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The subject of time-delay systems is a rather old research
topic dating back to the works of Euler-Bernoulli in the XVIII
century. Effective results in this area were initiated in the late
fifties of the twentieth century since the works of Krasovskii
and Razumikhin on the Lyapunov functions. However the
significant progression in this area has been made during
the last decade where numerous books, research, and survey
papers and special issues have been devoted.

Delay is not just a mathematical exercise but more
importantly is rooted in many natural and man-made sys-
tems such as biology, processes industries, and mechatronic
motions. In engineering applications, time-delays generally
describe propagation phenomena, material or energy trans-
fer in intercommoned systems, and data transmission in
communication systems. They have been the main sources
inducing oscillations, instability, and poor control perfor-
mances. Stability analysis and robust control of such systems
are then of theoretical and practical importance. Much effort
in the analysis and synthesis of these systems has been
dedicated to delay-dependent and delay-independent issues
based both/either on Lyapunov methods and/or frequency
domain techniques. However, it should be noted that there
are still numerous challenging issues pending in many classes
of time-delay systems.

The purpose of this special issue is to draw attention of the
scientific community to some recent advances and possible
applications in the analysis, control, and synchronization
of time-delay systems remaining unresolved until now. The
special issue includes several high-quality papers written by
leading and emerging specialists in the field. Engineering
applications, such as power systems, rolling mills, hydraulic
systems, distillation colons, aircrafts, space launch vehicle,
and automotive and robotic systems, are seriously considered
in this special issue.

Over 77 submissions from 14 countries (Australia, Brazil,
China, Egypt, Iran, Japan, Malaysia, Morocco, Mexico, Nige-
ria, Republic of Korea, Saudi Arabia, Netherlands, and
Tunisia) had been received to reflect the increasing interest in
the topic and the authority in organization of the special issue.
Only 16 papers are published with an acceptation rate of 20%.
The primary guideline has been the originality of the work,
relevance to the topics, and presentation of the contents.

Among the papers of the special issue, a single survey
paper and four research papers are devoted to the stabiliza-
tion and robust control of time-delay systems using Lyapunov
theory and LMI tools. Three papers discuss the PID control
design problem. Three papers cover industrial and automo-
tive applications using test-benches or simulators to validate


https://doi.org/10.1155/2017/1398904

the proposed approaches. There are also two papers solving
synchronization problems and two other papers focusing on
control of multiagent systems. Finally, there is a single paper
solving the crucial problem of finding solutions for functional
differential delayed equations. A very short description of the
addressed topics is presented as follows.

The survey paper “Recent Progress in Stability and Stabi-
lization of Systems with Time-Delays,” by M. S. Mahmoud,
gives an overview of research investigations in the field.
All revised results are classified on delay-independent and
delay-dependent LMI conditions obtained via Lyapunov-
Krasovskii and Lyapunov-Razumikhin theories where com-
plexity and conservatism of each approach are discussed.

In “Novel Robust Exponential Stability of Markovian
Jumping Impulsive Delayed Neural Networks of Neutral-
Type with Stochastic Perturbation,” by Y. Fang et al., some
new delay-dependent stability conditions are established
using Lyapunov-Krasovskii function, Jensen integral inequal-
ity, free-weight matrix method, and LMI tools.

In “Robust Stability Criteria for T-S Fuzzy Systems with
Time-Varying Delays via Nonquadratic Lyapunov-Krasovskii
Functional Approach,” by S. H. Kim, a less conservative
relaxed condition based on the nonquadratic Lyapunov-
Krasovskii functional is proposed and will be useful for high
computational complexities.

In “Robust Quadratic Stabilizability and H,, Control
of Uncertain Linear Discrete-Time Stochastic Systems with
State Delay,” by X. Jiang et al., a sufficient condition for the
existence of a desired robust H, controller is obtained.

In “Fixed Points and Exponential Stability for Impulsive
Time-Delays BAM Neural Networks via LMI Approach
and Contraction Mapping Principle,” by R. Rao et al., the
authors proposed new LMI-based exponential stability by
formulating a contraction mapping in a product space.

In “MIMO PI Controllers for LTI Systems with Multiple
Time Delays Based on ILMIs and Sensitivity Functions,”
by W. Belhaj and O. Boubaker, a temporal/frequency-based
design procedure is proposed for synthesis and tuning of
MIMO PI controllers for stable, unstable, and nonminimum
phase linear systems with delays in state and input variables.

In “Stabilization for Damping Multimachine Power Sys-
tem with Time-Varying Delays and Sector Saturating Actu-
ator,” by L. Ma et al., a MIMO PD controller is designed
by transforming the problem of PD controller design to that
of state feedback stabilizer design for a system in descriptor
form. A new sufficient condition is derived based on the
Lyapunov theory.

In “An Expert PI Controller with Dead Time Compensa-
tion of Monitor AGC in Hot Strip Mill,” by E Zhang et al., the
authors presented a monitor automatic gauge control based
on hydraulic roll gap control system algorithm with Filtered
Smith Predictor suitable for the control of processes with long
dead time, simple to implement and tune and having the
advantages of obtaining real-time information and improving
robustness.

In “A Control Method to Balance the Efficiency and
Reliability of a Time-Delayed Pump-Valve System,” by Z. Lai
et al,, a test bench is used to validate the efficiency and the
reliability of a sliding mode controller applied to the MIMO

Mathematical Problems in Engineering

Pump-Valve System by using a Modified Smith Predictor to
compensate time-delays of the system.

In “A Decoupling Control Strategy for Multilayer Register
System in Printed Electronic Equipment,” by S. Liu et al., a
control approach based on feedforward control and active
disturbance rejection is proposed to solve the strong coupling
and strong interference and time-delay problems of multi-
layer register system used for Printed Electronic Equipment.

In “Direct Yaw-Moment Control of All-Wheel-Independ-
ent-Drive Electric Vehicles with Network-Induced Delays
through Parameter-Dependent Fuzzy SMC Approach,” by W.
Cao et al,, a robust parameter-dependent fuzzy sliding mode
control method based on the real-time information of vehicle
states and delays is proposed for all-wheel-independent-drive
electric vehicles subject to network-induced delays where
the effectiveness of the proposed controller is proved using
Simulink and CarSim software.

In “Multiple Model-Based Synchronization Approaches
for Time Delayed Slaving Data in a Space Launch Vehicle
Tracking System,” by H. Song and Y. Choi, the authors give
a solution to the serious network delays problem caused by
the multiple heterogeneous sensors installed over widespread
areas generally leading to the failure of the space launch
vehicle tracking systems. They propose a slaving data syn-
chronization approach for the range safety system based on
multiple model estimators so that the mission control system
can adaptively find an appropriate dynamic model at an
arbitrary time index, where time-delays occur.

In “High Precision Clock Bias Prediction Model in Clock
Synchronization System,” by Z. Liu et al., the authors solve
the synchronization problem of the clocks exploited in a
distributed system and generally caused by interference time
signal transmission or equipment failures. They use the first-
order grey model with one variable optimized using the
particle swarm optimization.

In “Consensus Conditions for High-Order Multiagent
Systems with Nonuniform Delays,” by M. Shi et al, the
consensus control problem of third-order to sixth-order
multiagent systems with multiple nonuniform time-delays is
solved where necessary sufficient conditions are provided in
the form of simple inequalities.

In “Consensus Control for a Multiagent System with
Time-Delays,” by Y. Cao et al., the consensus control problem
for a multiagent system of integrator dynamics with input
and output time-delays is solved using a state predictor and a
linear controller without any delay compensation.

Finally, in “Multiple Periodic Solutions for A Class
of Second-Order Neutral Impulsive Functional Differential
Equations,” by J. Xie et al., the existence solutions of such cru-
cial but frequent problem in modeling many real processes
and phenomena is solved by means of critical point theory
and variational methods. A typical example is also given to
illustrate the applicability of such results.
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This paper overviews the research investigations pertaining to stability and stabilization of control systems with time-delays. The
prime focus is the fundamental results and recent progress in theory and applications. The overview sheds light on the contemporary
development on the linear matrix inequality (LMI) techniques in deriving both delay-independent and delay-dependent stability
results for time-delay systems. Particular emphases will be placed on issues concerned with the conservatism and the computational
complexity of the results. Key technical bounding lemmas and slack variable introduction approaches will be presented. The results
will be compared and connections of certain delay-dependent stability results are also discussed.

1. Introduction

The occurrence of time-delay phenomenon appears to
present many real-world systems and engineering applica-
tions. This takes place in either the state, the control input
side, or the measurements side. It turns out that delays are
strongly involved in challenging areas of communication
and information technologies including stabilization of net-
worked controlled systems and high-speed communication
networks. In many cases, time-delay is a source of instability.
However, for some systems, the presence of delay can have
a stabilizing effect. The stability analysis and robust control
of time-delay systems (TDS) are, therefore, of theoretical and
practical importance.

On the other hand, time-delay systems (TDS) are also
termed systems with aftereffect or dead-time, hereditary
systems, equations with deviating argument, or differential-
difference equations [1]. As opposed to ordinary differential
equations (ODE), TDS belong to the class of functional
differential equations (FDE) which are infinite dimension
[2, 3]. A wide variety of dynamical systems can be modeled
as time-delay systems [4]. Loosely speaking, time-delay is
usually a source of poor performance and instability of a
control system. Alternatively, in some few cases, the presence
of time-delay is helpful for the stabilization of some systems.

Therefore, stability analysis of time-delay systems is of both
practical and theoretical importance [5-9].

A great deal of the basic results is reported in [10-16].
Broadly speaking, stability conditions for time-delay systems
can be broadly classified into two categories. One is delay-
independent stability conditions and the other is delay-
dependent stability conditions. Much attention was paid to
the study of delay-dependent stability conditions as they yield
less conservative results. Recently much work was presented
in [17-30] covering alternative issues pertaining to stability
and stabilization of dynamical systems with time-delays.

The primary objective of this paper is to

(i) familiarize wider readers with TDS,

(ii) provide a systematic treatment of modern ideas and
techniques for researchers.

The paper bridges the huge gap from some basic classical
results to recent developments on Lyapunov-based analysis
and design with applications to the attractive topics of
network-based control and interconnected time-delay con-
trol systems. Essentially, it provides an overview on the
progress of stability and stabilization of time-delay sys-
tems (TDS). Particular emphases will be placed on issues
concerned with the conservatism and the computational
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complexity of the results. For simplicity in exposition, the
discussions are limited to linear or linearizable systems. Some
methods and techniques used to derive stability conditions
for time-delay systems are reviewed. Several future research
directions on this topic are also discussed.

Notations. Let R" denote the n-dimensional Euclidean space
equipped with the norm | - ||. We use W*, wL A, (W), and
Ay (W) to denote, respectively, the transpose, the inverse,
the minimum eigenvalue, and the maximum eigenvalue of
any square matrix W and W > 0 (W < 0) stands
for a symmetrical and positive- (negative-) definite matrix
W. I stands for unit matrix with appropriate dimension.
||0¢||§ = Zii’o o' (k)a(k). 8H denotes the first difference of
H. We let R" denote the set of nonnegative real numbers;
C, = C([-h,0],R") denotes the Banach space of continuous
functions ¢ : [-h,0] — R", and for ¢ € C,, the associated
norm is [l@ll. = sup_j_,ollell. Welet N = {1,...,N}.
Matrices, if their dimensions are not explicitly stated,
are assumed to be compatible for algebraic operations. In
symmetric block matrices, we use the symbol « to represent a
term that is induced by symmetry. Sometimes, the arguments
of a function will be omitted when no confusion can arise.
The following facts are provided in [6].

Fact 1. Let £,,%,,%;, and 0 < R = R’ be real constant
matrices of compatible dimensions and let H(t) be a real
matrix function satisfying H'(t)H(t) < I. Then for any p > 0
satisfying pZ5 %, < R, the following matrix inequality holds:

(T3 + 5, H(®)Z,) R (25 + 5H () 2))
i 0
<p '3+ 3, (R-p2ts,)

Fact 2. For any real matrices X, X, and X, with appropriate
dimensions and 2425 < I, it follows that

55, + S <oy B 4 aRiT,, Va> 0. (2)

Lemma 1 (Finsler’s lemma, [31]). Let X € R", P = P! € R™",
and H € R™" such that rank(H) = r < n. The following
statements are equivalent:
(i) x'Px < 0 VHx = |0, x # 0.
(il) (HY'P(HY) < 0.
(iii) AN e R™™ . P+ NH + H'N' < 0.
(ivydd e R:P-AH'H < 0.

2. Overview

There are many applications where time-delay phenomena
appear quite naturally. This includes, but not limited to, the
following:

(A) Automotive: combustion model (ignition delay); elec-
tromechanical brakes (actuator delay).

(B) Heat exchanger: distributed delay due to conduction
in a tube.
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(C) Hydraulic networks: the transport phenomenon of
water which is modeled as a varying time-delay.

(D) Electrical networks.

(E) Intelligent building: time-delay due to wireless trans-
mission of sensor data.

(F) Marine robotics: transport delay due to sonar mea-
surement of depth.

(G) Population dynamics: predator-prey model based on
Volterra model with predator (y) and prey (x) popu-
lations (f is the time-life of prey):

x(t-1)

X(t):rx<1— )—ocxy,

(3)
y(t) = —cy + Pxy.

(H) Manufacturing process: the metal cutting process on
a lathe which can be described as

my () +cy(t)+ky(t)=-F, [f+y®)-y(t-1]. (4

The study of this model is critical in understanding
the regenerative chattering phenomenon.

(I) Epidemics: understanding the dynamics of biolog-
ical processes and epidemics which is a challenge
for health workers engaged in managing treat-
ment strategies. The underlying mechanisms can
be revealed by considering epidemics and diseases
as dynamical processes, for which the hematology
dynamics can be modeled by

y#)=-Ay@)+F[yt-1)] (5)

which formulates the circulating cell populations in
one compartment, where y represents the circulating
cell population, A is the cell-loss rate, and the mono-
tone function F (describing a feedback mechanism)
denotes the flux of cells from the previous compart-
ment. The delay 7 represents the average length of
time required to go through the compartment.

(J) Glucose-insulin model: letting G(t) and I(t) represent
the levels of plasma glycemia and insulinemia; then

. Tgh
GO =KgGOTM)+ 2,

(6)
: Tig,.,
1) = -K () + %f [G(t-1,)].

where

(i) K, is rate of glucose uptake by tissues (insulin-
dependent) per pM of plasma insulin concen-
tration,

(ii) Ty, is net balance between hepatic glucose out-
putand insulin-independent zero-order glucose
tissue uptake (mainly by the brain),
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(iii) Vg is apparent distribution volume for glucose,

(iv) K,; is apparent first-order disappearance rate
constant for insulin,

(v) T;;  is maximal rate of second-phase insulin
max
release,

(vi) V; is apparent distribution volume for insulin,

(vii) 7, is apparent delay with which the pancreas
varies secondary insulin release in response to
varying plasma glucose concentrations,

(viii) f(-) is nonlinear function that models the
Insulin Delivery Rate.

(K) Neutral delay systems: arising, for instance, in the
analysis of the coupling between transmission lines
and population dynamics: evolution of forests. The
model is based on a refinement of the delay-free
logistic (or Pearl-Verhulst equation) where effects as
soil depletion and erosion have been introduced

%(t) = rx (1) 1—x(t'7);<cx(t_r) , 7)

where x is the population, 7 is the intrinsic growth
rate, and K is the environmental carrying capacity.

3. Models and Solutions

A general model of TDS can be expressed as

x(t) = f(xptu), t=t,

y () =g(x;t;u,), ®
where

x0)=x(t+0); -h<0<0,

wu @ =ut+6); -h<6<0, 9)

x(0)=¢0); ty—-h<0<t,.

3.1. Retarded Systems. It is quite natural to consider, as state-
space, the set S = S([-h;0];R") of continuous functions
mapping the interval [-h;0] — R”", with the topology of
uniform convergence. The initial condition ¢(6) must be
prescribed as @ [=h;0]; R”. Observe that ® ¢ C or
may involve bounded jumps at some discontinuity instants.
The nature of the solution (and of its initial value) then
distinguishes FDE from ODE.

Definition 2 (see [3]). A function x is said to be a solution on
[0 — h; 0 + a] of the retarded functional differential equation
(RDE)

x(t)=f(tx),
f:QCRxS — R,

(10)

ifthereare 0 € Randa > 0 such that x € S([o-h; o+h]; R"),
(t,x,) € Q, and x(t) satisfies (10) for t € [0 — h;0 + a]. For

given o € R; ¢ € S, we say that x(o; ¢; f) is a solution of (10)
with initial value ¢ at o or simply a solution through (o; ¢)
if there is a > 0 such that x(o; ¢; f) is a solution of (10) on
te€lo—hyo+aland x,(0;¢; f) = ¢.

Supposing that Q is open and f € S(Q,R"), then a
function x € S([oc — h — ;0];R"), « > 0, is referred to
as a backward continuation of the solution through (o; ¢) if
X, = ¢ and forany o, € [0 - a,0];(013%,) € Qand xisa
solution of (10) on (o, — h; 0) through (o;; Xg, ).

The interested reader is referred to [3] for further useful
discussions.

3.2. Neutral Systems. Neutral systems also are delay systems
but involve the same highest derivation order for some
components of x(t) at both time ¢ and past time(s) t° < t,
which implies an increased mathematical complexity. Neutral
systems are represented by

X (t) = f (xpt, %, 14y) (11
or

dFx

— = etu), (12)
where F : S — R” is a regular operator with deviating

argument in time, as, for instance, with D constant matrix
Fx,=x(t) - Dx(t - w). (13)

It is significant to observe that the solutions of retarded
systems have their differentiability degree smoothed with
increasing time, but this is no longer true for neutral systems
due to the implied difference-equation involving x(t); the tra-
jectory may replicate any irregularity of the initial condition
@(t), even if f and F satisfy many smoothness properties.

3.3. Models for Linear Time-Invariant Systems. In the linear,
time-invariant case (LTI), the corresponding general time-
delay model is

p
X(t) = ) Dpx (t - wp)

¢=1

q

+ Y [Apx(t—h;)+Bu(t-h;)] (14)

j=0

+ Zr_: J:_T (G, (0) x(0) + H,, (6) u(0)] do,

m=1 m

oot

y(t):icjx(t_hj)+ >

m=1 2t Tm

N,, (0)x(0)dO,  (15)

where

(i) hy = 0 and A is constant instantaneous matrix;

(ii) constant matrices A 7 j > O represent discrete-delay
phenomena;



(iii) the sum of integrals corresponds to distributed delay
effects, weighted by G,,, over the time intervals [t —
T,5tl;

(iv) matrices D, account for the neutral part;

(v) matrices B; and H,,(s) are input matrices;

(vi) in brief, h = max; ,, o {h; 7,,,; w,}.

Note that (15), y(t) € R?, represents the output description,
with discrete C; and distributed N,,(6) delayed parts as well.
The special case of (14)-(15)

9

2(0)= ) [Ap(t—hy) +Bu(t—hy)],
=0 (16)

hy=0<hy <+ ,hyy <h,

has been investigated extensively in the literature.

4. Notion of Stability

As a starting point, we recall the following stability notion for
time-delay system (3).

Definition 3. 1f, for any ¢, € R and any ¢ > 0, there exists a
& = &(ty, &) > 0 such that ||xt0||c < ¢ implies [|lx(¢)| < e for
all t > ¢, then the trivial solution of time-delay system (3) is
stable.

The following properties are readily recognized.

(i) If the trivial solution of time-delay system (3) is stable
and if § can be chosen independently of ¢, then the
trivial solution of time-delay system (3) is uniformly
stable.

(ii) If the trivial solution of time-delay system (3) is stable
and if, for any t;, € R and any ¢ > 0, there exists
8, = 8,(ty&) > 0 such that ||x, . < &, implies
lim,_, x(t) = 0, then the trivial solution of time-

delay system (3) is asymptotically stable.

(iii) If the trivial solution of time-delay system (3) is
uniformly stable and there exists §, > 0, such that
llx, . < &, implies [[x(t)l < #fort > £, + T and
t, € R, then the trivial solution of time-delay system
(3) is uniformly asymptotically stable.

(iv) If the trivial solution of time-delay system (3) is
(uniformly) asymptotically stable and if §, can be
arbitrarily large but finite number, then the trivial
solution of time-delay system (3) is globally (uni-
formly) asymptotically stable.

5. Fundamental Stability Theorems

In the study of stability analysis of time-delay systems, the
methods of Lyapunov functions and Lyapunov-Krasovskii
functionals play important roles. There are two Lyapunov
methods are often used:

(A) Lyapunov-Krasovskii functional (LKF) method,
(B) Lyapunov-Razumikhin function (LRF) method.
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It is significant to observe that LKF method deals with
functionals which essentially have scalar values whereas
Lyapunov-Razumikhin function (LRF) method involves only
functions rather than functionals.

In this section, these two methods are reviewed; see [6]
for details.

Consider the following time-delay system described by

x()=f(tx,), t=t, 17)
where
(i) x, = x(t+0); -0, <0 <0,
(i) ;R x C,, — R" is continuous and is Lipschitz in x;,

(iii) £(t,0) = 0.

In the sequel, we let x,(s, @) be the solution of (17) at time ¢
with initial condition x, = ¢. Let G be a bounded subset of
C,, and let H be a bounded subset of R".

A statement of Lyapunov-Krasovskii stability method is
provided by the following theorem.

Theorem 4. Suppose that f maps R x G into H and u, v, w :
R* — R are continuous, nondecreasing functions withu(0) =
v(0) = 0 and u(f) > 0 and v(f) > 0, for 3 > 0. If there exists a
continuous functional V : R x C,, — R such that

@ ullip)) < V(£ ¢) < v(lle(0)]),
(2) V(t, 9) < ~w(llpO)I),

where

V(t9)
o (18)
= lim = (V(t+ 8%, (1:9)) = V(£ 9)).
then the trivial solution of time-delay system (3) is uniformly
stable. If w(B) > O, for B > O, then the trivial solution
of time-delay system (3) is uniformly asymptotically stable.
Additionally, if limg_, . u(B) — oo, then the trivial solution
of time-delay system (3) is globally uniformly asymptotically
stable.

In some cases, the LKF involving terms depending on
the state derivatives x, are quite effective in the derivation
of the stability conditions. This will in turn requires the
modification of the conditions in Theorem 4. See [8] for
details.

A statement of Lyapunov-Razumikhin stability method is
provided by the following theorem.

Theorem 5. Suppose that f maps R x G into H and u, v, w :
R* — R are continuous, nondecreasing functions withu(0) =
v(0) = 0 and u(f5) > 0 and v(3) > O, for B > 0, and v is strictly
increasing. If there exists a continuous functional V : RxR" —
R such that

@ u(llxl) < V(t, x) < v(llx);
(2) V(t, 9) < ~w(llpO)I), if

V(t+0,x(t+0) <V(t,x(t)], for0el[-h0], (19)
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where

Vitx(®) = SV 6 x0)
(20)

V(LX) | V(Lx ()

ot o (Bx)

then the trivial solution of time-delay system (3) is uniformly
stable. If w(PB) > O, for B > 0, there exists a continuous
nondecreasing function q(f8) > 0, for B > 0, and the foregoing
condition (2) is strengthened to V(t, x(1)) < —w({|x@®)I), if

(V(E+0,x(t+0) < q(V(tx(1)),
for 6 € [-h,0],

(21)

then the trivial solution of time-delay system (3) is uniformly
asymptotically stable. Additionally, if limg_,,u(Bf) — oo,
then the trivial solution of time-delay system (3) is globally
uniformly asymptotically stable.

The following Halanay result [7] also plays an important
role in the stability analysis of time-delay systems.

Theorem 6. Suppose that constant scalars k, and k, satisfy
ky >0, k, >0, and y(t) is a nonnegative continuous function
on [ty — 7, t,] satisfying

y) < -kyt)+ky(t), t=t,
_ (22)
y(t) = sup_ {r}, =0
Then, fort > t,, one has
y () <y (k) exp (—x (= 1)), (23)

where k > 0 is the unique solution to the following equation:
K =k, — kyexp (—«T1). (24)

Remark 7. Theorems 4 through 6 can be used to derive sta-
bility conditions for the case when the delay is time-varying,
which is continuous but not necessarily differentiable.

Remark 8. In the sequel, stability conditions for time-delay
systems can be broadly classified into two types:

(1) Delay-independent stability (DIS) conditions which
do not include information about the delay. Generally
speaking, DIS conditions are simpler to apply.

(2) Delay-dependent stability (DDS) conditions which
involve information on the size and pattern of the
delay. DDS conditions are less conservative especially
in the case when the time-delay is small.

In the sequel, this paper focuses on the delay-dependent
stability problem and the objective is twofold:

(A) to develop delay-dependent conditions to provide a
maximal allowable delay as large as possible,

(B) to develop delay-dependent conditions by using as
few as possible decision variables while keeping the
same maximal allowable delay.

Alternatives approaches were proposed in the literature
to obtain DDS conditions, among which the linear matrix
inequality (LMI) approach is the most popular. The LMI
approach has played a significant role due to the fact that
family linear matrix inequalities can be readily converted
into a convex optimization problem. The latter can be han-
dled efficiently by resorting to recently developed numerical
algorithms for solving LMIs [31]. Additional reason that
makes LMI conditions appealing is their frequent readiness to
solve the corresponding synthesis problems once the stability
(or other performance) conditions are established, especially
when state feedback is employed.

6. Stability Results for Linear Delay Systems

For the sake of simplicity, the following linear system with a
single discrete delay is considered:
x(t)=Ax(t)+ Ay (t—1(1), t=t,, (25)

where x(f) € R" is the state vector, A and A, are system
matrices with appropriate dimensions, and 7(t) is the time-
delay factors. There are several classes of time-delay patterns
considered in the literature as follows:

Class A: constant delay,

T(t)=d, Vt. (26)

Class B: unknown-but-bounded delay,

0<t(t) <1y VL (27)

Class C: bounded time-varying delay,

T, <T({) <1y VL (28)
Class D: bounded time-varying delay with bounded
derivative,

T, <T(t) <1y VE

(29)
d, <t(t)<dy, Vt

6.1. Constant Delay. When the time-delay is constant, the
system described by (30) can be rewritten as
X(t)=Ax () +Ayx(t—-d), t=t,. (30)

Natural extensions of the quadratic Lyapunov functions can
be particularly used to study in the framework of LTI delay
systems (30) and the functional

V, (x,) = x* () Px () + Jod x' (t+0)Qx (t+0)do. (31)

One obtains sufficient conditions by the following theorem.



Theorem 9. The time-delay system (30) is asymptotically
stable for any d > 0 if there exist matrices & > 0 and @ > 0, R

verifying
PAG+ AP+ PAC AP +O0+ R =0 (32
or equivalently the LMI

PAG+ AP+ Q@ PA,
<0. (33)

It is significant to observe in the delay-free case, A; = 0,
that (33) provides the link with the Lyapunov equation for
ODE. Nevertheless, in the delayed case A ; # 0, this sufficient
condition is far from being necessary. From here, many
generalizations were proposed, involving different alternative
terms:

V, (x,) = x' (t) Px (1),

0
V, (x,) = £ (1) Ll_ @, (¢ +6) do,

J

0
V, (x,) = Li_ X (t+0) S jx (¢ +6) do,

J
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0 0 ¢
v, (x,) =J Lex (0) % x (6)dO s,

-7

0

Vs (x) = () J P (t+n)dn,

0 (0
V, (x,) = J'_d‘ J_d' x' (t+1) P (n,0) x (t +0)dndo.

(34)
The following points are noteworthy:

(1) Loosely speaking, the terms V,; V; are used for the
delay-independent stability of discrete delays.

(2) The term V, is meant for distributed delays or
discrete-delay dependent stability. On considering
system (30) along with

V(x,) = Vi (x (1)) + V(%) + Vy (x,p,) (35)
standard manipulation leads, with R, for V,(x,); R,

for V,(x, — h), to the following delay-dependent LMI
condition:

P(Ag+A)+(Ag+Ay) P+dR, +dR, dPAA, hPA,

(3) Although the terms V; and Vj appear, in a general
form, in necessary and sufficient schemes (see [10-
12]), the general computation of the time-varying
matrices is excessively burden. To avoid such compu-
tational limitations, a discretization scheme incorpo-
rating piecewise-constant functions P;(:) was intro-
duced in [15, 16].

6.2. Time-Varying Delay. In what follows, we will review the
LMI techniques in deriving DDS results for the single-delay
case. Extension to the multiple-delay case is a straightforward
task. We consider the class of time-delay systems (class B) in
which the delay factor is continuous but bounded.

Xt)=Ax )+ A;x(t—-1()),

(37)
x@t)=¢ (@), t € [-1)0].
Similar to (31), we consider the LKF of the form
o (x,) = x' (t) Px (t)
(38)

t
N j X (t+0) @x (t +0) db.
t—1(t)

—-dR, 0 < 0. (36)
. -dR,

Since the time-varying delay 7(¢)(¢) may not be differentiable,
we introduce the following equalities for any matrices %, 7/,
and & with appropriate dimensions:

Y [Agx () + Agx (t -7 (1) - x(1)] =0,
X OW [Agx () + Agx (t—T(t) —x(t)] =0, (39)

2 (t-1@)S[Apx () + Ayx (t -1 (1) - x(t)] = 0.

The following theorem summarized the main result.

Theorem 10. The time-delay system (37) is asymptotically
stable if there exist matrices P > 0, Y, W', and S such that

WA+ AT WA+ AS A Y +P-W
Ay -8
Y-

. SAy+ALS!
(40)

< 0.
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Consider the time-delay system
x(B)=Ax )+ Ayx(t—-1(1),
x() =@ @), t € [-1),0], (41)
0<7, <7(t) <T)p5
o<T(t) < (42)

According to the Lyapunov-Razumikhin stability method
Theorem 5, the following stability condition can be obtained.

Theorem 11. The time-delay system (41) is asymptotically
stable if there exist matrix > 0 and a scalar o > 0 such
that

PAG+ AP +0P PA,
< 0. (43)
. 0P

On choosing the LKF (31), a delay-independent stability
condition can be derived in the following form.

Theorem 12. The time-delay system (41) is asymptotically
stable if there exist matrices P > 0 and @ > 0 such that

PAG+AP+Q  PA,
. -(l-pa

Remark 13. It should be noted that Theorem 12 is indepen-
dent of the time-delay and therefore is very conservative
especially when the time-delay is small. When the delay is
constant, 7(t) = d, it follows from the Schur complements
that (40) is equivalent to

<0. (44)

PAy+ AP+ Q+ PAG AP < 0. (45)
In turn this implies that
P(Ag+Ay)+(Ag+A,) P <0 (46)

which is a necessary and sufficient condition for the stability
of system (41) with zero delay.

In the literature, the following Lyapunov functional is
often used to derive delay-dependent results.

V(t,x,) = x' (t) Px (t) + f “ x' (s) Gx (s)ds
(47)

+ JO J;G & (s) Zx (s) ds do.

™

It was first introduced in [32, 33]. Using the free-weighting
[34], the following DDS condition can be derived based on
the LKF (47).

Theorem 14. The time-delay system (41) is asymptotically
stable if there exist matrices » > 0, @ > 0, Z > 0, and

[X,“ 22] > 0, and any matrices M and N of appropriate
dimensions such that

L Ly, TMAtoz-
° |L22 T]\/IIAiFZe < 0,
° ° _TM:Z J
(48)
Xy X M
c Xpn N |20,
) . z_
where
Ly = PAg+ AP+ M+ M + Q@+ 1, X,
L, =PA,;+ M+ N +1,X,,, (49)

Ly, =-N-N'—(1-u)@Q+1yXy.

6.3. Augmented Lyapunov Functional. Recalling that the first
term in most LKFs is x'(¢#)Px(t) which involves the current
state x(t) only and does not reflect the delayed state. Hence,
an augmented Lyapunov functional was proposed in [35] for
system described by (30).

t

V(t,x,) =& (t) PE() + L_d o' (s) Go (s)ds
(50)
0 t
[ ] eozewdsas,
()= [xt () x'(t-d) Jt X' (s)ds],
td (51)

o' (s5) = [ (5) & (9)].

Remark 15. Compared with the Lyapunov functional (47),
the augmented Lyapunov functional can lead to less conser-
vative results. Additionally, it is also applicable for systems
with time-varying delay, which can be seen in [36] and
references therein.

6.4. Triple Integral Lyapunov Functional. On examining the
LKFs (31) and (50), it can be seen that the Lyapunov

functional often contains integral terms: single J'tt_r( 9 XMt +
0)Qx(t+0)d6 and double _[_Od Lie 0'(s)Z o(s)dsd0 in order to
bring the effect of time-delays.

A natural question which arose is whether introducing
triple integral terms in the Lyapunov functional would
yield improvement in the stability behavior. This question



is addressed [37, 38] by extending the LKFs (50)-(51) and
incorporating a triple integral term to yield the form

V(t,x,) =& (t) PE(t) + L ] o' (s) @o (s)ds

0 (t
+ J- I Qt (s) Zo(s)dsdo (52)
—d Jt+6

N J_Od LO L:ﬁ i (s) B (s) ds d 6.

Remark 16. Itis reported in [37, 38] by simulation results that
the Lyapunov functional containing triple integral terms is
quite effective in reduction of the conservatism of the stability
conditions.

6.5. Newton-Leibniz Formula. An alternative route can be
pursued by using the Newton-Leibniz formula

x(t—-d)=x()- Jt x () do

t—d

(53)

=x(t) - J [Agx (@) + Ayx (a — d)] da
t-d
and recalling (30) to yield
x(t) =[Ag+ Ay x(t)
(54)

-Ay J;t_d [Agx (@) + Ayx (a — d)] dax.

Remark 17. 1t should be clear that the asymptotic stability of
the time-delay system in (54) implies that of system (30).

Following [6], we proceed to study the DDS of system (54)
using the following LKF candidate:

V(tx,) = x () P 'x(t)

0 t
—h Jt+a

x(0) ALG A yx (0) dO da

(55)
0 t
" J j X (6) ALG; A yx (6) dO da,
—h Jt-h+a
P >0, @, >0, Q,>0.
Define
T=P(Ag+Ay)+(Ag+Ay) P
(56)

+A, (@ + G,) A,

The main stability result is established by the following
theorem.
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Theorem 18. The time-delay system (54) is asymptotically
stable for any delay satisfying 0 < d < d,, if there exist matrices
P >0, Q,, and Q, such that

I dyPA, dyPA,
. -G 0 <0. (57)
L] L] —@2

Remark 19. The technique by using the Newton-Leibniz
formula to transform the time-delay system to appropriate for
DDS analysis is quite useful. However, still a different route of
writing (54) would be

t

X(t)z [AO‘I'Ad]X(t)—Adj-

t—

x (da) da,
d
(58)

d t
o [x(t) +Ay, de(a) doc] =(Ag+Ay)x().

However, all the transformed time-delay systems by using
the Newton-Leibniz formula introduce additional dynamics
which may cause conservatism as the delay-dependent con-
ditions derived based on the transformed systems.

6.6. Bounding Techniques. In studying delay-dependent sta-
bility for time-delay systems, it is desirable to find methods
that yield stability conditions with reduced conservatism. A
wide class of early methods rely on generating improved
bounds on some weighted cross products arising in the
analysis of the delay-dependent stability problem. This class
of methods is obtained by using the well-known algebraic
inequality

2a'f<a'Ba+ fEB (59)

where the vectors «, f € R” and matrix £ € R™". An integral
bounding inequality is as follows.

Lemma 20 (see [39]). Assume that a(e) € R™ and b(x) €
R™ are given for « € Omega. Then, for any 0 < X € R""
and any matrix M € R"", one has

o o g a@]’
_La((x) (@) “‘L b(w)

X XM [a((x):| p
o MX+D)X(MX+D) | b :

which when applied to time-delay systems of the type (30), it
yields the following.

(60)
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Theorem 21. The time-delay system (30) is asymptotically
stable for any delay satisfying 0 < h < h,, if there exist matrices
P >0,0,7, and W such that

O -W'A, AVALY hy (P + W)

e -0 ALAY 0
d‘td <0
. . 7 0
° . ° —%
(61)
)

=P (Ag+A)+(Ag+A) P+W' A,
+ AL+ Q.

An improved version of Lemma 20 is expressed by the
following.

Lemma 22 (see [40]). Assume that a(e) € R™ and b(x) €
R™ and N («) € R"™™™ are given for « € Omega. Then, for
any 0 < X € R"™ " and any matrix M € R"*", one has

—J a (@) N (@) b(a)da
Q
t (62)
a@] [X Y-N(x)] [a(x)
S e o
alb(a) . Z b («)
where
xr 0 63
> 0.
ME (63
By considering the following LKE,
V(tx,) = ' (t) Px (t) + r x' (a) Ox () dx
t—d (64)

" fd Li,; i (@) Z (@) daud.

Applying Lemma 22, we obtain the following delay-depend-
ent stability theorem.

Theorem 23. The time-delay system (30) is asymptotically
stable for any delay satisfying0 < d < d, ifthere exist matrices
P >0,0,X,Y, and Z such that

[A PA,-Y dyAYZ

. -@ dyALZ|<o,

| - . -dyZ

X Y

. z)7% (65)

=P (Ag+A)+(Ag+A) P+ W' A,

+ AL+ G

On the other hand, deploying Lemma 1 together with
Lemma 22, a different delay-dependent stability criterion is
provided by the following theorem.

Theorem 24 (see [41]). The time-delay system (30) is asymp-

totically stable for any delay satisfying 0 < d < d,, if there exist

matrices P, > 0,8,P,, P, P,,Y,,Y,, Z,Z,,Z5 and R > 0
such that the following LMIs hold:

0, 6, 05]

e 0, 0;]| <0,

. ° ®6 ]

« Z, Z,| >0,

@, = AP, + P A +Y +Y + S
(66)
+dyZ,,
0, =P, - P+ AP, + Y, +dyZ,,
@, =P A, Y, + AP,
0, =dy (R+2;)- P, - Py,
®s=PA,-Y, - P,
Qs =ALP, + PiA, - S.

Remark 25. The inequality in Lemma 22 is more general than
both inequalities (59) and (60) and for this reason, it was
extensively used in dealing with various issues related to time-
delay systems to obtain delay-dependent results.

Now, we present another important inequality, which is
also effective in the derivation of DDS conditions.

Lemma 26 (see [42]). For any constant matrix 0 < M €
R™™, scalars b > a, and vector function w : [a,b] — R™ such
that the integrations in the following are well-defined, then

b
(b-a) J o' (&) Mw () do

a

b[ b £ b (67)
> J [j o' (oc)d(x] M [j o' (oc)d(x] .
Using Lemma 26 and selecting the LKF
Vit x,) = % (6) Px(t) + Jt ' (6) @x (0) d6
R . (68)
+dj J i (0) Z(6) dO da,
—d Jt+a

P>0, Q>0, Z >0,

we obtain the following stability result.
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Theorem 27 (see [6]). The time-delay system (30) is asymp-
totically stable for any delay satisfying 0 < d < d,, if there
exist matrices P > 0, @ > 0 and & > 0 such that

PA+ AP +0-F PA+Z dyAYZ
. -0-P dyAL,Z|<0. (69)
° ° —z

Alternatively, selecting the LKF
V(t,x,) = x' (t) Px (t)
0t
v | | #©Zx@doda, (70)
—Ty Jita
P >0, Z >0,
we obtain the following stability result.

Theorem 28 (see [6]). The time-delay system (37) is asymptot-
ically stable for all continuous delay ©(t) satisfying 0 < 7(t) <
Ty if there exist matrices & > 0 and Z > 0 such that

PA+ AP -F PA+ZF Ty AE
. ~Z-9 1,ALZ | <0 (71)
° ° —z

A useful result is summarized by the following lemma.

Lemma 29 (the integral inequality [43]). For any constant
matrix 0 < ¥ € R™", scalar r, < 7(t) < 1, and vector
function x : [t —1°,t — 1,] — R" such that the following
integration is well-defined, then it holds that

-(r"-1,) r_i* i (s) Zx (s)ds
< [x(t-r)-x(t-)] 7
Ext-1)-x(@t-1)].

Lemma 29 is frequently called the “integral inequality”
and it is derived from Jensen’s inequality [44].

Remark 30. It is significant to observe that Theorem 27
establishes that the time-delay system (30) is asymptotically
stable for any delay d satisfying 0 < d < d,; when the
LMI (69) attains a feasible solution, which implies that, for
d satisfying 0 < d < d,,/2, the time-delay system (30) is
asymptotically stable as well. Then, introducing the half delay
into the time-delay system (30) will take more information
on the system and thus may tend to reduce the conservatism
in Theorem 27. For further elaboration on this argument, see
[45].

6.7. Discrete-Time Systems. Less attention has been paid to
discrete-time systems with a time-delay because a linear dis-
crete-time system with a constant time-delay can be trans-
formed into a delay-free system by means of a state-aug-
mentation approach. However this approach is not suitable
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for systems with either unknown or time-varying delays. For
a small time-varying delays, the descriptor model transfor-
mation approach was employed [46].

Consider a class of discrete-time systems with state-delay
is represented by

x(k+1) = Ayx (k) + Dyx (k- d (k)), (73)

where for k € Z, 2 {0,1,...}, x(k) € R" is the state and
A, € R and D, € R™" are constant matrices. The delay
factor d(k) is unknown-but-bounded in the form
0<d,<d(k)<dy, d,=dy-d,+1, (74)
where the scalars d,, and d,,; represent the lower and upper

bounds, respectively, and d, denotes the number of samples
within the delay interval.

Remark 31. By setting d(k) = 0 in (73), it is readily seen that
IA(A, + D,)| < 1 is a necessary condition for stability of
system (73). From all studies on discrete-time-delay systems,
it is assumed that this is always the case.

Remark 32. The class of systems (73) represents a nominally
linear model which emerges in many areas dealing with
the applications functional difference equations or delay-
difference equations. These applications include cold rolling
mills, decision-making processes, and manufacturing sys-
tems.

Related results for a class of discrete-time systems with
time-varying delays can be found in [47] where delay-
dependent stability and stabilization conditions were derived.
It should be stressed that although we consider only the case
of single time-delay, extension to multiple time-delay systems
can be easily attained using an augmentation procedure.

Intuitively if we associate with system (73) a positive-
definite Lyapunov-Krasovskii functional V(k, x(k)) > 0 and
we find that its first difference AV (k, x(k)) = V(k + 1, x(k +
1))V (k, x(k)) is negative-definite along the solutions of (73),
then the origin of system (73) is globally asymptotically stable.
Formally, we present the following theorem for discrete-time
systems of the type (73).

Theorem 33. The equilibrium 0 of the discrete-time system
x(k+1)=h(x(k)) (75)

is globally asymptotically stable if there is a function V :
{0,1,2,...} x R" — R such that

(i) V(k,x(k)) is a positive-definite function, decrescent,
and radially unbounded,

(i) AV(k,x(k)) = V(k + Lx(k + 1)) — V(k,x(k)) is
negative-definite along the solutions of system (73).

For arbitrary value of d(k), denote

z(k) =[x (k) | x'(k—d k)] (76)
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We have
A, 0 ... 0 D,
I 0 .0 0
z(k+1)= z (k). (77)
0 0 .10

It is obvious that system (73) is globally asymptotically stable
ifand only if system (75) is globally asymptotically stable. For
system (75), we define

V(k,z(k)) =2 (k) diag[? @ --- @]z(k),  (78)

where & > 0 and @ > 0. It is easy to see that V(k,z(k)) > 0,
decrescent and radially unbounded, and hence system (75) is
globally asymptotically stable.

By selecting the Lyapunov-Krasovskii functional

k-1
V(k)=x'(k)Px()+ Y ' (m)@x(m),
m=k—d(k) (79)

0<P 0<Q,

and invoking the Lyapunov-Krasovskii theorem, the follow-
ing stability condition can be derived.

Theorem 34. The discrete-delay system (73) is asymptotically
stable if there exist matrices 5 > 0 and @ > 0 such that

-(P-0@) 0 AP
. -@ D\P | <0. (80)
. ° —9’

We stress that LMI (80) is virtually delay-independent
since it is satisfied no matter the size of delay d(k) is.

Next, sufficient delay-dependent LMI-based stability
conditions are given. The approach used here does not intro-
duce any dynamics and leads to a product separation between
the matrices of the system and those from the Lyapunov-
Krasovskii functional. The following theorem provides some
LMI conditions depending on the values d,, and d,.

Theorem 35. Given the delay sample number d, system (73)
subject to (74) is delay-dependent asymptotically stable if one
of the following equivalent conditions is satisfied:

(A) There exist matrices0 < P € R™" and 0 < @ € R™"
such that

ALPA,+d,6-P ALPD,
. D!?D, - @

[1]

<0. (81)

(B) There exist matrices 0 < P € R™", 0 < @ ¢ R™",
XL e R Y e R™", and F € R such that

P+AL+L Y-LA, Z-AD,
B = . I, -AZ'-%D,
r (82)

w

<0,

1
where
[,=-A'Z'-YA,+d,0- P,
(83)
=-0-%D,-D.Z".
In this case, the Lyapunov-Krasovskii functional (LKF)
_ k-1
V) =x"()Px(k)+ Y x'(m)@x(m)
m=k—d(k)
(84)

1-d,, k-1
Z x' (m) @x (m) > 0

s=2—dy; m=k+s—-1
is such that
AV (k) <0, V[x'(k) x'(k-dK)] #£0. (85

The result of Theorem 35 was developed in [47-49].
Next, we consider the following discrete-time piecewise
linear systems with infinite distributed delays [50]:

x(k+1)=Apx(k)+D; Y pgx (k- d) + Beu(k), (86)
d=1

where x(k) € R" is the state and {S,},; denotes a partition of
the state-space into a number of closed polyhedral subspaces,
L is the index set of subspaces, and u(k) € R™ is the
control input. Matrices A, D, B, are constant matrices with
appropriate dimensions corresponding to the £th local model
of the systems. When the state of the system transits from one
region to another at the time k, the dynamics is governed by
the local model of the former one. y; > 0 is the convergence
constants that satisfy the following condition:

ﬁez

Distributed time-delays have been widely recognized and
intensively studied for continuous-time systems [51]. How-
ever, the corresponding results for discrete-time systems have
been very few due mainly to the difficulty in formulating the
distributed delays in a discrete-time domain. The distributed
delay term Y7, pyx(k — d) can be regarded as the discretiza-

tion of the infinite integral form f_too k(t — s)x(s)ds for the
continuous-time system. The following result is recalled [51].

||M8

Uy < +00. (87)

Lemma 36. Let 0 < M e R™", x; € R", and a; > 0,
j=1,2,..., are constants. If the series concerned is convergent,

then one has

() {55300

Introduce the following Lyapunov-Krasovskii functional
candidate:

0 k-1

V (k) =x' (k) Ppx (k) + Y pg Y. x' (m) @x(m). (89)
d=1 m=k-d
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By setting @ = ;@ and invoking Theorem 34, the following
result is obtained.

Theorem 37. Consider the piecewise linear system (86) with
u = 0. If there exist matrices X, > 0 and Q > 0 such that the
following linear matrix inequalities hold for (€, j) € Q = {£, j |
x(k) €S, x(k+1) ¢ Spj#+ £}:

- P+06 0 AP

[

. _g Do <0. (90)
Ha
. -P

We emphasize that Theorem 37 was established in [50].

7. Model Transformations

It must be recalled that the prototype system (30), the
independent of delay (IOD) stability demands matrix A, to
be Hurwitz which, coherently, can be found in condition (33).
On the other hand, the criteria ensuring delay-dependent
stability for h € [0, h,,) require the matrix A, + A, to be
Hurwitz as evident in condition (36). On this basis, several
results concerning delay-dependent stability were derived,
from the formula

Jt x(s)ds=x{t)-x(t-4d). (91)
-d

Consider the change of variables

Apx(t-d)=[A;-L;]x(t-d;)

+L; [x(t)—L .

i

(92)
x (s) ds] .

This will transform the multiple-delay system with possibly
d, =0

x(t)=YAx(t-d)) (93)

i1

into the system having augmented delay h = max(h; + hy)

x(t) = |:ZL]-] x(®)+ Y Ax(t-d))
j=1 j=1

(94)

t

+ Z J LiAx (s - dj)ds.

j=Lk=1"td;
Model (94) guarantees that the unstable nondelayed part A,
in system (30) is absorbed in the stable part [Z;-":1 L j]. Indeed

such decomposition can be conveniently handled using LMI
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tools. It is shown in [5, 52] that the foregoing system can be
written in the three following forms:

m t—d;
x(t) = Ax (t) — ZAij x(s)ds,
k=1 t=dj

m t
(1) = Ax(t) - YA, ' )
x (1) x (t) ]; j Jt_dj x(s)ds

(95)
= Ax (),

]

d & f
= |ix(t) +jzzlAj J_d‘ x(s)ds

m
A= ZlAj, Aj=AjA;, dy =d;+dy.
pe

It turns out that each of the above formulations can be
studied by using specific Lyapunov-Krasovskii functionals
(34) leading to the three different Riccati equations [5]:

M+mdR+P Y dAR'BRP =-a,
jk=1

Mz

—1pt t
(d,24,%7'B,P + mdA'RA ;) = -@,

IT+
=1 (96)

J

< < t =1 4t
I+ Zldj@j + 'kzlde PAR A PA = -G,
Jj= Jjok=

M=PA+ A'P.

Remark 38. In the literature, there were other different
methods to develop delay-dependent stability criteria. These
methods include the discretized LKF approach [4], the
descriptor system approach [53], and the delay-partitioning
projection approach [54]. Declaring the stability result as
conservative or not requires well-defined quantitative mea-
sures. More importantly, it must be pointed out that the issue
of computational complexity and the associated number of
manipulated matrices deserve a serious investigation.

8. Delay-Dependent Stabilization

Extending the time-delay system (30) for stabilization studies,

we start with the form
X()=Agx @)+ Ayx(t—d)+Byu(t), t=t,, (97)

where u(t) is the control input and By, is the input matrix with
the pair A, B, being controllable. We seek to design a state
feedback controller

u(t) = Kex (1), (98)
such that the closed-loop system
xt)=Axt)+Aux(t-d), A=A +BK; (99)

is asymptotically stable [55]. This is attained by convex
analysis [31] leading to the following theorem.
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Theorem 39. The closed-loop time-delay system (97) is asymp-
totically stable for any d > 0 if there exist matrices X >
0, %, % > 0 verifying

AT + XA+ B Y + Y'Bo+ W Ay
<0. (100)
. s

8.1. A Class of Nonlinear Systems. One of the standard classes
of nonlinear time-delay systems is given by

x(0) = A,x(0)+ Aygx (0 - 0,) + B,u (o)
(101)
+h(t,x,x({t—-d))

in the dimensionless coordinates o, where x(o) is the state
vector, u(t) is the control input, and A,, B,, and A, are
known real constant matrices. The nonlinear vector function
h(-,-) is a piecewise-continuous function in its arguments.
In the discussions to follow, we assume that this function is
uncertain satisfying the quadratic inequality

W (t,x,x(t—d)h(t,x,x(t-d)
(102)
2ty 2t t
<a'xHHyx+0x (t—d)H;H;x (t - d),
where &« > 0 and 0 > 0 are the bounding parameters. The
matrices H, € R™ and H; € RP* are constants and
characterize the upper bound on system nonlinearities.

For stability purposes, we let « > = y and 6% = y. The
following convex optimization result holds.

min y,y¥

subject to 2 >0,

Y

(S2) Next, to include bounds the gain matrix K, we set
the bounding relations

M'M<ul, u>0,
(106)
X' <ol, ¢>0.

(AL + XA +BY+Y'B, W XH, I A; 0]
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Theorem 40. Nonlinear system (101) with u = 0 is robustly
stable if the following LMI feasibility problem is solvable:

min p,y
subject to X >0

(AL +ZA, YW IH, I A; 0
. - 0 0 0 0
. « I 0o o o | (103)
. e« e« -1 0 0
. . . . -W Hf,,
L . . . . o~y

<0.

Given that the pair (A,, B,) is stabilizable. We achieve
state feedback stabilization in two stages as follows.

(S1) Let the linear state feedback be u(t) = K, x(t), and
then the closed-loop system becomes

X)) =Axt)+Aux(t-d)+htxx(-d),
(104)
A, =(A,+B,K,).

This establishes the following theorem.

Theorem 41. Nonlinear system (101) is robustly stabilized by
control law u(t) = K, x(t), if the following LMI problem has a
feasible solution.

- 0 0 0 0 (105)

e« —I 0 0 0
<0.

Moreover, to guarantee desired values {«, 0} of the bound-
ing factors {a, 0}, we enforce «> = y and 6 = y. The
following theorem summarizes the main result.

Theorem 42. Nonlinear system (101) is robustly stabilized by
control law u(t) = K, x(t), with constrained feedback gains if
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following convex optimization problem over LMIs has a feasible
solution:

min y+y+pu+e
subject to X >0,

Y

Remark 43. One can address the performance deterioration
issue by considering that the actual linear state feedback
controller has the form u(t) = [K,+AK,]x(t), K, € R™"isa
constant gain matrix, and AK, is a gain perturbation matrix.

9. Kalman Filtering

The seminal Kalman filtering algorithm [56] is the optimal
estimator over all possible linear ones and gives unbiased
estimates of the unknown state vectors under the condi-
tions that the system and measurement noise processes are
mutually independent Gaussian distributions. Robust state-
estimation arose out of the desire to estimate unmeasurable
state variables when the plant model has uncertain parame-
ters. In the sequel, we consider the state-estimation problem
for a class of linear continuous-time-lag systems with norm-
bounded parameter uncertainties. Specifically, we address
the state-estimator design problem such that the estimation
error covariance has a guaranteed bound for all admissible
uncertainties.

9.1. A Class of Continuous-Time-Lag Systems. We consider a
class of uncertain time-delay systems represented by

xB)=[AB)+AAM]xO)+A;O)x (¢ -7)
+w (1)
=AW xO+A;Oxt-1)+w(t),

(108)

(A X+ A +B, Y +%'B, YW IH, I A,
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0
- 0 0O 0 O
sl 0 0 0
. e I 0 O
. .« -W Hj
. . . ° —1!/_‘ (107)
y () =[C ) +AC ()] x (&) +v(F)
(109)

= Ca()x (O + v (1),

where x(f) € R" is the state, y(t) € R™ is the measured
output, and w(t) € R” and v(t) € R™ are, respectively, the
process and measurement noises. In (1)-(2), A(t) € R™",
Ay@t) € R™, and C(t) € R™" are piecewise-continuous
matrix functions. Here, 7 is a constant scalar representing the
amount of time-lag in the state. The matrices AA(t) and AC(t)
represent time-varying parametric uncertainties which are of
the form:

AA ()
AC (1)

[Hm

= ] A(t)E(t), (110)
Hc (t)

where H(t) € R™%, H_(t) € R™, and E(t) € RP" are

known piecewise-continuous matrix functions and A(t) €

R is an unknown matrix with Lebesgue measurable

elements satisfying

AA@) <T V. (111)

The initial condition is specified as (x(0), x(s)) = (x,,$(s)),
where ¢(-) € &,[-7,0] which is assumed to be a zero-mean
Gaussian random vector. The following standard assump-
tions on noise statistics are recalled.



Mathematical Problems in Engineering

Assumption 44. Vt, s >0

(a)
Elw(t)] =0s
Elw®w ()] =W®)st-5); (112)
W (t) > 0.
(b)
E[v()]=0;
E[v)v ()] =V ) S(t-s); (113)
V(t)>0.
(©)
E[x () w' ()] =0;
(114)
E[x 0V @®)]=0.
(d)
E[w® v (s)] =0
(115)
E[x(0)x' (0)] =R,

where E[-] stands for the mathematical expectation and &(-)
is the Dirac function.

9.2. Robust Kalman Filtering. Our objective is to design a
stable state estimator of the form:

O =GHXE+KE®) y@), (0)=0, (116)

where G(t) € R™" and K(t) € R™" are piecewise-
continuous matrices to be determined such that there exists
a matrix ¥ > 0 satisfying

E[(x-%)(x-®] <Y, VA:A®ABH<L (7)

Note that (112) implies
E[(x-%) (x-%)] <tr(¥), VA:A(OA®) I (118)

In this case, the estimator (116) is said to provide a guaranteed
cost (GC) matrix V.
Examination of the proposed estimator proceeds by
analyzing the estimation error
e(t)=x(t)-x(t). (119)

Substituting (109) and (116) into (119), we express the dynam-
ics of the error in the form

e)=GMe®)+[AM) -G -K@#)C®)]x(t)
+ [AA(t) - K (t) AC ()] x (¢) (120)

+A;Ox(t-1)+ [wE) - K@®)vD)].
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By introducing the extended state vector
E(r) = [x (t)] e R™, (121)
e(t)
it follows from (108)-(109) and (120) that
EO=[AO+HMOFOEM]E@®+D0EE-1)
+B®n® (122)

=A,MEW+DMEE-1)+ By (1),

where #(t) is a stationary zero-mean noise signal with identity
covariance matrix and

- A(t) 0
A (t) = >
LA -G@)-K@®)C() G()
— H()
H(t) = >
LH () - K (t) H. (t)

E@)=[E@®) 0],

5 (1) = W) W (t) (123)
®)= LW (¢) W(t)+1<(t)V(t)1<f(t)]’
A, (t) 0
D(t) = A0 0],
~ [w(t)
v ]

Definition 45. Estimator (111) is said to be a quadratic estima-
tor (QE) associated with a matrix Q(¢) > 0 for system (108) if
there exists a scalar A(t) > 0 and a matrix

Q) Qs (t)]

, (124)
Q;(t) Q, ()

0<Q(t):[

satistying the algebraic inequality
—QM+A,HQAD+ QM A O +AD)Q(t-T)

+ AT ODWQE-1)D (1) + B() B () (125)

<0.

The next result shows that if (112) is QE for system (108)-
(109) with cost matrix Q(t), then Q(t) defines an upper bound
for the filtering error covariance; that is,

Elee ()] <) vt (126)

for all admissible uncertainties satisfying (110)-(111).

Theorem 46. Consider the time-delay (108)-(109) satisfying
(110)-(111) and with known initial state. Suppose there exists a
solution Q(t) > 0 to inequality (125) for some A(t) > 0 and for
all admissible uncertainties. Then the estimator (116) provides
an upper bound for the filtering error covariance; that is,

Ele®)e ()] <, ). (127)
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We employ hereafter a Riccati equation approach to solve
the robust Kalman filtering for time-delay systems. To this
end, we define piecewise matrices P(t) = P'(t) € R™";
L(t) = L'(¢) € R™" as the solutions of the Riccati differential
equations (RDE):

PO)=AOPH+PHA )+ APt -1)

+WE)+ AT () AgOP(E-1) AL () +u(t)
P()E () E®) P (1);

P(t-1)=0 Vtel0,1],

Lt)y=A@LE)+L({t)A )+ A (@) L(t-1)

— (128)
+WE)+ AT O AL O P —1) AL (1) +u(t)
"LOE OEW®L®)

-t O+t HGH O]V (0
e L®+u @ H OH )]
Lit-1)=0 Vtel0,1],

where A(f) > 0 and u(t) > 0 V¢ are scaling parameters and
the matrices A(t), V(t), and W (¢) are given by

W) =W () +u" ()H @) H (1), (129)
V)=V @) +u ' (t)H, (t)H: (1), (130)
A(t) = A(t) + A ()

(131)

=A@W)+u OL W E @) E(t).

Let the (A, y)-parameterized estimator be expressed as

xO={A®)+p " OL' OE ®EM®} @)

(132)

+K@®){y@t)-C@t)x 1)},

where the gain matrix K,(t) € R™" is to be determined. The
following theorem summarizes the main result.

Theorem 47. Consider system (108)-(109) satisfying the uncer-
tainty structure (110)-(111) with zero initial condition. Suppose
the process and measurement noises satisfy Assumption 44. For
some u(t) > 0,A(t) > 0, let P(t) = P'(t) and L(t) = L'(¢) be
the solutions of RDE (131)-(132), respectively. Then the (A, u)-
parametrized estimator (132) is QE estimator with GC such that

E[(x®)-%@) x@ -x@}] <t [L@)].  (133)

Moreover, the gain matrix K(t) is given by
K, ) ={LOC' O +u ' OHOH. O}V (). (134)

Further details can be found in [57].
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Remark 48. Had we considered a class of uncertain time-
delay systems represented by

X1 = [Ag + AAR] X + Dyxye_, + wy
= ApaXp + DiXpr + Wy
(135)
Vi = [Cp + AC] X3 + v = CraXi + Vio

z = CpXps

where x; € R” is the state, y, € R™ is the measured output,
z, € RP is a linear combination of the state variables to
be estimated, and w;, € R" and v, € R™ are, respectively,
the process and measurement noise sequences, and following
parallel development to the continuous-case, we would be
able to generate a robust discrete-time Kalman filter.

10. Neural Networks

We consider a continuous-time-delayed uncertain neural
network (UNN) which is described by the following nonlin-
ear retarded functional differential equations:

() =~ (A,+AA,) y(t)
+ (W, +AW,) g (y (), 1)
+(W +AW) g(y (t—1),t) + b,

(136)

where y(t) = [yl(t),...,yn(t)]t € R" is the neuron state
vector with n being the number of neurons in NN, g(y(t)) =
(9,3 (1)), .. .,gn(yn(t))]t € R” denotes the neuron activa-
tion function, g(y(t — 7(t))) = [g, (3, (t = T(£))), .. .» g (¥, (t -
)] e R, A, = diag{a,;} € R™" is a positive diagonal
matrix, W, = (Wj) € R"" and W, = (lek) € R™" are the
interconnection matrices representing the weight coefficients
of the neurons, b = [b;,...,b,]' € R"is a constant input
vector, and AA(t), AW, (t), and AW, () are uncertain system
matrices of the form

AA, = EG()F,
AW, = E,G, (t)F,,

AW, = E,G, (t) F,,

, (137)
GMHGH) <1,

G ()G, () <1,
G, ()G, (t) < I.

In the sequel, it is assumed that the delay 7(t) is a differen-
tiable time-varying function satisfying

0<t(t) <o,
(138)
() <,

where the bounds ¢ and y are known constant scalars.
Observe that there is no restriction on the derivative of the
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time-varying delay function y, thereby allowing fast time-
delays to occur. This is in contrast with other methods which
places p < 1, thereby limiting the method to slow variations
in time-delay.

Assumption 49. The neuron activation functions, goj( yj(t)),
j=1,...,nand goj((y]-(t— 7(t)))), j=1,...,n,are assumed
to be nondecreasing, bounded, globally Lipschitz and satisfy

OSMSIC

-4 7

CBCk € R: Cj¢Ck’ j= 1,...,n,

(139)

where k;, j=1,...,n, are positive constants.

We note that the existence of an equilibrium point of
system (136) is guaranteed by the fixed point theorem. Now

let y* = [y;],...,y:] bean equilibrium of (136), and let
xt)=y(@t) -y (140)
It is easy to see that (136) is transformed to
x(t) =-[A, + DA, (O] x (1)
+[W, + AW, ()] f (x (1))
+ W+ AW, (O] f (x (t = T (1)) (141)

= —Apax () + W, f (x (1))
Wi f (x(E -7 (1),

where f(x(t)) = [fl(x(t)),...,fn(x(t))]t and fj(xj(t)) =
g;(x;(t) + y;f) - gj(y;f) with f;(0) = 0, j = L...,n. It
is observed that f(x(t)) satisfies f(0,¢) = 0, Vt, and the
following condition for all (x, ), € R"” x R:

f(x(),t) <kx,
(142)
fx(@-1),t)<kx(t-1),

where k > 0 is a constant. In the absence of uncertainties, we
get from (141) the nominal NN model

X() = —A,x () + W, f (x(®) + W, f (x(t—T(t). (143)

In the sequel, the global delay-dependent asymptotic
stability the equilibrium of system (136) is investigated, which
corresponds to the uniqueness of the equilibrium point.

The following theorem establishes the main result for
global delay-dependent asymptotic stability of the NN sys-
tem.

Theorem 50. Given ¢ > 0 and p > 0. System (143) is globally
delay-dependent asymptotically stable if there exist weighting
matrices P >0, @ > 0, Z > 0, and Z > 0 and free-weighting
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parameter matrices N,, N, M, M, 8 > 0, 4 > 0O satisfying
the following LMI:

(144)

where

- o t t
Eop By N, P-M,-A M,
e Ej; N, 0

R T 0
-M, - M. +oZF

(1]
|

[1]

t t t
=-MA,-A M. Q+R+N,+N,,

ol

[1]

t
02 = —2N, + N_,

£y =~ (1-4) @~ 2N, ~ 2N,

(145)

- c o
[ MW,
_ M

0

L MW,

On considering the UNN system in (141) with the uncer-
tainty in (137), it follows from Theorem 50 that the UNN
system is globally delay-dependent asymptotically stable if
there exist weighting matrices » > 0, @ > 0, Z >
0, and Z > 0 and free-weighting parameter matrices
N,N, M, M.,S >0,/ > 0 satisfying the following LMI:

EoA ‘@o ‘q)c Q'/V

o« 2kls 0 0

g, = . <0, (146)
. ) /A
. . . —Qz
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where

= = t t
Eoia B Ny P-M,—-A M,

] B, N, 0
—oA — >
s o - 0 (147)
e o o -M -M +0ZF

- t t
Boin = ~MLAy - A M, + @+ R+ N, +N.,

where B ,, E 5, #, P,, P are given in (145). Applying Fact 1
for some scalars ¢; > 0, ¢, > 0,and &; > 0 and invoking Schur
complements, it is easy to show that the following theorem
holds.

Theorem 51. System (141) with norm-bounded uncertainty
(137) is globally delay-dependent asymptotically stable if there
exist weighting matrices & > 0, @ > 0, £ > 0, and Z >
0, free-weighting parameter matrices N,, N, M, , M, S >
0,# > 0, and scalars 0 > 0,k > 0, > 0, i = 1,2,3,
satisfying the following LMI:

(148)

[
Il
| —— |
° [1]
o
M [
®
—
AN
L

where

1
[11
9

0s

[83]
|

_ e Ei; N, 0
Eos = . . % 0 >
L e ° ° —MC—ME‘FQ.ZC

[1]
|

=-M'A,-A M, +0+R+N,+N.

+¢ F'F,
;= -2k"'S +&,F)F,,
8, = 2k M + & F\F,,
[-M'E M'E, M'E,]
0 0 0
0 0 0
8,=|-ME ME, ME, |,
0 0 0
0 0 0
0 0 0
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-l 0 0
Ey=| = —&I 0
D o —&l

(149)

The reader is referred to [58] for further results on using
expanded LKFs.

11. Networked Control Systems

Typically in process industries, a network used at the lowest
level of a process/factory communication hierarchy is called
a fieldbus. Fieldbuses are intended to replace the tradi-
tional wiring between sensors, actuators, and controllers. In
distributed control system applications, a feedback control
loop is often closed through the network, which is called
a network-based control system (NBCS); see details in
[44, 59-69]. In the NBCS, various delays with variable lengths
occurred due to sharing a common network medium, which
are called network-induced delays. These delays are dependent
on configurations of the network and the given system. Those
make the NBCS unstable.

In feedback control systems, it is significant that sampled
data must be transmitted within a sampling period and
stability of control systems should be guaranteed. While a
shorter sampling period is preferable in most control systems,
for some cases, it can be lengthened up to a certain bound
within which stability of the system is guaranteed in spite of
the performance degradation. This certain bound is called
a maximum allowable delay bound (MADB). The MADB
depends only on parameters and configurations of the given
plant and the controller.

In addition, a faster sampling is said to be desirable
in sampled-data systems because the performance of the
discrete-time system controller can approximate that of the
continuous-time system. But in NBCS (see Figure 1), the high
sampling rate can increase network load, which in turn results
in longer delay of the signals. Thus finding a sampling rate
that can both tolerate the network-induced delay and achieve
desired system performance is of fundamental importance in
the NBCS design.

11.1. State Feedback Stabilization. Consider the plant model
described as

%(t) = Ax (t) + Bu (t),
telkh+t,(k+Dh+1y,),
y(t) =Cx(t),

u(t’)y=-Kx(t-1),

(150)

telkh+t, k=0,1,2,...}.

Sampling the above system with period h and defining
z(kh) = [x"(h),u” ((k - 1))]" yielded the following closed-
loop system:

z((k+1)h) =®(K;,)z(kh) Vi=12,....p. (151
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u(t)
Actuator
node

Network
induced
delay

Physical plant

Controller node
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y(t)
Sensor node

Network
induced
delay

___________________________

FIGURE 1: A feedback control loop with network-induced delays.

A recent survey of the stabilization methods is reported in
[44].

11.2. Observer-Based Feedback Stabilization. An observer-
based stabilizing controller can be designed for networked
systems involving both random measurement and actuation
delays. The LTI plant under consideration was assumed to be
of the form

X, (k+1)= Ax, + Bu,,
(152)
Yp = Cxps

where x,(k) € R" is the state vector and u,(k) € R and

y,(k) € RP are the control input and output vectors of the
plant, respectively. The measurement subjected to random
communication delay is given by

Yk = (1-8(K) y, K) +3K) y, (k=) (153)

where 7" is the measurement delay, whose occurrence is
governed by the Bernoulli distribution, and (k) is Bernoulli
distributed sequence with

Prob {8 (k) = 1} = E{8 (k)} = 6,
(154)

Prob{§ (k) =0} =1-E{§(k)} =1-0.

The following observer-based controller is designed when
the full state vector is not available.

Observer

X (k+1) = AX + Bu, (k) + L (y (k) = 3. (k) ,
B B (155)
7. (k)= (1-8)Cx (k) + 6Cx (k- 77").

Controller

u, (k) = K= (k)
(156)
u, = (1 - a)u, (k) + au, (k- 7¢),

where X(k) € R" is the estimate of system (152), y.(k) € R?
is the observer output, and L € R™P and K € R"™" are
the observer gain and the controller gain, respectively. The
stochastic variable «, mutually independent of &, is also a
Bernoulli distributed white sequence with

Prob{a (k) = 1} = E{a (k)} = a,
Prob{a (k) =0} =1-E{a(k)} =1-q,

(157)

where 7}{ is the actuation delay. It is assumed that 7 and 7;"
are time-varying and have the following bounded condition:

- (158)
d, <t <d,.
The estimation error is defined by
e(k) = x, (k) - x (k). (159)
This yields
x,(k+1) =[A+(1-a)BK]x, (k)
~ (1 - @) BKe (k) + @BKx, (k - 7{)
—aBKe (k- 17)
— (o — @) BKx,, (k)
+ (o — &) BKe (k)
+ (o — @) BKx,, (k - 7)) (160)

— (a-@) BKe(k—1%),

e(k+1)=[A-(1-8)LC]e(k)
—3LCe (k - ")
+(8-8)LCx, (k)

—(S—S)LCxp(k—T,Z").
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Physical plant

Cyx

ZOH

u(t) = Ky(te = i)

Sampler

Controller

FIGURE 2: Networked output-feedback control system.

System (160) is equivalent to the following compact form:

s(k+1):(Z+K)s(k)+(§+]§)s(k—rlz")

B (161)
+(C—6)£(k—r,f),
where
ek =[x2 k) ],
_ [A+(-®BK -(1-®BK
A= ~ |
0 A-(1-9)LC
_ [-(a-®BK (a—m BK
A= - ,
| (8-9)LC 0 ]
_ [o o
b= o —SLC]’ (162)
_ 0 0
b= -(6-8)LC 0]’
_ [aBK —&BK]
C= ,
0 0
o [@-®DBK —(oc—&)BK]'
0 0

Remark 52. It is noted that a majority of the existing works
on the stability of NCS (in the framework of time-delay
approach) are reduced to some Lyapunov-based analysis of
systems with uncertain and bounded time-varying delays; see
[44]. In the following sections, we will present alternative
approaches that will lead to improved results.

11.3. Lyapunov-Based Sampled-Data Stabilization. Three
main approaches have been used to the sampled-data control
and later to the Networked Control Systems (NCS), where the
plant is controlled via communication network:

(A) The first one is based on discrete-time models [70, 71].
This approach is not applicable to the performance

analysis (like the exponential decay rate) of the
resulting continuous-time closed-loop system.

(B) The second one is a time-delay approach, where
the system is modeled as a continuous-time system
with a time-varying sawtooth delay in the con-
trol input [8, 72-74]. The time-delay approach via
time-independent Lyapunov-Krasovskii functionals
or Lyapunov-Razumikhin functions leads to linear
matrix inequalities (LMIs) for analysis and design of
linear uncertain NCS.

(C) The third approach is based on the representation
of the sampled-data system in the form of impul-
sive model [72, 73]. Recently, the impulsive model
approach was extended to the case of uncertain
sampling intervals [75] by employing a discontinuous
Lyapunov function method, which improved the
existing Lyapunov-based results. Recently, the latter
result was recovered via an input-output approach
by application of the vector extension of Wirtinger’s
inequality [76].

Consider the continuous-time system depicted in Fig-
ure 2:

x(t) = Ax(t) + Bu(t) + Ew(t),
(163)
z(t) =Cyx(t) + Dyu(t),

where x(t) € R” is the state, z(t) € R" is the signal to be
controlled or estimated, w(t) € R? is the disturbance, u(t) €
R™ is the control input, and A(t) € R™", B(t) € R™", C, ¢
RP" D, € RP*", and E € R™1 are system matrices.

In Figure 2, the sampler is time-driven, whereas the
controller and the Zero-Order Hold (ZOH) are event-driven
(in the sense that the controller and the ZOH update their
outputs as soon as they receive a new sample). For simplicity
in exposition, we assume that the measurement output
y(si) € R? is available at discrete sampling instants

0=5y<$§ <+ <s§ <+, lims, =00, (164)
k—00

and it may be corrupted by a measurement noise signal v(s;):

y()=Cx(t)+Du(t). (165)
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FIGURE 3: NCS timing diagram.

By considering nonuniform sampling, data packet drop-
outs can be accommodated. In this respect, y(s;), k =
0,1,2,..., correspond to the measurements that are not lost.
The timing diagram of the considered NCS with both delay
and packet dropout is shown in Figure 3, where s, = t; — A,
accounts for the sampling time of the data that has not been
lost. In this setup, ¢, denotes the updating instant time of the
ZOH, and suppose that the updating signal at the instant #;,
has experienced a signal transmission delay A,. Adopting the
approach of [75], we allow the delays A, to grow larger than
k41 — S provided that the sequence of input update times t;,
remains strictly increasing. This implies that if an old sample
gets to the destination after the most recent one, it should be
dropped.

The static output-feedback controller has a form

uty) =Koy (e — M) b St <ty (166)
where K, is the controller gain and ¢, is the next updating
instant time of the ZOH after f,. It is known that

tel — L+ A STy 0SS AL <Ay, K=0,1,2,..., (167)
where 1, is a known upper bound on the network-induced
delays A, and 7,; denotes the maximum time span between
the time s, = t;,—A; at which the state is sampled, and the time
tr41 at which next update arrives at the ZOH. Observe that
the sampling intervals and the numbers of successive packet
dropouts are uniformly bounded.

Within the foregoing representation, exponential stabil-
ity, state feedback, and static output-feedback results are
developed in [77]. More elaborate results can be found in [74].

12. Interconnected Systems

We consider a class of linear systems S structurally composed
of ng coupled subsystems S; depicted in Figure 4 and modeled
by the state-space model:

+¢j (k) + Tjyw; (1),

C ; (interaction)

—>7;

Subsystem

§j

7j

Delay

FIGURE 4: Subsystem model.

z; (t) = Gjux; (1) + Ggjpx (£ = 7;) + Djau; (£)
+Djw; (t),
Vi () = Cjax; () + Cyjpx (t - Tj) ,

¢ (t) = ZS:ijAxk () + ZS:EjkAxk (t-n®)
k=1 k=1

(168)

whose matrices are containing uncertainties which belong to
a real convex bounded polytopic model of the type

Ajn Agin Bjy T
Gia Gaja Djy @,

Cia Cajn Ejka Fira

eI,

Ap Agn Bjp Ty
G Gagjp Dj O

Cia Cain Ejrr Fia

[I>

(169)

N Ajs Adjs Bjs r]

=YX |Gjs Gais Dy @i |, A €Ay,
s=1 st Cdjs Ejks ijs
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where A is the unit simplex:

N
A2 LA, LA8) DA =1, 4,20 (170)
j=1

Define the vertex set /= {1,...,N}. We use {A,..., D} to
imply generic system matrices and {A,...,®;, j € S} to
represent the respective values at the vertices.

In the absence of uncertainties, system (168) reduces to
the nominal state-space model

% (t) = Apx; () + Agix; (t—7; (1)) + Bju; (1)
+c¢; () +Tw; (1),
z; (1) = Gx; () + Gypx; (t =7, () + Dju; (1)

+ 0w, (1), 171)

y; (£) = Cjx; () + Cyix; (£ - 7; (1)),

¢ (1) = ;ijxk )+ ZsEjkxk (= ),

k=1

where, for j € {1,...,n}, x;(t) € R is the state vector,
u;(t) € R™ is the control input, y;(t) € RPi is the measured
output, w;(f) € R is the disturbance input which belongs
to Z,0, 00), zj(t) € MY is the performance output, c]»(t) €
R"I is the coupling vector, and 7,11, j, k € {1,...,n}, are
unknown time-delay factors satisfying

0<71; () < 0> ‘i’j (t) < Hj>
(172)
0<n (D) <ojo A () < phjpes

where the bounds g}, 0> 4, ¢4 are known constants in order
to guarantee smooth growth of the state trajectories. The
matrices A; € RN B; € R D; € R | Agyj €
RN, ©; € RY,T; € R, C; € RPM, Cyy € RIPM,
G; € RV, Gy € RY™, Fy € R, and Ej € R
are real and constants. The initial condition (x;(0), x;(r)(=
(%55 ¢;( j € {L,....,n}, where ¢,(-) € 3’2[—1;,0], j €
{1,...,n:}. The inclusion of the terms Agix;(t — 7;(t)) and
E jix;.(t = 1, (£)) is meant to emphasize the delay within each
subsystem (local delay) and among the subsystems (coupling
delay), respectively.

We develop new criteria for LMI-based characterization
of delay-dependent asymptotic stability and Z, gain analysis
which requires only subsystem information thereby assur-
ing decentralization. The criteria include some parameter
matrices aims at expanding the range of applicability of the
developed conditions. The following theorem establishes the
main result subsystem S;.

Theorem 53. Giveg; > 0, y; > 0, 0 > 0, and . > 0, j,k =
L,...,n,. The family of nominal subsystems {S ;} with u;(-) = 0
where S; is described by (171) is delay-dependent asymptotically
stable with Z,-performance bound y;, j = 1,...,ny if
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there exist positive-definite matrices 9, Q;, W j, Zy» k, j =
L,...,n, and parameter matrices ©; and Y; satisfying the
following LMIs for j = 1,...,n,

r= = _ =) t t h
% Ba 00 Ey &L G A
= _ t t
« —E, Qij 0 0 Gdj QjAdin
. ° _Q]W] 0 0 0 0
7
. . . 2.0 0 0, YEW,
nj i t ]kZ]t ) J (173)
A
[} ] . . . _I] 0
L ° . . . . . —Q]W} i
<0,
where
nS n5 t
—_ _ t
zuj—gbj Aj+Zij + AJ-+Zij 95j+®j
k=1 k=1
nS
t
+0;+0;+ szj,
k=1
- _ t
Epj —Yj+Yj +(1 —;4]-) Q; )

(1]

_ t
aj = g’]Ad]_®] +Yj,

N
o

[1]

wi = 2 (1= ) Zig

1

P
Il

g
k=1

More detailed results can be found in [78].

13. Conclusions and Future Work

This paper has overviewed the research area of stability and
stabilization of systems with time-delays with emphasis on the
following topics:

(i) Systems with time-delays constitute a good com-
promise between the too simple models with finite
dimension and the great complexity of PDEs. The
behavior features and the structural characteristics of
delay systems are particular enough to justify specific
techniques.

(ii) The main Lyapunov-based tools have to be used
developing robust stability in combination with
model transformations. Several extensions are antic-
ipated when examining different forms of Lyapunov-
Krasovskii functionals.

(iii) In the robust control area, existing results can be
generally subdivided into two classes:
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(Cl) The first class consists in systems with input
or output delays (mainly, # ., performance or
predictor-like techniques).

(C2) The second class in state delays (discrete or
distributed). The intersection of the two classes
is still to be addressed.

(iv) Many contemporary dynamical systems with afteref-
fect are still requiring further investigation: this is the
case, for instance, of delay systems with strong non-
linearities, as well as time-varying or state-dependent
delays.

(v) There are classes of nonlinear dynamical systems with
delays including jump systems, fuzzy systems, and
switched systems inviting additional research efforts.

(vi) Recently, a surge of interests has been recently arisen
regarding Wirtinger-based integral inequality and
augmented Lyapunov-Krasovskii functionals [79-
83]. The ensuing results triggered recent development
in the time-delay system stability. Further discussions
and assessments of these results and related issues
suggest attractive research directions at least from the
computational standpoint.

(vii) The class of uncertain nonlinear networked systems
with both multiple stochastic time-varying commu-
nication delays and multiple packet dropouts was
addressed in [84] for filtering design and in [85] for
reliable control. A promising research direction is to
extend the role of delay patterns to alternative forms.
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Consensus of first-order and second-order multiagent systems has been wildly studied. However, the convergence of high-order
(especially the third-order to the sixth-order) state variables is also ubiquitous in various fields. The paper handles consensus
problems of high-order multiagent systems in the presence of multiple time delays. Obtained by a novel frequency domain approach
which properly resolves the challenges associated with nonuniform time delays, the consensus conditions for the first-order and
second-order systems are proven to be nonconservative, and those for the third-order to the sixth-order systems are provided in
the form of simple inequalities. The method revealed in this article is applicable to arbitrary-order systems, and the results are less
conservative than those based on Lyapunov approaches, because it roots in sufficient and necessary criteria of stabilities. Simulations

are carried out to validate the theoretical results.

1. Introduction

Consensus problems of multiagent systems have found many
applications in the fields that hold great promise, including
(but not limited to) biosciences, robotics, and computer
sciences. Consensus is the agreement regarding a certain
quality of interest on specific states of all the agents, which
is widely demanded in the engineering applications. The
research on consensus problems has lasted for decades. Vari-
ous techniques are developed to solve consensus problems of
numerous multiagent systems [1-23].

This paper addresses the consensus control problems
of high-order multiagents systems with nonuniform time
delays. One motivation for studying high-order systems is
to achieve accurate control of complex motion: for example,
when performing consensus motion that requires abrupt
change of heading, a team of vehicles should maintain consis-
tency of acceleration (as well as position and velocity) among
them by controlling the third-order state (acceleration),
while lower-order (first-order and second-order) consensus
protocols are usually designed for more regular motion (e.g.,

rectilinear [16] and rotational [23] motion). Besides high-
order dynamics [3-9], nonlinearities [1, 2, 24], time delays
[8-21, 24, 25] and fuzziness [26, 27] also bring complexities to
the control systems, which often lead to difficulties in stability
analysis.

A novel frequency-domain-based method is developed to
challenge the system complexities and derive the consensus
conditions. Comparing to the universal stability analysis
tool Lyapunov approaches, frequency domain methods are
more possibly conducing to less conservative results as it
roots in sufficient and necessary stability criteria. On the
other hand, Lyapunov approaches applied in many literatures
yield consensus conditions in the form of Linear Matrix
Inequalities (LMIs) [7-9], while with frequency domain
methods authors of [12-16, 22] as well as this note obtain
consensus conditions in the form of inequalities which
are more perspicuous and simple to calculate. However,
frequency domain methods are limited to linear and time-
invariant systems, and consequently most of the aforemen-
tioned articles [1-11, 24, 25] especially those coping with
nonlinear and high-order systems have adopted Lyapunov


https://doi.org/10.1155/2017/7307834

approaches instead. Moreover, both high-order dynamics and
nonuniform time delays give rise to dramatic increment of
the systems’ dimensionality, which makes it a knotty problem.
In existing literatures, methods based on the properties of
nonnegative matrices [17, 18] and Nyquist stability theories
[19-21] are introduced as alternative stability analysis tools.

The main idea of the proposed approach is to transform
the high-order systems’ dynamics into high-degree poly-
nomials with respect to hypothetically existing imaginary
eigenvalues of the systems. By studying the monotonicity of
the polynomials and their derivatives, consensus conditions
can be figured out in the form of inequalities. The present
work first brings out sufficient consensus conditions for
the first-order to sixth-order nonuniformly delayed systems
which are most likely to apply to practical engineering
applications [28]: if all the delays are bounded by a given value
and all the parameters agree to corresponding inequalities,
the systems can achieve consensus and in addition, for the
sake of nonconservativeness, the paper provides stronger
conditions for the first-order and second-order systems by
thorough derivation: the states converge when all the delays
are bounded by a given value but diverge when all the delays
exceed that value.

Literature [29] has proposed a high-order nonlinear con-
sensus tracking algorithm with unmeasurable system states
which applies to wide-range multiagent systems and proven
the achievement of consensus by constructing Lyapunov
functions, while time delays are not considered. In [9], Zhang
et al. have solved average consensus problem of high-order
multiagent system with time-varying delays and provided
stability conditions in the form of LMIs via a Lyapunov-
Krasovskii approach. The authors of [19] have derived nec-
essary and suflicient consensus conditions for large-scale
high-order linear multiagent systems with heterogeneous
communication delays by using the generalized Nyquist
criterion; however, the derived consensus conditions are set-
valued graphical conditions, and inequality conditions are
only derived for the first-order system. The previous work in
[30] has studied consensus motion of delayed second-order
multiagent systems by a nonconservative frequency-domain-
based method, while this article will present stationary con-
sensus conditions for more complex high-order multiagent
systems.

The remainder of this note is organized as follows:
Section 2 states the consensus problem with the help of graph
theory; Section 3 presents the main results by demonstrating
the stability analysis; Section 4 depicts the selected simula-
tion experiments; Section 5 draws conclusions with future
research directions.

2. Problem Statement

This section starts with some definitions and results in graph
theory.

Consider an n-agent system. The communication net-
work topology among them is represented by an undirected
graph ©(7/, &, of), which consists of a set of nodes 7" = {s;},
ie S ={1,2,...,n},asetofedges & C 7"x7", and a weighted
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adjacency matrix &/ = [a;;], where a; = O and a;; = a;; > 0
(for @ is undirected). g;; > 0 if and only if there exists an edge
e;; € &between theithand jth nodes, which implies that they
can get information from each other. The set of neighbors of
node s; is denoted by N; = {s; € 7" : ¢;; € &}. The Laplacian
corresponding to the graph @ is defined as L, = [¢;;], where
t; = ZJ yajand &; = —a;, i # j. A path is a sequence of
indexed edges ek k, ,ekzk ,... where g € &. If thereis a
path between every pair of nodes in graph &, the graph is
said to be connected. The following lemma is given by [31].

Lemma 1. If the undirected graph & is connected, then its
Laplacian L, has one singleton zero eigenvalue (with eigenvec-

tor 1), and the rest n — 1 eigenvalues of L, are all positive.

Consider an Ith-order multiagent system consisting of n
agents. The dynamics of the ith agent (i € .%) is

W) =y @),

)

vl o=y ",
Vi =u ),
where 1//1.(k) € R is the kth state variable of the ith agent, k =
0,1,...,1 = 1, and u;(t) € R is the control input. Let y; £
[1//1(0), 1//1(1) ceo 1!’,(1 1)] be the state vector of the ith agent; we
assume that the initial cond1t10ns are 1//(0)(5) = l.(o)(O) and
®(s) = y®©0) = 0,k = 1,2,...,1 - 1, for s € (~00,0].

The control input u;(t) is said to solve the consensus problem
asymptotically, if and only if lim,_, . [y;(t) — y;(#)] = 0 for
alli, j e .7

In [8], a discrete-time control input was introduced as

u; (k) = mew

2)

W (k)]

PG O

s;€N;(k)

In this paper, we introduce an continuous-time consensus
algorithm for system (1) with multiple time delays, and the
input delays are supposed to occur. The protocol is

u; () = Zamm
3)
= 2 o[ (t-) =y (=)
S;EN;
foranyi € .7, where p; > Oforj =12...,l-La; >0

denotes the edge weight, and 7;; = 7;; is the time delay for
the ith agent to get the state information of the jth agent. We
assume that the system has M different time delays, denoted

by, € (10, j € F(m=1,2,...,M).
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Let w(t) 2 [y, (8), v, (8),. .., v, (£)], and

0 1 0 0 0 1
00 1 0 0

Az 0 |er™,
0 0 0 1
LO =py oo =Py Py (4)
00 ...0

B2 e R,
00...0
[10...0

Under the control input given by (3), the network dynamics
of the multiagent system becomes

M
l/'/(t)=(1n®A)l//(t)— Z(Lom®B)W(t_Tm) ©)
m=1
with the initial condition y(s) = y(0), s € (-00,0], where
L, denotes the Laplacian of a subgraph associated with the
delay 7,,. Clearly, L, = fo:l L, If all the time delays are
equal to zero, system (5) could be rewritten as

y(t)=(,8A-L,®B)y(t). (6)

This paper assumes that the graph & is always connected
and undirected.

3. Main Results

The following lemma presents a sufficient condition for the
stability of high-degree polynomials given by [32], which is
helpful in the present work.

Lemma 2. Consider a polynomial f(x) = a; + a;x + -+ +
a,x", where ai. > 0,k = 0,1,...,n,n = 3, with coefficients of
determination defined as

a %104

Wi=—"> (7)

a;0;11

if all the coefficients of determination satisfy that y; < f3/2 =
0.4655, wherei = 1,2,...,n—2,n > 3, and [3 is the only real
root of equation

3
Z+'82+'8_2=0; (8)

then all the roots of f(x) = 0 have negative real parts.
Let
P2, ®A-L,®B 9)

and suppose that the eigenvalues of L, are 0 = A; < A, <
A; < -+ <A, according to Lemma 1.

3
Assumption 3. Assume for [ > 3 that all p; > 0 (j =
1,2,...,1-1) satisfy the following:
Pi1Pi2 > 3PiP1s
Pi2Pis > 3P1-1Pia
(10)

P3Pz > 3papy
PPy > 2.15p5A,,

where p; = 1 and A,, is the largest eigenvalue of L,,.
Under Assumption 3, the following lemma can be proven.

Lemma 4. Matrix ® has a singleton zero eigenvalue and all
other eigenvalues have negative real parts if Assumption 3 is
satisfied.

Proof. According to Lemma 1, there exists an orthogonal
matrix W, such that

WL W = diag{0,A,,...,A,}, (11)
and then it follows that
Wel) ®(Wel)
(12)

= diag{A,A-1,B,...,A-A,B}.

Through simple calculations, the eigenpolynomial of (A —
A ;B) could be obtained; then we get

I-1
det(s,-A+AB) =5+ ps'+1;=0.  (13)
i=1
To simplify the following statements, let p; = 1, and (13) could
be written as

!
i=1
For the first-order system, since [ = 1, it is evident that —A;
are the eigenvalues of the system; thus the lemma is proven.
For the second-order system, (14) becomes s* + p;s + A =0

and itS roots are
’ 2

2

If p? < 4, the real part of (15) is —p; /2 < 0, and when >
4, (15) apparently is a pair of nonpositive real numbers, and
the bigger one equals zero if and only if A; = 0; then the
lemma is proven.

When [ > 3, note that p; > 0 fori = 1,2,...,,and A,,
is the largest eigenvalue of L. It is apparent that 3 > 2.15 >
2.1482 = 1/0.4655; according to Lemma 2, (10) is a group of
more conservative condition, which ensures that all the roots
of (14) have negative real parts except that there exists one
singleton zero root for A ; = 0. Thus, matrix ® has a singleton
zero eigenvalue and all its other n * [ — 1 eigenvalues have
negative real parts. O



Remark 5. Lemma 4 has shown that each of the nondelayed
multiagent systems given by (6) has all its eigenvalues on the
open LHP except one equals zero. That implies that system (6)
is stable, and all the states of each agent will reach a common
value. The existence of the only zero root indicates that only
the first-order state variable of each agent reaches a value that
is decided by the initial state and all the other high-order state
variables return to zero at last; that is, if all 7,,, = 0, multiagent
system (5) will reach consensus.

By analyzing the effect of nonuniform time delays on the
stability of the systems, we will give a proof to the ensuing
theorem.

Theorem 6. Consider Ith-order (I = 1,2,...,6) system given
by (5) that satisfies Assumption 3, and the following inequalities
(16), (17), and (18) are satisfied for | = 4,5, 6, respectively:

Py > Ay + 2&. (16)
VPsP1 Ps
1 (P 2
| £2 17
>3 (2) 1)

Ps <P2>2 A \]Z} 18
p1>max{ Pa ps)’ )

Define functions 0)(w) and Ty(w) (1 = 1,2, ...,6) as follows:
! )
6) (w) = arg [F, (w)] = arg [ Z (—jw) Pi]
i=1 (19)
€ (0,2m],
Tl (CU) e 191 ((U) 5 (20)
w

where F(w) is defined in (27). If all 7, satisfy T,, < T for Ith-
order multiagent system, where

T
Tl (An) I=1

_ T, (VX.7p2) 1=2,3 (21)
T, (V24,/p,) I=4

min {T; (v21,7p, ). T; (Vpo/ T=3))} 1=5,6,

then control input (3) can solve the consensus problem of system

(5).

Proof. Consider the network of high-order multiagents with
nonuniform time delays. Let ¥(s) = G;I‘I’(O), where ¥(s) is
the Laplace transform of y(t), and

M
G, (s) =Ly - (I,®A)+ Y (L,, ®B)e ™.  (22)
=1

According to the foregoing discussions, to study the stability
of the delayed system, we only need to investigate the values
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of 7,, that guarantee the existence of nonzero roots of G_(s)
on imaginary axis, which represents the crossing of the
characteristic roots from the stable region to the unstable
one. The roots of characteristic polynomials such as G,(s) are
hereinafter referred to as “the eigenvalues of the system.”

Suppose s = jw # 0 is an imaginary root of G,(s), and
u=u,8[1,0,...,0] +1,®[0, 1,...,0] "+ - -+14®[0,0,...,1]"
is a corresponding eigenvector, where Jul| = 1,u; € C",i =
1,2,...,n. Then we have

jwly —(I,® A) + Z (L,, ®B)e ™™ [u=0. (23)

Note that all the complex roots of each G.(s) appeared in
conjugated pairs; we only need to study the situation that
w, > 0. Since all of the first [ — 1 elements of the vector
obtained by calculating the left part of (23) are equal to zero,
we get

jou; =4, (24)

foralli = 1,2,...,1 — 1. Multiplied by u” (the conjugate
transpose of u) on the left side of the left part of (23), and
with (24) substituted, we obtain

M 1 .
Y e+ Y (ja) =0, 25)
m=1 i=1

where p; = 1, and

_ u* (Lam ® Il) l/l‘ (26)

" u*u

Rewrite (25) as

M 1 ,
Y o, ==Y (~jw) pi 2 F (w). (27)
m=1 i=1

Take modulus of both sides of (27); then, we have

M .

wWT,
Z(xme] "l <
m=1

:MSA}T

u*u

>

M, (w) = |F (w)] =

(28)

Another necessary condition of (27) is

M
arg ( Z (xmejm'"> =arg[F (w)] =6, (w).  (29)

m=1

As wt,, > 0, 6;(w) should be discussed in the positive
interval (0, 27r]. From (29), it is obvious that

M
0, (w) = arg ( Z cxmej“”"‘> < max {wr,,} . (30)

m=1
Define

. Im [F (0)]

B2 =am@] 6
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where Im(c) and Re(c) denote the imaginary part and real
part of the complex number ¢, respectively. R;(w) is an access
to 0)(w).

Consider the first-order system; then, we have F,(w) =
0 + jw and R;(w) = w/0. It is apparent that 0,(w) = /2,
and M, (w) = w; according to (28), we should only consider
w< Ay ifwesetallr, <7 =T,(4,) =7/(2A4,,), then

wt, <A, T=7/2=0, (w), (32)
Ry = PP g,
(pyw)
R; _ —p2p3w2 ‘2P1P2 <o,
(prw)

' _P3P4“-’4 —(paps = 3p1P4) W’ - PP <0
(prw -~ p4w3)2

' _P4P5“-’6 — (P34 = 3p2P5) w' - (P2p3 —3P1Ps) W’ - PP
<0

which contradicts (30). Then when all 7,, < 7, the first-order
system is impossible to have an imaginary eigenvalue which
presents the first contact of the eigenvalues from the stable
region to the unstable one. Hence the system is still stable
then, and it can reach consensus, and the theorem is proven
forl = 1.

Unlike 0, (w), 6;(w) (I > 2) are not a fixed value. But we
have found that the derivatives of Rj(w) (2 < I < 6) listed
below are negative values when Assumption 3 is applied:

(33)

(prw — p4w3)2

>

r —PsPsw® = (Paps — 3P3p6) @° = (Psps = 325 + 5p1 ) @' = (Pops = 31 ps) @ = p1 s <.

Rl' < 0 means that R; = tan[0;(w)] are monotonically de-
creasing with the growth of w. Then it can be deduced
that the arguments 0;(w) also decrease monotonically and
continuously because the values of Fj(w) vary smoothly.
Evidently, we have

B pw+o(w) B

lim R, = = +00, 4
w00+ p,0* + 0 (w) o0 (34)

for I > 2, which implies that the arguments 6,(w) start at 7r/2
when w — 0+.

By investigating the locus of Fy(w) on a complex plane,
we have found that the value of the argument (w) first
falls from 71/2, tending to 0; as the trajectory of Fy(w)
passes from the first quadrant to the fourth, 04(w) does
not really turn negative but jumps to 27 instead and then
it falls again, without second “jump” to perform. Similar
phenomena occur in the other high-order systems when I <
6; in each system, the argument 6,(w) performs a jump at most
once and no jumps for some of these systems, such as the
second-order system, because the real and imaginary parts
of F,(w) are always positive when w > 0. The trajectories of
F,(w) and Fg(w) on the complex plane are shown in Figure 1 to
give evidence of the variation on their arguments. For those
whose arguments perform jumps, we consider the value of
each 0,(w) in two continuous intervals: (0,7/2) and (0, 27].

Forl = 2,3, if w > +/A,/p, then Re[F(w)] = p,w* > A,
and M;(w) > A, which we do not want. Thus, 6,(\/A,,/p,) is
the minimum to consider. Then p,w — p;w’ > 0 holds when

(prw — 1)4“’3)2

I = 3, which implies 05(w) € (0,7/2). Setting all 7, < T =
T;(+\/A,./ p,), we have

(UTm < \/ﬁTl<\/&) :01<\j&> <61 ((U), (35)
P2 2] 2

which contradicts (30); then by the same idea of the proof for
the first-order system, the theorem for [ = 2, 3 is proven.
Investigate the following parabola when w € [+/2A,/p,,

P2/ ps = 2M,,/ p,):
E(w) = —pyo* + pyw” - A, (36)

Apparently, its maximal value comes at the point when
w = +/p,/2p,. According to the symmetry of parabolas,
E(\2M,/p,) = E(Npa/ps — 2A,/ p,) are the minima of &(w).
According to Assumption 3 that p,/p, > 3p,/p; > 6A,/p,,
which implies p; > 41, p,, we have

A A, Ay
E(\/Zp_> = 2An - 4P4? - An = IT% (P; - 4/\np4)

) 2 (37)

> 0.

Thus, &(w) > &(12A,/p,) > 0. Then we have M;(w) >
Re[F(w)] > p,w’ - p,w* > A, forl > 4, when w € [\/21,/p,,
VP2l Ps = 2A,/ pal-

Let Fy(w,) be the first contact of its trajectory from the first
quadrant to the fourth, as is shown in Figure 1. We analyze w



in two intervals: (0, w,) and [w,, +00). Obviously, w, is the
smallest positive real root of Im[F;(w,)] = 0.

Consider the interval w < wy. If w, € (3/2A,/p,

P2/ Ps — 2A,./ py), then 0,(+/24,,/ p,) would be smaller than

the minimal possible value of 6;(w) to satisfy (27), because

M(w) > A, if 24,/ p, < w < wy.

Taking the fourth-order system into account, we have

o= [P (J&Jg&) (8)
P Py Py P
According to (16), one can obtain
(225
Py P>
B2 (B ook )
Py Py \Py4 P> Ps (39)

where p, = 1. Because |Im[F,(w)]| = p;w’ — p,w is mono-
tonically increasing when w > w,, we have |Im[F,(w)]| >
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Im[E, (N pa/ps = 24,/ p)Il > Ay for w > +/p,/py = 24,/ p,.
Then we know that M,(w) > A, holds if w > +/2A,/p,. The
only situation that needs to be considered is w < +/2A,,/p,,
where 0;(+/2A,,/ p,) is the smallest value of 6,(w); if we set all
T, < T = Ty(1/2A,,/ p,), it can be obtained that

wt,, < =0
2 2 Pz

which brings about the impossibility of (30) and provides the
fourth-order system with consensus achievement.
Forl = 5,6, Im[F(w)] = p,w — p;w’ + psw’, then

[(&)2_ &] . (& n 2A_)
2ps Ps 2ps P j2)

[

B ), gtk (2
P1Ds P1P> \ Py

under Assumption 3. Thus (42) is also positive, which means

< AP/ Py —2A,/ Py When w < w,, if we set all 7, <
T,(\/2A,,/p,), for I = 5,6, (30) is impossible.

Consider the interval w > w,. Evidently, when w >

VP32 > A palps IRe[Fs(w)]| = p4w4 - p2w2 is mono-

tonically increasing, According to Assumption 3, we have
p,ps > 181, Then

\/Ps P4P3 _Pabs 3p,p3s  Pabs
2 4 2

_ Paps >,
4

(44)

Therefore, all 7,, < T)(+/p5/2) would make (30) impossible
when w > w,. As is described in Theorem 6, if all 7,, <
min{T;(+/2A,,/p,), T;(\/p5/2)}, the consensus problem of the
fifth-order system is solved.

\sz - \/Pg —4p1ps (41)
wy=\|———.
2ps
Comparing w; and p,/p, — 2A,,/ p,, we have
(;2_2&) [ s B AP
Py b2 2ps
(42)
VT2
2ps Ps 2ps P4 b2
According to (17) and (18), 4 — ps p3/p, p; > 0, so that
) . (43)
——">+(4—PS—‘D§)+<1—2M>] >0
2] PPy P1P>
Likewise, for I = 6, according to (18) we have
pa)]_
el (%)
[Py i, (P ] _
—\/3 [P1 P33+Ps<3> Au (45)

<\/p“> (5 (hopi - 3p3)]+<p1 g—hn)

when w > +/ps/3 > +/p3/ps> Re[Fg(w)] is a monotonically
increasing function. Since Re[Fs(~/p4/3)] > A, is positive
already, M(w) would be further greater than A, as the
growth of w has passed through +/p,/3 where the sit-
uation should be ignored. Consequently, if all 7,, <
min{T;(+/2A,,/p,), T;(\/p4/3)}, the sixth-order system is sta-
ble, and the theorem is proven out. O
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FIGURE 1: The trajectories of F,(w) and F,(w) on the complex plane.

Remark 7. Despite the fact that it is difficult to present
a general solution in the form of inequality to consensus
problems of all high-order multiagent systems because the
monotonicity of each high-degree polynomial that the solu-
tion relies on requires specialized derivation to figure out,
the process of deriving the consensus conditions for the first-
to-sixth-order systems has demonstrated a general approach,
with which one can work out consensus conditions for an
arbitrary-order system. Moreover, by further calculation, we
provide stronger consensus conditions for the first-order and
second-order multiagent systems in the following theorem.

Theorem 8. Counsider the first-order and second-order multi-
agent system (5) with the control input (3) (I = 1,2); then, the
systems reach consensus if all the delays T,, < T), where

P
Y
7 2
: =
\pi 4L - pi (46)
212
- arctan Pi

\Pi+4A% - pi

Moreover, if all the delays t,, > T), the systems will be unstable,
and the agents will fail to reach consensus.

Proof. For the first-order multiagent system, we have already
proven in Theorem 6 that 7,, < 7, is a sufficient condition
for the system to reach consensus. If all 7,, = 7, jA,, is the
imaginary eigenvalue and its corresponding eigenvector u is
the one ensuring |ZZ:1 &, = A, = w,. With these values
substituted into (27) (I = 1), the equation

M —
Y, = F (@) (47)
m=1

holds true; that is, 7, is the “delay margin” equal to which the
delays of the first-order system present the first contact of the
eigenvalues from the stable region to the unstable one. When
all the delays exceed the delay margin, the systems will be
unstable, because there then exist eigenvalues in the unstable
region (the RHP). The instabilities become stronger and the
delays get greater distances exceeding the delay margin.

FIGURE 2: Two communication topologies of the 4-agent system.

(! + plwt. Let 0" =

\/( pr+4A% - pf)/Z be the only positive root of M,(w) =

For I = 2, My(w) =

A,; thus M, (w) < A, aslong as w < w*. Owing to the decline
of B(w), we can set all 7,, < O(w")/w" = T, to avoid the
possibility of (27) (I = 2). Therefore the sufficiency of the
condition has been proven. By the same principle as that for
the first-order system, T, is also the delay margin bringing
about the failure of the system to reach consensus. O

4. Numerical Simulations

In this section, some simulations are provided to illustrate the
theoretical results obtained by the previous analysis.

Consider a multiagent system consisting of 4 agents.
Figure 2 shows two different communication topologies
described with undirected graphs &, and &,, respectively.
With three different time delays on each connection, &,
presents the simplest connected topology, while &, having
six different time delays displays full connectivity. All the
delays are marked with 7;;, where i and j are the indices of
the connected agents. Suppose the weight of each edge on
both graphs is 1; then, for &, A, = 3.4142, and, for &,,
A, = 4. Selected experiments will be carried out to validate
the obtained results on 4-agent systems with both topologies
illustrated by &, and &,.

For a third-order multiagent system with simply con-
nected graph &, set py = 9and p, = 6; thus T = 1.43
according to Theorem 6. Let 7, = 1.42, 7,5 = 1.40, and 73, =
1.38. Seen from the simulation results shown in Figure 3, it
is apparent that agents have reached consensus. And for the
system with topology &, showing full connectivity, let p; =9
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FIGURE 3: The trajectories of agents in the third-order system (the topology is &,).
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FIGURE 4: The trajectories of agents in the third-order system (the topology is &,).
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FIGURE 5: The trajectories of agents in the sixth-order system (the topology is ¥,).
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FIGURE 8: The trajectories of agents in the second-order system (the topology is &,).

and p, = 6, and then one gets T = 1.2729. With time delays
Ty, = 1.27, 1y5 = 1.26, 754 = 1.25, 7y, = 1.24, 75 = 1.23, and
T,, = 1.22, simulation results are depicted in Figure 4, where
the consensus achievement recurs.

For a sixth-order system connected as &, the parameters
p1 =12, p, = 27, p; = 40, p, = 28, and p; = 12 yield
T = 0.51. Figure 5 has shown that the consensus achievement
is guaranteed, where 7;, = 0.50, 7,; = 0.48, and 13, = 0.46.
With connections in &,, the system reaches consensus as
shown in Figure 6, where p, = 12, p, = 27, p; = 35, p, = 28,
and p; = 12 and time delays 1, = 0.47, 7,5 = 0.46, 73, = 0.45,
7,4 = 0.44, 7,3 = 0.43, and 7,, = 0.42 which are bounded by
T = 0.4713 calculated according to Theorem 6.

To examine Theorem 8, we set p; = 0.4 for the second-
order system. According to Theorem 8, for &,, the delay
margin T = 0.1181. Two groups of delays are set: 7;, =
0.11,7,; = 0.10, 734 = 0.09, which are bounded by the delay
margin, and 1, = 0.12, 7,5 = 0.13, 73, = 0.14, which exceed
the delay margin. The results are shown in Figure 7: the first
two figures are the trajectories of agents when time delays
are bounded, which indicates that and consensus is reached;
the last two figures are the trajectories of agents when all
time delays exceed the delay margin, where the system is

unstable. These phenomena have attested the theorem. And
for &,, similar experiment is carried out: the delay margin
is obtained as T = 0.1007, and then, respectively, gives the
bounded delays 7,, = 0.10, 7,53 = 0.09, 75, = 0.08, 7, =
0.07, ;3 = 0.06, and 7,, = 0.05 and the exceeded delays
7, = 0.101, T3 = 0.104, T, = 0.107, 7, = 0.11, 7,5 = 0.113,
and 7,, = 0.116. As shown in Figure 8, the simulation results
validate the theorem again.

5. Conclusions

This paper has studied consensus problem of high-order
multiagent systems with nearest-neighbor control rules in
the presence of nonuniform time delays. For each delayed
Ith-order (I = 1,2,...,6) system, a sufficient condition
has been provided in the form of inequalities and, for the
first-order and second-order system, consensus conditions
have been presented in the form of delay margins, which
are less conservative and simpler in calculation than the
existing results by Lyapunov methods in the form of LMIs.
Numerical simulations on systems with two sets of different
topologies have been carried out to testify the theorems. The
simulation results show that the selected experiments have
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reached expected effect: the systems achieve consensus under
given conditions.

Future research will seek solutions to consensus problems
of nonuniformly delayed high-order systems with directed
topologies by applying this method. The main challenge is
the calculation of Fj(w)’s arguments (see (27)), because the
eigenvalues of systems with directed topologies are complex
values even in the absence of time delays and it is hard to
tell the relationship among the arguments of several complex
values and their summation.
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In this paper, we consider the consensus control problem for a multiagent system (MAS) consisting of integrator dynamics with
input and output time delays. First, we investigate a consensus condition for the MAS with a linear controller and without any delay
compensation. We then propose a consensus controller with a state predictor to compensate the effect of time delay. The consensus
condition for this controller is derived and investigated. Finally, we present an example of solving the consensus control problem for
two-wheel mobile robots with feedback loops that pass through a computer network with time delays. To demonstrate the validity
of the predictor-based controller, we conduct experiments with two-wheel mobile robots and present the results.

1. Introduction

Achieving cooperative control of robotic systems is of
increasing interest and has attracted a great attention in recent
years. There are many potential applications for multirobot
systems, including unmanned aerial vehicles, satellite clus-
ters, automated highways, and search and rescue operations.
Control tasks for robotic systems include consensus [1, 2],
flocking [3-5], formation control [6, 7], and tracking [8-
10]. Of these, consensus constitutes a fundamental prob-
lem for the coordination control of distributed systems.
Since cooperative multirobot systems rely on communication
between robots in order to collaborate, time delays due to
communication through networks and computations are a
problem that cannot be neglected. Time delays in general
can degrade system performance or even destroy stability.
When each robot is considered to be an individual agent,
multirobot systems can be considered multiagent systems
(MASs). Here, we consider the consensus problem of MASs
with time delay.

For nonlinear systems with input delay, Oguchi and
Nijmeijer [11] proposed a delay compensation method with a
state predictor based on anticipating synchronization. Several
studies [1, 12-16] have focused on the consensus problem
in a MAS with time delay. The papers [12, 13] showed the

upper bound of allowable input time delay under which
consensus could be achieved. We attempt to consider both
input and output time delay due to both communication
and computation. In this study, we first introduce a linear
time-delay control protocol with a corresponding consensus
condition, similar to that in [12]. The consensus condition is
used to give the consensus region of the allowable time delay
corresponding to coupling strength. To compensate the time-
delay effect, we focus on using a prediction control scheme for
MASs with input and output time delays to allow the system
to achieve consensus. A previously proposed state predictor-
based controller for nonlinear systems with time delay is
based on anticipating synchronization [11]. Kojima et al. used
it for a tracking-control problem with time delay [17], as did
Alvarez-Aguirre et al. [18]. In our previous work [2], we used
a controller based on this predictor [11] to solve the consensus
problem of MASs in undirected graph networks with time
delay and derived the corresponding consensus condition. In
this paper, by extending the results, we show that the system
achieves the average consensus, and the MASs with directed
communication graph can also achieve consensus under the
consensus condition. To show the validity of the obtained
results, we make the experiments in a multirobot system with
the proposed controllers to solve the consensus problem of
the coordinates of mobile robots.
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This article is organized as follows. In Section 2, we
introduce consensus problems for networks of dynamic
agents with input and output time delays and show the
necessary and sufficient conditions with linear coupling
without the predictor to achieve consensus. We then propose
a predictor-based consensus controller, for which we derive
the necessary and sufficient conditions. Simulation results are
presented in Section 3. Section 4 shows experimental results
of nonholonomic mobile robots with input and output time
delays to show the effectiveness of the proposed control
scheme. Finally, Section 5 contains our conclusions.

2. Problem Formulation

Consider a network that consists of N identical integrator
agents with invariant input and output time delays given as
the following dynamics:

%) =u(t-1")
y; (t) = x; (t - Tl.out) ¢y
fori=1,2,...,N.
H _ T R" _ T
ereX; =[x, X5 X0 € Ry = [Y1p Yoo o Yl €

R”, and w; = [uy,ty..., 1) € R” denote the state,
output, and input vectors of the ith agent, respectively. 7;"
and 7" € R" separately denote the input and output delays
corresponding to agent i.

For this system, the consensus problem is formulated as
follows.

Definition I (consensus problem). For multiagent system (1)
with input and output time delays, the consensus problem is
to find a control protocol to make the states of all agents reach
agreement such that x;(¢) = xj(t) foralli,j € {1,...,N} as
t — 0.

Following the consensus control protocol proposed by
[12], we assume that these agents are interconnected by the
following controller:

u () = - Z ki (Yi ) -y; (t)) 2

jeN;

fori = 1,...,N, where kij € R, denotes the coupling
strength between agents i and j. //; denotes the set of agents
adjacent to agent 7, which means these agents are connected
to agent 7 in the network topology. We now introduce some
definitions about a graph €. L(€) is the Laplacian matrix of a
graph & corresponding to the network topology constructed
by the interconnection of the agents. If the information
communication between agent i and j is bidirectional, the
graph & is undirected, and the corresponding Laplacian L(¥)
has the following entries:

-1 ifje;
;=10 ifj¢ N, j+i 3)
|7 if j=i.
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It is well known that the bidirectional graph Laplacian L(€) is
diagonalized and has a zero eigenvalue, and N -1 positive real
eigenvalues suchas 0 = A; < A; <--- < Ay, corresponding
to the N agents system.

Assuming that 7" = 7" = 7, each round-trip time delay
is given by 27 for i = 1,...,N. All coupling strengths are
identical and denoted as k. Controller (2) is simplified as

u(t) = -k(L(®) L)y, (4)

where ® denotes the Kronecker product of two matrices and
y = IyLyl .. yRlT e RN andu = [ul,ul,...,ul]" €
R™ denote the output vector and the input vector, respec-
tively.

The dynamics of the total system can then be derived as

x(t) = -k (L(¥)®1,)x(t - 21), )

where x = [xf, . ,XIT\]]T e R™ denotes the state vector. The

initial condition of the states is given as x(0) = ¢(0) (-27 <
6 < 0), where ¢(0) € C([-27,0], R™).

Therefore, from the stability of system (5), the following
consensus condition is proven following the results of Olfati-
Saber and Murray [12].

Theorem 2. Assume that each system (1) is interconnected
by (2) with a coupling strength k and constant input and
output time delay 7. The constructed network topology is fixed,
undirected, and connected. If the pair (k, T) satisfies

0<kr< d
4AN—1 2 (6)

the delayed system achieves consensus. Here Ay_, is the
maximum eigenvalue of L(E) for an N-agents system.

Rewriting kA y_, as k, pairs of (k,7) satisfying 0 < 7 <
7/4k can stabilise the delayed system. Thus, 7 has a maximum

value boundary corresponding to each value of k. In general,
if the number of agents increases, Ay_; corresponding to
the network structure also tends to increase. Based on k =
k/Ay_y, for a fixed time delay 7, k decreases as A _, increases,
and this slows the convergence rate. Therefore, this condition
means that the convergence rate gets slower as the number
of agents and the allowable delay increases. To overcome this
problem, in the next section, we propose a state predictor-
based controller that can counteract the effect of A ,_;.

Moreover, if the graph is undirected and connected, [12]
shows that MAS without time delays achieve the consensus,
and the consensus solution is given as the average of the states
of all agents; that is, Ave(x(t)) = (1/N) Zfil x;(t). In [19], the
necessary and sufficient condition for an average consensus
problem for MAS with nonuniform and asymmetric time
delay is given. From these results, we know that the MAS
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in Theorem 2 achieves the average consensus and that the
consensus value is given as

T 0
o= Ivel, {(p(O) + J (L(®)®L,)p(s) ds}
N =27
. (7)
15 el,
- N (P(O)a
where 1 = (1,...,1]7 e RV,

3. Main Results

Based on the MAS (1) with controller (2), we propose a
controller with a state predictor based on anticipating syn-
chronization for the consensus control of agents. We present
the consensus controller and discuss its stability problem in
this section.

3.1 State Predictor-Based Controller. Anticipating synchro-
nization is a kind of master-slave synchronization. The
predictor is constituted by the given system dynamics and
coupling of the difference of the system output and delayed
predictor states. The dynamics of this predictor can be stated
as follows:

Y =ut)~k,(Ft-20)-y(®), 8)

where k,, € R" is the prediction gain. Meanwhile, y = [?IT,

Y RIT € R™, where §,(t) = [;(t), ..., 7,(1)]" € R, i€
{1,..., N} denotes the predicted outputs. The initial condi-
tion of the predicted states is given as y(0) = ¢(0) (27 <0 <
0), where ¢(0) € C([-27,0], R™). Then, using the output of
the predictor instead of the output of the actual system, the
main controller is given as

u(t) = k(L) L)F(). ©)

Controller (9) with state predictor (8) compensates the
effect of time delays at input and output. If the predictor
has prior knowledge of the initial states of the system, the
prediction error always remains 0, and the predictor can
predict the exact future value of the states of the system.
Thereafter, the total system is shown as

x(t)=u(t-1),
Y(t) =X(t_T)a

(10)
u(t) = -k(L(®)L)¥ (),

Y& =u(t) =k, (y(t-27) -y ().

3.2. Consensus Condition. As we use a predictor to predict
the states, it is important to prove that the prediction error
converges to 0. The prediction error is defined as

e =7t -1)-x(). ()

When the prediction error y(t—7)—x(t) converges to zero,
this means that y(t) estimates the exact future value of x(t),

which is x(t + 7). The time-delay 27 is totally compensated at
this time.

With the use of (8) and (9), the dynamics of prediction
error can be obtained as

e(t) = —kye(t—21). (12)

To derive the necessary and sufficient conditions such
that the whole system converges to consensus, we consider
the coordinate transformation as follows:

X () ++x5 ()

il x, (£) = x, (t)
e.(t) = ;xi (t) 1 )

o | : (13)
x; (1) —xy ()

=M,®I,)x(t),
where
1 1 1
1 -1 0
MO — c RNXN (14)
1 0 -1

and e(t) = [x;(t) = x,(8),...,x;,(¢) — xN(t)]T denotes the syn-
chronization error. Substituting (8), (9), and (11) for the
derivative of (13), we obtain the following dynamics:

& (t) = -k (M,L(Z)M;' ®1,) e, (t)
(15)
~k(M,L(%)®1,)e(t).

The prediction error dynamics (12) and the dynamics (15) can
be rewritten in a matrix form as

|:é5 (t):| - [0 0 ] {es (t—ZT)]
ey | [0 -k, |le@-27)
N [—k (M,L(%)M,' ®1,) —k(MOL(?)@’IH)] {es (t)]
0 0 e |

From this equation, the consensus condition is given in
the following theorem.

Theorem 3. Assume that each agent (1) is controlled by
predictor (8) and controller (9) with gain k, constant input and
output time delay T and prediction gain k,. The constructed
network topology is fixed, undirected, and connected. Then, if
the pair (k,, 7) and k satisfy

k>0,
(17)
0< kpr < z,

4

the MAS achieves consensus.



Proof. The proof is given for the stability of the total synchro-
nization error dynamics (16). After the Laplace transforma-
tion, the characteristic equation of (16) can be derived as

shy +k(ML(®)M;' ©1,)  k(M,L(¥)®]1,)

d
« 0 sy +k, (e_Z”InN)
(18)
= det (sLy + k (M,L(¥)M;") @1,

- det (sInN +k, (e72T$InN)) =0.

To make the equation hold, one of the above determinates
should be equal to 0. As can be seen, the first determinant
of (18) represents the synchronization error, and the latter
represents the prediction error. To make both errors converge
to 0, all solutions satisfying the following equations must have
negative real parts:

det (sLy + k (MyL(9)M,') ®1,) =0,
19)

det (sI,,N +k, (e_ZTSInN)) = 0.

Since L(¥Z) for a fixed, undirected, and connected graph is a
symmetric real matrix and for the eigenvalues it holds that
0 <A, -+ < Ay, the term of the first equation in (19)
satisfies the following results:

PM,L ()M, P™" = , (20

where P € RY*N is the matrix that transforms M,L(¥)M, !
into the diagonalized form. Thus, the first equation can be

written as s + kA; = 0, i = 1,...,N — 1. To make s have
negative real part, we get the condition k > 0 from the first
equation.

For the second equation, we consider the smallest value
of 7, such that s = jw, which has a zero real part on the
imaginary axis. Then we have

w— kp sin (wt) = 0,
(21)
kp cos (wt) = 0.

Assuming w > 0, we can get wt = (7/2) + 2km, k =
0,1,....,N and w = k. Since the delay-free system is
described by s + k, = 0 (which is exponentially stable for
k, > 0), and the continuity of eigenvalues for LTI systems
holds, the roots of the dynamics of the second equation of
(19) lie on the open left half-plane. Therefore, from the second
equation, we get 0 < k,7 < 71/2. O

The first condition corresponds to the consensus condi-
tion for the system without delay, and the second comes from
the stability of the prediction error. This discussion means
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that the synchronization-based predictor is an extension of
the full-state observer, and a counterpart of the separation
principle holds for the stability of the system with the
synchronization-based predictor.

Compared with the consensus condition (6) of Theorem 2,
the ranges of both k and t are extended. The coupling strength
k is independent of time delay in Theorem 3 and k, < m/4r
holds for any constant 7. Moreover, if the prediction error
is not zero, both k and k, affect the convergence rate. If the
predictor has prior knowﬁedge of the initial condition, k is the
only influence factor for the convergence rate. We can choose
a larger value of k in order to make the system converge to
consensus faster.

Remark 4. It is known that a directed graph contains a
directed spanning tree, if and only if the corresponding graph
Laplacian L(%) always has one zero eigenvalue and N — 1
eigenvalues that have positive real parts [20]. In this network
topology, the MAS satisfying inequalities (17) can also reach
a consensus.

Concerning the average value of agent states, we have the
following results.

Theorem 5. Consider that the system with agent (1) satisfies
Theorem 3, so that the MAS achieves consensus. This MAS
achieves average consensus for any initial states p(0) € R™
and the consensus solution is given as

15,01
@, = an)(O). (22)

Proof. The total system can be summarised as

x(t)=-k(L(®)e1,)y(t-1),
¥ =-k(L(®)®L)¥ (1) (23)
~k, (y(t-21) -x(t-1)).

Following the method shown in [19], we consider the
following functional vector F, : C([-7,0], R™) > R™

F(x) =+ (1vel,)

5
. <x(t) " f_ k(L(®)®L)F(s) ds) (24)

- S (1he1)x 0,

where x, € C([-7,0], R™) represents the solution x(f) €
R"™ on the time interval [t —1, ] such that x,(s) =x(t+s),s €

[—7,0]. Since this graph Laplacian L(¥) is a symmetric zero
column-sum matrix, IEL(?) = 0 holds. Thus, the integral
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FIGURE 1: Network structures for three and four agents.

term is vanished in (24). The time-derivative of (24) along the
solution of (23) is given as

d 1
“F ()= (1he1,)
t
. (x(t) + J, ~k(L(Z)®1,)¥(s) ds) (25)

= % (IL®In) (_k (L (?)@IH)?(t —T)) =0.

Therefore, the functional vector F, (x,) is time-invariant,
and the value always equals the average of the initial state x(0)
given as

111,
Fi(x)="—"Ly(1y®a,)=«a,
(26)
1, o1,
=N _"14(0).
N ¢ (0)
O

3.3. Simulation Results. By using controller (9) and predictor
(8), we can obtain the simulation results for the system (10)
of three and four agents, respectively, connected by networks
in Figure 1.

The graph Laplacian L(Z,) for three agents is

2 -1 -1
L(g)=]|-11 0 (27)
-1 0 1
and the corresponding eigenvalues are A; = [0,1,3], i =

0,1,2.
In this simulation the coupling strength is k = 2, the
prediction gain k, = 0.8, and the time-delay is set as 7 =

0.25s. The initial states are set as x, = [1.35,2.54]", x5 =
[0.98,2.99]7, and xc = [1.60, 3.07]" for each agent, and the
initial states of the predictor are given as y(t) = 0 for —27 <
t < 0. The simulation results are shown in Figure 2. Itis clearly
shown that both the prediction error and the synchronization
error converge to 0 for each state. The consensus values of
the system are the average of the states at ¢ = 0; that is,
a, =[3.93,2.9]".

For a four-agent system, the graph Laplacian L(&,) of the
communication network in Figure 1 is

2 -1 0 -1
L(? ) -1 2 -1 0 (28)
= 28
Ylo -1 2 -1
-1 0 -1 2
and the corresponding eigenvalues are A; = [0,2,2,4], i =

0,1,2,3. The time delay is set as T = 1s, coupling strength
k = 2, and prediction gain k,, = 0.4 satisfying the consensus
condition shown in Theorem 3. We set y(t) = 0 for 27 <
t < 0 as the initial states of the predictor; the initial states
of dynamics (1) are x, = [1.12,2.56]", x5 = [1.62,2.57]",
xc = [L1.59, 3.06]7, and xp = [1.15, 3.06]" for the four agents,
respectively.

With more agents and a longer time delay, the MAS
satisfies Theorem 3 and converges to consensus, and the
prediction error converges to 0, as shown in Figure 3. Since
the simulation results show that the two MASs all converge
to consensus under the conditions given in Theorem 3, the
validity of the predictor-based controller is verified.

4. Experimental Results

In this section, by applying controller (9) with state predictor
(8), we show experimental results for multirobot systems.

Consider the two-wheel mobile robot shown in Figure 4.
Let us suppose that the robot moves on a flat plane under a
fixed global frame without drift. Let £;(¢) and ;(¢) denote the
global coordinates of the centre of the ith mobile robot; 0;(t)
denotes the current angle between the direction of velocity
v;(t) of the centre and the x-axis, and w;(¢) = dO;(¢)/dt is the
angular velocity. The kinematic model of the ith mobile robot
is expressed as

&) cosO, (t) 0

. v; (£)

()| =|sin6;(t) 0 [ ] (29)
. w; (t)

0; (t) 0

fori =1,...,N. Then, the coordinate (Eé 1), Cf)(t)) of point O
on the head of the robot used as the outputs is represented by
the coordinate transformation

[62 (t)] £ () + RcosO; (1)
[zl

0] g; (t) + Rsin 6, (t)

where R € R" is the radius of the mobile robot.
Applying (30) into (29), we obtain

[f; (t):| [cos 0; (1) —Rsin6; (t)] [ vi ()

ci T ] (31)
G, (1) sin; (t) Rcos0;(t) | [w; (t)
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(b) Synchronization error

FIGURE 3: Simulation results for four agents with controller (9) and state predictor (8).
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FI1GURE 4: Kinematic model of a mobile robot.

For clarity, we simplify [Ef)(t),{(’;(t)]T as x;(t) = [&(),
(i(t)]T for the ith mobile robot. Then (31) can be rewritten as

) I:Ei (t)] [cos 0, (t) —Rsinb, (t)] [ v; (1) ]
X = =
' 0) sin6; (t) Rcost; (t) ] lw; ()] (32

=B(0;(®)p; (1),

where p;(t) = [v;(t), wi(t)]T. Since det(B(6;(t))) = R, the
matrix B(0;(t)) is invertible for any 0,(t).

The schematic for the system in the experiment is
depicted in Figure 5. Time delay occurs in the communica-
tion between each robot and a centralized controller. Such a
configuration corresponds with a system that has a separate
central controller and several local controllers as simple on-
board controllers. By using this system, each robot needs only
weak computation capability for the local controller, which
makes the robots smaller and cheaper. We implement the
delayed system by using e-pucks [21], which are two-wheel
mobile robots.

We assume that there is a unified constant input and
output time delay 7 between each robot and a centralized
controller. Applying the input-output feedback linearization
technique, we design the local controller carried by each
robot as follows:

p; () =B~ (6;())y; (t - 1), (33)

where u,(t — 7) € R? denotes the output from the centralized
controller with time delay 7 € R". In this way, 0,(¢) is the
local information without time delay for each robot i. The
differential of an angular Gi(t) = w,(t) depends on the control
input w;(t); 6,(t) is a variant local state, and éi(t) converges
to zero when the control input w;(t) converges to zero. By

7
............ oo
uy(t) 1A Local controller !
Sl ' \
Centralized F I : PA(t)J/ !
: : !
controller o« A(t) Collision i
e ! avoidance |
1

FIGURE 5: Schematic of the robot A system. The local controller and
collision avoidance are on-board the robot. Time delay happens on
communications between robot A and the centralized controller.

applying (33) to (32), the system is linearized as an integrator
system with input and output time delay given as

% () = u; (t—7),
(34)
;@) =x;(t-71)
fori = 1,..., N.Then the predictor-based control scheme can

be used for this multirobot system to converge the output of
the robot to consensus.

4.1. Collision Avoidance. On the way to convergence consen-
sus, a robot may collide with other robots. Here, we assume
for robot i that the other robots are obstacles. The robot j in
danger of colliding with robot i is denoted as belonging to the
set

M;=1{x;0) | x5 () <diyn j#i (j=1,...N)}, (35)

where x7:(t) = (§(t) - £;(1))* + ({i(t) — {;(t))* denotes the
square of the distance between robots i and j and d,;, is

the minimum safe distance between two robots. Here, the
following RPF proposed in [22] is adopted as

v, () =

2
1 1
[ — if x,.(t) <d_.
i 11<x12] (t) d2> 1 xz]( ) < min (36)

0 if x;; (£) > d

min>

where 7 € R" is the gain of the RPE The collision
avoidance algorithm can be implemented by the following
local controller:

oV; (1)
w; (t) = —jg/fi % ()
) (37)
1 1 1
(557 (5m) G0

Here, the distance x;;(t) is measured by sensing under
the measuring range of robot i and the angle 0;(¢) is available
as local information. With such local information, the
RPF approach can be utilized without time delay, as in

x;(t) — xj(t) = [x,.j(t) cos(@i(t)),xij(t) sin(@i(t))]T. With
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FIGURE 6: Structure of experimental system.

collision avoidance, the controller for the experiment is given
as

pi(t) =B (6,(")w; (t - 1),
Yi (8) = w; (t) - k, (¥; (t = 21) —y; (1)),
kY (:()-7;(®)

JEN;

11 1
2ol5e-2)(50

w (t) =

fori=1,...,N.

The consensus problem is to converge the coordinates of

point O on mobile robots to one point. However, considering
the possibility of collision, we first use Ar as the transformed
distance instead of the radius R of the robot. Thus, the
transformed coordinates are on the line between point O’ and
the centre of the robot. Then, if x;;(t) € [dyy,, dpax] for all
i,j = 1,...,N, the robots are considered to have achieved
consensus, and the control program stops. Since the actual
volume of the robot should be considered, d,;, = 2R-2Ar+d
and d,,, = 2R + 2Ar + §, where § is the tolerance.
4.2. Experiment Configuration. As shown in Figure 6, the
experimental setup is composed of robots named e-puck,
which move on a smooth plane with two overhead CCD
cameras to obtain the images of the robots moving. PC(i)
is used to analyse the position and angle information of
the robots by image processing designed using the software
HALCON, and another PC(ii) is applied to calculate the
control input u;(¢) and send the control signal to each robot
through a Bluetooth module.

In the experiment, the radius of each robot is R =
37.5 mm, the transformed distance is set as Ar = 5 mm, and
the tolerance is set as § = 10 mm. Therefore, d,,, and d
in (37) are defined as d_,. = 95 mm and d

min
= 75 mm. The

max min

(38)
(39)
if x;; () > diax
if diyin < %5 (1) < Aoy (40)

2
) (x, () =x; (1) if x;5 (£) < Aoy

gain of RPF is given as # = 0.002. To show the effect of the
predictor, time delays are set artificially.

Figure 7 shows the experimental results in the graph
topology of the three robots in Figure 1 using controller (40).
The initial states, (£;(0),;(0),0,(0)), are A(1.35,2.54,1.33),
B(0.98,2.99,-0.29), and C(1.60,3.07,-2.13), respectively.
The design parameters are set as the coupling strength k = 2
and prediction gain k,, = 0.8. Time delay is set as 7 = 0.25s
artificially. The initial states of the predictor are set as y(t) = 0
for-2r <t <0.

In Figure 7(a), the x marks indicate the starting positions
and the solid circles show the final positions of the robots
in which the radius of the small circles is Ar and the
transformed coordinates are on these circles. Both the final
positions of the robots and the synchronization errors given
in Figure 7(b) show that the robots converged to consensus
intuitively.

Figure 8 shows the experimental results for controller
(40) for four e-pucks in the graph topology in Figure 1. The
initial coordinates are A(1.12,2.56,0.98), B(1.62,2.57,2.46),
C(1.59,3.06,-2.29), and D(1.15,3.06,-0.84) for the four
robots, respectively, and we set y(t) = 0 for -27 < t < 0
as the initial state of the predictor. Time delay is setas 7 =1
artificially, coupling strength is k = 2, and prediction gain
kp =04.
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FIGURE 7: Experimental results for three robots with controller (40).
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FIGURE 8: Experimental results for four robots with controller (40).

From the experimental results in Figure 8, we confirmed
that consensus is achieved. Figure 8(a) shows the trajectories
of the four robots that converge to one point. Figure 8(b)
shows that the robots converge to consensus.

Figure 7 shows an experimental result for the same net-
work topology, coupling strength, prediction gain, and initial

conditions as the simulation shown in Figure 2 by using
the robots. In Figures 2(b) and 7(b), the synchronization
errors both have the tendency of convergence to zero and
the agents finally achieve consensus. In the experiment, we
considered the volume of the robot and the collision problem.
The achieved synchronization error is between [d,;,, d .« ]
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due to the controller (37) in Figure 7(b). In Figures 3 and 8,
the similar results are obtained for four agents.

Remark 6. In real applications, time-delay in network com-
munication may be time-varying and/or unknown. Accord-
ing to the experimental results in [18], Internet-induced time
delays between different countries are almost constant. If the
variation of time-varying delay is relatively slower comparing
with the velocity of convergence of prediction error, the delay
can be considered as constant. In this case, the proposed
method is available for the MAS using communication
networks. Even if the practical time-delay is time-varying,
it is possible to add artificial delay to true up the length of
delay to a constant value and adopt the proposed scheme by
overestimating the maximum size of delay.

5. Conclusions

In this paper, we considered the consensus problem of MAS
with input and output time delays. A controller with a
state predictor based on anticipating synchronization was
proposed for this system. The consensus conditions for the
controller were given, and we discussed the average consen-
sus. We concluded that the proposed controller and predictor
could cope with longer time delays, since the number of
robots increased. We provided numerical simulations to
show the validity of the control scheme. Validity was fur-
ther confirmed in experiments with nonholonomic mobile
robots based on the theoretical stability criteria and collision
avoidance mechanism. It was shown that the validity of the
proposed predictor-based controller could be used in real
applications to control multiple mobile robots converging to
consensus. In this study, to apply the predictor-based control
approach, time-delay is considered as a constant value. Since
time-delay is variable in real applications, we would like to
discuss this problem in the future study.
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In this paper, a MIMO PI design procedure is proposed for linear time invariant (LTI) systems with multiple time delays. The
controller tuning is established in two stages and guarantees performances for set-point changes, disturbance variations, and
parametric uncertainties. In the first stage, an iterative linear matrix inequality (ILMI) approach is extended to design PI controllers
for systems with multiple time delays without performance guarantee, a priori. The second stage is devoted to improve the closed-
loop performances by minimizing sensitivity functions. Simulations results carried out on the unstable distillation column, the
stable industrial scale polymerization (ISP) reactor, and the non-minimum phase 4-tank benchmark prove the efficiency of the
proposed approach. A comparative analysis with the conventional internal model control (IMC) approach, a multiloop IMC-PI

approach, and a previous ILMI PID approach proves the superiority of the proposed approach compared to the related ones.

1. Introduction

PID controllers have been at the heart of control engineering
practice for several decades [1, 2]. They are widely used in
industrial applications as no other controllers match simple
control structure, fewer tuning parameters, and robustness
against uncertainties. However, until now, a high percentage
of PID control systems seem to be badly tuned and many
difficulties occur essentially when the multi-input multi-
output systems are considered [3-5]. One major reason may
be explained by coupling interactions between the different
loops and mainly the negligence of uncertain and immeasur-
able dead times. Tuning multiloop PID controllers for LTI
systems with multiple time delays [6-9] is then considered
until now as a challenging problem in control theory. In
this framework, the internal model control (IMC) method is
considered as the most conventional and effective approach
for PID controller design while taking into account time
delays [10-12]. The design of MIMO IMC-PID controllers is
based on a series of SISO controllers using IMC interaction
measures between the different loops. This method becomes

very hard when the number of inputs/outputs increases.
Even more, its implementation may fail when the interaction
measures between the different loops are so high. The last
difficulty represents the main disadvantage of this method
and an alternative solution was proposed by Vu and Lee [13]
to solve such a problem. Unfortunately, this result remains
applicable only when the first-order MIMO systems are
considered.

On the other hand, iterative linear matrix inequalities
(ILMIs) are known to be powerful tools to solve multivariable
control problems. Particularly, ILMI approaches were already
used to design PID controllers for LTI systems without delays
[14-18]. The basic idea was based on transforming the PID
controller into an equivalent static output feedback (SOF) sta-
bilization one by augmenting, using some new state variables,
the dimension of the controlled system. Unfortunately, such
controllers are known by their bad performances compared
to those designed via IMC approaches (when applicable).

As Loop Shaping (LS) techniques [19, 20] are well
known for their abilities to improve the closed-loop system
performances by minimizing the signal transmission from
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load disturbances and measurement noise to input and
output process or in terms of requirements on the sensitivity
functions and/or complementary sensitivity functions [21-
23], this paper suggests using this concept for improving the
MIMO PI controller performances computed via ILMIs. The
proposed approach overcomes the problems introduced by
the well known IMC method when the fully cross-coupled
multivariable systems are considered. Its implementation
requires two steps: in the first step, the ILMI method
proposed by Zheng et al. [14], appropriate for systems without
delays, is extended for the design of PI controller for multiple
time delay systems. As such approach generally gives bad
performances, a second stage is then launched in order
to improve the performances of the closed-loop system by
shaping the already designed PI controller by minimizing the
sensitivity function of the system.

To illustrate the effectiveness and the performances of
the proposed approach, three examples of multiple time
delay systems including unstable, stable, and non-minimum
systems are considered. A comparative analysis with related
approaches is also given to prove the superiority of the
proposed approach.

The paper is organized as follows: The problem formu-
lation is stated in Section 2. Model reduction of the MIMO
system with multiple time delays is detailed in Section 3.
Section 4 is devoted to the main results. Section 5 shows the
validity of the proposed approach where a comparative study
with related approaches using typical examples for set-point
tracking, disturbance rejection, and parametric uncertainties
scenarios is considered.

2. Problem Statement

Consider a nominal multivariable LTT system with multiple
time delays described by

x()=Apx®)+Ax(t—1)+Bu(t-1,)
+Bju(t-15), (1)
y () =Cx (1),

where x(t) € R", u(t) € R", and y(t) € R’ are the state
vector, the control vector, and the output vector, respectively.
A, € R AL € R By, € R™", B, € R™, and
C € R are known constant matrices. 1y, 7,, and 75 are time
delays.

The objective is to design a finite dimensional PI con-
troller described by

t

u(t) = Fie(t) + F, L e (t)dt, @)

where e(t) = r(t) — y(t), r(t) € RP, is the set-point vector
and F;, F, € R"™? are proportional and time integral gain
matrices, respectively, that stabilize the system (1) to the set-
point vector.

Let G(s) € RP™ be the general transfer matrix of the
delayed system (1), computed as described in [24], and K(s) =
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[Ki]- (s)] € R™P the transfer matrix of the PI controller given
by

B, ,
Kyj(s) = Fy, + (3)

where Kj;(s) is the i jth element of the transfer matrix K(s),
Fy s the proportional gain of the ijth element of K(s), and
F, is the integral gain of the ijth element of K(s),

For such PI controller there are 2 X m x p parameters to
be tuned for a plant with m inputs and p outputs.

The last control problem is very complex since system (1)
is a MIMO infinite dimensional system. To be relaxed, the
control problem will be organized in two subproblems.

2.1. Subproblem I: Design a Finite Dimensional PI Controller
for Just SOF Stabilization. In this stage, the infinite dimen-
sional system (1) will be reduced to the finite dimensional sys-
tem (4)-(5) whereas the PI controller (2) will be transformed
into the SOF controller (6) described, respectively, by

Z = AZ + Bu, (4)
y=Cz, (5)
u = Fy, (6)

! !
where Z(t) € R", u(t) € R", and y(t) € R? are the
sate vector, the control vector, and the output vector of the
approximated system, respectively. A € R"*", B € R"*",
—_— ! !
and C € R are matrices related to the approximated
system to be computed using the approximation method and

the SOF transformation and F € R™? and is the SOF
feedback gain matrix, to be designed under the following
assumptions.

Assumption 1. The set-point vector r(t) in (2) is assumed to
be null (r(t) = 0).

Assumption 2. T,, T,, and 15 are assumed to be uncertain but
constant delays.

Assumption 3. The PI controller (2) is well-posed.

Assumption 4. The finite dimensional closed-loop dynamics
Z = (A + BFC)Z with a realization (A, B, C) is stabilizable via
SOF controller.

To this end, the PI design procedure is proposed in
Section 4.1.

2.2. Subproblem 2: Set-Point Stabilization and Output Distur-
bance Attenuation by Minimizing Sensitivity Functions. The

objective of the subproblem 2 is to design a shaped controller
described by

Ky () =Vi(s)K(s)V, (5) 7)

that improves the closed-loop response considering a shaped
system described by

G (5) =V ()G (s) V; (5) (8)
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v(t) (0, 1) y(l,t) =v(t-1)
o

Delay block

FIGURE 1: Modeling a delayed variable via a distributed parameter
system.

where Vi(s) € RPP and V,(s) € R™™ are a pre-
and postcompensators to be chosen in order to satisfy, in
closed-loop, performance specifications such as set-point
stabilization and load disturbance rejection.

The most crucial part of the design procedure is to find the
appropriate weighting matrices V; (s) and V,(s). Note that the
shape of the weights is determined by the closed-loop design
specifications. Once the desired loop shape is achieved, the
final controller Kg, (s) to be applied to the nominal transfer
matrix G(s) is then constructed. To this end, a Loop Shaping
design procedure is proposed in Section 4.2.

3. Model Reduction of the MIMO System with
Multiple Time Delays

Each delayed variable can be modeled as a distributed
parameter system described by a partial differential equation
as follows [25]:

oy (z,t) _181;/ (z,t) 9)
o T 0z

with the boundary condition
v(t) =y (0.1) (10)
and the output equations:
vit-1)=y(L,1), (11)

where t and z are time and pseudospace variables, respec-
tively. As shown by Figure 1, v(t), y(z, t), and v(t — 7) are the
input, the state variable, and the output of the delay block,
respectively. 7 is a constant time delay.

For numerical simulation or control design purposes, an
infinite dimensional system is generally reduced to a finite
dimensional system by using an approximation method.
Within the framework of weighted residuals methods, the
orthogonal collocation method is applied in this paper to
approximate the partial differential equations described by
relation (9) augmented by boundary conditions (10)-(11) for
its simplicity since it avoids integration [26].

The principle of the orthogonal collocation method is to
search a finite dimensional approximation for the distributed
parameter variable y/(z, t) in the following form [27]:

N
v (@) =YWL (2), (12)
i=0

where y* denotes the approximation of y(z,); N is the
order reduction; ¢;(¢) are unknown time-varying coefficients
chosen such that the approximated solution is the exact one
at the collocation points such that

G =y" (zt) = y(zt)|,_,, Vie{0,...,N} (13)

and LY (z) are the Nth order Lagrange interpolation polyno-
mials; that is:

N z-z;

(N) — J

Li (Z) _HZ<—Z-’ (14)
j=0"771 !
#i

where z,z,,...,z2y € [0,1] are the collocation points of
the method. In this paper, the internal collocation points
are considered as the zeros of the (N + 2)th order Jacobi
polynomial defined fori = 1,..., N + 2 by Lefévre et al. [27]
as follows:

(pa) _ P\ (PD _ 1 (pD (P
Py = (Z O, )PN—I —hG PN (15)
with p? = 1 and where coefficients h%? and g'»*% are

defined as follows:

(N-D(N+p-D(N+q-)(N+pra-1)
bl 1 bl
) _ (2N+p+q—1)(2N+p+q—2)2(2N+p+q—3)
N 1 1
(p+ ¥q+) , if N =2,
[(p+q+2) (p+q+3)
0, otherwise, (16)
2 2
g(p,q):=<l<l— Poq ) if N > 1,
N 2 2N+p+g-1)"-1
_a+t ifN =1,
Lp+tqg+2

where p and g are two constant parameters affecting the
position of the collocation points.

By applying delay variable approximation on each delayed
variable of the vectors x(¢t — 7,), u(t — 7,), and u(t — 3), the



following 3(N + 1) finite dimensional equations can be then
obtained from the partial differential equation (9), [28]:

. 1-— 1-—
Y, () = _T_1A1W1 (t)+ T_lle ),

U (6) = — Ay () + ~Byu (1), 1)
7, 7,

. 1— 1-—
¥ (0 == Ay 0+ B (@),

augmented by the following outputs:
x(t-7) =y, (Lt) = Cy, (1),
ut-1)=v, (L) =Cy, (t), (18)
u(t—1) =y, (1,t) = Cyys (1),

where for k = 1,2,3, A;, B;, C; are computed as given in [28].
Let consider Cauchy’s formula for the interpolation error
defined by Lefevre et al. [27] as follows:

ex(zt) =y (zt) -y (z,t) 19)

and assume that the unknown solution y(z,t) is sufficiently
continuously differentiable; we have then

v (Z)(NH) (77 (2), t) (20)
(N +1)! ’

en (z1) = w(2)

where w(z) = H;io(z —z;)and n(z) € [-1,+1].

Hence, we try to choose the interior collocation points
Zy,...>2y_; that minimize the interpolation error (19). With-
out any a priori knowledge on the behavior of the exact
solution, this problem reduces to finding z,,...,2zy5_; such
that y(z) is minimal.

By considering the case study of the Chebyshev poly-
nomials belonging to the family of Jacobi polynomials, and,
corresponding to the values of the parameters p = g = —1/2,
the corresponding minimal norm is given by Lefévre et al.
[27] as follows:

[y @™ (1@,

(N + 1)12N-2 @y

lexlleo <

Through the result (21), we demonstrate that the interpolation
error for a variable delay approximation is always bounded
for the parameters p = g = —1/2.

4. Main Results

4.1. PI Controller Design via ILMIs. In the following, the SOF
transformation of the PI controller of the delayed system (1)
will be detailed. Using (18), the system (1) can be written as
follows:

x(t) = Apx (t) + A,C v, () + ByC,ys, (1)
+B,Cyy; (1), (22)
y()=Cx(t).
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Let now
2 =[z" 2], (23)
where:
Z =[x v () v, () v ()] e RY,

t (24)
zm=jymm

0
and let:
y=0 7l =Cz (25)
where:
y,=y=Cx=[C 00 0 0]Z
t (26)
j/zzjoy(t)dt:[o 000 I]Z

The state space of a new augmented system controlled via an
SOF controller is then deduced as follows:

§=ZE+Bu,
3 =Cz, (27)
uzﬁ)"/,
where:
A, AC, B,C, B/C,; 0
1— 11—
—B, —A, 0 0 0
Ty Ty ]
A= 0 0 -——A, 0 0
T2 ]
0 0 0 -—A;0
T3
C 0 0 0 0
c mn'xn
0
0 (28)
~ IE "
_— n xXm
B: T2 2 € m 5
1—
_33
T3
0

— T 1ol
C= [EIT 62T] e RPT,
C,=[C 000 0]eR™,

C,=[000 0 I,,] e R,

Taking into account (27), the control law (2) under
Assumption 1 can be written as follows:

u=-(Fy, +E5,). (29)
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On the other hand, we have from (27) the following:
u=-(F,3 +F,3,)=Fy. (30)

We can deduce that once the matrix F = [—F . —132] e R
is designed the closed-loop system (4)-(6) is asymptotically
stable. Considering analogy between (29) and (30), the
original PI gains can be recovered as follows:

[F, F]=[F, F]. (31)

Theorem 5. The multivariable LTI system with multiple time
delays (1) is stabilizable via SOF if and only if there exist a

constant matrix F = [—Fl —Fz] € R"™P and a symmetric

positive definite matrix X = X” > 0, X € R satisfying the
following matrix inequality:

A'X + XA- XBB X + (BTX + FE)T (ETX + Fé)

(32)
<0
such that
F = Fp
~ (33)
F,=F,
Proof.
Sufficiency. Note that
—_ ~ T —_ —_~——
(A+BFC) X+X(A+BFC)
~  ==\T ~ == ~T~T~~
<(A+BFC) X+X(A+BFC)+C F FC
(34)

- A'X + XA~ XBB'X
— —\T /= ——
+(B'x+FC) (B'Xx+FC)<0.
From Lyapunov’s theory, the closed-loop system Y. : Z = (A+
BFC)z is then asymptotically stable.

Necessity. Suppose that ) is asymptotically stable for some
F. Then there exists X = X" > 0 such that

~  ==—\T ~ =
(A+BFC) X+X(A+BFC) <o. (35)
It is easy to find that there exists a scalar p > 0 such that
1 x1=1

(A+BFC) x + X (A+BEC) + SCFIC<0 (o)

. . . o . _ _A\T
A'X+XA-YBB X-XTBB Y +Y'BB' Y — aX (BTX + FC)
<0

(TS’TX + FE)

5
that is,
A'X + XA - p’XBB' X
=T 1-=\"( =1 ) P
+( pB X+;FC pB X+;FC <0,
. . (37)
A X+ XA-p'XBB X
T
- 1~ ~ 1-—
+ (pBTX + —FC) <pBTX + —FC> <0.
P P
Obviously, (37) is equivalent to
A X + p’XA - p*XBB' X
(38)

+(p’B X+ FC) (9B X +ICT) <.

By substituting pZX with X in (38), we obtain inequality (32).
Condition (33) is already proved in (31).

Due to the term —X1~31§TX, (32) cannot be simplified to
an LMI. Similarly to SOF control problem described in [14-
16], an ILMI algorithm can be addressed to solve the Bilin-
ear Matrix Inequality (BMI) in (32). To accommodate the

==T
—XBB X term, an additional design variable Y is introduced.

Because (Y — X)TEET(Y —-X) > 0foranyY > 0 and X for the
same dimension, we obtain

Y'BB X+ X'BB'Y -Y'BB'Y < X"BB' X.  (39)

By combining (32) and (39), a sufficient condition for the
existence of SOF gain matrix F is obtained such that

A'X+XA-YBB X-XBB Y+YBB'Y
e (40)
+(B X+FC) (B X+FC) <0.

Considering the /2 stabilizability via SOF concept [29], if the
matrix inequality (40) has a solution (X > 0, F), then there
exist a real number « > 0 and a fixed matrix Y > 0 such that

A'X+XA-YBB X-X'BB Y+Y'BB Y
e (41)
+(B X+FC) (B X+FC)—0¢X< 0.

Based on the idea that all eigenvalues of A + BFC are
shifted progressively towards the left-half-plane through the
reduction of &, we may close in on the feasibility of (32) [29].
Using Schur complement, inequality (41) is equivalent to the
following matrix inequality:

(42)
-1



The previous inequality (42) points to an iterative approach
to solve F and X > 0; namely, if Y is fixed in (42), then it
reduces to an LMI problem in the unknowns «, F and X. [

The following is a constructive ILMI algorithm for PI
control of LTI MIMO with multiple delays systems, and the
explanations are given in Remark 7.

Algorithm 6.

Step 1. Define the orthogonal collocation method parameters
N, p,and q.

Step 2. Transform the infinite dimensional system (1) to a
finite dimensional system (17)-(18) by computing matrices

Step 3. Design the SOF transformation to give the system’s
state space realization (A, B, C). If it does proceed to Step 4.

Step 4. Seti =1 and choose Y; = I,; + ¢, where g; > 0.

Step 5. Solve the following optimization problem for X;, F,
and «;:

OPI1: Minimize «; subject to the following LMI con-
straints:

T T
2, (B'X,+FC)
, <0, X;>0, (43)
B X;+FEC -1

where S, = A' X+X,A-Y,BB' X,~X,BB Y,+Y,BB Y-, X,.
Denote by «;" the minimized value of ;.

Step 6. If o < 0, the feedback matrix gains are F, = F, and
F, = F,. Stop. Otherwise, go to Step 7.

Step 7. Solve the following optimization problem for X; and
F.

OP2: Minimize tr(X;) subject to LMI constraints (43)
with &; = &, where tr stands for the trace of a square matrix.
Denote by X[ the optimal X;. The feedback matrix gains are
F,=F and F, = F,.

Step 8. If IIYI-INB - Xi*1~3|| < §, where § is a prescribed tolerance,
go to Step 9; otherwise, seti = i+ 1,Y; = X;‘ and go to
Step 5.

Step 9. It cannot be decided by this algorithm whether SOF
problem is solvable. Stop.

Remark 7. Due to the bad performances generated by initial
data selection in ILMI algorithms [14, 15], Y, = I, + ¢ is
proposed in this paper where & > 0, yielding to a feasible
solution.

4.2. Improving Closed-Loop Performances. In this section,
a modified approach of Loop Shaping technique [19] will
be introduced to design the multiloop PI controller as
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FIGURE 2: Block diagram of the controlled system.

described in subproblem 2. Figure 2 shows the block diagram
of the controlled system where , y,u, ug, e,d and d; denote
the set-point vector, the output vector, the control signal
vector, the process control signal vector, the error vector, the
output disturbance vector, and the input disturbance vector,
respectively.

Let us define the input loop transfer matrix, L;, and the
output transfer matrix, L, respectively, as follows [20]:

L, = KG,
(44)
L, = GK.

The input sensitivity matrix is defined as the transfer matrix
from d; to ug such as

-1
Ss=U+L;) ,

(I+L;) )
ug = S;d;

and the output sensitivity matrix is defined as the transfer
matrix from d to y such that

S,=(I+L,)",
( ) 46)
y = SDGdd‘

The input and output complementary sensitivity matrices are
defined as follows:

T,=1-8=L,(I+L;)",
(47)
T,=1-S,=L,(I+L,)".

It is easy to see that the closed-loop system, if it is internally
stable, satisfies the following equations:

y=T,r+8,Gd; +S,G,d, (48)
u = KS,r - KS,G,d - T,d;, (49)
e=3S,(r-Gyd)-S,Gd;, (50)
ug = KS,r — KS,Gd + Sd,. (51)

Equation (48) shows that the effects of the disturbance d
on the plant output y can be made “small” by making the
output sensitivity function S, small, as G, is fixed. Similarly,
(50) shows the effect of the set-point r to the error e by
making S, as small as possible. The notion of smallness
for a transfer matrix in a certain range of frequencies can
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FIGURE 3: Block diagram of a controlled shaped system.

be made explicit using frequency dependent singular values
particularly minimizing o(S,) where ¢ is the maximum
singular value. Similarly to the conventional Loop Shaping
design [19, 20], shaping the open-loop nominal system
corresponds to shaping the loop gain GK using the pre-
and postcompensators V;(s) and V,(s). The new shaped
control system is shown in Figure 3. It is obvious that a well
designed control system should meet, at least, the following
requirements: (1) stability, (2) set-point tracking, and (3)
output disturbance attenuation. Let us then define the input
loop transfer matrix, L;y, and the output transfer matrix,
L osh> 48

Lish = Ksthh’ (52)
Losh = Gsthh'

The input sensitivity matrix is defined as the transfer matrix
from d; to ug as follows:

Sish = (I + Lis )_1 >
" (53)
ug = Sisnd;

and the output sensitivity matrix is defined as the transfer
matrix from d to y as follows:

Sosh = (I + Losh)_1 >
y= Sosthd'

(54)

The input and output complementary sensitivity matrices are
defined as

-1
Tish =I- Sish = Lish (I + Lish) >
. (55)
Tosh =1- Sosh = Losh (I + Losh) .

It is easy to see that the closed-loop system, if it is internally
stable, satisfies the following equations:

Y = Toqnt + SosnGandi + SosnGad» (56)
u = K Sosn? = KinSosnGad — Tignd;» (57)
e =S (r = Gyd) = SonGandls» (58)
Ug = KgSon” = KinSosh Gad + Signd;- (59)

As G is fixed, from (56) and (58), good set-point tracking and
output disturbance attenuation would require the maximum
singular value of the output sensitivity matrix of the shaped
system o(S,g,) be made small such as

1

— — -1
0 (Sosh) = 0((1 + Gy Kg) ) = o (I +GaKy)
_ S S

(60)
1

< —-.
g (Gsthh)

It should be indicated that improving the closed-loop shaped
system performances over those of the nominal system would
require o(S,y,) be made smaller than o(S,), particularly in
the low frequency range where d is usually significant. As
G(s) and K(s) are fixed by subproblem 1, V;(s) and V,(s)
play a key role in the Loop Shaping design procedure. Thus,
synthesis of the shaped controller K, is reduced to choose an
appropriate V, (s) and V,(s) in order to guarantee closed-loop
performances, under the following:

mina (S,g,) (61)
such that
4 (Sosh) <o (So) . (62)

Figure 4 synthesizes the Loop Shaping design procedure
proposed in this paper where the proposed Loop Shaping
design procedure is stated below:

Algorithm 8.

Step 1. Consider the PI controller designed via Algorithm 6.
Assume that the closed-loop system performances are not
well performed and define the control objectives for the
desired closed-loop system responses (good disturbance
rejection, steady state error minimization).

Step 2. Choose a precompensator V;(s) and a postcompen-
sator V,(s) such that the singular values of the nominal plant
G(s) are shaped to give a desired open-loop shape (high low
frequency gain and low high frequency gain).

Step 3. For the shaped plant G, (s), if the control objectives
and constraint (62) are satisfied then go to Step 4. Else adjust
Vi (s) and V,(s) and go to Step 2.
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FIGURE 4: Loop Shaping design procedure.

Step 4. Synthesize a final feedback controller Kg, (s) for the
nominal plant G(s) by

Kgn (s) = K, () V3 (s) (63)

where K, (s) is given in (7). For tuning purpose, we always
choose V,(s) = I; then

K, (5) =V, () K (s) V1 (s). (64)

Step 5. Verify that the desired closed-loop system responses
are met. If yes stop. Else adjust V;(s) and V,(s) and go to
Step 2.

Remark 9. 1f G(s) is a nonsquare matrix suchas p > mor p <
m, then it is obvious that the proposed algorithm does not

hold. Some minor modifications are required to tackle this
problem. In fact, compatible dimensions for the shaped plant
Gy, (s) and the shaped controller K, (s) require taking V; (s),
V,(s), G(s), and K (s) with the same dimension (max (p, m)) x
(max (p,m)). Thereby, the dimensions of Gg,(s) and Kg,(s)
are chosen to be equal to (max (p, m)) x (max (p, m)) and the
proposed Loop Shaping design procedure still holds.

Remark 10. Note that the final PI controller designed in
Algorithm 8 is related to the PI controller designed in
Algorithm 6. Indeed, Kj;,(s), given by relation (64), is
designed, on one hand, using the full MIMO PI controller
K(s) given by relation (3) computed via Algorithm 6, and,
on the other hand, using weighting functions V;(s) properly
designed following Algorithm 8.
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Remark 11. It must be noted that there are severe limitations
when the conventional Loop Shaping design procedure is
used for MIMO systems as discussed in [20]. Among these
limitations, it may still be much harder to find a stabilizing
Ky, if Gy for non-minimum phase or unstable systems.
However, this paper succeeds in overcoming these limitations
thanks to the first stage of the design procedure that guaran-
tees internally stable closed-loop.

5. Application

In this section, simulation results will be performed using
three typical examples: the distillation column (unstable
system), the ISP reactor (stable system), and the 4-tank
process (non-minimum phase system). Furthermore, we will
illustrate the superiority of the proposed approach over
related ones for set-point tracking, disturbance rejection, and
parametric uncertainties scenarios. The comparative study
will be established between the following approaches:

(i) The proposed PI controller designed via the Algo-
rithms 6 and 8.

(ii) The PI controller designed via Algorithm 6.
(iii) The PID controller designed in [14].

(iv) IMC-PI controller approach [13]

(v) The conventional IMC-PID approach [10]

Sedumi and Yalmip Toolbox [30] are used to solve ILMIs. To
evaluate the closed-loop performances, the Integral Absolute
Error (IAE) and the Total Variation (TV) criteria are con-
sidered. They are defined, respectively, by Vu and Lee [13] as
follows:

T
IAE = j le ()] dt,
0
(65)

T
TV = lu(k+1)-uk),
k=1

where T is finite time chosen for the integral approach steady
state value and e(t) is defined as the total error between the
set-points and the outputs.

For the different simulations, unit step changes in the set-
points and disturbances are made to the Ist and 2nd loops.
Furthermore, the robustness of the controller is evaluated
by considering a perturbation uncertainty of +10% in the
important parameters, particularity, gains, and delays of the
process.

Just for the second example, we will prove that the
most conventional multiloop IMC-PID control approach
proposed by Economou and Morari [10] fails and that the
multiloop IMC-PI proposed by Vu and Lee [13] has less
TV performances. This last approach will not be tested on
the third example since it is only appropriate for first-order
systems.

For systems with given transfer matrix, the passage
from the matrix transfer to a minimal state space model is
established using Gilbert method detailed in [31].

For the orthogonal collocation method, optimal param-
eters are chosen such as N = 3 and p = q = —1/2. The
different performances singular values are plotted by means
of 1/(S) and 1/0(Sg,) by noting that max 1/5(Sg,) is equal to
min o(Sg,)-

To prove the validity of the transformation between the
state space representation and the corresponding transfer
matrix and the approximation of the delayed system, let us
introduce the following errors: let e, be the error between
the unit step response to the state space representation (1)
and the corresponding transfer matrix of the LTI MIMO with
multiple time delays G(s). e, is defined as the total error
between the delayed system (1) outputs and the approximated
ones by model (4)-(5) using the orthogonal collocation
method.

Remark 12. Due the bad performances obtained via the PID
controller designed via the approach given in [14], an additive
filter is joined to the derivative action to attenuate noises.
Thus, the transfer matrix of the PID controller with filter
considered is described by

Fz PID S
— + B pp X —,
’ T8 +1 (66)

Kpp, £ () = Fy pip +
Ty > 0.

It should be noted that the PID controller with filter (66) is
applied to stable and non-minimum phase systems. Due to
bad simulation results performed for the unstable system, the
PID controller with filter is not considered.

5.1. Example I: The Distillation Column System. Consider the
typical example of the distillation column described in [6, 32,
33] belonging to the class of MIMO unstable plants with input
delays; its transfer matrix model is described by Mete et al.
[32] as follows:

3.0400e ™° —278.2000e "
s s(s+6)(s+30)
G(s) = s IR N (7))
0.0520e™™°  206.6000e
s (s+6)(s+30)

Applying a column decomposition method [31] for (67), the
state space representation (1) can be deduced as follows:

000 0
A 000 0 ,
00-6 0
00 0 -30
10
00
Bo={ 9o |
00
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00
01
1
1

>

0.0520 1.1400

3.0400 -1.5400 1.9300
—-1.4300 0.2800

0.3800)
(68)

fort, =0.5hand 7; = 0.6 h.
Using the orthogonal collocation method, the following
matrices are obtained for model (4)-(5):

AZ:Z3
10.3923 1.1547 -1.1547 0.8038
~4.6188 —0.0000 4.6188 -3
| 11547 11547 —10.3923 11.1962
~1.4291 1.3333 -19.9043 19
~-11.1962 -11.1962 (69)
_ 3 3
B2=B:=1 o038 -0s038
1 1

_ _ (0001
“2=%={001)

By solving Algorithm 6 with X, = I;,+0.0010and é = 0.1000
yielding to « = 1.5000, the following PI gains are obtained:

0.1945 0.2953
' \0.1946 0.2955)°

(70)
0.0432 0.0006
2 \0.0429 0.0006/
Thus, the PI controller transfer matrix is given by
0.1945s + 0.0432  0.2953s + 0.0006
K(s) = ) ) NG
0.1946s + 0.0429 0.2955s + 0.0006
s s

Figure 5 illustrates the validity of the passage between the
transfer matrix model (67) and the state space representation
(1) and also the validity of the approximated model (4)-(5)
obtained via the orthogonal collocation method.
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FIGURE 5: Models validation of the distillation column.

TaBLE 1: Comparative analysis of controller’s performances: the
distillation column case study.

Tuning method Set-point Disturbance
TIAE TV IAE TV

Proposed 175.16 19.82 453.14 19.77

PI controller 494.05 1.810 1366.10 6.69

Figure 6 proves that the PI design procedure satisfies
the desired specifications for a precompensator V;(s) and
postcompensator V,(s) chosen as follows:

i s+1
l.SOOOT
V,(s) = s+ 1.0400 cil ,
0 2———

L s+ 1.0200 (72)

v, (9 1 0
S) = .
? 01

To boost the low frequency gain and give almost zero steady
state error, V; (s) is chosen accordingly as an approximated PI
precompensator.

The resulting performance indices for the proposed mul-
tivariable controller and the one computed by ILMI method
for the nominal and perturbed system cases are summarized
in Tables 1 and 2. The proposed controller affords better
performances especially for the second output and better
disturbance rejection over PI controller as shown by Figures
8 and 9. As listed in Tables 1 and 2, the controller settings
of the proposed method provide superior performances
by the smallest total IAE for both case studies: set-point
changes, disturbances changes, and parametric uncertainties.
Acceptable TV indices are also shown by the proposed
method for this process.
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— a(G) — 1/0(S,)
— 0‘(Gsh) — 1/0(Sosn)
FIGURE 6: Singular values of G, G, 1/S,,, and 1/S g, for the distillation column.
TABLE 2: Robustness analysis under +10% in the gain and delay: the distillation column with input delays.
The distillation column with input delays (+10%) The distillation (cgigg:;l with input delays
Tuning method
Set-point Disturbance Set-point Disturbance
IAE vV IAE vV IAE vV IAE vV
Proposed 166.17 60.42 453.14 19.77 189.34 11.97 371.23 15.83
PI controller 457.45 1.82 1366.10 6.69 537.84 1.80 1118 5.18
5.2. Example 2: The Industrial Scale Polymerization (ISP) 0 0
Reactor. Consider the ISP reactor system described by its 0 —-6.4416
transfer matrix given by Chien et al. [34] as follows: B, = 0 0 ,
22.8900e ™° -11.6400e ™** 0 3.2204
45720s+1 1.8070s +1
G(s) = s s (73) 1100
4.6890e 2 5.8000e " - ( )
2.1740s+1  1.8010s + 1 0011
(74)

Its minimal realization via Gilbert method gives the state
space model (1) where

~02187 0 0 0
0 -05534 0 0
Ao = 0 0 -04600 0 ’
0 0 0  —0.5552
5.0065 0
0 0
0 2.1569 0
0 0

fort, =02hand 7; = 0.4 h.

Let us first test for the previous system the conventional
IMC-PID approach proposed by Economou & Morari [10].
In this approach, the IMC interaction measure surfaces are
practical tools to assess the potential value of the multiloop
design. By their definitions, they must vary between 0 and 1
such that for the ith input/output pair of a particular system
configuration, the Row IMC interaction measure R; is the
quantity defined by

1 29y (@)
L+ fp () 3, 'gij (i“’)| ’

R, (iw) = 0<w<oo (75)
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TABLE 3: Interaction measures of the ISP reactor via the IMC-PID approach [10].

IMC interaction measure

Pairing R, C;

(i 70) = (1,1) Rl = |g||g+||g| e |g||g+||g|
(17 = (2.2) Rl = |g21||gj1||gzz| cl mz||g-+u||gn|
(4 7) = (1,2) flier = |g||g+||g| e I%z||g+22||ffzzl
(13, 32) = (2.1) Rl = Igmllg+22||gﬂ| ) - o

whereas, for the same input/output pair and configuration,
the complementary quantity C; is defined by

1 _ Zj;ei 9ji (iw)
L+ f& (iw) 2 |gji (iw)| ’

C; (iw) & 0<w<o00. (76)

The following scenarios are expected:

(i) 0.5 < R;, C; < 1.0 corresponds to significant
interactions between the multiple loops and an overall
poor performances of the multiloop structure are
expected.

(ii) 0 < R;, C; < 0.5 corresponds to good pairing and
SISO controllers can be designed for each loop and
granting good performances.

For the ISP reactor, the transfer function matrix (73) can be
written as follows:

22.8900e %% —11.6400e %4

G(s) = 'Z B 4.5720s + 1 1.8070s + 1
Lu 4.6890e %% 5.8000e %%
217405+ 1  1.8010s + 1 (77)

-911‘379ll 9129012]

.!]21‘376l21 !]22‘37(922

From (75) and (76), we compute the IMC interactions
measure for each pairing as summarized in Table 3. Figure 10
shows the IMC interaction measure for 4, controlling y; and
u, controlling y, for the original pairing whereas reverse
pairing is shown as the IMC interaction measure for u,
controlling y, and u, controlling y,. As it can be observed
by the IMC measure interaction, the original pairing as the
reverse pairing cannot guarantee good performances that is
why such an approach fails.

Let us now apply the extended IMC-PI controller
approach proposed by Vu and Lee [13] for the class of
TITO multidelay processes with first-order plus delay time

TaBLE 4: Multiloop PI controller design of the ISP reactor via the
IMC-PI approach [13].

Loop K Ky
1 0.4211 0.1068
2 0.1320 0.1121

(FOPDT) systems. From the ISP reactor and referring to [13],
the following data are deduced:

K,, = 22.8900,
K, = —~11.6400,
K,, = 4.6890,
K, = 5.8000,
T,, = 4.5720,
T,, = 1.8070,
T, = 2.1740,
T,, = 1.8010,

(78)
11 = 0.2000,

]
6,, = 0.4000,
)

,, = 0.2000,
6,, = 0.4000,
A, = 0.0900,
A, = 0.6900,
K,; = —04111,
T,; = —2.1800.

The steady state relative gain array of the ISP reactor is
A ;(0) = 0.7087 < 1, which proves that the closed-loop gain
is greater than the open-loop gain. The ISP reactor system
does not then exhibit open-loop diagonal dominance. The
diagonal PI-multi-loop controller parameters K; and K; for
each loop i, i = 1,2 are then designed and given by Table 4.
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FIGURE 7: Input and output sensitivity matrices of the shaped model
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TaBLE 5: Comparative analysis of the controller’s performances: the
ISP reactor case study.

Tuning method Set-point Disturbance
TIAE TV IAE TV
Proposed 20.24 10.74 123.08 2.66
PI 174.42 1.97 224.96 1.33
PID [14] 440.57 4.93 417.66 1.48
IMC-PI [13] 3.97 1.98 49.05 9.13

We have also verified that the two outputs converge to the set-
points in response to a unit step.

For 7, = 0.2h and 7; = 0.4h, the reduced model (4)-
(5) is obtained via the collocation method. Figure 11 proves
the validity of models (1) and (4)-(5). By solving Algorithm 6
using the parameters Y; = I;5 + 0.0020 and 6 = 0.1000 and
yielding o = 0.7549, the following PI matrix gains are given:

(0.2059 0.3061>
1= >

0.2062 0.3060
(79)
(0.0302 0.0332)
2= .

0.0292 0.0335

The transfer matrix of the related computed PI controller is
given by

0.2059s + 0.0302 0.3061s + 0.0332

K(s) = $ s . (80)
0.2062s + 0.0292 0.3060s + 0.0335
S S

13

By solving algorithm in [14], the PID feedback matrix gains
are given by

0.0192 0.2989

. ~0.0132 0.0812 -
- i 81
2PID T\ _0.0135 0.0812

0.0151 0.0661
FS,PID = .

0.0187 0.2988
Fl,PID = >

0.0151 0.0660

Figure 12 proves that PI design procedure satisfies the desired
specifications for a precompensator V;(s) and postcompen-
sator V,(s) chosen as follows:

- 0.5000s + 1
35000 x === 0
_ S+
Vi(s) = 0.1500s +1 |
0 3 oSt
I st 1 (82)
- 10
S) = .
2 01

For a sequential unit step change in the set-points at
t = 0andt = 600h, one can see that the proposed
controller has the faster rising time and settling
response over other ILMI approaches as shown by
Figure 14. The disturbance model G, is taken as G; =

[~4.2430e7%%/(3.4450s + 1) —0.6010e %*/(1.9820s + 1)]T
as in [34]. Unit step changes in the disturbance were also
made to the 1st and 2nd loops, respectively, as shown by
Figure 15. The resulting performance indices for the nominal
and perturbed system cases for various tuning methods are
given in Tables 5 and 6. The proposed MIMO PI controller
provides superior performances over PI controller and PID
controller designed via ILMI approaches by means of the
smallest total IAE. Acceptable TV values are also listed by
the proposed method.

5.3. Example 3: The 4-Tank Process. Consider the quadruple-
tank process for which one of the two transmission-zeros
of the linearized system dynamics can be moved between
the positive and negative real axis [35]. The corresponding
model with multiple delays is described in [36] by taking into
account transport delays between valves and tanks. Applying
the numerical values corresponding to the non-minimum
phase model found in [35], system (1) is given by

~0.1993 0 0 0
0  -01422 0 0

Ay = :
0 0  -01230 0

0 0 0 —-0.0873
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TABLE 6: Robustness analysis under £10% parametric uncertainties: The ISP reactor case study.

ISP (+10%) ISP (-10%)
Tuning method Set-point Disturbance Set-point Disturbance
IAE TV TIAE TV IAE vV IAE TV
Proposed 19.75 8.72 120.67 2.90 21.28 9.27 127.46 2.54
PI 158.68 1.95 224.06 1.33 193.50 1.94 225.85 1.33
PID [14] 404.24 4.82 415.56 1.28 482.68 4.94 418.84 1.52
IMC-PI [13] 4.36 2.05 48.33 8.26 3.58 1.92 49.95 10.32

00 01230 O

00 0 00873
A, = ,
00 0 0
00 0 0
0.0482 0

0 0.0350
By = :
0 0
0 0
0 0
0 0
B, =
0 00775
0.0559 0

(83)

The measurement level signals y, and y, are k h, and k_h,
where k, = 0.5 V/cm. The output matrix is then given by

05000 0 00O
C= . (84)
0 05000 0 0

Its transfer matrix is described by

G (s)
0.0241e~ 0.0047¢~5(m+7)
B s+0.1993 (s+0.1995) (s + 0.1230) | (85)
0.0024¢ 51 +%) 0.0175¢~" '
(s +0.1422) (s + 0.0873) s+0.1422

For simulation results, the constant delays are chosen as
follows: 7, = 55,7, = 25, and 75 = 4s.

To investigate the validity of the 4-tank process, the
different model errors are depicted in Figure 16. By solving
Algorithm 6 using the parameters Y; = I3 + 0.2050, § =

0.1000, and yielding & = 0.2500, the following PI gains are

given:
0.1569 0.1532
F, = ,

0.0236 0.0154
(86)

H =

0.1569 0.1532
0.0236 0.0154)

Thus, the PI controller transfer matrix is given by

0.1569s + 0.1569 0.1532s + 0.1532

K(s) = $ s . (87)
0.0236s + 0.0236 0.0154s + 0.0154

N N

The feedback matrix gains designed by solving algorithm in
[14] are given by

. 0.1562 0.1515
LPIDT 0.0231 0.0150)°

- 0.1562 0.1515 )
- , 88
2PID 7 0.0231 0.0150

. ~3.7924 5.5584
PPID TN _37924 55584)°

Figure 17 shows that PI design procedure satisfies the desired
specifications for a precompensator V;(s) and postcompen-
sator V,(s) chosen as follows:

i 2s+1
3 x I
Vl(s): s+ >
0 3'><3s+1
L s+1 (89)
) 1 0
V, (s) = .
’ 01

The resulting performance indices for the proposed mul-
tivariable controller and those of other ILMI methods for
the nominal and perturbed system cases are summarized in
Tables 7 and 8. For a sequential unit step changes in the set-
point and disturbance, Figures 19 and 20 compare the closed-
loop time responses and controller output responses afforded
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FIGURE 8: Closed-loop responses and controller output responses to set-point changes for the distillation column.
TaBLE 7: Comparative analysis of controller’s performances. The non-minimum phase 4-tank process.
Tuning method Set-point Disturbance
IAE TV IAE vV
Proposed 479.04 119.47 98.24 15.20
PI 4005.50 39.10 105.91 11.48
PID [14]. 4100.80 338.06 105.22 6.75
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TABLE 8: Robustness analysis under +10% in the gain and delay: the non-minimum phase 4-tank process case study.

4-tank process (+10%)

4-tank process (—10%)

Tuning method Set-point Disturbance Set-point Disturbance
IAE vV IAE vV TIAE vV IAE vV
Proposed 418.26 120.51 99.43 15.84 510.06 98.66 94.85 13.21
PI 3678.10 3714 106.96 11.99 4383.80 41.88 102.31 11.58
PID [14]. 3768.90 333.93 106.24 7.04 4482.50 339.06 101.65 5.76
3 1.5
2

-0.5

—4

-5 Il Il Il Il 1 Il

Il 1 1 Il

0 500 1000 1500 2000 2500 3000 0 500

Time (hour)
1.5 0.8

1000 1500 2000 2500 3000

Time (hour)

0.5t

Y,

-0.5

1 1 L 1 1

1 Il Il Il

L 0.8
0 500 1000 1500 2000 2500 3000 0 500
Time (hour)

1000 1500 2000 2500 3000
Time (hour)

— Proposed —— Proposed

— PI — PI

FIGURE 9: Closed-loop responses and controller output responses to unit step changes in the disturbance for the distillation column.
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F1GURE 10: IMC interaction measures for the ISP reactor: fail of the conventional IMC-PID approach.

by the proposed controller with those given by PI and PID
with filter controllers. The disturbance model G, is taken as
a perturbation uncertainty of +10% in the process gain and
time delay into the actual process, simultaneously. As listed
in Tables 7 and 8, the proposed MIMO PI controller settings
provide superior performance over PI and PID controllers
by means of the smallest total IAE. High TV values are

explained by non-minimum phase system characteristics for
this process.

Furthermore, noise rejection in high frequencies is also
known as an important requirement in a control system
design. In order to evaluate the effect of such noise on
the closed-loop performances of the most complex exam-
ples considered in this paper, simulation results have been
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FIGURE 14: Closed-loop responses and controller output responses to set-point changes for the ISP reactor.

conducted taking into account of White Gaussian Noise
Measurements (WGNM) with a variation of 0.01V and zero
mean. It is apparent from Figure 21 that the output responses
are not sensitive to WGNM whereas acceptable fluctuations
are however observed for the control inputs. Improving such
performances will be considered in future works.

Remark 13. Equations (56) and (59) show the effects of the
disturbances d and d; on the output vector y and the control

signal vector u, respectively. This can be obviously made
small by making the output sensitivity function Sy, and
the input sensitivity function S,y small. In other words, a
good disturbance attenuation can be improved by making the
sensitivity functions 1/S,, and 1/S,y, decrease faster in low
frequencies. From Figures 7, 13, and 18, it is clear that this
principle is well managed for the three examples. Indeed, a
high frequency roll-off is shown over 0.01rad/s and 1rad/s
with 31 dB/decade, 20 dB/decade and 17.5 dB/decade for 1/S,;,
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FIGURE 15: Closed-loop responses and controller output responses to unit step changes in the disturbance for the ISP reactor.

and with 33.5 dB/decade, 20 dB/decade, and 18 dB/decade for
1/S;q, for the considered unstable, stable, and non-minimum
phase systems, respectively.

5.4. Comparative Analysis. Previous results can be summa-
rized as follows:

(i) Even more the controller design procedure has not
considered decoupling principle of multivariable sys-
tems; the proposed approach provides generally supe-
rior performances by the smallest total IAE for the

set-point changes, disturbance changes and paramet-
ric uncertainties, over related approaches, for the
unstable distillation column, the ISP reactor, and the
4-tank process as summarized by Tables 1-2 and 5-8.
Low TV values are also shown for the ISP reactor.

(ii) The proposed method succeeds to synthesize a
MIMO PI controller for the ISP reactor when the
IMC-PID approach proposed by Economou and
Morari [10] fails due to high interactions measure for
the original and reverse pairings. Furthermore, the
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FIGURE 19: Closed-loop responses and controller output responses to set-point changes for the 4-tank process.

proposed controller settings give a much smoother
response for the disturbance rejection case with (TV
=2.66, TV =290 and TV = 2.54) over the IMC-PI
approach [13] with (TV =9.13, TV =8.26, TV =10.32)

for both the nominal and the perturbed models.

(iii) The proposed method is applicable to the 4-tank pro-
cess where the IMC-PI approach [13] is not applicable
due to the presence of second-order functions in the

transfer matrix. The IMC-PI approach proposed by
Vu and Lee [13] is only applicable for FOPTD systems.

(iv) The proposed method is applicable to the unsta-
ble distillation column with input delays where the
IMC-PI approach proposed by Vu and Lee [13] is only
applicable for FOPTD systems and where the IMC-
PID approach proposed by Economou and Morari
[10] is limited to models with first or second orders.
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FIGURE 20: Closed-loop responses and controller output responses to unit step changes in the disturbance for the 4-tank process.

It should be pointed out that the unstable distillation 6. Conclusion

column holds third-order elements.
This paper presents a MIMO PI controller design procedure

(v) For the 4-tank process, some large IAE and TV  for LTI MIMO systems with multiple time delays by means
values listed are due to non-minimum phase sys-  of ILMI and sensitivity functions. The proposed Loop Shap-
tem characteristics; it is obvious that non-minimum  ing design procedure with minimizing sensibility functions
zero dynamics cause performance deterioration of  yields to optimized closed-loop system responses. The dis-
the closed-loop system responses (initial undershoot, tillation column, the ISP reactor, and the 4-tank process as
overshoot and zero crossings) and then increase IAE ~ benchmarks of unstable, stable, and non-minimum phase
and TV performances indices. systems are provided to illustrate the validity, effectiveness,
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and robustness of the proposed method. Considering dif-
ferent case studies (set-point tracking, disturbance rejec-
tion, and parametric uncertainties), a comparative analysis
between the proposed method and related ones showed
that the proposed method afforded the superior perfor-
mances both in the nominal and in the perturbed case
studies.
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This paper investigates the robust direct yaw-moment control (DYC) through parameter-dependent fuzzy sliding mode control
(SMC) approach for all-wheel-independent-drive electric vehicles (AWID-EVs) subject to network-induced delays. AWID-EV's
have obvious advantages in terms of DYC over the traditional centralized-drive vehicles. However it is one of the most principal
issues for AWID-EVs to ensure the robustness of DYC. Furthermore, the network-induced delays would also reduce control
performance of DYC and even deteriorate the EV system. To ensure robustness of DYC and deal with network-induced delays,
a parameter-dependent fuzzy sliding mode control (FSMC) method based on the real-time information of vehicle states and delays
is proposed in this paper. The results of cosimulations with Simulink® and CarSim® demonstrate the effectiveness of the proposed
controller. Moreover, the results of comparison with a conventional FSMC controller illustrate the strength of explicitly dealing

with network-induced delays.

1. Introduction

In recent years, all-wheel-independent-drive electric vehi-
cles (AWID-EVs) have attracted increasing research efforts
from both the academia and industry [1-3]. Equipped by
advanced electric motors with more accurate and quicker
torque generations than internal combustion engine (ICE)
and hydraulic braking systems, AWID-EVs have obvious
advantages in terms of direct yaw-moment control (DYC)
through flexible differential driving/braking functions over
traditional centralized drive vehicles [1, 3-6]. Plenty of
existing studies have focused on the more flexible DYC and its
integration control with active steering for AWID-EVs [2, 7-
13]. However, considering the presence of model uncertain-
ties, system parameter variations and external disturbances
such as road rough or wind gust, it is one of the most principal
issues for AWID-EVs to ensure the robustness of DYC.

To improve and ensure the robustness of DYC, in
the existing lateral dynamics control strategies of AWID-
EVs, sliding mode control (SMC) has been widely adopted,
which is robust and suitable for nonlinear systems such as
vehicles. Goodarzi and Esmailzadeh used a sliding mode
controller in low-level control to improve the robustness of
vehicle dynamics control system for AWID-EVs [1]. Li et
al. employed a sliding mode controller in the main loop
to offer enough robustness for an integrated vehicle chassis
control system based on DYC, active steering, and active
stabilizer [14]. Wang and Longoria designed three sliding
mode controllers to ensure control system robustness in
a new coordinated-reconfigurable vehicle dynamics control
strategy for AWID-EVs [15] and [16, 17] presented a terminal
sliding mode control method to improve the robustness of
yaw rate tracking control and torque distribution control. But,
in all of these aforementioned control strategies based on
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SMC, the interference from electronic control systems such
as networked-induced delays is not considered.

However, in a modern AWID-EV, the control signals
from controllers and the measurements from sensors are usu-
ally exchanged through an in-vehicle communication net-
work, for example, controller area network (CAN) or FlexRay
[2]. In other words, a modern AWID-EV is a networked
control system (NCS) rather than a conventional centralized
control system [2, 7, 9, 10]. Thus, the network-induced delays
cannot be ignored. According to these research results in
[2,7,9,10], the network-induced delays caused by CAN could
reduce the control performance of DYC and even deteriorate
the EV system. Some researchers proposed H,-based linear
quadratic regulator (LQR) control method against CAN
network delays as in [2, 7, 10]. However, research on SMC-
based DYC of AWID-EVs is rare.

Furthermore, as a variable structure control technology,
SMC is more vulnerable to network-induced delays than
continuous control technologies such as LQR or PID [18, 19].
There are numerous approaches to improve SMC. Among
these approaches, the state-dependent boundary layer tuning
method [20] has been widely used to improve the robustness
of SMC. However the conventional state-dependent bound-
ary layer tuning method is not sufficiently effective to deal
with network-induced delay.

The main work is as follows: firstly, the network- induced
delays are explicitly considered in the DYC through SMC
control method. Considering that the network-induced
delays lead to a challenging problem for the DYC based on
SMC, the chattering problem of SMC caused by the delays
is analyzed in detail and the delays are determined with a
command-first scheme, which is a more accurate method
than the existing approaches. Furthermore, a parameter-
dependent fuzzy sliding mode control (FSMC) method based
on the real-time information of vehicle states and system

delays is proposed to ensure the robustness of DYC for
AWID-EVs against network-induced delays.

The remaining sections of this paper are organized
as follows: In Section 2, problem formulation is described
containing overall structure for DYC of networked AWID-
EVs, control-oriented vehicle lateral dynamics model, and
reference state model. The negative impact that resulted from
NCS on the lateral dynamics model of AWID-EVs is also ana-
lyzed in detail in this section. In Section 3, an integrated state-
dependent and delay-dependent fuzzy SMC is proposed to
improve the robustness of DYC for networked AWID-EVs. In
Section 4, the results of cosimulations with Matlab®/Simulink
and CarSim are demonstrated. Conclusions are summarized
in Section 5.

2. Problem Formulation

2.1. Overall Structure for DYC of Networked AWID-EVs.
According to vehicle dynamics, the main working principle
of the DYC of AWID-EVs is to keep the vehicle lateral motion
state variables such as the yaw rate and the slip angle tracking
the reference states by using the external yaw moment [21],
which is directly generated by active longitude tire forces
distribution of all wheels. As shown in Figurel, a typical
overall structure for DYC of networked 4-wheel-independent
drive vehicles mainly consists of AWID-EV controller, con-
troller area network (CAN), 4 motor controllers, motion state
sensors, and BMS. The overall control system is integrated by
CAN.

The DYC function is implemented by AWID-EV con-
troller, which is usually designed as a hierarchical controller
including reference state model, motion controller unit,
torque distribution unit, and estimation and processing unit
as in Figure 1. The reference state model is used to solve the
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reference states such as the reference sideslip angle f3,., and
the reference yaw rate y,., according to vehicle speed V and
the front wheel steering angle 6 from the driver. The reference
states indicate the desired motion state by the driver. The
motion controller unit is used to calculate the external yaw-
moment AM, to keep the sideslip angle 3 and the yaw rate
y tracking the reference states. The torque distribution unit is
used to solve the longitude forces F, 4, Fy ;. Fy,j, and F,,, for 4
motors according to the AM . The estimation and processing
unit is used to measure or estimate states such as V, ,8, y.

In this study, the motion controller unit, which influ-
ences the system robustness against network-induced delays,
will be studied, whereas the reference state model, torque
distribution unit, and estimation and processing unit are

simplified.

2.2. Control-Oriented Vehicle Lateral Dynamics Model. As
shown in Figure 3, a two-degree-of-freedom (2-DOF) vehicle
model, which has been widely studied as the control-oriented
vehicle lateral dynamics model in various researches on DYC
of vehicles [2, 21], is used in the paper, where CG is the center
of gravity; m is the vehicle mass; I, is the vehicle yaw inertia;
M, is the yaw moment; F,; and F,, are the longitude tire
forces of front and rear wheels, respectively; F, ; and F, are
the lateral tire forces of front and rear wheels, respectively; a
and «, are the slip angle of front and rear wheels, respectively.

With the 2-DOF vehicle model, the state-space formula-
tion of control-oriented vehicle lateral dynamics model for
DYC of AWID-EVs is expressed as follows [10]:

X = Ax + Bu + ES, @
where
T
x=[B ],
u=AM,,
crte, cele—cl,
2 o -1
A= mV myz ,
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FIGURE 3: 2-DOF model of control-oriented vehicle lateral dynam-
ics.
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¢y and ¢, are the cornering stiffness of the front and rear
tires, respectively.

2.3. Reference State Model. In vehicle lateral motion control,
the desired sideslip angle is generally selected to be zero
to ensure vehicle stability, while the desired yaw rate is
usually defined to ensure good handling performance [10]. A
widespread expression of the desired yaw rate is described in
[2, 10]. Therefore, the reference state model can be written as
follows:

r = RJ, (3)

where
|:Bres ]
r= ,
VI’ES

R:

, e

[0 I+ 1 +mV? (el —cfly) J2csc, (1 +1,)

2.4. The Impact Resulted from NCS on Vehicle Lateral Dynam-
ics Model. Firstly, without loss of generality as in [22], it
is possible to make following assumption. In the NCS of
DYC for AWID-EVs shown in Figure 2, the sensor node
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periodically samples the vehicle states with fixed period
T,, the controller node and the actuator node operate in
event-driven mode which means a task will be immediately
implemented once a message arrives via CAN, and the
task implementation time in each node is ignored. With
such assumption and without considering network-induced
delays, the NCS of DYC for AWID-EVs runs like an ideal
centralized control system with fixed sampling period T. The
control-oriented discrete-time model of the vehicle lateral
dynamics along with reference state model can be written as

2]

Xk+1 = Adxk + Bduk + Ed5k,

(5)
e = Ry,
where
A, = AT
Rd = R,
TS
B, = J 90 . B, (©)
0

TS
E, = J AT 900 . F
0

with x;, 8, uy, and r, indicating the state vector, steering
angle vector, control input vector, and the reference state
vector at time kT, respectively.

Secondly, considering the network-induced delays and
the same assumption mentioned above, the control input u
will be delayed by CAN as shown in Figure 4.

Thus, the control input u of the vehicle model at time ¢
can be expressed as follows [22]:

u(t)=u, Vtel[kT,+1,k+ DT +74,]. (7)
If the delay 7 is expressed as
=Y +T, (8)

where Y € Z, and v € Ry ).
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Then, the control-oriented discrete-time model of the
vehicle lateral dynamics with network-induced delays can be
expressed as follows [2]:

X1 = Agxy + Eg8y + Byt + Ao g gy — 1)

+Aq (Upoy = tgy) + -

+ Ay (yoy — tey) )

Y
= Agx + Eg0) + Byuy + ZAi,k (Uge—icr = i) »
i=0

where the coeflicient of each disturbance element induced by
network-induced delays is expressed as follows [2]:

Aik
O, Tk—i_i.TSSO
Tei =0T (10)
= 1 J eA(TS_e)dG * B, 0 S Tk—i - i : TS S TS
0
TS
J ATO40.B T.<t—i-T.
LJo
For analyzing, expression (9) is rewritten as follows:
Xp1 = Agxy + By + Egdy + f (k) (11)
where the disturbance item
Y
FU) =Y Ny (thiy = ). (12)
i=0

f(k) is the function of the network-induced delay 7 and
the input u.

Thus, the control-oriented model of vehicle lateral
dynamics for networked AWID-EVs is described as a
discrete-time model with the disturbance elements caused by
network-induced delays.
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3. Controller Design

3.1 Sliding Mode Controller Design for DYC of 4WID-EV.
Firstly, without considering network-induce delays, a general
SMC for the discrete-time model (5) is designed. According
to the typical design methodology of an general SMC [18], the
sliding mode surface can be defined as

s(x) = ! (x-1)= cTe. (13)

e denotes the tracing error of motion states and ¢’ = [¢;¢,] is
the weight coeflicient of elements of e.

A reach law has been widely used [15, 18], which is written
as

Skr1 = Sk = —qTs — eT,sgn (i) » (14)
e>0,9g20, 1-gT, >0,

where s denotes s(x;) at the time T.
With the reach law (14), the control law can be solved as
follows:

U = — (CTBd)_l {CTAdxk +cTEg0), — cTrey
— ¢ (xx—n0) +qTec” (3 = 1) (15)

+ €T sgn [cT (xp — rk)” .

However, according to the research in [18], for a discrete-
time system, the state trajectory hardly occurs on the sliding
mode surface (13) but zigzags around the sliding mode
surface cause a quasi-sliding mode with a quasi-sliding mode
band (QSMB) as in Figure5. The QSMB is expressed as
follows [18]:

T,
{x||s(x)|< 1—qT}' (16)

N

In order to avoid the chattering phenomenon in the
QSMB, a boundary layer technique [1, 14] is usually adopted
by defining a saturation function sat(s;) instead of sgn(s;) in
(14) and (15)

1, lf Sk > wb1
1
sat (Sk) = kSk, lf |Sk| < wbl, k = — (17)
Wy
-1, if s > —wy,

where wy, is the boundary layer width.

5
x -3 .
_* | Sliding mod U | Vehicle X
— contro, model
W)
T Fuzzy
B logic

FIGURE 6: Fuzzy sliding mode controller for DYC of AWID-EV.

Thus, the reach law (14) and control law (15) can be
rewritten as

Ske1 — Sk = —qT.s, — eTgsat(s;.), (18)
uk = - (CTBd)_l {CTAd.xk + CTEd(Sk - CTTk+1
—c’ (k= 7i) + quCT (o = 71) (19)

+ €T sat [CT (%, — rk)]} :

According to the expression (16), it is necessary to tune
the boundary layer width wy,; based on the dynamics of s(x)
in the controller design stage. When the control law (19) is
used for the discrete-time system (5), the s(x) dynamics can
be expressed as [18]:

Ske1 = Sk — qTssy — €Tsat (sp.) - (20)

The s(x) dynamics can be solved by (5) and (12).

However, when the control law (19) is used for the DYC of
networked AWID-EVs, according to formulas (11), (13), (14),
and (19), the s(x) dynamics will be changed as follows:

Skar =S¢ — qTLs, — eT.sat (s) — ¢ f (k). (21)

Comparing (21) with (20), the disturbance item cr f(k),
which is caused by network-induced delays, will impose a
new uncertainty item on the s(x) dynamics and will result in
adverse impact on the robustness of DYC.

3.2. Integrated State-Dependent and Delay-Dependent Sliding
Mode Controller Design. A state-dependent boundary layer
tuning method [20], which can tune the boundary layer width
actively according to the dynamic state such as s(x) instead of
a fixed boundary layer, has been widely used to improve the
robustness of SMC in the real-time system applications [20].

However, according to (21), the network-induced delays
cause the uncertainty of the s(x) dynamics. Consequently, it is
reasonable to create an integrated state-dependent and delay-
dependent method to tune the boundary layer width for SMC
dynamically (see Figure 6).
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TABLE 1: Fuzzy linguistic variable value terms. TABLE 2: Rule base of the fuzzy logic unit.
Name Description (relative value) S| T Wy
NB Negative big NB NB NB
NS Negative small NS NB NS
ZE Zero ZE NB ZE
PS Positive small PS NB PS
PB Positive big PB NB PB
PB1+ Positive big + level 1 NB I PS
PB2+ Positive big + level 2 NS PS PB
PB3+ Positive big + level 3 ZE PS PBl+
PB4+ Positive big + level 4 PS PS PB2+
PB PS PB3+
NB NS NS
NS NS ZE
However, according to expressions (10), (12), and (21), ZE NS PS
the mathematic function between the s(x) and the network- PS NS PB
induced delay 7 is complicated nonlinear. It is too difficult ~ PB NS PBL+
to be solved online in general in-vehicle ECUs. Thus, a fuzzy NB PB PB
logic unit is designed to deal with the complicated nonlinear NS PB PB1+
mathematic problem as in Figure 6. ZE PB PB2+
PS PB PB3+
3.3. Fuzzy Logic Unit Design for the Integrated State- PB PB PBPB4+
Dependent and Delay-Dependent Method. As shown in NB ZE ZE
Figure 6, the fuzzy logic unit is used to solve the boundary NS ZE PS
layer width wy; according to the state norm |[s| and the 7E 7E PB
network-induced delay 7. Thus the fuzzy logic unit has PS 7E PBL+
two input values and one unique output value, which are, PB 7E PBL+

respectively, defined as follows.

Input 1
|S] € {NB, NS, ZE, PS, PB} (22)
Input 2
7 € {NB,NS, ZE, PS, PB} (23)
Output
Wo
(24)

€ {NB, NS, ZE, PS, PB, PB1+, PB2+, PB3+, PB4+}

And the fuzzy linguistic variable values are defined in
Table 1. As shown in Figure 7, the triangular membership
functions are used for the fuzzification of the two input
variables and the one output variable. The scaling factors SF,
and SF, (see Figure 6), which are tuned at the design stage by
trial and extensive simulations performed in this study, are
used to map the actual values of the input and output variables
to their fuzzified values [23]. The rule base for the proposed
fuzzy logic unit is described in Table 2.

The variable domains such as the inputs |s| € [0,0.5] and
7 € [0,20] and the output wy; € [0.6, 1.4] are selected based
on the simulation results with a high-fidelity full-vehicle
model in CarSim and Matlab in this study.

The fuzzy unit employs the Mamdani Fuzzy Inference
System (FIS), which is described by the following schema:

IF |S| is A, T is B, THEN W, is C.
(25)
IF |S| is A', T is B, THEN W, is C',

where A, A', B, B/, C, and C' are fuzzy values defined as the
input and output variables, respectively. The centre of area
method is used in the defuzzification to solve Wy.

The rule base in detail between the inputs and the
outputs is shown in Figure 8. Thus, once the state norm |s]
and the network-induced delay 7 are known, the boundary
layer width can be calculated by the fuzzy unit, and these
rules could be easily implemented into the microprocessor
of vehicle controller with a look-up mode. According to
definition (13), the state norm |s| is known, and the unknown
network-induced delay 7 will be discussed in the following
section.

3.4. Determination of the Network-Induced Time Delay. To
implement the proposed method, the network-induced delay
7 should be determined. According to the assumption above
(see Figures 2 and 4), the network-induced delay 7, which
consists of the delays in both the forward and feedback links
in the kth cycle, can be expressed as follows:

Tk = dk + Uk. (26)
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FIGURE 8: The rule relations between the inputs and the outputs for the proposed controller.

Generally, the feedback link delay 0 in a NCS is known,  is introduced to estimate the forward link delay d; with an

which can be measured by using a “time sampling technology”  explicit expression as follows [24]:
with the time tag within each received message sent by
sensor node. However, the current delay d; in the forward (j+2)1

link cannot be measured. In this paper, a “delay estimating

large, j = i > (27)
technology,” which is based on Network Calculus Theory [24], R- ZL; (I/c)
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where Ty, ; is the upper bound of delay of a message with the
jth priority sent by CAN; / indicates the maximum data frame
length; R is the baud rate of the CAN; ¢ is the cycle length of
the message with the ith priority.

According to the research result in [24], the networked-
induced delay of the message with the highest priority sent
by CAN network can be accurately estimated through the
expression (27). Therefore, this paper uses a “command-first
scheme,” in which the command message in the forward link
is sent with the highest priority to ensure the accuracy of d;,
as follows:

i+2)1
i, (j+2)

= Targe,j = —— — 77> setting j=0.

(28)

Thus, the network-induced delay 7, can be precisely
determined by the following formula:

(j+2)1

—_—, Settin i = 0
R-31 (Ife) 8/

T = O + (29)

TABLE 3: Main vehicle parameters.

Parameter Description Quantity
M Vehicle mass 1350 kg
I, Yaw moment of inertia 1975 kg-m*
Iy Front semiwheelbase 1.085m

I Rear semiwheelbase 1.386 m

cs Cornering stiffness of front tires 58000 N/rad
C, Cornering stiffness of rear tires 60000 N/rad

4. Simulation Results

To study the effectiveness of the proposed controller, the
cosimulations are carried out in Matlab/Simulink with a full-
vehicle model constructed by CarSim (see Figure9). The
vehicle parameters used in the simulations are based on a
prototyped 4WID-EV, and main parameters are listed in
Table 3.

The proposed controller is used in motion controller unit
(see Figure 1) and a simple torque distribution strategy, which
distributes the direct yaw-moment equally to the driving or
braking torques of 4 wheels, is used in torque distribution
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FIGURE 13: Control performance in J-turn maneuver with the network-induced delays caused by CAN. (a) Vehicle yaw rate. (b) Vehicle

sideslip angle. (c) Vehicle lateral acceleration.

unit (see Figure1). For comparison, a conventional state-
dependent fuzzy SMC controller (the conventional FSMC)
without considering network-induced delays is also designed.
And the designed rule base of the conventional FSMC is
shown in Figure 10.

The reaching law parameters of SMC are chosen as ¢ =
275 and q = 0. According to the results in [22], the
upper bound of network-induced delays in a practical vehicle
control system is about as high as 1.7T. The sampling period
of the closed-loop system is adopted as T, = 10 ms. Thus,
CAN-induced delays in simulations are assumed to change
randomly in time range [0, 1.77T.] (see Figure 11).

Two different steering maneuvers, which are commonly
used in vehicle tests, are considered: a ramp steering
maneuver and a double lane-changing maneuver. The ramp
steering maneuver is often adopted in the J-turn test and
the double lane-changing maneuver is usually used in
extreme cases, for example, high-speed overtaking or obstacle
avoidance.

In each driving maneuver, simulations are carried out
in two stages. The first stage is under the ideal network
condition to evaluate the effectiveness of controllers without
considering network-induced delays. The second stage is

to verify the robustness of the proposed controller with
network-induced delays.

4.1. J-Turn Steering Maneuver. In this case, the vehicle runs
at a low speed of 40 km/h on a slippery road with a low road
friction (¢ = 0.4). During the J-turn maneuver, the steering
wheel angle first increases from 0 deg to 18 deg in 0.5 s, which
is used to simulate a sharp turn. Then it decreases to 0 deg
againin 4s.

Figure 12 shows the results of cosimulations in the J-
turn steering maneuver under the ideal network condition.
It is obvious in Figures 12(a), 12(b), and 12(c) that the
vehicle yaw rate can precisely track the desired reference by
the driver, the vehicle sideslip angle can be restrained in a
narrow scope around 0.014 rad, and the lateral acceleration
can be restrained in a narrow scope around 0.013g. For
the two controllers, the control performance is satisfactory.
The results demonstrate the effectiveness of the conventional
FSMC and the proposed controller.

Figure 13 shows the results of cosimulations in the J-turn
steering maneuver with the network-induced delays caused
by CAN. It is obvious in Figures 13(a), 13(b), and 13(c) that,
with the conventional FSMC, the vehicle motion cannot track
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the desired yaw rate in the transient phase but can keep
tracking the desired yaw rate in the steady phase, and the yaw
rate overshoot is about 10.3% in the transient phase, while, for
the proposed controller, the adverse impact of delays can be
eliminated and the control performance is still satisfactory.
The yaw rate overshoot is about 3.4%. Therefore the results of
comparison explicitly illustrate the strength of the proposed
controller dealing with network-induced delays.

Figure 14 shows the torque response of 4 motors in the
J-turn steering maneuver with the network-induced delays
caused by CAN. It is obvious that, with the conventional
FSMG, the chattering phenomenon of each motor is severe in
the transient phase, which would reduce control performance
of DYC and even deteriorate the EV system, while, for the
proposed controller, the performance of the torque response
of each motor is satisfactory.

Figures 15 and 16 show the dynamic boundary layers of
two controllers in the J-turn steering maneuver with the
network-induced delays caused by CAN.

The results show that the conventional FSMC can tune
the boundary layer width according to the vehicle states but
not the network-induced delays. The proposed controller can
tune the boundary layer width according to both the vehicle
states and the network-induced delays.

4.2. Double Lane-Changing Steering Maneuver. In this case,
the vehicle runs at a high speed of 100 km/h on a road with a
high road friction (¢ = 0.85).

The following cosimulation process is quite similar to that
for the J-turn steering maneuver. Under different network
conditions, the results are shown in Figures 17, 18, 19, 20, and
21. Under the ideal network condition, the actual vehicle yaw
rate can track the desired reference very well, and the vehicle
sideslip angle and the vehicle lateral acceleration can also be
kept regulated for both controllers. When with the network-
induced delays, the proposed control can still keep the vehicle
yaw rate tracking the desired reference very well, whereas
the conventional FSMC results in significant oscillations due
to the effect of the network-induced delays. Furthermore, a
similar observation can be found in the vehicle sideslip angle
and the vehicle lateral acceleration. The torque response of
each motor is also shown as in Figure 19. The results show
that network-induced delays have a significant impact on the
stability of the closed-loop control system and can obviously
reduce the robustness of the conventional FSMC.

The tuning boundary layer width processes of two con-
trollers in double lane-changing maneuver are shown in
Figures 20 and 21. The results also show that the conventional
FSMC only can tune the boundary layer width according to
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the vehicle states but not the network-induced delays, while
the proposed controller can tune the boundary layer width
actively according to both the vehicle states and the system
delays, which makes the control system more robust.

5. Conclusions

This paper proposed an integrated state-dependent and
delay-dependent fuzzy sliding mode control method to
improve the robustness of DYC of AWID-EVs subject to
network-induced delays. The SMC, which can effectively deal
with model uncertainties, system parameter variations, and
external disturbances, has been widely used to improve the
robustness of DYC of AWID-EVs instead of common contin-
uous control technologies such as LQR and PID. However, on
the other hand, the SMC, which is a variable structure control,
is more vulnerable to the system delays from electronic
control systems. Meanwhile, in modern AWID-EVs, the
networked control system based on in-vehicle networks such
as CAN would inevitably impose network-induced delays on
the vehicle control system. In order to improve the robustness
of DYC of AWID-EVs, this paper first analyzed the adverse
impact resulted from NCS on DYC based on SMC in detail.

Then an integrated state-dependent and delay-dependent
fuzzy SMC method is proposed to improve the robustness of
DYC for AWID-EVs.

The results of comparison in both typical steering maneu-
ver cases show that the proposed controller can effectively
improve the robustness of DYC for AWID-EVs subject to
network-induced delays. Moreover, the proposed controller
also inherits the robustness of SMC in terms of dealing
with model uncertainties, system parameter variations, and
external disturbances.
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In this paper, we study a class of second-order neutral impulsive functional differential equations. Under certain conditions, we
establish the existence of multiple periodic solutions by means of critical point theory and variational methods. We propose an

example to illustrate the applicability of our result.

1. Introduction and Main Results

In this paper we consider a class of second-order neutral
impulsive functional differential equations

W (t-1)—ut-1)
+Af (Lu(t),u(t—1),u(t—-21)) =0,
t#t, te]=[0,2kt], (1

A () =1 (u(t)), j=12....0

u(0) —u (2kt) = u' (0) — ' (2kt) =0,

where f € C(R4,R), I, € C(R,R),and 0 = t, < t, < t, <
-+ < t; <ty = 2kt. The operator A is defined as Au'(tj) =
u'(t}r) - u'(tj_.), where u'(t}r)(u'(t;)) denotes the right-hand
(left-hand) limit of z' at t. A € R, Tis a constant with 7 > 0
and k is a given positive integer.

The necessity to study delay differential equations is due
to the fact that these equations are useful mathematical
tools in modeling many real processes and phenomena
studied in biology, medicine, chemistry, physics, engineering,
economics, and so forth [1, 2].

On the other hand, impulsive differential equation not
only is richer than the corresponding theory of differential
equations but also represents a more natural framework for
mathematical modeling of real world phenomena. People
generally consider impulses in positions u and u' for the
second-order differential equation " = f(t,u, u'). However
it is well known that in the motion of spacecraft instantaneous
impulses depend on the position which result in jump
discontinuities in velocity, with no change in position.

Thus, it is more realistic to consider the case of combined
effects: impulses and time delays. This motivates us to
consider neutral impulsive functional differential system (1).

The existence of periodic solutions of delay differential
equations has been focused on by many researchers [3-6].
Several available approaches to tackle them include Lyapunov
method, Fourier analysis method, fixed point theory, and
coincidence degree theory [7-10]. Recently, some researchers
have studied the existence of solutions for delay differential
equations via variational methods [11-13]. In recent years,
some researchers, by using critical point theory, have studied
the existence of solutions for boundary value problems, peri-
odic solutions, and homoclinic orbits of impulsive differential
systems [14-19].

In this paper, we aim to establish existence of multiple
periodic solutions for the second-order neutral impulsive
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functional differential equation (1) by using critical point
theory and variational methods.

For (1) with I; = 0, Shu and Xu [20] obtained the
following periodic solutions result.

Theorem A. Assume that the following conditions are satisfied.

(HI) of (t,u;,uy, u3)/0t # 0.

(H2) There exists a function F(t,u;,u,) € CY(R* R) such
that

OF (t,u,,u,) . OF (t,u,, us)
ou, ou,

= f(tupupuy).  (2)

(H3) F(t,u,,u,) is T-periodic in t.
(H4) F satisfies F(t,—u,,—u,) = F(t,u;,u,) and f(t,-u,,
—Uy, —Us) = — f(t, Uy, Uy, Us).
(H5) F(t,u,,u,) = 0if and only if (u,,u,) =0, Vt € [0, ].
(H6) limy,_o(F(t,uy,uy)/|ul®) = 1, where |ul = (luy|* +
lu, )2, t € [0, 7.
(H7) There exists a constant o« > 0 such that when |u1|2 +
lu|* > o, F(t,u;,u,) < 0, t € [0,7].
Moreover, if there exists an integer m > 0 such that A satisfying
m? (712 + k212)

4kt?

A> (3)

then the system
W t-1)-ut-1)
+Af (bu(®t),ut—1),u(t-21)) =0, (4)

u(0) - u(2kt) = u' (0) - ' (2kt) = 0
possesses at least 2m nonzero solutions with the period 2kr.
Our main result is stated as follows.
Theorem 1. Assume that (HI1)-(H7) and the following condi-

tion are satisfied.

(H8) I;is odd about u, and there exists a constant 0 < D < 1
such that II]-(u)I < Dlul, where j = 1,2,...,1.

Moreover, if there exists an integer m > 0 such that
m* (7‘[2 +(1+ D) szz)
4k*72

then system (1) admits at least 2m nonzero solutions with the
period 2kt.

A> (5)

>

Clearly, when I; = 0, Theorem 1 generalizes Theorem A.
Note that the first equation of system (1) is equivalent to
the following equation:

u'(t-1) —u(t-1)+ A(F (bu(t-1),u(t-21)
(6)
+Fy (tbu(t),u(t-1)) =0,
where Fl'(t, u(t—71),u(t-271)) = oF(t, u(t—7), u(t-27))/ou(t—
1) and Fy(t, u(t), u(t — 7)) = OF(t, u(t), u(t — 7)) /ou(t - 7).
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The rest of this paper is organized as follows. In Section 2,
we present some preliminaries, which will be used to prove
our main result. In Section3 we prove our main result
and provide an example to illustrate the applicability of our
results.

2. Some Preliminaries

Let

Hy, ={u:R —R|uu eL’(([0,2kt]),R), u(0)
(7)
= u(2kt), u' (0) = u' (2kn)}.

Then H,,, is a separable and reflexive Banach space and the
inner product

2kt
(u,v) = JO (u' OV @) +u) v(t)) dt (8)

induces the norm
2kt , ) R 1/2
||u||H;k,=<j0 [ @ + @) dt) O

Definition 2. A function u € H,, _ is a solution of system (1)
if the function u satisfies system (1).

Define a functional ¢ as

P =3 j:kT (P + |’ @ ) de

2kt
_AL F(t,u(t),u(t-1))dt (10)

Lo rult))
+ Z I I; (s) ds, uce Hzlkr.
j=1°0

Then ¢ is Fréchet differentiable at any u € H,, . Forany v €
H,,, by a simple calculation, we have

, 2kt , ,
¢ () () = jo (W OV () +u@)v(0)) de
2kt ,
—AJ (F{ (tbu (), u(t-1)v(D)
’ (1)
+Fy (tu(t),u(t—1)v(t—1))dt
1
# 203 e ) (1)
=
From (H3), we get
2kt
¢ (u) (v) = L (- ) +u®)v(t)dt
At (12)
—/\L (F{ (tbu (), u(t-1)v(D)

+Fy (bu(t+1),u(t)v(t))dt.
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Therefore, the corresponding Euler equation of func-
tional ¢ is

u" (t) - u(t)
+ A(Fy (tu(t),u(t =)+ Fy (tu(t +7),u(t) (13)

=0.

min{ne Z":
y(A) =10, if A=0;

+00,

Then we say vy is the genus of X.

Denote i, (@) = lim,_,_y(¢p,) and i,(¢) = lim,_,_ y(¢,),
where ¢, = {u € E | p(u) < a}.

Lemma 4 (see [22]). Let E be a real Banach space and ¢ €
C'(E,R) with ¢ even functional and satisfying the Palais-
Smale (PS) condition. Suppose ¢(0) = 0 and

(i) if there exist an m-dimensional subspace X of E and a
constant r > 0 such that

su (u) <0,
ueXrE)B,(P (16)

where B, is an open ball of radius r in E centered at 0,
then we have i, (@) > m;

(ii) if there exists j-dimensional subspace V of E such that

inf oo,
ulerlw(p(u)> 00 17)

then we have i,(¢) < j.

Moreover, if m > j, then @ possesses at least 2(m — j) distinct
critical points.

3. Proof of Theorem 1 and an Example

We apply Lemma 4 to finish the proof. Under assumption
(H4), it is easy to see that if function u is a solution of system
(1), then function —u is also a solution of system (1). Therefore,
the solutions of system (1) are a set which is symmetric with
respect to the origin in H,,,. It follows directly from (10),
(H5), and (H8) that ¢ is even in u and ¢(0) = 0. The rest
of the proof is divided into three steps.

Step 1. We show that the functional ¢ satisfies assumption (ii)
of Lemma 4.

It follows from (H7) that there exists a constant M > 0
such that

F(t,u(t),u(t—- < F(t,u,, <M,
max tu(t),ult-1) max F(t,uy,u,) (18)

tuy,uy)EQ

Note that (6) is equivalent to system (13) and critical
points of the functional ¢ are classical 2kt-periodic solutions
of system (1).

Definition 3 (see [21]). Let E be a real reflexive Banach space,
and

Y ={A| AcCE\{0} is closed, symmetric set}.  (14)

Definey : £ — Z* U {+00} as follows:

there exists an odd continuous map ¢ : A — R"\ {0}};

(15)

if there is no odd continuous map ¢ : A — R"\ {0} for any n € Z*.

where Q = [0, 7] x [-«a, &] X [-a, &]. Combining (10) and (18),
we get

¢ (u) =

2kt
% L (I + [ (t)|2)dt
2kt
—/\J Ft,u(t),u(t —1))dt
0

l u tj)
+) L( I (s)ds (9)

J~02kr |u, (t)'z dt + 1 —2D

1-D
2

2kt
j (B dt
0

~ 2AMkT > lullz —2AMkz > ~oo,
which implies that ¢ is bounded from below. By condition (ii)
of Lemma 4, we have i,(¢) = 0.

Step 2. We show that the functional ¢ satisfies the PS
condition.

For any given sequence {u,} € H,,_such that {p(u,)} is
bounded and lim,,_, ¢’ (1,) = 0, there exists a constant C,
such that

lQD (un)l < Cl’
o ()

()" <Cy, (20)

Vn e N,

where (H), )" is the dual space of Hj, ..
Combining (19) and (20), we have

1
3 ||u||§{21kr < C, + 2AMkr. (21)

It follows that [|u,,|| HY, is bounded.



. 1 . .
Since H,;, is a reflexive Banach space, so we may extract

a weakly convergent subsequence, for simplicity, we also note
) .

again by {u,}, u, — u in Hy . So we have

2kt
L (Fy (tu, (1) 1, (t - 7)) = F) (Lu (), u(t - 1))
(u, (1) —u(t))dt — 0,

2kt
L (Fy (tu, (1) 1, (t - 7)) = By (bu (), u(t - 1))

u, (t-7)—u(t—1))dt — 0, (22)
1
Zl (2 (1 (1)) = 1 (u (1)) (1 (8) = (2)))
i
— 0,
u, (t) —u) — 0asn— oo, t €[0,2kt].

Therefore, by (22), we have |lu, — u]| o 0. Hence the

functional ¢ satisfies the PS condition.

Step 3. We show that the functional ¢ satisfies assumption (i)
of Lemma 4.

Let /Sj(t) = (kt/jm)sin(jn/k7)t, j = 1,2,...,m. By
calculations, we obtain
2kt
|18 o at- <kT) kr,
’ o (23)

2kt , )
j 1) @) at = kr.
0
Define the m-dimensional linear subspace as follows:

E,, = span{B; (£), B, (£),..., B, ()}. (24)

It is clear to see that E,, is a symmetric set. Take r > 0, when

u(t) € E,, NS,, where S, denotes boundary of B,, u(t) has
expansion u(t) = ZJ ) J/SJ(t) b; € R, and
2kt 2
= ||u(t)||f{21k = J (|u’ (t)| + |u(t)|2) dt
= Jo
(25)

m kZTZ)
<kt b?<1+,— .
;J ]27.[2

By (H6), for given ¢ with 0 < & < (Am?/4k*7?)(4k>7*/
m? — (* + (1 + D)k*7%)/)), there exists 0 < § < 1 such that
when (Ju(t)]> + |u(t - 7)[})"? < 8, we have

AF (t,u(t),u(t-1))
2 2 (26)
> A=) (lu@®F +ut-1l).
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Combining (10), (25), and (26), when u(t) € E,, NS,, we have
1 2kt ) , 2
0 =3 [ (m@r« | of )

2kt
—/\J F(t,u(t),u(t—-1))dt
0

u(tj)

!
1
) J I;(9)ds < > Jullfy, - (A-e)

j=170

2kt D
[ (o + - Py ar + 2

0

2kt k2 2
Doearsfopt

0

(27)
20—k, ¢ 2
ke Zb <
m _ 2_2
. be (712 +(1+D)K*7* - M)
: m
j=1
M
©om?
' ibz n* + (1 + D) k*7? B 4K 7? . €4k212
= i A m? Am?
< 0.

Therefore i, (¢) > m. Consequently, system (1) admits at least
2m nonzero 2kt-periodic solutions.

We conclude this section with the following example.
Example 5. Consider (1) with
ftu(),ult—-1),u(-27))
= 4u(t—T)—4<2+cos%>u(t—21)
T

. (uz )+’ (t—1)+u’(t - 21')) , (28)

27t 2
F(tyuy,u,) = ul +uj — (2 + cos—) (ui +13),
T
I; (u) = 0.5u.

It is easy to see that Of (t,u;,u,,u;)/0t # 0 and when
(u;,u,) = 0, F(t,uy,uy) = 0; then (H1) and (H5) hold.
Setu; = u(t), u, = u(t — 1), u3 = u(t — 27), and then
OF(t, u(t), u(t —1))/ou(t — ) + OF (¢, u(t — 1), u(t — 27)) /ou(t —
T) = f(t,u(t),u(t — 1), u(t — 27)). By a simple computation,
we have F(t + 7,u,u,) = F(t,u;,u,), F(t,—u,-u,) =
F(t,u,u,), and f(t, —uy, —uy, —uz) = —f(t,u;,uy, us). So
conditions (H2)-(H4) hold. Clearly, the conditions (H6)-
(H8) hold. Therefore system (1) admits at least 2m nonzero
solutions with the period 2kz.
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This paper studies the stabilization problem for damping multimachine power system with time-varying delays and sector saturating
actuator. The multivariable proportional plus derivative (PD) type stabilizer is designed by transforming the problem of PD
controller design to that of state feedback stabilizer design for a system in descriptor form. A new sufficient condition of closed-
loop multimachine power system asymptomatic stability is derived based on the Lyapunov theory. Computer simulation of a two-
machine power system has verified the effectiveness and efficiency of the proposed approach.

1. Introduction

To cope with the increasing demand for quality electric
power, excitation control, power system stabilizer (PSS),
and other power system controllers are playing important
roles in power system stability and maintaining dynamic
performance. Conventional PSS is mainly designed based on
a linear model and considered one operating point. Recently,
to interconnect large energy pools connecting neighboring
electric grids together and transmit bulk energy during peak
times of load demand can satisfy the growing demand for
energy [1]. But it introduces some modes of electromechan-
ical oscillations and frequency deviations within the range
of 0.2-2Hz in the power system which will make power
system more complicated [2, 3]. A conventional PSS cannot
guarantee to have the best performance. Hence, a variety
of control strategies have been used to obtain PSS, such
as lead-lag controller [4], variable structure controller [5-
7], robust controller [8], PID controller [9-11], and fuzzy
logic controller [10]. Most of the controllers are nonlinear.
Some researchers have designed the PSS by using searching
algorithms such as genetic algorithms [10, 12], particle swarm
optimization [13, 14], and chaotic optimization algorithm
[15, 16]. But these algorithms are hard to program and are not
sure to find the optimum solutions.

It is well known that the amplitude of the controller is
always bounded in the real world [17]. So it is very necessary
that the actuator saturation is taken into consideration. Time-
delay is very common in power systems which can be a source
of instability of performance degradation [18]. Multimachine
power system with time-varying delay and sector saturating
actuator [19] is a complex interconnected large-scale system
that is composed of many electric devices and mechanical
components with a better description of real world. The state
feedback control problem for such a system is addressed by
[19] based on the LMI methods. However, the conditions in
[19] are conservative because of the amplifying technique to
deal with the nonlinear terms in the conditions. Moreover,
we usually cannot find the state feedback controller to satisfy
demand when system becomes more complex.

The purpose of this paper is to design a PD controller
for damping multimachine power systems with time-varying
delay and sector saturating actuator. Under a descriptor
transformation, the problem of PD type controller design is
transformed into the state feedback controller design for a
descriptor system. Then, a new sufficient condition is derived
for the admissible of the descriptor system based on the
Lyapunov theory. Compared with the existing LMI methods
in [19], our method introduces more relax matrix variables.
Therefore, it is less conservative. Compared with some of the
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nondeterministic methods, our method has the advantages of
low complexity.

This paper is organized as follows. Section 2 is the
problem formulation and preliminaries. Section 3 gives the
main results. Section 4 provides an example to show the
merits and effectiveness of the results and Section 5 concludes
this paper.

Notation. R" denotes n-dimensional Euclidean space; the
superscripts —1 and T denote the matrix inverse and trans-
pose, respectively; X > 0 (X > 0) means that X is
positive definite (positive semidefinite); the star * denotes the
symmetric term in a matrix.

2. Problem Formulation and Preliminaries

Consider N-machine power system with time-varying delays
and input constraints which is described by the interconnec-
tion of N subsystems as follows:

x; (t) = A;x; (t) + Biug (£)

N
+ 2 PiGigi; (% (1), x; (£ =75, 9))
I W)

ug (t) = sat (u; (1)),
x; (1) = ¢; (1),

where x;(t) = [AS;(t) AW,(t) AE;i(t) AE 55;(t) AVpe; (D17,
u;(t) = [Am;], u;(t) is the control input vector to the actuator,
and u(t) is the control input vector to the plant.

g,-j(x,-(t), X j(t - T,-j(t)) is the nonlinear function vector
characterizing the interconnection between ith generator and
jth generator with

gij (x: (1), x; (t- T )
= —cos B; (8) (A8, () - A8, (t -7, (1)) ()
=—cosf3; ()W (x,- (t) - x; (t - T (t))) ,

where ‘rij(t) is the time-varying delay and satisfied 0 < T,-j(t) <
T < 00, 7(t) < 77 < L,and B,(5) = (8;(t) - §;(t — 7;;(1)) +
8i=0;0)/22W =[1 0 0 0 0].

The nominal system matrices are represented as follows:

A.

1

t € [-1,0],

0w 0 0 07
Ko B Ky Kpaci
M, M, M, M,
Ky, K 1 K
= 7 7 )
Tioi Taoi  Tao Tooi
KK 0 - KaKgi 1 KyKypg
Ty Ty Ty Ty
| K, 0 Ky 0 K,

1 1 =
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T
Bi: [0 _Kpmi _qui _Kvmi _KDCmi] >
T
~(woE.E! B;;
G;=1lo M 000
M.

1

3)

In this modeling, the single-machine infinite bus is modeled
by Heftron-Phillips model which is shown in Figure L.

The nonlinear saturation function u(t) is considered to
be inside sector (a;, 1) and is shown in Figure 1, where 0 <
a; < 1.

From Figure 2, it is obvious that u(t) — 0.5(1 + a;)u;(t) =
Atu(t) = uy(t) = yu(t), where y; = 0.5(1 + g;) + At;,
At; is a real number which varying between —0.5(1 — @;) and
0.5(1+a;),q; <a; <1.

The control law for a PD controller is

u; (£) = K, (1) + Ky, (1) (4)
Substituting (4) into (1), we have
(I - yiBKp;) %; (1)
= (A, + ¥BK,;) x; (t)
N (5)
+ ;Pijthgij (% 0. (£ =75 ®))).
x; (1) =i (1)

Taking the inverse of the left-hand side of (5), we obtain

t €[-1,0].

%; () = (I - V’iBiKDi)_l ((Ai + ‘/’iBiKpi) x; ()

N (6)
+ 2 PGy (% (0%, (¢ - 7 (t)))> ’

j=1

x;(t) = ¢ (1),

Properly selecting the controller gains K,; and Kp;, so
that the closed-loop systems are stable, then we have the
PD controller design. It is obvious from (6) that the PD
controller is nonlinear. Some researchers have designed such
a controller with the aid of searching algorithms [10]. A huge
amount of computation burden is foreseeable. In the follow-
ing, we introduce a new state variable x;(t) = [xiT(t) xiT(t)]T,
then system (1) with controller (4) is transformed into the
following PD control system:

t €[-1,0].

EX; (t) = A%, (t) + Bju (t)
N —
+ ZpijGijgij (xi (t),X; (t T (t))) ,
j=1 (7)
ug (t) = sat (; (1)),

ﬁi (t) = E;‘Ei (t) >
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FIGURE 1: Heftron-Phillips model for single-machine power system connected to infinite bus along with SSSC series in the transmission line.

Usi (t)

ug(t) = u(t)
ug(t) = 0.5(a; + L)u;(t)
ugi(t) = au;(t)

u;(t)

FIGURE 2: Sector saturation function.

9 (% 0,5 (t -7, 0))) = g; (% 0, %, (¢ - 7, 1))

where
=—cosB;OW (%) - %; (t—7; (1))
- [ 0 I :| , ©
A, -1 B B
K;=[K,; Kp],andW =[W 0].

B 0 System (7) is a descriptor system as rank(E) = n <

b= [B] ’ dim(E), u;(t) = K,ix;(t) + Kp;%;(t) = K, x;(t); then, we have

= 0 EX; (t)
T Gyl = (& + ll’iEiK‘)fi ()

I, 0 & = (e =
[ ] , + ZpijGijgij (xi (1), X; (t T (t)))

j=1



- (Zi +yBK; ) i (1)

N
—cos B, (8) Y pG,W (% (1) - %; (t - 7;; (1))
j=1

N N
= <Aci - ZAdij> x; () + Z;Adiﬁj (t ~ T (f)) ,
p=

=

€)

where A ;;; = cos f,(6) pijaijW and A,; = A; + ¥;B.K,.
The following definition and lemmas will be useful in this
paper.

Definition 1 (see [20]). (i) Descriptor system

N
Ex(t) = Ax(t) + Y Agx (t - d;) (10)
j=1

is said to be regular and impulse-free, if pair (E, A) is regular
and impulse-free.

(ii) System (10) is said to be stable if for any scalar ¢ > 0,
there exists a scalar §(¢) > 0 such that, for any compatible
initial conditions ¢(k) satisfying sup_,.,ollp(t)| < (),
solution x(t) of system (10) satisfies ||x(¢)|| < & for any t > 0;
moreover, lim, ,  x(t) = 0.

where « is a fixed scalar which satisfies 0 < « < 1.
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(iii) System (10) is said to be admissible if it is regular,
impulse-free, and stable.
Lemma 2 (see [18]). For any constant matrix M > 0, scalar

y > 0, and vector function W : [0,y] — R", such that
integrations concerned are well defined, the following inequality

holds:
(Fwoa) w([ wou)

<y (Ly W (s) MW (s) ds>.

(11)

Lemma 3. Given any matrices D and E with appropriate
dimensions, the inequality

DE + E'DT < DTD' + E'T'E (12)

holds for any matrix T > 0.

3. Main Results

In this section, we will give the following condition for system

9).

Theorem 4. The delay descriptor system (9) is admissible with
K; = Y;X; T if there exist matrices X; = [)f)“ §§ ] Q; >0,
T>07Y,U;>0,(,j=12,...,N), such that the following
inequalities hold:

EX] = X;E" >0, (13)
[ sym {Zin.T + wiEiYi} * * ]
N - 1-— T* N -
+szjiE Q;E - szjiE Q;iE
j=1 j=1
N L
+Y piUsi+ ) pGWTW G,
j=1 j=1
1-1" -
ETQE ~a(1-1)Uy,
1-1" <0, 14
- ETQyE ()
1-* .
E'QuE —a(1-1") Uy,
1-1
- ETQuE
T
bel L
L N-1]
-l-a)(1-7")U; X;]
, T <o, (15)
X -T |
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Proof. Firstly, we prove that system (9) with PD gain matrices
K, is regular and impulse-free. System (9) can be rewritten as

N N
EX (t) = <Z +yBK - szij> X (1)
i=1 j=1
(16)

Mz

Xdin (t ~ T (t)) >

+

Il

—_
.

Il

1

where X(t) = [ElT(t),EZ(t), ... ,EL(t)]T, matrices E = diag{E,
E""LE}’ A = iﬁag{ApAg~-->§N}>‘// =_dia_g{1//1,1//2_,...,
yy) B = diag{B,,B,,..., By}, K = diag{K,,K,,..., Ky},
and

0 - 0 e 0
~ |0 - cosﬁi(8)pijéijW~-- 0] i
Agij = 0 --- 0 . 0 17)
J
From (14), it is easy to see that
— 1-7° &
sym {AiXiT + %BiYi} I ZPjiETQﬁE
=1
- mn 1-vY 4 (18)
= sym {(Ai + Wz‘BiKi) X; } - TZP;‘;‘E QjiE
=1
< 0.
That is
sym {(Z + 1//1??) XT}
(19)

Lk N
_ ITTETdiag {ijiQﬁ} E<0,
j=1

where X = diag{Xj, ..., Xx}. Since E is descriptor, there exist
nonsingular matrices G and H such that

S A
GEH = [ " ] (20)
0 0
Suppose
o A, A
G(A+1//BK)H=[ ! 12],
AZI AZZ
(21)
X, X
GXH = [ 11 12] )
X22

Equation (19) yields sym{A ,, X%} < 0, which implies that the
pair (E, Z+1{/1§I? ) is regular and impulse-free. By Definition 1,
system (16) is regular and impulse-free. It also shows that
system (9) is regular and impulse-free.

Next, we will show that system (9) is stable. Consider a
Lyapunov-Krasovskii functional as

N N
V) =Y a0 Pux 0+ Y py

i=1 j=1

: “ X O O (22)

—-r,-j(t

—7;;(t) Jt+a

0 t
o R R AGECRGE da] } .

Taking the time derivative of V() along the solution of system
(9) yields

N N
4GED) {xT (£) Pygx; () + x] (6) Pyyyic; (1) + ) py;

i=1 j=1
- [EJT (O U%; (1)
(1=t O)F O (-5 0)UE (-7 0) P
+ 7 (1) % (t) ETQuEX; (1)
t .
~(1-1,;0) L_ y %; (@) E'QE%, () d(x] } )
By Lemma 2, we obtain
. ! = T .
-(1-1;®) L_T,.j(n X; (a) E'Q;Ex; () dax
1-7;(®) (24)

(% 0 - x;(t -7 (t)))T

Tij (1)

ETQE (%, () - %, (t -7, (1))



Then,

N
Vi< {xT () ETPX, (t) + %! (t) PTEX, (1)

i=1
N
+ Y by [EJT OUE; (6) - (1- )% (t- ;1)
j=1
U%; (£- 7, (1) + %] (1) ETQEX; (t)

1-"

(gj (t) - x; (t — T (t)))T

. T - = _ _ N T

£0,5 (5,05, 0))|} - 3 [0
i=1

' [(Zi + WiEiK‘)T P+ PiT (Zi + ‘//iBiK'ﬂ x; (£)

N
+sym <|§1T ()P (~cos B, (8) Y py;

=
o N

-G;W (Ei (t) - X; (t — T (t)))} + ZP;’]’E? (t)
A

N
UE (- (1-17) p,.jxf (t-7; ) U, (¢
j=1

N N
7, (1) + Z;Pijijr (t) ETQijExj (1) - Z{Pij
i= j=

1-1"

(% 0%, (t-7,0)) EQuE (%)

T

-%(t- 1 (t)))} ’
where

Py Ppy;
Pi _ [ 11i 121:| ) (26)
0 P22i

i=1 j=1
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It is obvious that V(£) < 0 can be obtained by the following
equation:

V = diag {V, (0),...,Vy (0} = X" (5) [ (A + yBK) P

N N
+ P (A+ WEI?)] X (t) + sym {—XT O P"Y Y AuX (1)
i=1 j=1

- TN N~
+ XTI PTY Y Ay X (t -7, (1))

i=1 j=1
N N
+ X7 (t)diag { Y pjiUjis-. s Y iU f X ()
=1 =1
J J (27)
N N
Y Y (=) X (-7 () U X (t -7, (1)
i=1 j=1
N N
+1X" () diag { Y pE QuE,..., Y pinE' QnE t X (£)
i j1
NY o1- T
=2 Y (X0 =X (t-7;1)) (X0
i=1 j=1
-X(t-1;0)),
where
P =diag{P,,P,,..., Py},
ro --- 0 -0
l[,-j= 0 --- Pjini e 0 ’
Lo 0 -0
j (28)
[0 0 0
T
Q- 0 E'Q;E of i
K 0 0
j

It is obtained from Lemma 3 that

i=1 j=1

T TN C~ T TN N _
sym 4 -X ()P ZZAdin(t) + X ()P ZZAdin(t Tjj (t))

J

N
< X" (t) diag {PIT Y py Gy WIW GLP,,...

Jj=1

N
T = 7ol AT
,PNZpNjGNjWTW GniPy

} X()
j=1
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N
+ X" (t) diag { YT
j=1

N
v Y T
=

N N
X () + Z ZPUXT (t - Tjj (t)) TX (t - T (t)) ’
i=1 j=1

where T = diagi{0,...,0, T7Y0,...,0}.
Substituting (29) into (27), we obtain

i=1 j=1

N N
VX' ®ox )+ Y pX (t-1,;0)

N N _ .k
Y Yo, em X 09, (¢, 0)
i=1 j=1
—E (L),
. <‘1 -(1-1) Uy - %QU’> X(t-70)

(30)
where &) = [XT(6) [XT(t = 1)]; v, vini]

N
oo Z pNjT_1 + diag
=1 =1

N N
2 PiUjnee ) PinUpn
=1 j=1
—’i'* N T
— diag ijlE QE; ..

3 T
oY pinE'QNE
=1 =

+ 7 diag
j=1
D

j=1
%
§1—f*

N N
_ ~—~\T ~ o —_ — e
® = (A+yBK)' P+ P" (A +yBK) + diag {pf S pyGyWIW GLPy,.., PL Y pNjGNjWTWTGLjPN}
=1 =
N
+ diag Z ple_l

(31)

Mz

N
T T
PpE'QuE,....Y pNE QjNE},
— j=1
. .
N 1 T*
2, Y (z-0-mu,-1a,)
= |= T i1 T
N *
1-7
> —Q;
Lio 7 1

™M=

<0.

)
(2-0-)uy- Lo 2 )

Il
—

From (30), we obtain that

N
V)< YE OEE W,
i=1

[T -(-a)(1-7)U;] <0, i#}j
(33)

(34)
where (1) = [X; (£),X; (t=1,(t)),... %] (t=T(_p;(1), %, (-
T () X, (= 7y;()]" and

(29)



[ sym {(Zi + V’iEiK‘)T Pi}

N
Py p,.jé,.jWTWTé,?;g
j=1

N N
+ZpijT_l + ZPjini
= =1

N
1) piE Q;E

j=1

1-1"

T

< T
ijiE QjE
=1

1

1-1" &
YE'QE

T —

j=1

1-1"

T

N
ZETQN,-E
j=1
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Pre- and postmultiply (45) by diag{X,,X;,...,X;} and
= P77, and define

its transpose, respectively, where X; = P,

Y, = KXI.T, Qji = Xl-le-XiT, andUj; = XiniXiT; we arrive at

1-
T

1-_*
E'Q,E

1-+*
ETQuE

By Schur complement, (44) is equivalent to (14).

N
sym {ZiXiT + ‘//iEiYi} + ijini
=

N N L%
1-7
T T
+ E ijiE Qj,-E— E TpﬁE jSE
j=1 j=1

N N
+Zp,-j5,-jWTWTG}; + X, pi T X]
j=1 j=1

< 0.

* * |
< 0.
—a(1-1")Uy
1-1" &
YE'Q,E
T o3
—a(l1-1")Uy;
1-i" &
- Y E'QuE
T oA |
* *
—x (1 - T*) Ui
1-1
- E'Q,E
—x (1 - "f*) Uni
1-1
- E'QuE

(35)

(36)
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Pre-and postmultiplying (34) by X; and its transpose,
respectively, and by Schur complement, (34) is equivalent to
(15).

Since A,, is nonsingular, there exist two nonsingular
matrices G and H such that

Denote V(t) = EilX(t) = [28]’ where Q,(t) € R™ and
v,(t) € R™. We obtain

Sixor <[5 v or

(38)
12 2
[ mor
CEH [N 0] By (30), we obtain that there exists scalar € > 0 such that
Lo ol V(e) <€l X O, (39)
. _ [A, O which implies
G(A+yBK)H = o 1.l t
L nN .
Amm( ) ||vl (t)|| -V(0) < J V(s)ds
T—T [P, 0 -2t X (40)
AErEA- |, —e[f [ I ol as.
[0 0 0
(37) N 2 .= t 2
"A A Then, Y7, [v(®)II* < V(0)/Amin(P,),and _[0 v, (s)lI°ds <
—— = dijit A diji2 S
GAdyH = ’ (1/e)VOIH 7
| Adij Adij Thus
o | e Jimy () =0. (4)
L0 Py Next, we will prove that lim,_, v,(¢) = 0, which is equivalent
U U to the stability of system (5).
T u H = L =g Pre-and postmultiplying (32) by diag{HT,HT,...,ﬁT}
! [Ujia1 Ujina and its transpose, respectively, we obtain
. NN 7
Py +Py+Y YU, * %
i=1 j=1
N N
P, A > (Q-Uy
1; 244di122 ;( ) Uiz <0, (42)
N N
szzAdisz _Z (1-7") Uiz
[ i=1 i=1 ]
Pre- and postmultiplying (42) by[ DI P dl]22 I] N
T 0=v, () + Y D Agv (t-7; 1)
and its transpose, respectively, we obtain Y, Z Agiin pu
N ¢N N ¢N N ¢N * 45
Yint Zj=1 Ujiza Yisi Zj:l Adij22_2i=1 Zj=1(l T )W, <0, N N (45)
which implies that + Z ZAdijszz (t T (t)) .
i=1 j=1

N N
P Z ZAdijzz <1 (43)
i=1 j=1
Using the expression in (37), the singular delay system
(16) can be decomposed as
N N

()= Ay O+ Y Y Ay (t-1;0)

i=1 j=1

N N
+ Z ZAdijIZVZ (f T (t)) ,

i=1 j=1

(44)

Noting that, for any t > 0, there exists positive integer k.
Such that kT — 7 < t < k7, and considering (44), we have
v, (£)

N N k
= (‘Z ZAdij22> v, (t — k1)

i=1 j=1
f -1
Z Adij22

I=1

(46)

N
ZAdijmvl (t — k7).
j=1

™Mz
Tz
Mz

1

Il
Il
—
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| ]
|
Cpc

FIGURE 3: Connecting diagram of two-machine system.

This, together with (43) and (41), we obtain lim, ,  v,(t) = 0,
and this completes the proof. O

Remark 5. Theorem 4 provides a PD control method for sys-
tem (1). An LMI based criterion is obtained by transforming
a regular system into the state feedback stabilizer design for

a descriptor system. It is worth noting that if A;, B;, Gij»

sym {AiXiT + V’iBiYi}

where « is a fixed scalar which satisfies 0 < o < 1.

Remark 7. Both Theorem 4 and Corollary 6 are LMIs. The
solutions of X;, Y; are obtained, and the corresponding
controller gain matrices are derived as K, = YiXi_T. Our
method is a deterministic method which can be solved easier
than some of the nondeterministic methods, such as the
genetic algorithm [10] and particle swarm optimization [13].

W, and E are replaced with A, B;, G,;, W, and I,,, the state
feedback controller can be solved by tﬁe following corollary.
It is obvious that Theorem 4 has wider range of application.

Corollary 6. The delay system (5) with Kj,; = 0 is stable
with K,; = Y, X; " if there exist matrices X; > 0, Q; > 0,
T >0, Yi’Uij >0, (i,j = 1,2,...,N), such that the following
inequalities hold:

ES *
N 1- ‘i'* N
+szinji - —ijini
i ToA
N N
T AT
+ijiUﬁ + ZpijGijWTW Gl.j
=1 =1
1_ ‘i-* .k
. Qui —a(1-1")Uy
1-1 <0, (47)
- Qui
T
1-1" "
. Qi —0‘(1—7 )UNi
1-1"
T Qi
xt _r
L ! N-1.
-1-a)(1-7U; X.]
( ) (T ) ij il 0, (48)
X; -T|

Remark 8. Compared with Theorem 2 in [19], Corollary 6 is
less conservative in two aspects. Firstly, By using constraint
(48),U;;, and T; in Corollary 6 can be variables matrices, while

j$
relatives u;;, v; in Theorem 2 in [19] are fixed scalars. Secondly,

ij>
the integral term —(7;;(t)) Lt_rij © x (@) ETQ, y Hj(a)da in the
proof is enlarged by using Lemma 2 instead of being removed
in the proof in [19].
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12

25 ¢
20 ¢
15+

10 +

AV (1)
v

—10 +

-15

0 5 10 15 20 25 30
Time (t)

Mathematical Problems in Engineering

AVch (t)

Time (t)

FIGURE 4: The close-loop state trajectories.

4, Simulation

In this section, a two-machine infinite bus example system
is chosen to show the effectiveness of the proposed method,
which is shown in Figure 3. The system parameters used in
the simulation are as follows:

P =pn=0
P=pn=1L
D, =5,
D, =3,
Ay
[0 379.2000 0 0 0
-0.3169 -0.8333 -0.1123 0 -0.0041
= | -0.0099 0 -0.2266 0.1983 —-0.0048 |,
12.7000 0 -951.7000 -200.0000 -24.4000
| —0.1759 0 0.0302 0 0.0257 (49)
A,
[ 0 379.2000 0 0 0
-0.4054 -0.5000 —0.0463 0 -0.0041
= | —0.0495 0 —-0.0283 0.1983 —-0.0048 |,
—12.7000 0 —-551.7000 -200.0000 -24.4000
L —0.2759 0 0 0 0.0257

B, =B, =[0 1.0000 ~3.0000 0.8000 4.0000]",
G,=G,=1[00-270 0],

Gy =Gy =[0 0 —23 0 0]".

Ifweseta, = a, =03anda, = a, = 05s0y; =y,
varies between 0.4 and 0.9. The upper bound of delay 7 = 5
and ©* = 0.5. The method in [19] fails to find a state feedback

controller for this system. According to Theorem 4, the PD
controller can be solved as

Kp, = [0.2057 0.0837 —0.3127 —0.1429 0.3615],

Ky

= [-645.2015 —107.9008 -156.5715 —33.0835 -94.0722], (50)
Kp, = [0.1030 0.0874 —0.3113 -0.2068 0.3635],

Ky = [-559.7891 5.6352 —95.1653 —35.7473 -74.1156].

The close-loop state trajectories of generator 1-2 are
shown in Figure 4.

5. Conclusion

In this paper, a decentralized PD control scheme has been
proposed to deal with the time-delay multimachine power
system with sector saturating actuator. A sufficient condition
of closed-loop system asymptomatic stability is presented in
terms of LMIs, which can be solved easily by LMI toolbox.
Then, a sufficient condition of state feedback control is also
obtained which is less conservative than that in [19]. A two-
machine infinite bus system is considered as an example,
and the simulation result shows the effectiveness of proposed
method.

Nomenclature

pij+ Constant of either 1 or 0 and p;; = 0 means
that jth generator has no connection with
ith generator

B;;: ith row and jth column element of nodal
susceptance matrix at the internal nodes
after eliminated all physical buses, in pu

H;: Inertia constant for ith generator, in
seconds
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D;: Damping coefficient for ith generator, in pu

w;: Relative speed for ith machine, in radian/s

6 Rotor angle for ith machine, in radian

wy: The synchronous machine speed

E;; and E, : Internal transient voltage for ith and jth
machine, in pu, which are assumed to be
constant

Sjo: The initial values of §;

AP,;: The generator power for ith machine

AE gy The generator stimulus voltage for ith

machine.
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Time synchronization is a fundamental requirement for many services provided by a distributed system. Clock calibration through
the time signal is the usual way to realize the synchronization among the clocks used in the distributed system. The interference to
time signal transmission or equipment failures may bring about failure to synchronize the time. To solve this problem, a clock bias
prediction module is paralleled in the clock calibration system. And for improving the precision of clock bias prediction, the first-
order grey model with one variable (GM(1, 1)) model is proposed. In the traditional GM(1, 1) model, the combination of parameters
determined by least squares criterion is not optimal; therefore, the particle swarm optimization (PSO) is used to optimize GM(1, 1)
model. At the same time, in order to avoid PSO getting stuck at local optimization and improve its efficiency, the mechanisms
that double subgroups and nonlinear decreasing inertia weight are proposed. In order to test the precision of the improved model,
we design clock calibration experiments, where time signal is transferred via radio and wired channel, respectively. The improved
model is built on the basis of clock bias acquired in the experiments. The results show that the improved model is superior to other

models both in precision and in stability. The precision of improved model increased by 66.4%~76.7%.

1. Introduction

Time synchronization technology has been widely used in the
distributed system [1-4], such as global navigation satellite
system (GNSS) and multistatic radar and electric network.
Clock calibration is that devices of distributed system use
reference time to synchronize the local clock. Hence, process
of clock calibration determines the accuracy of time synchro-
nization [5-7]. Nowadays, the way to calibrate local clock is
that finite impulse response (FIR) filter uses the bias between
local and remote clock measured by time interval counter
(TIC) or discriminator to get a control signal [8-10], which
is used to regulate clock until the clocks are synchronized. In
the distributed system with far distance, time signal is always
conveyed by electric cable, satellite, or microwave. Recently,
troposphere scatter has also been proposed to transfer the
time signal [6]. In a process of time signal’s transmission,
channel interruption or equipment failure will lead to the
failure to get clock bias, and the absence of clock bias can
make synchronization system abnormal.

In order to guarantee the distributed system work nor-
mally and add anti-interference ability of the synchronization
system, clock bias prediction module is paralleled in the clock
calibration system. In this parallel module, clock bias could
be acquired through the prediction module, when the system
cannot get clock bias. And system uses the predicted clock
bias to generate a control signal, which is used to adjust
the local clock. Above all, the performance of clock bias
prediction has a direct impact on synchronization precision
when accidents occur. At present, the clock bias prediction
is an important work in GNSS; researchers have put for-
ward several prediction models [8, 9], such as first-order
grey model with one variable (GM(1,1)) model, artificial
neutral network (ANN) model, and least squares support
vector machine (LSSVM) model. The sampling interval of
satellite clock bias is generally 15 min, which lead to a rela-
tively low real-time requirement. Nevertheless, in the clock
calibration system, the short sampling time puts forward
a great requirement for real-time performance. GM(1, 1)
model needs less data sample and has better real-time than
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artificial intelligence algorithms, which need more data to
train themselves. However, parameters of GM(1, 1) model are
usually determined by the least square criterion (LSC), which
cannot guarantee the parameters are optimal.

Aiming at this problem, we introduce the particle swarm
optimization (PSO) algorithm to optimize GM(1, 1) model.
Also, in order to avoid the PSO getting stuck at local
optimization and improve its efficiency, the mechanisms that
double subgroups and nonlinear decreasing inertia weight are
proposed.

The rest of this paper is organized as follows. The mecha-
nism that clock bias module is paralleled in clock calibration
system is described in the next section. In Section 3, GM(1, 1)
model optimized by improved particle swarm optimization
(IPSO) is introduced. In Section 4, we design two clock cali-
bration experiments that time signal is transferred via wired
and radio channel, respectively. And the improved model is
built through clock bias acquired by these calibration exper-
iments. Finally, some conclusions are drawn in Section 5.

2. Clock Bias Prediction in Clock Calibration

Figure 1 shows the workflow of the clock calibration model in
time synchronization system.

As shown in Figure 1, TIC is used to calculate the bias
between these two one pulse per second (1 PPS), which come
from the local and remote clock, respectively. FIR filter is used
to generate a control signal on the basis of clock bias. Local
clock continues to be adjusted according to the control signal
until clocks are synchronous. Briefly, when the transmission
channel or equipment is in a fault state, the local system
cannot get the essential clock bias. Namely, absence of clock
bias will bring a failure to time synchronization system.
At present, no effective solutions exist or are proposed to
overcome this failure. So to overcome this shortcoming, clock
bias module is paralleled in clock calibration system; this
mechanism is described in Figure 2.

In Figure 2, prediction module paralleled with the origi-
nal system can predict clock bias, which may not be got when
exceptions occur. Also, bias prediction module is paralleled
with the original system, so under normal circumstances,
this new module has no influence on the original system.
Generally speaking, this parallel mechanism can ameliorate
anti-interference ability and guarantee the synchronization
system work normally. And the accuracy of clock bias
prediction has great influence on the performance of time
synchronization, when an exception happens. Therefore, an
excellent clock bias prediction model is urgently needed.
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3. GM(1, 1) Model Improved by IPSO

3.1. GM(1, 1) Model. The GM(1, 1) model has advantage not
only in calculation speed but also in prediction accuracy.
Also, building GM(1,1) model needs less data [11-14].
GM(1, 1) model can be finally expressed as

~0 _ —a(k—l)_ 0 _E . _a
(k) =e [x (1) a] (1-¢Y, 1)

where x°(k) and x°(k) stand for the primitive and predicted
kth element in sequence, respectively. a and u are the
parameters of this model. According to LSC, the estimated
value of parameters can be expressed as

@ = (6'6) " 6", )

where G = [Z(K + 1), 1], 1) Z(K + 1) = [x'(k+ 1) +
x'(k)]/2, and Y, = [x'(2),...,x (k),...,x"(n)]". x' (k) stand
for the first accumulation of the primitive sequence. Equation
(1) indicates that parameters directly affect the performance
of GM(1, 1) model. However, LSC cannot guarantee parame-
ters are optimal.

For demonstrating that parameters obtained by LSC
are not optimal, clock bias of satellite PGO1 provided by
the international GNSS service (IGS) in June 10 of 2012 is
selected; the sampling interval is 15min. GM(1, 1) models
with different parameters are established by using these data
during the first 18 hours. Data during last 6 hours are used
to evaluate the performance of different models. Values of
mean errors (ME) and mean square error (MSE) are used to
evaluate accuracy of the model. MSE can be expressed as

IS ey
MSE = nZ(x,. %), 3)

i=1

where x; and X; stand for the real and predicted clock bias,
respectively. As shown in (3), the minimum value of MSE
refers to the optimal combination of parameters. There are
two strategies to get different combinations of parameters.
Strategy I: combination of parameters is determined by LSC,
shown as (2). Strategy 2: different combinations of parameters
are chosen close to the parameters determined by LSC.

The values of ME and MSE are got through using different
combinations of parameters. In these different models, the
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optimal combination of a and u is (—=5.965 x 107°,260.74).
And values of MSE and ME are 1.36 x 10~ ns” and 0.0066 ns,
respectively. The combination of a and u determined by LSC
is (~5.963 x 107%, 260.63). And the values of MSE and ME are
3.32 x 107 ns® and —0.043 ns, respectively. Prediction errors
are shown as in Figure 3.

In Figure 3, the labels “combination 1,” “combination 2,”
and “combination 3” stand for the different combinations
close to parameters determined by LSC, respectively. And
the label “optimal” stands for the optimal combination. As
described in Figure 3, the parameters determined by LSC are
not optimal. Therefore, using IPSO algorithm to optimize the
GM(1, 1) model is necessary.

3.2. IPSO Algorithm. PSO algorithm is widely used as a
global optimization algorithm, which has the characteristics
of simple programming, high efficiency, and fast computing
speed [15-17]. The solution space is considered as a multidi-
mension search space. Particle flying in the search space as
an individual bird stands for a candidate solution. And the
swarm is a collection of these particles. Candidate solution
is judged by a fitness function, which usually depends on the
problem to be optimized. During the process of optimization,
each particle maintains a Pbest value as individual experience,
which represents the best solution until now. Meanwhile,
swarm maintains a Gbest value as social knowledge, which
represents the best point achieved by the whole collection
until now.

During iterative procedure, these particles fly through the
problem space following the current optimum particle and
corporate with each other to find the global optimum. The
algorithm updates velocity and position of each particle as
follows:

k k-1 k-1 k-1
Via = WVig 4T (Pid ~ Xig ) TG (gid ~ Xig )’
(4)
kK k-1, k-1
Xig = Xig T Vig >

GM(1, 1) model

‘| Relative optimal
GM(1, 1@ parameters

TIPSO model

Establishment of 2
subgroups

J

Update particle
velocity and

Parameters
initialization

position
: Update Pbest and
Predicted Comparison of 2 :
«—— Gbest according
results subgroups of fitness

FIGURE 4: Flow of the improved model.

where r, and r, are random values between 0 and 1. vf.‘d and xf.(d
are velocity and position of particle i in dimension d at time k,
respectively. ¢; and ¢, stand for acceleration constants known
as the cognitive and social learning parameters, which pull
each particle towards Pbest and Gbest positions, respectively.
w stands for the inertia weight reflecting the search ability
of algorithm. Hence, in order to improve the accuracy and
convergence rate of PSO, w changing with the optimized
iteration is proposed as follows:

(K Kiya)?

Wy = (wmax - wmin) : eiﬁ + Win» (5)
where w,,,, and w;, stand for the maximum and minimum
of inertia weights, respectively. The value of f is between 15
and 20. As described in (5), at the early optimization stage,
a larger inertia weight factor is applied to promote global
exploration; then, in order to facilitate local exploitation
with algorithm running, it decreases in exponential form.
At the same time, for avoiding PSO getting stuck at local
optimization and improving its efficiency, the mechanism
that double subgroups simultaneously search is proposed.
On the basis of original algorithm, the backward searching

subgroup is described as follows:
Xig (8 + 1) = x4 (6) = vig (E+ 1) (6)

After each cycle is complete, these two subgroups will
compare with each other. This mechanism can make the
algorithm avoid local optimization on the basis of not
increasing the optimal algebra obviously.

3.3. GM(1, 1) Model Improved by IPSO. In the time synchro-
nization system, channel interruption or equipment failure
will lead to a failure to get clock bias. Under these negative
circumstances, clock bias acquired through a prediction
model can guarantee the distributed system work normally.
We use GM(1, 1) model to predict these clock bias. In order
to find the optimal parameters of GM(1,1) model, IPSO
algorithm is proposed. The process of improved model is
shown as in Figure 4.

As shown in Figure 4, GM(1, 1) model improved by IPSO
mainly follows the basic steps of standard PSO. The detailed
steps are as follows.
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Step 1. The parameters of IPSO are firstly initialized, includ-
ing Wiy (Whae)> € (), B, threshold of fitness, and the
maximum number of circulating times.

Step 2. IPSO algorithm establishes two subgroups, which
search in opposite direction according to (6).

Step 3. Velocity and position of particles are updated, and the
Pbest and Gbest of particles are also updated according to the
value of fitness.

Step 4. In order to find the optimal combination of parame-
ters, fitness of two subgroups is compared.

Step 5. TIPSO algorithm continues to find the relative optimal
combination of parameters, until it reaches the maximum

number of circulating times or the value of fitness meets the
threshold.

Step 6. After IPSO algorithm finishes, GM(1, 1) model with
the relative optimal combination of parameters determined
by IPSO is used to predict the clock bias.

4. Example Analysis

4.1. Clock Bias Acquisition Schemes. In order to evaluate
the performance of GM(1,1) model improved by IPSO,
clock bias acquisition experiment is conducted with PSR10-
type rubidium clock, Agilent53230A-type TIC, Tektronix
DPO3054-type Oscilloscope, and so forth. The wired data
transmission experiment is firstly performed as the layout
shown in Figure 5.

As shown in Figure 5, 1PPS produced by Rb clock B
is transferred through an electric cable and an attenuator
to the data transmission A. Attenuation of long distance
cable is simulated by attenuator. 1PPS output from the data
transmission A is regarded as a reference; bias between these
two clocks is tested by TIC. PC takes note of the clock bias,
which is used to produce a control signal according to the
principle of FIR filter. The sampling interval is 10 seconds. 150
data pieces are chosen, and the trend terms after invariance in
those data is removed are shown in Figure 6.

Devices are also used to design the clock calibration
experiment that time signal is transmitted through radio
channel. Layout is shown in Figure 7.
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The sampling interval of this experiment is also 10
seconds. Figure 8 shows the trend terms of these data.

As shown in Figures 6 and 8, the downward trend of
bias indicates that these two clocks tend to be synchronized
with calibration running. Noises in microwave channel and
multipath effect bring jitter to the clock bias, which indicates
that noises have negative effect on clock calibration.

4.2. Prediction Results. In order to get the accuracy of
GM(1,1) model improved by IPSO, polynomial model,
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TABLE 1: Statistics of the different models (ns).

Polynomial model
E ME SD E

max max

Clock bias

GM(1, 1) model

IPSO-GM(1, 1) model
ME SD E ME SD

Datal
Data 2

1.543 —-0.414 0.641 0.822
3.247 -1.776 0.850 2.758

0.383 0.325 0.127 0.301

0.544
-1.248 0.799 1.614 -0.323 0.623

GM(1, 1) model, and GM(1, 1) improved by IPSO are, respec-
tively, established by using 120 sets of data acquired in these
two experiments; the last 30 sets of data are used to test these
different models.

Individual atomic clocks have different frequency offset
characteristic, the relationship between order of polynomial
and atomic clock is defined as

o 1, Rb,
x@t)=a+bt+p-—, B= (7)
2 0, Cs.

Considering that Rb atomic clock is used in these experi-
ments, polynomial with one order is used. Figure 9 shows the
prediction errors of different models.

In Figure 9, the clock bias acquired by wired channel
and microwave channel is expressed as data 1 and data 2,
respectively. Judgments are made in several aspects, such
as maximum absolute error (E,,.), ME, and standard error
(SD). Table 1 describes the values of these judgments.

Figure 9 and Table 1 illustrate that the MEs of two results
predicted through GM(1,1) model improved by IPSO are
less than 0.5ns. Accuracy of ME increases by 66.4%~76.7%
compared to the traditional GM(1, 1) model. Also, in terms
of accuracy and stability, the improved model is superior
to other models. Therefore, when a channel interruption or
equipment failure happens, the bias predicted by GM(1, 1)
model improved by IPSO can be used to produce the control
signal, which is used to synchronize the clock.

Also, the limitation of parameters selection range at the
beginning can not only overcome the blindness in IPSO but
also reduce the calculation time in a certain degree. The sim-
ulation process on PC platform indicates that running time of
improved prediction model is less than 5 s, which concludes
that the improved prediction model can completely match the
real-time requirement.

At the same time, the accuracy of all prediction models
built using data 1 is better than using data 2. The noises
in clock bias have negative effect not only on performance
of clock calibration, but also on the accuracy of clock bias
prediction.

5. Conclusion

The failure to transfer time signal and equipment’s breakdown
will bring the failure to time synchronization system. Aiming
at this problem, we parallel the clock bias system with
clock calibration system. Also, GM(1, 1) model improved by
IPSO is proposed to predict the clock bias. Clock calibration
experiments that time signal is transferred through wire and
microwave channel are conducted. The parts of clock bias
recorded in the process of the experiment are used to evaluate
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FIGURE 9: Errors of different prediction models.

this improved model. The consequence indicates that the
ME of improved model is less than 0.5ns. Also, in view of
accuracy and stability, the improved model is superior to
other models. Therefore, when a failure happens, the clock
bias predicted through GM(1, 1) model improved by IPSO
can be used to produce the control signal, which is vital to
synchronize the clock.
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This paper mainly discusses the robust quadratic stability and stabilization of linear discrete-time stochastic systems with state delay
and uncertain parameters. By means of the linear matrix inequality (LMI) method, a sufficient condition is, respectively, obtained
for the stability and stabilizability of the considered system. Moreover, we design the robust H_, state feedback controllers such
that the system with admissible uncertainties is not only quadratically internally stable but also robust H,, controllable. A sufficient
condition for the existence of the desired robust H, controller is obtained. Finally, an example with simulations is given to verify

the effectiveness of our theoretical results.

1. Introduction

It is well known that stability and stabilization are very
important concepts in linear system theory. Due to a great
number of applications of stochastic systems in the realistic
world, the studies of stability and stabilization for stochastic
systems attract lots of researchers’ attention in recent years;
we refer the reader to the classic book [1] and the follow-
up books [2, 3], together with references [4-11] and the
references therein, which include robust stochastic stability
[4], exponential stabilization [6], mean-square stability, and
D-stability and D p-stability [8]. The stabilization of various
systems, including impulsive Markovian jump delay systems
[4], stochastic singular systems [10, 12, 13], uncertain stochas-
tic T-S fuzzy systems [14], and time-delay systems [6, 11, 15-
17], has been studied extensively. H,, control is one of the
most important robust control approaches when the system
is subject to the influence of external disturbance, which has
been shown to be effective in attenuating the disturbance.
The objective of standard H_, control requires designing a
controller to attenuate I*-gain from the external disturbance
to controlled output below a given level y > 0; see [18]. The
study of H, control of general linear discrete-time stochastic

systems with multiplicative noise seems to be first initiated
by [19]. Then, stochastic H, control and its applications have
been investigated extensively; see [14, 16, 20-24].

Because time-delay exists widely in practice and affects
the system stability, there have been many works concerning
the study in stability or H,, control of stochastic systems
[4, 6, 9, 11, 14-16, 22, 25]. Due to limitations of measure-
ment technique and tools, it is not easy to construct exact
mathematical models. Compared with the nominal stochastic
systems without uncertain terms investigated in [2, 5, 24], our
considered system allows the coefficient matrix to vary in a
certain range.

Discrete-time stochastic difference systems have attracted
a great deal of attention with the development of computer
technology in recent years. In our viewpoint, there are
at least two motivations to study discrete-time stochastic
systems, Firstly, discrete-time stochastic systems are ideal
mathematical models in practical modeling such as genetic
regulatory networks [23]. Secondly, discrete-time stochastic
systems provide a better approach to understand extensively
continuous-time stochastic It6 systems [2, 3, 26]. Therefore,
it is of significance to study the stabilization and H_, control
of discrete-time stochastic time-delay uncertain systems.
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This paper will study quadratic stability, stabilization,
and robust state feedback H,, control for uncertain discrete-
time stochastic systems with state delay. The parameter
uncertainties are time varying and norm bounded. It can be
found that, up to now, many criteria for testing quadratic
stabilization and H_, control have been given in terms of
LMIs and algebraic Riccati equations by applying Lyapunov
function approach. One of our main contributions is to
study quadratic stability and stabilization via LMIs instead of
algebraic Riccati equations which is hardly solved. What we
have obtained extended the work of [15] about the quadratic
stability and stabilization of deterministic uncertain sys-
tems. Another contribution is to solve the state feedback
H_, control and present a state feedback H_, controller
design.

The paper is organized as follows. In Section 2 we
give some adequate preliminaries and useful definitions. In
Section 3, sufficient conditions for quadratic stability and
stabilization are given in terms of LMIs which is convenient
to compute by the MATLAB LMI toolbox. Section 4 designs a
state feedback H,, controller. Two numerical examples with
simulations are given in Section 5 to verify the efficiency of
the proposed results. Finally, we end this paper in Section 6
with a brief conclusion.

For convenience, the notations in this paper are quite
standard such as the following: we let " and Z™" represent
the set of all real n-dimensional vectors and m x n real
matrices. For symmetric matrices X and Y, X > Y (resp.,
X > Y) stands for the idea that the matrix X — Y is positive
semidefinite (resp., positive definite). I denotes the identity

matrix of appropriate dimensions and X” denotes the matrix

transpose of X. [|x]| = /Y22, |xx|? represents the Euclidean

norm or spectral norm of the vector x. = {kg, ko +
1,ky +2,...}, especially, /' = {1,2,...}, #/, =1{0,1,2,.. .},
and [y, T2] represents the set of integers between T, and T,
(inclusive). In symmetric block matrices, the symbol “*” is
used as an ellipsis for terms induced by symmetry. &(-) is the
expectation operator.

2. Preliminaries

Consider a class of uncertain linear discrete-time stochastic
systems with state delay described by

x(k+1)=(Ag+AA, (k) x (k) + (Agg + AAg, (k)

cx (k= d) + (By + ABy (k) u (k)

+ > {[Cy + AC, (k)] x (k)
i=1

(1
+[Cog + ACyy (k)] x (k — d)

+ [Dy + ADy (k)] u (k)} w; (k),
x(j) =¢(j) e ",

je{-d,-d+1,...,0}, ke,

Mathematical Problems in Engineering

where x(k) € R" is the system state and u(k) € R" is
the control input, and {w(k)},, are independent white noise
process satisfying the following assumptions:

(H)) &lw] = 0, %[wkwj] = Skj, where J;; is a Kronecker
function defined by §;; = 0 for k # j while §;; = 1 for
k=j.

(H,) {w(k)} >, are defined on the filtered probability space
Q,F, F, P) with F,. = o{w(0),...,w(k)}. In
addition, {#F}icy, is an increasing sequence of o-
algebras with #, ¢ &.

Ay, Aygs By, Cy, Cyy> Dy are known real constant matri-
ces with compatible dimensions. AA(k), AAy,(k), AB,(k),
ACy(k), ADy(k), ACy,(k) are norm bounded and time-
varying uncertain parameter which are assumed to have the
following form:

[AAg (k) AAg (k) ABy (k) AC, (k) ACy, (k) AD, (k)]

2)
= EF (k) [Ga, Ga,, Gs, G, G, Gn,)»

where E,G, ,G, ,Gg,G¢ ,Ge ,Gp are constant matrices
0 0d 0 0 0d 0
and F(k) € #™" is the uncertain matrix satisfying

F'F(k)<I, ke, 3)

For the purpose of simplicity, throughout this paper, we write
system (1) in the following form:

x(k+1)
= Agpx (k) + Aggax (k — d) + Bypu (k)

+ 3 [Conix (k) + Cogpx (k — d) + Dopu (k)] w; (k).

x(j) = ¢ (j) € #,

where Agy, Agga> Boar Conr Coqn are bounded uncertain
system matrices with

€ [-d,0], ke ANy,

Aga = Ag+AAg (k) = Ay + EF (K) Gy,

Agap = Agg + AAgq (k) = Agg + EF (k) G4
By, = B, + ABy (k) = By + EF (k) Gy,
(5)

Coa = Co + AC, (k) = Cy + EF (k) G,

Coan = Coa + ACy (k) = Coq + EF (k) G¢,»

Dos = Dy + AD, (k) = Dy + EF (k) Gp,..

Below, we define robust quadratic stability and robust
quadratic stabilizability for the uncertain time-delay discrete-
time system (1), which generalize Definition 1 of [15] to
stochastic systems.

Definition 1. Uncertain discrete time-delay system (1) is said
to be robustly quadratically stable, if there exist matrices P >
0, Q > 0 and a scalar w > 0 such that, for all admissible
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uncertain terms and given initial condition x(j) = ¢(j) € &"
for j = 0,—1,...,—d, the unforced system of (1) (with u(k) =
0) satisfies

& (AV,) = 8V, - 8V, < —0& |x (k)| (6)

for x(k) € B> with (k) = (x(k)T, x(k - d)")T and

d
Vi=x(®) Px(k)+ Y x(k-j) Qc(k-j). (7)

i

Definition 2. Uncertain discrete time-delay system (1) is said
to be robustly quadratically stabilizable if there exists a matrix
K € R™" such that closed-loop system (1) with u(k) =
Kx(k), that is,

x(k+1)

= (Ags + BoaK) x (k) + Aggp (k) x (k - d) ®)

+ Y [(Con + DosK) x (k) + Cogpx (k = d)] w; (k) ,

i=1
is robustly quadratically stable for given x(j) = ¢(j) € R" for
j=0,-1,...,~d.
3. Robust Quadratic Stabilization

In this section, a sufficient condition about robust quadratic
stability and robust quadratic stabilization will be presented
via LMIs, respectively. First, we cite the following lemma
which is essential in proving our main results.

Lemma 3 (see [27]). Suppose that W = w7t F(k) satisfies
(2), and then for any real matrices W, M, and N of suitable
dimensions we have

W+MF(k)N+NFR) " M <0 9)
if and only if (iff), for some o > 0,
W +aMMT +a 'NTN <. (10)

Theorem 4. Consider uncertain discrete-time stochastic delay
system (1) with u(k) = 0. This system is robustly quadratically

oo [Ae (k)" PAgy (k) + sCop (k) PCyp (k) +Q — P

Agan ()T PAgy (k) + sCoys (k) PCyy (k)

By Definition 1, system (1) with u(k) =
quadratically stable, only if

0 is robustly

I1<o (15)
which is equivalent to

=11, +1I,

stable if there exist positive definite matrices X > 0, Y > 0 such
that the following LMI holds.

Ay Ay ATX $2CIX 0 0 ]
¥ A, AD X SPChx 0 o
* * -X 0 XE O
<0, (1)
* * * -X 0 XE
* * * * -I 0
| * * * * EEE B
where
T T
Ay =Y -X+G, Gy, +5G G,
T T
A, = GAodGAOd + SGC[]dGCOd’ (12)

_ T T
Ay =Y +G, Gy, +5Gg Ge,,-

Proof. From Definition 1, taking a Lyapunov function V; as
in the form of (7), if uncertain discrete time-delay stochastic
system (1) is quadratically stable, then, for all admissible
uncertainties of (1), there exist matrices P > 0, Q > 0 and
a scalar « > 0 such that &(AV,) associated with unforced
system (8) satisfies (6). In view of the assumption (H,), it is
easy to compute

EVirr — 8Vi = & {x ()" [Ags ()" PAG, (K)
+5Cop (k)" PCyp (k) +Q = P x (k) + x (k)"
: [AOA (k)" PA g (k) + sCoy (k)" PCoan (k)] x (k

—d)+x(k=d)" [Agas (k)" PAgy (K) )

+ 5Coan (k)" PCop (k)] x (k) + x (k — d)"
[Agan ()" PAggs (k) + sCogp (k)" PCogy (k)

T

_Q]x(k_d)}:[ x (k) x (k) ]

| o]
x(k-d) x(k-d)

where Ay, Ao Coa» and Cyy, are given in (5) and IT is
shown as

Aoa (k)T PA gy (k) +5Coy (k)T PCyap (k) ] (14)
Agan ()" PA s (k) + sCogp (k)" PCoyp (k) - Q .

sCon (k)" PCogp (k)

. [SCOA (k)T PCyy (k) + Q- P
sCoan (k)" PCyyp (k) - Q

sCodn (k)T PCy, (k)

Agp (R)T PAy (k) Agy (k)" PA gy, () } o
Agan (0" PAgy (k) Aggp ()" PAgs (k)]

(16)



Note that IT, can be rewritten as

Agy ()" P
Agan (k)" P

) =

] P [PAgs (k) PAgs (K)].  (17)

By Schur’s complement, it is easy to derive that II < 0 is
equivalent to

1y $Cop ()T PCogp (k) Agy (k)" P
Aggn TP, (18)
* * -P

=1« Usy

where
7y, = sCop (k)T PCyy (k) + Q- P, 1)
7yy = $Coun (k)T PCoyp (k) — Q.

Then, using the same way as in (16)—(19) yields
Q-P 0 Ay (k)P s2C, ()TP

—Q Ay ()T P $M2Cyuy, ()T P
* * -p 0 (20)

—~ *

II =

* * * -P
<0.
The above inequality can be rewritten as

0 O
diag (F (k), F (k
PE g (F (k), F (k)
0 PE
Ggo sl/ngo

12T (21

Gao Gua 00 Cod

51/2GCO sl/zGcod 00

T
Gaoa $

0 0

0 0

00 E'P o
-diag (F (k)T ,F (k)T <0,
g( ) 00 o E'p

where
T 1/2 T
Q-P o Alp clp
« —Q AL.p s'2Cl.p
I, = Q A o= (22)
* * -P 0

* * * -pP
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Because I1; is a symmetric matrix, applying Lemma 3, (21)
holds iff the following inequality holds:

0 0
o o|f[ooEP o

I; + -
PE 0 |loo o E'P
0 PE

T 12T
Gho s Gao
1| Ghou $MPGE Gao Gaa 00
0 0 sl/ZGCO sl/ZGCOd 00
0 0

+«

] (23)

Ay Ay, ATP SV2CTP
x A, AbP SMChp

= <0,
* * Ags 0
* * * A44
where
Ay =Q-P+a'GLGy + 50 GLyGeyps
1T 1T
Ay = GyugGaga + s GeyGooas
. . (24)
-1 -1
Ny =—Q+a GyupyGapq +5a GeyyGeooas
Ay =A, =—P+aPEE'P,
Take
P=a'X,
(25)
Q=aly

and then by substituting (25) into (23), for & > 0, we get

Ay Ay AlXx s'2Clx
A AT x s'2cT . x
22 od : od <o, (26)
+ % -X+XEE'X 0
% * -X + XEETX

where A, Ay,, A, are shown in (12).
Using the same method as in (16)-(20), (11)-(12) follow
immediately from the above inequality. O

Theorem 5. System (1) is robustly quadratically stabilizable if
there exist positive matrices X > 0,Y > 0, K € R " and a
scalar & > 0 with el — X' < 0 such that the following LMI
holds.
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(0, 0, (Ag+ByK)" s2(Cy+DyK)" 0
* 0Oy Agy s"2Chy 0
* % —el 0 E
* * * —el 0
* * * * -1
* * * * *
* * * * *

| * * * *

where
0, =Y-X,
T T
01, = (Gag + GpoK)" Gpa + (Geo + GpoK)™ Gepgs  (28)
T T
055 = =Y + G104G a0d + GoaGeoa.

Moreover, a quadratically stabilizing state feedback controller
is given by

u (k) = Kx (k). (29)

Proof. By Definition 2, using the same way as in the proof of
Theorem 4, the following inequality which has a similar form
to (11)-(12) can be obtained by taking u(k) = Kx(k)

[0, 0, (Ag+B,K) X s2(Co+DyK)'X 0 0]
* 0, Al x s'2Clx 0 o
* * -X 0 XE O
* % * -X 0 XE| (30)
* * * * -1 0
L * * * =] ]
<0,
where
- T
O =Y = X +(Gyp + GpK) (Gag + GpoK) (31
T
+(Geg + GpoK) ™ (Geo + GpoK) -
In order to eliminate the nonlinear quadratic terms
(A, +B,K)" X,
(32)
(Cy + DoK)" X,
pre- and postmultiplying
diag (1,1, X", I, 1,1) (33)

on both sides of (30) and considering X' > e, (27)-(28) can
be obtained easily. This theorem is proved. O

5
0 (Gyo+ GBOK)T s (Geo + GDOK)T-
0 0 0
0 0 0
E 0 0
<0, (27)
0 0 0
-1 0 0
* -I 0
* * -1 ]

Remark 6. Compared with the results about quadratic stabil-
ity and quadratic stabilizability of deterministic systems given
in [14], our two theorems not only extend the results of [14]
to stochastic systems, but also provide the corresponding LMI
criteria which can be easily tested by MATLAB LMI toolbox.

Remark 7. From these two theorems, we also can get the

result about quadratic stability with the given decay rate. Take
the function

x, (k) = x (k) €, (34)

and then, substituting (34) into (8), we obtain the following
new system:

xy (k+1) = (ZOA + BOAK) xy (k) + Aggpx, (k —d)

+ i [(EOA + ﬁoAK) x) (k) + Cogaxy (k - d)] (35)
i=1
-w; (k)
where
ZOA = eAAOA,
By, = €' By,
EOA = e’\COA,
(36)
EOA = e’\DOA,
Aoy = Qld+A Agiss
Coun = e(dH)ACOdA-

So system (1) is quadratically stabilizable with decay rate A if
system (35) is quadratically stabilizable.



4. State Feedback H_ Control

In this section we consider the state feedback discrete-
time H,, control problem for the following uncertain linear
stochastic system with state delay:

x(k+1)=[Ay+AAy (k)] x (k) + [Agy + AAy, (K)]

-x (k—d) + BE (k) + By + AB, (k)] u (k)

S

+ Z{[C0 + AC, (k)] x (k)

i=1
+ [C()d + ACod (k)] X (k - d) (37)

+[Dy + AD, (k)] u ()} w; (k) ,

x(j) = (j) € &,
je{-d,-d+1,...,0}, ke WV,

z (k) = Cx (k) + Du (k),

where z(k) € %" and E(k) € A7 are called the controlled
output and external disturbance, respectively. In addition,
the effect of the disturbance &(k) on the controlled output
z(k) is described by a perturbation operator & ¢ : § - z,
which maps any finite energy disturbance signal £ into the
corresponding finite energy output signal z of the closed-
loop system. The size of this linear operator, that is, | .,
measures the influence of the disturbances in the worst case.
We denote by I2 (4, ") the set of all nonanticipative square

summable %'-valued stochastic processes

y=1{:n
(38)

€ L? (Q, 9{21) , Vi is Fr g measurable}kgﬂo .
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I*-norm of y € I2 (W, &') is defined by

- 12
2
s, = ( S8 I ) R
k=0

Firstly, for system (37), we define the perturbed operator
& ¢ and its norm as follows.

Definition 8. The perturbed operator of system (37), & :
li(ﬂfo, R — llzu(./VO, R"), is defined as

G E(k) €y (W, RT) —
Cx (k) + Du (k), (40)

x(j)=0, j=0,-1,-2,...,~d

with its norm

llz )l v, )
%=l = sup TE®lser, o
(k) (N 5, R),E(K)#0,x(j)=0, €[, 0] 14 (k)”sz(AfO,W)

(X2, ElICx (K) + Du (W) "
(s ElE )"

= sup
Ek) €, (W 0, R0, (k) #0,x(})=0, j€[~d,0]

Next, we present the definition about stochastic robust H,
control.

Definition 9. For a certain level y > 0, u*(k) = Kx(k) is the
H_, control of the system (37), if

(i) system (37) is internally stabilizable when &(k) = 0;

(ii) the norm of the perturbed operator of system (37)
satisfies [| & || < y for all external disturbance Ek) €
(N o RT).

Besides, if u"(k) exists, then system (37) is called H_,
controllable in the disturbance attenuation. Furthermore, it
is called strongly robust H,, controllable if y = 1.

Theorem 10. Consider system (37). For the given y > 0 and
some B > 0 with P < f7'I and a > 0 if there exist P > 0,
Q > 0, and K € R™" satisfying the following LMI

[2P+Q+CTC hy, 0 sY2(Cy+DyK)" (A +B,K) K'DT hy, hyg ]
* hy, O s'2ct, AL, 0 0 0
* S| 0 B" 0 0 0
* * w ~pBI + «EE" 0 o 0 0 o 42)
* x ok * -BI+aEE" 0 0 0
x x % * * -1 0 0
* * * * * * -1 0
L * * % * * & =T
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where

~ T
hp=a [51/4 (Geo + GpoK)™ Geoa
T
+(Gag + GpoK) GAOd] ’
My = =Q+ ' (s GouGna + GhoaGaoa) (43)
By =o' (Gep + GoK)'

hyg = a (Gyo + GBOK)T >

then system (37) is robustly H controllable with a control law

u(k) = Kx(k).

Proof. By Theorem 5, when disturbance (k) = 0, it is easy
to test that system (37) is internally stabilizable with u* (k) =
Kx(k). Now we only need to show || & || < y. By Definition 1,

choose the Lyapunov function V;, = x(k) " Px(k) + Zj.lzl x(k -
j)TQx(k — j)with P > 0 and Q > 0 to be determined, and

then

%AVk = %VkJrl - ng = g

d
+ Y x(k+1- )" Qx(k+1-j)-x" (k) Px (k)
j=1

=

=& [x" (k+1)Px(k+1)+x" (k)(Q-P)x (k)

~x"(k-d)Qx (k-d)].

™)
—

(1

11

d (44)
—ZxT(k—j)Qx(k—j)]

Soin the case of x(j) = 0, j = 0,—1,...,—d, we have

k=0

k=0

(Ags + BoaK)" PAg ux (k= d) + x" (k)

(Aga + BOAK)T PBE (k) + x" (k-d)

: (COAK)T P (Cyp + DysK) x (k)

: AgdAP (Aga + BoaK) x (k) + x" (k-4d)

+&" (k) B'P (Agy + BoaK) x (k) + &' (k)

+ sxT (k) (Cop + DoaK)" PCoypx (k — d)

x' (k+1)Px(k+1)

+5x" (k= d)CL\P (Cop + DosK) x (k)

x (k)
x(k-d)

Iz )l ey = ¥ N6 Oz oy 0y = g {x"
(€"C+K"DDK) x (k) + AV — y*E" (k) E (k) }
+V (x(0)) ~ liminf &V (x (k)) < %i {x®)"

(Apa + BOAK)TP (Aga + BoaK) x (k) + x7 (k)

- AgaaPAganx (k = d) + x" (k — d) A, PBE (k)

-BTPA yypx (k — d) + ET (k) B'PBE (k) + sx” (k)

+sx" (k= d) Cogp PCopx (k — d) — x" (k) Px (k)

+x7 (k) (Q-P)x (k) - x* (k- d)Qx (k - d)

>

+x" (k) (C"C+ K"D'DK) x (k) = y¢" (k)
- x (k)

.g(k)}zgz x(k-d)| E
L e

where

—511 (Aoa + BOAK)T PAggn (Ags + BOAK)T PB 5% (Cop + DOAK)T P
* AgdAP Agan — Q Aj(;dAP B $ l/zconAP
* * B"PB -1 0

| * * * -P

(Agp + BouK) P (Agy + ByuK) - 2P +Q+C'C+ K'D'DK.

§ (k)

(45)

(46)



Obviously, it is easy to get that [| & || < y if & < 0. Then, we
need to eliminate the uncertainties. Using the same method
as in the proof of Theorem 4, we know that, for some « > 0,
a sufficient condition for £ < 0 can be got from the following
matrix inequality.

[T, T, 0 sY%(Cy+DyK)' P (Ay+ByK) P]
x* I, 0 s'*cl,p AL,P
% = 0 B'P
- (47)
* % * —P + aPEE" P 0
[« % o« % —P + aPEETP |
<0,
where
I, =2P+Q+C'C+K'D'DK +a's"* (Gg
+ GDOK)T (Geo + GpK) + a! (Gag + GBoK)T
(Ga + GoK),
(48)
-1 1/4 T
I =a [5 / (Geo + GpoK) Geoa
T
+(Gyo + GpoK) GAOd] >
“1( 1/4 T T
I, =-Q+«a (5 / GeoaGeooa + GAOdGAOd)'
Then, by pre- and postmultiplying
diag[I T I P' P7'] (49)
on both sides of (47), we have
- 1/2 T T
I T, 0 s'%(Cy+DyK)" (A, + ByK)
* I 0 s Chy Aba
* % —yZI 0 BT
B (50
* % * -P + «EE 0
R * * -P7!' + «EET |
<0.

For some constant § > 0 with P! > I, Theorem 10 is
concluded; that is, an H_ control of system (37) is obtained
by solving LMIs (42)-(43). This completes the proof. O

5. Simulation Example

In this section, we consider two simple examples with simula-
tions to illustrate the effectiveness of the proposed approach.

Example 11. Consider discrete-time stochastic system (1)
with the following parameters:

Mathematical Problems in Engineering

Lo
"o o8]
10.02 0
A=l ol
E
0 — -1 >
02 0
CO_ bl
0 04
: 01 0
“= 1o 02]
b _[0?
o7’
0.2 0]
E= )
[0 04
. 10.01 0]
A7 0 003)
[0.04 0 (51)
G = L 0 005]°
0.2
G, = 0.1]’
103 0
Ge, = Lo 01]’
0.1
G, = 10.7]’
0.1 0
G = L0 001]
FR) [cos (w (k)) 0 ]
- 0 sin (w (k)]
s=1

Using LMI toolbox to solve (11)-(12) in Theorem 4, we find out
that t_;, = 0.0086 > 0 which means that there is no feasible
solution and indicates that system (1) with u = 0 is unstable.
Figure 1 verifies the result. By solving LMI (27), a group of
feasible solutions with ¢, = —0.9649 < 0 are shown as ¢ =
16.7436 and

[22.1026 0.6519 ]

0.6519 20.0007
(52)

11.3608 —0.6710
~0.6710 13.2231]°
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0 20 40 60 80

x10°
2

X2

0
2t
4

-6

100 120 140 160 180 200
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0 20 40 60 80

FIGURE 1: State trajectories of the autonomous system.

100 120 140 160 180 200
t (sec)

0 20 40 60 80

FIGURE 2: State trajectories of the closed-loop system.

By Theorem 5, the system is mean-square stabilizable
which is verified by Figure 2. A robust stabilizing controller
is given by

u (k) = Kx (k) = [-0.092 —0.1344] x (k) . (53)

Example 12. Consider system (42) with the following param-

eters:
N (1.2 0
" lo 11)
A (0.2 0
“= 10 01]
5 1.3
0 — -1 >

9
102 0
COZ >
[0 04
1
B= ,
0.65
10.4 0.2
C= X
(0.1 08
0.8
D= :
1
c 0.1 0
““ 1o o02]
o _[02
oz’
02 0
E= )
0 04
01 0
%=1 0 s
04 0
Y4 =10 0s]
10.2
G, = 0.1]’
(03 0
Ge, = L0 01]’
0.1
G, = 107]’
0.1 0
“cu={0 01
[cos (w (k)) 0
F(k) = s
®) 0 sin (w (k))
s=1
(54)

For perturbed system (42), we take the external distur-
bance as &(k) = ¢™* and the certain level as y = 0.8. In
addition, according to Lemma 3, an appropriate « is given as
« = 4.9. Then, by the result of Theorem 10, using LMI toolbox
to solve (43) and (47), we find that t,;, = —0.1046, which

means we have got a group of feasible solutions with

1.7258 0.0320
~10.0320 1.8314)°

1.6581 —0.0480
-0.0480 1.5180 |’
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t (sec)

FIGURE 3: State trajectories of the closed-loop system.

z; and z,

0 2 4 6 8 10 12 14 16 18 20
t (sec)

FIGURE 4: Controlled output trajectories of the closed-loop system.

K = [-0.3281 —-0.2836],

B =3.0531.
(55)

The simulation results of state trajectories and controlled
output trajectories of system (42) are given in Figures 3 and 4
with the H, controller

u (k) = Kx (k) = [-0.3281 —0.2836] x (k).  (56)

This further verifies the effectiveness of Theorem 10.

6. Conclusion

In this paper, we have studied the robust quadratic sta-
bility, quadratic stabilization, and robust H,, state feed-
back control of discrete-time stochastic systems with state
delay and uncertain parameters. Based on LMI technique, a
sufficient condition about quadratic stability and quadratic

Mathematical Problems in Engineering

stabilization of our considered system is, respectively, given.
Moreover, an H_, state feedback controller is obtained by
solving two LMIs. Finally, we supply two simulation examples
to show the validity of the proposed results. It is expected to
solve the H output feedback control and H_ filtering in our
forthcoming work.
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This paper tackles the issue of stability analysis for uncertain T-S fuzzy systems with interval time-varying delays, especially based
on the nonquadratic Lyapunov-Krasovskii functional (NLKF). To this end, this paper first provides a less conservative relaxation
technique and then derives a relaxed robust stability criterion that enhances the interactions among delayed fuzzy subsystems. The

effectiveness of our method is verified by two examples.

1. Introduction

Over the past few decades, Takagi-Sugeno (T-S) fuzzy model
has attracted great attention since it can systematically rep-
resent nonlinear systems via a kind of interpolation method
that connects smoothly some local linear systems based on
fuzzy weighting functions [1]. In particular, the T-S fuzzy
model has the advantage that it allows the well-established
linear system theory to be applied to the analysis and synthe-
sis of nonlinear systems. For this reason, the T-S fuzzy model
has been a popular choice not only in consumer products
but also in industrial processes (refer to [2] and references
therein).

As well-known, time-delay phenomena are ubiquitous
in practical engineering systems such as aircraft systems,
biological systems, and chemical engineering system [3-5].
Recently, thus, the research on nonlinear systems with state
delays has been an important issue in the stability analysis
of T-S fuzzy systems. In the literature, there are two major
research trends to deal with such systems: one focuses on
decreasing computational burdens required to solve a set of
conditions from the Lyapunov-Krasovskii functional (LKF)
approach, and the other focuses on improving the solvability
of delay-dependent stability conditions despite significant
computational efforts. Strictly speaking, the first trend is

mainly based on Jensen’s inequality approach [6-11] and the
second one is based on the free-weighing matrix approach
[12-16].

Recently, it is recognized that the common quadratic
Lyapunov function approach leads to overconservative per-
formance for a large number of fuzzy rules [17, 18]. For this
reason, it is essential to tackle the issue of stability analysis in
the light of the nonquadratic Lyapunov-Krasovskii functional
(NLKF) [19-23]. However, to our best knowledge, up to
now, little progress has been made toward using NLKFs for
the stability analysis. Motivated by the above concern, this
paper proposes a relaxed stability criterion for uncertain T-S
fuzzy systems with interval time-varying delays, especially
obtained by the NLKF approach. To this end, this paper offers
a proper relaxation method that can enhance the interactions
among delayed fuzzy subsystems. Further, it is worth noticing
that Jensen’s inequality, given in [24], is applicable only to the
case where the internal matrix is constant, that is, to the case
where the common quadratic Lyapunov-Krasovskii func-
tional (CQLKEF) is employed. Thus, this paper focuses more
on exploring the second trend in the direction of reducing the
conservatism that stems from the CQLKF approach, without
resorting to any delay-decomposition method. In this sense,
this paper provides two examples numerically to show the
effectiveness of our method.
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The rest of the paper is organized as follows. Section 2
gives a mathematical description of the system considered
here and presents a useful lemma. Section 3 presents the main
result of this paper. Furthermore, through numerical exam-
ples, Section 4 shows the verification of our results. Finally,
Section 5 makes the concluding remarks.

Notation. Throughout this paper, standard notions will be
adopted. The notations X > Y and X > Y mean that X - Y
is positive semidefinite and positive definite, respectively. In
symmetric block matrices, () is used as an ellipsis for terms
that are induced by symmetry. For a square matrix 2, He(Z)
denotes & + X7, where 27 is the transpose of 2. The

natation Conv(-) denotes the convex hull; col(v;, v,,...,v,) =
T

[VIT Vi vrTl] for any vector v;; diag(&/, %) denotes a

diagonal matrix with diagonal entries &/ and %; and N =

{1,2,...,r}. For any matrix &; or &,

[5i]r=[§1 Sy o é)r])

(5], = (1§07 180" [5.07]

All matrices, if their dimensions are not explicitly stated, are
assumed to be compatible for algebraic operation.

)

2. System Description and Preliminaries

Consider the following uncertain T-S fuzzy system, which
represents a class of nonlinear systems: for i € N/,

Plant Rule i. IF n,(¢) is F; and - -- #,(t) is F,;, THEN
X(t)=Ax @)+ Agx(t—-d () +Ep(t),

q(t) = Gx (t) + Gyx (t - d (1)),
2)
x(t) =y (1),

t € [-d,,0],

where x(t) € R™ and x(t — d(t)) € R™ denote the state
and the delayed state, respectively; the initial condition y/(t)
is a continuously differentiable vector-valued function; & ;
denotes a fuzzy set; #;(¢) denotes the ith premise variable; and
r denotes the number of IF-THEN rules. In (2), p(t) € R"
and g(t) € R™ are used to describe the structured feedback
uncertainty such that p(t) = A(t)q(¢) and ATOA@R) < I €
R"*"a Further, the state delay d(t) is assumed to be unknown
and time-varying with known bounds as follows: d; < d(t) <
d,, where d, and d, are constant. Then, the overall T-S fuzzy
model is inferred as follows:

x(t)=A(0,)x(t)+A,(0,)x(t—d())
+E(©,)p (), (3)
q(t) =G(0,)x(t) +G,(0,) x(t —d (1)),

where A(®,) = Y. 6,4, Ay(©,) = Y. ,60,A,;, E©,) =
22:1 0,E;, G(©,) = Zirzl 0,G;, and G4(©,) = Z::I 0,G; in
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which 6; (=0;(n(t)) denotes the normalized fuzzy weighting
function for the ith rule; #(t) = col(#,(x(t)),...,n,(x(1)))

denotes the premise variable vector; and ®, = col(6,,...,0,)
belongs to
.
S = {col(@l,...,er) 136, =1, a; <6, < B, Vi
i=1
(4)

GN:}.

Assumption 1. The fuzzy weighting functions 0; are differen-

tiable and ©, = col(d,,...,0,) belongs to

S¢ = {col (91,...,9,) | Zr:éi =0, g; < 0, < 0y Vi

i=1
€ N:]» .

To simplify the notations, we use Gidl = 0,(n(t - dy))
and 9?2 = 0,(n(t — d,)). And, for later convenience, we
define x(t) = col(x(t),x(t — dy),x(t — d(@)),x(t — d,)),
nt) = col(x(t), p(t)) € R™, and n, = 4n, + n,. And we
use some block entry matrices ¢; (i = 1,2,...,5) such that
x(t) = e;n(t), x(t—-d,) = e;n(t), x(t-d(t)) = esn(t), x(t—-d,) =
e,n(t), and p(t) = esn(t), which implies x(t) = e 4x(t) by
defining elT4 = [elT eﬂ. Then, (3) becomes

(5)

5(7 (t) = (Dtr] (t) >
qt)=Y¥mn@)),

where ©, = A(©,)e,; +A;(0,)e;+E(O,)e; and ¥, = G(O,)e, +
G,(0,)e;.

(6)

Lemma 2. Let®, € Sy be satisfied. Then, the following condi-
tion holds:

0>/

= My + ieiHe () + 6 M

1 11

i=1 i=1 (7)

r r i—-1
+ Z < Z 0,0, + Zleiej/%;>
=

i=1 \ j=i+1

if there are all decision variables such that

PRI
RECHEN N
0<X;+X], ®)

VieN;,

where £y = My+He(Sy - Y, ;i X;), &L= M;+S;— Sy +
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Lemma3. Let ©, € S, be satisfied. Then, the following condi-
tion holds:

0>Q+ ZQ,@,» )
i=1

if there are all decision variables such that

0>Q+ Yo, (#+0@),
i=1 (10)

Veel={(t,....6) | & €N}, i e N}

Proof. In view of ®, € S, we can get

2
0; = Z Ag (1) ¢, i0

=1

(1)
0 = Zéi/!/’
i=1

where coeflicients A, are all positive and sum to one and /'
is a constant slack variable. Then, (9) leads to

T 2
0>Q+Z<Z/\Ei(t)9£i,i>(‘@i+/’/)) (12)

i=1 \ =1

which holds if (10) holds because Zf,l:l A ()0 (P + W) €
Conv(g, ;(#; + /)), where ¢; denotes the ith element of £ €
L. O

3. ©,-Dependent Stability Criterion

Based on a nonquadratic Lyapunov-Krasovskii functional
(NLKE), this section provides a less conservative stability cri-
terion. To this end, we first choose an NLKF of the following
form:

V() =V, (@) +V, () + V5 (1),

Vi) =x"(t)P(®)x(),

t

V, () = J AT (0)Q, (8,) x (@) da

t-d,

+ Jt x' (@) Q, (0,) x () dex, (13)
t-d,

Vs () = J"d J':m &' (B) R, (©p) % (B) dp dox
-d, t . ’
" «[—dz Lax (B) R, (©g) % (B) dp dar

where P(0©,), Q,(®,), Q,(©,), Rl(G),B), and R2(®/;) are
positive definite for all admissible grades. Then, the time

derivative of each V,(t) along the trajectories of (6) is given
by

Vi) =n" () (He(e] P(©,)®,) +e/P(0,)e)n(t),
V,t)=n" (t) (e? (Q1(8,) +Q,(©,)) ¢
—€,Q (0,,) €&~ €Q (O,g,) ea) 1 (1),

Vi(t) = ’1T (1) (d1q)tTR1 (©,) D, + 6(1):TR2 (©,) (Dt) (14)
t

~ﬂ®—Ld

-

" ()R, (0,) % («) da

t—d,
_ J T (@) R, (®,) & () dav,
t—d,

which leads to
V() =4" ()5 () + O, + Oy, (15)
where

11, = He (e/ P (©,) ®,)
+ elT (P (©,)+Q(8,) +Q, (®t)) €
- eng (®t—d1 ) € - eZQz (®t—d2) €y

+ dlq)tTRl (©,) D, + 8q)tTR2 (©,) @y,

t (16)
0, =- Ld " (@R, (0,) % (0)da, 8=d,—d,,

t-d)
0,=- L_d x (0‘1) R, (@)al) x (0‘1) doy

t—d,
_ J 57 (o) Ry (0, ) & (@) ety
t—d(t)

Remark 4. Indeed, it is hard to directly use Jensen’s inequality
approach to obtain the upper bounds of 0, and 0, because
R,(®,) and R,(®,) are set to be dependent on ®,, which
motivates the present study.

Lemma 5. Suppose that there exist matrices Uy(0,), U, (0,),
and U,(®,) € R and symmetric matrices 0 < P(®,),

P(©,), 0 < Q(0,4) 0 < Q(0,4), 0 < Q(0,), 0 <
Q,(0,),0 < R,(0,),0 < R2(®%), 0 < Ri(0,),0 < R,(O,) €

R™™, My(®,), M, (®,), and My(®,) € R**¥ such that
0>T, +IL, +T,, VpeNj, (17)

< [Mo (®,) Uy (&)]
O ACHIN

M, (®,) U,(e,)
(x)  R(0,)

(18)

>

VpeN;,



where
I, = He (e P(©,) @) + ¢, (P(®,) +Q, (6,)
+Q,(0)))e; - €;Q (0r-4,) &~ €;Q, (0,4, ) e
+d,®R, (©,) ®, + 5D/ R, (©,) D,
I, =¥ -eles, (19)
&) +e,U; (8, (

)) + d1e1T4M0 (©,) e

[, = He (eiUo (©,) (e e;—ey)
+e,U, (0,) (e — e

( £) €
Then, (6) is robustly asymptotically stable for d,

+ 6e14
<d(t) <d,.

Proof. First of all, by incorporating the following equalities
into (15),

0 =% (1) M, (©,) % (t) (dl - Jt_d doc),

T t—d(t)
0 =% (1) M, (,)% (t) ((d2 —d() - L da1>,

_d2

t—d,
0 =% (t) M, (©,) % (t) ((d ©-d,) - L doc2>,

—d(t)
0=2x%" (1) U, (8,) <(e1 —e)n(t) - Ld X (a) d“) > (20)

0=2x" (U, (©,)

t-d(t)
_[ x (o) d“l) ]

t—d,

: ((es —e)n(t) -
0=2x" (1)U, (©,)

t—d,
(ter-edno- [ slen)m,).
t—d(t)
we can get
Vey=n" @) (1, +T,)n®)+0,+0,,  (21)
where

fp = He (e1T4U0 (©,) (e; —€;) + e1T4Ul (©,) (e; —¢y)

+ e1T4U2 (©,) (e, - "-3)) + dlefz;Mo (©) e

2
+ el (ZAP M, (t)> €L

&
0= :dl [ ))]
'[M<=E)) (( ))] [f((;))]d“
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_ =0 [ () 1T
@:_L%[HMJ
M, (8,) U, (0,
(*)  Ry(O,)
r—1 rORN
td(t [ (ay) ]
[Mz (©) U,(6,)
(*) Ry (©,,)

[ % (1)

el

in which A, (t) = (d, — d(t))/(d, — d;) and A,(¢) = (d(t) —
d,)/(d,—d,). Next, the structured feedback uncertainty, given
as 0 < qT(t)q(t) - pT(t)p(t), can be converted into 0 <
n (O, - eles)n(t), which yields V(t) < 5" (t)(I1; +
II, + fp)r](t) + 51 + 52. That is, the robust stability for (6)
is assured by 0 > 17T(l‘)(1'l1 + IL, + 1_"P)17(t) + 51 + 52.
Therefore, if (18) holds, then 6, + 0, < 0,and hence the robust
stability criterion is given by (17) because 2127:1 Ap(HM,(t) €
COI’IV(MP(®t)). L]

(22)

In the absence of uncertainties, the T-S fuzzy system
becomes x(t) = ,x(t), where ®, = A(O,)e; + A,(0,)e,.
The following corollary presents the stability criterion for
nominal T-S fuzzy systems with time-varying delays.

Corollary 6. Suppose that there exist matrices Uy(®,),
U,(8,), and U,(®,) € R**" and symmetric matrices 0 <
P(®t): P(@t), 0 < Q1(®t—d1): 0 < Q2(®t—d2): 0 < Q1(®t)r
0 < Qy(®,),0 < Ri(®,), 0 < Rz(@)%), 0 < R(®,), 0 <

R,(©,) € R My(©,), M,(®,), and M,(0,) € R 474
such that

0>, +T, VpeNj,

<V%®»Uu@q
L R(©)]
M,(®,) U,(®,)

() Ry(o,)

(23)

>

Vp eNj,
where
I1, = He (elTP (®,) <Dt) + elT (P (©,)+Q,(8,)

+Q, (®t)) e - eZQl (®t—d1) € - CIQz (®t—d2) €

+d,®R, (©,) ®, + 5D/ R, (©,) D
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I, = He (e1T4U0 (©,)(e; —e,) + e?4U1 (©,) (e; —ey)
+ e1T4U2 (©,) (e, - e3)) + d1e1T4M0 (©,) ey

+ 5e1T4Mp (©,) ey
(24)

Then, (6) without uncertainties is asymptotically stable for d, <
d(t) < d,.

Proof. The proof is omitted since it is analogous to the
derivation of Lemma 5. O

4. LMI-Based Stability Criterion

Based on Lemmas 2 and 3, to derive a finite number of
solvable LMI conditions from (17), this paper simply sets all
the decision variables to be of affine dependence on fuzzy-
weighting functions:

P(©,) = ) 6P,

i

r

P(®t) = Zelpl’

i=1

(25)
Q (&) = ;QQU,
Q:(0) = Y00ss

Q (0, 4)= qz;e:lel,q,

@(0r4)= X0} o
R, (0,) = ZQRU,
R, (®,) = ZG,RM,
Ri(©) = YOk, @)

R, (@, )= YO R, ,
i=1
Uo (®t) = ZeiUO,i)
i=1

U, (®t) = ZeiUl,i’
i=1

(28)

Remark 7. As away to improve the performance to be consid-
ered, we can increase the degree of polynomial dependence
on fuzzy-weighting functions, as in [31-33] but this is outside
of the intended scope of this paper.

Theorem 8. Let ©, € S be satisfied. Suppose that there exist
matrices Uy ;, U, ,U,; € R and S,,S;, X; € R™™ (n, =
6n, +n, + ny), fori € NI, symmetric matrices N,0 < P,
0<Q»0<Q,y;, 0<Ry,;,and0 < R,; € R™", fori e N/,
and My;, My ;, M,; € R¥* such that, for all g,¢ € N},
peN;, and €L,

0> 35q¢)0 [gp’i :| ,
BCRIEN (29)

T

0< Xq + Xq,
MO,¢ UO"b

L (*) Rl,q ’

Mpy Upg

L (*) RZ,q

0<
(30)

>

Where ggq‘b)o = ﬂeq‘b)o + HC(SO - z::l (XiﬁiXi)’ gp,z = ‘%P,l +
S;i =Sy + (o + BX;, &y = My; + He(=S; — X;), and 31-]- =
M~ S; = S; in which

M gg0 = diag (=1,0,0, (4,4) 4460 (31)
00 0 (1,4);
1

0 —=0R,; 0 0

%P’i = 2 1 > (32)
0 0 -=dR; O
00 0 (4.4),,
0 0 0 0
00 0 (24);

Mi; = >
00 0 (34
L0 (%) (x) He((4,4);)




000 0
000 (24)+(24);
7100 0 (3.4),+(,4);

000 (44)+(44);

(33)
T x T
(4D egp0 = € (Zé’e,.,i (P, + N)) e —¢,Q 8
=1
T T
—e,Q,4€4 — €565,
(1,4); = Gie; + Gy e3,
(1 1
(4,4),; = ¢ (EQM + EQZ,i) e+ 1
(2,4);; = 0 (R, jA e, + Ry ;A 65 + Ry ;Ees), G

(3.4); = d, (Ry;Ae, + R, jA 65 + R, jEies),
T T
(4,4);; = e, P;jA;e; + e P;A; e; + e PEes,
T T
T,;=e,Uy,(e; —e)+e,Up,(e;—e)

p

T I, r
+e,Us; (e, —e;) + Ed1e14M0,ie14

Lot
+ 56e14MP,ie14.

Then, the system in (6) is robustly asymptotically stable ford, <
d(t) < d,.

Proof. Note that ®, € Sg. Thus, in view of Lemma 3, applying
the Schur complement to (17) is given by

-1 0 0 Y,
0a| 0 R0 0 [sR(e)0, |
0 0 —d,R, (®t) d,R, (®t) @, (35)
(%) (*) (%) ‘ Q,+ 1,
VpeN,, €el,

where ), = He(elTP((H)t)d)t) - ele (@)t_d1 )e, —eIQ2(®t_d2)e4

—ejes + e (Y 0p;(P + N) +Q (©,) + Q,(®)))e,. Further,
from (26) and (27), (35) and (18) can be converted into

r r
1 d2 (4 (4
0> 3 N 0505 M 009 (©;) € R™,

VpeN,, Lel,

(36)
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where
ﬂP»"‘N’ (®t)
-1 0 0 v,
0 -6R,(©,) 0 OR, (0,) @,
0 0 -d,R, (©,)|d,R, (0©,) D,
(=) (%) () | QugtT, 37)
Qegg

= He (elTP (©,) q)t) - eZQl,qu - eZQ2,¢e4 - eges
+ e1T (ZQ&,:‘ (P,+N)+Q,(0,) +Q, (®t)> €.
i1

As a result, from the convexity of fuzzy-weighting functions,
(17) and (18) can be assured by (30),

0> M e (©;), Vg, ¢ € N', peN;, el. (38)

Further, note that representing (38) in the form of (7)
becomes

0> Mpgyo+ iGiHe (a,;)+ ief/%i,.
i=1 i=1 (39)

T r i-1
T
+y < > 004+ 29,.6]./%1,>,
i=1 \ j=it+1 j=1
where M pp40, M5 M and M ;; are defined in (31)-(33).
Therefore, I?rom Lemma 2, we can obtain (29) in the sequel
without loss of generality. O

The following corollary presents the LMI-based stability
criterion for nominal T-S fuzzy systems with time-varying
delays.

Corollary 9. Let ©, € Sg be satisfied. Suppose that there exist
matrices Uy;, U, ;,U,; € R and S, S;, X; € R™™ (n, =
6n,), for i € N, symmetric matrices N,0 < P, 0 < Qyj,
0<Q; 0 <Ry,and0 < Ry; € R™™, fori € NI, and
My My s My, € R¥™ % such that, for all g,¢ € N}, p € NJ,
and € € L,

0> geq¢’0 [gp’i r
(+) ||Z ’

ijlxr
T
0< Xq + Xq,
< Mo,¢ U0,¢> (40)
= (*) Rl’q >

< [Mps Ups
(*) RZ,q

>
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Where gfp(ﬁ,o = ‘%ZP(P,O + HC(SO — z::l (xl"Bin‘), gp,i = .%p’i +
Si = So + (o + B Xy, Ly = My + He(=S; - X;), and Z;; =
Mi;—S;—S;in which

M g0 = diag (0,0, (3,3)p0)

(-0, 00
My = 0 —%d1R1,i 0 ’

L O 0 (3,3)p,

ro o (L,3); ]
Mi=]10 0 (23 |,

L(%) (+) He((3,3);)

[0 0 (1,3);+(1,3);]
Mi=100 (2,3);+(2,3); |,

100 (3,3);+(3,3)]

, (41)
(3:3)egp0 = el <ZQ&,1’ (P + N)) € - eng)qez

i=1
- eZQZ,qbezb
(3,3)p; = e (%Qu + %Qz,i) e+ 1,5
(1,3);; =46 (Rz,inel + Rz,jAd,ie3) ,
(2,3);;=4d, (Rl,inel + Rl,jAd,ieS) >
(3.3); = €[ P;Aje; + € PiA e,
L= eT4UO,i (e, —e,) + e1T4U1,i (e5-¢,)

T 1, r
+e,Uy; (e, —e5) + £d1e14M0,ie14

lor
+ E6e14Mp)ie14.

Then, (6) without uncertainties is asymptotically stable for d, <
d(t) < d,.

Proof. The proof is omitted since it is analogous to the
derivation of Theorem 8. O

Remark 10. The number of scalar variables involved in
Theorem 8 and Corollary 9 is given as follows: # = n”(2r+1)+
0.5n,(n, + 1) + n,(38.5n, + 8.5)r. Table 1 shows the number
for each case of (1, 7). Since the use of slack variables requires
more computation cost compared with other methods, there
may be the need to balance the tradeoffs between the
computational cost and the performance enhancement.

5. Numerical Examples

To verify the effectiveness of our methods, this paper provides
two examples that make some comparisons with other results:
one is related to the stability analysis for nominal T-S fuzzy
systems and the other is related to the robust stability analysis
for T-S fuzzy systems with uncertainties.

Example 1. Consider the following T-S fuzzy system, adopted

in [25]:

A ]
" lo -09)’

L [ros
" lo -1

(42)

-1 0
A=y L)

-1 0
Aa= 101 1)

where 0, = 1/(1 + exp(-2x,(t))) and 6, = 1 — 0,. Table 2
shows the maximum allowable upper bound (MAUB) for
eachd; € {0.0,0.4,0.8, 1.0, 1.2}, where m denotes the number
of delay segments and (m — 1) denotes the degree of delay
partitioning. From Table 2, we can see that our method
(Corollary 9) provides larger MAUBs in comparison with
those of [25, 26]. Hence it can be concluded that the stability
criterion in Corollary 9, obtained based on the NLKE, is less
conservative than other results. In particular, ford, = 1.2 and
d, = 1.531, Corollary 9 offers the following solutions:

b | 1485 0227
b 1-0.227 0.368 |’
b 102 [ 1.078 —0.290
2 1-0.290 0.799 |’
o =107 13.315 0.253]
b 10.253 0.785]°
0= 107 13.082 0.163]
b2 10.163 0.930]°
o0 =107 15.607 0.254]
> 10.254 3.137]°
. _,[5.708 —0.001]
= 10 >
2 | -0.001 3.323 |
. L[ 4661 —0.847]
=10 )
b | -0.847 1.669 |
. - [ 4.647 —0.813
:1 N
b2 |-0.813 1.671 |




8 Mathematical Problems in Engineering
TABLE 1: # involved in Corollary 9 and Theorem 8 (np =1n, = 1).
(n,,1) (2,2) (2,3) (2,4) (3,2) (3,3 (3,4) (4,2) (4,3) (4,4)
Corollary 9 1065 1524 1983 2370 3390 4410 4190 5992 7794
Theorem 8 1325 1888 2451 2750 3922 5094 4690 6692 8694

TABLE 2: Maximum allowable upper bound (MAUB) for each d,, where m denotes the number of delay segments and (1 — 1) denotes the

degree of delay partitioning.

d, 0.0 0.4 0.8 1.0 1.2 (m-1)
[25] 0.982 1.038 1.158 1.252 1.359 0
[26] 1.221 1.277 1.311 1.358 1.419 1
[26] 1.278 1.303 1.316 1.361 1.425 2
Corollary 9 1.302 1.380 1.413 1.462 1.531 0
TABLE 3: Maximum allowable upper bound (MAUB) for d, = 0.
Methods [27] [28] [29] [30] Theorem 8
d, — 0.443 0.499 1.081 1.132
5| 7232 -1.319 01 0
Ry = > Ga = >
~1.319 2.747 0 03
R 1073 6.538 —0.704 G 0.1 0
2 ~0.704 2.583 | “ o 03]
(43) (44)
where
Example 2. Consider the following T-S fuzzy system: 0,=1- !
1+ exp (—6(x, —/4))
1 45
(-2 1 X , (45)
A, = 1+ exp (-6(x, +m/4))
0.5 -1
0,=1-0,.
-2 0
A, = ] , The maximum allowable upper bound (MAUB) for each
L0 -1 method is tabulated in Table 3. And, from Table 3, we can
see that the proposed method (Theorem 8) achieves larger
A, = -1 0 MAUBSs than those of other methods [27-30]. Hence, it can
1 -1 -1|’ be concluded that the robust stability criterion in Theorem 8,
established from the NLKF approach and Lemma 2, is less
[-1.6 0 conservative than those of [27-30].
Agy = »
0 -1
6. Concluding Remarks
[0.03 0
E, = 0 -003] This paper proposed an NLKF-based method of deriving a
- ' less conservative stability criterion for T-S fuzzy systems with
003 0 time-varying delays. Of course, the proposed method may
E, = , increase the burden of numerical computation. However, if
[ 0 -0.03 the com ional lexity i i
putational complexity is out of the practical problem,
16 0 then our results can be significantly useful.
G =] ] ,
L 0 0.05 Competing Interests
G. = [16 0 The author declares that there is no conflict of interests
> lo -005] regarding the publication of this paper.
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The fixed point technique has been employed in the stability analysis of time-delays bidirectional associative memory (BAM)
neural networks with impulse. By formulating a contraction mapping in a product space, a new LMI-based exponential stability
criterion was derived. Lately, fixed point methods have educed various good results inspiring this work, but those criteria cannot
be programmed by a computer. In this paper, LMI conditions of the obtained result can be applicable to computer Matlab LMI
toolbox which meets the need of the large-scale calculation in real engineering. Moreover, a numerical example and a comparable
table are presented to illustrate the effectiveness of the proposed methods.

1. Introduction

Bidirectional associative memory (BAM) neural networks
model was originally introduced by Kosko [1, 2]:

P
X = —apx; () + ijigj (yj (t)) thp i=12,.m
j=1
®
yi= by O+ Y vigi () + T j=12...m
i1

Thanks to its generalization of the single-layer autoasso-
ciative Hebbian correlation to two-layer pattern-matched
heteroassociative circuits, widespread applications have been
found in various areas, such as automatic control, signal and
image processing, pattern recognition, artificial intelligence,
parallel computation, and optimization problems. Often, a
stable equilibrium of BAM neural networks is the important
precondition of the successful applications. There are many
factors influencing the stability of neural networks, in which
pulse and time delay are usually the main reasons [3-8].

So, the stability analysis of impulse or delays system has
become a hot topic. All the time, the Lyapunov functional
method is employed to deduce stability criteria [9-20]. But
every method may have its limitations. During the recent
decades, other techniques have been developed to investigate
the stability, in which the fixed point method is always one
of those alternatives [21-27]. For example, in 2015, Zhou
utilized Brouwer’s fixed point theorem to prove the existence
and uniqueness of equilibrium of the hybrid BAM neural
networks with proportional delays and finally constructed
appropriate delay differential inequalities to derive the stabil-
ity of equilibrium [28]. In [29], Banach fixed point theorem
was applied to show the existence of the unique equilibrium
of BAM neural networks with time-varying delays in the
leakage terms, and then the Lyapunov functional method was
for demonstrating the global exponential stability. Different
from [28, 29], we shall use Banach fixed point theorem deriv-
ing straightway the stability criterion of impulsive time-delay
BAM neural networks, in which LMI conditions facilitate
computer programming. Finally, a numerical example is pre-
sented to illustrate the effectiveness of the proposed methods.
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For the sake of convenience, we introduce the following
standard notations [18]:

(D) L = (lij)yxn > 0(< 0): a positive (negative) definite
matrix; that is, y' Ly > 0(< 0) for any 0 # y € R".

(i) L = (lij)uxn = O(< 0): a semipositive (seminegative)
definite matrix; that is, y” Ly > 0(< 0) for any y € R".

(iii) L, = L,(L, < L,): this means matrix (L; — L,) is a
semipositive (seminegative) definite matrix.

(iv) L, > L,(L, < L,): this means matrix (L, — L,) isa
positive (negative) definite matrix.

(V) Apax (@) and A, (D) denote the largest and the
smallest eigenvalue of matrix @, respectively.

(vi) Denote |L| = (|;;]),x,, for any matrix L = (I

ij ij)nxn'

(vii) |ul = (luyl, [y, ..., |un|)T for any vector u = (uy, u,,
u) R

(viii) u < (>)v implies that u; < (2)v;, Vi, and u < (>)v
implies that u; < (>)v;, Vi, for any vectors u = (u;, u,,
u) €eRandv = (v,v,,...,v,)" €R".

(ix) I is identity matrix with compatible dimension.

Remark 1. Different from the methods of [28, 29], it will
be the first time to utilize contraction mapping principle to
infer directly the LMI-based stability criterion of BAM neural
networks, convenient for computer programming. Recently,
there have been a lot of good results and methods [21-29]
enlightening our current work. In this paper, we shall propose
the LMI-based criterion, novel against the existing results,
published from 2013 to 2016 (see Remark 10 and Table 1).

2. Preliminaries

Consider the following delayed differential equations:

O A+ Of (-7 @),
te[0,+00), t#t, k=1,2,...,
DO~ gy (6)+ Dg (e - h (),

te[0,400), t #t, k=1,2,...,
x(te) = x(t) = p(x (), )

y(&) -y () =p(y (),

x(s)=¢&(s),
y(s) =7(s),

s € [-1,0],
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where x(t) = (x,(t), x,(£),... ,xn(t))T, y(t) = (3, (1), y,(1),
oy € R, and &(s),n(s) € @([-7,0],R"). Here,
@ ([-7,0], R") represents the space of continuous functions
from [-7, 0] to R". Active functions f(x(t—7(t))) = (f;(x;(t—
(1)), fo(x,(t—T(0))s ..., fu(x, (=T, g(x(t — h(t))) =
(9161 = BE)), Ga(5s(t = WO, ..., gt~ BT €
R", impulsive function p(x()) = (p,(x;()), p(x, (1)), ...,
pn(xn(t)))T € R”, and time delays 0 < 7(¢), h(t) < 7. The fixed
impulsive moments ¢, (k = 1,2,...) satisfy 0 < t; <f, < ---
with lim_,f, = oo. x(¢{) and x(¢;) stand for the right-
hand and left-hand limit of x(¢) at time ¢#;, respectively. We
always assume x(t;) = x(t;), forall k = 1,2,.... Similar to
[23], we assume in this paper that f(0) = g(0) = p(0) =
0 € R". Constant matrices A = diag(a,,a,,...,a,), B =
diag (b, by, ..., b,) are positive definite diagonal matrices, and
both C = () and D = (d;j),,x, are matrices with n x n
dimension.
Throughout this paper, we assume that F = diag (F,,
E,,...,F), G = diag(G,,G,,...,G,), and H = diag(H,,
H,,..., H,) are diagonal matrices, satisfying

(A1) |f(x) = f(WI < Flx - yl,x,y € R".
(A2) |g(x) - g < Glx = yl, x, y € R".

(A3) |p(x) = p(»)] < Hlx - yl, x, y € R".

Definition 2. Dynamic equations (2) are said to be globally
exponentially stable if, for any initial condition &(s),#(s) €
€ ([-7, 0], R"), there exist a pair of positive constants a and b

such that
(x (t;,E, f7)>
y(t;s,E7)

where the norm "(X(t) )” = (X8, l®OF + Y0, Ly )2,

y(t)
and x = (xy,...,%,), ¥ = (¥1,..-» ¥,) € R".

—at
<be™,

vt > 0, (3)

Definition 3. For a diagonal constants matrix B = diag (b, b,,
...,b,), one denotes the matrix exponential function e =

diag (e, e, ..., e%") forall t € R.
Lemma 4 (see [31] contraction mapping theorem). Let P bea
contraction operator on a complete metric space ®; then, there

exists a unique point 0 € © for which P(0) = 0.

Lemma 5. Let B be a diagonal constants matrix and e™ be the
matrix exponential function of B. Then, one has

(1) (d/dt)eP" = BeP!, t € R;
(2) (d/dt)(e®'«) = BeP'a, t € R,

where « = (ocl,ocz,...,ocn)T € R'andeacho; € R (i = 1,2,

.., Nn) is a constant.
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3. Main Result

Theorem 6. Assume that there exists a positive constant § such
thatinf,_, , (ti,,—1t;) > 0. In addition, there exists a constant
0 < A < 1 such that

1
|C|F+5H+AH—AA<0,

. (4)
|D|G+5H+BH—/\B<0,

and then the impulsive fuzzy dynamic equations (2) are
globally exponentially stable, where § = infy_, , (3, —t;) >
0.

Proof. To apply the fixed point theory, we firstly define a
complete metric space Q = Q; x Q, as follows.
LetQ; (i = 1,2) be the space consisting of functions g;(t) :
[-7,00) — R, satisfying the following:
(a) g;(t) is continuous on t € [0, +00) \ {t;}2;.
(b) q,(t) = §(1), q,(t) = n(t), for t € [-7,0].
(c) limtﬂt;qi(t) = g,(t;), and limtﬂt’:qi(t) exists, for all
k=12,...
(d) e”q;(t) — 0 € R"ast — co, where y > 0 is a positive
constant, satistying y < min{A ; A, A, B}.
It is not difficult to verify that the product space Q is a
complete metric space if it is equipped with the following
metric:

dist(q,g) =  max (sup |ﬁ(i) ®-7" (t)|> > (5)

i=1,2,..,2n-1,2n \ g
where
700 = (?1 (t)) -G 0,72 ®),....g (t))T
4, (®)
€Q, (6)
q=q(t) = (Z_: 8) -G ®,....7" ) o,

andg; € Q;, g, € Q;,i=1,2.
Next, we are to construct a contraction mapping P : (3 —
Q, which may be divided into three steps.

Step 1(formulating the mapping). Let (x” (£),y" (t))" = (x,(t),
Xy (), x, (1), y1(E), s yn(t))T be a solution of system (2).
Then, fort > 0, t # t;, we have
dx (t)
dt

ardx ()
dt @)
=eMCf (y(t -1 (1))).
Further, we get by the integral property

(eAtx (t)) = Ae*x (t)+e

x(t)=e HoteAsCf(y(s —7(s))ds+ x|, t=0, (8)

where y € R" is the vector to be determined.

Next, we claim that x = §(0) + Yo, « eAtkp(xtk), and

x(t)=eMEQO) +e Y [Jt e“Cf (y(s—7(s))ds
0
€)

- 3 o) 0

0<tp<t

Indeed, on the one hand, we can conclude from (9) that
t
eMx (t) = £(0) + L e¥Cf (y(s—1(s))ds

+ Z eAtkp (xtk) .

0<ty<t

(10)

Fort > 0,t # t, taking the time derivative of both sides leads
to

ardx (1) Aty dooar
e 7 + Ae x(t)_dt (e x(t)) -

=eMCf (y(t -1 (1)),
or

diiit) +Ax (1) = Cf (y (t =7 (1)), (12)

which is the first equation of system (2).
Moreover, as t — t;, we can gain by (9)

x(6) = limx(t;-e) =x(t;), j=12...,
x () = limax ¢+ £) = x (1)) + p (x (1)), (13)
j=L2,....

On the other hand, multiplying both sides of the first
equation of system (2) by e yields

ardx (t) At A B
e +Ae™x(t) =e"Cf (y(t—7 (1)), I’

t20, t#t.
Moreover, integrating from t,_; + eto t € (t;_;, ;) gives

M x (t) = A1ty (tey + )
t (15)
+ J; e [Cf (y(s—1(s)))] ds,

k—1T€

which yields, after letting e — 0%,

eMx(t) = Vx5 )

+ J e*[Cf (y(s—1(5)))] ds, (16)

te(tinti)



Throughout this paper, we assume that ¢ is a sufficient small
positive number. Now, taking ¢ = t; — ¢ in the above equation
yields

e x (t —€) = e x (8 )

fee 17)
+ L e [Cf (y(s—1(5)))]ds,
k-1
which yields by letting e — 0"
e () = et (1)
ti (18)
As
+ J e [Cf (y(s—1(s)))]ds.
fr1
So, we have actually got
eMx(t) = e x ()
t
+ L e*[Cf (y(s—1(s)))] ds
= e 1x () (19)

+ L e [Cf (y(s—1(s))]ds

+e™p (x (),
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forallt € (t;_;,te], k = 1,2,.... Furthermore, (19) generates

eMx () = e x ()

+ J o e [Cf (y(s—1(s))]ds

-2

Aty

+e7p (x (t-2))

(20)

e*x (t,) = eMx (1))

! J e [Cf (y(s—T(s))]ds +e™ p(x (1)),

t
0

eMix(t,) = E(0) + J e [Cf (y(s—1(s)))] ds.

Making a synthesis of the above equations results in (9).
Similarly, we can obtain

yt)=e ) +e™ “t e®Dg (x (s — h(s))) ds
0
(21)

+ Z eBt"p(ytk)], t=0.

0<t <t

So, we may define the mapping P on the space Q as
follows:

e MEWO) + e [r e™Cf (y(s—7(s))ds + Z e p (xtk):|
0 0<tp<t

G
P =
y (1)

P(x(t)> = (E(t)>, fort € [-1,0].
y () n(t)

Step 2. We claim that P(x(t)) € Q for any (;g;) e Q.

¥(t)
x(t)

In other words, we need to prove that P ( y(t)) must satisfy

conditions (a)-(d) of Q.

(AU () 4 A U T RCE (y(s— (o) ds +
0

(x(t+s)>
P =
y(t+e)

t
e By (0) + e [j ¢®Dg (x (s -
0

t+e
By (0) 4 ¢ B “ ¢”Dg (x (s~ h(s))ds +
0

, fort e [0,+00), (22)

h(s)))ds+ Z eBt"p(ytk)

0<ty <t ]

(23)

Indeed, P(-) satisfies condition (b) due to (23).
Besides, let € be a real number; we have

5 pls,)]

0<tp<t+e

¥ o)

0<tp<t+e

(24)
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In (24), letting ¢ — 0 brings about

Furthermore, letting t = ¢;, j = 1,2,.. ., in (24), we have

)

x(t;+e¢ x|\t;
, x(t+e) x(t) lim P (t+) =p (t) :
hmP =P 3 Vt # tk’ t=> 0) (25) e—0" y (t + 8) y (t)
e—0 y (t + g) y (t) J J (26)
i x(t; +e) [ () p(x(t)

3 3 . x(t) 3 3 m P = P + N
which implies that P ( y(t)) is continuous on t > 0, t # f;. =0t \ y (tj + s) y (tj) p (y (tj))
Here, the convergences are under the metric defined on the
space Q). Below, all the convergences of vector functions are ~ which implies that condition (c) is also satisfied.
in this sense. Thus, condition (a) is satisfied. Next, condition (d) is satisfied if only

A a| [0 oas At
e MEW0) + e J e“Cf (y(s—7(s)))ds+ Z e "p(xtk)
: 0 0<t <t 0 -
e’ — 0 €R™, t— +00. (27)
t
e P (0) +e |:J e®Dg (x (s — h(s)))ds + Z ep (ytk)]
0 0<ty<t
Indeed, obviously, e”'e *£(0) — 0 € R" and e"'e %'5(0) — et 0 o 0
0€R'ast — 00. a, -y
Below, we may firstly prove 0 el Mt 0
t < yr_—(A-yD)t a, -y
e J- e“Cf (y (s —7(s)))ds — 0 € R, ot e ’ #
0 (28)
t — oo. 0 0 et
In fact, it follows from e”'x(t) — 0 that, for any given Gy
€ > 0, there exists a corresponding constant t* > 7 such that 1 1 1 \T
=saey7< , e > .
|eytx (t)' + 'eyty (t)| < ey, “ \a -y a-y a, =y
: o & (32)
vVt >t", where p=(1,1,...,1) € R".
Next, we get by (Al) Combining (30)-(32) yields (28). Similarly, we can prove
¢ ar [f oA t
e L e“Cf (y(s—1(s))ds oMot J B Dy (x (s — h(s))) ds — 0 € R,
* 0 (33)
t
< e A J. e™ |CIF|y (s —7(s))| ds (30) t — co.
0
t Next, we need to prove that if t — +00,
+ e A J e™|C|F ly (s =7 (s))|ds. P
t —At Aty
On the one hand, ¢ 0 <Z< te p (xtk)
- vt k
e[ ICF |y (- )] ds e Y ()
0 0<ty<t
<treATEAT O F [max( sup |y; (s)|)] 7 (31 _At Aty ( )
! se[-1,t*] e 0<;t*e P\ X,
—0€R", t— 00 =" i (34)
> . o Bt Z ePep ( 9, )

On the other hand, obviously, there exists a positive O<te<t® ‘

number g, such that |C|Fu < ayu. So, we have
¢ - At Aty
e—(A—YI)t J &S IC|F |}’ (s—1 (5))| ds € t*; te p (xtk)
: +e e — 0eR™
¢ e—Bt Z eBtk ( )
< el Te AT J ¢ADs | Fuds . P\,
t* <t <t



Indeed, it is obvious that

T ()

eyt 0<t<t*
~Bt Bt
e Y ()
0<ty<t*
VI-AX Z At (xtk) (35)
<ty <t* 2n
— 0 € R,
cI-B)t Z Bl ( ;Vtk)
o<t <t*
t — +00.
Below, we shall prove
~At At
€ Z € kp(xtk)
yt £ <<t 2n
e —Bt Bt — 0 eR7,
e Y Moln,) (36)
t* <t <t
t — +00.

Firstly, we may assume that ¢, ; < t*
for any given t > t*. Hence,

yt—AtZ Atk( )
ee e rp(x,

t* <t <t

Stpandt; <t <t

t —At At It t,
<e}’ Ze kYkHeYk|xt|<_

t*<tp<t

t
e—(Y—al)t <6e(a1—y)tj+1 + J e(“l—}’)sd5> H
o

t
ot <5e<an—y>t,-+l N J e(un—y>sd$> H, (37)
-

IN

| ™

e_()"“l)t (66(“1_]’)tj+1 + e

o )
a, =Y

which together with the arbitrariness of the positive number
€ implies that

e A Z eAtkp (xtk) —0eR", t— +00. (38)
t* <t <t
Similarly, we can also get
e Z e p (ytk) —0€eR", t— +oo. (39)

tr<t<t

Hence, we have proved (36) and (34). And so we can conclude
(27) from (28), (33), and (34). This means that condition (d)
is satisfied, too.

Therefore, P ( ;Eg ) € Q for any ( ;Eg ) €Q.

Mathematical Problems in Engineering

Step 3. Below, we only need to prove that P is a contraction
mapping.

Indeed, for any ( x(t) ) ( x(t)

y(©) )\ y()

‘ x(t) (x(t)>
P -P
J’(t) ()

< ICIIF (7 (s - 7)) - £ (7 (s~ 7)) ds

e
’J
* 3 M)
o

) € Q, we have

*IDI|g (x (s = h(s)) = g (x (s = h(s))] ds

p (%) §
(2‘1 ||I§|| Z)

BN e o () - p (7))
1
s (40)
—At t As At
“””wwwww
,Bt f Bods + aer) Hu y®) \3 )
C|F 1A H+H
e *5 + )H dist((xm)
1 ,
B IDIG+ 5B H+H)y y(®)
Nl )
y(t) u y®/) \¥®
and hence
x (1) x(t)
dist( P © P S
’ () ’ x(t) “y
x (t x (t
y(®)/) \y(@®)
where A™! and B! are the inverse matrices of A and B,
respectively.

Therefore, P : O — Q is a contraction mapping such that

there exists the fixed point ( xn ) of P in Q, which implies that
( yzg ) is a solution of the impulsive fuzzy dynamic equations
(2), satisfying e”* "( ;g; )” — 0ast — +00. And the proof is

completed. O
Remark 7. Impulsive BAM neural networks model brings
some mathematical difficulties to contraction mapping tech-

nique. However, in this paper, we set up the contraction map-
ping on the complete product space to overcome obstacles.

4. Numerical Example

Example 8. We equip the impulsive system with the following

parameters:
1.8 0
o 21)’

20
“\o 19)°
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TaBLE 1: Comparing Theorem 6 with other existing results.
Types of equations Fixed point methods LMI-based?
Theorem 6 Impulsive BAM neural networks Contraction mapping principle Yes
[28, Th. 2-4] BAM neural networks Brouwer’s fixed theorem No
[29, Th. 2.1, Th. 3.1] BAM neural networks Contraction mapping principle No
[22, Th.1.2] Neural networks Contraction mapping principle No
[23, Th. 3.1] Cellular neural networks Krasnoselskii fixed point theorem No
[21, Th. 2] Neutral differential equations Contraction mapping principle No
[30, Th. 1.1-1.2] Neural networks Schauder fixed point theorem No
Co <—0-2 0-01> methods and results of related literature [21-23, 28-30]
"\ o o03)/) inspire our current work. Different from existing papers, we
utilized Banach fixed point theorem deriving immediately the
0.3 0.02 exponential stability criterion applicable to computer Matlab
D= < 0 -0 1) > LMI toolbox. Computer programming is suitable for large-
' scale computation in practical engineering.
01 0
F= ( 0 0_2) ’ Competing Interests
02 0 The authors declare that they have no competing interests.
0 0.1 . .
Authors’ Contributions
H-= (0‘3 0 ) Ruofeng Rao wrote the original manuscript, Zhilin Pu and
0 02 Shouming Zhong checked it, and Xinggui Li and Ruofeng

(42)

Let & = 1.5. Then, we can use Matlab LMI toolbox to solve
LMI conditions (4), obtaining the datum feasible as follows:

A =0.9913. (43)

Obviously, 0 < A < 1. Thereby, we can conclude from
Theorem 6 that the impulsive equations (2) are globally
exponentially stable.

Remark 9. Example 8 illustrates the effectiveness of LMI-
based criterion (Theorem 6). Table 1 presents a comparable
result among the related literature, mainly published from
2013 to 2016.

Remark 10. From Table 1, we know that there are many exist-
ing literatures involving fixed point technique and stability
analysis, and a lot of interesting conclusions are derived [21-
23, 28-30]. Motivated by some methods of those literatures,
we utilized Banach contraction mapping theorem to obtain
the LMI-based stability criterion applicable to computer
Matlab LMI toolbox. It is well known that computer software
can solve large-scale computations in actual engineering,
which demonstrates the superiority of the proposed method
in this paper to a certain extent.

5. Conclusion

Recently, fixed point technique and methods are employed
to the stability analysis to BAM neural networks, and some
stability criteria are derived (see, e.g., [28, 29]). Some good
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The efficiency and reliability of pumps are highly related to their operation conditions. The concept of the optimization pump
operation conditions is to adjust the operation point of the pump to obtain higher reliability at the cost of lower system efficiency
using a joint regulation of valve and frequency convertor. This paper realizes the control of the fluid conveying system based on the
optimization results. The system is a nonlinear Multi-Input Multioutput (MIMO) system with time delays. In this paper, the time
delays are separated from the system. The delay-free system is linearized using input-output linearization and controlled using a
sliding mode method. A modified Smith predictor is used to compensate time delays of the system. The control strategy is validated
to be effective on the test bench. The comparison of energy consumption and operation point deviation between conventional speed

regulation and the new method is presented.

1. Introduction

As a key component of fluid conveying systems, pumps
are widely used in industries, of which 45% are centrifugal
pumps [1]. Pumps account for nearly 20% of electrical energy
consumption and are in the range of 25%~50% of energy
consumption in many industries [2]. Therefore energy saving
in pumps is one main goal in industries, which requires
pumps work in good operation points. Bad operation point
leads to a low efliciency and reliability of a pump, causing
serious consequences.

Many researchers focused on the energy saving of pump
systems. The variable speed pump technology is widely
used to reduce energy cost in industries. It varies the rota-
tional speed of centrifugal pumps to accommodate pipeline
requirements [3]. According to surveys and researches [4, 5],
speed regulation can save 5%~50% energy relative to valve
regulation. In recent years, the scheduling of pumps has
progressed greatly. Wang et al. [6] proposed an enhanced
genetic algorithm for pump scheduling in water supply
system to reduce the energy cost and slow land subsidence.

Hashemi et al. [7] developed an ant-colony optimization of
pumping schedule using variable speed pumps and saved
about 10% energy cost compared to single speed pumps.
However, few studies on the pump reliability have been
conducted so far.

Efficiency and reliability of a centrifugal pump are related
to operation point of the pump. Efficiency of a centrifugal
pump reaches its peak value at its design point and decreases
as its operation point deviates from its design point [8].
Barringer [9] found out that reliability curve is similar to
its efficiency curve. Reliability of a pump is a statistics term,
which is defined as the mean time between failure (MTBF)
relative to the mission time. Reliability of a centrifugal pump
reaches a peak value at the Best Efficiency Point (BEP),
near its design point, but decreases sharply as operation
point deviates from design point, shown in Figure 1. Thus
the operation point plays a decisive role in pump reliability.
Long operating time at part load or overload may increase
the component failure rate. High temperature rise, suction
recirculation, and discharge recirculation may occur in a
pump operating at part load, while low sealing life, low
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FIGURE I: Reliability curve, efficiency curve, and head curve of a
centrifugal pump.

bear life, and cavitation may occur in a pump operating at
overload, leading to a poor pump efliciency and reliability.

In our previous work [10], we developed an optimiza-
tion algorithm to improve centrifugal pump reliability and
efficiency for pump systems at the cost of a decline in
system efficiency, using throttling valves and a pump number
selection strategy to restrict the pump operation point to a
neighbourhood of BEP. Compared with conventional speed
regulation, one of the key concepts of our previous work
[10] is to use a frequency converter to enlarge the BEP to
a larger flow rate point and use a valve to enlarge pipeline
characteristics to a certain point; therefore the operation
point of the pump is limited to the BEP at the cost of
increasing energy consumption at the valve. The genetic
algorithm in our previous work [10] will calculate the pressure
loss across the valve. However, the flow rate and the pressure
loss across the valve are coupled, making it difficult to control
these two variables simultaneously. In our previous work [10],
the author was concerned with the allocation of flow rate and
the pressure loss at the valve but did not mention the way to
reach the desired flow rate and pressure loss.

Figure 2 shows a comparison of valve regulation, speed
regulation, and the new method in our previous work [10] for
a typical pump-valve system, where the x-axis is the flow rate
Q and the y-axis is the head Y. Supposing the flow rate of the
system is to regulate from Q, to Q,, valve regulation changes
pipeline characteristics from curve R, to R,, resulting in a
change of operation point from A to B, while speed regulation
changes pump characteristics from curve #», to n,, causing
the operation point to change from A to C. It is clear that
valve regulation causes a surplus head (Y — Y;) and thus
leads to a significant energy waste, appearing as the shadowed
area in Figure 2. Therefore substituting throttling valve
regulations with speed regulations has become a widespread
energy saving method [11]. In the case of conventional speed
regulation in Figure 2, the Best Efficiency Point of speed
regulation might be located at somewhere (point E) left of
the operation point C; therefore the pump is operating at
high flow rate point. Compared with conventional speed
regulation, one of the key concepts of Wu’'s method [10] is to
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FIGURE 2: Comparison of valve regulation and speed regulation.

use a frequency converter to enlarge the BEP to a larger flow
rate point D and use a valve to change pipeline characteristics
to R'; therefore the operation point of the pump is limited to
the BEP D at the cost of increasing energy consumption at the
valve. The genetic algorithm in our previous work [10] will
calculate the pressure loss across the valve. However, the flow
rate and the pressure loss across the valve are coupled, making
it difficult to control these two variables simultaneously.

This paper is an inherited work of our previous work
[10] and aims at achieving the control of the two variables,
flow rate and pressure loss across the valve of the pump-valve
system, based on the optimization result of our previous work
[10]. To emphasize the impact of valve on the pump operation
point, this paper focuses on a one-pump system and gets rid
of pump number selection strategy in our previous work [10].
This one-pump system is a special case of the multipump
system in our previous work [10], because it can be regarded
as small flow rate situation when only one pump is put into
operation. The controlled variables of the pump-valve system
are flow rate and the pressure loss across the valve, and the
control variables are the pump speed and the valve lift. Since
there are time delays in the valve actuator and the flow rate
sensor, the pump-valve system is a nonlinear Multi-Input
Multioutput (MIMO) system with time delays.

Many progresses have been made in the study of non-
linear MIMO systems during the past half century. The
nonlinear MIMO systems with precise model are developed
using input-output linearization to convert the nonlinear
system into an equivalent linear systems in [12-14]. The
nonlinear system with modelling imprecisions is presented
using sliding model control in [13, 14] and adaptive control in
[14]. As a simple approach to robust control, the sliding mode
control for nonlinear systems with modelling imprecisions
is implemented in a wide range of applications, such as
electrohydraulic servo-mechanism [15, 16], electric drives
[17], mechanical systems [18], and rigid manipulators [19].
During the past two decades, many approaches for uncertain
nonlinear MIMO systems have been published. Shaocheng
et al. [20] proposed a fuzzy adaptive indirect control for
nonlinear MIMO systems with uncertainties using H,, track-
ing theory. The disturbances and fuzzy approximation errors
are attenuated by a robust compensator to guarantee the
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FIGURE 3: Test bench.

robustness. Lin and Chen [21] developed a fuzzy sliding mode
control for the nonlinear MIMO systems with uncertainties.
Ge and Tee [22] and Chen et al. [23] proposed fuzzy
adaptive method for nonlinear MIMO system with time
delays. However, the complexity and the model restrictions of
fuzzy adaptive method may limit their industrial applications.

The time delays of control systems are commonly bal-
anced by Smith predictor which is used in many applications,
such as water distribution system [24] and jet engine fuel
controls [25]. Many modified Smith predictors have been put
into application such as filtered Smith predictor [26].

In this paper, the time delays of the pump-valve system
are isolated from the system, dividing the system into a delay-
free system and a time-delay module. The delay-free system
is controlled by a sliding mode controller while the time
delays are compensated by a modified Smith predictor. This
method takes full advantage of the existing imprecise system
model and greatly decreases the complexity of the control
algorithm compared to fuzzy adaptive method. In Section 2, a
test bench composed of one pump and one valve is presented
and modelled in state space model. In Section 3, the delay-
free system is controlled by a sliding mode controller and the
time delays are compensated by a modified Smith predictor.
Section 4 presents the simulation result of the controller.
The optimization strategy in our previous work [10] and the
control strategy in Section 3 are combined and applied on
the one-pump system and compared with conventional speed
regulation.

2. System Model

A typical fluid conveying system test bench is built. The bench
consists of two parallel installed centrifugal pumps (Etanorm
32-160, rated flow 25m’/h and rated speed 2950 rpm,
equipped with a frequency convertor) with manual valves
installed at both ends of each pump, two pneumatic control
valves (BOA-CVP H), and a water tank. As previously
described, only one pump is applied in this paper; the other
pump will not be used. The fluid in this study is chosen as
water due to easy access and low costs. Water flows from the
tank and flows back to the tank after a circulation though
the centrifugal pump and the valves. Therefore the test bench

can be described as Figures 3(a) and 3(b), where b denotes
the centrifugal pump, v denotes the pneumatic control valve,
¢ denotes a typical pressure load (represented by the other
pneumatic control valve), PS; denotes the pressure sensor
that measures the pressure difference across the valve, QS,
denotes the flow sensor, and e/a denotes the tank.

The mathematical model of the system can be developed
by applying Bernoulli’s principle [27] at entry e and exit a, as
shown in

pgzo+ P, + L2 = pgz, + P, + BV,Z#PJ v(b)
2 2 e Ot W

+ pghy,

where g denotes the gravitational acceleration, z denotes
vertical height, v denotes flow velocity, p denotes fluid density,
P denotes fluid pressure, ¢ denotes time, h denotes the
friction head, and I denotes the location along streamline
coordinate. The diameter of pipes is constant and the water
is considered to be incompressible since the compressibility
of liquid is very low [27]; therefore the flow velocity is
independent of the streamline coordinate. Therefore the
inertia term in (1) can be simplified to (2) according to [27]

*ov(l,t) pL .
), Soa- e @
where L denotes the length of the pipe between entry e and
exit a; A denotes the cross-sectional area of the pipe; Q
denotes the flow rate in the pipe; and the overdot denotes its
time derivative. The friction term pgh , can be considered as
a sum of pressure loss AP (valve v) and AP, (process load) as
well as pressure source AP, (pump b); (1) yields to

p
Pg(za_ze)+Pa_pe+ E(Vi_vg)
" )
= _XQ-FAPP — AP - AP..

Since the entry e and the exit a are the same tank with
small difference in vertical height, therefore it is reasonable



to assume z, = z,, P, = P,, and v, = v,. Ultimately, (1) can be

written as fluid dynamic equation (4) as follows:
. A
Q= oL [AP, - AP-AP,]. (4)

The pump performance at rated speed n, is a quadratic
polynomial of flow rate and AP, = d;qu + d;Qnr +d.,
which can be expanded to (6) at any given speed n by applying
pump similarity law equation (5) [8]. The pressure loss AP
(valve v) is relevant to installation conditions, fluid type, flow
rate Q, and flow coeflicient K(H), where H denotes valve lift.
In this paper, the fluid is water and the valve is standardly
installed, which yields (7) [28], where AP, s = 1 10° Pa. The
pressure loss of AP, (process load) is quadratic to flow rate
[8], as shown in (8) as follows:

Q_n
Qn, nr)
(5)
-
AP,, \n )’
n 2 n 2
! ! !
APP = dl (n—> +d2 <n—>Q+d3Q
T T (6)
2 dn’ +d,nQ +d,Q°,
Qz
AP = ———AP_,, 7
K2 (H) ref ( )
AP, = K.Q%, (8)
x =[x x, x3]T— [Q H ”]T>
[ APref
= [dln +d,nQ + <d3 e (H)
1
= __H
f @) T
1
—-—n
L Tn
0 0
! 0
gx) = (91 92) = ﬂ >
0 L
Tn
u= [ul uZ]T = [Hset nset]T’
y=[Q ap]",
_ APref Z]T
hx) = [Q ral
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where d}, d., d;, d,, d,, and d; are the pump parameters;
n denotes speed of the pump; K, denotes the resistance
coeflicient of the process load c¢. The dynamic response of
the pneumatic valve and the frequency convertor can be
described as first-order linear systems [29, 30], as shown in

. 1
H=—(H,-H),
TH( set )
)
. 1
nzT_(nset_n)’

n

where T4 and T), are the time constant of valve actuator and
frequency converter and H,, and ng, denote the set values
of H and n. According to the aims of the controller, the
controlled variables are chosen to be flow rate requirement
Q.. and pressure loss AP,,,. The pressure loss across the valve
AP, equals the difference of pump head and system required
head by the genetic algorithm in our previous work [10]. By
applying (6), (7), and (8) to (4) and combining with (9), a
state space model of the plant can be derived. The overall
state space model can be described by (10). The system is a
nonlinear MIMO system, whose time delays are omitted in
(10) due to a comprehensible description:

= fx)+gx)u

(10)
y=h(x),
where

(11)

- Kc) QZ] ] w,

1

=7 A (12)

L

- Tnn

(13)
(14)
(15)
(16)
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FIGURE 4: Test bench model, delay-free model, and model with balanced delays.
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As to the real test bench, time delays are observed in the G- Ly L¢hy(x) LyLh(x)
valve actuator and the flow sensor. The time delays cannot "\ L. hx) L h(x)
. . . 91" 2 922
be neglected due to the connection with system dynamics.
The inputs and outputs of the system can be observed visually 2AAP . Q* dK(H) A
from the system model in Figure 4, where T| denotes time - 3 (2d\n+d,Q)
delay of the valve actuator and T denotesltime delay of = PLILIC (H) dH - pLT, (20)
Y 2 Y 2AP, Q> dK (H)

the flow sensor. Since the actuators and the sensors of the
systems have different delays, virtual delays 7] = T, and
Tz' = T, are added to the other input-output channels to
balance the delays and obtain a synchronization performance
of the system outputs.

3. Controller Design

Considering the pump-valve system is a time-delay system,
we isolate the time delays of the system. The system without
delays is controlled by a sliding mode controller and the time
delays are compensated by a modified Smith predictor.

3.1. Control the Delay-Free Model. By applying Lie-derivative
to the delay-free system equation (10), it is simple to linearize
the input-output as

y(ﬁ) y(Z) u,
o =[ 11)]:F+G[ ] (18)
¥’ V2 Uy
where r; and r, are the relative degrees of the system, r, = 2
and r, = 1, respectively.

P |:L3‘h1 (x):|

thZ (x)
Jw, 1 _ow;, 1 ow 19)
1 _ _—_ pg=t__—_, 1
1 ™%Q T, om T, o | L[
0. 20PQ 20P4Q* dK (H) | ~ [ f,]”
"K2(H) TyuK3(H) dH

- 0
T,K? (H) dH

<911 gu)
921 922

The singularity of G should be validated. The valve flow
coeflicient K(H) is monotonically decreasing with valve lift H
[28]; therefore its derivative is negative. The pump parameters
d, and d, are positive; therefore G is nonsingular and
invertible. By applying Lie bracket to (10), the controllability
matrix can be obtained as (17). It has rank 3; therefore the
system is controllable [31].

The r;th derivative of output y; is linearly related to the
inputs u. By controlling the r;th derivative of output y;, the
control of the output y; is achieved. The model described
by (10) in this paper yields to two decoupled single-input-
single-output systems, one two-order (relative degree r, = 2)
system for flow rate Q and one one-order (relative degree
r, = 1) system for pressure loss across the control valve. It
is easier to implement decoupling controller on the linear
MIMO system. Since r; = 2 and r, = 1, the total relative
degree equals the number of states; therefore the system will
have no internal dynamics [14] and all the states of the system
are observable.

In order to track target signal y;, define a sliding surface

s; = 0 as (21), where e; = y;, — ¥, and e, = y,, — ¥, are the
tracking errors of outputs.

II>

(r-1) + (r=2) bt
S = [51] & X1(r,-1)€1 x11€1
- B BRGE)) (r,-2)
S e, + 0, -1)€, +o e,
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Combining (18), the derivative of s; can be written as
. 5 m;
S=||= -F-Gu |, (22)
) my
where

() (r;-1) .
<m1) - (ydll tay e et (xue1>
N\ (r,-1) )
my ydzz + “1(1’2—1)622 +oty8,

(2) ;
+ oy, €
=<)/d1. 111>é ’
Yaz

and the coeflicients «;; are chosen so that the polynomial in
m; is Hurwitz. In this case, we can simply choose «;; = 1.
Choose control law as

(23)

u=G'[-F+m+K-sgn(S)], (24)

where sgn(s;) is the sigh function: sgn(s;) = +1ifs; > 0,
sgn(s;) = 0ifs; = 0, sgn(s;) = —1ifs; < 0,and K = [k, k,]”
with k; > 0 and k, > 0. By substituting (24) into (22), we get

§; = —k; -sgn(s),
(25)
$ = —k; - sgn(sy),

which means lim, , s, = 0 and lim, , s, = 0; thus s; goes
to zero in finite time. Once the trajectory reaches the sliding
surfaces, it follows that lim,_,,e; = 0 and lim,_, e, = 0.
Therefore the tracking performance is achieved.

Choose Lyapunov functionas V =V, +V, = s} +s5. The
time derivative of V' is

V=V, +V, =53 +55,
(26)
= —k, -sgn(s,) -k, -sgn(s,) <0.

Therefore the stability of the system is guaranteed.

3.2. Compensating Time Delays. As illustrated in Figure 4,
the time delays of valve actuator T; and flow sensor T, as
well as the balanced delays T] and T will affect system
controllability; thus the delays should be compensated. The
most common method to compensate time delays is Smith
predictor [32]. The concept of Smith predictor is separating
time delays from the system, controlling the delay-free
part in an inner loop, and correcting modelling error and
disturbance in an outer loop [33]. Since the inner control loop
does not contain any time delays, the main controller can
obtain a quick response to the system. The time delays of the
bench or plant as a whole cannot be taken apart directly, so
the model of the bench without time delays is needed for a
quick response, which makes Smith predictor a model-based
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control method. However, the conventional Smith predictor
is sensitive to modelling error of the system.

To overcome the dependence of modelling accuracy, a
modified Smith predictor [34] is applied for the pump-valve
system in Figure 4, as shown in Figure 5. Compared with
conventional Smith predictor, the modified Smith predictor
introduces a first-order filter to attenuate the oscillations of
the error between the real system and the predicted one.
Therefore it can tolerate larger modelling errors, reduce the
dependence on model accuracy, and improve the robustness
of the system [35]. The first-order filter can be chosen as
(27). Ty can be chosen as half of the pure time delay [35];
T¢ =0.5% (T} + T,) for both outputs for the model equation
(10) since the time delays are balanced.

1
TfS‘I'l'

Gs(s) = (27)

Therefore the overall control flow chart can be modified as
Figure 6.

4. Experiment Validation and Analysis

To validate the control method developed in this paper, the
experiment is done on the test bench as shown in Figure 3(b).
The PLC is chosen as ABB PMS554; the upper computer
software is Simulink on an Intel 2.3 GHz PC. The upper
computer and PLC communicate via OPC protocol at a
sample frequency of 1 Hz. Other parameters are chosen as
T, =03s,T, =09s, Ty = 1s,and T,, = 0.4 s based on the
actual characteristics of the bench components. The control
law is chosen as (24). The time constants of filters in (27) are
chosenas Ty = 0.5x (T} +T,) = 0.6s.

The experiment result is shown in Figure 7. The set point
trajectories are chosen as the outputs of the optimization
algorithm in our previous work [10], which are two step
signals. It is shown that the actual trajectories converge
to the set point trajectories. A step disturbance triggered
by decreasing the lift of the pneumatic valve representing
pressure load AP, from 60% to 40%, which is very common
in industrial applications, is added to the system at t =
300 s. The disturbance caused a fluctuation in both AP and
Q and the fluctuation is soon suppressed in 25 seconds.
Therefore the controller is satisfying in tracking performance
and antidisturbance performance.

To verify the cooperation of the optimization method in
our previous work [10] and the control method in this paper
on this one-pump system, a comparison of operation point
deviation and power consumption between conventional
speed regulation in [3] and the new method in this paper
on a low pipeline resistance system at different flow rate
requirements is simulated. The results are shown in Figures
8(a) and 8(b), respectively. The operation point deviation 0
is defined as (28) [10]. The genetic algorithm is applied on
the single pump system and its optimization result is used as
the input of the controller. The conventional speed regulation
does not regulate valve and only regulates the pump speed
using a simple PID controller; therefore the operation point
is always far away from BEP if the pump is oversized for
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FIGURE 5: Schematic of modified Smith predictor.
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the system. Since the system in Figure 3(a) is a closed-loop
test rig, the static head for the system curve is very small.
In this case, the system curve is a parabolic curve similar
to the BEP curve as pump speed varies. Figure 2 gives a
qualitative explanation. For the initial operation point A, the
BEP at operation speed 7, is point F. When the operation
point changes to point C using conventional speed regulation,
the BEP becomes point E. However, the changes of BEP
and operation point are almost equally proportional due to
the similarity of the BEP curve and the system curve R,.
Therefore the deviation almost remains constant as the flow
varies for the conventional speed regulation.

— Q — QBEP .
QBEP

The new method combines the optimization in our previous
work [10] and the controller in this paper, optimizing the
operation point and regulating both speed and valve. The
new method obtains a wide flow range (15 m>/h~30 m®/h)
of small operation point deviation (<20% from BEP). The
deviations from the BEPs are clearly decreased at all flow
rates for the new method; thus the reliability of the pump
is improved. However, the power consumption is higher,
due to extra energy consumed at part open control valve
compared to conventional speed regulation method. In other
words, the overall efficiency of the system is decreased for
a better pump reliability. Better operation point cuts down
the component failure rate and reduces maintenance cost,
while lower system efficiency increases energy cost. If the
benefits gained from better pump reliability win over the

0 (28)

costs of higher power consumption, it is suitable to apply
this strategy to obtain higher reliability. The method is
applicable for situation that requires high reliability but is
insensitive to power consumption. If the flow rate far exceeds
the BEP, the valve consumes a large amount of energy to
shrink the operation point deviation. When the energy cost
increased exceeds the maintenance cost reduced, it becomes
uneconomic for this one-pump system. In this case, it is
suggested to substitute the pump to a smaller pump or apply
pump number optimization in our previous work [10].

5. Conclusion

In this paper, a typical fluid conveying system that consists
of one pump and one valve is built to study the control of
balancing efficiency and reliability. A control strategy aimed
at achieving the control of the pump-valve system based on
the optimization result in our previous work [10] is devel-
oped. The pump-valve system is a time-delayed nonlinear
MIMO system. In this paper, the time delays are isolated
from the system to form a delay-free system and a time-
delay component. A sliding mode controller is developed
to control the delay-free system and the time delays of the
system are compensated by a modified Smith predictor. The
experiment results show that the controller achieves good
tracking performance and robustness. This method takes full
advantage of the existing imprecise system model and greatly
decreases the complexity of the control algorithm compared
to fuzzy adaptive method.
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A comparison of conventional speed regulation and the
method combined with our previous work [10] is conducted.
The comparison shows that the method can significantly
reduce the operation point deviation at the cost of increasing
power consumption. It is clearly shown in the comparison
result that the new method sacrifices system efficiency for a
better operation point. This paper offers an option to improve
reliability of a class of fluid conveying systems, but it is
worthwhile to weigh the better operation point against the
higher energy consumption.
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Register accuracy is an important index to evaluate the quality of electronic products printed by gravure printed electronic
equipment. However, the complex relationships of multilayer register system make the problem of decoupling control difficult to be
solved, which has limited the improvement of register accuracy for the gravure printed electronic equipment. Therefore, this paper
presents an integrated decoupling control strategy based on feedforward control and active disturbance rejection control (ADRC)
to solve the strong coupling, strong interference, and time-delay problems of multilayer register system. First of all, a coupling and
nonlinear model is established according to the multilayer register working principle in gravure printing, and then a linear model
of the register system is derived based on the perturbation method. Secondly, according to the linear model, a decoupling control
strategy is designed based on feedforward control and ADRC for the multilayer register system. Finally, the results of computer
simulation show that the proposed control methodology can realize a decoupling control and has good control performance for

multilayer register system.

1. Introduction

Roll-to-roll (R2R) gravure printing machine is considered
one of the highest throughput printed electronic equipment
for manufacturing disposable and flexible electronic devices
on flexible substrates at a low cost [1]. Register accuracy is an
important index to evaluate the quality of printed electronic
products. Unfortunately, because of the characteristics of
multilayer register system including multi-input multioutput,
strong coupling, strong disturbance, and time delay, it is
difficult to solve the overshoot and concussion problems in
the control process, which has limited the improvement of
register accuracy for gravure electronic equipment. Hence, a
decoupling control strategy is essential to improve the quality
of printed electronic products.

Register errors directly reflect the register accuracy,
including two kinds [2, 3]: machine directional register
errors and cross directional register errors. In general, cross
directional register errors can be ignored because the lateral
jitter of a moving web is very small. Thus, the focus of this
paper is on machine directional register errors which are

affected by many factors and are the emphasis and difficulty
of multilayer register control system. In previous works,
the synthesis control methods based on the PID control
are the most common control strategy for the multilayer
register system in the gravure printing machines. Yoshida
et al. [4] established a mathematical model and proposed
a cooperative register control method using feedforward
and PD control for gravure printing presses. Based on the
model established in [4], a speed variation compensation
PD control was presented to eliminate the nondeterministic
disturbance of the tension variation in speed-up process
in [5]. Li et al. [6] established the mathematical model of
two-layer register error and designed a control methodology
based on feedforward and PID control to eliminate the
interference caused by the speed and tension of upstream
web. In [7], the mathematical model of register errors was
established and a feedforward PID controller was proposed
to cancel out the upstream speed disturbance and achieved
good control effect. Chen et al. [8] developed an optimized
feedforward decoupling PD register control method with
membrane algorithm to generate optimized control signal
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FIGURE 1: Schematic diagram of a gravure printed electronic equipment.

without the loss of accuracy of print registration. In [9], Lee
et al. proposed a register strategy based on PID to investigate
the dominant factor affecting register error and minimize it.

Some new control methods have been applied to register
control system in the recent years. A nonlinear control law
is designed with the Lyapunov stability theorem such that
the register errors converge to zero in [10], and the method
was confirmed to have better performance than the method
proposed in [4]. A decentralized memoryless state feedback
control law is proposed in [11] where the input delays are
converted into state delays using dynamic feedback. In [12],
a control strategy based on sliding mode variable structure
was proposed for multilayer register system. According to
the model established in [4], Chen et al. [13] proposed a
decoupling and disturbance rejection control strategy which
combines extended state observer with feedforward control
for register system. Kim et al. designed register control strat-
egy considering time difference between measurement and
actuation for roll-to-roll gravure-offset printing equipment in
[14] and then, they [15] proposed a register control method
based on a statistical approach and signal processing technol-
ogy. Although most of these methods resulted in acceptable
control performance for traditional printing products, such
as newspapers, magazines, and leaflets, printed electronic
products require much higher register accuracy. Therefore,
to obtain better print quality, it is necessary to present a
decoupling control strategy that could effectively deal with
the strong coupling, strong interference, time delay, and
uncertain nature of multilayer register system. The synthesis
control strategy based on active disturbance rejection control
(ADRC) is an ideal candidate for multilayer register system.
Because the essence of ADRC is that both the internal
unmodeled coupling dynamics and the external disturbances
can be estimated and compensated in real time [16-18],
ADRC has been successfully applied in many fields [19-23].
Although initial evaluations of the application of ADRC for
the regulation of register errors were performed in [3, 24],
design difficulty of the proposed methods increases rapidly
with the increase of printing layers in register system.

The objective of this research is to design a decou-
pling control strategy based on feedforward control and
ADRC for the multilayer register system of gravure printed

electronic equipment. First, a nonlinear mathematical model
of the four-layer register system is constructed and a linear
model of the nonlinear model is derived in detail based on
perturbation method. Next, according to the linear model, a
decoupling control strategy is designed based on feedforward
control and ADRC for the multilayer register system. Last,
to test the effectiveness of the proposed decoupling strategy,
simulations and analysis compared with PID and proposed
controllers are carried out.

2. Mathematical Model

2.1. Multilayer Register System. The schematic diagram of a
R2R gravure printed electronic equipment is shown in
Figure 1, which is composed of an unwinding unit, an infeed-
ing unit, a multilayer register system, an outfeeding unit,
and a rewinding unit, and » stands for the total number of
printing units. Shaftless drive mode has been used in the
equipment; that is, all of the driving shafts are driven by
independent servomotors. Control of the equipment is basi-
cally composed of tension control which is applied to the
unwinding, infeeding, outfeeding, and rewinding units and
register control which is applied to the multilayer register
system. The printing cylinder of printing unit 1 maintains a
constant angular velocity, and the angular velocity of other
printing cylinders is adjusted according to register errors
measured by photoelectric sensors. Load cells are installed at
idle rollers in the middle of continuous process for tension
pickup. Two passive dancer rollers are used to reduce tension
fluctuations and measure the tension signals simultaneously
in the unwinding and rewinding units.

Figure 2(a) shows the gravure schematic, and Figure 2(b)
shows the schematic diagram of four-layer register system
which can meet the needs of many printed electronic prod-
ucts, such as thin film transistors (as shown in Figure 2(b)),
solar cells, and RFID tags. Register is the process of aligning
successive printed patterns to form a complex multilayer
image. Register control is critical because if the successively
printed layers are not properly aligned then the functional
capabilities of the printed electronic devices are reduced
or lost. However, as shown in Figure 2(b), the multilayer
register system has a cumulative effect in the process of
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FIGURE 2: Schematic diagram of the gravure and four-layer register system.

printing; namely, the adjustment of register error in upstream
printing section will affect all register errors in downstream
printing sections, which makes the register system a sig-
nificant nonlinear, strong coupling, and time-delay system.
Furthermore, the drying systems bring a large number of
unknown disturbances to the register control system. Hence,
to achieve good microscale register accuracy, it is a key
technology that a decoupling control strategy is designed to
solve the nonlinear, strong coupling, strong interference, and
uncertain problems of the register system.

2.2. Register System Model. The machine directional register
error of a moving web is defined in two adjacent printing
cylinders as the relative difference of the distance between the
previous pattern printed by the upstream printing cylinder
and the later printed one in the downstream printing cylinder.
According to [25], we can get the nonlinear system model of
the register error between ith and (i + 1)th printing units as
follows:

B dei(i+l) (t) _

A
dt

AE (Rij wyy, (t) = Riaw; (t = try))
=T, () Rw; () ®
+ Ty (t = tgy) Riw; (t = try)

where t.; is transmission time (also known as time delay) and
is defined by

i @)

It is assumed that the nominal span lengths within
adjacent printing units are typically same and there are no
manufacturing errors in the register system. Thus, we can
obtain (3) for the n-layer register system as follows:

Ry =Ry=-=K

.-.=R,=R
L,=Ly=---=L;=---=L =L 3)

tTl:tTZZU':tTi:.”:tTn:tT'

Combining (1) and (3), (1) can be represented as follows:

dejy (1) R
———— =Ruw;,, (1) - —=T; (t) w; (t) - Rw; (t — t1)
dt AE (4)

R
+ ETi—l (t—tr)w (t—tr).

According to (4), Figure 2(b), and the working principle
of multilayer register in gravure printing, the four-layer reg-
ister system model can be expressed as follows:

dey, (t R
_egt( )~ Ra, () - Tt O, () = Ray (¢~ 1)
R (t—tp)w, (£ —tp)
+ E o\l —lp)w T =1
80 - Ry ()~ T, (003 @)~ Ry (¢ 17)
(5)
R
+ ETI (f - tT) w, (t - tT)
des, (t R
%() = Ray (1) = T (w5 (6) ~ Ry (£~ t7)

R
t gl (t—tr)ws (t - tr),

where w,(t), w;(t), and w,(t) are the input signals of the
register system and e;,(t), ey;(¢), and ey, (¢) are the output
signals of the register system.

Equation (5) shows that the four-layer register system is
a multi-input multioutput, strong coupling, time-delay, and
nonlinear system. The nonlinear model can be linearized
using the perturbation method for the controller design.
According to the perturbation method, all the variables in (5)
are expressed using the steady-state values and the variable
values, as described by the following equation:

€ (£) = e+ Ae;py (£)
w; (1) =" + Aw; (t) (6)

T;(t)=T" + AT, (t).



Substituting (6) into (5) and ignoring high order small
quantity, (5) can be rewritten as follows:

dhe,, (t
‘2; © _ Raw, () - Awl )
+R<Z; - 1)Aw1 (t—tr)
R *
+ = [ATy (t = tr) - AT, (1)
B - Rawy -y 0
+R<Z;—1)Aw2(t—tT) (7)
B (AT, (¢~ 1) - AT, 0]
dAe,, (t RT*
ed;:() = RAw, () -~ (1)

+R<T* —1>Aw3(t—tT)

AE

Rw*
5 [AT, (t -

tr) = AT; (1)].

Considering T* <« AE and omitting the notation “A” to
improve the readability, we can obtain the linearized model
of the four-layer register system as follows:

d RT*

—eljt(t) = Rw, (t) - A (t) = Rwy (t —t7)
R
Aw [To ( ) - Tl (t)]

% = Raw; (1) - RT* AR 2 (t) + R, (¢ — t)

(8)

R
A“’ [T, (t-t;) =T, (1)]

d RT*

e:);;t(t) = Rw w, (t) B —ws (t) + RCL)3 (t - tT)

R
A“jE [T, (t - ty) — Ts (1)] .

With Laplace transform, the transfer functions of the
four-layer register system can be got:

EL(s) =G ()W, (s) + G (s) Wy (s) + G (5) T,y (s)
+Gp ()T (s)
Ey (s) = G4 () W5 (s) + G () Wy (5) + G (s) Ty (s)

+Gp ()T, (s)
E3y (s) = G () Wy (s) + G (s) W (s) + G (5) T, (s)
+Gp () T5(s),
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where G ,(s), Gg(s), Go(s), and Gy(s) are expressed as

R
Gu(s) = —
A(S) <
R/T* _
Gg(s)=-— <AE te tTS)
(10)
R : —trs
G — T
c( s) = AEs e
Rw*
G = .
()=~ UE;

According to (9), we can obtain the linear model of the
adjacent two-layer register error between ith and (i + 1)th
printing unit as follows:

Gy (s) W,

+Ge ()T,

Ejisn) (s) = i1 () + G (s) W; ()
(11)

1 (8) +Gp () T; (s).

As shown in (11), the register error E; H)(s) is the
combined result of multiple factors including W;(s), W, (s),
T;_,(s), and T;(s). In shaftless drive mode, W, ,(s) is the
control variable of two-layer register system whose corre-
sponding transfer function G4(s) is the characteristics of
register system on which the controller design is based. W;(s)
is the coupling interference of the angular velocity from
upstream printing unit i. T;_,(s) and T;(s) are the coupling
interference of the web tension.

3. Design Decoupling Control Strategy

According to (11), an integrated decoupling control strategy
based on feedforward control and ADRC is proposed for two-
layer register system in Figure 3.

Figure 3 shows that the decoupling control strategy con-
sists of a feedforward controller composed of Cyy;(s), Cr;_, (s),
and Cr;(s) and an ADRC controller. Cy;(s), Cp;_;(s), and
Cr;(s) compensate the register errors caused by the variations
of W, T;_,, and T}, respectively. The ADRC controller adjusts
inputs e,;;,;) of the register system and actively estimates
and compensates the unmodeled coupling dynamics and
disturbances in real time.

3.1. Design Feedforward Controller. As shown in Figure 2,
the angular velocity of printing cylinders and the tension of
the web can be measured directly by encoders installed at
servomotors and load cells, respectively. Therefore, additive
feedforward controller can alleviate the register errors caused
by upstream modeled interferences through preadjust-
ment.
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FIGURE 3: Block diagram of the integrated decoupling control strategy.

According to Figure 3 and the superposition theorem of
linear system, the output of the two-layer register system can
be written as

Gy (s) C; (s)
1+G,(s)C;(s)
Gg(s) + Cy; (5)G4 ()
L+ Gy (s)Ci(s)
Go () +Crpi_y ()G ()
1+GA ()G (9)
Gp (s) + Cri (5) G4 (5)
1+GA(5)C (9)

Ei(i+1) (s) = Eri(i+1) (s)

Wi (s)
(12)

Tiy (s)

T; (s).

The feedforward controller can be designed based on
invariance principle for canceling out the register errors
caused by the variations of W;, T;_;, and T;. We can obtain
(13) as follows:

Gg(s) +Cp; (5)G4(s) =0
G () +Crizy (5)Ga(s) =0 (13)
Gp(s) +Cri (s) G4 (s) = 0.

Hence, the feedforward controller (namely, Cy;(s),
Cri_1(s), and Cp;(s)) can be designed as follows:

Gy () _ T* | s

Cwi () = "G,(s)  AE
_ _GC (S) _ _w_* —trs
Criy (s) = G 15 (14)
Cr;i (s) = _Gp(s) _ "

G, (s) AE’

3.2. Design ADRC Controller. Because (11) shows that the
two-layer register system is the first-order system, one first-
order ADRC controller is needed for the decoupling control
strategy. As shown in Figure 3, the ADRC controller consists
of a tracking differentiator (TD), an extended state observer
(ESO), and a nonlinear states error feedback (NLSEF).

The TD is a nonlinear component in which a tracking
signal and an approximately differential signal of the system
input can be acquired according to the system input signal,
even for a nondifferentiable or noncontinuous input signal.
Figure 3 shows that v;, is tracking the signal of reference input
€,i(i+1)- According to [17-19], the discrete forms of the TDi are
expressed as follows:

fh; (n) = fhan (v;; (n) - eir1) (M) 5V (1), 1 h)
vy (n+1) = v, (n) + hvy, (n) (15)

Vip (n+ 1) = vy (n) + hfh; (n),

where #n is the natural number (n = 0,1,2,3,...), r; is
the velocity factor, and h is the sampling step. According
to [18, 21, 26], fhan(xy, x,, 7, h) is a nonlinear function that
guarantees the fastest convergence from v;; to e,;;, ;) without
any overshoot and is defined as follows:

d=rh;
dy = hd
Y= xp + hxy;

a, = (d2 + 8r |y|)1/2



-d
sign (), |y|>d,

X, +
a=
Y
X, + o |y| <d,
rsign(a), la|>d
fhan (x,,x,,7,h) = -1 4
ra, la] < d.

(16)

The ESO is the core of ADRC which can not only track
the system output variables and their differentiated signals
but also actively estimate unmodeled coupling dynamics and
disturbances in real time. Figure 3 shows that z;, and z;,
track output e;;,;) and estimated value of the unmodeled
coupling dynamics and disturbances in the register system,
respectively. According to [17, 18], the discrete forms of the
second-order ESOi are obtained as follows:

q; (n) =z; (n) - €ii+1) (n)
zy (n+1) =z, (n) +h(zy (n) — Bagq; (n) + bu; (n))  (17)
zp (n+1) = z;, () + h(=Pyfal(g; (n),0.5,h)),

where f3;; and f3;, are the ESO gains and b, is the compensation
factor. The fal(e,«, ) is a nonlinear function defined as
follows:

e le| <&
fal (e,,8) = { 6% - (18)
le]* sign (e), le|] > 6.

The NLSEF is a nonlinear combination of the resulting
difference e; caused by the v; and z;; generated by TD
and ESO, respectively. The control law of the ADRC can
actively compensate for the unmodeled coupling dynamics
and disturbances which are estimated by ESO in real time.
According to [17, 18], we can obtain the discrete forms of the
NLSEF;i as follows:

em+1)=vy(n+1l)-z;(n+1)
zy(n+1) (19
b, ’

1

u; (n+1) = kfal (e; (n +1),0.5,8) —

where 8 is the interval length of the linear segment and &, is
the proportionality coefficient.

Combining (15), (17), and (19), the discrete algorithm of
the ADRC: is expressed as

fh; (n) = fhan (v;; (n) = e,i441) (1), viy (n) , 73, )
Vi (n+1) = v,y (n) + hvy, ()

Vip (n+1) = vy, (n) + hfh; (n)
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q; (n) = z;; (n) — i, (n)
zy (n+1) = z;y () + h(z;, (n) = Byyg; (n) + b, (n))
zp (n+1) =z, (n) + h(-Pyfal(g; (n),0.5,h))
eem+1)=vy(n+1)-z7(n+1)

zp(n+1)
b. '

1

u; (n+1) = kpfal (e; (n+1),0.5,8) -
(20)

In actual printing process, the reference input of the
register system is zero, scilicet e,;;,1) = 0. Consequently, the
discrete algorithm of the ADRC can also be represented as
follows:

q; (n) = z;; (n) — €41y ()
zy (n+1) = z;; () + h(z;, (n) - By q; (n) + b ()
zp (n+1) =z, (n) + h(-P,fal(g; (n),0.5,h))

e,n+1)=-z; n+1)

(21)

zZp(n+1)
-

1

u; (n+1) = kpfal (e; (n+1),0.5,8) -

As shown in Figure 3, output Aw;,; of the decoupling
control strategy is composed of the ADRC controller’s output
u; and the feedforward controller’s outputs.

4. Simulation and Analysis

The comparative simulation of the four-layer register system
between proposed decoupling control strategy and PID and
ADRC control strategies is performed to investigate the
performance of the proposed decoupling control strategy.
The structure of the decoupling control strategy for four-
layer register system is shown in Figure 4. The decoupling
controller i (i = 1,2,3) of the two-layer register system in
Figure 4 is shown in Figure 3. Figures 5(a) and 5(b) show
the structures of the PID and ADRC control strategies,
respectively, for four-layer register system.

The simulation adopts a fixed-step size mode and the
fixed-step size is 10 ms (namely, the sampling step h = 10 ms)
in MATLAB. The parameters of the register system used in
the simulation are summarized in Table 1. On the basis of the
same mathematical model and parameters, all parameters of
ADRC and PID controllers are adjusted under the condition
of w* = 1000 rad/min, and the parameters are not changed
with the change of the simulation conditions. The adjustment
principle and procedure of ADRC controller parameters have
been introduced in [27-29]. According to these literatures
and our experiences, the adjustment procedure of the ADRC
controller parameters is as follows.

Step 1. ESO parameter f3; is equal to the reciprocal of the
sampling step h. Thus, we can obtain f3;; = 100.
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TABLE 1: System parameters in simulation.

4.1. Performance against Tension Interference. T,(t) has a step
change from 100N to 130N at 5s and a step change from

Parameters Value Units 130N to 100 N at 10s to investigate the performance against
L 6.28 m tension coupling interference of the proposed decoupling
R 0.2 m control strategy. The simulation behaviors of the PID, ADRC,
Ty 100 N and proposed decoupling control strategies are shown in
A 2x107° m’ Figures 6, 7, and 8.

E 21%10° Pa Figures 6 and 7 show that, under the tension interference

Step 2. The ESO parameter [, is greater than f;. Under
the open-loop condition, f3;, is adjusted to make z;, trace
e;+1) With no vibration and 3;, is as big as possible under no
vibration condition of the ESO output z;,.

Step 3. The TD parameter r; is adjusted to make v;; and v;,
quickly trace system reference input e, 1) and differentiated
signal of e,;;,), respectively, in the open-loop condition.

Step 4. Under the closed-loop condition, the NLSEF param-
eter k;, is adjusted to make the output e, stable within
reference input e,;;,;) with no vibration.

The adjusted parameters of the PID and ADRC control-
lers are listed in Table 2.

of T,y(t), the register errors in PID and ADRC control
strategies increase gradually with the increase of w,(f). As
shown in Figure 8, under the same interference, the register
errors in the proposed control strategy present the same trend
as those in the PID and ADRC control strategies. However,
compared with PID and ADRC control strategies, the range
and duration of the register errors under the proposed control
strategy are much smaller in the same simulation conditions,
as shown in Figures 6 and 7. For example, when w” is equal
to 2000 rad/min, the ranges of e, (t) fluctuation are 39.5 ym
and 18.32um in the PID and ADRC control strategies,
respectively, but under the proposed control strategy, the
range of e, (¢) fluctuation is only 38.6 nm.

The simulation results indicate that the feedforward and
ADRC controllers can effectively compensate the register
errors caused by the variations of T (t); namely, the proposed
decoupling control strategy has better performance against



TABLE 2: Controller parameters in simulation.
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Control strategy Controller Controller parameters
PID1 ki, =70,k =30,k;y =12
PID PID2 kyp =75 ky = 32, kpq = 1.3
PID3 ks, =80, ky; =35, k34 = 1.3
ADRC1 Bi1 =100, B;, = 830, k;,, = 1.95,r; = 750
ADRC ADRC2 By =100, B,, = 840, k,, = 3.86, 7, = 750
ADRC3 Bs1 = 100, Bs; = 854, ks, = 4.75, 1 = 750
ADRC1 B =100, B;, = 890, k;,, = 1.35, 1, = 750
Proposed decoupling control ADRC2 B,1 = 100, 35, = 930, k2p =3.26,7, =750
ADRC3 Bs1 = 100, Bs; = 956, ks, = 4.35, 1, = 750
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FIGURE 9: Performance against speed interference for w* = 1000 rad/min.

tension coupling interferences than the PID and ADRC
control strategies.

4.2. Performance against Speed Interference. A sinusoidal
interference of w,(t) is set at 5s with amplitude 1rad/min
and frequency 1rad/s to demonstrate the ability against speed
coupling interference of the proposed decoupling control
strategy. Figures 9 and 10 show the comparative performance
of the PID, ADRC, and proposed decoupling control strate-
gies. Figures 11 and 12 illustrate the behaviors of the ADRC
and proposed decoupling control strategies, respectively.
Figures 9-12 illustrate that the fluctuation of register
errors caused by speed interference of w,(t) has the same
frequency with the interference in the PID, ADRC, and

proposed control strategies. Unfortunately, the range of
register errors under the PID control strategy is much greater
than that under the ADRC and proposed control strategies
in the same simulation condition, as shown in Figures 9
and 10. Compared with ADRC control strategy, the range
of the register errors under the proposed control strategy is
much smaller in the same simulation conditions, as shown
in Figures 11 and 12. For instance, when w” is equal to
1000 rad/min, the amplitude of e,(t) is only 8.3nm in the
proposed control strategy, but it is 53.2 ym in the PID control
strategy and 1.96 ym in the ADRC control strategy.

The simulation results show that because the feedforward
and ADRC controllers can obviously alleviate the register
errors caused by the interference of w,(t), the proposed
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FIGURE 11: Response curves of the ADRC control strategy.

decoupling control strategy has better ability against speed
coupling interferences than the PID and ADRC control
strategies.

4.3. Performance against Web Characteristic Change. The
elastic modulus of the web material decreases to 80% in order
to establish the performance against characteristic change of
web for the proposed decoupling control strategy. With the
step change of T\ (¢) from 100N to 130N at 5s and from
130N to 100N at 10s, Figures 13, 14, and 15 illustrate the
simulation performance of the PID, ADRC, and proposed
decoupling control strategies, respectively, when w* is equal
to 2000 rad/min.

Figures 13 and 14 indicate that, under the PID and ADRC
control strategies, the register errors increase gradually with

a decrease in E. For example, the range of e, (t) fluctuation
increases from 39.3 ym to 50.1 ym in the PID control strategy
and from 18.32 ym to 22.31 ym in the ADRC control strategy.
Figure 15 shows that, with a decrease in E, the register errors
also increase gradually in the proposed decoupling control
strategy. For instance, the range of e, (¢) is 38.6 nm to 46.2 nm
when E = 2.1 x 10° Pa and E = 1.68 x 10° Pa, respectively.
However, with the same simulation condition, the increasing
ranges of the PID and ADRC control strategies are 27.5%
and 21.8%, respectively, which are greater than the increasing
range 19.7% of register errors under the proposed control
strategy.

The simulation results illustrate that because the ADRC
controllers can actively estimate and compensate the register
errors caused by characteristic change of web, the ADRC and
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FIGURE 13: Response curves of the PID control strategy.

proposed control strategies have better capability against web
characteristic changes than the PID control strategy.

5. Conclusions

In gravure printed electronic equipment, register accuracy
is the most important index for the quality of multilayer
register system. Therefore, in order to improve the register
accuracy of multilayer register system, this paper proposes
an innovative decoupling control synthesis strategy based on
feedforward control and ADRC for the design of a register
decoupling controller for the multilayer register system. The
strategy is unique in which it uses feedforward controllers
to compensate the register errors caused by the modeled

interferences and uses ADRC controllers to adjust the inputs
of the register system and actively estimate and compensate
the register errors caused by the unmodeled disturbances in
real time, which makes the accuracy of the register controller
greatly improve.

The simulation results illustrate that the proposed decou-
pling control strategy not only can effectively compensate
the register errors caused by the variations of T, (t) and
w, (t) (namely, modeled interferences) but also can obviously
alleviate the register errors caused by the change of E
(namely, unmodeled disturbance). The stability of the ADRC
controller for nonlinear system has been proved in [30-32]. In
this paper, although the stability of the proposed decoupling
control strategy is not strictly proved by stability criterion



12

Mathematical Problems in Engineering

E 0 k EE .
< —10 v o —10 1
< =204 < -20
=30 T T T T T 1 =30 T T T T T 1
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)
— E — E
-—— Ex80% -—— E % 80%
(a) Register error e}, (b) Register error ey;
hE
g 10
= 0 -
< -10 1 f
$ -20 4
-30 T T T T T 1
0 5 10 15 20 25 30
Time (s)
— E
-—— E * 80%
(c) Register error esy
FIGURE 14: Response curves of the ADRC control strategy.
F .
g 254 i\ £ 301
£ 0 ‘.],\, E 01 =
o o« _30 |
& —25 4 R
_50 T T T 1 _90 T T T 1
0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)
—E —E
-—— E x 80% -—-— E*80%
(a) Register error e}, (b) Register error ey
E ,
E 303 l
= -30 3 T
< -60 4
-90 T T T 1
0 5 10 15 20
Time (s)
— E
-—— E x 80%

(c) Register error es4
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for four-layer register system, the simulation results show
that, with the disappearance of transient disturbances (for
instance the interference of T;)(¢) in simulation), the outputs
of the four-layer register system can return to their original
equilibrium state rapidly. In other words, the proposed
decoupling control strategy is stable for the four-layer register
system. Therefore, this study demonstrates that the proposed
strategy is a promising solution for solving the problem of the
multilayer register system in R2R gravure printed electronic
equipment.

Nomenclature

€;i+1): Register error between ith and (i + 1)th
printing units (m)

e Steady-state value of the e;;, ;) (m)

Ae;;,py:  Variable value of the e;;, ) (m)

e.i+1):  Reference inputs of the e;;, ;) (m)

Ej41)(s): Image function of the e;;,;)(t) (m)

w;: Angular velocity of the printing cylinder i
(rad/min)

w": Steady-state value of the w; (rad/min)

Aw;: Variable value of the w; (rad/min)

W;(s):  Image function of the w;(t) (rad/min)

R;: Radius of the printing cylinder i

Ty: Web tension of the infeeding unit (N)

T;: Web tension in the ith span (N)

T": Steady-state value of the T; (N)

AT;: Variable value of the T; (N)

T,(s): Image function of the T;(t) (N)
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: Nominal span length of the web in the ith

span (m)

: Transmission time of the web from ith to

(i + 1)th printing units (s)

Modulus of elasticity of the web material
(Pa)

Cross-sectional area of the web (m?).
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Due to the inherent characteristics of the flight mission of a space launch vehicle (SLV), which is required to fly over very large
distances and have very high fault tolerances, in general, SLV tracking systems (TSs) comprise multiple heterogeneous sensors such
as radars, GPS, INS, and electrooptical targeting systems installed over widespread areas. To track an SLV without interruption and
to hand over the measurement coverage between TSs properly, the mission control system (MCS) transfers slaving data to each
TS through mission networks. When serious network delays occur, however, the slaving data from the MCS can lead to the failure
of the TS. To address this problem, in this paper, we propose multiple model-based synchronization (MMS) approaches, which
take advantage of the multiple motion models of an SLV. Cubic spline extrapolation, prediction through an «-$-y filter, and a single
model Kalman filter are presented as benchmark approaches. We demonstrate the synchronization accuracy and effectiveness of the
proposed MMS approaches using the Monte Carlo simulation with the nominal trajectory data of Korea Space Launch Vehicle-I.

1. Introduction

The range safety system (RSS) [1] for the flight mission of a
space launch vehicle (SLV) consists of multiple heterogeneous
tracking systems (TSs) with mission control systems (MCSs).
Critical launch mission details such as time-space-position
information (TSPI), launch mission status data, that is, quick
look message (QLM), and flight safety information can
be acquired from the RSS. Tracking an extensive mission
trajectory of an SLV requires widespread multiple T'Ss so that
the RSS covers the entire trajectory of the SLV flight mission.
Generally, multiple TSs are spread out over different sites and
they automatically hand over observation coverage according
to the flight of the SLV. In this circumstance, one of the most
important roles of the RSS is to distribute slaving data to each
TS for continuous tracking of the SLV. If a critical network
delay results in time delayed slaving data to be sent to the
TSs, the MCS will not receive accurate SLV tracking data.
This problem can lead to significant difficulties for the SLV
mission progress and analysis. Therefore, the motivation of

this research is to enhance slaving data accuracy by compen-
sating for possible network time delays. The basic solution to
this problem is simple (linear or nonlinear) extrapolation of
the filtered data. In this case, extrapolation methods simply
propagate the TSPI data without regard to the system dynam-
ics of the SLV. On the other hand, a Kalman filter (KF) and its
prediction capability [2, 3] can reflect the system dynamics of
the SLV, which results in better synchronization performance.
However, since a KF only utilizes a single dynamic model, in
general, the tracking performance of a KF for a maneuvering
target is inferior to multiple model estimators [4]. In addition,
due to stage separation, the flight phase of an SLV is separated
into two parts, the propelled flight phase (PFP) and the coast-
ing flight phase (CFP). Hence, the dynamic model of an SLV
can be described using multiple models so that the multiple
flight phases are properly accounted for. To adaptively select
one of the multiple dynamic models according to the flight
phase of the SLV, multiple model estimators (MME) such
as an interacting multiple model (IMM) [5] and a multiple
model adaptive estimator (MMAE) [6] could significantly
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improve SLV tracking when a network delay results in delayed
slaving data transmission.

In the past several decades, considerable research has
been undertaken in the field of launch vehicle tracking based
on multiple dynamic models; researchers have shown interest
in various applications such as the tracking of reentry vehi-
cles, short-range projectiles, and sounding rockets [7-13]. A
reentry vehicle tracking problem known as highly nonlinear
dynamics was conducted using a modified IMM, with a
different algorithm cycle compared with an ordinary IMM
with multiple modes of diverse ballistic coefficients [7].
Short-range ballistic munitions or projectiles with multiple
models such as spin-stabilized and fin-stabilized models were
implemented using an IMM [8, 9]. Both research alternatives
can be applied in the impact point prediction of projectiles.
Tactical ballistic missile tracking was carried out using an
IMM estimator with three modes [10]. The first mode was
a constant axial force model for the boosting and reentry
phases. The second mode was a ballistic acceleration model
that incorporated the gravitational, Coriolis, and centripetal
forces for the exoatmospheric phase. The final mode was
a standard autocorrelated acceleration Singer’s model for
malfunction motions of missiles such as reentry tumbling. A
multiple IMM algorithm with an unbiased mixing approach
for multiple modes of thrusting or for ballistic projectiles was
presented [11, 12]. A sounding rocket with multiple modes of
propelled flight or free fall flight was tracked using a multiple
model adaptive estimation approach [14].

In this paper, multiple model-based synchronization
(MMS) approaches are proposed to synchronize the time
delayed slaving data of the RSS. The proposed approaches can
be expressed via two distinct multiple models, a nonlinear
model and a linear model. The nonlinear model considers
comprehensive factors such as thrust, gravity, drag coeffi-
cient, Mach number, and air density [10-13]. Although the
nonlinear model precisely describes the motion of the SLV,
it requires complex information concerning the SLV specifi-
cations to be collected in advance. In contrast, in the case of
the linear dynamic model, a simple constant velocity (CV) or
constant acceleration (CA) model with multiple hypotheses,
which takes advantage of Singer’s model [16, 17], can be
utilized [14]. To describe the motion of the SLV, the motion
modes of both models are separated into two parts, PFP and
CFP. We propose a slaving data synchronization approach
for the RSS based on MME so that the MCS can adaptively
find an appropriate dynamic model at an arbitrary time
index, where time delay has occurred. The performance of
slaving data synchronization is compared to various bench-
mark methods such as cubic spline extrapolation, prediction
through an «- 8-y filter, and a single model KF to demonstrate
the effectiveness of the proposed algorithm.

The remainder of the paper is organized as follows.
Section 2 presents a statement of the problem for delayed slav-
ing data in RSS. In Section 3, conventional synchronization
approaches are illustrated. In Section 4, two proposed MME-
based synchronization approaches are derived. Section 5
presents simulation settings and results; the comparison
between different types of synchronization approaches is
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depicted as an aspect of RMS error of the state vector. Finally,
in Section 6, the conclusions of this paper are presented.

2. Problem Statement for Delayed Slaving
Data in RSS

The transmission of slaving data from the MCS to multiple
TSs facilitates seamless tracking of the SLV in a sparsely
located multiple TS environment. If a data transmission delay
problem occurs, it can cause an SLV tracking failure. As
depicted in Figure 1, the antennas of TSs are pointing at the
SLV by controlling their attitude according to slaving data
from the MCS. In this situation, a slight time delay in slaving
data can give rise to large differences between the antenna
beam and the SLV due to the fast movement of the SLV. To
solve this problem, we propose MMS approaches. Hence, the
goal of this paper is to find a synchronized state XZZC at time

k+ s (where s is a known delay) based on delayed slaving data

—del
X ke ¥ at time k such that

=sync —delay

Xiees :fP(S’Xk )) X=[xy Z]T’ )

where f7 is a linear or nonlinear propagation function and

T . . .
X =[x y z] isa slaving state vector that is composed of
x-axis, y-axis, and z-axis positions but is not limited to the
position components.

3. Conventional Synchronization Approaches
for Slaving Data

3.1. Synchronization Using Cubic Spline Extrapolation [18, 19].
Let us assume a synchronized slaving state vector to be an
unknown function of the delayed slaving state vector whose
values are known only until time k. We then define a cubic
spline extrapolation function f;*(k+s), wheren = x, y,zata
specific synchronization time k + s that is extrapolated based
on the known function f, (k) that has a real value, with N + 1
points, where k, < k < ky.

We approximate f.F(k + s) as a three-order polynomial
based on the interval [k;, k;,,], wherei = 0,..., N — 1. Then
f:P(k + s) can be defined as follows:

S (k+s)
={fu k), k€ [kikipy], i=0,...
fu(k) = a, k> +b, K +¢,k+d

JN-1}, (2

where a,;, b, ;, ¢,;, and d, ; are unknown coefficients. To find
the unknown coefficients, we make the assumption that f, (k)
should be continuous in [k, ky]. Therefore, the following
equation containing unknown coefficients a,;, b,;, ¢, ;, and

d,,; is obtained:

fn,i (ki) = fn,i+1 (ki)
fr;,i (ki) = fn,,i+1 (ki)’
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On combining (2) and (3), the cubic polynomials f;*(k + s)
are reconstructed by solving the linear equations obtained.
Once we find the coefficients a,;, b, ;, ¢,;, and d,;, where
i =0,...,N -1, we can evaluate f;"(k + s), where s is an
arbitrary lead-time for future points in [x;, Xp.]-

3.2. Synchronization Using an a-f3-y Filter. When the state
estimation covariance for a time invariant system converges
under suitable conditions to a steady-state value, explicit
expressions of the steady-state covariance and filter gain
can be obtained. The resulting steady-state filters for noisy
kinematic models are known as «- 3 and «a-$-y filters [20]. In
this paper, a combined a- -y filter using both an expanding
memory polynomial filter (EMF) and a fading memory
polynomial filter (FMF) was used [21, 22]. At first, the EMF is
represented as follows:

E . E E AP
pn,k - pn,k—l + Atvn,k—l + 2 an,k—l

3(3k% +3k+2)
T k+3) (k+2)(k+1)F

E _ E E
Vn,k - Vn,k—l + Aavn,k—l

. 1 18 2k +1) oE
At (k +3) (k +2) (k+1) ™

where At is the sampling time and pi o Vfi o and af, . are
the position, velocity, and acceleration estimates of the EME,
respectively. In addition, the variance reduction factor (VRF)
[22] of the EME that is, VRFE, can be represented as

9k? + 27k + 24
VRFE = — 22727 5
k(k+1)(k-1) ©)

On the other hand, the FMF and its VRE (VRFY) can be
written as follows:

AP
F F F F 3 F
pn,k = pn,k—l + Atvn,k—l + Tan,k—l + (1 -A )sn,k’

V:,k = Vﬁ,k—l + Aavik—l + 2iAt (1-1)%(1+2) Sik,
G = Gy + ﬁ (1= & (6)
= ok Pt~ AvEy, - Aol
VRE' = (11;—)‘5 (19+241 +161% + 61° + 1),

where 0 < A < 1. Both filters are conducted in parallel but
only one of them is selected as a final estimate by comparing



the VRFs. During the early tracking phase, the EMF is
selected as the final estimate; however, at a certain time, where
VRF" is larger than VRF, FMF is selected as the final
estimate:

aﬁy aﬁy apy
fn nk— 1+K[y Hocﬁank 1]

nk -
AT -
Prik 1 At T Pri-1
Vn,k = 0 1 At Vn,k—l
Ak 00 1 L 4y k-1
o
Fpn,k—l ]
ﬁ ofly
+lAar | | H Vak-1 | |
L L G -1
At?
whereXﬁy (Prk Vik ak]T,H"‘ﬁ”z[l 0 0],

7)

VRFE > VREF —

_ ,E
Puk = Pujo

_E
Yk = Vo

_ E
an,k - an,k’

VRF' > VRFF —

F
Puk = Pnjo
_ . F
Yk = Vo
_ F
Apje = Ay

Finally, synchronization using an «-3-y filter is completed by
linear propagation using the system matrix f,, such that

A:i):rs = (an) : A“:BY' (8)

3.3. Kalman Predictor. The motion of the SLV is simply
depicted as a discretized Wiener process acceleration model
[20]:

Xk+1 :FXk+wk, (9)

where the state vector X, € R’ consists of the
position, velocity, and acceleration components along x-
axis, y-axis, and z-axis, respectively; that is, X, =

T
[xp,k Xok Xak Vpk Yvik Vak Zpk Zvik Z,x] . The system
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matrix and covariance matrix of the system noise wj are
represented as (10) and (11), respectively:

Da A
2

01 At
00 1

—fx 03 03
F=[0, f, 0;],
-03 03 fz

E [wszT] = Qb

[ AP At
20 8
W
qL:x,y,z - ? T
L 6 2 J

f n=x,y,z —

(10)

>

~
8]
1

S
8]

(1)

q. 03 03
Q= 03 qy 03
L0; 0; 4,

A radar measurement for the SLV gives the spherical coordi-
nate observations such that

Zy = h(Xg) + v

3 3
ZkE%,Vs)kEm,

[ 2 2 2 ]
ﬂxp)k Yokt 2k
12)
T 1 Yok v (
k tan™! <L> r
_ _ X
Zir=|9c | = pk %>
0 B Yok v
k tan~! P 0
2 2
ﬂxp)k + Yok

where v, ~ N(0, R,;) and Ry = diag(o?, a;, 05). Using a 3D
debiased converted measurement [23], we can transform the
original nonlinear equations (12) into their linear form as

7 = HX  + v, v € R,

Xk I 055 0443 Vik (13)
= | V| = | 0s 1 Ous | X+ | Vyk

2 Ops 1 0py Vzk

Here, v, is the converted measurement noise expressed in
terms of Cartesian coordinates; that is, v, ~ N(0, Ry.):

Rxx,k ny,k sz,k
Ry = Ryx,k Ryy,k Ryz,k . (14)

sz,k Rzy,k Rzz,k
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Prediction or fixed-lead prediction in mean square means the
synchronization of the slaving data is the estimation of the
state at a future time k+s, where s > 0 beyond the observation
interval; that is, based on data up to an earlier time [20, 24],

Xk+s|k = E(Xk+s|k | Zy)s  Zip = {zgs.. .oz}, (15)

< . <KP
The optimal predictor or synchronized state Xy, g« = Xp, g

and its error covariance Py, = PS;M are given by the
Kalman predictor equations [2, 24]:

—~KP —~KP —~KP

Xk+s|k = Fk+s—1Xk+s—1|k == (Dk+s,ka|k’
~KP , =KF
Xk|k = Xk|k’

KP KP T
Piisk = Fros1Prrso1eFrers—1 + Qs

KP T
= Op kP Creas i
(16)

s—1
T KP » KF
+ Z®k+s,k+j+lQk+jq)k+s,k+j+1’ P = P>

j=0

®k+5,k = Fk+s—1Fk+s—2 e Fk>
Oy =1,

k>1,

—~KF . .
where Xk and PIFIIE are the KF estimate and covariance,
respectively.

4. Proposed MME-Based Synchronization
Approaches

4.1. Synchronization Using an IMM with Singer’s Linear Model.
Singer [16] described 2D manned maneuvering targets in
range-bearing coordinates. This model can be adapted to the
SLV kinematics in 3D Cartesian coordinates with multiple
flight phases:

Py P
v, | =F|v,|+Guw,
an aﬂ
o1 0
F=]00 1 |, (17)
L0 0 —«,
K
G=1|0{,
LO

where w, € R**! is a white noise process along the Cartesian
axis n = x, y,z. The parameter 8 = 1/« is the maneuver
correlation time constant, and o, is the acceleration variance
describing maneuver intensity. In a steady state,

ain = 2a02,. (18)

To describe SLV kinematics, the model must cope with cru-
cial nonzero mean acceleration maneuvers during the pro-
pelled phase. In addition, after each stage’s engine burns out,
a multiple model approach is applied to the coasting flight;
that is, one model describes PFP, whereas the other depicts
the CFP. Empirically tuned, independent probability density
functions (PDFs) represented by TUM describe the accel-
erations of the SLV in the local coordinate frame. Figure 2
shows the means and variances of the acceleration processes
of the SLV in this paper. The discrete-time model with state
transition matrix ¥, («,,, At) is as follows:

pn,k+1 pn,k
Ykl | = \Pn (“n’ At) Yk + Wy, k>
an,k+1 an,k

1 At (cant -1+ e_“"At)

1— e—anAt (19)
¥, (o, At) =e™ |0 1 —( ) ,
(xn
00 e it

kevat
W, = J VAT Gy dr,
kAt

In the case of the PFP, w, , is a nonzero mean white noise
sequence caused by the nonzero mean acceleration ,, seen
in Figure 2. A nonzero mean white noise sequence for the PFP
should be considered in the target kinematics when imple-
menting the state propagation stage in the KF. Thus, the deter-
ministic input u,,; caused by w,,, along x-axis, y-axis, and
z-axis is derived as follows:

(k+1)At "
Uy = E [wx,k] - E {LA eF[( H)At_r]wadr]»
t

e—ax[(k+1)At—r]

(k+1)At
~E J 0 w,dr ¢, (20)
kAt
0
Al/lax

Uk = o [ 1_eoxAt ] :
0
" 0

y-axis and z-axis can be derived in the same manner as shown
in (20). The maneuver excitation covariance [10], which
represents the uncertainty of the SLV kinematics model, is

Qn,k ((xn’ At)
=E {(wn,k -E [wn,k]) (wn»k -E [w”’k])T}

911 912 93
=2‘xnojn d12 92 923
d13 923 Y933

The specific components of g, ;, . . ., 435 are illustrated in [25].
In addition, the measurement matrix H; for Singer’s model
can be depicted as

(21)
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FIGURE 2: Nonzero mean acceleration PDF in the PFP model (a) along x-axis, (b) along y-axis, and (c) along z-axis. Zero mean acceleration

PDF in the CFP Model (d) along x-axis, y-axis, and z-axis.

1 0 0
zZre =Hpxpp+v, Hp=

0 0 1

where v, is measurement noise (as shown in (14)) with error
covariance.

4.1.1. IMM with Singer’s Linear Model. From (19)-(22) in
Section 4.1, we can rewrite the Markov jump linear systems,
where the ith model of the finite multiple model set I =

{m(l), e, m(M)} obeys the following equations:

_wy® (@)
Xppr = Vo Xpp W,

(23)
Zre = Hixpp+ v

where
cov (w,(j)) = Q;(j),
cov (%) = Ry,
) g (0 (a0, (a0,

v, (a2, A1),

0 03><2 1 03><2 0 03><2

s Xpp = (% Xk Xk Yk Ve Ve % %k 2k]T» (22)
Q,(f) = diag (Qx,k (ocfci), At) Q) k (ocgf), At) ,
Q. (o, At)).
(24)

Here, 0>, for the SLV can be represented by TUM as in
Figure 2. The PDFs of Figures 2(a)-2(d) are experimentally
sampled from the nominal acceleration profile of the SLV. The
superscript (i) denotes quantities pertinent to model m® in
I, and the jumps of the system mode are assumed to have
transition probabilities:

Pr{ % Im(i)} =y

My 111 ij> (25)

where m,(c’) denotes the event in which model m® matches
the system mode in effect at time k. In our application, M =
2, and m" and m®
respectively.

Finally, complete recursion of the IMM with mode
matched KF for the SLV tracking is summarized as follows:

are the propelled and coasting modes,

(i) Model-conditioned reinitialization (fori = 1,2,...,
M):
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(a) predicted mode probability: Mg,)klk—l 2 Pr{m,(j) |

()
ZLk 1} - Z] T[]nuLk 1’

(@] i
(b) mixing weight: yLk L= Pr{mkj_1 [ m,(c'),zL,k,l} =
()
2 il g 1/”L,k—1’
(c) mixing estimate and covariance:
=(1) a (@)
X jo1k1 = B [XL,k—llk—l | my ’ZL,k—l]
_ Zx jli
Lk-1lk-141k-1°
4 (26)
(@) _ (i) —(i) A( )
Pl = z [PLk k-1 1 ( XL k-11k-1 ~ XLk-1lk- 1)

j
=) A(J) jli
’ (xLl,k—llk—l X k-1lk- 1) ] M1
(ii) Model-conditioned filtering (fori = 1,2,..., M):

(a) predicted estimate and covariance:

~(i) (i) =( (i)
X k-1 = Pl Lk k-1 T Wy
(1) T )
where u; [uxk 1 Uk uzk 1] s, W =050, (27)

i) _w@® B 08 (i)
Lklk 1 \P PLk 1|k— 1‘P Qk r

(b) measurement residual: Z zL « = 2o —HiX Lx

Lklk 1
Vie>
(c) residual covariance: S(i = HLPL e IHLT - Ry,
(d) filter gain: K} = P HJ (S7)7

( ) A(i)
Lklk = L,klk—l +

(1)
- KL,kSL,kKL,k

(e) update of state and covariance: X

(1) ~(z) @) _ p@)
K} Zrie PLklk PLklkl

(iii) Mode probability update (fori = 1,2,..., M):

(a) mode likelihood: A}, = plzf | m,
ZLk 1] assume ( iz)k,o S(l))
(b) mode probabihty: ‘uL’k = ‘u(L’)klk ) (Zk/
()
(Z P‘Lk|k IAL,k)'
(iv) Combination (fori =1,2,..., M):
< _ S@ @)
XL klk = ZXL,kaL,k’
i
=)
Pl ik (28)

= Z [ Lk T (XL Kl ~ X(L)kuc) (XL Kl ~ X(L klk) ] AM(LI)k

Singer’s MMS of time delayed slaving data is completed by
propagating the combined estimate based on the current
mode’s dynamic model such that

~Sync o Sync o
X[ ksl = ch+stL klk>

SYnc _ pSync psync - psync
(Dk+sk Fk+s le+s—2 Fk >
(29)
sync _
o =1,
k>1,
where 0 ., F'™ are system matrices depending

on a flight phase mode at current time k.

4.2. Synchronization Using an IMM with a Nonlinear Ballistic
Model. For a nonlinear ballistic model, the state vector for
the propelled mode is denoted as

. . . T
=[x ¥z % y 2 & ], (30)

where &, is the drag coefficient and 7, is the thrust. Generally,
the drag coefficient varies significantly with the Mach number
regime: subsonic, transonic, and supersonic. Therefore, we
take advantage of the dynamic model considering a Mach
number-dependent multiplier [11, 12] such that

X X X 0
. T . . —~
yI=y | P WD || tg |0 *an
Z z z 1

thrust term drag term gravity term

gza)Za
t =@,

The first term on the right side of (31) represents the thrust
(m?/s) of the SLV in x, y, and z directions. Two distinct
multiple modes of a nonlinear SLV model can be separated by
the existence of thrust. In other words, the existence of thrust
signifies propelled flight mode, whereas zero thrust signifies
coasting flight mode. V' is the magnitude of the velocity v =

[x ¥ Z]T, that is, the SLV speed (m/s). The second part of
(31) is the drag term, which is related to velocity and altitude;
that is, D = —p(z)V/2, where p(z) = pye” is the air density
(kg/ m?) at an altitude z (m) and c is the air density constant
(m™1) [9]. Eisthe drag coefficient and &, is the Mach number-
dependent drag coeflicient multiplier, which is approximated
by the cubic spline curve shown in Figure 3. In this paper,
for the drag characteristics of the SLV, which are applied in
the subsequent simulation section, drag coeflicients of the
Saturn V launch vehicle [15] are used. The third part of (31) is
a gravity term. Gravity g is the standard acceleration due to
gravity at sea level, which is assumed to be constant through-
out the trajectory, with a value of 9.812 m/s*. @,, @,, and @
are assumed to be continuous time zero mean white Gaussian
noises. The drag coefficient and thrust acceleration are rep-
resented as Wiener processes with a slow variation [11, 12].
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FIGURE 3: Normalized drag coefficient [15].

We can modify the dynamic equations (30) and (31) as a
compact form such that

x = f[x]+a, (32)

where

x .
7‘72 +&,D,x,
T&

Vi

(33)
+&D,j,

z .
Tvtt +§Dz, — g_

~ —~ ~ T
Wy [wl,t Wy ¢ w3,t]

The state vector equation (33) is discretized by a second-
order Taylor expansion [26]. Then, (33) can be written as

—=(i

)

J

~(1)
where ANLk-1]k-1
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adiscretized continuous time system with white process noise
such that

2
Xep1 = X + f [x] At + Ay f [xi] ATt +a, (34

where A, is the Jacobian of (33) evaluated at x; [26] and
wy is the discretized continuous time process noise for the
sampling interval At. The corresponding covariance matrix
of the discretized process noise is

[Q19, Osx1 06y
Q=105 AfCI.z 0 >
L 0.6 O Atg,

(A AP ()
_13 _I3
_| 3 2
Q= A#? ’
_713 AtI,

where I is the 3 x 3 identity matrix and the continuous time
process noise intensities g, g;, and g, are the corresponding
power spectral densities.

The measurement matrix Hy; for the nonlinear ballistic
multiple model can be depicted as

Zyik = HaoXnek + v
. (6)
Hyp = [I; O], xypp = [% ¥k 26 %% Jx 2k & %l »

where 7, is measurement noise with error covariance
RSy_j = Elvv]], that is, (14).

An IMM algorithm for nonlinear dynamics with different
sizes of the mode state vector is summarized as follows [25]:

(v) Model-conditioned reinitialization (fori = 1,2,...,
M):

IL3

(a) predicted mode probability: P‘I(\?L,Mk—l

(i) _ (])
Pr{mk’ | znppa) = Z; TiibNL k-1
(b) mixing weight:

()
jli o a ) 6) _ 2 Tl e
g = Pr {mk—l | my ’ZNL,k—l} = ,uf\?—’ (37)
Lk-1

(c) unbiased mixing estimate and covariance:

) a [ ) ] = Z 7
XNLk-1k-1 = B [XNLeoreor |10 2npn | = . ANLk-1lk-1#NLK-12

T
2 =(1) =) a & )"
= XNLk-1]k-1> ANLk-1]k-1 — [XNL,k—llk—l’Tk—l] ,» (38)

jli

- _ (i) —(i) ~() —(i) ~() T
PNLk-1jk-1 = Z [P NLk-1jk-1 T (XNL,kfllk—l - XNL,k—llk—l) (XNL,kfllkfl - XNL,k—llk—l) ML k-1

J
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(vi) Model-conditioned filtering (fori = 1,2,..., M):

(a) predicted estimate and covariance:

z®

XNLkk-1 = NLk 1lk-1 f[ XNLk-1[k- 1]At

+A§\II)Lk 1f[ XNLk-1]k— 1]

G 0
A I (39)
6x x=§§(i>
(i) (1) (1)
Putie-1r = PNLk k=121 + Qers
(1)
Q k1 = L+ ANLk 1
(b) measurement residual: Z;?L = ALk
A@
Hyp XN k-1 ~ Vo
(¢) residual covariance: SNL K= HNLPIE;)L Kk ngL -
Rk)
: (i) () T (i) -
(d) filter gain: KI\'ILk Py Kk VHa Sy ’Lk)
(e) update of state and covariance:
(D NG () ~@
XNk = XNLkk-1 T KNLEENLe
(40)
pi  _ p) Nl
NLklk = PNLklk-1 ~ NLk NLEKNL e
(vii) Mode probability update (fori = 1,2,..., M):
(a) mode likelihood:
@@ a (@)
AN 2P [ZNLk | my ZNL,k—l]
(41)
assume 6}
= N( Zn i 05 SNLk)
Tigere 1D _ () O
(b) mode probability: ‘ul\'IL’k = g Klk-1 I'\IL,k/
()] (6))
(2 et e A p)-
(viii) Combination (fori = 1,2,..., M):
()
XNLAJk = ZXNL kIkMNL Kk
p(i) _ p®
NLklk = Z NL Kk (42)

i

(i)
HUNL K

+(x -x0 ) (& -z )T
NL,k|k NL,k|k NL,k|k NL,k|k

The nonlinear MMS of time delayed slaving data is completed
by propagating the combined estimate based on the current
mode’s estimated vector such that

XNLi+sik = Xnpik + f [iNL,klk] s+ Anpif [iNL,ka]
(43)

>

<
2

where s is a lead-time for synchronization (s = n - At). If the

SLV is in the PFP (1”1(\3 K> .”1(\?{ ) the current state estimate

includes the thrust term; that is, the state vector xy;; =
C T . .

[xc ¥k 2z % ¥ 2c & 7] . 1f the SLV is not in the PFP,

the state vector does not include the thrust term (7, = 0).

5. Simulation Results

To demonstrate the performance of the proposed synchro-
nization approaches for delayed slaving data, we simulated
the SLV tracking problem based on the nominal flight tra-
jectory of the Korea Space Launch Vehicle-I (KSLV-I). In the
simulation, the radar measurement noise intensities of (12)
are selected as 0, = 15m, 0, = 0.01deg, and gy = 0.01 deg.
The nominal flight sequence of KSLV-1 is as follows. First, the
payload fairing separates during the first stage flight at 215.4 s.
After the first stage engine shutdown at 228.7s, the upper
stage separates from the first stage and enters the CFP. The
second stage continues in the CFP until the kick motor igni-
tion at 395s, and the vehicle then enters the PFP. At the end
of kick motor combustion (452.7 s), the upper stage enters the
target orbit in CFP as in the previous separation. Finally, the
satellite is inserted into the target orbit after it separates from
the upper stage during CFP at 540s. Since delayed slaving
data from the MCS to the TSs can occur in both the PFP and
CFP, synchronization simulations are conducted at arbitrary
points of the flight phases. Figure 4 shows the synchroniza-
tion error of the delayed slaving data with respect to the
benchmark and the proposed approaches for delays of s =
0.1,0.2,..., 1s. Figures 4(a)-4(c) illustrate synchronization
errors, where delayed slaving data occurred at 155 s, which is
the first stage of PFP, and Figures 4(d)-4(f) show synchro-
nization errors, where delayed slaving data occurred at 280s,
which is the first stage of CFP. As shown in Figures 4(a)-4(c),
the extrapolation and a- 8-y filter-based approach cannot find
the proper synchronized slaving data. The synchronization
errors of these approaches exponentially increase according
to increasing delay s; in particular, the error of the extrapo-
lation approaches an out-of-figure bound (2500 m). On the
other hand, the Kalman prediction and the proposed
approaches have stable synchronization errors even if the
delay time s is larger. Furthermore, we can observe that
the errors in the synchronization approach of the Kalman
prediction are relatively larger than the proposed approaches,
especially in the PFP. As explained in the flight sequence of
KSLV-1, in general, the motion of the SLV is described by
multiple dynamics (in our case PFP and CFP) rather than
single dynamics. However, the dynamic model of the KF and
prediction capability used in this paper is the constant accel-
eration (CA) model. This means that the filter is optimized
with respect to CA motion, which is actually not occurring in
our application. This is why the performance of the Kalman
prediction-based synchronization is worse than the proposed
approaches. Nonetheless, we can see that the y-axis synchro-
nization errors shown in Figures 4(b) and 4(e) are small.
This result is observed because the y-axis motion of KSLV-
I in a local coordinate is relatively smaller than the other
axis motion, and the CA model approximately expresses this
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FIGURE 4: Synchronization errors at PFP and CFP.
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small motion. A single KF prediction model cannot exactly
describe the motion of both PFP and CFP, whereas the
proposed multiple model-based approaches work well. As
shown in Figure 4, regardless of the delay s, the proposed
multiple model-based approaches find synchronized position
vectors. In the comparison of synchronization performance
between linear IMM and nonlinear IMM synchronization,
the nonlinear IMM-based synchronization approach shows
the best performance, except for y-axis, where CA motion is
dominant. In addition, the difference between the proposed
multiple model-based approaches is very small as shown in
Figure 4, but the complexities of the algorithms for real-time
applications are quite dissimilar. Hence, the operator may
adaptively select one of the proposed approaches according
to on€’s environment.

6. Conclusions

In this paper, we investigated the time synchronization
approaches of delayed slaving data in the RSS for SLV track-
ing. One of the most important roles of the RSS is to distribute
slaving data to each TS for continuous tracking of the SLV. If
there is a critical network delay resulting in time delayed slav-
ing data being sent to each TS, the MCS will not receive accu-
rate SLV tracking data. This problem can give rise to signifi-
cant difficulties for the SLV mission progress and analysis. To
overcome this problem, we proposed MMS approaches which
take advantage of the multiple motion models of an SLV. The
linear IMM-based synchronization approach was developed
using Singer’s model with ternary uniform mixtures and the
nonlinear IMM-based synchronization approach was derived
from a nonlinear ballistic model with a drag coeflicient. For
verification of the proposed algorithms, SLV tracking simu-
lations using KSLV-I and the radar measurement data gen-
erated from nominal trajectory were conducted. To demon-
strate the superiority of time synchronization performance
in these simulations, we compared the proposed algorithm
with benchmark approaches for absolute error between the
nominal trajectory data and the synchronized slaving data;
the simulation results demonstrated that the proposed MMS
approaches performed competitively.
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Hot strip rolling production is a high-speed process which requires high-speed control and communication system, but because of
the long distance between the delivery stand of the finishing mill and the gauge meter, dead time occurs when strip is transported
from the site of the actuator to another location where the gauge meter takes its reading, which seriously affects the thickness
control effect. According to the process model which is developed based on the measured data, a filtered Smith predictor is applied
to predict the thickness deviation of the finishing mill. At the same time, an expert PI controller based on feature information is
proposed for the strip thinning during looper rising and coiler biting period and the strip thickening during the tension loss period
of the strip tail end. As a result, the thickness accuracy has been improved by about 1.06% at a steady rolling speed and about 1.23%

in acceleration and deceleration.

1. Introduction

Figure 1 shows the outline of a typical 1700 mm hot strip
mill (HSM). Its purpose is to process cast steel slabs into
steel strip. Hot rolling can achieve large dimensional changes
in a single step; the slabs, of up to 35t weight, are typically
250 mm thick and 10 m long, and the rolled strips are typically
2mm thick and 1250 m long. This reduction in thickness is
achieved by passing the piece through a series of rolling mill
stands. Typically, at the first stand, the roughing mill (RM),
the thickness of the hot slab (1240°C) is reduced by making
several passes, forward and reverse, through the mill. At the
end of this roughing process the piece will be 35 mm thick and
70 m long and its temperature will have dropped to 1050°C.
Further reduction in thickness takes place in the six or seven
close-coupled rolling finishing stands. The strip elongation is
so great that the piece can straddle a region from the finishing
mill (FM) approach tables to the coiler. During this part of
the process, pieces normally have a final rolling temperature
of 870°C followed by coiling at 600°C [1].

Thickness precision is one of the most important quality
indexes in strip rolling process [2, 3]. Monitor automatic
gauge control (AGC) based on hydraulic roll gap control
system is widely used in modern strip rolling mills [4-7]. In
monitor AGC system, gauge meter is used to measure strip
gauge derivation, which is installed at the delivery side of
the finishing mill. The strip thickness can be controlled by
adjusting the roll gap. Because of restriction of mill structure
and requirement of maintenance, the install location of gauge
meter is far from the mill. As shown in Figure 2, the rolling
mill produces steel strip at a speed of v, and gauge meter
measures the strip thickness h. By comparing / with thickness
reference h, thickness deviation Ah is obtained. Then the
gap correction value of monitor AGC AS,, is calculated. At
the same time, the gap correction value of other types of
AGC ASy is calculated too. AS,,; and ASy are subsequently
added to the gap set value S, to get the target gap S,. At last,
hydraulic cylinders are used to modify the gap between a pair
of working rolls that squeeze the material into the desired
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FIGURE 2: Simplified schematic diagram of monitor AGC.

thickness. The dead time 7 in this process is caused by the
distance / between the rolls and the gauge meter

@

T =
v

During that interval, the process does not respond to the
controller’s activity at all, and any attempt to manipulate the
process variable before the dead time has elapsed inevitably
fails.

According to control theory, the time delay in any
feedback system reduces system stability and deteriorates
dynamic characteristics, especially for the case of 7/T > 0.5,
where T is the time constant [8]. Because the inertia time
constant T' of the hydraulic system is generally less than
50 ms, the value of 7/T' of the delivery stand is greater than
0.5 and those of the upstream stands are much greater.

Plants with a long time delay can often not be controlled
effectively using a simple PID (Proportional, Integral, and
Derivative) controller. The main reason for this is that the
additional phase lag contributed by the time delay tends to
destabilize the closed-loop system. The stability problem can
be solved by decreasing the controller gain. However, in this
case the response obtained is very sluggish [8, 9].

The Smith predictor (SP), shown in Figure 3, is well
known as an effective dead time compensator for a stable
process with long time delay [10]. The widespread application
of the SP has been hindered by two problems. First, it is
difficult to tune manually, because the practicing engineer
is not very familiar with process modeling and it is a time-
consuming manual task. Second, the predictor is sensitive
to process parameter variations, as in any other advanced
control technique. Hence the need for retuning the SP is more
frequent than that for the PID controller [11, 12].

2. Filtered Smith Predictor (FSP)

The well-known SP is a dead time compensator (DTC) widely
used in the industry in which a dead time nominal process
model is used. Nevertheless, the main drawback of this
algorithm is that dead time errors can destabilize the system.
A robust solution is the FSP, in which a filter is included
to attenuate the oscillation caused by delay mismatches [13].
The proposed controller is shown in Figure 4. It can be seen
that the structure is the same as in the SP with an additional
filter F,(s). Because of its characteristics, the FSP can be used
to compute a controller taking into account the robustness,
coping with unstable plants, improving the disturbance rejec-
tion properties, and decoupling the set-point and disturbance
responses [14]. Therefore, all the drawbacks of the SP are
considered in the design, using only one structure and, as will
be shown, a unified design procedure.

In the structure P, (s) = G, (s)e ™ is a process model,
G,,,(s) is the dead time-free model and G,(s) is the primary
controller. In the nominal case (P(s) = P,,(s)) the closed-loop
transfer function for set-point changes is the same for the SP
and FSP:

_Y(s)  G.(9)P,(s)

H = = .
R(s) 1+G.(s)G,,(s)

r (5)

2)

Note that the delay is eliminated from the characteristic
equation and F,(s) does not affect H,(s). Assume that the
real plant differs from the nominal case (P, (s) # P(s))
and consider a family of plants P(s) = Gp(s)e_TPS such that
P(s) = P,,(s)[1+8P(s)] = P, (s)+AP(s), and its characteristic
equation is given by

1+G.(s)G,,(s) +G.(5)G,, (s) P, (s)6P(s) =0. (3)

The condition for closed-loop SP robustness is that, for all
frequencies and all plants in the family, the distance between
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G.(s)G,,(s) and the -1 point in the Nyquist diagram (|1 +
G.(5)G,,(s)|) is greater than |G.(s)AP(s)|. Thus, for the SP,

|l +G.(s)G,, (s)|
|G, (5)G,, (s)] ~ (4)

s = jw, Yo >0,

8P (s) < dPy (s) =

where j is the imaginary unit and w is the frequency, and
OP(w) is the multiplicative norm-bound uncertainty [15, 16].

Therefore, when the closed-loop transfer equation (2) is
defined, dPgp(s) is also fixed and if G(s) is chosen for a high
performance then robustness will be poor. Thus, if G.(s) is
not appropriately chosen, small uncertainties may destabilize
the system.

The characteristic equation for P(s) is then

1+G.(s)G,, (s) +G.(s)G,, (s) P, (s) F. (s) P (s)
(5)
=0.

Considering that the nominal system is stable, the robust
stability condition for the FSP is

I1+G.(s)G,, ()|
|G. ()G, (), (s)]’ (6)

s = jw, Yo > 0.

8P (s) < dPggp (s) =

If F,(s) is a low-pass filter, it can be used to improve the
robustness of the system at the desired region of frequency
[14]. Although F,(s) does not affect H,(s), it modifies the
disturbance rejection response defined by

B G.(s) P, (s)F,(s)
1+G.(5)G,, (5) |

Hq(s):Y—(S):Pm(s) 1

Q) @)

h =S+ P/M|

FIGURE 5: Roll force modeling principles.

Thus F,(s) must be tuned for a compromise between
robustness and disturbance rejection performance.

Note that only Y(s)/Q(s) and dP(w) are modified by
the inclusion of the filter. That is, the filter F,(s) can be
used to improve the robustness or the disturbance rejection
capabilities of the system without affecting the nominal set-
point response. Furthermore, F,(s) can be tuned to obtain
an internal stable system when controlling unstable plants.
Therefore, the proposed controller has enough degrees of
freedom to obtain compromise between robustness and a
desired set-point and disturbance rejection responses.

3. FSP for Monitor AGC

A typical and basic modeling task is that associated with
setting up the roll gaps in a mill. The large deformation force
P required to reduce the strip thickness from entry thickness
H to exit thickness h causes the stand frame holding the rolls
to stretch and mill rolls to bend and flatten. The result is the
exit thickness as a function of force P. In simplified form this
can be expressed as [1]

h=S+f(P), (8)

where S is the unloaded roll gap and the term f(P) is the mill
stretch.

As shown in Figure 5, the normally used simplified
thickness model of gauge meter equation or spring equation
has the following form [17]:

h=S+—, 9)

p
M
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where M is the mill modulus or stiffness coefficient and P/ M
is the approximate value of mill stretch.

Because of the inaccuracy of empirical formula and the
measurement error, there is a deviation of the calculated
thickness from the actual thickness. The delayed calculated
thickness is compared with the measured thickness and the
deviation e,, of the two is obtained to correct the deviation
and improve the model accuracy. The monitor AGC system
with SP is shown in Figure 6, where h,, is the calculated
thickness and /!, is the delayed calculated thickness.

As can be seen in Figure 6, the thickness deviation Ah,,
can be calculated by the following formula:

Ah,, = (), —h,) = (h=hy) = (he™ ~h,) - Ah. (10)

m

If the roll gap S; remains unchanged, we have [7]

Ah; = LAH,., i=1,2,...,6, (11)
Qi+ M;

where i refers to stand Fi, Ah; and AH,; are the exit thickness
and the entry thickness of stand Fi, respectively, M; is
the stiffness coefficient of stand Fi, and Q; is the plastics
coeflicient of the rolled material in stand Fi.

Because the material flows passing through different
stands are equal, the exit thickness of stand F(i — 1) is equal to
the entry thickness of stand Fi with the dead time 7;_,, which
means that

H,=h_e ", i=23,..,6 (12)
or

AH, = Ah_je "%, i=2,3,...,6. (13)

Substituting (12) in (10) we get

Ah; = i
Qi +M;

Ah;_je Y, i=2,3,...,6. (14)

If the thickness deviation Ah,, is relatively large, it will
overload the delivery stand of the finishing mill and affect the
crown and flatness of the strip, so Smith’s method monitor
AGC correction is distributed to upstream stand AGC to
prevent the load unbalance [7]. At the same time, because
the first few stands are too far to get good control effect,
monitor AGC is only implemented to the last three stands of
the finishing mill, as shown in Figure 7, where Ah,), is the exit
thickness deviation to be eliminated; k; (i = 4,5,6) are the
distribution coefficients of stand Fi and meet the condition
of 0 < ky < ks < kg = 1; M;and Q; (i = 4,5,6) are
the stiffness coefficients and plastic coefficients of stand Fi;
T,, Ts, and 7, are the dead time when material is transported
from F4 to F5, F5 to F6, and F6 to gauge meter, respectively;
Ah,,; (i = 4,5, 6) are the thickness deviation to be eliminated
by stand Fi and its upstream stands; Ak, (i = 4,5) are
the thickness modification of stand F(i + 1) influenced by
thickness modification before stand F(i+ 1); Ah,; (i = 4,5, 6)
are the thickness deviation to be eliminated only by stand Fi;
AS,; and ASy; (i = 4,5,6) are the gap correction value of
monitor AGC and other types of AGC of stand Fi; S;; and
S,; are the gap set value and gap target value of stand Fi; M
represents the motor of looper.

As shown in Figure 7, the thickness deviation to be
eliminated only by stand Fi can be calculated from

k;Ah,, i=4

Al’l i = ) (15)
. Ah,,,; — < ki_1Ah,e” 15 =56.
+ M;

1

i
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4. Expert PI Controller Design 200
The Proportional-Integral (PI) controller is adopted as the 150
primary controller in monitor AGC. PI parameters k, and
k; are expected to be modified appropriately based on the 100t ‘ .
current status of the system to obtain a good dynamic g Tension loss period
performance in the actual control process. But the control g O
algorithm purely based on the mathematical model is difficult k5
. = 0
to meet the requirements of the control system and get 5
the satisfactory dynamic performance, especially in the case 2 _so
of parameter variations and load disturbances. The expert 2 Coiler biting period
system adjusting control output based on feature information = -100
is .propo.sc'sd for the strip thmnmg durlpg logper rising and 1ol Looper rising perioa
coiler biting period and the strip thickening during the i
tension loss period of the strip tail end, as shown in Figure 8.
Th t PI ller is shown in Figure 9. Th 200 ‘ ‘ ‘ ‘ ‘ ‘
€ exper controller 1s shown Iin igure >. € 0 10 20 30 40 50 60 70

input basic information of the expert controller includes
¢, = {Thickness set value}, ¢, = {Thickness deviation e},
¢@; = {Width set value}, ¢, = {Speed mode}, ¢; =
{Looper rising period}, ¢, = {Coiler biting period}, ¢, =
{Tension loss period of the strip tail end}, and ¢
{Steel grade}.

The main expert knowledge in the knowledge base is as
follows:

(1) k, and k; are 0.6 and 0.15, respectively, when the
thickness set value is less than 2.0 mm, 0.8 and 0.2

Time (s)

FIGURE 8: Thickness deviation of the old monitor AGC system.

when the value is 2.0 to 5.0 mm, and 1.1 and 0.22 when
the value is greater than 5.0 mm;

(2) k, and k; decrease 0.1 and 0.02, respectively, when the
width set value is greater than 1450 mm;

(3) k, decreases 0.2 and k; increases 0.04 during speed-
up rolling;
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TaBLE 1: Thickness comparison at a steady rolling speed.
— ; 5
Category hy/mm Ratio in corresponding range/%
|Ah| <20 um |Ah| <30 ym |Ah| < 40 ym |Ah| <50 um |Ah| <100 ym
3.00 93.10 96.54 98.18 98.88 99.90
4.00 90.33 93.98 96.70 98.08 99.79
New system
5.00 89.03 95.38 96.83 97.93 99.74
6.00 85.46 93.82 96.02 97.04 99.58
3.00 90.89 96.07 97.62 98.05 99.89
4.00 88.49 92.78 95.23 96.52 99.36
Old system
5.00 87.80 94.75 95.42 96.89 99.54
6.00 83.08 91.77 95.04 96.56 99.47
P1 P2 ?s Pn (9) k,, decreases 0.2 and k; increases 0.02 when the
a{;solute value of e is greater than 10 ym and less than
___________________________________ h or equal to 50 ym;
Expert knowledge (10) kp is 0 and k; increases 0.04 when the absolute value

e 3 e " 3 u
| |

Controller

FIGURE 9: Expert PI controller.

(4) k, and k; increase 0.3 and 0.04, respectively, when
SPCC steel is being rolled;

(5) e; decreases 100 ym and 30 um on the basis of e
during looper rising period and coiler biting period,
respectively;

(6) e, gradually increases on the basis of e during tension
loss period of the strip tail end;

(7) u reaches the preset maximum (or minimum) when e
is greater than 150 ym (or less than —150 pm);

(8) k, increases 0.2 and k; decreases 0.02 when the
absolute value of e is greater than 100 ym and less than
or equal to 150 ym;

o= Length of the strip rolled at a steady rolling speed with |Ah| < 30 yum

of e is less than 10 ym.

5. Application Results

The monitor AGC tactics have been applied to the thickness
control of a 1700 mm HSM and achieved good control effect.
The control quality and the robustness of the system are
very good, which proves the rationality of the system control
principle. The system overcomes the subjective phenomenon
of the instability of the manual operation, reduces the labor
intensity of the operator, and improves the quality of the steel
strip. Figure 10 is a measurement by X-ray gauge meter to
the delivery thickness curve when the new monitor AGC
system is working. As can be seen in Figure 8, the new AGC
system achieves better thickness performance than the old
AGC system.

We have collected statistics data for 2 months and
conclude from the data analysis that the average thickness
qualified rate of the AGC system with new monitor algorithm
is generally higher than that of the AGC system with old algo-
rithm. The application results of some main specifications
are shown in Tables 1 and 2, where A, is the target thickness
and Ah is the thickness deviation. Taking the steel strip with
hy, = 4.0mm as an example, the ratio o in corresponding
range |Ah| < 30 ym at a steady rolling speed is calculated as
follows:

Total length of the strip rolled at a steady rolling speed

It can be calculated from Tables 1 and 2 that the average
ratio of the new system and the old system is 94.76% and
95.82% at a steady rolling speed and 94.27% and 93.04% in
acceleration and deceleration. As an important indicator, the
ratio in corresponding range is generally used to represent
the thickness precision. Therefore, it can be said that the
thickness accuracy has been improved by about 1.06% at

(16)

a steady rolling speed and about 1.23% in acceleration and
deceleration.

6. Conclusion

This paper has presented a monitor AGC algorithm of expert
PI controller with FSP which is suitable for the control of
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TaBLE 2: Thickness comparison in acceleration and deceleration.
. ; o
Category hy/mm Ratio in corresponding range/%
|Ah| <20 ym |Ah| <30 um |Ah| < 40 ym |Ah| <50 ym |Ah| <100 pm
3.00 90.81 94.90 97.25 98.54 99.56
4.00 87.90 91.26 94.86 97.51 99.79
New system
5.00 84.80 93.93 95.36 97.33 99.74
6.00 79.89 91.62 94.66 96.19 99.58
3.00 87.44 94.52 97.05 97.44 99.89
4.00 85.63 90.33 93.51 95.57 99.36
Old system
5.00 83.17 94.08 93.46 96.01 99.54
6.00 7729 88.50 93.01 95.59 99.47
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F1GURE 10: Thickness deviation of the new monitor AGC system.

processes with long dead time. Compared with a conven-
tional algorithm it has the advantage of obtaining real-time
thickness and improving robustness. Moreover, the discrete
model of FSP control strategy is easy to implement and tune.
The disadvantage of new monitor AGC system is that the
greater thickness deviation correction in downstream stands
of FM causes the greater variation in strip shape quality
resulting in excessive burden to the bending control system of
work roll during thickness deviation correction, so the pro-
cess automation system should adopt more accurate models
and perform more exact setup calculations to overcome it.
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The robust exponential stability problem for a class of uncertain impulsive stochastic neural networks of neutral-type with
Markovian parameters and mixed time-varying delays is investigated. By constructing a proper exponential-type Lyapunov-
Krasovskii functional and employing Jensen integral inequality, free-weight matrix method, some novel delay-dependent stability
criteria that ensure the robust exponential stability in mean square of the trivial solution of the considered networks are established
in the form of linear matrix inequalities (LMIs). The proposed results do not require the derivatives of discrete and distributed
time-varying delays to be 0 or smaller than 1. Moreover, the main contribution of the proposed approach compared with related
methods lies in the use of three types of impulses. Finally, two numerical examples are worked out to verify the effectiveness and
less conservativeness of our theoretical results over existing literature.

1. Introduction

Up to now, the stability analysis of neural networks is an
important research field in modern cybernetic area, since
most of the successful applications of neural networks sig-
nificantly depend on the stability of the equilibrium point of
neural networks. Many papers related to this problem have
been published in the literature; see [1] for a survey.

During implementation of artificial neural networks,
time-varying delays [2-4] are unavoidable due to finite
switching speeds of the amplifiers, and the neural signal
propagation is often distributed in a certain time period with
the presence of an amount of parallel pathways with a variety
of axon sizes and lengths. Therefore, it is necessary to consider
mixed time-varying delays (discrete time-varying delay and
distributed time-varying delay) to design the neural networks
models. There are many works focusing on the mixed time-
varying delays [5-8], among which delay-dependent criteria
are generally less conservative than delay-independent ones
when the sizes of time-delays are small, and the maximum

allowable delay bound is the main performance index of
delay-dependent stability analysis [9]. In addition, as a
special type of time delayed neural networks, neutral-type
neural networks precisely describe that the past state of the
networks will affect the current state. Therefore, the problems
of stability and synchronization for such a class of neural
networks have been studied in many references; see [10-22].

It is well known that the other three sources which
may lead to instability and poor performances in neural
networks are stochastic perturbation, impulsive perturba-
tions, and parametric uncertainties. Most of this viewpoint
is attributable to the following three reasons: (1) A neural
network can be stabilized or destabilized by certain stochastic
inputs [23-26]. (2) In the real world, many evolutionary
processes are characterized by abrupt changes at time. These
changes are called impulsive phenomena, which have been
found in various fields, such as physics, optimal control, and
biological mathematics [27]. (3) The effects of parametric
uncertainties cannot be ignored in many applications [28-
30]. Hence, stochastic perturbation, impulsive perturbations,
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and parametric uncertainties also should be taken into
consideration when dealing with the stability issue of neural
networks.

On the other hand, Markovian jumping systems [31] can
be seen as a special class of hybrid systems with two different
states, which involve both time-evolving and event-driven
mechanisms. So such systems would be used to model the
abrupt phenomena such as random failures and repairs of
the components, changes in the interconnections of subsys-
tems, and sudden environment changes. Thus, many relevant
analysis results for Markovian jumping neural networks with
impulses have been reported; see [32-38] and the references
therein.

Recently, by using the concept of the minimum impulsive
interval, Bao and Cao [11], Zhang et al. [12], and Gao et al.
[13] derived some sufficient conditions to ensure exponential
stability in mean square for neutral-type impulsive stochastic
neural networks with Markovian jumping parameters and
mixed time delays. However, in [11-13], the authors ignored
parametric uncertainties. And in these three papers, the
derivatives of time-varying delays need to be zero or smaller
than one. So far, there are few results on the study of robust
exponential stability of neutral-type impulsive stochastic
neural networks with Markovian jumping parameters, mixed
time-varying delays, and parametric uncertainties. More
importantly, the impulses can be divided into three types
to discuss the following: the impulses are stabilizing; the
impulses are neutral-type (i.e., they are neither helpful for sta-
bility of neural networks nor destabilizing); and the impulses
are destabilizing. Some interesting results for analyzing
and synthesizing impulsive nonlinear systems that divide
impulses into three types can be seen in [39-46]. In [39-
41, 43], the authors studied the stability problem of impulsive
neural networks with discrete time-varying delay by using
the Lyapunov-Razumikhin method; several criteria for global
exponential stability of the discrete-time or continuous-time
neural networks are established in terms of matrix inequal-
ities. In [42, 44-46], combining the impulsive comparison
theory and triangle inequality, some important results about
three-type impulses for different neural networks have been
obtained. However, distributed time-varying delay has not
been taken into account in all abovementioned references;
how to deal with the stability problem of Markovian jumping
impulsive stochastic neural networks with mixed delays is
also a meaningful direction. Motivated by above discussion,
based on the concepts of three-type impulses, this paper
focuses on the robust exponential stability in mean square
of impulsive stochastic neural networks with Markovian
jumping parameters, mixed time-varying delays, and para-
metric uncertainties. By constructing a proper exponential-
type Lyapunov-Krasovskii functional, linear matrix inequal-
ity (LMI) technique, Jensen integral inequality and free-
weight matrix method, several novel sufficient conditions
in terms of linear matrix inequalities (LMIs) are derived to
guarantee the robust exponential stability in mean square
of the trivial solution of the considered model. Compared
with references [11-13], the constructed model renders more
practical factors since the parametric uncertainties have
been taken into account, and the derivatives of discrete and
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distributed time-varying delays need to be 0 or smaller than
1. Moreover, the main contribution of the proposed approach
compared with related methods lies in the use of three types
of impulses.

The organization of this paper is as follows. In Section 2,
the robust exponential stability problem of impulsive stochas-
tic neural networks with Markovian jumping parameters,
mixed time-varying delays, and parametric uncertainties is
described and some necessary definitions and lemmas are
given. Some new robust exponential stability criteria are
obtained in Section 3. In Section 4, two illustrative examples
are given to show the effectiveness and less conservatism
of the proposed method. Finally, conclusions are given in
Section 5.

Notation. Let R denote the set of real numbers, let R* denote
the set of all nonnegative real numbers, let R” and R™"
denote the n-dimensional and n x m dimensional real spaces
equipped with the Euclidean norm, and let || - || refer to
the Euclidean vector norm and the induced matrix norm.
N* denotes the set of positive integers. For any matrix X €
R™", X > 0 denotes that X is a symmetric and positive
definite matrix. If X, X, are symmetric matrices, then
X, < X, means that X; — X, is a negative semidefinite
matrix. X* and X' mean the transpose of X and the
inverse of a square matrix. I denotes the identity matrix
with appropriate dimensions. Let 7 > 0 and C([-7, 0]; R")
denote the family of all continuous R"-valued functions
&) on [-7,0] with the norm [&] = sup_,,lEO)].
Let w(t) = [w(t), wz(t),...,wn(t)]T be an n-dimensional
Brownian motion defined on a complete probability space
(Q, #, %) with anatural filtration {#},5, (i.e., #, = o{w(s) :
0 < s < t}), which satisfies Edw(t) = 0 and E[dw(t)]* =
dt. Ll;,t([—r, 0;R™) (t = 0) denote the family of all &,
measurable bounded C([-7, 0]; R")-valued random variables
& =1{&0) : -t < 6 < 0} such that fi E|&(s)|Pds < co, where
E{-} stands for the correspondent expectation operator with
respect to the given probability measure 9. The notation
always denotes the symmetric block in one symmetric matrix.
Matrix dimensions, if not explicitly stated, are assumed to be
compatible for operations.

2. Model Description and Preliminaries

Let {r(t),t > 0} be a right continuous Markov chain in a
complete probability space (Q), #, &) taking values in a finite
state space S = {1,2,..., N} with generator IT = (7;;) nyy
given by

Plrt+At)=j|r(t) =i}

At + 0 (At), if i # j, ey

1+m;At +o(At), ifi=j,

where At > 0 and lim,,_,,(o(At/At) = 0. Here m 20 @i+
j) is the transition rate from mode i to mode j while 7;; =
— 2. j+ T;j is the transition rate from mode i to mode i.
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Consider a class of impulsive stochastic neural networks
of neural-type with Markovian jumping parameters, mixed
time-varying delays, and parametric uncertainties, which can
be presented by the following impulsive integrodifferential
equation:

dlu)-Dr@)u(t-11)] = [—C (r () u(t)

+ (AT @) +AA(r (1)) f (u (1))
+(B(r(t) +AB(r@®)) f (u(t -7, (1))

t

+(E(r () + AE(r (1)) j

t—1,

Flu(s)ds+ ]] a @
(t)

+o(tr®),u®),ult-7,.0),ult-n),
u(t-71))do(t), t#t,
Du(ty) =W, (r) Du(ty), t=t, keN',

for t > 0, where u(t) = (u;(t),u,(£),...,u,(t))" € R"
is the state vector associated with » neurons at time ¢. In
the continuous part of system (2), C(r(t)) = diagfc, (r(¢)),
(1)), ..., c,(r(t))} is a diagonal matrix with positive entries
() > 0G = 1,2,...,n); the matrices A(r(t)) =
@ (r (s BE®) = (By(r(t) and E(r(t) =
(eij(r(t)))m are the connection weight matrix, the dis-
crete time-varying delay connection weight matrix, and
the distributed-delay connection weight matrix, respectively;
AA(r(t)), AB(r(t)), and AD(r(t)) are the time-varying para-
metric uncertainties; f(u(t)) = (f; (1), fL,u,(t),...,
fn(un(t)))T € R" is the nonlinear neuron activation function
which describes the behavior in which the neurons respond
to each other; | = []1,]2,...,]n]T € R" is a constant
external input vector; 7, (t), 7,(t), and 75(t) are, namely, the
discrete time-varying delay, distributed time-varying delay,
and neutral time-varying delay, which satisfy 0 < h; < 7,(¢) <
hy, T,(t) < pp, 0 < 1,(t) < 7, T,(t) < Uy, 0 < 15(t) < 73,
and 75(tf) < us; the noise perturbation (or the diffusion
coefficient) o (t, r(t), u(t), u(t—,(t)), u(t —1,(t)), u(t—75(t))) :
R*xSxR"xR"xR" — R™" is a Borel measurable function.
In the discrete part of system (2), Du(ty) = Wi (r(£))Du(ty),
k € N* is the impulse at the moment of time ¢,, of an operator
defined as Du(t) = u(t) — D(r(t))u(t —15(t)); Wi (r(t)) € R™"
is the impulse gain matrix at the moment of time t;; the
discrete instant set {t} satisfies 0 = ¢, < t; <t, <--+ <t <
o, limy ot = 005 Du(ty) and Du(t)) are the left-hand
and right-hand limits of operator Du(t) at t;, respectively; as
usual, we always assume that 9u(t,ﬁ) = Qu(ty).

Remark 1. In the continuous part of system (2), the evolution
of state vector u(t) is driven by the evolution of the operator
Du(t) = u(t) - D(r(t))u(t — 15(t)). Consequently, we consider
state jumping of the operator Du(t) at impulsive time in the
discrete part of system (2). In system (2) of [13], @(¢) has been
used to build the main model, which is wrong since Brown
motion is nowhere differentiable with probability 1 [47].

For convenience, we denote r(t) = i,i € S; then the
matrices D(r(t)), C(r(t)), A(r(t)), B(r(t)), E(r(t)), AA(r(t)),
AB(r(t)), and AE(r(t)) will be written as D;, C;, A;, B;, E;,
AA;, AB;, and AE,, respectively. Therefore, system (2) can be
rewritten as follows:

d[u(®) = Dt (t = 73 (9)] = [—Ciu O+ (A, + AA)

f @ ®)+ (B + ABy) f (u(t -7, (1))

+(E; + AE,) J

t=7,(t)

f(u(s))ds+]] dt + o (t,i, 3)
u),ult-1, ), ut-15, ), ult-1t))do(t),
t:ré tk)
Du(ty)=Wyu(t,), t=t, ke N".

The initial condition of system (3) is given in the following
form:

u(s)=¢(s), sel[-1,0],

r(0) = ips 4)

T =max{h, + 15,7, + 13},

for any ¢(s) € LZCJO([—T, 0]; R™).
To prove our main results, the following hypotheses are
needed:

(H1) All the eigenvalues of matrix D;, i € S, are inside the
unit circle, which guarantees the stability of difference
system u(t) — D;u(t — 7,(t)) = 0.

(H2) Each neuron activation function f; is continuous
[48], and there exist scalars l; and l; such that

- fj(a)_fj(b) <

N ' 5
[ ©)

J

foranya,b € R,a #b, j=1,2,...,n, wherel; and I}
can be positive, negative, or zero. And we set

L, =diag(I,1,...,1 ),

n

L),

(6)
L, = diag (I}, 1;,..

(H3) The noise matrix o(t,4,-,-,,-) is local Lipschitz con-
tinuous and satisfies the linear growth condition as
well, and ¢(0,7,0,0,0,0) = 0. Moreover, there exist
positive definite matrices Hy;, H,;, Hs;,and Hy; (i € S)
such that

T, . .
trace [a (t,z,zl,zz,z3,z4)a(t,z,zl,zz,z3,z4)]

7)

T T T T
<z Hyz| +z, Hyz) + 23 Hy;z3 + 2, Hyzy,

forall z;, z,, z;, z, € R",t € R*,and i € S.



(H4) The time-varying admissible parametric uncertain-
ties AA,(t), AB,(t), AE,(t),i € S, are in terms of

[AA;(t) AB;(t) AE;(t)] = Z,F,(t)[H; J; K], (8)

where Z;, H;, J;, and K; are known real constant
matrices with appropriate dimensions and F(t) is
the uncertain time-varying matrix-valued function
satisfying

F (t)F,(t) <1, Vt=0. 9)

In this paper, we always assume that some conditions are
satisfied so that system (3) has a unique equilibrium point.
Let u® = (uj,u;,...,u,) € R" be the equilibrium point of
system (3). For simplicity, we can shift the equilibrium u* to
the origin by letting x(¢) = u(t) — u*. Then system (3) can be
transformed into the following one:

d[x () - Dix(t -3 (1))] = [—Cix () +(A; + AA)

~g(x @)+ (B;+AB) g(x(t—1, (1))

+ (E; + AE;) J

t=7y(

x(t-1,®),x(t-1,0),x(t-1,()))dw(t),

t#t,

\ g (x(s) ds] dt+o(ti,x(t), (10)

Dx(ty) =Wy Dx(t;), t=t, keN',

where g(x(-)) = f(u(-) +u”™) — f(u"). The initial condition of
system (10) is given in terms of

x(s)=y(s)=¢(s)-u", se[-1,0],

r(0) = ips (11)

T=max{h, + 15,7, + 13} .

Noting that g(0) = 0 and 0(0,,0,0,0,0) = 0, we know
that the trivial solution of system (10) exists. Thus, the stability
problem of u™ of system (3) converts to the stability problem
of the trivial solution of system (10). On the other hand, from
hypothesis (H1), we get

LY (a) - g, (b) <

<1, (12)

g a-b

foranya,be R,a#b,j=1,2,...,n

Next, let x(¢; £) denote the state trajectory from the initial
data x(0) =&(B)on -7 <6 <0in ngt([—‘r, 0]; R™). Based on
above discussion, system (10) has a trivial solution x(¢;0) = 0
corresponding to the initial condition & = 0. For simplicity,
we write x(t; &) = x(t).

The following definition and lemmas are useful for
developing our main results.
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Definition 2 (see [49]). The trivial solution of system (10) is
said to be exponentially stable in mean square if for every & €
ngo([—‘r, 0];R™), there exist constants y > 0 and .# > 0 such
that the following inequality holds:

Elxof <.ae™ swp EROF. 3
—-7<60<0

where y is called the exponential convergence rate.

Lemma 3 (Jensen integral inequality; see Gu [50]). For any
constant matrix M > 0, any scalars s, and s, with s; < s,,
and a vector function y(t) : [a,b] — R such that the integrals
concerned are well defined, then the following inequality holds:

OjMﬂ%yM<En®$>

< (s, -5 J 1 (s) Mn (s) ds.

(14)

Lemma 4 (Wang et al. [51]). For given matrices E, F, and G
with F'F < I and scalar € > 0, the following inequality holds:

GFE + ETFTGT < ¢GGT + ¢ 'E'E. (15)

Remark 5. Some inequalities have been widely used to
derive less conservative conditions to analyze and synthesize
problems of time-delay systems, for example, Gronwall-
Bellman inequality [52], Halanay inequality [53], Jensen
integral inequality, Wirtinger integral [54], and reciprocally
convex approach [55] in which Jensen integral inequality is
the most used, and Lemma 4 also holds if s; = s,.

Remark 6. Similar to [8], we further investigate the substan-
tial influence of the three-type impulses for the exponential
stability issue of stochastic neural networks of neutral-type
with both Markovian jump parameters and mixed time
delays.

3. Main Results

In this section, the robust exponential stability in mean
square of the trivial solution for system (10) is studied under
hypotheses (H1) to (H4).

Before proceeding, by using the model transformation
technique, we rewritten system (10) as

dx(t)-Dix(t-131))] =z (@)dt +o(t)dw(t),

(16)
t+t, keN,
where
z(t) =-Cix (t) + (A; + AA;) g (x (t)) + (B; + AB;)
g (t-n @)+ (E+AE) [ gx()ds
t—1,(t) (17)

ot)=o(tix®),x(t-1, @), x(t-1,(t)),

X (t T3 (t))) .
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Theorem 7. Assume that hypotheses (H1)-(H4) hold. For
given scalars hy, h,, T,, 73, and y,, ,, Y3, the trivial solution
of system (10) is robustly exponentially stable in mean square if
there exist positive scalars A;, o; > =1 («; # 0), & = max{l +
a;} (i € S), ky, k,, Y, positive definite matrices P; (i € S), Q,,
Q,, Qs, Q4 Qs, Qg positive diagonal matrices R;, S; (i € S),
and any real matrices N, (q@ = 1,2,...,10) of appropriate
dimensions such that

P <AL (18)

WiPWy - B <P [herer(t)=1],  (19)

(Dz{ I Iy
O, = -1 0 <0, (20)
* * =Kyl

where

! !
q)i - (¢imn)13><13 >

m=1,2,...,13, n=12,...,13,

PZ;
Iy = >
012n><n

DIRZ,
0

12nxn

qu: -PC; - C P, + yP, +)LH1,+Z71
j=1

3
+e"Q, + Ze_nyQj

=2

. h, — h, (eyhz _ M ) Qs
Y

T
+ =2 (e"™ —1)Qq - 2L,R.L, + N, + Ny
4
+N6+Ng,
¢112 -N, +N

) T
$i3=—Ng+ Ny,
< T
!
b =- Zﬂijpj D; -yPD; +C; BD; - N\D
j

~ NgD; + NI +Nj,
) T
$i5 = NiD; + N,

' T
$i16 = NeD; + Ny,

¢;1,7 =PA;+ (L, +L,) R,

!
¢i1,8 =PB,
!
¢i1,9 = PE,
¢;1 10="N;+ N

¢i’1,11 =—Ng + Niv

ﬁbilz,z = AiHy = (1= ) h(p) Q = 2L, S;L, - N,
- NI,

¢124 -N,D; - N

ﬁbilz,s =N,D; - N4T’

ﬁbilz,s = (L, +Ly)S;

¢i,z,1o -N, - N >

¢:3,3 = MHy = (1= 1) h(p) Q — N7 - N7T’

¢134 -N;D; — Ns’

qb136 = N,D; - N

!
¢i3,11 N7 NIO’
N
¢34 = yYD; PD;+ D[ | Y m,P; | D+ \;H,
j=1

T AT
_(1_!43)h(!43)Q3_N3Di_DiN3
T\ T
- NgD; - D; Ng,
’ T\ T
$is = N3D; = D; N,

i T T
¢i4,6 = NgD; - D; Ny,

$iay = ~D; A,
$iss = ~Di BB,
¢149 D PE

¢;(4,10 =-N; - D?Ng’
¢i’4,11 = —Ng D NIO’
¢155 = N,D; +D N4,
ﬁb;,w =-Ny+ DiTNsT’
¢i,6,6 = NyD; + DiTN9T’
¢i’611 =Ny + DTN}ZJ’

177 =- (e -1)Q,—2R; + KlHiTH,. + KzHiTHi,



¢188 -2§; +K1] J; +K2] Ti>
¢199 Q4+K1K K; +K2K K;,
!

¢i10,10 NS N >

! T
‘/51'11 11— _NIO - N10>

‘/5112 2="Qs
‘/5113 3= Qs
(21)
and the function h(u) € R", u € R, is defined as
1, u>1,
h(u) = (22)
e, u<i

and for a; > 0, =y + Ina/ inf{t;, — t;,_,} < 0, k € N, other
elements of ®, are all equal to 0.

Proof. Let x, = x(t +s), s € [-7,0]. As discussed in [56-59],
{x,r(), t > 0} is a C([-7,0]; R") x S-valued Markov pro-
cess. Construct the following stochastic Lyapunov-Krasovskii
functional candidate for system (10):

V(tix,) =V, (ti,x)+V,(ti,x,) + V5 (t,i,x,), (23)
where
V, (tix,) =e" (x () - Dix (t— 7, (1))

‘P (x(t)-Dix(t—15 (1)),

t
Vo(ti)= [T (9 Qux () ds

t=7,(t)

t
+ J "™ T (5) Q,x (s)ds
t=7,(t)

t
y(s—13) T
+ L o e x" (s) Qsx (s)ds, (24)

Vs (6.1 x,)

0 t
o[ | P ) Qg bx (s dsdf
t+f

=T

—hy ot ,
+(hy =) J_h Lﬁ " Px" (5) Qsx (5) dsdp

0 [t
+ 13 J J e PxT (5) Qex (s) ds dp.
—13 Jt+f3

For t € [t,_1,tx), k € N', denote £ to be the weak
infinitesimal operator of the random process x, = x(t + s),
s € [-7,0]; then along the trajectory of system (10) we have

RV (t,i,x,) = &V, (t,i,x,) + &V, (t,1, x;)
(25)
+ 8V, (t,i,x,),
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where

v, (t,i,x,) = ye'" (x (t) - D;x (¢
~Dix(t—15(t))) + 2" (x (t)
~Dx(t-, 1)) B[ -Cx (1)
+(A; +AA) g(x (1)
+(B;+AB;) g(x(t -7, (1))

+ (E; + AE)) J

t-1,(t)

t

g (s))ds]

+ e'trace [JT (t) Po (t)] +e" (x(t)

- Dix(t—15(t))) (ZHUP> x (t)

-1 (t))) >
QV, (ti,x,) = ™" (1) Qux (1) - (1 -1, (1))

- D;x(
L YEm(0=hy) T (t—-1, (1)) Qux(t—1, (1)
4oVt T (1) Qx (t) — (1 -1, (t))

ey(t—‘rz(t)—‘fz)xT (t -1, (t)) Q,x (t ) (t))
" ey(t—T3)xT (t) Q3x (t) — (1 - i-3 (t))

L VET-T) T (t—15() Qsx (t—15 (1)),

0
v, (tix,) = j P g" (x (1) Qug (x (1)) d

. J_OT g (x(t+B)) Qug (x(t + B))dp

-h,
+ (hy ) j P (1) Qex (1) d — (hy

2

-h
i) [T (P Qe+ B)dp

0
‘1, J BT (1) Qux (1) dB

-1, J_T e xT (t+B)Qex (t+p)dp = % (e

~1)e”g" (x (1) Qug (x (1))

' [ g ) Qug (e ds

h—h

. ( Yy _ g )ewa (t) Qsx (t) — (h,

~5®) P (x@)

(26)

(27)
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—h)e" Jt_hl x7 (s) Qsx (s) ds + i} (e -1) - Qy Ht g(x (s))ds]
' t=h, ’ 4 t-1,(t)
t T t ! T hz_hl yvhy vyl yt..T
eV x () Qex (t) — T5€” J x" (s) Qgx (s)ds +—)/ (e e )e x (1)
< 5 (€~ 1)e" g% (x (1) Qug (x (£) -7, (8) Q) “tm " ds]T
~h,
e [* T t—h,
@ L_sz g (D Qg x(nds Qs “ x(s) ds] N YEL I
t=h, 14
hy—h ,
+ % (e]/hz _ eyhl) e’ xT ) st (t) - (h2 ; eyth (t) QGX t)
t=hy T yt ! '
—h)e" J x' (s) Qsx (s) ds + ?3 (e -1) -e “H x(s) ds]
e xT (1) Qux () — T5e" J-t x' (s) Qgx (s) ds. - Qg HH x(s) ds] .
3 (28) (31)

Note that inequality (31) still holds if 7,(t) = 0 and h, = h,

From hypotheses (H3) and (18), we have )
since

T T
trace [o" () o (1)] < Astrace [o” (1) 0 ()] [ LI Qg (9 ds

< A; (7 (6) Hyx (1)

t T t

b7 (£ -7 () Hyx (£ - 1, 1) (29) | seoa] o[ g

+x' (t =1, () Hyx (t - 7, (1)) =0,

+x" (t =75 (1)) Hyx (t - 73 (t))) . b t=h, T

L_hz X7 (5) Qs (s) ds “t_hz x(s) ds] o)
Combining (20) and (27) together yields t=h,
Qs [L_hz x (s) ds] =0,
_V, (t,i,x,) t t T
’ J x! (5) Qex(s)ds = H x (s) ds]
=75 t—13

<’ (x7 (1) (e7™Q +e Qe 7P Q) x (1)
~(1-w)h(w)x" (-1, 0)Qx(t-7, () (30) Qs Ht *() ds] -0

=,
— (1= ) h () X" (t =7, (1)) Qux (t -7, (1))

T On the other hand, by hypothesis (H2), one can get that

—(L-p)h(p) x (-7 (0) Qx (t - (t))) : there exist positive diagonal matrices R; = diag{r,;,75;...,

ri) S; = diag{s;;» sy .. .» S} 1 € S, such that the following

. inequalities hold
If ,(¢) > 0, h, > h,, based on (28) and Lemma 3, it is easy

to derive that

0<2¢"Yr; (g; (x; (1) = Lx; () (Ix; ()

QV, (Livx,) < — (e = 1)e"g" (x (1) Qug (x (1)) i=1
14 vt (.T
t r —g;(x;®)) = 2¢" (x" (1) (L, + L,) Rig (x (1))
- Hmm 9 ) ds] T (O LR Lyx (6) - g" (x (0) Rg (x (1)),



0< ZeytZsj,- (gj (xj (t-1 (t))) -Lx;(t-1 (t)))
j=1

(L (=1 0) = g5 (% (t -1 (1))
=2¢" (x" (=1, () (L, + 1) Sig (x (¢ =7, (1))
—x"(t=1, (1)) L,S;Lyx (t — 7, (1))

—g (x(t-1, () Sig (x (t -7, (1)))).
(33)

Moreover, by utilizing the well-known Newton-Leibniz
formulae and (16), it can be deduced that for any matrices N,
q = 1,2,...,10, with appropriate dimensions, the following
equalities also hold

0=2¢" [xT N, +x" (t—1,(t))N,

+x’ (t—15() N;

+x" (t-1,(t) - 15 (t =7, (1)) N,

¢ T
+<J z(s)ds) NS]
t-7,(t)

: [(X (t) - Dx (t — 75 (1))

—(x(t-1, () -Dix(t—1, (t) — 15 (t — 7, (1))))

t t
_J Z(s)ds—J O’(S)d(&)(s)],
t-1,(t) t-7,(t)

0 =2¢" [xT (t) Ng +x" (t -1, (1)) N,

(34)

+xb (t—15 () Ny

+xb (t-1,()-15(t-1, (1)) N.

t T
+<J z(s)ds) NIO]
t=7,(t)

: [(x () - Dix (t - 75 (1))

—(x(t-1,)-Dix(t -1, (t) — 75 (t = 7, (1))))

—Jt z(s)ds—f a(s)dw(s)].
t-7,(t) t=,(t)

Considering hypothesis (H4), substituting (26)-(34) and
Edw(t) = 0 into (25) yields that for t € [t,_;, ), k € N,

ERV (t,i,x,) < " Ex" (1) @) x (), (35)
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where
=" T (t-1,0) T (t-1,0) £ (t-151)
P (t-1y()-15(t-1, (1))
K (t-1,) -1 (t-1, 1)) g7 (x(t)
‘ T
I xe-no) ([ oewa)
¢ T
(I z(s) ds) (J z(s) ds)
t—7,(t)
( x(s)ds j x(s)ds) ],
t hy
06n><n
(D;’ = ” K =0,k,=0 I F (t)
12n><n
04n><n
06n><n (36)
HT
+ ]; F (t) [ & ]T
! 012n><n
K
04n><n
06n><n ’
HT
T 1
[D’ ’Z’] E@| Jf
12nxn
k!
04n><n
06n><n
HT
! pr
_ ]lT F,T (t) i szz
12nxn
k!
04n><n

Combining Lemma 4 and (35) together yields that there
exist two positive scalars k, and «, such that

o < B
T
1 -1 PIZI Pzzz
= (Di K>OK>O+K1
1 012n><n 012n><n (37)
L [pfRz][DIPZ)"
+ K,

012n><n 012n><n

Applying the Schur complement equivalence [60] to (20)
yields E; < 0. Therefore, CD;' < 0, which means

EQV (t,i,x,) <0, te[tinte), keN". — (38)
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For t = t, k € N*, according to (19) and (23) and
Edw(t) = 0, we have

EV (ti,1,x,,)
= BV (t,ix,)
(39)
+ Ee"Dx" (1) (WicP Wy — P) 2 (1)
< BV (t.i, xt;) + 0EV, (i, xt;) ;
if -1 < «; < 0, then
EV (telx,) < BV (156, )3 (40)
if; > 0, then
EV (tlx, ) < (1+0;) BV (., x,- )
' (41)

< aBV (i X, ).

So, from inequalities (38) and (40), for alli € S, t > 0, it is
true through the mathematical induction that

EV (t,i,x,) <EV(0,r(0),x), —-1<a; <0. (42)

Similarly, based on inequalities (38) and (41), for alli € §,
t € [ti_ptr), k € N7, it is true through the mathematical
induction that

EV (t,i,x,) < & 'EV (0,7 (0), x,)
= EV (0,7 (0), x) eV
< EV (0,7 (0), xo) et/ MitticaDInec - (43)
< EV (0,7 (0), x,) "™/ flteticaDt,

o; > 0.

From (23), (42), and (43), the following inequalities are,
namely, hold

EV (0,7 (0), %)) _

minegA i (P) (44)

-1<a;<0, £20,

E@x @)’ (Dx (1) <

E(@x (1) (Dx (1))

- EV (0,7(0), x,) G-y Hna/inflt—t Dt

45
- miniESAmin (Pl) ( )

o, >0, t€ [t t), keN".

On the other hand, defined L = diag{l;,1,,...,1,} within[; =
max{lljfl, Il;-rl}, j = 1,2,...,n, from Lemma 4; it is easy to
obtain that there exists a positive scalar € such that

EV (0,7 (0), %) = E(x (0) = Dyx (0 - 15 (0)))"

* Pyg) (% (0) = D;x (0 - 75 (0)))

0
+ J Ee"“™)xT () Qux (s) ds
_71(0)
3 0
+ J Ee" ) xT (s) Qjx (s)ds
j=2 770

0 0
v | B PG (x(9) Qu (x (9D dsdf
-t Jp

-h

+(hy, - hy) J 1 J: Ee"“Px" () Qox (s) dsdp

0 0
+13 J J Ee"PxT (5) Qex (s)dsdB < (1
-3 JP

+€)x (0)Pygyx (0) + (1 +€ ") x" (-15(0))

T
- D; PyD;x (_T3 (0))

0
+ /‘max (Ql) e_Yhz J

eds
_h2

3 0

S (@) |

j=2 T

e’¥ds

0

0
- (LTQ4L)J J s dp

- JB
—~h; (0
+ (hZ - hl) /\max (QS) J. J- ey(&ﬁ)ds dﬁ
-h, JB
0 0
+ T3/\max (QG) J J ey(&ﬁ)ds d:B
-13 JB

sup Efe @

-1<0<0

< <|[(1 +e)+ (1 + eil) "DIT“ ||D,||] rrile%x)ti

—yh,
+ 2, (Q) & ! (1-e™)
> eV _
2 A (Q)) = (1-¢7)
j=2

TA fhax (LTQ4L) (eyr 1 >
+ -7
Y Y
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(hy = 1) Aax (Q5) (eyhz — e )
—(h,—h
+ Y " (hy —hy)
T3Amax (QG) <el’73 -1 - T3>} sup E "E (9)"2
Y Y —-7<60<0
=, sup E ||E (0)”
—7<6<0
(46)
where
M
= [(1 +é€)+ (1 + 671) HDIT" ||D1||] nileaSX/\i
e v ok
+ Ao (Q (1-¢")
Y
> e _
+ZAmax (Q]) (1—6 yrj)
=2 ¥ (47)
n TAmax (LTQ4L) <€yT -1 _ T)
Y 14
(hz - hl) /\max (QS) ( eyhz - eyhl )
—(h,—h
+ v v (h,—hy)
T3/\max (Q6) (ey‘% -1 )
-1 .
Y Y
In addition, one can see that
Ex" (t)x (t) = E{(2x (1) + Dx (t - 73 (1))
H(@x(t) + Dix (-1, (1))} = E{(@x ()"
H(Dx (1)) +2(Dx (1)) Dyx (t - 73, (1))
(48)
+x" (£ =13, (0) D Dix (t - 75 ()}

= E(@x ()" (Dx (1)) + 2E(Dx (1)) D;x (¢
—13(1)) + Ex" (t = 75 (1)) D} Dix (t = 75 (1)) .

By utilizing Lemma 4 and (48), a positive scalar ¢ can be
found, such that

Ex" () x(t) < (1 + &) E(Dx (1) (Dx (1))
+(1+e) Aoy
x(t =15 (1)),

(1+e)A

(D/D,) Ex" (t-7,(t)  (49)

(D{D;)e™ < 1. (50)

max
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If -1 < o; < 0, by using (44) and (49), for any t* > 0, we can
get the following result by the same derivation in [22]:

T yt (1+¢&)EV (0,7(0),x,)
Oiltlslz* {E [x (t) * (t)] ¢ } = miniESAmin (Pl)

+(1+&") dpae (D D;) €™

max

- sup {E[xT (-7 (1) x (t - 13, ())] T}

o<t<t*

(1+¢)EV(0,7(0),x,)
min;egA i (Pz)

+ (1 +s_1)

M ax (D D) st[ sup E||£(0)||2
—13(£)<6<0 (51)

x! (t)x(t)] eyt}:| < (1 + 871)

A (DFD,) & [ sup E|E @)

—-7<6<0

+ sup {E [xT (t) x (t)] e”t}]

0<t<t
(1+¢&)EV(0,7(0),xp)
min;cgA i, (P)

min( i

Because (46) and (50) hold, we have

sup {E [xT (t) x(t)] eyt} < /%_suep 0E 13 (9)“2 . (52)

o<t<t*
where
M

((1+£)M1/m1n153/\mm( P)+ (1+£71)Amax (DiTDi) eVT3) (53)
- (1= (1+ &) Ay (DTD) ) |

Letting t* — o0 yields

sup {E [xT () x (t)] eyt} <M suopoE & (9)"2. (54)

te[0,00)

Obviously, for -1 < a; < 0,1 >0,

Ex" (t)x () < e sup E|EO)| . (55)

-7<60<0

Next, along the same line of (55), it can be deduced that for
o; >0t €[t tp), ke N,

Ex" (t) x (t)

(yeinaf it D g g I 0)" (56)

-1<6<0

!
<JMe

where
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, ((1 + &) M, /min;cgA in

(P)+(1+e)A

1

max

(D;TDl) e(}’—ln af inf{t,—t,_ D73 ) )

(1-(1+eh)A

Hence, for o; > -1 (o; # 0), by Definition 2 and (55) and
(56), it can be seen that the trivial solution of system (10) is
robustly exponentially stable in mean square. Moreover, the
exponential convergence rate is

Inax (58)

" faso.
TR A

This completes the proof of Theorem 7. O

Remark 8. In fact, exponential convergence rate of the trivial
solution of system (10) is the inherent essence. The con-
structed exponential-type Lyapunov-Krasovskii functional in
the proof of Theorem 7 is aimed at estimating a closely
approximate exponential convergence rate of the trivial solu-
tion of system (10) mathematically.

Remark 9. When -1 < «; < 0, the impulses are stabilizing;
when o; > 0, the impulses are destabilizing; and when
W, = I, the impulses are neutral-type (i.e., they are neither
helpful for stability of system (10) nor destabilizing). «; # 0
is necessary since the Markovian jumping would occur at
the impulsive time instants; that is, P; is changing with the
mode’s change, and there always exist scalars o; > 0 such
that P, < (1 + o;)P,. To the best of authors” knowledge, there
is no result about dividing the impulses into three types for
robust global exponential stability for impulsive stochastic
neural networks of neutral-type with Markovian parameters,
mixed time delays, and parametric uncertainties. Moreover,
because the stability analysis for the case of neutral-type
impulses is similar to that of destabilizing impulses, the
robust exponential stability in mean square of system (10) has
been classified into two categories: -1 < «; < 0 and o; > 0.

Remark 10. As shown in (58), the effects of the three types of
impulses for the exponential convergence rate of the trivial
solution of system (10) have been explicitly presented, which
further verifies the characteristics of the different impulses.

When system (10) is without parametric uncertainties,
by constructing the same Lyapunov-Krasovskii functional,
from Theorem 7, the following corollary can be deduced to
guarantee the exponential stability in mean square of the
trivial solution of system (10).

Corollary 11. Assume that hypotheses (H1)-(H3) hold. For
given scalars hy, h,, 7,, 75, and y,, W,, s, the trivial solution of
system (10) is exponentially stable in mean square if there exist
positive scalars A;, o; = —1 (o; # 0), « = max{l + o;} (i € S),
y, positive definite matrices P; (i € S), Q;, Q,, Q3, Qy, Qs, Qg

max

(DzTDI) e(y-Ina/inf{ty—t, )7 )

positive diagonal matrices R;, S; (i € S), and any real matrices
N, (q=1,2,...,10) of appropriate dimensions such that

P <AL

Wi PWy — P, < o

i i

P, [herer(t;)=1], (59)

i

o <o,

1

where

! !
®; :(¢im")13x13’
m=12,...,13, n=1,2,...,13,

N
) T
¢, =-PC;—C; P+ yP + \Hy; + Z”ijpj
=

3
+e"Q + Ze_yrf Q

=

N h, ; hy (eyh2 _ M ) Qs

+ 3 (™ -1)Qs - 2L,RL, + N, + NT
y

T
+ Ng + N,

!

T
¢, =-N; +N,,

o T
$i3=—Ng+ Ny,

N

, T

P =- <Z7Tijpj> D; - yPD; + C; B;D; - N\ D;
j

~ N¢D, + NI + N{,

/ T
$i5=NiD;+ N,

!

$i6 = NeD; + N;F’

!

¢y, =BA; + (L, +L,)R,;,

!

ﬁbﬂ,s = PB,
!
¢i1,9 = PE,
' T
$i110 = —Ny + N,

' T
$i111 = ~Ne + Nygs
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¢12 2

¢12 4

= AiHy — (1 - Ml)h(.”l)Q

T
_NZ’

-N,D; - N3,

’ T
¢i2,5 =N,D; - N,,

¢12 8
!
¢i2,10

!
¢i3,3 = \H;; - (1 -

¢13 4 =

=(L,+L,)S,

-N, - N{,

-N,D; - N,

¢136—ND N

!
¢i3,11

¢144 yD P.D; + D; <

N7 NIO’

(=) h(ps) Qs —

) h () Q,

j=1

~ NgD; - D' Ny,

! T T
$is = N3D;—D; N,,

¢146—ND DN

¢14 7 "
¢14 8
¢14 9

!

¢i4,10 =
!
¢i4,11 =

~D/PA,
-D!'PB,
-D!PE,
-N; - D] N7,

~N; - D'NL,

' T AT
¢iss = NyD; + D; N,

(/)5 10~

+DN

! T AT
$iss = NoD; + D; Ny,

!
P11 = —No +D NlO’

!
¢i7,7 =

!
¢i8,8 =

¢19 9

!
¢i10,10 =

i(ew - 1)Q4 -

—ZSi,
Q4’

_Ns _NST’

P T
(/)ill,ll - _NIO - NIO’

12

N
Zniij> D, + \,H,,

N,D; - D] NJ

1 2LISI‘LZ -

- N, - NI,
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‘/’112 2="Qs
‘/’113 13= Qs
(60)
and the function h(u) € R, u € R, is defined as
1, u>1,
h(u) = (61)

And for a; > 0, =y + Ina/inf{t, — t,_;} < 0, k € N*, other
elements of @; are all equal to 0.

When system (10) is without Markovian jumping parame-
ters, parametric uncertainties, distributed time-varying delay,
impulses, and stochastic perturbation, then system (10) can
be written as

d[x(t) - Dx(t -5 (t))]

=[-Cx () + Ag (x () + Bg (x (t — 7, ()))] dt

(62)

Construct a Lyapunov-Krasovskii functional as follows:

V(t,x () =e" (x(t) - Dx(t-15(1))"

P(x(t) = Dx (t - 73 (1))
+ Jt "X (5) Qux () ds
t—1,(t)

t
+ J "™ () Q,x (s)ds + (hy, — hy) (63)
t—5(t)

“hy ot
. J Jt B Pl (5) Qx (s) dsdp

_hz

0 t
+ 73 J, Lrl; P, T (5) Qux (s) ds d.

From Theorem 7, the following corollary can be deduced to
guarantee the exponential stability of the trivial solution of
system (62).

Corollary 12. Assume that hypotheses (HI)-(H2) hold. For
given scalars hy, h,, 75, and p,, ys, the trivial solution of
system (62) is exponentially stable if there exist positive scalar y,
positive definite matrices P, Q, Q,, Qs, Qy, positive diagonal
matrices R, S, and any real matrices N, (@ = 1,2,...,5) of
appropriate dimensions such that

@' <o, (64)
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where

! !
o = (¢im”)9><9 ’
¢, =-PC-C'P+yP+e"Q, +e7Q,

m=12,...,9, n=12,...,9,

L ;h (™ — ™),

+ 3 (™ -1)Q, —2L,RL, + N, + N,
y

‘/51,2 =-N, +N2T’

¢, =-yPD+C'PD-N,D+Nj,
‘/5;,4 :N1D+N4T>
¢15=PA+(Ly+L,)R,
$16 = PB,

¢i,7 =-N, +N5T’

‘/5;,2 = _(1 _#1)h(l41)Q1
‘/’;,3 =-N,D - N3T’

-2L,SL, - N, - NJ,

' T
‘/52,4 =N,D-N,,

(/5;,6 = (L +Ly)S, (©)
‘/’;,7 =-N, - NsTs
‘/5;,3 = YDTPD = (1= p3)h(ps) Q= N3D - DTNsT,
‘15;4 =N;D - DTNZ,
(/)3 5 = =-D" PA,
(/>36 -D’ PB,
‘/53,7 =-N; - DTN;,T,
¢s0 = N,D+D'Ny,
¢y, =-N, +D'N;,
¢é,5 =-2R,
¢é,6 =-2S,
(/5;,7 =-Ns - NsT)
$is =~ Qs
$o0 = Qs
and the function h(u) € R", u € R, is defined as
1, u>1l,
h(u) = . (66)
e, u<l

And other elements of ®' are all equal to 0.

13

4. Numerical Results

In this section, two numerical examples are presented to
illustrate the effectiveness of the obtained results.

Example 13 (see [13]). Let the state space of Markov chain
{r(t), t = 0} be S = {1, 2} with generator

(67)

-0.45 0.45
0.5 -0.5

Consider 2D delayed impulsive stochastic neural networks of
neutral-type (10) with Markovian switching and parametric
uncertainties:

29 0
Cl = >
0 28
25 0
0 2.6

0.18
0.19

Cy=

(=R
W o

©c o o o
b s W
S O
N———

25 1.5
1 25)°

S
ol\)
=]
l\)CD

v

4

1 4
0.1 -0.2
0.7 0.2
-0.1 -0.2
0.1 0.2
0.3 0.1
0.2 0.1

0.3 -0.4
0.7 -0.1

(
gt
gt
gt
g
(oo
o= (y 0‘2)
o
gt
g
(-
(G
e
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-0.5 -0.4 3
]] = >
0.2 -0.2 254
~0.1 -0.4 = 7
L= , < st !
04 03 L
T 1 1
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sin(t) 0
Fl (t) = ( ) 5 -2 L
0 cos(t) 0 5 10 15 20 25 30
t
cos(t) O
F,(t) = , — ()
0 sin (f) r(ty)

r(tk) - T(tk - At)

g (x(£)) = tanh (x (),
FIGURE 1: The 2-state Markov chain with #, = 0.5 + t;_;, k € N,
7, (t) = 0.6 + 0.6 sin (2t), At = 0.001 in Example 13.

T, (£) = 0.25 + 0.25 cos (4t) ,

73 (t) = 1.5+ 1.5cos (1), H;, = H;, = 0.181,
o, () =0,(t) Hy = H,, = 0.081,
(0.3x1 (t) 0 ) Ly =0,
L0 02x,(t-1,() L,=1I,
(0.3x2 ®) 0 L=1
+
0 02x,(t-1, (1) (69)
0.3x, (t—1, (t 0
+ ( 7 (- () ) . Case of the Stabilizing Impulses. Study the following impulsive
0 0.2x, (t — 75 (t)) gain matrices:
68
(68) W 09 0
*“\o 09)
Then system (10) satisfies hypotheses (H1)-(H3) with
09 0 (70)
M=\ 09)
hy =0, )
hy =12, keN.
7, = 0.5, By choosing a; = —0.1, «, = —0.1, then the impulses are the
stabilizing impulses. We set f;, = 0.5+t,_;, k € N*, At = 0.001.
73 =3, The 2-state Markov chain with r(0) = 1 is shown in Figure 1,
—12 among which the right continuous Markov chain {r(t), ¢ > 0}
=t is denoted by the solid blue line, and the Markov chain of
w =1, the impulsive time instants {r(t;), k € N'} is denoted by
the red point, and the black point is used to judge whether
Ys = 1.5, the Markovian jumping occurs at the impulsive time instants,
4o that is, r(t,) — r(t; — At). From Figure 1, we can conclude that
T=42,

the Markovian jumping does not occur at the impulsive time
H,, = Hy, = 0.18], instants when ¢, = 0.5 + t;,_;, k € N, At = 0.001.

By using the LMI toolbox in MATLAB, we search the
H,, = H,, = 0.081, maximum exponential convergence rate which is 5.4297
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subject to the LMIs (18)-(20). Let y

= 0.5; we can obtain

the following feasible solutions to the LMIs (18)-(20) in

Theorem 7:

" =

Qs

Qs =

Ny =

Ns

0.0019
0.0001

-0.0001
0.0010

0.0018
0.0010 0.0023

—-0.0010

0.0229
0.0002 0.0214

0.0192 -0.0002

-0. 0002)
0.0002 0.0177 )
0.0089

0 0.0091

0.0020 0.0001
0.0001 0.0027

0.0231

-0.0003
0.0003 0.0213

0.0023
0 0.0021

0 o 1752)

0.1703
0 0.1703

0.1399
0 0.1399

0.1356
0 0.1356

-0.2415 -0.0016
0.0016 -0.2542

0.2773 0.0014
0.0016 0.2885

0.0934 0.0005
0.0005 0.0965

—-0.0946 -0.0002
0.0002 -0.0968

(!
(.
o= (.
o= (.
ol
(
(-
(
(o
(
d
(
.
e
v
.
(

0.2595 0.0006
0.0005 0.2638

15

0.15

——

0.1 H

-0.05 |

x1(t) and x,(t)

-0.1 |

-0.15

-0.2

— x;(t)
— x(8)

FIGURE 2: The dynamic behavior of system (10) with the stabilizing
impulses, with the initial condition of every state uniformly ran-
domly selected from [-0.1;0.1], s € [-4.2,0] in Example 13.

-0.2368 -0.0016
0.0016 -0.2497

0.2395 0.0015
N7

0.0015 0.2517

0.0007 0.0964

e (-
(
% (oo o )
(

—-0.0947 -0.0003
0.0003 -0.0974

0.2581 0.0007
0.0007 0.2635

A, = 0.0677,
A, = 0.0816,
K, = 0.0015,

K, = 0.0015.
(71)

Set the simulation step size h = 0.05 and r(0) =

At = 0.001. The dynamic behavior of system (10) with the
stabilizing impulses in Example 13 is presented in Figure 2,
with the initial condition of every state uniformly randomly
selected from [-0.1;0.1], s € [-4.2,0]. Therefore, it can
be verified that system (10) with the stabilizing impulses is
robustly exponentially stable in mean square with exponen-
tial convergence rate 0.5.
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r(tk) - T(tk - At)

r(t), r(ty),

— r(t)
r(ty)
o r(ty) —r(t, — At)

FIGURE 3: The 2-state Markov chain with ¢, = 0.08 + t,_;, k € N*,
At = 0.01 in Example 13.

Case of the Destabilizing Impulses. Study the following impul-
sive gain matrices:

W 108 0
7\ o 1.08)

W 1.08 0 (72)
*~\ 0 108)

keN*.

By choosing «; = 0.5, «, = 0.5, then the impulses are
the destabilizing impulses. In order to find the maximum
exponential convergence rate, we first assume that the Marko-
vian jumping may occur at the impulsive time instants. By
using the LMI toolbox in MATLAB, we search the maximum
exponential convergence rate which is 5.4020 subject to the
LMIs (18)—(20), and inf{t, — t,_,} > In(1.5)/5.4020 = 0.0751.
Then set t, = 0.08 + t,_;, k € N*, At = 0.01. The 2-state
Markov chain with 7(0) = 1 is shown in Figure 3, among
which the right continuous Markov chain {r(t), t > 0} is
denoted by the solid blue line, and the Markov chain of the
impulsive time instants {r(;), k € N'} is denoted by the
red point, and the black circle is used to judge whether the
Markovian jumping occurs at the impulsive time instants,
that is, r(t;) — r(t; — At). From Figure 3, we can conclude that
the Markovian jumping would occur at the impulsive time
instants when t,, = 0.08 + t,_;, k € N, At = 0.01, which
further verify the correctness of the assumption.

Set the simulation step size h = 0.04 and r(0) = 1,
At = 0.01. The dynamic behavior of system (10) with the
destabilizing impulses in Example 13 is presented in Figure 4,
with the initial condition of every state uniformly randomly
selected from [-0.1;0.1], s € [-4.2,0]. Therefore, it can be
verified that system (10) with the destabilizing impulses is
robustly exponentially stable in mean square.
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0.6

0.4 r

0.2

x1(t) and x, ()

-0.4

-0.6

-0.8

— x1(8)
— xz(t)

FIGURE 4: The dynamic behavior of system (10) with the destabi-
lizing impulses, with the initial condition of every state uniformly
randomly selected from [-0.1;0.1], s € [-4.2,0] in Example 13.

Case of the Neural-Type Impulses. Study the following impul-

sive gain matrices:
W 10
k=\y 1)’

10 (73)
Wa = (o 1)’

keN*.

By choosing &; = 1, &, = 1, then the impulses are the neutral-
type impulses. In order to find the maximum exponential
convergence rate, we first assume that the Markovian jumping
may occur at the impulsive time instants. By using the LMI
toolbox in MATLAB, we search the maximum exponential
convergence rate which is 5.4039 subject to the LMIs (19)-
(20), and inf{t; — t,_;} > In(2)/5.4039 = 0.1283. Then we set
t, = 0.15 +t,_, k € N*, At = 0.01. The 2-state Markov chain
with r(0) = 1 is shown in Figure 5, among which the right
continuous Markov chain {r(t), t > 0} is denoted by the solid
blue line, and the Markov chain of the impulsive time instants
{r(t,), k € N'} is denoted by the red point, and the black
circle is used to judge whether the Markovian jumping occurs
at the impulsive time instants, that is, r(¢;) — r(t, — At). From
Figure 5, we can conclude that the Markovian jumping would
occur at the impulsive time instants when ¢, = 0.15 + #;_;,
k € N*, At = 0.01, which further verify the correctness of the
assumption.

Set the simulation step size & = 0.05 and r(0) = 1,
At = 0.01. The dynamic behavior of system (10) with the
neutral-type impulses in Example 13 is presented in Figure 6,
with the initial condition of every state uniformly randomly
selected from [-0.1;0.1], s € [-4.2,0]. Therefore, it can be
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3 TABLE 1: The maximum allowable delay bound (MADB) h, for
25 different values of y.

2t Methods y 0.2000 1.3800
15 L Example 1 in [16] h, 22.2000 1.0000

) Corollary 12 h, 88.1009 15.6047
0.5

r(t)) r(tk), r(tk) - T(tk - At)

— r(t)
r(ty)
o r(ty) —r(t, — At)

FIGURE 5: The 2-state Markov chain with ¢, = 0.15 + #,_;, k € N*,
At = 0.01 in Example 13.

0.1+

0.05

o

x1(t) and x,(t)

-0.05

=0.1 |

— x;(t)
— x(0)

FIGURE 6: The dynamic behavior of system (10) with the neutral-
type impulses, with the initial condition of every state uniformly
randomly selected from [-0.1;0.1], s € [-4.2,0] in Example 13.

verified that system (10) with the neutral-type impulses is
robustly exponentially stable in mean square.

Example 14 (see [16]). Consider 2D delayed neural networks
of neutral-type (62):

50
C= R
05
11
A= ,
1 -1

()
B= ,
1 -1
05 0
0 -05)°

g (x(t)) = (0.25tanh (x, ()),0.25 tanh (x, (t)))T ,

D

1
T, (1) = 0.57 + 0.57' cos (—,t) , T >0,
T

T3 () = 1.
(74)
Then system (64) satisfies hypotheses (H1)-(H2) with
h, =0,
hy, =1,
73 =1,
p; = 0.5,
ps =0, (75)
=1+ 1,
L =0,

L, = diag(0.25,0.25),
L = diag (0.25,0.25).

By using the LMI toolbox in MATLAB, we search for the
fact that the LMI (64) in Corollary 12 is feasible for any y <
12.5883 and 7' < 2.0000. A comparison of the maximum
upper delay bound (MADB) h, for different values of y that
guarantee the exponential stability of system (62) is made
in Table 1 from which we can see that for this system of
Example 14, the results in this paper are less conservative than
that in [16].

5. Conclusion

In this paper, delay-dependent robust exponential stability
criteria for a class of uncertain impulsive stochastic neural
networks of neutral-type with Markovian parameters and
mixed time-varying delays have been derived by the use of
the Lyapunov-Krasovskii functional method, Jensen integral
inequality, free-weight matrix method, and the LMI frame-
work. The proposed results do not require the derivatives
of discrete and distributed time-varying delays to be 0 or
smaller than 1. Moreover, the main contribution of the
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proposed approach compared with related methods lies in
the use of three types of impulses. Finally, two numerical
examples are worked out to demonstrate the effectiveness and
less conservativeness of our theoretical results over existing
literature. One of our future research directions is to apply
the proposed method to study the synchronization problem
for Markovian jumping chaotic delayed neural networks of
neutral-type via impulsive control.
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