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In this article, barycentric interpolation collocation method (BICM) is presented to solve the fractional linear Fredholm-Volterra
integro-differential equation (FVIDE). Firstly, the fractional order term of equation is transformed into the Riemann integral with
Caputo definition, and this integral term is approximated by the Gauss quadrature formula. Secondly, the barycentric
interpolation basis function is used to approximate the unknown function, and the matrix equation of BICM is obtained.
Finally, several numerical examples are given to solve one-dimensional differential equation.

1. Introduction

The concept of the fractional calculus dates back to 1695.
Fractional differential equations, as a generalization of inte-
ger differential equations, are suitable for describing mate-
rials and processes with genetic and memory properties.
Compared with integer order model, fractional order model
can simulate dynamic system and natural physical phenom-
ena more accurately. Fractional models are widely used in
many fields, such as biological engineering [1-3], mechanics
[4, 5], physics [6], electromagnetism [7, 8], viscoelastic
system [9, 10], and heat conduction engineering [11].
Moreover, many researchers have proposed some efficient
methods to investigate the existence and uniqueness of the
solutions of fractional differential equations [12-18].

Lately, many researchers insinuated some standards to
classify fractional differential operators. The notion of
offering a guideline in a field was satisfactory enough,
although the list of items that were suggested presented a
limitation along with the critics brought up that were not
academically acceptable. As a result of these criticisms,
numerous researchers investigated the list along with their

outcomes rejected the index law; in [19], their outcomes
invalidated that inclusion of index law in the field. In another
research work, the authors did overall investigation of the
diffusive function of some kernel [20] and the outcomes they
presented suggested that only operators with nonindex law
properties can have crossover diffusive behaviors. However,
Caputo and Fabrizio proved that the suggested index law
was not right or it was a restriction to the field, and in their
turn, they offered a list of items to be followed [21]. Further,
they also proved the necessity of nonsingular differential
operators along with their applications to nature applications
to nature. In [22], the authors presented an optimal control
of diffusion using the Atangana-Baleanu fractional differential
operator. They proved that the existence of the solution with
Atangana-Baleanu derivatives was obtained when the frac-
tional order a € (0, 1), and they also mentioned that the exis-
tence of the solution with Riemann-Liouville and Caputo
was achieved during « € (0,0.5).

Furthermore, definitions of two well-known fractional
derivatives, namely, Riemann-Liouville and Caputo [23],
included a singular kernel. However, Caputo and Fabrizio
introduced another definition having a nonsingular kernel
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and properties can be found in [24]. Another derivatives
with nonsingular kernel were suggested in [25] which funda-
mentally generalized the Caputo and Fabrizio definition
[26]. However, Riemann-Liouville fractional derivative be
essential in the development of theory of fractional deriva-
tives and integrals. But, this derivative barely able to generate
physical interpretation of the initial conditions that are com-
pulsory for the initial value issues containing fractional dif-
ferential equations and also the boundary value issue both
of the issues can be solved with the Caputo definition of frac-
tional derivative for further details, refer [27]. Another dif-
ference is that the derivative of a constant is not zero for
Riemann-Liouville, but it is equal to zero for Caputo. Addi-
tionally, the Riesz fractional derivatives have some short-
comings, such as it relies upon the values of whole interval
also not sustaining the Leibniz rule for the product of two
functions [28]. Besides, the Caputo fractional definition is
easy to calculate and program. So the Caputo derivative is
chosen in this manuscript.
In this paper, we mainly solve the FVIDE

o b
Dy (1) + JOKV(t, xX)y(x)dx + J K, (t,2)y(2)dz

=g(t),0<t<T,

t

(1)

where ngv(t, x)y(x)dx is the Volterra part, IZK £t 2)y(z)
dz is the Fredholm part, {D;'y(t) is the fractional derivative

part, and the fractional derivative is defined as the Caputo
definition as follows:

1 [(13%(r) dr
Cp* Y
D y(t)= s 2
0 ty( ) I‘!(E _ (X) JO aTE (t _ T)a+l_£ ( )
where I'(-) is the Gamma function.
The initial condition of one-dimensional differential
equation is given as

y(0) =A. (3)

In recent years, many methods are proposed to solve frac-
tional differential equations. In [29], the Bell polynomials are
introduced to solve fractional differential equations based on
matrix and collocation points. In [30], the central difference
and Crank-Nicolson method are used to obtain the full dis-
crete scheme of spatial fractional convection-diffusion equa-
tion; then, the Richardson extrapolation method is used to
further improve the calculation accuracy. In [31, 32], the finite
element method is presented to solve fractional convection-
diffusion equations. In [33-35], the element free Galerkin
method is used to solve fractional differential equations.
Compared with other algorithms, BICM has the advantages
of high precision, easy programming, and simple formula.
Therefore, this method has been applied to solve various
equations, such as heat conduction equation [36], generalized
Poisson equation [37], fractional differential equation [38],
and fractional reaction-diffusion equation [39]. At the same
time, the BICM is also utilized to solve some engineering
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problems, such as the plane elasticity problem [40], the bend-
ing problem of elliptic plate [41], and the numerical approxi-
mation of Darcy flow [42].

In this article, BICM is introduced to solve FVIDE. In
Section 2, we provide relevant definitions of barycentric inter-
polation. In Sections 3-5, barycentric interpolation basis func-
tion is applied to approximate the unknown function, and
matrix equations of the fractional derivative part, Volterra
part, and Fredholm part are given. In Section 6, we obtain
the matrix equation of FVIDE, and initial condition is dealt
with by replacement method or additive method. In Section
7, some numerical examples are shown to prove feasibility of
the algorithm.

2. Barycentric Interpolation

In this section, we will introduce barycentric interpolation
for solving one-dimensional differential equation. First,
n+1 equidistant nodes or Chebyshev’s nodes are chosen as
collocation points on the domain, ie., (¢;), i=0, 1, -, n. The
barycentric interpolation function is defined as

Ya(t)= 2 Ti(t)yp (4)

-

Il
(=]

v

where y, =y, (t;) and

_ wlt-t)
Tt = DicoWil (t=1)

(5)

According to different definitions of weight functions w;,
barycentric interpolation can be divided into barycentric ratio-
nal interpolation and barycentric Lagrange interpolation. The
weight functions of barycentric Lagrange interpolation are
defined as

(6)

1
W= >
o uiti =1

the weight functions of barycentric rational interpolation are
defined as

e il
w; = (_1)5 >
l seD; Kk=s st £ =tk (7)

D;={s:i-d<s<i},

where s€{0,1,---,n—d}, the parameter d is integer, and
0<d<n.
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3. Matrix Equation of Fractional
Derivative Part

Fractional terms are dealt with by integration by parts; then,
we get

§DYy(t) =

1 Jf ody(r) dr

rE-a))y ort (t—r)*'=

— 1 afy<0) tE—a
FE+1-a) ot

1 Jf 3 ly(r)  dr

FE+1-a) )y ot (1-7)

_ [a‘ ) g, Jaf“ym dr ]

ott o7étl (t— T)“—f

where I = 1/(T(E+1 - a)).
Substituting equation (4) into equation (8), we obtain

i=0 i=0|J0 (t - T)a_f
)
where
w/(t-1;)
Ti(t) = - (10)
DkoWi/ (T = T%)
Let t = t4, formula (9) can be expressed as
n n ty E'*'l)
CDteyn te) =F§¢Z[TE } +F€ZU ()d'r}yl,
i=0
(11)

where 0=0,1,---,n
Let us write the integral term of the formula (11) as the
following form:

t,
Py; = Pi(ty) = J T (@)t - 1),
0

i=0,1,-,n

(12)

Then, we have

§DL y, (tg) =rf{i[Tf 5+ )

i=0

M:

[Pei] }yi- (13)

N
o

The integral term (12) is calculated using the Gauss
quadrature formula with weights p(7) = (f - 7)°™%; we get

P = ZTEH ( Ga)AG(x (14)

j=1

where 119-’“

weights and m is the number of the Gauss points.
Using the Gauss-Legendre quadrature formula, equation
(15) is given as

and A?"" are the Gauss points and Gauss

t m
GL _ to 0.1\ 46
Pk = Ezlf(rj )a?, (15)
=
where T?’l and A?’l are integral points and integral

weights, m is the number of the integral points, t4/2 is trans-
formed coefficient, and f (T?’l) = p(T?’l)TSfH) (T?’l).

Then, the formula (16) with the Gauss quadrature for-
mula is obtained as

6D, Vu(to) Yo
-t [T‘f“@“ oM >) I, ®P} :,
6D 7, (ts) Y
(16)

where I,,; is the identity matrix and ® is the Kronecker
product.
Briefly, the formula (16) can be written as

D=D"Y, (17)
where
p=r¢ [Tf'“ (IM ®M<f)) +1,,, ®P],
Yo
Y=1| ‘|,
Yn
I
ODtOyn(tO)
D: : b
C o
_ODtnyn(tn)
_tg_a
E-a
TS = ty ,
E-a
o t@ NxN
Py Py Py
P 21 22 Py ,
_PNl PNZ PNN NxN
N=n+1,
Q" (€
+
P, =Y T} ( j’“)Aj’“,
=1



j=1

Py = ]il T () A,

P, C T(()E+1)(T;,a>Ala
j=1

P, = ZTSEH T}1 a)Am
j=1

] 1
Pyy= Y TE (T;»“)A;”“. (18)
j=1

The relations between differential matrices and basis func-
tions are defined as follows:

M0 =[] =[] 19
0i NxN i ( 0) NxN ( )
where N=n+1 and
—Lt“"mf, 0+i,
p={ o7
-y My, 0=i,
i#0
20)
(1) (
_ My,
E( MG MY - 0 g4,
Mm@ = to—t;
0 =
-y My, 6=i.
i+0
Hence, we can get
() £ g |
ZM(()I MOl ME]Z) ]\/I(()n>
4 4 4 ¢
1= i=1
S £ 3 £
S
L =1 4 NxN
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4, Matrix Equation of the Volterra Part

The Volterra part is expressed as V(t); equation (22) is
shown as follows:

V(t) = JtKv(t, x)y(x)dx. (22)

Substituting equation (4) into equation (22), we obtain

Vo= Y[ [Keanmdds, e

i=0 0

where T;(x) is defined as shown in equation (10).
t is replaced by t, of formula (23), and we have

V()= ), Ut“w@,x) Ty, @)

i=0 0

where 0=0,1, -, n
Formula (25) is expressed in the following form:

Qo= Qi(tg) = JteKV(tmx) T()de.  (29)

0

Using the Gauss quadrature formula with weights
B(x) = K, (tg: x), we get

QS = ZT( )Cei—OI (26)

0

where x; and C? are the Gauss points and Gauss

weights and m is the number of the Gauss points.
Formula (25) is calculated by the Gauss-Legendre quad-
rature formula, and we obtain

e-tSa)e e

where x?’l and C?’l are integral points and integral weights,

m is the number of the integral points, #,/2 is transformed
. 61y _ p(, 8 E+1) (61

coefficient, and q(x}") = B(x")T;" " (x}").

Combining equation (24), equation (25), and equation

(26), equation (28) is obtained

NGB

Vaulte) = ) [Q5i]y:- (28)

1l
o

i

Let V; =V, (t;); formula (29) is obtained as follows:

V=Qy, (29)
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where

L Vn
[ Qu Q12 QIN
Q21 sz QZN

_QNI QNZ QNN NxN (30)

N= n+1QH—ZT< )

j=1

Qnz = Z T, (x})C
=

QNN— ZTn<x)

5. Matrix Equation of the Fredholm Part

The Fredholm part is expressed as the following form:

b
1(t) =J K (t, 2)y(2)dx. (31)

Substituting equation (4) into equation (31), we obtain

1) - iU?wa @by, e

i=0

where the definition of T,(z) is as shown in equation (10).
Lett=t5,0=i=0,1,---, n; we have

f“@% Ty

i=0

Equation (34) is written as follows:

b
Rw=&UQ=JKﬂ%JﬂX@%- (34)

Formula (34) is calculated by the Gauss quadrature for-
mula with weights 7(z) = K;(ty, z); we have

m
RS = ZTi(z]?)B?,izo,L-u,n, (35)
=1

where Z? and BJS» are the Gauss points and Gauss weights and
m is the number of the Gauss points.

Using the Gauss-Legendre quadrature formula, we
obtain

b-—ag 0.\ pb.l
RS = Zr(zj’)Bj’, (36)

0, 0,1 . . . .
where z;” and B} are integral points and integral weights, m

is the number of the integral points, (b — a)/2 is transformed

) = (@)1 ().
Formula (33) is calculated by the Gauss quadrature for-

mula; equation (37) is written as follows:

coefficient, and r(

Lito) = Y[Ry, 37)

T
o

Let I;=1,(t;); formula (38) is obtained

I=RY, (38)
where
1]
=],
L In J
T
y = :
LVn |
Ry Ry Ry
Re Ry Ry Ron ’
LRy1 - Ry Ryn | nwn
m
N=n+1,Ry=) To(z?)Bj’,
=1
m m
R,= )T, (z;)) B Ry =Y T, (zj’)Bf,
j=1 j=1
m m
Ry= YT, (z})B},RZZ =y, le)B]l,
j=1 j=1



m
Bl Ryy= T, (z;?)B;?. (39)

J=1

m
Ry, = z T (z)
=

6. Matrix Equation for FVIDE

Equation (1) is treated by integration by parts; then, we get

t 8+l
[0, 200
ot 3 0 a-[-f+l (t— T)tx—f

t b
+J K, (t,x)y(x)dx + J Ky (t,2)y(2)dz = g(t).

0

(40)

Substituting equation (4) into equation (40), equation

(41) is obtained
1
t Tl( + >(T) dT y
o(t-0) | [

I} {
Ut K,(t,x)T; (x)dx: ¥ (41)

0

M-

Il
(=]

NGB

70 +

Il
(=}

1

b
[ itz = g0,

Taking t =t,, 0=0,1, -

Ff{i{ ) %ZU TM( )fd”y,-

+ i“th (5 )T,-(x)dx} 5, (42)

-, n, we get

Let g, = g(t;); combining (17), (29), and (38), we obtain
the matrix equation as follows:

LY =G, (43)
where
9o
G= ,
(44)
In
L=D"+Q+R.

The initial conditions are imposed by replacement method
and additive method. When the replacement method is used
to impose initial conditions, the 1% row element of matrix
I,., is extracted to replace the corresponding row element of
matrix L in the system (43). When the additive method is used
to impose initial conditions, the 1% row element of matrix
I,,, is extracted and then added to the #n + 2 row of matrix
L in the system (43).
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TaBLE 1: Errors of equidistant nodes for barycentric Lagrange
interpolation with m =6 for Example 1.

L (ma)=(5075)  (ma)=(10,0.75)  (n a)=(20,0.75)
0 6.7117e-16 1.7418e-15 5.5914e-13
0.2 1.4468e-15 2.0154e-13 2.9617¢-08
0.4 1.6376¢-15 1.6798¢-13 2.3200e-08
0.6 1.8041¢-15 1.5907¢-13 5.5773¢-08
0.8 2.1094e-15 1.5510e-13 4.7605e-07
1 2.2204e-15 1.9784e-13 1.3536¢-06

TaBLE 2: Errors of equidistant nodes for barycentric rational
interpolation with m =6 and d = 3 for Example 1.

t; (n,a)=(50.75)  (n,a)=(10,0.75)  (n,a)=(20,0.75)
0 2.643%e-16 4.0324e-16 1.0279e-15
0.2 1.3184e-16 1.0807e-15 2.5535e-15
0.4 6.1062e-16 1.4572e-15 2.8449e-15
0.6 8.3267e-16 1.8041e-15 3.2474e-15
0.8 9.9920e-16 2.9976e-15 1.9762e-14
1 8.8818e-16 8.8818e-16 2.4070e-13

TaBLE 3: Errors of equidistant nodes for barycentric Lagrange
interpolation using the Gauss-Legendre quadrature formula with
m =6 for Example 1.

t; (n, &) = (5,0.75) (n, &) = (10,0.75) (n, &) = (20,0.75)
0 7.6617e-17 1.7422¢-15 7.1349¢-14
0.2 2.0293e-05 2.0293e-05 2.0288e-05
0.4 1.6234e-04 1.6234e-04 1.6234¢-04
0.6 5.4791e-04 5.4791e-04 5.4793e-04
0.8 1.2988e-03 1.2988e-03 1.2989¢-03
1 2.5366e-03 2.5366e-03 2.5369e-03

7. Numerical Experiments

In this section, several numerical examples are given to illus-
trate the accuracy of BICM. All of numerical examples have
been performed on MATLAB (version: R2020a). The error
function is defined as

e (t) = [ly.(1) =y (@), (45)

where y,(t) and y(t) are approximate solution and exact
solution of numerical examples.

Example 1. Consider the linear fractional Volterra integro-
differential equation with the initial condition y(0) =0.

6t2‘25

Dy(e)+ Sor(e) - [ Pwiodes s (19

where 0 <t < 1. The analytical solution is y() = £>.



Journal of Function Spaces

0.8

0.6

= 0.4 -

0.2

-0.2 . .

— y,®
* ¥

0.6 0.8 1

Figure 1: y,(t) and y(t) of barycentric Lagrange interpolation using the Gauss quadrature formula with m =3 at n=>5 for Example 1.
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FIGURE 2: Errors of barycentric Lagrange interpolation using the Gauss quadrature formula with different Gauss points at n=5 for

Example 1.

In Tables 1 and 2, the errors of the Gauss quadrature
formula are shown for #n =5,10,20 at m = 6. From Tables 1
and 2, we know that barycentric Lagrange interpolation
and barycentric rational interpolation both get high error

accuracy when t=0,0.2,0.4,0.6,0.8,1. In Table 3, the errors
of barycentric Lagrange interpolation with the Gauss-
Legendre quadrature formula are shown. In Tables 1-3,
initial conditions are imposed by replacement method. From
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TaBLE 4: Errors of equidistant nodes for barycentric Lagrange interpolation with n =5 for Example 2.

t; (m, &) = (3,0.75) (m, &) = (5,0.75) (m, &) = (10,0.75)
0 5.533%¢-16 3.5112e-16 1.9950e-16
0.2 3.1745e-16 3.1745e-16 2.9317e-16
0.4 7.0777e-16 9.7145e-17 5.9674e-16
0.6 8.8818e-16 2.7756e-17 8.3267e-16
0.8 1.2212e-15 0 7.7716e-16
1 1.2212e-15 2.2204e-16 3.3307e-16

TaBLE 5: Errors of equidistant nodes for barycentric rational interpolation with n =5 and d = 3 for Example 2.

t; (m, a) = (3,0.75) (m, a) = (5,0.75) (m, a) = (10,0.75)
0 7.8913¢-17 3.4635¢-16 3.4501e-16
0.2 3.4348¢-16 6.1409¢-16 6.3144e-16
0.4 1.3878e-17 4.8572e-16 4.5797e-16
0.6 1.3878e-16 4.1633e-16 5.5511e-16
0.8 2.2204e-16 3.3307e-16 2.2204e-16
1 0 1.1102e-15 6.6613e-16
TABLE 6: Errors of equidistant nodes for barycentric Lagrange interpolation using the additive method with n =5 for Example 2.

t; (m, a) = (3,0.75) (m, a) = (5,0.75) (m, a) = (10,0.75)
0 2.8897e-16 7.1029¢-16 7.1941¢-16
0.2 6.5399¢-16 2.9317¢-16 1.1293e-15
0.4 9.0206¢-16 4.9960e-16 1.3600e-15
0.6 1.0825¢-15 5.8287¢-16 1.4433¢-15
0.8 1.7764e-15 8.8818¢-16 1.6653¢-15
1 1.7764e-15 5.5511e-16 1.4433¢-15

Tables 1 and 3, we know that error precision of barycentric
Lagrange interpolation with the Gauss quadrature formula
is higher than the Gauss-Legendre quadrature formula.

In Figure 1, approximate solution y,(t) and exact solu-
tion y(t) are given for barycentric Lagrange interpolation
using the Gauss quadrature formula with m=3 at n=>5.
Figure 2 shows errors of equidistant nodes for barycentric
Lagrange interpolation using the Gauss quadrature formula
with different Gauss points m. From Figures 1 and 2, we
can see that higher error precision is attained when the lesser
equidistant nodes are used.

Example 2. Consider the linear fractional Fredholm-Volterra
integro-differential equation with the initial condition y(0) = 1.

D"7y(t) + %y(t) - J e'xy(x)dx - J (t=x)y(x)dx
IR ° o

1
=—— - -+ -,0<t<1.
I3.2s) 4 5

The analytical solution is y(t) = £*.

In Tables 4-6, the errors of the Gauss quadrature
formula are up to machine accuracy. In Tables 4 and 5, the
initial conditions are imposed by replacement method. From

Tables 4 and 6, we can find that replacement method or
additive method can get high error precision.

In Figure 3, we can see that approximate solution y, (¢)
and exact solution y(t) basically coincide. In Figure 4, errors
of equidistant nodes are shown for barycentric Lagrange
interpolation using the Gauss quadrature formula with dif-
ferent Gauss points m =3,5,10 at n=5.

Example 3. Consider the linear fractional Volterra integro-
differential equation with the initial condition y(0) = 1.

t t0'25

D0'75}/(t) +ty(t) —J txy(x)dx 41(125) (4 )
0 * 8
t* ’

t 2
-— - — - -10<t<1.
3 2

The analytical solution is y(¢) =t + 1.

Tables 7 and 8 show the errors of the Gauss quadrature
formula for different m with replacement method. From
these tables, BICM can obtain higher error accuracy with
fewer interpolation nodes.

In Figure 5, approximate solution y, (¢) and exact solu-
tion y(t) are given with equidistant nodes. In Figure 6, errors
of barycentric Lagrange interpolation are shown with differ-
ent Gauss points m. From Figures 5 and 6, we know that
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TaBLE 7: Errors of equidistant nodes for barycentric Lagrange interpolation with n =5 for Example 3.
t; (m, &) = (3,0.75) (m, &) = (5,0.75) (m, &) = (10,0.75)
0 8.8818e-16 1.3323e-15 1.1102e-16
0.2 5.5511e-15 4.8850e-15 5.1070e-15
0.4 5.9952¢-15 0 2.6645e-15
0.6 8.8818e-15 8.8818e-16 1.1102e-15
0.8 1.1546e-14 2.2204e-16 3.1086e-15
1 1.4211e-14 3.9968e-15 1.1546e-14
TasLE 8: Errors of equidistant nodes for barycentric rational interpolation with #n =5 and d =3 for Example 3.

t (m, a) = (3,0.75) (m, a) = (5,0.75) (m, a) = (10,0.75)
0 2.2204e-16 1.1102e-16 7.7716e-16
0.2 0 1.7764e-15 6.6613e-16
0.4 2.2204e-16 2.2204e-16 1.7764e-15
0.6 4.4409e-16 1.9984e-15 4.4409e-15
0.8 1.9984e-15 3.1086e-15 4.4409e-15
1 1.3323e-15 6.6613e-16 5.3291e-15

2.2

2 4 3
1.8 1
= 1.6
1.4
1.2
1 T T T T
0 0.2 0.4 0.6 0.8 1
t
— 7, ®
* y ()

Figure 5: y,(t) and y(t) of barycentric Lagrange interpolation using the Gauss quadrature formula with m =3 at n =5 for Example 3.

error accuracy of Barycentric Lagrange interpolation collo-

cation method can achieve machine accuracy.

Example 4. Consider the linear fractional Volterra integro-

differential equation with the initial condition y(0) =0.

DOy (t) + (1) - 2]

t

0

sin (x — t)y(x)dx

- ﬁ <t°'25 - J; sin (7)(t - 1)0'25d1> —t cos (),
(19)

where 0 <t < 1; the analytical solution is y(¢) = sin (¢).
Table 9 shows the errors of the Gauss quadrature for-
mula for the Gauss points m with barycentric Lagrange
interpolation. In Table 10, taking the parameter d =9 of
barycentric rational interpolation, we get the errors of BICM
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Example 3.
TaBLE 9: Errors of equidistant nodes for barycentric Lagrange interpolation with # = 10 for Example 4.

t; (m, a) = (3,0.75) (m, a) = (5,0.75) (m, a) = (10,0.75)
0 2.7467e-15 1.0670e-14 2.3967e-14
0.2 5.3985e-13 9.6498e-13 1.1939¢-12
04 7.5476e-12 1.0544e-12 1.3185e-12
0.6 2.3869¢-10 1.1452¢-12 1.4382¢-12
0.8 2.7404e-09 1.1894e-12 1.4846e-12

1 1.7312¢-08 1.0930e-12 1.4452¢-12

TaBLE 10: Errors of equidistant nodes for barycentric rational interpolation with n =10 and d =9 for Example 4.

t; (m, a) = (3,0.75) (m, a) = (5,0.75) (m, a) = (10,0.75)
0 6.2870e-15 9.3112e-15 1.8457e-14
0.2 1.0277e-12 8.2812e-13 1.1412e-12
0.4 7.9721e-12 8.8335e-13 1.2341e-12
0.6 2.3779e-10 9.2648e-13 1.3328e-12
0.8 2.7337e-09 9.2382e-13 1.3728e-12
1 1.7293e-08 8.2778e-13 1.3872e-12

with equidistant nodes for different Gauss points m. Tables 9
and 10 also show the better error results.

In Figure 7, approximate solution y, (¢) and exact solu-
tion y(t) of the example are given at n=10. In Figure 8,

errors for barycentric Lagrange interpolation are shown with
different Gauss points at n = 10. From Figures 7 and 8, bary-
centric Lagrange interpolation collocation method can get
high error accuracy.
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8. Conclusion

BICM is proposed to solve the FVIDE. Integral terms of
equation are dealt with by the Gauss quadrature formula or
Gauss-Legendre quadrature formula. Compared with the
Gauss-Legendre quadrature formula, barycentric Lagrange
interpolation with the Gauss quadrature formula obtains
higher error accuracy. The high-precise error results are gained
when replacement method or additive method is chosen to deal
with initial conditions. The errors of BICM are displayed by
numerical examples, which illustrate that the method is
available for solving one-dimensional FVIDE equation.
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This paper derives some equalities via twice differentiable functions and conformable fractional integrals. With the help of the
obtained identities, we present new trapezoid-type and midpoint-type inequalities via convex functions in the context of the
conformable fractional integrals. New inequalities are obtained by taking advantage of the convexity property, power mean
inequality, and Holder’s inequality. We show that this new family of inequalities generalizes some previous research studies by
special choices. Furthermore, new other relevant results with trapezoid-type and midpoint-type inequalities are obtained.

1. Introduction

Fractional calculus and the theory of inequalities, which
have recently received a lot of attention, have been the sub-
ject of many investigations in the mathematics. Mathemati-
cal modeling is one of the most important fields of this
theory in which fractional operators are defined to design
different fractional differential equations for describing the
phenomena. For instance, one can mention to the third-
order BVP with multistrip multipoint conditions [1], hybrid
version and the Hilfer type of thermostat model [2, 3], frac-
tional HIV model with the Mittag-Leffler-type kernel [4],
mathematical fractional model of Q fever [5], fractional
dynamics of mumps virus [6], fractional p-Laplacian equa-

tions [7], fractal-fractional version of AHIN1/09 virus along
with the fractional Caputo-type version [8], etc.

In the last century, the Hermite-Hadamard inequality
along with the midpoint and trapezoidal inequalities arising
from this inequality has attracted many researchers. In addi-
tion, RL-fractional (Riemann-Liouville) integrals, conform-
able integrals, and many types of such integrals have been
defined in these inequalities and have gained an important
place in the literature.

More precisely, fractional calculus is a big part of math-
ematics in which the mathematicians develop and extend the
existing classical ideas of integration and differentiation
operators to noninteger orders. Recently, it has received
the attention of many researchers from different areas like
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mathematicians, physicists, and engineers [9, 10]. For exam-
ple, if we consider a fluid-dynamic traffic model, then we see
that one can simulate the irregular oscillation of earthquakes
via fractional derivatives. These operators are also utilized
for modeling a main part of chemical and physical processes,
biological processes, and engineering problems. For
instance, biological population model [11], electrical circuits
[12], viscous fluid and their semianalytical solutions [13],
fractional gas dynamics [14], and fractal modeling of traffic
flow [15] are applied examples of the application of frac-
tional operators. Further, it is stated that fractional systems
provide some numerical outcomes that are more appropriate
than those given by integer-order systems [16, 17].

New investigations have developed a category of frac-
tional integration operators and their application in various
scientific fields. Using only the idea of the fundamental limit
formulation for derivatives, a novel well-behaved fractional
derivative was defined, entitled as the conformable deriva-
tive, by Khalil et al. in [18]. Some applied properties that
cannot be derived by the Riemann-Liouville and Caputo
operators are obtained by the conformable derivative. How-
ever, in [19], Abdelhakim stated that the conformable struc-
ture in [18] cannot yield acceptable data compared to the
Caputo idea for special functions. This flaw in the conform-
able definition was overcome by giving several extensions of
the conformable operators [20, 21]. Moreover, with the help
of the well-known exponential and Mittag-Leftler functions
and using them in the kernels, several researchers defined
newly expanded fractional operators such as exponential
discrete kernel-type operators [22], fractal-fractional opera-
tors [23], and some other derivatives [24, 25].

Inequalities are one of the important topics of mathe-
matics, and in this field, convex functions and their general-
izations play an important role. In [26-28], the authors
focused on Hermite-Hadamard inequalities by using the
majorization and some properties of convex functions. Later,
some other researchers combined these notions with mono-
city and boundedness [29-31]. Over the years, many math-
ematicians have concentrated on acquired trapezoidal and
midpoint-type inequalities that yield specific bounds via
the R.H.S. and L.H.S. of the Hermite—-Hadamard inequality,
respectively. For instance, at first, Dragomir and Agarwal
derived trapezoid inequalities in relation to the convex func-
tions in [32], whereas Kirmac derived inequalities of mid-
point type with the help of the convex functions in [33]. In
addition, in [34], Qaisar and Hussain established a number
of generalized inequalities of midpoint type. Moreover, Sar-
ikaya et al. and Igbal et al. derived some fractional trapezoid
and midpoint-type inequalities for a family of the convex
mappings in [35, 36], respectively. In [37, 38], studies
obtained some extensions from midpoint inequalities
involving the Riemann-Liouville operators. In [39], similar
results are derived by Hyder et al. under the generalized
Reimann-Liouville operators.

Researches on the differentiable functions of these
inequalities also have an important place in the literature.
Many researchers have focused on twice differentiable func-
tions to obtain many important inequalities. For example,
Barani et al. proved some inequalities under twice differen-

Journal of Function Spaces

tiable mappings having the convexity property which is con-
nected to Hadamard-type inequalities in [40, 41]. In [42],
several novel extensions of integral fractional inequalities
of midpoint-trapezoid type for the abovementioned twice
differentiable functions are established. In [43], authors
obtained other class of novel inequalities in the sense of
the Simpson and Hermite-Hadamard for some special func-
tions whose absolute values of derivatives are convex.

The main goal of this paper is to acquire some new
trapezoid-type and midpoint-type inequalities with the help
of the twice differentiable function including conformable
fractional integrals. We also establish that the newly obtained
inequalities are a generalization of the existing trapezoid-type
and midpoint type inequalities. The ideas and strategies for
our results concerning trapezoid type and midpoint-type
inequalities via conformable fractional integrals may open
other directions for more research in this area.

2. Preliminaries

This section discusses the basics for building our main
results. Here, definitions of the Riemann-Liouville integrals
and conformable integrals, which are well known in the lit-
erature, are given. From the fact of fractional calculus theory,
mathematical preliminaries will be given.

For x, y > 0 (real numbers), the famous gamma function
and incomplete beta function are

I(x):= Joot"_le_tdt,
? (1)
B(x,,7) = J AL - 1Y N,

0

respectively.

In 2006, Kilbas et al. [44] defined fractional integrals,
also called the Riemann-Liouville integrals (RL-integral) as
follows:

Definition 1 (see [44]). For heL'lv,w], the Riemann-
Liouville integrals J% h(x) and J%_h(x) of order » >0 are,
respectively, given as

T h(x) = ﬁj (= M) dt x> v, 2)
1 ¢ n-1
T h(x) = WJ (t = x)P B(1)dt x < w, 3)

where J% h(x)=]° h(x)=h(x). By setting x=1, the
Riemann-Liouville integrals reduce to the classical integrals.

In 2017, Jarad et al. [25] formulated a novel fractional con-
formable integration operators. These researchers gave certain
characteristics for these operators and some other fractional
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operators defined before. The fractional conformable integral
operators are defined in the following definition:

Definition 2 (see [25]). For h € L'[v, w], the fractional con-
formable integral operator * 7, (x) and * ##_h(x) of order
n€C, Re (%) >0 and p € (0, 1] are, respectively, given by

40 dt,t>wv
(t—v)l e 7
x 1 (0= x)"— (w—t)"\*"
Fe )= I ( L ) (5)

It is notable that the fractional integral in (4) coincides
with the fractional RL-integral in (2) when y = 1. Moreover,
the fractional integral in (5) coincides with the fractional RL-
integral in (3) when p = 1. For more studies about several
recent results in relation to fractional integral inequalities,
we can mention some versions in the context of the
Caputo-Fabrizio operators [45, 46], proportional generalized
operators [47, 48], some inequalities in the Maxwell fluid
modeling with nonsingular operators [49], conformable
integral inequalities [50], some inequalities based on the
Caputo-type operators [51], the Katugampola-type inequal-
ities [52, 53], and the references cited therein.

3. Trapezoid-Type Inequalities Based on
Conformable Fractional Integrals

In this section, inequalities of trapezoid type are obtained for
twice differentiable functions. We use the conformable frac-
tional integral operators to obtain these inequalities.

To acquire conformable fractional integrals trapezoid-
type inequalities, we consider the following lemma.

Lemma 3. Let i : [v, w] — R be a twice differentiable map-
ping on (v,w) such that h'' € L,([v,w]). In this case, the
equality

h(v) + h(w) 201y T (e + 1)

2 (w—v)**

e
- (5
Fl"(%v+;w>dt+‘[o J[
() T G’

+ jv+wl2+h(w)]

Hdﬁ)
5]

v+a)/2—

holds.

Proof. Employing integration by parts, it yields

(L (Yt e
2l (e
(e e
(e
T fe ]
) (e
L (e
(22 et

1-(2/lw-v(v+w2- x))")”

= ))”lwihw
(R -EST e

NERLUNES 2*“”r<u;1>
. ng/z ((2) —i/z)f‘ —( (v+ 2/2 - x)f)( “*)1
¢

v

1

0

1

w —

S
(2 v+w

. h)
(v+w/2-x)*

s
)Mr<z+ )
o)

h(x)dx

+
I~
i)
RS
<
N
[38]
St
52
|
T~
g
RS
<

Likewise,

o e s
__ 2 1%_ 1-(1-5s) ”dsh,ww
sl () (59

©—v w oy VHw/2+ :

) e

8
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Then, it follows that Remark 5. In Theorem 11, we have the inequalities as follows:

— V)2 % pr=1, % i) If we set 4 =1 in (10), then Theorem 4 leads to [42],

(w—v)*u 01 - A(v) +h(w) 27T+ 1) (i) e set #7 ) [42]
8 2 (w =) (9) S

. [” lez h(v) + jv+w/2+ (w )] (ii) If we take y=1 and » =1 in (10), then Theorem 4

leads to [43], Proposition 2.
So, the proof is accomplished. O

Theorem 6. Assume that h : [v, w] — R is a twice differen-

Theorem 4. Consider h : [v, w| — R as a twice differentia-
v, ] i tiable function on (v,w) s.t. h'' €L,([v,w]) with v<w. Let

ble mapping on (v,w) s.t. h" € L,([v,w]) . If |h""| is convex
on [v, p]p t;;gen @) (b)) A7 |n""|" be convex on [v, w] with q > 1. Then, the inequality

A(v) +h(w) 27T (e + 1) A(v) +h(w) 221 T (n+ 1)

2 B (w_v)ﬂn [jv+w/2— ( )+ jv+w/2+ ( )}‘ 2 - (w_v),m [jww/g, ( )+ jv+w/2+ ( )].
w - V)’ p* " 1 w—v) " "(v)|? "(w)|? 1
s%@l(#»%)(m (V)| + |1 (w)|)’ g%@z@) (3|h )] ;]h )| >
(10) n q " q\ 1/q
R (v)|" +3|h" (w)
where + <| ‘ y ‘ } ) }
bt * ( )[/l u " "
o= ] [ - () el <o)+ ),
;) 3M%1 ' I (11) (14)
- WJO ' p%(%+ b ﬁ’l_ t _t)”> ‘dt. holds, where 1/q + 1/p =1 and

Proof. Taking the absolute value of both sides of (6), we derive

e (=) Jo

1 p g
@ﬁ(P)=<J0 dt) . (15)

Proof. By employing the Holder inequality on (12), we have

Ih(\/) ;h(w) - ZH%_(Z{I;(;: ) ¥ Frran-h(v) + Mj5+w/2+h(w)} ‘

[
[t oo - (=5
[ (£ 2550 o] BChii [(ﬂ
(12) 1
. ‘ (JO

By using the convexity property of the |1"|, we establish

h(v) +h(w) 207 T (e+ 1) o

: A B B9) 4 Tl
[ (57 Jof )
h' gv+£w th "
dl Jf<f e fa)
st 2 | e ()]
=L e (Gl |
olJo LW ‘
w2 ()]
t 0 For the sake of the convexity of |i''|* on [v, w], we get
.{Em( 2w M
() JL
(elpre) <[P ors repla o)
0

13
(13) _ 30" (v) |+ B (w) |
The proof is ended. O 4 ’
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and similarly

1
t 2t
J W' (-v+ Z—w
o 2 2

If we substitute the inequalities (17) and (18) in (16), the
first inequality of (14) will be established.

The next inequality is derived directly if we let @, =3
1" W)y = 1" (@)@, = " (v), and  p, =3|h"" (w)["
and apply the inequality

q h”(v)yq +3|h”(w)yq

4

dtS}

(18)

n n n
Y (@ +p) < Y @+ Y p0<s<L. (19)
k=1 k=1 k=1

Thus, our deduction is ended. O

Corollary 7. In Theorem 6, we have the inequalities as
follows:

(i) If we set w=1 in Theorem 6, we derive

h(v) +h(w)  2T(e+1)
‘ 2 - (w_v)u [v+w/2— ( )+]v+w/2+ ( )]‘

(w—v)2 1 1
=g <p+1 B (%+1)P(xp+p+1)>
. K3}h"(V)|q + |h"(w)|q> .
4
. <|h"(\/)‘q+3‘h"(a))’q> 1/‘1]
4

(w=v)?
: 23—2/P) (piz - (u+1)"(1jp+p+1)>
@)+ @),

(20)

Proof. For the proof, it will be sufficient to write down the
solution of the integral below.

P 1/p

dt)

1

oxp-ei() - ([ |[.a -

Under conditions A > B >0 and p > 1, the inequality

' (21)

nt+1

t—

n+1

|A- B[P <AP - BF (22)

is satisfied.

From the inequality (22), A=t and B=t*"1/x+1, we

have
1 1y perl \ P lp
" tPdt — dt
o< ([ ra-] (453)

1 1 Up
- (p+1 B (%+1)P(%p+p+1)) ‘

When the solution of @Z (p) is substituted for (14), the
proof is clear.

(23)

(ii) If we take yp=1 and % =1 in Theorem 6, then

rm;m>(wvj()

+1 2°(2p + 1))

. Kﬂrz"(v); |1 (@) >”q
' 1 24)
N <|h”(v)|"+3{h”(w)|q> q]
4

<(w—v)2 1 1
T2 +1  2°(2p+1)

@) | @)]].

O

Theorem 8. Consider h : [v,w] — R as a twice differentia-
ble mapping on (v,w) st h" €Ly([v,w]). Assume that

|h'"|" admits the convexity property on [v,w| with q> 1.
Then,

h(V);h(w) ~ 2#%—(:?;();;: 1) Pt o (V) % 7 (0 )].
< (w _;’) s (@, (1 %))I—I/q % ((2®1(#’ “)2_ D, (u, %))

) |hu(v)‘q D,( % |h" } )1/q+ <(D2(gl,%)

AR (19 + (2D, (1, %) — Dy, % W' (w 1
[ (V)] 3 D@l |,

(25)

holds, where

1
D, (p, %) = J t dt

[ - (55 L
t- £%<M+1, é,z-(z-r)ﬂ) ’dt.
(26)




Proof. By employing the power-mean inequality in (12), we
have

;h(v);h(w) _ Zﬂkf(a‘iii]—;/()%ﬂ: 1) [ jv+w/2* ( )+ jv+w/2+ ( )]‘

(- (5 o)™
([ TE - (229 Tas
~ h("JEJZ-[fl <> o )
(G- (=57 T
(- (527
n Gw ?w> th> ”q}

1-1/q
)

(27)
We know that |A'|? is convex. Thus,
B Rt Sl W PN P AR | Y
[ e (=5 Jolp G55
<[, < ol
ZT }h" |}dt
Pulte ) B g
+(D7’|h"(w)q
(28)
and similarly
o= C5) Lo G250 e
0 :@2(5’”) }h”(v)|q+ (2(1)1(1/”%)2_@2(#’ n)) |h//<w>|q.
(29)

Substituting the inequalities (28) and (29) in (27), we
derive the desired result. O

Corollary 9. In Theorem 8, we have the inequalities as
follows:
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(i) By choosing y =1 in Theorem 8, we derive

h(v)+h(w) 27'T(x+1) y
‘ 2 - (w - v)“ U\H—w/Z—h(V) + ]v+w/2+h(w)} ’

B (w=-v)? (1 1 =11
R <§_(%+1)(u+2)>

1 n+4 )
(E T 20+ 1)(%+2)(%+3)> " ()"

(

1/
s ) )
(

1 1

6 20+ 1)(%+3)> 7 ol

1 "+ 4 " e
3 2(%+1)(%+2)(%+3)>‘h (“’)|q) ]
(30)

(ii) If we take u =1 and n =1 in Theorem 8, we derive

h(v) +h(w) 1 th(x)dx

2 (w—v)

w-v?| /11, 5.0 g
S( 24) [(E’h (v)’q+ 1—6|h (w)’q> (31)

1/q
N <1_56 B ()| + j—é{h”(w)f) ]

4. Midpoint-Type Inequalities Based on
Conformable Fractional Integrals

In this section, midpoint-type inequalities are created for
twice differentiable functions with the help of conformable
fractional integrals. To formulate these inequalities, let us
first set up the following identity.

Lemma 10. Let /1 : [v, w] — R be a twice differentiable map
on (v,w) with h'' € L,([v, w]). Then, the equality

2‘”‘"%"F(u+1) Vi w
W[ jv+wl2+ ( )+ jvﬂv/z_ ( )]—h( 2 )

[ e (e e
S (oo

is valid.

(32)



Journal of Function Spaces

Proof. With the help of the integration by parts

[T e (v o)
xm o) ()

ZVH 1_t)]h<2;tv+§w>dt
([T )
A

1 _ Y n—1
o J (1 ) ) (1- )+ dt.
w-v), 7
By using variable change, equality is obtained as follows:

i e

1

0

1

0

(33)

v
2 2+px V+w/2
2 ih(v+w)+ 2 1"(14+1)J
w-v, p 2 w—v I'(x) J,
(v+ w2 —x)“)”“1 hi(x)
% (v+w2-x)'*

s ([T e -G5)

a2y (L) e A ().

((w -v2)¥ - h(x)dx

I8 w=v
(34)
In the same way,
(o )
(e

2
-(555) #(5)

2 2+un
+(535)  Toee ) bt

If (34) and (35) are added together and then multiplied
by (w - v)**/8, the proof is completed. O

Theorem 11. Assume h : [v,w] — R as a twice differentia-
ble function on (v,w) s.t. h'" € L,([v, w]). By considering the
convexity of |h''| on [v, w], the inequality

21 T (e + 1)

[ jv+w/2+ ( ) %j[\:rw/%h(v)} -

(=)™
-V
< %YI <’h" ’ |h”(w)0
(36)
is satisfied, where 9B denotes the beta function and
IVt T7 (] H%
YI(M’%) :J J |:1(175):| ds|dt
0l1Jo 4 (37>

19:?(;”1, 1,1—(1—t)”>
Z Z

dt.

1 1
“el,

Proof. On both sides of (32), we take the absolute value and
get

21 T3+ 1) V+w
W [ v+w/2+ «fv+w/2 ( )] _h( 2 )
_ Ik _
J J [ 9 ] ds‘ K (£v+ Ea))‘dt
olJo 2 2

8 [
1| pt _ AV A K

+J [ {71 (1=9) ] ds’ n'
olJo U

t 2t
—V+ —w
2 2

dt] .

(38)
Since convexity of |1"|, then we have
201 T (e + 1 Vi
W[ fv+w/2+ ( )+ fww/z ( )]_h( 2 )

e,
: <22_t 1" (v)] + ;|h"(w)|>dt
A "
@=v)2 W (T = (1 -5)#]"
“esHE (] )

(W )+ 1 @)).

O
Remark 12. In Theorem 11:

(i) If we set u =1, then we lead to [42], Theorem 1.5.

(ii) If we allow g =1 and » =1, then Theorem 11 and
[43], Proposition 1 are identical.

Theorem 13. Let ki : [v,w] — R be a twice differentiable

map on (v, w) s.t. ' € L,([v,w]) . Let |h"'|" be convex on |
v, w| with q > 1. Then,
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27T (3 + 1) [ T @)+ T By )} B h<v+w) The last inequality is established by letting @, =3
(=)™ e e 2 1" W)[%p, = 11" (@)@, = " (V)" and  p,=3|A" (w)[”
_ (=) (Y%(p)) e 3|h" | |h ( )|q 1iq and with help of the inequality (19). O
-2 # 4 Corollary 14. In Theorem 13, we have the inequalities as
|h" | +3|h |q 1/q follows:
" < 4 ) ] (i) If we set =1 in Theorem 13, we derive
(w- V)Z " pr "
< 4Y%(p) (V)| + A (w)] | 27 IM(e+1) 3 V+w
7 (o)l ] e Vah6) + P 0] = (52
(40) ((U V) 2
@-v2 (1 N[ (3R )+ |5 @)\
<
where 1/p + 1/q=1, and T 2(e+ 1) \spp+1 4
W= (1= |? R (v)[*+ 3" (@) T\
i) = [ [ =] . (41) L (P3P @)
g olJo U 4
2 4 1
Proof. Using the Hélder inequality in (38), we have < gz)% +v1)) <%p T 1) U v)|+|n" u
201 T3+ 1) V4w (44)
w V ;m [ +w/2+ fv+w/2— ( )] _h( 2 )l
—s) 7 )P v (ii) If we take p=1 and n=1 in Theorem 13, we have
] ds| dt

dt) 1/q wivjj )‘

P\ L (@-v) Kﬂhn )|q> "
S dt) - 4 2p+1
. <yh” )| +3\h w)\q>”"]

(42) < (“"VV( 4 )”p[|h”(v)|+|h"(w)”.

h" <2 v+ ! w)
2 2

4 2p+1
Since |h''|? is convex, we obtain (45)

2L P (e + 1 V+w
#x)[jvﬂulh ( )+ fv+w/2— ( )]_h( P )‘ X i i
(=) Theorem 15. Let ki : [v,w] — R be a twice differentiable
(@ — v - (-5, P VP map on (v,w) s.t. h'' € L,([v, w]). Suppose that |h'|" is con-
S35 J J [T] ds| dt vex on [v, w| with ¢ > 1. Then,
olJo

Y2t et g4 v -1
. —|n —|h d =ty 1
(Jo( 2 ’ (V)’ +2‘ (w)’) t> W[ jv+w/2+ ( )+ jv+w/2— ( )]_h<v;w)’
T A 2 0 2y Y
' (J J {#] “ ‘”) < T () ¢ [( i) Z Yol )
Yoty toy 1q 1
' (JO (T|h )|+ ik (w)|q>df> ] R ()" + YZ(?’%) \h”(w)]th) ", (YZ(g’%)
(43) . ‘h"(v)‘q . 2Y (%) = Y, (1, %) |h"(w)’th> 1/q]
> ,
If we substitute the inequalities (17) and (18) in (43), we (46)

obtain the first inequality of (40).
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in which B depicts the beta function, and Y ,(u, ) is defined
as in (37). Here,
) } ds

o[

1
=ikj tlﬁ(n+1,1,1—(1—t)“)
# o | ®

Proof. By utilizing the power-mean inequality in (38), it
becomes

dt

(47)
dt.

201 C (e + 1)

[«jv+w/2+ (w )+ fww/Z ( )]_h(a;w)‘

(=)
A2, 1| ¢t _ AV E 1-1/q
Lz JJ Ll Gl NP
8 olJo g
1) pt M-(1- Ui 2 q 1/q
X ﬂ ds||n" —tv+£w dt
JolJoL g ] 2 2
Tt T1 _ (1 _ \H1® 1-1/q
+( 1- (=9 4 dt)
olJoL U _
1t M1 — AV KA _ q 1/q
v L= gl (2 B ) |
olJoL g i 2 2

Due to the convexity of |1’/ on [v, b], we may write

2 (4 1)
(@=v)*

(]
3[(s
I

It is clearly seen that

[% 5+w/2+h(w) + Mf5+w/2— (V)} (V 3 w> ‘

[y

ke —
) ] ds‘%|h"(\/)|q+ §|h”(w)|th)

[

1/q

(49)

2””’1;4"1"(1{ +1)

[jv+w/2+ (@ )+ jW‘U/Z* (v )}_h<v+w>‘

(w—v)** 2
< O (v, ()

n) = Yo () n 2 R) on Yq
xK”““ZYW)wwW+Y%)wwW@

+ (Yz U n |hrr |q+ 2Y, (s, )2 Y, (u, |h" }th>”q}

(50)

The proof is ended. O

Corollary 16. In Theorem 15,

[ fwor 5w |

(i) if we set u =1, then we acquire

27 (e + 1)
(@=v)*

v+
[]:+w/2+h(w) + ]t+a)/2—h(v)] - h( 3 ) ’

(@-v)

8 : ((u+ 1)1(%+2)>H/q

n+4 "
* [(2(“ Do) " o

1 " 1/q
* Ty )

1 n
’ (2(;” CTEL o

+<%%+Uaiix%+ﬂ)m%wwu0”ﬂ,

(ii) if we take yw=1 and » = 1, we obtain

L} ! . th(x)dx - ;“’) ’
g@%ﬁl@wwmﬁéwwm%ﬁw (52)

1/q
+ <§|h”(v)|q+ §|h”(w);th) ]

5. Conclusion

In this research, we established new estimates of trapezoid
type and midpoint-type inequalities via conformable frac-
tional integrals under twice differentiable functions. These
inequalities were proven to be generalizations of the
Riemann-Liouville fractional integrals related to inequalities
of trapezoid type and midpoint type. In future works,
researchers can obtain likewise inequalities of midpoint type
and trapezoid type via conformable fractional integrals for
convex functions in the context of quantum calculus. More-
over, curjous readers can investigate our obtained inequal-
ities via different kinds of fractional integrals.
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In the present paper, we introduce the notion of Proinov-%,-contraction mapping and we discuss it within the most interesting
abstract structure, namely, b-metric spaces. We further take into consideration the necessary conditions to guarantee the
existence and uniqueness of fixed points for such mappings, as well as indicate the validity of the main results by providing

illustrative examples.

1. Introduction and Preliminaries

The fixed point theory focuses on investigating the necessary
and sufficient conditions on the operator as well as the abstract
structure within which the operator is defined. Many research
papers, on fixed point theory, aim to bring forth a new condi-
tion on the operator (contraction criteria) or suggest a new
abstract structure, or both. The present paper highlights a new
contraction condition, namely, a Proinov-&),-contraction, on
the most interesting abstract structure of b-metric spaces.

The notion of b-metric has been approached by several
researchers such as Bakhtin [1] and Czerwik [2, 3]. For
instance, Berinde [4, 5] named this structure as “quasi-
metric.” To be more precise, by b-metric, we understand
the natural successful extension of metric by weakening
“the triangle inequality” with “the extended triangle inequal-
ity.” In other words, the condition of metric d(r, q) <d(r, p)
+d(p, q) turns into the new condition d(r, q) < s[d(r,p) +d
(p,q)] for all p,q,r and for a real number s> 1. Evidently,
in case of s =1, these two notions coincide. Despite the high
similarities of the definitions of the notion of metric and
b-metric, there topological properties may differ. For instance,
it is known that metric is a continuous map, but, as a mapping,

b-metric is not necessarily continuous. Moreover, an open ball
is not open and a closed ball is not a closed set. These differ-
ences make this structure very interesting to investigate. In
particular, in [6], the authors characterized the weak ¢-con-
tractions in setting of b-metric spaces. In [7], the existence
of the fixed point of certain set-valued mappings was
discussed in the context of b-metric spaces. Additionally,
Ulam Stability of the fixed point, in the framework of
b-metric spaces, has been considered in [8]. On the other
hand, in [9-12], the authors focused on the existence of dis-
tinct multivalued operators in the context of b-metric spaces.
In [13], Pacurar dealt with a fixed point for ¢-contractions
in the same structures. Another fact worth mentioning is that
Shukla [14] defined partial b-metric spaces while considering
the fixed point theorem.

The notion of Proinov-%),-contraction mapping is based
on two aspects: “Proinov-type mappings” [15] and “simula-
tion functions” [16, 17]. Proinov [15] proved that several
existing results are consequences of Skofs result [18]
reported in 1977. On the other hand, the simulation func-
tion also helps to get a very general contraction condition
whose consequences involve several existing fixed point
theorems, including Banach’s.
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Throughout the paper, we presume that X is a non-
empty set.

The notion of simulation function, introduced by
Joonaghany et al. [16], combine several existing results.

Definition 1 (see [16]). A function { : [0,00) X [0,00) — R
is called a simulation function if

(€) £(0,0)=0

() {(r,p)<p-rforalr,p>0

(¢5) {r,},{p,} are sequences in (0, c0) such that lim

n—~oo

r,= nhlnoop” > 0, then

lim sup{(r,,p,) <O. (1)

n—=a~oo

The set of all simulation functions will be denoted by Z.
On account of ({,), we observe that

{(t,t)<0forallt>0,{ e Z. (2)

We also notice that in [17], it was shown that ({;) is
superfluous.

Definition 2 (see [16]). Let (¥X,d) be a metric space and
(€ Z. We say that a self-mapping T on X is a Z-con-
traction with respect to (, if

C(d(T(x), T(y)),d(x,y)) =0, forallx, y € X. (3)

Considering {(r,p) =xp—r with x€[0,1) and r,p€
[0,00), it follows that the Banach contraction forms a Z
-contraction with respect to {.

Theorem 3. On a complete metric space, every Z -contrac-
tion has a unique fixed point.

Definition 4. On a nonempty set X, let b : X x X — [0,00)
be a function such that the following conditions hold:

(b)) b(x,y)=0ifand only if x =y

(b,) b(x,y) =b(y,x) for all x,y € X

(bs) b(x,y) <s|b(x, u) + b(u, y)] for all x,y,uecX, with
s21

Then, we say that function b is a b -metric. In this case,
the tripled (%, b, s) forms a b-metric space.

Of course, for s=1, the above function b defines a
distance (or metric) on X.

An illustrative example of b-metric would be the following:

Example 1. Let the space

l1,2={x=(x1,x2,---,xm,--'): Z|xj|<oo}. (4)
=i
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Then, the function b : I, xI;,, — [0,00), where

bx.y) = (i \xj—ij (5)
j=1

is a b-metric, with s=2.

The concepts of convergent and Cauchy sequences on
b-metric spaces can be defined in a similar way to the case
of ordinary metric spaces.

Definition 5. Let {x,,},., be a sequence in the b-metric
space (X, b, s). We say that the sequence {x,,},,., is

(c) convergent < there exists u € X such that for any
e> 0, there exists N(e) € N such that b(x,,, u) <e, for all
m>N(e)

This means, lim

m—sinfty D (%> 1) = 05 We write x,, — u,

or lim x, =u.

m—00
(C) Cauchy < for any e > 0, there exists N(e) € N such
that b(x,,, x,) <e, for all m, p>N(e)
In case every Cauchy sequence in X is convergent, we
say that the b-metric space (X, b, s) is complete.

Lemma 6 (see [19]). Let (X, b) be a b-metric space and {x,}
be a sequence of elements in X such that there exists x € [0, 1)
such that b(x,, ;> X,.,) < k(X X,,;) for every n € N. Then,
{x,} is a Cauchy sequence.

Definition 7. Let (X,b), s > 1, be a b-metric space and a func-
tion {}, : [0,00) X [0,00) — R satisfying the following:

€,) Cp(rit)<t—rforallr,teR*

({yo) If {r,}, {t,} are two sequences in [0, +c0), such
that for p>0

lim supt, =s lim r, >0, (6)
n—00 n—00
then
lim supQ, (s, t,) <O0. (7)
n—~oo

Thus, , is said to be a b-y-simulation function. We shall
denote by &, the family of all b-simulation functions.

(See, e.g., [16, 20, 21], for more details and examples.)

In [22], the authors considered several fixed point the-
orems, in the setting of b-metric spaces, for a family of
contractions (called multiparametric contractions) depend-
ing on two functions (that are not defined in t=0) and
some parameters.

Definition 8 (see [22]). Let (¥, b) be a b-metric space and
T : X — X be a mapping. Let » = {x,, k,, k5, ks, K5} be a
set of five nonnegative real numbers, and we denote by

Ay i X x X —[0,00) (8)
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the function defined, for all x, y € X, by

Ar(sy) = b)) + K06 T T 500 TY)
+x4b(x, Ty) + k5b(y, Tx).

We say that T is a (v, ¢, %, q)-multiparametric contrac-
tion on (X, b, s) if

y(s1b(Tx, Ty)) < p(Ap(x,y)) forallx, y € X suchthatb(Tx, Ty) >0

(10)

where v, ¢ : (0,00) — R are two auxiliary functions and
q € [1,00).

Inspired by some results in [15], we will consider a pair
of two functions w,¢: (0,00) — R that satisfy the
following:

(py) ¢(u) <y(u) for any u >0

(p,) v is nondecreasing

Let & be the set of such pair of functions; that is,

P={(y> )|y, ¢: (0,00) — R, (p;),(p,) hold}. (11)
2. Main Results

Definition 9. Let (¥X,b,s) be a b-metric space. A mapping
T : X — X is a Proinov-%,-contraction mapping of type
R; if there exist (v, ¢) € P, {, € €}, a number f>1, and
nonnegative real numbers a4, «,, a5, oy, with o + o, + a3 >
0, such that for all x, y € X with b(Tx, Ty) >0, we have

i min {b(x, Tx), b(}’) Ty)}

2s
< b(x,y) implies ¢, (v (*b(Tx. Ty) ), p(Ri(x.5))) = 0,
(12)
where
R, (x%,y) = a;b(x, y) + a,b(x, Tx)
+o3b(y, Ty) + %, foranyx # y
Ry(x.9) = oy b(x,) + ayb(x, T)
by, Ty)) (1 + b(x, Tx))
+o30(y, Ty) + ay T+ y) ,
Ry(%,) = b(x,7) + ayb(x, Tx) + asb(7, Ty)

o b(x, Tx)b(x, Ty) + b(y, Ty)b(y, Tx)
471+ max {b(x, Ty), b(y, Tx)} (13)
b(x, Tx)b(x, Ty) + b(y, Ty)b(y, Tx)
1+s max {b(x, Tx), b(y, Ty)}

++as

Remark 10. We mention that following Corollary 11 in [22],
we have that, for a; + a, + a5 > 0, either T admits at least one
fixed point or R;(x, y) > 0, i =1, 3, for all distinct x, y € X.

Theorem 11. On a complete b-metric space (X,b,s), any
continuous Proinov-6,-contraction mapping of type R, T
has a unique fixed point provided that ¥_,a < sP.

Proof. Starting with a point x, € X, we can consider the
sequence {x,} in X, build as follows:

xy =Txg, %, =Tx, forallneN,. (14)

We observe that if there is some m, € N such that x,,
=Xy 41 i follows that Xy, = TXp > 8O X, is @ fixed point

of the mapping T. With this in mind, we will presume that
X, # X,,, for all n. Thus, since

1
Z min {b(‘xn’ Txn)’ b( n+l> Txn+1)}

L
= 25 min {b(X,, X,41)s b(X,15 X42) } < b(xn’xn+l)’

(15)
by (12),
(W (P %0 SR (50 5,0))) 20, (16)
which is equivalent, taking ({},) into account, with
BBy (5 %y01)) ~ ¥ (Fb(Tx, Tx,y) ) >0 (17)
Moreover, since

= (xlb(xn’ xn+l) + “2b(xn’ Txn)
b(xn’ Txn)b(xnﬂ’ Txn+1)

Rl (xn’ xn+l)

+ a3b(xn+l’ Txn+1) + 064

b(xn’ xn+1)
= (0 + ) b(X,, X, 0) + (o5 + 64 b(%X,015 X12)5
(18)
the above inequality becomes
W(Sﬁb(xm—l’ xn+2)> < ¢((al + “Z)b(xn’ xn+1)
(19)

+ (“3 + “4)d<xn+1’xn+2>)'

Since the pair (y, ¢) € P, it follows

V(D01 002) < B0+ 02)b( 2,00)

)

(06 + 0‘4)b(xn+1’xn+2)) (20)
y((a +ay)d

+ (o3 + ay)

n> n+1)

(x
( n+1> n+2))'

+a,)d(x



Consequently,

Sﬁb(anrl’anrZ) < (0(1 + “Z)b(xn’xnﬂ) + ((X3 + a4)b(xn+1’xn+2)’

o +a,

b(xn+1’xn+2) b(xn’xm-l)'

< —— =
sP—ay—ay
(21)

Let k= (a, + &,)/(sP — a3 — a,) < 1. Consequently,

) < K" b(xg, %) —> 0asn — o0.

(22)

b(xnﬂ’ xn+2) < Kb(xn’ Xnt1

Moreover, by Lemma 6, it follows that the sequence {x,,}
is Cauchy, and taking into account the completeness of the
b-metric space X, we find that there exists w € X such that

lim x, = w. (23)

n—~oo

But, the mapping T was supposed to be continuous, so that

n—~oo n—~oo

Tw= T( lim xn) = lim T(x,)= lim x,,, =w. (24)

Thereupon, Tw = w; that is, w is a fixed point of the
mapping T.

Supposing that there exists another point v € X, such
that Tv =v # w = Tw, we have

% min {b(w, Tw), b(v, T(v)}

=0 < b(w,v) =, (1// (sﬁb(Tw, Tv)), $(R, (@, v))) >0,

(25)
Thus,
$(R, (@, v)) - w(sﬁb(Tw, Tv)) >0 )
= w(sﬁb(m Tv)) < (R, (w,v)),
where
R, (@, v) = oy b(@, V) + atyb(, Tw) + oty b(v, T)
oM T T 2
= a,b(w, v).

We have in this case
w(sﬁb(w, v)) = w(sﬁb(m, Tu)) < ¢ (0, b(w, v)) < ¥ (0t b(w, V),
(28)
or, since vy is nondecreasing,

0 < sPb(w, v) < a;b(w, v), (29)
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which is a contradiction. Therefore, the mapping T admits a
unique fixed point.

Example 2. Let X =[-1,1], the function b: X — X —
[0,00), and b(x,y)=|x—y|* be a b -metric with s=2,
and let T: X — X be a continuous mapping, where

-1, forx € [-1,0),
Tx = 30
g -1, forxe]0,1]. (30)

Let the pair (v, ¢) € P, with y(u) =u, ¢(u)=u/2, for
any u>0, and (, €%}, {,(r,t)=(10/11)t—r, for r,t>0.
Thus, choosing =1, a;=1, a,=a,=1/16, and a; =3/
4, we have

0 (v (F0(T% 1) ), 9(R (5.7)) )

- % O(R, (%, 7)) —w(2b(Tx, Ty))

5 1 3
=11 (b(x,y) + 1—6b(x, Tx) + Zb(y, Ty)

1 b(x, Tx)b(y, Ty)
+ _——
16 b(x,y)

(31)

> —2b(Tx, Ty).

For x,y€[0,1] such that 1/4 min {b(x, Tx), b(y, Ty)}
=1/4 min {(3x/4+1)%, By/4+1)*} < |x—y[* = b(x,y), we
have b(Tx, Ty) =|(x/4) -1 - (y/4) +1|* = (]x - y|*)/16 and

G (v (F0(T 19)) (R, (v.9)))

5 , 1 [3x 33y S|
=—||lx-y "+ —|—+1) +-[=+1] +
11 16 \ 4 4\ 4 16

(3x14) +1)” - (3/4) ((314) + 1)2> ,

5 (29 , 1 [3x * 33y 2
=—|=x-y'+=(—+1) +=({=+1) +—
11 \ 40 16 \ 4 4\ 4 16

((3x14) +1)” - (3/4) ((3p14) + 1)2> 0

For x € [-1,0), y € [0, 1] such that 1/4 min {b(x, Tx), b(y,
Ty)} = /4 min {(x +1)%, ((3y/4) + 1)’} < |x - y|* = b(x, y),
we have b(Tx, Ty) = |-1 - (y/4) + 1] = y*/16 and
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0 (v (F0(T% 1) ), 9(R (5.7)) )

5 1 3/3 S |
= |x-yf+—=(x+1)*+= Y1) o —
11 16 4\ 4 16

(e 1)X(GByH) + 1) 25
b(x,y)

16
5 1 3/9* 3 1
= (|x=y+ —(x+1)7+> PPy —
11 16 4\ 16 2 16

(1) (B4 + 1)2> s

b(x,y) 8
:%<x—y|2+%(x+1)2+37y+1> +1_16

(e DGyt + 1>2> )

b(x,y) 11 4 16 8
(33)

Therefore, T is a continuous Proinov-%),-contraction
mapping of type R;, and from Theorem 11, it follows that T
has a unique fixed point.

Corollary 12. Let (X, b, s) be a complete b-metric space and
T : X — X be a continuous mapping such that there exist
(y,9) € P, (€GB, a number >1, and nonnegative real
numbers a,, a,, a3, ay such that for all x,y € X with b(Tx, T
y) > 0, we have

(v (FUTR ) R ) 20, (39
where

Ry (x, ) = a;b(x, y) + ayb(x, Tx) + azb(y, Ty)

b(x, Tx)b(y, Ty) (35)
oy b(x—,y)’for any x # y.

Then, T has a unique fixed point provided that ¥ ;_,a; < s.

Theorem 13. On a complete b-metric space (X, b,s) any T
Proinov-€,-contraction mapping of type R, has a unique
fixed point provided that ¥;_,a; < sP.

Proof. Let {x,} be the sequence in X defined by (14), with
X, # X1, for all n € N. Thus, by (12),

1
2_ min {b(xn’ Txn)’ b(xnﬂ’ Txn+l}
S

= zi min {b(x,,, X,,,1)> (X, 1> Xpin } (36)
s

= 4 (¥(Folw %) ) R 5 001)) ) 20,

Thus, using ({},), it follows
¢(R2(xn>xn+1)) _W(Sﬁb('xn’xnﬂ)) >0, (37)

where

RZ(xn’an) = “lb(xn’xnﬂ) + aZb(xn’ Txn) + “3b(xn+1’ Txn+1)
b(xn+1’ Txn+1)(1 + b(xn’ Txn))
1+ b(xn’ xn+1)

+ oy

= alb(xn’ xn+1) + aZb('xn’ xn+1) + ‘x3b('xn+1’ xn+2)

b(xn+1’xn+2)(1 + b(xn’ xn+1))
1+ b(xw xn+l)

+ 0y

= ((Xl + “Z)b(xn’xnﬂ) + (“3 + “4)b(xn+l’xn+2)’
(38)

Since R,(x,,x,,;) = R,(x,, %, )> proceeding in the pre-
vious proof, it follows that {x,} is a convergent sequence
in X. Thus, there exists w € X, such that lim,_, x, = w.

We shall show that Tw = w. First of all, we claim that

1
—b(x,,%,,.1) <b(x,, w) (39)
2s
or
1
2_5 h(xnﬂ’ xn+2) < b(xnﬂ’ w)' (40)

By contradiction, if we suppose that there exists p, € N
such that neither (39) nor (40) hold, we have

b(xpo,xp0+1> <s- {b(xpo,w> + b(w, xp0+1>H
<s- [zlsb(xﬁo’x%”) + zlsb(xpoﬂ’xpwz)}

_ b (xPo’ xPo"’l) +b (xPu+1’ xP0+2)
2

< b(xpo,xpoﬂ),

(41)
which is a contradiction. Consequently, at least one of (39)

or (40) holds, so that we can find a subsequence {x,} of
{x,}, such that

215 min {b(xn(i), Txn(i)), b(w, Tw)} (42)

Therefore, keeping (12) in mind,

¢, (1// (s"‘;b(Txn(i), Tw)), ¢(R2 (xn(i), w))) >0, (43)

which is equivalent with



v (sﬁb (Txn(,-), Tw) )

Moreover, since (y, ¢) € P

<¢ <R2 (xn(i), w) ) . (44)
)

l/f(sﬁb(Txn(i), Tw)) < ¢(R2 (xn(i , w)) < 1//(R2 (xn(,-), w)),

(45)
and then,

sPb (Txnm, Tw) <R, (xn(l-), w) . (46)

But,

R, (xn(i), w) = oclb(xn<i>, a)) + oczb(xn(i), Txn(i)) +o3b(w, Tw)
b(w, Tw) (1 + b(xn<,.>, Txn(,.)))

1+ b<xn(i), w)
= (xlb<xn(i), w) + azb(xn(i), xn(i)H) +o3b(w, Tw)

b(w, Tw) (1 + b(xn (M) ,xn(i)ﬂ))

+ 0y

+ta
! 1+ b( , w)
(47)
Consequently, there exists lim, R, (x,:,®), and
we have
lln;OR ( (i) w) = (a3 + &) b(w, Tw). (48)

On the other hand,

0 < b(w, Tw) <s[b(w, Tx,) + b(Tx,, Tw)]
< sh(w, x,.) + b(Tx,, Tw) (49)
< Sb(w xn+1) ( )

Therefore,

0 < b(w, Tw) < limsupR,(x,, w)

- (e + @b, To) (50)
<b(w, Tw),

which is a contradiction. Thus, Tw = w. Supposing that this
point is not unique, we can find another point v € X, such that
Tw=w #v="To. In this case,

1
= — min bwa wxbv) v bw’v
0= 3 min oo T) b0 1) <)

— 4, (v (b(Tw. Tv) ), §(Ry(@.v)) ) 20.

Journal of Function Spaces

We have,
y/(sﬁb(w, u>) - w(sﬁb(m Tv)) < (R, (w,v)) -
= Bl b(e,0)) < (e b(@,v)),
and, taking (p,) into account,
0 < sPb(w, v) < a;b(w, v), (53)

which is a contradiction, because &, < s”. So, the mapping T
possesses a unique fixed point.

Corollary 14. Let (X, b,s) be a complete b-metric space and
T : X — X be a continuous mapping such that there exist
(v, ) € P, (€6, a number > 1, and nonnegative real
numbers &, a,, o3, o, such that for all x,y € X with b(Tx, T
y) >0, we have

G (v (FoTR ) ) $(Roy)) ) 20, (59)

where
Ry(x, y) = a;b(x, y) + ab(x, Tx) + azb(y, Ty)
b(x, Tx)b(y, Ty) (55)
a4W,foranyx¢y.

Then, T has a unique fixed point provided that
i < 5.

Theorem 15. On a complete b-metric space (%X,b,s), any
Proinov- €,,-contraction mapping of type R;T has a unique

fixed point provided that a,+a,+ oz +a,+2as<sP and
az < 1.

Proof. Let {x,} be the sequence in X defined by (14), with
X, # X,,,, for all n € N. Thus, by (12),

1
% min {b(x,, Tx,), b(x,.1, Tx,,}
S

X+l )’ b(xn+1 > xn+2}

=, (‘// (Sﬁb(Txn’ Txn+1))’ P(Ry (x>

1
= — i b s
5 min {b(x,

xn+1))) 20.
(56)

Thus, using ({;,), it follows

B(Ry (0 %y11)) = (Fb(Tx,p T, ) ) >0, (57)

or, equivalent (keeping in mind ({,,) and (p,))

V(T T01) ) < BRs (3 %30)) < V(R (%
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where

RS (xn’ X ) = ’xlb(xn’ xn+l) + aZb(xn’ Txn) + ‘XSb(an’ Tan)

b(xn’ Txn)b(xn’ Txn+1) + d(xnﬂ’ Txn+1)b(xn+1’ Txn)
1 + max {b(xn’ Txnﬂ)’ b(xnﬂ’ Txn)}

(b(xn’ Txn)b(xn’ Txnﬂ) + h(xnﬂ’ Txn+l)h(xn+l’ Txn)

1+smax {b(x,, Tx,), b(x,,1> Tx,,,)}
n xn+1) + “Zb(xn’ xn+l) + “Sb(xnﬂ’ xn+2)
b(X> X,001) D (X Xp42) + A (X415 X12) b (K15 %)
1+ max {b(x,, %,.3) b(Xps1> Xpe1) }
(b(xn’ xn+1)h(xn’ xn+2) + b(xm-l’ xn+2)b(xn+1’ xn+1)
1 +s max {b(xn’ xn+1)’ b(xnﬂ’ xn+2)}
wXne1) T 030(%,,1 X,0)
b(xs %p41)b(X5 Xp12)
1+b(x,,%,,,)
ta b(Xy X1 0(Xys X,112)
* Tt s max {b(x,, Xyy1)s b(X010 Xi2) }

n+l1

oy

+otg

=ab(x

oy

+Hag
=, b(x, %,10) + oyb(x

++ay

< (o oy + o) b(x,, X,0)

s b(xn’ xn+1)(b(xn’ xn+1) + b(xnﬂ’ xn+2))
1+smax {b(x,, %,,1)s b(X,015 X,10) }

5

(59)

Assuming that there exists p, € N such that max {b(x, ,

xp0+1)’ b(xpOH’ xp0+2)} = b(xpoﬂ’ xp0+2)’ we have

0<R,4 (xpo, xpoﬂ)

2s- (b (xpoﬂ, xpo+2> ) ’

1+sb (xPoH’ Xpo+2

< (o +a, + oc3)b(xpn+1, xpo+2) + o5

< (o +ay + (x3)b(xpo+1, xP0+2) + 2a5b(xp0+1, xpo+2> =¢.

(60)

Therefore, by (58) and (59), together with (p, ), we get

1l/(S'Bb<xpO+1> xp0+2)) = 1//(Sﬁb("rxpo’ TxPo“))

< ¢(R3 (xpo, xpo+1)>

< 1/’((0‘1 top+ a3)b(xpu+1’xp0+2)

+ 20c5b(xp0+1, xPo+2>),
(61)

and taking (p,) into account, it follows

sﬁb(xp0+1,xp0+2> <(ag+oy+as+ 2a5)b<xpo+1,xp0+2) ,

(62)

which is a contradiction.

Consequently, b(x,, x,,,) > b(x,,,,X,,,), for any n € N,
and {b(x,,x,,,)} is a nonincreasing sequence; so, we can
find p >0 such that lim b(x,, x,,,) = p- Moreover,

n—~oo

0 < Ry(X,> Xyp1) S 01 b(x X,01) + 0 b(X,05 X,001) + 030(X,0405 X,045)

b(xn’ Xnt1 )b(xn’ xn+2)

++aub *
0y (X, X41) + 05 L+sb(x,, X,01)5

< (o + 0y +ag)b(x,, X)) + A30(X,0005 X,0)

s b(xn’ xn+1)[b(xn’ xn+1) + b(xnﬂ’ xn+2)]

++a
° 1 +Sb(xn"xn+l)

< (o + oy +aytas)b(x,, X)) + (0 + a5)b(X,,05 X,040)

(63)

and then, from (58) and (p,),

Sﬁb(‘xnﬂ’ xn+2) < R3 (xn’ xn+1)
<(ag + oy +ay+as)b(x,, X,,1) (64)
+ ((X3 + aS)b(anrl’ xn+2)’
which leads us to
o+, o, o

b(xn+l’xn+2) < #b('xn’xnﬂ)' (65)

sB—oy—as
Letting , = (@ + &, + oty + a5)/(sP — a3 — &) < 1, we get
b(x,,1>X,1) < %;b(x,,x,,,), for any n € N. Thus, Lemma 6

ensure that the sequence {x,} is Cauchy, that is,

lim b(x,,x,,) =0. (66)

n,m——oo

Moreover, the b-metric space (%X, b, s) is supposed to be
complete, so, we can find w € X such that

lim x,, = w. (67)

m—00

Further, from the proof of Theorem 13, we know that at
least one of (39) or (40) holds, and for this reason, there
exists a subsequence {x;} of {x,} such that

1 1
% min {x;, Tx), b(w, Tw)} < Zb(xk,x,m) < b(xp, w),

(68)
which implies

G (¥ (FUTx0 T0) ). (R (0 @) ) 20, (69)
Therefore,

¥ (T30 T0)) < PRy (30 @) < (R @), (70)

and, by (p,),

SPb(Txy, Tw) < Ry (%, ). (71)



Now, since

Ry (340 @) = b0 @) + b330 X001) + a3b(@, Tw)

o b(Xp Xp41) b(Xp @) + b(w, Tw)b(w, x,1)

Y 1T+ max {b(x, Tw), b(w, X))

b(xp X1 ) b(%p ) + b(w, Tw)b(w, X, )
1+ s max {b(xy, x,1), b(w, Tw)}

++ay,

>

(72)

taking into account (66) and (67),

limsupR;(x;, w) < a3b(w, Tw) < b(w, Tw). (73)

k—00

But,

b(w, Tw) < s|b(w, Tx;) + b(Tx;, Tw)]
sb(w, Txy,) + sﬁb(Txk, Tw) (74)
<sb(w, Txy) + Ry(xp, w),

IN

which combined with (73) showing that

b(w, Tw) <limsupRs(xy, w) < azb(w, Tw). (75)

k—00

But, this is a contradiction, so, Tw = w.

We claim that w is the only fixed point of T. Suppose
that, on the contrary, there exists v € X, such that Tv=v
and b(v, w) > 0. Thus,

0= 2i min {b(v, Tv), b(w, Tw)}
s

<b(v, 0) = {, (v/ (sﬁb(Tv, Tw)), $(R, (v, w))) >0,

(76)
and moreover,
w(sﬁb(v, w)) = w(sﬁb(Tv, Tw))
<P(R; (v, w)) (77)
= ¢(x,b(v, w))
<y(ayb(v,)),
which is a contradiction. O
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Example 3. Let X ={q,,q,,95,q,} and a function b : X x X
— [0,00), defined as follows:

bx,y) 4 4 495 4

0 Lo 3
4 4 4
1
4% - 0 2 3 (78)
4
> 2 0 2
q3 4
@ 3 3 2 0

It is easy to check that b is a b-metric, with s = 2. Let the
mapping T : ¥ — X, where

X 4y 9 93 4y

(79)
Tx q, 9, 9 9

Let the pair (v, ¢) € P, where yw(u)=e", ¢(u)=1+In
(1+u), for any u>0, and {, € Gy, {p(r, t) = (11/12) —r.
Choosing f=1 and o =a,=a,=a;=1/6 and a5 =8/9,
we have

g (w (sﬂb(Tx, Ty)), $(Rs(x, y)))
_ %M (%.7)) = y(2b(Tx, Ty))
= % (1+1n (1+Rs(x, y))) — 27T

11 1
=5 [1 +1In (1 + g(b(x,y) +b(x, Tx)

b(x, Tx)b(x, Ty) + b(y, Ty)b(y, Tx)
T T T+ max {b(x, Ty), b(y, Tx)}

b(x, Tx)b(x, Ty) + b(y, Ty)b(y, Tx))
1+2 max {b(x, Tx), b(y, Ty)}

(80)

+ gb()}> Ty)>:| _ eZb(Tx,Ty).

We consider the following cases (which respect the
condition b(Tx, Ty) > 0):

(i) x=q;, y=q4 je{L,2},

i min {b(q]" qu), b(q, T‘h)} <3= b(qj’ ‘h)

— oo (#4(ra, ) o1 00 20

which means

(81)
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ezb(qu,T%) — 2b(a4,)

11 11
=ye< —(1+In —
12 3

1 (82)
= E(1 +1n (1+a3b(q,, Tq,)))
11
<5 (1 +1n (1 +R3<q]-,q4)))~
(i) x=q;, y =q
I
7 min {b(a3> Tq3), b(q4 Tq,) } <2=1b(q394) (83)
=7, (V/(Sﬁb(Tq3: T%))’ ¢(R5(q3» %))) 20,
which means
20(Ta5Ta,) _ g2b(4,,)
(84)

11
BT (1+In (1+a3b(qy Tq,)))

% (1+1n (1+R5(q59,)))-

IN

Consequently, the mapping T is a Proinov-%),-contrac-
tion mapping of type R, and, by Theorem 15, it follows that
T has a unique fixed point.

Corollary 16. Let (X, b,s) be a complete b-metric space and
T:X — X be a c mapping such that there exist (y, ) €
P, { €6, a number B> 1, and nonnegative real numbers
o), oy, 05, 0y such that for all x,y € X with b(Tx, Ty) >0,
we have

G(v(FoTe 1) ¢(Rs(xy))) 20, (85)
where

Ry(x,y) = a;b(x, y) + a,b(x, Tx) + azb(y, Ty)
b(x, Tx)b(x, Ty) + b(y, Ty)b(y, Tx)
4 1 +max {b(x, Ty), b(y, Tx)}
(b, Tx))b(x, Ty) + b(y, Ty)b(y. Tx)
I+smax {b(x, Tx),b(y, Ty)}

++as

(86)

Then, T has a unique fixed point provided that o, + o, +
oy + oy, + 205 <P and ay < 1.

3. Conclusion

In this paper, we extend the renowned Proinov’s result [15]
in several directions: First of all, we investigate the contrac-
tions involving interesting rational forms. Secondly, the
abstracted structure is chosen as a b-metric space that is
one of the natural and novel generalizations of the concept
of metric spaces. Thirdly, we use auxiliary simulation func-
tions to improve Proinov’s results [15].
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In this paper, we investigate an orthogonal L*-contraction map concept and prove the fixed-point theorem in an orthogonal
complete Branciari metric space (OCBMS). We also provide illustrative examples to support our theorems. We demonstrated
the existence of a uniqueness solution to the fourth-order differential equation using a more orthogonal L* contraction

operator in OCBMS as an application of the main results.

1. Introduction

The Branciari metric (BM) concept was introduced by
Branciari [1] in the year 2000. The generalization is via the
fact that the triangle inequality is replaced by the rectangular
inequality b(A,, 1,) <B(A;, A5) + b(A5, A,) + B(A,, A,) for all
pairwise distinct points A, A,, A5, A, of P. Afterwards, many
authors studied and elaborated the existence of old fixed-
point theorems in the BMS (briefly Branciari metric spaces)
[2-7]. The ®O-contraction concept was introduced by Jleli
and Samet [8] in 2014. Later, some authors provided a vari-
ety of results based on ®-contraction [9, 10]. Saleh et al. [11]
introduced the concept of generalized L and L*-contrac-
tions. And also proved fixed-point theorems in CBMS.
Eshraghisamani et al. [12] initiated new contractive map
and proved fixed-point theorem in BMS.

An orthogonality notion in metric spaces is presented by
Gordji et al. in 2017 [13, 14]. Recently, many authors estab-
lished a variety of fixed-point results in generalized orthogo-

nal metric space (OMS). Nazam et al. [15] demonstrated the
concept of (¥, ®)-orthogonal interpolation contraction
mappings. The notion of B metric-like space via a hybird
pair of operators was introduced by Ali et al. [16] in
2022. In 2021, Hussain [17] presented another family of
fractional symmetric a-#-contractions and builds up some
new results for such contraction in the context of F-met-
ric space. Mukheimer et al. [18] initiated the concept of
orthogonal L-contraction mapping and proved fixed-point
results in OBMS.

From the above motivation, we prove some fixed-point
results in the direction of OBMS. We also give some exam-
ples to argue that our results correctly generalize certain
results in the literature.

In this article, we present basic definitions and examples
in Section 2, prove some fixed-point theorems by orthogonal
L*-contractive mapping in an OCBMS in Section 3, and
finally, obtain a unique solution of differential equation
using orthogonal L* contraction operator in Section 4.
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2. Preliminaries

Throughout this article, we denote by &, N, and R, the
nonempty set, the set of positive integers, and the set of pos-
itive real numbers, respectively.

The Branciari metric space was introduced by Branciari
[1] as follows.

Definition 1. Let 5 #+ & and a function b : X x P — R, s.t
(briefly such that) VA;, A, € P and all A; # A, € /{1, A, }:
(BM1) (A}, 4,) =0, iff A, = A,;
(BM2) 6(A;, A,) =b(Ay, A));
(BM3) (A}, A,) <b(A, A5) +B(A5, A) +b(A,, A,).
The pair (%, b) is called a BMS with Branciari metric b.

The following example is on the Branciari metric space
(BMS).

Example 1. Let 22 ={0,2} U {(1/1): 1 € N}, where E={0,2}
and G={(1/1): 1€ N}. Define b : #x P — R, as

0, ifp, =g,

1, ifp #p,and{p,,p,} CBor{p,,p,} cG
b(p,,0,) = .

©,,» ifp, €Eandgp, €G,

@, ifp, €Gandgp, €E.
(1)

Then, (2, b) is a CBMS (briefly complete Branciari met-
ric space). However, we get

(1) lim,_,b((1/1),(1/2)) #6(0, (1/2))althoughlim,_,_,
(1/1) =0, and hence, b is discontinuous

(2) There is nonexistence £>0 st G,(0) N G,(2) =,
and hence, the topology is not a Hausdorft

(3) Gy3={0,2,(1/3)}; however, there does not exist
>0 s.t Gy(0) € Gyy3)(1/3), and thus, an open ball
does not necessitate an open set

(4) {1/1}, is not a Cauchy sequence since it converges
to both 0 and 2

Now, we give the following concepts, which are used in
this paper.

Definition 2. Let (9, b) be a BMS and {«,} be a sequence in
Pand A, € 2.

(1) {a,} is convergent to A, < b(a,,a,) — 0 as 1
— 00. We denote this by «, — «;

(2) {a,} is Cauchy &b(«,, ;) — 0 as 1, £ — 00;

(3) (2, b) is complete < every Cauchy sequence in P
which converges to some element in 2.

Journal of Function Spaces

Eshraghisamani et al. [12] introduced the concept of
©®-contraction as follows.

Definition 3. Let (9,b) be a BMS. A map @ : P — P is
said to be ®@-contraction if there exist @ € I' , ; and v € (0, 1)
st (VA A, € P)

B(DA,, DA,) >0 = O(B(DA,, DL,)) < [O(B(Ay, 1,))]",
(2)

where I , 5 is the family of all functions ® : (0, co) — (0,00)
which satisfy the following axioms:
(©,)0 is increasing

(®,) For each sequence {a,}  (0,00),lim O(a,) =

1—>00
l = lim a,=0"
1—00

(®,)O is continuous.

Using Definition 3, Eshraghisamani et al. [12] proved the
following theorem.

Theorem 4. Let (2,b) be a CBMS and ©®: P — P a
O-contraction function. Then, O has a ufp (briefly unique
fixed point).

The below example supports Theorem 4.

Example 2. Let Gg, 5 : [1,00) X [1,00) — R be two functions
defined as below:

S(ay)

7)v > 219 3
9(0,)" " e

Sop,5(0,07) =

where @, S : [1,00) — [1,00) are upper semicontinuous
from the right s.t (o) <o <®(0), for all o>1. Then,
Sog €L

In Theorem 4, by replacing the condition (®;), we get
the following remark.

Remark 5. Let {u,},{¢,},{y,} be the sequence of R, s.t

lim u,=u, lim ¥, =¢ and lim y, =Y. Then,
1—>00 1—>00 1—>00

(1) l% max {1, §,9,} =max {1, &y},
(2) lim min {1t,%,9,} =min {u, g y}.
1—>00
In 2017, Gordji et al. [13] introduced the concept of an
orthogonal set as follows.

Definition 6. Let * #+ & and 1< P x P be a binary relation.
If 1 holds

A €P: (VA € P LA ) or (YA, € P A LA, (4)

then (2, 1) is called an orthogonal set.
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The following example and Figure 1 are satisfied by
Definition 6.

Example 3. Let » = Z and define A, 1A, if Ive Z : A, =vA,.
It is clear that 0LA,, VA, € Z. Hence, (2, L) is an orthogonal
set.

Example 4. A wheel graph %", with 1 edge for every 1>4, a
node connect to each node to every edge of (1—1) -cycle.
Let & be the set of all edge of 7, for every 1> 4. Define A,
1, if there is a connection from A, to A,. Then, (£, 1) is
an orthogonal set.

The following orthogonal sequence definition was intro-
duced by Gordji et al. [13] which will be utilized in this
paper to prove main results.

Definition 7. Let (P, L) be an orthogonal set. A sequence
{A,,} is called an orthogonal sequence (shortly, O -sequence)
if

(VieN, Ay, LAy, )or (VieN, Ay, LAy). (5)

11+

Again, the concepts of orthogonal continuous also intro-
duced by Gordji et al. [13].

Definition 8. Let (P,L,6) be a OMS. Then, a mapping
O : P — P is called orthogonal continuous in A, € & if for
every O -sequence {A,,} in & with A;, — A, as 1 —> 00,
we have @(A,,) — O(A,) as 1 —> oo.

Definition 9. Let (%, L1,b) be a OBMS.

(1) {A, }, an orthogonal sequence in %, converges at a
point A, if

lim ®(4,,1,)=0. (6)

1—>00

(2) {A, }, {7} are orthogonal sequences in & and are
said to be orthogonal Cauchy sequence if

lim ®(1,,1, )<oo. (7)

LM—00

Gordji et al. [13] introduced the concept of an orthogo-
nal complete as follows.

Definition 10. Let (2,L,b) be a OMS. Then, & is called an
orthogonal complete, if every orthogonal Cauchy sequence
is convergent.

Finally, the following orthogonal-preserving concepts
introduced by Gordji et al. [13] is of importance in this

paper.

FIGURE 1: A wheel graph.

Definition 11. Let (2, L) be an orthogonal set. A function
O : P — Piscalled a L -preserving if OA, LOA, whenever
ALAy, VAL, A, € P

Lemma 12. Let {A,,} be an orthogonal Cauchy sequence in
BMS (2,b) st lim b(A,,,A;) =0, for some A; € P. Then,
lim b(A,;,A,) =b(A;,A,), for all A, A, € P, with A;LA,.

Eshraghisamani et al. [12] proved fixed-point result on
Branciari metric space as follows.

Theorem 13. Let (P, b) be a complete generalized metric
space and a map @ : P — P. Suppose that there exist
€€ (0,1) and function m : R, — R, satisfying the follow-
ing conditions:

(i) For every {f3,} € (0, 00) and nonconstant

lim 7(B,) =0 lim B, =0. (8)

1—00 1—>00

(ii) For every {f,} C (0,00) that B, — 0%, limsup,__,
Vn(B,) <1= Y°B, < 0o, such that

m(b(PA;, @A) < tr(b(A;, A7), )
then ¢ has a ufp.

3. Main Results

Before presenting our main result of this section, we are
inspired by the concept of L* contraction mapping defined
by Saleh et al. [11]; we introduce a new concept of an
orthogonal L*-contraction mapping. Then, we prove a
fixed-point results in OCBMS.



Definition 14. Let (2,L,b) be a OBMS and @ : # — P.
Then, @ is called an orthogonal L* -contraction w.r.t { € L
if 3@ € Q,,; st

VA, A, € Pwith A, L4, B(DA,, DA,)
> 0= {[O(b(PA,, DL,)), O(L(A, 1,))] = 1,
(10)

where (A, A,) =max {b(1, A,), b(A,, PA,), b(A,, DA,)}.
Motivated by Theorem 13, we prove the below theorem.

Theorem 15. Let (%, 1,b) be a OCBMS and @ is a self-map
on P. Suppose that 3¢ € (0,1) and a function w: R, —
R, hold the axioms:

(i) @ is orthogonal-preserving

(ii) For every {B,} C (0,00) and nonconstant

lim 7(B,)=0 lim f =0. (11)

1—>00 1—>00

(iii) @, with for every {B,} c (0,00) that f, — 0%,lim
Supzﬁoo\‘/;{@ <l= Z?Oﬁl < cosuch that

YA, A, € Pwith A, LA, = m(B(DA,, DA,)) < £ (b(A;, A,)),
(12)

then @ has a ufp.

Proof. Since (2, 1) is orthogonal set,
AN, € P (VA € P A LAy)or (VA € P A, 10,).  (13)
It follows that A, L®A, or ®A,LA,. Let

A = @Ay A =), =QA, - e A
=@, ="', V1e NU{0}.

If Ay, =Ay, . for any 1€ NU {0}, then it is easy to see
that A, is a fixed point of @. Consider that A, #A,, ,, for
all 1€ NU {0}. Since @ is L-preserving, we have

Ay A, 10 Ay, LAy, Vi€ N U {0} (15)

This implies that {b(A,A,;)} >0 is an O-sequence.
First, we show that lim,_ _b(A,A, ;)=0. Since @
satisfies (12), for all 1 € N, we have

w(0(A1 A1) < 1 (B(Ay, 15 Ary))- (16)
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Since ¢ € (0, 1), we have

m(b(Ay, Ayyy)) Se(b(Ay, 15 Ay,)) <7(B(Ay,_15 Ay,)), V1 €N
(17)

Thus, {m(b(A,1,A,))} is a decreasing sequence; hence, it
is convergent and

lim 77(B(Ay,,p Ay,)) = 1t > 0. (18)

1—>00

Now, we show that 1t =0. From (17), we have

since 0<¢<1; therefore, lim,
lim,, b(A,,,;,Ay,) =0 by (ii).

On the other hand from (19), we have

m(b(Ay,,1,A1,)) = 0. So,

(b(AypA,)) <€m(B(Ay,Ay)) VieN.  (20)

Then,

V(b(Ay,15A,)) <€y n(b(/\ll,/\m)),Vz eN. (21)
Thus,

lim {/7(b(Ay, 5, Aq,)) <1 (22)

1—>00

Put 8,=b(A,,,;,A;,); using (22), and condition (iii) of 7,
we get

Z B, <00 and also 3, — 0. (23)
T

Now, we will show that b(A,,A;,,,) — 0 as 1 — co.

0< ﬂ(b(/\11+2’ /\11)) < eﬂ(b(AhH’ A11—1))

<< lr(B(d, Ayy)). (24)

Therefore, b(A,,,,,A,,) — 0, as 1 — co. O

Now, to prove that the sequence {A,,} is Cauchy, we
consider two cases.

Case 1. If m=2p+1,p > 1, then

B(Alz’ /\11+m) < b(All’ A11+1) + b(Alerl’AlHZ)
o+ DA Lo Ao
( L+2p> Mu+2p 1) (25)
1+2p+1 00

< Y B<) B,
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Case 2. If m =2p, p > 2, then

b(llz’l )SB(AII’/\IHZ)+B(/\11+2’/111+3)+"

1+2p+1 00

+5(A11+2p—1))‘11+2p) < Z B, < Z/jz

(26)

li+m

Thus, combining these two cases and using (23), when
1 — 00, we have

B(Ayp Ay ) € ) B, — 0,251 —> 0. (27)

1

Thus, we deduce that {®'A,} is an orthogonal Cauchy
sequence.

Completeness of (P,L,0) ensures lim
some 3 € P.

Now, we want to show that 3 is a fixed point of . From
(12), we have

Ay, =3 for

m—00

(b(PA,, @) <7(b(Ay 3))- (28)

Hence, b(A,,3) —0, and n(b(A,,3)) — 0, and
therefore, lim,_,  7(b(A,,,,,®3)) =0 as 1 — co. Again,

lim b(2,,,,,P3) =0, (29)

by using (ii).
b(5’ (D5) < b(5’ All) + b</\11’ /\11+1) + b</\11+1’ (D5) (30)

Thus, 3 = @3, and hence, 3 is a fixed point on .

Now, we prove that @ is unique. Conversely, assume that
any two fixed points st b(A,3) =b(®PA,, ®3) >0. From
(12), since @ is preserving, VOA, LD3, we have

(DA, LD'A, and D'A, 1LD'3) or (31)
(P'A LD’ 3and PN, LD'L,), Vi e N.

Now,

(A, 3) = B(D'Ay, D'3) <B(D'A,, D'A,) + B(D'A,, D'3).
(32)

This implies that
7(b(A2, 3)) <7(b(A2, 3))- (33)

This is a contradiction. Then @ has a ufp.
The below example validates the proof of Theorem 15.

Example 5. Let = [-2,-1]U[1,2] and b : P x P — [0,00)
defined as follow b(A,,1,) =0, for all A, € 2

=3,b(1,-1)=b(-1,1)

)
=b(-1,2)=b(2,-1) =1, (34)

we define the relation A, LA, and b(A;, ) =1 — Ay,
otherwise.
We observe that
B(1,2) > b(1,-1) + b(~1,2). (35)
Hence, @, -preserving, b(1,, A,) is not a BMS. It is obvi-

ous that b(1;, A,) is a OCBMS.
Let @ : P» — & be a map defined by

é)tl, A€ [—2,—§> U (EZ]
4 2 2 (36)

0, otherwise.

D), =

Now, we define 7 : [0,00) — [0,00) by 7(B) = /P

Easily, we can show that 7 satisfies conditions (ii) and
(iii) of Theorem 15, @ satisfies (12), and A} =0 is fixed point
of D.

Saleh et al. [11] proved a new contractive maps and their
fixed points on BMS as follows:

Theorem 16. Let (5, b) be a BMS and @ : P —> P be an
L* -contraction w.r.t (briefly with respect to) { € L. Then, ©
has a ufp.

In the following theorem, we are going to prove fixed-
point theorem on an orthogonal L*-contraction mapping
using continuity hypothesis of ®.

Theorem 17. Let (%, L,b) be a OCBMS with an orthogonal
element A, and a function © : P — P, orthogonal L* -con-

traction w.r.t { € L, the following axioms are satisfy:

(i) @ is orthogonal-preserving.
(ii) @ is @, with L*-contraction mapping.

Then, @ has a ufp.

Proof. Since (2, L) is orthogonal set,
AN, € P (VA € P A LA, or (VA € P A, 1A). (37)
It follows that A, LDOA, or ®A,LA,. Let

/\11 :(DAZ,)le :(DA11 :(DZAZ ...... ’A11+1 :(DAU :(DH-IAZ,
(38)

for all 1€ N U {0}.



IfAy, = Ay, foranyz€ NU {0}, then it is easy to see that
Ay is a fixed point of @. Consider A}, # Ay, ,;, V1€ NU{0}.
Since @ is L-preserving, we have

AlzoJ‘Alroﬂ or /\110+1J‘A110’ (39)

for all 1€ N'U {0}. Which implies that {A,,} is a O-sequence.
O

Using equation (10) and ({3 ), we have
(40)

Consequently, we obtain that
OB Ar)) <O(M(Ay s Ayy)) Vi €N, (41)
where

M (A, 15 Ay,)
=max {b(A;,,Ay,), b(A;,_, DAy ), B(A,, DA}
=max {b(A,,_,Ay,), (A, Ay )}
(42)

It ﬂ()‘lz—v)‘lz) =

becomes

O(b(Ar A1) <

b(A,,A,,), then inequality (41)

OB Ay ))VIeN.  (43)
This is a contradiction. Hence, we must have /Z(A,,_,,
Ay,) =b(A,,_,A,,), for all 1€ N. Therefore, inequality (41)
becomes

O(B(A,,111,,1)) OB, Ay))ViEN,  (44)

which implies from (©,) that
b(Alz’Alwl) <B(Alz—1’/\lz)’V1€N' (45)
Thus, {6(A;, ;,A;,)} is decreasing sequence and bound-

ary below by 0, so Elr>Ost11m b(A,,_;,Ay,) = x. Suppose
that v # 0, then from (©,)

1—>00

lim ©(b(A,, 1, A,,)) > 1. (46)

Taking «,=0O(b(A;,1,,,,)) and b,=0O(b(A,,_;,A;,)),

VieN, itis clear from (44), (46), and (®,) that o, < b,, V1€ N,
and lim a, =lim b, > 1. Hence, using (7} ), we get

1—>00 "1 1—>00 1

1 <limsup{(a,, b,) < 1. (47)

1—>00
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This is a contradiction. Therefore, t = 0, we have

lim B(A,, 1, Ay,) =

1—>00

0VieN. (48)

Now, let us assume that A,
we have A

m = A1, for some m > 1. Then,
=A,,,;- Using (44), we get

Im+1

®(5(Alm’ 1m+1))
<O 15 Mm)) KOO 2 Aryy)) (49)
oo <Ob(A1,A1,1)) = OBy s Ay yir)-

This is a contradiction. To summarize A, # A,,, for all
m#u

Next, to prove {A,,} is a orthogonal Cauchy sequence in
(9, 1,b). Now, we consider it as not an orthogonal Cauchy;
then, we can find two subsequences {A,, }, and {A,, } of

{A,,} s.t 1, is the smallest integer for which
1, >m, > ¢,
b(Armp ) 2, (50)

b()&lmz,)\hﬂ) <e.

By using a similar argument, we obtain

eli_r)noob()tlmz,)tlli) =e= lim B(Almrl,khrl). (51)

—>00

Now, using (10) and ({3 ), we have

o ({00 ) ()
= C{@(B(/\lml, /\1,2)>’ @<-/%()‘1m¢—1>)\1%-1))]
O (Mmer i)

@(b(/\lmz,/\hz)) ’

which implies that

(52)

O(B(Mmp Ay ) ) <O( (Ao by ) ) VEEN, (53)

where

/%(Alm(_l,)the_l) = max {b(klme_l,}the_l), b

. (Almfp/\lme)’ b(/\“z’l’Ah“) }

(54)
From (48), (51), and Remark 5, we get

lim /%(Almﬂ, /\hrl) =max {&0,0} =¢. (55)

£—00
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Now, let o, =O(b(Ay,, , A, ), and by =O(M (A, >
Allﬂ)), for all € € N. In view of (51), (53), (55), and (©;),
we have «, <b,, for all £€ N and elim oczzelim b, > 1.

Therefore, using ({3 ), we obtain

1 < limsup{(a,, by) < 1, (56)

£—00

which is contradiction. Hence, {A,,} € (%,1,b) is orthogo-
nal Cauchy sequence. As (%, L,b) is complete, then there
exists £ € P s.t

lim (b(A,,¢))=0. (57)

1—>00

Without loss of generality, we consider A}, #¢ and
DA, #+ DL, for all 1€ N. Suppose that b(e, D) >0, it fol-
lows from (10) and {; that

where  M(A,,0) =
which implies that

max {b(A,,,£), b(A;,, Ay,,,), b(E, DE)},

O(b(Ay,s1> D)) <O(L (A4, 8))- (59)

From Remark 5 and Lemma 12, we have

lim B(A,,,,, P¢) = lim (A, ,2) =b(¢, L) >0.  (60)

Let o, =O(b(A4,,,, D)), and b, =O(A
1€ N; it follows from (10) and {; that

(A, 2)), for all

1 <limsup{(a,, b,) < 1. (61)

1—>00

This is a contradiction. Therefore, summarize £ =@,
that is, € is a fixed point of @. Finally, prove that @ is ufp.

Consider two different fixed points € and 3 in 2.

Then, b(¢, 3) = b(PL, O3) > 0, since @ is an orthogonal-
preserving, VOL 1 D3,

Using (10) and {5, we deduce that

1<{[O(b(DL, D;)), O((L, 3))

)
_ OBt 3)), O (6, 5))) < 22D (6)

O(b(t3)) ’

where (2, 3) = max {b(¢, 3), b(¢, DL),
which implies that

b(3,@3)} =b(¢, 3),

O(b(¢,5)) <O(A(t3)) =O(b(L,5)). (63)

This is a contradiction. Therefore, @ has a ufp.

Corollary 18. Let (%,1,b) be a OCBMS and © : P — P.
Assume that (forallA;, A, € PwithA,LA,):

(i) D is orthogonal-preserving
(i) B(DA,, DA,) > 0=

O(b(PA;, DA,)) < M (A Ay) — @(M
€ PwithA,LA,,

(A1>42)).YA 1 A,
(64)

where M(A;,N,) =
and ¢ : [0,00) —
continuous s.t ¢~1({0}) =

max {5(1,, L, BOL,, @1,), B(A, DA,))},
[0, 00) is nondecreasing and lower semi-
0. Then, @ has a ufp.

Proof. Let ©(a) = e%, for all a > 0. From (64), we have

p(B(PALDA,)) o pll (M:hy) (M (A1)

@(/%(/\1, 1)) (65)

B e‘P(/%(Al’/\zw ’

O(b(@A,, D)) =

for all A,, A, € & with A,1A,, and b(®A,, PA,) > 0. There-
fore, @ is orthogonal-preserving.

Now, we define ¢(a) = In(®(O(«))), for all a >0, where
@ : [1,00) — [1, 00) is nondecreasing and lower semicon-
tinuous s.t @' ({1}) = 1.

From (65), we have

O(b(PA,, DA,)) <

Taking {(a, b) = ((6/a)@(b)) and using (66), we have

O(M (M 1))
O(b(PA,, PL,))P(O( (A1, 1,))) (67)
=([O(b(PA,, PL,)), O(M (A1 Ay))]-

1

IN

Therefore, all conditions are satisfied in Theorem 17,
and hence, © has a ufp. O

In the following example, validate the proof of Theorem 17.

Example 6. Let & =ITU Y, where IT =[1,2] and ¥ = {(1/1):
1=2,3,4,5}. Definea map b : »x P — [0, 00) as follows:

(1) b(1/2,1/3) = b(1/4, 1/5) = 3/10,
(2) 6(1/2,1/5) = b(1/3, 1/4) = 2/10,
(3) b(1/2,1/4) = 6(1/5,1/3) = 6/10,
(4) B(A;,1,) =0,b(A,A,) =B(Ay A,), VA, A, € ¥, and
(
r

A
(5) b(A,A) =|A, = A, if A,A €Il or A eIl A, eV
orA eV, A, ell



Here, the triangle inequality is not satisfied, so b is not a
metric on 9; we have

6 11 11 11 5
—=b(—-,=|>b(=, =) +b(-, 2] =—. (68)
10 53 5 4 43 10
It is easy to verify that (2,0) is a OCBMS. Let @ : &
— P be defined as an orthogonality relation 1 on & by

Lo e {1, 5},
or =9 2 (69)
R 3
-, ifd el=,2|UY.
1 2

Since @ is not continuous at A, = (3/2), and @ — L is not
continuous, then @ is neither orthogonal ®-contraction nor
an orthogonal L*-contraction.

Declare that @ is an orthogonal L*-contraction w.r.t
{:[1,00) x[1,00) — R, where

C((xb):b—EVocbe[loo)P,e i1 (70)
e o’ 7 8 )

and © : (0,00) — (1, 00), s.t O(a) =e* Va € (0, 00).
Indeed, for A, €[1,(3/2)], and A, €[(3/2),2]UY¥, we
have

B(DA,, DA, =b<i, ;) -2 50,
C[O(b(DA, DA,)), O(AM (A1, 1))
_ [Q%(Al’Az)]e > ﬂ _ (1/5)(48-(3/2)) (71)
B(b(PA,, D1,)) ~ &0

>1,foranyf € E, 1).

Hence, all the hypotheses are satisfied in Theorem 17,
and € =1/4 is the ufp of .

4. An Application

The following BVP of a fourth-order differential equation is
taken from Saleh et al. [11].

In this section, as an application of Theorem 17, we pres-
ent the following result which provides an existence and
uniqueness solution to the BVP of a fourth-order differential
equation through an orthogonal L*-contraction.

A" ) = g<a’ Al(a),A{(a)J{’(Oﬂ%M”(a))ﬁ efo,1],
A (0)=21(0) = A7 (1) =A]"(1) =0.
(72)

Let ¢:[0,1]x R* — R is a continuous function. Let
P = B0, 1] represent the space of all continuous functions
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defined on the interval [0,1]. Define a metric @ : & x &
— R by

D(Ay,A,) = max |A () — Ay ()|, forall A, A, € 2. (73)

a€l0,1]

It is known that (2, @) is a complete BMS. Define the
green function associated with (72)

1oc2(3b—oc), 0<as<bs<l,
G(b, ) = f (74)
g52(3oc—b), 0<b<ac<l.

Now, we provide the following result regarding the BVP
(72) solution.

Theorem 19. Assume that the following axioms are satisfied:
(P1) ¢:[0,1]xR*— R is orthogonal continuous
function
(P2) there exist T>0 and s.t, for all A;,A, € P, A;1A,,
and b €0, 1]

la(0:2,47) — (5.1, )
< 8¢ *max {|A,(6) - A,(B), A, (0) (7
— @, (B)], [A,(B) ~ DAL(B) [},

where @ : P — P is defined by

1

DA, (a) =J G(at, b)g(b, AI(B),A;(b))ds. (76)

0

Then, (72) has a unique solution in P.

Proof. Define the binary relation 1L on & by

AL, & A,(0)4,(0) 2 A (o) or A, ()4, (0)

>\, (0),Yo €]0,1]. 77

Observe that A, € & is a solution of (72) iff }; € P is a
solution of the differential equation

Ay () = JIG((x, b)g(b, A, (6), A;(b))ds,\ml ep.  (78)

0

Then, @ is an orthogonal-continuous.

Now, we show that @ is orthogonal-preserving, in (P2),
for all A,, A, € & with b(®A,, ®A,) >0 and for all « € [0, 1].
Then, @ is an orthogonal-preserving.
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Next, we claim that @ is orthogonal &*-contraction.
We have

[P, (06) A (o)

J G(a b A, (6), A (5))ds

J (a, ) ’g(b A, (6), A (b)) —g(b,AZ(B),)\;(b))‘ds

<8¢ JO (o, 5)

<8e [ MM Ny)] ( sup JlG(a, b)ds),

ae(0,1]

(79)

where .%(Al, Ay) =max {b(A;, 1,),b(A,, @A,), b(A,, ®PA,)}.
As fo ds—( a*/24) — (a?16) + (a?/4), for all a € [0,1],
SUP 4e[o,1] fo b)ds = 1/8, we obtain

B(DA,, DA,) <8¢ [ L (A, Ay)),

& (80)
D@L, gt ( e/%(Al,Az)>

Observe that e € (0,1) as 7> 0. It follows that @ is an
orthogonal Z*-contraction. Therefore, for all 1,1, € P, we
obtain

C[O(b(PA, @A), O(M (A, 1))

M) 81
V0% S Gt BN L
O(b(DA, DAy)) ~  P@LRL) T

where O(a) =e%, {(a,b) = (6°/a), and €=¢". Thus, all the
axioms of Theorem 17 are fulfilled. Therefore, @ has a ufp
in & which is a solution of (72). O

5. Conclusion

In this paper, we proved the fixed-point results for orthogo-
nal &*-contraction map on OCBMS. Furthermore, we pre-
sented some examples to strengthen our main results. Also,
we provided an application to the BVP of a fourth-order dif-
ferential equation.

Khalehoghli et al. [19, 20] presented a real generaliza-
tion of the mentioned Banach’s contraction principle by
introducing R-metric spaces, where R is an arbitrary relation
on L. We note that in a special case, R can be considered as
R = < [partially ordered relation], R = L [orthogonal relation],
etc. If one can find a suitable replacement for a Banach theo-
rem that may determine the values of fixed points, then many
problems can be solved in this R-relation. This will provide a
structural method for finding a value of a fixed point. It is an
interesting open problem to study the fixed-point results on
R-complete R-metric spaces.
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This paper is aimed at proving the existence and uniqueness of a common fixed point for a pair of w — y-interpolative Hardy-
Rogers-Suzuki-type contractions in the context of quasipartial b-metric space. Thus, several results in literature such as Hardy
and Rogers, Suzuki, and others have been generalized in this work. We also offer a demonstrative example and an application

of fractional differential equations to validate the findings.

1. Introduction and Preliminaries

Fixed-point theory is one of the fascinating research areas in
pure mathematics, which has many applications in both
pure and applied mathematics. Picard presented an iterative
procedure for the solution of a functional equation first time
in his research paper. This notion was later developed into
an abstract framework by the Polish mathematician Stephan
Banach [1] who presented a powerful tool known as the
Banach contraction principle to determine the fixed point
of mapping in complete metric space. It states as follows:

Theorem 1 (see [1]). Let (M, d) be a complete metric space
and let f : M — M be a contraction; that is, there exists a
number k € [0, 1) such that for all u,v e M,

d(fu,fv) <kd(u,v). (1)

Then, f has a unique fixed point w in M.

By altering the contraction conditions, maps, and other
conditions, several researchers have generalized the Banach
contraction principle.

The Banach contraction principle needs continuity of
the map involved in the contraction condition. In 1968,
Kannan [2] relaxed the continuity condition and introduced
a new fixed-point theorem with a new contraction condition
as follows:

Theorem 2. Let (M, d) be a complete metric space. A map-
ping T : M — M is said to be a Kannan contraction if there
exists A € [0, 1/2) such that

d(Tx, Ty) < Ald(x, Tx) +d(y, Ty)), (2)
for all x,y € X\ Fix(T). Then, T possesses a unique fixed

point.

In 2018, Karapinar first established the interpolative
Kannan-type contraction in his paper [3] as follows:

Definition 3. Let (M, d) be a metric space. We say that the self-
mapping T: M — M is an interpolative Kannan-type
contraction, if there exists a constant A € [0,1) and a € (0, 1)
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such that
d(Tx, Ty) S Ald(x ToF [ TV (3)
for all x, y € X with x # Tx.

Karapinar et al. [4] proved some results in the setting of
(a, B, v, ¢) -interpolative contractions. Again in 2021, Khan
et al. [5] proved some fixed-point results on the interpolative
(¢, w)-type Z-contraction. For more results on interpolative-
type contractions, one can see [6-8] and the references
therein.

Following the results due to Karapinar et al. [9], Gaba
and Karapinar [10] introduced a new approach to the inter-
polative contraction as follows:

Definition 4 (see [10]). Let (M, d) be a metric space and f
: M — M be a self-map. We shall call T a relaxed (A, a, )
-interpolative Kannan contraction, if there exists 0< A, a, 8
such that

d(fu,fv) S/\d(u,fu)“d(v,fv).ﬁ. (4)

Gaba and Karapinar [10] introduced the following defini-
tion of optimal interpolative triplet as follows:

Definition 5 (see [10]). Let (M,d) be a metric space and
f:M— M be a relaxed (A, «, f)-interpolative Kannan
contraction. The triplet (A, a, ) will be called an “optimal
interpolative triplet” if for any e > 0, the inequality (4) fails
for at least one of the triplet (A-¢€,a f8), (A, a—¢ ),
and (A, o, B —€).
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In view of the above definitions, Gaba and Karapinar
[10] proved the following theorem:

Theorem 6 (see [10]). Let (M, d) be a complete metric space,
and f: M — M be a (A, a, B)-interpolative Kannan con-
traction with A€1[0,1),a, $€(0,1) so that a+ f3< 1. Then,
f has a fixed point in M.

In 1973, Hardy and Rogers [11] introduced a natural
modification of the Banach contraction principle.

Theorem 7. Let (M, d) be a complete metric space. The map-
ping f : M — M is called an interpolative Hardy-Rogers
type of contraction if there exist positive real numbers a, f3,
y,6 >0, with B+ a+y+6 <1 such that

d(fu, fv) <[ad(u,v) + Bd(u, fu) + yd(v, fv)]

+0 é(d(u,fv)+d(v,fu)) , ©)

for each u,v € M\ Fix(f). Then, a mapping f has a unique
fixed point in M.

Later in 2018, Karapinar et al. [12] introduced the fol-
lowing notion of interpolative Hardy-Rogers-type
contraction.

Theorem 8 (see [12]). Let (M, d) be a complete metric space.
The mapping f : M — M is called an interpolative Hardy-
Rogers type of contraction if there exist A € (0, 1) and positive
reals o, B,y > 0, with B+ a +y < I such that

1-a-poy
d(fu fv) sA([d(u, WIE [ )] [d f)- | (s ) +d<v,fu>>] ) (6)

for each u,v € M\ Fix(f). Then, a mapping f has a unique
fixed point in M.

Several other versions of this type of results were proven
by researchers. Some of them can be seen in [9, 13-15].

In 2008, Suzuki [16] introduced a generalization of the
Banach contraction principle and characterizes the metric
completeness of the underlying space. The generalized result
is as follows:

Theorem 9 (see [16]). Let (M, d) be a complete metric space
and let f : M — M be a mapping such that for all u,v € M,

D(k)d(u, fu) <d(u,v) = d(fu, fv) <kd(u,v), (7)

where ©:[0,1)— (1/2,1) is a nonincreasing function

defined by

- (8)
(1-k)k? if (\/il) <k<27?
if2'" <k<1.

(1 +k)’1

Then, there exists a unique fixed-point w € M. A mapping
f satisfying (7) is called as the Suzuki contraction.

Example 10 (see [16]). Let M ={(1,1), (4,1),(1,4), (4,5), (
5,4)} with a metric d be defined by

d((up> 1), (V1> v2)) = [y = 1| + [y = v, 9)
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Define a mapping

(uy, 1) ifuy > uy,

flupuy) = { (10)

(Liuy) ifu >u,.

Then, the map f satisfies all the hypotheses of Theo-
rem 9, and (1, 1) is the unique fixed point of f. However,
for u=(4,5) and v=(54), d(fu,fv)=6>2=d(u,v).
Thus, f does not satisfy the assumptions in Theorem 9
for any k€0, 1).

In 2021, Yesilkaya [17] generalized the Banach contrac-
tion principle to (A, a, §)-interpolative Kannan contraction
as follows:

Definition 11 (see [17]). Let (M, d) be a metric space. The
mapping f: M — M is called an w-¢ interpolative
Hardy-Rogers contraction of the Suzuki type. If there exist
yeY, w: MxM— [0,00), and positive reals o, 5,9 >0,
with a + 8+ 7y <1, such that

1-a-p-y
%d(u,fu) <d(u,v) = w(u, v)d(fu, fv) < w{ [d(u )P [d(u, f1))".[d (v, f)]". %(d(u’fV) + d(%fu))] } (11)

where ¥ is the set of all nondecreasing self-mappings y on
[0, 00) such that Y72 y" () < co for all £ > 0.

Similar results can be seen in [6, 7] and the references
therein.

In 2012, Wardowski [18] generalized the Banach con-
traction principle into F-contraction mapping principle as
follows:

Definition 12 (see [18]). Let (M, d) be a metric space. A
mapping f : M — M is called an F-contraction if there
exist 7 >0 and F € & such that

7+ F(d(fu, fv)) < F(d(u,v)), (12)

holds for any u, v € M with d(fu, fv) >0, where F is the set
of all functions F:R'— R satisfying the following
conditions:

(F,) F is strictly increasing: u <v = F(u) < F(v),

(F,) For each sequence {a,},. in RY, lim,__  F(a,)
= —OO)
(F,) There exists k € (0, 1) such that lim,__ a*F(«a) =0.

We denote by & the set of all functions satisfying the
conditions (F,) and (F,).

Example 13 (see [18]). The following F : (0,+00) are the ele-
ments of F

(1) FO =0,
(2) FO=1n6+6,
(3) FO=-1/1/6,

(4) FO=1In (6> +6).

In 2013, Salimi et al. [19] and Hussain et al. [20] modi-
fied the notions of a — ¢-contractive and a-admissible map-
pings and established certain fixed-point theorem as given
below:

Definition 14 (see [19]). Let f be a self-mapping on M and
a1 : M xM—[0,+00) be two functions. We say that T
is an w-admissible mapping with respect to # if u,ve M,

a(u,v) = n(u,v) = a(fu, fv) 2n(fu, fv). (13)

Remark 15. It should be noted that Definition 14 reduces to
a-admissible mapping definition due to Samet et al. [21] if
we assume that a(u, v) = 1. Furthermore, if we suppose that
n(u,v) =1, we may argue that f is an admissible #-sub
admissible mapping.

Note that a self-map f can be w-orbital admissible as
stated in the definition below:

Definition 16 (see [11]). Let f be a self-map defined on M,
and w : M x M — [0,00) be a function. f is said to be an
w-orbital admissible if for all u € M, we have

w(t, fu) 21 = w(u, fu) 2 1. (14)

Gopal et al. [22] established the idea of a-type F-con-
tractions and a-type F-weak contractions by combining
the concepts of a-admissible mappings with F-contractions
and F-weak contractions:

Definition 17 (see [22]). Let (M, d) be a metric space and g
: M — M be a mapping. Suppose a : M x M — {-0co} U
(0,00) be a function. The function g is said to be an a-type
F-contraction if there exists 7 > 0 such that for all u, v € M,

d(fu,fv)>0=1+a(u,v)F(d(gu, gv)) < F(d(u,v)). (15)



In 2019, Dey et al. [23] introduced the notion of general-
ized a-F-contraction mapping as follows:

Theorem 18 (see [23]). Let (M, d) be a metric space and g
:M— M be a mapping. Let a: MxM— [0,00) be a
function and F € F. The function g is said to be a modified
generalized o — F-contraction mapping if there exists 7> 0

N

d(u, gv) +d(v, gu) d(g’u,u) +d(g’u, gv)

g(uy) = Max {d(u, v), ,

2 2

Later, Wangwe and Kumar [24] proved results for « — F
-type contractions. One can see more results in [25-28] and
the references therein.

F — contraction mapping of Hardy-Rogers type was
introduced by Cosentino and Vetro [29] as follows:

Definition 19 (see [29]). Let (M, d) be a metric space. A self-
mapping f on M is called an F-contraction of Hardy-Rogers
type if there exists F € # and 7 € § such that

7(d(u,v) + F(d(fu, fv))) < Flad(u, v) + Bd(u, fu)

(18)
+yd(v, fv) +8d(u, fv) + Ld(v, fu)),

for all u,v e M with fu + fv where «, 8,9, 6, L € [0,+00),
a+f+y+20=1. (19)

Moreover, f is said to be a F-contraction of Suzuki-
Hardy-Rogers type [30] if contraction Condition (18) holds
for all u,v e M with fu+ fv and d(u, fu)/2 <d(u,v).

Many researchers generalized the concept of metric
space. The concept of b-metric space was first introduced
by Bakhtin in 1989. By adding a variable s > 1 to the defini-
tion of metric space, the triangle inequality in this concept
was relaxed as follows:

Definition 20 (see [31]). A b-metric on a nonempty set M is a
function d : M x M — [0,00), such that for all u,v,weM
and for some real number s> 1, it satisfies the following:

(i) if d(u,v) =0, then u=v,
(i) d(u,v)=d(v,u),
(iii) d(u,v) < sld(u, w) + d(w,v)],

then, a pair (M, d) is called b-metric space.

In 2021, Pauline and Kumar [32] presented an extension
of the fixed-point theorem for T-Hardy-Rodgers contraction
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such that for all u,v € M,

d(gu, gv) > 0= 7+ a(u, v)F(d(gu, gv)) < F(Ng(w)),
(16)

where

,d(g’u, gu), d(g’u, v), d(gu, v) +d(v, gv), d(g’u, gv) + d(u, gu)}

(17)

mappings in b-metric space. Czerwick [33] proved the exis-
tence of fixed point in b-metric space as follows:

Theorem 21 (see [33]). Let v be a topological space and let
(M, d) be a complete b-metric space. Let f : M — M be con-
tinuous and satisfy for each w € v

d[f (w,w), (v, w)] < ad(u, v) (20)

for all u,v e M, where 0 < a < 1. Then for each w € v, there
exists a unique fixed-point u(w) of f, i.e., flu(w), w] = u(w)
and the function w — u(w) is continuous on v.

In 1994, Matthews [34] introduced partial metric space
as a result of the failure of metric functions in computer sci-
ence as follows:

Definition 22 (see [34]). Let M + . A partial metric is a
function p : M x M — R'satisfying

@ p(u,v) =p(v, u),
(il) o< p(u, u)=p(u,v)=p(v,v), then u=v,

(iii) p(u, v) + p(w, w) <p(u, w) + p(w, v) for all u,v,w
€M.

Then, a pair (M, p) is called partial metric space. It is
clear that if p(u, v) = 0, then u = v; however, if u=v, then p
(u, v) may not be zero.

Remark 23 (see [34]). As partial metrics have a wider range
of topological features and may easily support partial
ordering, partial metrics are more versatile than metric
spaces.

Kiinzi et al. [35] proposed the idea of partial quasimetric
by eliminating symmetry condition from the notion of par-
tial metric space.
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Definition 24 (see [35]). A quasipartial metric on a non-
empty set M is a function gp : M x M — [0,00) such that

(1) gp(u, u) < qp(u, v) whenever u,v e M,
)< ap(v

(2) gp(u, u) < gp(v, u) whenever u, v € M,
(3) gp(u, w) + gp(v,v) < (qp(u, v) + gp(v, w)), whenever
u, v, weM,

(4) u=v if and only if gp(u,u)=gp(u,v)=qp(v,v)
whenever u, v € M.

A pair (M, qp) is called a quasipartial metric space.

In 2015, Gupta and Gautam [36] introduced the notion
of quasipartial b-metric space as follows:

Definition 25 (see [36]). A quasipartial b-metric on a non-
empty set M is a function gp, : M x M — [0,00) such that
for some real number s > 1, it satisfies the following:

(i) if gp, (u, u) = qp, (1, v) = gp, (v, v), then u = v (indis-
tancy implies equality),
(i) gp,(u, u) < qp,(u,v) (small self-distances),
(iii) gp,(u, u) < qp, (v, u) (small self-distances)

(iv) qp,(, v) + gp,(w, w) < s[qp, (u, w) + gp, (w, v)] (tri-
angularity), for all u, v € M.

Then, the pair (M,qp,) is quasipartial b-metric on
space M.

Example 26 (see [36]). Let M =R be the set of all real num-
bers. Define gp, : Rx R — R* by

apy(t,v) = [ = v| + |ul. (21)

Then, it is a quasipartial b-metric on M.

Gautam et al. [37, 38] extended several results in quasi-
partial b-metric spaces.

In this article, we establish the existence and uniqueness
of fixed-point theorems for w — y- interpolative Hardy-Rog-
ers-Suzuki-type contraction in a compact quasipartial b
-metric spaces with an application to fractional differential
equations. An example is given to use the results that have
been proven. The outcomes of this study will generalize sev-
eral results obtained in [11, 12, 16-18, 25, 39, 40] and the
references therein.

2. Main Results

To establish our first main results, we will begin by general-
izing Definition 11 and extend it to a compact quasipartial b
-metric space.

Definition 27. Let (M, qp,,) be a compact quasipartial b-metric
space. A map f: M —M is called w- y-interpolative
Hardy-Rogers contraction of Suzuki type, if there exist y € ¥
, where ¥ is the set of all nondecreasing self-mappings ¥ on
[0, 00) such that Y2, y"(t) <co for all t>0 and &, 3,7 >0,
witha+ B +y<1,

1-a=p-y
%qpb(u,fu) <apy(u,v) = w(u, v)ap,(fu. fv) < w{ [a, (1 V)Flapy (1w 1)) apy (v V)] % (apy (. fv) + qpb(v)fu))] }

Yu,v € M\ Fix(f).

We now present our main theorem as follows:

Theorem 28. Let (M,qp,) be a compact quasipartial b
-metric space and f:M-— M be w-y-interpolative
Hardy-Rogers contraction of Suzuki type. If f is w-orbital
admissible mappings such that

w(uy, fuy) =1, (23)

for some u, € M. Then, a mapping f has a fixed point in M if
at least one of the following properties holds

(i) (M, qp,,) is w-regular
(ii) f is a continuous map

(iii) f* is continuous, w(u, fu) > 1 where u € Fix(f*).

(22)
Proof. Let u, € M satisfies
w(uy, fuy) = 1. (24)
We construct a sequence {u,,},, as shown below
uy = fuig, thy = fg, oty = fh, . (25)
Assume that
Uny = Ung+1 (26)

for some n, € N, so that u, is a fixed point of f. Thus on
contrary, we can suppose that

un :,S un+1 > (27)



for each n € NU {0}. As f is w-orbital admissible

@(ug, fthg) = w(ugy 1) 21, (28)

implies that

@(uy, fuy) = @(uy, uy) 2 1. (29)

Similarly, continuing this process, we get a sequence,

w(u,_i,u,)=1. (30)

By substituting ¥ =u,_, and v= fu,_, = u,, in Definition

1-a-f-y
qpb(un’ un+1) <y ([qpb(un—l’ un)]ﬁ[qpb(un—l’ un)]a[qpb(un’ un+1)}y |:% (qpb(un—l’ un+1) + qpb(un’ un)):| )
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27, we obtain

%qpb(unfl’fun—l) = %qpb(un—l’ un) < qpb(un—l’ ”n)
= w(un—l’ un)qph(fun—l’fun)
<y (125 1ty-12 )1 004 (4110 Fi )] [Py (1 )]

1 1-a-f-y
|5 01t ) 4 oyl )| )
=9 (1as (401> 1)1 23 1 40) 03 1t 101"

< [ @) 0] ﬁ) .

Thus, using y(t) < ¢ for ¢ > 0, we have

1 L-a-poy
< [qpb(un—l’ un)]ﬁ[qpb(un—l’ un)]a[qph(un’ un+1)]y |:§ (qph(un—l’ un) + qph(un’ un+1)):| '

Assuming that,

qpb(unfl’ un) < qpb(un’ un+1)’ (33)

for all n € N, then

(qpb(un—l’ un) + qpb(un’ un+1)) < qpb(un’ un+l)’ (34)

N —

Thus,

[qpb(un’ ”n+l)}a+ﬁ < [qpb(un—l’ un)]ﬁﬁ’ (35)

which is a contradiction. Hence, we get Vn € N,

qpb(”n’ un+1) < qpb(unfl’ un)' (36)

Then, the positive sequence {qp,(u,_,,u,)} is a nonin-
creasing sequence with positive terms, so we attain that there
exists a > 0 such that

Jm gpy (i, u,) = a. (37)

Accordingly, we get

(qpb(”n—D un) + qpb(un’ un+1)) < qpb(un’ un+l)' (38)

NS

(32)
Furthermore, using Equation (32),
[Py (tts 1)) < YLDy (15 1))y (39)
or equivalent
qpb(un’ un—l) < Vj(qph(un—l’ un))' (40)

Hence, by repeating this condition, we can write

qpb(un’ un+l) < qpb(un—l’ un) < qupb<qpb<un—2’ un—l))
< <ygpy (g, ty)-
(41)

Now, we claim that {x,} is a Cauchy sequence in (X, g
Pp,)- Then, we shall use the triangle inequality with Equation
(41) for s> 1 and find that

qpb(un’ un+l) < S(qpb(un’ un+1) + qpb(unﬂ’ un+2)
+"'+qpb(un+l—l’ unH) - qpb(”wl—l) un+l—1))’
<y (qpy (g 1) + ¥ apy (ug, 1)

+ ..+ 1//n+l_1qpb(u0) ul))r < z ll/k(qpb(”o’ ul))'
k=1

(42)

Letting n — 00 in Equation (42), we find that {u,} is a
Cauchy sequence in (M, qp,). Regarding that (M, gp,) is
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complete, there exists t € M such that

lim gp,(u,,t)=0. (43)

n—aoo

We will show that the point ¢ is a fixed point of f. If
Equation (32) holds, that is, (M, gp,) is w-regular, then {
u,} verify Equation (32), that

w<un’ un+1) 2 L. (44)
and Vn € N, we get
w(u,,t)=1. (45)
We assert that
1
Eqpb(un’fun) < qpb(un’ t)’ (46)
or
1
S ) Sap(Fu ) (47)

Vn € N. Assuming on the contrary that

St 1) > Py (1), (49)

and

1
S (1) > apy(fu ). (49)
Using triangle inequality for s > 1, we obtain

qpb(un’ un+1) = qpb(un’fun) Ss(qpb(un’ t) + qpb(t’fun) - qph(t’ t))

1 1
< iqpb(un’ un+l) + iqpb(un’ un+2) = qpb(“n’ un+1)’

(50)
which is a contradiction. Therefore, Vn € IN, either
1
3P4ty ) < 4Py (1), 51
or
S funffu)) Sapfupt)y  (52)

holds. In case that inequality (46) holds, we get

1-a—B-y
Py (tnir» ft) < (1 £)-gpy (fr, f1) <y ([(qph(um D1 apy (14 f1u,)]" [apy (6 O] B (P (t» 1) + apy (1, um))] ) :

< (820 102 )1 0000 075 09 0 )+ 240140

If Equation (47) holds, we have

1-a-p-y

(53)

1-a—fy
Py (2> 1) <@ (tty0, 1)ap, (f (f11,), ) <y <[qpb(fuw 01y (Fit f ()] 0y (5 )] E (apy (fu,» 1) + qpb(t,f(fun)))} ) ,

(54)

1-a-f-y
=w<[qph<un+1,t)]ﬁ[qpbwwun+z>1“[qpb<t, O |3 a2 8 42, )| ) (55)

Therefore, letting n — oo in Equations (54) and (55),
we get qp, (¢, t) =0, that is,

ft=1t. (56)

In case that assumption (47) is true, that is the mapping

f is continuous,

t=ft= lim fu,= lim u,,,, (57)
n—~oo

n—:00



and we want to show that also
ft="t. (58)
Assuming on the contrary that

t# ft. (59)

1-a—f—
apy(t> ft) < w(t, ft).qp, (f*t ft) <y ([qph(ft’ 0)1F [apy (£t £°1)] " [apy (1 )] E (9 (ft ft) + ‘le(ﬁ’fzt))} V)

<laps (R ) lap (B )"l (0 0| 0480

which is a contradiction. Consequently,

] 1-a=fy
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Since,

S (2 (0) = Japy(fo ) <apy(0), (60)

by Equation (47), we get

(61)
< qpy(t, ft),

Corollary 29. Let (M, qp,) be a complete and compact metric
space and f be self-mapping on M, such that

t=ft, (62)
that is, ¢ is a fixed point of f. O éqpb(”’f”) <qp,(u,v), (63)
The following corollary is obtained by substituting w =1
in Theorem 28. implies
p . 1 l-a-p-y
apy(fun fv) <y | [apy (1, v)) [apy (. fu)]*[apy (v, V)] | 5 (apy (1 f¥) + qpb(vrf”)):| , (64)

for each u,v € M\ Fix(f), where y € ¥ and positive real f3,
o,y >0, with a+ f+7y < 1. Then, f has a fixed point in M.

Proof. In Theorem 28, it is sufficient to get
w(u,v)=1, (65)
for proof. O

Further, taking y(p) = pA, with A € [0, 1) in Corollary 29,
we obtain the following Corollary.

Corollary 30. Let (M,qp,) be a compact quasipartial b
-metric space and f be a self-mapping on space M such that

1
5Py (1 f1) < qpy (1, v), (66)
implies that

apy (fu fv) < Aapy (u v))P.[qp, (u, fu))* [gpy (v 7))
] I-a-p-y  (67)
E(qpb(”’fv) +qp,(v» fu)) >

for each u,ve M\ Fix(f), where positive reals a, 3,y >0,
with a+ B+ 7y < 1. Then, f has a fixed point in M.

Remark 31. If we replace the quasipartial b-metric space by
the metric space in Theorem 28, then we get the result due
to Yesilkaya [17] as a corollary.

Kumar [27] discussed the concept of orbital continuity.
Using this concept, we formulate the following example

which validates the result proved in Theorem 28.

Example 32. Let M =[0,2] and
apy = |u—v|+ul. (68)

Here, (M, gp,) is a complete and compact quasipartial b
-metric space defined by

if,0<uc<l,
fu)=

if,l<u<2,

T8 W=
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and further, let

3, if,0<u<l,
w(u,v)=< 1, if,u=0,andv=2, (70)

0, otherwise.

The mapping f is not continuous but since

we have f* is continuous mapping. Let a function y € ¥
defined as ¥ =1t/6 and we choose fB=1/2,a=1/3,y=1/7,
and t=1. Then, we have to check if Theorem 28 holds.
We have to consider the following cases:

(i) For u,v € [0,1], we have

Sy (16 fu) < apy (1), (72)

implies

. 1 1-a—p-y
@(u, V)apy(fu, fv) <y ([qpb(“) V)1Flapy (s f10)) apy (v V)Y | 5 (apu (a6 £¥) + apy (. 1) ’ 73)
Yu,veM
derivative
(ii) For u=0 and v =2, we have fiyxA—TR, A, ¢0)=0, (79)
1 1 and A is called a phase, space, or state space. Consider a
Eqph(O,fO) =3¢ qp,(0,2) =2, (74)  quasipartial b-metric gp, on X given by
implies
apy (> v) = [u—v| + |uf, (80)
2 1 ) 1/3 18 177 1M 18 1742
©(0.2)4p,(0.£2) = 5. < £ (12"7) <M ) <[5} > (5 {g + ?D ~ Vu,v € M then, it is obvious that (M, qp,) is a compact
quasipartial b-metric space. If u : (—00,b] — R, and u, €
, then for every t € [0, bJu, is a y-valued continuous func-
(75) 4, then for every blu, is a y-valued conti f
. tion on [0, b]. The space y is complete by a solution of
For all other cases, Theorem 28 holds, since problems (77) and (78); we mean a space Q= {u: (—co,
(1t ) = 0. (76) b] — R : u| o) epand ufy }. Therefore, a function u €

As a result, the assumptions of Theorem 28 are satisfied,
also the mappings f has a fixed point u =1/3.

3. An Application to Fractional
Differential Equations

Several authors gave solutions of fractional differential equa-
tions using fixed-point theorems. Some of them are worth
noting in this direction [41-45]. In this section, Theorem
28 is used to establish the existence and uniqueness of the
solution of the fractional order differential equation. Here,
we consider the following initial valued problem (IVP) of
the form

D*u(t)=f(t,u,),Vt€y=10,b],a € (0,1), (77)

u(t) = (1), € (~c00), (78)

where D% is the standard Riemann-Liouville fractional

Q is called a solution of Equations (77) and (78) if it sat-
isfies the equation D°u(t)=f(t,u,) on y and condition u

(t)=¢(t) on (—00,0].
Lemma 33 (see [41]). Let 0<f3<1 and h: (0,b] — R be

continuous and

lim v(t) =v(0") € R. (81)

t—0*

Then, u is a solution of the fractional integral equation

u(t) = ﬁjo(t—s)ﬁ_lv(s)d& (82)

if and only if u is a solution of the initial value problem for the
fractional differential equation

DPu(t) =v(t), t € (0, b], u(0) = 0. (83)
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Theorem 34. Let f : y x A— RR. Assume that there exists
q > 0 such that

[f(tu) = f(BY)[+|f(tu)] <

for t ey and Yu,ve A. If bPkyqiT(B+1) =k, A< 1 where 0
<k, <1/7 and

Ky =sup {[K(1)]: t€ [0,b]}, (85)

qlu—=v[+ul),  (84)

then, there exists a unique solution for (IVP) (77) and (78) on
the interval (—00, b).

Proof. We first transform the given initial value problem into
a fixed point problem. For this, we consider an operator N
: Q — Q defined by

é(t) if, t € (—00,0],
Nwn={ 1 p |
F(ﬁ)Jl(t_S) f(s,y,) if,te€][0,b].

(86)
Let p(+): (—00,b] — R be a function defined by

$(t) if, t € (—00,0],

PE) = { 0 if,te(0,b). (&7)

Then, &, = ¢. For each € C([0, b], R) with #(0) =0, we
denote by 7 the function defined by
) 0 if,te(~000),
n(t) = . (88)
n(t) if,te€(0,b).
If
0= | 0= ugas (s9)
u(t)= — -5 s, u)ds,
L(B)Jo
for every 0 <t < b and the function #(-) satisfies
R K (Y R YT SCY
n 1—‘(/3) 0 > s ps :
Set
Co = {n € C([0,b], R): 1, = 0}. (o1)

Now, let f: C, — C, be w—y Hardy-Rogers-Suzuki
operator be defined by

falt)= i 0= Fsnen). o2

The operator N has a fixed-point equivalent to f; hence,
we have to prove that f has a fixed point. Indeed, if we con-
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sider that #, #* € C,, then for all ¢ € [0, b], we have

— f (0] + ()]
j E— )P f (s, + uy)ds

‘ B

[fn()
-

- —jt(t—s)ﬁ_lf(s, 1{*5 + us>ds
d

—
=R
—_ —

O

~

(B)Jo

F ) (79 e R was
1
‘T

+—n§£0—ﬂﬁﬂﬂsm+ﬂﬂ

< 1[3) ;(t—s)/“(

(5.7 + )| ds
(0= (gl =]+ alad)ds

t

(= 5)¥" gk, sup (|n(s) -

k t 5 .
b | (t=s)Fqdsln— 17|+ |n].
0

+

SN

(t=9)|fon+u) (s +p.)

0

~
—

~

fspotp)=f(s +p,)

(S| +n(s))

(93)

Therefore,

. qb’k .
L) = OO+ Ol < gy b=l (94)
+[nlapy (f (), f (7)) < Akiqpy (1:17)-

Suppose y€¥ and a, 3, y>0 with a+f+y<1 such
that

apy (> f1) < ap,(n:1") (95)

implies that

win.n)apy(fr fr°) < v (1apon )P lapy o Fr) P lapy o £
(St o)+ anutr o))

(96)
Thus, we deduce that the operator f satisfy all the

hypothesis of Theorem 28. Therefore, f has a unique fixed
point. O
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In this work, we introduce weak Pata convex contractions and weak E-Pata convex contractions via simulation functions in metric
spaces to prove some fixed point results for such mappings. Also, we consider an example related to weak Pata convex
contractions. Consequently, our results generalize and unify some results in the literature.

1. Introduction and Preliminaries

It is well known that Banach [1] pioneered in fixed point
theory by introducing a novel notion, namely, Banach con-
traction principle in 1922. After this date, several authors
generalized and extended this principle. A generalization
was given by Pata [2] known as Pata contraction. Recently,
Pata contraction has been studied by many authors. Some
of the studies were for Pata contraction presented by [3-13].

Firstly, the concept of ¢ — weak contraction was given by
Alber et al. [14]. Zhang et al. and Rhoades’s results [15, 16]
extend previous results given by Alber et al, and they
obtained fixed point results for single-valued mappings in
Banach spaces, and Rhoades [15] got a unique common
fixed point of such contractions, respectively.

In 2012, Samet et al. [17] suggested a novel notion, the
so-called a-admissible. Later, Karapinar et al. [18] presented
triangular a-admissible mappings, and then, Arshad et al.
[19] introduced «a-orbital admissible and triangular «
-orbital admissible mappings. Due to the importance, many
authors studied such mappings. For more knowledge and
different examples related to admissible mappings, one can
see [20-25].

Istratescu [26-28] gave the concept of contractions
known as the convex contraction of order 2 and two-sided
convex contraction mappings. Very recently on, Karapinar
et al. [10] introduced the notion of a-almost Istratescu con-
traction of type E. Some notable generalizations related to
Istratescu’s results were obtained by [29-35].

In a recent work, Khojasteh et al. [36] introduced the
notion of Z-contraction using simulation functions. Later,
Karapinar [37] and Argoubi et al. [38] studied such contrac-
tions. After that, some new studies were obtained related to
simulation functions in [39-44].

The aim of this paper is to establish some fixed point
results for weak Pata convex contractive mapping and weak
E-Pata convex contractive mapping via a-admissible map-
pings by using simulation functions in metric spaces. Our
results are generalization of recent fixed point results derived
by Karapinar et al. ([10, 32, 45]), Alber et al. [14], Zhang
et al. [16], Istratescu [26], Pata [2], and Banach [1] and some
other related results in the literature.

Firstly, we start this section by recalling some definitions
related to our work.

In the course of this manuscript, R, IN denote the set of
real numbers and the set of natural numbers, respectively.
Let FixS={we W : Sw=w.}

Alber et al. [14] gave the definition of ¢ — weak contrac-
tion, stated below.

Definition 1. See [14]. Let (W, p) be a metric space. A map-
ping S: W — W is called ¢ —weak contraction, if there
exists a map ¢ : [0,4+00) — [0,+00) with ¢(0) =0 and ¢(w)
> 0 for all w > 0 such that

p(Sw, S0) < p(w, ) - P(p(w,v)), 1)

forallw,ve W.
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The concept of ¢-weak contraction was generalized by
Zhang et al. [16] as generalized ¢-weak contraction.

Definition 2. See [16]. Let (W, p) be a metric space. A map-
ping S : W — W is called generalized ¢ -weak contraction,
if there exists a map ¢ : [0,4+00) — [0,+00) with ¢(0) =0
and ¢(w) > 0 for all w > 0 such that

p(Sw, Sv) < M(w,v) - $(M(w, v)), (2)

for all w,v € W, where

M(w, v) = max {p(w, v), p(w, Sw), p(v, Sv), w}

2

3)

Samet et al. [17] and Karapinar et al. [18] introduced the
following concepts, respectively.

Definition 3. Let (W, p) be a metric space, S: W — W be a
map, and o : W x W — [0,+00) be a function.

(i) [17] If a(w, v) > 1 implies a(Sw, Sv) =1 for all w,v
€ W, then S is called a« — admissible

(ii) [18] If S is a — admissible and a(w,z) > 1 and «a(z,
v) > 1 imply a(w,v) >1, then S is called triangular
o — admissible

Example 4. Let W =R, the mappings S : W — W by

w? +1
, weo,1),
Sw)=q (4)
5) w ¢ [0) 1)>
and a: W x W — [0,400) by
I, w,velo,1],
a(w, v) = (5)
0, w,v¢(0,1].

Thus, S is a triangular a-admissible mapping.

Khojasteh et al. [36] gave the simulation function and Z
-contraction as follows.

Definition 5. See [36]. A mapping { : [0,00) x [0,00) — R is
called a simulation function if it satisfies the following
conditions:

) (0,0)=0

,) {(w,v) <w-v

(¢5) if {w,} and {v,} are sequences in (0, co) such that
lim w,, =lim >0, then limsup, . ((w,,v,)

n—+00""'n

<0.

n*>+oovn
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Definition 6. See [36]. Let (W, p) be a metric space and
S: W — W be a mapping. If there exists { € Z such that

{(p(Sw, Sv), p(w,v)) 20, forallw,ve W, (6)

then, § is called Z — contraction with respect to {.

(¢,) condition was removed in the above definition of
simulation function by Argoubi et al. [38] in 2015. Also, Z'
denotes the set of all simulation functions.

Example 7. See [36, 42, 44]. Let { : [0,00) x [0,00) — R and
¢; : [0,00) — [0,00), i=1,2,3 be continuous functions
with ¢,(w) =0 & t=0.

{(w,v) =¢,(w) —¢,(v), for all w,ve[0,00), where ¢,
(w) <w<,(v) for all w>0.

((w ) =v—g;(w) ~w. (7)

For the above examples and other examples related
to simulation functions, one can see [36, 37, 42, 44]
and references therein.

The following two concepts were defined by Istratescu
[26] as follows.

Definition 8. See [26]. Let (W, p) be a metric space and S
: W — W be a self-mapping. For all w,ve W, S is called
convex contraction of order 2 if there exist d;,d, € (0,1)
such that d, + d, <1 and

p(S*w, $v) <d, p(Sw, Sv) + d,p(w, v). (8)

S is called two-sided convex contraction mappings if
there exist d,,d,,d;,d, €(0,1) such that d, +d,+d;+
d,<1 and

p(S*w, $v) < d, p(w, Sw) + d,p(Sw, S'w) + dsp(v, Sv)
+d,p(Sv, Sv).
)
In the course of this work, ¥ denotes the set of all
increasing function v : [0,1] — [0,00), which vanishes

with continuity at zero. For a random w,e W, we
denote |lw|| = p(w, w,), Yw e W.

Introducing a novel generalization of the Banach con-
traction principle, Pata [2] proved Theorem 9.

Theorem 9. See [2]. Let (W, p) be a metric space and A >0,

E>1and 9€[0,&] be fixed constants. y € ¥ and S : W —
W be functions. If for all w,v € W, the inequality

p(Sw, $v) < (1= e)p(w, v) + Aety(e)[1+ [[w]| + [|v]|)” (10)

is satisfied for all € € [0, 1]; then S has a unique fixed point,
w=Sw,weW.
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Pata-type contractions were studied by some authors.
Karapinar et al. [11] introduced Pata-Ciric type contraction
at a point. Algahtani et al. [5] gave the a-Pata-Suzuki con-
traction and fixed point results for such contractions. After
that, Karapinar and Himabindu [11] proved some common
fixed point results for Pata-Suzuki Z-contraction.

We recall here the following important Lemma 10 that
we will use to proof of our main results.

Lemma 10. See [46]. Let (W, p) be a metric space and {w, }
be a sequence in W such that p(w,,;, w,) — 0 as n — 0o.
If{w,} is not a Cauchy sequence, then there exist a ¢ > 0 and
subsequences {wmj} and {wnj} of {w,} such that lim;

p(xmj+1’ xnﬁ-l) =6 hmj—>oop(xmj’ xnj) =6 1imj—>oop(xm)+1’
xnj) =¢ and limj_,oop(xmj,xnjH) =c.

2. Main Results

The main objective of this work is to give some new fixed
point theorems via a combination of convex contraction,
weak contraction and Pata type contractive mappings by
introducing the concept of weak E-Pata convex contractions
and weak Pata convex contractions in metric spaces. We will
use simulation functions and admissible mappings when
combining these concepts. Also, we will give an example that
supports our conclusion.

In definitions and results in this paper, A >0, £ > 1, and
9 € [0,&] will be considered as fixed constants, and also, we
will consider the following equations:

E;(w,v) = p(Sw, $v) + | p(Sw, S’w) — p(Sv, S*v)

>

M;(w, v) =max {p(w, v), p(Sw, Sv), p(w, Sw), p(v, Sv),
p(Sw, S'w), p(Sv, S*v) },

Py(w,v) = [1+|jw|| + ||v]| + || Sw]| + ||Sv]| + || S*w|| + ||SZU|H9.

(11)

At first, we begin our work by giving the following
definitions.

Definition 11. Let (W, p) be a metric space. We say that
S: W — W is weak Pata convex contractive mapping via
simulation function if for all w,v € W, and ¢ € [0, 1], there
exist three functions { € Z', w € ¥, and & : W x W — [0,+
00) such that S satisfies the inequality

(aw, 0)p(Sw, %), (1~ £)(M; (w,v) ~ $(My (1))
+ Aty (&) Py (w, v) 20,
(12)

where ¢ : [0,400) — [0,400) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w > 0.

Definition 12. Let (W, p) be a metric space. We say that
S: W — W is weak E -Pata convex contractive mapping
via simulation function if for all w, v € W, and € € [0, 1], there

exist three functions w € ¥, { € Z', and a : W x W — [0,+
00) such that § satisfies the inequality

¢ (a(w, v)p(S*w, $*v), (1 - &) (E;(w, v) — ¢(Ef(w, v))
+ Aeby(e)P;(w, v)) 20,

(13)

where ¢ : [0,400) — [0,400) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w > 0.

Now, we are in a position to present our main theorems.

Theorem 13. Let (W, p) be a complete metric space, o« : W
X W — [0,400) and S: W — W be a weak E -Pata con-
vex mapping via simulation function. Suppose that

(i) S is triangular o -admissible

(ii) there exists w, € W such that a(w,, Sw,) > 1
(iii) S is continuous
(iv) for all w, v € FixS, a(w,v) > 1.

Then S has a unique fixed point in W.

Proof. From hypothesis (ii) of the Theorem 13, there exists
w, € W such that a(w,, Sw,) = 1. Firstly, we will show that
a(S"wy, " 'wy) = 1 for all n e N. Since S is an a-admissi-
ble mapping, we have

(W, w,) = 1 = a(wp, Swy) > 1= a(Swp, SPwy) = 1,

a(Swy, Swy) = 1= a(SPwy, Swy) = 1.

(14)
By induction, we obtain that

a(S"wy, S"™wy) 21, foralln e N. (15)

Taking into account hypothesis (i) of the Theorem 13,
we have

a(S"wp, S"™ M wy) = Tand a(S"™ wy, $"wy)
>1= a(S"wy, $™Pw,) > 1.

(16)

Again by induction, we obtain that

a(S"wy, S"wy) =1, forallm>n=>0. (17)

Now, we will show that {p(S"w,, S"'w,)} is a nonin-

creasing sequence. Since S is a weak E-Pata convex contrac-
tive mapping via simulation function, we have



E;(wy, Swy)
((oc(wo,SwO)p(Ssz,S3w0), (1 —8)( )

—@(E;(wy, Swy))

+ Aszt//(s)PI(wo, Sw0)> >0,

( Ej(wy, Swy)
1-¢

P(E;(wy, Swy))
— &(wy, Swy) p(S*wy, Swy) = 0.

+ ASy(€)P; (wy, Sw,
) A&y (&) P (wo, Swy) (18)

From hypothesis (ii) of the Theorem 13, we get

p(SPw, Swy) < a(wp, Swe)p(SPwy, Swy)
< (1~ &) (By(wp, Swy) ~ $(E; (i, Swp))) + Ae*y(e) Py (wy, Swy)
( p(Swy, Swy) + | p(Swy, SPwy) — p(Swy, S'wy) | )
(I-¢
-6 (p(Swy, Swy) + |p(Swp, Swy) — p(SPwp, S'wy) |)
» [ L o] + S | + Sty | r
S|+ S]]
( p(Swy, SPwy) + | p(Swp, Swy) — p(S*wy, Swy) | )
<(l-e¢
~¢(p(Swy, Swy) + |p(Swp, Swy) — p(SPwp, Swy) |)
(L (Jwo | + 20| Swp | +2||SPwy || + [|Swo )
( P (Swy, SPwy) + | p(Swp, S'wy ) = p(S*wy, Swy) | )
<(l-¢g)
=6 (p(Swy, Swy) + |p(Swp, Swy) = p(SPwy, S'wy) [)
+Kety(e),

(19)

for some K > 0. If we assume that p(Swy, S*w,) < p(S*wy,
S*w,), then we have p(Swy, Sw,) + |p(Swy, Sw,) — p(S*w,
SPw,)| = p(S*wy, S*w, ). Hence, we have

p(SPwy, S'wy) < (1-¢) (p(S*wy, Swy) — ¢(p(S*w,, S'wy) )
+ Kety(e).
(20)

The inequality (20) is true for all € € [0, 1]. For =0, we

obtain p(S*w,, S'w,) < p(S*w,, S*w,) which is a contradic-
tion. Therefore, we obtain

p(S*w,, Swy) < p(Swy, Swy). (21)

Analogously, as S is a weak E-Pata convex contractive
mapping via simulation function, we have

EI(SwO,SZwO)
¢ o (Swp, SPwy ) p(S'wy, S*wy), (1-¢)

~¢(E; (Swp, Swy))

+ Aty (e) Py (Sw, Szwo)> >0,
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E; (Swy, S'wy)

+ Aty (e) Py (Swy, S'w, )
~¢(E; (Swp, Swy))

(1-¢)

— a(Swg, Sw, ) p(S*wy, S4wo)> >0.

Now, we can write

p(S*wy, S'wy) < a(Sw, S'wy) p(Swy, S'wy)
( p(Swy, S'wy) + |p(SPwy, Swy) = p(Swy, S'wy)| )
<(l1-e¢
~$(p(S'wp, S'wy) + | p(S'wy, S'wy) = p(Swp, S'wy)|)
+ ALy (e) [ 1+ ||Swy | + || Swp|| + [|SPwo | + || Swp || + || wo | + S ws | }9
p(S'wp, Swy) + | p(S'wy, S'wy) - p(Swy, Swy) |
(1-¢) +Keby(e),
-$(p(S'wp, S'wy) + | p(S'wp, S'wy) - p(Swp, S'wy)|)

<

(23)

for some K > 0. In case that p(S*w,, S*w,) < p(S*w,, S*wy);
then we have p(Swy, Sw,) + |p(S*w,, Swy) — p(Sw,, S*
wy)| = p(Swy, S*wy). So, we have

p(S’wp, S'wy) < (1- ) (p(Swy, S'wy) — ¢(p(Swp, S'wy) )
+ Ks'st;/(s).
(24)

The inequality (24) is true for all € € [0, 1]. For e =0, we
obtain p(S*wy, S*w,) < p(Swy, S*w,) which is again a con-
tradiction. Therefore, we obtain

p(S’wy, Stwy) < p(SPw,, Swy). (25)

By induction, since S is a weak E-Pata convex contractive
mapping via simulation function, we have

C(a(S" 2wy, " wy) p(S"wg, S 1wy ), (1 —€)
(B (8" Pwg, S Mwy ) — ¢ (B (8" Pwy, $"Mwy) )
+ Aty (e) P (S 2wp, S 'wp) ) 20,

E; (8" wy, $"'wy)
(1-¢)
~¢(E; (S"*wp, S 'wy))

+ Aty (e) Py (S" 2wp, $"'wy) — a(S"Pwy, S wy)

- p(S"wy, S Mwy) | 2 0.
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We have that

(8" wy, S" M wg) < (8" Pwg, 8" wy ) p(S"we, S wy)
P(S" wg, S"wp) + | (S wy, S'wg) — p(S"wg, S wy)|
<(l-¢)
~0( (8" wp, S"wy) + |p(S" M wp, S"wy) = p(S"we, $* ) |)
+ ASy () [ 1+ |5 2w | + [|S" M wp | + |8 wo|| + [1S"wol| + S wol| + |8 wy ]
P(S" wy, S"wy) + [ (8" wy, S"wy) = p(S"wy, S wy)|
(1-9) +Ke'y(e)
~0(p(S" "wp, S"wy) + [p(S" M wp, S"wy) — p(S"wg, S wy) |)
(27)

<

for some K > 0. In case that p(S" 'w,, S"w,) < p(S"wp, S
w,); then we have

p(S"w, S wy) < (1-¢)(p(S"w, $™'wy)

- ¢ (p(S"wp, S wy)) ) + Key(e).
(28)

Again, the inequality (28) is true for all € € [0, 1] for e =0;
we obtain p(S"wy, S"™Mw,) < p(S"w,, S 'wy,) is again a con-
tradiction. Therefore, we obtain

p(S"we, S wy) < p (8" wp, S"wy). (29)
Consequently, we find that

p(S"wy, S wy) < p(S" M wy, S'wy) < -+ < p(SPwy, Stwy)
< p(Swy, Swy) < p(Swy, Swy).
(30)

If the point w, € W is taken as the starting point, the
sequence {w, } is constructed by w,, = Sw,_, = S"wy, n > 1. If
W, .1 =w, forany n, € N, then w, isa fixed point of S. As
a result, supposing that w, ,, # w, for all ny € N and let p,

=p(w,_,w,). So, we get that {p } is a nonincreasing
sequence. For this reason, there exists a § > 0 such that

lim p(w,_;,w,)= lim p =4. (31)

n—aoo n—aoo

We will demonstrate that § = 0. For this, we should demo-
strate that the sequence {|lw,||} is bounded. Since {p,} is a
nonincreasing sequence, we have

pn+1 zp(wn’wnH)Sp(wn—l’wn>g'nsp(w3’w4) ( )

< p(wy, wy) < p(wy, wy) = p, < fJwy || + [Jw,]|-

By the triangle inequality, we have

[w,ll = p(w,, wo) < p(W Wyy1) + P(Wyi1 W) + p(ws, wy)
= Pt + P(Wyp1s o) + [, ]| < py + p(wy,15 w5)
+[lwy || < [[w [ + 2[|w, || + p(W),41> w5).
(33)

Since S is a weak E-Pata convex contractive mapping, we
have

E(w,_;> wy)

((‘x(wn’wo)P(wnﬂ’wZ)’ (1 _8) ( >
_(p(EI(wn—l’ wO)) (34)

+ Asfy/(e)PI(wn_l, w0)> >0,

( (1= &) (E(wy_> wy) = $(Ef (w1 wy))) + ASEW(S)PI(wn—l’ wy) )
- a(wn’ wO)P(er—l’ wZ) 20.

(35)

Together with (35), we obtain

P(Wp115 Wy) S (W, W) (W41 W)
< (1= &) (Ep(wy-1> wy) = (B (w15 wy)))
+ Ay (&) Py (w, 1, wp),
(36)

where

Ej(w, 1, wpy) = p(w,, wy) + |p(Wy> Wyyy) — p(wy, w,)|
< p(wy, wy) + p(wy> wy)
+ (W Wyyy) = p(wy wy) [ < [Jw, || + [[wy ||

+[Pue1 — Pa| = [[wy || + [[wi][ + Py = P
< fJwpl| +2[wy || + [wa || = prsr < 1wyl

+ 2wy || + ([l

Pr(w, 1y wp) = [1+ [[w,y | + [[wo] + [[w, ]| + [[wy ]| + ][,
 [[wa[1° < [1+ [[wy ]| + s + [|w, | + [Jw, |
+ [[wy | + f[wy [l + s ]| + |w, | + [[w,]]°

= [1+3[[wy]| + 3w, ]| + 3w, ]

(37)
Now, we derive that

[[wall < [lwil +2[[wa ]| + (1 = &) ([Jw, || + 2[jw, || + [|w]]
= $([[wall + 2[[wy ]| + [|wy])) + Aty (e)[1+3]|wy|
9
+ 3[|wy || + 3wy [|]"-
(38)

Using 9 <&, we get

llw, | < (3= 2¢)||wy ]| + (3= &) Jwy | + At y(e)[1 + 3wy
+3l|wa | + 3w, ]” < (3 - 26) Jwy || + (3~ &) |,
+ Ay (e)[1+ 3w || + 3wy | + 3w, ||
= (3= 2¢)|[wy]| + (3~ &)[|wa | + Ay (e) (1 + 3w, |)*

(L 3][wn ][ + 3w, |
1+ 3|w,||

&
) < 3wy | + 3wyl| + Acty

€
1
()3 w, |5 —— + 1) (143w, || + 3w, |)°.

(39)



Conversely, we assume that {||w,||} is not bounded
sequence. So, there exists a subsequence {||w,,] I} of {||w,|I}

such that lim; w

j——00%n;

, = 00. If we take e=¢g;=(1+3|w +
3||w2||)/||wnj || in (39) inequality; then we have

1
1< A3 (Sl ) (14 3l | + 3w ) | o= +1
.

y(g) < ABS (L 3wy || + 3w, ) (1 + 3wy | + 3w )

¢
1
+1 | y(g) < A (143w, || +3[w,|)*
3||w,
]
¢
1
+1 I/I(Sj).
3 Wy,

(40)

If we take limit in (40) inequality as j — 00, then we get

1
A3Y(1+3[|wy || + 3w, ) | 7 +1
3Hw”i

(41)

which is a contradiction. Therefore, we demonstrate that the
sequence{||w, ||} is bounded. So, there exists A > 0 such that
lw,|| < A for all n € N. Following this line of work, we dem-
onstrate that & = 0. Since S is a weak E-Pata convex contractive
mapping, we have

c(‘x(wn—l’ wn)P(wnH’ wn+2)’ (1 - 8) (El(wn—l’ wn)
- (/)(El(wn—l’ wn))) + ASEW(S)Pl(wn—D wn)) =0,

(1= &) (Ey(wp-1, wy) = $(Ef (W1, wy)))
+ AgEW(e)PI (wn—l’ wn) - a(wn—l’ wn)P(wnH’ wn+2) 20.
(42)

Since p,,,, < p, for all n € N, we have

El(wn—l’ wn) = P(wn’ wn+1) + |p(wn’ wn+1) - p(wn+1’ wn+2)‘
= zp(wn’ wn+l> - p(wn+1> wn+2) = 2pn+1 = Pusa-
(43)

Since the sequence{||w, ||} is bounded, we have

Pr(w, > w,) = Aty (&) [1+ [[wy | + [|w, || + [y ]| + [0

1? < Aeby(e)(1 +6A)°.
(44)

[ waa|l + [[wnesll
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Now, we can write

Priz = P(Whi1> Wyip) S (W1, W) (W15 W)
<(1-&)(Ef(wy-y> w,) — $(Ef(w,_1, wy)))
+ Aty(e)Py(w,, w,) < (1-¢) (45)
“(2Pu1 = Priz = O(2Pps1 — Prs2))
+ Aeby(e)(1+64)°.

If we take the limit as n — o0 in (45) inequality, then we
obtain

S<(1-¢)(8-(8)) + Afy(e) (1 +6A)%S

< Ay (e)(1+6A)°. (46)

0<0 as e— 0, that is lim,  p(w,,,w,,,)=6=0.
Now, we demonstrate that {w,} is a Cauchy sequence. On
the contrary, assume that the sequence {w, } is not a Cauchy.
From Lemma 10, there exist subsequence {wmj} and {wnj}

with n;>m;>j such that limg  p(x,, 1%, .1)=6

hmk—>oop(xmk—l > xnk) =6 hmk—»oop(xmk’ xnk) =6 hrnk—>oop
(Xpme1> X 1) =6 and limy_,  p(x,,, , X, ) =¢. Since S is a
weak E — Pata convex contractive mapping, we have

((“ (wnj—l’ wmj—l)p(wnjH’ wmj+1> (1-¢)

(1=8) (B (w001 0m,1) = 8 (B (w0, 00m1) ) (47)
0

_oc(wnj,l,wmj,1>p(wnj+1,wmj+1 >0,

where

EI (wnj—l’ wmj—l) = P(wnj’ wmj)

+ ‘P(wnj, wnj+1) - P(wmj’ wmj+1)

>

Py (wnj—l’ wmjfl) = Ae*y(e) [ 1+ Hwnj—l H + mej—l H

nj+1 mj+l

}9

(48)

+ ||,

e ¢

+|w

= Aty(e)[1+ 6A)°.
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Now, we have

< P(wnjﬂ’ wmj+1> < “(wnj—l’ me—I)P(wnJH’ wm]H)

<s(1-¢) (EI (wn]—l’ wm,—l) - ¢<E1 (wn,—l’ wm],l) ))

+ ASE‘/’(S)PI (wn;p wm]—l)
Py 0) o) ~ ()
<(1-¢)

(p(000) [ (40) 2 (0101)

+ Assu/(s) 1+ 6A]9

e Ay B O B o

+ Aty (e)[1+64)°.

(49)
If we take the limit as j — 0o, then we obtain
¢< (1 -¢€)g+Key(e), (50)
and so, we have
s <Ky(e), (51)

and thus, we get that ¢ = 0, which is a contradiction. Therefore,
we concluded that {w,} is a Cauchy sequence in (W, p). By
the completeness of W, the sequence {w,} is convergent to
some w € W that is w, — w as n — +00. Since § is contin-
uous, Sw, — Sw as n — +00. By the uniqueness of the
limit, we obtain w = Sw that is w is a fixed point of S.

Next, we will demonstrate the uniqueness of the fixed
point. Suppose that T' and w are two fixed points of S. Since
S satisfies the hypothesis (iv) of Theorem 13, S is an weak E-
Pata convex contractive mapping; we have

p(w, T) < aw, T)p(Szw, SZT)
< (1 &)(Ey(w, T) - p(Ey(0,T))) + Acy(e)Py (0, T)
p(Sw, ST) + }p(Sw, Szw) - p(ST, SZT)‘
<(l-¢)
~$(p(Sw, ST) + | p(Sw, Sw) — p(ST, S’T) |
+ A y(e) [1+ @l +||T] + [|Swl + |IST|| + [|S*w]|
+[|8T)]" < (1 - e)p(w, T) + Aby(e)[1 + 3]l + 3| T|]".
(52)
We obtain that p(w, T) < Ky(e) for some K > 0, and so,
we get w =T. Hence, S has a unique fixed point in W, that is
w=S8w, weW.

Following this line of work, Theorem 14 does not require
the continuity of S. O

Theorem 14. Let (W, p) be a complete metric space, o : W
x W — [0,400) and S: W — W be a weak Pata-convex
mapping. Suppose that

(i) S is triangular o — admissible

(ii) there exists w, € W such that a(w,, Sw,) > 1

(iii) §° is continuous and for all w € FixS?, a(Sw, w) > 1
(iv) for all w, w € Fix$*, a(w, w) > 1

Then, S has a unique fixed point in W.

Proof. Following the proof of Theorem 13, we have already
proved that {w,} is a Cauchy sequence in W. Since W is
complete, we have w, — w € W as n — +00. Taking into
account hypothesis (iii) Theorem 14, we have lim,
p(w,, Sw) =lim, _ p(S*w, ,, S*w) = 0. In the uniqueness
of the limit, we obtain that S?w = w. Next, we will prove that
w = Sw. On the contrary, we assume that w is not fixed point
of S. So, we have

0< p(Sw, w) = p(Sz(Sw), Szw) < a(Sw, w)p(Sz(Sa)), Szw)
< (1 - &) (E;(Sw, @) = ¢(E;(Sw, ) + Ae*y(€)P;(Sw, w)
. ( p(Sw, Sw) + |p(Sw, S’w) - p(Sw, Sw)| )
-¢(p(Sw, Sw) + | p(Sw, ) - p(Sw, Sw)|)
+ Aty(e) [1+||Sw]| + [|w]| + [|Sw]| + || S]] + [|Sw] + [|Sw]|]’
< (1- £)p(Se,@) - §(p(Sw,w)) + Key (),

(53)
for some K > 0. We obtain
p(Sw, w) < (1-¢&)p(Sw, w) + Keby(e). (54)

For € =0 in (54) which is a contradiction. Thus, we make
an inference that Sw = w, and so, w is a fixed point of S. Fol-
lowing the proof of Theorem 13, the uniqueness of fixed
point of S can be obtained.

Theorem 15 is other fundamental result of our work. [

Theorem 15. Let (W, p) be a complete metric space, o« : W
X W — [0,400) and S : W —> W be a weak Pata convex
contractive mapping via simulation function. On the assump-
tion that all of the Theorem 13 hypotheses are satisfied, then h
has a unique fixed point.

Proof. In the proof of Theorem 13, we have got that

oc(S”wO, S”“wo) > 1 foralln € Nand a(S"w,, $"w) (55)
>1forallm>n>0.

Setting £ = min {p(wy, Sw,), p(Swy, S*w,)} and now, we
demonstrate that

{p(S"wy, S"'w,)} is a nonincreasing sequence. Since S
is a weak Pata convex contractive mapping via simulation
function, we have

¢ (e(wy, Swo)p(Ssz, sto)’ (1 = &)(Mp(w, Swy)
— (M (wy, Swy))) + ASE‘/’(S)PI(WO’ Swy)) = 0.



Using hypothesis (ii) of the Theorem 15, we get

p(S*wy, Swy) < a(wp, Swy) p(SPwy, Sw,) < (1-¢)
- (M (wp, Swp) = $(M;(wy, Swy)) + Ay (e) Py (wo, Swp)
p(wy, Swy), p(Swo, Szwo)» p(wp, Swy),
max
p(SwO, Szwo), p(SwO, Szwo), p(Szwo, Sawo)
p(wo, Swy), p(SwO, Szw0)>

—¢ | max p(wo, Swy), P(Sw0> Szwo)»

p(Swo, Swy), p(Swy, Sw, )
+ ASy(e)[L+ [[wy | + 2wy | +2||S*wy | + [|Swo ]
0 ( max { p(wg, Swy), p(Swe, Swy), p(Swy, Swy) b )
<(l-¢
—¢(max {p(wo, Swy), p(Swo, Szwo), p(Szwo, SSwO) })
+Kety(e),
(57)

for some K >0. Assuming that max {€ p(S*w,, Sw,)} =
p(S?wy, S’wy), then we have p(Swy, S*w,) < p(S*wy, Swy).
Thus, we have

P(SPwy, Swy) < (1) (p(S*wy, Swy) — ¢(p(S*w,, S'wy) )
+ Ks”tt//(s),
(58)

and since p(S*w,, S'wy) = p(SPw,, Swy) — ¢(p(S*wy, Swy))
, we have

p(S'wy, Swy) < (1-2)p(Swy, Swy) + Kety(e).  (59)

The inequality (59) is true for all € € [0, 1]. For e =0, we
obtain p(S?w,, S*wy) < p(S*wy, S*w,) which is a contradic-
tion. Hence, we obtain

Sw,, Sw,) < L. 60
P o o

Analogously, since S is a weak Pata convex contractive
mapping via simulation function, we have

>0,

(( a(SwO,SZwO)p(S3w0,S4w0), )

(1 - &) (M; (Swy, Swy) — $(M; (Swy, Swy) )) + Aty () Py (Swy, Swy )

(1 —s)< My (S0, o) ) + Aeby(e) Py (Swp, Swy) — a(Swy, Swy ) p (S wy, S'wy) 2 0
—¢ (M, (Swy, SPwy))

(61)

and we can write that
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p(SPwp, S*wy) < ar(Swy, SPwy) p(SPwg, S*wy)
P (Swe, S'wy), p(S*wp, S*wy), p(Swe, S*wy),
max
p(Stwy, Swy), p(Stwe, S'wy), p (S wp, S*wy)
<(1-¢) P (Swo, S*wy), p(S*wp, S'wy),
—¢ [ max ¢ p(Swy, Swy), p(Swy, Swy),
p(S*wp, S'wy), p(S*wg, S*wy)
+ Aty(e) [ 1+]|Swy|| + || Srwp|| + [|Swy|| + ||| + || wp | + || w| ]9
< (1 - &) (max {p(Swp, Swp), p(Swg, Swy), p(Swp, S*wy) }) + Keby(e)
(62)

for some K > 0. In case that

max { p(Sw, Swy), p(Swp, Swy ), p(Swy, S'wy) }

=p(S3w0,S4w0), (63)

then we have
p(Swy, S'wy) < (1-¢)p(S*wy, S'wy) + Kebyr(e).  (64)

The inequality (64) is true for all € € [0, 1]. For ¢ =0, we
obtain p(S’wy, S*wy) < p(S*wy, S*w,) is again a contradic-
tion. Therefore, we obtain

p(S’wy, Stwy) < p(SPw,, Swy) < L. (65)

Again, by induction, since S is a weak Pata convex con-
tractive mapping via simulation function, we have

¢ <0¢(S”2wo, 8" wy) p(S"wg, S wy) (1 - €)
M, (8" Pwq, $*'wy)
—¢(M; (S *wp, S wy))

+ Aety(e) Py (S" wy, S"1w0)> >0,

M, (8" Pwg, $*'wy)
(1-¢)
—¢(M; (S *wp, S wy))

+ Aty (e) Py (S" Pwp, $" ' wy) (66)

— a(S" 2wy, $"wy) p (8w, S"“wo)) >0,
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and we have that
p(S"wp, S"“wo) < a(S"’ZwO, Sn—lwo)P(Snwo’snﬂwo)
P(S"wg, S wg), p (S g, Sy
max ¢ p(S" 2wy, S wy), p(S" wy, S"wy),
p(S" wg, S"wy), p(S"wy, ™'y
P(S" o, 8" y), p(S" g, S"wyp)

¢ | max

P(Sn?zwm Sn?lwu)’ P(SVH’U(» S”w(,),

(8" we, S"wy)s p(S"wg, $™wy)

+ Aty () [ 1+ | " 2w || +||S" wy | + ||S" || + [IS"wp | + |8 wp | + [|S"* wy| }9
P(S"wg, $"wy ), p(S" wy, S"wy),

max

P(Snwo, S"HLUO)
s P(Sn?zw()’ Sn?lwo) > P(Sn?lwu! S"wp),
—¢ [ max
P(Snwo’ S”Hwo)

for some K > 0. In case that max {p(S"w,, S" 'w,), p(S"*
wy, S"wy), p(S"wy, ™ wy) } = p(S"wy, S w,),  then  we
have

<(1-¢) +Kety(e),

(67)

p(S"wy, S wy) < (1 -€)p(S"wp, S wy ) + Keby (). (68)

Again, the inequality (68) is true for all € € [0, 1] and for
£=0, we obtain p(S"w,, S"w,) < p(S"w,, S 'w,) is again
a contradiction. Consequently, we can find that

p(S"w, S wy) < p (8" wp, S"wy) < -+ < p(SPwy, S'wy)
< p(SPwp, Swy) < p(Swp, SPwy).
(69)

Starting at the point w, € W, the sequence {w, } is con-
structed by w, =Sw,_; =S"wy, n2 1. lfw, ,; =w, for any
ny € N, then w, is a fixed point of S. Hereby, assume that
W, 41 # W, for all nyeN and let p, = p(w,_;, w,). There-
fore, we get that {p,} is a nonincreasing sequence. There-
upon, there exists a § > 0 such that

lim p(w,_,w,)= lim p, =46. (70)

n—~oo

We will demostrate that § = 0. For this, we should demo-
strate that the sequence {||w,||} is bounded. Since {p,} is a
nonincreasing sequence, we have

Pn+1 = P(wn’ wn+1) < P(wn—l’ wn) S-S p<w3’ w4) ( )

< p(wy, wy) < p(wy, w,) = p, < |lwy || + [Jw,||-

From the triangle inequality, we can write

[wpll = p(wy, wo) < p(wy, Wyy1) + P(Wyyp> W) + p(w5, W)
= Pst T P(Wyiy W) + ([, S py + p(Wy,, W) + (W,
< flwy [+ 2[Jws || + p(Wys1> w5).-

(72)

Since S is a weak Pata convex contractive mapping via
simulation function, we have

G(a(wy, Wo) p(Wyyr> W), (1 = &) (M (w,y> wy)
= $(M;(w,,_1, wp))) + A"y (&) Py(w, 1, wy)) =0,

Ml(wn—l’ wO) £
(1-¢) + Aty (e)Pr(w,_p> wy)
_¢(M1(wn—1’w0))

- “(wn’ wO)p(erl’ w2)> 20.

(73)
Together with (71), we obtain that

P(Wyi> Wy) S @(w,, Wo) p(Wy41, W) < (1 —¢)
(MW wy) — S(M(w,,_1> wy))) (74)
+ A Y(e)Py(w, -1, wp).-

From (71) and p, < ||w, || + ||w, ||, we have

P(wnfl’ wO)’ P(wn’ wl)’ p(wnfl’ wn)’
M, (w,. 1, wp) = max

P(Wo> w1 ), P(Wys Wy )> (W15 W)
=max {p(W,_;, Wy )> P(Wy» W1)s P> P> Prs> P2}
S ffwy || + fJlwa]] + [[w,]],

9
Pr(wy—1>wp) = [1+ [|wyy || + [[wol| + [[wall + [wi]] + Wy ]| + [|wa]]
9
<L+ 3wy || + 3wy || + 3[|w, ]I

(75)
Now, we derive that

el|w,|| < (2= &)||w, || + (3 &) [|w, || + Aty (e)[1 + 3||w, |
9
+ 3w, || + 3w, ][] < (2 - &) |w, || + (3 - &)||w,]|
1+ 3[|w, || + 3[|w, ||\ *
1+3||w

+A£Ew(£)(1+3||wn||)f(

]
£ £ ef 1 ¢
<2|[w,[| + 3w, || + Aty (€)3°|w, | (—3|w H +1)
n
S (14 3]|w, || + 3]|w,])*-
(76)

Contrarily, supposing that {||lw,||} is not bounded
sequence. Thence, there exists a subsequence {||wnj||} of

{|lw, ||} such that lim,  w

j——00"n;

=00. If we take e=¢;= (1 +

3w, || + 3||w2\|)/||wnj\| in (76) inequality, then we have
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1
1 A3 (&, ) (14 3+ 3 ) e

3Hw”1‘

-y (g)) < A3 (1+3||w, || + 3]|w, ) (1 + 3]|w, || + 3w, |))°

£
1
+1 | y(e) < A3Y(1 4 3||w, || + 3w, |)*
.
]
£
1
1] ()
3Hw”f

(77)

If we take limit in (77) inequality as j — co, then we get
that

1
A3Y(1+3||wy || + 3w, )| 7 +1

3Hw y(g) —0

(78)

is a contradiction. Next, we show that the sequence{||w,, ||} is
bounded. So, there exists A > 0 such that |jw,|| <A for all n
€ IN. Following this line of work, we will demonstrate that
6=0. Since S is a weak Pata convex contractive mapping
via simulation function, we have

M(w,_,w,)
C(“(wn—l’wn)p(wn+l’wn+2)’ (1-¢) (_ )

¢(Ml(wn—1> wn))

+ ASEW(S)Pl(wn—l’ wn)) 2 0’

Ml(wn—l’ wn) 3
(1-¢) + Ay (e)Py (W, w,)
~$ (M (W1 w,))

n-1>"n

- ‘x(wn—l’ wn)P(er—l’ wn+2)> 20,

(79)
where
p(wn—l’ wn)’ P(wn’ wn+1)’ P(wn—v wn)’
M;(w,_, w,) = max
P(wn’ wn+1)’ P(ww wn+1)’ P(wn+1> wn+2)

= max {p(wn—l’ wn)’ p(wn’ wn+1)’ P(wn+1’ wn+2)}

< Jlwil + [lws || + [|w, -

(80)
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Since the sequence {||w,,||} is bounded, we have

Pr(w, 1> wy) = Aty (e)[1+ [[w, || + [|w, | + w, |
9
[ Wp | + [[Wnia [l + W] (81)

< Ay (e)(1+6A)°.
Therefore, we have

Pn+2 = P(wnﬂ’ wn+2) < a(wn—b wn)P(wnJrl’ wn+2)
<(1-e)(M(w,_p>w,) — (M (W, w,)))
+ Aty (e) Py (w,_p, w,) < (1 —¢)

n-1>%n

] ( max {p(wn—l’wn)’ p(wn’wn+1)’ p(wn+1’wn+2)} )
—(/)(max {P(wn—l’ wn)’ P(wn’ wn+1)’ p(wn+1’ wn+2)})
+ Ay (e)(1 +6A)°.
(82)

If the limit is taken as # — co in (82) inequality, then we
get

8<(1-¢)(8-(8)) + Aty (e)(1 + 6A)° )
8 < A y(e) (1 +6A)°.

6<0 as e — 0, that is lim,_, p(w,,;,w,,,)=8=0.
Now, we demonstrate that {w, } is a Cauchy sequence. Con-
trarily, supposing that the sequence {w,} is not a Cauchy.
From Lemma 10, we say that there exist subsequence {wmj}

and {wnl} with n; > m; > j such tha.t limy_ oo p (X, 1> X 41)
=6 hmk—»oop(xmk’ xnk) =6 hmk—»oop(xmk—l’ xnk) =6
hmk—»oop(xkarl’ xnk+1) =6 and hmk%oop(xmf xnk—l) =G
Since S is a weak Pata convex contractive mapping, we have

C((X (wnj—l’ wmj—1> P(wnjn’ wmj+l) »(1—¢)

’ (MI (wnj—l’wmrl) - ¢(MI (w”f‘l’wmf_ID

+ Aty ()P, (wnj_l, wmj_1>) >0,

((1 —¢) (MI (wnj—l’ wmj—l) - ¢(M1 (wnj—l’ wmj—l))

+ Aty ()P, (wnj_l, wm],_l) - “(wnj_p wmj—l) (84)

: p(wnj+1’ wm]+l)> >0

P(wn)—l’ wm}—1> > P(wnj> wmj) 4 P(wnj—l’ wnj) >

p(wmj—l’ wm])’ P(wnj’ wn]+1) > P(wm]’ wm]+1>
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o) - 01 o o |

‘|

= Ay (e)[1+64)°.

;

e ¢ e

+||w

nj+1 mj+1

(85)
Now, we can write
¢< P(wn]+1> wmj+1) s “(wn;p wm;l)P(“’n,H’ wm,+1)
<(l-¢) (Mz (wnrl,wmj,l) - </>(M1 (wnfpwmj—l)))
+ Assy/(s)PI (w,,j_l, wm,-1)
R
max p( 01> Wy ),p(wm W, )
o). (10
<(1-¢)
P( ni=1> Wi, 1))P(w Wi )
s {1, )0 0,
(010, (s 0,
+ Aefw(s) [1+ 6A]9.
(86)

If we take the limit as j — 0o, we get

¢<(1-€)(c—¢(q)) + Key(e) <

and so, we have

(1-¢€)¢+Key(e), (87)

¢ <Ky(e), (88)

that is, we get ¢ =0 which is a contradiction. Therefore, we
concluded that {w, } is a Cauchy sequence in (W, p). By the
completeness of W, the sequence {w, } is convergent to some
w € W that is w, — w as n — +00. Since § is continuous,
Sw,, — Sw as n — +00. By the uniqueness of the limit, we
obtain w = Sw that is w is a fixed point of S.

Now, we will demonstrate that the fixed point is unique.
Assuming that T and w are two fixed points of S. From
hypothesis (iv) of Theorem 15 and since S is an a weak Pata
convex contractive mapping via simulation function, we
have

{(a(@ T)p(Sw, S°T), (1 - &) (M;(w, T) = (M, (w, T)))
+ Aty (e)P;(w, T)) >0,

(1-e)(M;(@, T) = ¢(M;(w, T))) + ASEV’(S)PI((“)’ T)

89
- a(w, T)p(Sw, $T) 20 (89)
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and so, we have

p(@,T) <a(w, T)p(Sw, S°T)
< (1= )(M;(@.T) - (M, (@ T))) + Acy(e)P, (@, T)
{ plw.T). p(Se,ST), p(w, Sw). }
ax
<(l-¢) p(T, ST), p(Sw, S'w), p(ST, S°T)
~¢(max {p(w, T), p(Sw, ST), p(w, Sw), p(T, ST), p(Sw, S'w), p(ST, S’T) }
+ ASEW(S) [1 + [Jo|| + || T|| + [|Sew]|| + ||ST|| + ”5sz + HSZT”]g
<(1-e)p(w, T) + Aty (e)[1 +3]w] + 3] 7"

(90)

We obtain that p(w,T) < Ky(e) for some K >0, and
thus, we get w =T Hence, S has a unique fixed point in W.
O

Example 16. Let (W, |.]) the usual metric space where W =
[0, (3/2)]. Let define the mappings S: W — W by

w? +1

, welo,1),
S(w) = (91)

1 3
) w e 1)_ >

¢ : [0,400) — 0, +00) by ¢(w) =
—> [0,400) by

w/10 and o : Wx W

w,v€[0,1],

1,
a(w,v) = { (92)

0, w,v¢[0,1].

It is easily seen that S is a triangular o -admissible map-
ping, and also, S*w=(w*+2w?+10)/27,w € [0, (3/2)].
Though the mapping, S is discontinuous in x=1 and $* is
continuous on W = [0, (3/2)]. Now, we want to demonstrate
that S satisfies (11). For w, v € [0, 1], we have

f2wt V42?2 1
p(Szw,Szv):‘w T VA S - v+ < [Sw— S|
27 27 9 2
3/8 2
= —(—|w—v|+—Sw—SV|>
4\27 3
3 3
< 7 max {lw=v|,|Sw-hv|} < ZMI(w, V).
(93)
Since ¢(w)=w/10 and a(w,v) =1, for w,v €0, 1], we
get that
2w 59
oc(w,v)p(S w, S v) < —— (M(w,v))
610 o)
= ¢ (My(w,v) = $(M;(w v))).

For arbitrary ¢ € [0, 1], as one can see, the above inequal-
ity turns into the following inequality,
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a(w, v)p(S'w, $v) < (1 - &) (M;(w, v) — $(M;(w, v)))
(G e 1) M) = (1= )00 1) = 60 )
+ <§ +e— 1) [1 + [Jw] + ||v]| + ||Sw]| + ||Sv|| + HSZLU” + ||Szv||].
(95)

Now, our goal is to show that y >0 and A > 0 such that

3
(Z +&— 1) [1 +||lw|| + ||v]| + [|Sw|| + ||Sv]| + ||Szu)|| + HSsz }

<A1+ |jw|| + o] + ||Sw] + ||Sv]| + HSZwH + HSZUH]

(96)

holds for all w,v €[0,1], and every 0<e<1. We can find
A >0 such that

((3/14) +e-1)

A:
£y+1

(97)

holds for each 0 <e<1 and some y >0. If we choose y
such that (y/(y+1))>1—-(3/4), then

};V

A= :
(y+ )" (1= (3/4))"

(98)

Hence, we have that
a(w,v)p(Sw, $*v) < (1 - &)(M;(w,v) - $(M;(w, v))) + Ae""!
|+ [[S%w]| + 1% -
(99)

(1w

|+ [vll + | Sw] + [|Sv

Now, we can write
((1=&)(Mp(w, v) = p(M;(w, v))) + A"
U o+ ol + 1S + S0l + |Sw] + ][5 ]

- a(w, v)p(S'w, $v)) 2 0,

(100)
and for { € Z', we have
{( a(w, v)p(S'w, ), >
(1= &) (My(w, ) = (M (w,v)) + A [ 1+ [jw] + o] + [[Sw]| + |50 + || S]] + %] ] )
(101)

which satisfies for each £>0 and all w,v€[0,1]. If e=0, it
can be seen that (11) is satisfied. Hence, all conditions of
Theorem 15 are satisfied with £=9=1 and y(e) =¢". By
an application of Theorem 15, S has a unique fixed point
in W =10, (3/2)].

Suppose that €¢=0 in Theorems 13 and 15; then we
obtain the following corollaries.
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Corollary 17. Let (W, p) be a complete metric space and
€Z' and S: W — W be two functions. If for all w,v e W,
there exists a function, a: W x W — [0,400) such that S
satisfies the inequality either

{(a(w, v)p(S’w, $v), Ej(w, v) — ¢(E;(w,v))) 2 0
or { (a(w, v) p(Sw, $v), M} (w, v) — $(M;(w, v))) 2 0,
(102)

where ¢ : [0,400) —> [0,+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w> 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

Karapinar’s contractive conditions [10, 32, 45] are a spe-
cial case of ours, and also, Corollary 17 generalizes the
results of Samet [17] and Istratescu [26-28].

Corollary 18. Let (W, p) be a complete metric space and S
: W — W be a function. If for all w,v € W, there exist two
functions, a: W x W — [0,400) such that S satisfies the
inequality either

a(w, v)p(S'w, $’v) < Ef(w, v) - ¢(E(w, v)) (103)
or a(w, v)p(S*w, $v) < M, (w, v) — $(M;(w, v)),

where ¢ : [0,4+00) — [0,+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w> 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

In comparison with recent results such as Alber et al.
[14] and Zhang [16], our results are a generalization of them.

Corollary 19. Let (W, p) be a complete metric space and S
: W — W be a function. If for all w,v e W, there exists a
function a: W x W — [0,400) such that S satisfies the
inequality either

a(w, v)p(S'w, $v) < E;(w, v)
(104)
or a(w, v)p(S*w, $v) < M;(w, v),

and assuming that all of the hypotheses of Theorem 13 are
satisfied, then h has a unique fixed point.

Putting a(w, v) =1 in Theorems 13 and 15, we can see
the following results.

Corollary 20. Let (W, p) be a complete metric space and
€Z' and S: W — W be two functions. If for all w,v e W,
and ¢ € [0, 1], there exists a function y € ¥, such that S sat-
isfies the inequality either
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{(p(Swr %), (1= ) (Ey(w,v) - $(Er(w,v)) + Acy(e) Py (w, ) ) 2 0
or((p(Szw, §?), (1— &) (M, (w, v) - $(M,(w, v))) + At y(e)P(w, u)) >0,

(105)

where ¢ : [0,400) — [0,4+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w> 0,
and assuming that all of the hypotheses of Theorem 13 are
satisfied, then S has a unique fixed point.

Corollary 21. Let (W, p) be a complete metric space and
S: W — W be a function. If for allw,v € W, and € € [0, 1],
there exists a function y € ¥, such that S satisfies the inequal-
ity either

p(S°w, S0) < (1~ ) (E;(w> v) ~ §(E;(w, v))) + Aty (e)Py(w, v)
or p(S’w, $) < (1-&)(M,(w, v) - §(M,(w,v))) + Ae*y ()P, (w, v),
(106)

where ¢ : [0,400) — [0,4+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) > 0, for all w> 0,
and assuming that all of the Theorem 13 hypotheses are
satisfied, then S has a unique fixed point.

Assume now that a(w,v) =1 and €=0 in Theorem 13
and Theorem 15; then we get the following corollaries.

Corollary 22. Let (W, p) be a complete metric space and { €
Z',and S: W — W be two functions. If for all w,v e W, S
satisfies the inequality either

{(p(S*w, $7v), E;(w, v) — $(E;(w,v))) 20

(107)
or {(p(S’w, $v), M, (w, v) - $(M;(w, v))) 20,

where ¢ : [0,400) — [0,+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(s) > 0, for all s> 0 and
assume that S is continuous or S° is continuous. Then, S has a
unique fixed point that is w = Sw, w € W.

Corollary 23. Let (W, p) be a complete metric space and S
: W — W be a function. If for all w,v € W, S satisfies the
inequality either

p(S'w, $’v) < Ej(w,v) — ¢(Ef(w, v)) (108)
or p(S*w, $?v) < M (w,v) — $(M;(w, v)),

where ¢ : [0,4+00) — [0,+00) is a continuous and nonde-
creasing function with ¢(0) =0 and ¢(w) >0, for all w>0
and assume that S is continuous or S is continuous. Then,
S has a unique fixed point that is w = Sw, w € W.

We derive that the main result of Pata [2] and Banach
[1] can be expressed as a corollary of our main result.
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3. Conclusion

We present the concept of weak E-Pata convex contractions
and weak Pata convex contractions in metric spaces in this
paper. After that, we investigate the existence of a fixed point
for our novel type contraction and we state some conse-
quences. Our results generalize and merge the results
derived by Istratescu [26] and Pata [2] and some other
related results in the literature. Besides the corollaries in this
paper, to underline the novelty of our given results, we give
an example that shows that Theorem 15 is a genuine gener-
alization of Istratescu’s results [26]. Our novel concept
allows for further studies and applications.

Data Availability

The data used to support the findings of this study are
included in the references within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The first author would like to thank TUBITAK (the Scien-
tific and Technological Research Council of Turkey) for
their financial supports during her PhD studies.

References

[1] S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta Math-
ematicae, vol. 3, pp. 133-181, 1922.

[2] V. Pata, “A fixed point theorem in metric spaces,” Journal of
Fixed Point Theory and Applications, vol. 10, no. 2, pp. 299-
305, 2011.

[3] M. Aktay and M. Ozdemir, “Some results on generalized Pata—
Suzuki type contractive mappings,” Journal of Mathematics,
vol. 2021, Article ID 2975339, 9 pages, 2021.

[4] M. Aktay and M. Ozdemir, “On (a,p)-weak Pata contractions
in metric spaces,” Manas Journal of Engineering, vol. 10, no. 1,
2022.

[5] O. Algahtani, V. M. L. Himabindu, and E. Karapinar, “On
Pata-Suzuki-type contractions,” Mathematics, vol. 7, no. 8,
p- 720, 2019.

[6] S. Balasubramanian, “A Pata-type fixed point theorem,” The
Mathematical Scientist, vol. 8, no. 3, pp. 65-69, 2014.

[7] M. Chakborty and S. K. Samanta, “On a fixed point theorem
for a cyclical Kannan-type mapping,” Facta Universitatis,
vol. 28, pp. 179188, 2013.

[8] M. Eshaghi, S. Mohseni, M. R. Delavar, M. D. L. Sen, G. H.
Kim, and A. Arian, “Pata contractions and coupled type fixed
points,” Fixed Point Theory and Applications, vol. 130, 10
pages, 2014.

[9] Z. Kadelburg and S. Radenovic, “Fixed point theorems under
Pata-type conditions in metric spaces,” Journal of the Egyptian
Mathematical Society, vol. 24, no. 1, pp. 77-82, 2016.

[10] E.Karapinar, A. Fulga, and H. Aydi, “Study on Pata E-contrac-
tions,” Advances in Difference Equations, vol. 2020, no. 1, 2020.



14

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

E. Karapinar and V. M. L. Himabindu, “On Pata-Suzuki-type
contractions,” Mathematics, vol. 8, no. 3, p. 389, 2020.

E. Karapinar, A. Atangana, and A. Fulga, “Pata type contrac-
tions involving rational expressions with an application to
integral equations,” Discrete & Continuous Dynamical Sys-
tems, vol. 14, no. 10, p. 3629, 2021.

M. Panknazar, M. Eshaghi, Y. J. Cho, and S. M. Vaezpour, “A
Pata-type fixed point theorem in modular spaces with applica-
tion,” Fixed Point Theory and Applications, vol. 239, 1812
pages, 2013.

Y. A. L. Alber and S. Guerre-Delabriere, “Principle of weakly
contractive maps in Hilbert spaces,” in New results in operator
theory and its applications, I. Gohberg and Y. Lyubich, Eds.,
vol. 98, pp. 7-22, Birkhauser, Basel, 1997.

B. H. Rhoades, “Some theorems on weakly contractive maps,”
Nonlinear Analysis, vol. 47, no. 4, pp. 2683-2693, 2001.

Q. Zhang and Y. Song, “Fixed point theory for generalized ¢-
weak contractions,” Applied Mathematics Letters, vol. 22,
no. 1, pp. 75-78, 2009.

B. Samet, C. Vetro, and P. Vetro, “Fixed point theorem for
(at,p)-contractive type mapping,” Nonlinear Analysis, vol. 75,
pp. 2154-2165, 2012.

E. Karapinar, P. Kumam, and P. Salimi, “On «a-y-Meir-Keeler
contractive mappings,” Fixed Point Theory and Applications,
vol. 94, 2013.

M. Arshad, E. Ameer, and E. Karapinar, “Generalized contrac-
tions with triangular a-orbital admissible mapping on Bran-
ciari metric spaces,” Journal of Inequalities and Applications,
vol. 2016, no. 1, p. 21, 2016.

U. Aksoy, E. Karapinar, and I. M. Erhan, “Fixed points of gen-
eralized a-admissible contractions on b-metric spaces with an
applications to boundary value problems,” Journal of Nonlin-
ear and Convex Analysis, vol. 17, no. 6, pp. 1095-1108, 2016.

M. Aktay and M. Ozdemir, “Common fixed point results for a
class of (a,f3)-geraghty contraction type mappings in modular
metric spaces, Erzincan University,” Journal of Science and
Technology, vol. 13, pp. 150-161, 2020.

H. Aydi, E. Karapinar, and D. Zhang, “On common fixed
points in the context of Brianciari metric spaces,” Results in
Mathematics, vol. 71, no. 1-2, pp. 73-92, 2017.

E. Karapinar and A. Petrusel, “On admissible hybrid Geraghty
contractions,” Carpathian Journal of Mathematics, vol. 36,
no. 3, pp. 435-444, 2020.

E. Karapinar and A. Fulga, “Fixed point on convex b-metric
space via admissible mappings,” Pure and Applied Mathemat-
ics Journal, vol. 12, no. 2, pp. 254-264, 2021.

E. Karapinar, C. M. Chen, and A. Fulga, “Nonunique coince-
dence point results via admissible mappings,” Journal of Func-
tion Spaces, vol. 2021, Article ID 5538833, 10 pages, 2021.

V. L Istratescu, “Some fixed point theorems for convex con-
traction mappings and convex nonexpansive mappings,” Lib-
ertas Mathematica, vol. 1, pp. 151-163, 1981.

V. L Istratescu, “Some fixed point theorems for convex con-
traction mappings and mappings with convex diminishing
diameters-1,” Annali di Matematica Pura ed Applicata,
vol. 130, no. 1, pp. 89-104, 1982.

V. L Istratescu, “Some fixed point theorems for convex con-
traction mappings and mappings with convex diminishing
diameters-1I,” Annali di Matematica Pura ed Applicata,
vol. 134, no. 1, pp. 327-362, 1983.

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

[42]

[43]

(44]

[45]

(46]

Journal of Function Spaces

D. D. Dolicanin and B. B. Mohsin, “Some new fixed point
results for convex contractions in B-metric spaces,” The Uni-
versity Thought-Publication in Natural Sciences, vol. 9, no. 1,
pp. 67-71, 2019.

V. Ghorbanian, S. Rezapour, and N. Shahzad, “Some ordered
fixed point results and the property (P),” Computers & Math-
ematcs with Applications, vol. 63, no. 9, pp. 1361-1368, 2012.
N. Hussain, M. A. Kutbi, S. Khaleghizadeh, and P. Salimi,
“Discussions on recent results for a-y-contractive mappings,”
Abstract and Applied Analysis, vol. 2014, Article ID 456482, 13
pages, 2014.

E. Karapinar, A. Fulga, and A. Petrusel, “On Istritescu type
contractions in b-metric spaces,” Mathematics, vol. 8, no. 3,
p- 388, 2020.

A. Latif, W. Sintunavarat, and A. Ninsri, “Approximate fixed
point theorems for partial generalized convex contraction
mappings in a-complete metric spaces,” Taiwanese Journal
of Mathematics, vol. 19, no. 1, pp. 315-333, 2015.

M. A. Miandarag, M. Postolache, and S. Rezapour, “Approxi-
mate fixed points of generalized convex contractions,” Fixed
Point Theory and Applications, vol. 2013, no. 1, 2013.

Z. D. Mitrovi¢, H. Aydi, N. Mlaiki et al., “Some new observa-
tions and results for convex contractions of Istratescu’s type,”
Symmetry, vol. 11, no. 12, p. 1457, 2019.

F. Khojasteh, S. Shukla, and S. Radenovic, “A new approach to
the study of fixed point theorems via simulation functions,”
Univerzitet u Nisu, vol. 29, no. 6, pp. 1189-1194, 2015.

E. Karapinar, “Fixed points results via simulation functions,”
Univerzitet u Nisu, vol. 30, no. 8, pp. 2343-2350, 2016.

H. Argoubi, B. Samet, and C. Vetro, “Nonlinear contractions
involving simulation functions in a metric space with a partial
order,” Journal of Nonlinear Sciences and Applications, vol. 8,
no. 6, pp. 1082-1094, 2015.

R. P. Agarwal and E. Karapinar, “Interpolative Rus-Reich-
Ciric type contractions via simulation functions,” Analele Uni-
versitatii” Ovidius" Constanta-Seria Matematica, vol. 27, no. 3,
pp. 137-152, 2019.

A. Alghamdi, S. Gulyazozyurt, and E. Karapar, “A note on
extended Z-contraction,” Mathematics, vol. 8, no. 2, p. 195,
2020.

O. Alqgahtani and E. Karapinar, “A bilateral contraction via
simulation function,” Filomat, vol. 33, no. 15, pp. 4837-4843,
2019.

R. Alsubaie, B. Algahtani, E. Karapinar, and A. F. R. L. Hierro,
“Extended simulation function via rational expressions,”
Mathematics, vol. 8, no. 5, p. 710, 2020.

H. Aydi, E. Karapinar, and V. Rakocevic, “Nonunique fixed
point theorems on b-metric spaces via simulation functions,”
Jordan Journal of Mathematics and Statistics, vol. 12, no. 3,
pp- 265-288, 2019.

E. Karapinar and F. Khojasteh, “An approach to best proxim-
ity points results via simulation functions,” Journal of Fixed
Point Theory and Applications, vol. 19, no. 3, pp. 1983-1995,
2017.

E. Karapinar and B. Samet, “Generalized (a,p)-contractive
type mappings and related fixed point theorems with applica-
tions,” Abstract and Applied Analysis, vol. 17, Article ID
793486, 2012.

S. Radenovic, Z. Kadelburg, D. Jandrlic, and A. Jandrlic, “Some
results on weakly contractive maps,” Iranian Mathematical
Society, vol. 38, no. 3, p. 625, 2012.



