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Irfan Kaymaz ("), Turkey

Vahid Kayvanfar (%), Qatar
Krzysztof Kecik (%), Poland
Mohamed Khader (%), Egypt
Chaudry M. Khalique {2, South Africa
Mukhtaj Khan (), Pakistan
Shahid Khan ("), Pakistan
Nam-Il Kim, Republic of Korea
Philipp V. Kiryukhantsev-Korneev (),
Russia

P.V.V Kishore(®, India

Jan Koci(2), Czech Republic
Toannis Kostavelis (), Greece
Sotiris B. Kotsiantis (=), Greece
Frederic Kratz(), France
Vamsi Krishna (9, India

Edyta Kucharska, Poland
Krzysztof S. Kulpa (), Poland
Kamal Kumar, India

Prof. Ashwani Kumar (), India
Michal Kunicki (%, Poland
Cedrick A. K. Kwuimy (), USA
Kyandoghere Kyamakya, Austria
Ivan Kyrchei (), Ukraine
Marcio J. Lacerda(»), Brazil
Eduardo Lalla(®), The Netherlands
Giovanni Lancioni (), Italy
Jaroslaw Latalski ("), Poland
Hervé Laurent (), France
Agostino Lauria (), Italy

Aimé Lay-Ekuakille (), Italy
Nicolas J. Leconte (#), France
Kun-Chou Lee ("), Taiwan
Dimitri Lefebvre (%), France
Eric Lefevre (I°), France

Marek Lefik, Poland

Yaguo Lei (), China

Kauko Leiviska (%), Finland
Ervin Lenzi (%), Brazil
ChenFeng Li(%), China

Jian Li(), USA

Jun Li(®, China

Yueyang Li(2), China

Zhao Li(»), China

Zhen Li(, China

En-Qiang Lin, USA

Jian Lin (%), China

Qibin Lin, China

Yao-Jin Lin, China

Zhiyun Lin (%), China

Bin Liu(®), China

Bo Liu(), China

Heng Liu (), China

Jianxu Liu (), Thailand

Lei Liu@®), China

Sixin Liu (), China

Wanquan Liu(#), China

Yu Liu(®), China

Yuanchang Liu (), United Kingdom
Bonifacio Llamazares (2, Spain
Alessandro Lo Schiavo (1), Italy
Jean Jacques Loiseau (), France
Francesco Lolli(1»), Italy

Paolo Lonetti (), Italy

Antoénio M. Lopes (), Portugal
Sebastian Lopez, Spain

Luis M. Lépez-Ochoa (%), Spain
Vassilios C. Loukopoulos, Greece
Gabriele Maria Lozito (1), Italy
Zhiguo Luo (), China

Gabriel Luque (), Spain
Valentin Lychagin, Norway
YUE MEI, China

Junwei Ma (>, China

Xuanlong Ma (), China
Antonio Madeo (1), Italy
Alessandro Magnani (), Belgium
Toqeer Mahmood (i), Pakistan
Fazal M. Mahomed (1), South Africa
Arunava Majumder (), India
Sarfraz Nawaz Malik, Pakistan
Paolo Manfredi (), Italy

Adnan Magsood (%), Pakistan
Muazzam Magqsood, Pakistan
Giuseppe Carlo Marano (), Italy
Damijan Markovic, France
Filipe J. Marques (), Portugal
Luca Martinelli(®), Italy

Denizar Cruz Martins, Brazil
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Francisco J. Martos (), Spain

Elio Masciari (), Italy

Paolo Massioni ("), France
Alessandro Mauro (1), Italy
Jonathan Mayo-Maldonado (), Mexico
Pier Luigi Mazzeo (1), Italy

Laura Mazzola, Italy

Driss Mehdi("), France

Zahid Mehmood (), Pakistan
Roderick Melnik (%), Canada
Xiangyu Meng (), USA

Jose Merodio (%), Spain

Alessio Merola (), Italy

Mahmoud Mesbah (), Iran
Luciano Mescia (), Italy

Laurent Mevel (), France
Constantine Michailides (), Cyprus
Mariusz Michta (), Poland

Prankul Middha, Norway

Aki Mikkola (%), Finland

Giovanni Minafo (1), Italy
Edmondo Minisci (), United Kingdom
Hiroyuki Mino (i), Japan

Dimitrios Mitsotakis (*), New Zealand
Ardashir Mohammadzadeh (), Iran
Francisco ]. Montdns (|2}, Spain
Francesco Montefusco (1), Italy
Gisele Mophou (%), France

Rafael Morales (%), Spain

Marco Morandini (), Italy

Javier Moreno-Valenzuela (2, Mexico
Simone Morganti (), Italy

Caroline Mota (), Brazil

Aziz Moukrim (i), France

Shen Mouquan (%), China

Dimitris Mourtzis(*), Greece
Emiliano Mucchi (), Italy

Taseer Muhammad, Saudi Arabia
Ghulam Muhiuddin, Saudi Arabia
Amitava Mukherjee (), India

Josefa Mula (%), Spain

Jose ]. Mufioz(2), Spain

Giuseppe Muscolino, Italy

Marco Mussetta (), Italy

Hariharan Muthusamy, India
Alessandro Naddeo (1), Italy

Raj Nandkeolyar, India

Keivan Navaie (), United Kingdom
Soumya Nayak, India

Adrian Neagu (), USA

Erivelton Geraldo Nepomuceno (), Brazil
AMA Neves, Portugal

Ha Quang Thinh Ngo (), Vietnam
Nhon Nguyen-Thanh, Singapore
Papakostas Nikolaos (), Ireland
Jelena Nikolic (%), Serbia

Tatsushi Nishi, Japan

Shanzhou Niu (), China

Ben T. Nohara (5, Japan
Mohammed Nouari (), France
Mustapha Nourelfath, Canada
Kazem Nouri(#), Iran

Ciro Nufez-Gutiérrez (1), Mexico
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France

Krzysztof Okarma (1), Poland
Mitsuhiro Okayasu, Japan

Murat Olgun (), Turkey

Diego Oliva, Mexico

Alberto Olivares (), Spain

Enrique Onieva(:), Spain

Calogero Orlando (%), Italy

Susana Ortega-Cisneros(2), Mexico
Sergio Ortobelli, Italy

Naohisa Otsuka (%), Japan

Sid Ahmed Ould Ahmed Mahmoud (),
Saudi Arabia

Taoreed Owolabi (%), Nigeria
EUGENIA PETROPOULOU (5), Greece
Arturo Pagano, Italy
Madhumangal Pal, India

Pasquale Palumbo (1), Italy

Dragan Pamucar, Serbia

Weifeng Pan (%), China

Chandan Pandey, India

Rui Pang, United Kingdom

Jurgen Pannek (©), Germany

Elena Panteley, France

Achille Paolone, Italy
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George A. Papakostas(2), Greece
Xosé M. Pardo (), Spain

You-Jin Park, Taiwan

Manuel Pastor, Spain

Pubudu N. Pathirana (i), Australia
Surajit Kumar Paul (%), India

Luis Paya (), Spain

Igor Pazanin (2), Croatia

Libor Pekaf (), Czech Republic
Francesco Pellicano (1), Italy
Marecello Pellicciari (), Italy

Jian Peng (), China

Mingshu Peng, China

Xiang Peng (), China

Xindong Peng, China

Yuexing Peng, China

Marzio Pennisi(?), Italy

Maria Patrizia Pera (), Italy
Matjaz Perc(]), Slovenia

A. M. Bastos Pereira (1), Portugal
Wesley Peres, Brazil

F. Javier Pérez-Pinal (©), Mexico
Michele Perrella, Italy

Francesco Pesavento (1), Italy
Francesco Petrini (), Italy

Hoang Vu Phan, Republic of Korea
Lukasz Pieczonka (), Poland
Dario Piga (), Switzerland

Marco Pizzarelli (), Italy

Javier Plaza (), Spain

Goutam Pohit (), India

Dragan Poljak (i), Croatia

Jorge Pomares (), Spain

Hiram Ponce (2}, Mexico
Sébastien Poncet (), Canada
Volodymyr Ponomaryov (), Mexico
Jean-Christophe Ponsart (), France
Mauro Pontani (), Italy
Sivakumar Poruran, India
Francesc Pozo (2}, Spain

Aditya Rio Prabowo (©2), Indonesia
Anchasa Pramuanjaroenkij (), Thailand
Leonardo Primavera (), Italy

B Rajanarayan Prusty, India

Krzysztof Puszynski (%), Poland
Chuan Qin (), China

Dongdong Qin, China

Jianlong Qiu (), China

Giuseppe Quaranta (), Italy

DR. RITU RAJ (), India

Vitomir Racic(), Italy

Carlo Rainieri (), Italy
Kumbakonam Ramamani Rajagopal, USA
Ali Ramazani(), USA

Angel Manuel Ramos (%), Spain
Higinio Ramos (2}, Spain
Muhammad Afzal Rana (%), Pakistan
Muhammad Rashid, Saudi Arabia
Manoj Rastogi, India

Alessandro Rasulo (9, Italy

S.S. Ravindran (), USA
Abdolrahman Razani (), Iran
Alessandro Reali (), Italy

Jose A. Reinoso(2), Spain

Oscar Reinoso (2}, Spain

Haijun Ren (), China

Carlo Renno (19, Italy

Fabrizio Renno (1), Italy

Shahram Rezapour (), Iran
Ricardo Riaza ([, Spain

Francesco Riganti-Fulginei (), Italy
Gerasimos Rigatos (), Greece
Francesco Ripamonti (), Italy
Jorge Rivera(ls), Mexico

Eugenio Roanes-Lozano (2}, Spain
Ana Maria A. C. Rocha((?), Portugal
Luigi Rodino (9, Italy

Francisco Rodriguez (), Spain
Rosana Rodriguez Lopez, Spain
Francisco Rossomando (1)), Argentina
Jose de Jesus Rubio (i), Mexico
Weiguo Rui(), China

Rubén Ruiz (), Spain

Ivan D. Rukhlenko (1), Australia
Dr. Eswaramoorthi S. (%), India
Weichao SHI(%), United Kingdom
Chaman Lal Sabharwal (), USA
Andrés Séez (), Spain
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Bekir Sahin, Turkey
Laxminarayan Sahoo (), India
John S. Sakellariou (%), Greece
Michael Sakellariou (), Greece
Salvatore Salamone, USA

Jose Vicente Salcedo (), Spain
Alejandro Salcido (), Mexico
Alejandro Salcido, Mexico
Nunzio Salerno (i), Italy

Rohit Salgotra (), India
Miguel A. Salido (), Spain
Sinan Salih (), Iraq
Alessandro Salvini (), Italy
Abdus Samad (), India

Sovan Samanta, India
Nikolaos Samaras (), Greece
Ramon Sancibrian (%), Spain
Giuseppe Sanfilippo (1), Italy
Omar-Jacobo Santos, Mexico

] Santos-Reyes (), Mexico
José A. Sanz-Herrera(), Spain
Musavarah Sarwar, Pakistan
Shahzad Sarwar, Saudi Arabia
Marcelo A. Savi(), Brazil
Andrey V. Savkin, Australia
Tadeusz Sawik (), Poland
Roberta Sburlati, Italy
Gustavo Scaglia (2), Argentina
Thomas Schuster (), Germany
Hamid M. Sedighi (", Iran
Mijanur Rahaman Seikh, India
Tapan Senapati(), China
Lotfi Senhadji(®), France
Junwon Seo, USA

Michele Serpilli, Italy

Silvestar Sesni¢ (), Croatia
Gerardo Severino, Italy

Ruben Sevilla (%), United Kingdom

Stefano Sfarra(), Italy

Dr. Ismail Shah (%), Pakistan
Leonid Shaikhet (), Israel

Vimal Shanmuganathan (), India
Prayas Sharma, India

Bo Shen (), Germany

Hang Shen, China

Xin Pu Shen, China

Dimitri O. Shepelsky, Ukraine
Jian Shi(#, China

Amin Shokrollahi, Australia
Suzanne M. Shontz (), USA
Babak Shotorban (), USA
Zhan Shu(?), Canada

Angelo Sifaleras (), Greece
Nuno Simdes (2, Portugal
Mehakpreet Singh (1), Ireland
Piyush Pratap Singh (®), India
Rajiv Singh, India

Seralathan Sivamani(), India
S. Sivasankaran (i), Malaysia
Christos H. Skiadas, Greece
Konstantina Skouri (%), Greece
Neale R. Smith (%), Mexico
Bogdan Smolka, Poland
Delfim Soares Jr.(), Brazil
Alba Sofi(1»), Italy

Francesco Soldovieri (), Italy
Raffaele Solimene (1), Italy
Yang Song(5), Norway

Jussi Sopanen (%), Finland
Marco Spadini (), Italy

Paolo Spagnolo (), Italy
Ruben Specogna (), Italy
Vasilios Spitas(2), Greece
Ivanka Stamova (), USA
Rafal Stanistawski (), Poland
Miladin Stefanovié¢ (), Serbia
Salvatore Strano (1), Italy
Yakov Strelniker, Israel
Kangkang Sun (), China
Qiugin Sun(?), China
Shuaishuai Sun, Australia
Yanchao Sun (), China
Zong-Yao Sun(), China
Kumarasamy Suresh (%), India
Sergey A. Suslov (2, Australia
D.L. Suthar, Ethiopia

D.L. Suthar (%), Ethiopia
Andrzej Swierniak, Poland
Andras Szekrenyes (), Hungary
Kumar K. Tamma, USA
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We utilize the modified Riemann-Liouville derivative sense to develop careful arrangements of time-fractional simplified
modified Camassa-Holm (MCH) equations and generalized (3+1)-dimensional time-fractional = Camas-
sa-Holm-Kadomtsev—Petviashvili (gCH-KP) through the potential double (G'/G, 1/G)-expansion method (DEM). The men-
tioned equations describe the role of dispersion in the formation of patterns in liquid drops ensued in plasma physics, optical
fibers, fluid flow, fission and fusion phenomena, acoustics, control theory, viscoelasticity, and so on. A generalized fractional
complex transformation is appropriately used to change this equation to an ordinary differential equation; thus, many precise
logical arrangements are acquired with all the freer parameters. At the point when these free parameters are taken as specific
values, the traveling wave solutions are transformed into solitary wave solutions expressed by the hyperbolic, the trigonometric,
and the rational functions. The physical significance of the obtained solutions for the definite values of the associated parameters is
analyzed graphically with 2D, 3D, and contour format. Scores of solitary wave solutions are obtained such as kink type, periodic
wave, singular kink, dark solitons, bright-dark solitons, and some other solitary wave solutions. It is clear to scrutinize that the
suggested scheme is a reliable, competent, and straightforward mathematical tool to discover closed form traveling wave solutions.

1. Introduction

In recent years, fractional calculus (FC) assumed a basic part
of a capable, catalyst, and rudimentary hypothetical struc-
ture for more sufficient displaying of multifaceted powerful
cycles. FC and nonlinear fractional differential equations
(NLFDEs) have recently been used to solve problems in
plasma physics, protein chemistry, cell biology, mechanical
engineering, signal processing and systems recognition,
electrical transmission, control theory, economics, and
fractional dynamics. FDE has a wide range of applications in
fields such as magnetism, sound waves propagation in rigid
porous materials, cardiac tissue electrode interface, principle
of viscoelasticity, fluid dynamics, lateral and longitudinal
regulation of autonomous vehicles, ultrasonic wave

propagation in human cancerous bone, wave propagation in
viscoelastic horn, heat transfer, RLC electric circuit, mod-
eling of earthquake, and some other areas [1-5]. The highly
prepared polylayer portion of the human body is a partic-
ularly capable model system for using fractional calculus. As
a result, researchers are increasingly interested in seeking
exact solutions to NLFDEs, which play a significant role in
nonlinear science. Wave shape has an effect on sediment
transport and beach morphodynamics, while wave skewness
has an impact on radar altimetry signals and asymmetry has
an impact on ship responses to wave impacts. Traveling wave
solutions is a special class of analytical solutions for non-
linear evolution equations (NLEEs). Solitary waves are
transmitted traveling waves with constant speeds and shapes
that achieve asymptotically zero at distant locations. In order
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to know the inner mechanism of the mentioned complex
tangible phenomena, investigation of exact solutions of
NLFDEs are very much important. In this way, numerous
authors have been interested in studying the FC and finding
precise and productive techniques for comprehending
nonlinear fractional partial differential equations (NFPDEs).
In the previous few decades, numerous strategies have been
produced for illuminating NFPDEs, for example, nearby
variational iteration method [6], the F-expansion method
[7], homotopy perturbation method [8], Kudryashov
method [9], improved (G'/G)-expansion method [10], and
the DEM [11-13].

As of late, a clear and succinct method called the DEM,
which is presented in [14], and is exhibited as a mighty
method for looking at analytical solutions of NLDEs. The
DEM is a reliable technique, which provides different types
of solitary wave solutions (SWS), namely, the hyperbolic, the
trigonometric, and the rational functions. The proposed
MCH equation has been researched for its precise diagnostic
arrangements through the (G'/G)-expansion method [15],
exp-function method [16], modified simple equation
method [17], and so on. Also, the proposed (gCH-KP)
equation has been investigated for its exact analytic solutions
through Agrawal’s method [18] and the bifurcation method
[19]. To the best of our knowledge, the recommended
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condition has not been concentrated through the DEM [12].
So, the point of this investigation is to build up some fresh
and further broad precise solutions for the previously
mentioned condition utilizing the DEM.

The rest of of the article is planned as follows. In Section
2, we have presented the definition and primers. In Section 3,
the DEM has been depicted. In Section 4, we have built up
the specific answer for the proposed equation by the pre-
viously mentioned method. In Section 5, we have uncovered
the graphical portrayal and conversation, and in Section 6,
comparison of results has been drawn. In Section 7, the
conclusion is given.

2. Definition and Primers

Jumarie offered a mRL. With such a fractional derivative and
some accommodating ways, we can change over fractional
differential equations (FDEs) into integer-order differential
equations applying variable transformation [20]. In this
section, we first provide a couple of features and definitions
of the mRL subsidiary which is used further in this study.
Acknowledge that f: R — R,x — f(x) implies a con-
tinuous, however, not really differentiable function. Juma-
rie’s mRL having order a is defined by the articulation

( 1 * —a—1
[(-a) Jo (x=§) [f(f) —f(o)]df, a<0,

DZf(X):< 1 ijx(x_f)_a[f(f)_f(())]df O<a<l (1)
r(l—(X) dx 0 ’ >

L (F™ )",

Two or three features of the mRL were concise and four
acclaimed conditions of them are as follows:

r(l + Y) t(y—a)

ay _
Dyt T T(l+y-a) > 720 @
Df (af (t) +bg(t)) = aD{ f (t) + bD; g (1), (3)
wherever a and b stand for constants and
D fu(x)] = f;, (u)Diu(x), (4)
DS flu(x)] = Dy f () (u' (x))° (5)
which are the immediate results of
d*x(t) =T (1 + x)dx(¢). (6)

This holds for nondifferentiable function. Among
equations (3)-(5), u (x) is nondifferentiable in equations (3)
and (4) but differentiable in equation (5). The function u (x)
is nondifferentiable, and f (u) is differentiable in equation

n<as<n+1l,n>1.

(4) and no differentiable in equation (5). So, the explanation
equations (3)-(5) should be used mindfully.

3. The Double-Expansion Method

In this part, the center aspect of the DEM to assess the
specific traveling wave solution of the NFPDEs has been
represented. Let us guess the standard differential equation
of order two:

G" () +AG (&) = p. (7)
Also, the accompanying relations
Gl
¢=c
(8)
_1
V=g

Subsequently, it gives
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¢ ="+ uy -,
y' = —¢y,

The solution for equation (7) relies upon A as 1 < 0,1 >0,
and A = 0.
For A <0, the complete solution of equation (7) will be

&)

G() =clsinh(ﬂg)+c2cosh(ﬂg)+%. (10)
Take into account that we obtain
2 -A 2
= —2uy + A1), 11
y Azawz(qs uy +1) (11)

where ¢ = C? - C3.
On the off chance that A > 0, the solution for equation (7)
is as follows:

G(f):Clsin(\/XE)+C2cos(\//T£)+%. (12)

p(u Dfu, Diu, Df D, D D, D

where u speaks to an unidentified function of spatial sub-
ordinate x and transient subsidiary t and speaks to a
polynomial of u(x,t) and its derivatives wherein the most
maximal order of derivatives and nonlinear terms of the
maximal order are related.

Step 1 : take into account the traveling wave
transformation:
tDC
=Lx+V_—r, 17
§ I'l+a) (17)

where ¢ and k are nonzero abstract constant.

Applying this wave transformation in (16), it is
reworked as

Quu',u",u",...)=0, (18)
where the prime speaks to the ordinary deriv-
ative of u regarding &.

Step 2 : take the arrangement of equation (9) which
have been uncovered as polynomial in ¢ and y
of the endorse type:

u(® =Y a¢ +) bi¢ 'y, (19)
i=0 i=1

where g; and b; stand for constants which will be
calculated later.

Step 3 : in equation (18), “N” will be calculated using
homogeneous balance principal which deter-
mines equation (19).

£ DB

x oo

Considering that we acquire

A
v :m(¢2—2yw+l), (13)

where ¢ =C?+C3, when A =0, the overall solution for
condition (7) is as follows:

G =L +citrc, (14)
Taking into account that we acquire
2 2
=9 - 2uy), 15
V= o, (¢ - 2uy) (15)

where C, and C, stand for constants and those are
arbitrary, in this section, we talk about the principle part of
proposed methods to take exact traveling wave solutions to
the NLFDE is as the form

(16)

.,):0,

0<a<l1,0<B<1,

Step 4 : put (19) in (18) along with (9) and (11), and it
decreases to a polynomial in ¢ , where the degree
is one. Contrasting the polynomial of similar
terms with zero, a game plan of logarithmic
conditions that are examined by using com-
putational programming produces the estima-
tions of a;, b;, y, C, C,, and A where A <0, which
give hyperbolic function arrangements.

Step 5 :in a similar fashion, we explore the estimations
of a;,b,4,C,,C,, and A, where A>0 and A =0
which are giving trigonometric and rational
function results correspondingly.

4. Formulation of Exact Solution

4.1. The Exact Solutions to the Space-Time Fractional MCH
Equation. This equation was presented by Camassa and
Holm [21] in 1993 which describes shallow water waves
with peakon solutions. The peakon solution is a special
solitary wave solution which is peaked in the limiting case,
and the first derivatives are discontinuous in the peaks [22]
and pseudospherical surfaces, and therefore, its integrability
properties can be studied by geometrical means [23].

First, take the space-time fractional MCH equation [15]
in the form

DY +208u, — u,, + yu’u, = 0, (20)
where u (x, t) is the velocity of the fluid, § is the coefficient
related to the critical shallow water wave speed, and y is a
nonzero constant. Employing transformation (17), equation
(20) reduced an ODE as follows:



Vi +2L8u' - L*Vu"' + yLuzu' =0, (21)

where V, L, and y are nonzero constants and ¢ is the co-
efficient related to the critical shallow water wave speed.

Integrating (21) once and taking the constant of the
integration as zero, it becomes

3
u(v+2L8) - L’Vu" + yL% =0. (22)

Balancing the maximal order derivative term u" with the
most order nonlinear term u°, the adjusting number is
resolved to be N = 1. At that point, expect the specific ar-
rangement of equation (22) as

u(@ =ay+a,p+by, (23)
wherever a,,a;, and b, are constants to be resolved.

Case 1 : for A <0, setting equation (23) in (22) and by
using (9) and (11), we get the following solution:

a, =0,
A
a, =b\|-—5——,
! "\ Ao+ yz
b, = b, (24)
L=b, | 272

6126 + yb?A% + 60120

20bL J6u?S + ybiA} + 600 %0
3(/\20 + /42) \/ 2yA .

Substituting these values in (23), we find to the
solution for the MCH equation (20) as the
structure:
A
Mo+t
“ C, V=Acosh (V-1 &) + C,V=-Asinh (V-1 &)
C,sinh (V-1&) + C,cosh (V-1&) + (u/X)
+ b
C,sinh (V-1 &) + Cycosh (V=L &) + (w/A)’
(25)

uy (x,1) = b,

wherever

I 2yA
\16 25 2,2 7 X
p 8+ ybiL" + 601 0

£=b1

b et ppi i v edlie i
3(/120+y2) 2y r(l+a)

0=C-C.
(26)
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Since C, and C, are arbitrary constants, it may
be self-assertively picked. In the event that we
pick C; = p = 0 and C, # 0 in equation (25), we
get the solitary wave solution:

uy, (x,t) = b, —% x V=Atanh (V-1 &) + b,sech (V-1 ).
(27)

Again, if we choose C;#0 and C, =y =0 in
equation (25), we will find the solitary wave

solution:
uy, (x,1) = by _,1%7 x V=Acoth (V=1 &) + b, cosech(V=-1§),
(28)
wherever
2y
=b X
=h 626 + b2 + 66170
b et ppia i 6ol
3()\20 + yz) 2yA [(1+a)
(29)

Case 2 : for A > 0, setting equation (23) in (22) by using
(9) and (13), we get the resulting result:

a, =0,
A
b, =b,
1 1 (30)
L=b, ] 2yA

6126 + yb?A2 - 661%0°

b [eto bl —60le
3(—A20 + yz) \J 2yA '
Substituting these values in (23), we find the

solution for the MCH equation (20) as the
structure:

-
(—)L20+y2)

C, VA cos(V-1&) - C,VAsin(V-1§)
X

C, sin (VAE) + C, cos (VA &) + (u/))

up, (3,8) = by |-

b,
" Cysinh (VA &) + Cycosh (VA E) + (4/A)
(31)
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wherever
§=b\— ZZMZ 2 X
615 +yb2A% — 66070
R R
3(—)L20 + ‘uz) 2yA L(1+a)
0=C+C.
(32)

It can be chosen arbitrarily, since C; and C, are
arbitrary constants. We get the solitary wave
solution by choosing C; =y =0 and C,#0 in
equation (31):

u (x,t) =b, —(;—z)x \/Xtan(\/Xf)+blsec(\/X€).
\ (=10

(33)

G, + NG+ cf)tb

ay

c: v
a; =0,
b, = by,
I 2yb,
48C2</\C2 +XC+CA ) ~24C2) - 96C2A8
v 2yb,

Substituting these values in (23), we achieve to
the rational function solution for the MCH
equation (20) as the structure:

2.2 2
_ S bAC AC, + JA°C5 + C]
576C2C,( AC, + A*C2 + C? 3 H e
1C{ AC, + YACS + C{A ) — 24CA - 96C{AS

AC, + \A2C? + C?
u, (x,t) = 2 2 1

Again, if we choose C; #0 and C, =y =0 in
equation (31), we will get the solitary wave

solution:
A
uy (x,t) = —mx VA tan (VA &) + bysec (VA E),
(34)
wherever
2yA
=b, \/16 2 272 7 X
ué+ybil" — 601 0
N D A s
3(—)L20 + yz) 2y F(1+a)
(35)

Case 3 : in a similar arrangement, when A = 0, setting
equation (23) in (22) by using (9) and (15), we
acquire

(36)

A 2 2
o 240CT + biyA |.
1
+ b
(ul2)& + C, €+ C,
(37)

Ab
1
Ci



wherever

&=

2yb,
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X

48c2<Ac2 +\MC+CAA ) —24C2) - 96C3A8

576c§c2<)tc2 FC+C ) ~24C21 - 96CA8 (38)

AC, + A’C2 +C2A
(2ybf)LC2 S K Rt

1

It is observable to see that the traveling wave
arrangements u; -u, of our proposed MCH
equation are broadly new and general. These
picked up arrangements have not been checked
in the previous investigation. These arrange-
ments are advantageous to assign the above
expressed wonders.

4.2. Generalized (3 + 1)-Dimensional gCH-KP Equation.
(Dju + au, + buu, + cDfu,,), + cqu,, + cou,, =0,

(39)

Yy

describes the role of dispersion in the formation of patterns
in liquid drops, where a, b, ¢, ¢;, and ¢, are nonzero constants
and Df is the Riemann-Liouville fractional derivative of
u(t,x,y,z), 0 <a<1 [20].
Introduce the following fractional transformation:
nt”

f=kx+ly+mz—m. (40)

Applying equation (40) in (39), we have
k(—nu' +aku' + bkuu' — cnkzu”,)’ +c,Pu" +c,mu’ = 0.
(41)

Integrating equation (41) two times and taking inte-
grating constant as zero, we obtain
bk’
cnk® + nku — ak’u - —u’ — c,\Pu—-c,m’u=0.  (42)

Balancing linear and nonlinear higher-order term, we get
N =2, which implies using (19) that

u(€) = ag +a,¢ +a, ¢ + by + by, (43)
where g, a,,4a,,b,, and b, are constants to be resolved.

Case 1 : for A <0, setting equation (43) in (42), close to
(9) and (11), generates an arrangement of
mathematical equations by utilizing computer-
based math such as maple, and we get the
subsequent result.

+240C3 + bm>

t(X
I'(l+a)
Set 1:
o = 4kAnc
0~ b >
a, =0,
o = 6knc
2~ b >
6kncy
b, = 0
-36(4* + Ao
b2=% 7(’4/\ ), k=k,
2 2 .3
. ' ak” + nk Cczm +k)mc’ = mandn = n
1
(44)
Set 2:
_ 6kAnc
0~ b >
a, =0,
o = 6knc
2=
_Gkncy
1=y
knc —36([42 + /\20')
R D T
k=k,

B '—ak2 +nk — c;m” + kK Anc

l

m=mandn = n.

€1

(45)

For Set 1, substituting these values in (43), we
get the solution for the gCH-KP equation (39)
as the structure
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(x.1) 4kAnc 6knc>< C, V=A cosh (V=1 &) + C, V=LA sinh (V-1 &) :
U, (x,t) =
2 b b C,sinh (V=2X&) + Cycosh (V=1&) + (u/A)
B 6knc[,4 “ 1 N @ N —36(‘“2 + /\20') (46)
b " Csinh(V-A&) + Cycosh (V=L &) + (u/A) b A
e V-Acosh (V-1 &) + C,V-Asinh (V-1 §)
(Cysinh (VEA8) + Cyeosh (V-1 8) + (/)

where Since C, and C, are arbitrary constants, it may

& = kx + +/((=ak? + nk — c,m? + K3Anc)lc))y +
mz — (nt%/ (L' (1 + «))) and ¢ = C? - C3.

4kAnc
b

+#(ﬂ)ztanh2(\/—_lf)+%

uzz (x$ t) =

Again, we get the following solitary wave so-
lution by choosing C,#0 and C, =y =0 in
equation (46):

4kAnc  6knc

be self-assertively picked. We get the following
solitary wave solution by choosing C, =y =0
and C, #0 in equation (46):

—36(A20)
A

(

)\/—_/ltanh (V=X E)sech (V=X §). (47)

Uy, (x,1) = TJFT(\/—_)L)Zcoch(\/—_AE) +%

—36(120)
A

X (
where

& =kx + /((—ak? + nk — c,m? + K3Anc)lc))y +
mz — (nt*/ (T (1 + «))) and ¢ = C? - C3.

>\/——)LCOth (V=L &)cosech (V-1 §),

(48)

Similarly, for Set 2, substituting these values in
(43), we get the solution for the gCH-KP
equation (39) as the structure:

(x.f) = 6kAnc  6knc « C,V-Acosh (V-1&) + C,V=Asinh (V-1 ) 2
Ha, =T b\ C,sinh(V=1£) + Cycosh (V=1 &) + (/)
_ 6kncy 1 knc

b Csinh (VAE) + Cycosh (VAE) + (wd) | b

—36(;42 + /\20)

(49)

(CyV=Acosh (V-18) + C,V=Asinh (V-19))

A

x(\ )

where & = kx + +/((—ak? + nk — c,m? + kK3 Anc)
le))y + mz — (nt*/ (T (1 +a))) and o = C? - C3.

(Cysinh (VEXE) + Cyeosh (VEXE) + (w/d))

Since C, and C, are arbitrary constants, it may
be self-assertively picked. We get the following



solitary wave solution by choosing C, =y =0,
and C, #0 in equation (49):
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6kAnc 6k k -36(X’0
uy (x,t) = bnc + %(ﬂ)ztanhz (V-2 + % ( E\) )ﬂtanh(ﬂf)sech(ﬂf). (50)
Again, we get the following solitary wave so-
lution by choosing C;#0 and C, = =0 in
equation (49):
6kAnc 6k k -36(A’0
u, (x,t) = nc+£(ﬂ)2coth2(ﬂf)+ﬂx Q V=Xcoth (V-1 &)cos ech (V-1 ), (51)
¢ b b b A
where generates an arrangement of mathematical

& =kx +/((—ak? + nk — c;m? + K Anc)/c))y +
mz — (nt*/(I' (1 + «))) and o = C} - C5.

Case 2 : with the same system, when A>0, putting
equation (43) in (42) close by (9) and (13)

4kAnc
a, = b
a, =0,
6knc
==
6knc
bl = —Tﬂ,
ke PoQPo—)
2 — b A > - >
. (—ak2 +nk — c;m” + kAnc
= o ;
Set 2:
6kAnc
A=)
a, =0,
6knc
==
6knc
= -t
_ knc 36(A20' - /42) k —k
2= \ ) ) =k,
. }—ak2 +nk — c;m’® + k' Anc

¢

>

equations by utilizing computer-based math
such as maple, we get the result as follows.

Set 1:

(52)

m=mandn = n.

(53)

m=mandn = n.
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For Set 1, substituting these values in (43), we
get the solution for the gCH-KP equation (39)
as the structure:
u _ 4kAnc 6knc>< C, VA cos(VAE) — C, VA sin(VAE) 2_6knc‘u
b b C,sinh (V=21&) + Cycosh (V=LA &) + (u/A) b
C,sin(VAE) + Cycos (VAE) + (u/d) b A

C, VA cos (VA &) - C,VAsin (VA E)
(Cysin(VA&) +C, cos (VAE) + (uih))”

where
& =kx +/((—ak? + nk — c,m? + K3 Anc)/c))y +
mz — (nt*/ (' (1 + «))) and o = C} + C5.

Since C, and C, are arbitrary constants, it might
be self-assertively picked. The following solitary
wave solution can be found by choosing C,
¢ =0 and C, #0 in equation (54):

4 36(\o
i, (1) = 20 S a2 (T - ( ( . ) )ﬁ tan (VI sec (VIE) (55)
Again, by choosing C,#0 and C, =y =0 in
equation (54), the following solitary wave so-
lution can be obtained:
4 36(\o
u, (x,1) = kznc+6k2nccot2(\/xf)+%< ()L ) )\/Xcot(\/xE)cosec(\/Xf), (56)

where & = kx + /((—ak? + nk — c,m? + k3Anc)
ley)y + mz — (nt*/(I'(1+a)))and o = C? + C3.
Case 3 : at last, when A = 0, putting equation (43) in
(42) along with equations (9) and (15), we will

reach a set of mathematical equations having
the solutions.

Set 1:
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ay = 2 (ak2 — nk + c;m” — 11cnAk” + \/—cl(x/ﬁcnk3)t +c,m’ —nk + akz) ),

1

kz

a; =0,
_ 12knc

A =—p

12knc
b= (;Lc2 N Yo )
b, =0,
k=k

(57)

>

\/cl(\/ﬁcnk3)t —c;mFnk - akz)

¢
Set 2:
a, = dg,
a, =a,,

_ b,Cy(bb,C, + cnkCY)

) (58)
“ kCicn
b, =b,
b,=0

, m=mandn=n.

For set 1, substituting these values into (43), we
get the solution for the gCH-KP equation (39)
as the structure:

U = _bk% <ak2 —nk + c,m* — 11cndk’ + \/—cl(

12knc ><< ué+C, )2 _ 12knc
b (u2)8 + CE+C, b

where

& =kx + ((\e; (W73 cnk®A — c,m?Fnk — ak?))
lep)y + mz — (nt*/ (I (1 + «))).

It is essential to see that, for the aftereffect of the
constants given in set 2 for both in (case 2, and
case 3), we achieve new and simpler solitary
wave solutions whose are additionally valuable
to examine the above-stated matter. For
plainness, the solutions have been excluded
from this section.

V73 cnk’A + c,m* — nk + akz) )

1
x|( AC, + \MZCZ - C? ) x( )
< g 2 (Ul2)E +C,E +C,

(59)

5. Brief Discussion and Graphical
Representation Discussion

The specific arrangements accomplished from the current
method are novel and not quite the same as the existing
procedure which is built by different authors. We utilized
proposed DEM to get general arrangements. In this study, a
group of traveling wave arrangements as obscure boundaries
are acquired. Achieved traveling wave solutions show var-
ious types of solitary waves when particular values are given
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FIGURE 1: 3D (left section), 2D (middle section), and contour (right section) for uy, (x,t) whenC, =0,C, =1L,u=0,A=-1,b, = 1,0 =1,
L=1,V=1a=(1/2),0<t<10, and 0<x<10. (a) Three-dimensional plotline. (b) Two-dimensional plotline. (c) Plot of contour.
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FIGURE 2: 3D (left section), 2D (middle section), and contour (right section) plots represent to the kink wave solution of uy, (x,t) when
C,=1C,=0,uy=0,A=-1,b,=1,0=1,L=1,V=1a=(1/2),0<t <10, and 0<x<10. (a) Three-dimensional plotline. (b) Two-di-
mensional plotline. (c) Plot of contour.
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FIGURE 3: 3D (left section), 2D (middle section), and contour (right section) plots represent to the periodic wave solution of uy, (x,t) when
C;=0C,=Lu=0A=1,b=10=1,L=1,V=1a=(1/2),0<t<10, and 0<x<10. (a) Three-dimensional plotline. (b) Two-di-
mensional plotline. (c) Plot of contour.
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6 8 10

(a) (®) (©

FIGURE 4: 3D (left section), 2D (middle section), and contour (right section) plots represent solitary wave solution of uy, (x,t) when
C,=1C,=0,uy=0,A=1,b,=1,0=1,L=1V=1a=(1/2),0<t<10, and 0<x<10. (a) Three-dimensional plotline. (b) Two-di-
mensional plotline. (c) Plot of contour.

0.5F
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FiGure 5: 3D (left section), 2D (middle section), and contour (right section) plots represent bright-dark wave solution of uy, (x,t) when
C,=1C,=0,4=0,A=0,a,=0,a,=0,b,=0,b;, =1,L =1,V =1, = (1/2),0<t <10, and 0<x < 10. (a) Three-dimensional plotline.
(b) Two-dimensional plotline. (c) Plot of contour.
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FIGURE 6: 3D (left section), 2D (middle section), and contour (right section) plots represent dark soliton solution of Uy, (x,t) when
C,=0C,=Lu=0,c=Lk=1Ln=LA=-1b=10=11=1m=1,a=(1/2),y=2=0,0<t<10, and 0<x<10. (a) Three-dimen-
sional plotline. (b) Two-dimensional plotline. (c) Plot of contour.
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7
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FIGURE 7: 3D (left section), 2D (middle section), and contour (right section) plots represent bright soliton solution of u,, (x,1) when
C,=1C,=0,u=0,c=1Lk=1, n=LA=-1,b=10=1, I=1,m=1l,a=(1/2),y=2=0,0<t<10, and 0<x<10. (a) Three-di-

mensional plotline. (b) Two-dimensional plotline. (c) Plot of contour.
150
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100
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()
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FIGURE 8: 3D (left section), 2D (middle section), and contour (right section) plots represent periodic wave solution of Uy, (x,t) when
C,=0,C,=Lu=0,c=Lk=1,n=LA=1b=10=11=1m=1l,a=(1/2),y=2=0,0<t<10, and 0<x<10. (a) Three-dimen-

sional plotline. (b) Two-dimensional plotline. (c) Plot of contour.

20

(®)

()
FIGURE 9: 3D (left section), 2D (middle section), and contour (right section) plots represent periodic solitary wave solution of U, (x,t) when
C,=1C,=0,u=0,c=Lk=1Ln=11A=1b=1lLo=Ll=1,m=1,a=(1/2), y=2=0,0<t<10 and 0<x<10. (a) Three-dimen-

sional plotline. (b) Two-dimensional plotline. (c) Plot of contour.
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FIGURE 10: 3D (left section), 2D (middle section), and contour (right section) plots represent singular kink type wave solution of Uy, (x,1)
when C, =-1,C,=0,u=0,c=1k=1, n=1,1=0b=1,0=1Ll=1,m=1a=1, a=(1/2),y=2=0,0<t<10, and 0<x<10.
(a) Three-dimensional plotline. (b) Two-dimensional plotline. (c) Plot of contour.

TaBLE 1: Comparison between Liu et al. [23] solutions and our solutions to the gCH-KP equation.

Liu et al. [23]

Obtained solutions

If A =3 and B = 2, then equation (16) becomes
u(t,x,y,z) =1- tanh® ((1/v/2)|kx + ly + mz — (nt®/ (L (1 + a)))]).

If A=1 and B = -2, then equation (23) becomes
u(t,x,y,z) =1 -3 tanh® (1/V2)lkx + 1y + mz — (nt*/ (T (1 + &)))|)

If A =6 and B = 0, then equation (25) becomes
u(t,x, y,z) = (1/(kx +1ly + mz — (nt*/ (T (1 + a))))?)

IfC,=p=0=0,A=-1,c=1,b=1, andC, = 1, then the
obtained solution uzz(x, t) becomes
Uy, (x,t) = —4k + 6kn tanh?® (kx + ly + mz — (mt*/ (T (1 + a))))
IfC,=p=0=0,A=-1,c=1,b=1, andC, = 1, then the
obtained solution Uy, (x,t) becomes
Uy, (x,t) = —6k + 6kn tanh? (kx + ly + mz — (mt*/ (T (1 + «))))
Ifb=1,a=0,C, =-1,c=1,1=0,C, =0, and y = 0, then the
obtained solution u,_ (x,t) becomes
Uy, (x,t) = (kn/ (kx +1y + mz — (nt*/ (L (1 + a))))?)

to its unknown parameters such as Kink wave and singular
kink wave, single soliton, periodic wave, bright soliton, dark
soliton, and combined dark-bright solitary wave solutions in
Figures 1-10. From attained solutions, some solutions
cannot be created by other methods such as the exp
(—y(&))-expansion method [24] and modified simple
equation method [25]. Therefore, some solutions are novel
from earlier constructed solutions in the literature. We also
demonstrate all the figures in this study which have been
represented in three arrangements such as 3D plot, 2D plot,
and contour plot within the specified domain 0 <¢ <10 and
-10<x <10 (see Figures 1-10). Mathematica, a computa-
tion package application, was used to construct all of the
figures. In order to observe the physical appearance of these
models, the structure of figures is depicted via giving suitable
values of parameters.

6. Results’ Comparison

It is amazing to observe that some of the achieved solutions
demonstrate good similarity with earlier established solu-
tions. A comparison of the solutions of Liu et al. [23] and
obtained solutions is presented in Table 1.

The hyperbolic and rational function solutions alluded to
in the above table are comparative, and for setting the
definite values of the arbitrary constants, they are

indistinguishable. In a nutshell, it is substantial to realize that
the TWS uzl(x, t), Uy, (x,1), U, (x,1), U, (x,1), u27(x, t),
uzs(x,t), and SWS uzg(x,t) of the fractional gCH-KP
equation all are recent and very much significant, which
were not originally in the previous works. The time-frac-
tional gCH-KP equation is also solved by the bilinear and
RBF method [19]. It can be seen from here that the RBF
method gives a high-precision numerical solution of the
fractional differential equation. Applying our proposed
DEM on the mentioned equation, we acquire hyperbolic,
trigonometric, and rational function solution containing
parameters which are fresh and further general. The ob-
tained solutions are capable to examine the role of dispersion
in the formation of patterns in liquid drops and shallow
water waves with peakon solutions ensued in plasma
physics, optical fibers, fluid flow, fission and fusion phe-
nomena, control theory, and some other areas.

7. Conclusion

In this study, we have successfully established the more and
turther general stable solitary wave solitary wave solutions
with assorted physical structures which appeal wide atten-
tion to physicist, engineers, and mathematicians to the new
solutions of space-time fractional MCH and space-time
fractional gCH-KP equation in the light of
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Riemann-Liouville fractional derivative by implementing
the novel approach DEM. The depiction of the solutions are
in the form of hyperbolic, trigonometric, and rational
functions including kink wave, antikink wave, dark, bright,
singular, combined, optical solitons, periodic wave, and
traveling wave, and some new types of solitary wave solu-
tions are discovered which expose the phenomena relating to
plasma physics, optical fibers, fluid flow, fission and fusion
phenomena, acoustics, control theory, viscoelasticity, geo-
physics, nonlinear mechanics, protein chemistry, and
chemical kinematics. The physical significance of the ob-
tained solutions for the definite values of the associated
parameters is analyzed graphically with 2D, 3D, and contour
shape. The solutions achieved in this study have been ob-
served with maple by placing them back into NLFDEs and
found precise. It is possible to conclude that the adopted
method is direct, reliable, effective, and conformable and
provides many new physical model solutions to NLPFEEs
that arise in mathematical physics, applied mathematics, and
engineering.

Data Availability

The data used to support the findings of the study are in-
cluded within the article.

Conflicts of Interest

The authors author declare that they have no conflicts of
interest.

Authors’ Contributions

M. Ayesha Khatun helped with software, curated the data,
and wrote the manuscript. Mohammad Asif Arefin helped
with software, curated the data, and carried out formal
analysis. M. Hafiz Uddin conceptualized and supervised the
study, reviewed and edited the manuscript, and validated the
study. Mustafa Inc reviewed and edited and investigated the
study.

References

[1] D.Baleanu, J. A. Tenreiro Machado, and W. Chen, “Fractional
differentiation and its applications 1,” Computers ¢ Mathe-
matics with Applications, vol. 66, no. 5, p. 575, 2013.

[2] W. S. Chung, S. Zarrinkamar, S. Zare, and H. Hassanabadi,
“Scattering study of a modified cusp potential in conformable
fractional formalism,” Journal of the Korean Physical Society,
vol. 70, no. 4, pp. 348-352, 2017.

[3] D. T. Spasic, N. I. Kovincic, and D. V. Dankuc, “A new
material identification pattern for the fractional Kelvin-Zener
model describing biomaterials and human tissues,” Com-
munications in Nonlinear Science and Numerical Simulation,
vol. 37, pp. 193-199, 2016.

[4] E.S.Mozaffari, H. Hassanabadi, H. Sobhani, and W. S. Chung,
“Investigation of the Dirac equation by using the conformable
fractional derivative,” Journal of the Korean Physical Society,
vol. 72, no. 9, pp- 987-990, 2018.

[5] I. Podlubny, I. Petras, B. M. Vinagre, P. O’Leary, and

1. Doreak, “Analogue realizations of fractional-order

[6

[7

[8

[9

(10]

(11

(12]

(13]

(14]

(15

[16

(17

(18]

(19]

15

controllers,” Nonlinear Dynamics, vol. 29, no. 1, pp. 281-296,
2002.

H. Ana¢, M. Merdan, and T. Kesemen, “Solving for the
random component time-fractional partial differential
equations with the new Sumudu transform iterative method,”
SN Applied Sciences, vol. 2, pp. 1-11, 2020.

A. R. Seadawy and K. El-Rashidy, “Dispersive solitary wave
solutions of Kadomtsev-Petviashvili and modified Kadomt-
sev-Petviashvili dynamical equations in unmagnetized dust
plasma,” Results in Physics, vol. 8, pp. 1216-1222, 2018.

R. I. Nuruddeen and A. M. Nass, “Exact solitary wave solution
for the fractional and classical GEW-Burgers equations: an
application of Kudryashov method,” Journal of Taibah Uni-
versity for Science, vol. 12, no. 3, pp. 309-314, 2018.

H. Jafari, C. M. Khalique, and M. Nazari, “Application of the
Laplace decomposition method for solving linear and non-
linear fractional diffusion-wave equations,” Applied Mathe-
matics Letters, vol. 24, no. 11, pp. 1799-1805, 2011.

H. Ahmad, A. Akgiil, T. A. Khan, P. S. Stanimirovi¢, and
Y. M. Chu, “New perspective on the conventional solutions of
the nonlinear time-fractional partial differential equations,”
Complexity, vol. 2020, Article ID 8829017, 2020.

A. Zafar, M. Raheel, K. K. Ali, and W. Razzag, “On optical
soliton solutions of new Hamiltonian amplitude equation via
Jacobi elliptic functions,” The European Physical Journal Plus,
vol. 135, no. 8, pp. 1-17, 2020.

M. Hafiz Uddin, M. A. Akbar, M. Ali Akbar,
M. Ashrafuzzaman Khan, and M. Abdul Haque, “New exact
solitary wave solutions to the space-time fractional differential
equations with conformable derivative,” AIMS Mathematics,
vol. 4, no. 2, pp. 199-214, 2019.

M. H. Uddin, M. A. Khan, M. A. Akbar, and M. A. Haque,
“Multi-solitary wave solutions to the general time fractional
Sharma-Tasso-Olver equation and the time fractional Cahn-
Allen equation,” Arab Journal of Basic and Applied Sciences,
vol. 26, no. 1, pp. 193-201, 2019.

M. H. Uddin, M. A. Khan, M. A. Akbar, and M. A. Haque,
“Analytical wave solutions of the space time fractional
modified regularized long wave equation involving the con-
formable fractional derivative,” Kerbala International Journal
of Modern Science, vol. 5, no. 1, p. 7, 2019.

L.-X. Li, E-Q. Li, and M.-L. Wang, “The (G'1G, 1/G)-ex-
pansion method and its application to travelling wave solu-
tions of the Zakharov equations,” Applied Mathematics-A
Journal of Chinese Universities, vol. 25, no. 4, pp. 454-462,
2010.

M. Shakeel, Q. M. Ul-Hassan, and J. Ahmad, “Applications of
the novel (G'/G)-Expansion method for a time fractional
simplified modified camassa-holm (MCH) equation,” Ab-
stract and Applied Analysis, vol. 2014, Article ID 601961, 2014.
Z. Aniqa and J. Ahmad, “Exact solitary wave solutions of
fractional modified Camassa-Holm equation using an effi-
cient method,” Alexandria Engineering Journal, vol. 59, no. 5,
pp. 3565-3574, 2020.

M. N. Islam, M. Asaduzzaman, and M. S. Ali, “Exact wave
solutions to the simplified modified Camassa-Holm equation
in mathematical physics,” Aims Mathematics, vol. 5, no. 1,
pp. 26-41, 2019.

C. Lu, L. Xie, and H. Yang, “Analysis of Lie symmetries with
conservation laws and solutions for the generalized (3+1)-
dimensional time fractional Camassa-Holm-Kadomtsev-
Petviashvili equation,” Computers ¢ Mathematics with Ap-
plications, vol. 77, no. 12, pp. 3154-3171, 2019.



16

(20]

(21]

(22]

(23]

(24]

(25]

M. Yue and R. Schlueter, “Bifurcation subsystem method
based classification for power system stability problems,”
Electric Power Components and Systems, vol. 33, no. 2,
pp. 213-231, 2005.

G. Jumarie, “Modified Riemann-Liouville derivative and
fractional Taylor series of nondifferentiable functions further
results,” Computers & Mathematics with Applications, vol. 51,
no. 9-10, pp. 1367-1376, 2006.

E. G. Reyes, “Geometric integrability of the camassa—holm
equation,” Letters in Mathematical Physics, vol. 59, no. 2,
pp. 117-131, 2002.

Z.Liu, Z. Kelei, and M. Li, “Exact traveling wave solutions and
bifurcation of a generalized (3+1)-dimensional time-frac-
tional  camassa-holm-kadomtsev-petviashvili ~ equation,”
Journal of Function Spaces, vol. 2020, Article ID 4532824,
2020.

A. Ali, A. R. Seadawy, and D. Lu, “Computational methods
and traveling wave solutions for the fourth-order nonlinear
Ablowitz-Kaup-Newell-Segur water wave dynamical equation
via two methods and its applications,” Open Physics, vol. 16,
no. 1, pp. 219-226, 2018.

K. Khan, M. A. Akbar, and N. H. Ali, “The modified simple
equation method for exact and solitary wave solutions of
nonlinear evolution equation: the GZK-BBM equation and
right-handed non-commutative Burgers equations,” Inter-
national Scholarly Research Notices, vol. 2013, Article ID
146704, 2013.

Mathematical Problems in Engineering



Hindawi

Mathematical Problems in Engineering
Volume 2021, Article ID 6698028, 11 pages
https://doi.org/10.1155/2021/6698028

Research Article

Hindawi

New Explicit Solutions to the Fractional-Order Burgers’ Equation

M. Hafiz Uddin ®,! Mohammad Asif Arefin ©®,' M. Ali Akbar (,2 and Mustafa Inc ®>*°

'Department of Mathematics, Jashore University of Science and Technology, Jashore 7408, Bangladesh

’Department of Applied Mathematics, University of Rajshahi, Rajshahi 6205, Bangladesh

*Department of Computer Engineering, Biruni University, Istanbul, Turkey

*Department of Mathematics, Firat University, Elazig, Turkey

®Department of Medical Research, China Medical University Hospital, China Medical University, Taichung, Taiwan

Correspondence should be addressed to Mustafa Inc; minc@firat.edu.tr

Received 7 November 2020; Revised 9 May 2021; Accepted 4 June 2021; Published 12 June 2021

Academic Editor: Maria Patrizia Pera

Copyright © 2021 M. Hafiz Uddin et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

The closed-form wave solutions to the time-fractional Burgers’ equation have been investigated by the use of the two variables
((G'/G), (1/G))-expansion, the extended tanh function, and the exp-function methods translating the nonlinear fractional
differential equations (NLFDEs) into ordinary differential equations. In this article, we ascertain the solutions in terms of tanh,
sech, sinh, rational function, hyperbolic rational function, exponential function, and their integration with parameters. Advanced
and standard solutions can be found by setting definite values of the parameters in the general solutions. Mathematical analysis of
the solutions confirms the existence of different soliton forms, namely, kink, single soliton, periodic soliton, singular kink soliton,
and some other types of solitons which are shown in three-dimensional plots. The attained solutions may be functional to examine
unidirectional propagation of weakly nonlinear acoustic waves, the memory effect of the wall friction through the boundary layer,
bubbly liquids, etc. The methods suggested are direct, compatible, and speedy to simulate using algebraic computation schemes,
such as Maple, and can be used to verify the accuracy of results.

1. Introduction

The nonlinear fractional evolution equations (NLFEEs)
emerge frequently in diverse research field of science and
applications of engineering. The fractional derivative has
been happening in numerous physical problems, for ex-
ample, recurrence subordinate damping conduct of mate-
rials, motion of an enormous meager plate in a Newtonian
fluid, creep and relaxation functions for viscoelastic mate-
rials, and PI*D¥ controller for the control of the dynamical
system. Fractional-order differential equations describe the
phenomena. The fractional-order differential equations are
broadly used as generalizations of conventional differential
equations with the integral order to explain different in-
tricate phenomena in numerous fields including the diftu-
sion of biological populations, electric circuit, fluid flow,
chemical kinematics, control theory, signal processing,
optical fiber, plasma physics, solid-state physics, and other

areas [1-5]. The concepts of dissipation, dispersion, diffu-
sion, convection, and reaction are closely related to the
abovestated phenomena, and nonlinear fractional partial
differential equations (NLFPDEs) can be used to evaluate
them exactly. Wave shape has an effect on sediment
transport and beach morpho dynamics, while wave skewness
has an impact on radar altimetry signals, and asymmetry has
an impact on ship responses to wave impacts. Traveling wave
solutions are a special class of analytical solutions for
NLFEEs. Solitary waves are transmitted traveling waves with
constant speeds and shapes that achieve asymptotically zero
at distant locations. The appearance of solitary waves in
nature is rather frequent in plasmas, fluids dynamics, solid-
state physics, condensed matter physics, chemical kine-
matics, optical fibers, electrical circuits, bio-genetics, elastic
media, etc. Consequently, it is important to search for the
exact traveling wave solutions of NLFPDEs to understand
the facts. Therefore, many researchers have been motivated
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on finding the exact solutions to nonlinear fractional-order
differential equations, and significant progress has been
made in analyzing the exact solutions of these types of
equations. The major challenges, however, are that there is
no unified numerical or analytical approach that can in-
vestigate all sorts of nonlinear fractional-order differential
equations. Thus, several numerical and theoretical methods
for finding solutions for NLFDEs have been established, for
example, the differential transformation method [6, 7], the
variational iteration method [8-10], the fractional sub-
equation method [11], the Kudryashov [12] method, the
homotopy perturbation method [13, 14], the homotopy
analysis method [15], the exp-function method [16, 17], the
(G'/G)-expansion method and its various modification
[18-22], the Chelyshkov polynomial method [23, 24], the
multiple exp-function method [25], the finite difference
method [26], the finite element method [27], the first in-
tegral method [28, 29], the modified simple equation
method [30], the reproducing kernel method [31], the two
variables ((G'/G), (1/G))-expansion method [32, 33], and
the Picard technique [34].

The time-fractional Burgers’ equation is crucial for
modeling shallow water waves, weakly nonlinear acoustic
waves propagating unidirectionally in gas-filled tubes, and
bubbly liquids. Inc [9] studied the approximate and exact
solutions to the time-fractional Burgers’ equation by the
variational iteration method. Bekir and Guner [35] estab-
lished the exact solution to the mentioned equation by using
the (G'/G)-expansion method. Bulut et al. [36] examined
the analytical approximate solution to the suggested equa-
tion through the modified trial equation method. Recently,
Saad and Al-Sharif [37] studied the exact and analytical
solutions to this equation. As far as is known, the stated
equation has not been investigated through the two variables
(((G'1G), (1/G)))-expansion technique, exp-function strat-
egy, and expanded tanh function method. Therefore, the aim
of this study is to establish further general and some fresh
solutions of the abovementioned equation using the sug-
gested methods.

The residual segments of the article is schematized as
follows: in Section 2, definition and preliminaries have been
introduced; in  Section 3, the two variables
((G'/G), (1/G))-expansion method, the exp-function
method, and the extended tanh function method have been
described. In Section 4, the exact solutions to the suggested
equation have established. In Section 5, physical interpre-
tation and explanation of the extracted solutions are pro-
vided. In the lattermost part, the conclusions are given.

2. Definition and Preliminaries

Suppose f: [0,00) — R be a function. The a-order con-
formable derivative of f is interpreted as [38]

f(t+e'™®) —f(t)) 0

&

T, (f)(®) = lim

for every t >0 and « € (0,1). If f is a-differentiable in some
(0,a), a>0, and ling f@(t) exists;  then,
t—0*
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f )(0) = lim f (@ (¢). The following theorems point out
few axiom's that are satisfied conformable derivatives.

Theorem 1. Consider a € (0, 1] and let us suppose f and g
be a-differentiable at a point t > 0. Therefore,

(i) T,(cf +dg) =cT, (f)+dT,(g), for all
candd € R
(ii) T, (tP) = ptP~¢, for all p € R
(iii) T, (c) = 0, for all constant function f(t) =c
() To(f9) = fTa(g) +gTo(f)
V) To(f/9) = ((gTo(f) = fTo(9))/9%)
(vi) In  addition, if f is differentiable,
T, (f) () =t'"*(df/dt)
Some more properties including the chain rule, Gronwall’s
inequality, some integration techniques, Laplace transform,

Tailor series expansion, and exponential function with respect
to the conformable fractional derivative are explained in [38].

then

Theorem 2. Let f be an a-differentiable function in con-
formable differentiable, and suppose that g is also differen-
tiable and defined in the range of f. Then,

T, (fog)(t) =g (O f , (¢). ")

The Caputo derivative is another important fractional
derivative concept developed by Michele Caputo [39]. This
definition is particularly useful for finding numerical so-
lutions. The definition of Riesz [40, 41] in relation to the
fractional derivative, on the contrary, is also important for
extracting numerical solutions. The two concepts are not
discussed in depth here since the aim of this article is to
establish exact solutions.

3. Outline of the Methods

In this part, we summarize the principal parts of the sug-
gested methods to analyze exact traveling wave solutions to
the NLFEEs. Assume the general NLFEE is of the form

P(u, Dfu, Dfu, D! Dfu, DY Diu, DD, ... ) =0, )
O<a<land0<f<1,

where u represents an unknown function, consisting the spatial
derivative x and temporal derivative t, and P represents a
polynomial of u(x,t) and its derivatives where the highest
order of derivatives and nonlinear terms of the highest order
are associated. Take into account the wave transformation

B to‘
&= kx—+c—,
p oo« (4)
u(x,t) =u(d),

where ¢ and k are nonzero arbitrary constants.
By means of wave transformation (4), equation (3) can
be rewritten as
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R(u,u',u",u", ..)=0, (5)

where the superscripts specify the ordinary derivative of u
relating to &.

3.1. The Two Variables ((G'/G), (1/G))-Expansion Method.

Step 1: In this subsection, we apply the two variables
((G'/G), (1/G))-expansion method to acquire the wave
solutions of the NLFEEs. Take into account the second
order ODEs

G"(H+AG() = p, (6)

along with the following relations

GI
$=c
(7)
_L
In this manner, it gives
9= ¢ +uy -,
, (8)

y' =gy

The solutions to equation (6) depend on A as
A<0,A>0,and A = 0.

Case 1: when A <0, the general solution to equation (6)
is

G (&) = A,sinh (VoA &) + A,cosh (VR &) + % 9)
In view of that, we obtain

-A
V= (¢* - 2uy + 1), (10)

B Vo +u’

where 0 = A? - A3.

Case 2: if A > 0, the solution to (6) is given as follows:

G(&) = A, sin(VA &) + A, cos(VA &) +§. (11)

Therefore, we obtain

A
1//2 = Vo — #2 ((/52 —2uy + /1)’ (12)
where 0 = A? + A3.

Case 3: when A = 0, the solution of equation (6) is

G(®) =§52+A15+A2. (13)

Therefore, we find

2 2
= (¢ —2uy).
V= (¢* - 2uv) (14)

where A, and A, are arbitrary constants.

Step 2: in agreement with two variables
((G'/G), (1/G))-expansion scheme, the solution of (5)
is presented as a polynomial of ¢ and y of the form

N . N .
u@ =Y a¢ +y b¢ 'y, (15)
i=0

i=1

where g; and b; are arbitrary constants to be deter-
mined later.

Step 3: after balancing the maximum order of deriv-
atives and nonlinear terms, which appear in equation
(5), it can be fixed the positive integer N.

Step 4: setting (15) into (5) along with (8) and (10), this
modifies to a polynomial in ¢ and y having the degree
of ¥ as one or less than one. If we compare the
polynomial of similar terms to zero, then it will give a
set of mathematical equations which can be unraveled
by computational software and finally yield the values
of a;, b, u, A;, A,, and A, where A <0; this condition
provides solutions of the hyperbolic function.

Step 5: in a similar manner, we can examine the values
of a;, b;, u, A, A,, and A, and trigonometric and ra-
tional solutions can be established separately for the
case of A>0 and ) =0.

3.2. The Exp-Function Method. Within this section, the key
components of the exp-function method are described for
searching the traveling wave solution to the NLFDEs.

Step 1: the arrangement is to be communicated in the
shape as indicated by the exp-function method:

d
4 (§) = Lon=mc PueXP (1)

S,y Gnexp (mE) (1o

where ¢, d, p, and q are unknown positive integers,
which can be evaluated later, and p, and g, are un-
identified constants.

Step 2: the balancing principle between the highest-
order linear and nonlinear terms presented in (5) and
substituting (16) into (5) yield ¢ and p, and the balance
of lowest-order linear and nonlinear terms yields the
values of d and g.

Step 3: introducing (16) into (5) and setting the co-
efficient of exp (nf) to zero provides an arrangement of
set of mathematical equations for p,, g,,, ¢, and k. Then,
unraveling the set with the aid of computer software,
such as Maple, we attain the constants.

Step 4: substituting the values that showed up in step 3
into (16), we ascertain exact solutions to the NLFEEs in

(3).

3.3. The Extended Tanh Function Method. In this section, the
suggested extended tanh function method has been inter-
preted to obtain ample exact solutions to NLFEEs which was



summarized by Wazwaz [42]. The basic concept of this
method is to present the solution as a polynomial of hy-
perbolic functions, and then, solving the coeflicient of
tanh (u¢) implies solving a system of algebraic equations. The
core steps of the extended tanh function method for finding
exact analytic solutions of nonlinear PDEs of the fractional
order are as follows:

Step 1: we consider the wave solution as follows:

N n
u@®=yay +y by’ (17)
i=0 i=1
wherein
Y = tanh (ué), (18)

where p is any arbitrary constant.

Step 2: taking uniform balance between the maximum
order nonlinear term and the derivative of the maxi-
mum order appearing in equation (5) to determine the
positive constant N.

Step 3: substitute solution (17) together with (18) into
equation (5) with the value of n acquired in step 2,
which yields the polynomials in Y. A set of algebraic
equations for a;’s and b;’s are found by setting each the
coeflicient of the resulted polynomials to zero. With the
help of symbolic computational software, namely,
Maple, this set of equations for a; and b; can be solved.

Step 4: inserting the values that appeared in step 3 into
equation (17) along with equation (18), we construct
closed-form traveling wave solutions of nonlinear
evolution equation (3).

4. Analysis of the Solutions

Here, we search further comprehensive exact analytic wave
solutions for the stated time-fractional Burgers’ equation by
means of the suggested methods. Let us consider the time-
fractional Burgers’ equation as follows:

D; + puu, —vu,, =0; t>0and0<a<l, (19)
where p and v are arbitrary constants. The physical processes
of unidirectional propagation of weakly nonlinear acoustic
waves through a gas-filled pipe are described by the time-
fractional Burgers’ equation. The fractional derivative results
are obtained from the memory effect of the wall friction
through the boundary layer. The similar formation can be
found in several systems, namely, waves in bubbly liquids
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and shallow water waves. For equation (19), we recommend
the subsequent wave transformation:
o (14
X t
E = k — =
04 04 ( 20)

u(x,t) = u(f),

where ¢ be the velocity of the traveling wave. For wave
transformation (20), time-fractional Burgers’ equation (19)
reduced to the ensuing integral order differential equation:

—cu' + kpuu' —Kw" =o. (21)
Integrating equation (21) with zero constant, we obtain

kpu’ e

—cu + 5 v =0. (22)

4.1. Solutions through Two Variables ((G'/G), (1/G))-Ex-
pansion Method. Considering the homogeneous balance of
the highest-order nonlinear term and highest-order deriv-
ative showing up in equation (22), the arrangements of
equation (15) accept the shape

u(é) =ag+a; ¢ +by (), (23)

where a,,a,, and b, are constants to be determined.

Case 1: for A <0, embedding solution (23) into (22)
along with equations (8) and (10) yields a set of al-
gebraic equations, and by explaining these equations by
computer algebra such as Maple, we achieve the fol-
lowing results:

1
ay = * Abj\|5——,
0 ! A20+y2
A
a, = £ b\[———,
1 1 —AZO‘—MZ

(24)
PAbN-A
c= = 2 2V
v()t 0+‘u)
e 4 b, pV-7

y \/(A20+y2)'

Inserting the top values into solution (23), we find the
solution to equation (19) in the form

V=A(A,cosh (V=1¢) + Aysinh (V-1 £))

1 1
)= +Ab +b X
, (00) o+ "\ A%~ 12 Apsinh (VA &) + Aycosh (V- &) + (u/A)

1

(25)

1 A sinh (V=X &) + Aycosh (VA &) + (u/A)
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where o0=A2-A2 and &= £ ((bypV-1)/ (v
Ao+u2)) (x¥a)F ((PPAV-L) (v(A%o + )
(t% ).

Since A, and A, are basic constants, one might have
picked self-assertively their values. If we take 4 = 0 and
(A} =0,A,+#0) or (A, #0,A, =0) in (25), we have

N

—L + L tanh(V-1&) + b, sech (V-1),
2 \/E Ao

o

(26)

\/—% + \/% coth(V-1§) + b, cosech (V-1§),
(27)

where &= + ((bpV-A)/(v 4 Ao+ #2))) (x¥la)F
((PPABIN=L) (v(N*a + p2))) (%] ).

Case 2: in a comparative way, when A > 0, substituting
(23) into (22) together with (8) and (12) yields an
arrangement of algebraic equations for a,, a,, b, and w,

uy, (x,t) = £ b,

L, 2

and we acquire the following results by working out
these equations:

1
(10 = * Abl _AZO- + ‘uz)

A
a, = ibl A20‘_[42,
(28)
PALNV-A
€=t ¥——
v(—/\20+[42)
k= i—blpﬂ .
v (—A20+/42)

The substitution of these results into solution (23)
possesses the following expression for the general so-
lution of equation (19):

\/X(Al cos (VA E) + A, sin (VA E))

\/—Azo +u .

1

1\“20_”2 ><A1 sin (VA E)+A2cos(\/x &) + (u/h) *

1
(29)

8 A, sin(VA &) + A, cos (VA &) + (ﬂ/)t),

where  0=A2+A2 and &=+ ((bpV-A)/ (v
(N0 +p2))) (x*/a)F ((PPABIV-L)/ (v(=A20 +4?)))

(t*a).

If the unknown parameters are assigned as g = 0 and

A, =0and A, #0o0r A, #0and A, = 0 in solution (29),
it provides the next solitary wave solution:

u (x,t) = + j_l_ai%xtan(\/xf)+blxsec(\/xf),
(30)
u, (x,t) = +L+Lxcot(\/xf)+b x cosec (V1 )
L T \=o T Vo ! ’
(31)

where £ = + ((bypV-A)/ (v[(= A0 +u?))) (x*/a) F
((PPABIN-L) (v(~A%0 + 12))) (] a).

Case 3: in the parallel algorithm when A =0, using
equations (22) and (21) along with (8) and (14), we

b,

achieve a set of mathematical equations whose solu-
tions are

a, =0,
4=+ b
1 - T
A - 2uA,
b, =b,, (32)

c=g¢
N
v \A] - 2uA,

Making use of these values into solution (23) produces

the solution to equation (19) as

ué+ A b,

u, (x,t) = =+

where £ = + (pb,/v)+/(1/ (A2 - 2uA,)) (x*/a) — c (t*/a).

22— 2un, WDE+ AL+ A, WDE+ AL+ A, (33)



It is substantial to observe that the traveling wave so-
lutions u; —u, of the studied equation are inclusive and
standard. The attained solutions have not been noted in the
earlier study. These solutions are convenient to designate the
physical processes of unidirectional propagation of weakly
nonlinear acoustic waves via a gas-filled tube, shallow-water
waves, and waves in bubbly liquids.

4.2. Solution by the Exp-Function Method. Considering the
homogeneous balance, the solution of equation (16) takes
the form
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u(€) = pyexp(§) + py + p_jexp(=§)

g, exp (&) + gy + q_,exp (=€) (34

Substituting equation (34) into (22) leads a equation in
exp (n); here, n represents any whole number. Inserting
each coeflicient of this equation to zero yields a cluster of
mathematical equations (for straightforwardness, here, we
have discarded) for pis, gs, and w. These mathematical
equations are solved by computer algebra, namely, Maple,
which gives the following outcomes:

1 o202
Setl:c = 4 pzpl’k =7 &’Pq =0,pg=0,p; =p1-q1=0,90 = qp» andgq, =q,,
q,v v
1p’ps , _1pp
Set2:c = 1 2 Sk = 5 0 p =00 = P p1 =0, =0,4 = qp,  andq; =gy,
9oV v
S t3:c = k = = 0 = =0 = M d =
etic=¢ P ’P 1 Po = Po> P1 = P1o9-1 =V 9o b andq; =4,
1
Lp'pt , _ lppy P91+ 41 P0
Set4:c = — Jk=— 1 =0,py = PPy = P19y =9_1-4g = —————, andg; = q;,
4qfv qu > P Po = Po> P1 = P1»9-1 = 9-1>9 Popy d =4
1 1 _ 35
Set5:c = pzp Lk=o &’Pq =p.pPo=0,p=0,9,=9,,9 =0, andg, =q, (35)
8 q-,v 449
2¢ _
Set6:c =c, k= a1 sP1=P 1P = PoP1=0,9,=9 1,9, = Pod 5, andgq, =0,
PP P
1p’p?  _1pp. P90+ 9P
Set7:¢c=—- 2220 fo == EEL = , Do = Dg> Py =0, =g ,,g,= =10 andg, =g,
4qzv quvpl P-1>Po = Po> P1 9-1=9-1>9 PoPs 9 =9
2cq, P-190 Pl%
Set8:c=c k= , = > Po = Pos ,g_ =———,d, =4, and
pppl P-1>P0 = Po> P1 = P1»94 s 90 = 490 q = 2
2¢ _
Set9:c=c,k = ql»P 1 =P uPo=0.py=p1q91 =919 =0, andq = ALY
PP P
From the point of view of the above results, we achieve
the following generalized solitary wave solutions:
- 2roalCO (a2 0) < U ((5) () (1) .
B o+ a1 exp[(~(112) ((pp1)/ (@) (x"1a) + (/D ((p7p1 )1 (q1v)) (1)) |
Po
u 2(x.t) = p % > 37
20 g+ a1 e [((12) (ppo)l (407)) (1) + (1) (7 p2) (2)) (7100 47
1y, (x,1) = Po + Py exp[((2cqi/ppy) (x*/a) — c(t"/a))] (38)

((Pod1)/p1) + @1 exp [ ((2cqi/pp) (x"/a) — ¢ (¢*/a))]
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w, (x,t) = o+ prexp[(=(112) ((pp1)/ (a1v)) (x"1a) + (W) ((p* 1)/ (a1v)) (/)]
e q eXP[(’(l/Z)((PPl)/ (quv)) (x*/ax) + (1/4)((}7217%)/(‘1%")) (ta/o‘))] +((P§‘1—1 + ‘hpg)/(PoPl)) +4q. exp[—(—(l/Z)((ppl)/ (@1v)) (x"/et) + (1/4)((P2P§)/(‘1§")) (ta/“))]’
(39)
w, (x,8) = p-1€xp [(—(1/4)((PP—1)/(‘1—1V)) (x"/a) - (1/8)((172})%1)/(11311/)) (t“/a))]
By exp[(U4) ((ppo1)/ (@v)) (xa) = (U)((792, )/(21v) ) (¢°1@)) ] + @y exp[~((1/4) ((pp-1)/ (@1v)) (x° 1) = (UB)((P° P2 )/ (1)) (¢°1er) ) |
(40)
w (xf) = po+ Py exp[—(((2cq-)/pp_y) (x*/a) — c (t"/a))] )
% ((Poq-1)/p-1) + -1 exp[~(((2¢q-1)/pp_y) (x*/a) = ¢ (t*/a))]
u, (x,t) = Pot Py exp[(—(1/2) ((pp-1)/ (g1v)) (x"/a) + (1/4)((1’21031)/(‘1311/)) (t“/zx))]
g eXP[(‘(I/Z)((PPfl)/(q,IV))(x“/u) + (1/4)((p2p31)/(q%1"))(’u/“))] +((Phaan +a.105)1 (Pop1)) + 4 exP[‘(‘(l/z)((PP—l)/('hV))(x“/“) +(Wa((p°p%)1(dv)) (fa/“))})
(42)
v (o) =P exp[(((2¢g,)/ppo) (x*/a) — ¢ (t*1a))] + po + p—y exp[~(((2¢4)/ ppo) (x*/a) = ¢ (t*/a))] (43)
0 = o) po)exp [(((2edo) o) (70) — ¢ (1)) + o + 41 exp[(((260)/pPo) (x'/a) — (£°7a)]
iy (1) = prexpl(((2ca))/pp) (<°/0) — ¢ (/)] + py exp[-(((26q,)/pp_,) (x°/a) ¢ (+/)] |
B ((Pig-1) p-)exp[(((2¢q,) pp-y) (x°1a) = ¢ (£°70))] + ((p-190)/ Po)exp[-(((2¢q1)/ pp_,) (x"/a) - ¢ (*/a))]
(44)

In particular, if p; = q_, = p_, and p, = q, = 1, solution
(44) is simplified and offers the kink type solution of the
form

o

2 * ot
Uy, (x,1) = tanh(ﬂ * c —).

pp, « a (4

The choice of p; = —q_; = —p_, and p, = g, = 1 in (44)
gives the singular kink solution:
2¢q; x"
Uy, (x,t) = coth| ——

pp, «

ttx
C

_),

[»4

(46)

It is significant to refer that the traveling wave solutions
u, —u, of the considered Burgers’ equation are fresh and
standard and were not established in the earlier investiga-
tions. It is deduced that physical systems should be assigned

of unidirectional propagation of weakly nonlinear acoustic
waves through a gas-filled tunnel and waves in bubbly fluids.

4.3. Solution Using the Extended Tanh Function Method.
The homogeneous symmetry allows solution equation (17)
as

u(e) =ay+a,Y +b,y . (47)

Substituting (47) into (22) along with (18) makes the left
hand side as a polynomial in Y. Setting each coeflicient of
this polynomial to zero, resulting a set of algebraic equations
(for simplicity, we have omitted them to exhibition) for a,,
a,, b, k, and c¢. Computing the determined set of equations
with the assistance of computer algebra, such as Maple,
yields the succeeding results:

Setl:c= - 2k2vy,k =k,a, = —M)al =0, andb, = _ka’
P P
2k 2k
Set2:c = 2k2vy,k =k,a, = ﬂ,al =0, andb, = - ;‘”,
2 2
Set3ic = -2k = kyay = b, = 2 anap, = o,
ak o 2k (48)
Set4:c = -4k’ v,k = k,a = VH L= VH db, = - ol
p P p
2k 2k
Set5:c = 2k2vy,k =k,a, = —W,a1 =- ;ﬂ, and b, =0,
4 2 2
Set6:c:4k2v‘u,k:k,a0:ﬂ,al—_ ];/‘“, db, = - I;’”



Using the values of the parameters assembled above into
solution (47) together with (18), we achieve the following
solitary wave solutions:
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2 2 o o
us (x,t) = —M - ﬂcoth(y(kx— + 2k2v‘u t—)), (49)
! p p a a

2

2kvy 2kvu .,
,t) = —————coth —=2
us (x,1) » » cot (y(k " kK vu

)
o

2 2 o o
u33(x,t) = _ﬂ— kv#tanh(y(k%+2k2v‘u%>), (51)
_ dkvu 2kvu x o, 2kvu X,
us, (x,1) = » » tanh(y(k " +4k"vu “>> » coth( ul k " + 4k vu =) (52)
u; (x,t) = 2kvﬂ—2]“/[/ltanh<‘Lt<l<x—2k2v‘ut)), (53)
5 p p a o
4 2 “ t* 2 : “
u; (x,t) = vyt _ ﬂtanh(u(kx—élkzvy —)) - ﬂcoth(y(kx— — 4k vy t—)) (54)
6 p p o o p a o

The solutions established above by the extended tanh
approach are advanced and progressive. These might be
convenient to describe the relativistic electron and the
physical processes of unidirectional propagation of weakly
nonlinear acoustic waves via a gas-filled tube.

5. Physical Interpretation and Explanation

In this section, we mainly discuss about the physical in-
terpretation of the determined solitary wave solutions, in-
cluding kink, singular solitons, singular kink, and periodic
wave of the NLFEEs. A graph is an effective approach for
explaining mathematical concepts. It is capable of describing
any circumstances in a straightforward and understandable
manner. This segment explains the incidents by portraying
3D plots of some of the solutions that are found. The
portraits are precedents of the solutions shown in
Figures 1-6 using the computational software, namely,
Mathematica.

The results of the time-fractional Burgers’ equation in-
clude the kink soliton, singular soliton, periodic soliton, and
some general solitons which are displayed in Figures 1-6.
Figure 1 is the kink shape soliton of solution (26) with the
values of the parameters A = -1,v=1,p=1,b, =1, 0 =2,
and « = 1/2 within the interval 0 < x <50 and 0 <t <50. The
kink soliton is a soliton which rises or descends from one
asymptotic state to another as & — co. Solution (51)
represents the shape of the plane soliton characterized in
Figure 2 for the values of parameters k=1, p=1, v=1,
y=1, and a = (1/2) within the interval -10<x <10 and
0<t<700. Solution (31) represents the periodic wave so-
lutions, plotted forA =1,v=1,p=1,b;=1,0 =2,and o =

1/2 within the interval 0<xand¢<100 and labeled in
Figure 3. Whenc=1,p=1,p_; =2,q, =1,and a = (1/2),
solution (46) represents the singular kink type soliton
characterized in Figure 4 within 0<xand#<10. On the
contrary, for the values of k=1, p=1,v=1, y=1, and
a = (1/2), solution (53) also represents the kink soliton il-
lustrated in Figure 5 within the interval 0<xand ¢ <10.
Finally, outcome (54) also represents the singular kink
soliton for the values of parametersk =1, p=1,v=1u =1,
and a = (1/2) within the range 0 <x andt <1000, which is
labeled as Figure 6. The other figure of the solutions is
analogous to the displayed figure; thus, for convenience,
these are omitted here.

6. Conclusion

In this article, using three reliable approaches referring
conformable the fractional derivative, we have established
scores of advanced, further general, and wide-ranging sol-
itary wave solutions to the time-fractional Burgers’ equation.
The ascertained closed-form solutions of the considered
equation include kink, single solitons, periodic solitons,
singular kink, and some other kinds of solutions, including
some free parameters. The obtained solutions are capable to
analyze the phenomena of weakly nonlinear acoustic waves
propagating unidirectionally in gas-filled tubes, shallow
water waves, and bubbly liquids. The dynamics of solitary
waves have been graphically depicted in terms of space and
time coordinates which reveal the consistency of the tech-
niques used. The accuracy of the results obtained in this
study has been verified using the computational software
Maple by placing them back into NLFPDEs and found
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FiGure 1: 3D plot of the kink type soliton of (26) sketched within
the interval 0 <x <50 and 0<t<50.

4
; 00 600

FIGURE 2: 3D plot of the single soliton solution of (51) sketched
within the interval —10<x <10 and 0 <t <700.

FIGURE 3: 3D plot of the periodic wave solution of (31) sketched
within the interval 0 <x <100 and 0<#<100.

correct. This study shows that all the methods implemented
are reliable, effective, functional, and capable of uncovering
nonlinear fractional differential equations arising in the field
of nonlinear science and engineering. Therefore, we can
firmly claim that the implemented methods can be used to

10

FIGURE 4: 3D plot of the singular kink type soliton of (46) sketched
within the interval 0 <xand#<10.

FIGURE 5: 3D plot of the kink type soliton of (53) sketched within
the interval 0<x <10 and 0<¢<10.

T A V)

FIGURE 6: 3D plot of the singular kink type soliton of 0 <t < 10. (54)
sketched within the interval 0 <x <1000 and 0 <t <1000.



10

compute exact wave solutions of other nonlinear fractional
equations associated with real-world problems, and this is
our next contrivance.
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In this numerical study, the heat transfer performance of shell-and-tube heat exchangers (STHXs) has been compared for two
different tube arrangements. STHX having 21 and 24 tubes arranged in the inline and staggered grid has been considered for heat
transfer analysis. Shell-and-tube heat exchanger with staggered grid arrangement has been observed to provide lesser thermal
stratification as compared to the inline arrangement. Further, the study of variation in the mass flow rate of shell-side fluid having
constant tube-side flow rate has been conducted for staggered grid structure STHX. The mass flow rate for the shell side has been
varied from 0.1 kg/s to 0.5 kg/s, respectively, keeping the tube-side mass flow rate as constant at 0.25kg/s. The influence of bulk
mass-influx transfer rate on heat transfer efficiency, effectiveness, and pressure drop of shell-tube heat exchangers has been
analyzed. CFD results were compared with analytical solutions, and it shows a good agreement between them. It has been
observed that pressure drop is minimum for the flow rate of 0.1 kg/s, and outlet temperatures at the shell side and tube side have
been predicted to be 40.94°C and 63.63°C, respectively.

1. Introduction

Heat transfer analysis of shell-tube heat exchangers is critical
owing to their applications in many of the engineering
domains like energy production, industrial chemistry, bi-
onics, nanotechnology applications, air conditioning, re-
frigeration, and food industries [1-3]. It has been reported

that around 35% of the total heat exchangers are STHXs [4].
STHX of various sizes is used widely in many industrial
applications [3, 5, 6]. The layout model of draft-structure
configurations of the shell-and-tube heat exchanger may
vary according to the need. Tubular Exchanger Manufac-
turers Association (TEMA) publishes the standardizing
norms or regulations and design configurations regularly.
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The Bureau of Indian Standards also suggested a design
configuration and standards for shell-and-tube heat ex-
changers [7]. The shell-side flow inside the STHX is very
complicated due to bypass between different flow zones and
leakages. The effect of leakages and bypass on the perfor-
mance of STHX may vary for different shell designs and sizes
[8, 9]. Several studies put shell-and-tube heat exchangers in
the area of focus due to their vast utilization in the industry,
especially in the oil and gas industry [10-12]. Bhuyian et al.
[13] reviewed the performance of plate-fin and tubular heat
exchangers. Costa and Queiroz [14] investigated the design
optimization procedure of the STHX to minimize the
thermal surface area. Jozaie et al. [15] investigated the effect
of baffle spacing on the heat transfer rate, pressure drop, and
cost of the STHX and concluded that the optimal baffle
spacing to achieve a higher heat transfer rate, lower pressure
drops, and cost would be around 8-12 inches. Li and Kottke
[16] studied the variation of baffle spacing on pressure drop
and heat transfer coefficient of STHX with staggered tube
layout. Rai et al. [17] performed a parametric study on the
STHX and monitored that the tube pitch ratio is the main
factor for the thermal performance of STHXs. Patel et al. [18]
reviewed all the CFD-based studies investigating the heat
transfer in the STHXs. Lebele-Alawa and Egwanwo [19]
numerically investigated the heat transfer in the heat ex-
changers and reported high efficiency and accuracy for the
presented numerical model. Chalwa and Kadli [20] inves-
tigated the effect of vertical baffles on the heat transfer
performance and pressure drop of the STHXs. Anand et al.
[21] used the Bell-Delaware method to perform an exper-
imental investigation on the performance of STHXs. Yang
et al. [22] compared four modeling methods and validated
the compared models with experimental results for the rod
baffle heat exchangers. Wang et al. [23] studied the effect of
installing sealers on the shell side of the STHX. They re-
ported a considerable enhancement in the heat transfer
coefficient and energy efficiency of the STHX. Ramezanpour
et al. [24] investigated the effect of the staggered tube bundle
in a turbulent cross-flow regime to find the optimal layout.
Kwak et al. [25] varied the number of tube rows of staggered
finned tube bundles and studied their effect on the heat
transfer rate and pressure drop. It has been inferred that three
rows of tube bundles obtained the least pressure drop among
other tested schemes. Beale and Spalding [26] compared the
performance of STHX for inline and staggered tube banks
under transient flow conditions. Jayawel and Tiwari [27]
performed a similar study and compared the performance of
inline and staggered tube banks in a 3D model and validated
the obtained results with the data available in the literature
and reported high accuracy for the presented code.

In the present study, two different types of shell-and-
tube heat exchangers, one with an inline tube structure and
the other with staggered tube structure, have been studied
numerically for heat transfer performance. CFD simulations
were performed to analyze the heat transfer efficacy of both
heat exchangers. A shell-tube heat exchanger with a stag-
gered grid structure resulted in improvements in heat
transfer performance, so it has been considered for further
analysis. In the second phase of the study, variation in the
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bulk mass-transfer flow rate of lateral shell-face fluid has
been analyzed, keeping the tube-side flow rate as fixed at
0.25kg/s. The results and conclusions have been drawn
based on the observed outcomes of heat transfer under
different bulk mass flow rates varying from 0.1 kg/s to 0.5 kg/
s. With the advancement of computer programming and
technology, numerical simulation has replaced prototype
testing. Nowadays, numerical simulations are being con-
ducted to optimize the efficiency of various devices, tools,
and equipment [28-33]. To perform the study, numerical
simulation has been done on 3D geometry of STHX using
ANSYS FLUENT 15 to know the effect of variation in mass
flow rate of shell-tube sided and arrangements of conduit-
tube wads or bales in the heat exchangers. CFD results have
also been compared with the analytical solutions, and the
differences observed have been examined.

2. Modeling Details

In this study, the tubes of shell-tube heat exchangers have
been arranged in two different configurations, inline
structure and staggered structure having 21 and 24 numbers
of tubes, respectively. The shell has dimensions of 94.7 mm
in diameter and 810.1 mm in length. Likewise, the outer and
inner diameters of the tubes are 12.5mm and 11 mm, re-
spectively. Water has been considered as drive operating
medium fluid for both shell and tube sides. The physical
properties of water have been considered as those given in
the Fluent database.

2.1. Governing Equations. Steady and incompressible flow
conditions have been assumed for the sake of simplifying the
numerical analysis. The mass flow rates used in the present
study correspond to turbulent flow conditions, and thus
turbulence modeling has been done using the two-equation
“k-¢” turbulence model. The “k-¢” turbulence model has
been used due to its versatility and robustness in handling a
wide range of turbulent flows. At the same time, the model is
stable and poses lesser convergence difficulties. The gov-
erning equations for the flow are given as follows
[23-28, 34].

Conservation of mass: V. (pV) =0. (1)

Momentum equation:

X-momentum:

0

V.(puV) = —o£ +
YT o T ox T oy oz

Y-momentum:

or 19 ot
V. (va) = —a—p + = =24 Pg. (3)

Ly
dy o0x Ody 0z

Z-momentum:
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ap asz aT)/Z aTzz

N
. =— 4
V-(pwV) oz ox dy 0z “
Energy equation:
V.(peV) = —pV.V + V.(kVT) + g + @, (5)

where “@” is the dissipation function and can be calculated
from [23-28, 34]

oo bl @) )

u ow\ [(ov ow\ —
+($+$) +($+@) ]+/\(V.V) .

(6)

2.2. Geometry. The geometry of STHX has been modeled in
SolidWorks, and Table 1 describes the dimensions of the
heat exchanger. The schematic of STHX with a staggered
grid structure and inline grid structure is presented in
Figures 1(a) and 1(b). In the present work, the cold fluid has
been made to flow in the tubes and hot fluid through the
shell. It can also be seen that there are two baffles provided in
the shell of the STHX heat exchanger.

2.3. Mesh Generation. The tetrahedral mesh has been gen-
erated using Fluent Meshing. The grid generated has been
analyzed for aspect ratio and orthogonal quality. The
computational grid for STHX has approximately 17,622,730
and 18,233,589 grid elements for the inline and staggered
grid. The aforementioned grid density has been obtained
after carrying out the necessary grid convergence test.

2.4. Boundary Conditions. The inlet mass flow rate and inlet
temperature values have been assigned to the STHX. The
shell fluid inlet temperature has been considered as 20°C,
and the tube-side fluid inlet temperature is 80°C.

Gauge pressure has been considered to be zero at the
outlet. The velocity profile has been assumed to be uniform
for simplifying the calculations. The no-slip condition has
been considered for all the wall surfaces, and the heat flux
value has been assigned as zero for the outer surface of the
shell, i.e., the shell-side outer surface has been considered as
adiabatic (Table 2).

2.5. Turbulence Model. The mass flow rate used for the
flowing stream corresponds to turbulent flow conditions,
and hence turbulent effects cannot be ignored. The standard
“k-¢” model has been employed for the turbulent transport
analysis. The two-equation “k-¢” turbulence model has been
used due to its simplicity and faster convergence as com-
pared to other models. In the past literature available on In

3

TaBLE 1: Design parameters for shell-tube heat exchangers.
Parameters Design values
Shell diameter, Dj 94.7 mm
Outer-tube diameter, d,, 12.5mm
Bunch-tube bale structure Inline and staggered
Pitch 1.5625 cm
Number of tubes, N; 21 and 24
Heat exchanger length, L 810 mm
Number of baffles, N, 2
Shell fluid inlet temp., T, 20°C
Tube fluid inlet temp., Thin 85°C

previous research on CFD studies, the “k-¢” model has been
used for almost every flow situation. Thus, the same model
has been considered as well. For steady-state conditions, the
model equations are [23-29, 34]

0 o[ Y \ Ok
— (pku;) = — B2 4G+ Gy — pe+ Sp
dx, (pku;) dx; _<#+0k>axj]+ Kt Gp = pet O
(7)
0 o0 te\ Oe
d_xi(Pw")_a (#ﬂz)a]
i : (8)
& 82
+ ClsE (Gk - C3£ Gb) - CZsPZ + Ss’
k2
/"t:PCp?- (9)

Equations (7) and (8) are the transport equations for k
and ¢, and equation (9) is the equation for turbulent eddy
viscosity. In equation (7), i=1, j=1, 2, and 3 represents the
space variables in “x,” “y,” and “2” directions, and the model
constants values used in the turbulence model are

Cl&s: 144, CZ&S = 192, C”ZO.OQ, ok = 10, and Oge = 1.3.

3. Results and Discussion

The numerical analysis has been carried out on STHX with
inline and staggered tube structure, and a comparison of
results shows that the performance of STHX is better with
staggered tube structure than that with the inline tube
structure. Outlet temperature for shell and tube side is given
in Table 3. The effectiveness for the staggered and inline tube
heat exchangers is 64.10% and 53.15%, respectively. Based on
effectiveness, it is evident that staggered tube heat exchanger
is more efficient as compared with aligned tube-conduit heat
exchanger, so further calculations have been performed on
staggered grid shell-tube type heat exchanger only.

From the results, it can be clearly identified that the heat
transfer performance of shell-tube type heat exchanger with
staggered grid structure is better than the heat exchanger
with inline grid structure (Figures 2(a)-2(c) and
Figures 2(d)-2(f)). So, for further analysis of variation in
bulk mass-influx flow rate for shell fluid, shell-and-tube heat
exchanger with staggered grid structure has been consid-
ered. Mass flow rate of shell-side fluid has been varied from
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(®)

FiGure 1: (a) STHX with staggered grid structure. (b) STHX with inline grid structure.

TaBLE 2: Boundary conditions applied at various faces.

Sr. Physical o
No. location Boundary condition
1 Shell wall Adiabatic wall boundary condition (no slip) (§=0; u=v=w=0)
2 Baffle walls Wall boundary condition (no slip) (T} = T, =27°C; u=v=w=0)
3 Shell outlet Pressure outlet (P = P T=Topy)
4 Tube outlet Pressure outlet (P = P, T=Ta)
5 Pipe walls Conjugate heat transfer
6 Inlets Mass flow inlets (corresponding to 0.1 kg/s—0.5 kg/s for shell side having fixed inlet temperature T, =20°C and
0.25kg/s for tube side with fixed Tj;,=85"C)
TaBLE 3: Outlet temperatures of shell-tube heat exchanger.
Zone STHX with inline tube structure ("C) STHX with staggered tube structure ("C)

Shell inlet
Shell outlet
Tube inlet
Tube outlet

20.00
35.33
85.00
50.45

20.00
42.93
85.00
43.33

()

FiGgure 2: Continued.
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(b)

(c)

(d)

Ficure 2: Continued.
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FIGURE 2: Static temperature variation in STHX with (a—c) inline grid and (d-f) staggered grid.

TaBLE 4: CFD results for variation in mass flow rate.

Outlet
temperatures
Mass flow rate (kg/s) P(eC) Heat transfer coefficient (W/m?K)  Shell-side pressure drop (Pa) Rate of heat transfer (W)
Tc Th
0.1 40.94 63.63 714.33 450.9 8750
0.2 32.63 70.90 1045.84 530.4 10557
0.3 29.12 74.05 1307.12 648.6 11443
0.4 27.17 75.53 1531.20 710.1 11989
0.5 2592 7717 1731.15 862.2 12365

0.1kg/s to 0.5kg/s, and tube-side flow has been taken as
constant at 0.25kg/s.

Table 4 describes the outlet temperatures of the shell-
tube heat exchanger for changing mass flow rates. Shell fluid
inlet and tube fluid inlet temperatures are kept identical for
all cases, which correspond to 20°C and 85°C, respectively.
Table 5 describes the effect of variation in mass flow rate on
flow parameters such as pressure drop and heat transfer
characteristics using respective analytical formulas.

Table 6 presents the percentage discrepancy among the
CFD predictions and analytical outcomes by taking the

TaBLE 5: Analytical calculations for variation in mass flow rate on
flow and heat transfer.

Mass flow Hceng'fcircair;slfter prilsiul:lg:op Rate of heat
rate (kg/s) (W/m?K) (Pa) transfer (W)
0.1 607.11 414.83 7262.5
0.2 941.04 498.57 9739.6
0.3 1202.55 616.17 10921.8
0.4 1453.11 674.95 11624.4
0.5 1678.69 810.46 11991.6
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TABLE 6: Percent difference between CFD analysis and analytical calculations.

Mass flow rate (kg/s) Heat transfer coefficient (W/m?K)

Shell-side pressure drop (Pa) Rate of heat transfer (W)

0.1 15.01 8.01 4.88
0.2 10.02 6.20 8.39
0.3 8.00 5.00 4.77
0.4 5.10 4.95 313
0.5 3.03 6.00 3.11
1000
90
o . 900 R R
£ 0 Ly 3L TIx 462743 y=1002.3x + 339.75
E 2L 800 S
g 50 coh it RIS 08795 R*=0.9836
o
g 40
:q:) 30 _ 700
E fg y= 23550+ 41806 £ 600 .= 967.64x +312.7.
0 R*=0.8671 g | R 0.9887
0 0.1 0.2 0.3 0.4 05 0.6 M S
Mass fl k 2
ass flow rate (kg/s) 2 400
—e— Cold fluid — Linear (cold fluid) &
—m— Hot fluid —— Linear (hot fluid) 300
FiGure 3: Effect of outlet temperature (°C) against the mass flow 200
rate (Kg/s). 100 §=-527x+7613
R*=0.4496
0
0 0.1 0.2 0.3 0.4 0.5 0.6
2000 Mass flow rate (Kg/s)
1800 - R - —o— Computational fluid dynamics (CFD) analysis results
y=2519x + 510.23
1600 - R2 = 0.9896. - - Analytical calculation results
(\E Percentage difference between CFD analysis results
= 1400 + "~ R . . .
s = 2655.2x + 379.93 and analytical calculation results
E 1200 4 "~ R2=0.9943 —— Linear (computational fluid dynamics (CFD)
5 analysis results)
&
“g 1000 + —— Linear (analytical calculation results)
Q
3 800 4 Linear (percentage difference between CFD analysis
é results and analytical calculation results)
=
= 600 A .
g FiGure 5: Effect of pressure drop (Pa) against the mass flow rate
T 400 (Kg/s).
200 - o L ¥ =-28.88x+ 16.896 .
R? = 0.9691 standard analy.ltical resulFs f.or pressure drop and heat
0 | ) , ' transfer coefficient occurring in internal flows as reference.
0 0.1 0.2 0.3 0.4 0.5 0.6 With the increase in the mass flow rate of shell fluid, both the

Mass flow rate (Kg/s)

- Analytical calculation results

Percentage difference between CFD analysis and
analytical calculation results

—o— Computational fluid dynamics (CFD) analysis results
—— Linear (analytical calculation results)

Linear (percentage difference between CFD analysis
and analytical calculation results)

—— Linear (computational fluid dynamics (CFD)
analysis results)

FIGURE 4: Effect of heat transfer coefficient (W/m?K) against the
mass flow rate (Kg/s).

heat transfer coefficient and pressure drop increase, but the
outlet temperature of hot and cold fluid decreases, which
ultimately reduces the potential efficiency of a shell-tube
heat exchanger. The above results show good agreement
between CFD and analytical solutions, and a maximum
difference of 15.01% has been noticed in the heat transfer
coefficient at the lowest flow rate.

The graphical representation, as illustrated in
Figures 3-6, exhibits the influence of mass flow rate vari-
ations on outlet temperatures of STHX, pressure drop, heat
transfer coefficient, and rate of heat transfer. It has been
observed that an increase in mass flow rate of shell fluid leads
to a decrease in outlet temperatures of a shell-tube heat
exchanger and enhancement of both pressure drop as well as



14000
'y =11343x + 6905.1
12000 R?=0.8848
10000 y=8662x + 8422.2
= R? = 0.9046
]
5 8000
2
g 6000
g
= 4000
2000 y==-8.8x+7.496
R*=0.418
0
0 0.1 0.2 0.3 0.4 0.5 0.6
Mass flow rate (Kg/s)
—o— Computational fluid dynamics (CFD) analysis results
—#- Analytical calculation results

Percentage difference between CFD analysis results
and analytical calculation results

—— Linear (computational fluid dynamics (CFD)
analysis results)

—— Linear (analytical calculation results)

Linear (percentage difference between CFD analysis
results and analytical calculation results)

FIGURE 6: Effect of rate of heat transfer (W) against the mass flow
rate (Kg/s).

heat transfer coefficient. The enhancement of pressure drop
is expected because of the turbulence in a flow field. The
related investigation was reported by Singh et al., which
analyzed that the Reynolds averaged N-S eqns.-predicated
turbulent simulation in commercial C. F. D. Fluent was
being employed for numerical analysis. The three-distinct
“k-¢,” as well as the shearing-stress-transport (S.S.T.) “k-w”
models, are being used in the analysis. In order to determine
the best-efficient and reliable turbulence model, the nu-
merical simulation efficiency analysis was compared with
empirical outcomes. For the design topography and con-
figuration in consideration, the influence of alteration of
Reynolds number (Re,), interjet, and separation distance
was being contemplated. Such factors influenced the heat
transfer coeflicient, temp., and turbulence intensity in a
stream. Results revealed that the localized “h” levels were
being considerably decreased as the separation distance
“non-dimensional-impingement separation H/D ” escalates.
The S.S.T. “k-w” design model had been reported to be the
least important determinant and reliable assessment of
empirical outcomes. With an improvement in “H/D* from
six-to-ten at “Re,” =9 x 10’ and “interjet-spacing, S/D “ of
three, the mean of heat transfer performance “h” signifi-
cantly decreases from 0.021 to 0.0193 W/cm’K. The interjet
spacing “S/D “ of three was being computed to be the more
optimal value predicated upon analytical findings as un-
veiled by the Singh et al. [34].
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4. Conclusions

The STHX has been modeled with staggered and inline tube
structures to analyze the heat transfer performance. From
the CFD simulations for the shell-tube heat exchanger, outlet
temperatures of shell-tube fluids and their effectiveness have
been obtained. From the obtained results, the following
conclusions can be drawn:

(a) STHX with staggered tube structure is better than
the STHX with inline tube structure.

(b) Effect of variation in shell fluid mass flow rate has
been analyzed on heat transfer rate, pressure drop,
heat transfer coefficient, and outlet temperatures of
shell-tube heat structure by varying the shell-side
mass flow rate from 0.1 kg/s to 0.5 kg/s and keeping
tube-side flow rate as constant at 0.25kg/s. The re-
sults show that with the rise in shell-side mass flow
rate, both the pressure drop and heat transfer co-
efficient enhance and decrease the outlet
temperatures.

(c) It has been observed that pressure drop is minimum
for a mass flow rate of 0.1kg/s, and outlet temper-
atures at the shell side and tube side are 40.94°C and
63.63°C, respectively. The increase in pressure drop
for increasing mass flow rate has been attributed to
the turbulence, and thus higher shear stresses exist at
the surfaces.

(d) It has been observed that there is an excellent accord
among CFD and analytical findings. The percentage
difference between analytical solution and CFD
simulation results shows the highest difference of
15.01% for heat transfer coeflicient, 8.01% for shell-
side pressure drop, and 8.39% for heat transfer rate.

Abbreviations

x, y, zz Coordinate axis

Dy Shell diameter (mm)

d;: Inner diameter of tube (mm)

dy: Outer diameter of tube (mm)

e Energy (k])

g Acceleration due to gravity (m/s”)
Gy Production term for k (m?*/s?)

Gy: Buoyancy term for TKE (m?*/s%)
G Production term for ¢ (m?*/s®)

h Convective heat transfer coefficient (W/m?)
i, j: Loop indices

k: Turbulent kinetic energy (m?/s”)
L: Length of heat exchanger (mm)
Ny Number of baffles

Ng Number of tubes

T: Temperature ("C)

Tein: Temperature of cold fluid ("C)
Thin: Temperature of hot fluid (°C)
P: Pressure (Pa)

q: Heat flux (kW/m?)

u, v, w: Velocity components (m/s)
Computational fluid dynamics
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STHX: Shell-and-tube heat exchanger
atm:  Atmosphere
:  Greek Symbols
¢:  Viscous dissipation function
T,y Viscous shear stress (Pa)
A: Second coeft. of viscosity (kg/m-s)
yg: Turbulent viscosity (kg/m-s)
y:  Dynamic viscosity (kg/m-s)
e Dissipation rate (m?/s’)

Density (kg/m?)
0x: Turbulent Prandtl number for k
0.: Turbulent Prandtl number for ¢
V:  Del operator.
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Ambiguity in real-world problems can be modeled into fuzzy differential equations. The main objective of this work is to introduce
a new class of cubic spline function approach to solve fuzzy initial value problems efficiently. Further, the convergence of this
method is shown. As it is a single-step method that converges faster, the complexity of the proposed method is too low. Finally, a
numerical example is illustrated in order to validate the effectiveness and feasibility of the proposed method, and the results are
compared with the exact as well as Taylor’s method of order two.

1. Introduction

The entire real world is complex; it is found that the
complexity arises from uncertainty in the form of ambi-
guity. Uncertainties in the real-world problem can be
modeled easily with the help of fuzzy set theory when one
lacks complete information about the variables and pa-
rameters [1]. This concept of fuzzy set theory was first
introduced by Zadeh [2] in 1965. Chang and Zadeh ex-
plicated the concept of fuzzy derivatives [3]. The term
fuzzy differential equation was formulated by Kandal and
Byatt [4] in 1978. These equations help in modeling the
propagation of epistemic uncertainty in a dynamical en-
vironment [5]. Kaleva [6], Seikkala [7], and Song and Wu
[8] have extensively studied the existence and uniqueness
of solutions of these equations. A general formulation of
the first-order fuzzy initial value problem was given by
Buckley and Feuring [9]. Later, the fuzzy initial and
boundary value differential equation was given by O’Re-
gan et al. [10].

First-order linear fuzzy differential equations have in-
spired several authors to focus on solving them numerically
since they appear in many real-world applications. These

applications include different fields of science such as
medical diagnosis, biology, and civil engineering and also
in the field of economics [11] where the information are
not given in the crisp set [12]. Based on Zadeh’s extension
principle, a new fuzzy version of Euler’s method was
developed by Ahamed and Hasan [13]. Solving of these
equations by the Taylor method of order p has been
studied by Abbasbandy and Viranloo [14], and the same
was discussed by Allahviranloo et al. [15] by using the
predictor-corrector algorithm. Finally, the authors con-
cluded that a fuzzy differential equation can be modified
into a system of ordinary differential equations (ODEs).
Also, they found out that there are two solutions for a
fuzzy differential equation by solving the associated
ODEs. The convergence, consistency, and stability for
approximating the solution of fuzzy differential equations
with initial value conditions have been studied by Ezzati
et al. [16]. All the numerical results of these equations and
their applications were summarized by Chakraverty et al.
[12].

In this paper, the fuzzy initial value problem is solved
numerically by using a new class of function approximation
called cubic spline, for better accuracy of the solution.
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2. Preliminaries

Let X' = {x} where X' is the space of points and x is the
generic element of X'.

Definition I (see [2]). A fuzzy subset y, of theset A’ in X' is
a function p,: A" — [0,1].

Definition 2 (see [17]). The a-level set of the fuzzy set A’ of
X' is a crisp set [A']* = {x € X'|uy (x) >a} if a € (0,1].

Definition 3 (see [17]). Let A’ be a triangular fuzzy number
(TFN) which is defined as {I,m,n) where [l,n] is the
support, {m} is the core, and the membership function is

'L—Z’ if xe€[l,m],
m—1
Har (%) =1 n—x’ if xe€ (m,n], (1)
n—-m
0, if x¢ [l,n],

where [<m<n.

Let us denote the set of all fuzzy numbers on R as F
which is a fuzzy number such that y: R — [0, 1].

Definition 4 (see [18]). Let landm € F. If there exists n €
such that [ = m + n, then n is the Hukuhara difference of [
and m. This can be denoted as n = lom. To define the dif-
ferentiability of a fuzzy function, we can make use of this
difference as follows.

Let H: [u,v] — F be differentiable at t;, € (u,v). If
there exists some element H' (¢,) € F such that

lim H(ty+h) e H(t,) _ lim H(ty) e H(t,—h)
h—s0* h h—s0* h

= H'(t,),
(2)
then H is said to be Hukuhara differentiable at .
Suppose H is differential at the point ¢, € (u, v), then all
its a-level sets, H,(t) = [H(¢)]*, are Hukuhara differen-

tiable at t, and [H' (t,)]* = DH,(t,), where DH, denotes
the Hukuhara derivatives of H, and H, as the multivalued

mapping.

Theorem 1 (see [19]). Let q(x) € C*[u,v] and (A;) be a
sequence of partitions on [u, v], with limy__, I|All = 0; then,

for the interpolate cubic spline Sy (x), uniformly foru<x<v,
3—
|q(P) (x) - Sé‘:) (x)| =o(|ag)?. forp=0,1,2, and3.
(3)

If qm (x) satisfies the Holder condition on [u,v] with
0<a<1, then
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3+a-p

' (=52 0] = o) v

Proof. This theorem has been proved in the work by Ahlberg
et al. [19] (p. 29). O

2.1. Cubic Spline Function Approximation for Initial Value
Problems. Let the given (n+ 1) data points be (u;,v;),
i=0,1,2,...,n, where uy<u; <u, < ... <u,. Let us define
the cubic spline P;(u), which is defined in the interval
[u;_1,u;] as follows.

(i) For u<u, and u>u,, P;(u) is a polynomial whose
degree is one
(ii) P;(u) is at most a cubic polynomial in each sub-
interval [u,_,,u;], wherei=1,2,...,n
(iii) P; (u), Pi(x), and P/(x) are continuous at each
point (u;,v;), where i =0,1,2,...,n

(iv) P;(u;) = v;, where i =0,1,2,...,n

If P} (uy) = P! (u,) = 0 and P;(u), P;(u), and P (u) are
all continuous in (uy, u,,), then this cubic spline is called as
natural spline [20].

Many applications make use of slopes. So let us denote
the cubic spline function that is obtained in terms of first
derivatives to be m;. The cubic spline P (u) formula for an
initial value problem in u; ; <u<wu; in terms of its first
derivatives P' (4;) = m; can be obtained by using Hermite’s
interpolation formula as follows [21, 22]:

2 2
uw,—u) (u—u_ u-—u_,) (u—u
SRR { CEVE I CET (O
_—_ (u; - ”)2 2 ("; —U;y) +h]
h
. (u— 1) [2(w; — ) + h]
i 3 >
h
(5)
where h = u; —u;_; for all i
P'(u) = ”Zli;l (u; —u) (2u;_; +u; — 3u)
m;
2 (= u;y) (u_y +2u; — 3u) (6)
6
+ F (vi = vi) (w — ) (u—uiy),
P’ (u) =2 ”;"2‘1 [, +2u; — 3u]
m;
- 2? [2u;_y +u; — 3u] (7)

6
+ 5 (vi = vio) [ty + 14— 2u).

h
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Setting u = u; and P(u;) = v; for all i in (7), we have

2m;_; N 4m;

P (1) =

_%(Pi—Pi—l)- (8)

Now consider a differential equation of first order with
the initial condition as follows:

On differentiating (9) twice with respect to u,
Vi) = £, v) + f, () f (u,v). (10)

Taking u=u; and P(u;) =v; the above equation
becomes

P"(u;) = f, (up Py) + f, (ui, P,) f (4, Py). (11)

dv
du f(u,v)and v (ug) = vy, ©) On equating (8) and (11), we obtain
2m;_, 4m; 6
Tl+ R (Pi=Piy) = fu(u Py) + f, (s Py) f (w3, Py). (12)

From this, we can compute P;’s. Substituting these P;’s in
(5) gives the required solution. The convergence of this
method has been proved by Patricio [21].

3. Fuzzy Initial Value Problem

Consider the first-order fuzzy differential equation as

u' (§) = f&u), §e[&T].T=0, (13)

with the initial condition u (§,) = u, € F, where u is a fuzzy
function of the crisp variable &; that is, u € F, which is
unknown. f: [&), T] x F — F, which is a fuzzy function. v/’
is the fuzzy derivative of u, and u(&;) is a fuzzy number.
Here, let us assume the fuzzy number to be a triangular fuzzy
number.

For a € [0, 1], let us denote the a-level sets:

[u(®)], = [[u(®)]; (@), [u(®)], (@], and [u(&)]. = [[u ()] (@), [u(&)], (@)]. (14)

Also,
[f(&ué)], = [f1(&u();a), f,(&u(d); a)], where

F1&Gu@);a) =min{f (&s) | s € [[u(®)]; (@), (D], (@]} = G(& [w(®)];(a), ()], (@), (15)

f2Eu(&);a) = max{f (&s) | s € [[u(®)](a), [u®], ()]} = H(E [u(®)];(a), [u(®)], (). (16)

The mapping f: [§,, T] x F — Fis a fuzzy process, and
the derivatives f@ € I, for i = 1,2,..., p, are defined as

[FOEu@], =[£G u@a) 19 Eu®: 0l
(17)

where

£ Eu@;a) = min{ 7 (&) | s € [[u(@®]; (@), (O], @]},
F3 (Eu(®;0) = max{ £V (&) | s € [[u(@)]; (@), [u(®], @)]}.

Equation (13) can be replaced by an equivalent system of

equations, and hence,

(18)

[t (O] (@) ={[« (D], (), [ ()], ()}, (19)



where

[ (©)],(a) = f1(Eu(E);a) =G (& [u(®)] (@), (@], (a),
(v ()], (@) = fr(Eu(®);a) =H(E [u(®)] (), [u(®)], (),

The system of equations (20) and (21) will have a unique
solution, [[u(&)]; (), [u(§)], ()] € J = C([§, F]) x C([&,
F]). Thus, given fuzzy differential equation (13) possesses a
unique solution on J.

Usually, equations (20) and (21) can be solved analyti-
cally. Yet, in most of the cases, this becomes tedious, and
hence, a numerical approach to these systems of equations
has to be considered.

4. Cubic Spline Method for Solving Fuzzy Initial
Value Problem

Assume that
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(by (15)), (20)
(by (16)). (21)

[UE)]=[[UE) (@, [UE)] (@], (22)
as the exact solution of (13):
[P(&)]a =[P ()] () [P(£,)], ()], (23)

as the approximated solution of (13) at &, where 0 <n< N.
Now let us calculate the solutions by mesh points at
E <t <. <&y =T, h=(T-&)/N, and &,=¢&,+nh,
where n=0,1,2,...,N.
The cubic spline function P (¢; &) for a fuzzy initial value
problem in &, <&<{; in terms of its first derivatives
P' (&; ) = m; is given as

P(&a) =[P(O)], =m;_

1(fi—f)

fE-bn) |, (-8 E-D)

h2

2
+([u(®)];- (a)) (&-9) [2(:3— §i-1) +h] o

+([u(®)]; (@)

where h =&, — &,_,. But, we know that
(PO, =[P ()] (), [P(§)], (@)], (25)

[P(§)]; () = mi—l(

(§- Ei—l)z [2(§ = &) + K]
W ’

where

E-8 (-8 (-89

h

+ ([ ()] (@)

+([[u(®)]]; (@)

[P(§)], (@) =m;_,

m;

h

(E-°[2(E-&) +h] (26)
h3

) (E-& )" [2(6-8) +h]

>

h3

(6-9'E-60) , G668

h

+([[(®],]i- (@)

+([[u(],];(e)

=
) (& - 5)2 (2 (:3_ &) + h] (27)

(§- fi—l)z[z(fl‘ - &) +h]

h3



Mathematical Problems in Engineering 5
By carrying out simple and similar calculations for (26)
and (27) as given in “cubic spline function approximation
for initial value problems” (especially equations from
(6)-(12)), we obtain the following set of equations:
2m;_, 4m; 6
hl s+ h : 2 ([Pu)i = [Pi)ir) = Ge (& [Pi]is @) + Gy (s [P1]is )G (&35 [P ), (28)
2m;_; 4m; 6
no R w ([P);i = [Pr]iet) = He (8 [Py]is @) + Hyey (s [Py ]is 0)H (€5 [P, ] 5 @), (29)

wherei=1,2,...,nand h =&, - {,_,. From (28), [P;];’s can
be computed, and they are substituted in (26) to obtain the
solution, [P (£)]; («). Similarly, [P,];s can be evaluated from
(29) and are substituted in (27) to yield [P (§)], («). Each P,
value depends on P, jth value, fori=1,2,...,n.

Both these solutions collectively yield the desired solu-
tion [P ()], of (13) at a fixed £ € [¢,_1,¢],i=1,2,...,n

4.1. Convergence of Fuzzy Cubic Spline Method. Let us

According to the results given in the work by Ahlberg
etal. [19] (p. 34) and Theorem 1, if G (&, u (&); a) € C*[€,, T,

we have
u? @ -PP & =0m* P, p=0,12and3 (32

If p = 2, then the above equation can be written as

" (&) = P" (&) = O(h)". (33)

consider the equations: At&=¢, fori=1,2,...,n we have
[P (€)@ =+ S (P =[P, (G0
[u" (&)]i(@) = Ge (&, [P]; @) 1)
+ G (8 [P )G (& [P1]35 ).
[u" (&) - P" (&)] = O(h)*, where h = max b
(or) [u" (&)];(@) = O(K*) +[P" (&)](a), (34)

=k [u" (§)),(a) = 2hm,_y + 4hm; = 6 ([P]; = [P1];,) + O(h4)~

Again, with (31), we obtain [P;]; explicitly or not
according to the linearity or nonlinearity of G (&, u(§); «) in
u (). Then, we can write

[Py]; = ¢, + c,a+ O(h*), (35)

where ¢; and ¢, are constants and a € [0, 1] or

r([P]) = O(h*). (36)

Hence, the order of the method is sustained, and it is true
for & € [&,,T].
From (26), we have

[P©Y (@) < |m_h—mh+([[w(©)];4 (@) + ([ (O] (@) (37)

where §;_, <§{<§;,Vj=0,1,...,n

2m;_; 4m;

[P"(&)], (@) =——+

6
e (P (2,

Similarly, by considering the equations,

(38)

[u" (8], (@) = He (& [P, @) + Hygy (8 [P )i )H (& [P35 ),



we get
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|[[P(©)], (@)] < [mj_yh=mh+([[(®],] (@) +([[u(E)],];(@)]: (39)

Thus, from (24), we obtain

[P(®)]] < |mjoh = mih+ [w(©)]; (@) + @) @], € € [£.,6], ¥i=0,1,....n (40)

5. Numerical Illustration (Exponential Decay
Problem with Decay Constant as 1)

Consider the fuzzy differential equation
Y& =-y©®, (41)

with y(0) = (0.5, 1, 1.5) as its fuzzy initial condition. Let us
find the solution of (41) at £ = 0.2 and 0.3.

Equation (41) can be modified into a system of ordinary
differential equations as follows:

[ (O] (@) = [y (O (@), [y (0)]; (@) = 0.5¢ +0.5, (42)

[y (®], (&) = ~[y (D], (@), [y (0)], (@) = 1.5~ 0.5 (43)

The solution of these two equations collectively gives the
solution of (41). Therefore, the exact solution of (41) is

Y (O] () = [[YI(O)] (@), [Yr ()] ()]
=[(0.5a + 0.5)exp (=&), (1.5 — 0.5a)exp (—£)].
(44)

Now let us compute the numerical solution of (41) by
using the cubic spline method.

For simplicity, assume h=0.1.

Consider equation (42), here G(&, y;a) = -y and so
Ge(§,y;0) =0and G, (&, y;a) = -1.

Also, G(Ei’ [Pl]i§ a) = _[Pl]i~

Using (28) at i=1 and & = 0.1, we get

20my, + 40m,; — 600 ([P;], = [P1]o) = [P;];- (45)

Since m; = [P]' (§;),my = —0.5¢ — 0.5and m, = —[P,],,
the above equation on simplification gives

290« + 290

P, = 46
[P, = 2% (46)
Similarly, at i=2 and & = 0.2, (28) becomes
1
[P, = — > (168200 + 168200). (47)

This is the approximate solution of (42) at £ = 0.2.
By using (42) at i=3, we obtain

20m, +40m; — 600 ([P,]; — [P,],) = [P/]5 (48)

where m, = —[P)], and m; = —[P];. This equation gives the
approximate solution of (42) at & = 0.3.

Now consider equation (43), here H (¢, y;a) = —y, and
hence, H¢ (& y;a) =0, H, (& y;a)=-1, and
H(Ei’ [Pr]ﬁ a) = -P,.

By using (29) at i=1 and & = 0.1, we obtain

—290« + 870
p, = 2% *e 49
[ r]l 641 ( )
where m; = [P,]' (£,), for all i.
From (29), taking i=2 and & = 0.2, we have

20m, +40m, — 600([P,], - [P,];) = [P,],

1
“[P,], = al (~168200a + 504600) (on simplification).
(50)

Similarly, for i=3 and & = 0.3 in (29), we get
20m; + 40m; — 600 ([P, 5 - [P,],) = [P/ ]5, (51)

where m, = —[P,], which is given by (50) and m; = - [P, ]5.
This equation on further simplification gives the approxi-
mate solution of (43) at £ = 0.3.

Tables 1 and 2 represent the comparison of the solutions
for equation (41) that are obtained by exact, cubic spline
method and Taylor’s method of order, p = 2 at £ = 0.2 with
h = 0.1. Comparison of exact and cubic spline solutions at
& = 0.2 is graphically given in Figure 1. Similarly, Figure 2
interprets the compared results of exact and cubic spline at
& =0.3 of step length h = 0.1.

In general, the numerical solution of the fuzzy differ-
ential equation by using the cubic spline method can be
given as

[Pi]o = [[P1]i (@), [P,];(@)], (52)

where i = 1,2,...,n, ie, [P(&)](a) = [[PI(&)](a), [Pr(&)]
(«)], for a fixed &.
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TaBLE 1: Comparison of the results (approximated to 9 decimals) obtained by exact, cubic spline method and Taylor’s method of order,
p=2at&=0.2 with h=0.1 for equation (42).

aecut Exact solution Cubic Taylor solution
Yl spline Pl Tl for p =2
0.0 0.409365377 0.409364268 0.409512500
0.1 0.450301914 0.450300695 0.450463750
0.2 0.491238452 0.491237122 0.491415000
0.3 0.532174990 0.532173549 0.532366250
0.4 0.573111527 0.573109976 0.573317500
0.5 0.614048065 0.614046403 0.614268750
0.6 0.654984602 0.654982830 0.655220000
0.7 0.695921140 0.695919256 0.696171250
0.8 0.736857678 0.736855683 0.737122500
0.9 0.777794215 0.777792110 0.778073750
1.0 0.818730753 0.818728537 0.819025000

TaBLE 2: Comparison of the results (approximated to 9 decimals) obtained by exact, cubic spline method and Taylor’s method of order,
p=2at&=0.2 with h=0.1 for equation (43).

a-cut Exact solution Yr Cubic spline Pr Taylor solution Tr for p =2
0.0 1.228096130 1.228092805 1.228537500
0.1 1187159592 1.187156379 1.187586250
0.2 1.146223054 1.146219952 1.146635000
0.3 1.105286517 1.105283525 1.105683750
0.4 1.064349979 1.064347098 1.064732500
0.5 1.023413441 1.023410671 1.023781250
0.6 0.982476904 0.982474244 0.982830000
0.7 0.941540366 0.941537818 0.941878750
0.8 0.900603828 0.900601391 0.900927500
0.9 0.859667291 0.859664964 0.859976250
1.0 0.818730753 0.818728537 0.819025000
1 Sk
09 | 1
0.8 | 1
0.7 i
0.6 i
a 0.5} g
0.4 | 1
0.3} 1
0.2} J
0.1} i
0k : : : 3
0.4 0.6 0.8 1 1.2 1.4
—— Exact solution Y/ % Cubic spline PI
—— Exact solution Yr % Cubic spline Pr

Figure 1: Comparison of exact and cubic spline solutions at & = 0.2.
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0.2}

0.1}

0 *-

0.2 0.4 0.6

—— Exact solution Y/
—— Exact solution Yr

X

0.8 1 1.2

* Cubic spline P
* Cubic spline Pr

Frgure 2: Comparison of exact and cubic spline solutions at £ = 0.3 for h=0.1.

6. Conclusion

In this article, a new class of cubic spline function method is
introduced for solving fuzzy differential equations subject to
fuzzy initial conditions. The desired solution which is ob-
tained is of O (h*) convergence based on certain conditions
on the derivatives. This numerical method is verified with an
example, and the results are compared with the exact as well
as with the solution obtained by Taylor’s method of order,
p =2. From the comparison of results, one can conclude
that the proposed method is a single-step method that
converges faster and has greater accuracy than the Taylor
method of order two. In future, one can extend this method
to solve higher-order linear and nonlinear fuzzy initial value
problems.
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In this paper, we study nilpotent Lie algebras that admit nilsoliton metric with simple pre-Einstein derivation. Given a Lie algebra
1, we would like to compute as much of its structure as possible. The structural components we consider in this study are the
structure constants, the index, and the rank of the nilsoliton derivations. For this purpose, we prove necessary or sufficient
conditions for an algebra to admit such metrics. Particularly, we prove theorems for the computation of the Jacobi identity for a
given algebra so that we can solve the system of the equation(s) and find the structure constants of the nilsoliton.

1. Introduction

On any Lie group, it is possible to define several different
Riemannian metrics. Considering any Riemannian metrics,
Einstein metrics are the most preferable metrics, as the Ricci
tensor complies the Einstein metric: Ric = cg, for some
constant ¢ € R. But, it is not possible to define Einstein
metrics on nonabelian nilpotent Lie algebras; therefore, we
consider the following weaker condition on a left invariant
metric g on a nilpotent Lie group G:

Ric, = Bl + D, (1)

for some $ € R and D € Der(r), where Ric, denotes the
Ricci operator of (7, g),  is the Lie algebra of G, and Der (#)
denotes the Lie algebra of derivations of #. Equation (1) is
called the nilsoliton condition, D is called the nilsoliton
derivation, and f§ is called the nilsoliton constant.
Nilsoliton metric Lie algebras are unique up to isometry
and scaling. This is one of the reasons that makes nilsolitons
an important topic. On the other hand, there is a one to one
correspondence between Einstein nilradicals with nilsoli-
tons. In [1], Theorem 2.11 states that a nilpotent Lie algebra #
is an Einstein nilradical if and only if # admits a nilsoliton
metric. Therefore, it indicates that classification of nilsoliton
metrics on a nilpotent Lie algebra is equivalent to the same of
Einstein nilradicals. Additionally, if & is Einstein sol-
vmanifold, then the metric restricted to the submanifold can

completely be determined by the nilsoliton metric Lie al-
gebra # = [4,8]. On the contrary, any nilsoliton can
uniquely extend to an Einstein solvmanifold. Therefore, the
study of solvmanifolds is actually the study of nilsolitons. See
[1, 2], for a survey on nilsoliton metric Lie algebras.

There are three methods to represent a Lie algebra and its
related structures: representing a Lie algebra as a linear Lie
algebra, i.e., subalgebra of gl(n), using table of its structure
constants or using generators and relations [3]. In this paper,
we use the table of structure constants related to a Lie al-
gebra. The main reason is that this representation helps one
to create and classify Lie algebras by the computer software
programs as in [4-6]. We vary the Lie algebra structure by
finding structure constants. Namely, we determine a Lie
algebra 7 with a fixed basis {X;: 1 <i <n} explicitly by given
multiplication table, consisting of structure constants o
which are defined by the relations

(X, X;] =Y afi Xy (2)

In this work, the nonzero structure constants are
encoded by using the index set A = {(i, s k)Ioci-‘j #0,i<j< k},
ignoring repetitions due to skew-symmetry. While indexing
the structure constants, we use triples (i, j, k) € A such that
i<j<k, and if (i j,k), (i, j,m) € A, then k=m and
(i, j1, k), (i, j;, k) € A, then j, = j,. For this purpose, we fix a
basis {X;,...,X,} for a nilpotent Lie algebra x with
(Xi, Xjl=) ocfijk #0 such that for every
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i, ],#{k ocJ:#O}<1 and for every i, k, #{] o ¢O}<1 Such
basis {X J} is called nice and defined by N1kol/ayevsky in [7].
In our paper, we call this basis as “Nikolayevsky basis.” Using
this special basis, we do not need to use sum symbol in
equation (2).

In this paper, we prove theorems regarding to some
structural components of nilsolitons for possible algorithmic
approach in classifications. In particular, we present some
new concepts and theorems regarding to create Jacobi
identity equations for a given nilsoliton metric Lie algebra.
We also present methods for the computations of the index
and the rank of a nilsoliton. We provide several examples to
illustrate the newly proposed concepts and methods.

This paper consists of four sections. In the second
section, we present preliminary background. In the third
section, we prove necessary theorems that help us to cal-
culate structural elements of nilsolitons. In the last section,
we present concluding statements.

2. Preliminaries

Let (#,, <, >) be a metric algebra, where y € A*nen*. Let
B= {X} be a ¢, )-orthonormal basis of 7, (we always
assume that basis is ordered). The nil-Ricci endomorph1sm
Ric,, is defined as (RicHX, Y)> = ric, (X,Y), where

ric, (X,Y) = —% Z<[X> X [V X
i1

(3)
# X[XXL20x0 X L,
i=1

for X,Y € n. When # is a nilpotent Lie algebra, the nil-Ricci
endomorphism is the Ricci endomorphism. If all elements of
the basis are eigenvectors for the nil-Ricci endomorphism
Ric,, we call the orthonormal basis a Ricci eigenvector basis.

Let Der (#) denote the derivation algebra of #. A maximal
abelian subalgebra of Der () comprised of semisimple el-
ements which is called a maximal torus. The dimension of a
maximal torus is called the rank of #.

In the following, we define root vectors and root matrix,
Gram matrix, Nikolayevsky basis.

Definition 1. Suppose that A = {(1 J k)|041] #0,i<j< k} isa
finite set which indexes the set of nonzero structure con-
stants corresponding to a Lie algebra #, ignoring repetitions
due to skew-symmetry. For 1 <14, j, k <n, we define 1 x nrow
vector yf.‘j to be €l + e]T. — €, where {e}', is the standard
orthonormal basis for R". We call the vectors in
{yf.‘jl (i, j, k) € A} root vectors for A. Let ¥, %5 ...V
(where m = |A|) be an enumeration of the root vectors in
dictionary order. We define root matrix Y, for A to be the
m x n matrix whose rows are the root vectors y, ¥5, .- > Y-

The Gram matrix U, for A is the m X m matrix defined
by U, =Y ,Y7%; the (i, j) entry of U, is the inner product of
the i th and j th root vectors (unless otherwise stated, the
matrix U means the Gram matrix corresponding to the
index set A. Therefore, from now on, we do not use U,).
From Theorem 5, in [8], we know that U is a symmetric
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matrix where its all diagonal entries are 3 and its off-diagonal
entries are in the set {-2,-1,0,1,2}.

Nikolayevsky showed that every Lie algebra admitting a
derivation with all the eigenvalues of multiplicity one has a
nice basis [7]. We use this type of basis in our study. This way
our Gram matrices corresponding to metric nilpotent Lie
algebras does not have a 2 and -2 as an entree (Lemma 2 in
(4]).

Now, suppose that |[A| = m and [1]

represents a col-
umn vector [1 1 1 ... 1]" in R™.

m

Theorem 1 (Theorem 1 in [8]). Let # be a nonabelian metric
algebra with Ricci eigenvector basis B. Let U and [a?] be the
Gram matrix and the structure vector for 7 with respect to B.
Then, # satisfies the nilsoliton condition with nilsoliton
constant f if and only if U[a?] = 2f[1],,..

The above theorem indicates a Lie algebra # which
admits a nilsoliton metric iff there exists a solution v € R™ of
the linear system Uv = [1],, where all entries are positive real
numbers.

3. The Structural Elements

In this section, we introduce notions and prove theorems for
the computation structural elements of the nilsoliton metric
Lie algebras.

3.1. The Jacobi Identity(s). Now, we present the theorems
which help to create possible Jacobi identity equations.

Theorem 2 (see [8]). Let # be an n-dimensional vector
space; B = {X;}, be a basis for 5. Suppose that a set of
nonzero structure constants o ; relative to B, indexed by A,
defines a skew symmetric product on #. Assume that if
(i, j,k) € A, theni < j <k. Then, # is a Lie algebra if and only
if whenever there exists m so that the inner product of root
vectors <sz yi» = -1 for triples (i, j,I) and (I,k,m) or
(k,1,m) in A, the equation

m S m
Z oci,jocs)k + ocj)kocs)i ot = 0, (4)
s<m

holds. Furthermore, a term of form o, 9 is nonzero if and
Ol’ll)/ 1f<y1] ylk> -

Lemma 1 (Lemma 2.8 in [4]). Let # be an n-dimensional
nonabelian nilpotent Lie algebra. Suppose that # admits a
derivation D having distinct real positive eigenvalues. Let B
be a basis consisting of eigenvectors for the derivation D,
and let A index the nonzero structure constants with respect
to B. Let Y be the m X n root matrix for A. If rank(Y) = m
then the following hold:

(1) |Algn-1.
(2) If (il,kjl,k YeA and
<y11]1’y1212>5& -1

(i3, jorky) € A, then

Remark 1. The reverse of Lemma 1 is not true.
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Proof. Suppose that 7 is an algebra which is indexed by the
following index set:

A ={(1,2,5),(1,3,6), (1,5,7), (1,6,8), (2,4,7), (2,5,8), (3,4, 8)}.

(5)
Its corresponding Gram matrix is as follows:
3101100
1310001
0131110
1013011 (6)
1010311
0011131
0101113

It is a singular matrix with nullity = 1. Also, it does not
have -1 entry. From Theorem 2, it is a Lie algebra. Also,
since the solution space of U.v = [1] is

1 6 5 5 3 5
{v=<t+—,——t,t,——t,——t,—,t>|0<t<—},
1919 19 19 19 19

(7)

from [8] that it is a nilsoliton metric Lie algebra with the
magnitudes of the structure constants

1
o, =t + o
6
6 |
locL3 19 t,
loci5| =t,
(8)
5
8 = — -
|oi 6| = 5 b
5
7 [ p——
la2,4| - 19 [
3
|a2s] = 1_9|“§,4| =t
with  simple  derivation of type 7<10<13<

14<17<20<24<27 with singular Gram matrix U and
Al =n-1. O

The counter example provided in Remark 1 illustrates
none of the inner products of root vectors being —1 does not
imply that the Gram matrix of the nilsoliton is nonsingular.
Additionally, if the cardinality of the index set |A|<#n, —1
does not imply that the Gram matrix is nonsingular.

3.1.1. Constructing the System of Jacobi Identities. In order
an algebra to be a Lie algebra, one needs to satisfy the Jacobi
identity. Using our index set A, the corresponding Jacobi
identity turns into equation (4). Also, there has to be at least
two product couples in the Jacobi identity. Otherwise, if

there is one product couple in Jacobi identity, it leads to
o jocgf‘k =(; therefore, it contradicts to the fact that
(i, j,$), (s,k,m) € A. On the other hand, the Jacobi identity
is created by each vector triples from the given fixed
Nikolayevsky basis. For example, the Jacobi identity for
X, X X, is

S

Jkocfi' +ag;a = 0. (9)

s m _
oo + o sj =

Since we use the Nikolayevsky basis, there is a unique k
which appears in equation (9). Therefore, each Jacobi
identity is created with fixed X;, X ;, X, and m € AoM. Also,
because there has to be at least one product couple in the
Jacobi identity, then there exist 2 or three product couples in
the Jacobi identity. In equation (9), the product couple aj; o,
corresponds to the index triples in A such that
(i, j,s), (s,k,m) e A, or (i, j,s), (k,s,m) € A. In the fol-
lowing definition, we define the set of all product couples P,,
related to the Jacobi identity for a given subset X, X ;, X of
the fixed basis. As one can see, there exist at most 3 product
couples in the same Jacobi identity.

Definition 2. If there are t product couples in the Jacobi
identity for the same m such that (i, j,s), (s,k,m) € A, or
(i, j,s), (k,s,m) € A, then the Jacobi identity which was
created by the basis Vectors{X,», XX k}. Now, we define the
set of all nonzero product couples for a given index triple
basis vectors X, X ;, X as follows:

p, ={ps =

ocfjoczlk,ISSSn,psz;EO}. (10)

It is called set of product couples for #m and for in
equation (4):
AoM ={m e N: (i, j,5), (s,k,m) € Aor (i, j,s), (k,s,m) € A}.
(11)

Here, AoM is the matrix of #m that appears in equation

(4).

Remark 2. Let n be an algebra that is indexed by A, then the
Jacobi identity for a given X, X, X with each m € AoM is
given by

P1FPFp3=0. (12)

The proof of Remark 2 follows from the definition of
Jacobi identity for a given algebra.

Theorem 3. Let 1 be an algebra that is indexed by A, and U
be the Gram matrix related to A. Let v, belong to the solution
space to the linear system Uv = [1], then the Jacobi identity
for each m € AoM is given by

\/Vilel¢\/Vi2ij$\/Vi3Vj3 =0, (13)

where 1 <1iy,1,,13, 1, j3 < Al

Proof. Let 17 be an algebra that is indexed by A. By Remark 3,
the Jacobi identity for each m € AoM and each basis vector
triple X;, X, X is given by



PiFp,Fp; =0. (14)

Here, p, = o ;a}. By Theorem 1, the solution vectors of
the linear system Uv = [1] are the squares of the structure
vectors o, for all (i, j,s) € A. Therefore, for any v that

satisfies Uv = [1] is of form v = (ocf’j)z. Thus, for each
pS E Pm’

Ps = ViV (15)

where a,b € {i},i,,13, j;, j3},and v, = (ocfj)2 and v, = ().
Solving the equations for the structure constants, we have

“fj = F/Va (16)

for all (4, j,s) € A. Therefore, equation (12) turns into
\/Vil"jF\/ViZVjﬁ\/Vi}Vj} =0, (17)
which finishes the proof. O

In some cases, there can be more than two square root
product couples in equation (13), i.e., there is more than one
m € AoM. In that case, we need to consider all the cases of
the signs between the product couples o] ;a}, LA and
ay ;s The following lemma deals with this matter.

Lemma 2. If there are k product couples in the Jacobi
identity, then there are 25! — 1 possible sign choices.

Proof. Suppose that p; € P,, for m in equation (4) where P,,
is the set of all product couples, as in Definition 2. Therefore,
the Jacobi identity turns into p,;Fp,Fp; = 0. Without loss of
generality, we assume that p; > 0. For each p, € P,,, where
2<s<n, there are two possible sign choices {+,—}. There-
fore, we have 2! possible sign choices. Since all the product
couples are nonzero, then they can not all be +. Therefore, we
drop the case (+,+,...,+). Thus, there are 2~ ! — 1 possible
sign choices for the set P,,,.
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As we know that there is at most three, at least two
product couples in the Jacobi identity, the there is at most
three different sign choices for a Jacobi identity. O

Definition 3. We define the matrix of all sign choices SC =
[sjs] € M (31_1)x(—1) matrix where the entries are of the
form

1, >0,
S :{ b (18)
0, p,<0,

for 1<j<2"! - 1. For example, if P,, = {p;, p,, p3}> then
SC is a 3 x 2 matrix

10
SC=[01 [ (19)
00
The equations are created by
pl + (_l)sc(l,l).Pz + (_1)SC(1,2).p3 — 0’
pr+ (1P py 4 (-1)*®P p, =0, (20)
P+ (=1)5CY p 4 (-1)5¢BD p, =0,
Therefore, we have p, + p, —p;=0, p,—p,+ p3 =0,
and p, — p, — p; = 0. If there is more than one array of
number #’s in equation (4) in Theorem 2, then one needs to
find common solutions of at least one Jacobi identity that

was created by SC matrix for each m. To illustrate the above
procedure, we have the following example.

Example 1. Suppose that
A ={(1,3,4), (1,4,5), (1,5,6), (2,3,6), (1,6,7),

(21)
(2,4,7), (1,7,8), (2,5,8)}.

The solution of the equation Uv = [1] is of the form

v=(x+y-1/5 1/55+x 1/11 31/55-x—y 32/55-x-y y 4/11-x x)',

() (@) (@) (@) (@) (@) (@) (&))"

where x, y are parameters of the solution system. Then, there
are two m7’s in equation (4). Now, let us denote the set of m as
AoM. Therefore, AoM = {7, 8}. Each m € AoM corresponds
to a Jacobi identity. For m = 7, we have two product couples
of the triples (i, j,I) and (I, k,m) or (k,l,m) in A. They are
(2,3,6)(1,6,7) and (1,3,4)(2,4,7). Therefore, the first
Jacobi identity is

(“gs)(“&) * (“i‘a)(“;;) =0. (23)

(22)

For m = 8, we have two product couples of the triples
(i,j,I) and (Lk,m) or (k,,m) in A. They are
(2,4,7)(1,7,8) and (1,4,5)(2,5,8). So, the corresponding
Jacobi identity is

(a34)(aff;) £ (o, )(a35) = 0. (24)

It can easily be seen that there is a unique sign choice for
the above equations. The common solution is as follows:
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“i‘3 = V2/11,

&, = VT,

“TS = V1711,

o = V25, (25)
o, = VT,

“;4 = V175,

“?7 = V2/11,

. = VAT

3.2. The Rank and the Index of a Nilsoliton. The following
proposition and its following corollary help us to compute
rank of a nilsoliton metric Lie algebra.

Proposition 1 (see Proposition 4.7 in [9]). Let # be a
nonabelian Lie algebra that admits a simple derivation D. Let
B = {Xi}, be an eigenvector basis with index set A, and let
Y be the root matrix associated to A. Then, the rank of the
nilsoliton metric Lie algebra 7 equals to the nullity of the root
matrix Y.

Corollary 1. Let 1 be a nonabelian n—dimensional Lie al-
gebra that admits a simple derivation. Let B be an eigenvector
basis with index set A, and let Y be the root matrix associated
to A. Then,

rank (1) = n + nullity(YY") - |Al. (26)

Proof. Suppose that 7 is an n—dimensional nonabelian Lie
algebra, admitting a simple derivation. Let B be an eigen-
vector basis with index set A where |A| = m, and let Y be the
root matrix associated to A. By Proposition 1, the root
matrix Y is an m xn matrix, whose nullity is rank ().
Therefore, from rank-nullity theorem, rank(y) =
n—Rank(Y). We also know that rank(Y) = rank(YY7);
therefore, we have

rank () =n - Rank(YYT). (27)

On the other hand, YY7 is an m x m matrix. Therefore,
Rank (YYT) = m — Nullity (YYT). Then, we have

rank () = n —(m - Nullity(YYT)) (28)
28
= n+ Nullity(YY") -|A].

Definition 4. Let X € 1, ady, denote the adjoint represen-
tation and #* denote the dual of the Lie algebra #. Then, the
skew symmetric bilinear form ¥, where f € 7, is defined

by

5
Yeinxn—R
(X,Y) — ¥, (X.Y) (29)
= f(IX.Y]).
The index of a Lie algebra # is the integer
inf{dimqf:qu*} where 7, =ker(¥;) defined by

ny={Xen fUXY])=0,Vyenk

Proposition 2 (see Proposition 4 in [10]). The index of an
n-dimensional Lie algebra # is the integer,

index, = n - Rankg, ([ X, X;]) (30)

1<ij<n’

where R(n) is the quotient field of symmetric algebra S ().

Remark 3. above proposition tells us that the index of a Lie
algebra is the nullity of the matrix E, = ([X; X;]).

Now, we present an example regarding to this notion
with the use of the index set A.

Example 2. Suppose that A ={(1,2,3), (1,3,4), (2,3,5)} is
the index set of an algebra # of dimension 6. Its corre-
sponding Gram matrix is

300
031 | (31)
013

Since there is no —1 entry, # is a Lie algebra. The matrix
E, is as follows:

0 X, X,000
X, 0 X;000

-X, -X; 0 000 |. (32)
0 0 0000
0 0 0000

Its rank is 2; therefore, indexq =4,

Proposition 3. For an n—dimensional nilsoliton represented
by an index set A with a Nikolayevsky basis, the matrix E, has
the following properties:

(1) The matrix is an nxn matrix with zero diagonal
entries

(2) The rank of E, is even

(3) The n'" row and column of E, are zero matrices

(4) If |Al = K, then E, has 2K nonzero entries

Proof. Suppose that the Nikolayevsky basis is represented by
B={X,} By the definition of E,, E, (i, j) = [X;, X;],
then

l1<a<n®

(Eﬂ)ij = [Xi’Xj] = —[X]-,X,»] = ‘(Eq)ﬁ- (33)

Therefore, E, is a skew symmetric matrix, which implies
the first and second properties. On the other hand, since 7 is



nilpotent Lie algebra with Nikolayevsky basis, then A
consists of the elements of form (4, j, k) such that i< j<k.
Therefore, n cannot appear in the first or the second
component of the triples in A. Thus, [X;, X,] = [X,, X;] =0
for all ief{l,2,...,n}, which implies that
(Ep)in = (E,)y = 0, i.e., the last row and the last column are
zero matrices.

The entries of E, are defined by the index set A. If
|A| = K, then there exists K non-zero entries on the upper
triangular part of E,. Since the matrix is skew symmetric,
then there exists other K nonzero entries in the lower tri-
angular part of the matrix. So, in total, there exists 2K
nonzero entries in E,. O

Corollary 2. Suppose that 4 is an n—dimensional nilsoliton.
Then, index (n) is even, if n is even, and index is odd if n is odd.

Proof. The index of the nilsoliton is
index(7) = Nullity(E,,) =n- rank(E,?). Since E, is a skew
symmetric matrix, its rank is always even, which finishes the
proof. O

4. Conclusion

In this paper, we prove theorems for the computations of
structural elements of an n-dimensional nilsoliton 7. We
prove theorems regarding to the Jacobi identity or identities
that have to be satisfied, rank, and index of the nilsoliton. In
the future, we plan to use these theorems to create a
computer algorithm for the classifications of nilsolitons for a
given dimension. The theorems appearing in this study will
allow us to pare down the number of cases to consider in our
procedure.
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Amid all convective heat transfer augmentation methods employing single phase, jet impingement heat transfer delivers sig-
nificantly higher coeflicient of local heat transfer. The arrangement leading to nine jets in square array has been used to cool a plate
maintained at constant heat flux. Numerical study has been carried out using RANS-based turbulence modeling in commercial
CFD Fluent software. The turbulent models used for the study are three different “k-¢” models (STD, RNG, and realizable) and SST
“k-w” model. The numerical simulation output is equated with the experimental results to find out the most accurate turbulence
model. The impact of variation of Reynolds number, inter-jet spacing, and separation distance has been considered for the
geometry considered. These parameters affect the coefficient of heat transfer, temperature, and turbulent kinetic energy related to
flow. The local “h” values have been noticed to decline with the rise in separation distance “H/D.” The SST “k-w” model has been
noticed to be in maximum agreement with the experimental results. The average value of heat transfer coefficient “h” reduces from
210 to 193 W/m*K with increase in “H/D” from 6 to 10 at “Re” = 9000 and S/D of 3. As per numerical results, inter-jet spacing “S/

D” of 3 has been determined to be the most optimum value.

1. Introduction

The application of jet impingement because of its higher
convection heat transfer rates in processes, namely, me-
chanical as well as chemical, has steered numerous industry
applications, for instance, metal plates cooling/heating,
cooling of turbine blades, industrial equipment cleaning,
and cooling of Micro Electro Mechanical Systems (MEMS).
Jet impingement is normally utilized in numerous industrial
applications which include automobile windshield de-icing,
electronic component cooling, and glassware. High con-
vective transfer rates associated with the jet impingement
has ensured the use of this technology in the fields where the
heat fluxes associated are very high and the space is

restricted. Heat, Ventilation, and Air-Conditioning (HVAC)
is significant for building indoors, not only for adequate
comfort levels and quality of air for occupants, but also in
terms of the energy consumption [1-3]. Impinging Jet
Ventilation (IJV) is the new technique emerging in this field
which uses the idea of an impinging jet employed for cooling
a heated target surface. Good number of experimental,
numerical, and analytical studies have been performed.
Outstanding review papers (Viskanta [4] and Zuckerman
and Lior [5]) have been published with an emphasis on
different issues. The transfer of heat from a single striking jet
is bell shaped Gaussian distribution and thus can lead to the
formation of hot spots on target surface [4, 5]. Thus, it has
been established that multiple impinging jets can give rise to
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better heat transfer consistency at the impingement surface.
Interactions and thermal characteristics developed in mul-
tiple conventional striking jets (MCIJs) have been exten-
sively explored. In multiple jet impingement, each
impinging jet may be influenced essentially by two different
kinds of interactions. First are inter-jet interactions pre-
ceding their impingement on the surface. This type of in-
teraction is important in geometries having small inter-jet
spacing and large separation distances. Second type is in-
teraction among the wall jets of impinging jets after their
impingement on surface. These primarily occur for array
configurations with smaller inter-jet spacing with high
velocities.

Metzger and Korstad [6] experimentally determined the
effect of cross flow in multiple impinging jets on a horizontal
plate. Inline circular jets with varying inter-nozzle distance
and separation distance among jets and impingement plate
were studied. Heat transfer coefficient is controlled with jet-
diameter Reynolds number and inter-jet spacing. Li et al. [7]
explored heat transfer from triangular array of jets with
varying diameters on a roughened target surface. Goldstein
and Timmers [8] studied a geometry of single jet bounded by
a hexagonal array of six circular jets with radius of 5 mm.
Behbahani and Goldstein [9] stated that at a fixed mass flow
rate per jet, decreasing inter-jet spacing resulted in increased
area averaged Nusselt number. Experiments carried out by
Florschuetz et al. [10] indicated the direct advantages of
reducing jet diameter as well as letting free space among jets
for directing the spent gas flow. Obot and Trabold [11]
examined effects of cross flow employing geometries with
minimum, intermediate, and maximum crossflow. Gold-
stein and Seol [12] stated that local Nusselt number should
be higher at smaller separation distance (H/D=2) than at
larger distance of H/D = 6. Slayzak et al. [13] investigated the
interactions between adjacent jets using a twin jet im-
pingement system. By varying the momentum of twin jets,
oscillations were observed in the interaction zone. For a
round jet at “H/D” =2, Huber and Viskanta [14] noticed a
peak in local “Nu” for a ring formed region around “r/
D”=0.5 and a second smaller peak at “r/D”=1.6. San and
Lai [15] showed that interaction between the jets produced
smaller peaks in heat transfer distribution among the
stagnation regions because of interactions among neigh-
bouring jets. Geers et al. [16, 17] studied velocity flow field
for the multiple array of circular jets striking on a flat
horizontal plate. Results revealed interactions taking place
among cross flow as well as the wall jets that led to the
development of horseshoe vortices. Spring et al. [18] stated
that inline arrangement is superior to staggered arrangement
of jets mainly attributed to the nature of crossflow existing in
the array. San and Chen [19] reported that for the rise of
separation distance from 0.5 to 2, the Nusselt number
maxima between central and neighbouring jets disappeared
attributed mainly to the decreased interactions between
adjacent jets. Florschuetz et al. [20] studied the crossflow
effects with temperature difference between crossflow and
impinging jets. Gardon and Akfirat [21] conducted exper-
iments on slot jet array and presented that the definition of
each jet is maintained and the peak values in heat transfer
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distribution differed slightly from those pertaining to single
impinging jets. Lee and Lee [22] established that orifice
nozzles lead to high rates of heat transfer rates in comparison
to fully developed pipe flow. Weigand et al. [23] conducted
experiments on multiple jet impingement instead of a single
jet and determined the presence of secondary stagnation
zones and vortices that result in the reduction of heat
transfer rates. This flow of gas is called spent gas and these
wall jets are predominant in the geometries where the small
inter-jet spacing, small gap distances among nozzle plate and
target plate, and large velocities are used. Chougule et al. [24]
determined experimentally that the rise in “H/D” resulted in
decreased heat transfer rates. Higher heat transfer rates are
visible in lower “H/D” ratios because of the decrease in the
impact area as the jet does not mix well with the ambient
fluid. Yong et al. [25] experimentally studied the crossflow
effects of spent gases in staggered and inline array schemes
and demonstrated that the effects of crossflow from up-
stream rows of jets to downstream rows are more pro-
nounced for a staggered array in contrast to an inline array.
Computational fluid dynamics has now emerged as a
powerful tool for predicting the flow situations and heat
transfer characteristics. Likewise, heat transfer enhancement
is also gaining popularity so as to increase the thermal
performance of the systems. There are many studies con-
ducted where heat transfer enhancement has been studied by
utilizing nano-sized particles and V-ribs for solar panels
[26-33]. Jet impingement also focusses on the enhancement
of heat transfer using turbulence induced mixing as a means
for increased heat transfer coefficient.

The literature review suggests that there are few studies
available in which the effects of interactions in larger arrays
of impinging jets have been investigated numerically for heat
transfer characteristics. Based on this finding, the present
work has been performed where an inline array of nine
impinging jets has been investigated for studying the impact
of interactions upon heat transfer characteristics at different
inter-jet spacings (“S/D” =2, 3, 5, and 7), separation dis-
tances (“H/D”=6, 8, and 10), and Reynolds numbers
(“Re” =7000, 9000, and 11000).

2. Numerical Modeling

The three-dimensional flow situation has been solved using
the Navier-Stokes and energy equations along with tur-
bulence models by means of CFD software (FLUENT 6.3.26)
to predict the thermal and turbulent flow fields for the flow
physics. Equations (1)-(5) have been solved in the com-
mercial Fluent CFD code [34]. The “k-w” turbulence model
has been used with shear stress transport (SST) option, and it
has been found to work best for wall bounded flows than
other turbulence models available. The “k-w” turbulence
model is selected because of its lesser computation re-
quirements, simplicity, and worldwide acceptability. The
flow has been considered as incompressible for the sake of
simplicity, and steady-state conditions have been assumed.
The gravity and radiation heating are neglected, and tem-
perature dependence for standard thermophysical proper-
ties such as specific heat, density, and heat conductivity has
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also not been considered. Figure 1(a) illustrates the detail
description of the problem with the application of boundary
conditions. The bottom wall of computational domain has
been given a constant heat flux condition. Nine nozzles,
having diameter “D” =5 mm and length “L” =25 mm, have
been used to supply air in the form of round air jets. The
velocity of the air jets has been varied with the use of dif-
ferent Reynolds number. These air jets exit the domain after
impingement from the pressure outlets given at the sides of
the domain. Likewise, the nozzle plate at the top has been
assigned the constant temperature boundary condition. This
plate also acts as a semiconfinement for the impinging jets.
The schematic details of nozzle plate are given in Figure 1(b)
for jet spacing of 15 mm corresponding to nondimensional
distance of S/D = 3. The target plate has been maintained at a
static heat input rate of 30 W, and all other surfaces except
for the top surface are considered to be adiabatic. The
governing equations for momentum, pressure, turbulent
kinetic energy, specific rate of dissipation, and energy have
been discretized using second-order techniques. A tetra-
hedral meshing scheme having y* values less than five and
adequate near wall treatment has been employed around
wall region so as to precisely resolve viscous sublayer region.

The velocity inlet boundary condition has been specified
with the value of measured velocity from the Reynolds
number, and static temperature of 300K has also been
assigned at the velocity inlet. No-slip criteria have been
implemented at the wall surface for viscous effects. The
pressure outlet boundary condition signifies the outflow of
the spent flow, and it corresponds to the far field flow
conditions with temperature (300 K), gauge pressure of “0”
Pa relating to atmospheric conditions, and turbulence in-
tensity of 5%. For the impingement wall, a uniform heat flux
of 8333 W/m® (30 W for 60 x 60 mm plate) has been spec-
ified along with temperature value of 40°C at bottom surface
of heat sink. The other heat sink sides are taken to be
adiabatic. The temperature values thus obtained at the top
surface of base plate have been appended to the computa-
tional flow domain, and simulations have been carried out
with different conditions of varying inter-jet spacings, H/D,
and Reynolds number.

To minimize the computational time and efforts, only
quarter of the complete domain is modeled, and by using
symmetry boundary conditions, the heat transfer and fluid
flow characteristics can be accurately predicted. Figure 2
portrays the computational grid generated for numerical
study, and Table 1 highlights different boundary conditions
given at various sides of the flow domain. Numbers of cells
used for the quarter domain are around 4,34,000, thus
resulting in 1.7 million cells for the complete domain which
are adequate to model the fluid flow. To minimize the
computational efforts, thermophysical properties for air
have been approximated to be constant. The SIMPLE al-
gorithm aimed at pressure velocity coupling has been taken
for solving the pressure field [34]. The convergence criterion
used for residuals in momentum, energy, and turbulence
parameters has been specified as 107°. The numerical

calculations have been performed on a computer system
having the following configuration: Intel i3 (4 core) pro-
cessor, 4GB RAM, 512 GB HDD, and 2 GB graphics. The
computation time that has been taken by the computer in
solving different mesh sizes is given in Table 2.

2.1. Numerical Procedure. CFD study of the multi nozzle
impingement has been conducted by solving the discretized
equations of mass, momentum, and energy conservation
(equations (1)-(3)). RANS-based momentum equations
have been solved for obtaining the flow velocities under
steady-state conditions.

2.1.1. Continuity Equation.
V.(pV) = 0. (1)

2.1.2. Momentum Equation.

V.(pVV)=-Vp+ V.(yeffVV). 2)

2.1.3. Energy Equation. The energy equation is solved to
obtain the temperature data in the flow field.

N
V.(V(pE+p)) = V. <keffVT -y ;] j>. (3)

j=1

2.1.4. Turbulence Parameters. The turbulence in the flow has
been numerically solved using two turbulence models, and
the equations used for solving the turbulence parameters are
given in equations (4)-(7). The turbulence parameters are
calculated or predicted as per the model being used so as to
calculate the value of turbulent viscosity which is then used
to estimate the value of effective viscosity in equation (2).
With the inclusion of this term, the velocity field can be
calculated numerically as the equations are now mathe-
matically closed. Equations (4) and (5) represent the
transport equations for turbulent kinetic energy (k) and
dissipation rate (&) as used in k-¢ models. Likewise, the
turbulent parameters (k) and specific dissipation rate (w)
have been estimated for k-w model as per equations (6) and

™).
\Y (ka) = V][apper VK] + G — pe, (4)

2
\ (pf?) =V [‘Xaueffvs] + Clsin - CZEP% - Re’ (5)

\% (pk‘_f)) = v[(x&uefka] + Gk - Yk + Sk’ (6)

V(pwV) = V[augVo] +G, - Y, +S,. (7)
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FIGURE 2: (a) Computational mesh generated for the numerical computation and (b) schematic view of nozzle plate being used.

3. Numerical Results

Numerical study has been executed to explore the impact of
variation in “S/D,” “H/D,” and “Re” upon heat transfer
characteristics. For the validation of numerical results, Ta-
ble 3 highlights the average heat transfer coefficient values
compared to the experimental output of Chougule et al. [24]
along with the errors at fixed conditions corresponding to
“H/D” of 8, S/D of 3, and Re of 9000. On the basis of these
results, k-w “SST” model has been implemented for nu-
merical simulations. Likewise, local coefficient of heat
transfer has also been plotted against nondimensional dis-
tance along x-axis (Figure 3) for “H/D” =6 and Re =9000.

3.1. Impact of Separation Distance (H/D). The impact of
separation distance (H/D) among the nozzle and the target
plate has been explored by varying “H/D” at the same “S/D”
and Reynolds number. The rise in separation distance
resulted in decreased rate of heat transfer as the increase in
the separation improves the interaction among the jets and
the surroundings, and thus velocity of the jet decreases
owing to increased momentum exchange. The values of

coefficient of heat transfer as well as Nusselt number should
thus decline at stagnation regions. Figure 4 shows the dis-
tribution of heat transfer coefficient and turbulent kinetic
energy (TKE) at Reynolds number “Re”=7000 for nu-
merous values of separation distances (“H/D” =6, 8, and 10)
for “D” =5mm.

The values of local “h” decrease with increasing “H/D” at
the stagnation region pertaining to the jet at “X/D” = 0. The
variation shows value of “h” to decrease from 390 W/m?>-K
to 270 W/m>-K as “H/D” is increased from 6 to 10.

The value of peak in “TKE” distribution reduces from
15m?/s> to 2m°/s> for the separation distance “H/D”
changing from 6 to 10. Likewise, Figures 5 and 6 portray
local “h” and “TKE” distribution intended for different “H/
D” at fixed “S/D” of 3 and Re of 9000 and 11000.

The values of local heat transfer coefficient and turbulent
kinetic energy can be seen to be increasing with increasing
Reynolds number since the increase in flow velocities tends to
increase the turbulent interactions with the atmosphere. The
increase in axial flow velocities also results in lesser jet spread
and thus lesser thermal dilution leading to higher heat
transfer. At the interaction region formed in-between adja-
cent jets (i.e., “X/D” ~ 1.5), the higher flow velocities of wall
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TaBLE 1: Boundary conditions used for computation.

Physical location/identity Boundary type Mathematical representation
Top plate/nozzle plate Wall u=v=w=0; T,=300K
Bottom surface/impingement plate Wall u=v=w=0; q" =8333 W/m’
Side/opening/outlet Pressure outlet P=P,m

Rear/side surface Symmetry d(.)/ox ;=0
Inlet/velocity inlet Velocity inlet As per value of Re at the nozzle
Nozzle walls Wall u=v=w=0; T=300K

TaBLE 2: Computational grids and time taken for convergence.

S. No. Mesh density/size Computational time
1 301,720 cells 6 hours (approx.)
2 4,34,000 cells 9 hours (approx.)
3 6,55,600 cells 11 hours 30 minutes (approx.)
TaBLE 3: Comparison of different turbulence models.
Sr. No. Turbulence models Average heat transfer coeflicient (h) Error (% age)
1 Experimental value 210 W/m>-K —
2 k-& STD 181 W/m*-K 13.8
3 k- RNG 192W/m*-K 8.57
4 k-¢ realizable 191 W/m*-K 9.04
5 k-w SST 204 W/m*-K 2.85
g
£
g

—— k-0 SST
—— k-¢STD
—— k-¢RNG

X/D

—— k-erealizable
O  Experimental

FIGURE 3: Local heat transfer coefficient (W/m?*-K) distribution with respect to “X/D” for various turbulence models.

jets result in flow separation in form of fountain upwash flow.
Due to this flow separation, the value of “h” at this region is
very less. One more observation can be made for “H/D” =10
case that the stagnation region formed here (“X/D” = 0) shows
a plateau of high local “h” values instead of depicting a sharp
peak as seen for “H/D” =6 and 8. This happens due to in-
creased jet spread taking place due to the increased space
available between nozzle exit and impingement plate for
higher separations.

3.2. Impact of Inter-Jet Spacing (S/D). The values of “S/D”
considered for the present analysis are “S/D” =2, 3, 5, and 7.
These “S/D” values are sufficient to analyze how the jets will

behave for very close, medium, and far inter-jet spacings. The
increase in “S/D” will result in decreased interactions among
the jets, and therefore the total heat transfer will decrease and
the decrease in “S/D” will lead to increased interaction and thus
increase in heat transfer. The too small value of “S/D” resulted
in array of jets to behave like a large single jet, and thus the heat
transfer coefficient value is also high, but study of interaction
effects cannot be made properly. The impact of variation in
inter-jet spacing is depicted graphically in Figure 7. The graphs
show the variation in heat transfer coefficient and temperature
at central horizontal axis of the target plate for the nine jets at
“SID”=2, 3, 5, and 7 for fixed value of Reynolds number,
“Re”=9000, “H/D” =8, and “D” =5mm.
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FIGURE 4: (a) Local heat transfer coefficient (W/m?-K) and (b) turbulent kinetic energy (m?/s?) distribution at fixed “S/D” of 3 and “Re” of

7000 for varying separation distances, “H/D” of 6, 8, and 10.
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FIGURE 5: (a) Local heat transfer coefficient (W/m?-K) and (b) turbulent kinetic energy (m?/s?) distribution at fixed “S/D” of 3 and “Re” of

9000 for varying separation distances, “H/D” of 6, 8, and 10.

Figure 7 shows declining tendencies for the change in heat
transfer coefficient by increasing “S/D.” This reduction in the
values of heat transfer coefficient “h” can be anticipated due to
decrease in the interaction among the neighbouring jets. At
lower values of “S/D,” the interaction between the jets and
lesser spacing results in turbulence and thus increase in heat
transfer rates. As the value of “S/D” increases, the distance
among the jets increases, and thus the rate of heat transfer per
unit area decreases. Figure 7 also shows the variation in
temperature with respect to “X/D.” The values of temperature
are found to rise with the rise in “S/D” at “X/D” = 0. Also, the
local maxima developed at the interaction region in-between

adjacent jets can be seen to show an increase in temperature
values with the rise in the value of inter-jet spacing “S/D.” This
is due to the decreased interactions and lesser heat transfer
taking place in the interaction region for different “S/D” cases
here. The decrease in heat transfer leads the surface plate
temperature to rise, and thus the cooling of plate is not effective
at these interaction regions.

3.3. Impact of Reynolds Number (Re). Impact of Reynolds
number on the heat transfer rate has been studied at fixed
“H/D” of 6 and “S/D” of 3, and Reynolds number has been
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FIGURE 6: (a) Local heat transfer coefficient (W/m?-K) and (b) turbulent kinetic energy (m?%/s?) distribution at fixed “S/D” of 3 and “Re” of

11000 for varying separation distances, “H/D” of 6, 8, and 10.
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F1GURE 7: (a) Local heat transfer coefficient (W/m?-K) and (b) temperature (K) distribution at fixed “H/D” of 8 and “Re” of 9000 for varying

separation distances, “S/D” of 2, 3, 5, and 7.

varied as “Re” =7000, 9000, and 11000. Experimental data
analysis suggests a rise in the value of heat transfer rate and
thus Nusselt number by increasing Reynolds number at
same separation distance.

The impact of Reynolds number on coefficient of heat
transfer and turbulent kinetic energy (TKE) is shown in
Figure 8. For a fully developed pipe flow, Popiel and
Boguslawski [35] revealed that the turbulent intensity as well
as kinetic energy rises and achieves their maximum value at
“H/D” = 6 for a single jet. This results from high turbulent jet
intensity. Even though the jet centerline velocity starts
decaying due to its interaction with the ambient, the tur-
bulent intensity continues to increase. The outer peak in heat

transfer distribution begins to become less distinctive be-
cause the rate of heat transfer at the impact region has
developed to so high values that the chances of their further
increase as an outcome of transition from laminar to tur-
bulent flow are attenuated. The heat transfer coefficient value
“h” at the stagnation region corresponding to central jet
increases from 370 W/m*-K to 495 W/m?-K with the rise in
Reynolds number. Rise in “Re” leads to increased length of
potential core region, and thus the axial velocity at the jet
centerline is preserved for much greater downstream dis-
tances. This marks the increase of heat transfer at the cor-
responding locations on the target plate. Variation of
turbulent kinetic energy shows maximum turbulence at
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FIGURE 8: (a) Local heat transfer coefficient (W/m?-K) and (b) turbulent kinetic energy (m?/s%) distribution at fixed “H/D” of 6 and “S/D” of

3 for varying “Re” of 7000, 9000, and 11000.
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FI1GURE 9: Local contours of temperature (K) developed at the target surface at separation distance “H/D” of 6 and inter-jet spacing “S/D” of 3
for different Reynolds number corresponding to (a) 7000, (b) 9000, and (c) 11000.

TaBLE 4: Averaged heat transfer coeflicients for various cases.

Cases Re=7000 Re=9000 Re=11000
H/D=6 178 (W/m?*-K) 210 (W/m?-K) 241 (W/m?-K)
H/D=8 174 (W/m>-K) 204 (W/m*-K) 219 (W/m?-K)
H/D=10 170 (W/m?-K) 193 (W/m?-K) 213 (W/m?-K)
Inter-jet spacing (S/D)
Re=9000 and H/D=38 2 3 5 7
205 204 200 182

regions confirming to the location of the jets. Turbulent
kinetic energy has been found to be high at the stagnation
regions corresponding to the jets, and the values of “TKE”
increase from 15.2m”/s” to 31.8 m*/s> at “X/D” =0 with the
rise in Reynolds number, “Re” from 7000 to 11000.

Figure 9 highlights the temperatures attained by the
target plate at different values of Reynolds number for fixed
“S/ID” of 3 and “H/D” of 6. It can be seen that the plate
becomes cooler particularly at the places related to stag-
nation regions of different impinging jets.
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The plate, however, remains relatively hotter at the in-
tersection regions developed in-between four jets and in-
teraction areas in-between each pair of jets. The temperature
values decrease from 324K to 315K at the regions corre-
sponding to intersection of four jets with increasing values of
Reynolds number.

3.4. Averaged Heat Transfer Coefficients “H,,,". Averaged
heat transfer coefficients at the target surface are given in
Table 4.

4. Concluding Remarks

Numerical modeling can be used as an alternative and
powerful tool to predict the trend in variation of heat
transfer rates as well as fluid flow features in various fluid
flow applications. The trends obtained in the current nu-
merical study show the effects of separation distance, inter-
jet spacing, and Reynolds number on coefficient of heat
transfer and turbulent kinetic energy. Following are the
major concluding remarks:

(1) The “k-w” SST model is observed to match best with
the experimental data among different models se-
lected for the study.

(2) The local “h” values have been noticed to decline
with the rise in separation distance “H/D.” The av-
erage value of heat transfer coefficient “h” reduces
from 210 to 193 W/m*-K with increase in “H/D”
from 6 to 10 at “Re” =9000 and S/D of 3.

(3) The values of coeflicient of heat transfer “h” and thus
Nusselt number rise due to the rise in Reynolds
number “Re.”

(4) The average value of coefficient of heat transfer “h” is
205, 204, 200, and 182 W/m>-K at inter-jet spacing
“S/D” of 2, 3, 5, and 7, respectively, at “H/D” =8 and
“Re”=9000. At “S/D”=2, the multiple jets start
behaving as a large single jet.

(5) On the basis of heat transfer features, inter-jet
spacing “S/D” =3 has been determined to be the
optimum value for increasing heat transfer.

Nomenclature

X,Y: Coordinate axis on impingement plate
X/D:  Nondimensional x-distance

Y/D:  Nondimensional y-distance

D: Diameter of nozzle (mm)

H: Impingement separation (mm)

H/Dy,: Nondimensional impingement separation

Inter-jet spacing (dimensionless)
T: Temperature (K)

Ty Surface temperature (K)

Too: Ambient temperature (K)

p: Pressure (Pa)

q"L:  Heat flux (kW/m?)

hyyg: Averaged heat transfer coefficient (W/m?-K)
h: Convective heat transfer coefficient

9
Re: Reynolds number
u, v, w: Velocity components in x, y, and z directions (m/s)
k: Turbulent kinetic energy, TKE (m?%/s?)
Skt Source term for TKE
So: Source term for “w”
Yy Dissipation term for k in k-w model
Y, Dissipation term for w in k-w model

Kege Effective thermal conductivity (W/m-K)

Abbreviations

Nu: Nusselt number

RANS: Reynolds averaged NS equations
Re: Reynolds number

RNG: Renormalization group theory
STD: Standard

SST:  Shear stress transport

TKE: Turbulent kinetic energy (W/m*-K)
Greek Symbols

Dynamic viscosity (kg/m-s)

Dissipation rate (m?/s)

Density (kg/m?)

: Specific dissipation rate (m*/s*).
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In this article, we have established the Hadamard inequalities for strongly convex functions using generalized Riemann-Liouville
fractional integrals. The findings of this paper provide refinements of some fractional integral inequalities. Furthermore, the error

bounds of these inequalities are given by using two generalized integral identities.

1. Introduction

Let f: I — R be a convex function defined on an interval
I cR and x,y € I, where x < y. Then, the following in-
equality holds:

x+y 1 y fx)+ f(y)
f( >smjxf(v)dv§7. (1)

2 2

The above inequality is well-known as the Hadamard
inequality. This inequality provides lower and upper esti-
mates for integral average of a convex function. Since the
appearance of this result in literature, it has drawn attention
of many mathematicians of recent age and it is one of the
most extensively studied results for convex functions. In
[1, 2], Sarikaya et al. have studied it via Riemann-Liouville
fractional integrals of convex functions. After these versions
of Hadamard inequality, many researchers were motivated
and elegantly produced fractional inequalities using different
types of fractional integrals. Also, many new classes of
functions have been introduced in the establishment of
fractional Hadamard inequalities; for details, we refer the
readers to [3-11].

Fractional calculus studies the integrals and derivatives
of any arbitrary order, real or complex. Its history begins at
the end of seventeenth century, when G. W. Leibniz and
Marquis de 'Hospital in 1695 introduced it for first time by
discussing the differentiation of functions of order 1/2.
However, it experienced a rapid growth over the short span
of time. For example, Lagrange, Laplace, Lacroix, Fourier,
Abel, Liouville, Riemann, Green, Holmgren, Grunwald,
Letnikov, Sonin, Laurent, Nekrassov, Krug, and Weyl made
their major contributions to establish a solid foundation of
fractional calculus (see [12-14] and references there in).
Fractional integral and derivative operators are the key
factors in the development of fractional calculus. Recently,
the generalizations [15-17], extensions [18-20], and appli-
cations [21-23] for fractional operators have been made by
many researchers in mathematics, fluid mechanics [24-26],
biological population models [27], and numerical methods
[28].

Our aim in this paper is to utilize generalized Rie-
mann-Liouville fractional integrals with monotonically
increasing function. The Hadamard inequality is studied for
these integral operators of strongly convex functions, and
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also, by using some integral identities, error bounds are
established. Next, we give the definition of strongly convex
function introduced by Polyak [29] (see also [30]).

Definition 1. Let D be a convex subset of X, (X, |.]|) be a
normed space. A function f: D ¢ X — R will be called
strongly convex function with modulus C >0 if

flt+A=-ty)<tf()+A-0f(y)-Ct1 -ty - x|’

(2)

holds Vx,y e DcX,t € [0,1]. For C=0, (2) gives the

definition of convex function.

In the following, we give the definition of Rie-
mann-Liouville fractional integrals.

Definition 2. Let f € L,[a,b]. Then, left-sided and right-
sided Riemann-Liouville fractional integrals of a function f
of order y where R (y) >0 are defined as follows:

_ )l
fu>r(y[u 0 f(d, xva (3)

1

b
" J E-x) FOd, x<b (4

=

The fractional versions of Hadamard inequality by
Riemann-Liouville fractional integrals are given in the
following theorems.

Theorem 1 (see [1]). Let f: [a,b] — R be a positive
function with 0<a<b and f € L[a,b]. If f is a convex
function on [a,b], then the following fractional integral in-
equalities hold:

b
f(a; )<;$f1)Uwfw)

o1 f@) <90

(5)

with a> 0.

Theorem 2 (see [2]). Let f: [a,b] — R be a positive
function with 0<a<b and f € L,[a,b]. If f is a convex
function on [a,b], then the followmgfractzonal integral in-
equalities hold:

b a lr 1
f(“; )S (b_(o;;x )[ (st f O + Iy f(a)]

J@+ f(b))
2
(6)

with a>0.
Theorem 3 (see [1]). Let f: [a,b] — R be a differentiable

mapping on (a,b) with a<b. If | f'| is convex on [a,b], then
the following fractional integral inequality holds:

Mathematical Problems in Engineering

|f(a)+ f(b) F(oc+1)
| 2 2(b-a

< Lo f (D) + I f(a)]

(7)

b NG ,
el _2_"‘>[|f @] +|f' )]

In the following, refinements of Theorem 1-3 are given.

Theorem 4 (see [31]). Let f: [a,b] — R be a positive
function with 0<a<b and f € L,[a,b]. If f is strongly
convex function on [a,b] with modulus C >0, then the fol-
lowing fractional integral inequalities hold:

a+b C(b—a)z(ocz—oc+2)
f< 2 )+ 4(a+1)(a+2)
< F(oc+1)

2(b-a

w 1o £ (B) + I, f ()] (8)

S@+f®)  Cab-a)
N 2 (+1)(a+2)

with a.

Theorem 5 (see [32]). Let f: [a,b] — R be a positive
function with 0<a<b and f € L,[a,b]. If f is strongly
convex function on [a,b] with modulus C=>0, then the fol-
lowing fractional integral inequalities hold:

)
2 2 'T(a+1)

(b~ a)

f(a)+f(b) Ca(b-a)(a+3)
2 4(a+D(a+2)

C(b-a)*
2(a+1)(a+2)

(Lo f O+ Fpny f@] )

with «.

Theorem 6 (see [32]). Let f: [a,b] — R be a differentiable
mapping on (a,b) witha<band f € L,[a,b). If f is strongly
convex function on [a,b] with modulus C>0, then the fol-
lowing fractional integral inequalities hold:

|f(@)+ f(b) F(oc+1)
[ 2 2(b-a

< Lo f (D) + I} f (a)]

b 1 ! !
el —z—a)ﬂf @] +1f @] (10
oc+4>
_20¢+2 4

_ _C-a
(a+2)(a+3)

In [33], k-fractional Riemann-Liouville integrals are

defined as follows.

with «.
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Definition 3. Let f € L,[a,b]. Then, k-fractional Rie-
mann-Liouville integrals of order y, where R (u) >0, k>0,
are defined by

Lo f (%) =

krkl(.“) J =" (0dt, - x>a,

(11)

Wl f (%) =

1 ’ (ulk)—
kfk(u)L(t )T f(de, x<b, (12)

where I', (.) is defined as follows [34]:

Ty (u) = Jzot“_le_(tk/k)dt, R () > 0. (13)

If k=1, (11) and (12) coincide with (3) and (4).
Farid et al. [35, 36] proved the following k-fractional
Hadamard inequalities.

Theorem 7 (see [35]). Let f: [a,b] — R be a positive
Sfunction with 0 < a < b. If f is a convex function on [a, b], then
the following inequalities for k-fractional integrals hold:

b r k ,
H(50) < 0+ s L O3S

(14)

Theorem 8 (see [36]). Let f: [a,b] — R be a positive
Sfunction with 0 <a <b. If f is a convex function on [a, b], then
the following inequalities for k-fractional integrals hold:

a+b) 20T (a+ k)
f< 2 )S - k)(vt/k) [k Caseray £ (®) + (I {aspyay £ (@)]
@ f®)

2
(15)

Theorem 9 (see [35]). Let f: [a,b] — R be a differentiable
mapping on (a,b) with 0<a<b. If | f'| is convex on [a,b],
then the following inequality for k-fractional integrals hold:

|f(@+f(b)  Typla+k)
2 Z(b—a)alk

(Lo f (B) + Iy f (a)]

(16)
b- L, |
S2((oc/k)a+ 1 <1 - Z(a/k)) “f (@) +|f (b)l],

In the following, we give the definition of generalized
Riemann-Liouville fractional integrals by a monotonically
increasing function:

Definition 4 (see [37]). Let f: [a,b] — R be an integrable
function. Also, let y be an increasing and positive function
on (a,b], having a continuous derivative y' on (a,b). The
left-sided and right-sided fractional integrals of a function f
with respect to another function y on [a, b] of order y where
R (1) >0 are defined by

1Y f(x )—mj 'Oy (x) -y f@B)dt, x>a,
(17)
Y f(x) = r )J v () (v () -y () f(H)d, x<b.

(18)

If y is identity function, then (17) and (18) coincide with
(3) and (4).

The k-analogue of generalized Riemann-Liouville frac-
tional integrals are defined as follows:

Definition 5 (see [38]). Let f: [a,b] — R be an integrable
function. Also, let y be an increasing and positive function on
(a,b), having a continuous derivative y' on (a,b). The left-
sided and right-sided fractional integrals of a function f with
respect to another function v on [a,b] of order u where
R (u) >0,k>0, are defined by

£ = s | Y O @ -y @) 0 x>a,
(19)

b
AT = i [ Y O v fod <
(20)

If k = 1, (19) and (20) coincide with (17) and (18). If y is
taken as identity function, (19) and (20) coincide with (11)
and (12). If y is taken as identity function along with k = 1,
(19) and (20) coincide with (3) and (4). For more details of
above defined fractional integrals, one can see [13, 39].

In Section 2, we establish Hadamard inequalities for
generalized Riemann-Liouville fractional integrals of
strongly convex functions. The particular cases are given as
consequences of these inequalities which are connected with
already published results. In Section 3, by using two integral
identities for generalized fractional integrals, the error
bounds of fractional Hadamard inequalities are established.
The findings of this paper are connected with results that are
explicitly proved in [1, 2, 31, 35, 36, 40-44].

2. Main Results

Theorem 10. Let f: [a,b] — R be a positive function with
O0<a<b and f € L,[a,b]. Also, suppose that f is strongly
convex function on [a,b] with modulus C>0, y is an in-
creasing and positive monotone function on (a,b], having a



continuous derivative y' (x) on (a,b). Then, for k>0, the
following k-fractional integral inequalities hold:

a+b C(b—a)z(az—ka+2k2)
=) 4(a+k) (o +2Kk)

r k ) )
%[ A (Few(v! ))+klw,"ﬂ<b)f(fow)(wl(a))]
@+ ) Ckab-a)’

T2 (ath(a+2k)

(21)

with a> 0.

Proof. Since the function f is strongly convex function, so
for x, y € [a,b], we have

x+y\ _fx)+f(y) C 2
~Zx - yA 22
f ( 5 ) < 5 4Ix ¥l (22)
Let x=at+ (1-t)b, y=(1—t)a+tb for t € [0,1] in
(22) and multiplying the resulting inequality with ¢ *®~1 on
both sides, we get

Y <aT+b>t(a/k)_l < f(at +(1-pb)t P!
+ £ ((1=t)a +bt)t P! (23)
- %(b —a)* (1 -2t)% 01,
Integrating (23) over the interval [0, 1], we get
2f<a il b) J;t(“/k)_ldts J;f(at +(1-t)b)t @1z
+ j; F((1=t)a+bt)t N dt

C 2 (! 2, (alk)-1
_E(b_a) J (1 =28)t" ™7 de,
0

2k a+b 1 (a/k)-1
af( . >g Jof(at+(1—t)b)t dt

1
. j FU(1=t)a+ b @O 1
0

Ck (b - a)*(o - ka + 2k*)
© 2a(a+k) (a+2Kk)

(24)

Multiplying (24) by a/2k, we get

a+b a ! (alk)-1
f( 5 )§E<J0f(at+(l—t)b)t dt

C(b-a)’(o - ka+2K%)
4(a+ k) (a+ 2k)

. jl F((1-Da+ bt)t(“/k>'ldt> -
0
(25)
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Taking u € [a,b] so that y(u) =at +b(1 —1t), that is,
t=b-vWw)(b-a), and v € [a, b] SO that
w(v) =a(l—t)+bt, thatis, t = (v (v) —a)/ (b - a), in (25),
then by applying Definition 5, we get the following
inequality:

f(“T”’>+
I k ~ .
%[ A Loy @)+ - (fow)(y l(a))].

(26)

C(b- a)z(oc2 —ka+ 2k2)
4(a+ k) (a +2k)

Since f is strongly convex function, for t € [0, 1], we also
have following inequality:

flta+(1-0)b)+ f(1-t)a+tb)< f(a)+ f(b)
—2Ct(1-1)(b-a).
(27)

Multiplying (27) with ¢ (@01
the interval [0, 1], we get

and then integrating over

L1 a1 - e+ [ 17 (@1 -
0 0

<(f(a)+ f (b)) j; @714t~ 2C (b - a)? Jl @R (1 - )dt,

0

jltwk f(ta+(1—t)b)dt+J t O F (1= t)a + th)dt
0

K(fla)+ ) 2CK* (b - a)?
- a (a+k)(a+2k)

(28)
Multiplying (28) by a/2k, we get

2";{(] (1 E (1 1 (1 —t)b)dt+J P01 g (1 t)a+tb)dt>
Sf@+f®)  Ckab-a)’
- 2 (a+ k) (a +2k)
(29)
Again  taking y(u)=at+b(1-t), that i,

t=((b-yW)/b-a), and y(v)=a(l-t)+0bt, that is,
t = (y(v) —al(b-a)), in (29), then by applying Definition
5, we get the following inequality:

Ty (a+k)
ﬁ Wi Lo @) + % (Fon)(y (u))]
Sf@+f®)  Ckab-a)’
-2 (a+ k) (a+2k)
(30)
Combining (26) and (30), we get (21). m

Remark 1. Under the assumption of Theorem 10, one can
get the following results:
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(i) If C=0, k=1, and v is identity function in (21),
then Theorem 1 is obtained.

(ii) If C =0 and v is identity function in (21), then
Theorem 7 is obtained.

(iii) If k=1 and vy is identity function in (21), then
Theorem 4 is obtained.

(iv) If =1,k =1,C =0, and v is identity function in
(21), then Hadamard inequality is obtained.

(v) If C =0 in (21), then the inequality (Theorem 1)
stated in [41] is obtained.

(vi) If C=0 and k=1 in (21), then the inequality
(Theorem 2.1) stated in [40] is obtained.

(vii) If k =1, a = 1, and v is identity function in (21),
then the inequality (Theorem 6) stated in [44] is
obtained.

Corollary 1. Under the assumption of Theorem 10 withk =1
in (21), the following inequality holds:

a+b C(b—a)z((xz—cx+2)
f( 2 >+ 4(a+1)(a+2)
Ila+1)

3w e o0 ®) Y oy @)

J@+f®) Ca(b - a)’

Corollary 2. Under the assumption of Theorem 10 with y as
identity function in (21), the following inequality holds:

a+b C(b—a)2<cx2—koc+2k2)
N2 ) i ih@rm

O I f@) @
_f@+f®)  Cka(b-a)
- 2 (a+ k) (a0 + 2k)

Theorem 11. Let f: [a,b] — R be a positive function with
0<a<b and f € L|[a,b]. Also, suppose that f is strongly
convex function on [a,b] with modulus C>0 and vy is an
increasing and positive monotone function on (a, b], having a
continuous derivative y' (x) on (a,b). Then, for k>0, the
following k-fractional integral inequalities hold:

2 (a+1)(a+2)
(31)
a+b K*C (b - a)’
N2 ) 2ar@r 20
2@ (v k)T o . . ]
ST (05 et o0 ) I3 iy oV @) (33)

S @+ f(b) _ Ca(b-a) (a+3k)

2 4(a+k)(a+2k)°

with a> 0.

a+b\ (r-1_1 (a_t
f<—2 )t SZ f 2+

Proof. Let x = (at/2)+ (2—-t/2)b and y = (2-t/2)a+
(bt/2) in (22), and multiplying the resulting inequality with
@1 we get

<ﬂ>b>t<a/k)—1 N f(<ﬁ>a + E)twm—l]
2 2 2

(34)

—%(b ) (1 - ),



Integrating (34) over [0, 1], we get

f(a + b) J; f(%t +<%)b>t(wk)—ldt + J; f<a(?) + %)t(a/k)_ldt B

Multiplying above inequality with a/2k, we get

()

is, t=Q2Mb-y(u)/b-a), and
y(v) =a(2-1t/2)+ (bt/2), that is, t = (2(y (v) -

)

a)lb - a),

CK (b - a)? <z<“”‘> T, (oc+k)
20+ k) (@+2k)” (b- q)@®

Since f is strongly convex function on [a,b], for

t € [0,1], we have the following inequality:

Ck”(b-a) a at (2-t
2(a+kxa+2m<2k(J f(2+<___

Taking u € [a, b] so that y(u) = (at/2) + b(2 — t/2), that
v € [a,b] so that

1(a+b/2 (fe ‘/’)( (b))
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KCc-a)

ala+k)(a+2k) (35)

)b)t(“lk)_ldt N j; f@(%) N %)t(“/k)_ldt). (36)

in (36), then by applying Definition 5, we get following
inequality:

Yy Loy @)] 6

t)(b—a)

A5 () () s oot

Multiplying (38) with t(“®~1 on both sides and inte-
grating over [0, 1], we get

1 _ 1 _
A e ta | (af25) e
0" \2 2 0 2 2

< (f(a)+f(b) j;t“’k*‘dt @ J (2 - @Ry,
(39)

Multiplying (39) with a/2k on both sides, we get

2“’krk (o + k)

f a)+ f(b) Coc(b a)? (o + 3k)

(u+b/2) (fe '/’)( 71(b))

a 2 4(a+k)(a+2k)

20;<<J f(f%?)b)twk)_ldH j;f((?)a +%)t(“lk)"1dt>

f(a)+f(b) Ca(b- a) ((x+3k)
2 4(a+k)(a+2k)

(40)

Again taking y(u) = (at/2)+b(2-1¢/2), that is,
t=2bB-yW)/b-a),andy(v) =a(2-t/2) + (bt/2), that
is, t = (2(y(v) —a)/b - a), in (40), then by applying Defi-
nition 5, we get the following inequality:

"y Fow)(v (a))]
(41)
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Combining (37) and (41), (33) is obtained. O

Remark 2. Under the assumption of Theorem 11, one can
get the following results:
(i) If k =1, C =0, and y is identity function in (33),
then Theorem 2 is obtained.
(ii) If k=1 and vy is identity function in (33), then
Theorem 5 is obtained.
(iii) If C =0 and y is identity function in (33), then
inequality (Theorem 2.1) stated in [36] is obtained.

2RI, (a4 k)

a+b
f( 2 )S (b-

(iv) If k=1, C =0, « = 1, and v is identity function in
(33), then Hadamard inequality is obtained.

(v) If k=1, « =1, and v is identity function in (33),
then the inequality (Theorem 6) stated in [44] is
obtained.

Corollary 3. Under the assumption of Theorem 11 with C =
0 in (33), the following inequality holds:

I3 iy o0 O) + I Loy @)]

(alk)
X (42)
f@+f®)
< 3 :
Corollary 4. Under the assumption of Theorem 11 withk =1
in (33), the following inequality holds:
a+b Cb-a’ 2 'T(a+1)[ ay - - 1
f< 2 ) * 2(x+ 1) (a+2) = (b-a) LS by (f”/’)(‘l’ (b)) 1 by (f”//)(l/’ (“))
(43)

Sf@+fb) Cab-a)(a+3)

Corollary 5. Under the assumption of Theorem 11 with y as
identity function in (33), the following inequality holds:

()
27T (a+ k)

CK* (b - a)’
2(a+k)(a+2k)

[kl?a+b/2)+f(b) + kI?a+b/2)’f(a)]

<f(a)+f(b)_Coc(b—a)2(0c+3k)
- 2 4(ax+k)(a+2k)

(44)

f@+f®b) Ti(a+k)
2 Z(b— a)oc/k

b-a
2

[klfj’f”l @ Loy )+ LY (fev)(v (@)

2 4(a+1D(a+2)

3. Error Bounds of Hadamard Inequalities for
Strongly Convex Functions

In this section, we provide the error bounds of fractional
Hadamard inequalities using generalized Riemann-Liou-
ville fractional integrals via strongly convex functions. Es-
timations here are further refined as compared to those
already established for convex functions. The following
lemma is useful to prove the next result.

Lemma 1 (see [41]). Let a<b and f: [a,b] — R be a
differentiable mapping on (a,b). Also, suppose that
f' € L{a,b), v is an increasing and positive monotone function
on (a,b), having a continuous derivative v' (x) on (a,b), and
a € (0,1). Then, for k>0, the following identity holds:

(45)

jl[u — 0" — ¥ £ (ta + (1 - t)b)dt.
0



Theorem 12. Let f: [a,b] — R be a differentiable map-
ping on (a,b) with a<b. Also, suppose that | f'| is strongly
convex function on [a, b] with modulus C >0 and y (x) is an

|f @+ f(b) Ti(a+k)
| 2 Z(b— )zx/k

b-a

1 , )
S2((cv/k) +1) (1 - 2(u/k))[|f (@) +|f (b)” -

with a>0.

lf@+f®)
2 2(b-

b a (! (alk)
1-t
2 J0|( )

b aJ1|(1 )(a/k
0

T, (o +k)

It can be noted that

(M5  CFom (v @)
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increasing and positive monotone function on (a, b}, having a
continuous derivative y' (x) on (a,b). Then, for k>0, the
following k-fractional integral inequalities hold:

o (v a))]|
(46)

C(b-a) (

(a/k) + 4
((alk) +2) ((alk) + 3) ’

N 5 (@ll+2

Proof. From Lemma 1 and strongly convexity of |f'|, we
have

a)(“/k)[ I e (Lo (¥ 0) + iy (fow)(wl(b))]‘

tORNF (ta+ (1 - 1)|dt

£ (e £ @] + (1= D] f )] - CE(1 = Db - al)d (47)
)t N f @]+ =D ®)] - Ce(1 - 0)lb - al’)dt

1= “N(t|f' @]+ @ -] f )| - Ct(1 - )b -al’)dt

1/2
JO (=" =Yt f @]+ (1 - O|f )] - Ct(1 - )b - al*)dt
1/2 1/2
-1y’ (a)ij (t(l _ ek _t(oc/k)+1)dt +|f ) J ((1 _ (@R g t)tzx/k)dt
0 0

1/2 X 1/2 X
—C(b—a)z(J F(1 - 1)@ )“dt—J (1 - 1) )“dt)
0 0

(48)
=|f' 1 (1/2) 0 ) 1 (1/2)(@1
=|f (a)|( (alk) + 1) ((alk) +2)  (alk) +1 ) ol (b)|< (ark) +2 (alk) +1 )
___ Cb-a (alk) +4
((alk) +2) ((a/k) +3) S@h |
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By similar evaluation, one can have
! (a/k) (alk) ! / 2
jm(t (1= "Nt f (@] + 1 -1)|f' B)| - Ct1 - 1)lb—al*)dt
i 1 (1/2)(oc/k)+1 . 1 (1/2)(oc/k)+1
=If (a)l<(oc/k)+2_ (k) + 1 >+|f (b)|<((oc/k)+ D@k +2) (k) +1 ) (49)
C(b-a) (a/k) + 4
S (k) +2)(ark) +3)\ @R )
Therefore, (47) implies
b T k . _ . .
FO IO B [ Fonly O) s oy ®)]
b-al, 1 (1/2)@0+t , 1 (1/2)R+1
=2 [lf (a)|<((oc/k)+1)(((x/k)+2)_ (a/k) + 1 >+|f (b)|<(¢x/k)+2_ (a/k) + 1 ) (50
5
_ C(-a) ECTORE DRI G S (1/2) @0t
((ak) +2) ((a/k) + 3) 2 (@k)+2 +f' (@) (alk)+2  (alk)+1
') 1 (1/2) @R+ C(b-a) | (alk) +4
+Hf (k) + D((alk)+2)  (ak)+1 ) ((a/k) +2)((a/k) +3)\ "~ p@b+2 ||

From which after a little computation, one can get
(46). O

Remark 3. Under the assumption of Theorem 12, one can
get the following results:

(i) If k=1 and vy is identity function in (46), then
Theorem 6 is obtained.

(ii) If C =0 and y is identity function in (46), then
Theorem 9 is obtained.

|f(@+f(b) Ti(a+k
| 2 2(b - a)(a/k)

b-a

(iii) If k =1, C =0, and v is identity function in (46),
then Theorem 3 is obtained.

(iv) If k=1, C =0, « = 1, and v is identity function in
(46), then Theorem 2.2 in [42] is obtained.

(v) If k=1 and vy is identity function in (46), then
Theorem 6 is obtained.

Corollary 6. Under the assumption of Theorem 12 with C =
0 in (46), the following inequality holds:

(127 oy ) #4125y (Fon(y (a))”

(51)

1 , ,
SZ(((X/k)+l)(1_2(a/k))[|f (a)| +|f (b)”,

Corollary 7. Under the assumption of Theorem 12 withk = 1
in (46), the following inequality holds:

|f (@) + £ (b) _I(a+1) [IW
| 2 2(b- a)”
b-a
<
“2(a+1)

(1-5) [l @] +15 B -

vl (@) (f”/’)(‘/fl (b)) + IfZ’f”l w (e V/)(Wfl (a))”

(52)

C(b-a) <1

a+4
(a+2)(a+3)\ 292 )
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Corollary 8. Under the assumption of Theorem 12 with y as
identity function in (46), the following inequality holds:

b k
T LRIt

(53)
b-a

1 ) ) C(b-a) (alk) + 4
32((a/k)+1)(1_W)“f (@] +|f (b)”_((oc/k)+2)(((x/k)+3)(1_ 5 @2 )

We now derive a new fractional integral identity for  increasing and positive monotone function on (a, b}, having a
fractional integrals (19) and (20). continuous derivative y' (x) on (a,b). Then, for k>0, the
following identity holds:
Lemma 2. Let a<b and f: [a,b] — R be a differentiable
mapping on (a,b). Also, suppose that f' € L[a,b] and y is an

@RI, (o + k) _ @ _ a+b
W[ I oy (oY O) + Wy (Fow(y 1(“))]_f< 2 )

[ (oG
[ 4@)‘1 g)d]

with a>0. Then, we have
Proof. Let
2@R-IE (a+ k)
I = W[ Y o017 ®)]

PG WO
I, = (—’3((0)5/1::[ 1(a+b/2 (fe V’)( ))]

(55)

(alk)-1 v (b)
g:-i——jm{j ¥ @) -y ) U'wxwm4

k(b - a) y~ 1 (a+b/2)
~ _z(a/k) 1 v (b) w
T - )P “WI(M/z)f(w(V))d(b—w(v)) ] (56)

1 fa+b) 1 v B-y N\
_f( ) Ejl(mf(())( - ) ¥ ().

By substituting t = (2(b -y (v))/b — a), we will get
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f(a : b) b - 2 J;t“/kf'<%t+<¥)b)dt.

We also have

2 (alk)- 1“

vl (a+b/2)
=WUW W'(V)W(V)—a)(“/k)’lf"‘//”)dv]

I,

2 (alk)-1 v (a+b/2)
- “wm

1 fa+b) 1 [vi@ 2y () -\
—5f< 3 )_EJW’l(a) fy ())( . ) 1

d(y () —a)*® <fw<v>)>}

(v)dw.
(58)

By substituting s = (2(y (v) —a)/b — a), we will get

_ 1 _
L :%f<a;b) _b4a Iof,(a(zz S>+%)5Mkds'

(59)

2 T(a+1)

P [ ey oy ) -1

e[l

Using above lemma, we give the following error bounds
of the k-fractional Hadamard inequality.

Theorem 13. Let f: I — R be a differentiable mapping on
(a,b) with a<b. Also, suppose that |f'|? is strongly convex

201, (oc+k)

_ @ _ b
[klw Lty (Lo ®)) + I oy (Fow)(v! <a>)} - f(“ i )‘

11
By summing (57) and (59), we get (54). O

Remark 4. Under the assumption of Lemma 2, one can get
the following results:

(i) If k = 1 and v is identity function in (54), then the
identity (Lemma 3) stated in [2] is obtained.

(if) If k=1, a = 1, and y is identity function in (54),
then the identity (Corollary 1) stated in [2] is
obtained.

(iii) If v is identity function in (54), then the identity
(Lemma 3.1) stated in [36] is obtained.

Corollary 9. Under the assumption of Lemma 2 with k = 1
in (54), the following identity holds:

a+b/2) (fe ‘/’)(W (a))] f(a;b>

(60)

e 5

function on [a,b] with modulus C >0 for g>1, and vy is an
increasing and positive monotone function on (a, b, having a
continuous derivative y' (x) on (a,b). Then, for k>0, the
following k-fractional integral inequalities hold:

2

b-a 1 Vg . \
S4((oc/k>+1)(2(<oc/k)+z)) (G 1)l @i +(5+3)1r @)

Cb-a)((a/k) + 1) ((ask) + 4\
e i({i‘a/i)li?“ L )) H((G+3)lr @+ (F+1)lr

Cb-a)* (alk) + 1) (k) + 4)\ "
B 2((a/k) + 3) ’

(61)
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with a>0. Proof. From Lemma 2 and strongly convexity of |f'], let
q =1, we have

21T, (a+ k)

v - b
[k ey (< (v ®) +’<Iw"w‘(u+b/z)’ (fon)(v ' (a) _f(a;r )H

(b— @)

b—a 1 (alk) ’ at (alk) 2t bt
ST“J 7+ (7 e+ Jt a57) 3 ‘df

(62)

b- C !

<— [(If (a)|+|f (b)|)J £ @/ 4 _E(b_a)z Jot(a/k)ﬂ (2—t)dt]
b- C(b-a)’ ((a/k) +4) (a/k) + 1)

*1((a /k)+ ) [('f @] +]f ®)]) - ((alk) +2) (k) + k) ]

Now, for g > 1, we proceed as follows. From Lemma 2 and using power mean inequality, we get
2@k T (a+k) _ a+b
(b—)“’k[ W@y (Lo @)+l oy (Fow(v 1(“))_f( 2 )H

b-al (! wh 1-(1/q) 1 @il . /at 2t q (1/q)
<7 (Jt dt) J ol (G @ (63)
1 (i) o E bt (1/9)
+(J0t () )|

Strongly convexity of | f'|? gives
2 M@ B[ +b
(_)Z/k)[k ooy LoV O) + Ly iy (Fow) (v (@) —f<a2 )”

b-a o 1 4 (alk)+1 . 2 (alk) _ ((alk)+1
ST Klf (a)| JO dt +|f' (b)) I(z )dt
Cb-a)? (! @ l/q . 24 @R _ p(alk+1
— Jot 2-ndt| +|f (@] J — dt
(64)

(alk)+1 PRV l/q
|f (b)lQJ t dt—c(b4 a) J; t(tx/k)+1 (Z—t)dt) :|

b-a K |/ (@) N If @ (alk)+3)  C(b-a)(ask) +4) )”q

_4((¢x/k)1)1/P 2((alk) +2) 2((alk) +1)((alk) +2) - 4((alk) +2) ((a/k) + 3)

. |f’ (a)lq(((x/k) +3) . |f’ (b)|q ~ C(b-a)(a/k) +4) Yq
2((alk) + 1) ((a/k) +2)  2((a/k) +2) 4 ((a/k) +2) ((a/k) + 3) ’
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which after a little computation gives the required
result. O

Remark 5. Under the assumption of Theorem 13, one can
get the following results:

(i) If C = 0 and v is identity function in (61), then the
inequality (Theorem 3.1) stated in [36] is obtained.

2@ (a4 k)

13

(ii) If C =0, k=1, and v is identity function in (61),
then the inequality (Theorem 5) stated in [2] is
obtained.

(iii) If g=1, C=0, k=1, a=1, and y is identity
function in (61), then the inequality (Theorem 2.2)
stated in [43] is obtained.

Corollary 10. Under the assumption of Theorem 13 with C =
0 in (61), the following inequality holds:

«Q, - ” i b
klwivll (s (o 1//)(1// 1(b)> + klw”w‘ (arbray (f° W)(W l(a))] - f<a; )I

b-a 1 1/q o .
2@k + 1) (2((oc/k)+2)> (1)l @l (65)

(o)) (G eiron)”]

Corollary 11. Under the assumption of Theorem 13 with k =
1 in (61), the following inequality holds:

2T (a+1)
(b-a)*

- b-a 1
"4+ 1D\ 2(ax+2)

_Cb- a)* ((a/k) + 1) (a + 4)
2(ax+3)

Clh-al(a+ 1) (a+a))"
- 2(a+3) '

Corollary 12. Under the assumption of Theorem 13 with v is
identity function in (61), the following inequality holds:

20T, (a+ k)
(b _ a)(oz/k)

[T O =T £@] -5

a+b

)

a - : _ :
[Iw’—wl (a+b/2)* (few)(y ')+ LY (aeray (Fouly l(a))] B f(a; >‘

1/q
) [((a+ DIf @]+ (a+3)| f' (B)]

(66)

1/q
) +((a+3)|f" @[+ @+ D)|f )|

b-a 1 YT g PENT A N
“H @k + 1) (2((oc/k)+2)> [((E”)'f (@ +(E+3>|f ®)

N2 l/g N2 lq
Cb-a) (alk)+1)((alk) + 4)) +<(%+ 3>|fl (a)|q +<%+ 1>|f, (b)lq B CW-a) (a/k) +1)((alk) + 4)> :|

2((alk) +3)

2((alk) +3)
(67)
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Corollary 13. Under the assumption of Theorem 13 with
k=1 qg=1, a=1, and y as identity function in (61), the
following inequality holds:

5C(b a)’ (68)

oL row ()

st [If (@] +|f"(®)] -

Theorem 14. Let f: I — R be a differentiable mapping on ~ monotone function on (a,b], having a continuous derivative
(a,b) with a<b. Also, suppose that |f'|? is strongly convex ' (x) on (a,b). Then, for k>0, the following k-fractional
function on [a,b] for g > 1, and y is an increasing and positive  integral inequalities hold:

2tx/k) lr( +k) 7 .
5 e U0 ) 41 iy Gl @)] - (%57

b- 4 N[/, . , 2C(b-a)* )"
5 () |(0r ot “”')q‘¥) ©

2\ /g
o1 @l el -2 }

with a> 0. Proof. From Lemma 2 and using the property of modulus,
we get

e (00 ) 1 o0 @) (%37
a/k)f< < ;t>b)ldt+J:) t(“/k)f’(<?>a+%b>ldt].

b4a“

Now applying Holder’s inequality for integrals, we get

(70)

297D (a4 k) [ 4 _ . _ +b
(b——:)(‘.f’k)[kle”‘ (a+bl2)* (fen)(v ' (1) +kIgK(u+b/2), (fen(v ' (@) _f<a2 )]I

(L) [l Goe 5]
([ema) [l @5 se) ]
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Using strongly convexity of | f'|9, we get

2@ (4 k wat ’
f((z/;)[ i ~1(a+b/2)* (f 1//)( (b)) kl '(b‘:ib/z (f V/)( ())_f<a-2'— >:H

b-a 1 e g (e g (l2-t
3 () (@ [ geror 2
C b-a)’ Ve C b-a) (! 1/q
( - 2) J t(2—t)dt> +<|f’(a)|qj 2l |f (b)H ( - 2) Jot(z—t)dt> ]

_b-a 1 YT e e 2C(-a)?)
_T<W> [<|f (@] +3[f" (b)| —f> (72)

2\ V/q
(ol @p ol wpr -2 ]

b- 1 e , 20(b-a)*\"
< 4a<(ap/k)+1> [<(|f ()| +3"|f (b)Dq_ (3 a))

N2\ 4
+<(31/q|f/ (“)l +|f’(b)|)q _w> :|

Here, we have used the fact a? + b1< (a + b)?, for g> 1, (ii)) f k=1,C=0, a =1 and y is identity function in
a,b>0. This completes the proof. O (69), then the inequality (Theorem 2.3) stated in [43]
is obtained.
Remark 6. Under the assumption of Theorem 14, one can
get the following results:
Corollary 14. Under the assumption of Theorem 14 with C =

(i) If C = 0 and vy is identity function in (69), then the 0 in (69), the following inequality holds:

inequality (Theorem 3.2) stated in [36] is obtained.

2T, (a+ k)

- b
(—)Wk)[ Yoy (Fo (W ©) 1LY gy (Fov)(y 1(61))‘f(a;r )”

73
b-a 4 1p , , 73
=71 <(ocp/k)+1) (17" @] +11" @]
Corollary 15. Under the assumption of Theorem 14 with k =
1 in (69), the following inequality holds:
27T+ D o ] : a+b
e 1 i o037 )+ 1y (7' @)= 157
b-a( 4+ \"[( s : 20 (b - a2\
(e
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Corollary 16. Under the assumption of Theorem 14 with C =

0 and k =1 in (69), the following inequality holds:

2“‘1r(a+1)[

a . ¢ g ’
Iw"w‘ (a+b/2)" (f”/’)(‘/’ l(b))+1v;’vjl<a+b/2y (f°1!/)(1// l(a)) _f<a+ )]I
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(b-a)" 2
(75)
b-a 4\
s 4 <0(p+ 1) “f (a)| +|f (b)H
Corollary 17. Under the assumption of Theorem 14 with v is
identity function in (69), the following inequality holds:
29T (a+ k) [, . a+b
T [kl(a+b/2)*f(b) + 1L (aspr2y f (@) —f( 5 )]
b-a 4 Ve , val o1 pna 2C(0—a)? "
- =Y 76
< ((ocp/k)+1> K(If (@] +3"" ®)]) 3 ) (76)
a1 L p)e 20—\
(@5 @]+l @l -2 )
Corollary 18. Under the assumption of Theorem 14 with
k=1, a =1, and y is identity function in (69), the following
inequality holds:
1t a+b\| b-a/ 4 \"* y a 2C(b-a)?\"
— - ! qa| ¢! i
e Lroe (505 ) (0 @resr oy -0
(77)

+ ((3“‘f|f’ @] +]f @) -

4. Conclusion

In this paper, we have studied Hadamard inequalities and
their error estimations using generalized Riemann-Liouville
fractional integrals of strongly convex functions. The
Hadamard inequalities obtained in this work are refine-
ments as well as generalizations of many well-known in-
equalities. The error estimations of the Hadamard
inequalities for differentiable strongly convex functions are
better as compared to those which are obtained for convex
functions. The authors are analyzing other well-known
fractional integral operators for several kinds of functions in
their future work.
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The effect of the hybrid suspension on the intrinsic characteristics of microencapsulated phase change material (MEPCM) slurry
used as a coolant in counterflow microchannel heat exchanger (CFMCHE) with different velocities is investigated numerically.
The working fluid used in this paper is a hybrid suspension consisting of nanoparticles and MEPCM particles, in which the
particles are suspended in pure water as a base fluid. Two types of hybrid suspension are used (Al,O;+MEPCM and
Cu+MEPCM), and the hydrodynamic and thermal characteristics of these suspensions flowing in a CFMCHE are numerically
investigated. The results indicated that using hybrid suspension with high flow velocities improves the performance of the
microchannel heat exchanger while resulting in a noticeable increase in pressure drop. Thereupon, it causes a decrease in the
performance index. Moreover, it was found that the increment of the nanoparticles’ concentration can rise the low thermal
conductivity of the MEPCM slurry, but it also leads to a noticeable increase in pressure drop. Furthermore, it was found that as the
thermal conductivity of Cu is higher than that for Al,O3, the enhancement in heat transfer is higher in case of adding Cu particles
compared with Al,O; particles. Therefore, the effectiveness of these materials depends strongly on the application at which
CFMCHE is employed.

1. Introduction

The need for cooling devices in various industries such as
building [1], electronic devices [2], and solar applications
[3-6] has increased so that various researches have been
conducted on this field. Thus, enhancing the performance of
heat transfer and thermal storage systems is very important
and has gained lots of interest [7]. The geometry and
working flow are the most noteworthy methods for im-
provement. Using metal and carbon nanofluids, due to the
high thermal conductivity of these materials, has intensified
their application in modern heat transfer systems. Phase

change materials (PCMs) could improve the heat storage
capacity of the fluid and can enhance the heat storage and
heat transfer potential of the working fluid by absorbing and
releasing heat at a constant temperature. A point to be noted
is that the weak thermal conductivity of PCM has limited
severely the heat transfer of these materials during both
discharging and charging processes in thermal storage
systems. A wide range of investigations was conducted to
enhance the thermal conductivity of PCMs. From these
methods, the use of nanoparticles to increase the heat
transfer rates is of high significance [8]. Kashani et al. [9]
carried out a numerical investigation into the discharging of
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Nanoenhanced Phase Change Material (NEPCM) inside an
enclosure. They used different types of nanofluids at con-
centrations of ¢ =0%, 2.5%, and 5% in a cavity in which the
left wall is under constant heat flux, and the other sides were
thermally insulated. It was illustrated that the heat transfer
rate of the enclosure improves, as the nanoparticles are
added to the system. Gujarathi [10] studied the character-
istics of PCM enriched by nanoparticles to be used in a data
center cooling system. Thus, wide ranges of concentration of
copper were added to the paraffin as the PCM. The dis-
persion of nanoparticles into the paraffin increased its
thermal conductivity when compared with conventional
PCM. As a result, the heat transfer and melting rate were
improved in the presence of nanoparticles. A point to be
mentioned is that since concentration is associated with
viscosity increment, the lower concentrations of nano-
particles showed better heat transfer properties in com-
parison with higher concentrations. Using high latent heat
capacity of PCM along with high thermal conductivity of
nanoparticles was stated as a promising potential in data
center cooling applications. Farsani et al. [11] compared the
impacts using nanoalumina at the concentration of 0.01,
0.02, and 0.03 by volume on the melting and solidification of
PCM. They employed the enthalpy-porosity method to
predict the PCM behavior. It was found that the overall
performance of the phase change exceeds at the concen-
tration of 0.02, which is due to the dominance of conduction
improvement over the convection weakening.

In fact, dispersing carbon and metal nanoparticles into
the base fluid could improve the thermal conductivity, and
dispersing microencapsulated PCM (MEPCM) could en-
hance the heat storage capacity of the base fluid.

There are numerous studies regarding the performance
of microchannel heat exchangers by using MEPCM sus-
pension, nanofluids, and hybrid suspensions. Hasan et al.
[12] numerically studied the performance of a counterflow
microchannel heat exchanger (CFMCHE) charged with
nanofluid as a coolant fluid. Two types of nanofluids in-
cluding Al,Os-water and Cu-water were studied at con-
centrations of 1% to 5% by volume. It was inferred that using
the nanofluids as a coolant medium results in the en-
hancement of the thermal performance of CFMCHE, with
no rise in pressure drop because of low concentrations and
also the ultrafine solid particles. The effectiveness of
nanoparticles was higher in lower concentrations than in
high concentrations. In other words, the effectiveness de-
creased with increasing the concentration. They also con-
cluded that the best nanoparticle to be used is the one with
higher thermal conductivity. Hasan [13] numerically in-
vestigated a CFMCHE with MEPCM suspension as the
working fluid. The MEPCM suspension used in his research
was made of microcapsules constructed from n-octadecane
and polymethylmethacrylate as the core and shell materials,
respectively. These capsules were dispersed in pure water at a
concentration range of 0 to 20%. From their results, it was
found that using MEPCM suspension as a cooling medium
results in improvement of thermal performance of the
CFMCHE but increasing the pressure drop significantly. As
well, in order to obtain the benefits of melting of phase

Mathematical Problems in Engineering

change material (PCM) and releasing the latent heat, it is
favorable to use the MEPCM suspension with low con-
centration. Ho et al. [14] employed a hybrid suspension as a
working fluid, consisting of Al,O; nanoparticles and
MEPCM particles and water as the base fluid. The thermal
properties of hybrid suspension, including the thermal
conductivity, specific heat, dynamic viscosity, latent heat of
fusion, and density, were experimentally examined. It was
concluded that increasing the concentration of Al,O;
nanoparticles increases the thermal conductivity of the PCM
suspension. Ho et al. [15] experimentally investigated the
effect of using a hybrid nanofluid on the natural convection
in a circular tube. They employed pure water, PCM sus-
pension (WPCM=2, 5, and 10wt.%), and nanofluids
(wnp =2, 6, and 10 wt.%) as cooling fluids and investigated
the convection in the tube. The nanofluid decreased the
specific heat and increased the thermal conductivity while
PCM suspension weakened the thermal conductivity and
increased the specific heat. The dominance of the thermal
conductivity over specific heat in nanofluid and also specific
heat over thermal conductivity in PCM suspension led to the
improvement of the heat transfer of the working fluid. Ho
et al. [16] experimentally used a hybrid nanofluid containing
Al,O; nanoparticles along with MEPCM particles to in-
vestigate their effects on the laminar convective cooling
performance in a circular tube. A significant enhancement in
cooling was obtained by using the hybrid nanofluid com-
pared with the pure PCM suspension, Al,O; nanofluid, and
water. However, as the concentration rose, because of vis-
cosity increment, the pressure drop increased, and thus, the
effect of utilizing hybrid suspension decreased. Meanwhile,
the dependency of pressure drop on concentration was
higher in case of hybrid suspension than the nanofluid or
pure PCM suspension. Elbahjaoui and El Qarnia [17]
studied a shell and tube thermal storage system. They used
water as the heat transfer fluid and n-octadecane embedded
in shell space as the PCM. They investigated two cases of
stationary and pulsating heat transfer fluid (HTF) on the
storage characteristics and, thus, used nanoparticles with
concentrations ranging from 0 to 7% by volume and HTF
with dimensionless frequency from 0.01 to 3. The best
performance was obtained in a volume fraction of 7% and
pulsating frequency of 1. In the optimum case, the melting
time was reduced up to 14.4%.

Augmenting convective heat transfer by using a swirl
generator is one of the most popular techniques in the
HVAC&R industry [18-23]. Hao and Tao [24] numerically
investigated the mixed convective heat transfer. A square
cavity with partial slip-filled kerosene-cobalt nanofluid is
used for the study. The horizontal walls of the cavity are kept
insulated while the vertical wall is partially heated. It was
reported that heat flow was affected by the change in volume
concentration of ferrofluid.

Goel et al. [25] numerically investigated the free con-
vective heat transfer and flow of MHD Alumina-Cu/water
nanofluid filled in a square cavity. The cavity contains a
corrugated conductive cylinder. The left wall of the cavity is
given constant heat. Corcione correlation is used for de-
termining the thermal conductivity and viscosity of the
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hybrid nanofluid. It was reported from the results that the
presence of a wavy block in the cavity influences the flow and
thermal characteristics. Local Thermal Nonequilibrium
model has been utilized by Tsai and Chein [26] to investigate
the heat transport through convection in a porous medium
filled with Ag-MgO/H,0 nanofluid. The influencing pa-
rameters investigated in the study are Rayleigh number,
porosity, the volume fraction of nanoparticles, interface
convective heat transfer coefficient, and thermal conduc-
tivity ratio. The study concluded that vortex strength is
increased with an increase in Ra while the dispersion of
combined Ag-MgO nanoparticles in the fluid reduces the
flow and thermal transport in the cavity as compared with
Ag and MgO nanoparticles individually. Lee and Mudawar
[27] numerically inspected the effect of MHD flow of sec-
ond-grade fluid on the convective heat transfer in a vertical
channel filled with porous medium. The results are analyzed
with respect to velocity, temperature, volume concentration,
skin friction, and heat and mass flow rate. It was revealed
that increasing the permeability results in an increase in skin
friction.

Manikandan and Rajan [28] experimentally investigated
the double pipe HE, shell and tube HE, and plate HE for the
same surface area under the same condition with the same
nanofluids for thermal and flow characteristics. The results
obtained from the experiments showed that minimum
pressure drop was obtained with plate-type HE at 27%
enhancement while maximum pressure drop was observed
with double pipe HE with 85% enhancement in thermal
transport. Sadeghi et al. [29] numerically revealed the
benefits of using multilayer PCMs. 15 sets of experiments
have been conducted to investigate the effect of various
arrangements and thickness of the layer of phase change
materials. It was revealed that the single layer saves 23% of
inlet energy while three layers of PCM save 41% of inlet
energy. Dogonchi et al. [30] utilize controlled volume-based
FEM for investigating the presence of nanoparticles in a
square cavity fitted with an elliptical cylinder for free con-
vective heat transfer. The results obtained from the simu-
lation show that, at a specific aspect ratio, enhancement in
heat transfer and Nu was observed.

Ghalambaz et al. [31] numerically investigated the im-
pact of Ag-MgO/water hybrid nanofluid filled in a square
cavity fitted with a solid conductive layer at a hot wall for free
convection. The parameters used for the study are volume
concentration of nanoparticles, Rayleigh number, and
thermal conductivity ratio. The study concluded that adding
the hybrid nanoparticles in the base fluid and increasing the
Ra and thermal conductivity ratio lead to the enhancement
of heat transport. Ishak et al. [32] investigated the effect of
wall thickness on heat transfer and entropy production in a
square cavity filled with Al,O; nanofluid. A moving heat
source is present at the lower wall, which allows partial
isothermal heating while other walls remain insulated. It was
revealed from the obtained results that thermal conductivity
and thickness of the wall are key parameters to control the
optimal heat transfer and pressure drop.

Rejvani et al. [33] experimentally reveal the effect of the
addition of SiO, and MWCNT in 10 W 40 engine oil. The

viscosity of the resulting hybrid nanofluid was tested for
various concentrations at different temperature ranges. The
results show a 35% increase in the viscosity of the hybrid
nanofluid comparative to base fluid.

Alsabery et al. [34] computationally studied the con-
vective heat transfer and entropy production in a trapezoidal
cavity filled with nanohomogenous Al,O;-water nanofluid
under the influence of a magnetic field. The governing PDEs
are solved using Galerkin weighted residual FEM. The pa-
rameters studied are Rayleigh No., the concentration of
nanoparticles, Hartmann No., thermal conductivity, and
height of the trapezoidal body. It was revealed that
streamlines show more sensitive behavior for Hartmann as
compared with the change in volume fraction.

Mehryan et al. [35] revealed the impact of MWCNT-
Fe,03/H,0 nanofluid on the convective heat transfer under
the influence of an inclined magnetic field. The parameters
that influence the thermal and flow characteristics are
studied. An increase in average Nusselt’s number was up to
Ra = 10* while an increase in viscosity due to the addition of
nanoparticles decreases the average Nu. Hoseinzadeh et al.
[36] numerically investigated porous rectangular fin and run
the simulation for analyzing the thermal transport. The
results obtained from Runge-Kutta numerical analysis are
compared with results obtained through collocation method
(CM), homotopy perturbation method (HPM), and
homotopy analysis method (HAM). It was revealed from the
study that on increasing the porosity, convection, and ra-
diation; temperature gradient and heat flow increase along
the fin length. Taamneh et al. [37] computationally inves-
tigated the thermal and flow behavior of Al,05-H,O
nanofluid in a triangular duct. The Reynolds number varied
between 4000 and 10000. 20% increase in friction factor was
observed with the addition of nanoparticles in comparison
to base fluid while pressure drop was increased by 85% for
Re =10000. Besides this, a 40% increase in the production of
entropy was also observed when varying the concentration
of nanoparticles from 0.05 to 0.1%. Raza et al. [38] inves-
tigated the effect of MoS,-H,O nanofluid in a channel with
different shapes of nanoparticles. A magnetic field influ-
enced the flow. The results obtained from the analysis show
that increasing the concentration of nanoparticles in the base
fluid increases the Nu while increasing the value of wall
expansion ratio results in augmentation of velocity profile
between bottom wall and center.

Giwa et al. [39] investigated the impact of ferrous hybrid
nanofluid on the convective thermal and flow performance in
the rectangular cavity under the influence of a magnetic field.
The thermal properties of hybrid nanofluid are also analyzed
for different particle concentrations. The magnetic field en-
hances the average Nu by 4.9% while increasing the strength
of the magnetic field further enhances the thermal transport.
The authors also noticed that the use of hybrid nanofluid
shows better results in comparison to mono nanofluid. Giwa
et al. [40] in another work investigated the thermal perfor-
mance of Alumina-MWCNT/water nanofluid filled in a
square enclosure. The nanofluid has been investigated for the
different weight ratios of nanoparticles. It was revealed that
nanofluid with a 60-40 weight ratio of AlL,O;-MWCNT



nanoparticles gives the best results. The hybrid nanofluid also
promotes convective heat transfer with the cavity. Osman
et al. [41] experimentally investigated a uniformly heated
rectangular channel for convective heat transfer in a turbulent
flow regime. Alumina-water nanofluid is used as a working
fluid for the investigation. The Re varied from 200 to 7000. It
was revealed from the results that a maximum heat transfer of
54% was observed in transition flow for nanofluids having 1%
of nanoparticles. Mahadevi et al. [42] numerically investigated
the effect of different inclination angles of the circular tube on
the mixed convection heat transfer of Al,Os-water nanofluid.
It was observed that maximum deposition of nanoparticles
takes place at a 30° inclination angle for all concentrations. It
was revealed that inclination angles have a little effect on HTC
up to 35°. Further increase in the inclination angle decreases
the HTC.

Sharifpur et al. [43] optimized the concentration of
TiO,-water nanofluid for maximum convective heat transfer
in a square cavity. The upper and lower walls of the cavity are
insulated while a temperature gradient exists between the left
wall and right wall. It was found that the addition of TiO,
nanoparticles enhances the heat transport for all concen-
trations while the maximum heat transfer of 8.2% was
observed at 0.05% concentration. Sharifpur et al. [44] ex-
perimentally investigate the impact of the size of Al,O;
nanoparticles on the thermal conductivity of Al,O3-glycerol
nanofluid. The nanofluid prepared with 3 different sizes of
nanoparticles for concentration varied between 0.5 and 4%.
It was revealed from the experiments that maximum aug-
mentation of thermal conductivity was observed at 4%
concentration for 31 nm nanoparticles. It was also found that
thermal conductivity is influenced by volume concentration
and size of nanoparticles, while temperature variation shows
negligible impact.

After a wide review of previous research, the researcher
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microcapsules are obtained. MEPCM can improve the heat
capacity of the cooling fluids, and on the other hand,
nanofluid can improve the thermal conductivity; thereupon,
using a mixture of these materials may lead to a significant
increase in heat transfer of microchannel heat exchanger.

2. Mathematical Model

Figure 1 represents the schematic structure of CFMCHE
used in this study with square channels carrying cold and hot
fluids. To study the fully CFMCHE, numerically, a huge
amount of time is required due to its complication. As
shown in Figure 2, given that there is a symmetry between
the cold and hot channel rows, geometrically and thermally,
assuming a part of the geometry as the model studied is
acceptable, since it gives an adequate indication for the
whole heat exchanger performance. Hence, two channels in
the cold and hot fluids flow, and the separating wall between
them is considered as the studied cases and modeled nu-
merically [18, 19].

The assumptions used to solve this model are 3D,
laminar, steady-state, incompressible fluid, continuum flow,
constant properties, and thermally isolated from the
ambient.

3. Governing Equations

The governing equations are continuity, momentum, and
energy used for the flow of pure fluids, nanofluid, MEPCM
suspension, and hybrid suspension as follows [13, 20, 21].

3.1. Governing Equations for Pure Water and Nanofluids
The continuity equation is

did not find a previous study regarding the usage of hybrid % % % -0 (1)
suspension in the heat exchanger of microchannels. Thus, it ox 0y 0z '
is a source of modernity for this paper. In fact, by using the
hybrid suspension, both advantages of nanoparticles and The momentum equations are
ou; ou; ou; 1 OP Y; o’u, du azw
ujai;‘f"l/jai]"'wjaizj a J 72] 72 — (2)
y pjox pj\ ox oz*
u%+v%+w% 1ap & & & aZV] (3)
Jox " oy " oz p; oy 2 o2 T )
x y pPj 0y P] X Y z
awj % awj 1 oP & azw 82wj o i .
“ox TViay Tz Tp, 0z ot Yo ) )
y p;j 9z p;\ ox Bz
or 9T  or oI'T T T
where j stands for & for the hot and ¢ for the cold fluids, PA*ax "oy "Wz ) T ®+k Y +aT}2 32/ (5)

respectively.

The energy equation for fluids in heat exchanger is

The energy equation for solid walls in heat exchanger is
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FiGUre 1: A schematic model of the counterflow MCHE.
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FIGURE 2: A schematic of the heat exchange unit.

k. V’T, = 0. (6)

3.2. Governing Equations for MEPCM and Hybrid
Suspensions. The governing equations used for pure fluid
(equations 1 to 4 and 6) are also used MEPCM and hybrid
suspension.

The enthalpy-based energy equation is written as follows:

V- [V(psH.)| =V (kVTy). (7)
It also can be defined as
o’T, T, T
OH, OH, aHe:| _kf[ f+ f+ f .

Pri"ox ™7 oy TS ox> 9y’ o7

(8)

The enthalpy of the slurry (H,) is shown by equation (9)
and computed as follows:

He = he + AH. 9)

The sensible heat is calculated by equation (10), in which
et is the reference enthalpy at T,.r [21].

t
b= h+ I Cp,dT. (10)
Tt

The slurry’s latent heat (AH) is calculated by equation
(11), where (f) is the mass ratio of molten to the total PCM
in the slurry, (@) is the MEPCM mass fraction, and (L) is the
fusion latent heat. The PCM begins to melt at T,j;4,s Where
the liquid fraction is zero and melting ends at Tyqyigus- At this
point, the liquid fraction reaches one.

AH = B¢L, (11)
where /3 =0 if 7}< Tioliduss and ﬁ =1if ij> quuidus~
T f- Tsolidus .
/3 = Tliquidus _ Tsolidus’ if Tsolidus <T f < Tliquidus' (12)

3.3. Model Boundary Conditions. The working fluids enter
the channels at a defined velocity and temperature. Pure
water is the hot fluid used in hot channels while the cold fluid
in the cold channels is tested (pure water, Nanofluid,
MEPCM suspension, and hybrid suspension). The boundary
conditions of the model are given in Tables 1-3.

In the present study, to solve the boundary conditions
and also governing equations, the finite volume method
(FVM) is employed. Computational fluid dynamics (CFD) is
employed to solve the model and also determine the profile
of the fluid flow, temperature, and pressure fields in the
CFMCHE. Meanwhile, the dimensions of the square channel
used in this model are W =100 ym, H=100 ym, L =10 mm,
and t=50um. W, H, L, and t are width, channel height,
length, and wall thickness, respectively.

Performance parameters have been calculated as follows.

The ratio of the experimental heat transfer to the
maximum heat that is possible to be transferred is defined as
heat exchanger effectiveness (€).

Cc (Tco — Tci )

_ Sn (Thi = Tho) _ (13)
Crmin (Thi - Tci) Crnin (Thi - Tci)

where C.=mCp, and C,,=mCpy,
In the heat exchange cell, the total pressure drop is

AptzAPh+APc=(Phi_Pho)_(Pci_Pco)’ (14)

In order to investigate the overall performance of the
CFMCHE, both hydrodynamic and thermal performances
must be taken into account. Thus, performance index is
defined as the effectiveness of CFMCHE to the total pressure
drop of heat exchanger [19]:

£

1= Apt (15)

The input power required for the pump to circulate fluids
in the microchannel heat exchanger is

PP = VAPt (16)

Flow rate (m?/s) is defined as follows:
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TaBLE 1: Bottom channel (hot fluid) (0 <y < Hh).
Location Boundary condition Comments
At x=0 up=up;, vy =w, =0, Tp,=Tp; Hot fluid inflow
At x=L (0uy/0x) = v, = wy, =0, (0T, /0x) =0 Hot fluid outflow (fully developed flow, end of the channel)
Aty=0 up v, =w, =0, (0T},/0y) =0 No-slip, adiabatic wall
At y=H, up=v,=wy, =0, -k, (0T},/0y) = -k, (0T /0y), T),=T; Fluid-solid interface (no-slip, conjugate heat transfer)
At z=0 Uy v, —wy, =0, (0T},/0z) = 0 No-slip, adiabatic wall
At z=W,, up=v, —w, =0, (0T;,/0z) = 0 No-slip, adiabatic wall
TasLE 2: Top channel (cold fluid) (Hh+t<y<Hh+t+ Hc).
Location Boundary condition Comments
Atx=0 (0u.ox) =v,=w, =0, (dT./0x) =0 Cold fluid outflow (fully developed flow, end of the channel
At x=L Ue=Ug Vo=w, =0, T,_ T, Cold fluid inflow
At y=Hp+t u.=v,=w,=0, -k, (0T ./0y) = -k, (0T /0y),T. =T, Fluid-solid interface (no-slip, conjugate heat transfer)
At y=H,+t+H, u.=v.,=w,=0, (0T /0y) =0 No-slip, adiabatic wall
Atz=0 u.-v,=w,=0, (0T./0z) =0 No-slip, adiabatic wall
At z=W, u._v,=w, -0, (0T ./10z) =0 No-slip, adiabatic wall
TasLE 3: Solid wall separating two channels (Hh<y<Hh+1).
Location Boundary condition Comments
Atx=0 (0T /ox) =0 Adiabatic wall
Atx=L (0T ,/0x) =0 Adiabatic wall
At y=H, —k;, (0T),/0y) = =k, (0T /0y),T), =T Fluid-solid interface
Aty=Hp+t —k, (0T /0y) = —k, (0T /0y),T.= T, Fluid-solid interface
At z=0 (dT,/0z) =0 Adiabatic wall
At z=W,, (dT,/0z) =0 Adiabatic wall

V =y, A (17)

There is another factor called performance factor defined
as the heat transfer rate to the pumping power ratio and used
to investigate the overall performance of the CFMCHE and
also verify the obtained results of the performance index
[19]:

. qW)

" P.-P(W) (18)

4. Properties of Fluids

4.1. Properties of MEPCM Suspension. MEPCM particles are
made of a polymer shell surrounding a core of PCM, pre-
venting PCM from leakage, and keeping the form during
phase change. Figure 3 represents a schematic of a micro-
capsule during the phase change process [13]. Herein, the
average diameter of MEPCM particles is 5 ym. The selection
of core and shell materials of the microcapsule corresponds
to the transporter fluid. N-octadecane with a melting
temperature of about 301 K is used as PCM in the core of the
capsule, and the shell is made up of polymethylmethacrylate
(PMMA) [22-24]. Given that the physical properties of the
wall material and PCM affect the properties of the MEPCM
particle, different components must be taken into account
while calculating the properties of MPCM.

The densities of solid and liquid PCM were assumed to
be the same as the density of n-octadecane. Moreover,
energy and mass balances were utilized to calculate the

density and specific heat of the microcapsules, respectively
[25].

(7Cpc + 3prall)Pcpwall
(3Pc + 7pwall )PPCM

_10/4d. Y
PrcMm = A P

The thermal conductivity of microcapsules is also rep-
resented as follows:
1 1 dpey — d,
kPCMdPCM kcdc kwalldPCMdc'

Cprem = (19)

(20)

(21)

PCM stands for the whole (capsule = wall + core) and the
wall is the wall of the capsule (polymer). C is the core
material (PCM) and d is the diameter.

The suspension properties are a function of the prop-
erties of water (base fluid) and properties of the micro-
capsules. Hence, the specific heat and density are determined
using a mass and energy balance [22-25].

pf = CPPCM + (1 - C)pw) (22)

Cpy = ¢cppey + (1 = $)Cp,. (23)
The viscosity of the suspension is also determined using

= yw(l —-c- 1.1662)72‘5.

The thermal conductivity of the suspension is calculated as

(24)
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Polymer shell
FIGURE 3: Schematic diagram of single MEPCM particles during melting.
2k, + kpcou + 2¢ (kpen — k) Cpus = cCpp, + (1 - c)Cpy. (30)
f = . (25) p
2+ (kpemlky,) = ¢ ((kpe/ky) = 1)
The mass fraction can be calculated from fact(l)l; equation (27), SH indicates the solid particle shape
CPrcm
¢= ~ 26 3
(Puw + ¢ (Ppcnt = Pu)) (26) SH = v (31)

4.2. Properties of Nanofluids. According to the previous
studies [26, 27], the thermophysical properties of the
nanofluids are a function of the properties of solid particles,
the base fluid, particles shape, and volume fraction of the
solid particles in the suspension. The properties of nano-
fluids are determined using the following relations:

Thermal conductivity:

. kp+(SH—1)kf(SH—l)c(kf—kp).
"INk, + (SH- Dk + (k- k)

(27)
Viscosity:
nf = yf(l +2.5¢). (28)
Density:
P =cpp+ (1 =C)py. (29)

Specific heat:

y represents the ratio of the surface area of a sphere (with
the same volume of the particle) to the surface area of the
particle. Thus, for the spherical particles, SH is 3.

ky, ks and k,s are thermal conductivities of the solid
particles, base fluid, and nanofluid, respectively.

4.3. Properties of Hybrid Suspensions. To determine the
viscosity and thermal conductivity properties of hybrid
suspension, the following relations are used [28]:

Thermal conductivity:

e = g (1 =3) (32)
* 2
Viscosity:
Auhs = ."tnf (1 + 785¢) (33)

To calculate the specific heat and density of the sus-
pension, we use the following relations [14].

Specific heat:

Cphs =

CapPupCPnp + CMEPCMPMEPCMCPMEPCM T (1 “Cpp — CMEPCM)CPb Py f:| (34)

Phs



Density:
Phs = CupPrp + CMEPCMPMEPCM +(1 —Cnp ~ CMEPCM)Pb f> (35)

where hs, np, MEPCM, and bf refer to hybrid suspension,
nanoparticle, microencapsulated phase change material, and
base fluid, respectively. In Table 4, the rheological and
thermal properties of the materials employed are listed.

5. Numerical Model

Governing equations were transformed into algebraic
equations using the finite volume method. The SIMPLE
algorithm was employed to handle the mass conservation
equation and get the pressure field. Computational fluid
dynamic software (FLUENT 19.1) was used to determine the
fields of velocity, pressure, and temperature distribution
along the CFMCHE. Afterward, all the computational do-
main (two channels and the separating wall) was meshed
with suitable size, and then using a mesh refinement process,
the generated mesh was refined.

6. Results and Discussion

In order to investigate the effectiveness of the nanofluids, the
model was firstly operated with pure water. The inlet tem-
peratures of cold and hot fluids flowing in the channels were set
as the boundary conditions with values of T,;=293K and
Ty;=373 K. Then, we repeated operating the model by using
nanofluid and MEPCM suspensions with volume fractions of
(2%, 4%, 6%, and 8%). Noting that a core material of PCM is
n-octadecane which has Tjiqus =297 K and Tjiquigus = 302 K;
also, latent heat AH=245,000 (J/kg). And then, we repeated
again operating the model by adding nanoparticles of (Cu and
Al,O3) with volume fractions of (2% and 4%) to the MEPCM
suspension to form the hybrid suspension.

To examine the validity of the present model, the model
presented by Kashani et al. [9] was solved, and a comparison
was made between the obtained results and those presented by
them. The numerical model that used them is a microchannel
heat exchanger composed of rectangular microchannels with
hydraulic diameter Dy =100 ym, channel height H =100 ym,
channel width W=100um, and length L=10mm. A silicon
wall with a thickness of 50 ym separates the channels, and the
inlet velocity of the fluid was chosen to be Vi=1m/s.

Figure 4 illustrates the heat transfer rate distribution in
terms of volume concentration for two cases of the present
study and the numerical model of [9]. According to the
figure, it is evident that the two models are in good
agreement with each other, and the average error is 1.16%
which is attributed to the end effect. Thereupon, the present
model has acceptable accuracy and could be used as a re-
liable model to examine the impact of different nanofluids,
including MEPCM and hybrid suspension on the perfor-
mance of CFMCHE.
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TABLE 4: Properties of materials.
Cp (1
kg.K)
981.3 4189

solid = 850
liquid=780 2000

1190 1470 0.21 —

KW/ Mu (kg/
m.K) m.s)
0.643 0.00059

0.18 —

Material p (kg/ m>)

Pure water
n-octadecane
(MEPCM core)
PMMA (MEPCM
wall)

MEPCM particles 867.2 1899 0.1643 —
Cupper (cu) 8930 383.1 386 —
AlL,O; 3600 765 36 —

0.78
0.77 -
0.76 4
0.75 -
0.74 -
0.73
0.72 -
0.71
0.7
0.69

0.68 T T
0 1 2 3 4 5 6

Concentration (%)

W)

Heat transfer rate -(

—— Result of [5]
- -~ Present model

FIGURE 4: Variation of heat transfer rate distribution with con-
centration as a comparison between the present model and [5].

The heat transfer rate versus inlet velocity for pure
MEPCM suspension at a concentration of 4% and enhanced
(hybrid) suspension with the addition of 2% and 4% of Cu
and Al,O; nanoparticles is shown in Figure 5.

It is inferred that, for all cases, the heat transfer rate rises
with increasing the velocity, which is because of the increase
in flow rate. Also, results reveal that the heat transfer rises
with adding nanoparticles, due to enhancing the thermal
properties of suspension, especially thermal conductivity
which increases with the increment of the amount of
nanoparticles volume concentration. Furthermore, it could
be noted that the enhancement in heat transfer is higher in
case of adding Cu particles compared with Al,O5 particles
because of the higher value of thermal conductivity of Cu
compared with that of AL,Os;.

The variation of pressure drop with inlet velocity for pure
MEPCM suspension at a concentration of 4% and enhanced
(hybrid) suspension with adding 2% and 4% of Cu and
Al,O;3 nanoparticles is portrayed in Figure 6.

From Figure 6, it is found that the pressure drop increases
with the increment of inlet velocity for all cases, which is at-
tributed to the increase in the frictional and dynamic losses.
Also, it is shown that adding nanoparticles to the fluid leads to a
higher pressure drop due to an increase in the dynamic
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Heat transfer rate (W)

0 1 2 3 4 5 6
Inlet velocity (m/s)

—s— MEPCM suspension -e- 2% Al,O;
—— 2% Cu 4 4% ALO;
—— 4% Cu

FIGURE 5: Variation of heat transfer rate with inlet velocity for
different concentrations of nanoparticles at concentration 4%
MEPCM suspension.

Pressure drop (kpa)
R

0 1 2 3 4 5 6
Inlet velocity (m/s)

—s— MEPCM suspension -e- 2% Al,05
—— 2% Cu A 4% ALO,
—— 4% Cu

FIGURE 6: Variation of pressure drop with inlet velocity for different
concentrations of nanoparticles at concentration 4% MEPCM
suspension.

viscosity. This trend increased with the increment of concen-
tration. A slight difference was discovered between pressure
drop in case of adding Cu particles compared with ALO;
particles resulting from the difference between the densities.

Figure 7 shows the effectiveness versus inlet velocity for
pure MEPCM suspension (at a concentration of 4%) and
enhanced (hybrid) suspension by adding 2% and 4% of Cu
and Al,O; nanoparticles, respectively.

As depicted in Figure 7, for all cases, as the inlet velocity
increased, the effectiveness decreased. In fact, in high velocities,
there is not enough time for all the particles to melt completely.
As a result, the thermal energy was absorbed during melting,
and also the effectiveness of MEPCM decreases. It is also evident
that the effectiveness rises slightly with adding nanoparticles due
to the enhancement of the thermal properties of suspension,

Effectiveness
o
—
(92}

Inlet velocity (m/s)

—=— MEPCM suspension -e- 2% AlL,O;
—— 2% Cu A 4% Al,O4
—— 4% Cu

FIGURE 7: Variation of effectiveness with inlet velocity for different
concentrations of nanoparticles at concentration 4% MEPCM
suspension.

especially thermal conductivity. A point to be mentioned is that,
in high flow rates, the impact of nanoparticles on the devel-
opment of the boundary layer decreases, resulting in better heat
transfer of the suspension in higher velocities. In fact, in high
velocities, the volume flow rate is dominated, and the effect of
nanoparticles is weakened.

Figure 8 represents the performance index in terms of
inlet velocity for pure MEPCM suspension (at a concen-
tration of 4%) and enhanced (hybrid) suspension by adding
2% and 4% of Cu and Al,O; nanoparticles, respectively.

As shown in Figure 8, the performance index (n) for all
cases decreases with an increment of inlet velocity. It is due
to the higher increment of pressure drop than effectiveness.
Also, the increase in pressure drop for hybrid suspensions is
higher in comparison with that of MEPCM suspension
resulting in a higher performance index of MEPCM sus-
pension than that of hybrid suspensions.

Figure 9 indicates the variation of pumping power with
inlet velocity for pure MEPCM suspension at a concen-
tration of 4% and enhanced (hybrid) suspension by adding
2% and 4% of Cu and Al,O; nanoparticles, respectively.

From Figure 9, it is found that as the inlet velocity increases,
pressure drop increases and thus pumping power rises. Also,
the pumping power increases with adding nanoparticles be-
cause of the increase in dynamic viscosity that results in an
increment of pressure drop. Moreover, the more the number of
nanoparticles, the more pumping power. Since there is no
noticeable difference between the density values of Cu and
Al O, a slight difference was seen between pumping power in
case of adding Cu particles compared with Al,O; particles.

The variation of performance factor in terms of inlet
velocity for pure MEPCM suspension (at a concentration of
4%) and enhanced (hybrid) suspension with adding 2% and
4% of Cu and AL, O; nanoparticles is depicted in Figure 10,
respectively.

It is inferred that the performance factor (L) for all cases
decreases with the increment of inlet velocity since the effect
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Inlet velocity (m/s)
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FIGURE 8: Variation of performance index with inlet velocity for
different concentrations of nanoparticles at concentration 4%
MEPCM suspension.

Pumping power (kw)

Inlet velocity (m/s)

—s— MEPCM suspension -e- 2% Al,O4
—— 2% Cu A 4% Al O,
—— 4% Cu

FIGURE 9: Variation of pumping power with inlet velocity for
different concentrations of nanoparticles at concentration 4%
MEPCM suspension.

of inlet velocity on the increment of pumping power is
higher in comparison with that on heat transfer rate. Also,
the performance factor of MEPCM suspension is higher
than that of the hybrid suspensions. It is due to the higher
increment of pumping power for hybrid suspensions than
MEPCM suspensions.
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Performance factor
—
=
S
3

0 1 2 3 4 5 6
Inlet velocity (m/s)

—s— MEPCM suspension -e- 2% Al,O3

—— 2% Cu A 4% Al O4
—— 4% Cu

FIGURE 10: Variation of performance factor with inlet velocity for
different concentrations of nanoparticles at concentration 4%
MEPCM suspension.

7. Conclusions

The following conclusions are drawn:

(1) The MEPCM suspension can be enhanced by adding
nanoparticles to obtain a hybrid suspension.

(2) Using higher thermal conductivity nanoparticles
leads to obtaining extra enhancement in heat transfer
rates for MEPCM suspension.

(3) Using hybrid suspension leads to the enhancement
of heat transfer rates in CFMCHE.

(4) Also, the hybrid suspension causes an extra rise in
pressure drop, which dominates the thermal
performance.

(5) Using hybrid suspension with high velocities leads to
an increase in heat transfer rates of the microchannel
heat exchanger. On the other hand, it significantly
raises the pressure drop and, hence, causes a decrease
in the performance index.

Nomenclature
A: Cross-sectional area (m?)
C: Volume fraction%

Cp:  Specific heat capacity (J/kg-K)
Dh:  Hydraulic diameter (m)
H: Channel height (m)
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Separating wall thickness (m)
Temperature (K)
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The most important properties of the conformable derivative and integral have been recently introduced. In this paper, we propose
and prove some new results on conformable Laplace’s equation. We discuss the solution of this mathematical problem with
Dirichlet-type and Neumann-type conditions. All our obtained results will be applied to some interesting examples.

1. Introduction

The idea of fractional derivative was first raised by L’'Hospital
in 1695. After introducing this idea, many new definitions
have been formulated. The most well-known ones are
Riemann-Liouville and Caputo fractional definitions. For
more background information about these definitions, we
refer the reader to [1, 2]. A new definition of derivative and
integral has been recently formulated by Khalil et al. in [3].
This new definition is a type of local fractional derivative [4].
This definition was proposed to overcome some of diffi-
culties associated with solving the equations formulated in
the sense of classical nonlocal fractional definitions where
the solutions can be difficult to obtain or even impossible to
obtain. As a result, various research studies have been
conducted on the mathematical analysis of functions of a
real variable formulated in the sense of conformable defi-
nition such as Rolle’s theorem, mean value theorem, chain
rule, power series expansion, and integration by parts for-
mulas [3, 5, 6]. In [7], the conformable partial derivative of
the order a€(0, 1] of the real-valued functions of several
variables and the conformable gradient vector has been
proposed, and conformable Clairaut’s theorem for partial
derivative has also been investigated. In [8], the Jacobian
matrix has been defined in the context of conformable
definition, and the chain rule for multivariable conformable

derivative has been also proposed. In [9], conformable
Euler’s theorem on homogeneous has been successfully
introduced.

Furthermore, many research studies have been con-
ducted on the theoretical and practical elements of con-
formable differential equations shortly after the proposition
of this new definition [4, 10-26]. Conformable derivative has
also been applied in modeling and investigating phenomena
in applied sciences and engineering such as the deterministic
and stochastic forms of coupled nonlinear Schrédinger
equations [27] and regularized long wave Burgers equation
[28] and the analytical and numerical solutions for (1 + 3)-
Zakharov-Kuznetsov equation with power-law nonlinearity
[29].

Laplace’s equation is used as indicator of the equilibrium
in applications such as heat conduction and heat transfer
[30]. Generally, to solve the Laplace equation, Legendre’s
differential equation, particularly the Legendre function or
as commonly known as Legendre polynomials, is used to
find a solution to the Laplace equation that indicates
spherical symmetry in the physical systems [31]. Laplace
equation can be widely seen in the field of heat transfer
where the temperature is at different locations when the
body's heat transfer is at the equilibrium point [30].
According to our knowledge, there are not many research
studies that have been done on investigating Laplace’s
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equation in the sense of conformable derivative; therefore,
all our results are considered new and worthy.

This paper is organized as follows. In the next section, the
main concepts of conformable fractional calculus are pre-
sented. Next, we successively discuss the solution of con-
formable Laplace’s partial differential equation with
Dirichlet and Neumann conditions. Finally, the above re-
sults will be applied in some interesting examples to validate
their applicability.

2. Basic Definitions and Tools

Definition 1. Given a function f[0,00)—R. Then, the
conformable derivative of order « [3] is defined by

f(t+£t17a) —f(t)’ (1)

3

(szf) (t) = limsﬁw

for all >0, 0 <a< 1. If fis a— differentiable in some (0, a),
a>0, and lim, ., (T, f)(t) exists, then it is defined as

(Tof)(0) =lim,__ +(To f) (). (2)

Theorem 1 (see [3]). If a function f:[0, c0)—R is a-dif-
ferentiable at t0> 0, O <1, then f is continuous at t,.

Theorem 2 (see [3]). Let Oa<Il and let f, g be
a—differentiable at a point t> 0. Then, we have
(i) Ty(af +bg) =a(T,f)+b(T,g9), Va,beR

(ii) T, (t?) = ptP~*, VpeR.

(iii) T, (A) = 0, for all constant functions f (t) = A.

(iv) To(fg) = f(To9) + g(Tof).

) To(f/9) = g(Tof) = f(To9)/g".

(vi) If, in addition, f is differentiable, then

(T f)(t) =t (df/dt)(t).

The conformable derivative of certain functions using the
above definition is given as follows:

(i) T, (1) = 0.
(ii) T, (sin(at)) = at'~* cos(at).
(iii) T, (cos(at)) = —at'~*sin (at).
(iv) T,(e™) = ae™, ac€R

Definition 2. 'The (left) conformable derivative starting from
a of a given function f:[a,00)—R of order 0 <a <1 [5] is
defined by

f(t+e(t—a)l_a)—f(t). (3)
€

When a=0, it is expressed as (T,f) (t). If f is
a—differentiable in some a, b, then the following can be
defined:

(TZf) (t) = hme—»o

(Tef) (@) =Tim, ., +(Tof) (1), (4)
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Theorem 3 (chain rule) (see [5]). Let f, g:(a,00)—R be
(left) a-differentiable functions, where 0 < a < 1. By letting h
(t)=f(g(t)), h (t) is a-differentiable for all t + a and g (1) + 0;
therefore, we have the following:

(Teh) (1) = (Tef) (@ (®) - (Teg) (O - (@) (5
If t=a, then we obtain
(T2h) (@) = Jim (T4£) (g(1)) - (T2) (1)~ (g(1)*".
(6)

Theorem 4 (see [5]). Assume f is infinitely a-differentiable
function, for some 0 < a <1 at the neighborhood of a point t.
Then, f has the following fractional power series expansion:

ket
x TO)(to) k 1
f)= (“71‘—1% Y ty<t<tyt—z (7)
R s
Here, (WTY)(t,) means the application of the con-

formable derivative k times.

The following definition is the conformable a-integral of
a function f starting from a >0.

Definition 3. 19(f)(t) = [,_, (f (x)/x'"%) - dx, where the
integral is the usual Riemann improper integral, and € €0, 1
[2].

According to the above definition, the following can be
shown.

Theorem 5. TSI4(f)(t) = f(t), fort=>a, where f is any
continuous function in the domain of I« [3].

Lemma 6. Let f: (a, b)—R be differentiable, and a €0, 1.
Then, for all a> 0, we have [5]

LT (®) = f(1) - f(a). (8)

From [7, 8], the conformable partial derivative of a real-
valued function with several variables is defined as follows.

Definition 4. Let fbe a real-valued function with » variables
anda = (a,,...,a,) € R" be a point whose ith component is
positive. Then, the limit can be expressed as follows:

f(al,...,al-+sai1_“,,..an)—f(al,...,an). (9)

&

lim

e—0

If the above limit exists, then we have the ith con-
formable partial derivative of f of the order a€(0, 1] at q,
denoted by (0“/0x?¥) f (a).

Finally, some results on conformable Fourier series will
be recalled [22] as follows.

Let a€(0, 1, and ¢:0,00)—R be defined by

(04

t

and g:[0, co) — R be any function. Let f: [0,00)—R be
defined by f (t) = g(¢(1)).
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Definition 5. A function ft is called a-periodical with period
p if we have

f (&) =g(e(t) =g(<p(t)+%). (11)

Definition 6. Two functions f, h are called a-orthogonal on

[0, b] if [L (f (O (D)/E=)dE = 0,

Definition 7. Let f. [0, co)—R be a given piecewise con-
tinuous a-periodical with a period p. Then, we define the
following:

(i) The cosine a-Fourier coeflicients of fare expressed as
a, = 2al o Iopf(t)cos (nt%la) (dt/t'=%), n=
1,2,3,....

(ii) The sine a-Fourier coeflicients of f are expressed as
b, = 2a/ P [V f Bsin(n(t/a))dt/t' =2, n=
1,2,3,....

Remark 1. The following can be proven easily:

(i) cos(n(t*/a))and cos(m (t%/a)) are orthogonal on
[0, (a27) @], for all n#m.

(ii) sin(n(t*/a)) and sin (m (t*/a)) are orthogonal on
[0, (a27) @], for all n#m.

(iii) sin(n(t*/a)) and cos(m (t*/a)) are orthogonal on
[0, (a27) @], for all n, m.

Definition 8. Let f. [0, co)—R be a given piecewise con-
tinuous function which is a-periodical with period p. Then,
the conformable a—Fourier series of f associated with the
interval [0, p] is expressed as

S(H@) = %+ Z (an cos(nta> +b, sin(n%)), (12)

n=1 @

ox*\  ox" oy”

We will use the separation of variables technique [22].
So, let u(x, y) = P(x)Q(y). By substituting it in equa-
tion (13), we obtain the following:

d* (dp(x) d* (d*Q(y)) _
dxa( s )Q(y)+P(x)dy“< 4" )—0' (15)

By ignoring the trivial solution u = 0 and assuming that
P(x)+#0 and Q(x)+# 0, we have

0" (8“u(x,y)> . 0 (E)“u(x,y)
oy”

where a,, and b,,, are as stated in Definition 7.

Theorem 6. The conformable Fourier series of a piecewise
continuous a-periodical function converges pointwise to the
average limit of the function at each point of discontinuity and
to the function at each point of continuity.

3. Conformable Laplace’s Partial
Differential Equation

In this section, we solve the two-dimensional conformable
Laplace’s partial differential equation which is expressed in
the following form:

" ["u(x,y) 0" [0"u(x,y)\ _

As in the classical case, we propose this equation only
with boundary conditions at the limit of the enclosure where
the equation is fulfilled, which must have a certain regularity.
These boundary conditions can be of two types:

(i) Dirichlet conditions: these are conditions in the
function u (x, y).
(ii) Neumann conditions: these are conditions imposed

on the conformable partial derivatives of u (x, y) of
the order 0%u (x, y)/dx%or 0“u(x, y)/0y*.

The geometry of the region R where equation (13) is
satisfied is very important, and we can only calculate so-
lutions if they have certain regularity conditions.

3.1. Dirichlet Conditions. Let us discuss the solution of the

following conformable Laplace’s partial differential
equation:
) =0, 0<x<a,0<y<bh,
u(x,0)=u(x,b)=0, 0<x<a, (14)
u(0,y)=0, 0<y<b,
u(a,y)=f(y), 0<y<b.

1 d_“ dP(x)\ 1 d° [d“Q(») (16)
P(x)dx*\ dx" ) Q(y) dy*\ dy* /)

Hence, for some constant /\,

1 d* (dP(»)\ 1 d° (dQ()) _
el o) il o) O

Consequently, we have



d* (d“P(x)) CAP(x)=0

dx®\  dx®

(18)
d* (d*Q(y) 3
dya< dy° >+AQ(y)—0.

The boundary conditions can be written as follows:

u(x,0) = P(x)Q(0) =0,

(19)
u(x,b) = P(x)Q(b) = 0.
Since x is arbitrary, it follows that
Q(0)=Q(b) = 0. (20)
Thus, we have the following contour problem:
d* (d*Q(y)
A =0,
(21)
Q(O) =0,
Q(b) =0,

whose solution depends on the separation parameter, A.
Now, we have the following:

(1) A=0. Then, equation (18) becomes
(d*/dy*) (d"Q(y)/dy*) = 0, whose general solution
is obtained by integrating twice with respect to x.

(04
Q(y):A;+B. (22)
By using the following boundary conditions, we have:
Q0)=0=B=0,

(23)
QMb)=0=Ab+B=0.

Since b # 01 = —y?, the solution of the previous system is
A=B=0, and we obtain Q (y)=0. Hence, there is no
nontrivial solution when A=0.

(2) A<0, say A =-p?. Then, equation (18) becomes
(d*/dy*) (d*Q(y)/dy*) — p*Q(y) = 0, which has a
general solution as follows:

Q(y) = Aet(718) 4 pemr (r'1a), (24)
By using the following boundary conditions, we have:
Q0)=0=A+B=0,

. } (25)
Q(b) = 0= A"/ 4 Be# ) _

The previous equations form a homogeneous linear
system in the unknowns A and B. The determinant of the
matrix of the coefficients is expressed as
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« « ba
=t _ e _ sinh(y(—>>,
«

(26)

1 1

1) - (bla)

and since y # 0, the only solution of the system is the trivial
A=B=0, and we obtain Q (y)=0. Hence, there is no
nontrivial solution when A <0.

(3) A>0, say A=yu* Then, equation (18) becomes
(d*/dy*) (d*Q(y)/dy*) + u*Q(y) = 0, which has a
general solution as follows:

Q(y) = Acos(y%) + Bsin(y%a). (27)

By using the following boundary conditions, we have:

Q0)=0—A=0,

b"‘ ba (28)
Q(b) = 0=—A cos(y ;) + Bsin(y—) =0,
where
. b*
Bsin| uy— ) = 0. (29)
Since we do not want the trivial solution, B=0 and

sin(‘u%) =0= (y%) =nm, neN, (30)

and then we obtain

Y= nnﬁ, (31)
and the value of A = y? is written as
o2
A=w’n’—_, neN. (32)
b

Since A was an arbitrary constant, then for each n € N, we
would have a possible solution of the conformable ordinary
differential equation as follows:

o AN
A, = nznsz:)Qn(y) =B, sin(nﬂ(5> ) (33)

Substituting these values for A, in the other conformal

differential equation, we have

d* [d*P(x)
dx®\  dx®

2
) - nZnZ%p(x) =0, (34)

whose solution for each n €N is of the following form:

Pn (x) = Cnenn(x/b)“ + Dne—nn(x/b)m, Can € R (35)
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By using the initial condition u (0, y) =0, we have
u(0,y) = P(0)Q(») =0, (36)

which by arbitrary y leads to P (0) =0, and therefore, we
obtain

P,(0)=C,+D, =0—D, = -C (37)

and the function P, (x) is given by
[ a @
P,(x) = Cn(e"”(x/h) — e ) ) = 2Cnsinh<nn<f> )
b
(38)

The solution of the partial derivative equation will be, for
each n, of the following form:

u,(x,y) =P, (x)Q, ()
-3 o))
= cnsinh<nn(%>a)sin<nn<%>a>,

with ¢, =2C,B,,.
Since the equation is linear, any linear combination of

solutions is another solution; therefore, we can consider it as
a formal general solution:

u(x,y) = i Cnsinh<nn<%)a>sin<nrr<%>a>,
n=1

and using the last boundary condition u(a, y) = f (y), we

have
u(a,y) = n; cnsinh(nﬂ<g>a>sin<nﬂ<%>a)

= Z d, sin(nﬂ<z> ) = f(»).
n=1 b
Finally, we can calculate the value of the coefficients d,,, if

we observe the expression as the conformable a— Fourier
series of the odd extension of f (y); therefore, we obtain

d, = cnsinh(nn(%Y) = i—ff jf(y)sin(nn<%>a> %,
0

(39)

(40)

(41)

where
2 ; d
sy | o))
d, b%sinh (nm (a/b)®) Jf(y)sm(nn(b yl“"'

0

(43)

3.2. Neumann Conditions. Let us discuss the solution of the
following problem with Neumann-type conditions:

0" (a“u(x,y)> Lo <a"‘u(x,y)> —o

ox" ox" oy" oy"
(44)
M :0 O<x<a
ay(x B = )
(M)—O 0<x<a
aa - > >
a“(yo | (45)
u(0,y)\
( G ) f(), 0sys<b,
0"u(a, y)
=0, 0<y<b
( o ) <y<

We can see in this case that the boundary conditions
involve the conformable partial derivatives of u.

All conditions are boundary. As we did previously, we
use the method of separation of variables [22]:

u(x,y) =P(x)Q(y), (46)

which will lead us to the following two conformable ordinary
differential equations:

d* (d*P(x) B

dx(x ( dxot ) - AP (X) =0, (47)
d* /d*Q(y) _
O ( Oy ) +2Q(y) =0. (48)

The differences with the Dirichlet-type conditions ap-
pear when establishing the boundary conditions of these
problems. Observe that in this case, (0“u(x,0)/0y*) = 0 and
(0"u(x,b)/0y™) = 0; therefore, the boundary conditions for
the conformable differential equations are obtained as
follows:

(42)
3u(x,0) d (d“Q(O)) d (d“Q(O))
T ax P(x) 3 3 = a o =0,
Fu(xy) & (d0(y) dy"\ dy dy"\ dy
a—;y:P(x)W( 7 >=> (49)
4 SN unh) A (W) & (d'QB))
o TGNy )TN )T



We verity the following:

u(a,y) d*
ox® dx"

dx”

(50)

dx” dx”

Using equation (48) and the conditions found for
(d*/dy®) (d"Q(y)/dy®), we have the following boundary
problem:

d* (d*Q(y) _
d*Q(0)\ _
(F22) -0 (51

Qb))
( dy" >_O'

We distinguish according to the value of A. Now, we
obtain the following:

(d“P(a))Q(y) - 0— d” <d“P(a)) =0,

Mathematical Problems in Engineering

1) A=0. Then, equation (48) becomes
(d*/dy*) (d*Q(y)/dy*) = 0, whose general solution
is obtained by integrating twice with respect to y:

(44

Q(y) = A--+B, (52)

with A, B € R arbitrary constants. By using the following
boundary conditions, we have:

d“Q(0)\ _
( dy* >_0’

dQ(b)\
( dy” >_0’

Therefore, Q (y) =B, and then u (x, y)=P (x) B.
Using equation (44), we obtain

SA=0. (53)

"u(x, y) _ (d‘)‘P(x))Bz> o* <a“u(x, y)) d- (d“P(x))B(awu(x, y)) s o* <8‘xu (x, y)) _ 0}

dx” ox” ox"” T dx”

ox”

ox*\  ox" oy*\  9y" Cdx®\ dx®

where either B = 0, but then we should have the null solution,
or (d*/dx%)(d*P(x)/dx%) = 0, and therefore, we have

P(x) =Cx + D. (55)
We have as a possible solution:
u(x,y)=P(x)Q(y)=ACx+A D =px+o, (56)

with p=AC and o=AD. If we now use the boundary
condition (0*u(a, y)/0x*) = 0, we have

o u(x,y) "u(a, y)
= T o

In this case, equation (44) has the following solution:

=0=p =0. (57)

u(x,y) =o. (58)

(2) <0, say A = —%. Then, the equations are written as
follows:

dx”

0" (a“u(x,}’))Jra_a(aa”(x,)’)) _d <dap(x))B+O=0

oy" oy” oy”
(54)
d* /dQ(»)\
— = O)
le
( Qﬁo)) -0, (59)
dy
dy
which has the following general solution:
Q(y) = A (1) 4 gt (1), (60)
By using the following boundary conditions, we obtain:
% = Aye”(ya/“) - B‘ue_”(ya/“). (61)
y



Mathematical Problems in Engineering

So,

d*Q(o
%:AM—B‘M:OZW(A—B) =0=A-B=0
(62)
daf ((Xb) _ Aye‘u(b"‘/a) B B‘ue—‘u(bﬂ/(x) _ 0=>M(Ae"(ba/“) B Be—ﬂ(ba/a)) 0 AT _ g _
Y
From the first equation above, A = B, and by substituting In this case, we will have two options:
it in the second equation, we have
A _ g0 _ o g _ )
(63)
A = 0=>trivial solution,
e b b b (64)
et 010 _ gmra) gy ot 010 _ pmu (000, — 0—trivial solution.
(3) 1>0, say A=y which has the following general solution:
Then, the equations are expressed as follows: Q) = Acos(y y_‘x ) . Bsin(y y_“ ) (66)
d* /d*Q(y) 2 * *
d o d o - M Q()’) = 0:
Y Y We need the following equation:
d'Q(0) Q) _ 4 gin( 42 b
( % -0, (65) o uAsin( p o Bu cos| u <) (67)
Qb)) . to be able to use the boundary conditions as follows:
dy* )7
Q)
& ¢ B=0 i
- o —=u— =nm, (68)
44 o o 1 o4
QW) (B b -uAsm(M—)=0
=- in| u— —
& pa sm\ g peos\ u
and therefore, we have With these values and equation (47), we obtain
R d* (d"P(x) d* (d"P(x) a
- = N, 2 _ 2 2@ _
U nnba ne (69) dx“( o > WP (x) 0=dx“< e ) n bMP(x) 0,
and for each value of n, we will have the following (71)
function: which has as a general solution as follows:
Q,(y) =4, cos(nn(%) ) (70) P(x) = G 4 pe#(x*/) (72)
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As we have seen before: (d*P (a)/dx“) = 0.
dap (X) al _ @ daP (a)
=C u(x Dt)_D u(x*/a)
dx© ue ue e dx°
= Cuet' ™" — Dy e @ = 0—=Ce ™) = pe @I,
(73)
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Then for each n, we have

Pn (X) — Cn(enﬂ (x/b)* +e nm (x/b)* eZnﬂ(u/b)“). (74)

The formal solution is the linear combination of all
solutions that we have obtained in the case A=0.

_ \ Y * nm (x/b)* —nm (x/b)*
u(x,y)—0+ZAncos |y, Cn(e +e ),

n=1

(75)

) o o o o
. ch COS(nT[(%) )(enn(x/b) + o~ "(xb)" 2 (alb) )

n=1

where ¢, = A,,C, has been taken.

Tulxy) = ; cmn%cos(nﬂ(%

ox”

0"u(0, y) _ i Cnnﬂg(l 3 eznn(a/m“) cos(nn(z)a)

ox” = b°

The values of ¢, are obtained using the boundary con-
dition: (0“u (0, ¥)/0x*) = f(y)

@ a _ o «
) )(enn(x/b) —e nm (x/b) eZnn(a/b) ))

b
(76)

= gdn cos(mr(%)a) =f(y),

d, = Cnmrg (1 - ez"”(“/b)u),

bot

All values of ¢, are obtained from the boundary con-
dition: ..., which are known as the coefficients of the con-
formable a-Fourier series of the even extension of the even

extension of f (y); therefore, we obtain
a

_ @ 2nm (a/b)* _2“ y ¢ dy

I
0

(77)

where
a

2 J y\*\ dy
e [ Feos(n(2)) S
nﬂ(l _ p2ntalb) ) J fly b yl a

Note that in this case, it must be satisfied that the in-
dependent term of the conformable a—Fourier series do/2

(78)

ox*\  ox" oy”

u(x,0)=u(x,1) =0,

0" (aau(x, y)) . 0" (aau(x, y)
ay

must be 0; therefore, for the solution of the problem with the
Neumann conditions to be u (x, y), the following compat-
ibility condition must be verified as follows:
2a | d “ d
dy=30 | rO1-Ee=0= [ s =0
0 y 0 y

(79)

4. Examples

In this section, we will use the above results to solve some
conformable Laplace partial differential equations.

Example 1. Let us solve the solution of the following
problem with Dirichlet-type conditions:

>=0, 0<x<1,0<y<l1,

0<x<1, (80)

u(0,y)=0 0<y<l,

u(1, y) = 100,

0<y<l,
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where a € (0, 1].

Solution. Using equations (40) and (43), we get
u(x,y) = ,,Z:; c,@inh(mr(%) ) sin(mr(%) ), (81)
where

0“u (x, u(x, y)
ax“ "3 y“

where a € (0, 1].

- 200(1 - (-1)")
nm sinh (n)

,n € N.

c, =

1

2000 dy

sinh (n7) J sin (") 7] yie -
0

(82)

Example 2. Let us solve the solution of the following
problem with Neumann-type conditions:

(83)

The formal solution of this problem is given by

Solution. First, note that the function f(y) = (b%/2) - o .
y% satisfies the compatibility condition given by equation u(x,y) =0+ Z cncos(nn(%) )( RLCTON nn(x/b)"‘eZnn(a/b)a))
(30) n=1
b (85)
b* d
J ( - )’a> 1},/ =0. (84) where
2 y o
0
2 (b o dy  26((-1)" - 1)
) Pl X) ) %= ot 86
o nﬂ(l —ezm(“lb)a) J)(Z 4 )Cos<nn<b y' e 0m3rr3(1 —32”"(11/17)“)' (86)

5. Conclusion

In this research paper, we have proposed some results re-
ferring to the conformable Laplace’s partial differential
equation. The definitions of conformable derivative and
integral have been applied to construct some of the results
and relationships in our study. The solution of conformable
Laplace’s partial differential equation with Dirichlet-type
and Neumann-type conditions has been successfully
established. The findings of this research study indicate that
the results obtained in the sense of conformable derivative
coincide with the results obtained in classical integer-order

case. Finally, some interesting examples are presented to
show the validity and potentiality of our obtained results to
be applied in future research works in various applications in
the field of natural sciences or engineering.
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The present research article is related to the analytical investigation of some nonlinear fractional-order Fisher’s equations. The
homotopy perturbation technique and Shehu transformation are implemented to discuss the fractional view analysis of Fisher’s
equations. For a better understanding of the proposed procedure, some examples related to Fisher’s equations are presented. The
identical behavior of the derived and actual solutions is observed. The solutions at different fractional are calculated, which
describe some useful dynamics of the given problems. The proposed technique can be modified to study the fractional view
analysis of other problems in various areas of applied sciences.

1. Introduction

In mathematical science, the construction of exact and
explicit solutions to nonlinear fractional-order partial dif-
ferential equations (PDEs) is very significant and is one of
the most exciting and especially active fields of study. It is
well recognized that it is possible to divide all nonlinear
PDE:s into two parts: the nonintegrable ones and the inte-
grable partial differential equations. There is an infinite
number of exact solutions to the first form, i.e., the integrable
equations. The most well-known problems among them are
the sine-Gordon equation, Korteweg-de Vries equation,
Boussinesq equations, Kawahara type equations, and non-
linear Schrodinger equation and the list can be expanded
with other fundamental integrable problems, but it is not our
purpose to give all the lists [1-5]. Nonlinear PDEs are
considered to be in the class of nonintegrable partial dif-
ferential equations with certain precise solutions or without
precise solutions and will need special care to achieve their
solutions because of the shape of the nonlinear differential
equation and the pole of its solution. The Fitzhugh-Nagumo
equation, Fisher equation, Burger-Huxley equation, and
Ginzburg-Landau equation can be mentioned as the well-
known nonintegrable PDEs among them all [6-13].

Over the last few decades, considerable progress has been
made in developing methods for obtaining precise solutions
to nonlinear equations, but the progress accomplished is
insufficient. Since, from our point of view, there is no single
optimal way to achieve correct solutions to nonlinear dif-
ferential equations of all forms. Based on the researchers’
expertise and the sympathy for the method used, each
method has its benefits and shortcomings. Also, all these
techniques can be seen to be problem-dependent, namely,
that certain techniques perform well on some concerns, but
others do not. Therefore, it is very important to apply certain
well-known methods to nonlinear partial differential
equations in the literature that are not solved with that
method to look for potential new exact solutions or to check
current solutions with different approaches [14-17].

Fisher-Kolmogorov-Petrovsky-Piscounov (Fisher-KPP)
equation was first introduced by Fisher [18] and was later
renamed Fisher equation. FEs have numerous applications
in the fields of engineering and science [19-22]. The re-
searchers investigated some important generalizations of
this equation [23-25]. Numerous reaction-diffusion equa-
tions have wavefronts that show a vital part in explaining
chemical, physical, and biological phenomena [26, 27]. The
reaction-diffusion systems can explain how changes in the
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concentration of one or more chemicals occur. One is the
local chemical reactions that transform the substances into
each other and the other is the diffusion, which allows the
substances to spread through the air.

The simplest equation for reaction-diffusion in one
spatial dimension,

Vg = Py, +Q(y), (1)

where ¥ (u,J) shows single material concentration, P
represents diffusion coefficients, and Q represents all local
reactions. If R(y) = (1 — y), we get FE which is used to
define the biological populations dispersion. The Fisher-KPP
advection equation is used to define population dynamics in
advective environments [28]. The partial differential equa-
tion proposed by Fisher is nonlinear as

1//\;=D1//W+1//(1—1//)- (2)

Fisher proposed equation (2) as a model for gene se-
lection, with y denoting the population density. The same
equation also arises in the autocatalytic chemical reactions,
nuclear reactor theory, flame propagation, neurophysiology,
and Brownian motion process. The Fisher equation is
considered to be an important equation because of its vast
number of applications in the field of engineering.

The homotopy perturbation technique was developed by
He [29, 30] in 1998. HPM provides the solution as a sum of
the sequence having an infinite sum that converges rapidly
to the exact results. HPM can be used to solve PDEs of higher
dimensions and nonlinearity effectively.

In the present research article, effective utilization of the
new developed technique, the homotopy perturbation
method and Shehu transform, has been implemented to
solve fractional FEs. The suggested technique is very effective
for the solutions of other fractional PDEs because its re-
quired small computational work and higher degree accu-
racy. Moreover, the obtained results are in close resemblance
with the actual solution of all fractional FEs.

2. Preliminaries

2.1. Definition. The fractional-order Riemann-Liouville
integral is define by [31, 32]

0 = 1 [ =9 nds. ()

2.2. Definition. The fractional-order Caputo’s derivative of
h(#n) is given as [31, 32]

Dzh(n) =I"%f", n-l<a<nmneN,

dn (4)
d—rlnh(l’]), a=nmné€cN.

2.3. Definition. The integral of Shehu transformation is new
and similar to other integral transformation which is
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described for exponential order functions. In set A, we take a
function which is described by [33-35]

A :{v(n): 3,p1p2>0, v (1)l < Me (e ifn € [0,00). (5)

The Shehu transformation which is defined by S(-) for a
function v(#) is given as

S} =V (s.p) = j Ty (0, > 0,550,

(6)

The Shehu transformation of a function v(#) is V (s, ),
and then v(#) is known as the inverse of V (s, 4) which is
define as

forn>0,8" !is inverse Shehu transformation.

(7)

$HV(sw} = (),

2.4. Definition. The Shehu transformation for nth deriva-
tives is defined as [33-35]

n n-1 n—k—
s} = Vs -y (2) TR0 @

k=0

2.5. Definition. The fractional-order derivatives of Shehu
transformation are given as [33-35]

o n—1 a—k—
PO} =Zvisn-3 (3 00, 0<pen
k=0

(9)

2.6. Definition. The Mittag-Leffler function of E,(z) for
a>0 is given as

(e8] m

_ z
Ea(z)—zm, a>0,z € C. (10)

m=0
3. Homotopy Perturbation Transform Method

To explain the fundamental ideas of this method, we get the
following equation:

3>0,0<a<l,
ueR,

Dgy (4, ) + My (4, S) + Ny (4, ) = h(u, 3),
v(u,0) = g(p),
(11)

where Dg = (0%/03“) is Caputo’s derivative, M, N is the
linear and nonlinear operator in g, and h (4, J) is the source
function.

By taking Shehu transformation, we can write (11) as
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S[D&Y (, S) + My (1, B) + Ny (4, )| = S[h(p, )],

R(u,s,u) —M

[h(H> 3] ——S[Mll/(,u, ) + Ny (1, 3)].
(12)

Now, using inverse Shehu transformation, we get

Now, if p is the parameter perturbation, we can write as
Y 3) =) Py (1 3), (15)
k=0

where p is the perturbation parameter and p € [0, 1].
The nonlinear term can be decomposed as

v(S)=FuS3)-S [ {Ml//(y,o)+Nw(u,u)}] Ny, ) = Zpan(I//), (16)
k=0
(13) , .
where H, are He’s polynomials of the form
where Yoo V1> ¥as - - .» ¥, and can be determined as
- u®
Fuu®) =5 |24 s ) Hy (Vo Vin- 2 0,) = NSl - an
N N l ap =
(14) p=0
Cawes [ a St d)]] Using relations (15) and (16) in (2) and constructing the
homotopy, we get
Y v S) = F(u, §) - px [51 {—S{MZP Ve () + Zp"Hk(w} H (18)
k=0 k=0 k=0
On comparing coefficient of p on both sides, we obtain 4, Test Problems

P vy (4, ) = F(u, S),

i) =5 [”S‘—aS{M% (1. 9) + HOW)}],

PZ: v, (W) =S |:_a {My, (4, )+ H, (1/’)}]’
o S) = sl[”s‘—aS{kal 1.9+ Hyy (w)}],
k>0,k € N.
(19)

The component y; (4, I) can be calculated easily, which
leads us to the convergent series rapidly. By taking p — 1,
we obtain

M
(1, 3) = lim ,3). 20
v (u M_mk;wk(y ) (20)

The obtained result is in the form of series and easily
converges to exact solution of the problem.

To show the validity of the suggested technique, the fol-
lowing test problems are solved.

4.1. Example. Consider the fractional-order Fisher equation
is given by

Dy =y, +v(1-y), 0<ac<l, (21)
with initial condition
Y(0) =B (22)
Applying Shehu transform to (21), we have
a a—1
STy (1 )] =y (1,.0) = Sy, + (1= ),
[3 u®
Sy () ="+ = [S(vu + v - )]

(23)

Using inverse Shehu transformation, we get
V) =p+S [ {S(vu +v(1- w))}]. (24)

Applying the abovementioned homotopy perturbation
technique as in (18), we get

Zpkwk(u,5)=ﬁ+P[S'l %S<<Zpkwk<u,8>> +Zp"wkw,m(l—Zpkwkwm)) l (25)
k=0 $ k=0 pu k=0 k=0
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Py (u 5)=571—u—a3{1// Yo~ Vol =ﬂ(1—ﬁ)s—a
1 U _Sa Opu 0 0 I+ 1)’
‘utx SZu
2, PN -
P v, (1,9) = S _578{1/’1#/4 +y - 2%1//1}] =BU-PU-2Dr0
(26)
roa ~3a
3, _o1|U 2 _ 2 3 4 S
Py () =S -S—as{%w +Y, -y —21//0%}] =(B-5p"+8B - 4p )m
ra+1) S*
(B 28+ g .
(B -2f +B)F(a+1)2 [ (3a+1)
Dy = +6y(l-vy), O0<a<l, 29
Now, by taking p — 1, we obtain convergent series V=V OV Y 22
form solution as with initial conditions
V(B) = Yo+ Y+ Yyt V0] (30)
. (1+ exp”)
~ R
Y@ 3) =p+p(1 _ﬂ)l"((x +1) +BA-p)(1-2p) Applying Shehu transform of (29), we have
Q a—1
2a 3a S S
S (BB asf _ag) S 2SIy (1 D))~ v (1,0) = S(y,,, + 6y (1 - ).
F(20c+1)+(ﬁ 56° + 8 4ﬁ)r(3“+1) u u
CarD) & Sys) =L
ICa+1 3 > . 2T @
L(F -2 4( ) S(r ey s
(/3 /3 +18) F(oc+1)2 I“(3a+1)+ ( p)
(27) [S(w + 6w (1= ))].
Putting o = 1, we get the same solution, (31)
¢ Using inverse Shehu transformation, we get
S = — b (28) ; 8
1-B+pexp

Figure 1 compares the exact solution and approximate
solution for the nonlinear fractional-order Fisher equation
at a = 1. Figure 2 represents the graph of 2D of exact and
analytical solutions and the second graph in Figure 2 shows
the different fractional-order graphs of a.

4.2. Example. Consider the fractional-order Fisher equation

is given by

utx
78

ok 1 -1
§)=——_4plS
;)p Wk (” ) (1 n CXP'M)Z p\‘ {S

(o8]

k=0

Y v (. S)

v S) = 5 S {S(v + ¥ A=)} |

(32)

(1+ exp!)’

Applying the abovementioned homotopy perturbation
technique as in (18), we get

>+6Zpkwk(#,3)<1—Zpkwk(ﬂ,s)»H- (33)
pu k=0 k=0
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FIGURE 1: The graphs of exact and HPTM solutions for equation (21) at & = 1.
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_ u
Py (18) =87 |5 S{y + 6y, = 6¥] - 12%%}] = 50exp” (5 - 6 exp"

~15 exp™, n+ 20 exp™* — 12 exp

Now, by taking p — 1, we obtain convergent series
form solution as

V(L) =Yty t Yy st

1 exp” 3*

(1+ exp")2+10 (1+ exp")’ T+l

+ 50exp”<5 -6 exp” — 15 exp™ + 20 exp™* —

Putting o = 1, we get the same solution

1

u—53 )2' (36)

v(W3) =
(1 — exp

Figure 3 compares the exact solution and approximate
solution for the nonlinear fractional-order Fisher equation
at a = 1. Figure 3 represents the graph of 2D of exact and
analytical solutions and the second graph in Figure 3 shows
the different fractional-order graphs of a of example 2.

4.3. Example. Consider the fractional-order Fisher equation
is given by

Dgy =y, +y(1-y°), O<a<l, (37)
with initial conditions
1
,0) = .
V0 (1+ exp(3/2)#)(1/3) (38)

Applying Shehu transform of (37), we have

] exp 3
=10 . ,
(1+ exp”)’ T(a+1)
exp’(-1+2exp’) S
(1+ exp“)4 I (2a+1) (34)
. TQa+1) ) g™
(T(a+1)*) (1+ exp)° TBa+1)
exp’ (-1 +2exp’) S
(1+ exp’)’ TQa+1) (35)
~3a
12 ex yr(2a+1)2> 66 +oeen,
(T(a+1))"/ (1+ exp”)’ T(Ba+1)
S )] - ey 0) = S 1-y°
F [l//(‘bl, ‘S)] - uoc ll/(‘ll, ) - (WWJ + W( -y ))’
1 1 ¢
STy (1 9] = - TERe

S (1 + exp(m)“)

S+ w(1-9))].
(39)

Using inverse Shehu transformation, we get

1 1
,3) = +S
v (1, ) (1+ exp(3/2)”)(1/3)

(40)

(04

NS S v (1= )}

Applying the abovementioned homotopy perturbation
technique as in (18), we get
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Now, by taking p — 1, we obtain convergent series
form solution as

V(L) =Yty Yy st

1 5 exp P2

S* 25 exp(3/2)"(exp(3/2)" - 3) 2 (43)

vpSS) =

Putting o = 1, we get the same solution

g - Leann (B3 1) 43
VS ={panh (T-3u) 3}

(44)

Figure 4 compares the exact solution and approximate
solution for the nonlinear fractional-order Fisher equation
at o = 1. Figure 4 represents the graph of 2D of exact and
analytical solutions and the second graph in Figure 4 shows
the different fractional-order graphs of a.

5. Conclusion

In this paper, some computational works have been done
to analyze Fisher’s equations’ fractional view analysis. For
this purpose, the Shehu transformation is mixed with the
homotopy perturbation method and derived a useful
hybrid technique to handle the solution. The graphical

+ +
173 73
(1 + exp(m)”) 4(1 + exp(m)“) [(a+1)

+oee
773
16(1 + exp(m)")( ) T(a+1)

representation of the solution of some illustrative ex-
amples is shown to be in closed contact. The fractional
problem solution is convergent toward the integer-order
solutions. Moreover, the accuracy of the proposed method
is high and required less number of calculations. The
suggested method can solve other fractional-order
problems because of its simple and straight forward
implementation.
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With the widespread use of social networks, social recommendation algorithms that add social relationships between users to
recommender systems have been widely applied. Existing social recommendation algorithms only introduced one type of social
relationship to the recommendation system, but in reality, there are often multiple social relationships among users. In this paper,
a new matrix factorization recommendation algorithm combined with multiple social relationships is proposed. Through ex-
periment results analysis on the Epinions dataset, the proposed matrix factorization recommendation algorithm has a significant
improvement over the traditional and matrix factorization recommendation algorithms that integrate a single social relationship.

1. Introduction

With the development of big data technology, data re-
dundancy has seriously interfered with obtaining effective
information. The recommendation system solves the
problem well and becomes a research hotspot in related
fields. The recommendation system recommends items or
information that may be of interest to users based on their
hobbies, demand information, and consumer behavior
[1, 2]. At present, the recommender system had been widely
used in different industries, such as Amazon product rec-
ommendation, iTunes music recommendation, and Netflix
movie recommendation because the recommendation al-
gorithm can filter according to the mass of user history
information, mine the deep relationship between users and
users or items, and produce more accurate personalized
recommendation with preference characteristics, which can
better meet the needs of users. The algorithms used by the
recommendation system consist of three types: collaborative
filtering recommendation algorithms [3, 4], content-based
recommendation algorithms [5], and hybrid recommen-
dation algorithms [6]. Among them, collaborative filtering
recommendation algorithm is currently the most popular,
and it consists of three types: item-based collaborative

filtering [7], user-based collaborative filtering [8], and matrix
factorization collaborative filtering [9]. The matrix factor-
ization collaborative filtering recommendation algorithm
has attracted more and more researchers’ attention because
of its outstanding performance in the Netflix Prize com-
petition. However, in practical applications, only a small
number of users will rate or comment on a small number of
items. Therefore, the matrix factorization recommendation
algorithm has obvious data sparsity problem and item cold-
start problem. The algorithm expresses the user’s scorings of
items in matrix form and factorizes the matrix to mine low-
dimensional hidden feature space and then get user feature
matrix and item feature matrix, finally through inner
product operation of the two low-dimensional feature
matrixes to describe the relation between users and items.
Although the existing recommendation algorithms had
obtained a good recommendation result, these traditional
recommendation algorithms ignored the influence of social
relationships among users on recommendation results. Since
social relationships can reflect the similarity between users’
preferences, simply considering the user’s scoring of the
items can no longer meet the recommendation needs, so the
social recommendation algorithm that introduces social
relationship into recommendation algorithm became


mailto:binsheng@qdu.edu.cn
https://orcid.org/0000-0002-7540-6801
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/6610645

current research hotspots in recommendation systems [10].
Hao et al. [11] proposed a weighted bipartite graph rec-
ommendation algorithm that used the monotonic saturation
function as the weight and used the true value of the number
of target users and other items to score relative to the total
number of users as the traditional similarity coefficient.
Chen et al. [12] calculated the similarity between users and
items through similar tags and proposed a joint probability
matrix factorization recommendation algorithm that
merged the neighbor perception of social tags, effectively
using the semantics of the tag improved the recommen-
dation quality. Lin et al. [13] used the principle of trust
generation in social psychology, based on the trust extension
method of user credibility, to alleviate the sparseness of data,
and proposed a matrix recommendation algorithm with
enhanced trust. Korpinar et al. [14] based on the shared
representation method of user feature matrix, proposed a
novel social recommendation model based on shared rep-
resentation of user feature matrix, which effectively im-
proved the accuracy of recommendation.

Most existing social recommendation algorithms only
introduce a social relationship, but each added social rela-
tionship affects the recommendation result differently, so
introduction of multiple social relationships would definitely
improve recommendation accuracy. In this paper, a multiple
relationships social network is constructed through a multi-
subnet composite complex network model [15], a shared
user feature matrix is used to introduce multiple social
relationships into the recommendation algorithm, and a
matrix factorization recommendation algorithm that inte-
grates multiple social relationships is proposed.

2. Methodology

2.1. Traditional Matrix Factorization Model. Assuming that
the recommendation system includes m customers and n
commodities, R, = [R;jl,, represents the customer-
commodity scoring matrix, which is shown as Figure 1. R;;
represents the rating of customer i to item j, where
R;; € [1,5]. Usually, there many empty elements in R,
and it will cause a sparse matrix of customer-commodity
scoring.

In social networks, as shown in Figure 2, the social
relationship between customers can be represented by a
matrix C: C = [Cy],um the value of Cy is 0 or 1, and if
Cy = 0, it means that there is no social relationship between
customers.

The flowchart of traditional matrix factorization algo-
rithm [8] is shown in Figure 3.

Matrix R,,,, can be factorized into user feature matrix
U, and item feature V,,, respectively. k represents di-
mension of vector, in general, it is much smaller than m and
n, and then dimensionality reduction can be realized. U; and
V; represent the potential feature spaces of corresponding
users u; and items v, respectively. The null value in scoring
matrix can be forecast through UiTV]-, and then the pre-
diction scoring matrix could be obtained.

For the convenience of research, the function f(a) =

1/R is used to map the customer’s scoring of the

max
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FiGure 1: Customer-commodity scoring matrix.

Uy U us Uy Us
Uy 1 1
U 1 1
U3 1
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FiGure 2: Customer social relationship matrix.
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FIGURE 3: Flowchart of probabilistic matrix factorization.

commodity to [0,1] interval, where R,  represents the
customer’s maximum scoring of commodity. The traditional
matrix factorization only uses a simple linear model
R =U"V, and the obtained results will be too fitted to the
scoring matrix, resulting in the prediction scores deviating
too much from the real data, and the final prediction results
are distorted. Therefore, the logistic function g(a) = 1/(1 +
e~ %) is used in this paper, so that the customer’s scoring of
commodity is defined in the range of [0, 1]. The observed
conditional probability distribution can be defined ast

p(RUV.03) = [ [TT#{rla(UIV). )], ()
i=1 j=1

where // (x|u, 0?) indicates that x follows a Gaussian dis-
tribution whose mean is ¢ and variance is o2. If} represents
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an index function, and if user i has a score of item j, its value
is 1; otherwise, it is 0. Suppose U and V obey the spherical
Gaussian distribution prior to mean 0:

p(Ule}) = ]_[ H(Ulo,a31),

2)
p(Viey) = [#(V;lo, a7 1).

j=1

Then, through Bayesian inference, the posterior prob-
ability distribution of U and V' could be obtained as follows:

p(U, VIR, 0%, 03, 0y ) o p(RIU, V, 0% ) p(Ulog, ) p(Vley )

- o [T [#(rsla(v V). )]

i=1 j=1

2.2. Matrix Factorization Recommendation Algorithm Inte-
grating a Social Relationship. In the traditional recom-
mendation algorithm, users are independent of each other,
which ignores the users’ social relationship. If there is a
social relationship between two users, the preferences of
users or the choice of items will affect each other. Therefore,
it is necessary to integrate social relationships into the
recommendation algorithm; thus, recommendation accu-
racy will be improved greatly.

Suppose that there is only one kind of social relationship
between users, and the social relationship can be incorpo-
rated into the matrix factorization recommendation algo-
rithm through sharing the user’s potential eigenspace, which
is the same as that in user scoring matrix. Then, it is analyzed
by probability matrix factorization. C = C;; represents an
m x m matrix, which factorizes the social network into user
feature matrix U € R*" and social feature matrix Z € R,

X lm[./V(UiIO, aéI) X

A” N (V10,00 1). ®

i=1 j=1

The conditional distribution of observed social relationship
can be defined:

C

[T/ [(ewla(UlZ) o)™ @

m
k=1

p(CIU, Z,0z) = |

m
i=1

Suppose that U and Z follow the spherical Gaussian
prior distribution with mean 0:

p(Uleg) = [#(Uilo, o5 1),
i=1
" (5)
p(zloy) = [ [7(Z4lo, o%1).
=1
Then, through simple Bayesian inference, the following
results can be obtained:

p(U, ZIC, 0¢, 03y, 0%, ) o< p(CIU, Z, ¢ ) p(Ulot, ) p( Z1o%,)

= o T[T [ (eala(UT 2, )™ x [ [ (Udo, a2 1) [ #(2Zil0, 221),
i=1

i=1 k=1

where I S( is an indicator function, and if user i has a social
relationship with user k, its value is 1; otherwise, it is 0.

The flowchart of matrix factorization recommendation
algorithm integrating a social relationship (MFRSI) is
shown in Figure 4.

" (6)
k=1

According to the shared user eigenspace, the user’s item
scoring matrix is closely related to the social relationship
matrix, and the posterior distribution of social recom-
mendations can be obtained by logarithm:
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where C is a constant which does not rely on any parameter,
and the maximum posterior distribution function should be

equal to the minimum objective function, which is as
follows:

A m n 1 _ A m m .
F(RCLCHUV.Z0,20) =2 ) 3 If(ry - g(UTV )Y + Y Y 1a(Ci - g(U'z,))’
i=1 j=1 i=1 k=1 (8)
o A 2z,

where A € [0, 1] is used to adjust the influence proportion
of user scoring matrix and social relationship matrix on
recommendation result. When A; =1, it means that the
social relationship between users is not considered, when
Ac =0, it means that the user scoring matrix has a pro-
portion of 0, and the rest means that a social relationship is
1ntegrated A = 0Rl0%, Ay = 0hlod, Ay = 0xlot, Ay = 0%/
o, |I- 12 # represents regularization.

2.3. Matrix Factorization Recommendation Algorithm Inte-
grating Multiple Social Relationships. In actual social net-
works, there are often more than one kind of social
relationship between users, and each social relationship has a

different impact on the recommendation, so introduction of
a kind of social relationship would definitely affect rec-
ommendation accuracy. Suppose that there are two kinds of
social relationships ¢, and ¢, between users, and the flow-
chart of matrix factorization recommendation algorithm
integrating multiple social relationships (MFRS2) is shown
in Figure 5.

According to the algorithm, ¢, relationship between
users is represented by matrix C' = [C}],,,,m» and ¢, rela-
tionship between wusers is represented by matrix
C? = [C%],psm- If relationship strength of ¢, is 3, then re-
lationship strength of ¢, is 1 — f3, where 8 € [0, 1]. Therefore,
the objective function for minimizing the introduction of
two kinds of social relationships is
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FiGUre 5: Flowchart of matrix factorization recommendation algorithm integrating multiple social relationships.
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The gradient descent algorithm can be used to solve the
objective function as follows:

——/\CZIR ’(U Vi)(g (U,.ij)—r,.j)vj+/5(1—Ac)ililg’(Ufzi)(g(U?Z,i)—C},j)z,i
j=1

L1-p-A0) Y 18 g (UT2)(9(UT22) - C2) 22 4 WU,

=1
oL _ illr;g'(U.TV)(g(U.TV-) —r Ui+ AV (10)
an & ij i’j i’j ij i vy
azk AC;F (U7 Z))(g(U7 ZL) - U, + ALz,

iy Z 15 9' (U 22)(g(Ul 2;) - C U, + A, 24,



where g' (x) = e*/(1 + e*)* represents derivative of logistic
function g(x). For reducing model complexity, the corre-
sponding parameter setting is A, = Ay, = A}, = A5,

3. Results and Analysis

3.1. Experimental Data. In this paper, Epinions is used as the
experimental dataset, and it is a knowledge-sharing website
where customers could review commodities or give integer
scorings between one and five. New customers can use these
comments or ratings to determine whether the commodity is
worth buying. The Epinions dataset includes the customer’s
trust relationship, customer’s scoring for commodities, and
comment information of commodities. It includes 49,290
customers, 139,738 commodities, 664,824 comment mes-
sages, and 487,181 trust relationships.

In the course of experiment, a five-fold cross-validation
method was used to train and verify the proposed recom-
mended algorithm. The Epinions dataset was separated into
five equal groups, one group was randomly selected as test
set, and the other four groups were acted as training set. Five
experiments were conducted to ensure that each test set is
tested. The ultimate experimental result was the average of
five experiments.

3.2. Evaluation Indicators. In this paper, two identical
evaluation indicators are used to measure the accuracy of
recommendations, namely, mean absolute error (MAE) and
root mean squared error (RMSE) [16]. These two indicators
measure accuracy of recommendation algorithm through
calculating the error between the prediction score and the
actual score. The smaller their value, the higher the rec-
ommendation accuracy. The definitions of MAE and RMSE
are as follows:

_ 1 -
MAE_'Ewug;JnJ rif
(11)
RMSE = |EP'(§;FOU_YQY’
i,j)€

where r;; represents the real scoring of customer i for

commodity j, r,-'j represents the prediction scoring of cus-

tomer u; for commodity j, and EP represents the test set.

3.3. Experimental Results Analysis. During the experiment,
the number of algorithm user features is K = 5, the number
of iterations is 1000, and A;; = A, = 0.001. The proportion
between social relationship matrix and customer scoring
matrix can be adjusted by parameter «, and the proportion
between the two social relationships can be adjusted by
parameter . The different values of « and 8 will directly
affect the recommendation result. The value of « and f3 is
determined by the method of simulation experiment. § =1
means that only one kind of social relationship is introduced,
when « takes different values, and the change of MAE value
and RMSE value in the dataset is shown in Figures 6 and 7.
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Ficure 7: Influence of parameter o for RMSE.

As shown in Figures 6 and 7, in the Epinions dataset,
when « = 0.8, the values of MAE and RMSE are all the
smallest; that is, for one social relationship, when « = 0.8, the
recommendation accuracy rate is the highest.

O, and O, are used to denote the item sets that cus-
tomers u and v had scored, respectively, the more com-
modities which customers u and v jointly scored, the more
likely they are to have the same interest and influence each
other, and the specific definitions are as follows:

_0,no0,

fuv _OMUOV. (12)

When f,,>0.2, it means that customers u and v have
similar interests. Suppose that the relationship between users
satisfying this condition is the c, relationship. When « and f3
take different values, the changes in MAE and RMSE on the
Epinions dataset are shown in Figures 8 and 9.

As shown in Figures 8 and 9, in the Epinions dataset,
when the parameters « = 0.3 and f3 = 0.4, the value of MAE
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is the smallest, that is, the recommended accuracy rate in the
proposed algorithm is the highest. Similarly, when « = 0.7
and f§ = 0.5, the value of RMSE is the smallest, which means
that the recommendation accuracy in the proposed algo-
rithm is the highest.

For verifying the performance of MDRS2 algorithm and
the impact of various social relationships on the recom-
mendation, we compared MDRS2 algorithm with SocRec
algorithm [14], TDSRec algorithm [17], and MDRSI1 algo-
rithm on the Epinions dataset. The SocRec algorithm con-
siders the attributes of social relationships between users on
the basis of matrix factorization and incorporates a social
relationship; the TDSRec algorithm combines the similarity
based on user ratings preferences while considering social
networks and predicts the values of customer scoring matrix
together. The MDRS1 algorithm only considers one kind of
social relationship. The MDRS?2 algorithm tightly links the
user-item scoring matrix and the social relationship matrix
through sharing the user’s feature space and integrates

7
TaBLE 1: Experiment result comparison of various algorithms.
Evaluation index = SocRec ~ TDSRec ~ MDRS1 ~ MDRS2
MAE 0.8932 0.7864 0.4451 0.4394
RMSE 0.9240 0.8679 0.6143 0.5973

multiple social relationships into matrix factorization. The
experimental statistical result is shown in Table 1.

As shown in Table 1, in the Epinions dataset, the MAE
and RMSE values of the MDRS2 algorithm are smaller than
those of other algorithms; that is, the prediction accuracy is
higher. It can be seen that the recommendation algorithm
that introduces two kinds of social relationships has a higher
accuracy rate than other three recommendation algorithms,
which indicates that introducing multiple relationships
between users would improve recommendation accuracy,
and the more relationships between users, the higher the
recommendation accuracy.

4. Conclusions

In this paper, through factorizing the user-item scoring
matrix, according to multi-subnet composite complex
network, a variety of social relationships are integrated into
the matrix factorization recommendation algorithm by
using the shared user’s potential feature space. Using the
matrix factorization recommendation algorithm to the user-
item dataset after introducing the social relationship, users’
preferences for items will be accurately obtained. Through
experiments on real datasets, it is proved that the proposed
matrix factorization recommendation algorithm, which
combines multiple relationships, improves the recommen-
dation accuracy. It means that introducing multiple social
relationships can better personalize recommendations for
users, and the more relationships introduced, the better the
recommendation effect. In future research, the user’s indi-
rect relationship and direct relationship can be combined to
turther study the impact of social relationships on
recommendations.
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The coronavirus disease (COVID-19) outbreak started in December 2019 in Wuhan. The virus has spread around the whole world,
and it has caused a strong and serious pandemic. Symptoms such as cough, respiratory distress, diarrhea, and fatigue associated
with COVID-19 are typical clinical findings. Coronavirus infection has become an important public health concern because of its
increasing prevalence, serious complications, and mortality. In light of this information, we examine different entropy methods
for world indices (ISE 30, FTSE 100, NIKKEI 225, SP 500, and DAX 30) in the pre-COVID-19 period (02.01.2019-17.11.2019) and
the post-COVID-19 period (18.11.2019-23.11.2020) in this article. Besides, we discuss the performances of entropies such as
Shannon, Renyi, Tsallis, and approximate entropy (ApEn) in detail and perform the notion of entropy for volatility measure. As a

result, we present the numerical results for the data set.

1. Introduction

Entropy is a word that goes back to 1865 when Rudolf
Clausius, a German physicist, granted an original noun to
irreparable warmth damage termed as equivalent value. The
word entropy was chosen for the fact that entropies refer to
average component transformative or transformation
component in Greek [1]. Tsallis [2] suggests that the concept
of entropy should be widened into a notion bearing the
statistical status of complicated systems. Then, Rao et al. [3]
put forward the cumulative residual entropy, generalized
measure of ambiguity, and applied it in reliability and
picture arrangement as well as nonadditive measures of
entropy. In 2008, Pincus [4] pointed out the use of ap-
proximate entropy (ApEn), a model-independent measure
of consecutive disorder. Thus, through utilizing a number of
varied practices for both empirical data and model-based
data, he conceived cross-ApEn, concerning two-variable
asynchrony measure that provides a stronger and more
omnipresent measure of bivariate correspondence than
correlation. In addition, he presented the following

containments to various strategies, ensured analytic state-
ments for statistical properties of ApEn, and cross-checked
ApEn with nonlinear measures, correlation, and spectral
analyses as well as other entropy measures. Later, Ubriaco
[5] applied the derivative to a special probability function
and obtained the Shannon entropy definition which is based
on probability and derivative. The information and its
management can be illustrated by entropy. Most informa-
tion management techniques are based on entropy. The
fractional-order derivative and entropy-based binomial
distribution yield a series of symmetric functions. Rompolis
[6] put forward a varied method to apply the maximum
entropy basis for recovering the risk neutral density of
forthcoming stock, or any other entity which returns from
put prices. In 2015, Sati and Gupta [7] defined a generalized
cumulative remaining entropy on the basis of the nonad-
ditive Tsallis entropy. In the same year, Sheraz et al. [8]
employed an entropy for volatility markets. Then, Stosic
et al. [9] investigated the effect of financial attacks on foreign
exchange (FX) markets using the time-dependent block
entropy technique and revealed experimental conclusions
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which explain that the financial attacks are corporate with an
important rise in exchange rate entropy, echoing uncertainty
in FX market dynamics. The study in [10] shows every
minute of the six years of entropy-dependent usage data
between 1999 and 2004 based on time series and volatility,
and that the entropy of the fluctuation series is based on the
stock market. Khammar and Jahanshahi [11] submitted the
weighted condition of this measure and named it “Weighted
Cumulative Residual Tsallis Entropy (WCRTE)” and showed
that it can specify the value of the survival function and
Rayleigh distribution in a unique way. In 2019, Karakas [12]
has attained volatility of ethereum and bitcoin, and then, the
same author [13] used the world indices such as Istanbul
Stock Indices (BIST 30), Brazil Index (Bovespa), Germany
Index (DAX 30), Britain Index (FTSE100), South Korea
(KOSPI), Japan Index (NIKKEI 225), United States Index
(S&P 500), and China Index (SHANGAI) that have been
examined over 8 years between 2010 and 2018, and, as a
result, found the entropy notion for volatility measure to
draw a comparison. Inc et al. [14] obtained approximate
solutions of the nonlinear time-dependent generalized
Fitzhugh-Nagumo equation with time-dependent coeffi-
cients and Sharma-Tasso-Olver equation subjected to
certain initial conditions and showed that this method is
efficient and convenient and, thus, it can be applied to a
variety of problems. The approximate solutions are com-
pared with the exact solutions. Then, Acay and Inc [15]
proposed the temperature dynamics of a building and ex-
amined this model which has a crucial place in daily life. In
2020, Houwe et al. [16] investigated analytical solutions for
the nonlinear differential-difference equations (DDEs)
having fractional-order derivatives and employed the dis-
crete tanh method in computations. As well, Akinlar et al.
[17] considered an epidemic disease system by an additive
fractional white noise to show that epidemic diseases may be
more competently modeled in the fractional-stochastic
settings than the ones modeled by deterministic differential
equations, generated a new SIRS model and perturbed it to
the fractional-stochastic systems, and studied chaotic be-
havior at disease-free and endemic steady-state points on
these systems. After that, Akinlar et al. [18] considered a
novel contribution because optimal control formulations,
numerical solutions, and stability analysis for the fractional-
order Malkus model are studied for the first time in this
paper. Later, in the same year, Korpinar et al. [19] analyzed
the  fractional-stochastic =~ quadratic-cubic  nonlinear
Schrodinger equation (QC-NLSE) describing the propaga-
tion of solitons through optical fibers and employed it to
obtain stochastic solutions in the white noise space with
Hermite transformation. Besides, Hashemi et al. [20] used
the Adams-Bashforth—-Moulton scheme (ABMS) to deter-
mine the approximate solution of a variable-order fractional
three-dimensional chaotic process, demonstrating simula-
tion results. However, Qureshi [21] examined a new time-
invariant nonlinear mathematical model in fractional-
(noninteger-) order settings that has been proposed under
the three most frequently employed strategies of the classical
Caputo. Currently, all world stock markets have been af-
fected by the virus. The COVID-19 virus first emerged in
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China (Wubhan city) spreading around the world. This virus
is amongst the deadliest virus known to humans all over,
having deadly effect on the health care system of most of the
countries. In this study, five world indices (ISE 30, FTSE 100,
SP 500, NIKKEI 225, and DAX 30) were used to investigate
based on the entropy approach in the pre-COVID-19 period
(02.01.2019-17.11.2019) and  post-COVID-19  period
(18.11.2019-23.11.2020).

2. Materials and Methods

2.1. Shannon Entropy and Renyi Entropy. Shannon entropy
states that a measure of the amount of information ¢(p)
containing a series of events of p;, p,, ..., py should satisfy
three requirements:

S should be continuous in p;

If all p; are equal probably, then S should be a
monotonic increasing function of N

S should be additive

Then, it proves that only S satisfying these three re-
quirements shows

N

S(P) =« p;In p; (1)

i=1

where « is a positive constant. This quantity has since be-
come known as the Shannon entropy. In the information
theory applications, the asymptotic equipartition property of
Shannon is given for TCS" TCS" with

IT| <" P, (2)

such that illustration # times from P yields a factor of T'with
probability >1 — ¢ and e — 0 as n — 00. Extensions of
Shannon’s original work have resulted in many alternative
measures of information or entropy. For instance, by
relaxing the third point of Shannon’s requirements, that of
additivity, Renyi was able to extend Shannon entropy to a
continuous family of entropy measures:

1 <
S, (P) = —:Iln;pi. (3)

The Renyi entropy tends to Shannon entropy as g — 1.
The Renyi entropy is as follows:

The scaling factor is conventional, i.e., it makes S,
nonnegative for all g and ensures S, (u,,) = log n, where
u,, is the uniform distribution on an n-element set.

The main property which the Renyi entropy has in
common with Shannon entropy is additivity:

Sq(pxr) = Sq (p)+Sq(r). (4)

For f3 = 0, acquire the min-entropy, which is the car-
dinality of the support of p: S, (p) = log|{i € S|p(i)>0}|.
For g = 1, acquire Shannon entropy:
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TaBLE 1: Statistics of world indices in the pre-COVID-19 period (02.01.2019-17.11.2019).

ISE 30 FTSE 100 NIKKEI 225 SP 500 DAX 30
Mean 1226,0519 7262,6528 21358,17 2896,640 11998,00
Median 1237,215 7274,450 21360,09 2909,190 12034,17
Maximum 1327,420 7686,610 23520,01 3121,750 13289,46
Minimum 1045,03 6692,660 19561,96 2605,500 10416,66
Std. dev. 65,32040 186,4341 873,4083 113,5172 604,7448
Skewness —-0.674607 —-0.599872 0.217312 —-0.379169 —-0.031424
Kurtosis 2.731324 3.472528 3,208747 2.768171 2.689980
Jarque-Bera 17.50623 15.79535 2.208500 5.973792 0.950594
Probability 0.000158 0.000372 0.033145 0.005044 0.006217

TABLE 2: Statistics of world indices in the post-COVID-19 period (18.11.2019-23.11.2020).

ISE 30 FTSE 100 NIKKEI 225 SP 500 DAX 30
Mean 1287,1338 6379,9955 22412,79 3165,256 12329,73
Median 1297,285 6123,820 23112,88 3232,250 12822,26
Maximum 1496,790 7674,560 26014,62 3623,000 13789,00
Minimum 1014,100 4993,890 16552,83 2220,500 8441,710
Std. dev. 106,5718 699,3948 1827,824 279,4826 1209,913
Skewness —-0.250346 0.617331 —1.175042 -0.974508 -1.297747
Kurtosis 2.706596 2.110804 3,951717 3,539609 3.795668
Jarque-Bera 3.592315 24.79044 68.84024 43.79541 78.91692
Probability 0.016593 0.000004 0.000000 0.000000 0.000000

TaBLe 3: Different entropy measures of ISE 30, FTSE 100, NIKKEI 225, SP 500, and DAX 30 in the pre-COVID-19 period
(02.01.2019-17.11.2019).

Shannon Tsallis Renyi Approximate entropy
Method Value q Value r Value Value
ISE 30
ML 5.396743 0 220.0000000 0 5.398163
MM 5.397149 0.2 92.5761790 0.25 5.397804 0.7846485
Jefferys 5.396744 0.4 40.8280410 0.5 5.397448
Laplace 5.396745 0.6 19.1544962 1 5.396743
SG 5.396743 0.8 9.7146361 2 5.395365
Minimax 5.396749 1 5.3967431 4 5.392732
CS 5.396743 1.2 3.3008212 8 5.387939
Shrink 5.39745 14 2.2112471 16 5.380020
1.6 1.6012332 32 5.368983
1.8 1.2333170 64 5.356709
2 0.9954624 Infinite 5.319076
FTSE 100
ML 5.424631 0 226.0000000 0 5.424950
MM 5.424699 0.2 94.6256717 0.25 5.424870 0.7947985
]efferys 5.424631 0.4 41.5280750 0.5 5.424790
Laplace 5.424631 0.6 19.3935912 1 5.424631
SG 5.424631 0.8 9.7962946 2 5.424315
Minimax 5.424631 1 5.4246308 4 5.423694
CS 5.424631 1.2 3.3103449 8 5.422489
Shrink 5.424754 1.4 2.2144993 16 5.420221
1.6 1.6023437 32 5.416139
1.8 1.2336962 64 5.409257
2 0.9955919 Infinite 5.368548
NIKKEI 225
ML 5.424339 0 226.0000000 0 5.424950
MM 5.424363 0.2 94.6212737 0.25 5.424798 0.689666

Jefferys 5.424339 0.4 41.5250909 0.5 5.424646
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TaBLE 3: Continued.

Shannon Tsallis Renyi Approximate entropy

Method Value q Value r Value Value
Laplace 5.424339 0.6 19.3920726 1 5.424339
SG 5.424339 0.8 9.7956076 2 5.423721
Minimax 5.42434 1 5.4243394 4 5.422458
CS 5.424339 1.2 3.3102262 8 5.419834
Shrink 5.424384 1.4 2.2144524 16 5.414208

1.6 1.6023255 32 5.402104

1.8 1.2336893 64 5.381751

2 0.9955893 Infinite 5.333581
SP 500
ML 5.424201 0 226.0000000 0 5.424950
MM 5.424373 0.2 94.6190516 0.25 5.424762 0.6455126
Jefferys 5.424202 0.4 41.5236068 0.5 5.424575
Laplace 5.424202 0.6 19.3913293 1 5.424201
SG 5.424201 0.8 9.7952767 2 5.423462
Minimax 5.424203 1 5.4242014 4 5.422009
CS 5.424201 1.2 3.3101709 8 5.419211
Shrink 5.424507 1.4 2.2144308 16 5.414035

1.6 1.6023173 32 5.405173

1.8 1.2336862 64 5.391980

2 0.9955882 Infinite 5.350668
DAX 30
ML 5.42371 0 226.0000000 0 5.424950
MM 5.423752 0.2 94.6115378 0.25 5.424640 0.5535031
Jefferys 5.42371 0.4 41.5185260 0.5 5.424329
Laplace 5.42371 0.6 19.3887524 1 5.423710
SG 5.42371 0.8 9.7941149 2 5.422476
Minimax 5.423712 1 5.4237103 4 5.420029
CS 5.42371 1.2 3.3099716 8 5.415223
Shrink 5.423792 1.4 2.2143522 16 5.406039

1.6 1.6022869 32 5.389845

1.8 1.2336746 64 5.367814

2 0.9955838 Infinite 5.323234

TaBLE 4: Different entropy measures of ISE 30, FTSE 100, NIKKEI 225, SP 500, and DAX 30 in the post-COVID-19 period
(18.11.2019-23.11.2020).

Shannon Tsallis Renyi Approximate entropy
Method Value q Value r Value Value
ISE 30
ML 5.557801 0 254.0000000 0 5.541264
MM 5.558188 0.2 103.9217249 0.25 5.540389 0.605173
Jefferys 5.557804 0.4 44.6150090 0.5 5.539521
Laplace 5.557806 0.6 20.4188729 1 5.537801
SG 5.557801 0.8 10.1368950 2 5.534431
Minimax 5.557813 1 5.5378010 4 5.527964
CS 5.557801 1.2 3.3479548 8 5.516089
Shrink 5.558543 1.4 2.2270007 16 5.496175

1.6 1.6064999 32 5.468754
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TaBLE 4: Continued.

Shannon Tsallis Renyi Approximate entropy
Method Value q Value r Value Value
1.8 1.2350782 64 5.442340
2 0.9960515 Infinite 5.390417
FTSE 100
ML 5.539317 0 255.0000000 0 5.545177
MM 5.539395 0.2 104.2128898 0.25 5.543729 0.4216846
Jefferys 5.539318 0.4 44.6980209 0.5 5.542269
Laplace 5.539319 0.6 20.4418658 1 5.539317
SG 5.539317 0.8 10.1430007 2 5.533302
Minimax 5.539326 1 5.5393168 4 5.520987
CS 5.539317 1.2 3.3482870 8 5.496723
Shrink 5.539468 1.4 2.2270537 16 5.458418
1.6 1.6064983 32 5.421958
1.8 1.2350713 64 5.398850
NIKKEI 225
ML 5.541764 0 255.000000 0 5.545177
MM 5.541786 0.2 104.251176 0.25 5.544299 0.4849035
Jefferys 5.541764 0.4 44723779 0.5 5.543437
Laplace 5.541764 0.6 20.454859 1 5.541764
SG 5.541764 0.8 10.148825 2 5.538606
Minimax 5.541767 1 5.541764 4 5.532970
CS 5.541764 1.2 3.349274 8 5.523834
Shrink 5.541811 1.4 2.227440 16 5.510553
1.6 1.606647 32 5.490232
1.8 1.235127 64 5.457949
2 0.996068 Infinite 5.394338
SP 500
ML 0 255.0000000 0 5.545177
MM 5.541305 0.2 104.240513 0.25 5.544141 0.484537
]efferys 5.541149 0.4 44.7167917 0.5 5.543124
Laplace 5.54115 0.6 20.4514234 1 5.541148
SG 5.541148 0.8 10.1473229 2 5.537413
Minimax 5.541157 1 5.5411479 4 5.530728
CS 5.541148 1.2 3.3490311 8 5.519871
Shrink 5.541472 1.4 2.2273475 16 5.504498
1.6 1.6066119 32 5.485190
1.8 1.2351145 64 5.463312
2 0.9960633 Infinite 5.410064
DAX 30
ML 5.42371 0 226.0000000 0 5.424950
MM 5.540173 0.2 104.2217368 0.25 5.543865 0.5196777
Jefferys 5.540133 0.4 447046841 0.5 5.542587
Laplace 5.540133 0.6 20.4455670 1 5.540132
SG 5.540132 0.8 10.1448044 2 5.535607
Minimax 5.540138 1 5.5401324 4 5.527909
CS 5.540132 1.2 3.3486380 8 5.516591
Shrink 5.540219 1.4 2.2271995 16 5.503120
1.6 1.6065573 32 5.489558
1.8 1.2350947 64 5.475649
2 0.9960562 Infinite 5.432999
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FIGUure 1: Data of world indices graphs and quantile graphs in the pre-COVID-19 period (02.01.2019-17.11.2019).
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FIGURE 2: Data of world indices graphs and quantile graphs in the post-COVID-19 period (18.11.2019-23.11.2020).



$1(p) = lim S, (o)

d 1 . ; .
dq <1 _qlog(Zi:p(z)q>> 1 = —Zi:p(z)log p(i).
g=
(5)
For g = 00, acquire the min-entropy:
1

Seo (p) = —logmax p (i) = logmin —. 6
p g maxp g mi o (i) (6)

2.2. Tsallis Entropy. For any positive real number «, the
entropy of order « of probability measure p on finite set X is

defined as
! 1= p ), ifa#l
a-1 iexpi , ’
S (p) = (7)
—Zpilnpi, ifa=1
ieX

The characterization of the Tsallis entropy is the same as
that of the Shannon entropy except that for the Tsallis
entropy, the degree of homogeneity under convex linearity
condition is « instead of 1.

3. Results

3.1. Data Set. We utilize the world indices of ISE 30, FTSE
100, SP 500, NIKKEI 225, and DAX 30 in the pre-COVID-19
period (02.01.2019-17.11.2019) and post-COVID-19 period
(18.11.2019-23.11.2020). Tables 1 and 2 summarize the
statistics data of world indices of ISE 30, FTSE 100, SP 500,
NIKKEI 225, and DAX 30 before and after the coronavirus
pandemic. Tables 1 and 2 indicate varied average values for
the data set, and the suitable standard deviations are varied.
In Table 2, skewness for data set is negative; in Table 1, except
for NIKKEI 225, others are negative. The kurtosis of two data
sets is higher than I. The Jarque-Bera (JB) test indicates that
the normality of distribution for every series is strongly
refused at 0.05 level, which means the overall energy terms’
index distributions are nonnormal.

3.2. Conclusion: Entropy Approach. We apply the entropy
technique for the volatility of world indices such as ISE 30,
FTSE 100, SP 500, NIKKEI 225, and DAX 30 before and after
the COVID-19 pandemic. For this, we compute Shannon,
Tsallis, Renyi, and approximate entropies. In Tables 3 and 4, we
initially provide varied forecasters for the Shannon entropy
measure in the pre-COVID-19 period (02.01.2019-17.11.2019)
and post-COVID-19 period (18.11.2019-23.11.2020). Later, we
provide the Tsallis entropy for various values of the parameter
and Renyi entropy measures for varied values of the parameter.
Finally, we have obtained approximate entropy. When overall
potential incidents have a similar probability, the entropy
provides maximum value. In our experimental outcomes,
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volatility indicates variation; this model shows linear and
nonlinear dynamics. We obtain from the numerical outcomes
that overall entropies are positive, so features of our data series
are nonlinear. We find that the world indices of ISE 30, FTSE
100, SP 500, NIKKEI 225, and DAX 30 series have a great value
of approximate entropy before and after the coronavirus
pandemic. In the data series, when looking at world indices
volatility before the coronavirus pandemic in Table 3 and
Figure 1, volatility is mostly seen in FT'SE 100, followed by ISE
30, NIKKEI 225, SP 500, and DAX 30. Similarly, in Table 4 and
Figure 2, when we look at world indices after the coronavirus
pandemic, volatility is mostly seen in ISE 30, followed by DAX
30, NIKKEI 225, SP 500, and FTSE 100. It is concluded that
before the coronavirus pandemic, FTSE 100 data series is of
higher volatility than other data series. Similarly, after the
coronavirus pandemic, ISE 30 data series is of higher volatility
than other data series. For the Shannon entropy estimators,
before the coronavirus pandemic, it is clear that FTSE 100
series have larger values. In a similar way, for the measures of
Tsallis and Rényi entropies, if we take attention that g and r are
close to 1, then we obtain the Shannon entropy. After the
coronavirus pandemic, it is clear that ISE 30 series have larger
values.
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