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Irfan Kaymaz ("), Turkey

Vahid Kayvanfar (%), Qatar
Krzysztof Kecik (%), Poland
Mohamed Khader (%), Egypt
Chaudry M. Khalique {2, South Africa
Mukhtaj Khan (), Pakistan
Shahid Khan ("), Pakistan
Nam-Il Kim, Republic of Korea
Philipp V. Kiryukhantsev-Korneev (),
Russia

P.V.V Kishore(®, India

Jan Koci(2), Czech Republic
Toannis Kostavelis (), Greece
Sotiris B. Kotsiantis (=), Greece
Frederic Kratz(), France
Vamsi Krishna (9, India

Edyta Kucharska, Poland
Krzysztof S. Kulpa (), Poland
Kamal Kumar, India

Prof. Ashwani Kumar (), India
Michal Kunicki (%, Poland
Cedrick A. K. Kwuimy (), USA
Kyandoghere Kyamakya, Austria
Ivan Kyrchei (), Ukraine
Marcio J. Lacerda(»), Brazil
Eduardo Lalla(®), The Netherlands
Giovanni Lancioni (), Italy
Jaroslaw Latalski ("), Poland
Hervé Laurent (), France
Agostino Lauria (), Italy

Aimé Lay-Ekuakille (), Italy
Nicolas J. Leconte (#), France
Kun-Chou Lee ("), Taiwan
Dimitri Lefebvre (%), France
Eric Lefevre (I°), France

Marek Lefik, Poland

Yaguo Lei (), China

Kauko Leiviska (%), Finland
Ervin Lenzi (%), Brazil
ChenFeng Li(%), China

Jian Li(), USA

Jun Li(®, China

Yueyang Li(2), China

Zhao Li(»), China

Zhen Li(, China

En-Qiang Lin, USA

Jian Lin (%), China

Qibin Lin, China

Yao-Jin Lin, China

Zhiyun Lin (%), China

Bin Liu(®), China

Bo Liu(), China

Heng Liu (), China

Jianxu Liu (), Thailand

Lei Liu@®), China

Sixin Liu (), China

Wanquan Liu(#), China

Yu Liu(®), China

Yuanchang Liu (), United Kingdom
Bonifacio Llamazares (2, Spain
Alessandro Lo Schiavo (1), Italy
Jean Jacques Loiseau (), France
Francesco Lolli(1»), Italy

Paolo Lonetti (), Italy

Antoénio M. Lopes (), Portugal
Sebastian Lopez, Spain

Luis M. Lépez-Ochoa (%), Spain
Vassilios C. Loukopoulos, Greece
Gabriele Maria Lozito (1), Italy
Zhiguo Luo (), China

Gabriel Luque (), Spain
Valentin Lychagin, Norway
YUE MEI, China

Junwei Ma (>, China

Xuanlong Ma (), China
Antonio Madeo (1), Italy
Alessandro Magnani (), Belgium
Toqeer Mahmood (i), Pakistan
Fazal M. Mahomed (1), South Africa
Arunava Majumder (), India
Sarfraz Nawaz Malik, Pakistan
Paolo Manfredi (), Italy

Adnan Magsood (%), Pakistan
Muazzam Magqsood, Pakistan
Giuseppe Carlo Marano (), Italy
Damijan Markovic, France
Filipe J. Marques (), Portugal
Luca Martinelli(®), Italy

Denizar Cruz Martins, Brazil
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Francisco J. Martos (), Spain

Elio Masciari (), Italy

Paolo Massioni ("), France
Alessandro Mauro (1), Italy
Jonathan Mayo-Maldonado (), Mexico
Pier Luigi Mazzeo (1), Italy

Laura Mazzola, Italy

Driss Mehdi("), France

Zahid Mehmood (), Pakistan
Roderick Melnik (%), Canada
Xiangyu Meng (), USA

Jose Merodio (%), Spain

Alessio Merola (), Italy

Mahmoud Mesbah (), Iran
Luciano Mescia (), Italy

Laurent Mevel (), France
Constantine Michailides (), Cyprus
Mariusz Michta (), Poland

Prankul Middha, Norway

Aki Mikkola (%), Finland

Giovanni Minafo (1), Italy
Edmondo Minisci (), United Kingdom
Hiroyuki Mino (i), Japan

Dimitrios Mitsotakis (*), New Zealand
Ardashir Mohammadzadeh (), Iran
Francisco ]. Montdns (|2}, Spain
Francesco Montefusco (1), Italy
Gisele Mophou (%), France

Rafael Morales (%), Spain

Marco Morandini (), Italy

Javier Moreno-Valenzuela (2, Mexico
Simone Morganti (), Italy

Caroline Mota (), Brazil

Aziz Moukrim (i), France

Shen Mouquan (%), China

Dimitris Mourtzis(*), Greece
Emiliano Mucchi (), Italy

Taseer Muhammad, Saudi Arabia
Ghulam Muhiuddin, Saudi Arabia
Amitava Mukherjee (), India

Josefa Mula (%), Spain

Jose ]. Mufioz(2), Spain

Giuseppe Muscolino, Italy

Marco Mussetta (), Italy

Hariharan Muthusamy, India
Alessandro Naddeo (1), Italy

Raj Nandkeolyar, India

Keivan Navaie (), United Kingdom
Soumya Nayak, India

Adrian Neagu (), USA

Erivelton Geraldo Nepomuceno (), Brazil
AMA Neves, Portugal

Ha Quang Thinh Ngo (), Vietnam
Nhon Nguyen-Thanh, Singapore
Papakostas Nikolaos (), Ireland
Jelena Nikolic (%), Serbia

Tatsushi Nishi, Japan

Shanzhou Niu (), China

Ben T. Nohara (5, Japan
Mohammed Nouari (), France
Mustapha Nourelfath, Canada
Kazem Nouri(#), Iran

Ciro Nufez-Gutiérrez (1), Mexico
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France

Krzysztof Okarma (1), Poland
Mitsuhiro Okayasu, Japan

Murat Olgun (), Turkey

Diego Oliva, Mexico

Alberto Olivares (), Spain

Enrique Onieva(:), Spain

Calogero Orlando (%), Italy

Susana Ortega-Cisneros(2), Mexico
Sergio Ortobelli, Italy

Naohisa Otsuka (%), Japan

Sid Ahmed Ould Ahmed Mahmoud (),
Saudi Arabia

Taoreed Owolabi (%), Nigeria
EUGENIA PETROPOULOU (5), Greece
Arturo Pagano, Italy
Madhumangal Pal, India

Pasquale Palumbo (1), Italy

Dragan Pamucar, Serbia

Weifeng Pan (%), China

Chandan Pandey, India

Rui Pang, United Kingdom

Jurgen Pannek (©), Germany

Elena Panteley, France

Achille Paolone, Italy
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George A. Papakostas(2), Greece
Xosé M. Pardo (), Spain

You-Jin Park, Taiwan

Manuel Pastor, Spain

Pubudu N. Pathirana (i), Australia
Surajit Kumar Paul (%), India

Luis Paya (), Spain

Igor Pazanin (2), Croatia

Libor Pekaf (), Czech Republic
Francesco Pellicano (1), Italy
Marecello Pellicciari (), Italy

Jian Peng (), China

Mingshu Peng, China

Xiang Peng (), China

Xindong Peng, China

Yuexing Peng, China

Marzio Pennisi(?), Italy

Maria Patrizia Pera (), Italy
Matjaz Perc(]), Slovenia

A. M. Bastos Pereira (1), Portugal
Wesley Peres, Brazil

F. Javier Pérez-Pinal (©), Mexico
Michele Perrella, Italy

Francesco Pesavento (1), Italy
Francesco Petrini (), Italy

Hoang Vu Phan, Republic of Korea
Lukasz Pieczonka (), Poland
Dario Piga (), Switzerland

Marco Pizzarelli (), Italy

Javier Plaza (), Spain

Goutam Pohit (), India

Dragan Poljak (i), Croatia

Jorge Pomares (), Spain

Hiram Ponce (2}, Mexico
Sébastien Poncet (), Canada
Volodymyr Ponomaryov (), Mexico
Jean-Christophe Ponsart (), France
Mauro Pontani (), Italy
Sivakumar Poruran, India
Francesc Pozo (2}, Spain

Aditya Rio Prabowo (©2), Indonesia
Anchasa Pramuanjaroenkij (), Thailand
Leonardo Primavera (), Italy

B Rajanarayan Prusty, India

Krzysztof Puszynski (%), Poland
Chuan Qin (), China

Dongdong Qin, China

Jianlong Qiu (), China

Giuseppe Quaranta (), Italy

DR. RITU RAJ (), India

Vitomir Racic(), Italy

Carlo Rainieri (), Italy
Kumbakonam Ramamani Rajagopal, USA
Ali Ramazani(), USA

Angel Manuel Ramos (%), Spain
Higinio Ramos (2}, Spain
Muhammad Afzal Rana (%), Pakistan
Muhammad Rashid, Saudi Arabia
Manoj Rastogi, India

Alessandro Rasulo (9, Italy

S.S. Ravindran (), USA
Abdolrahman Razani (), Iran
Alessandro Reali (), Italy

Jose A. Reinoso(2), Spain

Oscar Reinoso (2}, Spain

Haijun Ren (), China

Carlo Renno (19, Italy

Fabrizio Renno (1), Italy

Shahram Rezapour (), Iran
Ricardo Riaza ([, Spain

Francesco Riganti-Fulginei (), Italy
Gerasimos Rigatos (), Greece
Francesco Ripamonti (), Italy
Jorge Rivera(ls), Mexico

Eugenio Roanes-Lozano (2}, Spain
Ana Maria A. C. Rocha((?), Portugal
Luigi Rodino (9, Italy

Francisco Rodriguez (), Spain
Rosana Rodriguez Lopez, Spain
Francisco Rossomando (1)), Argentina
Jose de Jesus Rubio (i), Mexico
Weiguo Rui(), China

Rubén Ruiz (), Spain

Ivan D. Rukhlenko (1), Australia
Dr. Eswaramoorthi S. (%), India
Weichao SHI(%), United Kingdom
Chaman Lal Sabharwal (), USA
Andrés Séez (), Spain



https://orcid.org/0000-0001-5545-1499
https://orcid.org/0000-0002-3997-5150
https://orcid.org/0000-0001-8014-7798
https://orcid.org/0000-0003-4000-7373
https://orcid.org/0000-0002-3045-4316
https://orcid.org/0000-0003-3384-5184
https://orcid.org/0000-0002-2401-5886
https://orcid.org/0000-0003-2465-6584
https://orcid.org/0000-0003-2578-4123
https://orcid.org/0000-0003-0104-522X
https://orcid.org/0000-0002-8244-2202
https://orcid.org/0000-0003-0231-7653
https://orcid.org/0000-0003-2667-8875
https://orcid.org/0000-0002-3087-541X
https://orcid.org/0000-0001-8342-5116
https://orcid.org/0000-0002-6116-6464
https://orcid.org/0000-0001-5660-9382
https://orcid.org/0000-0002-9477-110X
https://orcid.org/0000-0003-3623-3984
https://orcid.org/0000-0001-7691-4886
https://orcid.org/0000-0003-2930-8706
https://orcid.org/0000-0002-2384-9141
https://orcid.org/0000-0001-6253-7418
https://orcid.org/0000-0003-1205-4842
https://orcid.org/0000-0002-7523-9118
https://orcid.org/0000-0002-6559-7501
https://orcid.org/0000-0001-7795-6092
https://orcid.org/0000-0003-4477-4676
https://orcid.org/0000-0003-1610-2418
https://orcid.org/0000-0003-3095-7391
https://orcid.org/0000-0001-8958-6789
https://orcid.org/0000-0001-5217-5943
https://orcid.org/0000-0001-9288-7224
https://orcid.org/0000-0001-7004-789X
https://orcid.org/0000-0002-5546-4916
https://orcid.org/0000-0002-0370-4623
https://orcid.org/0000-0002-9886-3570
https://orcid.org/0000-0001-8295-0912
https://orcid.org/0000-0002-9727-5048
https://orcid.org/0000-0002-3523-411X
https://orcid.org/0000-0003-4854-0850
https://orcid.org/0000-0002-6887-1086
https://orcid.org/0000-0002-7882-0725
https://orcid.org/0000-0003-2791-6230
https://orcid.org/0000-0002-2077-4906
https://orcid.org/0000-0003-4911-1812
https://orcid.org/0000-0002-8099-8389
https://orcid.org/0000-0002-3092-3530
https://orcid.org/0000-0002-0639-7067
https://orcid.org/0000-0001-5469-3736
https://orcid.org/0000-0002-1065-8944
https://orcid.org/0000-0002-8211-3820
https://orcid.org/0000-0002-7498-0561
https://orcid.org/0000-0002-2529-4434
https://orcid.org/0000-0003-3463-2607
https://orcid.org/0000-0003-0868-4446
https://orcid.org/0000-0001-8824-3776
https://orcid.org/0000-0002-2972-7030
https://orcid.org/0000-0002-0867-5091
https://orcid.org/0000-0003-0978-2224
https://orcid.org/0000-0002-0880-6610
https://orcid.org/0000-0001-8679-2886
https://orcid.org/0000-0002-6222-964X
https://orcid.org/0000-0002-0753-7826
https://orcid.org/0000-0002-7792-8101
https://orcid.org/0000-0002-2005-5979
https://orcid.org/0000-0003-4472-0811
https://orcid.org/0000-0003-3295-3888
https://orcid.org/0000-0003-2255-1017
https://orcid.org/0000-0003-0528-3591
https://orcid.org/0000-0001-9730-7313
https://orcid.org/0000-0001-5095-8290
https://orcid.org/0000-0001-5734-6238

Bekir Sahin, Turkey
Laxminarayan Sahoo (), India
John S. Sakellariou (%), Greece
Michael Sakellariou (), Greece
Salvatore Salamone, USA

Jose Vicente Salcedo (), Spain
Alejandro Salcido (), Mexico
Alejandro Salcido, Mexico
Nunzio Salerno (i), Italy

Rohit Salgotra (), India
Miguel A. Salido (), Spain
Sinan Salih (), Iraq
Alessandro Salvini (), Italy
Abdus Samad (), India

Sovan Samanta, India
Nikolaos Samaras (), Greece
Ramon Sancibrian (%), Spain
Giuseppe Sanfilippo (1), Italy
Omar-Jacobo Santos, Mexico

] Santos-Reyes (), Mexico
José A. Sanz-Herrera(), Spain
Musavarah Sarwar, Pakistan
Shahzad Sarwar, Saudi Arabia
Marcelo A. Savi(), Brazil
Andrey V. Savkin, Australia
Tadeusz Sawik (), Poland
Roberta Sburlati, Italy
Gustavo Scaglia (2), Argentina
Thomas Schuster (), Germany
Hamid M. Sedighi (", Iran
Mijanur Rahaman Seikh, India
Tapan Senapati(), China
Lotfi Senhadji(®), France
Junwon Seo, USA

Michele Serpilli, Italy

Silvestar Sesni¢ (), Croatia
Gerardo Severino, Italy

Ruben Sevilla (%), United Kingdom

Stefano Sfarra(), Italy

Dr. Ismail Shah (%), Pakistan
Leonid Shaikhet (), Israel

Vimal Shanmuganathan (), India
Prayas Sharma, India

Bo Shen (), Germany

Hang Shen, China

Xin Pu Shen, China

Dimitri O. Shepelsky, Ukraine
Jian Shi(#, China

Amin Shokrollahi, Australia
Suzanne M. Shontz (), USA
Babak Shotorban (), USA
Zhan Shu(?), Canada

Angelo Sifaleras (), Greece
Nuno Simdes (2, Portugal
Mehakpreet Singh (1), Ireland
Piyush Pratap Singh (®), India
Rajiv Singh, India

Seralathan Sivamani(), India
S. Sivasankaran (i), Malaysia
Christos H. Skiadas, Greece
Konstantina Skouri (%), Greece
Neale R. Smith (%), Mexico
Bogdan Smolka, Poland
Delfim Soares Jr.(), Brazil
Alba Sofi(1»), Italy

Francesco Soldovieri (), Italy
Raffaele Solimene (1), Italy
Yang Song(5), Norway

Jussi Sopanen (%), Finland
Marco Spadini (), Italy

Paolo Spagnolo (), Italy
Ruben Specogna (), Italy
Vasilios Spitas(2), Greece
Ivanka Stamova (), USA
Rafal Stanistawski (), Poland
Miladin Stefanovié¢ (), Serbia
Salvatore Strano (1), Italy
Yakov Strelniker, Israel
Kangkang Sun (), China
Qiugin Sun(?), China
Shuaishuai Sun, Australia
Yanchao Sun (), China
Zong-Yao Sun(), China
Kumarasamy Suresh (%), India
Sergey A. Suslov (2, Australia
D.L. Suthar, Ethiopia

D.L. Suthar (%), Ethiopia
Andrzej Swierniak, Poland
Andras Szekrenyes (), Hungary
Kumar K. Tamma, USA
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An adaptive nonsingular terminal sliding mode control (ANTSMC) scheme for the n-link robot manipulator is presented in this
study, which can achieve faster convergence and higher precision tracking compared with the linear hyperplane-based sliding
mode control. Novel adaptive updating laws based on the actual tracking error are employed to online adjust the upper bound of
uncertainty, which comprehensively consider both the tracking performance and chattering eliminating problem. The stability
analysis of the proposed ANTSMC is verified using the Lyapunov method with the existence of the parameter uncertainty and the
actuator faults. Numerical simulation studies the comparison of performance between ANTSMC and the conventional non-
singular terminal sliding mode control (NTSMC) scheme to validate the advantages of the proposed control algorithm.

1. Introduction

Robot manipulators play a pivotal role in the modern in-
dustrial field, whose dynamics are typically multi-input
multioutput (MIMO) nonlinear systems. In practice, pa-
rameter variations and external disturbances are inevitable
for the mechanical systems. Moreover, high accuracy and
safety demands of the robot manipulator cause a greatly
increasing attention to the unpredictable faults. Recently,
many fault detection methods have been successfully
employed for the robot manipulators [1-6], such as the
prediction-error-based approach [1], second-order sliding
mode observer [2, 3], nonlinear observer [4], optimal un-
known input observer [6], and power consumption mod-
eling based method [5]. Besides, the fault-tolerant control
research applied in the robot manipulators has been a hot
topic. Song introduced a multilayered feed-forward neural
network to identify the faults for robot manipulator and then
achieved the tracking performance in the presence of un-
certainty [7]. Siqueira et al. [8] proposed an output-feedback
H., fault-tolerant controller for robot manipulators by

linearizing the dynamic model around the operation point.
In 2009, Siqueira and Terra [9] further derived H,, H,, and
mixed H,/H,, Markovian algorithms for the robot ma-
nipulator, but their drawbacks are still the linearization
problems. Liu et al. [10] published a novel robust fixed-time
fault-tolerant tracking controller for the uncertain robot
manipulator. Hagh et al. [11] gave an active fault-tolerant
control design for actuator fault mitigation in robotic ma-
nipulators. In this paper, we aim to develop a simple and
effective passive fault-tolerant control algorithm for the
robot manipulator without the fault detection and diagnosis
(FDD) module.

Sliding mode control (SMC) schemes are well known for
their robustness to the parameter variation and disturbances
and have been successfully adopted in many nonlinear
systems [12-16]. To assure the finite-time convergence, the
terminal sliding mode control (TSMC) has been derived to
reach the equilibrium point within a finite time to realize
high accuracy control [17]. Besides, the singularity problem
of the conventional TSMC has been overcome by indirect
[17, 18] and direct approaches [19]. Nowadays, researchers
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focus on the unknown functions estimated or designed for
the TSMC. Since neural networks and fuzzy logic are
universal function approximations, the mixed control
algorithms combining them and the TSMC technologies
have been extensively employed. Lin proposed an adaptive
nonsingular TSMC method for the robotic systems using
fuzzy wavelet networks and verified the corresponding
controller on a six-link robot manipulator [20]. A dy-
namics estimation method based on an adaptive algo-
rithm and fuzzy logic is introduced to the nonsingular
TSMC for a class of MIMO uncertain nonlinear systems
[21]. Xu et al. derived a TSMC based on adaptive fuzzy-
neural observer for nonaffine nonlinear system [22]. Cao
et al. also used the adaptive fuzzy algorithm to achieve an
adaptive nonsingular TSMC for the fault-tolerant small
satellite attitude control [23]. Moreover, other adaptive
TSMC schemes using different adaptive updating laws
without the neural networks and fuzzy logic have also
been successfully adopted in many nonlinear systems,
such as the electromechanical actuator [24], spacecraft
formation flying [25], uncertain nonlinear single-input
single-output (SISO) systems [26], and nonlinear differ-
ential inclusion systems [27]. However, for the robot
manipulator, only the nonsingular TSMC control schemes
have been developed [18, 28], though the upper bound of
the uncertainty is usually unknown in most of the real
systems (especially in the faulty conditions). In fact, the
upper bound uncertainty of the nonsingular TSMC for the
robot manipulator is conventionally designed as a fixed
one, which will bring a trade-off problem between the
control accuracy and the control chattering. Therefore, we
hope to derive a novel adaptive nonsingular TSMC for the
robot manipulator by combining an adaptive updating
law to consider both the control accuracy and the control
chattering.

Motivated by the above discussion, an adaptive non-
singular TSMC scheme for the robot manipulators with the
existence of the parameter uncertainty and the actuator
faults is derived in this paper, which can online tune the
upper bound of the uncertainty to ensure the high precise
tracking performance, finite time convergence, and Lya-
punov stability.

2. Problem Formulation

The n-link robot manipulator dynamics can be formulated as
M(g)g +C(q.9 +G(@) =T, (1)

where M(q), C(q,q), and G(q) denote the inertia matrix,
Coriolis and centrifugal forces, and gravitational torque,
respectively, q represents the generalized coordinates, and 7
is the joint torque.

Considering the uncertainties and actuator faults, the
dynamics of the uncertain robot manipulator can be re-
written as

(M, + AM)§ +(C, + AC) + (G, + AG) = §,(t+8;),
(2)

Mathematical Problems in Engineering

where M,, C;, and G, represent the estimated terms; AM,
AC, and AG denote the uncertain terms; §, and &; are the
multiplicative and additive faults.

Equation (2) can be further rearranged as

MyG +Cy+ Gy =T+ 8> (3)

Sioa = (8a(T+8;) - 7)

(4)

- AG - AC - AM{g
where &, denotes the total uncertainty of the robot
manipulator.

3. Nonsingular Terminal Sliding Mode
Control (NTSMC)

In this section, the nonsingular terminal sliding mode
control (NTSMC) proposed by Man and Yu [18] is briefly
described, which solves the singular problem of the TSMC
by direct approach.

Lemma 1 (see [18]). For the uncertain n-link manipulator
(described by equation (3)), if the NTSMC manifold and its
input command are formulated by equations (5)-(8) and
Assumption 1 holds, then the system tracking error & will
converge to zero in finite time.

s =g+ A, (5)
where
Thtsme = Moéjd + CO
T T

o s W
+Gy - Imoa~ 1) - [T—]z ISHIWIT contane

p [s"w]
(6)
l_‘constzmt = bl + bz”‘l” + b3”q"2> (7)
W = Adiag(:797 )My, (8)

where € = q—qu q and qq represent the actual input and
desired input, respectively; p and q are positive odd integers,
which satisfy 1 < p/q<2; and A = diag[A,, . ..,A,] denotes a
design matrix.

Assumption 1. The total uncertainty §,., of the robot ma-
nipulator can be bounded, which can be formulated as [18]

I8l < b1 + byllall + b5lig1°, (9)

where by, b,, and b; are positive numbers.

Remark 1. Lemma 1 gives a conventional NTSMC scheme
for the robot manipulator based on Assumption 1, and the
design parameters (b;, b,, and b;) of the upper bound
' onstant @€ constant. In practice, the high upper bound can
obtain the high-quality tracking performance at the cost of
serious chattering, and the low upper bound owns the
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opposite characteristic. Moreover, unpredictable faults may
cause the great change of the uncertainty upper bound
satisfying Assumption 1. Therefore, it is a hard task to choose
an appropriate upper bound I, .ne for the NTSMC.

4. Adaptive Nonsingular Terminal Sliding
Mode Control

To appropriately select the uncertainty upper bound of the
NTSMC, adaptive updating methods are natural choices.
Considering the mechanical systems, there are some special
stages: (1) in the start-up phase, the initial trajectory error
causes the large starting torque, which appears to be serious
chattering phenomenon for the SMC control schemes; (2) in
the stability phase, the tracking performance is affected by
the system uncertainty; and (3) in the faulty condition, the
uncertainty of the nonlinear system may generate great
change. Therefore, the uncertainty upper bound of the
NTSMC should be chosen to be a low one, a moderate one,
and a high one for the above three stages, respectively.

In this section, we introduce adaptive updating laws
based on the tracking errors to online adjust the uncertainty
upper bound, which are summarized as follows.

Theorem 1. For the uncertain n-link robot manipulator
(described by equation (3)), if the adaptive nonsingular
terminal sliding mode control (ANTSMC) manifold and its
input command are formulated by equations (10)-(16) and
Assumption 1 holds, then the system tracking error & will
converge to zero in finite time.

s=¢+ AP, (10)
.. q ~1.2-(plg)
Tantsme — Mqu + CO + GO - EMOA € P
T
W] i "
- S daptive>
"sTW"z adaptive

Vantsme = sT(é * gAdiag(é@’q"l)é) ~—byby - byb

Substituting equation (3) into equation (21) gives

3
W = Adiag(”?" 1 )M, ", (12)
Moreover, the updating laws are chosen as
Tatapive = b1+ bollall + b5 1417, (13)
by =dy - L Wi, (14)
q
by=dy - IWllsllal, (15)
by =d; -ZIIWIIIISIIIIq'IIZ, (16)
where fadapme, b,, b,, and b, denote the adaptive estimated

values and d,, d,, and d; are constants.

Proof. Consider the following Lyapunov function:
1( r 11~ 1 -1~ 1 -1~
Vantsmc = E(S S+d_1bl bl +d—2b2b2 +d—3b3b3), (17)

where by, by, and b, represent the mismatch between the
actual and estimated parameters.

b, =b, -b, (18)
b, =b, - b, (19)
by = by — b, (20)

Differentiating V. Wwith respect to time and
substituting equation (10) and equations (18)-(20) into it
yield

1 11~ 112
a, a b, _d_3b3b3' (21)

112 11~ 112

Vantsmc = sT<é‘ + BAdiag(é(p/q)— 1)(M(‘)1 (‘[’amsmc + 6t0tal - CO - GO) - qd)) - d—bl bl - d—bz b2 - d—b3 b3. (22)
q 1 2 3



Substituting equation (11) into equation (22), equation
(22) can be further rearranged as
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A\l
p
; P )1 [ Tw ] -1 l-rx
Vonteme = §° | &+E Adiag(&? ~—b,b, —bb—bb
e =" | £+ Adiag (670 | iw ISIWIE e | | 72001~ 0202~ B0
M, (23)
+8t0tal
T T
P (plg-1 1 [s W] 1-14 1 -1~ 1-rx
Ad M | - W T ) -—b,b, ——b,b, — —b, b,.
<q lag( ) 0 < "s W||2 ”S"" ” adaptlve+ total dl 11 d2 272 d3 3V3
Substituting equation (12) into equation (23) yields
T T
. s W - lorx  1l-12 1-12
Vantsmc = ST BW _[ T ]2 ||S|| "W”radaptive + 8total - d_bl bl - d_bz b2 - d_b3 b3
1\ 5wl C
(24)
p = pr O B e
_a ”s””w"radaptive + qs Wstotal dlb bl _d_2b2 bZ _d_3b3 b3'

Substituting equations (14)-(16) into equation (24),
equation (24) can be rewritten as

. = ~T =T =T, .
V e = = ISIWI( Fap + 81 + B3 lal + 31417

+ gsTWGtmal.

(25)

Substituting equation (13) and equations (18)-(20) into
equation (25) gives

V antome = —||s||||wn(b +b,llqll + bsldl°) + quwsm]

(26)

Equation (25) can be further rearranged as

V anisme Sg IsHIWI( |8 oral) = b1 = ballall = b51G17).  (27)

Therefore, Ve <0 can be satisfied using Assumption
1. This completes the proof. O

Remark 2. The initial uncertainty upper bound of the
ANSMC can be designed as a low value, and it can adaptively
change based on the actual tracking errors to consider both
of the tracking performance and chattering phenomenon.

Remark 3. 'The convergence speed of the ANSMC is mainly
affected by the choice of the parameters p, g, and
A = diag[A,,...,A,]. The controller tracking performances
including the accuracy and chattering are mainly designed
by the choice of the parameters (b,, b,, bs, b;, b,, and b; of
the upper bound T, ¢ant)-

Moreover, the finite-time converge characteristic of the
NTSMC has been approved for trajectory stabilization of the
SISO nonlinear systems in [18]; we further extended the
corresponding study to the trajectory tracking of the MIMO
systems.

Equation (10) leads to

S;=¢ +/1£P/q (28)
where (*); denotes the ith element of (*) and ¢; = g, — g,

The final time t; that is taken to travel from ¢ ; to
g (t,; +t,;) = 0 for the ith element of system states can be
formulated by

qlp q/p) alp P ~q/p)
s,1 A j (t” dS —A ( >|€ (t ) |, (29)

where ¢,
reached

Therefore, the convergence time for the MIMO non-
linear systems can be given by

is the time when the sliding mode s;(¢,;) = 0 is
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t= max{ts’l, RN & } (30)

otsn

This means that the system states q will converge to the
desired qq in finite time ¢, after the sliding mode s =0 is
reached.

Remark 4. To eliminate chattering, the following algorithm
is introduced for the NTSMC and ANTSMC control
schemes at the cost of introducing tracking errors and de-
teriorating the perfect stability conditions.

IsllIW1| _ lIsllIW1|
[s"wi (Js"w] + &)’

(31)

where & is a small constant.

Remark 5. For the robot manipulator, the implementation
complexity of the proposed ANSMC is mainly decided by
the calculation accuracy of the estimated terms M,,, C,, and
G,. The estimated terms M,,, C,, and G, are calculated by the
multibody dynamics of the robot manipulators. The more
components of the robot manipulator are considered in the
dynamic analysis of the robot system and will induce the
higher implementation complexity of the proposed ANSMC
controller. Generally speaking, the main components of the
robot manipulator should be computed, such as the thirteen
moving rigid bodies of the Stewart Platform [29]. Fortu-
nately, the controller proposed in this paper can obtain a
satisfactory performance by introducing adaptive updating
laws to compensate the unmodeled dynamics influences. In
practice, the calculation accuracy of the estimated terms M,
C,, and G, can be chosen by comprehensively considering
the difficulty of the robot multibody dynamic analysis and
the implementation hardware platform capability.

5. Simulation Studies

A two-link robot manipulator is employed to evaluate the
performance of the proposed ANTSMC control scheme. Its
dynamic model can be formulated by equation (32) with the
following parameters: ry, *,, J;, J,, my, and m, are 1m,
0.8m, 5kg-m, 5kg:m, 0.5kg, and 1.5kg, respectively [18].

Mrob (qrob)q.rob + Crob (qrob’ q.rob) + Grob (qrob) = Trob>
(32)

where

Qrob = [ql’qZ]T’
2 2
M, = (my + my)r] + myr; + 2m,r vy cos(q,) + J 1,
M, =M, = mz”é +myr 1y cos(q),
M,, = mz”% +75
Cy = —myr 1y sin (‘b)(Q% + 2‘1142))
. 2
C, = myryr, sin(q,)q5,
G, = ((my +my)r, cos(q,) +myry cos(q, +9,))9>
G, = myr, cos(q, +q,)gs
(33)

where M;; denotes the (i, j) element of the matrix M, and
C; and G; represent the ith elements of C,;, and G,,.

The desired trajectory .o, = [91,-95,])' and initial
trajectory q,,, can be given by

qyr = a; sin(w,t) + a, cos (w,t) + az sin (wst) + a, cos (w,t)

+ ag sin (wst) + ag cos (wgt),
(34)

Gs,r = by sin(w,t) + b, cos (w,t) + by sin (w;t) + by cos (w,t)
+ by sin (wst) + bg cos (wgt),
(35)

Qoo = [1.5,-1.5]", (36)

where (a, ~ ag), (b; ~ bs), and (w; ~ wg) are selected as (1,
1, 0.01, 1, 0.01, 0.001), (-1, -1, —0.01, —1, —0.01, —0.001), and
(0.1, 0.2, 0.4, 0.8, 1.6, 3.2), respectively.

The estimated values of the dynamic parameters are
assumed to be

m, = 0.4kg,

m, = 1.2kg,

f (37)
J, =4kg-m,

7, =4kg-m.

Therefore, three controllers (NTSMC1, NTSMC2, and
ANTSMC) are selected to verify the advantages of the
proposed ANTSMC. To fairly compare these controllers,
their control parameters except the uncertainty upper bound
are chosen as the same.

150 0
A= ,
0 150
q=>5
(38)
p=9
£ = 0.001,
Thax = 40’
where 7., denotes the maximum torque of the robot
manipulator.

Moreover, the appropriate constant uncertainty upper
bound satisfying Assumption 1 is hard to determine in
practice, especially for the existing kinds of uncertainties.
Two uncertainty upper bound designs of NTSMC are se-
lected: the lower one (NTSMCI1) and the higher one
(NTSMC2). Additionally, the initial value of the uncer-
tainty upper bound of the ANTSMC is chosen as a low
value, and it will adaptively adjust according to the actual
tracking errors during the motion period. Therefore, the
uncertainty upper bounds of the three controllers are
designed as follows.

The uncertainty upper bounds of NTSMCI are given
by
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by =1,
b, =8, (39)
by = 3.

The uncertainty upper bounds of NTSMC2 are given by

b, = 10,
b, = 80, (40)
b, = 30.

The uncertainty upper bounds of ANTSMC are given by

by =1,

byo =1,

by =1, (41)
d, =5,
d, = 0.1,
dy=1,

where 51,0’ Ez,m and 53)0 are the initial values of b;, b,, and bs.

5.1. Fault-Free Conditions. The numerical simulations of
the robot manipulator under NTSMC1, NTSMC2, and
ANTSMC are achieved in MATLAB 6.5 with the step size of
0.0005 s. The corresponding simulation results are illustrated in
Figure 1, where “q1 (*),” “q2 (*),” “eq1 (*),” “eq2 (*),” “ul (*),”
and “u2 (*)” represent the tracking of joint 1, tracking of joint
2, tracking error of joint 1, tracking error of joint 2, control

1)
8 =
¢ { 0.9 - 0.1 cos (0.1(t — 10)),

6a = dlag (661’ (Sa)’

8f={ [0 0],

[-6 — 0.2 sin (0.2 (¢ — 10))

Besides, the parameter uncertainty, desired trajectory,
and controller parameters of the robot manipulator are
assumed as same as the fault-free conditions. Then, the
corresponding results are presented in Figure 2.

According to equations (42)-(44), actuator faults occur
after 10s, which will cause the torque mutations under the
three controllers (shown in Figures 2(e)-2(g)). Moreover,
owing to the simultaneous appearances of actuator faults
and disturbances, the torque command is calculated to be
saturated in a short time to generate the tracking errors for
the robot manipulator. After the torque saturation state, the
actual trajectories will well track the desired ones under
NTSMC2 and ANTSMC at the cost of short-period torque
chattering, but the tracking errors will be still existing under
NTSMCI.

Mathematical Problems in Engineering

input of joint 1, and control input of joint 2 under the (*)
control scheme, respectively; “ql_desired” and “q2_desired”
denote the desired trajectories of joint 1 and joint 2.

The system state errors of the robot manipulator can
converge to zero in finite time (2s) under all of the three
controllers, which can be observed in Figures 1(a)-1(d).
However, owing to its chosen uncertainty, upper bound is
lower than the actual uncertainty, and the tracking condition
cannot be maintained under NTSMC1, which can be seen in
2.5~5.8 s of Figures 1(c) and 1(d). Moreover, the tracking
performances of NTSMC2 and ANTSMC are satisfactory in
all of the simulation time.

In the initial time, there are torque variations under the
three controllers, which are always unavoidable for the
mechanical systems. However, the torque command under
NTSMC2 has serious chattering and saturation problems in
the first 1.5, and there even exists slight chattering in the
stabilization stage (6.7~8.7 s), shown in Figure 1(f). Besides,
the torque command under NTSMC1 generates short-time
chattering to compensate the tracking error in 4.9~5.2s,
which makes the tracking performance be improved after
6 s. Furthermore, the torque command under ANTSMC is
always smooth in 1~20 s. Therefore, ANTSMC is the best
control scheme owing to its high-accuracy tracking and
smooth input command.

5.2. Faulty Conditions. To further research the influence of
the unpredictable faults, the actuator faults are assumed to
be

t <10,
t>10,

(42)
(43)
t<10, (4)
—3-0.1sin(0.2(¢ - 10))]", t=>10.

In summary, ANTSMC is the best control scheme
considering both the tracking errors and torque chattering.

6. Conclusions

In this paper, an adaptive nonsingular terminal sliding mode
control (ANTSMC) scheme is proposed for the n-link robot
manipulator with parameter uncertainties and actuator
faults. The characteristics of the conventional nonsingular
terminal sliding mode control (NTSMC) scheme, such as the
global nonsingular and finite time reaching, are maintained
for the proposed ANTSMC. Moreover, numerical simula-
tions are achieved by comparing the performances of
NTSMC and ANTSMC, and the advantages of ANTSMC
can be summarized as follows:
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F1GURE 1: Fault-free condition. (a) Tracking of joint 1; (b) tracking of joint 2; (c) tracking error of joint 1; (d) tracking error of joint 2;
(e) control input of NTSMCI; (f) control input of NTSMC2; (g) control input of ANTSMC.

(1) Tracking Performance. The actual trajectory can track torque commands of NTSMCI and ANTSMC are
the desired one under ANTSMC and NTSMC2 satisfactory. In the stabilization period, many factors
(higher uncertainty upper bound), even in the may cause short-time chattering for the three con-
conditions of disturbances, faults, and saturation. trollers, such as large tracking error and faults
However, for the trajectory under NTSMCI (lower occurrence.
grrf:rsilg[ X ili)rieerelr)f(;lrrsl(& tt}?:rfzurl??rle:):rslti szzf: Therefore, according to the results of the simulations, the

or ong . Y drawback of existing tracking errors of NTSMCI, the oc-
conditions, respectwely.

currence of serious chattering and saturation for the

(2) Chattering Phenomenon. In the initial time, for the NTSMC2, and the effectiveness of ANTSMC considering

torque command under NTSMC2, there exists se-  both of the trajectory performance and chattering elimi-
rious chattering and saturation problem, and the  nation are observed, respectively.
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7. Future Recommendation

In this paper, we proposed an adaptive nonsingular terminal
sliding mode control (ANTSMC) scheme for the general
robot manipulator. Further research will be focused on the
implementation to the special robot systems in practice.
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A novel asymptotic tracking controller for an underactuated quadrotor unmanned aerial vehicle (UAV) is proposed to solve a
moving target tracking problem. Firstly, the control system is decoupled into the position control system and the attitude control
system. Secondly, a method combined artificial potential field with passivity control (APF&PC) is introduced for the positioning
system to achieve high-precision tracking of moving target at a fixed distance. Thirdly, a super-twisting sliding mode (STSM)
method with an improved reaching law for the attitude system is applied to ensure that the attitude converges to the desired value.
Furthermore, the stabilities of two subsystems are proved, and sufficient stability conditions are derived based on the passive
method and Lyapunov method, respectively. Finally, simulation results of the moving target tracking verify the superiority and
robustness of the proposed control method in the presence of parameter uncertainties and external disturbances.

1. Introduction

In recent years, quadrotor unmanned aerial vehicles have
attracted increasing attention from both industrial and
academic communities. With some characteristics of vertical
take-off and landing, single or team flight, and low-cost
manufacturing, they have wide applications such as military
monitoring, traffic information collection, power system
detection, and disaster first aid [1-4]. The quadrotor UAV is
an underactuated and strongly coupled nonlinear system,
which is subject to structural uncertainties and unknown
external disturbance. Therefore, it is a great challenge to
design an accurate and robust controller for the quadrotor to
achieve autonomous flight and target tracking.

Moving target tracking is an essential skill for the
quadrotor UAV to perform military and civil tasks, like
tracking enemy targets in air combat, tracking vehicles in
urban antiterrorism, and timely finding and locking the
victims in maritime rescue [5, 6]. Due to the limitation of the
observation range and the danger of unfriendly targets, the
quadrotor UAV needs to maintain a certain distance in the
whole mission, which brings new challenges to target
tracking. Currently, many kinds of control methods have

been successfully applied in the target tracking of UAVs.
Wang et al. [7] proposed an integrated framework for UAV-
based target tracking and recognition systems to achieve
satisfactory tracking performance. Rabah et al. [8] developed
a target tracking algorithm based on a Fuzzy-PI controller to
track a moving target under varying speed. Araar et al. [9]
proposed a PID method with an EKF filter to track au-
tonomously and land on a moving platform. Chen et al. [10]
presented sliding mode control methods based on artificial
potential field and RBF neural network for a quadrotor to
track the moving target. Based on studies aforesaid, the
design of a controller with high precision and strong ro-
bustness is the precondition of accurate tracking. Thus, it is
the key for the moving target tracking of a quadrotor to
realize the position and attitude tracking control of the
quadrotor system and improve the robustness of the system.

In order to achieve attitude stabilization and position
tracking control of the quadrotor, various advanced control
techniques have been developed. Many remarkable
achievements have been obtained such as robust PID control
[11], active disturbance rejection method [12], feedback
linearization control [13], backstepping control [14], model
predictive control [15], adaptive control [16], immersion and
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invariance control [17], reinforcement learning [18], and
composite stability control [19, 20]. Although the above
methods can accomplish the autonomous flight of UAVs,
some of them still have limited capability to handle un-
certainties and external disturbances. Sliding mode control
(SMC) is considered an effective method in solving the
control problems of uncertain nonlinear systems because of
its unique robustness and adaptability to uncertainty and
external disturbances [21-23]. Therefore, a wide class of
control methods based on SMC has been proposed to solve
trajectory tracking of the quadrotor. Chen et al. [24]
designed a robust nonlinear controller that combines sliding
mode control and backstepping control to achieve trajectory
tracking of a quadrotor UAV. Xu et al. [25] presented a
quadrotor controller based on the terminal sliding mode
control to track the attitude trajectory under input
saturation. Castafieda et al. [26] proposed an adaptive
second-order sliding mode control method to improve the
robustness of the system under different operating
conditions and external disturbances. Inspired by the
aforementioned papers, we can improve sliding mode
control to handle the attitude control problem of quadrotors
under uncertainties and external disturbances.

There are some main feasible control methods to realize
the position tracking of UAVs. The artificial potential field
(APF) is a robust feedback control method based on the
virtual force field, which has been widely applied in obstacle
avoidance and target tracking [27]. Chen et al. [28] proposed
an artificial potential field UAV path planning method to
make UAV avoid obstacles efficiently and economically
when there are many threats. Hu et al. [29] designed a time-
varying sliding surface and a nonlinear adaptive feedback
control law based on the APF method for obstacle avoidance
control. The passive control (PC) method is to redistribute
the energy function of the inverted system by injecting
damping into the system so that it conforms to Lyapunov
stability law and ensures that the system is asymptotically
stable [30]. Ha et al. [31] proposed a unified passivity-based
adaptive backstepping control framework for the velocity
field following and timed trajectory tracking of a quadrotor
on the Internet. Jose and Hugo [32] presented a passivity-
based controller for a quadrotor with a cable-suspended load
to guarantee asymptotic stability. Based on the aforemen-
tioned discussion, we propose a novel double-loop control
system based on the position controller and attitude con-
troller, which can achieve high-precision target tracking for
the quadrotor. The position controller combines the artificial
potential field with passive theory to achieve high-precision
position tracking, and the attitude controller uses the super-
twisting sliding mode method with an improved reaching
law to improve the convergence speed of the attitude.

The main contributions of this study are as follows:
firstly, a novel position controller based on artificial potential
field and passive control is proposed to improve the pre-
cision of fixed distance tracking. The quadrotor can track the
moving target at a certain distance by tracking the balance
point of the artificial potential field. The passive control can
improve the robustness of the system by providing distur-
bance rejection to uncertainties and disturbances. Besides, a
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super-twisting sliding mode controller with an improved
reaching law is presented for attitude control to ensure fast
convergence and strong robustness. The reaching law based
on proportional term and exponential term can reduce the
chattering and improve the convergence rate, which will
guarantee a better tracking performance.

The rest of this paper is organized as follows. In Section
2, the structure of the target tracking system and the dy-
namic modeling of the quadrotor are presented. In Section 3,
a novel quadrotor control method for moving target
tracking is studied and its stability is analyzed. In Section 4,
numerical simulations are provided to show the feasibility
and effectiveness of the proposed approach. Finally, a brief
conclusion is drawn in Section 5.

2. Mathematical Model of the Quadrotor

Target tracking is a complex engineering system that in-
volves technical modules in hardware, localization, map-
ping, planning, and control. The target tracking of UAV is to
locate the target according to the distance information of
relative observation angle and attitude information of UAV.
Then, the future motion state of the target is predicted
according to the observation data of sensors. In addition, the
target state is filtered and estimated, and motion information
of UAV is collected. On the premise that the attitude angle
and angular velocity of the quadrotor can be measured, the
three-dimensional position and translation velocity of the
UAV relative to the moving target are available. Finally, the
UAV will be guided to keep track of the moving target
through the continuous update of target estimation and
prediction state. For the target tracking of the quadrotor, the
most critical issues are the control of trajectory tracking. We
assume that the relative position of the quadrotor can be
obtained from the visual information of the camera, and the
state of the tracking target can be estimated by the Kalman
filtering method. In this paper, we will focus on the tra-
jectory tracking of the quadrotor control system. By de-
signing the position controller and attitude controller of
quadrotor UAV, the moving target can be tracked within a
safe distance. The simplified structure of the tracking system
is shown in Figure 1.

The dynamical model of the quadrotor is set up by the
earth-frame I(Oxyz) and the body-frame B(Oxyz) as illus-
trated in Figure 2. It is assumed that the moving target is a
mobile car, and p is the relative distance between the
quadrotor and target. In quadrotor systems, f; (i=1, 2, 3, 4)
stands for the thrust force produced by the ith propeller. The
vertical motion is created by the collective thrust input of all
four propellers. The roll, pitch, and yaw motion can be
achieved by changing the speeds of different propellers. The
position and attitude of the quadrotor expressed in the
inertial frame are defined as P =[x, y, z]"and © = [¢, 6, y]",
where ¢, 0, and y are successively roll, pitch, and yaw angles.
These angles are bounded as ¢ € (-m/2 n/2), B¢
(-n/2 7/2), and y € (-7 7).

The dynamic behavior of quadrotor in the inertial co-
ordinate can be described by the dynamic equation based on
the Euler-Lagrange method [33] as follows:
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FIGURE 2: Model diagram of the tracking system.

mP =U,Re; — mge; +d,, (1)

JO=T-CO +d,, (2)

where m is the total mass, g is the gravitational acceleration,
ande; = [0 0 1]" is a unit vector in the vertical direction.
The vectors d; and d, denote, respectively, the norm-
bounded uncertainties and disturbances in translational and
rotational motions, which are slow time-varying signals.

R represents an orthonormal rotation matrix, defined by

CoCy S6S4Cy — CyS, CySeCy +S4S,
R=|CyS, 8,568, +CyCp CySeS, -S,Cy |, (3)
~S $4Co C4Co

where C ) and S, respectively, represent cosine function
and sinusoidal function.

The positive definite matrix J is the moment of inertia,
given by
I 0

XX

2 2
o R S o )

)
(Iyy B IZZ)S¢>C¢C9 )
~1.8 (I, —1..)84,C4Co 1S5+1,,8,C; +1..C;C;
(4)
where I = [Ixx I, I, B represents inertia tensors of the
quadrotor.

The vector C represents a Coriolis and centrifugal force
term, which can be calculated by [33]

.10 /.7
= _—— . 5

c=J 200 <® ]> ©)
The control input U; denotes total lift force and T =

[I‘¢ Ty FW] stand for torques applied on the three axes,
which can be calculated by rotor thrusts as follows [34]:

4 4
UIZZfi:Zblwiz’ (6)
i=1 i=1

where b; and w; represent lift coefficient and angular speed
of the relevant propeller, respectively.

Further, the input torque of attitude control for a
quadrotor UAV can be obtained as

2

Wy
I‘¢ 0 bl 0 -bl 5
W,
T=|Te|=|-bl 0 bl 0 Sl (7)
W
rw € ¢ —¢ G z
Wy

where ¢; is an aerodynamic constant, and [ is the distance
from the motors to the center of gravity.

The control problem considered in this work is to design
a control system to guarantee the trajectory tracking of a
moving target for the quadrotor system with bounded
uncertainties and disturbances.

3. Controller Design

It is assumed that we can gain the trajectory of the moving
target by the vision sensor and calculated the velocity and
acceleration of the target. The overall control objective for
the quadrotor with a desired yaw angle y, is to track the
desired trajectory of the target Py=[x4 ya z4]". The speed
and acceleration of the target can be defined as V,; and a,,
respectively. The distance from the quadrotor to the target
can be described by p=P-P, For a given expected
tracking distance p,, the error of the relative distance is given
by ep = p — p,;. The purpose of target tracking control is to
design a closed-loop controller to make the tracking error
approach 0.

In this section, the control system is composed of the
position controller and attitude controller. Firstly, a position
controller based on the artificial potential field and passive
control is designed to obtain the desired position tracking
for P, and generate the desired roll and pitch references ¢,



and 0,. Besides, an attitude controller based on the super-
twisting sliding mode method with an improved reaching
law is applied to make the aircraft track the desired attitude
vector @, = [¢4 04, wd]T. The control structure is depicted in
Figure 3.

3.1. Position Controller Design. According to (1), the
translational error is obtained by

_Up+d,

~ ge. — 8
" ges — g, (8)

€p
where U, = U,Re; is the virtual control input.
We use the artificial potential field method to solve the
position tracking. Firstly, the repulsion potential ] is con-
structed as a generalized Morse function [28]:

b
a—————  , lpll € D,
. eIl _ , (lIpluin/c)

J = 9
0, lpll ¢ D,

where b and ¢ are constant, which determine the magnitude
and velocity of the repulsion force, respectively. The gain
coefficient of the potential field a is a constant.
D = [llpllmin> |l max determines the action area of the artificial
potential field. |pll,,;, >0 represents the minimum safe
distance, and [|p|l ;. is expressed as the maximum distance.

In order to ensure that the artificial potential field has the
correct equilibrium state [|p,]|, the gravitational potential J¢
is defined as

1
Ea‘kllpllz, lpll € D,
J* = (10)

0, lpll ¢ D,

where k indicates a positive constant that can adjust the
strength of gravitational potential.

If the quadrotor can keep a certain distance to track the
target, the velocity field of the artificial potential field at the
equilibrium point is 0. The values of parameters k, b, and ¢
will be satisfied as

(leal) + 2 ! Jndlle _ g

<e(||pd||/c) _ e(||pn,mn/c)>2 (11)

When [lpll < llpll < llpll max> the gravitational force has a great
effect on the convergence in long distances. When
ol min < llpll < llp4ll, the repulsive force plays a leading role in
short distances. When [p|l > llpll . the potential field no
longer works. When [lp|l = [|lp,l, the two forces are just equal
and the potential field reaches equilibrium.

By combining repulsive potential and gravitational po-
tential, the velocity field function between UAV and target
for ||pll € D can be determined as
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FIGURE 3: Structure of the quadrotor control system.

Vi = -V -vJ*
1 (12)
- | ~Klpl + el P
c (e(npu/c) _ e(npnmm/«:)> lpll
Definition 1. Considering nonlinear systems,
x = f(x,u),
{ / (13)
y =h(x).

Forall x € R" and u € R™, fis alocally Lipschitz function
and f(0,0) =0, and h(x) is continuous and h(0) =0. If a
differentiable positive definite function V (x) satisfies

v
= 14
u'y>v axf(x,u), (14)

then, the abovementioned nonlinear system is passive
[35].
The velocity error can be set as

ép=P-vy,—p; =V, (15)
The velocity field is used to calculate the relative velocity
between UAV and target. The relative velocity is defined as
v, =V, =V +aep, a>0. (16)
Based on (15), the velocity error can be derived as
€p =—0ep+V, +Vy. (17)
The derivative of v, can be derived as

U d
1},=1}e—1}f+0cép=Ep—ge3+al—at—1}f+aép. (18)

To ensure accurate tracking of moving targets, a virtual
control input of the position controller is designed as

U, = mge, — d, +m(}3d—)t1v,+1>f+u—(xép), (19)

where 1, >0, al is the estimate of d;, and u is the virtual
input of the passive system.
Substituting (18) into (17) yields
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V,=—ges—d AV, +v,—a€, +ges—v,+d; +ac, +u

p
=-\v, +d, +u,
(20)

where the error d, = d, - d,.

For the tracking system, the structure of the cascaded
passive system is shown in Figure 4. The total input of the
system is d, + u, and the output is ep. According to passive
theory, the passivity of the system can improve the accuracy
of the position tracking and avoid the local minimum of the
artificial potential field near the equilibrium point. Thus, the
stability of the system will be improved.

Theorem 1. Consider the quadrotor translational dynamics
described in (8). The whole position tracking system acts as a
cascade of the drive system (17) and driven system (20). If the
relative velocity and the virtual control input are designed
according to (16) and (19), the control strategy can guarantee
that the position control system is passive and globally stable
at the origin.

Proof. 1f a candidate storage function is set as

V3(eP,V,) = Vl(ep) +V,(v,), (21)
where V, = (1/2)ebep, V, = (1/2)v]y,.
According to (11) and (12), we can get
erf =a p(p — pd) _k”P +ZZ 1 2e"P“/c =T. Q,
llel c ( o plle) _ e(upumm/c))
(22)

where T = a(p(p - p)/lpl), Q = [—klpll +blc(1/ (elPlVO—
e UL/ 2)o (PN

If [lpll = llp,ll, then T >0, Q<0. If [lpll < [lp,l, then T <0,
Q>0. It can be derived as efv, <0.

The derivative of V, can be given by

; T T T T T
Vi =ep-ép=epv, —aepep +epVy<epv,. (23)
Then, the system is passive to ep and v,.
The derivative of V, can be written as
V,=vl v, = —AlvrTvr + v?(d1 + u) SVZ(dl + u).

r

(24)

Thus, the system is passive to v, and d, +u
The derivative of V53 can be solved as

R S s T T T
Vi=e,v, +V, (d1 + u) +epvy —aepe, — AV, v,

< epv,T + v,T(Zi1 + u) - aezep -V, (25)

<e,v v (@, +u) = (e, +, +u).
The feedback control is designed as
u=-e,—fv, (26)

where 5> 0; then,

5
d+u Storage v, Storage e
— »| function »{ function |——p
Passive v, Intermediate v, Passive
input variable output
FIGURE 4: Cascade passive structure of quadrotor.
; T(3 T3 T T7
Vi=v, (d1 —ﬂv,) =v,d, - pv,v,<v,.d,. (27)

Taking into account uncertainties and external distur-
bances, the storage function V is chosen as

1 .~
V=V, + Edfdl. (28)
The adaptive law is constructed as
d, = v, (29)

Because d, is a slow time-varying signal, the derivative of
V can be solved as

V = v,;llT — ﬁVer + afal = V,a? - ﬁV;I:Vr - a?al

(30)
= —ﬂvrTvr <0.

Therefore, it is shown that the controller can force the
states of the system with bounded disturbances and un-
certainties to converge asymptotically to origin.

We define the virtual control input Up=[U,, U,, U]
satistying

T
>

U, CoCy $4S4Cy — CyS, CyS4Cy + 848, 70
U, |=U,| CoS, 6868, +CyCy CySeS, —S4Cy || 0|
U ~$y $4Co C4Co 1

(

z

31)
The above matrix expression can be obtained by
U, =U,(C4SeC, +4S,),
U, = UI(C«SS@SW - S¢Cu/)’
U, =U,CyCy.

(32)

According to (32), the actual control input U; can be
solved as
UZ

U, = .
: C¢d ng

(33)

Substituting U; into U, and U,, we can get two desired
attitude angles from (32); that is,

chwd + Uyswd>

0, = arct
g arcan( T

z

(34)

UxS%z B UJ’CW).

¢g= arctan(ng T

z



3.2. Attitude Controller Design. In this section, the attitude
controller is designed by using the super-twisting sliding
mode control with an improved reaching law. The objective
of the controller is to ensure the convergence of the attitude
angles to the desired trajectories.

Considering both model uncertainties and external
disturbances in the attitude subsystem, (2) can be written as

]OC:) = —C0®d+1"+d2 _IAC:)_CA@’ (35)

where J =], +]J,, C=C, +C,, C;, =0.9C.

I, 0 0
Jo=| 0 In,+1,, 0 . (36)
0 0 I+ 1), +1,

The vector d denote the norm-bounded model uncer-
tainty and external disturbances in rotational motions as

d=d,-J,6-C,0, (37)

where [|d|| < D;.
The dynamic model of attitude system can be trans-
formed into

Jo® + C,® =T +d. (38)

The state-space form of this model can be given by

{ (';)1 = @2,
. (39)
0, =f(0)+g(O)I'+d,

where the vector f(®) = —]61C® and g(©) =J, .
The tracking error of attitude e; is defined as

€ = @1 d- @1. (40)
The angular velocity tracking error is given by
e, =¢. (41)

The sliding mode manifold is designed as

t
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s=e, + ey, (42)

where s = [S¢ Sp SW]T, A>0.
The reaching law of the sliding mode manifold is chosen
as

N B (1/2)
i =k, Josgn(s(r))d‘r k, s sgn (s) )

— (2ky + ky)s — kysgn (s),

where the gain coefficient k,, k,, andk, are positive con-
stant, k; > D, > |||

The improved reaching law adds the proportion term
and the velocity term. The law provides a power convergence
rate in the reaching phase and reduces the approaching time
to the sliding surface. In addition, the combined terms can
guarantee that the system state reaches the sliding mode
surface with a good dynamic performance.

Substituting (42) and (43) into (39) leads to

T=g ' (@)f-f(®)+, ;+\é, +(2k, +k)s+d
+ky J‘ sgn (s)dt + k,|s| (1/2)sgn(s) + k3sgn(s)}.
0

(44)

Theorem 2. Consider the quadrotor rotational dynamics
described in (2). If the sliding mode manifold and control
input are designed according to (42) and (43), the control
strategy can ensure that the attitude tracking error e; con-
verges to zero.

Proof. If a candidate Lyapunov function is selected as
lr Lr
W= e tos s (45)

the derivative of W is computed as

W=ele,+s" [—kl J sgn (s)dr — (2k, + k,)s — kyIs|"sgn (s) — kysgn (s) + d
0

= elTe2 —2k,s"s — ky|s| G2 _ ksls| +s'd < elTe2 —2k,s"'s — k,|s| G2

(46)

< - [I<4)L2e1Te1 +(2kA - 1)el e, + k4e§e2] —kys's—ky|s|¥P < —[e, €,]Q[e, €] —k,s's—k,s| 2,

| kA kA-12
where Q = [k4A—1/2 k, .
The matrix Q can be calculated as |Q|=kA — (1/4). If
appropriate values of k,, k4, and A are selected to make |Q|>0

and W <0, the sliding surface will converge to 0. It can be
concluded that the proposed attitude controller can guar-
antee that the attitude angle asymptotically converges to the
desired values. O
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4. Simulation and Analysis

Trajectory tracking simulations of the quadrotor have been
carried out to verify the validity and efliciency of the pro-
posed control method. Besides, a synthesis controller based
on second-order SMC (2-SMC) [36] has been chosen for the
comparison.

The parameter values of the quadrotor model are as fol-
lows: m =0.5kg, b; = 5Ns% ¢; =2Nms>, [=0.5m, g = 9.8 m/s,
L=1,,=0.004kgm’ I.=0008kgm® and the yaw angle
vy=m/3. The external disturbances are considered as
d,=[01sin(0.17¢), 0.1cos(0.17t), 0.1cos(0.17)]" and d,=
[0.3sin(0.1727) + 0.1, 0.4cos (0.17£) + 0.1, 0.5sin(0.17¢) + 0.2]".

In order to further evaluate the robustness of the pro-
posed control method, another simulation has been exe-
cuted for the system under external disturbances and
parametric uncertainties. The parameter uncertainties are
considered as £30% in the mass m and inertia matrix I, I,
and I, respectively.

The controller parameters of 2-SMC are given as follows:
=1, Cy= 1, e5=1, =1, &=0.5, =05, 1;=1, np=1,
N3 =4, ny=4, c; = 10mg/(uc08¢cosy), c, = 5my/(u;cospcosy),
c3=1, c4=5, c5=—10mg/(u;c08Yy), cs =—5my/(uicosy), ¢;=1,
and cg=5.

The parameters of the control method based on PC and
STSM (PC&STSM) are adjusted as |pll,i, =1, llpgll =2,
Ipllas = 5 k=10,a=1,b=16.83, c=2,a=0.8,1, =4, f=2,
k1=0.5, k=1, k3=3, k;=2, and 1 =10. According to the
tracking target, selecting methods of controller parameters
will be given as follows.

(1) First, it is assumed that the expected distance between
the aircraft and the moving target ||p;|l = 2. The gain
coefficient a will be chosen as a=1 to balance the
potential field force. When 2<|p|| <5, we choose
k=10 to get a large gravitational force. When
1 <|lpll €2, we choose c=2 to get a slightly large re-
pulsive force. According to (11), we can get b=16.83 at
the equilibrium point of the artificial potential field

(2) The parameters « and 8 are in connection with the
convergence rate of the relative velocity and position
error. The parameter A, is related to the external
disturbances in translational motion. Through several
simulation attempts, we choose a=0.8, =2, and
A1=4 in order to improve the convergence rate and
accuracy

(3) Whens=0,¢é, = —Ae,. Ifany attitude angle error needs
to converge to 0.01 in 0.5s, A should be chosen as
A =10. The parameters kjy, k,, and k, are in connection
with the accuracy and convergence speed of attitude
angle error. According to (43) and (47), k; >0, k, >0,
and kA >0.25. Through several simulation attempts,
we choose k;=0.5, k,=1, and k,=2 to obtain fast
convergence and small overshoot. Finally, the pa-
rameter kj is related to the robustness of the system,
and k; will be adjusted according to k; > ||d|

In order to show the effectiveness of the proposed
strategy, we select two tracking scenarios for simulation.

4.1. Ground Moving Target. The initial position and attitude
angle values of the quadrotor are [0, 0, 1.5] m and [0.2, 0.2,
0.5] rad. The trajectory of a moving ground target can be
described as

P, = [ 4t 4 sin(%) 2 ] (47)

Simulation results of trajectory tracking are depicted in
Figure 5. Figure 5(a) presents tracking results from the two
control methods in 3D space. It can be observed that the
PC&STSM method can make the quadrotor track the target
accurately at a fixed distance, whereas the 2-SMC approach
makes it slightly off the desired track at the beginning. As
shown in Figure 5(b), the position tracking from APF&PC
achieves null steady-state error for all positions in 1.8 s, while
the 2-SMC controller takes 3.8s to get the steady state.
Figure 5(c) shows that the STSM controller has a fast
convergence rate than that from 2-SMC. Compared with 2-
SMC, the improved reaching law greatly improves the
convergence performance. The comparisons of convergence
time and overshoot between the two methods are listed in
Tables 1 and 2.

As shown in Figure 6, the simulation results of trajectory
tracking demonstrate the control quality of the proposed
controller in terms of disturbances and uncertainties.

It can be seen from Figure 6(a) that the PC&STSM
controller can still track accurately the trajectory of the
moving ground target when the mass and inertia matrixes of
the quadrotor change by +30%. According to Figure 6(b),
the position tracking generated by the controller converges
to the set position in 2s even if the disturbances and un-
certainties are considered. Besides, the figure also shows that
parameter uncertainties have few effects on position control.
From Figure 6(c), it can be observed that attitude angles
converge in a short time and keep the desired values all the
time although uncertainties and disturbances cause over-
shoot. The simulation results have illustrated that the
PC&STSM controller has good robustness and tracking
performance in the case of external disturbances and pa-
rameter uncertainties.

4.2. Aerial Moving Target. The initial position and attitude
angle values of the quadrotor are [0, 0, —1] m and [0, 0.2, 0.5]
rad. The trajectory of a moving aerial target can be described as

1 t\ 1 t t

P,= [ 2c:os<2> 5 s1n<2> 2+ 10]. (48)

According to Figure 7(a), it can be concluded that the
aerial target tracking control system can meet the tracking
performance, and the PC&STSM has a better tracking effect
than 2-SMC. From Figure 7(b), it can be observed that
APF&PC is insensitive to disturbances and has a faster
convergence speed in position tracking. In contrast, 2-SMC
has a longer adjustment time. Figure 7(c) shows that STSM
achieves zero steady-state error with a small overshoot
between Orad and 0.09rad, while 2-SMC has a bigger
amplitude oscillation in attitude tracking. The response
speed of STSM is faster than that of 2-SMC, which is helpful
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FiGure 5: Ground moving target tracking. (a) Trajectory tracking. (b) Position tracking error. (c) Attitude tracking error.
TaBLE 1: Convergence time of tracking error.
Method x (s) y (s) z () ¢ (s) 0 (s) Wy (s)
PC&STSM 1.8 1.8 0.9 0.4 0.4 0.25
2-SMC 3.8 3.8 1.8 1.5 1.5 1.2
TaBLE 2: Overshoot of tracking error.
Method X y ¢ 0 14
PC&STSM 0 0 0.18 0.38 0
2-SMC 0 0 0 0.18 0.24 0.1

to flexibly move in the air. The comparisons of convergence
time and overshoot between the two methods are listed in
Tables 3 and 4.

As presented in Figures 6 and 8, the convergence of
position and attitude state is slightly affected by the variation
of system parameters, but the proposed controller can
achieve zero steady-state error and compensate for external

disturbances and parameter uncertainties. The simulation
results verify the robustness of the proposed control scheme.

Numerical simulation indicated that the controller based
on PC&STSM can trace the moving target effectively and has
a good dynamic performance. Compared with the 2-SMC
method, the proposed controller has a better performance in
tracking precision and robustness.
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TaBLE 3: Convergence time of tracking error.

Method x (s) y (s) z (s) ¢ (s) 0 (s) v (s)

PC&STSM 1.6 1.4 1.6 0.35 0.35 0.25

2-SMC 3.6 4.2 3.8 1.5 1.4 1.2
TaBLE 4: Overshoot of tracking error.

Method X y z ¢ 0 14

PC&STSM 0 0 0 0.09 0.08 0

2-SMC 0 0.05 0 0.05 0.24 0.18
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5. Conclusion

In this paper, we propose a composite control strategy based
on passive control and super-twisting sliding mode control
to solve the problem of moving target tracking of quadrotors
considering model uncertainties and external disturbances.
The control structure is composed of position and an atti-
tude controller. For position control, the artificial potential
field method is proposed by combining gravitational po-
tential with repulsion potential to achieve the stable tracking
of moving targets at a fixed distance. Meanwhile, the cascade
passive control is designed to ensure the stability of the
positioning system. Moreover, the super-twisting sliding
mode controller with an improved reaching law is

introduced to make the attitude angles quickly track the
desired trajectory and overcome uncertainties and distur-
bances. Finally, the simulation results show that the pro-
posed control system can achieve a better tracking
performance and robustness compared with 2-SMC in
moving target tracking.
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This paper investigates two guidance laws of standoft cooperative tracking static and moving of multiple autonomous unmanned
aerial vehicles for targets from the perspective of the control system design. In the scheme of the proposed guidance laws, one
vehicle is chosen as leader and others as followers. The leader only needs the measurement of the target, and the followers only
measure the leader and its neighbors in the communication topology network. By using the proposed guidance laws, it is
guaranteed that all vehicles can track a static or moving target with an evenly spaced formation of circle. Considering the coupling
of tracking and cooperation, the stability analysis is performed by constructing two relatively independent subsystems based on
Lyapunov theory, and the corresponding rigorous proofs of stability are given. By comparing with the Lyapunov vector field

guidance law, the simulation results verify the effectiveness and superiority of the proposed guidance laws.

1. Introduction

In the past few decades, due to the rapid development of
science and technology, the use of unmanned aerial vehicles
(UAVs) is from surveillance and reconnaissance to rescue
and communication relay [1-3], and its application fields
have been greatly expanded. At present, one of the most
important applications of UAVs is the use of tracking
ground targets; through the UAV guidance system, the
target can be always in the field of view, so as to achieve real-
time tracking purpose of ground targets [4-6]. Compared
with single UAV, multi-UAV cooperative tracking can in-
crease the coverage of the sensor on the ground target and
reduce the target state estimation error, and it has a wider
range of application prospects [7, 8].

Unlike rotary-wing UAV, fixed-wing UAV must
maintain a minimum velocity to produce enough lift. A
typical way to accomplish a tracking mission is standoff
tracking which means to monitor the ground target by
orbiting around it at the desired distance; this tracking
mode is called standoff tracking [9, 10]. The guidance
problem in cooperative standoft tracking can be divided
into two aspects: relative distance control and inter-UAV

angle control, which are realized by the lateral and lon-
gitudinal guidance law, respectively.

Lawrence proposed a guidance law based on the Lya-
punov vector field guidance (LVFG) method [11]. In the
study by Frew et al. [12], it is assumed that the target is
moving at a constant velocity, and the LVFG has been
proposed to improve the guidance accuracy of the relative
distance; then, another Lyapunov function is used to solve
the flight velocity command as the longitudinal guidance law
of the UAV to control the inter-UAV angle. A weighted
relative distance and inter-UAV angle error are used as the
objective function, and the horizontal and vertical guidance
commands for the next optimization step are searched by the
method of model predictive control (MPC) [13]. This
method not only needs a lot of calculation time but also still
has some difficulties to achieve online applications. A cyclic
pursuit for coordinated target tracking applications based on
sliding mode control and a virtual leader is presented, but
the guidance law is too complicated to achieve in practi-
cal projects [14]. A variant cycle of standoff tracking ap-
plications has also been investigated, while only fixed and
uniform moving targets were considered for this method
[15]. Cheng proposed a composite impact time control
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guidance law considering the problem of simultaneous at-
tack against a ground target [16]. It is also necessary to
consider the effect of disturbances, so the robust leader-
follower formation guidance laws are derived [17-19].

From the above previous work, we can conclude that the
existing research results only study the static target instead of
the moving target which limits the practical application of
the guidance laws. To the best of the author’s knowledge, few
research results can consider both scenarios in a unified
control framework. The developed results in this paper not
only realize the objective of the tracking static target but also
can track the moving target in a unified analytical control
framework. In this paper, a new leader-follower formation
tracking mode is proposed, which is based on the principle
that a leader UAV is used to track a ground target in the
standoff mode. Besides, when multiple follower UAVs track
the leader UAV and are evenly distributed in a circle, the
leader UAV and follower UAVs adopt the same tracking
distance. As a result, the leader UAV maintains a certain
distance from the ground target to avoid being exposed, and
the follower UAVs can be closer to monitoring the ground
target. The novelty of this paper lays in extending the
practical application of standoft cooperative tracking of
multi-UAVs not only for static targets but also for moving
targets.

This paper is organized as follows. Section 1 describes the
mathematical model of a ground target tracking problem.
Section 2 provides the new guidance law of the leader UAV
and mathematical stability proof. Section 3 provides the new
guidance law of the follower UAVs and mathematical sta-
bility proof. The results of simulation are discussed in
Section 4. The paper ends with some conclusions.

2. Problem Formulation

In order to develop guidance laws for the fixed-wing UAV
that tracks a ground target, some assumptions have been
stated. Firstly, the UAV is considered at a constant velocity
and altitude over the ground. Furthermore, a separate inner
loop (stabilization loop) and an outer loop (guidance loop)
control approach are designed, similarly as in most appli-
cations [20-23].

In Figure 1, let p denote the range between the UAV and
the target, p>0 and p is bounded. The bearing angle
x € [0,2n) is defined as the angle between the UAV forward
direction and the direction from the UAV to the target,
which is measured counterclockwise. p; denotes the desired
radius, and v is the velocity of the UAV.

The system dynamics can be described by the following
kinematical model:

= vcos(y),
p = vsin(y),
yovemy ()
Y=o,
Vv =u,

where [x, y]” is the 2D location of the UAV, y denotes
the heading angle, w and u are the angular rate and
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FIGURE 1: Geometry of tracking a stationary target.

acceleration as the control inputs, respectively, and [x,, y,]*

denotes the 2D location of the target; then, the range

p= \/(x ~x,)* + (y - y,)*. The objective is to design con-
trol input w and usuch that p — p,; as t — 0.
The dynamics (1) can be rewritten as

[ p = —vcos()),
) I vsm()(), 2)
p
L V=1

In dynamics (2), the state variables are changed from
[x, v, v] to [p, ), v]T. Furthermore, it can be seen that if the
velocity of the UAV is constant, pand y can be determined by
eachother. When p =0, y = (7/2) or (37/2), which repre-
sents the clockwise motion and counterclockwise motion of
the UAV, respectively.

3. Leader UAV Guidance Law Design

Firstly, a guidance law of the leader UAV to track a static
target is designed, and then, the guidance law is expanded to
track a moving target.

3.1. Static Ground Target Tracking. In this paper, the guid-
ance law for the leader UAV tracking a static ground target
in the standoff mode is designed as

vsiny

w=kvcosy— -v(p-pa)

(3)
u=0.
Then, we give the following conclusion.
Theorem 1. Consider UAV dynamics in (2) subject to the

guidance law in (3). If k>0, (pg, n/2)" is the asymptotically
stable equilibrium point of the closed-loop system.
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Proof. consider the following candidate Lyapunov function:
1

L, =1-siny+ E(P - pd)z. (4)

It can be verified that L, >0, and L, =0 only at

(pa> 112)".
Taking the derivative of L, yields that

Ly=—cosy-x+(p—pa)-p- (5)
With (2), we have
. w siny
L, = (=4 . 6
| =vcosy ( v, p+pd> (6)

Substituting w into L,, we have
Ll = —kvcoszx. (7)

Obviously, when k>0, for any y, there is L, <0, and
it can be concluded that L, = 0 if and only if y = (7/2).
Let S= {[p,X]T € RxRly= (71/2)}; when L, =0, we can
obtain that p = p;, and no other solution can stay identi-
cally in S other than (p,, 7/2)". According to LaSalle’s in-
variance principle (Khalil, 2002), (py, 72/2)" is the asymptotically
stable equilibrium point of the closed-loop system. O

Remark. this Lyapunov function is well designed as its
equilibrium point is xy = (7/2), p = p;. By designing ap-
propriate guidance laws, we can make L, <0 till L, = 0, and
the control objective can be realized.

3.2. Constant Velocity Ground Target Tracking. When the
ground target moves at velocity v,, the UAV kinematics’
model can be written as

(p=—vcosy+v,cos(y -y, + ),

. 1 H 1
4 X:w"’I;(VSIHX—Vt51n(‘//_1//t+X))> (8)
L 1}: u,

where the velocity vector of the UAV can be decomposed
into relative velocity, and the target velocity vector (depicted
in Figure 2)

VT 47, 9)
where v, is the relative velocity vector. Then, the dynamics
in (8) can be rewritten as the relative motion:

i P = "Vin COS X 11>
. I

4 X = @y + l[—)vm sin x,,,» (10)
Vyy = Uy,

Velocity vector v, is constant when the target is in
uniformly moving motion. Let 77,, be the unit tangent
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FIGURE 2: Geometry of tracking a moving target.

vector of ¥, and @ be the angular velocity vector corre-
sponding to v; taking the derivative of (9) yields that

WXV =V, )+ @y XV, (11)
The symbol “x” denotes the cross product of vectors.
Take the norm of both sides because v,, = (@ x V) -7,

thus, we can obtain that

2
@ x VI =[(@x V)7, +[@, x V| (12)
Then, we get
WV = 0’visin® (v - v,,) + w2
(13)

2 4 2 22 - = |2
W, vV, =W VVm_IVXle-

According to the parallelogram law of the vector, the
area of the two triangles which are constituted by v and v,
and v and v,,, respectively, are equal, that is,

|V x V.| =[V x 7,/ (14)
Then, we can obtain that
wnvh = @[V, [T x 7. (15)
We have
2 2 .
V\/Vm - Vt sin (wt - 1//) (16)
w,, = 3 w.
Vm

Finally, we can obtain the guidance law for tracking the
constant velocity ground target:

_ an [kvm COS Xom — (Vm SinXm/P) “Vm (P - pd)]
=i (v, )

>

u=0,
(17)

and the corresponding closed-loop system can be written as



P = =V COS X

_ VK, €08 s = (Vi 1/P) = Y (p = pa)] |, 1

1x= + =V, siny,,
2 2.2
V\/Vm —vsin” (v, - y)

(18)

Then, we give the following conclusion.
Theorem 2. Consider UAV dynamics in (8) subject to the
guidance law in (17). If k>0, (py, (1/2))" is the asymptot-

ically stable equilibrium point of the closed-loop system in
(18).

Proof. consider the following candidate Lyapunov function:

1
L, = 1—sinxm+§(p—pd)2. (19)
Taking the derivative of L, yields that
Ly = =08 Xy, * Ko + (P = Pa) - P- (20)
Substitute (10) and (17) into Lz, then
L, = —kvcos’y,,. (21)

It can be seen that if k>0, L, <0 always exit and L, = 0
only if x,, (t) = (n/2). x,, and p(t) are both bounded and
L, () is also bounded according to Barbalat’s lemma [20],
when Lz(t) — 0, x,,, (t) — (7/2). Furthermore, because
Xm (t) is bounded, still according to Barbalat’s lemma, we can
conclude that when y,,(t) — 0, p(t) — p; and
(pg»/2)" is the asymptotically stable equilibrium point of
the closed-loop system. O

3.3. Variable Velocity Ground Target. When the ground
target moves at variable velocity v,, then vandv,, both are
also variable, and equation (9) can be rewritten in the fol-
lowing scalar form:

<] VCOS Y = v, COSY,, + Vv, Cosy,, (22)

vsiny = v, siny,, + v, siny,.
Taking the derivative of both sides’ yields, one can have
VCOS Y + VI cOS Y = V,, COS Y, + V,, W, COS Y,
+V, cos ¥, + V,, COS ¥,
vsiny + vysiny = v, siny,, + v,,¥,, siny,),

+V, sin g, + v, ¥, sin y,.

(23)

Solving the quadratic equation and eliminating v,,, we
can obtain the guidance law for tracking the variable velocity
ground target:
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e et
“= VCOS(t//— l//m) Yim@m W, COS (W, —V,,)),
(24)
_ S0 (e = Vi)
sin(y - v,,)
where
(Um = ka COSXm — M _ Vm (p _ pd) (25)

p

The corresponding closed-loop system can be written as

,b =~V COS Xy

S S
1AV eos(y = v,0)

1
Vi Wy + VyWy COS (ll/t - l//m)) + ;)vm Smx,,»
_psin(¥ = i)

“sin(y - v,,)

(26)

We can see that equations (26) and (18) are the same,
thus still satisfy Theorem 2 for the variable velocity ground
target.

4. Follower UAV Guidance Law Design

Consider N follower UAVs in the formation problem, the ith
(i=1, 2, .., N) UAV’s Dubins model can be obtained as
follows:

x; = v; cos(y;)

).,izvism(l//i)’ (i=1,2,...,N). (27)
Vi = w;

V.= U;

1 1

The geometry between the follower UAVs and the leader
UAV is depicted in Figure 3.

In this paper, the follower UAVs are required to
maintain a circular formation with the centre at the leader
UAYV and hold equal angular separation. Meanwhile, the
follower UAV’s velocity and heading angle should gradually
converge to the leader UAV’s. The relative motion can be
written as

pi = v;cos(0; - y;) — vy cos (60, - yp),
28
g = Vi sin (6; — y;) + vy sin (6; - ) 2%
l Pi ,
where the subscript ‘0’ denotes the leader UAV.
The follower UAV’s angular rate control is used to carry
out distance and heading angle tracking for the leader UAV,

while formation’s inter-UAV angle control and velocity
tracking are performed by velocity control. We use such a
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Follower,

Vi

Follower;

FIGURE 3: Geometry of follower UAVs to track the leader UAV.

communication topology, that is, the follower UAVs can
perceive the state of the leader UAV, and a circular com-
munication structure is implemented among the follower
UAVs.

4.1. Angular Rate Guidance Law Design. In this paper, the
following angular rate guidance law is designed for the ith
follower UAV:

g (Pi _Pd) .
N U S © Vi Sy —w). 29
=Y~y g, ) o (Vi =) (29)

Then, we give the following conclusion.

Theorem 3. Consider the UAV formation dynamics in (28)
subject to the guidance law in (29). If k, >0, the distance
between the follower UAV and the leader UAV will gradually
converge to p 4, and the heading angle of the follower UAV will
also gradually converge to the heading angle of the leader
UAV.

Proof. consider the following candidate Lyapunov function:
1 g 2 2
L, =5 Z [(pi_Pd) +(¥; = ¥o) ] (30)
i=1
Taking the derivative yields that

N
L, :Z [(pi = pa) - pi + (Wi = wo) - (Wi — V)], (31)
i=1
where ¥, = w;, and

. (pi—pa) .
=y, — P s ey =), 32
@ = Vo =7y Ty P ke (vi = ¥o) (32)

and we get

L:

w

™M=

]
—_

(_kw (v - %)2) <0. (33)

1

So y; -y, is bounded, as L, is uniformly continu-
ous, and (y; —y,) — 0 according to Barbalat’s lemma.
Furthermore, as §; — ¥, is uniformly continuous, we have
(¥; — ¥,) — 0 according to Barbalat’s lemma; then, we can
conclude that p; — p,;. O

4.2. Velocity Guidance Law Design. In this paper, the fol-
lowing velocity guidance law is designed for the ith follower
UAV:

. (A6-(21/N))

u; = v, =) AB -k, (v; — vp). (34)

Then, we give the following conclusion.

Remark. it is easy to find that the Lyapunov function L,, is
bounded, so we can conclude that (y; — y,) — 0and (p; -
p4s) — 0 simultaneously according to Barbalat’s lemma. In
practice, even if (y; —y,) =0, it is not an attractor which
does not affect the convergence of the whole guidance
system. It is the same for the case of (v; — v,) — 0. Hence,
we can conclude that there exists no problem of singular
values.

Theorem 4. Consider the UAV formation dynamics in (28)
subject to the guidance law in (34); if k, >0, the inter-UAV
angle between follower UAVs will gradually converge to
(2n/N), and the velocity of the ith follower UAV will
gradually converge to the velocity of the leader UAV.

Proof. consider the following candidate Lyapunov function:

lN

L= Y [(Aei —%ﬂ)z + (v - vo)z]. (35)

i=1

Taking the derivative yields that
N

L,= Z [(Aei‘zﬁﬂ> 'Aéi*'("i“’o)' (‘)i“}o)]’ (36)

i=1
where v; = u;, and

. (AG, - (27IN)) .
R T R CG

and we get

L:

u

™M=

I
—

(<K, - (v, = v)*) <0. (38)

1

Similar with Theorem 3, we can also conclude that
AB; — (271/N) and v; — v,. O

5. Simulation Results

In this section, some simulation results are presented in
order to demonstrate the effectiveness of the proposed
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FIGURE 5: Bearing angle and relative range of tracking a static target. (a) Bearing angle. (b) Relative range.

leader-follower formation guidance laws. In these simula-
tion cases, we consider a 4-UAVs’ formation as an example,
UAV #0 is the leader UAV and UAV #1-UAV #3 are the
follower UAVs. The ground target motion is considered as
stationary, linear with constant velocity, and linear with
variable velocity.

Firstly, the simulation applies the leader UAV to track a
ground target and then the UAV formation to track the
ground target in the same way.

5.1. Track a Ground Target Using One UAV. The initial states
of the UAV are set as follows:

(i) Position coordinate: (800, 0)
(ii) Heading angle: —60°
(iii) Cruising velocity: 45 m/s
(iv) Maximum heading angular rate: 0.1 rad/s

The initial states of the ground target are set as follows:
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(i) Position coordinate: (1000, 1500)
(ii) Heading angle: 30°
(iii) Velocity: 15m/s
The gain is chosen as k = 0.0025.

5.1.1. Static Ground Target. Figure 4 shows that the tra-
jectory of standoff tracking of one UAV around the static
target, and it can be seen that the trajectory of the UAV
converges to the circle surrounding the target under the
proposed guidance law. Figure 5 shows the changes of the
bearing angle and relative range.

5.1.2. Constant Velocity Ground Target. Figure 6 shows the
standoft tracking trajectory of the UAV when the target
moves with constant velocity. It can be seen that the tra-
jectory of the UAV is the combination of circular motion
and linear motion. The changes of the bearing angle and
relative range during the process of the convergence are
shown in Figure 7.

5.1.3. Variable Velocity Ground Target. The velocity of the
ground target is chosen as

t
vy, =12+ 2 x sin( — ). (39)
! 10



8 Mathematical Problems in Engineering

Trajectory
4000

3000

2000

1000

-1000

-2000

-3000

-4000

0 2000 4000 6000 8000 10000

- Target
—e— Leader

FIGURE 8: Trajectory of tracking a variable velocity target.

Bearing angle Relative range
3.5 arihgang . 1600 &
3 | 1400
1200
25
= 1000
3 2 =
g E 800
g 15 =
= 600
! 400
0.5 i 200
0 1 1 1 1 0 1 1 1 1
0 200 400 600 800 1000 0 200 400 600 800 1000

t(s) t(s)
(a) (b)

FIGURE 9: Bearing angle and relative range of tracking a variable velocity target. (a) Bearing angle. (b) Relative range.

The angular velocity of the ground target is set as From Figures 4 to 9, it can be seen that whether the target
~0.005 £ < 400 is still or moving, and the UAV always can track the ground
) R ’ target well in the standoff mode.
¥, (=10, 400 < £ <600, (40)
0.005, £>600. 5.2. Track a Ground Target Using Formation UAVs. The
In this scenario, the target moves with the sine trajectory.  initial states of the UAV #1 are set as follows:
It can be seen that the proposed guidance law can also realize (i) Position coordinate: (150, —1000)

the standoff tracking of the target. The trajectory of the UAV
and the ground target are shown in Figure 8, and the o )
convergence curves of the bearing angle and relative range (i) Cruising velocity: 40.5 m/s

are shown in Figure 9. (iv) Maximum heading angular rate: 0.1 rad/s

(ii) Heading angle: —30°
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all UAVs.

The initial states of the UAV #2 are set as follows:
(i) Position coordinate: (—75, —870)

(ii) Heading angle: 80°

(iii) Cruising velocity: 41 m/s

(iv) Maximum heading angular rate: 0.1 rad/s

The initial states of the UAV #3 are set as follows:
(i) Position coordinate: (—75, —1130)

(ii) Heading angle: 100

(iii) Cruising velocity: 40.5m/s

(iv) Maximum heading angular rate: 0.1 rad/s
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FiGure 12: Inter-UAV angles and relative ranges of cooperative tracking a static target. (a) Inter-UAV angles between followers. (b) Relative

ranges between leader and follower UAVs.

The gains are chosen as k, = 1.28 and k, = 1.2.

5.2.1. Static Ground Target. Under the proposed guidance
laws, the multi-UAVs can converge to the desired standoff
trajectories when the target is static. The trajectories of the
UAVSs’ formation are shown in Figure 10, the velocities and
heading angles of the formation are shown in Figure 11, and
the inter-UAV angles and relative range between leader and
follower UAV's are shown in Figure 12.

5.2.2. Constant Velocity Ground Target. As shown in Fig-
ure 13, the target moves with constant velocity and UAV's
can accomplish the objective of standoff tracking, and the
changes of the velocities and heading angles are shown in
Figure 14, and the inter-UAV angle and relative range be-
tween leader and follower UAVs are shown in Figure 15.

5.2.3. Variable Velocity Ground Target. In this scenario, the
target moves with the sine trajectory. The proposed guidance
laws can also guarantee the convergence of the formation.
The trajectories of the UAVs are shown in Figure 16, the
changes of the velocities and heading angles are shown in
Figure 17, and the inter-UAV angles and relative ranges
between the leader and follower UAVs are shown in
Figure 18.

From Figures 10 to 18, it can be seen that regardless of
the ground target is static or moving, the desired formation
always can be achieved, the follower UAVSs’ velocities and
heading angles gradually converge to the leader, and the
followers always can track the ground target well.

Trajector
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-2000 L L L 1 1
-0.5 0 0.5 1 1.5 2 2.5

X x104

—— Target -o - Follower 2
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--e-- Follower 1

—— Follower 3

FIGURE 13: Trajectory of cooperative tracking a constant velocity
target.

5.3. Simulation Analysis and Comparison. In order to verify
the tracking performance, we adopt the well-known LVFG
guidance algorithm proposed in Ref. [12] to run the same
simulation case of variable velocity ground target tracking.
We choose the tracking performance of UAV #1 as an
example.
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The velocity of UAV #1 and relative range between UAV When other performances are relative equivalent, from
#1 and the ground target using proposed method in this  Figure 19, the proposed guidance law in this paper makes the
paper and Ref. [12] are shown in Figure 19. velocity and heading angle of the follower UAVs always be
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FIGURE 19: Velocity of UAV #1 and relative range. (a) Velocity of UAV #1. (b) Relative range.

consistent with the leader UAV, thus the convergence
characteristics of velocity and relative range of the UAV #1
are better than the results in Ref. [12].

6. Conclusion

In this paper, a new leader-follower formation tracking scheme
is proposed, which is based on the principle that a leader UAV

is applied to track a ground target in the standoff mode, while
multiple follower UAVSs to track the leader UAV and are evenly
distributed in a circle. As a result, the leader UAV maintains a
certain distance to the ground target to avoid being exposed,
while the follower UAVs can be closer to monitoring the
ground target. The stabilities of the new guidance laws are
proved using Lyapunov functions. Numerical simulations of a
4-UAVs formation show that the new leader-follower
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formation can track the static and moving targets well, and its
performance is better than the well-known classic LVFG al-
gorithm [24].
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This paper addresses the problem of composite curve path following for an underactuated autonomous underwater vehicle by
utilizing an adaptive integral line-of-sight (AILOS) guidance and nonlinear iterative sliding mode (NISM) controller. First, the
composite curve path is parametrized by a common scalar variable in a continuous way. Then, the kinematics error of an
underactuated vehicle is described based on the nonprojection Frenet-Serret frame with a virtual point, which can be eliminated
by the virtual point control and AILOS guidance. Meanwhile, the subpath switching algorithm is studied to realize the global path
following for the composite curve path. Besides, the NISM controller is cascaded with the AILOS guidance law, and the cascade
structure proved to be globally x-exponentially stable under the influence of slow time-varying currents. Finally, simulations are

considered to demonstrate the effectiveness of the proposed composite curve path following control scheme.

1. Introduction

In recent years, much research has been done in the field of path
following for autonomous underwater vehicles (AUVs). In most
of the existing literature, the desired geometric path is a single
curve [1, 2]. However, as is known, a single curve cannot
represent complex shapes with a high degree; it may result in a
very intractable and impractical path due to Runge’s phe-
nomenon [3]. Hence, utilizing the composite curve path as the
desired path is more practical since it is composed of multiple
subpaths and can meet the demands of varied tasks flexibly in a
complex and limited marine environment.

It is known that the shape and the properties of the
composite curve path have a great influence on the path
following control. Generally, the composite curve path is
obtained by a path planning algorithm with two steps.
Firstly, utilizing a path search algorithm, the given order of
waypoints is obtained based on certain optimization ob-
jectives. Then, considering the kinematics constraints of the
vehicle, multiple curves (such as straight lines, circular arcs,
spiral lines, and polynomial curves) can be used to connect
all the waypoints to generate a flyable path [4]. In the existing
literature, path following of composite curve path such as

successive straight lines, straight lines and circles [5,6], and
spline interpolation curve [7] has been studied. However, to
the best of the authors’ knowledge, no general method has
been proposed for tracking the composite curve path, which
will be studied in this paper.

As the expressions of curve segments vary, and there is
no unified parametrization for the composite curve path,
they will be inconvenient to calculate and expand. Hence, for
better tracking of the composite curve path, it is necessary to
choose an appropriate path description method. To solve
this problem, all the curve segments are parametrized in a
continuous way in this paper. Besides, each curve segment is
parametrized by a common scalar variable with the same
interval. However, it is usually difficult for the composite
curve path to satisfy parametric continuity between the
curve segments. Hence, to realize the global path following
of the composite curve path, the problem of subpath
switching [5, 8] is also discussed.

After the composite curve path has been designed and
parametrized, an efficient path following system is proposed.
For underactuated AUVs, which have no independent control
input in the sway and heaven direction, the line-of-sight
(LOS) guidance principle is a very suitable and efficient
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solution for path following. When combined with guidance,
the position and heading can be controlled simultaneously
just by the heading control. Hence, utilizing LOS guidance,
this has been no longer an underactuated problem in terms of
the variables to be controlled [9]. Proportional LOS guidance
is one of the most widely used methods [10]. However, it
cannot handle the unknown environmental disturbance such
as wind, wave, or currents. To solve this problem, the integral
line-of-sight (ILOS) guidance law is proposed for path fol-
lowing of straight-line paths in the presence of constant and
irrotational ocean currents [11]. A modified version of the
ILOS algorithm based on the adaptive compensation of the
sideslip angle is proposed for path following of a parametrized
curve under unknown environmental disturbances [6]. Be-
sides, adaptive integral line-of-sight (AILOS) guidance law is
designed for marine craft exposed to ocean currents. The
expression of the cross-track kinematics error is reformulated
using the concept of relative velocity [12].

Generally, the LOS guidance laws are intuitive as they are
formulated at a kinematics level without using the vehicle
parameters. Through a cascaded system approach [13], the LOS
guidance principle can be interconnected with a heading
controller to achieve the path following control. In detail, the
LOS guidance principle transforms the position error into the
desired heading angle, and the heading control system is re-
sponsible for eliminating the heading error. For the cascaded
system, the heading controller can be designed independently,
so more concise control law can be obtained, such as the PID
(proportional integral derivative) control, the fuzzy control, the
sliding mode control, and the neural network control. Different
control algorithms have their own advantages and disadvan-
tages. In [6], to realize the LOS path following for Dubins paths,
the PID controller has been used for the heading control, which
is easy to implement, but there are the problems of integral
saturation and slow convergence speed. Sliding mode control
has strong robustness against external environmental distur-
bances. In [12], the sliding mode control is constructed for the
heading control. However, the control law is based on the yaw
dynamics model and can be affected by the uncertainty of
model parameters. In [14], disturbance observers and modified
terminal sliding mode control are combined to design a robust
disturbance rejection control law for the dynamics control of a
X-rudder AUV. Fuzzy control [1] and neural network control
[7,15] are usually combined with other control methods in
order to identify the dynamical uncertainty and time-varying
ocean disturbances.

In this paper, a new composite curve path following con-
troller is proposed for an underactuated AUV, based on non-
linear iterative sliding mode (NISM) controller [16] and AILOS
guidance. The main contributions are summarized as follows:

(1) To eliminate the tracking error, a cascade structure is
established based on AILOS guidance law and a
NISM controller, which proved to be UGAS (uni-
formly globally asymptotically stable).

(2) Based on the AILOS guidance law and the subpath
switching algorithm, the global path following of the
composite curve path in the kinematics layer is re-
alized with the unknown ocean currents.
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(3) The NISM control is proposed in the dynamics layer,
which has the characteristics of fast convergence and
strong antidisturbance ability. In addition, the
strictly bounded nonlinear hyperbolic tangent
function is used to avoid excessive control input
caused by the discontinuity at each connection point
between two subpaths. Besides, the incremental
feedback control law is designed, which is inde-
pendent of hydrodynamic parameters.

The remainder of this paper is organized as follows.
Section 2 describes the concept and parametrization of the
composite curve path, where the continuity characteristics of
the composite curve path are analyzed, and parametric
forms of common curves are given. Section 3 presents the
kinematics and dynamics expressions of REMUS (remote
environmental monitoring units) vehicles and problem
formulation. Section 4 addresses the design and proof of the
path following control system. Section 5 validates the ef-
fectiveness of the previous design for the composite curve
path following with several simulation cases and discussions.
Section 6 demonstrates the conclusion of this work.

2. Preliminaries

The composite curve path can be defined as a set of curves
connected in a specific order. Each curve segment is regarded
as a subpath. The parametrization and the continuity of the
composite curve path are discussed in this section. Besides,
the parametric description is proposed for typical curves.

2.1. Path Parametrization. In complex and limited marine
environment, the composite paths can meet the demands of
varied tasks flexibly by adjusting the type of subpaths.
However, as the expressions of subpaths may vary, they will
be inconvenient to calculate and hard to expand for the path
following of composite curve path.

To handle this problem, the path parametrization method
is adopted to describe the composite curve path. Many pa-
rametrization methods can be used to describe a path, which
may be continuous, discrete, or even hybrid [17]. In this
paper, the composite curve path is parametrized in a con-
tinuous way, and every curve segment is parametrized by a
common scalar variable s € [0, n] (nis a natural number) with
the same interval, which makes it more convenient to cal-
culate considering different kinds of curve segments.

For a continuous parametrization, the composite curve
path L with »n subpaths can be defined as

Li(s), se[0,1),
L,(s), sel[l,2),
Py =0 ) selioLi, ()
| L, (s), se€[n-1,n].

The path is then simplified by the set
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L= {p €R* 3s e [0,n]st. p= Py (S)}, (2)

where L, (s) denotes the parametrization of the i th subpath
of the composite path L, and p is the set of all the points on L.
The coordinates of the point Py (s) in the inertial frame {I}
are uniquely determined by a specific value s € [0,n] with
the following form:

xf’(s)]. ()

pp(s) = |:)’p )

With a continuous parametrization, for any given pa-
rameters of the composite curve path, the position of the
corresponding point can be determined uniquely.

Regular curves are desired for the subpaths, which means
that such paths never degenerate into a point nor do they
have corners. Specifically, these curves include both straight
lines and circles [18]. Parametrization for the regular curves
satisfies

a

(4)

dp, (S)’

[ps |27,

where p 1; (s) is the first derivative of the point p,, (s) w.r.t. the
path parameters. For each subpath, the first and second
derivatives w.r.t. s can be described as

%p(9) = dsp
N
yps) =35
1 , (5)

d'x

n _ P

%=
dzy

n _ p

[ Vr () = ds*’

The first derivative of s w.r.t. time is s = (ds/dt), and the
path-tangential speed is calculated as

Up = \ip (s + 7, (9° =5, (97 + 355 (6)

The path-tangential angle (or course angle of the path) is

computed as
Xp (s)=atan 2 <i§§3> (7)

The curvature of the path can be calculated as

o x,(s)y, (s) = y;(S)x[,’(S).

, : (8)
Vxp () + 7, (9)

The angular speed of the path can be described as

0 ! " ! "
r(9) = 1y () = %5‘ _%p (9)y, () =y, ()x, (s) :

(9)

x;,z (s) + y;,z (s)

2.2. Path Smoothness. The smoothness of the desired path
has an essential impact on the motion control of the
underactuated vehicle. Moreover, two notions can be used to
describe the path smoothness, namely, the geometric con-
tinuity (GC) and the parametric continuity (PC) [19].

GC is denoted by G", with n specifying the degree of
smoothness. The brief definition of GC up to the second
degree can be given as follows:

(i) G% the only requirement is that all subpaths are
connected

(ii) G': the path-tangential angle in the connection
point is continuous

(iii) G*: the tangential angle and the curvature of the
path are continuous

Similarly, PC is denoted by C", with n specifying the
degree of smoothness. C" up to the second degree can be
defined as follows:

(i) C° the definition is the same as that of G°

(ii) C': the velocity vector orientation and magnitude
are continuous

(iii) C?: the acceleration is continuous

Compared with GC, PC is a stricter form of continuity
which imposes constraints on how the parameter propagates
along the path. Moreover, PC is a measure of smoothness for
parametrizations.

From (1), it can be concluded that the composite curve
path can satisfy at least the C° (or G°) continuity. However,
higher-order PC is usually hard to realize for the composite
curve path with different types of curve segments. The de-
rivative of the parameter in the connection point is dis-
continuous. Relatively, G' and G?* are easy to build and can
be used for path following of the composite curve path.

Some common composite curve paths can be used as
examples (see Table 1).

2.3. Parametric Description of Typical Curves. Based on [19],
the parametric descriptions of straight lines, circular arcs,
and Fermat’s spiral with a standard scalar variable are given.
The parametric description of the line segment is as follows:

xo + Ls cos(x;) ]

) (10)
Yo + Ls sin(y;)

Pline (S) = [

where (x,, ¥,) is the starting point, L is the length of the line
segment, and y; is the path-tangential angle of the line
segment.

Furthermore, the parametrization of circular arcs can be
expressed as
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TaBLE 1: Common composite curve paths.

Path GC
Piecewise linear path ~ G°

Comments

Generated directly through waypoints but is not suitable for path following of underactuated AUV
Generated by approximating methods, and curvature between straight and circular segments is
discontinuous
Generated by interpolating methods, and curvature between straight and circular segments is discontinuous
Generated by approximating methods, linear varying curvature with an increased computational cost
Generated by interpolating methods, curvature-continuous paths with a very low computational cost

Circular smoothing ~ G!

Dubins path G!
Clothoid smoothing ~ G2
Fermat’s spiral

2
smoothing G compared to clothoid smoothing [19]
Ceo + R cos(ay + s () — atg)) 3.1. AUV Model considering Currents. Considering the in-
P, (s) = |: Rs j| (11)  fluences of currents, the kinematics model in the horizontal
Cyo + Rosin (&g + (e — %)) plane can be expressed in terms of the relative surge and

Here, (c,, ¢y0) is the center of the circle, and R is the radius.
Besides, «,, and a, are the heading angles of vectors from the
center of the circle to the starting point and the endpoint.

To avoid singularity, the parametrization of Fermat’s
spiral can be described as

X+ k\[0epg s cos(pGends2 + Xo)
PFs (s) = >
Yo+ k 6encl S Sin(p9<=.r1ds2 + XO) (12)

Vo

S = =0<s<1.

V eend

For the mirrored curve of Fermat’s spiral, the following
parametrization is proposed:

Xend ~ k Gend (1- S)COS(_peend(l - 5)2 +Xend)

PF_S (S) =
Yend T k eend (1- S)Sin(_peend (1- 5)2 + Xend)
eend -0
si=—8 _ 0<s<1
gend

(13)

where (x,,y,) is the starting point, (X.,4> Venq) is the
endpoint, 6 is the polar angle, 6,4 is the polar angle of the
endpoint, y, and y.,q are the path-tangential angles of
Fermat’s spiral at the starting and the endpoint, and p de-
termines the direction of spiral rotation.

3. Problem Statement

REMUS vehicles are low-cost AUVs designed by the Woods
Hole Oceanographic Institution serving in a range of
oceanographic applications, such as surveying and mapping.
The vehicles are torpedo-shaped and underactuated without
lateral thrust; a propeller and fins are used for steering and
diving. Besides, the mathematical model of REMUS vehicles
has been well researched, which can be used in motion
control simulation of underactuated AUVs [20].

This section describes the kinematics and dynamics
expressions of the REMUS vehicles and problem formula-
tion of the composite curve path following.

sway velocities [20,21].
x =u,cos(y) —v,sin(y) +V,,

¥ = u,sin(y) +v,cos(y) +V,, (14)

y=r.

As depicted in Figure 1, (x) and y are the coordinates of
the center of mass of the vehicle expressed in the inertial
frame {I}. v and r define its heading angle and yaw velocity.
The pair (V,, Vy) denotes the northeast current velocities in
{I}. Hence, the body-fixed current velocities in surge and
sway directions (u,,v,) are given by

u. =V, cos(y) -V, sin(y), ()
15
ve =V,sin(y) +V,, cos(y).

The relative surge and sway velocity can be defined as

U, =u-u,
(16)
V,=v—1v,

where u and v are the surge and sway velocity relative to the
Earth.
Besides, the relative resultant velocity can be expressed as

U, = \ul +v. (17)

The REMUS vehicle considered in this paper is based on
the following assumptions.

Assumption 1. The vehicle has two axial planes of symmetry,
top-bottom and port-starboard symmetry, respectively.

Assumption 2. The vehicle center of gravity is the same as
the vehicle center of buoyancy, and the origin of the vehicle
body-fixed coordinate system is located at the vehicle center
of buoyancy.

Neglecting the motions in heave, roll, and pitch direc-
tions, the 3-DOF dynamics model of REMUS vehicle in the
horizontal plane can be simplified as

i, m-X, 0 0 71'rex
v, |=| 0o m-v, -V, sy |, (18)
7 0 -N; I,-N N

v zz 7
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FI1GURE 1: The kinematics description of AUVS in the horizontal plane.

where £X and XY define the nonacceleration terms along
the x-axis and y-axis, and £N defines the nonacceleration
terms of rotation along the z-axis. The description of XX,
2Y, and XNcan be shown as

ZX = Xululur|ur| + X, v, r+ X, rr+ Xp,
Y =Y, v v | + Yyrlrl + Y u,r

—mu,r + Y u v, + Y stid,, (19)
EN = Ny v |ve| + Nyyrlrl + Nu,r

+ N, v, + N, 510,

uvsr'r

where u,, v,, and r are relative surge, sway, and yaw velocity
of the vehicle, which constitute the kinematics status of the
vehicle. The thrust X; and the rudder angle §, denote the
control input. The symbols similar to X o Y and N 8
represent the hydrodynamic parameters of the model, which
are used for the calculation of hydrodynamic forces and
moments. m represents the mass of the vehicle, and I, is the
moments of inertia. The values of these parameters are
presented in Table 2.

3.2. Kinematics Error Description. As depicted in Figure 2,
the composite curve path L is composed of two subpaths, L ;
and L,. Q is the origin of the body-fixed coordinate system of
the AUV and P is the virtual point moving along the path.
The kinematics error is described in the Frenet—Serret frame
{F} [22] attached to the point P. However, different from the
traditional Frenet-Serret frame {F}, P is not the closest point
on the path to the vehicle, but a point which evolves
according to the designed control law. In this way, the
singularity caused by parametrization with arc length can
also be avoided [23].

The tracking error expressed in {F} can be described as

xe =(x- xp)cos(Xp) +(r- yp>Sin(Xp)’
Ve = {x - xp)Sin(Xp) +(y - yP)COS(Xp)’

where x, is the along-track error and y, is the cross-track
error, (x,y) and (xp, yp) are the coordinates of the AUV
and the virtual point in the inertial coordinate system, and
X, is the path-tangential angle of the desired path.
Differentiating (20) yields the error dynamics build in

(20)

X, = -U,+U, COS(I// + B, - Xp) +1,Y. + cos(Xp)Vx + sin()(p)Vy,

2

where r, = ¥, is the angular speed of the path and f, =
a tan 2(v,,u,) is the drift angle.

Generally, the problem of the composite curve path
following for underactuated AUV can be formulated as
follows:

(21)

3, =U, sin(w +p, - XP) —TpXe = sin(XP)Vx + cos(Xp)Vy,

Given a constant thrust X and desired composite curve
path L, select an appropriate way to parametrize the path (1),
design guidance and virtual point control laws to generate
the desired heading angle y,; and realize the global path
following, and then develop an active heading controller to
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TaBLE 2: Parameters of the REMUS AUV.
Parameter Value
m 30.48kg
Xu ul -1.62 kg/m
X, -0.93kg
X,, 35.5kg/rad
X, 1.93kg - m/rad
Y, ~1310kg/m
Y, -35.5kg
Yo 0.632kg - m/rad”
Y, 1.93 kg - m/rad
Y, 5.22kg/rad
Y., 28.6kg/m
Y5 9.64kg/ (m - rad)
N, -9.4kg - m?/rad’
N, -3.18kg
N, 1.93kg/m
N, -4.88kg - m?/rad
N, —2.0kg - m/rad
N, —24kg
Nous —6.15kg/rad
I,, 3.45kg - m?
XTI max 6.48N
8, max 35°

achieve the expected heading angle, so that the path tracking
error can be eliminated.

4. Path following Control Design

To eliminate the tracking error under the influence of un-
known static currents, a new path following controller is
proposed with cascade structure, as shown in Figure 3.
First, the designed composite curve path is parametrized
by a common scalar variable in a continuous way, and a
point (P) is selected as the virtual target to be followed.
Then, the kinematics error between the coordinates of the
AUV and the virtual target point can be calculated including
the along-track error and the cross-track error. To eliminate
the along-track error, the speed of the virtual point (s) is
introduced as a control input. Besides, utilizing the adaptive
ILOS guidance with a current observer, the desired heading
angle is given to eliminate the cross-track error. Next, the
heading control system (an improved NISM controller) is
designed to realize the desired heading angle (v, = 0) by
controlling the rudder (6,) under constant thrust (X;).
Finally, the cascade structure proved to be globally k-ex-
ponentially stable under the influence of static currents.

4.1. The AILOS Guidance. The path-tangential speed of the
virtual point can be used as a control input [18,23]:

Up = Ur COS(V/ + ﬂ - Xp) + kxe + COS(XP)Vx + Sin(XP)Vy’
(22)

where k >0 is a gain parameter; the virtual point will move

toward the direct projection of the vehicle onto the x-axis of

{F}, whose purpose is to reduce the along-track error to zero.
Substituting (22) into (21) gives

Mathematical Problems in Engineering

X, = —kx, + 1,y (23)

Simultaneously, adaptive ILOS guidance law is used to
derive a desired heading angle to eliminate the cross-track
error. As illustrated in Figure 1, the desired heading angle is
designed as [3]

WdZXp+Xr_ﬁr’ (24)

with
X, = arctan(—% (v, + oc)), (25)

where A >0 is the look-ahead distance along the tangential
path in {F}, which is given in meters and usually takes values
between 1.5 and 2.5 times the length of a vehicle. Besides, the
parameter « is a virtual control input used to compensate for
the disturbance of unknown currents.

As the heading error can be expressed as v, = v — vy,
the expression of y, in (21) can be rewritten as

Ye = U, sin(y, +x,) —1,%, — sin(XP)Vx + cos(XP)Vy.

(26)

Substituting (25) into (26) gives
1
y,=U, sin(tpe + arctan(—K (ye + a))) —TpX,
(27)
- sin(XP)Vx + cos(XP)Vy.
Then, (27) can be rewritten as

U
Ve = ‘% = rpx, = sin(x, )V, +cos(x, )V,

+ Ur¢1 (ye’ Vje)We’
(28)

where

o) ()’ > '7’) = Sin(%)
‘ Ve A%+ (y, +a)’

A

(29)
Ccos(y)-1  y+a

Ve o N 4(yta)

To eliminate the influence of the currents, a« can be

designed as
O+ 00 (1- )+
o= )’ n ( n) ye) (30)

1-6

where

6, = —sin(XP)VxU+ cos(XP)V},' (31)

r

As the currents considered in this paper are much
smaller than the speed of the vehicle, it is easy to conclude
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FIGURE 2: The kinematics description of path following in horizontal plane.
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FIGURE 3: The cascade structures with a current observer.
Fhat |0,,| < 1. Based on this assumption, there is no singularity V| = x,%,+ V.5,
in (30).
The first derivative of the kinematics error can be de- U,y (33)
r/e

scribed as

X, = —kx, + TpYe

U,J. (32)

o= e
‘ \/Az +(y, + (x)2

Theorem 1. Assume that v, =0, U, >0, A>0, and V, and
V, are known. Furthermore, assume that U, is computed
using (22) and y; is calculated as (24). Then, the equilibrium
point (x,,y,) = (0,0) of the system (32) is globally k-expo-
nentially stable.

—TpXe + Ur¢(ye’ V/e)]//e'

Proof. By substituting w, =0 into (32), the Lyapunov
Function Candidate (LFC) V| = (1/2)x2 + (1/2)y? has the
time derivative

e U
VA + (5 + @)

which is negative since k>0 and U, > 0. Hence, the equi-
librium point [x,, y,]* = 0 is uniformly globally asymptot-
ically stable (UGAS) and uniformly locally exponentially
stable (ULES) or globally k-exponentially stable [24].

However, currents are generally difficult to measure. To
eliminate the influence of the unknown currents, the current
observer is designed to predict the currents. The currents can
be described asV, = (Vx,Vy)T, and V_, is the estimated
value of V. The position of AUV in {I} can be express as
1, = (x,¥)", and 7, is the estimated value of #,. According
to (14), the derivative of #, can be expressed as

i1, = R(W)vy, + Ve (34)

cos(y) —sin(y)

Here, v,, = (u,,v,), and R(y) = [ sin(y) cos(¥)



The current observer can be designed as [25]

Vcn = ko1, (’71 - ﬁl)’

. ~ (35)
?h = R(W)vlr + Vcn + kob212 (’71 - ﬁl)’

where ﬁl =M - ﬁl and Vcn = (Vcn - Vcn)
Assume that the currents are changing slowly relative to
time, which means V', = 0. Substituting (34) to (35) gives

\75,, _ [ 0 _kab112 ] |:‘7m:|
i, L, kgL, | | 7, (36)
X A X
where k,;,; >0, k,;, > 0. O

Theorem 2. The current observer (36) is globally exponen-
tially stable (GES) for static currents.

Proof.  Consider the following Lyapunov function
candidate:
v, = X'PX, (37)
where X = [V, 7;]; P = PT >0 is given by
PA+A"P = I, (38)
where g > 0. Substitution of (36) into (38) gives
Koy + Ky + 1 1
obl ob2 12 - 6]12
2koblkob2 2
P= . (39)
1 kg +1
—ql < 1
212 2kyy

When k,,; >0and k_;, >0, it can be seen that the leading
principal minors of P are positive. Hence, V, is positive
definite.

The time derivative of V, is

Vv, = X PX +X"PX. (40)
Substituting of (36) and (38) into (40) gives
V, = —qlIX|”. (41)

Consequently, the equilibrium point [V, 7,]" =0 is
GES, according to Theorem 4.10 in [26]. O

4.2. Subpath Switching Algorithm. The path-tangential speed
U, of the virtual point is used as a control input to stabilize
the along-track error. Moreover, according to (6), the first
derivative of the parameter s of the virtual point w.r.t. time
can be expressed as

. Up
$= RV PRV (42)
\xp ()7 + ¥, (s)

It can be seen that § is singularity-free for all regular paths.
Besides, the value of s is dependent on U, and the
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parametrization of curves. As the composite curve path usually
does not satisfy C' continuity, and each curve segment is pa-
rametrized differently, s is discontinuous at the waypoint.

Besides, as each curve segment with different charac-
teristics is parametrized with the same parameter interval,
the length of the curve segments will have a significant
impact on the value of s. Relatively, the equal amount of s
will have a different meaning for different curve segments.
Hence, the switching algorithm has to be considered for path
following of the composite curve path, especially when the
length of subpaths varies a lot.

The parameter s of the virtual point can be obtained from
the numerical integration of s. It can be expressed in Euler’s
method:

Sk+1 = S T SkAt =S + ASk. (43)

When s, + As, > =i, the reference point will switch to
the L;,, subpath from the L; curve segments. Considering
the different effect of s for two curve segments, at this time,
Sie1 cannot be calculated by (43) directly. The problem can
be solved by setting s;,, = i, which is the parameter of the
starting point of L, , subpath, as the displacement of the
reference point in a period is small and has little impact on
the path following. Ultimately, the global path following for
composite curve path can be achieved.

Besides, an additional path switching mechanism can be
introduced to achieve better tracking effect at path
switching, especially for the piecewise linear path with G°
continuity. As shown in Figure 4, it is suggested that a so-
called circle of acceptance is associated with each waypoint
connecting two subpaths [8]. The switching criterion can be
defined as

(xp %) +(7,, —») <R (44)

where R, is the radius of the circle of acceptance. The
magnitude of R, can be determined by considering the
turning ability of the AUV. Generally, the parameter R;can
be selected as R, <A. After the criterion has been satisfied,
the next curve segment will be followed.

Generally, for composite curve path following, each
subpath switching can be regarded as the beginning of
tracking a new path initialized by the current state of the
AUV.

4.3. Heading Controller Design. To obtain the desired
heading angle given by the guidance law, the heading control
system is designed to make the heading error converge to
zero.

A non-model-based NISM control algorithm is utilized
to realize the heading control. The nonlinear sliding surfaces
are designed as

{ 0y (We) = kltanh(kﬂ/]fz) + d’e’ (45)
0,(0y) = kstanh (k40,) + 64,
where k;>0(i =0,1,...,4) are the control parameters,

tanh (x) is a strictly bounded nonlinear hyperbolic tangent
function, and ¢, and o, are designed slide mode surfaces.
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Pk+1

Composite curve path L

FIGURE 4: The subpath switching algorithm of the composite curve
path.

To stabilize ¢, and o,, the incremental feedback control
law is designed as

S, = k,tanh (ks0,) + kgsgn (a,), (46)

where 8, is the derivative of the rudder angle.

Different from the standard NISM controller [27],
tanh (x) is used for the incremental feedback calculation of
d,. By considering the discontinuity of the connection point
between two curve segments, the value of 5, may become
very large suddenly. This will cause excessive rudder speed
which is not practical and may cause damage to the rudder
system. Hence, in (46), k p can be used to limit the maximum
rudder speed. When there is time-varying interference, k;
can be set to a smaller value to ensure the stability of the
control system. The signs of k, and k, are selected relating to
the definition of the rudder. For the model of the REMUS
vehicle, the rudder angle is defined as positive, when the
resulting force causes the vehicle to turn left. Hence, k, and
k, are selected to be positive. In addition, k; is also selected to
be positive, which is used to adjust the range of coordinate
where §, is varying at an exponential rate.

According to (45), when o, = 0, one can obtain

0, = —kstanh (k,0,). (47)
Hence,0, — 0. Similarly, when o, = 0, one can obtain
v, = -k tanh (k,y,). (48)

Hence, y, — 0. This means that the heading error will
converge to zero when o, = 0. According to (47) and (48)
and the properties of the hyperbolic function, it can be
known that when k,0, and k,y, are large, o, and v, will tend
to zero at a fixed rate. Moreover, when k,0, and k,y, are
small, o, and y, will exponentially converge to zero. Besides,
ks and k, determine the maximum attenuation rate of o, and
¥,, and k, and k, are used to adjust the range of coordinate
where 0, and y, are decaying at an exponential rate.

Theorem 3. Assume that the sliding mode surfaces (45) and
the incremental feedback control law (46) are used for the
heading autopilot system, the definition of the sign of the
rudder is known ((0r/06,)<0), and kp>0, k,>0; then,
the equilibrium point y, =0 is globally k-exponentially
stable.

Proof. ~The Lyapunov Function Candidate (LFC)
V5 = (1/2)0% has the time derivative
. agz .
V, =0,=9,. 49
3 0; J 8, r ( )

According to (45),
0,(0,) = kytanh (k,0,) + k, ko1 sec’ (kyw,) + 7, (50)

where 7, = r —r,;. According to (18) and (19) and the pa-
rameters of the REMUS AUV, ignoring the variables in-
dependent of §,, one can obtain
b0, _ o
a5, 06,

<0. (51)

According to (45), it can be known that

0,0, = k,0,tanh (ks0,) + k,|0,| 2 k,0,tanh (k;0,) > 0.
(52)

Hence, it can be derived that

V5 <k,0,tanh (ksaz)g%SO. (53)

Depending on the properties of the hyperbolic function
and Lyapunov stability theory, it can be concluded that o, =
0 is UGAS and ULES or globally k-exponentially stable.
Similarly, according to (47) and (48), y, =0 is globally
k-exponentially stable. O

4.4. Stability of the Cascade System. Consider the following
cascade system:

xpt = fl(t’xpt) +g(t’xpt’ypt)ypt’ (54)
J}pt = fz(t> ypt)'
System (54) can be regarded as
Z: Xpt = fl(t’xpt)’ (55)

1pt

which is perturbed by the output of the system
Z: Vpt = fz(t’ ypt)' (56)
2pt

Besides, the theorems proposed by [13] can be used to
prove the stability of the cascade system. To be convenient,
the theorems are presented here.
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Theorem 4. Cascaded system (54) is GUAS if the following
three assumptions hold:

(i) Assumption on ¥, ,: the system f,(t,x,,) is GUAS
and there exists a continuously differentiable function
V(t,xp): IR,g x IR" — IR that satisfies

W, <V(t,x,),

0 0
%% Filtxp) <0 ]2 1 .

ov

L Y B TR o

where W, is a positive definite proper function and
Cp>0 and Npe >0 are constants.

(ii) Assumption on the interconnection:
g (t, X, y ) satisfies for all t > 1

the function

AT ()] D Y

where 6, 0,:
functions.

(iii) Assumption on Y, the system ¥, is GUAS and
forall t;>0

la(t 2000 ve)| <

IR,y — IR,y are continuous

j:m"ypt(t’ t()’ ypt (to))”dt < Kypt("t()”)’ (59)

where the function x(-) is a class x function [24].

Theorem 5. In addition to the assumptions in Theorem 4, if
both 3., and Y., are globally k-exponentially stable, then
cascaded system (54) is globally k-exponentially stable.

For path following under the disturbance of unknown
static currents, the stability of cascade system can be proved
in two steps. First, without considering the currents, the
cascade system described in Theorem 6 can prove to be
globally x-exponentially stable. Then, based on Theorem 6,
the cascade system including a current observer can prove to
be globally x-exponentially stable under the influence of
unknown static currents.

Theorem 6. Without considering the currents, the guidance
system expressed as (32) and the heading control system
described by (45) and (56) can be analyzed as a cascade
structure, which is globally «-exponentially stable at
(%0 yer ) = (0,0,0).

Proof. The cascade can be described as

Mathematical Problems in Engineering

X, = —k;x, + TV
Zi: U
)./e = _% —TpXe + Ur¢(ye’ We)‘//e’
A"+ (y, +a)
(60)
Z;Z dje = fl (t’ We)’ (61)
where v, = f,(t,y,) define the heading error dynamics

corresponding to (45).

To prove Theorem 6, the three assumptions in Theorem 4
need to be verified. The nominal system of =} (when y, = 0)
is

X, = —k;x, + o Ye

1%+ ) Ur)/e (62)

Jo=———
VA + (5 + @)

The LFC is selected as V= (1/2)x2 + (1/2)y2, and,
according to (33), it is known that Vl <0. Hence, the as-
sumption on ) ,, is always satisfied when ¢ >2.

Besides, the interconnection term  satisfies
¢ (¥, W) < =¢, and ¢ =173 is the upper bound [12].
Hence, the assumption on the interconnection is also
satisfied.

As % is globallyk-exponentially stable, the last as-
sumption is also satisfied. Hence, all conditions of Theorem
4 and Theorem 5 are satisfied, and the cascade system is
globally k-exponentially stable.

Considering the prediction error of observer, the cascade
structure can be described as

—1,X,.

xe = _kl'xe + TpYe + ¢2 (Vcn)’
. U,y, _
Z%: 1 Ye= _% - rpxe + Ur¢ (ye’ V/e)I//e + ¢3 (Vcn)’
VA + (. + )
Ve = f1(ve)s
Zg: ‘:7m = f2 (Vcn)’
(63)
where
¢, (V) = cos(Xp)Vx + sin(XP)Vy, )

¢3 (Vcn) = _Sin<Xp)\7x + COS(XP)V}/ D

Theorem 7. Assume that the currents are changing slowly
relative to time and the current observer is designed as (35); by
considering the prediction error, the guidance and heading
control system expressed as (60) and (61) can be cascaded with
the current observer, and the cascade structure is globally
k-exponentially stable.
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Proof. 'The nominal system (X2 system with V., =0 ) has
proved to be globally k-exponentially stable in Theorem 6.
Hence, according to converse Lyapunov theory in [26], there
exists Lyapunov function V, = (x,, y,, ¥,) that satisfies the
assumption on the nominal system. Besides, as the trigo-
nometric functions are strictly bounded and the V, is
bounded, it can be concluded that ¢, (V,,) and ¢ (V,,,) are
bounded. Moreover, the current observer is GES. Hence, all
conditions of Theorem 4 and Theorem 5 are satisfied, and
the cascade system is globally k-exponentially stable. O

5. Simulation Results

To verify the effectiveness of the control system for the
composite curve path following, three simulation cases are
carried out. Case 1 is implemented to verify the performance
of the proposed path following controller for the composite
curve path without currents. Besides, the PID control and
the conventional sliding mode control are introduced as the
heading controller to be compared with the improved NISM
controller. Based on Case 1, Case 2 is carried out to prove the
effectiveness of the additional subpath switching algorithm.
In Case 3, unknown static currents are introduced to test the
anti-interference ability of the controller based on the
current observer.

The composite curve path is designed to contain GO, G1,
and G2 continuity at the same time and is composed of seven
subpaths, including straight lines, circular arcs, and Fermat’s
spirals. The parameters of the composite curve path and the
controller are shown in Tables 3 and 4. As most parameters
of the guidance and heading control system have a clear
physical meaning, the parameters are based on hand tuning.
The values of the look-ahead distance A and the heading
control parameter k,, have obvious influence on the control
effect and can also be adjusted automatically. Relevant
methods can be found in [3, 16].

5.1. Case 1: Path following without Currents. For path fol-
lowing with no currents, V, =0 and V, = 0. Due to the
cascade structure design, the adaptive integral guidance law
can be flexibly combined with heading controllers to achieve
the desired path tracking. The PID control and conventional
sliding mode control [12] are introduced as the heading
controller to be compared with the improved NISM con-
troller. The desired composite path and the trajectory of path
following are shown in Figure 5. It can be concluded that, by
the path parametrization according to (1) and the control of
virtual point as (24), the global path planning for composite
curve path can be realized.

As shown in Figure 6, compared with the PID control
and conventional sliding mode control, the NISM control
has faster convergence speed and smaller steady-state error.
Besides, the NISM control adopts the incremental feedback
control law, which is not based on the model parameters.
Hence, it is not easily affected by the uncertainty of the
model parameters. In Figure 7, after modifying the value of
the hydrodynamic parameter N5 from —6.15 to —4.15, the
NISM control can still maintain the heading control, while

11
TABLE 3: Parameters of the composite curve path.
No. Subpath type Parameter Value
(XO, yo) (=20, 20)
1 Straight line L 20042
Xi n/4
(x> ¥0) (180,220)
2 Straight line L 200
Xi /2
(Cx05€50) (80,420)
3 Circular arc 100
(XO 0
o s
(x0 ¥o) (-20,420)
4 Straight line L 154.9566
Xi ~7/2
(x0> ¥o) (=20,265.0434)
(Xend’ yend) (0’0)
5\6 Fermat’s spiral G;Zd 0;15/229
Xend —n/4
p 1
(%9 ¥o) (11.8505, 188.1495)
7 Straight line L 237.7993
Xi -n/4
TABLE 4: Parameters of the guidance and control system.
Parameter Value
A 6
k 1
k, 0.8
k, 1.5
ks 0.8
ky 1
ks 15
kp 0.1745
k, 0
X; 6.48N
kabl 1
kab2 1

the conventional sliding mode control produces control
error.

The degree of the GC has a high impact on the control of
path following. Comparatively, G, and G, paths have less
effect on the path following. However, for G, paths, there
will be an apparent deviation due to the sudden change of
the desired heading angle v, Hence, G, paths are not
suitable for path following of underactuated vehicle, and an
additional path switching mechanism (44) is required to
handle this problem.

The discontinuity of the connection point between two
curve segments will cause excessive rudder speed which is
not practical and may cause damage to the rudder system.
Strictly bounded nonlinear hyperbolic tangent function is
used in the NISM control, and the parameter k, can be used
to limit the maximum rudder speed. In Figure 8, the rudder
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speed is limited to 15°/s. Hence, the proposed NISM control
is more suitable for the composite curve path following.

5.2. Case 2: Subpath Switching Algorithm. From Case 1, it is
known that the tracking trajectory deviates from the desired
path obviously at the switching point due to the sudden
change of the heading angle for G, paths. Hence, in Case 2,
an additional path switching mechanism (44) is used to
handle this problem.

As shown in Figures 9 and 10, after using the additional
path switching algorithm, the vehicle will track the next
subpath early near the connection point when the switching
criterion is satisfied. In addition, in this way, the tracking
error between two subpaths can be reduced obviously.

5.3. Case 3: Path following Unknown Static Currents. For path
following with static currents, V, and V', are constant
values, where V. is 0.1 (m/s) and V, is 0.2 (m/s). The
simulation results are as follows.

From Figure 11, we can see that, without the current
observer, the path following controller will produce certain
tracking error under the disturbance of unknown current
especially for the curve paths. Besides, from Figure 12, it can
be concluded that the currents can be well estimated by the
designed observer. Then, the influence of currents can be
eliminated at the kinematics level with U, and « calculated
as (22) and (30). Finally, by the cascade structure composed
of AILOS guidance and the improved NISM controller, the
vehicle can converge to and move along the desired com-
posite curve path.

6. Conclusion

This paper addresses the problems of composite curve path
following for an underactuated AUV in the horizontal plane.
The global path following of the composite curve path is
realized by the virtual point control and the subpath
switching algorithm after the parametrization of the com-
posite curve and description of the kinematics error. Besides,
the cascade structure composed of AILOS guidance and the
improved NISM control proved to be UGAS under the
influence of constant currents. Future work will expand the
application of the composite curve path following to three-
dimensional space.
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This article investigates the fixed-time synchronization issue for linearly coupled complex networks with discontinuous non-
identical nodes by employing state-feedback discontinuous controllers. Based on the fixed-time stability theorem and linear
matrix inequality techniques, novel conditions are proposed for concerned complex networks, under which the fixed-time
synchronization can be realized onto any target node by using a set of newly designed state-feedback discontinuous controllers. To
some extent, this article extends and improves some existing results on the synchronization of complex networks. In the final
numerical example section, the Chua circuit network is introduced to indicate the effectiveness of our method by showing its

fixed-timely synchronization results with the proposed control scheme.

1. Introduction

As we know, in the last few decades, complex networks have
been widely presented in our real world, for example,
electrical power grids, metabolic pathways, neural networks,
food webs, and World Wide Web [1-5]. Synchronization is a
well-known crucial collective behavior for complex net-
works, so the synchronization of complex networks has
received more attention due to many crucial applications
[6-8] in information processing, secure communication,
and biological systems [9-12]. Up to now, there are many
research studies on complex network synchronization, most
of which focus on asymptotic synchronization, mainly on
asymptotic synchronization behavior [13-15] and expo-
nential synchronization results [16], but the two kinds of
synchronization belong to the infinite-time category
[17-19].

Since it has been found that finite-time control ways will
further enhance the rate of convergence greatly and syn-
chronization will be performed in a settling time by de-
signing appropriate finite-time synchronization controllers,
the finite-time synchronization research [20-25] in complex

networks has been carried out one after another [26-30]. In
[20], the issue of the finite-time synchronization is studied
between complex networks with nondelay and delay cou-
pling by using pulse control and periodic intermittent
control. By use of aperiodically intermittent control, Liu
et al. [21] considered the finite-time synchronization
problem in dynamic networks with time delay. The global
random finite-time synchronization issue is investigated in
[22] for discontinuous semi-Markov switched neural net-
works with time delay and noise interference. The finite-time
synchronization analysis of linear coupled complex net-
works is discussed [23] with discontinuous nonidentical
nodes.

The convergence rate of classical finite-time synchro-
nization is relatively fast in contrast to asymptotic syn-
chronization and exponential synchronization. However, it
has an obvious disadvantage that the synchronization
convergence rate of complex networks depends on the initial
states of all nodes. Unfortunately, it is very difficult or even
impossible for some chaotic systems to know their state
previously. In these results, the finite-time control methods
may be ineffective. Taking advantage of the benefits of finite-
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time control, a special finite-time synchronization is pro-
posed in [20]. As for the novel fixed-time synchronization,
the settling time has no relation with the initial conditions of
the network system and only depends on the control pa-
rameters of the system controller, see [21, 22]. Thus, syn-
chronization can be accomplished by using the fixed-time
controller within a specified time. This remarkable char-
acteristic makes fixed-time synchronization control more
desirable than other synchronization controls and improves
its practical application range. Therefore, fixed-time syn-
chronization control of complex networks has received more
attention [23-25, 31-34].

Moreover, if the dynamics of the nodes are different,
then the synchronization issue will be more complex and
challenging than the same node condition. By using the free
matrix, the equilibrium solution synchronization is con-
cerned on all alone nodes together with the average state
trajectory synchronization of different nodes in [35]. The
intermittent controller is employed to fix the complex
network with different nodes in [36]. In [37], the cluster
synchronization problem is investigated for complex dy-
namic networks with time-delay coupling and nonidentical
nodes by the pinning control method. Furthermore, the
finite-time synchronization issue is considered for coupled
complex networks with discontinuous nonidentical nodes in
[23].

Recently, the complex networks with perturbations have
attracted more attention for their wide applications [38-43].
In [40], the global exponential synchronization issue is
studied for linear coupled neural networks with impulsive
disturbance and time-varying delay. The clustering syn-
chronization scheme is deeply concerned with regard to
uncertain delayed complex networks in [41]. The adaptive
pinning control design is proposed in [42] for the clustering
synchronization problem of coupled complex networks with
uncertain disturbances.

Until now, there are several research results on the finite-
time synchronization of complex networks with different
nodes or uncertain disturbances, mostly about the asymp-
totic or exponential synchronization. However, it has not
been fully investigated for the fixed-time synchronization
analysis of heterogeneous networks with uncertain distur-
bances, and the relevant research results are rarely covered.
In a word, it is indispensable and significant to consider the
fixed-time synchronization problem of complex networks
with different nodes and uncertain disturbances, which has
profound theoretical and practical significance. From the
above analysis, we face two difficulties: (i) what conditions
are applicable and easy to verify for general complex net-
works with different nodes and uncertain disturbances? (ii)
How to design the controller to overcome heterogeneity and
uncertain disturbance of network nodes? This paper tries to
conquer these two difficulties and realize the fixed-time
synchronization of a certain kind of complex linear coupled
networks with different nodes and uncertain disturbances,
and then the theoretical results of network synchronization
can be further enriched.

Applying the discontinuous control scheme, the fixed-
time synchronization problem is analysed for complex
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networks with uncertain disturbances and nonidentical
nodes. Our main contributions here can be concluded as
follows: (1) for a class of heterogeneous networks with
uncertain disturbances, a novel state-feedback discontinu-
ous controller is designed to get over the influence on the
fixed-time synchronization from heterogeneous nodes and
uncertain disturbances simultaneously; (2) several criteria
are proposed to deduce the fixed-time synchronization for
the considered networks. Unlike most existing results, the
obtained fixed-time synchronization conditions are
expressed by linear matrix inequality, which is easy to be
verified; (3) as special cases, the fixed-time synchronization
of complex networks without uncertain disturbances is also
considered by employing some existing controllers, re-
spectively, and the corresponding results are given in some
corollaries.

The rest of the paper is arranged as follows. A network
model is established with uncertain disturbances and
nonidentical nodes, and then the problem of the fixed-
time synchronization is described; meanwhile, some
necessary definitions and assumptions are given in Sec-
tion 2. The fixed-time synchronization conditions are
achieved in Section 3. Several numerical examples are
introduced in Section 4 to indicate the effectiveness of the
proposed results. Section 5 summarizes the research
conclusions of this paper and puts forward the future
research directions.

2. Problem Formulation and Preliminaries

A kind of nonlinear system including N nonidentical nodes
with diffusion linear coupling is considered, in which each
node can be regarded as an n-dimensional dynamic system,
as shown in the following:

N
% (1) = A (0) + fi (6%, (D) + By (8.5,(D) + ¢ ) Gy T (1),
j=1

(1)

where x;(t) = [x; (1), .. .,x,»n(t)]T € R" denotes the state
vector of the ith dynamical node; the dynamics of the ith
uncoupled node is x;(t) = A;x; () + f; (t,x; (1)) + h; (8, x;
(t)) in which A; € R™, and f;(t, x; (1)) = [f; (£, x; (1)),
fotx; (). .. fitx; ()] R* x R" — R" repre-
sents a smooth nonlinear vector showing the node self-
dynamics; moreover, h;(t,x;(t)) = [hy (¢, x; (1)), by, (£, x;
). 5 hy, (8 x; )" R* xR" — R" is a uncertain
vector and represents the disturbance. The constant ¢ >0
can be considered as the coupling strength of the con-
cerned networks, and T = (y;;);; € R™ is a matrix and
denotes the inner coupling relation between the network
nodes and indicates how the components of each pair of
nodes are connected with each other, and y;;>0;
G = (Gjj)nxn 1s a coupling configuration constant matrix,
which describes the topological structure and can be
exhibited as the diffusion structure, ie., G;;>0 and

G; = ‘Zﬁiu# G;j- In this paper, the driven dynamical
node of (1) satisfies
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Xo () = Agxo (1) + fo (£, x0 (1)) + by (8, %, (2))s (2)

where A, € R™", f,(t,x,(t)) € R", and h, (£, x,(t)) € R".

In fact, most of the well-known chaotic systems can be
described by the above dynamical equation, such as Sprott
circuit, Chua circuit, Rossler’s systems, and Chen system
[42].

Definition 1 (see [44]). Complex network (1) is said to be
synchronized onto (2) in finite time if there exist a designed
feedback controller to system (1) and a constant t* >0 such
that

tlin}* nxi (t) — xq (t)n =0,
- 3)
|x ) -x,®) =0, i=12...,N,

where t* > 0 is called the settling time and often depends on
the initial state vector value X (0) = (x7(0),...,x% o',

Definition 2 (see [44]). Complex network (1) is said to be
synchronized onto (2) in fixed time if there exists a fixed
settling time T >0 such that

lim |x; () —x, ()| =0,
i 05,0 .

x;(t)—x,()|[=0, i=1,2...,N,t>T",
(B2 o @)

where T* > 0 is called the settling time and is independent of
the Tinitial synchronization error X(0) = (xlT(O),...,xg
(0))".

In this paper, the goal is to fixed-timely synchronize the
state of network (1) onto the driven one (2) by designing
feedback controllers.

Obviously, controlled complex network (1) can be re-
written as follows:

X (t) = Apx; (t) + f; (6 x; (1)) + h; (8, x; (1))
N (5)
+¢ ) Gy (1) + 1 (b).
j=1

Introduce the synchronization errors e;(t), which are
defined as e;(t) = x;(t) —x,(¢),i=1,2,...,N, F;(t) = f;
(t,x;) — fo(t,x0) + (A; — Ap)x; (t), and H;(t,e; (1)) = h; (¢,
x; (1)) = hy (t, x4 (t)). Subtracting (2) from (5), the error
dynamical network model can be given by

é;(t) = Age; (1) + F; (t.e; (1)) + H; (t,e; (1))
(6)

N
+cZGijl"ej+u,»(t), i=1,...,N.
1

In order to obtain our main results, some necessary
assumptions are listed as follows.

Assumption 1. There exist constant M; >0 and uniformly
symmetric positive definite matrix L;, i = 1,2,...,n, such
that f;(t, x) satisfies

(=" (fi(ty) = fi(t.x) < (v =) Li(y = %)
+Mi2?:1|yj—xj', i=1,...,n

for all
y=0nYe---

t>0, x= (X1 Xp ... x,) €R", and

,yn)T e R".

Assumption 2. There exist constant M, >0 and uniformly
symmetric positive definite matrix L, such that f(t,x)

satisfies
(=20 (folt. )= fo(t.x) < (=0 Lo (y - %) ©
+ MOZ?:I'yj - xj|,

for all
y=nyn---

t>0, x = (X, % ..,x,) €R", and

vt e R

Assumption 3 (see [43]). There exists a time-varying func-
tion u(t) >0 such that

|fi(t,x) = fo(t,0)|<p(®), i,j=1,...,N. (9)

Assumption 4. For any i, i==1,2,...,n, the uncertain
function vector h; (¢, x; (t)) is assumed to be continuous at
t,x;(t)>20 and bounded. Moreover, there is a known
nonnegative number h, . such that

ACEAG)E i=0,1,...,N. (10)

max?>

Remark 1. Assumptions 1 and 2 are general and satisfied
with most of the well-known chaotic systems, for instance,
Chua circuit [43], Rossler’s systems, and discontinuous
Chen system. In fact, the above systems meet the following
conditions: there exist some positive constants
ki;>0,B; i,j=1,2,...,n, satisfying

Ifitp) = fi(t 0| <ok ly; (O = x; (0] + B

(11)
i=1,2,...,n,
for —any t>20, x=(x,%,...,x,) €R",  and
¥ = (Y1 V2> ¥,)" € R" Using condition (11), we have
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(5 (6) = x ()" (f; (6 y) = f;(60) ST Z1 kv (0 = x, 0]y, (0 - x; 0] + S, By (6) = x; 1)

=3 3 kP 0 - x Oy (0 = x; (0] + T By () - x; ()]

< (y(0) = x; (D)L (y (1) = x () + M2

(12)
< z;;lz;;é (Kij + ki) lyi (0 = x, (O + XL, B[y; (0 - x; (1)
j=1|Yj (t) - X; (t)l’
o(t)< —y(v), (14)

where L, =diag(l’, Ly, ..., 1L ), l§j =27, (1/2) (k;; + k),
and M;=p,1<i<n.  Clearly, 1if «a=max_,
{lgj,j =12,... ,n} and M = max,_,,{B;}, then Assump-
tions 1 and 2 involve conditions (H2) and (H3) in [25].
Moreover, the continuous chaotic system is also a special
case by setting M; = 0 in Assumption 1 or M, =0 in As-
sumption 2, for instance, the continuous Rossler system,
Chua’s circuit, Chen system, Lorenz system, and logistic
differential system. Hence, Assumptions 1 and 2 are more
general, and most popular chaotic systems are applicable.
Assumptions 3 and 4 take advantage of conditions on the
activation function, and it is seen that they are diffusely
imposed in the literature [23, 35-37].

According to Definition 2, it is clear that the fixed-time
synchronization of dynamical network (5) onto (2) can be
degenerated into the fixed-time stabilization of error dy-
namic system (6).

3. Fixed-Time Synchronization Analysis

In this part, the controllers are designed for the fixed-time
synchronization problem of complex network (1), and
concerned complex network (5) can realize the fixed-timely
synchronization under the appropriate designed controllers.
Firstly, we give the synchronization controller design of
complex network (1), and then fixed-time synchronization
criteria can be obtained based on error system (6). Several
corollaries are also obtained for (5) and (2) with identical
nodes. For concerned complex network (1), the control
input u;(t) € R",i=1,...,N, is designed as follows:

u; () = (Ag = A)x, = die; (t) — n; (t)sign (e; (1))

13
—sign (e; (1)) (ale; (1|7 + ble; ()|"), "
where d,, . .., d) are positive constants, #; (t) is a function to
be determined, a,b are positive constants, sign(e;(t))
= (sign(e; (1), sign(e;, (), le; (P = (Jeyy (I,
o len DI, e (DI = (ley (D1, - leg, (DT, sign
(e; (t)) = diag(sign(e;; (¢)),...,sign(e;, (t))), and the real
numbers p,q follow 0<g<1,p>1.

The following lemmas are necessary and given to derive
the subsequent main results.

Lemma 1 (see [2, 45, 46]). Suppose that function
V(t): R" — R is C-regular and x(t): [0,+00) — R" is
absolutely continuous on any compact interval [0, +00).
Denote v(t) = V (x(t)) if there exists a continuous function
y: [0,+00) — R with y(0) >0 for o € (0,+0c0) such that

for any t >0 that v(t) >0, and v (t) is differentiable at t and
satisfies

r@ : (15)
—— =1, < +00. 15
oy !

Then, we have v(t) =0 for t>t,. In particular, if
y(v) = Qu¥, where y € (0, 1) and Q > 0, then the setting time

is estimated by
o'

- 16
t, QU (16)

Lemma 2 (see [47]). For matrices A, B,C, and D with ap-
propriate dimensions and a scalar «, the following assertions

hold:
(1) (kA)®B = A® (aB),
(2) (A+B)®C = A®C + B®C,
(3) (A®B)(C®D) = (AC)® (BD), and
(4) (A®B)' = AT® BT,

where ® is the Kronecker product.

Lemma 3 (see [48]). Suppose there exists a continuous,
positive-definite function V (t) satisfying
dv (t)
dt

wherek >0, I >0, and0< a < 1 are three constants. Then, the
following inequality is true:

<IV(t) -kVE(t), Vtxty, VI74(t,) z? (17)

VIR0 2V (1) - k(- ) (- ko), tg<t<ty, (18)

V (t) =0, Vt >t,, and the settling time t, is estimated by

_ 1-«a
G xf?ﬁ(“» (19)

Lemma 4. Suppose there exists a continuous radially un-
bounded function V (e(t)): R"™N — [0, +00) satisfying the
following two conditions:
() If e(t)+0,
=0oe(t) =0.
(ii) Any solution e(t) of system (6) satisfies

then V(e(t))>0 and V(e(t))
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dVv (e(t))
dt
where a>0,b>0, p>1,and0<q<1 are all constants.
Then, V (e(t)) satisfies V (e(t)) =0, Vt>T", and the fixed
settling time is estimated by
- 1 N 1
a(p-1) b(l1-9q)

< —aVP(e(t)) - bVi(e(t)), (20)

(21)

Lemma 5 (see [48]). Suppose that a;>0 (i=1,...,n),
0<p<1, and 0<q<2; it follows that

" (q/2)
Zaf) , (22)

V(t)—Ze (D)é; (t) = ZE (t)<l

i=1

:MZ l

I (8) + 1, (¢) + 15 (2),

with I, (t) = YN, e () Age; (£) +c YN, €T (1) z] LGy Te; (0),

L(t) =YY el (0H; (te; (1), and I;(t) = ¥, €] (t)(F (t,
e,(1) = (A; - Ag)xy (1)),

According to Lemma 2, we know the following equation
is true:

I, (t) = €' (t) Iy ®Ag)e(t) + ce” (1) (G®T)e(t)

T
e’ (t) (Iy® ASe (t) + ce” (t)we(t)

e’ (1) (Iy® A5 + ¢G* @T)e (1)
(28)

N
I,(t) = Z eiT (®)(h; (8, x, (8)) = ho (£, %0 (1)) <

i=1
N

i=1 i=1 j=1

Theorem 1. For concerned complex network (1) with the
control input, if Assumptions 1-4 hold and

u(t)+2h,, +M,—n,(£)<0, i=12,...,N, (23)

L+d+cGeT-D®I, <0, (24)

with D = diag{d,,...,dy}>0,G* = (G + G")/2), & = diag

(L3, L5, .. . Ly), and o = diag (A, AS, ..., Ay), then driven-

response complex networks (1) and (2) can achieve fixed-time

synchronization under controller (13), with the settling time
. 1

= 2(1+p/2)a(Nn)(1—p/2) (P _

where V (0) = (1/2) Z; L€ el (0)e; (0) and e;(0) is the initial
value of e; (t) = x;(t) — x,(t) fori=1,...,N. Proof.

For error dynamical system (6), a Lyapunov function is
listed by

1S 7
V(D) =2 D e (De;(0), (26)
i=1

and the derivative of the above Lyapunov function along the
trajectory of system (6) can be computed as

oei (£) + F;(te; (1)) + H, (t,¢; (t))+cZG Te; () +u; (1)

sl

(27)

ef (t){~die; (t) — n; (D)sign (e, (1)) — sign (e; (1)) (ale; ()| + ble; (D|")}

For the term I, (), using condition (10) in Assumption 4,
we get the following inequality:

N
Zlei O AENO BN ENO)]
i=1 (29)

< Y lei (O] Qlas) = Y. Y[es; (O] (2
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Also, it can be seen that

I3(t)—Ze @O ((fi (6 x: (1) = fo(t,x0(1))) + (A = Ag)x; (£) = (A; = Ag)x, (1))

i=1
N (30)
= Z O((fi (tx; (1) = fi (6 x0 (1)) + (f: (£ x0 (1)) = fo (£x0 (1)) + (A; = Ag)e; (1))
i=1
=1y () + L, (1) +e®) (of — Ty ® Ade (),
with 131 (1) = Z; 1€ el (O(f; (t,x; (1) = f; (£ x0 (D)), L5, () = where & = diag(L}, L5, ..., L3).
Zl L€ (t)(fl(t xo (1) = fo(t,xy (1)), and & = diag(Aj, By (9) in Assumption 3, one can get
A, LA, N
From (7) in Assumption 1, it is known that I, (t) < Zlei O f: (8, x0 (1) = fo (£ 0 (1))
N i=
(32)
I e; (t)L;e; (t M; ) le;i (1) N N
S LRI ) <3 Sy oluce
N N (31) i=1 j=1
= (B)Ze(t) + Z;(M, z{|ei1‘ (t)|>’ Submitting (28)-(32) into (27) yields that
i= j=
V) <e ()ZLe(t) + €' (t) (Iy® A5+ cG' ®T)e(t)
N N N N N N
O Y |ei O] + Y. ¥lei; (O (2hmas) + (O (o ~ Iy @ (Ag) )e () + Y <Mi Y le; (t)|>
i=1 j=1 i=1 j=1 i=1 =1 (33)
N
+ Y e (Of-die; (t) - 1, (D)sign e; (t)) - sign (e; (1)) (ale; (1)]” + ble; (H)|")}
i=1
=W, (t) + W, (1) + W, (1),
where
W, (t) =" () Ze(t) +e' (1) (Iy® A} +cG @TD)e(t) +e(t) (o — Iy®A}e(t)
N
=Y el (t)die; (1),
i=1
N N N (34)
DI CTCR OIS E )
i=1 j= i=1 j=1 i=1 =1
N
Z (t) (n; (t)sign (e; (1)),
i=1
N [
W, (1) ==Y e/ (t)sign (e; (1) (ale; (1)]° + ble, (1)]?). (35)
i=1

By use of Lemma 2 and (24), it gives that
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W, (1) = e ()(L + Iy @A} + G oT + of)e; (1) where D = diag(dy, dy, .. ., dy).

’ . ’ Obviously, eiT (t)sign(e; (1)) = (e;; (1), ...,e;, (1)) (sign
—e ()(Iy® (Ag))e(t) —e () (D&I,)e;(t) (en (1)), sign(e;, (D) = Yy le;; (O] and lle; (1), — €]

(g (651 = (X, () — ¥l (0] <0, and ap-
(36)  plying Lemma 5, it gives that

= eT(t)(3+Qf+cGS®F—D®1n)e(t)£0,

Mz

N
LAGEDW

i=1

i=1 j=1

oSt S

(37)

Mz 5
Mz

¢; (1) (n; (1)sign (e; (1)) =

i=

I
—

N
D (it + 2hypg + M; = 1 (1)) Ve 0] <o.
j=1

Considering that |e; (t)] = (Iel(t)l Sle, DT
e, OF = (lew O, le (OP)T, we have

Wi(t) =
i=1

i=1 ) N on 1 (38)
{eleorior e orisor)- {5 Sel of S hor)
i=1 i=1

j=1 i=1 j=1

N N
- Z e; (t)sign (e; (1)) (ale; (1)]" + ble; (1)]") - Z e; (t)ksign (e; (1))|e; (t)|ﬁ

Mz

Il
—

By Lemma 5, it can be obtained that b

™M=
™=

I
—_

I
—_

N n R (1+g/2)
'e,,(t)' >b<ZZ|eij(t)'> , (40)

J

N n . (1/1+q) N n , (112) i i=1 j=1
+q
<zl Zl |eij (t)| > <Zl Zl |eij (t)l > . (39) Similarly, using Lemma 5, we have
i=1 j= i=1 j=
and then
N n (1/14p) N » . (112)
1+p —
> e 0] > (Nm) V2R (87 e (1) . (41)
i=1 j=1 i=1 j=1
Therefore, which together with (38)-(42) implies that
N n Lep o N n , (1+p/2)
a221|e,.j(t)| 2a(Nm) P2 33 e, (1) ,
i=1 j= i=1 j=1

(42)

[\/]z

N n (1+p/2)
W, (1) < —a(Nn)“_pm<ZZ|eij(t)|2> <

=1 j=1

" (1+p/2)
Z 'eij (f)r)

j=1

N (1+p/2) N (1+p/2) (43)
= —a(Nn)'"P? (Z e (t)'e; (t)> - b(Z e (e, (t)>
i=1 i=1

=—a (Nn) (1—p/2)2(1+p/2)v(t)(1+p/2)

I
—_

_ b2(1+p/2)v (l‘)(1+P/2).



Submitting (36), (37), and (43) to (33), we can get

V(t) < — 202 (Np) P gy (1) P72

(44)
) (1+p/2)bV (t) (1+p/2).

According to Lemma 4, V' (t) converges to zero within a
settling time T, which is defined in Definition 2, and one
can obtain that, by use of controller (13), the considered
complex network (1) is fixed-timely synchronized onto
driven node (2) within the fixed time T*, which is given by

1 1
Z(HP/Z)Q(NH)(l—p/z) (p-1 + 2(1+p/z)b(1 _ q).
(45)

T =

Therefore, it can be concluded that the error vector e; (t)
converges to zero within 7%, and driven-response complex
networks (1) and (2) are fixed-timely synchronized under
controller (13) within the fixed time T*. The proof is
completed.

Remark 2. In recent years, a lot of extensive research has
been conducted on the finite-time synchronization and
fixed-time synchronization of complex networks, and many
breakthroughs have been made. However, as far as we know,
there are few published papers that deal with the fixed-time
synchronization of heterogeneous complex networks. The-
orem 1 suggests a way to choose the controller to realize the
fixed-time synchronization for the heterogeneous complex
network. The controller consists of three sections: the first
two terms are used to overcome the influence from the linear
condition of the nonlinear function, the second one
—n; (t)sign (e; (t)) is introduced to compensate the influence
of disturbance h;(t,x;(t)), and finally, the last section
sign (e; (t)) (ale; ()P + ble; (t)|9) is employed to force the
considered networks achieve the fixed-time
synchronization.

Now, if M = max,_;_,M; and 7 (¢) = max,_;_,#; (t), then
the controllers u;(t) € R* can be designed as follows
(i=1,...,N):

u; (t) = —(A; — Ag)x, — die; () — 5 (t)sign (e; (1))

46
— sign (e,-(t))(a|ei(t)|p + b|ei(t)|q), (46)
where the parameters d;,a,b, p, andq are defined as the
same as in (13).
Therefore, by using the same analysis method in The-
orem 1, we can obtain Corollary 1 that is a similar conclusion
with [25].

Corollary 1. For concerned complex networks (1) and (2)
under controller (46), if Assumptions 1-4 hold and the control
parameters n;(t) and d; in (46) satisfy the following
inequalities,

u(t) +2h .+ M —n(t) <0,

: (47)
ZL+d+cGeTI'-DeI, <0,
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where D =diagld,,...,dy}>0, G'=((G+G"))/2),
< =diag(L}, L5, .. . LY), and o = diag (A3, A5, ..., AN
then driven-response complex networks (1) and (2) can
achieve fixed-time synchronization under controller (46),
with the settling time

1 1
T" = + .
2D G (N PP (p— 1) 2T (1~ g)

(48)

If the uncertain disturbance is not considered in the
complex network model, ie., hy =h, =--- = hy =0, then
the following network model is degenerated as

N
¢ (t) = A:x; (t Pt x; (¢ G; I'x; (1),
X% (1) = Apx; (1) + fi( x(>)+c; Tx; (1) ()

i=1,...,N.

Let xl,o = X, (0), and then the driven network node is
governed by

Xy (1) = Agxy (1) + fo (8, x4 (1)) (50)

Then, the corresponding error dynamical system can be
rewritten as follows:

N
&) = Fi(te; (D) +¢ ) GyTe; +u; (1), (51)
j=1

where F;(t) = f;(t,x;(t)) — fo (£, %, (£)) + (A; — Ap)x; (1).
The controllers are the same as before, and then a cri-
terion can be obtained on the fixed-time synchronization of
the concerned complex networks with nonidentical nodes.
By taking h,, =0 in Theorem 1, one can easily get the
following corollary, and its proof is omitted here.

Corollary 2. Consider complex network (49) with drive node
(50) under the set of controllers (46). If Assumptions 1-3 hold
and the controller parameters satisfy the following matrix
inequalities,

u(t)+M—n(t)<0,

(52)
F+d+cGI-D®I, <0,

where D = diag(d,,...,dy)>0,G = ((G+ GHN), ¥ =
diag (L1, L5, ... Ly), and o = diag (A}, A3, ..., AY),  then
(49) can be synchronized to the state of drive node (50) within
a fixed time T* and the settling time
. _ 1 1
- 2(1+p/2)a(Nn)(1*p/2) (p _ 1) + 2(1+q/2)b(1 _ q).

(53)

Furthermore, if h;=0,A4;=0,andf;=f for
i=0,1,...,N in (49), then complex network (1) is further
reduced to

N
% (0) = f(tx;(8) +¢ ) GTx; (1), (54)
j=1
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FIGURE 1: State responses without control. (a) State response x;;. (b) State response x;,. (c) State response x;3.
?nd driven net.work node (2) is changed correspondingly u; (t) = —de; (t) — n(t)sign (e; (£))
into the following form: . » g )
- 31gn(ei(t))(a|ei(t)| + b|ei (t)| ), i=1,...,N,
%o (1) = f(t,x0 (1)) (55) (56)

In the issue, the proposed fixed-time synchronization
scheme can be applied to the corresponding complex net-
works with identical nodes here, and the criteria are given in
the following corollary.

Corollary 3. For concerned complex networks (54) and (55)
under the controllers

where d;>0,i=1,2,...,N, 0<q<1,p>1, le;(t)If = (le;
O, .. len D), and sign(e;(t)) = diag (sign (e; (1)),
.., sign (e, (t)), if Assumptions 1 and 2 hold and the con-

troller parameters satisfy the following matrix inequalities,

M -n(t)<0,

(57)
Iy®L+c¢(G'®l)-D®I, <0,
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FIGURE 2: Synchronization error without control. (a) Synchronization error e;;. (b) Synchronization error e;,. (c) Synchronization

error e;s.

with D = diag(d,,d,,...,dy)>0andL, =L, =---€ = Ly
= L, then complex network (54) can be synchronized within a
fixed time T*:

1

1
T = + ‘
2(1+p/2)a(Nn)(1—p/2) (p-1) 2(1+q/2)b(1 -9

(58)

4. Numerical Example

In this section, numerical simulation results are given to
show that the proposed synchronization criterion is feasible.
Consider the following discontinuous chaotic Chua circuit

with linear and diffusive coupling, where the dynamics of the
ith node is described as follows:

5
% (1) = A () + (6 x;) + by (£, x;) + k Z G;Ix; (b),
st
i=1,...,5,
(59)

with  x;(¢) = (x;; (1), x5 (1), x5 ()" and initial values
x;(0)" = (0,2,00" + (=1)'((*/5), Isin (i), - (?/4))".  'The
inner coupling matrix T, activation matrix A;, and Laplacian
matrix G are defined as
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FIGURE 3: State responses of fixed-time synchronization. (a) State response x;;. (b) State response x;,. (c) State response x;s.
r100
r-lo 1o -1'1 0 0 O
- 0o -22 0 0
001 G=(0 0 -2 2 0 (60)
0 0 0 -1 1
r i i 7 _
LA 1 1 1 0 -3
10 10 o ,
Its activation function f;(t, x;(#)) = ((1 + (i/10))0
A = 1 ~1 1|, sign (x;; (1)), 0, 0)7, and its uncertain disturbance h;(t,x;) =
((sin (50¢)/100) (cos (50¢)/100) (—sin (50¢)/100))7, where
i a, =-2.75b,=9.0, ¢, =-17, 8 = 3.86, and the coupling
| 0 Gty -1} strength k = 2.0. The drive dynamical node is
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FIGURE 4: Synchronization error of fixed-time synchronization.

(c) Synchronization error e;s.

X (1) = Agxo (1) + fo (£, x0) + hy (£, %),

with initial values x,(0) = (0,2, 0)", where folt,xy) =
(Bsign (x, (£)),0,0)" and h, (£, x,) = (0,0,0)".

By analyzing the state and error response trajectory of
uncontrolled heterogeneous complex dynamic network (59) in
Figures 1 and 2, we can easily draw the conclusion that the state
of the nodes has not been synchronized, and the synchronization
errors cannot tend to zero without the control input.

From the analysis of [13], systems (59) and (61) have chaotic
behavior, and there exist positive constants L, = 0and M; =
2(1+ (i/10))0 (i=0, 1, ..., 5) satisfying Assumptions 1 and 2.

(61)

(c)

(a) Synchronization error e;;. (b) Synchronization error e;,.

Similarly, for p = (2 + (5/10)) 0 = 2.50 = 9.65, it is easy to
verify that systems (59) and (61) satisfy Assumption 3. Let
hy = (V/3/100); then, ||k, (t, x|l < by = (¥/3/100) is right
fori=1,2,...N. So, systems (59) and (61) satisfy Assumption
4. With D = diag (9,6,9,3,3) and #; (t) =20 > u(t) + 2h,,, +
max {M;} =2.50+2 (+/3/100) +2 (1+ (5/10))0 = 5.50+
2(%/3/100),k = 1, f = 0.6, it is known that A, (&£ + o +
cG*®I- D®1I,) = —3.6480, which shows that condition (22)
can be satisfied. Applying Theorem 1, network (59) under the set
of controllers (13) witha = 2,b =3, p = 3,4 = 0.5, and #; (¢) =
20 can realize the synchronization within the fixed time
t* =1.3339. As a matter of fact, the real time of the
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synchronization is 0.0609 seconds in the numerical simulation,
and the synchronization results of controlled networks are
shown in Figures 3 and 4.

5. Conclusions

The fixed-time synchronization problem is studied for a type
of dynamic complex networks with nonidentical nodes and
uncertain disturbances. By employing the Lyapunov func-
tion theory, some novel sufficient conditions are provided
and further applied to some special cases, such as the
identical node issue. Future work may be centered on
synchronous applications of complex networks with non-
identical nodes and uncertain disturbances.
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The attitude control has been recognized as one of the most important research topics for spacecraft. If the desired attitude
trajectory cannot be tracked precisely, it may cause mission failures. In the real space mission environment, the unknown external
perturbations, for example, atmospheric drag and solar radiation, should be taken into consideration. Such external perturbations
could deviate the precision of the spacecraft orientation and thereby lead to a mission failure. Therefore, in this paper, a
quaternion-based super-twisting sliding mode robust control law for the spacecraft attitude tracking is developed. The finite time
stability based on the formulation of the linear matrix inequality (LMI) is also provided. To avoid losing the control degree of
freedom due to the certain actuator fault, a redundant reaction wheels configuration is adopted. The actuators distribution
associated force distribution matrix (FDM) is analyzed in detail. Finally, the reference tangent-normal-binormal (TNB) command
generation strategy is implemented for simulating the scenario of the space mission. Finally, the simulation results reveal that the
spacecraft can achieve the desired attitude trajectory tracking demands in the presence of the time-varying external disturbances.

1. Introduction

Sliding mode control (SMC) techniques have been a popular
research topic of the control theory in recent years such as
adaptive super-twisting SMC [1-3], fractional-order sliding
mode control [4], finite time control [5], robust back-
stepping SMC [6-8], and model predictive SMC [9]. The
superior robustness to the matched perturbations is one of
the features of the SMC. However, the price of the ro-
bustness is the chattering effect of the control signal. It
causes application difficulty for practical implementations
[10]. The ways to attenuate the chattering phenomenon
include the following [11-13]: (i) replacing the discontin-
uous switching function with a saturation function or a
sigmoid function, (ii) applying an adaptive law to adjust the
switching gain dynamically, and (iii) using the higher-order
SMC techniques. Nevertheless, skill (i) results in losing the
robustness to the disturbances. Even though approach (ii)
can estimate an adequate magnitude of the switching gain
with respect to perturbations [14, 15], the estimation of the

switch gain could increase monotonically due to the absence
of perfect sliding motion in practice. For (iii), the gain/
stability determinations are quite challenging.

The high-order SMC approach can drive the sliding
variable and its consecutive derivations to zero in the
presence of the matched perturbations. However, the main
challenge of the high-order SMC is that it uses the infor-
mation of the high-order time derivatives of the sliding
variable [16-18]. Among the higher-order SMC techniques,
it is worth remarking that the second-order SMC such as the
super-twisting algorithm only needs the feedback infor-
mation of the sliding variable in control process. The super-
twisting algorithm was firstly proposed by Dr. Levant in
1993 [19]. A quadratic Lyapunov function proposed in [20]
is considered in the proof of the finite-time convergence
property. The successive researches include [21-24]. Owing
to the superior properties, the super-twisting algorithm has
been applied in several studies, including quadrotor [25, 26],
industrial emulator [27], and mobile wheeled inverted
pendulum [28]. For this reason, the robust continuous
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super-twisting sliding mode algorithm will be adopted for
the attitude tracking control design in this paper.

The reaction wheel driven based system is actuated by
means of generating the reaction torque from the wheel. The
reaction wheel has been widely applied in the most dynamics
systems. In literature [29-31], the reaction wheels are used in
the attitude tracking control demands. The works in [32, 33]
use the reaction wheel to address the balancing control of the
inverted pendulum. The main objective of this paper is to
apply the super-twisting algorithm for the attitude control of
the spacecraft via using four reaction wheels as the actuated
source. The attitude representation includes several ap-
proaches, eor example, Euler angles, Rodrigues parameters,
and quaternion [34]. To avoid singularity, the quaternion-
based control is considered. The quaternion-based control
has been proposed in several studies [30, 35, 36]. However, it
assumes that the scalar component of error quaternion g,
does not equal zero to guarantee that the matrix 0.5 (g I; +
q) is invertible. This assumption leads to the controllers
containing a singularity when g, = 0. It should be noted that
one of the reasons to use quaternion-based control is to
obtain the full attitude tracking task and avoid any singu-
larity limitations. As a result, in this paper, a quaternion-
based super-twisting sliding mode algorithm is adopted in
the controller design such that the robust performance can
be guaranteed. The asymptotic stability proof of the non-
linear reduced-order dynamics by means of an analytic
solution will be addressed without imposing assumptions.

Regarding the organization of this article, in Section 2,
the governing equations of attitude dynamics based on the
quaternion kinematics and the redundant reaction wheels
configurations are derived. The configuration is introduced
from [30, 37, 38]. To obtain the feasible reaction torques, the
FDM is reformulated as a square and invertible matrix,
which minimizes the control energy cost [30]. In Section 3, a
robust, continuous super-twisting sliding mode algorithm is
considered in the controller design so that the spacecraft can
handle the external perturbations in the real and complex
space environment. The stability problem will be refor-
mulated as a feasibility problem of a LMI and therefore the
finite time stability can be achieved in the sense of Lyapunov.
In Section 4, the reference TNB command generation
strategy is proposed to verify the tracking performance of the
spacecraft. In Section 5, the numerical simulation is carried
out and the results reveal that the spacecraft can track the
desired attitude trajectory in the presence of time-varying
disturbances.

The contributions of this paper are summarized as
follows: (i) realizes the super-twisting sliding mode algo-
rithm as a robust, continuous quaternion-based attitude
controller for the attitude trajectory tracking demands of a
spacecraft with the redundant reaction wheels; (ii) proposes
a modified version of LMI which has higher degrees of
freedom for finding the decision variables and it can satisfy
the convergence performance by requirement; (iii) derives
the analytic solution of the nonlinear reduced-order dy-
namics; and (iv) presents a reference TNB command gen-
eration strategy so that the feasibility of the controller can be
verified.
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2. Reaction Wheels Driven Based on Spacecraft
Dynamics Modeling

2.1. Geometry Configuration Analysis. From the perspective
of practical realization, to avoid losing a degree of freedom
of control in space due to certain actuator faults, the
redundant reaction wheels configuration is adopted
[30, 37, 38]. The dynamic configuration is shown in
Figure 1. To formally derive the governing equations of
the attitude dynamics, we firstly define the coordinate
system as follows: (i) the body frame denoted as xyz,
which is fixed in the body of the spacecraft to represent the
attitude of the spacecraft, and (ii) the auxiliary rotation
frame denoted as x;y,z;, which is fixed in the i-th reaction
wheel to describe the relative rotation of i-th reaction
wheel to spacecraft.

Taking the first reaction wheel as an example, the ge-
ometry mapping relation between xyz and x,y,z, is
explained in Figures 2 and 3, respectively. Referring to
Figure 2, the body frame x yz rotates about the z-axis with an
angle 3, and the new frame is denoted as x' y'z’. From the
rotation property, the mapping relation between x'y'z" and

xyz can be constructed as
x' cosff sinff 07[x
y'[=|-sinB cosp O fy] 1
z 0 0 1]lz

Regarding Figure 3, the frame x'y'z’ rotates about

negative y-axis with an angle «, and then the new frame
mnon_r

x"'y"z" is obtained. Again, from the rotation property, we
have the mapping relation between x'y'z" and x'' y"z"":
x" cos(—a) 0 —sin(-a)][x'
y” = 0 1 0 y’ . (2)
z" sin(-a) 0 cos(-a) JL 2’

On the basis of previous illustrations, the mapping re-
lation between xyz and x, ¥, z, can be derived by combining
(1) and (2):

x 7 [« cos(—a) 0 —sin(—-a) ][ x’
nl={y"|=| o 1 o0 y'
z; | 2 sin(—a) 0 cos(-a) JL 2’

[cos(—a) 0 —sin(—a)][ cosf sinf 0[x
= 0 1 0 —-sinf cosB O ||y |
| sin(—a) 0 cos(—a) 0 0 1]lz

(3)

In general, the mapping relation between xyz and x;y,z;
can be formulated as

X; x
yi| =Ry | (4)
z z

where
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FIGURE 1: Geometry prototype of the redundant reaction wheels
configuration.

X1

xl

FIGURE 2: Rotation of body frame xyz to frame x'y'z’.

1"
)
mn.on_n

FIGURE 3: Rotation of frame x'y'z’ to frame x"y"z".

3
[cos(—a) 0 —sin(—a)][ cosf; sinf; 0
R, = 0 1 0 —sinf3; cosf; 0
L sin(—a) 0 cos(-a) 0 0 1 5)
[cosacosf; cosasinf; sina
=| —sinp; cos f3; (U
L —cos B;sin —sin asin f3; cos «

and f; = B+0.5( - Dm,i=1,2,3,4.

2.2. Attitude Dynamics. To avoid the singularity problem in
the Euler approaches, the quaternion-based attitude rep-
resentation is considered. Let Q= [qo,qT]T = 4o
q1-92q;)7 € R* be the unit quaternion and let
w=[w,w, w,]" € R? be the angular velocity of spacecraft;
then the quaternion kinematic equations are given by

dr=—d'o (6)
1 y
=3 (9L + Q). ™)

The above equations can be rewritten in a compact
matrix form:

1
Q=§E(Q)w, (8)
where
4 92 93
T _
E(Q):[ q Xj|: 9 9 9@ . 9)
qol5 +q 95 90 —D
4 d 9o

The symbol a* represents a cross product matrix of
vector a = [a,,ay,a;]" € R?, which is defined as

0 -a; a,
a*=|a; 0 -a | (10)
-a, a; 0

In the following, the kinetic equations based on the
redundant reaction wheels configuration will be derived. Let
Q;, i=1,2,3,4, be the relative rotational speed of each
reaction wheel to the spacecraft; then the angular velocity of
each reaction wheel with respect to x;y,z; is given by

w,; =Ro+ Qiex,-’

11
e, =[100]" ()

The angular momentum of spacecraft relative the body
frame xyz is



]x _]xy _]xz W,
H=Jo=|-Jy J, Ty ||o,|

“Je: Ty Tz Jlo,

(12)

Assume that the reaction wheels are perfect circle plate.
Hence, the moment of inertia matrix of i-th reaction wheel
with respect to x;y;z; is

]m,,» 00
Ji=| 0 Ji 0} (13)
0 0 J;

The angular momentum of each reaction wheel relative
frame x;y,z; can be constructed:

Hw,i = ]w,iww,i
= Jui(Riw + Qe )
= ]w,iRi“J + ]inexi

= ]w’iR'w + ]miQiex,-'

1

(14)

[ cosacosf3 —cosasinf

4
ZRiT]inexi =| cosasinf (], +
i=1

sina sina

sina sina sina

Define the following:

(i) Equivalent moment of inertia matrix of the system:

]eq = ] + z RzT]w,iRi' (18)

(ii) Force distribution matrix (FDM):

cosacosfi —cosasinf3 —cosacosfi cosasinf

I =| cosasinf cosacosf —cosasinfi —cosacosp |.

sina sina sina sina

(19)
(iii) Axial moment of inertia matrix:
Joa O 0 O
0 J,, 0 O

o = . (20)
0 0 J,; O

0 0 0 J,u

=| cosasinf} cosacosfi —cosasinf} —cosacosf3
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Mapping H,,; onto spacecraft body frame xyz yields
Hi,i = RiT“’w,i
= RiT(]w,iRi“’ + ]miQiexi) (15)

=R/J,Rw+R],Qe,.

mi= i

The total angular momentum of the system (spacecraft
and reaction wheels), Hy, is the summation of H and H},
which is

4
Hy=H+) Hp,
i=1

4
=Jo+ Y (R, R+ R[], 0, ) (16)
i=1

4 4
= (] + Y R{J, R >w + Y R T, e, .
i=1 i=1

The term

—Cosacosfs cosacosf

cosacosf |],,,Q, +| —cosasinf |J,,3Q5 + | —cosasingf |],,, 2y

sina sina
Joa O 0 O Q, (17)
Joo 0 0 Q,
0 0 J,, 0 [lQ]

o o o J,.lla,

[ cosacosf} —cosasinfi —cosacosf cosasinf

sina

Combining (17)-(20), equation (16) can be further
simplified to

H; =J,0+1J,,9, (21)
where Q = [Q},Q,,Q;,Q,]". The Euler equation of motion
is given by

dH
M; = —=L) + & Hy, (22)
dt /,

in which the total external torque M; is equal to the sum-
mation of the external control torques T, and the external
disturbance torques d (). Substituting (21) into (22) yields

T, +d =0 +17,Q + 0*(J,0 +IJ,Q). (23)
Define the control torque 7 and the reaction torque 7, as
T =T, 2] Ty Ty T ]T,

T, = _Imﬂ = _[ ]mIQI ]ngz ]m303 ]m4Q4 ]T (24)

2 [ Twl Tw2 Tws Tw4]T'
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Hence, (23) can be further simplified as
Jog@ = T, + T, +d - @*(J 0 +I7,Q). (25)

In this paper, T, = 0 is considered.

2.3. Actuator Analysis. From (24), we have

T
: . wl
Tpy cosacosf} —cosasinfl —cosacosf cosasinf3
: . w2
Tey | =| cosasin cosacosf —cosasinf —cosacosf
. . . . Tw3
T, sina sina sina sina
Tw4
(26)

Once T, is designed for the attitude trajectory tracking
demands of the system dynamics (6), (7), and (25), it is
desired to obtain each reaction torque 7,,;. However, FDM
(19) is a nonsquare matrix, so the inverse does not exist. To
obtain the FDM with a special matrix structure, the two
following geometry constraints are imposed [30]:

s
sinff = cosf, 0<f< >
(27)
. . s
cosasinf = sina, 0<a< >
or, equivalently,
s
p=1.
(28)
V3
sina = —.
3
From (27), we have the following FDM:
1 -1-11
3
r=§ 11 -1 -1, (29)
11 1 1

and then the following static optimization problem is for-
mulated [30]:

4
2
rrrling = ;Twi, (30)
subject to
. V3
91 =? (Twl T Tw2 T Tzt Tw4) Tex = 0,
. V3
gZZT(Twl +Tw2_Tw3_Tw4)_ Tcy =0, (31)
. V3
93 =? (Twl T Typ + Tys + Tw4) — T, =0.

To formally address the problem, refer to [39], and define
the Lagrangian & together with the Lagrange multiplier A =
ALY € R? as follows:

=T+ Mg, + g, + A9;. (32)

Let T} and A" be the optimal solution. The first-order
necessary condition to minimize J is

0F V3. V3. V3

=21 +—A +—A +—A; =0,
0Tyl W 370 3720 373
5. = w gt ht5A =0,
w2lr* 1"
(33)
e —£/\ —\/—)L f 10
aTwS 1" '
oL =21y, ﬁ/\ \BA \/g ;=0
OT sl 1 3 3 3 ’
and
|y =3 (Tw1 = Tur = Tus * Tua) ~ Tex = 0,
T,
W A" - T (Twl T Tyn ~ Tys — Tw4) T Ty = 0, (34)
217,
ag \/g * * * *
a_/13 g = ? (Twl T T T T3t Tw4) =Tz = 0.
T,
From (33), it is implied that
Toy = Tup + Ty — Tpg = 0. (35)

Combining (34) and (35), the distribution matrix can be
augmented as

RENRERREINC
3 3 3 3
Tex T::}l
V3 V3 V3 V3
0 1 I M R RO
Tez \/§ \/§ \/g \/g Tw3
0 303 3 3 |l

The inverse mapping is

—T:A- [ \/g \/g \/g 1] FTcx-
T:;z _\/§ \/§ \/g -1 T[;y

*

Tw3 _\/g _\/g \/g 1 Tez
-T:A- L \/g _\/§ \/g _1.

Hence, when T, is designed for the system dynamics (6),
(7), and (25), the reaction torque T, for each reaction wheel
can be obtained by inverse mapping (37). Moreover, it can
be guaranteed that the reaction torque is an optimal value T},
to minimize the performance index (30).

(37)

o

L 0 ]



Because the reaction wheels are actuated by servo mo-
tors, that is, the reaction torques are generated by servo
motors, the following linear dynamic equation is considered:

J il = —a,Q; + bV i=1,2,34 (38)

in,i>
From the definition, (24) and (38) become

1
Vini =77 (i + 2 Y)

i=1,2,34, 39
5 (39)

where the parameters a; = 0.02 and b; = 3 are considered.
Vin; is the control input voltage.

Conclusively, T, is first designed for the system dynamics
(6), (7), and (25). Secondly, inverse mapping (37) is used to
obtain the optimal reaction torque 7,,; of each reaction wheel
to minimize the energy cost (30). Finally, apply (39) to
obtain the corresponding control voltage V. ;. In the fol-
lowing, the discussion focuses on how to design T, so that the
desired trajectory can be achieved in the presence of time-
varying disturbances.

3. Super-Twisting Sliding Mode
Controller Design

3.1. Super-Twisting Sliding Mode Algorithm. The design
process of sliding mode control includes two steps: (i) A
sliding variable s is designed so that the stability of the
reduced-order dynamics can be guaranteed. (ii) Seeking the
robust, continuous control law to guarantee the sliding
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The super-twisting sliding mode algorithm is one of the
outstanding robust control algorithms which handles a
system with a relative degree (1 — s) equal to one. Based
on the algorithm, the closed-loop sliding dynamics is
designed as

t
§ = —k,|s|"*sign (s) - k, J. sign (s)d7 + d (¢), (40)
0

where s = s(x,t) € R is the sliding variable; x € R” is state
vector; d(f) € R is an unknown time-varying perturbation
and it is assumed that |d (¢)| < §; the gain pair (k;, k,) is to be
designed so that the sliding mode can occur in a finite time.

In fact, the more general representation of (40) is to
express it as the following state-space form. Let

z, = s(x,1).
t (41)
z, = -k, J-o sign (s)dr + d(t),
which implies
. 2.
zZ) = _k1|zl|l 251gn(zl) 2 (42)

Z, = —k,sign(z,) + p,

where p(t)=d(t) and |p(t)| = |d(t)| <6. Since (42) is
nonlinear, consider the following variable transformation
[20]:

¢ =|Z1|U231gn(zl)’

43
mode s = s = 0 occurs in a finite time in the presence of the (=2, (43)
time-varying external disturbances. In the following, the
super-twisting sliding mode algorithm [19] is introduced. Taking the time derivative yields
12 . 12 12
¢ - A AT (1/2)|z1|71/2 -sign(z,) -2, [—k1|z1| sign (z,) +Zz] : <|Z1| - (112)|z,] )
21| 21|
1 k 12 1 1
_| 1|1/2< 21|Z1| Slgn(zl)"'_zz)_lc |( (1"'5(2)) (44)

1

1
[64]

4;2 = —k,sign(z,) +p = —7 —k2|z1|1/2sign (z1) +|z1|1/2p = (—kz(l +|(1|p),
||
1

which can be rewritten in the matrix form as

1

( = AL+ Bp),
¢ |(1|( {+Bp)
r—0.5k, 0.5
A_ >
o } (45)

where { = [CI,CZ]T and |(,| = Izlll/z. Disturbance transfor-
mation p(t,{;) = p(¢)|(,] satisfies

P (.4l = 8]y, (46)

For system (45), the stability problem is proven in the
following. It is shown that the stability issue can be refor-
mulated as a feasibility problem in terms of the LMI.

Theorem 1 (See[2l, 22, 25]). Suppose that there exist
symmetric and positive definite matrices P = PT >0 and Q, =
Q! >0 so that the following LMI,
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PA+A'P+Q,+C'C PB
<0, (47)

B'P —*
is feasible, where y=1/5, C=[1 0], and A and B are
provided in (45). Then the quadratic form,
V=0PR, (48)

is a strict Lyapunov function for system (45) and the trajectory
reaches the origin in a finite time.

Proof of Theorem 1. Applying the Rayleigh inequality, V is
bounded by

Anin PV <V <A, (P, (49)

14,

5]
Lo 1]
~ Ll [AIF:
where y = 1/6.

Based on (47) and (49), (53) can be further simplified to

1 \4
= c Q C— 7/\min ||C|| = min Qc 3 /Dy
o QS e QIS e ()
(54)
Again, from (49), the following inequality can be
deduced:
1 1 A2 (p)
7S Ao . (55)
s TS T v

Based on (55), it can be concluded that (54) satisfies

)Lmin (Q )AI/Z ( )

V< —aVv'? a= min (56)
Anax (P)
For (56), one has

V(t) dv t
[ Sme-af a (57)

vV 0

which implies
2

V()< <V”2 (0) - gt> . (58)

Hence, V (t) reaches zero within a finite time described by

2V1/2 (0)

59
. (59)

_ L [(T(PA +A"P+C'C+Q. - Q.);+{ PBp+ pB'PL - %ﬁz]

PA+A'P+Q,+C'C PB”C]

where [[{]* = |z,| + z5 represents the Euclidean norm of (.
For (48), taking time derivative gives

V= Ic’ll [¢"(PA + ATP){+ {'PBp + 5B PL).  (50)
1

According to (46), the following inequality is satisfied:

< 1| [cT(PA +A"P)C+{"PBp + pBTPL+ L - 61252]

B0 <O <8(G+3), (51)
which guarantees
1_
Ui-5p(L8) >0 (52)
Hence, (50) can be rewritten as
(53)

B'P - ILp
where V (0) is the initial condition of V' (¢) and « is given by
(56). Based on the appropriate gain pair (k,;, k,) selection,
the LMI equation (47) can be established. As a result, the
finite time stability as shown by (59) can be achieved.

In Theorem 1, we suppose that the LMI (47) is negative

definite. Theorem 2 is similar to [21, 22, 25] and is presented
for the feasibility of LMI (48) in Theorem 1.

Theorem 2. Consider the LMI given by (47); there exists a
feasible solution P, Q° so that the LMI (47) can be established
if and only if the parameters k, and k, in A satisfy

ky > 6,
: (60)
ky > 4k,,
or
2 1 1 2 2 2
k1(5k2—1—6k1><8, 4k, > k2. (61)

Furthermore, the additional constraints k,#0 for (60)
and k, #0 and k? + 8k, for (61) must also be satisfied.

Proof of Theorem 2. If the LMI (45) is feasible, then the
&Z,-gain of the following system,
1/2

Gls) = s+ (1/2)k,s + (1/2)k; -

must be less than or equal to y; that is,



. 1 . 1
mjle(]w)|<y=5=>mue)1x|G(]w)|2<§. (63)

The above statement is the so-called bounded-real
condition [40]. In order to find proper (k,, k,) in (62) so that
condition (63) can be satisfied, calculate

1

IG (jw)I* = , 64
(k2 - 2w2)2 + (k) (64)
and its derivative
d, .o 16w(w’+(1/8)k] - (1/2)k,)
£|G(]w)| = 7 (65)

(k= 20°)" + (k)]

The extreme point can be obtained by setting (65) equal
to zero. Checking for the second-order sufficient condition
dz/dwzlG(jw)Iz, it can be deduced that max |G (jw)| can be
reached, when

0, if 4k, — k* <0,

w= (66)

4 12 1/2
(%) . ifdk, — K250,
Substituting (66) into (64) yields
1
& if 4k, — k3 <0.
2

maxIG(ja))I2 =
¢ 1

, if 4k, — k7 > 0.
k5 ((112)k, - (1/16)k7) 2

(67)
Thus, combining (63) and (67) shows that if
ky >4,
(68)
k? > 4k,,
or
(69)

1 1
k§(§k2 - Ekf) S8, 4k, > K,
then the LMI (47) is feasible. Moreover, to avoid the sin-
gularity of (67), the constraints k, # 0 for (68) and k, # 0 and
k2 # 8k, for (69) are made. O

Remark 1. Notice that system (62) is not a transfer function
of system (45); it is the corresponding linear system of LMI
(47). More details can be found in [40].

3.2. Controller Design. The control objective is to design a
robust control torque 7, such that the spacecraft can achieve
the arbitrary attitude trajectory tracking demands in the
presence of time-varying disturbances.

For this reason, let Q; = 4oy, 451" = (doa> 91> Do G3a)"
€ R* be the desired quaternion and let w, = (04> g5
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w,4]" € R be the desired angular velocity. Define the tracking
error vectors @, = [qOE,qu]T eR* and o, = [0, Wyes
w,,]T € R? as follows [36]:

Qesz1®Q=[qoe] =[ qozi‘lo"'ng :|,

9% | 19049~ 9092 — 919
Wye Wy = Wyg (70)
W, =w-—wg=|w, |=|w, -0,
Wee Wz = Wzq

where ® represents the quaternion multiplication. Based on
(70), the quaternion-based error dynamics of (6), (7), and
(25) is given by

. 1

Qoe = ——‘leT‘Ue’ (71)
2

.1 x

q. = E (q0e13 + qe)we’ (72)

W, =Ty [T+ d = 0 (Jg + 17,,0) | - @, (73)

Select the sliding surface as

S=w,+ Aq,, (74)

where S = [s,5,,5;]7 € R% 1 € R is a positive parameter to
be designed.

Suppose that the sliding motion is fulfilled in a finite time
t=tg; it gives

S=$=0, Vit (75)

From (71), (72), (74), and (75), the nonlinear reduced-
order dynamics can be obtained:

. L r
doe = _qu W,

=- %qf (-Aq,) (76)

L, r
= z/lqeqe, Vit

. 1 X
q. = 5 (qOeI3 +q, ) (_/\qe)
(77)

1
=- EAqOEqE, Vixty.
The term “reduced-order” means that the system error
dynamics described by (71)-(73 with order 7 “reduced” to
subsystem (76) and (77) with order 4. In order to analyze the

stability of the reduced-order dynamics, apply the identity of
unit quaternion:

Qoe + 9.9, = 1. (78)

Equation (76) can be decoupled as
. 1
oo = 5)L(1 -y, ), Vit (79)

Then, consider the following variable transformation:
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(B =1+— (80)
qOe y (t)
which implies
oo (1) = —%. (81)

Substituting (79) yields
. 2
t) 1 1 1 2 1
SO (Y] (L)
yo2 y () 2\ y vy
which implies
G-y = %A. (83)

Clearly, equation (83) is a linear ordinary differential
equation. Its solution is given by

y(t) = ce' - %, (84)

where C is an integration constant. Apply the inverse
mapping from (80); we get

H=1+—"r 85
oe ~(1/2) + C (89
Let gy, (0) be the initial condition; we have
_1 + o (86)
2 qo.(0)-1

Hence, the analytic solution of (79) can be obtained:

2[an(ty) - 1]

“aulty) + 1+ [anleg) + 1] 00

Qoe () =1+ Vit

(87)

Observing (87), it can be deduced that (i) the singularity
occurs as an improper sliding gain A is chosen such that
~Goe (£7) + 1+ [qo, (t7) +1]e""7) =0, Ve >, Thus, the
sliding gain  A>0 is  designed so  that
~doe () + 1+ [, () + 1110 0, Vet . (ii)
qoe — +last — oo from (87) andq, — O ast — o
from the identity of the unit quaternion (78). Observing
(70), it can be found that g,, — 1 and q, — 0 imply
Qo — qog and @ — q . That is, the nonlinear reduced-
order dynamics (76) and (77) are asymptotically stable. It is
different and more outstanding than [30, 35, 36]; the as-
sumption that g, # 0 is not made. In the following, how to
enter the sliding mode in a finite time in the presence of
external disturbances by means of the robust control law will
be discussed.

In order to introduce T, taking the time derivative about
(74) yields

S=a,+Aq,
-1 X (88)
=T [—‘rc +d-w (]eqw + F]mQ)] +&,
where
€= -w; +0.51(q L5 + q))w,. (89)

Based on the super-twisting sliding mode algorithm [21],
the following robust control law is designed:

T = 0 (Joq0 +17,,Q) = 1.6

Ty =-J (K S
cN eq 1"S||1/2

T = _(TCO + TCN)’

in which the gain matrices are denoted as
K, = diag([ky; kip ki3 ]),

. (91)
K, = d1ag([k21 ky Ky ])

Substituting (90) into (88) yields the closed-loop sliding
dynamics:

S £
= —KIW -K, Jo sign(S(7))dr + D, (92)

where D = ]e";d = [DI,DZ,D3]T € R?® and sign(S) € R3isa
sign function defined as follows:

+K, j; sign(S(T))dT), (90)

1, ifs;>0,
-1, ifs;<0, (93)
ifs, =0, (i=1,2,3.).

sgn(s) - |

sign(s;) € [-1,1],

According to the stability criteria derived from Theo-
rems 1 and 2, the following gains are chosen:

kyi > 6;,

ky; > \/IZP

where §; = sup (D,), i = 1,2, 3.

(94)
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4. Spacecraft Reference Command Generation

4.1. Reference Quaternion Generation from TNB Frame.
In this section, we are going to illustrate how to obtain the
reference quaternion from the TNB frame. The procedures
are as follows:

(1) Reference orbital trajectory: Consider the governing
equations of the orbital motion [41]:

i=-Lr (95)

where r = [X,Y, Z]" € R? is the position vector and
its magnitude is r = [|r; ¢ is the gravitational pa-
rameter. The reference orbital trajectory can be
obtained by integrating (95) in a given initial
condition.

(2) Construction of the TNB Frame: According to ge-
ometry kinematics, the TNB frame can be con-
structed by the trajectory information. Let v = r be
the velocity vector and let a = r be the acceleration
vector. The unit tangent vector can be computed by

&= (%)
€ =—-
Cvl
The unit normal vector can be obtained by
—~ a,
€, =7 r 97
"ol 7

where a, = a —a, is the normal acceleration and a, =
(a-€,)e, is the tangential acceleration. Based on the
definition of TNB frame, the binormal vector is

¢, =8 %6, (98)

(3) Reference Quaternion: Based on the rotational
property, the direction cosine matrix (DCM) can be
composed by €,, €,, and €,; that is,

C'=[¢ ¢, ¢ (99)

Applying the quaternion kinematics, the reference
quaternion is

1

1 p v v \1/2 v v
904 :E(l +Cy; +Cy +Cy) i T4 (G2 =€),
9o

1 1
=—(Cl.-C%), =—(C;, -C!).
924 44, ( 13 31) 34 4q, (Cy 12)

(100)

4.2. Reference Angular Velocity Generation. To generate a
feasible command trajectory, the following property is
proposed [35].
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Property 1. 'The matrix E (Q) defined in (9) has the following
properties:

E'(QE(Q) =1,
d . ) (101)
4 [E (@Q] =E"(@Q

By using Property 1, from (8), the angular velocity and its
time derivative can be expressed as

©0=2E(QQ
- (102)
©=2E(QQ

Hence, the formula of the desired angular velocity w,
associated with the desired quaternion is

w; = 2E" (Q,))Q,

) T .. (103)
w; =2E (Q,)Qy
where
i ~Y92d4 ~93d
E(Qd)= dod ~93d Y24 (104)
93a  Yoda ~Y9id
~Q2a 91d  Yod

5. Numerical Simulation

According to [42], the numerical data are considered and
summarized as follows.

(i) Moment of inertia of the spacecraft and reaction
wheels is as follows:

35 3 -15
Jj=| 3 28 2 |,
[-15 2 30
(105)
70126 0 0
Jo=| 0 0063 0 |(N-m).
L 0 0 0063

(ii) The external disturbance is chosen as

d(t) = 0.005[sin 0.8t co0s0.5t cos0.3t]" (N - m).
(106)

(iii) Initial conditions are the following [41]: r(0) =
[8000,0,6000]" (km); #(0) = [0,7,0]" (km/s);
w(0) = [7,-8,-7]" (degree/sec); Q(0) = [0.999,
0.017,-0.035,-0.026]"; and gravitational param-
eter u = 3.987 x 10° (N-km?*/kg).
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FIGURE 4: Spacecraft 3D trajectory.
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(iv) The control gains are

K, = diag ([ 0.547 0.547 0.547]),
K, = diag([0.05 0.05 0.05]),
A = 0.05.

(107)

The sampling rate is 400Hz. Total time span is
4.17 hours. The simulation results are shown in Figures 4-7.
For convenience, only the transition response is shown.

With regard to Figure 4, it is demonstrated that the
spacecraft tracks the reference TNB attitude trajectory
successfully. The attitude of the spacecraft with respect to the
global frame XY Z is represented as xyz. The response of
quaternion tracking errors is shown in Figure 5. It can verify
the derivation of analytic solution (87) that the scalar
component g,, — 1 and the vector component q, — 0 as
t — 0o and they satisfy the constraint qg, +q’q, = 1.
Figure 6 illustrates the response of the sliding variable. It can
be found that the converging speed of the sliding variables is
fast even though the spacecraft is under the environment
with the time-varying external disturbances. The evolution
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of the reaction torques is shown in Figure 7. It can be seen
that the control signal is smooth and there is no chattering
phenomenon. We can deduce that the controller based on
the super-twisting sliding algorithm can be realized in the
spacecraft attitude control problem.

6. Conclusion

In this study, the attitude dynamics based on the redundant
reaction wheels configuration of the spacecraft is derived. To
achieve full degree of freedom attitude tracking control, the
quaternion kinematics is introduced. For practical realiza-
tion purpose, the nonsquare FDM is reformulated as a
square, invertible matrix by means of solving a static

Mathematical Problems in Engineering

optimization problem. The robust, continuous super-
twisting sliding mode algorithm is adopted in the attitude
controller design to guarantee robust performance in the
presence of exogenous disturbances. Furthermore, the
corresponding finite time stability based on the LMI is
provided in the sense of Lyapunov. Asymptotic stability of
the nonlinear reduced-order dynamics is proven by means
of an analytic solution without imposing any limitation in
quaternion. In a space mission with this scenario, the TNB
command generation strategy is presented. Finally, the
simulation results verify that the spacecraft can achieve the
arbitrary attitude trajectory tracking demands in the pres-
ence of the time-varying external disturbances.
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This paper aims to investigate the speed regulation problem for permanent magnet synchronous motor (PMSM) servo systems
subject to unknown load torque disturbances. The proposed method utilizes sliding mode control (SMC), invariant manifold
theory, and disturbance observation technique. In the PMSM servo systems, the unknown load torques will affect the control
performance to a large extent, which is unmatched. In addition, compared with full-state measurement, the output-feedback
framework is easy to implement and reduces the sensor costs. However, it is difficult to handle unmatched disturbance and
unmeasured states simultaneously. To this end, this paper specifically combines the sliding mode control theory with the invariant
manifold theory and puts forward an output-feedback disturbance rejection control method. The key idea is that the unmatched
disturbance in the PMSM servo systems is transformed into matched one by taking advantage of the invariant manifold, which is
different from existing results. The transformation maintains most of dynamics of the PMSM system for control design, which
improves the accuracy. In addition, an extended state observer is designed to estimate the current and lumped disturbance
simultaneously; then, the output-feedback SMC method is proposed by introducing the estimations. Besides, the switching gain in
the proposed sliding mode controller can change with estimation errors adaptively, and the chattering reduces. Simulation results

on a PMSM system validate the effectiveness of the proposed control strategy.

1. Introduction

Permanent magnet synchronous motor (PMSM) has been
widely applied to various practical systems, such as robotics,
aerospace, and power generations [1-4], due to the high-
efficiency, high air-gap flux density, large torque-to-inertia
ratio, and high power density [1]. High-accuracy tracking
performance and satisfactory dynamic response are signif-
icant in the aforementioned applications. However, it should
be noted that the servo control performance is significantly
affected by nonlinearities, uncertainties, and disturbances in
PMSM systems, and the traditional linear control strategies
including the proportional-integral (PI) controller [5] are
unable to provide satisfactory control performance [6]. In
order to obtain better performance, many advanced

nonlinear control methods have been developed for PMSM
servo systems in recent years, such as adaptive control [2, 7],
robust control [8, 9], linearization control [10], disturbance
observer-based control [2, 11], fuzzy-logic based control
[6, 12], finite time control [13, 14], fractional order control
[15], sliding mode control [16, 17], and neuro-network based
control [5, 12]. These control strategies improve control
performance for PMSM servo systems from different
aspects.

In industrial applications, sliding mode control (SMC) is
deemed as one of the most effective control techniques
[18, 19] due to its conceptual simplicity and powerful ability
to reject matched disturbances/uncertainties [20]. The SMC
is able to force the system dynamics to reach a predesigned
sliding manifold in a finite time [21], and then the system
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trajectory tracking error will converge to zero along the
sliding manifold [22, 23]. It is well known that the load
torque disturbance in PMSM system is unmatched one if we
combine the speed control loop and current control loop
together to get fast speed regulation performance [8]. In
[24], a disturbance observer-based SMC strategy is devel-
oped to handle unmatched disturbances effectively. In [25],
an adaptive sliding mode control method is proposed to
attenuate the inductance disturbance of the PMSM. In order
to estimate the unmeasured mechanical parameters of
PMSM, a terminal sliding mode observer is proposed in [26],
which can estimate the control performance with a finite-
time convergence rate. The work in [27] employs the sliding
mode control technique and the extended state observer for
PMSM system to improve the robustness against load dis-
turbance and parameter variations. These results are mostly
implemented in the condition that all the system states are
available. However, in PMSM servo systems, there are
measurement noises in current sensors, which will bring
adverse effects to the control performance. Toward that end,
it is of great importance to investigate output-feedback SMC
approaches for PMSM systems, which only require the
interested output measurement rather than the full states.

The widely used output-feedback SMC method in
PMSM is the observer-based SMC, which develops a state
observer [28, 29] to reconstruct all the unmeasured states
and then designs a controller by utilizing the estimation
values. Most of the existing observer-based SMC methods
need large control gains to reject bounded equivalent input
disturbances [30], which will cause serious chattering. In
recent years, the output-feedback SMC based upon the
extended state observer (ESO) [31] provides an intuitive
solution for chattering attenuation [32]. In [33], a higher-
order ESO-based SMC method is proposed to reject the
unknown higher-order lumped disturbances.

It is noticed that the existing ESO-based SMC method
for PMSM system requires the second-order derivatives of
the angular velocity to obtain a standard form for control
design [33]. Under the standard ESO-based framework, the
dynamics except for the integral chain are lumped for es-
timation. The lumped disturbances and uncertainties may
change in a wide range due to the variation of operation
condition. Therefore, to achieve satisfactory estimation and
control performance, it is generally required to assign rel-
atively large observer poles. For a PMSM servo system, the
increase of observer poles will result in a drastic increase of
observer gains, and the measurement noises will be sig-
nificantly amplified in practice. Therefore, there will be
serious switching action in the control signal, which will
bring adverse effects to actuators and even excites the
unmodelled dynamics of the system [34]. Besides, the de-
rivatives of the reference signal may be unavailable. The
ESO-based methods solve this problem by adding tracking
differentiators for online estimation of the unknown in-
formation, which will considerably increase the complexity
for implementation. Taking all the aforementioned facts into
account, it is imperative to investigate some new output-
teedback SMC strategies for PMSM system subject to un-
matched disturbances to address the above problems and to

Mathematical Problems in Engineering

achieve good disturbance rejection ability and satisfactory
control performance.

Actually, the output-feedback SMC for PMSM servo
system subject to unknown load torque disturbances is a
challenging problem, since it is difficult to estimate both
the unmeasured states and the unmatched disturbance at
the same time. Reference [35] gives a new idea for output-
teedback SMC design, which combines SMC with the basic
idea of output regulation theory [36, 37]. Inspired by [35],
this paper aims to solve the output-feedback SMC problem
for PMSM servo system subject to unmatched distur-
bances. Under the proposed controller, the angular ve-
locity is driven to track the reference signal asymptotically.
The main contributions and benefits of the proposed
method are summarized as follows: (1) full dynamics of the
PMSM system are thoroughly exploited in the invariant
manifold based output-feedback SMC design process,
which admits higher bandwidth without higher observer
gains, attenuating measurement noises to a large extent;
(2) the switching gain changes with estimation errors
adaptively, and thus the chattering will be reduced; (3) the
proposed output-feedback SMC method can compensate
the influences caused by unknown derivatives of the de-
sired reference signal without resorting to tracking dif-
ferentiators, which results in a simpler control structure
and saves the implementation burden of the algorithm. To
further demonstrate the effectiveness of the output-feed-
back SMC method proposed in this paper, simulations on a
PMSM system are carried out by utilizing MATLAB/
Simulink.

The paper is organized as follows. Section 2 shows the
mathematical model of the PMSM system and formulates
the problem. In Section 3, the output-feedback sliding mode
controller is developed and stability analysis is shown in
detail. Then, Section 4 gives the simulation results and the
conclusion is shown in Section 5.

2. System Model and Problem Formulation

2.1. Mathematical Model of PMSM. The magnetic circuit is
assumed to be unsaturated, the eddy current loss and
hysteresis are ignored, and the distribution of the magnetic
field is supposed to be in sine space. A three-phase surface-
mounted PMSM system can be modeled in d — g coordinate,
and the mathematical model is given by [2]

di, R, 1

E = —Ild + np(lﬂq + Eud,

di R 1 1

E = —nP(A)ld - Zlq - Enp(A)l//f + Zuq, (1)

- = 1 w
dt 2] 1] J

where i, and i, are the g—axis and d—axis stator currents,
respectively; u, and u, are the g—axis and d-axis stator
voltages, respectively; v/ is the rotor flux linkage; n, is the
number of pole pairs; ] is the rotor inertia; L is the stator

inductance; R is the stator resistance; B is the viscous friction
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coefficient; w is the angular velocity; and T is the unknown
load torque.

The field-oriented control is one of the widely used
control frameworks in PMSM, and Figure 1 shows the
schematic diagram. Under this framework, the flux-pro-
ducing and torque-producing components of the stator
current are decoupled such that flux controls and the in-
dependent torque are possible as those in DC motors. In
PMSM, the controllers take advantage of the cascade control
loop, which includes two current loops and a speed loop. In
the two current loops, two PI controllers are used. Here, we
pay our attention to developing a controller for speed loop to
reject the unknown load torque disturbance.

In a PMSM servo system, it is always expected to obtain
maximum torque; thus, there should be i; = 0. Therefore,
the mathematical model (1) can be decoupled as the fol-
lowing form:

di, R 1 1
E = —Zlq — Znwaf + Zuq,
(2)
dw 3npw_f B TL
- = 1, —— - T
dt 2] 1] J

where u, is the control signal and T, is the unknown un-
matched disturbance. This paper mainly explores the control
strategy for the decoupled system given by (2).

2.1.1. Control Objective. This paper attempts to utilize the
sliding mode control theory to address speed regulation
problem for PMSM servo systems subject to unmatched
disturbances. For system (2), an output-feedback sliding
mode controller combining invariant manifold with dis-
turbance observer is designed to drive the angular velocity w
to track the reference signal w* asymptotically.

2.2. Traditional Output-Feedback SMC Design. Define the

system output tracking error as y = w — w*. Taking the

second-order derivative of y, one obtains [33]
.*_3np‘//f. _B TL .k

y=w-w = 2 iy 7 i w,

3”p‘//f.- B . TL -

TR
20, (3)
<31’1P1//fR 3np1//fB>. <3np1//f B)
=- + 5 g~ -— |w
2JL 2] 2JJL g
BT} TL 3”171/’1‘
— U,.
J ] 2L 1
Denoting D = —((3n,y(RI2JL) + (3n,yB/2]*))i,

—((3n§,1{/5;/2]L) — (B¥J*)w + (BT{/]) - (T1/]) —@" as the
lumped disturbances and « = (3n,y,/2]L) as the control
coefficient, one has the following input-output formulation:

¥y =D +xug. (4)

Denote v, = y, v, = , and v; = D. Then we have the
following controllable state-space model:

%1 [0 107[»] [07 [0
Y, =100 1[|v,|+]x|+]0] (5)
vl Looollw] Lol la

It is assumed that the lumped disturbance D and its
derivative @ are bounded and satisfy lim,_, @ = 0. On the
basis of (5), the observer is constructed as

$1 =%+ 1 (v =),
Y, =9+ L (v =) + xuy, (6)
§3 =l - ?1),

where [}, [,, and I; are observer gains. Introducing the es-
timations, the sliding manifold is developed as

s=7,+ B, (7)

where 3> 0. The output-feedback controller is

| S
Ug = — (75 + BV, + kysgn (s) + kys], (8)

where k; = p + [(l, +1,) (v, = 9,)], p>0, ky > 0.

2.3. Motivations. For the PMSM system (2) subject to un-
matched disturbance, the effects caused by unmatched
disturbance can be removed by the traditional output-
feedback sliding mode controller effectively. Nevertheless, it
is seen from coordinate transformation given by (3) and (4)
that all unmeasured states are lumped into D, which in-
cludes g-axis current and load torques. In order to obtain
satisfactory performance, we have to choose large observer
poles; thus, large observer gains are required. As a result,
measurement noises are amplified, and high-frequency
fluctuations will be brought in control signal, which may
excite the unmodelled dynamics of PMSM system, cause
adverse effects on actuator, and even destabilize the system.

3. Main Results

3.1. Output-Feedback Sliding Mode Controller Design.
Motivated by the basic idea of output regulation theory
[36, 38], the steady states of the PMSM system (2) are
calculated from regulator equations, which are shown as
follows:

dz, R 1 1

@ L TV Ty

dm, _3mp¥y B

I Ty — 3 ©)
dt 2] v ] J

>

*
O=mn,-w,

where 7;, m,, and 7, represent the steady states of the
q a .

PMSM system states i;, w, and the control input u,, re-

spectively. It is obvious that the solutions of (9) are
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ot speed iy 4 Current | g,
_éi controller +§§ contro.ller Frame I
W= A - A (g-axis)
transform G
and B
i+ Current | u, | gypwp [ T
— p-| controller —p|
_ (d-axis) A
Speed iy i, =v Encoder
loop (g-axis) 0,
) Frame |-
(d-axis) transform |«g
Current loop
Speed and angle | _
estimation -

FIGURE 1: Schematic diagram of field-oriented control for PMSM.

impossible to be obtained due to the presence of unknown
load torque disturbance T';. This section will take advantage
of the observation technique and sliding mode control to
develop an output-feedback controller to solve this problem,
which will only need the computable 7, = w*.

Denote ¢ =i, —m; and & =w—m,. Combining the
PMSM system model 5) with the regulator equations given
in (9), the invariant manifold is introduced as
E= {sl, &l ez]T = [0, O]T}. On the basis of the invariant
manifold, the PMSM system (2) is transformed into

. R 1 1
& = —zé‘l - Zf’lp'l//ffz + Z(Mq - ﬂuq>,
; (10)
prf
& = &1 — =&,
2 2] 1 ] 2

From (10), it is seen that the unmatched disturbance in
(2) is lumped into the matched disturbance Ty, which needs
to be compensated.

Denote ¢; = 7, asan extended state. Then an augmented
system is

. R 1 1
81 —zsl - Enpw]cfz + L‘l/lq - L£3,
3n,y B
: rrf
& = & — =&,
2oz g (11)
.83 - C:
e=¢,

where ¢ =71,
q

Assumption 1. The lumped disturbance 7, in system (10)
and its derivative 71, are assumed to be bounded and satisfy
the condition that hmt_>OO ,, = 0.

An extended state observer for augmented system (11) is
designed as

e _ o1 1 _
Sy = —pE MV Tl T 76t I, (e—¢),
. 3n B
3= By o),
2] J (12)

where [;,1,,]; are observer gains to be determined and
€,,&,,&; are estimations of &, &,, & in (11). Introducing the
estimations, the sliding manifold is designed as

s=8, + 5, (13)

where >0 is the parameter to be determined. The output-
feedback sliding mode controller is constructed as

3
u =L[(5—7npwfﬁ)fl+< Vs, Bﬁ) g, + -2,
1 L 2] L J L (14)

— kysgn (s) — kys],
where k; =p +|(I; + 8,) (&, — &), k, >0, and p>0.

3.2. Stability Analysis. To begin with, we give a lemma as
follows, which will play an essential role in analysis.

Lemma 1 (see [39]). If the matrix A € R"X” is Hurwitz, then
there is a scalar c>0 such that |e] < cePmx (A2t yhere
Amax (A) = max{Re (A, (A))}.
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Taking the time derivative of the designed sliding
manifold s along (13) and substituting the extended state
observer (12) and the output-feedback controller (14), we
have

$ :§1 +/3éz
.1 1.1
—zfl - anwfsz - Z£3 + Zuq
3 (15)
_ ¥y B, _
+zl(e—e)+/3(2L]fs1 —7£2+12(e—e)>
= —kysgn(s) —kys + (Bl +1,) (e —@).

Define the candidate Lyapunov function as V = (1/2)s%.
Taking the derivative of V and considering (15), one obtains

V =s8< —kyls| - kys® +1sl|(B, +1;) (e — @) (6
1
< = plsl = kys* = =V2pV'? = 2k, V.

As a result, the system trajectories will reach the sliding
manifold in a finite time T, with [18]

1 2k
T,g—ln(l +&v”2 (5(0))>. (17)
k, p
Denote the estimation errors as €, =¢ —¢ and
€, = & — &,. On sliding motion, there is
s=% +f5 = 0=7F, = -5, (18)
Then, we have
e =8 +8 =8 —f& =2 -P(5 - 7). (19)

Define & = [ ¢,,2,,,2,]". On sliding motion, the re-
duced-order closed-loop system can be written in a compact
form, which is shown as

E=0t+Ys (20)
where ¥ = [0,0,0,1 ]T, and
__<§+3”p‘/’f/3> 3yyy 3npyeP o]
J 2] 2] 2]
_R _(np¢f 41 ) 1
L L )L
0= .
3
n,y¢p _<§+12) 0
2] J
i 0 -1, 0
(21)

The main theorem of this paper is summarized as

follows.

Theorem 1. Under Assumption 1, if the observer gains I, I,,
and I, in (12) are selected such that the matrix,

R ”p‘/’f+ll> 17
L L L
=|3n
M= | 3m,¥y (E +lz) o | (22)
2] ]
L 0 -1, 0 |

is Hurwitz and the controller parameter 3 in (13) and (14) is
chosen such that —((B/]) + ((3npl//f[3)/2])) <0, then the
estimation errors and the output tracking error of the PMSM
system (2) will converge to a bounded neighbourhood of the
origin, and the ultimate bound can be made arbitrarily small.
Furthermore, if 7t,, tends to zero ast — 00, then the closed-
loop system (20) is globally asymptotically stable.

For better understanding of the main design idea of the
proposed control strategy, the detailed proof for Theorem 1
is given in the Appendix. Figure 2 shows the schematic
diagram of the proposed output-feedback SMC strategy in
implementation.

Remark 1. In parameter tuning, there are usually a number
of conflicts/constraints, such as tracking versus disturbance
rejection and nominal performance versus robustness. There
are three parameters I, I,, and I; to be determined in the
extended state observer given in (12). For tuning the ob-
server gains, we usually choose the observer poles w, and
calculated the values of [}, I,, and I; based on the observer
expressions (12). If the observer poles are larger, the settling
time will be shorter, but the overshoot will be larger, and the
measurement noise will be amplified more seriously. In the
controller given in (13) and (14), there are three parameters
to be assigned, which are 8, k;, and k,. The detailed ex-
pression of k, is given by k; = p + |(I; + BI,) (&, — &,)|, and p
should be positive. The larger p means that system states will
reach the sliding manifold in a shorter time, but the chat-
tering will be more seriously. The parameters of § and k,
should be positive. Large values of control gains will reduce
the settling time, but the overshoot and the control efforts
will be large. Generally, when choosing the parameters, one
needs to balance the overshoot, the settling time, and the
control efforts.

4, Simulations

Simulations, using MATLAB/Simulink, are carried out to
validate the control performance of the proposed output-
feedback sliding mode control method, especially in
rejecting unmatched disturbances. Table 1 lists the nominal
values of the PMSM parameters.

In simulations, to demonstrate the superiority of the
proposed output-feedback sliding mode controller, the
traditional output-feedback SMC given by (6)-(8) is com-
pared as benchmark method. The observer poles of the
proposed method and the traditional method are chosen as



and the g-axis stator voltage u, are shown in Figure 3. It is
observed that larger observer poles are needed in the tra-
ditional output-feedback SMC method to achieve similar
control performance with the output-feedback sliding mode
controller proposed in this paper. This is the main reason
why we choose different poles for the two observers.
Moreover, the changes of the switching gains in the two
controllers are shown in Figure 4, from which it can be seen
that the switching gain k; in the proposed controller is much
smaller than that in the traditional one during the transient
period.

Torque disturbance

6 Mathematical Problems in Engineering
[T T T T T T T T T T T TS T ST o oo
t Transformation: the mismatched load torque disturbance is :
: transformed into matched one based on the invariant manifold :
| getetetiaieietetesteleleteteteteieieieteieteieinbetebebelele 00 |
! . . 1 h ! 1y
: dlq/dt: —(R/L)zq— (l/L)npwfw : ! : o (RIL UL L ::
l PMSM + (L), ; . 1| &= RDe - ((I/L))”pll’ffz +(WDug |1}
i system > _ . i g7~ B B & I
i dw/dt = (Snfu/T/L%)lq (B/Nw i &H=w-1, i | &= Gnyd2))e - (B)e, i i
I I ) ! . - 1
I i 1| BT, 1
l | b ! 1
| R ———— ==Y i | 1
: | Regulator | | ! ! n )
: | equations |y~ 7(R/L)ﬂf/q ~ (UL)myygm, + [ : & LB H=w-w* |
| i (1 L)nuq : ! system i)
| . I
i : 7ty = Gryyd 2D — (BN, - (Ty/]) : i Invariant b i
! I q I I nitoll el 1
| | i | 1 l
:_ L - _‘::1:::::1:::::1:::::1:::::1:::::1::‘ N _L_‘_‘_'_'_'_'_‘_‘_'_'_'_'_‘_‘I_ ____________________________ |
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u Controller
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| +§3 - L[kl sgn(s) + kzs] ™ é\z = (3”}71///2])51 - (BI))&, + lz(fz _5)
4 és =Li(e; &)
Sliding manifold s=8 + &, < Extended state observer
FIGURE 2: Schematic diagram of the proposed output-feedback SMC strategy for PMSM system.
TaBLE 1: Parameters of PMSM system in simulations. TasLE 2: Control parameters of two methods.
Meanings Parameters Nominal value Controller
Observer parameters
Pole pairs n, 4 Methods parameters
Rotor flux linkage ¢s 0.402 wb Symbols  Values  Symbols Values
Stator inductance L 4mH Proposed B 1 1, 7116.5
R9tor iner.tia. ) J 1.78 Xﬁiodl kg - m? Output-feedback p 1 I 1964.6
Viscous ﬁ.'lctlon coeflicient B 74%x107> N -m- s/rad SMC k, 5 I ~151.1376
Stator resistance R 1.74 Q) Traditional B 80 I3 3000
Output-feedback p 1 I 3 x 10°
) SMC k, 5 I 1x10°
w, = —800 and w, = —1000, respectively (the reason why we
choose different poles for the two observers will be discussed
in the following Case 1). The parameters of the two con-
trollers are shown in Table 2. TaBLE 3: Simulation scenarios.
In this section, we will present three simulation sce- . .
narios, which are listed in Table 3. Cases Scenarios Details
I Constant refe%‘ence ©* = 150 rad/s
Speed tracking
Case 1. Constant Reference Speed Tracking. In this case, the I Sudden load w* = 150 rad/s
reference angular velocity is set as w* = 150 rad/s. The re- Torque disturbance T,=0— IN-m
sponse curves of the angular velocity w, the g-axis current i, I Time-varying load w* = 150rad/s

T, =0— 2+sin(2at)N -m

Case 2. Sudden Load Torque Disturbance. When unknown
load torques are suddenly imposed, the simulation results
are shown by Figure 5. It can be observed from Figure 5(a)
that the angular velocity fluctuations of the PMSM are
much smaller under the proposed controller than in the
traditional method, although the observer poles of the
traditional method are larger than those of the proposed
one.
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FIGURE 3: Response curve of the proposed output-feedback SMC and traditional SMC (Case 1): (a) angular velocity w; (b) g-axis current g

(c) control input Uy

1 1.5

Time (sec)

(©

x108
3000 T T T 5 T T T
4t ]
& <
E 2000 1 = 51 |
5 5
g g
2 2| .
% 1000 1 %
1t ]
0 i . . 0 . .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time (sec) Time (sec)
—— Proposed —— Traditional
(a) (b)

FIGURE 4: Switching gain of the two controllers: (a) proposed output-feedback SMC; (b) traditional output-feedback SMC.
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FIGURE 6: Response curve of the proposed output-feedback SMC and traditional SMC in the presence sinusoidal load torque disturbance
(Case 3): (a) angular velocity w; (b) g-axis current igs (c) control input Uy

Case 3. Sinusoidal Load Torque Disturbance. Different from
Case 3, where constant load torque disturbance is consid-
ered; in this case, we aim to evaluate the influences of period
time-varying external disturbances on the steady-state
performance. Response curves of the angular velocity, the
g-axis current, and the g-axis voltage are shown in Figure 6.
It can be seen from Figure 6 that the proposed control
method shows better disturbance rejection ability than the
traditional output-feedback SMC method.

5. Conclusion

This paper has investigated the speed regulation problem for
PMSM system subject to unmatched disturbance. Taking
advantage of the invariant manifold, the unmatched dis-
turbance has been transformed into matched one and an
augmented system has been obtained. An extended state
observer has been developed for the augmented system to
reconstruct unmeasured states. An output-feedback sliding
mode controller, based on invariant manifold, has been
proposed to achieve asymptotic tracking. Under the pro-
posed control method, the angular velocity of the PMSM
system can track the desired signal asymptotically even in
the presence of the unmatched disturbance. Simulations
have been carried out to validate the superiority of the
controller proposed in this paper.

Appendix

A. Proof of Theorem 1

Proof O

Step 1. According to the input-to-state stability given in
[40], there is a class of # functions « and a class of #Z
functions # such that, for any bounded ¢(t) and initial state
£(0), the solutions of the compact system (20) satisfy

1EOT <7 UEOI, 1) + a(supgerls ()]) and [I€(c0)] < a(8)
<oo with |7, (¢)|<d, where § is a positive constant.
Therefore, the estimation errors and the output tracking
error are bounded.

Step 2. Denote € = [ &,,€,,¢, ]". Combining the augmented
system (11), the extended state observer (12), and the re-
duced-order closed-loop system (20), the subsystem of
observer estimation error is given as

€ = Mé+Ng, (A1)
where N = [0,0, 1 ]T. Based on the comparison lemma [40],
there is

(1) = Me(0) + j MEING (5)ds. (A.2)

t

0

In general, if the observer poles are chosen as w, <0,
then, combining with Lemma 1, we have

t PR —
Ol [ [ iNtls(o1as

+ "e (A-LC)t

lle o)l

t (A.3)
<5 J 6, (@294 4 ¢ o (@ig ()|
0

2&:2(1 -e (‘”D/z)t>

< +cie (R ()],
-

where ¢, >0 and ¢, > 0 are constants. As time goes by, there
is lim,_,[[€(t)]l = (2dc,/-w,). If the observer gains in (12)
are selected such that the matrix M is Hurwitz, then the
estimation errors are bounded and can be arbitrarily small
by increasing observer poles.

It can be obtained from (20) that the state subsystem is
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. B 3n 3n 3n
& = (— + 71’%/3)52 + p(Pfél + Pl//fﬁiz. (A.4)
I 2] 2]
Based on the comparison lemma given in [40], we have

the following inequality:

() =€ ((B/])+(3npfpfﬁ/2]))t£2 0)

(B (any9,8121) ) t-9) [ F1pP
+Jo f 00 4

S 2eVib, (T))d‘[
2]

Denote a positive constant

(A.6)

n="
"

"’f~ B+ P‘”f Py (t)’

Since the parameter [ is chosen such that
—((B/]) + (SnPI//fﬁ/ZI)) <0, similar to (A.3), one obtains

|£2 (t)l < mle—((B/])+(3an/fﬂ/2]))t|£2 (0)|

2myh
(B/I) +(3npwfﬁ/2]) (A7)
_ (1 3 e—(((B/])+(3npwfﬁ/2]))/2)t>,
where m;, m, >0. As a result, we have
2m,h
lim &, (t) = 2 . A8
o 2 ((BI) +(3n,y4B12])) (4.8)

It is noted that the ultimate bound of estimation errors
can be made arbitrarily small; therefore, the ultimate bound
of the tracking error ¢, (t) can be arbitrarily small.

Step 3. Furthermore, if the assumption that lim,__, 7 ,, =0
is satisfied, following the method given in [41], one obtains

tﬁnooé(t) = slim E(s) = lim [sI - M] 'NZ(¢c()

(A.9)
hm [sI-M] !

- lim ¢(t) =
t—00

Based on the above analysis, we have

3
lim & (1) = lim, 0(5 +(1]3 N ”;‘;’ﬁ))

pl//f.. pV/fﬁ~
3( 1 (D) + 27 (t)>

3
_11m5_>0<s+(B+ nowﬁ))
J 2]

~lim< "Vis () + ¥ sP (t)>

t—00 2] €

(A.10)

Taking (19) in mind, one obtains

Mathematical Problems in Engineering

lim & (t) = lim & -8, =2 - B(e,-8) =0. (A.11)
t—00 t—00

Since &, = w — w*, we have lim, | w = w*. As a result,
the angular velocity of the PMSM system can track the
desired reference signal asymptotically. This completes the

proof.
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In order to investigate the attitude containment control problem for a microsatellite cluster, an event-triggered adaptive sliding
mode attitude containment control algorithm is proposed for the satellite cluster flight system under directed topology, so that
attitude of followers asymptotically converges to the convex hull formed by the leaders’ orientations. At first, the event-triggered
control strategy is introduced into the attitude containment control problem for the microsatellite cluster. The triggering
condition consisting of state-dependent and time-dependent function is designed to adjust control period and avoid the Zeno
behaviour. When the function value meets the triggering condition, the event is triggered, state information is sampled, control
law is computed, and actuators are updated, while the control action performed in nontriggering time is the same as the previous
triggering instant. Then, in the presence of model uncertainties and external disturbances, an event-triggered adaptive sliding
mode attitude containment control algorithm is presented under directed topology, and sufficient and necessary conditions for
the followers to enter into the target area formed by the leaders are given. Furthermore, cell partitions from graph theory are
employed to investigate the influence of information topology on steady states of followers, which provides theoretical basis for
orientation design of cluster satellites. Finally, simulation results show that the proposed control strategy could reduce control
execution frequency, as well as ensure the similar control performance with the time-triggered one, and followers belonging to the

same cell have the same steady states.

1. Introduction

Satellite cluster has received growing attention in the recent
years [1, 2] for its advantages of greater flexibility, faster
response, higher reliability, lower cost, and better reconfi-
gurability [3]. Contrary to satellite formation flight, cluster
flight does not impose strict limits on the geometry of the
cluster [4] and is hence more suitable for implementation by
multiple microsatellite systems. Satellite cluster has been
deployed by many institutes, such as ANTS [5], Break-
through Starshot project [6], and so on.

Several technical barriers need to be broken down to
pave the way for cluster satellites to come into being. Co-
ordinated attitude control of cluster satellites has been
identified as one of the enabling technologies. Although
there has been lots of results on coordinated control problem
for multiple satellites systems, we note that most of the

existing research studies consider leaderless [7, 8] or one
leader case [9, 10], where there exists no group objective or
only a single group objective.

However, the presence of multiple leaders is more at-
tractive for the satellite cluster system, owing to the fact that
such strategies provide attractive solutions to cluster
problems, both in terms of complexity and computational
load. As a kind of extended consensus problem, the case with
multiple leaders is what we call containment control [11].
The objective of containment control is to guarantee that all
the followers asymptotically converge into the convex hull
formed by the leaders through information interaction and
coordinated control. The containment control problem
received significant research interest due to its various ap-
plications, such as mobile robots [12], unmanned aerial
vehicles (UAVs) [13], underwater vehicles [14], and satellite
formation systems [15, 16].
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By now, there has been lots of research studies on
distributed containment control, and research studies could
be divided into several types from different perspectives.
According to the dynamics, the research studies include
first-order systems [12, 17, 18], second-order systems
[19-21], linear systems [12, 17, 18], nonlinear systems
[15, 22-24], homogeneous and heterogeneous multiagent
systems [25], etc. In view of information topology, fixed
topology [15, 19, 22, 23], and switching topology [18],
undirected graph [20] and directed graph [17, 23] are, re-
spectively, considered. In many research studies, contain-
ment control is combined with other novel control
strategies, such as finite-time control [14, 15, 22], adaptive
control [14, 16], neural network [16], event-triggered control
[26], and so on. For the design of leaders, there exists the case
of stationary leaders [20, 24], dynamic leaders (constant
velocity or time-varying velocity) [17], leaders formation
[25,27], and so on. In addition, other problems such as time
delay [11, 21], model uncertainties [15, 16, 23], external
disturbances [15, 16], collision avoidance [27], and un-
measured relative velocity [28] are also discussed.

Recently, distributed attitude containment control
strategies have gained increased attention in satellite
coordinated control community. In [22], the distributed
finite-time attitude containment control problem for
multiple rigid bodies was addressed. For multiple sta-
tionary leaders, a model-independent control law was
proposed to guarantee the attitudes of followers converge
to the stationary convex hull formed by leaders in finite
time by using both the one-hop and two-hop neighbours’
information. Then, for dynamic leaders, a distributed
sliding mode estimator and a nonsingular sliding surface
were given to guarantee the attitudes and angular ve-
locities of followers converge, respectively, to the dynamic
convex hull formed by those of the leaders in finite time.
Under undirected fixed connected graph, Weng et al. [29]
investigated distributed robust finite-time attitude con-
tainment control for multiple rigid bodies with uncer-
tainties including parametric uncertainties, external
disturbances, and actuator failures. In [30], a distributed
control strategy combined with finite-time command
filtered backstepping (FTCFB) and an adaptive technique
was established to solve the attitude containment control
problem of spacecraft formation flying (SFF) with un-
known external disturbances. The proposed novel dis-
tributed adaptive FTCFB approach could guarantee the
containment errors of attitudes between leader spacecraft
and follower spacecraft reach the desired neighbourhood
in finite time under undirected topology. However, the
information topology of cluster satellites may be direc-
tional in actual space missions. Because only a fraction of
satellites was equipped with necessary sensors or com-
munication equipment to measure relative state in cluster
system, obviously, the directional information topology is
more general. Ma et al. [31] studied the distributed finite-
time attitude containment control problem for multiple
rigid body systems with multiple stationary and dynamic
leaders under directed graph. Based on sliding mode
observer, adaptive attitude control algorithms were given,
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and the necessary and sufficient conditions were achieved
which rendered all the followers converge to the convex
hull spanned by the static and dynamic leaders in finite
time. In [24], an attitude containment control algorithm
was proposed in the case of undirected angle information
topology and directed angular velocity information to-
pology, and the case of unavailable relative angle velocity
was also investigated.

Continuous or periodic sampled control scheme is
usually applied to the aforementioned attitude containment
control problem of satellite formation, whose results belong
to time-triggered control. The state information of cluster
satellites is usually sampled with a fixed and high sampling
frequency, and the actuators are updated at each sampling
instant, which increase the pressure of the whole network
communication and lead to the wear of actuators and un-
necessary energy consumption, thus seriously shortening the
in-orbit operation life of cluster satellites. Moreover, in time-
triggered control schemes, control action updates periodi-
cally even when the system has reached the desired state with
satisfactory accuracy. Computation and communication
pressure will be greatly increased, while resource and net-
work bandwidth of the microsatellite cluster are extremely
limited.

Efforts to overcome these problems have led to the
proposal of event-triggered control strategy. Information
interaction and controller updates are not determined by
time, but by the triggering condition (event). Event-trig-
gered mechanism consists of two types: state-dependent
events [32] and time-dependent events [33]. In the event-
triggered control strategy, the control tasks, consisting of
sampling state information of satellites, computing control
law, and updating actuators, are executed when the well-
designed triggering condition is satisfied. Thus, communi-
cation and computation resources are utilized only when
“needed” to preserve desired control performance [34]. It
makes event-triggered control favourable, especially for
satellite cluster missions with limited bandwidth and
resources.

So far, event-triggered control has been investigated in
the multi-rigid body system model with nonlinear char-
acteristics. In [35], an event-triggered distributed adaptive
controller was proposed to study the leader-follower
consensus problem for a directed network of
Euler-Lagrange agents. For the attitude control problem of
spacecraft, Wu et al. [36] investigated the problem of
spacecraft attitude stabilization control system with limited
communication and external disturbances based on an
event-triggered control scheme. Sun et al. [37] introduced
an event-triggered control (ETC) strategy for the spacecraft
attitude stabilization problem from the view of cyber-
physical systems (CPSs); a new quaternion-based nonlinear
control algorithm was proposed to ensure attitude dy-
namics systems’ exponential stability, and parameter se-
lection of event function and controllers was discussed in
this paper. There are also research studies combining event-
triggered schemes with containment control. In [38],
distributed event-triggered cooperative attitude control of
multiple rigid bodies with leader-follower architecture was
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investigated; under the designed controllers with the event-
triggered strategies, the orientations of followers converge
to the convex hull formed by the desired leaders’ orien-
tations with zero angular velocities. Xu et al. [26] studied
the distributed event-triggered adaptive containment
control problem for multiple Euler-Lagrange systems with
stationary/dynamic leaders over directed communication
networks.

Although various novel control strategies have been
investigated for the attitude containment control problem
of a satellite cluster, which enables cluster members to
converge to the convex hull formed by leaders with a faster
convergence rate, little attention has been paid to the
relationship between system performance and informa-
tion topology design of the satellite cluster system. Note
that the interaction between satellites need not be bidi-
rectional in practice due to communication bandwidth or
sensor capability. Constrained by intersatellite distance
and performance of sensors, only parts of followers can
receive information from leaders directly. To the best of
the authors’ knowledge, the event-triggered attitude
containment control for the microsatellite cluster system
under directed topology is worth studying and awaits a
breakthrough. However, the existence of system uncer-
tainties and unavoidable external disturbances of cluster
system results in an unsatisfactory performance [39, 40].
Thus, the sliding mode control (SMC) strategy, which is
robust to external disturbances and model uncertainties,
is employed. The adaptive control method is also com-
bined to realize the online estimation of uncertain pa-
rameters in real time, and it would not destroy the
robustness properties of SMC [41].

In this paper, the attitude containment control problem
and information topology structure design for the
microsatellite cluster are investigated. First, the triggering
condition consisting of the relative state error is given to
adjust controller update period. If and only if the triggering
condition is satisfied, state information is sampled, control
law is computed, and actuators are updated. Then, an
event-triggered adaptive sliding mode attitude contain-
ment control algorithm is proposed in the pressure of
inertia uncertainties and external disturbances, which
makes attitude of cluster members to enter asymptotically
into the convex hull formed by leaders’ orientations.
Furthermore, cell partitions in the view of graph theory are
employed to investigate the influence of information to-
pology on orientation of followers, which provides theo-
retical basis for information topology design of satellite
cluster missions. Finally, simulation results show that the
proposed event-triggered adaptive sliding mode attitude
containment controller could drive the followers to enter
into the convex hull formed by the leaders’ orientations in
the presence of inertia uncertainties and external distur-
bances, and followers belonging to the same cell have the
same orientation. Compared with the existing results, the

proposed results in this paper have the following
advantages.

(1) In the framework of the Euler-Lagrange system, this
paper presents an event-triggered adaptive sliding
mode attitude containment control algorithm for the
microsatellite cluster system under directed topol-
ogy, so that the followers asymptotically converge to
the target area formed by the leaders’ orientation in
the presence of inertia uncertainties and external
disturbances. The controller is updated only when
the triggering condition is satisfied, and the state
information of the triggering instant is utilized at the
nontriggering time. Therefore, the control input is a
piecewise function and the controller update for each
satellite is asynchronous. Compared with the time-
triggered method, the event-triggered adaptive
sliding mode attitude containment control algorithm
not only ensures the similar control performance of
cluster satellites but also effectively reduces infor-
mation transmission and actuator update frequency
of the satellite cluster system. Event-triggered atti-
tude containment control is superior in micro-
satellite cluster missions with limited resource and
lower precision.

(2) The triggering condition of time-varying threshold
is given in this paper. Most researches only study
state-dependent or time-dependent triggering
condition. However, the triggering condition in
this paper is the combination of state-dependent
and time-dependent. The time-dependent function
is introduced to avoid the Zeno behaviour, i.e., the
controller does not update infinitely in finite time,
nor does it update in a periodical manner. When
the triggering condition is satisfied, state infor-
mation is sampled, control law is computed, and
actuator is updated, which can effectively reduce
the computation and actuator update frequency
while ensuring the control performance of cluster
system.

(3) From the perspective of graph theory, the control
algorithm is fully distributed in the sense that each
satellite can select their control gains according to
only local information. Then, the influence of in-
formation topology design on orientation of the
microsatellite cluster is analysed. It is shown that in
an ideal environment, the stable state of each fol-
lower is a convex combination of all leaders’ states it
can access. Two kinds of cell partition of cluster
information topology are given, and it is proved that
satellites belonging to the same cell partition have the
same stable state. It provides a theoretical basis for
information topology design of microsatellite cluster
missions with performance requirements such as full
coverage of the target area.



The remainder of this paper is organized as follows.
Mission scenarios, relative attitude dynamics of satellite
cluster, basic knowledge of graph theory, and attitude
containment control problem are briefly given in Section 2.
In Section 3, the event-triggered adaptive sliding mode
attitude containment control algorithm is proposed for the
satellite cluster in the presence of inertia uncertainties and
external disturbances. Then, sufficient and necessary con-
ditions for asymptotical convergence of the cluster system
and the absence of the Zeno behaviour are derived. Ori-
entation of cluster satellites based on information topology
design is given in Section 4, providing theoretical basis for
information topology design of the microsatellite cluster.
Numerical simulations to verify the effectiveness of the
proposed control algorithm and information topology
structure design are completed in Section 5, and concluding
comments are given Section 6.

2. Preliminaries and Problem Formulation

In this section, some problem descriptions about mission
scenarios are introduced, and then preliminary knowledge
about containment control strategies is given.

2.1. Mission Scenarios. Traditional single leader consensus
is a group of satellites aiming to achieve an agreement
through information interaction and coordinated con-
trol, where leader’s trajectory will be tracked by followers
of the cluster system. In contrast, containment control
can drive the followers to enter into the target area
formed by the multiple leaders. Containment control is
more robust in the case of leader failure and more
practical in microsatellite cluster missions with limited
resource and lower precision. Two typical microsatellite
cluster flying scenarios which are closely related to at-
titude containment control are firstly given and analysed
as follows.

2.1.1. Earth Observation or Deep Space Exploration of
Microsatellite Cluster. Microsatellite cluster has been
employed in many observation missions, such as the Earth
observation or deep space exploration. It is necessary for
satellites to obtain and maintain a certain relative attitude
[32]. In the observation missions, such as expanding ob-
servation view or searching observation target, members
are not required to converge to the same orientation, but to
enter into a target area formed by the leaders’ orientations,
which is called attitude containment control. One of the
basic objectives is that a subset of the satellite set (leaders)
stabilizes to a specific relative attitude, and the orientation
of the rest members (followers) enters into and remains
within the specific attitude, determined by a convex hull
formed by the leaders’ orientation. Meanwhile, each sat-
ellite is only allowed to communicate (attitude or angular
velocity) with a specific member of the set, and these
constraints limit the information interaction between
satellites.
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2.1.2. Coordinated Attitude Control for Fractionated
Spacecraft. Fractionated spacecraft distributes the func-
tional capabilities of a monolithic spacecraft into multiple
free-flying, wirelessly linking modules (service modules and
different payloads) [42]. One of the main challenges of this
architecture is cluster flight, keeping the various modules
within bounded configurations. The fractionated spacecraft
generally does not require precise relative orbit and attitude
control, as long as the relative distance is within the range of
communication and the relative attitude control enables
power transmission links [43]. In this case, some (virtual)
module spacecraft form an orientation area for the cluster
members’ attitude, which makes modules to maintain
communication and power transmission.

There is no precise requirement for the final attitude of
cluster members in the aforementioned attitude control
missions of the microsatellite cluster. The attitude of fol-
lowers only needs to reach an area instead of the consensus
state. It is necessary to form the target area using (virtual)
leaders’ orientation and then control the followers to enter
into the target area through intersatellite information in-
teraction and properly designed coordinated attitude control
protocol.

Constrained by unidirectional measurement character-
istics of sensors or GPS-like radio frequency communica-
tion, as well as relative distance limitation between satellites,
information topology of microsatellite cluster is unidirec-
tional, asymmetric, and sparse. And the information to-
pology structure generally remains fixed in a short time if
there does not exist large disturbance. In the following, we
will study the attitude containment control problem of the
microsatellite cluster under fixed directed topology.

2.2. Relative Dynamics Model of Satellite Cluster. In this
paper, the modified Rodriguez parameters (MRPs) are used
to describe attitude motion of the satellite cluster. MRP is a
kind of attitude description method without redundancy
and singularity. Attitude vector o € R® of MRPs is expressed
by Euler axis e and Euler angle @ as follows:

(0]
o = etan 7 =2n< D <27 (1)

The kinematic equation of follower i is
0; = G(0;)w;, (2)

where 0; € R* and w; € R®, respectively, are MRPs and
attitude angular velocity of the fixed-body coordinate system
of satellite i relative to the inertia coordinate system,
G(o;) = (1/D{(1 =0T o)I; +2[07] + 20,07}, 1; is the 3x3
identity matrix, and ¢ is the skew-symmetric matrix of o;
and is expressed as

0 _(0)3 (0)2
=] () 0 - (3)
~(0), (0); O

where (v), represents the kth component of vector v.
Attitude dynamics equation of satellite i is expressed as
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. X
Jiw; = —0; J;0; + T, + T4 (4)

where J; =J7 € R® is the positive inertia matrix, 7; € R?
represents the control torques, and 7, € R’ represents the
external disturbance torques.

Attitude kinematic equation using MRPs as the attitude
parameter can be converted into an unified Euler-Lagrange
form by appropriate transformation [44]. 'The
Euler-Lagrange equation can effectively introduce the linear
relative attitude expression between different satellites,
which plays a beneficial role in coordinated attitude control
design of satellite cluster. Taking the derivative of (2) and
substituting (3) into (2), the Euler-Lagrange form of attitude
dynamics equation for satellite i could be obtained as
follows:

M; (0;); + C;(0;,0,)0; + g (0;) = w; +d;, (5)

where o; = [0",0?, 621", M, (0,) = G (6))],G " (0)) is
symmetric positive-definite inertia matrix of satellite i,
Ci(0;,6)=-G T(0)],G' (0,)G(0,)G ' (0,) -G (o))
J0:G ' (0,)5;]°G ! (0;) is Coriolis and centrifugal torques
matrix, J; = Jo; + AJ;, J; is nominal inertia of follower i, AJ; is
uncertainties part, g; (0;) is uncertainties causing by model
uncertainties, u; = G™' (0;)7; is control torques, and d; =
G T (0;)1y is disturbance torques. According to Reference
[45], the Euler-Lagrange equation has the following prop-
erties: (a) M;(0;) € R* is a symmetric positive-definite
matrix; (b) here we assume that there exist positive
k> ki ke, k- satistying 0 <k, I, <M; (o) <kzl,, 1C;(0;
ol <kcllogll, gi(o))<ky; (c) for any o;0;¢€ R,
(1/2)M; (0;, 6;) — C; (0;, 6;) is a skew-symmetric matrix, and
there exist x € R?, x” ((1/2)Mi (0;) — Ci(0;,0,))x = 0; (d) we
assume that the left-hand side of (5) can be parameterized in
linear expression as M, (0;)x + C;(0,,0,)y + g; =Y, (0}, 0;,
x, ¥)0,.g;, for any x,y € R3, where Y;(0,,0,,x, y) is the
regression function matrix and ©; is the unknown constant
parameter vector.

Assumption 1. All leaders’ states and state derivatives are
bounded, that is, there exist constants oy, and ;) such that
lo, (O < opppllog (DI <07y In this paper, we add an ad-
ditional assumption that lim, _[|o;[l — 0.

Assumption 2. The external disturbance torque d; is
bounded, that is, there exists a positive constant d,; such that
Id;ll <d,,, where d,, is bounded and unknown.

2.3. Graph Theory. Graph theory is introduced as an useful
mathematical tool to describe intersatellite information
interaction, providing theoretical basis for control perfor-
mance analysis of the cluster system.

Suppose there are N+ M satellites in the cluster, con-
sisting of N followers (denoted by 1, 2, . .., N) and M leaders
(denoted by N+ 1, ..., N+ M). We assume that the (virtual)
satellites belong to either one of the two subsets, namely, the
subset of followers F = {1,2,..., N} or the subset of leaders
L={N+1,...,N+ M}

Information interaction topology of the cluster system
can be modelled by a digraph G = (V, E) with node set
V(G) ={1,..., N + M} denoting satellite with dynamics or
kinematic characteristics and edge set E(G) = V (G) x V (G)
denoting intersatellite information interaction. Each edge
(i, j) € E(G) means satellite j can access state information
from satellite i, and satellite i is called a neighbour of satellite
j. The neighbour set N; = {j € V(G)|(j,i) € E(G)} of sat-
ellite 7 is a collection of all the satellites from which satellite i
can access state information. If
(i, j) € E(G) © (j,i) € E(G), bidirectional edge (i, j) in-
dicates that satellites i and j can access state information
from each other. A directed path from node i to node j is a
sequence of edges of the form (i, iy), (i1, i2), ..., (i, j), in a
directed graph. A directed tree is a directed graph, where
every node has exactly one parent except for one node, called
the root, and the root has directed paths to every other node.
A directed spanning tree of a directed graph is a direct tree
that contains all nodes of the directed graph. A directed
graph has or contains a directed spanning tree, if there exists
a directed spanning tree as a subset of the directed graph.

Two matrices are frequently used to represent interac-
tion topology: one is adjacency matrix A = [a;;] with a;; >0,
a;;>0 it (i, j) € E(G). In this paper, we assume that self-
edges are not allowed, i.e., a; = 0. And the other is Laplacian

matrix L = [I;] with [; = Y%, i L = —a;;, (i # ).

The system Laplacian matrix L can also be written as

block matrix:
L. L
[ ). 0
0 O

where L is the Nx N submatrix composed by rows and
columns in which the followers of L are located, and it
represents information interaction relationship among fol-
lowers. Lg; is the N x M submatrix composed by rows and
columns in which the followers and leaders of L are, re-
spectively, located, and it represents the information flow
from leaders to followers. G denotes followers and infor-
mation interaction between followers.

Several graph theory tools are given to provide theo-
retical basis for information topology design of the cluster
system.

Definition 1 (see [46]). For directed graph G, a k partition 7
of V(G) is composed of k cells C,, ..., C, with C;nC; = D,
(i,j=1,...,ki#j) and UK, C, = V(G). C; is a neighbour
of C; (i,j=1,...,ki#j) if there exist i’ =¢; and ;' =¢;
such that j' is a neighbour of i'.

Definition 2 (see [47]). Suppose that 7 = {C;,---,C;} isak
partition of V (G); if any two distinct vertices in C; have the
same number of neighbours in C,; for all j #1, then 7 is called
a 7! partition. In particular, 7' = {H,, ..., H,,} denotes the
! cell partition containing H; (i = 1,...,m) as m cells of 7.

Definition 3 (see [46]). Suppose 7 ={Cy,...,C;} is a k
partition of V' (G); if for each vertex in C;, it has the same
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number of neighbours in all neighbour cells of
C;(i=1,...,m), then 7 is called a n* partition.

2.4. Containment Control Model. The following definitions,
assumptions, and lemmas related to containment control
strategy are needed to derive the main results of this paper.

2.4.1. Convex Hull. There may exist multiple leaders in
microsatellite cluster missions, and all followers are required
to enter into the target area formed by the leaders’ state
instead of reaching a consensus state. Several vertices on the
boundary of the target area are selected so that the target area
can be approximately replaced by convex polygons which
are formed by these vertices [48]. Generally, the more the
vertices are selected, the higher the approximate accuracy is.
Suppose that the target area (moving or stationary) can
be approximated by a convex hull formed by M vertices.
The definition of convex hull is given as follows.

Definition 4 (see [23]). Let C be a set in a real vector space
V € R?. The set C is convex if, for any x and y in C, the point
(1-t)x+ty € Cforanyt € [0,1]. The convex hull for a set of
points X = {x,,...,x,} inV is the minimal convex set containing
all points in X. We use CO (X) to denote the convex hull of X, that
is, CO(X) = {¥ ) axilx; € X, o € Ry 20,3, o = 1},

Vertex information of the target area could be provided
by the Earth station or could be autonomously generated by
cluster members which have strong sense, communication,
and information processing capability.

Once the convex hull which approximates the target area
is selected, vertex information of the convex hull can be seen
as (virtual) leaders of the cluster system, while cluster
members are regarded as followers.

24.2.  Distributed  Attitude  Containment  Control
Formulation. Followers need to generate control decisions
based on absolute state of itself and relative state information
of its neighbours, which makes attitude of followers to
converge to the convex hull formed by the leaders’
orientation.

Containment control protocol for followers could be
written in the following form:

u; = h(op, wp, 0,0, ), i€F, ™)

h — [T 1T — [T 1T
where aF—[al,.T..,aN] , wF—[wl,...,cToN] ,
op=[o5, . okl and wp = [wh, ..., 0k, 1", re-

spectively, are the attitudes and angular velocities of fol-
lowers and leaders.

We assume that there is no information interaction
between leaders. The trajectories of leaders are not affected
by other members, while followers need to generate control
instructions with neighbours’ information [49]. To drive all
the states of followers to enter into the convex hull formed by
the leaders’ orientation, it must be ensured that each follower
can receive information from leaders directly or indirectly.
Otherwise, there will exist followers whose motion is not
affected by any leader, nor will converge to the convex hull
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formed by the leaders’ orientation. Thus, the information
topology of the cluster system needs to meet the following
assumption.

Assumption 3 (see [20]). Suppose that for each follower i,
there exists at least one leader j that has a path to the follower
i

Lemma 1 (see [20]). If Assumption 3 holds, then Ly is
invertible; each entry of —Lp;' Ly, is nonnegative and each row
sum of —L;'Ly, is equal to one.

Lemma 2 (see [23]). Let L be the Laplacian matrix asso-
ciated with a directed graph G. Then, L has a single zero
eigenvalue and all other eigenvalues have positive real parts if
and only if G has a directed spanning tree.

Lemma 3 (see [50]). Consider the system x = f (t,x,u),
where f(t,x,u) is continuously differentiable and globally
uniform Lipschitz in (x,u) for all t. If the unforced system
X = f(t,x,0) has a globally exponentially stable equilibrium
point at the origin x =0, then the system x = f (t,x,u) is
input-to-state stable.

According to Definition 4 and Lemma 1, the desired state
is convex weighted average of the leaders’ attitude and
angular velocity, which can be written as

-1
0y = -Lp Lp 0, 8)

-1
w; =-Lp Ly g,

where 0, and w, respectively, are the desired attitude and
desired angular velocity.

Our aim in this paper is to propose appropriate dis-
tributed attitude control algorithm for the followers (i.e.,
those indexed from 1 to N), so that in an asymptotic manner,
they can travel into the convex hull formed by the leaders
(i.e., those satellites indexed from N+ 1 to N+ M). We will
also analyse under what conditions the containment be-
haviours can be guaranteed and perform rigorous conver-
gence with less sampled information and control action, that
is, lim,_,,0p(t) — — (Li'Ly ®13)0,,
lim, ,  wp(t) — 0, Vi € F. On this basis, the influence of
information topology design on orientation of followers is
analysed, which provides a theoretical reference for orien-
tation design of cluster members.

3. Distributed Attitude Containment
Control for Microsatellite Cluster

For attitude containment control problem of leader-follower
satellite cluster, an event-triggered adaptive sliding mode
control algorithm is proposed in the presence of inertia
uncertainties and external disturbances. The triggering
condition based on relative attitude error is set for each
follower, that is, the entire system is triggered asynchro-
nously and triggering time of each follower is different. State
information is sampled, control law is computed, and ac-
tuators are updated if and only if triggering conditions are



Mathematical Problems in Engineering

met. At nontriggering time, controller of followers uses the
state information of triggering instant.

The event-triggered adaptive sliding mode controller and
triggering condition are designed to make attitude of fol-
lowers asymptotically enter into the convex hull formed by
the leaders and attitude angular velocity converge to 0;
meanwhile, the update frequency of control tasks is reduced.

3.1. Event-Triggered Formulation for Attitude Containment
Control. The traditional time-triggered control scheme is
usually updated periodically, and periodic sampling may be
a better control scheme in the view of control scheme design
and problem analysis. However, when the system is working
normally, periodic control will cause unnecessary energy
consumption and actuator update.

To reduce the pressure of computation, communica-
tion, and actuators and meet the constraints of mass,
volume, and power on the microsatellites, the event-trig-
gered mechanism is introduced to solve coordinated at-
titude control of the microsatellite cluster, while to ensure
the control performance of the microsatellite cluster, the
triggering condition is used to adjust update period of
controller and reduce the amount of computation and
communication pressure. The design of the event-triggered
coordinated attitude controller could be divided into two
main steps. First is the setting of triggering condition. The
triggering function with relative attitude error is designed
to adjust update period of controller, state information is
sampled, control law is computed, and actuator is updated
if and only if the event is triggered. Second, the event-
triggered distributed attitude controller is designed in the
presence of model uncertainties and external disturbances,
which makes followers to converge to the convex hull
formed by the leaders’ orientation. And the Zeno behaviour
is excluded. Triggering frequency is reduced and resource is
saved as well as control performance of cluster system is
ensured. The triggering condition is given in this section,
and distributed attitude containment control protocol will
be proposed in the next section.

First, to rewrite the dynamics equation of the satellite
cluster into the form which is convenient for stability
analysis, auxiliary variable ¢,; is introduced:

N+M
G =-a Y ay(o(t)-0;(t)), i€F,jeFUL (9)
j=1

Design the sliding variable s;:

N+M
s =0,(t) =6, (1) =6,()+a Y a0, (t) - 0;(1)),
j=1
(10)

where « is a positive constant and a;; is the weight of ad-
jacency matrix A of directed graph G.

According to the properties of equations (5) and (9), the
dynamics system could be rewritten as

M; (0;)6,; + Ci(“i» b'i)bri +8

=Yi(61,(}i,0ri, Ti)®i+£i’ i: 1,...,N.
(11)

In coordinated attitude control of the satellite cluster, ®,
is the inertia matrix with unknown parameters,
©; = [J115Jazs T3 125 J13> J23]". For any x € R, there exists
J;x = L(x)0;. ¢ is the approximation error for the ith fol-
lower, |l <é€,,. Linear operator L(x) is shown as follows:

x; 0 0 x5 x5 0

0 x| (12)

Lx)=|0 x, 0 x

0 0 x3 0 x; x,
Regression function matrix:
Y;(0;,03,0,:,6,) = G’ (c’i)L((T1 (Gi)&ri)
-G' (Gi)L(G_l (6)G(0,)G (Gi)f’ri)
+G " (0,)(G ' (0,)6,;) L(G ' (0))5,).
(13)

Let the triggering time sequence of follower i be
th,th,.. . th,..., where k=0,1,..., and t) = 0. t; denotes
the kth event time of the ith satellite.

Two types of state errors are defined to facilitate the
design of the triggering condition:

ei(t)) =si(t) - si(t);t' € [tio i)
e i(t) = Y,(£)0,(t) - Yi(£)8,(t),
where C:)l- (t') is the estimation of ®; at time t'.

According to Reference [35], the triggering condition
can be defined as follows:

"eli(ti)u + /\max (Ki) esi(ti)” - %/lmin (Ki)”si(ti)

(14)

| - yi(ti) >0,
(15)

where K; is the symmetric positive-definite matrix, 0 <y; < 1,

yi(ti) = PiVAmin (K;) exp(—viti), p;>0,and 0<v;<1.

Remark 1. p;(t") is a time-dependent function. The intro-
duction of y; (t') can completely avoid the Zeno behaviour.
The initial attitude and angular velocity o, (£,), w; (t}), i € F
of followers and attitude and angular velocity o; (t)), w; (t)),
i € L of leaders are given at initial time ti. The system
continuously monitors the auxiliary state s; (') and un-
certain parameter ©,(t') of each follower. Once the trig-
gering condition of satellite i is satisfied, that is,
fi(esi(ti),e]i(ti))zo, the event ‘of gatellite i is triggered
immediately, triggering time is t' = ¢}, state information is
sampled, control law is computed, and actuators are
updated. The state errors ej; (') and e; (t') are reset to 0. In
nontriggering time, the controller uses state information of
the last triggering instant, ie, for the [th, b))
u, (t') = w; (¢}). Control law is not computed until the next
event is triggered, and thus the control input is piecewise
constant. Under the action of the event-triggered attitude



containment controller, the attitude of followers asymp-
totically converges to the convex hull formed by the leaders’
orientation.

In this paper, the event-triggered distributed attitude
control algorithm could be written in the following form:

(1) = hi(si(1i), Yi(1i)@1(1)).
w(f)=u(t), fe i)
It is noteworthy that the control law does not need be
computed until the next event.

Attitude dynamics equation of followers could be re-
written in the following form:

(16)

M, (0;)s; + C;(0,, 0;)s; = w; + d; ~ Y,(0,,6,,6,,7,)0,
-¢&, i=1,...,N.
(17)

Correspondingly, triggering time is defined as
£ = inflt > A1 (es(()es(€)) 20 (18)

Once t' =}, the event is triggered, state information is
sampled, control law is computed and actuators are updated
for satellite i, and the corresponding triggering function is
less than 0 again.

The event-triggered control scheme is shown in Figure 1.
The scenarios we consider include sampling time and
triggering time; the sampling time is determined by the fixed
clock frequency of the sensor, and the latter is controlled by
the triggering condition based on the state. It is noteworthy
that the time interval between two consecutive events is
usually variable and can be equal to the minimum interval
(that is, the sampling period). When the interval between
two consecutive events is a fixed sampling period, the system
degenerates into a traditional periodic sampling control. For
the triggering conditions in this paper, continuous detection
is necessary, which may require additional equipment and is
a waste of communication and computing resources.

3.2. Event-Triggered Adaptive Sliding Mode Attitude Con-
tainment Control. For each follower i, the event-triggered
adaptive sliding mode control protocol is designed as

u(t') = -Kis; () + Y,(11,)0,(11)
~ki(to)sgn(si(ti))s i€ Ft' € [tioty,,):
Adaptation law of @, () and Ei is defined as follows:

0, (t) = -AY] (H)si(t), (20)

1

(19)

Zi(ti) = ri'ls,‘(ti)"f (21)
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where A,; is a symmetric positive-definite matrix and T; is a
positive constant.
According to (9) and (10), system (17) can be rewritten as

M, (0,)5(t') + Ci (0, 6,)s,(t') = —Kis; () + Yi(15.)0(1)
- Eisgn(si(tl)) +d; - Y,»(t')@i

—g,i €F, t € [tioty,)
(22)

The following conclusion shows that event-triggered
adaptive sliding mode attitude control protocol (19),
adaption laws (20) and (21), and triggering condition (15)
can realize attitude containment control of microsatellite
cluster system (5) under directed information topology.
When t — oo, the attitude and angular velocity of fol-
lowers asymptotically enter into the convex hull formed by
leaders, that is, lim, 0 (t) — - (L;'Lp;, ®13)0; and
lim, ,  wg(t) — 0. Moreover, it can be further proved
that the Zeno behaviour will not occur in the microsatellite
cluster system under the action of the proposed event-
triggered attitude control strategy.

Theorem 1. If Assumptions 1 and 2 hold, under the action of
triggering condition (15), event-triggered adaptive sliding
mode attitude control protocol (19), and adaption laws (20)
and (21), the attitude of followers asymptotically enters into
the convex hull formed by leaders’ orientation, that is,
lim,_,,0p(t) — — (Li'Ly, ®L)o; and lim,_ wp(t)
— 0, and then the sufficient and necessary condition is that
Assumption 3 holds.

(1) Proof. Sufficiency: The proof includes the following two
consecutive steps. (i) State trajectory asymptotically con-
verges to the sliding surface, that is, lim, _, . s; = 0. (ii) In
the case of s; =0, the state of followers will reach
lim,_,,0p(t) — - (Li'Ly ®1y)0;, lim,_,wp(t) — 0
asymptotically.

First, consider the following Lyapunov candidate:

1 N T 1 N ~T 1% 1 S 7\t
v, :EZSiMi(Gi)SﬁE 2.6 A, ®i+52(ki_ki) b
i=1 i=1 A

where k; >¢,, + d); and the estimation error is
@i = ®i - @i' (24)

Taking the derivative of V|, we can obtain
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‘ Model uncertainties ‘ ‘ External disturbances ‘ Neighbour : - »
o Triggering condition
¢ * satellite j
T
1
Attitude dynamics of microsatellite i l v

M, (0,)0; + C; (0, 6,)0;+ g; (0;) = u; + d;

s, (1), Y, () ©; (£)

5 (1)
Controller for satellite i Y; (1) ©; (1)
w; () = hy (5, (), Y, (1) ©; (6) <
u; ) = u; (t};), fe [t};, ti +1)

FiGure 1: Control scheme of the event-triggered strategy.

1 N
VI—EZS s+ siM;(0)5+ ) 6,A7'0, - ) (k;— k)
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According to property (c) of the Euler-Lagrange
equation, (1/2)M; (o;) — C; (0;) is a skew-symmetric matrix;
substituting (24) into (25), we can obtain that

N N N
V==Y sKis;(t) + > s Y,(1)0,(t;) = Y s/ k;sgn(s,(t1))
=1 i=1 i=1
IN Al N - N
—ZSITY,((:)I+®,)+Z 0, Ys, - Zk|s|+Zk|s|+Zs (d; -
i;l . i=1 i=1 . . (26)
=- Z sITK,s,(t}() + Z ST(Y,(I‘;()@,-O;() - Y,@,) - Z s Y0, + Z 8, Y's,
=1 =1 =1 =1
lN X 1 N 1 1
—Zs?klsgn(sl(t}())+z : Zk|s|+Zs i~ &)
i=1 i=1
) N
Substituting definitions of state errors (14) into (26), it V,< - Z ,T Z s: Kieg + Z s; e;
can be obtained that i=1 (28)
N N
—isTK-S»—isTK.e»+§:sTe< Z ksgn( ( ))"’ZE:'SJ
Pt [y it P i TN st & i vJi = part
- X N N N N -
- ; Si kisgn(si(tk)) + ;ki|si| - Zkils"l * ; 5; (di - ). In the time interval t' € [, 1t} ), we can know that the

system trajectories start from a region where
sgn (s; (tk)) =sgn(s; (). And K; is a symmetric positive-

According to Assumption 2, we can get definite matrix; then, the upper bound for V, can be
st (d; — &) <ls;lld;| + Is;lle;| < Kk;ls;|. Thus, expressed as

(27)
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. N
Vi<- Z Zs K;e +Zs ey
i=1
N
< = 2 Ao ()]s I+ kaax (K[ es] +Z||S [l
(29)
It is worth noting that triggering condition (15) guar-
antees "e]i" + /lmax (K,')”esi" < (Yi/z)/lmm (K,)"S,” + Y; (1)

holds throughout the evolution of cluster system (5). Thus,
we can get

Vl < - ZAmin (Ki)“siuz + ;%Amin (Ki)“si”z

i=1

+ ; \/Amin (Kz’)Pieivit“SiH-

Because Vx,y € R, |xy|< (y,/2)x* + (1/2y;)y* holds.
For 0<y;<1, analysing the right-hand side of (24), the
upper bound of V; can be expressed as

; - 2 P o
Vi< - Z (1= ) min (Kz)||51|| + Zz_y.e e (31)
i1 i-1 <V

(30)

Integrating both sides of (25), for any ¢’ >0, we can get

S P
t)+z (1= ) Amin (K; J lls (T)“ dr<Vv, (0)+Z :
i1
(32)

Because 0<y, <1, YN (1 - i () [0 lIs; (DIPdr>0,
we obtain that V', (£) <V, (0) + Zl L (p}/4yv;), and thus V| is
bounded. According to (23), s; and (H)I(t) are bounded for
every i = 1,..., N. When Assumption 3holds, we can know
L;l exists according to Lemma 1. Then, (10) can be rewritten as
follows:

op = ~a(Lp®L)op — a(Ly ®1,)0; + 8. (33)

Let o = o + (L' Ly ® I3)0;, and equation (33) can be
written as

0p = —a(Lp®L)o, +(L;' Ly, ®1,)6, + sp. (34)

According to Lemma 2, all eigenvalues of L have
positive real parts. According to Assumption 1, ¢ is
bounded and lim, , o, — 0. It thus follows that when
sp =0, (34) is globally exponentially stable at the origin
op = 0. We can conclude from Lemma 3 that cluster system
(34) is input-to-state stable with respect to the input s and
the state 0. According to Lemma 3, because input sg is
bounded, state G is bounded. Thus, we can obtain that o is
bounded from (34). Equation (9) can be written as
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0, = —a(Lp®I;)0p, and thus o, is bounded. It also follows
from (10) that ¢ is bounded. Differentiating (9), we can get
that ¢, is bounded.

According to property (b) of the Euler-Lagrange
equation, M, (0;), C; (0}, 0,)0,, g;(0;)0,, 0,, and ¢;, i € F are
all bounded. Then, according to equation (11), we can obtain
that Y;(0;,0,,0,,0, is bounded. Because
IC; (0;, 6;)s; 1l < kcllo;llls;|l, we can obtain from (17) that sy is
bounded.

Because V,(t) > 0,and s;, s; € L
from (32) that

, then it can be derived

S P
> (1= 7 K)J Is, (0|Fdr <V, (0)+Z i
i=1

(35)

which implies that I(t) IIs; (7)|*dr is bounded, that is, s; € L,.

s;,S; € L, s; € Ly, and thus s; () is uniformly contin-
uous. According to Barbalat’s lemma [51], lim, s — 0.
Because (34) is input-to-state stable with respect to the input
sp and state op(t), it can be concluded that
lim, , op(t) — 0. As a result, it follows that
lim,_,op(t) — — (Li'Ly ®13)0,, $0 similarly
lim,_,.,0p — - (L;'Ly ®1;)6;; according to Assump-
tion 1, lim, , 6; — 0, and thus lim, , o — 0.
According to ¢;=G(0)w;, we can obtain that
lim,_,  wp — 0. The attitude of followers asymptotically
converges to the convex hull formed by leaders’ orientation.

According to Reference [52], we see that the system
trajectories are attracted towards the sliding manifold as
long as sgn (s; (t})) = sgn (s; (¢')). This holds for all triggering
instants whenever sgn (s; (t )) = sgn (s; (t')). As a result, the
trajectories reach the nelghbourhood of the sliding manifold
due to lim, sy — 0 and enter the region where the sign
of s; changes before next triggering occurs. So, in the time
interval, the decrement of V; cannot be guaranteed because
zero crossing of s; occurs, and hence the trajectory increases.
However, the sliding trajectories are ultimately bounded
within this region. Therefore, the ultimate band is the region
where sgn (s; (£})) # sgn (s; (' ")). The size of this band can be
calculated by ﬁndmg the maximum deviation of sliding
trajectory with zero crossing.

This ultimate region can now be derived as follows. We
know that for any t' € [ti, t};+1),

”si(tD - si(ti)" = eSI(ti)" Sm <%’1min (Ki)”si (f)“

+ (0 =[le; ])-

(36)

This gives the maximum deviation of sliding variable
from its immediate sampled value. Then, the maximum
value of band can be obtained for the case s; (t;;) =0 and is
given in (15).
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According to (32), V, (1) <V, (0) + Z ~, (p?/4y,); then, Further,
substituting (23) into it, we can obtaln N
Z siTsi
i=1

Zs M;s; +Z®A Z

< (Ami

(0)M; (0)s; (0)

LMZ
+
'Mz

&, (0)A; @(0)+Zk O)r; +Z i

+

®; (04", (0)+Zk o)r; +Z b = = 2vi|
i=1 i=1 %7/1 (39)
37
o N (37) That is,
Because Y, ©, A;'@; + YN k;T;' >0, we can obtain
that
N

N N
<Y sT (0M; (0)s;(0) + Y. &, (0)A;'®, (0)

i=1 i=1

N L P'2
k. (0T .
+;  (OF; +,~;2Yﬂ’i

ZsiTMs

i=1

(38)

lIsel < \| (L (M (0, (0)+Z® (0)A;'6, (0)+Zk or; +Z pi

i=1 Yz i (40)
= Sy
Second, consider the following Lyapunov function There exists a diagonal matrix D = diag(d,,...,dy)
candidate: with d;>0, Vi=1,---,N, such that Q =DL; +LID is
symmetric ositive  definite. ~ Because Vx,y € R,
V, =55 (D®L;)dp. (4 7 b v

|2xy| <y;x* + (1/y;)y* holds. Then, (42) can be written as
Taking the derivative of V, along (34) gives

V, =57 (DeL)5, + 5. (Dely)s,
=2((Ly'Ly @1 )5, + 8¢ ) (D®L)0; — ap(DLg + LiD)5,

2 max (d;)
<

(L' Ly 8 1)oy + s IV = i Q)
min(d) > max(d,)

(42)

oA, (Q) 2max(d) max (d; )“ L LFL®I3)‘7L + s (x)tmin(Q)
Vv,

Vas2 \12 max (d;) * \j oA in (Q) min (d,) max (d,;)

(43)

— . 2
3 2 max (di)3|KLF1LFL ® I3)‘7L + sF" _ hnin (Q) v
< ok, (Q)min (d,) 2max(d;) ¥
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Furthermore,

max (d,-)3|'(L1:1LFL ® 13)6L + SF"2

“/\min (Q)
' V2T o (Qmin ()

> 2max(d) T

(44)

4 (max (di))4”<L;DlLFL ® I3)dL + sF||2<1 - ef(“)‘min(Q)/Zmax (di))t>
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It can be obtained that

(45)

V2 (t) < V2 (O)e*(a)tmin (Q)/2 max (d‘.))t +

Let ¢y = 2(max(d,)*/ (a),;, (Qmin(d;)). Because
lim, e~ (@i (Qr2max(@d)t __, 0 then according to (41),
we can get

lim sup“EF" <cplim sup”(L;lLFL ® 13)(7L + sF”
t—00 t—00

(46)
<cplim sup”sF" + ¢y lim sup“«(L}lLFL ® I3)¢'7L|'.
t—00 t—00
According to  the  aforementioned  analysis,

lim,_,lspl — 0. According to Assumption 1,0, is
bounded, and thus limsup, | - (Lp'Ly ®Ly)a; |l is
bounded. Moreover, we assume that lim,__[lo; | — 0,
and thus we can obtain that lim,_,|[oz| — 0.
Substituting (41) into equation (45), we can get

\%4 - .
o 0] < Jmii(&).) e e 1) + s

a5 ) o]

_ . max (d,)ar (0)
- min (d;)

= Opm-
(47)
From definitions of o and ¢, we can also obtain

ol <[] + | (Le' L @1 )or |

SOpy + /lmax(Ll_?lLFL)O-LM

= one (48)
[oel <l (Le @ T)op| + [ (Lep ©Ls)o ]| + s

< Wy (Lp)Opnt + 0Amax (Ler)oras + Sy

= Opy-

Therefore, for any bounded initial states and ¢ > 0, the states
of (5) using equations (15) and (19)-(21) will always lie in the
compact set {(0; (1), 0; (t)lllog () < oppp, 165 (DI < Gy }-

(2) Proof. Necessity: Necessity is proven by contradiction. If
Assumption 3 does not hold, then there must exist parts of
followers which cannot receive information from any leader
directly or indirectly (through other followers). According to
Reference [53], the followers can be divided into two subsets,

(xz (Amin (Q))2 min (dl)

namely, one set with the followers that can receive the in-
formation from the leaders directly or indirectly, denoted by
F,, and the follower set, which cannot receive information
from leaders denoted by F,. The system Laplacian matrix L
can also be in the following form:

Ler, Ler, Lrt
L= 0 Lpp 0 [ (49)
0 0 0

Let the attitude of F, and F, be op and o . Auxiliary
variables Sr,SF, are given with respect to oy and o . Then,
we can obtain

G, = —cx(LFI A, ®13)0F1 - oc(LFI , ®13)on

— (L, ®13)0, + 55, (50)
o5, = oL, @1, )op, +Sp..

Because s; and s are proved to converge to zero, the
final states of op and oy, will depend on the equilibrium
points. We can get from equation (50) that the trajectories of
the followers in F, are independent of the leaders, and thus
these followers cannot always converge to the convex hull
formed by the leaders from any initial state. For the followers
in F,, Assumption 3 holds. From the analysis of the suffi-
ciency in this proof, the motion of followers in F, may also
be affected by its neighbours including leaders and followers
in F,, and thus there might exist some followers in F, that
cannot converge to the convex hull formed by the leaders.

The proof is completed.

Remark 2. In order to avoid the chattering problem caused
by the sign function, controller (19) can be substituted by
saturation function

1, x>0,
X

sat(x,0) = 5 |x] <6, (51)
-1, x <-4,

where ¢ is a small positive constant.
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Remark 3. The attitude containment control problem with
multiple leaders has been studied in the context. Obviously,
if there exists one leader in control protocol (19), the
multiple leader-follower coordinated attitude containment
control problem becomes the coordinated attitude tracking
problem with single leader.

3.3. The Absence of Zeno Behaviour. Zeno behaviour means
the minimum time interval between two consecutive events
is 0 and the event triggers infinite times in a finite time,
which is forbidden in control tasks. Let T' denote interevent
time interval of event-triggered attitude control protocol
(19)-(21) and triggering condition (15). T needs to be strictly
positive to exclude the Zeno behaviour.

lim, _, ,,8; — 0 is satisfied in the context. But at i,
there may exist the case of s; () = 0, s; (t') # 0. The attitude
containment control is not reached at this moment.
Therefore, the event is triggered in the following two cases:

1) 1f ||s,»(t}'<+1)|| #0, the interevent time interval of this
case is denoted as T, and triggering condition is
”e]i (t;ﬁl)” + Amax (Kplleg (t;<+1)|| > (y,/2) Amin (Kls;
(t;<+1)||+‘ui (t}wl)'

(2) If |Is; (t}; .l = 0, the interevent time interval of this
case is denoted as T, and triggering condition is
lleji (DI + Ao (Klles (F )l 2 g1 (£ )

Comparing the aforementioned two cases, we can know
that for any ||s; (¢}, )l # 0, there exists [s; (t;.,,)l > 0, so it can
be concluded that case (1) takes longer time, which implies
T,<T,. We just need to prove that there exists strictly
positive T', to exclude the Zeno behaviour.

Theorem 2. If conditions of Theorem 1 hold, then the
interevent time interval T of triggering condition (15) has
positive lower bound.

Proof.  According to Reference [35], for any k>0 and
t' e [t,t,,), i=1,...,N, the derivative of |eg(¢')| with
respect to time satisfies

e ()| < J5(£)] (52)

where s; (t') has been proved to be bounded. Let positive
constant B, denote the maximum of |is; (¢')[|, and we obtain
(d/dt)lleg ()]l < B,. .

Similar to equation (42), the derivative of [, (t)l
satisfies

Sl <[ (0D =[98 + )8

(53)

d
dt

It can be seen from the Section 3.1 that Y; () and ©, (')
are both bounded; according to Assumption 1 in Reference
[35], we know that Y, is bounded. Then, because Y; (t') and
s; (') are bounded, ©; (t') is bounded according to adaption
update law. Let positive constant B; denote the upper bound
of [[(d/dt) (Y;(¢)®; (t))I, and (d/dt)e; (#)l|<B; can be
obtained.
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Let B = max{B 7> Mnax (K,-)BS}; it follows that

llen ()] + Amas (K)Jesi(£)| <2 JZ Bdt =2B(t — 1), t € [titi,)
k

(54)

According to case (2), the lower bound of interevent time
interval T, can be derived:

2BT; 2 p;\|Amin (K;) exp (=9, T5), (55)

where B> 0. T, can get positive solution from equation (55).
Thus, there exists time interval between two consecutive
events, and the system avoids continuous control. It means
that the interevent time interval of triggering condition (15)
has positive lower bound.

4. The Influence of Information Topology
Design on Followers’ Orientation

Compared with single leader/leaderless case, containment
control has lower accuracy requirement for the final state of
cluster members. However, in practical space missions, the
orientation of satellites in the target area needs to meet
certain constraints, such as multiple satellites observing the
same orientation simultaneously, the observation field
covering the entire target area, and so on.

It indicates in [46] that the steady state of each follower is
a convex combination of all leaders’ states it can access, and
the combination coeflicient is a quantity related to the
system Laplacian matrix. It can be concluded that the ori-
entation of followers in the target area is determined by
system information topology (including the weights that are
assigned to edges).

In this section, approaches from graph theory to in-
vestigate influence of information topology on the distri-
butions of followers are presented to provide a reference for
orientation design of the microsatellite cluster.

4.1. The Constraints of Leader Reachable Set on Followers’
Orientation. Denote C = —L;'Ly; as the coefficient matrix
of steady state of followers with respect to the state of leaders,
where 0<¢;<1, Z?/L ¢;j =1. It reflects the relationship
between system information topology and steady state of
followers. According to the definition of reachable set [46],
(1) if follower i is reachable from multiple leaders including
N+ j, 0<c; <1, the motion of i is affected by multiple
leaders, and its stable state is correspondingly determined by
the states of these leaders. (2) If follower i is only reachable
from leader N + j, ¢;; = 1, there exists a directed path from
N + j to i, that is, the motion of follower i will be only
affected directly or indirectly by leader N + j. (3) If follower i
is not reachable from leader N + j, ¢;; = 0, the motion of i
will not be affected by leader N + j, and thus the steady state
of follower i is not related to N + j.

Ri(j=12,...,m) is denoted as the reachable set of
leader N + j. H; = (R;/ U j;R;) is a set of all followers which
is only reachable from leader N + j. Y ;= (F/R j) represents
the unreachable set from leader N + j. P = (R]-/H]-)
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represents other follower set in R; without H;, and H
(H;/{N + j}) represents the subset without N + jin HJ

Then, Ly and Ly; can be written in the following block
matrix forms:

L;Ij 0 0

Lp= Lp.H Lp, LPJY > (56)
0 0 LY]_

Lp, =[61,-..,0x]

T
where 6j = [L{-IPN Lg N+j 0] .

Theorem 3. Assume all leaders have converged to the steady
states 05,1, 0%12> - - -» Onapg- 1hen, under the action of trig-
gering condition (15), adaptive sliding mode attitude con-
tainment control algorithm (19), and adaption laws (20) and
(21), all followers of cluster system (5) will asymptotically
converge to the steady state of = ZM ¢;j0N, i € F,jeL.

Proof. Since

Lﬁj H, LN =0 (57)

we have

Li Ly = 1) (58)

and we can obtain that

-1
L- L~
H; "Hjx.

-L,'8, = -
F Yj LP LP]HJN+]

0

1z

+ LP LP] .

(59)
j
= -1 .
LPj <LPjI’-va11’:Ij + LPj,N+j)
0

Further, each entry of L! (L alg L, ) is positive.
Otherwise, L o1z +Lp = =0, ]whlclﬁ means P does not
have neighbours in H wh1ch contradicts the definition of
P;.

Now Theorem 3 has been proved.

4.2. The Constraints of Graph Differentiation on Followers’
Orientation. In microsatellite cluster flying missions, each
member obtains the information from its neighbours
through communication or relative state measurement. Due
to the performance difference of sensors and communica-
tion equipment, as well as relative distance between mem-
bers, neighbour satellite sets of each satellite are different.
However, there may exist some commonalities among
cluster members in information interaction, according to
which cluster members can be divided into several subsets,
and dynamic behaviour of cluster members belonging to the
same subset may also have commonalities.
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Although steady orientation of followers can be roughly
estimated based on leader reachable sets, in some obser-
vation missions, there exist more constraints on followers’
orientation. The steady state of followers can be described
using 7! partition and 7? partition of cluster information
topology. These two graph theory tools can divide the cluster
member into several subsets, and the number of neighbours
in other subsets of cluster members belonging to the same
subset has a certain commonality, which provides theoretical
basis for information topology design of the microsatellite
cluster.

At first, we prove that the satellites in the same cell
partition belonging to Ut (H,,..H,} partition have same steady
state.

Theorem 4. For event-triggered adaptive sliding mode at-
titude containment control protocol (19), triggering condition
(15), and adaption laws (20) and (21) of the microsatellite
cluster system which satisfies 0% = —L;'Lg0;, if system in-

formation  topology G has a cell  partition
ni T ={C,,---,C}, then all the followers that belong to
the same’cell C;(i=1,---k) have the same steady state.

Proof. According to Reference [46], suppose 7y,
{Ci,...,C} is a cell partition of V({G')’ w1th
C,=H,,...,C,, = H,; then, according to the cell partition
of V(G), by ordering the vertices appropriately, the graph
Laplacian can be written in the following form:

F Lo, 0 0 0 1
0 - Lee 0 )
L= o . (60)
Le,,.c, = Le,,c, Louc,, o Le,uc
L Lee, 0 Lee, Lec,., Lec, |

The block matrix at the lower left corner and the lower
right corner is denoted by A, B, respectively. Since Lo%, = 0,
Ao, +B0% =0 is obtained. Then, by Lemma 2 in [46],
0% = -B 'Ac¢;. Assuming that each vertex in C; has s;
k,i+k), then,
according to the definition of 7' partition, each row sum of
the submatrix Leg, (i,j=1,...,ki#j) equals s;. Com-

number of neighbours in C;(i,j=1,...,

bining with Corollary 1 in [46], it is given that

“Sm+1,1 1rm+1 “Sm+lm 1rm+1

e _ e e
Aoy = Onyp teoe ON+M>

=Sk1 Lk ~Skm Lk
(61)
where r; is the cardinality of C;(i =m +1,...,k).
It follows that
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S 1 s 1

m+1,1 -rm+l1 m+1,m=rm+l

0. =B"' : Ony to+ B

e
F ON+M-

S Lk Skom Lk

(62)

By using Lemma 3 in [46], it can be concluded that all the
followers that belong to the same cell C(i=1, . . ., k) have the
same steady state.

Now Theorem 4 has been proved.

Then, another cell partltlon, partltlon, is pro-

.....

to 2
{H,,...H,,

Theorem 5. For event-triggered adaptive sliding mode
containment control protocol (19)-(21) of microsatellite
cluster which satisfies 0%, = ~L;'Ly 0., if the system infor-

mation topology G has a cell partition i* = {C,, ..., C} with
CicH;or CCF, i=1,....k;j=1,....m, then all the
followers that belong to the same cell C; (i = 1,. .., k) have the

same steady state.

Proof. According to 2Reference [46], construct the deduced
unweighted graph G~ of G as follows: use a follower i to
represent cell C; ar21d draw an edge from j to i is a neighbour
cell of C Then, G~ has m reaches according to Assumptlon
3.Let L’ be the Laplac1an matrix of the deduced graph Gt
can be derived that I’ 0p = 0 with 0; = 0%, ; if C;CH has
unique solution. Finally, it can be verified that O%c, = 0 1C is
the solution of Lo}, = 0.
Now Theorem 5 has been proved.

5. Simulation Results

5.1. Simulation Results and Analysis of Attitude Containment
Control. In this section, simulations for multiple leader-
follower satellite cluster are presented to illustrate the ef-
fectiveness of the proposed control protocol and informa-
tion topology design. Suppose that in microsatellite cluster
observation  mission, six satellites, denoted by

={1,2,...,6}, are needed to obtain observation infor-
mation from three different directions. Suppose the target
area is defined by three attitude orientations, and the leaders
L ={7,8,9} are stationary relative to the reference frame.
The attitude of leaders, respectively, is

o, =[0.09 0.06 —0.08]" rad,
=[0.06 -0.1 0.05]"rad, (63)
=[-0.08 0.1 0.09] rad.

The nominal inertia of six followers, respectively, is
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120 0 2
J,=| 0 25 0 |kgm?’,
(2 0 29
122 1 0.57
J,=| 1 24 3
(0.5 3 22
125 0.8 27
J,=]08 29 1 |kgm?
[ 2 1 21
123 04 0
Js=104 26 0.8 |kgm",
| 0 0.8 28
122 02 0
Js=10.2 26 0.6 |kgm?,
| 0 0.6 24
723 0.4 0
Jo=|04 24 0.8 |kgm®.
0 0.8 28

kgm2 s

(64)

The initial estimation
©, (0) = [22,26,25,0,0,0]".

The initial state of followers is, respectively, shown in
Table 1.

System information topology is shown in Figure 2.

Control gain coefficients and adaptive parameters are

parameter is

a; = 0.02,
T

K, =[111], (65)

A; =diag([2 2 2]),

I, = 0.001.

Triggering parameters are y; = 0.6,p; = 2,v; = 0.5.

A microsatellite cluster in LEO is mainly affected by the
gravity gradient torque, while the disturbances such as the
solar radiation pressure torque will be dominant for a cluster
in high-Earth orbits such as the geostationary orbit. All these
torques are slowly varying and can be treated as signals
composed of constants and periodic trigonometric func-
tions. Taking into account these factors, the disturbances are
chosen as

d; =d; +d, (66)

where
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TaBLE 1: The initial attitude information of followers.
Followers Attitude o,(rad) Angular velocity w;(rad/s)
1 [0.1 0.4 —0.3]: [0.01 0 0]"
2 [0.3 02 03] [0 001 0]"
3 [-0.2 0.1 -0.1]" [0 0 0.01]
4 [-0.4 02 -0.1]" [0 0 -001]"
5 [0.3 —0.5 0.1] [0 -0.015 o]rT
6 [0.2 02 -03]" [0 0 0.015]

FIGURE 2: Topology structure of satellite cluster.

d;, =[0.0012 -0.0018 0.0012]"N.m,
d;, =[0.001 0.0014 —0.0017]"N.m,
d;; =[-0.0013 0.0016 —0.001 ] N.m, )
67
dy, =[0.0015 —0.0014 —0.0013]"N.m,
d;; =[-0.001 —0.001 0.0015] N.m,
d;g =[-0.0012 0.0013 0.0014]"'N.m
denote the constant disturbing torques and
[t
diiy s1n<ﬁ)
1 t
=z |  duencos(5) (68)

. t t
dy3) s1n<1—0>cos<E>

is used to simulate the residual disturbances including
aerodynamic torques, solar radiation torques, and similar
effects.

5.1.1. Event-Triggered Attitude Containment Control.
Simulation results of satellite cluster are shown in Figure 3.
Figures 3(a) and 3(b) are the curves of relative attitude and
relative angular velocity over time, respectively. It can be
seen that the relative attitude converges to the convex hull
formed by the leaders at about 600 s, and relative angular
velocity converges to 0 within 700s. The followers can
converge to the convex hull even though there exists large
disturbance torque. The interevent time of each follower is
shown in Figures 3(c) and 3(d). At the initial stage, the state
of cluster members is far from the desired state, then the
event is triggered frequently, and the update of control
input is relatively frequent, but when the system asymp-
totically converges to the desired state, fewer events are

Mathematical Problems in Engineering

triggered, and interevent time increases and tends to be
stable finally. We can find that if satellites are influenced by
periodic disturbance, the interevent time also changes
periodically. The control torques acting on each satellite are
shown in Figure 3(e). It can be seen that control torques
acting on the followers are piecewise function, and the
control input is only updated at the next triggering instant.
The control torques are limited within the range of
[-1,1] N - m. Attitude trajectories of followers are shown in
Figure 3(f), from which we can see that followers as-
ymptotically converge to the convex hull formed by the
leaders. Figures 3(g) and 3(h) show the event error and
triggering threshold for each follower in 200s. It can be
seen that if event error exceeds threshold, the event is
triggered and the state is sampled.

In a word, under the action of the event-triggered
adaptive sliding mode attitude controller, the attitude of
each satellite asymptotically converges to the convex hull
formed by the leaders, and angular velocity asymptotically
converges to 0.

5.1.2. Traditional Time-Triggered Attitude Containment
Control. According to Reference [53], the time-triggered
adaptive sliding mode attitude containment control algo-
rithm is

u,(t) = -K;s; + Y,0, - k;sgn(s;), i€F,

0, (t) = -AY (t)s; (1), (69)
k() =Ts; (0)]

The simulation results of time-triggered distributed
attitude adaptive sliding mode controller are shown in
Figure 4. The attitude of the cluster system converges to the
convex hull formed by the leaders at about 600, and at-
titude angular velocity converges to 0 within 700s. The
controller is continuously updated while the convergence
rate and control accuracy are not better than the event-
triggered one.

It can be clearly seen from Figures 3 and 4 that both
time-triggered and event-triggered control strategies can
realize attitude containment. In addition, it is noteworthy
that event-triggered containment control is updated in an
aperiodic manner, while time-triggered control is updated at
a fixed interval of 0.01s. Within 1200s, the sampling and
control input update times of the time-triggered control
method are 120,000, while the event of each follower, re-
spectively, is 391, 445, 405, 354, 402, and 480, from which the
update frequency of control action is greatly reduced by the
event-triggered control strategy. Compared with time-
triggered attitude containment control protocol, event-
triggered one can effectively reduce the control input update
frequency while ensuring the similar control performance.
Through the reasonable selection of control parameters and
triggering function, event-triggered control can guarantee
the convergence rate and control accuracy and reduce the
amount of computation and communication, as well as the
update frequency of actuators.
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FIGure 3: Simulation results of controller (19) and Figure 2. (a) Attitude of follower satellites. (b) Attitude angular velocity of follower
satellites. (c) Interevent time of follower satellites 1-3. (d) Interevent time of follower satellites 4-6. (e) Control torques acting on followers.
(f) Attitude trajectories of follower satellites. (g) Triggering condition of follower satellites 1-3 in 200s. (h) Triggering condition of follower
satellites 4-6 in 200s.

5.2. The Influence of Information Topology on Follower’s
Orientation. Suppose in the Earth observation mission of
the microsatellite cluster, twelve satellites are used to obtain
the observation information of three different orientations.
In order to meet the accuracy requirement, two satellites can
be used to observe the same azimuth at the same time.
Suppose the target area is formed by three attitude orien-
tations. The initial state of leaders, respectively, is

0,0 =[0.09 0.06 —0.08] rad,
0, =[0.06 —0.1 0.05]"rad, (70)

o), =[—0.08 0.1 0.09] rad.

Nominal inertia of followers, respectively, is
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TaBLE 2: The initial attitude information of followers.

Followers Attitude o;(rad) Angular velocity w;(rad/s)
1 [0.1 0.4 —0.3]: [0.01 0 0]"

2 [0.3 0.2 03] [0 001 0]"

3 -0.2 0.1 -0.1]" [000.01]

4 -0.4 02 -0.1]" [0 0 -0.01]"

5 [03 -0.5 0.1]" [0 -0.015 o]rT

6 [0.2 02 -03]" [0 0 0.015]

7 02 0.1 -0.4]" [0.01 —0.01 0]"

8 -0.4 -0.3 0.1]" [0 0.015 —0.01]"

9 -0.2 -0.3 0.2]" [0.01 0 —0.015]"

The initial estimation parameter of followers is
®(0) = [22,26,25,0,0,0]".

The constant disturbance acting on the followers 1-6 and
periodic disturbances are the same as Section 5.1, while
constant disturbance acting on followers 7-9 is

d;; =[-0.0016 0.001 0.0012]'N - m,
djg =[-0.0018 0.001 —0.0012]"N - m, (72)
djy =[0.0011 —0.0015 —0.0014]"N - m.

The initial state of followers is, respectively, shown in
Table 2.

Information topology of the cluster system is shown in
Figure 5.

The information topology structure of the micro-
satellite cluster system is shown in Figure 5. It can be seen
that Figure 5 belongs to t partition. Satellites 1,2,7,and 8
belong to the same cell, 3 and 4 belong to the same cell,
and 5 and 6 belong to the same cell. According to Theorem
4, satellites belonging to the same cell converge to the
same azimuth under the action of control torques in the
presence of model uncertainties and external distur-
bances. This property can be used to observe the same
azimuth. Simulation results are shown in Figure 6. The
attitude of follower converges to the convex hull formed
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FIGURE 6: Simulation results of controller (19) and Figure 5. (a) Attitude of follower satellites. (b) Attitude angular velocity of follower
satellites. (c) Interevent time of follower satellites 1-4. (d) Interevent time of follower satellites 5-9. (e) Control torques acting on followers.
(f) Attitude trajectory of followers projected on o-0, axis. (g) Attitude trajectory of followers on o,-0 axis. (h) Attitude trajectory of
followers on o,-0, axis. (i) Triggering condition of follower satellites 1-3 within 200s. (j) Triggering condition of follower satellites 4-6

within 200 s.

by the leaders within 600s, and attitude angular velocity
converges to 0 within 700s. The control torques are
piecewise constant. Satellites 1 and 2 converge to the same
azimuth, and 7 and 8 converge to same azimuth, re-
spectively. Because satellites in Cs only receive informa-
tion from Cs, 3, 4, 5, and 6 converge to the same azimuth.
Within 1200s, the sampling and control input update
times of each follower, respectively, are 232, 247, 522, 420,
162, 142, 196, 288, and 315.

6. Conclusion

In this paper, an event-triggered adaptive sliding mode
attitude containment control protocol is proposed in the
framework of the Euler-Lagrange model for the attitude
containment control problem of the microsatellite cluster
system. Considering the constraints of resource and
power on the microsatellite cluster system, the event-
triggered control strategy is introduced into the attitude
containment control problem of the microsatellite cluster.
The triggering condition consisting of state-dependent
function and the time-dependent function is given to
adjust controller update period and exclude the Zeno
behaviour. If and only if the triggering condition is sat-
isfied, state information is sampled, control law is com-
puted, and actuators are updated. Then, under directed
topology, the event-triggered adaptive sliding mode at-
titude containment control algorithm is proposed, which
makes attitude of followers asymptotically enter into the
convex hull formed by leaders’ orientation in the presence

of inertia uncertainties and external disturbances. Nu-
merical simulation is carried out to verify the effectiveness
of the proposed event-triggered distributed attitude
containment control algorithm. Then, compared with the
time-triggered one, it can be seen that while ensuring the
control performance of the cluster system, the designed
event-triggered attitude containment controller only
updates control law in the triggering instant, which ef-
fectively reduces the amount of computation and com-
munication and update frequency of actuators and saves
resources on board.

Furthermore, the influence of cluster information
topology structure design on the stable state of con-
tainment control algorithm is also studied. An appro-
priate information topology is designed to meet the
attitude orientation requirements of containment con-
trol. It is shown that the steady state of each follower is a
convex combination of all leaders’ states it can access.
The cell partition of cluster information topology is given
based on the number of satellite’s neighbours, and it is
proved that the cluster members belonging to the same
cell have the same stable state. However, there is no
requirement for the information interaction between
satellites inside the cell, and the information links inside
the cell will not affect the stable state of cluster members.
It provides a theoretical basis for the design of infor-
mation topology of the microsatellite cluster system.
Numerical simulation is conducted to verify the influ-
ence of information topology on steady state of the
microsatellite cluster system.
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This paper focuses on the stochastic jumping systems with singular perturbation subject to a random access protocol. The key
challenge with controller design issue of stochastic jumping systems is how to assess the coordination of communication orders.
In this study, a joint Markov process is established, and a novel control law is proposed. In contrast with the existing methods, the
developed controller is more general. Finally, a practical example is exhibited to show the effectiveness of the achieved theories.

1. Introduction

In practical, random faults, random communication failures,
and so on are commonly encountered. In these systems, the
effect of unpredictable random abrupt events can be
modeled as a Markov chain model. Markov jumping systems
(MJSs) consist of a series of submodels, in which the
switching is determined by the Markov process. In recent
years, M]Ss have been successfully applied in various areas
such as biological systems, networked control systems,
hybrid systems, and economic systems [1-3]. Due to the
great advantage of MJSs, up to now, many valuable results on
the issues of MJSs have been published [4-8], including state
estimation [5] and robust control [7, 8].

On the contrary, there exists a set of practical systems,
whose dynamic behavior is characterized by the multiple
time scales (MTSs) property. Especially, in the MTS-based
systems, the small parameters lead to difficulty in system
performance analysis. Therefore, it is unsolvable by means of
the conventional single time-scale technique. It is well
known that MTS-based systems can be described by sin-
gularly perturbed systems (SPSs). In light of its unique
characteristic, a singularly perturbed parameter (SPP) is
employed, where the MTS-based systems can be divided into
fast and slow dynamic states [9-11]. Recently, quantities of
excellent results on SPSs have been exhibited [12]. However,

when it comes to Markov jumping SPSs (M]JSPSs), the in-
vestigation of relevant problems is far away from maturity.
How to tackle the sophisticated systems with both SPP and
transition probabilities partly is the motive of this study.
Note that the information exchange in the networked
control systems may result in the heavy communication
burden. These limited bandwidths may result in network-
induced phenomena, such as data collisions, packet losses,
and network-induced delay [13]. Recently, the protocol-
based networked systems have attracted increasing interest,
for instance, try-once-discard protocol [14] and round-robin
protocol (RRP) [15]. Note that the RRP is a static trans-
mission mechanism, which limits the practical application.
Compared with the RRP, the random access protocol (RAP)
is a dynamic case, in which the sensor node will get access to
transmit data in a randomly way [16, 17]. However, to the
best of our knowledge, the RAP has not been applied in
MJSPSs yet, which partly motives us to fill this gap.
Inspired by the above discussion, it is imperative to
study the problem of MJSPSs with RAP. To avoid data
collisions, the RAP is introduced to regulate the data
transmission order. With respect to the dynamic behavior
of the MJSPS and the RAP, a joint Markov process is
proposed. Therefore, a novel control design technique is
presented, which covers the conventional case. Finally, a
practical simulation is given to show the effectiveness of the


mailto:ksj_xj@163.com
https://orcid.org/0000-0002-2705-9323
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/6635975

obtained theories.Notations. The notations are fairly
standard. R™ refers to the m-dimensional Euclidean space.
Amin (L) denotes the minimum eigenvalue of L. diag{. ..}
represents a block diagonal matrix. mod(y,, y,) stands for
the nonnegative remainder on division of y, by y,.
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2. Problem Formulations

Consider the following MSSPS described as follows:

oy (k+1) = Ay, (k) + €Ay, (K) + B, g1t (k) + Cpy iy (),

ay (k+1) = Apya (k) + eArty @ () + By o u (k) + Cp v (K), (1)

z(k) =

where a, (k) € R™ means the fast vector and «, (k) € R"/
stands for the slow vector, respectively. u (k) € R™ sym-
bolizes the control input, z(k) € R™ signifies the output
state, € >0 symbolizes a singular perturbation parameter,
and v (k) € 1,[0,00) renders the disturbance signal. The
stochastic variable {u(k),k>0} indicates a discrete-time
Markov ~ chain (DTMC) obeying a finite set
N ={1,2,..., N}. Clearly, the transition probability matrix
(TPM) of u(k) is defined by II = [(ppq]/,/x/,/, where

¢pq = Priu(k+1) =qlu(k) = p}, (2)

where ¢, >0 and Y c y¢,, = 1, Vp,q € . Therefore, it is

easy to derive that Vp € /V and Aﬂ(k), A12 Aﬁl(k), A22
1 1 2
Buco: B”(k) < (k)’uc b ”5" Df’z(k 1 ”(kf 1 fk ean bze
represented by A, Ap , AP » A By, By, C,, Cy, D, Dy,
M,, and G, respectlvely

Let a(k) = [a] (k)ag (k)]", and the MSSPS (1) can be

rewritten as
{ alk+1) = APEsoc(k) + Bpu(k) + va(k),

z (k) = DpEgoc(k) + Mpu(k) + Gpv(k), 3

where

E, = diag{Ins, eInf},
-1l 412
AP AP

a 22
-AP AP
g
B = j (4)
| B, |
-
CP

2
L C)

=[D; D ]

The signal transmission between the plant and the
controller via a shared communication networks, which may
result in many network-induced phenomena, for example,
data collisions. To regulate the data transmission, the RAP is
applied between the sensors and the actuators. When the

lell(k)al (k) + 5Di(k)“z (k) + Fygoyu (k) + Hy v (k),

RAP is triggered, only one node can access network at each
time instant. Note that the RAP is a dynamic scheduling
agreement. Employ a stochastic variable v (k) € {1,2,..., M}
to schedule network resources. Here, v(k) is known as a

homogeneous DTMC obeying a set 4. = {1,2,..., M}, and
the TPM @ = [y ]p.y is inferred as
Vs, =Priv(k+1) = glv(k) = f}, (5)

where Vf,g € M, yg, € [0,1], and de//ﬂ//fg =L

Denoting (k) = [vl (k) v; (k) ... v, (k)] and
u(k) = [”1 (k) u2 (k) ... u, (k)] where v,, (k) signifies
the f™ control input state and u,, indicates the n' actuator
By considering the zero-order hold technique, the ™ ac-
tuator u (k) can be updated as

vy (k), ifv(k) = f,
up (k) = . (6)
uy (k-1), otherwise.
In what follows, a Kronecker sign function is given by
1, ifF=12,
6(F-2)= <l (7)
0, otherwise.

Therefore, by the updated rule (6), for Vf € ., the
actuator u (k) is formulated as

(k) = @,y (k) +(I =, Julk-1), (8)

where CDf d1ag8 8 f}(f—IZ ..»n,) and
=J0(F-2). Clearly, 1t can be devised from (8) that
u(k) = [ e=1) wl=1) . up (K) vp(k) g, (k) ... unu(k)] .
It can be observed from (3) and (8) that two Markov
processes 4 (k) and v (k) are involved in this paper. To reveal
the relationship between the Markov processes (MPs) p (k)
and v (k), the merging strategy is absorbed in Lemma 1.

Lemma 1 (see [4]). The MPs u (k) and v(k) can be mapped
to a novel MP r (k) € {1,2,...,S}, which can be described as
follows:

r (k) = R(u(k),v(k)) = (k) + (v(k) - )N, (9)

where S = NM.
In virtue of &(k), the values of u(k) and v (k) could be
acquired by {, (r (k)) and {, (r (k)):
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p (k) = ¢y (r(k)) = mod(r (k) — 1,N) + 1,

r(o) - 1 (10)

v(k) = G (r(k) =l—5

|+ 1.

Obviously, the values of r (k) can be determined by the
pair (u(k),v(k)). The joint TPM of the MP r (k) is expressed
as

0y = Pri{r(k+1) =I|r (k) = h}
= Pr{gv(k +1) = (Dl k) =, (h)}
x Priy (k+1) = {,(Dly (k) = {, ()}

=T (g (DTG (G, ()

(11)

where 71 (¢, 1y and T¢, (e, oy are in (2) and (4).
By resorting to the joint MP, the control law v(k) is
designed as

v(k) = K, 4 Ecx (k), (12)

where K, , are matrices being solved.

Remark 1. The matrix K, ) in (12) is assumed to be de-
pendent on the joint Markov process r (k), which implies
that K, 4, is characterized by both the corresponding mode
u (k) and the RAP case v (k). Otherwise, the controller gain is
reduced to K, ), x> which will rise the difficulty in the
MSSPS analysis.

According to (3), (8), and (12), the augmented MSPS (13)
is established:

x(k+1)=d,Ex(k)+B;(I-¥,,)u(k-1)+Cuv(k),
{ z(k) = D,Ex(k)+F,(I-¥, )u(k-1)+ Huv(k),

(13)
where
Ady=4d,,=4A;+BY,K,,D, =9, =D, +FVY,K,.
(14)

Definition 1 (see [18]). The MSSPS (13) with v (k) = 0 is said
to be stochastic stable (SS), if for any (§,,9,), such that

%{ Y ||8(k)||2|60,90} <00, (15)
k=0

Definition 2 (see [18]). The MSSPS (13) with is called SS with
a X, performance level y, if the MSSPS (11) is SS, and
under zero initial condition, one gets

(&)

2 E{I8GI <y Y &fle (I} (16)
k=0

k=0

3
Lemma 2 (see [11]). For  symmetric  matrices
Z,(t =1,2,3,4) and matrix Z 5 satisfies
Z,>0,
Z,+eZ, eZ.
>0,
* €Z, (17)
Z,+eZ; €Z,
>0,
* EZ,+€ZF,
such that E.Z .= ZE. >0 for all € € (0,€], where
Z,+eZ;  eZ!
Z,. = ) . (18)
* eZ,+e %,

Lemma 3 (see [11]). For given a scalar €>0, W'\, W 5, and
W, are with suitable dimensions. For all €€ (0,€], if
W\ + €W, + W, >0, one gets

v, >0,
W\ +eW, >0, (19)
W, +€W,+ éz%/3 > 0.

3. Main Results

Theorem 1. The augmented MSSPS (13) is said to be SS with
a given I , performance, if there exists symmetric matrices
Pp>0,Q,>0, Zy, Z,, Z3, Z4, and Z5, K.y, one has

Z,>0, (20)
Z, +€Z; €Z4
[ 1 ress € 5]>o, (21)
€Z; €%,
Z,+eZ; €Z,
,_|>0, (22)
€Z; €Z,+€Z,
@i(t) @i(t)Tgh ®Z(t)T9‘h @i(t)T
5
* ©h 06 O lco, (=t
* * (G 0
* * * -1
(23)
Meanwhile, the controller gains can be achieved:
K=Ky (¥1 +e%]) ", (hes), (24

where



@1(0 d1ag{Ph (7 +71),Qu— (Y, +Yy), _VZI}’

0, = diag{P, ~(Z: + Z]).Qu - (Vs + ¥;). "I},
©,” = diag{P, - (Z: + Z1).Q, - (Y, + Y}), I},

O} =AY, + B, K E, B(I-¥),)Y, CJ,

0;" =[ A%, +BY,K  E; B(I-¥,)Y, C],

oL = [ A, + BY,K B B,(I-¥,)Y, G,

]

®3(1) - @30)

o1 = [D %, +FY, ngo F(I-¥,)Y, H;]

®4(]) [D Y, + VK, E; F,.(I_\yh)z’g H;|,
©; = diag{-P,,-P,,...,-Pg},

@Z = diag{—ép —62> S _GS}’

9h:[ 0f11 ele WefN,I]’

F=V |+,
?1:W1>
Y, =W, +W 5,
Y =W\ +EW ) +EUW s,
(%, 0
7, = ,
Zs Z,
(Z, Z!
o, [ % 5],
L 0 Z,
Z, o]
v, = ,
00
[z, .
e ﬁ
L Zs Z,
0 0
W, - }
L0 Z,
. 'Inso]
1o ol
(1, 0
EE: : _
0 eI,

(25)

Proof. Recalling the LMIs (20)-(22) and by means of
Lemma 2, for all € € (0, €], we have
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8, 6,7, 8, 7, 0,
e 0 0
¥ h <0, (26)
* * @2 0
* * * -1
where
(:5111 dlag{Ph (ze+zz)’6h_(ze+z2)’_y21}’
®, = | AEZ. + BY,K,ZE, B,(I-¥,)Z. C|,
®, =[¥,K,Z!E. (I-¥,)Z. 0],
®, = DE.Z, + FW,K,ZE, F,(I-¥,)Z, H, |-

(27)

By virtue of Lemma 3 and the LMIs (13)-(21), for all
€ € (0,€], one derives the fact that E,.Z, = ZE,. >0. Fur-
thermore, it is well recognized that the following inequalities
(Z{-P)P,(Z.-Py)=0and (Z] -Q,)Q,(Z.-Q,) =0
hold. Denote P, = P;! and Q, = Q;", and we obtain

~ 4T

®h ®h '/h ®h T Oy

<0, (28)

where
~1 .
0, = dlag{—gzthe, —i?feTQhZ’e, —yZI},
®, = [ dE.Z, B(I-¥,)Z. G,

6, = [¥,K,E.Z. (I-¥,)Z. 0],
4 (29)
@h = [QZhEeze F,-(I—‘{’;,)Z’€ Hi],

@h = d1ag{ [ R —P;l},

~6 - - -
0, = diag{-Q;",-Q;", ..., -Qs'}.

Recalling  (28), with the help of term,
diag{Z.",Z_",1,...,1} and its transpose, for any
Z.=%Y, +€%,, the following inequality holds:

®, 0,7, 0,7, 0,
PN CH 0 0
<0, (30)
* * @2 0
* * * -1

where
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-1 . . .
®, = diag {_ P, —Q, —)/2 I}, Next, choose a Lyapunov functional candidate as

2 = . — .
?h - [‘QihEe Bz (I \Ijh) C1 ]’ (31)
0, =[Y¥,K,E. (I-Y¥,) 0],
©, =[2,E. F,(I-¥,) H,]
V (k, x (k), u(k),r(k)) = x" (k)P (r (k)x (k) +u' (k- 1)Q(r (k))u(k - 1). (32)

Calculating the time derivative of (32), one gets
V (k, x (k),u(k),r (k)), and one has

E{V(k+1L,x(k+1),u(k+1),r(k+1)=glk x(k),u(k), f)},
= V(k,x (k), u(k),r (k)),
x"(k+1)Pux(k+1) - x" (k)Pyx (k) +u' (k)Qu(k),
—u' (k-1)Quu(k-1),
x" (k) (P, + E .o} P, ,E,)x (k) + x" (k)E.of) P,B; (I - ¥, )u(k - 1),
+u' (k—-1)(I-¥,)B P,4,E.x(k),
+x' (K)E .o} P,Civ(k) +v' (k)C] P, ,E x (k),
+u' (k-1)(I-¥,) B 2,B;(I-¥,)u(k-1),
+u' (k-1 (I-¥,)B 2,Cv(k),
+v" (k)C] P,B;(I -¥,)u(k - 1) +v' (k)C; P, C(k),
+[¥,K,E.x (k) + (I -¥,)u(k-1)]"aQ,
X [W,K,E.x (k) + (I =¥,)u(k-1)],
+x' (k)E,K, ¥, @,¥,K,Ex (k),
+x  (K)EK,; Y, @, (I -¥,)u(k-1),
+u' (k-1)(I-Y¥,)Q,¥,K,E.x k),
+u (k=1 (I-Y,)G,(I-¥,)u(k-1).

(33)

where g)h = deﬂf,ghlpg’ @h = de/l/,ethg'
Note that inequality (33) can be rewritten as

EIAV (k)} = 9" (k) 8,9 (k), (34)
where
9(k) =[x"(k) u" (k—1) v (k) ],
—1 .
0, = diag{-P;,—Q;,, 0}, (35)
IR o 37—

©,=6,+0, #,0, +0 0,0,

In case of v(k) = 0, by resorting to (34), it is clear that

AV (0} <9(0©, 9k < —x&{Ix(IF},  (36)

where 9(k) = [x" (k) u' (k-1)], ©, =©}+0;"%,6;+
@?@h@?p 0, = diag{-P,, -Q,}, ©;, = [ﬂhE_e B(I-Y¥,]
0, =[2,E F,(I-¥,)], and @=mingeg o101
{Amin (©,)}. Apparently, condition (30) implies @>0.
Therefore, we have

%{i I (O } < —ég{fmk) }
0 = (37)

< é &{V (0,x(0),u(0),7(0))} < co.

By Definition 1, in case of v (k) = 0, one concludes that
the MSSPS (13) is SS.

In the following, when v (k) #0, we first denoting the
H, performance as



6 Mathematical Problems in Engineering
T Taking (34) and (38) into consideration, J (T) is shown as
F(T) = g{ Y 2" (k)z(k) - y*v" (k)v (k) } (38)  follows:
k=0
T >
F(T)< %{ Y [z" (k)z (k) - y*v" (kv (k) + AV (k)] } <9 ()©,9(k), (39)
k=0
el @2WTg  4®T
where ok b ]
o * o, 0 |<0, (£=&1j) (46)
0,=0,+0, 0, * * -1

©, =[2,E. F,(I-¥,) H;] 1o
h hiZe 4 h il

Clearly, it is easy to derive the following condition from
(30) and (39) that

JF(T)<o. (41)
Letting T — 00, it can be derived from (41) that
Y E{lz0It<y* Y &lv oI}, (42)
k=0 k=0

Therefore, recalling the Definition 2, we can conclude
that the MSSPS (13) is SS with # ., performance. This ends
our proof. O

Remark 2. Remarkably, in updated actuator u(k), the
compensation strategy is applied to schedule the informa-
tion exchange. By omitting the compensation scheme,

Vm =1,2,...,n,, the received measurement signal (RMS)
can be debased into
ve(k), ifv(k)=m,
uy (k) = { / , (43)
0, otherwise.
Consequently, the RMS is degraded as
u(k) =¥, @v(k). (44)

Accordingly, the closed-loop FMSSPS (13) will be
reformulated as

{ x(k+1)=AE.x(k)+ BY,K,E.x (k) + Cv (k),

(45)
z (k) = D,E x (k) + F,%,K,Ex (k) + H (k).

To exploit the dynamic behavior of the augmented
MSSPS (45), the sufficient condition is forwarded in Cor-
ollary 1.

Corollary 1. The augmented MSSPS (45) is called SS with a
prescribed F ., performance level y, if there exists symmetric
matrices P, >0, Q,>0, &, Z,, 5, Z,, and matrices Z,
K., such that (20)-(22) hold and

Meanwhile, the e-dependent controller gains are achieved
as

Ky =Ko (%7 +e91) )
where
@20 - [ A%, +BY,K Ey Cil,
®721(1) = [Ai?Z +BY, K. Ee C ]’
G)721(1) _ [&-?3 +BY, K, E; C,-],
('3;;(8) _ [Di?1 + Fiqlhfefzon H; ]
0, = D%, + F¥, K ZE; H;],
0, =[ D%, + F¥, K EE; H,].

4. Numerical Examples

Example 1. (a dc motor via gear train model (DMGTM)).

To explain the validity of the attained scheme, a practical
DMGTM is borrowed from [19]. The dynamic equation is
governed by

[ 6,(6) = x,(0),

A

. g . NK
0, (t) = sin(0, (1)) + mltha (1),

[ LI, (t) = ~K,NO - R, () + u; () + u, () + w(8),
(49)

where the physical meaning of (49) is expressed in Table 1.
The parameters are elicited as g = 9.8h/s?, K, = 0.INm/s,
K, =0.1Vs/rad, N, = 10, [ = 1h, and L, = 50mH. For any
i=1,2, letting x,(t)= Gp(t), x,(t) = Hp(t), and
x5 () =1,(t), x(t) = [x](t) x5 (t) x;(l‘)]T and e=1L,
and one gets
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E. x(t) = Ajx(t) + Bju(t) + Cw (1), (50)
where
[0 1 0
NK
Al = g 0 2h >
l ml
|0 -K,N, -R;
0 0 (51)
B, =|0 0],

C

(11
[001], (i=12),

E, = diag{1, 1,€}.
By means of a zero-order and sampling period T' = 0.05s,
(49) can be discretized into the following model:

x(k+1) = AEx(k) + Bu(k) + Co(k),  (52)

where
[ 1.0122  0.0499 0.01847
A, =] 0.4888 0.9939 0.6302 |,
L —0.1800 -0.6302 7.0938 |
[ 1.0122  0.0499 0.01427
A, =| 0.4894 0.9981 0.4316 |,
| —0.1389 —-0.4316 2.5584 |
[0.0003 0.0003 7
B, =(0.0184 0.0184 |,
L 0.6269 0.6269 ]

[0.0003 0.0003 7
B, =(0.0142 0.0142 |,
L 0.4290 0.4290 ]

[0.0003 T (53)
C,=10.0184 |,

[ 0.6269

10.0003 T
C,=10.0184 |,

[ 0.6269
D, =[111],
D,=[11 1],
F,=[02 03],
F,=[03 0.7],
H, =0.5,

7
TaBLE 1: The meaning of parameters.
0, () Angle of the pendulum
I,(t) Current of the motor
K,, Motor torque constant
l Length of shaft
Ri(i=1,2) Resistance
6.0 (1) Angular velocity
g Gravitational constant
K, Back emf constant
N, Gear ratio
L, Inductance
4.5
4 1A — —— —
35+
3 -
Sast
~
2+
1.5
1 - L
0.5

10 20 30 40 50 60 70 80 920 100
Time (1)

FIGURE 1: The possible mode switching of MP r (k).

-0.02 +

-0.04 +

-0.06 +

-0.08 +

~0.1 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
Time (1)

— x; ()

FIGURE 2: The evolution of states x; (k).

The TPM of the corresponding FMSSPS (1) is selected as
B [ 0.25 0.75

=1 0.65 0.35 ] For another MP @ in the RAP (6), the
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70 80 90 100

70 80 90 100

Time (1)

— x3()

FIGURE 4: The evolution of states x5 (k) over 50 realizations.

0.4 0.6
0.5 0.5
of Lemma 1, the joint TPM can be inferred as

TPM is chosen as © = [ ] Consequently, by virtue

0.1 03 015 045

0.26 0.14 0.39 0.21
0= . (54)
0.125 0.375 0.125 0.375

0.325 0.175 0.325 0.175

Letting € = 0.05 and y = 5. In view of LMIs of Theorem
1, the controller gains K can be listed as follows:

© [ -143.2309 30.8397 9.2890 |
S 0 o |
. [ -149.0814 27.7277 7.4494 |
2 0 0 o/
= & (55)
K - 0 0 0
37| -151.4691 352964 9.9320 |’
[0 0 0 |
K, = .
| —154.4086 28.5113 7.4207 |

In this section, according to the TPMs of corresponding
plant and RAP, Figure 1 depicts the possible mode switching
of Markov process r (k). The evolution of states x, (k), x, (k),
and x; (k) over 50 realizations is depicted in Figures 2-4,
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20 T T T T T T T T T

60 70 80 90
Time (1)

— u (1)

FiGgure 5: The control input u (k) over 50 realizations.

-20 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90

Time (1)

— z (1)

FiGure 6: The output z (k) over 50 realizations.

respectively. With the designed control law, the control
input over 50 realizations is shown in Figure 5. Meanwhile,
the evolution of the output z(k) over 50 realizations is
shown in Figure 6. From the above results, it is obvious that
the RAP is effective in regulating the data transmission.

5. Conclusions

This paper has studied a type of MJSPS with RAP. A dynamic
RAP was adopted to regulate the data transmission, in which
only one sensor node has gained the access to transmit data
each time. Furthermore, a joint Markov process is estab-
lished, and sufficient conditions are achieved. Finally, a
practical example has been exhibited to show the effec-
tiveness of the achieved theories. Besides, to extend the

achieved results to sliding mode-based filter/controller is an
issue [20, 21], and we will devote ourselves to tacking in near
future.
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This work is concerned with the H_, control for Markov switching singularly perturbed systems with the stochastic com-
munication protocol. To coordinate the data transmission and save the bandwidth usage, the stochastic communication protocol
with a compensator is applied to schedule the information exchange. The goal of this work is to design a joint-Markov-process-
based controller such that the resulting system is stochastically stable with prescribed performance. Based on the Lyapunov
functional technique, a sufficient condition is derived to ensure the existence of the achieved controller. Finally, the effectiveness

and correctness of the developed results are verified by the simulation example.

1. Introduction

As a significant component of hybrid systems, Markov
switching systems (MSSs) have gained extensive interest due to
their capability in modeling subsystems [1-4]. Note that MSSs
consist of a finite number of subsystems, and some abrupt
variations can be depicted by a Markov process, which is
recognized as a key feature of MSSs. Nowadays, owing to their
potential practical application, much effort has been devoted,
and wonderful fruitful achievements have been gained for
both continuous-time MSSs and discrete-time cases [5-8].
Nevertheless, as pointed out in [5, 6], the most existing results
are concerned with Markov switching linear systems. Due to
the widespread of nonlinear characteristics, it is natural to
investigate the Markov switching nonlinear systems. Com-
pared with the standard MSSs, the Markov switching non-
linear systems are more general as they contain high
nonlinearity. Lately, the T-S fuzzy model has been tendered to
deal with the system’s nonlinearities [9, 10]. Benefit from the
T-S fuzzy model, many Markov switching nonlinear systems
can be approximated as T-S fuzzy MSSs (FMSSs). Following
this excellent result, quantities of valuable results have been
forwarded on T-S FMSSs [11-13]. For instance, in [11], a

dropout compensation approach has been studied for T-S
FMSSs. With respect to the network-induced phenomena, the
cyber attack has been considered in FMSSs [13].

In many dynamic systems, the system behaviors are
involved in multiple-time-scale property. The parasitic pa-
rameters, for instance, small-time constants and induc-
tances, may result in the numerical ill-conditioned issues of
physical systems. In this regard, the singular perturbation
strategy has been employed to tackle the above obstacles.
Thanks to singularly perturbed systems (SPSs), the multiple-
time-scale-based systems can be transformed into a
framework model. Note that the examples of SPSs can be
widely found in power systems, airplane systems, etc. Re-
cently, many scholars have drawn their attention to both
continuous-time SPSs and discrete-time cases [14-16].
When investigating the SPSs, an extra phenomenon can be
encountered, for example, the sudden changes of parame-
ters. To tackle this occurrence, Markov switching SPSs have
been studied in [17, 18]. However, the aforementioned re-
sults are concerned with linear systems, little attention has
been devoted to T-S fuzzy Markov switching SPSs (FMSSPS)
except for [19, 20], and this issue remains open and a
challenge, which deserves further research.
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In the networked control systems (NCSs), massive sig-
nals are communicated through a shared wireless network.
As an unavoidable phenomenon, the NCSs always experi-
ence data collisions, fading channels, and input saturation
[21]. To prevent the above shortage and mitigate the side
effects, many communication protocols have been addressed
to govern which sensors can obtain access to send signals
such as the popular communication schedule called round-
robin protocol [22, 23], try-once-discard protocol [24], and
stochastic communication protocol (SCP) [25, 26]. Among
them, the SCP is known as an effective method to schedule
the signal exchange via a shared channel, in which only one
sensor is activated to transmit data. Nevertheless, to our
knowledge, no one carries out the exploration of FMSSPSs
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Inspired by the aforementioned discussions, our attention
focuses on the control issue for FMSSPSs with the com-
munication protocol. The main contributions are outlined as
follows: in light of discrete-time FMSSPSs, to coordinate the
data transmission and save the bandwidth usage, the SCP is
applied to schedule the information exchange. Benefit from
the novel Markov process, a mode-dependent Lyapunov
functional is formulated such that the resulting system is
stochastically stable, and the controller is designed.

2. Problem Formulations

Consider the ith discrete-time Markov switching system
modeled by the T-S fuzzy model.

with the SCP mechanism, which motivates us to this work. Plant Rule p: IF &, (k) is M 1> and & (k) is M pprand -
and {Q(k) is M,,, THEN
x(+1) =AY x (1) + A )X () +B. u@)+C w(t)
1 - PfP(I) 1 P ()72 P (1) jZ20) >
X, (+1) = pr o*1 (1) + SAP¢(I x, (1) + qu)(,)u(z) + Cpq)(t w (1), (1)
z(1) = DMJ(,)x1 (1) + (sDP’(P(,)x2 (1) + Mp)q)(,)u(t) + prp(,)w (1),
where x; (1) € R™ and x, (1) € R" are the fast state and the For technique analysis, Vi € /', A}ljl(p W A;Z(P(‘), A?W
slow state, respectively. z (k) € R™ and u (1) € R™ are the 22 1 2 2 1
pectively. z (k) nd u (1) . Ao Browr Brpwr Chowr Crow ooty qu;(:)’ Mp(,,@)
output vector and control input, respectively. iG denoted by Al A12 A2 42 gl s
w (1) € 1,[0,00) means the disturbance signal. The sequence ar; P‘P(’ 3re enoted by Api» Api> Api> Lpi> Bpi> Pf’ pi’
{9 (1), 1>0} renders a discrete-time Markov chain (DTMC) Ci D pz’ Dy, M, and G, respectively.

subject to a finite set /' ={1,2,...,N,}. Here, (1) de-
scribes a homogeneous DTMC with the transition proba-
bility matrix of FMSSPS (1) inferred as

m;=Prip(t+1) = jlp() = i}, )

where Vi,jeN,, and TPM

mi20,  Yjeymij =1,
= [ﬂij]/VSXJVS

Recall the fuzzy weighting function h, (EQ) = (H;l
M p (E (NN (X [Tiey M (§,(0))), where M, (& (1)) re-
fers to the grade of the membership degree of £, (1) in M ;. In
general, assume Z;:l h,(§(1)=1and ,(§(1) 20,

Let x(1) = [x] (1) x5 (1) ]T; by virtue of T-S fuzzy
technique, FMSSPS (1) is derived as

x(t+1) =) h,(EW)[AuEx () +Buu() + Chw(n)],

p=1

2()) = ) 1y (E())[DyEcx (1) + Mpu (1) + G (1)),
p=1

All A2 BL.
where E_ = dia {I el }, A =|"2 P B . =| P
€ 811n ny pi [A;: Aﬁ pi 324

C;
C,i= [Cg} and D, = [D,; D3, ].
pr

In the NCSs, some redundant signals are communicated
in the conventional data transmission manner, which may
result in unfavorite phenomena, for instance, data collisions.
The control signal v(k) and the actuators u (k) share the
same communication network (CN). To prevent such un-
favorite factors, the SCP scheduling is used to regulate the

(3)

node order in transmitting data. Note that only one sensor is
borrowed to release the signal each time, and the sensors are
chosen in a stochastic way. In general, letting v (1) € {1,2,

., N.} signifies the chosen actuator which gains the per-
mission to access the CN at the time interval 1. Notably, v (1)
can be recognized as a stochastic process regulated by an-
other DTMC obeying a set ./, = {1,2,...,N_}, and TPM
V¥ = [T,,,]n xn, is determined by

Ty = Pr{y (1 + 1) = nly (1) = m}, (4)

where Vm,n € ¥, 1,,, € [0,1], and ¥,y Ty = 1.
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Let v(1) = vlT (1) VZT (0) «-- V,Tl (1) and
u(l) = [ulT(l) u; () - ”Zu (1) ], where vum (1) denotes the
mth control input vector and u,, signifies the nth actuator.
Firstly, assume that a set of zero-order hold is employed in
the signal transmission. Accordingly, the mth actuator u,,, (1)
is updated by the following principle:

L iy =m,
um(o:{v'”(') tyl)=m 5)

u,, (1—1), otherwise.

Aiming at describing the data transmission strategy of
actuators mathematically, a Kronecker sign function is
inferred as

L ifx=y,
S(x—y)={1 e (6)

0, otherwise.

As indicated from the updating principle (5), the mth
actuator u,, (1) is updated when y (1) = m. Consequently, for
V1, the updated actuator u (1) can be devised as

u()) =Wy v + (1=, )ul—1), (7)

where V¥, = diag{é}n, &,
0 =68(x—y).

The control law v (k) in this work is constructed as
follows:

8:’;} (m=1,2,...,n,) and

V() = ) g (EWDK g Eex (), (8)
gq=1

where K, are matrices to be designed.
Substituting (8) into (3), the closed-loop FMSPS (9) is
formulated as

x(+1) =Y hy(EW) Y 1y (EW) [ pgimEex (1) + By (I =¥, Ju(1=1) + Cpiw (1)],
p=1 g=1

)

2() = ) 1, (EW) Y 1y (B[ D pgimEex (1) + My (I =W, )u (1= 1) + G 0 (1],
p=1 g=1

where
o
D

pgim = Api + Bpi\yqui’

=D, + M, ¥,K,.

(10)
pgim

Before proceeding further, some lemmas and definitions
are provided.

Definition 1 (see [27]). The FMSSPS (9) with w(k) =0 is
named stochastic stable (SS) if for any (6, 9,), one has

E{Z ||6(k)||2|60,90}<oo. (11)
k=0

Definition 2 (see [27]). The FMSSPS (9) is named SS with a
prescribed # ., performance level y if the FMSSPS (18) is SS
and under zero initial condition such that

Y E{ISRI*} <y Y E{lo (W)IP}. (12)
k=0 k=0

Lemma 1 (see [18]). For given a scalar €>0, W', W5, and
W  are matrices with suitable dimensions. For any € € (0,€],
W+ eW | +e*W, >0 such that

W, >0,
W, +€W,>0, (13)
W+, +EUW ;> 0.

Lemma 2 (see [18]). For any symmetric matrices R, (t =
1,2,3,4) and matrix R which meets

F,>0,
R, +ER; R, -0
* €%, (14)
R, +ER,  ER.
5 >0,
* €ER, +€R,
one has ELR, = R.E. >0 for any € € (0,€], where
R, +eRy,  eRs
R, = 5 . (15)
* eR, +e R,

3. Main Results

In this section, sufficient conditions are elicited to ensure the
SS and a prescribed %, performance level of the FMSSPS
9).

Theorem 1. The closed FMSSPS (9) is called SS with a
prescribed F ., performance level vy if there exist symmetric
matrices P;>0, Q; >0, &,, R,, R, and R, and matrices
Rs, Koy U, and U, such that

R, >0, (16)

[%1+e@3 e%§]>0 (17)

R, R,



R, +ER,  ER.
, >0, (18)
ERs ER,+ER,
Lppim (<0, (1<psrt=617), (19)
Lpgim (1) + Tgpiy (1) <0, (1< p<gs<rt=2£101). (20)
1(t) +2(0)T 3(H)T 4(H)T 7
rpql rpqlm '7f rpqim gf rpqim
* r. 0 0
gim (D) = Pq’ , (t=61.9),
6
* * rpql. 0
| * * -1

ri® d1ag{P (7, +7]),Q; -

(Y;+Y]), yI} 1(1) dlag{
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Meanwhile, the e-dependent controller gains are
achieved as

i€ Ny),
(21)

— -1
qu :Keql(%1r+€%;) 5 (q: 1:2)'--

where

(925 + %2 ),Qm; — (Y, +Y]), _YZI})

qu

Tnl) = diag{P, - (% + AL ), Q — (Y, + Y] ), =y’ TL T30 = [ A%, + Bu¥, KeyiEy By (I-¥,,)Y; Cpil,

0 = Ap%, + By, KeyEe By(I-W,)Y; Cp|\Toer) = [ Ap%; + By¥, KyiBe Byi(I-V¥,,)Y; Cpyl,

e =[¥uKeEo (I-¥,)Y; 0,030 =1 = [ ¥, K E: (I-V¥,)Y; 0], (22)
Ty = [ D, + MW, KBy My (I-%,)Y; Gy |, T30 =Dy, + My, KeiBr My(1-Y,)Y; G,

T = [ Dy + My ¥, KeyEe My (I-Y,)%: Gy |15, = diag{-P,,~P,,...,~Py },

15, = dingl Qe Qv os Q7= [ T O] oo o | A= 7 o7, =7,

o

, 0 Ry Ra
Uy =W\ + Wy Uy =W\ +EW )+ €W 3, V| = Yy = ,
Ry R, 0 R,

R, 0 Ry Rs 00
WI: )sz )W3: ’E(]:
0 0 Rs R, 0 %,

Proof. Combining with the linear matrix inequalities
(LMIs) (17)-(19) and Lemma 2, for any € € (0, €], it yields
that

=1 =2T =3T =4T
rpqi l—‘pqim ‘Gfi rpqim LG/vi rpqim
5
* | 0 0
P <0, (23)
6
% * T o 0
* * * -1

where

I, 0 I, 0
’ ,Eg = .
00 0 eI,

T, =diag{P,— (%, +R]), Q - (% +2]),~y'I},

pqtm [AplEe‘% + Bpl\Pqul‘% E pi (I - ‘I/m)‘%a Cpi ]’

Fpain = [ YuK g R LB, (1-¥,)%, 0],

i = [ DpiEe R + MY, K RIE. M, (I -

pgim pre pi tmTrqi )e% G ]

(24)

Recalling Lemma 2 and LMIs (17)-(19), for any
€ € (0,€], it is clear that E,. %, = R E, > 0. On the contrary,
with  respect ~to  the fact that inequality
(1 P)P (R -P)20. (A ~Q)Q (5~ Q) 20,
P = P, 1 and Q Ql , which yields

1
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P g P g T In the following, a Lyapunov functional for FMSSPS (9)
L R & is established:
P 0 0
par
AP V(L x(0,u (), 9()) = x" (OP(p(1)x (1)
P +u” (k- 1DQ(o())u(k - 1).
* * * -1
(29)
where
f;qi _ diag{—%TP»@E, _RTQ.%, —yzl}, . By calculating the difference of V (1, x (1), (1), ¢ (1)), one
Fpgim = [ @ piEeRe Byi(1=¥,)Re Cpi ], FIAV ()} = SV 1+ Lx(+ 1y uli+ 1),
pqlm =¥, KuE R (1-¥,)%, 0], p(t+1) =gl x (), u), N} (30)
(26) ~V(,x0),u)
> > )¢(1))
Dpgim = | ZpaBeRe Mpi(I =¥, )R Gy,
q - dia { 11,—P;1, o ’_P;\fls}’ Recalling FMSSPS (9), &{AV (1)} can be derived as
N . R - EAV ()} =x" (1+1)P 1
rpqi:dlag{_Qll’_Qzl""’_Ql\i}' {AV ()} = x (1T+ ) z‘x(l+T)
-x (DPx () +u ()Qu(r) (31)
Premultiplying and postmultiplying (25) with .
diag{#.",%_",I,...,1} and its transpose, where —u (k- 1DQu(k-1),
R =U, +€U,, yield
=1 =27 =3T —4T where
rpqi I‘pqimgi I‘pqim‘o/yi rpqim 9
. T 0 0 Z m;iiP js
pai <0, (27) jers (32)
* * F;qi 0 Q; = Z Giij.
* * * -1 Jjets
h In (31), the first term can be further devised as
where
fl .= diag{—Pi,—Qi,—yZI},
pqzm ['Q{qu e Bpi(I_\ym) CPi]’ (28)
T = | YnKgEe (I-¥,,) 0],
qum =[DpgEe Myu(I-¥,) Gyl
x (+ 1D)Px(1+1)
= Y (€0) Yy (60)
- s
[ xT(t)(P +E ﬁ;qlm@i&ipqimEe)x(t) ]
+xT(t)E€<sziqum iByi (1=, =D +u (1 =1)(1- ‘I’m)B i Pi pgimEex (1) (33)
+x' (1)E 'prqzm ; P,w(k)+w (k)C pq,m E.x(1)

+u' (1-1)(I-V¥,)' B (I-¥,)u(t-1)

1p1

+u' (1=1)(I- ‘Pm)BpiQJiCPiw(k)

+w (k)C iB)i (I-¥,)u(t-1)+w' (k)C;g’iCpiw(k)



Besides, the third term in (31) can be rewritten as
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W (Gu() = Y Iy EW)[¥,KiEex () + (1=, )u(t- 1] @
g=1

X [¥, KiEx (1) +(I-¥,,)u(t-1)]

m-\qi

r T T T
x (VEK,Y,,QY, K E.x (1) (34)
. +x' (z)EeK;\y;@,. (I-¥,)u(t-1)
=Y, ()
4=1 +u' (1= 1) (1 -¥,,)Q Y, K, Ex ()
L+u" (- 1)(I-¥,,)G(I-Y,,)u(-1)]
Combining (29)-(34) yields 0 1 0
. . B %{Z||x(1)||2}< —X%{ZAV(L)}
EAV ()} =9 (k) pzl hy (£ (1) q; g BT g9 (K, =0 =0 (38)
1
(35) <= &{V (0,x(0),u(0),7(0))} < co.
where X
9(k) = [xT W u (-1 o (k) ]’ « Recalling Definition 1, when w (k) = 0, FMSSPS (16) is
! . Next, in the case of w (k) # 0, we will provide the analysis
I .=d -P.,-Q,, 01}, s ,
pa = diag{=P»~Q; 0} (36) of H., performance for FMSSPS (16). Define the H,
T+ _pb o qeT 2 BT 5T erformance index:
r pgim — r pqi + rpqim‘@irpqim * 1—‘pqim @irpqim' P

When w (k) = 0, it follows from inequality (35) that

FAV IO ()Y 1, EW) Y Ay EOIT pyn 9 ()
p=1 gq=1
< - x&{Ix I},
(37)
- - 1l T
where 9 (k)= [xT Wu' (- 1)], L pgim = rpqi+ rpqimg)i

2 3T 3 1

2

rpqim + rpqim @irpqim’ rpqi = diag{_Pi’_Qi}’ rpqim = [Qypqim
3

EByi(I=¥,)]s T pgin = [ PpgimBe My (I=¥,,) ], and =

minfeﬂs,p,q€{1,2,4..,r}{Amin ( quim)l. Clearly, recalling (27), one
gets x>0. Consequently, one concludes that

T

F(T) = %«{ZZT(t)z(t)—ysz(t)w(t)}. (39)
k=0

Substituting (35) into (39), 7 (T) can be formulated as

T
J(T)< %{ Y [T Wz() -y () + AV ()] }

k=0
<97 () D 1y (E()) Y 1y (BT i (1),
p=1 gq=1
(40)

where
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2.5 T T T T T T T 0.05
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=15
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1 -0.05
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25 ; ; ; ; ; ; ; -0.15
-0.2
-0.25
0.5 ; , - - - - - -03
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Time (1) Time (1)
— x ()
(a) (b)
0.2 : : : : : : : 0.3
0.1
oH
01}
-0.2 +
-03 +
-04 +
-0.5 1 1 1 1 1 1 1 L L L L
0 5 10 15 20 25 30 35 40 20 25 30 35 40
Time (1) Time (1)
— 0 — x3()
(c) (d)

F1GURE 1: The dynamics of FMSSPS (18) in Example 1. (a) The possible mode switching of MP "¢ (1). (b) The evolution of state x, (). (c) The
evolution of state x, (1). (d) The evolution of state x; (1).

I =T 4T 1t ot Additionally, by applying the Schur complement to (27)
pqim pgim pqim= pgim> = pgim (41) and ( 40)’ one gets

=[DpgmEe Mp(I-Y,,) Gp ). 7(T) <0. (42)
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0.5
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F1GURE 2: The control input u (1) over 100 realizations in Example 1.

0.05

-0.05

-0.15
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Time (1)
—z(@)

FIGUre 3: The output z (1) over 100 realizations in Example 1.

Letting T — 00, it is directly attained from (42) that

Mg

Iz} <y’ Y &{lo I’} (43)
1=0

i
o

Accordingly, by means of Definition 2, one concludes
that FMSSPS (16) is SS with 7 performance index y. This
completes the proof. O

4. Simulation Examples

Example 1. Consider FMSSPS (16) with the following
parameters:

Mathematical Problems in Engineering

0.3 1.7 0.3

A; =08 0.1 03],
[ 1.4 0.2 0.9
[0.5 0.4

By =[1202]
[0.2 0.3

C,=[06 02 07]",

D;; =[0.3 04 09],

M, =[0.5 0.8],

Gy, =07,
r0.1 0.4 1.1

A, =[1502 01|
[0.8 1.1 0.6
1.4 0.6

B, =[07 0.1}
[0.5 0.8

Cn=[0305 1],

Dy, =[0.6 0.2 0.3],

M, =[15 0.5],

Gy, =04,
0.2 1.1 0.1 (44)

Ay =[02 1.1 1.2,
[0.6 0.9 1.1
[0.3 0.2

By =[04 05},
[0.2 0.3

[1.8 0.7 0.2],
Dy =[0.6 0.9 0.1],
M, =[0.3 0.5],

G,, = 0.5,
1.1 1.5 2.4

Ay, =115 0.7 0.6 |,
[0.1 1.1 0.8
[0.6 0.2

B,, =05 0.3,
0.7 0.5

C,, =[0.6 0.3 0.4]",

D,, =[0.7 0.6 0.7],

[
[

M,, =[0.5 0.6],
0

The TPM of the corresponding FMSSPS (1) is selected as

0.25 0.75 . .
1= [ 0.65 0.35 ].For another MP @ in SCP (7), the TPM is
0.4 0.6
chosen as ® = 0.5 05 |

Let y=5, €=0.002, #,(£(1) = (15— x,(1))/30, and
7y (§(1)) =1 -1, (£(1)). In view of the LMIs of Theorem 1,
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the controller gains K; (9 =1,2; f = 1,2,3,4) can be de-
rived as follows:

[ —0.0008 —0.0016 —0.0001
K1>1 = >

L —0.0010 -0.0011 0.0005

[ 00011 00063 -0.0088
"2 7] ~0.0010 —0.0061 —0.0085 |’
(45)
. _[ 700007 0.0032 0.0022
> 71 ~0.0006 0.0017 0.0015 |’

[ —0.0009 0.0146 0.0249

K,, = .
L —0.0010 0.0148 0.0244

To carry on the simulation study, the external distur-
bance and the initial condition are selected as w (k) = 0.9
exp (—0.41)sin (50) and x(0) = [-0.1 0.2 0.3]", respec-
tively. The possible mode switching of Markov process ¢ (1)
and the evolution of states x; (1), x, (1), and x5 (1) over 100
realizations are depicted in Figure 1, respectively. The
control input over 100 realizations is plotted in Figure 2.
Furthermore, the evolution of the output z(:) over 100
realizations is shown in Figure 3.

5. Conclusions

In this work, the H control problem has been discussed for
FMSSPSs with the SCP. In order to coordinate the data
transmission and save the bandwidth usage, the SCP with a
compensator is applied to schedule the information ex-
change. Furthermore, some sufficient criteria have been
forwarded such that the resulting system is SS. Finally, one
example is exhibited to show the effectiveness and cor-
rectness of the developed results. In addition, some ad-
vanced techniques including the sliding mode-based filter
will be researched in our following work [28, 29].
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In this paper, the attitude control of aircraft with multiple inertial measurement units under the influence of unknown gyro zero
drift and external disturbance is studied. First of all, the observers are designed to estimate the zero drift biases based on the
consensus algorithm. The angular velocity used for aircraft control is obtained by compensating the biases. Then, considering the
external disturbance in the aircraft motion, this paper introduces a super-twisting sliding-mode algorithm to design the observer
in order to compensate the disturbance. In addition, based on the proposed observers, a controller is designed to realize attitude
control of the aircraft with the gyro zero drift and the external disturbance. Finally, the simulation results are given to verify the

effectiveness of the proposed control law.

1. Introduction

The aircraft is the unmanned robot operated by radio remote
control equipment or self-contained program control de-
vice. It is widely used in transportation, reconnaissance,
photography, and other fields [1]. In recent years, the re-
search on the aircraft is hot at home and abroad because of
many advantages of the aircraft, such as the easy mainte-
nance, high maneuverability, and high reliability [2]. In this
paper, the hot spot field of aircraft-attitude control is
studied. It is worth mentioning that there are two main
factors that interfere with the attitude control of the aircraft:
external disturbance of the aircraft and measurement de-
viation of the inertial measurement unit (IMU). The external
disturbance of the aircraft, such as the disturbance of air
flow, will lead to the unstable movement of the aircraft and
lead to the failure of control. Measurement deviations, such
as zero drift biases, can lead to inaccurate angular velocity of
the aircraft, resulting in aircraft control failure. In addition,
the attitude information obtained by a single IMU cannot
meet the requirements of attitude control.

For the external disturbance, most of the current re-
search results use the observer to estimate the disturbance

and compensate the controller. As a class of nonlinear
observers, sliding mode observers can work under less
conservative conditions [3, 4]. Mofid et al. [5] proposed an
adaptive sliding mode disturbance observer for synchroni-
zation of a fractional-order Dadras—-Momeni chaotic system
with time-varying disturbances is presented. Hou et al. [6]
proposed a novel disturbance observer with the super-
twisting sliding mode technique in order to improve the
performance of the permanent magnet synchronous motor
speed regulation system. To deal with the effect of the an-
gular velocity biases caused by the zero drift, there are two
main solutions in the current literature: (1) through the
physical calibration of the gyro to solve the effect of zero drift
bias on the measurement results [7-10] and (2) the zero drift
biases can be estimated and compensated by attitude esti-
mation [11-13], which is like the idea of disturbance esti-
mation and compensation [14]. The authors in [15]
proposed a novel analytic calibration of gyro biases with
arbitrary double position based on the transformation model
of gyro biases. According to the analytic-coarse-alignment
principle, the sensitivities of Euler angles with respect to
inertial sensor biases are analyzed uniquely. The authors in
[16] proposed a bias compensation and parameter
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calibration method based on Gauss-Newton algorithm. The
method can effectively suppress zero drift, but its operation
is cumbersome. Unscented Kalman filters (UKF) [17], ex-
tended Kalman filters (EKF) [18], and nonlinear comple-
mentary filters [19] are the popular methods of attitude
estimation in the literature. However, small aircrafts are
often equipped with low-precision gyros, which often carry
non-Gaussian noise during the measurement process. This
will cause the Kalman estimation algorithm to fail. The
authors in [20] proposed a solution by constructing an
observer. This work designed an observer for estimating the
constant biases caused by the zero drift and proposed a
coupled nonlinear spacecraft attitude controller. The authors
in [21] presented a nonlinear attitude estimator based on an
alternate error function, and this estimator can be imple-
mented using a low-cost inertial measurement unit.

The conventional IMU consists of an accelerometer and
a gyro for aircraft attitude control. IMU has also been widely
used in smart wearable devices [22], navigation of un-
manned systems [23, 24], guidance of military equipment
[25], and so forth. Due to the increasing demand for inertial
measurement devices in various fields, higher requirements
have been placed on the measurement accuracy of inertial
devices. In recent years, researchers have also proposed the
configuration design of multiple accelerometers and gyro
arrays. The authors in [26] analyzed the performance of the
IMU and its various sensor configurations. The measure-
ment accuracy is effectively improved by selecting the ap-
propriate geometric configuration and the combination of
multiple inertial navigation sensors. The authors in [27] used
a single-axis gyro and multiple spatially distributed accel-
erometers to achieve the correction of the attitude mea-
surement value. The authors in [28] designed three two-axis
accelerometer inertial measurement units to measure the
angular velocity of six degrees of freedom and compensated
the measurement error through data fusion. The authors in
[29] studied 12 accelerometers and gyros assigned IMU and
proposed an EKF program to estimate the direction and
amplitude of angular velocity. Research shows that attitude
measurement systems that use multiple sensors have ad-
vantages over single sensor. The main difficulty in attitude
control of multiple IMUs is how to design the multiple
observers to synchronize [30-32]. Also, there some results
have been reported about the synchronization of multiple
observers/controllers [33-35].

So far, most of the research results on attitude control
adopt single IMU. For the large aircraft, a single IMU can no
longer meet its technical requirements [36]. Since the
measurement range of a single gyro is easily saturated in
high dynamic motion, its application is also limited. In
addition, the attitude control of the aircraft will be unstable
due to the zero drift and external disturbance. Therefore,
considering the above problems, it is necessary to study the
anti-interference control of aircraft attitude under multiple
IMUs.

Motivated by the above discussions, this paper studies
the attitude tracking control law of the aircraft with zero drift
and external disturbance based on multiple inertial mea-
surement units. As in the work [37], this paper assumes that
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the biases caused by the zero drift are constant in this paper.
In order to solve this problem, this article will make full use
of the data measured by each IMU to design the nonlinear
observer, estimate the zero drift biases, and compensate for
it. Then, a super-twisting sliding mode observer will be
designed to compensate the disturbance. In addition, a
tracking controller will be proposed. By constructing a
suitable Lyapunov function, the asymptotic stability of the
attitude system will be strictly proven. The asymptotic
stability of the combined system of the observer and con-
troller will be proved by the theory of cascade system. Fi-
nally, a simulation will be given to verify the effectiveness of
the proposed control law. The main innovation points/
contributions of the method proposed in this paper are as
follows. (1) In this paper, multiple IMUs are used for
measurement and observers are designed based on con-
sensus algorithm. The observer designed in this paper can
estimate the zero drift biases. (2) In this paper, a super-
twisting sliding mode observer is used to estimate and
eliminate external disturbances. Combined with the pro-
posed attitude observer, the internal disturbance and ex-
ternal disturbance can be eliminated. (3) The aircraft model
has highly nonlinear and strong coupling, the design of the
control system is very difficult. In this paper, by analyzing
the aircraft attitude system, the attitude observer and con-
troller are proposed. By compensating for the zero drift, the
attitude tracking control of the aircraft is realized.

2. Preliminaries

2.1. Problem Description. The attitude model is mainly
composed of kinematics and dynamics equations. In this
article, the Euler angles will be used to describe the attitude
with respect to the inertial frame. The Euler vector is given by

®=[¢,06,y]" e R, (1)

where ¢ is the angle of pitch, 0 is the angle of roll, and v is the
yaw angle.

Based on the Euler angles, the attitude kinematics
equation of the aircraft is

O =W (Q)w, (2)
where w € R? is the angular velocity which can be measured
by gyro, and the matrix W (®) is given by

1 singtan6 cos¢ptand
W (@) =|0 —-sing | (3)

0 sin¢secO cos¢psect

cos ¢

In fact, the inertial measurement unit composed of a
single gyro and a single accelerometer cannot meet the
measurement accuracy requirements of the aircraft. To this
end, this paper will adopt multiple IMUs to attitude control.

In this paper, n sets of IMUs are considered for mea-
surement and letI' = {1,2,...,n}. Each IMU is independent,
and its measurement results include the angular velocity and
the attitude, ie., m; = [wgi,d)i]T. In addition, due to the
inherent shortcomings of the device, the gyro will produce
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zero drift, which leads to the measurement of angular ve-
locity with unknown bias, as shown in [20]. The measured
angular velocity of ith IMU can be written as follows:

T
wy; = [wg,l, wg’z,wgJ] =w+b;, (4)

where b; is the unknown gyro bias of ith IMU’s gyro.

The control objective of this paper is to obtain accurate
attitude data through multisensor measurement data. On
this basis, the attitude tracking control of the aircraft is
carried out.

Assumption 1 (see [37]). This paper assumes that the zero
drift bias b; of ith IMU’s gyro is a constant value, and the zero
drift bias of each gyro is different.

2.2. Related Definition and Lemma

Definition 1. For any 8> 0, the nonlinear function sigf (x) is
defined as

sigﬁ (x) = sign(x)lxlﬁ. (5)

Lemma 1 (super-twisting sliding-mode algorithm, see
[38]). Consider the system
%, = —sig”? (%) + %,

(6)

X, = —1;sign (%)) +v(X,, Xy, 1),

where 1;,> 0 are the gains to be designed and v(X,,X,,t) are
the perturbation terms; it satisfies

[v(%), %y, 1)| <6, (7)

where §>0. Under some conditions on 1,1, 15, the equilib-
rium point of system (6) will converge to the origin in a finite
time T.

2.3. Graph Theory. In this paper, the multiple IMU will be
considered. Each IMU can be seen as a node. The infor-
mation interaction among #n nodes can be represented by the
directed graph G(A) = {V,E,A}. V = {v,i=1,...,n} is the
set of nodes, ECV xV s the set of edges, and
A = [a;;] € R™ is the weighted adjacency matrix of the
graph G(A) with nonnegative adjacency elements a;;. If
there is an edge from node j to node i, i.e., (vj, v;) € E, then
a;; >0, which means there exists an available information
channel from node j to node i. The set of neighbors of node i
is denoted by N; = {j: (v, v) € E} The out-degree of node
v; is defined as deg,, (v;) =d; = ¥, a;; = ¥ jen,a;;- Then,
the degree matrix of digraph G is D = diag{d,,...,d,} and
the Laplacian matrix of digraph G is L = D — A.

A path in graph G from v; to v; is a sequence of
Vi»Vi, ...,V of finite nodes startlng w1thvl and ending with
2 suchthat( v, ) €Eforl=1,2,...,k—1.Thegraph G
is connected 1f there is a path between any two distinct
vertices.

3. Main Results

To solve the attitude tracking maneuver in the presence of
unknown gyro bias, the main design procedure is divided
into two steps:

The observer for each IMU to estimate the gyro bias is
designed based on the consensus algorithm

An attitude controller based on the observer is designed
to realize asymptotically stable attitude tracking

3.1. Design of Nonlinear Observers Based on Consensus
Algorithm. Because of the nonlinear structure of attitude
system (2), it is difficult to design an observer under multiple
IMUs. In this paper, let b; = [bll’b12’b13] denote the es-
timation of the gyro unknown bias for the ith IMU’s gyro
and ®@; denote the estimated value of the real-time attitude of
the aircraft for the ith IMU’s accelerometer. Based on models
(2) and (4), we can design the following observer.

Theorem 1. Considering the attitude system (2) and As-
sumption 1, if the observers are designed as

wy-B) ke, ¥ ayfe-e),
X, (®)

; = W (@)

b= k,W' (®)e, i€T,

where k,>0,k, >0, ande; = [e ,l,elz,e,S] =@, -, then
the estimation value (®,,b,) will globally asymptotzcally
converge to true value (®;,b,).

Proof. First of all, let the estimation error for gyro bias be
fi=b;—b. Then, the error dynamical equation can be

obtained:
Z a;j(e; —e;),
e, 9)
iel.

=-W(®:)f; —kye; -

fi=kW" (®))e;,
Choose the Lyapunov function for the error system (9) as
V= [ Zezk _f fz:|’ (10)

i=1

whose derivative is



Z zkezk+f fz

|

|:k2 el l:—W (

n n n
T T

= —kk, Zei e —k, Zei Z aij(
i=1 =1 j=1
n n n

_ Tk

= —k,k, Z €t~ Z Z aij(ei
i1 i=1 j=1
n n k n n

_ 2 2

= _klkZZzei,k_? ai;
i=1 k=3 i=1j=1 K

Based on LaSalle’s invariant principle, it is easy to get the
conclusion that (e;, f;) will globally asymptotically converge
to the origin, i.e, (®;,b;) will globally asymptotically con-
verge to true value (®;,b;). The proof is completed. O

Remark 1. With observer (8), the gyro of ith IMU can es-
timate the true value of the gyro zero drift b,. By com-
pensating the bias, the angular velocity of the ith IMU can be
obtained, i.e., w; = w,; —b;. The angular velocity used to
control the attitude of[7 the aircraft in this paper is given by

w= (wgl- - E,) (12)

™=

1
n

Il
—_

[

3.2. Design of a Nonlinear Controller Based on a Super-Twist
Observer. 'The dynamic equation of the aircraft is as follows:

Jw=-wJw+71+d, (13)

where J € R® and 7€ R® are, respectively, the positive
definite inertia matrix, and the control torque of spacecraft,
d denotes the external disturbance satisfies d <d* with a
positive constant d*, and the symbol (-)* denotes the skew
symmetry matrix, i.e.,

0 —x;3 x,
= x, 0 -x;| VxeR’. (14)
-x, %, 0

The desired attitude is described as ®; = [¢4, 0,4 v4]7,
and it is constant in this paper. Define the attitude error
between the true value and the desired value as
O, = [D,,D,,, D,;]" =D - D, To sum up, the attitude
error system of the aircraft is

d,=d-d, =W (Duw, s

Jw=-wJw+71+d.

n

i) fi— ke - Z aij(ei -
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ej):| +k, [WT ((Di)ei]Tfi]

(11)

Z (ei’k - ej,k)z <0.

1

Theorem 2. For the attitude error system (15), if the con-
troller is designed as

T = —k;w - kW' (O)D, - d,

T (-0 W - kyw - k,W' (©)®,) - kssig'?

= kysig'? (v - ),

d:

—kgsign (0 — w),
(16)

where ks, ky, ks, kg >0, @ represents the estimate of the an-
gular velocity, and d denotes the estimate of the external
disturbance; then, the asymptotic tracking of attitude can be
implemented.

Proof. It can be known from Theorem 1 that w will even-
tually converge to w. The observation errors e, and e, are
defined as

o
I
E)

-w,
(17)
-d,

&)

whose derivative is

= —kysig'? (e,) + ] ey

) (18)
é, = —kgsign (ey).

From Lemma 1, we know that e, and e, will converge to
Oina fmite time. In other words, the estimated disturbance
value d will converge to the true value d in a finite time T',.

After T, it follows (15) and (16) that
Ci)e =W (D)w,
. (19)
Ju = -wJw - kyw - k,W" (D),

It follows (9), (15), and (19) that
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FiGure 1: The information exchange of three IMUs.

D, = W (D)w,
Jw = —w Jw + uy + (uy - uy),
¢ =-W(®,)f; —kie; - Z aij(ei - ej)’ (20)
JEN;
fi=loW! (®)e, i€l

where u;, = ~k;w — k,WT (®)®, andu, = —k;w - k,WT (D)
®,. Obviously, system (20) can be regarded as a cascaded
system with the cascaded term (u; — u,). Next, we will use
cascaded systems’ theory [39] to analyze the stability of
system (20). The proof includes two steps:

Step 1: proof of global asymptotic stability of
subsystems.

Consider the following system:

O, = W (D)w,

N (21)
Juw=-w"Jw+u,.

Choose the following Lyapunov function for the atti-
tude error system (21):

3
_ K > 1o
=5 j:EI(Dej+Ew Jw. (22)

Based on the matrix w” w*Jw which is skew symmetric,
the derivative of H along system (21) is

3
H=k, Z Cl)e]CDEJ +w' Jw
=1
= k,w W (@)D, + w’ (~w*Jw +u,)
= kw' W (@)D, + w' (~kyw - k,W" (©)D,)
= —k,w® <0.

(23)

Based on LaSalle’s invariant principle, it can be concluded
that H (t) — 0 as t —> 00, which implies that system
(21) is globally asymptotically stable. It is easy to get the
conclusion that (®,,w) — 0 as t — 0.

Clearly, system (9) and system (21) are globally as-
ymptotically stable with equilibrium (w,®,,e;
f) = 1(0,0,0,0).

Step 2: proof of global state bounded of cascaded
system.

According to the cascaded systems’ theory [39], cascades
of the globally asymptotically stable systems remain globally
asymptotically stable if and only if solutions are globally
bounded. With these facts in mind, to prove the stability of
system (20), we only need to prove that the state of system
(20) is globally bounded. To achieve this objective, choose
the Lyapunov function:

U=V +H. (24)

According to (11) and

c 2 k2
kZ Zei ?
i=1

(23), it obtains

Y aes—e;)’ ~kyw?

= (25)

M:

Il
—

i
+w' (4, —u,).

Since systems (9) and (21) are globally asymptotically
stable, f; and w are globally bounded. There is a constant
0<d< + 00 such that |lu; — u,| <d. We have

n 3
e ks Zal ( e]-)2 —kyw’ + Z w;d.

j=1 j=1

U< -kk,

M:
M:

: 2

N
il
v

i

(26)

Clearly, when kk, Y7, et + (ky/2) Y 1 X (e
—e) +kyw? > Z] 1wd then U<0. Thus, the state
(w, e;, f;) is globally bounded.

With this fact in mind, it can be concluded that the state
of system (20) is globally bounded, which implies that this
system is asymptotically stable. That is to say the attitude
tracking is achieved asymptotically. O

Remark 2. According to the previous proof, when the ob-
server gains meet k;,k, >0 and the controller gains meet
ks, kys ks, kg >0, the attitude asymptotic stability tracking
can be realized. In practical applications, the observer gain
and controller gain can be selected step by step to obtain
better performance.

4. Simulation Example

A simulation example is given to verify the effectiveness of the
proposed method. In this paper, three inertial measurement
units are selected for simulation. Next, the initial values, pa-
rameters, and real values required for simulation in this paper
are given. The information exchange topology among IMU is
shown in Figure 1. The initial values of the observer part are
selected as b (0) = [0.1,0.1,0.1] rad/sec and(l) (0) =

[0.3,0.3, 0.3]Tdeg, i=1,2,3. The observer parameters are
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FIGURE 5: The response curve of aircraft’s attitude.
k, = 13and k, = 2.36. The initial values of the controller are ~ IMUs’ gyro are selected as by, = [0.2,0.2,0.2] rad/sec,

selected as @ (0) = [0.2, 0.1,0.2]Tdeg andw(0) = [0.1,0.2,
0.3]"rad/sec. The controller parameters are k, = 9.754,
ky =3.21,ks = 2.3, and ks = 1.4. The desired attitude of the
aircraft is set as ®; = [0.6,0.8, l]Tdeg. The true biases of the

ez = 10.3,0.3,0.3]"rad/sec, and b5 = [0.4,0.4,0.4] rad/

sec.
[0.2 +
of the

The external disturbance is set as d(t) =
sin (¢), 0.3 + sin (3t), 0.1 + sin (¢)]”. The inertia matrix
aircraft is chosen as that in [40]:



8
1 0 0
J=l0063 0 | (27)
0 0 0.85

The simulation results are shown in Figures 2-5. First,
the bias estimation b; of the ith IMU is given in Figure 2,
from which it can be found that the proposed nonlinear
observer is effective. The angular velocity of the ith IMU is
given in Figure 3.

In addition, the response curve of aircraft’s angular
velocity is given in Figure 4 and the response curve of
aircraft’s attitude is given in Figure 5.

5. Conclusions and Future Directions

5.1. Conclusions. The aircraft adopts a single IMU as the
attitude measurement sensor, which can no longer meets
the requirements of measurement accuracy. And, due to
the shortage of sensors and noise, gyro will produce zero
drift, which will lead to constant biases of measured
angular velocity. Measurements of angular velocity with
constant biases and external disturbance will make the
attitude control system unstable. Therefore, the attitude
anti-interference control under multiple IMUs is studied
in this paper. Firstly, aiming at the zero drift, this paper
adopts multiple IMUs for measurement, and the con-
sensus observer is designed to ensure that each IMU
converges to the true value of angular velocity. Aiming at
the instability of aircraft control caused by external
disturbances, this paper introduces a super-twisting
sliding mode observer, which compensates for the ex-
ternal disturbances. In addition, a controller is proposed
in this paper, and the actual attitude can globally as-
ymptotically converge to the desired attitude based on the
observer. Simulation results also demonstrate the effec-
tiveness of the proposed method.

5.2. Future Directions. Future work will focus on designing
observers that the zero drift biases of gyros are time-
varying conditions and that the attitude information is
unknown.
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Urban rail transit is an important form of infrastructure for a city or even a country. This paper uses location entropy to measure
the industrial agglomeration level of cities at the prefecture level or above in China from 2006 to 2018 and empirically tests the
mechanisms of urban rail transit construction, factor agglomeration, and industrial agglomeration. The empirical results show the
following: (1) the construction of urban rail transit infrastructure has a significant positive effect on the agglomeration of the labor
force, capital, and technological innovation; (2) urban rail transit construction effectively induces agglomeration in the urban
manufacturing industry and consumer service industry; and (3) the impact of urban rail transit construction on agglomeration in
the urban manufacturing industry and consumer services industry is primarily due to the intermediary effects of factor ag-
glomeration. The results show that gradually improving the urban rail transit network, strengthening the construction of
comprehensive rail transit hubs, and optimizing capital allocation within urban rail transit allow for the full utilization of urban

rail transit construction in promoting industrial agglomeration.

1. Introduction

Urban rail transit is the main artery of a country’s economic
and social development as well as an important emerging
strategic industry and has profound socioeconomic impacts in
many areas. Urban rail transit can enhance a city’s regional
advantages, and the continual agglomeration of capital, pop-
ulation, and technology could cause more factors of production
to flow into cities with a higher rate of return, which could in
turn expand production, increase aggregate demand, and
improve the cities’ industrial structure and industrial ag-
glomeration. As of the end of 2019, a total of 40 cities in
Mainland China had opened urban rail transit systems, and
these systems had a collective total of 6,736.2 km of urban rail
mileage, setting a historic record. The construction of urban rail
transit makes the city’s location advantage more important.
The continuous agglomeration of industry, population, and
technology makes more capital tend to flow to these cities with

higher return rate, which brings a lot of investment, expands
production, and improves the urban infrastructure and in-
vestment environment. Urban rail transit is an important
transportation foundation of urban integration, regional co-
ordination, and economic intensification, which plays a great
role in industrial agglomeration.

Under the real-world background of the rapid develop-
ment of urban rail transit in China, what effect could urban rail
transit have on industrial agglomeration? Are any mediating
variables involved in this effect? Answering these questions
could help improve the development of urban rail transit in
China and provide governments with a reference for the more
precise positioning of cities’ features and functions.

2. Research Overview

Research on the topic of urban rail transit and economic
benefit began during the 1960s with the research of Liszt
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(1961) [1] on the relationship between transportation and
regional economics, which incorporated transportation as a
major constituent factor and found that Britain’s economic
growth benefited to a large extent from increases in trans-
portation capacity. Starting from the state of urban rail
transit development in the United States and referring to
relationships between the rail transit construction, the
economy, and the population, Cervero (1996) [2] pointed
out that the construction and development of rail transit
promoted the development of whole countries and regions
and that rail transit had a significant impact on the pop-
ulation, industry, and overall economic development under
its radiation scope. Prasertsubpakij and Nitivattananon
(2012) [3] pointed out that metro systems served as fast and
efficient transit systems in numerous modern cities, and the
traditional research methods of metro rail accessibility had
not fully considered the equal right of users to enjoy the
metro system. Therefore, they suggested that it was necessary
to use multidimensional criteria to assess the accessibility of
the Bangkok Metro system to users and the equal right of
users to the metro. They found that the development of
metro lines had not fully satisfied the travel needs of different
types of users and had not promoted population
concentration.

The price of land in urban centers has increased rapidly
with steadily growing populations, so growing numbers of
people working in city centers have been forced to live in
outlying areas, which has resulted in home-work separation.
Cervero (1994) [4] found that the implementation of rail
transit projects brought about a significant increase in pe-
ripheral real estate prices. McMillen and McDonald (2004)
[5] showed that housing markets can predict the develop-
ment of transport lines, and this development can cause
home prices to rise. The study of Kim and Zhang (2005) [6]
discovered that rail transit projects had a greater impact on
real estate prices in city centers than in other areas. Lee and
Hong (2013) [7] analyzed the relationship between Seoul
Metro passenger traffic and land uses around metro stations,
with the goal of testing the hypothesis that the passenger
volume of bus stations at both ends of the city under the
influence of density is conducive to land-use diversity. They
found that land-use diversity had a major impact on pas-
senger traffic between stations, and metro passenger traffic in
both Seoul’s central business district and fringe areas was
chiefly affected by population density, while central areas
were uniformly influenced by intermodal bus transit. The
studies of Liu, Li, and Deng (2015) [8] and Wang and Chen
(2017) [9] verified this rule and discovered that rail transit
projects had different impacts on the increases in the price of
land in areas along transit lines during the construction and
development stages, with transit projects bringing about a
greater increase in land prices during construction than
during the development or operation period.

Several studies have examined the capitalization effect of
rail transit on home prices and land prices. For instance, in a
study of the effect of metro systems on housing and com-
mercial real estate, Mohammad et al. (2017) [10] found that
metro systems had a significant promoting effect on the
prices of both housing and commercial real estate, and this
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promoting effect was significantly greater in the case of
commercial real estate than in the case of housing. In a study
of the Sydney’s Inner West Light Rail line, Mulley and Tsai
(2018) [11] found that light rail service increased the value of
peripheral land by improving accessibility. In their analysis
of the spatial and temporal effect of metro availability on
apartment prices, Trojanek and Gluszak (2018) [12] dis-
covered that metro systems raised apartment prices before
they opened, and this effect also gradually but significantly
increased with the passage of time. Luo Jia and Mo Shuang
Ning (2019) [13] analyzed the influence mechanism of
subway station on the price of surrounding houses. Subway
station can increase the use value and utility of surrounding
houses by improving the travel convenience of surrounding
residents, thus driving the rise of house prices. This paper
empirically tests the “premium effect” by using the panel
data of 964 second-hand commercial houses in Shanghai
from 2013 to 2018 The closer to the subway station, the
higher the price of second-hand commercial housing; in
addition, the existence of affordable housing nearby can
weaken the premium effect of subway station on commercial
housing, but the weakening effect is very weak.

Based on the “center-periphery” theory, Wang Wei and
Ma Hui (2019) [14] analyzed the industrial agglomeration
effect of rapid transit network from the perspective of labor
transfer. The research shows that the opening of high-speed
railway significantly reduces the industrial agglomeration
level of regional noncentral cities and strengthens the in-
dustrial agglomeration level of central cities through labor
transfer channels. Iordanka Stateva (2019) [15] believes that
after the UK decided to leave the EU, with the decentral-
ization of financial services, the financial capital of London
financial center is attracted by the network of smaller fi-
nancial centers such as Frankfurt and Paris. The overall
competitiveness of the emerging capital network depends on
the degree of financial capital concentration and techno-
logical innovation.

After performing a careful review of existing research, we
saw that while there has been much research employing
traditional theories addressing the relationships between the
transport industry and industrial agglomeration and be-
tween industrial agglomeration and economic growth, there
has been little research on the effect of urban rail transit on
urban industrial agglomeration. Also, refer to the studies of
Gu and Chen(2020) [16], Yuan and Ding et al.(2020) [17],
Y. Shu et al.(2020) [18], Chen et al.(2014) [19], Li et al.(2018)
[20], and Ji Wei et al. (2019) [21]. This paper therefore
analyzes the relationship between urban rail transit and
industrial agglomeration from the new perspective of factor
agglomeration, while incorporating a mediating effect
model. Most previous studies have employed qualitative
research methods to investigate the effect of urban rail
development on economic growth or industrial agglomer-
ation and have failed to quantify this effect. To provide
empirical support for the effect of urban rail development on
industrial agglomeration, this study employs the data of
Chinese cities at the prefecture level and above during
2006-2018 and consequently constructs fixed-effects panel-
data models and dynamic generalized methods of moments
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(GMM) models to analyze the mechanism by which urban
rail transit affects industrial agglomeration via factor
agglomeration.

3. Empirical Design

3.1. Model Construction. Adopting the principles of the
mediating effect testing method proposed by Preacher and
Hayes (2008) [22], this study takes urban industrial ag-
glomeration as the explained variable, factor agglomeration
as a mediating variable, and urban rail transit as the core
explanatory variable. This study aims to test whether the
transmission mechanism of urban rail transit to industrial
agglomeration is mainly realized by factor agglomeration. If
true, this would imply that factor agglomeration is the
model’s mediating variable. Specifically, a mediating effect is
tested via a three-step quantitative model.

In this model, the first step is to test the effect of urban
rail transit on industrial agglomeration:

LQ1, = a + 5, TRAN;, + f,GDP,, + 3,INS,, + 3,GOV,
+ BWAGE,, + BegHUM,, + v; + u, + ¢,
(1)
LQ2; = a + 3,TRAN;, + B,GDP;, + },INS;, + ,GOV,
+ BsWAGE,, + BeHUM,, + v; + u, + ¢,

where LQ1I is the industrial agglomeration of manufacturing
industries, LQ2 is the industrial agglomeration of consumer
service industries, and TRAN is urban rail development. At
the same time, to maximally lessen the effect of endogenous
issues caused by omissions, this study also controls for other
major variables affecting urban economic growth. After
taking theory and the availability of data into consideration,
this study adopts economic growth (GDP), upgrading of the
industrial structure (INS), government expenditures (GOV),
wage level (WAGE), and human capital (HUM) as the
control variables; « is a constant term; f is the estimated
coefficient of the explanatory variable; i is the entity; ¢ is the
year; v; and u, indicate the individual effect and time effect,
respectively; and ¢;, is a random error term.

When testing coeflicient 3; in equations (1 and 2), if ; is
not significant, this indicates that no mediating effect exists,
and testing stops; but if f3; is significant, this is still not
sufficient to indicate that a mediating effect exists. At that
time, it is necessary to perform the second testing step, which
involves the city’s factor agglomeration:

(2)
LA, =a+ /,v’lTRANit + ﬁZGDPit + ﬁ3INS,-t + ﬁ4GOV,»t + ﬁSWAGE,»t + ﬁéHUM,-t +v; U+ &y, (3)
CA; = a+ ,TRAN,, + 5,GDP;, + };INS;, + ,GOV;, + BsWAGE;, + BeHUM,, + v; + u, + &, (4)
TA; = a+ B TRAN,, + B,GDP;, + f;INS;, + f,GOV;, + BsWAGE;, + B HUM,, + v; + u, + €. (5)

In equations (3)-(5), LA, CA, and TA are, respectively,
labor agglomeration, capital agglomeration, and technical
innovation agglomeration and TRAN is urban rail de-
velopment. If coefficient f3; is significant, this indicates
that urban rail development can indeed affect factor

agglomeration in the city, but this is not sufficient to show
that a mediating effect exists.

It is therefore necessary to proceed to the third step, which
consists of testing of the relationships between urban rail de-
velopment, factor agglomeration, and industrial agglomeration:

LQ1,/LQ2; = « + f;TRAN;, + B,LA;, + f3GDP;, + B,INS;, + fsGOV;, + fsWAGE,,

(6)
+BHUM,, + v; + u, + &,

LQ1,/LQ2; = a+ ﬁlTRANit + ﬁzCAit + /33GDPl-t + ﬁ4INSit + ﬁSGOVit + ﬁ5WAGEl-t )
+BHUM,, +v; + u, + &,

LQ1,/LQ2; = a + ﬁlTRANl-t + /32TAit + [33GDPit + /34INSit + ﬁSGOVn + ﬁSWAGEit (8)

+BeHUM,, + v, + u, + &.



Equations (6)-(8) chiefly serve to test the effect of factor
agglomeration on industrial agglomeration. If, for instance,
both f; and f3, are significant, this verifies that a mediating
effect exists; if either 3; or f3, is significant, but it is not
known whether the other is significant, then the Sobel test
must be performed. If the result of the Sobel test is sig-
nificant, the existence of a mediating effect can be confirmed.

3.2. Explanation of Variables

3.21. Explained Variable. As industrial agglomeration
theory has developed, scholars have come up with a number
of methods for measuring industrial agglomeration. These
methods, which include the industry share and industry
concentration indicators (the simple ones) and the dynamic
agglomeration indicator method, have been used to assess
the level of industrial agglomeration, and all have their
individual advantages and disadvantages. At present, many
scholars choose to use the location quotient to assess the
level of industrial agglomeration. Because the location
quotient can eliminate factors associated with the differences
in size between areas, it can truly express the spatial dis-
tribution of geographical factors. For instance, Liu and Xu
(2010) [23], Chen et al.(2012) [24], Sun et al. (2012) [25],
Yang and Liu (2019) [26], Mei and Ma et al.(2020) [27], Xia
et al. (2020) [28] all employed the location quotient as their
chief indicator for assessing industrial agglomeration. At the
same time, when performing economic analysis of the ag-
glomeration of an individual industry, the number of people
working in a particular industry relates to the level of in-
dustrial agglomeration and can effectively reveal the spe-
cialized agglomeration effect in that industry. Accordingly,

labor agglomeration =

population in each city’s area of jurisdiction at year — end
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this study uses the location quotient to assess the level of
industrial agglomeration:

LQy =(Qif Y. Q)2 Qi Y. ). Q))- ©)

In equation (9), LQ; indicates the level of industrial
agglomeration and Q; indicates the number of persons
employed in industry j in city i. When LQ;; > 1, this indicates
that industry j in city 7 has a relative advantage over industry
j in other cities. This study adopted the location quotient to
quantify the level of the industrial agglomeration of cities’
manufacturing industries and consumer service industries.

3.2.2. Core Explanatory Variable. Urban rail development:
this study’s core explanatory variable is the urban rail transit
line length, where the greater a city’s urban rail transit line
length, the greater the city’s urban rail transit development.

3.2.3. Mediating Variables. This study’s mediating variables
consist of factor agglomeration variables. In accordance with
the general Cobb-Douglas production function model,
mediating variables chiefly include labor agglomeration,
capital  agglomeration, and technical innovation
agglomeration.

First, to broadly compare the labor agglomeration
characteristics of Chinese cities, this study chiefly relies on
the concept of labor density to measure the level of labor
agglomeration in cities. Labor density is obtained by di-
viding the population in each city’s area of jurisdiction at the
end of each year by the area of the city’s administrative area:

Second, regarding capital agglomeration, this study
constructs a comprehensive capital agglomeration assess-
ment indicator system and uses the factor analysis method to
assess this indicator:

As shown in Table 1, the primary indicator of foreign
capital agglomeration is the amount of foreign capital ac-
tually used in a city at the end of the year (RMB 10,000),
which is denoted K1. The primary indicator of fixed capital
agglomeration is the state of all social fixed asset investments
in a city at year-end (RMB 10,000), which is denoted K2. The
primary indicator of financial capital agglomeration is the
balance of all RMB deposits in a city at year-end (RMB
10,000) and the balance of all RMB loans in a city at year-end
(RMB 10,000), which are denoted K3 and K4, respectively.

Lastly, the indicator of technical innovation agglomeration
consists of a city’s level of technical innovation agglomeration,
which is calculated by the patent updating model of Kou and
Liu (2020) [29]. The first step is to estimate the value of all
expired utility patents that were applied for in 1987-1997. The
parameter obtained by this estimation process is used to model

area of the city’s jurisdiction

x 100%. (10)

the distribution of patent value. This allows the calculation of
the average values of patents of different ages, and these values
serve as weighting coefficients for the values of relevant patents.
Taking the end of each year (December 31) as the observation
time for that year, utility patents that are still valid at that point
in time (approved and still within the period of validity) are
selected, and a patent value inventory is obtained after adding
up the values of patents in different cities (or industries).
Normalizing the country’s aggregate patent value in 2001 to
100, each cities” technical innovation agglomeration indicators
for the period of 2006-2018 are calculated.

3.2.4. Control Variables. Economic growth: China has al-
ready entered a key period of slowing economic growth and
economic structural adjustment. Since conventional ag-
gregate indicators of economic growth are inadequate to
accurately portray the state of economic activities, this study
employs the actual GDP per capital of city residents as an
indicator of cities’ levels of economic growth.
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TaBLE 1: Comprehensive capital agglomeration indicator system.

Primary indicator

Secondary indicator Unit

Code

Foreign capital agglomeration
Fixed capital agglomeration

Financial capital agglomeration

Amount of foreign capital actually used in a city at the end of the year
State of all social fixed asset investment in city at the end of the year
Balance of all RMB deposits in city at the end of the year
Balance of all RMB loans in city at the end of the year

RMB 10, 000 K1
RMB 10, 000 K2
RMB 10, 000 K3
RMB 10, 000 K4

Note: data are chiefly obtained from the China City Statistical Yearbook.

Upgrading of the industrial structure: upgrading of the
industrial structure is an important step in the promotion of
rapid economic development. This study chiefly employs the
ratio of the sum of the value added by secondary and tertiary
industries to GDP as the indicator of industrial structure
upgrade.

Government expenditures: because local governments in
China usually pursue local economic growth as their par-
amount goal, these governments use a portion of their fiscal
revenue for public expenditures to promote economic
growth. A series of fiscal policies adopted by governments to
participate in economic activities could inevitably have an
impact on their cities’ economic growth. This study therefore
chiefly employs the ratio of government expenditures to
GDP as a proxy variable for government expenditures.

Wage level: the wage level constitutes the labor remu-
neration paid to employees by enterprises during a certain
period. Generally, the higher the wage level in a city, the
greater the city’s appeal to workers, and the more it can
attract high-end talent. Since this agglomeration of talent
can promote the city’s economic growth, wage level is an
important indicator of local development and develop-
mental ability. This study consequently adopts the average
wage level of in-service employees as a proxy variable for a
city’s wage level.

Human capital: human capital has an extremely im-
portant promoting effect on the level of factor agglomera-
tion. Some scholars have used average years of education to
assess human capital, while others employ the share of
persons at each educational level to assess this metric. Since
the China City Statistical Yearbook published by the Na-
tional Bureau of Statistics does not contain detailed data on
the level of education of city residents, this study takes the
number of in-school university students per 10,000 persons
in each city as a proxy variable for human capital.

3.3. Data Sources. To maintain consistency in the statistical
caliber, this study employs data for cities at the prefecture
level and above in the period of 2006-2018. All data are
obtained from the China Statistical Yearbook, China City
Statistical Yearbook, and China Urban Construction Statis-
tical Yearbook for the period of 2006-2018.

4. Empirical Results

4.1. Empirical Results and Analysis. In accordance with the
theoretical principles of mediating effect testing, SPSS 22.0
software and the mediating effect model testing procedures
proposed by Preacher and Hayes (2008) [16] are used to

perform empirical analysis. The obtained empirical results
are shown in Tables 2-4. The analysis of urban rail line
length in Table 2 yields the following empirical results
concerning the effect of urban rail line length on the in-
dustrial agglomeration of manufacturing and consumer
service via labor agglomeration.

First, from the empirical results on urban rail line length,
labor agglomeration, and manufacturing industry agglom-
eration, after controlling for the upgrading of the industrial
structure, government expenditures, wage level, and human
capital, model (1) indicates that urban rail line length has a
significant promoting effect on manufacturing industry
agglomeration; model (2) indicates that urban rail line
length also has a significant promoting effect on labor ag-
glomeration; and model (3) indicates that urban rail line
length and labor agglomeration have a significant promoting
effect on manufacturing industry agglomeration. These
findings suggest that urban rail line length can promote
manufacturing  industry  agglomeration via labor
agglomeration.

Second, from the empirical results on urban rail line
length, labor agglomeration, and consumer service industry
agglomeration, model (4) indicates that urban rail line
length has a significant promoting effect on consumer
service industry agglomeration; model (5) indicates that
urban rail line length also has a significant promoting effect
on labor agglomeration; and model (6) indicates that urban
rail line length and labor agglomeration have a significant
promoting effect on consumer service industry agglomer-
ation. These results suggest that urban rail line length can
promote consumer service industry agglomeration via labor
agglomeration.

Thirdly, from the empirical results of control variables,
GDP, wage level, and human capital can promote the
manufacturing industry agglomeration, consumer service
industry agglomeration, and labor agglomeration; industrial
technology upgrading can inhibit the manufacturing in-
dustry agglomeration; government expenditure can pro-
mote the consumer service industry agglomeration and
labor agglomeration.

The analysis of urban rail line length in Table 3 yields the
following empirical results concerning the effect of capital
agglomeration on the industrial agglomeration of
manufacturing and customer services.

First, from the empirical results on urban rail line length,
capital agglomeration, and manufacturing industry ag-
glomeration, model (7) indicates that urban rail line length
has a significant promoting effect on manufacturing in-
dustry agglomeration; model (8) indicates that urban rail
line length has a significant promoting effect on capital
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TaBLE 2: Empirical analysis results 1.
Model (1) Model (2) Model (3) Model (4) Model (5) Model (6)
LQui LnLA; LQui LQui LnLA; LQui
0.1628™" 0.2781""" 0.1398"" 0.2318""" 0.2331""" 0.2205%**
LnTRAN: (2.23) (3.31) (2.26) (5.56) (3.41) (4.75)
0.0723*" 0.0681"**
LnLAi (2.41) (2.92)
LnGDP: 0.6590""* 0.6397*"* 0.6431"*" 0.6019"" 0.5747*"* 0.5746*""
i (4.19) (3.28) (3.66) (2.35) (2.80) (2.55)
LnINS. —0.3142"*" -0.0302 -0.3292*"* 0.0735 0.0634 0.0655
it (-6.38) (~1.38) (-6.28) (1.06) (0.86) (0.92)
LnGOV. —0.0748 0.0165 -0.0736 0.8668" " 0.7040*** 0.1169
it (-1.03) (0.19) (-1.01) (3.02) (2.91) (0.46)
0.0577 0.1121%** 0.1073*** 0.0340 0.0648 0.7722***
LnWAGE; 1.11) (4.61) (4.41) (0.44) (0.73) (3.09)
0.3005"*" 0.5137*** 0.2852**" 0.2726™" 0.2959™* 0.3044™"
LnHUM;, (4.56) (2.62) (4.25) (2.02) (2.09) 2.11)
5.2378""* 3.8542%"" 4.9153"** 6.0183"*" 5. 0818 0.0534
CONSTANT; (15.91) (4.42) (11.21) (4.54) (2.08) (0.68)
R-squared 0.36 0.48 0.33 0.31 0.46 0.34
Obs. 230 230 230 230 230 230
Note: *, **, and """ indicate 10%, 5%, and 1% levels of significance; ¢ values are in parentheses.
TaBLE 3: Empirical analysis results 2.
Model (7) Model (8) Model (9) Model (10) Model (11) Model (12)
LQui LnCA; LQui LQai LnCA; LQui
0.0091°** 0.1324™" 0.1142" 0.2519*** 0.0091** 0.2551%**
LnTRAN; (2.19) (2.34) (1.85) (6.57) (219) (6.82)
0.2033" 0.3471""
LnCAy 1.72) (2.34)
0.0384""" 0.2505"" 0.3274™"" —0.1994""* 1.1264** -0.3071"""
LnGDP,
(5.67) (2.45) (2.91) (~3.14) (9.10) (-4.23)
LnINS. 0.0264"*" -0.3057*"" —-0.2528*" 0.1421 0.5137**" 0.0930
it (3.02) (~2.54) (~2.16) (1.53) (2.62) (1.01)
LnGOV. 0.0055 —0.0748 —0.0638 0.0204 0.0165 0.0189
i (0.47) (-1.03) (-1.10) (0.34) (0.19) (0.32)
0.0071 0.0577 0.0720 0.0246 0.1023 0.0148
LnWAGE: (1.49) 1.11) (1.26) (0.48) (0.85) (0.30)
—0.0012 -0.1931*"" —0.1955"** 0.1148"* -0.1357 0.1278**
[nHUM;: (<0.22) (~2.85) (-2.92) (2.03) (-117) (2.26)
1.8061"" 1.1578 4.7759 0.6563 -11.2270%** 1.7299**
CONSTANT; (17.87) 0.88) (1.57) 0.89) (<6.63) (2.22)
R-squared 0.37 0.39 0.38 0.31 0.47 0.33
Obs. 230 230 230 230 230 230

Note: *, “*, and “*" indicate 10%, 5%, and 1% levels of significance; f values are in parentheses.

agglomeration; and model (9) indicates that urban rail line
length and capital agglomeration have a significant pro-
moting effect on manufacturing industry agglomeration.
These results suggest that urban rail line length can promote
manufacturing industry agglomeration via capital
agglomeration.

Second, from the empirical results on urban rail line length,
capital agglomeration, and consumer service industry ag-
glomeration, model (10) indicates that urban rail line length has
a significant promoting effect on consumer service industry
agglomeration; model (11) indicates that urban rail line length
has a significant promoting effect on capital agglomeration; and
model (12) indicates that urban rail line length and capital

agglomeration have a significant promoting effect on consumer
service industry agglomeration. These results suggest that
urban rail line length can promote consumer service industry
agglomeration via capital agglomeration.

Third, from the empirical results of the control variables,
only GDP can promote capital agglomeration and
manufacturing agglomeration, and the effect of other var-
iables cannot be judged.

The analysis of the effect of urban rail line length on
industrial agglomeration via technical innovation agglom-
eration in Table 4 yields the following empirical results.

First, from the empirical results on urban rail line length,
technical innovation agglomeration, and manufacturing
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TaBLE 4: Empirical analysis results 3.
Model (13) Model (14) Model (15) Model (16) Model (17) Model (18)
LQuis LnTA; LQui LQyi LnTA; LQui
0.1324™*" 0.1870""" 0.1096" 0.0382"" 0.1870""" 0.0346"
LnTRAN: (2.34) (332) 1.77) 211) (332) (1.84)
0.1218" 0.0193"*~
LnTA; 1.67) (2.66)
LnGDP: 0.2505"" 1.2624"** 0.4042%"* 0.2579* 0.2801"" 0.2810""
it (2.45) (11.72) (3.21) (1.93) (2.02) (1.98)
LnINS, —-0.3057""" 1.1247%*% —0.1687 -0.1602"" -0.1901*" —0.1945""
it (~2.54) (6.26) (-1.24) (-2.24) (~2.40) (-2.42)
LnGOV. -0.0748 0.2214 —0.0478 0.0445 0.0413 0.0438
it (-1.03) (1.08) (-0.81) (1.30) (1.19) (1.24)
0.0577 0.1096"" 0.0710 0.1068" "~ 0.1065"** 0.1070"*"
LnWAGE; (L11) (2.04) 1.27) (6.94) (6.99) (7.21)
-0.1931*"" —0.0860 -0.2036""" 0.0503 0.0475 0.0497
LnHUM; (~2.85) (~0.77) (-2.92) (1.52) (1.44) (1.47)
1.1578" —17.6493"** -0.9911 7.2990% " 3.1011°"" 8.0390"""
CONSTANT; (1.88) (-10.12) (~0.63) (7.63) (2552) (8.17)
R-squared 0.38 0.66 0.30 0.43 0.56 0.57
Obs. 230 230 230 230 230 230
Note: *, ™", and *** indicate 10%, 5%, and 1% levels of significance; ¢ values are in parentheses.
TaBLE 5: Empirical analysis results 4.
Model (19) Model (20) Model (21) Model (22) Model (23) Model (24)
LQuis LnLA; LQuis LQyis LnLA; LQyis
LQ; 0.3437"" 0.0853""" 0.3281"*" 0.2323*" 0.0715™" 0.1590" "~
i (2.13) (2.79) (2.58) (1.97) (2.28) (7.15)
0.1227**" 0.0379"""
InTRAN: (3.15) (3.69)
0.6261"*" 0.1121""
LnLAs (5.85) (2.32)
LnGDP- 0.2451 —-0.2708" —-0.0617 —-0.2075 —-0.0414" 0.0258"""
it (1.62) (-1.75) (-0.95) (-1.60) (-1.76) (3.72)
LnINS. —0.1903 0.0839 0.2145=* 0.3127 0.0842 0.0029
it (~1.03) (0.30) (1.75) (1.63) 1.22) (0.25)
LnGOV. —-0.0131 0.0915"** 0.0118 -0.0203 -0.0143 0.0108
it (-0.26) (2.68) (0.83) (~0.57) (-1.26) (0.79)
0.0263 -0.0275 —0.0477 -0.1675™" 0.0316 0.0026
LnWAGE; (0.75) (~0.41) (~0.82) (~2.24) (1.63) (0.74)
—0.0421 -0.0389 0.0133 —0.0487 0.0197 —-0.0009
LnHUM; (~0.42) (-0.32) (0.28) (~0.60) (0.57) (~0.16)
0.0482 4.3551" 0.2280 2.9495*" 0.7388" 2.0719*""
CONSTANT; (0.03) (1.89) (0.25) (2.29) (1.67) (19.70)
Dum_Individual YES YES YES YES YES YES
Dum_Year YES YES YES YES YES YES
Wald value 16.47*** 33.96""" 15.10%*" 40.95""" 44.52""" 4898
Obs. 196 196 196 196 196 196
Note: *, ™", and """ indicate 10%, 5%, and 1% levels of significance; z values are in parentheses.

industry agglomeration, model (13) indicates that urban rail
line length has a significant promoting effect on
manufacturing industry agglomeration; model (14) indicates
that urban rail line length has a significant promoting effect
on technical innovation agglomeration; and model (15)
indicates that urban rail line length and technical innovation
agglomeration have a significant promoting effect on
manufacturing industry agglomeration. These findings
suggest that wurban rail line length can promote

manufacturing industry agglomeration via technical inno-
vation agglomeration.

Second, from the empirical results on urban rail line
length, technical innovation agglomeration, and consumer
service industry agglomeration, model (16) indicates that
urban rail line length has a significant promoting effect on
consumer service industry agglomeration; model (17) in-
dicates that urban rail line length has a significant promoting
effect on technical innovation agglomeration; and model
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TaBLE 6: Empirical analysis results 5.
Model (25) Model (26) Model (27) Model (28) Model (29) Model (30)
LQuis LnCA; LQui LQyi LnCA; LQyi
LQ; —-0.3528"" -0.2643" 0.2710"" 0.2891"* -0.1052 0.0527"
it-1 (-2.12) (~1.78) (2.21) (2.31) (—0.94) (1.79)
0.0740" 0.0464" 0.0925"*" 0.1367""" 0.0467*"" 0.0646™""
[nTRAN; (1.68) (1.66) (3.56) (3.62) (3.40) (4.47)
0.0781" 0.0190"
LnCAy 1.72) (1.85)
LnGDP: 0.3712"*" —0.4654""" -0.1012*" -0.3096" —0.0977*** 0.1538""*
it (3.23) (-3.35) (-2.20) (~1.90) (-2.92) (5.81)
LnINS. —0.0048 —-0.0741 0.1396 0.2624 —0.0204 —-0.0902***
it (-0.02) (-0.21) (1.38) (1.04) (-0.37) (-8.01)
LnGOV. 0.0254 0.0952 —0.0076 —0.0879 —-0.0161" 0.0637*"*"
it (0.59) (1.64) (~0.29) (~0.45) (~1.69) (8.60)
0.0209 0.0157 -0.0319 -0.1190"** 0.0405" 0.0534***
[nWAGE; (0.56) (0.19) (~0.83) (-2.72) (1.65) (8.04)
—0.1886"" 0.0995 0.0288 0.0974 0.0710"** 0.0820"""
LnHUM; (~2.34) (0.73) (0.61) (1.01) (2.68) (8.06)
—1.2483 59138 0.8837 3.2508 1.3719"** 8.9015"**
CONSTANT; (-0.93) (3.67) (1.45) (1.48) (2.67) (62.07)
Dum_Individual YES YES YES YES YES YES
Dum_Year YES YES YES YES YES YES
Wald value 27.98""* 76.38""* 51.08""* 125.42*"* 88.39"** 190.23***
Obs. 196 196 196 196 196 196
Note: *, **, and """ indicate 10%, 5%, and 1% levels of significance; z values are in parentheses.
TaBLE 7: Empirical analysis results 6.
Model (31) Model (32) Model (33) Model (34) Model (35) Model (36)
LQui LnTA; LQui LQsi LnTA; LQs;
L0, ~0.6618"* -0.2513 0.4776*** 0.2664*** 0.0339 0.2103***
it-1 (-2.28) (-1.57) (3.05) (2.62) (0.19) (7.14)
0.1620"** 0.2184"" 0.1684"** 0.0366™" 0.2184"** 0.0342***
[nTRAN; (6.92) (1.95) (7.43) (1.97) (3.85) (3.39)
0.0297* 0.0107***
LnTA; (1.80) (2.61)
LnGDP: 0.5332%"" —0.4726™" —0.0832 0.9308""" —0.3422*"" -0.1923"**
it (2.83) (=2.11) (-1.01) (7.59) (-3.35) (—4.14)
LnINS. 0.0368 0.1408 0.1295 0.5930"" —-0.2642" 0.3554*"*
it (0.17) (0.32) (0.96) (2.12) (-1.78) (5.71)
LnGOV. 0.0069 0.1282*" —0.0084 0.2506 0.2331*" -0.0217
it (0.13) (2.42) (-0.39) 1.21) (2.39) (-0.99)
0.0311 0.0110 0.0239 0.0420 —0.0008 —0.0080
[nWAGE; (0.36) (0.08) (0.41) (1.09) (~0.04) (-1.33)
—0.0666 0.0525 —0.0020 0.0695 0.2393"** 0.0421
[nHUM; (~0.57) (0.43) (~0.04) 0.56) (2.52) (1.25)
—4.0070™" 5.1434" —-0.1086 —12.0428""" 4.0413""" 1.0548™"
CONSTANT; (~2.06) (1.87) (~0.09) (~6.03) (3.08) (1.95)
Dum_Individual YES YES YES YES YES YES
Dum_Year YES YES YES YES YES YES
Wald value 14.25"*" 60.54""" 31.86""" 106.34"*" 106.23" " 118.98**
Obs. 196 196 196 196 196 196

Note: *, **, and **" indicate 10%, 5%, and 1% levels of significance; z values are in parentheses.

(18) indicates that urban rail line length and technical in-
novation agglomeration have a significant promoting effect
on consumer service industry agglomeration. These findings
suggest that urban rail line length can promote consumer
service industry agglomeration via technical innovation

agglomeration.

Thirdly, from the empirical results of control variables,

GDP can promote the agglomeration of technological in-
novation, manufacturing, and consumer services; wage level
can promote the agglomeration of technological innovation
and consumer services; human capital can inhibit the ag-
glomeration of manufacturing.
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4.2. Robustness Test. The foregoing section describes the use
of empirical models to analyze the effect of urban rail de-
velopment on industrial agglomeration. To further test the
rigor and scientific validity of the conclusions drawn above,
this study uses the two-step method GMM to perform
empirical estimates of the above dynamic models with panel
data. Tables 5-7 provide quantitative empirical results for
the dynamic panel data models, which take urban rail line
length as the explanatory variable.

First, the regression results for urban rail development,
labor agglomeration, and industrial agglomeration in Table 5
show that after controlling for the upgrading of the in-
dustrial structure, government expenditures, wage level, and
human capital, urban rail line length can still exert a sig-
nificant promoting effect on manufacturing industry ag-
glomeration and consumer service industry agglomeration
via labor agglomeration. This is consistent with the results
shown in Table 2 and indicates that increases in urban rail
line length can effectively induce manufacturing industry
agglomeration and consumer service industry agglomera-
tion in a city through labor agglomeration.

Second, the regression results for urban rail develop-
ment, capital agglomeration, and industrial agglomeration
in Table 6 show that urban rail line length still exerts a
significant promoting effect on manufacturing industry
agglomeration and consumer service industry agglomera-
tion in a city. This is consistent with the results shown in
Table 3 and indicates that urban rail line length can effec-
tively induce manufacturing industry agglomeration and
consumer service industry agglomeration in a city through
capital agglomeration.

Third, the regression results for urban rail development,
technical innovation agglomeration, and industrial ag-
glomeration in Table 7 show that urban rail line length exerts
a significant positive promoting effect on manufacturing
industry agglomeration and consumer service industry ag-
glomeration in a city. This is consistent with the results
shown in Table 4 and indicates that increases in urban rail
line length can effectively induce manufacturing industry
agglomeration and consumer service industry agglomera-
tion in a city through technical innovation agglomeration.

In summary, this study uses GMM-based dynamic panel
models to convincingly verify that urban rail development
affects industrial agglomeration via factor agglomeration,
and this study’s conclusions possess a certain degree of
scientific validity and robustness.

5. Conclusions and Recommendations

This study uses location quotients to calculate levels of in-
dustrial agglomeration in Chinese cities of the prefecture
level and above during 2006-2018 and conducts empirical
analysis of the effect of urban rail line length on industrial
agglomeration. This study draws the following conclusions:
(1) urban rail development has a significant promoting effect
on labor agglomeration, capital agglomeration, and tech-
nical innovation agglomeration; (2) urban rail development
can effectively induce manufacturing industry agglomera-
tion and consumer service industry agglomeration in cities;

(3) the influence of urban rail development on urban
manufacturing industry agglomeration and consumer ser-
vice industry agglomeration is chiefly attributable to the
mediating effect of factor agglomeration (labor agglomer-
ation, capital agglomeration, and technical innovation ag-
glomeration). This study therefore makes the following
recommendations:

(1) Progressively completing urban rail transit networks
and promoting the coordinated development of
urban rail transit: to achieve a strong economic
stimulating effect from urban rail transit, urban
centers should engage in coordinated rail transit
planning and batchwise development and establish
dedicated departments to manage and design rail
transit systems.

(2) Strengthening the development of integrated rail
transit hubs and the coordination of urban rail
transit with other modes of transportation: the
connection and convenience of rail transit systems
and other modes of transportation should be con-
stantly strengthened so that various modes of
transportation can be organically combined to
maximize network effects and provide more con-
venient services for urban agglomerations.

(3) Optimizing the allocation of capital to urban rail
transit and improving the investment performance
of rail transit capital: more functional, broader-
coverage total factor markets should be established
to promote the robust development of capital factor
markets. This could allow capital to move more freely
between different cities and between cities and their
suburban districts, so that the radiating role of
central cities could be fully promoted to increase the
effectiveness of capital investment in rail transit.
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The drag-free satellites, being space-borne ultrahigh precise measurement platforms, have played irreplaceable roles in a great
number of space science missions such as navigation, earth science, fundamental physics, and astrophysics. Most of these missions
have to be performed based on the satellites placed with double cube test-masses, which makes the satellite layout and control
strategy be more complex. This paper investigates the orbit keeping control problem of a class of low Earth orbit drag-free satellites
with double cube test masses. A disturbance observer-based composite control method is proposed, which consists of an extended
sliding mode observer and the tube-based robust model predictive control approach. In this design, the observer is proposed to
estimate the relative position and velocity of the satellite and the external space disturbance force. A tube-based robust model
predictive control scheme is then developed to stabilize the satellite orbit control systems in the presence of actuator saturation,
state constraints, and additive stochastic noises. Finally, a simulation example is presented to demonstrate the efficacy and

superiority of the proposed orbit control method.

1. Introduction

In recent years, the drag-free satellites [1], being space-borne
ultrahigh precise measurement platforms, have played ir-
replaceable roles in many space science missions, such as the
test of equivalence principle [2], the measurement of the
Earth gravity field [3], and the detection of gravitational
waves [4]. The drag-free satellites possess many advantages;
for example, they can provide autonomous precision orbit
determination, map the static and time-varying components
of the Earth’s mass distribution more accurately, deepen the
understanding of the fundamental force of gravity, even-
tually open up a new window to the universe through the
detection and observation of gravitational waves, and so
forth.

The key technology of the drag-free satellite is the
gravitational reference sensor (GRS), which insulates an
internal free-floating test mass (TM, also called proof mass)

from both external disturbances and disturbances caused by
the spacecraft itself [5]. The drag-free satellites can be di-
vided into two types [6]. The first one is the “accelerometer”
drag-free mode, where an electrostatic accelerometer is used
as the primary sensor and an electrostatic suspension ac-
tuator is paired to maintain the TM to be centred in its cage;
therefore it can counter the disturbance forces acting on the
spacecraft [7-11]. The second one is free-falling TM mode,
in which the satellite provides indirect drag-free behaviour
by tracking the movement of the free-falling TM in the cage
[12-15]. In particular, the structure of a satellite with two
cube TMs is always regarded as the primary layout in these
missions, which makes the GRS be more complex and the
control system design work be more challenging. For ex-
ample, as shown in Figure 1, the drag-free satellite con-
taining two cube TMs will enter a low Earth orbit (LEO),
which decays more rapidly due to the decelerating effects of
the Earth’s atmosphere.
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FIGURE I: A kind of drag-free satellite structure with double test-
masses.

In the research area of control for drag-free satellites, a
trade-oft should be considered among system complexity, fuel
conservation, cost of components, operations, performance,
and so forth [16]. In fact, it is always difficult for the drag-free
satellite to obtain control satisfactory performance due to the
existence of external time-varying environmental disturbances
and the unmodelled internal uncertainties. To solve this
problem, various types of robust control algorithms have been
proposed, such as model predictive control (MPC) [17], H,
control [18, 19], p-synthesis control [20], embedded model
control (EMC) technique [21], and quantitative feedback theory
[22]. However, these design results can only realize disturbance
attenuation but not disturbance rejection. In order to improve
closed-loop control performance, the disturbance observer-
based control [23-31] and active disturbance rejection control
[32-39] have been developed for drag-free satellite to pursue
more ideal control system performance [25, 40-50]. However,
how to design a suitable observer to estimate the disturbances
more precisely is still an open and attractive problem [51].

This paper investigates the orbit control problem for a class
of LEO drag-free satellites with double cube TMs based on the
relative position dynamics with state constraints, actuator
saturation, and the additive stochastic disturbances. In this
design, an extended sliding mode observer method is developed
to estimate the system states. Then, a tube-based robust model
predictive control (TRMPC) approach is presented [52] to
stabilize the resulting orbit control systems. In particular, the
TRMPC design approach is divided into the following two
steps: (i) an offline evaluation of the constraints to ensure the
uncertain future trajectories to lie in sequence of sets, which is
called tubes, and (ii) an online MPC scheme designed for the
nominal trajectories. As a result, the orbit control issue for the
drag-free satellite is solved.

The remaining of this paper is organized as follows.
Section 2 formulates the design problem under investiga-
tion; the design of disturbance observation-based composite
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control strategy is presented in Section 3. A demonstrated
simulation example is provided in Section 4, and the paper is
concluded in Section 5.

2. Problem Formulation

According to [22, 53], for a LEO satellite containing two
TMs, as shown in Figure 2, the drag-free control strategy is
defined as follows: TM1 is chosen as the gravitational ref-
erence, which flies freely in a pure gravitational orbit, and the
satellite and TM2 are controlled to follow TM1; then the
linearized relative position dynamics between the TMs and
the satellite are given as follows:

1 .
; [Fc,li (t) + Fé,li(t)]a 1= 00r2,

(1)

where i = 0 means the satellite and i = 2 means the TM2;
p1; (t), m;, and F_;(t) represent the relative position vari-
ables, the mass of the satellite or the TM2, and the control
forces; F;(t) is the sum of all kinds of disturbances, which
for the satellite, the air drag, the solar radiation pressure, and
the thruster quantization error and other stochastic noises is
considered primarily, and, for the TM2, it mainly consists of
electrostatic interference signals, actuator quantization er-
ror, and other stochastic noises [9, 40].

pri(6) + Mypy; () + Nypy; (8) =

[0 2w, 0
M,=[20, 0 0]|-K,
Lo 0 0 -
3w, 0 0
N,=| 0 0 0|-D,
[ 0 0 w

where w is orbit angular velocity of the TM1 and K, and D,
are the damping factors between the TM and its condenser
cage [54].

The desired positions and velocities of the satellite and
TM2 are denoted as pfo (1), p‘fo (1), p‘fz (t), and p‘fz(t), re-
spectively. The desired positions p%,(t) and p%, (t) are some
constants dependent on the layout of the satellite. The relative
velocities are defined as follows: p% (¢) = 0 and p%, (t) = 0.
Define the following error variables for case of presentation:

pri (1) = py; (1) = P{fi (1),
P (1) = py; () - P{fi (1), (3)
i=0or2.
By substituting (3) into (1), one can obtain

[Fc,li (t)+Fyy (t)], i=0or2.

(4)

Due to the limit volume of the capacitor cage, the relative
error variables should satisfy p; (£) < Py and py; (£) < Proas
which are the state constraints. For convenience, formations
(4) should be translated into a state space model. By

= - _ 1
Pui(8) + Mpy; (1) + Nypy; (1) = o

i
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FIGURE 2: The relative position dynamics between the TMs and the
satellite, with respect to TM1 Hill reference system.

choosing  x, (¢) = [B7 (£, Pro (O] and  x,(8) = [p, (1),
Pra (O uy () = Fo iy (8), 1y (£) = F 15 (£), F g0 (£) = w0y (£) +
&1 (1), and Fy,(t) = w,(t) +&,(t), where w;(t) and
& (t) (i =1,2) denote the unknown stochastic noises and
unknown estimable disturbances, respectively. Then, the
state space model is given as follows:

{ X; (t) = Ajx; (1) + B, (1) + B,; (wi (t) +¢; (t)), 5)
yi(t) = C,-xi (1),
where
0; I3
Ai = 5
Nt Mt
0, 1
B, = Bw,l = 1 >
713
Lm |
0 (6)
0,
B, = Bw,Z = 1 >
—I
Lm, * ]
C = [13 03 ]»
i=1,2.

Before designing the disturbance observer-based com-
posite control strategy, the following assumptions are given
about w;(t) and &, (¢) (i = 1,2).

Assumption 1. 'The unknown external disturbance &; (t) (i =
1, 2) satisfies the following: [I€; (£)]| < ; and ||€; ()| < ¢;, where
0; and ¢; are known real constants.

Assumption 2. The unknown stochastic noise w; (¢) (i = 1,2)
is assumed to be discontinuous but bounded subject to
lw; (1)l <®; and belongs to a bounded and convex subset
W ¢ R" containing the origin in its interior.

3. Design of Disturbance Observer-Based
Composite Control

The control system composition of a LEO satellite with two
cube TMs is shown in Figure 3. To achieve the “drag-free”
goal and eliminate the effects of external disturbances (the
environment disturbances may contain the atmosphere
and the solar radiation pressure, the thruster quantization
error, the electrostatic noises, the actuator quantization
error, etc.), a disturbance observer-based composite con-
trol approach is proposed, which consists of an extended
sliding mode observer and a tube-based robust model
predictive control. The detailed design process is as follows.
First, for system (5), the observer is proposed to estimate
states x; for state feedback control and &, () for active
disturbance rejection control uy;. Second, a tube-based
robust model predictive control w; =ug,; +usp; is
adopted, which can cope with state constraints and actu-
ator saturation and attenuate the effects of additive sto-
chastic noises. For convenience, in the following
discussion, the subscript i in (5) is omitted.

3.1. Design of Extended Sliding Mode Observers.
Motivated by the augmented strategy method in
[34, 36, 55], we define the following extended vectors and
matrices:

x(0) =[x (10,€ )],
(A B,
[0 0 ]

2|
[

=
Il
e}
—_—

(7)

ol
I
o

n- ™)

w

C=[C 0]

For system (7), consider the following continuous-time
extended SMO [55]:

X(t) = A% (1) + Bu(t) + Ly (t) + DFvy (1), (8)

where ¥ (t) = y(t) - Cx(t) and v, (t) is the discontinuous
term designed as follows:

y) - €
> f )
nllj}(t)ll it [y (D)1 >’7
vy (t) = 9)
2y (1) e 3
= lflly(t)llsﬁ,

where 7> (Ap/Az) and Ay = A (FTF), Ap = \/A i (FTF),
and A, (F'F)and A, (F'F) are the maximal and minimal
nonzero eigenvalues of matrix F'F, respectively.
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FiGure 3: The control system schematic diagram of a LEO satellite with two cube TMs; the satellite and TM2 are controlled, respectively.

Remark 1. It is worth mentioning that the main function of
the proposed extended SMO is to estimate the state and
disturbances vectors simultaneously, which is a design basis
of the subsequent composite control law.

Define X (t) = % (t) — X (¢); then the error system is de-
rived as follows:

X(t) = (A~ LOX(1) + D(E(t) - Fv, (1)) + Bw(r). (10)

Lemma 1 (see [56]). System (5) has the relative degree n with
respect to the unknown input &(t) (i.e., the system is strongly
observable).

Lemma 2. If the matrix pair (A,C) is detectable and the

condition
{[c0]) av
ran =n+p,
C 0 P

holds, then the pair (A, C) is detectable; that is, there exists an
observer gain matrix L such that A — LC is Hurwitz.

Proof. It can be derived that

A-AI, B

A-M v
rank( - n+Pj|> = rank Opxn =ML, (12)
C
C 0gxp
O

Case 1. When A #0, for the matrix in right side of equation
(12), we have

I, \''B, 0 [A-Al, B, A-1L, 0,
0 I, 0| Opw —AMy|=| Opw M,
0o 0 I C 0y, C  Opp

(13)
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which means that
A-AL, B, 1, \'B, 0[A-AL, B,
rank Opxn —/\IP = rank 0 Ip 0 Opxn _/\Ip
C Oy 0 0 LIl C 04
[A=AL, 04,
(14)
= rank 0pun  —AL,
| C qup i
()
= ran _ +
C p
lyx @)l
That means 1Hlly = tyx b, <\ (19)
N lo@l,, +0 @@,
A=A, A-AL, N
rank — = rank c +p. (15)  where yX(t) is the weighted estimation error and v is the
C weight matrix. The following main theorem provides the
Hence, if the pair (A,C) is detectable, we have existence condition of the proposed observer (8).
A-1I,
rank _ =n. (16) Theorem 1. The solution of observer error system (10) is
C asymptotically stable with the prescribed H, performance
Then, the following rank condition holds: index‘ if thgre exist porsitive'and c‘ieﬁm"te m‘at‘rix' Q>0 and
matrix F with appropriate dimensions, in minimizing y, > 0,
A=A, such that the following matrix constraints hold:
rank _ =n+p. (17)
C

Case 2. When A = 0, if rank condition (11) holds, we have

el rr

both imply
A-1L, -
rank([ o P ]) =n+p, A € C, Re[A] 20, which im-

plies that the pair (A, C) is detectable.
To attenuate the influence of w(t) for error system (10),
we define the prescribed H , performance index as follows:

Finally, for cases, we can always

V(D) =5 (0QF() + 5 (NQx (1)

5= A'Q+QA-C'C+y'y QB,

r <0,

BwQ _Yll (20)
QD=C'F".
Moreover, _the observer gain is designed as

L=12)Q'C".

Proof. For system (10), select the Lyapunov function as
V(t) =x (£)Qx(t) with Q> 0 being designed; it is easy to
obtain that

= 2% (NQ[(A - LOZ (1) + D(E(t) - Fv, (1)) + B, (1)]

=% (0|2'Q+QA-C'T[R()+ & T F (§(0) - Fry () + 7 (0QB,0 (1) + o (DB,QF (1)

(21)

S0 [ZTQ +QA- éTé]i(t) +25F" (£(t) — Fv, (1) + 2% ()QB, ().



In the following analysis, let Y (£) = 25F" (£(t) — Fv, ());
we consider two cases separately. O

Case 3. |7l > (¢/n); in this case, we have

O N 4 ),

<2031(IFllp ~1FI*) 22

<207l(App - Apn) <0,

Y(t) = 27FT(é(t) - F;f%”)

€

o 51 _, 2 71
<2pT 171 - 275 <2 - 2 0 < - 20

Based on Cases 3 and 4, we can conclude that
V() =Y () + % (£) [ZTQ + QA - CTE]i(t) +2% (1)QB, (1)
<7 (1) [ZTQ L QA- 6%]%0) + 257 ()QB, 0 (b).

(24)
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where 7 can be chosen such that 7> (Ap/A%)p.

Case 4. |y]| < (¢/n); in this case, it can be derived that

(23)

—_ 2 2 2 2
—’7\”/1_/” —%) +%s2&§(’7%’7) —%) +%§0.

To minimize the effect of the disturbance on the esti-
mation error in the sense of L, norm, we consider the
following constraint:

WEH=V(E)+x OviyE®) -y’ (Do) <0.  (25)

In light of Schur complement, it is easy to derive that

W< (1) [ZTQ L QA- ETé]i(t) + 7 (DQBw (1) + o (DBLQR(H) + 7 (Y Y& (1) - 0" (D (D)

=T T o) i(t)] 0
<[#® o (t)]Q[w(t) <0.

Accordingly, it can be seen that W (t) <0 is ensured
provided that Q <0 holds. Therefore, the solution of error
system (10) is asymptotically stable with the prescribed H
performance index as t — ©o.

Remark 2. 1t should be pointed out that, in Theorem 1, the
equality constraint QD = C' F can be rewritten as

T
Trace( (Qﬁ - CTFT) (Qﬁ - CTFT)) =0. (27)
Hence, we can introduce the following condition:
— T\ (s AT
(QD—CF) (QD—CF)<y21, (28)

where y, >0 is a parameter to be designed. Then the design
problem of observer gains L can be converted into the
following minimization problem:

(26)

miny;, y,

(29)
subject to

(20) and (28).

3.2. Design of Tube-Based Robust Model Predictive Control.
For equations (5), &; (t) is estimated and eliminated through
the extended sliding mode observer; thus we have to
compensate it by disturbance compensation feed-forward
control. Translate formulations (5) without &, (¢) into the
discrete model of the form in (30) as follows:

Xo1 = AgXy + Byt + By, (8 + wyp). (30)

As mentioned before, the controller is designed as
U, = uk’ffc + uk,fbc’ where

U ffe = —Ezo (31)

is the feed-forward control part to compensate & and uy g,
is the model predictive control law to be designed. Define the
estimation error as
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L= & (32)
Then, system (30) becomes
X1 = AgXy, + Bty i + B, (0, = &). (33)

As proved in the observer design results in Theorem 1,
we have [[€ | — 0 with k — oo; thus [w, — &l < llwgll +
1€ = (1 + B)llwg]l holds, where 3> 0 is a small constant and
B — 0 when k — oo.

Define d; = w, — &; it satisfies ||d; ]| < (1 + )@, which
belongs to the bounded and convex subset W. Hence, system
(30) can be written in the following form:

Xpp1 = AaXp + By e + By, A (34)

The investigated system (30) is subject to hard con-
straints on both state and input vectors with the following
form:

x € X, (35)
uel,

where X and U are polytopes.

To solve this control problem, a robust MPC algorithm is
considered [57] by repeatedly solving an optimal control
problem, where the finite horizon quadratic cost J (x, u) to
be minimized at the current time k is

N-1
B T T T
I (g i) = Z (xilk@xilk + ”iua%”uk) + XN PX k-
i=0

(36)

In (36), N eR* is the MPC prediction horizon,
Qe R™ @>0, R eR™" R>0 and P is the solution of
the algebraic Riccati equation [57].

(A +B;K) P(A;+BK)+ @+ K'RK =P.  (37)

Due to the presence of the unknown disturbance d,, we
rewrite the state vector x;; of the system as the sum of a
nominal part z;; and an error part ;) in the following form:

Xilk = Zilk + €ijk> (38)

where e;; denotes the deviation of the real state e;; with
respect to the nominal one.

Design the following feedback policy (39) for system
(30):

Uik = Vi + K(xilk - Zig)> (39)

where v, denotes the nominal input vector and the gain
matrix K should be selected such that Ay = A; + B;K is
Schur-stable; then the corresponding nominal and error
dynamics can be described, respectively, as follows:

7

Zik = AdZik + Bavipo (40)
2ok = Xolk>

ek = Axeik + By, i (41)

eo|k =0.

Hence, the finite horizon optimal quadratic cost (36) can
be redefined in terms of nominal state z; and control input
Vi as

N T T
In (2 i) = Z (an@zuk + Vilk‘%vilk) +z i Penpe  (42)

i=l

and the finite horizon optimal control problem can be
reformulated as follows.

Definition 1. Given the nominal system dynamics (40), cost
(42), and nominal constraints set Z,V,Z £ the nominal
robust MPC finite horizon optimization problem can be
described as

min ]y (24, vi.)

st Zip = AaZik + Bavipo Zojk = Xi

Zx €Z, i€ [l,N] (43)
VilkE\/, i€ [O,N—l]

The solution of (43) is the optimal nominal control
sequence v(’;lk = [vg‘k (0;24), .-, V;—llk (T -1;2z;)] and the
first control action, that is, Ky (z;): = Volk (0; z;), represents
the optimal control v;; to be applied to system (40).

The proposed control law applied on the uncertain
system (40), according to the control policy adopted, is

Uil = Vi + K(xilk - Zilk) = Ky (% 2k)

i (44)
= Ry (21) + K (x5 — 2)-
The composite closed-loop system then satisfies
Xipafe = AgXie + By (i X 2¢) + By, dijer (45)
Zik = Az + Baky (i 2). (46)

For the TRMPC approach, the matrix K in the control
policy (39) is designed to stabilize system (30). Consider the
following closed-loop system:

Xipae = (Ag + BaK)xyy + Byvi + By, die. (47)

Hence, the satisfaction of the following condition aims to
define the feedback gain K that stabilizes the system.



(Ay+B,K) P(A, +B;K)-P<0, P>o0. (48)

In order to robustly satisfy the mission constrains, they
are tightened to allow the trajectories of the uncertain
system, affected by disturbance, to lie in a tube centred on
the nominal one, where each trajectory is related to a
particular realization of the uncertainty at each time step k.
The derivations of the nominal state, input, and terminal
constrains set Z,V, Z ; are described according to the ap-
proach proposed in [57], such that the constraints in (39) of
system (30) are satisfied for every realization of the dis-
turbance sequence w by suitable design of the tube. ‘

We now define S (00): = ARWeA We--- = 3% Ay
W, where @ is the Minkowski sum and AZW: = {Aédk|dk

€ W} is the set multiplication; the uncertain set of the error
e; is the minimal robust positive invariant set for

Xiak = AaXik + By i A € W. (49)
Then the state and control input vector constraints in

(35) are satisfied provided that
Zilk € X@SK (00),

(50)
Vi|k elU @KSK (OO),

where © denotes the Pontryagin set difference. It is obvious
that the terminal constraint for system (30) at time instant N
is ensured if the normal system (40) satisfies the tighter
constraint

zy € ZEX = Sg(00),  ZCZ. (51)

Moreover, these assertions only make sense if the dis-
turbance set W is sufficiently small to satisfy the following
Assumption 3, as defined in [57].

Assumption 3. (Restricted disturbances for constraints
satisfaction) S ¢ X and K x S c U.

The next step is to define a robust positively invariant set
Sk for [19] to obtain the tighter constraints acting on the
nominal system. Then the constraints are considered for the
TRMPC problem. Once the uncertainty set W is evaluated,
an inner approximation of the nominal constraint set can be
constructed. In this design, we adopt the following strategy
presented in [57].

Algorithm 1. Computation of Z and V

(1) Define  the linear
X = {xuk € R"|ax;, < b};

(2) Construct the nominal state constraint inequality
azy <b- max{aeﬂkleﬂk € Sk (oo)} =b-0;

(3) Approximate the upper value
Dy = max{aZiN:glA%dﬂkldﬂk € W};

(4) Choose a suitable « € (0,1) and N such that
Aﬁ’dilk € aW, compute O, < (1 - a) Dy

(5) Compute the nominal state constraint set
Z: ={zy € R"az <b- (1-a) 'Oy}

state constraint as:

of @, as
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(6) Compute the nominal control constraint set
V: = {Vz‘|k € R"|a'vy <b' - K(1- oc)’ICDN}, where
U. = {uﬂk € lealuilk Sb/}

Hence, the observer-based model predictive control
strategy could be formally described by the following
algorithm.

Algorithm 2. Disturbance observer-based model predictive
control strategy.

(1) Initialization: at time k = 0, set x;, = z;. = x(0) where
x(0) denotes the current state.

(2) At time k, considering the current state (xi,zy),
based on the disturbance estimation & from the
observer (8), solve the nominal optimal control
problem (43) to obtain the nominal control vector
Vit =V, (0:2,) and the control input vector
w = v + K(xp = 2) = &g

(3) If the nominal optimal control problem (43) is in-
feasible, adopt safety/recovery procedure.

(4) Apply the control u; to the system (45) and (46);

(5) Calculate the estimation Xy, from the observer (8)
as successor state x;,; of the system (30), and cal-
culate the successor state z;,; of the nominal system
(40).

(6) Set (xp,2)) = (X4115 Z541)> stk = k + 1, and go to (2).

4. Simulation Results

In this section, a numerical simulation is carried out to verify
the effectiveness of the extended sliding mode-based
TRMPC approach. Suppose that the satellite is flying at a
little eccentric low Earth orbit with altitude of 300 km. The
parameters in (1) are given in Table 1 [54].

For the relative position motion between the TM1 and
the satellite, define F ;g = Fyrog + Fipruster» Where

2.15 % 1077 sin (0.00114¢)
Firag = My x| 0.15x 10™*sin (0.00114¢) - 2.35 x 10 * |N.
0.20 x 10™ > sin (0.00114¢) — 2.05 x 10™°
(52)

The resolution and the maximum value of the thruster
are 107°N and 0.4 N. Besides, a zero mean white noise with
mean squared error being 10 ® N is added as the stochastic
disturbance.

For the relative position motion between TM1 and TM2,

define Fd,12 = Felec + Factuator’ where

_ e . 7
1x10 sm(0.04t +§>

=m; x| 1x10 °sin(0.05¢) [N. (53)

elec

~6 . T
1x10 sm(0.0St +E>
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TABLE 1: Parameters of satellite used in the simulation.

Symbols Parameters
My 145kg
m, 1kg
m, 1kg
w, 0.0011569 rad/s
Prnax 0.1m
Prmax 0.1 m/s
1 0.039 0.039
K, 0.039 1 0.039|x10"°N/m
0.039 0.039 1
D, 1.4 x 107111, N/(m/s)
S -3.0x 107 : : i : ;
4.0 % 105 {H35msiungasim s o s B e 2 s Geen 1

2.0x 107

0.0 §

Disturbances and estimates (N)

8.0 x 103 1
10)(104_
1.2 x 10*

-2.0x107°
-4.0%107° .
(=} 0 o -
3 = = =
X X X
[=} [=} (=]
~ < N=)
Time (s)
497511
*51,1
(a)
Z
P
%32><10-3
£
i
= 3
5 3.0x10
”
ot
=]
<
§2.8x10‘3
2
A S
g ‘S ) ) S = =)
— — — — — —
X X X X X X
=} =} =} =} =) N
o <t o =) — —
Time (s)
‘£1,3
*51,3
(c)

Disturbances and estimates (N)

-3.8x1072

6.0x107°
4.0x107°
2.0x107°

0.0

—2.0x107°

Estimate errors (N)

—-4.0x107°
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: o o (=} (=} (=} (=}
[} — — — — — —
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—— &2
— &
(b)
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X X X x X X
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Time (s)

— &

— &1

— &3

(d)

FIGure 4: Estimation of the disturbances &, (t) by the ESMO.



10

2.0x107°° . T
1.0x107°
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—2.0x10° 4 --

Disturbances and estimates (N)

-1.0x 107

2.0 x 10 4.0 x 10

Time (s)
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(c)
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2.0% 107° : ; : J

1.0 x 107°

0.0

-1.0x 107

Disturbances and estimates (N)

-2.0% 107 T T
0.0 2.0 x 107 4.0 x 10? 6.0 x 10?
Time (s)
—=— 52,2
— &y
(b)
8.0 x 10—8 ...................................
I
Z 40x1078
2
S
g 0.0
2
<
£
& -40x 1078 4 -
]
Z8.0 X 108 o i« x e ot o i o s ¢ vstee it o e o o i e e 4 e s
0.0 2.0 x 10? 4.0 x 10% 6.0 x 107
Time (s)
— &
E— f2,2
R 52,3
(d)

FiGure 5: Estimation of the disturbances &, (t) by the ESMO.

The resolution and the maximum value of the thruster
are 10~ N and 60 x 10 °N. Similarly, a zero mean white
noise with mean squared error being 10™® N is added as the
stochastic disturbance.

The simulation results are shown in Figures 4-10 as
follows. Define the estimated error &, (¢t) = &, () — &, (¢) (i=1,
2), as shown in Figures 4 and 5, and &; (¢) can be estimated

precisely by the ESMO. From Figures 6-11, the relative
motion variables py, (t), p;o (£), p1, (t), and p,, (¢) could be
estimated well by the ESMO. In addition, the stable control
accuracy of the composite control approach has achieved
107 or 10~%, which shows that the developed extended
sliding mode observer method and tube-based model pre-
dictive control law are effective.
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FIGURE 6: Simulated relative positions py, . (£), ;o (£) and their estimations between TM1 and the satellite.
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FIGURE 7: Simulated relative positions Pioy (t),ﬁw,y (t) and their estimations between TM1 and the satellite.
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Ficure 8: Simulated relative positions py,, (t),fo“lo,z (t) and their estimations between TM1 and the satellite.
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FIGURE 9: Simulated relative positions py, , (£),;, . (t) and their estimations between TM1 and TM2.
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Figure 10: Simulated relative positions py, , (t),f)lz,y (t) and their estimations between TM1 and TM2.
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5. Conclusions

This paper has considered the relative position control of the
drag-free satellite with double cube test-masses in the
presence of external disturbance, additive stochastic dis-
turbances, actuator quantization error, actuator saturation,
and state constraints. An extended sliding mode observer
method is adopted to estimate the state vector and external
disturbance, based on which a tube-based robust model
predictive control scheme is developed. The designed con-
trol method can not only cope with the constraints of control
and state but also attenuate the effect of additive stochastic
noises. Future work will be focused on the consideration of
relative attitude dynamics between the test-masses and the
satellite.
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This paper focuses on the directivity design of array structures of acoustic directional transducers. Based on Huygens principles,
the directivity formula of transducer arrays under random distribution in xyz space is derived when the circular piston transducers
are used as the array element, which is used to analyze the directivity and acoustic pressure of conical transducer arrangements. In
addition, a practical approach to analyze the directivity and acoustic pressure of transducer arrays under random arrangements is
proposed. Findings. The conical transducer arrays show side lobes at higher frequency. Below the frequency of 2kHz, array
directivity shows rapid changes. Above the frequency of 2 kHz, array directivity varies slowly with frequency. Besides, the beam

width is ©_; 45 <29.85".

1. Theoretical Calculation of Transducer
Array Directivity

For the single transducer, its directivity is decided by the
ratio of sound wave length A to size a. Take the circular
piston source on the baftle as an example, as shown Figure 1.
As for the single transducer, its directivity is expressed as the
following formula [1-3]:

_|2]; (kasin 0)| _I(Z]l(nd//\)sin 6)’ "

D(Q)_| kasin@ | |\ (wd/))sin@

In this formula, J, is first-order Bessel function; wave
number is k = 277/A; a represents sound source radius; and
d = 2a represents sound source diameter.

For linear arrays of point acoustic sources that consist of
multiple transducers, the directivity is not decided by the
ratio of sound wave length A to transducer size a, but by
array element arrangement. It is important to obtain the
formula of directivity for transducer arrays in any random
arrangements. The following shows the analysis of two
relevant formulas [4-6].

2. Comparison of Directivity of Transducer
Arrays and Random Array Configurations

According to Huygens principles, the linear array directivity
function of n point acoustic sources is derived, as shown in
Figure 1. It should be noted that at this point, each unit
transducer is regarded as point with no radius, assuming
d =2a. It is possible to derive the directivity function of
transducer arrays in N lines and M rows, as shown in
Figure 2 [1]:

sin ((kMd,/2)cos asin ) sin ((kNd,/2)sin asin 0)
M sin ((kd,/2)cos asin @) N sin((kd,/2)sin asin 6)

(2)

In this formula, d, and d, represent line space and space
between columns; & is angle between the projection of vector
OP on XOY and positive x axis; and 6 is the angle between
vector OP and z axis. The above formula obtains the fol-
lowing conclusion: for this function, it is necessary to
demonstrate equidistant distribution in a certain direction
(set the spacing distance in x axis or y axis); it needs to be a

D(a,0) =
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FIGURE 1: Transducer line arrays.

FIGURE 2: Transducer square arrays.

rectangular distribution instead of random arrays (such as
polygon or circular array). When M or N is 1, this formula
can calculate the array directivity. When M=N=1, the
formula can calculate directivity of single transducer [7-9].

3. Theoretical Calculation of Random
Transducer Array Directivity

Figure 3 shows the rectangular coordinate system of direc-
tional acoustic transducer arrays. The central point of trans-
ducer arrays O is the origin of coordinate. Assuming
transducer array within the xoy plane of the three-dimensional
coordinate system, any single transducer is at the position Q
(x0» ¥0)- In the sound field, the distance between any single
observation point P (xo, yo, zo) and the origin of coordinate is r,
the intersection angle between the point and z axis is 6, and
rotation angle is ¢. It is likely to obtain normalized directivity
function of n circular piston transducer arrays with the radius
a and random placements:

| Pm (Gr ¢)0 | _ |2]1 (k(l sin e)l iejklxi sin@sin¢+yisin9cos¢|

D(6’¢):|PM(9>¢)6:0|_| kasinf ||

(3)

From formula (3), it can be concluded that, for this
function, there is no need to set the distance between
transducer array elements or rectangular arrangements to
obtain the directivity of random array arrangements. It is
only necessary to identify the coordinate of each array el-
ement. When P (xo, yo) is determined, the directivity of
random transducer plane layouts can be obtained. Besides,
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F1Gure 3: Coordinate system of transducer array.

this formula is relatively complex and difficult to obtain
directivity patterns of arrays by conducting research on two-
dimensional directivity. Hence, a research method of three-
dimensional directivity is used to identify directivity [4-6].

4. Directivity Analysis of Three-Dimensional
Transducer Arrangement

As shown in Figure 4, the three-dimensional space is
established in the three-dimensional coordinate system with
random transducers. O is the central point of the three-
dimensional coordinate system. Assume transducer arrays
are within the xyz plane of the three-dimensional coordinate
system.

If the circular piston transducer with the radius a vi-
brates at the velocity, u = uye/, where u, is the velocity
amplitude. Assume it is right at the origin of coordinate O.
Then, its sound pressure is generated at observation point P
(%0, Yo» 29) (the distance from origin of coordinate is r. The
intersection angle with z axis is 0. The rotation angle is the
position of ¢). The resulting sound pressure is

2 .
_ . potad” 2] (kasin0)| (k) (4)
BEAY | kasinf |e '

p

In this formula, p,, is the density of medium. k = 27/1 is
the wave number (A is the sound wave length). Frequency
f=10000 Hz. Sound speed is Cy =340 m/s, A = Cy/f.

When circular piston transducer is at any point of xyz
space, set r; as the sonic path distance between Q and P.
Likewise, for at any point of xyz space Q, the sound pressure
generated by circular piston transducer with the radium a at
point P is

e pyth, @ |2]1 (ka sin 6Q)|ej (wt-kr,).

5
2r, | ka sin 6, )

J 4

__In this formula, 6, is the included angle between vector
QP and z. In the far field, it is approximately assumed as
vector OP//QP. The connection between r, and r is shown in
formula (4). |OQ|cos 6, represents the projection of vector
OQ on vector OP. From the projection relationship, it can be
inferred
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FIGURE 4: The three-dimensional coordinate system of transducer
arrays.

r=r +|66|COS 0, =r +rgcost,. (6)

In this formula, 7, is the module of vector OQ and 6, is
the included angle between vectors OQ and OP. It should be
noted that 6, may be an acute angle or an obtuse angle. The
rectangular coordinate of point P is (xo, yo, 20). The rect-

angular coordinate of point Q is (xy, y;, z;). Vectors OP and

P

2r | kasin®

If planar transducer arrays consist of # circular piston
transducers, the i transducer is in position (x;, y;, z;) of the
plane. Each transducer vibrates at the velocity u = u,e/*".

OQ are represented as {x,, ¥5,2o} and {x,, y;,z,}. Then,

included angle cosine in formula (4) is

_ XoX1 T Yo)1 t 202,
g '

XoX1 T Yo)1 T 2071

2 2 2 2 2 2
\/xo + ¥ +z0\/x1 + Y]+ 2]

cos b, =

(7)

Formulas (4) and (5) are combined and arranged to
obtain
_ XXt Yo¥1 + 202

r=r > (8)
r

where, x;, ¥, and z, in formula (6) are converted to circular
cylindrical coordinates as the following:

X, = rsin @sin ¢,
o = rsin 6 cos ¢, 9)
z, =1 cos 6.
Formula (7) is substituted to formula (6):
ry=r—(x;sinfsing + y, sinfcos ¢ + z, cos ).  (10)

In the far field, the amplitude of formula (2) r, =,
g = 6. Formula (8) is substituted to formula (2) to obtain
the following: the sound pressure generated by any point Q
at point P in the xyz space is

2 .
_ ijOuaa |2]1 (ka s 9) ej[wt—kr+k(xl sin @sin ¢+y, sin 0 cos p+z, 5050)]' (11)

The sound pressure generated by n circular piston trans-
ducers at point P in the xyz space is shown in the following:

2 .
Py = jw PolUaa |2]1 (ka Sin 9)|ej(wt— kr) i ejk (x1 sin @sin ¢+y, sin 0 cos p+z, cosﬁ) (12)
M 2r | kasin® = '
According to Bessel function, when x=0, directivity function of transducers in random space ar-

J; (x)/x = (1/2). Based on formula (10), the normalized

| Pt (6,4)g

rangement can be obtained:

. |
DO = 600 |

According to formula (11), it is feasible to calculate the
feasibility of circular piston transducers with random ar-
rangement in three-dimensional space. However, the above
formula is a function concerned with variables 6 and ¢,

2]1 (ka sin G)I f“ ejk (x1 sin @sin ¢+y, sin O cos ¢p+z, cos 9) (13)
kasin 0 '

i=1

which are hard to identify the directivity of the array. Hence,
three-dimensional directivity research method is used in the
process. To be more specific, conversion of coordinates is
carried out in formula (11).
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FIGURE 5: Directivity pattern of acoustic directional dispersion device. (a) 500 Hz. (b) 1kHz.

x, =sinfsing-D(6,¢),
yo =sinfcosd-D(6,¢),
yo=cos0-D(6,¢).

(14)

Assume the most central transducer is origin of coor-
dinate O (0, 0), then the position coordinate of acoustic
directional dispersion system is shown in Figure 4. The
rectangular coordinates of acoustic directional transducer
array are substituted in formula (11) to calculate the di-
rectivity angle of transducer. By changing the frequency, it is
feasible to get the result shown in Figure 3.

It is known from Figure 5 that acoustic directional
transducer array shows weak directivity at the sound wave
frequency level of 500 Hz. If the sound wave frequency level
increases, the level of directivity also rises gradually. When the
frequency level reaches 4 kHz, apparent sidelobe shows up.
When the frequency level reaches 6 kHz, directivity becomes
favorable, but sidelobe becomes more apparent as well.

The figure shows that beam width ©_;,; gradually
narrows as frequency increases. Below the beam width of
2kHz, frequency change is apparent. Above the beam width
of 2kHz, frequency change is slow. The frequency of dis-
persion sound wave ranges between 2.1 and 3.4 kHz. When it
is above 2kHz, the beam width of acoustic directional
transducer is ©_;45<29.85°, directional acute angle
(®_345/2) < + 14.925°. Favorable directivity is shown.

5. Conclusion

Based on the Huygens principle of sound waves, this work
has derived the formula for the directivity of transducer
arrays in random arrangement when circular piston

transducers are used as array elements. Based on this for-
mula, it studied the directivity and sound pressure of conical
transducer array arrangements. The work provided a way to
analyze directivity and sound pressure of transducer arrays
in random arrangements for conical transducer and acoustic
directional transducers. Findings: conical transducer arrays
demonstrate sidelobe at high-frequency levels, but it can be
overlooked compared to the main lobe. Below the frequency
level of 2kHz, array directivity changes rapidly. Above the
frequency level of 2kHz, array directivity changes more
slowly, and the beam width is ©_; 45 <29.85".

The work expands the formula of calculating the direc-
tivity of circular piston transducers with random array ar-
rangements. Based on the digital simulation of computers, it
resolves the difficult issues in the directivity design of three-
dimensional arrays of acoustic directional transducers, pro-
viding positive significance for designing acoustic directional
transducer arrays.
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This paper has investigated an integrated control of active front steering (AFS) and direct yaw-moment control (DYC) for vehicle
systems. First of all, the desired yaw rate and sideslip angle are estimated by using a two-degree-of-freedom (2-DOF) model of the
vehicle system. On this basis, the actual sideslip angle is estimated by means of an observer. Then, the sliding mode control (SMC)
is developed for AFS and DYC, respectively, to guarantee that the actual yaw rate and the sideslip angle track their reference
signals. Additionally, the disturbance observer (DOB) technique is introduced to further improve the control performance.
Finally, the simulation results validate the superiority of the AFS and DYC integrated control by using CarSim software during the

following conditions: double lane change and side wind disturbance.

1. Introduction

With the development of electronic technology, the use of
control technology to improve the active safety of automobiles
has become a hot topic in the automotive field. Active safety
can minimize or avoid traffic accidents through vehicle design,
while passive safety means that vehicles are designed to
minimize the damage to passengers after an accident occurs. In
the 90s of the last century, the concept of vehicle stability was
proposed [1-3]. Then, the active safety control received con-
siderable attention in the vehicle stability control, such as [4-7].
Among them, AFS catches researchers’ eyes since it can directly
adjust the steering angle of the drive. Nevertheless, when the
moment of the vehicle in control limit is under the sections of
high-speed turning, heavy braking, or acceleration, steering will
have no effect or limited effect, the car loses the ability to turn,
and the initiative will have little effect on the steering. On the
contrary, the effect of DYC is very obvious at this time, and it is
easy to realize. It does not require a great change in the original
structure of the vehicle. This is because the goal of DYC is to
adjust the vehicle yaw motion. Thus, the integrated control of
AFS and DYC can not only further improve the lateral stability
of the vehicle but also reduce the influence of braking on
longitudinal dynamics and improve the driving comfort.

In [7], the LQR method was used in the integrated
control of AFS and DYC and compared with DYC control.
In [8], an integrated control of AFS and DYC with forward
and feedback controllers was presented, and the parameters
of the feedback controller were obtained by the optimum
control theory. Then, the control strategy of AFS based on
sliding mode theory and the control strategy of EPS
(combined control on both direct yaw moment and variable
slip ratio) were presented in [9]. An integrated AFS and DYC
control system was developed in [10] based on the fuzzy
logic control, which was used for the yaw rate controller to
keep the yaw rate in its ideal value. In [11], the model
predictive control was used to adopt the hierarchical inte-
grated control structure.

In addition, on the one hand, the sliding mode control
(SMC) is popular for rejecting the uncertainties [12-18]. On
the other hand, the accurate mathematical model is indeed
necessary for SMC [19, 20]. Hence, it is obvious that the
SMC method is a very useful tool for active safety control,
such as [21-23].

This paper focuses on the investigation of the integrated
SMC control for the AFS and DYC system, which is designed
to make sure the actual yaw rate and sideslip angle track the
desired signals. First of all, the proposed control can drive
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the error of the yaw rate and the sideslip angle to zero within
a finite time. Then, a disturbance observer (DOB) [24] is
constructed for the proposed control to reduce the control
gain so as to reduce the chattering. The effectiveness of the
proposed control is illustrated by the simulation on
MATLAB and CarSim.

As compared with the existing results, the contributions
of this paper are twofold. On the one hand, an integrated
control of AFS and DYC for vehicle systems has been
studied. On the other hand, the Lyapunov stability analysis
and simulation results have been given to demonstrate the
effectiveness of the proposed strategy.

The rest of the paper is organized as follows. Section 2
introduces the dynamic model of the vehicle and problem
statement. The process of control design is given in Section 3.
The simulation results are shown in Section 4. Section 5
concludes this paper.

2. Dynamical Model and Problem Statement

2.1.2-DOF Model. The 2-DOF model is called as the “bicycle
model” [25, 26], which is shown in Figure 1.
Then, the model is described as

mV, (B+r) = —2(Cf + C,)[S + Mr +2C0,
(1)
, -2(a’C; +b’C,
L7 = —Z(aCf - bCr)/S + —( ‘J;x )r 2)

+ 2aCf5f,

where Cf and C,, respectively, are the front and rear tire
cornering stiffness, F is the tire force, x means the lon-
gitudinal position, y means the lateral position, f3 is the
sideslip angle, a and b mean the distances from the center
of gravity to the front and rear axles, V is the velocity, f
means “front,” » means “rear,” r is the yaw rate, I, is the
moment of inertia, §; is the front-wheel steering angle,
and m is the mass.

2.2. Problem Formulation. It is important to make sure what
the ideal reference signal is. Usually, the yaw rate and the
sideslip angle are the two important parameters to measure
vehicle stability. According to the 2-DOF model, the desired
yaw rate and sideslip angle can be calculated as [27]

0.85
T |r.| < TW’
Yg= (3)
70'?/5557 sign(r,), || > O'E‘;/ng,

ﬁ ={/3t’ |ﬁt|<ﬁmax’
4 ﬁmaxSign (ﬁt)’ |ﬁt| 2ﬁmax’
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Ficure 1: 2-DOF vehicle model.

with
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(k)

where p is the tire-road friction coeflicient, K is a positive
constant, d;, is the angle input from the steering wheel to
the front wheel, .. = arctan (0.02ug), and g is the grav-
itational constant.

The diagram of the integrated control of active front
steering and direct yaw moment (AFS + DYC) is depicted
in Figure 2, and the vehicle inputs include the vehicle
speed V, and the steering wheel angle § ;1 ; commanded by
the driver. According to the 2-DOF vehicle model, the
ideal sideslip angle f8; and yaw rate r; can be calculated,
respectively. The CarSim vehicle model is regarded as a
real vehicle model, which can output the actual yaw rate r.
As a matter of fact, it is difficult to measure the actual
sideslip angle directly by some special sensors, and the
sensors needed are expensive. On the contrary, the ac-
curacy and stability need to be further improved, thus
designing the state observer to estimate the exact value is a
good solution.

Remark 1. The DYC algorithm cannot be imposed on the
2-DOF model. This is because the implementation of
DYC algorithm is based on the yaw moment M, gen-
erated by the torque difference between left and right
wheels, while the 2-DOF model regards the left and right
wheels as one wheel such that there is no M in the 2-DOF
model.

3. Control Design

3.1. Sideslip Angle Observer. The lateral acceleration a, is
expressed as

-2(C;+C,)

, -2(aC;-bC,) 2C
a, =V, (B+ir)= - B+

-y 7’+76f.

(6)

X

Introduce the variables x, =7, x,=p, X = [r,p]",
Y = [yl,yz]T = [r, ay]T, and u = [6f]. The vehicle model
described by equations (1) and (2) can be rewritten as
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FIGURE 2: Structure of the AFS+ DYC control system.
X = AX + Bu, 3.2. Baseline Controller
Y = CX + Du, 3.2.1. AFS Controller. The.AFS is’to control the steer%ng
angle of the front wheel in the linear range of the tire.
L, (az Cr+ b2 Cr) _2( aC; - bC,) 2aC; Therefore, the design of the controller is based on 2-DOF.
v T i The purpose of the controller is to eliminate the error be-
2 x z z tween the actual vehicle and the ideal vehicle by controlling
A= » B= ’ the front steering angle and to make sure the yaw rate follows
-2(aC; - bC,) -2(C;+C,) 2Cy the ideal model well.
i mv? - mv mV, The active front steering 2-DOF vehicle model is de-
scribed as
[ 1 0 0 :
r A, A r B
LV (Ay +1) Vi Ay, VB, B Ay Ay LB B,
(7)

Then, the observer is constructed as

(= —~ ~ 172 . —~
X =Apy tApX, + Biu+ C1|)’1 - xll sign (y, — X)),

g 5?2 = A,y + AyuX, + Byu+cpsign(y;, - X)) + V—(ay - ﬁy),

[ 3, =V, (Ay + 1)y + V, ApX, + VB0,

(8)

where ¢, and ¢, are positive constants.
Then, the following lemma is obtained, whose proof is
similar to that in [23]. Thus, it is omitted here.

Lemma 1. The output X, of (8) will track x, within a finite
time.

Remark 2. Tt should be pointed out that the values of the
front and rear tire cornering stiffness C and C, are as-
sumed to be constants in the vehicle dynamic model. In
fact, their values are dependent on the road condition and
normal force on tires, and thus, there are some pertur-
bations for the two parameters. In addition, the model
error also exists in the vehicle dynamics. These factors
affect the accuracy of the estimation. To fix this problem,
the lateral acceleration error a, —a, is introduced in the
observer (8) to compensate the model error and parameter
perturbations.

The difference between the actual yaw rate and the ideal
value is

e=r—r, (10)
Taking the derivative of (10) yields
=711 (11)

We choose the sliding surface as s, = e. Taking the time
derivative of s; along system (9) gives

$ = Ayr+ ApB+Bd,+ Dy (1), (12)

where D, = —F; + A}, (B — B). One can find a constant Vb,
such that

D, (8)| <y, (13)

Theorem 1. If the AFS controller is constructed as
1 > .
5f :B_(_An”_Alzﬁ_kISlgn(sl) _k251)> (14)
1

where k, >yp andk, >0, r will finite-time converge to r.

Proof. Putting (14) into (12) yields
s, = —kysign(s;) — k,s; + Dy (1) (15)

Let V (s;) = (1/2)s?. The time derivative of V (s,) along
system (15) is
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V =55,
= —k;sign (s,)s; — kys: + D, (£)s,
< —ky|s;| = kyst +|Dy (8)]]s, ] (16)
< —(k1 - yD1)|sl| —k,s;
< —(k1 ~Vp, )|sl|.
Note that k; >yp, . It can be proved that V< — CV'2,

C=2(k, - b, ). From [28-30], the sliding variable s, will
finite-time converge to zero. Hence, the corrective steer
angle A, generated by the controller is determined as

AS;=08;—084, (17)
fF=0r" 04 O

3.2.2. DYC Controller. DYC control is to utilize the present
antilock brake system to obtain the demanded longitudinal
force and steady yaw moment. When the yaw moment is
taken into account, the equation of state (9) becomes

. 1
r:A11r+A12ﬁ+B16f+I—M, (18)
z

B=Ayr+ ApB+ By, (19)
in which (19) can be rewritten as follows:
1 ,.
6f = B, (ﬂ — Ayt - Azzﬁ)- (20)
Substituting (20) into (18) produces

B B B, . 1
7 =(A11 —B—IAZI)r +<A12 —B—1A22>ﬁ+3—1ﬁ+I—M.
2 2 2 z

(21)

Then, we select a sliding surface, which is composed of
the deviation of the yaw rate and the deviation of the sideslip
angle, i.e.,

s;=r =13+ &(B~PBa)s (22)

with &> 0.
Combining the time derivative of (22) with (21) gives

B,
S5 =(A11 A21>r +<

with D, (t) = (A, — (B,/B,)Ay,) (B—P) + (B,/By)B+¢
(B— B4 ) — 74 Note that 5 is often very small, and from the
definition of 3; and r;, f; and r; are bounded. Hence, a
constant yp, can be found such that

1A22>ﬁ +—M + D, (1),

(23)

|D, ()] <yp, (24)

Theorem 2. If the DYC controller is constructed as

Mathematical Problems in Engineering

B,
M=1I, Ay _FA21 Y
2

B - .
_<A12 - B_1A22>ﬁ - Ksign (52) - K252>’
2

(25)

where K, >yp and K, >0, s, will finite-time converge to zero.

Proof. Putting (25) into (23) yields
s, =-K;sign(s,) - K,s, + D, (t). (26)

Choose the Lyapunov function as V(s,) = (1/2)s3.
Differentiating V (s,) along system (26) gives

V=s,

s, =—K;sign(s,)s, — Kzsg + D, (t)s,
<~ Ky|sy] = Kys +[D, (1) s, (27)
< (K ~yp,)lsa] = Kos3
< —(Ki = yp,)|sal-

Note that K1 > )/D It can be proved that V < - C,V'7?,
C, = =V2(K, - “and s, finite-time converges to
Zero O

3.3. Composite Controller Design. In the following, by using
DOB technique and baseline controllers, we will give the
composite controllers to enhance the control performance.

3.3.1. AFS Controller Based on a DOB. We can rewrite
system (12) as

i =F(s1) + Gy (51)d; + Gy (s1)Dy (1), (28)

where F(s;) = A r+ Alzﬁ, G,(s)) =B, G,(5) =1, and
D, (t) is regarded as the unknown disturbance and satisfies
|D ()] <yp, with V5, >0 being a constant, which at least
holds locally

Design the nonlinear DOB (NDOB) as
Jl P=-L,G,P - L[G,Ls, + F(s,) + G, &), (29)
29
D, =P+L;sy,

where P and L, are the state and constant.
Let e, (t) = D, (t) — D, (t). Differentiating e, () along
systems (28) and (29) gives

é, =D, - D,
=D, - [-L,G,P - LiG,s, + L,G,D, | (30)
=D, - L,Gye,.
Let V (e;) = (1/2)e}
V(el) =ee; = el(Dl - Lleel) < |31|YD'1 - Llee%.
(31)

. Then, one has
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Define a region as Q; = {el t eyl < (yD]/Lle)}. For any
e, (t) € R/Qy, one has |e;| > (yp /L,G,). This, together with
(31), yields V(el)s — ley| (LG, leq| - YDI) <0. Note that
G, =1, which means that e, (#) will reach and stay in the
domain

o -{a:lal< 2. ()
1

Theorem 3. Provided that the composite AFS controller is
constructed as

1 = =~ .
05 = B—(—A”r — ApP - D, —kysign(s) - k251)’ (33)

1

where k>0, k; >0, and L, >yp , s; will finite-time converge
to zero.

Proof. Putting (33) into (12) yields
s, = -K;sign(s,) - K,s, + D, (t) - D,

(34)
= -K, - sign(s;) — K,s;, + ¢, ().

From NDOB (29), it is clear that the error e (¢) is
bounded. This means that a constant y, can be found such
that |e, (t)| = |D, (t) - D <Y, -

Hence, the corrective steer angle Ad; generated by the
controller is determined as follows:

NS, =8,-0,, (35)
F=95"9a 2

3.3.2. DYC Controller Based on a DOB. System (23) can be
rewritten as

$, = f(s3) + g1 (2)M + g, (s,) D, (0), (36)

where f(s;) = (A = (B/By)Ay))r + (A, — (B,/B,)Ap)B,
91(sy) =11, g,(s;) =1, and D, (t) is considered as the
unknown perturbation, and |D, (t)| < yp,. Then, a NDOB is
constructed as

{ p=-Lg,p - Ly[g:L,5, + f(s;) + g:M],

_ (37)
D, =p+L,s,.

L, is a positive constant.

Let e, (t) = D, (t) — D, (¢). Taking the derivative of e, (t)
along systems (36) and (37) gives
é,=D,-D,
= D2 - [—ngzp - ngzs2 + ngzDz] (38)
=D, - L,g,e,.

We choose a Lyapunov function as V(e,) = (1/2)e3,
whose time derivative along (38) is

V(ez) =€, = ez(Dz - ngzez) < |‘32|)’D'2 - ngze%-
(39)

Define a region as Q, = {622 le, | SyDz/ngz}. For any
e, (t) € R/Q,, we have le;|>yp /L,g,. This, together with
(39), yields V(ez) < = eyl (Lygsle,| - yDz) <0. It is noted
that g, = 1. This means that e, (t) will stay in the domain

YD
= <—t. 40
Y

Theorem 4. Provided that the composite DYC controller is
constructed as

B, B, 5
M=1, Ay - B_A21 r—| Ay, - B_Azz B
2 2 (41)

- Kysign(s,) — Kys, = D\z))

where k; >0, k, >0, and L, >yp, , s, will finite-time converge
to zero.

Proof. Putting (41) into (23) yields

s, =—kysign(s,) — ks, + D, (t) - D,

= —k; - sign(s;) -
From NDOB (37), it is clear that the error e,(t) is
bounded. This means that a constant y, >0 can be found

such that e, ()| = |D, (t) - D |<ye The remainder of the
proof is similar to that in Theorem 2. O

kys, + e, (t). (42

3.4. Torque Distribution Controller. On the basis of the ideal
yaw moment obtained by the DYC controller, the main
function of the whole control strategy is to assign the ex-
pected yaw moment calculated by the DYC controller to four
wheels. The torque distributor designed in this paper is based
on the vertical load distribution, taking into account the
motor output and road surface conditions of the distribution
constraints. First of all, the relationship between the lon-
gitudinal force of the tire and the torque of the motor is

T,
_Tij
xij f’ (43)
which leads to
F. M,
F, —dsl2cosd;,+asind;,
szr Mz
Tfr: F, d;2cosd;;+asind
z 9y fd fd
(44)
Fzrl Mz
= R’
T F, 2d,
F,. M,
T ZT!
'7F, 2d,

Finally, the torques obtained by formula (44) are con-
strained as follows:
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TaBLE 1: Parameters of the vehicle model.
Symbol Value
m 1429 (Kg)
b 1.569 (m)
d, 1.565 (m)
I, 1765 (Kg-m?)
C, 87002 (N/rad)
a 1.05 (m)
d; 1.565 (m)
R 0.35 (m)
Cy 79240 (N/rad)
n 20
E
=
§=
2
&
e
3
S—Zblltllil R R
4|
-6 1 1 1 L
0 50 100 150 200 250
Longitudinal position (m)
—— Reference path — AFS + DYC
—— Without control —— AFS + DYC + NDOB
—— DYC
FiGure 3: The vehicle trajectory.
40
)
S
L
e
£
=

Time (s)

— AFS + DYC
—— AFS + DYC + NDOB

—— Without control
—— DYC

FI1GURE 4: Time history of the yaw rate.
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20
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10 +

Sideslip angle (deg)

10 15

Time (s)
—— Without control —— AFS + DYC
—— DYC —— AFS + DYC + NDOB

FIGURE 5: Time history of the sideslip angle.

1200

1000

800 |

600 +

Side wind (N.m)

400

200 +

Time (s)

FiGgure 6: The side wind disturbance input.

7| < min(uRE ;T ey ), (45)
where F_;; is the driving or braking torque, T}; is the vertical
load, T,,,, is the maximum motor output torque, y is the
adhesion coeflicient of the road, and R represents the ef-
fective radius of the tire.

4. Simulation Results

The validity of the AFS and DYC control is shown by using
the cosimulation of MATLAB/Simulink and CarSim. The
responses are compared with those without any control, with
yaw-moment control only, and with the AFS and DYC
integrated control. The parameters are given in Table 1.

In the simulation, the initial speed of the vehicle is
80 km/h, and y is 0.3 in the double lane-changing maneuver,
and &£ =0.5.
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Yaw rate (deg/s)

Time (s)
—— Without control —— AFS + DYC
—— DYC —— AFS + DYC + NDOB

FIGURE 7: The response curve of the yaw rate.

20

15

10 +

\_

Sideslip angle (deg)

10 15

Time (s)
—— Without control —— AFS + DYC
—— DYC —— AFS + DYC + NDOB

FiGgure 8: Time history of the sideslip angle.

4.1. Double Lane-Change Maneuver. The simulation results
are depicted in Figures 3-5. It can be seen from Figures 4 and
5 that, without any control, the yaw rate and the sideslip
angle are larger values deviating from their ideal value, even
cannot guarantee the stability of the vehicle. On the con-
trary, under the other three controllers, the vehicle trajectory
can track the expected trajectory, the actual yaw rate can
follow the ideal value, and the actual sideslip angle can be
controlled in a stable region. Compared with other con-
trollers, the integrated control of AFS and DYC based on the
DOB technique can improve the vehicle response, which can
also be verified by Figure 3.

4.2. Response to Side Wind Disturbance. The simulation is
given under a side wind force, as shown in Figure 6. It can be
seen from Figures 7 and 8 that the case without any control

Lateral position (m)

J R

-6 \ \ \ .
0 50 100 150 200 250

Longitudinal position (m)

—— Reference path —— AFS+DYC
—— Without control —— AFS + DYC + NDOB
—— DYC

FIGURE 9: The vehicle trajectory.

fails to keep vehicle’s stability, while the case with the yaw-
moment control only cannot control well compared with the
integrated control. The properties can be clearly seen in
Figure 9, which reflects the double lane-change maneuvering
under the proposed controllers. At last, it can also be observed
from Figure 9 that the integrated control of AFS and DYC
based on the DOB technique has better control performance
compared with the pure AFS and DYC integrated control.

5. Conclusion

In our study, it has been shown that the AFS and DYC
integrated control has better control performance than the
DYC control. At the same time, we also confirm that the
integrated control of AFS and DYC based on the DOB
technique can suppress the large disturbance and have better
robustness in comparison with the pure AFS and DYC
integrated control [31].
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In this paper, a disturbance observer-based complementary fractional-order sliding mode control (CFOSMC) scheme is proposed
for the permanent magnet synchronous motor (PMSM) drive system. First, to reconstruct the load disturbance and parameter
variations, a nonlinear disturbance observer is designed. Next, a disturbance observer-based fractional-order sliding mode with a
saturation function control law is designed to reduce the chattering problem in the existing fractional-order sliding mode control
(FOSMC) method. Furthermore, to reduce the thickness of the boundary layer, a CFOSMC scheme is designed. By using the
fractional-order Lyapunov stability theorem, the existence condition and the chattering problem are analyzed. Compared with the
existing FOSMC, the obtained CFOSMC law does not contain any high-order derivatives of tracking error, which is easier to
implement. Finally, the numerical simulations and experimental results are provided to show the superiority of the proposed
method. To improve the performance of the permanent magnet synchronous motor (PMSM) drive system in terms of tracking
rapidity, accuracy, and robustness, a complementary fractional-order sliding mode control (CFOSMC) scheme with disturbance

observer is proposed in this paper.

1. Introduction

Permanent magnet synchronous motor (PMSM) has many
applications in industries due to its excellent features such as
superpower density, high torque to current ratio, fast re-
sponse, and low noise [1, 2]. However, the PMSM is a typical
multivariable coupled high nonlinear system, and its per-
formance is sensitive to external load disturbances and
parameter uncertainties. Over the last decades, various
design methods have been developed, such as robust control
[3], predictive control [4], adaptive control [5], and neural
network control [6].

Recently, to improve the control performances in PMSM
diver systems, much attention has been given to the dis-
turbance observer-based (DOB) control method. In [7], a
DOB state feedback controller was designed for the PMSM
system. On the basis of this paper, a sensorless control
method for PMSM drive was developed in [8]. In [9], a
generalized predictive current control method combined

with sliding mode disturbance compensation was proposed
to satisfy the requirement of fast response and strong ro-
bustness. By combining the adaptive sliding mode control
with sliding mode disturbance observer, a hybrid control
strategy was proposed in [10]. In [11], a new estimation
method of sensor faults and unknown disturbance in current
measurement circuits for the PMSM drive system was
presented. However, the above-proposed DOB control
schemes only focus on the load torque disturbance but lack
the estimation of parameter uncertainties.

To counteract the disturbances and uncertainties, sliding
mode control (SMC) is a powerful nonlinear control
technique, which has been widely used for speed and po-
sition control of the PMSM system [12]. To estimate the
immeasurable mechanical parameters of PMSM, an intel-
ligent second-order SMC using a wavelet fuzzy neural
network estimator was proposed in [13]. Considering the
time-varying characteristic and the high-bandwidth prop-
erty of the uncertainties and disturbances in a PMSM drive
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system, a disturbance observer-based SMC scheme was
introduced in [14]. To estimate the online stator resistance, a
new sliding mode observer for sensorless SMC was pre-
sented in [15]. To further improve the performance of the
SMC, a robust SMC scheme based on a rapid nonlinear
tracking differentiator was proposed in [16]. The second-
order SMC design problem was discussed in [17], in which a
novel saturation function was used. Based on the conven-
tional SMC, adding a generalized error sliding surface, the
complementary sliding mode control (CSMC) was proposed
for the fault-tolerant control of a six-phase PMSM drive
system in [18]. The complementary sliding mode control
method based on Elman neural network was proposed in
[19], which can not only reduce the system state to the
sliding surface time but also guarantee the system tracking
accuracy. Considering that the control system in a PMSM
has uncertainties and disturbances, in [20], an adaptive
switching gain was proposed. Comparisons of experimental
results show that the proposed method has a faster ad-
justment process than SMC. In [21], a disturbance observer-
based CSMC design method was proposed for the PMSM
control system of the mine traction electric locomotive.

As we all know, one obvious disadvantage of the SMC
method is the chattering phenomenon caused by discon-
tinuous control law and frequent switching action near the
sliding surface. Besides, the upper bound of lumped dis-
turbances is not easy to be determined, which could worsen
the chattering phenomenon of SMC strategy. Recently, to
overcome these drawbacks, some fractional-order sliding
mode control (FOSMC) schemes have been widely adopted
to weaken the chattering phenomenon and deal with ex-
ternal disturbances. An FOSMC scheme based on param-
eters auto-tuning for the velocity control of PMSM was
proposed in [22]. A robust FOSMC was proposed for the
position control of PMSM in [23]. By selecting a proper
fractional-order and designing a fractional-order sliding
surface, the proposed FOSMC is distinctly more excellent
than that of the conventional SMC. To investigate the po-
sition regulation problem of PMSM subject to parameter
uncertainties and external disturbances, an FOSMC was
proposed and the finite-time stability of the closed-loop
system was obtained in [24]. Based on the fractional stability
theory, a sliding mode control scheme for synchronization
of fractional PMSM was developed in [25]. A novel FOSMC
for a class of integer-order systems with mismatched dis-
turbances was proposed in [26]. In [27], a disturbance
observer-based composite supertwisting sliding mode
control was designed for the PMSM speed regulation
problem. To improve the convergence rate over the existing
sliding mode control method for the trajectory tracking
control, an adaptive fast nonsingular integral terminal SMC
method was proposed in [28, 29].

Note that the above SMC-based control methods for the
PMSM driver system can deal with mismatched disturbance
and have better control performance with faster response
speed, lower overshoot, and less chattering effect than the
traditional control strategy. However, the high-order deriv-
ative of the tracking error (or the reference signal) was usually
used in the sliding model controller [19, 20, 22]. From a
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practical point of view, it is difficult to implement. On the
other hand, there is still room for improvement when it comes
to the chattering phenomenon in classic FOSMC. This ob-
servation motivates our current study. In this paper, we
mainly investigate a modified FOSMC scheme with a load
disturbance observer for the speed control of PMSM. The
main contributions are as follows: (1) to estimate the load
disturbance and parameter uncertainties, a nonlinear dis-
turbance observer is constructed and the asymptotic stability
condition for observation error is also obtained; (2) to reduce
the chattering phenomenon in the existing FOSMC method, a
disturbance observer-based fractional-order sliding mode
with saturation function control law is designed; and (3) to
reduce the thickness of boundary layer, a CFOSMC law with
disturbance observer is proposed. The tracking performance
and robustness of the proposed method are also analyzed and
compared with the conventional FOSMC scheme.

The rest of this paper is organized as follows: in Section 2,
the mathematic model of PMSM and problem formulation
are presented. The nonlinear disturbance observer design
and stability analysis are derived in Section 3. In Section 4,
the conventional FOSMC for the PMSM drive system is
improved and the disturbance observer-based CFOSMC
method is derived. The effectiveness of the proposed algo-
rithm is illustrated in Section 5 through numerical simu-
lations and experiment examples. Finally, some conclusions
are drawn in Section 6.

2. Mathematical Model of PMSM and
Problem Formulation

The mathematics model of a PMSM can be described in the
rotor rotating reference frame as follows [10, 22, 23]:

uq = Rsiq + Aq + C()f/\d,

wh = Ry + Ayq + @Ay

1 A = Lyins (1)
Ad = Ldl; + LmIdf’

| wf =m0y,

where uj,u; are the d, g-axis stator voltages; ij, i are the
d,q-axis stator currents; A4, A, are the d, g-axis stator flux
linkages; and L;, L, are the d,g-axis stator inductances.
While w ; and w] are the inverter frequency and rotor speed,
respectively, L, is the d-axis mutual inductance; I is the
equivalent d-axis magnetizing current; n,, is the number of
pole pairs; and R, is the stator resistance.

The electric torque is stated as

<, (L Lgst +(§d - Lq)i;i:;]' 2

T
Motor dynamics is presented as
T,=]w, +B,w, +T), (3)

where T is the load torque, B,, is the viscous friction co-
efficient, and J is the moment of inertia.
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By using the field-oriented mechanism with i; =0
[10, 22], we can simplify the electric torque as

3n L I
ke prmdf .«
T, = ki, =g (4)
Substituting (3) into (4), one can obtain the state
equation of servo drive:

w, = —aw, +bi, -,
N (5)
k
azB—m,bz—P,c=E
J J J

Considering the uncertainties and time-invariant pa-
rameters, we can rewrite (5) as

@, = ~(a+ Aa)w, + (b+ Ab)i, - (c + Ad), (6)

where Aa, Ab, Ac are the time-invariant parameters.

The tracking error e(t), in terms of the desired reference
speed w; (t) and the measured actual output speed w, (), is
defined as

e(t) = w; (t) — w, (t). (7)
The time derivative of e(t) is
é(t) = —ae(t) - bi (1) + ¢(t) +d,
¢(t) =aw (t)+c+w, (1), (8)
d = Aaw, (t) - Abiq (t) + Ac,
where d is time-variant uncertainties such as mechanical

parameter variations, friction force, load disturbances, speed
distortion, and current harmonics. It is assumed that

ldl<A(>0), lim d=d", (9)

where d* is a constant.
In this paper, the control objective is to find a suitable
FOSMC input i* (¢t) such that the output speed w, () can
q r
track the desired reference speed w; (¢) asymptotically in the
presence of any arbitrary initial conditions and uncertainties.

3. Disturbance Observer Design

To estimate time-variant lumped uncertainties and load
torque disturbance, we use the following nonlinear distur-
bance observer [30]:

{ p(t) = —1d + [ ae(t) + bi (t) - ()],

- (10)
d=p(t)+le(t),

where d is the estimation of d and [ > 0 is the observer gain.
Estimation error of the disturbance observer is defined as

d=d-d, (11)

and error dynamics of disturbance observer is governed by

d=d-d. (12)

3

It can be derived from (10)-(12) that
d=-1d-d. (13)
Since. [>0 and lim, . d=d*, we have

lim, . d=—(d*/l).
Now, we give the following result.

Lemma 1. For nonlinear system (8), suppose that the dis-
turbance observer is formulated as (10); then, the disturbance
estimation error d is bounded.

Remark 1. It follows from Lemma 1 that the observer gain [
can change the bound of the disturbance estimation error.
Clearly, it should be selected as large enough.

4. Disturbance Observer-Based CFOSMC
Scheme Design

Considering that the disturbance observer (10) can estimate
the load torque disturbance accurately, we will replace d with
d in the following synthesis.

4.1. Traditional FOSMC. Fractional calculus is a general-
ization of integer-order integration and differentiation to
noninteger-order ones. Let Z* denote the fractional-order
derivative, which is defined as in Definition 1.

Definition 1 (see [31]). The Caputo derivative is defined by

Df (1) =

# ' _ oy atn=1 £(n)
T(n-a) LO (t-7) f(0dr,  (14)

where 7 is the first integer which is not less than a, that is,
a€[n-1,n). T'(:) is the well-known Gamma function,
which is defined by I'(2) = [ e~“+*~'dt.
Definition 2 (see [31]). The definition of the fractional
integral is described by

1

7J-t (t-1) ' f()dr, a>0. (15)

9’“}‘(1&) = @ ),

To proceed with the discussion, the following lemmas
will be used.

Lemma 2 (see [32]). Autonomous system is as follows:
D%x (t) = Ax (1), (16)

with x(ty) = x, and 0 < a < 1, is asymptotically stable if and
only if larg (spec (A))| > (an/2), where spec(A) is the spectrum
(set of all eigenvalues) of A. Also, the state vector x (t) decays
towards 0 and meets the condition
lx (Ol < Mt™%, t>0, M >0.

Lemma 3 (see [33]). Let x(t) € R" be a vector of a dif-
ferentiable function. Then, for any time instant t>t,, the
following relationship holds:



%@“(xT(t)Px(t))SxT(t)PSZ“x(t), Ya € (0,1], (17)

where P € R™" is a positive definite matrix.

Lemma 4 (see [34]). Let x(t) = 0 be an equilibrium point
for  the  nonautonomous  fractional-order  system
Dx(t) = f(x(t),t), where f(x(t),t) is locally Lipschitz in
x(t). Assume that there exists a Lyapunov candidate
V (x(t),t) satisfying

o x (Dl <V (x (), 5) < [lx (D5,

(18)
PPV (x (1), 1) < - asllx (D],

where ay, a,, a5, a, and b are positive constants and 5 € (0, 1).
Then, the equilibrium point is Mittag-Leffler stable.

Remark 2 Mittag-Leffler stability implies asymptotic sta-
bility [34].

Clearly, the fractional-order operator has more degrees
of freedom than that with integer order. It is likely that a
better performance can be obtained with the proper choice
of order [22, 23].

As presented in [22, 23], a traditional fractional-order
sliding surface S can be chosen as

S=de(t) + D% (), (19)
where A>0 and O<a<1.

_ Taking the time derivative on both sides of (19) and using
d to estimate d, we have

S=1eé(t) + D" e(t)

- (20)
= M—ae(t) = bi, (1) + $(t) + d) + D e (1)

The equivalent control law can be selected as

1. = =

g = Ueq ﬁ(—ahe(f}+A¢(t)+AEI+9“”e(t)). (21)

As usual, we adopt the following approach law [22]:

S = ¢S+ psgn(S), (22)
where €>0,p>0, and sgn(-) denotes the sign function,
which is defined as

1, S>0,
sgn(S) =40, S=0, (23)
-1, S<O.

From (21) and (22), the final controller can be designed
as

ig = Ueq + 14,

= Ueq + €5 + psgn (S)
1 3 a+l (24)
= (Cac® + ¢ +d+2*e)

+ &S + psgn (S).
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When the sliding mode occurs, system (19) can be
represented as

D%(t) = —de(t). (25)

Thus, by Lemma 2, system (25) is asymptotic stable.

Remark 3. As pointed out in Lemma 2, the state e(¢) of the
fractional-order system (25) decays towards 0 like ¢~ ¢. But,
in the case of the integer-order system, it decays towards 0
like e~f. It means that the energy transfer is slower with
fractional-order sliding surface than that with integer-order
one [22, 23]. Therefore, the fractional-order sliding surface is
smoother compared with the integer-order one. As a result,
the chattering can be better attenuated with a fractional-
order controller.

Remark 4. It is worth pointing out that if d =0, then
the fractional-order sliding mode controller (24) is reduced
to

iy = Ueq T U,

= Ugq + S + psgn (S)
(26)

= = (~ae() + $(0) + 9™e)

+ &S + psgn (S),

which is the same as the one proposed in [22].

It can be seen that the sgn () function is involved in (26).
As pointed out in [23], the chattering phenomenon will be
caused. In the following, a saturation function sat(-) is
adopted to further reduce the chattering problem, which is
described as follows:

(1, S>>0,
S
sat(S) = 3 > -O<S<, (27)
| -1, s<-o,

where @ >0 denotes the thickness of the boundary layer.
Clearly, when the saturation function is used, the final
controller (24) can be modified as

i, = ﬁ(—ae(t) +¢(t)+d+ D e(t)) o8
+ &5+ psat(S).
The Lyapunov function is defined as
V() = %sz. (29)

Calculating the derivation of (29) and invoking (20) and
(28), it yields
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V(t) =SS

=S(Aé(t) + 2" e (1))

= 30
= SA(—ae(t) — biy (t) + ¢ (1) + d) + 9%, (30)

S
=-e8-S sat(—) <0.
[}

According to the Lyapunov stability theorem, the
reaching condition of the sliding mode controller is satisfied,
which indicates that the system will converge to the
switching manifold asymptotically.

Remark 5. Note that the high-order derivative 2**'e is used
in fractional-order sliding model controller (24) and (28).
From a practical point of view, it is difficult to implement.

Remark 6. From (19) and (27), it can be seen that the sliding
mode surface S will finally maintain on the steady state of
|S| < ®. That is, the closed-loop system is in a steady state
with |e(¢)] < (®/A). Though the large ® can reduce the
chattering mostly, it also can increase the ultimate bound of
the tracking error e(t). To trade off the chattering and
control performance, conservative A and ® are always se-
lected by trial and error.

4.2. Disturbance Observer-Based CFOSMC. As stated in
Remark 6, there exists a boundary layer @ of S in a steady
state. In this state, the boundary layer is also the tracking
error boundary layer for a given A. In this section, to further
reduce the thickness of the boundary layer, a complementary
fractional-order sliding mode controller is designed.

Borrowed from [18-20], the complementary fractional-
order sliding mode surface is defined as

S=8,+8, (31)
where

S, =D%(t) +2de(t) +1’D %e(t), A>0,  (32)

S. = D% (t) - A*D %e(t), A>0. (33)

Taking the o order time derivation on both sides of (32)
and (33), respectively, we have

DS, = D*e(t) + 24D% (1) + Ne (1), (34)

DS, = D (t) - Ne(t). (35)

From (31) to (35), we can obtain

S=8,+S5 =2(2%(t) +e(t)), (36)

DS, ~ DS, = 20(D e (t) + he (1)) = AS. (37)

The Lyapunov function candidate is chosen as

/o
Ve(t)=2(8;+5). (38)
Taking the « order derivative of (38) and using Lemma 3
as well as (32) to (37), we have

DV () <S,2°S, +S,D°S,

<S8, 2", +S.(2°S, - 1S,)

=(S, +S.)(2°s, - 1s,)

= 5(2"e(t) + 202" (1) + Ne(t) - AS,)

=5(2* e (t) + 20D % (1) + Ve (t) - 1S,)
S[2* ! (~ae(t) - biy (1) + ¢() +d (1))
+21D%(t) + e (t) - AS,.

(39)

Therefore, if the complementary fractional-order sliding
mode controller is designed as

iy = ieq 1 (40)
where
1 ~
g =3, [(—ae(t) + ¢ (£) + d (1) + 222" “e (1)
(41)
+ 12D (1) - 12",
. _P 1-2a <
i, = E@ sat (S), p>0, (42)
then
DV, (t)< - pSsat(S) <0, (43)

which means that S will approach zero in a finite-time
duration and the system is globally stable.

Remark 7. Note that the CFOSMC scheme (41) can be
rewritten as

leg = % [(_ae(t) +¢(t) + d(t)) + 202" % (t)
(44)

2D He (1) - M2 e (1) - 1D e (1))].

Since 0 <a <1, the highest order derivative of e(t) in
controller (44) is less than 1, which is easier to implement in
practice than FOSMC (24) and (28).

Remark 8. When (1/3) < a <1, the fractional-order differ-
entiation of e(t) is contained in controller (44). It can be
viewed as a low-pass filter and reduce the amplitude of high-
frequency fluctuations of e(t) [23]. When « = (1/2), espe-
cially, controller (44) is a fractional-order PI(/?D{1/2)
controller. As we all know, fractional-order PID is a trade-off
between higher precision (provided by a higher order of
integrator) and stability (provided by a higher order of
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F1GURE 1: Block diagram of the PMSM position control system.

differentiator). Hence, CFOSMC (41) is more smoother than
the conventional FOSMC (24) and (28). On the other hand,
there are several parameters in the fractional-order sliding
mode controller (42). As we all know, one of the difficulties
in SMC-based controller design is the determination of the
controller parameters. In this paper, we obtained them by
trial and error. In fact, even with the effort and knowledge of
the control designer, it can not guarantee that the set of
parameters is optimal.

Remark 9. When the system is in a steady state, the sliding
surface function S will finally maintain on the state of |S| < ®.
From (27) and (36), we can see that the closed-loop system is
in a steady state with |e(t)| < (®/21). Compared with dis-
turbance observer-based FOSMC with saturation function,
CFOSMC (41) can eliminate the chattering problem further.

5. Simulations and Experiments

In this section, the numerical example and experimental
results are presented to demonstrate the validity of the
proposed method.

5.1. Numerical Simulation Results. The configuration of the
overall simulation control system is shown in Figure 1, in
which DO-FOSMC means the disturbance based FOSMC
with saturation function (controller (28)), and DO-
CFOSMC is the proposed disturbance observer-based
CFOSMC (controller (40)). The performances of the pro-
posed DO-CFOSMC are analyzed and compared with that
of DO-FOSMC.

The parameters of the PMSM system are set as follows:
rated power P = 10KW, pole pairs is p = 3, friction factor is
B =0.001 (N -m - s/rad), stator inductance is L = 0.0153 H,
rotor moment of inertia is J = 0.0021kg - m?, permanent
magnet flux is ¢, =0.82wb, and stator resistance is
R =0.56Q. The parameters of DO-CFOSMC and DO-
FOSMC are selected as I =5,® = 0.01,A = 8000, p = 3000.
From the simulation results, we found that the best selection

range for the fractional-order of the proposed FOSMC
method is € [0.50 0.60]. In the following, we set a = 0.50.

The initial rotation speed of the motor is given as
7 = 1200 r/min. When £ = 0.6 5, the rotation speed is set
to r, = 1000 r/min. The initial load torque of the motor
is ON - m while t = 0.8 s, and the load torque is 10N - m,
which can be viewed as an external disturbance.

The numerical simulation results are shown in
Figures 2-4. Figure 2(a) indicates the actual speed responses
of the proposed DO-CFOSMC and conventional DO-
FOSMC in the presence of the above load disturbance.
Figure 2(b) shows the rotation speed response when the
PMSM motor just started. In the time t = 0.6 s, the reference
rotation speed has a sudden change. The rotation speed
response is depicted in Figure 2(c). Figure 2(d) shows the
rotation speed response at t = 0.8 s, in this time, the external
disturbance load is added suddenly. From Figure 2, it can be
seen that the output can both track precisely the reference
input signal. But, under the DO-FOSMC method, the speed
response is faster and more stable, whereas the chatter
amplitude occurring in conventional DO-FOSMC is bigger
than that in DO-CFOSMC.

With respect to the DO-FOSMC method, the three-
phase current of the stator is shown in Figure 3. The current
frequency is inversely proportional to the rotation speed,
while the current amplitude is proportional to the rotation
torque and changes rapidly as the load torque varies. The
variation of electromagnetic torque is shown in Figure 4 as
the speed and load torque change. It can be indicated that the
motor has a faster and small overshoot torque response with
the DO-CFOSMC than that in DO-FOSMC.

In order to evaluate the robustness of the proposed DO-
CFOSMC scheme under parameter variations, numerical
simulations are also carried out. The tested PMSM electric
parameters are the mutual inductance L,, = 0.0158, viscous
friction coeflicient f,, =0.006 and stator resistance
R,, = 0.75. The parameters of the controllers (DO-CFOSMC
and DO-FOSMC) are set the same as before.

Figure 5 shows a comparison of the speed responses
between the proposed DO-CFOSMC and conventional DO-
FOSMC methods under parameter variations. It is observed
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FiGURE 2: Rotation speed responses.
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FIGURE 3: Three-phase stator current.

that both controllers can make the output speed track the
desired reference speed accurately. But the DO-CFOSMC
can realize the closed-loop system more robust to parameter
variations and guarantee a better tracking performance.
According to the above numerical simulations, the ef-
fectiveness of the proposed DO-CFOSMC scheme with
respect to the rejection of external disturbance and pa-
rameter variations has been verified. The results show that
the proposed DO-CFOSMC scheme gives better tracking
performances than that of the conventional DO-FOSMC.

5.2. Experimental Results. To further investigate the effec-
tiveness of the proposed control scheme, some real-time
experiments are carried out. The PMSM speed control

30
T 20+
z
= 10
=}
g |
1<) 0
= Y
£ !
S -10 B
720 T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
Time (s)
—— DO-CFOSMC
--- DO-FOSMC

FIGURE 4: Load torque responses.

platform is illustrated in Figure 6. The main chip of the
inverter adopts the TMS320F28335 digital signal processor
(DSP).

The initial rotation speed of the motor is 0 r/min, and the
rotation speed is 800 r/min at 4 s. The load torque of the motor
is 0 Nm. Figures 7(a) and 7(b) show the dynamic responses of
the speed and torque, respectively. From Figure 7(a), it can be
seen that the DO-CFOSMC method has a smaller overshoot
and a shorter settling time than that of the conventional DO-
FOSMC method. Figure 7(b) shows that when the PMSM
motor just started, the maximum load torque under the DO-
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FIGURE 7: Experimental results of the startup procedure.

FOSMC method is 9 Nm, whereas the DO-CFOSMC method
reduces it to 7 Nm. Moreover, the adjustment time required for
the load torque to return to its original value decreases ob-
viously with the DO-CFOSMC method.

When a load disturbance torque T; = 14 Nm is added
and removed suddenly at 0.8s and 1.2s, respectively, the
dynamic responses of the speed and torque are shown in

Figures 8 and 9, respectively. From these figures, we can see
that, under the DO-CFOSMC method, the fluctuation
maximum values of the speed and torque are smaller, while
the recovering time against load disturbance is shorter than
that of the conventional DO-FOSMC method.

The above experimental results show that the DO-
CFOSMC method achieves a smaller fluctuation
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FIGURE 9: Experimental results of removing sudden load torque.

overshoot with respect to the rotation speed response. In
addition, the DO-CFOSMC method guarantees that the
adjustment time required for the load torque to return to
its original value is smaller than that with the DO-FOSMC
method. Therefore, the proposed DO-CFOSMC scheme
exhibits a satisfactory tracking rapidity, accuracy, and
robustness.

6. Conclusion

In this paper, in order to improve the antidisturbance
capability of the PMSM drive system, a disturbance ob-
server-based CFOSMC method has been presented, in
which a nonlinear observer was employed to estimate the
model uncertainties and load disturbance, while the
CFOSMC scheme was utilized to improve the

performance of the PMSM in terms of the tracking ra-
pidity, accuracy, and robustness. Both numerical simu-
lations and experimental results have shown the
effectiveness of the proposed method. Our future work
includes adaptive nonsingular integral terminal CFOSMC
with disturbance observer for PMSM. Moreover, the fuzzy
logic inference scheme to tune the gains of switching
control law will also be included.
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