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The tremendous development of digital computers in the last
decades has provided continuous improvement of various
sophisticated methods in computational electromagnetics
(CEM). CEM analysis methods provide results within an
appreciably shorter time than it would be required to build
and test the corresponding prototype by means of certain
experimental procedures. Furthermore, computer simulation
of electromagnetic phenomena enables one to predict a
system behavior for a wide range of parameters such as geom-
etry, material properties, boundary and initial conditions,
and excitations. Limitations of CEMmodels when applied to
complex configurations resulting in large-scale problems are
often related to very high computational cost.

On the other hand, significant discrepancies between cal-
culated and measured results mainly stem due to uncertain-
ties in an input data set arising from numerical instabilities,
geometry, manufacturing defects, noise in measurements,
and unpredictable and uncontrollable environmental effects.
Therefore, of crucial interest for CEM models is to quantify
uncertainty propagation due to various sources of uncer-
tainty, as well as to obtain a meaningful statistics of the target
variables by resorting to a limited number of simulations.

A plausible and efficient measure of these uncertain-
ties in a set of inputs is one of the stochastic methods.
Namely, stochastic or stochastic-deterministic modeling can
be applied with the objective to quantify such uncertainties
by providing one ormore output parameters, as random vari-
ables, and by computing corresponding statistical moments.

In particular, stochastic problems could be divided into two
groups: the first one dealing with deterministic system and
stochastic fields and the second one when the parameters of
the system are unknown.

This special issue aims to invite prospective authors
to submit full-length journal papers covering all aspects
of stochastic computational electromagnetics. All submitted
manuscripts will be subjected to the peer review process and
will be considered for publication in the special issue.

Therefore, the Guests Editors enthusiastically accepted
the opportunity to edit a special issue covering some impor-
tant aspects of stochastic computational electromagnetics.

The issue starts with a paper entitled “Stochastic Colloca-
tion Applications in Computational Electromagnetics”, by D.
Poljak et al. This paper reviews the application of Stochastic
Collocation (SC) technique in electromagnetic compatibility
and bioelectromagnetics.

The paper by N. Toscani et al. entitled “A Possibilis-
tic Approach for the Prediction of the Risk of Interfer-
ence between Power and Signal Lines Onboard Satellites”
deals with a hybrid random/fuzzy approach for uncertainty
quantification in electromagnetic modeling, which com-
bines probability and possibility theory in order to properly
account for both aleatory and epistemic uncertainty, respec-
tively.

The paper “Propagation of Current Waves along Ran-
domly Located Multiconductor Transmission Lines inside a
Rectangular Resonator”, written by S. V. Tkachenko et al.,
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deals with the propagation of current waves along stochastic
transmission lines inside a resonator.Thepaper “Anticollision
Method of Active Magnetic Guidance Ranging for Cluster
Wells” by X. Dou et al. presents the active magnetic guidance
ranging method for cluster wells.

The paper entitled “A Kind of Stochastic Eigenvalue
Complementarity Problems”, by Y.Wang and S. Du, proposes
a new type of stochastic eigenvalue complementarity problem
and the smoothing Newton method to treat the problem, as
well.

The paper “Reliable Approach for EM Scattering Calcula-
tion from Sea Surface Covered with Foams Based on MFBM
and VRTTheory”, by T. Song et al., yields a reliable approach
based on modified facet-based model and Vector Radiative
Transfer theory to calculate electromagnetic scattering from
a particular electrically large sea surface superimposed with
foams.

Finally, the paper “A New Shooting Bouncing Ray
Method for Composite Scattering from a Target above the
Electrically Large Scope Sea Surface”, by P. Peng andG. Lixin,
deals with a new shooting and bouncing ray (SBR) simulator
based on the hybrid scheme of GO/PO/SDFM/EEC method
for the accurate prediction of composite scattering from a
low altitude target above the electrically very-large-scale sea
surface.

The Guest Editors warmly hope they managed to put
together an interesting piece of work regarding the use of
stochastic models in computational electromagnetics.
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Propagation of current waves along randomly located multiconductor transmission lines inside a rectangular resonator is
investigated. Two different line configurations are considered: parallel wires and perpendicular lines. The analytical solutions for
both types of lines are obtained, using the method of symmetrical lines inside the resonator. Computer realization of this method
allows it to obtain a fast solution. Therefore, it becomes possible to investigate statistical properties of induced currents. It could be
shown that the mutual coupling of the currents in the wires is strong when the frequency is near resonances in the system “cavity
and wires” and relatively small far from these resonances. Stochastization leads to a broadening of the resonance curves.

1. Introduction

Transmission lines of different kinds are widely used in dif-
ferent branches of modern technique and industry, especially
in power engineering and electronics. They can serve as a
channel for the propagation of useful signals and energy,
as well as a receiver of different kind of intentional and
unintentional electromagnetic interferences. Thus, the study
of signal propagation along transmission lines and the exter-
nal electromagnetic field coupling with transmission lines
and wiring systems is an important task of electromagnetic
compatibility. This problem is complex itself, especially for
the high frequency case, when the transversal dimension of
the transmission line is comparable with the wavelength, and
also for the treatment of multiconductor lines. Moreover, this
task is additionally complicated by the fact that transmission
lines are often placed inside resonator-like objects: car bodies,
aircraft fuselages, computer cases, shielded rooms, etc. Due
to the resonator behavior there is a strong coupling of the
penetrated field with the wires inside and vice versa; this
can greatly affect the signal propagation on conductors.
In addition, often the exact positions of the lines and
the corresponding electrical parameters per-unit length are

unknown and have randomly distributed values. This leads
to the necessity to study stochastic transmission lines in
the resonator, including the more complex multiconductor
variant.

In literature, there are a number of papers which deal with
stochastic cavities, i.e., with cavities whose parameters are
only known stochastically. This activity is mainly connected
with the practical necessity to study Mode Stirred Chambers
(MSC) and to clarify the correspondence between measure-
ments in a MSC and in free space. For those studies papers
of S. Hemmadi and T.M. Antonsen and their groups [1, 2]
are well known, which are based on a deep investigation of
the mathematical properties of stochastic cavities [3], when
they investigate the response of components in stochastic
cavities. The authors of [4] consider stochastically located
small antennas to create stochastic fields in a MSC. Other
papers (see, e.g., [5–7]) are devoted to the investigation of
coupling of a random electromagnetic field to deterministic
transmission lines inside stochastic cavities (MSC).

In contrast, we are interested in stochastic lines inside
the resonator with deterministic parameters. This view is
linked to the need for a statistical analysis of the vulnera-
bility of electronic devices to intentional and nonintentional
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Figure 1: Two-wire symmetrically loaded line in a resonator.

interferences, mutual coupling interferences, etc. We only
know one paper which deals with a single-wire line of
stochastic geometry inside a resonator [8]. In [8], the trans-
mission line is considered inside a metallic rectangular box
with a rectangular aperture. The system is excited by an
incident plane wave on the aperture. The transmission line
has a fixed length and positions of connectors but different
layouts (or pats) for each statistical realization. The finite-
difference time-domain method (FDTD) and fast Fourier
transform were used to obtain the voltages at the terminals
and their statistical parameters: average value and dispersion.
It was shown thatmaximaof these averaged voltages occurred
next to the cavity resonances. It is physically obvious that
the dispersion of these values is defined by the stochastic
characteristic of the line geometry. However, the direct
numericalmethods are very time consuming.Therefore in [8]
only 12 statistical realizations were chosen. It seems to be clear
that for a deep investigation of this model some analytical or
analytic-numerical method has to be developed.

Recently, we proposed an exact solution method for a
loaded line in a resonator, which can be excited by an arbi-
trary electromagnetic field [9, 10]. From the computational
point of view, the solution is reduced to the calculation of a
doublemodal sumwith 200-300 terms for each sumdirection
and for each considered frequency. This method was applied
to a multiloaded line or to two parallel lines [11] excited
by a lumped source(s) and by distributed sources, such as
additional internal radiating antennas or by EM fields which
penetrated into the resonator through apertures [12].

Note that our method is applicable to a line with geomet-
ric symmetry of the resonator: the line connects two opposite
rectangular walls and it is parallel to the four other walls (see
Figure 1). Nevertheless, we have applied this method for the
investigation of stochastic lines inside the resonator.

In [13, 14], one single-wire line in the resonator was
considered. The stochastization was created by multiple
loading with random positions along the line or by random
values of the reactive loads. With an appropriate choice of
parameters, this model can serve to describe a line with

stochastic geometry. It was shown that for a stochastic line
in the resonator, unlike in free space, the current wave on
the “average” passes through the transmission line. This is
explained by the multiple rereflection of the signal fromwalls
of the resonator. Also, it was shown that the PDF of the
absolute value of the transmission coefficient for current wave
for the case of strong stochastization (when the average value
of transmission coefficient equals zero) can be described
by the binominal distribution, as the consequence of the
principle of maximum entropy.

In the present paper we extend the method [9, 10]
to multiconductor lines in the resonator. Stochastization is
created by random positions of the lines.The rest of the paper
is organized as follows: In Section 2 we derive equations for
the EM coupling of parallel multiconductor loaded lines in a
rectangular resonator. Then the corresponding solution will
be applied to the lines with random transverse coordinates
and for the calculation of the corresponding lower statistical
moments. In Section 3 we consider two perpendicular wires
in the resonator. Again, the general equations for the currents
induced in both wires for arbitrary excitations are obtained.
Unlike the previous case, the symmetry of the problem is
not conserved. The modal matrix equations which describe
the induced currents do not split. For a solution operations
with infinite matrices are required. However, for a relatively
small number of accounted modes (about 300-500) one can
obtain the solution quite fast. The obtained solutions again
are applied for the investigation of statistical moments of the
induced currents for random positions of the lines. Section 4
concludes the paper.

2. Multiconductor Transmission Lines
inside a Rectangular Resonator

2.1. ExactAnalytical Solution of EFIE for Short-Circuited Lines.
We consider N parallel wires inside a rectangular resonator
with sides a, b, and h. The wires keep the symmetry of the
resonator: they connect two opposite walls of the resonator
and they are parallel to all other walls and to the z axis
(see Figure 1). The positions of the nth wire in the xy plane
is given by →𝜌 𝑛 = (𝑥𝑛, 𝑦𝑛). It is assumed that there is an
electromagnetic field →𝐸 𝑒𝑥(→𝑟 ) inside the resonator which is
excited by one or another way: by an internal antenna, by
penetration through an aperture, or by a lumped source.This
field induces currents 𝐼1(𝑧), 𝐼2(𝑧), . . . 𝐼𝑁(𝑧) in the conductors.
The currents are represented as a column vector

I (z) fl [𝐼1 (𝑧) , 𝐼2 (𝑧) , . . . 𝐼𝑁 (𝑧)]𝑇 (1)

which are, in turn, the source of a scattered field, →𝐸 𝑠𝑐(→𝑟 ).
Further, assuming that all wires are thin—the radius of the
eachwire r0 is essentially smaller than all linear dimensions of
the problem including wavelength 𝜆—we can apply so called
thin-wire approximation. In this approximation only axial
components of the current are taken into account. Moreover,
it is assumed that all current densities are concentrated along
the wire axis; however, the zero-boundary conditions for the
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perfectly conducting wires have to be satisfied for the total
tangential electric field on the boundary of the each wire𝑆𝑛.

(→𝐸 𝑖𝑛𝑧 (→𝑟 ) + →𝐸 𝑠𝑐𝑧 (→𝑟 ))→𝑟 ∈𝑆𝑛 = 0, 𝑛 = 1, 2, . . . 𝑁 (2)

The scattered field in the considered geometry can be
calculated using zz components of the resonator’s Green’s

function “electrical current->electrical field”, 𝐺𝐸𝑧𝑧. Thus, we

can establish a system of integrodifferential equations that
determine the induced current in the wires:

𝑁∑
𝑛1=1

∫ℎ
0
𝐺𝐸𝑧𝑧 (𝑥𝑛 + 𝑟0, 𝑦𝑛, 𝑧, 𝑥𝑛1 , 𝑦𝑛1 , 𝑧1, 𝜔) 𝐼 (𝑧1) 𝑑𝑧1

+ 𝐸𝑒𝑥𝑧 (𝑥𝑛 + 𝑟0, 𝑦𝑛, 𝑧) , 𝑛 = 1, 2, . . . 𝑁
(3)

The zz component Green function for the electric field, in
turn, can be evaluated from the zz component of Green’s

function for the vector potential 𝐺𝐴𝑧𝑧:

𝐺𝐸𝑧𝑧 (→𝑟 1, →𝑟 2, 𝜔) = 1𝑗𝜔𝜀0𝜇0 (𝑘2 +
𝜕2𝜕𝑧2)𝐺𝐴𝑧𝑧 (→𝑟 1, →𝑟 2, 𝜔) (4)

where 𝐺𝐴𝑧𝑧 (→𝑟 , →𝑟 1) = 4𝜇0𝑉
∞∑
𝑚𝑥=1
𝑚𝑦=1

𝑚𝑧=0

𝜀𝑚3 sin (𝑘V𝑥𝑥1) sin (𝑘V𝑥𝑥) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑦𝑦) cos (𝑘V𝑧𝑧1) cos (𝑘V𝑧𝑧)(𝑘V)2 − 𝑘2 + 𝑗𝛿 sign (𝑘) (5)

We have introduced the following notations:

𝑘V𝑥 = 𝜋𝑚𝑥𝑎 ,
𝑘V𝑦 = 𝜋𝑚𝑦𝑏 ,
𝑘V𝑧 = 𝜋𝑚𝑧ℎ ,
𝑘V = √(𝑘V𝑥)2 + (𝑘V𝑦)2 + (𝑘V𝑧)2,

and 𝜀𝑚 = {{{
1, if 𝑚 = 0
2 if 𝑚 ̸= 0.

(6)

In the denominator of (5) the summand 𝑗𝛿 sign(𝑘)with small𝛿 >0 shifts the pole 𝑘2 = 𝑘2V in the complex frequency plane
in the upper half plane of the complex variable k fl 𝜔/𝑐.
This is necessary, e.g., during the calculation of the system
response in time domain by the inverse Fourier transform,
when one has to perform the integration in the complex plane
by applying the residue theorem. In the paper [15], e.g., this
small quantity 𝛿 is assigned a physical interpretation, e.g.,
small radiation losses through an aperture or small losses
in the walls. In other words, this quantity is connected with
quality factor of the resonator Q by 𝛿 = 𝑘2/𝑄 [16]. Since
further in this paper we will only consider resonators without
losses in the frequency domain, the factor 𝛿 will be omitted.

Thus, one can write the function 𝐺𝐸𝑧𝑧 as
𝐺𝐸𝑧𝑧 (→𝑟 , →𝑟 1) = 𝜂0𝑗𝑘ℎ

∞∑
𝑚𝑥=1
𝑚𝑦=1
𝑚𝑧=0

𝜀𝑚3 (𝑘2 − (𝑘V𝑧)2)

⋅ 𝑆 (𝑘,𝑚𝑧, 𝑥, 𝑦, 𝑥1, 𝑦1) cos (𝑘V𝑧𝑧1) cos (𝑘V𝑧𝑧)
(7)

where we introduced the notation for the double sum:
𝑆 (𝑘,𝑚𝑧, 𝑥, 𝑦, 𝑥1, 𝑦1)
fl

4𝑎𝑏
∞∑
𝑚𝑥=1
𝑚𝑦=1

sin (𝑘V𝑥𝑥) sin (𝑘V𝑥𝑥1) sin (𝑘V𝑦𝑦) sin (𝑘V𝑦𝑦1)𝑘2V − 𝑘2 (8)

First we consider short-circuited wires (see Figure 1, where
all loads are zero), where the induced currents satisfy
the zero Neumann boundary conditions: 𝜕𝐼𝑛(𝑧)/𝜕𝑧|𝑧=0 =𝜕𝐼(𝑧)/𝜕𝑧|𝑧=ℎ = 0 with n=1,2..N. This allows decomposing
each current into the Fourier transform:

𝐼𝑛 (𝑧) = ∞∑
𝑚𝑧=0

𝐼𝑛 (𝑚𝑧) ⋅ cos (𝑚𝑧𝜋𝑧ℎ ) (9a)

or I (𝑧) = ∞∑
𝑚𝑧=0

I (𝑚𝑧) ⋅ cos(𝑚𝑧𝜋𝑧ℎ ) (9b)

Thenwe decompose the exciting electrical field into a Fourier
series for each wire in (3). (One can make this decomposition
due to the zero boundary conditions for the tangential
components of electrical field on the walls)

𝐸𝑒𝑥𝑧 (𝑥𝑛, 𝑦𝑛,𝑧) = ∞∑
𝑚3=0

𝐸𝑒𝑥𝑧 (𝑥𝑛, 𝑦𝑛, 𝑚𝑧) cos (𝑚𝑧𝜋𝑧ℎ ) (10a)

or E𝑒𝑥𝑧 (𝑧) = ∞∑
𝑚3=0

E𝑒𝑥𝑧 (𝑚𝑧) cos (𝑚𝑧𝜋𝑧ℎ ) (10b)

Eex
z (𝑧)
fl ([𝐸𝑒𝑥𝑧 (→𝜌 1,𝑧) , 𝐸𝑒𝑥𝑧 (→𝜌 2,𝑧) , . . . 𝐸𝑒𝑥𝑧 (→𝜌𝑁,𝑧)]𝑇) , (11a)

Eex
z (𝑚𝑧)
fl ([𝐸𝑒𝑥𝑧 (𝑚𝑧,𝑧) , 𝐸𝑒𝑥𝑧 (𝑚𝑧,𝑧) , . . . 𝐸𝑒𝑥𝑧 (𝑚𝑧,𝑧)]𝑇) (11b)
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where the Fourier coefficients (10a), (10b) can be obtained by
integration:

𝐸𝑒𝑥𝑧 (𝑥𝑛, 𝑦𝑛, 𝑚𝑧)
= ℎ𝜀𝑚𝑧,0 ∫

ℎ

0
𝐸𝑒𝑥𝑧 (𝑥𝑛, 𝑦𝑛,𝑧) cos(𝑚𝑧𝜋𝑧ℎ )𝑑𝑧, (12a)

Eex
z (𝑚𝑧) = ℎ𝜀𝑚𝑧,0 ∫

ℎ

0
Eex
z (𝑧) cos (𝑚𝑧𝜋𝑧ℎ )𝑑𝑧 (12b)

Then, substituting (9a), (9b), (10a), (10b), and (7)-(8) into
(3) and taking into account the orthogonality of the cosine
functions, we can obtain the linear system for the Fourier
images of the unknown currents:

𝐸𝑒𝑥𝑧 (𝑥𝑛, 𝑦𝑛,𝑚𝑧) + 𝜂0𝑗𝑘 (𝑘2 − (𝑘V𝑧)2)
⋅ 𝑁∑
𝑛=1

𝑆 (𝑘,𝑚𝑧, 𝑥𝑛 + 𝑟0, 𝑦𝑛, 𝑥𝑛1 , 𝑦𝑛1) 𝐼𝑛1 (𝑚𝑧) = 0
(13)

Introducing the matrix of two-dimensional scattering
S(𝑘,𝑚𝑧), we can rewrite (13) in the matrix form:

Eex
z (𝑚𝑧) + 𝜂0𝑗𝑘 (𝑘2 − (𝑘V𝑧)2) S (𝑘, 𝑚𝑧) ⋅ I (𝑚𝑧) = 0 (14)

where [S(𝑘,𝑚𝑧)]𝑛,𝑛1 = 𝑆(𝑘,𝑚𝑧, 𝑥𝑛 + 𝑟0, 𝑦𝑛, 𝑥𝑛1 , 𝑦𝑛1).
Then, in the definition of the function 𝑆(𝑘,𝑚𝑧, →𝜌 , →𝜌 1)

(8) one summation can be done analytically (see [17]) and,
after some manipulations, we can write expressions for the
diagonal and nondiagonal elements of the matrix S(𝑘,𝑚𝑧), as
a one-dimensional sum [9]:

[S (𝑘,𝑚𝑧)]𝑛,𝑛1 = 2𝑎
∞∑
𝑚𝑥=1

sin (𝑘V𝑥𝑥𝑛) sin (𝑘V𝑥𝑥1)

⋅ sinh (𝛾V (𝑏 − 𝑦>)) sinh (𝛾V𝑦<)𝛾V sinh (𝛾V𝑏) , for 𝑛 ̸= 𝑛1
(15)

[S (𝑘,𝑚𝑧)]𝑛,𝑛 = 1𝑎
∞∑
𝑚𝑥=1

sin2 (𝑘V𝑥𝑥𝑛)

⋅ [2 sinh (𝛾V (𝑏 − 𝑦𝑛)) sinh (𝛾V𝑦𝑛)𝛾V sinh (𝛾V𝑏) − 1𝑘V𝑥] + 12𝜋
⋅ ln[2𝑎 sin (𝜋𝑥𝑛/𝑎)𝜋𝑟0 ]

𝑦> fl max (𝑦𝑛, 𝑦𝑛1) ,
𝑦< fl min (𝑦𝑛, 𝑦𝑛1) ,
𝛾V fl √(𝑘V𝑥)2 + (𝑘V𝑧)2 − 𝑘2.

(16)

Two wires in resonator
One wire in resonator
One wire, TL approximation
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Figure 2: Deterministic parallel lines in a resonator. Response at the
end of the first line calculated by TL approximation and the exact
solution with and without accounting for the second line.

The solutions for the modal amplitude and the z-dependence
of the vector-current can be obtained using (13), (14), and (15):

I (𝑚𝑧) = 𝑗𝑘𝜂0
1

(𝑘V𝑧)2 − 𝑘2 S−1 (𝑘,𝑚𝑧) ⋅ Eex
z (𝑚𝑧) , (17a)

I (𝑧) = 𝑗𝑘𝜂0
∞∑
𝑚𝑧=0

cos (𝑚𝑧𝜋𝑧/ℎ)(𝑘V𝑧)2 − 𝑘2 S−1 (𝑘, 𝑚𝑧) ⋅ Eex
z (𝑚𝑧) (17b)

With the aid of (3), (17a) and (17b) can be rewritten as follows:

I (𝑧) = ∫ℎ
0
Y (𝑘, 𝑧, 𝑧1) ⋅ Eex

z (𝑧1) 𝑑𝑧1 (18)

where we introduced Green’s function matrix for the multi-
conductor transmission line

Y (𝑘, 𝑧, 𝑧1) fl 𝑗𝑘𝜂0ℎ
⋅ ∞∑
𝑚𝑧=0

𝜀𝑚𝑧,0 cos (𝑚𝑧𝜋𝑧/ℎ) cos (𝑚𝑧𝜋𝑧1/ℎ)(𝑘V𝑧)2 − 𝑘2 S−1 (𝑘,
𝑚𝑧)

(19)

Equations (18)-(19) together with (15)-(16) yield the solution
for the current in the short- circuited multiconductor trans-
mission line for an arbitrary exciting field. One can show that
if the frequency is far from cavity resonances and the wires
are close to one of the cavity walls, these equations yield the
classical TL approximation solution for the short-circuited
multiconductor line obtained by Fourier transformation.

In Figures 2–4 some numerical examples for determinis-
tic parallel lines in a resonator are shown. The dimensions of
the resonator are a=1.5 m, b=1.2 m, and h=0.9 m. Transverse
coordinates of the first line are x1=9cm, y1=37 cm. The first
line is fed by a lumped source with unit amplitude U0= 1V,
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Figure 3: Deterministic parallel lines in resonator. Response at the
end of the first line calculated by the exact analytical solution with
CST code.
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Figure 4: Deterministic parallel lines in resonator. Response at the
end of the second line calculated by the exact analytical solutionwith
and CST code.

located at the left terminal and short-circuited both at both
ends. (For the numerical simulationweused the values Zleft

1=
Zright
1=0.2 Ω) The transverse coordinates of the second wire

are x1=20 cm, y1=50 cm. The second wire is also short-
circuited at left and right terminal.

(For the numerical simulation we used the values Zleft
2=

Zright
2=0.2 Ω.) The radius of both wires is r0=1 mm. In

Figure 2 the current at the right terminal of the first line is pre-
sented, calculated by an analytical method with and without
accounting for the second wire, also in the transmission line
approximation [9]. In Figures 3 and 4 the currents at the right
terminals of the first and second wire are shown, respectively,
togetherwith a comparison of the results obtained by the code

CST MICROWAVE STUDIO [18]. Since the model includes
a resonator, the frequency domain solver has been used based
on the finite element method (FEM). From the analysis of
the calculations one can observe the following: The analytical
method for the resonator and the direct numerical calculation
yield a good agreement for the considered system. Far from
the cavity resonances the current in the second, passive wire is
smaller in comparison to the current in the first one, but near
the resonances they can have the same order ofmagnitude. In
turn, the influence of the second wire on the first one is quite
small for a frequency interval far from cavity resonances.
In this case the current in the first wire can be described
by the usual TL approximation. At the same time, near the
resonances the influence of the second wire is essential. The
response of the first wire alone and in the presence of the
second one is strongly different.

2.2. ExactAnalytical Solution forMTL: Accounting for Lumped
Excitations and Loads. Consider now the excitation of the
transmission line by lumped sources which have the same
coordinate z1, but different amplitudes:

E𝑒𝑥𝑧 (𝑧) = U0𝛿 (𝑧 − 𝑧1) ,
where U0 = [𝑈01, 𝑈02, . . . .𝑈0𝑁]𝑇 (20)

Then, from (18) the current is given by

I (𝑧) = Y (𝑘, 𝑧, 𝑧1) ⋅U0 (21)

Now it is possible to take into account also lumped impedance
at the left and right terminals of the line. The lumped
loads at the left terminal at the point z1=Δ (Δ →0) can
be considered as controlled lumped voltage sources with
unknown amplitudes:

𝐸𝑍𝑙𝑒𝑓𝑡𝑧 (𝑥𝑛, 𝑦𝑛, 𝑧) = −𝑍𝑙𝑒𝑓𝑡𝑛 ⋅ 𝐼𝑛 (𝑧1) 𝛿 (𝑧 − 𝑧1) (22a)

or E𝑍𝑙𝑒𝑓𝑡𝑧 (𝑧) = −Z𝑙𝑒𝑓𝑡 ⋅ I (𝑧1) 𝛿 (𝑧 − 𝑧1) (22b)

where Z𝑙𝑒𝑓𝑡 = diag[𝑍𝑙𝑒𝑓𝑡𝑛 ].
The same trick can be done for the lumped loads at the

right terminal z2=h-Δ (Δ →0):

𝐸𝑍𝑟𝑖𝑔ℎ𝑡𝑧 (𝑥𝑛, 𝑦𝑛, 𝑧) = −𝑍𝑟𝑖𝑔ℎ𝑡𝑛 ⋅ 𝐼𝑛 (𝑧2) 𝛿 (𝑧 − 𝑧2) (23a)

or E𝑍𝑟𝑖𝑓ℎ𝑡𝑧 (𝑧) = −Z𝑟𝑖𝑔ℎ𝑡 ⋅ I (𝑧2) 𝛿 (𝑧 − 𝑧2) (23b)

where Z𝑟𝑖𝑔ℎ𝑡 = diag[𝑍𝑟𝑖𝑔ℎ𝑡𝑛 ].
Then, the column vector for total exciting field for the

loaded multiconductor line with lumped sources at the left
terminal is

E𝑡𝑜𝑡𝑧 (𝑧) = U0𝛿 (𝑧 − 𝑧1) − Z𝑙𝑒𝑓𝑡 ⋅ I (𝑧1) 𝛿 (𝑧 − 𝑧1)
− Z𝑟𝑖𝑔ℎ𝑡 ⋅ I (𝑧2) 𝛿 (𝑧 − 𝑧2) (24)

which yields matrix equation for the current:

I (𝑧) = Y (𝑘, 𝑧, 𝑧1) ⋅ (U0 − Z𝑙𝑒𝑓𝑡 ⋅ I (𝑧1)) − Y (𝑘, 𝑧, 𝑧2)
⋅ Z𝑟𝑖𝑔ℎ𝑡 ⋅ I (𝑧2)

(25)
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Figure 5: Deterministic parallel lines in resonator. Response at
the end of the first, loaded, line calculated by the exact analytical
solution and by the CST code.

After that calculating column vector of currents at the points
z1 and z2, we obtain linear system (26) for the values I(𝑧1)and
I(𝑧2),which, in turn, defines current in arbitrary point by (25):

[
[
Y (𝑘, 𝑧1, 𝑧1) ⋅ (E + Z𝑙𝑒𝑓𝑡) , Y (𝑘, 𝑧1, 𝑧2) ⋅ Z𝑟𝑖𝑔ℎ𝑡

Y (𝑘, 𝑧2, 𝑧1) ⋅ Z𝑙𝑒𝑓𝑡, Y (𝑘, 𝑧2, 𝑧2) ⋅ (E + Z𝑟𝑖𝑔ℎ𝑡)]]
⋅ [I (𝑧1)

I (𝑧2)] = [Y (𝑘, 𝑧1, 𝑧1) ⋅ U0

Y (𝑘, 𝑧2, 𝑧1) ⋅ U0
]

(26)

Below we presented a numerical example for the response of
the loaded lines (see Figures 5 and 6). We consider a system
with the same parameters resonator and lines, except the
nonzero load at the right terminal of the first line. It is loaded
by the matched load for the single line for TEM waves in
resonator: 𝑍𝑟𝑖𝑔ℎ𝑡1 = 𝑍𝐶1 = (𝜂0/2𝜋) ln[2𝑥1𝑦1/𝑟0√𝑥21 + 𝑦21 ] ≈309Ω.

As in a previous example, the comparison has shown a
good agreement between developed theory and numerical
simulation. Far from the resonances current in the first wire
is approximately constant, i.e., has TL structure (see [9, 10]).
Also, as in previous example, the mutual influence of the
wires is strong near resonances. Note that near the resonances
current in the second wire can be comparable and even more
than the current in the first wire.

2.3. Randomly Located Multiconductor-Transmission Line. In
this section to realize stochastization of multiconductor TL,
we consider random positions of the parallel wires. We
consider a similar resonator with dimensions a=1.5 m, b=1.2
m, and h=0.9m. As in the previous case, the first line has a left
lumped source; both lines have zero loads at both terminals.

Simulation CST
Analytical calculations
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Figure 6: Deterministic parallel lines in resonator. Response at
the end of the second, short-circuited, line calculated by the exact
analytical solution and by the CST code.

The radiuses of the wires are 1 mm.The transversal positions
of the both wires in the plane (x,y) are defined by

𝑥01 = 𝑎 ⋅ (0.05 + 0.9 ⋅ 𝑟) ,
𝑦01 = 𝑏 ⋅ (0.05 + 0.9 ⋅ 𝑟)
𝑥02 = 𝑎 ⋅ (0.05 + 0.9 ⋅ 𝑟) ,
𝑦02 = 𝑏 ⋅ (0.05 + 0.9 ⋅ 𝑟)

(27)

where r is a stochastic value uniformly distributed in the
interval 0 ≤ 𝑟 ≤ 1.

The simulation was carried out in the frequency band
150-550 MHz with 500 frequency points. For each frequency
point we made 100 statistical events. All calculation required
about 4 hours on the computer HP ENVY 17 Notebook
PC with processor Intel(R) Core(TM) i7-5500U@ 2.40 GHz.
Code was realized on the Fortran programming language.

The results of simulations for the right terminal of the
first (active) and the second (receiving) wires are represented
at Figures 7–10 both for the average absolute value of the
induced current for unit source (response function) and
for the variance of these values. For comparison, also we
present response functions for the deterministic lines with
parameters x1=9 cm, y1= 39 cm, x2=20 cm, and y2=50
cm. From the analysis of the curves one can conclude the
following. For the active wire the stochastization changes
the positions of the response curves near cavity resonances
(system cavity + two wires), but not near the transmission
line resonances (see Figure 7). For the receiving wire the
influence of stochastization is more strong, but, in principle,
all features of previous case are kept (see Figure 9). The
statistical variance of both response functions, for the active
and receiving wires, has the same order of magnitude: see
Figures 8 and 10. Note that from the relative small number
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Figure 7: Stochastic parallel lines in resonator. Averaged response
function at the end of the first, active, line compared with the
deterministic result.
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Figure 8: Stochastic parallel lines in resonator. Variance of the
response function of the first, active line.

of statistical events the frequency dependence of the average
values and variances are not smooth.

3. Two Perpendicular Wires inside
Rectangular Resonator

3.1. Exact Analytical Solution of EFIE for Short-Circuited
Perpendicular Lines. In the present section, we consider
another configuration of multiconductor lines with sym-
metrical geometry in rectangular resonator, which can be
interesting for the practical applications on the one hand
and allows the analytical consideration on the other hand.
Namely, we consider two perpendicular lines in resonator
(see Figure 11).

As in the previous case, we expand the exciting tangential
electrical fields and induced currents into the Fourier series,
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Average value for stochastic line <|Y22(f)|>, 1/Ω

Figure 9: Stochastic parallel lines in resonator. Averaged response
function at the end of the second, receiving, line compared with the
deterministic result.
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Figure 10: Stochastic parallel lines in resonator. Variance of the
response function of the second, receiving, line.

but now the basic cosines functions are different for the wires
of different directions:

𝐸𝑒𝑥𝑧 (𝑥, 𝑦, 𝑧) = ∞∑
𝑚𝑧=0

𝐸𝑒𝑥𝑧 (𝑥, 𝑦,𝑚𝑧) cos (𝑚𝑧𝜋ℎ 𝑧) (28a)

𝐸𝑒𝑥𝑥 (𝑥, 𝑦, 𝑧) = ∞∑
𝑚𝑥=0

𝐸𝑒𝑥𝑥 (𝑦, 𝑧, 𝑚𝑥) cos (𝑚𝑥𝜋𝑎 𝑥) (28b)

𝐼1 (𝑧) = ∞∑
𝑚𝑧=0

𝐼1 (𝑚𝑧) cos(𝑚𝑧𝜋ℎ 𝑧) (29a)

𝐼2 (𝑥) = ∞∑
𝑚𝑥=0

𝐼2 (𝑚𝑥) cos (𝑚𝑥𝜋𝑎 𝑥) (29b)
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Then the z and x components of the scattered fields in the
arbitrary point with coordinates (x,y,z) inside resonator can
be written as follows:

𝐸𝑠𝑐𝑧 (𝑥, 𝑦, 𝑧)
= ∫ℎ
0
𝐺𝐸𝑧𝑧 (𝑥, 𝑦, 𝑧, 𝑥1, 𝑦1, 𝑧) 𝐼1 (𝑧) 𝑑𝑧

+ ∫𝑎
0
𝐺𝐸𝑧𝑥 (𝑥, 𝑦, 𝑧, 𝑥, 𝑦2, 𝑧2) 𝐼2 (𝑥) 𝑑𝑥

(30a)

𝐸𝑠𝑐𝑥 (𝑥, 𝑦, 𝑧)
= ∫ℎ
0
𝐺𝐸𝑥𝑧 (𝑥, 𝑦, 𝑧, 𝑥1, 𝑦1, 𝑧) 𝐼1 (𝑧) 𝑑𝑧

+ ∫𝑎
0
𝐺𝐸𝑥𝑥 (𝑥, 𝑦, 𝑧, 𝑥, 𝑦2, 𝑧2) 𝐼2 (𝑥) 𝑑𝑥

(30b)

where 𝐺𝐸𝑖𝑗(→𝑟 , →𝑟 ) are components of tensor Green’s function
“electrical current -> electrical field” for the rectangular
resonator. In particular, the component 𝐺𝐸𝑧𝑧(→𝑟 , →𝑟 ) is given
by (7)-(8) and

𝐺𝐸𝑥𝑥 (→𝑟 , →𝑟 1) = 4𝜂0𝑗𝑘𝑉
∞∑
𝑚𝑥=0
𝑚𝑦=1

𝑚𝑧=1

𝜀𝑚1 (𝑘2 − (𝑘V𝑥)2) cos (𝑘V𝑥𝑥1) cos (𝑘V𝑥𝑥) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑦𝑦) sin (𝑘V𝑧𝑧1) sin (𝑘V𝑧𝑧)𝑘2V − 𝑘2 (31)

𝐺𝐸𝑥𝑧 (→𝑟 , →𝑟 1) = − 4𝜂0𝑗𝑘𝑉
∞∑
𝑚𝑥=1
𝑚𝑦=1

𝑚𝑧=1

𝑘V𝑥𝑘V𝑧 cos (𝑘V𝑥𝑥) sin (𝑘V𝑥𝑥1) sin (𝑘V𝑦𝑦) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑧𝑧) cos (𝑘V𝑧𝑧1)𝑘2V − 𝑘2 (32)

and 𝐺𝐸𝑧𝑥(→𝑟 , →𝑟 1) = 𝐺𝐸𝑥𝑧(→𝑟 1, →𝑟 ).
Then one can write zero boundary conditions for tangen-

tial components of the total electric field on the boundary of
the first and second wire by a standard way (of course, it is
again assumed that the thin-wire approximation is valid):

𝐸𝑠𝑐𝑧 (𝑥1, 𝑦1 + 𝑟0, 𝑧) + 𝐸𝑒𝑥𝑧 (𝑥1, 𝑦1 + 𝑟0, 𝑧)
= 0 - first wire

𝐸𝑠𝑐𝑥 (𝑥, 𝑦2 + 𝑟0, 𝑧02) + 𝐸𝑒𝑥𝑥 (𝑥, 𝑦2 + 𝑟0, 𝑧2)
= 0 - second wire

(33)

and, taking into account the orthogonality of the system of
cosines functions, one can obtain the system of electrical
field integral equations for the two-wire system in the modal
representation:

𝐼1 (𝑚𝑧) ⋅ ((𝑘V𝑧)2 − 𝑘2) ⋅ 𝑆𝑧𝑧 (𝑚𝑧) − ∞∑
𝑚𝑥=0

𝐼2 (𝑚𝑥)

⋅ 𝑆𝑧𝑥 (𝑚𝑧, 𝑚𝑥) = 𝑗𝑘𝜂0 𝐸𝑒𝑥𝑧 (𝑥1, 𝑦1, 𝑚𝑧)
(34a)

𝐼2 (𝑚𝑥) ⋅ ((𝑘V𝑥)2 − 𝑘2) ⋅ 𝑆𝑥𝑥 (𝑚𝑥) − ∞∑
𝑚𝑧=0

𝐼1 (𝑚𝑧)

⋅ 𝑆𝑥𝑧 (𝑚𝑥, 𝑚𝑧) = 𝑗𝑘𝜂0 𝐸
𝑒𝑥
𝑧,𝑚1

(𝑦2, 𝑧2)
(34b)

Here the elements 𝑆𝑖𝑗 are given by

𝑆𝑧𝑧 (𝑥1, 𝑦1, 𝑟0, 𝑚𝑧) = 4𝑎𝑏
⋅ ∞∑
𝑚𝑥,𝑚𝑦=1

sin2 (𝑘V𝑥𝑥1) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑦 (𝑦1 + 𝑟0))𝑘2V − 𝑘2
(35a)

𝑆𝑥𝑥 (𝑦2, 𝑧2, 𝑟0, 𝑚1) = 4𝑏ℎ
⋅ ∞∑
𝑚𝑦 ,𝑚𝑧=1

sin (𝑘V𝑦𝑦2) sin (𝑘V𝑦 (𝑦2 + 𝑟0)) sin2 (𝑘V𝑧𝑧2)𝑘2V − 𝑘2
(35b)

𝑆𝑧𝑥 (𝑥1, 𝑦1, 𝑦2, 𝑧2, 𝑚𝑥, 𝑚𝑧) = − 4𝑏ℎ
⋅ ∞∑
𝑚𝑦=1

𝑘V𝑥𝑘V𝑧 sin (𝑘V𝑥𝑥1) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑦𝑦2) sin (𝑘V𝑧𝑧2)𝑘2V − 𝑘2
(35c)

𝑆𝑥𝑧 (𝑥1, 𝑦1, 𝑦2, 𝑧2, 𝑚𝑥, 𝑚𝑧) = − 4𝑎𝑏
⋅ ∞∑
𝑚𝑦=1

𝑘V𝑥𝑘V𝑧 sin (𝑘V𝑥𝑥1) sin (𝑘V𝑦𝑦1) sin (𝑘V𝑦𝑦2) sin (𝑘V𝑧𝑧2)𝑘2V − 𝑘2
(35d)

During the calculation of matrices S summation over one
index can be carried out analytically (like in (15) and (16)).

Note that, unlike the case of two parallel wires, considered
in the previous section, the amplitudes of current modes
for different wire couple with each other; i.e., the system of
equations (34a) and (34b) does not split. By this way, to solve
this system two methods can be proposed.

The first method, analytical, is an iteration approach. Due
to the lack of space in this paper, we will only briefly describe
this method. On the first step, the nondiagonal terms in
(34a) and (34b) are moved in the right side. Then, as the
zero iteration one can consider the noninteracting wires, i.e.,
assuming that the nondiagonal terms equals zero.Then, each
next iteration includes these nondiagonal terms with current
modes of previous iteration as sources.

The second method, more numerical, reduces the equa-
tion to the linear system for current amplitudes. Restricting
the summation by some index Mmax (the calculations have
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Figure 11: Perpendicular wires with symmetrical geometry in
resonator.

shown that the value Mmax=500 describes the current with
good accuracy), one can obtain a linear system of the 2Mmax×2Mmax order:

[A11 A12

A21 A22
] ⋅ [I1

I2
] = jk𝜂0 [

Eext
1z

Eext
2z
] (36)

where we use the following notations for the Mmax × Mmax
matrices and Mmax-dimension column vectors:

A11 = diag [((𝑘V𝑧)2 − 𝑘2) 𝑆𝑧𝑧 (𝑚𝑧)] (37a)

A12 = − [𝑆𝑧𝑥 (𝑚𝑧, 𝑚𝑥)] (37b)

A22 = diag [((𝑘V𝑥)2 − 𝑘2) 𝑆𝑥𝑥 (𝑚𝑥)] (37c)

A21 = − [𝑆𝑥𝑧 (𝑚𝑥, 𝑚𝑧)] (37d)

I1 = [𝐼(1)𝑚𝑧 ]𝑇 , (38a)

I2 = [𝐼(2)𝑚𝑥]𝑇 , (38b)

Eex
1z = [𝐸𝑒𝑥𝑧 𝑚𝑧 (𝑥1, 𝑦1)]𝑇 , (38c)

Eex
2𝑥 = [𝐸𝑒𝑥𝑥 𝑚𝑥 (𝑦2, 𝑧2)]𝑇 (38d)

By this way, the solution of (36) yields currents induced
in the short-circuited perpendicular lines with symmetrical
geometry in rectangular resonator by arbitrary (lumped or
distributed) sources.The loads at the terminals of the line can
be introduced by the usual way, as controlled voltage sources,
as it was described in Section 2.2.

The numerical results for the deterministic lines are pre-
sented in Figures 12 and 13. The parameters of the resonator
are the same, as in the previous examples. The parameters of
the lines are as follows: conductor 1 is along z-direction: x1=9
cm, y2=37 cm; conductor 2 is along x-direction: y2=0.6 m,

Two wires in resonator
One wire in resonator
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Figure 12: Current in the first, active wire at the point z=0 with and
without the second, receiving wire.

z2=0.4m.Thefirst line is excited by a lumped sourcewith unit
amplitude at the point z=0. Both lines are short-circuited.The
radiuses of the both lines are 1 mm.

The investigation of the perpendicular wires in resonator
allows making the following conclusions:(1) Our method and numerical calculations have a satis-
factory agreement for the considered system of two wires.(2) Far from the cavity resonances the influence of the
second wire on the first one is quite small. The current in
the first wire can be described by usual TL approximation
(see Figure 12). At the same time, near the resonances the
influence of the second wire is essential and response of the
first wire alone and in the presence of the second one is
strongly different.(3) Far from the cavity resonances (|𝜔-𝜔V| ≪ Δ𝜔, where
value Δ𝜔 is a shift of resonator eigenfrequency caused by
the presence of transmission lines in resonator; for the case
of one wire in resonator it can be evaluated as Δ𝜔V ∼(4𝜋sin2(𝑘V𝑥𝑥0)sin2(𝑘V𝑦𝑦0)/𝑎𝑏𝑘2V ln(2𝑥0/𝑟0))𝜔V) the current in
the second (receive wire) is smaller in comparison with the
current in the first one, but near the resonances they can have
the same order of magnitude.(4) The influence of the cavity is essential in the frame
of the width of the resonance Δ𝜔 (in the system cavity +
two wires). For the large number of resonances the distance
between them becomes smaller, but the widths of resonances
are the same. By this way, the cavity defines the frequency
dependence of coupling for large frequencies.

3.2. Randomly Located PerpendicularWires. Using the devel-
oped method one can investigate (within a reasonable time)
the statistical properties of induced currents and fields for
the case of stochastically arranged symmetrical lines in
rectangular resonators. The results of such investigations are
presented in Figures 14–17. As in the previous case, the
positions of both lines were arranged stochastically:
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1st transmission line ‖ z-axis, x01=a⋅(0.05+0.9⋅r),
y01=b⋅(0.05+0.9⋅r)2nd transmission line ‖ x-axis, y02=b⋅(0.05+0.9⋅r),
z02=h⋅(0.05+0.9⋅r),

where 0<r <1 is uniformly distributed stochastic variable.
Again, for each frequency point we made 100 statistical
events.

Analysis of the curves has shown the next characteristic
features. As in the case of parallel wires, the stochastization
changes the positions of resonances near the cavity ones, but
not the positions of transmission line resonances. For the
receiving wire the influence of stochastization is more strong
(see Figures 16 and 17). As in deterministic case, the average
response of the receiving wire is much smaller (one order of
magnitude) than the response of the active wire. At the same
time, the statistical variance for the active and receiving wire
has the same order of magnitude (Figures 15 and 17).

4. Conclusion

In thiswork the propagation of currentwaves along stochastic
transmission lines inside a resonator was investigated. Two
wire configurations were considered: parallel straight wires
and perpendicular straight wires. These configurations keep
the symmetry of the resonator: the wires connect two
opposite walls of the resonator and are parallel to the other
four walls. The stochastic line was created by randomizing
the positions of the wires. To find the current, an earlier
developedmethod for symmetrical wires inside the resonator
was applied for the multiconductor problem. This method
gives the general solver for arbitrary excitations, including the
considered case of excitation of one wire by a lumped voltage
source.

For both geometries it was shown that the influence of the
receiving line on the active line is small, when the frequency
is far from cavity resonances, but it is essential near these
resonances. These effects are kept, for both deterministic and
stochastic lines.

The stochastization changes the positions of resonances
of the system “wires in resonator” near the cavity ones, but
not the positions of transmission line resonances. For the
receivingwire the influence of stochastization on the resonant
picture is stronger. Unlike the mean value, the statistical
variance for the active and receiving wire has the same order
of magnitude. Qualitatively the frequency dependency of the
variance corresponds to those of paper [8].

The obtained results have several fields of application.
They can be used to evaluate the statistical properties of
parasitic mutual coupling for the propagation of the signal
along a TL in resonators; one can calculate the response
of the lines to the external excitation by the EM field
penetrating into the resonator through slits and apertures and
can evaluate the corresponding statistical properties. Also
the results can be used to investigate the damping of the
penetrated field by the scattering of the loaded lines (see [19]).
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This work presents a hybrid random/fuzzy approach for uncertainty quantification in electromagnetic modelling, which combines
probability and possibility theory in order to properly account for both aleatory and epistemic uncertainty, respectively. In
particular, a typical intrasystem electromagnetic-compatibility problem in aerospace applications is considered, where some
parameters are affected by fabrication tolerances or other kinds of randomness (aleatory uncertainty) and others are inherently
deterministic but unknown due to human’s lack of knowledge (epistemic uncertainty). Namely, a differential-signal line in a satellite
is subject to crosstalk due to a nearby dc power line carrying conducted emissions generated by a dc-dc converter in a wide
frequency range (up to 100MHz). The nonideal features of the signal line (e.g., weak unbalance of terminal loads) are treated
as random variables (RVs), whereas the mutual position of signal and power line is characterized by possibility theory through
suitable fuzzy variables. Such a hybrid approach allows deriving a general and exhaustive description of uncertainty of the target
variable of interest, that is, the differential noise voltage induced in the signal line. The obtained results are compared versus a
conventional Monte Carlo simulation where all parameters are treated as RVs, and the advantages of the proposed approach (in
terms of completeness and richness of information gained about sensitivity of results) are highlighted.

1. Introduction

In recent years, development and application of novel sta-
tistical techniques have received increasing attention from
researchers and engineers working in the electromagnetic-
compatibility (EMC) field, since EMC problems usually
involve several parameters with unknown or variable values.
Several alternative techniques to the traditional Monte Carlo
(MC) method have been proposed, with the objective to alle-
viate the computational burden associated with the repeated-
run simulations required by MC. Among these, advanced
techniques based on implementation of polynomial-chaos
expansion [1–4] and stochastic collocation [5], as well as
stochastic reduced-order models [6, 7], are worth mention-
ing, since they allow getting fast and accurate estimates of the
statistical moments, characterizing the variability of output
quantities, with few computational resources.

All these techniques are based on the representation of
uncertain parameters by random variables (RVs) assigned
with suitable probability distribution functions (pdfs). Such

a priori knowledge and statistical insight, however, are
somehow unfeasible for all uncertain parameters. Indeed,
the uncertainty affecting some parameters is actually due to
lack of knowledge, rather than due to stochastic variability.
This is for instance the case of uncontrolled but deterministic
parameters, whose values are unknown because they are
dependent on the specific, yet not controlled, realization of
the system (e.g., the position of a cable in a test setup, which
depends on the choice of the human operator running the
test). From the theoretical viewpoint, assuming a specific pdf
rather than another one for these parameters is not justified
by the available knowledge and may prevent obtaining reli-
able estimates of the actual variability of output quantities.

This problem is common in several engineering sectors,
such as, for instance, in the field of risk assessment [8–10]
and structural reliability [11–14]. In these sectors, the concept
of epistemic (rather than aleatory) uncertainty as well as
the use of nonprobabilistic approaches has been introduced
several years ago, with the objective of properly manag-
ing the aforesaid lack (of) and/or imprecise knowledge.
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In particular, several contributions (nonlimited to the afore-
said sectors) make use of possibility theory and repre-
sent system parameters affected by epistemic uncertainty
through fuzzy variables (FVs). Their variability is described
by possibility distributions assigned by experts based on the
plausibility—rather than on the actual frequency of occur-
rence, as in probability theory—of a given event. Since real-
case systems usually involve parameters affected by epistemic
and stochastic/aleatory uncertainty, a great deal of effort
was put in the development of uncertainty quantification
(UQ) techniques that are able to manage hybrid problems
characterized by the presence of both fuzzy and random
variables [8, 15–17].

Little has been done so far in the field of EMC and Signal
Integrity (SI) [18, 19], which anyway highlights the limitations
of classical probabilistic approaches also in this field. For
instance, in [18] a fuzzy-based approach was proposed to
evaluate the risk of susceptibility to electromagnetic radiation
of electronic systems. In [19], a polynomial-chaos-based
techniquewas presented for the propagating epistemic uncer-
tainty in high-speed circuits. In these examples, however,
fully possibilistic problems are addressed, where all uncertain
parameters are modelled through FVs.

This work presents the application of a hybrid
possibilistic-probabilistic approach in a typical intrasystem
EMC problem in the aerospace industry. Namely, conducted
emissions (CE) generated by a dc-dc converter in the electric
system of a satellite are coupled to a victim differential-signal
line through crosstalk, since the line runs in parallel and
in close proximity to the dc power bus where CE are prop-
agating. Different uncertainties characterize the problem,
including the unknown position of the victim signal line
with respect to the power bus (epistemic uncertainty), and
the unbalance of terminal loads due to fabrication tolerances
and/or parasitic effects (aleatory uncertainty). Suitable RVs
and FVs are defined and a hybrid probabilistic/possibilistic
algorithm based on MC simulation is applied to predict the
noise voltage induced in the signal line in a wide frequency
range (up to 100MHz) and to characterize its uncertainty.
Although significant simplifications to the real-case scenario
were introduced, the proposed analysis allows highlighting
the advantage in terms of completeness of the obtained infor-
mation with respect to a fully probabilistic MC approach.

The paper is organized as follows. A brief introduction to
possibility theory and fuzzy sets is presented in Section 2 to
explain the fundamental concepts exploited in this work.The
hybrid UQmethod used to account both for FVs and for RVs
is presented in Section 3. On such basis, the intrasystem EMC
problem is presented and solved in Section 4. Completeness
and quality of the obtained results are critically discussed.
Finally, Section 5 draws concluding remarks.

2. Possibility Theory and Fuzzy Sets

According to possibility theory [20], imprecise or lack of
information on the variability of input parameters is repre-
sented through possibility distribution functions, 𝜋(𝑥):

𝜋 : R → [0, 1] , ∃𝑥 ∈ R : 𝜋 (𝑥) = 1, (1)

which provide convex mapping of the real-number interval
[0, 1]. The values of 𝜋(𝑥) represent the degree of plausibility
of an event, that is, the likelihood that a value 𝑥 of variable
𝑋may lie in a given interval [𝑥1, 𝑥2]. Accordingly, possibility𝜋(𝑥) = 0 is assigned to impossible values, whereas 𝜋(𝑥) = 1
denotes fully plausible values for 𝑥. Since such an assign-
ment has nothing to do with the frequentist interpretation
underlying probability distributions, but it rather represents
a plausibility estimation provided by experts, possibility
distributions do not undergo any area constraint.

The mathematical framework to deal with possibility
distributions is the theory of fuzzy sets [20]. The uncertainty
affecting the variable 𝑋 is therefore modelled through a FV,
that is, through a convex membership function coincident
with the possibility distribution 𝜋(𝑥). Depending on the
available information on 𝑋, different membership functions
can be assigned (i.e., rectangular, triangular, trapezoidal,
etc.). For instance, the rectangular possibility distribution
shown in Figure 1 well represents total lack of knowledge (or
total ignorance) about the distribution of 𝑋 on the assigned
interval [𝑥1, 𝑥2].

Possibility,Π, and necessity,𝑁, measures associated with
the possibility distribution 𝜋(𝑥) in (1) are introduced as

Π (𝐴) = sup
𝑥∈𝐴

𝜋 (𝑥) ,
𝑁 (𝐴) = 1 − sup

𝑥∉𝐴

𝜋 (𝑥) , (2)

where 𝐴 is a subset of R. The former measure estimates
the consistency of 𝐴 with the knowledge described by 𝜋(𝑥).
The latter evaluates how much an event is implied by the
knowledge of 𝜋(𝑥). For a subset 𝐴, Π and 𝑁 always satisfy
the inequality𝑁(𝐴) ≤ Π(𝐴), as it can be easily appreciated in
Figure 2, where possibility and necessity measures associated
with the rectangular possibility distribution in Figure 1 are
shown. Moreover, given the interval 𝐴 = (−∞, 𝑥], these
measures can be interpreted as upper and lower bounds [21]
to the family of infinite probability cdfs,𝑃(𝐴); that is,𝑁(𝐴) ≤
𝑃(𝐴) ≤ Π(𝐴). This property implies that imprecision of
the input (and output) parameters is modelled by a set of
cdfs instead of by a specific cdf, whose choice is usually not
supported by the available knowledge.

FVs can also be interpreted as a series of nested confi-
dence intervals, known as 𝛼-cuts𝐴𝛼 = [inf𝛼, sup𝛼], as shown
in Figure 3 for a triangular membership function.The degree
of confidence that𝑋 is contained in 𝐴𝛼 is equal to

𝑁(𝐴𝛼) = 1 − sup
𝑥∉𝐴
𝛼

𝜋 (𝑥) = 1 − 𝛼. (3)

The 𝛼-cut corresponding to 𝛼 = 0 is the support of 𝜋(𝑥) with
𝑁(𝐴𝛼) = 1, whereas the interval that corresponds to 𝛼 = 1
is the core of the possibility distribution and is characterized
by 𝑁(𝐴𝛼) = 0. Hence, a FV is fully identified either by its
member function, or, equivalently, by the knowledge of a
sufficient number of 𝛼-cuts 𝐴𝛼 = [inf𝛼, sup𝛼], ∀𝛼 ∈ [0, 1].
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Figure 1: Rectangular possibility distribution with support [𝑥1, 𝑥2].
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Figure 2: Possibility Π and necessity 𝑁 measures associated with
the rectangular possibility distribution in Figure 1.

3. Uncertainty Propagation

In common engineering problems, only a few of the param-
eters usually call for a fully possibilistic representation,
since the availability of experimental data as well as a
deep insight into the underlying physical phenomena often
allow providing most unknown parameters with a reliable
representation in terms of probability distribution functions.
Hence, a great deal of mathematics has been developed
for UQ in hybrid problems, in which random parameters,
characterized by probability distribution functions, coexist
with fuzzy parameters, whose epistemic uncertainty requires
a representation in terms of possibility distributions.

A possible approach is to transform the probability
distribution functions associated with the random variables
into the corresponding possibility functions (by the trans-
formation in [22, 23]) and to solve a purely possibilistic
problem.

Conversely, the hybrid approach here exploited retains
the random/fuzzy nature of the involved parameters and
resorts to MC repeated runs and aggregation of the obtained
results in order to propagate the uncertainty [8, 15].

3.1. MCHybrid Algorithm. Let us consider the generic model
𝑧 = 𝑓(𝑥1, . . . , 𝑥𝑀, 𝑥𝑀+1, . . . , 𝑥𝑁), characterized by𝑀 proba-
bilistic parameters 𝑥1, . . . , 𝑥𝑀 and𝑁-𝑀 possibilistic param-
eters 𝑥𝑀+1, . . . , 𝑥𝑁. The uncertainty of 𝑧 can be evaluated by
the following algorithm.

First, a realization of the 𝑀 probabilistic parameters
is generated. For this specific realization, a specific 𝛼-cut
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Figure 3: Examples of 𝛼-cuts (i.e.,𝐴𝛼=0.2 and𝐴𝛼=0.8) for a triangular
possibility distribution.

is considered for the 𝑀-𝑁 probabilistic variables, and the
extreme values of the interval𝐴𝛼 = [inf𝛼, sup𝛼] of the output
variable 𝑧 are evaluated. Repeating this for all 𝛼-cuts from
𝛼 = 0 to 𝛼 = 1 allows determining the possibility distribution
function of the specific MC realization under analysis. This
procedure, repeated for every MC realization of the 𝑀
probabilistic parameters, yields a cluster of membership
functions, describing the variability of the output parameter
𝑧.

If the simple model 𝑧 = 𝑓(𝑥, 𝑦) = 𝑦𝑥2, where 𝑥 is a FV
with triangular membership function with support [2, 4] and
mode 3 and 𝑦 is a RV with normal probability distribution,
𝑁(𝜇, 𝜎), withmean value 𝜇 = 1 and standard deviation 𝜎 = 1,
the result of the aforesaid hybrid MC algorithm is the family
of curves plotted in Figure 4(a), obtained by fifty different
realizations of the probabilistic variable 𝑦.
3.2. Aggregation. To aggregate the cluster of curves obtained
by MC simulation in a single membership function charac-
terizing the variability of the output variable 𝑧, the method
proposed by Guyonnet et al. [15] is adopted. For every 𝛼-cut
of 𝑧, the extreme values inf𝛼, sup𝛼 are evaluated by computing
the corresponding cdfs and by choosing a quantile 𝑞, so
that inf𝛼 corresponds to the (1 − 𝑞) quantile of minimum
values and sup𝛼 to the 𝑞 quantile of maximum values. For the
model 𝑧 = 𝑓(𝑥, 𝑦) = 𝑦𝑥2, such an aggregation procedure is
exemplified in Figures 4(b)–4(d) for 𝑞 = 0.95. In Figure 4(b),
the cdfs of the minimum (red curve) and maximum (blue
curve) values of the generic 𝛼-cut of the output variable 𝑧
are evaluated, and the extreme values inf𝛼, sup𝛼 for such
an 𝛼-cut are evaluated as the 5% quantile of the minimum
and 95% quantile of the maximum values. Repeating this
evaluation for all 𝛼-cuts yields the possibility distribution
function in Figure 4(c) and the possibility measures Π, 𝑁
shown in Figure 4(d), which characterized the variability of
the output variable 𝑧.
4. An Intrasystem Compatibility Case Study

In this section, the MC hybrid approach is applied to the
solution of an intrasystem compatibility problem often aris-
ing in complex systems, where sensitive signal lines coexist
in close proximity with power lines. Particularly, the specific
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Figure 4: Hybrid MC approach and aggregation procedure for the hybrid model 𝑧 = 𝑓(𝑥, 𝑦) = 𝑦𝑥2: (a) family of membership functions
obtained by hybrid MC simulation, (b) application of the aggregation method [15] for a generic 𝛼-cut, resulting (c) possibility distribution 𝜋,
and (d) possibility, Π, and necessity,𝑁, measures characterizing the variability of the output variable 𝑧.

case study here analyzed is developed with reference to
typical signal and power lines exploited onboard satellites.
Indeed, in these systems the electrical power is generally
distributed through 24-V dc power busses equipped with dc-
dc converters to adapt the 24-V distribution voltage to the
actual voltage levels required by sensors and payloads. The
conducted emissions generated by these switching devices
propagate along the dc bus andmay couple through crosstalk
(i.e., near-field coupling) with nearby signal lines, thus pos-
sibly interfering with signal transmission. Due to stringent
space constraints, the final arrangement of the involved
signal and power lines is usually unknown to the designer.
Furthermore, RF leakage due to improper connection of
components, nonideal shielding of cables, connectors, and
metallic enclosures, and nonideal realization of the involved
circuitry, for example, possible asymmetries leading to imbal-
ance, has to be considered, since they may unpredictably
contribute to the susceptibility of the signal line, thus possibly
leading to communication failure. All these aspects suggest
that evaluating the risk of interference requires a statistical
instead of a deterministic approach to the problem.

4.1. Description and Modelling of the Test Setup. Since the
objective here is to investigate the potential and possi-
ble advantages of the above-described hybrid approaches
in addressing EMC problems rather than to provide an
exhaustive description of the complexity of the system under
analysis, a simplified model of the test setup is here exploited,

which involves a reduced number of uncertain/uncontrolled
parameters.

A principle drawing is shown in Figure 5. In this test
setup, a two-conductor power line running above ground
(representative for the satellite chassis) is connected at the left
end to a dc-dc converter for aerospace applications.The other
line end is terminated with a Line Impedance Stabilization
Network (LISN), whose circuit diagram (see Figure 5) and
values of involved circuit components (i.e., 𝐶𝑝 = 1.5 𝜇F,
𝐶𝑔 = 1 pF, 𝐿 = 2 𝜇H, and 𝑅 = 50Ω) conform with [24]
and are the most suitable to represent the output impedance
of power conditioning and distribution units used onboard
satellites. A differential line (victim circuit) runs parallel to
the power line and is terminated in communications units
with differential front-ends.

For the sake of modelling, the behavioral model in
[25, 26] is exploited for the dc-dc converter. Accordingly,
the active part of the converter is represented by means
of two current sources (connected between each wire in
the power line and ground), whose frequency spectra are
exacted from measurement data. For the specific dc-dc
converter here considered, the spectra of such current sources
are shown in Figure 6. Moreover, the passive part of the
converter is modelled by a 2 × 2 matrix of admittances,
whose frequency response (not reported here for the sake
of brevity) was retrieved from the scattering parameters
measured at the input pins of the dc-dc converter switched
off.
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Figure 6: Frequency spectra of the equivalent current sources 𝐼S1,𝐼S2 modelling the active part of the dc-dc converter [25, 26].

To predict the interference induced by crosstalk at the
terminations of the signal line, the communications units
are treated as passive circuits and simply modelled by 2 × 2
impedance matrices with expression

ZNE = diag {𝑍𝐷2 ,
𝑍𝐷
2 } , (4)

ZFE = diag {𝑍𝐷 (1 + 𝛿)2 , 𝑍𝐷 (1 − 𝛿)2 } , (5)

where𝑍𝐷 denotes the differential-mode (DM) characteristics
impedance of the signal line. In (5), coefficient 𝛿 is introduced
to account for possible imbalance affecting the terminal units.
Without loss of generality, in this example only the far-end

unit is assumed to be affected by imbalance. The random
variability of the associated coefficient 𝛿will be characterized
in the following subsection.

Eventually, a cross-sectional view of the wiring structures
under analysis is shown in Figure 5. Without loss of gener-
ality, geometrical and electrical characteristics of the wires
belonging to the power and the signal lines are assumed to
be the same; that is, inner radius 𝑟𝑤 = 0.4mm, thickness
and permittivity of the dielectric jacket 𝑡 = 0.2mm (hence,
𝑟𝑏 = 𝑟𝑤+𝑡 = 0.6mm), and 𝜀𝑟 = 2.3, respectively. Both lines are
2-m long.The power line is sketched on the left, and its layout
is assumed to be constant and fully known, with height above
ground ℎ = 50mm. Conversely, unknown positioning and
layout of the signal line (sketched on the right) with respect to
the power line are described by three geometrical parameters
𝑑, 𝜃, and 𝜑, whose variability will be characterized in terms of
RVs or FVs in the following subsection.

4.2. Definition of Random and Fuzzy Variables. In this sub-
section a suitable possibilistic/probabilistic description of the
unknown variability affecting the parameters 𝛿, 𝑑, 𝜃, and 𝜑
is provided. As previously observed, not all these parameters
can be considered to be affected by epistemic uncertainty, and
therefore not all of them require a description in terms of FVs.

This is, for instance, the case of coefficient 𝛿 in (5), whose
value (ideally equal to zero) is strictly related to tolerances and
nonideal realization of the involved circuit components [27].
Based on this interpretation, this coefficient can be better
described by an RV with normal distribution 𝑁(𝜇𝛿, 𝜎𝛿) and
mean value 𝜇𝛿 = 0. In this specific example, a standard
deviation 𝜎𝛿 = 0.1 is assumed.

Similar reasoning leads to a probabilistic description also
for the angle 𝜑, which identifies the rotation of the two wires
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Figure 7: (a) Joint possibility distribution 𝜋(𝑑, 𝜃) and (b) one of its generic 𝛼-cuts.

in the signal line around their axis. Indeed, this parameter
may randomly change along the cable axis even after system
installation. Hence, such a purely random variability can be
adequately represented by an RV with uniform distribution
in the interval [0∘, 180∘].

The geometrical parameters describing reciprocal posi-
tioning of the signal line (victim circuit) with respect to the
power line (generator circuit) are conversely represented by
means of FVs, since their variability is not known nor certain,
as they are strongly dependent on the specific installation.
Hence, with the objective to account for different plausible
arrangements, the parameters 𝜃 and 𝑑 are hereinafter mod-
elled by means of suitable possibility distributions. To this
end, identification of a preferable value as well as a reasonable
interval of variation for these parameters allows representing
their variability by means of triangular possibility distri-
bution. More precisely, a triangular possibility distribution
with support [60∘, 120∘] and preferable value (mode) 90∘ is
assigned to 𝜃.

Conversely, as far as 𝑑 is concerned, a triangular distribu-
tion with support spanning from 4 ⋅ 𝑟𝑏 (minimum distance
obtained when the inner wires of the two lines are in contact,
for 𝜑 = 0) up to 8 cm, and mode 4 cm, is exploited.

The joint possibility distribution 𝜋(𝑑, 𝜃) associated with
the possibilistic variables (FVs) 𝑑, 𝜃 is shown in Figure 7(a).
From this 3D plot, the possibility distribution of each FV can
be retrieved by projection on the 𝜋-𝑑 and on the 𝜋-𝜃 plane,
respectively.

4.3. Prediction of the Voltage Induced at the Terminals of the
Signal Line. In order to get statistical estimates of the unde-
sired voltages induced at the terminations of the signal line,
a distributed circuit model [28] of the four-wire transmis-
sion line running above ground (with variable cross-section
in Figure 5) is combined with the hybrid MC procedure
described in Section 3.1. To this end, 100 random extractions
of the stochastic parameters 𝛿 and 𝜑 were combined with
51 𝛼-cuts of the possibilistic parameters 𝑑, 𝜃 (a generic 𝛼-
cut is shown in Figure 7(b)). For each line cross-section, a
numerical routine based on themethod of moments [29] was
used to efficiently evaluate the per unit length parameters
required for line solution. Particularly, the analysis reported
in the following focuses on the spread of the voltage 7NE
induced at the termination of the signal line closer to the
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Figure 8: Near-end voltage 7NE at 𝑓 = 92.22MHz: family of 100
possibility distributions (colored curves) and aggregated possibility
distribution (black-dashed curve).

dc-dc converter (near end, NE), since the maximum inter-
ference is expected at this termination.

Plausible values of 7NE are represented frequency by
frequency by a family of scattered possibility distributions,
as those shown in Figure 8, which were obtained at fre-
quency 𝑓 = 92.22MHz. These curves are then aggregated
frequency by frequency according to the Guyonnet method
(see Section 3.2), choosing a conservative quantile 𝑞 =
0.95. For the generic frequency 𝑓 = 92.22MHz, the
aggregated possibility distribution is represented by the solid-
black curve in Figure 8. Equivalently, the aggregationmethod
can be directly applied to the corresponding possibility Π
and necessity 𝑁 measures. This is exemplified in Figure 9,
where the black-solid and black-dashed curves represent the
aggregated Π and 𝑁 measures obtained at 𝑓 = 92.22MHz,
respectively. For each frequency, the obtained limiting cdfs
include the 95% of the possible values that 7NE may assume
at every frequency.

4.4. Comparison versus a Conventional Full-Probabilistic
Approach. Eventually, the obtained results are compared
versus those provided by purely stochastic MC simulation,
where all random variables are assigned probabilistic instead
of possibilistic distributions. To this end, also parameters
𝑑 and 𝜃, previously modelled as FVs, are here treated
as probabilistic random variables, and their variability is
modelled through uniform probability distributions hav-
ing the same support as the possibility distributions 𝜋
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previously exploited. Ten thousand extractions of the result-
ing random parameters 𝛿, 𝜑, 𝑑, 𝜃 are considered for MC
simulation.

Comparison of purely stochastic MC results versus those
obtained by the hybrid method puts in evidence the potential
of the possibilistic/probabilistic approach to provide a more
complete description of the variability of the output voltage
7NE. As a matter of fact, at every frequency point, the cdf of
the voltage 7NE predicted through the purely stochastic MC
method is bounded by the possibility and necessity measures
predicted by the hybrid approach, as shown in Figure 10
for the specific frequency 𝑓 = 92.22MHz. By the light of
(3), it is worth noting that the probabilistic cdf is just one
among infinite others that are possible, similarly bounded
by Π and 𝑁, since it is a strict consequence of the uniform
probability distributions assumed for 𝑑 and 𝜃 (by improperly
adding unjustified information, on the viewpoint of epistemic
uncertainty).

The frequency response of the near-end voltage 7NE in
the frequency interval from 1 up to 100MHz is shown in
Figure 11. In this figure, the cluster of colored lines represents
the 104 frequency responses obtained by full-probabilistic
MC simulation. Conversely, black curves represent upper
and lower bounds obtained by selecting for every frequency
point the 0.025 and 0.975 𝛼-cut of the possibility Π and the
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Figure 11: Spread of the frequency responses of the near-end
voltage 7NE: colored lines are obtained by 104 purely stochastic MC
simulations; black lines are upper and lower bounds obtained by the
hybrid approach.

necessity 𝑁 measures, respectively, obtained by the hybrid
approach. One can appreciate that such a 97.5% confidence
interval represents a tight bound for the 104 full-probabilistic
MC simulations and exclude only a few very improbable
outliers.

5. Conclusion

In this work, a hybrid random-fuzzy approach (involving
both FVs and RVs) has been applied to UQ in an intrasystem
EMC case study, dealing with crosstalk between differential-
signal lines and power lines in a satellite. Target of the
analysis has been the differential-mode voltage induced in the
weakly unbalanced terminal loads of the signal line due to CE
generated by a dc-dc converter flowing into the power bus.
The mutual position between signal line and power line has
been considered as unknown but deterministic (due to lack
of knowledge); hence the relevant epistemic uncertainty has
been characterized through FVs. Conversely, some aleatory
and nonideal characteristics of the signal line such as the tilt
angle and the weak unbalance of terminal loads have been
characterized through RVs.

Although simplified, since several other nonidealities
should be considered in order to get reliable intrasystem
compatibility assessment, such a model and the obtained
results confirm that the proposed approach has the potential
to provide a general and complete characterization of output
sensitivity to model parameters affected both by aleatory and
epistemic uncertainty. This fact has been demonstrated by
the comparison versus conventional MC approach, where
all uncertain parameters are treated as RVs. It turns out
that more rich information about UQ of the induced noise
voltage is provided by the hybrid random-fuzzy approach
(like possibility and necessity measures) than the mere sta-
tistical characterization offered by the cdf obtained through
conventional MC. In particular, the possibility of providing
lower and upper bounds to the frequency responses of the
output quantities (in this case the induced DM voltage) and
of assigning these limit curves with a more/less conservative
confidence level turn out to be attractive not only in the



8 Mathematical Problems in Engineering

aerospace case study here analyzed, but also in EMC prob-
lems in general. As amatter of fact, the degree of susceptibility
of complex systems usually depends on compliance with
noise thresholds that are set by experts in the relevant
field but are often identified through qualitative, rather
than quantitative, observations of the system vulnerability
[18].
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Conventional adjacent wells range scanning calculations cannot meet the accuracy demands of the anticollision measurement of
borehole distances any longer. Current techniques commonly employ electromagnetic detection tools while drilling; this requires
putting equipment down adjacent wells to avoid collision risks, which adds more workload and costs and sometimes even affects
the normal production of the producing wells. Measuring and tracking adjacent borehole distances while drilling is an essential
process that guides the drill bit and effectively avoids collisions with existing wells. This paper proposes an active anticollision
method of rotating magnetic ranging based on double symmetrical magnetic sources with opposite magnetic moments. First, the
proposed method uses magnetic sources in the drilling well that are built into the probe tube to generate a magnetic field; then, the
ferromagnetic casing of the existingwell would bemagnetized by the abovementionedmagnetic field; finally, themagnetization field
of the ferromagnetic casing is measured by a triaxial magnetometer built into the probe tube to determine the spacing and position
of the existing well. Simultaneously, the calculation models of magnetic flux density around the casing of the existing well and
magnetic sources are established, the calculation formulae of the relative distance and position of two adjacent wells are deduced,
and a new variable interval section segmentation is proposed based on the Cosine theorem.The simulation results demonstrate that
the spacing and position of the existing well are determined based on the magnetic sources’ spacing inside the probe, the magnetic
moment of the magnetic sources, the relative permeability of the casing, the diameter of the casing, and the inclination between the
drilling well and the existing well.The validity and accuracy of the active magnetizationmodel are confirmed, providing theoretical
support for the further development of electromagnetic anticollision devices.

1. Introduction

Complex wells can effectively improve single well produc-
tivity and the ultimate recovery of complex oil and gas
fields; magnetic guidance technology is the core technology
of drilling engineering in complex structure wells [1]. The
working principle of the anticollision scanning method [2]
is fitting and approximating the real drilling trajectory with
inclinometer data; then, the relative position relationship
between the drilling well and the existing well can be
calculated by the anticollision scanning algorithm. When
the relative borehole distance is less than the given safety
distance, the drilling direction can be adjusted to avoid a
collision accident. The accuracy of the anticollision scanning

method relies on inclinometer data of borehole trajectories
for the drilling well and the existing well, borehole trajectory
fitting approximationmethod, and the anticollision scanning
algorithm. These data and algorithms do tend to have errors
in practical applications; the cumulative errors increase with
increased drilling depth, causing the accuracy of the calcula-
tion results to be lower. Therefore, this method fails to effec-
tively avoid wellbore collisions. To better solve this problem,
it is necessary to monitor the distance between adjacent wells
and maintain it within a reasonable range in real time. The
newly emerged electromagnetic guidance tools can guarantee
safe drilling and the successful avoidance of collisions.

Electromagnetic guidance tools, which include the mag-
netic guidance tool (MGT) [3], the RotatingMagnet Ranging
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Service (RMRS) system [4], the Wellspot Tool (WT) [5], and
the Single Wire Guidance (SWG) [6] tool, can detect the
distance between the drilling well and the existing well to
avoid collision [1–6]. MGT and RMRS are applied in adjacent
twin parallel Steam Assisted Gravity Drainage (SAGD) wells
that guide the drilling of an injection well to ensure that
it is parallel to the production well [2, 3, 7–9]. However, it
requires improvement if it is to be applied to the anticollision
of cluster wells. There are two primary disadvantages of
the MGT and RMRS methods. First, they are difficult to
operate, as a probe tube must be placed in the existing well
to guide the detection of drill bit. Second, the monitoring
workload of the anticollision system is quite heavy. WT is
not suitable for the anticollision of cluster wells since the
detection process requires pulling out the drilling tools. The
SWG tool overcomes the disadvantages of the MGT and
RMRS [1, 4], namely, that neither reduces the workloads, nor
requires pulling out the drilling tool to guide the detection
device. However, there are three primary disadvantages of
the SWG tool. First, a cable must be placed down the offset
well, which affects the normal production process of the
existing well. Additionally, a large amount of equipment
must be utilized in order to run this system. Lastly, the
technology of the SWG tool is monopolized by foreign
companies and the service cost is expensive, so domestic
companies rarely use SWG to reduce the cost of a single
well.

With cluster wells being used in more and more appli-
cations in land and sea environments, the borehole distance
has been reduced from 2m × 2m to 1.5m × 1.7m [2, 4], and
infilling adjustment wells are usually added to the existing
well pattern. The traditional anticollision scanning method
is insufficient for cluster wells’ anticollision. Therefore, the
active magnetic guidance ranging method is proposed to
avoid borehole collision. This method is based on detecting
magnetic induced intensity of the casing in the existing well;
it detects the borehole distance during the drilling process in
real time without interrupting drilling or ever requiring any
other equipment to be placed in the existingwell.Themethod
becomes practically significant in providing a theoretical
basis for the research and development of active anticollision
devices for cluster wells.

2. Principle of Active Magnetic
Guidance Ranging

The signal sources or the probe tube must be mounted in
the existing well to measure the distance between drilling
well and offset wells for MGT, RMRS, SWG, and other
electromagnetic guidance tools [10–13]. To solve the above
problems, the active magnetic anticollision ranging method
of clusterwells is proposed based on the fact that themagnetic
poles of double magnetic sources are parallel to each other
with oppositemagneticmoments (expressed as red and green
lines in Figure 1). It does not interrupt the drilling of the
production well, nor does it require any other equipment to
be placed in the offset well, yet it detects the borehole distance
in real time during the drilling process. This principle is
shown in Figure 1.

X

Geographic north

Geographic east
Y

Z

Casing Pipe

Probe Tube

O

Magnetic source A

Magnetic source B
Sensor





Figure 1: Principle of active magnetic guidance ranging for cluster
wells.

Therefore, the total magnetic induction intensity as
detected by a triaxial magnetometer is 0 when there is no
casing around the probe tube or when the casing is far
away from the probe tube [14]. When there is casing around
the probe tube, the triaxial magnetometer data represent
the sum of the geomagnetic field, the magnetic field of
two magnetic sources, and the magnetic flux density of
the magnetizing casing which generates a magnetic field
along its axial direction (expressed as blue lines). As the
magnetic fields of magnetic sources vary with the rotation
of the drill rod, the alternating magnetic field frequency of
the casing varies along with the rotation rate of magnetic
sources.

Based on the above described principle, the relative
distance and orientation between the drilling well and the
existing well are calculated using the detection data of a
triaxial magnetometer, and the well trajectory of the drilling
well is adjusted appropriately to prevent collisions with the
existing well.

3. Calculation Method of
Adjacent Well Distance

The calculation method of adjacent well distance is the
anticollision core technology of magnetic guidance. Under
the coordinate system shown in Figure 1, the casing stretches
vertically downward along the 𝑍-axis, and the 𝑋-axis points
to geographic north. The outer diameter and thickness of the
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Figure 2: Schematic diagram of magnetic dipole.

casing are 𝐶 and 𝛿, respectively. The inclination and azimuth
of the casing are 𝛼 and 𝜑, respectively.
3.1. Distribution of Magnetic Field around Magnetic Sources.
The dimensions of the components are strictly limited by the
geometrical size of the probe tube in the drilling well. The
two symmetrical magnetic sources’ sizes must be far less than
the size of drill collar, and the mud flow channel should be
reserved. The magnetic source is a cylinder with a length
of 100∼200mm and a diameter of 20∼50mm according to
common drill collar parameters. To ensure an anticollision
system for cluster well applications, the borehole distance
should be at least 1m and normallymore than 3m; otherwise,
the probability of collision is increased. The size of the
magnetic source is much smaller than the adjacent borehole
distances; thus, the magnetic source can be regarded as a
magnetic dipole [1, 15, 16].

The spherical coordinate system is established as shown
in Figure 2. The magnetic dipole, modeled with a circular
current loop, is placed in the 𝑋𝑂𝑌 plane. The spherical
coordinate system can be established by taking the center of
the magnetic dipole as the origin point and the direction of
the magnetic moment of the magnetic dipole as the 𝑍-axis.
The spherical coordinates of point 𝑃, that is, any point in
space, can be expressed as (𝑟, 𝜃, 𝜑). The vector distance from
point 𝑃 to point 𝑂 is r, the intersection angle between 𝑃𝑂
and the 𝑍-axis is 𝜃, and the angle between the 𝑋-axis and𝐾𝑂, which is the projection of 𝑃𝑂 on the XY-plane, is 𝜑.
Expression (1) gives the relations between the spherical and
Cartesian coordinates [17].

𝑟 = 𝑥
sin 𝜃 cos𝜑 = 𝑦

sin 𝜃 sin𝜑 = 𝑧
cos 𝜃 ,

𝜃 = arctan(√𝑥2 + 𝑦2𝑧 ) , 𝜑 = arctan(𝑦𝑥) .
(1)

Assuming that point 𝑀 is any point on the circle, its
corresponding coordinate is (𝑟, 𝜋/2, 𝜑1), and the magnetic
flux density caused by the current unit 𝐼𝑑l in the space point𝑃 can be calculated by the Biot-Savart Law as follows:

𝑑B = 𝜇4𝜋 𝐼𝑑l × a𝑎3 , (2)

where a, 𝑑l, and 𝜇 are the distance vector of point𝑀 to point𝑃, the tangent vector of point 𝑀, and the space magnetic
permeability, respectively. In the spherical coordinate system,
those parameters have the following forms:

a = (𝑟 sin 𝜃 cos𝜑 − 𝑅 cos𝜑1) ⇀𝑖
+ (𝑟 sin 𝜃 sin𝜑 − 𝑅 sin𝜑1) ⇀𝑗 + (𝑟 cos𝜑)⇀𝑘 ,𝑑l = (𝑑𝑥, 𝑑𝑦, 𝑑𝑧) = (−𝑅 sin𝜑𝑑𝜑, 𝑅 cos𝜑𝑑𝜑, 0) ,

1𝑎3 = 1(√𝑟2 + 𝑅2)3 [1 − 2𝑟𝑅 sin 𝜃𝑟2 + 𝑅2 cos (𝜑 − 𝜑1)]−3/2 ,
𝑚 = 𝐼𝑆 = 𝜋𝐼𝑅2.

(3)

In previous expressions with 𝑅 the radius of the loop is
denoted and 𝑚 is the magnetic dipole moment. By perform-
ing the integral calculation and substituting Expressions (3)
in formula (2), when far from the loop, the above formula can
be expressed as

𝐵𝑥 = 3𝜇8𝜋 𝑚(√𝑟2 + 𝑅2)3 𝑟
2 sin 2𝜃 cos𝜑𝑟2 + 𝑅2 ,

𝐵𝑦 = 3𝜇8𝜋 𝑚(√𝑟2 + 𝑅2)3 𝑟
2 sin 2𝜃 sin𝜑𝑟2 + 𝑅2 ,

𝐵𝑧 = 𝜇2𝜋 𝑚(√𝑟2 + 𝑅2)3 (1 − 3𝑟2sin2𝜃2 (𝑟2 + 𝑅2)) .
(4)

The detecting data of the magnetic anticollision system
with a rotating probe tube which is driven by the drill string
are collected for the cluster well while drilling. Put simply, the
magnetic dipole rotates around the 𝑌-axis, and the distance 𝑟
between the casing and the magnetic dipole can be regarded
as a constant, 𝜑 = 0, 0 ≤ 𝜃 ≤ 2𝜋.

𝐵𝑥 = 3𝜇8𝜋 𝑚(√𝑟2 + 𝑅2)3 𝑟
2 sin 2𝜃𝑟2 + 𝑅2 ,

𝐵𝑦 = 0,
𝐵𝑧 = 𝜇2𝜋 𝑚(√𝑟2 + 𝑅2)3 (1 − 3𝑟2sin2𝜃2 (𝑟2 + 𝑅2)) .

(5)

If the distance from any point 𝑃 on the casing to the
magnetic source is much larger than the radius of the
magnetic source (𝑟 ≫ 𝑅), then

𝐵 = √𝐵2𝑥 + 𝐵2𝑦 + 𝐵2𝑧 = 𝜇𝑚2𝜋𝑟3√1 − 34 sin2𝜃. (6)
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Figure 3: Magnetic flux density simulation.

By assuming 𝜇 = 4𝜋× 10−7H/m,𝑚 = 200A⋅m2, 𝑟 = 1m,𝜃 ∈ [0, 2𝜋], the curve of magnetic flux density 𝐵 is shown in
Figure 3.

During the rotation of the probe from Figure 3, the
axial direction of the magnetic source points directly to
the casing whenever the maximum magnetic flux density of
casing reaches one of the corresponding coordinates, namely,
0, 0.5𝜋, 𝜋, 1.5𝜋, and 2𝜋. The direction of the casing can
be determined by the maximum magnetic flux density. The
distance from the probe tube to the casing can be calculated
by using the relationship between the relative distance and the
magnetic flux density of the magnetizing casing. Therefore,
the maximum and minimum values on the curve indicate
that the axis of the magnetic source is directly pointing to the
casing at these points. At the moment the curve reaches its
peak or valley, the azimuth of the casing in the adjacent well
can be determined bymeasuring themagnetic azimuth of the
probe tube with the built-in triaxial magnetometer.

3.2.Magnetizing Field Calculation of Casing. Due to the com-
plexity of the actual formation, the following five assumptions
are proposed to simplify the calculation [18–20]:

(1) The formation is evenly distributed and isotropic.
(2) The casing length is infinite.
(3)The radius of the casing is much less than the distance

between the drilling well and the existing well.
(4) The casing is isotropic.
(5) There are no ferromagnetic minerals with high per-

meability in the formation.
Under these conditions, the magnetic flux density of the

casing in the existing well can be calculated by formula (4).

3.2.1. Magnetic Flux Density Calculation of the Magnetizing
Casing for the Upper Magnetic Source. Taking the upper
magnetic source center of the probe tube as the origin 𝐶,
the 𝑌-axis and 𝑍-axis correspond to the axial directions of
the probe tube and the upper magnetic source, respectively.
The coordinate system is established in Figure 4.The distance𝑂𝐸 from the probe tube center point 𝑂 to the casing is d,
the intersection angle between the axes of the casing and
the probe tube is 𝛼, the distance between the two magnetic
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Figure 4: Calculation model of magnetic intensity in the magne-
tized casing.

sources is 2ℎ, the angle between 𝑃𝐶 and the upper magnetic
source axis is 𝜃1, the distance from point 𝑃 to point 𝐶 is 𝑟1,
and point 𝑃 is any point on the casing. The permeability of
the casing is 𝜇1 = 𝜇0(1 + 𝜒𝑚), the magnetic susceptibility of
the casing is 𝜒𝑚, and the vacuum permeability is 𝜇0.

The magnetic flux density distribution around the upper
magnetic source can be deduced by formula (4) as follows:

𝐵𝐶𝑥 = 3𝜇8𝜋 𝑚𝑟31 sin 2𝜃1 cos𝜑,
𝐵𝐶𝑦 = 3𝜇8𝜋 𝑚𝑟31 sin 2𝜃1 sin𝜑,
𝐵𝐶𝑧 = 𝜇2𝜋 𝑚𝑟31 (1 − 32 sin2𝜃1) ,

(7)

where 𝜇 is the permeability of the space surrounding the
magnetic source.

From the previous analysis, the magnetic flux density of
themagnetizing casing reachesmaximumwhen themagnetic
source axis points to the casing. Therefore, the magnetic
flux density distribution around the magnetic source can be
deduced as follows:

𝐵𝐶𝑥 = 0,
𝐵𝐶𝑦 = 3𝜇𝑚8𝜋𝑟31 sin 2𝜃1,
𝐵𝐶𝑧 = 𝜇𝑚2𝜋𝑟31 (1 − 32 sin2𝜃1) .

(8)
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For the upper magnetic source, the magnetic flux density
of the magnetizing casing can be expressed as follows:

𝐵𝐶𝑥 = 0,
𝐵𝐶𝑦 = 3𝜇1𝑚8𝜋𝑟31 sin 2𝜃1,
𝐵𝐶𝑧 = 𝜇1𝑚2𝜋𝑟31 (1 − 32 sin2𝜃1) .

(9)

3.2.2. Magnetic Flux Density Calculation of the Magnetizing
Casing for the Lower Magnetic Source. Similar to formula
(7), for the lower magnetic source built into the probe tube,
the magnetic flux density of the magnetizing casing can be
expressed as follows:

𝐵𝐷𝑥 = 0,
𝐵𝐷𝑦 = −3𝜇1𝑚8𝜋𝑟32 sin 2𝜃2,
𝐵𝐷𝑧 = − 𝜇1𝑚2𝜋𝑟32 (1 − 32 sin2𝜃2) .

(10)

3.2.3. Total Magnetic Flux Density Calculation of the Casing.
The formulae of the magnetic flux density of the magnetizing
casing caused by the two different magnetic sources are
derived below.

The magnetic flux density caused by the upper magnetic
source can be calculated using the following:

𝐵𝑃𝐶𝑥 = 3𝜇18𝜋 𝑚𝑟31 sin 2𝜃1 cos𝜑,
𝐵𝑃𝐶𝑦 = 3𝜇18𝜋 𝑚𝑟31 sin 2𝜃1 sin𝜑,
𝐵𝑃𝐶𝑧 = 𝜇12𝜋 𝑚𝑟31 (1 − 32 sin2𝜃1) .

(11)

Similarly, the magnetic flux density caused by the other
magnetic source can be expressed as

𝐵𝑃𝐷𝑥 = −3𝜇18𝜋 𝑚𝑟32 sin 2𝜃2 cos𝜑,
𝐵𝑃𝐷𝑦 = −3𝜇18𝜋 𝑚𝑟32 sin 2𝜃2 sin𝜑,
𝐵𝑃𝐷𝑧 = − 𝜇12𝜋 𝑚𝑟32 (1 − 32 sin2𝜃2) ,

(12)

where the intersection angle between 𝑃𝐷 and the 𝑍-axis
is 𝜃2 and the distance between point 𝑃 and point 𝐷 is 𝑟2.
The geometric relationship in Figure 4 can be expressed as
follows:

𝑟1 = √(𝑦 − ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2,
𝜃1 = arctan

√(𝑦 − ℎ)2 + 𝑥2√𝑑2 − 𝑥2 + 𝑦 tan𝛼 ,
𝑟2 = √(𝑦 + ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2,
𝜃2 = arctan

√(𝑦 + ℎ)2 + 𝑥2√𝑑2 − 𝑥2 + 𝑦 tan𝛼 ,
𝜑 = arctan

𝑦𝑥 .

(13)

The total magnetic flux density of point 𝑃 caused by the
two magnetic sources can be expressed as

𝐵𝑃𝑥 = 3𝜇1𝑚𝑥4𝜋√𝑥2 + 𝑦2
[[[[[[

√(𝑦 − ℎ)2 + 𝑥2 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
(√(𝑦 − ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5 −

√(𝑦 + ℎ)2 + 𝑥2 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
(√(𝑦 + ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5

]]]]]]
,

𝐵𝑃𝑦 = 3𝜇1𝑚𝑦4𝜋√𝑥2 + 𝑦2
[[[[[[

√(𝑦 − ℎ)2 + 𝑥2 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
(√(𝑦 − ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5 −

√(𝑦 + ℎ)2 + 𝑥2 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
(√(𝑦 + ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5

]]]]]]
,

𝐵𝑃𝑧 = 𝜇1𝑚2𝜋
[[[[[[
1 − (3/2) (((𝑦 − ℎ)2 + 𝑥2) / ((𝑦 − ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2))

(√(𝑦 − ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)3
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− 1 − (3/2) (((𝑦 + ℎ)2 + 𝑥2) / ((𝑦 + ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2))(√(𝑦 + ℎ)2 + 𝑥2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)3
]]]]]]
.

(14)

4. Calculation of the Distance between
Adjacent Wells

The triaxial magnetometer is centered between the two
magnetic sources built into the probe tube.The totalmagnetic
flux density detected by the triaxial magnetometer is the sum
of the magnetic fields generated by all points of the casing,
the twomagnetic sources, and the constant geomagnetic field.
The triaxial magnetometer detects the magnetic flux density,
which is generated by the two magnetic sources and can be
expressed as follows:

𝐵𝐶𝐷𝑥 = 𝐵𝐶𝑥 + 𝐵𝐷𝑥 = 0,𝐵𝐶𝐷𝑦 = 𝐵𝐶𝑦 + 𝐵𝐷𝑦 = 0,𝐵𝐶𝐷𝑧 = 𝐵𝐶𝑧 + 𝐵𝐷𝑧 = 0.
(15)

The geomagnetic field is usually acquired from interna-
tional geomagnetic reference field (IGRF) data [8], and it can
be regarded as a constant over a short period of time.

The element 𝑃 of the segmentation casing is far less than
the distance between the probe tube and the casing, so it can
be regarded as a magnetic dipole (idealized as a point 𝑃).

The magnetic flux density distribution around the magnetic
dipole 𝑃 is derived according to above formulae as follows:

𝐵𝑥 = 3𝜇𝑚8𝜋𝑟3 sin 2𝜃 cos𝜑,
𝐵𝑦 = 3𝜇𝑚8𝜋𝑟3 sin 2𝜃 sin𝜑,
𝐵𝑧 = 𝜇𝑚2𝜋𝑟3 (1 − 32 sin2𝜃) ,

(16)

where

𝜃 = arctan
√𝑥2 + 𝑦2√𝑑2 − 𝑥2 + 𝑦 tan𝛼,

𝑟 = √𝑥2 + 𝑦2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2,
𝜑 = arctan

𝑦𝑥 .
(17)

When (17) is substituted into formula (16), the following
formulae are deduced:

𝐵𝑥 = 3𝜇𝑚𝑥 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
4𝜋(√𝑥2 + 𝑦2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5 ,

𝐵𝑦 = 3𝜇𝑚𝑦 (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)
4𝜋(√𝑥2 + 𝑦2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)5 ,

𝐵𝑧 = 𝜇𝑚 (1 − (3/2) ((𝑥2 + 𝑦2) / (𝑥2 + 𝑦2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)))
2𝜋(√𝑥2 + 𝑦2 + (√𝑑2 − 𝑥2 + 𝑦 tan𝛼)2)3 ,

(18)

where the magnetic moment of the magnetic dipole is 𝑚 =𝑉𝜒𝑚𝐻. The volume of casing element 𝑃 is 𝑉. The magnetic
susceptibility of the casing is 𝜒𝑚, and casing diameter is C.

𝑚 = 𝑉𝜒𝑚√𝐵2𝑃𝑥 + 𝐵2𝑃𝑦 + 𝐵2𝑃𝑧𝜇1 . (19)

During the calculation process, the initial magnetic flux
density of point 𝑃 can be calculated by using formula
(14). Subsequently, the magnetic moment of the magnetic
dipole can be calculated using formula (19). Ultimately,
the triaxial magnetometer detects the magnetic flux den-
sity of point 𝑃, which can be calculated using formulae
(18).
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In summary, the triaxial magnetometer detects the mag-
netic flux density of the magnetizing casing, which is com-
posed of a large number of magnetic dipole units, when all
the other parameters, except the variable quantity 𝑦, are all
known quantities. Therefore, 𝑑 can be calculated by reverse
deduction, on the condition that the magnetic flux density is
known through measurements, using the following:

𝐵𝑂𝑥 = 𝑁∑
𝑖=1

𝐵𝑃𝑥𝑖,
𝐵𝑂𝑦 = 𝑁∑

𝑖=1

𝐵𝑃𝑦𝑖,
𝐵𝑂𝑧 = 𝑁∑

𝑖=1

𝐵𝑃𝑧𝑖.
(20)

5. New Segmentation Strategies

A new variable section segmentation strategy is proposed in
Figure 5. It is assumed that the distance between a magnetic
dipole unit of the casing model and the measuring point is𝑑𝑛. In the new section segmentation, the parameter 𝑙𝑛, the
length of the magnetic dipole unit, is determined by 𝑑𝑛. The
intersection angle between 𝑑1 and casing axis is 𝛽 (𝛽 = 𝛼 +𝜋/2). The relationship between 𝑙𝑛 and 𝑑𝑛 can be expressed as
[21–25]

𝜆 = 𝑑𝑛𝑙𝑛 , (21)

where 𝜆 = 10 is a ratio coefficient [25]. It is ensured that the
segmented unit is small enough to be regarded as a magnetic
dipole without error.

If there is a measuring point around the casing model, we
can determine its horizontal point on the casing. Then, the
model is divided from this point; the aim of the segmentation
strategy is obtaining the formula of one unit volume 𝑉𝑛, and
it can be expressed as

𝑉𝑛 = 𝜋𝑙𝑛𝛿 (𝐶 − 𝛿) . (22)

To determine 𝑉𝑛, we need to obtain a formula for the
variable 𝑙𝑛.

First, 𝑙1 is calculated by 𝑙1 = 𝑑1/𝜆 (where 𝑑1 = 𝑑).
Based on the Cosine theorem, we can obtain the following
expression:

(𝑙1 + 𝑙22 )2 + 𝑑21 − (𝑙1 + 𝑙2) 𝑑1 cos𝛽 = 𝑑22. (23)

Combined with formulae (21) and (23), the relationship
between 𝑙1 and 𝑙2 can be deduced using the following:

𝑙2 = 𝜆2 + 1/4 − 𝜆 cos𝛽𝜆2 − 1/4 𝑙1. (24)

Measure 
point

B

A 

l3

l2

l1 d1

d2

d3

Figure 5: The variable section segmentation strategy for the casing.

Second, two representations are shown below:

𝐵 = 𝑙𝑛 + 𝑙𝑛−12 ,
𝐴 = 𝑛−1∑
𝑖=2

𝑙𝑖 + 𝑙𝑖−12 . (25)

We can also deduce two expressions based on the Cosine
theorem:

(𝐵 + 𝐴)2 + 𝑑21 − 2𝑑1 (𝐵 + 𝐴) cos𝛽 = 𝑑2𝑛,𝐴2 + 𝑑21 − 2𝑑1𝐴 cos𝛽 = 𝑑2𝑛−1. (26)

Finally, by combining these expressionswith formula (21),
the expression of 𝑙𝑛 can be deduced using the following:

𝑙𝑛 = 𝐴 + (𝜆2 + 1/4) 𝑙𝑛−1 − 𝑑1 cos𝛽𝜆2 − 1/4 . (27)

From the expression of 𝑙𝑛, we can see that the volumes
of the divided units in the new segmentation method are
different. The unit nearer to the measuring point is smaller,
and the unit farther from the measuring point is larger.
Expression (27) is substituted into expression (21), and then
it can be used to calculate the magnetic moment.

6. Experimental Results

During the simulation, it is assumed that 𝜇0 = 4𝜋×10−7H/m,𝑚 = 10A⋅m2, ℎ = 1m, 𝛼 = 0∘, 𝑥 = 0, and the axes
of the probe tube and the casing are on the same plane.
As the probe tube works, it turns with a rotation speed of
tens to hundreds of revolutions per minute. The drill bit can
only advance several millimeters to tens of millimeters per
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Figure 6: Magnetic flux density simulation for casing.

minute. Compared with the rotation rate, the drilling footage
per minute is much smaller. Therefore, it can be assumed
that the probe tube stays approximately at the same point
relative to adjacent casing when it makes a single turn. The
relative distance between probe tube and casing is set to be
1m, 2m, 3m, or 4m, and the signal measured by the triaxial
magnetometer is simulated by utilizing formula (14). Figure 6
indicates that the triaxial magnetometer detects the strongest
magnetic flux density when the axis of the magnetic source
points directly to the casing. The magnetic flux density of
the casing’s magnetic field is of a symmetrical distribution
around 𝑦 = 0, the peak values of magnetic flux density are
mainly concentrated in the vicinity of 𝑦 = ±1m, and the
magnetic flux density decreases with increasing 𝑦. Moreover,
the magnetic flux density is weaker with increasing distance
between the adjacent wells.

7. Discussion

Based on the calculations of the active anticollision method,
the influence factors of the measurement results mainly
include the distance between the two magnetic sources (2ℎ)
in the probe tube, the magnetic moment of the magnetic
sources (𝑚), the relative permeability of the casing (𝜇1), the
diameter of the casing (𝐶), and the intersection angle (𝛼)

between the drilling well and the existing well. It is assumed
that the formation is uniformly distributed and isotropic;
then, in the absence of any influence from nonferromagnetic
minerals in the surrounding stratum, the various influence
factors of the measurement results can be analyzed.

7.1. Influence of Magnetic Source on Measurement Results.
The magnetic source is the key component of the magnetic
anticollision ranging system for adjacent wells; its parameters
directly affect the range and accuracy of the measured dis-
tances.Themain parameters that influence the measurement
accuracy include the distance (2ℎ) between the twomagnetic
sources and the magnetic moment (𝑚) of the magnetic
sources. By choosing 𝜇0 = 4𝜋 × 10−7H/m, 𝜇1 = 1000, 𝛼 = 0∘,𝐶 = 127mm, 𝑚 = 10A⋅m2, and different values of 2ℎ,
the measurement results shown in Figure 7 indicate that the
distance between the casing and the probe tube vary in the
range of 0.4∼2m.

Figure 7 illustrates that magnetic flux density of the
probe tube detection increases with increasing 2ℎ when the
magnetic moment is invariant. However, its variability is
small and may be ignored under the condition of 2ℎ >
1.2m. Therefore, considering the length of the probe tube
itself, the maximum magnetic flux density of the probe tube
is observed under the condition of 2ℎ = 1.2m. Influence of
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Figure 7: Influence of the distance between double magnetic
sources on measurement results.
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Figure 8: Influence of magnetic moment on measurement results.

the different values of the magnetic moment of the magnetic
sources on the magnetic flux density measurement results
is shown in Figure 8 for 2ℎ = 1.2m. Figure 8 indicates
that the magnetic flux density detected by the probe tube
increases with increasing magnetic moment when 2ℎ is
invariant.Therefore, we should choosemagnetic sources with
large magnetic moments when designing the probe tube’s
structure.

7.2. Influence of the Casing on Measurement Results. The
strata surrounding the probe tube are less affected by the
magnetic flux density generated by the magnetic sources,
but the adjacent well’s casing with high permeability is
greatly affected by the magnetic flux density generated by the
magnetic sources. Supposing 2ℎ= 1.2m,𝛼 = 0∘,𝐶 = 127mm,𝑚 = 10A⋅m2, and different values of 𝜇1, the measurement
results are produced as shown in Figure 9, in which the

×106

1 = 2000

1 = 1000

1 = 500

1 20.6 1.2 1.4 1.6 1.80.80.4

Distance (m)

0

0.5

1

1.5

2

2.5

3

3.5

4

B
(n

T)

Figure 9: Influence of the relative magnetic conductivity of the
casing on measurement results.
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Figure 10: Influence of the diameter of casing on measurement
results.

distance between the casing and the probe tube ranges within
0.4∼2m.

Figure 9 illustrates that themagnetic flux density detected
by the probe tube increases with the increasing the relative
permeability of the casing when the parameters of the
magnetic source are invariant.The relative permeability of the
casing is determined by the casing’s properties. Therefore, if
the relative permeability of the adjacent casing is measured
before calculating the distance between the adjacent wells,
then a more accurate relative permeability can be obtained
to ensure the accuracy of the magnetic anticollision ranging
system.

When the relative permeability of the casing is 𝜇1 = 1000,
different values are used for the diameter of the casing (C) and
the distance (d) between the casing, and the probe tube ranges
within 0.4∼2m, the measurement results of the simulation
are shown in Figure 10.
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Figure 11: Influence of the intersection angle 𝛼 on measurement
results.

Figure 10 indicates that themagnetic flux density detected
by the probe tube increases as the diameter of the casing
increases when the relative permeability of the casing is
invariant, and the risk of colliding with the larger diameter
casing is increased under the same distance between adjacent
wells.

7.3. Influence of the Intersection Angle 𝛼 on Measurement
Results. In the cluster wells, there is an intersection angle (𝛼)
between the drilling well and the target well. Assuming that2ℎ = 1.2m, 𝑚 = 10A⋅m2, 𝜇1 = 1000, and 𝐶 = 127.0mm,
when 𝛼 changes from 0∘ to 90∘, the distance between the
casing and the probe tube ranges within 0.4∼2m within the
measurement results simulation, which produces the results
shown in Figure 11.

Figure 11 indicates that the change in the magnetic flux
density detected by the probe tube is reduced to half of the
original value when the intersection angle 𝛼 changes from
0∘ to 50∘. In addition, there is no correlation between the
magnetic flux density and 𝛼 when 𝛼 > 50∘. According to the
analysis, this is because when the angle between the drilling
well and the adjacent well is too large, the magnetic field
generated by the magnetic source farther from the casing
within the probe is too weak at the casing. It is equivalent
to the scenario in which only one magnetic source in the
probe tube generates the magnetization of the casing, and
the distribution of the flux density changes, resulting in the
distortion of the curve. Therefore, it is necessary to avoid the
application of this method under conditions with 𝛼 > 50∘.
8. Conclusions

Themagnetic anticollision system for cluster well is a kind of
magnetic guidance tool that can determine the measurement
distance while drilling in real time. The principle of the
method is based on detecting the magnetic flux density of
the magnetizing casing, in which the two magnetic sources
are parallel to each other with opposite magnetic fields and

installed at two ends of the built-in tube probe. First, with the
rotation of the probe tube, the triaxial magnetometer detects
the oscillation of the signal from the casing. Then, the signal
is transmitted to the ground by themud pulse. Ultimately, the
distances and azimuth of adjacent wells are calculated by data
analysis software.

The radii of the magnetic sources are far less than the
borehole distance, so the magnetic sources can be regarded
as magnetic dipoles. The magnetic flux density distribution
formulae of the magnetic dipole are deduced by the magnetic
flux density calculation method for a magnetic dipole. The
simulation results indicate that a triaxial magnetometer can
detect the maximum orminimum value of the magnetic field
intensity when the axis of the magnetic source points directly
to the casing.

The magnetic flux density detected by the probe tube
increases with increasing distance between the double mag-
netic sources; when its distances exceeds 1.2m, there is no
significant change in the magnetic flux density detected. The
magnetic flux density of the probe is positively related to
the magnetic moment of the magnetic sources, the relative
permeability of the casing, and the diameter of the adjacent
well casing pipe, so that it can reach farther measuring
distances and higher ranging accuracies by increasing these
parameters’ values. Accurate measurement results can be
obtained by the method of adjacent well location under the
condition of 𝛼 < 50∘. This method can provide theoretical
support and an experimental basis for the development of the
active magnetic guidance ranging for cluster wells.
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The paper reviews the application of deterministic-stochastic models in some areas of computational electromagnetics. Namely,
in certain problems there is an uncertainty in the input data set as some properties of a system are partly or entirely unknown.
Thus, a simple stochastic collocation (SC) method is used to determine relevant statistics about given responses. The SC approach
also provides the assessment of related confidence intervals in the set of calculated numerical results. The expansion of statistical
output in terms of mean and variance over a polynomial basis, via SC method, is shown to be robust and efficient approach
providing a satisfactory convergence rate. This review paper provides certain computational examples from the previous work
by the authors illustrating successful application of SC technique in the areas of ground penetrating radar (GPR), human exposure
to electromagnetic fields, and buried lines and grounding systems.

1. Introduction

Some areas in computational electromagnetics (CEM) suffer
from uncertainties of the input parameters resulting in the
uncertainties in the assessment of the related response.
These problems could be overcome, to a certain extent, by
an efficient combination of well-established deterministic
electromagnetic models with certain stochastic methods.

Traditionalmethods rely upon statistical approaches such
as bruteMonte Carlo (MC) simulations and various sampling
techniques like stratified sampling and Latin hypercube
sampling (LHS). These methods are easy to implement and
do not suffer from “curse of dimensionality” which means
that the sample size does not depend on number of random
variables. On the other hand the sample size needs to be very
high (>100.000), and thus they exhibit very slow convergence.

Contrary to statistical approaches, the nonstatistical
based techniques aim to represent the unknown stochastic
solution as a function of random input variables. Among the
various methods available in the literature, the spectral dis-
cretization based technique—generalized polynomial chaos

(gPCE)—emerged as the most used approach in the stochas-
tic CEM.ThegPCE framework comprises stochasticGalerkin
method (SGM) and stochastic collocation method (SCM)
for solving stochastic equations [1]. The SGMs have been
successfully used in recent years in the area of circuit
uncertainty modeling both for Signal Integrity (SI) [2] and
microwave applications [3] as well as in stochastic dosimetry
[4, 5]. The intrusive nature of SGM implies more demand-
ing implementation since a development of new codes is
required. On the contrary, the nonintrusive nature of SCM
enables the use of reliable deterministicmodels as black boxes
in stochastic computations. Both approaches exhibit fast
convergence and high accuracy under different conditions
and a detailed comparison of their use in EMC simulation
can be found in [6].

The combination of the nonintrusive, sampling based
nature of Monte Carlo simulations with the polynomial
approximation of output value, which is the characteristic
of gPCE methods, made stochastic collocation one of the
most researched and applied stochastic approaches [7–9].The
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examples of successful coupling of SCM and its variations
with different deterministic codes have been reported in
stochastic dosimetry [10, 11], in the analysis of complex power
distribution networks (PDN) [12], in the design of integrated
circuits (ICs), microelectromechanical systems, (MEMSs),
and photonic circuits [13, 14], in the simulation of EM-
circuit systems [15, 16], and in the area of antenna modeling
[17–19] and electromagnetic compatibility (EMC) of space
applications [20]. This paper reviews the previous work of
the authors pertaining to the use of SC techniques in areas of
CEM such as ground penetrating radar (GPR), EM-thermal
dosimetry of the eye and brain, and buried lines and ground-
ing systems [21]. Some illustrative computational examples
for the transient transmitted field fromGPR antenna [22, 23],
specific absorption rate (SAR) distribution in the brain and
the eye [24, 25], plane wave coupling to buried conductors
[26, 27], and transient analysis of grounding electrodes [28]
pertaining to certain statistical moments are given in the
paper as well.

The paper is organized, as follows: first an outline of
the SC method is given in Section 2 along with the short
overview of its applications in various areas. Section 3 deals
with different applications of SCMcarried out by authorswith
related examples. This is followed by some conclusions and
guidelines for a future work.

2. An Outline of the Stochastic
Collocation Method

The uncertainty quantification (UQ) of the unknown
stochastic output of the model is preceded by two steps:
the UQ of input parameters and uncertainty propagation
(UP) of uncertainties present in the model inputs to the
output of interest. The UQ of input parameters implies
modeling the input parameters as random variables
and/or random processes. The UP refers to the choice and
implementation of the stochastic method that is capable of
solving the stochastic model. The advantage of the stochastic
collocation method (SCM) used in this work is its simplicity,
a strong mathematical background, and the polynomial
representation of stochastic output. The nonintrusive nature
of the method enables the use of deterministic models as
a black box. This way, previously validated computational
models, such as FEM-BEMmodels described in Section 3, are
used at predetermined set of simulation points. This section
outlines the fundaments of the mathematical background for
the SCM, with the brief mention of some other variants.

Once the deterministic modeling of a problem of interest
is completed, a stochastic processing of the numerical results
can be carried out via the SC method [1, 22–27]. The
theoretical basis of SC technique is to use the polynomial
approximation of the considered output for a certain number
of random parameters.

Without loss of generality, the theoretical principles can
be presented taking into account a single random parameter𝑋.Within this framework, a givenmapping through function𝑓 : 𝑅 → 𝑅 can be assumed and a random variable (RV) 𝑋
given by an a priori probabilistic distribution (𝑓 standing for
the relation between the output and input parameter, resp.).

Consequently, the expressions for statistical moments, such
as mean and variance of RV, can be derived.

First, an approximation of function 𝑓 over 𝑛th order
Lagrange polynomial basis can be written as follows:

𝑓 (𝑥) = 𝑛∑
𝑖=0

𝑓𝑖𝐿 𝑖 (𝑥) , (1)

where Lagrange polynomials are given by

𝐿 𝑖 (𝑥) = 𝑛∏
𝑘=0,𝑘 ̸=𝑖

𝑥 − 𝑥𝑘𝑥𝑖 − 𝑥𝑘 . (2)

And one has the following property:

𝐿 𝑖 (𝑥𝑖) = 𝛿𝑖𝑗, (3)

where 𝛿𝑖𝑗 denotes Kronecker symbol.
It is worth mentioning that, although Lagrange poly-

nomials are mostly used for the polynomial representation
of the stochastic output, other types of basis functions are
also possible. In [15] SCM is used to assess the uncertainty
quantification for the hybrid EM-circuit systems. Two types
of basis functions are used: Lagrange polynomials that have
the character of locally global basis functions and piecewise
multilinear basis functions that are able to capture the
discontinuous issues in stochastic solutions.

Note that collocation points 𝑥𝑖 from (1) correspond to the
points in Gauss quadrature rule attached to the probability
distribution of random inputs (e.g., Legendre polynomials
for a uniform distribution and Hermite polynomials for a
Gaussian distribution). The choice of an adapted quadrature
rule [19] yields

∫+∞
−∞

𝑔 (𝑥) 𝑝 (𝑥) 𝑑𝑥 = 𝑛∑
𝑗=0

𝜔𝑗𝑔 (𝑥𝑗) , (4)

where𝑝 is the probability density of randomvariable𝑋, while𝑔 represents a function with a sufficient regularity and the
coefficients 𝜔𝑗 are collocation weights chosen in a way to
ensure an exact quadrature rule for polynomials with a degree
lower or equal to 2𝑛 + 1.

However, the choice of collocation points is not limited
to the points that supervene from Gauss quadrature rules.
Other formulas may be used to generate the abscissas for the
interpolation in (1) such as Clenshaw-Curtis formula with
nonequidistant abscissas given as zeros of the extreme points
of Chebyshev polynomials as in [15] or equidistant points
in [14, 15]. These sets of points exhibit nested fashion unlike
Gauss points, which is desirable in certain applications.

Higher dimensions yield multivariate interpolants in (1).
The simplest way to interpolate is by using the tensor product
in each random dimension. This approach is justified for
the cases when random dimension is up to 5 [1]. Successful
applications of a fully tensorized SCMmodel can be found in
[7–9]. However, for random dimension > 5, SCM exhibits the
“curse of dimensionality” and different techniques need to
be considered. One of the most popular approaches is sparse
grid interpolation based on Smolyak algorithm [1]. Sparse
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grid stochastic collocation method (SGSCM) has become an
interest of many researchers. In [14] a conventional SGSCM
has been applied for stochastic characterization of MEMS.
An adaptive approach of SGSCM has been employed in [15]
for the stochastic modeling of hybrid EM-circuits while a
dimension-reduced sparse grid strategy has been proposed
for SCM in EMC software in [16].

Furthermore, different cubature formulas for dealing
with multidimensional integrals may be used for the gener-
ation of collocation points. One of the examples is Stroud
cubature based SCmethodwhose application for the variabil-
ity analysis of PDNs within SPICE environments is reported
in [12] and, for efficient computation of RCS from scatterers
of uncertain shapes, in [19].

Once the desired output has been expressed as polyno-
mial dependent on random input variables, the expression for
the stochastic moments can be easily derived following their
definitions from statistics.The expectation (mean) of 𝑓(𝑋) is
by definition

𝐸 [𝑓 (𝑋)] = ∫+∞
−∞

𝑓 (𝑥) 𝑝 (𝑥) 𝑑𝑥, (5)

where𝑋 is a given RV.
Next step is to replace 𝑓(𝑥) in terms of Lagrange polyno-

mials and expectation of 𝑓(𝑋) can be written as follows:

𝐸 [𝑓 (𝑋)] = ∫+∞
−∞

𝑛∑
𝑖=0

𝑓𝑖𝐿 𝑖 (𝑥) 𝑝 (𝑥) 𝑑𝑥. (6)

The Gauss quadrature rule yields

∫+∞
−∞

𝐿 𝑖 (𝑥) 𝑝 (𝑥) 𝑑𝑥 = 𝑛∑
𝑗=0

𝜔𝑗𝐿 𝑖 (𝑥𝑗) . (7)

Taking into account the property of Lagrange polynomi-
als (3) one obtains

∫+∞
−∞

𝐿 𝑖 (𝑥) 𝑝 (𝑥) 𝑑𝑥 = 𝜔𝑖. (8)

Combining (6)–(8) leads to an expression for mean of𝑓(𝑋):
𝐸 [𝑓 (𝑋)] = 𝑛∑

𝑖=0

𝜔𝑖𝑓𝑖. (9)

Furthermore, the same approach is used to evaluate
variance of 𝑓(𝑋), which is by definition given by

var (𝑓 (𝑋)) = 𝐸 [𝑓 (𝑋)2] − 𝐸 [𝑓 (𝑋)]2. (10)

It can be written as

var (𝑓 (𝑋)) = ∫+∞
−∞

𝑓 (𝑥)2𝑝 (𝑥) 𝑑𝑥 − 𝐸 [𝑓 (𝑋)]2. (11)

Again, utilizing the expansion of function 𝑓 over
Lagrange polynomial basis (1) yields

var (𝑓 (𝑋))
= ∫+∞

−∞
( 𝑛∑
𝑖=0

𝑓𝑖𝐿 𝑖 (𝑥))( 𝑛∑
𝑗=0

𝑓𝑗𝐿𝑗 (𝑥))𝑝 (𝑥) 𝑑𝑥
− 𝐸 [𝑓 (𝑋)]2

(12)

which can be also written as

var (𝑓 (𝑋))
= 𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑓𝑖𝑓𝑗 ∫+∞
−∞

𝐿 𝑖 (𝑥) 𝐿𝑗 (𝑥) 𝑝 (𝑥) 𝑑𝑥 − 𝐸 [𝑓 (𝑋)]2 . (13)

Furthermore, integral from the right-hand side of (13)
according to Gauss quadrature rule (7) becomes

∫+∞
−∞

𝐿 𝑖 (𝑥) 𝐿𝑗 (𝑥) 𝑝 (𝑥) = 𝑛∑
𝑘=0

𝜔𝑘𝐿 𝑖 (𝑥𝑘) 𝐿𝑗 (𝑥𝑘)
= 𝑛∑
𝑘=0

𝜔𝑘𝛿𝑖𝑘𝛿𝑗𝑘.
(14)

Finally, inserting (14) into (13), one obtains

var (𝑓 (𝑋)) = 𝑛∑
𝑖=0

𝑛∑
𝑗=0

𝑛∑
𝑘=0

𝜔𝑘𝛿𝑖𝑘𝛿𝑗𝑘 − 𝐸 [𝑓 (𝑋)]2 (15)

and due to Kronecker property nonzero terms are only with𝑖 = 𝑗 = 𝑘 leading to
var (𝑓 (𝑋)) = 𝑛∑

𝑘=0

𝜔𝑘𝑓𝑘2 − 𝐸 [𝑓 (𝑋)]2. (16)

Now the statistical moments around a considered output𝐼 can be written as [𝐼]𝑢, where 𝑢 stands for a given order of
statistical moment; for example, the mean of 𝑓(𝑋) can then
be written as

𝐸 [𝑓 (𝑋)] = [𝐼]1 . (17)

General expression is given as follows:

[𝐼]𝑢 ≈ 𝑛∑
𝑖=0

𝜔𝑖Φ𝑢 (𝑥𝑖) , (18)

where Φ𝑢 represents a mapping pertaining to a certain
statistical moment 𝑢, that is, with Φ𝑢(𝑥𝑖) such as

Φ1 (𝑥𝑖) = 𝑓 (𝑥𝑖) ,
Φ2 (𝑥𝑖) = (𝑓 (𝑥𝑖) − 𝐸 [𝑓 (𝑋)])2 . (19)

Assuming the mutual independence of input random
variables the generalization to multi-RVs case is straightfor-
ward. Instead of single random variable, one deals with a
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Figure 1: Center-fed GPR dipole antenna.

random vector X = (𝑋1, 𝑋2, . . . , 𝑋𝑁)𝑇 and 𝑢th statistical
moment of output 𝐼 can be written as [28]

[𝐼]𝑢 (X) ≈ 𝑛1∑
𝑖1=0

⋅ ⋅ ⋅ 𝑛𝑁∑
𝑖𝑁=0

𝜔𝑖1 ⋅⋅⋅𝑖𝑁Φ𝑢 (X) , (20)

where 𝜔𝑠𝑖1 ⋅⋅⋅𝑖𝑁 stands for weight of the expansion for random
vectorX of size𝑁. Somemore details related to this approach
are available elsewhere, for example, in [28].

Although the assumption on independence of random
input variables is valid in many CEM applications, it is
worth noting that correlated random variables can also be
taken into account. For example, in [29] collocation points
that belong to correlated inputs are computed by using the
different orthogonal polynomials, while in [30] the use of
partitioning and clustering methods for generation of SC
points is proposed which naturally extends to incorporation
of correlated inputs.

3. Applications in
Computational Electromagnetics

This section outlines the governing equations pertaining to
CEM deterministic models reviewed in this work.Thus, first,
Section 3.1 deals with transient field generated by GPR dipole
antenna. Modeling of induced SAR in the brain and eye
is presented in Section 3.2. Sections 3.3 and 3.4 deal with
plane wave coupling to buried wire and current injection of
horizontal grounding electrode, respectively.

3.1. Transient Field in the Soil Generated by GPR Dipole
Antenna. Thedipole is characterized by a length 𝐿 and radius𝑎 and is located at height ℎ above an interface as depicted in
Figure 1.

Direct time domain deterministic model of GPR dipole
antenna is based on the space-time Hallen integral equation
and corresponding integral formula for the calculation of the
transmitted field into the lossy ground.

The transient current 𝐼(𝑥, 𝑡) along the dipole antenna
excited by an equivalent voltage generator is obtained by
solving the Hallen integral equation [31]:

∫𝐿
0

𝐼 (𝑥, 𝑡 − 𝑅𝑎/𝑐)4𝜋 𝑑𝑥

− ∫𝑡
−∞

∫𝐿
0
𝑟 (𝜃, 𝜏) 𝐼 (𝑥, 𝑡 − 𝑅∗𝑎 /𝑐 − 𝜏)

4𝜋𝑅∗𝑎 𝑑𝑥𝑑𝜏

= 12𝑍0𝑉𝑔(𝑥𝑔, 𝑡 −
𝑥 − 𝑥𝑔𝑐 ) + 𝐹0 (𝑡 − 𝑥𝑐 )

+ 𝐹𝐿 (𝑡 − 𝐿 − 𝑥𝑐 ) ,
(21)

where 𝑐 is velocity of light, 𝑍0 is the free-space wave
impedance, and 𝑅𝑎 and 𝑅∗𝑎 are the distances between obser-
vation point 𝑥 and source point 𝑥 on real and image wire,
respectively. Time signals 𝐹0 and 𝐹𝐿 account for the multiple
reflections from the wire ends and can be determined by
assuming the zero current at the wire ends [31]. The interface
effects are taken into account via the reflection coefficient
(RC) 𝑟(𝜃, 𝑡) [31]:
𝑟 (𝜃, 𝜏) = 𝐾𝛿 (𝑡) + 4𝛽1 − 𝛽2 𝑒

−𝛼𝑡

𝑡
∞∑
𝑛=1

(−1)𝑛+1 𝑛𝐾𝑛𝐼𝑛 (𝛼𝑡) , (22)

where

𝐾 = 1 − 𝛽1 + 𝛽 ;

𝛽 = √𝜀𝑟 − sin2𝜃
𝜀𝑟 cos 𝜃 ;

𝛼 = 𝜎2𝜀 ;
𝜃 = arctg

𝑥 − 𝑥2ℎ ;

(23)

𝛿(𝑡) is the Dirac impulse; and 𝐼𝑛(𝑡) is the 𝑛th order modi-
fied Bessel function of the first kind.TheHallen equation (21)
is solved via space-time version of Galerkin-Bubnov indirect
boundary element method (GB-IBEM) [31].

The transient field transmitted into a lossy ground is given
by an integral formula [31]

𝐸tr
𝑥 (𝑟, 𝑡) = 𝜇04𝜋
⋅ ∫𝑡
−∞

∫𝐿
0
ΓMIT
tr (𝜏) 𝜕𝐼 (𝑥, 𝑡 − 𝑅/V − 𝜏)

𝜕𝜏 𝑒−(1/𝜏𝑔)(𝑅/V)𝑅 𝑑𝑥𝑑𝜏,
(24)

where V is velocity of wave propagation in the lower medium
and 𝑅 is the distance from the dipole antenna to the
observation point located in the lower medium:

𝑅 = √(𝑥 − 𝑥)2 + (𝑧 + ℎ)2. (25)

The influence of the two-media interface is taken into
account via the simplified space-time transmission coefficient
arising from the modified image theory (MIT) [31]:

Γtr (𝑡) = 𝜏3𝜏2 𝛿 (𝑡) +
1𝜏2 (2 −

𝜏3𝜏2) 𝑒−𝑡/𝜏2 , (26)
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Figure 2: Mean of the 𝐸-field inside soil, 𝐿 = 1m, 𝑎 = 6.74mm.
Figure reproduced from Poljak et al. (2017).

where

𝜏2 = 𝜀𝑟 + 1𝜎 𝜀0,
𝜏3 = 2𝜀𝜎 . (27)

The integral formula is handled via boundary element for-
malism as well. The mathematical details of these procedures
could be found elsewhere, for example, in [31].

All computational examples are related to the horizontal
dipole antenna of length 𝐿 = 1m and radius 𝑎 = 6.74mm
above a real ground.

First, a simplified case of a dielectric half-space is consid-
ered [22]. The antenna is excited at its center by the Gaussian
pulse voltage source:

𝑉 (𝑡) = 𝑉0𝑒−𝑔2(𝑡−𝑡0)2 (28)

with parameters 𝑉0 = 1V, 𝑔 = 1.5 ∗ 109 s−1, 𝑡0 = 1.43 ns.
Figure 2 shows the mean of the electric field transmitted

in the soil for the following random variables: RV1 = ℎ
(antenna height above a soil), RV2 = 𝜀𝑟 (soil permittivity),
and RV3 = 𝑑 (field observation point). First, one random
variable at a time is considered, as follows:

(i) RV1: central location, ℎ0 = 0.3m; uniformly dis-
tributed: 𝑈[0.05; 0.55] (in meters);

(ii) RV2: initial value, 𝜀𝑟0 = 15; uniformly distributed:𝑈[2; 28];
(iii) RV3: initial value, 𝑑0 = 1m; uniformly distributed:𝑈[0.5; 1.5] (in meters).

Significant discrepancies appear between different sce-
narios with one random variable at a time, that is, between

Influence(E)-SC RV1
Influence(E)-SC RV2
Influence(E)-SC RV3
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Figure 3: Influence of each RV on the output 𝐸. Figure reproduced
from Poljak et al. (2017).

RV1, RV2, and RV3 models. The influence of each RV on the
output 𝐸 is computed using the following relation:

Influence (𝐸)𝑖 = var (𝐸 | RV𝑖)
var (𝐸 | RV𝑖=1⋅⋅⋅𝑛) . (29)

Figure 3 shows the influence of each of three different RVs
on the output 𝐸.

Ranking random parameters from the most influential
to the least influential (from 𝐸-field variances), the model is
more sensitive to RV3 (depth accuracy) and RV1 (antenna
height) and less sensitive to soil permittivity.

Next example deals with the same GPR antenna radiating
over a lossy ground with ground conductivity 𝜎 as the
fourth random input variable (RV) [23]. The input RVs
follow the uniform distribution. The observed types of soil
are wet and average sand, respectively. The difference is in
the corresponding ranges for relative permittivity of sand:𝜀𝑟0 ∼ 𝑈[7, 30] and 𝜀𝑟0 ∼ 𝑈[14, 18] for wet and average
sand, respectively. The other RVs are modeled as 𝜎0 ∼𝑈[0.1, 9.9]mS/m; ℎ0 ∼ 𝑈[12, 18] cm; 𝑑0 ∼ 𝑈[0.93, 1.07]m.

Stochastic simulations are carried out for 4 univariate
cases each with 3, 5, 7, and 9 sigma points and for 4-
dimensional case with 54 input points. The impact factor is
calculated according to (29).

Figure 4 depicts the mean value for the electric field
transmitted into the soil versus time for wet sand when only
permittivity is random. The relative permittivity is directly
related to the propagation velocity; therefore, it has the
highest impact on the time delay of a signal. More sigma
points imply adding signals with different starting point to
calculation. Therefore, for the given range of permittivity
stochastic moments for the electric field versus time cannot
be obtained. For this reason additional calculationswere done
for the case of average type of sandwith narrower permittivity
range.

Figure 5 shows the rank of input parameter for wet and
average type of soil, respectively, with respect to transmitted
electric field versus time. The relative permittivity has the



6 Mathematical Problems in Engineering

15 20 25 30 35 40
t (ns)

−0.2

−0.1

0

0.1

0.2

0.3

⟨E tr⟩, 3SC
⟨E tr⟩+std, 3SC
⟨E tr⟩−std, 3SC
⟨E tr⟩, 5SC
⟨E tr⟩+std, 5SC
⟨E tr⟩−std, 5SC

⟨E tr⟩, 7SC
⟨E tr⟩+std, 7SC
⟨E tr⟩−std, 7SC
⟨E tr⟩, 9SC
⟨E tr⟩+std 9SC
⟨E tr⟩−std 9SC

⟨E
tr
⟩

(V
/m

)

Figure 4: Electric field transmitted into the soil versus time for wet sand; ⟨𝐸tr⟩ is mean value and std is standard deviation; only 𝜀𝑟 is random.
Figure reproduced from Susnjara et al. (2017).
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Figure 5:The impact factor 𝐼𝑖(𝐸) for each random input variable for the case of wet sand (a) and average type of sand (b). Figure reproduced
from Susnjara et al. (2017).

highest impact followed by the depth of the observation
point. The soil conductivity exhibits the minimal influence.

The maximum value of the transmitted field is mostly
affected by the soil conductivity. The permittivity, the height,
and the depth have a very similar influence on maximum
field value for the wet sand. However, if the range of relative
permittivity is reduced, the influence of relative permittivity
is much smaller than the influence of the other two variables.
Nevertheless, the multivariate simulation for both soil types
has similar average value and standard deviation since the
major origin of variations is the soil conductivity.

3.2. Induced SAR in the Brain and the Eye and Related
Thermal Response. Deterministic frequency domain model
of the human brain exposed to microwave radiation is based
on the set of coupled electric field integral equations (EFIEs)
and the related solution via method of moments (MoM)
scheme. The mathematical details could be found elsewhere,
for example, in [24, 32].

The main task of high frequency (HF) dosimetry is to
quantify thermal effects, provided the distribution of the
electromagnetic energy absorbed by the body is known. The
power dissipated in the tissue is expressed in terms of the
specific absorption rate (SAR) defined by the rate of energy𝑊 absorbed by the unit body mass𝑚:

SAR = 𝑑𝑃𝑑𝑚 = 𝜎2𝜌 |𝐸|2 , (30)

where 𝑃 is the dissipated power, 𝐸 is the peak value of the
electric field, respectively, 𝜌 is the tissue density, and 𝜎 is the
tissue conductivity.

The temperature increase because the SAR induced in a
tissue is obtained from the solution of the steady-state Pennes
bioheat equation [24, 32]:

∇ ⋅ (𝑘∇𝑇) + 𝜌𝑏𝑐𝑏𝑤 (𝑇𝑎 − 𝑇) + 𝑄𝑚 + 𝜌 ⋅ SAR = 0, (31)
where 𝑘 stands for the tissue thermal conductivity, 𝜌𝑏 is the
blood mass density, 𝑐𝑏 is the specific heat capacity of blood,



Mathematical Problems in Engineering 7

𝑤 is the blood perfusion rate, 𝑇𝑎 is the arterial temperature,𝑄𝑚 is the heat source due tometabolic processes, and term 𝜌⋅
SAR represents the volumetric heat source due to an external
electromagnetic field.

The corresponding boundary condition at the interface
between the model surface and the air is

𝑞 = 𝐻 (𝑇𝑠 − 𝑇𝑎) , (32)

where 𝑞 is the heat flux density:
𝑞 = −𝜆𝜕𝑇𝜕𝑛 (33)

while 𝐻, 𝑇𝑠, and 𝑇𝑎 are the convection coefficient, the
temperature of the surface, and the temperature of the air,
respectively.

The temperature rise in a tissue exposed to external HF
fields is obtained by solving the bioheat transfer equation.The
Pennes equation is solved via finite element method (FEM)
and the details are available elsewhere, for example, in [24,
32].

The brain exposed to HF radiation is analyzed by solving
the coupled surface integral equations (SIE) [32]:

𝑗𝜔𝜇𝑛∬
𝑆

→𝐽 (→𝑟 )𝐺𝑛 (→𝑟 , →𝑟 ) 𝑑𝑆
− 𝑗𝜔𝜀𝑛 ∬𝑆

∇𝑆→𝐽 (→𝑟 )∇𝐺𝑛 (→𝑟 , →𝑟 ) 𝑑𝑆
+∬

𝑆

→𝑀(→𝑟 ) × ∇𝐺𝑛 (→𝑟 , →𝑟 ) 𝑑𝑆

= {{{
→𝐸 inc, 𝑛 = 1
0, 𝑛 = 2,

(34)

where →𝐽 and →𝑀 are the unknown equivalent electric and
magnetic current densities, respectively, 𝑘𝑛 is the wave num-
ber of a medium 𝑛, and 𝐺𝑛 is the interior/exterior Green
function for the homogeneous medium [32] given by

𝐺𝑛 (→𝑟 , →𝑟 ) = 𝑒−𝑗𝑘𝑛𝑅4𝜋𝑅 ; 𝑅 = →𝑟 − →𝑟  , (35)

where 𝑅 is the distance from the source to the observation
point, respectively, while 𝑛 denotes the index of an inte-
rior/exterior domain; that is, 𝑛 = 1, 2.

The set of integral equations (34) is solved via MoM
procedure presented in [32].

Plane wave incident on the corneal part of the eye, treated
as an exterior unbounded scattering problem, is formulated
via the Stratton-Chu formulation; that is, the time-harmonic
electric field at the exterior domain is expressed by the
following boundary integral equation [25]:

𝛼→𝐸 = →𝐸 𝑖 + ∮
𝜕𝑉

→𝑛 × (∇ × →𝐸)𝐺𝑑𝑆
+ ∮

𝜕𝑉
[(→𝑛  × →𝐸) × ∇𝐺 + (→𝑛 ⋅ →𝐸)𝐺] 𝑑𝑆, (36)

where 𝐸𝑖 is the incident electric field.

Table 1: The brain electrical parameters.

𝑓 = 900MHz 𝑓 = 1800MHz𝜀𝑟 46 84𝜎 [S/m] 0.8 1.2

Table 2: The electrical parameters of selected eye tissues.

Vitreous body Cornea𝜀𝑟 64.5 ± 5 46.2 ± 5𝜎 [S/m] 7.01 ± 0.6 5.91 ± 0.6

The interior domain is governed by the vector Helmholtz
equation [25]:

∇ × ( 1𝑘𝐵∇ × →𝐸) − 𝑘𝐴→𝐸 = 0, (37)

where subscripts 𝐴 and 𝐵 stand for the exterior and interior
region, respectively.

This coupled formulation (36)-(37) is handled via the
hybrid BEM/FEM technique.

The response of interest is the SAR distribution in the
brain at𝑓 = 900MHz and𝑓 = 1800MHz, respectively, for the
case of vertical polarization.Thepower density of the incident
plane wave is 𝑃 = 5mW/cm2.

The brain model is generated from a Google SketchUp
rendering of the human brain.The dimensions of the average
adult human brain are as follows: width 131.8mm, length
161.1mm, and height 139mm, while the frequency dependent
parameters of the human brain are presented in Table 1.

Figure 6 shows the results for the SAR and the resulting
temperature increase obtained in the brainmodel at 900MHz
[24].

Each RV𝑘 (𝑘 = 1, . . . , 5), where RVs are brain width,
length, height, relative dielectric permittivity, and conduc-
tivity, respectively, is assumed to be uniformly distributed
around deterministic values with common coefficient of
variation equal to 5.77% [24].

Figure 7 shows the SC convergence with 3, 5, and 7
points for the SAR values calculations and different random
variables (RV𝑘, 𝑘 = 1, . . . , 5).

SC offers a precise assessment of the first statistical
moment of maximum SAR with 5 multiphysics simulations,
as themaximum value is between 0.87 and 0.9W/kg, indicat-
ing the importance of modeling RVs at the same time.

Figures 8 and 9 are related to the results obtained from
stochastic dosimetry modeling of the eye.

The deterministic eye parameter values are available
elsewhere, for example, in [25], while only the relative
permittivity and the electrical conductivity of vitreous body
and cornea are considered here. The mean deterministic
values and the stochastic variation assuming the uniform
distribution, as the realistic distributions are not available, are
given in Table 2.

Figure 8 shows the high convergence of the SC tech-
nique jointly with its huge efficiency as mostly only 3 or 5
simulations are required to compute mean and variance of
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Figure 6: Distribution of SAR and the temperature increase due to 900MHz vertically polarized incident plane wave. Figure reproduced
from Cvetkovic et al. (2016).
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the induced electric field without additional computational
cost.

Figure 9 gives information of the first order sensitivity of
the model to a corresponding random variable for the SAR
assessment in the eye exposed to plane wave, that is, the SAR
variance.

As evident from Figures 9(a) and 9(b), higher levels of
SAR variance are obtained inside the central part of vitreous
body while in the remaining parts this value is rather low.
On the other hand, Figures 9(c) and 9(d) emphasizes the
importance of the corneal part, as the distribution of SAR
variance is mostly concentrated around the corneal region
although some noticeable effects exist also in the anterior
chamber.

3.3. Electromagnetic Field Coupling to Buried Conductors.
The deterministic analysis of the plane wave scattering from
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Figure 8: Relative gap between SC approximations: (a) 𝑛 = 2 (SC3) and 𝑛 = 4 (SC5), (b) 𝑛 = 4 (SC5) and 𝑛 = 6 (SC7), regarding mean and
variance from the real part of the induced electric field. Figure reproduced from Dodig et al. (2014).

buried wires is based on the space-time Pocklington integral
equation. The geometry of a thin wire of length 𝐿 and radius𝑎 is buried in a lossy medium at depth 𝑑, excited by the plane
wave as shown in Figure 10.

A transient response of a horizontal buried wire is
governed by the following equation of the Pocklington type
[26]:

(𝜇𝜀 𝜕𝜕𝑡 + 𝜇𝜎)𝐸tr
𝑥 (𝑡) = −( 𝜕2𝜕𝑥2 − 𝜇𝜎 𝜕𝜕𝑡 − 𝜇𝜀 𝜕2𝜕𝑡2)

⋅ [ 𝜇4𝜋 ∫𝐿
0
𝑖 (𝑥, 𝑡 − 𝑅

V
) 𝑒−(1/𝜏𝑔)(𝑅/V)𝑅 𝑑𝑥 − 𝜇4𝜋

⋅ ∫𝑡
0
∫𝐿
0
ΓMIT
ref (𝜏) 𝑖 (𝑥, 𝑡 − 𝑅∗

V
− 𝜏)

⋅ 𝑒−(1/𝜏𝑔)(𝑅∗/V)𝑅∗ 𝑑𝑥𝑑𝜏] ,

(38)

where 𝑖(𝑥, 𝑡 − 𝑅/V) is the unknown space-time dependent
current, 𝐸tr

𝑥 is the tangential component of the transmitted
field, and ΓMIT

ref is the space-time corresponding reflection
coefficient arising from the modified image theory (MIT)
approach, reported in [33]. Detailed derivation of (38) can be
found in [34].

The distance from the source point in the wire axis to the
observation point located on the wire surface is

𝑅 = √(𝑥 − 𝑥)2 + 𝑎2 (39)

while the distance from the source point on the image wire to
the observation point on the original wire, according to the
image theory, is

𝑅∗ = √(𝑥 − 𝑥)2 + 4𝑑2. (40)

Time constant and propagation velocity in the lossy
medium are given with

𝜏𝑔 = 2𝜀𝜎 ,
V = 1√𝜇𝜀 .

(41)

The influence of the earth-air interface is taken into
account via the reflection coefficient arising from the MIT
and is given with [34]

ΓMIT
ref (𝑡) = − [𝜏1𝜏2 𝛿 (𝑡) +

1𝜏2 (1 −
𝜏1𝜏2) 𝑒−𝑡/𝜏2] , (42)

where the corresponding time constants are

𝜏1 = 𝜀0 (𝜀𝑟 − 1)𝜎 ,
𝜏2 = 𝜀0 (𝜀𝑟 + 1)𝜎 .

(43)

Note that the reflection coefficient (42) represents rather
simple characterization of the earth-air interface, taking into
account only medium properties. An accuracy of (42) has
been discussed in [34].The solution is carried out analytically,
as presented in [34].

The response of interest is the transient current at the
center of the wire excited by a transmitted plane wave. The
entire stochastic modeling is based upon realistic values of
environmental parameters [26]:

(i) soil conductivity 𝜎: 𝜎0 = 𝑋01 = 5mS/m; uniformly
distributed: 𝑈[1; 9] (in mS/m);

(ii) length 𝐿 of wire: 𝐿0 = 𝑋02 = 10m; uniformly
distributed: 𝑈[9.5; 10.5] (in meters);

(iii) burial depth 𝑑: 𝑑0 = 𝑋03 = 4m; uniformly
distributed: 𝑈[2.5; 5.5] (in meters).

Without loss of generality, the problem can be addressed
following different assumptions about the statistical distribu-
tion laws.
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Figure 9: Variance inside the eyemodel induced by plane wave with power density 10W/m2 at𝑓 = 6GHz and SC approximation order 𝑛 = 2,
results at sagittal cross section. Stochastic variations around vitreous body (a) conductivity, (b) relative permittivity, cornea (c) conductivity,
and (d) relative permittivity. Figure reproduced from Dodig et al. (2014).

Figure 11 shows mean (+one standard deviation) of the
current at the wire center under uncertain constraints fully
tensorized (i.e., with 3 RVs). The sensitivity analysis provides
relevant information needed to decrease the total number of
SC points required for each RV and optimize the “full-tensor”
random model to an “asymmetrical” one.

Figure 12 provides convergence rates from the current
variance including a complete random model: only 5 points

are necessary to precisely describe the influence of random
burying depth 𝑑 (RV3). Nearly zero levels of the current
(mean and variance) below 0.03 𝜇s involve instability of the
convergence criterion (and positive SC gaps).

3.4. Transient Analysis of Grounding Electrode. This subsec-
tion deals with a transient analysis of a horizontal grounding
electrode. The deterministic formulation is based on the
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Figure 11: Currents at the center of the wire (“full-tensor” model).
Figure reproduced from Sesnic et al. (2015).

homogeneous space-time Pocklington integral equation. A
horizontal grounding electrode excited at one end with an
equivalent current source of length 𝐿 and radius 𝑎, buried in
a lossy medium of conductivity 𝜎 and relative permittivity 𝜀,
at depth 𝑑, is shown in Figure 13.

Thus, the current distribution along the wire is governed
by the space-time homogeneous Pocklington integrodiffer-
ential equation [35]:

( 𝜕2𝜕𝑥2 − 𝜇𝜎 𝜕𝜕𝑡 − 𝜇𝜀 𝜕2𝜕𝑡2) ⋅ [ 𝜇4𝜋 ∫𝐿
0
𝑖 (𝑥, 𝑡 − 𝑅

V
)

⋅ 𝑒−(1/𝜏𝑔)(𝑅/V)𝑅 𝑑𝑥 − 𝜇4𝜋 ∫𝑡
0
∫𝐿
0
ΓMIT
ref (𝜏)

⋅ 𝑖 (𝑥, 𝑡 − 𝑅∗
V

− 𝜏) 𝑒−(1/𝜏𝑔)(𝑅∗/V)𝑅∗ 𝑑𝑥𝑑𝜏] .
(44)

Theparameters used in (44) are already defined in Section 3.3.
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Figure 13: A horizontal thin wire scatterer buried in a lossymedium
excited via equivalent current source.

Integrodifferential equation (44) is solved analytically,
using certain approximations [35].

Additionally, transient impedance can be expressed as
[28]

𝑧 (𝑡) = V (0, 𝑡)𝑖 (0, 𝑡) , (45)

where scattered voltage can be obtained using Generalized
Telegraphers’ equations in the frequency domain with sub-
sequent Inverse Fourier Transform (IFFT) [28].

Figure 14 shows the results obtained from 32 + 52 + 72 =83 simulations [27]. Obviously, high convergence rates are
achieved for current mean since 5 × 5 points (i.e., 5 points
for each RV) almost overlap data involving 7 × 7 SC points.
Current variance provides important information regarding
the data dispersion around mean values (via standard devia-
tion in Figure 14).Therefore, the standard deviation is around
20mA at 𝑡 = 100 𝜇s.

A multivariate test case for the calculation of transient
impedance is presented in Figure 15. The influence of vari-
ability of soil conductivity 𝜎, lightning front time 𝑇𝐹, and
lightning time-to-half 𝑇𝐻 is investigated where these three
input variables are modeled as random, each prescribed with
uniform distribution as follows: 𝜎 ∼ 𝑈(1, 10) (in mS/m),
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𝑇𝐹 ∼ 𝑈(0.4, 4) (in 𝜇s), and 𝑇𝐻 ∼ 𝑈(50, 70) (in 𝜇s) [28]. The
assessment of the mean value and variance using the SC full-
tensor model with 7 × 7 × 7 collocation points is given.

The conductivity of the medium has the highest impact
during the entire simulation period, while front time has
higher impact at the early time period and time-to-half is
more dominant in the steady state.

4. Conclusion

The paper reviews some applications of stochastic-
deterministic modeling in various areas of computational
electromagnetics (CEM), previously reported by the authors.

Having completed the deterministic modeling, simple
stochastic collocation (SC) formalism is implemented to effi-
ciently account for uncertainties and to determine confidence
intervals in the set of obtained numerical results.

The expansion of the statistical output in terms of mean
and variance over a polynomial basis via stochastic colloca-
tion (SC) is proved to be a powerful method for uncertainty
propagation and related sensitivity analysis demonstrating
robustness and efficiency and providing satisfactory conver-
gence rate and nonintrusiveness nature of the approach.
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With the development of computer science, computational electromagnetics have also been widely used. Electromagnetic
phenomena are closely related to eigenvalue problems. On the other hand, in order to solve the uncertainty of input data, the
stochastic eigenvalue complementarity problem, which is a general formulation for the eigenvalue complementarity problem,
has aroused interest in research. So, in this paper, we propose a new kind of stochastic eigenvalue complementarity problem.
We reformulate the given stochastic eigenvalue complementarity problem as a system of nonsmooth equations with nonnegative
constraints. Then, a projected smoothing Newton method is presented to solve it. The global and local convergence properties
of the given method for solving the proposed stochastic eigenvalue complementarity problem are also given. Finally, the related
numerical results show that the proposed method is efficient.

1. Introduction

Computational electromagnetics is a science, which spans
many subjects. It is an organic combination of mathematical
theory, electromagnetic theory, and computer science. Elec-
tromagnetism is the classical dynamics theory. Electromag-
netic phenomena are also closely related to eigenvalue prob-
lems and essentially can be deduced by Maxwell eigenvalue
equation. The typical eigenvalue problem of the electromag-
netic field is the resonant problem of the cavity and the guide
wave problem of the waveguide. No matter the resonance
problem of closed cavity, or the propagation problem of
uniform guided waves, the wave equation is homogeneous
without considering any source or field excitation process.
For simplification, the conductors that constitute the cavity
are idealized. So the field satisfies the homogeneous boundary
condition on the boundary.There aremanymethods for solv-
ing computational electromagnetics, such as finite difference
method and finite element method; see literatures [1–7] for
details. In recent years, various methods in computational
electromagnetics have been continuously improved. How-
ever, the input data are usually affected by many uncertain
factors, such as the environment, which often results in the
difference between calculation and measurement. So, we

consider establishing a new model to solve some related
electromagnetics problems.This is also the motivation of this
paper.

Among the optimizationmodel, as we all know, the eigen-
value complementarity problem arises from several impor-
tant applications in engineering and physics, such as the
study of the resonance frequency and the stability of dynamic
systems. In the last few years, the eigenvalue complementarity
problem has drawn increasing attention, in many literature
systems, such as [8–13] and the references therein. Among
them, in [8], the authors study an eigenvalue complementar-
ity problem and find its origins in the solution of a contract
problem in mechanics. In [9], the eigenvalue complementar-
ity problems with symmetric real matrices are considered.
The authors transform this problem into a differentiable
optimization program involving the Rayleigh quotient on
a simplex and find its stationary point by the spectral
projected gradient algorithm. In [10–13], many methods are
proposed to solve the eigenvalue complementarity problems,
such as Levenberg-Marquardtmethod and the derivative-free
projection method. In [14], the stability of dynamic system is
studied. The model of eigenvalue complementarity problem
is established and the finite element method is used to solve
the model.
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On the other hand, the stochastic linear complementarity
problems, stochastic nonlinear complementarity problems,
and some related stochastic optimization problems attract
many researchers’ attention. And a lot of related theories and
algorithms are given, such as [15–20] and their references.
The expected value (EV) to reformulate the problems is
usually used. Many methods are effectual for solving the
stochastic complementarity problems. The global and local
convergence of these methods are also given. Besides, the
expected residual minimization (ERM) also can reformulate
the stochastic complementarity problems, such as those in
[21–23]. And the stochastic complementarity problems are
eventually transformed into a certain minimal problem with
constraints.

In order to reduce the difference between calculation
and measurement in computational electromagnetics, we
consider getting the approximate distribution, by statistics,
of a large number of experimental data and establishing a
new stochastic model. So, in this paper, we propose a new
kind of stochastic eigenvalue complementarity problem and
the smoothing Newton method is also proposed to solve the
given problem.

Denote (Ω, 𝐹, 𝑃) as a probability space with Ω ⊆ 𝑅𝑛,
where the probability distribution 𝑃 is known. The new kind
of stochastic eigenvalue complementarity problem is to find
a scalar 𝜆 > 0 and a vector 𝑥 ∈ 𝑅𝑛 \ {0}, such that𝑢 = (𝜆𝐵 (𝜔) − 𝐴 (𝜔)) 𝑥, 𝑥 ≥ 0, 𝑢 ≥ 0, 𝑥𝑇𝑢 = 0, (1)

where 𝐴(𝜔) and 𝐵(𝜔) are 𝑛 × 𝑛 symmetric positive definite
stochastic matrices, Ω ⊆ 𝑅𝑛 is the probability space, and 𝜔 ∈Ω = {𝜔1, 𝜔2, . . . , 𝜔𝑚} is a random vector given in probability
distribution 𝑃.

The rest of this paper is organized as follows. In Section 2,
we reformulate problem (1) as a nonsmooth system firstly and
give the related preliminary results. In Section 3, we present
the projected smoothing Newton method and give the con-
vergence results. In Section 4, some preliminary numerical
results are proposed. The last section is the conclusion.

2. Preliminary Results

In this section, we give the reformulation of problem (1) and
some related preliminaries.

Firstly, we consider using the expected value model to
solve (1) as the following equations.

Denote 𝐵 = 𝑚∑
𝑖=1

𝑝𝑖𝐵 (𝜔𝑖) ,
𝐴 = 𝑚∑
𝑖=1

𝑝𝑖𝐴 (𝜔𝑖) , (2)

where 𝑝𝑖 = 𝑃(𝜔𝑖 ∈ Ω) ≥ 0, 𝑖 = 1, . . . , 𝑚. So (1) is equivalent
to the problem, which is defined as𝑥 ≥ 0,

(𝜆𝐵 − 𝐴) 𝑥 ≥ 0,𝑥𝑇 (𝜆𝐵 − 𝐴) 𝑥 = 0,
(3)(𝜆𝐵 (𝜔𝑖) − 𝐴 (𝜔𝑖)) 𝑥 ≥ 0, 𝑖 = 1, . . . , 𝑚. (4)

As (3) is a linear complementarity problem,we canuse the
complementarity functions to transform it. The complemen-
tarity function has many different forms, such as the func-
tions given in [24–29]. Among them, the Fischer-Burmeister
(FB) function 𝜙 (𝑥) = √𝑎2 + 𝑏2 − (𝑎 + 𝑏) (5)

is used widely. By the FB function transformation, (3) is
equivalent to Φ(𝑥) = 0, where

Φ (𝑥) = (𝜙(𝑥1, (𝜆𝐵 − 𝐴)1 𝑥)...𝜙 (𝑥𝑛, (𝜆𝐵 − 𝐴)𝑛 𝑥)) . (6)

In this paper, we consider using the smoothing Fischer-
Burmeister function, which is differentiable at any point.This
smoothing method, which is an important method to solve
nonsmooth problems, has been widely used in recent years,
such as in [30–33]. The idea of a smoothing method is to
approximate nonsmooth functions by a sequence of smooth
functions. There are many forms of smooth functions. Qi
and Chen proposed a smooth approximation method for
nonsmooth functions in [34]. By introducing the smoothing
approximation function of Φ𝜇 : 𝑅𝑛 → 𝑅𝑛, 𝜇 > 0, smoothing
methods are proposed by Chen et al. So far, a lot of progress
has been made in the study of smoothing methods. In
this paper, similar to [28], we use the smoothing Fischer-
Burmeister function as𝜙𝜇 (𝑎, 𝑏) = √𝑎2 + 𝑏2 + 𝜇 − (𝑎 + 𝑏) , (7)

where 𝜇 > 0.
Therefore, (3) is equivalent to Φ𝜇(𝑥) = 0, where

Φ𝜇 (𝑥) = (𝜙(𝑥1, (𝜆𝐵 − 𝐴)1 𝑥)...𝜙 (𝑥𝑛, (𝜆𝐵 − 𝐴)𝑛 𝑥)) . (8)

Then, (3) and (4) are equivalent to the following problem:𝐻(𝑥, 𝜆, 𝜇, 𝑦) = 0, 𝑦 ≥ 0, 𝜆 > 0, 𝜇 > 0, (9)
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where

𝐻(𝑥, 𝜆, 𝜇, 𝑦) = ((((((
(

Φ𝜇 (𝑥)(𝜆𝐵 (𝜔1) − 𝐴 (𝜔1)) 𝑥 − 𝑦1...(𝜆𝐵 (𝜔𝑚) − 𝐴 (𝜔𝑚)) 𝑥 − 𝑦𝑚𝑥𝑇𝑥 − 12𝜇 − 1
))))))
)= 0

(10)

and 𝑦 = (𝑦𝑇1 , . . . , 𝑦𝑇𝑚)𝑇 ∈ 𝑅𝑚𝑛. Let 𝑧 = (𝑥𝑇, 𝜆, 𝜇, 𝑦𝑇)𝑇 ∈𝑅(𝑚+1)𝑛+2 and define a merit function of (9) as 𝑓(𝑧) =(1/2)‖𝐻(𝑧)‖2.
If (1) has a solution, then solving (9) is equivalent to find-

ing a global solution of the following optimization problem:

min 𝑓 (𝑧)
s.t. 𝑧 ∈ 𝑍, (11)

where 𝑍 = {(𝑥𝑇, 𝜆, 𝜇, 𝑦𝑇)𝑇 | 𝑥 ≥ 0, 𝜆 > 0, 𝜇 > 0, 𝑦 ≥ 0}.
Next, we give some related definitions and propositions.

Definition 1. Assume that 𝐹 : 𝑅𝑚 → 𝑅𝑛 is a locally Lipschit-
zian function. The 𝐵-subdifferential of 𝐹 at 𝑥 is𝜕𝐵𝐹 (𝑥) = {𝑉 ∈ 𝑅𝑚×𝑛 | ∃ {𝑥𝑘} ⊆ 𝐷𝐹 : {𝑥𝑘}→ 𝑥, 𝐹 (𝑥𝑘) → 𝑉} , (12)

where 𝐷𝐹 is the differentiable points set and 𝐹(𝑥𝑘) is the
Jacobian of 𝐹 at a point 𝑥 ∈ 𝑅𝑛.

Here, for any 𝑧 = (𝑥𝑇, 𝜆, 𝜇, 𝑦𝑇)𝑇 ∈ 𝑅(𝑚+1)𝑛+2, we have𝜕𝐵𝐻(𝑧)
= ((((((
(

𝑉Φ𝜇 𝑉Φ𝜇 𝑉Φ𝜇 0 ⋅ ⋅ ⋅ 0𝜆𝐵 (𝜔1) − 𝐴 (𝜔1) 𝐵 (𝜔1) 0 −𝐼 ⋅ ⋅ ⋅ 0... ... ... ... ... ...𝜆𝐵 (𝜔𝑚) − 𝐴 (𝜔𝑚) 𝐵 (𝜔𝑚) 0 0 ⋅ ⋅ ⋅ −𝐼2𝑥 0 0 0 0 00 0 0 2𝜇 ln 2 0 0
))))))
)

, (13)

where𝑉Φ𝜇 is the𝐵-subdifferential ofΦ𝜇 to𝑥,𝑉Φ𝜇 is the𝐵-sub-
differential of Φ𝜇 to 𝜆, and 𝑉Φ𝜇 is the 𝐵-subdifferential of Φ𝜇
to 𝜇. 𝐼 is the 𝑛 × 𝑛 identity matrix and 𝜆 ∈ 𝑅+, 𝜇 ∈ 𝑅+.
Definition 2 (see [18]). 𝐹 is said to be semismooth at 𝑥 if

lim
𝑉∈𝜕𝐵𝐹(𝑥+𝑡ℎ

),ℎ→ℎ,𝑡↓0
𝑉ℎ (14)

exist for any ℎ ∈ 𝑅𝑛.

Definition 3 (see [18]). 𝐹 is said to be strongly semismooth at𝑥 if 𝐹 is semismooth at 𝑥 and for any 𝑉 ∈ 𝜕𝐹(𝑧 + ℎ), ℎ → 0,
lim

ℎ→0,𝑉∈𝜕𝐵𝐹(𝑥+ℎ)

‖𝐹 (𝑥 + ℎ) − 𝐹 (𝑥) − 𝑉ℎ‖‖𝑑‖2 < ∞. (15)

Definition 4 (see [35]). 𝐹 is said to be 𝐵𝐷-regular at a point 𝑥
if all the elements in 𝜕𝐵𝐹(𝑥) are nonsingular.
3. Projected Smoothing Newton Method and
Convergence Analysis

In this section, we present the projected smoothing Newton
method and establish the global and local convergence results
of the given method.

Method 1 (projected smoothing Newton method).

Step 0. Choose 𝜎 ∈ (0, 1), 𝛾 ∈ (0, 1), 𝜇 ∈ 𝑅+ satisfying 𝛾𝜇 <1, 𝛽 ∈ (0, 1).
Step 1. Compute 𝑔𝑘 = ∇𝑓(𝑧𝑘). If ‖𝑔𝑘‖ < 𝜖, stop.
Step 2. Compute 𝑑𝑘 by𝐻(𝑧𝑘) + (𝑉𝑘 + 𝛼𝐼) 𝑑𝑘 = 𝛽𝑧, (16)

where 𝑉𝑘 ∈ 𝜕𝐵𝐻(𝑧𝑘), 𝛼 ≥ 0, 𝑧 = (𝜇, 0) ∈ 𝑅((𝑚+1)𝑛+2).
Step 3. Let𝑚 be the least nonnegative integer satisfying𝑓 (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘)) ≤ (1 − 2𝜎 (1 − 𝛾𝜇) 𝛽𝑚) 𝑓 (𝑧𝑘) . (17)

Let 𝑧𝑘+1 = 𝑃𝑍(𝑧𝑘 + 𝛽𝑚𝑑𝑘).
Step 4. Set 𝑘 fl 𝑘 + 1; return to Step 1.

In the following, we give the convergence results of
Method 1.

Theorem 5. Let {𝑧𝑘} be an infinite sequence generated by
Method 1, and 𝑧∗ is an accumulation point of {𝑧𝑘}. If 𝑧∗ is a
BD-regular solution of 𝑓(𝑧𝑘), 𝑧∗ is a solution of𝐻(𝑧) = 0.
Proof. From Step 3 of Method 1, we have 𝑓(𝑧𝑘+1) < 𝑓(𝑧𝑘),
for all 𝑘 ≥ 0. Hence, 𝑓(𝑧𝑘) is monotonically decreasing. Since(𝑧𝑘) ≥ 0(𝑘 ≥ 0), there exists 𝑓∗, such that lim𝑘→∞𝑓(𝑧𝑘) =𝑓∗ = 𝑓(𝑧∗).

We suppose 𝑓(𝑧∗) > 0. By (17), we have𝑓 (𝑧𝑘+1) ≤ (1 − 2𝜎 (1 − 𝛾𝜇) 𝛽𝑚) 𝑓 (𝑧𝑘) . (18)

Take the limit of (18) on both sides. We get𝑓 (𝑧∗) ≤ (1 − 2𝜎 (1 − 𝛾𝜇) 𝛽𝑚) 𝑓 (𝑧∗) . (19)

Then, we have (2𝜎(1 − 𝛾𝜇)𝛽𝑚)𝑓(𝑧∗) ≤ 0.
This is in contradiction to 𝜎 ∈ (0, 1), 𝛾𝜇 < 1. Hence,𝐻(𝑧∗) = 0. The proof is completed.

Theorem 6. Let {𝑧𝑘} be an infinite sequence generated by
Method 1 and 𝑧∗ be a BD-regular solution; the rate of conver-
gence is quadratic.
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Proof. By Proposition 2.1.1(b) in [36] and 𝜕𝐵𝐻(𝑧𝑘) being
nonempty compact set at any point, we have that 𝑉𝑘 ∈𝜕𝐵𝐻(𝑧𝑘) is bounded in bounded set of points. So, there is a
constant 𝑐1 > 0 and 𝑐3 > 0, such that, for all 𝑧𝑘 ∈ ⋃(𝑧∗,𝛿1), where 𝛿1 is a sufficiently small positive constant, ‖(𝑉𝑘 +𝛼𝐼)−1‖ ≤ 𝑐1 and ‖𝑉𝑘‖ ≤ 𝑐3 hold. Besides, by Definition 3, there
exists a positive constant 𝑐2, such that𝐻 (𝑧𝑘) − 𝐻 (𝑧∗) − 𝑉𝑘 (𝑧𝑘 − 𝑧∗) ≤ 𝑐2 𝑧𝑘 − 𝑧∗2 , (20)

for all 𝑧𝑘 ∈ ⋃(𝑧∗, 𝛿1), where 𝛿2 is a sufficiently small positive
constant. Moreover, there exists a positive constant 𝑐4, such
that 𝛽𝑧 = 𝑐4‖𝑧𝑘 − 𝑧8‖2 hold.

Denote 𝛿 = min(𝛿1, 𝛿2), for all 𝑧𝑘 ∈ ⋃(𝑧∗, 𝛿). We have(𝑉𝑘 + 𝛼𝐼) (𝑧𝑘+1 − 𝑧∗) = (𝑉𝑘 + 𝛼𝐼)⋅ (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − 𝑧∗) = (𝑉𝑘 + 𝛼𝐼)⋅ (𝑧𝑘 + 𝑑𝑘 − 𝑧∗ + 𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘))= (𝑉𝑘 + 𝛼𝐼) (𝑧𝑘 − 𝑧∗ + 𝑑𝑘) + (𝑉𝑘 + 𝛼𝐼)⋅ (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘)) = (𝑉𝑘 + 𝛼𝐼)⋅ (𝑧𝑘 − 𝑧∗) + (𝑉𝑘 + 𝛼𝐼) 𝑑𝑘 + (𝑉𝑘 + 𝛼𝐼)⋅ (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘)) = 𝑉𝑘 (𝑧𝑘 − 𝑧∗)+ 𝛼 (𝑧𝑘 − 𝑧∗) + 𝛽𝑧 − 𝐻 (𝑧𝑘) + (𝑉𝑘 + 𝛼𝐼)⋅ (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘)) .

(21)

Since𝐻 is a locally Lipschitzian function, we premultiply
this equation by (𝑉𝑘 +𝛼𝐼)−1 and take norms on both sides. So
we get𝑧𝑘+1 − 𝑧∗ ≤ (𝑉𝑘 + 𝛼𝐼)−1 𝑉𝑘 (𝑧𝑘 − 𝑧∗)+ 𝛼 (𝑧𝑘 − 𝑧∗) − 𝐻 (𝑧𝑘)+ (𝑉𝑘 + 𝛼𝐼) (𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘)) + 𝛽𝑧≤ 𝑐1 (𝐻 (𝑧∗ − 𝐻 (𝑧𝑘) + 𝑉𝑘 (𝑧𝑘 − 𝑧∗))+ 𝛼 𝑧𝑘 − 𝑧∗) + 𝑃𝑍 (𝑧𝑘 + 𝛽𝑚𝑑𝑘) − (𝑧𝑘 + 𝑑𝑘)+ 𝛽𝑧 ≤ 𝑐1 (𝑐2 + 𝑐3) 𝑧𝑘 − 𝑧∗2 + 𝑧𝑘 + 𝑑𝑘 − 𝑧∗+ 𝑐4 𝑧𝑘 − 𝑧∗2 ≤ 𝑐1 (𝑐2 + 𝑐 − 3 + 𝑐4) 𝑧𝑘 − 𝑧∗2+ 𝑧𝑘 − 𝑧∗ + (𝑉𝑘 + 𝛼𝐼)−1 (𝛽𝑧 − 𝐻 (𝑧𝑘)) ≤ 𝑐1 (𝑐2+ 𝑐 − 3 + 𝑐4) 𝑧𝑘 − 𝑧∗2 + 𝑐1 (𝑐4 𝑧𝑘 − 𝑧∗2+ 𝑐2 𝑧𝑘 − 𝑧∗2 + 𝑐3 𝑧𝑘 − 𝑧∗2) = 2𝑐1 (𝑐2 + 𝑐3 + 𝑐4)⋅ 𝑧𝑘 − 𝑧∗2 = 𝜏 𝑧𝑘 − 𝑧∗2 ,

(22)

where 𝜏 = 2𝑐1(𝑐2 + 𝑐3 + 𝑐4). Therefore, similar to the proof of
Theorem 2.3 in [37], we know that the rate of convergence is𝑄-quadratic. The proof is completed.

4. Numerical Results

In this section, we give some related numerical experiments.
Because problem (1) is proposed for the first time, we give the
following examples combinedwith the examples in literatures
[1–7, 38]. In [7], the authors consider the complex shell inside
the complicated enclosures of the electronic component and
the high frequency radiation. The enclosure is assumed to be
large compared to the wavelength. In this case, wavelengths
have strong dependence on the properties of waves, includ-
ing eigenvalues, eigenfunctions, scattering, and impedance
matrices under small perturbations. The field fluctuations
within the enclosure are described in a statistical sense using
random matrix theory. In [38], in the microwave frequency
band, the resonant circuit is usually realized by a resonant
cavity. The cavity is filled with air or other mediums, and the
electromagnetic oscillation in the cavity can be generated in
the cavity by the way of probe and small hole. The waveguide
cavity is formed by sealing the waveguides along the ends
of the propagation direction with a conductor. Example 10
is converted from a two-dimensional rectangular resonant
cavity problem in random system, which is proposed in [3,
38]. The program is written in Matlab 7.0. The parameters in
Method 1 are taken as 𝛿 = 0.1,𝜎 = 0.1,𝜇0 = 1,𝜇 = 1,𝛾 = 0.1.

(23)

The stopping rules for Method 1 are ‖∇𝑓(𝑧𝑘)‖ ≤ 1𝑒 − 3 or𝑘max = 2 × 104.
The initial points are randomly selected. In these tables of

the numerical results, 𝑥∗ denotes the point of the minimiza-
tion of 𝑓(𝑧), 𝜆 denotes the eigenvalue, and DIM denotes the
dimension of the problem.

Example 7. We consider problem (1), where𝐴 (𝜔) = (3 + 𝜔 11 2 + 𝜔) ,
𝐵 (𝜔) = (2 + 𝜔 11 1 + 𝜔) ,Ω = {0, 1} ,𝑝𝑖 = 𝑃 (𝜔𝑖 ∈ Ω) = 0.5, 𝑖 = 1, 2.

(24)

The numerical results of Example 7 are given in Table 1
and the values of 𝑓(𝑧) at each iteration are shown in Figure 1.
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Table 1: Numerical results of Example 7.𝜆 𝑥∗ 𝑓 (𝑧∗)
1.5343 (0.3447, 0.2414)𝑇 0.4328
1.5280 (0.3827, 0.3481)𝑇 0.4193
1.5159 (0.4038, 0.3369)𝑇 0.3759
1.5472 (0.3267, 0.1698)𝑇 0.4327
1.4130 (0.6240, 0.3500)𝑇 0.1902

×104

0
0.1
0.2
0.3
0.4
0.5
0.6

f
(z

∗
)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Iteration number

The 1st numerical experiment
The 2nd numerical experiment
The 3rd numerical experiment
The 4th numerical experiment
The 5th numerical experiment

Figure 1: Change curve of numerical value of𝑓(𝑧) at every iteration.
Example 8. We consider problem (1), where𝐴 (𝜔)

= (((((
(

2+ 𝜔 1 1 1 1 11 2 + 𝜔 1 1 1 11 1 2 + 𝜔 1 1 11 1 1 2 + 𝜔 1 11 1 1 1 2 + 𝜔 11 1 1 1 1 2 + 𝜔
)))))
)

,
𝐵 (𝜔)
= (((((
(

3+ 𝜔 1 1 1 1 11 3 + 𝜔 1 1 1 11 1 3 + 𝜔 1 1 11 1 1 3 + 𝜔 1 11 1 1 1 3 + 𝜔 11 1 1 1 1 3 + 𝜔
)))))
)

,
Ω = {0, 1} ,𝑝𝑖 = 𝑃 (𝜔𝑖 ∈ Ω) = 0.5, 𝑖 = 1, 2.

(25)

The numerical results of Example 8 are shown in Table 2
and the values of 𝑓(𝑧) at each iteration are shown in Figure 2.

The 1st numerical experiment
The 2nd numerical experiment
The 3rd numerical experiment
The 4th numerical experiment
The 5th numerical experiment

0

0.5

1

1.5

f
(z

∗
)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Iteration number ×104

Figure 2: Change curve of numerical value of𝑓(𝑧) at every iteration.
Table 2: Numerical results of Example 8.𝜆 𝑥∗ 𝑓 (𝑧∗)

0.8996 (0.4856, 0.5973, 0.3077, 0.4007, 0.5974, 0.5284)𝑇 0.5782
0.9013 (0.6375, 0.2817, 0.3071, 0.5837, 0.3521, 0.5110)𝑇 0.2802
1.0000 (0.2128, 0.2264, 0.0828, 0.2039, 0.1965, 0.0488)𝑇 0.3125
0.9001 (0.5624, 0.6134, 0.4119, 0.5258, 0.5934, 0.5930)𝑇 0.4441
1.0000 (0.0096, 0.0049, 0.0080, 0.0014, 0.0042, 0.0091)𝑇 0.7799

Example 9. We consider problem (1), where

𝐴 (𝜔) = (2 + 𝜔 1 ⋅ ⋅ ⋅ 11 2 + 𝜔 ⋅ ⋅ ⋅ 1... ... d
...1 1 ⋅ ⋅ ⋅ 2 + 𝜔)

𝑛×𝑛

,

𝐵 (𝜔) = (3 + 𝜔 1 ⋅ ⋅ ⋅ 11 3 + 𝜔 ⋅ ⋅ ⋅ 1... ... d
...1 1 ⋅ ⋅ ⋅ 3 + 𝜔)

𝑛×𝑛

,
Ω = {0, 1} ,𝑝𝑖 = 𝑃 (𝜔𝑖 ∈ Ω) = 0.5, 𝑖 = 1, 2.

(26)

When 𝑛 takes different values, the numerical results of
Example 9 are shown in Table 3 and the values of𝑓(𝑧) at each
iteration are shown in Figure 3.

In the following, we consider the application of problem
(1) in resonant cavity.

The calculation of the resonator can be described by the
field equation and the boundary condition. With passivity
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(b) DIM = 100
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(c) DIM = 200

Figure 3: Change curve of numerical value of 𝑓(𝑧) at every iteration, when DIM takes different values.

Table 3: Numerical results of Example 9.

DIM 𝜆 𝑓(𝑧∗)
50 1.4000 0.7196
50 1.4000 0.7248
50 1.4000 0.6907
50 1.4000 0.6868
50 1.4000 0.6811
100 1.4000 0.9427
100 1.4000 0.8941
100 1.4000 0.8774
100 1.4000 0.8967
100 1.4000 0.8902
200 1.6595 1.7401
200 1.6610 1.6844
200 1.6626 1.5796
200 1.6584 1.8135
200 1.6611 1.7051

in the cavity, the field vector satisfies the homogeneous
Helmholtz equation. The vector potential 𝐴 and the vector

potential𝐴𝑚 are used, and an arbitrary field vector 𝑎 is taken
as a leading vector. We have𝐴 = 𝑎Ψ,𝐴𝑚 = 𝑎Ψ∗, (27)

where Ψ and Ψ∗ satisfy∇2Ψ + 𝑘2Ψ = 0,∇2Ψ∗ + 𝑘2Ψ∗ = 0. (28)

On the inner wall 𝑆 of the cavity, the boundary conditions
can often be converted to Ψ|𝑆 = 0, (29)Ψ∗𝑆 = 0. (30)

Besides, as we all know, generally speaking, microwave
engineering can be divided into two categories: eigenvalue
problems and noneigenvalue problems. The problems of the
propagation of electromagnetic wave in the waveguide and



Mathematical Problems in Engineering 7

Table 4: Numerical results of Example 10.𝜆 𝑥∗ 𝑓(𝑧∗)
1.1038 (0.0027, 0.0073, 0.0074, 0.0034, 0.0050)𝑇 0.5255
1.1097 (0.0010, 0.0004, 0.0055, 0.0072, 0.0075)𝑇 0.5169
1.1004 (0.0013, 0.0057, 0.0047, 0.0001, 0.0033)𝑇 0.5172
1.1718 (0.0065, 0.0319, 0.0129, 0.0190, 0.0034)𝑇 0.6617
1.1417 (0.0321, 0.0181, 0.0307, 0.0310, 0.0236)𝑇 0.9004

the distribution of themidfield in the cavity are all eigenvalue
problems. In [38], the eigenvalue problem here is as follows:𝐴𝑥 = 𝜆𝑥. (31)

The reason for such a conclusion is that if the problem
is abstracted, the Laplace operator ∇2 acts on the function Ψ
and the product of matrix 𝐴 and vector 𝑥 can be regarded as
a linear operator 𝐿 acting on an object 𝑓.

In [3], the author considers the eigenvalue problem as
follows: 𝐾𝜑 − 𝜆𝐵𝜑 = 0, (32)

where 𝐾 and 𝐵 are matrices, 𝜑 is the unknown quantity, and𝜆 is the eigenvalue.
In a random system, different loop lengths can produce

different resonant frequencies, resulting in multiple modes.
So we denote the resonant frequencies as 𝜆𝜔, where 𝜔 is
random.

InExample 10 of this paper, we transform the above eigen-
value problem into the eigenvalue complementarity problem
(1) and consider the form in the stochastic system. Next, we
give Example 10.

Example 10. We consider problem (1), where

𝐵 (𝜔) = ((
(

12𝜔 𝜔 −𝜔 2𝜔 𝜔𝜔 14𝜔 𝜔 −𝜔 𝜔−𝜔 𝜔 16𝜔 −𝜔 𝜔2𝜔 −𝜔 −𝜔 12𝜔 −𝜔𝜔 𝜔 𝜔 −𝜔 11𝜔
))
)

,

𝐾 = ((
(

10 2 3 1 12 12 1 2 13 1 11 1 −11 2 1 9 11 1 −1 1 15
))
)

,
Ω = {0, 1} ,𝑝𝑖 = 𝑃 (𝜔𝑖 ∈ Ω) = 0.5, 𝑖 = 1, 2.

(33)

The 1st numerical experiments
The 2nd numerical experiments
The 3rd numerical experiments
The 4th numerical experiments
The 5th numerical experiments
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0.8
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∗
)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20
Iteration number ×104

Figure 4:Change curve of numerical value of𝑓(𝑧) at every iteration.
The numerical results of Example 10 are shown in Table 4

and the values of 𝑓(𝑧) at each iteration are shown in Figure 4.
5. Conclusion

The numerical experiments show that the projected smooth-
ing Newton method is effective in solving the eigenvalue
complementarity problems, even for high dimensional prob-
lems. After several experiments, we find that the value of 𝜇
in smoothing function has a great influence on the numerical
results. When 𝜇 = 0.01, the numerical results are optimal.
Using the smoothing Newtonmethod, the objective function
is polished. So the objective function is guided everywhere.
Besides, the projected smoothing Newton method is 𝑄-
quadratic. In the application of the projected smoothing
Newton method, we consider the two-dimension resonator
problem. Therefore, using the new technology of optimiza-
tion method to further improve the accuracy and efficiency
of the given method, the applications in more complicated
resonator problems are of great significance and practical
value.
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[13] J. J. Júdice, H. D. Sherali, I. . Ribeiro, and S. S. Rosa, “On the
asymmetric eigenvalue complementarity problem,” Optimiza-
tion Methods & Software, vol. 24, no. 4-5, pp. 549–568, 2009.

[14] A. Pinto da Costa, J. A. Martins, I. N. Figueiredo, and J. J.
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A reliable approach based on modified facet-based model and Vector Radiative Transfer theory is presented to calculate
electromagnetic scattering from a particular electrically large sea surface superimposed with foams, which can handily give both
monostatic and bistatic scattering results and could be applied to synthetic aperture radar imagery simulation. The facet model is
derived from Fuks’ first-order small perturbationmethod function, and then the Kirchhoffmodel is introduced to revise the results
in view of the dependency on cut-off wave number at near vertical incidence angles. Additionally, the contributions of foams are
taken into consideration on the basis of Vector Radiative Transfer theory. The accuracy and superiority of this proposed approach
are demonstrated in comparison with traditional facet model, which illustrates that the results of this approach agree better with
experimental results. Moreover, several examples are given to verify that the proposed approach is of more significance at large
incidence angles and high wind speed.

1. Introduction

Investigation on electromagnetic (EM) scattering from mar-
itime scene is of great value in both civil and military
applications, such as maritime environment monitoring and
clutter rejection in target detection. Extensive endeavors
have been devoted to evaluate the scattering characteristic in
either theoretical or experimental terms. Usually, approaches
for EM scattering calculation from rough sea surface in
theoretical term can be classified as numerical category
and analytical category. Among the numerical efforts, some
recent attempts could be noted, for instance, the Multiple
Sweep Method of Moments [1], the Accelerated Forward-
BackwardMethod [2], and the OrderedMultipleMethod [3].
Although these methods prevail over traditional numerical
ones in terms of accelerated skills, they would still be too
tricky and time-consuming for general applications, particu-
larly for electrically large maritime scene. On the other hand,
analytical methods have received more and more attention
in view of their high efficiency, relative accuracy, and clear
physical interpretation. Crombie firstly discovered the Bragg
resonant phenomena that the Bragg waves resonant with EM
waves dominate in the echo [4]. And then two-scale theory

has been always a famous approach since it was presented
in the 1970s [5]. Further, the modified two-scale method was
presented and validated with better accuracy [6]. However, it
is still a statistic approach, which obtains an average of the
scattering coefficients under different conditions without a
particular sea height map, and nothing is said about local
information.

In past decades, synthetic aperture radar (SAR) has been
greatly developed in consideration of its independency on
daylight and weather, and SAR imaging has become one of
the most important means for remote sensing of maritime
environment. At the same time, local information is useful
and desirable in SAR imagery simulation of marine scene,
especially the one with oil film and ship wake. This demand
has encouraged the development of facet-based approaches,
which try to break the surface into facets and then the
scattering contributions from individual facets could be
obtained. A facet backscattering model was presented by
Franceschetti et al. by means of Kirchhoff approximation [7],
but it loses sight of the Bragg phenomena. Chen et al. came
up with a slope-determined facet model that could reflect
both the specular and diffuse configurations inmonostatic or
bistatic system [8].
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In reality, with the increase of wind speed above sea
surface, foams would come into being. What is more, one-
third of sea surface would be covered with foams when
the velocity of wind comes up to 25m/s. So it is of great
significance to take the influences of foams on sea surface
scattering into account at high wind speed condition. Jin [9]
endeavored to investigate the scattering characteristics of sea
surface with foams by introducing Vector Radiative Transfer
(VRT) theory into two-scale model (TSM). Liang and Guo
[10] combinedVRT theory withmodified TSM.However, the
two aforementioned statistical methods cannot be applied to
SAR imagery simulation because of the deficiency of local
information.

In this work, a facet-basedmodel derived fromFuks’ first-
order small perturbationmethod function [11, 12] is proposed
to calculate the scattering contribution from individual sea
surface facets in both monostatic and bistatic configurations.
Moreover, the Kirchhoff model is introduced to revise the
results because the small perturbation method is not suitable
and the results are dependent on cut-off wave number at near
vertical incidence angles. Meanwhile, the scattering effects
of foams are considered and calculated according to the
VRT theory, which is of significance at high wind speed
and grazing incidence consideration.The proposed approach
would be attractive on the ground that the formulation
is tractable and time-saving, and the mechanism is more
comprehensive including both specular and diffuse features.
What ismore, as this scheme can calculate the local scattering
contributions, it could be readily applied to SAR imagery
simulation and the analysis of scattering contributions from
complex sea surface with ship wake and oil film.

2. Model Description and Formulation

2.1. Modified Facet-Based Model. Sea surface can be seen as a
two-scale model where small-scale waves are superimposed
on the large-scale waves. The ELH spectrum [13] can involve
both long and short wind-driven waves, so it is used to
generate sea surface here.Then the sea surface is decomposed
into facets with different slopes and the total scattering can
be calculated by summing up the contributions from all the
facets. Therefore, an adequate formula for scattering from
arbitrary slope facet needs to be derived.

As shown in Figure 1, it is assumed that the mean of
the microscopic rough surface is 𝜁 = 0 and the distribution
satisfies statistically spatial homogeneity. When considering
a unit incident plane wave 𝐸𝑖 in 𝑥𝑜𝑧 plane, we can get
the scattering coefficient according to the first-order small
perturbation method function presented by Fuks [11, 12]:

𝜎0𝑝𝑞 (k̂𝑖, k̂𝑠) = 𝜋𝑘4 |𝜀 − 1|2 𝐹𝑝𝑞2 𝑆𝜁 (q𝑙) , (1)

where k̂𝑖 is a unit vector directed from the transmitter, while
k̂𝑠 is a unit vector directed to the reception point; q𝑙 is the
projection vector of q on the plane 𝑧 = 0; q = (k̂𝑠 − k̂𝑖);
k denotes the electromagnetic wave number; 𝜀 indicates the
relative permittivity of the dielectric surface; 𝑝, 𝑞 = ℎ, V stand
for the polarization direction of scattering and incident wave
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Figure 1: Geometry of microscopic rough scattering surface.

vector, respectively;𝐹𝑝𝑞 represents the polarization factor and
detailed expressions in Appendix; 𝑆𝜁(q𝑙) is the spatial power
spectrum of microscopic rough surface.

Next, we need to calculate the scattering coefficient of
arbitrary slope facet.

As shown in Figure 2, {x̂𝑔,ŷ𝑔,ẑ𝑔} is the global coordinate,
while the local coordinate is created at the point o of facet as
follows:

ẑ𝑙 = n̂,
ŷ𝑙 = n̂ × k̂𝑖n̂ × k̂𝑖

 ,
x̂𝑙 = ŷ𝑙 × ẑ𝑙,

(2)

where n̂ = (−𝑍𝑥x̂𝑔 − 𝑍𝑦ŷ𝑔 − ẑ𝑔)/√1 + 𝑍𝑥2 + 𝑍𝑦2 indicates
the normal vector of the facet; (𝜃𝑖, 𝜃𝑠, 0𝑖, 0𝑠) and (𝜃𝑙𝑖 , 𝜃𝑙𝑠, 0𝑙𝑖, 0𝑙𝑠)
are the global and local angles of incidence and scattering
direction in different coordinates.

Referring to (1), we can write the scattering coefficient of
arbitrary slope rough facet:

𝜎facet𝑃𝑄 (k̂𝑖, k̂𝑠) = 𝜋𝑘4 |𝜀 − 1|2 𝐹𝑃𝑄2 𝑆𝜁 (q𝑙) , (3)

where 𝐹𝑃𝑄 is defined as the polarization factor in global
coordinate and can be obtained from the following relation:

(𝐹𝑉𝑉 𝐹𝑉𝐻
𝐹𝐻𝑉 𝐹𝐻𝐻)

= (V̂𝑠 ⋅ k̂𝑠 Ĥ𝑠 ⋅ k̂𝑠
V̂𝑠 ⋅ ĥ𝑠 Ĥ𝑠 ⋅ ĥ𝑠)(

𝐹VV 𝐹Vℎ𝐹ℎV 𝐹ℎℎ)(
V̂𝑖 ⋅ k̂𝑖 V̂𝑖 ⋅ ĥ𝑖
Ĥ𝑖 ⋅ k̂𝑖 Ĥ𝑖 ⋅ ĥ𝑖) ,

(4)

where (Ĥ𝑖, V̂𝑖, Ĥ𝑠, V̂𝑠) and (ĥ𝑖, k̂𝑖, ĥ𝑠, k̂𝑠) are the unit polariza-
tion vectors in global and local coordinate, respectively.

According to the Bragg resonance hypothesis, both the
Bragg waves spreading along and against the radar sight
direction contribute to the radar receiver; thus (3) can be
rewritten as

𝜎facet𝑃𝑄 (k̂𝑖, k̂𝑠) = 𝜋𝑘4 |𝜀 − 1|2 𝐹𝑃𝑄2 𝑆capi (q𝑙) , (5)
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Figure 2: Geometry of global coordinate and local coordinate.

where 𝑆capi(q𝑙) = (1/2)[𝑆capi𝐸 (−q𝑙) + 𝑆capi𝐸 (q𝑙)] is the Bragg
waves component; 𝑆capi𝐸 is the small-scale capillary ripple part
of one-sided ELH spectrum.

Thus, cut-off wave number 𝑘cut is introduced to divide
ELH spectrum into large-scale gravity wave part 𝑆grav𝐸 and
small-scale capillary ripple part 𝑆capi𝐸 :

𝑆grav𝐸 (k) = {{{{{
0, |k| ≥ 𝜋6𝑆𝐸 (k) , |k| ≤ 𝜋6 ,

𝑆capi𝐸 (k) = {{{{{
𝑆𝐸 (k) , |k| ≥ 𝜋60, |k| ≤ 𝜋6 ,

(6)

where 𝑆𝐸(k) is the two-dimensional ELH spectrum and the𝑘cut here is equal to 𝜋/6.
Assume that the lengths of the two-dimensional simula-

tion sea surface sample in 𝑥 and 𝑦 directions are 𝐿𝑥 and 𝐿𝑦,
respectively. The area is 𝐴 = 𝐿𝑥𝐿𝑦, the numbers of discrete
points are𝑀 and𝑁, and the distances between two adjacent
points are Δ𝑥 and Δ𝑦. Then, according to (5), we can get the
total scattering coefficient by summing up the contributions
from all of the facets:

𝜎total𝑃𝑄 (k̂𝑖, k̂𝑠) = 1𝐴
𝑀∑
𝑚=1

𝑁∑
𝑛=1

[𝜎TSPM𝑃𝑄,𝑚𝑛 (k̂𝑖, k̂𝑠) Δ𝑥Δ𝑦] , (7)

where 𝜎TSPM𝑃𝑄,𝑚𝑛(k̂𝑖, k̂𝑠) is the normalized Bragg scattering coef-
ficient of the number𝑚𝑛 facet.

Unfortunately, there is no unified standard to choose the
advisable cut-off wave number. As shown in Figure 3, the
small perturbation method is not suitable and the results are
dependent on 𝑘cut at near vertical incident angles.

The parameters in the simulation are in order as follows:
the incident wave is at Ku-band (14.0 GHz), the wind speed
at 10 m above the mean sea level is selected by 𝑢10 = 5.0m/s,
the angle of wind direction 0𝑤 is defined as the included angle
of wind direction and x̂𝑔 axis, here 0𝑤 = 0∘, the numbers of

−50
−45
−40
−35
−30
−25
−20
−15
−10

−5
0
5

10
15
20
25


vv

(d
B)

15 30 45 60 75 900
i (deg.)

k/3
k/6
k/12

k/20

Figure 3: Impact of cut-off wave number on scattering coefficients.

discrete points are 𝑀 = 𝑁 = 256, the distances between
two adjacent points are Δ𝑥 = Δ𝑦 = 1.0m, and the relative
permittivity calculated by Klein model [14] at 20∘C and 35‰
salinity is 𝜀 = (55.845, 37.731).

In view of the dependency on cut-offwave number at near
vertical incident angles, Kirchhoff model can be introduced
to revise the slope-modulated perturbation coefficient [15].
Then (7) can be rewritten as

𝜎total𝑃𝑄 (k̂𝑖, k̂𝑠) = 1𝐴
⋅ 𝑀∑
𝑚=1

𝑁∑
𝑛=1

{[𝜎KAM𝑃𝑄,𝑚𝑛 (k̂𝑖, k̂𝑠) + 𝜎TSPM𝑃𝑄,𝑚𝑛 (k̂𝑖, k̂𝑠)] Δ𝑥Δ𝑦} ,
(8)

where 𝜎KAM𝑃𝑄,𝑚𝑛(k̂𝑖, k̂𝑠) is the normalized specular scattering
coefficient of the number𝑚𝑛 facet and can be obtained by
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Figure 4: Geometry of foams scattering.

𝜎KAM𝑃𝑄,𝑚𝑛 (k̂𝑖, k̂𝑠) = 𝜋𝑘2 |q|2𝑞4𝑧
𝐹KAM
𝑃𝑄

 𝑃 (𝑧tan𝑥 , 𝑧tan𝑦 ) , (9)

where 𝑃(∙) is the slope probability density function (refer to
[16]).The detailed expressions of polarization factor𝐹KAM𝑃𝑄 are
given in Appendix.

By now, we can calculate the total scattering coefficient of
a particular sea surface sample by (8). At the same time, the
local contribution from any facet can be readily obtained. So
this modified facet-based scattering model could be applied
to SAR imagery simulation.

2.2. Foams Scattering Model. In reality, with the increase of
wind speed above the sea surface, foams come into being. So it
is inaccurate to calculate the scattering from sea surface with
forenamed modified facet-based model and the influences of
foams on sea surface scattering should be taken into account
at high-wind-speed condition.

As shown in Figure 4, the Vector Radiative Transfer
(VRT) functions of the foam layer can be expressed by [9]

cos 𝜃𝑠 𝑑𝑑𝑧𝐼 (𝜃𝑠, 𝜑𝑠, 𝑧)
= −𝐾𝑒 (𝜃𝑠, 𝜑𝑠) ⋅ 𝐼 (𝜃𝑠, 𝜑𝑠, 𝑧)
+ ∫2𝜋
0
𝑑𝜑𝑖 ∫𝜋/2
0

𝑑𝜃𝑖 × sin 𝜃𝑠
⋅ 𝑃 (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖) 𝐼 (𝜃𝑖, 𝜑𝑖, 𝑧) + 𝑄 (𝑧, 𝜃𝑠, 𝜑𝑠) ,

− cos 𝜃𝑠 𝑑𝑑𝑧𝐼 (𝜋 − 𝜃𝑠, 𝜑𝑠, 𝑧)
= −𝐾𝑒 (𝜃𝑠, 𝜑𝑠) ⋅ 𝐼 (𝜋 − 𝜃𝑠, 𝜑𝑠, 𝑧)
+ ∫2𝜋
0
𝑑𝜑𝑖 ∫𝜋/2
0

𝑑𝜃𝑖 sin 𝜃𝑠 ⋅ 𝑃 (𝜋 − 𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖)
⋅ 𝐼 (𝜃𝑖, 𝜑𝑖, 𝑧) + ∫2𝜋

0
𝑑𝜑𝑖 ∫𝜋/2
0

𝑑𝜃𝑖 sin 𝜃𝑠
⋅ 𝑃 (𝜋 − 𝜃𝑠, 𝜑𝑠; 𝜋 − 𝜃𝑖, 𝜑𝑖) ⋅ 𝐼 (𝜋 − 𝜃𝑖, 𝜑𝑖, 𝑧)
+ 𝑄 (𝑧, 𝜃𝑠, 𝜑𝑠) ,

(10)

where 𝜃𝑖, 0𝑖 𝜃𝑠, and 0𝑠 represent incident angle, incident
azimuth angle, scattering angle, and scattering azimuth angle,
respectively. 𝐼(𝜃, 𝜑, 𝑧) is a 4 × 1 intensity vector.𝐾𝑒 stands for
the extinction matrix. 𝑄 indicates the heat emitter undersea
which is equal to zero when illuminated by EM wave above
the sea surface. 𝑃 denotes the phase matrix including the
multiple scattering and coupling relationship among particles
which can be obtained by Rayleigh approximation. The
boundary condition is given in [10]. VRT functions could be
solved utilizing boundary condition together with constant
variation function, and then each order result can be obtained
by iterative method.

The bistatic scattering coefficient of sea surface with
foams can be defined as [17]

𝜎𝑝𝑞 (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖) = 4𝜋 cos 𝜃𝑠𝐼𝑝 (𝜃𝑠, 𝜑𝑠)𝐼𝑞 (𝜃𝑖, 𝜑𝑖) (11)

where 𝐼𝑞 and 𝐼𝑝 are the incident and scattering intensities,
respectively.

We can further get the zeroth-order and first-order
scattering coefficients 𝜎(0)𝑝𝑞(a), 𝜎(1)𝑝𝑞(b), 𝜎(1)𝑝𝑞(c), 𝜎(1)𝑝𝑞(d), and 𝜎(1)𝑝𝑞(e) of
sea surface with foams:

𝜎(0)𝑝𝑞(a) (𝜃𝑠, 𝜙𝑠, 𝜃𝑖, 𝜙𝑖) = 𝜎𝑝𝑞𝑒−𝑘𝑒𝑑(1/ cos 𝜃𝑠+1/ cos 𝜃𝑖)
𝜎(1)𝑝𝑞(b) (𝜃𝑠, 𝜙𝑠, 𝜃𝑖, 𝜙𝑖) = 4𝜋𝑘𝑒 cos 𝜃𝑠𝑃𝑝𝑞 (𝜃𝑠, 𝜙𝑠, 𝜋 − 𝜃𝑖, 𝜙𝑖)
⋅ (1 − 𝑒−𝑘𝑒𝑑(1/ cos 𝜃𝑠+1/ cos 𝜃𝑖)) ,

𝜎(1)𝑝𝑞(c) (𝜃𝑠, 𝜙𝑠, 𝜃𝑖, 𝜙𝑖) = 4𝜋𝑘𝑒 cos 𝜃𝑠 ∫
2𝜋

0
𝑑𝜃 sin 𝜃

⋅ ∫2𝜋
0
𝑑𝜙∑
𝑙=V,ℎ

𝑃𝑝𝑙 (𝜃𝑠, 𝜙𝑠, 𝜃, 𝜙)

⋅ 𝑅𝑝𝑞 (𝜃, 𝜙, 𝜋 − 𝜃𝑖, 𝜙𝑖) × cos 𝜃
cos 𝜃𝑠 − cos 𝜃

⋅ 𝑒−𝑘𝑒𝑑(1/ cos 𝜃−1/ cos 𝜃𝑠),
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Figure 5: Scattering processes of different coefficients.

𝜎(1)𝑝𝑞(d) (𝜃𝑠, 𝜙𝑠, 𝜃𝑖, 𝜙𝑖) = 4𝜋𝑘𝑒 cos 𝜃𝑠 ∫
𝜋/2

0
𝑑𝜃 sin 𝜃

⋅ ∫2𝜋
0
𝑑𝜙 ∑
𝑚=V,ℎ

𝑅𝑝𝑚 (𝜃𝑠, 𝜙𝑠, 𝜋 − 𝜃, 𝜙)

× 𝑃𝑚𝑞 (𝜋 − 𝜃, 𝜙, 𝜋 − 𝜃𝑖, 𝜙𝑖) × cos 𝜃𝑖
cos 𝜃𝑖 − cos 𝜃

⋅ 𝑒−𝑘𝑒𝑑(1/ cos 𝜃−1/ cos 𝜃𝑖),
𝜎(1)𝑝𝑞(e) (𝜃𝑠, 𝜙𝑠, 𝜃𝑖, 𝜙𝑖) = 4𝜋𝑘𝑒 cos 𝜃𝑠 ∫

𝜋/2

0
𝑑𝜃 sin 𝜃

⋅ ∫2𝜋
0
𝑑𝜙∑
𝑙=V,ℎ

𝑅𝑝𝑙 (𝜃𝑠, 𝜙𝑠, 𝜋 − 𝜃, 𝜙)

× ∫𝜋/2
0

𝑑𝜃 sin 𝜃 ∫2𝜋
0
𝑑𝜙

× ∑
𝑚=V,ℎ

𝑃𝑙𝑚 (𝜋 − 𝜃, 𝜙, 𝜃, 𝜙) 𝑅𝑚𝑞 (𝜃, 𝜙, 𝜃𝑖, 𝜙𝑖) ,
(12)

where 𝑘𝑒 is the extinction coefficient and 𝜎𝑝𝑞 is the scattering
coefficient calculated by the presented modified facet-based
model above. The physical scattering processes of different
coefficients are demonstrated in Figure 5.

In consequence, the scattering coefficient of the area
covered with foams can be calculated by

𝜎foam𝑝𝑞 (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖) = 𝜎(0)𝑝𝑞(a) (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖)
+ 𝜎(1)𝑝𝑞(b) (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖)
+ 𝜎(1)𝑝𝑞(c) (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖)
+ 𝜎(1)𝑝𝑞(d) (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖)
+ 𝜎(1)𝑝𝑞(e) (𝜃𝑠, 𝜑𝑠; 𝜃𝑖, 𝜑𝑖) .

(13)

In fact, it could be assumed that the foams are made up of
many water-air particles which could be represented by the
model in Figure 6. Referring to [18], 𝑎 = 250 𝜇m is the outer
radius, 𝑏 is the inner radius, and 𝑎−𝑏 = 20 𝜇m is the thickness
of water film. The thickness of foams here is presumed to be

Air core

Water coat

b a

ab

Figure 6: Geometry of foams.

2 cm. Then the extinction coefficient 𝑘𝑒 of this foams model
can be calculated by [19]

𝑘𝑒 = 𝑁0 2𝜋𝑘2
∞∑
𝑛=1

(2𝑛 + 1)Re (−𝑇(𝑁)𝑛 − 𝑇(𝑀)𝑛 ) , (14)

where 𝑁0 is the number of foams in unit volume and could
be obtained according to [20].

The coverage percentage of foams in wind-driven sea
surface is intimately related to wind speed and seawater
temperature. While the temperature difference between air
and seawater is moderate, it can be calculated by

𝐶 = 2.32 × 10−6𝑈3.498810 . (15)

Then the number of facets covered with foams is 𝑁𝑓 =𝑀 × 𝑁 × 𝐶. According to the slope criterion presented by
Longuet-Higgins and Fox [21], we can add foams to 𝑁𝑓
facets with greater slopes. Thus, we can get the distribution
of foams instead of the coverage percentage alone, which is of
great significance to SAR imagery simulation of complex sea
surface.

As a result, we can calculate the total scattering coefficient
of a particular wind-driven sea surface covered with foams by

𝜎total𝑝𝑞
= ∑
𝑀𝑁−𝑁𝑓
𝑚=1 [(𝜎KAM𝑝𝑞,𝑚 + 𝜎TSPM𝑝𝑞,𝑚 ) Δ𝑥Δ𝑦] + ∑𝑁𝑓𝑛=1 𝜎foam𝑝𝑞,𝑛 Δ𝑥Δ𝑦𝐴 .

(16)

3. Model Validation and Analysis

The accuracy and validity of the scheme proposed in this
paper are verified by comparing the backward-scattering



6 Mathematical Problems in Engineering

EXP
Traditional method
Presented method

−40
−35
−30
−25
−20
−15
−10
−5

0
5

10
15

Ba
ck

w
ar

d-
sc

at
te

rin
g 

co
effi

ci
en

t (
dB

)

10 20 30 40 50 60 70 800
Incident angle (deg.)

(a)

EXP
Traditional method
Presented method

−25

−20

−15

−10

−5

0

5

10

15

10 20 30 40 50 60 70 800
Incident angle (deg.)

Ba
ck

w
ar

d-
sc

at
te

rin
g 

co
effi

ci
en

t (
dB

)

(b)

Figure 7: Comparison of backward-scattering results between and among the presented approach, traditional facet model, and experiment.
(a) HH polarization. (b) VV polarization.

results of the presented approach with those of traditional
facet model and experimental results in [22]. In simulation,
the incident frequency is at 13.9 GHz, the temperature on sea
surface is 17.4∘C, the salinity is 32.54‰, 𝜀 = (44.43, 39.55),
and the wind speed at 10m height is 10m/s. As shown in
Figure 7, the results of teh proposed approach in horizontal
polarization are generally higher than those of the traditional
facet model without foams, which match better with the
experimental results, especially for large incidence angles.
The reason for the difference is that at large incident angles
themultiple scatteringmatters and the SPM andKA theory is
unserviceable.Therefore the traditional facet model based on
SPM and KA theory is inaccurate to some extent. While the
foams scattering mechanism proposed in this paper includes
the multiple scattering contributions which is in accordance
with the physical situation, in vertical polarization, the effects
of foams at different incidence angles are faint.

For further validation, Figure 8 depicts the backward-
scattering results with and without foams at different wind
speeds of 4m/s, 10m/s, and 15m/s for vertical polarization.
The incident frequency is at Ku-band. It is clearly shown that
the backward-scattering results increase as the wind speed
increases. This is because the sea surface becomes rougher
and the incoherent scattering grows with the wind breezing
up. Similarly, the influences of foams at small angles are
unnoticeable and increase with the angles growing up. The
differences between the backward-scattering results of sea
surface with and without foams are minimum at the speed
4m/s and maximum at the speed 10m/s. The reason is that
the coverage rate of foams increases with the increase of wind
speed and foams contribute more to the backward-scattering
results.

In order to investigate the impact of azimuth angles
on backward-scattering coefficients, the results at different
azimuth angles are demonstrated in Figure 9.The parameters
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Figure 8: Comparison of backward-scattering results at different
wind speeds.

are the same as Figure 3. It is clearly observed that the
backward-scattering coefficients for vertical polarization are
larger than those for horizontal polarization, while the results
in horizontal polarization are more sensitive to wind speeds
and azimuth angles. Furthermore, the results in downwind
and backwind directions are larger than those in side-
wind directions. This is because the sea surface is rougher
in downwind and backwind directions than in side-wind
directions, which is more noticeable at higher wind speed.
In practical situation, the backward-scattering coefficients
in backwind directions are always larger than those in
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Figure 9: Impact of azimuth angles on backward-scattering coeffi-
cients.

downwind directions because the wave crest is tilted down
the wind. All the same, the results are of no differences in
simulations owing to the oversight of this asymmetry.

4. Conclusion

In this paper, a reliable approach based on MFBM and VRT
theory is developed for the calculation of scattering from a
particular electrically large sea surface covered with foams.
This proposed scheme is of more comprehensive significance
because the contributions from not only the specular and
diffuse configurations but also the foams are taken into
consideration. Moreover, it can handily give both the mono-
static and bistatic scattering results and could overwhelm
the application to SAR imagery simulation.The comparisons
show better agreement with experimental results than tra-
ditional facet model, which demonstrates the accuracy and
superiority of this scheme. Additionally, numerical results
show that the contributions of foams are assignable and of
great significance at large incidence angles and high wind
speeds.

Appendix

The polarization factor 𝐹𝑃𝑄 can be expressed as

𝐹VV
= 1𝜀 [1 + 𝑅V (𝜃𝑖)] [1 + 𝑅V (𝜃𝑠)] sin 𝜃𝑖 sin 𝜃𝑠
− [1 − 𝑅V (𝜃𝑖)] [1 − 𝑅V (𝜃𝑠)] cos 𝜃𝑖 cos 𝜃𝑠 cos𝜙𝑠,

𝐹Vℎ = [1 − 𝑅V (𝜃𝑖)] [1 + 𝑅ℎ (𝜃𝑠)] cos 𝜃𝑖 sin𝜙𝑠,
𝐹ℎV = [1 + 𝑅ℎ (𝜃𝑖)] [1 − 𝑅V (𝜃𝑠)] cos 𝜃𝑠 sin𝜙𝑠,
𝐹ℎℎ = [1 + 𝑅ℎ (𝜃𝑖)] [1 + 𝑅ℎ (𝜃𝑠)] cos𝜙𝑠,

(A.1)

where 𝜃𝑖, 𝜃𝑠, and 0𝑠 are the incidence angle, scattering angle,
and scattering azimuth angle, respectively; 𝑅V and 𝑅ℎ are the
Fresnel reflection coefficients in two different polarization
conditions which are defined as

𝑅V = 𝜀 cos 𝜃𝑖 − √𝜀 − sin2𝜃𝑖
𝜀 cos 𝜃𝑖 + √𝜀 − sin2𝜃𝑖 ,

𝑅ℎ = cos 𝜃𝑖 − √𝜀 − sin2𝜃𝑖
cos 𝜃𝑖 + √𝜀 − sin2𝜃𝑖 .

(A.2)

The polarization factor 𝐹KAM
𝑃𝑄 can be expressed as

𝐹KAM
𝑉𝑉 = 𝑀0 [𝑅V (𝜃𝑙𝑖) (V̂𝑠 ⋅ k̂𝑖) (V̂𝑖 ⋅ k̂𝑠)
+ 𝑅ℎ (𝜃𝑙𝑖) (Ĥ𝑠 ⋅ k̂𝑖) (Ĥ𝑖 ⋅ k̂𝑠)] ,

𝐹KAM
𝑉𝐻 = 𝑀0 [𝑅V (𝜃𝑙𝑖) (V̂𝑠 ⋅ k̂𝑖) (Ĥ𝑖 ⋅ k̂𝑠)
− 𝑅ℎ (𝜃𝑙𝑖) (Ĥ𝑠 ⋅ k̂𝑖) (V̂𝑖 ⋅ k̂𝑠)] ,

𝐹KAM
𝐻𝑉 = 𝑀0 [𝑅V (𝜃𝑙𝑖) (Ĥ𝑠 ⋅ k̂𝑖) (V̂𝑖 ⋅ k̂𝑠)
− 𝑅ℎ (𝜃𝑙𝑖) (V̂𝑠 ⋅ k̂𝑖) (Ĥ𝑖 ⋅ k̂𝑠)] ,

𝐹KAM
𝐻𝐻 = 𝑀0 [𝑅V (𝜃𝑙𝑖) (Ĥ𝑠 ⋅ k̂𝑖) (Ĥ𝑖 ⋅ k̂𝑠)
+ 𝑅ℎ (𝜃𝑙𝑖) (V̂𝑠 ⋅ k̂𝑖) (V̂𝑖 ⋅ k̂𝑠)] ,

(A.3)

where𝑀0 = |q||𝑞𝑧|/{[(Ĥ𝑠 ⋅ k̂𝑖)2+(V̂𝑠 ⋅ k̂𝑖)2]𝑘𝑞𝑧}.
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A new shooting and bouncing ray (SBR) simulator based on the hybrid scheme of GO/PO/SDFM/EEC method is developed for
the accurate prediction of composite scattering from a low altitude target above the electrically very-large-scale sea surface. It can
adequately deal with the complex local electromagnetic interactions between the target and the large scope sea surface.Themethod
is compared with the exact computational electromagnetic solver FEKO-MLFMM to validate its accuracy and efficiency. Then, it
is applied to simulate the bistatic and monostatic scattering characteristics of an airplane above the electrically large sea surface
at X-band, for different sea states. The results reveal the contributions from the target, sea surface, and interactions, which are of
significance for radar target detection and remote sensing in real maritime environments.

1. Introduction

Composite electromagnetic scattering from a target above sea
surface has attracted great attention in recent years, since
it has a wide range of applications in target detection and
tracking, remote sensing, radar imaging regime, and so forth
[1–4]. In this issue, the EM scattering from the sea surface and
the coupling interactions between the target and sea surface
can greatly affect the overall radar target characteristics. In
the present researches, many of the electromagnetic theories
treat sea surface as a sort of rough surface and handle the
EM simulations with various numerical methods, such as the
most used method of moment (MoM) [5], finite difference
time domain (FDTD) [6], finite element method (FEM) [7],
and multilevel fast multipole algorithm (MLFMA) [8]. But
they are generally limited by the computational requirements
in terms of time and memory for handling the electrically
small scale EM simulation issue, which is far from the prac-
tical needs. In comparison, high frequency approximation
methods have the obvious advantage of electrically large
EM simulations. Shooting and bouncing ray (SBR) method
[9–12] is a popular and effective high frequency technique

in consideration of the multipath coupling mechanisms,
which can offer convincing physical insights and adequate
accuracies. The traditional SBR method comprises a ray
tracing process on the geometrical optics (GO) and physical
optics (PO)/Kirchhoff approximation (KA)method to handle
the coupling interactions among the meshed facets of the
simulation model. In this process, a fine mesh size (smaller
than 1/10 of the incident wavelength) for both the target
and the sea surface is required. However, it can cause a
heavy computation burden, which bottlenecks SBR by not
being able to maintain both the accuracy and the efficiency
in calculating the composite scattering from a target at the
practical maritime scene with an electrically very large size
and complex scattering mechanisms.

The purpose of this paper is to fix this problem by
an improved SBR simulator. In the simulator, a semide-
terministic facet model with two-scale formulas [13, 14] is
employed to describe the scattering from the electrically very
large sea surface. A fast bidirectional ray tracing method
[15] combined with the KD-tree [16] acceleration technique
is employed to describe the interactions among the target
and sea facets, which can keep both the accuracy and the
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Figure 1: Sea surface illustration with SDFM.

efficiency in the ray tracing process. An equivalent edge
current (EEC) method is used as a modification to consider
the diffraction field contributions from the edged structures.
The accuracy and efficiency of the simulator are approved,
and it is well applied in studying the composite scattering
from an airplane target above the electrically large scope sea
in the practical scene at different sea states.

2. Theoretical Model and Formulations

2.1.The Semideterministic FacetModel (SDFM). Thepractical
sea surface profile is a complex random system with compos-
ite surface structures.The physical structure of the large-scale
sea surface can be generated by theMonte Carlomethod [17],
based on Elfouhaily’s sea spectrum and spreading function
[18]. In the semideterministic facet model (SDFM), the sea
surface is approximated by the large planar facets with short
(capillary) wave superimpositions. The short waves can be
expressed in the form of sinusoidal wave expansions, as
shown in Figure 1.

According to the Bragg theory, only the wave component
traveling along the radar sight at the Bragg resonant fre-
quency makes the major contribution to the radar scattering.
The Bragg wave is modeled by sinusoidal waves traveling
towards and away from the radar sight as in Figure 1 with the
following form:

𝜁cap (r) = 𝐵 (𝜅𝑐) cos (𝜅𝑐 ⋅ r − 𝜔𝑐𝑡) , (1)

wherein the wave amplitude is 𝐵(𝜅𝑐) = √𝑆(𝜅𝑐)/Δ𝑆. Δ𝑆 is the
facet area. 𝑆(k𝑐) is the capillary spectrum in the higher part
of Elfouhaily’s sea spectrum. 𝜅𝑐 is the spatial capillary wave
vector, whose direction is along the projection line q𝑙 of the
scattering vector q = 𝑘(k𝑠−k𝑖) on the tilted plane of the rough
sea facet.

2.2. The Hybrid GO/PO/SDFM Scheme and Formulations.
The improved SBR method is based on a hybrid

Transmitter Receiver

GO

Sea facet
SDFM

GO

GO GO
Target facet

PO
Target facet

PO

Figure 2: The geometry of the facet-based hybrid scheme.

GO/PO/SDFM scheme. The calculation process is illustrated
in Figure 2.

Both the target and the physically modeled sea surface
are meshed by triangular facets for ray tracing. The incident
plane wave is modeled as a grid of ray tubes. The ray tubes
are tracing among facets according to the GO principles.
Each illuminated facet is working at a re-radiation pattern
like a small antenna. The scattering far field upon each facet
is calculated according to the corresponding high frequency
scattering mechanisms. Each ray is traced until it does not
have any intersectionwith any facets.The total scattering field
is contributed by the scattering from all the facets.

The target surface is assumed to have a (perfect electric
conductor, PEC) structure, where the scattered fields are
solved by the Stratton-Chu equation in PO integral approxi-
mation as given by [19]

EPO = 𝑗𝑘𝑒−𝑖𝑘𝑅
4𝜋𝑅 ∬𝜂 ⋅ k̂𝑠 × (k̂𝑠 × J (r)) 𝑒𝑖𝑘k̂𝑠 ⋅r𝑑𝑠. (2)

�̂�𝑠 is the unit vector of the scattering vector k𝑠.𝑅 is the far-field
distance. J(r) is the current density upon surface.The integral
in (2) can be solved by Gordon’s method [20]. The target
facets’ size is requested to be smaller than the 1/10 incident
wavelength.

The scattering from sea facets is handled by SDFM as
given by [14]

ESDFM = 𝑘2 (1 − 𝜀) 𝑒𝑖𝑘𝑅
𝑖4𝜋𝑅 𝐹𝑝𝑞∬𝜁(r) 𝑒−𝑖q⋅r𝑑r. (3)

𝜁(r) upon sea facets has a sinusoidal form as in (1). The
integral in (3) can be analytically solved by using Euler’s
formula and the expansion of a plane wave in terms of Bessel
functions as follows [21]:

𝐼 (⋅) = ∬𝜁 (r) 𝑒−𝑖q⋅r𝑑r = Δ𝑆
2𝑛𝑧

⋅ 𝑒−𝑖q⋅r𝑐 {𝐵 (𝜅+𝑐 )
∞∑
𝑛=−∞

(−𝑖)𝑛 𝐽𝑛 [𝑞𝑧𝐵 (𝜅+𝑐 )] 𝐼0 (𝜅+𝑐 )

+ 𝐵 (𝜅−𝑐 )
∞∑
𝑛=−∞

(−𝑖)𝑛 𝐽𝑛 [𝑞𝑧𝐵 (𝜅−𝑐 )] 𝐼0 (𝜅−𝑐 )} .

(4)
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Figure 3: The geometry of the bidirectional ray tracing process.

In the Bessel series, only the dominant terms 𝑛 = 0, ±1 are
considered. 𝐽𝑛(⋅) is the 𝑛-order Bessel function. At the facet
local coordinate in Figure 1, 𝐼0(𝜅𝑐) is given by

𝐼0 (𝜅𝑐)
= 𝑒−𝑖(1+𝑛)𝜔𝑐𝑡 sinc {Δ𝑥

2 [(1 + 𝑛) 𝜅𝑐𝑥 − 𝑞𝑥 − 𝑞𝑧𝑧𝑥]}
⋅ sinc {Δ𝑦

2 [(1 + 𝑛) 𝜅𝑐𝑦 − 𝑞𝑦 − 𝑞𝑧𝑧𝑦]}
+ 𝑒−𝑖(1−𝑛)𝜔𝑐𝑡 sinc {Δ𝑥

2 [(1 − 𝑛) 𝜅𝑐𝑥 + 𝑞𝑥 + 𝑞𝑧𝑧𝑥]}
⋅ sinc {Δ𝑦

2 [(1 − 𝑛) 𝜅𝑐𝑦 + 𝑞𝑦 + 𝑞𝑧𝑧𝑦]} .

(5)

2.3. The Improved Ray Tracing Techniques. The SDFM allows
using large sea facets, which can substantially reduce the
number of facets. However, when target facets have different
mesh size from sea facets, some of the ray tubes may split.
Discarding these rays may lead to calculation errors. To solve
this problem and improve the ray tracing efficiency, bidirec-
tional ray tracing combined with the KD-tree acceleration
technique is employed.

As illustrated in Figure 3, all meshed facets are numbered
and stored in the computer memory beforehand. The grey
area is assumed to be the region shot by the ray from
facet 0. Several steps are employed to find the IDs of the
illuminated facets. Firstly, a forward ray is used to carry out
an intersection test to find one of the facets in the illuminated
region (i.e., facet 22).Then, a binary tree is built as in Figure 4,
where facet 22 is the root and three neighboring facets are its
children. Next, a backward ray is used to check the visibility
of the three children facets (i.e., facets 12, 21, and 23); in this
situation, they are also illuminated. Thereafter, the backward
ray tracing process continues for these three children facets
until facets outside the illuminated area appear (such as facet
10). Then, the backward ray tracing process is terminated. In
each forward tracing process, intersection tests are executed
with the KD tree of sea surface built to determine whether
the facet is illuminated by the ray. Finally, the total scattering

22

12 21 23

11 13 32 20 24 34

5 14 10 19 33 35

Figure 4: A binary tree built according to the ray tracing.

field can be obtained by vector summing of the scattering
contributions from all the illuminated facets.

2.4. Edge Diffraction Consideration with EEC. Up to now, the
scattering from all the target and sea facets is considered. But
in fact, the scattering far field also includes diffractions from
the edged structures. They are considered by EEC method as
follows:

E𝑑 = 𝑖𝑘04𝜋
𝑒−𝑗𝑘0𝑟

𝑟 ∫
𝑙
[𝑠 × (𝑠 × �̂�) 𝐼𝑒 + (𝑠 × �̂�) 𝐼𝑚] 𝑒𝑖𝑘0 ŝ⋅r𝑑𝑡. (6)

𝐼𝑒 and 𝐼𝑚 have the following form:

𝐼𝑒 = 𝑖2Einc ⋅ �̂�𝐷EEC
𝑒𝑘sin2𝛽𝑖 + 𝑖2𝜂Hinc ⋅ �̂�𝐷EEC

𝑒𝑚𝑘 sin𝛽𝑖 ,

𝐼𝑚 = 𝑖2𝜂Hinc ⋅ �̂�
𝑘 sin𝛽𝑖 sin𝛽𝑠𝐷

EEC
𝑚 .

(7)

Einc and Hinc are the incident electric and magnetic field. �̂� is
the unit vector along edges.The integral is made along edges.
𝐷EEC
𝑒 , 𝐷EEC

𝑒𝑚 , and 𝐷EEC
𝑚 are the EEC diffraction coefficients

[22]. Their values are mainly determined by the angles
between the neighboring facets.

3. Numerical Simulations and Discussions

3.1. Validations. The total scattering fieldEsca can be obtained
by the vector sum of the scattered field from all the illu-
minated facets and their edges. The composite scattering
characteristics can be evaluated by the scattering coefficient,
as defined by

𝜎 = lim
𝑟→∞

4𝜋𝑟2 𝐸sca
2𝐸inc
2 . (8)

As an initial investigation, the scattering from an indi-
vidual 6𝜆 × 6𝜆 sea facet with a sinusoidal wave expression
of 𝜉 = 0.015 cos(2𝜋𝑥/Λ) as shown in Figure 1 is calculated.
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Figure 5: Bistatic scattering from an individual sea facet.

Table 1: Comparison of the calculation time and memory.

Solution SDFM FEKO-MLFMM
Time 10.423 s 2460.248 s
Memory 23.8MB 5814.8MB

Λ = 𝜆/(2 sin 𝜃𝑖) is the spatial wavelength satisfying the Bragg
resonance condition. The dielectric constant of the sea water
is frequency-dependent, which is calculated according to the
Klein and Swift model [23] at 20∘C and 32.5% of salinity.
The incident frequency is 1 GHz. The incident angle is 𝜃𝑖 =
30∘, 𝜑𝑖 = 0∘. The scattering upon the sea facet is analytically
solved by (4) and (5). The simulation is compared with the
exact numerical solver, MLFMM, in the commercial software
FEKO.The results are shown in Figure 5.

It can be seen that the results from the SDFM agree well
with the FEKO-MLFMM results for both types of polariza-
tion. In Table 1, SDFM shows much lower computational
complexity and higher efficiency than the MLFMM solver
in FEKO, so it has an obvious priority to be applied in the
evaluation of scattering from the electrically very large sea
surface.

Next, we investigate the bistatic scattering characteristics
of an electrically small composite model of a 0.1m × 0.1m ×
0.1m cubic target above a 1m × 1m flat plane. The cube is set
at 0.5m high above the plane facet.

Figure 6 shows the HH (a) and VV (b) polarization
bistatic scattering coefficients at a frequency of 10GHz. The
incident angle is 45∘.The simulation results are also compared
with the results from FEKO-MLFMM, which show a good
agreement. But the FEKO-MLFMM solver will consume
much more computation time and memory as shown in

Table 2: Comparison of the calculation time and memory.

Solution Hybrid scheme FEKO-MLFMM
Time 128.343 s 17411.34 s
Memory 64.6MB 12697.6MB

Table 2, so it is very hard to accomplish electrically very large
simulations in the real scene.

3.2. The Composite Scattering from an Airplane above the
Sea Surface. In the following simulations, the SBR simulator
is used for the prediction of composite scattering from an
airplane above an electrically large scope sea. The geometry
of the airplane model is shown in Figure 7. It has a full
length of 16m, wing span of 12m, and a height of 2.5m.
The sea surface is physically modeled by the Monte Carlo
method.The calculation region is 128m × 128m.The target is
located 5m high above the sea. The incident frequency is set
to 10.0GHz (X-band) HH polarization.The composite target
and seamodel are extremely electrically large which is almost
impossible for the exact numerical solver.

Figure 8 shows the bistatic scattering characteristics of
the composite model, target, and sea surface. The sea state is
evaluated by the wind speed at 10m high of the sea surface𝑈10 in Elfouhaily’s spectrum. In this simulation,𝑈10 = 5m/s.
The incident angle is 𝜃𝑖 = 45∘, 𝜑𝑖 = 90∘. The scattering angle
is 𝜃𝑠 = −90∘ ∼90∘.The sea scattering and composite scattering
results are obtained by averaging 50 surface realizations.

It can be seen that the scattering from the composite
model is influenced by the scattering from the target and sea
surface as well as the target-surface interactions. In the spec-
ular directions, the scattering from the sea surface dominates
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Figure 6: Bistatic scattering from a cube above a planar facet.

Figure 7: The geometry of an airplane model.

the total scattering. In the backward directions, the composite
scattering is mainly contributed by the target scattering and
the coupling scattering components. Further simulations are
made on the bistatic andmonostatic scattering at different sea
states as shown in Figure 9.

From the comparisons in Figure 9, one can see that, at the
low level sea state (𝑈10 = 3m/s), the scattering in the back-
ward directions is apparently strengthened by the coupling
interactions between the target and the sea surface. At the
high sea state (𝑈10 = 10m/s), the fluctuation of sea surface
is stronger with the wind speed increasing. The scattering
intensities in the specular directions are attenuated, but the
diffuse scattering intensities are enhanced. The phenomenon
is also observed in another related study about the composite
scattering from the target-sea model [24].

4. Conclusions

In this article, a new SBR simulator is developed to calculate
the composite scattering characteristics of a low altitude
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Figure 8: The bistatic scattering characteristics of the airplane, sea
surface, and composite model.

target above an electrically large scope sea surface. The
accuracy and efficiency of the method are validated by the
exact numerical solution. The simulator is employed for the
scattering from an airplane model above the large scope sea
at both low and high level sea states. The results indicate
contributions from the target, sea surface, and interactions
at different observation angles. In fact, some more complex
sea structures such as the crest wave, whitecaps, and foams
existing on the real sea surface will also influence the
composite scattering. These need to be further considered in
a future study.
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