𝐶7 (𝛾)(∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

⋅ (∫+∞
−∞

 −∞𝐼1−𝛼𝑡 �̃�𝑚 (𝑡)2 𝑑𝑡)1/2 + 𝐶8 (𝛾)
⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

(∫𝑇
0

𝑢𝑚 (𝑡)2 𝑑𝑡)1/2

= 𝐶7 (𝛾)(∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

⋅ (∫𝑇
0

 0𝐼1−𝛼𝑡 𝑢𝑚 (𝑡) 𝑑𝑡)
1/2 + 𝐶8 (𝛾)

⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

(∫𝑇
0

𝑢𝑚 (𝑡)2 𝑑𝑡)1/2

= 𝐶7 (𝛾)(∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

⋅ ∫𝑇
0
(𝑢𝑚 (𝑡)2 𝑑𝑡)1/2 + 𝐶8 (𝛾)

⋅ (∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

(∫𝑇
0

𝑢𝑚 (𝑡)2 𝑑𝑡)1/2 .
(68)

We have also used the convergence of the infinite integral in
the above integral

(∫+∞
−∞

𝑑𝜏
(1 + |𝜏|𝛼−2𝛾)2)

1/2

, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛾 ∈ (0, 14) . (69)

We can conclude that

∫+∞
−∞

|𝜏|2𝛾 �̂�𝑚 (𝜏)2 𝑑𝜏 ≤ 𝐶. 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛾 ∈ (0, 14) . (70)

Next, we want to pass to the limit as 𝑚 → ∞ in (42)
using the estimates (51), (55)-(56), and (70). We are only
concerned with a passage to the limit as𝑚 →∞.

Considering the Lemma 7, there exist a sequence 𝑚 →∞, and one function {𝑢} such that

𝑢𝑚 ⇀ 𝑢 𝑖𝑛 𝐿2 (0, 𝑇;V) 𝑤𝑒𝑎𝑘l𝑦,
𝑢𝑚 → 𝑢 𝑖𝑛 𝐿∞ (0, 𝑇;H) 𝑤𝑒𝑎𝑘 − 𝑠𝑡𝑎𝑟,
𝑢𝑚 → 𝑢 𝑖𝑛 𝐿2 (0, 𝑇;H) 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦,
𝑢𝑚 ⇀ 𝑢 𝑖𝑛 𝐿4 (0, 𝑇;W) 𝑤𝑒𝑎𝑘𝑙𝑦.

(71)

Taking V ∈V, we multiply (41) by V, integrate over [𝑡0, 𝑡], and
we have

(𝑢𝑚 (𝑡) , V) − (𝑢𝑚 (𝑡0) , V) = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡

− 𝑠)𝛼−1) [] ((𝑢𝑚 (𝑠) , V))
+ 𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , 𝑃𝑚V) − ⟨𝜎div (𝐴2 (𝑢𝑚))
+ 𝛽div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) , 𝑃𝑚V⟩
− ⟨𝑓𝑚 , V⟩] 𝑑𝑠 − ∫𝑡

𝑡0

(𝑡 − 𝑠)𝛼−1 [] ((𝑢𝑚 (𝑠) , V))
+ 𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , 𝑃𝑚V) − ⟨𝜎div (𝐴2 (𝑢𝑚))
+ 𝛽div (𝐴 (𝑢𝑚)2 𝐴 (𝑢𝑚)) , 𝑃𝑚V⟩
− ⟨𝑓𝑚 , V⟩] 𝑑𝑠.

(72)

In view of 𝑢𝑚 ⇀ 𝑢 in 𝐿2(0, 𝑇;V), we can assume that𝑢𝑚(𝑡0) ⇀ 𝑢(𝑡0) in V for all 𝑡0 ∈ [0, 𝑇]\𝐾, where mes(𝐾) = 0.
Therefore, lim𝑚→∞𝑢𝑚(𝑡0) = 𝑢(𝑡0) in H for 𝑡0 ∉ 𝐾.

Finally, we look at the convergence of the nonlinear terms
in (72).

By (55)-(56) and using Lebesgue’s dominated conver-
gence theorem, we have

lim
𝑚→∞

∫𝑡
𝑡0

(𝑡 − 𝑠)𝛼−1 𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , 𝑃𝑚V) 𝑑𝑠
= ∫𝑡
𝑡0

(𝑡 − 𝑠)𝛼−1 𝑏 (𝑢 (𝑠) , 𝑢 (𝑠) , 𝑃V) 𝑑𝑠,
lim
𝑚→∞

∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1)

⋅ 𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , 𝑃𝑚V) 𝑑𝑠 = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1

− (𝑡 − 𝑠)𝛼−1) 𝑏 (𝑢 (𝑠) , 𝑢 (𝑠) , V) 𝑑𝑠.

(73)

Next, letT1 : W →W∗ be defined as

T1 (V) = −]△ V − 𝜎div (𝐴2 (V))
− 𝛽div (|𝐴 (V)|2 𝐴 (V)) . (74)
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It is clear thatT1 is a monotone operator. We show that

(I) lim
𝑚→∞

∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1) ⟨T1 (𝑢𝑚 (𝑡)) , V⟩ 𝑑𝑠

= ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1) ⟨T1 (𝑢 (𝑠)) , V⟩ 𝑑𝑠.

(75)

This can be achieved by the monotony method as in [8,
34]; see also [35, 36]. Indeed, since T1(𝑢𝑚) is uniformly (in𝑚) bounded in 𝐿4/3(0, 𝑇;W∗), we may assume that

T1 (𝑢𝑚) → Ξ 𝑤𝑒𝑎𝑘 − 𝑠𝑡𝑎𝑟 𝑖𝑛 𝐿4/3 (0, 𝑇;W∗) . (76)

Due to (43) and taking a sequence {𝑚 | 𝑚 → ∞}, we have
(𝑐0𝐷𝛼𝑡 𝑢𝑚 , 𝑢𝑚) + ⟨T1 (𝑢𝑚) , 𝑢𝑚⟩ = ⟨𝑓, 𝑢𝑚⟩ , (77)

and integration of (77) from 0 to 𝑡0 red shows that

∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨T1 (𝑢𝑚) , 𝑢𝑚⟩1 𝑑𝑠
≤ 12 𝑢𝑚 (0)2 − 12 𝑢𝑚 (𝑡0)2
+ ∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨𝑓, 𝑢𝑚⟩1 𝑑𝑠,

(78)

where ⟨, ⟩1 is the duality product between the spaces𝐿4/3(0, 𝑇;W∗) and 𝐿4(0, 𝑇;W).
By (42), we have

(𝑐0𝐷𝛼𝑡 𝑢𝑚 , 𝜔𝜓) + ⟨B (𝑢𝑚 , 𝑢𝑚) , 𝜔𝜓⟩
− ⟨T1 (𝑢𝑚) , 𝜔𝜓⟩ = ⟨𝑓, 𝜔𝜓⟩ . (79)

Passing to the limit in (79),

(𝑐0𝐷𝛼𝑡 𝑢, 𝜔𝜓) + ⟨B (𝑢, 𝑢) , 𝜔𝜓⟩ − ⟨Ξ, 𝜔𝜓⟩ = ⟨𝑓, 𝜔𝜓⟩ . (80)

Taking 𝜔𝜓 = 𝑢, we can obtain

∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨Ξ, 𝑢⟩1 𝑑𝑠
≤ 12 |𝑢 (0)|2 − 12 𝑢 (𝑡0)2
+ ∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨𝑓, 𝑢𝑚⟩1 𝑑𝑠.

(81)

Due to the monotonicity of T1, we have for any 𝜑 ∈𝐿4(0, 𝑇;W)
⟨T1 (𝑢𝑚) , 𝑢𝑚⟩1 ≥ ⟨T1 (𝑢𝑚) , 𝜑⟩1

+ ⟨T1 (𝜑) , 𝑢𝑚 − 𝜑⟩1 . (82)

Combining (78), (81), and (82), we obtain by passing to the
limit in𝑚
∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨Ξ −T1 (𝜑) , 𝑢𝜖 − 𝜑⟩1 𝑑𝑠 ≥ 0,

for any 𝜑 ∈ 𝐿4 (0, 𝑇;W) . (83)

Take 𝜑 = 𝑢 − 𝛿𝜙 for 𝛿 > 0 and 𝜙 ∈ 𝐿4(0, 𝑇;W).Then after
division by 𝛿 and tending 𝛿 to 0, we deduce that
∫𝑡0
0
(𝑡 − 𝑠)𝛼−1 ⟨Ξ −T1 (𝑢) , 𝜙⟩1 𝑑𝑠 ≥ 0,

for any 𝜙 ∈ 𝐿4 (0, 𝑇;W) . (84)

Hence, Ξ = T1(𝑢).Then

lim
𝑚→∞

∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1)

⋅ ⟨T1 (𝑢𝑚 (𝑡)) , V⟩ 𝑑𝑠 = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1

− (𝑡 − 𝑠)𝛼−1) ⟨T1 (𝑢 (𝑠)) , V⟩ 𝑑s.
(85)

A simple argument shows that

lim
𝑚→∞

∫𝑡
𝑡0

(𝑡 − 𝑠)𝛼−1 ⟨T1 (𝑢𝑚 (𝑡)) , V⟩ 𝑑𝑠
= ∫𝑡
𝑡0

(𝑡 − 𝑠)𝛼−1 ⟨T1 (𝑢 (𝑠)) , V⟩ 𝑑𝑠.
(86)

Taking the limit of (72) as𝑚 → ∞, we find that

(𝑢 (𝑡) , V) − (𝑢 (𝑡0) , V) = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1 − (𝑡 − 𝑠)𝛼−1)

⋅ [] ((𝑢 (𝑠) , V)) + 𝑏 (𝑢 (𝑠) , 𝑢 (𝑠) , V)
− ⟨𝜎div (𝐴2 (𝑢)) + 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) , V⟩
− ⟨𝑓, V⟩] 𝑑𝑠 − ∫𝑡

𝑡0

(𝑡 − 𝑠)𝛼−1 [] ((𝑢 (𝑠) , V))
+ 𝑏 (𝑢 (𝑠) , 𝑢 (𝑠) , V)
− ⟨𝜎div (𝐴2 (𝑢)) + 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) , V⟩
− ⟨𝑓, V⟩] 𝑑𝑠.

(87)

It is clear that (𝑢(𝑡), V) − (𝑢(𝑡0), V) → 0, as 𝑡 → 𝑡0.
Set 𝑡0 = 0 in (87); we can obtain (36). The proof is

complete.

4. Uniqueness of Solutions for the
Time-Fractional Third Grade Fluid System

In this section, we prove the uniqueness of solutions of
problem (39).

Theorem 14. The solution 𝑢 of problems (39) given by Theo-
rem 13 is unique.
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Proof. We denote by 𝑢1, 𝑢2 two solutions of problem (39) and
set 𝑢 = 𝑢1 −𝑢2, by subtracting the relation (39) satisfied by 𝑢1
and 𝑢2; we obtain
𝑐

0𝐷𝛼𝑡 𝑢 − ]△ 𝑢 +J (𝑢1) −J (𝑢2) +K (𝑢1) −K (𝑢2)
=B (𝑢2) −B (𝑢1) ,

∇ ⋅ 𝑢 = 0.
(88)

Taking the inner product of (88) with 𝑢, it yields
⟨𝑐0𝐷𝛼𝑡 𝑢, 𝑢⟩ + ] ‖𝑢 (𝑡)‖2
= − ⟨J (𝑢1) −J (𝑢2) , 𝑢⟩
− ⟨K (𝑢1) −K (𝑢2) , 𝑢⟩ − 𝑏 (𝑢, 𝑢2, 𝑢) .

(89)

Since 𝑏(V, 𝑤, 𝑤) = 0, then
𝑐

0𝐷𝛼𝑡 |𝑢 (𝑡)|2 + 2] ‖𝑢 (𝑡)‖2
= −2 ⟨J (𝑢1) −J (𝑢2) , 𝑢⟩
− 2 ⟨K (𝑢1) −K (𝑢2) , 𝑢⟩ − 2𝑏 (𝑢, 𝑢2, 𝑢) .

(90)

Bear in mind that
T (𝑢) = − (] − ]𝛿0) △ 𝑢 + (1 − 𝛿0)J (𝑢) +K (𝑢) ,

𝛿0 = 1 − √ 𝛼22]𝛽 ∈ (0, 1) .
(91)

We deduce that
𝑐

0𝐷𝛼𝑡 |𝑢 (𝑡)|2 + 2]𝛿0 ‖𝑢 (𝑡)‖2 ≤ 2 𝑏 (𝑢, 𝑢2, 𝑢) . (92)

Noting that𝐻10 → 𝐿6 and𝑏 (𝑢, 𝑢2, 𝑢) ≤ 𝐶 ‖𝑢‖𝐿6 ∇𝑢2𝐿3 |𝑢| (93)

implies that

2 𝑏 (𝑢, 𝑢2, 𝑢) ≤ 𝐶 ‖𝑢‖ ∇𝑢2𝐿3 |𝑢|
≤ 2]𝛿0 ‖𝑢‖2 + 𝐶9 |𝑢|2 ∇𝑢22𝐿3 . (94)

Thus
𝑐

0𝐷𝛼𝑡 |𝑢 (𝑡)|2 ≤ 𝐶9 |𝑢|2 ∇𝑢22𝐿3 . (95)

By Gronwall inequality and (51), (53), we have

|𝑢 (𝑡)|2
≤ |𝑢 (0)|2 exp( 𝐶9Γ (𝛼) ∫

𝑡

0
(𝑡 − 𝑠)𝛼−1 ∇𝑢22𝐿3 𝑑𝑠)

≤ |𝑢 (0)|2 exp( 𝐶9Γ (𝛼) ∫
𝑡

0
(𝑡 − 𝑠)𝛼−1 𝐴𝑢24𝐿4 𝑑𝑠)

≤ |𝑢 (0)|2 exp( 𝐶9𝑑3Γ (𝛼)𝐶1) .

(96)

Since 𝑢(0) = 0, the last relation can imply that

|𝑢 (𝑡)|2 = 0, 0 ≤ 𝑡 ≤ 𝑇, (97)

and the uniqueness is proved.

5. Optimal Control

In this section, we will consider the optimal control problems

minimize 12 ∫
𝑇

0
∫
Ω
(𝑢 (𝑥, 𝑡) − 𝑧 (𝑥, 𝑡))2 𝑑𝑥𝑑𝑡

+ ∫𝑇
0
ℎ (𝜔 (𝑡)) 𝑑𝑡,

(98)

where 𝜔 ∈ 𝐿2/𝛼1(0, 𝑇;𝑈).
We will consider the systems with control inΩ ⊂ R3

𝜕𝛼𝑡 𝑢 − ]Δ𝑢 + (𝑢 ⋅ ∇) 𝑢 − 𝜎div (𝐴2 (𝑢))
− 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) = −∇𝑝 + 𝑐0𝜔 + 𝑓,

∇ ⋅ 𝑢 = 0,
𝑢 = 0, 𝑥 ∈ 𝜕Ω; 𝑢 (𝑥, 0) = 𝑢0, 𝑥 ∈ Ω.

(99)

Definition 15. Let 𝑢0 ∈ H, 𝑓 ∈ 𝐿2/𝛼1(0, 𝑇;V∗) and 𝜔 ∈𝐿2/𝛼1(0, 𝑇; 𝑈); a function 𝑢 ∈ 𝐿2(0, 𝑇;V) ∩ 𝐿∞(0, 𝑇;H) ∩𝐿4(0, 𝑇;W) is called a weak solution of system (7) if

𝜕𝛼𝑡 (𝑢, V) + ] ((𝑢, V)) + 𝑏 (𝑢, 𝑢, V)
− ⟨𝜎div (𝐴2 (𝑢)) + 𝛽div (|𝐴 (𝑢)|2 𝐴 (𝑢)) , V⟩
= ⟨𝑐0𝜔 + 𝑓, V⟩ ,

𝑢 (0) = 𝑢0.
(100)

Similarly we give the equivalent form as follows:
𝑐

0𝐷𝛼𝑡 𝑢 + ]A𝑢 +B (𝑢, 𝑢) +K (𝑢) +J (𝑢) = 𝐶𝜔 + 𝑓,
𝑢 (0) = 𝑢0. (101)

If 𝑧 ∈ 𝐿2(0, 𝑇;H), rewriting problem (98) in the abstract form,
we have

(P) minimize 𝐽 (𝑢, 𝜔)
= 12 ∫

𝑇

0
(𝑢 (𝑥, 𝑡) − 𝑧 (𝑥, 𝑡))2 𝑑𝑡

+ ∫𝑇
0
ℎ (𝜔 (𝑡)) 𝑑𝑡

(102)

over (𝑢, 𝜔) ∈ (𝐿2(0, 𝑇;V) ∩ 𝐿∞(0, 𝑇;H) ∩ 𝐿4(0, 𝑇;W)) ×𝐿2/𝛼1(0, 𝑇; 𝑈) subject to (101).
We assume that

(i) 𝑧 ∈ 𝐿2(0, 𝑇;H);
(ii) the function ℎ : 𝑈 → R is convex and lower

semicontinuous and satisfies

ℎ (𝜔) ≥ 𝑏1 |𝜔|2/𝛼1𝑈 + 𝑏2 (103)

for some 𝑏1 > 0, 𝑏2 ∈ R.
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Theorem 16. If hypotheses (i) and (ii) hold, then problem (P)
has at least one solution (𝑢∗, 𝜔∗) ∈ (𝐿2(0, 𝑇;V)∩𝐿∞(0, 𝑇;H)∩𝐿4(0, 𝑇;W)) × 𝐿2/𝛼1(0, 𝑇;𝑈).
Proof. Replacing 𝑓 with 𝐶𝜔 + 𝑓 in Theorems 13 and 14, we
show that system (101) has an weak solution corresponding
to 𝜔. Suppose that (𝑢𝑚, 𝜔𝑚) are a minimizing sequence of
problem (P); namely,

𝐽 (𝑢𝑚, 𝜔𝑚) → inf 𝐽 (𝑢, 𝜔) ,
𝑐

0𝐷𝛼𝑡 𝑢𝑚 + ]A𝑢𝑚 +B (𝑢𝑚, 𝑢𝑚) +K (𝑢𝑚) +J (𝑢𝑚)
= 𝐶𝜔𝑚 + 𝑓,

𝑢𝑚 (0) = 𝑢0.
(104)

According to hypothesis (ii), we can conclude that {𝜔𝑚}
is bounded in 𝐿2/𝛼1(0, 𝑇;𝑈). Thus, there exists 𝜔∗ ∈𝐿2/𝛼1(0, 𝑇;𝑈) such that

𝜔𝑚 ⇀ 𝜔∗ in 𝐿2/𝛼1 (0, 𝑇;𝑈) weakly. (105)

Similar to (49), we obtain

𝑐

0𝐷𝛼𝑡 𝑢𝑚2 + 𝐶0 𝑢𝑚2 + 𝐶1 𝐴 (𝑢𝑚)4L4
≤ 1
]
𝑓 + 𝐶𝜔𝑚2 . (106)

This yields

𝑢𝑚 (𝑡)2 + 𝐶0 ∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝑢𝑚2 𝑑𝑠

+ 𝐶1 ∫𝑡
0
(𝑡 − 𝑠)𝛼−1 𝐴 (𝑢𝑚)4L4 𝑑𝑠

≤ 𝑢𝑚 (0)2 + 1] ∫
𝑇

0

𝑓 (𝑡) + 𝐶𝜔𝑚2/𝛼1 𝑑𝑠
+ 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1).

(107)

Hence

𝐶0𝑇𝛼−1∫𝑡
0

𝑢𝑚 (𝑠)2 𝑑𝑠
≤ 𝐶0 ∫𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑢𝑚 (𝑠)2 𝑑𝑠

≤ 𝑢𝑚 (0)2 + 1] ∫
𝑇

0

𝑓 (𝑡) + 𝐶𝜔𝑚 (𝑠)2/𝛼1 𝑑𝑠
+ 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1),

(108)

𝐶1𝑇𝛼−1∫𝑡
0

𝐴 (𝑢𝑚 (𝑠))4L4 𝑑𝑠
≤ 𝐶1 ∫𝑡

0
(𝑡 − 𝑠)𝛼−1 𝐴 (𝑢𝑚 (𝑠))4L4 𝑑𝑠

≤ 𝑢𝑚 (0)2 + 1] ∫
𝑇

0

𝑓 (𝑡) + 𝐶𝜔𝑚 (𝑠)2/𝛼1 𝑑𝑠
+ 1 − 𝛼1
] (𝛼 − 𝛼1)𝑇(𝛼−1)/(1−𝛼1).

(109)

Therefore, {𝑢𝑚} is bounded in 𝐿∞(0, 𝑇;H) ∩ 𝐿2(0, 𝑇;V) ∩𝐿4(0, 𝑇;W). Thus, there exists an element 𝑢∗ ∈ 𝐿2(0, 𝑇;V) ∩𝐿∞(0, 𝑇;H) ∩ 𝐿4(0, 𝑇;W) such that

𝑢𝑚 → 𝑢∗ 𝑖𝑛 𝐿∞ (0, 𝑇;H) 𝑤𝑒𝑎𝑘 − 𝑠𝑡𝑎𝑟,
𝑢𝑚 ⇀ 𝑢∗ 𝑖𝑛 𝐿2 (0, 𝑇;V) 𝑤𝑒𝑎𝑘𝑙𝑦,
𝑢𝑚 → 𝑢∗ 𝑖𝑛 𝐿2 (0, 𝑇;H) 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦,
𝑢𝑚 ⇀ 𝑢∗ 𝑖𝑛 𝐿4 (0, 𝑇;W) 𝑤𝑒𝑎𝑘𝑙𝑦.

(110)

We need to have some uniform bound on A𝑢𝑚,B(𝑢𝑚, 𝑢𝑚),
K(𝑢𝑚), andJ(𝑢𝑚).

We firstly estimate the termB(𝑢𝑚, 𝑢𝑚). In fact

B (𝑢𝑚, 𝑢𝑚) , V = 𝐶 𝑢𝑚 𝑢𝑚 ‖V‖ , ∀V ∈ V . (111)

Then

B (𝑢𝑚, 𝑢𝑚)V∗ ≤ 𝐶 𝑢𝑚 𝑢𝑚 . (112)

Therefore

∫𝑡
0

B (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠))2V∗ 𝑑𝑠
≤ 𝐶∫𝑡
0

𝑢𝑚 (𝑠)2 𝑢𝑚 (𝑠)2 𝑑𝑠
≤ 𝐶 sup 𝑢𝑚 (𝑠)2 ∫𝑡

0

𝑢𝑚 (𝑠)2 𝑑𝑠 < ∞.
(113)

This implies that there exists 𝜂∗ such that

B (𝑢𝑚, 𝑢𝑚) ⇀ B (𝑢∗, 𝑢∗) in 𝐿2 (0, 𝑇;V∗) weakly. (114)

For the similar derivations of relation (I), we deduce that

]A𝑢𝑚 +K (𝑢𝑚) +J (𝑢𝑚) =T1 (𝑢𝑚) ⇀ T1 (𝑢∗)
= ]A𝑢∗ +K (𝑢∗) +J (𝑢∗) in 𝐿4/3 (0, 𝑇;W∗) . (115)
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Now let V ∈ V; take the scalar product of (104) with V and
integrate; it follows

(𝑢𝑚 (𝑡) , V) − (𝑢𝑚 (𝑡0) , V) = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1

− (𝑡 − 𝑠)𝛼−1) [𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , V)
+ ⟨]A𝑢𝑚 +K (𝑢𝑚) +J (𝑢𝑚) , V⟩
− ⟨𝐶𝜔𝑚 (𝑠) + 𝑓 (𝑠) , V⟩] 𝑑𝑠 − ∫𝑡

𝑡0

(𝑡 − 𝑠)𝛼−1
⋅ [𝑏 (𝑢𝑚 (𝑠) , 𝑢𝑚 (𝑠) , V)
+ ⟨]A𝑢𝑚 +K (𝑢𝑚) +J (𝑢𝑚) , V⟩
− ⟨𝐶𝜔𝑚 (𝑠) + 𝑓 (𝑠) , V⟩] 𝑑𝑠.

(116)

By similar arguments in Theorem 13 and taking the limits as𝑚 →∞, we can conclude

(𝑢∗ (𝑡) , V) − (𝑢∗ (𝑡0) , V) = ∫𝑡0
0
((𝑡0 − 𝑠)𝛼−1

− (𝑡 − 𝑠)𝛼−1) [𝑏 (𝑢∗ (𝑠) , 𝑢∗ (𝑠) , V)
+ ⟨]A𝑢∗ +K (𝑢∗) +J (𝑢∗) , V⟩
− ⟨𝐶𝜔∗ (𝑠) + 𝑓 (𝑠) , V⟩] 𝑑𝑠 − ∫𝑡

𝑡0

(𝑡 − 𝑠)𝛼−1
⋅ [𝑏 (𝑢∗ (𝑠) , 𝑢∗ (𝑠) , V)
+ ⟨]A𝑢∗ +K (𝑢∗) +J (𝑢∗) , V⟩
− ⟨𝐶𝜔∗ (𝑠) + 𝑓 (𝑠) , V⟩] 𝑑𝑠.

(117)

Applying the Caputo fractional derivative of order 𝛼 on the
sides of the above equality for 𝑡0 = 0, we obtain

⟨𝑐0𝐷𝛼𝑡 𝑢∗, V⟩ + ⟨]A𝑢∗ +K (𝑢∗) +J (𝑢∗) , V⟩
+ 𝑏 (𝑢∗, 𝑢∗, V) = ⟨𝐶𝜔∗ + 𝑓, V⟩ ,

𝑢∗ (0) = 𝑢0.
(118)

Namely, an equivalent form of the last equality is
𝑐

0𝐷𝛼𝑡 𝑢∗ + ]A𝑢∗ +K (𝑢∗) +J (𝑢∗) +B (𝑢∗, 𝑢∗)
= 𝐶𝜔∗ + 𝑓,

𝑢∗ (0) = 𝑢0.
(119)

Hence, we can see that (𝑢∗, 𝜔∗) satisfies system (104).
From weak lower semicontinuity of function (𝑢, 𝜔) →𝐽(𝑢,𝜔), we deduce

𝐽 (𝑢∗, 𝜔∗) = inf 𝐽 (𝑢, 𝜔) . (120)

Then (𝑢∗, 𝜔∗) is an optimal pair for problem (P). The proof
of Theorem 16 is complete.
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Consensus of fractional-order multiagent systems (FOMASs) with single integral has been wildly studied. However, the dynamics
with multiple integral (especially double integral to sextuple integral) also exist in FOMASs, and they are rarely studied at present.
In this paper, consensus problems for multi-integral fractional-order multiagent systems (MIFOMASs) with nonuniform time-
delays are addressed.The consensus conditions for MIFOMASs are obtained by a novel frequency-domain method which properly
eliminates consensus problems of the systems associated with nonuniform time-delays. Besides, the method revealed in this paper
is applicable to classical high-ordermultiagent systems which is a special case ofMIFOMASs. Finally, several numerical simulations
with different parameters are performed to validate the correctness of the results.

1. Introduction

The research related to multiagent systems (MASs) has been
going on for decades, due to its many meaningful appli-
cations, e.g., sweep coverage control of MASs [1], flocking
behavior of mobile robots [2], and coordinated attitude con-
trol of a formation of satellites [3]. Consensus is an agreement
on the quality of certain concerns about the specific states of
all agents, which is one of themost fundamental requirements
for the research on MASs.

Up to now, numerous studies have been conducted to
resolve the problems about consensus of MASs with different
dynamics. During the past decades, a lot of results have been
accomplished about consensus of first-order MASs [4–11]. In
[4], a simple model was presented for the phase transition
of a set of self-driven particle, and it was demonstrated that
the headings of all agents in MASs converged to a common
value by simulation. In [5], authors provided some theoretical
explanations for Vicsek’s linearized model and analyzed
the alignment of undirected switching topologies of agents
that were regularly connected. Based on the research works
of [5], more relaxed consensus conditions over dynamic

switching topologies were given in [6, 7]. Authors in [8] put
forward a framework about consensus theory of MASs with
directed information flow, link/node failures, time-delays,
and so on. Robust𝐻∞ control about consensus problems for
MASs with parameter uncertainties, external disturbances,
nonidentical state, and time-delays was discussed in [9]. In
recent years, more and more researchers have paid more
attention to consensus of second-order MASs [12–16]. For
instance, authors in [12] investigated consensus problems
for second-order continuous-time MASs in the presence of
jointly connected topologies and time-delay. In [13], two
types of consensus problems for second-orderMASswith and
without delay over switching topology and directed topology
were studied. In [14], the local consensus problem for second-
orderMASswhose dynamicswere nonlinear dynamics under
directed and switching random topology was discussed,
and several sufficient conditions were derived to ensure the
MASs reach consensus. Furthermore, taking into account
the fact that high-order MASs were widely used, consensus
problems for high-order MASs have been studied in [17–
21]. In particular, the output consensus problem in [17] was
addressed for high-order MASs with external disturbances,
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and some conditionswere derived to ensure consensus for the
MASs. The consensus problems in [18] were considered for
a class of high-order MASs with time-delays and switching
networks, and a nearest-neighbour rule was designed and
some conditions were derived to guarantee consensus for
the systems with time-delays. The conditions of consensus
in [21] for high-order MASs with nonuniform time-delays
were proposed by a novel frequency-domain approach which
properly resolved the challenges associated with multiple
time-delays.

It is worth noting that many results above about MASs
were based on the integer-order dynamics. In fact, many
scholars have declared that the essential characteristic or
behavior of an object in the complex environment could
be better revealed by adopting fractional-order dynamics.
Examples include unmanned aerial vehicles operating in
an environment with the impacts of rain and wind [22],
food searching with the help of the individual secretions
and microbial [23], and submarine robots in the bottom
of the sea with large amounts of microorganisms and vis-
cous substances [24]. Compared to integer-order dynamics,
fractional-order dynamics provided an excellent tool in the
description of memory and hereditary properties [25, 26].
Moreover, authors in [27, 28] indicated that the integer-order
systems were only the special examples of the fractional-
order systems. Based on these facts, the research results
on consensus of FOMASs with single integral in [29–34]
have been continuously springing up in recent years. As we
know, consensus problem of FOMASs was first proposed
and investigated by Cao et al. [29]. Next, consensus control
of FOMASs with time-delays was studied by Yang et al.
[30, 31], where homogeneous dynamics and heterogeneous
dynamics were used to illustrate the agent of system. In
[32], consensus problem of linear FOMASs with input time-
delay and the consensus problem of nonlinear FOMASs
with input time-delay were investigated, respectively. In [33],
consensus problems were studied for FOMASs with nonuni-
form time-delays. Meanwhile, by means of matrix theory
tool, Laplace transform and graph theory tool, two delay
margins were obtained as the consensus conditions. Lately,
consensus of FOMASs with double integral was proposed
in [35–39]. The consensus problem of FOMASs with double
integral over fixed topology was studied in [35]. By applying
Mittag-Leffler function, Laplace transform, and dwell time
technique, consensus for FOMASs with double integral over
switching topology was investigated in [36]. Based on the
slidingmode estimator, consensus problem for FOMASswith
double integral was studied in [37]. Bymeans ofmatrix theory
tool, Laplace transform, and graph theory tool, consensus
problems for a FOMAS with double integral and time-delay
were studied in [38]. Nevertheless, the above research results
on the consensus problems of FOMASs with or without
time-delays were based on the single-integral fractional-
order or double-integral fractional-order dynamics. To this
day, there is almost no research on consensus problems of
MIFOMASs with time-delays, especially nonuniform time-
delays.

Motivated by above analysis, we extend FOMASs from
single-integral fractional-order dynamics to multi-integral

fractional-order ones in this paper. Consensus problems
of FOMASs with multiple integral in the presence of
nonuniform time-delays are studied. The main idea of
this paper is to first obtain the characteristic polynomial
of a MIFOMAS with imaginary eigenvalues through the
model transformation of the system and then determine
the stability conditions of the system according to this
characteristic polynomial, so as to determine the consensus
conditions of the system according to the stability conditions
of the system. The consensus conditions of the MIFOMAS
with nonuniform time-delays can be obtained by inequali-
ties.

The main contributions of this paper are as follows.
Firstly, we consider multi-integral fractional-order dynamics.
As far as we know, this paper is the first paper that stud-
ies consensus of MIFOMASs. Just as integer-order MASs
have first-order (single-integral) MASs [4–11], second-order
(double-integral) MASs [12–16], and high-order (multi-
integral) MASs [17–21], FOMASs also have single-integral
FOMASs [29–34], double-integral FOMASs [35–39], and
MIFOMASs, which makes the overall theory of FOMASs
perfect from single-integral to multi-integral FOMASs. In
addition, single-integral and double-integral FOMASs are
the special cases of MIFOMASs. Secondly, we consider sym-
metric and asymmetric time-delays. The symmetric time-
delays contain up to 𝑛(𝑛 − 1)/2 different values and the
asymmetric time-delays contain up to 𝑛(𝑛 − 1) different
values when the MIFOMAS consists of n agents. Thirdly,
we consider the dynamics of each agent containing mul-
tiple state variables with different fractional orders. The
MIFOMAS with nonuniform time-delays consists of some
agents, and each agent contains multiple state variables with
different fractional orders. Finally, we derive the consen-
sus conditions for a MIFOMAS with nonuniform time-de-
lays.

The remainder of this article is organized as follows.
In Section 2, fractional calculus and its Laplace transform
are given. In Section 3, the knowledge about graph theory
is shown out. In Sections 4 and 5, consensus algorithms
for a MIFOMAS in the presence of nonuniform time-
delays are studied. In Section 6, some numerical examples
with different parameters are simulated to verify the results.
Finally, conclusions are drawn out in Section 7.

2. Fractional Calculus

In [40], several different definitions of fractional calcu-
lus have been proposed, in which the Caputo fractional
derivative played an important role in fractional-order
systems. Because the initial value of Caputo fractional
derivative has practical signification in many problems,
which is commonly used in the variety of physical fields.
Ergo, this paper will model the system dynamical char-
acteristics by using Caputo derivative which is defined
by

𝐶

𝑎𝐷𝛼𝑡 𝑥 (𝑡) = 1Γ (𝑚 − 𝛼) ∫𝑡
𝑎

𝑥(𝑚) (𝜂)
(𝑡 − 𝜂)1+𝛼−𝑚 𝑑𝜂, (1)
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where 𝑎 ∈ R denotes the initial value, 𝛼 represents the order
of the Caputo derivative, and 𝑚 − 1 < 𝛼 ≤ 𝑚(𝑚 ∈ 𝑧+). Γ(⋅) is
given by

Γ (𝑦) = ∫+∞
0

𝑒−𝑡𝑡𝑦−1𝑑𝑡. (2)

If 𝐶𝑎𝐷𝛼𝑡 𝑥(𝑡) is replaced by 𝑥(𝛼)(𝑡), and the Laplace trans-
form of 𝑥(𝑡) is represented by 𝑋(𝑠) = L{𝑥(𝑡)} =∫∞
0−

𝑒−𝑠𝑡𝑥(𝑡)𝑑𝑡, then the following equation can be used to
denote Laplace transform of the Caputo derivative.

L {𝑥(𝛼) (𝑡)}
= {{{

𝑠𝛼𝑋 (𝑠) − 𝑠𝛼−1𝑥 (0−) , 𝛼 ∈ (0, 1]
𝑠𝛼𝑋 (𝑠) − 𝑠𝛼−1𝑥 (0−) − 𝑠𝛼−2𝑥 (0−) , 𝛼 ∈ (1, 2]

(3)

where 𝑥(0−) = lim𝑡→0−𝑥(𝑡) and 𝑥(0−) = lim𝑡→0−𝑥(𝑡).
3. Graph Theory

For a MAS with 𝑛 agents, the network topology can be
denoted by a graph G = (V,E), where V = {𝑠1, . . . , 𝑠𝑛}
and E ⊆ V2, respectively, represent the set of nodes and
the set of edges. The node indices belong to a finite index set
I = {1, 2, . . . , 𝑛}. The weighted adjacency matrix is denoted
by A = [𝑎𝑖𝑗]𝑛×𝑛. The element of the 𝑖-th row and the 𝑗-th
column in matrix A indicates the connection state between
agents 𝑠𝑖 and 𝑠𝑗. If nodes 𝑠𝑖 and 𝑠𝑗 are connected, i.e., 𝑒𝑖𝑗 ∈
E, then 𝑎𝑖𝑗 > 0, and 𝑠𝑗 is called a neighbor of node 𝑠𝑖.𝑁𝑖 = {𝑗 ∈ I, 𝑗 ̸= 𝑖} denotes the index set of all neighbors
of agent 𝑖. If nodes 𝑠𝑖 and 𝑠𝑗 are connected and 𝑎𝑖𝑗 = 𝑎𝑗𝑖,
then G is an undirected graph; otherwise the G is a directed
graph. In a directed graph, a directed path is a sequence of
edges by (𝑠1, 𝑠2), (𝑠2, 𝑠3), . . ., where (𝑠𝑗, 𝑠𝑖) ∈ E. The directed
graph has a directed spanning tree if all other nodes have
directional paths from the same node. The Laplacian matrix
of the graph G is defined by 𝐿 = Δ − A ∈ R𝑛×𝑛, where Δ ≜
diag{𝑑𝑒𝑔𝑜𝑢𝑡(𝑠1), 𝑑𝑒𝑔𝑜𝑢𝑡(𝑠2), . . . , 𝑑𝑒𝑔𝑜𝑢𝑡(𝑠𝑖), . . . , 𝑑𝑒𝑔𝑜𝑢𝑡(𝑠𝑛)} is a
diagonal matrix with 𝑑𝑒𝑔𝑜𝑢𝑡(𝑠𝑖) = ∑𝑛𝑗=1 𝑎𝑖𝑗. Supposing some
graphs G1,G2, . . . ,G𝑀 and graph G consist of the same
nodes, and the edge set of graphG is the sum of the edge sets
of other graphs G1,G2, . . . ,G𝑀, then there is 𝐿 = ∑𝑀𝑚=1 𝐿𝑚,
which means the Laplacian matrix of graph G is the sum of
other graphs’ Laplacian matrix.

4. Problem Statement

There are two lemmas [41] for the later analysis.

Lemma 1. If graph G is an undirected and connected graph,
then its Laplacian matrix 𝐿 has one singleton zero eigenvalue
and other eigenvalues are all positive; i.e., 0 = 𝜆1 < 𝜆2 ≤ 𝜆3 ≤⋅ ⋅ ⋅ ≤ 𝜆𝑛.
Lemma 2. If graphG is a directed graph with a spanning tree,
then its Laplacian matrix 𝐿 has one singleton zero eigenvalue

and other eigenvalues have a positive real part; i.e., 𝜆1 =0,Re(𝜆𝑖) > 0 (𝑖 = 2, 3, . . . , 𝑛).
Consider a MIFOMAS composed of 𝑛 agents. Each node

in graph G corresponds to each agent of the MIFOMAS.
If 𝑎𝑖𝑗 > 0, we can think that the 𝑖-th agent can get state
information from the 𝑗-th agent. The dynamics of the 𝑖-th
agent of the MIFOMAS are represented by

𝑥(𝛼1)𝑖1 (𝑡) = 𝑥𝑖2 (𝑡) ,
𝑥(𝛼2)𝑖2 (𝑡) = 𝑥𝑖3 (𝑡) ,

...
𝑥(𝛼𝑙−1)𝑖(𝑙−1) (𝑡) = 𝑥𝑖𝑙 (𝑡) ,
𝑥(𝛼𝑙)𝑖𝑙 (𝑡) = 𝑢𝑖 (𝑡) ,

𝑖 ∈ I,

(4)

where 𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), . . . , 𝑥𝑖𝑙(𝑡) ∈ R, respectively, represent
𝑙 different states of the 𝑖-th agent, 𝑥(𝛼1)𝑖1 (𝑡) is the 𝛼1-order
Caputo derivative of 𝑥𝑖1(𝑡), 𝑥(𝛼2)𝑖2 (𝑡) is the 𝛼2-order Caputo
derivative of 𝑥𝑖2(𝑡), . . . , 𝑥(𝛼𝑙)𝑖𝑙 (𝑡) is the 𝛼𝑙-order Caputo deriva-
tive of 𝑥𝑖𝑙(𝑡) (𝛼1, 𝛼2, . . . , 𝛼𝑙 ∈ (0, 1]), and 𝑢𝑖(𝑡) ∈ R is the
control input.

Definition 3. If and only if the states of all agents in MIFO-
MAS (4) satisfy

lim
𝑡→+∞

(𝑥𝑖1 (𝑡) − 𝑥𝑗1 (𝑡)) = 0,
lim
𝑡→+∞

(𝑥𝑖2 (𝑡) − 𝑥𝑗2 (𝑡)) = 0,
...

lim
𝑡→+∞

(𝑥𝑖𝑙 (𝑡) − 𝑥𝑗𝑙 (𝑡)) = 0,
𝑖, 𝑗 ∈ I,

(5)

then MIFOMAS (4) can reach consensus. In (5),𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), . . . , 𝑥𝑖𝑙(𝑡) ∈ R, respectively, represent 𝑙 different
states of the 𝑖-th agent, and 𝑥𝑗1(𝑡), 𝑥𝑗2(𝑡), . . . , 𝑥𝑗𝑙(𝑡) ∈ R,
respectively, represent 𝑙 different states of the 𝑗-th agent.

In this paper, the control protocol for MIFOMAS (4) will
be given by

𝑢𝑖 (𝑡) = − 𝑙−1∑
𝑘=1

𝑃𝑘+1𝑥𝑖𝑘+1 (𝑡)
+ ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 [𝑥𝑗1 (𝑡 − 𝜏𝑖𝑗) − 𝑥𝑖1 (𝑡 − 𝜏𝑖𝑗)] ,
(6)
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where𝑁𝑖 denotes the neighbors index collection of the agent𝑖, 𝑎𝑖𝑗 is the (𝑖, 𝑗)-th element of A, 𝜏𝑖𝑗 > 0 is the time-
delay which is from the 𝑗-th agent to the 𝑖-th agent, and𝑃𝑘+1 > 0 are scale coefficients. If all 𝜏𝑖𝑗 = 𝜏𝑗𝑖, then the time-
delays are symmetrical; else the time-delays are asymmet-
rical. The symmetric time-delays and the asymmetric time-
delays are two different forms of nonuniform time-delays.
For ease of analysis, we define that 𝜏𝑚 denote 𝑀 different
time-delays of MIFOMAS (4); i.e., 𝜏𝑚 ∈ {𝜏𝑖𝑗 : 𝑖, 𝑗 ∈
I} (𝑚 = 1, 2, . . . ,𝑀). Then the following control protocol
is provided to resolve consensus problems of MIFOMAS
(4):

𝑢𝑖 (𝑡) = − 𝑙−1∑
𝑘=1

𝑃𝑘+1𝑥𝑖𝑘+1 (𝑡)
+ ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗 [𝑥𝑗1 (𝑡 − 𝜏𝑚) − 𝑥𝑖1 (𝑡 − 𝜏𝑚)] .
(7)

Assume the state vector of the 𝑖-th agent is 𝜉𝑖(𝑡) =[𝑥𝑖1(𝑡), 𝑥𝑖2(𝑡), . . . , 𝑥𝑖𝑙(𝑡)]𝑇 ∈ R𝑙, and the joint state vec-
tor of MIFOMAS (4) consisting of 𝑛 agents is 𝜓(𝑡) =[𝜉𝑇1 (𝑡), 𝜉𝑇2 (𝑡), . . . , 𝜉𝑇𝑛 (𝑡)]𝑇 ∈ R𝑙𝑛.

If we define two matrices as follows,

𝐴 =
[[[[[[[[[[[[
[

0 1 0 ⋅ ⋅ ⋅ 0 0
0 0 1 ⋅ ⋅ ⋅ 0 0
... ... ... d

... ...
0 0 0 ⋅ ⋅ ⋅ 1 0
0 0 0 ⋅ ⋅ ⋅ 0 1
0 −𝑃2 −𝑃3 ⋅ ⋅ ⋅ −𝑃𝑙−1 −𝑃𝑙

]]]]]]]]]]]]
]

∈ R
𝑙×𝑙, (8)

and

𝐵 =
[[[[[[
[

0 0 ⋅ ⋅ ⋅ 0
... ... d

...
0 0 ⋅ ⋅ ⋅ 0
1 0 ⋅ ⋅ ⋅ 0

]]]]]]
]

∈ R
𝑙×𝑙, (9)

then under the control protocol given by (7), the closed-loop
dynamics of MIFOMAS (4) can be described as

[𝑥(𝛼1)11 (𝑡) , 𝑥(𝛼2)12 (𝑡) , . . . , 𝑥(𝛼𝑙)1𝑙 (𝑡) , 𝑥(𝛼1)21 (𝑡) , 𝑥(𝛼2)22 (𝑡) , . . . ,
𝑥(𝛼𝑙)2𝑙 (𝑡) , . . . , 𝑥(𝛼1)𝑛1 (𝑡) , 𝑥(𝛼2)𝑛2 (𝑡) , . . . , 𝑥(𝛼𝑙)𝑛𝑙 (𝑡)]𝑇 = (𝐼𝑛
⊗ 𝐴)𝜓 (𝑡) − 𝑀∑

𝑚=1

(𝐿𝑚 ⊗ 𝐵) ⋅ 𝜓 (𝑡 − 𝜏𝑚) .
(10)

5. Main Results

Theorem 4. Suppose that a FOMAS with multiple integral is
given byMIFOMAS (4) whose corresponding network topology
G satisfies Lemma 1. Define the following functions:

𝐹𝑙 (𝜔) = − 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1,

𝜃𝑙 (𝜔) = arg [𝐹𝑙 (𝜔)] = arg[− 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1]
= arctan𝑅𝑙 (𝜔) ,

𝑇𝑙 (𝜔) = 1𝜔𝜃𝑙 (𝜔) ,

(11)

where 𝑙 ∈ {1, 2, 3, 4, 5, 6}, 𝑅𝑙(𝜔) ≜ Im[𝐹𝑙(𝜔)]/Re[𝐹𝑙(𝜔)] =
tan[𝜃𝑙(𝜔)], and Re[𝐹𝑙(𝜔)] and Im[𝐹𝑙(𝜔)], respectively,
denote the real part and the imaginary part of𝐹𝑙(𝜔).

If all 𝜏𝑚 < 𝜏 = 𝑇𝑙(𝜔) = (1/𝜔)𝜃𝑙(𝜔) for the MIFOMAS
(10) with symmetric time-delays, then the control protocol
(7) can resolve the consensus problem of the MIFOMAS (10)
with symmetric time-delays, and on the contrary, then the
control protocol (7) can not resolve the consensus problem of
the MIFOMAS (10) with symmetric time-delays. �e value of𝜔 corresponding to 𝑙 in 𝑇𝑙(𝜔) is determined by the following
equation:

𝐹𝑙 (𝜔) = 𝜆𝑛, 𝑙 ∈ {1, 2, 3, 4, 5, 6} , (12)

where |𝐹𝑙(𝜔)| is the modulus of 𝐹𝑙(𝜔) and 𝜆𝑛 is the maximum
eigenvalue of 𝐿.
Proof. We shall apply the frequency-domain method to
analyze the MIFOMAS (10) with symmetric time-delays, and
we can get

{{{{{{{{{{{{{{{{{{{{{{{

𝐼𝑛 ⊗
[[[[[[[[[[[
[

𝑠𝛼1 0 ⋅ ⋅ ⋅ 0 0
0 𝑠𝛼2 ⋅ ⋅ ⋅ 0 0
... ... d

... ...
0 0 ⋅ ⋅ ⋅ 𝑠𝛼𝑙−1 0
0 0 ⋅ ⋅ ⋅ 0 𝑠𝛼𝑙

]]]]]]]]]]]
]

}}}}}}}}}}}}}}}}}}}}}}}

Ψ (𝑠)

−

{{{{{{{{{{{{{{{{{{{{{{{

𝐼𝑛 ⊗
[[[[[[[[[[[
[

𝑠𝛼1−1 0 ⋅ ⋅ ⋅ 0 0
0 𝑠𝛼2−1 ⋅ ⋅ ⋅ 0 0
... ... d

... ...
0 0 ⋅ ⋅ ⋅ 𝑠𝛼𝑙−1−1 0
0 0 ⋅ ⋅ ⋅ 0 𝑠𝛼𝑙−1

]]]]]]]]]]]
]

}}}}}}}}}}}}}}}}}}}}}}}

𝜓(0−)
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− (𝐼𝑛 ⊗ 𝐴)Ψ (𝑠) + 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒−𝑠𝜏𝑚Ψ (𝑠) = 0,
Ψ (𝑠) = R𝜓 (0−)𝐺−1𝜏𝑚 (𝑠) ,

(13)

whereΨ(𝑠) is the Laplace transformof𝜓(𝑡),𝜓(0−) is the initial
value of 𝜓(𝑡),

R = 𝐼𝑛 ⊗
[[[[[[[[[[
[

𝑠𝛼1−1 0 ⋅ ⋅ ⋅ 0 0
0 𝑠𝛼2−1 ⋅ ⋅ ⋅ 0 0
... ... d

... ...
0 0 ⋅ ⋅ ⋅ 𝑠𝛼𝑙−1−1 0
0 0 ⋅ ⋅ ⋅ 0 𝑠𝛼𝑙−1

]]]]]]]]]]
]

, (14)

and

𝐺𝜏𝑚 (𝑠) =
{{{{{{{{{{{{{{{{{{{

𝐼𝑛 ⊗
{{{{{{{{{{{{{{{{{{{

[[[[[[[[[
[

𝑠𝛼1 0 ⋅ ⋅ ⋅ 0 0
0 𝑠𝛼2 ⋅ ⋅ ⋅ 0 0
... ... d

... ...
0 0 ⋅ ⋅ ⋅ 𝑠𝛼𝑙−1 0
0 0 ⋅ ⋅ ⋅ 0 𝑠𝛼𝑙

]]]]]]]]]
]

−
[[[[[[[[[
[

0 1 0 ⋅ ⋅ ⋅ 0
0 0 1 ⋅ ⋅ ⋅ 0
... ... ... d

...
0 0 0 ⋅ ⋅ ⋅ 1
0 −𝑃2 −𝑃3 ⋅ ⋅ ⋅ −𝑃𝑙

]]]]]]]]]
]

}}}}}}}}}}}}}}}}}}}

+ 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒−𝑠𝜏𝑚
}}}}}}}}}}}}}}}}}}}

.

(15)

Motivated by the stability analysis of a fractional-order
system in [42], we can study consensus of the MIFOMAS
(10) with symmetric time-delays by analyzing the character-
istic eigenvalues’ position of the characteristic polynomial
det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with symmetric time-
delays. Specifically, consensus of the MIFOMAS (10) without
delays (all 𝜏𝑚 = 0) is necessary for consensus of the
MIFOMAS (10) with symmetric time-delays; that is to say, in
this case the characteristic eigenvalues of det[𝐺𝜏𝑚(𝑠)] of the

MIFOMAS (10) with symmetric time-delays are all situated
in the left half plane (LHP) of the complex plane, and as 𝜏𝑚
increases continuously from zero, the characteristic eigen-
value of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with symmetric
time-delays will change continuously from the LHP to the
right half plane (RHP) of the complex plane. Once the
characteristic eigenvalue of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS
(10) with symmetric time-delays reaches the RHP of the
complex plane through the imaginary axis, the MIFOMAS
(10) with symmetric time-delays will be unstable and can not
achieve consensus. Ergo, we only need to consider the critical
time-delay when the nonzero characteristic eigenvalue of
det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with symmetric time-
delays is just situated on the imaginary axis for the first time as𝜏𝑚 increases continuously from zero, and the corresponding
time-delay is just the delay margin 𝜏 of the MIFOMAS (10)
with symmetric time-delays.

Assume 𝑠 = −𝑗𝜔 ̸= 0 is the characteristic eigenvalue
of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with symmetric time-
delays on the imaginary axis, 𝑢 = 𝑢1 ⊗ [1, 0, . . . , 0, 0]𝑇 +𝑢2 ⊗ [0, 1, 0, . . . , 0]𝑇 + ⋅ ⋅ ⋅ + 𝑢𝑙−1 ⊗ [0, . . . , 0, 1, 0]𝑇 + 𝑢𝑙 ⊗[0, . . . , 0, 0, 1]𝑇 is the corresponding eigenvector, and ‖𝑢‖ =
1, 𝑢1, 𝑢2, . . . , 𝑢𝑙−1, 𝑢𝑙 ∈ C𝑛; we have the following equa-
tions:

{{{{{{{{{{{{{{{{{{{{{

𝐼𝑛

⊗

{{{{{{{{{{{{{{{{{{{{{{{{{

[[[[[[[[[[[[
[

(−𝑗𝜔)𝛼1 0 ⋅ ⋅ ⋅ 0 0
0 (−𝑗𝜔)𝛼2 ⋅ ⋅ ⋅ 0 0
... ... d

... ...
0 0 ⋅ ⋅ ⋅ (−𝑗𝜔)𝛼𝑙−1 0
0 0 ⋅ ⋅ ⋅ 0 (−𝑗𝜔)𝛼𝑙

]]]]]]]]]]]]
]

−
[[[[[[[[[[
[

0 1 0 ⋅ ⋅ ⋅ 0
0 0 1 ⋅ ⋅ ⋅ 0
... ... ... d

...
0 0 0 ⋅ ⋅ ⋅ 1
0 −𝑃2 −𝑃3 ⋅ ⋅ ⋅ −𝑃𝑙

]]]]]]]]]]
]

}}}}}}}}}}}}}}}}}}}}}

+ 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒−𝑠𝜏𝑚
}}}}}}}}}}}}}}}}}}}}}

𝑢 = 0,
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{{{{{{{{{{{{{{{{{{{{{

𝐼𝑛

⊗
{{{{{{{{{{{{{{{{{{{{{

[[[[[[[[[[
[

(−𝑗𝜔)𝛼1 −1 0 ⋅ ⋅ ⋅ 0
0 (−𝑗𝜔)𝛼2 −1 ⋅ ⋅ ⋅ 0
... ... ... d

...
0 0 0 ⋅ ⋅ ⋅ −1
0 𝑃2 𝑃3 ⋅ ⋅ ⋅ 𝑃𝑙 + (−𝑗𝜔)𝛼𝑙

]]]]]]]]]]
]

}}}}}}}}}}}}}}}}}}}}}

+ 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒−𝑠𝜏𝑚
}}}}}}}}}}}}}}}}}}}}}

𝑢 = 0,

{𝐼𝑛 ⊗ Ω} 𝑢⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(1)

+ { 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒𝑗𝜔𝜏𝑚}𝑢⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(2)

= 0,
(16)

(1) = {𝐼𝑛 ⊗ Ω} 𝑢 = 𝐼𝑛𝑢1 ⊗ (Ω [1, 0, . . . , 0]𝑇) + 𝐼𝑛𝑢2
⊗ (Ω [0, 1, 0, . . . , 0]𝑇) + 𝐼𝑛𝑢3
⊗ (Ω [0, 0, 1, 0, . . . , 0]𝑇) + ⋅ ⋅ ⋅ + 𝐼𝑛𝑢𝑙−1
⊗ (Ω [0, 0, ⋅ ⋅ ⋅ , 0, 1, 0]𝑇) + 𝐼𝑛𝑢𝑙
⊗ (Ω [0, . . . , 0, 1]𝑇) = 𝐼𝑛𝑢1 ⊗ [(−𝑗𝜔)𝛼1 , 0, . . . , 0]𝑇
+ 𝐼𝑛𝑢2 ⊗ [−1, (−𝑗𝜔)𝛼2 , 0, . . . , 0, 𝑃2]𝑇 + 𝐼𝑛𝑢3 ⊗ [0,
− 1, (−𝑗𝜔)𝛼3 , 0, . . . , 0, 𝑃3]𝑇 + ⋅ ⋅ ⋅ + 𝐼𝑛𝑢𝑙−1 ⊗ [0, . . . ,
0, −1, (−𝑗𝜔)𝛼𝑙−1 , 𝑃𝑙−1]𝑇 + 𝐼𝑛𝑢𝑙 ⊗ [0, . . . , 0, −1,
(−𝑗𝜔)𝛼𝑙 + 𝑃𝑙]𝑇 = 𝐼𝑛 ⊗ [(−𝑗𝜔)𝛼1 𝑢1, 0, . . . , 0]𝑇 + 𝐼𝑛
⊗ [−𝑢2, (−𝑗𝜔)𝛼2 𝑢2, 0, . . . , 0, 𝑃2𝑢2]𝑇 + 𝐼𝑛 ⊗ [0,
− 𝑢3, (−𝑗𝜔)𝛼3 𝑢3, 0, . . . , 0, 𝑃3𝑢3]𝑇 + ⋅ ⋅ ⋅ + 𝐼𝑛 ⊗ [0,
. . . , 0, −𝑢𝑙−1, (−𝑗𝜔)𝛼𝑙−1 𝑢𝑙−1, 𝑃𝑙−1𝑢𝑙−1]𝑇 + 𝐼𝑛 ⊗ [0, . . . ,

0, −𝑢𝑙, ((−𝑗𝜔)𝛼𝑙 + 𝑃𝑙) 𝑢𝑙]𝑇 = 𝐼𝑛 ⊗ [(−𝑗𝜔)𝛼1 𝑢1
− 𝑢2, (−𝑗𝜔)𝛼2 𝑢2 − 𝑢3, . . . , (−𝑗𝜔)𝛼𝑙−1 𝑢𝑙−1 − 𝑢𝑙, 𝑃2𝑢2
+ 𝑃3𝑢3 + ⋅ ⋅ ⋅ + 𝑃𝑙−1𝑢𝑙−1 + 𝑃𝑙𝑢𝑙 + (−𝑗𝜔)𝛼𝑙 𝑢𝑙]𝑇 ,
= [𝐼𝑛 ((−𝑗𝜔)𝛼1 𝑢1 − 𝑢2) , 𝐼𝑛 ((−𝑗𝜔)𝛼2 𝑢2 − 𝑢3) , . . . ,
𝐼𝑛 ((−𝑗𝜔)𝛼𝑙−1 𝑢𝑙−1 − 𝑢𝑙) , 𝐼𝑛 (𝑃2𝑢2 + 𝑃3𝑢3 + ⋅ ⋅ ⋅
+ 𝑃𝑙−1𝑢𝑙−1 + 𝑃𝑙𝑢𝑙 + (−𝑗𝜔)𝛼𝑙 𝑢𝑙)]𝑇 ,

(17)

(2) = { 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑒𝑗𝜔𝜏𝑚}𝑢 = 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐵) 𝑢𝑒𝑗𝜔𝜏𝑚

= 𝑀∑
𝑚=1

{(𝐿𝑚𝑢1) ⊗ (𝐵 [1, 0, . . . , 0]𝑇) + (𝐿𝑚𝑢2)
⊗ (𝐵 [0, 1, 0, . . . , 0]𝑇) + ⋅ ⋅ ⋅ + (𝐿𝑚𝑢𝑙−1)
⊗ (𝐵 [0, 0, . . . , 0, 1, 0]𝑇) + (𝐿𝑚𝑢𝑙)
⊗ (𝐵 [0, . . . , 0, 1]𝑇)} 𝑒𝑗𝜔𝜏𝑚 = 𝑀∑

𝑚=1

{(𝐿𝑚𝑢1)
⊗ ([0, 0, . . . , 0, 1]𝑇) + (𝐿𝑚𝑢2) ⊗ ([0, 0, 0, . . . , 0]𝑇)
+ ⋅ ⋅ ⋅ + (𝐿𝑚𝑢𝑙−1) ⊗ ([0, 0, . . . , 0, 0, 0]𝑇) + (𝐿𝑚𝑢𝑙)
⊗ ([0, . . . , 0, 0]𝑇)} 𝑒𝑗𝜔𝜏𝑚 = 𝑀∑

𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙) [(𝑢1
⊗ [0, 0, . . . , 0, 1]𝑇) + (𝑢2 ⊗ [0, 0, . . . , 0, 0]𝑇) + ⋅ ⋅ ⋅
+ (𝑢𝑙−1 ⊗ [0, 0, . . . , 0, 0]𝑇) + (𝑢𝑙
⊗ [0, 0, . . . , 0, 0]𝑇)] 𝑒𝑗𝜔𝜏𝑚 = 𝑀∑

𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙)

⋅ [0, 0, . . . , 0, 𝑢1]𝑇 𝑒𝑗𝜔𝜏𝑚 = [0, 0, . . . , 0,
𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑒𝑗𝜔𝜏𝑚]
𝑇

.

(18)

Because of (1) + (2) = 0, we have
𝐼𝑛 ((−𝑗𝜔)𝛼1 𝑢1 − 𝑢2) = 0,
𝐼𝑛 ((−𝑗𝜔)𝛼2 𝑢2 − 𝑢3) = 0,
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...
𝐼𝑛 ((−𝑗𝜔)𝛼𝑙−1 𝑢𝑙−1 − 𝑢𝑙) = 0,
𝐼𝑛 [𝑃2𝑢2 + 𝑃3𝑢3 + ⋅ ⋅ ⋅ + 𝑃𝑙−1𝑢𝑙−1 + (𝑃𝑙 + (−𝑗𝜔)𝛼𝑙) 𝑢𝑙]

+ 𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑒𝑗𝜔𝜏𝑚 = 0,
(19)

and it yields that

𝑢2 = (−𝑗𝜔)𝛼1 𝑢1,
𝑢3 = (−𝑗𝜔)𝛼2 𝑢2,

...
𝑢𝑙 = (−𝑗𝜔)𝛼𝑙−1 𝑢𝑙−1,
𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑒𝑗𝜔𝜏𝑚 = − [𝑃2𝑢2 + 𝑃3𝑢3 + ⋅ ⋅ ⋅
+ 𝑃𝑙−1𝑢𝑙−1 + (𝑃𝑙 + (−𝑗𝜔)𝛼𝑙) 𝑢𝑙] .

(20)

According to (20), we have

𝑀∑
𝑚=1

(𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑒𝑗𝜔𝜏𝑚 = − [𝑃2 (−𝑗𝜔)𝛼1

+ 𝑃3 (−𝑗𝜔)𝛼2+𝛼1 + ⋅ ⋅ ⋅ + 𝑃𝑙−1 (−𝑗𝜔)𝛼𝑙−2+𝛼𝑙−3+⋅⋅⋅+𝛼1
+ 𝑃𝑙 (−𝑗𝜔)𝛼𝑙−1+𝛼𝑙−2+⋅⋅⋅+𝛼1 + (−𝑗𝜔)𝛼𝑙+𝛼𝑙−1+⋅⋅⋅+𝛼1] 𝑢1,

(21)

then we can multiply both sides of (21) by 𝑢𝐻 (the conjugate
transpose of 𝑢); the following equation can be obtained:

𝑀∑
𝑚=1

𝑢𝐻 (𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑢𝐻𝑢1 𝑒𝑗𝜔𝜏𝑚 = − [𝑃2 (−𝑗𝜔)𝛼1

+ 𝑃3 (−𝑗𝜔)𝛼2+𝛼1 + ⋅ ⋅ ⋅ + 𝑃𝑙−1 (−𝑗𝜔)𝛼𝑙−2+𝛼𝑙−3+⋅⋅⋅+𝛼1
+ 𝑃𝑙 (−𝑗𝜔)𝛼𝑙−1+𝛼𝑙−2+⋅⋅⋅+𝛼1 + (−𝑗𝜔)𝛼𝑙+𝛼𝑙−1+⋅⋅⋅+𝛼1]
= − 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1,

(22)

where 𝑙 ⩾ 1, 𝑃𝑙+1 = 1.
Due to

𝑢 = [𝑢1, 𝑢2, 𝑢3, . . . , 𝑢𝑙]𝑇 = [𝑢1, (−𝑗𝜔)𝛼1 𝑢1, (−𝑗𝜔)𝛼1+𝛼2

⋅ 𝑢1, . . . , (−𝑗𝜔)𝛼𝑙−1+𝛼𝑙−2+⋅⋅⋅+𝛼1 𝑢1]𝑇 ,
𝑢1 = 𝑢

{[1, (−𝑗𝜔)𝛼1 , (−𝑗𝜔)𝛼1+𝛼2 , . . . , (−𝑗𝜔)𝛼𝑙−1+𝛼𝑙−2+⋅⋅⋅+𝛼1]𝑇} ,
(23)

(22) can be simplified to

𝑀∑
𝑚=1

𝑢𝐻 (𝐿𝑚 ⊗ 𝐼𝑙) 𝑢1𝑢𝐻𝑢1 𝑒𝑗𝜔𝜏𝑚 = 𝑀∑
𝑚=1

𝑢𝐻 (𝐿𝑚 ⊗ 𝐼𝑙) 𝑢𝑢𝐻𝑢 𝑒𝑗𝜔𝜏𝑚

= − 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1 ≜ 𝐹𝑙 (𝜔) ,
(24)

where 𝑙 ⩾ 1, 𝑃𝑙+1 = 1.
Let 𝑢𝐻(𝐿𝑚 ⊗ 𝐼𝑙)𝑢/(𝑢𝐻𝑢) = 𝑎𝑚; we take modulus of both

sides of (24). According to Lemma 1, we can get the following
inequality:

𝑀𝑙 (𝜔) = 𝐹𝑙 (𝜔) =

𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚
 ≤


𝑀∑
𝑚=1

𝑎𝑚


= 𝑢𝐻 (𝐿 ⊗ 𝐼𝑙) 𝑢𝑢𝐻𝑢 ≤ 𝑀𝑙 (𝜔) = 𝐹𝑙 (𝜔) = 𝜆𝑛.
(25)

It is obvious that 𝑀𝑙(𝜔) is an increasing function for 𝜔 > 0,
and if 𝜔 ≤ 𝜔, we can get 𝑀𝑙(𝜔) ≤ 𝑀𝑙(𝜔) = |𝐹𝑙(𝜔)| = 𝜆𝑛; that
is, inequality (25) is true.

According to (24), we can get

arg [𝐹𝑙 (𝜔)] = arg( 𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚) ≜ 𝜃𝑙 (𝜔) ,
= arctan𝑅𝑙 (𝜔) ,

(26)

where 𝜃𝑙(𝜔) is the principal value of the argument of 𝐹𝑙(𝜔),𝑅𝑙(𝜔) ≜ Im[𝐹𝑙(𝜔)]/Re[𝐹𝑙(𝜔)] = tan[𝜃𝑙(𝜔)], and Re[𝐹𝑙(𝜔)]
and Im[𝐹𝑙(𝜔)], respectively, denote the real part and the
imaginary part of 𝐹𝑙(𝜔).

According to (26), it is easy to obtain that

𝜃𝑙 (𝜔) = arg( 𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚) ≤ max {𝜔𝜏𝑚} . (27)

Consider a FOMAS with single integral; we have 𝐹1(𝜔) =−(−𝑗𝜔)𝛼1𝑃2 = 𝜔𝛼1𝑒𝑗(𝜋(2−𝛼1)/2)𝑃2. It is apparent that 𝜃1(𝜔) =𝜋(2 − 𝛼1)/2, and 𝑀1(𝜔) = 𝜔𝛼1𝑃2(𝑃2 = 1). According to
(25), we should only consider 𝜔 ≤ 𝜔 = 𝜆(1/𝛼1)𝑛 , and if all𝜏𝑚 < 𝜏 = 𝑇1(𝜔) = 𝑇1[𝜆(1/𝛼1)𝑛 ] = (1/𝜔)𝜃1(𝜔) = 𝜋(2 −𝛼1)/[2𝜆(1/𝛼1)𝑛 ], then 𝜔𝜏𝑚 < 𝜆(1/𝛼1)𝑛 𝜏 = 𝜆(1/𝛼1)𝑛 𝑇1[𝜆(1/𝛼1)𝑛 ] =𝜋(2 − 𝛼1)/2 = 𝜃1(𝜔), which contradicts to (27). Therefore,
when all 𝜏𝑚 < 𝜏, the characteristic eigenvalues of det[𝐺𝜏𝑚(𝑠)]



8 Complexity

of the MIFOMAS (10) with symmetric time-delays are all
situated in the LHP and the FOMAS with single integral will
remain stable and can achieve consensus. On the contrary,
the FOMAS with single integral will not remain stable
and can not achieve consensus. Theorem 4 is proven for𝑙 = 1.

In the following, the FOMAS with multiple integral
(double integral to sextuple integral) shall be analyzed step
by step. For convenience of analysis, we first need to define
some symbolic parameters:

𝑧1 = 𝜔2𝛼1𝑃22 ,
𝑧2 = 𝜔2(𝛼1+𝛼2)𝑃23 ,
𝑧3 = 2𝜔(2𝛼1+𝛼2)cos𝜋𝛼22 𝑃2𝑃3,
𝑧4 = 2𝜔(2𝛼1+𝛼2+𝛼3)cos𝜋 (𝛼2 + 𝛼3)2 𝑃2𝑃4,
𝑧5 = 2𝜔(2𝛼1+𝛼2+𝛼3+𝛼4)cos𝜋 (𝛼2 + 𝛼3 + 𝛼4)2 𝑃2𝑃5,
𝑧6 = 2𝜔(2𝛼1+𝛼2+𝛼3+𝛼4+𝛼5)cos𝜋 (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5)2

⋅ 𝑃2𝑃6,
𝑧7 = 2𝜔(2𝛼1+𝛼2+𝛼3+𝛼4+𝛼5+𝛼6)

⋅ cos 𝜋 (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6)2 𝑃2𝑃7,
𝑧8 = 2𝜔(2𝛼1+2𝛼2+𝛼3)cos𝜋𝛼32 𝑃3𝑃4,
𝑧9 = 2𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4)cos𝜋 (𝛼3 + 𝛼4)2 𝑃3𝑃5,
𝑧10 = 2𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4+𝛼5)cos𝜋 (𝛼3 + 𝛼4 + 𝛼5)2 𝑃3𝑃6,
𝑧11 = 2𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4+𝛼5+𝛼6)cos𝜋 (𝛼3 + 𝛼4 + 𝛼5 + 𝛼6)2

⋅ 𝑃3𝑃7,
𝑧12 = 𝜔2(𝛼1+𝛼2+𝛼3)𝑃24 ,
𝑧13 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4)cos𝜋𝛼42 𝑃4𝑃5,
𝑧14 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4+𝛼5)cos𝜋 (𝛼4 + 𝛼5)2 𝑃4𝑃6,
𝑧15 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4+𝛼5+𝛼6)cos𝜋 (𝛼4 + 𝛼5 + 𝛼6)2

⋅ 𝑃4𝑃7,

𝑧16 = 𝜔2(𝛼1+𝛼2+𝛼3+𝛼4)𝑃25 ,
𝑧17 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+𝛼5)cos𝜋𝛼52 𝑃5𝑃6,
𝑧18 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+𝛼5+𝛼6)cos𝜋 (𝛼5 + 𝛼6)2 𝑃5𝑃7,
𝑧19 = 𝜔2(𝛼1+𝛼2+𝛼3+𝛼4+𝛼5)𝑃26 ,
𝑧20 = 2𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+2𝛼5+𝛼6)cos𝜋𝛼62 𝑃6𝑃7,
𝑧21 = 𝜔2(𝛼1+𝛼2+𝛼3+𝛼4+𝛼5+𝛼6)𝑃27 ,

(28)

and

𝑑1 = 𝛼2𝜔(2𝛼1+𝛼2−1)𝑃2𝑃3 sin 𝜋𝛼22 ,
𝑑2 = (𝛼2 + 𝛼3) 𝜔(2𝛼1+𝛼2+𝛼3−1)𝑃2𝑃4 sin 𝜋 (𝛼2 + 𝛼3)2 ,
𝑑3 = (𝛼2 + 𝛼3 + 𝛼4) 𝜔(2𝛼1+𝛼2+𝛼3+𝛼4−1)𝑃2𝑃5

⋅ sin 𝜋 (𝛼2 + 𝛼3 + 𝛼4)2 ,
𝑑4 = (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5) 𝜔(2𝛼1+𝛼2+𝛼3+𝛼4+𝛼5−1) ⋅ 𝑃2𝑃6

⋅ sin 𝜋 (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5)2 ,
𝑑5 = (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6) 𝜔(2𝛼1+𝛼2+𝛼3+𝛼4+𝛼5+𝛼6−1)

⋅ 𝑃2𝑃7 sin 𝜋 (𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 + 𝛼6)2 ,
𝑑6 = 𝛼3𝜔(2𝛼1+2𝛼2+𝛼3−1)𝑃3𝑃4 sin 𝜋𝛼32 ,
𝑑7 = (𝛼3 + 𝛼4) 𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4−1)𝑃3𝑃5 sin 𝜋 (𝛼3 + 𝛼4)2 ,
𝑑8 = (𝛼3 + 𝛼4 + 𝛼5) 𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4+𝛼5−1) ⋅ 𝑃3𝑃6

⋅ sin 𝜋 (𝛼3 + 𝛼4 + 𝛼5)2 ,
𝑑9 = (𝛼3 + 𝛼4 + 𝛼5 + 𝛼6) 𝜔(2𝛼1+2𝛼2+𝛼3+𝛼4+𝛼5+𝛼6−1)

⋅ 𝑃3𝑃7 sin 𝜋 (𝛼3 + 𝛼4 + 𝛼5 + 𝛼6)2 ,
𝑑10 = 𝛼4𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4−1)𝑃4𝑃5 sin 𝜋𝛼42 ,
𝑑11 = (𝛼4 + 𝛼5) 𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4+𝛼5−1)𝑃4𝑃6
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⋅ sin 𝜋 (𝛼4 + 𝛼5)2 ,
𝑑12 = (𝛼4 + 𝛼5 + 𝛼6) 𝜔(2𝛼1+2𝛼2+2𝛼3+𝛼4+𝛼5+𝛼6−1) ⋅ 𝑃4𝑃7

⋅ sin 𝜋 (𝛼4 + 𝛼5 + 𝛼6)2 ,
𝑑13 = 𝛼5𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+𝛼5−1)𝑃5𝑃6 sin 𝜋𝛼52 ,
𝑑14 = (𝛼5 + 𝛼6) 𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+𝛼5+𝛼6−1)𝑃5𝑃7

⋅ sin 𝜋 (𝛼5 + 𝛼6)2 ,
𝑑15 = 𝛼6𝜔(2𝛼1+2𝛼2+2𝛼3+2𝛼4+2𝛼5+𝛼6−1)𝑃6𝑃7 sin 𝜋𝛼62 .

(29)

For the FOMAS with double integral,

𝐹2 (𝜔) = − 2∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1 = − [(−𝑗𝜔)𝛼1 𝑃2
+ (−𝑗𝜔)𝛼1+𝛼2 𝑃3] = 𝜔𝛼1𝑒𝑗(𝜋(2−𝛼1)/2)𝑃2

+ 𝜔𝛼1+𝛼2𝑒𝑗(𝜋(2−𝛼1−𝛼2)/2)𝑃3 = [𝜔𝛼1𝑃2 cos 𝜋 (2 − 𝛼1)2
+ 𝜔(𝛼1+𝛼2)𝑃3 cos 𝜋 (2 − 𝛼1 − 𝛼2)2 ]

+ 𝑗 [𝜔𝛼1𝑃2 sin 𝜋 (2 − 𝛼1)2
+ 𝜔(𝛼1+𝛼2)𝑃3 sin 𝜋 (2 − 𝛼1 − 𝛼2)2 ] = Re [𝐹2 (𝜔)]
+ 𝑗 Im [𝐹2 (𝜔)] .

(30)

[𝑀2 (𝜔)]2 = 𝐹2 (𝜔)2 = 𝜔2𝛼1𝑃22 + 𝜔2(𝛼1+𝛼2)𝑃23
+ 2𝜔(2𝛼1+𝛼2)cos𝜋𝛼22 𝑃2𝑃3 = 𝑧1 + 𝑧2 + 𝑧3.

(31)

Because of 𝑅2(𝜔) = Im[𝐹2(𝜔)]/Re[𝐹2(𝜔)], we can get the first
derivative of 𝑅2(𝜔):

𝑅2 (𝜔) = − [𝛼2𝜔2𝛼1+𝛼2−1𝑃2𝑃3sin (𝜋𝛼2/2)]
[𝜔𝛼1𝑃2cos (𝜋 (2 − 𝛼1) /2) + 𝜔(𝛼1+𝛼2)𝑃3cos (𝜋 (2 − 𝛼1 − 𝛼2) /2)]2 = − 𝑑1{Re [𝐹2 (𝜔)]}2 < 0. (32)

For the FOMAS with triple integral,

𝐹3 (𝜔) = − 3∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1 = − [(−𝑗𝜔)𝛼1 𝑃2

+ (−𝑗𝜔)𝛼1+𝛼2 𝑃3 + (−𝑗𝜔)𝛼1+𝛼2+𝛼3 𝑃4]
= 𝜔𝛼1𝑒𝑗(𝜋(2−𝛼1)/2)𝑃2 + 𝜔𝛼1+𝛼2𝑒𝑗(𝜋(2−𝛼1−𝛼2)/2)𝑃3
+ 𝜔(𝛼1+𝛼2+𝛼3)𝑒𝑗(𝜋(2−𝛼1−𝛼2−𝛼3)/2)𝑃4
= [𝜔𝛼1𝑃2 cos 𝜋 (2 − 𝛼1)2

+ 𝜔(𝛼1+𝛼2)𝑃3 cos 𝜋 (2 − 𝛼1 − 𝛼2)2
+ 𝜔(𝛼1+𝛼2+𝛼3)𝑃4 cos 𝜋 (2 − 𝛼1 − 𝛼2 − 𝛼3)2 ]

+ 𝑗 [𝜔𝛼1𝑃2 sin 𝜋 (2 − 𝛼1)2
+ 𝜔(𝛼1+𝛼2)𝑃3 sin 𝜋 (2 − 𝛼1 − 𝛼2)2
+ 𝜔(𝛼1+𝛼2+𝛼3)𝑃4 sin 𝜋 (2 − 𝛼1 − 𝛼2 − 𝛼3)2 ]

= Re [𝐹3 (𝜔)] + 𝑗 Im [𝐹3 (𝜔)] ,
(33)

[𝑀3 (𝜔)]2 = 𝐹3 (𝜔)2 = 𝜔2𝛼1𝑃22 + 𝜔2(𝛼1+𝛼2)𝑃23
+ 2𝜔(2𝛼1+𝛼2) cos 𝜋𝛼22 𝑃2𝑃3 + 2𝜔(2𝛼1+𝛼2+𝛼3)

⋅ cos 𝜋 (𝛼2 + 𝛼3)2 𝑃2𝑃4 + 2𝜔(2𝛼1+2𝛼2+𝛼3) cos 𝜋𝛼32 𝑃3𝑃4
+ 𝜔2(𝛼1+𝛼2+𝛼3)𝑃24 = 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧8 + 𝑧12.

(34)
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Because of 𝑅3(𝜔) = Im[𝐹3(𝜔)]/Re[𝐹3(𝜔)], we can get the
first derivative of 𝑅3(𝜔):

𝑅3 (𝜔)

= −[𝛼2𝜔(2𝛼1+𝛼2−1)𝑃2𝑃3 sin (𝜋𝛼2/2) + (𝛼2 + 𝛼3) 𝜔(2𝛼1+𝛼2+𝛼3−1) ⋅ 𝑃2𝑃4 sin (𝜋 (𝛼2 + 𝛼3) /2) + 𝛼3𝜔(2𝛼1+2𝛼2+𝛼3−1)𝑃3𝑃4 sin (𝜋𝛼3/2)]
[𝜔𝛼1𝑃2 ⋅ cos (𝜋 (2 − 𝛼1) /2) + 𝜔(𝛼1+𝛼2)𝑃3 cos (𝜋 (2 − 𝛼1 − 𝛼2) /2) + 𝜔(𝛼1+𝛼2+𝛼3)𝑃4 ⋅ cos (𝜋 (2 − 𝛼1 − 𝛼2 − 𝛼3) /2)]2

= −(𝑑1 + 𝑑2 + 𝑑6){Re [𝐹3 (𝜔)]}2 < 0.

(35)

In a similar way, the [𝑀𝑙(𝜔)]2 and 𝑅𝑙 (𝜔) of the
FOMASs with quadruple integral to sextuple integral can

be, respectively, calculated under the appropriate parameters,
and they are as follows:

[𝑀4 (𝜔)]2 = 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 + 𝑧8 + 𝑧9 + 𝑧12 + 𝑧13 + 𝑧16,

𝑅4 (𝜔) = −(𝑑1 + 𝑑2 + 𝑑3 + 𝑑6 + 𝑑7 + 𝑑10){Re [𝐹4 (𝜔)]}2 < 0.
(36)

[𝑀5 (𝜔)]2 = 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 + 𝑧6 + 𝑧8 + 𝑧9 + 𝑧10 + 𝑧12 + 𝑧13 + 𝑧14 + 𝑧16 + 𝑧17 + 𝑧19,

𝑅5 (𝜔) = −(𝑑1 + 𝑑2 + 𝑑3 + 𝑑4 + 𝑑6 + 𝑑7 + 𝑑8 + 𝑑10 + 𝑑11 + 𝑑13){Re [𝐹5 (𝜔)]}2 < 0.
(37)

[𝑀6 (𝜔)]2 = 𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 + 𝑧6 + 𝑧7 + 𝑧8 + 𝑧9 + 𝑧10 + 𝑧11 + 𝑧12 + 𝑧13 + 𝑧14 + 𝑧15 + 𝑧16 + 𝑧17 + 𝑧18 + 𝑧19 + 𝑧20
+ 𝑧21,

𝑅6 (𝜔) = −(𝑑1 + 𝑑2 + 𝑑3 + 𝑑4 + 𝑑5 + 𝑑6 + 𝑑7 + 𝑑8 + 𝑑9 + 𝑑10 + 𝑑11 + 𝑑12 + 𝑑13 + 𝑑14 + 𝑑15){Re [𝐹6 (𝜔)]}2 < 0.
(38)

In summary, we have found that the first derivatives of𝑅𝑙(𝜔) (2 ≤ 𝑙 ≤ 6) listed above are negative values, and𝑅𝑙 (𝜔) < 0 means that 𝑅𝑙(𝜔) = tan[𝜃𝑙(𝜔)] are monotonically
decreasing with the growth of 𝜔. Then it can be deduced
that the arguments 𝜃𝑙(𝜔) also decrease monotonically and
continuously about 𝜔 because the values of 𝐹𝑙(𝜔) vary
smoothly. Evidently, we can analyze the features of 𝜃𝑙(𝜔) (2 ≤𝑙 ≤ 6) together.

If 0 < 𝜔1 < 𝜔2, we have 𝜔2/𝜔1 > 1, and because the
arguments 𝜃𝑙(𝜔) decrease monotonically and continuously
about𝜔, we have 𝜃𝑙(𝜔1) > 𝜃𝑙(𝜔2); i.e., 𝜃𝑙(𝜔1)/𝜃𝑙(𝜔2) > 1.Thus,

𝑇𝑙 (𝜔1)𝑇𝑙 (𝜔2) = 𝜃𝑙 (𝜔1)𝜔1 ⋅ 𝜔2𝜃𝑙 (𝜔2) = 𝜃𝑙 (𝜔1)𝜃𝑙 (𝜔2) ⋅ 𝜔2𝜔1 > 1, (39)

so we can get 𝑇𝑙(𝜔1) > 𝑇𝑙(𝜔2), which means 𝑇𝑙(𝜔) also
decreasemonotonically and continuously about𝜔.When𝜔 ≤𝜔, we have

𝑇𝑙 (𝜔) ≥ 𝑇𝑙 (𝜔) = 𝜏. (40)

It is worth noting that inequality (40) can be obtained
when the characteristic eigenvalue of det[𝐺𝜏𝑚(𝑠)] of the
MIFOMAS (10) is 𝑠 = −𝑗𝜔 ̸= 0. If we let all 𝜏𝑚 < 𝜏, then
we can obtain the following inequality:

𝑇𝑙 (𝜔) = 𝜃𝑙 (𝜔)𝜔 = arg (∑𝑀𝑚=1 𝑎𝑚𝑒𝑗𝜔𝜏𝑚)𝜔 ≤ max {𝜔𝜏𝑚}𝜔
< 𝜔𝜏𝜔 = 𝜏.

(41)
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Inequality (41) is in contradiction with inequality (40).
Therefore, as long as all 𝜏𝑚 < 𝜏, we can ensure all the
characteristic eigenvalues of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS
(10) with symmetric time-delays are situated in the LHP,
and the MIFOMAS (10) with symmetric time-delays will
remain stable and can achieve consensus. On the contrary,
the MIFOMAS (10) with symmetric time-delays will not be
stable and can not achieve consensus. Theorem 4 is proven
for 𝑙 ∈ {2, 3, 4, 5, 6}.
Remark 5. Consensus of the MIFOMAS (10) without sym-
metric time-delays is necessary for consensus of this system
with symmetric time-delays.

Remark 6. Although 𝑙 ∈ {1, 2, 3, 4, 5, 6} in Theorem 4 due to
computational complexity, the value of 𝑙 may be greater than
6 under the appropriate parameters.

Corollary 7. If we suppose that a FOMAS with multiple inte-
gral is given by MIFOMAS (4) whose corresponding network
topology G satisfies Lemma 1 and 𝛼1 = 𝛼2 = ⋅ ⋅ ⋅ = 𝛼𝑙 = 1,
then the MIFOMAS (10) with symmetric time-delays can be
transformed into high-order MAS with symmetric time-delays
whose dynamic model is an integer-order dynamic model and
the following functions can be obtained:

𝐹𝑙 (𝜔) = − 𝑙∑
𝑘=1

(−𝑗𝜔)𝑘 𝑃𝑘+1,

𝜃𝑙 (𝜔) = arg [𝐹𝑙 (𝜔)] = arg[− 𝑙∑
𝑘=1

(−𝑗𝜔)𝑘 𝑃𝑘+1]
= arctan𝑅𝑙 (𝜔) ,

𝑇𝑙 (𝜔) = 1𝜔𝜃𝑙 (𝜔) ,

(42)

where 𝑙 ∈ {1, 2, 3, 4, 5, 6}, 𝑅𝑙(𝜔) ≜ Im[𝐹𝑙(𝜔)]/Re[𝐹𝑙(𝜔)] =
tan[𝜃𝑙(𝜔)], and Re[𝐹𝑙(𝜔)] and Im[𝐹𝑙(𝜔)], respectively, denote
the real part and the imaginary part of 𝐹𝑙(𝜔).

For the high-order MAS with symmetric time-delays, if all𝜏𝑚 satisfy 𝜏𝑚 < 𝜏 = 𝑇𝑙(𝜔) = (1/𝜔)𝜃𝑙(𝜔), then the control
protocol (7) can resolve the consensus problem for the high-
order MAS with symmetric time-delays, and on the contrary,
then the control protocol (7) can not resolve the consensus
problem for the high-order MAS with symmetric time-delays.
�e value of 𝜔 corresponding to 𝑙 in 𝑇𝑙(𝜔) is determined by the
following equation:

𝐹𝑙 (𝜔) = 𝜆𝑛, 𝑙 ∈ {1, 2, 3, 4, 5, 6} , (43)

where |𝐹𝑙(𝜔)| is the modulus of 𝐹𝑙(𝜔) and 𝜆𝑛 is the maximum
eigenvalue of 𝐿.
Remark 8. The dynamic model and the control protocol in
Corollary 7 were discussed in [21], and the conclusion in
Corollary 7 is less conservative than that in [21]. The proof
about Corollary 7 is the same as that of Theorem 4.

Theorem 9. Suppose that a FOMAS with multiple integral is
given byMIFOMAS (4) whose corresponding network topology
G satisfies Lemma 2. Define the following functions:

𝐵𝑙 (𝜔) = − 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1,

Θ𝑙 (𝜔) = arg [𝐵𝑙 (𝜔)] = arg[− 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1]
= arctan𝑅𝑙 (𝜔) ,

Γ𝑙 (𝜔) = 1𝜔 [Θ𝑙 (𝜔) − arg (𝜆𝑖)] ,

(44)

where 𝑙 ∈ {1, 2, 3, 4, 5, 6}, arg(𝜆𝑖) ∈ (−𝜋/2, 𝜋/2), 𝜆𝑖 is the 𝑖-th
eigenvalue of 𝐿, 𝑅𝑙(𝜔) ≜ Im[𝐵𝑙(𝜔)]/Re[𝐵𝑙(𝜔)] = tan[Θ𝑙(𝜔)],
and Im[𝐵𝑙(𝜔)] and Re[𝐵𝑙(𝜔)] denote the imaginary part and
real part of 𝐵𝑙(𝜔), respectively.

If all 𝜏𝑚 satisfy 𝜏𝑚 < 𝜏 = min|𝜆𝑖| ̸=0{Γ𝑙(𝜔𝑖)} for the
MIFOMAS (10) with asymmetric time-delays, then the control
protocol (7) can resolve the consensus problem of the MIFO-
MAS (10) with asymmetric time-delays, and on the contrary,
then the control protocol (7) can not resolve the consensus
problem of the MIFOMAS (10) with asymmetric time-delays.
�e value of 𝜔𝑖 corresponding to 𝑙 in Γ𝑙(𝜔𝑖) is determined by the
following equation:

𝐵𝑙 (𝜔𝑖) = 𝜆𝑖 , 𝑙 ∈ {1, 2, 3, 4, 5, 6} , (45)

where |𝐵𝑙(𝜔𝑖)| is the modulus of 𝐵𝑙(𝜔𝑖).
Proof. By adopting the proof method similar to Theorem 4,
we suppose that 𝑠 = −𝑗𝜔 ̸= 0 is the characteristic eigenvalue
of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with asymmetric time-
delays on the imaginary axis, 𝑢 = 𝑢1 ⊗ [1, 0, . . . , 0, 0]𝑇 +𝑢2 ⊗ [0, 1, 0, . . . , 0]𝑇 + ⋅ ⋅ ⋅ + 𝑢𝑙−1 ⊗ [0, . . . , 0, 1, 0]𝑇 + 𝑢𝑙 ⊗[0, . . . , 0, 0, 1]𝑇 is the corresponding eigenvector, and ‖𝑢‖ = 1,𝑢1, 𝑢2, . . . , 𝑢𝑙−1, 𝑢𝑙 ∈ C𝑛. According to Lemma 2, we can get
the following equation:

𝐵𝑙 (𝜔) ≜ 𝑀∑
𝑚=1

𝑎𝑚𝑒𝑗𝜔𝜏𝑚 = − 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1. (46)

Take modulus of both sides of (46); |𝐵𝑙(𝜔)| is an increas-
ing function for 𝜔 > 0; thus 𝜔(|𝐵𝑙(𝜔)|) is also an increasing
function for |𝐵𝑙(𝜔)|.

Calculate the principal value of the argument of (46); we
have

Θ𝑙 (𝜔) ≜ arg [𝐵𝑙 (𝜔)] = arg[− 𝑙∑
𝑘=1

(−𝑗𝜔)∑𝑘𝑖=1 𝛼𝑖 𝑃𝑘+1]
= arctan𝑅𝑙 (𝜔) ,

(47)

where 𝑅𝑙(𝜔) ≜ Im[𝐵𝑙(𝜔)]/Re[𝐵𝑙(𝜔)] = tan[Θ𝑙(𝜔)] and
Im[𝐵𝑙(𝜔)] and Re[𝐵𝑙(𝜔)] denote the imaginary part and real
part of 𝐵𝑙(𝜔), respectively.
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According to the definition of 𝐵𝑙(𝜔) in (46), we have

Θ𝑙 (𝜔) ≤ arg( 𝑀∑
𝑚=1

𝑎𝑚) + max (𝜔𝜏𝑚) , (48)

so there is

max (𝜔𝜏𝑚) ≥ Θ𝑙 (𝜔) − arg( 𝑀∑
𝑚=1

𝑎𝑚) . (49)

Due to∑𝑀𝑚=1 𝑎𝑚 = 𝑢𝐻(𝐿 ⊗ 𝐼𝑙)𝑢/(𝑢𝐻𝑢), the possible values
of∑𝑀𝑚=1 𝑎𝑚 must be nonzero eigenvalues of 𝐿 of graphG; i.e.,∑𝑀𝑚=1 𝑎𝑚 = 𝜆𝑖 (𝜆𝑖 ̸= 0), which makes the delay margin 𝜏
minimized. So when |𝐵𝑙(𝜔)| ≤ |𝜆𝑖|, 𝜔(|𝐵𝑙(𝜔)|) ≤ 𝜔(|𝜆𝑖|) = 𝜔𝑖.
If we let all 𝜏𝑚 < 𝜏, there is

max (𝜔𝜏𝑚) < 𝜔𝑖𝜏 = 𝜔𝑖min
|𝜆𝑖| ̸=0

{Γ𝑙 (𝜔𝑖)}
= min
|𝜆𝑖| ̸=0

{[Θ𝑙 (𝜔𝑖) − arg (𝜆𝑖)]𝜔𝑖 }𝜔𝑖
≤ Θ𝑙 (𝜔) − arg( 𝑀∑

𝑚=1

𝑎𝑚) .
(50)

Inequality (50) is in contradiction with inequality (49).
Therefore, as long as all 𝜏𝑚 < 𝜏, the characteristic eigenvalues
of det[𝐺𝜏𝑚(𝑠)] of the MIFOMAS (10) with asymmetric time-
delays can not reach or pass through the imaginary axis,
then the MIFOMAS (10) with asymmetric time-delays will
remain stable and can achieve consensus. On the contrary,
the MIFOMAS (10) with asymmetric time-delays will not
be stable and can not achieve consensus. Theorem 9 is
proven.

Remark 10. Consensus of the MIFOMAS (10) without asym-
metric time-delays is necessary for consensus of this system
with asymmetric time-delays.

Remark 11. Although 𝑙 ∈ {1, 2, 3, 4, 5, 6} in Theorem 9 due to
computational complexity, the value of 𝑙 may be greater than
6 under the appropriate parameters.

Corollary 12. If we suppose that a FOMASwith multiple inte-
gral is given by MIFOMAS (4) whose corresponding network
topology G satisfies Lemma 2 and 𝛼1 = 𝛼2 = . . . = 𝛼𝑙 = 1,
then the MIFOMAS (10) with asymmetric time-delays can be
transformed into high-orderMASwith asymmetric time-delays
whose dynamic model is an integer-order dynamic model and
the following functions can be obtained:

𝐵𝑙 (𝜔) = − 𝑙∑
𝑘=1

(−𝑗𝜔)𝑘 𝑃𝑘+1,

Θ𝑙 (𝜔) = arg [𝐵𝑙 (𝜔)] = arg[− 𝑙∑
𝑘=1

(−𝑗𝜔)𝑘 𝑃𝑘+1]

1 2

4 3

Figure 1: The undirected network topology.

= arctan𝑅𝑙 (𝜔) ,
Γ𝑙 (𝜔) = 1𝜔 [Θ𝑙 (𝜔) − arg (𝜆𝑖)] ,

(51)

where 𝑙 ∈ {1, 2, 3, 4, 5, 6}, arg(𝜆𝑖) ∈ (−𝜋/2, 𝜋/2), 𝜆𝑖 is
the 𝑖-th eigenvalue of 𝐿, 𝑅𝑙(𝜔) ≜ Im[𝐵𝑙(𝜔)]/Re[𝐵𝑙(𝜔)] =
tan[Θ𝑙(𝜔)], and Im[𝐵𝑙(𝜔)] and Re[𝐵𝑙(𝜔)] denote the
imaginary part and real part of 𝐵𝑙(𝜔), respective-
ly.

For the high-order MAS with asymmetric time-delays, if all𝜏𝑚 satisfy 𝜏𝑚 < 𝜏 = min|𝜆𝑖| ̸=0{Γ𝑙(𝜔𝑖)}, then the control protocol
(7) can resolve the consensus problem for the high-order MAS
with asymmetric time-delays, and on the contrary, then the
control protocol (7) can not resolve the consensus problem for
the high-order MAS with asymmetric time-delays.�e value of𝜔𝑖 corresponding to 𝑙 in Γ𝑙(𝜔𝑖) is determined by the following
equation:

𝐵𝑙 (𝜔𝑖) = 𝜆𝑖 , 𝑙 ∈ {1, 2, 3, 4, 5, 6} , (52)

where |𝐵𝑙(𝜔𝑖)| is the modulus of 𝐵𝑙(𝜔𝑖).
6. Simulation Results

The correctness and validity of the theoretical results for
Theorems 4 and 9 will be verified by some numerical sim-
ulations in this section. Under different network topologies,
the FOMAS with different multiple integral will be consid-
ered.

First of all, to validate Theorem 4, we consider a
FOMAS composed of 4 agents. Figure 1 shows the net-
work topology depicted with a connected and undirected
graph G, and Figure 1 has five different time-delays which
are symmetric time-delays and it shows full connectivity.
All the delays are marked with 𝜏𝑖𝑗, where 𝑖 and 𝑗 are
the indexes, which are used to represent the connected
agents 𝑖 and 𝑗. If we suppose the weight of each edge of
graph G in Figure 1 is 1, then the adjacency matrix and
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Figure 2: The trajectories of all agents’ states in the FOMAS with double integral and symmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 1.
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Figure 3:The trajectories of all agents’ states in the FOMAS with double integral and symmetric time-delays when all 𝜏𝑚 > 𝜏 in Example 1.

the corresponding Laplacian matrix of G are, respective-
ly,

A = [[[[[
[

2 1 0 1
1 3 1 1
0 1 2 1
1 1 1 3

]]]]]
]

,

𝐿 = [[[[[
[

2 −1 0 −1
−1 3 −1 −1
0 −1 2 −1
−1 −1 −1 3

]]]]]
]

,
(53)

where 𝜆𝑛 = 4 is the maximum eigenvalue of 𝐿.

Example 1. For a FOMAS with double integral and symmet-
ric time-delays under the undirected graph, let us set 𝛼1 =0.9, 𝛼2 = 0.8, 𝛼𝑙 = 0 (3 ≤ 𝑙 ≤ 6), and 𝑃2 = 2.5, 𝑃3 = 1, 𝑃4 =𝑃5 = 𝑃6 = 𝑃7 = 0; thus the delay margin 𝜏 = 1.015𝑠 according
to Theorem 4. Two groups of symmetric time-delays are set:𝜏12 = 𝜏21 = 1.01𝑠, 𝜏14 = 𝜏41 = 1.00𝑠, 𝜏23 = 𝜏32 =0.99𝑠, 𝜏24 = 𝜏42 = 0.98𝑠, 𝜏34 = 𝜏43 = 0.97𝑠, which are
bounded by the delay margin 𝜏; 𝜏12 = 𝜏21 = 1.02𝑠, 𝜏14 =𝜏41 = 1.03𝑠, 𝜏23 = 𝜏32 = 1.04𝑠, 𝜏24 = 𝜏42 = 1.05𝑠, 𝜏34 =𝜏43 = 1.06𝑠, which exceed the delay margin 𝜏. The simulation
results about Example 1 are displayed in Figures 2 and 3:
the two subfigures in Figure 2 show the trajectories of all
agents’ states when all symmetric time-delays are less than the
delay margin 𝜏, which indicates that the FOMASwith double
integral and symmetric time-delays is stable and consensus
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Figure 4: The trajectories of all agents’ states in the FOMAS with triple integral and symmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 2.

of the FOMAS with double integral and symmetric time-
delays can be reached; the two subfigures in Figure 3 show
the trajectories of all agents’ states when all symmetric time-
delays exceed the delay margin 𝜏, which indicates that the
FOMAS with double integral and symmetric time-delays is
unstable and consensus of the FOMAS with double integral
and symmetric time-delays can not be reached.

Example 2. For a FOMAS with triple integral and symmetric
time-delays under the undirected graph, let us set 𝛼1 =0.9, 𝛼2 = 0.8, 𝛼3 = 0.7, 𝛼𝑙 = 0 (4 ≤ 𝑙 ≤ 6), and 𝑃2 = 2.5, 𝑃3 =9, 𝑃4 = 1, 𝑃5 = 𝑃6 = 𝑃7 = 0; thus 𝜏 = 1.398𝑠 according
to Theorem 4. Two groups of symmetric time-delays are set:𝜏12 = 𝜏21 = 1.30𝑠, 𝜏14 = 𝜏41 = 1.25𝑠, 𝜏23 = 𝜏32 =1.20𝑠, 𝜏24 = 𝜏42 = 1.15𝑠, 𝜏34 = 𝜏43 = 1.10𝑠, which are
bounded by the delay margin 𝜏; 𝜏12 = 𝜏21 = 1.40𝑠, 𝜏14 =𝜏41 = 1.41𝑠, 𝜏23 = 𝜏32 = 1.42𝑠, 𝜏24 = 𝜏42 = 1.43𝑠,

𝜏34 = 𝜏43 = 1.44𝑠, which exceed the delay margin 𝜏. The
simulation results about Example 2 are displayed in Figures
4 and 5: the three subfigures in Figure 4 show the trajectories
of all agents’ states when all symmetric time-delays are less
than the delay margin 𝜏, which indicates that the FOMAS
with triple integral and symmetric time-delays is stable and
consensus of the FOMAS with triple integral and symmetric
time-delays can be reached; the three subfigures in Figure 5
show the trajectories of all agents’ states when all symmetric
time-delays exceed the delay margin 𝜏, which indicates that
the FOMAS with triple integral and symmetric time-delays
is unstable and consensus of the FOMAS with triple integral
and symmetric time-delays can not be reached.

Example 3. For a FOMASwith sextuple integral and symmet-
ric time-delays under the undirected graph, let us set 𝛼1 =0.9, 𝛼2 = 0.8, 𝛼3 = 0.7, 𝛼4 = 0.6, 𝛼5 = 0.5, 𝛼6 = 0.4, and
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Figure 5: The trajectories of all agents’ states in the FOMAS with triple integral and symmetric time-delays when all 𝜏𝑚 > 𝜏 in Example 2.

𝑃2 = 2.5, 𝑃3 = 9, 𝑃4 = 4, 𝑃5 = 8, 𝑃6 = 1.2, 𝑃7 = 1; thus 𝜏 =0.2515𝑠 according to Theorem 4. Two groups of symmetric
time-delays are set: 𝜏12 = 𝜏21 = 0.24𝑠, 𝜏14 = 𝜏41 = 0.22𝑠, 𝜏23 =𝜏32 = 0.20𝑠, 𝜏24 = 𝜏42 = 0.18𝑠, 𝜏34 = 𝜏43 = 0.16𝑠, which are
bounded by the delay margin 𝜏; 𝜏12 = 𝜏21 = 0.26𝑠, 𝜏14 =𝜏41 = 0.27𝑠, 𝜏23 = 𝜏32 = 0.28𝑠, 𝜏24 = 𝜏42 = 0.29𝑠, 𝜏34 =𝜏43 = 0.30𝑠, which exceed the delay margin 𝜏. The simulation
results about Example 3 are displayed in Figures 6 and 7: the
six subfigures in Figure 6 show the trajectories of all agents’
states when all symmetric time-delays are less than the delay
margin 𝜏, which indicates that the FOMAS with sextuple
integral and symmetric time-delays is stable and consensus
of the FOMAS with sextuple integral and symmetric time-
delays can be reached; the six subfigures in Figure 7 show
the trajectories of all agents’ states when all symmetric time-
delays exceed the delay margin 𝜏, which indicates that the

FOMAS with sextuple integral and symmetric time-delays is
unstable and consensus of the FOMAS with sextuple integral
and symmetric time-delays can not be reached.

Next, to examine Theorem 9, we give a network topology
described in Figure 8, which is a directed graph G with a
spanning tree. It also contains five different time-delayswhich
are asymmetric time-delays and displays full connectivity. If
we suppose the weight of each edge of graph G in Figure 8 is
1, then the adjacency matrix and the corresponding Laplacian
matrix are

A = [[[[[
[

2 1 0 1
0 1 0 1
0 1 1 0
0 0 1 1

]]]]]
]

,
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Figure 6:The trajectories of all agents’ states in the FOMASwith sextuple integral and symmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 3.

𝐿 =
[[[[[[
[

2 −1 0 −1
0 1 0 −1
0 −1 1 0
0 0 −1 1

]]]]]]
]

,

(54)

where 𝜆1 = 2, 𝜆2 = 0, 𝜆3 = 1.5 + 0.866𝑖, and 𝜆4 = 1.5 − 0.866𝑖
are all eigenvalues of 𝐿.
Example 4. For a FOMAS with double integral and asym-
metric time-delays under the directed graph, let us set 𝛼1 =0.9, 𝛼2 = 0.8, 𝛼𝑙 = 0 (3 ≤ 𝑙 ≤ 6), and 𝑃2 = 2.5, 𝑃3 =1, 𝑃4 = 𝑃5 = 𝑃6 = 𝑃7 = 0; thus 𝜏 = 1.649𝑠 according to
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Figure 7:The trajectories of all agents’ states in the FOMASwith sextuple integral and symmetric time-delays when all 𝜏𝑚 > 𝜏 in Example 3.

Theorem 9. Two groups of asymmetric time-delays are set:𝜏12 = 1.64𝑠, 𝜏14 = 1.63𝑠, 𝜏24 = 1.62𝑠, 𝜏32 = 1.61𝑠, 𝜏43 =1.60𝑠, which are bounded by the delay margin 𝜏; 𝜏12 =1.66𝑠, 𝜏14 = 1.67𝑠, 𝜏24 = 1.68𝑠, 𝜏32 = 1.69𝑠, 𝜏43 = 1.70𝑠,
which exceed the delay margin 𝜏. The simulation results
about Example 4 are displayed in Figures 9 and 10: the two

subfigures in Figure 9 show the trajectories of all agents’
states when all asymmetric time-delays are less than the delay
margin 𝜏, which indicates that consensus of the FOMASwith
double integral and asymmetric time-delays can be reached;
the two subfigures in Figure 10 show the trajectories of all
agents’ states when all asymmetric time-delays exceed the
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Figure 8: The directed network topology.
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Figure 9: The trajectories of all agents’ states in the FOMAS with double integral and asymmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 4.
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Figure 10:The trajectories of all agents’ states in the FOMASwith double integral and asymmetric time-delays when all 𝜏𝑚 > 𝜏 in Example 4.
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Figure 11: The trajectories of all agents’ states in the FOMAS with triple integral and asymmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 5.

delaymargin 𝜏, which indicates that consensus of the FOMAS
with double integral and asymmetric time-delays can not be
reached.

Example 5. For a FOMASwith triple integral and asymmetric
time-delays under the directed graph, let us set 𝛼1 = 0.9, 𝛼2 =0.8, 𝛼3 = 0.7, 𝛼𝑙 = 0 (4 ≤ 𝑙 ≤ 6), and 𝑃2 = 2.5, 𝑃3 =9, 𝑃4 = 1, 𝑃5 = 𝑃6 = 𝑃7 = 0; thus 𝜏 = 1.327𝑠 according
toTheorem 9. Two groups of asymmetric time-delays are set:𝜏12 = 1.32𝑠, 𝜏14 = 1.29𝑠, 𝜏24 = 1.26𝑠, 𝜏32 = 1.23𝑠, 𝜏43 =1.21𝑠, which are bounded by the delay margin 𝜏; 𝜏12 =1.33𝑠, 𝜏14 = 1.36𝑠, 𝜏24 = 1.39𝑠, 𝜏32 = 1.42𝑠, 𝜏43 = 1.45𝑠,
which exceed the delay margin 𝜏. The simulation results
about Example 5 are displayed in Figures 11 and 12: the three
subfigures in Figure 11 show the trajectories of all agents’
states when all asymmetric time-delays are less than the delay
margin 𝜏, which indicates that consensus of the FOMASwith

triple integral and asymmetric time-delays can be reached;
the three subfigures in Figure 12 show the trajectories of all
agents’ states when all asymmetric time-delays exceed the
delaymargin 𝜏, which indicates that consensus of the FOMAS
with triple integral and asymmetric time-delays can not be
reached.

Example 6. For a FOMAS with sextuple integral and asym-
metric time-delays under the directed graph, let us set 𝛼1 =0.9, 𝛼2 = 0.8, 𝛼3 = 0.7, 𝛼4 = 0.6, 𝛼5 = 0.5, 𝛼6 = 0.4,
and 𝑃2 = 2.5, 𝑃3 = 9, 𝑃4 = 4, 𝑃5 = 8, 𝑃6 = 1.2, 𝑃7 =1; thus 𝜏 = 0.4335𝑠 according to Theorem 9. Two groups
of asymmetric time-delays are set: 𝜏12 = 0.43𝑠, 𝜏14 =0.40𝑠, 𝜏24 = 0.37𝑠, 𝜏32 = 0.34𝑠, 𝜏43 = 0.31𝑠, which
are bounded by the delay margin 𝜏; 𝜏12 = 0.44𝑠, 𝜏14 =0.47𝑠, 𝜏24 = 0.50𝑠, 𝜏32 = 0.53𝑠, 𝜏43 = 0.57𝑠, which exceed the
delay margin 𝜏. The simulation results about Example 6 are
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Figure 12: The trajectories of all agents’ states in the FOMAS with triple integral and asymmetric time-delays when all 𝜏𝑚 > 𝜏 in Example 5.

displayed in Figures 13 and 14: the six subfigures in Figure 13
show the trajectories of all agents’ states when all asymmetric
time-delays are less than the delay margin 𝜏, which indicates
that consensus of the FOMAS with sextuple integral and
asymmetric time-delays can be reached; the six subfigures
in Figure 14 show the trajectories of all agents’ states when
all asymmetric time-delays exceed the delay margin 𝜏, which
indicates that consensus of the FOMASwith sextuple integral
and asymmetric time-delays can not be reached.

7. Conclusion

The consensus problems of a FOMAS with multiple integral
under nonuniform time-delays are studied in this paper.
Taking into account two kinds of nonuniform time-delays,
the sufficient conditions have been derived in the form of
inequalities for theMIFOMASwith nonuniform time-delays.
Numerical simulations of the MIFOMAS with nonuniform

time-delays over undirected topology and directed topology
are performed to verify these theorems. Finally, the simula-
tion results show that the selected examples have achieved the
desired results: the MIFOMAS with nonuniform time-delays
under given conditions can achieve the consensus. With the
help of the above research of this paper, distributed formation
control of the MIFOMAS with nonuniform time-delays will
be one of the most significant topics, which will be one of our
future research tasks.
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Figure 13:The trajectories of all agents’ states in the FOMASwith sextuple integral and asymmetric time-delays when all 𝜏𝑚 < 𝜏 in Example 6.
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Figure 14:The trajectories of all agents’ states in the FOMASwith sextuple integral and asymmetric time-delayswhen all 𝜏𝑚 > 𝜏 in Example 6.
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The new iterative method has been used to obtain the approximate solutions of time fractional damped Burger and time fractional
Sharma-Tasso-Olver equations. Results obtained by the proposed method for different fractional-order derivatives are compared
with those obtained by the fractional reduced differential transform method (FRDTM). The 2nd-order approximate solutions by
the new iterative method are in good agreement with the exact solution as compared to the 5th-order solution by the FRDTM.

1. Introduction

Most of the problems arising in the physical and biological
area of science are nonlinear in nature, and it is not always
possible to find the exact solution of such problems. These
problems become more complicated when they involve frac-
tional derivatives and are modelled through mathematical
tools from fractional calculus. Fractional partial differential
equations (FPDEs) are tremendous instrument and are
widely used to describe many significant phenomena and
dynamic processes such as engineering, rheology, acoustic,
electrical networks, and viscoelasticity [1–6]. Generally,
partial differential equations (PDEs) are hard to tackle, and
their fractional-order types are more complicated [7, 8].
Therefore, several analytical and approximate methods can
be used for finding their approximate solutions such as
Adomian decomposition [9], homotopy analysis [10], tau
method [11], residual power series method [12], and optimal
homotopy asymptotic method [13]. Though the study of
FPDEs has been obstructed due to the absence of proficient
and accurate techniques, the derivation of approximate solu-
tion of FPDEs remains a hotspot and demands to attempt
some dexterous and solid plans which are of interest.
Daftardar-Gejji and Jafari proposed an iterative method
called the new iterative method (NIM) for finding the

approximate solution of differential equations [14]. NIM
does not require the need for calculation of tedious Adomian
polynomials in nonlinear terms like ADM, the need for
determination of a Lagrange multiplier in its algorithm like
VIM, and the need for discretization like numerical methods.
The proposed method handles linear and nonlinear equa-
tions in an easy and straightforward way. Recently, the
method has been extended for differential equations of the
fractional order [15–17].

In the present study, we have implemented NIM for find-
ing the approximate solution of the following fractional-
order damped Burger equation.

Dα
t u x, t + u x, t Dxu x, t −D2

xu x, t + λu x, t = 0,
 t > 0, 0 < α ≤ 1

1
Second, consider the fractional-order Sharma-Tasso-

Olver equation of the following form.

Dα
t u x, t + aDxu

3 x, t + 3
2 aD

2
xu

2 x, t + aD3
xu x, t = 0,

 t > 0, 0 < α ≤ 1,
2
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where α is the parameter describing the order of fractional
derivatives, u x, t is the function of x and t, and a, λ are con-
stants. The fractional derivatives are described in the Caputo
sense. NIM converges rapidly to the exact solution compared
to FRDTM, and only at the 2nd iteration does the proposed
method yield very encouraging results. The accuracy of the
proposed method can further be increased by taking
higher-order approximations.

2. Definitions

In this section, we have stated some definitions which are rel-
evant to our work.

Definition 1. A function g y , y > 0, is said to be in space
Cη, η ∈ℜ, if there exists a real number p > η, such that
g y = ypg1 y , where g1 y ∈ C 0,∞ . The function g y ,
y > 0, is said to be in space Cη

λ if only if gλ ∈ Cη, λ ∈N .

Definition 2. The R-L fractional integral operator of order
α ≥ 0 of a function g ∈ Cη, η ≥ −1, is as follows:

Jαag y = 1
Γ α

y

a
y − η α−1g η dη, α > 0, y > a,

J0ag y = g y

3

Because of certain disadvantages of R-L fractional
derivative operator, Caputo proposed modified fractional
differential operator cD

α as follow.

Definition 3. Caputo fractional derivative of g y takes the
following form.

cD
α
ag y = 1

Γ λ − α

y

a
y − η λ−α−1gλ η dη, 4

where

λ − 1 < α ≤ λ,
λ ∈N ,
y > a,
g ∈ Cλ

−1

5

Definition 4. If λ − 1 < α ≤ λ, λ ∈N , and g ∈ Cλ
η , η ≥ −1, then

RLD
α
a J

α
ag y = g y and JαacD

α
ag y = g y − ∑λ−1

k=0g
k a

y − a k/k , y > a.

The properties of the operator Ja
α are shown as follows:

(i) Jαag y exists for almost every y ∈ a, b .

(ii) Jαa J
β
ag y = Jα+βa g y

(iii) Jαa J
β
ag y = Jβa Jαag y

(iv) Jαa y − a γ = Γ γ + 1 /Γ α + γ + 1 y − a α+γ

In the equations above, g ∈ Cλ
η , α, β > 0, η ≥ −1, and

γ ≥ −1

3. New Iterative Method

The basic mathematical theory of NIM is described as
follows.

Let us consider the following nonlinear equation:

v y = f y + ξ v y +ℵ v y , 6

where f y , y = y1, y, y3,… , yn , is the known function and
ξ and N are the linear and nonlinear functions of v y ,
respectively. According to the basic idea of NIM, the solution
of the above equation has the series form.

v y = 〠
∞

k=0
vk y 7

The linear operator ξ can be decomposed as

〠
∞

k=0
ξ vk = ξ 〠

∞

k=0
vk 8

The decomposition of the nonlinear operator ℵ is
as follows:

ℵ 〠
∞

k=0
vk =ℵ v0 + 〠

∞

k=1
ℵ 〠

k

i=0
vi −ℵ 〠

k−1

i=0
vi 9

Hence, the general equation of (6) takes the following
form:

v y = 〠
∞

k=0
vk y = f + ξ 〠

∝

k=0
vk +ℵ v0

+ 〠
∞

k=1
ℵ 〠

k

i=0
vi −ℵ 〠

k−1

i=0
vi ,

10

From this, we have

v0 = f ,
v1 = ξ v0 +ℵ v0 ,
v2 = ξ v1 +ℵ v0 + v1 −ℵ v0 ,

vm+1 = ξ vm +ℵ v0 + v1 +⋯ + vm
−ℵ v0 + v1 +⋯ + vm−1 ,

 m = 1, 2, 3…

11

The k-term series solution of the general equation (6)
takes the following form:

v = v0 + v1 +⋯ + vk−1 12
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4. Applications

Example 1 (damped Burger equation).
Consider the damped Burger equation

Dα
t u x, t + u x, t Dxu x, t −D2

xu x, t + λu x, t = 0,
 t > 0, 0 < α ≤ 1,

13

together with IC

u x, 0 = λx, 14

where λ is a constant. The exact solution of (13) is of the
following form:

u x, t = λx

2eλt − 1
15

Using the operator Jα on both sides of (13) using the ini-
tial condition and Definition 4 yields

u x, t = λx + Jα −u x, t Dxu x, t +D2
xu x, t − λu x, t ,

16

where ξ u = Jα D2
xu x, t − λu x, t and ℵ u = Jα −u

x, t Dxu x, t .
According to (11), we have

u0 x, t = λx,

u1 x, t = −
2λ2tαx
Γ α + 1 ,

u2 x, t = 2λ3t2αx 3 − 2λtα Γ 2α + 1 2/ Γ α + 1 2Γ 3α + 1
Γ 2α + 1

17

The three-term approximate solution of the above
equation is

u x, t = λx −
2λ2tαx
Γ α + 1

+ 2λ3t2αx 3 − 2λtα Γ 2α + 1 2/ Γ α + 1 2Γ 3α + 1
Γ 2α + 1

18

Example 2 (Sharma-Tasso-Olver equation).
One can consider

Dα
t u x, t + aDxu

3 x, t + 3
2 aD

2
xu

2 x, t + aD3
xu x, t = 0,

 t > 0, 0 < α ≤ 1,
19

together with IC

u x, 0 = 1
a
tanh 1

a
x , 20

where a is a constant. The exact solution of (19) for α = 1 is of
the following form:

u x, t = 1
a
tanh 1

a
x − t 21

Using the operator Jα on both sides of (19) using the initial
condition and Definition 4 yields

u x, t = 1
a
tanh 1

a
x + Jα −aDxu

3 x, t

−
3
2 aDx

2u2 x, t − aD3
xu x, t ,

22

where ξ u = Jα −aD3
xu x, t and ℵ u = Jα −aDxu

3 x, t −
3/2aD2

xu
2 x, t .

According to (11), we have

u0 x, t = 1
a
tanh 1

a
x ,

u1 x, t = −
tα sec h2 x/ a

aΓ 1 + α
,

u2 x, t = t2α sec h2 x/ a

a5/2

−
3 atα −3 + 2 cosh 2x/ a Γ 1 + 2α sec h4 x/ a

Γ 1 + α 2Γ 1 + 3α

−
2a tanh x/ a

Γ 1 + 2α −
6t2αΓ 1 + 3α sec h4 x/ a tanh x/ a

Γ 1 + α 3Γ 1 + 4α

23
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The three-term approximate solution of the above equation
is as follows:

5. Results and Discussion

We have implemented NIM for finding the approximate
solutions of the fractional damped Burger equation and frac-
tional Sharma-Tasso-Olver equation. Tables 1 and 2 show
the numerical results of the 2nd-order NIM which are
compared with those of the 5th-order fractional reduced
differential transform method (FRDTM) solution [18] for
the fractional-order damped Burger equation. Tables 3 and
4 show the comparison of the proposed scheme with the
FRDTM for the fractional-order Sharma-Tasso-Olver equa-
tion. Figure 1 shows the comparison of 2D plot of the
approximate and exact solution by NIM for the classical
damped Burger equation. Figure 2 shows the comparison of
the approximate solution for different values of α with the

exact solution at t = 0 01. In Figures 3 and 4, 3D plots of
approximate and exact solutions by NIM for the damped
Burger equation are given. In Figure 5, the 2D plots of the
approximate and exact solution for the classical Sharma-
Tasso-Olver equation are given. Figure 6 shows the compar-
ison of the approximate solution for different values of α with
the exact solution at t = 0 1. The 3D plots of approximate and
exact solutions for the Sharma-Tasso-Olver equation are
given in Figures 7 and 8. Throughout computations, we take
λ = 1 and a = 4.

By forming the numerical values and graphs, it is
clear that NIM is a very powerful tool for the solution
of fractional partial differential equations. The accuracy of
the NIM can further be increased by taking higher-order
approximations.

u x, t = 1
a
tanh 1

a
x −

tα sec h2 x/ a

aΓ 1 + α
+ t2α sec h2 x/ a

a5/2

−
3 atα −3 + 2 cosh 2x/ a Γ 1 + 2α sec h4 x/ a

Γ 1 + α 2Γ 1 + 3α

−
2a tanh x/ a

Γ 1 + 2α −
6t2αΓ 1 + 3α sec h4 x/ a tanh x/ a

Γ 1 + α 3Γ 1 + 4α

24

Table 1: Comparison of numerical results of NIM and FRDTM at
α = 1 and λ = 1.

x t
5th-order

FRDTM [18]
2nd-order

NIM
Exact

solution
Absolute error

−5

0.002 −4.980060 −4.98006 −4.98006 1.19501× 10−7

0.004 −4.960239 −4.96024 −4.96024 9.52046× 10−7

0.006 −4.940535 −4.94054 −4.94054 3.19985× 10−7

0.008 −4.920949 −4.92096 −4.92095 7.55346× 10−6

−3

0.002 −2.988036 −2.98804 −2.98804 7.17009× 10−8

0.004 −2.976143 −2.97614 −2.97614 5.71228× 10−7

0.006 −2.964321 −2.96432 −2.96432 1.91991× 10−6

0.008 −2.952569 −2.95257 −2.95257 4.53208× 10−6

3

0.002 2.988036 2.98804 2.98804 7.17009× 10−8

0.004 2.976143 2.97614 2.97614 5.71228× 10−7

0.006 2.964321 2.96432 2.96432 1.91991× 10−6

0.008 2.952569 2.95257 2.95257 4.53208× 10−6

5

0.002 4.980060 4.98006 4.98006 1.19501× 10−7

0.004 4.960239 4.96024 4.96024 9.52046× 10−7

0.006 4.940535 4.94054 4.94054 3.19985× 10−6

0.008 4.920949 4.92096 4.92095 7.55346× 10−6

Table 2: Comparison of numerical results of the 2nd-order NIM
and the 5th-order FRDTM for different values of α.

x t
FRDTM [18]
(α = 0 5)

FRDTM [18]
(α = 0 75)

NIM
(α = 0 5)

NIM
(α = 0 75)

−5

0.002 −4.211841 −4.876244 −4.55366 −4.89911
0.004 −3.938004 −4.794473 −4.4015 −4.8326
0.006 −3.744961 −4.724456 −4.29706 −4.7758
0.008 −3.592556 −4.661485 −4.21704 −4.72486

−3

0.002 −2.527105 −2.925746 −2.7322 −2.93946
0.004 −2.362803 −2.876684 −2.6409 −2.89956
0.006 −2.246977 −2.834674 −2.57824 −2.86548
0.008 −2.155534 −2.796891 −2.53022 −2.83492

3

0.002 2.527105 2.925746 2.7322 2.93946

0.004 2.362803 2.876684 2.6409 2.89956

0.006 2.246977 2.834674 2.57824 2.86548

0.008 2.155534 2.796891 2.53022 2.83492

5

0.002 4.211841 4.876244 4.55366 4.89911

0.004 3.938004 4.794473 4.4015 4.8326

0.006 3.744961 4.724456 4.29706 4.7758

0.008 3.592556 4.661485 4.21704 4.72486
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6. Conclusion

We have successfully applied NIM to time fractional (DB)
and (STO) equations. Results reveal that NIM converges
to the desired solution in lesser iteration compared to
FRDTM. We can conclude that NIM computationally

handles many physical and engineering problems in a sim-
ple and straightforward way. The accuracy of this method
is also better than that of many methods which are compu-
tationally difficult to use.

Table 4: Comparison of numerical results of the 2nd-order NIM
and the 5th-order FRDTM for different values of α.

x t
FRDTM [18]
(α = 0 5)

FRDTM [18]
(α = 0 75)

NIM
(α = 0 5)

NIM
(α = 0 75)

−5

0.002 −0.493876 −0.49339 −0.49363 −0.493375
0.004 −0.494098 −0.493447 −0.493755 −0.493421
0.006 −0.494262 −0.493496 −0.493849 −0.493461
0.008 −0.494397 −0.49354 −0.493926 −0.493497

−3

0.002 −0.456455 −0.453141 −0.454774 −0.453036
0.004 −0.457972 −0.453523 −0.455639 −0.453348
0.006 −0.459102 −0.453856 −0.456286 −0.45362
0.008 −0.460032 −0.45416 −0.456819 −0.453867

3

0.002 0.448366 0.452001 0.450211 0.452106

0.004 0.446521 0.451607 0.449182 0.451784

0.006 0.445064 0.451259 0.448372 0.4515

0.008 0.443806 0.450937 0.447674 0.451237

5

0.002 0.492686 0.493223 0.492959 0.493238

0.004 0.492412 0.493165 0.492806 0.493191

0.006 0.492194 0.493113 0.492687 0.493149

0.008 0.492007 0.493066 0.492583 0.49311

Table 3: Comparison of numerical results of NIM and FRDTM at
α = 1 and a = 4.

x t
5th-order

FRDTM [18]
2nd-order

NIM
Exact

solution
Absolute error

−5

0.002 −0.493320 −0.49332 −0.49332 7.13918× 10−12

0.004 −0.493334 −0.493334 −0.493334 5.70817× 10−11

0.006 −0.493347 −0.493347 −0.493347 1.92542× 10−10

0.008 −0.493360 −0.49336 −0.49336 4.56141× 10−10

−3

0.002 −0.452664 −0.452664 −0.452664 6.65773× 10−12

0.004 −0.452755 −0.452755 −0.452755 5.333× 10−11

0.006 −0.452844 −0.452844 −0.452844 1.80218× 10−10

0.008 −0.452934 −0.452934 −0.452934 4.27726× 10−10

3

0.002 0.452484 0.452484 0.452484 6.64085× 10−12

0.004 0.452393 0.452393 0.452393 5.30587× 10−11

0.006 0.452302 0.452302 0.452302 1.78845× 10−10

0.008 0.452211 0.452211 0.452211 4.23386× 10−10

5

0.002 0.493294 0.493294 0.493294 7.14723× 10−12

0.004 0.493281 0.493281 0.493281 5.721× 10−11

0.006 0.493267 0.493267 0.493267 1.93192× 10−10

0.008 0.493254 0.493254 0.493254 4.58194× 10−10

−4

−4

−2

−2

0
x

Exact
𝛼 = 1

𝜇
(x

)

0

2

2

4

4

Figure 1: Numerical solution of the classical damped Burger
equation with the exact solution at t = 0 01.
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Figure 2: Numerical solution of the fractional damped Burger
equation with the exact solution for different values of α at
t = 0 01.
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Figure 3: 3D plot of u x, t for (DB) equation at α = 1.
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A 3D fractional-order nonlinear system with coexisting chaotic attractors is proposed in this paper. The necessary condition of the
existence chaos is 𝑞 ≥ 0.8477. The fractional-order system exhibits chaotic attractors with the order as low as 2.5431. The largest
Lyapunov exponent varying as fractional order 𝑞 is given. Furthermore, there are the coexisting “positive attractor” and “negative
attractor” in this fractional-order chaotic system, and the necessary condition for “positive attractor” and “negative attractor” is
obtained. Meanwhile, a control scheme for the stabilization of the unstable equilibrium is suggested via a single state variable linear
controller. Numerical results show that the control scheme is valid.

1. Introduction

Chaotic behaviors in nonlinear is a very interesting phe-
nomenon. The high irregularity, unpredictability, and com-
plexity in chaotic systems [1, 2] have been widely used in the
field of engineering and technology such as secure commu-
nications, image steganography, authenticated encryption,
motor control, and power system protection. Recently, coex-
isting chaotic attractors have been found in chaotic systems
[3–9]. For example, the coexisting chaotic attractors in a
3D no-equilibrium system were reported by Pham et al. [3],
the coexisting multiple attractors in Hopfield neural network
were found by Bao et al. [4], the coexisting chaotic attractors
in a hyperchaotic hyperjerk system were given byWang et al.
[5], the coexisting “positive attractor” and “negative attractor”
in a 3D autonomous continuous chaotic system were found
by Zhou and Ke [6], and so on [7–9]. Therefore, more and
more attention has been focused on the coexisting chaotic
attractors in nonlinear chaotic systems.

On the other hand, the fractional-order differential equa-
tions [10–12] can be accurately described in the real-world
physical systems such as viscoelasticity, dielectric polar-
ization, electrode-electrolyte polarization, electromagnetic

waves, heat conduction, diffusion-wave, and superdiffusion.
Chaotic behaviors have been found in many real-world
physical fractional-order nonlinear systems, for example,
the fractional-order chaotic brushless DC motor [13], the
fractional-order electronic circuits [14], the fractional-order
microelectromechanical system [15], and the fractional-order
gyroscopes [16].Therefore,more andmore attention has been
paid to the chaotic behaviors in fractional-order nonlinear
systems.

Motivated by the above discussions, based on a 3D
autonomous continuous chaotic system reported by Zhou
and Ke [6], we suggested a 3D autonomous continuous
fractional-order system. We have shown that the chaotic
system reported by Zhou and Ke [6] can be extended to its
fractional-order versionwhere the coexisting “positive attrac-
tor” and “negative attractor” can be observed. We obtained
that the fractional-order system with the order as low as
2.5431 exhibits chaotic attractors. Moreover, we obtained
the largest Lyapunov exponent varying as fractional order.
Finally, for the stabilization of the unstable equilibrium, one
control scheme is proposed via a single state variable linear
controller.
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2 Complexity

The outline of this paper is organized as follows. In
Section 2, based on a 3D autonomous continuous chaotic sys-
tem reported byZhou andKe [6], the fractional-order version
nonlinear system is given, and some basic dynamical prop-
erties of this fractional-order version nonlinear system are
obtained including the necessary condition of the existence
chaos, the largest Lyapunov exponent varying as fractional
order, and the coexisting “positive attractor” and “negative
attractor.” In Section 3, by a single state variable, stabilization
of the unstable equilibrium points of the fractional-order
chaotic system is discussed. Finally, the conclusions are given
in Section 4.

2. System Model and Basic Characteristics

In this paper, the Caputo definition of the fractional deriva-
tive will be used in next. The Caputo definition of the
fractional derivative is described as

𝑐
0𝐷𝑞𝑡𝑔 (𝑡) = 1Γ (𝑘 − 𝑞) ∫𝑡0 𝑔(𝑘) (𝜏)(𝑡 − 𝜏)𝑞+1−𝑘 𝑑𝜏, 𝑘 − 1 < 𝑞 < 𝑘, (1)

where 𝑐0𝐷𝑞𝑡 is the Caputo operator, 𝑘 is the first integer which
is not less than 𝑞, and 𝑔(𝑘)(𝑡) is the 𝑘-order derivative in usual
sense of 𝑔(𝑡).

Next, based on the 3D autonomous continuous chaotic
system reported by Zhou and Ke [6], a fractional-order
system is addressed as

𝑐
0𝐷𝑞𝑡𝑥1 = −𝑥1 + 0.5𝑥1𝑥3 + 𝑥2𝑥3,
𝑐
0𝐷𝑞𝑡𝑥2 = 4𝑥2 − 1.2𝑥1𝑥3,
𝑐
0𝐷𝑞𝑡𝑥3 = 𝑥1𝑥2 − 6𝑥3,

(2)

where fractional order 0 < 𝑞 < 1. Fractional-order system
(2) has five equilibrium points. They are 𝑆0 = (0, 0, 0),𝑆+1 = (4.4721, −1.5745, 1.1736), 𝑆−1 = (−4.4721, 1.5745,1.1736), 𝑆+2 = (4.4721, 3.8106, −2.8403), and 𝑆−2 = (−4.4721,−3.8106, −2.8403), respectively.

Now,we can obtain the eigenvalues of the five equilibrium
points. The eigenvalues of equilibrium point 𝑆0 are (−6, −1,
4). Thus, equilibrium point 𝑆0 is an unstable saddle point
of index one. The eigenvalues of equilibrium points 𝑆+1 and𝑆−1 are (−5.3957, 1.4912 + 3.2168j, 1.4912 − 3.2168j). Thus,
equilibrium points 𝑆+1 and 𝑆−1 are unstable saddle points of
index two. The eigenvalues of equilibrium points 𝑆+2 and𝑆−2 are (−6.7558, 1.1678 + 4.7892j, 1.1678 − 4.7892j). Thus,
equilibrium points 𝑆+2 and 𝑆−2 are unstable saddle points of
index two.

Tavazoei and Haeri [17] have obtained that a necessary
condition for a fractional-order nonlinear system to exist
chaotic is 𝑞 ≥ 2𝜋 arctan Im (𝜆)

Re (𝜆)  , (3)

where 𝜆 is the eigenvalues of saddle equilibrium point of
index two in fractional-order nonlinear system.

Now, we can obtain the necessary condition of the
existence chaos in fractional-order system (2). According to
(3), we have the following:

𝑞 ≥ 2𝜋 arctan Im (𝜆)
Re (𝜆) = 0.7237 for equilibrium points 𝑆+1 and 𝑆−1 ;

𝑞 ≥ 2𝜋 arctan Im (𝜆)
Re (𝜆) = 0.8477 for equilibrium points 𝑆+2 and 𝑆−2 .

(4)

Thus, the necessary condition of existence chaos in fractional-
order system (2) is 𝑞 ≥ 0.8477. This result indicates that
fractional-order system (2) with the order as low as 2.5431 can
exhibit chaotic attractors.

In this paper, the improved version of Adams-Bashforth-
Moulton [18] (denoted by IVABM) numerical algorithm is
used to deal with fractional-order system (2). The IVABM
numerical algorithm will be introduced next. Now, consider
the fractional-order system

𝑐
0𝐷𝑞1𝑡 𝑥1 = 𝑔1 (𝑥1, 𝑥2, 𝑥3) ,
𝑐
0𝐷𝑞2𝑡 𝑥2 = 𝑔2 (𝑥1, 𝑥2, 𝑥3) ,
𝑐
0𝐷𝑞3𝑡 𝑥3 = 𝑔3 (𝑥1, 𝑥2, 𝑥3)

(5)

with initial condition (𝑥1(0), 𝑥2(0), 𝑥3(0)). Let 𝑙 = 𝑇/𝑁, and𝑡𝑛 = 𝑛𝑙 (𝑛 = 0, 1, 2, . . . , 𝑁). By IVABM numerical algorithm,
system (5) can be discretized as follows:𝑥1 (𝑛 + 1) = 𝑥1 (0)

+ ℎ𝑞1Γ (𝑞1 + 2) [[𝑔1 (𝑥𝑝1 (𝑛 + 1) , 𝑥𝑝2 (𝑛 + 1) , 𝑥𝑝3 (𝑛 + 1))
+ 𝑛∑
𝑗=0

𝛼1,𝑗,𝑛+1𝑔1 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗))]] ,𝑥2 (𝑛 + 1) = 𝑥2 (0)
+ ℎ𝑞2Γ (𝑞2 + 2) [[𝑔2 (𝑥𝑝1 (𝑛 + 1) , 𝑥𝑝2 (𝑛 + 1) , 𝑥𝑝3 (𝑛 + 1))
+ 𝑛∑
𝑗=0

𝛼2,𝑗,𝑛+1𝑔2 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗))]] ,𝑥3 (𝑛 + 1) = 𝑥3 (0)
+ ℎ𝑞3Γ (𝑞3 + 2) [[𝑔3 (𝑥𝑝1 (𝑛 + 1) , 𝑥𝑝2 (𝑛 + 1) , 𝑥𝑝3 (𝑛 + 1))
+ 𝑛∑
𝑗=0

𝛼3,𝑗,𝑛+1𝑔3 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗))]] ,

(6)
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Figure 1:The largest Lyapunov exponent varying as fractional order𝑞.
where𝑥𝑝1 (𝑛 + 1)
= 𝑥1 (0) + 1Γ (𝑞1) 𝑛∑𝑗=0𝛽1,𝑗,𝑛+1𝑔1 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗)) ,𝑥𝑝2 (𝑛 + 1)
= 𝑥2 (0) + 1Γ (𝑞2) 𝑛∑𝑗=0𝛽2,𝑗,𝑛+1𝑔2 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗)) ,𝑥𝑝3 (𝑛 + 1)
= 𝑥3 (0) + 1Γ (𝑞3) 𝑛∑𝑗=0𝛽3,𝑗,𝑛+1𝑔3 (𝑥1 (𝑗) , 𝑥2 (𝑗) , 𝑥3 (𝑗)) ,𝛼𝑖,𝑗,𝑛+1
= {{{{{{{{{

𝑛𝑞𝑖+1 − (𝑛 − 𝑞𝑖) (𝑛 + 1)𝑞𝑖 , 𝑗 = 0(𝑛 − 𝑗 + 2)𝑞𝑖+1 + (𝑛 − 𝑗)𝑞𝑖+1 − 2 (𝑛 − 𝑗 + 1)𝑞𝑖+1 , 1 ≤ 𝑗 ≤ 𝑛1, 𝑗 = 𝑛 + 1,(𝑖 = 1, 2, 3) ,
𝛽𝑖,𝑗,𝑛+1 = ℎ𝑞𝑖𝑞𝑖 [(𝑛 − 𝑗 + 1)𝑞𝑖 − (𝑛 − 𝑗)𝑞𝑖] , 0 ≤ 𝑗 ≤ 𝑛, (𝑖 = 1, 2, 3) .

(7)

The error of this IVABM numerical algorithm is𝑥𝑖 (𝑡𝑛) − 𝑥𝑖 (𝑛) = 𝑜 (ℎ𝑝𝑖) ,𝑝𝑖 = min (2, 1 + 𝑞𝑖) , (𝑖 = 1, 2, 3) . (8)

We can yield the largest Lyapunov exponent varying as 𝑞
via IVABM numerical algorithm, which is shown in Figure 1,
where 0.8477 ≤ 𝑞 ≤ 1 and the initial condition is (−5, 2, 5).

According to Figure 1, we can obtain that the largest
Lyapunov exponent is larger zero for 0.8477 ≤ 𝑞 ≤ 1.
This result indicates that the chaotic attractor is emerged in
fractional-order system (2) for 0.8477 ≤ 𝑞 ≤ 1. For example,
let 𝑞 = 0.8477, the largest Lyapunov exponent is 0.9853, and
the chaotic attractor in fractional-order system (2)with initial
condition (−5, 2, 5) is shown as Figure 2.

Same as the results reported by Zhou and Ke [6], there
are coexisting “positive attractor” and “negative attractor”
in fractional-order system (2). The chaotic attractor in

fractional-order system (2) can be decided by the initial
conditions; that is, the chaotic attractor depends on the
distance from the initial point (initial condition 𝑥0 =(𝑥1(0), 𝑥2(0), 𝑥3(0)) to the unstable points [6]. Next, the
distances from the initial point to points 𝑆+1 , 𝑆−1 , 𝑆+2 , and 𝑆−2
are denoted by 𝐿+1, 𝐿−1, 𝐿+2, and 𝐿−2, respectively. Same as [6],
the following results can be obtained:

(1) If the initial point (initial condition) is near the
unstable 𝑆+1 or 𝑆+2 , there is the same chaotic attractor in
fractional-order chaotic system (2), which is called “positive
attractor” by Zhou and Ke [6], where the “positive attractor”
means 𝑥1(𝑡) > 0 and a necessary condition for “positive
attractor” is 𝑥1(0) > 0 [6].

(2) If the initial point (initial condition) is near the
unstable 𝑆−1 or 𝑆−2 , there is the same chaotic attractor in
fractional-order chaotic system (2), which is called “negative
attractor” by Zhou and Ke [6], where the “positive attractor”
means 𝑥1(𝑡) < 0 and a necessary condition for “negative
attractor” is 𝑥1(0) < 0 [6].

Next, some numerical simulations are given for 𝑞 = 0.9.
Here, the largest Lyapunov exponent is 0.763 for 𝑞 = 0.9.
Case 1 (the initial point is near unstable saddle point 𝑆+1 or𝑆−1 ). For example, choose the initial conditions as (4, −1, 1).
Therefore, 𝐿+1, 𝐿−1, 𝐿+2, and 𝐿−2 are 0.7636, 8.8563, 6.1735, and
9.7172, respectively. Therefore, the initial point (4, −1, 1) is
near unstable saddle point 𝑆+1 . Therefore, the fractional-order
system (2) has the “positive attractor,” which is shown as
Figure 3.

For example, choose the initial conditions as (−4, 1, 1).
Therefore, 𝐿+1, 𝐿−1, 𝐿+2, and 𝐿−2 are 8.8563, 0.7636, 9.7172, and
6.1735, respectively. Therefore, the initial point (−4, 1, 1) is
near unstable saddle point 𝑆−1 . Thus, fractional-order system
(2) has the “negative attractor,” which is shown as Figure 3.

Case 2 (the initial point is near unstable saddle point 𝑆+2 or𝑆−2 ). For example, choose the initial conditions as (4, 3, −2).
Therefore, 𝐿+1, 𝐿−1, 𝐿+2, and 𝐿−2 are 5.5875, 9.1586, 1.2594, and
10.9026, respectively. Therefore, the initial point (4, 3, −2)
is close to unstable saddle point 𝑆+2 . Thus, fractional-order
system (2) has the “positive attractor,” which is shown as
Figure 4.

For example, choose the initial conditions as (−4, −3, −2).
Therefore, 𝐿+1, 𝐿−1, 𝐿+2, and 𝐿−2 are 9.1586, 5.5875, 10.9026, and
1.2594, respectively. Therefore, the initial point (−4, −3, −2)
is close to unstable saddle point 𝑆−2 . Thus, fractional-order
system (2) has the “negative attractor,” which is shown as
Figure 4.

According to Figures 3 and 4, the coexisting chaotic
attractors are found in fractional-order chaotic system (2).
These results indicate that the chaotic system reported by
Zhou and Ke [6] can be extended to its fractional-order ver-
sion where the coexisting “positive attractor” and “negative
attractor” can be observed.

Remark 1. There are overlaps between the coexisting chaotic
attractors in [3–5, 7–9]. However, there are two iso-
lated chaotic attractors in fractional-order chaotic system
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Figure 2: The chaotic attractor in fractional-order system (2).
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Figure 3: The “positive attractor” and “negative attractor” in fractional-order system (2).
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Figure 4: The “positive attractor” and “negative attractor” in fractional-order system (2).

(2); that is, there are no overlaps between the coexist-
ing chaotic attractors in fractional-order chaotic system
(2).

3. Stabilization of the Unstable
Equilibrium Points of the Fractional-Order
Chaotic System (2)

First, a result on stability of fractional-order nonlinear system
is recalled. Consider the fractional-order nonlinear system as
follows:

𝑐
0𝐷𝑞𝑡𝑦 (𝑡) = 𝐻 (𝑦 (𝑡)) = 𝑀𝑦 (𝑡) + 𝑓 (𝑦 (𝑡)) , (9)

where 0 < 𝑞 ≤ 1, 𝑦(𝑡) = (𝑦1(𝑡), 𝑦2(𝑡), . . . , 𝑦𝑛(𝑡))𝑇 ∈ 𝑅𝑛
denotes the state vector, 𝐻 : 𝑅𝑛 → 𝑅𝑛 is a nonlinear vector
field,𝑀 ∈ 𝑅𝑛×𝑛 is a constant matrix, and 𝑓(𝑦(𝑡)) and𝑀𝑦(𝑡)
denote the nonlinear and linear parts of𝐻(𝑦(𝑡)).
Lemma 2 (for more details, see [19]). Fractional-order non-
linear system (9) is said to be asymptotically stable if the next
two conditions hold:

(i) 𝑓(𝑦(𝑡))|𝑦(𝑡)=0 = 0, and lim𝑦(𝑡)→0(‖𝑓(𝑦(𝑡))‖/‖𝑦(𝑡)‖) =0,
(ii) |arg 𝜆𝑖(𝑀)| > 0.5𝑞𝜋(𝑖 = 1, 2, . . . , 𝑛), and 𝑞‖𝑀‖ > 1,

where 𝜆𝑖(𝑀) and ‖𝑀‖ denote the eigenvalues and the 𝑙2-norm
with respect to matrix𝑀, respectively.
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Next, we discuss how to stable the unstable equilibrium
point in fractional-order chaotic system (2) via single state
variable linear controller. Now, let the unstable equilibrium
points in system (2) be (𝑥1, 𝑥2, 𝑥3), and the controlled
fractional-order system is shown as follows:
𝑐
0𝐷𝑞𝑡𝑥1 = −𝑥1 + 0.5𝑥1𝑥3 + 𝑥2𝑥3 + 𝑘1 (𝑥2 − 𝑥2) ,
𝑐
0𝐷𝑞𝑡𝑥2 = 4𝑥2 − 1.2𝑥1𝑥3 + 𝑘2 (𝑥2 − 𝑥2) ,
𝑐
0𝐷𝑞𝑡𝑥3 = 𝑥1𝑥2 − 6𝑥3 + 𝑘3 (𝑥2 − 𝑥2) ,

(10)

where 0.8477 ≤ 𝑞 ≤ 1 and 𝑘𝑖(𝑥2 − 𝑥2) (𝑖 = 1, 2, 3) is
a linear controller determined by a single state variable 𝑥2.𝑘𝑖 (𝑖 = 1, 2, 3) ∈ 𝑅 are feedback gains determined later.

Theorem 3. Let real matrix be

𝐴 = (− (1 − 0.5𝑥3) (𝑥3 + 𝑘1) (0.5𝑥1 + 𝑥2)−1.2𝑥3 (4 + 𝑘2) 1.2𝑥1𝑥2 (𝑥1 + 𝑘3) −6 ) , (11)

and choose suit feedback gains 𝑘𝑖 (𝑖 = 1, 2, 3); if |arg 𝜆𝑖(𝐴)| >0.5𝑞𝜋 (𝑖 = 1, 2, 3), then the unstable equilibrium points(𝑥1, 𝑥2, 𝑥3) of fractional-order chaotic system (2) in controlled
system (10) are asymptotically stable.

Proof. Let 𝑦1 = 𝑥1 − 𝑥1, 𝑦2 = 𝑥2 − 𝑥2, and 𝑦3 = 𝑥3 − 𝑥3; then
controlled system (10) can be changed as
𝑐
0𝐷𝑞𝑡𝑦1 = − (1 − 0.5𝑥3) 𝑦1 + (𝑥3 + 𝑘1) 𝑦2+ (0.5𝑥1 + 𝑥2) 𝑦3 + 0.5𝑦1𝑦3 + 𝑦2𝑦3,
𝑐
0𝐷𝑞𝑡𝑦2 = −1.2𝑥3𝑦1 + (4 + 𝑘2) 𝑦2 − 1.2𝑥1𝑦3 − 1.2𝑦1𝑦3,
𝑐
0𝐷𝑞𝑡𝑦3 = 𝑥2𝑦1 + (𝑥1 + 𝑘3) 𝑦2 − 6𝑦3 + 𝑦1𝑦2.

(12)

Thus, the unstable equilibrium points (𝑥1, 𝑥2, 𝑥3) in
fractional-order chaotic system (2) are changed as the point(𝑦1, 𝑦2, 𝑦3) = (0, 0, 0) in system (12).

One can easily obtain that point (𝑦1, 𝑦2, 𝑦3) = (0, 0, 0)
is the origin of system (12). Therefore, the problem of
stabilization of the unstable equilibrium points in fractional-
order chaotic system (2) is turned to the problem of stabiliza-
tion of fractional-order system (12). If the origin of system
(12) is asymptotically stable, then the unstable equilibrium
points (𝑥1, 𝑥2, 𝑥3) of fractional-order chaotic system (2) in
controlled system (10) are asymptotically stable.

Now, controlled system (12) can be rewritten as
𝑐
0𝐷𝑞𝑡𝑦 (𝑡) = 𝐴𝑦 (𝑡) + 𝑓 (𝑦 (𝑡)) , (13)

where 𝑓(𝑦(𝑡)) = ((0.5𝑦1 + 𝑦2)𝑦3 −1.2𝑦1𝑦3 𝑦1𝑦2)𝑇.
First, it is easy to obtain that 𝑓(𝑦(𝑡))|𝑦(𝑡)=0 = 0, and𝑓 (𝑦 (𝑡))𝑦 (𝑡)
= √ [(0.5𝑦1 + 𝑦2) 𝑦3]2 + (−1.2𝑦1𝑦3)2 + (𝑦1𝑦2)2𝑦21 + 𝑦22 + 𝑦23

x1

x3

x2

5 10 150
t

0

5

10

x
1
,x

2
,x

3

Figure 5: The time evolution of state variables 𝑥𝑖 (𝑖 = 1, 2, 3).
≤ √[(0.5𝑦1 + 𝑦2)]2 + (−1.2𝑦3)2 + (𝑦2)2,

lim
𝑦(𝑡)→0

𝑓 (𝑦 (𝑡))𝑦 (𝑡)≤ lim
𝑦(𝑡)→0

√[(0.5𝑦1 + 𝑦2)]2 + (−1.2𝑦3)2 + (𝑦2)2 = 0.
(14)

Thus, the first condition in Lemma 2 is satisfied.
Second, according to

𝐴 = (− (1 − 0.5𝑥3) (𝑥3 + 𝑘1) (0.5𝑥1 + 𝑥2)−1.2𝑥3 (4 + 𝑘2) 1.2𝑥1𝑥2 (𝑥1 + 𝑘3) −6 ) , (15)

𝑞‖𝐴‖ > 1, and using |arg 𝜆𝑖(𝐴)| > 0.5𝑞𝜋(𝑖 = 1, 2, 3), we can
yield that the second condition in Lemma 2 is satisfied.

Therefore, according to Lemma 2, the origin of system
(12) is asymptotically stable. That is, the unstable equilibrium
points (𝑥1, 𝑥2, 𝑥3) of fractional-order chaotic system (2) in
controlled system (10) are asymptotically stable. The proof is
finished.

Remark 4. In our control scheme, the linear controller is only
determined by one single state variable, so our control scheme
is different from many previous control schemes.

4. Numerical Simulations Results

Next, in order to show the effectiveness of the proposed
control approach, the numerical simulations are performed
for 𝑞 = 0.9.

For the unstable equilibrium point 𝑆0 = (0, 0, 0), if we
choose 𝑘1 = 𝑘3 = 0, 𝑘2 = −7, then 𝐴 = ( −1 0 00 −3 0

0 0 −6
). Thus, we

obtain 𝜆1 = −1, 𝜆2 = −3, 𝜆3 = −6, and 𝑞‖𝐴‖ > 1. According
toTheorem 3, the unstable equilibrium point 𝑆0 in controlled
system (10) is asymptotically stable. Figure 5 displays the time
evolution of state variables. Here, the initial conditions be
(7, 6, 3).

For the unstable equilibrium point 𝑆+1 = (4.4721,−1.5745, 1.1736), if we choose 𝑘1 = 𝑘3 = 0, 𝑘2 = −8,
then 𝐴 = ( −0.4132 1.1736 0.66155−1.40832 −4 5.36652

−1.5745 4.4721 −6
). Thus, we obtain 𝜆1 =−0.5726, 𝜆2,3 = −4.9203 ± 4.9982j, and 𝑞‖𝐴‖ > 1. According
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Figure 6: The time evolution of state variables 𝑥𝑖 (𝑖 = 1, 2, 3).
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Figure 7: The time evolution of state variables 𝑥𝑖 (𝑖 = 1, 2, 3).
toTheorem 3, the unstable equilibrium point 𝑆+1 in controlled
system (10) is asymptotically stable. Figure 6 shows the time
evolution of state variables. Here, the initial conditions are
(2, 4, 2).

For the unstable equilibrium point 𝑆−1 = (−4.4721,1.5745, 1.1736), if we choose 𝑘1 = 𝑘3 = 0, 𝑘2 = −4, then 𝐴 =( −0.4132 1.1736 −0.66155−1.40832 0 −5.36652
1.5745 −4.4721 −6

). Therefore, we obtain 𝜆1 = −0.5418,𝜆2,3 = −2.9357 ± 4.1682j, and 𝑞‖𝐴‖ > 1. According to
Theorem 3, the unstable equilibrium point 𝑆−1 in controlled
system (10) is asymptotically stable. Figure 7 shows the time
evolution of state variables. Here, the initial conditions are
(1, 7, 2).

For the unstable equilibrium point 𝑆+2 = (4.4721, 3.8106,−2.8403), if we choose 𝑘1 = −2.1597, 𝑘2 = −7, 𝑘3 =−9.4721, then 𝐴 = ( −2.42015 −5 6.046653.40836 −3 5.36652
3.8106 −5 −6

). Thus, we obtain 𝜆1 =−10.8877, 𝜆2,3 = −0.2662 ± 1.040j, and 𝑞‖𝐴‖ > 1. According
toTheorem 3, the unstable equilibrium point 𝑆+2 in controlled
system (10) is asymptotically stable. Figure 8 shows the time
evolution of state variables. Here, the initial conditions are
(5, 4, −3).

For the unstable equilibrium point 𝑆−2 = (−4.4721,−3.8106, −2.8403), if we choose 𝑘1 = −7.1597, 𝑘2 = −7, 𝑘3 =9.9721, then 𝐴 = ( −2.42015 −10 −6.046653.40836 −3 −5.36652
−3.8106 5.5 −6

). Thus, we obtain 𝜆1 =−9.3229, 𝜆2,3 = −1.0486 ± 0.8095j, and 𝑞‖𝐴‖ > 1. According
toTheorem 3, the unstable equilibrium point 𝑆−2 in controlled
system (10) is asymptotically stable. Figure 9 shows the time
evolution of state variables. Here, the initial conditions are
(−7, −6, −2).

The simulative results in Figures 5–9 show the effective-
ness of our control scheme.
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Figure 8: The time evolution of state variables 𝑥𝑖 (𝑖 = 1, 2, 3).
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Figure 9: The time evolution of state variables 𝑥𝑖 (𝑖 = 1, 2, 3).
5. Conclusions

In this paper, a fractional-order chaotic system is proposed.
The necessary condition of existence chaos in this fractional-
order chaotic system is 𝑞 ≥ 0.8477. The largest Lyapunov
exponent varying as fractional order 𝑞 is given.The coexisting
“positive attractor” and “negative attractor” can be observed,
and the necessary conditions for “positive attractor” and
“negative attractor” are obtained.Meanwhile, by a single state
variable, a linear controller is used for the stabilization of the
unstable equilibrium points of the fractional-order chaotic
system.The numerical results show that the control approach
is effective.
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This paper presents a novel fractional-order PID controller tuning strategy based on Bode’s optimal loop shaping which is
commonly used for LTI feedback systems. Firstly, the controller parameters are achieved based on flat phase property and Bode’s
optimal reference model, so that the controlled system is robust to gain variations and can achieve desirable transient performance
according to various control requirements. Then, robustness analysis of the controlled system is carried out to support the results.
Furthermore, the parameter setting is analyzed to demonstrate the superiority of the proposed controller. At last, some simulation
examples are shown to verify the accuracy and usefulness of the proposed control strategy. The proposed fractional-order PID
controller does not have any restriction on the controlled plant, so it can be widely applied on both integer-order and fractional-
order systems.

1. Introduction

Fractional calculus was first mentioned in a letter between
Leibniz and L’Hospital about 300 years ago [1]. Not until
the last few decades had the related studies been general-
ized to various fields instead of pure theoretical derivation.
A number of studies have revealed the potentialities of
fractional calculus, such as engineering [2–4], physics [5],
applied mathematics [6, 7], and bioengineering [8]. Among
these research fields, fractional-order control technology and
fractional-order modeling develop quite fast. Many physical
phenomena were proved to be better described by fractional-
order models [9, 10]. The additional integral and differential
orders in fractional-order control algorithms offer more
possibilities in enhancing system robustness, stability, and
transient performance.

In the control field, PID control is undoubtedly the most
widely used control algorithm in industrial applications [11].
So there are abundant reasons to investigate control algo-
rithm which owns the superiorities of both PID controller
and fractional calculus. The earliest attempt was made by

Podlubny who proposed the fractional-order PID (PI𝜆D𝜇
or FOPID) controller [12]. There are two more parameters,
that is, integral order 𝜆 and differential order 𝜇, in FOPID
controller compared with traditional PID controller. These
extra parameters can serve as additional tuning knobs which
may provide more flexibilities in improving system con-
trol performance. Petras presented a digital version FOPID
controller which was implemented in a DC motor [13].
Fractance circuits and microprocessors were used to achieve
the analogue transformation and implementation of the
digital FOPID controller. An optimal FOPID controller was
designed based on particle swarm optimization and applied
to an automatic voltage regulator by Zamani et al. [14].
A frequency domain tuning scheme of FOPID controller
was proposed by Vinagre et al. [15]. Hamamci investigated
an FOPID controller which can stabilize fractional-order
systems with time delay [16]. The proposed controller can
also be tuned to meet gain and phase margins requirements.
The design method of FOPID controller which is suitable
to be used in industrial applications was demonstrated by
Monje et. al [2]. Moreover, some novel control technologies
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which combined FOPID controller and intelligent control
algorithms together have been investigated and were proved
to be effective in improving system transient performance
[4, 17].

Going a step further, there are many FOPID controllers
proposed for enhancing system robustness. One of the
notable works is CRONE controller with three generations,
developed by Oustaloup to deal with different model uncer-
tainties including zero and pole misplacement [18]. Another
frequently used method is achieving the flat phase property
which is done bymaking the derivative of the phase to be zero
at gain crossover. A PID control scheme based on this prop-
erty was presented in [19]. Later, the fractional-order PD/PI
controllers, which have already been successfully applied
in motion control systems, were also designed according
to the same isodamping property [20–22]. The extension
of this method which can guarantee the system robustness
with respect to different parameters variations was studied
by Liu et al. [23]. Moreover, Feliu-Batlle et al. presented
a Smith predictor based robust fractional-order controller
with the application to water distribution [24]. The author
has also proposed a robust fractional-order control scheme
used in oscillatory systems with large uncertainties in their
parameters [25]. A note on FOPID controller design which
proposed a robust parameter tuning algorithm using Bode
envelopes can be found in [26]. Besides, a robust fractional-
order cascade PD and PI controller was investigated based on
fuzzy control technology byKumar et al. and has been applied
to the speed control of a hybrid electric vehicle [27].

In this paper, we focus on the robust FOPID controller
design based on Bode’s optimal loop shaping which is
commonly used for LTI (Linear Time Invariant) feedback
systems [28]. Bode’s ideal transfer function is served as
a reference model in the parameter optimization process.
Some related fractional-order controller tuning algorithms
were discussed in [29–31]. However, most of them have a
specified controlled system type and cannot bewidely applied
to different kinds of systems. In [29], a PID controller is
proposed based on Bode’s ideal transfer function, but it only
aims at integer-order controlled plants; a similar work can be
found in [30], where a robust fractional-order PI controller is
designed; however, according to the derivation process, only
one certain type of fractional-order controlled plant has been
taken into consideration; moreover, the Bode loop shaping
with CRONE compensator is discussed in [31], but it only
emphasizes the loop shaping accuracy instead of controller
tuning algorithm. The application domain of these studies
is quite limited. Therefore, a robust fractional-order PID
controller tuning algorithm based on Bode’s optimal loop
shaping which can be widely applied on both integer-order
and fractional-order controlled systems is worth exploring
in this paper. The controlled system with the proposed
controller is robust to gain variations because the phase curve
is flat within a certain frequency limit. The effectiveness of
the presented robust FOPID controller is demonstrated by
the simulation results of several controlled systems including
integer-order and fractional-order ones.

The rest of this paper is organized as follows: in Section 2,
some preliminaries of fractional calculus are given; detailed

analysis of Bode’s optimal loop shaping is presented in
Section 3; Section 4 illustrates the proposed controller tuning
process aswell as robustness analysis of the controlled system;
simulation results to verify the effectiveness of the proposed
algorithm are presented in Section 5; finally, conclusions are
made in Section 6.

2. Preliminaries

2.1. Fractional-Order Derivative. The fractional-order inte-
gral-differential operator 𝑡0𝐷𝛼𝑡 can be defined as

𝑡0
𝐷𝛼
𝑡
=
{{{{{{{{{{{{{

∫𝑡
𝑡0

𝑓 (𝜏) 𝑑𝜏−𝛼, 𝛼 < 0
𝑓 (𝑡) , 𝛼 = 0
𝑑𝛼
𝑑𝑡𝛼𝑓 (𝑡) , 𝛼 > 0,

(1)

where 𝛼 ∈ 𝑅 is the integral or differential order and 𝑡, 𝑡0 are
upper and lower limits of the operator, respectively.

So far, there is still no unified definition of fractional-
order derivative. But there have been three generally accepted
definitions, that is, Caputo definition, Riemann-Liouville
definition, and Grunwald-Letnikov [1]. Each of the three def-
initions has its own properties. In this paper, we use Caputo
definition because it has been extensively used in engineering
applications [6, 7]. The Caputo derivative of order 𝛼 for a
function 𝑓(𝑡) ∈ 𝐶𝑛+1([𝑡0, +∞], 𝑅) is defined as [6]

𝑡0
𝐷𝛼
𝑡
𝑓 (𝑡) = 1

Γ (𝑛 − 𝛼) ∫
𝑡

𝑡0

𝑓(𝑛) (𝜏)
(𝑡 − 𝜏)𝛼+1−𝑛 𝑑𝜏, (2)

where 𝑛 is a positive integer, such that 𝑛 − 1 < 𝛼 ≤ 𝑛.
The Laplace transform based on Caputo definition can be

expressed as

L { 𝑡0𝐷𝛼𝑡 𝑓 (𝑡)} = 𝑠𝛼𝐹 (𝑠) − 𝑛−1∑
𝑘=0

𝑠𝛼−𝑘−1𝑓(𝑘) (𝑡0) , (3)

whereL{⋅} represents the Laplace transform, 𝑛 − 1 < 𝛼 < 𝑛,
and 𝑠 is the Laplace transform operator.

2.2. Mittag-Leffler Function. The Mittag-Leffler (ML) func-
tion is a generalized form of exponential function. It is widely
used in solving fractional-order differential equations [1]. An
ML function with two parameters can be written as a power
series as [1]

𝐸𝛼,𝛽 (𝑥) =
∞∑
𝑘=0

𝑥𝑘
Γ (𝛼𝑘 + 𝛽) , (4)

where 𝛼 > 0, 𝛽 > 0 and 𝑥 ∈ 𝐶. When 𝛼 = 𝛽 = 1, 𝐸1,1(𝑥) =𝑒𝑥.
When 𝛽 = 1, the ML function in (4) simplifies to a one-

parameter form as

𝐸𝛼 (𝑥) = 𝐸𝛼,1 (𝑥) =
∞∑
𝑘=0

𝑥𝑘
Γ (𝛼𝑘 + 1) . (5)
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Figure 1: Bode diagram with different 𝛼.

The Laplace transform of (4) is

L {𝑡𝛽−1𝐸𝛼,𝛽 (−𝜃𝑡𝛼)} = 𝑠𝛼−𝛽
𝑠𝛼 + 𝜃 , (Re (𝑠) > |𝜃|1/𝛼) , (6)

where 𝑡 ≥ 0 and Re(𝑠) is the real part of 𝑠.
3. Analysis of Bode’s Optimal Loop Shaping

Consider a system whose open-loop transfer function is

𝐹 (𝑠) = 𝐴
𝑠𝛼 , (7)

where 𝛼 ∈ 𝑅, 𝐴 = 𝜔𝑐𝛼, and 𝜔𝑐 is the crossover frequency of
amplitude curve in Bode diagramwhich satisfies lg |𝐹(𝑗𝜔𝑐)| =0. System (7) is a typical elementary fractional-order system.
The resonance condition of this kind of system is 1 < 𝛼 < 2,
which has been proved in [32]. Therefore, we only take 1 <𝛼 < 2 into consideration in this paper. The Bode diagrams
of system (7) with 𝛼 = 1.1, 1.3, 1.5, 1.7, 1.9 are shown
as Figure 1. The amplitude curves are straight lines with the
slopes of −20𝛼 dB/dec, and the corresponding phase curves
are horizontal lines with −𝛼𝜋/2 rad. Therefore, the phase
margin of system (7) is (1 − 𝛼/2)𝜋. That is to say, the phase
margin will not change along with the change of𝐴. So system
with the open-loop transfer function in (7) is robust to gain
variations.This is the optimal loop shaping suggested byBode
in [28].

The closed-loop transfer function corresponding to the
open-loop one in (7) is

𝐹 (𝑠) = 𝐴
𝑠𝛼 + 𝐴 = 1

𝑇𝑠𝛼 + 1 , (8)

where 1 < 𝛼 < 2 and 𝑇 = 1/𝐴 = 𝜔𝑐𝛼 is the time
constant of the system. The closed-loop system in (8) will be
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Figure 2: Step responses with different 𝛼.

a reference model in the controller parameters optimization
process in next section. Therefore, parameters 𝛼, 𝑇 can be
tuned to satisfy different performance requirements.

When a unit step signal is fed into system (8), the time
response of the system can be achieved as [1]

𝑦 (𝑡) = 𝐿−1 [ 1
𝑠 (𝑇𝑠𝛼 + 1)] = 1 − ∞∑

𝑛=0

[−𝑇−1𝑡𝛼]𝑛
Γ (𝛼𝑛 + 1)

= 1 − 𝐸𝛼,1 (−𝑇−1𝑡𝛼) .
(9)

Figure 2 gives the step responses of system (8) with 𝛼 =1.1, 1.2, . . . , 1.9. Some important time response performance
indicators are derived as follows.



4 Complexity

Overshoot percentage

0

20

40

60

80

100

120

O
s

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.91
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Figure 4: Rise time with different 𝛼.

(1) Overshoot percentage𝑀𝑝
𝑀𝑝 = 𝑦max − 𝑦final𝑦final × 100%. (10)

(2) Rise time 𝑇𝑟 (the time for the output to rise from 10%
to first time 90% of the final value).

(3) 2% or 5% error band settling time 𝑇𝑠 (the time for the
output to reach and stay within a 2% or 5% error band of the
final value).

These indicators cannot be achieved explicitly. Therefore,
we express the relations between them and parameter 𝛼 in
Figures 3–6.The relationship curves have been approximated
numerically into some nonlinear functions in [33]. However,
the approximate accuracies may not be satisfactory enough.
Hence, we recommend referring to the results we got in the
figures. In this way, the controller parameters can be tuned
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Figure 5: Setting time with different 𝛼 (2%).
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Figure 6: Setting time with different 𝛼 (5%).

by choosing different 𝛼 values according to the required time
domain indicators.

Moreover, frequency domain response specifications
should also be taken into consideration. As it was demon-
strated above, the phase margin of system (8) which has
correspondence with time domain response overshoot is(1 − 𝛼/2)𝜋. The closed-loop frequency domain responses
of system (8) with different 𝑇 are illustrated in Figure 7.
It can be seen from Figure 7 that the bandwidth of the
system increases along with the value of 𝑇. On the other
hand, the wider the bandwidth is in a system frequency
domain response, the smaller the rise time will be in the
corresponding time domain response. Namely, the controller
parameters can also be tuned according to frequency domain
specifications by changing the values of 𝛼 and 𝑇. Moreover,
the curves attenuate fast at high frequencies, which means
that the system is not sensitive to high frequency disturbance.
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Figure 7: Frequency responses with different 𝑇 (𝛼 = 1.5).

It should be noted that there are some conflict relations
between different design specifications. For instance, param-
eters chosen according to small rise time will lead to large
overshoot. Therefore, wise trade-offs should be made on the
selection of reference model.

4. Controller Tuning

4.1. Fractional-Order PID Controller. FOPID (PI𝜆D𝜇) con-
troller is an extension of conventional PID controller with
extra two parameters, that is, integral order 𝜆 and differential
order 𝜇 [12]. It can be expressed in frequency domain as

𝐺𝑐 (𝑠) = 𝐾𝑝 + 𝐾𝑖𝑠𝜆 + 𝐾𝑑𝑠𝑢, (0 < 𝜆, 𝜇 < 2) (11)

where𝐾𝑝, 𝐾𝑖, 𝐾𝑑 are proportional, integral, and differential
coefficients, respectively. When 𝜆 = 𝜇 = 1, FOPID controller
is equal to conventional PID controller. Figure 8 gives
the comparison of controller parameters tuning domains
between FOPID and PID controllers in geometrical perspec-
tive.The two extra parameters make the controller parameter
tuning domain extend from a few points into a partial
quarter plane. Meanwhile, the slope of amplitude curve in
open-loop system frequency response at crossover frequency
updates from −20 dB/dec into −20𝜆 dB/dec. These provide
more possibilities in improving control system robustness as
well as transient performance, especially for fractional-order
systems. However, the regulating process may become more
complicated at the same time. The detailed analysis of the
influence of 𝜆, 𝜇 on control system performance can be found
in [4].

4.2. Fractional Operator Realization. The fractional operators
in (11) can be realized by several approaches [1]. In this
paper, taking system (7) into consideration, we choose the

O
PIP

O
P

1

1

PD PID

PI

PD PID1

1

 

 

Figure 8: Comparison of PID and FOPID controllers.

Oustaloup approximation method which is widely used in
this field [34]. A generalized fractional operator can be
expressed as

𝐻(𝑠) = ( 𝑠
𝜔𝑖)
𝛼 , 𝛼 ∈ 𝑅+. (12)

Consider the expected approximate frequency range as(𝜔𝑎, 𝜔𝑏); the operator 𝑠/𝜔𝑖 can be substituted by

𝐾0 1 + 𝑠/𝜔𝑠1 + 𝑠/𝜔𝑙 , (13)

where𝐾0 = 𝜔𝑠/𝜔𝑖 = 𝜔𝑖/𝜔𝑙, 𝜔𝑠 < 𝜔𝑎, 𝜔𝑙 > 𝜔𝑏. Therefore, (12)
can be updated as

𝐻(𝑠) = 𝐾(1 + 𝑠/𝜔𝑠1 + 𝑠/𝜔𝑙 )
𝛼 , (14)

where 𝐶 = 𝐶0𝛼. Transform the transfer function above into
the zero-pole form; it is obtained that

𝐻(𝑠) = lim
𝑛→∞

∧𝐻 (𝑠) , (15)
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where
∧𝐻 (𝑠) = (𝜔𝑖𝜔𝑙)

𝛼 𝑁∏
𝑘=−𝑁

1 + 𝑠/𝜔𝑘1 + 𝑠/𝜔
𝑘

,

𝜔𝑘 = 𝜔𝑠 (𝜔𝑙𝜔𝑠)
((1/2)(1−𝛼)+𝑘+𝑁)/(2𝑁+1) ,

𝜔𝑘 = 𝜔𝑠 (𝜔𝑙𝜔𝑠)
((1/2)(1+𝛼)+𝑘+𝑁)/(2𝑁+1) .

(16)

In this paper, we use the 7th approximation with inter-
ested frequency range (10−3, 103).
4.3. Parameter Optimization. Normally, controller parameter
optimization is proceeded based on the objective function
which includes error between reference signal and actual
output. However, this tuning method can only randomly get
satisfactory control performance. Itmaymake the rise time or
overshoot of the controlled system quite small, but it cannot
guarantee meeting any specific requirement. Besides, large
times of trial and error are needed in the tuning process. In
this paper, the Bode’s optimal loop shaping transfer function
is used as a nominal reference model in the optimiza-
tion process to help the controlled system satisfy different
control performance requirements. The tuning structure of
the controlled system is represented in Figure 9, where𝑟(𝑡), 𝑦(𝑡), 𝑑(𝑡) are reference signal, actual output signal, and
disturbance signal, 𝑒𝑓(𝑡), 𝑦𝑓(𝑡) are nominal error signal and
desire output signal which satisfy 𝑒𝑓(𝑡) = 𝑦𝑓(𝑡) − 𝑦(𝑡), and𝐶(𝑠), 𝐺(𝑠), 𝐹(𝑠) are controller, controlled plant, and nominal
reference model, respectively. In this way, the robustness and
other transient performance requirements can be improved
by tuning the controller parameters as well as the parameters
of the nominal reference model 𝐹(𝑠) which was discussed in
Section 3.The ITAE (Integral Time Absolute Error) indicator
is chosen as the objective function in this paper. Therefore,
according to Figure 9, the objective function can be expressed
as

𝐽 = ∫∞
0

𝑡 𝑒𝑓 (𝑡) 𝑑𝑡 = ∫∞
0

𝑡 𝑦𝑓 (𝑡) − 𝑦 (𝑡) 𝑑𝑡. (17)

After getting the objective function, the Nelder-Mead
(NM) simplex search algorithm is used to optimize the

controller parameters according to the value of the objective
function [35].The fundamental principle of NM algorithm is
constructing a rough search direction according to the initial
parameter values first and updating the search direction
constantly according to the objective function value until the
optimal result is achieved. NM algorithm is widely applied
in optimization processes, but the initial values influence the
optimization result a lot. Therefore, suitable initial values
should be selected before optimization.

4.4. Robustness Analysis. In this subsection, the robustness of
a typical fractional-order system controlled by the proposed
controller is analyzed. Consider a fractional-order transfer
function described by

𝑃 (𝑠) = 𝑘
𝑎1𝑠𝛼1 + 𝑎2𝑠𝛼2 + 1 , (18)

where 𝑘 > 0 is the system gain, 𝑎1 and 𝑎2 are positive constant
coefficients, and the fractional-orders satisfy 1 < 𝛼1 ≤ 2, 0 <𝛼2 ≤ 1.

Next we consider the corresponding FOPID controller
designed as (11), where the fractional-orders are chosen as𝜆 = 𝛼2 and 𝜇 = 𝛼1 − 𝛼2 and the controller parameters are set
as 𝑘𝑝 = 𝑎2/𝑏, 𝑘𝑖 = 1/𝑏, and 𝑘𝑑 = 𝑎2/𝑏. The constant 𝑏 satisfies
𝑏 = 𝑘𝜔−𝛼2𝑐 , and 𝜔𝑐 represents the gain crossover frequency of
the open-loop transfer function 𝐿(𝑠) = 𝑃(𝑠)𝐺𝑐(𝑠).

Based on (11) and (18), the open-loop transfer function
can be obtained as

𝐿 (𝑠) = 𝑘
𝑏𝑠𝛼2 = (𝜔𝑐𝑠 )𝛼2 . (19)

Then we analyze the robustness of the controlled system
with designed FOPID controller by employing the small gain
theorem which has been widely used in FOPID control [36–
38]. According to the small gain theorem, the robust stability
condition can be represented by

𝛿𝑝 (𝜔) < 𝑉 (𝜔, 𝛼2) ≜ |1 + 𝑃 (𝜔𝑖) 𝐶 (𝜔𝑖)|
|𝑃 (𝜔𝑖) 𝐶 (𝜔𝑖)| ,

for ∀𝜔 > 0,
(20)

where 𝛿𝑝(𝜔) denotes the multiplicative norm-bound uncer-
tainty of transfer function 𝑃(𝑠). Thus, larger 𝑉(𝜔, 𝛼2) means
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Table 1: Controller parameters of 𝑃1(𝑠).
𝜙𝑚 = 45∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 0.4576 4.8570 0.0051 1.3814 1.8969
𝜔𝑐 = 1.0 0.2174 1.8775 0.0125 1.4226 0.0653
𝜔𝑐 = 1.5 0.1494 1.0816 0.0032 1.4226 2.1905
𝜙𝑚 = 60∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 0.4197 4.7618 0.0907 1.2399 0.0468
𝜔𝑐 = 1.0 0.0649 1.8576 0.1888 1.2794 0.0023
𝜔𝑐 = 1.5 0.1719 1.0697 0.0328 1.2957 1.2878
𝜙𝑚 = 90∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 0.9640 4.3890 0.0063 0.9969 0.2621
𝜔𝑐 = 1.0 0.3930 1.7269 0.0150 0.9976 1.1411
𝜔𝑐 = 1.5 0.2327 1.003 0.0080 0.9981 2.1141

that bigger modeling uncertainty may occur without break-
ing the robust stability of the controlled system.

Due to (11), (18), and (20), we achieve 𝑉(𝜔, 𝛼2) as
𝑉 (𝜔, 𝛼2) =

1 + (𝜔𝑐/𝜔𝑖)𝛼2 (𝜔𝑐/𝜔𝑖)𝛼2 
=
1 + 𝑖(−𝛼2) (𝜔𝑐/𝜔)𝛼2 (𝜔𝑐/𝜔)𝛼2

= (( 𝜔
𝜔𝑐)
2𝛼2 + 2( 𝜔

𝜔𝑐)
𝛼2

cos(𝛼2𝜋2 ) + 1)
1/2

.
(21)

Besides, we calculate the derivatives of 𝑉(𝜔, 𝛼2) with
respect to 𝛼2 and obtain

𝑑𝑉 (𝜔, 𝛼2)𝑑𝛼2
= ln (𝜔/𝜔𝑐) [(𝜔/𝜔𝑐)𝛼2 + cos (𝛼2𝜋/2)] − (𝜋/2) sin (𝛼2𝜋/2)

√(1 + 2 (𝜔𝑐/𝜔)𝛼2 cos (𝛼2𝜋/2) + (𝜔𝑐/𝜔)2𝛼2)
.
(22)

It is obvious that 𝑑𝑉(𝜔, 𝛼2)/𝑑𝛼2 < 0 when 𝜔 ≤ 𝜔𝑐 and0 < 𝛼2 ≤ 1. Thus, 𝑉(𝜔, 𝛼2) is monotone decreasing with
respect to 𝛼2 ∈ (0, 1]. In other words, for the same control
system, FOPID controller owns better robust performance
than PID controller in the low or even medium frequency
ranges, which is established by the gain crossover frequency𝜔 ≤ 𝜔𝑐, and has no connection with the fractional-order 𝛼2.
In the simulation part, the obtained robust analysis result will
be verified by some numerical examples.

5. Simulation

In this section, we take three typical kinds of systems, includ-
ing fractional-order system and integer-order system, into
consideration to illustrate the effectiveness of the proposed
control strategy. Firstly, consider a fractional-order system
whose transfer function is similar to the widely used first-
order system [30]:

𝑃1 (𝑠) = 0.5856
0.2318𝑠0.985 + 1 . (23)
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Figure 10: Bode diagram of 𝑃1(𝑠).

The reference parameters in (8) and controller parameters
in (11) tuned by the proposed algorithm are shown in Table 1.
The Bode diagram of 𝑃1(𝑠) controlled by the proposed
controller with referencemodel parameters𝜔𝑐 = 1, 𝜙𝑚 = 90∘
is depicted in Figure 10. It can be seen that the phase curve at
crossover frequency is almost flat and the phasemargin is𝜋/2
which satisfies the controller design requirements. The step
responses of 𝑃1(𝑠) controlled by FOPID controllers tuned
with the fixed phase margin 𝜙𝑚 = 60∘ and different crossover
frequencies 𝜔𝑐 = 0.5, 𝜔𝑐 = 1, 𝜔𝑐 = 1.5 are shown in
Figure 11. Correspondingly, Figure 12 demonstrates the step
responses of 𝑃1(𝑠) controlled by FOPID controllers tuned
with the fixed crossover frequency 𝜔𝑐 = 1 and varying phase
margins 𝜙𝑚 = 45∘, 𝜙𝑚 = 60∘, 𝜙𝑚 = 90∘. The unchanged
overshoot and different settling times in Figure 11 and the
similar settling time and different overshoots in Figure 12
illustrate the impact of referencemodel with varying parame-
ters.Therefore, different control requirements can be fulfilled
by varying reference model parameters 𝜔𝑐, 𝜙 and controller
parameters. In order to check the robustness of the controlled
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Figure 11: Step responses of 𝑃1(𝑠) with different 𝜔𝑐.
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Figure 12: Step responses of 𝑃1(𝑠) with different 𝜙𝑚.

system, step responses comparisons of systems tuned by
different reference parameters under ±30% gain variations
are demonstrated in Figures 13 and 14, respectively. The
overshoots of the step responses in each subfigures remain
almost the same. These phenomena show that system 𝑃1(𝑠)
controlled by the proposed controller is robust to high
amplitude gain variations. The step response comparison of𝑃1(𝑠) controlled by the proposed FOPID controller and the
FOPID controller used in [30] is shown in Figure 15. The
performance of system controlled by the proposed controller

outperforms the other one with better robustness, lower
overshoot, and smaller settling time. Figure 16 illustrates the
ITAE indices values of𝑃1(𝑠)with different tuning parameters.
All the indices are small enough to meet the optimization
requirements.

Then, consider a fractional-order system [1] which is
relatively complicated as

𝑃2 (𝑠) = 1
𝑠2.6 + 3.3𝑠1.5 + 2.9𝑠1.3 + 3.32𝑠0.9 + 1 . (24)
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Figure 13: Step responses of 𝑃1(𝑠) with different 𝜙𝑚.

k
130% k
70% k

0

0.5

1

1.5

A
m

pl
itu

de

5 10 15 20 25 300
Time (Seconds)

(a) 𝜔𝑐 = 0.5, 𝜙𝑚 = 60∘

0

0.5

1

1.5

A
m

pl
itu

de

k
130% k
70% k

5 10 15 20 25 300
Time (Seconds)

(b) 𝜔𝑐 = 1, 𝜙𝑚 = 60∘

0

0.5

1

1.5

A
m

pl
itu

de

k
130% k
70% k

5 10 15 20 25 300
Time (Seconds)

(c) 𝜔𝑐 = 1.5, 𝜙𝑚 = 60∘

Figure 14: Step responses of 𝑃1(𝑠) with different 𝜔𝑐.

The reference parameters and the obtained the controller
parameters are shown in Table 2. Figures 17 and 18 demon-
strate the step responses of 𝑃2(𝑠) controlled by the pro-
posed controllers tuning with different 𝜔𝑐 and 𝜙𝑚. Similarly,

the results show that different control performance can be
satisfied by varying reference model parameters. The ITAE
indices of 𝑃2(𝑠) in Figure 19 are also small enough for optimi-
zation.
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Figure 15: Step responses of 𝑃1(𝑠) with different FOPID controllers ((a) FOPID controller proposed in this paper, (b) FOPID controller in
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Figure 18: Step response of 𝑃2(𝑠) with the same 𝜙𝑚.
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Table 2: Controller parameters of 𝑃2(𝑠).
𝜙𝑚 = 45∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 18.3282 9.9945 1.5199 0.9742 1.3785
𝜔𝑐 = 1.0 7.9000 3.4213 0.5194 1.0581 1.6645
𝜔𝑐 = 1.5 3.4053 1.7451 0.8343 1.0783 0.0200
𝜙𝑚 = 60∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 19.9228 4.6069 2.0377 1.0861 1.3092
𝜔𝑐 = 1.0 8.7852 1.9719 0.9068 1.1120 1.4516
𝜔𝑐 = 1.5 2.6270 1.0729 2.2338 1.1239 0.0068
𝜙𝑚 = 90∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 13.1618 1.6627 6.6312 1.0474 0.8915
𝜔𝑐 = 1.0 5.8327 0.9930 3.7246 1.0143 0.6984
𝜔𝑐 = 1.5 3.7370 0.6459 2.5961 1.0057 0.6438
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Table 3: Controller parameters of 𝑃3(𝑠).
𝜙𝑚 = 45∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 2.4905 4.3983 0.0580 1.2311 1.5110
𝜔𝑐 = 1.0 0.9355 1.4819 0.0018 1.2690 0.6910
𝜔𝑐 = 1.5 0.6170 0.7823 0.0267 1.3210 2.0922
𝜙𝑚 = 60∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 2.7170 3.4615 0.1476 1.1772 1.3201
𝜔𝑐 = 1.0 1.1504 1.3321 0.0444 1.2078 1.5853
𝜔𝑐 = 1.5 0.7038 0.7593 0.0268 1.2262 1.7678
𝜙𝑚 = 90∘ 𝐾𝑝 𝐾𝑖 𝐾𝑑 𝜆 𝜇
𝜔𝑐 = 0.5 2.4535 1.9657 0.4621 1.0005 1.0355
𝜔𝑐 = 1.0 1.2374 0.9942 0.2407 1.0002 1.0212
𝜔𝑐 = 1.5 0.8273 0.6647 0.1628 1.0001 1.0157
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Figure 20: Step response of 𝑃3(𝑠) with the same 𝜔𝑐.

Finally, take an integer-order system [31], whose transfer
function is shown as below, into consideration:

𝑃3 (𝑠) = 1
(𝑠 + 1) (0.2𝑠 + 1) (0.04𝑠 + 1) (0.008𝑠 + 1) . (25)

Table 3 shows the tuned controller and reference model
parameters of 𝑃3(𝑠). Step responses of 𝑃3(𝑠) controlled by
different controllers in Table 3 are depicted in Figures 20
and 21. It is shown that the step responses of integer-order
system can also be shaped by the proposed FOPID controller
according to different design requirements.The ITAE indices
of 𝑃3(𝑠) in Figure 22 also satisfy the optimization criterion.
The simulation results verify the effectiveness of the proposed
controller used on both fractional-order and integer-order
systems. The systems controlled by the proposed algorithm
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Figure 21: Step response of 𝑃3(𝑠) with the same 𝜙𝑚.

achieve better robustness and transient control performance
compared with other controllers.

6. Conclusion

In this paper, a novel tuning methodology of robust frac-
tional-order PID controller is proposed. The controlled sys-
tem output can be shaped by varying referencemodel param-
eters according to different control performance require-
ments.The phase curve can be flat within a certain frequency
limit. Therefore, the system has the desirable characteristic
of being robust to gain variations. Robustness analysis which
supports the robust tuning specification is also carried out.
The proposed fractional-order PID controller does not have
any restriction on the controlled plant. So it can be widely
applied on both integer-order and fractional-order systems.
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Three design examples including different kinds of controlled
plants are presented to verify the effectiveness of the proposed
algorithm.
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