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Partial differential equations are used to describe a wide vari-
ety of physical phenomena such as fluid dynamics, plasma
physics, solid mechanics, and quantum field theory that
arise in physics. Many of these equations are nonlinear and,
in general, these equations are often very difficult to solve
explicitly. Many systematic methods are usually employed
to study the nonlinear equations: these include the gener-
alized symmetry method, the Painlevé analysis, the inverse
scattering method, the Backlund transformation method, the
conservation law method, the Cole-Hopf transformation, and
the Hirota bilinear method.

Constructing exact solutions, in particular travelling
wave solutions, of nonlinear equations plays an important
role in soliton theory. Several important direct methods
have been developed for obtaining travelling wave solutions
to nonlinear partial differential equations such as the inverse
scattering method, the tanh-function method, the extended
tanh-function method, the G'/G method, the simplest
method, and the modified simplest method.

The authors of this special issue had been invited to
submit original research articles as well as review articles
in the following topics: methods for obtaining solutions
of partial differential equations; conservation laws; general
methods for obtaining solutions of ordinary differential
equations; travelling wave solutions; novel applications in
physics.

However, we received 22 papers in these research fields.
After a rigorous reviewing process, six articles were finally

accepted for publication. These articles contain some new and
innovative techniques and ideas that may stimulate further
researches in several branches of theory and applications of
the transformation groups.

In “The Rational Solutions and Quasi-Periodic Wave
Solutions as well as Interactions of N-Soliton Solutions for 3 +
1 Dimensional Jimbo-Miwa Equation,” H. Yang et al. analyze
the rational solutions, quasi-periodic wave solutions obtained
by the Hirota method and the theta function for the 3 + 1
dimensional Jimbo-Miwa equation. The knowledge of these
solutions allows them to explain the interaction of the N-
soliton solutions, that is, to show when the soliton solution
can be changed into the resonant solution and when there will
appear the pursue collision; that is, the soliton with the faster
speed will catch up with the soliton with the slower speed
(after the collision, the two solitons will continue to spread
as the previous speed and the direction).

In “An Efficient Numerical Method for the Solution of the
Schrodinger Equation,” L. Zhang and T. E. Simos show the
original development of a new five-stage symmetric two-step
fourteenth-algebraic-order method with vanished phase-lag
and its first, second, and third derivatives. More specifically,
they firstly introduce the development of the new method
and the determination of the local truncation error and suc-
cessively the local truncation error analysis and the stability.
Finally, the interval of periodicity analysis and the efficiency
of the new method are considered by applying it to couple of
Schrodinger equations.
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In the paper titled “Asymptotic Expansion of the Solutions
to Time-Space Fractional Kuramoto-Sivashinsky Equations,”
the attention of authors is devoted to finding the asymp-
totic expansion of solutions to fractional partial differential
equations with initial conditions. The residual power series
method is proposed for time-space fractional partial differ-
ential equations, where the fractional integral and derivative
are described in the sense of Riemann-Liouville integral
and Caputo derivative. They apply the method to the linear
and nonlinear time-space fractional Kuramoto-Sivashinsky
equation with initial value and obtain asymptotic expansion
of the solutions, which confirm the accuracy and efficiency of
the method.

In “New Periodic Solutions for a Class of Zakharov Equa-
tions,” C. Sun and S. Ji consider a class of nonlinear Zakharov
equations. Inspired by Angluo’s idea, by applying the Jacobian
elliptic function method, they obtain new periodic solutions
for Klein-Gordon Zakharov equations, Zakharov equations,
and Zakharov-Rubenchik equations.

In the paper titled “Stability of the Cauchy Additive
Functional Equation on Tangle Space and Applications,” S.
H. Kim introduces real tangles (a generalization of rational
tangles) and its operations to enumerating tangles by using
the calculus of continued fraction. Moreover, he studies about
the analytical structure of tangles, knots, and links by using
new operations between real tangles which need not have
the topological structure. As for applications of the analytical
structure, he proves the generalized Hyers-Ulam stability of
the Cauchy additive functional equation f(x @ y) = f(x) ®
f(») in tangle space which is a set of real tangles with analytic
structure and describes the DNA recombination as the action
of some enzymes on tangle space.

In their paper titled “The Stochastic Resonance Behaviors
of a Generalized Harmonic Oscillator Subject to Multi-
plicative and Periodically Modulated Noises,” S. Zhong et
al. study the stochastic resonance (SR) characteristics of a
generalized Langevin linear system driven by a multiplicative
noise and a periodically modulated noise. They take in
consideration a generalized Langevin equation (GLE) driven
by an internal noise with long-memory and long-range
dependence, such as fractional Gaussian noise and Mittag-
Leftler noise. Such a model is appropriate to characterizing
the chemical and biological solutions as well as to some
nanotechnological devices. An exact analytic expression
of the output amplitude is obtained. Based on it, some
characteristic features of stochastic resonance phenomenon
are revealed. On the other hand, by the use of the exact
expression, they obtain the phase diagram for the resonant
behaviors of the output amplitude versus noise intensity
under different values of system parameters. These results
could give the theoretical basis for practical use and control
of the SR phenomenon of this mathematical model in future
works.
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The stochastic resonance (SR) characteristics of a generalized Langevin linear system driven by a multiplicative noise and a
periodically modulated noise are studied (the two noises are correlated). In this paper, we consider a generalized Langevin equation
(GLE) driven by an internal noise with long-memory and long-range dependence, such as fractional Gaussian noise (fGn) and
Mittag-Leffler noise (M-Ln). Such a model is appropriate to characterize the chemical and biological solutions as well as to some
nanotechnological devices. An exact analytic expression of the output amplitude is obtained. Based on it, some characteristic
features of stochastic resonance phenomenon are revealed. On the other hand, by the use of the exact expression, we obtain the
phase diagram for the resonant behaviors of the output amplitude versus noise intensity under different values of system parameters.
These useful results presented in this paper can give the theoretical basis for practical use and control of the SR phenomenon of

this mathematical model in future works.

1. Introduction

The phenomenon of stochastic resonance (SR) characterized
the cooperative effect between weak signal and noise in
a nonlinear systems, which was originally perceived for
explaining the periodicity of ice ages in early 1980s [1, 2]. In
the past three decades, the SR phenomenon attracted great
attentions and has been documented in a large number of
literatures in biology, physics, chemistry and engineering [3-
6], such as SR in magnetic systems [7] and tunnel diode [8]
and in cancer growth models [9, 10].

Nowadays, there have been considerable developments in
SR, and the original understanding of SR is extended. Firstly,
in the initial stage of investigation of SR, the nonlinearity
system, noise and periodic signal were thought of as three
essential ingredients for the presence of SR. However, in 1996,
Berdichevsky and Gitterman [11] found that SR phenomenon
can occur in the linear system with multiplicative colored
noise [12, 13]. It is because the multiplicative noise breaks
the symmetry of the potential of the linear system and this

gives rise to the SR phenomenon, which has been explained
by Valenti et al. in literatures [14, 15]. Valenti et al. investigated
the SR phenomenon in population dynamics, where the mul-
tiplicative noise source is Gaussian or Lévy type. Moreover,
the appearance of SR in a trapping overdamped monostable
system was also investigated in literature [16] recently. Sec-
ondly, the conventional definition about SR phenomenon
is the signal-to-noise ratio (SNR) versus the noise intensity
exhibits a peak [17, 18], whereas the generalized SR [19]
implies the nonmonotonic behaviors of a certain function of
the output signal (such as the first and second moments, the
autocorrelation function) on the system parameters. Thirdly,
another interesting extension of SR lies in the fact that output
amplitude A attains a maximum value by increasing the
driving frequency €. Such phenomenon indicates the bona
fide SR which was introduced by Gammaitoni et al. appears
at some value of Q [20, 21].

The SR phenomenon driven by Gaussian noise has been
investigated both theoretically and experimentally. However,
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the Gaussian noise is just an ideal model for actual fluctua-
tions and not always appropriate to describe the real noisy
environment. For instance, in the nonequilibrium situation,
the stochastic processes describing the interactions of a test
particle with the environment exhibit a heavy tailed non-
Gaussian distribution. Nowadays, Dybiec et al. investigated
the resonant behaviors of a stochastic dynamics system
with Lévy stable noise and an isotropic a-stable noise with
heavy tails and jumps in literatures [22, 23]. Dubkov et al.
investigated the Lévy flight superdiffusion as a self-similar
Lévy process and derive the fractional Fokker-Planck equa-
tion (FFPE) for probability distribution from the Langevin
equation with Lévy stable noise [24-26].

Recently, more and more scholars began to pay atten-
tion to another important class of non-Gaussian noise, the
bounded noise. It should be emphasized is that the bounded
noise is a more realistic and versatile mathematical model of
stochastic fluctuations in applications, and it is widely applied
in the domains of statistical physics, biology, and engineering
in the last 20 years. Furthermore, the well-known telegraph
noise, such as dichotomous noise (DN) and trichotomous
noise that are widely used in the studied of SR phenomena,
is a special case of bounded noise. The deepening and
development of theoretical studies on bounded noise led to
the fact that lots of scholars investigated the effect of bounded
noise on the stochastic resonant behaviors in the special
model in physics, biology, and engineering [27].

Since Richardson’s work in literature [28], a large number
of observations related to anomalous diffusion [29-33] have
been reported in several scientific fields, for example, brain
studies [34, 35], social systems [36], biological cells [37, 38],
animal foraging behavior [39], nanoscience [40, 41], and
geophysical systems [42]. One of the main aspects of these
situations is the correlation functions of the above anomalous
diffusion phenomena, which may be related to the non-
Markovian characteristic of the stochastic process [43]. The
typical characteristic of anomalous diffusion lies in the mean-
square displacement (MSD) which satisfies (x(t)?) ~ t%
where the diffusion exponents 0 < « < 1 and & > 1 indicate
subdiffusion and superdiffusion, respectively. When « = 1,
the normal diffusion is recovered [44].

It is well-known that the normal diffusion can be modeled
by a Langevin equation, where a Brownian particle subjected
to a viscous drag from the surrounding medium is charac-
terized by a friction force, and it also subjected to a stochastic
force that arises from the surrounding environment. The fric-
tion constant determines how quickly the system exchanges
energy with the surrounding environment. For a realistic
description of the surrounding environment, it is difficult to
choose a universal value of the friction constant. Indeed, in
order to depict the real situation more effectively, a different
value of the friction constant should be adopted. Hence, a
generalization of the Langevin equation is needed, leading to
the so-called generalized Langevin equation (GLE) [45]. The
GLE is an equation of motion for a non-Markovian stochastic
process where the particle has a memory effect to its velocity.

Nowadays, the GLE driven by a fractional Gaussian noise
(fGn) [46] with a power-law friction kernel is extensively used
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for modeling anomalous diffusion processes. For instance, in
the study on dynamics of single-molecule when the electron
transfer (ET) was used to probe the conformational fluctu-
ations of single-molecule enzyme, the distance between the
ET donor and acceptor can be modeled well through a GLE
driven by an fGn [47-54]. Besides, Vifiales and Despésito
have introduced a novel noise whose correlation function is
proportional to a Mittag-Leffler function, which is called the
Mittag-Leffler noise (M-Ln) [55-57]. The correlation func-
tion behaves as a power-law for large times but is nonsingular
at the origin due to the inclusion of a characteristic time.

The overwhelming majority of previous studies of SR have
related to the case where the external noise and the weak
periodic force are introduced additively. However, Dykman
et al. [58] studied the case where the signal is multiplied to
noise; namely, the noise is modulated by a signal. They found
that when an asymmetric bistable system is driven by a signal-
modulated noise, stochastic resonance appeared, in contrast
to the additive noise, new characteristics emerge, and their
results were in agreement with experiments. Furthermore,
Cao and Wu [59] studied the SR characteristics of a linear
system driven by a signal-modulated noise and an additive
noise. It seems that a periodically modulated noise is not
uncommon and arises, for example, at the output of any
amplifier (optics or radio astronomy) whose amplification
factor varies periodically with time.

Due to the synergy of generalized friction kernel of a GLE
and the periodically modulated noise, the stochastic resonant
behaviors of a GLE can be influenced. In contrast to the
case that has been investigated before, new dynamic char-
acteristics emerge. Motivated by the above discussions, we
would like to explore the stochastic resonance phenomenon
in a generalized harmonic oscillator with multiplicative and
periodically modulated noises. Moreover, we consider the
GLE is driven by a fractional Gaussian noise and a Mittag-
Leftler noise, respectively, in this paper. We focus on the
various nonmonotonic behaviors of the output amplitude A
with the system parameters and the parameters of the internal
driven noise.

The physical motivations of this paper are as follows: (1)
in view of the importance of stochastic generalized harmonic
oscillator (linear oscillator) with memory in physics, chem-
istry, and biology and due to the periodically modulated noise
arising at the output of the amplifier of the optics device
and radio astronomy device, to establish a physical model in
which the SR can contain the effects of the two factors, the
linearity of the system and the periodical modulation of the
noise. (2) The second one is to give a theoretical foundation
for the study of SR characteristic features of a generalized
harmonic oscillator subject to multiplicative, periodically
modulated noises and external periodic force. Our study
shows that such a model leads to stochastic resonance
phenomenon. Meanwhile, an exact analytic expression of the
output amplitude is obtained. Based on it, some characteristic
features of SR are revealed.

The paper is organized as follows. Section 2 gives the
introductions of the generalized Langevin equation, the frac-
tional Gaussian noise, and the Mittag-Leftler noise. Section 3
gives analytical expression of the output amplitude of the
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system’s steady response. Section 4 presents the simulation
results, and gives the discussions. Section 5 gives conclusion.

2. System Model

2.1. The Generalized Langevin Equation. The generalized
Langevin equation (GLE) is an equation of motion for the
non-Markovian stochastic process where the particle has a
memory effect to its velocity. Anomalous diffusion in physical
and biological systems can be formulated in the framework of
a GLE that reads as Newton’s law for a particle of the unit mass
(m=1) [11, 47, 60-66]:

du (x)

k(t)+thK(t—u)5c(u)du+ n, @

where x(t) is the displacement of the Brownian particle at
time t, y > 0 is the friction constant, K(¢) represents the
memory kernel of the frictional force, and dU(x)/dx is the
external force under the potential U(x). The random force
n(t) is zero-centered and stationary Gaussian that obeys the
generalized second fluctuation-dissipation theorem [67]:

M®On()) =C(lt—sl) = kgT - K (|t = sl), )

where kj is the Boltzmann constant and T is the absolute
temperature of the environment.

2.2. The Fractional Gaussian Noise. Fractional Gaussian noise
(fGn) and fractional Brownian motion (fBm) were originally
introduced by Mandelbrot and Van Ness [46] for modeling
stochastic fractal processes. The fGn e (t) = {ey(t), t > 0}
with a constant Hurst parameter 1/2 < H < 1 can be
used to more accurately characterize the long-range depen-
dent process [the autocorrelation function r(k) satisfies
Yo (k) = 0o] than traditional short-range dependent
stochastic process [the autocorrelation function (k) satisfies
Z,?;_Oo r(k) < o0]. The short-range dependent stochastic
process is, for example, Markov, Poisson or autoregressive
moving average (ARMA) process.

Now consider the one-side normalized fBm which is a
Gaussian process By (t) = {By(t), t > 0}, which shows the
properties below [68]:

(1) By (0)=0
2) (By(t)=0, t>0
1/ oH 2H 2H )
() (Bar (0 By () = — (It + 1s™" = 1t = ),
t,s > 0.
The fGn e(t) = {ey(t), t > 0}, given by [47-49]
dBy; (t
ey (t) = w/szT#(), t>0, (4)

is a stationary Gaussian process with (ey;(t)) = 0. Therefore,
according to (3) and (4) and the LHospital’s rule, the
autocorrelation function C(t) of fGn can be derived as

C(t) = (e (0) & (1)) = 2ksT
{1- <[BH(0+s>—BH<0>][BH(t+s>—BH<t>]>}
' sirgl* S S

s - s -2
= 2kyT - {Hv 2 = 2kgT
2H It 2H-1 _ 2H It — 2H-1
-{lng It + 51 " It = sl = 2kyT
s S (5)
i 2HCH -1t + sPE2 4 2H(2H - 1) |t — 5172
s—0" 4
= 2kyT
2HQH - 1)t + 0" 2+ 2H(2H - 1) |t - 022
4
=2kyT-HQH-1)*772, t>0.

2.3. The Mittag-Leffler Noise. It is well-known that the phys-
ical origin of anomalous diffusion is related to the long-time
tail correlations. Thus, in order to model anomalous diffusion
process, a lot of different power-law correlation functions are
employed in (1) and (2).

Vifiales and Desp6sito have introduced a novel noise
whose correlation function is proportional to a Mittag-Leftler
function, which is called Mittag-Leffler noise [55-57]. The
correlation function of Mittag-Leffler noise behaves as a
power-law for large times but is nonsingular at the origin
due to the inclusion of a characteristic time. The correlation
function of Mittag-Lefller noise is given by

Ct) = kBTTi“E“ [—(m)a], (6)

T

where 7 is called characteristic memory time and the memory
exponent « can be taken as 0 < « < 2. The E,(-) denotes the
Mittag-Leffler function that is defined through the series

E,(y) = Z )

oc]+1)

which behaves as a stretched exponential for short times and
as inverse power-law in the long-time regime when o # 1.
Meanwhile, when « = 1, the correlation function equation
(4) reduces to the exponential form

(M)

which describes a standard Ornstein-Uhlenbeck process.

C(t) =



2.4. The System Model. In this paper, we consider a periodi-
cally driven linear system with multiplicative noise and peri-
odically modulated additive noise described by the following
generalized Langevin equation:

k(ﬂ+yJ:K(r—mx(Mdu+[w§+fﬂﬂ]x

=A;sin(Qt) + A,sin(Q) &, (1) + 7 (¢),

where w, is the intrinsic frequency of the harmonic oscillator
U(x) = ngz /2. The fluctuations of w(z) in (9) are modeled as
a Markovian dichotomous noise &, (t) [69], which consists of
jumps between two values —a and a, a > 0, with stationary
probabilities P,(—a) = P,(a) = 1/2. The statistical properties
of &, (t) are

(& ®) =0,

(10)
(€, (& (5)) =a’ exp (—v ]t —s]),

where a? is the noise intensity and v is the correlation rate,
with 7, = 1/v being the correlation time.

&,(t) is a zero mean signal-modulated noise, with cou-
pling strength D with noise &, (¢) [70, 71]; that is,

(&1 (1) & () =Dd(t-5). (11

In (9), A, and Q are the amplitude and frequency of the
external periodic force A, sin(Qt). Meanwhile, A, and Q) are
the amplitude and frequency of the periodically modulated
additive noise A, sin(Qt)&, (¢), respectively.

In this paper, we assume that the external noise &, (), &, (¢)
and the internal noise #(t) satisty (r(¢)&;(s)) = ((t)E,(s)) =
0 with different origins. In the next section, we will obtain the
exact expression of the first moment of the output signal.

3. First Moment

3.1. The Analytical Expression of the Output Amplitude of a
GLE. First of all, we should transfer the stochastic equation
(9) to the deterministic equation for the average value (x).
For this purpose, we use the well-known Shapiro-Loginov
[72] procedure which yields, for exponentially correlated

noise (10),
<51 o > = (— + v> (& x). (12)

Equation (9) depicted the motion of x(t) is bounded by a
noisy harmonic force field, by averaging realization of the
trajectory of the stochastic equation (9), and, applying the
characteristics of the noises &, (¢), &,(t), and #(t), we obtain
the equation of the particle’s average displacement (x):

d
%dw + “—’o (x) + (&, x) )

d’ (x)
dt?

= A;sin (Q1).

+Y£KU—)

It can be found that (13) shows the synthetic affections of
the particle’s average displacement (x) and the multiplicative
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noise coupling term (&, x). In order to deal with the new
multiplicative noise coupling term (&, x), we multiply both
sides of (9) with &, (¢) and then average to construct a closed
equations of (x) and (&, x):

d*x ¢
<£1 (t)ﬁ> oy | K- <£1 (t)—>d »
+w; (€,x) +a” (x) = A,Dsin (Qt).

Using the Shapiro-Loginov formula (12) and the charac-
teristics of the generalized integration, (14) turns to be

[dz (&%) vd (&)
dt? dt

6 | 60

t
2 —vt K t—
+a” (x) + ye JO (t—u) 15)

[ mxw)
du

v (& (u)X(u»] e"du
= A,Dsin (Qt).

To summarize, for the linear generalized Langevin equa-
tion (9) to be investigated in this paper, it is a stochastic
differential equation driven by an internal noise #(¢). When
we want to obtain the particle’s average displacement (x)
from (9), we average (9) and obtain the traditional classical
differential equation (13) for (x) and the new multiplicative
noise coupling term (&, x). In order to deal with the new
coupling term (&, x), we do some mathematical calculations
and have another ordinary differential equation (15). Finally,
we obtain two linear closed equations (13) and (15) for x; =
(x) and x, = (&, x).

In order to solve the closed equations (13) and (15), we

use the Laplace transform technique X; = LT[x;()] £
[ x/(e™dt, i = 1,2 [73], under the long time limit ¢t —
0o condition, we obtain the following equations,

[ + YR (s) s + wp | X, () + X, (s)

= LT [A, sin (Qt)]
(16)
a2X1 (s) + [(s +v)" + w(z) +y(s+v)K(s+ v)] X, (s)

= LT [A,Dsin (Q1)].

K(s) = LT[K(t)] means performing Laplace transform.
The solutions of (16) can be represented as

X(las) (s) = Hy, (s) - LT [A, sin (Qt)] + H,, (s)

-LT [A,Dsin (Q1)],
17)

X;“S) (s) = I“_jlz (s)- LT [A,sin(Qt)] + sz (s)

LT [A,Dsin (Q1)],
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where Hy,(s) = LT[Hy(t)], k,i = 1,2, and H,,(s) can be
obtained from (16). Particularly, we have

— 1 2 2 —
H ()= —— |w; +(s+v) " +y(s+v)K(s+v)|,
11 s [ o Y ]
) (18)
Hy, ()= =,
21 )
with H(s) = [} +s* +ps-K(s)][w] + (s +v)* +p(s +v) - K(s +
V)] - a*.

Applying the inverse Laplace transform technique, by the
theory of “signals and systems,” the product of the Laplace
domain functions corresponding to the convolution of the
time domain functions, we can obtain the solutions x(lus) (t)

(X)) 2 lim,_ o (x(t)) and xY(F) = (£, (O)x(t)), =
lim,_, (&, (#)x(t)) through (17):

X (£) = Hy (8)  [A, sin (Q0)] + Hy ()

* [AzD sin (Qt)] >
(19)
x;as) (t) = Hy, (t) * [A; sin (Qf)] + Hy, (t)

* [A,Dsin (Q1)],

where * is the convolution operator.

Equations (13) and (15) with x, = (x) and x, = (§,x) can
be regarded as a linear system, and the forces A, sin(Qt) and
A,Dsin(Qt) can be regarded as the input periodic signals.
By the theory of “signals and systems,” when we put periodic
signals A, sin(Q¢) and A,Dsin(Qt) into a linear system
with system functions H},(t) and H,,(t), the output signals
are still periodic signals; meanwhile, the frequency of the
output signals are the same as the frequency of the input
signals. We denote the output signals as A, sin(Qf + ¢;;)
and A, sin(Qt + @,,), respectively, which can be shown in
Figure 1.

Moreover, the amplitudes A,; and A,, of the output
signals are proportion to the amplitudes A, and A,D of the
input signals, and the proportion constants are the amplitudes
of the frequency response functions Hy, (e’ and H,,(e/?);
thatis, A, = A,|H,,(e’?)|and A,, = A,D|H,,(e/?)|.

Thus, from (19), we obtain the following expression of
particle’s average displacement x\* (¢):

X" () = Hyy (1) = [A, sin (Q0)] + Hy, (1) * [A,D

-sin (Qt)] = Ay sin (Qf + ;) + A,y sin (Qt

+ 1) = \/A211 + A% + 2411 Ay cos (91191)
(20)
-sin | Qt

arcsin (A sing,; + A, sing,;)

\/Azu + A3 + 2411 Ay cos (91191)

>

5
Ay sin(Qt) Ay sin(Qf + )
1 Hy, () 11 P11
A,Dsin (Qt i +
,Dsin (Qt) oy, () Ay sin (Qt (p21)

FIGURE 1: The relationships of the input periodic signals and the
output signals by the theory of “signals and systems.”

where A, A,, and ¢,;, ¢, are the amplitude and phase shift
of the long-time behaviors of the output signals, respectively.

In addition, we can obtain the expressions of frequency
response functions H 11(ejQ) and H,, () through (18).
Through the derivation, we can suppose that the expressions
of Hy,(e’*) and H,, (/) can be simplified as follows:

0y s Ay +By-j
Hy, () 2 2220
Ci,+Dy-j

A 1
. +B, -1
Hy () 2 227200
Cy+D,-j

where A;, B;,C;, D;, i = 1,2, are real numbers.
Then, the amplitudes of frequency response functions
H,, (") and H,, (e’®) are

Al +B:
C!+D?

'Hn (ejQ)| = \/Hn (/%) Hy, (e/9) = \j

(22)

2 2
A+ Bj
C? + D2

iy () = e (%) 5, ) - |

where H; (¢/?), i = 1,2, is the conjugation of H;, (¢/?), i =
1,2.
Meanwhile, the amplitudes of the output signals are

AX+ B
C?+D?

A=A |H11 (ejQ)' = A1\/
(23)

A5+ B

C:+ D%

Ay = A,D|Hy (¢7)] = AZD\j

In this paper, with the expression of the particle’s average

displacement xgas)(t) in (20), we mainly discuss the resonant
behaviors of the output amplitude A which is defined as

A= \/A211 + AY) + 241145 cos (91191)- (24)

It should be emphasized that the following inequality
must hold for the sake of the stability of solutions [69]:

0<a2Safr=wg[wg+v2+yv-f{'(v)]. (25)

In this paper, we assume the stability condition (25) is
satisfied.



3.2. The Output Amplitude of a GLE with Fractional Gaus-
sian Noise. When the internal noise #(t) in the generalized
Langevin equation (9) is fractional Gaussian noise with
correlation function (5), from the fluctuation-dissipation
theorem (2), we derive the power-law memory kernel K(t)
presented by Hurst exponent H,0 < H < 1:

c®

2H-2
kB ) '

K(t) = =2HQH - 1)t (26)

Performing the Laplace transform, we obtain the related
K(s) = LT[K()]:

K(s)=TQH+1)-s"H, 0<H<1. (27)

From (18), (20), (24), and (27), we get the output amplitude A
expressed by (24) with

A11=A1\jf1 +f2

f3 f42’
(St
A21=A2D\/f lfz,
g =rcn (5). -

where
fi= w(z, +b° cos (20) + ypb*
-T(2H +1)cos[(2-2H) 0],
f, = b*sin (20) + yb*
-T'(2H + 1)sin[(2 - 2H) 0],

f3 =My + M, cos (20) + M, cos [(2 - 2H) 0]

+ M, cos | (2 - 2H) g + 29]

+ M, cos (g +9> (2—2H)]

+ M, cos | (2 - 2H) g] ,
fa =M, sin (20) + M, sin[(2 - 2H) 0]

+ M, sin (2—2H)g+26]

+ M, sin (g +9> (2—2H)]

+ M sin (2—2H)§],

Advances in Mathematical Physics

b=+ Q2
0= arctan(9> ,
v
M, = wg -a’ - szg,
M, (‘Uo )bz
M, =y (wy - O*) 0T 2H + 1),
M, =y T 2H + 1),

M, =y* Q> H + 1),

2-2H

M = yor 2T 2H + 1).

(30)

3.3. The Output Amplitude of a GLE with Mittag-Leffler Noise.
When the internal noise #(t) in the generalized Langevin
equation (9) is Mittag-Leftler noise with correlation function
(6), from the fluctuation-dissipation theorem (2), we derive
the Mittag-Leffler memory kernel K(t) presented by memory
time 7 and memory exponent «:

0-S0 L[ (] o

Performing the Laplace transform, we obtain the related
K(s) = LT[K(®)]:
_ a—1
K(s)=———, 0<a<2, 7>0. (32)
1+ (79)

From (18), (20), (24), and (32), we obtain the output ampli-
tude A expressed by (24), with

Ay =A1\/g1 +92

95° +g4
o1 - amn(M),
9195 + 9294
(33)
2 2
Ay = AZD\j%,
935~ t g

h,gs — hi g, )

Py = arctan<
“ higs +hyg,

where
g1 = wé + M, cos (a0) + M, cos (20)

+ M, M; cos [(2 + «) 0]
+ M4w§ cos <g(x>

+ M M, cos [(g + 6) cx]
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+ M, M, cos <26 + goc>
7
+ M, M,M; cos [(2 +a)0+ E(X] ,
g, = M, sin (af) + M, sin (20)
+ M,M;sin [(2 + «) 0] + M4w§ sin <goc>
L [(m
+ M M, sin [(E + 9> oc]
. Vs
+ M, M, sin (26 + E“>
. 71
+ M, M ,M; sin [(2 +a)f+ 5“] ,
7
hy =-1- M, cos (Eoc> — M cos (a0)
- MM cos [(g +6)0c] ,
(T .
hy, = -M, sin (E(x> — M sin («0)
- MM sin [(g + 6) oc] ,

g3 = Mg + MM, cos (20) + M, cos («0)
+ MyM,M; cos [(2 + «) O]

+ M, cos <§(x) + My, cos (20 + %oc)
+M12cos[<72—r +6>(x]

v
+M13cos[(2+oc)9+ E(x],

s = MyM, sin (20) + M, sin (a6)

+ MyM,M;sin [(2 + «) 0]
+ M, sin(zoc> + M, sin (26 + zoc)
2 2
+M125in[(g +9)(x]
+ M5 sin [(2 +a)0+ ga] ,
b=Vv+Q?

Q
0= arctan(—),
v

M, = w(z) -0
M, =yQf,
M, = b’

7
M, = yb%,
M, = (rQ)*,
M; = (th)*,
Mg = MM, + M,,
M, = Msw; + M,
Mg = w(z)Mo -a’,
M,y = MyM, — Mya®,
M,y = MM + M@},
M, = M, Mg,
My, = My (MyMg + w0pM, ) + M3 Mg,
M,; = M, M M.
(34)

4. Stochastic Resonance Behaviors of
a GLE with Multiplicative and Periodically
Modulated Noises

In this section, we will perform the numerical simulations
on the above analytical expression in (24), with the internal
noise #(t) modeled as fractional Gaussian noise and Mittag-
Leffler noise in Sections 4.1 and 4.2, respectively. It can be
seen, from the analytical expression in (24), the behaviors
of A are fully determined by the combination of the system
parameters ¥, w(z, ,a’,v, A, A,, D, and Q and the parameters
of #(t). Based on it, some characteristic features of stochastic
resonance behaviors are revealed.

4.1. The Stochastic Resonance Behaviors of GLE with a Frac-
tional Gaussian Noise. From (25) and (27), we obtain the
stability condition of GLE with fractional Gaussian noise #(t):

2 2
0<a” < acr,fGn
(35)

:wé [w§+v2+y‘1‘(2H+ 1)-v2_2H]

>

with0 < H < L.

It can be seen from the stability condition (35) that the
critical noise intensity aczr)fGn is determined by wg, v, 9, and
H. Besides, from (24), the behaviors of output amplitude A
are fully determined by the combination of the parameters
P, wé, a’,v,A}, A,,D,Q, and H. Thus, in Figure 2, we depict
the phase diagram in the D — Q plane for the emergence of
the stochastic resonance behaviors of A versus a” at w] = 1,
A, =1,H=055A,=1,y=03,and v = 0.01.

In the unshaded region [see the domain (0) of level
= 0 which corresponds to Figure 2], the output amplitude
A(a®) varies monotonically as the noise intensity a* varies,
which means the SR phenomenon is impossible. Meanwhile,
in the shaded regions, it corresponds to the traditional SR
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FIGURE 2: The phase diagram for the stochastic resonance behaviors of the output amplitude A(a®) at w? = 1, A, = 1, H = 0.55, A, = 1,
y = 0.3, and v = 0.01, and the values of Level in Figure 2, reflect the number of SR peaks for different combination of D and Q.
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FIGURE 3: The output amplitude A versus the noise intensity a* with various (D, Q) be chose through Figure 2, with parameters wé =1,
A =1,A,=1,v=001,H=0.554andy=03and (a) D= 0.3 and Q = 0.95; (b) D =0.9and Q = 0.2; (¢) D = 1.3 and Q = 0.6.

phenomenon taking place, and two phases can be discerned
in the resonant domain:

(1) The light shaded region (i) corresponds to the single-
peak SR phenomenon [see the domain of level =1
which corresponds to Figure 2].

(2) The dark shaded region (ii) corresponds to the
double-peaks SR phenomenon [see the domain of
level = 2 which corresponds to Figure 2].

From Figure 2, we can find that when the driving
frequency Q is large enough [Q > 0.95] or small enough
[Q < 0.01], it is impossible to induce the SR phenomenon.

In Figure 3, we plot the curves given by (24) and (28)
in which the dependence of the output amplitude A on the
noise intensity a” for different values of the system parameters
(D, Q) can be chosen from Figure 2, to verify the correctness
of the results shown in Figure 2. As shown in Figure 3(a),
when D = 0.3 and Q = 0.95, which belongs to the unshaded
domain in Figure 2, the output amplitude A(a”) monotonic
behavior decreased with the increasing of a*, which means
the SR phenomenon does not take place. In Figure 3(b), when
D = 09 and Q = 0.2, which corresponds to the light
grey domain in Figure 2, the curve shows that the output
amplitude A(a®) attains a maximum value at some values of
a’; that is, the single-peak SR phenomenon takes place by
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FIGURE 4: The phase diagram for the stochastic resonance behaviors of the output amplitude A(a*) atw]; = 1, A; = La = 0.6,7 = 0.2, A, = 1,
y = 0.3, and v = 0.05, and the values of level in Figure 3 reflect the number of SR peaks for different combination of D and Q.

increasing a’. Furthermore, one can see from Figure 3(c) that
the double-peaks SR phenomenon happens, for the reason
that the parameter combination of D = 1.3 and Q = 0.6
belongs to the dark grey domain in Figure 2. It should be
emphasized that the double-peaks SR phenomenon happens
because of the presence of two types of noise, external and
internal noise sources. The double-peaks SR phenomenon
can take place in biological systems, such as neuronal systems
[74], in which the internal noise is due to signals coming from
all other neurons, and external noise is the environmental
noise due to its interaction with the neuronal system.

The main contribution of this section is as follows: with
the help of phase diagram for the SR phenomenon, we can
effectively control the SR phenomenon of this generalized
harmonic system in a certain range and further broaden the
application scope of the SR phenomenon in physics, biology,
and engineering, such as the detection of weak stimuli by
spiking neurons in the presence of certain level of noisy
background neural activity [75].

4.2. The Stochastic Resonance Behaviors of GLE with a Mittag-
Leffler Noise. From (25) and (32), we obtain the stability
condition of GLE with a Mittag-Leffler noise #(t):

r (36)

2 2 2 2 2
O0<a <A, =Wy | Wy +V +—1+(Tv)"‘ s

with0 < <2,7> 0.

It is found from the stability condition (36) that the
critical noise intensity aczr)MLn is determined by w}, v, y, 7, and
a. In Figure 4, the phase diagram in the D — Q plane for the
emergence of SR phenomenon of A(a?) at a)é =1,A =1,
a=067=02A, =179 =03 and v = 0.05 is shown.
The same as Figure 2, when parameters (D, (2) belong to
the unshaded regions (0), the SR phenomenon is impossible;
when (D, Q) belong to the light grey regions (i), the single-
peak SR phenomenon happens; when (D, Q) belong to the

dark grey regions (ii), the double-peaks SR phenomenon
takes place. Moreover, the sufficiently large driving frequency
Q [Q > 0.98] or small enough Q [Q < 0.01] cannot induce
the system to produce SR phenomenon.

In Figure 5, we also show the curves given by (24) and (33)
in which the dependence of the output amplitude A on the
noise intensity a” for different values of the system parameters
(D, Q) can be chosen from Figure 4, to verify the correctness
of the results shown in Figure 4.

As shown in Figure 5(a), when D = 0.1 and Q = 0.05,
which belongs to the unshaded domain in Figure 4, the
output amplitude A(a*) monotonic increase occurs with the
increasing of a*, which means the SR phenomenon does not
take place. In Figure 5(b), when D = 1.1 and Q = 0.25,
which corresponds to the light grey domain in Figure 4,
the curve shows that the output amplitude A(a®) attains a
maximum value at some values of a*; that is, the single-peak
SR phenomenon takes place by increasing a*. Furthermore,
one can see from Figure 5(c) that the double-peaks SR
phenomenon happens, for the reason that the parameter
combination of D = 0.4 and ) = 0.7 belongs to the dark
grey domain in Figure 4.

5. Conclusions

To summarize, in this paper we explore the SR phenomenon
in a generalized Langevin equation with multiplicative,
periodically modulated noises, and external periodic force.
Moreover, the system internal noise is modeled as a frac-
tional Gaussian noise and a Mittag-Leftler noise, respectively.
Without loss of generality, the fluctuations of system intrinsic
frequency are modeled as a multiplicative dichotomous noise.
By the use of the stochastic averaging method and the Laplace
transform technique, we obtain the exact expression of the
output amplitude A given by (24).
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FIGURE 5: The output amplitude A versus the noise intensity a* with various (D, Q) chosen through Figure 4, with parametersw} = 1, A, = 1,
a=06,7=02A,=1,9=03,andv =0.05and (a) D = 0.1 and Q = 0.05; (b) D = 1.1 and Q = 0.25; (c) D = 0.4 and Q = 0.7.

We focus on the various nonmonotonic behaviors
of the output amplitude A with the system parameters
P, wg, a’,v,A,A,,D, and Q and the parameters of the
internal driven noise. With the exact expression of the output
amplitude A, we find the conventional SR takes place with
the increases of the noise intensity a” for fractional Gaussian
noise and Mittag-Leffler noise, respectively. Moreover, we
give the phase diagram in D—( plane for the emergence of SR
phenomenon of A(a”) and find the single-peak and double-
peaks SR phenomena.

We believe all the results in this paper not only supply
the theoretical investigations of the generalized harmonic
oscillator subject to multiplicative, periodically modulated
noises and external periodic force but also can suggest some
experimental anomalous diffusion results in physical and
biological applications in the future [76].
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The exact rational solutions, quasi-periodic wave solutions, and N-soliton solutions of 3 + 1 dimensional Jimbo-Miwa equation are
acquired, respectively, by using the Hirota method, whereafter the rational solutions are also called algebraic solitary waves solutions
and used to describe the squall lines phenomenon and explained possible formation mechanism of the rainstorm formation which
occur in the atmosphere, so the study on the rational solutions of soliton equations has potential application value in the atmosphere
field; the soliton fission and fusion are described based on the resonant solution which is a special form of the N-soliton solutions.
At last, the interactions of the solitons are shown with the aid of N-soliton solutions.

1. Introduction

Some natural phenomena in the physics and in the biol-
ogy can be depicted by multitudinous nonlinear partial
differential equations. Therefore, the solutions of the partial
differential equations become the focus points with which
we are concerned [1]. There are various ways to get the
solutions, such as the Darboux transformation, Backlund
transformation [2, 3], Inverse scattering transformation,
Homogeneous balance method, and Traveling wave solution
[4-6]. However, the methods mentioned above cannot be
expressing the periodicity of the partial differential equations.

Unlike the above method, the Hirota method [7, 8] plays
a crucial role during obtaining the N-soliton solutions by the
perturbation and the quasi-periodic wave solutions based on
the Riemann theta functions [9]. Hence, it is important to
rewrite the partial differential equation into the bilinear forms
with the help of the variate transformation. In 2008, Lambert
and Springael [10] proposed an explicit way to construct the
bilinear forms for the constant coeflicient equation.

It is well known that the Hirota method has been widely
applied to the 1 + 1 dimensional equations and the 2 +
1 dimensional equations [11-23], but the method is rarely
used to the 3 + 1 dimensional equation. As for the 3 +
1 dimensional equation, the quasi-periodic wave solutions
happening during the arbitrary two spatial variables x, y, z
at one time ¢ or between one spatial variable and the time
variable under the other two spatial variables are constants.
On the other hand, the rational solutions have attracted
more and more attention recently [24-27] because of their
graceful structure and potential application value in applied
disciplines. The author also applied this kind of rational
solutions (also called algebraic solitary wave solutions) to
discuss the algebraic Rossby solitary waves and explain the
blocking phenomenon which happen in the real atmosphere
and ocean [28, 29].

In this paper, we first introduce the well-known 3 +
1 dimensional Jimbo-Miwa equation which has significant
efforts in science; it was investigated by Jimbo and Miwa in
[30] and its one-soliton solutions were studied by Wazwaz
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[31, 32] according to the Tanh-Coth method, and its trav-
eling wave solutions were discussed by Ma and Lee [33]
by using rational function transformations. The method
provides more systematical and convenient handling of the
solution process of nonlinear equations. Lately, we present
a brief introduction about the approach and the properties
of the Bell-polynomial. Then, the bilinear form of Jimbo-
Miwa equation is gained by applying the Bell-polynomial;
its rational solutions, quasi-periodic wave solutions, and N-
soliton solutions are obtained based on the Hirota method
and Riemann theta function. Finally, the resonant solution
and the interactions of the N-soliton solutions are given
under the Hirota method.

2. The Bell-Polynomial

In order to get the N-soliton solutions of the nonlinear
evolutions equations (NLEES), we must get the bilinear form
of the NLEES; Lambert et al. connected the Bell-polynomial
with the Hirota D operator and give rise to an explicit way
to construct the bilinear form to the NLEES. Firstly, we are
briefly devoted to the notations of the Bell-polynomial.

The definition of the multidimensional Bell-polynomial
is as follows:

Y, amyonx, (9)
=Y, (!lex1 ,,,,, 1 (1< <m,0<is< ”)) 1
=e 707107 - 0ed,
where g is a C* multivariables’ function.
As for a special function g with the variables x, z, we give

rise to the following several initial value under the definition
of the multivariables Bell-polynomial:

Yy (9) = Gz + 9292 o
2

Yx,Zz (g) = YGx2z T 9xG2z T ng,zgz + gxgﬁ e

Then we provide the redefinition of the binary Bell-pol-
ynomial as

Tnlx1 X, (U’ w)

3
= Ynl,...,nr (g)| U Yiy I is odd, 3)

where v and w both are the C* functions with the variables
X1, X, .., X,. We set out some initial expressions depending
on (3) as

7, (V) = v,,
2
T, (U, @) = U, + W,y
Tyy = Wy, + U0, (4)
3
T3x (U, w) =Us t 3vxw2x T U

2
+ ULV, + U@,

Toxy (v, w) = Uyyy + 20,0, y, + U,

Y
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The link between the binary Bell-polynomial (3) and the
Hirota D-operator can be presented through a transforma-
tional identity.

XMy X,

T <v=lng,w=InFG>
(5)
=1 ym .
=(F-G) D}---DJF-G,

where the Hirota operator is defined by
D} --DYF-G
= (axl _ax;)nl "'(axr —x:)F(xl,...,x,) (6)

! !
xG(xl,...,xr)

! ! .
X]=X e X=X,

In particular, when F = G, (5) can be read as

F?D}--DyF =1, . (v=0,w=2InF)

N X ] 50l

0, Z”i isodd, (7

i=1
r

Py, (@), Zni is even.

i=1
In (7), the Bell-polynomial is equal to the P-polynomial when
Y., n; is even, and then we give the first lower order P-
polynomial:

Py, (9) = G0

Py (q) = qux + 3‘1§x’
Pri2y (@) = Gaxpy + Goxny + ZCIi,y’ (8)
)

Px,y (q = ly,y>

P3x,y (q) =3,y T 3qx,yq2x e

As for the NLEES, we can rewrite them as bilinear from with
the aid of the P-polynomial and show the N-soliton solutions
and the quasi-periodic wave solutions.

3. The Bilinear Form of the 3 + 1 Dimensional
Jimbo-Miwa Equation

The 3 + 1 dimensional Jimbo-Miwa equation is

Ugyxy +3 (uuy)x + 3uxxa;1u}, +3uu, +2u, - 3u,, o)
=0.

Letting u = g,, and substituting it into (9) and integrating
twice with respect to x yield

Dxxxy + 3qquxy + zqyt - 3qxz -A=0, (10)

where A is an arbitrary integral constant. So, in terms of the
P-polynomial, (10) can be written as

P3x,y (q) + 2Py,t (q) - 3Px,z (q) -A=0. (11)
Giving a change of dependent variables

g=2InF e u=q, =2(nF),,, (12)
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then we can acquire the bilinear form of (9) as
J(D,,D,,D,,D,) = (Dy,D, +2D,D, - 3D,D,) F
(13)
-F-AF* =0,

where the definition of the generalized bilinear D operator is
mon 0 o \"(o o\
Dp,xDp,tF'F= <$ +OCPW> <a+ocp¥>

5(M)()

NgE]

-F(x,t)F(x',t')

x'=xt'=t

I}
=1

L am—i ai an—j a]
* ! ] ____F ,t
(XP(XP ox™—1 Jx'i otn—i ot'i (x ) (14)
-F (x',t')
x!=x,t'=t
_ ii m n OCi Ocj am+"_i_jF (X, t) ai+jF (X, t)
S 55\ )\j) P i oxior]

m,n >0,

where oc; is calculated as follows:

o, = (1",
s=1,(5) mod p,
D,,D, F-F =2F,F -2FF,, )
D, D, F-F =2F,_F-2FF,,
D;,D, F-F =2F, F-2F,F, —6F, F,
+6F, F,..

Consequently, let A = 0; then the linear combination of (13)
constructs the 3 + 1 dimensional Jimbo-Miwa equation as

(DiD, +2D,D,-3D,D,)F-F

= 2Fy, F - 2F; F, - 6F,, ,F, + 6F, ,F,,  (16)

+4F, F — 4F,F, - 6F, ,F + 6F,F,.

4. The Rational Solutions of the 3 + 1
Dimensional Jimbo-Miwa Equation

In this section, we use the symbolic computation with Maple
and obtain polynomial solutions whose degree of x is less
than 3 and degrees of y, z, and ¢t are less than 2 to the 3 +
1 dimensional Jimbo-Miwa equation:

)

i=0 s

2 2

Y Y y'2t, (17)

=0 j=0

Mw

0

—

where ¢;;’s are constants, and we acquire 36 classes of polyno-
mial solutions to (16). Among the 36 classes of solutions, we

enumerate 13 classes of solutions and see Appendix A, where
the involved constants ¢;;’s are arbitrary provided that the
solutions are meaningful. We can confirm that there are 13
distinct classes of rational solutions generated from (12) to the
3 + 1 dimensional Jimbo-Miwa equation (9) by considering
the transformation of the coeflicient ¢;; for the detailed
expression of rational solutions, see Appendix B.

These above-mentioned solutions are very tedious and
difficult to apply in other subjects; here we obtain some
reduced form solutions. ¢, can be reduced to

U, = - (147'x" + 168£°x" + 84£°x” + 90£°x"
— 42t%x + 481°x7 + 9t + 24tx" — 4887 x + 187X
+12tx° +3x" — 607 x + 61° —24tx + 4t -2t (18)

- 6x + 1) (7t2x3 FAt + 3% + 3t + X0 + £
-2
+2tx+t+x+1) s

when ¢, ; = 1 + islj. The picture of the solution (18) is
presented in Figure 1.

In the same way, we obtain reduced form solution of u5 as
follows:

Us = (-0.3888x" — 0.5184x° y — 0.2592x° y’

- 0.2160xy” + 0.435456x + 0.577152y

5 s (19)
+1.0368xy +0.0828y” — 0.5184) (0.36x

-2
+0.36x"y + 0.30xy +0.2016 - 0.72x +0.24y)

when¢ ;= (1+i+s+1+ j)/100and ¢ = 0.01. The picture
of the solution (19) is presented in Figure 2.
For the solution u;,, we have

— (6t +5)*

=—, (20)
(6xt + 5x + 4)*

11

when¢;; =1+i+s+1+ j. The picture of the solution (20)
is presented in Figure 3.

For the solution u,,, we get

1
Up=-—"7—""3 (21)
(x+)
when ¢, ; = 1+ is + Ij. The picture of the solution (21) is

presented in Figure 4.

Remark 1. In fact, these above-mentioned rational solutions
are greatly different from those common soliton solutions as
the form “sech’.” The latter describes that, from the balance
between nonlinearity and dispersion, it is possible to have
steady waves of a permanent form, which are called classical
solitary waves, while, as we know, these solutions which are
derived in the paper can be used to describe algebraic solitary
waves [28, 29]. During propagation, this kind of solitary
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FIGURE 2: Pictures of (19): 3D plot (a) and density plot (b).

waves will have fission and form an interesting phenomenon:
solitary waves in a line that the big amplitude solitary wave
is at the front and the small amplitude solitary wave is in
subsequent, which is deserved in the real atmosphere in
the process of thunderstorm and called squall lines. So the
rational solutions of soliton equations are used to explain
possible formation mechanism of the rainstorm formation.
So the study on the rational solutions of soliton equations has
potential application value in the atmosphere field.

5. The Quasi-Periodic Wave Solutions of the
3 + 1 Dimensional Jimbo-Miwa Equation

In this section, we want to get the quasi-periodic wave
solution of the 3 + 1 dimensional Jimbo-Miwa equation

by applying the Hirota method. Long time ago, the theta
functions have been systematically used to construct multiple
quasi-periodic solutions [9, 34]. Hence, we let the Riemann
function of (9) be

n=zoo 2ti 5 .2

F — e TIING+7TIN T) (22)
n=—00

wheren € Z,7 € C,Im7 > 0,and & = kx +ly + az +

wt; in addition, the parameters k,l,a,w are constant to be

determined. Inserting (22) into (13), we have

JE-F=](D,D,.D,D,) Y e
n=—00
m=00

z 2mimé+mim*t
e

m=—00
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n=00 m=00 T T . . .
_ Z Z i (Dx’ DD, Dt) ezﬂmgmmzf If we set J(0) = 0 and J(1) = 0, it can satisfy (13); that is,
Nn=—00 M=—00
j im? T = 4 473 2 2 2 2
. rrimbmim’e JO) = Y (256n*n'K’l - 327°n’lw + 487w’ ak
n=—0o0
n=00 m=00
=Y Y Jleri(n-m)klaw)] ~2) 27T _
n=—00 m=—00 (26)
2ri(n+m)E+mi(n®+m*)T _ n=0o
e T =Y (16@n- 1! 7'kl 8n" (2n-1)*lw
n=—00

= qzio { nzzoo J [2mi (2n - q) (k,1,a,w)]

g=-00 ln=-co

=00
em'(n2+(qn)2)‘r} eZm‘qE _ qz T(q) eZm‘qE.
g=—00

+127° (2n - 1)* ak — A) 2T _

With the purpose of computational convenience, we can set

n=00

(23) g = - Z 32ﬂ2n2162nin2‘r)
n=—00
Under the calculation of (23), we can denote that oo
oo qir = Z (16(2n— D* i3+ 1207 2n - 1) ak)
— ) 2 o
J(q) = Z J [2mi (2n - q) (k,1,a,w)] e neee
n=—00 i 2
. em(Zn —-2n+1)T
h=00 (24)
= Y J(2miBk,2miBl, 2miBa, 2miBw) neco
= — em(2n —2n+1)T
h=—o00 92 WZOO ] (27)
eni(n2+(q—h—2)2)‘r . eZni(q—l)T
> n=00
Gy = — Z 8% (2n — 1) leni(2n2—2n+l)r
2 = )
where B=2h-q+2,gq=m+n,andh=n-1. n=—00
From the characters of (24), we can get the following =00 ,
recursion formula: Gz = Z T
n=-00
] (0) eﬂlﬂqT’ q = 2}/1’ n=co i
= 4 4,3 2 2 i
7(1) eni(2n2+2n)r g=2n+1 (25) 913 = Z (2567‘[ nk’l+487°n ak) e,

n=-—00
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FIGURE 4: Pictures of (21): 3D plot (a) and density plot (b).

Then (26) can be written as

duw + g3 — Aqs; =0,

(28)
W+ g1y — Agy = 0.
The parameters w, A can be given by (28) as
w= 912931 — %1‘113’
921911 — 931922
(29)

2= 912911 — ‘Z22‘113.
921911 — 931922

Therefore, we can obtain the quasi-periodic wave solution of
(9) as

u=2(InF) (30)

XX

where F satisfies (22); meanwhile, w and A accord with (28).
The picture of the quasi-periodic wave solutions of (9) can be
shown in Figure 5.

ni=kix+lLy+az+wt,

a, 205 0) (w - w;) +3(a; -

ij —

6. The N-Soliton Solutions of the 3 + 1
Dimensional Jimbo-Miwa Equation

In [35], a multiple Exp-function method was proposed to
obtain the multiwave solutions and multisoliton solutions.
Here we can give rise to the N-soliton solutions of (9)
by applying the Hirota direct method and perturbation
approach. With the variable transformation u = 2(In F),,,
(9) has been changed into the bilinear form. Welet A = 0 and

F=l+4ef,+&fy+&fo+-. (31)

Substitute (31) into (13) and compare the power of ¢; basing
the traditional Hirota method, we can present the N-soliton
solution as follows:

N N
F= ) exp ‘lZAijﬂiM; + Z#mj} . (32

Hip=0,1 i>j j=1
where

&) (ki — k) + (ki - k)" (1, - 1) (33)

oL +n) (wrw) -3 (a4 a) (ko + k) + (k4 k) (141

J

and then we list the one-soliton solution and the two-soliton
solution.

(1) One-Soliton Solution

F=1+f,
fi=e,

n=kx+ly+az+uwt,
(34)

where the coefficients k, I, a, w satisfy 2lw+ k[ - 3ak = 0,and
then the one-soliton solution is

2
u=2(nF), = k?sechzg. (35)
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FIGURE 5: One quasi-periodic wave solution to (9) with the parameters k = 0.1,] = 0.1, a = 0, and 7 = i. Perspective view of the wave (a);
overhead view of the wave (b), with contour plot shown. (The red lines are crests and the blue lines are troughs.)

(2) Two-Soliton Solution

F=1+fi+ £,

fl =l 4+ e’?z,

m=kx+lLy+az+uwt,

N, =k, x + Ly +a,z + wyt,

+1,+A
f2 = h* 1z

where

(37)

oA = 2(L — 1) (w, —w,) + 3 (a, - ay) (ky — ky) + (ky = ky) (1, — 1)

2(L+ 1) (w, +w,) = 3(a; +ay) (ky +ky) + (ky + k2)3 (L +ll).

Similarly, the coefficients k;, I;, a;, w; (i = 1,2) satisty 2L;w; +

1
kI, - 3a;k; = 0, and then the two-soliton solution is

u=2(nF),, =2[n(1+fi+f)],- (38)

As for the two-soliton solution, when the coefficient e =
0, the soliton solution can be changed into the resonant
solution whose propagation will be shown in Figure 6.

From Figure 6, we can see that, in Figure 6(a), there
happened resonance collision to the two-soliton solution and
appeared the third soliton; in Figure 6(b) occurs the soliton
fusion whose amplitude has been changed after the resonance
collision.

When the coefficient e # 0, there will happen the
soliton pursue collision due to the different soliton speed, as
we all know that the wave with the faster speed will catch up
with the slower speed wave, then collision of the two-soliton
can be happening, and the picture of the pursue collision will
be shown in Figure 7.

7. Conclusion

In this paper, we first introduce a 3 + 1 dimensional Jimbo-
Miwa equation and get its bilinear form, rational solutions,
quasi-periodic wave solutions, and N-soliton solutions based
on the Hirota method and the theta function. Afterwards,
we analyze the rational solutions and quasi-periodic wave
solutions and draw the propagation picture. Finally, we
explain the interaction of the N-soliton solutions and get a

conclusion that when the coefficient e = 0, the soliton
solution can be turned into the resonant solution, after the
resonance collision, and there will appear the soliton fusion
phenomenon; when the coefficient e*i # 0, there will
appear the pursue collision; that is, the soliton with the faster
speed will catch up with the soliton with the slower speed,
after the collision, and the two-soliton solution will continue
spreading in the previous speed and the direction. Although
we acquire the solutions of the 3 + 1 dimensional Jimbo-
Miwa equation, the integrability [36] of this equation is not
discussed; the problem is worthy of exploring.
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FIGURE 7: The pursue collision of (35) with k; = 0.6, k, = 08,1, = 1,1, =2,and g, = a, = 0.
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+3xy¢ 1,116,110 + 18860116311,

+3%C101,16,1,1,1 T 3Y60,1,1,16,1,1,1 T 360,1,1,16,0,1,1
s 2
+3X76G0116G,,11 51,0,1,102,1,1,1) >
3 2
= = (tepo0 + Co1) (EXC0, +XC1 05,
2
+ C0,0,2,1) >
Uy = 00,22 (xcl,o,z,z + J’Co,l,z,z) >
. 2 2 2
Uiz ==V Cpop T VG122 T Co22) XV G20

) -2
TXYC 22 T Y Go22 T XC 22 T J’Co,l,z,z) .
(B.1)
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This paper is devoted to finding the asymptotic expansion of solutions to fractional partial differential equations with initial
conditions. A new method, the residual power series method, is proposed for time-space fractional partial differential equations,
where the fractional integral and derivative are described in the sense of Riemann-Liouville integral and Caputo derivative. We
apply the method to the linear and nonlinear time-space fractional Kuramoto-Sivashinsky equation with initial value and obtain
asymptotic expansion of the solutions, which demonstrates the accuracy and efficiency of the method.

1. Introduction

The Kuramoto-Sivashinsky (KS) equation in one space
dimension,

D,u (x,t) + Diu (x,t) + Diu (x,t) + u(x,t) D,u(x,t)
ey
= 0,

has attracted a great deal of interest as a model for complex
spatiotemporal dynamics in spatially extended systems and
as a paradigm for finite-dimensional dynamics in a partial
differential equation. D’u term in (1) is responsible for
an instability at large scales; dissipative term D%u provides
damping at small scales; and the nonlinear term uD, u
stabilizes by transferring energy between large and small
scales. The KS equation dates back to the mid-1970s and
was first introduced by Kuramoto [1] in the study of phase
turbulence in the Belousov-Zhabotinsky reaction-diffusion
systems. An extension of this equation to two or more spatial
dimensions was given by Sivashinsky [2, 3] in modelling small
thermal diffusive instabilities in laminar flame fronts and
in small perturbations from a reference Poiseuille flow of a

flame layer on an inclined plane. In one space dimension it
is also used as model for the problem of Bénard convection
in an elongated box, and it may be used to describe long
waves on the interface between two viscous fluids and
unstable drift wave in plasmas. As a dynamical system, KS
equation is known for its chaotic solutions and complicated
behavior due to the terms that appear. Because of this fact,
KS equation was studied extensively as a paradigm of finite
dynamics in a partial differential equation. Its multimodal,
oscillatory, and chaotic solutions have been investigated [4-
8]; its nonintegrability was established via Painlevé analysis
[9] and due to its bifurcation behavior a connection to low
finite-dimensional dynamical systems is established [10, 11].
The KS equation is nonintegrable; therefore the exact solution
of this equation is not obtainable and only numerical schemes
have been proposed [12, 13].

Partial differential equations (PDEs) which arise in real-
world physical problems are often too complicated to be
solved exactly and even if an exact solution is obtainable, the
required calculations may be too complicated to be practical
or difficult to interpret the outcome. Very recently, some
practical approximate analytical solutions are proposed to
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solve KS equation, such as Chebyshev spectral collocation
scheme [14], lattice Boltzmann technique [15], local discon-
tinuous Galerkin method [16], tanh function method [17],
variational iteration method [18], perturbation methods [19],
classical and nonclassical symmetries method for the KS
equation dispersive effects [20], Riccati expansion method
[21], and Lie symmetry method [22], and see also [23-27].
In the last few decades, fractional-order models are found to
be more adequate than integer-order models for some real-
world problems. Fractional derivatives provide an excellent
tool for the description of memory and hereditary properties
of various materials and processes. This is the main advantage
of fractional differential equations in comparison with clas-
sical integer-order models. Fractional differential equations
arise in many engineering and scientific disciplines as the
mathematical modelling of systems and processes in the
fields of physics, chemistry, aerodynamics, electrodynamics
of complex medium, polymer rheology, and so forth involves
derivatives of fractional order. In particular, for the construc-
tion of the approximate solutions of the fractional PDEs,
various methods are proposed: finite difference method [28],
the finite element method [29], the differential transforma-
tion method [30], the fractional subequation method [31],
the fractional complex transform method [32], the modi-
fied simple equation method [33], the variational iteration
method [34], the Lagrange characteristic method [35], the
iteration method [36], and so on. For the time-fractional KS
equation, in [37] the authors constructed the analytical exact
solutions via fractional complex transform, and they obtained
new types of exact analytical solutions. In [38], Rezazadeh
and Ziabary found travelling wave solutions by the general
time-space KS equation by a subequation method.

In this work, we apply residual power series (RPS)
method to construct the asymptotic expansion of the solution
to the more general linear KS equation

Dl (x,t) + BDEu (x,t) + yD2u (x,t) + ODu (x, t)

o 2)
and the nonlinear KS equation
DSu(x,t) + BDEu (x,t) + yD2u (x, 1)
+0u (x,1) Du (x,1) = 0 ©
with initial value
u(x,0) =gy (x) € C*(R), (4)

where 0 < a, 7 < 1,3/4 <7< 1,1/2 <0< 1By
and § are any arbitrary constants, and (x,t) € R x R. The
general response expression contains different parameters
describing the order of the fractional derivative that can
be varied to obtain various responses. The fractional power
series solutions can be obtained by the RPS method. Particu-
larly, if we take special parametersa = 1,7=1,0 = 1,5 = 1,
B=1,9=1,and 6 = 1 (here the equation is integer-order)
and special initial condition a,(x) = x, the exact solution of
linear KS equation is

u(x,t)=x-t, (5)
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and the exact solution of nonlinear KS equation also can be
obtained:

X

u(x,t)=——. 6

ot =1 (6)

Here the solution of nonlinear KS equation we obtained is

different from Porshokouhi and Ghanbari’s work in [39] for

the integer-order KS equation. They take the travel wave
initial condition

ap (x) =c+ 15—9\/% (11tanh3 (k(x - xp))

7)
- 9tanh (k (x - xo)))
and get the exact traveling wave solution
in
u(x,t)=c+ i\/— (11‘[anh3 (k(x—ct-xp))
19 V19 (8)
—9tanh (k (x —ct - xo)))

of (2) with the same special parameters « = 1, 7 = 1/4,
c =1,n =1, =19 = 1l,and § = 1. Their

skills mainly depend on the variational iteration method and
obtain the different numerical examples with different para-
meters. To the best of information of the authors, no previous
research work has been done using proposed technique for
solving time-space fractional KS equation. Our method can
be applied to the time-space linear and nonlinear fractional
KS equations. The main advantage of the RPS method is that
it can be applied directly for all types of differential equa-
tion, because it depends on the recursive differentiation of
time-fractional derivative and uses given initial conditions
to calculate coefficients of the multiple fractional power
series solution with minimal calculations. Another important
advantage is that this method does not require linearization,
perturbation, or discretization of the variables; it is not
affected by computational round-oft errors and does not
require large computer memory and extensive time.

The rest of this paper is organised as follows. In Section 2,
some necessary concepts on the theory of fractional calculus
are presented. The main steps of the PRS method are pro-
posed in Section 3. Section 4 is the application of RPS method
to construct analytical solution of linear and nonlinear time-
space fractional KS equation with initial value. The paper is
concluded with some general remarks in Section 5.

2. Some Concepts on the Theory of
Fractional Calculus

There are several definitions of the fractional integral and
fractional derivative, which are not necessarily equivalent
to each other (see [40-42]). Riemann-Liouville integral and
Caputo derivative are the two most used forms which have
been introduced in [43-45]. In this section, we give some
notions we need in this paper.

Definition I (see [40, 41, 43]). A real function f(t),t > 0, is
said to be in the space C,, 4 € R, if there exists a real number
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p > psuch that f(t) = t? f,(t), where f;(t) € C[0, +0c0), and
it is said to be in the space CZ iff(")(t) €C,neN.

Definition 2 (see [40, 41, 43]). The Riemann-Liouville frac-
tional integral operator of order a > 0 of a function f € C,,
p = -1, is defined as

W f 0
LJ’t(l‘—r)‘x_lf(r)dr a>0, t>t>t, O
= F(OC) t, ’ ’ o
f@), a=0,

where the symbol , I ‘t" represents the ath Riemann-Liouville
fractional integral of f of t between the limits f, and ¢.

Property 1 (see [40, 41, 43]). Here the properties of the
operator tOI‘: are given: for f € C,, p > -1, &, B,C € R,
andy > -1,

(Prol) , I? If‘ )=

t to

G W W A OB

to" ¢ to7t to

o C

_ = _ o
(Proz) , [,C = T(x+1) (t=to)" (10)
I'(y+1
(Pro3.) ,I°t" = L ty+“|; )
ot F(y+a+1) 0

Definition 3 (see [40, 41, 43]). The Caputo fractional deriva-
tive of order o« > 0 of f € C" |, n € N, is defined as

—a £ (n)
to]?"‘f”(t), n—-l<a<n, t>t,

da'f ) . (11)

to D‘:‘f (t) =
bl n)
dtt’l t=t,

where the symbol D:‘ f(t) represents the ath Caputo frac-
tional derivative of f with respect to t at t,,.

Property 2 (see [40, 41, 43]). Here the properties of the
operator tOD': are given: fory > —1,t > s> 0,and C € R,

(Prot) , D%, Df(t) =, DY F (1)

t to

= fon toD(txf OB
(Pro2.) ton‘C =0, (12)
I(y+1) _
Pro3. = — LV .
(Pro3.) uD; F(y-a+1) lt:t"

Remark 4 (see [41, 46]). The Caputo time-fractional deriva-
tive operator of order « of function u(x, t) with respect to t at
t, is defined as

(24
b, D, U (x,1)

_o 0" (x,1)
tol:‘ “T, n—-l<a<n, t>t, (13)
T4t
S , a=n¢cN,

where x €e Rand t > 0.

Remark 5 (see [41, 46]). The Caputo space-fractional deriva-
tive operator of order 3 of function u(x, t) with respect to x
at x, is defined as

x Df u(x,t)

0"u (x,t)
m—p3 >
xod 5 at—m, m—1<(x<m,x>x0, (14)
0"u (x,t
& S ax=1m € N,
ox™ x=x,

where x €e Rand t > 0.

Definition 6 (see [41, 46]). A power series representation of
the form

00

no o 20
ch (t=t)" =+ (t—t) +c(t-t)
n=0 (15)

+ LRI
wherem — 1 <« <mandt > t, is called a fractional power

series (FPS) about ¢, where ¢ is a variable and c,, are constants
called the coefficients of the series.

Theorem 7. Suppose that f has a FPS representation at t, of
the form

f®=Y6(t-1)",
n=0 (16)

Osm-1<asm, tp<t<t,+R,
and R is the radius of convergence of the FPS. If f(t) € Clty, ty+
R) and toD'f“f(t) € Clty,ty + R) forn = 0,1,2,..., then the
coefficients c, will take the form of

Dnzx t
R f(), (17)
I'(na+1)

no o o . LAy
where oD = DD ey D, (n-times).

This result is similar to [46, Theorem 2.2] and [47,
Theorem 3.4]. It is convenient to give the details for the
following applications; thus we write the process of the proof
in the form of function with one variable.

Proof. First of all, notice that if we putt = ¢, into (16), it yields

DO(xf (t)
ot
=)= T oar1)
Applying the operator , D‘t" one time on (16) leads to
DYf(t
¢ = fot_f() (19)
T(a+1)

Again, by applying the operator D‘t" two times on (16), one
can obtain

_ tonaf (t)

- t- 7 (20)
I Qa+1)

)



By now, the pattern is clearly found, if we continue applying
recursively the operator , D‘: n-times on (16); then it is easy

to discover the following form for ¢,

DO

c=—t" " »n=012..; (21)
" T(nax+1)

that is, it has the same form as (17), which completes the proof.
O

Following the similar result as [46, Theorem 2.3] or [48,
Remark 8], we can obtain the following corollary.

Corollary 8. If f(t) = u(x,t), then we have

u(x,t) = ch () (t =)™, o)
n=0

Osm-1<asm, x€e€R, t;<t <ty +R,
and R is the radius of convergence of the FPS; if D} € C(R x

(tgtg + R)), n = 0,1,2,..., then the coefficients are given by
¢, (x) = tOD:“"u(x, t)/T(na + 1).

3. Algorithm of RPS Method

Let us consider the higher-order time-space fractional differ-
ential equation with initial values as follows:

D u(x,t) + G(x,t) = 0,
u(x,0) = ay (x), Dyu (x,1)|,_, (23)

-1
=a, (x) ,...,ng 1 (5 )iz = Ay (%),
where x € R, t € R, and

G (x,t) = F (u, Dfu, D}*u,..., D{" DPy, Py,
p (24)
s Dx’u) .
u(x, -) and G(x, -) are analytical function about ¢, (m—1)/m <
a<l,meN, p-1< [)’p < p,and p = 1,2,...,l;aq(x) €
C*(R),q=0,1,2,...,m—1.
Assume that u(x, t) is analytical about ¢; the solution of
the system can be written in the form of

u(x,t) = Z”n (x, 1), (25)
n=0

where u,,(x, t) are terms of approximations and are given as

u, (x,t) = C, (x) t"%,
(26)
x€R, |t|] <R, n=0,1,2,...,

Advances in Mathematical Physics

where R is the radius of convergence of above series. Obvi-
ously, wheni = 0,1,2,...,m — 1, using the terms D u(x, t)
which satisfy the initial condition, we can get

a;(x) = Dfu(x,1)|_, = C; ()T (i + 1) =

(x,t) = C; (x) t* Di'u (x, t)|t:0 o
u; (X, = X = —-—
! ! T (i +1) (27)
= th, i=0,1,...,m—1
I'(ia+1)

So we have the initial guess approximation of u(x,t) in the
following form:

uinitial (x,t) =uy (x,8) +uy (6 t) + - +u,_; (x,t)
_ )
=@ Tt Y (28)
Ay () (m-1)ax

F(m-1)a+1)
On the other aspect as well, if we choose 4™ (¢ #) as initial
guess approximation u;(x,t) fori = m,m + 1,m + 2,..., the
approximate solutions of u(x, t) of (23) by the kth truncated
series are

k
uk (X, t) — ummal (x, l’) + Zci (x) tIOC’
i=m (29)

k=mm+1,m+2,....

Before applying RPS method for solving (23), we first give
some notations:

Res (x,1) = Dy u (x,t) + G (x,1). (30)

Substituting the kth truncated series u*(x, 1) into (23), we can
obtain the following definition for kth residual function:

Res® (x,t) = D:"“uk (x,1) + G* (x,1), (31)
where

k k k 2 k (m-Da_ k k
G (x,t):F(u,Df‘u,Dt“u,...,Dt"’ “u,folu,

(32)
szuk, ceos Df‘”uk, Df’luk) .
Then, we have following facts:
(1) limu* (o t) = u(xt);
k—o00
(2) Res(x,t)=0;
(33)

(3) Res® (x,t) = lim Res® (x,t) = Res (x,t) = 0,
k—+00

x€R, |t] <R.
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These show that the residual function Res™(x, t) is infinitely
many times differentiable at t = 0. On the other hand, we can
show that

0= DE’H")“ Res™ (x,1)],_,

= Gy ()T (ke + 1) + DG  (x, )| =

DEmEGH (x, t)|t:0 (34)

) = T D)

k=mm+1lm+2,....

Since —ng_m)“Gk (x,1),-0 is not dependent on ¢, denoting it
by f(x), by Theorem 7, (34) can be written as

fi (x)

Cr (x) = Thatl)

fi @) =-DF* G (x, 1), »

k=mm+1lm+2,....

In fact, the relation of (35) is a fundamental rule in the RPS
method and its applications. So the fractional power series
solution of (23) is

u(xt) = u™ (x,6) + Y C; () £

i=m
Z a; (x) e
F(wc+ 1)
where a;(x) i = 0,1,2,...

conditions and fi(x) (i = m,m + L,m + 2,..
constructed by RPS method in the form in (35).

(36)

Z1"(zoc+1)

,m — 1) are given by the initial
.) have been

4. Application of RPS Method to Time-Space
Fractional KS Equation

In this section, we apply the RPS method to the linear
and nonlinear time-space fractional KS equation with the
initial conditions. The fractional power series solutions can be
obtained by the recursive equation (35) with time-fractional
derivative, while it will use the given initial conditions. And
the fractional power series solutions we consider in the fol-
lowing examples are all in the convergence radius of the
series.

4.1. Linear Time-Space Fractional KS Equation. Consider the
linear time-space fractional KS equation

Diu(x,t) + BDE u (x, 1) + yD2u (x,t) + 8D u (x,t)
37)
=0.

In (37), if u(x,t) is analytical about t, then u(x,t) can be
written as the fractional power series:

fn (x) n(x
u(x,t) = Zr(n(x+ 5 (38)

If we can take the initial value,
u(x,0) =a, (x) € C* (R). (39)

According to the initial condition, it is obvious that f;(x) =

ay(x). Before getting the coefficients f,(x) (n = 1,2,...), we
first present some notations as in Section 3:
G (x,t) = BDu (x,t) + yD>u (x, 1)
+6DMu (x,1);
Res (x,1) = Dfu (x,t) + G (x, 1) 3
Eofio
W (x,1) = Z—fl t
pars T (jo+1)
(40)
k (x) .
=a, (x) + Z—f] %
=gt (o + 1)

(x,t) = /3D4Tuk (x, 1) + yDzauk (x, 1)
+OD1u* (x,1)5
Res® (x,t) = Dy (x,1) + Gt (x,1).
It follows from the facts in (33) that the residual function

Res™(x, ) is infinitely many times differentiable at ¢ = 0. On
the other hand, it follows from Definition 3 and (40) that

0 = D&V Res®™ (x, ), = DD Res (x, t)|t=0
= Dik_l)"‘ (Df‘uk (x,t) + Gk (x, t))|t:0

(41)

DFu* (x, t)| + DEDAGE (x, t)|t:0

= fi (0) + DIV ()|
which gives
fitx)=-DF VG (e t)| . (k=1,2,3,..). (42)

Equation (42) gives the iterative formula for the coefficients
f.(x) (n=1,2,...), so we can obtain

fo(x) = a5 (x),

fi (x) = = (BD} a, (x) + yD¥ ay (x) + 6Dlay (x))
2a (x),

fo(x) == (BDYa, (x) + yD¥a, (x) + 6Dla, (x))  (43)
2a,(x);

f3 (x) = = (BD} a, (x) + yDX a, (x) + 6Dla, (x))

24, (x).



For general k € Z, we have

fi (%)
~ (BD¥ &, (x) + YDy, (x) + 8Dlay_; (x)) (44)

2 (x).

So the kth approximate solution of (37) with initial value (39)
is

fi (%) ia_k a; (X) i«
(1) = Zf(zoc+1) _;I‘(ioc+1)t

(45)
k=1,2,3,...,
where g;(x) (i =0,1,2,...,k) are given by (39) and (44).
Specifically, if takingax = 1,7 = 1,0 = 1,y = 1, B = 1,
y = 1,and § = 1 (the equation becomes integer order) and
special initial value a,(x) = x, we can obtain
a (x) = -

a. (x)=0, k=2,3,....

(46)

So, we can obtain the kth approximate power series solution
of integer-order equation (37):

k
k a; (x) i(x
b =x—t. 47
wnt) = ;I‘(z(x+1) - “7)
Thus, the exact solution is
u(x,t) = lim u* (x,t) = x—1t, (48)
k—o00

whena =1, 7=1,0=1,x1=1B=1y=10=1,and
ay(x) = x

4.2. Nonlinear Time-Space Fractional KS Equation. Let us
rewrite the nonlinear time-space fractional KS equation:

DSu(x,t) + BDEu (x,t) + yD2u (x, 1)
(49)
+0u (x,1) Du (x,t) = 0.

If u(x,t) is analytical about t of (49), then u(x,t) can be
written as the fractional power series:

_ . fn (x) nev
u(x,t) = n;)—r (o + 1)t . (50)

Here, the initial value satisfies
u(x,0) =g, (x) € C*(R). (51)

According to the initial condition, it is obvious that f;(x) =
ag(x).
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Before getting the coeflicients f,(x) (n = 1,2,...), wealso
present some symbols:
G (x,t) = BDITu (x,t) + yDu (x, 1)
+0u (x, ) Dlu (x, 1) ;
Res (x,t) = Dfu (x,1) + G (x,1);
ko fi(x) .
T/lk (x’ t) — ZLH(X
=T (ja+1)
. ) (52)
(x)
= ag (x) + Z—f.] t%
ST (joe+ 1)

Gt (x,t) = [5’D4Tuk (x, 1) + yDzauk (x,1)
+8uf (x,1) DZuk (x,1);
Res® (x,1) = Diuy (x,t) + G* (x,1).
It also follows from the facts in (33) that the residual function
Res®(x, t) is infinitely many times differentiable at t = 0.

On the other hand, it follows from Definition 3 and the
notations above that

0= Dk D& Res® (%8|, = D(k Do Res (x,t)|
= ng_l)“ (Dfuk (x, 1) + G* (x, t))'t:()
53
_ ke k (k-1)x ~k (53)
= DMu (x,t)|t:0+ p* G (x,t)'t:O
k-1)ax ~k
= fi(x)+ DFG (1) s
which gives

Se(x) =~

Equation (54) gives the iterative formula for the coefficients

DEDIGE (x, t)| (k=1,2,3,...). (54)

t=0"

f,(x) (n=1,2,...), 50 we can obtain
fo(x) = a5 (x),
fi (x) = = (BD} ay (x) + yD¥ a, (x)
+8ay (x) Dlla, (x)) 2 a, (x),
f,(x) = = (D ay (x) + yDY ay ()

+8ay (x) Diay (x) + 8ay (x) Dy (%)) 2 4, (x); (55

f3(x)=— (ﬁDiraz (x) + yDiJaz (x)

I'u+1)

" il
+0ay (x) Dla, (x) + 6(I‘ @i D)

a, (x) Dla, (x)

+ 04, (x) Dlay (3)) £ 0, ().
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For general k € Z, we have

fi(x) =- <[3foak_1 (x) + yDiaak_l (x)

Z T((k=1)a+1)
I(ja+1)T((k-1-j)a+1)

a(x)  (56)

) DZak_l_j (X)> =g (x).
So the kth approximate solution of (51) with initial value (51)
is

B fl(x ux_ka
u* (x,t) = Zr(zoc+1) _;r(ioul) ’ (57)

k=123,...,
where g;(x) (i =0,1,2,...,k) are given by (51) and (56).

In particular, if takinga = 1, 7= 1,0 = 1,y =1, 5 =1,
y =1,8 =1, and gy(x) = x, we can obtain

a, (x) = -x,
a, (x) = 2lx,
a; (x) = =3lx,

a_y (x) = (—l)k_l (k—1)x,

a (x) = Diak_l (x) + Diak_1 (x)

& r(k-Da+) -
+J;Jr(j“+1)r((k—1—j)oc+1)aj(x)

k-
.Dxak,l,j(x)—j;)r(j+1)1“((k—l—j)+l)

(=1 e (D) (k- 1= )1
i (l)kl'x( —-1-j)!

=D k-1 kx=(-DFklx, k=1,2,3,....

So the kth approximate FPS solution of (49) with initial value
(51) is

(59)

7
When t € (-1, 1), it shows
1- ()
u(x,t) = limu® (x,£) = lim x# =X (60)
k—o0 k—oo 1+¢ 1+t

which is the exact solution for (49) with special parameters
a=11=10=1n=1,6=1y=1,and§ = 1 and special
initial value ay(x) = x.

5. Concluding Remarks

In this paper, we have used a new method: the residual
power series method for the general fractional differential
equations. The asymptotic expansion of the solutions can be
obtained successfully with respect to initial conditions which
are infinitely differentiable by the RPS method. We apply
RPS method to linear and nonlinear Kuramoto-Sivashinsky
equation with infinitely differential initial conditions and
obtain the asymptotic expansion of the solutions. Particularly,
if taking special parameters and special initial value, the
analytical solutions are obtained. These applications show
that this method is efficient and does not require linearization
or perturbation; it is not affected by computational round-
off errors and does not require large computer memory and
extensive time.
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The development of a new five-stage symmetric two-step fourteenth-algebraic order method with vanished phase-lag and its first,
second, and third derivatives is presented in this paper for the first time in the literature. More specifically we will study (1) the
development of the new method, (2) the determination of the local truncation error (LTE) of the new method, (3) the local
truncation error analysis which will be based on test equation which is the radial time independent Schrodinger equation, (4)
the stability and the interval of periodicity analysis of the new developed method which will be based on a scalar test equation with
frequency different than the frequency of the scalar test equation used for the phase-lag analysis, and (5) the efficiency of the new
obtained method based on its application to the coupled Schrédinger equations.

1. Introduction

The approximate solution of the close-coupling differential
equations of the Schrédinger type is studied in this paper. The
above-mentioned problem has the following form:

d i L(L+1)

N
"2 i Vii] Yij = VimYmj> @
dx? 2 j mZ::1 j

where 1 <i < N and m # i and the boundary conditions are
as follows:

¥i;j=0 atx=0 (2)
k 1/2
Yij ~ kixj, (k;x) 6 + (k_l) Kijkixm; (kix), ()
j

where j;(x) and n;(x) are the spherical Bessel and Neumann
functions. We will examine the case in which all channels are
open (see [1]).

Defining a matrix K' and diagonal matrices M, N by (see

(1
K. = ﬁan
i~ \ k. ij>

J

M;; = kixjj, (k;x) Sij» W
Nj; = kjxny (k;x) 85
we obtain a new form of the asymptotic condition (3):
y~M+NK'. (5)

In several scientific areas (e.g., quantum chemistry,
theoretical physics, material science, atomic physics, and
molecular physics) there exists a real problem which is
the rotational excitation of a diatomic molecule by neutral
particle impact. The mathematical model of this problem
can be expressed with close-coupling differential equations
arising from the Schrédinger equation. Denoting, as in [1],


http://dx.doi.org/10.1155/2016/8181927

the entrance channel by the quantum numbers (j,1), the exit
channels by (j',1'), and the total angular momentum by J =
j+1=j"+1',we find that

I (l’ + 1)] il

dx? i X2 yj’l’ (x)

= 2SS (F1IVITST) Y (),

i

J

(6)

where
2 s
R TS| G

E is the kinetic energy of the incident particle in the center-
of-mass system, I is the moment of inertia of the rotator, and
p is the reduced mass of the system.

The above-described problem will be solved numerically
via finite difference method of the form of special multistep
method.

The multistep finite difference method has the general
form

m

m
2
Z Ci¥ni = h Z b f (Xpris Ysi) » 8)
i=—m i=—m
where {x;};”_, are distinct points within the integration area
and h given by h = |x;,; — x;1, i = 1 —m(1)m — 1 is the step
size or step length of the integration.

Remark 1. A method (8) is called symmetric multistep
method or symmetric 2m-step method ifc; = ¢gand b_; =
b, i=0(1)m.

If we apply the symmetric 2m-step method (i = —m(1)m),
to the scalar test equation

yu _ —¢2)’, ©)

we obtain the difference equation

Am ) Yngm 000 F Al ) Vi1 AO ) Yn

(10)
+A1 (v)yn—l + "'+Am (V)yn—m =0
and the associated characteristic equation
A, DA+ 4 AL (WA+A, (V) + A, (WA +-
(1)

+A, (A" =0,

where v = ¢h, h is the step length, and Aj(v) j = 0(1)k are
polynomials of v.
We give some definitions.

Definition 2 (see [2]). For a symmetric 2m-step method with
characteristic equation given by (11) one will say that it has an
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interval of periodicity (0, vé) if, for all v € (0, vg), the roots
A, i =1(1)2m, of (11) satisfy
A= 000
A, =e 00, 12)
Al <1, i=3(1)2m,

where 0(v) is a real function of v.

Definition 3 (see [2]). One calls P-stable method a multistep
method if its interval of periodicity is equal to (0, c0).

Definition 4. One calls singularly P-stable method a multistep
method if its interval of periodicity is equal to (0,00) — S
(where S is a set of distinct points).

Definition 5 (see [3, 4]). For a symmetric 2m-step method
with the characteristic equation given by (11), one defines as
the phase-lag the leading term in the expansion of

t=v-0(®). (13)

Then, if the quantity t = O(v?*') as v — o, the order of the
phase-lag is q.

Definition 6 (see [5]). One calls symmetric 2m-step method
phase-fitted if its phase-lag is equal to zero.

Theorem 7 (see [3]). The symmetric 2m-step method with
characteristic equation given by (11) has phase-lag order q and
phase-lag constant c given by

—o? 10 (qu)

~ 24, (v) cos (mv) + -+ 2A; (v) cos (jv) + -+ + Ay (v) (14)
B 22 A, (V) + -+ 272A (V) + - + 24, ()

2. The New Five-Stage Fourteenth-Algebraic
Order P-Stable Two-Step Method with
Vanished Phase-Lag and Its First, Second,
and Third Derivatives

We consider the following family of five-stage symmetric
two-step methods:

j\/n :)’n_“ohz (fn+1 _an+fn—1)’

Vo= Yu— @l (frs = 2fu + fur) - 2017 f

aafn+ <% _a3>fn+l] >

N 1
Yur1j2 = 5 (yn + yn+1) - h2
(15)

R 1
Vw1 = 5 Ot Yut) = W

- 1
af, + <§ _a3>fn—l] >
Yn+1 + agYn + Yn-1

=n [bl (fn+1 + fn—l) +byfu+b, (?nH/Z + ?nq/z)] ?
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where a, = 45469/862066800, a, = —2793/26878564, a, =
-86919/13439282, a; = 6719641/52720800, f,.; = ¥ (X,

yn+i)’ l = _1(1/2)1’ fn = y”(xn’j\/n)’ fn = y”(xn’j}n)’ and
ay, by, j = 0(1)2, are free parameters.

Application of the above-mentioned method (15) to the
scalar test equation (9) leads to the difference equation (10)
and the characteristic equation (11) with m = 1 and

A (M=1+V (bl + %b2> -v'b, <a3 - é)

+ 2V°ba,a; + 4°byaga, (a, — a,),

Ay(v) = a, +v* (b + by) + 2v'bya, (16)
+ 4v°bya, (a, — a,)
- 8v’byaya, (ay — a;).

If we request the new method (15) to have vanished
phase-lag and its first, second, and third derivatives, then the
following system of equations is obtained:

T,
Phase-Lag (PL) = o -y,
Tdenom
. o T,
First Derivative of the Phase-Lag = 5 =0,
denom
(17)
T
Second Derivative of the Phase-Lag = — 2 -0,
denom
. R T3
Third Derivative of the Phase-Lag = T =0,

denom

where T, j = 0(1)3, are given in Appendix A.
Now solving the system of (17) we determine the other
coeflicients of the new obtained three-stage two-step method:

1T,
bo = >
136407 T yoporms
1T
bl = >
136407 Taonomt .
1T,
bz = —= >
45469 Tdenoml
T.
a, = T 7 5
denom?2

where the formulae T}, j = 4(1)7, Tyenom1> and Tgenomy are
given in Appendix B.

Additionally to the above formulae for the coefficients
a; b, jo= 0(1)2, we give also the following Taylor
series expansions of these coefficients, for the case of heavy

cancelations for some values of |v| in the formulae given by
(18):
by
_ 73205 268231049v"°
63882  262060331977892448
4739464028332
©224533292438658249446400
841146961608850447v*
© 26876635104907392458734080000
34711252155550520483v'¢
© 23840650403457053406595478323200
450175574700292070703419v"®
~ 7016973932030008047188109768345600000

+.-.,

b,
_ stout 268231049v"”
383292 1572361991867354688
~ 61738277963993v'2
1347199754631949496678400

B 559868876269811659v'*
161259810629444354752404480000

B 602760578937670659833v"°
3576097560518558010989321748480000

(19)
526438577422138492034251v'

© 84203687184360096566257317220147200000

+...’
b,
_ 19970 268231049
95823  393090497966838672

. 15790029293123v"
336799938657987374169600

. 181541151070183v™*
40314952657361088688101120

N 21664254981643052111v'°
89402439012963950274733043712000

N 8364955394669318397937v'®
842036871843600965662573172201472000

+... s
ay

. 13431741
15752663892725760

. 1170023347v'® .
4217775757277322240000 ’

The behavior of the coeflicients is given in Figure 1.
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FIGURE 1: Behavior of the coeflicients of the new obtained method given by (18) for several values of v = ¢h.

The local truncation error of the new developed five-stage
two-step method (15) with the coeflicients given by (18)-(19),
which is indicated as NM2S5S3DV, is given by

134317 16 (. (16)
LTE =
NM2S583DV ~ 551343236245401600 ( "

+56¢'°y + 14092y + 1209 y? +35¢'Cy,) (20)

+O(h18).

3. Analysis of the Method

3.1. Error Analysis. The test equation used for the local trun-
cation error (LTE) analysis is given by

Y (x) = (V%) -V, +G) y(x), (1)

where V(x) is a potential function, V, is a constant value
approximation of the potential for the specific x, and G =
V. —E and E is the energy. This is the radial time independent
Schrodinger equation.

We will study the following methods.

3.1.1. Classical Method (i.e., Method (15) with
Constant Coefficients)

134317 K9 1o (). (22)

LTE =
CL ™ 551343236245401600 "
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3.1.2. The Five-Stage Two-Step Method with Vanished
Phase-Lag and Its First, Second, and
Third Derivatives Developed in Section 3

134317 16 (_(16)
LTE = h
NM2§SS3DV ™ 551343236245401600 ( !

+56¢'° % + 1409y + 1209 y? +35¢'y,) (23)
+O(h18).

If we substitute the higher order derivatives requested in
the LTE formulae, which are obtained using the test problem
(21), into the LTE expressions, we produce new formulae of
LTE which have the general form

LTE = #*Y a G, (24)

i=0

where g; are constant numbers (classical methods) or formu-
lae of ¢ (fitted methods) and p is the algebraic order of the
specific method.

Two cases of the parameter G are studied:

(i) The Energy and the Potential Are Clo;ed to Each Other.
Consequently, G=V,.-E=0=G =0, i=1,2,....

Therefore, the local truncation error for the classical
method (constant coeflicients) and the local trunca-
tion error for the five-stage two-step method with
eliminated phase-lag and its first, second, and third
derivatives developed in Section 3 are the same since
the formulae of the LTE are free from G (i.e., LTE =
hPa, in (24)) and the free from G terms (i.e., the terms
of the formulae which do not have the quantity G) in
the local truncation errors in this case are the same
and are given in Appendix C. From the above it is easy
to see that, for these values of G, the methods are of
comparable accuracy.

(ii) The Energy and the Potential Have Big Difference.
Consequently, G » 0 or G <« 0 and |G| is a large
number. For this case the most accurate method is
the method with the minimum power of G in the
formulae of LTE (i.e., the method with the highest
accuracy is the method with minimum 7 in (24)).

We give now the asymptotic expansions of the local
truncation errors.

3.1.3. Classical Method

134317
CL= hlG(y(x)G8+"')
551343236245401600 (25)

+O(h18).

LTE

3.1.4. The Four-Stage Two-Step P-Stable Method with Vanished
Phase-Lag and Its First, Second, and Third Derivatives
Developed in Section 3

134317
LTE =
NM2S583DV ™ 9845414932953600

2

h' [(20g (x) y(x) dd7g(x)

d 2
+15 <;i;57(x)) y(x) (26)
+ lo(d—3g(x)) iy(x)

dx? dx

4
+ 31 (%g(x))y(x))G5 +] +O(h18).

The above leads us to the following theorem.

Theorem 8. (i) Classical method (i.e., method (15) with
constant coefficients): for this method the error increases as the
eighth power of G.

(ii) Fourteenth-algebraic order five-stage two-step method
with vanished phase-lag and its first, second, and third deriva-
tives developed in Section 3: for this method the error increases
as the fifth power of G.

Therefore, for large values of |G| = |V, — E|, the
new developed fourteenth-algebraic order five-stage two-step
method with vanished phase-lag and its first, second, and third
derivatives developed in Section 3 is the most accurate method
for the numerical solution of the radial Schrédinger equation.

3.2. Stability and Interval of Periodicity Analysis. Let us define
the scalar test equation for the stability and interval of
periodicity analysis:
1

Yy ==
Remark 9. Comparing the test equations (9) and (27), we
have that the frequency ¢ is not equal to the frequency w; that
is, w # ¢.

w? y. (27)

The difference equation which is produced after applica-
tion of the new method (15) with the coefficients given by
(18)-(19) to the scalar test equation (27) is given by

AI(S’V) (yn+l+yn—l)+A0 (S,V)yn=0, (28)

where

1 1
Al (s,v)=1+ s (8b, + 4b,) s* + gbz (-8a,+1)s*
2 1 6
+4a3b, (v aya, + Ea1> s
8
- 4aya,a;b,s°,

Ay (s,v) = a, + (by + b)) s* + 4a;b, <v2a2 + %) st
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FIGURE 2: s-v plane of the new obtained five-stage symmetric two-
step fourteenth-algebraic order method with vanished phase-lag and
its first, second, and third derivatives.

1
- 8a3b, (vzaoaz + Ea1> s°

+ 8aya,a;b,s°,
(29)

s = wh, and v = ¢h.

Taking into account the coefficients a;, i = 0,1, and
b, i = 0(1)2, and their substitution into formulae (29), the
new stability polynomials are produced:

T,
Al (S’ V) = 8 >
denom
. ’ (30)
Ay (s,v) = .,
denom3

where the formulae Ty, k = 8,9, and Ty om3 are given in
Appendix D.

s-v plane of the new produced method is shown in
Figure 2.

Remark 10. Observing s-v region we can define two areas:

(i) The shadowed area which defines the area where the
method is stable.

(ii) The white area which defines the area where the
method is unstable.

For problems of the form of the coupled equations arising
from the Schrédinger equation and related problems (in
quantum chemistry, material science, theoretical physics,
atomic physics, astronomy, astrophysics, physical chemistry,
and chemical physics), the area of the region which plays
critical role in the stability of the numerical methods is the
surroundings of the first diagonal of the s-v plane, where s =
v. Studying this case, we found that the interval of periodicity
is equal to (0, 24).

The above development leads to the following theorem.

Theorem 11. The five-stage symmetric two-step method devel-
oped in Section 3

(i) is of fourteenth algebraic order,
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(ii) has vanished the phase-lag and its first, second, and
third derivatives,

(iil) has an interval of periodicity equal to (0,24) (when s =
V).

4. Numerical Results

We will apply the new produced method to the approximate
solution for coupled differential equations of the Schrédinger

type.

4.1. Error Estimation. For the numerical solution of the pre-
viously referred problem we will use variable step methods.
An algorithm is called variable step when it is based on
the change of the step size of the integration using a local
truncation error estimation (LTEE) procedure. In the past
decades several methods of constant or variable steps have
been developed for the approximation of coupled differential
equations of the Schrodinger type and related problems (see,
e.g., [1-55]).

In our numerical tests we use local estimation procedure
which is based on an embedded pair and on the fact that we
have better approximation for the problems with oscillatory
and/or periodical solutions having maximal algebraic order
of the methods.

The local truncation error in y~,  is estimated by

H L
LTE = Yor1 = Vur1|> (1)

where y", | gives the lower algebraic order solution which is
obtained using the twelfth-algebraic order method developed
in [54] and y!l, gives the higher order solution which is
obtained using the five-stage symmetric two-step method of
fourteenth algebraic order with vanished phase-lag and its
first, second, and third derivatives developed in Section 3.

In our numerical tests the changes of the step sizes are
reduced on duplication of step sizes. We use the following
procedure:

(i) If LTE < acc then the step size is duplicated; that is,
hn+1 = Zhn'

(ii) If acc < LTE < 100 acc then the step size remains
stable; that is, h,,,, = h,,.

(iii) If 100 acc < LTE then the step size is halved and the
step is repeated; that is, h,,,, = (1/2)h,,.

In the above, h,, is the step length used for the nth step of
the integration and acc is the requested accuracy of the local
truncation error (LTE).

Remark 12. The local extrapolation technique is also used;
that is, while for a local truncation error estimation less than
acc we use the lower algebraic order solution y,, it is the
higher algebraic order solution y” | which is accepted at each
point as integration.

4.2. Coupled Differential Equations. We will present the
numerical solution of the coupled Schnrédinger equations
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(1) using the boundary conditions (2) and (3). Mathematical
models of this form are observed in many real problems
in quantum chemistry, material science, theoretical physics,
atomic physics, physical chemistry and chemical physics, and
so forth. The methodology fully described in [1] will be used
for the approximate solution for this problem.
Equation (1) contains the potential V' which can be
presented as (see for details [1])
V (k) = Vo () By (K k)
o (32)
+V, (x) P, (kj k).

Based on (32), the coupling matrix element is given by
<]Jl,; ] |V| j”l”; ]> = 6]-,]-;,6111/;V0 (X)

" fz (].Ill, j”l"; ]) v, (x),

(33)

where f, coefficients are obtained from formulas given by

Bernstein et al. [56] and lA(]-/ j Is a unit vector parallel to the
wave vector kj, i and P, i = 0,2, are Legendre polynomials
(see for details [57]). The above leads to the new form of
boundary conditions:

yJ].,jll, (x)=0 atx=0 (34)

l ) 1
y](fl, (x) ~ 818y exp [—z <kj]~x - 517'[)] ,

K\ 1
- <k_’) s (jl;j'l') exp [i (kj,jx - 51'71)] ,

J

(35)

where
S=1+iK)I-iK)". (36)

We will use the variable step method described in Sec-
tion 4.1 in order to compute the cross sections for rotational
excitation of molecular hydrogen by impact of various heavy
particles.

We use the following parameters in our example:

2p
=5 = 10000,
B _ 5351,
i
E=11, (37)
1 1

VO (X) = ﬁ — 2;,
V, (x) = 0.2283V, (x) .

For our test we take J = 6 and we will consider excitation
of the rotator from j = 0 state to levels up to j' = 2, 4, and 6
which is equivalent to sets of four, nine, and sixteen coupled
differential equations, respectively. Using the methodology
tully described by Bernstein [57] and Allison [1], we consider

TaBLE 1: Coupled differential equations. Real time of computation
(in seconds) (RTC) and maximum absolute error (MErr) to calculate
S|? for the variable step methods, Method I-Method X. acc = 107%.
We note that 1, is the maximum step size. N indicates the number
of equations of the set of coupled differential equations.

Method N P RTC MErr
4 0.014 3.25 1.2x1073
Method I 9 0.014 2351 5.7 x 107
16 0.014 99.15 6.8x 107"
4 0.056 1.55 8.9%x107*
Method II 9 0.056 8.43 7.4x107°
16 0.056 4332 8.6x 1072
0.007 4515 9.0 x 10°
Method II1 9
16
4 0.112 0.39 1.1x107°
Method IV 9 0.112 3.48 28x%x107*
16 0112 19.31 13%x107°
0.448 0.14 3.4%x1077
Method V 9 0.448 1.37 5.8 %1077
16 0.448 9.58 82x1077
4 0.448 0.09 29%1077
Method VI 9 0.448 1.10 45%x107
16 0.448 8.57 7.4 %107
4 0.448 0.06 1.3x 1077
Method VII 9 0.448 1.04 1.7 x 1077
16 0.448 758 29%x1077
0.448 0.04 8.8x107°
Method VIII 9 0.448 1.02 92x107°
16 0.448 748 8.9x1078
4 0.448 0.04 9.7%x1078
Method IX 9 0.448 1.01 12x107
16 0.448 715 23x1077
0.896 0.02 7.0x 107
Method X 9 0.896 0.45 5.7%x107®
16 0.896 6.11 6.5%1078

the potential infinite for x < x,. The wave functions then tend
to zero and then the boundary conditions (34) are given by

y}’.{'l’, (%) = 0. (38)

For comparison purposes the following variable step
methods are used:

(i) Method 1. The iterative Numerov method of Allison
[1].
(ii) Method II. The variable step method of Raptis and
Cash [47].
(iii) Method III. The embedded Runge-Kutta Dormand
and Prince method 5(4) [49].

(iv) Method IV. The embedded Runge-Kutta method
ERK4(2) developed in Simos [41].



(v) Method V. The embedded symmetric two-step
method developed in [50].

(vi) Method VI. The embedded symmetric two-step
method developed in [52].

(vii) Method VII. The embedded symmetric two-step
method developed in [52].

(viii) Method VIII. The embedded symmetric two-step
method developed in [53].

(ix) Method IX. The embedded symmetric two-step
method developed in [54].

(x) Method X. The developed embedded symmetric two-
step method developed in this paper.

The results are presented in Table 1. More specifically, we
present (1) the requested real time of computation by the
variable step methods mentioned above in order to calculate
the square of the modulus of S matrix for sets of 4, 9, and 6
coupled differential equations and (2) the maximum error in
the computation of the square of the modulus of S matrix.

5. Conclusions

In this paper we introduce, for the first time in the literature,
a new five-stage symmetric two-step fourteenth-algebraic
order family of methods and we produced a method of the
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family with vanished phase-lag and its first, second, and third
derivatives. In this paper,

(1) we introduced the new family of methods,

(2) we developed the new method of the new family with
vanished phase-lag and its first, second, and third
derivatives,

(3) we analyzed the local truncation error,

(4) we analyzed the interval of periodicity and the stabil-
ity of the new developed method,

(5) finally, we analyzed the efficiency of the new obtained
method on the numerical solution for coupled
Schrédinger equations.

From the analysis presented above, we conclude that
the new developed method is much more efficient than
the known ones for the numerical solution for the coupled
Schrodinger equations.

All computations were carried out on IBM PC-AT com-
patible 80486 using double precision arithmetic with 16
significant digits’ accuracy (IEEE standard).

Appendix
A. Formulae of T;, j = 0(1)3, and Ty,

T, = (45469v°D, + 7038360b,1° + 652886640b,v* — 265712832000
+(~265712832000b; — 132856416000b,) v* ) cos (v) — 45469v°b,

+431033400b,1° — 33866990640b,v" + (~132856416000b,, — 132856416000b, ) +*

—-132856416000a,,

265712832000 4

7038360b,7°
+v°b, +
45469

45469

652886640b,v*
45469

T, = 2067429961 (—

( 2657128320000, 1328564160000,

2
) v2> sin (v) — 39837369710880
45469 45469

L, 2 4393400v'°b°  26360400v°b, 153226717033b,
02 - - by +2b + ——— 2
28973 28973 4994087615
17669903328000b,1° (b , 45469a, 16290b,  8012b, = 45469 )
188196191 3519180 133 133 1759590
819540618336000b, v* ( 8379a, 13439282  6849182b, 513135>
188196191 7259082 ' 129541 129541 129541
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1639081236672000°b, ( ) 13439282)
— a
188196191 47 129541

188196191 188196191

( 166768965158400000a, 333537930316800000 )
2

333537930316800000a,b,  3335379303168000004, )
- v,
188196191 188196191

265712832000 5, 7038360b,1° . 652886640b,v"*
e — v
45469 : 45469 45469

T, = —94003972896709 <—

265712832000b,  132856416000b, \ ,\> 0, 3
- - ) cos (v) + 5434096090152008160v°°b,
45469 45469

~1653746424225668236800v'*b, — 11536196067878150592000b,>

227930737228b,

> v'® — 2295953942267723189760000b,
4994087615

-(bo +2b, +

(b . 45469a, 16290b,  7009130426558198b, N 45469 > 14
: - v
0" 5278770 133 125536380378255 2639385

N 6730730601a, 379717697333b,

—19473»40090253840538009600001922 (bo +
290822990464 18176436904

127130652893979671b, 356864310411 ) 12
15971271578806720 145411495232

541122054664b,”

—48153927914830003875840000000b,
24970438075

+(72734780969170 . 12770448547a, N 2191635189987b, N 63965810599 >
99881752300 1198581027600 49940876150 599290513800

- by + b, (b, +2b)) ) v!% — 2981589039377359573155840000000b,

1773970067669b,> N <90405467881b0 , 58393539227a,
73624597200 147249194400 6184466164800

8073535624019b, 141363876421>b 162900, +<b 45469a, 591097 )b
2 0 14076720 = 7038360/ '

+
73624597200 114527151200 133
454690, \ 4 3424591b,°
+———2 )8~ 46095957244299145061007360000000b, | ——— 2
1005480 129541

(1 126689681994, N 13568823, 2869992664019) 134392821912
277 682950515280 129541 341475257640 ) * 129541

<b 11172a, 2907765) 69825,  45469q, N 45469 > 6
0 1

- - + +
129541 129541 259082 23317380 11658690
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3 7237805 3 6719641
—-553151486931589740732088320000000b, <<——a4 + —) ) (——a4 + —> b,
8 518164 4 259082

13965a, 855225
+b, + L )v4 + ((~14070153905048863102795776000000000a,
1036328 518164

+28140307810097726205591552000000000) b,” + ((~56280615620195452411183104000000000a,
+56280615620195452411183104000000000) b; + 28140307810097726205591552000000000b,
~276575743465794870366044160000000a, — 28693459297029315946323640320000000) b,
+56280615620195452411183104000000000b, (—a,b, + b)) v*
+(93801026033659087351971840000000004, — 18760205206731817470394368000000000) b,
+18760205206731817470394368000000000a,b;, — 18760205206731817470394368000000000b,,

265712832000 g, 7038360b,1° . 652886640b,v"
45469 2 45469 45469

T, = 4274266643640461521 (—

265712832000, 1328564160000, \ , ! .
- - v© | sin (v) — 988331660492486636108160

45469 45469
2, 4 703331165780v**b,*  17573600b, v* 52341891953b,
- v*b,* - - by +2b + —— 2
1317373337 4139 998817523

2297087432640001/201923 <b 45469a, 16290b; 20280808515977707b, 45469 )
- 3 -

+ - +
188196191 6099912 133 362660654426070 3049956

12187515298579093440001/181923( 8254669605a, 663166829662b,
- (]

+ —
8557092608579 385284849578 192642424789

2052773 129691092548765b, 394861571517 )
192414629552462777647 192642424789

1 1673827561088000000!)221/16 259818415586440661023031922
188196191 997636444251855529000

N ( 14436736503248b, N 672095448881a, N 61372103581289784b, 6194383101859 )
20643288160585  83900671932000 1135380848832175 41950335966000 ) *

84512160980083888128000000b22v14( 200253323882994581b,”

+b, (by + 2b -
! ( 0 1) ) 8557092608579 15064365645390600
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+ +
30128731290781200  632703357106405200 792861349757400 316351678553202600

<17737276339168999h) 4562567732722819a, 56067458474270819b, 170062002887713063)
2

1052200, 45469a, 591097 45469b,
-+ <b0 + + ) L+ —
1197 12669048 15836310 3016440

B 244441255786320657705467904000000b22v12 _»18787681229658547b22
389082443819478551 7985635789403360

<8969884197456053190+34225482321665710.4 136160476648092927b, 280627602486327149>
15971271578806720  383310517891361280 7985635789403360 191655258945680640 )

222153379571bﬁ < 380984751a, 154401947847)
I o 1

+ p—
9088218452 72705747616 36352873808

+1650933921b0+ 2067429961a, . 2067429961 443126540219477925888000000000E)Zvlc
36352873808 8724689713920 4362344856960 8557092608579

4028587739494373897&; +_<434912403523211147b0+ 2926099586132929a,
438820490554820000 877640981109640000 1755281962219280000

15313712383120673847b, 144221396158735377) 2 15500862502bf
438820490554820000 877640981109640000 / * 454007965

49940876150 1997635046000 499408761500

+(72734780969190 75282780194, 539180954813)
- 1

98566938253b, 49343 100387
+ 94 9 _ b, + b’ (b, +2b))
1997635046000 87868000 2196700

__623776823123832930890612736000000000v%§ _665172562469(723
389082443819478551 73624597200

+
147249194400  1811388909895488000 8180510800 143004387623328000

+<53593169281bo 2554367727834151a, 547986492173, 267706836641709133) 2
- 2

N 5855940613619@? +»<90405467881l70_}_2390206957614 . 1205462023201)
36812298600 73624597200 309223308240 386529135300 /

- + + +
133 1407672 185220 502740

, 28440383803h, 127704485470, 109828438403 162900, > +<b 45469a, 45469) 45469b,
220873791600 7421359397760 3710679698880 ) * 0 !

1421741999377084654844751052800000000bﬁﬁ ((23281985157a4 2683972235033) 2
- 2

389082443819478551 167808706810 83904353405

((96906582357a4 3 14553382412876) b 58393539227a, N 439542930952)
83904353405 83904353405 ' 1761991421505 1 251713060215/

(29449838880(14 3607051694400)[92+-< 3995270092a, N 51938511196 ) N 9988175230h)>
16780870681 16780870681 ! 352398284301 = 352398284301/ ' 117466094767

+231449118350975844469748269056000000000&)2v4 << 1 N 1)172
5) 2%

389082443819478551 -_204

1 12668968199 430638152579
+ ((—a4 +1)b + Ebo + %4 ) )

+
2731802061120 1365901030560

_abl+ <b0

+ + -
129541 259082

2793a, 513135) 19551, 45469a, 45469 >
' 518164 186539040 93269520

1
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N (2943610198401984531229664870400000000000a4 5887220396803969062459329740800000000000) b3
389082443819478551 389082443819478551 2

N <( 17661661190411907187377989222400000000000a, 23548881587215876249837318963200000000000 ) b
389082443819478551 389082443819478551 !

N 66150270245146553335607721984000000000  58872203968039690624593297408000000000005,
9489815702914111 389082443819478551

. 1735868387632318833523112017920000000004, ) b2
389082443819478551 2

N <35323322380823814374755978444800000000000a4 23548881587215876249837318963200000000000) b2
389082443819478551 389082443819478551 !

N <6002944955979456984694203875328000000000 23548881587215876249837318963200000000000b,
389082443819478551 389082443819478551

N 3471736775264637667046224035840000000004, ) b+ 382004678522076633240905318400000000000
389082443819478551 ! 389082443819478551

~ 3118884115619164654453063680000000000a, 28931 1397938719805587185336320000000000, ) b
389082443819478551 389082443819478551 ’

235488815872158762498373189632000000000006, (—a,b, +b,) \
- 4
389082443819478551

N ( 11774440793607938124918659481600000000000  5887220396803969062459329740800000000000a, ) b2
389082443819478551 389082443819478551 ?

(( 23548881587215876249837318963200000000000  235488815872158762498373189632000000000004, ) b
389082443819478551 389082443819478551 !

6002944955979456984694203875328000000000 N 117744407936079381249186594816000000000004,
389082443819478551 389082443819478551

57862279587743961117437067264000000000a, ) b 23548881587215876249837318963200000000000b, (—a4b1 + bo)
- + v,
389082443819478551 2 389082443819478551

Tyenom = 45469v°b, + 7038360b,1° + 652886640b,v* — 265712832000 + (—265712832000b; — 132856416000b, ) 2.
(A1)

B. Formulae for the Coefficients of the + 15669279360v) sin (v) + 363752+
Produced Method T, j=4(1)7, Tgenom> ] \
and Tdenom2 —2593839192v" + 148398964560

+672116719680v" + 797138496000) (cos (1))’

T, = (15277584° + 844603200v" . ;
+((-4365024v" + 20674325616V

2 3 7
+15669279360v" ) (cos (v)” + ((-2182512v ~ 490147842240v° — 812807775360v) sin (v)

— 153643056 — 43784899201° —30555168v° — 1689206400v*
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— 313385587200 cos (v) + (13095072v”
+1013523840v" + 31338558720v" ) sin (v)
+727504v° — 5149484424v° + 206280915120v*
+ 9378295516801 — 797138496000,

T; = (~181876v° — 17295684v° — 1200197880v"
+128939096160v" + 398569248000) (cos (1))’
+((-2182512v" - 176559432v° — 5645394720v°
— 7834639680V sin (v) — 7638792v°
+25862004000v" — 406403887680v° ) cos (v)
+(-1091256v" + 51800395921
— 161329966560v" + 406403887680V ) sin (v)

— 3637521° — 38410764v° — 2294820360v"
+ 2774647915201 — 398569248000,
Ty = (—88570944000v° - 265712832000) (cos (v))’

— 177141888000v" + 265712832000,

T IEY O N 1191127v* . 6478080v°
denoml — 45469 45469

4570206480
- ——— ] (cos (v))2 +( [ 160°
45469

508506001 N 1487650080%* 2611546560
45469 45469 45469

17241336007
45469

135467962560v 6
——————— Jcos(v)+ | 8v
45469

-sin(v) + 8v° +

1718677320v* . 296387851207
45469 45469

135467962560 \ . 7 12521841v°
————— |sin(")+ 2V + —
45469 45469

13

6745620007 . 7181753040v
45469 45469 ’

T, = (~727504v" + 56306880v" + 5223093120v)

 (cos () + ((727504v° + 67219440"
+2247792960v" + 5223093120) sin (v) — 90938y
+ 581713426 — 484399977607

+474137868960v) (cos (v))” + ((1455008°

— 6907446960v* + 2116583548807
—270935925120) sin (v) + 1455008V’

~ 112613760v° — 10446186240v) cos (v)
+(-4365024+° — 3378412800

— 10446186240v° ) sin (v) — 181876

+ 1141692670v° — 22742250720v°

—203201943840v,

Taenoma = (45469v” + 1191127v° + 64780807

— 4570206480V (cos (v))* + ((727504v°

+ 50850600 + 1487650080v” — 2611546560)
-sin (v) + 363752° + 1724133600v°

— 135467962560) cos (v) + (363752+°

— 1718677320v* + 296387851207
+135467962560) sin (v) + 90938 + 12521841v°

+ 6745620007 + 7181753040.
(B.1)

C. Formulae of the Asymptotic
Form of the Local Truncation Errors
LTE¢; = LTENmasssspy = 4o

Formulae of the asymptotic form of the local truncation
errors are as follows:
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LTEq;
= LTExmasssspy = do

134317 (g9 (x))2 ((d/dx) y (x)) ((d“/dx“) g (x)) (d3/dx3) g(x) 14371919g (x) ((d/dx) y (x)) ((dS/de) g (x))2 (d/dx) g (x)
- 3390294398400 * 153834608327400

222563269 (g (x))2 ¥ (x) ((d7/dx7) g (x)) (d/dx) g (x) 3238785821(g (x))2 ¥ (x) ((dﬁ/dxé) g (x)) (dz/dxz) g(x)
* 22972634843558400 * 137835809061350400

42041221 (g (x))* y (x) ((dz/dxz) g (x))2 134317 ((d3/dx3) g (x)) ((d/dx) y (x)) (ds/dxg) g(x)
* 13127219910604800 * 36063790963200

1666873974 (x) y (x) ((ds/dxs) g (x)) ((d/dx) g (x)) (dz/dxz) g(x) 757413563 (g (x))2 y(x) ((d3/dx3) g (x)) ((d/dx) g (x)) (dz/dxz) g(x)
* 1378358090613504 * 5301377271590400

59170668014 (x) y (x) ((d4/dx4) g (x)) ((d3/dx3) g (x)) (d/dx) g (x) 5506997 (g (x))’ ((d/dx) y (x)) ((d4/dx4) g (x)) (d/dx) g (x)
* 34458952265337600 * 615338433309600

447409927 (g (Jc))2 ¥ (x) ((ds/dxs) g (x)) (d3/dx3) g(x) 11954213 (g (x))2 y(x) (d“’/dxlo) g (x)
* 11486317421779200 * 45945269687116800

6312899 (x) ((d/dx) y (x)) (d" /dx") g (x) 134317 (g (x))° y (x) (d*/dx*) g (x)
* 68917904530675200 + 2187869985100800

7118801 (g ()’ ((d/dx) y (x)) ((d*/dx*) g (x)) (d?/dx?) g (x) 189252653 ((d/dx) g (x))” y (x) ((d*/dx*) g (x))2
* 492270746647680 * 2812975695129600

, 2552023 (9 () y (0) ((@/dx) g (0))" 5506997 (9 (x))" y (x) ((d/dx) g ()"
9845414932953600 984541493295360

68367353 ((d/dx) g (x))” ((d/dx) y (x)) (4 Jdx") g (x) 6312899 ((d/dx) g (x))* y (x) (d*/dx*) g (x)
* 6265264048243200 * 1790075442355200

134317 (¢ (x))° ((d/dx) y (x)) (d/dx) g (x))° 99260263 ((d/dx) g (x))" y (x) (d*/dx*) g (x)
* 70324392378240 * 4922707466476800

4969729 (g (x))* ((d/dx) y (x)) (d°/dx) g (x) 134317 (g (x))’ y (x) (d*/dx*) g (x)
* 6563609955302400 * 307669216654800

3089291 ((d/dx) g (x)) y (x) ((d*/dx*) g ()" 20116657099 (x) y (x) ((d*/dx*) g (x)) ((d/dx) g (x))’
* 108191372889600 * 34458952265337600

2283389g (x) y (x) ((dz/dxz) g (x)) ((d3/dx3) g (x))2 6864941874 (x) y (x) ((dz/dxz) g (x))2 (d/dx) g (x))2
* 18031895481600 * 6265264048243200

8999239 ((d?/dx*) g (x))2 ((dfdx) y () (d°/dx*) g (x) 134317 (g (x))" ((d/dx) y (x)) ((d/dx) g (x)) (d*/dx?) g (x)
* 168297691161600 * 70324392378240

13834651 (g ()" y (x) ((d/dx) g (x)) (*/dx*) g (x) 75620471 ((d*/dx*) g (x)) y (x) ((d*/dx*) g (x)) (d°/dx®) g (x)
* 2812975695129600 * 1514679220454400

59502431 ((d/dx) g (x)) ((d/dx) y (x)) ((d°/dx”) g (x)) (d*/dx*) g (x) 6312899 ((d/dx) g (x)) y (x) ((d*/dx") g (x)) (d*/dx*) g (x)
* 703243923782400 * 162734131123200

429411449 ((d/dx) g (x))” ((d/dx) y (x)) ((d*/dx*) g (x)) (d*/dx*) g (x) 1112010443 ((d/dx) g (x))* y (x) ((d*/dx") g (x)) (d*/dx*) g (x)
* 2461353733238400 * 9845414932953600

134317 (9 ()" ((d/dx) y (x)) (d/dx) g (x) 299526914 (x) y (x) ((d°/dx®) g (x)) (d"/dx*) g (x)
* 9845414932953600 * 1566316012060800
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134317 ((d/dx) g (x)) ((d/dx) y (x)) (d"/dx"") g (x) 134317 ((d*/dx*) g (x)) y (x) (°/dx") g (%) 134317 (g (x))" y ()
* 255725063193600 * 233027572377600 * 551343236245401600

N 134317 ((d/dx) g (x))° (d/dx) y (x) iy ((d"/dx") g () y (x) . 134317 ((d" /dx™) g (x)) (d/dx) y (x)
44751886058880 551343236245401600 39381659731814400

134317 ((d*/dx*) g (x)) (d/dx) y (x) 134317 ((d2/dx*) g ()" y (x) 134317 ((d°/dx®) g () y (x)
" 4507973870400 " 8975876861952 " 183597481267200

155673403 (x) y (x) ((d*/dx®) g (x)) ((d/dx) g (x))* 671585((d2/dx2)g(x))2 y(x) (d°/dx®) g (x) 134317 ((d/dx) g (x)) y (x) (d"' /dx"") g (x)
+ + +

5301377271590400 40391445878784 1458579990067200

671585 ((d/dx) g (x))’ ((d/dx) y (x)) (d*/dx*) g (x) 20013233 ((d/dx) g (x))" y (x) (d°/dx") g (x) 3089291 (x) y (x) (d'*/dx") g (x)
* 17900754423552 * 895037721177600 * 137835809061350400

123437323 (g (x))3 y(x) ((ds/dxs) g (x))2 1581851309 (g (x))2 ¥ (x) ((d4/dx4) g (x))2 134317 (g (x))5 ((d/dx) y (x)) (ds/dxs) g (x)
* 8614738066334400 * 68917904530675200 * 703243923782400

134317 ((d?/dx*) g (x)) y (x) (d'°/dx™) g (x) 2552023 ((d?/dx*) g (x)) ((d/dx) y () (d°/dx®) g (x)
* 504893073484800 i 1514679220454400

134317 ((ds/dxs) g (x)) ((d/dx) y (x)) (dé/dx(’) g(x) 136869023g (x) y (x) ((ds/dxs) g (x))2
* 17212263868800 * 12530528096486400

134317((d/¢;lx)g(x))((d/alx)y(x))((d‘*/dx‘*)g(x))2 59502431 (g (x))” y (x) (d*/dx*) g (x) 2283389 (g (x))’ ((d/dx) y (x)) (& /dx") g (x)
* 2712235518720 * 68917904530675200 * 2153684516583600

2552023 ((d°/dx) g (x)) y (x) (4/dx") g (x) 538611179 (x) ((d/dx) y (x)) ((d*/dx") g (x)) ((d[dx) g (x)) (d*/dx") g (x)
* 1927773553305600 * 351621961891200

279782311 (g ()" y (x) (d*/dx®) g (x) 134317 ((d*/dx") g (x)) y (x) (d*/dx®) g (x)
275671618122700800 * 137698110950400

4163827 (g (x))2 ((d/dx) y (x)) (dg/dxg) g(x) 165344227g (x) y (x) ((dz/dxz) g (x))2 (d4/dx4) g(x)
* 7657544947852800 * 1566316012060800

426187841 (g (x))’ y (x) ((d°/dx*) g (x)) (d/dx) g (x) 134317 ((d/dx) g () ((d/dx) y (x)) ((*/dx?) g (x))3
* 34458952265337600 * 1823224987584

4160200441 (g (x))2 v (x) ((dz/dxz) g (x))3 134317 ((da/de) g (x))2 ¥ (x) (d“/dx“) g(x)
* 137835809061350400 * 4161206649600

134317 ((d*/dx") g (x)) ((d/dx) y (x)) (& /dx") g (x) 159702913 (g (x))" ((d/dx) y ()) ((d*/dx’) g (x)) ((d/d=) g (x))°
* 21906517651200 * 4922707466476800

1578090433 (g (x))2 y(x) ((d4/dx4) g (x)) (d/dx) g (x))2 13566017 (g (x))2 ((d/dx) y (x)) ((dG/dxﬁ) g (x)) (d/dx) g (x)
34458952265337600 * 1093934992550400

+

89589439 (g (x))” ((d/dx) y () ((d°/dx®) g (x)) (d*/dx?) g (x) 432635057 (x) y (x) ((d*/dx®) g (x)) (*/dx?) g (x)
* 3281804977651200 * 68917904530675200

876955693¢ (x) y (x) ((d”/dx") g () (d*/dx*) g (x) 84754027 (g (x))’ y (x) ((d/dx) g ()’ (d*/dx*) g (x)
* 68917904530675200 * 4922707466476800

6312899g (x) y (x) ((dg/dxg) g (x)) (d/dx) g (x) 589248679 (x) ((d/dx) y (x)) ((dz/dxz) g (x))2 (dS/dxs) g(x)
* 2871579355444800 * 4922707466476800

603083334 (x) ((d/dx) y (x)) ((d*/dx*) g () (d/dx) g (x) 248352133 (x) ((d/dx) y (x)) (" /dx") g (x)) (d*/dx*) g (x)
* 11486317421779200 * 17229476132668800

662182819 (x) ((d/dx) y (x)) ((d*/dx°) g (x)) (d*/dx*) g (x) 50906143 (x) ((d/dx) y (x)) ((d*/dx*) g (%)) ((d/dx) g (x))’
* 2461353733238400 * 1230676866619200

15
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D. Formulae for the Stability Polynomials
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37743077 (g ) ((d/dx) y () ((d*/d*) g ()’ (d]dx) g (x) , 22430939 (x) ((d/dx) y () ((d°/dx*) g () ((d/dx) g (x))°

895037721177600

546967496275200

41235319 ((d/dx) g (x)) y (x) ((dz/dxz) g (x))2 (da/dx3) g(x) 170716907 ((d/dx) g (x)) ((d/dx) y (x)) ((dé/dxé) g (x)) (dz/dxz) g(x)
+ +

262544398212096

3281804977651200

30758593 ((d/dx) g () y (x) ((d/dx7) g (x)) (d*/dx*) g (x) 64337843 ((d/dx) g (x)) y (x) ((d*/dx®) g (x)) (d’ /dx*) g (x)
+ +

1837810787484672

28340887 ((d*/dx*) g (x)) ((d/dx) y () ((d*/dx’) g (x)) (d*/dx") g (x)
+

189334902556800

2187869985100800

80455883 (g (x)) y (x) ((d*/dx*) g () (d*/dx?) g (x)  1477487¢ (x) ((d/dx) y (x)) ((d°/dx®) g (x)) (d*/dx*) g (x)
+ + .

3445895226533760

Tk’ k= 8’ 9’ and Tdenom3

Ty = 159532850484000v"s”
+26588808414000s"v”
+2855080338545°y
—30236885s°v” + 18819619105°v*
— 7406900100s°+*

— 7665846917405 v°

— 47158235397000s°v*

+ 17776560240 sin (v) v

+ 17776560240 cos (v) v*

— 83991760628400 sin (v) v/

+ 84258409032000 cos (v) v°

+ 1448447428814400 sin (v) v°
— 6620319330307200 cos (v) v*
+6620319330307200 sin (v) v°
+33124136824800v°
+239299275726000v*
+641047557915v°

— 17776560240 sin (v) s*v’

— 124435921680 cos (v) 40

40683532780800

(C1

+ 84382844953680 sin (v) s°v°
+421292045160000 cos (v) s*v*
— 2628065155262400 sin (v) s°v°
— 6620319330307200 cos (v) s*v*
+6620319330307200 sin (v) s*v
— 15953285048400s"

— 171982326600s°
+5555175075v"°

+18142131s"

+1111035015v" cos (2v)

— 18142131s% cos (2v)
+29105188245v° cos (2v)

+ 171982326600s° cos (2v)

+ 158291884800v° cos (2v)

+ 15953285048400s” cos (2v)

— 111672995338800v" cos (2v)
+ 177765602407 sin (2v)

+ 1242534411000+ sin (2v)
+36350729704800v° sin (2v)

— 63813140193600+° sin (2v)

— 17776560240s>v sin (2v)

— 1438076573640s>v" sin (2v)
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— 45981739994400s>v” sin (2v)

- 63813140193600sv sin (2v)

— 60473775%v* cos (2v)

+3763923825°v* cos (2v)

— 1481380020s°v® cos (2v)

+ 584566193465°v" cos (2v)

— 140873346180sv° cos (2v)

+5317761682800s*v* cos (2v)

—9775611732600sv* cos (2v)

— 31906570096800v%s” cos (2v),
T, = 9930478995460800v"s>

— 2779874954539200s"*

~5710160677085°v*

+ 604737705V

—3763923820s%*

+14813800200s1*

—105011921485800s>1°

+4569025673646000s”v*

— 204430442760 sin (v) v’

+ 44441400600 cos (v) v*

— 15689049845400 sin (v) v’

— 3439646532000 cos (v) v*°

— 483042711060000 sin (v) v’

— 319065700968000 cos (v) v*

+63813140193600 sin (v) v°

— 22950451379520001°

+ 1655079832576800v"

+70008688347210v°

+ 204430442760 sin (v) s>V’

— 311089804200 cos (v) s*v°

+ 15884592008040 sin (v) s°v°

— 17198232660000 cos (v) s*v*
+492673721349600 sin (v) s°v°
— 319065700968000 cos (v) s*v*
+63813140193600 sin (v) s*v
+1655079832576800s"

+ 3439646532005s°
~11110350150%"°

— 36284262s"

—2222070030v'° cos (2v)
+36284262s% cos (2v)
+14214167564310v° cos (2v)

— 3439646532005s° cos (2v)

— 1183631345265600v° cos (2v)
— 1655079832576800s” cos (2v)
+ 11585558828037600v" cos (2v)
+ 355531204807 sin (2v)

— 168783466467600v sin (2v)
+5171871901492800° sin (2v)
— 6620319330307200° sin (2v)
— 355531204805V sin (2v)

+ 1683923821423205°7° sin (2v)
— 3992254175044800s°v” sin (2v)
- 6620319330307200s>v sin (2v)
+ 120947545 cos (2v)

— 7527847645°v* cos (2v)
+2962760040s%v® cos (2v)

— 1169132386925°* cos (2v)
—211268202188405°° cos (2v)
— 530284710614400s"v* cos (2v)
+ 1208709566341200s°v* cos 2v)

+3310159665153600v°s* cos (2v)

17
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+35680944852000s*v*

+ 3439646532000sv* cos (3v)
+ 63813140193600v°s” cos (3v)
+63813140193600v” sin (3v)
+ 821253508200 sin (3v)

+ 27462410488800v° sin (3v)
+ 8888280120+ sin (3v)
+63813140193600v" cos (3v)
— 8888280120v° cos (3v)

+ 687929306400v° cos (3v)

— 88882801205V’ sin (3v)
+62217960840s*1° cos (3v)
+7136188970400s*v* cos (2v)
— 625711345560s°v° sin (3v)

— 17831400199200s°v” sin (3v)

+63813140193600s>v sin (3v) ,

Tden0m3

=1111035015v"° cos (2v)

+ 17776560240 sin (v) v’

+ 177765602407 sin (2v)
+5555175075v"°

+ 17776560240 cos (v) v*

+ 29105188245V cos (2v)

— 83991760628400 sin (v) v/
+ 1242534411000+ sin (2v)
+641047557915v°

+ 84258409032000 cos (v) v°
+158291884800v° cos (2v)

+ 1448447428814400 sin (v) v’
+ 36350729704800v° sin (2v)

+331241368248001°
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—~ 6620319330307200 cos (v) v*
— 111672995338800v* cos (2v)
+6620319330307200 sin (v) v°
—~ 63813140193600v° sin (2v)

+239299275726000v".
(D.1)
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We introduce real tangle and its operations, as a generalization of rational tangle and its operations, to enumerating tangles by
using the calculus of continued fraction and moreover we study the analytical structure of tangles, knots, and links by using new
operations between real tangles which need not have the topological structure. As applications of the analytical structure, we prove
the generalized Hyers-Ulam stability of the Cauchy additive functional equation f(x @ y) = f(x) & f(y) in tangle space which is a
set of real tangles with analytic structure and describe the DNA recombination as the action of some enzymes on tangle space.

1. Introduction

In 1970, Conway introduced rational tangles and algebraic
tangles for enumerating knots and links by using Conway
notation. The rational tangles are defined as the family
of tangles that can be transformed into the trivial tangle
by sequence of twisting of the endpoints. Given a tangle,
two operations, called the numerator and denominator, by
connecting the endpoints of the tangle produce knots or 2-
component links. To enumerating and classifying knots, the
theory of general tangles has been introduced in [1].

Moreover the rational tangles are classified by their
fractions by means of the fact that two rational tangles are
isotopic if and only if they have the same fraction [1]. This
implies the known result that the rational tangles correspond
to the rational numbers one to one. It is clear that every
rational number can be written as continued fractions with
all numerators equal to 1 and that every real number r
corresponds to a unique continued fraction, which is finite
if r is rational and infinite if r is irrational. Thus the con-
tinued fractions give the relationship between the analytical
structure and topological structure under a certain restricted
operator. See [2], for example. There are some operations
that can be performed on tangles as the sum, multiplication,
rotation, mirror image, and inverted image.

Topologically, the sum and multiplication on tangles are
defined as connecting two endpoints of one tangle to two
endpoints of another. However they are not commutative and
do not preserve the class of rational tangles. Furthermore the
sum and multiplication of two rational tangles are a rational
tangle ifand only if one of two is an integer tangle [3]. Thus the
set of rational tangles is not a group because it was discovered
that not all rational tangles form a closed set under the sum
and multiplication. Considering a braid of rational tangles, a
series of strands that are always descending, the set of braids
is a group under braid multiplication.

In 1940, Ulam introduced the stability problem of func-
tional equations during talk before a Mathematical Collo-
quium at the University of Wisconsin [4]:

Given a group G, a metric group (G,,d) and a positive
number €, does there exist a number § > 0 such that
it a function f : G, — G, satisfies the inequality
d(f(xy), f(x)f(y)) < 6 forall x,y € G, there exists a
homomorphism T : G, — G, such that d(f(x),T(x)) < €
forall x € G,;?

Analytically, the stability problem of functional equations
originated from a question of Ulam concerning the stability
of group homomorphisms. The functional equation

fr+y)=f@+f() m
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FIGURE 1: Rational, trivial, prime, locally knotted tangles.

is called the Cauchy additive functional equation. In particu-
lar, every solution of the Cauchy additive functional equation
is said to be an additive mapping. In [5], Hyers gave the first
affirmative partial answer to the question of Ulam for Banach
spaces. In [6], Hyers’ theorem was generalized by Aoki for
additive mappings and by Rassias for linear mappings by
considering an unbounded Cauchy difference in [7]. In [8],
a generalization of the Rassias theorem was obtained by
Gavruta by replacing the unbounded Cauchy difference by
a general control function in Rassias’ approach. There are
many interesting stability problems of several functional
equations that have been extensively investigated by a number
of authors. See [9-14].

In recent years, new applications of tangles to the field of
molecular biology have been developed. In particular, knot
theory gives a nice way to model DNA recombination. The
relationship between topology and DNA began in the 1950s
with the discovery of the helical Crick-Watson structure of
duplex DNA. The mathematical model is the tangle model
for site-specific recombination, which was first introduced by
Sumners [15]. This model uses knot theory to study enzyme
mechanisms. Therefore rational tangles are of fundamental
importance for the classification of knots and the study of
DNA recombination. In this paper, we introduce new tangles
called real tangles to apply the stability problem and DNA
recombination on tangles.

In Section 2, we introduce real tangles and operations
between tangles which can be performed to make up tangle
space and having analytical structure. Moreover we show
that the operations together with two real tangles will always
generate a real tangle. In Section 3, we prove the Hyers-Ulam
stability of the Cauchy additive functional equation in tangle
space and study the DNA recombination on real tangles, as
applications of knots or links.

2. Continued Fractions and Tangle Space

A rational tangle is a proper embedding of two unoriented
arcs (strings) ¢, and ¢, in 3-ball B’ so that the endpoints of
the arcs go to a specific set of 4 points on the equator of B,
usually labeled NW, NE, SW, SE. This is equivalent to saying
that rational tangles are defined as the family of tangles that
can be transformed into the trivial tangle by a sequence of
twisting of the endpoints. Note that there are tangles that
cannot be obtained in this fashion: they are the prime tangles
and locally knotted tangles. For example, see Figure 1.
Geometrically, we have the following operations between
rational tangles: the integer (the horizontal) tangles, denoted

by R(n), consist in n horizontal twists, n € Z, the mirror
image of R(n), denoted by —R(n) or R(-n), is obtained
from R(n) by switching all the crossing, and the rotation
of R(n), denoted by RR(n), is obtained by rotation R(n)
counterclockwise by 90°. Moreover the inverse (the vertical)
tangle of R(n), denoted by R(1/n), is defined by —RR(n) or
RR(~n) as the composition of the rotation and mirror of R(n).
For example, R(1/3) = —R%(3), and R(1/ - 3) = —R®(=3). For
the trivial tangle R(0) we define R(co) = RR(0) or R(1/0).

Generally, every rational tangle can be represented by
the continued fractions C(a, a,, . . ., a,) as following Conway
notation:

Cl(ay,a...,a,) = a
1 )

Tyt (1 (agy + (1/a,)))

fora, € Z,a,,...,a, € Z - {0}, and n even or odd and we
denote it by R(a,, a,, . .., a,). See Figure 2.

By Conway [1], rational tangles are classified by fractions
by fact of the following: two rational tangles are isotopic
if and only if they have the same fraction. For example,
C(2,-2,3) and C(1,2,2) represent the same tangles up
to isotopy because they have a fraction 7/5. Therefore
the rational tangles R(a;,a,,...,a,) with the exception of
{R(0), R(+1), R(c0)} are said to be in canonical form if |a,| >
1,a; # 0for 2 < i < n. Note that all nonzero entries
have the same sign and every rational tangle has a unique
canonical form. The canonical form of the example above is
R(1,2,2) and the following corollary, which is a direct result
of Conway’s theorem [1], will give us a means of classifying
rational tangles by way of fractions.

Corollary 1. There is a one-to-one correspondence between
canonical rational tangles and rational numbers Bla € Q U
{oo}, wherea € NU{0}, B € Z, gcd(a, ) = 1, R(0c0) = R(1/0).

Now we define infinite tangles by infinite continued
fractions of irrational numbers that the chain of fractions
never ends as the following:

Cl(ayayas...)=a
N 1 ©)
a+(1/ (a5 + (1/ (ag +--+))))’
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FIGURE 2: Rational tangles R(a,, a,, ...

where g, is allowed to be 0, but all subsequent terms g; must
be positive; that is, a,,a,,... € Z,a; > 0 for i > 2. Note that
let C; = C(ay, ay,...,a) fori > 1 and then the limit

C(ay,ay0a5...) = iE%lOCi (4)

is a unique irrational number and that let R, =
R(a;,a,,...,a;) for i > 1 be canonical rational tangles
and then the infinite tangles, denoted by R(a,, a,, a5, .. .), are
defined by the limit of canonical rational tangles R; as

R(ay, a5, a;,...) = lim R;. (5)
Example 2. Let C, = C(1),C, = (1,1),...,C; = C(1,1,
1,...,1), and then the limit has an irrational number
limC, = C(1,1,1,...) = 1+v2, (6)
i—00 2

Corollary 3. There is a one-to-one correspondence between
infinite tangles and irrational numbers.

Note that @ € R —Q is quadratic irrational if and only if it
is of the form

“:a+\/l_?) (7)

Cc

where a,b,c € Z,b > 0,c # 0, and b is not the square
of a rational number. Thus an irrational number is called
quadratic irrational if it is a solution of a quadratic equation
Ax*>+Bx+D =0, where A, B,D € Z and A # 0. Moreover «
is eventually periodic of the form

et Onep) (8)

C(al,az,...,aN,aNﬂ,..

where the bar indicates the periodic part with p terms. Thus
an infinite tangle is said to be periodic if it has eventually
periodic of the form

R(al,az,...,aN,aN+1,...,aN+P). 9)

See Figure 5for N = 1and p = 2.

,a,) for n odd or even.

O

S

e

FIGURE 3: Canonical rational tangle R(2,1, 1, 3, 4).

Corollary 4. There is a one-to-one correspondence between
infinite periodic tangles and quadratic irrational numbers.

Finally, tangles are said to be real if it is rational tangles or
infinite tangles, and so the real tangles are finite if it is rational
tangles and infinite if it is infinite tangles. Thus continued
fractions of finite real tangles are rational and continued
fractions of infinite real tangles are irrational. Moreover
infinite real tangle is periodic if it is infinite periodic tangles,
and so continued fractions of infinite periodic real tangles
are quadratic irrational numbers. Let  be a real number that
corresponds to finite or infinite continued fractions. Then, by
corollaries, the fact that R(r) has a unique real tangle can be
proved. The following is examples of the corollaries above.

Example 5. (1) Let 77/30 € Q be a rational number. Then
R(77/30) = R(2,1,1,3,4) is a canonical rational tangle of
77/30. See Figure 3.

(2) Lete = 2.718281 --- € R — Q be an irrational number
used as the base of the natural logarithm function. Then
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FIGURE 4: Infinite tangle R(2,1,2,1,1,4,...).

FIGURE 5: Infinite periodic tangle R(3,2, 1).

R(e) = R(2,1,2,1,1,4,1,1,...) is an infinite tangle of e. See
Figure 4.

(3) Considering a quadratic irrational number (5+/3)/2,
R((5+3)/2) = R(3,2,1,2,1,...) = R(3,2,1) is an infinite
periodic tangle of quadratic irrational number (5+/3)/2. See
Figure 5. In Figure 5, the boxes mean periodic parts as R(2, 1).

Now we introduce the operations on real tangles with
analytical structure, which need not have the topological
structure. However, on rational tangles, our operations are
applicable to geometrical results obtained from topological
structure. Our operations need to discuss the generalized
Hyers-Ulam stability of the Cauchy additive functional equa-
tion f(x+y) = f(x)+ f(y) and DNA recombinations in next
section.

Let functions p : R x R — R, defined by p(r,r,) =, +
ry,and m : R x R — R, defined by m(r,,r,) = r, x r,
be two binary operators on R, and ¢ a map from the set of
real tangles T to the set of real number R in which tangles
R(a;,a,,...,a,) or R(a,,a,,as,...) are corresponding to the

Advances in Mathematical Physics

rational numbers or irrational numbers, respectively, one to
one. Then for ¢ : T — Rand each tanglest,,t, € T, we define
amap ¢” : TxT — Rx Rby ¢"(t,,1,) = (¢(t,), ¢(t,)) and
two binary operators @ and ® on a nonempty set T by

®:TxT —T,
(10)
:TxT—T,
where
®(t),t,) = ¢_1P¢* (tity),
(11)

®(t,t)) = ¢ mep” (t,,1,).

For convenience, we write t; & t, and t; ® t, by &(t,,t,)
and &(t,, t,), respectively.

Lemma 6. Let ¢ : T — R be a map from the set of real tangles
to the set of real numbers at which real tangles R(a,, a,, ..., a,)
or R(ay, a,, ...) are corresponding to the real number r, where r
has continued fraction C(ay,a,,...,a,) or C(a,,a,,...). Then
¢ satisfies the following properties: for all t,t,,t, € T,

(1) ¢(=1)=-¢(®)

® (=35

(3) t@(~t) = R(0) )

@ te(-t*)=R()
(5) ¢(tioty)=¢(t)+¢(5)
6) ¢(ti®t,)=¢(t)x¢(t).

Proof. Let t be a real tangle in T and ¢(¢) = r € R, continued
fraction corresponding to t.

(1) Since —t is obtained from t by switching all the
crossing, ¢(—t) = —r and so ¢p(—t) = —¢(1).

(2) Since t* is obtained by rotation t counterclockwise by
90°, ¢(t*) = —1/r and so ¢(~t*) = 1/r by (1). Thus ¢(-t*) =
1/¢(t).

B te (1) = ¢ pp"(t,-t) = ¢~ p(p(t). p(-1) =
¢~ (¢(1) + $(~1)) = $7'(0) = R(0) by (1).

(4) t® (-1°) = ¢"'me" (1,~1) = ¢ m(g(1), $(~1°)) =
¢ ($(6) x $(=£1)) = ¢7'(1) = R(1) by (2).

(5) ¢(t1 @ tz) = ¢’(¢71P¢*(t1rt2)) = P(¢(t1)> ¢(t2)) =
b(t,) + $(t5).

(6) d(t, ® 1)) = (@ 'm’(t1,1,)) = m((t), $(t,)) =
Pt1) X p(ty). O

In the following, we show that operators ® and ® together
with two real tangles will always generate a real tangle.

Theorem 7. Let T be the set of real tangles and & the binary
operation on T. Then (T, ®) is a group.

Proof. To show associative of @, let ¢,,t,,t; € T.
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Then

(hon)et;=¢ " pp" (¢ pp" (t1,1,).13)
=¢7'pg" (67 ($(t1) + ¢ (1)) 1)
=¢7 ((p(t) + ¢ (1)) + ¢ (1))
= ¢ ($(tr) + (¢ (t2) + ¢ (13))) (13)
=¢7'p¢" (1,97 (¢ (1) + ¢ (1))
=¢7'p¢" (t1 ¢ ¢ (t20t3))

=t,®(t,dt;).

For the remainder, the identity element is the trivial tangle
R(0) € T and the inverse of t € T is —t. See Lemma 6. Thus
the set T forms a group with respect to &. O

In particular, for t,,t, € T, we write t; © t, for t, & (—t,).

Theorem 8. Let T be the set of real tangles and ® the binary
operation on T. Then (T, ®) is a group.

Proof. To show associative of ®, let t,, t,, ¢, € T. Then
(ot ety =¢"'mp" (¢ 'mp" (t,,t,),5)
=¢"'mg" (¢ (1)) x (1)) . 13)
=¢7 ((p(t) x ¢ (1)) x $ (83))
= ¢ ($(tr) x (¢ (t2) x $(£3))) (14)
= ¢ me" (11,97 (¢ (82) x 6 (t5)))
=¢7'me" (t,¢'me” (t,13))

=t ®(t,®t;).

For the remainder, the identity element is the integer tangle
R(1) € T and the inverse of t € T is —t® and denoted as
t™!, where t® means rotation counterclockwise by 90°. See
Lemma 6. Thus the set T forms a group with respectto®. [J

Corollary 9. (T,®) and (T, ®) are abelian groups.

For the symbolization, we write nt for t @t @ --- @ t(n
summands) and write ¢" for t ® t ® - - - ® t(n products). Note
that, by distributive law between two operations, we have

(het,)e(t;0t,) =
(15)
(Hhot)a(het)a(,®t)e(t,®t,).

For t;,t,,t € Tandr € R/lete : TxT — T
and - : Rx T — T be addition and scalar multiplication
operators, respectively, defined by &(t,,t,) = t;, @ t, and
(r,t) = gb*lm(r, ¢(t)) € T, denoted by r - t, where (-,) :
R xT — R x Risamap. Then the set T of the real tangles
with addition and scalar multiplication operators satisfy the
following result.

Theorem 10. (T, @, ) is a vector space.

Proof. By Theorem 7, (T, ®) is a group. Moreover, we have the
following properties:

(1) r-(hot)=¢ 'm(rn¢(Hen))
=¢"'m(r.¢¢" pd” (t1,12))
=¢"'m(r¢(n) +¢(t))
=¢7 (rx(¢(n) + (1)
=¢ " (rx¢(t) +rx¢(t)) (16)
= ¢ p(¢¢ ' m(r ¢ (1)) ¢ 'm (r. ¢ (1))
=¢ p(p(r-1),¢(r1))
= ¢ pg" (retirty)

=(r-t)@(r-t,).

Similarly,
(2) (r+r)-t=(r-t)@(r,-t),
(3) 1 (ry-t)=(rr)-t (17)
4) 1-t=t

hold. Thus (T, ®, -) is a vector space over R. O

In particular, we write r(t; @t,) for r - (t; ®t,); that is, the
operator - is often omitted.

Remark 11. We have the following relations, which are proved
from the above facts

1) -t et)=-t,e(-t,),
(2) —(f ety =(-t;ot,), (18)
(3) tet,=-t,@t,.

If we define a function D : T x T — R" as D(t;,t,) =
lp(t,) —¢(t,)| for each t, ¢, € T, then (T, D) is a metric space
from the following theorem.

Theorem 12. (T, D) is a metric space.
Proof. Lett,,t,,t; € T. Then
(1) D(t,t,) =0
6 (t) - ¢ ()| =0 =
¢(t)=¢(t) =
t, =t
@) D(tt;) = [¢(t) - ¢ (t:)] = [¢(t2) - 6 (11)]
=D (tyt,),
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FIGURE 6: Addition and multiplication of tangles.

6
(3) D(tpty) = ¢ (t;) — ¢ (t,)]
= (1) — b (t5) + o (t5) - o (t,)]
<|p(t1) - (t5)] + [ (t3) - ¢ (12)]
< D(t),t;) + D (t5.1,).
(19)
Thus (T, D) is a metric space. O

Define the norm of t by |t = D(R(0),¢). Then we have
that [t = |¢()] and D(t,£,) = [(t;) — ¢(t,)l = p(£,) +
(=t = lop(t; & ()| = llt, & (=)l = lIt; o 5.

Remark 13. We have the following relations:

(1) |ty ®t,y] =D(R(0),t; ®t,) =]0-¢(t, ®1,)|
=6 (t) x ¢ (t,)|
= ¢ (t)] |6 (t)]
=[xl > 2]

2) |tet]|=D([R),t,et,)=[0-¢( ot,)
=[6(t) + ¢ (5]
<[ ()] + 1o (t2)]

= [t + [t -

20)

Define an inequality < (resp. <) of t;,t, on T as t; <
t, (resp.t; <t,) © ¢(t,) < ¢(t,) (resp. p(t,) < ¢(t,)).

Remark 14. (1) For each € > 0, [|t| < € means that —t_ < t <
t, for some ¢(t.) = €.

(2) For each € > 0, we have that

[tiet] <e =

~t <t Oty <t &=
21
—t. @, <t <t O, =

t,ot, <t <t,®t,

for some ¢(t,) = e.

In order to determine a group (generally, a vector space)
from the set of rational tangles (generally, real tangles),
two binary operators ® and ® are necessary. For other
operators, restricted on rational tangles, addition (denote
by #) and multiplication (denote by =) of horizontal and
vertical rational tangles are considered in [1]. In detail, the
multiplication of two rational tangles is defined as connecting
the top two ends of one tangle to the bottom two endpoints
of another, and the addition of two rational tangles is defined
as connecting the two leftmost endpoints of one tangle with
the two rightmost points of the other as shown in Figure 6.

However the addition of two rational tangles is not
necessarily rational, but it can be algebraic tangle [1]. For
example, it can be easily seen that the sum of R(1/2) and
R(1/2) is not a rational tangle. As the results, in [3], the
multiplication (resp., addition) of two rational tangles will be
rational tangle if one of two is a vertical (resp., horizontal)
tangle. Note that, as a special case of rational tangles, the set
of braids is a group under the multiplication. Therefore two
operators ® and ® on rational tangles are a generalization
of operators # and * introduced in [1]. For two operators @
and ® on real tangles, we do not know yet whether it has a
topological or geometrical structure.

In Section 3, we will study some applications for two
operators @ and ® on real tangles. In this paper, the set (T, D)
of the real tangles with a metric D is called the tangle space.
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3. Some Applications on Tangle Space

3.1. Tangle Space and Stability. Let T be the tangle space and
f: T — T amapping. Then we prove the generalized Hyers-
Ulam stability of the Cauchy additive functional equation as
follows.

Theorem 15. Let f: T — T be a mapping such that

If (xey)e(fx)ef(y)<e (22)

forall x, y € T and for some € > 0. Then there exists a unique
additive mapping Q : T — T such that | f (x) © Q(x)| < € for
allx eT.

Proof. Suppose that f: T — T is a mapping such that

If (xey)e(fef(y)<e (23)

for all x, y € T and for some € > 0. Then we have

If (xey)e(fef(y)|<e= 0
f@ef(y)ea<f(xey)<f(x)ef(y) ea,

for some ¢(a,) = e.
(1) Putting x = y in (I),

2f(x)ea. < f(2x)<2f (x)®a, = (11
fee k<L py
(I11)
“f(22x) ef(x)‘l <§

(2) Putting x = 2x in (II),

2f 2x)ea, < f(4x) <2f (2x)®a, =
f@x) .  fux)  fex)

KT =
2 4 4 2 4

a  f4x)
4 4

<f(x)ea&ea
f(

f(x)e%e

v
% (- by (IIT)) = )

fx )e a < —
Hf(4x)
4

f(x)@;lae =

3
< —e.
4

e f(x)

7
(3) Putting x = 4x in (II),
2f(4x)ea. < f(8x) <2f (4x) ®a, =
f(4x)6&< f (8x) p f(4x)®%
4 8 8 4 8
a. _ a f(8x)
f(x) e 4 o n < 5
a€ aE
<f(X)$?@Z (24)
o % (. by (IV)) =
f()e— f( <f(x)eaga€=>
|re
8
Putting recursively x = (2""1)x in (IT), we have
Hf (22n ’ 16 <e V)
wheren > 1.
DefineQ: T — T by
Q(x) = lim —— f( 2'x) (25)

for all x € T; that is, lim,,_, [ f(2"x)/2" © Q(x)|| = 0.
Now putting x = 2"xand y =2"yin[|f(x® y) © f(x) ©
f)ll < €, we have

|f @"x@2"y)e f(2"x) 0 f(2"y)| <e =

HCTLTNICE FRC]

n 271 271 271
i L0 S S 0
n—00 n n—00 n—»oo

€
< lim — =0.
n—oo QN

Thus |Q(x @ ¥) © Q(x) © Q(y)| = 0; thatis, Q(x & y) =
Q(x) ® Q(y). Moreover, from (V),

f(") <hm<2n2;1

Thus we have [|Q(x) e f(x)|| < e. Therefore this means that Q
is an additive mapping such that [|Q(x) © f(x)| < e.

To prove the uniqueness of the additive mapping Q,
assume that there is another additive mapping Q' : T — T
such that

lim

n—00

o hm f (x)

>e =e. (27)

Q(xey)=Q (x)oQ (y),

(28)
|f e @] <e
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FIGURE 7

From the fact Q'(2"x) = 2"Q'(x), we have Q'(x) =
Q' (2"x)/2". Since || f(x) © Q' (x)| < €, we have that

Qx)ea < f(x)<Q (x)®a, =
Q (2'x)ea < f(2"'x) < Q (2"x)®a, =

Q@) _a [N QW a

2" 2n on on on
Qe ;— A (;:x) <Q e ‘21— — (29)
II%:)C)GQ’()C) < ; -

,,ILIEOf (22: Vo lim Q' (x)[ < lim 2 =0

where € > 0 and ¢(a,) = €. Thus we have [|Q(x) e Q' (x)|| = 0;
that is, Q(x) = Q'(x). This completes the proof. O

For example, let f : T — T be a mapping defined by
f(x) =1 -x@ry,, wherer,r, € R, x € T. In fact, r, means
r,-R(1). Then f is not additive mapping. However a mapping
f:T — Tdefinedby f(x) = r-x, r € Rand x € T isadditive.
In tangle space T, let x = R(1,1,2), f(x) = x®3,andn = 4;
then f(16x) = R(29,1,2) and f(16x)/16 = R(1,1,5,1,6),
where 16x = R(26, 1,2). See Figure 7.

Generally, for each n, the real tangles are as the following:

f(2%) _ R( 14+ Y, 528! )

30
2" 2"3 (30)

and so the additive mapping Q(x) is real tangle as the
following:

14+ 3" 50k1
14 2 52 ) 31)

Q) = ,}H&R< 23
3.2. Tangle Space and Rational Knot or Link. Suppose that
T' c T is the set of rational tangles. Given t ¢ T, the
numerator closure N(t) is formed by connecting the NW
and NE endpoints and the SW and SE endpoints, and the
denominator closure D(t) is formed by connecting the NW
and SW endpoints and connecting the NE and SE endpoints.
We note that two operations N(f) and D(f) by connecting the
endpoints of t produce knots or 2-component links, called
rational knot or link if t is a rational tangle, and that every
2-bridge knot is a rational knot because it can be obtained as
the numerator or denominator closure of a rational tangle.
See Figure 8.

Let T' ¢ T be the set of rational tangles and K the
set of rational knots or links. Then for given t € T', it
allows defining a function N : T' — K in order that N(t)
is the numerator closure. The following theorem discusses
equivalence of rational knots or links obtained by taking the
numerator closure of rational tangles. We call this theorem
the tangle classification theorem

Theorem 16 (see [16]). Let R(p/q) and R(p'/q') be the ratio-
nal tangles with reduced fractions p/q and p'|q, respectively.
Then N(R(p/q)) and N(R(p'/q)) are topologically equivalent
ifand only if p = p'and q¢* = q'mod p.

For example, N(R(0,3,2)) = N(R(2/7)) = N(R(2/1)) =
N(R(2)) because 7 = 1 mod 2.
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FIGURE 8: The numerator closure and denominator closure of tangle.

Corollary 17. If two rational tangles are isotopic, then their
each numerator’s closures are topological equivalent.

Proof. Let R(p/q) and R(p'/q') be the rational tangles with
reduced fractions p/q and p'/q’, respectively. Then p = p’
and q = q' because R(p/q) and R(p'/q') are isotopic.

Thus, by Theorem 16, N(R(p/q)) and N(R(p'/q')) are
topological equivalent. O

However there is a counterexample for the converse of
Corollary 17 as follows.

Example 18. Let R(1,2,2) and R(2, 3) be two rational tangles
with fractions 7/5 and 7/3, respectively. By Theorem 16,
N(R(7/5)) and N(R(7/3)) are topological equivalent, but two
tangles R(7/5) and R(7/3) are not isotopic.

Define the numerator closure of the sum of two rational
tangles as the following:

(o(2)en(2)w{e(22522). o

where ged(x,, y;) = ged(x,, ¥,) = 1. Note that the rational

knot or link
N(R<xz)’1 +x1y2>> (33)
X%,

is denoted by b(x, ¥, +x, ¥,, x, x,), called the 2-bridge knot or
link, and that b(x, y; + x ¥,, X, X,) is to be the 2-bridge knot
if x, ¥, + x, ¥, is odd number and the 2-bridge link if not.

A tangle equation is an equation of the form N(A & B) =
K, where A,B € T' and K € K. Solving equations of this
type will be useful in the tangle model and gaining a better
understanding of certain enzyme mechanisms [15].

Example 19. Considering rational tangles R(2) and R(23/17),
then R(2)®R(23/17) is the rational tangle R(3, 2, 1, 5) because
of R(23/17) = R(1,2,1,5). Thus a tangle equation N(R(2) &
R(23/17)) = N(R(3,2,1,5)) is representing the 2-bridge
knot b(57, 17) from the computation of the numerator closure
above.

If one of the tangles in the equation is unknown and the
other tangle and the knot K are known, then there is one
tangle as the solution of equation, but it is not unique. In fact,
let A be known rational tangle and K rational knot or link.
Then there are two different rational tangles as the solution
of the equation N(X @ A) = K which is the topological
equivalent under numerator operation in Theorem 16.

Example 20. Let A = R(1/3), 2-bridge knot K = b(5,2)
known, and X = R(x) unknown. Then X = R(13/6) is a
solution of the equation N(X & A) = K. However b(5,2) and
b(5, 3) are topological equivalent from Theorem 16. Thus X =
R(4/3) is the other solution of the equation N(X & A) = K if
K =b(5,3).

From Theorem 16 and Corollary 17, we obtain the follow-
ing corollary by the method as in Example 20.

Corollary 21. Let A and K be known rational tangle in T' and
rational knot or link in K, respectively. Then there exist two
solutions X € T' of the equation N(X & A) = K.

3.3. Tangle Space and DNA. Suppose that tangles S, T,
and R below are rational. As discussed in the introduction
of Section 1, DNA must be topologically manipulated by
enzymes in order for vital life processes to occur. The
actions of some enzymes can be described as site-specific



10

' Recombinase

enzyme

Specific site

Recombination

(a) (b)

FIGURE 9: Example of a site-specific recombination.

recombination. Site-specific recombination is a process by
which a piece of DNA is moved to another position on the
molecule or to import a foreign piece of a DNA molecule
into it. Recombination is used for gene rearrangement, gene
regulation, copy number control, and gene therapy. This
process is mediated by an enzyme called a recombinase. A
small segment of the genetic sequence of the DNA that is
recognized by the recombinase is called a recombination site
or a specific site. See Figure 9. Note that the tangle in Figure 9
is where the enzyme acts.

The DNA molecule and the enzyme itself are called
the synaptic complexes. Before recombination the DNA
molecule is called the substract, that is, it is unchanged by
the enzyme. After recombination the DNA molecule is called
the product. In Figure 9, (a) is the substract and (b) is the
product. This is the result which replaces a tangle (or enzyme)
with a new tangle, called the recombination tangle. Thus the
following tangle equations hold:

N (S® T) = the substract,
(34)
N (S @ R) = the product,

where the product is a result that the enzyme replaces a
tangle T with a tangle R. Generally it will repeat the tangle
replacement a number of times. If it is possible to observe
the substract and the product; then the ideal situation would
be to determinate tangles S, T, and R from the tangle
equations. However it is a hard question in general to solve
the tangle equations because there are only two equations
but three unknowns. As above, the tangle model has been
used to mathematically show the enzyme mechanism of
recombination. See [17] for similar examples.

Example 22. Let the knot types of the substrate and the
product yielding equations in the recombination variables S,
T, and R be as follows:

N (SeT) =theunknot b (1,1),
(35)
N (S @ R) = the trefoil knot b (3,1).

Then solutions of the equations are either (S,T,R) =
(R(-1/2), R(0), R(2)) or (S, T, R) = (R(1/2), R(0), R(-2)).

Advances in Mathematical Physics

In our study of tangle space with operator @, it is still
unknown how to construct a link or knot associated with a
given real tangle and analyze DNA molecules by real tangles.
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Through applying the Jacobian elliptic function method, we obtain the periodic solution for a series of nonlinear Zakharov
equations, which contain Klein-Gordon Zakharov equations, Zakharov equations, and Zakharov-Rubenchik equations.

1. Introduction

For most of nonlinear evolution equations, we have many
methods to obtain their exactly solutions, such as hyperbolic
function expansion method [1], the transformation method
[2], the trial function method [3], the automated method [4],
and the extended tanh-function method [5]. But these meth-
ods can only obtain solitary wave solution and cannot be used
to deduce periodic solutions. The Jacobian function method
provides a way to find periodic solutions for some nonlinear
evolution equations. In particular, in the research of plasma
physics theory, quantum mechanics, fluid mechanics, and
optical fiber communication, we frequently meet kinds of
Zakharov equations.

Hence, in this paper, inspired by Angulo Pava’s work [6],
we are concerned to obtain exact periodic solutions of a series
of Zakharov equations,

Uy — Uy, +u+nu =0,

2
My = Ny = (Iul )xx >

)
Upp = Upx — |V|xx =0,
v, +av,, —uv =0,
and Zakharov-Rubenchik equations,
i&+a£m—k<u—%ap+quB>:a
Op, + (u—-2Ap), =-k|BZ, (2

6u, + (Bp - M), = %k)t IB2.

2. The Periodic Solution for Klein-Gordon
Zakharov Equations

The Klein-Gordon Zakharov equations are used to show
the interaction between langmuir wave and ion wave in the
plasma, which has the following form:

Uy — Uy, tU+nu =0,
(3)

2
My = Nyxe = (lul )xx >

where u(x,t) denotes the biggest moment scale component
produced by electron in electric field. n(x,t) denotes the
speed of deviations between the ions at any position and that
at equilibrium position.

Now, we suppose that it possesses solitary wave solutions
of the following form:

u(xt) = e (&),
n(x,t) =n(), (4)

E=x—ct,

where c is a traveling wave speed and ¢* < 1 is a constant.
By substituting (4) into (3), we can obtain

o' —¢" +o+on=0, 5)
(c2 - 1) n' = ((pz)” . (6)
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By (6), we have
(cz—l)n—¢zzclf+m, )

where |, m are integration constants.

In what follows, we are concerned with the periodic
solution of (3); thus we need to require ¢; = 0.

Therefore, (7) implies

2
¢ t+m (8)

n= .
-1

Moreover, through (8) and (5), we have that

3
2 7 ¢ +om

-1 =0. )

(C )90 +(P+ C2_1

Multiplying (9) by ¢" and integrating once, we obtain

2 2 4 2
=1, 12 ¢ @ +2me~ 1
R T it 1o

where /i is a nonzero integration constant. Furthermore, h, m,
and c satisfy the following condition:

(1—cz—m)2—4h(l—c2)20,

(1—c2—m)—\/(l—cz—m)2—4(1—c2)h20,

(11)
(l—cz—m)2
0<h<m,
so that
n_ L 1 s N2 o
(¢) _2(c2-1)2("1 o) (@ -m). )

where -, #,, —11,, and 7, are the zeros of the polynomial
F(A) = (= 14m)[(=1DHA*=(1/2) A"/ (¢~ 1)*)+2h/(c*-
1). Without losing generality, we assume that , > 7, > 0.
Therefore, we can deduce that 7, < ¢ < #,; 77, and #, satisfy
17%+11§ =2(1—c2)—2m,
r]fqg = 4h(1 - cz).

Let¢ = go/;yl,k2 =

(13)

(2 —13)/1}. Hence, (12) can be written
as

21 1 2 2\ (42 2
¢) == 1-¢ -14+k7). 14
( ) 2(62_1)2’71( )(q5 ) ( )
Moreover, we define a new variable v, which satisfies ' >
0,¥(0) = 0, by the relation ¢* = 1-k*sin*y; through a tedious
computation, we obtain that

(1[/’)2 = %ﬁnf (1 - kzsinzy/) . (15)
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Then we obtain

JV’(E) dr ~ \/_E 1 ;
0 V1-kZin’r 2 e
According to the definition of the Jacobian elliptic func-

tion y = sn(u; k), we can obtain that siny = sn(r; \/BE, k).
Here, 8 = V2/2(1 = ¢%). So

¢ (&)= \/1 — k?sn? (’ﬁgﬁf,k)

(16)

17)
V2 1
=d ———&k .
" ('71 2 1- CZE
By returning to initial variable, we obtain that
V2 1
¢ (&) =mdn (ﬂITI—_cZE’k (18)

is a dnoidal solution of (10).

Furthermore, dn has fundamental period 2K (k); that is,
dn(u + 2k; k) = dn(u; k), and K(k) is the complete elliptic
integral of first kind. So the dnoidal wave solution ¢ has
fundamental period, T, given by

. 2V2K (k) (1 - &)
- m

(19)

So, by applying the method of the Jacobian elliptic
function and inspired by Angulo Pava’s ideas, we obtain that
(3) has the periodic traveling solution of the following form:

{ {1 \/E 1
u(x,t) = €% (€) = e’nydn (m?m&k),

n(xt) (20)

(mdn (7, (V2/2) (17 (1= 2)) £.5)) + m

2-1

Moreover, T and k* can be also rewritten as the following
form:

23K (k (1)) (1 - )

T (1) = \/ ( ) >
2(1-c?)-2m-n§
’ (21)
, 2(1-¢%)-2m-2n3
k™= .
2(1-c?)-2m-1n3
Furthermore, if #, — 0 then k(,) — 1. Hence

K(k(n,)) — +00, so that T'(1,) — +00.1f 17, — VI —m,
then k(r;,) — 0. Hence K(k(r,)) — 7/2, o that T(,) —
\/57'[(1 - CZ)/ V1 — c2 — m.

Next we will show that,
fixed L, \1-(2+LVIZ-8mm)/an < lol <
\/1+(L2+L\/L2—871m)/471. We can obtain that there

for an arbitrary but




Advances in Mathematical Physics

is a unique 7,9 = 1,0(¢) € (0,1/1—c —m) such that

T(n,) = T(n,(c)) = Lis a fundamental period for the dnoidal
wave solution (18).

Theorem 1. Let L > 0 be arbitrary but fixed.
Consider \/1 - (L2 + LVL? - 8m) /4m < 6ol <
\/1 + (L? + LVL? - 8nm)/4m and unique 1,5 = 1,0(c)) €

(0, 4/1 — ¢ —m), such that T(n,) = L. Then, there exist

an interval U(cy), an interval 1(n,,), and a unique smooth
Sfunction F : U(cy) — 1(n,) such that F(c) = 1, and

L 2V2K (k (m,)) (1 - ¢%)
\/2(1—c2)—2m—r]§

where ¢ € U(cy), 11, € U(1).

> (22)

Proof. Based on the ideas establish in Angulo Pava’s work [6],
we will give a brief proof. Now, we consider the open set

Q= <|(r]2,c):112 € (0,\ll—c§—m>, c

. < \/1+ L?+ LVI? - 87m
47T ’

L? + LVI? - 87m
1+ 0 |Y[ (23)
7T

_\jl_ L2+L\/L2—87zm>
47

u<\j1 L?+ LVI? - 8am .
47 ’

oo>} e

2EK (k) (1)

\/2(1—c2)—2m—11§.

We define @ : O — Rby

D (n,¢) =

(24)

Here, kK = (2(1 - ¢*) - 2m - 213)/2(1 = &%) - 2m — 1p3).
Hypothesise ®(#,,¢,) = L. In what follows, we will prove
that 00 /0n, < 0.
From (24), we can obtain that
0D 2V2n,K (k (1)) (1 - CZ)
o (2(1-c)-2m- 11%)3/2

2\/5(1—c2) dK 0k
\/2(1 —ct)-2m-n dk on,’

(25)

+

From k*, we can deduce k(1,,c) is a strictly decreasing
function of .

According to Jacobian elliptic function theory [7], we
have

dK E-(1-K)K

S Sl (26)
dk k(1-k?)

dE _E-K -k (27)
dk k

Here, E is the complete elliptic integral of second kind.

Next, we adopt the reduction to absurdity to prove
0®/0n, < 0. Now, we assume that 00 /0r, > 0. So, we have
the following inequality:

k(2(1-c*=m)-m) K (k(1,))

dK
>2(1-c¢-m) =.
(1-¢-m) o
Indeed, substituting (26) into (25) and using the method
of enlarging and reducing, we obtain that

(28)

(1-K*)[a(1-c*-m) - 25| K (k)

(29)
22(1-c-m)E(k).
From k?, we can easily deduce that
11—k = ’75 ,
2(1-c?)-2m-n3
(30)
) 2(1 —cz) -2m
2-k" = .
2(1-¢%)-2m-n}
Hence,
2(1-K)K (k) = (2-K*)E (k). (31)

Let y2(112,c) =1-k% y' = —k(dk/on,)(1/y) > 0. So, y
is an increasing function of 75, € (0, V1 — ¢ * — m). Moreover,
p(0) =1, p(V1-c2-m) = 1.

Define

f(y):(1+y2)E< 1—y2>—2y2K< 1—y2). (32)

Due to 0®/on, > 0, f(y) < 0.
However, by (27) and a simple computation,

f’(y)=3y<E< 1—y2)—1<( 1—y2>><0, (33)

so f(y) is a decreasing function. Furthermore, f(1) = 0, so
fory € (0,1), f(y) > 0.

It is in conflict with our assumption. So we obtain our
affirmation that 0®/0n, < 0. Hence, by the implicit function
theorem, there exists a unique smooth function F, defined
in a neighborhood, U(g,) of ¢, so that ®(#,(c),c) = L for
¢ € U(g). Hence, we obtain (22). O



3. The Periodic Solution for
Zakharov Equations

Now, we consider the following Zakharov equations:

2
U = Uy — (|V|)xx =0, (34)
v, —av,, —uv =0,

which describe the high frequency moment of plasma,
where u(x,t) denotes the ion number density variation,
v(x,t) denotes the electric field intensity of slowly varying
amplitude, and o € R.

We seek the solitary solutions of (34) in the form

u=u(f),
v=p@)e", (35)
E=x—ct,

where u and ¢ are real functions, c is a traveling speed, and
c# 1
Substituting (35) into (34), we can obtain that

(Cz _ 1) u" ((Pz)" -0, (36)
—ag" = (c+2a)ip’ + (c+a)p —ug = 0. (37)
By (36), we can deduce

(cz—l)u—(p2=02£+r. (38)

Here, ,, r are integration constants.
Next, we consider periodic solutions of (34). So, we need
to require ¢, = 0. Therefore, by (38)

2
U= ‘PZ_”_ (39)
c-—1
Furthermore, by (37), we can obtain that
c=-2a. (40)
So, by (39) and (40), (37) can be rewritten:
" 2r ) 2¢3
+o(1+ + = 0. (41)
$re < c-¢c? c-¢c?
Multiplying (41) by ¢’ and integrating once, we obtain
1,12 1, 2r 1 4
E(QD) +E§D <1+c—c3)+§(p :h, (42)

where h is a nonzero integration constant.
Hence,

((P,)Z _ (az + g02) (bZ _ (PZ) ) (43)
Here, —ai, ai, —b, and b are polynomial roots of F(t) = -t -
2(a®> = b*) +2h,b > 0, and
a-bv =1+ iy
c—¢C (44)
a’b® = 2h.
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Let y = ¢/b (suppose x(0) = 0) and K = b*(@® + VD).
Hence, (43) becomes

2
(X')Z:bz(l—xz)(Z—z+Xz>. (45)
Now, we define y* = 1 — sin®y, so we get that
(1//')2 = (a2 + bz) (1 - kzsinzl//). (46)

Let T = Va?+0b?% According to the definition of the
Jacobian elliptic function sn, we can obtain siny(§) =
sn(7é, k). So that, XZ =1 - sn’(z& k).

So, we obtain the solution of (41):

¢ (&) =ben (8,k). (47)

According to Jacobian elliptic functions theory, cn has
period 4K(k), and we can obtain that the cnoidal wave
solution has period T, which is given by

4K (k)

T = . (48)
T

So, we can obtain the periodic solutions of (34):

2
u(xt) =u@) = w
. (49)

vix,t)=v(&) = becn (r&, k).

Furthermore, it follows that for k> = b*/(a® + b*), we have
k* € (0,1/2).

Ift —» 0,then k — 0,and K(k) — /2, T(tr) —» +00.
Furthermore, if T — +00, T(7) — 0.

Next, we will prove that for an arbitrary but fixed L > 0,
there exists a unique o = a(c) € (0, +00) such that T(a(c)) =
L is a fundamental period of the cnoidal wave solution (47).
So, we have the following theorem.

Theorem 2. Let L > 0 but fixed. Consider ¢, > 0 and the
unique 7, = T4(c,) € (0,+00) such that T'(t,) = L. Then, there
exists an internal A(c,) around ¢, an internal B(b,) around b,
and a unique smooth function Y such that Y(q,) = oy and

L= M, (50)
T
where ¢ € A(g), T = Y(¢).

Proof. The proof is similar to that of Theorem 1. For details
see Theorem 1 (see also Angulo Pava [6, 8, 9]). O

4. The Periodic Solution for
Zakharov-Rubenchik Equations

Now, we consider the Zakharov-Rubenchik equations:
1
iB, + wB_ — ¢ (u - SAp+q |B|2B> =0,
Op, + (u—-2Ap), = —¢|B[>, (51)

Ou, + (Bp — ), = %m 1B,



Advances in Mathematical Physics

which describe the dynamics of small amplitude Alfvén
waves propagating in a plasma. Here, B(x,t) denotes the
magnetic field, u(x, t) the fluid speed, and p(x, t) the density
of mass. Moreover, w, ¢, A, 0, 3, q are real constants.

Motivated by Oliveira [10], we look for the solitary waves
of (51), as follows:

B(x,t) = " A (&),
u(x,t) = aA? ®,

p(x,t) = bA* (§),

E=x—ct,

(52)

where a, b, and A are real functions and ¢ denotes traveling
speed.

Putting (52) into (51), from the second and third equa-
tions of (51), we can deduce

e[(A2) (A +cO) - f]

a=al(c) =

— (B +L)?
B~ (ct+A) 53
bzb(c)zw_
B—(cO+1)

Moreover, from the first equation of (51), we can obtain
that

(c-w)A+iQw-c) A" +wA”

. 3 (54)
—€<a— E)Lb+q>A =0.
So, by (54), it implies
¢ = 2w, (55)
U Chul LA Ve (56)
c

Letb = —€(a—(A/2)b+¢q)/c > 0 and multiplying (56) by
A’ and integrating once, we obtain

WP =b(#ra)E-2), e

where —a,i, a,i, —b,, b, are the polynomial roots of F(r) =
~b,r* — 1* + h. Moreover,

Boad =t
(58)

h

bial = —.

b

Let y = A/b, (suppose x(0) = 0) and k* = b2/(a; + b}).
Hence, (57) becomes

2
(¥) =n8 (1-x) (Z—i + x2>~ (59)
2

Now, we define y* = 1 — sin’y, so we get that
(1,1/')2 =b (a; +b;) (1 - K’sin’y). (60)

Let « = +|b(a} +b3). According to the definition of

the Jacobin elliptic function sn, we can obtain siny(£) =
sn(aé, k). So, X2 =1-sn*(af, k).
So, we obtain the solution of (56):

A(®) = byen (o, k). (61)

Since cn has fundamental period 4K(k), we can obtain
that solution (61) has fundamental period, T, which is

4K (k)

T= -\
: 62
b (a2 + ) ©

Hence, (51) have the periodic solutions of the following
form:

B(§) = eiszcn (aé, k),
u) = abzzc:n2 (&, k), (63)
p&) = bbzzcn2 (aé, k).

Moreover, from (58) and the definition of k?, it follows
that

2 _ a%_l/bl
C2a2-1/b]
(64)
4K (k
T ()= =W

\2aib, - 1

Moreover, if a, — 0,k* — 1, T(a,) — +0c0.Ifa, — +co,
K- 1/2, T(a,) — 0.

Next, we will show that for an arbitrary but fixed L > 0,
there exists a; = a,(c) € (0,+00) such that T(a;(c)) = L
is a fundamental period of the cnoidal wave solution (61).
Motivated by Angulo Pava’s result [6], we have the following
theorem.

Theorem 3. For L > 0 arbitrary and fixed, consider ¢, > 0 and
the unique a, = a,(c,) € (0,+00). Then, there exist an interval
C(cy) around ¢y, an interval D(a,) around a,, and a unique
smooth function H : C(¢,) — D(a,) such that H(c,) = a, and

4K (k)
\2aib, - 1 (65)

where ¢ € C(¢,), a; = H(c).

L:

Proof. The idea and method are similar to those of Theorem 1.
For details, please see Theorem 1 (see also Angulo Pava [6, 8,
9). O



5. Conclusion

Inspired by Angulo Pava’s idea, by applying Jacobian elliptic
function method, we have obtained new period wave solution
for Klein-Gordon Zakharov equations, Zakharov equations,
and Zakharov-Rubenchik equations. In particular, the solu-
tions of (18), (47), and (58) were not found in the previous
work. The method can help to look for periodic solution for a
class of nonlinear equations.
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