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Irfan Kaymaz ("), Turkey

Vahid Kayvanfar (%), Qatar
Krzysztof Kecik (%), Poland
Mohamed Khader (%), Egypt
Chaudry M. Khalique {2, South Africa
Mukhtaj Khan (), Pakistan
Shahid Khan ("), Pakistan
Nam-Il Kim, Republic of Korea
Philipp V. Kiryukhantsev-Korneev (),
Russia

P.V.V Kishore(®, India

Jan Koci(2), Czech Republic
Toannis Kostavelis (), Greece
Sotiris B. Kotsiantis (=), Greece
Frederic Kratz(), France
Vamsi Krishna (9, India

Edyta Kucharska, Poland
Krzysztof S. Kulpa (), Poland
Kamal Kumar, India

Prof. Ashwani Kumar (), India
Michal Kunicki (%, Poland
Cedrick A. K. Kwuimy (), USA
Kyandoghere Kyamakya, Austria
Ivan Kyrchei (), Ukraine
Marcio J. Lacerda(»), Brazil
Eduardo Lalla(®), The Netherlands
Giovanni Lancioni (), Italy
Jaroslaw Latalski ("), Poland
Hervé Laurent (), France
Agostino Lauria (), Italy

Aimé Lay-Ekuakille (), Italy
Nicolas J. Leconte (#), France
Kun-Chou Lee ("), Taiwan
Dimitri Lefebvre (%), France
Eric Lefevre (I°), France

Marek Lefik, Poland

Yaguo Lei (), China

Kauko Leiviska (%), Finland
Ervin Lenzi (%), Brazil
ChenFeng Li(%), China

Jian Li(), USA

Jun Li(®, China

Yueyang Li(2), China

Zhao Li(»), China

Zhen Li(, China

En-Qiang Lin, USA

Jian Lin (%), China

Qibin Lin, China

Yao-Jin Lin, China

Zhiyun Lin (%), China

Bin Liu(®), China

Bo Liu(), China

Heng Liu (), China

Jianxu Liu (), Thailand

Lei Liu@®), China

Sixin Liu (), China

Wanquan Liu(#), China

Yu Liu(®), China

Yuanchang Liu (), United Kingdom
Bonifacio Llamazares (2, Spain
Alessandro Lo Schiavo (1), Italy
Jean Jacques Loiseau (), France
Francesco Lolli(1»), Italy

Paolo Lonetti (), Italy

Antoénio M. Lopes (), Portugal
Sebastian Lopez, Spain

Luis M. Lépez-Ochoa (%), Spain
Vassilios C. Loukopoulos, Greece
Gabriele Maria Lozito (1), Italy
Zhiguo Luo (), China

Gabriel Luque (), Spain
Valentin Lychagin, Norway
YUE MEI, China

Junwei Ma (>, China

Xuanlong Ma (), China
Antonio Madeo (1), Italy
Alessandro Magnani (), Belgium
Toqeer Mahmood (i), Pakistan
Fazal M. Mahomed (1), South Africa
Arunava Majumder (), India
Sarfraz Nawaz Malik, Pakistan
Paolo Manfredi (), Italy

Adnan Magsood (%), Pakistan
Muazzam Magqsood, Pakistan
Giuseppe Carlo Marano (), Italy
Damijan Markovic, France
Filipe J. Marques (), Portugal
Luca Martinelli(®), Italy

Denizar Cruz Martins, Brazil
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Francisco J. Martos (), Spain

Elio Masciari (), Italy

Paolo Massioni ("), France
Alessandro Mauro (1), Italy
Jonathan Mayo-Maldonado (), Mexico
Pier Luigi Mazzeo (1), Italy

Laura Mazzola, Italy

Driss Mehdi("), France

Zahid Mehmood (), Pakistan
Roderick Melnik (%), Canada
Xiangyu Meng (), USA

Jose Merodio (%), Spain

Alessio Merola (), Italy

Mahmoud Mesbah (), Iran
Luciano Mescia (), Italy

Laurent Mevel (), France
Constantine Michailides (), Cyprus
Mariusz Michta (), Poland

Prankul Middha, Norway

Aki Mikkola (%), Finland

Giovanni Minafo (1), Italy
Edmondo Minisci (), United Kingdom
Hiroyuki Mino (i), Japan

Dimitrios Mitsotakis (*), New Zealand
Ardashir Mohammadzadeh (), Iran
Francisco ]. Montdns (|2}, Spain
Francesco Montefusco (1), Italy
Gisele Mophou (%), France

Rafael Morales (%), Spain

Marco Morandini (), Italy

Javier Moreno-Valenzuela (2, Mexico
Simone Morganti (), Italy

Caroline Mota (), Brazil

Aziz Moukrim (i), France

Shen Mouquan (%), China

Dimitris Mourtzis(*), Greece
Emiliano Mucchi (), Italy

Taseer Muhammad, Saudi Arabia
Ghulam Muhiuddin, Saudi Arabia
Amitava Mukherjee (), India

Josefa Mula (%), Spain

Jose ]. Mufioz(2), Spain

Giuseppe Muscolino, Italy

Marco Mussetta (), Italy

Hariharan Muthusamy, India
Alessandro Naddeo (1), Italy

Raj Nandkeolyar, India

Keivan Navaie (), United Kingdom
Soumya Nayak, India

Adrian Neagu (), USA

Erivelton Geraldo Nepomuceno (), Brazil
AMA Neves, Portugal

Ha Quang Thinh Ngo (), Vietnam
Nhon Nguyen-Thanh, Singapore
Papakostas Nikolaos (), Ireland
Jelena Nikolic (%), Serbia

Tatsushi Nishi, Japan

Shanzhou Niu (), China

Ben T. Nohara (5, Japan
Mohammed Nouari (), France
Mustapha Nourelfath, Canada
Kazem Nouri(#), Iran

Ciro Nufez-Gutiérrez (1), Mexico
Wlodzimierz Ogryczak, Poland
Roger Ohayon, France

Krzysztof Okarma (1), Poland
Mitsuhiro Okayasu, Japan

Murat Olgun (), Turkey

Diego Oliva, Mexico

Alberto Olivares (), Spain

Enrique Onieva(:), Spain

Calogero Orlando (%), Italy

Susana Ortega-Cisneros(2), Mexico
Sergio Ortobelli, Italy

Naohisa Otsuka (%), Japan

Sid Ahmed Ould Ahmed Mahmoud (),
Saudi Arabia

Taoreed Owolabi (%), Nigeria
EUGENIA PETROPOULOU (5), Greece
Arturo Pagano, Italy
Madhumangal Pal, India

Pasquale Palumbo (1), Italy

Dragan Pamucar, Serbia

Weifeng Pan (%), China

Chandan Pandey, India

Rui Pang, United Kingdom

Jurgen Pannek (©), Germany

Elena Panteley, France

Achille Paolone, Italy
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George A. Papakostas(2), Greece
Xosé M. Pardo (), Spain

You-Jin Park, Taiwan

Manuel Pastor, Spain

Pubudu N. Pathirana (i), Australia
Surajit Kumar Paul (%), India

Luis Paya (), Spain

Igor Pazanin (2), Croatia

Libor Pekaf (), Czech Republic
Francesco Pellicano (1), Italy
Marecello Pellicciari (), Italy

Jian Peng (), China

Mingshu Peng, China

Xiang Peng (), China

Xindong Peng, China

Yuexing Peng, China

Marzio Pennisi(?), Italy

Maria Patrizia Pera (), Italy
Matjaz Perc(]), Slovenia

A. M. Bastos Pereira (1), Portugal
Wesley Peres, Brazil

F. Javier Pérez-Pinal (©), Mexico
Michele Perrella, Italy

Francesco Pesavento (1), Italy
Francesco Petrini (), Italy

Hoang Vu Phan, Republic of Korea
Lukasz Pieczonka (), Poland
Dario Piga (), Switzerland

Marco Pizzarelli (), Italy

Javier Plaza (), Spain

Goutam Pohit (), India

Dragan Poljak (i), Croatia

Jorge Pomares (), Spain

Hiram Ponce (2}, Mexico
Sébastien Poncet (), Canada
Volodymyr Ponomaryov (), Mexico
Jean-Christophe Ponsart (), France
Mauro Pontani (), Italy
Sivakumar Poruran, India
Francesc Pozo (2}, Spain

Aditya Rio Prabowo (©2), Indonesia
Anchasa Pramuanjaroenkij (), Thailand
Leonardo Primavera (), Italy

B Rajanarayan Prusty, India

Krzysztof Puszynski (%), Poland
Chuan Qin (), China

Dongdong Qin, China

Jianlong Qiu (), China

Giuseppe Quaranta (), Italy

DR. RITU RAJ (), India

Vitomir Racic(), Italy

Carlo Rainieri (), Italy
Kumbakonam Ramamani Rajagopal, USA
Ali Ramazani(), USA

Angel Manuel Ramos (%), Spain
Higinio Ramos (2}, Spain
Muhammad Afzal Rana (%), Pakistan
Muhammad Rashid, Saudi Arabia
Manoj Rastogi, India

Alessandro Rasulo (9, Italy

S.S. Ravindran (), USA
Abdolrahman Razani (), Iran
Alessandro Reali (), Italy

Jose A. Reinoso(2), Spain

Oscar Reinoso (2}, Spain

Haijun Ren (), China

Carlo Renno (19, Italy

Fabrizio Renno (1), Italy

Shahram Rezapour (), Iran
Ricardo Riaza ([, Spain

Francesco Riganti-Fulginei (), Italy
Gerasimos Rigatos (), Greece
Francesco Ripamonti (), Italy
Jorge Rivera(ls), Mexico

Eugenio Roanes-Lozano (2}, Spain
Ana Maria A. C. Rocha((?), Portugal
Luigi Rodino (9, Italy

Francisco Rodriguez (), Spain
Rosana Rodriguez Lopez, Spain
Francisco Rossomando (1)), Argentina
Jose de Jesus Rubio (i), Mexico
Weiguo Rui(), China

Rubén Ruiz (), Spain

Ivan D. Rukhlenko (1), Australia
Dr. Eswaramoorthi S. (%), India
Weichao SHI(%), United Kingdom
Chaman Lal Sabharwal (), USA
Andrés Séez (), Spain
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Bekir Sahin, Turkey
Laxminarayan Sahoo (), India
John S. Sakellariou (%), Greece
Michael Sakellariou (), Greece
Salvatore Salamone, USA

Jose Vicente Salcedo (), Spain
Alejandro Salcido (), Mexico
Alejandro Salcido, Mexico
Nunzio Salerno (i), Italy

Rohit Salgotra (), India
Miguel A. Salido (), Spain
Sinan Salih (), Iraq
Alessandro Salvini (), Italy
Abdus Samad (), India

Sovan Samanta, India
Nikolaos Samaras (), Greece
Ramon Sancibrian (%), Spain
Giuseppe Sanfilippo (1), Italy
Omar-Jacobo Santos, Mexico

] Santos-Reyes (), Mexico
José A. Sanz-Herrera(), Spain
Musavarah Sarwar, Pakistan
Shahzad Sarwar, Saudi Arabia
Marcelo A. Savi(), Brazil
Andrey V. Savkin, Australia
Tadeusz Sawik (), Poland
Roberta Sburlati, Italy
Gustavo Scaglia (2), Argentina
Thomas Schuster (), Germany
Hamid M. Sedighi (", Iran
Mijanur Rahaman Seikh, India
Tapan Senapati(), China
Lotfi Senhadji(®), France
Junwon Seo, USA

Michele Serpilli, Italy

Silvestar Sesni¢ (), Croatia
Gerardo Severino, Italy

Ruben Sevilla (%), United Kingdom

Stefano Sfarra(), Italy

Dr. Ismail Shah (%), Pakistan
Leonid Shaikhet (), Israel

Vimal Shanmuganathan (), India
Prayas Sharma, India

Bo Shen (), Germany

Hang Shen, China

Xin Pu Shen, China

Dimitri O. Shepelsky, Ukraine
Jian Shi(#, China

Amin Shokrollahi, Australia
Suzanne M. Shontz (), USA
Babak Shotorban (), USA
Zhan Shu(?), Canada

Angelo Sifaleras (), Greece
Nuno Simdes (2, Portugal
Mehakpreet Singh (1), Ireland
Piyush Pratap Singh (®), India
Rajiv Singh, India

Seralathan Sivamani(), India
S. Sivasankaran (i), Malaysia
Christos H. Skiadas, Greece
Konstantina Skouri (%), Greece
Neale R. Smith (%), Mexico
Bogdan Smolka, Poland
Delfim Soares Jr.(), Brazil
Alba Sofi(1»), Italy

Francesco Soldovieri (), Italy
Raffaele Solimene (1), Italy
Yang Song(5), Norway

Jussi Sopanen (%), Finland
Marco Spadini (), Italy

Paolo Spagnolo (), Italy
Ruben Specogna (), Italy
Vasilios Spitas(2), Greece
Ivanka Stamova (), USA
Rafal Stanistawski (), Poland
Miladin Stefanovié¢ (), Serbia
Salvatore Strano (1), Italy
Yakov Strelniker, Israel
Kangkang Sun (), China
Qiugin Sun(?), China
Shuaishuai Sun, Australia
Yanchao Sun (), China
Zong-Yao Sun(), China
Kumarasamy Suresh (%), India
Sergey A. Suslov (2, Australia
D.L. Suthar, Ethiopia

D.L. Suthar (%), Ethiopia
Andrzej Swierniak, Poland
Andras Szekrenyes (), Hungary
Kumar K. Tamma, USA
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In this paper, the problem of direction-of-arrival (DOA) estimation for strictly noncircular sources under the condition of unknown
mutual coupling is concerned, and then a robust real-valued weighted subspace fitting (WSF) algorithm is proposed via block sparse
recovery. Inspired by noncircularity, the real-valued coupled extended array output with double array aperture is first structured via
exploiting the real-valued conversion. Then, an efficient real-valued block extended sparse recovery model is constructed by performing
the parameterized decoupling operation to avoid the unknown mutual coupling and noncircular phase effects. Thereafter, the WSF
framework is investigated to recover the real-valued block sparse matrix, where the spectrum of real-valued NC MUSIC-like is utilized to
design a weighted matrix for strengthening the solutions sparsity. Eventually, DOA estimation is achieved based on the support set of the
reconstructed block sparse matrix. Owing to the combination of noncircularity, parametrized decoupling thought, and reweighted
strategy, the proposed method not only effectively achieves high-precision estimation, but also efficiently reduces the computational

complexity. Plenty of simulation results demonstrate the effectiveness and efficiency of the proposed method.

1. Introduction

Thanks to the growing maturity of array signal processing
technology, parameter estimation gradually occupies an
important position in the fields of vehicle positioning, radar,
medical diagnosis, and so on [1]. As one of the bases for
parameter estimation, direction-of-arrival (DOA) estima-
tion has been a hot topic for decades accompanied by a series
of work [2-4]. Afterwards, benefiting from the increasing
development of multiple-input multiple-output (MIMO)
technique, MIMO radar architectures have been developed
to provide high degrees of freedom (DOF) and resolution for
DOA estimation [5]. Unfortunately, the distance between
sensors decreases as the number of antennas increases for a
fixed array aperture. It means that it is quite possible for
closely-spaced sensors to suffer from the unknown mutual
coupling effect. Thereby, it is worthwhile to study DOA
estimation with strong robustness. In this way, this paper

mainly investigates the robust DOA estimation of strictly
noncircular sources with unknown mutual coupling.
Generally speaking, many DOA estimation attempts can
be roughly divided into subspace-based methods [6-9] and
sparse signal recovery (SSR) methods [10-13]. Multiple
signal classification (MUSIC) method [6] uses the decoupled
noise subspace to first achieve super-resolution direction
finding, different from estimation of signal parameters via
rotational invariance techniques (ESPRIT) algorithm [7]
based on the decoupled signal subspace. It should be pointed
out that these approaches have difficulty in achieving sat-
isfactory performance under low signal-to-noise ratio
(SNR), insufficient snapshots, or correlated sources.
Thereafter, sparse recovery technique offers a feasible per-
spective to overcome these drawbacks, which can be cate-
gorized into norm optimization estimators [10, 11] and
sparse Bayesian learning (SBL) approaches [12, 13]. Fur-
thermore, it has been demonstrated that SSR algorithms are
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better than subspace-based methods in challenging cir-
cumstances, such as unsatisfactory SNR or inadequate
snapshots [14].

It can be found that the above methods study circular
signals by default. However, in recent years, DOA esti-
mation of noncircular sources has received extensive at-
tention in parameter estimation [15]. This is largely due to
its wide distribution and natural superiorities. To the best
of our knowledge, noncircular sources are commonly seen
in practical communication systems [16], such as ampli-
tude modulation (AM) and binary phase shift keying
(BPSK). More importantly, noncircular sources can
achieve higher accuracy and detect more targets than the
default circular sources [17]. Subsequently, numerous al-
gorithms [18-24] have been presented for noncircular
sources that show the advantage in accuracy. On the one
hand, there are lots of attempts achieved by subspace
technology [18-20]. As shown in [18], noncircular MUSIC
(NC MUSIC) algorithm is derived via combining non-
circularity with MUSIC principle. Whereas, large-scale
spectral peak search results in relatively high computa-
tional complexity. After that, noncircular root MUSIC (NC
Root-MUSIC) approach [19] and noncircular conjugate
ESPRIT (NC C-ESPRIT) algorithm [20] are introduced for
tackling the above problem. On the other hand, DOA
estimation for noncircular sources is implemented from
the perspective of sparse reconstruction [21-24]. In
[21, 22], the joint sparsity-aware schemes for array and
monostatic MIMO radar system are put forward, respec-
tively. With the in-depth research on sparsity, not only
block sparsity but also rank sparsity are simultaneously
utilized to model a nuclear norm penalty framework for
enhancing the solutions sparsity [23]. Although this
method has superiorities in estimation accuracy and res-
olution, it is computationally expensive. Thereby, a unitary
nuclear norm minimization strategy [24] is further pre-
sented to reduce the computational complexity.

It is noted that the array manifolds of the above methods
are normally assumed to be ideal. Nevertheless, such hy-
pothesis may not be applicable to practice due to the ex-
istence of array manifold perturbations, like mutual
coupling [25, 26]. It is generally believed that there may be
unknown mutual coupling between closely-spaced antennas
affected by the interaction of space electromagnetic fields
[26]. This perturbation leads to undesired array manifold,
thereby degrading or even invalidating the estimation
performance of these approaches. Afterwards, a large
number of calibration ideas are designed to deal with the
problem of unknown mutual coupling [27-38].

For one thing, a series of calibrations [27-34] for cir-
cular sources have been attempted to estimate DOAs. In
[27], the unknown mutual coupling is modeled as a
complex band symmetric Toeplitz structure, and then
additional auxiliary sensors are added to compensate.
Similarly, the selection matrix is further designed by setting
the antennas at both ends of the original array to be
auxiliary sensors [28]. Unfortunately, these approaches can
only maintain normal direction finding at the expense of
array aperture. For preserving the array aperture as much
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as possible, the parameterized decoupling idea [29] is in-
troduced to decouple the angle parameter and mutual
coupling coeflicients. Although this method uses whole
data, its application scope is still limited because it belongs
to subspace-based methods. Different from these efforts
using subspace technology, relevant works [30-34] on
sparse recovery have also been carried out. As introduced
in [30], a revised [,-SVD (singular value decomposition)
algorithm is structured by designing a specific selection
matrix in array. Analogously, the selection matrix is further
implanted into the MIMO framework [31]. Actually, both
the auxiliary sensors and the selection matrix can be
regarded as two embodiments of array compensation. But
they all sacrifice the array aperture. Aiming at this drawback,
an effective block sparse recovery (BSR) approach [32] is
presented by replacing array compensation with parame-
terized decoupling. Moreover, a reweighted BSR algorithm
[33] and a weighted subspace fitting (WSF) method [34] are
further reported for acquiring higher accuracy.

For another, some studies [35-40] on noncircular
sources have been done to estimate DOAs. In [35], a se-
lection matrix is first constructed to remove the negative
influence so as to directly apply ESPRIT principle. Similar to
[27, 28], it is achieved at the expense of array aperture.
Subsequently, an efficient real-valued rank reduction method
[36] using MUSIC principle is derived to effectively avoid the
unknown mutual coupling effect and protect the precious
array aperture. However, these methods are still subject to the
limitations of subspace technology, unlike robust SSR algo-
rithms. In view of this shortcoming, the joint reweighted
sparsity-inducing scheme based on SVD principle [37] and
WSF principle [38] are put forward, respectively. Whereas,
their computational complexity is relatively higher than that
of subspace-based methods in [35, 36].

In this work, an efficient real-valued WSF algorithm with
block sparse recovery is presented for DOA estimation of
strictly noncircular sources under unknown mutual coupling.
First, a real-valued block extended sparse recovery model is
formed to avoid the unknown mutual coupling and noncircular
phase effects. Subsequently, the regularization framework be-
tween sparsity penalty and subspace fitting error is investigated.
Finally, a real-valued reweighted block sparse recovery ap-
proach is explored to achieve WSF for DOA estimation. The
proposed method effectively maintains high accuracy and ef-
ficiently reduces the computational load. The simulation results
confirm the correctness of the above deduce.

The main contributions of the proposed method are
summarized as follows:

(a) Perform a real-valued conversion to reduce the
computational burden, and then construct a real-
valued coupled extended data by exploiting
noncircularity.

(b) Eliminate the unknown mutual coupling and non-
circular phase interferences through parameterized
decoupling operation without array aperture loss.

(¢) Structure a real-valued noncircular MUSIC-like (NC
MUSIC-like) weighted matrix to enhance the solu-
tions sparsity.
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TaBLE 1: Some important notations.

Notations Definitions

()", ()" and ()H Transpose, conjugate, and conjugate-transpose operations
(~)Jr and |- | Pseudo-inverse and absolute value operations

Re([-] and Im[-] Real and imaginary part operations

05k M x K dimensional zero matrix

I, M x M dimensional identity matrix

diag{-} and blkdiag{-}
E{}

tr{-} and det{-}

I-llo > - lly, and |- |l
I- g

Diagonalization and block diagonalization operations
Mathematical expectation operation
Trace and determinant operations
Iy-norm, I,-norm, and I,-norm
Frobenius norm

(d) Develop a robust real-valued WSF framework to
estimate DOAs by block sparse recovery.

It is noted that some important notations adopted in this
article are defined in Table 1.

2. Data Model for DOA Estimation

2.1. Problem Formulation. Suppose that K far-field uncor-
K.

related narrowband NC sources {Sd,k}k:1 incident on a

uniform linear array (ULA) equipped with M omnidirec-

tional antennas. The distinct DOAs can be denoted as

0=1[0,,0,,...,0¢]. Then, the array output in the ideal

environment can be structured as

x(t) = As; (t) +n(t), 1)

where x(t) = [x, (£), %, (£), ..., % (£)]" € CM*! is the re-
ceived data.n(t) = [n, (£),n, (t),.. ., 1y (H)]" € CM! stands
for the complex additive Gaussian white noise vector with
zero mean. Meanwhile, s, () = [s;;(£),s,,(f),...,
sax (H]T € C*! means the noncircular signal vector. A =
[a(0)),a(0,),...,a(0g)] € C*X indicates the ideal array
manifold matrix. As the k th column of matrix A, a(8,) is
known as array manifold corresponding to k th target and
satisfies a(6;) = [1,p(6;),...,pM ! (Gk)]T e CM1 where
p(0;) = % with v(6,) = 27 d/), sin(6,). d represents

91

G= Toeplitz( [1,g1, e ’gH—l’le(M—H)]) =

where {g,}'5! refer to the unknown nonzero mutual cou-
pling coefficients, whose ¢ th element g, = A e/% is made up

of amplitude coefficient A, and phase coeflicient ¢,

gH—l cee

FIGURE 1: Mutual coupling model of ULA.

the distance between adjacent antennas and A,, denotes the signal
wavelength. Obviously, the data model in (1) is not affected by
any array manifold perturbations, such as mutual coupling [37]
and gain-phase error [9]. Unfortunately, as the number of
antennas increases, the distance between sensors decreases.
Hence, due to the fact that space electromagnetic field interacts
with each other, closely-spaced antennas are vulnerable to
unknown mutual coupling, as illustrated in Figure 1.

It has been demonstrated that the mutual coupling
coefficients between antennas are inversely proportional to
their spacing. That is to say, the larger the sensors spacing,
the weaker the mutual coupling effect, and the smaller the
corresponding coefficients. Moreover, when the antennas
are far enough away from each other, it is reasonable to
ignore the impact of unknown mutual coupling. Then, a
structure of complex banded symmetric Toeplitz in [27] is
utilized to model the mutual coupling matrix (MCM), i.e.,

g1 9H-1
1 g 9H-1 0

91 1 91 9H-1

: : : , (2)

9H-1 91 1 91 9H-1
0 . . .
9H-1 g 1 g
9H-1 g 1

respectively. It can be clearly seen that there are H nonzero
mutual coupling coeficients, which satisfy
0< gl <lgu_l<,..., <lgsl <lgil <lgol = 1. Then, the
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(1) Input: The actual received signal y(¢) in (6);

in (10);

model in (27);

(9) Output: The reconstructed real-valued sparse vector r’;

(2) Extract the real and imaginary parts of y (¢) based on (7) and (8) to formulate the real-valued coupled extended array output y; (t)

(3) Calculate the sampling covariance matrix R of yg,; (¢) by (13);

(4) Perform eigenvalue decomposition on R to acquire the signal subspace E; and the noise subspace E, in (14);

(5) Construct the optimal weighted matrix Wt according to (14); B R

(6) Form the over-complete dictionary Ag; in (26) by sparsely representing T (6;) of Ag; in (21) to develop a sparse representation

(7) Structure the real-valued NC MUSIC-like weighted matrix D adopting (33) to enhance the solutions sparsity;
(8) Design the reweighted regularized framework based on WSF principle in (35);

(10) Perform a 1-D spectrum search to find the K maximum values for DOA estimation.

ALGORITHM 1: Real-valued weighted subspace fitting algorithm with block sparse recovery.

ideal array manifold is affected by the unknown mutual
coupling in antennas, which should be revised as

a(6,) = Ga(6,). (3)

Thereby, the practical array output under the condition

of unknown mutual coupling can be written as

y(t) = GAs, (t) + n(1), (4)
where y(£) = [y, (8), ¥, (1), ..., Y )]* e M represents
the actual received data disturbed by unknown mutual
coupling, unlike x(¢) in (1).

According to the above introduction, s, (t) denotes the
noncircular source, which means that its noncircular rate &
ranges from 0 to 1, including the upper limit [38]. When
referring to the maximum noncircular rate & = 1, the ra-
diation signal can be defined as the strictly noncircular
source, like AM modulation signal. In this paper, strictly
noncircular sources are considered. It has revealed in [22]
that the complex strictly NC source s;(t) in (4) can be
further expressed as

s (t) = Os(t), (5)

where ® = diag(e/®,e/%:,. .. e/*x) € CX*K stands for the
rotation  phase shift matrix corresponding to
¢ = [¢1,¢,, ..., ¢x], which can be arbitrary for each source.
s(t) = [s;(8),s,(F),.. .,sK(t)]T € R® js the real-valued
signal vector corresponding to the complex-valued vector
sy (). In this way, taking (5) back to (4), the actual array
output can be represented as

y(t) = GAs; (t) + n(t) = GADs(t) + n(t). (6)

2.2. Real-Valued Conversion for Noncircular Sources. In view
of the noncircularity advantages, many researches on
noncircular sources directly construct the extended signal
model achieved by the received data and its conjugate form.
However, the data belongs to the complex domain, which
inevitably leads to the high computational burden. Different
from the above classical processing in the complex domain, a
real-valued conversion is first applied to the received data for
structuring an extended data model in the real domain [36].

Thanks to the real-valued transformation, the computation
load is greatly reduced to accelerate the direction finding
speed. Then, following the idea in [36], the real and
imaginary parts of the actual array output can be extracted as

Yr(t) = Re[y (#)]

[y®+y @)
2

(7)

[ (GA® + G"A" @)

> s(t) + Re[n(1)]

= Ags(t) + ng (1),

y; () = Im[y(¢)]
[y®) -y" ()]
2j
_[(GAD-G'A"®")
2j
= A;s(t) +ng (1),

(8)

s(t) + Im[n(t)]

where ng (t) € RM*! and n, (t) € RM*! express the real and
imaginary components achieved by the complex noise
vector n(t) € C''. Ay = [ag(0,, ¢, G), ag (05,65, G), . . .,
ag (0, 0, G)] € RMK and A, = [a;(0,,¢,, G),a;(6,,¢,,
G),...,a;(0x, ¢x» G)] € RMK are the virtual coupled ar-
ray manifold matrices of y,(t) and y,(t), respectively.
Moreover, as one of the columns in Ay and A, az (6, ¢, G)
and a;(0,¢,G) simultaneously contain the unknown
mutual coupling coefficients and noncircular phase. They
can be represented as

jo *A* -Jj$
aR(e’(P)G):(Ga(H)e +§}A (0)e ),

(9)

(Ga(f)e” - G"A™ (B)e )

a;(0,¢,G) = 2

Combining (7) and (8), a real-valued coupled extended
signal model can be designed as
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YR(t)]
) =
Yrr (1) [Yz(t)
- [AR]s(t)+[nR(t)] (10)
A n; (1)

= Aps(t) + ng; (1),

where App = [ag (0, 1, G),ag; (05,0, G),. ..,y
(Ox> b5 G)] € R*M*K s the real-valued coupled extended
steering matrix. Each column in Ap; denotes the coupled
extended array manifold and takes the following structure:

ap (6,4,G) ]

11
a;(60,¢,G) (1

ap (6,¢,G) = [

Then, the covariance matrix of yg; (t) can be written as
A
R = Elyg (v (0} = AR RAR; + 0°Ly, (12)

where o expresses the corresponding noise power. R; =
E{s(t)s" (t)} indicates the signal covariance matrix, whose
rank K' rests with the source correlation. This paper assumes
K' = K because of the uncorrelated sources presupposition.
In fact, R can only be obtained when the number of
snapshots approaches infinity. However, it is clearly un-
available and eventually replaced by its maximum likelihood
estimation R in reality. R can be computed by finite
snapshots T, which takes the following form:

1 T
R = f ZYRI (t)yIR_I] (t)a (13)
t=1

where R refers to the sampling covariance matrix. Then,
applying eigenvalue decomposition to R, yields

where {1} mean the eigenvalues and satisfy
M2A 2>, 2 A > Ak S = Ay {Sm}fnj\fl are the
eigenvectors corresponding to the eigenvalues {Am}fn]\fl.
What is more, K larger eigenvalues and their corresponding

eigenvectors are utilized to formulate the diagonal matrix Q

and the signal subspace E, respectively, ie.,
Q, = diag{d, A,,.. . A} e RFK and  E =1[8,,8,,...,
8x] e RPM*K In  like manner, the diagonal matrix

Qn = diag{/lK+1’/\K+2> SRR
noise subspace E, = [8x,1,0x.2 - >0,]
are composed of 2M — K smaller eigenvalues and the cor-
responding eigenvectors [38].

As introduced in [39], the steering matrix spans the same
range subspace as the signal subspace. Similarly, the signal
subspace E lies in the range space of the real-valued coupled
extended steering matrix Ap;, which indicates that E; and A,
satisfy

Loy} € REM-KXCM-K) 34 the
¢ R2Mx(2M-K)

E, = Ay U. (15)

where U denotes a column full rank matrix with K x K
dimension. Unfortunately, it is hard for (15) to estimate U
due to the coexistence of unknown parameters, such as
mutual coupling coefficients and noncircular phase.
Thereby, a robust estimator should be designed to overcome
these disturbances.

2.3. Parameterized Decoupling Operation. It is noted that the
real-valued coupled extended array manifold in (11) is af-
fected by unknown mutual coupling and noncircular phase,
resulting in the failure of many existing ideal direction
finding algorithms. Inspired by [36], the parameterized
decoupling thought in the real domain is exploited to deal
with the above problem.

R-= 2&4 18 87 —EQE"+E O EY, (14) Through parameterizing the virtual coupled array
o e e manifolds ay (6, ¢, G) and a; (6, ¢, G), yields
Ga(0)e’ + G*a" (0)e /*

aR (63 (/)7 G) = ( )

2 (16)
=¥ (6,6, GT(OZ(6,4.G) - ¥ (6,4, G)T (O (6,4, G),
Ga(0)e’ - G*a* (0)e /*
a] (0) ¢3 G) = ( . )

2j (17)

=¥ (6,4, G)T(0)Z (6,4, G) + ¥ (6,4, G)T (0)Z (6, $,G),

where
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[1
cos (v(6))
0
~ cos ((H - 1)7(0))
T(0) =
0 cos (M - H)v(9))
cos (M - 1)»(0)) |
[0
sin (v(6))
0
g sin ((H - 1)v(6))
T(0) =
0 sin (M — H)v(6))
(18)
sin (M - 1)v(0)) |
_ H-1
Y(6,¢,G) = z Ay cos ((Plcl +¢+c- v(@)),
c=1-H
_ H-1
Y (0,¢,G) = Z Ay sin ((Plcl +¢+c- v(G)),
c=1-H
(6, ¢, G) = [?1 0,..., Ty 1(0),1,0,(0),..., OH-1 (0)]T,
2(60,6.G)=[7,(0),.... 74, (0),1,5,(6),..., EH_I(G)]T,

7, (0) = ¥ (6,¢,G) - YA, cos (¢, + ¢—C.V(g)),

¥(6,4,G)

7.(0) < ¥ (6,,G) —zg—ﬁl Acsin (g, +¢ = c-(0)
¥ (0, ¢,G)

ah(e) _ \’I\j(e;gb)G) _Zi;—};hACCOS (goc + ¢+C'V(6)))
¥ (6, ¢,G)

7, (0) = ¥(6,6,G) - Y0 Acsin (. + ¢ + C-V(G)),

¥ (6, ¢, G)
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FIGURE 2: The spatial spectra for all methods.

where h=1,2,...,H-1 T(0) € RM*CH-1  apnd
T(6) € RM*CH-1 3re the real-valued block matrices and
only depend on angle information. For briefness, F = 2H —
1 is defined in what follows. R _

It is worth emphasizing that ¥ (6, ¢, G) and ¥ (6, ¢, G)
stand for two constants. They rely on three parameters,
i.e., angle parameter, mutual coupling coefficients,

[ag (6, ¢,G)
ag (6,0,G)=| " ]

L 2;(6,9,G)

[¥(6,,G)T(O)Z (6, 9,G) - ¥ (6, 9, G)T (O)Z (6, 9, G)
[ ¥ (6, 9, G)T(O)Z (6, 9, G) + ¥ (6,9, G)T ()X (6, 9, G)

and noncircular phase. Additionally, ¥ (6, $,G)#0
and ¥ (6, ¢, G)#0 occur with extremely high probabil-
ity except for a few very special circumstances.

Thereby, this article defaults ¥ (6,¢,G)#0 and
Y (0,¢,G)#0.
Then, bringing (16) and (17) back to (11),

ag; (0, ¢, G) € R**! can be decoupled as

; (19)

[T®) -T©®)][¥6.0.626.0.6)
[ T@) T |L¥(69,GZ(6,¢G)
T(0) A(60,9,G)
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where T (0) € R**2F and A (6, ¢, G) € R*" ! are block matrix
and block vector, respectively. It can be discovered that the real-
valued coupled extended array manifold ag; (6, ¢, G) € R**!
is decoupled into two parts: T (6) and A (6, ¢, G). T (6) only
rests with angle parameter. Therefore, it can be seemed as a new
decoupled extended steering vector, similar to ag; (6, ¢, G)

€ R*™>1 in (11). While A (6, ¢, G) subjects to the interferences
of unknown mutual coupling and noncircular phase.

Ay = [T(Gl),T(GZ),,,,,T(gK)] ¢ RPMAFK.
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According to (19), the coupled signal model in (10) can
be further decoupled as

~ yr (£) ~ Ay ng (t)
Y ) = [Yl(t)] - |:AI ]S(t)+ [ nl(t)]

A (20)
= Ap;s(t) +ngp () = AgyAs(t) + ng (£)

N
= Apspy (8) + ng (1),

where

(21)

A = blkdiag{A (6,, ¢;, G), A(6,, 95, G), ..., A(0x> 95, G)},

where KRI denotes the real-valued block extended array
manifold matrix formed by T (6;)(k = 1,2, ...,K). It sepa-
rates angle parameter from disturbance factors, such as mutual
coupling coefficients and noncircular phase, making it only
depend on DOAs information. The block diagonal matrix
A € R?*FEXK s combined with the real signal vector s(¢) to
construct a novel block signal vector sg;(t). i.e,
spr (t) = As(t) € R*®*1 Tt can be found that the (2Fk -
2F +1) th to (2Fk) th rows in sg;(t) correspond to k th
element in s(t). Besides, both the new extended array
manifold matrix A, and the corresponding signal vector
sg; (£) in (20) have block structures for each target, unlike
the original coupled extended steering matrix Ag; and the
signal vector s(t) in (10).

3. Real-Valued Weighted Subspace Fitting with
Block Sparse Recovery

3.1. The Subspace Fitting Framework with Optimal Weighted
Matrix. It has been analyzed that the real-valued coupled
extended array manifold matrix Ap; still spans the same
range subspace as the signal subspace E,. Through com-
bining the basic theory of linear algebra and the fact that A in
(21) is a column full rank matrix, it can be deduced that the
signal subspace E; is a subset of the range space of the real-
valued block extended array manifold matrix Ag;, which
satisfies

A N

A
E, = Ap;U = Ag AU = A, U, (22)
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FIGURE 6: RMSE of the proposed method versus SNR for different
number of antennas.

A
where U = AU € R¥% X 5 a block diagonal matrix with
column full rank and consists of K subblocks

A A
U, (k=1,2,...,K). As the k th subblock, Uy, is composed of

the (2Fk — 2F + 1) th to (2Fk) th rows in IAJ corresponding
to k th row in U. Whereas, (22) will be invalid when there are
disturbances such as noise in the array output.

As revealed in [39], numerous prevalent works on DOA
estimation can be viewed as the subspace fitting problem in a
general sense. Then, a subspace fitting framework is given as
follows:

9
10°
3
2
£19)
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L
=
=
£
o
10!
o}
>
<
I
100 = : : : :
0.1 02 0.4 0.6 0.8 1
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FIGURE 7: Average simulation time versus grid interval.
A VA |°
[0,U] = argmin [EEW"" — A, (O)U] , (23)
= F

0,U

where KRI is parameterized by 6. W € RX*X represents a
positive definite weighted matrix depending on the dis-
tinct calculation ways and affecting the asymptotic charac-
teristics of fitting error. According to [39], it has been revealed
that there exists an optimal weighted matrix that asymptoti-
cally minimizes the fitting error vayiance in the target direc-
tions and satisfies W, = (Q;—0 IK)ZQS’I. 0 denotes any
consistent estimate of noise variance, which can be achieved by
averaging 2M — K smaller eigenvalues of R. Highlighting that
when W =W, (23) describes the optimal subspace fitting
issue, defined as weighted subspace fitting (WSF) problem
[40]. A B

It is emphasized that Ay; and U can be separated in the
process of subspacg, fitting [38]. Meanwhile, the parameter
we care about is Ag;, not U. Therefore, the least square
solution of U can be solved by fixing Ag;. i.e.,

h
U=A, (OEW'™ (24)

Then bringing (24) back to (23), yields

A
0 = argmin tr{Pf\ ] EswoptEsH}
0 R (0) (25)

argmin'Y (6),
0

A At
where Py =L, —-Pn =L, — Ap; (0)Ag ().
- A (6)

In order to deeply study the subspace fitting issue
structured by (25) from the perspective of sparse recon-
struction, the spatial domain is evenly discretized to form an
over-complete dictionary Ag;. Ay, takes the following form:

Ao = [T(8).T(B),..., T(By)] € R, (26)
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where 0 = {@1, 0,,... ,@N} represents a sampling grid point
setand N indicates the number of grid points. It is noted that
compared with M and K, N is sufficiently large in this paper,
so that the grid-off issue is not c0n§gde;‘\ed here Alhrough
combining (22) with W, ,,, = ARIUW = Ap;Ucan
be structured. However, it shoulpd be pomted out that such
relationship is mathematically strict only under the con-
dition of infinite snapshots. Then, based on the over-
complete dictionary in (26), EW ift can be sparsely rep-
resented as

EW, =AU, (27)
where U = [U9,U9,.. Ue ]T denotes a block sparse

matrix, whose 7 th subblock U— is made up of the (2Fn -
2F + 1) thto (2Fn) th rows of U. @urthermore the subblocks
corresponding to the desired DOAs in U are equal to those
in U, while the rest are zero. i.e.,

= _{ﬁek, 0, € {0,0,....00)
" lo. 8,¢{6,0,....00

wheren=1,2,...,Nand k=1,2,...,K.

According to (28), it is known that there are only K
nonzero subblocks in U due to the existence of K targets.
Therefore, the DOA estimation issue can be transformed into a
block sparse recovery problem, in which DOAs can be esti-
mated by determining the positions of nonzero subblocks in U.

It can be discovered that block sparse matrix U is critical for
direction finding, which can be reconstructed via minimizing
Iy-norm. Then, a [,-norm optimization scheme is formed as

(28)

St EW!2 -

opt = Ag/U, (29)

min|

L 1 A
where a column vector v = [r2,77,...,75]T is 1ntroduced

to describe sparsity. r,; is the n th element in r2 and cor-
responds to the # th subblock of U, which can be computed
by the /,-norm of the (2Fn - 2F + 1) th to (2Fn) th rows in

U. That is to say, r; = \/ZiF;an e Yy (U,)% in which
U, represents the element located at the a th row and b th
column of U. Evidently, the sparsity of vector r" is the same
as that of the block sparse matrix U.

In general, /j-norm penalty can accurately describe the
solutions sparsity in the process of sparse recovery. Whereas,
ly-norm penalty is a nondeterministic polynomial (NP)-
hard and nonconvex combinatorial optimization problem,
so it is mathematically intractable. In this way, /;-norm
convex relaxes to [;-norm to solve the above problem.
Moreover, considering the fitting error caused by finite
snapshots, the I;-norm penalty framework is ultimately
restructured as

where the regularization parameter ¢ means the upper limit
of the subspace fitting error, that is utilized to guarantee
robust DOA estimation. Inspired by (25), it is known that
the subspace fitting error is 2equal to /Y (0). It has been
derived that function (2T/a )Y () asymptotically follows

- AU, <e (30)

opt
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chi-square distribution with 2K'(2M - K) degrees of
freedom when 0 refers to the true DOAs [40]. Thereby,
VY (0) < e with a high confidence interval 1 — p is calculated
to determine parameter ¢, in which p = 0.001 is chosen in
this paper.

3.2. Reweighted Block Sparse Recovery for DOA Estimation.
Through the sparse recovery framework achieved by
I,-norm constrained optimization in (30), DOA estimation
can indeed be obtained. However, /,-norm penalty is only
the convex approximation of I;-norm minimization,
resulting in limited recovery accuracy. Specifically speaking,
the penalty imposed on larger coefficients is heavier than
that imposed on smaller coefficients in the [;-norm penalty
framework, unlike the democratic [,-norm constraint. Then,
a weighted matrix is introduced to enhance the solutions
sparsity, where the weights can be determined by con-
structing the penalty factors. Therefore, /;-norm can ap-
proximate /,-norm as much as possible.

Following the principle of MUSIC-like approach in
[36, 38], the orthogonality between the real-valued block ex-
tended array manifold and the noise subspace can be utilized to
formulate a novel real-valued NC MUSIC-like spectrum
function. The spectrum function can be expressed as

1
det<TH (O)E,E'T (e)>'

Zyusic (6) = (31)

Inspired by the discretized sampling gird points
0= {91,92, . GN}, the orthogonality between the over-
complete dictionary and its noise subspace can be exploited
to structure the weights. First, the over-complete dictionary
in (26) can be categorized into two groups:
Ag; = [Ag Agp ). Itis supposed that A gy, is composed of K
block steering matrices corresponding to the interested
DOAs, while Ay, is formed by residual N — K subblocks.
Then based on (31), the initial weights can be represented as

cAin = det{TH(én)EnEnHT(én)}n =1,2...,N, (32)

N
where the weight d, indicates the determinant value
corresponding to 6,. Then, a weighted matrix can be
structured as

D = diag{d}, (33)

where D € RMN denotes a weighted matrix that depends on
the vector d. Furthermore, d relates to the initial weights

d,(n=1,2,...,N) and takes the following form:
d= [dl’ dz]
= [di,dy, ..., dy]

(34)
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It can be concluded that if the number of snapshots is
sufficiently large, the weights in d; corresponding to the
interested DOAs are more likely to be zero, which are
smaller than those in d,. Through exploiting the weighted
matrix, larger coeflicients are preserved by smaller
weights, while smaller coefficients close to zero are
punished by larger weights. Therefore, no matter how
large or small the coefficients are, they can be punished
more democratically, behaving like the fair [;-norm
penalty. Eventually, by embedding the weighted matrix D,
the reweighted scheme based on /,-norm optimization can
be constructed as

min"Drl2 e
(35)
s.t. '

E W, - Ay U] <e

Thanks to second order cone (SOC) programming
packages, like CVX, the optimization problem given in (35)
can be successfully addressed. In this way, DOAs can be
effectively estimated by detecting the positions of nonzero
values in the reconstructed sparse vector r".

Up to now, an efficient real-valued weighted subspace
fitting algorithm with block sparse recovery has been pro-
posed for DOA estimation of strictly noncircular sources
with unknown mutual coupling, which can be summarized
as algorithm 1.

4. Simulation and Analysis

In this section, plenty of simulations are implemented and
the corresponding results are exhibited to demonstrate the
superior performance of the proposed method.

4.1. Simulation Scene. To demonstrate the superiority of the
proposed method, the reweighted BSR method in [33]
(defined as ReBSR method) and the joint reweighted
sparsity-inducing method based on WSF principle in [38]
(defined as WSF method) are chosen as the comparison
methods. Meanwhile inspired by the Cramer-Rao bound
(CRB) for noncircular signals of MIMO radar in [22], the
array CRB is redrived for noncircular sources under un-
known mutual coupling in this paper. In addition, the root
mean square error (RMSE) is used to evaluate the estimation
performance of all algorithms, which can be achieved by

1 L& 2
RMSE = J_szlk;(ej’k_ek)’ (36)

where 6 stands for the real DOAs of k th target and 6, is
estimated by 6, in the j th Monte Carlo experiment. K refers
to the number of radiating sources. The number of Monte
Carlo experiments is set as J = 100.

In what follows, it is assumed that M = 8 antennas form
a ULA, each of them is separated by half-wavelength
spacing. There are K = 2 narrowband uncorrelated strictly
noncircular sources incident on the ULA from different
directions in the far field, whose DOAs are denoted as 6, =

11

—-10° and 6, =2°, respectively. Additionally, the mutual
coupling matrix consists of H = 3 nonzero coefficients in-
cluding g, = 0.6864 — j0.0919 and g, = 0.2079 — j0.0603.
The entire spatial domain from -90° to 90° is uniformly
sampled at the grid interval of 0.1°.

4.2. Simulation Results. Figure 2 gives the spatial spectra for
all different methods, in which SNR is set to -5 dB and the
number of snapshots is fixed at 100. According to Figure 2, it
can be observed that all methods form spectral peaks at the
true DOAs positions. That is to say, these algorithms can
realize direction finding of noncircular sources in the case of
unknown mutual coupling. Furthermore, ReBSR method
has the least shape peaks, the highest side-lobe, and the
farthest from the real DOAs, while the proposed approach
has the sharpest peaks, the lowest side-lobe, and the closest
to the desirable DOAs. In this way, the proposed method
outperforms other approaches in terms of resolution and
accuracy.

Figures 3 and 4 indicate RMSE versus SNR and PSD
versus SNR for distinct algorithms, respectively. In Fig-
ure 3, the number of snapshots is chosen as T = 100. On
the one hand, as displayed in Figure 3, the RMSE of these
methods gradually decreases as SNR increases. Therefore,
these methods can achieve improved performance by
enhancing the signal environment. Moreover, the main
difference between the proposed method and WSF al-
gorithm is whether to perform real-valued conversion, so
its impact on the estimation accuracy may not be obvious.
In other words, it is reasonable to assume that their
performance is similar. At the same time, the RMSE of
ReBSR algorithm is larger than that of other noncircular
methods, which is mainly due to its inability to take
advantage of noncircularity, unlike the other two non-
circular algorithms. On the other hand, as given in Fig-
ure 4, PSD refers to the successful detection rate for all
Monte Carlo running experiments. And when the error
absolute value between the true DOA 0, and the estimated
DOA 0, is less than 0.3, the target detection is considered
successful. From Figure 4, within the selected SNR range,
the PSD of the proposed method and WSF approach are
much higher than that of ReBSR algorithm. Additionally,
they can be the first to achieve 100% PSD compared to
ReBSR method. In conclusion, the proposed method has
advantage over ReBSR algorithm and similar performance
to WSF approach.

Figure 5 depicts RMSE versus snapshots for distinct
methods, when SNR is fixed at SNR = 0 dB. As shown in
Figure 5, the overall simulation trend is similar to that of
Figure 3. As the number of snapshots increases, the RMSE of
all distinct approaches decreases. Furthermore, in terms of
estimation accuracy, the proposed method is similar to WSF
algorithm, better than ReBSR approach and closer to CRB.

Figure 6 shows RMSE of the proposed method versus
SNR for different number of antennas, in which T = 100.
From Figure 6, the RMSE is the largest when M = 7, while
the RMSE is the smallest when M = 9, which means that if
SNR is fixed, the RMSE of the proposed method decreases
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with the increase of the number of sensors. However, it is
worth highlighting that the more sensors, the higher the
estimation accuracy, the heavier the computational load, and
even the stronger the antennas interaction. In other words, it
is better to make a trade-off between effectiveness and
efficiency.

Figure 7 reveals the average simulation time required for
the two noncircular methods versus gird interval, where
SNR and snapshots are set to SNR=0 dB and T = 100,
respectively. In Figure 7, whether the proposed method or
WSF algorithm, the larger the grid interval, the shorter the
simulation time and the lower the computational burden.
This is mainly because the number of sampling grid points
decreases as the grid interval increases. In addition, it is
evident that the proposed method requires much less time
than WSF algorithm, which means that the proposed
method is superior to WSF algorithm in simulation time,
although they all belong to noncircular algorithms. The main
reason is that the proposed method converts complex do-
main date into real domain data to speed up direction
finding for meeting the real-time requirement as much as
possible, different from WSF approach in the complex
domain. In this way, it takes less time to efficiently achieve
high-precision DOA estimation, which is more suitable for
practical applications.

5. Conclusion

In this paper, the scenario of strictly noncircular sources in the
presence of unknown mutual coupling is concerned, and then a
real-valued reweighted block sparse recovery framework
achieved by WSF principle is structured for DOA estimation.
In the proposed method, a real-valued coupled extended array
output is first constructed by connecting the real and imaginary
parts of the received data. Then, the real-valued block extended
sparse recovery model is formed by exploiting the parame-
terized decoupling thought to avoid the influences of unknown
mutual coupling and noncircular phase. Afterwards, a robust
WSE approach is explored to recover the real-valued block
sparse matrix for DOA estimation, where a real-valued NC
MUSIC-like weighted matrix is further embedded to reinforce
the solutions sparsity. Additionally, the upper bound of sub-
space fitting error is reported as well. Thanks to noncircularity,
parameterized decoupling operation, and reweighted measure,
the proposed method can not only provide desirable estimation
accuracy, but also bear low computational burden. Extensive
experiment results validate the effectiveness and efficiency of
the proposed method for strictly noncircular sources with
unknown mutual coupling.
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The paper investigates DOA estimation of coherent Signals with the limited aperture sparse array. Mutual coupling between the
sensors of the array cannot be ignored in practical radar with a limited aperture of array sensors, which will result in a degradation
in the performance of Direction of Arrival (DOA) estimation. This paper proposes a Mutual-coupling-optimized array (MCOA)
with a limited aperture in this scenario to reduce the mutual coupling effect. Firstly, we prove the sparse uniform linear array
(SULA) has the smallest mutual coupling leakage when the array aperture and the number of sensors is determined. Secondly, we
modify the spacing of the array sensors in SULA to make sure that the spacing between all array sensors and the reference sensor
are coprime aiming to estimate DOA without spatial aliasing. Thirdly, we give an expression for the array element spacing
arrangement with reduced mutual coupling leakage. Finally, the coherent signals are well resolved by the Sparse Bayesian Learning
(SBL) algorithm. Numerous simulations are conducted to validate the advantages of the proposed array compared to several

sparse arrays for estimating coherent signals in the presence of mutual coupling.

1. Introduction

The problem of Direction of Arrival (DOA) estimation has
attracted a lot of attention in the fields of radar, sonar,
navigation, and astronomy [1-7], where the antenna arrays
are utilized for collecting the spatial sampling of incident
signals. Scholars propose many DOA estimation algorithms
based on the uniform linear array (ULA), such as multiple
signal classification (MUSIC) [5], estimation of signal pa-
rameters via rotational invariance techniques (ESPRIT) [6],
propagator method (PM) [8], and parallel factor (PAR-
AFAC) technique [9].

However, the above-given algorithm is predicated on the
assumption that the incident signals are uncorrelated. The
received signals are typically coherent and the rank of the
covariance matrix is insufficient due to the impact of the
transmission environment in actual applications. The

aforementioned DOA estimation algorithm will be invalid at
this time [10]. To tackle this problem, some decoherence
algorithms are proposed to deal with coherent signals. The
most representative method is the spatial smoothing (SS)
method [11], which regards ULA as many subarrays with the
same array flow type and then averages the covariance
matrix of each subarray to obtain the full rank covariance
matrix. Later, people proposed the Forward/backward
spatial smoothing techniques [12], improved spatial
smoothing techniques [13] on this basis of SS and make a
series of improvement on these algorithms [14]. In [15], the
authors were devoted to establishing more accurate con-
ditions by studying the positive definiteness of smoothed
target covariance matrix. There are also algorithms that
reconstruct the covariance matrix of the received signal,
such as SVD algorithms and the Toeplitz decoherence
method [16]. These methods estimate coherent signals at the


mailto:yyzz@nuaa.edu.cn
https://orcid.org/0000-0003-1997-545X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/8800833

expense of array aperture, which reduces DOA estimation
performance. The compressed sensing (CS) algorithms
[17-19] can estimate DOA by exploiting the sparsity of the
target in the spatial domain without taking into account the
coherence of the signals. In [20], an iterative adaptive ap-
proach (IAA) is given for the beamforming design based on
the sparsity. In [21], the Orthogonal Matching Pursuit
(OMP) is used to recover the spare signal with high
probability, but the accuracy of OMP is lower than that of
MUSIC. In [22], both the Sparse Bayesian Learning (SBL)
and the relevance vector machine (RVM) are proposed. The
weakness of CS algorithms is that they are more complex
than the previously described DOA estimating techniques.
The traditional DOA estimation algorithms are generally
considered based on ULA, but sparse linear arrays are
seldom utilized.

Recently, sparse arrays such as Nested arrays (NA) [23]
and coprime arrays (CA) [24] have attracted wide attention
because such sparse arrays can achieve O (M?) degrees of
freedoms (DOFs) with only M antenna sensors. Though the
DOA estimation performance of NA is better than that of
CA, the mutual coupling leakage of NA is much greater than
that of CA due to the influence of the dense ULA subarray,
which reduces performance in the presence of mutual
coupling. Despite the array positions of CA and NA can be
expressed in closed-form, their continuous degrees of
freedom are not the greatest. In comparison to CA and NA,
the minimum redundant array (MRA) [25] has the most
continuous degrees of freedom, allowing it to use more
virtual arrays. However, MRA lacks a closed-form expres-
sion for the locations of its sensors, and its array design
requires a significant amount of complicated calculations.

The aperture of the array is usually limited in most
applications, and the number of array elements is fixed.
Because the spacing between the array elements is relatively
close, the mutual coupling effect cannot be ignored. ULA
and traditional sparse arrays will fail to estimate the DOA of
coherent signals and the research of DOA estimation in this
situation is relatively few. Though there are some methods
[26-28] proposed to mitigate the mutual coupling effects by
utilizing a complex mutual coupling model, these methods
estimate mutual coupling coefficients at the cost of increased
complexity and decreased degree of freedom (DOFs).
Therefore, it is a good choice to consider how to reduce the
mutual coupling effect when designing the array. Under the
restrictions of a set array aperture and a number of array
sensors, this paper determines the array design approach
with the least mutual coupling leakage, and we further
propose a Mutual-coupling-Optimized Array (MCOA)
based on the theory of estimating DOA without spatial
aliasing [29, 30]. To estimate the DOA of coherent signals,
we use the sparse Bayesian learning-based (SBL) compressed
sensing algorithm. In particular, we summarize our main
contributions as follows:

(1) We propose a mutual-coupling-optimized array
under the restriction of a fixed number of sensors
and fixed array aperture. Then, we prove that the
mutual coupling leakage of the suggested array is
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smaller than that of conventional sparse arrays
and that it can estimate DOA without spatial
aliasing.

(2) We employ the SBL algorithm to estimate coherent
DOA for the proposed array and compare the SBL
algorithm with other algorithms to demonstrate
that the estimation performance of the SBL algo-
rithm is better than other algorithms including
OMP and TAA.

The remainder of this paper is given as follows: we
provide the mathematical model of the sparse array and the
definition of mutual coupling matrix in Section 2. In Section
3, we present how to design the mutual coupling optimized
array with a limited aperture. Section 4 introduces the
specific steps of the sparse Bayesian learning algorithm.
Section 5 analyses the CRB of the array in this context.
Section 6 verifies the theoretical performance of the pro-
posed array through simulation analysis while Section 7
concludes this paper.

Notations: scalars, vectors, matrices, and sets are
denoted by lowercase letters a, lowercase letters in boldface
a, uppercase letters in boldface A, and letters in blackboard
boldface A, respectively. AT, A*, and A¥ are the transpose,
complex conjugate, and complex conjugate transpose of A.
Tr[-] denotes the trace operator for a matrix. | - || represents
the Frobenius norm and diag(-) represents the matrix
formed by the diagonal elements of the matrix. [A]; ; denotes
the (4, j) entry of A. ged (n;, 1y, - - -, 1)) denotes the greatest
common divisor of the elements.

2. Mathematical Model

Consider a sparse array consisting of M sensors as shown in
Figure 1, and the position of the ith sensor is denoted by z;d
with d = A/2, z; represents the distance of the i- th sensor
relative to the reference sensor and A stands for the wave-
length. Suppose that there are K far-field narrowband co-
herent signals from different directions 0 = [0,,0,,---, O]
Vb? — dac with powers p = [03,03,--+,0%] impinge on this
sparse array. The received signal of the array can be
expressed as follows [2]:

X, = AS+N, (1)

where A = [a(0,),a(0,),---,a(0)] represents the direction
matrix and a(ei) — [l)ej2nzzd Siﬂei/)l,’ e, ej2nsz sinQM]T de-
notes the direction vector of the ith signal. A is the wave-
length of the signal. § = [}, &y, - -, ag]s, € C/ means the
narrowband coherent signals with ] snapshots, where s, is
the generate signals and «; stands for the complex constant.
N € CM represents the additive white Gaussian noise
vector with noise variance o?.

There is coupling between the array elements. The re-
ceived signal model is expressed as follows [28]:

X =CAS+N, (2)

where C is the mutual coupling matrix. The mutual coupling
matrix can be modelled as a B-banded symmetric Toeplitz
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FIGURE 1: Array model.
matrix according to the assumption in the following Co  Cps C .
equation [28]: r M
C- Z,-2, 0 Cz,\/{—z2 (6)
0, |z, - 2,|>B
[C]P"Z = (3) CzM—zl CzM—zz Co

CIZP_Zq| 'zp - zq| <B,

where 1> |c,|> -+ >cp>0, ¢, = cyel™?, ¢, = c,e” 1 V8s,
s € (0, B]. ¢, is the mutual coupling constant and B denotes
the maximum spacing of sensor pairs with mutual coupling.
In addition, the mutual coupling is evaluated by the coupling
leakage, i.e.,

_lIc - diag (Ol

iCl )

3. Mutual-Coupling-Optimized Array with
Limited Aperture

In this section, we first show that the mutual coupling
leakage of the sparse and uniform linear array is the
smallest under the condition of finite aperture and
number of elements. Then, we discussed how to change
the position of the array elements, so that the mutual
coupling leakage is still small, and there is no spatial
aliasing in DOA estimation.

3.1. A Minimum Mutual Coupling Leakage Array.
Considering the M- element array with an array aperture of
N, we propose an array which has no spatial aliasing in DOA
estimation and has the smaller mutual coupling leakage than
most sparse arrays.

Lemma 1. For an M element array with an array aperture of
N, the mutual coupling leakage is minimized if and only if the
array elements are equally spaced.

N

zig d-zd=zd-z_d=—— i=23,---

, M- 1.
(M -1)

Proof. According to equation (3), the mutual coupling
matrix can be expressed as follows:

Then, the expression of the coupling leakage can be
calculated as follows:

M-1 M
_ IC - diag (O)ll _ \j22,-:1 Y

2

c
zj-z;

(7)

ICl: - ;
' \/M|250| + 2le'\fl : zjlv=1i+1 Czj—zi
where
M-1 M 5 2M—1 M 1 ,
C, _,| =|c S —— 8
; J=lZ+1 ZJ ; | 1| ; ]=IZ+1 (Z]d_ Zid)z | ll ( )

where § = Y M Z;\im (z;d - z;d)"*. The value of z;, i=
1,2,--+, M corresponding to the minimum value of S is the
position of each array sensor when the mutual coupling
leakage is minimum.

Denote the M —1 array spacings as Xy, X, """, Xy
respectively. Then,
M-1 M . -1 .,
S=> Y (zid-zd) =) (zi,d-zd)

i=1 j=itl i=
M-2 1

+ Y (zind-zd) P4+ Y (zyd —2,d) 7
i=1 i=1 9)

£

-1 5 M-2 5
=1

1

-2
+

M- T

Il
—

(xi T Xyt xi+(M—2))
1

Calculate the minimum value of S by Lagrange multi-
plier method.

X M) =S+u(x; +x, 4+ xy, — N).
(10)

g(_xl,...

Take the partial derivative of each variable in the
function and set the result equal to zero.
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There is an extreme point in (10) when x; = x, =--- =
Xp-1 = N/(M - 1) and the cost function S has a minimum
value at this time. Therefore, the value of z;, i=1,2,---,M
corresponding to the minimum value of § is the position of
each array element in the array when the mutual coupling
leakage is minimum. From the above-given discussion, it can
be seen that the M elements array with an aperture of the
array N reach the minimum mutual coupling leakage when
(5) holds. The array designed in (5) is a sparse uniform line
array (SULA) when N > (M - 1)A.

However, SULA will cause spatial aliasing during DOA
estimation [29] because the spacing of the adjacent sensors

’xM—l]

[a— l,a,...,a,a+ 1,a,...
[(M=-2)/2]

[a,...,a+l,...

d=[x;,x,...

[ S —

b

where d,, (5;_;) represent the spacing of adjacent sensors in
array and a, b are integers.

In fact, the different arrangement order of elements in d
will also cause the structural change of Z, which leads to
different mutual coupling leakage. Due to the large number
of repetitions of elements in d, there will be many repeated
combinations of corresponding Z. Obviously, when the

{0,a-1,2a-1,---,N}d,
{0,a,---,ka+1,---,N}d,

We will prove that the position in (15) satisfies Theorem
1 in the following part.

Proof. When N =a(M - 1), then
gcd(2a—-1,a—-1) = ged(a—-1,2a — Imoda — 1)
=1
=1,

(16)

,al, N=a(M-1),

,a+1,...,a
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are larger than half-wavelength. Next, we discuss how to
fine-tune the position of SULA’s array elements to solve the
angular ambiguity problem and maintain the advantage of
low mutual coupling leakage. O

3.2. B Mutual-Coupling-Optimized Array (MCOA).
Suppose that the first sensor is located at the origin without
loss of generality, then the position of the array can be
expressed as follows:

Z ={0,z,,-- -,z }d. (12)

In order to facilitate the subsequent discussion, z; needs
to be adjusted to integer by choosing an appropriate d.

Theorem 1 (see [29]).

ie array manifold a(0)=[1,
el2nzysinb/d || oj2nzy sin@//\]T
bl bl

is invertible if and only if the sensor

locations z; (assumed integers) are coprime.
ged(zy, 25,0+, 2y) = 1. (13)

According to Theorem 1, we design the array structure as
follows:

(14)

:|, N=aM-1)+b,b<M -1,

larger distance between adjacent sensors in the center of the
array, the mutual coupling between the middle sensors and
the sensors on both sides can be effectively reduced so that
the mutual coupling leakage of the whole array degrades
significantly. This is the reason why we make d as (14). The
relationship between Z and d is z;,, —z; = d;, then the
expression of the array position Z can be written as follows:

N=a(M-1),
(15)
N=a(M-1)+b,b<N +1.

where amodb represents the remainder of dividing a by b.
When N=a(M -1)+b,b<N +1, then.

gcd(a, ka + 1) = ged (a, ka + 1moda)

=gcd(a, 1) = 1. 17

In summary ged (z,, 25, - -+ > 2p) = 1, that s, the designed
array structure satisfies Theorem 1. Suppose that an antenna
array with array aperture N = 81 and the number of sensors
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M = 8 needs to be designed. According to (15), since N is not
divisible by M — 1, we can calculate that N =2(M - 1) +2
with a = 2,b = 2 and write the expression of d and Z.

d = [2’ 2> 3) 3) 2> 2) 2]>

(18)
7 ={0,2,4,7,10, 12, 14, 16}d.

Figure 2 shows the example of the above MCOA. The
array structure is very similar to that of the SULA. There are
five spacing between the sensors are 2 d and the remaining
two are 3 d. We place the 3 d in the middle of the array to
make the mutual coupling between the middle sensors and
sensor on both sides decreasing, which effectively reduces
the coupling leakage of the whole array. The array locations
also satisfy Theorem 1.

ged(2,4,7,10,12,14,16) = 1. (19I:I)

4. Sparse Bayesian-Based Compressed
Sensing Method

In the sparse signal representation framework [23, 24], the
direction matrix A in (2) should be replaced by a transfer
matrix Ag, thus the signal model in (2) can be rewritten as
follows:

X=CA;S, +N, (20)
where S, = [s),--,8/] € C%Y represent the complex signal
amplitudes containing G DOAs and ] snapshots. The
transfer matrix A, = [a,,---,a5] € CMC consists of all

hypothetical DOAs. The likelihood function of the received
signal X can be represented as follows:

2 2
exp<-1/a [x - CAgSg”F>
(7'[0'2)NL

The SBL algorithm treats s as a zero mean complex
Gaussian random vector with unknown diagonal covariance

p(XI8,: ) = (1)

I' = diag(y;,---,yy) = diag(y). The prior model is given by
the following equation:
J J
p(S;) =1 #(s;) =[Jacw.D. (22)
j=1 j=1

For Gaussian prior and likelihood, the evidence p(X) is
Gaussian and represented as follows:

J
PO = [ p(S,)p(XIS,)ds, = [[AC(x;:0.%).  (23)
j=1

where 2, = 0’1 + CA,T AYCH and I stands for the identity
matrix of order M x M. The SBL algorithm is to estimate the
diagonal entries of I' by maximizing the evidence

J
(P1>+++>Ym) = argmax4 — ZXJHZ;IXJ- -L log|2x| , (29)
y =1

the derivative of (24) is

% 2d# 2d# 3d —a— 3d—& 2d# 2d% 2d4

FIGURE 2: MCOA array with an array aperture of 8 wavelengths and
a sensor count of 8.

o(-2h X ¥, x; - L log]s,|)
Y

-1 -1
= tr(XH Ya,any X) ~Lal'y'a,,
X X

(25)
-1 |2 -1
=XHZam —LaﬁZam
X 2 'q
PNy 2 -1
:(%) XHZam —LaZZam.
Yim x 2 x
The factor (y°24/y"eV)? is introduced to obtain an iter-

ative equation in y,,. Equate the derivatives to zero and we
can get the fixed-point update rule [1, 2, 4].

new _ oldl ”XH Z;l afﬂ”;

H -1
Tl Y,
(26)
_ yoldTr [Sx Z;l amazz“;l]
- H -1 :
" 4, 2y Ay

where S, = 1/JXXH is the sample covariance matrix.
The main steps of the SBL algorithm are summarized as
follows:

Step 1: Set the parameters as ¢ = 10~ and get the input
data X, A , 0% k
Step 2: Initialization the parameters yo4 = 1, Vm;
Step 3: Calculate =, = oI + CAT?MAH CH;

Step 4: Update y;;/" by using equation (27);

Step 5: Set yo!d = pnew, 01 = diag (yoM), k = k + I;

Step 6: If [[y™* — y°14||, /[ly°4|, > e and k <k, g0 back
to step 3;

max’>

Step 7: The K largest peaks in y are the required DOA
values.

5. Performance Analysis

5.1. Comparison of Mutual Coupling Leakage between Dif-
ferent Arrays with the Same Aperture. We select some sparse
arrays for comparison. In order to make the array aperture of
all arrays consistent, we compress the element spacing of CA
and ECA. The result is shown in Table 1, it can be seen that
the mutual coupling leakage of the proposed array is the
smallest except SULA, and its mutual coupling leakage is
very close to SULA.

5.2. Crarmer-Rao Bound (CRB). According to the knowl-
edge of the literature [32], the Crarmer-Rao Bound (CRB)
matrix can be represented as follows:



TaBLE 1: Comparison of mutual coupling leakage of different
arrays.

Mutual
Array .
aperture Z coupling
P leakage
Proposed 8 A 051 0,24,7,10,12,14,16 0.0826
CA 8 051 045810121516 0.1076
ECA 8 A 0'4;44 0245681318 0.1140
NA 8 A 042111 01237111519 0.1194
SULA 8 A 1142912 01234567 0.0806
ULA 351 051 01234567 0.1819
o’ L1
CRB=-"{Re| D" [ [ DP ) (27)
2] "

where Re[-] stands for the operation of taking the real part, A
represents the manifold matrix of the array,
I =1- A(AFA) 'A" is the orthogonal projection of A,
and I stands for the identity matrix of order M x M,
P=1/] Z{le(t)sH(t), 02 denotes the average power of
signal source, D can be written as follows:

0a(0,) da(6,) da (k)

D = bl bl b bl
20, ° 06, 30,

(28)

where a(0y) denotes steering vector.

5.3. Computational Complexity. In this section, we provide
the complexity of the SBL method compared with OMP and
MUSIC. Assuming that the number of array elements is M,
there are G grid points and ] snapshots, the maximum
number of iterations is k., then the computational com-
plexity of main operations are as follows: (a) calculate the
covariance matrix: O(M?]); (b) update the ¥, in Step 3:
O(2M*G+G*M + M?); (C) update y™” in Step 4
O[G(2M? + 3M? + M)]. The computational complexity of
SBLis O[M?] + k., 2GM? + 5GM? + G?M + GM + M?3)].

6. Simulation Results

In this part, we provide numerical simulations of the per-
formance of the proposed MCOA as well as a comparison
with the other sparse arrays and the CRB. The array aperture
is limited to 8 wavelengths and the number of array sensors
is 8. Two coherent signals with equal power impinge on the
array with directions 0, = 10°, 8, = 40°, and the correlation
coefficient is set to [, a,] = [1,e/™*]. Define the Root Mean
Square Error (RMSE) of the DOA estimates as follows:

11

RMSE = || a: (0,0 - gk){ (29)

M=
i Mo

1g=1

where Q and K are the number of Monte Carlo trials and the
total number of coherent signals, respectively. 6, , means the
qth estimate of the real angle ) . Unless other stated, we
assume that the mutual coupling constant is ¢, = 0.12 and
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FiGure 3: CRB comparison of different arrays.

the maximum spacing of sensor pairs is B = 100. For each
Figure, 1000 Monte Carlo simulations were run to estimate
the Root Mean Square Error (RMSE).

First, we compare the CRB of different arrays in Figure 3.
The result shows that the CRB of the coprime array is very
close to the CRB of the proposed array, but the CRB of the
proposed array is the smallest among all arrays, which in-
dicates that its performance is optimal.

Figure 4 depicts the spatial spectrum of the SBL method
with the proposed array. The signal-to-noise ratio (SNR) is
10dB and the snapshot is J = 200. There are many spectral
peaks in the estimation result, but the peak of the incident
signal is the highest, which is 40dB higher than other
spectral peaks. It shows that the estimation result of this
method is accurate enough to be used for the coherent signal
estimation when there is mutual coupling between array
sensors.

The proposed array is also compared with other arrays
with different SNRs in Figure 5. The SNR varies from -5 dB
to 20dB and the number of snapshots is J = 200. All five
kinds of arrays can accurately estimate the incident angle of
the relevant signals. Due to the influence of mutual coupling,
the angle estimation of the CA and ULA decreases greatly,
and their RMSE value is larger than the proposed array.
Because the influence of mutual coupling leakage is less than
that of other arrays, the proposed array can better estimate
the DOA of coherent signals.

Figure 6 shows the performance of different arrays with
snapshots changing, the coherent signal is consistent with
the previous simulation and the SNR is 5 dB. The snapshot
varies from 10 to 600. When the snapshot is less than 100, all
five arrays cannot work well and the performance is not good
enough. However, the RMSE of all the arrays reduces with
the snapshot increasing. When the snapshot is larger than
100, the curve of RMSE of the CA and ULA is almost a
straight line, because the impact of the mutual coupling
leakage at this time is greater than the performance
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FIGURE 4: The spatial spectrum for DOA estimation.
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FiGUure 5: The DOA estimation performance with different SNRs.

improvement brought about by the increase of snapshots.
On the other hand, the performance of the proposed array
and NA is better than the other three arrays, and the pro-
posed array has the best performance because the mutual
coupling leakage of the proposed array is the smallest among
these arrays.

Finally, we compared the SBL algorithm with two other
compressed sensing algorithms including the IAA [20] and
the OMP [21]. In Figure 7, the SNR changes from —5dB to
20dB and the snapshot is 200. The other simulation con-
ditions were the same as before. At low SNR, the SBL has the
same performance as IAA and OMP, but when the SNR
increases, the performance of OMP hardly improves, and the
performance of IAA is better than OMP. The curve of SBL is
smoother than the other two algorithms, which means that

7
Py
1)
=
~
4
0 100 200 300 400 500 600
SNR (dB)
—— CA —— NA
—— ULA —e— Proposed
ECA —— CRB

FIGURe 6: The DOA estimation performance with different
snapshots.

10"

10° |

RMSE (°)

—e— SBL OMP
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FiGgure 7: Comparison of RMSE of different algorithms with SNR.

in this case, its performance is more stable than other
algorithms.

7. Conclusions

In this paper, the mutual coupling optimization array with a
given number of sensors under the condition of the finite
aperture is studied. Compared with the sparse arrays in-
cluding CA, NA, and ECA, the mutual coupling leakage of
the proposed array is smaller. When there is mutual cou-
pling between array sensors, we apply the SBL to DOA
estimation of coherent signals and compare its performance
with other compressed sensing methods including IAA and
OMP. Finally, various simulations are carried out to prove



the superior performance of the proposed array for esti-
mating coherent signals in the condition of mutual coupling.
In fact, this paper mainly focuses on the coherent signal
estimation problem of the sparse array in the 1D-DOA case.
By using the previous related research, this result can be
extended to an L-shaped array to realize DOA estimation of
coherent signal in the 2D-DOA case. Reference [31].
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Direct position determination (DPD) of noncircular (NC) sources for multiple nested arrays (NA) is researched in this study. For
noncircular sources, the dimension reduction method is used to decrease the computing complexity and remove the noncircular
phase. Furthermore, nested array and noncircular sources extend spatial degree of freedom. Due to inferior stability and noise
susceptibility of original algorithm, we propose SNR weighted subspace data fusion (W-SDF) algorithm. Each observation station
places a nested array, spatial smoothing technology, and sum and difference co-array are used to deal with the nested array.
Simulation results show that under nested array and noncircular sources, the proposed W-SDF algorithm has decreased the
complexity of the algorithm and improved the location accuracy, degree of freedom, and resolution.

1. Introduction

In modern wireless location system, the focus of research is
fast and accurate signal location [1]. The traditional posi-
tioning technology system is mostly a two-step estimation
mode such as the correlation measurement, time difference
of arrival (TDOA), frequency difference of arrival (FDOA),
and energy gain. Therefore, location information is extracted
from the signal data radiated by the target [2]. Then, the
position parameters of the target are obtained from the
above observations. The two-step positioning method has
the characteristics of decentralization and does not need to
transmit all signal data to the same central station for
processing [3]. Therefore, it has low requirements for
communication transmission bandwidth and calculation,
which is convenient for engineering implementation [4].
From the positioning principle, the two-step positioning
method is difficult to obtain the asymptotically optimal
estimation accuracy, because it has experienced many
processing links [5]. In addition, the two-step positioning is
easy to lose the correlation of multiple stations, and the lost

information is difficult to make up in the second-step po-
sitioning link [6]. In order to avoid the above problems, the
direct position determination method is proposed. The core
idea is to directly obtain the position information of the
target from the original sampling signal without estimating
the intermediate observation value. This principle avoids the
problem of data association [7-10]. Therefore, direct posi-
tioning method has higher estimation accuracy and reso-
lution [11-14].

Nowadays, there have been few reports about sparse
array for direct determination position. In 2010, professor
P. Pal proposed the nested array structure [15]. The nested
array can greatly increase the degree of freedom of the array
than the uniform linear array (ULA) [16-21]. In 2011,
professor P. Pal proposed the coprime array structure, which
is basically the same as the nested array structure. The
obtained array degree of freedom is less than the nested
array, but more sparse than the nested array [22]. ]. Galy
used the noncircular features of sources to increase the
performance of DOA estimation. J. Galy proposed the
MUSIC algorithm for noncircular sources, which pioneered
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the application of noncircular sources in spatial spectrum
estimation [23]. Yin applied the noncircular features of
sources to direct positioning field with a moving array. The
noncircular signal improves spatial degree of freedom and
increases the positioning accuracy [24]. Zhang et al. applied
the noncircular characteristics of sources to direct posi-
tioning with a moving coprime array [25]. At present,
noncircular signal is rarely applied in direct positioning with
multiple nested arrays [26-29]. Therefore, it is very im-
portant to study the noncircular sources for direct posi-
tioning with multiple nested arrays.

In this study, we use the noncircular sources charac-
teristic to expand the spatial degree of freedom. The di-
mension method is used to decrease the computing
complexity. In this study, the nested array is introduced into
direct positioning. Therefore, array aperture is extended and
the spatial smoothing method is adopted. Because the tra-
ditional SDF method is easily affected by noise and has
inferior stability, the weighted SDF method is proposed [8].
Therefore, we can obtain high positioning accuracy.

The main contributions are as follows:

(1) We apply noncircular sources and the dimensionality
reduction method to the direct location with non-
circular sources to reduce the computational com-
plexity and remove the phase of noncircular sources.

(2) We place a nested array on each observation station
and use spatial smoothing technology and sum and
difference co-array to deal with the nested array to
expand the array aperture.

(3) We assign a weight to each station to improve the
positioning accuracy because the SDF algorithm is
vulnerable to noise and poor stability. Therefore,
SNR weighted SDF loss function is set up.

The composition is as below. In Section 2, we expound
on a direct position determination model, a common two-
level nested array, and some notions about noncircular
sources. In the next section, we depict spatial smoothing
technology and SNR weighted SDF algorithm. In Section 4,
we analyze the performance about the W-SDF algorithm and
expound on its advantages from degree of freedom, com-
puting complexity, and positioning accuracy. In Section 5,
we emulate the weighted SDF algorithm and compare the
performance of proposed algorithm with that of other al-
gorithms. The last section summarizes this study.

Notations. (¢)¥, (¢), and (e)* mean conjugate transpose,
transpose, and conjugate. The symbol ® and vec(e) mean
the Kronecker product and matrix vectorization. I, means
an n X n unit matrix and E(e) means the mathematical
expectation.

2. Preliminaries

In this section, we expound on a common two-level nested
array and some notions about noncircular sources. Then, we
describe multiple nested arrays combination direct posi-
tioning model.

Mathematical Problems in Engineering

2.1. Two-Level Nested Array Model. In Figure 1, the ordinary
two-level nested array has H = 6 array elements, the dense
uniform linear array (ULA) has M = 3 array elements, and
the sparse array has N = 3 array elements. Uniform linear
array element interval is d;, = d, and sparse linear array
element interval is d, = 4d, where d = 1/2, and A expresses
as signal wavelength. Figure 2 shows the positive sum co-
array (a), the negative sum co-array (b), and difference co-
array (c). Successive fictitious elements are placing from
—11d to 11d.

2.2. Direct Position Determination Model. Direct position
determination scenario is shown in Figure 3. Q independent
narrow-band noncircular sources are in far-field X-Y plane.
Multiple sources are p, =[x, yq]T (g=1,2,...Q). Lnested
arrays with H = M + N array elements are placing at L
stations w; = [x,;, y1° (I=1,2,...,L).

The output signal of the Ith(l = 1,2,...,L) array at the
kth(k =1,2,3...K) sampling snapshot time can be indi-
cated as follows [9]:

Q
1 (k) = ) a(p,) fiy (k) + my (K), (1)

q=1

where f lq (k) means the source waveform, n; (k) means the
noise vector for the Ith station, and a, (pq) means the ori-
entation vector. This is all depending on the arrival direction
orientation of the signal 6, (py) [9]:

Gl(pq) = arctanyul @-p, o

(2)
al(Pq) _ |:1, e j2ndsing, (pq)’ e j2m (H-1)dsin6, (pq) T.
Equation (1) can be indicated as follows [9]:
r; (k) = A; (p)f; (k) + m; (k), (3)
where
A(p) = [az (P1)a(p2)s -- "al(PQ)]’
£,00) = [f12 (0, f12 (K)o, fFro®)] "

p=[pl.p} 00
ny (k) = [y, (K myy (K)o ompgy (R)]

2.3. Noncircular Sources Model. The sources studied in this
study are noncircular sources. Reference [29] shows that any
digital modulated signal f(t) in the complex plane ex-
pression is obtained as follows:

f(t):aej(”(\/l;kfl (t)+]'\1;ka(f)), (5)

where ¢ is rotation phase, k(0 <k <1) controls signal am-
plitude, signal power E{If(t)zl} =07, f,(t) and fq(t) are
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FIGURE 3: Multiple arrays combination positioning scene.

unit codirectional component and unit orthogonal com-
ponent, satisfying E{If1 (t)IZ} =1, E{lfQ(t)lz} =1, and
E{f1 (t)fQ(t)} =0. When k=0, the sources are called

circular sources; when k#0, the sources are called non-
circular sources.

In order to measure the degree of noncircular for
sources, literature [26-28] give the definition of noncircular
sources:

E[f,(f]" (k)] = pe’ E[f, (l)f] (K)], (6)

where ¢ denotes the noncircular phase, and p denotes the
noncircular rate of the value in 0-1. In particular, when
p = 1, the signal was called strictly noncircular sources.

According to reference [27], noncircular sources can be
indicated as follows:

£(t) = f° (1), (7)

where

3. The Proposed W-SDF Algorithm

In this section, we elaborate steps of weighted SDF algo-
rithm, the process of spatial smoothing technology, and SNR
weighting process.

3.1. Covariance Vectorization Signal. On the basis of the
features of noncircular sources, we make use of dimension
reduction method to decrease computational complexity
and remove noncircular phase. We combine the SDF al-
gorithm for direct position determination to obtain spectral
peak search function.

We use features of noncircular sources to expand the
received signal vector as follows [9]:

. [rl(k)] _ [ A, (p)f; (k) ] . [ n, (k)
| (] LA &) ] Lo k)

It can be obtained from equation (7):

£ (k) = ®°£” (k) = ®" @ 'f, (k) = (®")’f, (k). (12)

]. (11)

Then, equation (11) can be indicated as follows:
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A k
SCHN /P) ] (9 ]
A; (p)o @ n; (k)
(13)
- C/(p)f <k>+["’(k)]
=GP nz* () >
where
o _ A;(p) B
% C;(p) = [A,(p)d)*d)* ] = [a (@) (p2): - (o))
(14)
where
a,(p)
Cl(pq) = [al(p)ejz"’q ] (15)
The covariance matrix is as follows:
1 K
R == > 2,07 (k)
k=1
(16)

™

I
—_

Glz)qcl(pq)clH(pq) +o,L,

where 07 , means the power of the gth radiate source and o>
means noise power. For making use of features of nested
array, we make the covariance matrix vector as follows [28]:

z; = vec(R))
- H 25
= vec Z al)qcl(pq)cl (pq) +0,1 (17)
=H(p)u+ L,
where y is the signal power vector and

H,(p) = [cl* (P @ (pi) ¢ (P)®c(py), - ’CI*(PQ)

®¢(po)]:
1= vec(Iy),
(18)
where

. ~ [ alp,) ] a(p,) ]

[Cl (Pq) ®cl(pq)] - o (pq)equ;q ] ® la; (pq)eﬂ(ﬂq ]
*a;(pq)%al(pql Pl (19

_ &l (pq) ®al (pq)e] b 2
al(Pq) ®al(Pq)e_j2¢q ps ’
al(Pq) ®a/ (Pq) Pa-

where  p; =a; (p))®a;(p,), p, =2/ (p,)®a (pq)ejz"’q,
pP; =4 (pq)®al(pq)e‘]2‘/’q, and p, =a,(p))®a (p,). In
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Figure 4, the successive array elements of difference co-array
are in range of [-(M,;-1)d,(M,-1)d], where
M, =MN + N, M = 4,N = 4. DIFFI and DIFF II represent
difference co-array. The successive array elements of sum co-
array are in range of [-(M, —1)d,0] and [0, (M, — 1)d],
where M, = MN + M + N. SUM I and SUM II represent
sum co-array.

After the elements are sorted and duplicated according
to the phase, the two vectors can be regarded as a direction
vector of continuous difference co-array DCA:

iy (Pq) _ o~ J2nUdsinG; (pq)//\’ (20)

where U; = (-R,R;), Ry, = MN + N - 1.
The equivalent received signal of DCA can be obtained as
follows:

b, = Hyy + oju, (1)

where H; = [¢;(p)) ¢;(py) .. ¢;(pg)] is direction ma-
trix of DCA. y is equivalent incident signal vector. u is vector
with only the middle R, + 1 elements of 1 and other elements
of u are 0.

The elements are sorted and removed according to
phase. After repetition, the direction vectors can be indicated
as follows, respectively:

- — j2nU; dsiné, /A j2
CS (pq) =e ! < I(Pq) e] (Pq)

(22)
C:(Pq) = j2nU ydsing, (pq)/le— ]2%’
where U] = (-R3,R,>, R, =0,and R; = MN + M + N - L.
The equivalent received sources of SCA I and the
equivalent received sources of SCA II can be obtained as
follows:

b, =Hy,

(23)
b =Hy,
where H; = [¢;(p)) ¢, (p,) ... ¢;(Pg)] is directional
matrix of SCA T'and H{ = [ ¢ (p;) ¢ (p,) ... ¢l (pg) ] is
directional matrix of SCA II.

3.2. Spatial Smoothing Technology. Different from the tra-
ditional spatial smoothing of the full array, this section
carries out the strategy of backward spatial smoothing for
the continuous difference co-array DCA and the negative
and positive semiaxis continuous sum co-array SCA I and
SCA 1I respectively.

In Figure 4, for successive difference co-array DCA, we
divide DCA into R, + 1 equivalent subarrays, which has R, +
1 elements each. The corresponding received signal can be
indicated as follows [9]:

bdi = ﬁd‘{IF IY + O-flﬁi’ (24)
where b;; means ith(i = 1,2,..., R, + 1) subarray, i; means

the vector that the ith element value is 1, a~nd the other
element values are all 0 [9]. H,=[¢;(py)
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FIGURE 4: Array graph of sum and difference co-array.

€ (p2)s--->€4(py)] means the orientation matrix of SS-
DCA, and its gth orientation vector can be indicated as
follows [9]:

T
Ed(pq) _ [1’ e jmsing, (pq)’ e*jZnsin@, (pq)) N )e—lensinel (pq)] X

(25)

- diag{ejrrsinﬂl (pl)) ejrrsinel (pz), o ,ejﬂsinel (pQ)}'

(26)

The received sources of R, + 1 subarrays are connected
together, and equation (26) shows received sources matrix
after spatial smoothing B, € CRitDx(Ri+1)

B, = [bdl’bdz’ - ’bd(R1+1)]

= H, [Y, Yy, ..., ‘I’Rly] + cffLIR1+1 (27)

T o 2
= Hds + GnIR1+1’

where S = [y, ¥y, ..., ¥Ry], and B; means the received
sources of the first smooth subarray SS-DCA. Element lo-
cation range of SS-DCA is {0, R, ).

The received sources matrix of SS-SCA I and the received
sources matrix of SS-SCA II are indicated as follows:

B = [bibo b (| = S,
(31)

B’ = [b;,b;, . ,b:(RIH)] _{'S,

s

The received signal consists of B, B;, BY, as shown in the
following equation:

B, i, O (R,-R, +1)x(R,+1)
E = Bd = ﬁd § + UflIR1+1 = ﬁg + U,
+ —
B, H; O(R3—R1+1)><(R1+1)

(32)

For successive sum co-array, they are divided into R; + 1
subarray. The number of elements of each subarray is
R; — R, — Ry + 1. After divided, the ith(i=1,2,...,R; +1)
received sources of the SCA I and received sources of SCA II
are as follows [9]:

Y

St

bi:

T A

Caps

i !
+ i-1 (28)
bsi v Y>

where ﬁ:’ = [ (P, & (P2)s - -5 € (PY)s the array elements
location range of SS-SCA I is {(—(R; —R;),0), and the
corresponding gth orientation vector can be indicated as

follows:

T
C?(Pq) _ [ej(R3—R,)nsin9, (pq)ejZ(pq’ e (pq)ejl(pq)ejl(pq

(29)

where ﬁj’ = [CE (py) c} P2)s---s c? (pq)], the array elements

location range of SS-SCA II is {(R,,R;), and the corre-
sponding gth orientation vector can be indicated as follows:

C:(Pq) _ [e—]Rlnsm@l (Pq)e*ﬂq)q’ef] (R,+1)msin 6; (Pq)e*ﬂq)q) o ’ef]Rg,nsmOl (pq)e—]zq)q] - (30)

where H = [5(P1) <(py) - E(pq)] is direction matrix of
SDCA, and SDCA denotes fictitious array after spatial
smoothing and corresponding gth orientation vector can be
indicated as follows:

c(p)=|¢ | (33)

As shown in Figure 5, a longer fictitious array is set up.
There are 28 array elements after spatial smoothing, where
M=4,N =4



-23d

Combination

-4d

Mathematical Problems in Engineering

SS-DCA
0000000000000000000
19d
SS-SCA 11

______ 1

0
Co-array .QQ...O..OOO0.0....:O....|

FIGURE 5: Nested array framework graph after spatial smoothing.

Firstly, the estimated value of the covariance matrix of
the smoothed SDCA received signal is calculated as

23d
SDCA 0000000000000000000000000000
23d
f (p>9) !
NC-s DF \P> ¢) = arg max - — .
YL €0 9) ) (B))"(p, p)

follows:

1 oo
Ry, = YY
R, +1

(34)

The noise subspace E can be obtained by eigenvalue
decomposition Ry. (Ej) E(pq) =0, so cost function of
noncircular sources is as follows:

[ o (Rs=Ry)msing, (pq)equ)q ]

ejn sin 6, (pq)
/2%

1

e jmsin 6, (Pq)

E(Pq’ ‘Pq) = . =

e jR msin 6, (pq)

e jRsmsin 6, (pq) e 729,

= 0(p,)4(¢,).

Finally, ~we can _ obtain separation matrix
d(o,) = f,ejz"’q 1 e /] . We set up e=[010]" to
decrease searching dimension. So, it can eliminate noncir-
cular phase. ® (p,) is another separation matrix.

Therefore, we can set up the cost function of RD-SDF
algorithm as follows:

[ E‘j (Rs=R,)7sin 6, (pq)

ejn sin 6, (pq)

(35)

This study makes use of dimension reduction method to
decrease the computational complexity and eliminate the
noncircular phase. The gth direction is shown in the fol-
lowing equation:

1

j2
e jmsin 6, (pq) e/

e 1294 (36)
e jR msin 6, (pq)
e jRymsin 6, (pq)

o (Ri+1)msing, (p,)

o~ JRomsind; (p,)

L
S ro-spr (P) = arg max Z eH(G)H (P)E; (E;l)H@ (P))_le (37)

I=1

Because SDF only makes use of noise subspace, it is
sensitive to external factors, such as few snapshots or low
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signal-to-noise ratio. Therefore, we assign a weight to each
observation station to improve positioning accuracy and set
up the following cost function:

L —
Fw-s pr (p) = argmax Y wie (@ (PE} (B0 (p)) e,
1=1

(38)

where w; means the weight of the /th station.

3.3. The Proposed SNR Weighted SDF. In view of the energy
allocation principle on account of the water injection theory,
the routes with good quality are distributed more power and
the routes with poor quality are distributed less power.
According to this principle, we can acquire the maximum
route capacity. Due to inferior stability and noise suscep-
tibility of ordinary algorithm, we propose SNR weighted
method. For the sake of cutting down the total error, we
devise a weight that increases as the error decreases.

Assuming that the noise is irrelevant and the sources and
noise are mutually independent. Therefore, the covariance
matrix can be reconstructed, and covariance matrix can be
indicated as follows:

1 &L H

R, = % Z < glz,qwqbl (b (p) + oLy | (39)
k=1 \ g=1

where I/, is unit matrix of V' x V, where V.= MN + N. The

power of different emitter sources in the same array or

different arrays in the same emitter source is decided by the
sources power W, and unknown parameters g .

Received sources covariance matrix are separated into
two sections [8]:

R =R, +R, = A (p)diag([W,..... W] )AT (p) ()

2
+ anIVXV'
Therefore, the eigenvalue can be indicated as follows [8]:

2 2 :
o, +o., 1<i<Q,
Al,i = ;/l g (41)
O Q+1<igV,
where U;, 1<i<Q are Q eigenvalues of R, and we use them
represent the power of the received sources. According to
equation (41), the estimated noise power can be obtained for

the Ith observation station as follows:

1 \4

~2

=— Y A (42)
TV-QuG,

According to (42), we can get the power of the [th station
as below

Q
W, = Z (/\l,i - a'le)' (43)

The received signal with large signal-to-noise ratio will
engender smaller position error. So, we should distribute larger
weight to the location. The cost function is set up as follows:

L
fow-spr (P) = argmax ). gleH(GH (p)al’ (D)E] (E)" (p)a;© (p)'e). (44)

=1 Tl

Through searching the Q minimum values of equation
(44), we can get the estimated location.

3.4. The Steps of the W-SDF Algorithm. We make a list of the
following 5 steps about W-SDF algorithm. Figure 6 shows
the flowchart of the algorithm.

Step 1. Establish a direct positioning scene model.

Step 2. For the nested array, we use the spatial
smoothing method and the sum difference array
method to get a larger array aperture.

Step 3. Calculate the covariance matrix and get the
noise subspace.

Step 4. Generate the weighting coefficient w; and use
the dimension reduction method to set up the loss

function fgy_spr (P)-

Step 5. Obtain the value of spectral peak through
spectral peak search, which is the corresponding co-
ordinate (?cq,j‘/q).

4. Performance Analysis

In this section, the available DOF and the complexities of the
W-SDF, SDF, Capon, and W-Capon algorithms are ana-
lyzed. Finally, we elaborate the advantages of W-SDF
algorithm.

4.1. Achievable DOFs. We define that M means the number
of dense uniform subarray, N means the number of sparse
subarray, and H means the whole number of array elements.
After spatial smoothing, the DOF of W-SDF algorithm is
MN +2M + N. DOF of proposed algorithm for circular
sources with uniform linear subarray is H, DOF of proposed
algorithm for noncircular sources with uniform linear sub-
array is 2H, and DOF for circular sources with nested array is
MN + N. It is obviously that the DOF has increased a lot.

4.2. Complexity Analysis. We define that H means numbers
of array element, Q means numbers of source, L means
numbers of observation station, and K means numbers of
snapshots. The X orientation is separated into L, equivalent
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FIGURE 6: Algorithm flowchart.

portions, and Y orientation is separated into L, equivalent
portions [10]. Noncircular phase is separated into L
equivalent portions. The computer configuration is Intel(R)
Core i7-10700F, and CPU frequency is 2.90 GHz.

The computing complexity for DPD mainly includes
four portions: the complexity of covariance matrix is
O(4H?LK), the computing complexity of covariance after
spatial smoothing is O[F*VL], where F = MN + M + 2N,
V = MN + N. The eigenvalue decomposition of the co-
variance matrix is O [F?L], and the computing complexity of
spatial spectral peak searching value after SNR weighting is
O[LL,L, (3F? +9F + F>(F - Q) + 39]. Table 1 lists the
computing complexity of the W-SDF, SDF, Capon, and
W-Capon algorithms and running time of these algorithms.

The W-SDF algorithm of computational complexity
without dimension reduction is O[4M?LK + F*VL+
F’L+LL,L,L,(F*+F +F*(F-Q))].

The W-SDF algorithm of computational complexity with
dimension  reduction is O[4M?LK + F*VL + F°L+
LL,L,(3F*+ 9F + F*(F - Q) + 39)].

It is obviously that the computational complexity is
lessened after dimension reduction.

It can be seen from Figure 7 that W-SDF has the same
computational complexity as the SDF algorithm and W-Capon
has the same complexity as the Capon algorithm. W-SDF has
lower computational complexity compared with W-Capon and
Capon algorithm.

4.3. Advantages. We expound on the advantages about the
proposed method from degree of freedom, computing
complexity, and positioning accuracy.

(1) The proposed method makes use of noncircular
sources and nested array features to expand aperture.
The degree of freedom has been greatly improved.

(2) We make use of dimension reduction method to
decrease computational complexity of algorithms for
noncircular sources. The computing complexity is
obviously lessened.

(3) We integrate the weighting method into SDF and
obtain high accuracy. We make use of noncircular
sources and nested arrays and get higher positioning
accuracy.

5. Simulation Results

In this section, we emulate the proposed method and get the
pattern of spatial spectrum and scatter diagram. We emulate
the RMSE results of the proposed method under different
parameters.

5.1. Estimated Results Concerning Proposed Method.
Multiple nested arrays are located at multiple targets
P, = [300m,300m], P, = [500m,500m], and P;=
[800711, 800]. The noncircular phase is (71/6, /4, /3). The
observation stations are U; = [-2000m, -100m], U, = [-
1000/, —100m], Uy = [0m, —100m], U, = [1000rm, —100m],
and U; = [2000m1, —100m]. Figure 8 shows pattern of spatial
spectrum and Figure 9 shows scatter diagram of three
targets. The real location and estimated location are shown
in Figure 8. The proposed W-SDF algorithm can locate three
source targets accurately.

The location estimation performance is analyzed through
computing Monte Carlo (MC) simulation times. The root
mean squares error (RMSE) can be indicated as follows [9]:

lQ
RMSE_GZ

1 M 2 2
=%y)" +(Pgumc = 7q) ]

q=1 me=1
(45)

where MC means the number of Monte Carlo experiment
times, Q means the number of targets, (x,, y,) means the
true location of the gth target source, and (X, Vgmc)
means the estimated position for the gth target in the mcth
experiment. We set Monte Carlo simulation times as 500.

5.2. Performance of W-SDF and SDF Algorithms under Dif-
ferent  Sources and  Arrays. Multiple targets are
P, = [300m, 300m], P, = [500m, 500m], and
P, = [800sm, 800m]. The number of snapshots is 300. The
number of nested array element is (M, N) = (3, 3). Figure 10
shows the performance of SDF algorithm and W-SDF al-
gorithm under noncircular sources with different arrays.
Figure 10 also shows that the performance of SDF algorithm
and W-SDF algorithm for different sources under uniform
linear array. The performance of weighted SDF algorithm is
superior to SDF algorithm. The performance of SDF and
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TaBLE 1: Computing complexity and working time.

Different algorithms

Computing complexity

Working time (s)

SDF O4M’LK + F'VL + F’L+ LL,L, (3F* + 9F + F* (F - Q) + 39)] 145.378111
W-SDF OM4M’LK + FPVL+ F’L+ LL,L, (3F* + 9F + F* (F - Q) + 39)] 146.294961
Capon O[4M’LK + F*'VL + LL L, (3F* + 9F + F* + 39)] 1360.93077
W-Capon O[4M’LK + F’VL + LL L, (3F* + 9F + F* + 39)] 1369.73693
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Figure 7: Computational complexity of different algorithms.
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W-SDF algorithms for noncircular sources is superior to that
of circular sources. The performance of SDF and W-SDF
algorithms for nested array is superior to that of uniform
linear array.

5.3. Performance of Different Algorithms for Noncircular
Sources. The number of snapshots is 300. Multiple targets
are P, = [300m, 300m], P, = [500m, 500m], and
P, = [800m, 800rn]. The number of nested array element is

X (m)

+ Real position

o Estimated position

FIGURE 9: Scatter diagram of three targets.
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FIGURe 10: W-SDF and SDF algorithms for different arrays and
sources.

(M,N) = (3,3). Figure 11 shows the performance of
W-SDF, SDF, W-Capon, Capon, and W-PM and PM al-
gorithms under nested arrays and noncircular sources.
Under noncircular sources and nested array, the perfor-
mance of the W-SDF algorithm is superior to W-Capon and
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F1Gure 11: Different algorithms comparison for noncircular sources.
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Figure 12: W-SDF and SDF algorithms for different element
numbers.

W-PM algorithms. The performance of W-SDF algorithm is
superior to SDF, Capon, and PM algorithm.

5.4. Performance of W-SDF and SDF Algorithms with Incre-
ment of Array Element Numbers. Multiple targets are
P, = [300m, 300m], P, = [500m, 500m], and
P, = [800m, 800m]. The number of snapshots is 300. Fig-
ure 12 shows the performance of W-SDF and SDF under
nested array (M,N) = (5,5), (6,6), (10,10). With the
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FiGure 13: W-SDF and SDF algorithms with different snapshot
numbers.
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FIGURE 14: Resolution about W-SDF and SDF algorithms.

number of array elements increment, the performance of SDF
and W-SDF for nested array and noncircular sources is better.

5.5. Performance of W-SDF and SDF Algorithms with Different
Snapshot Numbers. Figure 13 shows the performance of
SDF and W-SDF algorithms under different number of
snapshots. Multiple targets are P, = [300m,300m],
P, = [500m, 500m], and P; = [800rm, 800m]. The SNR is set
as 15dB. The nested array element number is
(M, N) = (3, 3). With the increment of snapshot number, it
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is clearly to see that the performance for nested arrays and
noncircular sources is better.

5.6. Resolution about Source Spacing with Different Arrays.
Figure 14 shows resolution about the distance between two
sources. SNR is set as 5dB. Positions are set as
p: = [300m,300m] and p, = [Adm,300m], where Ad
changes from 10m to 180 m. It can be seen that the reso-
lution of weighted SDF algorithm is better than that of SDF
algorithm with noncircular sources, and the resolution of
algorithm under nested array is better than that under
uniform array.

6. Conclusion

This article studies SNR weighted SDF algorithm on account
of noncircular sources and nested arrays for direct position
determination. For noncircular sources, the dimension re-
duction method is used to decrease the computing com-
plexity and remove the noncircular phase. For SDF
algorithm vulnerable to noise and inferior stability, we use
SNR weighted SDF algorithm to improve location accuracy.
For the aperture limited, we introduce nested arrays to
expand array aperture. We use spatial smoothing technology
and use sum and difference co-array to deal with the nested
array. Simulation results show that the proposed method
decreases the complexity of the algorithm and improves the
location accuracy, degree of freedom, and resolution. In the
future, we can study an optimal station position. Three-level
nested arrays and other sparse arrays for the direct posi-
tioning are also needed researched in the future.
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In this paper, we investigate the direction of arrival (DOA) estimation problem with unfolded coprime linear array (UCLA) and
propose a low computational complexity signal-subspace fitting (SF) algorithm. SF algorithm is able to achieve excellent DOA
estimation performance while it requires global angular search (GAS). Especially in the several source signals situation, expensive
complexity cost causes. To decrease computational complexity, we propose an initialized based SF (ISF) algorithm, which involves
the several one dimensional (1D) partial angular search (PAS) instead of the multidimensional GAS. Consequently, the complexity
is significantly decreased. Due to the full utilization of the array aperture, the proposed method in UCLA can attain better
performance than general CLA (GCLA). In addition, as the SF is attractive in practical application, the proposed ISF algorithm
lowers the computational cost, while achieving almost approximate estimation performance as traditional SF and noise subspace
fitting (NF). Moreover, numerical simulations are provided and verify the effectiveness and the superiority of the proposed

algorithm for the UCLA.

1. Introduction

Direction of arrival (DOA) estimation is one of the fun-
damental issues for the array signal processing scenery and
has been applied in engineering fields, including sonar,
radar, navigation, and wireless communications [1-6]. In
the past decades, many subspace based algorithms have
been proposed [7-10], like multiple signals classification
(MUSIC) based algorithms [7-10], and estimation of signal
parameters via rotational invariance techniques (ESPRIT)
[11-13]. These are subspace based algorithms. The prop-
agator method (PM) [14, 15] can reduce the computational
complexity by employing a linear partition operation in-
stead of eigenvalue decomposition (EVD). These algo-
rithms were initially designed for uniform array [16-19].
Nevertheless, for the conventional uniform arrays, the
interelement spacing is required to be no larger than half-
wavelength. As a result, the phase ambiguity problem can
be avoided [20].

Over these years, coprime array [21] attracts much at-
tention. It can effectively increase the degrees of freedom
(DOFs) [22, 23], relieve the mutual coupling (MC) effects
[16, 24], and improve the angle estimation performance.
Because of these advantages, the coprime array is widely
used in wireless communication systems and radar location
[25, 26]. Specifically, a general coprime linear array (GCLA)
incorporates two sparse uniform linear subarrays with M
and N sensors, where M and N are coprime integers. And,
the interelement spacing of these two subarrays are (NA/2)
and (MA/2), respectively. And, A means the wavelength. This
design concept breaks the conventional half-wavelength and
can achieve the higher angle resolution compared with the
classic uniform array in the same conditions.

In these years, various algorithms have been proposed
for DOA estimation with GCLA. Zhou proposed a total
spectral search (TSS) algorithm in [27]. By combining the
DOA estimates of two subarrays to attain the final DOA
estimates. This algorithm results in significantly
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computational complexity because of the global angular
search (GAS). A partial spectral searching algorithm [28],
which investigates the linear relationship to obtain all es-
timates, was proposed. Moreover, it transforms the GAS into
partial sector one. These algorithms treat the array sepa-
rately, so they only employ the auto-information of two
subarrays. An efficient method which can resolve the am-
biguity in DOA estimation was proposed in [29]. The
method offers good generalization and robustness in re-
solving the ambiguity problem. It achieves full degrees of
freedom (DOF) with reduced complexity. An ambiguity-free
algorithm via utilizing the total matrix information, such as
auto-covariance information and mutual covariance infor-
mation, was proposed in [30]. However, it involves high
computational complexity. Along with pursuing the high
resolution and DOA estimation performance, the compu-
tational complexity is also a challenging but promising task
[31, 32].

It is known that subspace fitting techniques [33, 34] are
popular in array signal processing [35, 36]. Compared with
maximum likelihood [37], signal subspace fitting (SF) and
noise subspace fitting (NF) [33] algorithms obtain the
similar angle estimation performance [37], while these al-
gorithms involve high computational complexity due to the
GAS, especially in the multiple signals situation. A successive
scheme of SF has proposed in [38], which incorporates the
coprime linear array and SF to decrease the complexity. To
further expand the array aperture, we link the SF into un-
folded coprime linear array (UCLA), which enlarges the
array aperture and we transform the multidimensional
searching into several one dimensional (1D) searching.
Moreover, we replace the GAS by partial angular search
(PAS). Specifically, by PM, we can attain the initial DOAs of
two subarrays. And, we recover all estimates and obtain the
unique initial DOA estimates according to coprime prop-
erty. Then, we employ the initial estimates to reconstruct the
steering matrix and transform the multidimensional search
into several 1D one. Consequently, computational com-
plexity cost can be significantly decreased. Meanwhile, via
the initial estimates, we replace the GAS by PAS. The
proposed ISF can acquire better DOA estimation perfor-
mance with UCLA than that with GCLA due to the larger
array aperture. And, it acquires similar DOA estimation
performance compared with SF and NF, while ISF has the
lowest complexity. Moreover, Cramer-Rao Bound (CRB) is
presented as a theoretical lower bound [39]. Finally, the
effectiveness and superiority of the proposed ISF algorithm
for the UCLA is demonstrated by the numerical simulations.

Specifically, we summarize the main contributions of
this paper as follows:

(1) We integrate the UCLA with the subspace fitting
method which can obtain a larger array aperture
compared with GCLA. Simulations verify that the
proposed algorithm with UCLA can realize more
excellent estimation performance than GCLA.

(2) We propose an initialization based algorithm for
DOA estimation, which can effectively decrease the
complexity of the classic SF algorithm. By utilizing
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PM to initialize and obtain coarse estimation, and
operating fine searching among a small sector, so we
can achieve lower complexity.

(3) We demonstrate that the proposed algorithm can
achieve the approximately the same DOA estimation
performance as the classical SF and NF algorithms.
And, the proposed algorithm outperforms the classic
PM algorithm in DOA estimation performance.

The remaining parts of this paper are organized as
follows: in Section 2, we elaborate the UCLA geometry and
signal model. Subsequently, the proposed algorithm is in-
troduced in Section 3. Complexity analysis and advantages
are given in Section 4. Numerical simulations are provided
in Sections 5 and 6 conclude this paper.

Notations: we utilize lower-case (upper-case) bold
characters as vectors (matrices). And, we use (-)7 and ()" to
represent the transpose and the conjugate transpose, re-
spectively. © and ® represent the Khatri-Rao product and
Kronecker product, respectively. diag(-) denotes a diagonal
matrix which employs the elements of the matrix to be its
diagonal elements. E(-) represents statistical expectation.
min (-) is getting the minimum element. D,, (-) is a diagonal
matrix that the m-th row of the matrix is employed. angle (-)
and arctan(-) denote phase operator and the arctangent
function, respectively.

2. Signal Model

In this paper, we employ an unfolded coprime linear array
(UCLA) configuration which is able to further enlarge the
array aperture and promote DOA estimation performance.

An UCLA configuration incorporates two uniform
linear subarrays. One subarray has M sensors with
d, = (NA/2), where A represents the wavelength. The other
subarray is with N sensors and the interelement spacing is
denoted as d, = (MA/2). So the total number of the sensors
is denoted as Ty 4 = M + N — 1. Figure 1 is an example of
UCLA configuration where M =3 and N =4.

Assume that there are K uncorrelated far-field narrow-
band signals s, (t) impinging on the UCLA from distinct
angles where t € [1,L] and L represents the number of
snapshots. The angles are denoted as ® = [0,,0,,..., 0],
where 0, € [0,7/2], (k=1,2,...,K). Here, we assume the
number of sources K is known. The received signal of the
array can be denoted as follows:

x(£) = As(f) +n(t) = ["1 (t)]

Xy (1)

ko)
A, n, (t)
where A = [AT,Ag]T = [a(0,),a(0,),...,a(0y)] is the di-
rection matrix and the steering vector is defined by
a(6) = [a,(6)",a, (01", n(t) = [n, ()", m,(1)"1" is the
additive white Gaussian noise with zero mean and variance

02. And, the noise signal is independent of the signal re-
sources. And s(t) = [sl(t),sz(t),...,sK(t)]T denotes the
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FIGure 1: Structure of unfolded coprime linear array.

signal vector, where t = 1,2,..., L, L means the number of
snapshots. A; = [a, (0,),a,(6,),...,a,(0¢)] represents the
directional matrix and the corresponding steering vector
is denoted as a, (ek) — [ej(M— l)aninOk’ej(M— 2)Nrrsin0k’
.>11T(k=1,2,...,K). And, the directional matrix of
subarray 2 is denoted as A, = [a,(0,),a,(60,),...,a,(0k)]
and the corresponding steering vector is represented as
a, (ek) — [e—jMnsian, o E_j(N_ l)Mnsian]T'

Practically, the covariance matrix is approximately
computed with L snapshots [7].

L
R :(%) Y x(x (1), (2)
t=1

Then, perform eigenvalue decomposition [7].
R-0.00"+0,0,0", 3)

where D, and D,, are the diagonal matrices composed of the
largest K eigenvalues of R and the diagonal matrix con-
taining the remaining eigenvalues, respectively. And, U,
denotes the signal subspace which consists of the eigen-
vectors corresponding to the largest K eigenvalues. U,, is the
noise subspace including the rest eigenvectors.

In the noise-free case, we can get the following equation:

space{U,} = space{A}. (4)

It exists a full rank matrix T € C®® [7] to make (5)
hold.

U, = AT (5)

N

3. Proposed Method for DOA Estimation

3.1. Initialization Processing. In this subsection, we first
utilize subarray 1 to introduce the proposed algorithm. And
we can operate the subarray 2 by the similar method.

By partitioning the directional matrix A,, we can get A,;
and A,,, which contain the first K rows and (M — K) rows,
respectively.

For the subarray 1, we first partition the steering matrix

A, as follows:
A
A= [i]) (6)

where A;; € CX*K represents the matrix contains the first K
rows of A, and A,, € CM~ XK stands for the matrix with
the remaining (M — K) rows of A, respectively.

Assume that A|; is a full rank matrix, then we can obtain
A, by the following equation:

Ap =P A, (7)

where P, is the propagator method of the subarray 1. And
P, € CM- KK 114],
Then, we define the following equation:

where I, is a unit matrix of I, € CK*K,
So we have the following equation:

IxA A
PiA} = |:—1K 11] = [A—H] =A,. 9)
12

Then, we partition the matrix of P, and can get P, and

Py
P =
P1=[ 1”]=[ (], (10)
T Py,
Where P, and P, denote the first (M — 1) rows and last
(M - 1) rows of Py, respectively. And, &; and &, respec-

tively, represent the last row and the first row of P,.
Then, we partition A, by the following equation:

A z
wele s @
X A,
where A, and A, denote the first (M — 1) rows and last
(M - 1) rows of A,, respectively. X, represents the last row

and %; is the first row of A;.
Then, we can get the following equation:

el
PA, =% (A, =|=—=|A,
1411 [ I, n=p, |

sl R
A12 ZE Alb

According to (10), we have the following equation:

(12)




<[PMAH =4, (13)
PyA; = Ay
So it has the following equation:
P A A
la A11= la | _ la . (14)
Plb Alb Alaq)lr
Then, we have the following equation:
PP, =A;DLA), (15)

where Pt = (PP, )"'PH gives the pseudoinverse of P,
and @, is a diagonal matrix which is denoted as follows:

(DI — diag(ejnNsinBI ejnNsinGZ ejnNsinQK) € CKXK
r > PICIENE) .
We define the following equation:
‘Illr = P;’aplb' (16)

Because A, is a full rank matrix, so ¥, is the similar
transformation of ®;,.

As @, is a diagonal matrix of eigenvalues, ¥;, and @,
possess the same eigenvalues. As a result, operate eigen-
values decomposition of ¥,,, then we can obtain the di-
agonal elements J,;. And, we can get the initial DOA
estimates sin 6 |, (k =1,2,...,K) of subarray 1, which is
denoted as follows:

(61,k)’ (17)
(Nm)

g
sin 6 |, = angle

where angle(-) means angle function.

By the similar conduction, we process the subarray 2.

Separate the directional matrix A, into two parts and we
can get A,; and A,,, which contain the first K rows and
(N = K) rows, respectively.

The steering matrix of A, is separated as follows:

e
A2—|:A22]: (18)

where A,; € CK*K represents the matrix contains the first K
rows of A, and A,, € CN"K*K represents the matrix with
the remaining (N — K) rows of A,, respectively.

Assume that A, is a full rank matrix, then we can obtain
A,, by the following equation:

Ay =Py Ay, (19)
where P, is the propagator method of the subarray 1. And

P. ¢ C(N-K»xK
2c .
Then, we define the following equation:

where L, is a unit matrix of L, € C**¥,
Similar to equation 15 we have the following equation:

LA A
P,A,, = [ZK 21] = [21] = A,. (21)
P, Ay Ay

Then, we partition the matrix of P, and can get P,, and P,
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SN
P, =| 22| =|ZX] (22)
: [rzg Py,

where P,, and P,, denote the first (N — 1) rows and last

(N = 1) rows of P,, respectively. And, E,; and E,;, re-

spectively, represent the last row and the first row of P,.
Then, we partition A, by the following equation:

_ A2a _ E
S I

where A,, and A,, denote the first (N — 1) rows and last
(N — 1) rows of A,, respectively. X,; represents the last row
and X, is the first row of A,.

Then, we can get the following equation:

P g
P,A, = Z“]A =[‘]A ,
2821 [r£ S O

A, - [Azl] _ [AM] _ [Zi]
Ay X Ay,

According to (22), we have the following equation:

(24)

{PlaAll = Ay, (25)
PyA; =Ay
Then, we can get the following equation:
P A A
P2b A2b A2aq)2r
Then, we have the following equation:
P;aPZb = A21(D2rA;11) (27)

where Pi = (P P,,)” 'P gives the pseudo-inverse of P,,

and ®,, is a diagonal matrix which is denoted as follows:
(DZr — diag(e]nMsmGl , e]rtMsmGZ, o e]ﬂMsmGK) € CKXK'

We define the following equation:
¥, =P, P,, (28)

Because A, is a full rank matrix, so ¥,, is the similar
transformation of ®,,.

As @,, is a diagonal matrix of eigenvalues, ¥,, and @,,
possess the same eigenvalues. As a result, operate ei-
genvalues decomposition of W¥,,, then we can obtain the
diagonal elements §,,. And, we can get the initial DOA

estimates sin@z,k of subarray 2, which is denoted as
follows:

sinf, ; = angle(82)k)/ (Mn), (29)

where k =1,2,...,K and angle(-) is the angle function.

3.2. Ambiguity Elimination Based on Coprime Property.
In this part, according to the obtained angles, we first recover
all the estimates. Then, we eliminate the ambiguity problem
based on the coprime property.
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It is known that there exists 2k (k € Z) between the real
and ambiguous angles for the sinusoid function [28].

27d; sin 6\ [ sing, ,,, i (30)
A=2nd; J\A=2Q;n

where Q; € Z,d,=Nd, d,=Md, 0,,, means the am-

biguous angle of the subarray i. It has the following equation:

N

sin 0, B (&)

A —sin 0, ,, N/
—

sin 0, B (&)

A —sin 0,,, M)

According to the variation range of 0, it is indicated that
Q e[-(N-1,N-1)] and Q,e€[-(M-1),(M-1)],
where M and N are integers [27].
Then, we have the following equation:
20,2,

(31)

It is known that the interelement spacing of a uniform
linear array is no larger than half wave length to avoid the
phase ambiguity. As a result, no phase ambiguity problem
results in. But the coprime array, due to the element
spacing larger than half wavelength, arises phase
ambiguity.

To illustrate the phase ambiguity problem, we provide
the simulation about the coprime array. Figure 2 depicts the
DOA estimation with the three different element spacing,
where there is one signal 8 = 25 arrives at the array. And it
can be noticed that there are ambiguous angles when d =
3A/2 and d = 51/2.

Due to the coprime property of M and N, there only
exists Q; = Q, = 0 which makes the equation (32) satisfied.

Via equations (33) and (34), all the DOA estimates are
obtained.

-
(sin 05— 2Q1>

. 33
0y = arcsin N , (33)
R
R (sin 6, - 2Q2>
= in| ~——— 7 34
Oy = arcsin i , (34)
where k= (1,2,...,K), Oy = [aM,p@M,z) . ,@M’k] and

On = [On.15On 25 Ol

Practically, considering that noise exists, to attain the
overlapped angle estimation is always difficult. Conse-
quently, we replace searching the overlap by finding the

¢ ¢ . .
nearest angles from 6, and 0}, , which contain all the es-
timates of two subarrays, respectively.

o lmE A
LHEI‘HM_GN‘(E_I’Z""’N’ (—1,2,...,M). (35)

Ors0n

By equation (36), we can get the initial DOA estimates.

it AE A(
o =Mt 1,0, e
2

3.3. Initialization Based Algorithm. Via equation (37), we get
the covariance matrix [7].

H, 2
R =ARA" + 0,1 pinyxeny» (37)

where R, is the covariance matrix of the signals and
021 (preny< v+ denotes the power of noise.

From equations (3) and (37), it has the following
equation:

H 2 H 2 H
ARSA + UnI(M+N)><(M+N) = USDSUS + anUnUn . (38)

Due to the orthogonality of the signal and noise sub-
space, it exists I = UUY + U, UH. So equation (38) can be
rewritten as follows:

H 2
ARSA + O‘nI (M+N)X(M+N)

(39)
H, 2 H
=UDUs + Un(I(M+N)><(M+N) - U U )
Then, we can get the following equation:
ARA" + sUuU” = U DU (40)

As U, = AT and UYU, =13, n).(msn)» We have the
following equation:

H
I'=RA Us(Ds - GiI(MJrN)x(MJrN))

However, the noise exists. To solve this problem,
establish a fitting relationship to compute the matrix I

o (41)

6,T = min|U, - AT |i, (42)

which can make the equation (5) hold.
By utilizing the least square (LS) criterion, we can get the
following equation:

—~ -~ -~ - 1 -~ o~ -~ o~
T = (AHA> A"0,=1'0. (43)
Incorporate (36) and (37), then we have the following
equation:
2
F
-~ -~ -~ - 1 -~ o~ o~
— min trHI-A(AHA) AH}USUf} (44)

-~ -~ -~ 71;\ o~ o~
= max tr{A(AHA> AHU U?}

0= min"f]s - AAJrUS

When there are numerical signals, the problem of
equation (44) is becoming a multidimensional SF problem.
Consequently, it will have a higher computational cost. In
view of this, we utilize the initialization based method to
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reconstruct the steering matrix and search within a small
sector. In this way, complexity gets significantly decreased.
According to the obtained initial DOA estimates
~in ~in —~in i
0 =10,,0,,...
obtained.

. . = (1) .
,9;:], the new manifold matrix A() is

av- [a(e),a(@;”>, y .,a<@§§>]. (45)

Then, the angle 6, can be computed by the following
equation:

2

A~ (DA
U.-A A .
s F (46)

N

0, = argmin l

6 [0 -200, +A0

It can be noted the searching regionis 0 € [@T SAA 5? +

AQ] , where AQ is a tiny value. In this way, we can get the
more accurate DOA estimate of 6. R

From equation (46), we can obtained 0,. Then, we keep

6, @;n, cs @lIZ] unchanged and elaborate a new directional
-~
matrix Al .

A%=[a(@).a@.a(8) ). a(8)] @

Here, 0 is the angle that we will estimate in the following
step.

By equation (48), we can obtain the estimate of 6, by PAS
within 6 € (6, — A6, 0, + A].
2
F (48)

<22

0, = U,-A"A7+U

argmin |

S
6e | 6, -A6,6, +A9]

Similarly, keep [@1,@2,@T, - @IIZ] unchanged. And we
employ @2 to establish ;1(3),

A% a(@l), a(@z), a(6), a(@in), A a(@}?)] (49)

A7 =

It is noted that 8, and 6, is estimated via equations (46)
and (48), and 0 is the goal that we are to estimate in the next
step.

Via equation (50), we can get the more accurate DOA

estimate of 6, within a small searching region
0 ¢ [0, — 76,0, +Ad).

3 . OO b

0, = arg min ”US -ATATU; . (50)

~in
e [03 —-A6,0; +A0

By the similar method, we reconstruct the new direc-
tional matrix A"~ via using [0,,0,,...,0;_;].

A% - [a(@l),a(az), o ,a(@K_l),a(H)]. (51)

Then. we can attain the estimate of 6y by the following
equation:

2

3 . ~ (K5 (K)o
O = _argmin |Us -ATTA + U, - (52)
0Oc [ O —A0,0, +A0
Here, the angle searches within a small region

0c By — A0, 0p +Ad].
Due to transforming the multi-dimensional GAS of SF
into initialization based 1D PAS, the computational com-

plexity is significantly reduced.
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Step 1: compute the covariance matrix R according to equation (2)

Step 2: operate the EVD of R and get the signal subspace by equation (3)

Step 3: via propagator method, obtain the initial angle estimation and recover all the DOA estimates by equations (33) and (34)
Step 4: ambiguity problem is solved via the coprime property and initial estimates Gk ,k=1,2,...,K are achieved

Step 5: compute fine DOA estimates according to equation (52)

ALGORITHM 1: The details of the proposed ISF algorithm.

TasLE 1: Comparison of the computational complexity.

Algorithms Computational complexity

IS (M*+N)L+M’ + N> +2[(M-1)*+ (N-1)’]JK+ (M -1)*+
(N-1’+[(M-1)+ (N-1D]K*+G,[4K(M* + N*) + (M’ + N?)]

SF O((M? + N*)L + M? + N* + G, [4K (M? + N?) + (M? + N®)])

NF O(M? + N*)L+ M? + N3+ G,[M (M - K)K + N (N - K)K])

TSS O((M? + NY)L+ M3+ N* + G;[M(M - K) + N(N - K)])

3.4. Detailed Steps. The detailed steps of the proposed
method are (Algorithm 1) as follows:

4. Discussions

4.1. Complexity. In this part, we give the computational
complexity comparison results of the proposed ISF algorithm,
SF [2], NF [2], and TSS [27]. For ISF, it has
the complexity of (M?+N?)L+M>+N>+2[(M-1)*+
(N-1?K+(M-1>+ (N-1)*+[(M-1)+ (N-1)]K?]+
I1, [4K (M? + N?) + (M? + N*)] where I1; = K - 2A/ds means
the search times and ds = 0.001 is the search step, A denotes a
tiny search value. Moreover, we provide the computational
complexity comparison of the different algorithms in Table 1,
including SF, NF, and TSS. The comparison of the compu-
tational complexity versus number of snapshots and sensors
are illustrated in Figures 3 and 4, where M =3,N=4,K =
3,ds=0.001 and N = [4,5,7,8], respectively. As the proposed
method transforms the GAS into PAS and searches over a small
sector, it shows clearly that its complexity is much lower than
SF, NF, and TSS. Figure 5 depicts the complexity comparison
versus the search step. It is seen that ISF can significantly relieve
the computational complexity burden.

4.2. Cramer-Rao Bound. Here, we derive the CRB [37] of the
UCLA.
Elaborate the manifold matrix of the UCLA as follows:

A = [—:|’ (53)
2p

where A, denotes the rows from the second one to the last
one of the A,.

~ ~1
CRB = L{Re[ H[I—At(AfAt) 1A?]D@R5” . (54)
where R, = (1/L) ZtL s(Dsf (), D= [(0a,,/00,), (0a,,/00,),

. (Oa, K/BHK)] @ means the Hadamard operation. And a,
is the K™ column of A,
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FiGure 3: Complexity versus the number of snapshots.

4.3. Advantages. We give the advantages of the proposed ISF
algorithm in the following:

(1) We incorporate the signal subspace fitting method
into UCLA, which can achieve the more superior
performance than GCLA due to the larger array
aperture. It is seen in Figure 5.

(2) When there are multiple signals, the proposed ISF
transforms the conventional multi-dimensional
search into several 1D search, which can remarkably
decrease the computational complexity. It is seen in
Figure 2.

(3) By employing the obtained initial DOA estimates,
the GAS is transformed into PAS. In this way, the



Complexity analysis
101 . T . .

1012 -

1010 -

108 L

Complex multiplication times

106 L

Bl ISE
B SF

F1GUure 4: Complexity versus element number.

[ NF
] TSS

complexity has an effective reduction, which can be
seen in Section 4.

(4) The proposed ISF is able to attain similar DOA
estimation performance as traditional SF and NF
algorithms and outperform ESPRIT and PM, which
is seen in Section 5.

5. Simulations

In the simulation section, the root mean square error
(RMSE) is used as the performance comparison metric,
which is defined as follows:

K (B~ 6)°
RMSE = 2 ’ (55)
ZP:I Zk=1 PK
where P is the number of Monte Carlo simulations,
O, stands for the estimate of the p-th trial for the
k-th theoretical angle 6,. And, in this paper, we set
P=1000.

5.1. Scattering Figure of the Proposed ISF with UCLA. The
scattering figure of the proposed ISF algorithm with
UCLA for three distant sources 8 = [10°,30°,50°] is pre-
sented in Figure 6, where M =3,N =4, L =200,
SNR=5dB. And, we define the search step and the tiny
searching restrain as ds = 0.001 and A = 0.5. It is shown
clearly that the proposed ISF algorithm detects the source
signals successfully.

5.2. Comparison of Different Arrays with the Same Algorithm.
The RMSE comparison versus SNR and snapshots with
different configurations, including UCLA and GCLA, for
two sources (6,,0,) = [25°,45°] is given in Figures 7 and 8
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by the same algorithm. It is defined that L =200 and
SNR =5dB, respectively. From these two figures, we can
notice that the UCLA is able to obtain the lower CRB and
better DOA estimation performance than the GCLA.
Moreover, the proposed ISF algorithm can attain the better
DOA estimation performance with the UCLA than that with
the GCLA because of the extension of the array aperture.
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5.3. Comparison of Different Algorithms with the UCLA.
In this subsection, the RMSE comparison of the proposed
ISF algorithm, SF [33], NF [33], TSS [27], S-SF [38], ESPRIT
[11], and PM [14] versus SNR and the number of snapshots
is given in Figures 9 and 10, where M =3,N =4 and
(0,,0,) = [25°,45°] 1t is defined that L =200 and
SNR=5dB, respectively. From these two figures, we can
notice that ISF can achieve nearly similar estimation per-
formance as SF, NF, and TSS but with the lower complexity
due to the initialization operation to decrease the complexity
which is verified in Figure 2. What’s more, ISF performs the
better DOA estimation than ESPRIT and PM.

107 :
-10 -5 0 5 10
SNR (dB)
—— CRB —— ESPRIT
—+— The proposed ISF —A— PM
-8 SF — TSS
—— NF -7 S-SF
FIGURE 9: RMSE performance versus SNR.
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—8— SF —~< TSS
—— NF —~ S-SF

FIGURE 10: RMSE performance versus the number of snapshots.

5.4. RMSE with Different Snapshots and SNR. Figures 11 and
12 compare the estimation performance with a different
number of snapshots and SNR, respectively. It shows clearly
that the performance of angle estimation becomes better
with the number of snapshots and SNR increasing.
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5.5. Estimation Probability Comparison of Different
Algorithms. Figures 13 and 14 depict the estimation
probability versus the number of SNR and snapshots of the
proposed ISF algorithm, SF [33], NF [33], TSS [27], S-SF
[37], ESPRIT [11], and PM [14]. Suppose two closely located
targets impinging on the arrays, where
SNR =5dB, K =2, (6,,6,) = (20°,21°). The two sources
can be resolved if |0 — 6] < |6, — 6,1/2 where 6 = (6,,6,), 0 =
(6,,6,) [40]. We can clearly see that the proposed ISF al-
gorithm performs the almost the same estimation proba-
bility than SF, NF, and TSS. It can be also inferred that ISF
outperforms the ESPRIT and PM algorithms.
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6. Conclusions

In this paper, we propose an ISF algorithm for DOA esti-
mation with UCLA and verify that UCLA behaves the better
DOA estimation performance than GCLA due to the larger
array aperture. In the multiple signals scenery, the classic SF
needs severe computational complexity cost due to the
multidimensional GAS. To solve this problem, we transform
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the multi-dimensional search into several 1D one. In ad-
dition, GAS is changed to be PAS. Specifically, the propa-
gator method is employed to obtain the initial DOA
estimation. By initialization, we can transform the multi-
dimensional GAS into several 1D partial one. As a result, the
complexity is significantly reduced. CRB is presented and
the simulations verify the effectiveness of the proposed
algorithm.

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was supported by China NSF under Grant nos.
61371169, 61601167, 61601504, and 62004100, Jiangsu NSF
under Grant no. BK20161489, the open research fund of
National Mobile Communications Research Laboratory,
Southeast University under Grant no. 2015D03, Natural
Science Research Project of Higher Education in Jiangsu
Province under Grant no. 20KJD430010, and Jiangsu Wind
Power Engineering Technology Center of Research on wind
farm data acquisition system based on 5G and University
level scientific research under Grant nos. YK20-02-11 and
YK19-02-06.

References

[1] F. Wen, J. Shi, and Z. Zhang, “Joint 2D-DOD, 2D-DOA and
polarization angles estimation for bistatic EMVS-MIMO
radar via PARAFAC analysis,” IEEE Transactions on Vehic-
ular Technology, vol. 69, no. 2, pp. 1626-1638, 2019.

[2] X. Zhang, L. Xu, L. Xu, and D. Xu, “Direction of departure
(DOD) and direction of arrival (DOA) estimation in MIMO
radar with reduced-dimension MUSIC,” IEEE Communica-
tions Letters, vol. 14, no. 12, pp. 1161-1163, 2010.

[3] R.Shafin, L. Liu, J. Zhang, and Y. C. Wu, “DoA estimation and
capacity analysis for 3-D millimeter wave massive-MIMO/
FD-MIMO OFDM systems,” IEEE Transactions on Wireless
Communications, vol. 15, no. 10, pp. 6963-6978, 2016.

[4] Y Huang and J. Liu, “Exclusive Sparsity Norm Minimization
with Random Groups via Cone Projection,” IEEE Transac-
tions on Signal Processing, vol. 64, no. 4, pp. 995-1006, 2015.

[5] A. M. Ahmed, U. S. K. P. M. Thanthrige, A. E. Gamal, and
A. Sezgin, “Deep learning for DOA estimation in MIMO radar
systems via emulation of large antenna arrays,” IEEE Com-
munications Letters, vol. 25, no. 5, pp. 1559-1563, 2021.

[6] N. Dey, A. S. Ashour, F. Shi, and R. S. Sherratt, “Wireless
capsule gastrointestinal endoscopy: direction-of-arrival esti-
mation based localization survey,” IEEE Reviews in Biomedical
Engineering, vol. 10, pp. 2-11, 2017.

[7] R. O. Schmidt, “Multiple emitter location and signal pa-
rameter estimation,” IEEE Transactions on Antennas and
Propagation, vol. 34, no. 3, pp. 276-280, 1986.

11

[8] M. L. Bencheikh and Y. Wang, “Joint DOD-DOA estimation
using combined ESPRIT-MUSIC approach in MIMO radar,”
Electronics Letters, vol. 46, no. 15, pp. 1081-1083, 2010.

[9] X. Gong, Z. Liu, and Y. Xu, “Quad-quaternion MUSIC for
DOA estimation using electromagnetic vector sensors,”
EURASIP Journal on Applied Signal Processing, vol. 2009,
pp. 1-14, 2008.

[10] J. Li, X. Zhang, R. Cao, and M. Zhou, “Reduced-Dimension
MUSIC for angle and array gain-phase error estimation in
bistatic MIMO radar,” IEEE Communications Letters, vol. 17,
no. 3, pp. 443-446, 2013.

[11] R. Roy and T. Kailath, “ESPRIT-estimation of signal pa-
rameters via rotational invariance tech-niques,” IEEE
Transactions on Acoustics, Speech, & Signal Processing, vol. 37,
no. 7, pp. 984-995, 2002.

[12] F. Gao and A. B. Gershman, “A generalized ESPRIT approach
to direction-of-arrival estimation,” IEEE Signal Processing
Letters, vol. 12, no. 3, pp. 254-257, 2005.

[13] X. Zhang and D. Xu, “Low-complexity ESPRIT-based DOA
estimation for colocated MIMO radar using reduced-di-
mension transformation,” Electronics Letters, vol. 47, no. 4,
pp. 283-284, 2011.

[14] S. Marcos, A. Marsal, and M. Benidir, “The propagator
method for source bearing estimation,” Signal Processing,
vol. 42, no. 2, pp. 121-138, 1995.

[15] J. Li, X. Zhang, and H. Chen, “Improved two-dimensional
DOA estimation algorithm for two-parallel uniform linear
arrays using propagator method,” Signal Processing, vol. 92,
no. 12, pp. 3032-3038, 2012.

[16] Z.Ye,]. Dai, X. Xu, and X. Wu, “DOA estimation for uniform
linear array with mutual coupling,” IEEE Transactions on
Aerospace and Electronic Systems, vol. 45, no. 1, pp. 280-288,
2009.

[17] C.Qi, Y. Wang, Y. Zhang, and H. Chen, “DOA estimation and
self-calibration algorithm for uniform circular array,” Elec-
tronics Letters, vol. 41, no. 20, pp. 1092-1094, 2005.

[18] S.Ren, X. Ma, S. Yan, and C. Hao, “2-D unitary ESPRIT-like
direction-of-arrival (DOA) estimation for coherent signals
with a uniform rectangular array,” Sensors, vol. 13, no. 4,
pp. 4272-4288, 2013.

[19] Z. Ye and X. Xu, “DOA estimation by exploiting the sym-
metric configuration of uniform linear array,” IEEE Trans-
actions on Antennas and Propagation, vol. 55, no. 12,
pp. 37163720, 2007.

[20] B. D. Steinberg, Principles of Aperture and Array System
Design, Wiley, NY, USA, 1976.

[21] P. Pal and P. Vaidyanathan, “Coprime sampling and the
music algorithm,” in Proceedings of the Digital Sig. Proc.
Workshop and IEEE Signal Proc. Edu. Workshop Proceeding of
the, pp. 289-294, Sedona, AZ, USA, January 2011.

[22] G. Zheng and J. Tang, “DOD and DOA estimation in bistatic
MIMO radar for nested and coprime array with closed-form
DOF,” International Journal of Electronics: Theoretical ¢
Experimental, vol. 104, no. 5, pp. 885-897, 2017.

[23] H. Zhai, X. Zhang, W. Zheng, and P. Gong, “DOA Estimation
of Noncircular Signals for Unfolded Coprime Linear Array:
Identifiability, DOF and Algorithm,” IEEE Access, vol. 6,
pp. 29382-29390, 2018.

[24] E. Boudaher, F. Ahmad, M. G. Amin, and A. Hoorfar, “DOA
Estimation with Co-prime Arrays in the Presence of Mutual
coupling,” in Proceedings of the 2015 23rd European Signal
Processing Conference Proceeding of the, IEEE, Fajardo, PR,
USA, August 2015.



12

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

Y. Qin, Y. Liu, J. Liu, and Z. Yu, “Underdetermined wideband
DOA estimation for off-grid sources with coprime array using
sparse bayesian learning,” Sensors, vol. 18, no. 1, p. 253, 2018.
Q. Si, Y. D. Zhang, and M. G. Amin, “Sparsity-based Multi-
Target Localization Exploiting Multi-Frequency Coprime
array,” in Proceedings of the 2015 IEEE China Summit &
International Conference on Signal & Information Processing
Proceeding of the, IEEE, Chengdu, China, July 2015.

C. Zhou, Z. Shi, Y. Gu, and X. Shen, “DECOM: DOA esti-
mation with combined MUSIC for coprime array,” in Pro-
ceedings of the 2013 IEEE International Conference on Wireless
Communication and Signal Proceeding Proceeding of the,
pp. 1-5, Hangzhou, October 2013.

F. Sun, P. Lan, and B. Gao, “Partial spectral search-based DOA
estimation method for co-prime linear arrays,” Electronics
Letters, vol. 51, no. 24, pp. 2053-2055, 2015.

C. Ashok and N. Venkateswaran, “An efficient method for
resolving ambiguity in DOA estimation with coprime linear
array,” Circuits, Systems, and Signal Processing, vol. 41, no. 4,
pp. 2411-2427, 2021.

W. Zheng, X. Zhang, P. Gong, and H. Zhai, “DOA estimation
for coprime linear arrays: an ambiguity-free method involving
full DOFs,” IEEE Communications Letters, vol. 22, no. 3,
pp. 562-565, 2018.

M. Shinagawa, K. Ichige, and H. Arai, “Accuracy and com-
putational complexity of DOA estimation algorithms with
beamspace transformation IEICE technical report,” Antennas
and propagation, vol. 102, 2003.

L. Zhao, X. Li, L. Wang, and G. Bi, “Computationally efficient
wide-band DOA estimation methods based on sparse
bayesian framework,” IEEE Transactions on Vehicular Tech-
nology, vol. 66, no. 12, pp. 11108-11121, 2017.

M. Viberg, “Subspace fitting concepts in sensor array pro-
cessing,” Signal Processing, vol. 19, p. 345, 1990.

C. Gong, B. Shi, and H. Chen, “Joint-PSO Algorithm for
Weighted Subspace Fitting of DOA Estimation,” Computer
Systems & Applications, vol. 12, 2018.

E. A. Santiago, “Noise Subspace Based Iterative Direction of
Arrival Estimation technique,” Dissertations ¢ Theses-Grad-
works, vol. 49, no. 4, pp. 2281-2295, 2013.

M. Viberg, B. Ottersten, and T. Kailath, “Detection and es-
timation in sensor arrays using weighted subspace fitting,”
IEEE Transactions on Signal Processing, vol. 39, no. 11,
pp. 2436-2449, 1991.

P. Stoica and A. Nehorai, “MUSIC, maximum likelihood, and
Cramer-Rao bound,” IEEE Transactions on Acoustics, Speech,
& Signal Processing, vol. 37, no. 5, pp. 720-741, 1989.

P. Gong, X. Zhang, and T. Ahmed, “Computationally efficient
DOA estimation for coprime linear array: a successive signal
subspace fitting algorithm,” International Journal of Elec-
tronics, vol. 107, no. 2, 2020.

P. Stoica and A. Nehorai, “Performance study of conditional
and unconditional direction-of-arrival estimation,” IEEE
Transactions on Acoustics, Speech, & Signal Processing, vol. 38,
no. 10, pp. 1783-1795, 1990.

R. Schmidt, A Signal Subspace Approach to Multiple Emitter
Location and Spectral Estimation, Ph.D. dissertation. Stanford
University, Stanford, CA, Nov, 1982.

Mathematical Problems in Engineering



Hindawi

Mathematical Problems in Engineering
Volume 2022, Article ID 1265658, 11 pages
https://doi.org/10.1155/2022/1265658

Research Article

@ Hindawi

Two-Dimensional Transceiver Beamforming for Mainlobe
Jamming Suppression with FDA-MIMO Radar

Pengfei Wan 12 Guisheng Liao,! Jingwei Xu ,! and Guimei Zheng

2

National Laboratory of Radar Signal Processing, Xidian University, Xi’an, Shaanxi 710071, China
2Air Defence and Anti Missile College, Air Force Engineering University, Xi'an, Shaanxi 710051, China

Correspondence should be addressed to Pengfei Wan; wanpengfei@stu.xidian.edu.cn

Received 7 March 2022; Revised 3 April 2022; Accepted 11 June 2022; Published 8 July 2022

Academic Editor: Ardashir Mohammadzadeh

Copyright © 2022 Pengfei Wan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

With the rapid development of electronic warfare technology, the airborne electronic counter measures (ECM) system can
generate mainlobe jamming using range gate pull-oft (RGPO) strategy, which brings serious performance degradation of target
tracking for the tracking and guidance radar. In this study, a two-dimensional transceiver beamforming approach is proposed to
suppress the mainlobe jamming with frequency diverse array using multiple-input multiple-output (FDA-MIMO) radar. The
mainlobe jamming signal differs from the real target echo in the joint transmit and receive domain due to the range dependence of
FDA beampattern. The amplitude of RGPO signal is greater than the amplitude of real target echo. Thus, the transceiver
beampattern can be designed to null out the jamming while maintaining the real target. The jamming suppression performance is
studied in consideration of practical range constraint of RGPO. Simulation results are provided to verify the effectiveness of the

proposed approach.

1. Introduction

Tracking and guidance radar plays an important role in
national defense applications [1-4]. It provides sufficient
antijamming ability against the jammers with the low side
lobe antenna technique and large time-bandwidth products.
However, with the development of electronic interference
technique in the advanced weapons, tracking and guidance
radar encounters extremely hostile environment in the
mainlobe [5-7]. For example, the electronic counter mea-
sures (ECM) system has been developed to generate strong
jamming in the mainlobe [8-10], which becomes a great
challenge for the traditional phased array radar systems.
The mainlobe jamming is not easy to implement and also
difficult to suppress. Especially, the multidimensional
modulation deceptive jamming signal from the mainlobe
seriously affects the performance of the radar system
[11-14]. Deceptive jamming intercepts the radiation signal
of radar by airborne electronic support measures (ESM) and
modulates the range and speed in multiple dimensions, and
then a deceptive jamming pattern similar to the real radar

detection waveform is generated, that is, the false target is
generated by the way of “intercept-modulation-forward,”
which can make the radar system mistakenly regard the false
target as the real target. Therefore, deceptive jamming has
serious consequences such as increased false alarm, missing
of real target, and extremely heavy computational burden
[15-17].

RGPO is an effective technique for deceptive jamming of
radar range information. Because it has the advantages of
low interference power and strong flexibility, it has become a
hot research topic in recent years [18, 19]. Greco et al. [20]
studied the working mechanism of RGPO and analyzed the
influence of delay quantization based on digital radio fre-
quency memory (DRFM) on jamming signals. Oztiirk et al.
[21] adopted the RGPO of bidirectional false target, which
can effectively resist the pulse leading edge or trailing edge
tracking technology adopted by radar. Xie et al. [22] pro-
posed a range gate RGPO method based on bidirectional
false targets, which is verified by evaluating radar mea-
surements. In the study by Rui-xing and Jian-yun [23], a
jamming power compensation technique was proposed to
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improve the success rate of range gate RGPO, and the output
peak value of pulse compression was used to evaluate the
RGPO effect. Xue and Yang [24] optimized the realization
mode of range gate RGPO and put forward a method to
improve the effect of range gate RGPO by frequency shift
technology.

In order to counter the RGPO, this study presents a
method of countering the range gate RGPO based on fre-
quency diverse array (FDA)-multiple-input multiple-output
(MIMO) radar [25]. It is a new radar system that combines
frequency diversity array and MIMO radar [26-29]. Because
of the multiantenna transmission single frequency step
system, it forms a three-dimensional range-angle-time-de-
pendent pattern in the far field, and the research shows that
the range-angle dependence of FDA’s transmission pattern
is different from that of traditional radar [30]. However, in
order to make full use of this characteristic, it is necessary to
effectively separate the transmitter signal, and MIMO radar
technology is an effective means to obtain the freedom of
transmission [31]. Zhang and Xie [32] extracted the phase
difference of adjacent array elements by analyzing the in-
fluence of each link in radar signal processing and realized
the suppression of false targets. In [33], the antijjamming
ability was improved by joint optimization of transmission
polarization and transmission frequency step interval.
Reference [34] adopted a method based on eigenvector to
improve jamming suppression ability.

This study, according to the analysis of the principle of
RGPO, takes advantage of the characteristic that the am-
plitude of RGPO signal is larger than the amplitude of the
real target echo, a method is proposed for the FDA-MIMO
radar to eliminate RGPO corresponding to the large ei-
genvalue, which improves the antijamming ability of the
radar system and keeps the stable tracking.

The structure of this article is as follows: Section 2 intro-
duces the signal model and the fundamentals of FDA-MIMO
radar followed by the introduction of the algorithm to eliminate
the jamming signal with range constraint in Section 3. Sub-
sequently, simulation and analysis are given in Section 4. Finally,
Section 5 draws a conclusion and summarizes this study.

Notation: ® and © denote Kronecker product and
Hadamard product, respectively. The letter j = /-1 represents
the imaginary unit. The transpose and conjugate transpose of a
matrix or vector are denoted by ()T and ()¥. Boldfaced
lowercase letters such as x represent a vector, boldfaced up-
percase letters such as R denote a matrix, and italic letters such
as a represent a scalar. For the vector x, we use [x], to denote
the nth element of vector x. For matrix R, we use [R],,, to
denote the element of R in the mth row and the nth column.
Finally, [a, b] indicates a closed interval in real number space.

2. Fundamentals of FDA-MIMO Radar

It is considered that the FDA-MMO radar system is an
isometric linear array composed of M transmitting antenna
elements and N receiving antenna elements [35]. Under the
condition of ignoring the antenna element pattern and array
error, the transmitting and receiving antenna elements are
omni-directional radiation, which are identical and uniform.
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The transmission signal form of the mth transmitting unit
can be written as [36]

S () = rect(i)q)m (t)exp{j2n f .t} (1)
TP

where ¢ is the elapsed time of pulse propagation since the
1,0<t<T,
0, else
modulation function, ¢,,(t) is the baseband modulation
signal corresponding to the mth transmitting unit [37], and
f,n is the transmitting frequency corresponding to the mth
transmitting unit:

fm=fo+tm-DAf, m=1,2,.,M, (2)

start of the pulse, rect(t/TP) = is the pulse

where f is the frequency of the reference array element (the
first array element) and Af is the frequency offset between
array elements.

Assuming that there is a target at a certain position (R, 0)
in space, the echo from the mth transmitting antenna unit
received by the nth receiving antenna unit can be written as

xs,m,n(t - Tm,n) = ﬂsOreCt<t _TTm,n)(Pm(t - Tm,n)
p

(3)
: exp{jznfO(t - Tm,n)}’

where 8, represents the complex coefficient of the target
echo including the full link of radar transmitting and re-
ceiving, 1, =T, —d(m—1)cos(0)/c —d(n— 1)cos(0)/c
represents the echo delay difference corresponding to the
mth transmitting unit and the nth receiving unit, and d is the
interelement spacing. Because the working frequency of each
transmitting element of FDA-MIMO radar is different,
when equation (3) expresses the approximate model under
the assumption of far-field narrowband, the phase term
introduced by frequency stepping cannot be ignored. When
equation (1) is brought into equation (3), we can get

Jexptign ¢~ )

t—1,

Xsmn (t - TO) ~ ﬁsOreCt( T

p

cexpljznnfm-(t-1,) @

: exp{jzﬂfo(t - Tm,n)}’

where 7, = 2R/c is the reference delay of the target echo. The
target echo received by the nth receiving antenna unit can be
approximately written as

t—1,

M
t— = t
xs,n( TO) mZ:1 ﬁsOreC ( T

Joxpliga (e~ )

p

explj2ndf (m - )(t - 1,,,)] (5

. exp{jZﬂfo(t - Tm,n)}.

The target echo is amplified and matched filtered, and
the range unit where the target is located can express the
signal as a concise form:
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s=pa(R,0)@b(0), (6)

where f3; represents the complex coefficient of the target
echo after pulse compression; a(R,8) and b(60) are the

a(R,0)=a,(R)oay(0) =

: [1, exp(—j4ﬂAfB), v exp(—j4nAf(1VI
c

. dsin
| 1. exp| j2m 3

transmit and receive steering vectors of the target, respec-
tively, and ® is the Krnoecker product:

T
—1)R)] o
C

9) < _ (M -1)d sin 0)] (7)
> ey EXP ]an =

T
-[1, exp{—j4nATfR+ jZn%cos(Q)},m, exp{—j4ﬂATfR (M-1) +j2n% (M - 1)cos(6)H ,
. d . d T
b6 = [1, exp<l]2ﬂxcos(9) R exp{]an (N = 1)cos(6) ] , (8)

where © denotes the Hadamard product, a, (R) and a, (0)
mean the launch range and launch angle steering vectors,
respectively [38], and T'is the transpose operator. As can be
seen from equation (7), compared with the traditional radar,
the range guidance vector of FDA-MIMO radar contains the
range information R of the target signal, and its range
guidance vector is correlated with angle and range in two
dimensions. Because of the two-dimensional correlation
between angle and range, FDA-MIMO radar has the ability
to distinguish targets with different ranges in the trans-
mitting space, that is, it can distinguish different targets on
the close range gate with the same angle, which provides

t—Tj

great practical value for radar to counter the jamming from
mainlobe.

Assuming that airborne ESM on space far-field target
intercepts radar tracking signal and releases self-defense
RGPO, the intercepted radar signal is stored and transmitted
with the delay to form a false target jamming signal in the
fast time dimension. The jamming signal is stronger than the
target echo, and the signal form corresponding to the mth
transmitting unit and the nth receiving unit can be expressed
as the signal form of the mth transmitting unit and the nth
receiving unit:

xj)m,n(t - Tj) = /)’j’prect<T)exp{j¢m(t - Tj)}exp{jZnAf(m - 1)(t - Tj)m)n)}exp{jano(t - Tj,m,n)}, 9)
p

where 7; = R;/c is the reference delay of the RGPO jamming
signal generated by the jammer and
Timn = Tj — d(m —1)cos(0)/c —d(n—1)cos(0)/c repre-
sents the echo delay difference between the mth transmitting
unit and the nth receiving unit.

As can be seen from equation (9), the pull-off jamming
signal of the range map is completely consistent with the
target echo. The time delay between the target echo and
jamming is different. After the above analysis of RGPO, the
jamming delay signal 7; and the real target echo delay time

7, are located in the same range gate. According to the
traditional radar processing method, the radar range
tracking center will be greatly affected. It is necessary to
combine the radar prior knowledge and jamming charac-
teristics to design antijamming. The specific analysis is in-
troduced in the next section. For the convenience of
description, the output signal form after matched filtering is
given after considering the target signal, jamming, and noise
comprehensively

x(t) = s(0) + j(O) +n(t) = B, (Na (R, O)@b(8) + B; (a(R;, 0) ®b(6) +n(t). (10)



Among them, B(t) =f,6(t—1y) is the time delay
corresponding to the range gate where the target located is 7,
and f;(t) = B;6(t —7;) is the time delay of the jammer
generating RGPO is 7.

3. Principle and Method of Anti-RGPO for FDA-
MIMO Radar

In Section 2, the real target echo and jamming signal in
FDA-MIMO radar system are studied. The echo of the
target releasing self-defense jamming is completely con-
sistent with the jamming signal in angle dimension, but its
range dimension is slightly deviated. Whether the range
dimension deviation can be effectively used to suppress the
jamming is the key to resist this kind of mainlobe jamming.
Based on the analysis of jamming mechanism and math-
ematical model, combined with radar signal and infor-
mation processing flow, this section expounds the
application of FDA-MIMIO radar against RGPO in range
dimension and gives the antijamming conditions and
methods.

3.1. Mechanism of RGPO. RGPO is a kind of self-defense
jamming. Usually, the airborne ESM system intercepts the
radar radiation signal after finding that it is tracked and
locked by the tracking and guidance radar and forwards
the jamming signal with a certain delay through fast
storage, so that the range tracking gate center of the enemy
radar deviates from the real target and locks on the re-
leased false target, thus tracking the lost technical method.
In the actual radar system, after tracking the target, the
angle, range, and speed of the target can be predicted with
high data rate, and the target position at the next moment
can be interception in a certain range, which is called wave
gate. If the jamming signal deviates greatly from the real
target and exceeds the wave gate range, it may be elim-
inated as outliers or cannot form an effective jamming
track in the data processing stage, and the jamming effect
would not be achieved.

RGPO can be divided into front-gate-pull-off jamming
and back-gate-pull-off jamming according to different
delay time functions [39]. For the jamming in front of the
wavefront, the forwarding delay of the jamming signal
gradually decreases for the radar tracking system, which
results in an “illusion” that the false target is gradually
approaching the radar system relative to the real target.
For the back-gate-pull-off jamming, the delay of jamming
signal forwarding increases gradually, resulting in a
“phenomenon” that the range the false target is gradually
apart from the real target in radar system. As for that
front-gate-pull-off jamming, one or more pulse repetition
stages need to be delayed. If the radar adopts frequency
agility technology, the jamming effect would not be
achieved. For back-gate-pull-oftf jamming, the time delay
of the jamming signal needs to be within the same range
gate as the target echo. If the radar adopts leading edge
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tracking technology, it can also effectively resist deceptive
jamming. However, for the radar system, the time delay of
the real echo received is inaccurate, and it is impossible to
accurately determine the jamming style it is, so a new
antijamming technology is needed to deal with the pull-oft
jamming with different ranges. This study focuses on
countering the back-gate-pull-off jamming, and the
proposed algorithm is also suitable for the front-gate-pull-
off jamming.

For RGPO, it is generally divided into three stages: in-
terception stage, pull-off stage, and stop stage:

Interception stage: after intercepting the tracking sig-
nal, the airborne ESM system stores and quickly for-
wards a jamming signal. Usually, the time delay of the
jamming signal needs to basically coincide with the
target echo in time dimension. A, represents the am-
plitude of the target echo and A; represents the am-
plitude of the jamming signal A;/A, ~ 1.3 ~ 1.5

Pull-off stage: in order to make the range gate center of
radar deviate from the real echo of the target and avoid
two echo peaks at the same time, ESM system needs to
gradually increase the delay time of forwarding every
time it intercepts a radar tracking signal, so that the
range gate center gradually leaves the target position
until the range gate deviates from the target echo by a
predetermined range.

Stopping stage: when the ESM system judges that the
radar has deviated from the real target by enough range
from the center of the wave gate, it stops radiating
jamming signals, which leads to the radar losing the
target or increasing the tracking error, so it is necessary
to search and find the target again.

If the above three steps are repeated, the radar can get rid
of the tracking of the target or increase the tracking error of
the radar.

3.2. Mathematical Model of RGPO. RGPO is mainly aimed
at the radar working in tracking mode. Because the
tracking filter has started to work, the radar has a priori
information about the position and speed of the target,
and through this priori information, the three-dimen-
sional information of the target in the next working cycle
can be predicted. In order to get rid of radar tracking, the
target releases RGPO. Assuming that the pull-off range of
RGPO to the center of echo is AR at the i pulse repetition
interval (PRI) of radar, the time delay of radar receiving
jamming signal is

Tj =Ty + Arj,,-. (11)

In the equation, 7; is the delay time of the jamming signal
[40], 7,; is the delay time of the real target echo, A7;; = AR/c
is the time corresponding to the pull-off jamming range of
the i frame, and 7;;>7;; ;. The pull-off range gradually
increases, as shown in Figure 1.
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The time delay information At ; of false target caused by
range gate RGPO jamming can be expressed as

0

-

0 <i<mInterception stage,

w(i-m) al(i-m)?
iy or
Ji c c

» m <i<nPull - off stage,

n <i < TStopping stage.

| Pull - off stop,
(12)

Among them, a represents the pull-off acceleration in
the process of uniform acceleration pull-off and v is the pull-
off speed in the process of uniform acceleration pull-off.
Figure 2 is a schematic diagram of time domain waveform of
RGPO signal.

3.3. Jamming Suppression Method. It can be concluded that
the RGPO has the following characteristics:

Feature 1: in order to deviate the center of radar gate,
the amplitude of RGPO signal must be greater than the
amplitude of real target echo

Feature 2: because the jamming signal and the target
echo are basically consistent in time dimension during
the interception stage, the jamming suppression pro-
cessing cannot be carried out in time domain during
the interception stage

Feature 3: during the pull-off stage, because the jam-
ming signal gradually deviates from the target echo, the
delay time of the jamming signal is different from that
of the target real echo in time dimension
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Assuming that the jamming parameter is (R}, 6;) and the
transmitting space frequency and receiving space corre-
sponding to the jamming signal are, respectively,

—ZAij +%cos(6j), (13)

Tj = c

frj :%cos(f)j). (14)
Assume that the parameter of the target is (R;, 6,), where
f,=0,, R, = R; - AR, and AR are the pull-off range.
Then, the transmitting spatial frequency and receiving
spatial frequency corresponding to the target scattering
signal are

2AfR, d
C

frs = +XCOS(95)’ (15)

frs = %cos(@s). (16)

It can be seen from the above equation that for RGPO,
the receiving spatial frequency is completely consistent with
the backscattered signal of the target, but the transmitting
spatial frequency is different. In order to ensure the dif-
ference of transmitting spatial frequencies, the jamming
suppression algorithm proposed in this study is mainly
completed during the pull-off stage.

Because the release time of RGPO is that the radar has
been working in the target tracking state, the relevant prior
information of the target has been obtained, including the
distance and angle of the target. It is assumed that the
predicted position of the radar for the targetis (R, 6,), and
the target and jamming position are extended and con-
strained, so that the jamming and target signals fall into the
constrained range. The specific method is to set the range
tracking accuracy of the radar to be 0. Centered on the
target position predicted by the radar, and search inside
R, = + 30p, namely:

R;e [R,—R,R,+R]| =R,
, 17
Rje [R,~R,R, +R]| =R, 1

where R; is the range constraint value and R, is the range in
the constructed target steering vector.

According to the working principle of RGPO, as-
suming that the jammer releases a pull-off signal that is
greater than the target echo amplitude, the covariance
matrix Ry of the constrained azimuth echo can be
expressed by eigenvector:

2 N?
RX = Z Akukuf + Z )LkukukH. (18)
k=1 k=3

The first term of equality coordinates u; is the ei-
genvector corresponding to the signal subspace and A is
the eigenvalue corresponding to the signal subspace.
Under the ideal condition of not considering false alarm,
because the echo and jamming signal are independent,
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TaBLE 1: Radar simulation parameters.

Parameter Parameter value

Parameter Parameter value
Operating frequency 10 GHz
Sampling frequency 5MHz

Number of transmitting array elements 10

Launching element spacing 0.015m
Target state noise 20m
SNR 10dB
Target range 10km
RGPO JNR 15dB
Pull-off time 30s

Pulse repetition frequency 10kHz
Number of receiving array elements 10
Receiving array element spacing 0.015m
Range tracking error 40m
Target motion model Constant velocity model
Tracking filter Standard Kalman
Target angle 0
Target speed 100 m/s
Range pull-off speed 10 m/s
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FIGURE 5: Power spectrum characteristics of real target and pull-off jamming. (a) Power spectrum pull-off by range. (b) Power spectrum

after antijamming.

two large eigenvalues can be obtained after the eigen-
decomposition of the received covariance matrix. Because
the signal strength of pull-off jamming is stronger than
that of target echo. The eigenvalues are arranged in se-
quence from large to small, the jamming signal corre-
sponding to the largest eigenvalue is eliminated, and the
rest is the range corresponding to the target signal, and
then the transmission angular frequency compensation is
carried out according to the range of the target signal. The
transmission spatial frequencies of the compensated
target signal and the pull-off jamming signal are as
follows:

Fro=Seos(0), (19)
- 2AfAR d
Tip= Tt Xcos(ﬁj). (20)

After compensation, the pull-off jamming signal can be
clearly distinguished from the target signal, as shown in
Figure 3.

As shown in the figure, the real target is distributed
diagonally in the transmit-receive spatial frequency, and the
pull-off jamming needs to deviate from the center of the gate,
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which is obviously different from the real target in the
transmit spatial frequency.

Based on the analysis of real target and RGPO signal
characteristics, combined with the characteristics of FDA-
MIMO radar, two-dimensional beamforming technology is
used to suppress pull-off jamming signal. Its beamformer
weights can be expressed as

wyr = a(fr)@b(fr)- (21)

After the target range compensation, the weights of the
two-dimensional filter are independent of the range pa-
rameters, but only related to the angle parameters of radar
detection. However, the weights of two-dimensional filters
are affected by the following two factors:

(1) The accuracy of radar prediction of target range,
which would cause the loss of matching output

(2) The accuracy of radar angle estimation, which di-
rectly affects the accuracy of weights

The adaptive beamformer based on the minimum
lossless response criterion can overcome the above influence
factors, which can be expressed as

. H ~|2
min E 'wAMFx|
WaAmF

stwl . [a(?T) ®b(:fR)] =1

where X is the compensated data. After adaptive beam-
forming, the influence of range gate pull-off jamming can be
effectively suppressed.

In this study, the flow of the specific method proposed is
shown in Figure 4:

(22)

Step 1: use the radar’s predicted value of the target
range dimension to constrain the target steering vector
according to equation (16), and set the constraint range
to within +30; the radar tracking accuracy, so that the
real target and the jamming signal are both within the
constrained steering vector range;

Step 2: perform eigendecomposition on the covariance
matrix Ry, including the target echo and the jamming
signal, and use the characteristic that the jamming
signal is stronger than the target echo to eliminate the
jamming signal range corresponding to the large ei-
genvalue to obtain the true range of the target;

Step 3: after obtaining the true range of the real target,
compensate the launch angle frequency, distinguish the
jamming signal and the target echo in the launch-re-
ceive spatial frequency, use the MVDR criterion to
form an adaptive filter, complete the range
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FiGUre 8: The average change of tracking error before and after radar antijamming.

compensation in the launch dimension, and complete
the target track.

4. Simulation Verification

In this section, the effectiveness of the proposed approach is
verified by simulation examples. Without losing generality,
assume that the radar receives the jamming signal radiated
by the enemy when it has stably tracked the target, and the
jammer intercepts the radar tracking signal and tows it to
release the RGPO. The relevant parameters of simulation are
given in Table 1.

4.1. Power Spectrum Analysis before and after Antijamming.
Figure 5 shows the simulation comparison results of echo
before and after processing the antijamming approach
proposed in the transmission-reception frequency domain.
It can be seen from the simulation results that because the
echo in FDA-MIMO system contains the range dimension
information of the echo in the transmitting frequency do-
main, the radar cannot accurately distinguish the real target
echo because the amplitude of the jamming signal is greater
than that of the echo after receiving the RGPO signal, and
the range between the jamming signal and the target echo is
close during the pull-off stage. After constrained and large
signal is proposed, the transmission frequency domain can

be compensated, and the true echo of the target can be
accurately detected. It should be noted that due to the target
motion and radar detection error, the position of the
compensated target may change slightly. Figure 6 shows the
signal strength distribution after pulse compression in range
dimension before and after antijamming. In this simulation,
with receiving the jamming signal, the maximum amplitude
of the output is about 28 dB and the range cell is 350 where
the jamming is, after processing antijamming, the maximum
amplitude of the output is about 25 dB and the range cell is
333 where the real target is.

4.2. Tracking Performance Analysis. The tracking perfor-
mance before and after antijamming is analyzed. In order to
accurately show the experimental results, it is assumed that
the flying height of the target remains unchanged in the
northeast coordinate system, and the tracking performance
is mainly analyzed on X axis and Y axis. Figure 7 shows the
change of the whole range segment of the range-dimensional
tracking gate center before and after the radar is jammed by
range pull-off. It can be seen from the example that after
receiving the RGPO, the range tracking gate center of the
radar would gradually deviate from the real target position,
resulting in increased tracking error or even out of tolerance,
and the target would be lost after the jamming signal dis-
appears. Figure 8 shows the average tracking error of X axis
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and Y axis in the radar tracking process. It can be seen that
the tracking error increases dramatically after receiving the
RGPO. After filtering, the two-dimensional range error is
about +300 m, which is far greater than the radar tracking
accuracy. After antijamming, the two-dimensional range
error changes +40 m, and the radar can keep stable tracking
of the target.

5. Conclusion

Tracking and guidance radar is usually affected by the
mainlobe jamming. In this study, focused on the principle
and application of FDA-MIMO radar against range gate
pull-oft jamming, an effective way to solve the problem that
the center of range gate deviates from the real target greatly
due to pull-oft jamming is provided on the basis of analyzing
the principle and working process of RGPO. Based on two-
dimensional transceiver beamforming and range eliminat-
ing, the jamming signal can be suppressed. The experimental
results verify the effectiveness and feasibility of the proposed
method from two important links of detection and tracking
radar.
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Consider the moving target detection performance degradation of airborne multiple-input multiple-output (MIMO) radar in the
presence of inaccurate target prior information. This paper proposes a joint design method of transmit waveform and receive filter
bank of airborne MIMO radar based on feasible point pursuit successive convex approximation (FPP-SCA). Firstly, a set of receive
filter banks is designed in the region where the target may appear on the angle-Doppler plane, and the worst-case output signal-to-
clutter-plus-noise ratio (SCNR) is maximized as the optimization criterion. Secondly, considering the energy constraint and
similarity on the transmit waveform, the maximin joint design problem is formulated to improve the robustness of the MIMO
space-time adaptive processing (STAP) radar against the uncertainty of target parameters. Finally, an FPP-SCA algorithm is
employed to solve the maximin nonconvex joint design problem. Simulation results demonstrate the effectiveness of the proposed
method in terms of better output SCNR, lower computational load, and more robustness against the errors of target parameters.

1. Introduction

As the information hub of the modern battlefield envi-
ronment, early warning aircraft can effectively improve the
combat effectiveness of the battlefield. As the core of early
warning aircraft, airborne radar can expand the detection
range of radar to ground, ocean, and air targets [1]. However,
the airborne radar suffers from intense ground/sea clutter
due to its down-looking mode. The clutter is strongly
coupled in the space-time domains, which leads to the weak
target signal completely submerged by the clutter and makes
it more difficult for airborne radar to detect the moving
target [2]. Collecting the received data of the space-time
domain, space-time adaptive processing (STAP) can effec-
tively suppress side-lobe clutter and main-lobe clutter and
improve the detection performance of moving targets under
clutter background [3]. Nevertheless, the airborne radar is
faced with threats such as low observable targets, low-alti-
tude target, and advanced integrated electronic jamming in

the contemporary battlefield environment. It is necessary to
develop new system airborne radar and corresponding new
theory and technology of signal processing [4].
Multiple-input multiple-output (MIMO) radar can
flexibly transmit different waveforms through different
antennas [5]. Utilizing the property of waveform diversity,
MIMO radar can design different transmit waveform, which
makes it superior to traditional-phased array radar in target
detection, parameter estimation, recognition, and classifi-
cation [6-10]. In addition, making full use the information
of the target and environment, the cognitive radar extends
the adaptive technology from the receiver to the transmitter
[L1]. Thus, the cognitive radar forms a fully adaptive radar
processing system with a dynamic closed-loop receiver,
transmitter, and environment. According to the prior in-
formation of the dynamic environment database and the
environment information obtained by the radar in real time,
cognitive radar can infer and decide the optimal waveform
or the waveform parameters suitable for the current radar
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working scene. By adaptively adjusting and optimizing the
resource allocation of the radar system and the transmit
waveform, cognitive radar can obtain the optimal target
detection performance in the complex and changeable en-
vironment. Inspired by the cognitive idea and MIMO radar,
and based on the actual prior environment information, it is
possible for the airborne MIMO radar to jointly design the
transmit waveform and receive filter to realize the best
matching between the system and the environment and
improve the target detection performance in the complex
environment.

In the past decades, joint design of transmit waveform
and receive filter for airborne collocated MIMO radar system
has received considerable attention. These research studies
can be divided into two categories. The first category deals
with the joint design of transmit-receive exploiting the ac-
curate prior information [12-19]. In [12], maximizing the
output signal-to-interference-plus-noise ratio (SINR) under
the practical waveform constraints (i.e., the energy constraint,
constant-envelope constraint, and similarity constraint), the
joint design problem is formulated in an earlier time and five
iterative algorithms based on generalized Rayleigh quotient,
relaxation and waveform extracting, and fractional pro-
gramming are proposed. In 2016, Setlur and Rangaswamy of
the US Air Force Research Laboratory studied the waveform
design problem in STAP, which assumed that the clutter
response was related to the transmit waveform [13]. Since the
objective function of the weight vector and waveform vector is
joint nonconvex, while the objective function of a single
weight vector and waveform is convex, the constrained se-
lection minimization technology is proposed to iteratively
optimize another vector while keeping one vector unchanged.
O’Rourke Sean et al. [14] studied the joint design problem of
transmit signal and receive beamformer under the signal-
dependent STAP, and proposed a relaxed biquadratic opti-
mization method to find a feasible solution. In addition, they
extended the energy constraint on waveform to constant-
modulus and similarity constraint [15]. In [16], the minor-
ization-maximization (MM) technique is employed to solve
the resultant quartic waveform optimization problem.
Compared with the semidefinite programming (SDP)
method, the joint design algorithm based on MM technique
exhibits faster convergence speed and better SINR perfor-
mance. In [17, 18], the Riemannian geometry optimization
method is first applied to the joint design of MIMO-STAP
radar, and the Riemannian gradient descent algorithm and
the Riemannian trust region algorithms are proposed to solve
the joint design problem.

However, the performance of MIMO-STAP radar is
severely degraded when the prior information is inaccurate.
Then, the second category addresses the robust joint design
of transmit-receive in the presence of prior information
uncertainties. In [20], considering the presence of target
space-time steering vector mismatch, the worst-case output
SINR over the set of the target space-time steering vector is
maximized as a figure of merit for the robust joint design.
However, the waveform covariance matrix obtained by the
relaxation constraint of the target steering vector and the
diagonal loading technique is still suboptimal. To solve this
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problem, Tang Bo et al. [21] used a more general uncertainty
set to describe the steering vector error, and then accurately
derived the worst target steering vector that minimizes the
output SINR. This method abandoned the heuristic diagonal
loading method to find the globally optimal waveform co-
variance matrix which is robust to the target steering vector
error. In [22], considering the uncertainty of target Doppler
frequency and angle, the joint design of MIMO-STAP radar
with peak-to-average power ratio (PAPR) and transmit
power constraints is studied. However, this method has high
computational complexity, and only three independent
interference is considered in the simulation scene. In [23],
based on the known target Doppler frequency and spatial
angle statistical distribution, the averaged output signal-to-
clutter-plus-noise ratio (SCNR) is deduced as the optimi-
zation criterion, and four robust joint design methods-based
SDP relaxation and fractional programming with power
method-like are proposed. In [24], the maximin joint design
of transmit waveform and receive filter bank under the
energy constraint, flexible modulus constraint, and simi-
larity constraint are considered. In [25], with the prior
knowledge of target and clutter statistics, the averaged SINR
is formulated as a figure of merit to maximize. Then, an
iterative algorithm based on Dinkelbach transformation and
alternating direction penalty method (ADPM) is proposed
to solve the robust joint design problem.

In this paper, focusing on the joint design problem of
transmit waveform and receive filter bank of airborne MIMO
radar when the target angle and Doppler parameters are
inaccurate, a set of filters that are matched with the target
possible region is designed. The worst-case output SCNR is
maximized as a figure of merit under the constant-modulus
constraint and similarity constraint on the transmit wave-
form. Then, the joint design problem is formulated by
maximizing the worst-case SCNR, and a sequential optimi-
zation algorithm based on feasible point pursuit successive
convex approximation (FPP-SCA) is developed to solve the
resultant problem. Simulation results are provided to dem-
onstrate the performance of the proposed algorithm. The
main contributions of the paper are summarized as follows:
(1) By employing a set of receive filter tuned over the possible
spatial angle and Doppler frequency of target, the objective
function of joint design is obtained by maximizing the worst-
case output SCNR. (2) A sequential optimization algorithm
based on FPP-SCA is derived to solve the robust joint design
problem. Specifically, an auxiliary variable is introduced to
transform the maximin problem into a minimization prob-
lem. Then, the nonconvex constant-modulus constraint is
solved by utilizing the SCA method. Thus, the waveform
optimization problem can be addressed by using the CVX
tool box. (3) Several simulation results indicate that the
proposed joint design algorithm performs better than the
algorithm based on SDP and randomization method in terms
of better output SCNR and lower computational time. In
addition, the performance of the proposed joint design
method is against the target parameters errors.

The remainder of this paper is organized as follows: In
Section 2, the signal model of MIMO-STAP radar is pro-
vided. The problem formulation and the robust joint design
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problem are discussed in Section 3. The sequential opti-
mization algorithm based on FPP-SCA is presented in
Section 4. Simulation results are provided in Section 5 to
demonstrate the performance of the proposed algorithm.
Finally, conclusions are drawn in Section 6.

2. Signal Model

We consider an airborne collocated MIMO radar system
with N, transmit antennas and N, receive antennas, as
shown in Figure 1. The transmit antenna and receive an-
tenna are uniform linear array (ULA) with interelement
spacing being d and dy, respectively. The radar transmits M
pulses during a coherent processing interval (CPI) with the
pulse repetition frequency (PRF) f,. The radar platform is
flying along the X-axis at velocity V,. Assuming that
s, € C*! represents the sampled waveform emitted by the
nth transmit antenna, then the transmit waveform matrix of
the radar system can be expressed as S = [s,
s2,...,sNT]T € CN™ L where L represents the number
samples of a pulse and each pulse emits the same waveform.

2.1. Target. Assuming that the spatial angle of the moving
target relative to the platform is ¢, and the normalized
Doppler frequency is f,, then the target echo of the mth
pulse received by the airborne MIMO radar can be expressed
as

Yem = “teﬁﬂ(m_ D (IL ® (b (‘/’t)aT (‘pt)))s’ (1)

where a, represents the target complex amplitude, I; is the
L x L identity matrix, ® is the Kronecker product, )F
stands for the transpose operation, s = vec(S), a(¢,) and
b(¢,) represent the transmit spatial steering vector and
receive steering vector of target, respectively, and they have
the form of

a(¢t) — [1’ e(j2"dT cos(qﬁt)//\)’ o e(jZH(NT— l)d’[‘ COS(¢[)//\) ]T,
(2)
b((/)t) = |:]’ e(jlndR Cos(gbt)//l), L e(ﬂﬂ (Ng=1)dy cos((pt)//l)]T,

(3)

where A denotes the wavelength of the system.
Let y, = [yl),....,yly]" € CHMNe<!then the received
target echo of a CPI can be expressed as

e =V (fip)s, (4)
where V(ft> ¢) = (“(ft) ®1; ® (b(¢,)a" (¢,))), and
u(f,) = [Le? i, ., elM=-Dfi]T represents the time

steering vector of target.

2.2. Clutter. The clutter of airborne MIMO radar system is
the signal-dependent clutter echo, which is distributed in the
whole azimuth domain and range domain. Clutter echo
received by a single range bin consists of all clutter patches of
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Ficure 1: Configuration of airborne MIMO radar.

the range bin. Then, the clutter echo received by the airborne
MIMO radar can be expressed as

P N,
Ye = Z Z ac,p,kv(fc,p,k’ ¢c,P,k)sa (5)

p=-P k=1

Where P denotes the number of range bin around the range
under test, & i fepko and @, represent the complex
amplitude, normalized Doppler frequency, and spatial angle
of the kth clutter patch in the pth range bin, respectively,
Sepk =2V, co8(d. 1)/ (Af,), N is the clutter patch
number in a range  bin.  V(f ¢ k) =
(u(fc,p,k)®]£® (b(gbC’P,k)aT (@epi)))s let V.., denote
V(f ¢ ps> e pi) for convenience, where J, = ]Tp e CH de-
notes the shift matrix, which is calculated by
1, i-j+p=0,

e ‘
T, () {Q i—j+p#0. (©)

Total received echo: therefore, the echo received by the
airborne radar containing the target (which may exist),
signal-dependent clutter, and noise can be expressed as

YZYt+Yc+Yn’ (7)

where y,, denotes the complex Gaussian white noise whose
mean value is zero and covariance matrix is 0,11 51y, where
2

0, 1S NO1S€ power.

3. Problem Formulation

Considering that the accurate normalized Doppler fre-
quency and spatial angle of the target are unknown, it is
assumed that the approximate region of the target in the
angle-Doppler plane can be known through spatial angle
estimation and Doppler frequency estimation, as shown in
cyan area in Figure 2. The normalized Doppler frequency
and spatial angle range of the target can be expressed as ¥ =

[ftmin’ ftmux] (ft € \II) and Q = [¢tmin’ ¢tmax] ((/5[ € Q)’ re-
spectively, and are then discretized into I and J grid points,



respectively. Then, we can obtain the discretized normalized
Doppler  frequency-spatial  angle  pair, that is,
(fi¢)n € F={1,....ILn, € F=1{1,...,]J}. Next, a
setof LMNp x 1 filtersw,, ,, € W = {Wnl,n2|”1 €J,n, € ]}
is used to process the received signal, and each received filter
is tuned to a specific normalized Doppler frequency-spatial
angle pair of targets (£}, 6;?). Therefore, the output SCNR
corresponding to the (n,,n,) th filter branch can be
expressed as

2| H 2
_ at wnl,nzv(f:ll’ :’Z)S|
- b

SCNR,, ,, (s, w, ,, (8)
R"l’ z(s W, 1> 2) anch (S)W

ny,H,y

where o7 = [E{Ioctlz}, E (-) denotes the statistical expectation,
()" denotes the conjugate transpose operation, R, (s) is the
clutter plus noise covariance matrix, which can be expressed
as

P N,

_ 2 H<,H 2
R, (s) = Z E ac’p’kVC)P)kss VC’P)k +0,ImN, 9)
p=—P k=1

Assumed that the prior information of clutter (including
o’ i fepik and @, ) is known, which can be obtained from
the terrain database. Therefore, maximizing the worst-case
output SCNR over all possible normalized Doppler fre-
quencies and spatial angles of the target, we can obtain the
optimization of the joint design to deal with the uncertainty
of the target parameters. Concretely, the joint design of
transmit waveform and receive filter bank for airborne
MIMO radar in the presence of target uncertainty can be
formulated as

SCNR(s,w, ,. )= min SCNR, ,(sw,.) (10

negnef

In practical radar system, constant-modulus constraint
is applied to the transmit waveform to prevent overloading
of the amplifier, ie., |s(n)| =1/y/NyL,n=1,...,NyL At
the same time, in order to obtain the good characteristics for
the transmit waveform, for example, good ambiguity
function, it is necessary to impose similarity constraints on
the transmit waveform, namely, [|s — sl <, where, | - [l
represents the infinite norm of a matrix, § is used to control
the similarity between the optimized waveform and the
reference waveform s, (||s0||2 =1), and || - || represents the
Euclidean norm of a matrix.

Considering the constant-modulus constraint and
similarity constraint of the transmit waveform, the joint
design problem of transmit waveform and receive filter bank
of airborne MIMO radar based on maximizing the worst-
case output SCNR can be expressed as

max_ SCNR,, . (s, Wy, ) ,

>Wnyny

Is () =
s.t.

, n=1,...
NrL

ls- sl <o
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FIGURE 2: Possible region of target in angle-doppler plane.

The problem (11) is NP hard owing to the nonconvex
objective function and the nonconvex waveform constraints.
In the next section, we proposed a sequential algorithm to
address the problem (11).

4. Joint Design Method Based on FFP-SCA

In this section, a sequential algorithm based on FPP-SCA is
proposed to solve the maximin problem (11), which can
obtain monotonically increasing worst-case output SCNR
during the iterative procedure. Specifically, the transmit
waveform s is first fixed, and the receive filter banks
W, n, € W are optimized by maximizing SCNR(s,w,, ,, ).

1,1,
Then, the receive filter banks w, € W are fixed and the

ny,n,

transmit waveform s is optimized.

4.1. Receive Filter Bank Optimization. At the ith iteration, the
optimization of the receive filter bank w, , € 7" can be
expressed as

|2

H (i-1)
wnl,nzv(ftnl 4 ¢:12)S '
max

H (i-1)
€
Wy iy €U Wy, Rm(s )wnl)n2

(12)

The optimization problem (12) has IJ independent
objective functions corresponding to w,, , . Therefore, the
problem (12) can be transformed into optimization of each

W, > and the closed solution of w,, , can be obtained by
-1( G-1) (i-1)
i _ ch(s ' )V (ftnl’ 9:12)5 '
N - i H _ : ;o -
Nty (s(l 1)) VH( :11’ G?Z)RC;(S(I 1))V( :11’ etnz)s(z 1)

(13)
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4.2. Transmit Waveform Optimization Based on FPP-SCA.
With a fixed receive filter bank w,, , , the optimization of the

transmit waveform s can be expressed as

(w2, ) v (s

max n}in O \H G-V G)
s me leef( W, ”z) ch(s )wnl’nZ
(14)
ls(n)] = N, L ne b N
s.t.
“S - SO"OO <.

Substituting (13) into the objective function of problem
(14), and after some mathematical deduction, the problem
(14) can be transformed into

. HOH [ pn ivg—1 (. (i-1) .
max min sV (Fo R (s DYV (7, 8
sl = 1/NgL =1, Ny L, (15)
."S_So”OOS(S.

Problem (15) is a nonconvex maximin problem, and it is
difficult to find the optimal waveform in the polynomial
time. A computationally efficient algorithm is derived to
solve this problem. By introducing an auxiliary variable ¢, the
maximin problem (15) can be transformed as

min —t,
S,
(1), sHQ"I’"Z(s(i_ 1))szt, n €5, n, € g,

(16)

s.t. (2), |s(n)| =

(3), ||s - SOHOO <.
where
Q7 (s) = V(R IV (2 0) (17

The objective function of problem (16) is convex, but the
constraints are nonconvex. Then, the SCA technique is
employed to deal with the nonconvex waveform constrains.

For the first constraint (1) in problem (16), since
Q"™ (sV) is a semidefinite matrix, for any feasible

solution s, € CNt™! of problem (14), the following in-
equality holds:

(s—sf)HQ”“"Z(s(i_l))(s—sf)zo. (18)
Expanding the left side of (18), we can obtain
SH()nl,nZ (S(F 1))s > ZRe(SHin'nZ (S(F 1))sf) _ S?in,nz (s(if 1))s_f
(19)

Substituting inequality (19) into the first constraint of
problem (16), we have

S?in,nz(s(i—l))sf _ 2Re(sHQn1,nz(s(i— 1))sf)
+t<0, n, € I,n, € 7.

(20)

For the second constraint (2) in problem (16), it can be
expressed as the intersection of Is(n)]* - 1/N;L<0 and
1/N;L - |s(n)]* < 0. The former is convex while the latter is
nonconvex. Then, the first order condition of convex
function is used to approximate the lower bound of s (n)]?

2 *
NEE

=[s; | + Refas} (m)(s(m) s, (m)}.

Is(mP=s; ()] +

(21)

Thus, the constraint l/NTL—ls(n)IZSO can be ap-

proximately expressed as

ﬁ st < —‘sf (] - Ref2s (s m) = 2]s ([} <0

(22)

After some mathematical transformation, the second
constraint (2) can be formulated as

1 N 2

NI 2Re{s} (m)s (m)} +[s; ()| <o0. (23)

Expanding the third constraint (3) in problem (16), it can

be expressed as N L independent quadratic constraints, that
is,

|s(n) — s, ()| < &%,

n=1,...,NsL (24)

Therefore, by replacing the nonconvex constraints of
problem (16) with convex approximate representations (20),
(23), and (24), the convex approximate representation of
problem (16) can be obtained
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S?Q"""Z(s(i_l))sf - 2Re(sHQ"1’”2(s(i_l))sf) +t<0, n, €.7.n, € g,

1
|S(”)|2 - mﬁ 0, Vn,
T

s.t.

(25)

B 2Re{s; (n)s(n)} +'sf (n)'2 <0, Vn,

NyL

Is(n) -5 (n)|2 <&, vn

However, since there is only one intersection of [s n)* -
I/N;L<0 and 1/N;L- 2Re{s* (n)s(n)} + sy (n)|* <0,
problem (25) has only a single feasible solution. Inspired by
the iterative optimization algorithm and FPP algorithm

. (-1)||2
min—t + pllull; + «|js — s
s,t,u

[26-28], a nonnegative auxiliary variable was introduced to
the third constraint of problem (25) and [uf, is added to the
objective function at the same time. At the ith iteration,
problem (25) could be transformed into

(s(’;l))HQ"""Z(s(F 1))s("’l) - 2Re(sHQ"1’”2(s(i’ 1))s("’ 1)) +t<0, n, €.I,n, € f,

1
Is (m)]® —ﬁSO, Vn,
T

L aRe{(s Y () s ()} s @[ —um <0, v,

s.t. NyL
|s(n) - s, ()" <&, Vn,
u(n) =0, Vn,

t>¢0D,

where p and «x represent the positive penalty parameters.
Supposing (s®,¢?) is the solution of the problem (26) at the
ith iteration, and then the solution of the original problem
(15) (or problem (16)) can be obtained by solving the op-
timization problem iteratively. It is worth noting that the
norm ||s — s V|? is added to the objective function to
ensure that a unique specific solution can be obtained when
the problem (26) converges. The constraint t >~V is added
to ensure that the algorithm obtains increasing solutions
during the iteration. The question (26) belongs to the
quadratically constrained quadratic programming (QCQP)
problem, and it can be solved by transforming into second-
order cone programming (SOCP). The interior point
method (convex optimization tool kit [29]) is applied to
obtain the optimal solution, whose computational com-
plexity is O((N +L)*). The whole solution of transmit
waveform is completed within the framework of the FPP-

(26)

SCA algorithm, so it is called the transmit waveform opti-
mization algorithm based on FPP-SCA.

4.3. Joint Design Method for Airborne MIMO Radar Based on
FPP-SCA. The proposed joint design method based on FPP-
SCA to solve problem (11) is summarized in Algorithm 1.
The main computational complexity of the proposed
method is dependent on the number of iterations and the
computational complexity per iteration. In each iteration,
the optimization of w, , €7 for fixed s involves
O((LMN R)3) complexity. The optimization of s for a given
W, », € 7 has a complexity of O ((N +L)*). The robust joint
design method based on SDP and randomization (SDP-R)
[30] can also address the problem (11), whose optimal
waveform is obtained by interior point method involving

O((N;L)**) complexity. It is seen that the computational
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complexity of the proposed joint design method is lower
than that based on SDP-R.

SCNR(s" P, wli™ ) = min
( Mot ) n eI n,ef
< min
nef,nef

_ SCNR(s®, w"-D),

>n

5. Simulation Results

In this section, simulation results are implemented to val-
idate the effectiveness of the proposed FPP-SCA based joint
design method. The simulation scenario is set as follows:
consider an airborne collocated MIMO radar with the
transmit antenna and receive antenna being ULA, the
number of transmit array is N = 4, the number of receive
array is N = 4, the interelement spacing of the transmit
antenna and receive antenna is d; = dp = A/2, the pulse
number within the coherent processing interval is M = 4,
the PRF is f, = 2000, and the sampling number of single
pulse is L = 8. The platform altitude is 8000 m and the flight
speed is V, = 140 m/s. We consider the clutter of five range
bin (P = 2) is received, the number of clutter patches of a
single range bin is N, =181, and the clutter power is
02k = Ry/Ry,p==P,---,P,k=1,---,N,, where R, and
R, respectively, represent the distance from the range under
test and the pth range bin to the platform. The noise power is
0 dB. The real position of the target on the space-time two-
dimensional plane is (0.2, -0.2), the target uncertainty set is
¥ = [0.1,0.3] and Q = [-0.3,-0.1], and the uniform sam-
pling step is 0.02. Then, the number of sampling points of
normalized Doppler frequency and normalized spatial fre-
quency are 11, thus forming 121 groups of normalized
Doppler frequency-spatial frequency pairs, and 121 groups
of receive filters are required to process the received signals.
The SNR is 20 dB. The orthogonal linear frequency modu-
lation waveform is used as the reference waveform, i.e,

_exp{j2mn, (I - D/L}exp{jm (1 - 1)’/L}

So (n,1) = NI (28)

>

where n, =1,---,Np, I=1,---,L, and s, = vec(S,). The
parameters of FPP-SCA are set as follows: p =1, = 1074,
and « = 10”°. The comparison algorithm is the robust joint
design method based on SDP-R [30]. The iteration termi-
nation condition of SDP-R is 10™* and the number of
random trials of SDP-R is 1000. The simulation experiment
platform is notebook (I7-9750U CPU and 32 GB RAM)
Matlab 2016b.

Figure 3 shows the worst-case output SCNR versus the
number of iterations. The similarity parameters are y = 0.4,

() VA )@ (s ) (£ )

Remark 1. The objective function SCNR(s(i),w,g?)nz) ob-
tained by the joint design method based on FPP-SCA
monotonically increases and converges to a specific value.

It is seen from (26) that the optimized value satisfies
t@ >V Thus, we have

(S(i_l))HVH( " :‘z)q)—l(s(i—l))v(f?1’Q?z)s(i—l)

cn

(27)

y =1, and y = 2, respectively, where y = /N L. As can be
seen from Figure 3, the worst-case output SCNR obtained by
both FPP-SCA and SDP-R gradually increases with the
increase of iterations. In addition, it is seen that all the worst-
SCNR curves obtained by the proposed FPP-SCA remain
unchanged when the number of iterations is greater than 5.
This shows that the proposed algorithm is convergent. When
the similarity parameter increases, the worst-case output
SCNR of FPP-SCA and SDP-R also increases. It is worth
noting that, when y = 0.4, 1, and 2, the y = 0.4 worst output
SCNR obtained by the proposed FPP-SCA is significantly
better than that obtained by SDP-R. For example, FPP-SCA
is about 5.27 dB higher than SDP-R when y = 2.

Table 1 provides the iteration number and runtime
comparison of FPP-SCA and SDP-R, where y = 0.4,1, and 2.
As can be seen from Table 1, the total runtime of SDP-R is
apparently larger than FPP-SCA for all y. In addition, when
y = 0.4, 1, and 2, the running time change of FPP-SCA and
SDP-R in a single iteration is relatively small. In particular,
the running time of FPP-SCA and SDP-R in a single iter-
ation is the largest when y = 0.4 while the smallest when
y = 1. For fixed y, the running time of a single iteration of
FPP-SCA is significantly smaller than SDP-R. In fact, SDP-R
method involves the solution of two SDP problems, and we
can obtain from [30] that the computational complexity is
O((LMNR)*®) and O((LN;)*?), respectively. Thus, the
total computational complexity of the SDP-R method is
o(T( (LMNR)‘L5 +t (LNT)4'5)), where T denotes the number
of iterations. Contrarily, the total computational complexity
of FPP-SCA is O (T((LMNy)’ + t (LN)*)), which is much
smaller than that of SDP-R. In addition, the more con-
straints exist, the longer the running time of the SDP-R
algorithm. For example, 121 groups of receive filters are set
in this paper, and the number of constraints including re-
ceive filters is 121. Thus, the computational load is much
heavy, which leads to a much longer running time required
for a single iteration.

Figure 4 depicts the worst-case output SCNR versus the
target uncertainty value, where the target normalized
Doppler frequency error and the target spatial frequency
error both increase from 0 to 0.2. In addition, the FPP-SCA-
ROB represents “robust design,” where the worst-case
output SCNR is obtained by the proposed FPP-SCA iterative
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FIGURE 3: Worst-case output SCNR versus the iteration number.
Input: V(£ ¢}%),n, € F,m, € F, R, (s), W, €W, s,y
Output: The optlmal solution to problem (11) (s wn n € ).
Iteration:
Step 1: i = 1.
Step 2: Calculate R, (s) with (9) and s, compute w<’>n € W with (13).
Step 3: Obtain the optlmal waveform s by solving problem (26) with FPP-SCA algorithm.
Step 4: If |SCNR(S(1) tw(’) ) — SCNR (s -V tw(’ 1))I <, stop the iteration, otherwise, go step 2.
Step 5: Output s* = s an Wy on = w,(l")nz
ALGORITHM 1: Joint design method based on FPP-SCA to solve (11).
TaBLE 1: Iteration number and runtime comparison of different algorithm.
Algorithm Total runtime (s) Iteration number Average runtime (s)
SDP-R (y =0.4) 494.82 3 164.94
SDP-R (y=1) 430.83 3 143.61
SDP-R (y =2) 438.81 3 146.27
FPP-SCA (y = 0.4) 27.72 14 1.98
FPP-SCA (y=1) 31.96 17 1.88
FPP-SCA (y =2) 28.65 15 1.91

algorithm (where the number of receive filters is set as 121),
while FPP-SCA-NROB denotes the “nonrobust design,”
where the output SCNR is obtained by the presumed target
position (where the number of receive filters is set as 1). We
can see that the output SCNR curves obtained by FPP-SCA-
ROB and FPP-SCA-NROB all utilize the FPP-SCA iterative
algorithm, where the difference between them lies in the
number of receive filter bank. The more the number of
receive filters, the stronger the robustness of the algorithm.
The FPP-SCA-NROB is not robust against the target un-
certainty value since the number of filter banks is set as 1. As
can be seen from Figure 4, the worst-case output SCNR of
FPP-SCA-NROB is a little better than FPP-SCA-ROB when
the target uncertainty value is small. The reason is that more
degree of freedom of the system is utilized to deal with the
target uncertainty. It is seen that the worst-case output

SCNR of FPP-SCA-ROB is higher than that of FPP-SCA-
NROB when the target uncertainty value is larger than 0.08.
Furthermore, the larger the value of target uncertainty value
is, the more worst-case output SCNR of FPP-SCA-NROB
decreases, while FPP-SCA-ROB decreases slowly. The
simulation results demonstrate that the proposed FPP-SCA-
ROB is robust to the target uncertainty parameters.
Figure 5 shows the worst-case output SCNR versus the
target position, where the target normalized Doppler fre-
quency ranges from 0 to 0.4, the target normalized spatial
frequency ranges from —0.4 to 0, and the real position of the
target is (0.2, —0.2). As can be seen from Figure 5, when the
target is near the actual target location, the worst-case output
SCNR of FPP-SCA-NROB is superior to that of FPP-SCA-
ROB. However, when the target is far from the real location,
the worst-case output SCNR of FPP-SCA-NROB is
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FIGURE 4: Worst-case output SCNR versus the target uncertainty value.
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FIGURE 5: Worst-case output SCNR versus the target position.

significantly reduced, while the worst-case output SCNR of
FPP-SCA-ROB remains relatively high value. This is con-
sistent with the conclusion obtained in Figure 4. In addition,
it can be observed from Figure 5 that when the target po-
sition tends to (0, 0), the worst-case output SCNR of both
FPP-SCA-NROB and FPP-SCA-ROB decreases dramati-
cally. The reason is that the point (0, 0) is the location of
clutter, and the worst-case output SCNR forms a deep notch
near the clutter ridge.

6. Conclusion

In order to improve the target detection performance of air-
borne MIMO radar when the target parameters have errors, a
joint design method for transmit-receive of airborne MIMO
radar based on FPP-SCA iteration is proposed in this paper. By
designing a set of receive filters in the region where the target
might appear, we can solve the SCNR degradation caused by

the uncertain target parameters. Considering the constant-
modulus constraint and similarity constraint of the transmit
waveform, an FPP-SCA algorithm was designed to obtain the
optimal waveform. Simulation results show that: (1) compared
with the traditional joint design method based on SDP and
randomization, the proposed method avoids the use of ran-
domization to find the optimal waveform. In addition, we
observe that for different similarity parameters y, apparent
worst-case output SCNR improvement is obtained by the
proposed method with relatively small computational load. (2)
The achieved worst-case SCNR becomes worse when the
inaccuracy on the target parameters increases. Nevertheless,
adopting more receive filters can provide a better robustness
against these uncertainties than only one receive filter.
However, it should be mentioned that the number of
receive filters is large in this work. In fact, the larger the
number of receive filters, the greater the computational
burden of the algorithm. The interval model, ball model,
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ellipsoidal model, and norm model are good choice to
describe the target uncertain parameters [31]. Besides, the
spectral constraint on the transmit waveform is considered
to ensure the spectrum coexistence with other communi-
cation systems [32-34]. Thus, all these directions are pur-
sued in the future research.
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This paper proposes a method to address the problem of the joint direction of departure (DOD) and direction of arrival (DOA)
estimation with augmented coprime array (CPA) bistatic multiple input multiple output (MIMO) radar using interpolating
sensors. At first, we deduce the regular pattern of hole positions in the virtual array and interpolate a small number of sensors to
augmented CPA to form a partially contiguous virtual array. Then, we use the diversity smoothing algorithm to reconstruct the
Toeplitz matrix to obtain a spatial smoothing matrix. Finally, we combine the RD-MUSIC algorithm with the spatial smoothing
matrix to estimate the spatial spectrum and achieve automatic matching of DODs and DOAs for the targets. Simulation results

clearly illustrate the superiority of the method.

1. Introduction

Direction of arrival (DOA) estimation and Kalman filter
algorithm for target tracking [1] are significant areas of
research in array signal processing. It can estimate the
angular position of different signals in a certain airspace and
plays a key role in radar, sonar, and other target detection
fields. Since the last century, DOA estimation has gone
through three stages, which are beamforming [2], subspace
fitting [3-6], and compressed sensing [7], and made a great
contribution to the development of the DOA estimation
algorithm. Bistatic multiple input multiple output (MIMO)
radar has the advantages of waveform diversity [8] and
spatial separation; it estimates target angle including DOA
and direction of departure (DOD), so the joint estimation of
DOD and DOA [9, 10] has also become the focus of research.
Although the uniform linear array (ULA) can also solve the
related problems of DOA estimation, it still has certain
limitations. For example, the number of physical array
sensors usually cannot be less than the number of signal
sources; otherwise, the estimation accuracy will be badly
affected, and thus the degree of freedom (DOF) is limited by
physical array elements and other factors [11]. In order to

solve these problems, a sparse array is introduced by
scholars. The difference between the sparse array [12, 13] and
the traditional uniform array mainly includes that the sparse
array is formed by setting different interelement spacings in
the array to form a sparse array structure, and part of the
sparse array has a larger element spacing, so it forms longer
virtual array to increase DOF. Coprime array (CPA) [14, 15]
has been widely studied by scholars because of its larger
element spacing. Thus, the CPA has a low mutual coupling
effect and high accuracy of target angle estimation. More-
over, the CPA can construct a longer virtual array through
its own differential coarray [16] and use its equivalent vector
to estimate DOA. However, although the virtual array
formed by CPA has a long virtual array aperture [17], there
are array holes that make the virtual array discontinuous,
which limits the expansion of DOF. Scholars have conducted
a series of studies to settle the question.

A method was advanced to fill the virtual array hole by
moving the sparse array in [18], and it used the differential
coarray of the original array and the differential coarray of
the moved array to form a composite array without holes to
estimate DOA effectively. But this method has a small es-
timated error that originated from array movement distance
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and signal source movement distance, and its theoretical
feasibility is insufficient. Interpolated virtual array element
was considered in [19] and solved the problem of virtual
array discontinuity caused by virtual array holes, but the
method will be affected when there are continuous virtual
holes, and its DOF will reduce. Some scholars utilize the
virtual array element interpolation theory [19] to the joint
estimation of DOD and DOA of bistatic radar targets; this
method reduces redundancy of the virtual array and im-
proved DOF and estimated target resolution, but this
method required more calculations. Combined with the
traditional ESPRIT algorithm [20], Li et al. proposed a joint
estimation of target DOD and DOA with bistatic CPA
MIMO radar based on virtual aperture expansion in [21].
This method achieved better estimation performance than
the traditional method, but it did not use discrete virtual
array elements. Recently, a method which interpolated array
elements in CPA was proposed to solve the virtual array hole
problem in [22], but augmented CPA which the method
used cannot nicely reflected the advantage of the interpo-
lated array elements to expand the virtual array aperture. We
propose a joint DOD and DOA estimation of bistatic MIMO
radar for coprime array based on array elements interpo-
lation. The method uses augmented CPAs as the transmit
array and receive array and interpolates a small number of
sensors to the particular holes in the virtual array to expand
the aperture. Then, the method uses the selection matrix to
reconstruct the Toeplitz matrix based on diversity
smoothing to estimate the DODs and DOAs of the sources.

The remaining sections are as follows: in Section 2, we
reduce the math model of the bistatic CPA MIMO radar. We
deduce the law of hole position and propose a diversity
smoothing algorithm for reconstructing the Toeplitz matrix
to estimate the DODs and DOAs of the targets in Section 3.
We perform the same simulation experiments with the
proposed method and other methods, which clearly illus-
trates the superiority of the method in Section 4. Finally, we
present conclusions for this paper in Section 5.

Notations: we use italicized boldface characters to rep-
resent vectors and matrices in this paper. Superscripts (.)*
and (.)" represent transpose and conjugate-transpose, re-
spectively, diag [-] denotes diagonal matrix, and ® and o
denote the Kronecker product and the Hadamard product,
respectively.

2. Mathematical Model

The conventional bistatic CPA MIMO radar model is pre-
sented in Figure 1. Transmit array and receive array in the
model are augmented CPA which consists of two uniform
linear arrays (ULA). One ULA has2M; — 1 sensors in transmit
array, and red circles represent sensors of subarray 1; another
ULA of transmit array has N; sensors, and the black circle
represents sensors of subarray 2. Similarly, receive array
contains two ULAs, which, respectively, have 2M, — 1 sensors
and N, sensors, where M; and N are two coprime integers and
M, and N, are two coprime integers. The number of sensors of
arrays are, respectively, M=2M;+N;—-1 and N=2M,+
N, — 1. The unit interelement spacing of the array is d, which is
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Ficure 1: Conventional bistatic CPA MIMO radar model.

the half wavelength (1/2). The sensor positions are given by the
following equation:
S, ={-mN,dl0<m<2M, - 1}u{2nM,d|0<n<N, -1},
S, ={-mN,dl0<m<2M, - 1}u{2nM,d[0<n<N, - 1}.
(1)
Suppose there are K uncorrelated signals in the space, the
DOD and DOA of signals are given by ¢ = [¢}, ¢,,. .., ¢k]
and 0= [0,,0,,...,0¢]. P; = (P> Pra> - - -» Pras] Tepresents
the position of the sensors in the transmit array, and p, =
[Pr1> Pras - - -» Prn] denotes the position of the sensors in the
receive array. Set the reflection coefficient of signals as
s(t) = [s;, ()5, (1), ..., s (H)]', t=1,2,...,L, and L rep-
resents the number of snapshots. The received signal after
matched filtering is given by the following equation:
x(1) = [a () ®a,(6)). . 2 (¢x) @, (6x) s (1) + m (1)
=(A;°A,)s(t) +n(t)
= As(t) + n(t),
(2)
where n(t) represents a matrix composed of Gaussian white

noise and it follows the Gaussian distribution n (¢) ~ (0, 62).
A, and A, are also given by the following equation:

Ar = [ar (91)’ar (92)’ RREE (ek)’ SRREE % (GK)]’
A =2, (91):3,(92)s - ag(9r)s -2 (o)

where a (¢,) and a,(8,), respectively, denote manifold
matrices, and they are given by the following equation:

(3)

) _ [e—j(ZnM)p“ sin @ — j27/A) pyyy sin (pk]T
= P >

a (¢x > €

a, (ek) _ [e—j(27'r/A)p,1 sin Hk’ o e—j(er/)L)p,N sin Gk]T'

(4)

Therefore, the covariance matrix of the received signal R
is given by the following equation:
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R=E[x()x" ()] = ARA" + 0,1y, (5)

where I,y represents an MN x MN dimensional identity
matrix and R, denotes the covariance matrix of the received
target.

R, = E[s(t)sH (t)] = diag[of, ai, .. .,ai, . .,ai], (6)

where o represents the power of the kth target signal.

3. Joint Diversity Smoothing DOD and DOA
Estimation Algorithm Based on
Interpolated Sensors

3.1. Expansion of Virtual Array by Interpolating Sensors to
CPA Holes. In this section, we will interpolate sensors to
CPA holes to expand a longer virtual array aperture and then
we can obtain a new equivalent vector to execute transmit-
receive diversity smoothing. Assume transmit array and
receive array are identical augmented CPA, and taking
transmit array as an example, sensors distribution is illus-
trated in Figure 2.

The virtual array is formed by the sum-difference array
of CPA, and the position of virtual sensors S, is given by the
following equation:

S ={SclSc = S + 8o =(8u +8.) e St € 51,88 €S,
= {Sc|sc = (Sct - gct) +(Scr - gcr)’sct’—gct € St’ Scr’gcr € Sr}
(7)

According to (8), the virtual sensors are only generated
by the difference coarray of transmit array and the difference
coarray of receive array when DOD and DOA are estimated,
respectively. Therefore, (S, — S,;) corresponds to parameter
¢, and (S, —S,,) corresponds to parameter 0.

The position of the virtual sensors that are formed by the
difference coarray of transmit array is given by the following
equation:

Std :{Stdlstd = t (Mlnd+ Nlmd),OSmSZMl

(8)
-1,0<n<N,; -1},

where the value range of S,; is [-(3M;N;—-M;—-Ny),
3M;N, - M, - Ni].

Similarly, the position of the virtual sensors that are
formed by the difference coarray of receive array is given by
the following equation:

S?’d :{Srdlsrd = =* (Mznd + szd),OSmSZMz

(9)
-1,0<n<N, -1},
where the value range of S,; is [-(BM,N,-M,—-N,),
3M,N, — M, — N,].

For transmit array, M; and M, can determine the dis-
tribution of the virtual sensors and the length of the virtual
array aperture, and the distribution of virtual sensors that
are formed by augmented CPA is shown in Figure 3.

In Figure 3, blackfilled circles represent virtual sensorsand
dotted circles represent virtual holes. Although augmented

3
Nyd
o - 0 &0
-2M,-1) 210 g
SO o - o
0 1 2 N;-1

FIGURE 2: Sensors distribution of augmented CPA.

CPA can form more virtual sensors than traditional CPA,
some virtual holes are located next to the center point.
Therefore, other continuous virtual sensors cannot form a
virtual array with a larger aperture.

With the purpose of settling the question, we present a
method that utilizes a small number of sensors to interpolate
a part of virtual holes. The originally discontinuous virtual
array will become continuous to achieve more DOF.

We can know a special kind of holes next to the center
point in Figure 3 and call them central virtual holes. Central
virtual holes are continuous virtual holes which locate next
to the center point. When M, =2 and M, = 3, there are two
central virtual holes in the virtual array; when M; =3 and
M, =4, there are four central virtual holes in the virtual
array; and when M, =3 and M, =5, there are four central
virtual holes in the virtual array.

Assume we use sensors to interpolate the virtual central
holes where next to the center point completely. Then, a new
distribution of virtual sensors emerges in Figure 4.

From Figure 4, black filled circles represent virtual
sensors, dotted circles represent virtual holes, red filled
circles represent sensors, and red circles represent new
formed virtual sensors. We found that we only need to
interpolate the virtual holes located next to the center point
to make the virtual array continuous. For example, when
M;=3 and M, =4, we use two sensors to interpolate the
virtual central holes which are located in {1d,2d}. Then, the
array can form additional new virtual sensors which are
located in {-1d,-2d,£5d}. Most of the original virtual holes
are interpolated. Comparing Figure 3 with Figure 4, it can be
found that the interpolated virtual array is a continuous
virtual array that all the central virtual holes are replaced
with sensors or new virtual sensors, and the DOF is 47.
Therefore, we deduce the number of central virtual holes and
DOF for different augmented CPAs from continuous ex-
periments and find that the number of virtual holes to be
interpolated is only related to M,;. The derived regular
pattern and formulas are shown in Table 1.

In general, we interpolate (M;—1) sensors into the
virtual holes which located next to the center point, the
original virtual array becomes continuous, virtual array
apertures become larger to (4M;N;-1), and DOF also
becomes larger to (4M;N; —1).

3.2. Reconstructing Toeplitz Matrix Algorithm Based on Di-
versity Smoothing. In recent years, scholars have proposed
some spatial smoothing algorithms for bistatic radars in
[23-25]. This paper chooses an algorithm that reconstructs
the Toeplitz matrix based on diversity smoothing.
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FiGgure 3: Distribution of virtual sensors and virtual holes.
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FIGURE 4: The new distribution of virtual array after interpolating sensors.
TaBLE 1: Number of elements for augmented CPA.
M, N, M H, Hy M DOF
2 3 6 2 1 23 23
3 4 9 4 2 47 47
Ni=Mi+1 4 5 12 6 3 79 79
3 5 10 4 3 59 59
5 7 16 8 4 139 139
Ni=M,+2 7 9 22 12 6 251 251
4 7 14 6 3 111 111
5 8 17 8 4 159 159
Ny=Mi+3 7 10 23 12 6 279 279
N1:M1+L Ml Nl 2M1+N1—1 Z(Ml—l) Ml—l 4M1N1—1 4M1N1—1

M denotes the number of array sensors, H, denotes the number of central virtual holes located next to the center point, Hdenotes the number of interpolated
sensors, M denotes the number of continuous virtual sensors, and DOF denotes the DOF after interpolating the holes.

After the sensors shave been interpolated, there are M
continuous virtual sensors in the virtual array of transmit
and N continuous virtual sensors in the virtual array of
rece.ei\.re, anq p-= (P> P 2 denf)tes the sensors’
position in = the virtual transmit array and
P; = [Pr1> Pra> - - -» P,5;] denotes the sensors’ position in the
virtual receive array. Therefore, the steering matrices of
transmit and receive virtual array are given by the following
equation:

~7 = [&;((Pl)’&f(g%)’ .- ﬁ?(‘l’k)]’

~ (10)
;= [@(6)).8:(6,), .. 58],

where @(¢,) and @-(0;), respectively, denote manifold
matrices, and they are given by the following equation:

. . T
— —j i —j2r/A)p ~ sin
a?((/)k) _ [e j(2m/A)p,, sin (pk) e ] P ‘Pk] ,

oy
& (6,) = [e—j(znm)p,1 sin 6 ’e—J(Zn/)t)pr;sm Gk] '

A new covariance matrix R of the received signal can be
formed by processing continuous virtual sensors. However,
the ideal R is hard to get in practice, so R is usually estimated
by using L available snapshots and it is given by the following
equation:
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R- % 2O (1), (12)

th

where X (t) is the new received signal of the virtual array.

The new covariance matrix is now vectorized to obtain a
new equivalent vector as follows:

7=Ap+o,i=(A-A)p+0,i (13)

where p = [02,02,...,0%] andiisa (MN x 1) vector whose
elements are all zeros except for the (MN + 1)/2th row.

In fact, we regard vector 7 as the received signal of a
single snapshot in bistatic MIMO radar. According to the
principles of spatial smoothing algorithms, the number of
smoothing times should be no less than the number of
overlapping subarrays to form a full rank covariance matrix.
Since the number of virtual sensors is always an odd number,
the best smoothing results are achieved when the number of
smoothing times is equal to the number of overlapping
subarrays. Therefore, we divide the virtual array of transmit
into M, overlapping subarrays to carry out M, smoothing
and divide the virtual array of receive into N, overlapping
subarrays to carry out N, smoothing. Thus, M = 2M_ -1
and N = 2N, - 1.

Next, suppose there are two selection matrices S!,, and S/,
corresponding to the virtual array of transmit and the virtual
array of receive, which are given by the following equations:

Sf«n = [OMSX(Ms—m)IMstsOMsx(m—l)]’ (14)
S, = [ONSX(NS—n)INSxNSONSx(n—l)]’ (15)
wherem =1,...,M;andn=1,..., N, Op (. m) denote

the M, x (M —m) zero matrlx IM XM, denote M x M
1dent1ty matrix, and O, , (1) denote the M, x (m — 1) zZero
matrix. S7 is similar.

Utilize selection matrices S/ and S, to form the
transmission smoothing and receiving smoothing on the
equivalent vector 7. Then, we can change the values of m and
n to achieve the smoothing of overlapping subarrays in the
virtual array, m and n represent smoothing times. So sub-
vector 7(m,n) is given by the following equation:

7(m,n) =(8,,®S, F

= (Sin;&t) ° (S;A,)p + ofﬁ(m)n) (16)
A m— n— 27
= (At oAr)‘Pt l\IIr lp + Unl(m,n)’
where A, =S'A, Y, =diagle /7o, e msing],

=S4, ‘I’ = diag[e /750, e 775 O] and 7("1)”) is

the correspondmg noise vector. The reconstructed Toeplitz
matrix is given by the following equation:

RT = 7(1’1),7(1’2), “ee

’7(1st)’7(2,1)’ e ’F(MS,NS)

— - — — \H
= (A, o A)R,(A,°A,)" + 2Ly x. (17)

H, 2
=ARA  + anIMsNS,

where A, represents the new steering matrix.
Therefore, the covariance matrix of each sub-array is
given by the following equation:

5 N
Ronmy =T mm (mn)
Lygn-1 L-mygy1-
=AY 'Y pp Y Y A 4 o k() ( mn)

—1agn—1 SH ~ - 1 H

+0nAs‘Ilt \I’r pl(m,n)+0nl(m,n)P \Ilt \Ilr As'
(18)
The values of m and n are changed to achieve the effect of
spatial smoothing in the virtual array and the spatial
smoothing algorithm is used to solve the single snapshot

problem caused by the vectorized covariance matrix. The
spatial smoothing matrix is given by the following equation:

1
- W (ASRSA?AsRsAf + o-flIMSNS + 20' ARA )

n-TsTEsST s
sTUs
(19)

Through comparison, we find that R and Toeplitz matrix
R have the same form, so the spatial smoothing matrix R is
also given by the following equation:
1

R2

R= .
MSNS '

(20)

When performing spatial spectrum estimation, we
choose the RD-MUSIC algorithm instead of the ESPRIT
algorithm. Although we use the ESPRIT algorithm for spatial
spectrum estimation to effectively reduce the complexity of
the algorithm, the estimated DODs and DOAs of multiple
targets need to be matched manually, whereas the RD-
MUSIC algorithm can automatically match the DODs and
DOAs of targets.

The RD-MUSIC algorithm is combined with R to esti-
mate the spatial spectrum, and the spatial spectrum function
is given by the following equation:

1

fmusjc ) [at (q))@a (9)] n n [at(q)) (9)])

where E,, denotes signal subspace of the covariance matrix.
a,(0)®a, (0) is also given by the following equation [25]:

a,(p)®a, (6) =[a,(9)8ly]a, (0).

Therefore, the spatial spectrum function is also given by
the following equation:

(21)

(22)

1
fmusic - ar (9)H [at ((P) ®IN]HEnEnH [at (q)) ®IN]ar (0)
(23)
= %
a,(0)"V (9)a, (0)

where V (¢) = [4, (¢) ®IN]HEnEnH [, (¢) ® Iy]. The DOA of
the kth signal is given by the following equation:
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Input: receive signal: x(¢) = As(t)+n(t), t=1,2, ..., L;
Output: DODs and DOAs: {9, 6}k =1,2,...,K;

Step:
(1) estimate covariance matrix R based on continuous virtual array as in (12);
(2)  build the selection matrix of the transmit array S, as in (14) and the selection matrix of receive array S], as in (15);
(3)  rebuild a new Toeplitz matrix Ry as in (17);
(4) form a spatial smoothing matrix R as in (18); R
(5) utilize the RD-MUSIC algorithm, to estimate DODs and DOAs {@k, Gk};

ALGORITHM 1: Array elements interpolation algorithm.
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FIGURE 5: Results of detecting 15 targets by different methods: (a) CPA with DSIAS algorithm, (b) CPA with IVAE algorithm in [19], (¢c)
CPA with CDS algorithm in [21], and (d) ULA with RD-MUSIC algorithm in [26].

9 i !
= argmin ———
e{V 1(‘/’k)el

where e, = [1,0,... ,0]7.
Similarly, The DOD of the kth signal is given by the
following equation:

argmax(el V" (g)e,). (20

@, = argmin = arg max(elTVf1 (6)e))-  (25)

"1TV?1 (6k)e

The steps of the proposed Algorithm 1 are as follows.

4. Simulation Results

We assume the distance of array sensors M;=M,=2,
N;=N,=3, the number of transmit and receive array
sensors M = N =6, and the original positions of transmit and
receive sensors are [-9d, —6d, —3d, 0d, 2d, 4d]. The number
of central virtual holes to be interpolated is Hy =1, and the
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FIGURE 6: Results of the angular resolution of different methods: (a) CPA with DSIAS algorithm, (b) CPA with IVAE algorithm in [19], (c)
CPA with CDS algorithm in [21], and (d) ULA with RD-MUSIC algorithm in [26].

positions of transmit and receive sensors after interpolating
the holes are [-9d, —6d, —3d, 0d, 1d, 2d, 4d]. There are
continuous virtual sensors in transmit array and receive
array, overlapping subarrays of transmit and receive array,
and smooth times are Ms=Ns=12. The signals in the
simulation are incoherent.

Compare the performance in target estimation of four
methods which include diversity smoothing algorithm based
on interpolating sensors (DSIAS) in this article, interpola-
tion virtual array element algorithm (IVAE) in [19], con-
ventional CPA diversity smoothing algorithm (CDS) in [21],
and conventional ULA RD-MUSIC algorithm in [26]. It
includes three specific simulation experiments, namely,
target number detection and angular resolution. In the
simulation of root mean square error (RMSE), we not only
compared the above-given methods, we also added a unitary
dual-resolution ESPRIT (U-ESPRIT) method [27] to the
comparative simulation.

4.1. Number of Detectable Targets. In this part, the signal-to-
noise ratio (SNR) is set as 10 dB and the number of snapshots
is set as 200. There are 15 signal targets distributed over the
range [-70°, 70°], where located at ¢ = [-70°, —60°, —50°,
—-40°, -30°, —20°, —10°, 0°, 10°, 20°, 30°, 40°, 50°, 60°,70°] and

0 = [-70°, —60°, —50°, —40°, —=30°, —20°, —10°, 0°, 10°, 20°, 30°,
40°, 50°, 60°,70°]. Figure 5 shows the results of DOD and
DOA joint estimation of targets. The four pictures in Fig-
ure 5 represent the algorithms in this article, [18, 20], and
[25], respectively. As shown in Figure 5, it shows the contour
map of the spatial spectrum peak, red circles represent the
true direction of 15 targets and the spectral peak contour
represents the estimated direction of 15 targets. The spectral
peak contour completely overlaps in the red circle in
Figure 5(a), so the DSIAS algorithm can accurately estimate
15 targets. Other methods’ spectral peak contours do not
overlap completely in the red circle. The DSIAS algorithm is
better than other methods for a number of detectable targets.

4.2. Angular Resolution. In this part, with the purpose of
comparing the performance of the four algorithms in an-
gular resolution, assume that the SNR is 10dB and the
number of snapshots is 200. Figure 6 shows situations of the
angular resolution comparison of different algorithms. The
position of two adjacent targets are (¢,,0,) = (11°,11°) and
(¢,,6,) = (13°,13°), and the red line denotes the real target’s
direction. From the simulation results, we can also see that
the MIMO radar which uses the DSIAS algorithm can es-
timate the targets well under the condition of two targets
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(b) RMSE versus a number of snapshots for different methods.
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F1GURE 8: RMSE versus SNR and number of snapshots for different methods (four targets): (a) RMSE versus SNR for different methods and

(b) RMSE versus a number of snapshots for different methods.

close to each other, and the other three algorithms cannot
accurately distinguish two similar targets.

4.3. Root Mean Square Error (RMSE). We compare the
RMSE:s of different algorithms. RMSE is a common standard
that reflects the accuracy of angle estimation, and the average
RMSE is defined by the following equation:

[(¢;-¢k)2+<@;—0k)2] , (26)

where Q denotes Monte Carlo simulation times, K denotes
the number of targets, and (), 0;) denotes the joint esti-
mated DOD and DOA of the kth target for the ith Monte
Carlo simulation, i=1,2, ..., Q. Estimation number of
targets will affect the estimation accuracy. In order to reflect
the comprehensiveness of the simulation results, we carried
out simulation experiments for two targets and four targets,
respectively, and the results of the simulation experiments
are shown in Figures 7 and 8.

Figure 7 shows the relationship of RMSE with SNR and the
number of snapshots under the condition of detecting two
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targets, and the targets locate at (¢,,0,) = (10°,15°),
(¢,,6,) = (20°,25°). Figure 7(a) depicts the variation of the
RMSE curve with SNR, where the number of snapshots is set as
200. The DSIAS algorithm has a higher estimation accuracy
than other methods at low SNR but has similar performance
with the other two methods [19, 21] at high SNR. Figure 7(b)
depicts the variation of the RMSE curve with a number of
snapshots, where the SNRis set as 10. The DSIAS algorithm has
high estimation accuracy at a different number of snapshots.

As shown in Figure 7, the accuracy of all four algorithms
is high when estimating two target angles, and the estimation
accuracy of the DSIAS algorithm proposed in this paper is
only slightly higher than the others. Figure 8 presents the
relationship of RMSE with SNR and the number of snap-
shots under the condition of detecting four targets, and the
targets locate at (¢,,0,) = (10°,15°), (¢,,0,) = (20°,25°),
(¢5,6;) = (30°,35°), and (¢, 0,) = (40°,45°). Figure 8(a)
depicts the variation of the RMSE curve with SNR, where
the number of snapshots is set as 200. In contrast to the
previous experiments, the DSIAS algorithm clearly performs
better than other methods in estimation accuracy.
Figure 8(b) depicts the variation of the RMSE curve with a
number of snapshots, where the SNR is 10. It can be found
that the DSIAS algorithm estimates more targets with
greater accuracy by comparing two experiments which
detects a different number of targets.

5. Conclusions

We propose a joint estimation of the DOD and DOA
method that interpolate a small number of sensors to a
specific location in an augmented CPA virtual array. The
method can expand the aperture of the virtual array and
maintains the maximum DOF of augmented CPA despite
the virtual holes which cannot be exploited in the virtual
array. Meanwhile, we reconstructed the Toeplitz matrix
based on diversity smoothing to obtain a spatial smoothing
matrix. Finally, we combined the RD-MUSIC algorithm
with the spatial smoothing matrix to estimate the spatial
spectrum and accurately estimate the DOD and DOA of the
targets. Simulation results illustrate the proposed method
has better performance than other methods.
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